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The goal of this paper is to solve the following problem. Consider a population of identical age-less
individuals (singletons) where each individual can go through one of the two possible transforma-
tions - it can die or it can divide into two. Suppose that the past history of the population was
determined by the conditions that the birth (division) rate was constant and equal to 1 and the
death rate was an unknown function of time d(¢). Suppose further that we know the ancestral
tree of the present day population i.e. for each pair of singletons we know the time distance from
the present to their ”last common ancestor”. Given this data what is the maximal likelihood
reconstruction of the death rate function?

My interest in this problem originated from multiple recent papers which attempt to use the
variation in the non-recombinant genetic loci to reconstruct histories of populations. While there
are several standard models which the authors use to interpret the experimental data none of these
models is adapted to address the most interesting question - how the population size changed in
time? The singleton model outlined above is clearly the simplest possible one where the time is
continuous and the population size is allowed to vary. While for the actual reconstruction problems
one may need to consider more sophisticated models it seems clear that all the negative results
obtained in the framework of singletons are likely to remain valid in more complex cases. For
example, if one can show that for a given size of the present date population the uncertainty in
the reconstruction of the population size T' time units ago is large in the singleton model then it is
likely to be even larger in more complex ones.

The precise mathematical problem which we address looks as follows. The ancestral tree of the
present day population is a finite balanced weighted tree T''. For a given function d(t) we want to
compute the 'probability’ of obtaining I' in the environment determined by d(¢) and then find the
function which maximizes this value.

We face several technical difficulties here. First of all in order to get a measure on the space of
ancestral trees we have to fix the time point 7" < 0 when we start to trace the development of
the population and the number N of population members at this time. These data together with
the restriction of d(t) to [T, 0] defines a (sub-)probability measure on the set of ancestral trees of
depth < T2.To deal with the case T = oo which we are interested in we have to find for a given T
and T > t1(I") the most likely reconstruction of N at —T" and d(t) on [~T',0] and then to take the
limit for T"— oo.

The second problem is that the space H of ancestral trees is continuous and the probability of
getting any particular tree is zero. Therefore, we have to consider sufficiently small neighborhoods
of T instead of T itself and then show that there exists a well defined limit when the neighborhoods
shrink to one point.

The third problem arises from the fact that our function does not reach its maximal value on the
space of actual functions d(¢) and in order to obtain the solution we have to allow for §-functions.
In fact, our first result (see ??) states that for any initial T’ the maximal likelihood reconstruction
of d(t) is a sum of d-functions (with coefficients) concentrated at some of the time points which

'Recall that a weighted tree is a tree whose edges are labeled by non-negative numbers. A weighted tree is called
balanced if there is a function on the vertices such that the label on an edge is the difference of the values of this
function on its starting and endlng vertices.

*We define the depth ¢ (T") of I as the time to the oldest coalescence event.



occur as vertex labels in T'.

We further present an algorithm for the computation of this maximal likelihood d. This algorithm
was implemented and I ran multiple reconstructions with it starting with trees obtained with a
constant death rate function. In all the trials the maximal likelihood reconstruction turns out to
be a series of ’tall’ é-functions separated by long time intervals. In other words we observe that the
most likely reconstruction of history from the ancestral tree which formed in constant environment
looks like a series of widely spaces catastrophes.

1 Singleton processes

1.1 Singleton histories

[secl.1]

Definition 1.1.1 /histdef/ Let s < ¢ be two real numbers. A singleton history on time interval
[s,t] is a set of data of the form:

P=(V;ECVxV;7:V = [st];¢: 7 t) = N)

where (V, E) is a finite directed graph with the set of vertices V and the set of edges E and 7 :V —
[s,t] is a function satisfying the following conditions:

1. given an edge from v to v’ one has 7(v) < 7(v'),
2. if T(v) = s there is exactly 1 edge starting in v,

3. if T(v) # s there is exactly one edge ending in v and 0 or > 1 edges starting in v.

Intuitively, 771(s) is the set of the population members at the initial time s. The graph, which
is necessarily a union of trees in view of the condition (3), is the genealogy of these members. Its
vertices correspond to the transformation events with 7(v) being the time of the corresponding
event. The subset ) ~!(i) of the final population V; = 771(¢) consists of members which transform
into ¢ new members at the exact moment t.

It will be convenient for us to envision a singleton history through its ”geometric realization” |T'|
which is a 1-dimensional CW-compex which is the union of intervals [7(vy), 7(ve)] for all (vy,v2) € E
glued together at the ending points in the obvious way. This space comes together with a map
|7| : |[T'| — [s,t] which is defined by the original 7 in the obvious way and with a natural-valued
function 7 on the set |[7~!|(¢). The pictures used below for illustrative purposes are actually pictures
of these geometric realizations.

For u € [s,t] set V,,(T') = |7|7*(u). This is the set of population members at the time infinitesimally
preceding time u. Note that Vs = 771(s) and V; = 771(¢).



For any I' in H s, t] the image of 7 is a finite set of points in [s, ] which contains {s} and {t}. We will
write 21 ("), ..., z4(T") for the points of this set lying in (s, t) ordered such that z;(I') < - -+ < z4(T).
The number ¢ = ¢(I") is an invariant of I' which will be the basis of most of the inductive arguments
below. In some cases we will write zo(I") for s and x4 (I") for ¢.

For any u € (x;_1, ;] we have a canonical identification V,,(I") = V,,(I"). We denote these sets by
Vi(T') where i = 1,...,q + 1. The combinatorics of I" defines maps

fit Vigr (T) — Vi(D)

The function 9 on Vgy1 can be interpreted as a map for1 @ Vyp2 — Vgiq such that ¢(v) =
#(f;:l (v)). Therefore to each I" we can assign a sequence of points s < 1 < --- < g < t and a
sequence of maps of finite sets

Vi Voo oo Vo

and one can easily see that up to an isomorphism I' is determined by (z1,...,2z,) and the isomor-
phism class of this sequence of maps. Moreover, such data corresponds to a history I' if an only if
the maps f; are not isomorphisms for i < g. A more detailed analysis of the structure of the space
of histories based on this description is given in ??. In our constructions it will be more convenient
for us to work with ordered histories which are defined below.

Definition 1.1.2 Jordhist/ Let I' = (V, E, 7,1) be a singleton history over [s,t]. On ordering on
I is in ordering on Vs = Vi and for each v € V an ordering on the set of edges starting at v.

We denote the set of isomorphism classes of ordered histories over [s,t] by H][s,t]. Note that it
is a (non-commutative) monoid with respect to the obvious operation of disjoint union of ordered
histories. For s =t we set H[s,s] = N and consider it as the set of isomorphism classes of ordered
finite sets.

The ordering on the set of edges starting at vertices lying over x;(I") is the same as the ordering on
the fibers of the map V;y; — V;. Therefore, for an ordered history all the sets V;(I") carry a natural
ordering and the maps f; preserve this ordering. Conversely, if we are given orderings on all of the
sets V; which are preserved by the maps f; we get an ordering on I'. Therefore, there is a bijection

between H([s,t] and pairs of the form (z, f) where z = (21,...,%,), 2; € (s,t), v1 < --- < 24 and
uflf = L2 ey (1)

where V; are ordered finite sets, f; are order preserving maps and for ¢ < ¢ the map f; is not an
isomorphism.

Sequences of maps of this form between the standard ordered sets {1,...,n} will be called (ordered)
combinatorial types and the ones in which f; is not an isomorphism for ¢ < ¢ will be called non-
degenerate combinatorial types. The number ¢(7) is called the level of a combinatorial type 7. We
will also write

ni(m) = #Viy1(m)

Let Fy(N) be the set of combinatorial types of level g. This set carries a natural structure of a
non-commutative monoid with respect to the disjoint union of the sequences.



Denote the disjoint union of combinatorial types m; and my by 71 + m. For a combinatorial type
7 denote by [r] the combinatorial type obtained by extending 7 to the right by a morphism to the
point. To any natural number there corresponds a combinatorial type [k] which is represented by
the map {1,...,k} — pt. It is easy to see that any combinatorial type of level > 0 can be obtained
from types [k| by iterated application of the disjoint union operation and the [—] operation.

Example 1.1.3 The most important histories which we will encounter below are the ones corre-
sponding to the combinatorial types [k], k[1] and [k[1]] (they are of level 0, 0 and 1 respectively.
The corresponding pictures look as follows:

[

V‘T_
]

il =19 70 = k) W= [x(7]

The sets F(N) form a simplicial set where the boundary operations are given compositions and
the removal of f; and the degeneracy operations by the insertion of identities. Denote by | — |[57t]
the geometric realization functor which uses simplexes

A([l&ﬂ :{$17...,$q€ [S,t]|$1 ngq}

instead of the standard simplexes

Al = A([10,1]

One has the following result.

Theorem 1.1.4 [descr]/ There is a natural bijection

[simplreal] H[s, t] = [F.(N)]|[s 4 (2)

Proof: Let Ag’t be the open simplex
Az,t: {.2131,...,$q S (87t)‘x1 < e <xq}
for ¢ >0 and AY, = A}, ; = pt. Then
|F* (N)|[s,t] = qu(] Hﬂ—EFq(N)nd Acsl,t

where F,(IN)" is the set of non-degenerate simplexes in F,(N). We assign to a history I the point
(1(T),...,24(I)) in the simplex corresponding to f(I').



The fact that it is a bijection follows from the comments made above. [

In the following consideration we will write A7, for the open simplex in H [s,t] corresponding to a
(non-degenerate) combinatorial type 7 so that we have

[simplrep|H s, t] :H H AT, (3)

920 e Frd(N)
We will also use the standard notation
Squ[S, ﬂ = qu(ﬂ.)gq ;t

for the skeletons of H]s,t] with respect to our triangulation.

Remark 1.1.5 [asfree] The simplicial set |F,(IN)| can also be described as follows. Consider the
category Mon of monoids and the pair of adjoint functors Mon — Sets, Sets — Mon where the
first one is the forgetting functor and the second one the free monoid functor. Their composition
defines a co-triple F' on the category of monoids. This co-triple defines for any monoid M a
simplicial monoid Fi(M). One can easily see that F,(N) is the simplicial monoid described above
it terms of the sequences of order preserving maps.

Remark 1.1.6 [gener]| It seems likely that if we take a set A and the simplicial monoid associated
with the forgetting functor and the functor of the free monoid generated by X x A then we will
obtain by the same construction the space of labelled histories which correspond to genealogies of
populations with several distinguished sub-populations.

Given a singleton history I' over [s,t] and u € [s,?] one can cut I' at u obtaining two histories
R,(I") € H[u,t] and L,(T') € Hls,u]. If there is a vertex v with 7(v) = u and n edges starting in
it then it appears as one vertex v’ in L, (I") with ¢(v") = n and as n vertices in R, (T").

If T is an ordered history then L, (T") carries an obvious ordering. The right "half” R, (T") carries
obvious orderings on the sets of edges starting at a given vertex and we give it an ordering on
V(R (T')) using the identification

Vu(Ry(T)) = Vi(T)

where i is such that v € [z;_1,2;) fu <tandi=q+2if u=1t.

For s <u < v <t define the restriction maps
[restr|res,, : H[s,t] — Hlu,v] (4)
as resyy = Ly o Ry, Note that for (u/,v") C (u,v) one has
T€Sy/ 1/ T€Syy = T€Sy! 4y

For uw = v we will write n, instead of res,,. It is a map from H|[s,t] to N which assigns to a
history the number of its members at time u. Note that in general n,(I') # #V,(I') since some
vertices may have to be counted with multiplicities, instead the set V,, is equipped with a function
Yr : Vu — N such that n,(I') = > oy ¥ru(v).

We let H|s, ]!, denote the subset of histories I' such that ns(I') = m and n(T") = n.



Lemma 1.1.7 bij2/ For s < u <<t the map
ressy X resyy : H(s,u] — I, H[u, t|} H[s, ]},

1s bijective.

Proof: We may clearly assume that s < u < t. Let us define an inverse cord map to resg X resy.

as follows. Let I'' € Hu,t]? and I € H]s,t]; for some n € N and ¢ = ¢(I'). Then Vg4o(I")
and Vi(I") are ordered finite sets with n elements and there exists a unique order-preserving
bijection between them. Using this bijection to glue the combinatorial types of IV and I we
get a combinatorial type and since the event points are known we get a well defined I' such that
ressu(I') = I'" and res,(I') = I'”. One verifies easily that this is indeed a two-sided inverse to
res x res. [J

Lemma 1.1.8 /bijl/ For any n > 0 the iterated ”addtion” map

His,t]y x -+ x H[s,t]; — H]s,t],
1 a bijection.
Proof: Straightforward. O In what follows we will be considering sets H s, t] as measurable spaces
with respect to the Borel o-algebra on [Fi(IN)|s4 or, equivalently, with respect to the sum of the
Borel o-algebras on simplexes A7,. One verifies easily that all the maps considered above are

measurable. A measure on H|s, ] is the same as a collection of measures on the simplexes A7,
given for all non-degenerate ordered combinatorial types 7.

For s < u < v <t define the o-algebra B!, on H]s,t] as forllows:

1. for u < v set BY = res, (VW) where B is the Borel o-algebra on H[u,v],

N

2. for u = v set BY, = ny, (BN) where By is the algebra of all subsets of N.
We have the following result obvious result (for the definition of a path system see [6]).

Proposition 1.1.9 [ispath/ The collection of data ((H|[s,t],B), By, ny,) defines a path system on
N over T



We denote this path system by H][s, t]. Up to an isomorphism in the category of probability kernels,
we have
(H[s,t],%B;) = H[u,v]

for all s <u <wv <t. We will freely use these identifications below.

1.2 Processes on HD|[s, ]

Recall (see [6]) that a process on HDJs,t] is a collection of probability kernels yuf, : N — HD[u, v]
given for all u < v such that pu;, ,, = py(n) is supported on H D[u,v];,. We set

P (10 110) = fuoy  (H [, 0]77)

When no confusion is possible we will write ¢y, instead of ¢y, , etc.

Recall (see [6]) that a process is a Markov process if it satisfies condition (M) of loc.cit. In the
context of the path system H|[s,t| this condition asserts that for all s < u < v < w < ¢ and all
n > 0 the square

v

1 N HDlu,v]%

[m2diag] ,ﬁ’nl lld®(u§‘,’,nonv) ()

reSy,v XTeSy,w

HDJ[u,w|!, ————— HDIJu,v]} x HD[v,w]

commutes. Applying [6, ] and taking into account that u¥ = Id we get the following reformulation.

Lemma 1.2.1 [critl] A process pi on HD|[s,t] is a Markov process if and only if for any m,n > 0,
any s < u < v < w <t, any measurable Uy in HD[u,v|]" and any measurable Uy in HD|v,w]},
one has

[eqerit1] ), ((resup X resyw) ™ (Ur x Ua)) = iy (U1) 1 (U2). (6)

The re-numeration of initial vertices defines an action of the symmetric group £" on HD]u, v}, «
and we have the following obvious result.

Lemma 1.2.2 th8011/ Let p be an additive process on HD[s,t]. Then for any s <u <v <t and
any n > 0 the measure pi, ,, is invariant under the action of 3.

For a combinatorial type m = (fg+1,..., fi1) of level ¢ define its local invariant K (7) as a sequence
(ky, .- kgq1) where k; € S°°(N) is the isomorphism class of the map f;. If 7 is the combinatorial
type of a history I" then k;(7) is the list of branching multiplicities of points of I" over z;(T").

Theorem 1.2.3 [th80/ Let p be an additive Markov process on HD|[s,t] and 7,7 be two ordered
combinatorial types with the same local invariant K and therefore of the same level q. Then for all
s<u<v<tandn >0 the co-restrictions of ,ufm to

s
q9 — ™ __ AD
Au,v - Au,v - Au,v



coincide.

Proof: If ¢ = 0 and ng(7w) = no(n’) = n then
7= [ku] + -+ [k1n)

7' = [k 4+ R

where the sequences (k1;) and (k};) differ by a permutation on {1,...,n}. Then the zero simplexes

AT v AZ:U are transformed into each other by the action of ¥ on H D[u, v], « and our claim follows

from the fact that puy, ,, is invariant under this action.
Let ¢ =1 and
m = [ku 1]+ + [F1a[1]
= [k (1] + - - + [k, [1]]
Then 7 and 7’ are again transformed into each other by the action of X" and the claim of the

theorem holds.

For a general non-degenerate combinatorial type 7w such that ¢ > 0, u < w; < w2 < v and a Borel
subset B of ALY, set

(w1, we), B,m) = {(1,...,24) € AL, |71 € (w1, w2), (T2,...,74) € B}
Intersection of two subsets of this form is again of this form and they generate the Borel o-algebra
of A%,
For m = [m] + - - - + [my] the types
L(m) = [no(m)[A]] + - - + [no(m) [1]]

and
R(m)=m+ - +m,

are non-degenerate and we have
(w1, w2), B,m) = (resuu, X r€suy0) " (Ur x Us)

where

U, = ((wl,wg) C AL(W))

U, W
Uy = (B ¢ AEM)

wa,v

and since p is a Markov process we have

P (W1, w2), B, ) = 15, (U1) gy 1y (U2)

for ny = no(R(w)). If K(w) = K(n') then K(R(w)) = K(R(7")) and K(L(w)) = K(L(n")) and the
claim of the theorem follows by an obvious inductive argument. [



Lemma 1.2.4 [genm/ If u} is a Markov process then for w < v < w in [s,t] one has

[€q001]6 (n, k) = > ¢} (n, m)ey (m, k) (7)

m>0

Proof: It follows from the general properties of Markov pre-processes (see [6, ]). O We set

W (u,v) = py 1 (AGL))

Lemma 1.2.5 Jobl] If u} is a Markov pre-process then for n >0 and u < v < w in [s,t] one has

™ (u, v)h" (v, w) = h™ (u, w)

Proof: It follows from Lemma 1.2.1 applied to U; = AZE,], Uy = ALLE}. [0 Note that all the maps
which participate in the definition of H[s,¢] are homomorphisms of monoids.

Definition 1.2.6 A pre-process pk on H|[s,t] is called an additive pre-process if ,qu’O(A@) =1 for
all u,v and the kernels pf, : N — H[u,v] are homomorphisms of monoids.

If p is additive then
hZ(u,v) = (hllt(u,v))"
and
Uk = (U50)".
When no confusion is possible we will write h(u,v) instead of h'(u,v) so that for an additive

pre-process
h"(u,v) = h(u,v)"

In what follows we consider almost exclusively additive (pre-)processes.

Lemma 1.2.7 [ob00/ Let pf be a Markov pre-process. Then for any n,m >0 and any u < v < w
in [s,t] the function h"(u,v + €)@y, (n,m) is monotone decreasing in € and one has

>13m 0 h" (uv v+ €)¢vw+e(n7 ’I?’L) = h‘n(ua U)d)g(n? m)

n[1]
u,v+€

Proof: Applying Lemma 1.2.1 to U; = A and Uy = H[v + €, w]p,m we get

B (1,0 + €Dl (n,m) = p (resy b (AT YNyt (m)).

Since for € > € one has

res t (A"[I] )N n;l(m) Cres ! (An[l} )N n;l(m)

u,v+e€ u,v+€’ u,v+€ u,v+€

10



and
Ueo(resy by (AMRL Y nngt(m)) = resy L (AZY) A ngt (m)

u,v+€ u,v+€ w

our claims follow. [J

Recall that a function f on [s,t] is called monotone increasing (resp. decreasing) if for z < y one
has f(z) < f(y) (resp. f(x) > f(y)). A function is called right continuous if for all u € [s,t) one
has

lm f(u+e)= f(u).

€>0,e—0

The following two lemmas give some elementary properties of such functions which will be used
below.

Lemma 1.2.8 [rcim/ Any right continuous function f on [s,t] is measurable.
Proof: See 4.3.2. [J

Lemma 1.2.9 [pirc/ Let f be a right continuous on [s,t). If f is monotone increasing then for
any ay > a such that f~1([a,ay)) # 0 there ewists by > b such that f~'([a,ay)) = [b,by). If f is
monotone decreasing then for any ay > a such that f~'((a,ay]) # 0 there exists b_ < b such that

F(a,a4]) = [b-,b).

Proof: Consider for example the case of an increasing f. Then if f~1([a,ay)) # 0 we have

fHla,0)) = [b,1)

and
fﬁl((_oova-f-)) - [S7b+)

which implies the claim of the lemma. [J

As a corollary of Lemma 1.2.5 we see in particular that for a Markov pre-process the functions
h™(u,v) are monotone increasing in u and monotone decreasing in v. Since vy, <1 and

[€q01] )~ Guu(n,m) = vy, (8)

m>0

we also see that for a Markov pre-process the functions vy, ,, are monotone decreasing in v.
I

Remark 1.2.10 We will see from examples below (??) that there are Markov pre-processes on
H[s, ] such that v, are not monotone in u.

Lemma 1.2.11 job01] Let i be a Markov pre-process. Then for any m,n >0 and anyu < v < w
in [s,t] the function ¢y pie(m,n)h™(v+ €,w) is monotone increasing in € and one has

i G cm WA (0 4 €w) = b (m, m)h" (v,w)

11



Proof: Applying Lemma 1.2.1 to U; = H(u,v + €|, and Up = AZELw we get

Guore(m, )W (v + €, w) = p, (resy e, (AT )

and since
Nemo(resyl (AT )) = resy L (Anll)

v+€,w v+€,w

our claim follows. [J

Definition 1.2.12 [rcont/ A pre-process p is called non-degenerate if Uy =1 for all u, k. It is
called right continuous if for any u € [s,t] and any k, v, , is a right continuous function in v from
[s,v] to [0,1].

If u is non-degenate then h"(u,u) = 1 for all n and u. Note that any process on H][s, t] is automat-
ically non-degenerate and right continuous.

Remark 1.2.13 For a Markov pre-process one has (v} k)Q = v, and therefore a Markov pre-
process is non-degenerate if and only if vy, , # 0 for all u, k.

Theorem 1.2.14 [thl] Let u} be a non-degenerate Markov pre-process on H[s,t]. Then the fol-
lowing conditions are equivalent:

1. for alln >0 functions vy, ,, are right continuous in u and if u <t then there exits w > u such
that vy, # 0,

2. for allmn > 0 functions h™(u,v) are right continuous in u and if u < t then there exits w > u
such that vy, # 0,

3. for alln > 0 functions ¢%,(n, m) are right continuous in u and if u < t then there exits w > u
such that vy, # 0,

4. for allm >0 functions vy, ,, are right continuous in v,
5. for all m > 0 functions h"™(u,v) are right continuous in v,

6. for alln >0 functions ¢, (n, m) are right continuous in v.

Proof: Observe first that if for all u < ¢ then there exits v > u such that v;,, # 0 then, since v, ,
are monotone decreasing in v we have vy, ,, # 0 for all u < v < w.

Let v and w be as above. Taking the sum over m in Lemma 4.3.1 and setting v = u we get

[feqp] lim A™(u,u+ €)uyie, = vy (9)

€>0,e—0

which implies that there exists € > 0 such that hA™(u,u + €) # 0. Without loss of generality we
may assume that u 4+ € = w.

