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������ ������ ���� ����� ��� ������ ��� ���� �� � � � �q���� � ��q� q� ������� ����q� � ���� �� ���� � ��� ����q�� ��� ��� ���� ���� ����� �� ���� ���������� �������� �������� ���� q���� ��� ���� ��� �q� ��� ���� �� ��q������ � ����� �� ��� ����� �������� � � ����� ������������ � ���� q����������� �� � � ��q� ��� � ��q�� q� q� �� ���� �� � � ��q� ��� ������� �� ����q���� �� ����� � ����� ��� ������q����� �� �� �������� ��� ��q���q�� ������ ��� � ���� �� ��� � ���� ���� �� ��� ������������ ������� ��� ����� ����� �
�q��� �� ��� � ���� �� ����� �� ������� � � q����� ���q� ����� ���� q� ����q�� � q�� ������� ��� q�q�����q�� ��������� � ������ ��q�� �� ���q� ���� ��q��q�� �� �������� ����q��� ������  � � � ���� �� � �q�� ����� ����� � �  � �q�� �� ����� ���� ��� ���q� ������� ��� ¡ q� ���� � �������� � �q�� q� ��� ¢��� �  � £�� q�  � � ������ ���� ���� ������ � ��� ����� ��������� ������ �
¤��� ������ �� �� �� ����q� ���q��� ¥��� ¤���� ¡ q� � ��� �� ����� ��� ��� ��q��� ����� ������� ��� ���� � ���� ���� ������ �� ¥��� � � ����� ���� ������� ����q� � ������q�� ������ ����� ���� � ��� ���� �� �� �£q�� �����q����� ���� ���� �� � � �� ���������� �������� ���� � � q�� �� ���� � ���� �� �
� ���� �� ������ ����� �� �q����q��� � �q��� � ��� ��� ������ � ��� ����� ��� �� �q�����q� � ���������� � ����� ��� ���������q�� � �q� ¡ �  � ���� ��� ����� ������� �� ����q� ���������� ���� � ����� � ��� ��� ���� �����q����� �� �� ����q���� ������� ��� ����� ����� ���� ��� ��� q���q��� � ��� �� �� q���� ���� ��� �������� �������� ��� ������� ��� q��� ��������� �q������ �
� ���� �� ����� �� ��q���� �� ���� ¡ �q� q�� � q�� �q��� ��������� ���� �� �� q� ��q���q�� ������ �����q����q�� ���� ��� ��� ��q�� ���� � ����� ���q�q�� q����� �� �� ��� �� �q� q�� �
¦��� ��� ��� ����� � � ���� � �� ��q�� ������ �� �q�� �� §������ ¨������ §¡ ���  � � ������� �� �� �q�� �q��� ���� ���� ��������� ©ªª« ��� � ����� ����q��� ��� ���� q��� �� �������� ��� � ��
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Å� �Æ���� �� ��� ���q�� Ç¤�È¨�É ��� �� �Æ���� ��q��Æ �������q�� �����q��Æ ��� ��� ��������q�� �� ������ ���� �� �� ���q��� ���� �q�� �  ��� q������������� ��ÆÆ����q� ��q�q�Æ� ������Æ����� ��� �����q��� �� ���� �� ����q�� �� �Æ���� ����� �  ����� q������ �� �  ��� Æ�q�q���� ��Ê���� � Ë��� �� ��� ��� q��������� � q� � ��� Ì��� �Æ�����q�� Ê�  �� ����� ���q�� ���� ���� �  �q�� �  ������ ������ ���� ���Æ�q�� �� ��Ê��� Í �� ����q���q�� � � ����� �� ������������ �q� q�Æ� �� ����� ���q� �q����q��� Í ���Ê�� ����� �
¨� ��q�q�� � ��� ����q���q��� �����q���� ��� �Æ����� �� ��� ��� Æ�Æ ���q���Æ� ��q��q������ ��� ���� ��� �q����q��� �� ��q�� Ç��� ������� � ���� ��� ������ �� ����q��� �� ���� ����� Æ���q��� �� �������É � Ë��� ��� ����q���q��� � ���� ��� ������ �� �Æ���� ������q������Í ��� �Ì�� �����q�Æ Ç��� ������� � ��� ��q�Æ � q�q��q�� �� ��� ÆÊ�q� � �� �������É �� ����� ��� ������ � ¢�������� � ��� ���������q�� ���� �� �� ���� ����q� ��� ��� �� Æ�q��Æ�� �������qÎ��� ���Æ�� �� ��� �q����q�q�� � �� ��Ï���� ���Æ� ��� �� ���� � «ÐÑ �©© ��� �����q ��� ����Æ � Ò�� ����ÆÊ����� � �� �Æ���q�� ��� ��� �Æ����� �� ��� ���� ��� ����q���q��� ��������q���� ��� ������ �Æ��q��� � Ë�� �������� q������� �� �Æ���q�� ��� ��� �Æ����� �� ������� �  ����� ��q�� �� ���� �� �����q���� �  ÆÊ�q� �� ���� �� ������q���q�� ���� ��� �Æ�q���Æ��q��Æ�� �� ��� � Æ�q� Î���� ����qÊ������ �Æ�q� q�Æ� Ç��� ������� � ������� �������q��� ��Æ������� � ��� �����É � Ë��� ��� �Æ����� � ��� ������ ���qÊ������ �  ������q������ ��� Í ��� Ì�� �����q���q�� �q Í ��� � Ì� � �����q�Æ �� q�� �� ������q���� ��� �� ��� ������ � ¨������ � ��� �Æ����� �������q��� ������q��� Ì��� ����Ó� ������ �� ���q� ��� �q����� ������ Ô�� ���� q�� � ������ Ì��� �����Î��� ��� ������� �� � �q��q���� Ê�� �� �Æ���� �����q������q������� ��� ��� �  �� Æ���q�� ��� ��q�q������� �
����� �� ��� � �  ����q���q�� � q� ��� ����q� �� �� �Æ��q� ���� ���Æ���q�� ��q��q����� ����Æ����� �� ��� ¡ ��� �Æ����� �����Ó�Æ �� ��� �Æ����� ������ � È��� ���� �Æ�Æ���� ����Æ����� �� ��� �����Ó�Æ� Ê���� �� ����� �  q� q�q��q���q�� �� �Æ���� � ��� Ì��� �����Æ� ������ q������������� ����q��q�� �� Ê���� ��� �������� � ��q��q ����� ��� ������ �� �Æ������� �q����q��� � Ë�� �����q��� �� �������� � ��q��q � ������ Ì��� Æ����q�� � ��� ������� � ������ �����q�Æ �����Ó���� ��� ������ �� �Æ���� �� ��� ��� �����q���q�� ������� ����� �����q�q������� � Ë  ����� ���� � ���� �� �Æ���� �� ��� ������ � ��� ������ ���� ���qÎ��� ������������ �� ���� �� � �Õ ��q�Æ ��� ��� �� � ������ ��� ������� ��� ��� q���������������ÆÆ����q� ���� �  q� q�q��q���q�� �� �  �� Æ���q�� �� �Æ���� � Ë� ���� � ��q�Ê�� ��� ������ �������q���Æ� ��� ��� ��q�q������� Ê�q �  ������q������ ��� �Æ�����q��� ��� Í �� � Ì�� �����q�



q� Ö³¸×¶Ø
���q�� �q ��������� ��� � Ì� � �����q�Æ � ��� �����q�� �� �������� � ��q��q ����� ��� �������  ��� ��� �q����q��� � ¦� �������� ����� ��� �� ���� ��q� Ì��� Æ����q� ��� ��� � Æ���q�� ���� Æ�q�Ê��� ���Ù�� �� �����q�� �� ��Æ���q� �Ú��� ��� �� ���q������ ��� ������ �
Ë��� �� ��Î�� � ���� ���������� �  ����� q������ �� Æ�q�Ê��� ��� ���Ù�� ���� �  ��� q����������� ��� ���� ��qÎ��� ��� ��Æ����Æ� � ¤ Ì�� �q ��� ������q�� ����q���qÎ�� � Æ�Æ �������Æ� Í ���������q�� ��� ���������� �  ����� q������ ���q� ��� Ê�q �Æ��q���� �� � q�q��� �� ����������q�� �  Æ����q� �� Ê�q ���� �q�� �����Æ� Í ��� �������q� ����� qÊ�� � � ��� ����� ��Î��q� ��� ��Û ���� �� �Æ��q�� ��� ������q�q��� ������������� Ê�q ��� �����q��Æ �� �Æ��������� ��� �������q� ��� � Æ���q�� �� �  ����� q��� ��� ���� �����Æ� � ¨� �Ú�� � �� �Æ��� q������������ ����� ��� ������q�q��� �  ����� q������ �� ��� �� q������� ��� Ê�  ������ �  ������  � �Æ��q ��� ����q�q��� �� �Æ���q�Æ � ¨� ����� � ��� ���������� �� ������� �� ��� ������������ �������� Í ���� ��� ����q�q����� � ¦� ��q�� ��q��q��� �����Æ ���� ����� ��Î�� ��� Ê���  �� Æ���q�� �� �Æ���� ���� Ì��� ���q��� ��� ������� q�� �q ��� �������� ������ �� ���� ���� q� �� ����� �Æ� ���� �������q�� � ��� �� ����Æ��� ��� �����q��� �� ���� �� �� ����q�� ���Æ���� � ¦� �Æ���q�Æ ���� ��� ¤�È¨� ��� �� Æ�Æ� ��� ������q�� ����� Ê�� � �� ������q����� �Æ����� Ê�q ��q�q���� ��� ������ �Æ�qÆ ���� ��Æ����� ��� �����q��� �� ���� �� ����q���� �Æ���� Ç����� �  ��������É � ���� ��� �Æ����� �� ��� ��� �����q��� ���� �Ú����Æ�� ������� ��� ������ �q����q���� � ¢���� ��q��q���� �qÚÆ����� ��� �� ����� ��� �������� ������Î� �� �� �Æ���q�Æ Ê�q ���� �� Æ�q�Ê��� ��� �Æ����� �� ��� � �� ������q�� ��� ������ �  ���Æ���� �����qÊ�� � ��� ������ �  �� �Æ���� �� ��� �� ������� ��� Ì��� �������� ����� ������ �������� ��Æ���q�� ��� �����q��� ��q�qÊ��� �� �Æ���� � � q��q � ��� �Æ����� �� ��� �Ú������� �Æ�� ��� ������� ���� ��� �Æ����� ����q�q������ � ¦�� ��Õ ���q�� �� ���������� �� �������Î�� ���� �q����Æ ���� �� ��q�� ����q� Ê�� �� ���� �� �� ��Î�� ��� ��Æ����Æ � �� �� �� ���������q�� �

ÜÝÃÂ¿Ä¾Ý ÁÞß ¿ÝßÞàÂá àÁ âÀÃ
����q�q�������� ��� � �� �Æ���q�Æ � Æ�Æ ����q�Æ�Æ� ����� ��� Ê����q�� q��������� ������� �Æ����� ���� q������������� Çq �� � �Æ����� ���� ���Ê���� ��� ���������� �Æ�qÆ � �������� ������ � �����q���£ �� �����q��� �� ���� �� �Æ����É � ����q���qÎ��� ��� ���� ��� �Æ�q��� �  ��Æ���q�� �  ����q���q��� ����q� ��� � Ò��� �Æ���q��� �� ��� � �� �Æ���� �� ��� ����q����q��� ���Ù� �q��q � ��� ���� q��� �� �Æ���q�Æ �� ���� ��q����� ��� Æ�Æ ������ ��� ������Æ���� �� ���������Æ ��q���q�Ê�� ¡ ��������q��q�Æ � q��Æ��q�Æ � �������q����q�� � �� ��� �Æ����q��q�� � ¦� ��������q��q�Æ ������ Ê�� ��� �����q�� q����� ��q�� �  ��� Õ �� �q� �Æ�Æ�Æ� ������q�Æ� ��� �����q�Æ�� � ¦� ������ q��q�� ��� �� �Æ���� �  q����� ��q�� ����q��� � ����� ���q����� ��q��� �����Æ�qÊ�� �� �q��� ��� ������ ���Æ��q�� � �� q�� �� �� ��������q��q�Æ � ¦���q�� �  q����� ��q�� ���� ��� ���q���� q��q���Î��� ������q� ���q� ��� ����ÆÊ������ ������ �¦  q��Æ��q�Æ ������q� Ê�  �� � ������ Æ���� ������Æ�Æ �  � ��� Æ�Æ �������� � Å� � ������ �������q� Ì��� �������� �� ��q��� ��� ����� �q����q������ �� �� ��q��� ��� ����Ê��� � ����q���������� �� �Æ���� � ¦  �������q����q�� ���� �� Í �� ����� �  ������� �  q����q�Æ �� ����� ����Ê�  q� ������qÊ�� � ���� �������q����q�� � �� �������q�� ������q� �� ��q�� ������ ���� ������� ����� � �� ����� �� ������ ���Î� Í ��� ��������� ��� �����q�Æ �� � ��� �  q����� ��q������q� �� �� q�����Æ���� �  �� Æ���q�� �������� �  ������ ������ � ¨��� � �� ��� �Æ���q��q�� ���



Ö³¸×¶Ø �
���� Ê�� �� ������ �  �� ������� �� � ��� ��� �q�� �� ��q�� �  ����q �� � ������ � ��� �� q������  ������ ��Õ ���q�� �� �Æ���q�Æ Ç��� ������� � �����q���q�� � �Æ����q�� �  q�����q�� � ��� �����ÉÊ�q ���� ��� ��Æ�������q�� ���� �����q��� ����q���q��� � � �q� ���� �� ������q����� ������ �����Î� �� ���� ����� ��Î�� �
Ë��� �� ��q���� � ���� ��Æ������� ��� ��� �  �������� ��� ����q�q��� �� �Æ���q�Æ ���� ����Æ����� �� ��� Ê�q ��� ���� �������� ���� ��� �Æ����� ���q��� ��� ��� q������������� Ô ������� q���� ����q ��� � Æ���q�� �� �� ���� Ê�q � ��� ������ ���� � q�� �� ����� � È��� ��Æ�������� �� ��q�� ��� �������� �����Æ� ��qÊ�� �� �Æ���q�Æ Ê�q ��� �� Æ�q�Ê�� �� �����q�� � ����� �� ��Æ������� ��qÎ��� ��� ��� � Æ���q�� �� Ê�q �Æ������� ��� �� q������ �� �Æ���q�Æ������� ��� ��� ����� � ����� ���q�q������� � È��� �q������� ��� �qÛ ����Æ� ���q�q������������ �����q� ��� � Æ���q�� �� �� �Æ���q�Æ ����q�q������ q����Æ� ��� �� ���q��������� ����q������������� �� ������� Ê�� ��� ��������� �����q��� �� �Æ���q�Æ ���Ù��� q�q�q���� ��� ������� �Æ����� �� ��� ������� Ì��� Æ����� Æ����� ��� ��� �Æ����� ���q��� ��� ��� q�������������� �
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M

� Ì���� Ñ �©¡ � �Ì���� �� ��� ������� � Ì�� � ��Ì� Ì��� ���� ¤

• ¥�� Ì����Ì�� � Ì�� ��� Ì��� ��Ê����� ������



©* Á ¢ g³×Q�·� Q³Â× �Q³¶³¯·¸ Ã°Q ¶°P�²³ R´ «° ¯³·±°Q®¸
Ò�������� ���� �� ��Ëa �«¼à ��� Ë�Ëa �¼Ñà Ì������Ì��� ��� � �Ì��� Ì� ������ �� ���Ì�� Ì��������� Ì����� Ì������Ì�� ��Ê����� ������� �� ������ ������ �� ��Ì�� ���� Ì��� Ì��� � �������Ì�� �� ������ �� ��Ëa ���� ����� � ��� Ì����Ì�� �� ������ � Ì�� ��� ����Ì���� Ì�� ������ Ì���Ì�� ��Ê����� ������� �
�� ��Ëa � ��� ���� � �� � Ì���� ���Û � ������� Ì����� �� ������ Ì�Ì�� � ����� �� � ���� � Ì��� ØÐÍ:ÒÔ×:ÒÎÔÞ ÍÐÚB ÐÔ 7ÐÞ ÔBÑ ������� ���� ��� ������� Ì� ����� � � Ì���� Ñ �© Ì������������ ������� �� ��� ������� � ������� � � ��Ì� Ì��� ���� � ¤ � ���� Ì��� ��� ¥¥½
 ������Ì� Ì����� ���� � ��� ���� Ì��� Ì�� ä ����� Ì� Ì� ������������ �� / ���Ì�� ����� � Ì��������
¤ ��� Ì����� ���Û � ������� Ì����� �� �� Ì����Ì�� �� / � ¥¥½Ò ����� Ì� Ì�� � �Ì�� Ì�������� Ì���� ØÐÍ:ÒÔ×:ÒÎÔÞ ÍÐÚBÐÔ 7ÐÞ ÔBÑ ��� ä ���� ��� ������� Ì� ����� ���� ������ Ì��� �� ä �½���������� ��� ¥¥½
 ����������� �� / � Ì�� ����� � ���� � Ì�� � ���Ì� ����� �� ä ���� ���Ì� ¥¥½Ò � Ì�� � � ���������� ���� ������ � � F������ � �� ���� �� Ì�� / � Ì�� ����������� ���� Ì��� ��� ����� ¥¥½Ò ���� ¤ � �� ��� ØÐÍ:ÒÔ×:ÒÎÔÞ ÍÐÚB ÐÔ 7ÐÞ ÔBÑ ��� ä ����¤ ���� Ì� ��� ����� ¥¥½Ò Ì� � Ì���� ���� ��� ØÐÍ:ÒÔ×:ÒÎÔÞ ÍÐÚBÐÔ 7ÐÞ ÔBÑ ��� ä Ì� ������Ì� ¥¥½Ò� / � Ì�� ���� ��� ���Ì� ¥¥½Ò� �� Ì�� Ì�� ���� ��� ���Ì� ����� Ì� ����� � � �������Ê���� ���Û � ����Ì��� ��� ä ���� ������� ������� / � Ì�� � � � Ì������ ������ ¤ � ����Ì���� Ì�� � Ì�� ��� � � ��������� ��� Ì� � Ì���� � ��� Ì�Ì���� ¥¥½
 �� � ��� Ì�Ì���� ¥¥½Ò� Ì�� � ØÐÍ:ÒÔ×:ÒÎÔÞ ÍÐÚBÐÔ 7ÐÞ ÔBÑ ��� ä � Ì���� ���� ���� �� ¤  � ����� ¥¥½Ò ������ ���������� ����Ì�� ���Û � �

• ¥�� Ì����Ì�� � Ì�� ��� Ì��� ��� ������

� ��� Ì���� Ì�� ������ Ì� ���� ����Ì��� Ì� �����Ì� ��������� � ���� �� ��Ëa � �� � �� Ì���� Ì���� ��� ��� ����� ���� Ì� ����� � Ì������� � ������� � � ��� ����Ì�� ��� Ì�Ì��� ������ � �� ��� �� ����� � ���Ì�� � ��Ëa ���� ��� ��� ����� ���� �� ������ Ì�� � �������� ���� ��� ��Ëa � � ��Ì� Ì��� ����� ��� ������� ������ ������� ���� ������ �� ������ Ì�� ��� �������� ���� �� ��� ¥¥½Ò �� £��� � � Ì� Ì������ �� ����Ì�� ��� ��� ����� ���� �� ��� ¥¥½Ò ��Ì��� Ì��� ������ � Ì�� ���� �� � � ������� ���� �� ��� Ì������ ��� � ��Ì� Ì��� ���� � ���� �������� Ì� ���� �������� Ì�� ���� ���� Ì��� � Ì�� ������� � �� ����Ì��� ����� Ì� �� Ì� ���� Ì�� �

• Ë�� Ì�� �� ���� Ì�� � Ì�� � �� Ì��� ������ ������

Ë�¥ Ì� � ���� Ì�� �������� �� Ì�� ����Ì� Ì��� ������ ������ Ì� ���� ������� � ����� ������óò�U ò�ý ÷�øûôö÷øý �ùû�Uü ��� � �Ì���� ��� Ì���������� Ì�� ������ ��� �� �������� Ì� Ë�¥�� �����Ì�� ��� ������ ������ Ì� ������ ������� � � ���� � � �������� ���� �� Ì��� ���� ���� ��� ���� ä �� Ì� � Ì���� Ñ �Ñ � � ��� ������ ���� ����� ¢ ��� ä ������ ���� ���� ����� � ��������� / ��� ¢ ������ ���� ���� ����� � ��� ���� ���� ¤ Ì� � � ��Ì� Ì��� ���� �������Ì��� ��� Ì�� �� ���� Ì�� ������ � ������� ���� � � Ì���� �� ������ Ì���� � Ì�� ���� ä ��� ����� ��� �� ����� Ì��� ����� �� ä Ì� Ì�� ����� ����� � � ������ Ì�� � ���� ������ ������ ����ä � � Ì�� ��� ������ �����
S → A → B → M → C → D → X

����� Ì��� Ì� ��� ������  ������� � � ��� ��� � ��Ì�Ì��� ���� ¤ ����Ì��� ��� ������ � Ì� ��� ����� ��� ������ ����� Ì���� ������  � ������ � ���� �� ����� Ì�� ���� Ë ���� ��� ������ ����� � ¢����Ê������� ����



Á ¢Á ¢ e«Q³R·¸ ´ �Q³·³´ ·° R´ «° ¯³·±°Q® ²R�³Q ©+
¢ ����Ì��� ��� ������� ������ � Ì� �������� �� ������� ��� ������ �� ä � � Ì��� ä ���������� ¢ � ��� ������ Ì��Ì�� Ì� ����������� � � Ë�¥ ���� Ì��� � ����� � � Ì�������� � ����� Ì������ ���� � ���� ������� Ì�� � ������ Ì� �������Ì��� ��� ������ Ì�� ���� ��� ������ ���� ��� ���� Ì��� �� ��� ���� ��� ����� ��� ���� � �� �� ������ �� Ì�� �� ����Ì�� Ì� ����Ì��� ������ �������� Ì�� Ì�� ��� ������ � �� �� Ì��� ��� Ì��� ������ �� �������� � �� Ì� ���� ������������ � ����� ����� � ������ �� ��� ������ ���� � �� �� Ì� ���� � ¢ ����� ���� � ����� ������ ������ �� � � �Ì��� ¤ ����� �� ��� ���� ��� ��� ����� ����� ����� �� Ì�� ��� ���� �� � �¤ ��� ����Ì��� ��� ��� Ì���������� Ì�� ������ �� ����� Ì�� �� Ì� ����� ����� � ������ �

S A B C D XM

� Ì���� Ñ �Ñ ¡ ������� �Ì���� �� ��� ������� � Ì�� � ��Ì� Ì��� ���� ¤

Ë�¥ Ì����� ���� ������� ����� � � Ì�������� � ����� Ì�� ������ ÏÎB:Ð Í×Ó;×M ÒÔM �� �������� ���� ������ �Ì��� ����� � ���� � � ��� � ����� ������ � ��� ���� Ì���� Ì����� ��������� �� ��� ����� ��� ����� Ì�� ����� ����� � ��� Ì� Ì� ��� � � ÌÚ����� ����� �� �������� Ì���Ì�� � Ì� ��� ��� ���� ����� Ì������ � �� � Ì���� Ñ �Ñ ¢ ����� ����� Ì�� ����� ����� ����� ��������� ����� � �� ¢ ���� ���� � �� ��� ��������� ����� �� ä � ��� Ë�� ������ ��� ����������� �
¤�� Ì���� Ì��� �� ������ ������ Ì� Ë�¥ ��� ���� Ì������ ��� Ì��������Ì�� �� ����� Ì� ����� �� Ì��� ���� � � ������� Ë�¥ �������� ���� Ì�� ���Ì�� ��� ����� � Ì������� ������� � �������� Ì���Û �Ì��� ���������� �� ������� ��� Ì����� Ì�� �� ����� Ì��� � ������ ����� ����� ������ ��� � ��� �������� � ������ � �� Ì����� �� Ì��� ���� ������ Ì�� ��� ���� �������� ��������� ����� Ì� ��� ������ � Ì�� � ��� ����� ���� Ì�� ����� ����� � Ë�¥ �������� Ì��� Ì������ Ì�� Ì� �� Ì� ���� �� ����� Ì�� � ������ �� ���� � � �������� � �� Ì�� ������ �� �Ì��� �

Yùöûòøü �ü÷�ô ÷ú� ûöüõ�òø÷õ� åü�õõ!�ô òøøò�Uüæ

çèééêëì íî ïðñ éðèìÌëò óéðìðñðôõ  õ �õø ò�øùû�ø÷�òøû õðèéñê öÒ íîîéêõõêõ ÷ /ø
ùíõúèêéíîÌëò íõ íëðìïêé ëðîê û í ù íôÌñÌðèõ ëðîê ñíë ôíèëñï õêüêéíô ìøó êõ ðý íììíñþ Ìë íëêìÿðéþ ÷ �ïÌõ Ìõ ñðùùðëôø þëðÿë íõ õóðð�ëò ÷ �óðð�ëò ðññèéõ ÿïêë í ëðîê ù Ìõéêóéê�õêëìõ Ììõ ÌîêëìÌìø Ìë ìïê ëêìÿðéþ û õèñï íõ �ø íôìêéÌëò Ììõ ��ç �� êîÌèù �ññêõõ çðëìéðô� ðéö	 íîîéêõõ Ìë ðèìòðÌëò óíñþêìõ ÷ �óðð�ëò Ìõ éêíîÌôø ñðù� Ìëêî ÿ Ììï ùðîÌ�ñíìÌðë íììíñþõ ÷
�ïê ýðôôðÿ Ìëò ê
íùóôê Ìôôèõìéíìêõ ïðÿ ìïÌõ íììíñþ ÿðéþõ Ìë ���a ÷ �Ìù Ìôíé íììíñþõ íéêóðõõÌ� ôê Ìë �� ÷



�� Á ¢ g���Q��� Q�Â� �Q������ Ã�Q ��P��� R� «�� �����Q��

• �ðéù Ìëò ôððóõ �ø õóðð�ëò

� õõèùê í óíìï ê
 Ìõìõ � êìÿêêë ìïê ýðèé ëðîêõ Ìôôèõìéíìêî Ìë � Ìòèéê � ÷� �í� ìðÿíéîõ îêõìÌ�ëíìÌðë ä íõ ÿðèôî ýðôôðÿ íýìêé íë ���a ½� G½	 ê
ñïíëòê ÷öë ìïÌõ ê
íùóôê û � ñíë ïêíé  íëî � !  ñíë ïêíé � íëî ç ! � ñíë ïêíé � íëî ç ! íëî çñíë ïêíé  û � û íëî ä ÷ � ñíë ïêíé íôô ëðîêõ ê
ñêóì ä ÷ � ùíôÌñÌðèõ íììíñþêé û � û ñíëôêíéë ìïê ìðóðôðòø �ø ôÌõìêëÌëò �ýðé ê
íùóôê �ø èõÌëò ìïê óéðù Ìõñèðèõ ùðîê ðóêéíìÌðë ðýìïê �"� ÷�� ��ç ôíøêé� ìð ìïê ½� G½	 ê
ñïíëòêõ îèéÌëò éðèìê îÌõñðüêéø÷ �ð õìíéììïê íììíñþ û � ñïíëòêõ Ììõ ��ç íîîéêõõ ìð ù íìñï � #õ û ù ðüêõ ñôðõêé ìð  íëî ðèì ðý ìïêéíëòê ðý � ÷ öì ìïêë õêëîõ í ½	 ìð  ìïíì ñðëìíÌëõ í ïðó ñðèëì ìð ä ìïíì Ìõ ôêõõ ìïíëìïê ðëê õêëì �ø ç ÷  ìïêéêýðéê ñïíëòêõ Ììõ éðèìê ìð ìïê îêõìÌëíìÌðë ìð òð ìïéðèòï � û íõÌôôèõìéíìêî Ìë � Ìòèéê � ÷� ��� ÷� ìïêë ñïíëòêõ Ììõ ��ç ìð ù íìñï  #õ û ù ðüêõ ñôðõêé ìð ç íëî ðèì ðý éíëòê ðý  û íëîìïêë õêëîõ ìð � íë ½	 ÿ Ììï í ïðó�ñðèëì ôðÿêé ìïíë ÿïíì ä ïíî õêëì ÷ ç ìïêë éðèìêõìïéðèòï  ÷
�ì ìïÌõ óðÌëì �õêê � Ìòèéê � ÷� �ñ��í ôððó Ìõ ýðéù êî íëî ìïê ëêìÿðéþ Ìõ óíéìÌìÌðëêî ÿïÌôê ä ÌõÌõðôíìêî ÷ �èé ê
íùóôê õïðÿ õ ïðÿ ìïê íììíñþ Ìõ óðõõÌ� ôê ÿ Ììï í õÌëòôê ù íôÌñÌðèõ íììíñþêé ûïðÿêüêé û ùèôìÌó ôê íììíñþêéõ ù íø ñðôôí�ðéíìê ýðé ìïê õíù ê éêõèôì ÷
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� Ìòèéê � ÷� ) �ðóðôðòø ôððó ýðéù Ìëò �ø í õóðð�ëò íììíñþ �ø ùíôÌñÌðèõ ëðîê �
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8ê ìêéù ìïê òêëêéíìÌðë ðý 9 ×ÓÍ Ð ÏÎ:;ÒÔ< Ñ ÐÍÍ×< ÐÍ íõ ýí�éÌñíìÌðë íììíñþõ ÷ �èñï íììíñþõñíë � ê îÌ= ñèôì ìð îêìêñì íõ ÌëüíôÌî ñðëõìéèñìõ û êõó êñÌíôôø Ìë ìïê ñíõê ðý ýí�éÌñíìêî êééðé
ù êõõíòêõ ñôíÌù Ìëò ìïíì í ëêÌòï�ðé ñíëëðì � ê ñðëìíñìêî û íõ ÿê îÌõñèõõ � êôðÿ ÷

• �íôõÌýø Ìëò éðèìê êééðé ù êõõíòêõ Ìë ���> íëî ��

���> íëî �� Ìùóôêù êëì óíìï ùíÌëìêëíëñê ù êñïíëÌõù õ ìð éêñðüêé �éðþêë óíìïõ ÿïêëëðîêõ ùðüê ÷ öý ìïê õðèéñê ëðîê ùðüêõ û éðèìê îÌõñðüêéø Ìõ éê� ÌëÌìÌíìêî ÿ Ììï í ëêÿ éðèìê



Á ¢Á ¢ ?«@�A�� � �@����� �� A� «�� �����@� �A��@ �B

éêúèêõì ù êõõíòê Ìý ìïê éðèìê Ìõ õìÌôô ëêêîêî ÷ öý ìïê îêõìÌëíìÌðë ëðîê ðé íë Ìëìêéù êîÌíìêëðîê íôðëò íë íñìÌüê óíìï ùðüêõ û ìïê ëðîê èóõìéêíù ðý ìïê ôÌëþ �éêíþ �éðíîñíõìõ í éðèìêêééðé ù êõõíòê ìð íôô íñìÌüê èóõìéêíù ëêÌòï�ðéõ ÷ �ïê ëðîê íôõð ÌëüíôÌîíìêõ ìïê éðèìê ýðéìïÌõ îêõìÌëíìÌðë Ìë Ììõ éðèìÌëò ìí� ôê �Ìë �� ìïê õðèéñê éðèìê Ìõ éêù ðüêî ýéðù ìïê ëðîê #õéðèìê ñíñïê� ÷ Cóðë éêñêÌü Ìëò í éðèìê êééðé ù êõõíòê û Ìý í ëðîê ïíõ íë íñìÌüê éðèìê ìð ìïÌõîêõìÌëíìÌðë û íëî Ìý ìïê õðèéñê ðý ìïê éðèìê êééðé ù êõõíòê Ìõ ìïê ëðîê #õ ëê
ì ïðó íôðëòìïê óíìï ìð ìïê îêõìÌëíìÌðë û ìïê ëðîê îêôêìêõ Ììõ éðèìÌëò ìí� ôê êëìéø ýðé ìïê îêõìÌëíìÌðëíëî ýðéÿíéîõ ìïê éðèìê êééðé ù êõõíòê �ìïê ê
ñêóìÌðë Ìë ���> ðññèéõ ÿïêë ìïê ½
ùêõõíòê ïíõ ìïêßDð îêôêìê Eíòß õêì ÷ öë ìïÌõ ñíõê ìïê ëðîê ýðéÿíéîõ ìïê ½ ÿ ÌìïðèìîêôêìÌëò Ììõ éðèìÌëò ìí� ôê êëìéø � ÷
�ïê üèôëêéí� ÌôÌìø Ìõ ìïíì éðèìÌëò íììíñþõ ñíë � ê ôíèëñïêî �ø õêëîÌëò ýíôõê éðèìê êééðé
ù êõõíòêõ ÷ �èóóðõê ëðîê � ïíõ í éðèìê ìð ëðîê ä üÌí ëðîêõ � û  û íëî ç û íõ Ìë � Ìòèéê � ÷� ÷� ùíôÌñÌðèõ ëðîê � ñíë ôíèëñï í îêëÌíô ðý õêéü Ìñê íììíñþ íòíÌëõì ä �ø ñðëìÌëèíôôø õêëîÌëòéðèìê êééðé ù êõõíòêõ ìð  õóðð�ëò ëðîê ç û ÌëîÌñíìÌëò í �éðþêë ôÌëþ � êìÿêêë ëðîêõ ç íëîä ÷  éêñêÌüêõ ìïê õóððýêî éðèìê êééðé ù êõõíòê ìïÌëþÌëò ìïíì Ìì ñíù ê ýéðù ç ÷  îêôêìêõÌìõ éðèìÌëò ìí� ôê êëìéø ýðé ä íëî ýðéÿíéîõ ìïê éðèìê êééðé ù êõõíòê ðë ìð � û ÿïð ìïêë íôõðîêôêìêõ Ììõ éðèìÌëò ìí� ôê êëìéø÷ öý � ôÌõìêëõ íëî �éðíîñíõìõ õóððýêî éðèìê êééðé ù êõõíòêõÿïêëêüêé í éðèìê Ìõ êõìí� ôÌõïêî ýéðù � ìð ä û � ñíë õèññêõõýè ôôø óéêüêëì ñðùùèëÌñíìÌðëõ
� êìÿêêë � íëî ä ÷

• ðèìê çíñïê 	ðÌõðëÌëò Ìë ��

çðééèóìÌëò éðèìÌëò õìíìê Ìõ íôõð íë íììíñþ íòíÌëõì éðèìÌëò ÌëìêòéÌìøû �èì Ìõ óíõõÌüê Ìëëíìèéê ÷ �ïÌõ ðññèéõ ÿïêë Ìëýðéù íìÌðë õìðéêî Ìë éðèìÌëò ìí� ôêõ íì éðèìêéõ Ìõ êÌìïêé îêôêìêî ûíôìêéêî ðé ÌëF êñìêî ÿ Ììï ýíôõê Ìëýðéù íìÌðë ÷
� Ìëñê ìïê éðèìêéõ Ìë íë íî ïðñ ëêìÿðéþ íéê ìïê ëðîêõ ìïêù õêôüêõ û ñêëìéíôÌGêî îêýêëõê Ìõëðì óðõõÌ� ôê ÷ 	ðÌõðëÌëò éðèìê ñíñïêõ Ìõ í ñðùùðë ê
íùóôê ðý ìïÌõ íììíñþ ÷ 8 ïêë í éðèìêéýðéÿíéîõ ìéí= ñ ìð í îêõìÌëíìÌðë ôÌõìêî Ìë Ììõ éðèìÌëò ìí� ôêõ û ìïê éðèìêé ù íø èëþëðÿ Ìëòôø
� ê ýðéÿíéîÌëò ìïê ìéí= ñ ìð í ýíôõê íîîéêõõ ÷
�ïê ýðôôðÿ Ìëò îêìíÌôõ õèñï íë íììíñþ Ìë �� ÷ öë íîîÌìÌðë ìð ôêíéëÌëò éðèìêõ ýéðù ïêíîêéõðý óíñþêìõ ÿïÌñï í ëðîê Ìõ óéðñêõõÌëò íôðëò í óíìï û éðèìêõ Ìë �� ùíø íôõð � ê ôêíéëêîýéðù óéðù Ìõñèðèõôø éêñêÌüêî óíñþêìõ ÷ � ëðîê ðüêéïêíéÌëò íëø óíñþêì ù íø íîî ìïê éðèìÌëòÌëýðéù íìÌðë ñðëìíÌëêî Ìë ìïíì óíñþêì #õ ïêíîêé ìð Ììõ ðÿë éðèìê ñíñïê û êüêë Ìý ìïíì ëðîê Ìõëðì ðë ìïê óíìï ýéðù õðèéñê ìð îêõìÌëíìÌðë ÷ �ðé ê
íùóôê û Ìë � Ìòèéê � ÷� í óíìï ê
 Ìõìõ ýéðùëðîê � ìð ëðîê ä üÌí ëðîêõ � û  û íëî ç ÷ öý í óíñþêì ìéíüêôôÌëò íôðëò ìïê õðèéñê éðèìê ýéðù� ìð ä Ìõ ðüêéïêíéî �ø íëðìïêé ëðîê û ìïíì ëðîê ù íø ìïêë íîî ìïê éðèìê

< S,A,B,C,X >ìð Ììõ éðèìê ñíñïê ÷ �ïê üèôëêéí� ÌôÌìø Ìõ ìïíì íë íììíñþêé ñðèôî êíõÌôø ê
óôðÌì ìïÌõ ù êìïðîðý ôêíéëÌëò éðèìêõ íëî óðÌõðë éðèìê ñíñïêõ ÷ �èóóðõê í ù íôÌñÌðèõ ëðîê � ÿíëìêî ìð óðÌõðëéðèìêõ ìð ëðîê ä ÷ öý � ÿêéê ìð �éðíîñíõì õóððýêî óíñþêìõ ÿ Ììï õðèéñê éðèìêõ ìð ä üÌíÌìõêôý û ëêÌòï�ðéÌëò ëðîêõ ìïíì ðüêéïêíé ìïê óíñþêì ìéíëõù ÌõõÌðë ùíø íîî ìïê éðèìê ìð ìïêÌééðèìê ñíñïê ÷ � Ìëñê ìïÌõ éðèìê îÌõñðüêéø ýêíìèéê ðý ñíñïÌëò ðüêéïêíéî éðèìÌëò Ìëýðéù íìÌðëÌõ ðóìÌðëíô Ìë �� û ìïÌõ ê
óôðÌì ñíë � ê êíõÌôø óíìñïêî �ø îÌõí� ôÌëò ìïÌõ ýêíìèéê Ìë ìïêëêìÿðéþ ÷ �ïê îðÿëõÌîê ðý ìïÌõ Ìõ ìïíì ÿ Ììïðèì ìïÌõ ýêíìèéê �� ðóêéíìêõ ÿ Ììï í ôðõõ ÌëÌìõ ó êéýðéù íëñê ÷
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´ ´ ´ ÉKLLMNO KPPKQ°L

öë íë ÎR ÐÔ ×Ø S ÎT Ô Ð;²ÎÏU û ëðîêõ ñíëëðì éêôø ðë íëø í�óéÌðéÌ ìéèõì éêôíìÌðëõïÌó ëðé õìéðëòíèìïêëìÌñíìÌðë Ìëýéíõìéèñìèéê ÷ � õ í ñðëõêúèêëñê û ìïê éêôÌí� ÌôÌìø ðý �íõÌñ ëêìÿðéþÌëò ýèëñ�ìÌðëõ ñíë � ê êëîíëòêéêî �ø íëø ëðîê ðý ìïê ëêìÿðéþ ÷ Vðÿêüêé û ëð ñôíõõÌñíô õêñèéÌìø
ù êñïíëÌõù ñíë ïêôó ñðèëìêé í ù Ìõ� êïíüÌëò ëðîê Ìë ìïÌõ ñðëìê
ì ÷ �ïê óéðóêé ðó êéíìÌðë ðýìïê ëêìÿðéþ éêúèÌéêõ ëðì ðëôø ìïê ñðééêñì ê
 êñèìÌðë ðý ñéÌìÌñíô ëêìÿðéþ ýèëñìÌðëõ �ø êíñïóíéìÌñÌóíìÌëò ëðîê �Ì ÷ê ÷û íñìÌüê íììíñþõ ùèõì � ê óéêüêëìêî � �èì Ìì íôõð éêúèÌéêõ êíñï ëðîêìð ó êéýðéù í 9 ×ÒÏ ÍS×ÏÐ ðý ìïê ýèëñìÌðëõ ) íôô ëðîêõ ùèõì ñððó êéíìê ÷
�ïê ôíììêé éêúèÌéêù êëì õêêù õ ìð � ê í õìéðëò ôÌù ÌìíìÌðë ýðé ÿ Ìéêôêõõ ù ð� Ìôê ëðîêõ ÿïêéê�øóðÿêé õíüÌëò Ìõ í ù íF ðé ñðëñêéë ÷ 8 Ììï ôíñþ ðý í�óéÌðéÌ ìéèõì û TÎÎR ÐÏ×;ÒWÐ Í ÐT:ÏÒ;X Í TS ÐÑ ÐÍõêêù ìð ðY êé í éêíõðëí� ôê õðôèìÌðë ìð ëðîê õêô� õïëêõõ ÷ öë í ñððóêéíìÌüê õêñèéÌìø õñïêùê û
ù íôÌñÌðèõ � êïíü Ìðé ñíë � ê îêìêñìêî ìïéðèòï ìïê ñðôôí�ðéíìÌðë � êìÿêêë í ëèù� êé ðý ëðîêõíõõèù Ìëò ìïíì í ù íF ðéÌìø ðý ëðîêõ îð ëðì � êïíüê ù íôÌñÌðèõôø÷öë ðéîêé ìð ñðù ê èó ÿ Ììï ìïê íóóéðóéÌíìê õêñèéÌìø éêúèÌéêù êëìõ ìð �èÌôî í üÌí� ôê ñðèë�ìêéù êíõèéê íòíÌëõì Í ÐÓ© ÍS ÔÎØÐÍû ÿê íëíôøGêî ìïê Ìùóíñì ðý üíéÌðèõ õêñèéÌìø ìïéêíìõ ðëêõõêëìÌíô ëêìÿðéþ ýèëñìÌðëõ ìïéðèòï í õÌùèôíìÌðë��íõêî õìèîø÷

Z1[0\-.172]5-/,^ -2-\_/1/ 74 27^, /,\`/*2,// 12 abcde

�èé õÌùèôíìÌðë õìèîø ïíõ � êêë ñíééÌêî ðèì Ìë ðéîêé ìð íëíôøGê ìïê êY êñìõ ðý ëðîêõêô� õïëêõõ ðë êõõêëìÌíô ëêìÿðéþ ýèëñìÌðëõ õèñï íõ éðèìÌëò íëî óíñþêì ýðéÿíéîÌëò ÷ 8ê ýð�ñèõêî ðèé íììêëìÌðë ðë ìïê êüíôèíìÌðë ðý ëêìÿðéþ óêéýðéù íëñê Ìë ìêéù õ ðý íòòéêòíìê R×TU Ð;ØÐÓÒWÐÏX Ï×;ÒÎ íëî TÎÑÑ :ÔÒT×;ÒÎÔ ØÐÓ×X ðý í ùð� Ìôê íî ïðñ ëêìÿðéþ ÿïêéê í óéêîê�ëêîóêéñêëìíòê ðý ëðîêõ ÿêéê ù Ìõ� êïíüÌëò ÷
�ïê õðýìÿíéê ÿê ïíüê èõêî ìð õÌùèôíìê ìïê ��D½� Ìõ ìïê f ôð� ð� Ìù ëêìÿðéþ õÌùèôíìðé ûÿïÌñï ïíõ � êêë ùðîÌ�êî Ìë ðéîêé ìð õÌùèôíìê îÌYêéêëì ìøó êõ ðý õêô�õï ëðîêõ ÷ 8ê íõõèùêìïíì õêô� õï ëðîêõ ÎR ÐÏ×;Ð ÒÔØÐR ÐÔØÐÔ ;ÓX ÿïÌôê íììíñþõ �ø õêüêéíô TÎÓ Ó:ØÒÔ< ÔÎØÐÍ ×ÏÐ Ô Î;
;×U ÐÔ ÒÔ ;Î ×TTÎ:Ô ;÷ �èéìïêé û ìïê �� óéðìðñðô Ìõ õêôêñìêî íõ ìïê èëîêéôíøÌëò éðèìÌëò íô�òðéÌìïù ÷

• �êô�õï ëðîê ùðîêôõ
8ê óéðóðõê ìïéêê îÌY êéêëì ùðîêôõ ìïíì ïíüê � êêë êüíôèíìêî ýðé ìïê �� óéðìðñðô ÷ 8ê
� êôÌêüê ìïíì ìïê õêô� õïëêõõ óéð� ôêù Ìõ ðý òéêíì Ìëìêéêõì � êñíèõê ëðîêõ ðý í ùð� Ìôê íî ïðñëêìÿðéþ íéê ðýìêë �íììêéø�óðÿêéêî û ìïèõ û êëêéòø Ìõ í óéêñÌðèõ éêõðèéñê ìïíì ìïêø ùíø ëðìÿíëì ìð ÿíõìê ýðé ìïê � êëê�ì ðý ðìïêé ëðîêõ ÷
�ïê ëðîê � êïíüÌðé ïíõ � êêë íîîêî íõ í ëðîê îê�ëÌìÌðë ìøóê Ìë ìïê f ôð� ð�Ìù ëðîê ùðîêô )ìïê õøëìí
 ìïíì Ìõ èõêî ìð îê�ëê ìïê ëðîê ñðë�òèéíìÌðë ïíõ � êêë êëïíëñêî ÿ Ììï í ëêÿðóìÌðëíô ýêíìèéê ìïíì íôôðÿ õ õêôêñìÌëò ìïê õêô� õïëêõõ ùðîêô íù ðëò ìïéêê óðõõÌ� ôê ñïðÌñêõ ÷öì íôõð ïíõ � êêë ëêñêõõíéø ìð ù ðîÌýø ìïê f ôð� ð� Ìù Ìùóôêù êëìíìÌðë ðý ìïê ëêìÿðéþ ôíøêé



Á ¢Á ¢ ?«@�A�� �I@����� �� A� «�� �����@� �Ag�@ ��

�éðèìÌëò íëî óíñþêì ýðéÿíéîÌëò � Ìë ðéîêé ìð ðüêééÌîê ìïê éðèìÌëò óéðìðñðô õêôêñìêî Ìë ìïêëðîê ñðë�òèéíìÌðë ÷ �ïèõ û ìïê õêô�õï � êïíüÌðé ðý í ëðîê ñíë � ê Ìëîêó êëîêëì ýéðù ìïêéðèìÌëò óéðìðñðô õêôêñìêî ýðé ìïê õÌùèôíìÌðë ÷

a7^,\ hi jklm jn o pqrsqtuvw x öë ìïê � éõì ùðîêô û í õêô� õï ëðîê îðêõ ëðì ó êéýðéù ìïêóíñþêì ýðéÿíéîÌëò ýèëñìÌðë ÷ 8 ïêë ìïÌõ � êïíüÌðé Ìõ õêôêñìêî û óíñþêì ýðéÿíéîÌëò ÌõîÌõí� ôêî ýðé íôô óíñþêìõ ìïíì ïíüê í �ö	� õðèéñê íîîéêõõ ðé í îêõìÌëíìÌðë íîîéêõõîÌYêéêëì ýéðù ìïê ñèééêëì ëðîê ÷ Vðÿêüêé û í õêô�õï ëðîê ìïíì ðó êéíìêõ ýðôôðÿ ÌëòìïÌõ ù ðîêô óíéìÌñÌóíìêõ Ìë ìïê ðèìê � Ìõñðüêéø íëî ðèìê � íÌëìêëíëñê óïíõêõ ðýìïê �� óéðìðñðô ÷ �ïê ñðëõêúèêëñê ðý ìïê óéðóðõêî ùðîêô Ìë ìêéù õ ðý ñðëõèùêîêëêéòø Ìõ ìïíì ìïê ù Ìõ� êïíüÌëò ëðîê ÿ Ìôô õíüê í õÌòëÌ�ñíëì óðéìÌðë ðý Ììõ �íììêéø ôÌýêëêòôêñìÌëò ôíéòê îíìí óíñþêìõ û ÿïÌôê õìÌôô ñðëìéÌ�èìÌëò ìð ìïê ëêìÿðéþ ù íÌëìêëíëñê ÷
a7^,\ y i jklm jn qpz{uvwx �ïê õêñðëî ùðîêô ýð ñèõêõ ðë õêô� õï ëðîêõ ìïíì îð ëðì óíé�ìÌñÌóíìê Ìë ìïê ðèìê � Ìõñðüêéø óïíõê ðý ìïê �� óéðìðñðô ÷ �ïê Ìùóíñì ðý ìïÌõ

ùðîêô ðë ìïê ëêìÿðéþ ùíÌëìêëíëñê íëî ðóêéíìÌðë ñíë � ê ùðéê õÌòëÌ�ñíëì ìïíë ìïê
�éõì ðëê ÷ öëîêêî û Ìý ìïê ëðîê îðêõ ëðì óíéìÌñÌóíìê Ìë ìïê ðèìê � Ìõñðüêéø óïíõê ûìïêë ìïê ëðîê ÿ Ìôô ëðì � ê õêôêñìêî Ìë íëø óíìï ) ìïê ñðëõêúèêëñê Ìõ ìïíì ìïê óíñþêìýðéÿíéîÌëò ýèëñìÌðë ÿ Ìôô ëêüêé � ê ê
êñèìêî ÷ � õêô� õï ëðîê ðý ìïÌõ ìøó ê èõêõ êëêéòøðëôø ýðé Ììõ ðÿë ñðùùèëÌñíìÌðëõ ÷

a7^,\ | i kv kqw}~tqu� kv jklm jn �kns�upqx �ïê ìïÌéî ùðîêô ðý õêô� õïëêõõ Ìõ ùðéêñðùóôê
 ) ìïê ëðîê � êïíüÌðé ýðôôðÿ õ ìïê êëêéòø ùðîêô Ìù óôêù êëìêî Ìë f ôð� ð�Ìù ÷
8 ïêë ìïê õÌùèôíìðé ñéêíìêõ íë Ìëõìíëñê ðý í ù ð� Ìôê ëðîê û Ìì Ìõ óðõõÌ� ôê ìð õó êñÌýø ìïêÌë ÌìÌíô êëêéòø �

Ein

� íììéÌ�èìêî ìð ìïíì ëðîê ÷ �èéÌëò í ëðéù íô ðó êéíìÌðë û ìïê ëðîêñðëõèù êõ êëêéòø ÿïÌôê ê
êñèìÌëò ëêìÿðéþÌëò ýèëñìÌðëõ õèñï íõ óíñþêì ýðéÿíéîÌëòíëî éðèìÌëò ÷
8ê óéðóðõê í õêô�õïëêõõ ùðîêô ìïíì èõêõ ìÿð êëêéòø ìïéêõïðôîõ

(eT1, eT2)
ìð îêìêé�

ùÌëê ìïê ëðîê � êïíüÌðé ÷ 8 ïêë ìïê ëðîê #õ êëêéòø ýíôôõ ÿ ÌìïÌë ìïê Ìëìêéüíô
[Ein, eT1)ìïê ëðîê � êïíüêõ óéðó êéôøû ê
êñèìÌëò �ðìï ìïê óíñþêì ýðéÿíéîÌëò íëî ìïê éðèìÌëòýèëñìÌðë ÷ 8 ïêë ìïê êëêéòø ôêüêô ýíôôõ Ìë ìïê Ìëìêéüíô

[eT1, eT2)
ìïê ëðîê ÿ Ìôô � êïíüêíõ Ìý Ìì ÿíõ í õêô�õï ëðîê ðý ìøó ê � û ìïèõ îÌõí� ôÌëò ìïê óíñþêì ýðéÿíéîÌëò ýèëñìÌðë ÷öý ìïê êëêéòø ôêüêô Ìõ ÿ ÌìïÌë ìïê Ìëìêéüíô

[eT2, 0)
ìïêë ìïê õíùê � êïíüÌðé íõ ìïê ðëêîêõñéÌ� êî ýðé í õêô� õï ëðîê ðý ìøó ê � Ìõ õêôêñìêî ÷ 8 ïêëêüêé í ëðîê ïíõ ëð ùðéê êë�êéòø Ìì Ìõ óðõõÌ� ôê ìð õêì í õìðñïíõìÌñ éêñïíéòê óïíõê ) ÿ ÌìïÌë í ôÌù Ììêî ìÌù ê Ìëìêéüíôìïê ëðîê #õ êëêéòø Ìõ õêì �íñþ ìð ìïê ÌëÌìÌíô üíôèê ÷ 8ê � êôÌêüê ìïíì ìïÌõ õêô� õïëêõõ

ùðîêô Ìõ ùðéê éêíôÌõìÌñ ìïíë ìïê ðìïêéõ ! Ìë ðèé õìèîøû ÿê êüíôèíìê ìïê ÌëEèêëñê ðýõÌùèôíìÌðë óíéíù êìêéõ õèñï íõ ëðîê ùð� ÌôÌìø ðüêé ìïê òôð�íô ëêìÿðéþ óêéýðéù íëñêÿïêë ëðîêõ � êïíüê ýðôôðÿ Ìëò ìïÌõ õêô� õïëêõõ ùðîêô ÷

• � ðüêùêëì íëî ñðùùèëÌñíìÌðë óíììêéëõ
öë ðèé õÌùèôíìÌðëõ û ìïê ëðîê ñïððõêõ í îêõìÌëíìÌðë íëî ùðüêõ Ìë í õìéíÌòïì ôÌëê ìðÿíéîõÌì íì í õó êêî èëÌýðéù ôø îÌõìéÌ�èìêî � êìÿêêë � ùêìêéõ�õêñðëîõ �ù �õ� íëî õðùê ù í
 Ìùèù
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õó êêî ÷ �ïÌõ Ìõ ñíôôêî ìïê Ï×ÔØÎÑ �×XR ÎÒÔ ; ùðîêô ÷ 8ê ôÌù Ìì ìïê ù í
 Ìùèù õóêêî ðý í ëðîêìð �" ù �õ íëî ÿê õêì ìïê éèë�ìÌù ê ðý ìïê õÌùèôíìÌðëõ ìð �" õêñðëîõ ÷ �ëñê ìïê ëðîê éêíñïêõÌìõ îêõìÌëíìÌðë Ìì ÿíÌìõ ýðé í óíèõê ìÌù ê � êýðéê ñïððõÌëò íëðìïêé éíëîðù îêõìÌëíìÌðë íëîéêó êíìÌëò ìïê óéðñêõõ ÷ �îîÌìÌðëíôôø ÿê îêüêôðó êî í õñéÌóì ìïíì ôíèëñïêõ õÌùèôíìÌðëõ ÿ ÌìïîÌY êéêëì éíëîðù ùð� ÌôÌìø õñêëíéÌðõ ýðé êüêéø õÌùèôíìÌðë ñøñôê ÷
�ïê ëðîêõ ñðùùèëÌñíìê èõÌëò ñðëõìíëì � Ìì éíìê �ç � õðèéñêõ ìïíì íéê éíëîðù ôø �ðèëîìð í õè�õêì ðý íôô ìïê ëðîêõ ýðéù Ìëò ìïê ��D½� ÷ �ïê óíñþêì õÌGê Ìõ õêì ìð ��� � Ììõ ÿïÌôêìïê õðèéñê ìïéðèòïóèì �ê
óéêõõêî íõ óíñþêì ó êé õêñðëîõ� Ìõ î ÌY êéêëì ýðé êíñï õÌùèôíìÌðë ÷
�îîÌìÌðëíôôø ÿê îêüêôðó êî í õñéÌóì ìïíì éíëîðù ôø ñïðõê õðèéñêõ íëî õÌëþõ íùðëò ìïêëðîêõ ðý í ëêìÿðéþ íëî ôíèëñïêõ õÌùèôíìÌðëõ ÿ Ììï îÌYêéêëì éíëîðù ñðùùèëÌñíìÌðë óíì�ìêéëõ ýðé êüêéø õÌùèôíìÌðë ñøñôê ÷

c�ed ) ìïê éíëîðù ÿíøóðÌëì ù ðîêô Ìõ ÿ Ìîêôø èõêî íõ í ùð� ÌôÌìø ùðîêô ìð ñðùóíéê ìïêó êéýðéù íëñê ðý üíéÌðèõ ùð� Ìôê íî ïðñ ëêìÿðéþ éðèìÌëò óéðìðñðôõ ÷ öì ïíõ � êêë õïðÿë Ìë ìïêôÌìêéíìèéê ���"à ìïíì ìïê éíëîðù ÿíøóðÌëì ùðîêô Ìë Ììõ òêëêéíô ýðéù ýíÌôõ ìð éêíñï í õìêíîøõìíìê Ìë ìêéù õ ðý Ìëõìíëìíëêðèõ íüêéíòê ëðîê õó êêî û �èì éíìïêé ìïê õó êêî ñðëìÌëèðèõôøîêñéêíõêõ íõ õÌùèôíìÌðë óéðòéêõõêõ ÷ çðëõêúèêëìôøû ìïê ùðîêô õïðèôîë #ì � ê èõêî ìð ñðëîèñìó êéýðéù íëñê êüíôèíìÌðë ùêíõèéêî íõ ìÌù ê íüêéíòêõ ÷ �èñï íüêéíòêõ íéê �íõêî ðë ù êìéÌñõìïíì ñïíëòê ðüêé ìÌù ê û õðù êìÌù êõ õè�õìíëìÌíôôø÷ çðëõÌîêéÌëò ðëôø ìïêõê íüêéíòêõ ñíë éêõèôìÌë ù ÌõôêíîÌëò ðé Ìëñðééêñì ñðëñôèõÌðëõ ÷
�ð ðüêéñðù ê ìïêõê ôÌù ÌìíìÌðëõ û ÿê õêì ìïê ù ÌëