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With the improvement of machining accuracy, external low frequency vibration has become one of the most impor-
tant factors affecting the performance of equipment. The theory of quasi-zero stiffness vibration isolation shows
favorable low frequency vibration isolation effect. However, the theory, mechanical properties and dynamics of
the system still need to be studied and expanded. Based on our previous research on the structure of a magnetic-air
hybrid quasi-zero stiffness vibration isolation system, the nonlinear mechanical expression of positive and negative
stiffness structure has been analyzed in this paper, to improve application of the system and provide a theoretical
basis for sequential studies of active control. To provide the judgment criteria and basis for the application of
quasi-zero stiffness, a more accurate quasi-zero stiffness mechanical model was to be established, and the judge-
ment criterion and stability of quasi-zero stiffness was to be discussed and analyzed. Then, the dynamical model
based on external low frequency vibration was developed, to investigate the stability and natural frequency. At
the same time, the influence of different feedback parameters on the amplitude frequency characteristics has been
discussed, which provides a basis for the future study of active control. Finally, we carried out simulation and ex-
perimental analysis to verify the stiffness of high static and low dynamic and the low frequency vibration isolation
effect of the vibration isolation system.

1. INTRODUCTION

With manufacturing equipment and processing technology
advancing into nanometer, the low frequency vibration of the
environment has gradually become a key factor affecting the
performance and accuracy of precision instruments.1, 2 After
reviewing many literatures, we find that low frequency vibra-
tion mainly comes from the vibration and noise of seismic
shudder, working environment and personnel flow. Besides,
the frequency ranges from 0 Hz to 10 Hz.3–5 Therefore, to
guarantee the precision performance of instrument, it is ex-
tremely necessary to suppress external low-frequency vibra-
tion interference. Because the nonlinear vibration isolation
theory shows favorable low frequency vibration isolation ef-
fect, it has been researched and applied extensively in the field
of low frequency vibration isolation. In particular, the theory
of quasi-zero stiffness is characterized by high static stiffness
and low dynamic stiffness, which has attracted more and more
attention in the field of nonlinear vibration isolation.6–10

In 1957, Molyneux first proposed the concept of quasi-zero
stiffness, and classified and analyzed vibration isolation struc-
tures with different negative stiffness.11 R.A. Ibrahim intro-
duced the basic concepts and inherent nonlinear phenomenon
of nonlinear vibration isolator, and summarized the specific
types of nonlinear vibration isolators.12 Recently, the structure
of gasbag and magnetism is one of the research focuses. Yang
summarized different types of electromagnetic quasi-zero stiff-
ness structures, and analyzed the working principles of differ-
ent structures.13 Robertson established a 6-DOF quasi-zero
stiffness structure with permanent magnet, proposed the de-
sign concept and relevant theory, and studied its mechanical
structure and control system.14 To realize the stiffness char-
acteristics of high static and low dynamic, Wang designed a
quasi-zero stiffness vibration isolator in the form of Maxwell’s
electromagnetic force and mechanical spring in parallel, and
analyzed the expression of electromagnetic force and dynam-
ics of the system.15 Gao proposed a pneumatic near-zero fre-
quency vibration isolator, which contained two important ele-
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ments: gas and liquid. In addition, Gao established a mixed
pneumatic dynamic model and verified the performance of
large load and low-frequency vibration isolation.16 Chen an-
alyzed the effective area and mechanical properties of the air
suspension element structure, and analyzed the nonlinear dy-
namics of the quasi-zero stiffness air suspension system using
the cell-mapping method.17 Salvatore analyzed the nonlinear
performance from three aspects of path following, bifurcation
analysis and time integration based on bistable mechanisms to-
gether with the tunable superelasticity.18 What’s more, Salva-
tore also discussed the advantages of negative stiffness and the
existence of rich bifurcation scenarios toward quasiperiodicity.
Vo designed a quasi-zero stiffness structure using pneumatic
cylinder with auxiliary chamber, determined and verified the
pressure-change model of the air spring.19 In addition, the in-
fluence of the parameters on the nonlinear dynamics of the sys-
tem was comprehensively analyzed.

To sum up, in terms of airbag and magnetic structure, its
theory, mechanical properties and dynamics of quasi-zero stiff-
ness vibration isolation system still need to be expanded and
studied. Prior to this paper, we designed a magnetic-air hybrid
quasi-zero stiffness vibration isolation structure, and prelimi-
narily analyzed its mechanical properties.20 Therefore, in this
paper, the mathematical model of positive stiffness structure
and negative stiffness structure will be further deduced to im-
prove its applicability. A more accurate quasi-zero stiffness
mechanical model is to be established. At the same time, the
judgement criterion and stability of quasi-zero stiffness is to be
discussed and analyzed, which provides the judgment criteria
and basis for the application of quasi-zero stiffness. What’s
more, to provide theoretical basis for subsequent active con-
trol, the dynamic model of passive-mode and passive-active
mode are analyzed, and the influence of different feedback pa-
rameters on the system is discussed. Eventually, Simulation
and experimental platform of passive mode are built to inves-
tigated and verify the effect of the vibration isolation system.

2. MATHEMATICAL MODELS OF POSITIVE
AND NEGATIVE STIFFNESS ELEMENT

The structure of the adjustable magnetic-air quasi-zero stiff-
ness isolator in the early stage was shown in reference 19 (the
structure was also shown in Appendix A). In the previous stud-
ies, it was assumed that when the pressure p was determined,
the stiffness of air spring was constant and the static balance
position was at x = h. As the corresponding static bal-
ance position of different equipment varied, the electromag-
netic springs and universal joints need to be adjusted at the
same time, thus leading to complex adjustment of the system.
Therefore, this part analyzed and improved the structural math-
ematical model, what’s more, studied the general judgement
criterion of quasi-zero stiffness of the magnetic-air hybrid vi-
bration isolation system.

2.1. Mathematical Models of Positive
Stiffness Element

The air spring was a vibration isolator that can achieve bear-
ing and vibration isolation by compressing gas. It was assumed
in this paper that there was no air leakage in the air spring,
namely, the volume of the air spring remained unchanged.
When the volume kept constant, the greater the compression
was, the larger the effective cross section would be. Therefore,

according to ideal gas equation of state and mechanical equa-
tion,21–23 and it was assumed that there was a linear relation-
ship between compression and effective cross section, we then
obtained the stiffness equation of air spring, as was depicted in
Eq. (1).

Ka = ∂Fa

∂x =
−λ

(
V0
V1

)λ
(p0+pa)

V1

∂V1

∂x

+

[(
V0

V1

)λ

(p0 + pa)− pa

]
· ∂se

∂x

⇓
Ka ≈ λ (p0 + pa)

[
κ2

V1
x2 + 2λ(p0+pa)κs0

V1
x+ λ(p0+pa)s0

2

V1

]
+p0κ

;

(1)

where Vn was the volume of air spring at any time; se,
x, s0 and κ were effective cross section, compression, ini-
tial effective cross section and proportional coefficient of air
spring, respectively; the relationship between these variables

was
{
Vn = constant
se = κx+ s0

p = certain ; pa, p0 and V0 were at-

mospheric pressure, initial state air spring pressure and initial
state volume, respectively; λ, p1 and V1 were polytrophic ex-
ponent, pressure and volume of air spring under current state,
respectively; Fa was the air spring force when the pressure
value was p1, the relationship between these variables was{
(p1 + pa)V1

λ = (p0 + pa)V0
λ

Fa = p1se
. The derivative of Fa with

respect to x was carried out, and the stiffness theoretical Eq. (1)
can be obtained.

It could be figured out from Eq. (1) that the stiffness of the
air spring had a quadratic functional relationship with com-
pression x and a proportional relationship with pressure p,
namely, the force had a cubic relationship with compression
x. Therefore, the stiffness of the air spring could not be simply
equivalent to a constant, which could affect the static balance
of the magnetic-air hybrid quasi-zero stiffness vibration isola-
tion system.

The parameters of the air spring mathematical model could
be obtained via the combination of experiment and fitting,
which could be equivalently expressed as Eq. (2). The compar-
ison between experiment and fitting of air spring was displayed
in Fig. 1. It can be seen from Fig. 1 that it has a good degree of
fitting, and the error relative to the experimental data is within
5%. It verified that Eq. (2) could well display the mechanical
properties of air spring{

Fa = (aP + b)
(
cx3 + dx2 + ex + g

)
Ka = (aP + b)

(
3cx2 + 2dx + e

) ; (2)

where (a, b, c, d, e) were the polynomial coefficient of air
spring.

2.2. Mathematical Model of Negative
Stiffness Element

To meet a different state of static balance, the mathemati-
cal expression of the electromagnetic spring was simplified to
make it applicable in a certain range. Currently, the expres-
sion did not vary with the state of static balance. According
to the previous studies20 and the electromagnetic theory,24 an
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(a) Experiment and Fitting

(b) Error (fitted value - experimental value)/experimental
value

Figure 1. Comparison between experiment and fitting of air spring bearing
capacity.

equation could be obtained as follows:Fz = 2ksz − µ0µrAN2I2

4

(
1

(S−z)2
− 1

(S+z)2

)
Kz = 2ks − µ0µrAN2I2S · S2+3z2

(S2−z2)3

; (3)

where ks was the mechanical spring stiffness inside the electro-
magnetic structure; µ0 and µr were absolute permeability and
relative permeability respectively; A and NI were the effective
cross section and ampere-turns of the electromagnetic structure
respectively; S and z were air gap and horizontal displacement
of electromagnetic structure respectively. Because the state of
static balance (z) was variable, it was inappropriate to adopt
Taylor Expansion to simplify the Eq. (3). When z ≪ S, from
Eq. (3), the stiffness Kz approximately had a quadratic func-
tion relationship with I and z. If z = nS (0 ≤ n ≤ 1),
Eq. (3) could be expressed as:{

Fz = αI2z3 + βI2z2 +
(
γI2 + ξ

)
z + δI2

Kz = 3αI2z2 + 2βI2z + γI2 + ξ
; (4)

Figure 2. Residual analysis electromagnetic force.

where (α, β, γ, ξ, δ) were the polynomial coefficient of nega-
tive stiffness element.

Taking the theoretical Eq. (3) as the data sample, this pa-
per analyzed the reliability of Eq. (4) at the 95% confidence
level. We imported the parameters in Appendix A into Eq. (3)
to obtain the residual analysis results, as was showed in Fig. 2.
Fig. 2 indicated that when n → 0, the change of initial mag-
netic field B was excessively small, and when n → 0.7,
the nonlinearity of electromagnetic force was greatly strength-
ened. It followed that Eq. (4) was not credible because it
was not within the confidence interval. Therefore, when n ∈
(0.05, 0. 6), the expression of electromagnetic force could be
simplified to Eq. (4). In other words, the equation remained
constant within this range.

According to Eq. (4), when the current was constant (I =
Ib), the vibration isolation system was a passive quasi-zero
stiffness isolator with variable parameters; when the current
was I = Ib +∆i, the system became an active-passive mode.
Since the control strategy and active control system of the
active-passive mode were under research, they may not be de-
scribed in depth in this paper.

3. JUDGEMENT CRITERION AND
STABILITY ANALYSIS QUASI-ZERO
STIFFNESS VIBRATION ISOLATION
SYSTEM

3.1. Mechanical Model and Judgement
Criterion

According to Eq. (2) and Eq. (4), if y = x − h (Appendix
A), the mechanical model of magnetic-air hybrid quasi-zero
stiffness vibration isolation system could be deduced as:

F = Fa + 4Fz · tan θ

= (aP + b)
[
c (y + h)

3
+ d (y + h)

2
+ e (y + h) + g

]
+

4

[(
αI2

(√
L2 − y2 − a

)3

+ βI2
(√

L2 − y2 − a
)2

+
(
γI2 + ξ

) (√
L2 − y2 − a

)
+ δI2

)] −y√
L2 − y2

.

(5)
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(a) Force varying with y and I

(b) Stiffness varying with y and I

Figure 3. Force and stiffness of the system.

We input the parameters (Appendix A) into Eq. (5), then the
force and the stiffness of the system were displayed in Fig. 3.

Fig. 3 showed that the current I can change the force and
stiffness of the system. When the structural parameters of vi-
bration isolation system were determined, the quasi-zero stiff-
ness could be adjusted by changing the current I. Of course,
the range of I was not infinite. Once the current I exceeded the
range, the system wasn’t quasi-zero stiffness. Due to the non-
linear characteristic of air spring and electromagnetic spring,
the static balance was not at the state of y = 0 (x = h). There-
fore, K|y=0 = 0 could not be simply used as the judgement
criterion of quasi-zero stiffness.

Based on the stability of the system and the theory of quasi-
zero stiffness, the paper put forward the following judgement
criterion of quasi-zero stiffness of the magnetic-air hybrid
quasi-zero stiffness vibration isolation system:

When p = centain,

∃I make
{
∃y,K → 0 and ∂K

∂y = 0

∀y,K ≥ 0

(ymin ≤ y ≤ ymax, Imin ≤ I ≤ Imax) . (6)

According to the judgement criterion of Eq. (6), current I
and static balance position y of quasi-zero stiffness were shown
in Fig. 4.

(a) Stiffness and derivative of stiffness

(b) Plan of

Figure 4. Change of quasi-zero stiffness with current I and static balance
position y.

3.2. Stability Analysis
The analysis methods of kinematics of nonlinear system

can be divided into qualitative analysis and quantitative anal-
ysis.25 Among them, quantitative analysis can directly reflect
the main characteristics of nonlinear system. The phase plane
method, one of the most intuitive qualitative analysis methods,
describes the kinematics of the system through phase trajec-
tory.26, 27

In this paper, the vibration isolation system mainly isolated
vibration from the ground and reduced the external interfer-
ence to the equipment installed on vibration isolation system.
xj and x were the displacement signal of ground vibration and
the response displacement signal of equipment, respectively.
The dynamics equation of the system was as follows:

c (ẋj − ẋ) + F − mg = mẍ. (7)

We assumed that the ground vibration interference was xj =
A cos (ωt) and brought it into Eq. (7). The phase trajectory in
the coordinate plane of x − ẋ was then obtained. The phase
trajectory at w = (2Hz, 3Hz, 4Hz, 5Hz, 6Hz, 7Hz, 8Hz, 9Hz)
was displayed in Fig. 5, where the blue line represented the
displacement and velocity of the external excitation, and the
red line represented the displacement and velocity of the re-
sponse of the quasi-zero stiffness isolation system.

According to the displacement and velocity of external ex-
citation and system response in the phase trajectory, if the dis-
placement and velocity of the system response are oscillatory,

68 International Journal of Acoustics and Vibration, Vol. 28, No. 1, 2023



Y. Jiang, et al.: DYNAMICS AND STABILITY OF MAGNETIC-AIR HYBRID QUASI-ZERO STIFFNESS VIBRATION ISOLATION SYSTEM

Figure 5. Phase trajectory of magnetic-air hybrid quasi-zero stiffness vibration
isolation system.

the system was considered to be in stability (asymptotic sta-
bility). the circle size of the red line and blue line was used to
judge whether the amplitude of the system response is less than
the excitation amplitude. If the size of red is smaller than the
size of blue, we thought that the system has vibration isolation
effect at this frequency. From the phase trajectory under differ-
ent frequency displacement interference, it could be figured out
that the vibration isolation system showed good stability. The
comparative analysis between interference signal and response
signal indicated that when the frequency of external interfer-
ence signal was 5 Hz (w = 5Hz), the system had favorable
vibration isolation effect in terms of the displacement signal;
while vibration isolation effect couldn’t be found in terms of
the velocity signal. This suggested that the natural frequency
of the magnetic-air hybrid quasi-zero stiffness vibration isola-
tion system was about 4 Hz. The phase trajectory not only veri-
fied the stability of the system, but also indirectly demonstrated
the low dynamic stiffness of the vibration isolation system.

4. DYNAMICS AND INFLUENCE OF
CONTROL PARAMETERS

4.1. Dynamics Analysis of Passive Mode
Based on Eq. (7), the dynamic equation from the ground to

the equipment was established to analyze the favorable effect
of the vibration isolation system on external interference. Ac-
cording to the above equations, the pressure p and current I
didn’t change with time, the system was passive and the force
of the system was a cubic function of the compression y. At the
same time, the mass supported by the system had nothing to do
with dynamic stiffness, but was related to the initial height of
air spring. Therefore, we assumed that, when the system ap-
proached static balance, the force expression of the system was
approximately defined as F = k∆x3 + mg.

Assuming µ = x − xj and xj = Xj cos (ωt), the dynamic
differential equation of passive mode was expressed as:

µ̈+
c

m
µ̇− k

m
(−µ)

3
= ω2Xj cos (ωt) . (8)

(a) Power spectrum

(b) Time-frequency spectrum

Figure 6. The power spectrum and time-frequency spectrum.

According to the theory of harmonic balance method, if µ =
Asin (ωt+ φ), Eq. (8) could be equivalent to:

−ω2Asin (ωt+ φ) +
c

m
ωAcos (ωt+ φ)

− k

m
(−Asin (ωt+ φ)) y3 = ω2Xj cos (ωt) . (9)

By solving dynamic equations, the amplitude frequency char-
acteristic and phase frequency characteristic could be obtained:

(
ω2Xj

)2
=

(
ω2A− 3kA3

4m

)2

+
(
cωA
m

)2
tanφ = −ωm

c + 3kA2

4cω

. (10)

On the basis of mathematical theory, when the two roots
were equal, the quadratic function took the maximum value.
Thus, when ω1 = ω2, the displacement amplitude A reached
the maximum value Amax, and the expression was shown in
Eq. (11):

Amax =

√
c4

3kmc2 − 9
4k

2m2Xj
2 . (11)

Eq. (11) indicated that the denominator approached zero,
namely, 3kmc2 − 9

4k
2m2Xj

2 → 0. If the denominator ap-
proached zero, the maximum displacement amplitude Amax

approached infinity. In other words, in the resonance region,
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Figure 7. Influence of κ1 on system response.

the displacement response of the system was an infinity. There-
fore, to achieve better performance, the following requirements
shall be met:

3kmc2 − 9

4
k2m2Xj

2 > 0 ⇒ 4c2 > 3kmXj
2. (12)

The dynamic model of passive mode was established by using
Matlab/Simulinks. The white noise signal of the base was used
as the input and the response displacement as the output. The
power spectrum and time-frequency spectrum were shown in
Fig. 6.

As could be seen from Fig. 6, the resonance peak was about
4 Hz and the energy was concentrated near 4 Hz. Therefore, the
natural frequency of passive mode was 4 Hz, which verified the
previous conclusion.

4.2. Influence of Control Parameters on
Frequency Response

When the current of electromagnetic spring was I = Ib +
∆i, the system became an active-passive mode. It was as-
sumed that the control force based on ∆i of the feedback signal
on the system was ∆Fi = κ1∆ẍ + κ2ẋ + κ3x. The force of
active-passive mode was defined as F = k∆x3 +∆Fi + mg.
In the active-passive case, the dynamics equation of the system
is as follows:

−ω2A (m+ κ1) sin (ωt+ φ) + ωA (c+ κ2) cos (ωt+ φ)

+kAsin3 (ωt+ φ) + κ3Asin (ωt+ φ) = ω2Xj cos (ωt) ;
(13)

wherein, κ1, κ2 and κ3 were the coefficient of acceleration
feedback signal, the coefficient of velocity feedback signal and
the coefficient of displacement feedback signal, respectively.

By solving dynamic equations, the amplitude frequency
characteristic and phase frequency characteristic could be ob-
tained:

(
mω2Xj

)2
=

(
ω2A (m+ κ1)− 3kA3

4 − κ3A
)2

+(ωA (c+ κ2))
2

tanφ =
ω2A(m+κ1)− 3kA3

4 −κ3A

ωA(c+κ2)

. (14)

According to Eq. (14), in addition to structural parameters,
feedback control parameters were also one of one of the core

Figure 8. Influence of κ2 on system response.

Figure 9. Influence of κ3 on system response.

factors of the system. In this part, we analyzed the influence
of different feedback parameters on the system by using the
control variable method, so as to provide the basis for in-depth
research on control.

One parameter was variable and the other parameter was
constant (value=0). The effects of displacement, velocity and
acceleration feedback gain on the system performance were
analyzed. The results were shown in Figs. 7-9.

It could be figured out from the results that the acceleration
feedback gain κ1 affected whole frequency band. Because the
acceleration reflects the external energy, the overall amplitude
frequency curve had a certain upward shift, but it had no ob-
vious effect on the first-order resonance. It wasn’t obvious to
influence of velocity feedback gain κ2 on the whole frequency
band, but it was directly proportional to the second-order res-
onance. The frequency of resonance was mainly affected by
the displacement feedback gain κ3, which moved to high fre-
quency with the increase of κ3, as shown by the red line in
Fig. 9. To sum up, different feedback signals had different ef-
fects on the system.

5. SIMULATION AND EXPERIMENT

Since the active control strategy has under research, this part
mainly carried out simulation and experimental analysis of the
passive model (I = Ib) to verify the stability and vibration
isolation effect of the passive mode.
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Figure 10. Simulation diagram of passive model.

Figure 11. Simulation results of displacement transfer rate.

5.1. Simulation Analysis
According to the dynamical model of the passive system,

the simulation model was developed. We chose sinusoidal dis-
placement excitation applied on the base as the simulation in-
terference. Because the displacement transfer rate could di-
rectly reflect the vibration reduction effect, this paper took it
as an indicator.28 The displacement transfer rate was the ra-
tio of the displacement amplitude of the system response to
the amplitude of the excitation, which was generally taken as
20log. The amplitude of sinusoidal displacement excitation in
this paper was 5 mm and the simulation step was 0.001 s. The
simulation diagram was displayed in Fig. 10.

The displacement transfer rate between the re-
sponse signal of the equipment and the excita-
tion signal of the base was analyzed when w =
(2Hz, 3Hz, 4Hz, 5Hz, 6Hz, 7Hz, 8Hz, 9Hz, 10Hz). The
simulation results were as follows Fig. 11.

The simulation results revealed that the magnetic-air hybrid
quasi-zero stiffness vibration isolation system had good effect
of vibration isolation from w = 5Hz. Therefore, we veri-
fied the natural frequency of the vibration isolation system was
about 4 Hz. The displacement transfer rates η between 5 Hz
and 10 Hz (interval 1 Hz) were respectively -16.07 dB, - 21.8
dB, - 25.06 dB, - 27.26 dB, - 30.33 dB and -33.37 dB, which
suggested that the system had good effect of low frequency vi-
bration isolation and could effectively resist external low fre-
quency interference.

Table 1. Transfer rate.

13.5Kg 16Kg 21Kg 5Hz 7Hz 10Hz
η -10.29dB -6.41dB -5.73dB -7.09dB -9.29dB -15.27dB

5.2. Experimental Analysis
We built a magnetic-air hybrid quasi-zero stiffness vibration

isolation platform, as was shown in Fig. 12. Due to the limi-
tation of experimental conditions, the acceleration signal was
collected to analyze the effect of vibration isolation.

Based on the experimental platform, two groups of experi-
ments were carried out. One group was aimed to analyze dif-
ferent vibration isolated objects. We chose 13.5 kg, 16 kg and
21 kg respectively as the mass of equipment. In addition, the
excitation signal was the sinusoidal signal with frequency of 5
Hz generated by the actuator. The experimental results were
shown in Figs 13-15. The other group was designed to inves-
tigate the effect of vibration isolation under different low fre-
quency interference. The external interference was sinusoidal
excitation with frequency of 5 Hz, 7 Hz and 10 Hz. Addition-
ally, the mass was a fixed value and the pressure of air spring
was 0.1 MPa. Figs. 16-17 showed the experimental results.
The transfer rate of all experiments was displayed in Table 1.

According to Figs. 13-15 and Table 1, when the mass was
13.5 kg, 16 kg and 21 kg, respectively, the vibration isolation
effects are, respectively, 10.29 dB, 6.41 dB and 5.72 dB. With
the increase of mass, its vibration isolation effect was worse.
This was because the heavier the load was, the larger the pos-
itive stiffness proportion of the air spring in the system was,
and the quasi-zero stiffness of the passive mode was gradually
weakened. Therefore, the negative stiffness was changed by
adjusting the current I, so that the system was as close to the
quasi-zero stiffness as possible under different loads. The cur-
rent regulation belonged to the active control stage, which was
still studying. Although the vibration isolation effect was not
consistent, it was still verified that the magnetic-air hybrid vi-
bration isolation system showed high static stiffness and good
effect of low frequency vibration isolation within a certain
range of the load. In short, the magnetic-air hybrid quasi-zero
stiffness system could adapt to equipment of different mass.

Based on Figs. 16–18 and Table 1, when the frequency of
external excitation was 5 Hz, 7 Hz and 10 Hz, respectively,
the vibration isolation effect could respectively reach 7.09 dB,
9.29 dB and 15.27 dB. Experiments indicated that the natural
frequency of the vibration isolation system was lower than 5
Hz. Because the actual equipment has certain processing error,
the experimental results didn’t directly verify that the natural
frequency was about 4Hz, but 5Hz was about 4Hz which in-
directly proves the validity of the theory. With the increase of
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Figure 12. Experimental platform.

Figure 13. Experimental results of vibration isolation with mass of 13.5kg.

Figure 14. Experimental results of vibration isolation with mass of 16kg.

frequency, the vibration isolation effect became better and bet-
ter, which was because the frequency of external interference
is greater than

√
2 times the natural frequency. To sum up, in a

certain low frequency vibration range, the magnetic-air hybrid
quasi-zero stiffness system had a good low frequency vibration
isolation effect.

6. CONCLUSION
Based on our previous research on the structure of magnetic-

air hybrid quasi-zero stiffness vibration isolation system, the

mathematical model expression of positive and negative stiff-
ness elements has been further analyzed to improve the appli-
cation of the mathematical model. The mathematical model of
vibration isolation system has been established, and the judge-
ment criterion of magnetic-air hybrid quasi-zero stiffness has
been analyzed. It has been figured out that the static balance
was not at y = 0 (x = h). In this paper, external interfer-
ence was considered as excitation signal, while vibration of
the equipment as response signal. Employing the phase tra-
jectory method, we have validated the stability of the vibra-
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Figure 15. Experimental results of vibration isolation with mass of 21kg.

Figure 16. Experimental results of vibration isolation when w = 5Hz.

Figure 17. Experimental results of vibration isolation when w = 7Hz.

tion isolation system and that the natural frequency of the sys-
tem was within 4Hz. What’s more, this paper has built the
dynamics, and analyzed the influence of active control feed-
back on the system. It found out that the coefficient of ac-
celeration feedback signal affected whole frequency band; the
second-order resonance was proportional to the coefficient of
the velocity feedback signal. It provided a certain basis for
the selection of feedback parameters. Additionally, the low
frequency vibration isolation effect of the vibration isolation
system has been simulated and tested. The results indicated
that the magnetic-air hybrid quasi-zero stiffness vibration iso-
lation system could adapt to different equipment whose mass
was in a certain range. Meanwhile, for different external low

frequency interference, the system could achieve vibration iso-
lation effect of more than 7 dB.
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Figure 18. Experimental results of vibration isolation when w = 10Hz.
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A. APPENDIX
The structure of the adjustable magnetic-air quasi-zero stiff-

ness isolator in the early stage was shown in Fig. A.19. The
content has been published in literature 19. An air spring
installed vertically was used as the positive stiffness element
while four electromagnetic springs installed horizontally as the
negative stiffness element. The two were connected in paral-
lel by universal joints. The mechanical model was displayed in
Fig. A.20, and the corresponding basic parameters were shown
in Tab. A.2.

Figure A.19. Structure of magnetic-air hybrid quasi-zero stiffness vibration
isolator.

(a) Mechanical model

(b) Mechanical model of electromagnetic spring

Figure A.20. Mechanical model of magnetic air hybrid quasi-zero stiffness
vibration isolation system.

Table A.3. Basic parameters.

Structural parameters
L h a
11.404 mm 8.5 mm 7.6026 mm

Parameters of 086060H-1 air spring
Minimum compression Safe elongation Stroke Length
44 mm 90 mm 46 mm

Electromagnetic parameters
µ0 µr S A N Imax

4π×10−7 1 10 1070.105 400 7
Vs/Am Vs/Am mm mm2 Turns A
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