12



(1) = (2),(5) When vy, , is right continuous in u equation (68) implies that

. n w o W
e>l(},IeIL0h (u,u+€))vy, =v

and since v, ,, # 0 we conclude that

lim A"(u,u+e€)=1
€>0,e—0

Together with Lemma 1.2.5 we conclude that (2) and (5) hold.
(2) = (5) Immediate from Lemma 1.2.5 since for all u there exists w such that h"(u,w) # 0.

(5) = (3) Since h"(u,u) = 1 condition (5) also implies that for any u there exists w > u satisfying
h™(u,w) # 0. Since v;,, > h"™(u,w) we conclude that vy, # 0.

Taking in Lemma 4.3.5 v = u we get

€>1(}I€n_)0 h (u u+ 6)¢u+e(n m) d)u (na m)

for all w > u and using condition (5) we get that ¢ (n,m) is right continuous in u.

(2) = (6) We need to show that

seap]_lim 64+ (m.n) = ¢} (m,n) (10)

Let w be such that A" (v, w) # 0. Then Lemma 4.3.5 together with the right continuity of A" (—, —)
in the first variable implies (69).

(6) = (4) Immediately follows from the fact that vy, = > ¢ (n,m).

(4) = (2) Since functions vy, are right continuous in v and v}, , =1 there exists w > u such that
W # 0 and as explained above such that h"(u,w) # 0. Taklng in Lemma 4.3.5 m #n and v =u

We get
06020] lim 61 (m, ) = 0 (11)

Therefore we have

u+e : —1;
[teqp]1 = lim v} = lim Zm: Guate(n,m) = m duuic(n,n) (12)

Form Lemma 4.3.5 for m = n and v = u we get for all w > u

>101H1 0¢u u+e(n n)hn(u + € ’UJ) = hn(“? w)
which together with (71) implies that A™(u,v) is right continuous in u.
(3) = (1) Immediately follows from the fact that vy, = -, ¢u(n,m).

Theorem is proved. [J
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For a pre-process pf define E, , C [s,t] by the rule x € E,, , if and only if e = s or for all sufficiently
small € > 0 one has h"(z — €,z) = 0. When no confusion is possible we will write E,, instead of
E, ..

Lemma 1.2.15 Job2/ Let o be a non-degenerate right continuous Markov pre-process. Then for
any e € E,, such that h™(e,t) = 0 there exists a unique ex; > e in E, such that for all z € [e,e41)]
one has h"(e,z) # 0.

Proof: By Theorem 4.3.8 the function A" (e, —) is right continuous and therefore the set of zeros
of h"(e, —) is of the form [e41,t] for some ey in (e,t]. For € < e;1 —e we have 0 = h(e,e41 +€) =
h(e,eq41 —€)h(e41 — €,e41) and since h(e,e;1 — €) # 0 we conclude that ey; € E,. [0 Note that if
E,, # () then there exists a unique e € E,, such that h™(e,t) # 0. For this e we set ey = t.

Lemma 1.2.16 Job3/ For a a non-degenerate right continuous Markov pre-process p the sets E,
are countable.

Proof: We have
lecov][s,t) = Ueer, e, e41) (13)

and since the sum of an uncountable number of non-zero numbers is infinite we conclude that E,
is countable. [

Since for an additive process FE,, = E,, for all m,n # 0 we will write E = E(u) for this set in the
additive context.

Define a map
(21, k1) : Hlu,olf — (u,0] x N

as follows. It sends Am, to (v,n) and a history I" of level ¢ > 1 to the pair (x1(I"),n1(I")) where
x1(T") is first event point in I' and n;(I") is the branching multiplicity of this point.

For © < v < w we have an embedding
Juw - Hlv,w| — H[u,w]
which is determined by the conditions
Ry (fuy(T) =T

Ly (ji, (1) = ALY

where n = n,(I"). Note that for v < w
jﬁ”v(A;w) = {(:nl, ce ) € Ag’w\ T1 > w}.

which implies in particular that j,’, are measurable.

14



For a history I" with ¢(I') > 0 we set

R(F) = jz,zl(r)(Rm(F) (F))

The combinatorial type of R(I') depends only on the combinatorial type of I" and we write R(m)
for the combinatorial type of R(I") for any I" such that 7(I') = 7. Note ¢(R(w)) = g(7) — 1.

For u < v, (wi,w2) C (u,v) and U C H[ws,v]} set
[gener](k, (w1, w2),U) = (resuw, X Tesuwy) (w1, wa) < AR 5 1) (14)

or equivalently

(k, (w1,w2),U) ={T' € H[u,v]]|mi(T") = k, z1(T') € (w1, w2), r€sy,(I') € U}

Lemma 1.2.17 [gens/ The collection of subsets of the form (14) is closed under finite intersec-
tions and for any q > 0 the Borel o-algebra on skyH[u,v]] is generated by subsets of the form
(k, (w1,w2),U) where k #1 and U C skq_1H w2, v];.

Proof: We may assume that « < v. Suppose that w}, > ws then
(k, (w1, w2),U) N (k, (wy,wh),U") = (k, (maz(wy,w]),ws),U ﬂjﬁ)%wé(U/))

and
(k, (w1, w2),U) N (K, (w],wy),U") =0

if k # k’. This proves the first assertion.

It remains to show that for any combinatorial type 7 with ¢(7) = ¢ and n;(7) = k the o-algebra
generated by the subsets (k, (w1, w2), U) which lie in A7  coincides with the Borel o-algebra. Since

Ag,v:{xlw--?xq’u<xl<"'<Q?q<’U}

its Borel o algebra is generated by subsets of the form w; < z1 < wa, (22,...,24) € U where U is
a Borel measurable subset of

Aﬁg?gz{w2<w2<"-<xq<v}.

Observe now this subset coincides with (k, (w1, ws),U) where U is considered as a subset of Aﬁgﬂv) .

O

Proposition 1.2.18 [crit2/ An additive pre-process p on Hls,t| is a Markov pre-process if and
only if the following two conditions hold:

1. for any u < v <w and U C Hv,w|; one has

Pt (G (U)) = h(u, 0)py1 (U)
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2. for any u < wi <wy <w, k#1 and U € H[wa,v]}, one has

1 (k, (wi,ws), U) = i3 ((wn, wa) © AR s, 1, (U)

Proof: The "only if” part is obvious. To prove the ”if” part we need to verify the condition of
Lemma 1.2.1. Using additivity one can easily see that if this condition holds for all U; C skqH [v,t]1 «
then it holds for all n and all Uy C skqH|[v,t],, . Therefore we may proceed by induction on ¢ and
for each ¢ we only need to consider the case n = 1.

Let ¢ = 0. Then we have to consider two cases.

1. Let Uy = AE}}U. Then
(resy,y X resv,w)_l(Ul x Uz) = jy»(U2)

and the condition of Lemma 1.2.1 follows immediately our condition (1).
2. Let Uy = AWU where n # 1. Then
(resyy X res%w)_l(Ul x Uy) = {F € sksoH[u,w||z1(I") = v,n1(T") =n, R(T") € j}fw(Ug)}

We may assume without loss of generality that there exists v < v/ < w such that Uy =
],l’ljjU/(Ué) Then

(resuy X resv,w)*l(Ul x U2) = Nwy we)er (1, (w1, wa), Us)

where I is the set of pairs w; < ws such that U < wy < v < wy < v' and wy,ws € Q. By our
second condition and o-additivity of u we conclude that

fi 1 (resup X resy ) (Ur x Uz) = lim gy 1 ((n, (Wi, w2), Uy)) = lim g 3 (w1, w2))

It follows by an obvious limit argument from Lemma (1.3.5), that the value of uY’, on this
subset is 0y, n({v})py,, (U2) which together with Lemma 1.3.4 implies the condition of Lemma
1.2.1 in this case.

Let ¢ > 0. Assume by induction that the condition of Lemma 1.2.1 is known for all U; C
skq—1H[u,v] and all Uy and let Uy C skqH[u,v]; . By Lemma 1.2.17 we may assume that
Ui = (k, (w1, w2),U]) where u < w; < wp < v and Uj is a measurable subset of skq_1 H [wa, V] «
for some m # 1. Then

[88](resuy X resyw) H(Ur x Uz) = (k, (w1, w2), (T€Suy.0 X T€8p) (U] x Us)) (15)
By the inductive assumption
1 Gy (F€Sws,0 X Te80,0) ™ (UL X Ua)) = hi 1o (Ji s T€S ;.0 (U1)) 111y (Un)
where [ is such that Uy C ny'({l}). By Lemma 1.3.5, the value of ey on (29) is

/ B LG (1€ 0 X T€5000) "L (U] X Us))dhum =
€(wy,w2
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= (/ tar e (T v reswgl,v(U{))deu,k> ty1(U2)
z€(w1,w2)

and using Lemma 1.3.5 again we get (6). Theorem is proved.
O

For u <wvand k # 1 let A, denote the co-restriction of y,  to AL’fE” I Aq[ﬂ, = (u,v].

Proposition 1.2.19 [adddet/ An additive Markov pre-process on H[s,t] is determined by the
function h(—,—) and measures A}, , fork # 1 and s <u <wv <t.

Proof: Let u and v be two additive Markov pre-processes such that the corresponding functions
h and measures A coincide. Let us prove that the restrictions of p and v to sk,H|[u,v], « coincide
for all n and ¢. Let

addy, : (H[u,v]1 )" — Hu,v]nx

be the iterated addition map. Since add,, ! (skqH [u,v]p) C (skqH[u,v]1+)" and our pre-processes
are additive it is sufficient to show that they coincide on skiH[u,v]; « and that if they coincide on
skq—1H[u,v], 1 for all n then they coincide on skqH[u,v]1 . That p and v coincide on ski H [u, v]1 «
follows from the definition of A and A and the fact that

skiH[u, v]1 . = AT (I (AR 11T Al ))

U,

Assume that they coincide on sqq—1H[u, v], « for all n and all u,v. By Lemma 1.2.17 it is sufficient
to show that they coincide on subsets (k, (w1, ws2),U) in skyH [u, v] «.

We have
(k, (w1, w2), U) = (reSyuw, X r€suwy o) (w1, ws) < AFILY 5 17

U, W

and we conclude that p and v agree on (k, (w1, w2),U) by the Markov property. O

Let 1 be an additive pre-process. For any u € [s,t] let e(u) be the smallest element of E which is
greater than w. If no such element exist i.e. if h(u,t) # 0 we set e(u) = oo.

For s <u <wv <tand k # 1 define measures o, | on (u, v] by the formula:

b = (w1, k) (1)) 00 TE,

Intuitively, a&k(B), for a measurable B in (u,v], is the probability that a singleton which is alive
at time u will have its history traceable up to time v and the first transformation event in this
history will occur at « € B and will have multiplicity k.

Theorem 1.2.20 /th2] For an additive Markov process %, any k # 1 and s <u < v <t one has

[th2eqO]\2F = (Qg) * h*(—,v) (16)
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Proof: One verifies immediately using the Markov property for u, v, t that the two measures agree
on {v}. Therefore it is sufficient to show that

[th2eq0a) (\;) ) = ((af ) * H¥(—, )l ) (7)

For convenience we will consider (16) as an equality of two measures on [u,v) which are zero on

{u}.

Lemma 1.2.21 /th211] For any Markov sub-process pi, any k # 1 and any s < u <y < y4 <
v <t one has

[th2eq1]X; (v, 5+)) = A25 (v, y+ ) A" (y+, v) (18)

Nl y))vy, =
[th2eq2] (19)

= pon({I' € Hlu, 0] | (21, k1)(T) € [y, y+) x {k} and 21(R(T)) > y4.})
k[1]

Proof: Equation (18) follow from Lemma 1.2.1 with Uy = {[y,y+) C Aﬁ,%} and Uz = Ay .

Equation (19) follow from Lemma 1.2.1 with Uy = {[y,y4+) C AF } and Uy = Hly;,v]p.. O Tt

w4
is sufficient to consider the cases v > e(u) and v < e(u). Suppose that v > e(u). Then Markov

property applied to points u, e(u),v implies that the measures on both sides of (16) are supported
in e(u) and their values at this point agree. Assume that v < e(u). Then for all x € [u,v) one has
h(z,v) > h(u,v) > 0 and (16) is equivalent to the assertion that for all w € [u,v) one has

[th2eq3]ad ([, w)) = / (ha,v)) " dAL, (20)

z€u,w)

Let us denote the function under the integral by f(z) and the measures involved by a and A
respectively.

Lemma 1.2.22 [th212] For all € > 0 there exists 6 > 0 such that for any partition u =9 < -+ <
Zp, = w of the interval [u,w) such that |z;11 — ;| < 0 one has

> lallzi, i) = flea) M wig) | < e

Proof: By Lemma 1.2.21 we have

f@iv1) g g ([23, wig1)) =

= tun({T € Hlu, o] [ (21, k1)(T) € [0, 2i11) x {k} and 21(R(T)) > zis1})

Therefore
a([ri, wiv1)) — f@ip) M[zi, wiv1)) =

= tn({T € Hlu, 0] [ (21, k1)(T) € [i, 2i1) x {k}, and z1(R(T')) < 2i11)})
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If |x;41 — 23| < § we conclude that

Y allwiswinr)) = flem)A[zi 2ie1)) < pi ({1 € skorHlu, ol | 21 (R(T) = 21(T) < 6})

i
Since

() AT € skorH[u, vne |21 (R(T)) = 21(T) < 6} =0
6—0

we conclude by o-additivity of yy ,, that for each € > 0 there exists 6 > 0 such that
> allws, wip1)) = f@in)M[zi, 2041)) < €
i

and all terms in this sum are non-negative. O Let (h(u,w))™® = C < co. To prove the theorem it
remains to verify that

inf {Z | f(wis 1) A7, Tit1)) —/

where inf is taken over all partitions u = xg < --- < &, = w of [u,w). Since both fxem zi1) f(z)dA

and f(2i41)A([zi, 2i41)) lie between infre (e, o) f(2)AM (25, Tit1)) and supeepe, 2, ) f (@) M (24, 2it1))
it is sufficient to verify that

f(a:)d)\|} =0

€lzi,Tit1)

[thzeq4]2nf {Z | Supxe[cci,xi+1}f(x) - an$€[$“xl+1]f($) ‘ )\([.’IJ@, xi-l-l))} =0 (21)

Lemma 1.2.23 [th214] Let f be a right continuous monotone increasing function on [u,w]. Then
for all € > 0 there exists a finite set of points ai,...an() € [u,w) and § > 0 such that for all

(y,y+] C [u,w)\{ax, ... ,an} satisfying |y+ —y| < 6 one has |supzefyy, ) f(2) = infoepyy,) f(2)] <e

Proof: Observe first that if the conclusion of the lemma holds for two functions then it holds
for their sum. Since f is of right continuous and monotone increasing we can write it as a sum
f = f1+ fo where f; is continuous and f3 is a right continuous step function with countable set of
points of discontinuity (see e.g. [1]). In addition both functions are monotone increasing.

For f; which is continuous we may take N = 0 since a bounded continuous function on an interval
is uniformly continuous and sup,epyy 1f (%) — infocpyy 1 f(2) = fly+) — f(y)-

Let A be the set of discontinuity points of fo and for a € A let A(f,a) be the jump in this
point. Then » ., A(f,a) < co. Therefore there is a finite number of points ai,...,any € A
such that > .. A(f,a) < € where A" = A\{a1,...,an}. The conclusion of the lemma is then
satisfied for these points aq,...,ay and any § > 0. If [y, y4] C [u, w)\{a1,...,an} then obviously
|supselyy ) f2(T) — infocy . fo(x)] < e If (y,94] C [u,w)\{a1,...,an} but y € {a1,...,an} we
still have [supgely. . 1f2(2) — infoelyy.1f2(2)| < € due to the fact that fa is right continuous. O To
prove (21) we have to show that for any € > 0 there exists a partition such that

[th2eq5] Z | Supme[mi,zi+1]f(m) - infxe[mi,xi_,_l]f(x) ’ )‘([1"1’ xi-i‘l)) <e€ (22)

7
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Let
Cr = AM[u, w))

C’g = supxe[u,w}f(m) - anxe[u,w}f(x)

Using Lemma 1.2.23 let we may find a finite subset ai1,...,ay and § > 0 such that for any
(y+,y] € [u, w) satisfying y4 —y < & one has

|Supx€[y,y+]f(m) - infxe[y,y+}f($)‘ < 6/26’1

Consider partitions which contain intervals [a; — ', a;), the lengths of all the intervals are less than
0 and each interval contains at most one of the points from aq,...,ay. By o-additivity of A we can
choose ¢ such that

Z Mlai — &', a;)) < €/2C
i
Elementary computation shows that for such a partition (22) is satisfied. O

Embeddings j,, allow us to consider a process u on H[s,t] as a collection of measures jy , oy, ,
on spaces H|[s, v]p for v <.

Definition 1.2.24 [com] A process on H|[s,t] is called co-measurable if for all n and v the map-
pings
U o © M

are kernels from [v,t) to H[v,t]p «.

Remark 1.2.25 The name co-measurable is chosen to avoid confusion with standard notion of a
measurable process. See e.g. [3].

Lemma 1.2.26 [th218] If u is co-measurable then the mapping x +— Zk# ap ® Ofry 18 a sub-
probability kernel from [s,v) to (s,v] x Np.

Proof: It is sufficient to show that for any k # 1 and any s < u < v the function z — a7 ; ((s, u])
is a measurable function on [s,v). This function is zero for x > u and for z < u one has

o 1 ((s,u]) = 1 ((582) ™ (@1, k) 71 (s, u) > {k}))

which proves the lemma. [
Proposition 1.2.27 [arecom/ An additive Markov process p. on Hls,t] is co-measurable.

Proof: Since for a Markov process measures i, ,, are projections of measures !, ,, it is sufficient
I’
to consider the case v = t.
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Since our process is additive it is further sufficient to show that the measures ,ui’l considered as
measures on H s, t] form a kernel from [s,?). In view of Lemma 1.2.17 it is sufficient to verify that
the functions

frow e ph (AL
farwe il (A for k£ 1

and
f3 T M;,I(H[x7t] N (kv (w17w2)a U))

are measurable. For any Markov process functions fi, fo are monotone increasing on [s,t) and
therefore are measurable. To show that f3 is measurable let I; = (s,w;), Is = (wy,w2) and
I3 = (wa, t). It is clearly sufficient to verify that the restrictions of f3 to I1, I and I3 are measurable.
Observe first that

for,z € I; one has H[J"’t] n (kv (w17w2)7 U) = (k) (w17w2)7 U)7

for,z € I one has H[z,t] N (k, (w1, ws),U) = (k, (z,ws),U),
for,x € I3 one has Hxz,t] N (k, (w1, ws),U) = 0.
Using Markov property we conclude that

f3(x € I) = h(x,wr) f3(w)

which is measurable since h(—, w1 ) is a monotone increasing function. To prove that f3 is measur-
able on I it is sufficient to show that it is measurable on I N [e,e41) for all e € E. For x in this
intersection we have

f3(z) = h(e,z) " f3(e)

and since h(e, —) is measurable and non zero on [e, e41) we conclude that f3 is measurable. [

Corollary 1.2.28 [comcor/ Let pf be an additive Markov process. Then the mapping
T — Z Oé;’k & (5k
k

defines a sub-probability kernel from [s,v) to (s,v] X N.
Proof: It follows from Lemma 1.2.26 and Proposition 1.2.27. [

Lemma 1.2.29 [th215] For an additive Markov process and any s <u < v <t one has

aZ,k = (ai,k)‘(u’v}
Proof: Follows from the Markov property with respect to the points u,v,t. O

Lemma 1.2.30 [th216/ For an additive Markov process and any s < u < v <t one has

[maineql)h(u,v) =1 — Zafbk((u,v]) (23)
kA1
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Proof: For any process one has
hu,v) = 1= ag ((u,0])
k£1
together with Lemma 1.2.29 it implies (23). O

Lemma 1.2.31 /th217] Let p be an additive Markov process. Then for any k # 1 and any s <
u<v <t one has

(at ) = B(u, ) (al, )0

u, v,

Proof: The condition (3) is equivalent to the condition that for £k # 1 and s <u < v < w <t one
has

az,k((va ’U)]) = h(ua U)Oéfj,k((’U: ’U}])
which we get from immediately from Lemma 1.2.1 applied to points u,v,t and subsets

U = A’E}]U

Uy = {F € H[’l),t]L*‘.%'l(F) < w,kl(F) = k}

Proposition 1.2.32 /pr4] An additive Markov process on H|s,t] is completely determined by the
collection of measures o, for s <u <t and k # 1 on (u,t].

Proof: It follows from Proposition 1.2.19, Lemma 1.2.30 and Theorem 1.2.20. [J

Summarizing some of the results of this section we see that any additive Markov process u on |s, t]
defines a sub-probability kernel [s,t) — (s,t] x N of the form

u +— Za;k & 5{k}
k#1
such that for the function h(—, —) defined by the formula of Lemma 1.2.30 one has:
h(u,v)h(v,w) = h(u,w)

and
(2] _ h

Qo ke

)t
" (u, v)al "

. . . t
and moreover that £ is uniquely determined by a, .

Let us say that a process p is irreducible if for all v < ¢ one has ugl(A[l]) # 0. An irreducible
additive Markov process is completely determined by a single sub-probability measure a_’;,* on
(s,] x Ny such that of ,((s,1) x N) < 1.

We will see in the next section that to any measure satisfying this condition and such that in addition
o, = 0 for sufficiently large k there corresponds a unique irreducible additive Markov process on
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H|[s, t] therefore obtaining a complete classification of irreducible additive Markov processes with
restricted branching multiplicities on H([s, ¢].

A process which is not irreducible may be considered as a collection of irreducible processes on
Hle,e4] for e € E. Conversely, for any countable subset E C [s,t] such that for any e € E there
exists ey € E N {t} satisfying the condition (e,ey) N E = ) and any collection of additive Markov
processes on Hle, e ] such that, in addition h(e,ey) = 0 for e; € E there exists a unique process on
H[s, t] with this E' and these restrictions to intervals [e, e;]. Due to this fact we will often restrict
our attention below to irreducible processes.

Proposition 1.2.33 /pr5/ An additive Markov process on H|s,t] is uniquely determined its tran-
sition kernels ¢,.

Proof: The transition kernels determine the projections of measures p, ,, under the map
n: Hu, vy« — Nl

which sends T to the function np : z — n,(I"). In view of Proposition 1.2.32 it remains to show
that these projections determine the measures o ,. It follows immediately from the definition of
this measures and the lemma below. [J

Lemma 1.2.34 p511] Let A be a dense countable subset of (u,v). Then for I' € H[u,v]; one
has:

1. for k # 1 and w < v, (x1,k1)(T") € (u,w) x {k} if and only if for all N > 0 there exists
ay,ag € A such that u < a1 < ag < w, |ag — a1| < €, nr(az) =k and for all a € A such that
a<ay, np(a) =1,

2. for any k, (z1,k1)(T") = (v, k) if and only if np(v) = k and for all a € A such that a < v one
has nr(a) = 1.

Proof: Straightforward, using the fact that the functions nr are right continuous. O

Lemma 1.2.35 kcontll/ For an additive Markov process and k # 1 such that for all e € E,
ol ({e4}) =0 there exists a unique measure vy such that for any u € [s,t) one has

[kconteql]oy, j, = h(u,—) * vk (24)

Proof: Let v, be the unique measure on [s,t] such that for any e € E,, one has

) = hle, )7 ()10

)
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Let us show that it satisfies the condition of the lemma. Since o, (us) = 0, both sides of (??) are
concentrated on (u,uy) and it is sufficient to check that

h(u7 —)*1 * (azjk)“u,u_,_) _ ,ylL(u,u+)

which follows immediately from Lemmas 1.2.31 and 1.2.5.

If 4 and ~;, are two measures satisfying the condition of the lemma then they are equal on each
interval [e, e ) they coincide with h(e, —) (ol ,)/(¢¢+) and therefore they coincide with each other.
(] Measure -} is called the rate measure for events of multiplicity k. Note that these measures are
bounded on closed intervals which do not contain points from E but may be unbounded around
points from this set. Because of the structure of E we get the following property of ~’s:

Lemma 1.2.36 [th613] For any k # 1 and any x € [s,t) there exists ' > x such that yi((x,2")) <
0.

For a measure +y satisfying the conclusion of Lemma 1.2.36 define E() as the set such that x € E(vy)
if and only if z = s or 2 > s and for all 2’ < x one has v;((2/,z)) = co. The conclusions of Lemmas
4.3.9, 4.3.10 hold, with obvious modifications, for the sets E(v). This implies in particular that
measures 7y are o-finite.

Lemma 1.2.37 [th6l4] For any k one has E(y,(p)) C E,,.

Proof: Follows immediately from the fact that 4 for any k is bounded on closed intervals which
do not contain points of E,,. [J

Recall that a measure on R is called non-atomic if its value on any point is zero. A measure is
non-atomic if and only if its distribution function is continuous.

Definition 1.2.38 /kcont/ An additive Markov process is called k-continuous if measures o, , are

non-atomic for all u € [s,t). An additive Markov process is called continuous if it is k-continuous
for all k #£ 1.

For a measure « on an interval [u,v] let Distr(a) be the (right-continuous) distribution function
of a:
Distr(a)(z) = afu, x]

Lemma 1.2.39 [th6l1] Let v be a bounded non-atomic measure on [u,v] and F be a bounded
non-negative measurable function on this interval. Then there exists a unique (bounded) measure
a on [u,v] such that

[inteq|(F — Distr(a)) *v =« (25)

The function Distr(a) is of the form

[inteql|Distr(a)(x) = e_G(I)/ [ }F(t)eG(t)d*y (26)
te|u,r
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where G = Distr(y). If F takes values in [0, 1] then « is a sub-probability measure.

Proof: Consider first the case when v = dx is the Lebesgue measure on [u, v]. Then solutions of (25)
are in one to one correspondence with monotone increasing non-negative functions A = Distr(«)
such that for all x € [u, v] one has

[inteq?2] / (F(t) — A(t))dt = A(x) (27)
u
which holds if and only if A is absolutely continuous, A(u) = 0 and
Al(z) = F(z) — A(x)
almost everywhere (see e.g. [1, p.106]). Set

A(x)=e" /f F(t)eldt

Then A is absolutely continuous and the equation (27) is satisfied (e.g. by [1, p.108,ex.35]). Since
e!™® <1 on [0,2] we have A < F and by (27) we conclude that A is monotone increasing. If there
are two solutions Aj, A then their difference A = A; — As is a solution of the equation

Az) = —/IA(t)dt

A solution of this equation has a continuous derivative everywhere which implies that it is zero by
the standard uniqueness for the ordinary differential equations.

Consider now the case of general non-atomic v. We may assume that v # 0. Its distribution
function is a continuous mapping

G : [u,v] — [0,G(v)]
Define a mapping X : [0, G(v)] — [u,v] by the formula

X*(y) = sup{z|G(z) <y}

Then v = (X7T).(dy) (see e.g. [7, p.34]). Since G is continuous, X* is an order preserving
embedding with a measurable image U which a complement to the disjoint union of countably
many intervals of the form [y,y'). Any solution « of (25) is supported in U and therefore there
exists a unique measure o on [0, G(v)] such that @ = (XT).(aq). Using the fact that X is an
order preserving embedding one verifies further that

Distr(ay) = Distr(a)o Xt

Therefore the mapping o7 +— X (1) defines a bijection between the solutions of (25) and the
solutions of the equation
(Fo X" — Distr(a)) *dy = oy

which implies, by the first part of the proof, that a solution to (25) exists and is unique. The
explicit formula for
Distr(a) = Distr(X[ (a1))

where

Distr(aq)(y) =e™ Y /Oy F(XT(2))e*dz

easily follows. [
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Remark 1.2.40 It is plausible that the equation (25) has a unique solution for any bounded ~.
For example, if v is the delta-measure concentrated at a point a € [u, v] then there exists a unique
solution and it is of the form (F'(a)/2)d,. In this case however it is not given by the formula (26)
which, for v = §, gives the distribution function of F(a)d,.

Example 1.2.41 [th6ex1] If, in Lemma 1.2.39, we have F' = ¢ where ¢ is a constant then
Distr(a)(z) = ¢(1 — e~ Pistr(0)

Lemma 1.2.42 [th612] Let p, 1/ be two irreducible processes and I a subset of Ny such that

1. fori € I the processes u and i’ are i-continuous and v;(p) = (1),

2. for j € J=Nu\I one has o ;(pn) = ol ;(1).

Then p = .

Proof: Let vy = > /%, a1 = X icr ozfm and A; be the distribution function for «;. Then the
definitions of h and ~; imply that

ar=(1—A;—Ajp) =~

t

where A is the distribution function for 3, ; oy ;.

Applying Lemma 1.2.39 to the restrictions of v to intervals [s, u] with u < ¢t we conclude that there
is a unique «aj satisfying this equation. Then

h=1-(Ay+ Ap)

and we recover measures oz’;’i for ¢ € I from the defining property of ;. O

Example 1.2.43 [th6ex2] In the assumptions of Lemma 1.2.42 we have the following explicit
formulas for A; = Distr(al ;) for i € I. As in the proof set

Ay = Distr(z a;j)

jedJ
Ar = Distr(z )
el
and let
Y = SUMieri
G = Distr(v)
Then
Ap(z) = e W (1= A;()e“Vdy
te(s,x)
and

Ai(z) = /te[ }(1 — As(t) — Ay(t))dvi
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Example 1.2.44 [th6ex3] Combining Examples 1.2.41 and 1.2.43 we get in the case when J = ()
the following explicit formulas for A;:

A; = e~ 2iel Dis”(%)(t)d%
te(s,x]
In particular, if v; = c;de where ¢;’s are constants we get:
Az(x) = (Cz/ Zci)(l _ e—(Z Ci)(&?—s))
el
Oét . = Cie_(z Ci)(x—s)dx

R

The following proposition connects measures 7, with the probability density functions for events
of multiplicity & which form the basis of the classical theory of branching Markov processes.

Proposition 1.2.45 /pr7] An additive Markov process is k-continuous if and only if for any u €
[s,t) one has
lim ¢4t ¢(1,k) =0

e—0,e>0

In the case when vy, = gi(x)dx one further has

: u-+€ _
6_}%]175;0 d)u (L k)/e - gk(u)

Proof: 777 O

1.3 Construction of processes

We start with a construction of a wide class of additive processes on H|s,t] not all of which are
Markov processes. Let

6:[s,t) — [s,t] x Ny
be a sub-probability kernel such that for any u € [s,t) the measure 6(u) is concentrated on (u,t].

As usually we will write 6, instead of #(u) and 6, for the co-restriction of 8, to [s,t] x {k}.

Then there exists a measurable space (£2,F) and a probability measure P on it together with a
measurable map
I'=1Ip:[s,t) x Q— ((s,t] x Ny) L pt

such that
[aalphall(x,—).(P) = 6(x). (28)

Let I, : @ — ((s,t] x N1) Il pt be the restriction of I to {u} x €.
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Remark 1.3.1 In fact we can always choose Q2 = [0,1] and P = dz. The map I, in this case is
defined by the following explicit algorithm starting with the distribution functions T;, ; of measures
O -Let ¢y = 0, 1 ([u,t]) and let Cy = co + - - - + cx—1. Define, following [7, p.34], a map

I:[,k 1[0, ¢) = [s, ]

by
17 .(y) = sup{y | Tur(x) <y}
For y € [0,1] set

_ Luk(y) Ok <y <Cin
Luly) = { pt otherwise

Since f(u) is concentrated on (u,t] x N; we may assume that

I,(2) C ((u,t] x Ny ) I pt.

Let us define subsets X/,  of 2> inductively as follows:
5,n,0 =0
and for N > 0, XoonN = Q> and for n > 0:
X0 = {w € 0% V1 < < (X (i) € ([08] X Noat) T pt) o7 (@i wions ) € Xy 1) }

Set
Xoon = UN>0Xy 5 N

Lemma 1.3.2 [simpl7/ The subsets X,  and X, are measurable.

n

Proof: Straightforward. [J

Note that X, = Q.

Example 1.3.3 [divergent] Let z1,...,2;,... be an increasing sequence of points of [s,¢] such
that lim,, z,, = ¢ and for any ¢ one has x; < t. Consider the kernel v which sends s < u < ¢ to the
measure d, X {2} where i is the first index for which z; > u. Then X}/, = Q% for all v and v <t
and X! | =0 for all u < t.

Consider the maps M, ,, from Q% to H][u,v] II pt defined by the following inductive construction.
For w € X}, , set

M o(w) = *o

Ag}v if I(u,w;) = (x,k) and z > v or I(u,w;) = pt
M;)’l(g) = [k’] X M;,k(w2"") if I(U,W1) = ($,]€) and z <w

Agﬁ]v if I(u,w1) = (v, k)

Mﬁ,n@) = Z?:l Mﬂu(whwi—&-n:wi—i&na )
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where ) refers to the disjoint union of histories. For w € Q*\X}  set M}, (w) = pt. For u = v
we set My, = {n}.

Set py., = (Mg,n)*(PQ@OO)‘H[“’”]. Considering p, , as (sub-probability) kernels from N to H[u,v]
we get a pre-process on Hs, t].

Let
O 1 = g(u)\(s,ﬂx{k}

be the measure on (s,t] which is the co-restriction of #(u) to (s,t] x {k}. The following three
lemmas give an inductive description of measures py, ,, directly in terms of 0, . Since g ,, = 0y
we only consider the case u < v.

Lemma 1.3.4 [q0/ For any s <u < v <t one has
MZ,O(AZ?U) =1
1 - Zk;ﬁl Our((u,v]) forn=1

Hu,n({v}) for n # 1

,“Z,l(AEZ}v) =

Proof: We have
(M o)1 AR,) = Xou = Q%

which proves the first equality. We have
(M) HAL) = {w € Q%[ Lu(wr) € ((v,1] x Ny ) T pt} -

Therefore

PE((MY ) HAL)) = P (0, 4] x Noay) TIpt) = 1= > 0 ((u, v])
k£l

Finally
(Mg1)7H AL = {w € Q¥ Lu(wr) = (v,n)}

which proves the last equality. [J

Lemma 1.3.5 ml] For any u < w; < we < v and any measurable U C H[wsz, vy« one has

12, (wr, we), U) = / o el (U))
(w1, w2

Proof: It follows from the fact that

( ;},1)_1(13? (w1, w2),U) =

where I(—) = I,(—). O
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Lemma 1.3.6 /ngl/ Let m be a combinatorial type with n(m) > 1. Then

T —1 s
(1) 5% = ((f ) 7)o (50

where add,, is the addition map

Hlu,t] o X -+ x Hlu, t] o — Hu, t]p

Proof: Follows immediately from the definition of My ,, for n > 1. [ As an immediate corollary
from Lemma 1.3.6 we see that the pre-processes pi are additive. In view of Lemma 1.2.17, we
conclude that Lemmas 1.3.4 and 1.3.5 completely determined g in terms of 6.

Lemma 1.3.7 /mu0/ The pre-processes constructed above are right continuous.

Proof: By Lemma 1.3.4 we have

h(u,v) =1— Zeu,k((uvv])
kA1

which implies that h(—, —) is right continuous and the claim of the lemma follows from Theorem
4.3.8. 0O

Lemma 1.3.8 xinv/ For any w > v > u and any k one has X', C X!, and

Xﬁ,k = Uw>vX;U,k
Proof: Follows by easy induction from the construction of X!, . U

Lemma 1.3.9 fta/ For the process constructed from a kernel 6 one has

(2

v _ |(u,v]
Q= VL * Hu’k

Proof: It is sufficient to compare the measures on the right and left hand sides on intervals (u, w]
where w < v. We have
u

(M) )~ (s 0] x () = {w € 9% T(wn) € (ww] x {5} and (wn,..) € X, }

(where I(—) = I,(—)). Therefore

ay ke ((u,w]) = gy (21, k1) ™ ((w, w] x {k})) =/ PE(X7 1) dOu

z€ (u,w]

and since
v _ [2]e’s} v
Uu,k =P ( u,k)

the claim of the lemma follows. [J
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Theorem 1.3.10 /th3/ Let 0 be a sub-probability kernel as above such that the following conditions
hold:

1. foralls <u<wv<w<tone has

(1= S 0l w))(1 = 3 bl ) = (1= 3 Oup(w, wl)

k#£1 k£l k#£1
2. foralls <u<v<tandn#1 one has
O = (1= 0y ((u, v])) 014"

k#£1

The the corresponding pre-process p is a Markov pre-process.

Proof:

Lemma 1.3.11 [jmul] Suppose that 0 satisfies conditions (1), (2). Then for any s < u < v <

w <t one has 4
(Mfu)lau,v(mv,wh,*) =(1- Z Ouso((u, v])) i
k£1

Proof: For (p,,)liw(sk>0tvwlia) it follows immediately from Lemmas 1.2.17 and 1.3.5 and condi-

tion (2). For ,ul’u(Amu) and n # 1 from Lemma 1.3.4 and condition (2) and finally for pf U(Am )
from Lemma 1.3.4 and condition (1). O

”If” We need to verify the condition of Lemma 1.2.1. Using additivity one can easily see that if this
condition holds for all Uy C skqH v, t]; « then it holds for all n and all Uy C sk,H|[v, t], «. Therefore
we may proceed by induction on ¢ and for each ¢ we only need to consider the case n = 1.

Let ¢ = 0. Then we have to consider two cases.

1. Let Uy = AB}U. Then
(resyp X resv,w)_l(Ul x Uz) = jyp(U2)

and the condition of Lemma 1.2.1 follows immediately from Lemma 1.3.11 and Lemma 1.3.4
for n = 1.

2. Let Uy = Am) where n # 1. Then
(resuw X resyw) " (Ur x Up) = {T' € sksoH[u, w421 (T) = v, ki (T) = n, R(T) € j,(U2)}

It follows by an obvious limit argument from Lemma (1.3.5), that the value of uY’, on this
subset is 0y, n({v}) sy, (U2) which together with Lemma 1.3.4 implies the condition of Lemma
1.2.1 in this case.

31



Let ¢ > 0. Assume by induction that the condition of Lemma 1.2.1 is known for all U; C
skq—1H[u,v] and all Uy and let Uy C skqH[u,v]; . By Lemma 1.2.17 we may assume that
Ui = (k, (w1, w2),U]) where u < w; < wp < v and U] is a measurable subset of skq_1 H [wa, V] «
for some m # 1. Then

[ss](resy,, X resmw)_l(Ul x Ug) = (k, (w1, w2), (TeSwy,» X resv,w)_l(U{ x Us)) (29)
By the inductive assumption
113 1 (G5 sy (TS 0 X TE5000) " (U] X Ua)) = il (G sy 7€8 103 0 (UT)) iy (Uz)

where [ is such that Uy C n;'({I}). By Lemma 1.3.5, the value of p; on (29) is

/ 1 LG (€S0 X T€500) "2 (U] X Us))dfum =
€(w1,w2

- ( [ . resw;,v<U{>>deu,k) bt (02)
z€(w1,w2)
and using Lemma 1.3.5 again we get (6). Theorem is proved. [

We are now going to formulate a sufficient condition for the pre-process constructed from 6 to be
a process.

Definition 1.3.12 /admiss/ The map I is called admissible if the corresponding pre-process is a
process i.e. if P®°°(X57n) =1 for all u,v,n.

One can verify easily that admissibility of I depends only on 6.

Consider the map B} : [u,v] x Q@ — (u,v] which equals {v} on {v} x © and whose restriction to
[u,v) x Q is the composition of I with the projection which takes ((v,t] x N1) II pt to v and
(x,k) € (u,v) x Ny to x. Since u and v are fixed below we will write B instead of B,. Define a
map

L [u,v] x QY = (u, 0]V

setting
L(zg,w1,wa,...,wn) = (B(xg,w1), B(B(xg,w1),w2),...).

We will write z;(xo,w) € (s,t] for the i-component of L(zg,w). Let

Yooty = {w € QY [an_1(x0,w) < v}

Proposition 1.3.13 /pr2/ Let 6, =0 for k > K. Then

POX(QN\X ) < KNI PON(Y R
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Proof: For n < K define subsets Z;,  \ setting Z , , = 0 and for N > 0, Z , y = Q@* and for
n > 0:

ZynN = {g € Q| V1 <i<n (Ly(wi) € (([v,t] x Nyzp) U pt) or (wit i, wigors---) € Z}’(wi)7N71)}

One observes easily that
PX(Z5nn) = PP (X0 N)

We will write x1,(w) and kl,(w) for the first and the second component of I,(w) if it lies in
(s,t] x Ny, If I, (w) = pt we will write 2/, (w) =t and kI, (w) = 1.

Lemma 1.3.14 /th4l1] One hasw € QOO\ZZ:OJCO,N if and only if there exists a sequence ig, . .., IN_1
such that for

Ty = xlx]’—l(wio+i1K+~~+ij71Kj_l)
kj = klx]‘71(wi0+i1K+~--+ij_1Kj71)
we have 1 < i; < kj and xj <wv for all0 <j < N — 1.

Proof: Follows easily by induction on N from the definition of subsets Z , . [ Let

Y:E<0?)ko(i07 o iN—1) = {Q‘ (Wig> Wig+i1 K> -+ ) € YI<0?]N}

Lemma 1.3.15 [th412] For any sequence g, ...,inN—1 one has

POV (o, vin-1) = PEN (V)

z0,ko

Proof: Consider the map I : Q®° — QY which sends w to (Wigs Wig+iy K5 - - - ). Since it is just a
partial projection the image of P®> under this map coincides with P®V which implies the claim
of the lemma. [J Under the assumption of the proposition k; < K for all j > 0 and therefore

N2 v C | YLt i)

015 IN =1

where 1 <i; < K for all j. Together with Lemma 1.3.15 this implies the claim of the proposition.
O

Proposition 1.3.16 [pr3] Let 6 be a kernel satisfying condition (2) of Theorem 1.3.10 and let
BY = (BY)« (04 ® P). Then for u,v such that h(u,v) # 0 one has

PNy = [ h(u,20) ™" A,z o) ()

u<ry<---<rny<v

Proof: We have
Yok = Ly (w,0)Y
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From the definition of L we conclude immediately that for any measurable By, ..., By € [s,t] one
has

PEN(LY(By x --- x By)) = / . PEN=D(L7Y(By x -+ x By))df:
reby

If 6 satisfies the condition (2) of Theorem 1.3.10 then h(u,z)(3)/®?) = (8V)|@¥). Since £Y is

concentrated on (z,v] we get

PEN(LL ((u, U)N))/ h(u, 1)~ h(u, oy —1) (80PN
u<r1<re<--<ry<v

Theorem 1.3.17 /th4] Suppose that 0, = 0 for all but finitely many k and lim,_;h(s,v) = ¢ > 0.
Then 0 is admissible.

Proof: From Proposition 1.3.16 we get
1-N

PNV < S

N ﬁu(u7 t)

In view of Proposition 1.3.13 it remains to show that

(K/e)¥ !

N0

limN oo

which follows from the fact that for any finite number X one has

O

Summarizing the results of the two previous sections we get the following theorem.

Theorem 1.3.18 [th5/ Our constructions provide a bijection between irreducible, additive Markov
processes on H|s,t| whose branching multiplicities are bounded by K > 0 and collections of sub-
probability measures o, ;. on (s,t] given for k € {0,2,3,..., K} and satisfying the condition

Yo akal(s,) <1
K

In the case of processes which are i-continuous for some subset of indexes I C {0,2,..., K} we get
the following classification.

Theorem 1.3.19 [th6/ Let K > 0 and I a subset in {0,2,...,K}. Consider the following collec-
tion of data:
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1. for each i € I, a non-atomic measure y; on (s,t] which is bounded on (s,u| for all u < t,

; ” t t
2. ]{07" each j € {0,2,..., K}\I a sub-probability measure o ; on (s,t] such that }_; o ;((s,t)) <

Then there ezists a unique irreducible additive Markov process jn on H|s, t| which is i-continuous for

all i € I such that for i € I one has v; = v;(u) and for j € {0,2,..., K}\I, one has aé’j = a’;’j(u).

Proof: The uniqueness result follows from Lemma 1.2.42. The existence follows from the same
argument which is used in the proof of this lemma combined with Theorem 1.3.18. [J

Proposition 1.3.20 /pr8/ Let i be an additive Markov process with bounded multiplicities. Then
for all u,v and n one has

im iy, , (sksqH [u, v]n,s) — 0
g—oo

Proof: It is clearly sufficient to consider the case u = s and v = ¢. Let K be a multiplicities bound.
A simple inductive argument shows that

M;n(X;mN) C skpnHIs, t]«

since. Therefore
Mé,n(Sk>KNH[S7 ﬂm*) <1- M;,n(Xz,n,N)

and since by Theorem 1.3.17 we have
MmN oo My (X ) = 1

the claim of the proposition follows. [J

1.4 Birth and death processes

Definition 1.4.1 /bddef]/ A birth and death (resp. birth, death) process on Hls,t] is an additive
Markov process such that oy, . =0 for all u,v and k # 0,2 (resp. k #2, k#0).

Definition 1.4.2 mbddef] A normalized birth and death process is a 2-continuous birth and death
process such that vy = dx where dz is the Lebesque measure on (u,t].

Let f : [¢/,t] — [s,t] be a strictly increasing function. Then it defines maps f,, : Hlu,v] —
H[f(u), f(v)] according to an obvious rule. For a pre-process pi on H|s,t] define a pre-process

*(u) on H[s', '] setting f* (1), = f*(,uﬁz)). One verifies easily that this operation preserves all
the properties of pre-processes considered above.
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There are two cases which are of special interest. One is the case of and inclusion i : [¢/,¢'] C [s, ]
when i* (1) is the restriction of u to [¢/,t']. Another one is the case of an order preserving bijection
f:[s,t'] — [s,t]. In this case f* is a bijection between pre-processes on H|s,t] and H[s',¢']. The
a-invariants of pre-processes are transformed by this bijection by the rule

ol p (1 () = [* () )

Definition 1.4.3 Two process p and p' are called weakly equivalent if there exists an order pre-
serving bijection f : [s,t] — [s,t] such that ' = f*(u).

Proposition 1.4.4 [pr6/ A birth and death process is weakly equivalent to a normalized birth and
death process if and only if it is 2-continuous and vyo((u,v)) > 0 for v > u. In this case the
corresponding normalized process is unique.

Proof: Straightforward. [J

Proposition 1.4.5 [pr11] Let ol be a sub-probability measure on (s,t] such that o ((s,t)) <
1. Then there exists a unique irreducible normalized birth and death process on Hls,t] such that

042,0(#) = 0‘2,0~

Proof: It is a particular case of Theorem 1.3.19. [J

1.5 Compositions, re-gluings and related constructions

For finite sets X, B and a function ¢ : X — N such that

tr(y) = Y ¢(x) = #B

zeX

set
C(B, X, ¢) ={f:B— X[¥(f) =4}
and let
o(B, X, v) = #C(B,X,¢)

The number ¢(B, X, 1) depends only on X and v but it will be convenient for us to keep B in the
notation. We will also use the set of maps

C'(B,X,¥) ={f: B — X[y(f) =}
where ¢ = ¢’ of the exists a permutation s : X — X such that ¢/ = o s. Set further
G(I',T") = C(rp (v), 7 (v), ¥r)

G/(F,7 F”) = Cd(TI?”1 (U)a 7_1:/1(@)’ wF’)
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Set
C(F/, F//) _ (#G(F/, F//))—l Z F/ Uf F”
feGT I

C/(F/, F//) _ (#G/(F/, F//))—l Z F/ Uf F//
fGG’(F’,F”)

where the right hand sides are considered as a measures on H [u, w]. This defines probability kernels
¢: H[u,v] XN H[v,w| — H[u,w]
c: Hlu,v] xN H[v,w] — H[u,w]

Lemma 1.5.1 /cl1/ One has
(resyy X resy ) oc=1Id

Proof: Let I'" = res, »(I") and I = res, ,(I'). Then there is a well defined map
[ceql]g : 7/ (v) — 7' (v) (30)
such that for any vertex = € 7, (v) one has

[ceq2]# (g~ (2)) = v (2) (31)

Conversely, given I € H[u,v], I' € H[v,w] and a map g as above there exists a unique I U, I €
H[u,w] corresponding to these data which implies the claim of the lemma. [

Set
Myt (I') = co (resyy X resyw)

my(T) = o (resyy X resyw)

Lemma 1.5.2 /proj/ The kernels m, and m,; are projectors i.e.
MMy = My
My+ My = My
Proof: For m, it follows immediately from Lemma 1.5.1. To prove that m, observe first that for
I € H[u,v|p« and I € H[v, w], « one has
(resypy X resyw)(d (T, T")) = my(I") @ I

and
CI(F/, FI/) — C/(mv (1—\/)’ P//)

Applying these equalities to IV = res, (') and I = res, ,(I') we get

mymy (L) = ¢ o (res x res) o’ o (res x res)(T') = ¢/ (my,(I') @ T”) = (I, 1) = m,(T)
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Lemma 1.5.3 /mvpmv/ One has
Moy My = My

Proof: Straightforward. OJ

Remark 1.5.4 Note the neither m, nor m, is a homomorphism with respect to the disjoint union
of histories.

Proposition 1.5.5 [prl2/ Let pu be an additive Markov process on H]s,t|. Then its is invariant
under mixings i.e. for any u <y < v one has

v o__ v
My O Hy = My

and
v o__ v
My+ O gy, = [y,

Proof: The second statement follows from the first one by Lemma 1.5.3. To prove the first one let
us generalize the construction of Lemma 1.2.17 as follows. Let k& # 1, u < wy < wy < v and let f
be a measurable function on H[ws,v]y .. Define a function (k, (w1, w2), f) on H|u,v]; « setting

(k, (w1, w), f)(T) = { SURD) 3t (@1, ka)(T) € (wny ) x k)

such that if f is the indicator function for U C Hlwsa,v]i . then (k, (w1, ws), f) is the indicator
function for (k, (wy,ws),U).

Lemma 1.5.6 [prll1ll] For a Markov process ju one has

/H (k). Ny = A / fdu, .
U,V|1,%

H[w2zv]k,*

Proof: It follows immediately from the Markov property applied to the triple (u,ws,v). O The
equality p2 , omy = pu? ;. holds on skoH[u,v] for all k since for I' € skoH [u, v] one has my(T') =T.
Assume that it holds on skg—1H[u,v] for all k. Let us show that the equality uy, ; omy = p, ; holds
on skqH[u,v]. In view of Lemma 1.2.17 it is sufficient to show that

(Hz,l © my)(kv (wla w2)7 U) = “Z,l(ka (wlv w2)a U)

forall kK # 1, u < wy < wy <vand U € skq_1H[wa,v]i .. We have
(:U’Z,l o my)(k;7 (wh w2)7 U) = / - mZ(k, (UJ17 U)2)7 IU)d:U’Z,l
Hlu,v

where Iy is the indicator function of U and mj(f) is the pull-back of this function with respect to
the kernel m,,.
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Lemma 1.5.7 /pr11l12/ One has

*

. (ks (wr,we), mi(f)) fory > w
i (k, (wl,w),f)—{ (b (s vl (1) forv v

Proof: Straightforward from the fact that

(k, (w1, w2), f) = (reSuws X T€Swsw)™ (Lwy we) X f)

[1]]

where I, w,) is the indicator function of (wi1,w2) considered as a subset in Agﬁ wy- U Applying
Lemmas 1.5.7 and 1.5.6 we get

/ it s wa) ) = / it (), ) =
Hlu,v Hlu,v

S [ = [ e -
Hlw2,v] « Hlw2,v]k «

— / (k. (w1, w2), T )dpity
Hu,v]

where the third equality holds by the inductive assumption since Iy is supported on skq—1H[u, v].
To finish the inductive step it remains to verify that the equality g © My = [, holds on
skqH[u,v]g  for k # 1. This follows from the additivity of 1 and the fact that add; *(skqH[u, v]j.) C
(skgHu,v]1 )k O

Set
F(X,0/,k) = {: X — N[ < &/ and tr(y) = k}

Let B be a finite set, A C B its subset with k elements and I' € H[u,v] a history such that
ny(T) = tr(y-) = #B. Denote ¢n* (v) by X. Set

c¢(B\A, X,yr —)c(A, X, ¢r)
(B, X, ¢(I))

Sk;(AaBaF): Z Fiﬁ

¢EF(X7’¢}F7]€)

which we interpret as a measure (a sum of d-measures) on H[u,v]. It depends only on the isomor-
phism class of the pair of sets A C B and since the number of elements of B is known only on the
number of elements k of A. When possible we will denote it by s (T").

Note that if k& = n,(I") then s;(I') =TI and if & > n, (') then sx(I') = 0.
The measure si(I") is always a probability measure. Indeed consider a map
C(B,war) - F(X>w/7k)

which sends f to ¥(f|4). One verifies easily that this map is well defined and its fiber over 1 is the
product of C(A, X, ) and C(B\A, X, yr — 1) which implies that

> B\A, X, ¢hr — )e(A, X, 4br) = ¢(B, X, (I")).

d)eD(Xﬂ;Z)ka)
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1.6 Death free histories

A history ' € HJ[u,v] is called death free if ¥»=1(0) = 0 and for any vertex x such that 7(z) < v
there exists at least one edge starting in z. We let Hl[u,v] denote the set of death free histories
over [u,v] and ﬁ)[u, v] the set of ordered death free histories over [u,v]. The space ﬁ)[u, v] (resp.
H[u,v]) can also be described as the [u, v]-geometric realization of the simplicial monoid defined as
follows. Let F (resp. F4) be the co-triple on monoids (resp. commutative monoids) which takes
a monoid A to the free monoid generated by the pointed set (A4, 1), e.g. F(pt) = pt. Let further F,
(resp. F:‘b) be the functor which sends a monoid to the simplicial monoid defined by this co-triple.
There are obvious natural transformations of co-triples i : F — F,r: F — F (resp. i : FAb _, pAb
and 7 : FAY — F4%) where F' and F4° are the co-triples considered in Section ??.

Proposition 1.6.1 [pr9/ The space HD|u, v] (resp. H[u,v]) is naturally identified with | F, (N) Ju,01
(resp. |Ffb(N)|[u,U]). The geometric realization of i gives the natural embedding of it to HD[u,v]
(resp. to H[u,v]). The geometric realization of v gives maps

Hlu,v] — Hlu,v]

HDlu,v] — HDl[u, ]

which which we denote by r,. These maps send a history to the ancestral history of the present day
survivors. More precisely, m,(I") is the death free history obtained from I' by the successive removal
of all vertices x such that 7(x) = v and Y(x) =0 or 7(x) < v and there are no edges starting at x.

Proof: Straightforward. O

The simplicial sets F,(N) and FA?(N) are locally finite. Moreover, one has the following result.

Proposition 1.6.2 [topstr] The space HD|u,v] (resp. H[u,v]) is the disjoint union of the form

HDJu,v] = anoﬁ[u, V)sm

Hlu,v] = anoﬁ[u,v}*yn
The space ﬁ*,o consists of one point corresponding to the empty history. For n > 0, the spaces

f/f]j[u, V)sm and Hs,t]s, are finite contractible CW -complex of dimension n — 1.
Proof: Straightforward. [J

Remark 1.6.3 [cubes| There are obvious descriptions of HD|u, V)sn and H[u,v]s,, along the lines
of the descriptions of HD[u, v, and H[u,v],, given in Remark ??. In the ordered case and for
n > 0 we get that HD[u, vl is the [u, v]-nerve of the category whose objects are order preserving
surjections [n — 1] — [i] and morphisms are morphisms under [n — 1]. One observes easily that
this category is a partially-ordered set which is isomorphic to the set of subsets of {1,...,n — 1}.
Correspondingly

HDlu, vl = [u, U}”_l
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The geometry of H [u, v+, appears to be less regular. Explicit computation shows that

Hlu,v]so = H[u,v]s1 = pt
Hlu,v)so = A[luw]
ﬁ[uv 7)]*,3 = A[2u,v]

and H|[u,v]. 4 is the union of two copies of A:ﬁu » along a 2-dimensional face.

Remark 1.6.4 [ultrametric] For an element T' € H{u,v] of level ¢ define a distance on the set
Vy+1(T') of final vertices of I' setting

d(vi,v2) = v — zip1(D)

where i is the largest index such that the images of v1 and vy in V; coincide if such an index exists
and
d(vy,v2) = 0

otherwise. One verifies that V,;1(I") with this distance function is an ultra-metric space (where 0
and oo are allowed as distances). Moreover, there is a natural bijection between H[u, v]4n and the
set of isomorphism classes of ultra-metric spaces with n elements such that for any vi,vs one has
d(vi,v2) < v —wu or d(vy,vy) = 0.

Remark 1.6.5 [genhist] Previous remarks show that every point of H[u, v]s, (resp. HDu, V]wm)
lies in the closure of a simplex of dimension n — 1 and it belongs to the interior of such a simplex
if and only if the corresponding history I' has the following properties:

1. there are exactly n vertices v with 7(v) =t (i.e. ¥ = 1),
2. for any v such that 7(v) # s,t there exists exactly two edges starting in v,

3. for any vy, ve such that 7(v1) = 7(ve) # t one has v = vy, in particular there is exactly one
vertex v with 7(v) = s.

We will call histories which satisfy these conditions generic and denote their space by Blu, v] (resp.
BD[u,v]). As a space Blu,v] (resp. BD]u,v]) is naturally homeomorphic to the disjoint union of
open [u,v]-simplexes and tis dense in H[u,v]. (resp. HD[u,v]).

In what follows we will write r, instead of r to emphasize the special role which the final time
moment plays in the definition of r. We will also restrict our attention to the case of ordered
histories giving the corresponding results for un-ordered histories as remarks.

We obviously have -
(o) M (HD[u, v)sn) = HD[u,v]sn
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We set

HD[u, v}, , = (ry)""(HD[u,v]j,) N HD[u, v]mn

i.e. HDlu, U]ﬁnn is the set of histories with m initial members j of which have living descendants
at time v and n final members.

For a process p on HD[s,t], m,j > 0 and s <u < v <t set

Mo (M5 7) =ty g (H D[, v}, )

As always we will omit g from our notation whenever possible. We have 7, (m,0) = ¢.(m,0) and
in general nY(m,j) is the probability that in a population with m members at time u exactly j of
them will have living descendants at time v.

Let further n;, : N — N be the kernels defined by the rule

{m} = Y nup(m. ),

Jj=0
If 1 is an additive process then one has
[pr10eql]n; (m, j) = C(m, )y (L, 1), (1, 0)™ (32)
Proposition 1.6.6 /pr10/ Let i : N — HDJu,v] be an additive kernel such that (ny).pu = Id and
u(1, HD[u,v]{ ) # 0. Then there exists a unique kernel i : N — HDlu,v] such that the square
N —/— N
[pr10eql] ul lﬁ (33)
HDlu,v] —— HDlu,]

where
n(m) = Z p(HDlu, v}, ,)d;

commutes and this kernel is additive.

Proof: Let 7, be the restriction of 7, to a HDlu, vﬂn*

7l HD[u, v}, ., — HD[u,v];

m,*

and i, be the co-restriction of p(m) to HD|u, v]ﬁn*

Lemma 1.6.7 [pr10l1] One has

(1) (i) = C(m, 7)n(1,0)" 7 (add;). (1) (1))

where - ' -
add; j : (HD[u,v]1+)*) — HD[u,v];«

18 the restriction of the addition map.
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Proof: Since 7, is a homomorphism of monoids we have a commutative diagram

HDlu,v]*™ %, [ Dlu,v]

HDlu,v]*™ _addm HDu,v]

We have - .
X = add,,'r, ' (HD[u,v);.) = add,,' (HDlu, v}, ,) =
= HIC{I ..... m}HHD[u7U}1(:<)
i=1

where I runs through the j-element subsets of {1,...,m} and €(i) = 1 for i € I and €(i) = 0
otherwise. Since p(m) = (addy,)«(u(1)) we have

(rip ) (1) = (adelyn) () (((1) ™) X)

Since X is the disjoint union of C'(m, k) components such that each one is obtained by permutation
of factors from (HD|u,v]},)*? x (HDlu, v]g*)x(m*j) and HDl[u,v]p« = pt we get the required
equality. [J

To finish the proof of the proposition observe first that under our assumptions

n(4,7) = n(1,1)? >0
Commutativity of (33) is equivalent to the assertion that for all m,k > 0 one has
n(m, )ia(5) = (rh)« (k)
Set (j) = n(j,j)_l(rg)*(u;:). From the Lemma 1.6.7 we get
(r)« (1) = (add;)«(((r})«(p1)™))

and therefore ‘ o '

(rm.g)s (1) = C(m, J)n(L,0)™ 77 (1)) (1)
Then for m > j we have

n(m, D7) = nlm, 5)n(i. )" 9)x (1) = Clm, jn(1,0)™ 7 (1) (1) = (rh)«(1she)

The additivity of i follows easily by a similar argument. [

Let now p be an additive Markov process on HD(s, t]. Define a death-free process i by the formula

v

iy = (resu)<(ily)

The process [i is called the ancestral process of the process p. From the proof of Proposition 1.6.6
we have the following explicit formula for fif, ;:

[t —J(yd HDu,t}’
Py = ML D)7 (5, ) (i )P 5)

where 7, ; is the restriction of r; to HDlu, t]g*
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Theorem 1.6.8 [th7] If i is an additive Markov process then [i is an additive Markov process.

Proof: We already know that [ is additive. It remains to verify that it satisfies the conditions
of Lemma 1.2.1. Since the process is additive it is enough to show that for any n > 0, any
s <u < v <<t, any measurable U in HD[u,v]; 7 and any measurable V' in HD]v, t]; » one has

[th7eql]f, 1 ((resuo X resos) ™ (U x V) = fi 1 (U) % fiy 5(V) (34)
In view of Lemma 1.1.8 we may assume that
V = addy(Vy % - x Vi)
where V;’s are measurable subsets in HD]v, t]1

For a subset I C {1,...,n} and a history I' € HD|u,v], . denote by I'; the history given by the
same data as I' except that V11(I'y) = Vg41(I')\I. Let further

r!: HD[u,v] — HDlu, v]

the map I' — 7,(I';). Intuitively it corresponds to taking the ancestral history of I' under the
assumption that the present day members from [ are considered dead.

By Lemma 1.6.9 below we have

1 ((resuy x resu) ™ (U x V) =0l (L) Q0 D mu(L, 1) (1,004 1 () ~H(U))) i (V)

n>n I
Setting V = f?f)[v, t]« we get
il (U) = i,y (resy L (U)) = ity (resun X res,) " (U x HD[v, 5.4)) =

=, (LD D me(L, 1) 0l (1,00 g 1 () 1)

n>n 1

and therefore (34) holds. O

Lemma 1.6.9 [th711] Under the assumptions made above one has:

(L) il (resup X Tesuy) N (U x V) = (O nh(1, )5 (1,0)" "l 1 ((rD) 7 (U))) il (V)

n>n 1

where I runs through subsets of n-elements in {1,...,n}.

Proof: Let r} be the restriction of r to HD][v, ] %* We will use the same notation for the restriction
of ry to HDlu,t]} ,. By Lemma 1.1.7 the map

reSyy X reSy s : HD[u,t]1 « — 1, HD[u, v}, X HD[v,t], «
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is a bijection and since a history on [u,t] is death free if and only if its restrictions to [u,v] and
[v,t] are death free so is the map

T€Syy X €Syt : Iq\l/)L*[u,t] — II5 f{\l/)[u,v]lﬁ X ffl/)[v,t]@*

Let X be the image of HD[u, ]}

1,%

under the first map. Then there is a unique map
f:X— I?I)[u, V)15 X I/{\D[’U,t]ﬁ’*

such that the square

TeSy,u XTeSy ¢
T

HD|u,t]} , X

il I
HDlu, t]y, —4"08 112 HDJu,v]15 x HD[v, )

commutes.

For a subset I C {1,...,n} let HD[v, ], be the subset of HD[v,t]#,i which consists of histories
I' such that p € Vo(I') = {1,...,n} has living descendants at time ¢ if and only if it lies in 1.

We have
FHU X V) =151 Ynr

where

Yor=f U xV)NHDv,t]},

)

We further have

FHU x V)N HDv,tl,, = (r) " (U) x addn(Z11 x Z1,)

v

where

g D) Vign) forjel
L HDu,t]1o  forje{1,....,n}\I

and i(j, I) is the sequential number of j as an element of I. Therefore

ui,l((resum x resy ) (fTHU x V) Z Z fhay,1 ( (%) (Ni,1)®n(ZI,1 X X Zpp) =
n>n I,#I1=n

DO 1y (1,0)" T T ] w1 ()7 (VR))
n>i I, #1=n i=1

I
=
IS
-
—~
—~

=
<

On the other hand

n

n
/lf)n H:uvl _777)11 H ))

=1

and
ui,l((resu,v X resv,t)_1<f_1<U xV))) =

= u;l((r%)*l(msu?v X resvvt)*l(U x V) =nk(1, l)ﬂﬁyu((resuﬂ, X resvjt)*l(U x V)
which finishes the proof. [J
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1.7 Older stuff

Let u; < --- < u, be a monotone increasing sequence in [s,¢] and let I' be a singleton history.
Define ny, ..., (') € So(q_l)(N) inductively as follows:

1. if ¢ = 1 we set n,, (I') to be the number of population members at time u; which is defined
as the number of initial vertices of Ry, (') or equivalently as the number of final vertices of
L, (T") counted with their multiplicities as illustrated by the picture:

2. If ¢ > 1 consider Ry, (I"). If Ry, (I') = 0 we set ny,,.. u,(I') = *q—2. Otherwise let R, (I') =
IIT"; be the decomposition of R,, (') into the union of connected components. Then

Nuq,.yug (F) = Z[nug,...,uq (Fz)] .

%

Proposition 1.7.1 /borell] The smallest o-algebra on H|s,t] which makes all the functions n, ...,
for all ¢ > 1 measurable coincides with the Borel o-algebra 5.

Proof: For (u,...,u) € Al and € > 0 let U(uy,...,u;€) be the subset of (z1,...,2;) € Al such
that |u; — x;| < e. One verifies easily that subsets of the form U = U(uy,...,u;;€) X {7} generate

B. It remains to show that such a subset can be defined in terms of the functions ny, . 4,-

Observe that for any v € SO(lH)(N) and any 0 < k1 < -+ < Ky < g there is an element
Oky oo dir (7) € S°™H(N) such that
n’Uly--.,Uq (U]_, <o, UL ’Y) = 5k1,...,kl+1 (’Y)

where k; is the number of v;’s in [s,u;) for ¢ <1 and k41 is the number of v;’s in [s,¢). In particular
it shows that the intersection of n;llwvvq (6) with Al x {~} is given by equations of the form v; < wu;
and therefore it is Borel measurable.

Conversely, fix v € S+ (N) and consider the set of T' such that for any vy, ... , Vg there exists
k1 <--- <k < g such that
n'l)l,...,’llq (F) - 5k1,...,k‘l+1 (’7)
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Then this set coincides with A! x {y} C H[s,t]. Replacing all vy,...,v, in this condition by all
rational ones (or all from any dense countable subset) we do not change the set. This shows that
subsets of the form A! x {y} are measurable with respect to the o-algebra generated by functions

Nyy,.vg -

For (u1,...,u;) € Al and € > 0 let U(uy,...,u;;€) be the subset of (z1,...,2;) € Al such that
|lu; — x| < e. One verifies easily that subsets of the form U = U(uy,...,u;€) x {7} generate
B. It remains to show that such a subset can be defined in terms of the functions ny 1. u,-
According to the previous remark the subset Al x {7} itself is measurable. It remains to show that
Ul(ut,...,us;€) x {7} can be defined as an intersection of Al x {7} with a measurable subset. Such
a measurable subset is easy to produce using countable combinations of functions n,, ., for pairs
s < v <wg <t. OLet &Y be the o-algebra on H]s,t| generated by the functions Ny ... wg With
w; € (u,v]. We have the following obvious result.

Lemma 1.7.2 [ispaths/ The collection of data (N, H|s,t], n,, &) forms a path system.

The space H]s, t] has a structure of a commutative topological monoid given by the obvious map a :
H x H — H corresponding to the disjoint union of histories. One verifies easily that these maps are
measurable with respect to all of the o-algebras G}, and that the functions n, are homomorphisms
from H|s,t] to N.

Let us say that a Markov process P, : N — H][s,t] on H]s,t] is additive if the kernels P, are
homomorphisms of monoids i.e. if for ¢, 5 € N one has

[eql]a*(Pu(k7_) ®Pu(la_)) = Pu(k+l7_) (35)

where P,(n,—) is the measure on &, defined by the point n of N.

Proposition 1.7.3 [ptop/ For any branching Markov process (P, : N — N)g<y<y<t on N over
[s,t] there exist a unique additive Markov process P, on H|s,t| with transition kernels P, .

Proof: 777 0
For a given I' the function u +— n,(I") from [s,¢] to N is continuous from the above i.e. it satisfies

the condition
[ca] lim nyq(I") = ny,(T) (36)

€>0,e—0
Remark 1.7.4 For a given u function I' — n, (I') from H to N need not be continuous.

Let [u,v] C [s,t]. One can easily see that there is only one reasonable way define a restriction map
Cuw : Hs,t] — Hlu,v]

such that for any I' and any w € [u,v] one has 1, (I') = ny(cy(T)).
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Lemma 1.7.5 /mesl] The functions n, and the maps c, , are measurable with respect to the Borel
o-algebras.

Proof: 7?7 [ Let &}, be the smallest o-algebra which makes ¢, , measurable with respect to the
Borel o-algebra on Hu,v]. By Lemma 1.7.5, the system (N, H[s, t], &%, n,,) is a 'path system’ i.e.
it satisfies the conditions of the definition of a Markov process (see [3, Def.1, p.40]) which do not
refer to the measures. We call it the singleton path system. A Markov process on this path system
is a collection of probability kernels

P,:N — (H|[s,t],&")
such that the collection P, , = n,P, : N — N has the standard Markov property
P,,=1d

Pv,wopu,v :Pu,w'

We will assume in addition that our processes satisfy a stronger version of the 'future depends on
the past only through the present’ condition.

Condition 1.7.6 /condA] For any s <u < v <t one has

(Pu)\Gf} =PyoPuy

Our first goal is to construct a class of additive Markov processes on the singleton path system
which correspond to branching Markov processes on N satisfying certain continuity conditions.

1.8 Branching Markov processes on N

The dynamics of the population which consists identical individuals is fully described by a collection
of probability kernels P,, : N — N given for all u < v, u,v € [s,t]. The value P,,(m,—) of P,,
on m is the measure on N whose value P, ,(m,n) on n is the probability for a population having m
members at time u to have n members at time v. The assumption that the individuals are age-less
is equivalent to the condition that these kernels form a Markov process i.e. that for u < v < w one

has
Pv,w © Pu,v = Pu,w-

We further assume that the individuals are independent (i.e. not ’aware’ of each other) which is
equivalent to the condition that this is a branching process i.e. that P,, are homomorphisms of
monoids in the category of probability kernels.

Such processes have standard description in terms of generating functions - formal power series of
the form

[eform] F (u,v;z) = Z P, ,(1,n)z". (37)
n=0
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The branching property implies that P, ,(m,n) is the n-th coefficient of the power series F'(u, v; )™
and the Markovian condition becomes equivalent to the relation

[mcomp| F(u, w;z) = F(u,v; F(v,w;x)). (38)

This description provides a bijection between collections of formal power series F'(u,v;x) of the
form (37) satisfying the conditions
F(u,v;1) =1

Pu,(1,n) >0

and (38) and the isomorphism classes of branching Markov processes on N. We let BM (N; s, t)
denote this set of isomorphism classes.

1.9 Branching Markov processes and E-path system

We want to construct for any such process (F(t1,%2;2))s<t,<to<t Which satisfies some continuity
condition for the functions F(t1,t2)(1)[n] an additive Markov process on the singleton path system
H{s,t] with the transition kernels given by F'(t1,t2;x). We will do it in two steps starting with a
construction of intermediate path systems E[s,t] and E|s, t].

Set:

Eis,tl= [ I (J]s™™)

u€ls,t] veu,t] n>0

where S™N is the i-th symmetric power of N. Define a map
e: H[s,t] — E[s,t]

by the condition that pr, ,(e(I')) is in S"N if I' has n members ay,...,a, at time u and in this
case it is given by {mi} + --- + {my} where m; is the number of descendants of a; at time v.

Remark 1.9.1 The invariant e(I") has a better behavior than a more simple invariant which assigns
to I' the function
(u—n,@M)e J[ N

w€E|[s,t]

since, as we will see below, for any e € E[s, t] there are only finitely many I" such that e(T') = e and
ny(I") does not have this property. For example consider the history I',, which has two members
at the initial moment and the only transformation events are the death of the first one and the
division of the second one into two both occurring at the same time w. Then for any w € (s,t] we
have n,(I") = 2.

Let &% be the product o-algebra of the maximal o-algebras on the countable set Hizo S™N. For
any [u,v] C [s,t] we have a projection E[s,t] — Efu,v] and we let &;, denote the pull back to
El[s,t] of &% on E[u,v].
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For u € [s,t] let ny : E[s,t] — N be the map which takes e to n such that pry,(e) € S"N. AS in
the case of H]s, t], one verifies immediately that the collection (N, E|s, t], &, n,) is a path system.

The monoid structure on I1,>0S"N defines a monoid structure on E[s,t] and as before we call
a process of this path system additive if the corresponding kernels P, : N — (E[s,t],&!) are
homomorphisms of monoids.

Proposition 1.9.2 fextl] For any branching Markov process F(t1,to;x) on N over [s,t] there
exists a unique additive Markov process on E[s,t] with the transition kernels given by F(t1,te;x).

Proof: ??? O Let O = {(u,v)|s <u < v < t}. Define E[s, ] as the subset of E[s,¢] which consists
of functions p : O — S°°N satisfying the following conditions:

1. p takes only a finite number of different values,
2. if w < v then there exists § > 0 such that for all € < § one has p(u + €,v) = p(u,v),

3. if v <t then there exists § > 0 such that for all € < ¢ one has p(u,v + €) = p(u,v),

The property (36) shows that for any I" € H|[s, t] one has e(I") € E[s, ].

Let R} be the smallest o-algebra which makes the functions n, for s < z < ¢ measurable with
respect to the obvious g-algebra on N. The standard construction shows that for any m € N, and
any s € [—7T,0] there is a unique measure P, on (V,R{) such that for n € N and ¢ > s one has
Py m(n;*(n)) = P(s,t)[m,n] and that one has the following result.

Proposition 1.9.3 [prl] The collection of data (n, R, Psm) is a Markov process (in the sense
of [3, Def.1, p.40]) with the phase space N and the space of elementary events H[—T, 0].

Therefore our first step is to show that the process (n¢,R{, Ps ) has a canonical extension to a
process on a wider set of o-algebras with respect to which r is measurable. Let &5 = r~1(R?) be
the smallest o-algebra which makes the map r measurable with respect to the o-algebra R on H.
It is generated by subsets

Sr,m = r_l(Rm m)

)

for s <z <t, where
Let T} = R{ + &;.

Corollary 1.9.4 [c1] The composition
Py r ny
N—-H—-H—-N

is a homomorphism whose value on 1 is represented by the power series F(s,t; D(t) + (1 — D(t))x)
where D(t) = F(t,0;0).
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Proof: We have D(t) = F(t,0;0) = P, 1(Ro,). Considering formal power series we get from (?7):

Do PLa(Sin)a" =Y Pa(Bu) Y [ Pa(Su)e" =

n>0 k,n>0 i1+ Fin=nj=1
=Y Poa(Rep) Y PLa(Se)a’)" =Y Paa(Rex)(D(1) + (1= D(t)z)".
k i k

which proves the corollary. [ Let

¢ = D(t) + (1 = D(t))z

and let
¢y ' = (= D(1))/(1 - D(t))
such that
[eadoi(¢y ' (2)) = ¢y (du(2)) = Id. (39)
Set

F(s, t;x) = ¢ H(F(s,t; de(x)).

The equations (39) imply immediately that the series F' satisfy the relations (38) and therefore
define a branching Markov process. We have:

F(s,£;0) = ¢, (F(s,t; D(t))) = ¢, (D(s)) = 0

i.e. this process is death free. We let P, denote the corresponding probability kernels N — (Ef ,RE).

Lemma 1.9.5 11/ There are commutative diagrams of probability kernels:

N %, N

r| |7

(H,%3) —— (H,%)

ntl lm
N Y, N

where @} is the additive probability kernel N — N corresponding to the power series ¢s.

Proof: Follows immediately from Corollary 1.9.4. O Let’s write ¢}(n) = >, a;d, where dj, is the
d-measure concentrated at k. By Corollary 1.9.4 we have

Ps(n) [St1,n1 n---N Stq,nq] = Ps(n) [Tﬁl(Rthnl n---N Rtmnq)] =

= Pugi(n)[Riyny N+ N Rygng] = Y agPa(k)[Reymy N+ N Ry, |
k

Assume that s <t; <--- <t,. Since P, for a Markov process we have

ﬁs(k)(Rthnl n---N th,nq) = F)S(k)[Rtl,nl]ptl (nl)[Rt2,n2] s ptq—l (anl)[th,nq]
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and therefore, again by Corollary 1.9.4

Py(n)[Styny O -+ N Sty my] = (Z akPS(M[Rtl,m])ph (n1)[Rezyn] - - -ptqq(nq—l)[thmq] =
k

= ny, Pogs(n)[n1] Py (n1)[Regmy)] - - Pry_y (ng—1)[Regn,] =
= ¢ e, Ps(n)[m] Py, (n1)[Reginy) - - - Pryy (ng—1)[Rey m, ]

Using again formal power series we get the following result.

Lemma 1.9.6 [fc1] The value of Py(n)[Si,ny N -+ N Sy, m,] is the coefficient at i ... xq" in the
expression (F(s,t1; br, (21))"F(t1, to; 02)™ ... F(tg_1,tg;x4) ™.

1.10 Reduced processes

Remark 1.10.1 The measures on H|s,t] which we are going to consider in this paper vanish on
the subsets of the form

t2.4 = {I" such that there exists a division point v with ¢(v) = u}
but not necessarily on the subsets of the form
to.u = {I" such that there exists a death point v with ¢(v) = u}

so we should be careful with the behavior of our constructions on the subsets of the second kind
but not of the first.

Remark 1.10.2 One verifies easily that there are histories I', I” such that n, (') = n,(T")’ for all
u but n,r(T) # ny,r(I”) for some value of u. In the most simple example of this kind the function
ny(T) = ny(T) is the step function taking values 2,3,2. This implies in particular that r is not
measurable with respect to the minimal o-algebras which are generated by the functions n,,.

1.11 Parameters space for singleton processes

Definition 1.11.1 [abar/ For s <t define the set Als,t] as the set of functions o : [s,t] — (0,1]
satisfying the following conditions

1. o is smooth outside of a finite number of points T; € (s,t) and in all smooth points it satisfies
the inequality
[mainineq|o’ > —0o(1 — 0) (40)

2. for any x € {m;} U{s} the limit
04+ () = limeso,c—00(x + €)

exists and one has o4 (x) = o(x),
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3. for any x € {m;} U{t} the limit
o_(x) = limeso c—o0(x — €)
exists and one has o_(x) < o(x)

4. o(t) =1.

Define a topology on A[s, ] by the metric

dist(f.g) = |f(s) = g(s)* + |f(t) = g(t)|” + / |f(z) - g(x)[Pdx

or by any equivalent one.
Lemma 1.11.2 [value] For any x € [s,t] the function f — f(z) is continuous on Als,t].

Proof:(Sketch) Our definition of the metric immediately implies the statement of the lemma for
x = s,t. Therefore we may assume that = € (s,t). We need to show that for any f € A, e > 0 there
exists 0(e) > 0 such that |f(x) — g(x)| > € implies that dist(f,g) > 6(¢). Assume for example that
g(x) > f(x). Then in order for g to be close to f on the interval (z,t], g has to decrease as fast
as possible. However, its rate of decrease is limited by the inequality (40) which allows one to find
the required 6. O

Proposition 1.11.3 [pex1] For any o € A[—T,0] there exists a unique singleton process F(z,y;u)
such that for x € [s,t] one has:
o(x) =1— F(xz,0;0).

Proof: Let us first consider the case when o is smooth. Let F' be a singleton process with the
death rate d(t). Set

t
d(s,t) = / d(x)dx
By [5, p.47] we have:
(1 _ u)et—s—cS(s,t)
14+ (1—u) f; et=r=0(@t) g’
Set F(x;u) = F(x,0;u) and §(z) = §(z,0) then

F(s,t;u)=1-—

(1 — u)ef(t“i’a(t))

F(t;u)=1-— 5
14+ (1 —u) [, em@Ho@)dy

Set
o= (@24+5(2)) g

o(t) =1+ ek

Then
¢ = — e (@+4(2))
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and

o (1w
Pl ) =1+ T o0 - 1)
¢/

170(t):F(t;0):1+5

From ¢(0) = 2 we get:
¢(t) _ 2€ft0 o(z)dz
and ¢/ = —o¢p. We get:
()P —1+o(t)u+1—0o(t)
()"t =1u+1

Since this is an invertible function of u with the inverse

F(t;u) =

—u+1—o(t)
(@)~ = Du+1—¢(t)~" —o(t)

and from the Markovian property we get

FoOED(tu) =

F(s,t;u) = F(s;u) o FPCOV (4 )

i.e.

(=o(s)o®) " +8(t) " — ¢(s) Nu+o(s) ™t — ()" — a(t)(s)"" + ¢(t) "o (s)
(@)~ = ¢(s) Du+d(s)~! = o(t) ! — o(s) "o (t)

which gives us an explicit formula for F' as a function of ¢ when ¢ is smooth. Setting

F(s,t;u) =

Bls ) = e H 7
we get
u—1
(1 - ¢(Sv t))u + ¢(87 t) —-1- ¢(S7 t)O'(t) '
Simple computation shows that such a system of functions forms a process (i.e. that all the
coefficients in the Taylor series in u are non-negative) iff

[fsigmalF'(s,t;u) =1 —o(s) (41)

1—o(s)
o0 < T 5

and that this condition holds for any o € A[—T,0]. We denote the process (41) by F,.

O
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2 Likelihood functional

2.1 Singleton processes

We consider here a particular class of branching Markov processes on N which we call singleton
processes. Intuitively these processes describe the situation of a birth and death process with a
constant birth rate equal 1. More precisely we consider families

F(s,t;u) = Z bi.(s, t)u”

such that for € > 0 one has:

09(€) for k > 2
bp(t —e,t) = e+ o2(e) for k=2
o(€) for k=0

We assume our time interval to be (—oo, 0] and write D(t) = by(¢,0) for the cumulative death rate
of our process from ¢ to 0.

We start with explicit calculation of F and F in case when b;’s are smooth enough to use the
standard differential equations describing generating functions of branching processes. Since we
consider birth and death processes there are functions pg, p1, p2 such that pg + p1 + p2 = 0 and we
have:

OF (t,0;u)

[eq21]T = —f(t,F(t,0,u)) (42)

where f(t,z) = pa(t)x? + p1(t)x + po(t) (see e.g. [5, Th.4, p.39]). Since we assume that the birth
rate is constant and equals 1 we have ps = 1 and therefore p; = 1 — py where pg is the death rate.
Then

f@t,x) = (x = po(t))(z —1)
We will write d(t) instead of po(t).

We further have 3
F(t,0;u) = ¢; 'F(t,0;u) = (F — D(t))/(1 - D(t))

and
[eq22]F = (1 — D(t))F + D(t). (43)
where D(t) = F'(t,0;0). Substituting (43) in (42) and using the consequence
oD(t)
P — —f(t, D)
of (42) we get ) )
OF ~ OF
O+ J( DO)F ~ D)~ f(6,D(1) =

= —(po +p1(1 = D())F + p1D(t) + (1 — D(1))*F* + D(t)* + 2D(t)(1 — D(1)) F)
which implies for D(t) # 1:



Since D(t) = F(t,0;0) the (42) implies that we have
oD
& _(D-d)(1-D
D = (D-a)1-D)

Let us denote 1 — D(t) by o(t). Then o(t) is the probability that one population member at time
t will have at least one living descendant at time 0 and it is connected with the death rate by the
equation

o =o0(c+d-1)

The condition d > dy where dj is a constant is then equivalent to the condition
1—o+(0'/o) > dy

and since ¢ > 0 this is equivalent to
o >o(oc+dy—1)

For dy = 0 we get the inequality
o >—o(l-o0)

Since F(s,t;u) for all s, is determined by F(t,0;u) through equations 38 we see (using again [5,
Th.4, p.39]) that F'(s,t;u) is the generating function of a birth process with the birth rate equal to

o(t).

Using the explicit formula for the generating functions of such processes (see e.g. [5, Ex.9, p.46])
we get:

s ) = q(t)u
mFs ) = L = ge)u T o) (4

where
0
a(t) = exp( / o(z)dz).

Let’s write

[ared]F (s, t;u) = Z ar(s, t)uf (45)
k

From (44) we get:

and therefore

t
ai(s,t) = att)
q(s
q(t q(t
ar(s,t) = L0 g - 40,
a(s)* qls)
Let us consider the sequence of 's and n's is of the form
to, to, t1—e€ t1+e€ to—e€, tote ..., tg — € tg+e€,  tgr
N, @, @, fn+l, A+l, A4+2 ..., Adtqg—1, Atq @tg
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where € is sufficiently small such that the sequence of s is an increasing one. We want to compute
F(N, 77L; to, ‘e ,tq+1) == Pto (N)[Sto’ﬁ, “e ,Stq7ﬁ+q].

By Lemma 1.9.6 we get
N _ _ _ _
F(N,n;to, ... tgr1) = <ﬁ> (1=0(t0))N "o (to)"ar(to, t1 — €)" iy (tr — €, t1 + €)™ 'ag(t1 — €, t1 +¢)

(Il(tl +€,t9 — €)ﬁ+1(77L + 1)&1(t2 —€,12 + E)ﬁag(tg —€,19 + 6) ...
(g —Dai(ty — ety + €)1 2ay(ty — e, ty + €)ar(ty + €, tgr1)" Y

Set .
1—€ .
Jiy “o(z)dx  fori=0
[bi]B; = tiiielfe o(z)dr fori=1,q—1 (46)

j;iqur; o(x)dr fori=gq

and fori=1,...,q:
ti+e

cilCy = /t o) (47)

The we have:

N _ L _ _ _
F(N,f;to, ... tgr1;€) = M< A ) (1—0(to))N "o (to) e MPoeC1 (1—e= 1)~ (M DBL=(H1)C2 (1 _=C2y)
n

. _e—(ﬁ+q—1)0q(1 _ e—Cq)e—(ﬁ-Fq)Bq

where

M=da(i+1)... (Ai+q—1).

puil

2.2 Computation A
??7?This lemma has to be reproved for functions in A.

Lemma 2.2.1 [cpl] Let ty < t1 and 09,01 € (0,1]. A smooth function o : [to,t1] — R such that
o(ty) = o9, o(t1) = o1 and

[cond1]o’ > —o(1 — o) (48)
exists if and only if
00
[asserl]o; > oo (L= oo)eh—@ (49)
or equivalently
[asser2]ogp < o1 (50)

o1+ (1 — 01>6t0_t1
and the equalities are achieved for a unique function
00

[s01]o(u) = 0T (1= og)enT (51)
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Proof: The equivalence of (49) and (50) is obvious. Let o be a function satisfying the conditions
of the proposition. Let us show that (49) holds. If oy = 1 then (49) is obvious. Therefore, we may
assume that oy < 1. Assume that for all z, o(z) > 0. Set

O_/

o(l—o0)
Then (48) implies that ¢(z) < 1. Solving (52) with the initial condition o(tyg) = o¢ we get:

[cpleq2]¢(z) = — (52)

a0
o0+ (1 — 0g)e®®)

o(u) =

where "
O(u) = o(x)dr < t1 —to
to

which implies (49). This computation also implies that the condition which we have started with
(that o > 0) is superfluous and that the only smooth function for which (49) is an equality is (51).

Suppose now that o1 € [0, 1] satisfies the strong version of (49). Let ¢ > 0 be a sufficiently small
number. Consider the function of the form (51) on the interval [to,¢; — €] and extend it to a smooth
function on [to, t1] with o(t1) = o1 such that on the segment [t; — €,¢;] we have ¢/ >> 0. Clearly,
such o satisfies (48). O

7?7 The following lemma also has to be reproved for ¢ € A. Change the definition of A removing
the normalization o(t) = 1.

Lemma 2.2.2 [bcomp/ Let o be a function satisfying the conditions of Lemma 2.2.1. Then

t
[asser3](1 + o1 (e! 0 — 1)L < e~ Juo 7@ < 7 4 (ot 1) (53)

The equality is achieved in the class of smooth functions only if the equality holds in (49). In this
case the only function which achieves the equality in any of the inequalities of (53) is (51) which
makes both inequalities to be equalities.

Proof: Lemma 2.2.1 shows that
o)
o0+ (1 — og)ev—to

o(u) >

and
o1

o1+ (1 —op)evt

o(u) <

Computing the integrals we get (53). O

2.3 Computation B

Set

[fofsigma] F(t1, ... tgi1;€) = e (1 — e 1) 2B1e202(1 — ¢=C2) | ¢79C% (1 — ¢=Ca)e~(a+DBa
(54)
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and
G(N,to;€) = N(1 = o(to))N o(to)e™ ™

such that
F(N, 1;t0, ce ,tq+1;€) = q'G(N, to;G)F(tl, ce ,tq+1).

Proposition 2.3.1 fredfl] For any o € Alt1,t,41] which mazimizes F(t1,...,t,11) there exists
T < t1 such that for any to < T there is an extension of o to an element of Altg,tq+1] which
mazimizes F'(N,1;to, ..., tgr15€).

Proof: We will show that for any y > 0 there exists T such that for tg < T a function f € A[to, ]
which maximizes G(N,to;€) exists and for any such function one has f(t1) < y. Applying this
result to y = o(t1) we get a function f which, when ’concatenated’ with o will lie in A[tg,,+1] and
maximizes both F(ti,...,t441) and G(N,to;€).

O

Proposition 2.3.2 [redf2] Let € be admissible with respect to t1,...,tq11. Then there exists T <<
t1 such that for any to < T and any function o € Alto, tq11] which mazimizes F(N,1;to, ... te415€)
the restriction o\, 1) mazimizes maxn>1G(N, to; €) and the restriction oy, ;. ., mazimizes F(t1,... ,tg41).

Proof: 777 O

Lemma 2.3.3 [redf3] For any ti,...,te11 and any sufficiently small € there exists a function
o € Alt1,tgr1] which mazimizes F(ty, ..., tg41).

Proof: 777 O

2.4 Computation C

Here we consider the problem of maximizing F(t1,...,t,+1;€) as a functional on A[t; —e€,t,41]. For
oin Aft; —€,tg41] and 1 <7 < ¢ set:

hilo) = olti+0)

Definition 2.4.1 A number e > 0 is called admissible relative to ty, ..., t,41 if e < —(1/2)In(q/(q+
1)) and € < (tix1 —t;)/2 foralli=1,...,q.

Note that the conditions imposed on € imply that the sequence t1 —€,t1 +€,ta —¢€,... g +€,tq41 is
an increasing one and that e=¢ > i/(i41) fori = 1,..., ¢ which in turn implies that the functions
e~ (1 — e~%) are increasing functions of C;.

In what follows we consider t1,...,%,41 to be fixed.
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Lemma 2.4.2 [ccll] For a given collection 0 < yi,...,y, < 1 the set C(y1,...,yq;€) of functions
o € Alty — €, tgq1] such that y;(0) =y; fori=1,...q— 1 is non-empty if and only if

Yi Yit1
< 95
i+ (L—yp)ett =726 = gy + (1 — yig)e > (55)

[conc]

Proof: It follows easily from Lemma 2.2.1. [J

Lemma 2.4.3 [ccl2] If C(y1,...,yq;€) is non-empty then there exists a unique element o there
which mazimizes F(ty,...,tq;€) and one has
Yi
o(t; —€) =
(ti =) yi + (1 —yi)e >
Yi
(tig1—€) =
(o2 ( i+1 6) yl + (1 _ yi)et,H,lfti*QG
Ya
—(t =
o—( fI+1) Yq + (1-— yq)ethrl—tq_E

e % =14y -1

B _ 1+ yi(e?tm—t) _ 1) fori<gq
1+ yg(esati=ta) — 1) fori=gq

Proof: By definition F is given by (54) where B; and C; are defined by (46) and (47) respectively.
The terms of the product depending on B;’s are decreasing in B;’s and in view of the fact that e
is admissible the terms depending on C; are increasing in C;. For a given y;, Lemma 2.2.2 shows
that there exists a unique function o € A[t; — e, t; + €| (resp. o € Aft; + e, ti1 — €] for i < q
and o € Alg; + €,t441] for i = q) such that o(t; + €) = y; which maximizes C; (resp. minimizes
B;). The inequalities (55) show that we can concatenate these functions and get a function o in
A(t1 — €,tg41) which maximizes the product. One can easily see now that any other function which
maximizes the product also should maximize each of the term and therefore it coincides with the
o which we have constructed. O Set
§=e*—1
e2e=(tit1i—ti)  for j < q
e { e~ (tar1=ta)  for § = q

Re-writing the formulas of Lemma 2.4.3 we get:
o(t; —€) = (L+8)yi(dyi + 1)~

o_(tis1 —€) = ryi((ri — Dy + 1)1
e % = (byi+ 1)
1—e % = by;(dyi +1)"
B_Bi = (’I“i — 1)@/1 +1

60



and we get for our function F'(t1,...,ts41;€) the expression:

q
F = 0" [l = Dy + 1)+ 0y + 1)~
i=1

which we have to maximize on the set of y,...,y, satisfying

y1 >0

Yir1 = (14 0)yi (146 — riga)ys +rig1) ™" fori=1,...q
12> yg+1

Note that all the expressions involve Moebius (linear fractional) functions of y; which we may
describe in terms of 2x2 matrices considered up to a scalar multiple:

Ti—l 1
= (750)

o 1+ 0 - ry 0
v 1+6—r; r; - ’I”Z'—(l—l-(S) 146

Then our function becomes .
F = 5q H yiMi(yi)iH
i=1
and the conditions
y1 =0
yit1 > B (yi) fori=1,... q
1> Yg+1

we have

det(Ei) = T‘l(l + (5) >0

which implies that F;(y) are increasing functions. Set
A; = E/L'Jrl Eq

and introduce new variables:

ui = A7 (i)
Then the function becomes
q
[ufun]F = 67 | [ Ai(ui) M; (A; (us)) ™+ (56)
i=1
and the inequalities become
[uineq]0 < wu; <--- <wyy <1 (57)

i.e. we have to find maximums of (56) on the simplex (57). We have:

E.E. L= Tj 0 Tj+1 0 _ Tiri+1 0
3=t T‘j—(l—|—5) 1+6 T’j+1—(1—|—5) 146 TjT‘j+1—(1+5)2 (1—|—5)2
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which implies that
A — Tig1...Tq ' 0 .
o\ g — (140)1 (1467

Tioo.rg— (146)47¢ (14 6)a
Tigl.--Tqg — (1 =+ 6)(171'71 (1 + 5)’171’71

and

M;A; = (1+46)7! (

Proposition 2.4.4 fumax] There exists p > 0 such that for any 0 < € < p, any i =1,...q and
anyk=1,...,q+1—1 thefunction

H Ay j () Mg (A j ()

has a unique maximum for u € (O, 1].

Proof: 777 O

2.5 Computation for 6 =0

Set s; =1 —1;...7¢ since r; <1 we have 1 > s; > s;11 > 0 and any monotone decreasing sequence
of s;’s may arise from a combinations of the event times t; < --- < ¢,. For 6 = 0 our formulas

become:
A; = <1 ~ Sl 0) M;A; = < T 1>
—si41 1 —Sit1 1

fi(»’”): (@) M (A () = (1 = sip)z(—siz + 1) (—sigpqz + 1)~ 0+2)
k—1

fz k= H fH—j H 31+j+1 k(_sﬂ_ + 1)i+1(_8i+kw + 1)—(i+k+1)
J=0 j=0

Lemma 2.5.1 maxfik/ For k > 0 the function f;(x) has a unique mazimum on [0,1] at the
point

k
(i +k+1)si— (i+1)sitk

Tik =

Proof: Elementary computation. [J

3 Algorithms

4 Appendix. Some basic notions of probability

The main notion which we need is that of a probability kernel. Consider two measurable spaces
(X,A), (Y,B) where X and Y are sets and A, B are o-algebras of subsets of X and Y respectively.
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A probability kernel P : (X, A) — (Y, B) is a function X x B — Rx¢ such that for any z € X
the function P(x,—) is a probability measure on B and for any U € B the function P(—,U) is a
measurable function on (X, A). Probability kernels can be composed in a natural way. The category
whose objects are measurable spaces and morphisms are probability kernels was first considered
in [4] and we will call it the Giry category. Any measurable map f : (X, A4) — (Y, B) may be
considered as a probability kernel which takes a point z of X to the j-measure d;(,).

The Giry category has a monoidal structure given on the level of spaces by the direct product. The
monoidal category axioms are essentially equivalent to the Fubbini theorems.

The definition of a Markov process which we use is similar to but slightly different from the one
adopted in [|.

Definition 4.0.2 /pathsystem/ A path system over the interval [s,t] is the following collection
of data:

1. A measurable space (X, A) which is called the phase space of the system,
2. A set Q which is called the path space of the system,
3. A family of maps &, : Q@ — X given for all u € s, ],

4. A family of o-algebras &Y on Q given for all u < v in [s,t].
These data should satisfy the following conditions:

1. For [u,v] C [a,b] one has &Y C &b,

2. For u € [s,t] the map &, : (2, 6Y) — (X, A) is measurable.

For simplicity of notation we will sometimes abbreviate the notation for a path system omitting
some of its components e.g. we may write (2, &%) instead of (X, 4,Q,&,, GY).

We define the standard path system St(X, A) associated with (X, A) setting Q = X[54 &, to be
the projections and &}, to be the smallest o-algebra which makes &, for w € [u, v] measurable.

Definition 4.0.3 /mprocess/ A Markov process on a path system ((X, A), Q,&,, &) is a collection
of probability kernels
P, : (X,A) — (92,6))

such that &, o P, = Id and for u < v the square

(X,A) —2s (,61)

Pl l (58)

(X,A) —2 (Q,6)
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where
Pu,v =&y 0 Py,

commutes.

One verifies easily that for a Markov process P and for u < v < w one has

[compO] P, , = Id (59)

[compl|P, 0 Py = Py (60)

Conversely, suppose that we are given a family of probability kernels P, , : (X, A) — (X, A) for all
[u,v] C [s,t] which satisfy the conditions (59) and (60). Then it is easy to define a Markov process
on the standard path system associated with (X, A) with these transition kernels. We will say that
a Markov process on (X, A) is such a collection of kernels or equivalently a Markov process on the
standard path system associated with (X, A).

Definition 4.0.4 /mps/ Let (X, A, Q,&,,8%) and (X, A, ', &, RY) be two path systems over [s,t]
with the same phase space. A morphism from the first to the second is a map f : Q — Q' such that:

1. for any u € [s,t] one has &, o f =&,

2. for any u < v in [s,t] the map f is measurable with respect to G, and R},

For any path system on (X, A) there is a unique morphism from it to the standard path system
St(X,A) on (X, A).

Lemma 4.0.5 /mpm/ Let f be a morphism of path systems as in Definition 4.0.4 and (Py)ye[sy
a Markov process on the first one. Then the kernels fP, form a Markov process on the second
system.

Proof: Elementary verification. [J Note that for a morphism f of paths systems and a process P
on the first one the transition kernels P, , for P and fP coincide.

Definition 4.0.6 [Ikh/ Let (Y, B) be a measurable space and y € Y. Suppose that'Y also carries a
topology. The we define a partial order >, on the set of measures on (Y, B) setting o >, 1’ if there
exists an open neighborhood U of y such that for any measurable Z in U one has p(U) > mu'(U).

Lemma 4.0.7 [contcase/ Let (Y, B) be a measure space which also carries a topology and y € Y.
Let further p be a measure on'Y and f,g two continuous non-negative functions on'Y. If f(y) >

g(y) then fu >y gu.
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Proof: 777 O

Example 4.0.8 [add1] Note that if under the assumptions of Lemma 4.0.7 we have f(y) = g(y)
then one may have fu >y gp, gp >y fu or fu and gu may be incomparable relative to <.

Definition 4.0.9 [likelihood/ Let P : (X, A) — (Y, B) be a probability kernel, y a point of Y and
assume that'Y has a topology.

A mazimal likelihood reconstruction of y relative to P is a point x of X such that for any x’ one
has P(z,—) >, P(z',—).

Lemma 4.0.10 /existence/ Let P : (X, A) — (Y, B) be a probability kernel of the form x — f,u
where  is a measure on (Y, B) and (fz)zex is a collection of continuous functions onY . Lety € Y
and suppose that there exists a point x € X such that for any &' # x one has f,(y) > fu(y). Then
x is the maximal likelihood reconstruction of y relative to P.

Proof: It follows immediately from Lemma 4.0.7. [J

4.1 Leftovers

General definitions The bijection (3) can be extended to a bijection between H|s,t] and the
geometric realization of a simplicial monoid. Recall that for a simplicial set X, = (X;, 07, 83)120
its geometric realization | X,| is the topological space of the form

X | = Iiso(X x AT/ ~

where Xde is the subset of non-degenerate simplexes in X* and = is an equivalence relation defined
in the standard way by the boundary maps @} (see e.g. [2]). If Al is the open simplex for i > 0
and the point for ¢ = 0 then there is a bijection of sets

| X| = iso X7 x Al

Let Al ] be the set of non decreasing increasing sequences z1 < --- < z; in [s,t] for ¢ > 0 and the
point %or 1 = 0. These spaces are canonically homeomorphic to the standard simplexes and we may
consider the topological realization functor | — |5, based on AT P instead of A*. The simplexes

AZ('& " considered above are the open analogs of Afs’ "t

Recall that for any co-triple M on a category C and any object X of C' we have a simplical
object M, (C) whose i-simplicies are given by M;(X) = M°@*+D(X). Consider the co-triple FAb
on the category of commutative monoids which takes a monoid A to the free commutative monoid
generated by A as a set, e.g. FAb(pt) =N,
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One verifies easily that the set of combinatorial types of level ¢ is naturally isomorphic as a monoid
to F'Aby(IN) and that a combinatorial type is non-degenerate in our sense if and only if it corresponds
to a non-degenerate simplex of F'Ab,(N). Together with (3) this observation implies immediately
that

[simplrep2]|H(s,t] = [ Ab.(N)|(s - (61)

Remark 4.1.1 /htype/ Since the co-triple F' Ab, is given by the composition of the forgetful functor
to sets with its left adjoint we conclude that H|s,t] with the topology defined by (61) is homotopy
equivalent to N. A history I' belongs to the connected component given by the number of final
vertices with multiplicities defined by .

Remark 4.1.2 It seems that if we start with a co-triple which takes a commutative monoid A to
the free commutative monoid generated by the set A x X where X is a set and apply the same
constructions we will get a path system for branching processes with X-types.

For a combinatorial type we let ng(m) denote the number of elements in the last set of 7 or
equivalently the number of ”connected components” of .

The commutative monoid structure on H(s,t] provided by its realization as |FAb.(N)|, corre-
sponds to the disjoint union of histories. To distinguish it below from the addition of points of
H{s,t] considered as §-measures we will denote this operation by (I';,I'y) — 'y II T's.

One of the important consequences of (61) is that there is a natural triangulation on Hs, t|*" with
respect to which the disjoint union map

I, : H[s, t]*" — H|s, ]

is simplicial. The g-dimesnional simplexes of this triangulation are of the form 71 X - - - X m, where 7;
are combinatorial types of level g (length ¢+ 1) such that 7; 4 - -+, is non-degenerate. We denote

the simplex corresponding to 7 X - -+ X m, by A?slg'"””. Let 71, ...m, be combinatorial types of

the same level ¢ — 1 > 0 such that [m1] + -+ + [7,] is non-degenerate. Let further (u,v) C (s,t)

and B C A’(]U_tl). Denote by ((u,v), B, [m1] X -+ X [m,]) the subset of Azlt])xmx[ﬂ"] which consists of

points (z1,...,2z4) such that z1 € (u,v) and (x2,...,2,) € B.

Lemma 4.1.3 ftechl] One has
((U,U),B, [ﬂ—l] X X [71'”]) =
= ((ressy x resy ) ™) LT, T, (T, ..., Th) € (u,v)and (TY,...,T2) € B;i=1,...,n})
where (u,v) is considered as the subset of

no(m1)[1]]x -+ % [no (7m0 [1 n
Es’ov()l)[ JIx--xno( )[”CH[S,U]E*

and B is considered as a subset of

A?;,:)...Xﬂn - H[’U7 t]no(ﬂ1),* X X H[’U, t]

no(mn),*
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Proof: Straightforward. [

There are two main ways to construct singleton histories inductively. For two singleton histories
Iy, Ty on [s,t] their disjoint union I'; II T’y is a singleton history. This operation makes H]s, t]
into a commutative monoid whose initial element is the empty history. The restriction maps are
homomorphisms with respect to this monoid structure.

For u € (s,t] and I' € H[u, t] . we let [k] %, I" denote the unique history such that
T(Lu([k] % T)) = [K]

and
Ry ([k] %, T) =T.

One observes easily that any history can be obtained by a combination of these two operations
from the history 1 € HJ[t,t].

Let I € H[s,t] and let ¢ : Vp; — N be a function. We let I'y, denote the history which is identical
to I' except that ¢r, = .

For a map of finite sets f : Vo — V} denote by ¥(f) the function

Let I'" € H[s,u], I'" € H[u,t] and f : Vv, — Vv, be a map. Then we can glue I" and I'” in the
obvious way obtaining a history I'" Uy I'” € H|s, t] such that

ress (I UpI") = ;b(f)

and
res, (I Up ") =T1"

For s = t we set H[s, 1] = HJ[s,t] = N and interpret it as the set of isomorphism classes of
linearly ordered finite sets.

Given two ordered histories I'1, 'y on [s, t] there is a unique ordering on I'; IIT'y in which all elements
of Vs r, precede all elements of V; 1, such that I'y and I'y are ordered sub-histories of I'; II . This
construction makes H s, t]°"® into a non-commutative monoid whose initial element is again the
empty history. Observe, that given an ordered set X and a map Y — X with the orderings on
each of its fibers we may equip Y with a ”lexicographical” ordering in an obvious way. Conversely,
given orderings on sets X and Y and a function ¢ : X — N such that tr(¢)) = #Y there are a
unique map f : Y — X and orderings on its fibers such that ¢(f) = ¢ and the corresponding
lexicographical order on Y coincides with the original one. If we denote the elements of X and Y
by natural numbers than this map sends 1,...,9(1) to 1, ¢(1) + 1,...,9(1) + ¢(2) to 2 etc.

For an ordered history I" and u € [s, t] we may define an ordering on V,, starting with the ordering
on V, and extending it lexicographically using the local orderings on edges starting at a given
vertex.
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Furthermore, L, (I") carries an obvious ordering and R, (I') carries the ordering which is defined by
the ordering on V,,(Ry(T)) = Vite(T') and the same local orderings as before.

This construction defines the restriction maps
resyy : H[s, 1] — Hlu,v]"™
which satisfy the condition that for (u/,v") C (u,v) one has

TeSy! y TE€Syy = T'eSys o

For an ordered T' the sets V., ) r are ordered and therefore we get a sequence of maps of ordered
sets

fq

V() 2 v, ) =

A,

which together with the function ¢r on Vi(I') and points 1, ..., z, defines I' uniquely up to an
isomorphism. This lets us to assign to each ordered I' an invariant of the form

d . . . .
7)) = (no; k11, kg kot - kongs o kg1t - kgring)

where for 4 > 0 one has n; = k;1 + --- + ki n,_, defined as follows:

1. ng = #V4, (') = ng(D)
2. ki;j = #f71(j) where j is the element number j in V,,(T) for i < ¢
3. kgt1,5 = ¥r(j) where j is the element number j in Vi(T').
One observes easily that T' is completely determined by the collection (777, z1, ... ,Tq) and that

such a collection corresponds to an ordered history if and only if s <1 < --- <2y <t and for all
i < g there exists j such that k; ; # 1. Therefore there is a bijection

[simplrep3|H|s, t]"? = Hﬂ.ordA(({S;; (62)
where A((IS H = {s<z1<---<z4<t}and 7°"% runs through the isomorphism classes of sequences
of maps of ordered finite sets V2 Tt Va1 LGN V1 such that for ¢ = 1,...,q the map f; is

not an isomorphism or equivalently through the set of sequences as above.

Remark 4.1.4 [simplord] There is a direct analog of (61) for ordered histories. One has
[simplrepd] H[s, ]! = | F.(N)|[, (63)

where F' is the co-triple on the category of non-commutative monoids which takes a monoid to the
free monoid generated by its underlying set.
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The combinatorial types [k], k[1] and [k[1]] correspond uniquely to the ordered combinatorial types
(1;k), (k;1,...,1) and (1;k;1,...,1) respectively and we will sometimes use the shorter notations
[k], k[1] and [k[1]] in the context of the ordered histories. Note that

(]

[sk01]skoH [u, v]ord = skoH [u, v]1 « = H A
k>0

IfIl' e H[u,t]zfd where u € (s,t] then [k] *, I" has a unique ordering such that Ry ([k] *, ') =T

*
which allows us to extend the construction I' — [k] %, I" to ordered histories.

4.2 Appendix: Processes on un-ordered histories

For a combinatorial type m define d(7) inductively as follows:

1. d([k]) =1 for all k € N,
2. if m =) n;[o;] where o; # o for i # j then

d(r) an Hdaz

(in particulard([n]) = d(7)).

For a pre-process u define v,y as the measure on A((]( ™) which is the co-restriction of d(m)~! ,uz?no ()

to A’{u ) As usual we will omit p from the notation when possible.

Theorem 4.2.1 th8/ Let u be an additive Markov pre-process on H|s,t]. Let w, 7' be two combi-
natorial types with the same local invariant K. Then for any s < u < v <t one has v, = vy, v’

Proof: Let us first generalize the notations introduced above to simplexes Aa f}j"xw" of Hu,v]*"
Set ng,; = no(m;). This simplex has dimension ¢ = ¢(;) and lies in H[u, v]5g ;X -+ - X H[u, V]ng, 5
We let 1™ *™ denote the co-restriction of

d(ﬂ'l)_l ce d(ﬂ'n)_l ,Uzmo,l Q... :uz,no,n

to this simplex. We are going to prove that for (m;)™ ,, (7})"_; which are of the same level ¢ and
which are locally equivalent i.e.

th8eqO] K (> m) = K(> ) (65)
and both sums are non-degenerate we have

U, X X

[th8eqLjyf ™ XX — LU (66)

It follows by induction from Lemmas 4.2.2,4.2.3 and 4.2.4 below.
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Lemma 4.2.2 [th811] The equality (66) holds for all locally equivalent ([o;]), ([07]) with q([o;]) =
q([o3]) = 0.

Proof: We have [0;] = [k;] and [07] = [K] for some kj;, & € N. Since they are locally equivalent

there is a permutation of factors of Hlu,v]{} which takes A(XJ,ESA to A:Jia)j]. Since ()" is
invariant under such permutations we conclude that

v n o v n xjlo7]
() (AL = (s )2 (A L)

On the other hand d([o;]) = d([0]) = 1 and we conclude that (66) holds. [J

Lemma 4.2.3 [th812] Let ¢ > 0. If (66) holds for all locally equivalent ([o}]), ([0}]) with q([o;]) =
q([0}]) < q then it holds for all locally equivalent (m;), (m;) with q(m;) = q(m;) < q.

)

Proof: Consider the disjoint union map
n . ><n0,1 Xnoyn
“11Ing, H[uvv]l,* XX H[U,U]L* - H[uav]no,h* XX H[u>v]no,n,*

and let ng = Y ;" | no;. Since this map is the geometric realization of the map of simplicial sets
given by addition of combinatorial types we have

(Amx ><7rn _ H A J[UJ]
CHID>

Where ¥ is the set of sequences (o71,...,0p,) such that for eachi=1,...,n

ng,;+n0,i—1++n0,1

> [oj] = mi

J=l+noi—14++no01
Since p is additive we have

Farnos ® -+ @ ligng , = (e, 1) ™)

Since the decomposition of a combinatorial type into a sum of types of the form [—] is unique up

to the permutation of factors and the co-restriction of (12 )%™ to A(X 71731 qoes not depend on the
) u,v)

choice of (o) in ¥. We conclude that

n no
vprexm = g5 Tl d(m) ™ T dloyym™™!
j=1

for any (o;) € ¥. Recalling our definition of d(m;) we conclude that
n 0
[[d(m) = #= [ d(oy)
i=1 j=1

and therefore
VT X X Ty, v, % j[o;]
= Uy
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a similar equality holds for () and for (¢7) in the corresponding set ¥'. On the other hand

K(Z[aﬂ) = K(Z ™) = K(Z ) =K [o})])

and by the assumption of the lemma we conclude that

/ !
VT X oo X Ty, o Uy X Xy
vy =y

O

Lemma 4.2.4 [th813] Let ¢ > 0. If (66) holds for all locally equivalent (m;), (wl) with q(m;) =

q(m}) < q then (66) holds for all locally equivalent ([o;])}_y, ([0}])7—; with q([o;]) = q([o7]) = q.

Proof: The Borel g-algebra of A( J [C;] ] A? ) is generated in the strong sense by ”rectangles” of
the form ((w1,w2), B, x;[o;]) where (w1, w2) C (u,v) and B C A‘(I;;v). By Lemma 4.1.3 we have
((w,w2), B, xjlo]) = (resyn,) ™ ((wy,wa) € AT MWy s (resin )71 (B € AL

Since u is a Markov pre-process we conclude that

ufj’xj[”j]((wl,wz) B, xj[o;]) Hd (05)"" (tu,1) " ((wy, w2), B, xjlo5]) =

= Hd ()7 (ue3)®" (wr,wa) € Ay (8, V(B ALY =

(u w2) (w2’ )
®n A Xj[no(e;)[ly | v,x; 05 B AX J%j
(/’Lu 1) (('LUl, w2) - (u w2) ) ( c ('LUQ,'U))

and a similar equality holds for ([0%]). We have ¢(0;) = q(aé») = g — 1. By the assumption of the

lemma we conclude that
v ><jU

v, "7(B) = v, (B)
On the other hand there is a permutation of factors on H[u,ws]*"™ which takes Aole) Ml 4

(u,w2)
. an
(XJEZ;))(UJ o and since (u,,%)®" is invariant under such permutations we conclude that

w2 \®N no(o;)[1 wa \®n xjlno(a})[1]]
(2= (wr, wo) © ATy = 2y (wy, wg) € AL 0P

ogd

4.3 Appendix: some remarks on Markov pre-processes

Lemma 4.3.1 [ob00/ Let pf be a Markov pre-process. Then for any n,m > 0 and any u < v < w
in [s,t] the function h"(u,v + €)@y, (n,m) is monotone decreasing in € and one has

im0 v 96 (nym) = B, 0)6 (n,m)
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Proof: Applying Lemma 1.2.1 to Uy = A and Uy = H[v + €, w]p, m we get

u,v+€

_ 1 _
B (u, 0 + €D (n,m) = p (resy b (AR YNt (m)).
Since for € > € one has

res_ : (An[l] )Nngt(m) C res; (Anm ) Nngt(m)

u,v+€’ u,v+e€ u,v+e\—u,v+e

and

Uemo(resy b (AR )y nngt(m) = resy L (AT A ngt (m)

our claims follow. [J

Recall that a function f on [s,?] is called monotone increasing (resp. decreasing) if for x < y one
has f(z) < f(y) (resp. f(z) > f(y)). A function is called right continuous if for all u € [s,t) one
has

lim f(u+e€) = f(u).

€>0,e—0

The following two lemmas give some elementary properties of such functions which will be used
below.

Lemma 4.3.2 [frcim2/ Any right continuous function f on [s,t] is measurable.

Proof: It is sufficient to show that for any a the subset U, = {z : f(z) < a} is measurable. For
y € (QU{t})NU, consider the set V, , = {w € [s,t] | [w,y] C U}. This set is of the form [y_,y| or
(y—,y] where y_ = Inf(V,,) and in particular it is measurable. Let us show that

Ua = UyeQuit)nt, Vay

which would imply that U is measurable. The inclusion ”2>” is obvious from the definition of V.
Ift € U, thent € V. Let w € U, N[s,t). Since f is right continuous there exists € > 0 such that
[u,u+ €] C Uy. Let y be any element of [u,u + €] N Q. Then u € Vg, which proves the inclusion
b C” . D

Lemma 4.3.3 /pirc/ Let f be a right continuous on [s,t). If f is monotone increasing then for
any ay > a such that f~1([a,ay)) # 0 there exists by > b such that f~'([a,ay)) = [b,by). If f is
monotone decreasing then for any ay > a such that f~'((a,a.]) # 0 there exists b_ < b such that

f~(a,a4]) = [b-b).

Proof: Consider for example the case of an increasing f. Then if f~1([a,ay)) # 0 we have

FH([a,00)) = [b,1)

and
F (=00, a4)) = [s,04)

which implies the claim of the lemma. [
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As a corollary of Lemma 1.2.5 we see in particular that for a Markov pre-process the functions
h"(u,v) are monotone increasing in v and monotone decreasing in v. Since vy, < 1 and

[eq01] >~ puu(n,m) =0, (67)

m>0

we also see that for a Markov pre-process the functions v;, ,, are monotone decreasing in v.
’

Remark 4.3.4 We will see from examples below (??7) that there are Markov pre-processes on
H[s, t] such that vy, ,, are not monotone in w.

Lemma 4.3.5 [ob01] Let p} be a Markov pre-process. Then for any m,n >0 and any u < v < w
in [s,t] the function ¢y yie(m,n)h™(v + €, w) is monotone increasing in € and one has

Jim Gupie(m, )™ (v + €, w) = du(m, )" (v,w)

Proof: Applying Lemma 1.2.1 to Uy = H(u,v + €|, and Up = A e get

v+€e,w

¢u,v+e (m7 n)hn (U + ¢, w) = :U’Km (Teszj—&e,w(AZ—[:l,w))

and since
Ne—olresyte (AT ) = resy L (AL)

v+e,w v+e,w

our claim follows. O

Definition 4.3.6 frcont] A pre-process i is called non-degenerate if v, =1 for all u,k. It is

called right continuous if for any u € [s,t] and any k, Uy U5 @ right continuous function in v from
[s,v] to [0,1].

If p is non-degenate then h"(u,u) = 1 for all n and u. Note that any process on H|s, t] is automat-
ically non-degenerate and right continuous.

Remark 4.3.7 For a Markov pre-process one has (v, )? = v, and therefore a Markov pre-process
is non-degenerate if and only if v}, # 0 for all u, k.

Theorem 4.3.8 [thl] Let pu} be a non-degenerate Markov pre-process on H|s,t]. Then the follow-
ing conditions are equivalent:

1. for alln > 0 functions vy, ,, are right continuous in u and if u <t then there exits w > u such

that vy, # 0,

n

2. for alln > 0 functions h™(u,v) are right continuous in u and if u < t then there exits w > u
such that vy, # 0,
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3. for alln > 0 functions ¢%,(n, m) are right continuous in u and if u < t then there exits w > u
such that vy, , # 0,

4. for allm >0 functions vy ,, are right continuous in v,

n
5. for all m > 0 functions h"(u,v) are right continuous in v,

6. for alln >0 functions ¢.(n,m) are right continuous in v.

Proof: Observe first that if for all u < ¢ then there exits v > u such that v;/,, # 0 then, since vy, ,
are monotone decreasing in v we have v, , # 0 for all u < v < w.

Let v and w be as above. Taking the sum over m in Lemma 4.3.1 and setting v = u we get

[foap] _lim " (u,u+ oy, = (69)

u,n
e>0,e— ’

which implies that there exists € > 0 such that A" (u,u + €) # 0. Without loss of generality we
may assume that v+ € = w.

(1) = (2),(5) When vy, , is right continuous in u equation (68) implies that

e>1(},rﬁn—>0 R (u’ u+ 6))1}5]7” = U;Lfyn

and since v, ,, # 0 we conclude that

lim A"(u,u+e€)=1
€>0,e—0

Together with Lemma 1.2.5 we conclude that (2) and (5) hold.
(2) = (5) Immediate from Lemma 1.2.5 since for all u there exists w such that h™(u,w) # 0.

(5) = (3) Since h™(u,u) = 1 condition (5) also implies that for any u there exists w > u satisfying
h™(u,w) # 0. Since vy, > h™(u,w) we conclude that vy, # 0.

Taking in Lemma 4.3.5 v = u we get

: n w _ 4w
6>1017I€n_>0 h (U, u -+ €)¢u+e(n7 m) - ¢u (TL, m)

for all w > u and using condition (5) we get that ¢&(n,m) is right continuous in u.
(2) = (6) We need to show that
[seqp] lim ¢y (m,n) = ¢y, (m,n) (69)
e>0,e—0

Let w be such that h"(v,w) # 0. Then Lemma 4.3.5 together with the right continuity of h"(—, —)
in the first variable implies (69).

(6) = (4) Immediately follows from the fact that vy, , = > é5(n,m).
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(4) = (2) Since functions vy, ,, are right continuous in v and v,/ , = 1 there exists w > u such that
vy, 7 0 and as explained above such that h"(u,w) # 0. Taking in Lemma 4.3.5 m # n and v = u
we get

[eq020] hHElJ Guute(m,n) =0 (70)
Therefore we have
[teqp]1 = ll_{% Uﬁf?f = lg% Z Duute(n, m) = ll_{% Duute(n, 1) (71)
m

Form Lemma 4.3.5 for m = n and v = u we get for all w > u

e>1(}716n~>0 Guute(n,n)h" (u + €,w) = h"(u, w)

which together with (71) implies that A" (u,v) is right continuous in u.
(3) = (1) Immediately follows from the fact that vy, , = > é5(n, m).
Theorem is proved. [

For a pre-process pf define E, , C [s,t] by the rule z € E,, , if and only if e = s or for all sufficiently
small € > 0 one has h"(z — ¢,2) = 0. When no confusion is possible we will write E,, instead of
En .

Lemma 4.3.9 Job2/ Let u be a non-degenerate right continuous Markov pre-process. Then for
any e € E,, such that h™(e,t) = 0 there exists a unique ey; > e in E, such that for all x € [e,e41)]
one has h"(e,x) # 0.

Proof: By Theorem 4.3.8 the function h"(e,—) is right continuous and therefore the set of zeros
of h™(e, —) is of the form [e41,t] for some e4q in (e, t]. For € < e4; —e we have 0 = h(e,ey; +€) =
h(e,eq1 —€)h(esr1 —€,e41) and since h(e,eq1 — €) # 0 we conclude that ey; € F,,. [J Note that if
E,, # () then there exists a unique e € E,, such that h"(e,t) # 0. For this e we set e;1 = t.

Lemma 4.3.10 Job3/ For a a non-degenerate right continuous Markov pre-process p the sets E,
are countable.

Proof: We have
lecov][s,t) = lceecr,[e, e+1) (72)

and since the sum of an uncountable number of non-zero numbers is infinite we conclude that E,,
is countable. ]

Since for an additive process E,, = E,, for all m,n # 0 we will write £ = E(u) for this set in the
additive context.

75



Example 4.3.11 [nonrc] Consider a pre-process p on H[s,t| such that the measures pu , are

concentrated on Aﬁ[ﬂ. Such a pre-process is simply a collection of functions v; , on N. Tt is

additive if and only if v} . = (U}Ll)k and it is Markov if and only if v vy, = v,

Set vy, =1, v, g =1and vy, =0 for v > w and n > 0. This gives us an example of a non-
degenerate, additive Markov pre-process such that the functions vy ,, are right continuous in u but
not in v.

Let z € (s,t) and set v, o = 1 and for n > 0, vy, , = 0 if u <z and vy, = 1 if u > 2. This defines a
degenerate additive, Markov pre-process for which functions v, ,, are right continuous in v but not

in wu.

5 Summary

The general set-up for a problem of historical inference can be described as follows. First we should
specify the time period [to, 1] which we are interested in. It must include both the times which we
want to learn about and the time or times at which the measurements are made. Next we need to
define the set H|[tg,t1] of possible histories among which we will be looking for the best fit to our
data and a mapping from H[ty,t1] to the set D of possible data points which will be used as the
starting point of our inference. We also have to choose a function or functions from H[tg,t1] to
some set X whose values are the properties of histories which we are actually interested in, such as
the population size at some point ¢ € [tg, t1]. The next choice we have to make is that of a forward
historical model which describes how, for given values of historical parameters, an initial state of
a population will develop into a history. Finally, we should choose the sets I and P of reasonable
values of initial states and historical parameters:

IxP —— H[to,tl] — D

l

X

Let us outline now the form of different components of this set-up in the case of one of the most
basic inference problems - to infer the size of a haploid population at time ¢t = —T based on the
genetic distances between its members at the present time ¢ = 0. The time period to choose is
obviously [—T,0]. The set H[—T,0] or more generally the set H[u,v] of histories of non-structured
haploid populations is the set of ... Check what is the biologists terminology for this.

Let us consider the case of a singleton population history on time interval [to,¢;] under the as-
sumption that the population size N(t) remains "very large” for all t € [tg, t1]. Suppose that the
population develops under some birth-and-death dynamical model which is determined by birth
rate function b(¢) and death rate function d(t) i.e. during the time interval [t,¢ + At] there occur
approximately d(t)N(t)A(t) death events and approximately b(¢t) N (t)A(t) birth or division events
and the probability for a given individual to undergo a death or division event does not depend on
its previous history.
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Let us say that an individual which is alive at time ¢ is ”lucky” if it has a living descendant at time
t1. Let N(t) be the number of lucky individuals at time ¢. The ratio

o(t) = N(t)/N(t)

will be called the survival probability (from ¢ to t1). Consider the sub-population of ”lucky”
individuals. The only events which occur in this sub-population are division events. The rate at
which these events occur may be computed as follows. During the interval [t, ¢ + At] there is a total
of (approximately) C' = b(¢t)N(t)A(t) division events. Let Cjy be the number of division events in
which both ”children” are unlucky, C the number of division events in which one child is ”lucky”
and another one "unlucky” and Cs the number of events in which both children are ”lucky”. We
have C' = Cy + C + (5 and, approximately,

~ 2 ~ 2
[ N(t+At) - N(t + At) (Nt + A
CO_( N(t + At) ) G CQ_(N(tJrAt)) ¢

The number of division events in the lucky sub-population is Cy and assuming that (]\7 (t+ At) —

N(t))At is small and the same applies to N(—) we conclude that the probability for a lucky
individual to divide into two lucky ones during the time interval [t,t 4+ At] equals

Cy/N(t) = b(t)o(t) At

i.e. the sub-population of lucky individuals develops under the birth dynamic model with the birth
rate b(t) = b(t)o(t). In particular we should approximately have:

nlargell N N eftto o(z)b(x)dz o(t) = M
[nlarge1] N (t) = N (to) . olt) O (73)
and therefore o
[nlarge2|N(t) = w (74)

which gives us a direct formula for the reconstruction of the total population size in terms of the

size of the lucky sub-population when the total number of individuals is very large and the birth
rate is known. The size of lucky-subpopulation at time ¢ may be further interpreted as the number
of equivalence classes in the population at time ¢; with respect to the equivalence relation in which
two individuals are ”equivalent” if their most recent common ancestor lived no earlier than ¢; — ¢
time units ago.

Below we construct an algorithm which gives the best possible reconstruction of the survival prob-
ability function from the ancestral genealogy of individuals alive at time ¢; in the case of finite
population size. Since the birth rate in the original population plays no role other than time
scaling parameter we assume b(t) = 1.

Let us consider a particular generic (see ??) ancestral genealogy T' on the time interval [to, t,41]
with 7 members at time ¢y and times of division events being t1,...,¢,. Suppose first that there are
so many events that we may try to approach the problem by taking a C'i-approximation N (t) of
the function 7 defined by the condition that for ¢ € [t;, t;+1) one has n(t) = 7+ and then applying
to it formulas (73), (74) to recover o(t) and N ().
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In the simplest approach one may take a pice-wise linear approximation of 7 defined by the condition
N(t;) =n+i—1. Then N’ is a pice-wise constant function defined outside of points #; such that

N'(t) = 1/(tip1 — )
for t € (t;,ti+1). Therefore we would get

o(t) = 1/((n+ ) (tit1 — 1))

which for almost all ' will have many values greater than 1.

Note: In the most simple demographic models the dynamics of a population is described by the
?arows rate” g which is actually the difference between the birth rate and the death rate g = b—d.
This difference fully determines the change in average population size according to the formula
N'/N = g. Note however that g does not determine the dynamics of the "lucky” sub-population
ie. for (b,d), (b',d’) such that b — d = & — d' the dynamics of the lucky sub-populations may be

different. The most elementary example is given by the pairs b = 0,d =0 and b =1,d = 1. In the
first case N = N while in the second N = n/(t + 1) where ¢ is the time to the present.

Note: It might be better to explain the previous arguments starting with the idea of approximating
the continuous time by a given sequence of discrete time moments (”generations”) 7;.

Note: The formulas derived above for any birth rate b(t) and death rate d(t) lead to the following;:
[master|o’ = og(bo —b+d), o(thow) =1 (75)

and
[relationseqlc = N/N, N'/N =bos, N'/N=0b—d (76)

From (76) we get
(1) = N (tpon)e— i7" vrbotr)in

N(£) = N{tngu e~ 7" 00)-dir)ir

where N (tpow) = N (tnow) is the number of present day members.

If o is a solution of (75) then one has:

oSO (b(r)—d(r))dr

7= 1+ ftnow b ) ft""w(b(T)fd(’r))d‘rdx
and
ot ]. tnow 1 tnow tnow
VN = — L ehmerumemer L g / ()i () =dr)dr g
N(tnow) N(tnow) t

Consider (b1, d1, N1 now) and (b, d2, Nopow). Then Ni(t) = No(t) if and only if Ninow = Nonow
and
bl(t)eftt”m“(bl(T)—dl(T))dT = by(t)e L (ba (1) —da(7))dr (mod dt)
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or equivalently
bi(t)/N1(t) = ba(t)/N2(t) (mod dt)

If we are given N (t) and d(t) then we can reconstruct b(t) as follows. We have
b=N'/N =bo
From (75) we get . o
(b/b)" = (b/b)(b—b+d)

or
[relation2]b'b — b’ + bb> — b?b — bdb = 0 (77)
Solving it in b we get o
YV =bb+0b/b—b—d)

or o
o " (d+b= /b)dr

b(t) = b(tnow

) 14 j;ttnow ef;now (CH-E—E’/E)dex
Since b = dLog(N)/dt and ¥ /b = dLog(b)/dt we further have

oo (d4b-¥ fBydr _ N (tnow) b(t) Jimew amyar _ L/ NY(t) QJinew d(rydr

N(t) b(tnow) (1/N) (tnow)

If we are given N (t) and b(t) then we can reconstruct d(t) from (77) as
d=bV/b—b+b—b/b=N"/N —2N'/N+b—-1V/b

We see that the reconstruction of d involves the second derivative of N while reconstruction of b
only the first derivative.

In addition we get:

b—d= 2904 o5 — N
dt
and correspondingly
tnow V2
N(t) = Nyge 7 0=0ir _ ) N0

N'(t)

which can also be seen directly from (76).

Let Mle,to (b,d) be the probability measure on H [tg,t1]n « corresponding to the strictly continuous
birth and death process with n initial population members, birth rate b and death rate d. Let
r: Hlto,t1] — H[to, 1] be the map which assigns to a descending genealogy the ancestral genealogy
of members alive at time t;.

Proposition 1. Let
o(t) = ', (b, d)(HIt, t1]11)

be the non-extinction probability function associated with a strictly continuous birth and death
process with parameters b and d. Then ¢’ exists everywhere and satisfies the equation

o' =o(bo—b+d)
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Theorem 2. One has

P (bl (0, D) g, . = C(m)a (1 — ao)" "l (b0, 0)

For an ancestral genealogy I' let n(I') be the number of connected components of T' and ¢(T) the
number of coalescent events in I'. Let further x1,...,2q € [to,t1] be the times of coalescent events
in the increasing order. An ancestral genealogy T is called semi-generic if all its coalescent events
are of multiplicity two and the times of distinct coalescent events are distinct.

Let Ji = [r7,7], i = 1,...,q be a sequence of subintervals of the interval [to,t1] such that

h<r Tiv1- Denote by U(#,q,J) the set of all ancestral genealogies I' such that n(T') = 7, ¢(T') = ¢
and z;(T) €

Let further Iy = [to, 7, |; I; = [7'2-+,7'-11], i=1,...,q—-1; I;= [’T;_,tl]; be the components of the
complement [to, t1]\J.
Proposition 3. One has

q

:u‘%l,t[) (57 O)( n qa H 6_(n+’b . H(ﬁ + Z _ 1)6—(73—1—2)6’1(1 o €_Ci)
=1

where B; = [ _; b(z)dz and C; = [, b(z)da

A genealogy is completely determined by its combinatorial type m and the times of events x1, ..., z,.
The set of all genealogies with a given combinatorial type is the open simplex

q
A(t(gr;l):{$17---,$q’t0<$1<---<xq<t1}

For I" with times of events z;(I") and
1 .
€< §mm{Aaji(F), i=0,...,q+ 1}

where
Axg=x1—to; Az =21 — x4, t=1,...,¢—1; Azgp1 =t —x

Let
U(T) = {I"|n(T’) = m(T') and |x;(T")" — 2;(T)| < efori=1,...,q}

Proposition 4 Let I a semi-generic ancestral genealogy with n(I') = 7, ¢(T') = ¢ and z;(T') = ;.
Let further b be the birth rate of a continuous birth process. Then

Hit g (0,0)(Ue) = e(m (D)) - pigly, (b, 0)(U (2, ¢, T ({wi}, €))
where J({z;},€); = {z ||z — ;| < €} and ¢ is a constant which does not depend on b.
Note: We can modify the "master equation” introducing bias in the form of "having a lucky sibling

makes one more (less) likely to be lucky” which will change the formulas for Cy and Cy given above.
However, it is unclear whether or not our main theorem which asserts that all of the information
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about b and d contained in I is contained in 7 and the sequence t, ... ,tq. will still apply in this
more general situation.

It might be very interesting to see how one can guess the value of such a bias coefficient from T
and then apply it to a real population (e.g. human).

1. [sumO] A normalized birth and death process yj , over a time interval [to,#;] is determined
by its survival probability function

o(t) = the probability that a population member alive at time ¢ € [tg, ¢1]
- will have a living descendant at time ¢;.

The complement 1 —o(t) to o(t) is the extinction probability function given by the transition
probability 1+ 0 over [¢,¢1] for the process .

2. [sum1l] A function [to, t1] — [0, 1] is called a normalized survival function if it is the survival
probability function for a normalized birth and death process over [to,t1]. We let Alto, 1]
denote the set of all normalized survival functions.

3. [sum2]Normalized survival functions have the following properties:

(a) [sum2a] Normalized survival functions are right continuous.

(b) [sum2b] Let o be a normalized survival function on [t, t1] and o7 a normalized survival
function on [t1,t2] such that og(¢t1) = o1(¢1). Then the function o which equals oy on
[to, t1] and o7 on [t1,t2] is a normalized survival function.

(c) [sum2c] Let ag,a; € [0, 1]. A normalized survival function on [t, t1] satisfying ap = o (to)
and a1 = o(t1) exists if and only if the following two equivalent inequalities hold:

ao a

[sum2ceq|a; > — =" ag < —— e —m
(I—e Jao + e (1—e Jai + e

(78)

If a1, ag satisfy the corresponding equalities then such a function o is unique and is

given by
U(t) = 0 = !
(1 et—to)ao et—to (1 et—tl)al et—t1

(d) [sum2d] Let [to,?1] be a time interval and ag,a; be two numbers such that inequalities
(78) are satisfied. Then a normalized survival function o satisfying o(tg) = ag, o(t1) = a1

and .
1
/ o(t)dt = A
t

0

exists if and only if
(1+a(e—1))t<e™ <1 +ag(e —1)
or (14 aj(et=* —1))7! = e~ and equalities hold in (78).

4. [sum3] Let .
I'= {qa% o q+1;t17~-7tq}
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be a generic ancestral (i.e. death free) genealogy over [—T,0]. Let € > 0 be a number such
that (=T,t; —€,t1 +€,t2 —€,...,t; — €,t; + €,0) is an increasing sequence i.e. such that

e<ti —(=T); e<tip1i—t, i=1,...,¢; €<0—tg
Denote by U (') the e-neighborhood of T in H[—T,0] i.e. the set of genealogies of the form
{¢. Vo — -+ = Vgq1;21,..., 24} where x; € [t; —€,t; + €.

. [sum4] Let r : H[-T,0] — H[-T,0] be the map which sends a singleton population history
into the ancestral genealogy of members which are alive at time 0.

. [sum5] Let p be a normalized birth and death process over [T, 0] with the survival proba-
bility function o. Let I" and € be as above. Denote by I; and J; the intervals

In=[-T,ti—¢€); L=[ti+etiz1—e€), i=1,...,q—1; I;=[t;+¢€0);
and
Ji:[ti—e,ti—{—e)

Let . = #Vp be the number of population members in I' at time —7" and n be any integer
> 7. Then one has:

W, (r T (UI))) =

[sumbeq] = ¢(I') C(n, ) (1—o(=T))" He (7+4)Bi H ~(AH-1G e ) (79)
=0 =1

where c(f) is a coefficient which does not depend on o, T or n, C(n,n) is the binomial
coeflicient and B;, C; are given by:

Biz/a(t)dt Ciz/atdt
[i Ji

If we sum up over all ' with given 7 and ¢ then the coefficient c(f) becomes
c(n,g) =n(n+1)...(n+q—1)

. [sumb.1] Let Sy, ;,) be the set of all normalized survival probability functions on [tg,t1]. Our

” optimization” problem can be formulated as following. Consider (79) as a function P(T, €)
on the space
X = N x e[ -00,05t0.,0]

which we set to be 0 if tg > t; — e or n < n. Let

p(Fa 6) = Sup(n,to,a)EX{P(f‘> 6)(”7 to, U)}

be the maximal possible value of this function and for § > 0 let

Vs(T,e) =PI, e) "' ([p(T',€) — 6,p(T',e)]) € X
We are interested in the subset

V(D) ={z € X|V¥5>03e>0: Ve <elxe Vs, e}
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8. [sum6] Let S(ao,...,aq) be the set of normalized survival functions o on [—T',0] such that
ap = o(—T) and a; = o(t; —€) for i = 1,...,q. We further denote ty = —T and t,; = 0.

Then one has:

(a) [sum6a] It follows immediately from 3b and 3c that the set S(ao,...,aq) is non-empty

if and only if
ag

[sum6aeq]a; > (1= =) g + elo—e=) (80)
and o
> 4
[sum6aeq]a; > (1 — eltiri—t))q; + eltiv1—t) (81)
fori=1,...,q—1.
(b) [sum6b] If (81) hold and
< 11 (1+ ! )
€Sy T T T
then there exists a unique function o in S(ao,...,aq) which maximizes the expression
(79). This function is given by
(l—et_t()a)%,g—s—et_to for t € [to, t1 — 6)
[sum6beq]o(t) = (l_et—(ti—e)a);i+et—(ti—e) fort€fti—etipi—€) i=1,...,q—1
(lfet_(tq_e)ugiq+et_(tq_‘) for t € [tq -6 tq—i—l)
(82)
(c) [sum6c| The values of B; and C; for (82) are
e—Bo _ (e(to—(h—e)) —1)ag+1
fori=1,...,q—1
_B (e(ti_ti+1) _ 1)% +1
e U=
(e72¢—1)a; +1
and
o8, _ (0 Dag +1
(e72¢—1)agz+1
and
e G = (e7% — 1)a; + 1
and the value of (79) is
. q
[sum6ceq|c(T") C(n,n) H fi(a;) (83)
i=0

where i i i
folao) = al ((e*~1=9) — 1)ag +1)" (—ag +1)" ™
fori=1,...,q—1,
filai) = (1 — e 2a; (et — 1)a; + 1) ((e72 = 1)a; + 1) !

and
fq(aq) =(1- 6726)% ((e(tqitﬁre) - 1)aq + 1)ﬁ+q ((6726 - 1)% + 1)71
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9.

10.

Let M (z) be the matrix

1 0
Mx_(l—ex ez>

Then det(M,) = e* > 0, MM, = M., and M;l = M_,. Below we consider M, as a
Moebius transformation.

[sum?7] The previous computations show that we need to find the maximum of (83) on the
domain defined by the inequalities 0 < ag, a; < 1 and inequalities (81) which are of the form

ai > Mtlfefto(ao)
and fori=1,...,g—1
i1 > M, —t,(a;)

Set
M():Mt1—e—t07 Mi:Mti+1—ti7 Z:177q_1

)

Consider new variables
Zo0 — Qg

and fori=1,...,¢q
zi= My P M M (a5) = Migyet, (a;)

or equivalently
a; = Mtiftofe(zi)

Then the inequalities take the form

0<z2<--<2z <1

and the expression (83) takes the form

e(T) C(n, ) (1 — e ) [ 9:(21)

=0

where i i i
g0(z0) = (€077 = 1)z + 1) (=20 + 1)

fori=1,...,q—1
gz(zz) — et0+€7tizi((eto+€*ti+1 . 1)21 + 1)7~Z+’i((€t0+67t¢ o 1)2,1 + 1)*(7~l+’i+1)'

(efote=ti — 1)z + 1
(elo—ti — 1)z + 1

and
gq(zq) = eto+e—tqzq((eto—tq+1 _ 1)Zq 4 1)ﬁ+q((eto+e—tq - 1)Zq + 1)_(fl+q+1)‘
(et0+67tq _ 1>2q + 1
(etofeftq _ 1)2q + 1
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11.

12.

13.

14.

[sum8|] Let C be a compact space and f : C' — R be a continuous function which takes its
maximal value in a unique point p € C. Let further h be any other continuous function on
C. Consider the ”deformation” of f of the form f + eh. Then for any neighborhood U of p
there exists ¢ such that for all ¢ < § the points where f + € h takes its maximal value are in
U. Tt follows immediately from the fact that h is bounded on C' and there is positive number
which separates the value of f at p from its values on C\U.

[sum9] Comment (11) shows that we need to consider the case ¢ = 0 and then among the
points of maximum of the corresponding normalized function we should choose the ones which
have maxima of the functional for small €’s in any neighborhood. Set

to—t; T

c=1—e v i=1,...,q¢; cgr1=1—¢e"

We have 0 < ¢ <cp <-+- < g1 < 1 and
go(20) = 20 (=20 + 1) ™ (—c120 + 1)"
gz(zz) = 6t0+€_tizi(_6i+lzi + l)ﬁ-i-i(_cizi + 1)—(ﬁ+i+1)

and we need to maximize C(n,n) [[%,gi(z;) on {n € N|n > i} x A?T! where A" is the
standard simplex with coordinates 0 < zp < --- <z, < 1.

[sum10] We have:

990
82’0

Fori=1,...,q we have:

0g; , L L o o
67?- = eto+e—tz(_ci+1zi + 1)n+z 1(—cm +1) (n+z+2)((ci(n +i)—cipi(n+i+1))z + 1)
(

In particular the function g; on [0, 1] is increasing up to its maximum at the point

1
ciy1(n+1i+1) — (0 + 1)

}

u; = min{1,

and is decreasing after this point.

[sum11] Let go,..., g, be non-negative continuous functions on [0, 1] such that for any 0 <
1< q,0 <k <q—1ithe function

k
Gii+k = H Ji+j
Jj=0
is quasi-concave on [0,1] i.e. there is a point u;;4 € [0,1] such that g; ;4 increases
on [0,u;;yk|, reaches maximum at wu;;+x and decreases on [u;;+x,0]. Then the function
[17_, gi(2:) has a unique global maximum on the simplex {0 < z9 < --- < z, < 1}.

Let us proceed by induction on q. For ¢ = 0 the statement is obvious. Suppose ¢ > 0. Let
(21,...,2¢) be the point of maximum for g;(21) ... gq(24). Consider two cases. If ugg < 21
then (uoo,21,...,%) is a point of global maximum for go(2op)...g4(24) and since the value
at this point is the product of the maximal values of go(z0) and gi(21)...g4(2q) it is the
only point where maximum is reached. If upo > 2z; then for any point of local maximum of
90(20) - - . g¢(2q) we will have zy = 21 and therefore any point of maximum for go(zo) ... gq(24)
will be the point of maximum for go1(21)...g4(%). By induction such a point is unique.
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15. [sum12] Let us show that the functions g; of (12) satisfy the conditions of (14).

(a)

[sum12a] For ¢ > 1 we have

Gii+k(2) =
i+k o k o
_ H etote=t; (—ciz + 1)—(n+z+1) H(_Cz’+jz + 1)—2 (—Ciphi1z + 1)n+z+kzk+1
j=i j=1

The derivative of this function is of the form

gvll,z'+lc(z) =
itk o k o
= H eloteli | (—ciz + 1)*("“*2) H(—ciﬂz + 1)73 | (—Cippyrz + 1)THEFR=LE
j=i =1

'(A[)Zk+1 +---+ Ak—i—l)

and therefore it has at most k + 1 critical points which are not zeroes or poles. On the
other hand

9ii+k(0) = Giivr(1/Cizrt1) =0
Giivk(l/cizr) = - = giivr(l/ci) = 00

and points 0,1/¢; k41, 1/Civk, ..., 1/c; form an increasing sequence. Since a function
must have a critical point between each two adjacent zeroes or poles and the total
number of critical points which are not at zeroes or poles is k+ 1 we conclude that there
is exactly one critical point w; ;41 of g; ;1 between 0 and 1/¢;4 441 and since our function
is non-negative on this interval it must be a maximum.

[sum12b] For ¢ = 0 we have:

k k
go.k(2) = H elotet H(—CJZ + 17| (ka2 + )M (—z 4 1)
1 =

Suppose that n = n. Our function has at most k 4+ 1 critical point outside of poles and
zeroes. The sequence 0,1/cky1,...,1/c1 is an increasing one and our function has zeroes
in the first two points of this sequence and poles in other points. If 7+ k& is even then our
function is non-negative for z > 1/ci11 and therefore must have critical points between
points 1/cg,1/cx—1,...,1/c1,+00. Therefore it has exactly one critical point between 0
and 1/cg41. A similar argument leads to the same conclusion for 7 + k being odd.

For n > n similar reasoning shows that our function must have critical points on the
intervals (0, 1), (1,1/¢ck41), (1/ck, 1/ck—1),..., (1/c1,+00) and since the total number of
critical points outside poles and zeroes is no more than k£ + 2 there is exactly one critical
point on each interval and in particular on (0,1). This proves that functions of (12)
satisfy the conditions of (14) and therefore the product go(zo)...gq(24) has a unique
maximum on the simplex 0 < zp < --- < 2z, <0.

16. [sum13] More formulas for e > 0. For 1 <14 < j < ¢ — 1 we have:

9ij(z,€) =
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17.

18.

J

J
_ (H et0+€tk> Zj—iJrl((etoftiJre - 1)2’ + 1)f(ﬁ+i+1) i < H ((etO*tk+E o 1)Z+ 1)2> .

k=i k=i+1

J (efo~tete — 1)z + 1
(efo=tr=¢ — 1)z +1

_((etoftj+1+6 _ 1)2 + 1)ﬁ+j .
k=i
and
90,i(2,€) =
J J
_ (H eto-i-e—tk) Zﬁ—i—j(_z + 1)n—ﬁ((et0—t1+e _ 1)2 + 1)—2 . <H((eto—tk+e - 1)2 + 1)—2) .
k=1 k=2
J (elotete — 1)z + 1
(efo—tr=¢ — 1)z + 1

'((etoftj+1+6 _ 1)2’ + 1)ﬁ+j .
k=1
For j = q there is a slight modification dues to the fact that we have to write g —t441 instead
of tg — tg41 + €.
Let further Uc(t1,...,t;) be the set of generic ancestral genealogies with event points z; €
(t; — e, t; + €). Then
t _
:U’t?)+1 (n’ r I(Ue(tl’ cee 7tq))) =

q

(fi+1)...(A+q—1)C(n,a) - JJ(1 - e *)gi(z€)
=0

il

where g; = g;; are given in (10).

Let us specify explicitly which normalized birth and death process corresponds to the ”op-
timal” survival probability function lying in S(ao,...,aq,) i.e. what is the ag‘f;:) ' measure
for this process. It is clear that this measure is a sum of J-measures concentrated in points
t1,...,tq tg+1 with some coefficients. As the first step towards the description of this measure
we will compute the values

d; = lim—oag; L ({t:})

i.e. the probability that a population member alive right before the time point ¢; will die at
this time point. Almost from definitions we have

-1
a;—10a;

di=1-
v (1 — eti_ti—l)aiil + eti—ti-1

fori=1,...,¢+ 1 where ag4+1 = 1.

Let us again consider the case ¢ = 0 and now assume also that ¢ = 1. Then situation is
completely described by n and

cp=1-— eto_tl, g =1—¢elot2

where c1,co are arbitrary numbers satisfying 1 > ¢o > ¢; > 0. The probability function
normalized by the division by (1 —e~2¢) and (1 — ¢1) is

G(n,zo,21) = ﬁC(n,ﬁ)zS‘(—zo + 1)"*’7(—012’0 + 1)ﬁ21(—cQ21 + 1)ﬁ+1(—clz1 + 1)*(7”2)

which we have to maximize on {n € N|n >n} x {0 < zy <z <1}
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19.

20.

21.

[sum19]|Consider now the case when the death rate of the normalized birth and death process
which we consider is bounded from the below by a non-genative number d (more formally,
we may consider processes for which death rate is defined and is > d on the complement to
a subset of Lebesgue measure zero). For the time being let us call the survival functions of
such processes ”d-normalized survival functions”. If ¢ is a d-normalized survival function on
[to,t1) and ag = o(tg) then one has

> (1 — d)a(] . 1—-d
o> (1 _ e(l—d)(t—to))ao + (1 _ d)e(l—d)(tfto) T 1 = ce(l=a)t

where ¢ = el4D%(qg 4 d — 1)/ag. One further has:

at 1-d d—1)t; _
oo oot _ e —c
e(dil)to —C

ao(e(d_l)(tl_to) — 1) + 1 — d

1—-d

Note that
1—-d . (1 — d)ao .
1—ce@=Dtn (1 — eA-Dt—t0))gqq + (1 — d)e-Dti—t0) — Mo(ao)
where
1 0
M = 17 Dir174) e(l=d)(tiy1—t)
1—d

For d = 1 we have special formulas. See 7?7 below.
Let S(ao,a1,...,aq4;d) be the set of normalized survival functions ¢ such that d(c) > d,

o(t;) = a;. From the previous discussion we see that this set is non-empty if and only if one
has ajy1 > M;(a;) for i =0,...,g—1 and ap > 0, 1 > My(ay).

If d # 1 then the same reasoning as in the case of d = 0 shows that if S(ag,a1,...,a4;d) is
non-empty then for any n > n and any sufficiently small € > 0 there exists a unique function
o there such that the corresponding process maximizes ufﬁol (r~YUe(ts,...,tq))) and the
problem reduces to the maximization of the function (79) on the set of (ao, ..., aq) satisfying

the inequalities a;j+1 > M;(a;) for i =0,...,¢—1 and ag > 0, 1 > My(a,).

Doing the same computations as in (8c) we get:

2¢(d-1) _ 1
—C; (&
i — . 1
e a; 1= d +
and for e = 0 we get
(d=1)(tit1—t:) _ 1
e Bi = aie +1

1—-d

Modulo the factor (2¢)? we may re-write the function which we need to maximize as

n...(n+q—1)C(n,n) Hfi(ai)
i=0
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22.

23.

where
e(d*l)(tlfto) -1 ~

folag) = (1 = ao)" "ag(ao T4 +1)"
and fori=1,...,q
(d=D)(tip1—t:) _ 1 o
e
ia;) = a;(a; 1)t
fla) = as(es Ly
Set:

Z; = Mo_l ...Mi__ll(ai)
fori=0,...,q and

Zgr1 =Myt MH(1)

Transformations M; are order-preserving bijections and therefore the system of inequalities

0< ao; Ml(al) < Ai+1, 1= 07 s g5 Mq(aq) < ]—a

is equivalent to the system

Let

Since zp = ag we have

folao(z0)) = (1 — 20)" ™2{' Lo(20)"
and since for i = 1,...,¢

a; = Mi,1 e Mo(Zi)

we have:

fz(az(zz)) = Mi—l Ce MO(Zi)(LiMi—l . Mo(zz‘))ﬁ—i_i

1 0
Mil...M():( . >
pi 4

1 tp gy el Dl )
bi q;
where p; and ¢; are given by the recursive formulas:

d—1)(tj+1—t;) _
po=0; pit1= e(1=d)(tit1—t:) <e( )(1+—1d ot +Pi> ;

We further have

pld—1)(t
LiM;_y...My= <

(1—d)(ti+1—ti)qi — e(l_d)(ti+1—t0);

Go=1 gq1=e

Therefore i o i
folao(z0)) = eMd=Dt=to) (1 _ 50 \n=R8 () 20 + @) =
= (1 — 20)" "2l (2022 + 1)7
q1

and fori=1,...,¢q

filai(z)) = ePFEDE =10 5 (2 4 )~ (py 25 + giga) ™ =
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24.

= e(d—l)(ti—to)zi(zi& + 1)—(ﬁ+i+1)<zipi7+1 + 1)
4 di+1

Set ¢; = —p;/q;. Then for 1 < ¢ < j < g one has

J
gi,j(z) _ e(d—l)(ti—t0+.--+tj—tO)Zj—i—‘rl(_Ciz+1)—(ﬁ+i+1) ( H (—CkZ—F 1)—2) (—Cj+1z+1)ﬁ+j

k=i+1
and
~ . ~ j ~ .
o = eld DGttty —te) ki (1 _ yn <H<—ckz " 1)2> (epnz 4 1)
k=1
We have
0 e Pir1 - eld=1)(tiy1—to) _ o(d=1)(ti—to) B eld=D(tiy1—to) _ q
0 ) i+1 Gt ) d—1 d—1

In particular 0 < ¢; < -+ < cgq1.

We have .
( 10 >‘ B < 1 0 >
P q -p/q 1/q
<1o>.<1 0>_< 1 0>
P q P q p+ar qd

Our domain of definition for 21, ..., 2, is bounded from the above by

sort = (M Mo) " (1) = (corr + g 1)) = d—1 <1

q+ q q+ q+1 de(d=—D(tgr1—to) _ 1 =

In particular 1/¢; > 2441 for all i. This shows that our previous reasoning applies without
change to show that g1(21)...g4(24) has a unique maximum on 0 < z; < --- < 25 < zg41.
Note: for d =1 we get zg11 = 1/(1 +tg41 — to).
Note: We have
B 1 0
M = 1=e(@7D0ir174) e(l=d)(tiy1—ts)
1—d

and
d—1

Mifl(l) = de(d—l)(ti+1—ti) —1

[sum24] In order to model or construct a birth process with the birth rate function ¢ on
[to, 1] we need to describe for any m and u € [to,t1) the measure al} (m — m + 1) on (u,t]
as the image of the Lebesgue measure on [0, 1] under a function F': [0,1] — (u, ;] II pt.

From the general comments made above we know that we may take F' to be the supremum
or infinum inverse of the probability distribution function A : (u,#] I pt — [0,1] of o} (m —
m + 1). In our case this function is of the form

Aum(t) = all(m —m+1)(u,t] =

u
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-1 (Z)Z(la 1)m —1_ (eifli U(m)dz)m

The main equation tells us that
o' =0(c+d—1)

In the case of constant death rate d we get

Finding ¢ from the condition o(7) = a we get:

(1—d)T a

c=¢ a+d—1

and (d-1)(1—7)
1 -1 (t—7
o(t) = (d—1)ae
a+d—1— geld=1(t-7)

which after a simple transformation agrees with the formula of 19. We further have:

e(d_l)tl _ C—l

— filo(tydt _
e(d—l)to _ C_]'

e

_ aeld=Dt-1) _q _d41

~geld=Dlto—7) — g —d+1

which for 7 = ¢y again agrees with (19). For 7 = ¢; and a = 1 we get

(d-1)(t—t1) _
oo _ €7 T —d
@ Du—t) _ g

Now we need to solve in t the equation

=1 (6_ qu o(x)dm)m -1_ (e(d—l)(t—tl) B d)m(e(d—l)(u—t1) B d)—m

We get:
D10 _ g — (1 = o)l/m(od-Du—t) _ g

t=t,+ (d— 1D n(d+ (1 — 2)V/m(eld"D=t) _ g))

. Let us generalize the formulas further. Let d,b be two constants. The general form of the
solution for the equation
o =o(bo—b+d)
is
c(d — b)eld=0)t
b — beeld=b)t

where ¢ is a constant. From the condition o(7) = a we find

b—dyr ___ ab

_ (- ab
c=¢ ab+d—b

and
(d — b)aeld=b)(t=7)

7T b+ d—b— abeld D7)
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26.

27.
28.

29.

30.

Then
boe(d — b)eld=0)t d celd=b)t
/ a4 = / T T
t b(1—ce ) te[to,t1) O(1 — ce )
11— celdbio
= —ln(il PR C=T

And for o(7) = a we get
1 — celd=b)h

T 1 celdbito
abel =)= _ab —d+1b
abeld=b)(to=7) —qh —d + b

_rh
e fto bo(t)dt

For 7 =ty and a = ag we get

1 — e(dib)(tlfto)
= 1
ab - +

- il bo(t)dt

Let dmin, bmaz > 0, to < t1 and ag,a; € [0,1] Consider the set S of triples of continuous on
the right functions b, d, o on [tg,t1] such that

(a) 0 <b(t) < bmaz and d(t) > dmin,
(b) o’ exists everywhere except possibly for a finite number of points x;,
(c) o(z;) — limyyg,o(t) >0,
(d) for t # x;
[maineq|o’ = o(bo — b+ d) (84)
(e) o(tg) = ap and o(t1) = ay.

_rt
Consider the functional e Jrg bodr on S. We need to find its maximal and minimal values and

the points where these values are achieved.
Lemma. For any o € S and ¢ € [to, 1] one has o(t) € [0,1].

Lemma S is non-empty if and only if

an Z e(dmin_bmaz)(tl_to)ao

Proof:

Proposition. If o is a continuous function satisfying the equation (84) and o(tyg) = ag then

t t x
g(t) — fto b(t)o(T)dr —1—ag b(IL‘)eftO(d(T)_b(T))del‘

to

Proof: Direct verification that
o=—(1/b)g'/g
satisfies (84).

—_— tl . . . .
Proposition. For given b,d, ag, a; the maximal value of e Jio Y797 i achieved by ¢ which is
continuous everywhere except possibly .

Proof: (see notes for March 23, 24, 2009).
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April 15, 2009 Let D = (V,E,E — V x V) be a directed (multi-)graph with the set of vertices
V and the set of edges E. Let F;(D) be the set of paths of length ¢ in D. For u < v set

Pplu,v] = VT (20 e, (o) (Al TTAY, )

For u = v we have A/ )= (0 for all ¢ > 0 and therefore

(u,v
Pplu,ul =V

We can also describe Pplu,v] as the set of triples of the form

1. a right-continuous map ¢ : [u,v] — V,
2. a finite subset z1,...,z, of (u,v] which includes all points of discontinuity of g,

3. for each i = 1,...,n a choice of an edge connecting g_(x;) = limy1,, g(x) to g(x;).

The points of V' correspond to constant functions. If 7 = (e1,...,eq+1) is a path then for

(x1,...,2q) € A‘(Iuﬂ)) the corresponding function is of the form

g([u,z1)) = do(e1); g([wi, wit1)) = oleir1), i=1,...,4—1; g([z4,v)) = do(eg+1);

and
g([v]) = O1(eq+1);
+1

with distinguished points (z1,...,zq,v) and for (x1,...,2441) € Agu ) the corresponding function
is of the form

9([u, 1)) = Oo(er); g([zi, it1)) = Oo(eiv1), i=1,...,q; g([zq,v]) = O1(eq+1);
with distinguished points (z1,...,Zq+1).
For [u/,v] C [u,v] the restriction defines a map
Pplu,v] — Ppu/, 0]

These maps clearly satisfy the conditions of Definition 4.0.2 and we obtain a path system Pp.

We can modify the first description of Pplu,v] using the bijection

1 A?

q+1
A v (u,v

() ):{u<331<~--<3:q+1§v}
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