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Toroidal nuclei of columnar lyotropic chromonic
liquid crystals coexisting with an isotropic phase†

Runa Koizumi,a Dmitry Golovaty, *b Ali Alqarni,cd Shawn W. Walker,e

Yuriy A. Nastishin,fg M. Carme Caldererh and Oleg D. Lavrentovich *ij

Nuclei of ordered materials emerging from the isotropic state usually show a shape topologically

equivalent to a sphere; the well-known examples are crystals and nematic liquid crystal droplets. In this

work, we explore experimentally and theoretically the toroidal in shape nuclei of columnar lyotropic

chromonic liquid crystals coexisting with the isotropic phase. The geometry of these toroids depends

strongly on concentrations of the disodium cromoglycate (DSCG) and the crowding agent, polyethylene

glycol (PEG). High concentrations of DSCG and PEG result in thick toroids with small central holes, while

low concentrations yield thin toroids with wide holes. The multitude of the observed shapes is explained

by the balance of bending elasticity and anisotropic interfacial tension.

1 Introduction

Surface tension defines the shapes of finite-size condensed
matter. Tiny droplets of water in air are spherical to minimize
their surface area, while solid crystals have facets due to the
orientational dependence of surface tension. Bulk interactions
are irrelevant here: too weak to resist surface tension in the first
example or too strong to permit internal curvatures in the
second example. Liquid crystals show a more delicate balance
between the bulk and surface energies yielding rich morphology of
droplet shapes, such as smectic ‘‘batonnets’’,1 nematic spindle-like
tactoids,2 branched3,4 and dividing droplets.5 Although liquid

crystal droplets are typically topologically equivalent to a sphere,
here we explore toroidal droplets that form when a columnar
liquid crystal with two-dimensional positional ordering coexists
with its own isotropic melt.6

The studied material is a lyotropic chromonic liquid crystal
(LCLC) formed by plank-like molecules of disodium cromogly-
cate (DSCG) with hydrophobic polyaromatic cores and hydro-
philic peripheries.7–11 When dispersed in water, the molecules
form cylindrical aggregates by stacking face-to-face, Fig. S1
(ESI†). Chromonic self-assembly is common for a broad family
of materials, including nucleotides, dyes, food colorants, pro-
teins, and pharmaceuticals, such as anti-asthmatic and anti-
allergy drug disodium cromoglycate (DSCG). At sufficiently
high concentrations, the aggregates align parallel to each other
forming a nematic (N) phase. At still higher concentrations, the
aggregates arrange into a hexagonal lattice producing a colum-
nar (Col) phase, Fig. S1 (ESI†).8,9

Phase transitions in LCLCs are controlled by both temperature
and concentration. The isotropic (I)-Col phase transition exhibits
a broad coexistence region in which Col nuclei are shaped as
solid toroids6 or spool-like structures in which the central hole
shrinks into a singular line.12 These shapes resemble condensed
nanoscale toroids of DNA strands in viral capsids13–18 albeit at
much larger length scales of tens of micrometers6,12 accessible to
optical microscopy. The molecules within chromonic aggregates
are bound by weak noncovalent forces so that chromonic aggre-
gates can intersect, reconnect and exchange ends, avoiding
entanglements known for DNA strands.

In this work, we demonstrate that the toroidal shape of Col
nuclei in the biphasic Col + I region of water dispersions of
DSCG depends strongly on the concentrations c of DSCG and C
of a condensing agent polyethylene glycol (PEG). PEG partitions
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into the I phase and helps to condense the Col phase.6 The
increase of c and C yields larger toroids with narrow central
holes and pronounced facets clearly revealed when the nuclei
in the shape of handles are attached to the bounding glass
plates. The observed shapes are explained by the balance of
bend elasticity, defined by the bend modulus K3, and the
interfacial Col-I energy with surface tension s8. A dimension-
less parameter b = K3/(s8V1/3) measures the ratio of bending to
interfacial energy and determines the shape of the cross-section
of the toroidal aggregate. Orientational dependence of the
interfacial tension on translations u within the hexagonal
lattice produces faceted toroids. The equilibrium toroid is thin
with a wide central hole when bc 1; for b{ 1, the central hole
shrinks dramatically, and the toroids resemble a faceted
sphere. We first present the experimental data and then the
mathematical model.

2 Experiment
2.1 Toroids in aqueous DSCG and DSCG + PEG solutions

The Col nuclei appear upon cooling from the I phase as thin
flexible filaments that bend into toroids, Fig. S2 (ESI†), to

prevent the contact of open ends with the I phase, see ESI.†
Their shape depends on the concentration c of DSCG, Fig. 1a
and b and C of PEG, Fig. 1f and g. The nuclei are actually half-
toroids with faceted cross-sections that are mostly attached to
the bottom glass plate because of the homeotropic alignment of
the director and gravity, Fig. 1c. In Fig. 1b and g, we plot the
concentration dependencies of the maximum extension 2R of
half-toroids along the normal to the axis of bend, minimum
width of the central opening 2b, maximum width 2a of the solid
part of the toroid, maximum extension L of the toroid along the

axis of bend, and the volume V of half-torus, plotted as V
1
3. All

parameters, except for the hole width 2b, increase with c and C.
In pure DSCG, the hole width 2b decreases from E20 mm at c =
0.47 mol kg�1 to r1 mm at c = 0.8 mol kg�1, Fig. 1b. The ratio
a/R increases from B0.3 to the maximum possible value 0.5,
transforming the central hole into a singular +1 disclination
coinciding with the axis of the toroid, Fig. 1a, c = 0.62 and
0.8 mol kg�1. In the Col phase, this disclination is topologically
stable19 and features a submicron core of a radius ac.

In condensates with a fixed at c = 0.34 mol kg�1, addition of
PEG at concentration C 4 0.011 mol kg�1 causes phase
separation into the Col and I phases, as confirmed by X-ray

Fig. 1 (a) Optical microscopy textures of half-toroids at different concentrations of DSCG: c = 0.47, 0.51, 0.57, 0.60, 0.62, 0.80 mol kg�1, scale bars
20 mm. (b) The ratio a/R (right axis, blue open square), maximum width 2R, ‘‘thickness’’ of the toroidal cross-section 2a, maximum opening 2b of the
central hole, and the measure of volume V

1
3 as functions of c. Here T = 45 1C. (c) Scheme of the Col half-torus attached as a handle to the bottom glass

substrate of the flat capillary; (d) shape characteristics measured in the experiment; (e) geometry of the toroid used in the analysis of the shape
dependency on the material parameters. (f) Microscope images of half-toroids formed at different concentrations C of PEG added to DSCG of a fixed
concentration c = 0.34 mol kg�1: C = 0.011, 0.012, 0.014, 0.015, 0.016,0.019 mol kg�1. Scale bars 20 mm. (g) The ratio a/R (right axis, blue open square),

maximum width 2R, ‘‘thickness’’ of the toroidal cross-section 2a, maximum opening 2b of the central hole, and the measure of volume V

1

3; all plotted as a
function of C. Here, T = 42 1C.
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measurements.20 The Col inclusions are toroids with cross-
sections resembling hexagons, Fig. 1f. A distinct feature of the
DSCG + PEG system is that the central hole never shrinks into a
disclination, as its smallest width 2b E 10 mm is relatively large,
Fig. 1g.

It is important to stress that the homeotropic anchoring of
Col aggregates at the glass substrate is not the reason for the
existence of the facetted toroids, as these could be observed
being freely suspended in very thick slabs, Fig. 2a and b. Among
the freely suspended shapes, one can also observe compact
domains, Fig. 2c, with two mutually perpendicular disclina-
tions of strength 1/2, Fig. 2d. As suggested by Bouligand,21 the
existence of two 1/2 mutually perpendicular disclinations
proves the hexagonal order (six-fold symmetry) of the Col
phase; these crossed configurations were previously observed
by Ostwald in the bulk of a thermotropic Col phase.22 The six-
fold symmetry is an important factor shaping the Col nuclei in
the studied system, as detailed in the numerical analysis below.
Since their orientation is fixed, half-toroids are easier to analyze
than their full counterparts; this is why we present the shape
parameters in Fig. 1 for half-toroids. Note finally that the
homeotropic anchoring of LCLCs achieved in our study for
the Col phase is not unique: a homeotropic alignment for the
nematic phase of DSCG at a glass treated with N,N-dimethyl-N-
octadecyl-3-aminopropyl trimethoxysilyl chloride (DMOAP)
was reported by Nazarenko et al.23 and Zhou et al.,24 while
Mushenheim et al.25 reported the effect for graphene-coated
glass plates.

2.2 Elasticity–surface tension balance for thin toroids

The toroidal shapes result from a balance of surface tension
and bulk elasticity. To calculate the elastic energy of a toroid,

we model it as a circular torus of a minor radius a and a major
radius r, associated with the geometrical parameters in Fig. 1c
as r = R � a, Fig. 1e. The elastic energy of half-torus is

Fe ¼ p2K3 r�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � a2
p� �

; while the Col-I interfacial energy is

Fs8 = 2p2s8ar, where s8 is the surface tension coefficient for
tangential alignment of Col aggregates at the interface,
assumed to be independent on the orientation of the hexagonal
lattice. To enable analytical results, we consider thin toroids,
a { r, in which case the surface energy at the Col-glass
interface is insignificant as compared to Fs8.

For a { r, the energy of the toroid simplifies to

F � p2K3rx=2þ 2p2skr2
ffiffiffi
x
p

; where x ¼ V

p2r3
� 1. Minimizing F

with respect to r, for a fixed volume V = p2a2r = const, one finds

that r ¼ V

p2

� �1
5
l
2
5
ec; where we introduce the elastocapillary

length lec ¼
K3

sk
. The result leads to a ¼ V

p2

� �2
5
l
�1
5

ec and

a

r
¼ 1

p2=5b3=5
; (1)

where

b ¼ lec
V1=3

¼ K3

skV1=3
(2)

is a dimensionless ratio of the bulk bend energy to the surface
energy normalized by the characteristic size of the nuclei.

Eqn (1) confirms the qualitative trends observed experimen-
tally in Fig. 1a and f, despite the limitation a { r, R imposed on
the model. The concentration dependencies of the geometrical
parameters in Fig. 1b and g show that a/r increases with V, in

agreement with eqn (1). The dependence of a=rð Þ
5
3 vs. V

1
3,

Fig. 3a, is practically linear, which suggests that within the
explored range of concentrations, the elastocapillary length
lec = K3/s8 does not change much, being on the order of tens
of micrometers. For pure DSCG, least-square fitting yields lec =
(49 � 6) mm, while for DSCG + PEG mixtures, lec = (35 � 10) mm.
We estimated s8 E 10�6 J m�2 for Col-I interface of a pure
DSCG at c = 0.47 mol kg�1 by a spinning droplet technique,26

see the ESI.† With s8 E 10�6 J m�2, the fitted values of lec

suggest that K3 in the C phase is within the range of 20–60 pN,
which is reasonable since the highest measured value of K3 in
the N phase of DSCG is 50 pN.27

The dimensionless parameter b defined in eqn (2) and
determined by the fitted lec and experimental values of V
decreases as c and C increase; in the case of the DSCG + PEG
mixture, b p 1/C, while the dependency is steeper with respect
to c, Fig. 3b. According to eqn (1), a smaller b means that a/r
increases, which is intuitively clear. A smaller lec, K3 and b
imply that the surface energy cost is high; thus, the central hole
shrinks to make the toroid more round and to reduce the
interfacial area; the corresponding a/r is large. Larger lec and b
mean a higher K3; the higher elastic cost of bend is relieved by
expanding the central hole, i.e., by reducing a/r.

Fig. 2 (a) Optical microscopy texture and (b) inner structure of a freely
suspended facetted toroid; (c) optical microscopy texture and (d) inner
structure of a compact domain with two mutually perpendicular disclina-
tions of strength 1/2. Scale bars 20 mm. Here, T = 50 1C; DSCG, c =
0.55 mol kg�1.
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To summarize this section, the experiments uncover a rich
morphology of Col toroids coexisting with the I phase. The
shapes of toroids depend strongly on the concentration c of
DSCG and concentration C of the crowding agent PEG and
show the following trends.

(1) The cross-sections of the toroids are faceted because of
the hexagonal packing of the chromonic aggregates and the
anisotropy of the Col-I interfacial tension. The cross-section is
not strictly hexagonal, with facets showing different lengths.

(2) The volume V and the ratio of the minor radius a to the
major radius r of toroids increase strongly with c and C. The
central hole is large at low c and C, but shrinks towards a singular
line with a circular bend of columns at high concentrations.

(3) A model of thin toroids that (i) assumes the interfacial
tension to be independent of the orientation of the hexagonal
lattice and (ii) neglects the contact with glass substrates,
predicts that the ratio a/r increases when V increases or the
elastocapillary length lec = K3/s8 decreases. In liquid crystals,
the elastic energy of director gradients K3V1/3 scales with the
linear size V1/3 of the system. Since the interfacial tension

energy scales with the surface area, s8V2/3, the elastic energy
prevails for small nuclei at low concentrations, producing
skinny tori with a large central core. The interfacial surface
tension prevails for large nuclei and high concentrations,
yielding shapes close to spherical with a shrunk central hole;
these could not be described by a simple model with a { r.

In the next section, we introduce a mathematical model of
toroids that for any a/r accounts for anisotropy of the I-Col inter-
facial tension, faceted shapes, and surface tension at the glass
substrate.

3 Modeling and simulations
3.1 A model of toroidal columnar nuclei

Suppose that (r, f, z) are cylindrical coordinates in R3 and let

o � R2
þ: ¼ ðr; zÞ � R2:r4 0

� �

be a simply-connected domain in the right half of the rz plane.
Let the Col nucleus O be axially symmetric (Fig. 4) and obtained

Fig. 3 Geometrical parameters of toroids in DSCG and DSCG + PEG mixtures. (a) Aspect ratio measure of toroids a=rð Þ
5
3 is proportional to their

characteristic size V
1
3; (b) the dimensionless parameter b = K3/(s8V

1/3) decreases when the concentrations c and C increase; the curves are guide to an
eye, although in the case of DECG + PEG, the curve is close to b p 1/C.

Fig. 4 Geometry of the problem: (a) the toroidal Col nucleus O; (b) cross-section of O by a vertical plane gives a two-dimensional domain o with the
boundary qo.
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by rotating o around the z-axis,

O: ¼ ðr;f; zÞ � R3:ðr; zÞ 2 o;f 2 ½0; 2pÞ
� �

:

The Col nucleus is composed of circularly bent ‘‘columns’’
centered on and lying in planes perpendicular to the z-axis.
Each cross-section of the nucleus by a plane that contains the
z-axis reveals a triangular lattice of points corresponding to the
cross-sections of the columns; we assume that this lattice is
fixed with one of the corresponding two-dimensional lattice
vectors being parallel to the z-axis. The deformation of the
chromonic columns is therefore limited to bending. The bend-
ing energy of a given column is proportional to the square of
the column curvature so that

Eb: ¼ K3

2

ð
O
r�2dV ¼ pK3

ð
o
r�1dA; (3)

where dV = rdrdz df and dA = drdz.
The Col-I interfacial tension depends on the orientation of

the columnar lattice vectors with respect to the surface normal.
Because of the rotational invariance, the surface energy density
can only depend on the relative angle between one of the lattice
vectors and the surface normal. The outward normal to qO at a
given point coincides with a normal at the same point to an
appropriately rotated qo. It follows that the surface energy
density is a function s:S2 ! R of n, where n is normal to both
qO and qo. The surface energy of the columnar chromonic
nucleus is then given by

Es: ¼
ð
@O
sðmÞdS ¼ 2p

ð
@o
sðmÞrds: (4)

We seek the optimal shape of Col nuclei that minimizes the
total energy functional

E½o�: ¼ Eb þ Es ¼ pK3

ð
o
r�1dAþ 2p

ð
@o
sðmÞrds; (5)

among o � R2
þ that satisfy a fixed volume constraint Vol(O) =

V 4 0 or

V ¼ 2p
ð
o
rdA: (6)

We nondimensionalize the problem,

~r ¼ r
V1=3

; ~z ¼ z

V1=3
; ~s ¼ s

V1=3
; ~s ¼ s

sk
; ~E ¼ E

pskV2=3
;

where s8 4 0 is a reference surface energy density. Then,
dropping tildes and using the same symbols for the rescaled
domain o, we have

E½o� ¼ b
ð
o
r�1dAþ 2

ð
@o
sðmÞrds� 4l

ð
o
rdA; (7)

where the nondimensional b describes the relative contribution
of the bulk bending and surface energies and l is the Lagrange
multiplier corresponding to the constraint (6).

Now suppose that the boundary curve

@o¼ rðsÞ¼ðrðsÞ;zðsÞÞ2R2
þ:0� soL;rðLÞ¼ rð0Þ;r0ðLÞ¼ r0ð0Þ

� �

is positively oriented and parametrized with respect to the arc
length s, where L 4 0. Suppose further that r is smooth
everywhere except for some s = c where y experiences a jump
½y�x¼c:¼yþðcÞ�y�ðcÞ¼ limx!cþ yðxÞ� limx!c� yðxÞ. Here, we
define the orthonormal frame (t(s), n(s)) as

t(s) = r0(s) = (cos y(s),sin y(s)), (8)

nðsÞ ¼ r
0
?ðsÞ ¼ ðsin yðsÞ;� cos yðsÞÞ; (9)

where y(s) is the angle between the tangent to the curve and the
positive direction of the r-axis for all s A [0, L] and ap = (a2, �a1)
for every a = (a1, a2). Consider a general smooth variation d of r,
then the same procedure as presented in the ESI,† for smooth
curves result in the following weak form of the Euler–Lagrange
equation

ðL
0

sðmÞer 	 drþ r sðmÞs� rsðmÞ 	 sð Þm½ � 	 dr0
n o

ds

þ b
ðL
0

r�1m 	 dr ds� 2l
ðL
0

rm 	 dr ds ¼ 0: (10)

Standard arguments involving integration by parts, the strong
form of the Euler–Lagrange equation, and continuity of the
variation dr give the appropriate jump condition

[s(n)t � (rs(n)	t)n]s=c = 0, (11)

or

[gt � gyn]s=c = 0, (12)

when the condition is written in terms of

g(y): = s(sin y, �cos y).

Up to the definition of the orthonormal frame and the weight r,
this corresponds to a standard condition of continuity of the
capillary force

C(y) = r(g(y)t(y) � gy(y)n(y)) (13)

across a corner.28

To gain some insight into (12), we follow the exposition in
ref. 28 reviewed in ESI.† Let g(y) = g(y)�1n(y) be a Frank
potential associated with the surface energy density g. The
polar plot of g is the so-called Frank diagram.29 The capillary
force

gyðyÞ ¼
1

g2ðyÞCðyÞ;

is tangent to the Frank diagram. As demonstrated in ref. 28, a
range of angles [y�,y+] corresponds to a corner if and only if the
points g(y�) and g(y+) on the Frank diagram share a common
tangent line (a Maxwell line).

The full problem for the unknown (r, y, z, L) satisfied by the
energy-minimizing curve is given by the system of ODEs

r gyy þ gð Þy0 þ g sin yþ gy cos yþ
b
r
� 2lr ¼ 0;

r0 ¼ cos y;
z0 ¼ sin y;

8>><
>>:

(14)
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subject to the conditions

yðLÞ ¼ yð0Þ þ 2p; y0ðLÞ ¼ y0ð0Þ;ðL
0

cos y ds ¼
ðL
0

sin yds ¼ 0; 2p
ð
o
r dA ¼ 1;

(15)

as described in the ESI.†
In addition to considering full toroidal configurations, we

also explore half-toroids attached to a glass substrate by con-
sidering the modified energy over o, where

Eh½o� ¼
pK3

2

ð
o
r�1dAþ 2sg

ð
o
dAþ p

ð
@o
sðmÞr ds; (16)

among all o for which the corresponding toroid O has a
prescribed volume. Here, sg is the surface energy density of a
chromonics/glass interface. With a slight abuse of notation, the
nondimensional expression for Eh is given by

Eh½o� ¼
b
2

ð
o
r�1 dAþ 2w

p

ð
o
dAþ

ð
@o
sðmÞr ds; (17)

with the nondimensional parameter w defined as

w ¼ sg
sjj
:

The system of Euler–Lagrange ODEs for (17) is similar to (14).
Next, we discuss the behavior of solutions of (14) and (15).

We use simulations to find stationary points of (7) via a
gradient flow for this energy. In order to be able to simulate
curves with corners, we use the standard regularization tech-
nique by adding a curvature-penalizing term to (7). The numer-
ical scheme is described in the Materials and methods section.

3.2 Numerical results

All simulations in this section were done using FELICITY.30 We first
simulate the shapes of toroids for the anisotropic surface tension

sðmÞ ¼ sk þ sak sin
2ð3yÞ;

where the relationship between n and y is given by (9). This
expression can be rewritten in a nondimensional form

Fig. 5 Numerical simulations of the toroidal shapes for the anisotropic interfacial energy g(y) = 1 + g1sin2(3y) with g1 = 0.2 (a–f) and g1 = �0.2 (g–i);
(a) Frank diagram; (b) Wulff plot; (c) Wulff construction; (d–f) cross-sections of toroids minimizing the sum of the elastic and interfacial energy for g1 = 0.2
where (d) b = 1, (e) b = 0.1, and (f) b = 0.01; (g–i) the same as in (d–f), but g1 = �0.2. In these simulations, the regularization parameter e = 5 10 
 10�4 (see
Section 5.2).
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g(y) = 1 + g1sin2(3y) (18)

where g1 = sa
8/s8. Fig. 5a–c show the Frank diagram, Wulff plot,

and Wulff construction, respectively, corresponding to (18) with
g1 = 0.2 in the absence of bend elasticity. Note that the Frank
diagram is not convex, and six Maxwell lines indicate that the
equilibrium shape must have six facets and six corners. The
Wulff construction in Fig. 5c produces a shape that is close to
the one obtained by accounting for both the surface tension
and the bend elasticity, when b is relatively large. For large b,
the major radius r of the torus is large while its minor radius a
is small in order to accommodate significant bending energy
and the volume constraint. Because a/r { 1, the variation of r
across the cross-section is smaller than r itself so that r is
essentially constant. The shape of the cross-section in Fig. 5d is
close to that obtained via the Wulff construction in Fig. 5c; how-
ever, the corners in the hexagon are rounded due to regularization
employed in the gradient flow simulations. On the other hand,
decreasing K3 and b or increasing s8 and volume shrinks a wide
‘‘donut hole’’ into a narrow central core (Fig. 5e and f). We also
observe that the corners and facets facing the z-axis become more
rounded with decreasing b and the part of the curve closest to the z-
axis transforms into a large facet.

Changing the sign of g1 by setting g1 = �0.2 in (18) corre-
sponds to rotating the plots in Fig. 5a–c by p/3, so that a facet
faces the z-axis instead of a corner. Upon decreasing b and K3 or
increasing Ss8, in Fig. 5g–i, this facet expands and approaches
progressively closer to the z-axis.

Decreasing |g1| produces a convex Frank diagram and less
faceted shapes, Fig. S11–S14 (ESI†).

Fig. 6 demonstrates how the shape of half-toroids is influ-
enced by the surface tension of the chromonic/substrate inter-
face. Here, we use gradient flow for the energy (22) to obtain
equilibrium shapes. The interfacial I-Col energy for the director
being normal to the I-Col interface is estimated (see the ESI†) to
be larger than 10�4 N m�1. Thus, the dimensional glass-Col
anchoring energy s8w must be lower than this number; a good

starting estimate is 10�6 N m�1, i.e., |w| is on the order of 1. The
aualitative argument in the ESI† shows that w might be either
positive or negative. As w increases, the principal radius of the
toroid increases, while it becomes more ‘‘skinny,’’ Fig. 6.

4 Discussion and conclusions

The numerical model above captures well the faceted shapes of
toroids. The sign of g1 defines qualitatively different shapes:
g1 o 0 yields an outermost facet parallel to the axis of the
nucleus, Fig. 5g–i, while g1 4 0 corresponds to two outer facets
separated by a corner, Fig. 5d–f. In the experiment, pure DSCG
shows a prevalence to form outermost facets parallel to the axis
of the nucleus, Fig. 1a, while DSCG + PEG shows facets
separated by a corner, Fig. 1f. The prevalence is not absolute,
as in each case, the preferred shapes are observed with a
probability of about 70%. It shows that both g1 o 0 and
g1 4 0 correspond to the minima of the surface tension with
only a small difference in the depth. We selected g1 = �0.2 for
pure DSCG and g1 = 0.2 for DSCG + PEG as the best match with
the facets observed experimentally.

Numerical simulations find the dimensionless shape para-
meters a/V1/3, r/V1/3, R/V1/3, b/V1/3, and L/V1/3 as functions of b
for fixed g1 and w and the concentrations c and C. The
numerical dependencies are compared to the experimental
data to extract the matching b. These values are used to
calculate the elastocapillary length lec = K3/s8 = bV1/3 and to
plot it as a function of c, Fig. 7a, and C, Fig. 7. Different shape
parameters produce somewhat different values of b and lec. In
some cases, b could not be determined because the simulated
shape parameters are outside of the range of positive-definite b.
For this reason, a/V1/3 data is not included in Fig. 7a. The
scatter of data is natural since the experimental textures show a
range of shapes even at the fixed c and C. The closest agreement
of the experimental and numerical dependencies lec (c, C) is
chosen to estimate g1 and w. For DSCG, the closest correspon-
dence is found for w = �2.5 and g1 = �0.2 as shown in Fig. 7. A
departure from these values causes a disagreement between the
simulations and the experiment; an example for w = 1.0 and
g1 = �0.2 is illustrated in the ESI,† Fig. S4a. For DSCG + PEG,
the simulation matches the experiments best (Fig. 7b) when
w = 1.1 and g1 = 0.2. When w departs from this value, the
discrepancy grows, see the ESI,† Fig. S4b for w = �4.5 and
g1 = 0.2. The values w = �2.5 and 1.1 are within the expected
range, as discussed in the S2, see Fig. S3 (ESI†).

In conclusion, we described the unusual faceted toroidal
shapes of the columnar nuclei coexisting with the isotropic
phase of a lyotropic chromonic liquid crystal. The shapes are
reminiscent of the DNA condensates but occur at a much larger
scale, suitable for optical microscopy observation. Experiments
show that the toroidal shapes depend strongly on the concen-
tration of the chromonic molecules in the aqueous solutions.
The theoretical and numerical analysis demonstrates that the
faceted shapes result from the anisotropy of the interfacial
tension, associated with different orientations of the hexagonal

Fig. 6 Cross-sections of the energy-minimizing half-toroids for the ani-
sotropic surface energy g(y) = 1 + g1sin2(3y) with g1 = 0.2, b = 0.06 and
e = 10�3.
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lattice at the interface. The facets are not equal in length, as the
ones closer to the center of the toroids tend to be elongated
more than the facets farther away from the center. Numerical
simulations demonstrate that the bending elasticity of the
columns is the primary cause of this behavior. The balance of
bending energy with the elastic constant K3 and anisotropic
interfacial energy s8, expressed as the elastocapillary length
lec = K3/s8 controls the width of the central opening of the
toroids, which in the experiments varies from tens of micro-
meters to submicrometers. Larger openings and skinny toroids,
observed at low concentrations of the chromonic molecules
and crowding agent, are facilitated by a smaller interfacial
tension s8, a smaller volume of the nuclei, and a larger bend
constant K3, while the opposite behavior with toroids approach-
ing faceted spheres, is observed at high concentrations.
Although the experiments were performed for half-toroids
attached to the glass plates of the cells, the general trends are
expected to be the same for full toroids.

5 Materials and methods
5.1 Experiments

Disodium cromoglycate (DSCG), Fig. S1 (ESI†), with a purity of
98% was purchased from Alfa Aesar and used without further
purification. De-ionized water with resistivity Z18.0 MO cm
was used to prepare the aqueous solutions of DSCG. At 25 1C, a
homogeneous nematic (N) phase appears when the concen-
tration of DSCG, c, is in the range of 0.3 r c r0.65 mol kg�1

(13.5 r c r 25 wt%). In the range 0.65 r c r 0.70 mol kg�1

(25 r c r 26.5 wt%), the nematic + columnar (N + Col)
coexistence region appears, and at c 4 0.70 mol kg�1, the
solution is in the homogeneous columnar (Col) phase.31

At T = 45 1C, the solution remains in the I phase when
cr 0.40 mol kg�1 (r 17wt%); above this concentration, the
Col and I phases coexist. The liquid crystalline regions exhibit a
higher DSCG concentration compared to the overall concen-
tration in the entire sample.6,20,32,33 Fig. S1 (ESI†) schematizes
the molecular arrangements within the aggregates and their
mutual alignments in the I, N, and Col phases.

The addition of the crowding agent PEG to aqueous solu-
tions of DSCG expands the temperature range of the biphasic

regions and condenses Col nuclei, Fig. S2 (ESI†). For example,
an isotropic DSCG solution with c = 0.34 mol kg�1 (15 wt%) at
45 1C transforms into a biphasic I + Col state when PEG is
added at the concentrations C = (0.03 � 0.07) mol kg�1.6,20 We
use PEG with a molecular weight of 3.35 kg mol�1 (Sigma
Aldrich). The gyration diameter of the PEG molecules 2rg E
4.4 nm is larger than the inter-columnar separation E(1.9–3.2)
nm in the columnar phase of DSCG.6,9 The PEG molecules are
thus expelled from the liquid crystalline regions and parti-
tioned into the isotropic regions.6

The facets of toroids are best observed when the axis of
rotational symmetry is in the plane of the view. A tangential
alignment of the director n̂ at bounding plates does not allow
one to observe the faceted structures clearly. Because of this, we
use clean glass rectangular capillaries (purchased from Vitro-
Com) that yield a homeotropic alignment after cleaning in an
ultrasonic bath for 15 minutes at 60 1C followed by an iso-
propanol rinse and drying in an oven for 10 min at 80 1C. The
capillaries are 0.2 mm thick and 4.0 mm wide. After filling with
the LC, the two ends of the capillary are sealed with epoxy glue
to prevent evaporation of water. The samples are placed inside
a hot stage (Linkam Model PE94) and observed using an optical
polarizing microscope (Nikon Optiphot 2 POL) in the transmis-
sion mode with parallel polarizers. The materials are cooled
down from the homogeneous I phase to the biphasic I + Col
region at a rate of 0.1 1C min�1 and then the temperature of the
sample is fixed, either at 45 1C (DSCG samples) or at 42 1C
(DSCG + PEG). The Col nuclei form half-toroidal handles, Fig. 1
and Fig. S2 (ESI†), attached to the bottom glass plate of the
capillary as shown in Fig. 1c since their mass density is higher
than that of the I phase.6 The Col nuclei were explored 20 min
after the cooling stopped and the temperature fixed, to ensure
that they have reached their stationary state.

5.2 Numerical method

5.2.1 Computing energy minimizers via gradient flow for
the regularized energy. We seek to minimize the energy E[o] =
2pJ[o] over o where

aJ½o� ¼ b
2

ð
o
r�1 dAþ

ð
@o
sðmÞr dsþ e

2

ð
@o
k2 ds; (19)

Fig. 7 Comparison of simulated b V1/3 to the experimentally obtained values for (a) pure DSCG and (b) DSCG + PEG. The best match between the
simulations and the experimental results is achieved when w = �2.5 and g1 = �0.2 for pure DSCG and w = 1.1 and g1 = 0.2 for DSCG + PEG.
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subject to the constraint that the volume is fixed; note that
e Z 0 is a regularization parameter. The associated Lagrangian is

L½o; l� ¼ J½o� þ l Cv �
ð
o
r dA

� �
; (20)

where Cv 4 0 is the desired volume (without the factor of 2p).
Note that one can rewrite (20) entirely in terms of G: = qo. By

Gauss’ divergence theorem (in the plane), we haveð
o
r�1dA ¼

ð
G
ðm 	 e1Þ log r ds;ð

o
r dA ¼ 1

2

ð
G
ðm 	 e1Þr2ds:

(21)

Therefore, J[o] � J [G] and [o,l] � [G,l].
For the energy of half-toroids introduced in (17), the asso-

ciated relaxed energy can be written as

Jh½o� ¼
b
2

ð
o
r�1 dAþ 2w

p

ð
o
dAþ

ð
@o
sðmÞr ds

þ e
2

ð
@o
k2 ds; (22)

with the Lagrangian given by

Lh½o; l� ¼ Jh½o� þ l Cv �
ð
o
rdA

� �
; (23)

where Cv 4 0 is the desired volume (without the factor of 2p).
One can still rewrite (23) entirely in terms of G: = qo becauseð

o
dA ¼

ð
G
ðm 	 e1Þr ds: (24)

Therefore, Jh[o] � J[G] and Lh½o; l� � Lh½G; l�.
5.2.2 Gradient Flow. Since the first-order conditions for a

critical point of (20) are non-linear, we use a gradient flow
strategy to find the minimizer. Suppose X is a parameterization
of G that depends on a pseudo-time variable t. In other words, G(t) is
time-varying and is parameterized (instantaneously) by X(	, t). Hence,
our goal is to create a ‘‘velocity’’ V = qtX so that the energy J[G(t)] is
monotonically decreasing and @t

Ð
oðtÞr dA ¼ 0 (volume is preserved).

