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PREFACE

T HE story of Greek mathematics is the tale of one of
the most stupendous achi evemen ts in the history of
human thought . It is my hope that these selections ,
which furnish a reason ably complete picture of the
rise of Greek mathematics from earliest days , will be
found useful alike by classical scholars , desiring easy
access to a most characteristic aspect of the Greek
genius , and bymathematician s , anxious to learn some
thing about the origins of their scien ce . In these
days of specialization the excellent custom which
formerly prevailed at Oxford and Cambridge whereby
men took honours both in classics and in mathematics
has gone by the board. It is now rare to find a

classical scholar with even an elemen tary knowledge
of mathematics , and the mathematician ’

s kn owledge
of Greek is usually confin ed to the letters of the
alphabet . By presen ting the main Greek sources side
by Side with an English translation , reasonably anno
tated, I trust I have don e something to bridge the gap.

For the classical scholar Greek mathematics is a

brilliant after- glow which lighten ed the sky long after
the sun of Hellas had set . Greek mathematics sprang
from the same impulse as Greek philosophy , but
Greek philosophy reached its maturity in the fourth
century before Christ , the century of Plato and

Aristotle , and thereafter n ever spoke with like con
vii



PREFACE

viction until the voiceof Plato became reincarnate in
the schools of Egypt . Yet such w as the vitality of
H ellenic thought that the autumn flowering of Greek
philosophy in Aristotle w as on ly the spring of Greek
mathematics . It was Euclid , followi ng hard on the
heels of Aristotle in poin t of time , but teaching in
distan t Alexandria , who first transformed mathe
matics from a number of un coordinated and loosely
proved theorems in to an articulated and surely
grounded science ; and in the succeeding hundred
years Archimedes and Apollonius raised mathematics
to heights not surpassed till the sixteenth cen tury of
the Christian era .

To the mathematician his Greek predecessors are
deserving of study in that they laid the foundations
on which all subsequen t mathematical science is
based . Names still in everyday usetestify to this
origin— Euclidean geometry , Pythagoras

’

s theorem ,

Archimedes ’

axiom , the quadratrix of H ippias or
Dinostratus , the cissoid of Diocles , the con choid of
Nicomedes . I cannot help feeling that mathe
mat ician s will welcome the opportunity of learning
the reasons for these names , and that the extracts
which follow will enable them to do so more easily
than is now possible . In perusing these extracts they
will doubtless be impressed by three features . The
first is the rigour with which the great Greek geo
meters demonstrated what they set out to prove .

This is most n oticeable in their treatment of the
indefinitely small , a subj ect whose pitfalls had been

poin ted out by Zeno in four argumen ts of remarkable
acuten ess . Archimedes , for example , carries out

operations equivalent to the integral calculus , but he
refuses to posit the existence of infinitesimal quan ti
viii
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ties , and avoids logical errors which infected the
calculus un til quite recen t times . T hesecond feature
of Greek mathematics which will impress the modern
studen t is the dominating position of geometry .

E arly in the presen t cen tury there w as a

powerful movemen t for the arithmetization of
all mathematics . Among the Greeks there w as a

similar impulse towards the geometrization of

all mathematics . Magn itudes were from earliest
times represen ted by straight lin es , and the Pytha
gorean s developed a geometrical algebra performing
operation s equivalent to the solution of equations of
the second degree . Later Archimedes evaluated by
purely geometrical mean s the area of a variety of
surfaces , and Apollon ius developed his awe- inspiring
geometrical theory of the conic sections . The third
feature which cannot fail to impress a modern mathe
mat ician is the perfection of form in the work of the
great Greek geometers . T his perfection of form ,

which is an other expression of the same genius that
gave us the Parthenon and the plays of Sophocles , is
found equally in the proof of individual proposition s
and in the ordering of thoseseparate propositions
in to books ; it reaches its height , perhaps , in the
Elements of Euclid .

In making the selection s which follow I have draw n

not on ly on the an cien t mathematician s but on many
other writers who can throw light on the history of
Greek mathematics . T hanks largely to the labours
of a band of Contin ental scholars , admirable standard
texts of most Greek mathematical works now exist,
and I have followed these texts, indicating on ly the
more important varian ts and emendations . In the
selection of the passages , in their arrangemen t and at

ix
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innumerable points in the translation and notes I owe
an irredeemable debt of gratitude to the works of
Sir T homas H eath , who has been good enough , in
addition , to answer a number of queries on specific
points . T hese works , covering almost every aspect
of Greek mathematics and astronomy , aresome
thing of which English scholarship may justly feel
proud . His History of Greek Mathematics is un

excelled in any language . Yet there may still be
room for a work which will give the chief sources in
the original Greek together with a translation and

suffi cien t n otes .

In a strictly logical arrangement the passages would,
no doubt , be grouped wholly by subj ects or by
persons . But such an arrangemen t would not be
satisfactory . I imagin e that the average reader
would like to see, for example , all the passages on

the squaring of the circle together , but would also
like to seethe varied discoveries of Archimedes in
a Single section . The arrangement here adopted is
a compromise for which I must ask the reader ’

s

indulgence where he might himself have made a

differen t grouping . The contributions of the Greeks
to arithmetic , geometry , trigonometry , mensuration
and algebra arenoticed as fully as possible , but
astronomy and music , though included by the Greeks
under the name mathematics , have had to be almost
wholly excluded .

I am greatly indebted to Messrs . R. and R . Clark
for the skill and care shown in the difficult task of
making this book.

ADE LPHI, LONDOH

April 1 939
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I. INTRODUCTORY

(a) MATHEMATICS AND IT S D IVISIONS

(i.) Origin of theName
Anatolius ap. Her. Def. , ed . Heiberg 1 60. 8— 1 62 . 2

’

EK 7 631!
’

Ava
'
rOAL

'

ov

’

A7ro rivos 56 pafinpaflm) a
’

wopdofin;
OL

’

pév (i776 7 0 13 Hepmdrov ddaxoweg firrro
pLKfig pév Ka i n oun

-

Lia ) ; ovwra cmg re OTHLCOOOUS
‘

povauc
'

qg Ovvaofia i T wo. ovveivaL Ka i l”) y afiovra ,

7 d. 86 Kao ILeva i8L
’

wg pafinpara OUOe'va eL’g e
’

L
'

Onow

Aa
gfi

avew In ) ovxi wporepov e
’

v pafinoeL ‘

yevopevov
rovrwv, SLd rovro pa9nuarm7)v KaAeLOOaL 7 7)v 7TepL
rozfrwv Oewpiav vaeAapBavov. He’ofiaL SeAéyovraL
T O 7 779 y afinparmng OVOILa L

’

SLa L‘

repov e
’

m pom) ;

yewperpLag KaL apLOIL
'

q Ki
z
’

g OL cirro T OU IIv9a

yopov T O yap xp g e
’

xare’pa rovrwv w vopaf

C6 7 0 ,
KOLvov 36

’

ov8€v 7)v dadow ovopa .

”

Anatolius was b ishop of Laodicea about A .D . 280. In

a letter by Michael Psellus he15 sa id to havewritten a concise
treat iseon theEgyptian method of reckon ing.

i.e. sing ing or playing, as opposed to themathematical
study of musical intervals.

T heword pa, from paOe
‘

L
‘

v, means in thefirst place
that which is learnt . In

“
Plato it is used in thegeneral

sensefor any subject of study or instruct ion , but w ith a tend
ency to restrict it to thestudies now called mathemat ics . By
thetimeof Aristotlethis restriction had becomeestablished.

2



I. INTRODUCTORY

(a) MATHEMATICS AND IT S D IV IS IONS

(i.) Origin of theName

Anatolius, C ited by Heron , Defin itions,ed. Heiberg
1 60. 8— 1 62. 2

From the works of Anatolius “

Why is mathematics so named
The Peripatetics say that rhetoric and poetry

and the whole of popular music b can be understood
without any course of instruction , but no one can

acquire knowledge of the subj ects called by the
special name mathematics unless he has first gone
through a course of instruction in them ; and for
this reason the study of these subj ects was called
mathematics.

c The Pythagoreans aresaid to have
given the special name mathematics on ly to geometry
and arithmetic previously each had been called by
its separate name , and there was no name common
to both .

” 4

4 T heesoter ic members of thePythagorean school, who
had learnt thePythagorean theory of knowledgein its

entirety, aresa id to havebeen called mathematicians (M0 977
na

-
rLKot), whereas theexoter ic members , who merely knew

thePythagorean rules of conduct, werecalled hearers (c
’

acov

oaan xot). SeeIamblichus, DeVita Pythag. 1 8. 8 1 , ed .

Deubner 4 6 . 24 if.

3



GREEK MATHEMATICS

(II .) T hePy thagorean Quadrivium

Archytas ap. Porphyr . in P tol. Ha rm , ed . Wallis, Opera
.lIa th . i i i . 93 6 . 40— 937 . 1 Diels, Vors . is. 4 3 1 . 26 — 432 . 8

A A
Il apaKeL

'

OBw 8S K aL vvv T o. Av
’

ra T OU Iluda
I

yOpeL
'

ov ,
ou pahLora K a i yvnOLa Ae

’

yeraL eiva L 7 a
A A

ovyypoiIL/aara
' Ae’yeL 88 eu 7 a) Hepi ILaOnILa '

rLKng

6 139159 e
’

vap ILeI/og 7
-

0 17 Adyov 7 656 .

A
KaALOg ILOL OOKOUVT L roi wepL T O

’

L y afifiy araI 7 v a A a I f l

OLav ILeva L, Ka L ovOev arorrov opfiw g avrovs , OLa

f I f

c
’e ,

nepi GK G O
'

T w V gbpoveew
'

rrepL yap T a g rmv

6
'

v gbiicn og KaALDg 8La '

yvo
'

vres é
’

peMov Ka i wept
1 fi"

A
A 3 A I

rmv Kara pcpog , our sun ,
K a (us ogha ofiau nepL

A A A
re37) ra g rw v dorpw v raxvrarog K a LemroAav Ka i

Ovo iw v wape
’

OLOKav diLLv oaqbr) OLayI/w ow Ka L nepiA
yaperpia g Ka i dpLfipw v Ka L agha LpLKa s

'

K a i. mix

fiKLO‘
ra nepi pw omdg . ravra ydp rd. y adn

'

para
6

‘ I ) ,

OOKOI
'

JVT Lmuev O
’

LSeAqfiea .

Archytas lived in thefirst half of thefourth century B .C .

at T aras (T arentum) in Magna Graecia . Heis sa id to have
dissuaded D ionysius from putting Plato to death . For seven
years hecommanded theforces of h is c ity—state, though the
law forbadeanyoneto hold thepost normally for morethan
oneyear, and hewas never defeated . Heis said to have
been thefirst to writeon mechan ics, and to haveinven ted a

mechan ical dovewhich would fly. For such of h is mathe
matical d iscoveries as havesurvived, seepp. 1 1 9 - 1 1 5 , 1 30—133 ,
984 - 289 .

4
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(II .) T hePythagorean Quadrivium

Archytas, c ited by Porphyry in h is Commen tary on P tolemy
’

s

Ha rmon ics , ed . Wall is, Opera Ma thematica i i i . 9236 . 40

9237 . 1 ; D iels, Vors . i5 . 4 3 1 . 26 — 4 39 . 8

Let us now cite the words ofArchytas the Pytha
gorean , whose writings aresaid to be main ly au

then tic . In h is book On Mathematics right at the
beginning of the argument he writes thus
The mathematicians seem to me to have arrived

at true knowledge , and it is not surprising that they
rightly con ceive the nature of each individual thing
for, having reached true knowledge about the n ature
of the universe as a whole , they were bound to seein
its true light the nature of the parts as well . Thus
they have handed down to us clear knowledge about
the speed of the stars , and their risings and settings ,
and about geometry , arithmetic and sph aeric , and,
not least , about music for these studies appear to
be sisters .

” b

b Sphaeric is clearly iden tical w ith astronomy , and is

aptly defined by Heath , H .G.M. i . 1 1 as thegeometry of

thesphereconsidered solely w ith referenceto theproblem
of accoun t ing for themot ions of theheavenly bodies .

”
T he

samequadrivium is attr ibuted to thePythagoreans by Nico
machus, T heon of Smyrna and Proclus, but in theorder
arithmetic , music , geometry and sphaeric. T helog ic of this
order is that ar ithmetic andmusic areconcerned w ith number
(wooév), ar ithmet ic with number in itself and mus ic with
number in relation to sounds whilegeometry and sphaeric
areconcerned with magn itude geometry w ith
magn itudeat rest, sphaeric w ith magn itudein mot ion .



GREEK MATHEMATICS

(iii.) Plato
’

s Scheme

Plat. Rep . vii. 525 A— 530 D

(a) Logistic and Ar ithmetic
’

AA/\a p7)v Ao'

yLoe ) reKa L dpLOpa m) rrepL
apLBpov wa oa .

Ka L paha .

T a fira 86
’

yea L
'

veraL dywyd wpdg
’

I
’

rrepg6vd39 pév o1
’

5v.f V c V fl
Q v Cnrovpev apa , w g some, pafinparwv av 6 LT)

’

rrepLKd) pév ydp OLd rag rdSeLg
A

dvayxaiov pafiei
’

v

raura , LISLAOOOp 86 OLa ro 7
-

779 OvaLa g arrre'ov
eiva L yeve

’

oew s e
’

favaOvvm,

”

pnOérroreAoyLorLKLp
yeve

’

oGaL.

”
T L

'

odv o
’

L
'eL, d} FAav

'

v , ci.
’

rLg é
’

pOLro adrou’g '

Q HavpaOLOL, wepL rrov apL9,LLLov 3LaAe
'

yeode,
e’v OI; ro ev OLov upeLg d ovre

' e’oe ,
Loov re

EK G G
’

T OV rrav 77ae Ka L ou8€ opLKv OLagbe
'

pov,

popLov reexove
’

ve’aep ovOe’v; rL av OLeL aurous
a 7T OKpLVCl0 0aL,

’

T ofiro é
'

yw
'

ye, O
'

rL rrepi. rov
'

rwv Ae’yovow div 8m.

A I 9 A V 9 A
vo7) 97)vaL povov eyxwpeL, 5 ovOapw s

‘

aera
xeLpiCeofiaL Suvardv.

T L
'

rose7787) (f) ? of regb
T hepassageis taken from thesection dealing with the

education of theGuardians. T hespeakers in thedialogue
areSocrates and G laucon . It is madeclear in Rep . 537 3 - 0

that theGuard ians would receivetheir chief mathemat ical
train ing between theages Of twenty and thirty, after two or

threeyears spent in thestudy of music and
ge
ymnastic and

as a preliminary to fiveyears ’

study of dia ctic Plato s

scheme, it will benot iced, is virtually identical with the
Pythagorean quadriviumexcept for theaddition of stereo
6



INT RODUCTORY

(iii .) Plato
’

s Scheme
Plato , Republic vu. 525 A—530 D

(a) Logistic and Arithmetic

Now logistic and arithmetic treat of the whole of
number.
Yes .

And, apparently, they lead us towards truth .

They do , indeed .

It would appear , therefore , that they must be
among the studies we seek for the soldier finds it
necessary to learn them in order to draw up his

troops, and the philosopher because he is bound to
rise out of Becoming and cling to Being on pain of
never becoming a reasoner . b
Now what would you expect , Glaucon , if someone
were to ask them My good people , what kind of
numbers areyou discussing ? What arethese num
bers such as you describe , every unit being equal ,
each to each , without the smallest differen ce , and

containing within itself no part ? What answer
would you expect them to make
I should expect them to say that the numbers they

discuss arecapable ofbeing conceived only in thought,
and can be dealt with in no other w ay .

Again have you ever noticed that those who are
metry ; and theaddition is moreformal than real since
stereometr ical problems werecerta inly investigated by the
P hagoreans— not least by Archytas— as part of geometry.

P ato also distingu ishes logistic from arithmetic (for which
seetheextract g iven below on pp. 1 6 and speaks of

harmon ics (dppovia) not music (povcnmf) , thus avoid ing
confusion with popular music (ro

’

Sgt/4 138s: uovcn xé v) .b T hereis a play on theG reek word, which could mean
either reasoner or calculator.”

7
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I I A
AoyLorLKOL eLg wavra rd. pa977para COS“ e'rros' emeLv
A I G A I

ofeLs‘ (pvovra L, OL reBpaOeLg , av cv rovrcp wa L
A I ‘N SI

devdwmv Ka L yvpvaowvraL, K av pndev Lucie/b )
BLBOLv , dpw g eig yerd d§15repOL d 13roL adrd

’

w

yiyveoOa L rroivreg e
’

md o
'

aOLv;w ’I ( I

Eoe ,
eq ) , ovrw .

I f T 0 I I I
Ka L p7)v, Log eyqupa L, o. yepeLCw wovov rrapeXeL

I

pavddvoe KaL peAerwe , 0 13K div pad s
‘

0 1386

woAAa dv eiipOLg L139 rovro .

O13 yap o 1
3

v .

I CI I 3 I I

Havrwv 87) eveKa rovrwv OUK aqfiereov ro pafinpa ,

f AM OL o
’

L
'

pLorOL rds (pv
'

oeLg rraLOevre'OLev a 13e.

( I

Zv
’

mfinw. vi 5
’

0 9 .

(8) Geometry
A I f 6 C A A I

T ouro pev rOv v, eeov, ev 7)v KeL0 9w ° Sev
6
‘ I

repov 8g rd e’xdpevov rou
'

rou OKeJJ a
'

IpeHa apa rL

I A
wpoonKeLA I ’I I

T o 7TOLOV ,

’

7) yewperpLav, «1577, AeyeLg ;
A13rd roz

’

iro ,
7)v 5

’

0 I ’I A I

Ooov nev,
e967) , wpog ra rrohepuca a vrov reLveL,

A 0 I

d7)o orL

a“ I

AAA ovv O7) , eeov, npog pev ra rOLavra Ka L

I A I

fipaxv rL dv efapKOL yewperpLa s‘ reKaL AoyLopLuv
I A I

pOpLov
'

rd 8g woAd a 13r 7) g KOLLrroppw repw rrpOLdv

OKorre’L'o ttaL def e’L' rL rrpdg e
’

Ke'L’vo reL'veL, 77d rd

rrOLeLv KarLde'L'v pdov r7)v rof)
’

dyadof) L
’

de’av .

0 13 rOv v rovro ye, 7) v 8
’ e’yLu, dpghw finrnoovmv

7) )uLv OOOL KaL opLKpd yewperpia g eprreLpOL, on

8
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GREEK MATHEMATICS

( 1 177
-

7) 7) e
’

mornpr) rrav r0 13vaeov exeL roLg e
’

v a.13r7)
AoyOLg AeyopevOLg vrrd rw v peraxeLpLCOpevwv.

Il w g ;
I I I

Aeyovcn nev rrov patio. yeAOLLog reKa L avayKan °

I I

LI35: ydp wparrovre
’

g reKa L rrpafewg é
’

veKa wdvrag
rods Aoyovg rT OLovpeVOL AeyoeLv rerpayv CeLv re
K aLrrapareLveLv KaLrrpoorLOe

'

vaL KaLrravra ovrw
V

cpfieyyopevm, rd 5
’

a rm rrov rrav rd pafinpa

yvcéoew g é
'

veKa e’mrndevo
’

pevov.

(y) Stereometry
fl

T i Se'; rpL
’

rovempev dorpovopiav; r) 0 13 OOKe‘L';
’

E)uoLyovv, egbrp .

v 57) ydp O13K dpfiw g rd efns‘ e
’

Aaflopev r7)

yewperpia .

IILDg Aafio
’

vreg ;
Merd. e’r nrredov, 7)v 8

’ e’yw , c
’

v rrepLLpopa
”
ov 7757)

arepedv Aaflovreg, r1
'

v a 13rd Ka9
’

adrd AafleLw
dpfiw s

‘ Be€X€L ef7) s: perd. Sevre
'

pav a 13
'

f7)v re7)v

AapfiaveLv . eorL de’ 770 0 rovro rrepLr7)v rwv Kvfiwv
a v§7)v KaLrd Bafiovs perexov .

"
EorL ydp, d/t . rafird ye, (I) Ea

'

mpareg ,
doxei o 13

'

7rw 7) 13p7) 0 9a L.

Aed. yap, 7)v 3
’ e’yafi, rd aL

'

rLa
'ereoddepia

rrdALg e
’

vr ipw g a 13rd. é
'

Xfl, dofievdig CnreLraL xaAerrd.
dvr a , e

’

rrLora
'

frov rede’ovraL OLCnrofivreg, d
'

vev 0 13

0 13K dv e13'p0 Lev, dv rrpwrov pev yeve'oOaL xaAerrdv,
It is useful to know that theseterms, which areregularly

found in Euclid , werealready in techn ical usein Plato ’

s day .

b Lit. increaseof cubes,” wheretheword increase
is thesameas that translated aboveby dimension .
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INTRODUCTORY

scienceholds a position the very opposite from that
implied in the language of those who practise it .

How so he asked.

They speak, I gather, in an exceedingly ridiculous
and poverty - stricken way . For they fashion all their
arguments as though they were engaged in busin ess
and had some practical end in view, speaking of
squaring and producing and adding “

and so on ,
whereas in reality , I fancy , the study is pursued
wholly for the sake of knowledge .

(y) Stereometry
Again ; shall weput astronomy third, or do you
think otherwise P
That suits me , he said.

We were wrong just now in what we took as the
study next in order after geomet ry .

What did we take he asked.

After dealing with plane surfaces , I replied, we
proceeded to consider solids in motion before con
sidering solids in thems elves the correct procedure ,
after the second dimension , is to consider the third
dimension . This brings us, I believe , to cubical
increase b and to figures partaking of depth .

Yes , he replied ; but these subj ects , Socrates, do
not appear to have been yet investigated.

The reasons , I said, aretwofold. In the first
place , no state holds them in honour and so, being
difficult, they areinvestigated only in desultory
manner. In the second place , the investigators lack
a director, and without such a person they will make
no discoveries. Now to find such a person is a ditfi

T hereis probably a playful referenceto theproblem of

doubling thecube, forwhich seeinfra, pp. 256 - 309.
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0 T hesew ords (03s v13v é
’

xeL) can betaken either w ith what
goes before0 1 W ith what comes after . In thefOImer case
Plato (or Socrates) w ill bereferring to a d ist inguished con

tempora i y (such as Eudoxus or Archytas) who had already
maded iscoveies in solid geometry .

b T h is passageha s been thought to havesomebearing on

thequest ion whether theSocrates of thed ialogueis meant
to betheSoc rates of histo ry or not . T hecondition of stereo
metry, as described in thed ialogue, certa inly does not fit
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cult task , and even supposing oneappeared on the
scen e , as matters now stand,“ those who areinvesti
gating these problems , being swollen with pride ,
would pay no heed to h im . But if a whole state were
to honour this study and con stitute itself the director
thereof, they would pay heed, and the subj ect , being
con tinuously and earn estly investigated, would be
brought to light . For even now ,

n eglected and cur

tailed as it is , not on ly by the many but even by
professed students , who can suggest no usefor it ,
n evertheless in the face of all these obstacles it

makes progress on accoun t of its elegan ce , and it

would not be astonishing if it w ere fully unravelled.

It is certain ly an exceedingly fascinating subj ect ,
he said. But pray tell memore clearly what you
w ere saying just now . I think you defin ed geometry
as the investigation of plan e surfaces .

Yes , I said.

T hen , he observed, you first placed astronomy
after it , but later drew back .

T hemore I hasten to cover the ground, I said, the
more slowly I travel ; the study of solid bodies comes
n ext in order , but because of the absurd way in

which it is investigated I passed it over and spoke
of astronomy , which involves the motion of solid
bodi es , as n ext after geometry .

You arequite right , he said fi

Plato ’

s generat ion , when Archytas and Eudoxus weremak ing
br illian t d iscover ies in solid geometry but , even during the
lifetimeof Socrates, Democr itus and H ippocrates had made
notablecon tr ibut ions to thesamesc ience. T his passage
cannot help, therefore, towards thesolut ion of that problem.

All that Plato meant, it would appear, was that stereometry
had not been madea formal element In thecurriculum but

was treated as part of geometry .
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(8) Astronomy
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T hereseems littledoubt that in this passagePlato w ished
astronomy to beregarded as thepuresc ienceof bodies in
mot ion , of which theheavenly bod ies could at bes t afford
only oneexample. Burnet has madedesperateefforts to

savePlato from himself. According to h is con ten tion , Plato
meant that astronomy should deal with thetrue, as opposed
to theapparent, mot ions Of theheavenly bodies ; it Is tempt
1 4



INTRODUCTORY

(8) Astronomy

Let us then put astronomy as the fourth study ,
regarding that now passed over as waiting only until
some state shall take it up. Those broideries
yonder in the heaven , forasmuch as they arebroidered
on a visible ground, arerightly held to be the most
beautiful and perfect of visible things, but they are
nevertheless far inferior to those that aretrue , far
inferior to those revolutions which absolute speed
and absolute slowness, in true number and in all true
forms , accomplish relatively to each other , carrying
their contents with them— which can indeed be
grasped by reason and intelligence , but not by sight .
Or do you think otherwise
No, indeed, he replied.

Therefore , I said, we should usethe broideries
round the heaven as examples to help the study of
those true obj ects , just as we might use, if we met
with them , diagrams surpassingly well drawn and

elaborated by Daedalus or any other artist .
Hence , I said, we shall approach astronomy , as we
do geometry , by means of problems , but we shall
leave the starry heavens alon e , if we wish to obtain a

real grasp of astronomy , and by that means to make
useful , instead of useless, the natural intelligence of
the soul .

ing but difficult to reconcilethis w ith thedecisivelanguage
of thetext . Fortunately Plato ’

s own pupils in theAcademy,
notably Eudoxus and Heraclides of Pon tus, adopted a dif

ferent attitude, us ing mathemat ics to accoun t for theactual
motion of theheavenly bodies and Plato himself does not

appear to haveheld consisten tly to thebelief hereexpressed,
for heis sa id to haveput to h is pupils thequestion by what
comb inat ion of un iform c ircular revolut ions theapparent
movements of theheavenly bod ies can beexpla ined.
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(e) Ha rmonics
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Seethefragmen t from Archytas, supra , pp. 4 - 5 .

5 Socrates proceeds to censurethePythagoreans for com
mitt ing thesameerror as theastronomers . they investigate
thenumerical rat ios subsist ing between audibleconcords,
but do not apply themselves to problems, In order toexamine
what numbers areconsonant and what not, and to find out

thereason for thed ifference(e
’

rrLO
'
KorreLv rL

'
ves‘ ov'pgbwvor. LipL9poL

KaLrL
'

ve9 KaLd rL
'e’KLirepOL) .

In thecattleproblem Archimedes sets himself to find

thenumber of bulls and cows ofeach of four colours . T he
problem, stripped of its trimmings, is to findeight unknown
1 6
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(v.) Later Classification

Anatolius ap. Her. Def . ,ed. Heiberg 1 6 4 . 9 - 1 8
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i.e. , that which deals with non - sensibleobjec ts .

b Geminus, according to Proclus in E ucl. i . (ed . Friedlein
88 . 8 g ives thesameclassification , only in theorder
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tion and splitting up of fractions , whereby it ex
plores the secrets lurking in the subj ect-matter of

the problems by means of the theory of triangular
and polygonal numbers. Its aim is to provide a

common ground in the relations of life and to be use
ful in making con tracts , but it appears to regard
sensible obj ects as though they were absolute .

(v.) Later Classification

Anatolius, cited by Heron , Definitions,ed . Heiberg
1 6 4 . 9 - 1 8

How many branches of mathematics arethere ?
There aretwo main branches of the prime and

more honourable type of mathematics ,“ arithmetic
and geometry ; and there aresix branches of that
type of mathematics concern ed with sensible obj ects ,
logistic , geodesy, optics, canonic , mechanics and

astronomy
fi That the so- called study of tactics and

architecture and popular music and the study of

[lunar] phases ,
° or even the mechanics so called

homonymouslyflarenot bran ches of mathematics ,
as some think , we shall show clearly and methodically
as the argument proceeds .

ar ithmetic, geometry, mechan ics, astronomy, optics, geo
desy , canon ic, log ist ic . Geodesy means thepractical
measurement of surfaces and volumes ; canon ic is the
theory ofmusical in tervals log istic is theart of calculat ion ,

as opposed to ar ithmetic , by which is mean t what weshould
call thetheory of numbers. Geminus proceeds to g ivean
elaborateanalysis of thevar ious branches.

Accord ing to Heiberg, thismeans das Kalenderwesen .

d Heiberg interprets this as dieprakt ischeMechan ik ,
diesich im Namen von der theoretischen n icht unter
scheidet.
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(b) MATHEMAT ICS IN GREEK EDUCAT ION
Iamb l. DeVila Py thag . 1 8 . 89 , ed. Deubner 52 . 8 - 1 1
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Plato is thought to haveredeemed this pronusetowards

theend of theLaws , wherehedesc ribes thecomposition of

theNocturnal Councxl, whosemembe1 s arerequired to have
considerableknowledgeof mathematics .

5 T heG reek wordgis derived fi om thesameroot as the
20
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(b) MATHEMAT ICS IN GREEK EDUCAT ION

Iamblichus, On thePythagorean Life1 8 . 89 ,ed. Deubner
52 . 8 - 1 1

The Pythagoreans say that geometry was divulged
in this mann er . A certain Pythagorean lost h is
fortune and when this befell h im ,

he w as permitted
to make mon ey from geometry . But geometry was
called by Pythagoras inquiry .

Plato , Laws vii. 8 17 E— 82O D

ATHEN IAN STRANGER . Then there are, of course ,
still three subj ects for thefreeborn to study . Cal

culat ion s and thetheory of numbers form onesubj ect
the measuremen t of length and surface and depth
make a second and the third is the true relation of

themovemen t of the stars oneto an other . T o pursue
all these studi es thoroughly and with accuracy is a

task not for the masses but for a select few— who
these should be we shall say later towards the end
of our argumen t , where it would be appropriate
for the multitude it wi ll be proper to learn so much
of these studies as is n ecessary and so much as it can

rightly be described a disgrace for the masses not to
know , even though it would be hard, or altogether
impossible , to pursue with precision all of those
studies .

Well then , the freeborn ought to learn as much of

these things as a vast multitude of boys in Egypt
learn along with their letters . First there should be
calculation s of a simple type devised for boys , which
they should learn with amusemen t b and pleasure ,

G reek word for boy , and Plato is play ing on thetwo
words.
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Heath (ILGJ lI. i . 20 n . 1 ) first satisfactorily explained
theconstruction of this sentence.

T heAthen ian Stranger, generally taken to mean Plato
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such as distributions of apples and crowns wherein
the same numbers aredivided among more or fewer ,
or distributions of the competitors in boxing and

wrestling matches by the method of byes and draw
ings, or by taking them in consecutive order , or in
any of the usual ways .

“ Again , the boys should play
with bowls con taining gold, bronz e , silver and the
like mixed together , or the bowls may be distributed
as wholes . For, as I was saying , to incorporate in
the pupils

’

play the elemen tary applications of
arithmetic will be of advan tage to them later in the
disposition of armies , in marches and in campaigns ,
as well as in household management , and will make
them altogether more useful to themselves and more
awake . After these things there should be measure
ments of obj ects having length , breadth and depth ,
whereby they would free themselves from that
ridiculous and shameful ignorance on all these topics
which is the natural condition of all men .

CLEINIAS. And in what, pray, does this ignorance
con sist
ATHEN IAN STRANGER . My dear Cleinias , when I

heard, somewhat belatedly , of our condition in this
matter,b I also w as astonished such ignorance
seemed to me worthy , not of human beings , but of
swinish creatures , and I felt ashamed, not for myself
alone , but for all the Greeks .

himself, proceeds to explain at length that heis referring to
theproblem of incommensurab il ity . T heG reek (dxodaas
d¢é rrore) could mean that hehad only lately heard either
of incommensurab ility itself or of theprevalen t Greek ignor
anceabout incommensurab ility. A. E . T aylor comments
that in v iew of references to incommensurability in qu ite
early d ialogues it seems better to takethewords in the
latter sense.

23



GREEK MATHEMATICS

KA. T OD 77e'pL; hey orL Ka L (753k, L5 fe
'

ve.
A6 . Aeyw 57j

°

{La /XAOV Seepw rcfiv O'O L Seigw .

Ka L
'

l
LLOL GILLKpdv dn dxpwa v ywvcfioxem 770v

pfiKos ;
I I

KA . T L

Ae. T L
’

Se'; 77Aoir0 9 ,
’

KA . Ildvrw 9 .

4; A or n a I Ie) . H KaL raura on v earov, Ka L reov

rov
'

rwv Bd00 9 ;
KA. Ild) 9 ydp of}

,

T 3 A A 1" Ie. Ap ovu ou BOK €L O
'

OL ra ura eLvaL 77avra

perpnrd 77pd9 dMnAa ;
KA. Na L

'

.

Ae. Mijk d9 reoijaa L 77pd9 yfiKog , Ka i 77Aoir 0 9
I I f I

77p0 9 77Aa 7 0 9 , KaL Ba 90 9 w aavrw g Suvarov eivaL
perpeiv gbv

'

aeL.

KA . d dpa ye.

AG) . Bi 8
’ e'orL pareadodpa prjrevypepa Suvard

evLa
, aAAd rd ne

'

v, rd Be“77, av Se77avra nyfi, 77w 9

0 LeL 77pd9 raura 5La KeLc79aL;A 0 I

KA. Ankor orL avkw 9 .

AG) . T L 8
’

av pxrpco9 reKa L 77/\a 7 0 9 77pd9 Ba90 9 ,
ij 77/\arO9 reKa L a o9 77pd9 aMnAa ,

a

p
ou

8Lavoovjde9a 77epL raura ovrw 9
"
EM771/e9 77avre9 ,

(139 v araf e’arL perpeioda L 77pd9 d
'MnAa ducfig

ye
'

77w 9 ;
I T

KA. Havran aaL p.ev ovv .

A9 . E8 3
’

é
'

a e a t
?

Imdapd
‘

mpndapfi Suvard,
I ( I 1‘ ( I I Q

navreg 8 o77ep eL770v, EAAm/e9 3Lavoovpe9a CL) 9

Buvard
, [M3 12 0 13K d

’

fLov z577e‘p n dvrwv a io vde'I/ra
”
Q

‘

EAA
'eL77eLV 77pd9 avrov

'

9 fierLarOL rLuv nvw v,

eu eKev V rour eorw mv egbajuev a ioXpdv [LG
‘

V
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yeyovevaL rd pr) errLoraodaL, rd 5 e’n iaraaea t
ravayKa La ovdev 77avv Kao ;V
KA . IIw 9 5 ou;

I y y I

AO . Ka L 77pog roe L9 yeaMa eoe rovrwv

ovyyevn,
ev oi9 a v 770 /\Ad dpaprrjy ara eKev v

ddedgbd WI LL) en yveraL rw v dy aprnparwv.

KA . Il oLa 87j;A
A9 . T d rwv perpnrwv reKaL dpe

'

rpwv 77po9

dMnAa firw t q aeL yeyovev raura ydp 877 axo

77ouvra 8LayLyvo30
'

KeLv dvayKaLov 77 77avra 77aaw

eLvaL davdov, wpoBaMovra redMnAOL9 deL, 3La
rpLa rfi9 77erreLa 9 770Av XdpLeore

'

pav npeafivrwv
5LarpL

'

Bovra , (pLAOVLKeLv ev raL9 rovrwv afLaLaL
ao a Lg .

M V A U I A
KA. Iow 9 ' eoucev yovv 77 re77erreLa KaL raura

’M I

A 0
I I

A
I

9a 77 wv ra pa muara ou n apn o v Kexp o d L.

Isoc. Panathenaions 26 - 28, 238 B - D

T 779 pev ovu 77a L8eLa 9 rfi9 v7rd rwv rrpoyovwv

KaraAeLqSBeL
'

mjg rooovrov Se'w Karacppovew , w ore
K aL r7)v 6 96 fipwv KaraaradeLoav e77d v , Aeyw Se

Plato Is probably censuring a belief that if two squares
arecommensurable, their s ides arealso commensurable;
and if two cubes arecommensurable, their surfaces and sides
arealso commensurable. T hed iscovery that this is not

necessar ily so would arisein such problems as that ro

pounded in Mano 82 3 — 85 B (doubling of a square) an in

theduplicat ion of thecube(seeinfra , pp. 256 T he
only d ifficulty is that commensurab ility is not always im
possible(pndapw s pndap 3vvara). A belief that areas and

volumes can beexpress in linear measurewould meet this
sti ulation , but it seems tooelementary to call forelaborate
reutation by Plato.
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to know such necessary matters is no great achieve
ment a

CLEIN . Certainly.

AT H . In addition to these , there areother related
points, which often give rise to errors akin to those
lately mentioned.

CLE IN . What kind of errors do you mean
AT H . The real nature of commensurables and in

commensurables towards one another fi A man must
be able to distinguish them on examination , or must
be a very poor creature . We should continually put
such problems to each other— it would be a much
more elegant occupation for old people than
draughts— and give our love of victory an outlet in
pastimes worthy of us.

CLE IN . Perhaps so ; it would seem that draughts
and these studies arenot so widely separated.

Isocrates, Panegyric of Athens 26 - 28, 238 B - D

So far from despising the education handed down
by our ancestors, I even approve that established in

b According to A. E . T aylor, this means that behind the
morespec ial problems of thecommensurab ility of spec ific
areas and volumes therelies theproblem of constructing a

general ‘ theory of incommensurables.

’

Hecalls in the
ev idenceof Epinomis , 990 3— 99 1 B , for which seeinfra ,
pp. 400- 405 . For further references to theproblem see
infra , pp. 1 10- 1 1 1 , 2 1 4 - 2 1 5 .

Isocrates began this last of his orations in his n inety
fourth year and it was published in h is n inety-eighth . He
expresses similar sen timen ts about mathematics in An tidosis

26 1 - 26 8 ; seealso Xenophon , fifemorabilia iv . 7 . 2 if.

Heath ’

s dry commen t i . 22) is It would appear
thereforethat, notwithstanding theinfluenceof Plato, the
att itudeof cultivated eOplein general towards mathemat ics
was not different in P ato ’

s timefrom what it is to-day.

”
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r
‘

rjv reyewperpLav Ka L r7)v a arpv yLav Ka L rov9

8La/\oyov9 rov9 epLorLKov9 Kakovpe
'

vov9 , OI9 OL pev
vew repOL pLaMov Xa LpovoL rov 8eovr0 9 , rw v 8e
npeofivrepwv ov8eL9 eoe ,

oorL9 av dveKrovg a vrov9

eivaL cfirjoeLev .

’

AM’

6
'

n eyd) rOL9 wpprype
'

vow e77 L raura

n apaKeAevopa L 770veLv Ka L 77pooeXeLv rdv vovv a 77a OL

rovr0 L9 , Aeywv, (1 1 9 a Ka L pn8ev aMO 8v
'

vara L rd

padmuara ravra 77 0LeLv dyadov, dM
’

ovv dn or
p
e'neL

yerov9 vew repovg 77 0 /\v d v dpaprnparwv .

roL9 pev ovv rnALKoe Ls ov8e770r av evpednvaL
vopL

'

Cw 8LarpLBd9 rov
'

rcov 0 1386 nd)

o 77pe770 150‘

a 9 roi9 8d npeoflvre'pow Ka i 7 0759 ei9
a v8pa 9 8e8OKLILaOILev0 L9 oe rL 95a rd9 p

ederag
raura 9 dpporreLv . opw ydp eviov9 rwv e77L roL9

padrjpam roe L9 ovrw 9 annKpLBLoa
evwv w oreKa L

rov9 aMov9 8L8aOKeLv, our evKap 9 ra L9 e7rL
O

’

T 7NLCLLS
‘

d L9 exovaL xpwpevov9 , ev rera L9 aAAaL9
Wpaypareiaw ra L9 77epL rdv BLov dcppovearepov9
ovra 9 rwv padryrw v OKvw ydp eL77eLv rc OLKerLov.

(c) PRACT ICAL CALCULAT ION

(i.) Enumeration by Fingers

Ar istot . Prob. xv . 3, 9 10 b 253— 9 1 1 a l

ALd ri 77dvre9 d
'

vdpa mm, fidpfiapOL Ka i
t'

EMr)ve9 , eL9 rd 8eKa K
“

,arapL9p. 0 va L Ka L ouK eL9
aMov dpLdpov, OLov B, y ,

8
,
e, eira 77 d x\Lv errava

8L77)\ovaLv,
ev 77evre, 8vo 77evre, w onep ev8eKa ,

8a38eKa ; . r) on 77avre9 vnfipfa v a vdpw rrOL

exovre9 8eKa OLov ovv L/nycpov9 eXovreg
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our own times— I mean geometry , astronomy , and

the so- called eristic dialoguesr in which our young
men delight more than they ought , though there is
not one Of the Older men who would pronoun ce them
tolerable .

Nevertheless Iurge those who areinclin ed to these
disciplin es to work hard and apply their mind to all

of them
, saying that even if these studi es can do no

other good, they at least keep the young out Ofmany
other things that areharmful . Indeed, for those
who areat this ageImaintain that no more helpful
or fitting occupations can be found ; but for those
who areOlder and those admitted to man

’

s estate
I assert that these disciplin es areno longer suitable .

For I notice that some Of those who have become so
versed in these studies as to teach others fail to use
Opportunely the scien ces they know , while in the
other activities of life they aremore unpractical than
their pupils— Ishrink from saying than their servants .

(c) PRACT ICAL CALCULAT ION

(i.) Enumeration by Fingers

Aristotle, P roblems xv . 3 , 9 10 b 23— 9 1 1 a 1

Why do allmen , both barbarian s and Greeks , count
up to ten and not up to any other number, such as

2 , 3 , 44 or 5 , when ce they would start again , sayin g ,
for e xample , oneplus five, two plus five, just as they
say oneplus ten , two plus ten a Is it that all
men were born with ten fingers Having the

a T heGreek words for 1 1 and 12 mean literally one- ten ,

two- ten .
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A I A A
rov OLKeLov apL9/Lov , rov

'

rcp rcp 77A7j9eL Ka i rd d
'

AAa.

dpL9pOfiaLv.

N icolas Rhabdas, ed. T annery, Noticesetextraits des manu
scrits dela B ibliothequeNationa le, vol. xxx i i . pt. 1 ,

pp. 1 4 6 - 152

"
BwooL9 roz

’

) 8aKrvALKoz
'

5 pe
'

rpov

’

E 8
‘ A

O
I 0

v eraL9 XGPO’

L Ka efeL9 rov9 apLHy OUS ovrw 9

Ka L ev pev rr) Aa La , ogbeiAeL9 deL rov9 pova8LKov9
Ka L 8eKa8LKov9 KpareLv dpL9pov9 , ev 8e7 7) 8e§La
rov9 eKarovra8LKov9 K aL XLALovra8LKov9 , r ov9 8e
e77e'KeLva rov

'

rwv xaparreLv ev rLVL
°

ou ydp eXeL9
on w 9 Ka9e§eL9 ev raL9 xepo'L.

EvoreMope
’

vov roii 77po
’

1 rov Ka i pLKpOU 8aKrzio ,

rov pvw 7m9 Kao ILevov , rwv 8ereaaapwv eKrera
I
’

Levwv K a L Larapevwv op9v , KarexeLg ev pev rfi
d pLarepa XeLpL pova8a ”Lav, ev 8errry 8e§La XLALov
ra8a utav .

KaL 77aALv ovoreMoILe
'

vov Ka i. rozirov Ka i. rOL
'

i

per
’

adrdv 8evre’pov 8aKrv
'

o , rov n apape
’

aov Ka i

e’mfia
’

rov KaAOUpL éI/OU, rw v 8eAOL77Lov rpLLDV 609

396a rjnAwpe
'

vwv, Kparei9 e
’

v ne
‘

v rfi edw vv
'

y op
8v

’

o , e
’

v Sé rfi 8efLo
'

i 8LOXL
'

La

T ov 8
’

av reou UUO
’

TeMO

H
éV

A

OU, 777
'

OL rov agba

Kev KaLpeoov ,
KeLpLevwv K a L rLoverepwv 8vo , rwv

T heword wepmilew to five used by Homer
(0d . iv. 4 12) in thesense to count ,” would appear to bea
relic Of a qu inary system Of reckon ing . T heG reek XeL

'

p,

liketheLat in manus , is used to denote a number ofmen ,

e.g . , Herodotus vii. 1 57, v i i i . 1 40 T hucyd ides i i i . 96 .

b N icolas Artavasdas of Smyrna, called Rhabdas , lived
in thefourteenth cen tury A.D . Heis theauthor Of two letters
30
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equivalent of pebbles to the number of their own
fingers, they came to usethis number for counting
everything else as well .

“

Nicolas Rhabdas,“ed . T annery, Noticesetextraits des manu
scrits dela B ibliothéqueNationale, vol. xxx i i . pt. 1 ,
pp. 1 4 6 - 152

Exposition Of finger- notation

This is how numbers arerepresented on the hands
The left hand is always used for the un its and tens ,
and the right hand for the hundreds and thousands ,
While beyond that some form Of characters must be
used, for the hands arenot sufficient .
Closing the first finger— the little one, called

myope— and keeping the other four stretched out

straight , you have on the left hand 1 and on the right
hand
Again , closing this finger together with that next

after it— the second, called next themiddleand epi
bate— and keeping the remaining three fingers open ,

as we said, you have on the left hand 2 and on the
right hand 2000.

Once more , closing the third finger— called spha

helos and middle— and keeping the other two as

ed ited by T annery, Of which thesecond can bedated to the
year 134 1 by a calculat ion Of Easter. Heedited thear ith
metical manual of themonk Max imus Planudes .

A s imilar system is expla ined by theVenerableBede,
Detemporum ra tione, c. i. , Decomputo vel loquela dig i
torum.

”
Heimplies that St . Jerome(ob. A.D . 420) was also

acqua inted with thesystem.

In theGreek thenumerals aresometimes wr itten in full,
somet imes in thealphabetic notation , for which seeinfra ,

p. 43 .
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A I I A A I

8eAomwv 8vo eKreraILevwv, rov ALXavov Aeyw Ka L

7 00 dvr ixeLpog , eio iv drrep Kpare
'

ig e
’

v pev rfi Aa La

57, e
’

v 83: rfi 8e§Lc:i ,
I I A I A I

HaALv O
‘

voreAAopevw v rw v 8vo , rov peoov Ka L

77apape
'

oov ,
rj
'

yovv roz
'

) 8evre'pov K a i rpL
'

rov ,
Ka i rc

V M 9 I A 9 I I

dv Ovrwv efnnAwpevw v, rov aeXeLpO9 Aeyco ,

f A
rov ALXavov Ka L rov puw 77o9 , eLa Lv_ a

'

77ep KpareL9 e
’

v

pev rry Aa La 8, ev 8err)ry 8ec:i , [
8

A
IIaALv rov reou, rov Ka L ILe

'

aov , ovvearaAjue
'

vov ,A A I A
Ka L rw v AOL77Lov reaoapwv 877o ow
fl A 9 A A 1 3 A A
a 77ep KpareL9 (ev pev rnAa La> e, ev 8ern 8e§La e.A I I

T ov emfiarov 77 dALv, rov K a i 8evrepov , o vv

eoraAjLe
'

vov Ka ircfw AOL77 L13v <7eo adpwv>
2fj77i Levwv,

Kparei9 e
’

v pe
‘

v rfiedcovv
'

jua) e’v Bé rfierepa 1
5

”

T OGmiwn 0 9 77dALv, rofi K a i 77p rov, e
’

KreraILe
'

vov

Ka i rfi waAdyn 77poc7 1/ra v
'

ov7 0 9 , rc 8é
_
AOL77 LDv

iarape
’

vwv
_
dp9L

'

Lv9 , eia iv d
'

77ep Kare'XeL9 , C, ev SéA $1

rn aMy , IC.

A I I A I f I

T ov 8evrepov 77aALv, rov K a L n apapeaov , opOLw 9
1“ A

e’KrerapLe
'

vov Ka L KAL
'

vovrog d
'

XpL9 ou rn d 9Lo

reAeL'w 9 npoaeyyion, c v 803 AOL77LDv rpLLDV, rov

rpL
'

rov , rov reroiprov K a i rofi 77e'p. 77rov , (L9 77po

eL'pnra L iorape
'

vcov dp9iwv, rd yevdpevov O
'

Xfipa
ev uev rr) Aa La 87)AOL ev 8e7 7) 8e§La 77,77

Ovrw 9 ovv Ka L rov
A

reov yevopLevov ,
KeLpLevw v

Ka L rw v dAv 8vo , rov 77pa3rov Ka L 8evrepov ,
K ard

A A A A
rd adrd oa a, év pe

‘

v rn dpLorepa 877o oLv 9, ev
8erfi dMy 7

9
fI A I Q I

IIaALv rov aexeLpog rjnAw/Levov , o L 8 v77ep

Aodji add. Morel.
reaoa'pwv add . T annery.
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aLpope
'

vov , d wkayfw g mug , Ka i 7 0 6 Aa vofi

JWOKALvope
'

vov d
'

xpLg dv 7 43 7 0 6 dw fxeLpog wporépcy
dpdpcp av e'an, Ewg dv ye

’

mraL o fyy arog oxmua ,

n ov 36
‘

Aomcfiv 7
,
0 t q o LKLBS‘ finkwyuévwv Ka i pn

‘

)

xp lopLe
'

vwv dn
’

dMfiv , d/t ovvnppe
'

vwv, 7 6
A

roLov
'
rov e’u ne

‘

v 77) 6 13w p xeLpi mypaL
'

veL SéKa ,
e’v SE 7 16

(
86d fi.

(11 ) T heAbacul
Herod . n . 36 . 4

d upa
'
ra ypcicfiovm Ka i AoyL

'

Cow -

aL xfifidmm
"
EA

Anves‘ pév 7 6 W dpw repc
'

bv 3773 7 d. Sed 9156
'

powes rfiv xefpa , AL
’

yv
'

m'

LOL 83: dnd 1 1 131) 86 §L03V £1 72
rd dpLG T Gpd

’

Ka i wOLefiv'reg ram-

a (1 137 02 pe
’

v a c u

I 0 3 Iem 86 §La 7TOL€€LV, Ea a g 86 en apLo Tepa .

It is perhaps unnecessary to follow this trifleto its end.

Rhabdas proceeds to show how thetens from 20 to 90, and

thehundreds from 200 to 900, can berepresented in similar
manner. Details areg iven in Heath , H.G.M. ii. 552

I havenot found it possibleto givea satisfactory rendering
of Rhabdas

’

s names for thefingers. Poss ibly prim/1 should
betranslated spur (though this seems a morenatural name
for thethumb than thefirst finger) and e’mBaims rider
odxixekos (oddxeMos in theMSS.) can mean spasms or con

vulsions , and Mr. Colin Roberts tentatively suggests (to my
mind convincingly) that themiddlefinger is so called because
i t is °

oined with thethumb in crack ing thefingers .

heonly anc ient abaci which havebeen preserved and

can defin itely beidentified as such areRoman . It is dis

puted whether thefamous Salamin ian table. discovered by
84
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cally but somewhat aslant , and the forefinger is bent
until it touches the first j oint of the thumb , so that
they resemble the letter 0 , while the remain ing three
fingers arekept open in their natural position and

not separated from each other but kept together , the
figure so formed will signify on the left hand 1 0 and

on the right hand

T heAbacus 5

Herodotus 1 1 . 36 . 4

In writing and in reckoning with pebbles the
Greeks move the hand from left to right , but the
Egyptians from right to left “

; in so doing they main

tain that they move the hand to the right , and that
it is the Greeks who move to the left .

Rangabeand described by h im in 1 84 6 (Revuearche’ologique
is an abacus or a game- board thetablenow lies in the

Epigraphical Museum at Athens and is described and illus
trated by Kub itschek (W

'

L
'ener numisma tischeZeitschrift,

xxx i . , 1 899 , pp. 893 - 398 , with Plate Nag] (Abhand
lungen zur Geschichteder Ma thema tik, ix ., 1 899 , plateafter
p. 357) and Heath, H .G .M. i . 4 9- 5 1 . T heessenceof the
G reek abacus, liketheRoman , was an arrangement of the
columns to denotedifferen t denominations, e.g. , in thecase
of thedec imal system un its, tens , hundreds, and thousands.
T henumber of un its in each denomin at ion was shown by
pebbles. When thepebbles collected in onecolumn became
suffic ient to form oneor moreun its of thenext highest
denomination , they werewithdrawn and theproper number
of pebbles substituted in thehigher column .

T his implies that thecolumns werevertical.
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Diog . Laert . i . 59
y o A I I
Eheye86 rov9 T rapa

f

rom ‘
T vpaVVOLS

‘ SuvapevovgI A I A A
wapa nhnmovg elva L ra L9 51177960 5

"
T CLLS

‘ em 7 wv AO
I C

yLoyw v . Ka i ydp e
’

Kev v ek dor'

qv 770 7 3 ye
‘

u 77/\6 L
'

w
PI I

omua fvew , wore33 Ka L T OUT CUV f or) ; T vpciv

vovg worenew é'Ka orov pe’yav dyew KaL Aayxnpo
'

v,

770 7 6
‘

36 dn pov.

Polyh . Histor. v. 26 . 13

I 3 4“ I A
Ow w g yapeLow OUT OL wapawhno LOL raL9 em “

ra w

3 I I A I A
afiamwv ¢n¢0 Lg

° eKeLva L yap Kara 7 7p) 7 ov

I I V I

¢n¢L§ovrog fiovhnow ( 1p xa /bcovv Ka L Trapav
'
ruca

7 dhaw ov foxv
'

ovow ,
of 7'

s nepi ( 10d Kard 7 6

7 0 6 Bamhe
’

w g vevpa ua xdpLOL Ka i 77a 77680 3

(“Gen/oi yL
'

VOVT aL.
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Diogenes Laertius i . 59

He [Solon] used to say that men who surrounded
tyrants were like the pebbles used in calculations
for just as each pebble stood now for more , now for
less, so the tyran ts would treat each of their courtiers
now as great and famous , now as of no account .

Polyb ius, History v . 26 . 13

These men arereally like the pebbles on reckoning
boards . For the pebbles , according to the will of
the reckoner , have the value now of an eighth of an
obol , and the next momen t of a talen t while
courtiers, at the nod of the king , arenow happy , and
the next moment lying piteously at h is feet .

a In theSalamin ian table(seesupra , p. 34 n . b) theex
tremedenominat ions on onesideareactually thetalent and
thexahxofig obol).
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four times . Four other symbols areformed by com
pounding two of the simple signs .

By combinations of these signs it is possible to rept e
sen t any number from 1 to 50000. For example ,
F‘XHHHAAI

—
‘IIIl= 6 329.

Notwithstanding the opinion of Cantor,
“ there is

very little to be said for this cumbrous notation . A

second system devised by the Greeks made useof the
letters of the alphabet , with three added letters , as
numerals. It is not certain when this system came
into use,”but it had completely superseded the older
system long before the time of the writers with whom
we shall be concerned, and for the purposes of this
book it is the only system which need be noticed. In

it an alphabet of 27 letters is used : the first nine
letters represent the units from 1 to 9 , the second
nine represent the tens from 1 0 to 90, and the third
nine represent the hundreds from 1 00 to 900. To
show that a numeral is indicated, a horizontal stroke

Vorlesungen fiber Geschichteder Mathemat ik, i’ , p. 129.

For a full consideration of thedategiven by Larfeld (end
of ci hth cen tury and that g iven by Keil (550—4 25
eath, H .O.M. i . 33 - 34 .sec
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is generally placed above the letter in cursive writing ,
as in the following scheme

oz= l i = 1 0 p
= 1 00

B= 2 fr=eo o = 200

X= 3o ~
r = soo

S= 4 pt
= 4 0 v = 4oo

g= 5o $= 5oo
s
=
= 6 § = 6O x

= 600

Z= 7 ¢ = 7oo
7T = 80 m = 800

e= go x
= 9oo

The horizontal stroke is often omitted for con

veniencein printed texts .

In this system there arethree letters 5 (Stigma, a

form of the digamma) , Q or C? (Koppa) and 3 , (Sampi)
which had been taken over by the Greeks from the
Phoenician alphabet but had dropped out of literary
use. As there is no record of this alphabet of 27
letters in this order being in useat any time , it seems
to have been deliberately framed by someone for the
purposes of mathematics ? Though more concise
than the Attic system , it suffers from the disad
vantage of giving no indication of place - value ; the
connexion between 6 , 17 and o5, for example , does not
leap to the eye as in the Arabic notation 5 , 50, 500.

a In sometexts themethod of ind icating that a letter
stands for a numeral is an accen t placed abovetheletter and
to theright, in thefollowing manner

L
'= 10, p

'=100.

A doubleaccent is used to indicatesubmultiples,e.g
7
”=

2
1
r9 A T

n =
ait tr°

Gow , A Short History of GreekMathematics, pp. 4 5- 4 6 .

4 3
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Opin ions differ greatly on the facility with which it
could be used , but the balan ce of opin ion is in favour
of the View that it was an obstacle to the develop
ment of arithmetic by the Greeks .

By combination of these letters , it is possible to
represen t any number from 1 to 999. Thus pvy= 1 53 .

For the thousands from 1000 to 9000 the letters a to 9
areused again with a distinguishing mark , gen erally
a stroke subscribed to the letter a little to the left,
in addition to the horizontal stroke above the letter.

Thus
,
a= iooo

For tens of thousands the sign M is used, generally
with the number of myriads written above it .

a. B

M 10000, M= 20000, and so on (Eutocius) .
Y

Another method is to usethe sign M or M for the
myriad and to put the number of myriads after it ,
separated by a dot from the thousands .

Thus

Y_ _

Mp8.

ln¢ 0 § = 1 04 8576 (Diophantus Vi. 22 ,ed. Tannery

In a third method the symbol Mis not used, but the
symbol representing the number of myriads has two
dots placed over it .

Thus

(Heron , Geometrica xvn . 33 , ed.

Heiberg 34 8 .

Heron common ly wrote the word
l
uvptdaf g in full .

To express still higher numbers , powers of myriads
were used. Apollon ius and Archimedes invented
4 4
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systems of tetrads and octads respectively to
indicate powers of 1 0000 and 1 00000000.

T here was no single Greek system for representing
fractions. With submultiples , the orthodox method
was to write the letter for the corresponding number
with an accent instead of a horizontal dash , e.g . ,

8
’
= i . There were special signs, 4

’

and C
'

, for 5,
and w

' for g. The Greeks , like the Egyptians, tried
to express ordinary proper fractions as the sum of
two or more submultiples . Thus Z.

’
8
'

§ + i
A

'

(Eutocius) . There was a limi t to
what could be done in this way , and the Greeks
devised several methods of representing ordinary
proper fractions . The most convenient is that used
by Diophantus, and occasionally by Heron . The
numerator is written undern eath the denominator,
which is the reverse of our modern practice . Thus
X
2
5

6
—1

7
—5

g
. A method commonly used in Heron ’

s

works was to write the denominator twice and with
an accent,e.g. , 8 Cg

“

LB Sometimes the
word Aer —

ré (
“ fractional parts was added, e.g. ,

Aer—rd va
'
va

' There is no fixed order of
preference for numerator and denominator . In

Aristarchus of Samos we find 8150 as
’ for

2
2

3
. and in

Archimedes Z oa
’ for where only the context will

show that 1 07
1
-

1
is not in tended.

Several fragments illustrating elemen tary mathe
matical operations have come to light among the
Egyptian papyri.

“ The following tables (2nd cent .
A.D .) show how fractions can be represented as sums of
submultiples . The Greek is set out in columns . The

a I am indebted to Mr. Colin Roberts for drawing my
attent ion to them.

4 5
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first two column s give the numerator of the fraction
to be split up. The denominator is not explicitly
announced in the table , but it is implicit in the first
lin e . Fractions aremarked with signs like accents ,
usually but not always over every letter . The sign
Afor i will b e noted. Dots under letters indicate
doubtful readings.

Michigan Papyri, No . 1 4 5 , vol. i i i . (Human istic
vol. xl . ) p. 36

I, ii

A T ableof T wenty- thirds

I I
K 7
I I I I
'I
I

I“;

fl. S
I I I

n ew p
'
h
'

q
'

T ow

Equivalent in Arabic Notation

1
_
1

32
—
3 2 3
2 1

A T ableof T wenty—ninths

7 01 11 A K9
'

O
'A'fl’

7
!

[K
'
H

’

A [V
'

h
'

pis

L
I I

T o w K
'

]9
'

v
'

n
'

ro w L
'

B
'

] r
'

p
'

n
'
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Equivalent in Arabic Notation

7 9
1 3 1 1 1 l I

“

a
W
1 5 1 +

1

T 6 f 1
8

1

as a +w + ss

The Greeks had no sign corresponding to 0, and

never rose to the conception of 0 as a number .“
Having no need of a sign to indicate decimal posi
tion , they wrote such a number as 1 007 in only two
letters

[
a

By means of these devices theGreeks had a

complete system of enumeration . Here area few
examples of complicated numbers taken from
Eutocius

M EXWY 4
'

1 37394 3gg.

fil
l

/l
g
AB
C; 4

,
L5
"

54 72090511 6 : 54 72090923"

With these symbols the Greeks conducted the chief
mathematical operations in much the same manner,
and with much the same facility , as we do . The
following is an example of multiplication from

In h is sexagesimal notat ion , Ptolemy used thesymbol 0
to stand for oddepia poipa or obSéV e'fnrcoordv. T hed iverse
views which havebeen held on this symbol from thet imeof
Delambrearesummed up by Lor ia (Lescienzeesattenell

’

an tica Gracia , p. 76 1 ) in thewords In baseai documenti
scopertiedec ifrat i s ino ad ogg i , siamo autor izzat i a negare
chei Greci usassero lo zero nel senso enel modo in cui lo

adoperiamo noi.
"

4 7
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Eutocius
’

s commen tary on Archimedes ’ Measurement
of a Circle(Arch im . , ed . H eiberg iii. 24 2)

1 5300

5000 2500 1 50

300 1 59

3

M
l yvd Total 23409

The operation , it w ill be noticed , is split up into a

number of simple operations . 1 53 is first multiplied
by 100, then 1 00, 50 and 3 areseparately multiplied
by 50, and lastly 1 00 and 53 areseparately multiplied
by 3 . The products arefin ally all added together to
make the total of 23409 .

On ly onee xample of long division fully worked out

survives in the whole of the extan t corpus of Greek
mathematical writings— ih T heon ’

s Commentary on

theSyntaxis of Ptolemy . The same work contains an

example of the extraction of a square root . Both

passages will be reproduced, but as the notation is
sexagesimal a few words of explanation aren ecessary .

The sexagesimal notation had its origin among the
Babylonians and was used by the G reeks in astro
nomical calculations . It appears fully developed in
the Syntaxis ofPtolemy and the Commentaries of T heon
and Pappus .

“ In this system the circumferen ce of a
a T heon of Alexandr ia (to bedist inguished from T heon

of Smyrna ) is dated by Suidas in thereign of T heodosius I
(A .D . 379 H is commentary on l ’tolcmy

’

s Syn tax is is in

eleven books , and h is famous daughter Hypa tia assisted in
its revis ion . Pappus of Alexandria flour ished in thereign of

4 8
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(b) DIVISION

T heon Alex . in P tol. Ma th . Syn . Comm. i . 1 0,ed . Rome,
StudieTesti, lxx ii. 4 6 1 . 1 4 6 2. 1 7

.

130 71 1 ) BeKa i oivdrrahw Sode'vra dpLdnbv
wapof rey o ipag Ka i rrpcfn

'

a Ka i Sev'repa e
'

fnxoord.

(form 6 80 96 29 Lip
’
iLOg d 5322 K Le°

Ka i 350 1)

30m ) pepioaL adrdv r7a rdv K
—
é LB 5, rovre'o e

ebpeiv 770 0 t 9 e
’

oriv 6 55
'

s LB 5e
’

v r t?) 1? L
’

é .

Mepilgopev adrdv wpw rov n apd rdv if, e
’

weLOfi‘
n

‘ep d
n dpd rdv fa i rreprrirrreL Ka i q aLpofiitev e

'

fnxov

rdKL rdv reK € Kai rdv LB, Ka i é
'

rL rdv i .

wpcirepov rdv K 6 , Ka i yL
'

vovraL
,
agb

° elra e’rri rciiv

AOL'TT J J V “Op v LeK Ledvahtiaavreg rd9 LeiLOL
'

pa s

eig npwra. e'f'qxoord Ka i wpoode
'

vreg adroig rd.

wpwra e
'

f'qKOO
'

rd I? rc
’

bv yevope
'

vwv Eyewpw ra

I f f I

waALv egnxoora agbaLpovyev efnk ovramg ra LB,
rovre'oe x/Ja

"
Ka i é

'

rL Lind ro
’

lv AOeLDV wpo
'

irwv

e'f'q fcoorwv a rea l. Sevre'pwv LecigbaLpovpev
KovrdKLg wa

’

hw rd 1 “

yL
'

veraL Seurepa neve'fnxoord.
Wemayexhib it T heon

’

s working as follows

lst division 25
°

12
’

10
"

l 5 1 5
°

20
’

1 5 6 0
°

=1 500°

l 5
°=9oo

'

920
'

720
’

10 .60
°

50
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(b) DIVISION

T heon of Alexandr ia , Commen tary on P tolemy
’

s Syn tax is , i .
10,ed. Rome, StudieTesti, lxx i i . 4 6 1 . 1—4 62 . 1 7

Conversely , let it be required to divide a given
number by a number expressed in degrees , minutes
and seconds . Let the given number be 1 5 1 5° 20'

and let it be required to divide this by 25
°

1 2
' that is, to find how often 25

°
1 2

'
10 is

con tained in 1 5 1 5
°
20

’

We take 6 0° as the first quotient , for 6 1
°
is too

big ; and we subtract sixty times 25
°

and sixty
tiInes 1 2

’

and also sixty times 1 0 Firstly , we
take away sixty times which is In the
remainder , 1 5

°

20
’

1 5 we split up the 1 5
°
into

minutes and add to them the and from the
resulting 920

’ we subtract sixty times that is ,
This leaves 200' and we n ow subtract

2ud divis ion 25
°
12

’

10 1 90
’

1 5 7
'

= 1 75
'

1 5
'=900

3rd division

=825

4 50

5 1
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x, 77pw ra 88 i . eira 77d/\Lv rd dn ohme'vra‘
rrpc

'

bra

e'fvyKoord pC Ka i 8etirepa Lc pepigopev 77apd rdv

K 6
, Ka i yL

'

veraL d peptopds 77apd Z 15776p77L
'

77
'
re

7

yap 77apa rov 77. KaL ra yet/opera 6 K 7 77; 77apa

Bohfis
‘ e§nKoord 77pw ra poedgbeLhoiLev 51770 rw v

pg 77pw rwv ea oorw v . enecra rd /\OL77d L6 77pw7
'

a

ef'qKOO
‘

rd dva /lvaavreg Gig 8evrepa 3
,

K a L 77poa

Bel/reg ae Lg rd 8evrepa ea oord L6 , d77o 7 631)

yevope
’

vwv q a Lpovpev e77raKLg rd LB 7777pw ra

efvyKoara , rovre’orLV 778 8ev’repa ea oora , 8Ld ro

K a L rd Z 77pw ra eLvaL ea oora . K a L vwohemerar
AOL77d who. 8evrepa ea oora . KaL ET L ddehovuev
6
,
11 0 i e'wroiK Lg K a i rd L 8ev'repa efvyKoora , d

yL
'

veraL rpL
'

ra éa oord 6
, rovre’arw 8evrepov d

Ka i rpL
'

ra. Z. Ka i /\OL77d 15776AL
'

7777 8ev
’

repa éa oord

d Ka i rpL
'
ra 17. raura wafhw 77apd rdv Ke. Ka i

yLveraL O nev pepw pog 77apd rov Ay , eK 86 mg

wapaBoilng mKe8evrepa ea oora . AOL77d
1577 6AL7777 8ev

'

repa ea oard 8, rpL
'

ra 8ev
, Oy. ou 8s

rea 0 CI. 6 77 6 Lra 77a /\LV a qbeixlopev rd LB 77pwra

e'fzzKoord rpLaKovroiK L Ka i rpig K a i yL
'

veraL rpL
'

ra.

rCS
‘

, Obs WOLeiv é
'

n ora rdv {LepLapO
‘

v rdv
I
agbLeK Le

a n A
77apa rov K 6 LB L, f E lly ,

6 7T 6 L Ka L eau raura

I 3 I f
woMaflAaOLa owpev em ra K 6 LB L ovvayeraL o

,
agbLeK L? é

'

n ora .

I
Q ¢L€ K L6 105 LB 2

(c) EXT RACT ION or SQUARE ROOT
Ibid . 4 6 9 . 1 6— 4 73 . 8

T ov
'

rw v dewpnde
'

vrwv, e
'

fijs
‘ dv sin 8La/\aBeiv 77a) ;
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sixty times 1 0 that is 600 or The remainder
is 190

’

and, making a new start , we divide by
25

° the quotien t is for 8' is too big . The number
resulting from this division is 1 7 which we subtract
from the There is a remainder of which
we split up into 900

"
and to it add the from

the resulting 91 5 we subtract seven times
which is 84 ” on accoun t of the seven being minutes ;
there is left a remainder 83 1 ” Simi larly we sub
tract seven times which is or 1 ”

The remainder is 829 We divide this in turn
by The quotien t is 33 and the numberresult
ing from the division is leaving a remainder of
4
” or Nex t we subtract thirty—three
times whi ch is T hus the quotien t
obtain ed by dividing 1 5 1 5° 20’

1 5
” by 25° 1 2 ’

1 0
”
is

approximately 6 0° 7 33 inasmuch as, if we multiply
this quotien t by 25

°
1 2

' the result will be
approximately 1 5 1 5° 20' 1 5

1 5 15
°

20
’

1 5 25
°

12
’

10 60
°

7
’

33
"

(c) EXT RACT ION OF SQUARE ROOT

Ibid. 4 6 9 . 1 6— 4 73 . 8

After this demon stration the n ext step is to inquire

1 “ Formesuspecte. Voir pourtan t H irt. Handbuch der
griechischen Laut und Formen lehre, 28ed . , Heidelberg, 1 9 12 ,

p.
— Rome.
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dv 8ode'vrog XLOpL
'

OU 7 Lvdg rerpayv ov psi) gxow og

whevpdv pfiKeL fi7)r 7)u 7 7)v m5veyyv$ d 157 0 15 rerpayw
vLK7)v 77/\evpdv emhoy

w é peda . Ka i é
'

a erd roLov

rov em p7)r7)v exovros: rrhevpav, 6 K rov 8
'

dewpfiparog rov B
'

BLBALOU rLov EroLxeLLOv, 0 15 7)
77poraOLg eae roLa 157 7)

° edv ypappn) 7 )u
7)07)

L159 ervxev , rd drrd r7)9 rerpaywvov Loov 15 0 e
ra g red77d ra wrunparwv rerpaya

'

WOLg Ka L rw 829

1577d rwv rpnparw v wepLexope
'

vw opdoywvw ) . edv
ydp exovreg 8096

'

V7 a dpLd/Ldv rerpaywvov Lbs rdv
c w e 7 A

pp8, p7) 7 7)v exovra whevpav Lug r7)v AB evdeLav, KaL
Aad reg adrofi e’hdaoova rerpdywvov rdu p, 0 15C I 0

eoe 77/\evpa L, KaL vrrodepevm r7)v AF L, 8L77Aa
r 7 1 c s a

OLaOavreg d ur7)v [KaL] 8m. 7 0 069 m m rLov AF,

PB , ( 77apd)
2
rd yevo

'

peva K wapaBdAwLLev [77apd]
a

7 d /\OL77d B8, rwv dflOAeLwope
'

vwv 8 earaL 7 d d77d

PB , av7 7) 86 pfiKeLB 7)v 815 m u 7) AF L
°

KaL

3M)
"
apa 7) AB

"eoraL pOp v LB, O77€p 6 8a 8eL§aL.
1

Ka i. om. Rome. ’
7rap<i add. Rome.

3
77apd om. Rome.

T hed iagram w ill maketheprocedureclear. T hesquare

r=so
°
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in what manner, given thearea of a square whose
side is irrational, we may make an approximation to

its side . In the cas e of a square with a rational side

the method is clear from the fourth theorem of the
second book of the Elements , whose enunciation is as

follows If a straight linebecut at random, thesquareon
thewholeis equal to thesquares on thesegments, and
twicetherectanglecontained by thesegments. For if the

given number is a square such as 1 4 4 ,having a rational
side AB , we take the square 1 00, which is less than

1 4 4 and has 10 as its side , and make AI‘ equal to 1 0.

Doubling it , because the rectangle contained by AI
‘

,

T B is taken twice , we get 20, and by this number

we divide the remainder 4 4 , obtaining a remainder 4

as the square on PR, whose length will therefore
be 2 . Now AF was 1 0, and therefore the whole AB

is 1 2 , which was to be proved.

“

AA is divided up into thesquares EZ , BZ and theequal
rectangles AZ , ZA.

T hus, squareAA=squareEZ +2 rect. AZ + squareBZ
or 1 44 : 102 +2 . 10.2 +22. Generally, if a g iven square
number A isequal to (a +x)2, wherea2 is a first approxima
tion , then

A a
2 2dx x

2

and wefind thevalueof a: by dividing 2a into theremainder
when a

2
'

IS subtracted from A.

If A is not a squarenumber, then this g ives a method of

finding an approximation , a +73. to thesquareroot.
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'

Iva 86 K a L a n e 0 5
‘

ra w €V 77) Zvvrafa 77apa K 6 L

[4 6:v apL9)1 Lov 1577 OghLV 7))LLV y 6 v7) 7 a L 7) r7
)9
Ka rd

p 6
'

pog a cpa Lp6
'

0 6 w g 8LaKpLOL9 , 770 L7) O O)1L6 9a r7)v Lin d

86 L§Lv 6u i rov 8915 dpL9p.ov , 0 1
5

7 7)v 77A6 vpdv 65696 7 0

[.LOp V 15C8 6KK 6 L
'
O9L1 ) p iov 7 6 rpdyLovov 7 d

ABFA, 8vvd)u. 6 L 11 6120 1) 0 1
5

rd 6
’

p.Ba8dv 60 7 0)

BOp v Kai 86011 60 7 0) r 7)v 0 15V6 yyvs

8v779=4 489°

ofq
'
z QGS

'

rpaw LKnv 77/\6 vpav 6 77Lhoy loa a9aL. 677 6 2 0 1
5

V

T hemethod which T heon proposes to usemay besum
marized as follows. A first approx imat ion to thesquareroot
56
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L7 15veyyvg 7 0 15
I
8¢ 7 6 7pa

'

yLOvog fi7) 7 7)v 6
'

w nhevpdv
d
'

v pova
’

8wv 60 7 21! 8 0 779 whevpc
'

ig 7 0 15 fl ,
dgbypfi0 9w Lind 7 0 15 ABI

‘

A 7 6 7paya5vov rd AZ

rerpdywvov pova
’

8wv 807
-

79, 0 15 7) nhevpd 60 7m
8Lov 52 Li liomdg d

'

pa d BZZA yva
5

1 v 6orm.

ROI/ (58071) LE , 6 9 dva/\150 avr 6 9 6 159 77pL
‘

07 0. 6§nKoord

xf 6K97) 0
'

L
5

11 6 9a . 677 6 Lra 8L77AaOLLioavreg r7)v EZ 8Ld
rd 829 15770 EZ , Li) 0 77 6p 677

’

6 1596 L
'

a 9 r7) 9 EZ 77)v ZH
Aad VOL/ra

‘

, 77apd 7 d yevo
’

peva p/\8 n apaBaAoiipev
rd X5 657) K0 0 7 d 77pwra ,

KaL rwv y 6 v0p6vwv 6 K 7 77?

n apaBoln) ; 8 77pa57 wv 6§7) K0L77 L0v 6§0n6 v 6Ka7 6pav
ra w E0 , HK . KaL dvarrll'qpa

'

raavreg 7 d OZ ,
ZK

KaL a 15rd qST S
‘

77pa57 wv

6577Koarw v, 6Kar6pov 86 ou L767) . 6 7 a n aALv 7 d

1577t 77617 0. pK8 77pw7 0. éfflKOOT d. dvahv
'
oavres‘ eig

86 157 6pa Tun, dgbd ovpev KaL rd ZA Lind 77pLL57 LOv

8 y 6 v0p 6 vov 6§nKoarwv 86 07 6pwv LS
‘

, Lva. yvobpova.

776pL96vr 6 g e 6§ apx7) 9 7 6 7paya5vcp 7 LpAZ examev
rdAA 7 6 rpdywvov Lind 77A6 vpdg fig 8 ovvaydnevov

pOLpLDV l
8v§ § 175

"
LS

‘

. Kai /\OL7rdv 77Li/\Lv rdv BAAA

yva5)u.ova pLOLpdiv B y 128: rovr 6
'

0 7 Lv Sevre'pwv
6§nKoarLov 2513 . 67 L 86 77dx\Lv 8L77Aa0 Ld0 av7 6 9 r7)v
0A LB; 677 6 1596 Lag rvyxav0 1507) g 7 7) 9Ams AK ,

KaL 77apd 7 d ywopeva 7 d ZvK8
86 157 6pa 667)KOL77 d , rwv 6K r7) 9 77apaBO/\7)9 y 6 vo

11 6v V6 6n Ora 8evr 6pwv 6§nKoorwv 6xop 6 v

74 244 y yEuclid that ‘

60 2 (602) 15 approximately
602

and weobtain a tr ial valuefor y by d ividing +
6

4

0)
58
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which approximates to 4 500
°
but has a rational side

and consists of a Whole number of units is 4 4 89° on a

side of let the square AZ, with area 4 4 89
°
and

side be taken away from the square ABI
‘

A.

The remainder, the gnomon EZZA, will therefore be
which we reduce to 6 60' and set out . Then

we double EZ, because the rectangle on E2 has to
be taken twice , as though we regarded ZH as on
the straight lin e EZ, divide the result 1 34

°
into

and by the division get which gives us each of
E6 ,

HK. Completing the parallelograms GZ, ZK,

we have for their sum or 26 8 ’ each . Con

tinning , we reduce the remainder, into
and subtract from it also thecomplement ZA, which
is in order that by adding a gnomon to the
original square AZ wemay have the square AA on
a side 6 7° 4 ' and consisting of 4 497

°

56
' The

remainder , the gnomon BAAA, consists of 2
°
3
'

that is , Continuing the process, wedouble
6 A, as though AK were in a straight line with GA
and equal to it , divide the product 1 34

°

8
’

into
and the result is approximately 55 which gives

134 —
8 into 74 24 , which yields y =55. Putting$6

2

2 as the60

valueof GB , KA, weget thevalue
36 88

+ 6
4
19 foreach of the

3 7
602 603

7 Q
teets . BA, AA, or

7

602 6
—

0

0
3 for their sum. Subtract ing “1 15

7

6

1

33
4
weget 3

5
2
4-

6
1
39
"which T heon notes will beap

55 2

proximately thevalueof thesquareAI‘

, or As a
602

4 6 40 2800 1 6 800 55 3 3025
matter of fact ,

602
+
6 603 60‘

while
6046 02
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GREEK MATHEMATICS

6
'

n 0
'

7 0. 6Ka 7 6
'

paV e GB , KA. Ka i. ovpnAnpa
’

r

oaV7 6 9 7 d BA, AA wapaMnAdypappa , 6§op 6 V
Ka i a 157 d 657) K 0 <7 7 &3V 86 v7 6

'

pw V y 6V [ C7 0 K a i. 7
,
05e

6K ci7 6pov 86 86 v7 6
'

pwV p6V 6§7) Koor coV l

'

yx77 6 Ka i,

7
,
0 5e Ka i Aomd 15776AL

'

777) éfflKOO‘

T d 86 157 6p0.

ps7 Ka i. 7 pL
'

7 a y , d
'

77 6p 6n ora 770 L6Z rd AF 7 6 7 pd
‘

w OV, an d 77/\6 vpa 9 rvyxaVOV V6 86 v7 6
'

pwV 657)
KOUT wV, K a L 6oxou6 V 7 7)V 77A6 vpdV rov ABFA

7 6 rpaya
'

wov , {LOp V 7 vyxavovrog 1
896: 6C 8 V6

6n ora .

Kai. KaOdo 6dv {777 11311 6 17 dpLOuofi
‘
T LVOS

‘

r7)v 7 6 7paw LK7
‘

)V WAGUpdV

Bavopev 77pw roV rov 0 15V6 yyvg 7 6 7paywvov apLHpov

7 7)V 77A6 vpaV . 6 L7 a 7 a 157 7)V 8LT TACLOLQ O’

Q VT 6 S
‘

K a L

77apd rdV ‘

yLVO‘
LLGVOV apLfid yepw avres‘ rdV AOL7TOV

dpLH/LdV dvaAv96
'

V7 a 77p<37 a 6577K0 0 7 a
'

, Ka i. d77d

7 0 17 6K rfig wapafiokfig '

y6 vop. 6
'

Vov dgbekofipw rerpd
w OV, Ka i. o

’

waAv
’

ovreg 77091LV 7 d 15770 /\6 L77c5)LL6 VCL 6 139

8e15repa 667) Kooraf, Ka i. pepL
'

Covreg 77a 7 6V 8L

77/\aoL
'

OVa e pOp V Ka i 6§op 6 V
6y

'

c 77 a rdV r7) 9 77A6 vpds
‘

rov

7 6 7paya5Vov xp
'

ov (iptgy é V .

(d) EXT RACT ION or CUBE Roor

Heron , Illetr. i i i . 90, ed . Schone1 78 . 3- 1 6

86 86 2Aafie
'

L
‘

V 7 13V )5 y ovd8w v KvBLKfiV 77/\6 vpdV

VGV 6po 17p6 V .

1 So theoldest MS. In others thenumbers areworked
III II III

out to theequ ivalent forms K yxm) y.

In theG reek of theoldest MS . thenumbers areg iven as

7370
”

and 36 85
”
220 in which form T heon would first

6 0



ARIT HME T ICAL NOTATION

us an approximation to 6 B ,
KA. Completing the

parallelograms BA, AA, we shall have for their j oint
area 7377” or 36 88” each .

“ The remainder
is 4 6 40 which approximates to the square AI

‘

on a side of and so we obtain for the side of
the square ABI

‘

A, consisting of the appro
mation 6 7° 4 '

In gen eral , if we seek the square root of any num
ber, we take first the side of the nearest square
number , double it , divide the product in to the re
mainder reduced to minutes , and subtract the square
of the quotient proceeding in this way we reduce
the remainder to seconds , divide it by twice the
quotien t in degrees and minutes , and we shall have
the required approximation to the side of the square
area.

b

(d) EXT RACT ION or CUBE ROOT

Heron , Jlfetm
'

cs i i i . 90, ed. Schone1 78 . 3 - 1 6

We shall now inquire into the method of extracting
the cube root of 1 00.

obta in them. In other mss. thenumbers areworked out to

theform 7377 36 88
”

b In h is T ableof Chords Ptolemy gives theapprox imat ion
1 03 55 23

V
60

+
GO2

+
6O3

’

which isequ ivalen t to 1 -7320509 and is correct to six dec imal

places . T his formula could beobta ined by a slight adapta
t ion of T heon ’

s method .

Archimedes g ives, w ithout any explanat ion , thefollow ing
approx imation

25 1
.

T heformula opens up a widefield of conjecture. SeeHeath,
T heWorks of Archimedes , pp. lxxx - xc ix.

6 1



GREEK MAT HEMATICS

Adfi6 rdV 6yy 1 0 7 a K 15)80V 7 ou p 7 OV 7 6 15776pfiaA
o ra Ka L 7 0V 6M6 1

'

770V7 a 60 7 L 86 00 pK 6 KaL 6 58.

K a L 00 a p6V v77 6pBaM6 L, pova869 K 6 , 0 0 0. 86

AeL'77 6 1 , pova86 5‘ AS
‘

. KaL 770 L7) 0 0V 7 d 6 677L 7 61 AS
'

yL
'

yV6 7 a Lp77 KaL 7 61 p yLyV6 rar 0 77 . <Ka t wapafiake
L8

'

rd. p77 77apd. 7 d yL
'

yveraL 9. wpdofiake7 3)
[Kard] rov 6A150 0 0V09 M560 1) 77)16 vp{i , 7 0v7 60 7 1 e

L8
'

8 °

yL
'

yV6 raL p0Vd86 9 8 Ka i. 9 7 0 0 0 15e 60 7 11 1 7) 7 11311

p p0 Vd8w V KUBLK7
‘

) 77A6 vpd. ( 139 6yy 10 7 a .

1
Kai wad a /k 7 d p77 7rapd. 7 d 0 77 supplevit H . Schone.

a If p
3
and q

3

3

arethe
3

two cubenumbers between which
A lies, and A=p3 —a =— q then Heron ’

s formula can be
generalized as follows

0 a
3
x/ A q r

AQa/E'

It is unlikely that Heron worked w ith this general formula ;
his method was probablyempir ical . T hesubject is discussed

6 2



ARIT HMET ICAL NOTATION

Take the nearest cube in excess of 100 and also
the nearest whi ch is deficien t they are1 25 and 6 4 .

The excess of the former is 25 , the deficien cy of

the latter 36 . Now multiply 36 by 5 the result is
1 80 and adding 1 00 gives 280. Dividing 1 80 by 280
gives 92 . Add this to the side of the lesser cube ,
that is, to 4 , and the result is 4

7
9

?
This a is the

closest approximation to the cube root of 1 00.

by M. Curtze, Quadrat und Kubikwurzeln bei den Griechen
nach Heron s neu aufgefundenen MerpLKa

'

. (Zeitschrz
’

ft f .

Math . u . P hys . xli i. , 1 897, Hist - lit. Abth . , pp. 1 1 3

G . Wertheim, Herons Auszz
’ehung der irra tionalen Kubric

wurzeln (ibid . xliv . , 1 899 , Hist - lit. Abth .

3
, pp. 1 and

G . Enestrdm, B ibliotheca Mathematica , viii., 1 907- 1 908, pp.

T heaCtUal valueOf (4 191 03 is 10022
2
7
2
4
4 3
5 .

T hereis noexamplein Greek mathematics of theextrac
tion of a cuberoot fully worked out by means of thefor
mula (a + a:)3 =a

s
+ 30 27:+ 3ax 2 + 4133 , corresponding to T heon ’

s

method for squareroots ; but bymeans of this formula Bhilon
of Byzan tium (Afech . Syn t . iv. 6 - 7 , ed. R. Sch 6 ne) appears to
haveapprox imated to thecuberoots of 1 500, 2000, 3000,
5000 and 6 000. Heron (Metrica iii. 22 ,ed . H . Sch 6 ne1 84 .

1 - 2) gives w ithoutexplanat ion 4 6 as thecuberoot of 97 050.
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III. PYTHAGOREAN ARITHMETIC

(0) FIRST PRINCIPLES

Eucl. E lem. vii.

I I d 0 A V

a Movag 6 0 7 W ,
Ka9 7)V 6 Ka 0 7 0V 7 00V 0 V7 wV 6 V

A6y6 7 a L.

I I I
B ApLdy og 86 7 0 6 K pova8w V O

’

U
‘

YKGLHGVOV

rrAfidog .

I I 3 A Q I
y M6pog 6 0 7 LV apLdpog apLBpov 0 6Aa0 0wV rov

p6 L
'

COV0 9 , drav Karaperpg) rdv pefgova .

M6p7) d
'

raV pr) Kara/1 6 7m) .
11. 0Ma 77Aa 0 L09 86 0 y 6 L€wV rov 6Aa0 0 0V0 9 ,

0 7 aV Karap. 6 7p7) 7 <1 1 v77d rov 6/\a 0 0 0Vog .

u 3 I
6
I I

. AprLog apLHy og 6 0 7 LV 8a 8LaLp0 vp6 V0 9 .S‘

§

-

. Il 6p1 0 005
‘ 86 0 p.0 7) 8La Lp0 15p.6 V0 9 8a 7) [d]

nova8L 8La¢6pwV ap7 L0v dpLdpov .

I I V I f f I
7) AprLaKLg aprLog apLHpog 6 0 7 LV 0 U770 aprLov

cip19pL0 1
'

3 p6 7p0 15p6 V0 9 Kard. d
'

p7 LOV dpLOpdV.

T hetheory of numbers is treated by Euclid in Books
v11 .- x. T hedefin it ions prefixed to Book vii. arewholly
Pythagorean in their outlook , though therearedifferences in
6 6



III. PYTHAGOREAN ARITHMETIC

(a) FIRST PRINCIPLES

Euclid, E lemen ts Vl l.

DEFINIT IONS 0

l A unit is that in virtue ofwhich each of the things
that exist is called one.
2 . A number is a multitude composed of units .

3 . A number is a part of a number , the less of the
greater, when it measures the greater .
4 . But parts, when it does not measure it .

5 . The greater number is amultipleof the less when
it is measured by the less.

6 . An even number is one that is divisible into two
equal parts .

7 . An odd number is one that is not divisible into
two equal parts , or that differs from an even number
by a unit .
8 . Aneven - timeseven numberb is one that ismeasured

by an even number according to an even number.

deta il . Heath’

s notes (T heT hirteen B ooks of Euclid
’

s E le
men ts , vol. i i . pp. 279 - 295) areinvaluable.
b It is a consequenceof this defin it ion that an even—t imes
even number may also beeven - times Odd, as 24 is both 6 x 4

and 8 x 3 (of . Euclid ix . 34 , whereit is proved that this must
beso for certa in numbers). T hreelater w r iters, Nicomachus,
T heon of Smyrna and Iamblichus, defined aneven - timeseven
number d ifferently, as a number of theform

6 7



GREEK MAT HEMATICS

I
9 . AprLa KLg 86 60 7 LV 0 15770 dprL

'

ov

dpL9p0 15 p 6 7 p0 15p 6 V0 9 K a rd. 77 6pL0 0 0V dpLd V .C
[L H6p1 0 0 a K Lg aprLdg 60 7 LV 0 15770 77 6pL0 0 0 v

dpfp
ofi p 6 7 p0 15p 6 V0 9 K ard. aprLOV dpLd V .]

1

. HepLo oa K Lg 86 7T €pL0 0 09 dpLdpog 6 0 7 LV 0 15770

77 6pL0 0 0 15 dpL9p0 15 p6 7p0 15p6 V0 9 K a 7 d. 776p1 0 0 0V

dpLdpdv .

Lfi} IIpLBT Os
‘ dpLdpdg 60 7 LV d p0Vd8L pdvg) p6

7 p0 v)u6 V0 9 .

y
'

IIpL557 0 L 77d dMfiAOUg dpLHpOL
'

6 lOLV ol

pLova8L pL0V7) p6 7p0 15p 6 V0 L KOLVLD 1.1. 6p .

L8
'

. Z 15V96 7 0 9 apLdpog 6cre d apLHpKI} 7 LVL 11 6

7 p0 15,u 6 V0 9 .

2 15V96 7 0 L 86 77d dMfio s
‘ dpL9/IOL

'

6 ZOLV of

dpLdpL?) 7 LVL p6 7 p0 15u6 V0 L K OLVLD”67pm.

1
L
'
. 776pL0 0 ciKL$ dpLdpdV 0m. Heiberg .

Instead of Euclid ’

s term dpr LdK Ls 776pLooo
'

s, Nico
machus, T heon and Iamblichus used thes ingleword Lip

-

n o

77 6
'

pL
‘

rros . According to Nicomachus (Arith . In trod . i . 9 ) such
a number, when d iv ided by 2 , leaves an odd number as

thequot ient , i.e. , it is of theform In this later
subd iv ision an odd-even (wepLoociprLos) number is onewhich
can behalved twiceor moresuccessively, but thefinal
quotient is always an odd number and not un ity, i .e. , a

number of theform Wethus havethree
mutuallyexclusiveclasses ofeven numbers : ( 1 )even -even , of

theform (2) even -

,odd Of theform 2(2n and (3) odd
even , of theform 21

“
r 1 (277 where( 1 ) and (3) areextremes

and (2) partakes of thenatureof both . T heodd odd is not

defined by Nicomachus and Iamblichus, but accordmg to a

curious usagein T heon it is oneOf thenames applied to pr ime
nur

pf
bers, for thesehavetwo Odd factors, 1 and thenumber

itse
b Accord ing to this defin it ion , anyeven - t imes Odd number

would also beodd- times even . T hedefin ition appears to
havebeen known to Iamblichus, but therecan belittledoubt
6 8



PYTHAGOREAN ARIT HMETIC

9. Aneven - times- oddnumber“ is one that ismeasured
by an even number according to an odd number .
[1 0. An odd—timeseven number is one that ismeasured

by an odd number according to an even number.]
b

1 1 . An odd—times odd number is onethat is measured
by an odd number according to an odd number.
1 2 . A primenumber is one that is measured by the

unit alone .

1 3 . Numbers primeto oneanother arethose which
aremeasured by a unit alon e as a common measure .

1 4 . A compositenumber is onethat is measured by
some number .
1 5 . Numbers compositeto oneanother arethose

which aremeasured by some number as a common
measure .

"

that it is an interpolat ion . If both defin it ions aregenuine,
oneis not only poin tless but theenunc iat ions of ix . 33 and

ix . 34 becomed iffi cult to understand , and were, indeed, read
d ifferen tly by Iamblichus from what wefind in our MSS. We
haveto choosebetween accept ing Iamblichus

’

s reading in all

threeplaces and rejecting Def. 10 as interpolated . I agree
with Heiberg (Euklid- S tudien , pp. 1 98et seq . ) that thedefini
tion w as probably interpolated by someonewho w as unaware
of thed ifferencebetween theEuclidean and thelater Pytha
gorean classificat ions, but not iced theabsenceof a defin it ion
by Euclid of an Odd- t imeseven number and tr ied to supply
one.

Euclid’

s defin ition of pr imeand compositenumbers
d iffers greatly from theclass ificat ion of Nicomachus (Arith .

In trod . i . 1 1 - 1 3) and Iamblichus . T o match thethreeclasses
ofeven numbers, they devised threeclasses of odd numbers
( 1 ) 77p657 0V Kat d0 15V96 7 0V, primeand incomposite, which is
a pr imenumber in theEuclidean sense; (2) 86 157 6pov Kal.
171576 6 7 0 17, secondary and compos ite, which appears to bethe
product of pr imenumbers ; and (3) 6 Kad

’

6av7 0p6V 86 157 6pov

Ka i 0 15V96 7 0V, 77pdg dMo 86 77po
‘

37 0V Kai d0 15V96 7 0V, tha t which

is secondary and compositein itself , but primeand in com
positein relation to another, whereall thefactors mus t
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I
S

‘ ’

ApL9}LOS
‘

(ipLH/LC51’ n oManAad eLv A6y6 7 aL,
drav, doaL eio lV 6V a 157 c35 povd86 9 , rooavrdKL9

ovvredfi o Ka l y6V7) 7 0. L
'

7 L9 .

LC
'

.

c'

Orav 86 8150 apLduOL

d/q hov9 770 Lw 0 L 7 Lva , 0 y 6 V0p. 6 V0 9 677L77 6 80 9 K 0.

AGLT a L, 77/\6 vpa L 86 01 157 0 15 0 L

9 I 3 I
aM7

3
A0 v9 apL9p0 L.

L7) .

c'

07 0.V 86 7 p6 1 9 dpLd L n oManAa0 La 0 aV7 6 9
aMv vg 7T oLw 0 L 7 LVa , 0 y 6 V0 )L6 V0 9 0 7 6p6 0 9 60 7 LV,

77A6 vpa l 86 11 157 0 15 oi woManAamdoaVreg
dpLd L

'
.

I I I Q I fl
L9 T 6 7 paw 09 apL9u0 9 6 0 7 LV 0 L0 aKL9 L0 0 9 7)

[0] 15770 8150 Zoo mdpLdpdiV 776pL6XL5p6 V0 9 .

I V I Q
. Kdfiog 86 0 L0 aKL9 L0 0 9 LoaKLg 7) [o

f

] mm
7p V LowV apLOpKBV 776pL6x0p6 V09 .

K 0.
’

ApL9,uOL ava lloydv 6 L0 LV, 0 7 aV 0 770 p<557p
9 7 0 15

86 v7 6p0v Ka L 0 7pL
'
7 0 9 rov 7 6 7 dprov i0 a K 19 3)I 9‘ I Q I

770Ma77/\a 0 10 9 7) 7 0 avro p6p09 7) 7 a avra p6p7)

0
8

0 W .

I
KB

'

.

"
OpOLOL 677 1577 6 80L Ka i 0 7 6p6 0 L apLd L 6 L0 LV

oi

K

dl loyOV 6XOV7 6 9 7 019 77A6 vpd9 .

. T 6/\ 6 L09 dpLdpog 6 0 7 LV 0 7 0 L9 6av7 0 15 31 6p6 0 LV

L0 O9 mv.

beodd and prime. T heclassification is defective, as (2) in
cludes

p
Another defect is that theterm compositeis

restricted to odd numbers instead ofbeing g iven , as by Euclid,
its general sig

s

n ification . For an earlier and d ifferent useof
theterms by s eusippus, seeinfra , p. 78 I1 . 0 .

For figured
)

numbers, seeinfra , pp. 86 99 .

though usually written in oneword, is equi
valent to ova. i n proportion . It comes, however, in
70



PYTHAGOREAN ARITHMETIC

1 6 . A number is said to multiply a number when
that which is multiplied is added to itself as many
times as there areunits in the other, and so some
number is produced.

1 7 . And when two numbers have multiplied each
other so as to make some number, the resulting
number is called plane, and its sides arethe numbers
which have multiplied each other .“
1 8 . And when three numbers have multiplied each

other so as to make some number , the resulting
number is solid, and its Sides arethe numbers which
havemultiplied each other .
1 9. A squarenumber is equal multiplied by equal ,

or one that is contained by two equal numbers .

20. And a cubeis equal multiplied by equal and
again by equal , or a number that is contained by
threeequal numbers.

2 1 . Numbers areproportional when the first is the
samemultiple , or the same part , or the same parts, of
thesecond as the third is of the fourth .

22 . Similarplaneand solid numbers arethose which
have their sides proportional .
23. A perfect number “ is one that is equal to [the

sum of] its own parts .

Greek mathematics to beused practically as an indeclinable
adject ive. Somet imes it is used adverb ially (Heath,
T heT hirteen Books of Euclid’

s E lemen ts, vol. ii. p.

T his defin ition , inasmuch as it depends on thenotion of a.

part ofa number, is applicableonly to commensurablemagn i
tudes. A new defin it ion , applicableto incommensurableas
well as commensurablemagn itudes , and duein substance
though not necessar ily in form to Eudoxus, is given by Euclid
in E lemen ts v . Def. 5 (seeinfra, pp. 4 4 4

T heterm perfect number was apparently not used
in this sensebeforeEuclid. T hesubject is treated infra,
pp. 74 - 87

7 1



GREEK MAT HEMAT ICS

(b) CLASS IFH AT ION or NUMBERS

Philolaus ap. Stob . E C ] . 1. 2 1 . 7c ,
ed . “heh smulh 1 88 . 9—1 2

Diels , l
'

ors . 1
5

. 4 08 . 7 - 10

’

EK 7 0 15 H6pi K <50 11 0v

‘( fl if

0 ya apL911 09 6X6 L 8150 11 6V L La

77 6p1 0 00V K a L aprLOV,
7 pL7 0 V 86 <577 a 11 950 7 6p<ov

11 6 1xd6V7 w V dp7 1 0 776pL7 7 0V
° 6Ka 7 6pLo 86 7 d ) 6 186 0 9

I d cl 7 I

11 0p<15a L, 6 K a 0 7 0V avravro 0 7) 11 a LV6 L.

Nicom. Arith . In trod . i . 7 , ed . Hoche13 . 7- 1 4 . 12

:Apt911 (59 60 7 L 77A7)90 9 L15pL0 11 6V0V 7) 11 0V<1 8wV

0 150 7 7) 11 a 7) x1511 a 6K 11 0Vd 8wV 0 vyK 6 15

11 6 VOV, 7 0 15 86 dpL911 0 15 77m 7 011 7) 7 0
O

11 6V aprLOV,

7 0 86 77 6pL7 7 <5V . 60 7 L 86 aprLOV 11 6V, OL<5V 7 6 6 L9

8150 L0 a 8LaLp6 97)VaL 11 0 V<1 80 9 11 60 0V 11 7) 77ap6 11 77L77

77 6pL7 7 0V 86 7 0 11 7) 8vV<511 6 V0V 6 l9 8150 l0 a

11 6p10 93)
va L 8Ld. r7)V 77p0 6 Lp7) 11 6V7)V 11 0V<580 9

11 6 0 L7 6 LaV . 0 157 0 9 11 6 V mm0 opo9 6K r 7) 9 87)11 a580v9

Kard 86 7 0 IlvdayopLKdV ap7 10 9 apL

011 159 60 7 1V p
'

r7)v 6 L9 7 d 11 6yL0 7 a K a L 7 d 6AaXL0 7 a

Kard 7 01157 0 7 O11 7)V 677L86XO11 6 V0 9 , 11 6V

6ACLXLO
’

T G. 86 770 007 7) 7 L, K ard gbvoLK7)V
7 00V 8vd ro15e y 6 Vq

) V aV7 L77 6 77 <5V97) 0 LV, 77 6pL0 0 0 $

86 00

1
1 7) 8vVa11 6 V0 9 7 0 157 0 6 L9 aVL0 0. 8150

7 6 11 V<511 6 V09 . 67 6p0) 86 Kard 7 0 77a>1a LdV

T he even - odd would seem to mean heretheproduct
of odd and even numbers . T his agrees w ith Euclid ’

s usage
in E lem. vii. Def. 9 . For thelater spec iahzcd Pythagorean
mean ing, seesupra , p. 6 8 n . a .

b If an odd number is set out as 2 71 + 1 un its in a st raight
line, then it can bed iv ided into two sect ions of 77 un its
72
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GREEK MATHEMATICS

Q
ap7 109 60 7 LV 0 Ka t 6 19 8150 {c a 7 11n9fiva 1 8vva

'

11 6 VO9

Ka L 6 1 9 a VLO
'

a 8150 , 77/\ 7)V 6V a 157 <1) apXO6 L8ov9

8va80 9 9a 7 6p0V 7 0 8LXO7 <511 7) 11 <1 11 <5VOV 677186XO11 6V7) 9

7 0 6 19 taa , 6V 7 LVL ovV 7 0 11 7) 7 0

6 7 6p0V GISOS‘ 1L<5VOV 7 0 1) dp1911 0 v, 0 77109 av 8a o97) ,

a 11 67 oxov 7 0 1) /\0 1770v 77 6p1 <7 <7 <59 86 60 7 W ap1911 <59 <5

Ka9
’

7)V7 LvaovV 7 0 11 7)V 6 19 avLaa 77aV7 w 9 y 1V0 11 6m)V

a 11 <15<57 6pa a 11 a 611 915a 1v 7 8. 7 ou ap1911 0v 8v<5 6 187)
0 1586770 7 6 a Kpa7 a a

’MnAwV, aMd 77aV7 07 6 0 15V d/\

6V 86 7 a) 81 opa) 77 6p17 7 <59 60 7 W

<5

77

pova81 81a <156pwv ap7 1ou dp1911 0 v,
7 0 1) 7 6<77 1V 677 1 7 0 11 6 LCOV Ka L 6/\a7 7 ov, ap7 1 09 86 <5

11 0V<1 81 81a <f>6pwv 695 6Ka7 6p0V 776p10 0 0v ap1911 ov,
I I I I

7 ov7 6 0 7 1 pova81 11 6 1v K aL 11 OV<1 8L 6 /\aaawv.

(c) PERFECT NUMBERS

[IambL] T heol. Arith . , ed . deFalco 85 . 23 ; Diels ,
VO7 3 . is. 400. 92—4 02 . 1 1

Ka i 2 77 6 60 1 77 770 9 , <5 nw 7 a5v7) 9 11 6V v1
'

<59
7 0 15 HAd7 wV0 9 81d8ox0 9 86

’

AKa87) 11 6 1
'

a9

77p<5 E 6 V0 Kp<i7 ov 6K 7 <I) V 6§a 1p67 w 9 0 770v8a <796 1 0wV

<i6 i Hv9ayop1 1< w v d odaewV, 11 dALor7 a 86 7 6 V

It 15 probablethat wehaveherea traceof an or iginal
conception according to which 2 (thedyad) was regarded as

being , not a number, but thepr inc ipleor beg inn ing of the
even , just as 1 was not regarded as a number, but theprinc iple
or beg inn ing of number ; for thequalification about thedyad
seems clearly to bea later add it ion to theor ig inal defin ition .

It must , however , havebeen pre- Platon ic , for in Parm. 1 4 3 D

Plato speaks of 2 aseven . Aristotle, who adds ( T op ics (9 9 ,
1 57 a 39 ) that Q is theonlyeven number which 15 prime, says
(Aid . A 5, 986 a 1 9 ) thePythagoreans regarded theOneas
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according to which it can be divided both in to two
equal parts and into two unequal parts , save in the
case of the fundamen tal dyad, which can be divided
only into two equal parts 0 but howsoever it be
divided, it must have its two parts of the same kind}
without partaking of the other kind while the odd
is that which , howsoever it be divided, always yields
two unequal parts and so exhibits at one and the same
time both species of number , n ever independent of
one another but always together . c To give a defini
tion in terms one of another , the odd is that which
differs from even number by a unit in both directions ,
that is, in the direction both of the greater and of the
lesser, while the even is that which differs by a unit
from odd number in either direction , that is, it is
greater by a unit and less by a unit.

(0) PERFECT NUMBERS

[Iamblichus] , T heologumena Arithmeticae, ed . deFalco
82 . 10— 85 . 23 ; D iels , VO7 3 . i5 . 4 00. 22— 402 . 1 1

Speusippus , the son of Fotone , sister of Plato , and
his successor in the Academy before Xenocrates , was
always full of zeal for the teachings of the Pytha
goreans , and especially for the writings of Philolaus,
both odd and even . For this question , as well as many
others aris ing in G reek ar ithmetic , thestudent may profit
ably consult N icomachus of Gerasa In troduction to Arith
metic, translated by Martin Luther D ’

Ooge, w ith studies in
Greek arithmet ic by Frank Egleston Robbins and Louis
Charles Karpinsk i .b i .a. both odd or botheven .

i.e. an odd number can bedivided only into an odd
number and aneven number, never into two odd or twoeven
numbers.
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( 7 6 >
l
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a vakoy 1a 9 7 6 K a L 11 6 7 61 7 a 157 a
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V7 1v 9 770 1 6 L7 a 1 , ¢v0 1 1< <o
7 a7 71V a 157 7) V d770 <15a ivA

Ka i 7 6A6 o7 1 Kw 7 a 7 77V 7 10V OLOV 6 180 9 7 1 7 0 19

K 0 0 11 1K029 61770 7 6 /\60
'

11 a 0 1 7 6XV1K <5V 15915 6av7 7) 9 (ci/v1
,

o 15x 7)11 1
'

15V V0 11 1 0 aV7 1 1) V 7) 67 vX6 ) 96 11 6/\1 0 V 1577

apxovoav K a L 77apa86 1y11 a 77aV7 6 )\60 7 a 7 0V 7 1 1) 7 0 15

77aV7 <59 96 01) 77p0 6 KK 6 111 6V7)V . A6‘

y 6 1 86 7 <5V

7p<577ov 7 0 157 0 V 776pi 11 157 759 .

” "
Eo 7 1 86 7 <5L 86Ka 7 6A6 1 0 9 K a L c5p9c1 ) 9

7 6 KaL o5151e 6 1 9 7 0 157 0V K a 7 aV7 w 11 6 V 77 aV7 0 1 <1) 9
3 A fl I l 31

ap1911 0 vV7 6 9 EAAnV6 9 7 6 Ka L 77aV7 6 9 aV9p<1 ) 770 1
l V C‘

ov86 V av7 0 1 6 77 1 7 7) 86 U0 V7 6 9
'

770Ma yap L8La €X€L, a

77p0 0 7) K 6 1 7 6V 0 157 1 1) 7 6 6 LOV 6X6 1 V, 77o 86 i81 a 11 6V

0 15K 60 7 1V 11 157 0 15, 86 1 86
”

G
’

XGLV a 157 d 7 6/\6 LOV .

p T OV 11 6V 0 1 W ap7 1 0 V
”

86 1 6 1va 1 , 0 77 109 10 0 1

6V1 0 <7 1V 0 1 77 6p1 7 7 0 1 7 6 76 01 1 a

p
7 10 1

,
1< a 1 11 7) 67epo

MGPw S
‘
G

6 77 6 1. yap 7TpOT €pOS (1.6 L GO
'

T LV O
c
776p1 7 7 <59 7 0 1)

1
( 7 6 ) add . D1els . ( 776pt) add . deFalco .

3 dw aK0A0 v91
'

a 9 Lang 61 7 11 1 0 1 0 1101“ Ast, T annery, Diels.

4
[7 15] om. Diels .

5
cip1911 <59 add . Diels.

6 67 6po11 6pe
'

1
'

9 Diels.

a For thefivecosmic or Platon ic figures, seeinfra , pp.

2 1 6 - 225 .
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and he compiled a n eat little book which he entitled
On thePythagorean Numbers . From the beginn ing up
to half way he deals most elegan tly with lin ear and
polygonal numbers and with all the kinds of surfaces
and solids in numbers with the fivefigures which he
attributes to the cosmic elements ,“ both in respect
of their special properties and in respect of their
similarity oneto another and with proportion and

reciprocity ? After this he immediately devotes the
other half of the book to the decad, showing it to
be the most natural and most ini tiative of realities ,
inasmuch as it is in itself (and not because we have
made it so or by chance) an organizing idea of cosmic
events , being a foundation stone and lying before God
the Creator of the universe as a pattern complete in
all respects . He speaks about it to the following
effect .
Ten is a perfect number , and it is both right and

according to Nature that we Greeks and all men
arrive at this number in all kinds of ways when we
count , though we make no effort to do so for it has
many special properties which a number thus perfect
ought to have , whi le there aremany characteristics
which , while not special to it , arenecessary to its
perfection .

In the first place it must be even , in order that the
odds and evens in it may be equal and not disparate .

For since the odd is always prior to the even , un less

b If, w ith Ast, T annery and D iels weread dvao ovOfag
for dw axokov6 1

’

ag, therender ing is proportion continuous
and d iscon t inuous,” but it is noteasy to in terpret this, though
T annery makes a valianteffort to do so . His French trans
lation , notes and commen ts should bestud ied (Pour l

’

histoz
’

re
dela sciencehelléne, 9nd cd . , pp. 374 seq. , 386 seq. , and
Mémoires scientzfiques, vol. i . pp. 28 1
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y6
‘

y0V6 7 15 6V 11 157 11) 1 0 0vg dovV967 0v9 7 6 Km

0 vv1967 0v9 w 169a 1 .

N »! w I w 1Exa m 7 6 7 0 v7 0 6X6 1 77a /\1V < 10 0U9> Ka 1 7 oug

770Ma 77Aa 0 1
'

ov9 11 11 2 7 0 159 15770 770 /Uta 77Aa 0 1
'

0v9 , 113V
I V f I

6 1 0 1 6X6 1 1L6 V yap
UWOWOMOJ TAG O’

LOUS
‘

7 0 159 11 6Xp1 776V7 6 , 7 0 159 86 7 < 1) V 65 11 6xp1 7 <1) V

8611 0. c 157 <1 )v ° 677 6 1 86 7 11 z
0 1586 V<59 , 6§a 1p6 7 60V, lcm 7 15. 8 770Ma77/\a 0 1a

7 ov B , 100 7 6 1 0 0V9 6 1V01 1 77a )t1v [86 1 .

0‘( N

E A
I A V

7 1 77aV7 6 9 0 1 oyo1 6V 7 11) 1
, 0 7 6 7 ou 1aou

A I A 9 I A
11 11 1 7 ou 11 6 1 §0V09 Ka 1 7 ou 6Aa7 7 0V09 11 11 1 7 0 0 6 771

1 Zaovs add. Lang.

o1
'

0m. Diels .

3 86 :em. D iels. Hepoints out that theor ig inal read ing
may havebeen ind icating thefourth property of the
decad.

Oneof themost noteworthy features of this passageis
theearly useOf theterms 77p1?) 7 0 1 Kai dOU

’

VHGT OL (primeand
incompos ite) , 86 157 6po 1 Kai OU

’

VQGT OL (secondary and composite),
for which seesup ra , p. 6 9 n . c. T heuseis d ifferent from
that of Nicomachus and Iamblichus. It seems that rime
and incompositenumbers arepr imenumbers in theor inary
sense, including 2 , as is thecasew ith Euclid and Aristotle
( T opics (9 Q, 1 57 a Seconda ry and compositenumbers
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the even were j oined with it the other would pre
dominate .

Next it is necessary that the prime and incom

positeand the secondary and composite should be
equal now they areequal in the case of 1 0, and in
the case of no other number which is less than 1 0 is
this true , though numbers greater than 10 having
this property (such as 1 2 and certain others b) can
soon be found, but their base is 10. As the first
number with this property and the least of those
possessing it 10 has a certain perfection , and it is a

property peculiar to itself that it is the first number
in which the incomposite and the composite areequal .

In addition to this property it has an equal number
of multiples and submultiples of those multiples for
it has as submultiples the numbers up to 5 , while
those from 6 to 10 aremultiples of them since 7 is
a multiple of no number, it has to be omitted, but
4 must also be dropped as a multiple of 2 , and so this
brings about equality once more .

°

Furthermore all the ratios arein 10, for theequal
and the greater and the less and the superparticular

areall compositenumbers, theterm not being limited to odd
numbers as w ith Nicomachus. T hereis no suggest ion of a

third mixed class. T hetwo equal classes according to

Speusippus are1 , 2 , 3 , 5 , 7 and 4 , 6 , 8 , 9 , 10. According
to thelater terminology theprimeand incompositenumbers
would be3 , 5 , 7 , whiletheonly secondary and composite
number would be9 .

b Actually 1 0, 12 and 1 4 aretheonly numbers possessing
this property.

In theser ies 1 , 2 10 thesubmult iples arel , 2 , 3 , 5

and themultiples are6 , 8 , 9 , 1 0. It is cur ious that though 1
is coun ted as a submultiple, all theother numbers arenot
counted as multiples of it ; to haveadmitted them as such
would havedestroyed thescheme.
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11 0p1 0 0 11 0 1 7 <1 ) V /\o 177 1 0 V 6 18< 1) V 6 V 11 0 1 0 1f1 7 r 1 r

ypa11 11 u< 0 1 ( 11 0 1 ) 0 1 6 77 1 77 6 80 1 0 1 0 7 6peo 1 . 7 0

11 6V yap a 0 7 1y11 7) , 7 151 86 Bypa11 11 7), 7 151 86 y 7 p1
'

y 10V0 V , 7 a 86 8 7 rvpa 11 19
°

7 0 157 0 86 7T a v7 a 60 7 1
v
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19150 6 0 1V, 661519 86 6 V 77)\6 vpa 1 9 , 10 0 7 6 86K 0 °

7 6 7p<5. 9 86

77d)\1V 6V Ka i ypa11 1).7) 9 810 0 7 7)1).a 0 1 Ka i

776p0 0 1 , 651519 86 6 V 7 p1y 10Vov 77)\6 vp0 19 11 0 1 y <1 ) V10 19 ,

10 0 7 6 770 )\1V 8671 0 . 11 0 1 11 7)V 11 0 1 6V 7 0 1 9 0X7)11 0 0 1
71 0 7 ap1911 <5V 0 K 6 777 0 11 6V11 ) 0 011 150 1V6 1

2
°

77p11 ) 7 0V yap
G

60 7 1 7p1y<0 V0V 7 15 1 0 1577 )t6 0p0V, 0 6X6 1 11 10 V 77 1 09

11 0 1 add . Lang.

< 7 a 157 1i> 17011 190 131 6 1 Lang (in deFalco.

Speusippus asserts that among thenumbers 1 , 2 1 0

all thed ifferent k inds of rat io can befound . T hesuper
part icular rat io is therat io of thewhole+ an aliquot fract ion ,

1 n + 1
1
a

or
n
typified by theratio known as 6

’

771
’

7 p1 7 0 9 , or 3.

T annery sees herean allusion to theten kinds of proportion
outlined by Nicomachus (seeinfra , pp. 1 1 4 and a proof
of their anc ient or ig in .

i .e. , 1 , Q, 3 , 4 form an ar ithmetical progression having
1 as thecommon d ifferenceand 10 as theSum.

i .e. , a pyramid has 4 angles (or 4 faces) and 6 sides, and
so exhib its thenumber 10.

d T hereason ing is not very clear. T ak ing first a lineand
a po int outs ideit , Speusippus notes that thelinehas 9 ex
tremities and between thepoint and these2 extremit ies are
80
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7rav7 7) Lang, deFa100 °

776 V [7 1] Diels ; Lang would like
to read 7 0 86 77aV7 a .

2 6772 6x0 00 a . Only onemanuscript has thesewords ;
many emendat ions havebeen offered.

3 T hemanuscripts have7);1 1 7 6 7pay10 v1p, but
is required, as T annery recogn ized.
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because they areequal for the equal is always
indivisible and uniform . T hesecond triangle is the
half- square for wi th one difference in the sides and

angles it corresponds to the dyad. The third is the
half- triangle , which is half of the equilateral triangle
for being completely unequal in every respect , its
elements number three . In the case of solids , you

would find this property also , but going up to four, so
that the decad is reached in this way also . For the
first pyramid, which is built upon an equilateral
triangle , is in some sense unity , since by reason of its
equality it has one side and one face ; the second
pyramid, which is raised upon a square , has the angles
at the base enclosed by three planes and that at the
vertex by four, so that from this difference it re
sembles the dyad. The third resembles a triad, for it
is set upon a half- square together with the one
difference that we have seen in th e half- square as a

plane figure it presents another corresponding to the
angle at the vertex there is therefore a resemblan ce
between the triad and this pyramid.whose vertex lies
on the perpendicular to themiddle of the hypotenuse
of the base . In the same way the fourth , rising upon
a half- triangle as base , resembles a tetrad, so that the
aforesaid figures find completion in the number 1 0.

The same result is seen in their generation . For the
first principle ofmagnitude is point , the second is line,
the third is surface , the fourth is solid.

” b

Lit. side.
T heabruptend suggests that thepassagewent on in this

stra in for somet ime but thehistor ian of mathematics need
not feel much disappointment.
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841



https://www.forgottenbooks.com/join


GREEK MAT HEMAT ICS

A A I U I
apL91Lov ,

otov 6 T o m77
°

rovrov yapmu ov 5, 1 1 p
.V 0! A I

rov E,
oyooov ev f

ro a vT o 86 Ka L T o) L ovufiefinxev,
(“I

ov Ka9
’ eTepov Aoyou Te'AeLov é'a oav of Hvfiayo

pLKOL
’

,
7T €pL ou Ka ra 7 77V oZKeL'av xa

'

ipav a
’

woBaSoouev.

Ae’yeT a L Sé Ka L o y T éAeLos‘ , 6 77 6 187] 77p 0 9 apxnv

Ka L 11 50 0. Ka L we'pa ge'xeL 0 8
’

avrog Ka L ypappn

GUT L Ka L 6 7T L7T €80V, 7 pLyw vov yap Loowkevpov
e'xciornv flAevpdv Sve

'

L
‘

v uovdSw v é
'

xov, Ka i 77p 0 9

86 0 11 69 Ka t orepeofi 86 1/ants
" e’u ydp p i 8La

m doeo L 7 6 arepeov voe’ioHaL.

(d) FIGURED NUMBERS

(i.) General

Nicom. Arith . In trod. 1 1 . 7 . 1 - 3 , ed. Hoche86 . 9 87. 6

"
Em-w ovv onpeLov cra Sw ornparog , ou 8m

m pa
‘
T O 8

’

( 1 11 7 0 Ka L apxn ypappng, ou ypappm

T herewerein useamong theG reeks two ways of repre
sent ing numbers geometrically. One, used by Euclid and

implied in Plato , T heaetetus 1 4 7 D— 1 4 8 B (seeinfra , p. is

to represen t numbers by straight lines proportional in length
to thenumbers they represen t . If two such lines aremade
adjacent sides of a rectangle, then therectanglerepresents
their product if threesuch lines aremades ides of a

rectangular parallelepiped then theparallelepiped is the
product. T heother way of representin numbers was by
dots or alphas for theun its d isposed a ong straight l ines
so as to form geometrical patterns, a method greatly de
veloped by thePythagoreans. Any number could bere
presented as a stra ight line, and pr imenumbers only as
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put forth , such as 8 for the half of this number is 4 ,
the fourth 2 , the eighth 1 . The same property is
shown by 1 0, which the Pythagoreans called perfect
for a different reason , and this we shall discuss in the
proper place . T henumber 3 is also called perfect ,
sin ce it is the first number which has a beginning and

middle and end . It is moreover both a lin e and a

surface , for it is an equilateral triangle in whi ch each
side is two units , and it is the first bond and power
of the solid ; for in three dimensions is thesolid
conceived.

(d) FIGURED NUMBERS “

(i.) General

Nicomachus, In troduction to Arithmetic 1 1 . 7. 1 - 3,
ed. Hoche86 . 9— 87 . 6

Point is therefore the principle of dimension , but is
not dimension , while it is also the principle of line ,

straight lines, whenceT hymaridas spokeof them as recti
l inear parexcellen ce” (Plato would haverepresen ted a pr ime
number such as 7 by 7 x 1 , an oblong) . T heun it, being the
sourceof all number, can betaken as a tr iangle, a pentagon ,

a hexagon , and so on . T hefirst number after 1 which can

berepresen ted as a tr iangleis 3 , and the
sum of thefirst n natural numbers can always
berepresen ted as a tr iangle; theadjoin ing
figure, a famous Pythagorean symbol , shows
how this is donefor
Squarenumbers can berepresen ted in similar fashion , and

thesquareof siden + 1 can beobta ined from thesquareof
siden

“

by adding a gnomon of Qn + 1 dots round theside(the
term gnomon orig inally sign ified an upr ight st ick which
cast shadows on a planeor hemispherical surface, and so

87

a



GREEK MATHEMATICS

36 Ka L ypappr) apX
'

q erq iaVeLa s‘ , OUK eq aveLa
86

'

, 1< a L 01a rov 8LX7) BLao T arov , ou SL
X
r) 36 3La

orarov . 1< a L eLKorw g 77 em cpp
fva a a

a 1L6 V oa
'

i

pa rog , ou op a Ka L 75(1 237
-

77 aa [.LGV rov T pLXfi
3La orarov , ou rpLXfi 36 8Laorarov . ovrw g 377 Ka L

€V TO LS‘ apL9p0 Ls 77 nev l
uovus <1a n avrog apLo v

6 315 eV Sw orny a Kard
p
ovaSa WpOBLBaCOpé /OU, o

36 ypapy ucog apLfipog aa emrre'dov apLBpov 6 96Qerepov 8La ornpa enme
’

dw g nAarvvoye
’

vov
, o 86

enmeSog apLfipog cia orepeov apLdpov em 7 pL7 0V

could beused for telling thet ime; i t w as later used of an

0 0 0 0

instrument for drawing r ight angles).
T hefirst number after 1 which can berepresented as a

pen tagon is 5 . If it berepresented as ABCDE , then wecan
form another pen tagon equ ivalent to 10, by add
ing the gnomon of thepentagon ,

”
a row of an extra 7 dots

arranged round threeof thesides of theorig inal pentagon .

T hegnomons to beadded to form thesuccessivepentagonal
numbers 1 , 5 , 19, 22 arerespectively 4 , 7 , 10 or

thesucces siveterms of an ar ithmetical progression having
3 as thecommon d ifference. In thecaseof thehexagon the
successivegnomon ic numbers d iffer by 4 , and in general, if
n is thenumber of s ides in thepolygon , thesuccess ive
gnomon ic numbers d iffer by n 9 .
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I 9 A I
8Lao1 -

771La 77p0 9 T o. sf apeg Bafios‘ 7 L npoom
'w

pe
’

vov
' otov Rafi

,

137708La L
'

peoLV ypappLKoi pe
’

v slaw
f A Q Q I I

apLGpOL a rr/
l
ieu; a n aV

‘

reg 0 L an o 8va80 9 apXopAsVOLI I 6

KaL Kara povaBos
‘

7Tp0 0 96 0
'

LV em eV KaL T O av
'

ro

A I I f 3 I
npo povV

'

reg €7T L7T €80 L 86 0 L arro T pLaSOs
'

I I A A
dpx<5y €v0 b d LKwramg 154 779 Ka i SLd e 6

'

a
ovvexé

'

w cipLOHwV npol
'

o
'

vreg, Aapflcivovreg Kai 1 '1
‘

7V

énwvvjuL
'

aV Kard rv
‘

yv a ziriyV rd w npo
'

n
'

Lorm yapI
rpiw OL, elra per

’

T GT pG
‘

w OL, elra
I I I

a zi‘rovs‘ new aywvm, eira e
’

r n T OUT OLS
‘ e'faw OL Kai

t I 9 wenraw OL KaLen aneLpov.

T riangular Number:
Luc. Vit. auct. 4

nreAropAz . Eir
’ e’n i. rovre'OLoLV dptepe’ewo

AI
‘

OPAZT HZ . OlSa Kat vvv
“

cipLOpe
’

L
‘

V.

u
'
re. IILBS cipLOpe

'eLs ,‘
Q I I I

AI
‘

O . EV, Suo , rpLa , rerrapa .

rrre.

‘

Opds
‘ d. or) Boxe'eLg re'ooapa , T afira

SéKa. e’ori Kai. T plywvov e
'

vrehe‘g Kai. fine
’

repov
5pKLOV.

Frocl. in Eucl. i.,ed. Friedlein 428. 7—4 29 . 8

HapaSe
’

SovraL SeKa i pe’fioool rLVeg r ijg etipe
'

oewg
I I f I

7 60V raLov e rpLywv , wV 7 77V peV eL9 HAarwva

T his celebrated Pythagorean symbol was known as the
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right angles] to the dimensions of the surface . For

example , by subdivision lin ear numbers areall

numbers without exception beginning from two and

proceeding by the addition of
23

a unit
b

in oneand the
same dimension , while plane numbers begin from
three as their fundamental root and advance th1 ough
an orderly series of numbers , taking their designation
according to their order . For first come triangles ,
then after them aresquares , then after these are
pentagons, then succeeding these arehexagons and

heptagons and so on to infinity .

T riangular Numbers
Luc ian , Auction of Souls 4

PYT HAGORAS. After this you must count .
AGORAST E S. Oh , Iknow how to do that already.

PYT H . How do you count P
AGO. One, two , three , four .
PYT H . Do you seeI’ What you think is four is ten,

a perfect triangle and our oath .

“

Proclus, on Euclid i.,ed. Friedlein 428. 7—429 . 8

There have been handed down certain methods for
the discovery of such triangles ,b of which oneis

It was alternatively called the
pr incipleof health (Luc ian , DeLapsu

in Sa lutando T hesum of any number
of success iveterms (beg inn ing with thefirst)
of theser ies of natural numbers 1 + 2 3 +

+ n is thereforea triangular number,
and thegeneral formula for a tr iangular
number IS 7} n(n +b i.e. , triangles hav ing thesquareon onesideequal to the
sum of thesquares on theother two . Proclus ls commenting
on Euclid i. 4 7, for which seeinfra, pp. 1 78 - 1 85.
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I I f
a ra n qurrovoL, T 7712 86 a s Il vfiayopaV . Ka L 77 pet!

3 A A 3

Ilvfiayom ) a 7T o e 77 6ee GO
’

T LU apL9iLw V.

I I f I
rL97yoL yap 7 0V 8096 V7'a 7T €pLT T OV w g GAaO'O'

OVG e
I A A

wepL 7 77V op977V, Ka L Aafiovoa T OV an uvrou 7 6 “

I I I A A
rpaw OV Ka L rovrov povaSa aqSevoa rov Aomov

( I I I
T O ma ou 7

'

L9770 Le 7T €pb r7)v op977V
‘
T OV pLGLCova

'

A I I A
npooHeLoa 86 Ka L rovrcp povaBa 77 1V /\0L77~77V WOLGL

C I f I A
r7)v vn orew ovoaw 0 L0V T OV rpLa Aafiovoa KaL 7 6

I 3 A I I
r
paw Loaoa KaL aqSe/lovoa rov eea povaSa rov

I er
S

1 r

77 AapBaVGL ro mu ov T OV Ka L rovrcp 7TpOO
'

T L9770
'

L

I I A ( I I

7T aALV povaBa KaL 7T OL€L T OV 6
, Ka t evp777'aL rpLw OV

I V A I

opfiow Lov eXOV 7 71V nev T p V, 7 77V 86 reooapwv,
I

7 77V 36 77 6 V7 6 .

t 3 A I A
H 36 HAM -

comm) an o e ap
‘e V emxeLpeL.

A I V I f
AaBovoa yap T OV 80 96 V7‘

a apT LOV 7 L9770 LV avrov cos

I I A
“Lav wAevpaV T CUV 7T €pL mv opHrjv, K CLL rourov

i.e. , if n is theg iven odd number, thesides of thetriangle

n
z - l

2

and theformula is an assertion that

(
“
e
xecs-

1

1
'
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OLGAOGO’

CL 3L
'

Xa Ka i. rerpaw L
'

oaoa 7 3 fipw v, [.L?
va3a nev T o) rerpaycbVLp npoofia oa 770 LeL 7

‘

7)V

vrrorewovoaV, pova
’

3a 86 agbehovaa rov rerpaycbvov
WOLeL 7 71V ere

’

paV e 7T €pL r 7)v op977V olOV T OV

re'ooapa Aafiovoa KaL rov
’

rov “Lav T OV B
rerpaw Loaoa KaL n onjmyoa avrov g. agbehovoa
peV pova3a 7TOL€L 7 0V y , npoeLoa 3c 7TOL€L T OV 6 ,

K a te'XeL T O avro yevopevov rpLw OV, 3 Ka t 6 K 7 77;

ere’pa g ane're/leLro pefio3o .v
‘
T O yap an o rovrov

ZUOV 7m ( 1 770 7 0 1) y KaL T a) (1 770 7 0 1) S

(iii.) Oblong and SquareNumbers
Aristot. Phys. I

‘
4 , 203 a 13- 1 5

HeeLOepe
'

VwV ydpe v nov nepi 7 3 EV Ka i

m 29 37 3 péV N o 36 2 yL
'

yveofiaL 7 3 el3og , 37 6
‘

33 é
'

V.

(iv .) Polygonal Numbers

Nicom. Arith . Introd. 1 1 . 12 . 2- 4 , ed. Hoche96 . 1 1—97. 1 7

A150 375, 0 139 [iv rpLya
'

wovg ovveXeis‘ ci/\

i.e. , if 2n is thegiven even number, thesides of the
triangleare271 , n 2+ 1 , n 2 1 , and theformula asserts that

(2n)
2
(n

2 z
-

(n
2

Heath i . 8 1 ) shows how this formula, likethat of
Pythagoras, could havebeen obta ined from gnomons of

dots. Both formulaecan bededuced from Euclid i i . 5 , a

Pythagorean proposition (seeinfra , p. 1 94 n . a ) . A more
general formula , including both thePythagorean and

Platon ic methods, is g iven in thelemma to Euclid x . 28,
which isequivalent to theassertion

mnp
2

771q
2 3

9
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this in two and squares the half, adds a unit to the
square so as to make the hypotenuse and subtracts a
unit from the square so as to make the other side
about the right angle .

“ For example , taking 4 and

squaring the half, 2 , it makes 4 again . Subtracting
a unit it obtains 3, and adding one it makes 5 , and
yields the same triangle as that furnished by the
other method. For thetriangle constructed by this
method is equal to that from 3 and from 4 .

(iii.) Oblong and SquareNumbers
Aristotle, Physics I‘ 4 , 203 a 13- 1 5

For when gnomons areplaced round 1 the resulting
figures arein one case always different , in the other
they preserve one form.

“

(iv.) Polygonal Numbers
Nicomachus, Introduction to Arithmetic 11 . 12 . 24 ,

ed. Hoche96 . 1 1 — 97 . 1 7

By taking any two successive triangular numbers
As was indicated on p. 86 n . a ,

when gnomons consisting of an odd

number of dots areplaced round 1

theresult is always a square. When
gnomons consisting of an even num
ber of dots areplaced round 2 the
result is an oblong, and thesuccessive
oblongs arealways d ifferent in form.

T his is probably what Ar istotlerefers
to, but ' hedoes not indicatethat the
starting-

point is in onecase1 and in
theother 2 ; and theinterpretat ion is
modern , T hemistius and S implic ius
having other (and less att ract ive)ex
planat ions. T hesubject is fully dis
cussed by W . D.

- Ross in h is notes ad
loo. (Aristotle’s Physics, pp. 542
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Anhow ovv96 1 9 77a V7 w g 7 6 7paw 0V 770 L7j<76 L9 KaL

3V7 LV0 vV 7 6 7paw 0 V apa 3La /\voa g 3uv77o7y 3v0 a 77

a 137 w V 7 pLya
'

1vovg 770 LfioaL
°

Ka L 77a /\LV 77ae 7 6

7payc
w 0X7jj1La 7 L 7pLyL0V0V 77 ooCevXfieV 396 V0 vV

C
77 6 V7 aw 0V 770 1 6 L, 0 L0 V 7 a) 7 6 7 paya

'

1Vw 0 a

7pLya_) V0 9 WpOOCGUXOGLS
‘

7 3V 6 77 6 V7 aw 0 V 770s Ka i

9 7 L?) 315
7

39 3 615775
1

77poo7 6 96 L
'

5
‘

, 31730 V0
'

7 L o 37,

neVzaw OV 7 3V LB 7TOL6 L, rep 36 L5
“

3V7 L dKohovficpQ
0 5

“

3LK3/\0 090 9 6 77L0 11V7 6 96 L9 7 3V KB aK3/\0 v90 V

317703L3000 LV Ka L 7 15) K6 3 L 7 3V Ka L aeL 037 009 .

Ka7 a 36 7 3 av7 a Kav 7 0 L9 77 6 V7 aya
'

1 V0 Lg 0 L 7 pLyLoV0 L

WpOUT LBOzVT O 7 3? a 137fi 7 356 5 7 039 6 137 3K 7 0 vg yev
V ijoovoLV éfaycbvovg Ka i n dALV 6

’

K 6 L
'

V0 L9 oi a 1i7 oi

77p0 0
'

7736 K3iL6 V0 L 7 obs 6
’

V 7 d§6 L 3n 7 aya
’

1vovs 77OL7j
aouaL Kai

,
u. 6 7

’

6
’

K 6 L
'

Vovs
‘

7 o3s 3K 7 aycbvovg Ka i. 7 0 177 0

677
,

3
'

776 Lp0V . 77p39 36 un dumow 6 KK 6 L0 9w 0 aV 7jiLLV
wohvyafivwv 0 7 LX0 L yeyp

appe
'

VOL OL36 ,

3 77p11 ) 7 0 9 7pLyw v
,
3 a v7 3 V 7 6 7paya

'

1Vw V,

“6 7 0. 36 a
,
u. 960 7 6povs 77 6 V7 aya

'

1VL0V, 6 L7 a 6 §ayLbVL0V,
6 L7 a 6 777 aw L0V, 6 l7 a , 6 L GGGAOL 7 Lg , Ka L 7 LoV 6 153s
n oAvya

'

i V
'

In other words ‘l-(n 1 )n +

5-n (u + 1 ) =71
2
, as may easily beseen

from an array of dots . Herethe
square, of s ide71 , is split up into
tw o triangular numbers of side
n 1 , 71 whosevalues aretherefore
% (n — l )n , é T heon of

Smyrna (ed . H iller 4 1 . 3 - 8) g ives
thesametheorem.

g c uei a l 10 1mula for an a - gonal number of s ide71 is
n lzn(n l )(a
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pn
'

jKos
'
Kai

(v.) Gnomons of Polygonal Numbers

lamb] . in N icom. Arith . In trod. , ed. P istelli 62. 10- 1 8

Ka i 6
’

V oa amypagbL
'

a 33 7 wV n ohvyo
’

wwv

3150 ”iv 773V7 wV a i a 137 a l nevovoL 77/\6 vpaL
I 0 f I

a vV0u6 vaL Ka9 6 Ka0 7 0V, m 36 77apa 7 av7 a ;

I I Ieva 770 /\77g69770 0V7 a L 7mv v y ovwv 776pL06 0 6 L a L6 L
I I I I

aMaooopevaL, pLa nev 6 V 7pLw <u 3v0 36 6 V

7 6 7paya
'

1VLp Ka i 7 p629 6
’

V 77 6 V7 aya
'

1VLp Kai 311 0 l
U I A A

6 77 a 776 Lp0V, Ka7 a 3va309 Kaw avfia 3La95opaV
A

Khfioew g 7 wV n ohvya
'

ivwv 77p39 7 77V 770 0 37 777 a 7 wV

dMa ooopév yLV0p6
'

V7js
‘

.

i.e. , theprinciplewill bemadeclear from thefigures for
thegnomons of thesquareand pentagon g iven on pp. 86 - 89

11 . a . T hegeneral formula is that in a polygon of 0 s ides, the
number of sides changed to form thenext highest polygon
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BREAD T H AND LEN G T H

(v.) Gnomons of Polygonal Numbers

Iamblichus, On N icomachus
’

s In troduction to Arithmetic,
ed . P istelli 62. 10—1 8

Now in the represen tation of the polygons two of
thesides always remain the same but areproduced,
while the sides in tercepted between them arecon
tinually changed when the gnomons areplaced
round, one being changed in the triangle , two in the
square , three in the pen tagon and so on to infinity,
the difference between the design ation of the poly
gons and the number of sides changed being two .

“

is a 2. (T his leads Iamblichus to introduceimmediately
T hymaridas

’

s rulefor solv ing n simultaneous equations, as
thefactor a 2 occurs in this also. For this ruleseeinfra ,
pp. 138

From Iamblichus
’

s account it follows that thesuccessive
gnomons to a polygon of a sides are

1 , 1 + (a 1 + 2(a — 2 ) 1 + (r 1 )(a

and thea - gonal number of siden is thesum of n terms
th is series, or

n + 1}n (n - 1 )(a
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(e) SOME PROPERT IES OF NUMBERS

(i.) T he Sieve of Eratosthenes

N icom. Arith . In trod . i. 1 3 . 2 - 4 ,ed . Hoche29 . 17 32. 1 8

f IH 36 7 0 v7 wV y 6
'

V6 cn g 15770
’

Epa 7 0 0 96
'

V0v9 Ka

heira L K30 K LV0V, 6
’

776 L37
‘

7 (iVa 776 qSUp1L6
'

V0vs
'

7 0 159 77 6

I 3 I A A
plO

‘

O
’

OUS Aafi0V7 6 g Ka L a3La KpL7 ovg 6 5 av7 w V 7 37 7 779
I I I I C

y 6 V6 0 6w s “6 903151 7 amy) 3Laxp §oiL6 V, w s 3L
I I

opyavov ii KOO
’

K LVOU 7 LV39 Ka i i350. 11 3V 7 0v9 77pa
'

1

I I I

7 0 v9 Ka L aovV96 7 ovs‘ , L3Lq. 36 7 0v9 36 v7 6p0v9 KaL

w
ovV96

'

7 0vg , XCUPLS
‘ 36 7 o15s pLK7 0 159 6 15pL

'

0 K 0pL6 V . 6 0 7 L

I I

36 3 7 p0 77 0 9 7 ou K0 0 K lV0v 7 0 Lov7 og
°

6 K96 /L6 V0 9
I I A Q

7 0 v9 a 770 7 pLa3og 77aV7 a ; 6 9665779 776pL0 0 0v9 CUS
‘

I

3vVa 7 0V poi/Mom] . €7T l p7jKL0 7 0V 0 7 L
'

X0V, apfapevosA I

a 77 0 7 0 11 77po57 0v 6
’

77L0 K 0 77w ,
7 iva s ofos 7 6

'

6 0 7 L

A I

{.LGT PGLV, Ka i 6 15pL
'

0 Kw 3vva7 3V 3V7 a 7 oug 3v0 pe
'

oovs
‘

A ‘P fl A
n apaheL

’

n ow ag p6 7p6 LV, y éxpLg ov aV npo peLV
Aefiéhwuev, O15X L159 6

'

7 vX6 36 KaL 6 LK77 p6 7p0vV7 a ,

I

7 3V [1 6V 77pa
'

77 w g K 6 L
'

1L6 V0V, 7 0v7 6
'

0 7 L 7 0V 3v0
I

pe
'

oovg 1577 6pBa L
'

V0V7 a Ka 7 3. 7 77V 7 0 1) 77pw 7 Lo7 0v 6 V

I I

7 15) 17 7 q 1 K 6 Lp6
'

V0v 770 0 37 777 11 pe7p77a 6 L, 7 ou7 6
'

o7 L

3f A I I I

Ka7 a 7 77V 6 av7 0 v
°

7pLg yap
°

7 0V 3 a 77 6 K 6 Lvov 3v0

Nicomachus has been discussin thedifferent species of
odd numbers, which areexpla ined a oveon p. 6 9 n . c.

b T hat is, E ratosthenes , for whom seep. 1 5 6 n . a , set out
theodd numbers beginn ing w ith 3 in a column . For con

veniencewew ill set them out horizontally as follows
3, 5 , 7, 9 , 1 1 , 13, 1 5 , 1 7, 1 9 , 2 1 , 23, 25 , 27, 29 , 3 1 , 33 , 35 .
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3LaA6 L
'

770V7 0. Ka 73 r 7)v 7 0 13 36 v7 6
'

p0v 7 6 7 ay11 6
'
V0 1)

776 V7 aK 19 yap 7 3 V 36 77 6paL7 6pw 7T aALV 300 3La

A6 L770V7 a Ka7 3 7 77V 7 0 0 7 pL7 0 v 7 6 7 ay1Le
'

V0 0 6777 aKL9

yap. 7 3V 6 7 1 7T €paLT €pw 15776p 3vo K 6 L

1
1 6 V0V K 3 7 3

7 77V 7 0 0 7 6 7 ap7 0v 7 6 7 ay11 6
'

V0v 6 Va KL9 yap KaL 6 77:
a 77 6 Lp0V 7 0) a 157 L0 7 p377q) . 6 L7 a 11 6 7 3 7 0 v7 0V 377

aAA779 3pX
719 677L 7 3V 36 0 7 6

p
0V 6A935V 0 K0 7735, 7 Lva 9

0359 7 6 6 0 7 L 1Le7p6 LV, Ka L 6 15
p
L0 K 0) 77aV7 a s 7 0 159

7 6 7 pa3a 3LaA6 L77 0V7 3 9 , 3AA3 7 3 V 1L6V 77pw 7 0V Ka 7 3

7 71V 7 ou 6 V 7 0) 0 7 LXq) 77p057 ov 7 6 7 ay1
1 6 V0 0 77oo37 7y7 a

°

7 pL9 y
ap

'
7 3V 36 36 v7 6p0V Ka7 3 7 71V 7 ou 36 v7 6p0v

'

77 6 V7 a KL9 yap 7 3V 36 7 pL
'

7 0V K a7 3 7 77V 7 0 0 7pL7 0v
'

6777 3 KL9 yap KaL 7 0 07 0 36 L.

(u .) Divisibility of Squares
T heon Smyr. , ed. H iller 35 . 1 7- 36 . 2

’

I3Lw 9 36 7 0 L9 7 6 7 paya5V0 L9 ovufieBnKev 777 0 L 7 pL

7 0V 6X6 LV 77 1L0Va30 9 3gba Lp6 96 L0 779 7 pL7 0 V 6X6 LV
77aV7 w 9 , 77 7raALV 7 6 7 ap7 0V 6X 6 LV ii 1L0 Va30 9 q a Lpe
06 L0 779 7 6 7 ap7 0 V 6X6 LV 77aV7 w 9 Ka L 7 3V 1L6V 11 0V3 30 9

3¢a Lp6 96 50 779 7 pL7 0V 6XOV7 a 6 X6 LV KaL 7 6 7 ap7 0V

T henumbers obta ined by passing over four numbers are
1 5 , 25 , 35

and can all bed iv ided by 5 , leav ing

which Is theorig inal ser ies of odd numbers .

Nicomachus proceeds to pass over six numbers at a time,
beg inn ing from 7 , but weneed not follow h im. Clearly in

this way hewilleven tually beableto removefrom theser ies
of odd numbers all that arenot prime. T hegeneral formula
is that weobtain all multiples of a pr imenumber n by sk ip
1 02
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obtained by passing over two from that oneaccording
to the magni tude of the second number in order for

it will measure it fivetimes . The number obtained
by passing over two numbers yet again it will measure
according to the magnitude of the third number in
order for it will measure it seven times . T he
number that lies yet two places beyond it will measure
according to the magnitude of the fourth number in
order for it will measure it nine times and we may

proceed Without limi t in this manner. After this I
make a fresh start with the second number in the
series and examine which numbers it will measure .
and I find it will measure all the numbers obtained
by passing over four ,“ and will measurethe first
number so obtained according to themagnitude of
the first number in the column for it will measureit
thrice . It will measure the second according to the
magnitude of the second, that is, fivetimes ; the
third according to the magnitude of the third, that is,
seven times and so on in order for ever.

Divisibility of Squares
T heon of Smyrna, ed . H iller 35 . 1 7—36 . 2

It is a property of squares to be divisible by three ,
or to become so divisible after subtraction of a unit
likewise they aredivisible by four , or become so

divisible after subtraction of a unit ; even squares
that after subtraction of a unit aredivisible by thre e

ping n 1 terms at a time. But to makesurethat any odd

number 2n + 1 left in theser ies is primeweshould haveto
try to divideit by all theprimenumbers up to V271 1 , and

themethod is not a practicableway of ascertain ing whether
any largenumber is prime.

1 03
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CI c I 3 I

77aV7 w 9 , (us: 0 36 pova3os
‘

a cba Lp6 96 Lmyg
I w w r r c c

g
1 !

7 6 7 ap7 0 V 6XOV7 a 6 X6 LV 7 pL7 0 V 77aV7 w g , (us 0 77
I I V I f

7 0 V a v7 0 V 77aALV Ka L 7 pL7 0 V 6X6 LV Ka L 7 6 7 ap7 0V, w g

f V‘ I I V I

0 AS
“

[1 ] [.LUBGT GPOV 7 ov7 w V 6XOV7 a 7 ov7 0V pova3og

I I V I I I
aqba Lp6 96 Long 7 pL7 0 V 6 X 6 LV 773 V7 w 9] , 77 11 177 6 7 pL7 0V

I I V I 3 I
7 6 7 ap7 0 V 6XOV7 a pova3og a cba Lp6 06 L0 779 Ka L

r w r c c

T PL
’

T OV 6X6 LV Ka L 7 6 7 ap7 0V, (US 0 K 6 .

(iii.) A T heorem about CubeNumbers

Nicom. Arith . In trod . 1 1 . 20. 5 , ed. Hoche1 19 . 12—18

3 r A a 1 r s a w
EK T GHGVT w V yap 7 00V (1 7TO ”OI/ 0.80 3 6 77 GWGLPOV

A I 0! C

O
'

UVGXCUV WGPLO
’

O
'

CUV 6 7T LO
'

KO77
'

6 L OUT CUS
‘

, O p T OS
‘

7 0 V

I I A f I A
3vvap6 L Kvfiov 77OL6 L, OL 36 3vo €K €LVOV avv

I I t 3 I A
7 6 96 V7 6 g 7 0V 36 v7 6pov, OL 36 a n 7 ov7 0 Lg 7peLg 7 0V

I f A I I I

7 pL7 0V, OL 36 UUV6X6 L9 7 ov7 0 Lg 7 6 0 0 ap6 5: 7 0V 7 6

f A I I I

7 ap7 0V, OL 36 6 91565779 T OU
'
T OLS

‘

776 V7 6 7 0V 776 11 777 0 1)

773V7 w$ om. Bullialdus, H iller.

Any number may bewr itten as 371 , Sn zt 1 or Sn i 9 , and

its squaretakes theform
or 9n 2 1 6n + 1 or 9 11

3
1 lQn + 4 .

In thefirst case, thesqua reis d iv isibleby three in the
second and third cases it becomes so divisibleafter subtraction
of a un it .
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C Q A 6 0 A
Ka t or efng 6 5 rov GK T OV Ka t. rovro pexptg
a tet .

(iv ) A Pr0perty of thePythmen
lamb] . in N icam. Arith. In trod. ,ed. Pistelli 103. 10—104 . 1 3

’

Eflet beefabog cin orehean m) 6 0 7 61’ 7) 7rpa
'

rn)
wap ovbev arro povaSos

‘

ov yc
’

a
, 7) wpa

'

rn) a B )7
etborromaet T a g av

‘

rg) , unbevog opov KOLVOU

Aapfiavope
’

vov pubs “7)v wapeMemope
'

vov

g

, d .

pe'ra mv a B 37 Aapfiavope
’

mg S E S
“

, ez'ra

C 7) 9 Ka t effig a Kv vb’w g . n aoa t yap abra t

efabeg yevfiaow a t peT aAapfiavovans‘ T OV povaSos
‘

7 0 770 1) 0. 6 L 7 729 Sek abog, rovre'm'w en’s povada av

ayoue
’

mg ovrw g yap avmv KaL Sevrepwbovpevav
povdba Kaheiafia t 77d 7 631) Hv9ayopet

'

wv,

T hat is to say, 1 = 1 3, l l = 33,
13 + 1 5 + 1 7 +

37 39 4 1 =6 3, and so on to infin ity, thegeneral formula
being
{n(u l )+ + {n (u l )+2n

By putting u = 1 , 2 , 3 r in this formula and adding the
results it iseasily shown that

a formula which was known to theRoman agrimensores and
probably to Nicomachus. Heath (H.G.M i . 109 - 1 10) shows
how it was proved by theArab ian algebra ist Alkarkhi in a

book A l- Fakhri wr itten in thetenth or eleventh century.
T heproof depends on Nicomachus

’

s theorem.

b Iamblichus has been consider ing var ious groups of

threenumbers which can beformed from theseries of natural
numbers, by assin over a spec ified number of terms , so as

to becomepo ygona numbers. T hus 1 Q 3 : 6 (triangle),
l + 3 + 5 =9 (square), (pentagon), l + 4 + 7 =12
(pentagon ) , 1 5 (hexagon) .
1 06
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the next six in order make the sixth cube, and so

on for ever .“

(iv.) A Property of thePythmen

Iamblichus, On N icomachus
’

s In troduction to Arithmetic,
ed . P istelli 103 . 10— 1 04 . 1 3

Since the first group,

b
starting from the unit and

omitting no term , is productive of the hexad, the first
group, 1 , 2 , 3 , will be a model of those that succeed it ,
the groups having no common term and leaving n one
on oneside , but 1 , 2 , 3 being followed by 4 , 5 , 6 , then
by 7 , 8 , 9, and so on in order.0 For all these will
become hexads when the unit takes the place of the
decad in all cases , so reducing it to a unit . For after
this manner we said 1 0 was called the unit of the
second course d among the Pythagoreans , while 1 00

In other words, Iamblichus asks us to cons ider any
group of threeconsecutivenumbers, thegreatest of which is
divisibleby 3 . Wemay represent such a group generally
as 319 + 1 , 319 4

- 2 , 319 +3 .

4 As Iamblichus had previously expla ined (in Nicam.,

ed . P istelli 75 . 95— 77 thePythagoreans looked upon a

squarenumber n 2 as a racecourse(BtavAog) formed of suc

cessivenumbers from 1 (as thestart, J owknf) up to n (the
turn ing poin t, Kapm n

’

p) and back aga in through (n l ),
(n and so on to 1 (as thegoal, vv

'

oaa), in this way :

As an examplewehave
3 + 2+ 1 = 10a

and thence
1 07
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Ka i 7 p 80 vpe
'

7/a v mu eKarovraSa ,
Ka i Tep bov

pe
’

va v r7)u XL/\La8a . 7) new yap S E 5
“

7T OL€L apLdpov

rov L6 a vayopem) ; 56 SGK CLSOS‘ GLS
‘

povaba , o

77 6 V7 6 npoahaficov avr7)v efa s‘ 77a/\Lv 7)

Z 7) 9 O
'

UVHGLO’

G. 7T OL€L rov 15 apLdpov,
ou 7 a K

a s Suo povaba g avayayw v npoorL
'

97)p.L 7 a) 5
,
Ka L

N f f l fexw 71
'a efaba . 77a /\Lv L La LB avvfieLg 770 Lw

/\y mv T O. ArpLa g eo '

rw
,
7)v 7Tp0 0

'6 6 t9 T OLS
‘ ‘
T pLOLV

exw opmw s
‘ efaba ,

K a L rovro opomos eora L 8L
0 /\ov . K a L 7) pev rrpo

'

77
‘

7) efa g ouK €X€L peradeow
Sed os eL

’

g pova
’

ba , o
bs (iv eidorrouig K a i UT OLXG

'

EOV

ra w per avr 7)v vrrapxovoa 7) 86
‘

bev‘

re'pa “Lois

povabog peradeow 3 Gt
, 7) 86

77
7

'

pL7
’

7) Svew KaL 7)
7 6 7 ap7 7) T c Dv Ka i 7) weir/77 7) Teooapw v K a L efng

Sam 8
’

div w ow a L ,ueran de
'

peva L
86 KG 86 9 , T ooav

‘

ra t Ka L a L evveabeg agba Lpednaow a L

6 K 7 0 6 or\ov ovormi a '
ros

‘

,
LVCL T O /\eL7rov opOn efa s‘

7) ”
rov yap Le“La g SeK abog é

'

xovrog peradeow , eav
a cbe

'

Aw “Lav ewea0a ,
AeLqSHnoera L efa g . rov 86 K8

Buo 6XOVT OS
‘ beKdSa g rd9 ,LL

eT aWOLov
l
ae'va g e

’

dv

a cbe
'

hw Buo ewedba s‘ , AeLnfioera
'

L 77d/\LV éfdg , Ka t

7 0 177 0 SL
’

6
'

o avpfifio
‘e'ra L.