We achieve this energy decrease by a gradient flow, i.e. we
define V to be minus the ‘‘shape gradient’’ of (20) with a (time-
varying) Lagrange multiplier that enforces volume conserva-
tion. The next section describes this more specifically.

5.2.3 Weak formulation. We assume that, for each t, V(t) is
defined on G(t) and lies in a Hilbert space H ¼ HðtÞ. Let hV, Yi
be an inner product onH for any functions V;Y 2 H. With this,
we define the gradient flow weakly, i.e. V(t) solves (for each t)

V;Yh i ¼ �dGL½GðtÞ; lðtÞ;Y�; (25)

for all admissible ‘‘shape’’ perturbations Y. Here, dG denotes
the shape derivative, which is explained in ref. 34,35. Combin-
ing (25) with the boundary motion equation:

d

dt
X ¼ Vðx; tÞ; for all X 2 GðtÞ; (26)

completely defines the evolution of the boundary G(t). For
example, if J½G� ¼

Ð
G1; then the evolution would simply be

mean curvature flow: V = �kn.

5.2.4 Fully discrete approximation. In order to have a
tractable problem, we discretize (25) with a variant of a method
found in ref. 36–38 We first discretize the curve G by a
polygonal curve. Hence, X is a vector-valued, continuous piece-
wise linear finite element function.39,40 In addition, we use a
backward-Euler method for approximating (26) with a fixed
time step dt. Therefore, given the current guess for the poly-
gonal curve Xm (at time index m), we introduce the continuous
piecewise linear finite element space Vm defined on Gm. Thus,
Xm 2 ½Vm�2, which is a vector-valued finite element space.

The polygonal curve at the next time index is obtained by
solving the following system of equations, i.e. find
(km+1

s ,km+1,Xm+1,lm+1) such that:

Xmþ1 � Xm

dt
; mmh Z

	 
h

m

þ kmþ1s ; Z
� �h

m
þe @skmþ1; @sZ
� �

m

� lmþ1 r; Zh ihm¼
e
2
ðkmÞ3; Z
� �h

m
; 8Z 2 Vm;

(27)

kmþ1s ; mmh 	 Y
� �h

m
� rsðmmÞ@sXmþ1; @sY
� �

m

� b
2
r�2ðXmþ1 	 e1Þ;Y 	 mm
� �

m

� 2w
p

1;Y 	 mmh im¼

� rðm 	 @sYÞt 	 s0ðmmÞ; 1h im

þ sðmmÞðY 	 e1Þ; Zh ihm; 8Y 2 ½Vm�2;

(28)

kmþ1; mmh 	 Y
� �h

m
� @sX

mþ1; @sY
� �

m
¼ 0; 8Y 2 ½Vm�2; (29)

� Xmþ1 � Xm

dt
; mmh r

	 
h

m

¼ 1

dt

ð
om
r dA� Cv


 �
; (30)

where h	,	im denotes the inner product on Gm, h	,	ihm is a mass
lumped inner product on Gm, and nm

h is a ‘‘discrete’’ vertex
normal vector of Gm. The system (27)–(30) is linear and semi-
implicit which allows for taking large time steps (see ref. 36–38
with the caveat about anisotropic surface energy and the
regularization parameter).

The first equation, (27), is an approximation of the gradient
descent eqn (25). Eqn (29) is essentially a ‘‘weak’’ definition of
the standard curvature of Gm+1 (viewed as a planar curve),
whereas (28) is a weak definition of the ‘‘anisotropic, radially
weighted’’ curvature. The last equation accounts for the volume
constraint, whose right-hand side corrects for any deviations
from the desired volume Cv.

After solving the system, we obtain Xm+1 which is defined on
Gm. We obtain the new curve Gm+1 by simply taking the nodal
values of Xm+1 as the new vertex positions of the polygonal curve.

Therefore, given an initial curve G0, we obtain Gm by
iteratively solving the above system m times. This requires an
initial guess for k0 because it appears on the right-hand side of
(27). This is accomplished by using a similar equation to (29).
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More specifically, we find K0 2 ½V0�2 such that

K0;Y
� �h

0
¼ @sX

0; @sY
� �

0
; 8Y 2 ½V0�2; (31)

and then computing k0(xi): = nm
h (xi)	K0(xi) at each vertex xi in G0.
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