10+ QO+ 30+ 30+ QO+ 10= 103

100 +QOO+ 300+ 300+ QOO+ 100

104

and so on . It w as in v i rtueof theserelations that thePytha
goreans spokeof 10 as theun it of thesecond course(Sew epo
bovpe

'

vr) nové s) , 100 as thean it of thethird course(7 p 80vpe
'

V7)

pox/dc) and so on .

a T hetruth of Iamb lichus ’

s propos ition is proved generally
by Loria (Lescien zeesa ttenelt

’

an t ica G
'
recia , pp. 84 1 - 849)

in thefollowing manner.
Let
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(f ) IRRAT IONALIT Y OF T HE SQUARE ROOT OF 2

Aristot. Anal. Pr. i. 23, 4 1 a 96 - 27

Hdweg ydp of Sui. 7 0 13 dbvvdrov wepatvovregA I Q 3 A
yev rbevbog avMoyLCOVZ

'

aL, T O 8 cf apxng sf
vn ode'aew g SeLv ovoLv, orav abvvarov T L ovpfia iw)

av
'
rLgba oewg redeiong, O LOV on

fi
8Lape7'pog 8La T O yLveodaL 7 a 7T €ptT T a Loa 7

'

OL9

ap
'

T LOLS
‘

ovppe
'

rpov redefang . 7
'

o pev ovv Loa yL
'

veoda t 7 d. 77 6e7 6. 7
'

O
'

L
'

s dpr L
'

OLg ovMoneraL, 3
’

doov
’

perpov eiva L r 7)v 8Ldue7
'

pov e
’

é
'

bn ode'oew s‘ SelfA I Q I
v ow , €7T €L tbevbog ovpfla LveL 8La r7)v aW LgbaaLv.

(g) T HE THEORY OF PROPORT ION AND MEANS

(i.) Arithmetic, Geometric and Harmonic Means
Iambl. in N icom. Arith . In trod . , ed . P istelli 100. 19 - 25

Mo
'

va L 83 7 6 n aAaLdv rpeig 7)O
'

av peodmres‘ 63772

Hvdaycipov Ka i. 7 6311 K a 7
"
aurdv padnparmd

‘

w, cipL9

Now , if N is thesum of threeconsecut ivenumbers Of which
thegreatest is d iv isibleby 3 , wecan wr ite

= (3p 1 ) (3p

and theabovecongruencebecomes
9p 6 N

’

(mod. 9)
so that N ’

5 6 (mod. with thecondition N’
é Q. But the

only number £ 9 which is div isibleby 6 is 6 itself.
T herefore N ’

6 .

0 It is generally believed that thePythagoreans were
awareof theirrationality of V2 (T heodorus, for example,
when prov ing theirrat ionality of numbers began
and that Ar istotlehas ind lcated themethod by which they
proved it. T heproof, in terpolated in thetext of Euclid as

1 1 0
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(f) IRRAT IONALIT Y OF T HE SQUARE ROOT OF 2

Ar istotle, P rior Ana lytics 1. 23, 4 1 a 26
- 27

For all who argue per impossibileinfer by syllogism
a false conclusion , and prove the original con clusion
hypothetically when something impossible follows
from a con tradi ctory assumption , as , for example ,
that the diagonal [of a square] is incommensurable
[with the side] because odd numbers areequal to
even if it is assumed to be commensurate . It is

inferred by syllogism that Odd numbers areequal to
even , and proved hypothetically that the diagonal is
incommensurate , sin ce a false conclusion follows from
the contradictory assumption .

“

(g) T HE THEORY 017 PROPORT ION AND MEANS

(i.) Arithmetic, Geometric and Harmonic Means

Iamblichus, 077 N icomachus
’

s In troduction to Arithmetic,
ed. P istelli 100. 1 9- 25

In ancient days in the time of Pythagoras and the
mathematicians of his school there were only three

x. 1 1 7 (Eucl. ,ed . Heiberg -Mengeiii . 408 is roughly as
follows. SupposeAC , thed iagonal of a square, to becom
mensurablewith its sideAB , and let their rat io in its smallest
terms bea b.
Now AG2 ABZ -

a
2 b’

and AG2=2AB 2, a
2=2b’.

Hencea2, and thereforea , iseven .

Sincea b is in its lowest terms it follows that b is Odd.

Let a=2c. T hen 4 cz=2bz, or 62=c ’ so that b“, and
thereforeb iseven .

But b was shown to beodd, and is thereforeOdd andeven ,

which is impossible. T hereforeAC cannot becommensur
ablewith AB .

1 1 1
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p7) 7 LK7) 7 6 Ka l 7) yewpe7 pLK7) KaL 7) 770 7 3 pév
15nevaV7 La Aeyope

’

m) 7 7) 7 afeL 7 pL7 7) , 15770 30 7 63V

7T €pL
’

Av 7 aV a v9L9 Ka L I77 77aOrOV appowm) pe7 a
57 7. 7 0 159 Ka 7 0L 7 0 7)ppL0 0 )Le

'

V0V K a le’ppehe
‘

9

e’gba tveT O A0yov9 nepLéxovoa .

Archy tas ap. Porph . in P tol. Harm. ,ed . Wallis, Opera Ill ath.

i i i . 26 7 . 39— 26 8 . 9 ; Diels, Vors . i5 . 4 35 . 1 8—4 36 . 13

‘

Av
’

7 a 9 30 77€pl 7 L1) V peoo7 7)7 a) V /\6
'

w ypa
'

qfieL
7 a 6 7 a '

” Me'O'a L 86’ a n 7 pL9 7 a povoLKa , pLa LLGV apt

911. 7) 7 LKa ,
86 v7e'pa beyape7pLKa , 7pL

'

7 a 8
’

1577€VaV7 La ,

a V Ka /\e'OV7 L app. 0VLKaV . ap
’
pn) 7 LKa pe

'

V, OKKa

e'wV7 L 7 peL9 opoL K a7 ci 7 aV 7 OL
'

aV 1577 6poxaV ava

AciyOV
'
(p 77pa 7 0 9 8€v7 épov 157repe

'

xet , 7 wv7 <p Sev
7epos 7pL

'

7 0 v finepe
’

xeL. Ka l e’V 7 a 157 a 7 a
“

dvaAoyL
'

q.

ovp77L
'

777eL elpev 7 0 7 13V
,
ua Cd v dpcoV SLdO

‘
T

‘

fiua

[.LGLOV,
7 0 36 7 <1)V peLov peLCOV . yape7pLK0.

o
'

KKa ew V7 L OLO9 o 77pw 7 0 9 7707 L 7 0V 86 v7 €pOV, Ka l

0 86 v7ep0 9 770 7 2 7 0V 7 pL7 0V . 7 ov7 wV 36 0 L

p
a goves‘

opoL LG
‘OV 770 LovV7 aL 7 0 8La 0 7 7))LLa KaL OL peL

'
ov9 . a

86 1577 €VOLV7 La
,
a V Ka/\ovp.eV appOVLKaV, OKKa ewV7 L

( 7 OLOL 0 77p 0 9 0p0 9 1577€pexet 7 ou Sev’

repov
a v7 a v7 0 v pe

’

peL, 7 w v7 a) o pe
'

oog 7 ou 7pL7 0v 15776p

1
7 O

'

EOL (15 add. D iels.

i .e. , b is thearithmet ic mean between a and c if
a b=b 0.

T heword 8Ldo mpa (in terval) is hereused in themusical
sense; mathematically i t must beunderstood as theratio
1 1 2
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{xeL 7 0 17 7

p
L
’

7 ov pe
’

pet . yL
'
V6 7 a L 86 ev 7 av7 a 7 a

a vaAoyLa 7 0 v peLCov opwV Sw orn/La peLgov,
7 0 86 7 a m[LGLOVCUV peLOV.

Seven Other Means

Nicom. Arith. Introd. 1 1 . 28. ed. Hoche1 4 1 . 4—1 4 4 . 19

Te7 dp7 7) nev 7) KaL 15nevaV7'

La

A

Aeyope
’

m) 8u 7 0

aW LKeLodaL KaL aw men ovde’va t 7 7) appOVLK 7) 1577ap

XeL o7 aV eV 7 pL0 LV opOLs L159 0 ne
'

yL0 7 0 9 77p09 7 0V

eAaXL0 7 0V, 0 157 w 9 7) 7 00V e’Aa7 7 OVLuV OLaqSOpa 77p09
7 7)V 7 65V peLgov ex7) , 050V

7 : 6 ,

i.e. , b is theharmonic mean between a and c if

a b b
_

a c

which can bewritten I 1
— 1 - 1

,

c b b a

so that 1
,

l
,

l

c b a

form an arithmet ical progression , and Archytas
assert that

ba

It is easily seen how thePythagoreans would have
Observed thethreemeans in their musical studies (seeA. E .

T aylor , A Commen tary on P lato s T imaeus , p. T hey
would first havenoticed that when they took threev ibrating
strings, of which thefirst gaveout a notean octavebelow the
second , whilethesecond gaveout a notean octavebelow the
third, thelengths of the

g
strings would beproportional to

4 , 2 , 1 . Herethe3Lao7 7)pa is in each casean octave. T he
Pythagoreans would then havenoticed that if they took three
1 1 4
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third by the samepart of the third.

“ In this pro
portion the interval between the greater terms is
the greater, that between thelesser terms is the

Seven OtherMeans

Nicomachus, In troduction to Arithmetic 1 1 . 28. 3- 1 1 ,
ed. Hoche1 4 1 . 4— 1 4 4 . 19

The fourth mean , which is also called subcon trary
by reason of its being reciprocal and an tithetical to
the harmonic , comes about when of three terms the
greatest bears the same ratio to the least as the
difference of the lesser terms bears to the difference
of the greater,0 as in the case of

3, 5, 6 ,

strings sound ing a given note, its major fourth and its upper
octave, thelengths Of thestr ings would beproportional to
12 , 8 , 6 , which arein harmon ic progression . Finally they
would haveobserved that if they took threestrings sound ing
a note, its major fifth and its upper octave, thelengths Of the
str ings would beproportional to 12 , 9 , 6 , which areterms in
arithmetical progress ion . But thefact that themeans are
consisten tly g iven in theorder ar ithmet ic , geometric, har
mon ic , and that thename harmon ic w as substituted by
Archytas for theolder name subcon trary suggests that
thesemeans had already been ar ithmetically defined before
they wereseen to beexemplified in thefundamental intervals
of theoctave.

i.e., b will bethesubcontrarymean to a , c, if

c b a

d
_

c b
'

In this and thesucceed ing examples, follow ing thepract ice
of Nicomachus, it is assumed that a , b, c arein ascending
order of magn itude.
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€V yap 3L77AaOLLp 7 0. avp Lde'w a 0pa 7 aL
°

gbavep0V
Kad

’

d 7)vaV7 Lw 7 a L 7 7) dpy OVLKr) 7 mv yap a 157 L
'

15V

ap V apgbOT épaL9 1577apx0V7 LuV Ka L cV 3L77Aa0 Lw ye
Aoyw , €V [.LGV 7 7) 77p0 7 av7 7) 9 7) 7 L1 ) V peLCOVLuV
1577 6pox7) 77p09 7 7)V 7 L1 ) V eAa7 7 ov 7 0V a 157 0V eO‘wCe
Aoyov, €V 7 a v7 7) 86 a va 77aALV 7) 7 00V eAa7 7 ov 77p09

r 7)v 7 LuV yeLCov LOLOV 56 7 au7 7) 9 L0 7e'OV eKeLVO , 7 0

8L77Aa 0 LOV a 770 7eAeL0 9a L 7 0 15770 7 ou peL§0 V09 Ka L

pe
’

oov 77p09 7 0 15770 7 ou pe
'

oov Ka L eAaXL0 7 ov , 7 ou

yap 7T €VT aKL§ y 3L77Aa 0 LOV 7 0e§aKL9 6 .

Al 36
‘

3150 peoo
’

m7 6 9 ne'p777 7) Ka l 3K7 7) 7rap0. 7 7)V
yewye7pLK7)V enAaodnoaV aq é 7epaL, 8La cf>épov0 L 5
dAAfiALoV O157 L0 9 7) y a 77411 777 7) 6 0 7 LV, O7 aV €V

7pL0 LV opOL9 609 0 77p09 7 0V eAaXL0 7 0V 0 157 0)

Ka L 7) a 157 wV 7 0 V7 L0V 8Lagbop0. 77p09 7 7)V 7 ou peyLOT OU
77p0 ? T OV OLOV

B; 8:
8L77Ad0 LO9 ydp 0 {Lev S 7 ou B , 0po9 7 ou
7 I c A 7 I 1eAaXL0 7 ov,

o 86 B 7 ou (1
,
eAaXLOT wV 3Lagbopa 77p0 9I d Q I

8La¢opaV peyL0 7 wV 0 8 vnevaV7 L0V a v7 7)V 77)

An elaborateclassification of ratios is given by Nicom.

Arith. Introd. i . 1 7- 23. T hearegiven in a conven ient form
for referenceby Heath, H . .M. 1. 101 - 104 , with theLat in
names used by Boethius in h is DeInstitutioneArithmetica ,
which is virtually a translat ion of Nicomachus’

s work .

i .e. , in theharmon ic mean

and in thesubcontrary mean
0 b a

a c

—
L
—

tf

T his property happens to betrueof theparticular
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yewue7pLK7) WOLGL, eKeLVO GGT LV, on em 1L6 V eKeLV7) 9
LL59 0 77p09 7 0V eAa7 7 0va , OV7 L09 7) 7 ou [LLGL

"

Covog 77

p
09 7 0V pe

’

oov 15776p0X7) 77p09 7
~

7)V 7 ou if
e'oov

7rp0g 7 0V eAa 7 7 0va , em be7 av7'7) 9 ava 77aALV 7) 7 ov
eAa7 7 0V0 9 77p09 7 7)V 7 ou petCOVog Z

'

SLOV 8
’

oam9
K a L 7 a 157 7) 9 can 7 0 8L77Aa0 L0V yLveodaL 7 0 15770

7 0 15 peytm
'

ov Ka L pe
’

aov 7 ou 15770 7 ou yeyL0 7 0v
KaL eAaXL

'

O 7 ov, 7 0 yap 776 V7 aKL9 5 8L77Aa 0 LOV 7 ou

neV7 ciKL9 B

:H beGK
‘

T T) yLve7 aL, O7 aV €V 7pLaLV 0pOL9 17) 1159 0

péyL0 7 0 9 77p09 7 0V pe
'

aOV, ov7 w 9 7) 7 ou pe
'

aov 77apd.

7 0V eAaXLO'

7 0V 15776poxr) 77p09 7 7)V 7 ov [LeyLa7 ov
77apd 7 0V péOOV, OLOV

”8 s
‘

,

W 7);LL0ALw yapeKa7epOLAoyw e
’

OLKVLa 8
’

a L7 La KaL

7 a 157~7) 77p09 7 7)V yewpe7pLK7)V 15nevaV7 L0 7 777 0 9 ,
avaw pe

'

qSeL yap KaV7 av9a 7) 7mmAoyLoV 0pOL07 7)9
Lbs 6 77L

Ka l m 77apa 7 029 77p00 9€V dv AodpevaL 35
p 6 0 0 7 777 €9 a m , 7 peL9ea L 77pw 7 o7 v770Lpe

’

xpt

i.e. , if b is thegeometr ic mean between a and c,

b c c b

whileif b is thefifth mean between a and c
,

b b— a

a c— b

T heproperty which N icomachus notes about thismean needs

go
eneralizing as in thecaseOf h is similar remark about the
urth mean , i.e. , if

b b — a

a c — b

b
acr=ac x

6
=ba
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What makes it subcontrary to thegeometric mean is
this property, that in the case of the geometric mean
the middle term bears to the lesser the same ratio as
the excess of the greater term over the middle bears
to that of the middle term over the lesser , while in
thecase of this mean a contrary relation holds . It

is a peculiar property Of this mean that the product
of the greatest and middle terms is double the pro
duct of the greatest and least, for fivetimes four is
double of fivetimes two .

“

The sixth mean comes about when of three terms
the greatest bears the same ratio to the middle term
as the excess of the middle term over the least bears
to the excess of the greatest term over the middle ,“

as in thecas e of

1 , 4 , 6 ,

for in each case the ratio is thesesquialter
No doubt , it is called subcontrary to the geometric
mean because the ratios arereversed, as in thecas e
of the fifth mean .

“

These arethen what arecommonly called the six
means, three prototypes wh ich came down to Plato

i.a., b is thesixth mean between a. and b if

g b - a

b c— b

t.e. , if b is thegeometric mean between a and 0,

while is the

1 19

g c - b

b b - a
’

mean between a

c b— a
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’

ApL0 7 O7 6
'

A0v9 Ka L IIAa 7 LOVO9 a VL096 V a 7r0 Iluda
( I

yopov bLapetva oa L, 7 p6 L9 6 7 6pa L 6K 6 LvaL9 15nevav
7 L
'

a L 7 029 p 6 7
’

6K 6 L
'

V0 v9 15770 )LV7) )LLa 7 oypagb0 L9 7 6 K a L

a lp6 7 L0 7 a i9 6V Xp7)0 6 L yLV0)L6 va L
'

7 6
'

o oapa 9 86 7 Lva 9

67 6pag [.LGT G KLVOOVT GS
‘

7 0 159 7 O 157 LvV 0p0 v9 7 6 Ka t

8La¢opd9 6n 6§6 vp0V 7 LV6 9 0 15 77 6i 6pgbaV7 aCop6va 9
7 OL9 7 L0V 77 aAa Lw V ovyypdppa ow , LiAA

’

L159 77 6pL

6py07 6pOV A6A6 777v y7) )L6va 9 , L529 0311 079 7rp0g 7 0

30 K 6LV Liyvoe
'

LV 677L7 poxa 0 7 6
'

ov

IIpL157
-

7) p6V yap a 157 LuV, 668mm) 36 6V 7 3) 77a 0wV

avV7 a §6 L 6 0 7 LV, o7 aV 3) L159 0 7rp0g 7 0V

6AaXL0 7 OV, ou7m9 Ka L 7) 7 L1 ) V a 157 L15V 8La <popd 77p09

7 7)V 7 0151) 6Aa 7 7 0v , ObOV

77. 9.

7))aLoALO9 yap o0Aoy0 9 6 Ka 7 6
'

pou avp L
'

oeL 6V0pa7 aL.

’

Oy80 7) 86 p6 o o7 7) g , 7)7 L9 7 ov7 LOV 86 v7 6pa 60 7 L,

yLV6 7 a L O7 aV L159 0 77p09 7 0V 6AaxLo 7 OV,
ov7 LO9 7) bLaLbopo

‘

L 7mv ap V 77p09 7 7)V 7 67V peLCOVLvV
8Lagbopciv, otov

6 .
If. 9'

KaL d v7 7) yap 7))LLOALov9
"
€X€L 7 0 159 bvo Aoyov9 .

t H 86 6va 7 7) p6V 6V 7 3) 7 mv n a v avV7 a§6 L,
7 pL

'

7 7) 86 6V 7 L?) 7 <1 ) V 6gb6 vp7) )11 6
'

VLOV apLHpLg} 1577apX6 L,A .V

07 aV 7p V 0pwV OV
‘

TwV, OV Ao
'

yOV 6X6 L0 31 60 0 9 77p09

Iamblichus says (in N icom. , ed . P istelli 101 . 1 - 5 ) that
theschool of Eudoxus d iscovered thesemeans, but in other
places ( ibid. 1 1 6 . 1 - 1 8) heg ives thecred it, in part
at least, to Archyt as and Hippasus.
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70V 6ALiXLa7 OV, 7 0v7 0v KaL 7) 7 L0V ap V 1577 6pox7)
7rp0g r 7)v 7 LOV 6AaXLo 7 wV

_

"ex3) , L159

8
, f.

‘H 36 6 77i 77LioaL9 86 K Li7-7) 7 6 7 Lip7 7)
86 6V 7 3) 7 LOV V6 Lu7

'

6pLKLvV 6K06
'

0 6 L 0pa 7 a L, o7 av 6V

7 pLL7LV opoL9 3) L159 0 £2
6 0 0 9 77p09 7 0V 6ALixL0 7 0V,

ou7m9 Ka L 7) 8La¢0pa 7 L0V Lip V 77p09 7 7)V 8LagbopaV
7 L1)V peLCLiVLvV, Olov

7 : 6
»
77

°

677L8L)LL6p7)9 yap o 6V 6Ka7 6
'

pa ov yLa Aoy0 9 .

’

E77L K 6 gbaAaLov 7 0 L
'

VUV OL 7mv 86Ka LivaAoyLLOV
0pm 6KK 6 L

'

0 9LvoaV 15q5
’

611 77apd86 Lypa 77p09 70

6 150 15VO777 0V,

77pa57 7) 9
36 v7 6

'

pa9

7 pL
'

7
‘

779

7 6 7 Lip7
~
7) 9

776p777 7)9

6K7'7) 9

i.e. , b is theninth mean between a and c if

b c a

5 (73 6
°

i.a., b is thetenth mean between a and c if

b c a

5
_

c

Pappus (iii. 1 8 ,ed. Hultsch 84 . 1 2—86 . 14 ) gives a similar
list, but i n a d ifferent order after thes ixth mean . Nos. 8

in N icomachus s l ist arerespectively Nos. 9 , 10,

8

7

in that of Pappus. Moreover Pappus omits NO . 7 in the
l ist of Nicomachus and g ives as No. 8 an additional mean

equivalent to theformula g} Z 6
9

. T hetwo lists thus give
fivemeans additional to thefirst six.
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middle bears to the least the same ratio as the differ
ence between the extremes bears to the difference
between theleast terms,

“
as

4 , 6 , 7 .

Finally, the tenth in the complete series, and the
fourth in the list set out by the moderns , is seen when
in three terms the middle term bears to the least the
same ratio as the difference between the extremes
bears to the difference of the greater terms ,“ as in

the case of
3: 5: 8 5

for the ratio in each couple is the superbipartient
(5
To sum up, then , let the terms of the ten propor
tions be set out in one figure so as to be taken in at

a glance .

“

1 , 2 , 3 arithmetic

Second 1 2, 4

3, 4 , 6 harmonic

Fourth 3, 5 , 6

2 , 5
subcontrary

to
1 4 , 6 geometric

1 23

rysubcon tra

to harmonic

geometric

c
7

0a

G

T
O

a

a

b

c

a
_

0

0

0

1

0
_

0

0
_

1

0

a

b

“

7

0

0

1

0

0

7

0

0

7

0

7

0

0

7

0

0

7

0

0

7

0

0

b
0
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(iii ) Pappus
’

s Equations betn'een Means

Papp. Coll. i i i. 1 8 . 4 8,ed . Hultsch 88 . 5 - 18

T p6 29 LiVLiAoyOV 60 7 a70 d V 0p0 L 0 15A, B , F Ka i

0 vva 11 gt>o7 6pq7 1L6V A, I
‘

11 6 7 0 B 7 67V B 20 0 9

6KK 6 L
'

0 907 0 A,
0 vva11 g60 7 6

'

pc17 86 7 L?) B , F 0 E ,

7a) 86 F 0 Z
' Ae'yLo 07 L Ka t 0 15A, E , Z 0p0L Lc i

A0y0V 6 150 LV .

’

E776 t ydp LL59 0 A 77p09 7 0V B , 0 157 079 0 B 77p09

7 0V F, 60 7 a L Ka l 0 vV96
'

V7 L L159 0 vva11 <)507 6p0 9 0A, B

77p09 7 0V B , 0 15
'

7 Lv9 0 vVa11 g607 6p0 9 0B , F 77p09 7 0V

I"Ka l 77LiV7 6 9 Lipa 0 15 7)y0 1511 6 V0 L 77p09 77a
'

V7 a 9 7 0 159

677011 6
'

V0 v9 6 150 1512 6V a 157 L3
'

5AdyL17 O59 0 vva11 gbci7 6p0 9

0A, B 11 6 7 0. 0 vva11 <150 7 6p0v 7 0 15 B , F 77p09 0 vva11 g60

7 6pov 7 0V B , F,
0 157 079 0 vVa11 9607 6p0 9 0 B , P 77p09

7 0V P . Ka t 60 7 LV 0 vva11 gb0 7 6
'

pc37 11 6V A, B 11 6 70

0 vva11 gbO7 6
'

pov 7 ou B , F 50 0 9 0 A,
0 vVa11 g60 7 6

'

pL37 86
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7 133 B , F i
'

0 0 9 6 E , Ka i 7 12) P (i Z . Ka i ofA, E , Z

511 0. dvoo yov 6 l0 1v.

Ibid. i ii. 23. 57, ed. Hultsch 102

T h is is oneof a ser ies of propos itions given by Pappus to
the following effect. If A , B , I

‘ are three terms in geometr ic
proport ion , it is poss ib le to form from them three other terms
A, E , Z , being l inear funct ions of A , B , I

‘

,
wh ich sat isfy the

d ifferent proport ions . In th is case A
, E , Z are a lso in geo

metr ic proportion , but in the other examples A, E , Z are
made to sat isfy the harmon ic

,
the subcontrary, and the fifth ,

s ixth , eighth , n inth and tenth means of Pappus ’s l ist . T he
prob lems are , of course, prob lems in indeterminate analys is
of the second degree . Pappus does not include solut ions for
the ar ithmetic and seventh proportion s . T annery (Mémoirea
acien tzfiques i. , pp . 97 - 98) suggests as the reason that in these
cases the equat ions of the proportions , A + Z =2E and,
A=E +Z , are a lready l inear , there is no need to assume that
1 26
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B +I
‘

,
E B + I

‘ and Z= I‘ ; and therefore A,
E , Z

are in (geometric] proportion .

“

Ibid. i ii . 23 . 57, ed. Hultsch 102

AI
‘=B2, and con sequently there is oneindeterminate too

many. But the comp lete resu lts are shown in the tab le
reproduced on these pages from Pappus (ed . Hultsch , p .

102 , with exp lanat ion , pp . 100 T hefirst column in the
G reek tab l e g ives the mean s wh ich A, E , Z are to sat isfy.

T hesecond column g ives the number of times A, B , I
‘ have

to be taken to form A, E , Z respect ively. In the case of the
geometr ic progress ion already con s idered , the tab le shows
that to form A we have to take A once , B tw ice and I‘ once
to form E wehave to take B once and I‘ once and to form
Z wetakeI‘ once . T heth ird column g ives the lea st integra l
values of A, E , Z sat isfying the respective proport ions (t.e.
the values ofA, E , Z , suppos ing A , B , I

‘ to be each un ity ) ; in
thecaseof the geometric proportion the values are 4 , 2, l .

1 27
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O1
c

7r6p1 6
'

XOV7 6 9

11 6 0 07 07 11 9 7 p6
‘

1
‘

9

6 /\ax1 0 7 0 1 dp1911 0 1
'

5 5 3
"

a a a

B i d

a o.

61 51

(iv .) Plato on 1Weans between two Squares or two Cubes

Plat . T im. 3 1 B— SQ B

I I I f

Avo 86 K aAw 9 0 vmo 7 a 0 0a 1 7 p1 7 0v xwp1 9 ou

8vva 7 0V ' 86 0 11 6 12 yap 11 6
'

0 q) 86 2 7 1 11 0. 5111 960211

0 vvayw
'

y6v y t
'

yV6 0 6
’
a 1 . 6 l 11 6V 0 13V 677577 6 80 11

I 3] l A
11 6 V, [90 90 9 86 €XOV 6 86 1 y 1yV6 0 9a 1 7 0 7 0 0

war/7 89 0 11311 0 , 11 6 007 779 dv e
’

tffipK GL 7 d 7 6 11 6 9
’
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a v7 fi9 0 vv86 1v Ka i 6av7 77v, vvv 86 0 7 6p6 0 6 1877 yap
a v7 0v npoofiK 6 v 7 0 86 0 7 6p6 a 11 1

'

a 11 6V ou

86 770 7 6 , 8v0 86 a n 11 6 0 0 7 777 6 9 0 vvap11 0 7 7 0 v0 1v .

(v .) A T beorem of Archytas

Archytas ap. Boeth . DeInst. Mus. i i i . 1 1 ,
ed . Friedlein 5285 - 286

Demonstrat ioArchytaesuperparticularem in acqua
dividi non posse .

Superparticularis proportio scindi in acqua medio
proportionaliter interposito numero non potest . Id
vero posterius firmi ter demonstrabitur. Quam
enim demonstrationem ponit Archytas , nimiumfluxa
est . Haec vero est huiusmodi . Sit , inquit , super
particularis proportio

~A-B sumo in eadem propor
tione minimos

~C~DE Quoniam ig itur sunt minimi
in eadem proportione~C°DE ° et sunt superparticu
larcs ,

-DE ° numerus °C~ numerum parte una sua
eiusquetranscendit . Sit haec -D '

. Dico , quoniam
oD non crit numerus , sed unitas . Si enim est nu

In other words, onemean is sufficient to connect in
continuous proport ion two square numbers , but two are
requ ired to connect cube numbers . Plato ’s remarks are
equ iva lent to say ing that

a
2

ab=ab b2

and 0
3

a
2b=a

zb ab2=ab2 b”.

b T hesuperparticu laris ratio (671 111 611 109 Adyos) is the
rat io in wh ich onenumber conta ins the other and an al iquot

11

T hat is , a geometr ic mean . Archytas ’s proof as preserved by Boeth ius is substantia l ly ident ica l w ith that iven
by Eucl id in h is Sectio Canon is. prop. 3 (Euclid,ed . Hei rg

1 30
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sufficed to bind together both itself and its fellow
terms but now it is otherw ise— for it behoved it to
be sol id in shape , and What brings solids into harmony
is never one mean , but always two.

“

(v .) A l eorem of Archytas

Archytas as quoted by Boeth ius , On Music i i i . 1 1 ,
ed . Friedlein 285- 286

Archytas ’s proof that a superparticular rat io can
not be divided into equal parts .

A superparticular rat io b cannot be div ided in to
equal parts by a mean proport ional placed betw een .

That w i ll later be more conclusively proved . For

the proof wh ich Archytas gives is very loose . It i s
after thi s manner

,
Let there be , he says , a super

particular rat io A :B .

d I take C, D +E the least
numbers in the same ratio } ; Therefore , s ince C,
D +E , are the least numbers in the same rat io and
are superparticulars , the number D +E exceeds the
number C by an aliquot part of itself and of C.

Let the excess be D .

f I say that D is not a number
but a unit . For, if D is a number and an aliquot

Menge v i i i . 1 6 92 . 7 It is subsequently used by Eucl id
(prop . to show that the mus ica l tone, whose numer i
cal va lue is cannot be d iv ided into two or more equal
parts.

4 A rchytas wr ites the smal ler number first in stead of
second , as Euclid does .

In Archytas ’s proof D E is represented byDE . Eucl id ,
following h is usua l pract ice, takes a straight l in e d iv ided
into two parts . T o find C', D +E , presupposes Eucl id v i i .
33.

f i.e. , E is supposed equal to C.

13 1
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merus ~D ~ et pars est eius , qui est -DE metitur °D °

numerus -DE numerum ; quocirca et -E numerum
met ietur, quo fit , ut °C quoque metiatur. Utrumque
ig itur -C et °DE ~ numeros metietur ~D ° numerus ,
quod est impossib ile . Qui enim sunt m inimi in
eadem proportionequibuslibet alns numeris , h i p rim i
ad s e invicem sunt , et solam differen tiam ret inen t
unitatem. Unitas igitur est -D Igitur ~DE ~ nu
merus ~C~ numerum unitatetranscendit . Quocirca
nullus incidi t medius numerus , qu i eam proport ionem
aequaliter scindat . Quo fi t , ut nec inter eos , qui ean
dem his proportionem tenent , medius possit nume
rus collocari, qui eandem proportionem aequaliter
scindat .

(11) ALGE BRAIC E QUAT IONS

(i Sideand Diameter- numbers

T heon Smyr. ,
ed . Hi l ler 4 2 . 10—4 4 . 17

"
Q ofl6p 86 7 p1yw v1 1< 0 139 Ka i 7 6 7 pay <ov1 1< 0 139 K a i

77 6 V7 aywv1 1< 0 139 K a i Ka 7 ol 7 d Aomol 0xr§11 0 7 a Koyou9
6xov0 1 8vvci11 6 1 oi cip1911 0 1

'

, 0 137 01 9 K a i nA6 Up1K 0 1
‘

1 9

Ka i 81a 11 6 7 pu< 0 139 Aoyovg 6 vp0 111 6 v (iv Ka 7 <i 7 0 159

0 17 6p11 a 7 1 1< 0 159 Aoyovg 611 <15av1 §0 11 6v0 v9 cip1911 0
'

1
’

9 .

6 K yap 7 ou7 wu pv911 1 l6 7 a 1 7 a 0x7711 a 7 a . w 0 776p ovu

n aw wv 7 1 0V 0xn11 0 7 wv K a 7 1i 7 0 V avw 7 a 7 w Ka 1

0 77 6p11 a 7 1 i< 0v Aoyov 77 11 0va 9 apX6 1 , ou7m9 mm 7 779

81a 11 6
'

7 pou K a i 7fi9 7r/\ 6 vp0 9 Aoy0 9 6v 7 77
6 15p1

'

0 K 6 7 a 1 . olov 6
’

K 7 1
'

96 V7 a 1 8150 11 0Vd86 9 , 0
8

V

11 611 91311 6 11 eluc a 81 1i11 6 7p0v, 7 9711 86 7r/\6 vpciv, 677 6 187)

0 T h is presupposes Eucl id vi1 . 22.

b T h is 13 an inference from Eucl id vi 1 . 20. Heath (H.G.M.
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7 75V 11 0va
'

8a , 776 11 7 10 11 0 60 av 6px75v, 8vuci11 6 1 Ka i

77A6 vpciv 6 lva 1 Ka i 81 a
'

11 6 7 pov . Ka i 77p0 0 7 1
'

96 7 a 1 7 37A I A I I I
11 6 V 77)\6 q . 81a 11 6 7 p0 9 , 7 37 86 81 a 11 6 7pqo 8vo 7TA6 vpa 1 ,
677 6 1875 150 0 11 75 77/\6 0p61 829 815va7 a 1 , 75 81611 6 7 p0 9

ovv 11 6 1
'

l 11 6V 7581 a11 6 7po9 , 6/\a 7
7 10V 86 73 77A6 vpa . Ka 1 677 1 11 6V 7 759 77po

'

77 739 77/\6 vpa 9

7 6 Km 81 a11 67 pou 6 173 av 7 0 a 7r6 7 759 11 0va80 9
81a11 67 pov 7 6 7 payw vov 11 ova81 11 1a 6/\a 7 7 ou 7

3
8177 /\a

OLOV 7 ou a 776 7 759 11 0 11a80 9 77A6 vpa 9 7 6 7 paya
'

7vov
' 617

1 0 0 7 737 1 yolp (1 L 11 ova86 9 7 0 8
’

6v 7 ou 6V69 11 0 17681

6/la 7 7 ou 75 81 77Aa 0 1 0v . 77p0 0 9w 11 6 v 8757 7511 6V 77 /\6 upa

81 a 11 6 7 p0v, 7 0v7 60 7 1 7 35 11 0 11681 11 0va8a
° 60 7 a i 75

77/\6 vp61 apa 8v0 11 0va8wV
°

7 75 86 81a11 6 7 pq) 77p0 0

90011 6 11 8v0 77/\6 upag, 7 0v7 60 7 1 7 33 11 ova81 8v0 11 ova

8a 9 6o 7 a t 75 8ta 11e7po9 11 0va8wv 7 p1wv Ka i 7 0

11 6V a 776 7 759 8va80 9 77/\6 vpa 9 7 6 7paywvov

0

8
,
7 6

8
’

6 776 7 759 7 p1a80 9 81a11 67 pov 7 6 7paywv0v 9 7 6 9

,
8 '

Y

6pa 11 0 11681 “GICOV 77 8177/\6 0 10v 7 0 15 7 759 B
WAGUPCIS .

Ila /\1 1' 77p0 0 91311 6 v 7 75 11 6V 5 77A6 vpa 8ta 11 6 7pou 7 75V
7 p1

'

a8a 60 7 a 1 7577A6 vpa 6 7 7586 7 p1 a81
"
81a11 67 pw B

77/\6 vpa 9 , 7 0v7 60 7 1 8is 7 a 3 6o7 a i z 6 0 7 a 1 7 6 11 617

a 776 7 759 ( 6 ) 77/\ 6 vpa 9 7 6 7 payoovov K 6 , 7 6 86 a 776 7 759

f (81a11 67 pou) 11 0 11 ova81 6/\a 0 0 0v 75 81 77/\a 0 1 0 v 7 ou

K 6 apa 7 6 11 9 . 77aA1v av 7 35 ( 6) 77/\6 vp<31 77po0 9359

7 75V 5 81 1i11 6 7p0v, 60 7 a 1 113. Kav 7 35 z 81a11 67pcp
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beginning of all th ings , must have it in its capacity
to be both side and diameter . Now let there be
added to the side a diameter and to the diameter

two s ides , for as often as the square on the diameter
is taken once , so often is the square on the side taken
twice . The diameter w ill therefore become the
greater and the s ide will become the less . Now in

the case of the first side and diameter the square on
the unit diameter w ill be less by a unit than tw ice
the square on the unit side ; for units are equal ,
and l is less by a unit than tw ice 1 . Let us add to
the side a diameter , that is , to the unit let us add a
unit ; therefore the [second] side w ill be two units .
To the diameter let us now add two s ides , that is , to
the unit let us add two uni ts the [second] diameter
w ill therefore bethree units . Now the square on
the side of two units w ill be 4 , while the square on

the diameter of three units w i ll be 9 ; and 9 is
greater by a unit than tw ice the square on the side 2 .

Again , let us add to the s ide 2 the diameter 3 the

[third] side w ill be 5 . To the diameter 3 let us add
two sides , that is , tw ic e 2 ; the third diameter w ill
be7 . Now the square from the s ide 5 w i ll be 25 ,
while that from the diameter 7 wi ll be 49 ; and 4 9 i s
less by a unit than tw ice 25 . Again , add to the side
5 the diameter 7 the result w ill be1 2 . And to the
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A

7rp0 0 9739 829 T YIV GG WAGUPG V, GUT G L b 0 Ka t T OU (i776

7 759 LB 7 6 7pay 1bV0 v 7 6 a 776 7 759 1C 11 0V1i81 77A6
'

0 V 75
8177Aa

'

0 10 V . Ka i K a 7 d 7 6 675759 7 739 77p0 0 973
'

1c739f I I ’I 3 I I
011 0 1 10 9 y 1yV011 6 V739 , 6 0 7 a 1 7 0 a vaAoyov 6 vaAAa§ °

770 7 6 1L6V 11 OVa81 6Aa 7 7 0 V , 77 0 7 6 86 pova81 77A60V 73
8177Aa 0 10 V 7 6 a 776 7 759 81 a 11 67pou 7 6 7pay1oV0V 7 ou

a 7r6 7 759 7TA6 vpa 9
°

Ka i pr37 a 1 a i 7 0 1 a v7 a 1 7< a 1 77A6 upa 1
K a t 81a 11 6 7 p0 1 .

Frocl. in P lat. Rcmp . , ed . Krol l 1 1 . 27 . 1 1 - 22

llp0 6 7 1
'

96 0 av 86 oi Hvfiay6p6 1 0 1 7 ov
'

7 0v 7 0 16V86

In algebra ica l notat ion , a pair of sideand diameter
numbers , an , d"are such that

dn
z

i 1 ,

and the law for the format ion of any pair of such numbers
from the preced ing pa ir is

=Qan 4 da - l

an arr- 1 +da - 1 .

T hegen eral proof of the property of these numbers is not
g iven

g
by T heon (doubt less as being wel l known) . It can be

exh ib ited a lgebra ical ly as follows .

d.
2 2a,,

2 dn 2(a,.- 1 +

90 71—1
2 " ( in -

2
1

(dn - 1
2 _ Qan - l

z
)

(flu - 2
2 Qan

by s imilar reason ing, and so on . Start ing with a l = 1 , d,= l
as the first pa ir of s ide and d iameter numbers , we have

d1
2 _ 90 1

2 l

and therefore by the above equat ion we have
d2

2 _ Qaz
z

+ 1 ,

da
z _ 2613

2
: I,

and so on , thepos itive and negative s ign s a lternat ing . T he
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96
A

03p7311 a yAagbvp6V 77 6p1 7 10V 81 a 11 6 7 pwV Ka i 77A6 v

pw V
,
0 7 1 7511 6V 81 a11 6 7 pog 77p0 0Aa180 v0 a 7 75V 77A6 vpaV,

759 60 7 1V 81a 11 6 7 p0 9 , y 1V6 7 a 1 7TA6 vpa ,
75 86 7TA6 vp6

6av7fi o vV7 6 96 20 a Ka i 77p0 0AaB0 1
'

30 a 7 75V 81611 6 7 p0 V
7 75V 6aV7 759 y 1

'

V6 7 a 1 81611 6 7 p0 9 . Ka i 7 0 6 7 0 86 1
,

v 7 a 1 816 7 1DV 6V 86 v7 6p13) 2 7 0 1X6 1
'

wV ypa11 11 1 7< 1 0 9

6 77
’

6Ke1’vou . 66 V 6 1i96
'

1
’

a 7 11 73935 81
'

xa ,
77p00A1ifl33 86

6 1396 iaV , 7 6 6 776 7 759 6A739 0 6V 7 35 77p0 0 7< 6 111 6V33 Ka i

7 6 a 776 7 ao7 739 11 0V739 7 6 7 pay1ova 81 77Aa 0 ta 7 ou 7 6

a 7r6 7 759 751
1 1 0 6 1 a 9 KC“. 7 0 17 6 776 7 759 0vy7< 6 111 6V739 676

7 759 7511 1 0 6 1a 9 Ka i 7 759 77p00A739596 10 739 .

T he Bloom of T hymaridas

Iambl. in N icom. Arith . Introd. , ed . Pistel l i 62 . 1 8—63 . 2

’

EV7 6 1396 V Ka i 75 6115080 9 7 ou ®v11 ap186 i0v 677

T h is is Eucl id 1 1 . 10, wh ich asserts that if AF is b isected

and produced to A, then
AA” AI

‘z=2AB’ 2BA’
.

If AB =x , I
‘A=y , th is g ives

(21
°

y)
2
y

“ 2x3 2(x y)
’

or (27: y)
“ 2(rv y)

“ 2x2 y
“
.

T herefore , if (x, y) are a pa ir of numbers sat isfy ing oneof the
equations y

2
i: 1 ,

then (73+ y), (223+ y) are another pa ir of numbers sat isfy ing
theother equat ion .

Proclus is not

q
uoting exactly the Eucl idean enunciation ,

cfor u b 1eh see Eu id ed Heiberg-Mengc i. 1 4 6 . 1 5 22 .

T hymaridas was apparently an early Pythagorean , not
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about the diameters and s ides , that when the dia
meter rece ives thes i de of wh ich it is di ameter i t
becomes a s i de , whilethe s ide , added to itself and

rece iv ing its diameter
,
becomes a diameter . And

this i s proved graph ically in thesecond book of the
E lemen ts by him [so Eucl id] . If a straight l ine be
b i sected and a straight linebe added to it , the square
on the whole l in e including theadded straight line
and the square on the latter by itself are together
double of thesqua r e on the half and of the square on
the straight l ine made up of the half and the added
straight l in e .

“

(u .) T be B loom of T hymaridas
”

Iamblichus, On Nicomachus
’

s In troduction to Arithmetic,
ed . Pistell i 69 . 1 8— 63 . 2

The method of the bloom of T hymaridas was

later than the time of Plato , who lived at Paros . T hename
61 76 V973pa (flower or bloom) g iven to h is method shows that it
must have been w idely known in ant iqu ity, though the term
is not confined to th is part icu lar propos ition . I t is presum
ably used to g ive a sense of d ist inction , much as we say
“ flower of the army.

”
T heGreek is unfortunately most

obscure, but the mean ing was successfu l ly extracted by
Nesselman (DieAlgebra der Griechen , pp . 232 who
is followed by Gow (History of Greek Mathema tics , p .

Can tor ( Vorlesungen i3. 1 58 Lor ia (Lescienzeesatte
nell’ an tica Grecia , pp . 807 and Heath i .
94 - 96 Diophan tus of Alexandria , 2nd cd . , pp . 1 1 4

T he b loom is a ru le for solving n s imu ltaneous equat ions
connecting 71 unknown quant ities , and states in effect :
( 1 ) if
wh ile 173+ (cl

=3 1 , 11 + in;
=3 2,

then w=3 1 + 3 2
— S
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6 V97531 6 7 0 9 6717596973. wp1 031 6v y6p 75 6 0p10'

7 wV

31 6 371 0 6 31 6v wp1 o ,u6V0 V 7 1 K a t 6V69 0 v7 1V0 0 0 vV 7 0 19

K 6 0
’

6K 6 0 7 0V ovV7 6 96V7 0 9 , 7 6 6K 776V7 wV

6 9p0 1 0 96v 77A7590 9 67723L6V 7 p1wV 311 6 7 6 7 75V 675 6px759
6p10 96

'

1
'

0 6 V 770 0 67 737 6 6o WP ovp 196V7 1 77p0 0

1 636 6 1 7
’

6 615
,

05 7 6 A6 Z77OV K a 6K 6 0‘

7 0V 7T UV

n o w 66 6 1306 9750 6 7 6 1 , 6 77 1 86 7 6 0 0 6pcoV 7 6 7531 1 0 v Ka i

677 1 776V7 6 7 6 7 p1 7 ov K C“ 677 1 65 7 6 7 67 ap7 0 V 76 6 1 6 6 1
6 K 0A0 v9w 9 , 8v6 80 9 K 6 V7 6 v96 31 6 6030 6 9 677 13156 1

V031 6V739 77p69 7 6 7 75V 770 6 67 737 6 7 63V pep1 §op6VwV
Ka t 77p69 7 75V 7 0 1) pop1ov K /\750 1V .

(92) if
wh i le x + 731

=sv x + x2
=32 , x + x3

=33,

S

(3) wh ile genera l ly , if 577+ 51 1 732+ x,” =S,

wh ile 11 + x + x 2
=3 2

o o 0 + su _ l
- S

n — 2

Iamblichus goes on to show how other equations can be
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IV. PROCLUS
’

S SUNIMARY

Frocl. in E ucl. i. , ed . Friedlein 6 4 . 1 6 — 70. 1 8

’

E77 6 1 66 xp757 6 9 6px6 9 Ka t 7 63V 7 6XV13V K 6 1 7 <1 ) V

677 1 0 7 73;w w 7rp6g 7 75V 776 pov0 6 V 77 6p1
'

080 V 0 KO7T €LV,

A6y031 6 V, 67 1 77 6 p A1yv777 1 0 1 9 31 6V 6 vp750 96 1 77

p
1 0 7 0V

75y 6 w31 6 7 p1 6 776 p6 7 <1)V 1 0 7 6p737 6 1 , 6 16 7 759
7 1 0V xwp1w V 6 V6 311 6 7 p750 6 w 9 hafiovoa 7 75V y6V6 0 1V .

6 V6 '

yK 6 1 6 y6p 73V 6K 6 1V0 1 9 a v7 73 6 16 7 75V 6 V0 60 V 7 ou

6 1.o 7 ou9 77p0 0 73K 0 V7 6 9 6p0 v9 6K 6 0 7 0 1 9 66 6 m

T hecourse of Greek geometry from the earl iest days to
the t ime of Eucl id 15 reviewed in the few pages from Proclus ’3
Commen tary on E uclid, Book 1 . wh ich are here reproduced .

T h is Summary of Proclus has often been cal led the
Eudemian summary, on the assumpt ion that it is extracted
from the lost H istory of Geometry by Eudemus, the pup i l of
Ar istotle . But the latter part dea l ing w ith Eucl id cannot
have been wr itten by Eudemus, who preceded Eucl id , nor is
there any styl ist ic reason for attr ibuting the earl ier and later
portion s to d ifferent hands . Heath ( T heT hirteen B ooks of
Euclid

’

s E lements, i. , pp . 37, 38 , and i . 1 19 , 1 20)
gives arguments for bel iev ing that the author cannot have
been Proclus h imself, and suggests that the body of the
summary was taken by Proclus

b

from a compend ium by some
wr iter later than Eudemus, though the carl1er port ion was
based , d irectly or ind irect ly , on Eudemus’

s History . T he
summary was wr itten pr imar i ly for an understand ing of the
way in wh ich the elements of geometry had come into being .

T hemore advanced d iscover ies are therefore omitted or
ment ioned on ly i n pass ing . Proclus h imself l ived from A.D .

4 10 to 4 85 . On the death of Syrianus he became head of the
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A ICov7 o9 . K a L 96 U31 6 0 7 6V 0 1386V 6 776 7 739 33376 1 6 9

63756 0 96 1 7 75V 6 6p6 0 1V K a i 7 6 157 739 K a i 7 <1) V W mv
A A I I

6 77 10 7 7331 6 7V ,
6 77 6 1373 7T 6 V 7 0 6 V y 6 V6 0 6 1 (35637031 6 V0V

A 3 A I I
6 77 0 7 ou a 7 6 /\ou9 6 1 9 7 0 7 6 /\6 10 V 77370 6 1 0 1 V .

I T I
6 1 0 9730 6 6 79 ovV 6 1 9 Aoy 1 0 31 0 V K 6 1 6 770 7 0 v7 ov 6 77 1

c 1 r s\ 7 r 0 1s

vovV 73 31 6 7 6 386 0 1 9 y 6 1 0 17 o 6 V 6 1 K 0 7 6 79 . w 0 77 6p OUV

A I I
77 6 376 7 0 1 9 (Dow ufw 6 1 6 7 6 9 6 31 770376 1 6 9 Km 7 6

I 3 V C A A
7 73V apXTIV d afiev 73 7 6 7V 6 371931 10V

fl I f

6 Kp1/9739 v 0 1 9 , ov7 w 373 K 6 1 776 p A1yv77 7 1 0 19 73
I c

y 6 w31 6 7 p1 6 816 7 75V 6 ip7331 6
'

V73V 6 57 1
'

6 V 6 v
'

p737 6 1 .

(96 6739 86 77p637 ov Aiyv777 0 V 31 6 7 733/ 6 3/ 6 V

6 29 7 75V 1 5901686 7 75V H6 6 7371
'

6 V 7 6 157 73V Ka i 770M6 31 6V
A A

6 v7 0 9 6 vp6 V, 770v 36 7 6 9 6 37X6 9 7 0 19 31 6 7 av7 0 V

159673
'

y730 6 7 o , 7 029 31 6V K 6 90 /\ 1 K 6
’

77 6p0V

A I A I
7 0 19 86 6 10 9737 1 K 6 77 6 370V . 31 6 7 6 36 7 0v7 0 V A31 6

1 c I A 7 I n

371 0 7 0 9 0 2 7 730 txopov 7 ou 770 1737 0 17 6 6 6 6960 9 , 0 9

A A
6 356 517631 6 V0 9 7 739 77 6p1 y 6 w31 6 7 p1

'

6 V 0 770v5739 um
1 M631 6pKOS‘ Friedlein, fol low ing a correction in the

oldest 7 1 5 .

T ha les (0 . 6 24 —54 7 oneof the Seven W ise Men
of ancient Greece , is un iversal ly acknowledged as thefounc

’er
ofG reek geometry , astronomy and ph ilosophy . His greatest
fame in antiqu ity rested on h is pred iction of thetota l ecl ipse
of thesun of May 28 , 585 B .C . , wh ich led to thecessation of
hostil it ies between theMedes and Lyd ians and a lasting
1 4 6
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everybody ’s proper boundaries . Nor is there any
thing surpr i s ing in that the discovery both of this and
of the other sciences should have its origin in a
practical need

,
s ince everything wh ich i s in process of

becoming progresses from the imperfect to the per
feet . Thus the trans it ion from perception to reason
ing and from reasoning to understanding is natu ral .
J ust as ex act know ledge of numbers received its

orig in among the Phoenic ians by reason of trade and

con tracts , even so geometry was di scovered among
the Egypt i ans for the aforesaid reason .

Thales a was the first to go to Egypt and bring back
to Greece th i s study he h imself discovered many
p ropos itions , and disclosed the underly ing princ iples
of many others to his successors , in some cases
method being more general , in others more empirical .
After him Ameristus} the brother of the poet
Stesichorus , is mentioned as having touched the study
peace (Herodotus i . what T ha les probab ly d id was to
pred ict the year in wh ich the ecl ipse wou ld take p lace, an

ach ievemen t by no means beyond the astronomical powers
of the age . T hales was noted for h is pol itica l sense . He
urged the separate states of Ion ia , threaten ed by the en
croachment of the Lyd ian s , to form a federat ion w ith a
cap ital at T eos and h is successfu l d issuas ion of his fel low
Miles ians from accepting the overtures of Croesus , k ing of

the Lyd ian s , may have had an influen ce on the favourab le
terms later gran ted to Mi letus by Cyrus , king of the Pers ian s ,
though the ma in reason for th is preferent ia l treatment was
probab ly commercia l . In ph ilosophy T hal es taught that the
a ll is water. For h is mathemat ica l d iscover ies , see infra ,

pp . 1 6 4 - 1 6 9 .

b T hename is uncerta in . Friedlein , in suggesting
Mamercus , observes that Suidas g ives a brother of Stes i
chorus as Mamert inus, wh ich cou ld eas ily ar ise out of

Mamercus . Another read ing is Mamertius. Noth ing more
is known about h im . Stesichorus, the lyr ic poet , flour ished
c. 6 1 1 B . .c

1 4 7
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CI f I A f I C

31 0V6 v6 7 6 1 , Ka L 17777 1 6 9 0 H6 6 1 0 9 1 0 7 0p730 6 V 6 79 6 771

I I A I I
y 6w31 6 7p1q. 30 §6 V avrov 6 6 380 V7 0 9 . 6 77 1 36 7 OUT 0 19

I A
nv96 y6376 9 7 75V 77 6p1 6 137 75V ¢ 16 0 0 0 §6Lav 6 29 0X7331 6

66 6 v96
'

pov 31 6 7 60 7 730 6 V, 6 V6 796 V 7 6 9 637x6 9

6 137 739 677 1 0 K 0 770 17
'

31 6 V0 9 Ka i 6 156 6 79 Ka i Vo6p6
'

79 7 6
A

96 6 7377331 6 7 6 31 6 376 17V6
'

731 6 V0 9 , 69 373 K 6 1 7 75V 7 6 7V 6V6

663/ Ov
l

77376 3131 6 7 6 1
'

6 V Ka i 7 75V 7 63V KOO
’

3LLLKw V 0x73

31 6 7 6 7V 0 60 7 6 0 1V 6 V6 6p6 V . 31 6 7 6 36 7 0 6 7 0V
’

AV6 §
6 y6p6 9 6 K6 6 C031 6

'

V10 9 77066 63V 69573366 7 0 7 6 7V K 6 7 6
I I f A 3 I I

y€w31 €T pLaV K a L O1V0 77 13739 0 X1 0 9 , V6 6 77 6

fl

pog 6 7V 13V Ka i 6 H66 7 6 7V 6V 7 029
A A

6 V7 6p6 0 7 6 19 631 V7331 631 6 v0 6 V 639 6 77 1 7 0 1 9 31 6 97331 6 0 1
36§6 V 6 6B6V7 6 7V .

A 91
7 6 7V aV6 66y0V con i . D iels ; 7 63V 6.66w Friedlein .

T hewel l - known Soph ist , born about 4 6 0 B .C . , whose
various accomp l ishmen ts are descr ibed in Plato ’s Hippias
Minor. Hecla imed to have gone once to the Olymp ic
Games w ith everyth ing that he wore made by h imself, as
wel l as a l l k inds of works in prose and verse of h is own
compos ition . His system of mnemon ics enab led h im to
remember any str ing of fifty names wh ich he had heard once.
T heunmathematica l Spartan s , however , cou ld not appreciate
h is gen ius , and from them he cou ld get no fees . His chief
mathematica l d iscovery was the curve known as the quad
ratrix , wh ich cou ld be used for trisect ing an angle or squar ing
the circle (see infra , pp . 336

0 T hel ife of Pythagoras is shrouded in mystery . Hewas
probably born in Samos about 582 and migrated about
529 B .C . to Crotona , the Dor ian colony in southern I ta ly,
w here a semi - rel igious brotherhood sprang up round h im .

T h is brotherhood was subjected to severe persecut ion in the
fifth century B .C . , and the Pythagoreans then took their
1 4 8
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’

E <35
’

0 19
c

l77 770 7< p6 7 739 6 X10 9 6 7 6V 7 0 17 31 73V1
'

0 K 0 17

7 6 7 p6 3/ 6 7V1 031 6V 6 6p6
'

7V, K 6 1 9 6 636 7p0 9 6 Kvp73V6 10 s

63/ 6VOV7 O 77 6p1 31 6 6 731 6 7 p1
'

6 V 677 1gl76 V6 19 . 77p637 0 9 y6p
‘

I77 770 7cp6 7 739 7 63V 31 V7331 0V6 v031 6V6 7V K 6 1 0 7 0 1x6 16

0 vv63/p6 1/76 V . H66 7 6 7V 3
’

6771 7 0 67 0 1 9 y 6 V631 6 V0 9

31 6 3/ 10 7 73V 6770 1 730 6 V 677 130 0 1V 7 6 7 6 6 66 6 31 6 97331 6 7 6
7 75V y€w3LL€ T pLaV 6aB€LV 316 7 75V 776p1 6 U7 6.

0 77 0v373V, 6 9 n ov 3736 69 60 7 1 K 6 1 7 6 0 v3/3/p63
1 31 6 7 6

7 0 1 9 K 6 7 6 77 177< V6
'

70 6 9 K 6 1 776 V~

7 6 xov 7 6 776p1 6 v7 6 96 1731 6 7 6 7V 96160 0 0961 6 9 6 V7exo
31 6V6 7V 677 6 3/ 6 1p6 7V. 6V 36 7 0 v7 6 7 7 6 7 xp6V6 7 K 6 1

A6 6 73631 6 9 6 (96 0 10 9 73V
’

Av 7 6 9 6 T 6 p6 V7 1V0 9

® €a LT 737 0 $ 6
’

A973V6 10 9 , 7rap 6 7V 677 73v§73973 7 6

96 6 7p7331 6 7 0. K 6 1 77p0 i3
‘

696 V 6 19 677 1 0 7 7331 0V1 7< 6 77 6p6 V
I

0 6 0 7 6 0 1V .

A6 6 73631 6 V7 0 9 36 V6 6 77 6p0 9 6 N6 0 7< 6 6 13739 Ka 1 6

7 0 v7 0 v 31 6 9737 759 A66 7V, 0 1 77066 6 77p0 0 6 v77 6p730 6 V

7 0 19 77p6 6 137 63V, 630 7 6 7 6V A60 V7 6 76 6 1 7 6 0 7 0 1x6 756

0 0V96 1V6 1 7 6 7 7 6 776 7396 1 K 6 1 7 73 xp6 1 6 7 6 7V 36 1KVU

31 6V6 7V 677 131 6 660 7 6p0 V, K 6 1 31 0p1031 0 179 6 vp6 1V, 7767 6

3vV6 7 6V 60 7 1 7 6 C737 0 v31 6 V0V 77p6fl6 7331 6 76 6 1 7767 6

6 36V6 7 0V . 1363050 9 36 6 KV1
'

31 0 9 , A60V7 0 9 31 6V

66537 137 V6 6
'

77 6p0 9 , 67 a ipo9 36 7 63V 77epi H6 6 7 6 7V6

Hippocrates w as in Athens from about 4 50 to 4 30
For h is mathemat ica l ach ievements , seeinfra , pp. 234 - 253 .

b Our ch ief knowledge of T heodorus comes from the
T heaetetus of Plato , whose mathemat ical teacher heis sa id
to have been (B iog . Laert. i i . seeinfra , pp. 380- 383 .

Proclus (in E ucl. i. ,ed. Friedlein 72et seq.) expla ins that
theelemen ts in geometry arelead ing theorems having to

those wh ich follow therelation of an al l - pervad ing princip le 3
hecompares them w ith theletters of thealphabet in relat ion
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After them H ippocrates of Ch ios ,“ who di scovered
the quadrature of the lune , and Theodorus ofCyren e b
became di st ingui shed in geometry . For H ippoc rates
is the first of thosement ioned as having compiled
elements .

" Plato ,

d w ho came after them , made the
other bran ches of mathemat i cs as w ell as geometry
take a very gr eat step forw ard by h i s zeal for them ;

and it is obv ious how he filled h i s w r it ings w ith
mathemat i cal arguments and everywhere st i rred up
adm iration for mathemat i cs in those who took up
phi losophy . At th i s t imealso lived Leodamas of
Thasos 3 and Archytas of T aras f and Theaetetus of
Athens ,”by whom the theorems w ere increased and
an advance w as madetow ards a more scient ific
grouping .

Younger than Leodamas w ere Neoclides and h i s
pup il Leon , wh o added many things to thos e known

before them , so that Leon w as able to make a collec
tion of the elements in which he w as more careful in
respect both of the number and of the ut ility of the
things proved he also discovered diorismi, show ing
when the problem invest igated can be solved and
when not .

” Eudoxus of Gu idos , a little younger than
Leon and an assoc iate of Plato ’s school , was the first

to language ; and they have, indeed , the same name in
G reek .

4 See infra , pp . 386 - 405 .

6 A l l we know about h im is that Plato is sa id to have
exp la in ed or commun icated to h im the method of ana lys is
(Diog . Laert . iii . 24 , Frocl. in E ucl. i. , ed . Friedlein 2 1 1 .

19
f For Archytas , see supra , p. 4 n . a .

9 See infra , pp . 378- 383 .

Wehave no further knowledge of Neoclides and Leon .

A good examp le of a diorismos is given in Plato , Meno
86 E— 87 pp . 394 wh ich incidenta lly shows that
Leon was not the first in th is field .
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y 6 V63
1 6 V0 9 , 77po77 o9 7 6 7V 76 6 9660 0 76 6 60 7731 6v 96 6 7

p7331 6 7 a7v 7 6 776 7390 9 73v§730 6 V 76 6 1 7 6 19 7p10 1V

6 V6 603/ 1 6 19 6 66 6 9 7 p6 1 9 77po0 697376 6 v 76 6 1 7 6 776p1

7 73V 7 031 7
‘

3V 6px73V 6 6 396V7 6 77 6 p6 H66 7 6 7V0 9 6 19
776 7390 9 77p0 73y6 y 6 V 76 6 1 7 6 19 6V6 6 17

'

0 6 0 1V 6p
"
6 157 63V

Xp730 631 6 V0 9 .

’

A31 v76 6 6 9 36 6
e
Hp6 766 6 6 77

‘

739 , 6 1 9 7 6 7V

H66 7 6 7V0 9 67 6 1p6 7V 76 6 1 M6V6 1X31 0 9 6 76p0 6 7~739 6 7V

Ev36fov 76 6 1 H66 7 6 7V1 36 0 vyy6 y0 V6 79 76 6 1 0 636 69669
6 177 0 6 A6 1V60 7p6 7 0 9 67 1 7 6 6 6 6 77 6p6 V 6770 1730 6 V 7 73V

66 73V y 6 w31 6 7p
1 6 V . @ev31 o9 36 6 M6yV739

"
6 V 7 6 7 0 1 9

31 6 97331 6 0 1V 6 30§6 V 6 1V6 1 31 6 ¢6p6 7V 76 6 1 76 6 7 6 7 73V

6 66 73V 6 160 0 06 1 6 V 76 6 1 y6p 7 6 O
'

T OLXGLG. 76 6 6 6 79
0 vV67 6 §6 V 76 6 1 770 666 7 6 7V 31 6p1 76 6 7V 76 6 906 1 76 6 77 6p6

6770 1730 6 V . 76 6 1 31 6V7 OL 76 6 1 6 KU§1 76 73V69
’

A973V6 1 0 9
76 6 7 6 7 ov9 aUT OUS

‘

y 6 y0V6 79 Xp6V0 v9 76 6 1 6V 7 0 1 9

6 660 19 31 6V 31 6 97331 6 0 1 , 31 66 10 7 6 36 76 6 7 6 y6 w31 6 7 p1 6 V

6771 6356 V739 6 y6V6 7 0 . 31 73y0V ovV 0v7 0 1 31 6 7 6 66 736 6 7V
6V

’

A76 6 37331 1 6 76 0 1V6 9 770 1 0 1731 6 V0 1 7 6 9 ( 737 730 6 1 9 .

c

Ep31 67 131 0 9 36 6 K06 0¢ 63V1 0 9 7 6 1577
’

Bz336§ou
77p0 73v770p7331 6V6 76 6 1 ® 6 6 17 737 0v 77p0 73'y 6 y 6 V 6 77 1 77660V

1 6371 76 317 Friedlein .

a For Eudoxus , oneof thegreat mathematicians of all
t ime, seeinfra , pp. 408- 4 15 . Hel ived 0. 4 08- 355 What
the so—ca l led genera l theorems

’ may beis uncerta in
Heath (H .G. JV. i . 3523) sugges ts theorems wh ich are true of
everyth ing fa l l ing under theconception of magn itude, as are
thedefin ition s and theorems forming part of Eudoxus ’s ow n

theory of proportion .

”
T hethree mean s wh ich Eudoxus is

sa id to have added to those already known arethethree sub
contrary mean s (supra , pp. 1 1 4

101 . 1 - 5 ) a lso attr ibutes them to Eudoxus , but in other
p laces ( 1 13 . 1 6 1 - 4 ) heass igns them to Archytas
and Hippasus. It is d isputed whether the“ section to

wh ich Eudoxus devoted h is attent ion means sections of sol ids
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A I A A
KaL v mmxev 77o Livev KaL v 1

'

0
'

17wv
I

,

8
\ f M 8

A 1
T w o. ovveypcu/Jev . e o epoLog ,

I

“Aa '
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Almost certa inly thesameas Philippus of Opus, who is
sa id to haverev ised and published theLaws of Plato and

(wrongly) to havewr itten theEp inomis . Suidas notes a

number of astronomical and mathemat ical works by h im.

b Not much moreis known about thelifeof Euclid than
is conta ined in this passa

g
e(seeHeath , T heT hirteen Books of

Euclid
’

3 E lemen ts , vol. , .pp 1 6 and HHG Ill . i . 354
T hesummary of Euclid ’

s achievement in theE lemen ts is a

very fa ir one, agreeing w i th theconsidered judgement of
Heath i . “

T hereis thereforeprobably little
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’

S SUMMARY

discovered many propositions in the elements and

compiled some portion of the theory of loci. Philippus
ofMedma ,

“
a disciple of Plato and by h im diverted to

mathematics , not on ly made his investigation s accord
ing to Plato

’

s directions but set himself to do such
things as he thought would fit in with the philosophy
of Plato .

Those who have compiled histories carry the
development of this science up to this poin t . Not

much younger than these is Euclid, who put together
the elements , arranging in order many of Eudoxus ’

s

theorems, perfecting many of T heaetetus ’

s , and also
bringing to irrefutable demonstration the things
which had been on ly loosely proved by his predeces
sors . T hisman lived in the time of the first Ptolemy
for Archimedes , who came immediately after the first
Ptolemy , makes mention of E uclid and further they
say that Ptolemy on ce asked him if there was in
geometry a w ay shorter than that of the elements
he replied that there was no royal road to geometry

?

He is therefore younger than the pupils of Plato , but

in thewholecompass of theE lemen ts of Euclid, except
thenew theory of proport ion dueto Eudoxus and its couse
quences, which was not in substanceincluded in therecog
nized con ten t of geometry and ar ithmetic by Plato ’

s t ime,
although theform and arrangemen t of thesubject - matter
and themethod employed in particular cases wered ifferen t
from what wefind in Euclid (cf . H .G

'
.M. i . As Plato

died in 34 7 B .C . , and Archimedes was born in 287 B .C . ,

Euclid must haveflour ished about 300 B .c . ; Ptolemy I

reigned from 306 to 283 B .C . Had not theconfusion been
common in theMiddleAges, it would scarcely benecessary
to po int out that this Euclid is to bed ist ingu ished from
Euclid of Megara, thephilosopher , who lived about 400 B .C .

A story about therebeing no royal road to geometry is also
told of Menaechmus and Alexander (Stobaeus, Eel. i i . 3 1 ,
ed. Wachsmuth
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a E ratosthenes was born about 284 B .0 . His ab ility
many branches of knowledge, but fa ilureto achieve

y
the

highest placein any, won for h im then icknames Beta and

Pentathlos.

” Hebecametutor to Ph ilopator, son ofPtolemy
Euergetes (seeinfra , pp. 256 - 957) and librar ian at Alexandr ia .

Hewrotea book P laton icus and another On Means (both
lost) . For h is sieveforfind ing success iveprimenumbers, see
supra , pp. 100 103 and for h is solut ion of theproblem of

doubling thecube, infra , pp. 290- 297 . His greatest achieve
ment w as h is measuremen t of thec ircumferenceof theearth
to a surpr ising degreeof exact itude(seeHeath, H .G.M. i.

1 06 —108 , GreekAstronomy, pp. 109
b It is truethat thefinal book of theE lemen ts, as wr itten

by Euclid, dealt w ith theconstruction of thecosmic , or
Platon ic , figures, but thewholework was certa inly not

designed w ith a v iew to their construct ion . Euclid, however ,
may qu itewell havebeen a Platon ist .

Euclid'

s Op tics surv ives and is ava ilablein theTeubner
text in two recensions, oneprobably Euclid

’

s own , theother
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as cipxr), as often in Ar istotle, cf . JlIet. A a 1 6 , L
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oas
86 K aL 7 a aL7 La Ae'y 6 7 aL 77a v7 a yap 7 a aL7 La. LipxaL.

b Geometrical conversion is to bed ist inguished from
log ical convers ion , as described by Ar istotle, Cat . xii. 6 and

elset re. An analys is of theconversion of geometrical
propos1tions is g iven by Proclus (in Eucl. i. , ed . Friedlein ,

9592. 5 et seq”) In thelead ing form of conversion ( 1) 17po

ny
ovpem av7 Lo7 poLpr) , also called conversion parexcellence,

7) K vpLLuS
‘

aW LG T pocfm) theconversion is S imple, thehypo
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S SUMMARY

first principles ,
“
some setting out from demonstrative

proofs, all being irrefutab le and accurate and in

harmony with scien ce . In addition to these he used
all the dialectical methods , the divisional in the dis
covery of figures , the definitivein the existential
arguments , the demonstrativein the passages from
first prin ciples to the things sought , and the analytic
in the converse process from the things sought to the
first principles . And the various species of conver
sions ,

b both of the simpler (proposition s) and of the
more complex , arein this treatise accurately set forth
and skilfully investigated, what wholes can be con

verted with wholes , what wholes with parts and

conversely , and what as parts with parts . Again ,

men tion must be made of the con tinuity of the proofs ,
the disposition and arrangemen t of the things which
precede and those which follow , and the power with
which he treats each detail . Have you , adding or
subtracting accidentally , fallen away unawares from
scien ce , carried into the opposite error and into
ignoran ce ? Since many things seem to conform
with the truth and to follow from scien tific principles ,
but lead away from the principles into error and

thesis and conclusion of onetheorem becoming theconclusion
and hypothes is of theconversetheorem. T heother -form of
conversion is morecomplex , being that whereseveral hypo
theses arecomb ined into a s ingleenunc iat ion so as to lead to
a s ingleconclusion . In theconverseproposit ion thecon
clusion of theoriginal proposition is comb ined w ith the
hypotheses of theorig inal proposition , less one, so as to lead
to theomitted hypothesis as thenew conclus ion . Anexample
of thefirst Spec ies of conversion is Euclid i . 6 , which is the
converseof Euclid i . 5 , and Heath’

s notes thereon aremost
valuable( T heT hirteen B ooks of E uclid

’

s E lemen ts , vol. i .
pp. 256 an exampleof part ial conversion is g iven by
Euclid i . 8 , which is a converseto i . 4 .
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V . THALES

T hecircleis bisected by its diameter
Procl. in E ucl. i. , ed . Friedlein 1 57 . 10- 13

T 6 p61} 0 1
5

V 8LXO7 op6
'

L
‘

o9aL 7 6V Ku
'

Ko 15776

8Lap 6
'

7 pov 77pLD7 ov ®aA7)V 6K 6 Lvov a 77086 L§a i Lbaow ,

a L7 La 86 8LXO7 oLLLa 9 7) 6 v96 La 9 a 77ap6
'

yKAL7 0 9
81 a 7 ou K 6 V7pov xa3p7) 0 19 .

T heangles at thebaseof an isosceles triangleareequal
Ibid . 950. 92— 95 1 . 2

A6y6 7 a L yap 87) 77pw 7 0 9 6KeLv0 9 677Lcr7 7) oaL Ka L

6 L776 Lv, L1 ) 9 Lipa 77aV7 69 Looo K 6A0 v9 a L 77p69 7 7) fiaoeL
ycoVLaL LaaL 6 L0 LV, apxaLKw 7 6pov 86 7 a 9 Loa 9 dyoLa 9

77poo 6 Lp7)K 6va L.

T heword demonstrate (dwaSetfaL) must not be
taken too literally. Even Euclid
did not demonstratethis property
of thec ircle, but stated it as the
1 7th defin it ion of h is first book .

T hales probably was thefirst to
o in t out this property. Cantor
FGesch . d. Ma th . i3 . , pp. 109 , 1 40)
and Heath i . 1 3 1 ) sug
gest that h is attention may have
been drawn to i t by figures of c ircles
div ided into equal sec tors by a

number of d iameters . Such figures
arefound on Egyptian monuments
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T hevertical and oppositeangles areequal

Ibid. 9290. 1 - 5
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86 L§6w 9 7)§LL0 )L6v0 v 77apa 7 a) 2 7 0 1x6 Lw 7 7) .

Equality of T riangles

Ibid. 359 . 1 4 - 1 8

’I 3 A A f
Bu87))1 09 86 w 7 a L9 yewp6 7pLKaL9 L0 7 0pL

'

a L9 6 L9

GaAfiV 7 0 07 0 Liva
'

yeL 7 6 96p r))ua . 7 7)v ydp 7 <1)V
I I 3 I T I

6 v 9aAa7 77) 77A0 v a 770 0 7 a 0 Lv 81 av 7 p0 7rov a oLv

I 3

a 137 6v 86 LKV1ivaL 7 0 157 09 77p0 0xp7) 0 9a L Lpnow ava

yKaiov.

T heanglein a semicircleis a right
- angle

B iog . Laert . 1. 24 - 25

IIapa
'

. 7 6 Ai'yvrr7 L
'

Lov y 6 wp 6 7 p6
'

iv pa96V7 a q o i

Hap LAn 7rpw 7 0v Ka 7 a
'

ypa 1baL KuKo 7 6 7 pLywv0v

It is Eucl. i . 1 5 .

T hemethod by which T hales used thetheorem referred
to, Eucl. i. 26 , to find thed istanceof a ship from theshore,
has g iven riseto many conjectures. T hemost attract iveis
that of Hea th ( T heT h irteen E lemen ts of Euclid

’

s E lemen ts ,
i. , p. 305 , i . Hesupposes that theobserver
had a rough instrumentmadeof a stra ight st ick and a cross
piecefastened to it so as to becapableof turn ing about the
1 6 6



THALES

T hevertical and oppositeangles areequal
Ibid. 299 . 1 - 5

This theorem , that when two straight lines cut one
another the vertical and opposite angles areequal ,
was first discovered, as Eudemus says, by Thales ,
though the scientific demonstration was improved
by the writer of the Elements .

“

Equality of T riangles

Ibid . 352 . 1 4 - 1 8

Eudemus in his History of Geometry attributes this
theorem to Thales . For he says that the method
by which Thales showed how to find the distance of
ships at sea necessarily involves this method fi

T heanglein a semicircleis a right
- angle

Diogenes Laertius 1. 24 - 25

Pamphila says that , having learn t geometry from
the Egyptians , he was the first to inscribe in a circle

fastening in such a manner so that it could form any angle
w ith thestick andwould remain whereit w as put . T heobser
ver, stand ing on thetop of a tower or someothereminenceon
theshore, would fix thest ick in theupright position and direct
thecross-

piecetowards theship. Leavin thecross-

pieceat
this angle, hewould turn thestick round , eeping it vert ical,
unt il thecross-

piecepo in ted to someobject on theland ,

which would benoted . T hed istancebetween thefoot of the
tower and this objec t would , by Eucl. i . 26 , beequal to the
distanceof theship. Ap arently this method is found in
manypract ical geometriesduring thefirst centu ry ofprinting.
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6p90yLbVLov, K a i 9170 a L fiofiv . oi 86 Ilv9ay6pav
I 7 a a r c I

Lba ow ,
Luv 6 0 7 W A770AAo8wp0 9 0 AoyLo 7 LKo9 .

Pamph ila w as a femalewriter w ho lived in thereign of

Nero and w on much reputeby her historical commonplace
book (EvupL

'

KT Lov LoropLv v770p.m)p.a 7 wv A6y0 L) . Shemay
havebeen right 1n asc rib ing to T hales thediseoverv that the
anglem a semic ircleIS a r ight angle, but thepassagebristles
w ith d ifficulties . T hereferenceto thesacrificeof an ox is

suspic iously likethebetter a ttested story that Pythagoras
sacrificed oxen when hed iscovered a certa in theorem. T his
story is told in a d istich by Apollodorus reproduced below
(p. In reproduc ing that d istich Plutarch says it is un
certa in whether thetheorem w as that about thesquareon
thehypotenuseof a right- angled triangleor that about the
application of areas hedoes not men tion thetheorem about
theanglein a semici rcle. Diogenes Laertius probably made
a mistakein br ing ing in Apollodorus thereferenceto the
sacr ificeof an ox madehim think of Apollodorus

’

s distich
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VI. PYT HAGOREAN GEOMET RY

(a) GENERAL

Apollon . Mirab. 6 Diels, Vors. 15 . 98 . 329 - 3 1
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’
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Diog . Laert. v i i i . 24 - 25

(D770 i
5 ’
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PYTHAGOREAN GEOMETRY

ariseplane figures from planes, solid figures from
these , sensible bodies , whose elements arefour
fire, water, earth , air ; these elements interchange
and turn into one another completely , and out of
them arises a world which is animate , intelligen t ,
spherical , and having as its centre the earth , which
also is spherical and is inhabited round about .

Diogenes Laertius viii. 1 1 - 12

He [Pythagoras] it was who brought geometry to
perfection, after Moeris had first discovered thebe
ginnings of the elements of that science , as Anti
cleides says in the second book of his History of
Alexander. He adds that Pythagoras specially applied
himself to the arithmetical aspect of geometry and

he discovered themusical intervals on the mono
chord ; nor did heneglect even medicine . Apollo
dorus the calculator says that he sacrificed a hecatomb
on finding that the square on the hypotenuse of the
right - angled triangle is equal to the squares on the
sides containing the right angle . And there is an

epigram as follows

As when Pythagoras thefamous figurefound,
For which a sacr ificerenowned hebrought.

Proclus, on Euclid i. ,ed. Friedlein 84 . 13- 23

Whatsoever offers amore profitable field of research
and contributes to the whole of philosophy , we shall
make the starting-

point of further inquiry , therein
imitating the Pythagorean s , among whom there was
prevalent this motto , A figure and a platform , not a
figure and Sixpen ce ,

” by which they implied that the
geometry deserving study is that which , at each
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PYTHAGOREAN GEOMET RY

angles . Hesays they proved the theorem in question

F

after fashion . Let ABI‘ be a triangle , and

through A let AE be drawn parallel to RF.

since BI‘, AE areparallel , and the alternate angles
areequal , the angle AAB is equal to the angle ABI‘ ,
and EAI

‘

is equal to AI‘B . Let BAI‘ be added to .

both . Then the angles AAB , BAI
‘

, I
‘
AE

,
that is

,
the

angles AAB ,
BAE , that is , two right angles , areequal

to the three angles of the triangle . Thereforethe
three angles of the triangle areequal to two right
angles .

(0) Py T HAGORAs
’

s THEOREM

Euclid, E lemen ts i . 4 7

In right
- angled triangles thesquareon thesidesub

tending theright angleisequal to thesquares on thesides
containing theright angle.

Let ABI‘ be a right - angled triangle havi ng the
angle BAP right ; I say that the square on BF is

equal to the squares on BA, AP .
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the angles BAP , BAH is right , it follow s that with a

straight lin e BA and at the point A on it , two straight
lines AP , AH , not lying on the same side , make the
adj acent angles equal to two right angles therefore
PA is in a straight lin e with AH [Eucl. i. For
the same reasons BA is also in a straight lin e with A6 .

And since the angle ABI‘ is equal to the angle ZEA
,

for each is right , let the angle ABI
‘ be added to each

the whole angle ABA is therefore equal to the whole
angle ZEP . And sin ce AB is equal to BF, and ZB to

BA, the two [sides] AB ,
BA areequal to the tw o

[sides] BI
‘

,
ZB respectively ; and the angle ABA is

equal to the angle ZEP . T hebase AA is therefore
equal to the base ZP , and the triangle ABA is equal to
the triangle ZBI‘ [Eucl. i. Now the parallelogram
BA is double the triangle ABA, for they have the
same base BA and arein the same parallels BA,

AA

[Euel . i. And the square HE is double the tri
angle ZBI‘

, for they have the same base 2 8 and are
in the same parallels ZB , H F . T herefore the paral
lelogram BA is equal to the square HB . Similarly , if
AE

,
BK arej oin ed , it can also be proved that the

parallelogram PA is equal to the square GP . There
fore the Whole square BAEI‘ is equal to the two
squares HB , GP . And the square BAEI‘ is described
on BI

‘

, Whi le the squares HB , GI
1

aredescribed on

BA,
AI‘. Therefore the square on the side BI‘ is

equal to the squares on the sides BA, AI
‘

.

Therefore in right- angled triangles the square on

1
om. Heiberg . T hewords areequ ivalent to Common

Not ion 5 , which must also bean interpolat ion as it is covered
by Common Not ion 6 6 V LOOLS 1 6 6 77p06 7 6 93) , 7 6 EO

’

T LV

Loa , ifequals areadded toequals thewholes areequal.”
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E ucl. v i . 3 1 . In right
- angled tr iangles thefigu reon the

sidesubtending theright angleis equal to thesimila r and

similarly describedfigures on thesides con ta in ing ther ight
angle.

b B ofwei 'H mva Kai Hdmrov Proclus doubtless means inY P P 3

accordancew rth h is practiceelsewhere, Heron and Pappus
themselves . Pappus, in Coll. iv. 1 , ed . Hultsch 1 76 - 1 78,
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(d) T HE APPLICAT ION or AREAS

Oneof thegreatest of Py thagorean discoveries was
themethod know n as theapplication of areas , which
becamea powerfulenginein thehands of successixe
G reek geometers . T hegeometer is said to apply
(n upafia lxhew ) an area to a given straigh t linewhen a

rectangleor parallelogram equal to thearea is con

structed on tha t s t ra igh t lineexactly thearea is sa id
to fall short or bedeficient (e’Melrrew ) when therect
angleor parallelogram is cons tructed on a portion of
thestraigh t line and to exceed (bnepfidh hew ) when
therectangleor parallelogram is constructed on the
s t raigh t lineproduced. T hemethod is developed in
thefollow ing propositions of Euclid ’

s E lements
i. 4 4 , 4 5 ii. 5 , 6 , 1 1 vi. Q7 , 28 , 29. Theseproposi

Frocl. in E ucl. i. , ed . Friedlein 4 1 9 . 1 5

"
Eon ne

‘

v dpxa la , gba o lv oi nepi rdv EvSTNLOV, Ka i.
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tions areequivalen t to thesolution of quadratic
equations , not only in par ticular cases but in themost
general form . T heapplicat ion of areas (n apafiohfy 7 63V
m ia y) is thereforea vital part of the geometrical
algebra of theGreeks , who dealt in figures as

familiarly as wedo in symbols . Th is meth od is the
foundation of Euclid ’

s theory of irrationals and

Apollonius
’

s treatmen t of theconic sections . T he
subject will beintroduced by Proclus

’

s comment on

Eucl. i. 4 4 , and then therelevan t propositions of
Euclid w ill begiven , with theirequivalen ts in modern
algebraical notation . Though thepreciseform of the
later proposition s cann ot bedueto Pythagoras , de
pending as they do on a theory of proportion inven ted
bv Eudoxus , therecan beno doubt , as Eudemus said,
th at themethod goes back to thePyth agorean
school, and most probably to themaster h imself.

Proclus, on Euclid i. , ed. Friedlein 4 19 . 1 5—4 20. 12

Thesethings arean cien t , says Eudemus , being
discoveries of theMuse of thePythagoreans ,
I mean theapplication of areas , their exceeding
and their falling sh ort . From thesemen the
more recen t geometers took the names that

they gaveto theso—called con ic lines , calling one
of thesetheparabola , onethehyperbola and one
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’

0 7 iv loor K a i 7 15AB d
'

pa

7 155 F 6
’

177 Lv ia ov . K a i 6
’

7r6 i ia75 6
’

0 7 lv 75 157715 HBE

yw via 7 75 1577c5ABM, (iAAd. 751577 15 HBE 7 75A 6
’

0 7 Lv

i0 77, K a i 75 1577 15ABM o
’

ipa 7 37 A ywvia i0 77.

Hapd 7 75V 8096 20 11 11 c
’

ipa 6 1596 iav 7 75V AB 7 cp

8O96
'

V7 L 7 pL
'

y 1 15va) 7 15) P iaov n apaAAnAoypappov

n apaB6fiAn7 aL 7 15 AB 6 1! yam/ 1 11 7 35 1577 15 ABM,

6 0 7 LV L0 77 7 75 A 1577 6p 6 86 L 770 L7717 11 L.

S inceany rectilineal figurecan bed iv ided into triangles,
th is proposit1on can beused to solveEuclid ’

s next prob lem
( i . wh ich is : 7 125 8096

'

VT L euovypdppqo ioov n apaAAnAcia

1 90



PYTHAGOREAN GEOMETRY

Let theparallelogram BEZH beconstructed,equal
to thetriangleI‘, in theangleEBH wh ich is equal
to A [i. 4 2] and let it beplaced so that BE is in a

st ra igh t linewith AB , and let ZH beproduced to 6 ,

and th rough A let A6 bedrawn parallel to either
EH or EZ [i. and let 6 B bejoined. Then ,

sincethestraigh t line6 2 falls upon theparallels
A6 ,

EZ
, theangles A6 2 , GZE areequal to two righ t

angles [i. Thereforetheangles BGH ,
HZE are

less than two righ t angles . Now thestraigh t lines
produced indefinitely from angles less than two righ t

angles will meet . ThereforeGB ,
ZE

, if produced ,

will meet . Let them bep roduced and let them
meet at K , and through thepo in t K let KA bedrawn

parallel to either EA or ZG [i. and let 6 A,
HB

beproduced to thepoin ts A,
M. Then GAKZ is a

parallelogram, 6 K is its diameter, and AH ,
ME are

parallelograms , AB , BZ theso- called complemen ts ,
about 8K . ThereforeAB is equal t o BZ [i .

But BZ is equal to thetriangleP , and thereforeAB
is equal to I‘ [Common Not ion And sincethe
angleHBE is equal to theangleABM [i. while
theangleHBE is equal to A, thereforetheangle
ABM is also equal to A.

ThereforetheparallelogramAB ,equal to thegiven
triangleI‘, has been applied to thegiven straigh t

lineAB in theangleABMwhich isequal to A which
was to bedone.“

ypappov av0 7 750 0 09aL 6
’

v ywviq. e159v‘

ypdppcp (to
con struct, in a given rectilinea l angle, a para llelogramequa l
to a given rectilinea lfigure) . T hemethod is obvious and w ill
not hereberepeated . Proclus (in E uel. i. , ed . Friedlein
4 22 . 24—4 23 . 5 , c ited infra , p. 3 1 6 ) observes that it w as in

consequenceof th is problem that anc ient geometers were
led to invest igatethesquar ing of thec ircle.

1 9 ]



GREEK MATHEMATICS

Euc l. E lem. i i . 5
9 9 a a 7 u 1 y

Eav 6 v96 La ypappn 7 51 77937 6 L9 L0 11 Ka L avLOa , 7 0

15778 7 1151) dvi0 1ov 7 759 C5A779 7 51 7711 6 7 11 1 1} 77 6pL6xc5p 6 1/ 0 v

8p90y 1 15VL0 v 11 6 7 15. 7 0 15 151778 7 759 11 6 7 11 515 7 13 1) 7 0mm}

7 6 7 p11 y 1 1
'

1 1/0 v i0 0 1) 6
’

0 7 l 8L778 7 759 75pL0 6 1
'

a 9 7 6

7 pay 1 6v1p.

131596 211 yap 7 L9 75AB 7 6 7 11 750 911) GZS‘ 511 811 i0 11 Ka 7 15.
7 1 ! I fl e A

7 0 P , 6 L9 86 a VL0 11 K a 7 a 7 0 A' A6 y 1o ,
on 7 0 m m7 1 0 V

AA
,
AB 776pL6xo11 6 1/ 0v 8p90y 1 0 1/ L0v 11 6 7 15. 7 0 1) a 7r8

7 755
“ PA 7 6 7p11 yw vov L0 0V 6 0 7 L 7 11 1 a 778 7 759 PB

7 6 7 p11 yo5v1p.

’

Av11 ye'ypci1p910 yap 11778 7 759 PB 7 6 7 p11ywvov 7 8

PEZE ,
K a i 6

’

77 6 C6 v
'

x91o 75BE , 71 11 2 81 15. 11 8V 7 ou A

15770 7 6
'

pa 7 10V PE
,
BZ 77apdAA77A0 9 fix91o 75AH,

8L15.

88 7 ou (9 15770 7 6
'

p11 7 13V AB ,
EZ 77apdAA77A0 9 7711ALV

75x90) 75KM,
K a i 77a

'

ALV 8L15. 7 0 15 A 15770 7 6
'

p0. 7 <1 ) V

PA
, BM n apdAAnAog 75x91» 75AK . Ka i 6

’

77 6 l i0 ov
3 I I
6 0 7 L 7 0 PG) 77apa 77A77p10p 11 7 15) (DZ 77apa 77A77pwpa 7 L,
K 0 Lv8v 77p0 0 K 6 L

'

0 9co 7 8 AM°

15
'

o 1i
'

p11 7 8 PM 8A1p
7 153 AZ iaov 6

’

0 7 L
'

v . ciAAdL 7 8 PM 7 19 AA iaov

6
’

0 7 L
'

V, 71 11 2 75AP 7 35 PB 6
’

0 7 Lv i0 75
°

K a i 7 8 AA
31 A ’I 3 I I
apa 7 0) AZ LG’OV 6 0 7 LV . KOLVOV 77p0 0 KeL0 9w 7 0 PG) ‘

15o 11
'

p11 7 8 AG 7 125 MNS
'

. yva
’

mom i0 0 1) 6
’

0 7 L
'

V .

dAAd. 7 8 AG) 7 8 15778 7 1DV AA,
AB 6

’

0 7 LV
' i0 r1 ydp 75

a Li t . between thesect ions .

5 T hegnomon is ind icated in thefigureof the1 1 35 . by the
threepoints M, N, E. and a dotted curve therearethus in
thefiguretwo points M w h ich should not beconfused . In

thenext propos ition a sinn lar gnomon is descr ibed as N3 0 ,

and perhaps th is is what Euclid herew rote.
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GREEK MATHEMATICS

AG) 7 35AB
'

Ka i 15MNE dpa yva
’

mw v l0 o9 6
’

0 7 l 7 125
15178 AA,

AB . K 0 Lv8v 77p0 0 f< 6 i0 91o 7 8 AH, 15 6
’

0 7 Lv
n A a 1 A c w I

10 0V 7 11) 11 770 7 759 PA
‘

0 apa MNE. v pwv K aL

7 8 AH iaa 7 12) 15778 7 11511 AA, AB n 6pLexopévq1
3 I A 3 A I 3

0p90yw v1 1o 11 11 1 7 110 a 770 7 779 PA

o MN: yvcbjuw v K C “. 7 8 AH 0A0 v 6 0 7 L 7 8 PEZB
V

7 6 7 p11 y 10 V0v, 0 6 0 7 LV 11 77 15 7 ~f59 PB 7 8 apa 15778 v

AA,
AB 77 6pL6XOjLL6 1/0v op9o

'

y 1ov1 0v pe7 a 7 0 1) 11 778

7 759 PA 7 6 7 p11 ya5vov LG
’

OV 6 0 7 L 7 151 a 778 7 759 PB
7 6 7 pay 1bV1p.

’

E 15.v dpa K7A.

a If theunequal segments arep , q , then th is theorem is

equ ivalent to thealgebra ical proposition

(
eel - (

p

57
T h is g ives a ready means of obta in ing thetwo rules, respect
ively attr ibuted to thePythagoreans and Plato (seesup ra ,

pp. 90- 95 ) for find ing integral squarenumbers wh ich arethe
sum of two other integral squarenumbers. Putting p =n 2,
q= 1 , wehave

(
131 74

2

9 2

In order that thefirst two squares may beintegers, 71 must
beodd . T h is is thePyt hagorean rule.
Putting p =2n

2
, q=2 ,

wehave (n
2
+ (n

’ =4n 2.

T h is is Plato ’

s rule, starting from an even number 271 .
T hetheorem can bemadeto y ield a result ofeven greater

in terest , namely , thegeometr ical solution of thequadrat ic
equation

ax bz,

as is shown by Heath ( T heT hirteen Books of E uclid
’

s E le
1 94



PYTHAGOREAN GEOMETRY

angleAA,
AB forA6 isequal to AB and therefore

thegnomon MN5 is equal to therectangleAA, AB .

Let AH, which isequal to thesquareon PA, beadded
to each ; thereforethegnomon MNE and AH are
equal to therectanglecontained by AA,

AB and the
squareon PA. But thegnomon MNE and AH are
thewholesquarePEZE , which is described on PB
thereforetherectanglecontained by AA, AB to

gether with thesquareon PA isequal to thesquare
on PB .

Therefore,etc .

“

men ts, vol. i . p . 384 , and i . 15 1 , follow ing
S imson ; seealso Lor ia , Lescienzeesa ttenell’ antica

Grecia , pp. 42—4 5 .

If AB 0 , AB =1v,

then thetheorem shows that

(a cc) as z therectangleAG) =thegnomon MN
If thearea of thegnomon IS given then wehave

as: m2 bz.
T o solveth isequation

geometrically is to find

thepo in t A, and in Pyth A
agorean languageth is is
to apply to a given
straight line(a) a rect
anglewhich sha ll beequa l
to a given squa re(b ? ) an d
sha ll fa ll short by a

squarefigure, that is, to
construct therectangle
A6 or thegnomon MNS .

Draw I
‘

O perpendicu
lar to AB andequal to b.

W ith centre0 and rad iusequal to T B éa) descr ibea c ircle.
Provided that b is greater than t5a , th is c irclew ill cut AB in
two points . Oneof theseis therequ ired point A, AB =cr, and
therectangleAG can beconstructed .
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GREEK MATHEMATICS

Eucl. E lem. i i . 6

f
89
f
ia yp

appiq
7

3
1 75935

‘

8ixa
‘
, npoq

7 6 9fi 86
‘

7 L9 d v7 35 6 v96 ia 6 77 6 v96 La 9 , 7 0 15770 7 759 OA779 0 vv

7 37 77p0 0 K 6 L11 6 V37 Ka L 7 759 77p0 0 K 6 L31 6 v739 77 6pL6xop6 1
/ov

15p9oy1oVL0v 11 6 7 11 7 ou 11778 7 759 7511 L0 6 La 9 7 6 7pa
'

y1 1
'

1vov

L0 0V 6 0 7 L 7 13) 11 778 7 759 0 vyK 6 Lju 6 v779 6 K 7 6

75pL0 6 La 9 L< 11 L 7 759 77p0 0 K 6 Lju 6
'

v779 7 6 7 p11 yw 1/ 1p.

E1596 L11 yap T LS
‘

T ] AB 7 6 7 11 750 911 ) 8Lx11 K a 7 a 7 8 P
0 7511 6 L0v, 77p0 0 K 6 L0 9co 86 7 L9 11 157 75 6 159eL11 6 77 6 1596 La 9
75BA Ae'yw ,

on 7 8 15778 7mv AA, AB nepLexopevov

15p90y1uVLov 3
1 6 7 11 7 0 1) 11 778 7 759 PB 7 6 7paya5v0v LO0V

6 0 7 L 7 11 ) 11 778 7 759 PA 7 6 7p11y 1 15v1o .

For by theproposition ( i i . 5 ) just proved ,

_ OA2

OI
“2 PA“

_ OI
‘2

b“
.

T hetwo points in wh ich thec irclecuts AB g ivetwo real
solutions of theequation , wh ich areco inc ident when b z la
and thec ircletouches AB .

T hereis no d irect evidencethat thePythagoreans, or

196
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Eucl. E lem. 1 1 . l l

T 7511 Soda aav 6 1596 Lav 7 6 11 6 Lv 000 7 6 7 8 15778 7 759
Ka L 7 ou 6 7 6

'

pov 7 <1 ) V 7 11 7711 a 7 wv 776p1 6XO11 6 vov

opdoycbw ov Laov elvaL 7 115 a 778 7 ou /\0 L770v 7 11 7511 a 7 0 9
7 6 7 paya

'

5vw .

"
Ea 7 w 75 Soda aa 6 1596 La 75AB 86 L 875 7 75V AB

7 6 11 6 Lv 600 7 6 7 8 15778 7 759 ox\759 KaL 7 ou 6 7 6pov 7 11W

7 11 751
1 a7 wv 77 6pL6xo11 6 vov 8p90yww ov

'

Laov 6 lua L 7 115

a 7rd 7 ou Aomov 7 11 7511 a 7 og 7 6 7paya
'

5vw .

Continued from p . 1 97 . ]
S imson first showed how to do th is . Let BP bedraw n

p1 rpcndicular to AB and equal to b. W ith centreI‘ and
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PYTHAGOREAN GEOMETRY

Euclid , E lemen ts 1 1 . 1 1

T o cut thegiven straight lineso that therectanglecon
tained by thewholeand oneof thesegments isequal to the
squareon theremaining segment.
Let AB bethegiven straigh t line; then it is

required to cut AB so that therectanglecontained by
thewholeand oneof thesegments is equal to the
squareon theremaining segment .

rad ius I‘

P let a c irclebedrawn cutt ing AB produced
T hen A is therequ ired point.
For by thepropos it ion ( i i . 6 ) just proved ,

AA AB I
‘

B 2 I
‘

A2

FPzt

I
‘

E Z BP‘

BP2

bz.

Becausethec irclecuts AB produced in two poin ts there
aretw o real solutions, and as thec irclealways cuts AB pro

duced thereis always a real solut ion . T h is bears out the
algeb ra ical proof that theequat ion

ax x
2 62

always has two real roots , w h ich areequal when b z ia .

When wecometo deal w ith H ippocrates ’

uadratureof
lunes weshall comeacross theproblem : T o fin 73, w hen x is

g iven by theequation

vg
-

as
:

a:

T h is could havebeen solved theoretically by theabove
methods, and thesolution was certa inly not beyond the
powers of H ippocrates . I t seems moreprobable, however,
from theword ing of Eudemus ’

s account, that heused an

approx imatemechan ical solut ion for h is purpose.
T h is sameconstruct ion can beused to g ivea geometrical

solution of theequat ion x
2

are b2 . In thefigureit has on ly
to besupposed that AB =a and AA ( instead of BA
T hen thetheorem tells us that x(:e a)=thegnomon=s
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GREEK MATHEMATICS

’

Avay 6 ypa 11591 15 yap a 778 7 755
‘ AB 7 6 7pay115vov 7 8

ABAF, Ka L 7 6 7 11 750 9115 75 AF Sa Ka7 d. 7 8 E

0 771
1 6 1 0 11 , Ka L 6 776 C6 vx9115 75BE , K a L 8Lr5x91 15 75FA

6 77L 7 8 Z , KaL K 6 L179115 7 35BE
"
L0 13 75Ez, /1m a vaye

ypagb911 5 a 778 7 759 AZ 7 6 7paya5vov 7 8 2 69, K a L

5L75X9115 75HG 6 77L 7 8 K A6 y 115 , 15
'

7 L 75AB 7 6 7 11 757 a L

K a 7 d. 7 8 17517 7 6 7 8 15778 7 125V AB , B6 776pL6xc511 6 V0v

15p9oy 1 1
'

5VLov
"LG’OV 770 1 6 Lv 7 115 a7rd 7 559 AG) 7 6 7pay115va5 .

’

E77 6 L yap 6 1596 La 75AF 7 6 7 1135
7 a L Sa Ka 7 a 7 8 E ,

77p15175< 6 L7 a L 36 a 157 35 75ZA, 7 8 apa 15778 7 12511 FZ ,
ZA

77 6pLex151
1 6 1/ov

”
15p9oy 115VLov 11 6 7 a 7 ou a 778 7 759 AE

7 6 7pay 115vov LG’OV 6 0 7 L 7 125 a 778 7 759 EZ 7 6 7pay 1 15va5 .

L0 77 36 75 E2 7 35EB 7 8 apa 15778 7 12511 FZ ,
ZA 11 6 7 8.

7 0 17 7 75g AE ia ov 6a 7 l 7 125 151778 EB . d . 7 125
15778 EB ia a 60 7 i 7 15. 11778 7 1251! BA, AE

'

15p975ydp
7577p89 7 125A w L

'

a
'

7 8 dpa 157r8 7 1251) PZ ,
ZA 11 6 7 15.

7 0 15 15778 7 759 AE iaov 60 7 i 7 o
’

is‘ 151778 7 L25V BA, AE .

K OLV(5V
A

agb35p750 911 5 7 8 a 7rd 7 759 AE Aomdu apa 7 8

15778 7 125V FZ ZA 77 6pL6xc51L6 vov 15p9oy 1 1
'

5VLov Laov

6 0 7 L 7 11 5 a 778 7 759 AB 7 6 7 pay 1 15vc25 . K a L 6 0 7 L 7 8 11 6V

15778 7 11 511 FZ ZA 7 8 ZK L0 77 yap 75 AZ 7 35 ZH
7 8 86 a 7rd 7 719 AB 7 8 AA 7 8 apa

77 "
ZK Laov 60 7 L

7 125 AA. KOLV<5V agb35p75179115 7 8 AK AOL7T <5V apa 7 8

ZG) 7 125 GA
"
L0 0V 6 0 7 LV . Ka L 6 177 L 7 8 11 6V (

"5A 7 8

15778 7 11511 AB , BG) L0 77 yap 75AB 7 35BA 7 8 36 2 6)

7 8 7 559 AG) 7 8 apa 15778 7 12511 AB ,
B9 776pL6xc5

11 6 vov op9oy1 15VLov Laov 6 0 7 L 7 125 an d QA 7 6 7pay 1 1
'

5va5 .
c

H apa

If AB =a , AG) =1v, then AB has been so cut at G) that
a(a x) 115

3

or .75
3

ax a
”
.
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GREEK MATHEMATICS

Eucl. E lem. v i . Q7

Ildvrwv 7 12511 77apa 7 75V a 157 75v ei596 lau 77apaI f I
BaM0 11 6 1/ 1 15v Ka L

6 L36 0 L n apaMnAoypapHOLg 0 11mm; 7 6 Ka L c511 on
K 6 L11 6 v0 Lg 7 125 a 77 8 7 75g 7511 L17 6 La 9 avaypagbo11 6 v125

11 6yL0 7 15V 60 7 L 7 8 a 778 7 759 7511 L0 6 La g
01LOL0v C V 7 125 6/\A6 L1La 7 L.

"
E0 7 10 6 1596 La 75 AB Ka i 7 6 7 11 750 9115 Sixa Kard.

by a method based on i i . 6 . T hereis good reason to believe,
as w ill beshown below

, pp. 922 - 225 , that thePythagoreans
knew how to construct a regular pen tagon ABCDE , and it is
probablethat th is theorem was used in theconstruct ion , as

can beshow n if CE IS allowed to cut AD in F .

For thePythagoreans, know ing that thesum of theangles
of any triangleis two r ight angles , w ould immed iately have
deduced that thesum of theinterna l angles of a regular
pentagon is six r ight angles, and that each of theinternal
angles is thereforegths of a r ight angle. I t easily follow s
that theangles CAD, ADC , DCA arerespect ively gths, gths
and fith s of a right angle, wh iletheangles FCD, CDF, DFC
arealso respectively

‘

gths, gths and fiths of a r ight angle.
From th is it follows that thetr iangles ACD, CDF ares imilar,
wh ileAF FC CD .
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PYTHAGOREAN GEOMETRY

Euclid , E lemen ts v i . 27

Of all theparallelograms applied to thesamestraight
lineand deficient by parallel0grammicfigures similar and

similarly situated to that described on thehalf of the
straight line, that parallelogram is greatest which is

applied to thehalf of thestraight lineand is similar to

thedefect.“
Let AB bea straight lineand let it bebisected

AC : CD : CD DF

AD AF =AF FD
AD FD z AFz.

T hepoint F can thereforebefound according to themethod
of ii. 6 , and thepentagon constructed , start ing from AD .

4 T h is proposit ion g ives thecond itions under w h ich it is
possibleto solvethenext proposition , and so full considera
tion w ill beleft to thenoteon p . 2 10. I t is thefirstexample
wehavemet of a 8LopLo11 159 . I t w ill beremembered that
accord ing to Proclus Leon d iscovered 8Loc 1Lol (seesupra ,

p .
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GREEK MATHEMATICS

7 15 P, Ka i wapafleflhfiodw 7rapa 7 75V AB 6 1596
'

L
'

aV 7 15
AA wapaMnAéypapy ov 6M6 L770V 6 L86 L wapaMnAo
ypa11 11 1 0 7 10 AB a Vaypa 1156 V7 1 11 77 15 7 759 7511 1 17 6 1 11 3
AB , 7 0 0 7 6177 1 7 759 FB A6 yw , 0 7 L 77aV7 10 V 7 <1 ) V 77apd.

775V AB WGpGBGAAOf
LG

’

V

f
UV K a L

6 LL86 0 L 15
1
1 0 10 1 9 7 6 Ka L 1511 0n K 6 11L6 V0 Lg

7 1

1
) AB

1
1 6 y 1 0 7 15V 6 0 7 L 7 0 AA. 77apafi6flh750 900

yap 77apd 7 75V AB 6 1596 2aV 7 15 AZ wapaMnAé
ypa11 11 0V €AA€L7T OV 6 Li86 L wapaA/lnhoypappa) 7 10 ZB

1511 0510 7 6 Ka L K 6 L11 6 V10 7 10 AB 0 7 1.

11 6 L§15V 6 0 7 L 7 15AA 7 0 0 AZ .

’

E77 6 i ydp 15
'

11 0 L15V 6177 27 15AB wapaMnltdypappov
7 125 ZB wapaMnhoypdpp , 77 6pi 7 75V a 157 75V 6 i17L

3Ld11 6 7p0V . 75
'

w a 157 1
'

15V 8Ld11 6 7p0g 75 AB , Ka i

Ka 7 ay 6 yp0iq§9w 7 15 17x7511 a .

’

E77 6 i 0 1
5

V i170V 6
’

177 i 7 15 FZ 7 10 ZE , K0LV15V 36 7 15

ZB , 15o dpa 7 15F6 o
'

llq) 7 125KE 6
’

0 7 LV ZUOV . d

7 15 P9 7 135 TiH 60 7 LV ZUOV, 6
’

77 6 i 11 11 2 75AP 7 35 PB .

KaL 7 15 HP
"
apa 7 11) EK 6 0 7 LV 1 170V. K 0 LV15V 77p0 0

11 6 1 17910 7 0 PZ 15
'

A0V
”
apa 7 15AZ AMN v 11 0VL

6 0 7 LV 10 0V 10 177 6 7 0 AB 77a15aM75A15ypa11 11 0V,
7 007 6

'

177 L 7 0 AA, 7 0 0 AZ

11 6 i§15V 60 7 1V.

HaV7 10 V apa 7 00V 77apa 7 75V a v7 75V 6 v96 LaV 77apa

BaM011 6 V10V wapaMnAoypayw Ka L 6M6 L77 15V7 10V

6 L86 17 L flapaM'

qhoypaypms
‘

1511 0 1 0 Lg 7 6 1511 0 1 10 9
K 6 111 6

'

V0Lg 7 125 157715 7 759 7511 L17 6 L
'

ag dvaypa¢011 6V1p
11 6

'

yL177 15V 6 0 7 L 7 15 157715 7 759 wapafiltnde
'

w

O7T €p 6 86 L 86 L§aL.

Eucl. E lem. vi. 28

Hapd 7 75V 3096 ioaV 6 1596 iaV 3096
'

V7 L 6 1590
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GREEK MATHEMATICS

yp1i11 11 10 i17 0V 77apa/Sah ib 6A

AGLT TOV 6 L86 L 1511 0 1 10 7 10 30 96
'

V7 1

36 1 36 7 15 3181511 6 V0V 6 1590ypa11 11 0V [1p 36 L
"
L170 V 77apa

BaAd VP 11 75 11 6 i§0V 6 lVa L 7 0 13 157715 7 75g 7511 1 0 6 1
'

a g

dvaypa¢0p6vov 1511 0 L
'

ov 7 10 6M6 L
'

11 a7 1 [7 0 15 7 6

7 759 7511 1 17 6 1
'

ag Ka i 13 36 ? 1511 OLOV
"
E0 7 10 7511 6V 8096 L0 a 6 1596 1a 75AB , 7 15 86 8096V

6 15915ypa11 11 0V, 13 86 ? 1
'

0 0 V 77apd 7 75V AB n apaBa /k iv

7 15 F 11 7511 6
'

LZ0 V [ov] 7 0 0 7 759 7511 L17 6 L
'

ag 7 755 AB

dVaypa¢011 6vov 7 125 6M6 L
'

11 1La7 L, 13 86 86 ?

1511 0 L0V 6M6 L
'

77 6 LV, 7 15 A' 86 ? 375 77apd 7 75V 8096 ioav

6 1596 iaV 7 75V AB 7 11) 3096
'
V7 L 6 1590ypd11 11 00 7 11) F ioov

wapaMnAdypappov 6M6 i770V ei36 L 7rap
aA/‘mhoypa

'

ppai 1511 OL
'

1p 15
'

V7 1. 7 155 A.

T 6 7 11 7517910 75AB Sixa Ka7 15. 7 15 E 0 7511 6 20V, Ka i

dva '

y 6 ypd115910 0177 15 7 759 EB 7 155A 1511 OLOV 11 11 2 1511 oi

K 6 1
'

11 6 V0V 7 15 EBZH, 11 a i O
‘

U1L7T G7TA77PC130
'00) 7 15 AH

wapaMnlté ‘

ypappov .

Ei 11 6V 0 1
5

V 1 0 0 V 60 7 1 7 0 AH 7 10 F, yeyovdg 0LV 6 175

7 15677 17 axd6 V 77apa186 18/\757 a 1 yap 77apa 7 75V 80 96 1 17av

6 1596
’

iaV 7 75V AB 7 155 8096
'

V7 L 6 1590ypd11 11 117 7 135 F i170V

7 15 AH 77apa}

7 155 HB 1511 0 L
'

1p 1
’

5V7 L 7 113 A. 6 1336 0 15,

1 T heb racketed words areinterpolations by T heon in his
recension of theE lemen ts (Heiberg) .
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equal to thegiven rectilineal figureand defi cient by a

parallelogrammicfiguresimilar to thegiven one thus

thegiven rectilinealfiguremust benot greater than the
[parallelogram] described on thehalf [of thestraight
line] and similar to thedefect.
Let AB bethegiven st raigh t line, I‘ thegiven

rec t ilineal figure, to wh ich thefigureto beapplied

to AB is required to beequal, being not greater than
the[parallelogram] described on thehalf [of the
straigh t line] and similar to thedefect , and A the
[parallelogram] to wh ich thedefect is required to be
s imilar ; then it is required to apply to thegiven
s t raigh t lineAB a parallelogram equal to thegiven
rectilineal figureI

‘
and deficien t by a parallelo

grammic form similar to A.

Let AB bebisected at thepoin t E , and on E let
EBZH bedescribed similar and similarly situated to
A [vi. and let theparallelogramAH becompleted .

If then AH is equal to I“ , th at which was enjo ined
will h avebeen done for thereh as been applied to
thegiven st raigh t lineAB a parallelogram AHequal
to theg iven rectilineal figureP and deficient by a

parallelogrammic figureHB similar to A. But if not ,
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11 6
'

L
'

C0V 60 7 10 7 15 ("DE 7 0 15 P . i0 0V 36 7 15@E 7 10 HB

1L6 i€0 V d
'

pa K a i 7 15 HB 7 0 13 F. 13 375 11 6 LC15V 60 7 1
7 0 HB 7 0 0 P, 7 11 157 75 7 75 1577 6p0X75 L0 0V, 7 10 36 A
1511 0 1 0V Ka L c511 on K 6 L11 6 V0V 7 15 0 vV6 0 7 a7 10 7 15

KAMN. LiA/Vt 7 15A 7 115 HB [60 7 LV] 0 110 L0V
'

KaL 7 15

KM dpa HB 60 7 LV 1511 0 10V . 60 7 10 0 1
5

V 1511 15/\oyos
7511 6V KA 7 75HE , 75

5

36 AM HZ . Ka i 677 6 2i0 0V

6o7 i 7 0 HB 7 0 1 9 P, KM, 11 6 1§0V apa 60 7 L 7 15 HB
7 0 1) KM 11 6 i§10V apa 60 7 L 1ca 1 751

L6V HE 7 759 KA,

7536 HZ 7 759 AM. K 6 L0O10 7 75 11 6 V KA 1 0 75 75 H2 ,

7 75 36 AM L0 75 75 HO, KaL
”
0 v11 77 6 77h75p10 0 910 7 15

ZHOH 77apaA/\75A15ypa11 11 0V
°

L0 0V apa K a L 1511 0 1 15V

60 7 1. [7 15HH] 7 11) KM [aMd 7 15KM 7 11) HB 0 11 0 L15V

60 7 LV] . Ka i 7 15HH d
'

pa 7 135 HB 1511 0 1 15V 60 7 LV
°

776pl.

7 75V a 157 75V d
'

pa 3Ld11 6 7 p15V 60 7 L 7 15 HIT 7 11) HB .

60 7 10 a 157 115v 3Ld11 6 7p0$ 75H IT E , Ka i Ka 7 ay 6 ypd115910

7 15 0x7511 a .

’

E77el 0 1
5

V i0 0V 60 7 2 7 15 EH 7 059 F,
KM

, L3V 7 15
HIT KM 60 7 LV ’

L'0 0 V, AOL7T C53‘ apa 15 T Xq) yV10 11 10V

A0 1 77 1§5 7 115 F 750 0 9 60 7 1
'

V . 1< a L 677 6 L LO0V 60 7 L 7 15OP

7 125 5 2 , K 0 LV15V 77p0 0 K 6 1 0 910 7 15 ITB (5o apa 7 15

OB 15A11) 7 115 EB i0 0V 60 7 L
'

V . d 7 15 :B 7 115 T E

60 7 LV l0 0V, 677 6 2. Ka i 77A6 vp15 75AE 77/\6 vpa 7 75 EB

60 7 LV 1 0 75 Ka t. 7 15T E apa 7 1 0 OB 6 0 7 LV L0 0V . K 0 1V15V

77p0 0 K 6 L0 91 0 7 15 (5o apa 7 0 T E 157111) 7 11)

(DXT yV11511 0VL
'

60 7 LV 50 0V . 151 /V3 15 (DXT yV11511 10V

7 115 F 636 ixd75 50 05" Kai 7 15 T E d
'

pa 7 11) F 60 7 LV
L0 0V .

Hapd 7 75V 30 96 i0 aV d
’

pa 6 1596
'

L
'

aV 7 75V AB 7 115
3096

'

V7 1 6 159vyp1i11 11 10 7 125 P 50 0V n apaMnAo
'

ypay

11 0V wapafiefihnn u 7 15 ET 6M6 1 770V 6 L36 L 77apa)

A75/\0yp0 11 11 11) HB 1511 0 1 11) 15V7 1 7 11) A [6776 1375
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7r6p 7 15 HB Hll 0 11 0 1 15V 60 7 1V] ° 1577 6p 6 36 1

770 1 750 0 1 .

E ucl. E lem. v i . 29

ll ap15 7 75V 30 96 1 0 aV 6 1596 1 11 V 7 10 30 96V7 1 6 1591)

ypa 11 11 10 L0 0 V n apaMnAéypappov n apafiahew u77 6p

flaMOV n apa /t hoypappw 1511 0 1 10 7 10 3096
'

V7 L.

"
E0 7 10 75 1L6V 3096 1 0 11 6 1596 1 11 75AB , 7 15 36 3096V

A "
6 15915ypa11 11 0V , 13 36 1 L0 OV 77 11 p15 7 75V AB n apaBaAa V

,

a I f “ ll l lt‘ thes ides of theg iven para llelo
gram A arein theratio (7 and thea ngleof A is a , then
2 13=

I
—
5
1r, and
C

(theparallelogram T 2 ) : (theparallelogram T B)
(theparallelogram 11 8 )

b
— aa: sin a

—

E
w . a

‘
sin a .

If thearea of theg iven rectilineal figureF is S, theproposi
t ion tells us that

b
aresin a sin a =s.

T o construct theparallelogram T E is thereforeequ ivalent to
solving geometr ically theequation

b
2

s
—a:
C 8 1 11 0.

Heath ( T heT hirteen Books of Euclid
’

E lemen ts
, vol .

i i

2 10



PYTHAGOREAN GEOMETRY

grammic form TIB similar to A ; wh ich was to be
done.“

Euclid , E lemen ts v i . 29

T 0 thegiven straight lineto apply a parallelogram
equal to thegiven rectilinealfigureand exceeding by a

parallelogrammicfiguresimilar to thegiven one.
Let AB bethegiven straigh t line, T

‘

thegiven

rectilineal figureto wh ich thefigureto beapplied to

pp. 26 3 show s how thegeometr ical method is prec isely
equ ivalen t to thealgebra ical method of completing the
squareon theleft- hand side, and hedemonstrates how thetwo
solut ions can beobta ined geometr ically , though Euclid , con
sistently w ith h is pract ice, g ives oneonly.
For a real solution it is necessary , as every schoolboy

knows, that

C a a

7 .e. 8 7> <5 Q) (Sin a) (Q)
S 1> HE Sin 11 EB

i .e. S 1> parallelogram HE .

is prec isely theresult obta ined in vi. 27

2 1 1
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7 3 F, 13 36 36 2 1511 0 1 0 V 7 3 A' 36 2 375
770p15 7 75V AB 6 1596 L11 V 7 13 F 6 159vyp1511 11 10 L0 0V

n a

p
aBaAa V 1577 6pfldMOV 6 136 1

1511 0 1 11) 7 13 A.

T 6 7 11 750 910 75AB 3LX11 K a 7 3 7 3 E , Ka i 15V11 y6
ypa 115910 157715 7 759 EB A 1511 0 10V KaL 1511 0n
K 6 L

'

1L6 V0V wapaMn/Mypappov 7 3 BZ , Ka t. ovva11 1150

7 6p0 19 1L6V 7 0 1 9 BZ ,
P

"
L0 0 V

,
7 13 36 A 1511 0 10V 71 11 1.

311 0 1 10 9 K 6 111 6 V0V 7 3 11 157 3 0 vV6 0 7 11 7 10 7 3 H G) .

1511 15/\0
'

y0 9 36 60 7 1 0 7511 6V KG) 7 75 ZA,

A

7536 KH 7 75
ZE . 71 11 1 6776 1 11 6 1C15V 6 0 7 1 7 3 HQ) 7 0 0 ZB , 11 6 1 1,

'

10 V

apa 60 7 1 11 a 1 7511 6V KG) 7 759 ZA,
75 36 KH 7 759 ZE .

6KB€BA750 9000 0 V 11 1 ZA,
ZE , KaL 7 75 1L6V KG) 1 0 7)

60 7 10 75ZAM, 7 75 36 KH 1 0 75 75 ZEN, KaL 0 011

776 77/\ 75p10 0 910 7 3 MN 7 3 MN ”
apa 7 1 0 HG) ”

L0 OV 7 6

60 7 1 Ka L 1511 0 10V . 15M15 7 3 H 6 7 13EA6 0 7 LV 1511 0 10V

11 11 1 7 3 MN apa 7 13 EA 1511 0 1 15V 60 7 LV 77 6p1 7 75V
a 157 75V 15

'

p11 31 1511 6 7p15V 60 7 1 7 3 EA 7 13 MN . 7551910
0 157 13V 3L1511 6 7pog 75 ZE., Ka i Ka7 ay6 yp1516910 7 3

0711711 01
’

E77 6 l. i0 0V 60 7 27 3 HQ 7 029 EA, P 15M15 7 3 H6)
7 13MN

"
L0 OV 60 7 LV ,

71 11 1 7 3MN ”
apa 7 0 1 5 EA, P 1 0 0V

60 7 LV . K 0 1V3V a 11575p750 910 7 3 EA A0 1 773g apa o15

tI
fXCD ‘

v 1LwV 7 10 P 60 7 LV 1 0 0 .g Ka L 677 6 1 10 75
6 0 7 LV 75AE 7 55EB, 10 0V 60 7 1 11 01 1 7 3 AN 7 11) NB ,

7 0 0 7 60 7 1 7 13 AO. K 0 1V3V 77p0 0 1< 6 i0 910 7 3 EE '

d
’

pa 7 3 A3 30 0V 60 7 5 7 13 (1) q yV1311 0VL. 15A/\15 15
(13q yv1311 10 V 7 13 F 50 0 9 60 7 1

'

V
'

Ka i 7 3 AE 1i
'

pa 7 13
P i0 0V 60 7 L

'

V .

Hap15 7 75V 3096 20 aV 1i
'

pa 6 1596 iaV 7 75V AB 7 11)

3096V7 L 6 159vyp11 11 11 10 7 13 F L0 OV n apaMnAéy/pappov
77 apa/9619A757 a 1 7 3 A: 1577 6p5811A/\0V 6 136 1 n apaMnAo
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A
no

f I N

A
A

ypa11 11 13 7 13 0 11 0 1 13 0 V7 1 7 13 6 776 1 71 11 1 7 13
cl fl V A

EA 6 0 7 1V 0 11 0 10V 7 0 OH '

0 77 6 1) 6 36 1 770 1750 11 1 .

(6 ) T HE IRRAT IONAL

Schol . i . in Eucl. E lem. Eucl. ed. Heiberg
V . 4 1 5 . 7— 4 1 7 . 1 4

'
HAGOV 36 7 75V 3px75V 6771 7 75V 7 719 0 v11 11 6 7p1

'
11 9

{757 750 1V 0 15 11 0911 57 15176 10 1 7717137 0 1 11 157 75V 6§6 vp15V7 6 9
671 7 759 7 1DV 15p1911 10 V 71 017 11 V0 750 6 10 9 . 71 O1VO15 ydp
37715V7 10 V 3

'

V7 0 9 11 67p0v 7 759 11 OV1530 9 677 15 7 13V

11 6 y 6 913V 71 0 1V3V 11 67pov 6 15p6 1
'

V 0 1571 753vV7519750 11V .

11
’

1
'

7 1 0V 6 7 3 7715V7 a 11 6V 71 11 1 3770 1 0 V0 15V 15p1911 3V 71 110
'

377 0 1 11 170 151 7 0 11 1519 31 01 1pov
'

11 6 V0V 11 15p1 15V 7 1 71 11 7 11

A111 77 15V6 1V 6AdXLOT OV 71 11 1 7 011 759 15V6 77 1
'

36 71 7 0V, 776 V

36 11 657 6 00 9 677
’

157re1pov 31 a Lp0 v
'

11 6 V0V 11 75 71 11 7 11

A111 77 15V6 1V 11 15p1ov, 3 31 15 7 3 GZVCIL 6A15x1 0 7 0v 7 011 75V
0 1571 677 13656 7 11 1 , 3M15. 71 11 1 671 6 1V0 677

’

15
'

77 6 1p0V 7 6 11 V15

11 6 V0V 770 1 6ZV 1577 6 1p11 11 1517 1 11 , 13V 6
'

71 010 7 0V 677
’

15
'

77 6 1p0V

7 11 759750 6 7 0 1 , 71 11 1 377A139 7 3 11 6V 71 11 7 15. 11 6V

7 3 p ép GO
'HCLL 11 6 7 6X6 1V 7 559 7 0 17 (577 6p 1} 15pX759 ,

36 7 75V 3A157 777 11 7 759 7 0 15 776p11 7 0 9 , 7 3V 36

15171911 3V 71 11 7 15. 11 6V 7 3 11 6 10 11 6 0 901 1 7 759 7 0 15 776p11 7 0 9 ,

a If theangleof A is a and its sides arein therat io 3 a,

whileAB : a and 0 = 73, then

(parallelogram A3 ) = (para llc logram AH) (parallelo
gram BE)

3
1111 3 11 1 a +

é
m. x sin a .
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grammic form HO similar to A, since OH is simi lar
to EA which w as to be don e .

“

(e) T HE IRRAT IONAL b

Euclid , E lemen ts x . , Scholium i. , Encl .ed. Heiberg
V . 4 1 5 . 7—4 1 7 . 1 4

The Pythagoreans were the first to make in quiry
into commen surability , having first discovered it as

a result of their observation of numbers for though
the uni t is a common measure of all numbers they
could not find a common measure of all magnitudes .

T hereason is that all numbers , of whatsoever kind,
howsoever they be divided leave some least part
which will not suffer further division but all magni
tudes aredivisible ad infinitum and do not leave some
part whi ch , being the leas t possible , will not admit of
further division , but that remainder can be divided
ad infinitum so as to give an infinite number of parts ,
of which each can be divided ad infinitum ; and, in

sum ,
magnitude partakes in division of the principle

of the infini te , but in its entirety of the principle of
the finite , while number in division partakes of the

But by theproposition , if S is thea rea of I
‘

(parallelogram AS.) =S,
1

2
5

( 1 11
7

-17 —
11:
0 8 1 11 0.

T o construct theparallelogram A5.
“

is thereforeequ ivalent
to solv ing geometr ically this quadrat ic equat ion . T hereis
always a real solution , and so no 31 op1 0 11 15s

‘ is necessary as

in thecaseof thepreced ing proposit ion . Heath ( T heT hir
teen B ooks of Euclid

’

s E lemen ts , vol. i i . pp. 26 6 —26 7) aga in
shows how theprocedureis equ ivalen t to thealgebra ic
method of complet ing thesquare. Euclid ’

s solution corre
sponds to theroot with thepositivesign .

b For further notices seesupra , pp. 1 10- 1 1 1 , p. 1 4 9 n . c.
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71 0 7 15 36 7 7517 7 0 17 15177 6 1p 7 13V y 15p
H090 y0p6 1 10 V A15yog 7 3V 77p10 7 0 V 7 75V 776p1 7 0 157 10 V
96 10p1

'

0 V 6 19 7 0 151130 V69 6§0 y0 y3V7 0 V0 vay 1 13 776p1

776 0 6ZV .

(f ) T m: FIVE REGULAR SOLIDS
Phil. ap. Stob . Eel. 1 , proem. 3 , ed. Wachsmuth 1 8 . 5

Diels, Vors . is . 4 1 2 . 1 5—4 13 . 2

A
K0 1 7 11 1L6V 7 0 9 030 1p0 9 0 1 1511 0 7 0 776V7 6 6V7 1

'

, 7 15A A f A

6 V 7 0 030 1170 770p ( 71 0 1) 15310p 71 0 1 570 71 0 1 1575p,Q A 7 c I 1 7

71 0 1 0 7 11 9 03a 1pa 9 OA71 0 9 , 77 6 11 777 0 V .

Aet. P 10 0. 1 1 . 6 . 5 , Diels , Vors. i5. 403. 8- 12

Hvfiay3p0 9 776V7 6 0x7711 157 wV 15V7 10 V 0 7 6p6 13V,

1577 6p 71 0A6 1 7 0 1 71 11 1 11 0 97511 0 7 1 71 15, 671 11 6V 7 0v 71 v180 0

3770 1 yey0V6V0 1 7 75V 3775V, 671 36 7 759 770170 11 1309 7 3

77vp, 671 36 7 0 0 1571 7 0 630 0 0 7 3V 156170 , 671 36 7 ou

6 1 71 0 0 0 631700 7 3 v310p, 6 71 36 7 0 17 31036 71 0 63pov 7 75V
7 0 0 770 V7 3s 030 2p0 V .

1
151d : 151 71 159 coniecitWilamowitz.

A regular solid 1 5 onehav ing all its facesequal polygons
and all its solid anglesequal T heterm is usually restricted
to thoseregular solids in Wt h thecentreis singlyenclosed.

T herearefive, and only five, such figures— thepyramid,
cube, octahedron , dodecahedron and icosahedron . T hey
can all beinscribed in a sphere. Owing to theusemadeof
them in Plato ’

s T imaeus for theconstruct ion of theun iverse
they wereoften called by theG reeks thecosmic or P laton ic
figures . As noted above(p. Proclus attributes the
construction of thecosmic figu res to Pythagoras, but Suidas
( infra , p. 378) says T heaetetus was thefirst to writeon them.

T hetheoret ical construction of theregular sol ids and the
calculation of their sides in terms of theradius of thecircum
scr ibed sphereoccupies Book xii i. of Euclid

’

s E lemen ts. It

2 1 6
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Plat. T im. 53 c—55 c

p
‘

rov pev 877 T wp Ka L yfi Ka L v8wp Ka i dip (in
owpa

'

ra £ 0 7 1 , 877o 7rov K aL 77aV7 L
'

. 7 0 56 7 ou

0 L6pa
‘

rog a do; 77a v Ka L Bafios
‘

€X€L. 7 o 86 fiaQOs‘
a v wa oa ava

'

yKn 7 77V em rreSov wepLeLhnqSe
'

vaL 96mm) .

77 86 op6
’
77 7 779 emvre'dov Ba oew g eK 7pLya3vwv

ovve'o 7 77Ke. 7 a 86 7 pLyLuva 77 a V7 a 6 K 3vow
”
apxe7 aL

7 pLyL6V0 Lv, “Lav pev opfinv 6XOV7 og eKa7e
'

pov
‘

w LCLV,

83 dfeL
'

as
'

LEV 7 d
,
ue‘v e7epov eKa 7e

'

pw 96 v exeL
pe

’

pos yww
’

a g opfifig WAEUPCLLS
‘

"
Loa Lg Bmpnpe

'

vng, 7 o

86 é7epov a VLUOLg aVLaa ye
’

pn vevepnpe
’

vng .

T ow 577 Svow T pt
‘

w OLV 7 o pev LO
'

OUKeAeg pLav
ei’Anxegbvow , 7 0 56 wpounKeg aflepaw ovg . 77p0

a Lpe7e
'

ov ovv av 7 Lov aweL'pLuv 7 o KciMLo 7 ov, eZ
LLéMO/J f l/ apgeofia L Ka7 a 7 p0 7rov . av ovv T LS

‘

exp KdMLov e’Khefdpevog GZWEZV 6 29 7 7)V 7 0 157 00 1) 0 15

O
’

T aO
'

LV, G
’

KGZVOS‘ 0 13K e’xfipo
‘

g div dMo
‘

L qSLAog Kpa
‘

reu
7 L96

’

p 6 9a 3
’

05V 7 mv 770v 7 pLya3vwv

ev, vnepfiaweg 6 5 av 7 0 Loon
-Aevpov 7pL

'

ywvov

6 K 7 pL7 ov ovve’omKev .

OLov 86 eKao 7 ov av7 c23v ye
’

yovev 6 380 9 Ka i. e’f
dowv ovpfleocivn ov dpLfipLfiv, Liv éflopevov

a
'

pfeL 7 6 7 6 wp OV efSos‘ Ka i opLKpci7 a 7 ov

o vvwflipevow 0 7 0 Lxefov 3
’

a zi7 oz7 7 d 7 7)V 15770 7 6 5

vovorav 7 779 67 6 7 7 0 120 5: whevpdg SLflAao L
'

av gxov

pfiK é L
'

ov
'
vSvo Sé 7 0 Lov

'

7 LoV K a 7 a 3Lape7 pov O
’

UVT L
I I I

96 ,11 5v Ka L 7 pL9 7 0v7 ov yevopevov , 7 a 9 8Lap6 7 pov9

passageis put into themouth of T imaeus of Locri,
a Pythagorean leader , and in it Plato is generally held to be
reproduc ing Pythagorean ideas .

b i.e. , therectangular isosceles triangleand therectangular
scalenetriangle.
2 1 8



PYTHAGOREAN GEOMET RY

Plato , T imaeus 53 c— 55 c
a

In the first place , then , it is clear to everyone , I
think , that fireand earth and water and air are
bodies . Now in every case the form of a body has
depth . Further , it is absolutely necessary that depth
should be bounded by a plan e surface ; and the
rectilin ear plan e is composed of triangles . Now all

triangles have their origin in two triangles , each
having one right angle and the others acute ; and

one of these triangles has on each side half a right
angle marked off by equal sides , while the other has
the right angle divided into unequal parts by unequal
sides fi

Of the two triangles , the isosceles has one nature
on ly , but the scalen e has an infinite number and of

these infinite natures the fairest must be chosen , if
we would make a suitable beginning . If, then , any
one can claim that he has a fairer onefor the con

struction of these bodi es, he is no foe but shall prevail
as a friend but we shall pass over all the rest and
lay down as the fairest of the many triangles that
from which the equilateral triangle arises as a third
when two areconj oin ed .

In the next place we have to describe the form in

which each kind has come in to existence and from
what numbers it is compounded. A beginning must
be made with that kind which is primary and has the
smallest compon en ts , and its element is the triangle
whose hypotenuse is twice as long as the lesser side .

When a pair of these triangles arej oin ed diagonally
and this is don e three times , by drawing the hypo

i .a. , the fa irest of rectangular scalenetriangles is half
of an equ ilateral tr iangle, thesides being in theproport ion
1 , V3 , 2 .
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Ka L 7 a 9 Ba eLa g whevpas‘ eL9 7 av7 ov w ; Ke'V7p0V
epeLoaw wV, eV Loow'Aevpov 7 pL

'

yLvV0V cf 6 5 7 0V

apLfipov 0 V7 LvV ye
’

yovev .

T pL
'

yv a Sé L
’

o cirrkevpa ovVLo7 cipeva 7e'7 7 apa Ka 7 d.

ov
'

V
’

rpeLg e
’

mrre’Bovg yLvVL
'

ag [Ma ll o7 €peaV ‘

w LaV

7T OL6 L, 7 77g apBAv‘

ramg 7 wV emrre'SwV ‘

w LwV

egbeffig yeyov aV 7 0 Lov7 wV 36 dwmeAeeLoofiv

7 6 7 7 apwv 7 p T OV docs mepeov, 0 /\ov wepupepovg
8Lavepxq7 LK 0 V a s an pe

’

pn Ka L opu a
, ovVLo 7 a 7 aL.

86 v7epov 86 6 K peV 7 wV av7 wV 7 pLya
'

1VLvV, Ka7 a

86
"

L
’

oci'nkevpa 7pL
'

ywva dK7 Lb ova
‘
rofw wv, pL

'

aV

dwepyaoape
’

vwv 0 7epedV w L
'

aV e’K 7 6 7 7 <ipwV e
’

m

7768v Ka i. yevope
’

vwv Sf 7 0 Lov
'

7 wv 7 d 86 157 €p0V a?)

o i La ov7 Lv9 eaXe7e'Aos . 7 6 86 7 pL
'

7 0V 5K 329
egnKow

-

a 7 L1 ) V O
'

T OLXGLwV avywaye
'
w wv, 0 7 €p€wV

Sé ‘

w Lw V 8668€Ka , 15776 we'we371 17768c 7pLya3VLvV

LG OflAev V wepLeXojue
'

mjg eKaoms
‘

, eLKooL Ba oeLg
eXOV LoonAevpovs‘ 7 pL

'

ya
'

1 V0v9 ye
’

yoveV .

Km 7 0 11 6 V e7ep0V ai aK7 o v 0 7 0 LX6 L
'
LvV

0 As in theaccompany ing diagram, thetriangles AOP,

COD, AOB , BOD, COE , BOF

arejoined together so as to form
theequ ilateral triangleABC. As
Plato has already observed, an

equ ilateral trianglecan also be
madeout of two such triangles .

A. E . T aylor (A Commen ta ry
on P lato

’

s T imaeus , pp. 374

first pointed out thecorrect mean
ing of Ka7 d BLaye‘rpov, d iagon
a l ly.

”
P rev i o u s l y, fo l low i n g

Boeckh ,ed itors had supposed that
it meant so that their hypotenuses coinc ide,”e.g . , triangle
AOP lS placed Kard SLcipemovw ith triangleAOB ; Plato almost
certa inly meant that tr iangles AOF, COD areKa7 a 8Loipe7pov.
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7 a87 a yew fioav, 7 0 30 L
’

0 0 0 K 6A6
‘

g 7 pL
'

w 0V e’ye
'

VVa

7 77V 7 ou 7 6 7 ap7 0 v q ow ,
Ka 7 0. 7 6

'

7 7 a

p
a 0 vVL0 7 a

[.LGVOV , 6 1g 7 0 K 6
'

V7p0 V 7 09 opfia g w L
'

a g ovvayov,

6 V 1 0 0 77A6 vp0V 7 6 7payLvV0V awepyaoapevow 6 6 36
7 0 Lafi7 a OUpn ayéV7 a w L

'

a g 0K 7 0
‘

) UT GpGClS L177

6 7 6
’

A6 0 6 , K a7 0. 7 pe
’

L
‘

9 6
’

77 L776
'

30v9 0p909 a vvappofiefmjg
6 K 0 0 7 779 7 0 30 O

’

Xfifi a 7 ou 0 v0 7 a
'

V7 0 5
‘

0 L6pa 7 0 9

ye
'

yove KvBLKLiV, 85 6
’

77L77 6
'

30v9 7 6 7pa
'

yL6Vovs
‘ ZOO

77A6 vpovg Bao a g 6X0V é
'

7 L 30 0 170 779 0 v0 7 LiL7 6w 9

wa s 77611 777 779 , em 7 0 77aV 0 960g a07fi Ka7 6Xp7j
oa7 o 6 K 6 LV0 3La §wypa cfiwm

Iambl. DeVita Pythag . 1 8 . 88 ,ed. Deubner 52. 2- 8

Hepl. 3
’ c

I7777LJiL7rov poiALo 7 a , 75V y év 7 03V

HvfiayopeL
'

LvV 3L0L 30 7 0 éfeveyKel
‘

V Ka i ypdglraofiaL

77p037 w g acpa LpaV 7 7
‘

7V 6
’

K 7 00V 3L636 Ka 776 V7 ayL0VLvV
3 I I Q 3 I I
a 7 eA6 7 0 Ka 7 a 9aAa 7 7 aV Lug a oefinoa g, 3o§aV 36
AdBOL 035

“

6 15pL6V, efva L 30 77aV7 a 6
’

K 6 5V0v 7 0 6 LiV3pLig
°

As in theaccompanying figure, thefour isosceles scalene
triangles AOB , DOC, BOC, DOA

placed about thecommon vertex
O form thesquareABCD. T he
fourth figureis thecube, which
has six faces , each a square(and
is thereforemadeup of twenty
four of theelementa l rectangular
isosceles triangles) , andeight solid
angles , each formed by threeof

c thesquares Plato later makes it
theelemen t ofearth .

b i .e. , theregular dodecahedron . T his requires , however,
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when it had produced these three solids , the nature
of the fourth being produced by the isosceles triangle .
When four such triangles arej oin ed together , vn

’

th

their right angles drawn towards the cen tre , they
form oneequilateral quadrangle and six such
quadrangles, put together, made eight solid angles,
each composed of three plane right angles and the
shape of the body thus con structed was cubic , having
six plane equilateral quadrangular bases . As there
still remained one compound figure , the fifth } God

used it for the whole , broidering it with designs .

°

Iamblichus, On theP ythagorean Life1 8. 88 ,
ed. Deubner 52 . 2- 8

It is related ofHippasus that he w as a Pythagorean ,
and that , owing to his being the first to publish and

describe the sphere from the twelve pentagon s , he
perished at sea for his impiety , but he received credit
for the discovery , though really it all belonged to

a new element, theregular pentagon . It has twelvefaces,
each a regular pentagon , and twen ty solid angles , each
formed by threepentagons . T hefollowing passages give
ev idencethat thePythagoreans may haveknown thepro
perties of thedodecahedron and pentagon . A number of

objects of dodecahedral form havesurvived from pre- Pytha
gorean days.

0 T his has often been held, following Plutarch, to refer to
thetwelvesigns of theZodiac , but A. E . T aylor (A Com
men tary on P lato

’

s aeus, p. 377) r ightly points out that
thedodecagon , not thedodecahedron , would betheappropr i
atesymbol for theZod iac . Hefinds a clueto themean ing
in T imaeus Locrus 98 E , whereit is po inted out that of the
fiveregular solids inscr ibablein thesamespherethedode
cahedron has themaximum volumeand comes nearest
to thesphere. Burnet finds thereal allusion to themapping
of theapparently spherical heavens into twelvepentagonal
reg1ons.
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wpooayopev
’

ovoL ydp 0 157 Lv 7 0V IIvBa '

yLipaV Ka i 00

KaAofioLV o
’

VL5
,
ua 7 L.

Luc . P ro Lapsa in ter Sa lut. 5 , ed. J acob itz i . 330. 1 1 - 1 4

A
Ka i 7 0 ye7 pL77A0 UV a07 0 L9 7 pL

'

yLvV0V, 7 0 3L
5 I I ‘P I
aAAnALoV, 7 0 77 6 V7 aypa japov, Lp o vpfioALp 77pog 7 0 v9

0p030§0v9 e
’

XpLBV7 0 , fiyL
'eLa 77p09 a07 L13V L0V0pd§6 7 0 .

Iamblichus tells thesamestory , almost word for

word , in Decommun i Ilfa the'ma tz'ca Scie'n te'a c . 25 (ed .

Festa 77 . 1 8 theonly substan tial d ifferenceis the
substitution of theword éfa ‘

ya
'

ww v for wm aya
’

ww v, which
is a slip. T hestory recalls thepassageg iven above
(p. 2 1 6 ) about thePythagorean who perished at sea for re
vealing theirrational . Hemay very well havebeen the
sameperson as Hippasus, for theirrational would quickly
cometo light in a study of theregular solids.
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VII. DEMOCRITUS

Plut. DeComm. Notit. 39 . 3 , 1079 E

U I 0 I I I I

E7 1. 7 0 LVUV opa 7 Lva 7 p0 770V a 777)V7 770 6 AmuOKa p,

3La 770p0 vV7 L gv a g Ka i 6
’

77L7 vXLDg , 6 13 KL3V0 5‘ 7 6
'

pVOL7 0 77apd 7 77V BLiLrLV 6 77L77 6 3w
, 7 L

"
xpn 3LaV0 6 L0 9aL

7 as 7 Lov 7 p77/i Li7 LvV emgbaveLa g , w as 77 (IVLO
'

OUS
‘

ywope
'

va g ; LiVL
'

0 0 L p6 1) yap ovoaL 7 0V KwVOV Liv
I I I

w juao n apefovcn , n oAAa g a 770Xapa §6 L9 Aapfiavow a

fia9p0 6 L36
'

L
‘

9 Ka i 7a v
'

7 777 a 5
" iow v 3

’

000 LIBV, ioa

7
,
1). 7jpa7 a 30 7m , Ka i (paV6 27 a L 7 0 7 ou KvAL

'

V3p0 v

776 770V9w g 0 Ko g , elf
"
LowV avyKeLpevog KaL ouK

LiVLowV KvKALvV, onep 6 0 7 LV a 7 0 77w 7 a7 0V.

Arch im. Meth . , Arch im. ed . Heiberg 1 1 . 430. 1 - 9

AL077 6p Ka i 7 03V 96v 77pci7 wv 7 0v
'

7 w V, w 13030 450 9
efnva ev 7rpw 7 og 7 77V Li7703eLfLV, 77 6pL 7 ov K 03V0 v

KaL 7 779 n vpapL3og , 0 7 1. 7pL7 0 V pe
'

pog o
,
nev v os

‘

Pluta rch tells this on theauthority of Chrysippus.

Democ r itus camefrom Abdera . Hewas born about the
samet imeas Socrates, and lived to a great age. Plato
ignored h im in h is dialogues, and is said to havew ished to

burn all h is works. T hetwo passages hereg iven conta in all

that is defin itely known of h is mathematics , but weare
informed that hew rotea book On theCon tact of a Circleand
a Sphere another on Geometry ; a thirdent itled Geometrica
a fourth on Numbers ; a fifth On Irra tiona l Lines and Solids ;
and a sixth called ’

EK7re-rciopara , which would dea l w ith the
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a I f A A

7 ov KvALV3p0v, 77 33: n vpapLs
‘

7 ou wpioparog, 7
'

v

I I 'I w
Baow exam-

Luv 7 7)V avmv KaL vglzog L0 0V, ou pLKpaV
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‘ AnpOKpi

'epepL
'

Sa 77pa
'

17 q) 7 7)V
I A I

a 770¢a0 w 7 7)V 7repL 7 ou 6 Lp77ilevov
a
’

n OLprjvapLe
'
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DEMOCRIT US

is a third part of thecylinder, and thepyramid of the
prism , having thesamebaseand equal height , no

small shareof thecredit should begiven to Demo
critus, who was thefirst to maketheassertion with
regard to thesaid figure,° though without proof.

So theGreek. Perhaps typeof figure.
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VIII. HIPPOCRATES OF CHIOS

(0) GENERAL

Philop. in Phys. A 2 (Aristot. 1 85 a ed. Vitelli
3 1 . 3 - 9

‘

I
I

X
A I v

A
A

77770Kpa7
-

779 Los T LS
‘ mv 6p770pog, ympLKy V

‘

qL
I I I

nepmeawv Ka L 77aV7 a a 770A6 0 as‘, fiAGev Aflnvage
I

A
I

A
‘ I

ypaL/J opevog 7 0v9 9 0 7 0 5 , KaL 770 UV n apapevwv cv

’

A0
I

8
I I

rpm; 1 0. 7 77V ypacpnv xpovov, «pom
-

770 0 a s

¢LA0 00¢ovg, Ka i eig 7 00 0 67 0v 356 01 9 yewpe‘rpLKfig
fiABev, (fig 6

’

77LX6 Lp
'

qaaL 6 6p6
‘

L
‘

V 7 0V K tiKo 7 6 7
-

payee
v o

’

v. Ka i a07 0v 11 0V O0Xe3pe, 7 6 7pa
'

ywvioag 30

7 0V pnvioKov q/Jev3LDg 6
’

K 7 0 157 0v Ka i 70V

Kv
'

Ko 7 6 7payc L
'

C6 Lv'
6
’

K yap 7 06 7 6 7paywv 0 6

7 ou pqviaKov Ka i 7 0V 7 0 6 Kv
'

Ko 7 6 7paywv 0v

(5315017 ovAAoyL
'

CeaflaL.

(b) q naxrunz or LU'

NES

Simpl. in Phys. A 2 (Aristot. 1 85 a ed. Diels
60. 92- 6 8. 32

'
O 1L6

'

V7 0L E6377pos
' iv Fewperpmfi im pig

00K 3772 7 6 7paw LKfig 77A6 vpc
‘

ig 36 i§a i Ltna 7 0V
'

I77770 KpLir77v 7 0V 7 0 0 yqviaKov 7 6 7paw L0p0V,
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VIII. HIPPOCRATES OF CHIOS

(a) GENERAL

Philoponus, Commen tary on Aristotle’s Physics A 2

( 1 85 a ed. V itelli 3 1 . 3- 9

HIPPOCRAT ES of Chios was a merchant who fell in
with a pirate ship and lost all his possessions . He
came to Athens to prosecute the pirates and, staying
a long time in Athens by reason of the indictment ,
consort ed with philosophers, and reached such pro
ficiency in geometry that he tried to effect the quad
ratureof thecircle. He did not discover this , but
having squared the lunehe falsely thought from this
that he could square thecircle also. For he thought
that from the quadrature of the lunethequadrature
of thecircle also could be calculated.

“

(6) QUADRAT URE or LUNES

Simplicius, Commen tary on Aristotle’s P hysics A 2
( 1 85 a ed. D iels 60. 22— 6 8 . 32

Eudemus , however , in his History of Geometry says

that Hippocrates did not demonstratethequadrature

A lune(men iscus) is thefigureincluded between two

intersecting arcs of circles. It is unlikely that Hippocrates
himself thought hehad squared thecircle. but for a d iscus
s ion of this point seeinfra , p. 3 10 n . b.
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,M‘
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I7777 0
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peLlova Ka L 7 0V 6Aarrova , Ka90A0v aV 6 LT ] 36 36 LXL0 9
f

8
A 3

9
I

8
C A

E
’

8
I

Lvs OK 6 L. 6 K naopa L 6 7 a u7ro 7 ou v rjpov K a 7 a

A6 §Lv Aeyopeva 0AL
'

ya 7 LV0L 77p0 0 7 L96 L9 ( 6 L9 )
l
(ragin

V6 LaV a 770 7 779 7 00V EvKA6 L3ov ZT OLXGLCU
A

V Livapvn
0 6 60 9 3La 7 0V vn opvmuarLK0V 7 p0 770V rov Ev377p0v

Ka 7a 7 0 Lia LK0V 690 9 ovvrcijuovg 6K96pe
'

vov 7 09

Li770300 6 L9 . A6
'

y 6 L 36 0086 6V T C?) 3evre
'

p BafiAL
’

LpA f

Fewp 6 7pLK 779 L0 7 0pL
'

a 9 .

1
6 29 add. Usener.

a As Alexander asserted . Alexander , as quoted by
S implic ius in P hys . (ed . D iels 56 . 1—57 . attributes two
quadratures to H ippocrates.

In thefirst , AB is thed iameter of a c ircle, AI‘, T E are
s ides of a squareinscr ibed in it , and AEI

‘

is a semic ircle
descr ibed on AI

‘

. Alexander shows that
luneAEI‘=tr iangleAI‘A.

In thesecond, AB is thed iameter of semic ircleand on I
‘
A,

equal to tw iceAB , a semic ircleis described . I
‘

H, EZ , ZA

ares ides of a reg ular hexagon , and T HE , EOZ ,
ZKA are

semic ircles described on FE , EZ , ZA. Alexander shows that
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T hequadratures of lunes , which seemed to belong
to an uncommon class ofpropositions by reason of the
c loserelationship to thecircle , werefirst investigated
by Hippocrates, and seemed to beset out in correct
form ; thereforeweshall dealwith them at length and

go through them. Hemadehis start ing-

point , and
set out as thefirst of thetheorems useful to his pur
pose, that similar segments of circles havethesame
ratios as thesquares on their bases.

“ And this he
proved by showing that thesquares on thediameters
havethesameratios as thecircles.

°

Having first shown this hedescribed in what way
it was possibleto square9. lunewhoseouter circum
ferencewas a semicircle. Hedid this by circum

scribing about a right- angled isosceles trianglea

semicircleand about thebasea segment of a circle
similar to thosecut off by thesides.

6 Sincethe
segment about thebaseis equal to thesum of

thoseabout thesides, it follows that when thepart
of thetriangleabovethesegment about thebaseis
added to both thelunewill beequal to thetriangle.
Thereforethelune, having been proved equal to
thetriangle, can besquared. In this way, taking

Lit. as thebases in square.
T his is Eucl. x i i . 2 (seeinfra , pp. 4 58 Euclid proves

it by a method ofexhaustion. based on a lemma or its equi
valent which , on theevidenceof Archimedes h imself, can
safely beattributed to Eudoxus. Wearenot told how
Hippocrateseffected theproof.

As Simplicius notes, th is is theproblem of Eucl. iii. 38
and involves theknowledgethat similar segments contain
equal angles.
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77, flpop
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Imroxpa7 779 7 067 0 K Q T GOKGUG OGV
'

607m 16 15766 0 9 0 15 3LLi7L6 7pog 77 AB ,
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'
V7pov

36 LB K °

Ka i. 77 7.L.6V 679 77 FA 3L
'

xa 7 6

Ka i 1rp6 9 Lip0ci9 7 6 7LV6
'

7 w 7 77V 77 BK °

7736
77E2 xa

'

oOw 7 o67 779 p6 7 a§6 xa i 7r6pL¢6p6 L
'
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'
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77 om. Diels.

A proof is supplied in thetext , probably by Simplicius
though Diels attributes it to Eudemus. T heproof is that.
sinceBA is cl to AI

‘ bu t greater than it, AI‘ and BA

produced meet in Z. T hen ZAI‘ in an isosceles triangle.
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oneof the remaining sides . Therefore the square on
BI

‘

is greater than double the square on either BA,

AP , and therefore also on I
‘
A.

“ Therefore the square
on BA, the greatest of the sides of the trapezium ,

must be less than the sum of the squares on the
diagonal and that oneof the other sides which is
subtended by the said [greatest] side together with
the diagonal ? For the squares on BI

‘

, I
‘
A aregreater

than three times , and the square on BA is equal to
three times, the square on I

‘
A. Therefore the angle

standing on the greatest side of the trapezium c is

acute . Therefore the segment in which it is is greater
than a semicircle . And this segmen t is the outer
circumference of the lun e .

a

If [the outer circumference] were less than a

semicircle , Hippocrates solved 0 this also , using the
following preliminary construction . Let there be a
circle with diameter AB and centre K . Let I‘

A bisect
BK at right angles and let the straight line EZ be
placed between this and the circumferen ce verging
towards B so that the square on it is one - and- a - half

so that theangleZAI‘ is acute, and thereforetheangleBAP
is obtuse.

Le. BA2 < BP2+ I‘Az.
i.e. theangleBI‘A.

Simplic ius notes that Eudemus has omitted theactual
squar ing of thelune, presumably as being obvious. S ince

BA2 3BA2

(segment on BA) =3 (segment on BA)
sum of segmen ts on BA, AP, I

‘
A.

Add ing to each sideof theequat ion theport ion of thetra
pezium included by thes ides BA, AI

‘
and PAand thec ircum

ferenceof thesegment on BA, weget
trapez ium ABAI

‘=lunebounded by thetwo c ircumferences
and so theluneis s uared.

Lit. construct
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,

fi EZ 677i 7 6) B 7T 6 0
’

6 37'a l. (15776K 6 L7 aL

ydp 77EZ 6777. 7 3 B V6 v
'

ovoa) , 77 36 647 77EH
"
L0 77

6a 7m 7 77
"

695
’

77EK .

T ov
’

7 wv 05V 0 737 079 6XLiV7 wV 7 d 7 pa 776§Lo
'
V gba

675
,

0 5 EKBH 77 6pLA77¢16 7 aL K v
'

KAog .

IT 6 70LyeyloLigiSOw
1 377 77607. 7 3 EZH 7 pL

'

7/wvov

7 71.777La KU
’

KAOU, 377o gm 6K ci7 6pov 7 wV EZ ,
ZH

opow V 6K Lio7'w 7 mV EK ,
KB , EH 7 7L777LLLi7 LoV .

T ov7 wV ov7 w 9 6XOV7
'

L0V o yevopevog 7L77VL0 K09
ou 6K7 0 9 77 6pL966p6 La 77 EKBH L0 0 9 60 7m 7 0) eu
Ovypdppq) 7 L9 ovyK 6 L7L6VLp 6K 7 L1)V 7p V 7pLyL6VLc V

7 63V EZH, BZK ,
EKZ . 7 d ydp Lin d 7 L6 V 6 1396 LL13V

647
’

L129 EZ ,
ZH LigbaLpoziiLeva 6V7 L79 7 ou 7L77VL

'

oKov

Lind 7 0 6 efidvypcippov 7 7.L777u.a7 a i
'

oa 60 7 27 029 6K7 L79

1 HepLyeypaqOw 7 p777LLie . In thetext of S implic ius this
sen tenceprecedes theoneaboveand S implic ius

’

s comments
thereon . It is hererestored to theplacewhich it must have
occupied in Eudemus

’

s History .

T his is thefirst examplewehavehad to record of the
typeof construction known to theG reeks as vev'oeLs, inclina
tions or vergings . T hegeneral problem is to placea stra ight
lineso as to vergetowards (pass through) a g iven o int and
so that a iven length is intercepted on it by other fines .

this caset eproblem amoun ts to find ing a len h a: such that ,
if Z betaken on I

‘
A so that BZ =a: and BZ eproduced to
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7 ou 6 690p i7L7Lov 7 7u77uaoLV 6gl>aLpov7L6V0 L9 6776 7 03V

EK , KB , EH . 6KLirep0V ydp 7 CDV 6V7 69 77nLLi/\Lo
'

v

60 7 LV 6KLiorov v 6K7 o'g . 777LLoAL
'

0. ydp
‘ 60 6K 6 L7 0 L

77 EZ 7 779 6K 7 0 0 K 6V7 pov, 7 0v7 607 L 7 779 EK Ka L

KB Ka L EH . 6 L ovV 6 71. 6V 7L77VL0 K0 9 7 6 7 pm

7 7L777La7 Li 60 7 L Ka L 7 ou 6 v9vp i7L7Lov 7 6 7rapLi 7 a

360 7 7L777ua 7
'

a
, 7 6 36 6 6975ypa7L7L0V 7 66V 3v

'

o

7p777L0f7 wV 60 7 3 xwpi9 7 03V 7 pLL13V, 60 7 L 36 7 6 3750

7 7L777LLa 7 a 7 039 7 pL0 2V i
'

oa , 70 0 9 Liv 6 177 6 p77VL
'

0 K0 9

7 Lp ezievypcippq) .

q 1 “ Q I I Q 1

On 36 ovr0 9 o 71.77VL0 K0 9 6 /\0.7 7 0Va 777LLLKVK /\Lov

7 77V 6K 7 69 6X6 L 776pL¢6p6 LaV, 36 L
'

KVU0 L 3LLi 7 0 6 7 77V
EKH w L

'

aV 6V 7 66 6K 7 69 oz
i

oaV 7 71.777LL1 7 L LipB/k iav
eivaL. 67 L 36 a

’

pfikeid 60 7 LV 77 6776 EKH w L
'

a ,

36 L
'

KVU0 LV 0 67 01 5" 677 6 2.’I 77 71.6V 6q5
’

77 EZ 77pL0 /\L
'

a

60 7 i 7 LI)V 6K 7 00 K 6V7pov 3vV0i7L6 L, 7736 77KB

71. 6 5l 7 779 77BZ 77 3L7TAa 0 L
'

0. 3vVLi7L6 L, ¢aV6p6V
67 L K a i 77696

’

77KE 60 7m 7 779 675
’

77K2 Lipa pei V

773L7TAL1 0 L
'

0. 3vVLi7L6 L. 7736 695
’

77 EZ p6 i v 60 7 2

3vVLi7L6 L 7 00V 66) a i9 EK , KZ . LipflAeLa Lipa 60 7 LV

77 77p69 7 Lp K w La , 6z\d 7 7 ov Lipa 777LLKvKALov 7 0

7 7L777La 6V L?) 60 7 LV .

067 079 y 6V 0 6V O '

I77 770 KpLi7
‘

779 77LiV7 0. 71.77VL0 K 0V

67 6 7 pa
'

y03VL0 6 V, 6 L776p Ka L 7 6V 777i LKvK /\Lov KLLL 7 6V

1 Bur/Lina must beunderstood after 777LLoAL
'

a ydp, as B ret
schneider first po inted out, but Diels and Rudio think that
S implic ius probably omitted it as obv ious, hereand in h is
own comments .

67 m 60 7 LV. Eudemus purports to givetheproof in
H ippocrates ’

own words. Unfortunately S implic ius s ver
s ion is too confused to beworth reroducing . T he roof 18
here iven as reconstructed by Rud

)

io . T hat it is su stanti
ally tieproof g iven by H ippoc rates is clear.
24 6
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therectilineal figureout ofi
‘

by EK, KB, EH. For

each of theinner segments is one- and- a- half times
each of theouter, because, by hypothesis , thesquare
on E2 is one- and- a- half times thesquareon theradius,
that is , thesquareon EK or KB or BH. Inasmuch
then as theluneis madeup of thethreesegments
and therectilineal figureless thetwo segments— the
rectilineal figureincluding thetwo segments but not
thethree— whilethesum of thetwo segments isequal
to thesum of thethree, it follows that theluneis
equal to therectilineal figure.
That this lunehas its outer circumferenceless

than a semicircle, heproves by means of theangle
EKH in theouter segment being obtuse. And that
theangleEKH is obtuse , heproves thus.

Since EZ2 gEK
’

and a KE2> 2BZz,

it is manifest that EK3> 2KZz

Therefore EZ3> EK2 KZ'.

T heangleat K is thereforeobtuse, so that theseg
ment in which it is is less than a semicircle.
Thus Hippocrates squaredevery lune, seeing that

[hesquared] not only thelunewhich has for its outer
circumferencea semicircle , but also thelunein which

T his is assumed. Heath i. 1 95) supplies
follow ing proof

By hypothesis, EZ2 éKB
’
.

Also, sinceA, E , Z , I‘ areconcyclic,

or EZ za+BZ’=KB=

It follows that EZ > ZB and that
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'

MATHEMATICS

.3.

7L6 L§ova 777LLKvKMov 6Adr7 ova 6XOV7 a 7 77V

6K7 69 776pLLp6p6 LaV .

AMLi yflVfO'

KOV K liKAOV 67 6 7pay03VL0 6 V
i

oz
'

irw g ' 60 7 L00 aV 776pt K 6V7 p0V 6L7S
’

0 1
7 K 3150 Kv

'

KAOL'

,

77 36 9 7 0 6 6K7 69 3LLi7LL6 7 p0 9 3vVLipL6 L 7779

A 3
i f I I

7 ou 6 V7 0 9 Ka L 6 §aywvov eyypacpew og 6 L9 7 0V 6 V7 O9

KU
'

KAQV7 00 695
,

L21
7

ABFAEZ 7 6 6 95
’

68VM
,
KB ,

KI
"
6K 7 0 6 K 6V7pov 677L£6 vxd6 20 a L 6Kfi636770 9w0 av

0 A A 9 J I C 1"

6 079 7 779 7 ou 6 K 7 0 9 K vK /\ov 776pL¢ 6p6 Lag mu m 67) 07V

HG) , GI, ( HI)
1 60 6C6 v

'

xew 0 av Ka i 377o 67 L Ka i

H9 , (
"DI 6§ay03V0v 6 20 i whevpai 7 0 6 6 59 7 6V peL

'

Cova

KL
i

KAoV . 6yypaqiop6vov . Kai. 7 77V 695
’

fi H I

741. 777LLL6 7LL0 L0V 7 L?) oiqia Lpovp6VLp 6776 7 779 6g6
’

77HG)

776pLy6p ig69w 67762 OL
7

V
,7 77V 71.6V 696

’

77 H I 7pL

LiVLiyK 77 efvaL 3vVLi/L6 L 7 779 675
,

77 (DH 7 0 13

Q I A Q Q f A f Iefa'

ywvov 776 6 vpa 9 (77 yap v7ro 3vo 7 ou efayw vov

WAGUPC
‘

IS 15770 7 6 L
'

V0v0 a ”GT C
‘

L d
'Mns 7LLL

'

i9 6p977v 7repL

HIadd. Usener.
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6xov0 0 w L
'

av 7 77V 6V 770LKVKAL
'

L0
'

L0 0V 315V0 7 0 L rfi
3La067p , 77 36 3Lci0 6 7 po9 7 6 7p0 77AofaL0 V 317V0 7 0 L

7 179 7 0 0 6§0 ya7vov
'

L0 779 0 170 779 7 77 6K 7 ou K 6V7pov 3LLi

7 6 7 6. 077K 6 L 3L77ALioL0 6 ZV0 L 3vVLi0 6 L 7 6 7p0 77ALioL0 ),
7736 GH 660 77A0 0 1

'

0

7
779 77AB , 377o 67 L 7 6

7 07700 7 6 776pL 7 77V 656:77H I L0 0V 6IV0 L

0 v0Ba L
'

V6 L 7 0 19 7 6 7 ou 6K7 6 9 Ku
'

Ko 17776 v

6177 a ig HG GI 0 60 1pov06V0L9 KaL 7 OL9 0 776 7 00

6V7 69 17776 7 07V 7 0 1) 6§0 y07V0v 77A6p v Liflaowv . 77
who H I 7 779 HG 7 pL77ALiOL0V 3vv0 7 0 L,

'

L0 0V 36 7 77
HG 317V0 7 0 L 77 GI, 315V0 7 0 L 36 6Ka 7 6pa 7 o1i7 wV

30 0V Ka i 0 17 65 77Aevpa i 7 0 17 6V7 69 6§0ya7vov, 3LLi7
'

L

Ka i 773LLi0 6 7p0 9 7 0 17 6K7 69 K 1iKo 660 77A070 LOV 17776

K6 L7 0 L315V0 000 L 7 779 7 0 17 6V7 69 , 1170 7 6 6 06V 077VL
'

0 K0 9

6p 0 17 HGI rov 7 pL
‘

yLL7V0 1) 6ALir7 L0V 0 V a n 616 0 17

7 6 0 177 6. ‘

p i000 7 a 7 0 L9 17776 v 7 ou 6§0 y117Vov
77AevpL23V 6¢0 Lpov06V0 L9 7 07700 0 LV 0 776 7 ou 6V7 69
KuKo . 7 6 ydp 677L 7 779 H I 7 07700 L0 0V fiv 7 0 L9 7

HG, GI707700 0 L KaL 7 0 19 17776 7 0 0 6§0ya7vov LiLfiaL
pov06VOL9 . 7 6. 0 17V HG, GI 7 07700 7 0 6ALi7 7 w 60 7 1

7 ou 7repL 7 77V H I ( 707700 7 0 9 7 0 L9)
‘
707700 0 1. [Ka L]

’

7 0 L9 17776 7 0 17 6§0 yLL7vov d¢0 Lpov06V0L9 . Kowov 0 17V

77p0 0 7 6 96V7 0 9 7 ou 17776p 7 6 7 07700 7 6 1 76pL 7 77V H I
06pov9 7 ou 7pLyL6V00 , 6K 06V 7 0 157 0 17 16 0 1. 7 00 776pL

7 77V H I 7 07700 7 0 9 7 6 7 pL
'

w 0V 60 7 0L, 6K 36 7 0 17

0 177 0 17 K0 i 7 67V HG , GI 7 0770d7 o 077VL
'

0 K0 9 .

9 1 “

6 0 7 0 L ovv 6ALire 6 017VL0 K0 9 7 ou 7pL
'

ya7vov 7 0L9
C

17776 7 0 17 6§0yaivov 6¢0 1pov06V0L9 707700 0 LV. o apa

7 0 1700 7 09 7 0 1 9 add. Bretschneider.
m i om. Bretschneider.

If HA bea sideof thehex on , then IA is a diameter
and theangleIHA is right. herefore
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side, is equal, since they form a right anglein the
semicircle, to the square on thediameter, and the
square on thediameter is four times the sideof the
hexagon , thediameter being twice the sidein length
and so four times as great in square and GH2

6 ABZ, it is manifest that thesegment circumscribed
about HI is equal to thesegments cut off from the
outer circle by HG, GI, together with the segments
cut off from theinner circle by all thesides of the
hexagon .

” ForHIZ 3 HG”, and GI
2 HGz, whileGI“

and HG2 areeach equal to thesum of thesquares
on the six sides of theinner hexagonal, since , by
hypothesis , thediameter of theouter circle is six times
that of the inner. Thereforethelune HGIis smaller
than the triangleHGI by the segments taken away
from theinner circleby thesides of the hexagon . For

thesegment on HIisequal to the sum of the segments
on HG, GI and those taken away by thehexagon .

Thereforethesegments [on] HG, GIareless than the
segment about HI by thesegments taken away by
thehexagon. If to both sides thereis added thepart
of thetrianglewhich is abovethesegment about H
out of this and thesegment about HIwill beformed
the triangle , whileout of thelatter and thesegments
[on] HG, GIwill be formed thelune. Thereforethe
lune wi ll beless than thetriangleby thesegments
taken away by thehexagon . For theluneand the

and so HIz+ GH’
r - IA’ z ci‘GH2

(sinceIA=2GH). Conse
quently HI”=3GH2

.

For (segment on HI) =3 (segment on HG)
2 (segment on HG) + 6 (segment
on AB)
(segments on HG, seg
ments of inner circle).

i.e., thefigurebounded by HG, GIand thearc IH.
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077VL
'

0 K09 Ka i 7 6 15776 7 0 13 6§0 yL6V0v 660 Lpov
'

0 6 V0

7 07700 7 0
’

L
'

0 0 607 1V 7 6) 7 pLya
'

7VLp. Ka i Kowou 77p0 0

7 6 96
'

V7 0 9 7 0 13 6§0 yafivov 7 6 7 pL
'

w 0V 7 0 177 0 Ka i 7 6

656710711 0 11 70 0 60 7 2 7 6 077VL
'

0 KL9 /\6x96V7 L K a i

7 63 70 50 107 7 L?) 6V7 69 . 6 L
’

05V 7 6 eL’p770 6
'

V0 6 13915

yp0000 3vV0 7 6V 7 6 7 p0w L0 977V0 1 , K0 L 7 6V KvK /\0V

Lipa 0 6 7 6 7 0 0 077VL0 Kov .

(0) Two MEAN PROPORT IONALS

F700] . in Eucl. i. ,ed. Friedlein 2 12 . 24 - 2 13. 1 1

'

H 36 60 7 LV 6 77
’

6Mov

wpoB>1 7700 7 0 9 77 96 wp7700 7 0 9 677
’

aMo , ou v
0 96V7 0 9 77 770pL0 96V7 0 9 KaL 7 6 77p0 /< 6 L0 6 V0V 60 7 0 L

K 0 7 0 60 V69 , OLOV w 0 776p Ka L 7 ou 3L77} \0 0 L0 00ov 7 ou

KUBOU {777 7796177 0 9 0 6 7 696 0 0 V 7 17V {777 770 0 } 6 L9

w 7 0 v7 0 6 77 6 7 0 1 , 7 77V 6 vp6 0 LV 7 00V 3vo 0 6 0wV, Ka L

7 6 AOL776V 6C777 ovv, 0 V 3vo 3096 L0 L
’

6V 6 1396 LL13V

3150 060 0 L 6 VLiAo7/ 0V 6 15p6 96 Z6 V . 77pw 7 ov 36 60 0 L
v 6 770pov06vwv 31 0 yp0006 7 wv 7 77V dwa7lm
770 L770 0 0 90 L

c

I77 770 KpLi7
'

77V 7 6V XLOV, 0 9 Ka L077VL0 KOV
67 6 7p0 y0

'

7VL0 6 K aL 0M0 76 0 7 6 y 6w0 6 7 pLOV

6 vp6 V 6 v6v779 77 6pL 7 6 3L0p i000 7 0 6 L77 6p 7 L9 0 /\Aog

yevo0 6 V0 9 .

What Hippocrates showed was that if
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IX . SPECIAL PROBLEMS

1 . DUPLICAT ION OF T HE CUBE

(0) GENERAL

T heon Smyr. ,ed. H iller 2 . 3 - 12

’

Epa7 0 0 96V779 06V y6p 6V T C?) 677L7/p0 95006V0)

(75770 LV 57 L, A77AL
'

0 L9 7 ou 96 0 1? X70770 6 V7 0 9
9 3 A A A V I
6 77L aflaMayy /\0 L7uov fiwy ov 7 0 v OV7 O9 3L77 /\6 0 L0 V6
K 0 7 0 0

’

K 6 vaoaL, apXL7 6K 7 0 0 LV 67u77 6 ae 6 770

pLaV C777 0 v0 LV 0 77039 XP") 0 7 6p6 6V a7 6p6 ou 7
/ 6 V6L790 L

6gl>LK 60 9a L 7 6 7T €UUO7UL
A

6VOUS 77 6pL 7 ov7 ov

7 6V 36 LfiavaL 0 137 0 L9 , 039 6pa 0 13 3L

77A0 0'

L0 v Bwpov 0 96 69 36 071L6 V0 9 7 0 0 7 0 A77/\L0 L9I f l A V

6 71/.aV7 6 v0 0 7 0 , flpq epw V 36 K a L 0V6 L3LC07V 7 0 L9 EX

/\770 LV 60 6A0 1
’

50 L 70 0 97770 6 7 07V Ka i. yewp6 7pL
'

0 9 0
3

h

ywp
'

qKLioLV .

Entoe. Comm. in Archim. deSphaeraet Cyl. Archim.

ed . Heiberg i i i . 88 . 13

BaoLA6
'

L
‘

H7 0A6 71La L
'

0)
’

Epa 7 0 0 96V779 xa L
'

peLV .

T LDV LipXLLL
'

w V 7 LV6 7 pay0730 770Lw V Lba oLV ezoaya
yeL

‘

V 7 6V ML
'

V0) 7 L?) FAav
'

KLp KaT a O
'

K GUdCOI/ ‘

T a 7 6950 V,

Wilamow itz (Gott . Nachr. , 1 894 ) shows that theletter is
a forgery, but thereis no reason to doubt thestory it relates ,
which is indeed amply confirmed and theauthor must be
thanked for having included in h is letter a proof and an
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7709070 6 V0V 36, 67 L 77 6 V7 ax0 0 6K0 7 07L77 6 30 9 6 L7) ,
€L7T €LV

'

I S A I
pLKpov y 63 650 9 fiaoLALk ov 0 77KOV 7 0600 '

3L77A6 0 L0 9 7 0 0 K0A0 1
'

3 36 0 ¢a6 €29
3L
'

77A0 C
’

6K 0 0 7 0 V K LDAOV 6V 7 6X6 L 7 660 0 .

I I A A
6 30 K 6 L 36 7 03V yap 77A6 vp07V 3L77Aa
0 L0 0 96 L0‘

L13V 7 6 0 6V 677577 6 30 V y6V6 7 a L

7 6 36 0 7 6p6 6V 6K7 0 77A6 0 L0 V . 6077 6 27 0 36 Ka i

7 029 y 6 w067 paL9 , 7 L
'

VL1 6
'V 7 L9 7 p677 0V 7 6 3096V

o7 6p6 6v 3La71L6V0 V 6V 7 63 0 137 03 0X7770 0 7 L 3L77/\0 0 L6
0 6 L6 V

, Ka i 6K 0 /\6 27 0 7 6 7 0 L0 0 7 0V 77p679/\7770 0. M5BO0
3L77A0 0 L0 0 7L69

'

13770960 6 V0 Lydp K v
'

Bov 6§777 0 0 V 7 007 0V

3L77A0 0 L6 0 0LL. 776 V7 L0V 36 3La 770p0 15V7 w V 6772 770 /\13V

xp6V0 V 7770037 0 9
'

l77770 Kp6 7 779 6 Xi0 9 677 6 VL5770 6 V,
67 1 ,

66 V 6 1370 6 977
~

3150 6 1396 1Ll3V ypappcfiv, 0
3

V 7) 70. 6 5l 7 779I I I I I 3 I
6 /\aa orovo9 6 0 7 L 3L77A0 0 La ,

30 0 a vakoyov

ALI/86 0 ) 6V 0 0V6X6 L 3L77/\6 0 L0 0 9770 6 7 a L 6

70 550 9 , 630 7 6 7 6 6 776p7770 0 0 137 63 6 L9 6repov 0 13K

6A0 0 0 0V 6 776
7
07700 K 0 7 6L7 7 p6 ¢ 6 v . 70 6 7 6 xpovov 36I I I

7 LV0 9 60 0W A77/\L0 0 9 K a 7 a xp770 7uov

3L77/\L1 0 L6 0 0LL 7 LV6 7 63V Bwy cfiv 6 L
'

9 7 6 6 137 6
3 I I A I
a 770p777ua ,

3La 77 60 1/1 0 70 6 V0 0 9 36 7 0 0 9 770 700 7 0) HAL).

T w VL 6V
’

AK 0 3777LLL
'

0. y 6 w71L67 p0 9 6 §L0 13V 6 137 029 € l3p€tv

7 6 C777 o 157uevov . 7 63V 36 6L/\0 776VL0 9 677L3L36V7 07V
60 0 7 0 139 Ka i {777 0 15V7 07V 3150 7 &3V 3096 L0 03V 3150

Valckenaer attributed theselines to Eur ipides, but
ilamow itz has shown that they cannot befrom any play by

Aeschylus , Sophocles or Eur ipides and must bethework of

someminor poet .
0 For if x , y aremean proportionals between a , b,

a a: y

a: y b
.
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and as declaring , when he learnt it was a hundred feet
each way Small indeed is the tomb thou hast
chosen for a royal burial . Let it be double , and thou
shalt not miss that fair form if thou quickly doublest
each side of the tomb .

” He seems to have made a
mis take . Forwhen the sides aredoubled, the surface
becomes four times as great and the solid eight times .

It became a subj ect of inquiry among geometers in
what mann er onemight double the given solid, while
it remain ed the same shape , and this problem was

called the duplication of the cube for , given a cube ,
they sought to double it . When all w ere for a long
time at a loss , Hippocrates of Chios first conceived
that , if two mean proportionals could be found in

con tinued proportion between two straight lines , of
which the greater w as double the lesser , the cube
would be doubled,

b
so that the puzzle was by him

turned in to no less a puzzle . After a time , it is
related, certain Delians , when attempting to double
a certain altar in accordance w ith an oracle , fell into
the same quandary , and sen t over to ask the geo
meters who were with Plato in theAcademy to
find what they sought . When thesemen applied
themselves diligen tly and sought to find two mean
proportionals between two given straight lines,

2

T herefore a: ab

6 a:

and, eliminating y, 3=agb

a

80 that
$
3 5

.

T his property is stated in Encl. E lem. v. Def. 1 0.

If b=2a , then a: is thes ideof a cubedoublea cubeof side6 .

Onceth is was d iscovered by Hippocrates , theproblem was

always so treated .
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AaBei
‘

V
’

Apx157 0 9 06V 6 T 0p0 V7
’

L
'

V0 9 A6y6 7 0 L 316 7 63V

770 1KvAL
'

V3p07V 6 6p77K6V0 L, 13133050 9 36 3L6. 7 63V K0

A0 070 6V07V K 0 70 77 15/\07V ypappd
‘

w'

0 vpfi6BnK 6 36 770 0 LV
0 137 029 6 77036 LK7 LKL39 yeyp0 956VOL, X6 Lpovpy770 0 1 36
Ka i 6 69 xp6 L

'

0 V 77 6 0 6 iV 315V0 0 90 L 77/\7
‘

7V 677i Bp0x15
7 L 7 6VM6V0 LX71L0V Ka i 7 0 137 0 30 0X6p079 . 6771V6 V6777 0 1

36 7 L9 1367
’

77063V 6py0 VLK 77 730350 , 3L
’

779
6 13p770 00 6 V 3150 7 63V 30 96 L0 L

'

13V 0 13 p6VOV 3150 70 60 0 9 ,
6M’

60 0 9 6 V 7 L9 677L7 Lifg7.

(b) SOLUT IONS GIVEN BY EUT ocms

Entoe. Comm. in Archim. deSphaera et Cy l. Archim.

ed. Heiberg iii. 54 . 26—56 . 12

9 I A I

EL9 7 77V 0 0V96 0 LV 7 0 0 a.

T o137 0 0 A77696V7 0 9 6776 2 3L
’

6 V0A150 6 079 0 137 123
77770 6677 7 6 7 0 13 wpoBA7700 7 0 9 , A77§6 0 779 7 739 6 V0A15
0 6 079 6 139 7 6 36 2V 3150 3096 L0 L

'

13V 3150 6 V6A0y0V
77p0 0 6 0p6 LV 6V O

‘

U
‘

VGXGL 6V0A0yL0 L6770 LV 6V 7 77 0 0V~

960 6 L 6 13p770 9070 0 V.

"
7 77V 36 6 13p6 0 LV 7 0 157 07V 1377

0 137 0 13 06V yeyp0 70 70 6V77V 0 1336 6 13pL
'

0 K00 6 V ,

770v 36 KA6 LV07V 6V3p07V yp0¢0 L9 6 V7 6 7 0x77K0 70 6 V
7 6 77p09/V700 7 0 137 0 6770yy 6 /Vl07u6V0 L9 , 07V 7 77V

13133650 0 7 0 0 KVL3L00 770p777 770 670 6 90 ypagb77v,
67T 6 L377 ¢770 LV 06V 6V 77p0 0 L71LL0 L9 3L6 K 0 7L7715A07V
‘

ypami wv 0 137 77V 776p77K6VOL, 6V 36 77 7 6 77036 L§6 L 777069
7 07 70 77 K 6xp770 90 L K 0 ;L7715/\0 L9 yp07L00 L9 6M6 Ka L

G iven a coneor cylinder, to find a sphereequal to the
coneor cylinder (Arch im. ed . Heiberg i . 1 70

T his is a great misfortune, as wemay besureEudoxus
would havetreated thesubject in h is usual brilliant fashion .
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307770 7771 6q 6 V0 )\0yL
'

0 V 6 13pa7v 039 0 0V6X6 L xp777 0 L

6 7rep 77V 6 7 0 770 V 13770 V0 770 0 L, 7 LA6y07 77 6pL E1336fov,

77 6pL 7 07V KaL 71 6 7 p 9 77 6pL y 6 0770 6 7 pL0 V 6v

6 0 7p0 7L7L6V07V . LV0 377 77 7 63V 6 L9 770
0 9

6 V3pLT7V 6VV0 L0 670 950 V
'

r79 y6V777 0 1 , 6K 6 0 7 0 v 7 779

6 13p60 6 079 7p6770 9 K a L 6V7 0 1390 7400 96770 6 7 0 0

Ibid. 56 . 1 3—58. 1 4

c

Q 9 II/\67 07V

A150 30 96 L0 07V 6 1396 v 3150 {1 60 0 9 6V6 /\0y0V

6V OUV6X6 L 6 V0 /\oyL0 .

"
E0 7 070 0 V 0 L

c

3096 20 0 L 3150 6 1396
'

L
'

0 L 0 13ABF 77p69

“ T hecompletelist Of solutions g iven by Eutocius is
Plato , Heron , Ph ilon , Apollon ius, Diocles, Pappus. Sporus,
Menaechmus (two solut ions) , Archytas, E ratosthenes ,
Nicomedes .

I t is v irtually certain that this solution is w rongly a ttri

buted to Plato . Eutocius alonemen t ions it , and if it had
been known to E ratosthenes hecould hardly havefa iled to
26 2
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lines but he used as continuous a discrete proportion
which he found. That would be a foolish thing to
imagin e , not only of Eudoxus , but Of any one moder
ately versed in geometry. In order that the ideas
of those men who have come down to usmay be made
manifest the mann er in which each madehis

discovery will be described here also .

“

Ibid. 56 . 13- 58. 147

(i.) T heSolution of Plato
b

Given two straight lines, tofind twomean proportionals
in continuousproportion .

Let the two given straight lin es be AB , BI
‘

, per
c iteit along w ith thoseof Archytas, Menaechmus and

Eudoxus . Furthermore, Plato told theDelians, accord ing to
Plutarch ’

s accoun t , that Eudoxus or Helicon of Cyz icus
would solvetheproblem for them : hedid not apparen tly
roposeto tackleit himself. And Plutarch twicesays that
lato objected to mechan ical solutions as destroy ing the
good of geometry , a statement which is con sisten t w ith h is
known att itudetowards mathematics .

26 3
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6p96 9 LEV 36 ? 3150 70 60 0 9 6V6 /\oy0V 6 13p6 3V.

6K
,
6 65/\770 9070 0 V 677

’

6 1396 60 9 6772. 7 6 A, E
, Ka i

K 0 7 6 0 K 6 v6 0 907 6p97) y07VL
'

0 77 13776 ZHG) , K a i 6V 6Vi

0 K 6h6 L, 030V 7 63 ZH,
KLV6 L

'

0 907 K 0 V03V 6 KA 6V

7 LVL 6V7 1 6V ZH 0 137 079 , 630 7 6 7rap6h

Anhov 0 137 6V 31006V6 1V 7 63 HG) . 60 7 0 1 36 7 0 137 0 ,

66V Ka i 67 6p0V K 0 V6VL0V V0 779fi 0 v7L<751769 7 037 GH,

7

:70d 77o 36 703 ZH, 039 7 6 9M. 0 07/\77VL0 96 L0 L?7V

y6p 7 63V 6
'

V0796 V 677L<760 V6 L63V 7 03V ZH, (9M 0 07A7
’

70 LV

I I A I
776 /\6 K LV0 6 L36 0 LV KaL 7 v)\07V 0 v7L¢v07V y 6 V071LeV07V 7 07

Q
KA 6 139 7 0 139 eip7771L6VOV9 0 07A7

'

7
‘

V0 9 6O7 0 L 77 K L
'

V770 L9

A I A
7 ou KA n apaMnA0 9 6 6 L 7 07 HG) . 7 0 157 07V O 1

3

V

I I a I A I
K0 7 6 0 1< 6 v0 071 6 V07V K 6 L0 907 7 0 6 V 0 K 6A0 9 7 779 y07VL0 9

T UXC3V 7 6 HQ 60 130V 7 0 13 I
1

Ka i 0 6 7 0 6 67760 907 737 6
I f A 3! fl

w La Ka L o KA K 0 V07V 6 77L 7 0 0 0 v7 0V, axpLS
‘

0 V 7 0

[1 6V H O
‘

TNLGtov 677i 7 739 BA 6 1396 60 9 73 7 0 13 HG)

0 K 6/\OV9 1/10 150V7 0 9 7 ou P, 6 36 KA K 0 V67V K0 7 6 06V

7 6 K 1730 1577 7 739 BE 6 1396 50 9 , K 0 7 6 36 7 6 AOL776V 06p0 9

A 0 ‘9 C V A A
7 ou A, 070 7 6 6 LV0 L, 0 79 6X6 L 6 7T L 7 779 K0 7 0 yp0 96779 ,

I I V C C
7 77V [.LGV op977v w Lav 96 0 LV 6x0 v0 0 V 079 7 77V U770
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FAE , 7 6v 36 KA Kavova 96 0 W 6X6 LV, OL0 V 6X6 1. 77
EA 7 0 v7 07v ydp yevayevw v 6 0 7 0 1. 7 6

6p907V yelp 0 170 07 1) 7 07V 77p6 9 7 029 A,
E GO

‘

T LV
, 0 79

77 PB 77p69 BA, 77AB 77p69 BE KC “ 77 EB 77p69 BA .

Ibid. 58 . 15 - 1 6

C 0 A A A
Q 9 Hp07v €V Mnxa vmaw 6 c0 0 y07y0 L9 KC“. 6 1)

B 6A0 770w < 0€9

Papp . Coll. i i i . 9 . 9 6 , ed . Hultsch 6 9 . 26 — 6 L. 1 8 Heron ,
111 77 11 . i . 1 1 , ed . Schmidt 22 6 8 . 3— 9 70. 15

"
E0 7 070 0 v ydp 0 5 3096 20 0 1. 6 1396 20 7. 0 1: AB

, B l
W

I I T A I I
77p0 9 op9a 9 aA/hfla ls Ka ye/0 L, 07V 36 1. 3170 0 6 0 0 9

o
’

wdkoyov

T heaccount may becomec learer from theaccompany
ing d iagram in wh ich theinstrument is ind icated in its final

26 6
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the ruler KA takes up the position EA.

“ Wh en this

is done , what w as enjoined will be brought about .

For since the angles at A, E areright , PB :EA=

AB :BE=EB zBA. [Eucl. vi. 8 , coroll .]

Ibid. 58 . 1 5 - 1 6

(1 1 ) T heSolution of Heron in his Mechanics and

Construction of Engines of War
b

Pappus, Collection i i i . 9 . 2 6 , ed . Hultsch 6 2 . 9 6 — 6 4 . 1 8

Heron , Alec/10 77703 i . 1 1 , ed . Schmid t 926 8 . 3— 270. 1 5

Let the two given straight lines between which it

is required to find two mean proportionals be AB , BF

lying at right angles one to another .

pos it ion by dotted l ines. H6 is madeto pass through I”and
theinstrument is turned unt i l thepoint H lies on AB pro

duced . T heru ler is then moved unti l its edgeKA passes
through A. If K does not then lieon I

‘

B produced , the
instrument has to beman ipu lated again until all cond it ions
arefu lfi l led : ( 1 ) H6) passes through I‘ ; (2) H l ies on AB

produced (3) KA passes through A ; (4 ) K l ies on I
‘

B

produced . It may not beeasy to do this, but it is possib le.
b Heron ’

s own words havebeen most c losely preserved by
Pappus,Whoseversion is heregiven in preferenceto Eutocius

’

s ,

wh ich inc ludes someadd it ions by thecommenta tor. Schmidt
also prefers Pappus’

s version in h ised it ion of theGreek frag
ments ofHeron ’

sMechanics in theTeubnered ition of Heron ’

s

works (vol. i i., fasc . l ). T heproof in theBelopoez
’

ca (ed ited
by Wescher, P oliorcé tiquedes Grace, pp. 1 1 6 - 1 1 9) isextant .
Ph ilon of Byzantium and Apollon ius gavesubstantially
identical proofs.
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2 17/1. 77 6 77A77p030 907 7 6 ABFA n apaMnAo
’

ypappov,

Ka i 6K36 /9A750 9070 0 v 0 5AF,
AA

,
Ka i 60 6 C6 1fx9070 0 v

0 1: AB , FA, K a i 77 0p0 K 6 t
'

0 90 7 K 0 V6VL0V 77p69 7 023

B UflHGZCp Ka i K LVGL
I

OOCU 7 60 120 1) 7 6 9 PE , AZ , d
’

xpts

0 1
3

756 776 7 0 13 H ( oix96
'

i0 0 )
1 6773 7 771) 7 739 FE 7 017 7317

{0 77 ye
'

v777 a 1. 6 776 7 0 13 H 6772 7 777) 7 779 AZ
0

y 6 y0v67 07, Ka i. 60 7 07 77 7 0 13 K avom
'

ov 96
'

0 L9 75
BEZ

, i
'

0 0 t 36 a t EH
,
HZ . Ae'ym 0 1

3 V 67 1. 0 5AZ ,

FE 060 0 1. o
’

wa
’

Aoydv GL
’

O
'

LV 7 03V AB ,
BF .

’

E77 6 i. ydp 6p90
‘

y03w 6v 60 7 LV 7 6 ABPA 770p0A

Ankdypappov, 0 13 7 6
'

0 0 0p6 9 6 1396Z0 L 0 5 AH, HA,

HB , HF Z0 0 L 6M7§A0 t9 677 6 2 O1
3

V 70 77 75
AH 7 3? AH K a i 3777x7 0 1. 73HZ , 7 6 d

'

pa. 13776 AZA

,
0 6 7 6. 7 0 17 (i776 AH i

'

0 ov 60 7 21» 7 63 HZ . 303.

7 6. 0 137 6 377 K0 1
‘

. 7 6 13776 AEF “6 7 81. 7 0 17 6 776 PH

i
'

0 0v 60 7 tv 7 43 6 776 HE . Ka i 6 20 21) 30 0 1. 0 5 HE ,

1 6x96
'

i0 0 add. Hultsch .

T hefu l l proof requ ires H9 to bedrawn perpend icu lar to
AZ so that G) b isects AA.

Then AZ ZA+AG2 =Z® 2. [Eucl. 1 1 . 6

Add HG) 2 toeach side.
Then AZ . ZA+AH2=HZ’

[Eucl. i . 4 7
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HZ . 70 0 1} 6p0 K a i. 7 6 13776 AZA 0 6 7 6 7 0 13 6 776

AH 7 43 13776 AEF 0 6 7 6 7 0 13 6 776 PH . 0
3
V 7 6 6 776

PH ZUOV 60 7 211 7 63 6 77 6 HA . /\o 1.776v 6pa 7 6 13776

AEF 170 0 1) 6
3

0 7 131) 7 03 13776 AZA. 039 6p0 73EA 77p69

AZ
,
73ZA 77p6 9 FE . 039 36 73EA 77p69 AZ , 737 6

BA 77p6 9 AZ K a t 73BI
3

77p69 PB , 030 7 6 60 7m Ka i

039 73AB 77p69 AZ , 737 6 ZA 77p69 PE Ka i 73PE

77p69 PB . 7 63V 6p0 AB ,
BF 060m 6 v6 /\oy6V GZOLV

0 1:AZ , FE J

E utoc . Comm. Archim. DeSphaera et Cy ] . Arch im.

ed . Heiberg 1 1 1 . 6 6 . 8 - 70. 5

‘

Q 9 61) 7 03 H6pi 77vpc
'

07v

’

EV mix /hp 77x9070 0 1/ 31.d0e7pot 77p69

0 13 AB
,
FA

,
K a i 3150 77 6ptgbe

'

p6 L0 1. 70 0 1. 6 77 6 LA73

91390 70 0 12 6Kd7 6p0 7 0 13 B 0 13 EB
,
BZ ,

K 0 }.

7 0 17 Z 770d 77/\0 9 AB fix907 73ZH,
Ka i 677

Cefix907 73AE . Ae'yw ,
67 1. 7 03V PH, HG) 3150 060 0 1.

6 v6A0y6v 6 50 0 1 0 13ZH,
HA.

"
Hx907 y6p 303. 7 0 13 E 7 73 AB 73

0 Another fragment from theHepi 77vpt
'
07v of D ioc les is

preserved by Eutocius (pp . 1 60et It conta ins a so lu
t ion by means of con ics of theprob lem of d ivid ing a sphere
by a p lanein such a way that thevo lumes of theresu lting
segments shal l bein a g iven rat io , and refers both to Archi
270
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T herefore AZ ZA AH2 AE EF I
‘

H2

And AH2 I
l

Ha.

T herefore AZ ZA= AE EI
‘

.

T herefore EA AZ ZA FE .

But (by similar triangles)
EA :AZ = BA AZ EF I

‘

B,

so that AB :AZ = ZA T E = I
‘
E : T

‘

B.

T herefore AZ , T
‘

E aremean p roportionals between
A'

B

Eutoc ius, Commen tary on Archimedes"Sphereand Cylinder
i i Arch im. ed . Heiberg i ii . 6 6 . 8— 70. 5

(iii. T heSolution of D iocles in his Boole
On Burning Mirrors

a

In a circle let there be drawn two diameters AB ,

I
‘

A at r ight angles , and on either side of B let the re
becut off two equal arcs EB ,

BZ
, and through Z let

ZH be draw n parallel to AB , and let AE be jo in ed .

I say that ZH ,
HA aretwo mean proportionals

between I‘H ,
HO.

For let EK be drawn through E parallel to AB

medes and to Apollon ius . D iocles must thereforehave
flourished later than thesegeometers . It appears also,

from
a llusions in Proclus ’

s commentary on E uc l. i. , that thecurve
known to Geminus as thec isso id w as noneother than the
curveheredescribed and used by D iocles for find ing two
mean proport iona ls , though theident ification is not certain
(seeLoria, Lescienzeesa ttenell’ an tica Grecia , pp . 4 1 0- 4 1 5 ,
Heath , i . In that case, D iocles preceded
Geminus, who flourished about 70 B .C . I t is probab lethere
forethat D ioc les l ived towards theend of thesecond century
or thebeginn ing of thefirst century

27 1



GREEK MATHEMATICS

EK ’ {077 6300 60 7 217 7306V EK 7 33ZH, 7336 KP 773

HA. 60 7m yelp 7 0 137 0 373o 6 776 7 0 13 A 6771 7 6

E ,
Z 6m §evx96 t 0 63v 70m y6p yivovra t

0 13 13776 PAE , ZAA, Ka i. 0 5 77p69 7 029 K , H'

Ka i 776 10 0 6370 776 0 0 ! 7 6 7 73V AR AZ 70 731!

ell/av Ka i. A0 L7773 6300. 73 PK 7 33 HA 30 77 60 7 511 .

6776 3 0 13V 60 7 LV, 039 73AK 77p69 KB , 73AH 77p69

HG) , 6M
’

039 13AK 77p69 KE , 73EK 77p69 KP
‘

0607) y6p 6v6 /\0y0v 73EK 7 071) AK , KP
'

039 6pa

73AK 7rp6g KE Ka t 73EK 7rp6g KP, 0 137 079 73AH
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77p69 HG) . Ka t
I

60 7 1v 3073 7306V AK 7 33 PH , 7336

KB 7 33 ZH, 7336 KP 7 33 HA
' 679 6p0 73PH 77p69

HZ , 73ZH 77p69 HA K a i. 73AH 77p69 HG) . 66V 373

770p
'

6K6 7 6pa 7 0 13 B 77 6p1966p6 10 t 0 15

MB
,
BN, Ka i. 316 06V 7 0 13 N 77ad 73/\os dx933 7 33

AB 73NE , 677t§6 vx93336 73AM,
60 0 177 0 7 7700 01! 7 63V

Pa , 5 0 060 0 6 (ivoiAoyov 0 5 N A. 77A6 16v07v

0 1
3

V 0 137 079 Ka i. 0 vvexd3v 6KBA7396 L0 631/

06 7 0 1513 7 1131! B , A Ka i 7 0 29 6 770 /\00360 v006vat9

1377
’

0 137 11311 77 6pt¢6p6 50 1 9 7rp6g 7 033 B 70 071! T GHGLUUJ V

6 776 7 0 13 B 039 67727 6 P Ka i 6771 7 6 y 6 v60 6 v0 0 770 6 20

677 1 §6 vx96 10 63v 6 1396 1631) 6 776 7 0 13 A, 039 7 03V (300 1w

7 029 AE , AM, 70739730 0 1 0 0 1. 0 13 n ad nAoc 0 13

06 7 0 1513 7 631! B ,
A K 0 7 6 0 730 6 20 , 677i 7739

77p0 1< 6 t06v739 K0 7 0 yp0 ¢739 7 6 O, G) , 696
’

(3. K0 v6v09

I I 7 I o

770p0 96 0 6 L 6 77 1§6 v§aV7 6 9 6 v96 1 0 9 6 f006 v K0 7 0 y6
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AR = T
‘H ,

KE ZH,
KI

‘=HA

therefore I
‘

H HZ ZH BA=AH H6 .

If then on either side ofB there be cut off equal arcs

MB
,
BN , and NE be drawn through N parallel to AB,

and AM be joined , NE, EA, will again be mean pro

portionals between PE, 50 . If in this way more

parallels aredrawn co ntinually between B, A, and

arcs equal to the arcs cut offbetween them and B are

marked off from B in the direction of I
‘

, and straight

lines aredrawn from A to the points so obtained ,

such as AE ,
AM

, the parallels between B and A will

be cut in certain points , such as O, O in the aecom

panying figure . J oin ing these points with straight

lines by applying a ruler we shall describe in the
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yp
0006m3v 6v 7 03 K 17

'

K /\07 yp00073v, 605
’

739
66 V /\7396

A

9337 vx6v 0 130 6 10 11 Ka t 3L 0 137 0 13

6x933 7 33AB , 60 7 0 1. 736x96 i0 a 16 0 1. 736 770A00flav0
1377 0 137 739 6 776 7 739 31 0067p0v 77p69 7 07 A

060 0 1. 6 v6/\oyov 7 739 7 6 6n oAa0/30 v006m39 1377

0 137 739 6 776 7 739 3ta067pou 7r

p
6g 7 07 P 0 730 6 507 K 0 1.

7 0 13
0
6pov9 0 137 739 7 0 13 6 776 7 0 13 6v 7 33 yp00033

0 730 6 60 17 677i 7 73V PA 3160 6 7 p0v.

I V f
T 0v7 07v 77p0 1< 0 7 6 0 1< 6 0 0 006v07v 6 0 7 070 0 1) 0 1.

Lit . l ine. It
'

IS noteworthy that D ioc les, or Eutocius,
conceived thecurveas madeup of an indefin itenumber of

smal l stra igh t l ines , a typ ica l G reek conception wh ich has
all thepower of a theory of infinitesimals wh i leavo id ing its
log ica l fa llac ies. T heG reeks werenever so modern as in
th is conception .

T hecurvedescribed by D iocles has two branches, sym
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96 20 0 1 8130 6 1396 20 1 , 67V 86 2 8130 31 60 0 9 6V6/\oyov

6 1 p6 1V ,
0 1. A,

B
,
16 0 1 60 7 07 KUKAOS‘ , 6V 07 8vo 816

31 6 7 po 1 77p6 9 op96 9 6AA73/\0 1 9 0 1 FA, EZ
,

16 0 1

y 6 yp6 <p907 6V 0 137 07 73 816 7 07V 0 vV6xa7V 0 7331 6w
yp0 31 31 73, 039 77p0 6 1

'

p737 0 1 , 73 AG3Z ,
16 0 2 31 6 3/ 0 V67 07,

039 73A 77p6 9 7 73V B , 73 PH 77p69 HK , 16 0 i. 6771

Cevx96
'

1
‘

0 0 73 PK 16 0 2 6KB/\7396
'

E0 0 7 6 3LV67 07 7 73V
yp0 31 31 73V 16 0 7 6 7 6 (9 , 816 7 0 13 (9 7 33 E2 770p6)\

6 7360 9 fix907 73AM‘ 816 6p0 7 6 77poy 6 3/p03131 6V0

7 67V PA, A@ 31 60 0 1 6 V6 /\oy6V 6 1
’

0 1V 0 13MA AA.

16 0 3 6776 1
'

60 7 1V, 039 73 PA 0 3769 AG) , 0 137 079 73 FH

77p69 HK , 039 86 73FH 77p69 HK , 0 137 079 73A 77p69

7 73V B , 66V 6V 7 03 0 137 63 A63/ 07 7 0 29 FA AM, AA,

A9 770p6 3136A0731 6 V 31 60 0 9 7 07V A, B , 039 7 0 9 N,

E , 60 0V7 0 1 6 1R7331 31 6V0 1 7 07V A,
B 31 60 0 1 6V6Aoy0V

0 1 N, : 0 776p 686 1 6 13p6 1V .

Ibid. 78 . 13—80. 941

3

9 9 M6V0 1x31 0 9

E0 7 070 0 V 0 13 8096 30 0 1 8130 6 1396 20 1 0 5A,
E ' 86 ?

8737 07V A, E 8vo
”
31 60 0 9 6 V6 /\o3/ 0V 6 13p6 1V .

P6 y0V67 07, 16 0 1 6 0 7 070 0 V 0 1 B , F , 16 0 1 616 16 6 1 0 907

960 6 1 6 1396 1 0 73AH 77 6 77 6p0 0 31 6V73 16 0 7 6 7 6 A,
16 0 1

77p69 A 7 33
7
1
1

16 6 10907 73AZ , 16 0 3 73X907 77p69

op96 9 fi
.

Z® ’ 16 0 1 7 33 B
"
1 0 73 16 6 1 0 907 73

fl
ZO . 677 6 2

0 1
3

V 7 p6 19 6 1396 10 1 6 V6Aoyov 0 1 A, B ,
F ,

7 6 13776

7 0 7V A, P
"
10 0V 607 1 7 07 6 776 7 739 B 7 6 6p0 13776

metrica l abou t thed iameter CD in theaccompany ing figu re,
and proceed ing to infin ity. Thereis a cusp at C and the
tangent to thec irc leat D is an asym tote. If 0 C is theax is
of x , and 0A theax is of 33, wh ilet erad ius of thec irc leis
a , then by defin it ion theCartes ian equation of thecurveis
278
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given straight lines , between which it is required to
find two mean proportionals, be A, B , and let there be
a circle in which I‘

A, EZ aretwo diameters at right
angles to each other , and let there be drawn in it
through the successive points a curve AGZ , in the
aforesaid man n er , and let A B =FH HK

, and let
T , K be join ed , and let the straight lin e joining them
be produced so as to cut the lin e in 6 , and through 6
let AM be drawn parallel to E2 therefore by what
has been written previously MA, AA aremean pro
port ionals between PA, A9 . And since I‘A A9

PH zHK and PH HK =A B , if between A, B we
Hplace means N , r: in the same ratio as FA, AM, AA,

AG,

“ then N , 5 w ill be mean p roportionals betw een
A, B which w as t o befound .

Ibid. 78 . 13—80. 24

(iv ) T heSolutions of Menaechmus

Let the two given straight lin es be A, E it is re
quired to find two mean proportionals between A,

E .

Assume it don e , and let the means heB, I
‘

, and let
there be placed in position a straight lin e AH , with an

end point A, and at A let AZ be placed equal to P ,

and let ZG be drawn at right angles and let ZG be
equal to B . Sin ce the three straight lin es A, B , P are
in p roportion , AT B2 therefore the rectangle com

a — x

£13
2

3/

T hecurvew as ca l led by theG reeks thecissoid (x 1 0 0 0 6 187‘79
yp031 31 73) becausetheport ion w ithin thec irc lereminded them
of a leaf of ivy

‘1 i .e. , if wetake AM zAA=N
AA zAG) : B .

or y
2
(0 + (13)
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7 739 A Ka i. 7 739 P, 7 ou7 60 7 1 7 739 AZ , 30 0V

60 7 i. 7 03 6 776 7 739 B , 7 ou7 6o7 1 7 133 6 776 7 539 Z9 .

6772 770p0906 739 6p0 7 6 (9 816 7 0 13 A yeyp031 31 6v739 .

fix9070 0 V 770p6M73A0 1 0 13 (9K, AK . Kai. 6776 l. 8096V

7 6 13776 B , F—
’

1
'

0 0V y6p 60 7 1 13776 A, E— 8096V

6p0 Ka t 7 6 13776 K®Z . 67ri. 13776pB0A739 6p0 7 6 6)

6V 6 0 v31 777 0
'

77 0 19 KA, AZ . 8096V 6p0 7 6 G) ‘

630 7 6 Ka t 7 6 Z .

ZvV7 6 9730 6 7 0 1 873 0 137 079 . 60 7 070 0 V 0 1
3

31 6V 80

96 10 0 1. 6 1396 20 1 0 5A, E , 7386 7 33 960 6 1 73 AH 776

776p0 031 6V73 K0 7 6 7 6 A, yeyp6g6907 816 7 0 6 A

280



https://www.forgottenbooks.com/join


GREEK MATHEMATICS

flapaBoAfi,
75g (ifw v pe

‘

v 75AH, 6p97
’

a 86 7 0 6 GZBOUS

7r/\evp6. 75A, o n
e
86

‘

Ka 7 ay6peva t 7 771) AH e
’

v

6p9fi ywm
’

a 8vva
’

ofiw oav 7 6. 7rap6. 7771) A 776 pa

Ket'peva xwpc
'

a 7T )\of7 77 é
'

xow a (iwokayfiavo

pte
'

vas 6 77
’

(1 67 631) 77p69 7 43 A yeypciqSOw

Kai 30 7 6 ) 75AG) , Ka i 6p97) 75,AK , Ka ie
’

u 6 0 vp7r7 c67 ocg

KA, AZ yeppdgbfiw 6 7repBoA75, (id)
,

fig (1 5 77 apd

7 6 9 KA, AZ 6.x9e
’

ioa t wocfio ovow 7 6 xwpc
'

ov foov

7 4) 6776 A, E
' 87} 7 751) wapafioAfiv . 7epve

'
7 w

Ka7 6. 7 6 G) , Ka i Ka
'

06 7 0 1. fixfiw oa v a t (9K , QZ .

6776 2 06V 7 6 ZG) Zoov 15776 A,
AZ ,

é
'

o
‘

rw , 639 75 A 77p6s 7 7)V Z9 , 75 ®Z 77p69 ZA.

end 7 6 15776 A, E foov 7 63 6776 GZA,

gmw , (59 75A 77p69 7 7)V ZG) , 7? ZA 77p69 77)V E .

am of) ; 75A 77p69 777V Z@ ,
75 Z6) 77p69 ZA

’

Kai

of) ; 6pa 75A 77p69 7 7)V Z® , 75Z9 77p69 ZA Kai 75

ZA ‘

rrp6s
~ E . K €L

,

O
'9w T fi pe

‘

v @Z {0 77 75B ,
T fi 86

AZ 20 77 7} P . 30 7 W dpa , (69 75A 77p6; B
,

B 7rp6g 7 7)V P Ka i 75P 77p69 E . a c
'

A, B ,
P , E

V C A I f O V f A
apa efns' avaAoyov ew w '

0 7 6p 6 86 7. evpew .

282



SPECIAL PROBLEMS

there be drawn through A a parabola whose axis is
AH, and latus rectum A, and let the squares of the
ordinates drawn at right angles to AH be equal to
the areas applied to A having as their sides the
straight lines cut off by them towards A. Let it be
drawn , and let it beA9 , and let AK beperpendicular
[to AH] , and in the asymptotes KA,

AZ let there
be drawn a hyperbola , such that the straight lin es
drawn parallel to KA, AZ will make an area equal
to the rectangle comprehended by A,

E . It will
then cut the parabola . Let it cut at 9 , and let
OK , 6 2 be drawn perpendicular ; Since then

Z6 2=A AZ,

it follows that
A ZG 6 2 ZA.

Again , since A E GZ ZA,

it follows that
A Z9 = ZA E .

But A : Z6 = Z9 : ZA.

Therefore A Z9 = Z9 ZA= ZA E .

Let B be placed equal to GZ , and I
‘

follows that
A : B = B : P E zE .

A, B, I
“

, E aretherefore in continuous proportion
which was to be found.

“

If a , as, y , b arein continuous proportion ,

a w y 2 2 _

x y b
, and x ay , y — bx, xy — ab.

T hereforex , y may bedetermined as theintersect ion of
theparabola yz z ba: and thehyperbola my =ao. T his is the
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.

H
’

Apxzf7 ov 6 650770 73 , 639 E6817y 0 9

"
Eon ooav a t 8096

'

ioa t 8v
'
o efiee’ia c a t AA, I“

86 ? 8757 66V AA, P 8750 ye
'

oa 9 dva
’

Aoyov 6 15p6 tV.

Feypoicfifiw wept 7 75V ,
uec'Cova. 7 75V AA Kv

'

K /\0 9

6 ABAZ ,
Ka i 7 35F 26 77e

’

vnpy é ofiw 75AB Ka t G
’

KflA'

f)

96 20 0. ovp7 n777e
'

7 w 6 776 7 0 6 A e’qfian 7 ope
'

vn 7 0 6

K lIKAOU M1 7 6 7 6 H, 77apd 86 7 75V HAO 75
'

w 75

analytical expression of thesolution given above, where
E =a and A z b. Menaechmus gavea second solution ,

reproduced b Eutocius, determin ing x, y as theintersection
of theparabo as x

2
z ay, y

a=bx.

T his is theearliest known useof con ic sections in the
history of G reek mathemat ics , and Menaechmus is accord
ingly credited with their discovery. But thenames parabola
and hyperbola werenot used b h im ; they aredueto
Apollon ius ; Menaechmus woul havecalled them, with
Arch imedesv sections of a right- angled and obtuse- angled
cone.
From theequations given aboveit follows that

33
3
4- 31

3 bx ay=0

is a circlepassing through thepo ints common to theparabolas
ay, y

”=bx.

It follows that x, y may bedetermined by theintersection
of this circlew ith thehyperbola my =ab.

T his is, in effect, theproof g iven by Heron , Ph ilon and

Apollon ius. For, in thefigureon p. 26 9 , if AZ , AE arethe
co—ord inateaxes, AB =a , BI

‘=b, then y
z bx ay =O is

thec irclepassing through A, B , P , and my =ab is thehyper
bola having AZ , AR as asymptotes and passing through B .
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and let a right half- cylinder beconceived upon the
semicircleABA, and on AA a right semicircle lying
in the parallelogram of the half—cylinder . When thi s
semicircleis moved about from A to B , theend point
A of the diameter remaining fixed, it wi ll cut the
cylindrical surface in its motion and will describe in it
a certain curve . Again , if AA be kept stationary and
the triangle AHA be moved about with an opposite
motion to that of the semicircle , it will make a conic
surface bymeans of the straight lineAH, which in its
motion will meet the curve on the cylinder in a certain
point at the same time B will describe a semicircle
on the surface of the cone . Corresponding to the
point in which the curves meet let the moving semi
circle take up a position A’

KA,
“
and the triangle

moved in the opposite direction a position AAA ;

let the poin t of the aforesaid meeting be K , and let
BMZ be the semicircle described through B , and let
BZ be the section common to it and the circle BAZA,

and let there be drawn from K a perpendicular upon
theplane of the semicircle BAA ; it wi ll fall upon
the circumferen ce of the circle because the cylinder
is right. Let it fall , and let it be KI, and let the
straight line j oining I to A meet BZ in 6 let AA
meet thesemi circleBMZ in M, and let KA, MI, M6
be j oined. Th erefore since each of the semicircles
A'KA, BMZ is at right angles to the underlying
plane , their common sectionM9 is also at right angles
to the plane of the circle so thatM6 is also at right
angles to B2 . Therefore the rectangle contained by

a In thetext and figureof theMSS. thesameletter is used
to ind icatethein it ial and final pos it ions of A ; for con

ven ien cethey ared ist ingu ished in thefigureand translation
as A, A

’

. It would makethefigureeasier to grasp if A could
bewritten H'

(forA is thefinal posit ion of II).
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7 60 7 L 7 6 6776 AGI, 10 0 1! 60 7 2 7 L?) 6 776 M@ ° 600L0v

6pa 60 7 2 7 6 AMI 7 pL
'

y0) v0v 6Ka 7 6p0) 7 00V MIG,

MAG) , Ka i 6p975 75 6 776 IMA. 60 7 LV 86 Ka i 75 15776

AKA 6p975. wad nAOL 6pa. a t: KA, MI,

Ka i 6o 7m 6 v6 /\0y0v, 039 75AA 77p69 AK , 7 0 0 7 60 7 0 )

75 KA 77p69 AI, 75 IA 77p69 AM, 8L6. 7 75V

600 L67 757 0. 7 0 W 7 60 0 0506 9 6500 a t:AA
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AK, AI, AM 6 v6 /\0y6v 6 L
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0 Lv. Ka i 60 7 LV 75

AM Km; 7 3) F, 677 6 2 Ka i 7 35AB
' 860 6500. 8006 10 131)

7 0) v AA,
F 860 060m 6 va

’

A0y0v 776p77V7 0 L 0 5AK ,

0
a T heabovesolut ion is a remarkableachievemen t when it

is remembered that Archytas flour ished in thefirst half of
thefourth cen tury B .C . , at which timeG reek geometry was
still in its infancy . It is qu iteeasy, however, for us to repre
sen t thesolut ion analyt ically. If AA is taken as theax is
of x, theperpendicula r to AA at A in theplaneof thepaper
as theax is of y , and theperpendicular to theselines as the
ax is of z, and if AA=a , I

‘=b, then thepoint K is determined
as theintersection of thefollow ing threecurves

( l ) T hecylinder 58
2
y
2

am,

(2) thecurveformed by themotion of thehalf- c ircleaboutA
(a toreof inner d iameter n il)

x
2
+ y

2
+ z

2=avm fl

wz+3j
2
+ z

2
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Ibid . 88 . 3—96 . 27

(vi ) T heSolution of Eratosthenes

Let there be given two unequal straight lines AE ,

A6 between which it is required to find two mean

proportionals in continued proportion ,
and let AE be

placed at right angles to the straight lin e E6 , and upon

E6 let there be erected three successive parallelo

grams b AZ, ZI, I6 , and let the diagonals AZ, AH, I6

be drawn therein these will be parallel . While the

middl e parallelogram ZI remains station ary , let the

other two approach each other , AZ above the middle

one , I6 below it , as in the second figure,° until A, B ,

I
‘

,A liealong a straight lin e , and let a straight line be

drawn through the points A,
B , P , A, and let it meet

E6 produced in K it will follow th at in the parallels

AE, ZB

AK KE=EK :KZ

T his is theletter falsely purport ing to bebyE ratosthenes of
which thebeginn ing has already been c ited, supra ,pp. 256 - 26 1 .

T heextract hereg iven (8e860 9woav starts in Heiberg
’

s

text at 90. 30. E ratosthenes ’

solut ion is given , with var ia
tions , by Pappus, Collection i ii . 7 ,ed . Hultsch 5 6 . 1 8—58 . 22 .

b Pappus says tr iangles in h is accoun t ; it makes no

difference.
Seep. 294 .
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and the figure , and along with this is an epigram .

These also shall bewritten below for you , in order that

you may have what is on the votive gift . Of the tw o
figures , the second is that which is inscribed on the
pillar .

“

Between two given straight lines to find two
means in continuous proportion . Let AE,

A6 be the
given straight lines . T hen Imove the tables in the
instrument until the poin ts A,

B
, P ,Aarein the same

straight line . Let this be pictured as in the second
figure . Then AK KB is equal , in the parallels AE,

BZ
,
to EK KZ, and in the parallels AZ, BH to

ZK KH ; therefore EK KZ KZ KH . Now this
is also the ratio AE BZ and BZ :PH . Similarly we
shall show that ZB PH = PH :A6 ; AE ,

BZ, PH ,

A6 aretherefore proportional . Between the two
given straight lin es two means have therefore been
found.

If the given straight lin es arenot equal to AE ,

A6 , by making AE , A6 proportional to them and

taking the mean s between these and then going back
to the original lines , we shall do what w as enj oin ed .

If it is required to find more mean s, we shall con
tinually insert more tables in the instrumen t accord
ing to the number of means to betaken ; and the

proof is the same .

a T heshort proof and epigram which follow arepresum
ably thegenu inework of E ratosthenes, bein taken from
thevotiveg ift . T hereferenceto thesecond gurecannot,
however , begenu ineas therewas only onefigureon thevot ive
offering ; perhaps Seth-epov should beomitted.
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KaL 0 K75777 pwv 6 K aV7 LaoeLexepog .

Ka L 7 a pev w g AG
’

yOL86
’

T LS
‘

avdepa Aevo
owv

7 ou Kvp7)va L
'

ov 7 ou7
’ ’

Epa7 oode
'

veog .

Ibid. 98. 1 - 7

c

Q S‘ NLKop753779 e
’

v 7 L?) Hepl KoyxoeLBwv ypappwv

PpofqbeL 83 Ka i NLKopfiSng e
’

v 7 L?) e’myeypappe
'

vcp
77p0 9 av7 ov HepL KoyxoeLSwv ovy

'

ypappan opyavov

Ka7 am<ev75v 7 75V av7 75v a770 77ll77pov7/7 og xpeLav ,
6 975

Of

w Ka L yeya lla pev oepvvvopevos q5a Lve7 a L oo a v7)p,

woMa 86 7 OL9
’

Epa7 oofie
'

vovg eweyyekwv evp75pa ow

Or w ith a smalleffort , Heiberg .

Perhaps so called becausetherearethreecon ic sections
— of an acute- angled, right- angled and obtuse- angled cone
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( 739 dnnxdvow 7 6 d
'

pa KaL 6
'

6 70 9

Papp. Coll. iv. 26 . 89—28 . 4 3 , ed. Hultsch 242 . 153—250. 25

K5
"
. EL9 7 ov 8L77Aa 0 La 0 7L0v 7 ou Kvfiov 77apay 6 7 a L

7 L9 v770 NLK 0p7580 v9 ypapLL75 KaL ye
’

va n v 6X6 L

7 0 Lav7 7)v .

’

EKK 6 L
'

0 9L0 6 7396 2a 75 AB , KaL 77p09 6p9d9

75 PAZ ,
KaL 6 LA75¢0L0 7 L 0 7) )L6 L0v 6 77L PAZ

80 96 v 7 0 E ,
K aLp 6 V0V7 0 9 7 ou E 0 7) )L6 L0v 6 v Lo

6 0 7 LV 7 0 7773) 7) PAEZ 6 7396 La (pepe
'
odw Ka7 a

AAB 6 1306 50 3

77

éAKOpG
l

l/ T] Sui 7 0 73 E 0 737 70 9

030 7 6 Sui 77aV7 09 q56
'

p6 0 9aL 7 0 A 6nL 7 759 AB
6 7396 L

'

a 9 KaL 6
’

K 77L
'

777 6 Lv 6AK 03L6
'

V779 7 759 PAEZ
Sui 7 ou E . 7 0Lav

’

7 7) 9 875 K Lv750 6w 9 y6 vo)LL6
'

v7) 9 6
’

d)
’

6 Ka
'

.7 6pa gbavepov 07 L 7 0 P 0 7) )L6 L0v
‘

ypa l/IGL ypapp75v
0 La 6 0 7LV 75 ,APM KaL6 0 7 LV a 737 7)9 7 0 0 vp. 777 w)aa

T OLOUT OV .

77

( 139 av 6 7396 La 77p0 0 77L777 3) 7 L9 a770 7 ou

E 0 7))L6 L
'

0v 77p09 7 75V ypappn5v, 7 75v dn oAapfiavo

3L6
'

v7)v p6 7 a§73 7 759 7 6 AB 6 7396 76 9 KaL7 759 APM

ypappn
’

i9 L
'

0 7) v 6LvaL 7 3) PA 6 7386 573
'

p 6 v0v
'

0 7) 9 yap
7759 AB KaL)L6

'VOV7 0 9 7 0 73 E 0
'

7 0.v ye
'

V7) 7 a L

7 0 A 6
’

77L7 0 H ,
7) PA 6 7396 La 7 3) HG) eappooa

K aL7 0 P 0 7) )L6 L0v

n

6 77L7 0 ( 77 6 0 6 L7 03
L)
l

L0 7) apa
6 0 7 LV 7) PA 7 3) HG) . 0p0 Lw 9 KaL 6 av 6 7 6pa 7 L9

1
776 0 6 27 aL add . Hultsch .

Eutocius proceeds to describeNicomedes ’

solution we
shall g ivean alterna tiveaccoun t by Pappus .
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discoveries of E ratosthen es as impracticable and

lacking in geometrical sen se .

“

Pappus, Collection iv . 26 . 39— 28 . 4 3 , ed. Hultsch
949 . 13—950. 95

26 . For the duplication of the cube a certain line
is drawn by Nicomedes and gen erated in this w ay .

Let there be a straight lin e AB , with PAZ at right
angles to it , and on PAZ let there be taken a certain

given point E , and while the point E remains in the
same position let the straight lin e PAEZ be
through the point E and moved about the straight
line AAB in such a way that A always moves along
the straight lin e AB and does not fall beyond it while
PAEZ is drawn through E . The motion being after
this fashion on either side , it is clear that the poin t P
will describe a curve such as APM, and its property is
of this nature : when any straight line drawn from
thepoint E falls upon the curve , the portion cut off

between the straight line AB and the curve APM is

equal to the straight lin e PA for AB is stationary
and the poin t B fixed, and when A goes to H , the
straight line PAwill coincide with H6 and the point
P will fall upon 6 ; therefore PA is equal to H6 .
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73770 7 0 73 E 0 7))7L6 L
'

0v 77p09 7
~
75v ypapLL75v 77p0 0 77603) ,

7 75v d770 7 6pv0p 6 v7)v 73770 ypappn) 9 KaL AB
6 7396 La 9 L0 7)v 770 7750 6 L 7 3) PA [6776 L875 7 av7 3) LaaL

6L0LV a L 77p0 0 77L77 7 0 v0 a L] .
1

K aA6 L
'

0 9w 86, glmow ,

75 p6v AB 6 7396 La Kavwv, 7 0 86 07) )L6 L0v 770A0 9 ,
8La 0 7 7))

La 86 75 PA, 6776 L875 7 ou7 3) LaaL 6LOLV aL

77p0 0 77L
'

777 0v0 aL 77p0 9 7 75v APM ypappfiv,
86 75APM yp

a

pp
'

r
‘

) KoxA0 6 L8759 77pa37 7) (677 6 L875KaL

7586 v7 6pa KaL 757 pL7 7) KaL757 6 7 ap7 7) 6K 7 L96 7 aL 6L9
ci
'

AAa 96 wp75pa7 a
KC.

c'

O7 L 86 opyaVLK Lo9 8vva 7 aL ypofgbeodaL 75
ypappn5 KaL 677

’

6Aa 7 7 0v 6 6L ovpn op6 v6 7 aL 7 0)

Kavéw
, 7 0 v7 60 7 Lv 0

'

7 L 77a 0 Lov 7 mv a 770 7 v v

0 7) )L6 L
'

wv APG) ypappn9 677L7 75v AB 6 7396 Lav

Ka96
'

7 wv )L6 yL
'

0 7 7) 60 7LV 75 PA Kad6 7 o9 , (id 86 75
6n ov 7 759 PA K6 96 7 0 9 7 759 (3777737 6p0v

yeLv 60 7 LV
,
KaLL37 L, 6L9 7 dv ”6 71 1513 7 6770v 7 0 73

Kav0v0 9 KaL KoxA0 6 L80 v9 6d v 7 L9 3) 6 7396 La ,

6KBOLAAOH£ V77 7 )L7)975a 6 7 a L 7377 0 KoxA0 6 L80v9 ,
a 737 0 9 a 776 86 L§6 v 0 NLK0 )7L7587) 9 , KaL75)LL6 L9 6v 6L9
7 0 AL08LL3p0v , 7 pa T GpGLV 7 75v w Lav

BovA6p6 v0 L, Kexp75p6 9a 7 3) ypappn.

1 6776 L875 77p00 77L
'

7r7 0v0aL ex proximis ineptehuc trans
lata del. Hultsch .

Let a bethein terval or constan t in tercept between the
curveand thebase, and b thed istancefrom thepoleto the
base(EA) . If 6 is any po in t on thecurve, and E 6 =7 ,

L PEG) then thefundamentalequation of thecurveis
7 0 sec 76 a .

If a is measured backwards from thebasetowards thepole,
then another concho idal figureis obta ined on thesames ide
of thebaseas thepole, hav ing for its fundamentalequat ion

7 =b sec qS a

T his takes threeforms accord ing as a is greater than,
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ALL). 875 7 d3v 6Lp7) )7L6
'

vw v gbav6p0v LL39 8vva7 73v 60 7 LV

yv a 9 8O96L0 7) 9 039 73770 HAB KaL0 7

))
L6 L

'

0U

6K7 09 a 737 7) 9 7 0 0 P 8Lay 6 Lv 7 75v PH KaL770L6 Lv 7 75v
KH usm fv waw fis Ka t 7 779 AB LOW 7 77

"
Hx9w K 0L96 7 0 9 a 770 7 ou P 0 7) )L6 L0v 677L7 75v AB

75 PG) K aL6K[36 ,8A750 9w ,
KaL7 3) 80 96 L03)

"
L0 7) 60 7 0)

75 AG) , K aL 7TOA03) p6v 7 0) P
,
8La 0 7 75,u.0.7 L 86 7 Lp

80 96
'

v7 L, 7 0v7 60 7 Lv 7 75 AG) , Kavc3VL 86 7 633 AB y 6

ypoi<p9w KOXAO€L8
A

759 ypappn5 77po37 7) 75 EAH

0 vLLBaAA6 L apa 7 7)7 7) AH 870. 7 0 77p0A6x96 v. 0 v)u.

BaAA6 7 w Ka 7 0. 7 0 H , KaL677 6Z6 z3x9w 75 PH
o
’

Lpa KaL75KH 7 75 8096L0
~

3) .

T Lv69 86 7 759 xp750 6 w 9 6VeKa. n apa7 L96
'

V7 6 9

Kavéva P K Lv0v0 Lv a 737 0
'

v, 660 9 LLv 6K 7 759 776 L
'

pa 9

75 p6 7 afz3 dn oAap/gavope
'

m) 7 759 AB 6 7396 L
'

a 9 K aL

7 759 BAH ypappfi9 L0 7) y 6
'

v7)7 a L 8096 L
'

03)
°

7 0 737 0 v

ydp 0V7 0 9 7 0 77p0 K 6 L
'

)L6 v0v 66 dpxfi9 86 L
'

v 7 0 L

(A6ym 86 K 73p
’
0 9 Kdfiov 8L77A0Lo L0 9 6 73pL

'

0 K 6 7 aL) .
77p07 6p0v 86 8730 8096 L0 L

'

0v 6 7396 L<13v 8730 p60 aL Ka7 d.

7 0 0 vvex69 dvdAo'

yov Aapfia
’

vov7 aL, L8v 0 p61)

NLK0p758779 7 75v Ka7 a0 K 6 v75v 65696 7 0 povov, 75)L6L9
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Now by what has been said it is clear that if there

is an angle , such as HAB , and a point P outside the

angle , it is possibleso to draw I
‘

H as to make KH

between the lin e and AB equal to a given straight

line .

Let T 6 be drawn from the point I
1

perpendicular to

AB and produced to A so that A6 is equal to the

given straight line , and with I
‘ for pole , thegiven

st raight line , that is A6 , for interval, and AB for

ruler let the first cochloid EAH be drawn then by

what has been said above it will meet AH let it meet

it in H , and let I
‘

H be j oin ed KH will therefore be

qual to the given straight line .

28 . Some people , following [a more convenient]
usage , apply a ruler to P and move it until by trial

the portion between the straight lin e AB and the lin e

BAH becomes equal to the given straight line and

when this is done the problem which was posed at the

outset is solved (I mean a cube which is double of

a cube is found) . But first two means in continuous

proportion aretaken between two given straight lines ;

Nicomedes explain ed only the construction necessary

303



GREEK MATHEMATICS

A

86 Ka t 7 75v 5.77086 L7fw 7 3) KG
‘
T G OKGU

‘

fi

7 0V 7 p0770V 7 0 v7 0v .

A6 800 9w 0 av yap 8750 6 7396 20 L o f PA, AA 77p69

63796 9 dMfiAaLg , 0
3

V 86 ? 8v
'

0 dvdkoyov Ka
‘

rd.

7 8 0 vvex6g efipei
‘

v
,
Ka i 7 8 ABFA

I I I C I
wapaMnAoypappov, Ka L 7e7 y.7)a9m 8a 6 Ka 7 6p0.

7 wv AB ,
BF 7 02g A, E Ka i 677L§6 vx96 20 0

T heproof is
g
iven by Eutocius w ith very few variat ions

(pp. 104 - 106 ) an also in another placeby Pappus himself
( iii. 8 ,ed . Hultsch 58 . 23—62. 1 3, w ith several d ifferences). In
i i i . 8 thestra ight lines arecalled AP , AA, Whereas here
and in thepassagefrom Eutocius the171 58 . havePA,

Wherever wehaveA here, it is reasonably certain that
Pappus wroteA, and viceversa.
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p67! 75 AA 6K969A750 90 7 KaL 0 v).L77L777 6
'

7 07 735 PB
6KBA7396 L

'

03) Ka 7 8. 7 8 H
, 7 3) 86 BP 7rp8g 8p989 75

EZ
,
KaL77p0 0BeB/\750 90) 75 PZ l

'

o7) 0 750 0. 7 35 AA ,

KaL 677 6 §6 7fx907 75 ZH K aL 0 757 35 wapaMnA0 9 75
PG) , KaLyww a g ou0 7) 9 75778 7 05V KPG) a 778

8096
'

V7 0 9 7 ou Z 8Lnx90 7 75ZGK 770 L0 v0 0. mm» 7 757)
®K 7 7) AA 75 7 35 PZ

77

(7 0 v7 0 ydp 059 8vva 7 8v

686 Lx97) 8La KOXAOGLSOUS
‘

ypapp759) , KaL677L

Cevx96 L0 a 75KA 6KfieflA750 90 ) K aL0 v)7L77L777 6
'

7 0 ) 7 35
AB Ka7 d 7 8 M' A6ya) 87 L 60 7 LV 059 75
AP 77p89 KP , 75KP 77p89 MA ,

KaL75MA 77p89
7 75v AA .

’

B776L75BP 7 67 3L7) 7 0.L 8L
'

XO. 7 03 E KaL77p00 K 6 L7 aL

0 757 35 75KP , 7 8 cipa 75778 EKP p 6 7 8. 7 0 75 PE

L0 0 7! 60 7LV 7 L?) a
’

7r8 EK . K 0 Lv8v 77p0 0 K 6 L
'

0 90 7 7 8

EZ °

7 8 dpa 75778 BKP 7 05V 75778 PEZ
,

7 0v7 60 7 Lv 7 0 75 05778 PZ ,

"
LO0V 60 7LV 7 0 L9 (i778 KEZ ,

7 0v7 607 Lv 7 05 KZ . KaL6776L059 75MA 77p89

AB , 75 MA 77p89 AK , 059 86 7) MA
77
77p89 AK ,

75 BP 77p89 PK , KaL059

77
05
'

c 75MA 77p89

AB ,
0 757 07 9 75BP 77p89 PK . K aL60 7 L 7 759 AB

75pL
'

0 6 L0. 75AA , 7 759 86 BP 8L77A75 75PH
' 60 7 aL Li

'

pa

K aL059 75MA 77p89 AA, 0 757 079 75 H P 77p89 KP .

LiA/V 059 75 H P 77p89 PK , 0 757 059 75Z® 77p89 9 K
878 7 89 wapaMfiAow 7 89 HZ , P KaL0 v

y

v96
'

V7 L

apa 059 75MA 7rp8g AA , 75ZK 77p89 KG) . L0 7) 86

75770K 6 L7 a L KaL75AA 7 35 9 K , 6776L KaL7 35 PZ L0 7)
60 7 LV 75AA

1
550 7) apa KaL75MA 7 35 ZK LG

’

OV apq
.

K aL7 8 0 778 MA 7 715 a 778 ZK . KaL6 0 7 L 7 0) p67! 0 778

MA L0 0V 7 8 75778 BMA pL6 7 8. 7 ou AA
, 7 0) 86

1 6776 1 AA. Hultsch thinks thesewords areinter
polated they appear in both other versions.
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A,
E respectively , and let AAbe j oin ed and produced,

and let it meet PB produced in H , and let EZ be
drawn at right angles to BP in such a way that PZ is
equal toAA, and let ZH be j oin ed and parallel to it let
PO be drawn , and , sin ce the angle KPO is given , from
the given point Z let ZOK be so drawn as to make OK
equal to AA or to PZ (that this is possible is proved by
the cochloidal line) , and let KA be j oin ed and pro

duced, and let it meet AB produced in M Isay that
AP KP =KP MA=MA AA.

Since BP is bisected at E and KP lies in BI
‘

produced, therefore

BK KP +PE2=EK2. [Eucl. 1 1 . 6

Let E22 be added to both sides .

Therefore BK KP PE2 EZ2 EK2 EZ2
,

that is BK KP +PZ2=KZ2. [Bucl. i. 4 7
And since MA AB=MA AK

and MA AK =BP PK ,

therefore MA AB BP PK .

And AA= §AB ,
PH= 2BP.

Therefore MA AA HP KP .

But on accoun t of HZ , PO being parallels,
HP PK = ZO :OK.

Therefore , compounding ,
MA :AA= ZK K6 .

But by hypothesis AA= 6 K , since PZ AA

therefore MA ZK

therefore MA2 ZK2.

And MA2 BM MA AAZ [Encl . 6
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ZK L0 0V 686 5x97) 7 8 75778 BKP 7 0 75 8778

ZP, L877 7 8 8778 AA 60 0 77 7 05 PZ (L0 7) y
dp

75770 K 6 77 aL 75AA 7 7) PZ) LG
'

OV apa KaL 7 8 75778

BMA 7 0 ) 75778 EKP 059 apa 7) MB 77p89 BK ,

PK 77p89 MA . 757“ 059 75 BM 77p89 BK , 75AP
7rp8g PK

'

059 d
'

pa 75AP 77p89 PK ,
75PK 77p89 AM .

60 7 L 86 KaL059 75MB 77p89 BK , 75MA 77p89 AA
’

K aL059 0
’

7
'

p0. 75AP 77p89 PK , 75PK 77p89 AM , KaL

75AM 77p89 AA .

2. SQUARING or T HE CIRCLE

(0) GENERAL

Plut. DeE vil. 1 7, 6 071-3, P

I 3 3 A I
A779pw 770v 8 ov86 L9 a¢aLp6 L7 aL 7 0 770 9 ev8aLI 0 3

00 770 1 77 , 0 70 77 6p 0 758 ape7 7)77 ov86 gbp0 777) 0 L77 . 0M
’

Ava§ay0p0 9 0677 677 7 L9 86 0 )Lw 7 7)pL07 7 877 7 0 0

Ku
'

Ko T GT pClyCUVLO/i év 6ypag66 .

Aristoph . Aves 1001 - 1005

ME' mN . Hp0 0 96L9 0 7
5

77 6370
5

I w I
7 0 77 70 7770 77 0 770796 77 7 0 71 7 0 777. 7 0 77 Kapwvo ,

67796L9 8Lafi757 7)v—
p.a7790f776 Ls ; HEIZQ ET AIPOZ .

0 75 30 1 77907707 .

MET QN . Op905 p6 7p750 0) Kavom 77p0 0 7 L96 L
'

9 , L770.

8 K vK /\0 9 y 6 v7) 7 aL
'
0 0L 7 6 7payw 770 9 .

T his referenceshows thepopular ity of theproblem of

squaring thec irclein 4 1 4 B .c . when theB irds was first
produced. Meton , who is hereburlesqued, is thegrea t
astronomer who abouteighteen earsearlier had found that
after any period of 6 940 days 3; l ittleover n ineteen solar
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(b) APPROXIMAT ION BY POLYGONS

(i.) Antiphon

Aristot. Phys. A 2 , 1 85 a 1 4 - 1 7

fl'

A)ILa 8
’

0 7586 97756 0 7 5770 777 0. 77p0 0 75K 6 L, LiA/V 7) 650 0

6K 7 0577 87p 77 7 L9 677L86 LK77759 7/1 6 7586 7 a L, L50 0. 86 37 75,
0 75, otov 7 877 7 6 7 paya777L0p.877 7 877 ”677 8LcL 7 0577

376 073L6 7 pLK0 7
'

5 7 877 86
’

AL77 L

9707777 0 9 0 75 7 6 070 6 7pLK0 v .

T hem. in Phys. A 2 (Aristot. 1 85 a ed . Sebenkl
3 . 30—4 . 7

I 0 A’

E77 6 L Ka L 7 a ¢ 6 v80ypaq577pa7 a 0 0 0 0 07§6 L
7 89 576 073L6 7 pLK89 75770 960 6 L9 Av7 6

'

077 7 07 576 0737 67 p3) ,
80 0. 86 d e7 aL 77p89 6K 6 L

'

770 9 , 7rapaL7 7) 7 6
'

0 77
, 0L0 77

Antiphon was an Athenian sophist con temporary w ith
Socrates.

T hecomments of T hemistius, Ph iloponus and S implic ius
on this passageareof great importancein thehistory of

G reek geometry . All threeagree(S implic ius w ith a re
servation ) that thequadratureby means of segmen ts is

to beascribed to H ippoc rates of Chios. S implic ius
’

s repro
duct ion of thepassagein Eudemus ’

s History of Geometry
which tells us of certa in areas squared by H ippoc rates has
already been g iven (sup ra , pp. 984 T hefour quadra
tures thereg iven con ta in no fallacy. What then is the
fallacy w ith which Ar istotleand thecommen tators Charge
H ippocrates ? It is most probably an alleged assumpt ion
by H ippocrates that becausehehad squared a part icular
lunein each of threek inds, hehad squared all types of

lunes ; and, as hehad also squared a figureconsisting of a

luneand a c ircle, that hehad squared thec ircle. In fact,
thelast -men t ioned lunewas not of a k ind which hehad
prev iously squared , and so hehad not really squared the
c ircle. But did HIppocrates think that hehad squared the
c ircle T hereis no reason to supposethat heso thought, and
it is extremely unlikely that a mathematic ian of h is calibre
3 10
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(b) APPROXIMAT ION BY POLYGONS

(i.) Antiphon

Aristotle, Physics A 2 , 1 85 a 1 4 - 1 7

At the same time it is not con venien t to refute
everything , but on ly false demonstrations starting
from the fundamental prin ciples , and otherw ise not
thus it is the business of the geometer to refute the
quadratureby means of segments , but it is not the
business of the geometer to refute that ofAn tiphon

fi

T hemistius, Commen tary 077 Aristotle’s Physics A 9
( 1 85 a ed. Sebenkl 3 . 30—4 . 7

For such falseargumen ts as preserve the geo
metrical hypotheses areto be refuted by geometry ,
but such as conflict with them areto be left alon e .

could beso deluded . Heiberg (Philol. xli i i . 336 - 34 4 ) thinks
that in thethen stateof log ic hemay havethought hehad
squared thec ircle. Bjornbo (in Pauly-Wissowa , Rea l
E n cyclopo

’

idie, xv i. 1 787— 1 799 ) thinks heknew perfectly well
what hehad done, but used languagecalculated to g ivethe
impression that hehad squared thecircle. Both suggest ions
arehighly improbable. Heath i . 1 97) prefers to
think that H ippocrates w as trying to put what hehad dis
covered in themost favourablelight. Ross (Aris totle’s
P hysics, p. 4 6 6 ) is of opin ion that H ippocrates sim ly proved
h is quadratures of lunes and thesum of a lunean c ircle, no
doubt in thehopeof ultimately squar ing thec ircle, but
w ithout any cla im to havedoneso . T his appears the
best v iew. Aristotlehas misunderstood what H ippocrates
cla imed to havedone.

7 777550 77 0 means segments , and is not properly used
of lunes,” but mathemat ical terminology was flu id in

Aristotle’s time, and rpfipa may havebeen used to denote
any port ion cut out of a c ircle. In DeCaclo i i. 8 , 290 a. 4 ,
Ar istotleuses it to denotea. sector.
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8150 fi ves: Kv
'

K /\ov e’mxa pfia aweg 7 6 7paw L
'

CeLv
'

Imro ;<pamg re0 XLOS
‘

Ka i <5 AW LgbLTJV . 7 6V y év

ovu Avre’ov. T ag yap apxdg (pvha '
r
'
rwv

wapahoyL
'

Ce'raL n o povov pev eKe
'

L
‘

vov rov pnm
'

axov

T GT PGw / fd a t os ypag6e1 'aL 77 6p6 mv rov 7 6 7pa

ya
’

wov
1

whevpav 7 0 1) 6 29 T OV Kuk /\ov eyypagbope
’

vov,

waw a 86 pnvfoxov ofov TeTeT povw L
'

CeLv Aafiew
eL9 an oSeLv ,

77p0 9 AW Lgbwv
'
z
-

a 86 oe'

T av 6XOL

Ae’yew oo yewpe
'

rpng, os ey'

ypaq v 7
p
Lywvov Loo

77/\evpov eL9 T OV Kuko KaL etp exam
-

779 v

wAevpLBV e‘repov LooaKeAeg ovvw ra g 77p0 9 m
wec pepeL

'

q. T OU Kuko id“ 7 0 137 0 eg5ea 770v

(536 7 6 7TOT € e’cpappoo
‘ew 7 0 13 TeAevraL'ov 7pL

'

ya
'

wov

7 7)V whevpc
‘

w 6 1396 211 11 ofiaav f fi wepLgbepeL
'

a.

Simpl. in Phys. A 2 (Ar istot. 1 85 a ed. Diels
54 . 20—55 . 24

'
O 86

’

Av
~

q 5wv ypa z/Lag Kuko eve'ypagbé fl

xp
'

ov 6 L9 avT ov wokvywvov v ey'ypagbeofiaL
Suvape

'

vwv . 30 11 » SeeL T v
'

XOL 7 6 7paywvov T O

e’yyeypappe
’

vov . KaL 37?o 0 7 1. 7)
77apa T a g yewpe‘rpLKa g apxds

‘

ye
’

yovev ovx ( 09 o

qbnow ,

”
o
'

n vn orLOeT a L 0 yew
pe

'

rpng T O rov Kuko rfis 6 v96 La9 Ka7 a mypei
'

ov

(in feofiaL L133 dpxfiv, o e’

AV
'

q Swv avaLpeL 7 0 177 0 .

ou yap vn orLOe‘raL o yewpe
’

rpng 7 ouro ,

”
dM

9

SeLv aLv avT o ev T ap T pLq fiLBAc . apewov ovv

1 miv'ra f ly : a lacuna in thetext is satisfactorily
filled, as Schenkl notes, if thesewords aresupplied from
S implic ius.

Accounts d iffer about Antiphon
’

s procedure, but it
makes no d ifferenceto theresult,

I
t ich is to get a regular

polygon approaching thecircleas its limit. T hemistius was
3 1 2
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I 9 1 1 a I f g A
Aeyew apxnv eLva L T O a8vva '

rov eLvaL ev9a av

I I 3 f flegbappoaa L wepLgbepeLa ,
77 pev GK T OS

‘

Ka 7 a ev
A I I f I

UnpeLov eqfiaL/xe'ra L ‘

T OU K vK /\ov, 7) 86 euros: Ka7 a SuoA
pdvov KaL 0 13 Ka L 7) e

’

wagfiv) K ard onyeLov

yL
'

veT a L. Ka i.
,
LLe'VT OL 7 6

,

“v (16 2 rd pera tff) T fig
edQeL'a g K a i T fig T ofi K v

'

K /\ov wepnfiepeL
'

a g e
’

rrf'freSov
I I I

ou SaflavnoeL a v
'
ro ou8€ K a T aAm/Je'ra L 770 7 6 mv

7 0 17 Kv
'

Ko ei'wep d
’

neLpdV e
’

o
‘

rL

I I
5La Lpe'rov ‘

T O emwe80 v . a 36 K a T aAapLBa veL, d v

I

fipm‘

a L T L9 dpxr) yewperpm?) 73Aéyovora e
’

w
’

(irra
1 ‘

pov eLva L 7 a peye
’

dn 8La Lpe7
'd. K a i T a LJ

'

T nV Ka i d

Efisnpog dpxfiv dva Lpe
'

L
‘

odaL
'

cfinow 15776 7 0 6

(u .) Bryson

Aflex . Aphr. in Saph . E l. 1 1 (Aristot . 1 7 1 b ed .

\Vallies 90. 10- 2 ]

C A I
AM o 7 0 1) p ow vog 7 6 7 paywmopos

‘

T OU

I
K liid ov e’pLo '

rLKog GGT L Ka L oq Lo T LKog , 57 1 0 15Ketc
,I

7 <1) V oZKeL'wv d LBV T fig yewpe‘rpfa g 6 K T v v

Kow ore'pwv. 7 6 ydp wepLypq eLv e
’

Kn rov Kv
'

K /\ov

Heath i. 222 - 2923) comments T heobject ion
to An t iphon

’

s statemen t is really no morethan verbal ;
E uchd uses exactly thesameconstruction in x i i . 2 , only he
expresses theconclusion in a d ifferen t way , say ing that , if
theprocess becont inued farenough , thesmall segmen ts left
over w ill betogether less than any ass igned area . An tiphon
in effect sa id thesamething , which aga in weexpress by
saying that thec ircleis thelimit of such an inscr ibed polygon
when thenumber of its S1des is indefin itely increased .

An tiphon thereforedeserves an honourableplacein the
history of geometry as having or ig inated theidea of ex
haus ling an a rea by means of inscribed regular polygons
3 1 4



SPECIAL PROBLEMS

would be better therefore to say that the principle is
that a straight lin e cannot coincide with the circum
feren ce , a straight line drawn from outside th e circle
touching it in onepoin t on ly , a straight line drawn
from inside cutting it in two points and not more , and
tangential contact being in one poin t only . Now

continual division of the space between the straight
line and the circumferen ce of the circle will never
exhaust it n or ever reach the circumference of the
circle , if the space is really divisible without limit .
For if the circumference could be reached, the
geometrical prin cipl e that magnitudes aredivisible
without limit would beviolated. T his was the prin
ciplewhich Eudemus says was violated byAntiphon .

“

72

Alexander , Commen tary on Aristotle’s Sophistic
Refu tations 1 1 ( 1 7 1 b 7 ed . Wallies 90. 10- 2 1

But Bryson ’

s quadrature of the circle is eristic and
sophistical , because he proceeds not from principles
peculiar to geometry but from wider prin ciples . For

to circumscribe a square about the circle and to

with an ever- increas ing number of s ides, an idea upon which
Eudoxus founded h is epoch-mak ing method of exhaustion .

T hepract ical valueof An tiphon
’

s construct ion is illustrated
by Archimedes ’ treat iseon thehfeasuremen t of a Circle
[reproduced below] T hesameconstruct ion sta rt ing
from a squarewas likew isethebas is of V ieta ’

s expression
9

for namely,
17

3.
17

w a x/sow i Van s/ saw s )
Bryson was a pupil either of Socrates or of Euclid of

Megara.

5
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7 6 7paywvov KaLew os eyypa
'

qfiew erepov KaL yerafd
7 <1)V Suo rerpwywvwv grepov rerpaywvov, elra
Ae’yew OT L o perafv rmv 8uo rerpaya

'

wwv KvKAos' ,
o1l. on 86 K a L T O perafv ra w Suo 7 6 7paya3vw v

rerpaywvov rov nev eKrog re'rpa '

ya
'

wov eAarrova
eLG L rov 86 6 127 0 9 peLCova ,

”
7 d 36 7 01 1} av

'
rwv peLCova

KaL eAarrova "
Loo. GO

’

T LV, LO
’

OS
‘

apa o KvKAog KaL
‘
T O

rerpayw vov, 6 K 7 1.v Koww v aAAa KaL 1/rev8wv
e’orL, KOLVLDV pe

'

v,eKa i. e’n " oipLOpwv Ka i xpovwv

Ka i 7 67mm Ka i. LiA v Kow c
’

bv dppooOL (iv, ¢ev3é§v
57 1 dKrd) Ka i éw éa 7 6131) SeKa Ka i érrrde’Adrroveg

Ka i peL
'

COL/e
'

g eL
’

oL Ka i. dpms O13K eio iv i0 0 1 .

(iii.) Archimedes
Procl. in Eucl. i. ,ed. K roll 422 . 24—423. 5

’

EK rov
'

rov SeoipaL rov npofiAfiparog e
’

waxfie
’

weg
0 L waAaLOL KaL rov rov KuKo rerpa '

yww opov

eC'q'moav . eL ydp wapaAAnAoypanpov LO
'

OV evpL
OKera L T ram-

L evfivypamfw , {777 770 6 009
”
f“ ?

Ka L rd evfivypappa TO LS‘ wepLgtepoypa‘upOLg Lo o.

SeLv va L v arov . KaL d
’

ApXL;L778779 eSeLfev, on

was Kv
'

KAog Loos GO
'

T L rpLyo
'

ww opfioywww , ou 77

pev eK Ke'vrpov L0 7) 15 0e [.LLCL rmv 776pL 7 77V op977
'

v
,

77 56 wep erpog rfi BaoeL.

Arch im. Dim. Circ. , Arch im. ed. Heiberg i. 232- 242

1

CL

A I V I I
Ha s KvKAog Loos 6 0 7 L rpLyq ) opdoywvup, 05

B ryson marks a step beyond An tiphon becausehecon
ceived thec ircleas in termed iatein area between an inscribed
and an esc ribed polygon , an idea which was owerfully
developed by Archimedes. T hemanner in whic hetook
a squarein termediatebetween theinscribed and escribed
3 1 6
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Q
77 pév 3K 7 0 1? Ke'w pov ia 17 pad 7 63V nepi 7 7)V
5

nepque7pog 7 37
“

q eL.

Exerw o ABFA K vKAog 7 pLyLoVLp 7 09 E , cos
“

c r r u w s r

UT TOK GL
’

T G L
' Aeyw ,

OT L LO
’

OS
‘

6 0 7 LV .

C
Ei ydp Suvarév, 30 7m FLEL

I

CCUV o K 13KAog , Ka i

eyyeypagbdw 7 0 AF 7 6 7 pdyw vov
,
K a L 7 6 7 p770 9w oav

d L nec Se
'

peLa L 8LXCL, K C1 L é
'

orw 7 d 7 prypa 7 a 77377
eAdooova 7 179 finepoxng , 37 157-repe

'

xeL o0 KvKAog 7 ou

7 pLyw vov 7 o e139vypappov apa é
'

rL 7 ou 7 pLyw vov

GO
’

T L peLCov. eLAnc w Ke'vrpov 7 0 N K aL Kaderog
3 1 8



SPECIAL PROBLEMS

oneof thesides about theright angleisequal to theradius,

and thebaseis equal to thecircumference.

Let the circle ABI‘A have to the triangle E the

stated relation I say that it is equal .

For, if possible , let the circle be greater , and let the

square AI‘ be inscribed, and let the arcs be divided

into equal parts [and let BZ, ZA,
AM

,
MA

, etc . , be

drawn] ,a and let the segments be less than the excess

by which the circle exceeds the trianglefi The

rectilineal figure is therefore greater than the triangle.

Heiberg
’

s noteis : T alealiqu id Archimedes sinedub io
addiderat : Omnino in toto hoc opusculo genus dicendi et
exponendi brev itatetam negligen t i laborat , ut manum
excerptoris potius quam Arch imedis agnoscas .

”

b T hat this can bedoneis shown in Eucl. E lem. x i i . 2 ,

depend ing on x . 1 . T helatter theorem was probably dis
covered by Eudoxus , but is commonly known as the Ax iom
of Archimedes ” from h is repeated useof it .

3 19
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73 e’Aa’oowv dpa 73 N: 7 0 13 7 pLya
'

1vov

nAevpdg . 6 0 7 LV 86 Ka L 77 nep e7 pos‘ 7 0 v e139v

ypappov 7 ijs
‘ Aomfig eAarrLov, eneL Ka L 7 779 rov

KuKo nep e
'

rpov eAa 7 7 0 V apa 7 0 e13913ypappov
rov E 7 pLyL13vov 0 77 6p aron ov .

"
E07 00 313 d K 13KA0 9 , ei Suvardv, e

’

Aa
’

oo
‘

Lov 7 ou E

7 pLya5v0v ,
Ka i nepLyeypq BLo 7 d rerpdyw vov, Ka i

rerpfiodw oav a i nec pe
'

peLa L 8ixa , Ka i fixdwoav

e’an ropevaL Sui 7 6 1 1) onpeiww 6p97) dpa 75 157713

CAP . 73OP Li
'

pa 7 779 MP 317e peiC °wv 75 ydp
PM 7 77 PA

"
L0 77 6 0 7 1. KaL 7 0 POII 7 pLyLov0v apa

7 ou OZAM oxnparog ueLCov 6 0 7 LV 77 7 0

AeAeLqSOLooav 0 L 7 L9 HZA 7 0 1L6 L
A

O/J OLOL eAdooovs‘

7
'fjg dnepoxng , 7) 15nepe

'

xeL 7 0 E 7 ou ABPA KuKo

e'm apa 7 0 nepLyeypappe
'
vov e139vypapp0v 7 0 v E

6 0 7 LV eAaooov 0 77 6p 017 0 770 1) 6 0 7 W yap peLCov,
O7 L 7? nev NA

"
L0 77 e

’

ori 7 37 Kade'rw 7 0 v 7pLyo5vov

7) 33 nepiperpog pei V 30 7 1 7 779 Bdoew s rovCI M w I

KA
A

E
I

T pt
‘

w OU. LO
'

OS
‘

apa 0 K 1) OS
‘

f tp 7pLyq u.

7

Havrog K 13KA0v nepiperpog rfig 8La1Le
'

7p0v
M

7 pL77Aa o iLov éorl Ka L 6 7 L 15nepe
'

XeL eAaooom pev
Q C I I
77 4380p {LepeL BLape

'

7pov , peLCom 36 7) Se
'

Ka

éflSoa ooropévow .

i .e theSpacebetween thearc ZA of thec ircleand the
sides ZII, IIA of theescr ibed polygon. T henamegiven to
this figure, 7 op€ 159 , is morepropc 1 ly used of a sector of a

c ircle, and He1berg notes ropeL Archimedes non scrips it
pro dn orpvjpan .

”
T heprocess, it is not qu iteclearly stated
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ll

T 30 7 0) K v
'

KAog Ka i SLdperpos‘ 73AP Ka i Ke'vrpov
7 6 E Ka i 73 PAZ e

’

gbarrrope
'
vr) K a i 73 15770 ZEP

7 pL
'

7 0 1J L3p9739
'
73EZ dpa 77p09 ZP Adyov gxeL, SV

7 5
‘

77p09 pry , 738g EP 77p09 [7 73V] PZ Ao
'

yov é
'

xeL,
(iv a }? 77p09 pvy . 7 6 7 31 730 90) O1

5

V 73 15770 ZEP Sixa
7 33EH

' 30 7 0 ) dpa , L159 73ZE 77p09 EP, 73ZH 77p09

HP [Ka i e
’

vaAAdf K a i ovvde'e] . L159 Li
'

pa ovvap

gbérepos‘ 73 ZE ,
EP upds ZP, 73 EP 77p09 PH

'

(350 7 6 73 PE 77p09 PH peiCova Ao
'

yov e’xeL 73
'

r7
'ep

gboa 77p09 puy . 73EH o
’

L
'

pa 77p09 HP Suva
'

peLAdyov
A8 3 fl
Eu

—

v npds
‘ M

,yud yfiKeL Li
'

pa ,
ovIé

'

xeL, 31! M

0 As Eutociusexplains in h is commen tary on this passage
(Arch im. ed . Heiberg i ii . if EZ is represen ted by
306 and P2 by 1 53 , then by Pythagoras ’

s theorem EF2=

306 L 1 532=70227 . S ince RI
‘
is therefore26 5
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Let there be a circle with diameter AI‘ and cen tre
E , and let I

‘AZ be a tangen t and the angle ZEI‘ one
third of a right angle . Then

: 1 53 “

( 1 )
and EZ ZI

‘

1 ] = 306 1 1 53 (2)
Now let LZEI‘ be bisected by EH. It follows that

ZE : EI
‘ — ZH HI

1

[Eucl. vi. 3

so that [ZE —l- EI
‘
EI

‘ — ZH HF HI
‘

— ZI
‘

HP , or]
ZE + EI

‘

: ZF EI
‘

: HF.

Therefore FE PH [= EP ZE ZP

26 5 + 306 1 53 ,

by (1 ) and
> 57 1 1 53 (3)

Hence EH2 HI
‘2 HI

‘2

57 1 2+ 1 53
2 1 532]

3494 50 23409 ,

and a minuteand impercept iblefraction (napLov e
’

AdXLa
-

rov

Kai dven ai00n7 ov) . AS theS ides Of thetr ianglearein the
ratio 1 , 2 , this is equ ivalent to say ing that
In thesecond part of theproof Archimedes assumes that
3 T heway in which hemakes theseassumptions,

without explanat ion of any kind, shows that they were
common in h is day , and much ingenu ity has been spent in
dev isin g processes by which they may havebeen reached.

71 . Heath, T helVorks of Archimedes , lxxx- lxxx iv, xc
- xc ix .

Eutocius fully expla ins thear ithmet ical work ing, where
Archimedes merely sets down theresults. In thetranslat ion
thenecessary work ing, wherenot g iven by Archimedes, is
shown in squarebrackets. In theG reek text as wehaveit
a few equalit ies aregiven wherethea rgumen t requ 1res
inequalit ies. T hetranslation reproduces what Archimedes
must havewritten .
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gbqa 77
'
npds pvy . miALvBixa 7315770HEP 7 73E®

° 81 13.

7 d a 137 d Li
'

pa 73EP 77p09 P® peL
'

Cova Aciyov gxeL

7331) ,
apffl73

'

npds
‘ my 73GE Li

'

pa 77p09 ®P neiCova

f

Ao
'

yov e'xeL 77 31} ,
apoB 73

,

npdg pvy . é
’

7 L Sixa 73

QEF 7 33 EK
'

73 EP Li
'

pa 77p09 PK peiCova

Adyove'xeL 7331) ,BrAB 8
'
77p09 pvy

°

73EK dpa 77p09

824
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PK peiCova 7381) JEA
—

9 8
5

77p09 puy . €7 L Sixa 7315776
KEP 7 33AE

'

73EP dpa 77p09 AP neiCova [p73KeL]
Ao

'

yove’xeL 73
5

77 6p 7 d
,
Sxoy 77p0; pvy . e’nei 0 15V

73 15770 ZEP 7 pL
'

7 0 v 0 1
5

0 a c3p9739 T éT /LflT a L rerd Lg

3a , 73 15770 AEP 0p973g 6
5

0 7 L 311 73 . Keio9w 0 1
3

V

a 137 fi L0 73 77p0 9 7 0) E 73 15770 PEM 73apa 15770 ABM
op9739 6 0 7 L KS

'

K aL 73 AM apa e139eLa 7 0 v 776pL

7 0V Ku
'

Ko n oAvyv ov nAevpd nAevpdg é
’

xov

7 0 9 Cs
"

. e’rrei 0 15V 73 EP 77p09 7 73V PA e’Seix9r)

peiCova Adyov 5xovoa 73
5

77€p ,
5xoy 4

'

77p09 puy ,

dAAd 7 739 ne
‘

v EP 5L77A7373AP, 7 739 86
5

PA SLnAa o iw v

73 AM,
K a i 73 AP a

5'

pa 77p09 7 73V 7 ou Cs -

yv ov

nepipe7 pov peiCova Aciyove'xeL 73
'

77 6p ,
8xoy A

'

77p09

M
,em. Ka i 6

5

0e 7 pL77Aoio La , Ka i 15nepe
'

xovow

xfC dnep 7 6 1V
,
Sxoy L

' e’Adrrovd £17e 73 7 0

gfiSOpow (50 7 6 7 0 770Av
'

ywv0v 7 0 nepi 7 0V Ku
'

Ko

7 735 8Lape
'

7 pov e
’

ori 7pL77Aa
'

0 L0v Ka i e5Ad7 7 OVL 73 7 L?)

,ue
'

peL peLCov 737 0 v KuKo
"
apa nepquerpog

770A13 paAo e’Aao oLuv 73 7erAao LLov KaL

éfiCOHQ) pe
’

pet peLCLuv.

"
Eorw K 15KA0 9 Ka i. Swiperpog 73AP ,

73 be157715
BAP 7 pL

'

7 0v dp9739
°

73AB dpa 77p09 BP éAdooova

Adyov gxeL 73CV l
a rva 77p09 {fin [7336

5

AP npdg PB ,

(
5

5V
,
agbg npds

‘

1
7
5771 5651 73 157713 BAP 7 33 AH .

6
5

7T €l O 1
5

V 5
5

0 73 6
5

0 7 21! 73 15775 BAH 7 33 15n d HPE , dAAd
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EK I
‘

K > 2339i 1 53

LKEI
‘ be bisected by AE .

[KE EI
‘

KA AF [Eucl. vi . 3

KE + EF zEF

— KI
‘

AP
,
or]

EI
‘
:AT

‘

2384 7
1- 4 assgi 1 53 ,

by (7) and (8M
4 6 73% 1 53 .

Now since AZEI‘, which is the third part of a right
angle , has been bisected four times , LAET

‘

is one
forty- eighth of a right angle . Let AFEMbe placed
at E equal to it . AAEM is th erefore one twen ty
fourth of a right angle . And AM is therefore the
side of a polygon escribed to the circle and having
ninety - six sides . Since RI‘

: I
‘
A was proved to be

greater than 4 6 73 1 53 and AP = 2EI
‘

, AM= 2FA,

the ratio of AP to the perimeter of the 96 ~ sided poly
gon is greater than [4 6 73 96 . 1 53 , or] 4 6 73—5 1 4 6 88 .

And the ratio [1 4 6 88 4 6 73—53is greater than 3 , being
in excess by 6 6 7—53 whi ch is less than the seven th
part of 4 6 73% so that the [perimeter of the] escribed
polygon is greater than three times the diameter
by less than the seven th part ; a fortiorz

'

therefore
the circumference of the circle is less than 3 -3 times
the diameter .
Let there be a circle with diameter AI‘ andABAI‘

one - third of a right angle . Then AB BI
‘

1 ]
< 1 35 1 Let BAP be bisected by AH. Now
since ABAH AHI

‘
B and ABAH : AHAI‘, there

Seesupra , p. 322 n . a.
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KaL7 73 15776 HAP, KaL73 15776 HPE 7 33 1577 15 HAP
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XeL 7331) 3
6 > )K8 Z.
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Up . €7 L SL
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XCL 7315776 GAP 7 73KA
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£5" e
'

Ka 7e'pa ydp éKa Te
'

pa c; La [.L
"

73AP d
'

pa wpog

[7 73V] KP 73 37) ,
a9 5

"
77p69 €7 L 85x11. 73 15776

KAP 7 33 AA
'

73AA d
’

pa wpog [7 73V] AP e
’

Aafooova

Aoyov é
’

xeL 7381} 7 d
,fiLS

‘

s
"

77p69 7338AP 77p69

PA e’Adooova 73 7 d.
332 8
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c u I I I
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SPECIAL PROBLEMS

Further , let LOAP be bisected by KA.

Then AK KP [=AP +AO PO

24 ,

by (80) and (4 a),
< 36 6 1 —

1

9
-

1
240]

-1 36 6 1
1
—9

1
240

< 1 007 6 6

AP2 KF2 =AK2+ KP2 KP2

6 6 2

< 1 01 8405

Therefore AP KP < 1 009§ 6 6

Further , let AKAP be bisected by AA.

Then AA AP [= PA+AK PK

< 1009% 1 007 6 6 , by (5a)
and

< 201 6g 6 6 .

[Hence AP2 PA2 AA2 +AP2 PA2

6 6 2 6 6 2

< 4 069284 g§§ 4 350 ]
Therefore AP PA < 201 7—i 6 6 ,

and invertendo [PA AP 6 6

But PA is the side of a polygon of 96 sides ; and

accordingly] the perimeter of the polygon bears to
thediameter a ratio greater than [96 . 6 6 201 75 or]
6 336 which is greater than Therefore
the perimeter of the 96 - sided polygon is greater than
33511 times the diameter , so that a fortiorz

'

the circle
is greater than 83111 times the diameter .
The perimeter of the circle is therefore more than
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A K a
‘ e’Adoo om c

‘

v 6686 w e’ 6 17 pm aa Lw V 6 0 7 L L y. 73 p ‘ y. p

yeLCom 83. 73L0 0
'

LLGL
'

v .

B
,

C I I I
O KvKAog 77p0 9 7 0 7 739 3La3ue7pov 7e7pa

ywvov Aoyov
"
6X6 L, ou La 77p09 L8.

"
E0 7 w KvKAos‘ , ou 8La

3
ue7 pos‘ 73AB , Ka L 1 T €pL

yeypaéfiw 7 6 7paywvov 7 0 PH ,
Id “ . 7 739 PA 3L77A7

3
73AE ,

eBSopov 56 73 EZ 7 739 PA. 6 7T €L ovv 7 0

APE 77p09 7 0 APA Adyov gxeL, 31) K0. 77p09 Z,
77p0g 83. 7 0ABZ 7 0APAAoyov 3X6 L, 31) 6777 0. 77p09

é
’

v, 7 0 APZ 77p09 7 0 APA 039 KB 77p09

aAAd 7 ou APA 7 6 7 pa 77Aa 0 Lov 6 0 7 1. 7 0 PH 7 6 7pa

yw vov, 7 0 36 APAZ 7pL3/wvov 7 0 ) AB KukAw
"L0 0V

6 0 7 LV [era 73pev AP K 0 9€7 0 9 L0 73 6 0 7 L 773 6 K 7 ou

Ke'V7pov ,
73 86 fiamg 7 739 3Laye

'

7 pov 7pL7TAa 0 LovC
K a i 7 12) C

'

vnepe
’

xov0 a SeLxfi730 6 7 aL]
1

°

o Rv

1
“ I I

KAog ovu 77p0 9 7 0 PH 7 6 7paywvov Aoyov GXEL, 0 L0.

77p09 L3.
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GREEK MATHEMATICS

(c) SOLUT IONS BY Hion ER CURVES

(i.) General

Simpl. in Cat. 7, ed . Kalbfleisch 1 92. 1 5 - 25

fl I OI A
120 7 0 ) 36 7 6 7 paw L0 3u0 9 KuKo , 0 7 0 1) 7 09 30

96
'

V7 L Ku
'

kAcp
’

L
'

0 0v 7 6 7poiywvov 0 v0 7 730 a
'

4L6 00 . 7 0 177 0

30
’

ApL0 7 0 7 €
'

A739 pe
’

v, L139 é
'

oLKev
, 06770 ) e’yva

’

meL,

wapc
‘

L 50 7 029 Hvea '

yopeL
'

OLg 7315p730 9a f 90730 0 ) drip

BALXO9 , 039 B73A<5v 30 7 02 7 <1)V Ze’f7 ov 7 0 13

Hv9ayopa
’

ov 39 o
’

fvcofiev Ka7 0. 8L0 30x73v

n ape
'

AaBev 7 73V 311 69080 1! 7 739 dwoSeL'few s .

170 7 6 300 1! 96730 515
’

ApXL;L733739 3L0. 7 739 Aw< 0pn330 v9
1

I A I
ypappng Ka t. NLKOMnOflS‘ 5m 7 739 L5Lw 9 7 e7 pa

w LCov
'

0 739 Kao pévn9 Ka i
’

A7roAAa
'

) VL0 9 Sui 7 0 1 0 9

A 6 3 A 3

340 041 11 739 , 73V pev KoxALoeL80 v9 aSeAqS73v 77p0 0

I f 3 I I
a

‘

yopeveL, 73 010 7 73 86 7 33 NLKOH
‘

QSOUS
‘

,
Ka L

d 0 0 9 80 Sui 7 Lv0 9 ypappfig, 73 (i7rA039 e
’

x 8L77A739

KLV730 €L09 KaAeL‘, d
'

AAOL 7 6 woAAoL770 LK L
'

AL09 7 0 77p6

fiAmLa Ka7 6 0 xefia0 av, 039
’

Ioi;LBALx0 9 L0 7 opeL.
1 No mean ing can beextracted from AvxopfiSovs, which

is an otherwiseunknown word . T hecorrect read ing is

probably e
'

Amoa Sos , spiral- shaped.
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(c) SOLUT IONS BY HIGHER CURVES

(i.) General

S implic ius, Commen tary on Aristotle’s Categories 7
ed . Kalbfleisch 1 92 . 1 5 - 95

The circle is squared when we construct a square
equal to the given circle . Aristotle , it would
appear , did not kn ow how to do this , but Iam
blichus says it was discovered by the Pythagoreans,
as is plain from the proofs of Sextus the Pytha

gorean ,

“ who received the method of the proof from
early tradition . And later (he says) , Archimedes
effected it by means of the spiral - Shaped curve }
Nicomedes by mean s of the curve known by the
special name quadratrix, Apollonius by mean s of a

certain curve which he himself calls sister of the
cochloid, but which is the same as Nicomedes

’ curve ,c

Carpus by means of a certain curve which he simply
calls that arising from a doublemotionfi and many
others constructed a solution of this problem in

divers ways ,
”
as Iamblichus relates.

a Sextus (moreproperly Sextius) lived in thereign of

Augustus (or T iber ius) and thereis no valid reason for

believ ing theearly Pythagoreans solved thep .roblem
b Archimedes himself ln h is book On Sp ira ls , which w ill

benot iced when wecometo h im, merely uses theSpiral to
rect ify thec ircle(Prop. But thequadraturefollows
from Measuremen t of a Circle, Prop. 1 .

Nothing further is known of Apollon ius
’

s sister of the
cochloid,

”
but Heath i . 2392) points out that

Apollon ius wrotea treat iseon thecod i lias , or cylindrical
helix , that thesubtangen t to this curvecan beused to square
thecircular section of thecylinder, and that thenameis
suffi c iently akin to just ify Apollon ius in Speak ing of it as
the s ister of thecochloid .

d T annery thought this was thecycloid, but thereis no

evidence.
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l eQuadratrix
Papp. Coll. iv . 30. 4 5—32 . 50, ed. Hultsch 250. 33—958 . 19

Construction of theCurve

A. Big 7 ov 7 6 7payww opov 7 ou Kuko n apeAmfiOn
7 tg v7ro Aewoorpa7 ov K a i Ni xopnoovs

‘

ypapy r)
Ka i T LVCUV aAv vew ‘

re'pwv a 770 7 ou wept a v7

:
77v

ovpn 7 wpa7 og AaBovoa 7 ovV0

6
La KaAei7 a t yap v77

av7 w v 7 6 7 paywvi§ovoa Ka i ye
'

veow exec 7 ocav7 77v .

EK Keiofico 7 6 7pa
'

ywvov 7 o ABFA K a i wept
Ke'w pov 7 0 A weq Se

'

peta yeypagbdw n BEA, Ka i.

mveiofiw fi pe
‘

v AB min us (50 7 6 7 d ne
‘

v A onpeiov
pévew 7 6 B gbe

'

peofia i Ka7a 7 7)V BEA wept
cfie

’

petav, 33 BP wapciAA
‘

q g dei Scape
'

vovoa 777
AA 7 43 B mmeicp qSepope

'

vcp
‘
Ka7 d. 7 779 BA ouva

Kv vfiei'rw ,
Ka i e’v iocp xpo

'

vcy 77 7 6 AB Kwovye
'

m)
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dpaAc39 7 7iv 13776 BAA yw viav, 7 ov7 6
'

o 7
-

w 7 6 B

onpeiov 7771) BEA 77 6pt <p6
'

p6 Lav, Siavve
'

rw
,

Ka i 7?
BF 7 7)V BA efidefav 77ap086 v6

'

7 w , 7 ov7 6
'

on v 7 6 B

omueiov K a7a 7
~fj9 BA (p6p6

'

00w . ovuflrjoma t 877o

7 77 AA 6 1396 59. d
'

pa 6¢app6 §6 w 6
°

Ka 7 6
'

pav 7 7§v 7 6

AB Ka i 7 7)V BF. 7 o ¢av
'

7 779 ywope
’

v779 K ivfioews‘

7 6 y ovow dAAfiAa 9 7 33 ghopgi a i BF, BA 6 1396 ia t

K a 7 ci T L onpeiov a iei ovuy 6 9w 7 du6 vov a 137 a i9 , 15<f>
’

05 ony a
'

ov ypoigl>6 7 a i 7 L9 £11 7 4) p6 7 a§0 7 67709 7 071)

7 6 BAAei396 i K a i 7 739 BEA 77 6pig66p6 ia 9 ypappi)

6
’

7ri 7 d. a i37 d KoiAn, oio. 6
’

0 7 iv 75EZH, 73Ka i xpeto
'

)

3779 eiva t 8ok 6 i 77p69 7 5 7 c?) K ziKAcp 7 6 7pé

ywvov ioov 6 15p6 iv . 7 d 83 dpxi kov (1 137 779 0 15/i 777 wpa

7 0 7007 6 17 6
’

o 7 w . 777 79 ydp dv Siaxdfi 7 vxovoa

( 77p69 7 7)V 776picp6
'

p6 iav, abs 7?AZE , 30 7m 039 SM)
77 6ptg66

'

p6 i a 77p69 7 751) EA,
75 BA 6 1396 20. 77d

Z® °

7 0 137 0 yap 6
’

K yeve
’

oew 9 ypappn9

(pavepov

Sporus
’

s Criticisms

I A A Q I I
Aa Avoap6 0 7 6 t7 a t 86 a v7 37 o Zu opo9 6 vAoyw 9

Sid 7 a i37 a . npw 7 0v perz ydp 77p69 8 SOK 6 2xp6 w38779
A A 3 Q I Ielva i npayua , 7 ou7 6 v v77096 o 6 t Aapfiavet .

8
I
8
I I I Byap vva 7 ov, vo onpeiwv apfapevw v a 77o 7 ou

1 wpds 7 i5v 5A7) 7} add . Hultsch .
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formly , pass through the angle BAA (that is, the
poin t B pass along the arc BA) , and BF pass by the
straight lin e BA (that is, let the point B traverse
the length of BA) . Plain ly then both AB and BI

‘

will coincide simultaneously with the straight line
AA. While the motion is in progress the straight
lin es BI‘, BA will cut one another in their movement
at a certain point which continually changes place
with them , and by this point there is described in
the space between the straight lin es BA, AA and the
arc BEA a con cave curve , such as EZH, which appears
to be serviceable for the discovery of a square equal
to the given circle . Its principal property is this .

If any straight line , such as AZE , be drawn to the
circumferen ce , the ratio of the whole arc to EA will
be the same as the ratio of the straight line BA to
Z8 for this is clear from the manner in which the
line was generated.

“

Sporus
’

s Criticisms b

3 1 . With this Sporns is rightly displeased for these
reasons . In the first place , the end for whi ch the
construction seems to be useful is assumed in the
hypothesis . For how is it possible , with two poin ts

a If AZ :

p, LZAAq , AB =a , then theequation of the
curveis

577 a

76 p sin 96

77p Sin (p=Qaq5.
b T heseacutecr itic isms of thequadratr ix as a practical

method of squar ing thec ircleappear to bewell founded.

Sporns, who was not much older than Pappus himself,
lived towards theend of thethird century A .D . Hecompiled
a work called Knpi

’

a g iv ingextracts on thequadratureof the
circleand duplicat ion of thecube.
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A I
KLV6 L0 9aL, 7 0 [1 6V Ka7 6 v96 La 9 6 77L 7 0

I ’I I
Ka7 a 776pL966p6 La 9 6 77L 7 0 A 6 1) Logo xpovcp ovv
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a 770 1< a7 a0 7 77c7aL

1
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3
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°
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'
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'
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‘
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'
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’
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'
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'
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'
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'

0V7 a 9 77apa86
'

X6 0 9aL 7 r5u ypap
“751! pnxavmwn

’

pav 77009 ofioav [Ka i 6 L
’

9 77o

wpofiAfipa 7 a xpnoLyev
'

ovoav 7 029 pnxavmoLflf

aAAa 77p0 7 6pov 77apa56 1< 7 6 0v 6 0 7 L 7 0 SL a 137 759
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l
ovvanoxaraa

'
rfivaL coniecit Hultsch .

pnxavmots interpolator i tribuit Hultsch .
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Application of Quadratrix to Squaring of Circle

T 6 7 payw vov yap OV7 0 9 7 ou ABEA Ka L 7 759 pei)
77 6pL 7 0 K 6 V7 pov 7 0 F 77 6pL956p6 La 9 7 759 BEA, 7 759

80 BHG) 7 6 7paw LCov
'

0 759 yLvoiLe
'

V779 , 039 77p0 6 L
'

p75
7 a L, 56 L

'

v 7 aL, 039 75 AEB neq ie
'

peLa 77p09 7 751)
BE 6 v9eLav, ov7 w 9 75 BI

1

77p09 7 75v PG) 6 v96 Lav.

6 i yap p75 6 0 7 LV, 757 0L 77p0 9 1L6 L§ova
"
6 0 7 aL 7 759 PG)

75 77p09 6 a ooova .

"
E0 7 00 77po7 6pov, 6 L v a 7 ou, 77p09 p6 LCova 7 75v

PK ,
Ka i 776pi K 6

'

V7pov 7 0 P 77 6 q S6
'

p6 La 75 ZHK

y 6 ypcigl>9w 7 6
'

1Lvov0 a 7 75v ypappnv Ka 7 d. 7 0 H
,

Ka i K oid6 7 0 9 75 HA,
K a i 677L§6 vx96 20 a 75 FH 376

BeBAfiodw 6
3

77i 7 0 E . O5V 6
’

0 7 Lv 039 75AEB
776pL¢ 6

'

p6 La 77p09 7 75V BF 6 13196 iav, 0 177 079 75 BP,
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Application of Quadratrix to Squaring of Circle
If ABI

‘

A is a square and BEA the arc of a circle
with cen tre I‘, whi le BHO is a quadratrix generated
in the aforesaid manner , it is proved that the ratio of
the arc AEB towards the straight line BP is the same
as that of BI‘ towards the straight lin e PO. For if it

is not , the ratio of the arc AEB towards the straight
lin e BI‘will be the same as that of BF towards either
a straight line greater than T O or a straight line less
than T‘

O.

Let it be the former, if possible , towards a greater
straight line PK , and with centre I

“ let the arc ZHK
be drawn cutting the curve at H , and let the perpen
dicular HA be drawn , and let I

‘
H be j oin ed and pro

duced to E . Since therefore the ratio of the arc

AEB towards the straight line BI‘ is the same as the
34 3
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7 0v7 6
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3 . T RISECT ION OF AN ANGLE

(a) TYPES OF G EOMET RICAL PROBLEMS

Papp. Coll. iv. 36 . 57- 59 , ed. Hultsch 270. 1 — 972 . 1 4

AS
"

. T r5u 8096 L0 av yon/ Lav 6 1390ypaupov 6 i9 7 pLa
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I
‘
let thearc ZMK be described, and let KH at right

angles to PA cut the quadratrix at H , and let I
‘

H be
j oined andproduced to E . In similarmann er to what
has been written above , we shall prove also that the
arc ZMK is equal to the straight lin e BF, and that the
ratio of the arc BEA towards EA, that is , the ratio of
ZMK towardsMK , is the same as that of the straight
line BF towards HK . From this it is clear that the
arc MK is equal to the straight line KH, which is
absurd. The ratio of the arc BEA towards the
straight lin e RI1 is therefore not the same as the ratio
of BF towards a straight lin e less than F6 . More
over it was proved not the same as the ratio of BF

towards a straight lin e greater than F6 therefore it
is the same as the ratio of BF towards F6 itself.
T his also is clear , that if a straight lin e is taken as

a third proportional to the straight lin es GI“ , I
‘

B it

will be equal to the arc BEA, and four times this
straight line will be equal to the circumferen ce of the
whole circle . A straight line equal to the circum
feren ce of the circle having been found, a square can
easily be constructed equal to the circle itself. For
the rectangle contained by the perimeter of the circle
and the radius is double of the circle , as Archimedes
demon strated .

“

3 . T RISECT ION OF AN ANGLE

(05 T YPES OF GEOMET RICAL PROBLEMS

Pappus, Collection iv . 36 . 57 - 59 , ed . Hultsch 270. 1 — 272 . 1 44

36 . When the an cien t geometers sought to divide
a given rectilineal angleinto three equal parts they
were at a loss for this reason . We say that there

Seesupra , pp. 3 1 6 - 32 1 .

34 7
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'
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Whether 7 0 770 1 77p09 6 7rLgbaV6 L
'
aL9 are loci Which aresur

faces ’ or loc i which lieon surfaces (e.g . , thecylindrical
helix) 18 a moot point. Euclid wrotetwo books under the
t itle.
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Q I I CI 3 I
6 0p10 K757 aL, Ka L 7 0 avvv v 0 7 0 1} 6 15 a v0 LK 6 Lov

I f , A I
/\u75raL ye

'

vou9 , OLOV 6 0 7 LV 7 0 6 1) 7 15) 77 6p777 <p 7 00V

’

A770MwVL
'

0v KwVLKLBV 0772 7 759 n apaBoAfi9 77p0
CflAWLa K a i 75 776pl 7 759 0ALK0 9 u7ro

’

ApXLp.758ov9
Aapfiavopévn 0 7 6p6 ov V6 va L9 0772 ”7586 1 0

thecurveof thesurfaceof thehemisphereon which it lies
is equal to thesquareon thed iameter of theSphere; the
fact that this area can besquared is thought to just ify the
nameparadoxica l. An Arab ian trad ition that Menelaus
reproduced in h is E lemen ts of Geometry Archytas

’

s solution
of theproblem of duplicat ing thecube( involving thein ter
section of a tore, cylinder and cone) lends a certa in plausi
b 1 lity to thesuggest ion Heath, H.G.M. i i . 26 1 , Loria,
Lescienzeesatte, pp. 5 1 8

0 Heath iden t ifies this (Apollon ius 1

g
Perga cxxv n—cxxix)

as Con ics v. 58 , whereApollon ius nds thefeet of the
normals to a parabola passing through a g iven point by
construct ing a rec tangular hyperbola whoseintersections
W 1th theparabola g ivetherequ ired points. T hefeet of the
normals could befound in thecaseof theparabola (though
not of theellipseor hyperbola) by theintersection of the
pa rabola with a certain circle.

0 T heassumpt ion madeby Archimedes (Hepl éw v

8 , 9 ) is to thefollow ing effect, therelevan t port ion of h is

figurebeing detached
If EA, KM aretwo chords of a c ircle, meeting at right

angles at I
‘

, so that EF> PA, then it is possibleto draw
another chord KN meet ing EA in I such that IN=MI‘

(or, as Archimedes expresses thematter , it is possibleto
placethestraight lineINequa l toMI‘and verging towards K).
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this kind arespirals and quadratices and cochloids

and cissoids. It appears to be no small error for
geometers when a plane problem is solved by coni cs
or other curved lin es , and in gen eral when any pro

blem is solved by an inappropriate kind, as in the
problem con cern ing the parabola in the fifth book of
the Conics of Apollonius and the verging of a solid
character with respect to a circle assumed by Archi
medes in his book on the spiral b for it is possible

In general, thelineKN is determined by thein tersect ion
of a hyperbola and a parabola , as Pappus himself shows in

another place(iv. 52- 53 ,ed . Hultsch 298 T hepart icular
casewhere: A is a d iameter b isecting thechord KM in I

1

can besolved by planemethods, namely, by the applicat ion
of a reas thesolut ion for thecasewhereIN is to bemade
equal to 1} (radius of thecircle) is assumed by H ippocrates
in thefragment from Eudemus preserved by S implic ius
(seesupra , p. 24 4 11 . a ) .

Archimedes g ives no indicat ion of thesolut ion hehad in
mind , but all herequ ires for h is purposeis its possibility
and its poss ib ility can bedemonstrated w ithout any useof
comics. For this reason Hea th ( T heWorks of Archimedes
civ) thinks that Archimedes is to beexcused from Pappus

’

s

censurethat he“ had solved a planeproblem by solid methods.

35 1



GREEK MATHEMATICS
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13770
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°

0 1386 770) ydp aL 7 ou Ka3vou 7 oam

ov1n596 L9 750 0 1) 0 137 0 L9 , KaL 810. 7 0 07 0 75770p
750 0 v

UO
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T GPOV [.LGVT OL 86a. T CUV KwVLKw V GT PLXO
‘

T O/LQO
'

CIV
A

7 75v yew/ Lav 6 L9 7 75v 6 vp6 0 Lv xpnaapevm 7 55 13770

yeypappe
’

vy vev’aeL.

(b) SOLUT ION BY MEANS OF A VERGING

Ibid. iv. 36 . 60, ed. Hultsch 272. 1 5—274 . 2

HapaMnhoypdppov 8096327 0 9 0p90y01vl0v 7 0 13

ABFA K a i. 0KB/\7506 L
'

0 759 7 759 BF , 800 1) 00 7 0) 8L

ayaydw a 7 75v AE 770 1 6 211 7 75v EZ 6 1396 20 1) imp» 775
8096 0755.

F6 y0ve
'

7 00 , Ka i 7 0 29 EZ ,
EA 77apd/“ 7500 1 fixdwaav
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gb6p6 L0 8090V
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Ibid . iv. 38 . 6 2 , ed . Hultsch 274 . 1 8—276 . 1 4

hn
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. A6 86 Lyp. 6
'

V0 0 875 7 0 137 0 0 7pL
'

x0 7 00V6 7 0 L 75
8O96 L0 0 w La 6 13913yp0 5000 9 0 0 7 079 .

"
E0 7 00 y0p 056m 77p0 7 6p0V 7513770ABF, K 0 L 0 770

7 LV0 9 0 755LL6 L0 0 K a96 ro9 75AF K 0 L 0 050.77h75p0396 V7 0 9
7 0 0 F2 n apaMnhoypappov 75 ZA 6 Kflefih750 900 6 77L

7 0 E , Ka i n apaMnhoypdppov 0V7 09 0p90y00VL
'
0 0

7 0 0 F2 K 6 L0 9w 50. 6 7 0f13 7 00V EAF 6 1396 L0 75 EA

V6 130 0 0 0 0m 7 0 B L0 75 7 75 8L77A0 0 L0 7 759 AB (7 0 07 0

ydp 039 80 V0 7 0V y6 V6 0 9a L 77p0y 6 yp0 777 0 L) A6y0) 875
07 L 7 759 8096 L

'

0 759 y00VL
'

0 9 7 759 13770 ABF 7 pL7 0V

pépos 00 7 2V 75 13770 EBF.
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to EZ,
EA. Since ZE is given and is equal to AH,

therefore AH is also given . And A is given ;
therefore H is on the circumferen ce of a circle given
in position . And since the rectangle contain ed by
BF

, FA is given and is equal to the rectangle con

tained by BZ,
EA [Encl . i. therefore the rectangle

con tain ed by BZ,
EA is given ,

that is , the rectangle

contain ed by BZ , ZH is given therefore H lies on a

hyperbola. But it is also on the circumference of a

circle given in position therefore H is given .

“

Ibid. iv. 38 . 62 , ed. Hultsch . 274 . 1 8—276 . 1 4

38 . With this proved, the given rectilineal angle is
trisected in the following mann er .

First let ABF be an acute angle , and from any

poin t [of the straight line AB] let the perpendicular

AF be drawn , and let the parallelogram FZ be com

pleted, and let ZA be produced to E , and inasmuch as

FZ is a right - angled parallelogram let the straight

lin e EA be placed between EA,
AF so as to verge

towards B and be equal to twice AB— that this is

possible has been proved above I say that EBF is a

third part of the given angle ABF.

T heformal synthesis then follows as Pappus iv. 37 .
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'
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(c) DIRECT SOLUT IONS BY MEANS OF CONIcs

Ibid. iv. 4 3 . 6 7— 4 4 . 6 8 , ed . Hultsch 280. 20—284 . 20

py
'
. Ka i 0

'

1V 00 9 7 759 80 96 L
’

0 759 77 6pLgb6p6 L
'

0 9 70

Wemayeasily Show w ith Heath (H .G.Ill . i. 237- 238) how
thesolut ion of theV6 6 0 L9 is equ ivalent to thesolution Of a

cub icequation . If in theaccompany ing figureZE , ZB are
theaxes of 73, 31 respectively, and ZA=a , ZB =b, thepoint O
g iving E is determined as theintersect ion of thec ircle

(a: a)
2
(y b)

’ b“)
and thehyperbola xy ab.

Byeliminating x from theseequations wemay obtain
(0 b)(y

3 Sby
’ 30 23/ 0

’b) 0 .

Oneof thepoints of intersection of thecircleand hyperbola
is thereforeg iven by g b, a: a .

T heother threearedetermined by theequation
y
3 3by

’ 30 3y + a
zb=O.
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EZ 13776pox75
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For by theequal ity of thetriangles BEA,
BFA, wehave

LBEI
‘

LBPE =2 /_FAB (ex hypothesi) . But LBEF LFAB

+ LABE .

T hereforeLFAB LABE , and so BE=AE .

b i.e. sinceFH gAF and FA=grz , by subtraction ,

I
‘

H I
‘
A I

‘

Z), or HA=1Az.
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given areis furnished, without the useof a verging,
by this solid locus .

Let the straight line through A, I
‘ be given in

position , and from the given points A, I
‘

upon it let
ABF be inflected, making the angle AI‘B double of

I
‘
AB I say that B lies on a hyperbola .

For let BA be drawn perpendicular [to AI
‘

] and let
AE be cut off equal to PA when BE is j oined it w ill
therefore be equal to AE .

“ And let EZ be placed
equal to AE ; therefore FZ = 3FA. Now let I‘H be
placed equal to 3

1

5
AI

‘ therefore the poin t H will be
given , and the remainder b AZ will equal 3HA.

Now since3 BEZ EZZ BA”
,

BE2 EZZ AA AZ,

therefore AA AZ BA2
,

that is SAA AH BA2

therefore B lies on a hyperbola with transverse axis

T hereason ing hereis much abbreviated, and in full
may bewritten as follows

BE’ EZ2=EE 2 EAz (sinceEZ =EAea: hypothesi)
BA? (Eucl. i . 4 7)

Now BEz EZ2=AE 3 EZ2 (sinceBE was proved equal
to AE )

AA AZ (Eucl. i i . 6 )
AA AZ : BA2

SAA AH : BA2 (sinceAZ was provedequal to SHA)
BA2 :AA . AH =3 : 1

3AH3

.

AH2

B lies on a hyperbola with transverseaxis AH and

conjugateaxis “BAH.
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'

pa 16 01 075BF 7 759 EZ
'

7 6 7 p0077/\ 0foLov

dpa 7 0 00770 BF, 7 ov7 6
'

0 7 LV 7 0. 7 LEV BZF, 7 0 0

01770 7 759 E .Z ovV 8130 8096
'

V7 01 é0 7 0V 7 0. E , F,
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’
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'

T herelation BI‘=QEZ tells us that B lies on a hyperbola
w ith foc i A, I

‘

, d irectrix BZ and eccen tric ity 2 . Pappus

proceeds to turn this into theax ial form EZZ : BZ2 + ZF2

1 : 4 which was morecommonly used by theG reeks. In

fact, thereareonly two other extant passages in which the
focus- d irectrix property is used. Oneof them is also g iven
by Pappus (vii. , ed . Hultsch 1004 who thereproved
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LAPB= 24 BAD Let AAI‘B be bisected by FA,

and let AE ,
ZB be drawn perpendicular ; therefore

AA is equal to AI‘, so that AB is also equal to EF
therefore E is given .

Now because AI
‘

FB =AA AB [Eucl. vi. 5
AE EZ

,

therefore alternately I‘A AE= BI
‘
EZ.

But T A= QAB and therefore BF QEZ ; there
fore BF2= 4EZ2, that is , BZ2+ZF2= 4EZ2. Now

,

since the two poin ts E , I
‘

aregiven , and BZ is

drawn at right angles , and the ratio EZ2 BZ2 ~ }- ZI
‘2

is given ,
B lies on a hyperbola . But it also lies on an

aregiven in position therefore B is given. And the
synthesis is clear .“

generally that if thed istanceof a poin t from a fixed po int
is in a g iven ratio to its d istancefrom a fixed line, thelocus
of thepoin t is a con ic section which is an ellipse, a parabola
or a hyperbola accord ing as theg iven rat io is less than ,

equal to , or greater than , un ity .

”
T heproof is among a

number of lemmas to theSurfaceLoci of Euclid , so pre
sumably thefocus- d irectr ix property was already well
known when Euclid wrote.
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X . ZENO OF ELEA

Ar istot . P hys . Z 9 , 239 b 5—940 a 1 8

Z75V01 1V 86 77apa /\0y0§6 7 a0 6 L yap ae0, ¢75
0 LV,

T5p€p £ t 77 a V 75 KLV6 L7 a L 0 7 aV 75 Ka 7a 7 0 00 0V
, 6 0 7 LV

8
’

006 0 7 0 (pepopevov 6 V 7 01 VUV, a K 0V777 0V 7 75V 06p0

f1 6 q 6 Lva L 0 L0 7 0 V . 7 0 0 7 0 8
’

6 0 7 0 1/16 v80 9 0 13 ydp
C I A A A 3 I

0 13yK 6 07 aL 0 XpOVOS
‘

6 K 7 00V VUV v a80a Lp6 7 wV,
a a 7 u I 9 I

w 0 77 6p ou8 ov86 V .

I f I I I
T 6 7 7 ap6 9 8 6 00 0V 0 0 A0y0 0 77 6pL KLV750 6 00 9 Z7)

Vw V0 9 of 77ap6
’

XOV7 6 9 80 0 K 0A0
'

a 9 7 029

77p<I1 7 0 9 106V 0 77 6pL 7 0 0 511 75KLV6 00 9a 0 800 7 0 77p0 7 6p0V

6 09 7 0 7551. 00 v 86 LV a 960K 6 0 9a 0 7 0 06p0p 6 V0V 75 77p09

7 0 7 6A0 9 , 77 6pL 0 1
3

806 0A01L6 V 6 V 7 0 09 77p07 6p0V

Aoy0 L9 .

1 Zeller would bracket 75 KLV6
’

L
‘

7 aL, and heis followed by
Ross, but not, it seems to me, w ith sufficient reason . Diels,
followed by Lee, has theunnecessary addition of 0 1386v 86

KLvet-raL after thesewords . T hepassageas it stands is

sat isfactor ily expla ined by Brochard (Etudes dephilosophie
an cienneet dephilosophiemodeme, p. 6 ) and by Heath

i .

a Zeno of E lea , who is represented by Plato (Parm. 127 B)
as about forty when Socrates was a very young man

(say in 4 50 w as a d isc ipleof Parmen ides . T heobject
of h is four arguments on motion , herereproduced from
Aristotle, was to show that thereject ion of Parmen ides ’

doctrineof theun ity of being led to self- contradictory results.
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Ar istotle, P hysics Z 9 , 239 b 5— 240 a 1 8

ZENo
’

s argumen t is fallacious ; for , he says , if
everything is either at rest or in motion when it

occupies a space equal to itself, while the obj ect
moved is always in the instan t , the moving arrow is

unmoved . But thi s is false ; for time is not made up
of indivisible instants, any more than is any other
magnitude .
Zen o has four arguments about motion which

present difficulties to those who try to resolve them .

The first is that which says there is nomotion because
the obj ect moved must arrive at the middle before
it arrives at the end,b concern ing which we have
already treated .

A vast literaturehas grown round thesearguments , but the
student w ill find most help in W . D . Ross, Aristotle’s Physics ,
pp. 6 55 - 6 6 6 , H . D . P . Lee, Zeno of E lea , and Heath, H .G .M.

i . 27 1 - 283 .

D Not only has it to pass through thehalf-w ay point , but
through half of theremain ing half, and so on to infin ity.

If a is thelength of thecoursemeasured from thegoal ,
then themoving object beforeit reaches its goal has to pass

a a a

2
’

22
’

23

ser ies which cannot beenumerated. Ar istotle’s answer is
that themov ing object has indeed to pass through an infin ite
number of posit ions, but in a fin itet imeit has an infin ite
number of instants in which to do so.

through thepoints and so on through an infin ite
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’
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A
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I A A I
¢ 6p6 0 8 6 V 7 a) 8La Lp6 LV 1075 8a 7 0 wpooAapflavoI

p6
'

y6 90 9 . 7 0 1L6V 0 13V p75 Ka7 aAapBaV6 0 9aLI
7 0 Bpa8v

'

7 6p0V 0 v51058653751< 6 v 7 0 0 Adyov, yLyV6 7 aLA I
86 77apd. 7 a 137 o 7 35 80x0 7 0p0

'

g. (6
’

V ap050 7 6p0 09 yap

“Ba iveL p75q LKV6
'

L
‘

0 9aL 77p09 7 0 776pa 9 8La 0p0v

T hepassagebetween theasterisks, to which Ar istotle
refers thereader, is Phys. Z 2 , 233 a 921 - 3 1 and is reproduced
herefor conven ience.

Ar istotle’s argument is correct. T heAchilles is a more
general form of theD ichotomy . If thespeed of Achilles is
71 t imes that of thetorto ise(welearn from T hemistius
and S implic ius that thetortoisewas theobject pursued),
and thetortoisestarts a un it ahead, then when Achilles
has reached thepo int wherethetortoisesta rted the
36 8
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Achilles overtakes thetortoisewhen hehas travelled a

d istance l + i + -

1
ad inf.

n n

T his is a convergent ser ies whosesum is
n i

l

1
. T heancients

did not know how to sum an infin iteser ies, but they knew
that Achilles would catch thetortoiseand that theproblem
solvitur ambu lando.

Lachelier (Revuedeme
’

taphysiqueet demora le, xv i i i . , pp.

34 6 - 34 7) and Ross expla in that 61 1 70 7 06 1060 0 11 means from
theturn ing po int in thedoublecourseor T herace
was from theT éAOS‘ to the“60 0V and back again to the
On this interpretation it is ossibleto translateeasily and

naturally . Gaye, theOxfordtranslators and Lee, who do
not accept this interpretat ion , but believe7 0 péaov to refer
370
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concluded that the goal will not bereached but in

this a dramatic effect is produced by saying that not
even the swiftest will be successful in its pursuit of
the slowest) and so the solution must necessarily be
the same . The claim that the one in front is not
overtaken is fals e for when in front he is not indeed
overtaken , but he will nevertheless be overtaken if he
give his pursuer a finite distan ce to go through .

“

These aretwo of the arguments, and the third is
the one just mentioned, that the flying arrow is at

rest . Th is conclusion follows from the assumption
that time is composed of instants for if this is not
granted the reasoning does not follow.

The fourth is that about the two rows of equal bodies
moving past each other in the stadium with equal
velocities in opposite directions , the one row starting
from the end of the stadium , the other from the
middle ? This , he thinks , leads to the conclusion
that half a given time is equal to its double . The

to themiddleof theA s, areforced to paraphrase

onerow or iginally stretching from thegoal to themiddle
po in t of thestadium, theother from themiddle- po in t to
thesta rt ing-

post.
”

Ross has to admit that 7 0 11 60 0 1: is

apparently not used elsewhereof themiddle- poin t of the
but her ightly emphasizes theunnaturalness of

any other in terpretation .
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1 B del. Ross.

T hereseems l ittledoubt that initially therows of bodies
weresymmetrically arranged in thefollow ing way (wew ill
assumehalf a dozen ofeach for conven ience)
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6Ka0 7 0V . a 10a 86 0 v a 0V6 0 7 0 77pw 7 0V B
l
77apd

7rav7 a 7 a F 77ap6A75Av96 vaL apa yap 6 0 7 aL 7 0

77pw 7 0V F K a i 7 0 77pw 7 0V B 6770 7 0 09 6vaV7 00 L9

60xa7 0 09 , [L0 0V XpOVOV 77ap 6 Ka 0 7 0V yLyV0p6 V0V
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"
0 0 0V 7rep 7 01 V A, 01 9 80a 7 0 apgbo

7 6pa L0 OV XpOVOV 77apd 7 a A yLyV6 0 9aL. o p. 6v
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3
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GZPTHLéI/OV

both cases, hegets h is paradox, that half a g iven timeis
equal to thewhole. Heneglects thefact that therelative
motion of I

‘
to B is tw iceas great as therelativemot ion of

B to A. If this is bornein mind, theparadox d isappears.

In order to support h is interpretation Ross omits 7 0. B from
thetext . thereis a r ival read ing 7 0. A and Ross suggests ,
w ith reason , that they areboth glosses.
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each takes an equal th ein passing each body . And

it follows that at the same momen t the first B has

passed allthe F s for the first I
‘
and the first B will be

simultaneously at opposite ends [of the As] , since
both take an equal time in passing the A 5 . Such is
his argument , and it comes about from the afore
mention ed fallacy .

1 T hevulgatehas 7 00 B , but it would beincorrect to say
all theB 5 have. passed all theP S. Onemanuscr ipt has 7 0

a B, which would bea correct way of writing 7 0 77p037 ov B ,

and Ross accordingly adopts this.

2 '

L
'
0 0V (15770 0V. T hesewordsw ill not stand interpretation

and Ross omits them as a gloss in themarg in on 00 0V yap
6Kd7 6p<3v 607 0V 7rap

’

6Ka0 7 0V which found its way into the
text at thewrong place.

375





https://www.forgottenbooks.com/join


XI. THEAETETUS

(00) GENERAL

Suidas, (96 007 7 7 09

9 6 a 0
'
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37 0 9 86 7 00 776V7 6 K aA0 135ueva 0 7 6ped. 6
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ypa 1/1 6 .

y 6
'

y0V6 86 106 7 00 7 0. H6AO770VV750 0aKd.

(6) T HE FIVE REGULAR SOLIDS

Schol . i . in Eucl. E lem. xiii. , Bucl.ed. Heiberg v. 6 54

,

E
I A

A
I I A I I

V 7
0
mg) 7 05) BfflLa) , 7 OU7 6

0
7 0 7 0) Ly ypa966 7a

0A
7 a Aeyopeva HAa7 wV09 6 0x75t0a7 a , a av7 ou {L6 11
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Ka L 7 0 8w86 Ka 6 8p0V, ® 6 a 07 757 0v 86 7 0 7 6 0K 7 a 6 8p0 V
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77 6pL a 137 wV.

T heaetetus lived about 4 15—369 Heis thesubject of
a d issertation DeT heaeteto A then iensi by Eva Sachs (Berlin,



XI. THEAETETUS

(17) GENERAL

Suidas, T heaetetus

THEAET E T US, an Athenian , astronomer, philosopher,
a pupil of Socrates , taught in Heraclea . Hew as the
first to describe b the fivesolids so - called. H e lived
after the Peloponnesian wars .

(6) T HE FIVE REGULAR SOLIDS

Euclid, E lemen ts xli i . , Scholium i Eucl.
ed . Heiberg v. 6 54

In this book , that is , the thirteenth , aredescribed
the fivePlaton ic figures , which arehowever not his,
three of the aforesaid fivefigures being dueto the
Pythagoreans ,c n amely , the cube , the pyramid and

the dodecahedron , while the octahedron and icosa

hedron aredueto Theaetetus . T hey received the
name Platonic because he discourses in the T imaeus
about them .

b Possibly construct.
For therelation of thePythagoreans to thefiveregular

solids, seesupra , pp. 9 1 6 —225 . T heaetetus was probably the
first to construct all fivetheoret ically ; thePythagoreans
could not havedonethat. For a full discussion , seeEva
Sachs, Diefunf P latonischen Ifo

’

rper.
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(0) T HE IRRAT IONAL

Schol. lxu. in Eucl. E lem. x . , Eucl. ed. Heiberg
V . 4 50. 1 6 - 1 8
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6 776 L877 a 776 Lp0L 7 0 nhfiOog aL 8vvau6 L9 6 gbaLV0V7 0 ,
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'
0 0p. 6 V 7 09 8vvoip6 Lg .

1
(inocbaivwv secl. Burnet.

T heenunciation is : T hesquares on straight lines
commensurablein length haveto oneanother theratio which a
squarenumber has to a squarenumber and squares which
haveto oneanother theratio which a squarenumber has to a

squarenumber will a lso havetheir sides commensurablein
length . But thesquares on straight lines incommensurable
in length havenot to oneanother theratio which a square
number has to a squarenumber and squares which havenot
tooneanother theratio wh ich a squarenumber has to a square
number will not havetheir sides commensurablein length
either.

b T heodorus of Cyrene, claimed by Iamblichus ( Vit.
Pythag .

.

36 ) as a Pythagorean and sa id to havebeen Plato ’

s

teacher In mathematics (Diog . Laert. ii.
Several conjectures havebeen put forward to explain
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a It is not ossib leto g ivethefull forceof theGreek as

bvvcipa g, wh ic literally means ‘‘

,powers has to betrans
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THEAETET US

SOCRAT ES. And did you find such a class
THEART . I think we did but seeif you agree.
Soc . Speak on .

T HEAE T . We divided all numbers into two classes .

T heone, consisting of numbers which can be repre
sented as the product of equal factors , we likened in
shape to the square and called them square and equi
lateral numbers .

Soc . And properly so.

T HEAE T . The numbers between these , among which
arethree and fiveand all that cannot be represented
as the product of equal factors, but only as theproduct
of a greater by a less or a less by a greater , and are
therefore contained by greater and less sides, we
liken ed to oblong shape and called oblong numbers.

Soc . Excellent . And what after this
T HEAE T . Such lines as form the sides of equilateral

plan e numbers we called lengths, and such as form the
oblong numbers we called roots , because they arenot
commensurable with the others in length , but on ly
with the plane areas which they have the power to
form .

“ And similarly in the case of solids .

lated roots to conform with mathematical usage.
Suvdpa s

‘

, it will benot iced, areherelimited to thesquare
roots of oblong numbers, and arethereforealways ia

commensurable.
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XII. PLATO

(a) GENERAL
T zetzes, Chil. vii i . 972—973

IIp0 npodv
'

pwv v a 137 0 17 ypofL/La9 infipxe
Hhcirww

I I IM7786 L9 ayewp 6 7pn7 0 9 6 L0 L7 w y ou 7 77V 0 7 6mm

Plut. Quaes. Conv. vii i. Q. 1

A
E tc 86 7 0 157 0v y 6 V0p 6

’

V779 awn -

7779 , n dALV 0 Am
I

A
I )

I A
I

y 6 VLaV09 apfau6 V0 9 fiov 6 0 6 77 6 V, 6 7T 6 L oy0L

776pL 96 a mye'yova oLV, 6V 7 OL9 Il harwvog y6 V6 9/\L
'

0 L9

a 137 0V II/\d7 wva KOLVLoV0V n apahdfiwuev, 677L
I I I 3 I

0 K 6 1/Lap6 V0 L 7 Lva hafiwv v pnyv a 776 <pvyva7 a 6 L

yewu6 7 p6
'

iv 7 0V 96ov ; 6 L ye877 96 7 6 0V elvaL 7 7)V

a n ocpavoLV 7 av7 77V Ilharwvog . 6p.ov 86 7 nu7

6 L770 V7 0 9 039 y6ypa 777 aL p61! 6V 0 1386 VL 0 0 951339
‘
T OJ V

I I V I f
6 K 6 1V0v BLBt V, 6 X6 L 86 7rLa 7 LV LKaV77V Ka L 7 ou

Hhae LKov xapaK7fip09 60 7 LV
E0909 buohafia

‘

w 0 T vV8ap779 oi
'

6 L yap, 6 l7r6 v,

ob ALoy6 VLaV6, 7 <1 ) V 7T €pt T T wV 7 L Ka i 8v0 96 wp7§7 wv
a iVi7 7 6 0 9a L 7 0V Aoyov, 0 13X g7rep a 137 0s 6 ip77K6 Ka t

A
y6ypa¢ 6 n ohhoba g , 13

,
11 v yewu6 7 piav, 039 a 770

For Proclus
’

s not iceof Plato , seesupra , p. 1 50, and for
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XII. PLATO

(0) GENERAL

T zetzes , Book of Histories viii. 972- 973

OVER his fron t doors Plato wrote Let no one
unversed in geometry come under my roof.

” b

Plu tarch, Convic ial Questions v i i i . 2 . 1

Diogenianus broke the silen ce which followed this
discussion by saying Since our discourse is about
the gods , shall we make Plato share in it , especially as
it is his birthday , and inquire what he meant when
he said that God is for ever playing the geometer
if this saying is really Plato ’

s I said that this
saying is not plainly written in any of his works , but
it is a credible saying and is of a Platonic character .
Thereupon T yndares took up the discussion and

said Do you think , Diogenianus, that this saying
implies some subtle and recondite speculations, and
not what he has so often mentioned, when he praises

thepseudo- Platon ic instrument for finding two mean pro
portionals, supra , pp. 262—26 7 . T hemathemat ics in Plato is
thesubject of dissertations by C . Blass (DeP la tonemathe
matico, Bonn , 1 86 1 ) and Seth Demel (P latons Verha ltnis
zur Ma thema tik, Leipz ig,b J ohannes T zetzes, theByzan tinepedant who lived in
thetwelfth cen tury A .D . , is not thebest of author it ies , so this
charming story must beaccepted w ith caution . T hedoors
arepresumably thoseof theAcademy.
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T heplay on thewords dAo’yov, LiVLi/\oyov cannot berepro
duced in English, but wemay compensateourselves by
play ing on thewords means, ” “ mean proport ionals.

”
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PLATO

surprise . The result was that some of them scoffed
at the thing , while others found great fault with it .

(b) PHILOSOPHY OF MAT HEMAT ICS
Plato, Republic vi. 5 10 c- E

I think you know that those who deal with geo
metrics and calculations and such matters take for
gran ted the odd and the even , figures, three kinds of
angles and other things cognate to these in each field
of inqui ry assuming these things to be known , they
make them hypotheses, and henceforth regard it as

unnecessary to give any explanation of them either
to themselves or to others , treating them as if they
were manifest to all ; setting out from these hypo
theses, they go at once through the remainder of the
argument until they arrive with perfect consistency
at the goal to which their inquiry was directed.

Yes, he said, I am aware of that .
Therefore I think you also know that although

they usevisible figures and argue about them , they
arenot thinking about these figures but of those
things which the figures represent ; thus it is the
square in itself and the diameter in itself which are
the matter of their argum en ts , not that which they
drfi v simi larly, when they model or draw obj ects ,
which may themselves have images in shadows or in
water , they usethem in turn as images, endeavouring
to seethose absolute Objects which cannot be seen
otherwise than by thought.

Plato, Epistlevn. 34 2 A—343 B

For everything that exists there arethree things
through which knowledge about it must come the
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PLATO

who transposethem and usethem in the opposite
Way will find them no less stable than they arenow.

Aristotle, Metaphysics A 5, 987 b 1 4 - 1 8

Again, he[Plato] said that besides perceptible
Obj ects and forms there arethe obj ects of mathe
matics, which occupy an intermediate position they
differ from perceptible obj ects in being eternal and
unchangeable , and from forms in that there aremany
alike , while the form itself is in each case unique .

(0) T HE DIORISMOS IN T HE MENO

Plato, Meno 86 E - 87 n

I mean by way of hypothesis what the geo
meters often envisage when they areasked, for
example , as regards a given area, whether this area
can be inscribed in theform of a triangle in a given
circle . T heanswer might be , I do not know
whether this is so, but I think Ihave , if Imay so put

it , a useful hypothesis. If th is area is such that
when applied [as a rectangle] to the given straight
line a in the circle it is deficient by a figure [rectangle]
similar to that which is applied, then one result seems
to me to follow, whileanother result follows if what
I havedescribed is not possible . Accordingly , by
laying down a hypothesis I am willing to tell you

T hegiven straight line can only bethediameter.
T heapplication Of areas so as to bedeficient in a given
way isexplained above, pp. 1 86 - 187.
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If AB is thediameter of a circleof centre0 , and E is

a po int on thecircumference, and therectangles ACEF,

FBDE arecompleted, and thechords EFG , AG aredrawn ,

then therectangleACEF is applied to thestraight line
AB and

“ falls short by therectangleFBDE which is
s imilar to the applied rectangle, for AF : FE =EF FB .

Moreover AEG is an isosceles triangleequal in area to the
rec tangleACEF.

In order, therefore, to inscribein thecirclean isosceles
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(d) T m: NUPT IAL NUMBER
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T hepassageis included herebecauseof several interest
ing po ints for thehistory of G reek mathemat ics . Plato’

s

languageis so fanc ifully phrased that a completely satis
factory solution is difiicult to get. T heliteraturewhich has
grown round this nupt ial number is vast , but themost
sat isfy ing d iscussions arethoseby Adam, T heRepublic of
P lato i i . , pp. 204 - 208 , 26 4 - 3 12 , and A . G . La ird , P lato

’

s Geo
metrical Number and theCommen t of Proclus .

b v aorevo'peva t is a dwaf Aeyoye
’

vov, and its meaning is
uncerta in . A straight lineis sa id Bu’vaoOa t (

“

to becapable
of

”
) an area when thesquareon it is equal to thearea .

HenceSuvaae
’

v
-

q should mean thesideof a square, as it does
in Eucl. x . Def. 4 . 3vva0 7 6 v0pe

'

vn is a k ind Of passiveof
Sw apé mean ing presumably that of which theSw ape

'

vq
is capa le, and so could mean thesquareitself. It is
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PLATO

(d) T HE NUPT IAL NUMBER

Plato, Republic viii. 54 6 B - D

The divine race has a cycle comprehended by a

perfect number , but the number of the human race ’

s

cycle is the first in whi ch root and square increases?
forming three’

in tervals and four terms of elemen ts
that make like and unlike and wax and wane , show
all things agreeable and rational towards one another.
The base of these things, the four- three j oined with
five, when thrice increased furnishes two harmonies ,
the one a square , so many times a hundred, the other
a rectangle , one of its sides being a hundred of the
numbers from the rational diameters of five, each
diminished by one (or a hundred of the numbers from
the irrational diameters of five, each diminished by
two) , the other side being a hundred of the cubes of
three .

"

temerar ious to try and get a precisemean ing out of azifriaecs
duvdpe'vaf 7

'

s Kai Suvaofevoaeva t , and perhaps weShould
not inqu iretoo closely in to what is moremystical than
mathemat ical. Laird thinks it means if a squareisequal
to a rec tangle.

T hechief mathematical interest of thepassagelies in
thepart most easy to dec ipher, that about thetwo har

mon ies .

”
T he irrational d iameter of five is thed iagonal

of a sideof square5 , Le. 50. T he rat ional d iameter
of fiveis thenearest in teger to the“

irrational diameter,
i.e. — l T he number ” from the“ rational ” or
“ irrat ional d iameter is thesquare. A hundred of the
numbers from therational d iameter of five,each dimin ished
by one is therefore1 00 x (4 9 and thesame
number isexpressed as a hundred of thenumbers from the
irrat ional d iameter of five, each dimin ished by two,

”
for

this is 100 x (50 Q)=4 800. T his number g ives onesideof
theoblong and theother is a hundred of thecubes of

three, or 100 x 27=2700. T herectangleof which these
399
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(e) GENERAT ION or NUMBERS

Plat. Epin . 990 0—99 1 8

Q I I V I I

Am yafinparwv 86 0V av ear T O 86 ue'yw '
rov Te

Ka i wpw rov Ka i cipt9ju<13v a ti‘rciiv, 0 13 oaSpa
'
ra

exow wv, aAAa 67177; 7 779 rov wepw '
rov TeKai apfl

'

ov

yeve
’

oecé g
”
7 6 Ka l Suvapews‘, 0 0 1711 wape

'

xe‘ra t 77p0 9

T 7)V 7 c ow wv q
'

aw . 7 av7 a 86 pafiovn T orif ow
eqSeffig eon v O Kao ot pev ogboSpa ye'

Eov ovoy a

yewuerpt
'

av, v OUK ow wv 86 0 11.0 v dMnAocg
q oeL aptdjuwv ouoc

’

wo tg 77p09 mv v em ‘
ne'Swv

y ocpav ye'yovvta eon Stagbavng o 31 ) Havpa OUK

avflpwmvov aMd yeyovog 96 20 1) gfiavepov av y t
'

yvow o

7 c?) v aue
'

vw ovvvoew . 11.e86 T am-

7)v 7 0v9 T pig

aresides is therefore4 800 x 2700= 1 2 and this is
36003, which is theother harmony
T hese rational ” and irrat ional diameters area clear
referenceto the s ide and d iameter numbers of the
Pythagoreans, for which seesupra , pp. 1 32 139 .

T here15 fa irly w idespread a

g
reement that thegeometrical

number is 12 000 : 3600 4 800 x 2700, but on the
method by which this number is reached thew idest d iver
genceex is ts . Hultsch and Adam supposethat tw o numbers
areobta ined, onein thefirst sentencedown to the
other in therema inder of thepassage. Both
agreethat thefirst number is 2 1 6 , but Hultsch obta ins it as
23 x 33 and Adam as 53. Hultsch then takes the
four- th reejoined w ith a five to mean which
is then multiplied by three(rpis aq fiez’s), g ivin 36 , and

as this has to betaken “

so many times a hundre weget
3600 as thesideof thesquarewhich 13 oneof theharmon ies ,”
and thereforethefinal number 18 Adam takes the
four- threejoined w ith a five to be3 x 4 x 5 : 60, and ‘rpis
uva a

’

g to mean multiplied by itself threetimes (i.e. ra ised
to thefourth power, which g ives us immediately 6 0‘
La ird , on theother hand. believes thereis only onenumber
400
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avve'fin 7 6 refluid/Mow Ka ie’rrirpw ow 7 0 15e afircfw

T heseareprobabl cubes of integers.

T hesewill benummhers wi th irrational cuberoots .

What has been said about lines ln theplaneapplies also
to lines in threed imensions. Numbers incommensurable
witheach other, such as l and aremadelikewhen one
is represented as thesideof a un it cubeand theother as the
sideof a cubetwiceas great. Weknow that this problem
of doubling thecubewas brought to Plato’

s notice
P

g?
“ ra,

pp. 258 T hepast tensesuggests that Plato in

mind certa in defin ite wpom vxeig who coined theword

gg
eouerpia thePythagoreans, T heaetetus, Democritus
Eudoxus had all advanced thesc ience.

4 What follows cannot betranslated literally, and it is

morethan l ikely th at thetext is corrupt, or that it has
reached us un revised from Plato’

3 first draft. But the
general senseis clear . Successivemultiplication of 1 by 2
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thrice increased and like to the solid nature ,“ and

those again which have been made un lik e } he likens
by another art , n amely , that which its adepts called
stereometry c

and a divin e and marvellous thing it
is to those who contemplate it and reflect how the
whole of nature is impressed with species and kind
according to each proportion as power and its con
verse con tinually turn about the double .

“ First the
double operates on the number 1 by simple multiplica
tion so as to give 2 , and a second double yields the
square by further doubling we reach the solid and

tangible , the process having gone from 1 to 8 . Then
comes the application of the double to give the mean
which is as much greater than the less as it is less than
the greater , and the other mean is that wh ich exceeds
and is exceeded by the same part of the extremes
between 6 and 1 2 come both the sesquialter [9] and
the sesquitertias [8] turning between these two , to
g ives theseries 1 , 2 , 4 , 8, which represent a point, a line, a
squareand a cube. T his is a ser ies in geometr ic progression ,

2 being a geometr ical mean between 1 and 4 , and 4 a geo
metr ical mean between 2 and 8 . T w o other means were
known to thePythagoreans (supra , pp. 1 10- 1 15) -and the
wholepassageis thorough ly Pythagorean—u thear ithmet ic
and theharmon ic . T hea r ithmet ic mean is equ idistant
between thetwo terms ; theharmon ic exceeds oneterm,

and is exceeded by theother, by thesamefraction ofeach
term. T hus thear ithmet ic mean between 1 and 2 is and

2

theharmon ic mean is$4 ; clearing of fractions, thearithmetic
mean between 6 and 12 is 9 and theharmon ic mean 8 .

Power and its converse— 1§ 86 1/ants Kai. 7) £5 e
’

vaw r
’

ag

ratif y
— I taketo mean number and its rec iprocal

”
; we

haveto multiply by 2 to get theser ies 1 , 2 , 4 , 8 and then

take of 6 1 2 to get thearithmetic mean .
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ev 7 L?) pe
’

ow err apafiorepa arpecfiope
'

m) T OLS‘ avfipw

77mg o vjucpwvov xpeLav Ka L avupe'rpov aneveiparo
wa LSLa g pvfiuov reKa t apy ow a g xav , € 138a Lp.om

xopeia Movo ciiv OGOOHéVT]

T hereferenceto thecho ir of theMuses makes it clear,
in my opin ion , that thenumber 9 is referred to , though the
construction of thesentencedoes not necessarily involveit.
So
952 .

R. M. Lamb in theLoeb version of theEpinomis ,
p.

b T hewholepassageshould becompared w ith T imaeus,
35 3— 36 B (seeR. G . Bury ’

s notesm theLoeb vers ion , pp. 6 6

7 1 , or A. E . T aylor, A
y
Commen tary on P lato

’

s T imaeus ,
pp. 1 36 T herePlato writes down theseries l , 2 , 4 , S and
1 , 3 , 9 , 27, and then fills up theintervals between these
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XIII. EUDOXUS OF CNIDOS

(a) THEORY OF PROPORT ION

Schol. i . in Eucl. E lem. v. , Eucl. ed. Heiberg v. 280. 1 - 9

A I I A
EKOWOS T a) 77 6

,
11 7?efiLfiALa) 776pL avaAoyv 8La

Aafiei
’

v . T O 83. BLBAL
'

OV E 1386§ov fi ves efipeow
eivaLAéyovm rov HAOfrwvog 3L5aOKd/\ov .

(6) VOLUME OF CONE AND PYRAMID

Arch im. DeSphaera et Cyl. i. , Pref. , Arch im. ed. Heiberg
i. 4 . 2 - 13
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'

rpa Lg TeHGwm e
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yeyevnpe
’

vwv oifv Aoyov yewuerpwv ovve'fiaLvev
137m wavrwv oiyvoeL0 9aL 11 17 13g!) evos KaravondijvaL

(0) THEORY OF CONCENT RIC SPHERES

Aristot. Met. A b 1 7- 32

131380 150 9 ju
’

ev ovv 17/\L
'
ov KaL aehnvng eKare

'

pov

mv cfiopdv ev rpLOLv eivaL O
'

cfia L
'

pa tg, mv

mv
,uev npwrnv 7 17V rwv arrhavw v ampwv si

vaL, rfiv 86 Sevre
'

pav Kard. rov 8L6. uéowv rmv Cw:
3L
'

wv, rvjv 86 rpL
'

rnv Kara rov Aehofwue
’

vov eu rw

In h isprefaceto theMethod(seesupra ,p. 230)Archimedes
says th at Democritusenunc iated thesetheorems, but without
proof. It may safely beinferred from Archimedes ’

preface
to theQuadratureof theParabola (Arch im. ed. Heiberg Ii.
26 4 . 9 - 22) that Eudoxus used for theproof a lemmaequiva
lent to Euclid x . 1 (infra , pp. 4 52 and that thecredit
belongs to h im for hav ing madetheexhaustion of an area
by means of inscr ibed polygons a regular method in G reek
geometry ; to someextent hehad been preceded by Antiphon
and Hippocrates.

Wearetold by S implic ius, on theauthor ity ofEudemus,
that Plato set astronomers theproblem of finding what are
theun iform and ordered movements which w ill “

savethe
phenomena ”

of theplanetary motions, and that Eudoxus
was thefirst of theG reeks to concern himself with hypotheses
Of this sort. Eudoxus believed that themotion of thesun ,
moon and planets could beaccoun ted for by a comb ination
of c ircular movemen ts, a v iew which rema ined unchallenged
till Kepler. T o account for themotion of thesun and
moon heneeded to useonly threeconcentric spheres , but the
mot ion of theplanets requ ired in each casefour concen tric
Spheres, thecommon cen trebeing thecentreof theearth .

T hespheres wereof d ifferent s izes , oneenclosing theother.

Each planet was attached to a po in t on theequator of the
innermost sphere, so that by themot ion of this Spherealone
theplanet would descr ibea c ircle. But thepoles of this
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they were in fact unknown to the many competent
geometers who lived before Eudoxus and had not.

been noticed by anyone .

“

(0) THEORY OF CONCENT RIC SPHEREs

Aristotle, Metaphysics A s, 1073 b 17- 32

Eudoxus assumed that the motion both of the sun
and of the moon takes place on three spheres } of
which the first is that of the fixed stars, the second
moves about the circle whichpasses through the middle
of the signs of the zodiac, and the third moves about

Spherewerenot fixed, themselves moving on a larger sphere
rotating abou t two diiierent poles. T hepoles of this second
Spheresimilarly lay on a third larger spheremoving about
a d ifferent set of poles, and thepoles Of thethird sphereon
yet a fourth, moving about another set of poles. Each
Sphererotated un iformly, but its Speed was peculiar to
itself. For thesun and moon only threespheres were
needed, thetwo largest being thesameas for theplanets
T heoutermost circle(which comes fi rst in thedescr iption
by Ar istotleand S implic ius) , mov ing from east to west in
twenty f- our hours, reproduces thedaily motion of thefixed
stars. T hesecond moves from west to east about an axis
perpendicular to theplaneof thezodiac circle(eclipt ic), its
equator accordingly revolving In theplaneof thezodiac.
T hesubjec t belongs as much to G reek astronomy as to

G reek mathematics, and for fuller information thereader '

13

referred to theclassic paper of Schiaparelli , Lesfere
omocen trichedi Endosso, di Ca llippoediAristotele(Milan ,

to theworks of Sir T homas Heath (Aristarchus of
Samos , pp. 1 93 - 224 , Greek Astronomy, pp. 6 5 70, H.G.M.

329 and toW . D . Ross, Aristotle’s Metaphysics, vol. ii.
pp. 384 394 . But Eudoxus ’

3 system of concentr ic rotating
spheres is a geometr ical tour deforceof thehighest order,
and must find somenoticehere. In all the

8
history of

sc iencetherearefew hypotheses that bear so unmistakably
thestamp of genius.
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7 <1)V Ccy3iwv (6v y a
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'
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(popdv Ka 7 3. rdv A6Ao5wp6

'
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'

ov9 , 7 0 139 36 7 179 Ka i 7 0 13
’

Eppo 13 7 0 139 a 137 o139 .

Simpl. in Decaelo 1 1 . 1 2 (Aristot. 293 a ed. Heiberg
4 96 . 23—4 97. 5

’

H 36 7pL
'
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’

pa 7 0 139 776/\ov9 6xovO
'

a 6r7i 7 0 13
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°

0 13 71 711) a 13r1)
“OI/ T ] ooov yap 6m 7 av7 1) Ka L 7rpO9 7 0 139 n ohovs‘

7 ou 3Ld peowv rwv 511 13v 17K 6 v av <3 a ar 1)p Ka L
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’
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’

pa 77 6pi 7 0 139 7 0 13 130 7 6730 9
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’
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a 7 37
7pL

'

7 3) Oin
’

Oivaro/\L
'

13v 677i 3vo
,
uas‘ Ka i 6v imp xpdvq)

1
7 0 13 7 0 13 Heiberg.

i .e. thee
q}
uator of thethird sphere.

b i .a. enus and Mercury .
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A
7 1)v O7 pog67)v a 137 w v n ov e’m) 7 13 7 6 677i. whe'ov
Q I I I I

vrrepfiaMeLv 7 ov 3La [.LGO
'

CUV 7mv Cm31wv n apaL7 1)
0 6 7 a L K a i 7 1)v heyopévnv 137713 Efi3d5ov in n on 6

'

31)vA
776pL 7 Ov a 137 <3v rovrovi K I

I

KAOV 7 a) (3.0 7 6
'

pL ypa
'

cpa vA
77ap6

'

56 7 aL, (230 7 6 , dmioov 7 o ypappns
‘

ra 1ir1) 9
I A 3

nAa 7 O9 , 7 ooov7 0v K a i d a a7 r)p eig n hd7 0 9 3656 L
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’

yKaAO1
'

JOL 7 L?)

t .e. by theplanet.
i .e. horse- fetter .
Schiaparelli works out in deta il themotion of a planet

subject only to therotations of thethird and fourth spheres.

T heproblem in its simplest expression , hesays, is this

‘

A Sphererotates un iformly about thefixed d iameter AB .

P, P
’

areoppos itepoles on this sphere, and a second sphere
concen tr ic W Ith thefirst rotates un iformly about PP ’

in the
sametuneas theformer spheretakes to turn about AB , but

in theoppos ited irect ion . M is a poin t on thesecond sphere
equ id istan t from thepoles P, P

’

(that is to say , M is a poin t
on theequato r of thesecond sphere) . It is requ ired to find

thepath of M.

”
Schiaparelli found a solut ion by means of

seven geometrical pro ositions which Eudoxus could have
known , and heprove that thepath descr ibed by M was

l ikea figure- of—eight on thesurfaceOf thesphere(see
second figure). T his curve, which Schiaparelli called a
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period, will preven t any excessive deviation
“ from

the circle through the middle of the signs of the
zodiac , and will constrain the plan et to describe
about the same zodiac circle the curve called by
Eudoxus the hippopede} so that the breadth of this
curve measures the apparent latitudinal motion of
the planet , a View for which Eudoxus has been
attacked.

“

spherical lemn iscate, agrees w ith Eudoxus’

s description
of it as a hippopede(horse- fetter) . It is theintersect ion of

thespherew ith a certa in cylinder touching i t internally at

thedoublepoint 0 , namely, a cy linder w ith d iameterequal
to AS , thesagitta of thediameter of thesmall circleof the
sphereon which P revolves.

For theproof of thesestatemen ts thereader must be
referred to Schiaparelli ’s paper . An analyt ical expression
is g iven by Norbert Herz in Geschichteder B ahnbestimmung
von P laneten und K ometen , Part i. , pp. 20, 2 1 , and reproduced

(byHI
eath , Aristarchus of Samos , pp. 204 - 205 , w ith further

eta '

s.

Summing up, Heath says (Aristarchus of Samos , p. 2 1 1 )
For thesun and moon thehypothesis of Eudoxus sufficed

to expla in adequately enough theprinc ipal phenomena,
except theirregular ities dueto theeccen tr ic ities, which were
either unknown to Eudoxus or neglected by h im. For

J upiter and Saturn , and to someexten t for Mercury also,

thesystem was capableof g iv ing on thewholea satisfactory
explanation of thei r mot ion in long itude, their stationary
po in ts and their retrogrademot ions ; for Venus it was
unsatisfactory, and it failed altogether in thecaseof Mars.

T helimits of motion in lat ituderepresented by thevar ious
hippopedes werein tolerableagreemen t w ith Observed facts,
although theper iods of their dev iat ions and their places
in thecyclewerequ itewrong . But , notwithstanding the
imperfections of thesystem of homocen tr ic spheres , we
cannot but recogn izein it a speculat iveachievemen t which
was worthy of thegreat reputat ion of Eudoxus and all the
moredeserv ing of admirat ion becauseit w as thefirst attempt
at a sc ientific explanation of theapparent i rregular it ies of

themotions of theplanets.

”
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XIV. ARISTOTLE

(a) FIRST PRINCIPLES

Aristot. Anal. P ost. i . 10, 76 a 30—77 a 2
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yap 770 070 6 “ fal l) “77 Ka7 a WGVT CDV

Aristotleinterspersed h is writings w ith illustrations from
mathemat ics, and as helived just beforeEuclId hethrows
valuablel ight on thetransformat ion which Euclid effec ted .

A largenumber of themathematical passages in Ar istotle
’

s

works aretranslated ,
W Itli valuablenotes , in Sir T homas

Hea th ’

s posthumous book Ala tliema tics in Aristotle.
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XIV. ARISTOTLE

(a) FIRST PRINCIPLES

Aristotle, Posterior Analytics i . 10, 76 a 30—77 a 2

I MEAN by the first prin ciples in every genus those
elements whose existen ce cannot be proved. The
meaning both of these primary elements and of those
deduced from them is assumed ; in the case of first
principles, their existence is also assumed, but in

thecase of the others deduced from them it has to
be proved. Examples aregiven by the unit, the
straight and triangular ; for we must assume the
existence of the unit and magnitude , but in the case
of the others it has to be proved.

Of the first principles used in the demonstrative
sciences some arepeculiar to each science , and some
arecommon , but common only by analogy , inasmuch
as they areuseful only in so far as they fall within the
genus coming under the science in question .

Examples of peculiar first principles aregiven by
the definition s of the line and the straight ; common
first principles aresuch as that , when equals are
taken from equals, the remainders areequal . Only
so much of these common first principles is needed as

falls within the genus in question ; for such a first
principle will have the same force even though not
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Euclid does not defineKexAcioBaL to beinflected , or

vev’eLv, to verge. ” For an exampleof inflection ,

”
see

supra , pp. 358- 359 , and of verg ing,” supra pp. 242- 24 5 .
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hypothesis nor postulate . For demonstration is a

matter not of external discourse but of meditation
within the soul , since syllogism is such a matter.
And obj ection can always be raised to external dis
course but not to inward meditation . That which is
capable of proof but assumed by the teacher without
proof is , if the pupil believes and accepts it , hypothesis ,
though it is not hypothesis absolutely but only in
relation to the pupil if the pupil has no opinion on
it or holds a con trary opinion , the same assumption
is a postulate. In this lies the distinction between
hypothesis and postulate for a postulate is contrary
to the pupil

’

s opinion , demonstrable , but assumed and

used without demon stration .

The definitions arenot hypotheses (for they do not
assert either existence or non- existence) , but it is
in the premisses of a science that hypotheses lie.
Definitions need only to be understood and this is
not hypothesis , unless it be contended that the
pupil

’

s hearing is also a hypothesis . But hypotheses
lay down facts on whose existence depends the
existence of the fact inferred. Nor arethe geo
meter ’

s hypotheses false , as some have maintained,
urging that falsehood must not be used, and that the
geometer is speaking falsely in saying that the line
which he draws is a foot long or straight when it is
neither a foot long nor straight . The geometer draws
no conclusion from the existence of the particular line
of which he speaks , but from what his diagrams
represent . Furthermore , all hypotheses and postu
lates areeither universal or particular, but a definition
is neither.
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(3) T HE INFINIT E

Aristot. Phys. P 6 , 206 a 9 - 1 8

"
0 7 L 3

’

6 13 m) 60 7 LV Li1 76 Lpov Li77ALo9 , 770AALi
Li313va 7 a o v aL

'

veL, 317o . 7 0 13 7 6 yLip xp3v0v
60 7 aL 7 L9 Lipx1) KaL 7 6A6 v7 1), KaL p6 y691) 0 13

3LaLp6 7 Li 6 L9 p6 y 6
'

91 ) , KaL oipL91L39 0 13K 6 0 7 aL Li77 6 1p0 9 .
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v1) 7 a L

6V36
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0 13 yLip xaA6 773v LiV6A6 LV 7 319

ypappoi9 A6 L776 7 aL 0 1
3

V 3vv3p6 L eivaL 7 3
Li776 Lpov .

Ibid. I
‘
6 , 206 b 3- 12

T 336 Ka7 3 77p30 96 oLV 7 3 a 137 3 60 7 13 7701 9 Kai 73
Ka7 d 3LaLp6 0 LV

' 6v yap 7 Lp 77 6 776pa 0 1L6v0) Ka 7 d

77p30 96 0 Lv yLyV6 7 aL LiV7 6 0 7 papp6VLv9 3) yLip 3LaL

p0 131L6 V0V 3pa 7 a L 6 L9 Li77 6 Lp0V, 7 0 137 3) 77p0 0 7 L967L6 v0v

¢aveL7 aL 77p39 7 3 03pL0 1L6V0V . 6v yLip 7 01 77 6 77 6pa
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'
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1v 7 L9 03pL3p
. 6 v0V 77p0 0Aa1L
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( II s\ a 1 I or a I
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G0 V 8 OUT CUS
‘

auf3)
‘
T OV AO‘

yOV (UO
'

T G CLGL T L

After cr it ic iz ing thebeliefs of thePythagoreans and

Plato ’

s school, Ar istotlehas just shown that therecannot be
an infin itesensiblebody .

b T hedoctrineof indiv isiblelines is attributed to

Plato by Ar istot. Met. 992 a 20- 92 and to Xenocrates, who
succeeded Speusippus as head of theAcademy, by Proclus
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Ibid. I
‘
6 , 206 b 27- 207 3 7
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'
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v7eyap ev 7 0 Ls apLO‘LLOLS
‘

7 0 em 7 771)

KaOaL
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XLO
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fnv (pe
'
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v fia iva 36 7 ozivaV7 L
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o7 L
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omua ov 36 K a i
‘

yap 7 oug 3a K 7 vALov9 d'
rrs ovg Ae

’

yovoL 7 0v9 p77
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'

T LAapfidvew ,

From a fin itemagn itudeAA’
a determinatepart

(wpwpe
'

vov) AB 1 5 cut off. BA
'
is then div ided at C, CA

’

at

B C D

D and so on , in such a manner that thefractions d iminish
in thesamerat io , i.e. , AB , BC , CD form a geometrical
progress ion . If thefractions dimimsh in this way , then

w ill never beexhausted by this process, which w ill
proceed ad infin itum. Wemay then look on AA

’

as

d iv ided into an infin itenumber of parts , g iv ing an infinite
by division , or wemay look on AB as hav ing added to it
an infin itenumber of parts , g iving an infin iteby addit ion .

But if thesuccess iveadded fract ions areequal toeach other,
i.3 . AB :

- BC =CD : then AA’ w ill beexhausted in a

fin itenumber of steps. T his statemen t is equivalent to the
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magnitude , you will cometo theend, since any finite
magnitude is exhausted by continually subtracting
from it any definite fraction whatsoever.

“

Ibid. I
‘
6 , 206 b 27—207 8. 7

Plato posited two infinites b for this reason, that it
is possible to proceed without limit both by way of
increase and by way of diminution . But although
he posits two infinites he does not usethem ; for
in numbers there is for him no infini te by w ay
of diminution (for the unit is a minimum) , nor by way
of increase (for he makes number go up to ten) . 0
So it comes about that the infinite is the opposite of

what it is usually said to be . Not that beyond which
there is nothing , but that of which there is always
something beyond, is infini te . An illustration is given
by the rings n ot having a bezel which arecalledend
less , because there is always something beyond any

Ax iom of

bA
rchimedes, already used by Eudoxus (seesupra ,

p. 8 1 9 n .

b T hereferenceisevidently to thefamous undetermined
dyad of thegreat and small.” A. E . T aylor (Mind, xxxv
pp. 4 1 9 - 4 40, 1 926 , and xxxv i . , pp. 12- 33, 1 927) puts forward
an ingen ious theory of thenatureof the undetermined
dyad. Hesees a referenceto theprocess of approximating
moreand moreclosely to a number by approximations
alternately greater and less D

’

Arcy Wentworth T hompson
(Mind, xxxv i ii . , pp. 4 3- 55 , 1 929) adds thefurther refinement
that themethod is approximation by continued fract ions .

T hough such conceptions weredoubtless not beyond the
mathemat ical capac ity of Plato ’

s Academy, they must
rema in guesses and thereis nothing to forceus to believe
that thereis anything moreprofound in theconcept of the
undetermined dyad than Ar istotlehereindicates, viz . , it is

possibleto proceed in an infiniteseries either by way of
increaseor by way of diminut ion .

Aristotlehas probably misunderstood someobiter dictum
of Plato ’

s.



GREEK MATHEMATICS

6
, f f I f I
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7 0 a ti7 o Aapfiaveoda v 56 7 0) Ku
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kka) 0 13 ‘
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yV6 7 aL
0 A I 0

0 v7 w 9 , ma 7 0 6 956 5779 6 7 6p0v.

Ibid. I
‘
7, 207 b 927- 34

0 13K ddaLpe
'

h a L 5
’

d Adyog 0 1386 7 0 159

pan xobg 7 7)V 96wpiav, o
’

wap v 0 177 01 9 eivaL
dfleLpov (50 7 6 6

’

V6py6 L
'

a eivaL 6
’

7ri 7 1)v avfnow
d8L6 §i7 777 0 1J

°

0 1586 ydp V171! 36
'

0 1z7 aL 7 ou a776 Lp0v
3 l T 0 fl

(ou yap xpw v7 aL) , aMa 6 LvaL 0 0 771! av Bov
Aww aL 77 6 77 6pa 0p 6

'

mpz
' 36 peyioflp yeye

’

da

7 6 1} 01137 6 11 6
'

0
'

7 L 7 6 7 11 770 9aL Adyov dmflmovofiv

9
Of 0

8
A I

peyeos 6 7 6p0v. 000 7 6 77p09 [L6 12 7 0 6 L§a L 6 K 6 LVOLS
‘

I A T

ov86 V 3L0 L0 6 L 7 0 efvaL GV 7 0 L9 ovoLv yeyedeow .

(c) Pnoor DIFFERING FROM EUCLID
’

S

Aristot. Anal. P r. i . 24 , 4 1 b 5 - 22

MdMov 86 yLV6 7 aLavepov €V TO LS‘ 8La '

ypappaow ,

O LOV 0 7 L 7 ou L0 0 0 K 6A0 v9 mm m 77p0 9 7 33flaoeL.
6 0 7 w 0 av 6 15: 7 0 K 6 V7 p0v nypevaL d L AB . 6 L ovu

ionv Aapfia
’

vm 7 77V AF ywviav 7 3? BA pi) dAwg

Ar istotlehad been argu ing that in any syllog ism one
of theproposit 1ons must beaffi rmat iveand un iversal.

b L1t . drawn .

"

For this method of express ing thesum of two angles
by thejuxtapos ition of theletters represen ting them, see
Archytas ’

s method of represen ting thesum of two numbers
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d a
'
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'

o ag 7 61 9 7 6131! fipLKvKAL
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wv, Ka i wdALv 74711
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dda Lpovpevw v
"
Lora /\6 L776 0 9aL.

(d) MECHANICS

(i.) Principleof theLever

[Aristot. ] Mech . 3, 850 a—b

’

E77 6 2 36 96 7 7 0 1) 15770 7 0 17 ioov d ovs K LV6
'

L
'

7 aL 1?
11 , 6 1:c 7 w v 6 K 7 0 0 K 6

'

V7p0v ,
60 7 L 6 7 pL

'

a 7 a 776pL

7 ov uoxhov, 7 0 1L6V v77011 0xAL0v, omip7 0v KaL

K 6
’

V7 pov, 3uo 36 Bapn,
0 7 6 Kv v KaL 7 0 KLv0v1L6 VOV

°

3 ovv 7 0 K Lv0v1L6 V0v fiapog 7rpos
'

7 0 K Lvovv, 7 0

1L77KOS
‘

77p0 9 7 0 11 77K0 9 aV7 L776 770 1/96 v. a LeL 86 0 0 0)

av 1L6 L§0v a <156 0 7 77K77 7 ou v77011 0x/\L0v, p
aov KLvnaeL.

a L7 L
'

a 86
'

6 0 7 LV 7) 77p0 /\6x96 L0 a , 0 7 L 7) 77/\ 6 L0v a 7r

Euclid proves this theorem b producing theeual

sides AB , AC Of an isosceles triangeto F, G whereA

equal toAG . Heshows that thetriangleAFC is congruent
w ith thetriangleAGB , hencethat thetriangleB

g
FC is

con men t w ith thetriangleCGB , and so finally that the
eABC ISequal to the

g
angleACB .

T heMechanics is not by

g
Aristotle, but must havebeen
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without asserting gen erally that the angles of semi
circles areequal , and

again that the angle I1 is
equal to the angle Awith
out assuming generally
that the two angles of all
segments areequal , and
if we further inferred
that , since the whole
angles areequal , and

equal angles have been
subtracted from them

,

the remaining angles
E , Z areequal , we should commit a petitio principii
unless we assumed generally that if equals aresub
tracted from equals the remainders areequal .“

(d) MECHANICS

(i Principleof theLever

[Aristotle] , Mechanics 3 , 850 a—b

Since the greater radius is moved more quickly
than the less by an equal weight , and there arethree
elements in the lever , the fulcrum , that is the cord0

or centre , and two weights, that which moves and

that whi ch is moved, therefore the ratio of the weight
moved to the moving weight is the inverse ratio of
their distances from the fulcrum . It is always true
that the farther the moving weight is away from the
fulcrum , the more easily will it move . The reason is
written by someoneunder h is influenceat a not much later
date it may betaken as reflect ing Aristotle’s own ideas.

T heauthor has compared thefulcrum supporting a lever
to thecord by which thebeam of a balanceis suspended.
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Parallelogram of Velocities

[Ar istot.] .Mech. 1 , 848 b
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i.e. has two linear movements in a constant ratio toeach
other.
b i.e. parallelogram.
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XV. EUCLID

(11) GENERAL

Stob . E cl. 1 1 . 8 1 . 1 1 4 ,ed . Wachsmuth 1 1 . 228. 25 - 29

Ilap E13KA6 L
'

877
‘
T LS

‘

ap§a 11 6 vog y 6w 11 6 7p6 w , cos

7 0 77pL07 0v 96 wp7711 a 6 1La96 v,
75p6 7 0 7 0V E13KA6 1875V

7 L 86 1LOL 77A6 0v 6 0 7 a L 7 av7 a 1La 90 1f7 1 ; mu 0

E 13KA6 L8759 7 0V 77a L8a. K aAeoag 69575,
7 pLa

'

7fl0A0v, 677 6 1875 86 2 a 137 a?) 65 w v 1Lav9dveL
K 6p8aL

'

V6 Lv.

(0) T HE ELEMENT S

(i ) Foundations

Encl. E lem. i.

a
'
. 2 7711 62151) 60 7 W , 0 13 1Le

'

pos 0 139611 .

fij. Fpa1L1L75 86 11 71Kog d7rAa 7 6 g .

y . Fpa 1L1L779 86 776pa7 a 0 7711 6 La .

Hardly anything is known of thelifeof Euclid beyond
what has already been stated in thepassagequoted from
Proclus (sup ra , p

y
From Pappus vii. 35 ,ed. Hultsch ii.

6 78 . 104 2 , infra , p. 4 89 , weinfer theaddit ional detail that
hetaught at Alexandria and founded a school there. Arab ian
references aresummar ized by Heath , T heT hirteen B ooks of
Euclid

’

s E lements , 2ndedn . , 1 926 , vol. i . pp. 4 - 6 . Euclidmust
haveflourished c. 300 B .C .
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Plato (Parmen ides 137 E ) defines a stra ight lineas that
of which themiddlecovers theends.

”
Euclid appears to

betrying to say thesamek ind of thing in moregeometriical
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4 . A straight lineis a line which lies evenly with the
poin ts on itself.“
5 . A surfaceis that which has length and breadth
on ly .

6 . The extremities of a surface arelin es .

7 . A planesurfaceis a surface which lies even ly
with the straight lin es on itself.
8 . A planeangleis the inclination towards one

another of two lines in a plan e which meet one
another and do not liein a straight line .

9 . And when the lines containing the angle are
straight , the angle is called rectilineal.
1 0. When a straight line set up on a straight lin e

makes the adj acent angles equal one to another , each
of the equal angles is right, and the straight lin e
standing on the other is called a perpendicular to that
on which it stands .

1 1 . An obtuseangleis an angle greater than a right
angle .

1 2 . An acuteangleis an angle less than a right
angle .

1 3 . A boundary is that which is the extremity of

anything .

1 4 . A figureis that which is contained by any
boundary or boundaries .

1 5 . A circleis a plane figure con tained by one line
such that all the straight lin es falling on it from one
point among those lying Within the figure areequal
oneto an other .
1 6 . And the point is called the centreof the circle .

1 7 . A diameter of the circle is any straight line
drawn through the cen tre and termin ated in both

language. Neither statemen t is satisfactory as a defin it ion
(of . Def. 7
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6Kd7 6pa 7 61 p6p75
13773 7 759 7 0 17 Ku

'

Ko 77 6pL956p6 L
'

ag,

757 15 Ka L 8a 7 6 51
w 6 L 7 ou KuKo .

LT) .

c

HpLKUKALov 86 60 7 L 7 0 wepLexopevov UX’ W";
13770 7 6 7 759 8Lap67pov Ka L 7 759 an oAapflavopéms‘ 1177
01 137 755: 77 6pLg66p6 1ag . K 6v7pov 86 7 0 17 755uLKvKAL

'

ov

7 0 01 137 0 , 3 KaL 7 ou KvKo 60 7 1V .

2X755La7 0. 6 139v'

ypap5u0f 60 7 L 7 61 13773 6 1396 L13v

77 6p1 6XL551L6 1/a , 7 pL
'

77A6 vp0. 7 3. 13773 7 p v, 7 6 7pd

77A6 vpa 86 7 3 13773 7 6 0 0 0
’

pwv, 770Av
'

77A6 vp0. 86 7 d.

13773 77A6 L3vwv 75 7 6 00dpwv 6 1396 v 77 6pLexo5L6 va .

K T 6311 86 7 pL77A6v v 0x751La7 wv L0 0 77A6 vpov

511 61) 7pL5/w vov 60 7 L 7 0 7

p
eL9 L0 0 9 exov 77A6 vpa g,

L0 0 0 K 6A6g 86 7 0 7 0 9 8130 11.0a L0 0 9 6xov 77A6 vpdg,
oKaA75vov 86 7 o 7 as 7peL9 a VLO

'

OUS
‘ 6xou 77A6 vpag .

Ka
'

.

”
E7 L 86 7 um 7 pL77A6 v

'

pLov 050511 6 7 01 1! dpfio

yLL
'

W Lov p61) 7pL5/wvov 60 7 L 7 0 exov op975v ywvlav,
apflAvyLéVLov 86 7 0 6xov LipfiAeLav ywwav, ofu

ya
'

WLov 86 7 0 7 319 7 pe19 ofeLag exov yww ag .

KB . T L1 ) V 86 7 6 7 p0L77A6 vpL0v 0x75p
.a 7 wv 7 6 7p0

'

.

ywvov p61) 60 7 LV , 3 L0 0 77A6 vpov 7 6 6 0 7 1 KaL op90

ya
'

wLov, éT GpOp/qK GS
‘ 86, 3 op90ya3wov 0 13K

L0 0 77A6 vp0v 86, popflog 86, o L0 0 77A6 vpov 0 1316

op90y03VLov 86, popB0 6 L86s
‘ 86 7 0 7 a 9

”
a 776 vaV7 Lov

77A6 vpag 7 6 Ka L ywmag LOCLS
‘

aAA75AaLg exov, 3 ov7 6

10 0 77A6 vpov 60 7 LV 0 137 6 opfioya
'

n aov
'
7 d 86

0

77apd.

7 6 7pd77A6 vpa 7pa7T 6CLO. KaAeL'oew .

HapLiAAnAOL
'

6 30 0 ) 6 1396 20 17 , ( 173q 6v 7 Lp
677L7768Lp 0 1

3

0 01L Ka i 6KBaAAO
'

5L6 vaL 6 139 Li
'

776 1p0v

603
’

6K0f7 6pa 7 d 1L6p75 67ri. p75867 6p0. ovpm
'

n 7 ov0w

dAA75AaLs
'

.

Heath class ifies modern defin itions of parallel straight
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Ai7 755ua7 a

i 7 I s 1 I 0 i a

a HL7 750 900 a 770 77av7 os 0
'
75p. 6 Lov 6 77L 7rav

0 75511 6 20 1) 6 1396
'

L
‘

av ypapp75v dya'

yeiv.

I K I 9

9
A

B a L 77 6 776pa0 11 6mqv eu 6 Lav Ka7 a 7 0 O
'

UVGXGS
‘

677
’

6 1396 iag 6KBaA6
'

L
'

v.

I I I I
y KaL 77avn K 6 V7 p<p KaL 8La0 7 75p.a7 1 KuKo

ypdqbeafiaL.

Ka i 77d0 ag dpfldg ywvlag loag LiAA75AaLg

I 9 ‘ I Q I A I

6 Ka L 6 av 6 L9 8vo 6 v96 La 9 6 v96 La GILT TLWT OUOG

3 I I I

7 as 6 V7 0 9 Ka L 6 77L 7 a av7 a [.Lep'

q ywmag 8vo opfiwv
A 9

6Ad0 0 0va g 77OL55, 6 KBaAAo,LL61/a s‘ 8130 6 1396 L
'

ag 677
’

V I G I f A I

a 776 Lpov ovp7m77 6 w ,
ed) a 1Lep75 6 L0 LV aL 7 00V 800

d LBv 6Ad0 0 0ves .

not cut oneanother, (b) they meet at infin ity, (c ) they havea
common point at infin ity ; (2) para llel stra ight lines have
thesame, or like, direction or directions ; (3) parallel
straight lines havethedistancebetween them cons tan t.

Euclid’

sdefin ition belongs to 1 (a), and heavo idsmany fallac ies
laten t in theother defin itions, showing himself super ior not
only to many anc ient, but to many modern , eometers.

T hechiefpurposeofthesefirst threepostu ates is perhaps
not to lay down that stra ight lines and c ircles can bedrawn ,

but to delineatethenatureof Euclidean space. T hey imply
that spaceis con t inuous (not discrete) and infin ite(not
limited ).b T his g ives a determinatemagn itudeby which angles
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POST ULAT ES

1 . Let the following be postulated to draw a

straight lin e from any poin t to any poin t .
2 . To produce a finite straight lin e continuously in

a straight lin e .

3 . To describe a circle with any centre and dia

meter .“
4 . All right angles areequal one to another.

b

5 . If a straight lin e falling on two straight lines
make the in terior angles on the same side less than
tw o right angles , the two straight lines , if produced
indefinitely , meet on that side on which arethe angles
less than two right angles .

"

can bemeasured, but it does far more. T o provethis
statemen t it would benecessary to assumethein cariability
of figures. Euclid preferred to postulatetheequality of

r ight angles, which amoun ts to an assumption of thein
variability offigures or thehomogeneity of space.
Heath says that this postulate mustever beregarded

as among themost epoch-mak ing achievements in the
doma in of geometry , and observes “Then weconsider
thecoun tless successiveattempts madethrough morethan
twenty centuries to provethepostulate, many of them by
geometers of ab ility, wecannot but admirethegen ius of

theman who concluded that such a hypothes is, which he
found necessary to thevalidity of h is wholesystem of

geometry , was rea lly indemonstrable.
T hepostulatewas frequently attacked in an tiqu ity and

many attempts havebeen madeto proveit— by Ptolemy
and Proclus in anc ient days, by Wallis, Saccheri, Lambert
and Legendrein modern times. All havefa iled . By
omitting this postulate, Lobachewsky , Bolya i and Riemann

developed non - Euclidean systems ofgeometry . Saccheri,
in h is book Euclides ab omn i nae'vo uindicatus saw

thepossib il ity of alternativehypotheses , and worked out

theconsequences of several ; but h is fa ith in Euclidean
geometry as thesolepossiblegeometry was so strong that
hefa iled to realizethefull implications of h iswork .
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w
KOLPG L GW OLCLL

I A A I V
a T a 7 a) a 137 Lp ioa Ka i aAA

’

75AoLg 6 0 7 LV Laa .A
B
'

Ka i 681V loom
’

L
'

0 a 77p0 0 7 6 935, 7 a 3Aa GO
'

T LV

I V y 3 A
y Ka L 6 av a 7ro Lawv L0 a agba 1p6 955, 7 a Ka7 a

A6 L77c5p 6 vci 60 7 LV iaa .

A 9

Ka i LiVL
'

OOLg iaa 77p00 7 6 935, 7 d. 3Aa GO
‘

T lV
V

aVLO
'

a .

6
'

Ka i 7 61 7 0 17 a 137 o 13 8L77ALi0 La iaa (iAA75AOLs

Km 7 a 7 0 0 a 137 ou 75p 10 75 Laa aAA75A0Ls 60 7 Lv .]
C Ka i 7 a 6appoCo1/7 a 6 77 aAA75Aa L0 a aAA75AOLs

'

Km 7 0 v v 7 ov [L6povs
‘

p. 6 LCov [60 7 W] .
Km 8vo 6 1396 La L xp

'

ov 0 13 776pL6x0v0 1v.]

T heory of Proportion

E lle] . E lem. V.

"
0p0L

I I 9 I

0. Mepog 6 0 7 L p6 y690v$ 7 0 6Aa0 0 0v 7 ou

37 av Ka 7 a
,
LL6 7 p75 7 8 1L6 LCov.

I I A I

B IIoAAa 77Aa 0 Lov 86 7 0 11 6 LC0V 7 ou 6Aa 7 7 ovog ,
37 av Ka 7 apL6 7 p757 aL 13773 7 ou 6Aa7 7 ovos‘ .

y . Aoyog 60 7 L 8vo “6 51 6 961311 opoy6 vwv 75 Ka 7 Li

7775ALK 0 7 757 a 7ro 1a 0x60 Lg .

Aoyov 6X6 “) 77p0 9 aAA75Aa A6y 6 7 aL, Li

813va7 aL 770AAa 77Aa 0 LaC3u6 va LiAA75ALov 13776p6X6 LV .

6
’

Ev 7 Lp a 137 w Aoyw A65/ 6 7 a L elvaL
77pw 7 ov 77p09 86 v7 6pov KaL 7pL7 0V 77p0 9 7 67 ap7 0v,
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0 A I I I I

0 7 av 7 a 7 0 0 77pLo7 ov Ka L 7pL7 ov L0 aKLg 770AAa77Aa0 La.

A I I

7mv 7 ov 86 v7 6pov Ka L 7 6 7 ap7 ou Loa KLg 770AAa
A f I

77Aa 0 1
'

wv Ka9
’

O7T OLOVOUV WOMG T TAG OLG O’

HaV 6 Ka

s\f I (“I Q I ( I N

7 6pov 6 K a 7 6pov 75 apa v77 6p6X55 75 apa Lao. 55 7)

Li
'

pa 6AA6 L
'

7775 An¢96V7 a Ka7 LiAA75Aa .

T 3 86 7 31) a 137 3v 6XOV7 a Aéyov Hey/ 6975 6 116
Aoyov KaA6 L

'

0 9w .

C
'

.

e'
O7 av 86 7 631! iadK Lg 770AAa 77Aa 0 L

'

Lov 7 3 11 61!

7 0 13 77po37 ov 770AAa 77ALi0 Lov 13776p6X55 7 0 13 7 0 15 8eu
7 6pov 770AAa 77Aa0 L

'

ov , 7 3 86 7 0 13 7pL
'

7 ov 770AAa 77ALi

O
'

LOV p75 1377 6p6X75 7 ou 7 ou 7 6 7 Lip7 ov 770AAa 77Aa0 L
'

ov ,

7 37 6 7 3 77pLu7 ov 77p39 7 3 86 137 6pov Adyov

6X6 LV A6y 6 7 a L, 7577 6p 7 3 7 pL
'

7 ov 77p3g 7 3 7 67 ap7 0v .

I I ( I I I

75 AvaAoyLa 86 6 12 7pL0 Lv op0 L; 6AaXL0 7 75 6 0 7 LV .

Q 7 av 86 7 pL
'

a dvdAoyov 55, 7 3 77pL137 0V
I I I w I

77p0 9 7 0 7 pL7 0V 8L77Aa 0 1 0va Aoyov 6 X6 LV A6 5/ 6 7 aLV I

75776p 77p0 9 7 0 86 v7 6pov .

In thetranslation of this remarkabledefin it ion I cannot
improveon Heath. Literal translat ion is d iffi cult because
thewords Ka 3770 10 11 0 1711 770AAa77AaaLa0po

'

v comeonly once
in theG reek but refer both to 7 3. loLiKLs 770AAa 77ALiOLa
in thenominat iveand 7 6131! ladKLs 770AAa77AaaL

'

w v in the
gen itive.
T hedefin ition , which avoids all men tion of a part of a

magn itude(unlikeE lemen ts vii. Def. is applicableto all

magn itudes , commensurableand incommensurable. Itmust
bedue, in substanceat least, to Eudoxus (seesup ra , p.

T hedefin ition has often been assa iled through misunder
standing , but has been br illian tly defended by such great
mathematic ians as Barrow and DeMorgan , and was adopted
by Weierstrass for h is defin ition ofequal numbers.
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if any equimultiples whatever be taken of the first
and third, and any equimultiples whatever of the
second and fourth , the former equimultiples alike
exceed, arealike equal to , or alike fall short of, the
latter equimultiples respectively taken in correspond
ing order .“
6 . Let magnitudes which have the same ratio be
called proportional.
7 . When , of the equimultiples , the multiple of the

first magnitude exceeds the multiple of the second,
but the multiple of the third does not exceed the
multiple of the fourth , then the first is said to havea
greater ratio to the second than the third has to the
fourth .

8 . Aproportion in three terms is the least possible.
9 . When three magnitudes areproportional , the

first is said to have to the third the duplicateratio of

that which it has to the second ?

Max S imon (Euclid und diesechs p lan imetrischen B ucher,
p. 1 10) thinks it is clear from this defin it ion that theG reeks
possessed a not ion of number as general as modern mathe
maticians. Heath ( T heT hirteen B ooks of E uclid

’

s E lemen ts,
ii. , pp. 1 24—126 ) shows how Eucl id ’

s defin ition d ivides all

rational numbers in to tw o coex ten siveclasses, and so defines
equal rat ios in a mannerexactly correspmding to Dedek ind ’

s

theory of theirrat ional.
DeMorgan g ives thefollow ing modern equ ivalent of the

defin it ion . Four magn itudes , A and B of onekind , and

C and D of thesameor another k ind , areproportional
when all themultiples of A can bedistr ibuted among the
mult iples of B in thesamein tervals as thecorresponding
multiples of C among thoseof D .

”
T hat is to say , 777 , 71

being any numbers whatsoever, if mA lies betueen nB and

(n + 1 )B , mc lies bet“een nD and (n +DD .

2
b If then C

—

g g? and a has to b thedup licateratio
of a to x.
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L
'
.

'

O7 av 86 7 60 0 apa avaAoyov 75, 7 3

77pLu7 0v 77p39 7 3 7 67 ap7 0v 7 p177Aa 0 1
'

0va A3y0v 6 X6 LV
A6'y6 7 a 1 75

'

776p 77p39 7 3 86 137 6p0v, KaL ae1
371 0 17139 , L139 Liv 75LivaAoyL

'

a 13773pX75.

La
'

.

c

071 3A0
-

ya A6y6 7 a 1 7 3. 71 611 75y0 1371 6 va
7 029 75y0v71 6v0 19 7 3. 86 677371 6 1/a 7 029 677071 6110 19 .

LB
'

.

’

EvaAAa§ A3yo9 60 7 L A751/1 1 9 7 ou 75y0v5u6vov
77p39 7 3 KaL 7 ou 677071 6v0v 77p39 7 3

Ly
'

.

’

Avd77aA1v A3y09 60 7 i A751/1 1 9 7 0 17

L139 75y0v71 6v0v 77p39 7 3 039

18
'

. Z 13v96 0 19 A3you 6 0 7 L A75
1/J Ls 7 ov 75y0v71 6vov

71 6 7 a 7 ou 6770711 6v0v 039 6v39 77p3 9 a 137 3 7 3

1 6 ALa 1p6 0 19 A3
'

you 60 7 L A751/1 19 7 759 1377 6p0X759 ,

75 1377 6p6X6 1 7 3 7 0 13 67707L6v0v, 77p39 a 137 3

7 3 6773711 6 110 11 .

s
"

A35/ou 6 0 7 LA751/1 19 7 ou 75y0 v71 6v0v
r7p3s 7 75v 13776 pox75u, 75 13776p6x6 1 7 3 75y0 13p6 v0v 7 ou

6770p6v0v .

LC
'

. AL
’

ioov A3y0 9 60 7 i 77A6 L3vwv 31 7 01 1) ”6

y6 9L21 11 Ka i Li
'

Av a 137 029 lawv 7 3 7TA75GO9 0 13v8vo

AapBav0p6vwv Ka i. 6v 7 L?) a 137 3) A3
‘

p ,
d7 av ( 139

61) 7 029 77pLL
'

77 0 19 7 3 77pL0 7 0v 77p39 7 3

60xa 7 ov, 0 137 039 61! 7 029 86 v7 6p0 19 7 3

T hemagn itudes must bein con tinuous proportion. If
8

Z 3?
3

5,
then %=Z—3 , and a has to b thetrip licateratio of

a to so. Alternat ively, a cubew ith s idea has thesame
ratio to a cubew ith sidea: as a to b (seesupra , p. 258 n . b).
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fl
77p10 7 0V 77p39 7 3 60xa 7 0 1r 75 6t

'e K751/1 19 7 10V

d
’

p v Ka9
’

13776 §a ip6 0 1v 7 12312 71 60 0011 .

175 . T 6 7 apay711 6v75
86 avaA0

5
/ La o7 au 7p1wv

0 117 1 0 11 K C “. 11v a 137 o29 Lowv 7 3 77A759O9

yL
'

V777 aL 039 611 7 029 77pa37 0 19

;1 6 1
10 1/ 77p39 6 77371 6 110 11 , 0 137 039 6v 7 0 29 86 v7 6p0 19 p6

y696 0 1v 77p39 6773511 6 120 15 1 0 9 36 6v 7 029

77pw 7 0 19 677371 6 110 1) 77p39 7 L, ou7m9
6v 7 029 86 v7 6p0 19 7 L 77p39 75y0 13p 6 vov.

iii.) T heory of Incommensurables
Eucl. E lem. x.

"
ope.

A6y 6 7 a 1 7 d 7 1
7
0 01137 127 71 67pw

36, (UV 71 753612 6v86x6 7 a 1

K 0 1v3v 711 67 p0v 31 6 1260 911 1 .

B 131396 211 1 Suvay a 0 13p4 1 6 7p0 1
'

6 i0 1v
, 37 av 7 3.

a 137 127v 7 6 7p0fywva 7 172) a 137 c2) xp
'

Lp 711 6 7p757 a 1 , 30 1371

p6 7p0 1 86, 7 029 c
’

1 77
’

a 137 <27v 7 6 7 paya31/ 0 19 71 758611

6v56x757 a 1 xwpiov K 0 1v3v 71 67 p0v y6 v6o9a 1 .

y
'

. T 0 137 1 0v 13770 K 6 1p6vwv 86 1
'

v 7 a 1 , 37 1 7
75

77p0

7 6 96 10 75 6 1396 1 17. 1377apxov0 1v 6 1396 2a 1 773750€L a 77 6 1p0 1

0 3pp6 7 p0 1 7 6 K a L a 0 13711 71 6 7p0 1 01 1 71 6V [L75K 6 L pé vov,
a 1 86 KaL Suvapa . Ka /\6 1 0 9w ovv 75p61) 77p0 7 6 96 20 a
6 1396 211 p757 75, K C“. (1 1 7 a 137 75 0 1371 711 6 7p0 1 6 17 6 p75K 6 1

81
’

ioov must mean at anequal d istance, i .e. , after an
equal number of terms. If a , b, c m, n is oneset of
magn itudes and A, B , C M, N theother, and a : b

A : B , and so on , up to then
T his is proved in v . 22 . T hedefin it ion merely serves to
gavea nameto theinference.
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set of magn itudes in other words , a taking of the
e xtremes by removal of the in termediate terms .

“

1 8 . A perturbed proportion arises when , there being
three magnitudes and an other set equal to them in

multitude , as antecedent is to con sequen t in the first
magnitudes, so is anteceden t to consequent in the
second magnitudes , while as the con sequent is to the
other term in the first magn itudes , so is the other
term to the anteceden t in the second magnitudes ?

(iii.) T heory of Incommensurables
Euclid , E lemen ts x .

DE F INIT IONS

1 . Those magnitudes aresaid to be commensurable
which aremeasured by the same common measure ,
and those in commen surable which cannot have any
common measure .

2 . Straight lin es arecommensurablein square, when
the squares on them aremeasured by the same area,
and incommensurablein squarewhen the squares on
them cannot have any area as a common measure .

3 . With these hypotheses , it is proved that there
exist straight lin es infinite in multitude which are
commensurable and incommensurable respectively ,
some in length only , and others in square also , with
an assign ed straight line . Let then the assigned
straight line be called rational, and those straight lin es
which arecommensurable wi th it , whether in length

5 If a , b, c and A, B , C arethetwo sets of magn itudes ,
and a b=B C , b : c=A : B theproport ion is sa id to be
perturbed. It follows that a z c=A C . T his is a part icular
caseof theinference81 ’ Zoov and is proved in v. 23 .
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KaL 8vvap6 1 6 17 6 8vva71 6 1 p75ra 1 , a 1 86
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S
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I f I I I f I
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7 3. 86 7 0 137 1p a 0 v71 71 6 7pa dAoya KaA6 L

'

0 9w , Kai a i

8vv3p 6 va 1 (flog/0 1 , 6 1 71 6V 7 6 7pdywva 6 275,

f I 0 I I
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a i 01137 029 7 6 7pciycuva dvaypa
'

gbov0 aL.

A130 civi0wv 6KK 6 1p61/wv, 7 0 17

I 3 A A V! 0 A
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I I I I 0 V N

51 1503757 11 1 , Re1¢975a 6 7 a 1 7 1 0 6 0 7 a 1 6Aa0 0 0v

A 7 I Q I I
7 0 1) GKKGLHGVOU 6Aa0 0 0v0 9 p6y 6 90v9 .

"
E0 7 00 8130 511 6 51 6975 d

’

v10 a 7 3. AB , P , L3V 711 6 2C0v

7 3 AR° A6yw ,
37 1 7 0 13 AB dgba 1p6 97571 6 2§0v

75 7 3 7571 1 0 v Ka i 7 0 13 Ka7 aA6 1 770p61/0v 71 6250 11 75 7 3

0 I I I
7571 10v , KaL 7 0 0 7 0 a 6 1 y 1yv757 a 1 , A6 1gb9750 6 7 a1 7 1

I a w w A 1

0 6 0 7 a 1 6Ad 0 0 0v 7 ou P yey6 9ou9 .

"
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4152



https://www.forgottenbooks.com/join


GREEK MAT HEMATICS

AB 71 6 2C0v . 776 770Ma 77 /\a 0 1 0i0 9w , Ka i 60 7 0) 7 3 AR

7 0 1? 11 6V P 7 0 13 86 AB
,
11 6 2COV, Ka i

8175p750 9w 7 3 AE 6 i9 7 81 F 230 11 7 3 AZ , ZH, HE ,

Ka i 3175q 750 91 0 3773 7L6V 7 ou AB 71 6 250 1) 75 7 3 75p
7 3 B63, 3773 86 7 0 13 AC“) p6 2§ov 75 7 3 75

'

y 1 0 v 7 3 (9K,

Ka i 7 0 137 0 del. y 1yv60 9w , 6109 div a i 6v 7 cp AB

8LaLp60 6 L9 i0 0 77A7596 29 51 61101 117 11 1 7 a29 6v 7 17) AB

8La Lp60 6 0 1v .

"
E0 7 w 0 av 0 1

3

V a i AK , K6 , ®B 8LaLp60 6 19 l0 o

0 1
3

0 01 1 7 a29 AZ , ZH, HE '
Ka i 6776 i 71 6 2Zj3v

60 7 1 7 3 AE 7 0 15 AB , Ka i dgb75p757 a 1 37 3 7L6V 7 ou

AE 6Ac10 0 0v 7 0 13 7511 10 6 109 7 3 EH, 3773 86 7 0 1) AB

“GLCOV 75 7 3 75,11 10 v 7 3 B6) , A0 1773v d
'

pa 7 3 HA

Ko 1 770 v 7 ou 9A 71 6 2§3v 60 7 LV . Ka i 6776 2p6 2§3v 60 7 1

7 3 HA 7 ou (DA, Ka i 319575p757 a 1 7 0 1? 7L6V HA 75511 10 1)

7 3 HZ , 7 ou 86 (9A p6 2§0v 75 7 3 7571 10 13 7 3 GK,

/\0 1773V dpa 7 3 AZ A0 1770 1
'

3 7 0 15 AK 71 6 2§3v 60 7 LV .

20 0V 86 7 3 AZ 7 123 F
'

Ka i 7 3 F
.

Li
'

pa 7 0 13 AK p6 2§3v

60 7 LV . 6311 0 0 0 1) dpa. 7 3 AK 7 0 15 F.

Ka 7 a /\6 1
'

77 6 7 a 1 d
’

pa 31773 7 0 13 AB
,
11 6 y690v9 7 3 AK

6/\a 0 0 0 v 31} 7 0 13 6KK 6 171 6V0v 6Ad0 0 0v0 9

p 6 y690v9 7 0 13 F' d
'

77ep 6 6 1 86 21511 1 86

86 1x9750 6 7 a 1 , Kdv 7511 1075 75 7 3. dgba 1p0 13p6 va .
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than AB [seev . Def. Let it bemultiplied, and let
AE be a multiple of I

“

, greater than AB , and let AE
be divided into the parts AZ,

ZH,
HE equal to I‘,

and from AB let there be subtracted B6 greater
than its half, and from A6 let there be subtracted 6 K
greater than its half, and so on con tinually , until the
divisions in AB areequal in multitude to the divisions
in AE .

Let , then , AK , K6 , 6 B be divisions equal in
multitude with AZ , ZH, HE now since AB is

greater than AB , and from AE there has been sub

tracted EH less than its half, and from AB there has
been subtracted B6 greater than its half, therefore
the remainder HA

'

is greater than the remainder 6 A.

And since HA is greater than 9A, and from HA there
has been subtracted the half, HZ , and from GA there
has been subtracted 6 K greater than its half, therefore
the remainder AZ is greater than the remainder AK .

Now AZ is equal to I‘ and therefore I" is greater
than AK. Th erefore AK is less than I‘

.

There is therefore left of the magnitude AB the
magnitude AK which is less than the lesser magnitude
set out , namely , P which was to be proved— and

this can be simi larly proved even if the parts to be
subtracted be halves .

“

T his importan t theorem is often known as theAxiom
of Archimedes becauseof theuseto which heputs it , or a

similar lemma T heexcess by which thegreater of two
unequal areas exceeds thelesser can , by being con tinually
added to itself, bemadeto exceed any given fin itearea .

Archimedes makes no cla im to havediscovered this lemma ,

wh ich is doubtless dueto Eudoxus. T hechief useof the
“

ax iom by Euclid is to proveE lemen ts x i i . 2 , that c ircles
areto oneanother as thesquares on their d iameters.
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Prop. 1 1 1 , coroll .
C 2 C Q w w aH a 770 7 0p.75 Ka L d L 11 6 7 a vmv aAoyOL 0 v7 6 7 75I V 3 I f I

0 0 7 6 6 1 0 LV 01 1 a v7 a 1 .

I f 4‘ f
Ka L 6 77 6 1 86 86 1K 7 a 1 75 01770 7 071 7) OUK 0 v0 a 75 av7 77A 7

8
7 I A

8 A
r c

7 175 6 K UO OVOHG T CUV,
WOLOUO

’

L 6 77 (1 775 77apa p757
'

75V

Much of Eucl. E lem. x . is devoted to an elaborateclassi
fication of i rrat ional stra ight lines . Zeuthen (Geschichteder
llfathema tik im A ltertum 1 1 nd ill ittela lter, p. 56 ) suggests
that , inasmuch as onestra ight linelooks very much like
another, theG reeks could not erceiveby simpleinspection
that differenceamong irrationa quant ities which our system
of algebra ic symbols enables us to see; consequently they
wereled to classify irrational stra ight lines in themanner of
Eucl. E lem. x ., and weknow from an Arab ic commentary
on this book d iscovered by \Voepcke(Me

'

moires pre
’

sen te’s a
l

’

Acade'miedes Sciences, xiv. , 1 856 , pp. 6 58—720) that T heae
tetus had to someextent preceded Euclid. In this system
irrational stra ight lines areclassified according to theareas
they producewhen applied (v . supra , pp. 1 86 - 1 87) to
other stra ight lines . For full deta ils thereader must be
referred to Lor ia , Lescienzeesa ttenell’ an tica Grecia , pp.

225 - 23 1 , Heath’

s notes in T heT hirteen B ooks of Euclid
’

s

E lemen ts, vol. i ii . , and i . 404 - 4 1 1 , but itmay beuseful
to g ivehere, in Heath’

s notation , themodern algebraic
equ ivalents of Euclid ’

s irrat ional stra ight lines . A medial
l ineis of theform kip, i .e. , thepositivesolut ion of theequation
x
2
l c.p

=0. T heother twelveirrational lines arecom
pound, and may best bearranged in pa irs as follows 1
l . B inomia l
Apotome P 1

"VIC Po

being thepositiveroots of theequation
03
‘ lL')p

2
2
9
+ ( 1 k)

2
p
‘=

2. First bimedia l
First apotomeof a medial ]

being thepositiveroots of theequation
x
‘

“P :t“p.
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n apaBaMdpevm a i {nerd 7V)V dn oroufiv 6.770 7 0d
a Kv vdw g GK G O

'

T
’

T) rfi raga 7 37 Kad
’

a i 86

pera rip) 6 K 8vo ovouarw v rag 6 K Suo ovouarwv

Ka i avra i rfi ré §eL a xohovdw s‘ , erepa L apa eia iv
a i uerd mu aworopnv Ka i erepa t a i per-d 7 77V 6 K

3uo ovoparwv, w s elva L 7 37 rafeL n doag ahoyovs Ly ,

Me'myv,I I
EK Suo ovoparwv,I I I
EK 3uo pec an! wpwrnv,I I I
EK Svo peowv Sevrepav,IMGLCOVG ,f I I
Pnrov Ka L peaov Suvapevnv,
Av

'

o pe
’

oa v aye
'

vnv,

An oropnfv,
M60 17; dn oropn

‘

yv

Me'myg cirroroyn
‘

yv Bevrépav,

f A I 0 AMera pnrov peoov ‘
T O ohov n ow voav,

Mera ue
'

oov péoov T O 0 /\ov n ow voav.

(iv .) Method of Exhaustion

Eucl. E lem. x11 . 2

Oi KU
’

KKOL 77p69 dMfio s eio lv Li) ; rd (ind 7 631!

8Lape
'

rpwv rerpafyw va .

"
Eorw oav x ii/chm oi ABFA,

EZHG) , 3Lduerp0 L
86 awn

-

013V a L BA, 2 6 Aéyw ,
OT L 6 0 7 LV mg oo ABFA

KvKAog rrpog rov EZHG) Kuko ovrw g ro a rro 7 779
BA rerpdyw vov npdg rd 7 775

“ 2 6) rerpdyw vov.

Eudemus attributed thed iscovery of this important
theorem to H ippocrates (seesupra , p. Unfortunately
wedo not know how H ippocrates proved it.
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applied to a rational straight line , the straight lines
following the apotome produce , as breadths , apo

tomes according to their order , and those following
the binomial straight lin e produce , as breadths ,
binomials according to their order, therefore the
straight lines following the apotome aredifferent ,
and the straight lines following the binomial straight
lin e aredifferen t , so that in all there are, in order,
thirteen straight lin es ,

Medial ,
Binomial ,
First bimedial ,
Second bimedial ,
Maj or ,
Side of a rational plus a medial area,
Side of the sum of two medial areas ,
Apotome ,
First apotome of a medial straight line ,
Second apotome of a medial straight line ,
Minor ,
Producing with a rational area a medial whole ,
Producing with a medial area a medial whole .

(iv .) Method of Exhaustion

Euclid, E lements xu . 2

Circles areto oneanother as thesquares on the
diameters .

Let AET A,
EZHG be circles, and BA

, Z6 their
diameters I say that , as the circle AET A is to the
circle EZHG, so is the square on BA to the square on
26 .
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El ydp p75 c
’

v (I) ; d AB FA Kv
'

K /\og 77p69 rdu

EZHG) , ozie rd (i776 7 779 BA rerpdywvov 77pdg

rd (i776 7 779 Z9 , 30 7 m ( 139 rd cirrd 7 779 BAmod; 7 6

cirrd 7 779 Z@ , ou
'e o ABPA Kv

'

K /\og 777m npog
"
haoo ov T L rov EZHG) KvK /\ov xp ov 7) 77p0 9

peLCov. eorw wporepov 77p0 9 ehaooov 7 0 2 . KaL

e’yyeypaqfidw 6 L9 rov EZHG KUKAOV rerpaywvov
‘
rd EZHG) ’

rd e’yyeypapue
’

vov rerpdywvov

ueigo
'

v e’orw ii rd fiuw v roii EZHG) Ku'ko ,

e’n a dry
’

nep e
’

dv Sui. 7 631! E , Z , H , (9 onueiwv e
’

qS

an rope
’

vas
‘

7 0 6 1( l o dyd
'

ywuev, rov nepLypagho

pe
’

vov nepi rdv Kzifcltov rerpaya
’

wov fiuw v
’ e’orL rd

EZHG rerpdywvov, 7 0 6 8g nepLypa cfie
'

m-

os rerpa

yo
’

wov e’Adrrwv 50 7 21) d KU
’

KAOS ’

030 7 6 7 6 EZHQ
e’yyeypapye

’

vov rerpd'

ywvov peiCdv e
’

crrL 7 0 6 fini
oewg 7 0 6 EZHG) KU

’

KAOU. reryniodw oav Sixa a i

EZ ,
ZH, H6 , ®E nepLgSépeLaL Kard rd. K, A,

M, N anueia , Ka i e’neCev
'

d oav a i EK, KZ ,
ZA,

AH, HM, MG) , GN, NE Kai 3Ka 0-

rov dpa. rwv

EKZ ,
ZAH, HMG‘) GNE rpLyaivwv peigdv £0“ e

77 7 0 mu ov rov Kad eavro rum/.arog rov Kt ov,

eneLSnnep ed v 3La rw v K , A, M, N mma wv
e’gharrroue

'

vag rofi Kv
'
Kltov d'

ydywpev Kai dva

nAnpcéowuev rd. (377i rc EZ ,
ZH

, HG) , GE

eddeté ‘

w n apaMnho
'

ypap a
, Exam

-

av ro w EKZ
,

ZAH, HMG, (
“DNB rpuyaivwv ma ou eara L rov

f

Kad
’ eavro n apaMnAoypappov, W e. 7 0 K ad

’
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eav7 o 7 p. 77p. a é
'

Aarrov 6 0 7 L 7 ou wapaAAnAoypaiLiLov
'

eKa orov 7 <1) V EKZ
,
ZAH

, HMO, ONE

7pLyL6VLov pello
’

v e’orL 7 00 ifiuioew g 7 0 6 K0 9
’ e'avrd

7 p7§pa 7 og 7 0 6 K ziKo . 7e'i w0v7eg 7 d; uneLn o

pe
’

va s
‘

neq iepeL
'

a g aixa Ka i e’m levyvv
’

weg 6 1396 121 9
K a i 7 007 0 dei 770 L0 6V7eg K a 7 aAeL't/J ope

'

v 7 Lva Lin o
7u7§ua 7 a 7 0 6 Ku

'

Ko , 6 30 7m e’Adooova 7 71g

un spoxfig , flunepéxeL d EZHO Kv
'

KAog 7 0 8 2

xwpiov . e’Seixdry yapev 7 0) 77
'

pL67 0) dewpnuan 7 ou

86 Kd7 0 v BLBAiov ,
0
'

7 L 8150 [Leg/ 6 9a m aVLoLov eKKeL
pe

’

vw v, cav a 7ro 7 ou
,
ueL'Covog aa Lpedfi pa lov 73

7 0 mu ov KaL 7 ou Ka7 aAeL770pe
'

vov peLCOV 77 7 d

7 ou7
-

o aeL yLyvryraL, A6 L¢9770 €7 0 L 7 L

pe
’

yedos , 0 6 0 7 a L é
’

Aaaaov 7 ou eAa
q
oovog

peye
’

dovs . AeAeLcfidw ovv, Ka L 30 7 0) 7 a em v

EK
,
KZ ,

ZA, AH, HM, MO, ON, NE 7 y 7ipara
7 0 6 EZHO Ku

'

Ko e’Ad7 7 ova 7 fis
‘ dnepoxfis‘ , fl

finepe
’

xeL d EZHO K ziKAog 7 ou 2 xwpiov . Aomdv
d
'

pa 7 6 EKZAHMON 770Av
'

yw vov peiCdV 6
'

0
'

7 L 7 ou

2 XLopL
'

ov . e’yyeypdgbdw Ka ieig 7 <5V ABEA Ku
'
Ko

7

0
6 EKZAHMON

”
n oAvyoSI/w ouOLov n oAvyLovov

7 0 AEBOPHAP 6 0 7 LV apa Log 7 0 Lin o 7 779 BA

7erpaywvov 77p0 9 7 0 7 779 ZO 7 6 7 pa
'

yw vov,

0 0 7 0 75
7

7 0 AZBOFIIAP n oAvyLovov 77p0 9 7 0

EKZAHMON 770Av
'

ywvov. dAAdL Ka i L6; 7 6 oin d

7 77g BA 7 6 7 pofyw vov 77p69 7 d (1776 7 779 ZO, 0v7 Log

d ABEA Kv
'

KAos‘ 77p69 7 d 2 xwpiow Ka i 039 d
’

pa

d ABEA Kv
'

KAos‘ 77d 7 d 2 p iov
,

0 177 079 7 6

AEBOFHAP n oAv
'

yw vov 7 6 EKZAHMON
7roAv

'

w 0V e’vaAAdf dpa LB5‘ 5 ABFA Kv
'

KAog 77d

7 6 £1) min ?) n oAv
'

yLovov, min us 7 6 E XLopL
'

ov 77d

7 d EKZAHMON n oAv
'

ywvov . yello w Se6 ABFA
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about it is less than the parallelogram so that each
of the triangles EKZ,

ZAH
,
HMO, ONE is greater

than the half of the segmen t of the circle about it .

Thus , by bisecting the remaining circumferences and
j oining straight lines , and doing this continually , we
shall leave some segmen ts of the circle which wi ll
be less than the excess by which the circle EZHO
exceeds the area 2 . For it w as proved in the first
theorem of the ten th book that ,o if two un equal
magnitudes be set out , and if from the greater there
be subtracted a magnitude greater than its half, and
from the remainder a magnitude greater than its half,
and so on con tinually , there will be left some magn i
tude which is less than the lesser magnitude set out .

Let such segments be then left , and let the segmen ts
of the circle EZHO on EK,

KZ
,
ZA, AH, HM, MO,

ON , NE be less than the excess by which the circle
EZHO exceeds the area 23. Therefore the remainder,
the polygon EKZAHMON, is greater than the area 2 .

Let there be inscribed, also , in the circle
'

ABI
‘

A

the polygon AEBOI
‘

HAP similar to the polygon
EKZAHMON therefore as the square on BA is to
the square on ZO, so is the polygon AEBOI

‘

HAP to
the polygon EKZAHMON But as the square
on BA is to the square on ZO, so is the circle ABI

‘

A

to the area 2 ; therefore also as the circle ABI‘

A is

to the area 2 , so is the polygon AEBOI
‘

IIAP to the

polygon EKZAHMON [v . 1 1 ] therefore , alternately ,
as the circle ABI‘A is to the polygon in it , so is the
area ? to the polygon EKZAHMON . Now the circle
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K6KA0 ; 7 0 6 e’v 0 67 6) 770Avy L6v0v peigov Lipa KaL

7 0 Z p Lov 7 ou EKZAHMON 770Av'

yL6v0v . LiAALi
Ka i eAa7 7 OV °

0 77 6p GG T LV 0 6K Lipa

L6 ; 7 0 Li776 BA 7 6 7 pLiywv0v 77p6; 7 0 Li776

ZO,
0 ABI

‘

A K 6KA0 ; 7rp6s eAaooov 7 L 7 ou

EZHO Ku
'

Ko p L
'

ov . ouoiw ; 67) Seifopev, O7 L

0 636 L6 ; 7 0 6 776 ZO 77p6; 7 0 Li776 BA, 0

EZHO K6KAO; 77p6 ; gAaaoov 7 L 7 ov ABFA KuKo

p iov .

Ae'yw 0 7 L 0 66 6 L6 ; 7 0 Li776 BA 77p6; 7 0

Li776 ZO, 0 67 079 0O ABFA KuKAo; 77p6; pa lov
7 L 7 0 6 EZHO K6Ko p L

'

ov .

Ei ydp 30 7 0) 77p6 ; peiCov 7 6 2 . Lil/Li

770LALv Li
'

pa L6 ; 7 6 7 7
'

i; ZO 7 6 7pdywv0v 77p6 ; 7 6

Li776 7 77; AB , 0 67 Lo; 7 6 2 p iov 77p6; 7 6V ABEA
K 6KA0V . uAA L6 ; 7 6 E p Lov 77p6 ; 7 6V ABPA

KuKo , 0 67 w ; 6 EZHO KuKAo; 77p6; eA0Lr7 0v 7 L

7 ou ABEA KuKo p LOV
°

KaL L6 ; Lipa 7 6 Li776 7 6;
ZO 77p6; 7 6 Li776 BA, 0 67 L6 ; 0 EZHO Ku

'

KAo;
77p6 ; eAaoaov 7 L 7 ou ABFA K6KAOv XLupLOV

°

O7T €p

Liv a7 0v 6 86 LX977. 0 6K Lipa. 6 0 7 W L6 ; 7 6 Li776 BA

7 6 7 pa
'

ywv0v 77p6 ; 7 6 Li776 7 77; ZO, o67 w ; o MBFA
Ku

'

KAo ; 77p6; peLCov 7 L 7 ou EZHO KuKo
p

iov .

e’SeLX977 0 7 L 0 66 6 77pds eAaooow 6 0 7 LV apa L6 ;

7 6 0 776 BA 7e7p<iywv0v 77p6 ; 7 6 6 776 7 77; ZO,

o67 w ; o ABFA KuKAo; 77p6; 7 6V EZHO K6KAOV .

Oi Lipa K vKA0 L 77p6; aAA
'

o ; eio Lv L6 ; 7 6. Li776

7 Lov SLape
'

rpwv 7 6 7p0fywva
'
0 776p 6 80 . SeLfaL.
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(v.) Regular Solids

Eucl. E lem. x i i i . 1 8

T 6 ; 77AevpLi; 7 LI)V 776V7 6 0X77LLLirwv e’K 9e'0 9aL Kai

ovp ivaL 77p6 ; LiAAra ; .

76 7 77; 8006 60 779 oda ipa ; 6L0ipe7po; 75
AB , Ka i 7 c7u7io9a7 K ard 7 6 F 060 7 6 imp) eivaL

77)V AP 7 3? PB , K 0L7 Li 36 7 6 A L60 7e8L77Aao iova

elva L 7 7)V AA 7 6; AB , Ka i yeypci¢907 6772 7 6 ;

AB fipLKv
'

KALov 7 6 ABB , Ka i Li776 7 06 V P , A 7 37

AB 77p6; 6p9Li; 71X9070 0Lv a i FE ,
AZ ,

Ka i 6
’

77 6 CGU
I

X9w oav a i AZ , ZB , EB . Ka i e’nei 8L77A7'j e
’

orw 75
AA 7 77; AB , 7 pL77Afi Lipa 80 7 21) 75 AB 7 77; BA.

0iv0 0 7pe
'

tpaV7 L fiy LoAia Lipa 60 7 21! 73 BA AA.

03; 56 7} BA 77p6; 7 7)V AA, 7 6 6 776 7 6;

BA 77p6 ; 7 6 Li776 7 6; AZ
' iooyafiwov ydp 60 7 L 7 6

AZB 7pL
'

yLoV0v AZA 7 pLy03VLp
°

fipLLiALov Lipa

60 7 i 7 6 Li776 7 77; BA 7 0 6 Li776 7 6 ; AZ . é
'

orL 36

K a i 77 7 77; oda ipa ; 6L0ip.e7 po; v dpa fipLoAia

a For theearlier h is tory of theregular , cosmic or Platonic
figures, 0 . sup ra , pp. 931 6 - 9825 , 378 - 379 .

D T his proposit ion cannot befully understood w ithout the
prev ious propos it ions in thebook which it assumes, but it will
givean insight into thethoroughness and comprehensiveness
of Euclid ’

s methods.
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(v .) Regular Solids a

Euclid, E lemen ts x i i i . 1 8 b

T o set out thesides of thefivefigures and to compare
them onewith another.

Let AB, the diameter of the given sphere , be set
out , and let it be cut at I

‘

so that AP is equal to T B ,

and at A so that AA is double of AB and on AB

let the semicircle AEB be drawn , and from F , A let
I

‘

E , AZ be drawn at right angles to AB, and let AZ,

ZB
,
EB be j oined . Then since AA= QAB, there

fore AB = 3BA. Convertendo, therefore BA= -§LAA.

But BA AA= BA2 AZZ [v . Def. for the triangle
AZB is equiangular with the triangle AZA [vi.

therefore BAz—
gAZ

z
. But the square on the

meter of the sphere is also one - and- a - half times the
4 6 7
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7 77; 77Aevpa ; n vpapi60 ; . Ka i e’0 7 tv 75AB
agha ipa ; 6Lciue7 po; °

75 AZ eipa ia77 60 7 i

77Aevpa 7 75; 77vpapL60 ; .

IILiALv, enei 6L77Aa aLLov éo 7 iv 75 AA 7 71; AB ,

7 pL77A75 Lipa GO
‘

T iV 75AB 7 75; BA. 6 6 77 AB
77p6 ; 7

7

01) BA, 7 6 Li776 7 75; AB 77p6 ; 7 6 Li776

7 75; BZ 7 pL77ALiL7L0v Lipa 6 0 7 i 7 6 Li776 7 75; AB 7 0 7)

Li776 7 75; BZ . 6 0 7 L 86 Ka i 75 7 75; aa Lpa ; 6LLi

pe7po; SUI/Lina 7 pL77Aa0 L0) v
A

7 7); 7 0 0 Kvfiov 77Aeu
pa ; . Ka L 6 0 7 LV 77 AB 75 7 75; aghaLpa ; 3LLipe7p0 ; '

75 BZ Lipa 7 0 6 K lifiov €

g
T i 77AevpLi .77

Ka i e77 6 i L0 77 eoriv A75 P 7
'
77 PB ,

6L77A75 Lipa

6 0 7 21’ 75AB 7 75; BP . L6; 86 75
777
AB 77p6; 7 75v BP,

7 6 Li776 7 75; AB 77p6; 7 6 6 776 7 75; BE 6L77ALi
0 L0v Lipa 6 0 7 6 7 6 7 75; AB 7 0 6 Li776 7 75; BE .

ion 66 Ka i 75 7 75; oqfla ipa ; 6LLiiLe7po; Sol/Lina

6L77Aa 0 L
'

Lov 7 75; 7 0 6 6K7 ae'8pov 77AevpL
'

i; . Ka i 60 7 LV

75AB 75 7 75; 6096 6775; ogba L
'

pa ; 6Lciue7p0 ; °

75 BE
Lipa 7 0 6 6K7 ae'6p0v 30 7 i 77AevpLi .

"
HX90) 675 Li776 7 0 6 A O

'
TNLGLOU 7 75 AB e69eLa

77p6; op96 ;

7)
77 AH, Ka i K 6 L0 90) 75AH

"
L0 7

5
7 75 AB ,

K a i eweCevX90) 75H P , Ka i Li776 7 06 O 6 7T i 7 751! AB
K 0i9e7 0 ; 7]X90) 75 OK . Ka i enei 6L77A75 6 0 7 LV

HA 7 6 ; AP L0 77
”
ydp 75HA 7 75AB L6; 6 6 75HA

77p6 ; 7 75v AP , 77 OK 77p6; 7 75v KIJ, 6L77A75
Li
p
a Ka i 75 OK KP .

A

T GT pCL
‘

ITAOiO’

L

y

OV Lipa 6 0 7 i

7 6 Li776 7 75; OK 7 0 6 a 77 6 7

75;
KP 7 a Lipa Li776 7 Lov

OK , KP , 6776p GO
'

T i 7 6 OP 776 V7 a 77ALiL7L0v
£ 0 7 L 7 0 6 Li776

a

y r) ; KP . L0 77 6 6 75 OP 7 75 PB
776 V7 a 77ALioLov Lipa 6 0 7 2. 7 6 Li776 7 75; BP 7 0 6 Li776

7 75; PK . Ka i enei 6L77A75 6 0 7 LV 75AB 7 77; IB ,
L331)

75AA 7 75; AB 6 07 L 6L77A75, AOL7775Lipa 75BAA0 L7775;
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7 75; AP 6L77 L
V

6L7TA75. 7 pL77/\75 Lipa 75BP PA'

6w a 77ALiL7 Lov
"
apa 7 6 Li776 7 75; BP 7 0 6 Li776 7 75; PA.

flew aflAdULOV 6 6 7 6 a 7r6 7 75; BP 7 0 6 Li776 7 75; PK
'

A V 3 A A A
pa lov apa 7 0 a 770 PK 7 ou 0 770 PA.

peL
'

CwV Lipa 60 7 iv 75 PK 7 75; PA. K 6 L
'

L790) 7 35 PK

i0 73 75 PA,
Ka i Li776 7 0 6 A 7 35 AB 77p6; 6p96L;

fixfiw 75 AM,
Ka i 6776 §6 6xfiw 75 MB . Ka i 677 6 i

776 v7 a 77 /\LiL7L6v 6L77 L 7 6 Li776 7 75; BP 7 0 6 Li776 7 77;

PK
,
K a L 6L7 7 L 0611 BP AB

, 7 75; 66 PK
6L77/\75 75KA, 7T €VT a 7TAa

’

O
’

LOV Lipa 60 7 i 7 6 Li776 7 75;
AB 7 0 6 Li776 7 75; KA. 6L77 L 66 Ka i 75 7 75; 0 96m

pag 6LLip. 6 7 po; 6vvci3aeL 776 V7 a77AaL7L
'

wv 7 6 ; 6K 7 ou

K 6V7pov 7 0 6 Ku
'

Ko
, Ligb

’

0 6 7 6 6 2K0L7Li€6pov Liva
I I e f A I

yeypa 777 a L. Ka L 6 L77 Lv 7) AB 75 7 73; ogba Lpa ; 6La

[.LGT POS
“

75 KA Lipa 6K 7 0 6 K 6
'

V7 pov 60 7 i 7 ou

Ku
'

Ko ,
Liqfl

’

0 6 7 6 6 5K 0 L7Li6 6pov Livaye
'

ypa 777 aL
'

75
KA Lipa 6§ay03vov 6L77 i 77/\6 vp6. 7 0 6 6 6p77p6

’

1/OU

K 6K /\ov . Ka i 6776 i 75 7 75; o cpa L
'

pa ; 6LLip. 6 7po; 0 6y
KeL7 a L 6K 7 6 7 75; 7 0 6 6§ay03vov Ka i 660 7 0) v 7 ou

6 6 Kay0
'

n/ov 7 56 1) 6 69 7 6V 6 L:p753a6vov Ku
'

Ko 6yypa

LpopLe
'

vw v, Ka L
'

60 7 LV 75 p 6 1) AB 75 7 75; L7Lpa Lpa ;
6LLip6 7 po; , 75 66 KA efaywvov wAevpLi , Kai LOT] 75
AK 7 35AB ,

6Ka7 6pa Lipa 7 0 W AK , AB 6 6 Kaywvov

60 7 i 77/\6 vpa 7 0 6 6yypa9603a6vov 6 L; 7 6V KUKAOV, <i
0 6 7 6 6 LK 0 0 Lie6pov civaye'ypa 777 a L. Ka i 677 6 i 6 6 Ka

yL6vov pL6v 75 AB , 6§ay03vov 66 75MA
' 750 7) yLipA A V 3

6 L77 L 7 35 KA, 6 77 6 L KaL 7 37 OK
'

Loov yap a 7r6xovL7Lv

Euclid ’

s procedure, in construct ing theicosahedron
inscribablein a g iven sphere, is first to construct a ci rclew ith
radius r such that rz z éd

z
, whered is thediameter of the

sphere. In this heinscr ibes a regular decagon , and from its
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BA is double of the remainder AF. Therefore
BP = 3FA ; therefore BT 2= 9FA2. But BF2= 5PK2 ;
therefore FK2> FA2. Therefore PK > PA. Let I‘

A

be made equal to PK , and from A let AM be drawn
at right angles to AB , and let MB be j oin ed. Then
since BT 2= 5FK2, and AB= QBF,

KA= 2FK ,
there

fore AB2= 5KA2. But the square on the dia

meter of the sphere is also fivetimes the square
on the radius of the circle from which the icosahedron
has been described [xiii 1 6 , And AB is the
diameter of the sphere therefore KA is the radius
of the circle from which the icosahedron has been
described therefore KA is a side of the hexagon in
the said circle (iv . 1 5 , And sin ce the diameter
of the sphere is made up of the side of the hexagon
and two of the sides of the decagon in scribed in the
same circle [xiii 1 6 , and AB is the diameter
of the sphere , while KA is the side of the hexagon ,

and AK =AB, therefore each of the straight lin es
AK , AB is a side of the decagon in scribed in the circle
from which the icosahedron has been described. And

since AB belongs to a decagon and MA to a hexagon
(for MA is equal to KA sin ce it is also equal to 6 K ,

angular points draws stra ight lines perpend icular to the
planeof thec ircleand equal in length to 7

' this determines
theangular pomts of another decagon inscr ibed in an equal
parallel c ircle. By jo in ing alternateangular points of one
decagon , heobta ins a pentagon , and then does thesame
w ith theother decagon , but in such a manner that theangular
poin ts arenot oppositeoneanother . J o in ing theangular
po in ts of onepen tagon to thenearest angular poin ts of the
other , heobta in s ten equ ilateral tr iangles, which arefaces of
theicosahedron . Hecompletes theprocedureby finding the
common vertices of thefiveequ ilateral tr iangles standing on

each of thepen tagons, which form therema in ing faces of the
icosahedron .
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Li776 7 0 6 K6V7pov
°

Ka i 60 7 LV 6Ka 7 6
'pa 7 6311 GK, KA

6L77Aao'L
'
wv 7 759 KP

'
776 V7 aya

'

7vov Lipa 60 7 iv 75MB .

Q A I Q A I
75 6 6 7 0 6 776 V7 a

'

ywvov 6 0 7 LV 7) 7 0 6 6 LK0 L7a 6 6pov
°

eiKooa 66pov Li
'

pa 60 7 iv 75MB .

Ka i 6776 i 75 ZB K v
'

Bov 60 7 i 7r/\6 6 pLi ,
V I I V

a Kpov Ka L peoov Aoyov Ka7 a 7 0 N,
KC“ 6 0 7 6 )

peilov nan/Li a 7 6 NB '

75NB Li
'

pa 6w6 6 Ka 6
'

6pov 60 7 i

77/\6 vpLi .

Ka i 6776 i 75 7 759 ULpaL
'

pag Sid/LGT POS
’ 66 6 5x977 7 559

p61} AZ wkevpas‘ 7 759 v apL
'

6og 6UVLiy 6 L 75pLoAL
'

a ,

66 7 0 6 6K 7 a 6
'

6pov 7 759 BE 6vv<iy 6 L

7 759 66 7 0 6 Kv
'

fiov 7 759 ZB 6vVLi5a 6 L 7 pL77Aa 0
'

L
'

wv,
17 V f A I I I 0

Ov apa 75 oLpa Lpag 6La5u6 7pog 6vvap6 L 6

7 0 Lov
'

7wv 75”61; 7 759 flvpapL
'

6og 7 6 0
‘

L7 cipcov, 7566 7 0 6
I A f I I 0

0 K7 a 6 6pov 7p v, 7) 6 6 7 0 6 Kvfiov 6vo . 75 p6 1!

Li
'

pa 7 759 v apL
'
60 9 77/\6 vp6. 7 759 p61) 7 0 6 6K7 a 6

'

6pov

A
A
8
I I

8
\ A I

77 evpag vvapeL 6 0 7 LV 6 77L7pL7 og, 7 759 6 7 0 6 KUBOU

6vvci5a 6 L 6L77/\75, 7566 7 0 6 6K7 a 6
'
6pov ms 7 0 6 mifiov

6UVLip6 L 75pLoAL
'

a . a i p61) 0 6V 6 L
’

p75p6
'

vaL 7 Luv 7pLL3v

I I I I
oxnpan ov 77/\6 6pa L, Aeyw 675 v apL6og Ka L Ok 7 a

66pov Ka i Kv
'

Bov , 77p69 LiMfiAa g 6 laiu 6v ALiyOLg

6777 039 . a i 66 /\0 L7'ra i 6v
'

o , A6yw 675 75 7 6 7 0 6

tI A I y

6 LKoc7a 6 6pov Ka L 75 7 0 6 6w 6 6 Ka 6 6pov, ov7 6 77p0 9

W fika g 0 67 6 77p69 7 6 9 77p0 6 Lp775u6
'
vag eic iu ev

4 72



https://www.forgottenbooks.com/join


GREEK MATHEMATICS

0

AoyOLs
'

p757 oLg a/\oy0 L yLip 6 L0 LV, 75 p61) 6ALi7 7 wv,
756 6 Li770 7 0p75.77

0

0 7 L pa gan } 6L7 7 iV 75 7 0 6 6 iKooa 6
'
6pov 77/\ 6 vpci 75

MB 7 75; 7 0 6 6L6 6 6 Ka 6 6p
ov 7 75g NB , 6 6 L

'

fopL6 v ov7 w g .

’

R77 6 i yap LooyL6VLov 6L77 L 7 6 ZAB 7pLywvov 7 a)

ZAB 7 pL
'

yL6VLp, Liva
'

AoyLiv 60 7 LV L139 75AB 7rp6g 7 75v
BZ

, 0 67 6 79 77 BZ 7rp6g 7751} BA. Ka i 677 6 i 7p6
'

ig

6 696 LaL LiVLiAoyov 6 LOLV, 60 7 LV 655“ 75 77pL6 7 75 77p69
7 75v 7 pL7 75V, ov7 w g 7 6 Li776 7 759 77

p
L6 7 759 77p69 7 6

a 776 7 759 6 6 6 7 6pa 9 60 7 LV Lipa C69 75AB 77p69 7 75v
BA, ov7 w g 7 6 Li776 7 759 AB 77p69 7 6 Li776 7 75g BZ

'

azvdflaitw Lipa 069 75AB 77p69 7 75v BA, ov7 wg 7 6

7 759 ZB 77p69

77
7 6 a 776

”
7 759 BA. 7pL77)\75 66 75

AB 7 759 BA 7pL77 /\LiL7Lov Lipa 7 6 Li776 7 759 ZB 7 0 6

Li776 7

759
BA. 6L77 L 66 Ka i 7 6 Li776 7 759 AA 7 0 6

Li776 7 759 AB T GT PGJ TACiO
’

LOV SLWAfi yap n AA 7 759
AB pa gov Lipa 7 6 Li776 7 759 AA 7 0 6 Li776 7 759 ZB

peL
'

v Lipa 75AA 7 759 ZB Lipa 75AA 7 759
ZB pa ge» ) 60 7 LV . Ka i 7 759 p61) AA LiKpov Ka i

pe
'

o
'

ov /\6yov 7 6pvo5u6 V759 7 6 peLCov 7 p.75p
<i 607 LV 75

KA
, 6776 L67577 6p 75 p61) AK 6§ayc6vov 6 0 7 LV

,
75 66

KA 6 6 KayL6vov 7 759 66 ZB LiK
p
ov Ka i “6 0 0V Aoyov

T GflVOpGl/ TIS‘ 7 6 pa gov 6 0 7 LV 75NB peL
'

v
Lipa 75KA 7 755;

NB . L0 75 6 6 75KA 7 75 AM peLv
Lipa 7777 AM 7 759 NB [7 759 66 AM [1 .6 1.v 6L77 iv 75

1 m i 677 62 6 6 v7 6
'

pag. Miramur, cur haec definitio hoc
loco omn ibus verb is citetur,praesertim forma parumEuclidea.

cum tamen antea in hac ipsa propositionetot ies tacitesit
usurpata . itaqueputo, verba Kai 61 m . . 86 v7 6

'

pa9 subditiva

esse. — Heiberg .

If 7 betheradius of thespherec ircumscrib ing thefive
regular solids,
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said sides for they areirrational , the one being
minor [xiii. the other an apotome[xiii.
That the side MB of the icosahedron is greater than
the side NB of the dodecahedron we shall prove thus .

For since the triangle ZAB is equiangular with the
triangle ZAB [vi. the proportion arises , AB BZ

BZ :EA [vi. And sin ce the three straight lin es
arein proportion , as the first is to the third, so is

the square on the first to the square on the second
[v . Def. therefore AB :BA=AB2 EZ2 ; there
fore , inversely , AB BA= ZB2 BA2. But AB

SBA therefore ZB2=SBA2. But AA2= 4AB2, for
AA= 2AB ; therefore AA2> ZE2 ; therefore AA> ZB
therefore AA is by far greater than ZB . And, when
AA is cut in extreme and mean ratio , KA is the
greater segment , since AK belongs to a hexagon ,

and KA to a decagon [xiii 9] and when ZB is cut

in extreme and mean ratio , NB is the greater seg
ment ; therefore KA is greater than NB. But

KA=AM therefore AM> NB . T herefore MB,

sideof pyramid 7

sideof octahedron V2 r

sideof cube J S 7
'

sideof icosahedron gJ
IO(5 N 6)

sideof dodecahedron £4N/15
In thesenseof theterm irrat ional as used by Euclid’

s pre
decessors and by modern mathemat ic ians, all theseexpres
s ions areirrat ional but in thespec ial senseof Eucl. E lem.

x . Def. 3, thefirst threearerat ional, becausetheir squares are
commensurableonew ith another. T hefourth and fifth
expressions areirrat ional even in Euclid ’

s sense, belonging
to two species of irrational lines investigated in Book x .
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MB] .
1

770 /“ LIB Lipa 75 MB 77A6 vpLi o6a'
a 7 0 6

6 LK0 L7a 6 6p0 v [1 . 6 .n 60 7 i 7 69 NB 77/\ 6 vpas
‘

0 60 759

7 ou 6L06 6 Ka 6 6pov
' 677 6p 66 6 L 6 6 L5aL.

Ae'yw 675, 0 7 L 77apa 7 a 6 Lp75p6
'

va 776V7 6 0x755ua7 a
0 6 0 v0 7 a975L7 6 7 aL 67 6p0v 0X755aa 77 6pLex6p. 6 v0v 6776
i0 0 77 /\6v v 7 6 Ka i “70w v w o w LiM75/\0Lg .

C

Y776 p6iz yLip 6v0 7pLyL6vwv 75 6M» ; 677L776
'

6wv

L77 6p6 Li ywwa 06 O
'

UVLO
’

T a T aL. 6776 66 7pLLuv 7pL

yL6vL6 v 75 7 759 77vpapL6og, 6776 66 7 6 0 0
'

apwv 75 7 0 6
6K7 a 6

'

6p0v , 6776 66 776V7 6 75 7 0 6 6 LK00 a 6
'

6pov
' 6776

66 65 7pLyL6vwv L0 0 77}\6v v 7 6 Ka i 730 0w v 77p69
6vi L775p. 6 L

'
L6 ovvw 7 ap6

'
vwv 0 6K 6 0 7 aL 0 7 6p6 Li w L

'

a

0 60 759 yLip 7
7

69 7 ou L0 0 77A6 6p0v 7

p
LyL6v0v ywm

’

ag

6Lp0 Lp0v 6p9759 60 0W L1 L m 65 7 6 0 0 apL7Lv 6p9aLg
LL7a L 677 6p 6 6vva7 OV

°

Li77a0'

a yap 0 7 6p6 Li yv a 6776

6/\aL70 6VLov 75 7 6 L7L7Lipwv 6p9wv 77 6pL6X6 7 aL. 6L6. 7 Li

a67 Li 6750 666 6776 77/\6 L6v 75 65w v 677L776 6wv

a7 6p6 Li w La 0 6 VLL77 a7 aL.

'

T 776 66 7 6 7payL6vwv 7p v 75 7 0 6 KUBOU w L
'

a

77 6pL6
'

x6 7 aL
' 6776 66 7 6 L7L7LipL0v a6v

’

va7 0v
'eaow aLyap

WdALV 7 6 L7L7ap6 9 6p9aL.

(

Y
I

A
l

770 6 6 776 V7 aywvwv L0 0 77 6 vpL6 v KaL Laow LLuv,

6776 7pLL6 v 757 0 6 6w6 6 Ka 6
'

6p0v
' 6776 66 7 6 0 0 Lipwv

6 66va 7 OV °

0 60 759 yLip 7 759 7 0 6 776 V7 ayL6v0v iL70
A f

77A6 v
'

p0v ywm
’

ag 6p975g Ka i 7766 777 0 17, 60 0 7/7 aL mI A d

7 6
'

L7L7ap6 9 w L
'
aL 7 6 L7L7apwv 6p9wv “6 650 6 5“ 0 776p

6 66va7 0v .

0666 6776 770AvyL6vwv 67 6
p
wv axmuan ov

776pL0x6 075L7 6 7 a L 0 7 6p6 Li w La 6L6 7 6 a 67 6 6 7 0 770 17 .

06K Lipa 77apLi 7 Li 6 Lp755a 6
'

va 77 6V7 6 0x755ua7 a.

1
769 MB del Heiberg.
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6 7 6p0v O
’

Xfipa 0 7 6p6 6V 0 6 V7 a 9750 6 7 a L 6 776 L0 0

WAGJPCUV 7 6 Ka i Loow v 776pL6XO5LL6 v0v 6 776p
66 6 L 6 6 L5a L.

(0) T HE DAT A
Eucl. , ed . Heiberg -Mengevi. 2. 1 - 1 5

0'

Op0L

a
'
. A6 601L6va 7T ?) y 6 y696 L A6y6 7 aL XL6 pL

'

a 7 6 Ka i

ypapLLa i Ka i yL6 VL
'

aL, oig 6vv66 6 9a
'

L
'

L7a 770pL
'
L7a L79aL.

B . A6yos 6 6 660 9aL 6vv6p 6 9a 7 6V

a 67 6v 770pLoaL79aL.

y . E696ypappa 0X755aa7 a 7 L6 ei' 6 L 6 6 660 9aL

6 6 y 6 7 a L, L6 12 m 7 6 w La L 6 6 6oy 6vaL 6 LL7i Ka 7 6 “Lav

Ka i 0 L /\6yoL 7 L6 V 77/\6 vpL6 v 77p69 6M75/\ag
T 75 960 6 L 6

m
6 660 0a L A6y0v7 a L O

‘

THLGLG. 7 6 Ka i

ypappa i Ka i yL6 VLa L, a 7 6 V 6 67 6 17 Liei 7 6770v 6776X6 L.

KU
I

KAOS‘ 7 L6 6 6 y 6 96 L 6 6 660 9aL Aey6 7 aL, 06

6660 7 a L 75 6K 7 0 6 K 6 V7pov 7 L6 6 6 y6 96 L.

T i} 06 0 6 L 66 Ka i 7 L6 y 6y 6 96 L K6K /\ 0g 6 6 660 9aL

A6y 6 7 a L, 0 6 6 6 6o7 a L 7 6 K 6V7p0v 7 77 96 0 6 L, 75 66
6K 7 0 6 K6V7pov 7 L6 p6y696 L.

(6 ) T HE PORISMS
Frocl. in Eucl. i. , ed Friedlein 301 . 2 1—302 . 13 ; Eucl. ,

ed . Heiberg- Mengev i i i . 237 . 9 - Q7

e'
Ev 7 L 7 L6 V y 6 L6 p6 7pLKL6 V 60 7 LV 6v0pa7 L6 v 7 6
I

770pLL7pa . 7 0 6 7 0 66 Unpa LveL 6L7 7 6V Ka )\0 6o L y6p

Euclid ’

3 Da ta (A68Ope
’

va) is h is only work in puregeo
metry to havesurvived in G reek apart from theE lemen ts.

(His book On Divisions of Figures has surv ived in Arab ic,
6 8

.

1 1pm , p. 1 56 11 . o.) I t is closely connected w ith Books
i.- vi . of theE lemen ts , and its general character w ill besufii
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figures, can be constructed so as to be con tain ed by
equilateral and equiangular figures ; which was to
be proved.

(c) T HE DAT A
“

Bucl. , ed. Heiberg-Mengevi. 2 . 1 - 1 5

Definitions

1 . Areas , lin es and angles aresaid to be given in
magnitude when we can make others equal to them .

2 . A ratio is said to be given when we can make
another equal to it .

3 . Rectilineal figures aresaid to be given in species
when their angles areseverally given and the ratios
of the sides onetowards an other arealso given .

4 . Points , lines and angles aresaid to be given in
position when they always occupy the same place .

5 . A circle is said to be given in magnitude when
the radius is given in magn itude .

6 . A circle is said to be given in position and in

magnitude when the centre is given i n position and

the radius l n magnitude .

(d) T HE PORISMS

Proclus, On Euclid i. ,ed. Friedlein 301 . 2 1 - 302 . 13

Eucl., ed. Heiberg-Mengev i i i . 237 . 9 - 27

Porism is one of the terms used in geometry . It

has a twofold meaning . For porisms arein the first

ciently indicated by thesefirst few defin it ions . T heobject
of a proposit ion called a da tum is to provethat , if in a figure
certa in propert ies aregiven , other propert ies arealso g iven , in

oneor other of thesenses defined ln thedefin it ions. Pappus

included thebook in h is T 6770: dvaAvo
'

uevos ( T reasury of
Analysis).
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wopL
'

oiLa
‘
ra , Ka i 55 a Oewpn

'

pa
'
ra ovyKa T a oKeva

Cef a L 7 a2g <1v awoSeL'feoLv 0 Lov eppa La Ka i.
Ke'p577 7 00V {777 k e vn apxow a , Ka L 5oa {777

-

6 27m

ge
’

v
, evpe

'

oew g 86 xpnCeL Ka L ovTeyeve
’

oew s
057 6 Hep

'

a g our/Mg . 5T L pev yap v Loomcev
a L wpdg T fi Ba oa LaaL HewpnoaL 5a ,

KaL ow wv 877
7 Li/o w wpap a

'
rwv 6 0 7 LV 77 T w a in

-

77 mv

86 ywmav SLXO. repew
z

77 T pL
‘

w OV ovornoaoOa L 77
agfiekew n wpoofie

’

ofim ,

”
7 av7 a waw a wofnow 7 Lvos

(in aLTeL' T OU SQ 509511 7 0 9 KUKAOU 7 5 Ke'w pov
ev
p
ew , 77 350 809e'w wv ovwf

e'rpwv peyefiw v
f
ro

pe
’

yw
‘

rov KaL K0 Lv5v pe
'

rpov evpew ,
77 5ao T OLaSG,

pef afv wms 6 0 7 L wpoBAnLLav KaL Hewpnpa '
rwv.

057-

6 ydp yeve
'

oeLg GLOL
'

V €V T ov
'

f mg 7 <1 ) V Cnf ovp
’

e'vwv,
(IA/V eépe

'

oeLg, ov‘
reOep a 5a ydp v77 51/Jw

Liya
'

yew Ka L 77p5
”
515 1. 0.v 770 L770 a0 9aL 7 5 {777

-

ou

pLevov.
‘
T OLa vT a apa GO

'

T LV KaL 5ao EvKAeL'Bng wopL
opa

'
ra ye

’

ypaqSe, 37 BLfi/Va HopLopafv ovvroifa s .

Papp. Coll. vu. ,ed. Hultsch 6 4 8. 1 8— 6 60. 1 6 Eucl
ed. Heiberg-Mengev iii. 238 . 1 0—243 . 5

M6 7 5. 36 rd;
’

E7rag[>dgev T pLO
‘

LBLBALOLQ Hopw pa
‘

ra

e’oT Lv EvKAeLSOU, woMOLg afipow pa cAoreXL/Li‘ra f ov
eL9 “

r7)v avcflvow v epflpfleme’pwv wpoflkq
[1,5e

1
7 v v Heiberg, 7 631) codd.

wpooOe
’

oGaL Heiberg, GéofiaL codd.

A porism in this senseis commonly called a corollary .

Euclid s P orisms has unfortunately not survived, which
is a great misfortuneas it appears to havebeen themost
orig inal and advanced of all h is works. Our knowledge
of its conten ts comes solely from Pappus.

Pappus is desc rib ing thebooks comprised in his T on os'
dvaAvopevos' ( T reasury of Ana lysis). Heproceeds to g ivean
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lIepLAafleiv 55 77o {.1 t npordoeL fiKLo '
ra 5uva

7 5V e’v T ov
'

T OLg 5L5. T 5 Ka i a57 5v 0 13 77o

e'K cio ‘

rov ei'5ovg refieLKe'va L, d/t 5elypa 1 'og

eveKa e’K rv7s n oAvnAnHefa g 31) 73
1 5AL

'

ya .

5pm? 55 5zi w 7 0 13 77pa
'

rrov fiLB/Vov 7 6
,

96 LK 6'V 51 m

eL5fi 7 Lva
3 e’KeL'vov rov e’L'5ovg v

7 57m m
, (59 Z7 5 7757790 9 . 5L5 Ka i nepLAafiefv 7 a57 a g

A I I f I ( I I
,q L npo

'

raoeL ev5exopevov evpow
'eg ovrw s eypa

f I I I A
papa » eav U7T T LOU 1 ) n apvn n ov 7 pLa 7 a 6 7T L pLa S

‘

as M ,

A
A c r

8
; 4

8amua a [17 77 apa 77 ou 7 779 GT GPG S
‘

T a vo] e
I 6 “ t ( I I

SOHGVG. 37, T a 56 Aoma 77 /\77v evos an
'm'

ra L 96 0 6 L

5e5ope
'

v779 6 1396 50 3 , Ka i 7 0 60
’

He'oeL 56 50
I 3

0
I A I ,

0
A

[Levng eu eLag . TOUT 6 77 L reooapwv pev eu ev
w I T I 9\ I A Aem '

aL povwv, w v ou nAeLoveg 77 5vo 5La rov avrov

s r A a

U TNLGLOU 6 LOLV, GYVOGLT G L 86 6 77L 7T G V
’

T OS
’

T OD 77p0

ev 77 Littré , Ema Hultsch .

2 88 5
'

p Heiberg , SeBOpe
'

vov cod. (sequentelacuna ) del.
Hultsch .

3
7 Lva Heiberg, n du COd . , n dw

’

Hultsch .

f) 5v
'

o in terpolatori trib . Hultsch .

T hefour straight lines aredesc ribed in theG reek as (the
sides) t37rn

'

ov 73 n apvwn
’

ov, i.e. , as theS ides of supineand

hyper- supinequadrilaterals . Robert Simson (Opera quae
dam reliqua , p. 34 8)expla ins a fim iov oxfipa as being of the
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Now to comprehend many propositions in one
enun ciation is far from easy in these porisms , because
Euclid himself h as not given many of each species ,
but out of a great number he has selected one or a
few by way of e xample . But at the beginning of the
first book he has given certain allied propositions , ten
in number, from that more abundant species con

sisting of loci. Finding that these can be compre
hended in oneenun ciation , we have therefore written
it out in this manner If , in a system of four straight

lines which cut oneanother two and two, thethreepoints
[of intersection] on onestraight linebegiven , whilethe
restexcept onelieon difierent straight lines given in posi
tion , theremaining point also will beon a straight line
given in posi tion .

“ T his has been enun ciated in the
case of four straight lines on ly , of which not more
than two pass through the same poin t , and it is not
natureof ( 1 ) in theaccompany ing diagrams, while(2) and
(3) aren apv

’

rrr i a axfipa-

ra . Healso expla ined thecorrect

A
F

I

I
II

mean ing of therather leaseprov iso , rd 5é /\0 L775 whip) év5s
i n rnraL Be

'

aeL 5e5ope
'
vns

' elieeias. Applied to thesefigures,
theenunc iation states that if A, B , F aregiven , whiletheloc i
of C and D arestra ight lines, then thelocus of E is also a

straight line.
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7 6 Lv011 6
'

vov n hnfiovg 557796 9 5n apx0v 057 01 9 /\6 'y5

6 5V 57rooa Lo5v 6 596 La L 7 6
'

11 vw aw 5557755 9 ,

11 77 WAGLOVGS
‘

77 550 5L5 7 0 5 5 57 0 5 O
’

TNLGLOU, n dw a

56 6 71 1 ”Lag 5 57 551} 56 505 69 5 77, Ka L 7 wv 6 77L
“

6 7 6
'

pag

6
'

Kao 7 ov 5
'

777 777 a L 96
'

0 6 L 6 596 1 5 9 , 7) Kae
t Kw 7 6

'

pav 0 57 01 9 6 5V 57rooaL0 5v 6 556 LaL 7 6
'

11 vw 0 Lv

77 /\6 L0 V6 9 77 550 5L5 7 05 5 57 05 0 7711 6 Lov,

56 7 5 pm; 5 57 531) 86 80/l 6 1/a r) ,

7 5 1 1) 56 Aomw v 7 5 7757790 9 6x5V7 cuv 7 pLywv0v 5pL91L5v

77 7T /\eup5 7 057 0 5 6 Kao7 0v 6X?) 0 771.1. 6 LOV 5n 7 51L6 v0v

6 596 Lag 96 0 6 L 56 505 6 V179 , 7 55V 7 pL53v pr) 7rp5g

w LaLg 5n a
px
5V7 L0v 7pLyw vov xp ov ,

6 K5 0 7 0v

/\0 L775v UflMGLOV 5 6 7 0 5 96 0 6 L 6 596 L
'

a g .

7 5V 56 2 7 0 LX6 Lw 7 77V 05K 6 LK59 5yv0 770 5 L 7 0 57 0 , 7 77V

5
’

5pxr
‘

1v p5v171/ 7 550 5 .

”
Exel 56 7 5 7 pLa fiLflAL'a 7 53V Hopwud

'
rwv 57511.

para 5 57 5 55 0€wpflMdT w V poa .

So. a tr ianglehav ing as its s ides threeof theg iven stra ight
lines.

D T hemean ing of this enunc iat ion was d iscovered by
S imson, and is g 1ven by Lor ia (Lescienzeesattenell

’

an tica

Grecia , p. 256 n . 3) as follows If a completen - lateral be
deformed so that its sides respectively turn about n poin ts on
a stra ight line, and (n 1 ) of its in (n 1 ) vertices moveeach
on a st 1 aight line, therema in ing §(n l )(n Q) of its vertices
likew isemoveon stra ight lines prov ided that it 1s not possible
to form with the(n 1 ) vertices any trianglehav ing for s ides
thesides of thepolygon . Wemay sympathizew ith the
frank confession of Edmond Halley (Apollon ii Pergaei De
sectionera tion is , p. xxxvii) that hecould makeno senseout
of this passage.
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GREEK MATHEMATICS

(e) T m: CONICS

Papp. Coll. vu . 30- 36 , ed . Hultsch 6 72 . 1 8—6 78. 24

T 5 E5KA6 L
’

ou BLBALa 5 Kw VLKw V
’

A770AAL5VL09
5V5 77A77pw oa 9 Ka L 77poo96 L9

"
6 7 6pa 5 n ap6

'

5LoK 6 V 77
KwVLKw V 7 6 5x77. ApLara Log 56 , 59 y 6 ypaq56 7 5

ye
'

xpL 7 05 V5V 5V5 5L5551Leva 0 7 6p6 6 V 7 577mv 7e5m
6 0 vV6X77 7 OL9 KwVLKoi9 , 6K5A6 L [Ka i oi 77p5

’

A7T OA

ALoVL
'

ov]
l

7 LuV 7pLLoV KwVLKLoV ypapuwv 7 75V p6V

5§vywvi0v, 775V 56 5p90w L
'

ov, 7 75V 56 5pfiAvyLoVL
'

0v

KC5VOU 7 0 1L75V . 5V 56
'

95 aLV [sc . A770AAw VL09]
6V 7 5) 7pL7 Lp 7 5770V 6 77L 77 K aL5yyp5511 59 7 6A6 Lw
977V5 L 5775 E5KA6 L5ov, 055

’

5V 5 57 5 9 755VV75975 055
’

5AA0 9 0556 L9 5AA
’

0556 pLKp5V 7 L 77p0 0 96 LV5 L 7 0L9

5775 E5KA6 L5ov ypagba cn v
’

j~ 5L5”ye511.5v v 77p0

56 56 Lyue
'

vwv 75577 KLoVLKwV 5 xpL 7 01 V Ka7
’

E5

KA6 L575V , ( 09 Ka L 5 57 59 pap7 vp6 L Aéywv 555V5 7 0V
6 LVaL 7 6A6 Lw975VaL, xp g a m 5 57 59 77p0yp5¢6 LV
75vayK50 977. 56 E5KA6 L

’

5759 577056x555 6 V0 9 7 5V
’

ApLara i
’

0V 5§L0V 5V7 5 6 95:0 L9 75577 7rap5 56 5w K 6 L

KwVLK0 L9 , Ka L 95950 5 9 77 p77 96A750 5 9 6 77LKa7 a

35AA6 0 95 L 7 057 wV 7 77V 5 57 75V 77pa
'

y511 5 7 6 LaV, 6 77L6 L

K 6
'

0 7 5 7 09 53V Ka i. 77p59 5
'

775 V7 5 9 6 51L6 V759 7 059 Kai

Ka 7 5 770 0 5V avva5feLV 5vvap6
'

vov9 7 5 55 5 975511 5 7 5 ,

L1) 9 56 L, Ka L 51 7755 511 1109 77pooKpova7 LK59 5775 pw ,

KaL 5KpLBr59 [LG
‘

V 05K 5AaC0VLK59 56 Ka9577 6p 057 09 ,
50 0V 5vva7 5V 7)V 86 1.d 7 0 5 7 5770v 5L5 7 53V 6 K 6 Lvov

1
KaL 0L 77p5 AnoAAwVL

'
ov del. Hultsch .

5AA
’

ypacpei
'

c nv del. Hultsch .

Eucl id ’

s Con ics has not survived, but an idea of its con

tents can beobta ined from Archimedes ’ references to pro
positions proved in theE lemen ts of Con ics ( 6

’

V 7 029 KwVLKo
‘

L
'

s
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(6 ) T HE Comcs “

Pappus, Collection v u. 30- 86 , ed . Hultsch 6 72 . 1 8— 6 78 . 24

Apollonius , who completed the four books of
Euclid ’

s Conics and added another four , gave us eight
books of Combs . Aristaeus ,who wrote the stillex tan t b
fivebooks of Solid Loci supplementary to the Conics ,
called the three conics sections of an acute - angled,
right - angled and obtuse - angled con e respectively .

Apollonius says in his third book that the
locus wi th respect to three or four lines had not

been fully worked out by Euclid, and in fact neither
Apollonius himself nor anyone else could have added
anything to what Euclid wrote , using only those
properties of conics which had been proved up to
Euclid ’

s time ; as Apollonius hims elf bears witn ess
when he says that the locus could not be fully in
vest igated without the propositions that he had been
compelled to work out for himself. Now Euclid
regarded Aristaeus as deserving credit for h is con

tributions to conics, and did not try to anticipate him
or to overthrow his system for he showed scrupulous
fairness and exemplary kin dn ess towards all who
were able in any degree to advance mathematics , and
was never ofl'en sive, but aimed at accuracy , and did
not boast like the other . Accordingly he wroteso
much about the locus as was possible by means of
o
-
rOLxelOLs), a term which would cover thetreatises both of

Ar istaeus and of Euclid. T heSurface—Loci and theP orisms
of Euclid appea r to havecontained further developments in
thetheory of comics .

b T his has been taken to imply that Euclid
’

s Con ics was
already lost when Pappus wrote. Nothing moreis known
of this Ar istaeus, un less heis iden tical w ith theAr istaeus sa id
by Hypsicles (Eucl. ed . Heiberg-Mengev . 6 . 22- 23) to have
written a book called Comparison of theFiveRegu lar Solids .
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KwVLKLEV 6
'

yp5 56 V, 05K 6 L775) V 7 6 50 9 6
'

X6 LV 7 5

SGLKVU
’

pO /OV . 7 57 6 y5p 77V 5V5
~

yK 5 L0V

V5V 5
’

0555 5 5 79 , 6 77 6 L7 0 L K 5 L 5 57 59 6 V 7 0 L9 Kw VLK0 L9

57 6 577 7 5 7756 L0 7 5 K 5 7 5 5L775) V 05K 6 505V6 7 5 L. 77p0 0

96ZV5 L 56 7 5) 7 5770) 7 5 56 L775/L6 V5 56 55V777 5 L 77p0

55 V7 5 0 LL096 L9 7 0 L9 5775 E5K56 L50 v yeypapp6 V0 L9
77577 776pL 7 05 7 5770 5 K 5 L 0 5 0x0550 5 9 7 0 L9 5775

E5K56 L5ov 5 5 9777 5 L9 6 V
’

A56 §5 V5p
6 L5 7756 L0 7 0 V

xp5V0V, 596 V 6
'

0X6 K 5 L 7 77V 7 0 L5 5 7 77V 6 §LV 05K

55 5 95.

057 0 9 56 5 57 Ka t 5 75 5 5 5 59 7 5770 9 , 0
5

5 6
'
-

ya 5p0V6 L 77p0 006 L9 XCLpLV 556 556 LV 6 L56 V5 L 7 0)

77p537 L0 yp555 V7 L, 7 OLO57 59 6 0 7 L
,

1V . 6 5V ydp,
96
'

0 6 L

56 555 6 v 7pLLoV 6 506 LL0V, 577 5 7 LV0 9 7 05 5 57 052

0 715 6 50 5 Ka 7 axfiw 0 LV 677 11 7 59 7 p6
'

i9 6
’

V 56 505 6
'

V5 L9

yLoVL
'

5 L9 6 596 L
'

5 L, Ka t 55y0 9 37
?

5096 t9 7 05 5775550
K 5 7 77yp 6 VLoV 7T €pL€X0p€VOU 5p90yLuVLov 77p59 7 5 5775

7 779 50 L77779 7 6 7p5w 0V, 7 5 556 7 5 L H6 0 6 L
56 505 6 V0 5 0 7 6p6 05 7 5770 v , 7 0 5 7 6 0 7 LV pL5 9 7 w V

T p V KLoVLKw V ypamuwv . K 5 L 6 5V 6 77L 5 6 596 L5 9

06
'

0 6 L 56 505 6V5 9 Ka 7 axfi530 LV 6 596 25 L 6
’

V 56 505 6 V5 L9

w L
'

5 L9 , Ka l 77 5096 l9 7 0 5 5775 550 K 5 7 77y

5 6 VL0V 77p59 7 5 5775 7 53V 50 L7753V 550 K 5 7 77y5 6 vwv,

5,5 0 n 7 5 onpeLOV 5 56 7 5 L 96 0 6 L 86 80p€V779 KL5V0 5

7 0 15 779 .

5 56 E5K56 L
'

5779 7 OLO57 59 6 0 7 LV scholiastaeC l l idam
h is

l

toriaequ idem veterummathematicorum non imperito , sed
qui dicendi generelangu ido et inconcinno usus sit tribuit

Hultsch .

7 05 5 57 05 del. Hultsch .

T hethree- linelocus is, of course, a particularexampleof
thefour- linelocus . I t seems clear that Apollon ius himself
d id not havea completesolution of thefour- linelocus, but
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Eucl. Phaen . Praef. , Eucl.ed . Heiberg-Mengevi i i . 6 . 5 - 7

’

E5V ydp K CUVOS
‘

77 K5hLV5p0 9 677L77655 ) ”77
775 p5 7 77V B50 LV ,

77 yLyV6 7 a L 5§vycbVLov KL5V0v

77
'

7 L9 60 7 LV 5,5 0 L5

(f ) T HE SURFACE - LOC I

Papp. Coll. vii . ,ed. Hultsch 6 36 . 253- 24

E5k /\eL'5ov T 577L0V 7 L0V 77p59 677Lg/>5 V6 L
'

5 B.

Procl. in Eucl. i. , ed. Friedlein 394 . 1 6 —395 . 2

KaALT) 56 7 0 77L1< 5 M611 , 50 0 L9 7 5 57 5V 0 5
,
5 777 5 )p. 5

77p59 oha) 7 LVL 7 5775 ) 0 5 ,556,377K 6 V, 7 5770V 56 ypappny9
77 677L965 V6 La 9 96 0 W 770 L050 5 V 6V K 5 L 7 5 57 5V 0 5p
777 L05 5 . 7 5 ) V y5p 7 0 77LKw V 7 5 5 6V 60 7 L 77p59 ypap

pa L9 0 vVL0 7 5p 6 V5 , 7 5 56 77p59 677La V6 L5 L9 . K 5 L

677 6 L577 7 53V ypappw v 5 L NG
I

V 6 L0 LV 677L77 6 5OL, 5 L 56

0 7 6p6 5 L
— 677L77 6 5OL fie

/

12 , 651) 6V 67 577655 ) 77
V5770 L9 , 7 779 6 506 L5 9 , 0 7 6p6 5 L 56, Luv 77 y6V6 0 L9

6K 7 LV0 9 5V5 ¢5 LV6 7 5 L o7ep6 o5 oxnpa 7 0 9 , L1) 9

7 779 Kv/\LV5pLK 779 Ka L 7 L0V Kw VLKw V ypap BV

by thefirst two lines so drawn to thesquareon thethird lineis
constant. For a solution and full discussion of thefour- line
locus, referenceshould bemadeto Zeuthen , DieLehrevon
den Kegelschnitten im A ltertum, pp . 126 fi . , or Heath, Apol
lonius of Perga , pp. cxxxv i i i—cl.

Euclid ’

s Phenomena is an astronomical work largely based
on two treat ises by Autolycus of Pitane(0. 3 15—240

which arealso extant .
Menaechmus is believed to haved iscovered thecon ic

sections as sections of a right—angled , acute—angled and

obtuse- angled conerespectively by a planeperpendicular
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Euclid, Prefaceto Phenomena ,

“ Eucl.ed. Heiberg-Menge
v iii . 6 . 5 - 7

If a cone or cylinder be cut by a plane not parallel
to the base , the resulting section is a section of an
acute - angled cone which is similar to a sh ield.

b

(f ) T HE SURFACE -LOCI

Pappus, Collection vn . , ed. Hultsch 6 36 . 23 - 24

Euclid ’

s two books of Surface-Loci .

"

Proclus, On Euclid i. ,ed . Friedlein 394 . 1 6—395. 9

I call locus- theorems those which deal with the
same property throughout the whole of a locus , and
a locus I call a position of a line or surface which has
throughout one and the same property . Some locus
theorems arecons tructed on lines and others on
surfaces . Furthermore , since lines may beplane
or solid—

plane being those which aresimply gener
ated in a plane , like the straight line , and solid those
which aregenerated from some section of a solid
figure , like the cylindrical helix or the conic sections

to a generat ing line. T h is passageshows that Euclid, at

least , w as also awarethat an ellipsecould beobta ined as a

section of a r ight cylinder by a planenot parallel to thebase,
and thefact may well havebeen known beforeh is t ime;
Heiberg (LiterdrgeschichtlicheStudien u

'

ber Euklid, p. 88)
thinks that Menaechmus probably used 0vp6 59 as thename
for theellipse.

c T his entry is taken from thelist of books in Pappus
’

s

T 57709 civaAuo
’

uevos ( T reasury of Analysis) . T hework is

lost , but wecan conjecturewhat surface- loc i werefrom
remarks by Proclus and Pappus himself, and wecan get some
idea of thecon tents of Euclid’

s treatisefrom two lemmas

g iven to it by Pappus.
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fl A A A
—¢ 5 L77V 5 V K 5 L 7 5 ) V 77p0 9 ypauuaw 7 0 77LK 5 ) V 7 5

I V I
p6V 677L776 5ov 6X6 LV 7 0 770 V, 7 5 56 o7 6p6 0V.

Papp. Coll. vn . 3 19—3 1 6 , ed . Hultsch 1004 . 1 6— 1 01 0. 1 5

Eucl. ed. Heiberg - Mengev i i i . 274 . 1 8—278 . 1 5

I
EL9 7 ou9 77p0 9 6 77L<

,
65 V6 L5

5
' ’

E5V 6 6 596 25 75AB Ka i. 775 p5 060 6 L 15FA,5

Ka i 7 0 6 15775 AAB 77p59 7 5 5775 AP, 7 5 F
t

5
'

777 6 7 5 L KwVLKfig ypappng . 65V 0 5V 7) 5 6V AB
(77 6a 3? 7 779 965 6 5 5 , K a i 7 5 A, B 0 7 6077937 7 ou

r 1 9 r I s I 3 A
5096 V7 5 6 LV5 L, y 6 V777 5 L 56 77p0 9 96 0 6 L 6 v96 L5 L9 7 aL9

AE , EB , 7 5 P
,
5 6 7 6 5 )pL5 96V yL

'

V6 7 5 L 77p59 965 6 L

7 0 6 7 0 56 656 5xd77.

B
'

.

’

E5V fi 960 6 L 6 506 15 75AB Ka i 5096V 7 5 F
1 809615 5 Heiberg, 806615 0 9 cod . , Hultsch .

2
6 606 L

’

aL9 T annery, 6 66 6 25 cod.

From this passage, confirmed by Eutoc ius, line- loc i
would appear to beloc i which arelines, and surface- loc i
would seem to beloc i which aresurfaces. Pappus, in Coll.

iv . 33, ed . Hultsch 958 . 20- 25 , implies , however. that surface
loc i areloc i traced on surfaces , and heg ives thecylindrical
helix as an exampleof such a locus. Cf . supra , p. 34 8 n . a .
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£1} 7 0 ) (1 07 00 6 77L776
'

3w , Ka i 3Laxfi77 77 AP , Ka i 77p59

opfiag ax977 77 AE , Aoyos Sefi77 7 775: PA 77p5g AE ,

0 f A I 2 l

7 0 A a 7r7e7 a L 96 0 6 L K CUVLKTIS
‘

7 0
,
u 779 56 LK7 6 0V 56 ,

0 7 Lypaypng ( 1L6
'

pog 770 L6 i 7 5V
3 86 Lxfi7§0 6 7 aL

56 0 k g npoypa cfiew og 7 0 770v 7 0 086 .

y . Avo 80 96
'

V7 w v 7 0711 A, B K a i 0 109779 7 779 FA
Royos 6 0 7 00 7 ou ( 1 775 AA 77p5s

‘

7 5. ci775 FA
, AB . A6

you, 0
'

7 L 7 0 F a 777 6 7 a L v ov 7 0p. 775
‘

, 6 0 V 7 6 fi 0

llo'

yos
~

L0 0 9 7rp5g LG
'

OV 77 p 6 l§wv 77p59 6Ka 0 0 0va 77
6 /\aoow v 77p59 peL

'

Cova .

E0 7 0)
”
ydp 77p0 7 6p0v 5 Adyog loos 77p5g

Ka L 6 77 6 L LG
'

OV 6 0 7 LV 7 5 a 775 AA TOLS‘ a 775 FA, AB ,

K 6 L0 9w 7 3? BA L0 77 77 AE . LO0V apa 6 0 7 L 75 v775

BAE 5775 AP .

n
TeT PLfiO

'Hw 8a 7) AB 7 0) Z

1
77p5s 5p9as

‘ Hultsch , 77cpd. 06 0 6 L cod.

2 56 LK7 6
'

ov Hultsch in adn . , Seiw aL cod.

,
pe'pos 770 L6 L 7 51) 7 0 770 11 add . Gerhardt , Hultsch .

7 0 770 0 immo 7 ou Anppa7 og Hultsch .

of being g iven T hetext leaves it uncerta in whether,
when AB is no longer g iven in position , it rema ins constant
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the point I
‘ be given in the same plane , and AI

‘

be
drawn , and AE be drawn perpendicular [to the given
straight line AB] , and if the ratio I

‘

A :AE be given ,

the point A will lieon a conic section .

“ But it

must be shown that part of the curve forms the
locus . This will be proved as follows by means of
this lemma.

3 . Given b the two points A,
B and the perpen

dicular I
‘

A
, let the ratio AAZ T A2 +AB2 be given . I

say that the poin t P lies on a conic section , whether
the ratio be of equal to equal , or greater to less , or less
to greater.
For in the first place let the ratio be of equal to
equal . Since AAz=FA2 +AB2, let AE be made
equal to BA.

Th en [BA AE EA2 AAZ [Eucl. ii . 6

— I
‘

A2 -AB2 [can byp. ,

and so] BA AE I
‘
A2.

in length or var ies . Zeuthen conjectures that two cases were
considered by Euclid : ( 1 ) AB rema ins of constant length,
whileAE , EB areparallel instead of meeting in a point and

(2) AE , EB meet in a point and AB always moves parallel
to itself, so varying in length. In theformer caseI‘ lies on

thesurfacedescribed by a con ic section moving bodily, in the
latter casethesurfaceis a cone.

0 T his is thedefin ition of a con ic in terms of its focus and
directr ix, AB being thed irectrix, I‘ thefocus , A any point
on thecurve, and theratio I‘A AE theeccentric ity of the
con ic . S incePappus proves this property for all threecon ics
by transforming it to themorefamiliar axial form, it must
havebeen assumed by Euclid w ithout proof, and was pre
sumably first demonstrated by Ar istaeus. T h is is all the
moreremarkableas thefocus—d irectrix property is nowhere
men tioned by Apollon ius, and, indeed , is found in only two
other places in thewholeof theGreek mathematicalwritings,
v. supra , p. 362 n . a .

5 Diagram on p. 4 96 .
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30 96V a

p
a 7 5 Z . K aL 6 0 7 a L 3L77/\77 77 AE 7 779 ZA

050 7 6 7 5 75775 BAE 7 5 3L9 6 0 7 LV 75775

77
7 071! AB ,

ZA.

C

Ka L 60 7 LV 77
3L7 \77 7 779 AB 30 96 L0 0L 7 5 apa 75775

3O96 L0 779 Ka L 7 779 ZA LG
'

OV 60 7 LV 7 0
A

) 0 775 7 779 AP .

7 5 a 0L 0. 777 6 7 0LL 96 0 6 L n apaB5/\779 6pxop. 6 V775
*

3LLi 7 ou Z
EvV7 6 9770 6 7 0LL 3775 7 5770 9 o757 w g °

"
E0 7 07 7 5 30 96127 0. A, B , 5 36 Aéyos

‘
6 0 7 0) LO’OS‘

77p59 L0 0V, Ka L 77

C

AB 3a .

”
7 0) Z , 7 779

36 AB 3L77)\77 60 7 0) 77 P ,
KaL 96 0 6 L 0 0 0 779 6 v96 La g

7 779 ZB 77 6 77 6pL1 0pL6 V775
’

70 1 7 5 7 5 Z , 7 773 36 P 36 30

77611779 7 0) y6 7/pciq59w 7repL afoud 7 5V ZB

n apaflolin 77 HZ , olov 65W 677 av7 77
A

g

07777 6 L0v A77¢O77 059 7 5 P , Ka 96 7 0 9 36 axfi77 77 PA,

L0 0 V elvaL 7 5 75775 P ,
ZA

, 7 0)
X
A
n
F
n

Ka L

77w 5p977 77BH . X670) , 0 7 L 7 5 FH pepos 7 779

n apafiokfig 60 7 LV .

"
Hxfiw ydp K0 96 7 0 9 77 EA, KaL 7 77BA L0 77 K 6 L0 9Lo

77AE . 677 6 L ovu 3L77A77 6 0 7 LV 77 AB 7 779 BZ ,

77 36 EB 7 779 BA,
SUITAfi apa KaL 77AE 7 779 ZA 7 5

apa 75775 BAE LO
’

OV 60 7 LV 3Ls; 75775 7 077) AB ,
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ZA, 7 ou7 60 7 Lv 7 L?) 5775 AP . K 0 Lv5v 77p0 0 K 6 L0 90)
7 5 5775 EA

"
LO0V ov 7 0) Li775 AB 5/\0V apa. 7 5

AA ZUOV 60 7 lv 7 029 Li77 5 7 55V FA, AB . 77 ZPH
Li
'

pa ypa7upn7770 L6
'

i 7 5V
"
E0 7 0) 377millw 7 5. 3750 3096727 0 0 7770 6 20 7 5. A,

B
,
Ka i 6 7596 25 7 6 77AF K a i 5p977,

1 A5yos
‘ 36 60 7 0)

7 0 75 Li775 AA 77p5g 7 d Li775 BA,
AP 6777. 7 779

77p057 779 7L6 L
'

v 77p59 6/\Li0 0 ova ,

2
6772. 36

7 779 36 u7 6pa g 6A50 0 w v 77p59 7L6 L§ova
s

° A6y0) , 0 7 L 7 5

F Li777 6 7 a L K 0
'

) V0v 7 00779 , 677L 7 779 77pa57 779 777 05

0 6 05
“ 6M6 L7/L6 w 9 , 677L 36 7 779 36 757 6pag 75776p790 /\779 .

’

E776 L ydp /\5yos 607 LV 7 ou Li775 AA 77p59 7 a Li775

BA, AP, 5 av7 5s 0 757 0) y6 y0v67 0) 5 7 ou Li775 EA‘
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Let the equals BA2, AB2 be added to either side
then [BA AE BAZ I

‘
A2 AB

and so] AA2 I
‘
A2 +AB2. [Eucl. n . 6

Therefore the curve ZI‘H forms the locus .

5 . Again , let the two given poin ts be A,
B

, and le t

AI
‘

bea perpendicular straight lin e , and let the ratio
AA2 :BA2 +AI

‘2 be in the first case the ratio of a

greater to a less , and in the second case of a less to
a greater. I say , that the point I

‘ lies on a conic
section , which is in the first case an ellipse and in the
second case a hyperbola .

“

Sin ce the given ratio is let [E
betaken on AB so that] BA2 AB2 be in the same

A E C-D A B Z

T heG reek text from this po in t onwards is unsat isfactory,
and con ta ins mathemat ica l errors which Commandinus and

Hultsch corrected . T hedemonstration also leaves many
gaps which I havefilled, again follow ing thosecom
mentators.

1
6 759625. 7 6 77AF Kai 5p977Heiberg ; Ka7 77x9w 5p977 77AP,

Commandinus, Hultsch ; 6550 7 6 7 0 L 77AP Kai. 5p977cod .

3
7l.ei 71 77p59 6/\LiL70 0va Hultsch , 6/\50 0 0) v 77p5$ 7L6 L

'

Cova cod.

61l50 0wv 77p59 peiCova Hultsch , pei v 7rp5s 6A50 0 0va cod.

EA B ultsch, BA cod .
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77p59 7 5 AB .

1
6 77 L 7L6V ovv 7 779 77p0

'

) 7 779 777 0)

0
'

n 6A50 0 wv 60 7 LV 77 BA 7 779 AE , 677 L 36 7 779

G B A Z

36 v7 6p0 9 pelljw v 60 7 27) 77 BA 7 779 AE . K 6 L
'

0 90)

ovu 7 77 EA 10 77 77AZ . 6776 7. A57/O9 7 0 77

AA 7rp5g 7 0 Li775 FA, AB , 76 0 5 60 7 LV 0 757 55 5 0 757 59
5 7 0 75 Li775 EA 77p59 7 5 Li775 AB ,

76 0 2A0L7759 Li
'

pa

7 0 75 75775 ZAE 77p59 7 5 Li775 AF A5yo9 60 7 27» 8096 59 .

677 6 L 36 A5yo9 6 0 7 LV 7 779 EA 77p59 AB [K 0 L 7 779 ZA
77p59 AB]

2
Ka L 7 779 ZB 77p59 BA, 0 757 59 0 757 0 )

y 6 yov67 w o5 7 779 AB 77p59 BH Ka L

O

5A779 Lip0 7 779

AZ 77p59 AH A5yo9 60 7 iv 3O96 L
'

9 . 77LiALv, 6776 L
A5yo9 60 7 iv 7 779 EA 77p59 AB 3o96 i9 , [K 0 L 7 779 EB
Lip0 77p59 BA A5yo9 5 0 757 59 0 757 45

y 6 y0v67 0) 5 7 779 77p59 BG)
’ A5yo9 Li

'

p0 76 0 2 7 779

AB 77p59 B® 60 7 LV 3096 L
'

9
'

[3O96V Li
'

pa 7 5 Ka i

A0 L7759 7 779 AE 7rp5g 9 A A5yo9 60 7 iv 8096 55
“

Ka i

7 0 77 75775 ZAE Li
'

pa 77p59 7 5 75775 ®AH A5'yo9 60 7 2
30 96 59 . 7 0 73 36 75775 ZAE 77p59 7 5 Li775 FA A5yo9
60 7 211 3096 59 '

K a i 7 0 75 75775 HAG) Li
'

pa 77p59 7 5 Li775
1 AB Hultsch , AE cod.

3
77p59 AB del. Hultsch .
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GREEK MAT HEMATICS

AP 60 7 LV 3096 L9 . K 0 L
'

60 7 LV 350 3096V7 0

7 0 G) , 677L 061! apa 7 779 7777077 779 777 030 6 079 7 5 F
0 777 6 7 0 L 677L 36 7 779 36 v7 6p0 9 75776p

(g) T HE OP T ICS

Eucl. Op tic. 8 , Eucl. ed. Heiberg-Mengevu. 1 4 . 1

T 0
"
L0 77 K 0 L aVLO

'

OV 3L6 0 7 77K57 0

0 775 7 0 0 0 7000 7 0 9 0 7516 0 V0A5y079 7 OL9 3L0 0 7 7700 0 Lv
5pa 7 aL.

"
E0 7 07 3v0 7 5. AB , FA aw oov 3L6 0 7 77K57 0

0 77 5 7 0 0 57000 7 0 9 7 ou E . 0 7 L OUK 60 7 LV,

(750 L
'

ve7 0 L 6xou, 039 7 5 FA 77p59 7 5 AB , 0 757 079 7 5

BE 77p59 7 5 EA. 77p0 0 77L777 67 070 0 v ydp CiK ’

T EVGS‘

0 75 AE ,
EF, 76 0 2 K 6V7p07 06V 7 07 E 3L0 0 7 7700 7 L

36 7 55 EZ Ku'd ou yeyp5¢907 77 6q 56p6 L0 77 HZG) .

6776L0 7
5

V 7 5 EZE 7 pL
'

7/ 07V0V 7 ou EZH 7 0 70 6079 0 6 2§5V
60 7 LV, 7 5 36 EZA 7 pL

'

ywvov 7 0 73 EZG 7 006079
’I I 3 V f

6 /\0 7 7 0v 6 0 7 LV, 7 0 EZP apa 7pL7/ 07v0v 77p0 9 7 ov

Pappus proceeds to maketheformal synthesis, as in the
caseof theparabola, and then formally proves h is orig inal
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A6 :B6 —=EA :AB, therefore] the points H , 6 are
also given . [Therefore in the first case H6 is the
diameter of an ellipse , in the second it is the diameter
of a hyperbola and] therefore the point I

‘ lies in
the first case on an ellipse , ln the second on a hyper
bola.

‘1

(g) T HE OP T ICS
b

Euclid, Optics 8, Bucl. ed. Heiberg-Mengevu . 1 4 . 1— 1 6 . 5

T heapparent sizes of equal and parallel magnitudes
at unequal distancesfrom theeyearenot proportional to
thosedistances .

Let AB,
I

‘

A be the two magn itudes at un equal
distances from the eye , E . I say that the ratio of
the apparent size of FA to the apparent size of AB
is not equal to the ratio of BE to EA. For let the
rays AE , EI

‘ fall , 0 and with centre E and radius EZ
let the arc of a circle , HZ6 , be drawn . Then sin ce
the triangle EZI‘ is greater than the sector EZH,

whi le the triangle EZA is less than the sector EZ6 ,
therefore

proposit ion in thecasewherethelocus is a parabola the
proof wherethelocus IS an ellipseor hyperbola has been lost ,
but can easily besupplied.

0 Euclid ’

s Op tics exists in two recensions , both con tained
in vol. vii. of theHeiberg—Mengeedit ion of Euclid ’

5 works.

Oneis therecension of T heon , but Heiberg d iscovered in

V ienneseand Floren tine71 55 . anearlier andmarkedly different
recension , and thereis every reason to believeit is Euclid ’

s

own work ; it is from this earlier text that theproposit ion
herequoted is g iven . T heOp tics is an elementary treat ise
on perspect ive. It is based on somefalsephys ical hypotheses ,
but has somein terest ing mathematical theorems .

Euclid ,
likePlato , belleved [Op tics , Def. 1 ] that rays o f

light proceed from theeyeto theobject , and not from the
object to theeye.
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EZH 7 0060 0 6 L
'

C0v0 A57fou 6X6 L 77
'

77 6p 7 5 EZA

7 pL
'

yL77v0V 77p59 7 5V EZG) 7 0060 . 16 0 7. 6V0AA0§ 7 5

EZF 7 pL
'

7
/ 07v0v 77p59 7 5 EZA 7 pL

'

7/ 07vov [LGLZOVG
A5yov 6X6 L 77

'

776p 5 EZH 7 00 6 759 7rp5g 7 5V EZG

7 0060 ,
Ka L 0 77V96V7 L 7 5 EPA 7 pL

'

7/ 07v0v 77p59 7 5

EZA 7 pL7/ 07v0v 0 6 L
'

C0v0 /\57/ 0V 6X6 L 7777ep o5 EHG)

7 00 6 759 77p59 7 5V EZ® 7 0060 . 059 7 5 EAP

7rp5g 7 5 EZA 7 pL
'

7/ 07vov, 0 757 079 77 FA 77p59 7 771)
AZ . 77 36 PA 7 77 AB 60 7 LV i0 77, 16 0 2 059 77AB
77p59 7 77V AZ , 77 BE 77p59 7 77V EA. 7 BE dpa.

77p59 7 77V EA 0 6 71 0 170 A5yov 6X6 L 77776p 5 EHG)

7 00 6 759 77p59 7 5V EZG) 7 0060 . 059 36 5 7 00 6 759

77p59 7 5V 7 0060 , 0 757 079 77 75775 HEG) yw via 7rp5g
7 77V 75775 ZEGDw L

'

av. 77 BE d
'

pa 77p59 7 77V EA

0 6 L§0v0 /\57/ 0V 6X6 L 77
'

776p 77 75775 HE® 7/ 07VL0 77p59

7 77V 75775 ZEG) .

'
K 0 L 6K 06V

“

7 779 75775 HEG) 7x07VL0 9

BAé ’

TTGT a L 7 5 PA, 676 36 7 779 75775 ZEG) 7 5 AB .

0576 0v5/\07/ 0v (i
'

pa 7 029 0770 0 7 7700 0 0 ) 5p07 0 L 7 57

i770 06 776977

T his is equ ivalent, of course, to say ing that

tan ZE6 angleHE6 ’

a well—known theorem in trigonometry ; thefull expression
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- VII. (Vol. V. 37d Imp . , Vols . I.

—IV .,
VI. and VII. 2nd Imp . )

JULIAN . Wilmer CaveWrigh t . 3 Vols . (Vols . I. and II. 3rd Imp . ,

Vol. III. 2nd Imp .)
LUCIAN . A. M . Harmon . 8 Vols . Vols. I.

—V . (Vols. I. and II. 4 th

Imp . , VOL III. 3rd Imp Vols . IV and V. 2nd Imp . )
LYCOPHRON. Cf. CALLIMACHUS .
LYRA GRAECA. J. M. Edmonds. 3 Vols . (Vol. I. 407 Imp . , Vol. II.

revised and enlarged ,
and III. 3rd Imp .)

LYSIAS . W . R . M. Lamb . (zud Imp . )
MANE THO. W . G . Weddell : PT OLEMY: T ETRABIBLOS . F . E .

Robbins . (2nd Imp .)
MARCUS AURELIUS . C. R . Haines. (4 th Imp revised . )
MENANDER. F . G . Allinson . (37d Imp . revised )
MINOR AT T IC ORAT ORs (ANT IPHON , ANDOCIDES, LYCURGUS , DEMADES,
DINAROHUS

,
HYPEREIDES) . K . J . Maidment and J . O. Burt t. 2

Vols. (Vol. I. 2nd Imp . )
NONNOS DIONYSIACA. W . H . D . Rouse. 3 Vols . (2nd Imp .)
OPPIAN , COLLUT HUS, T RYPHIODORUS. A. W . Mair. (2nd Imp . )
PAPYRI. NON-LIT ERARY SELECT IONS . A. 8 . Hunt and C. C. Edgar.
2 Vols . (Vol. I. 2md Imp . ) LIT ERARY SELECT IONS . Vol. 1 . (Poetry ) .
D . L. Page. (37d Imp . )

PART HENIUS . Cf. DAPHNIS AND CHLOE .

PAUSANIAS : DESCRIPT ION OF GREECE . W . H . S. Jones. 5 Vols. and

Companion Vol. arranged by R . E . Wycherley . (Vols. I. and IH .

3rd Imp . , Vols . II IV . and V. 2nd Imp . )
PHILO. l oVols. Vols. I.

- V. F . H . Colson and Rev . G . H . Whitaker.

Vols. VI.
—IX . ; F . H . Colson . (Vols. II.

- III. , V.
- IX . 2nd Imp

Vols. I. and IV . , 37d Imp . )
PHrLo two supplemen tary Vols. ( T ranslation only . ) Ralph Marcus .

PHILOSTRAT US : T HE LIFE OF APPOLLONIUS or T YANA. F. C.

Conybeare. 2 Vols. (Vol. I. 407 Imp . ,
Vol. II. 3rd Imp . )

PHILOST RAT US : IMAGINE S ; CALLIST RAT US DESCRIPT IONS . A.

Fairbanks .

PHILOST RAT US and EUNAPIUS : LIVE S OF T HE SOPHIST S . Wilmer
CaveWrigh t. (2nd Imp . )

PINDAR. Sir J. E . Sandys. (7th Imp . revised . )
PLAT O CHARMIDES, ALCIBIADES , HIPPAROHUS, T HE LOVERS , T HEAGES,
MINOS and EPINOMIS . W. R . M. Lamb. (2nd Imp . )

PLAT O CRAT YLUS, PARMENIDES , GREAT ER HIPPIAS , LESS“ HIPPIAS .

H. N . Fowler. (4ih Imp .)
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IN PREPARA T ION

G reek Au thors
ARIST OT LE : HIST ORY or ANIMALS . A. L. Peck.

CALLIMACHUS FRAGMENT S . C . A. T rypanis.

PLOT INUS A. H . Armstrong.

La tin Au thors

ST . AUGUST INE CIT Y OF GOD.

CICERO PRO SEST IO, IN VAT INrUM.

CICERO : PRO CAELIO
,
DE PROVINCIIS CONSULARIBUS, PRO BALBO.

J. H . Freeseand R . Gardner.
PHAEDRUS : Ben E . Perry .

DESCRIP T IVE PROSPEC T US ON APPLICAT ION

London WILLIAM HE IN EMANN LT D

C amb ridge, Mass . HARVARD UNIVERSIT Y PRE SS


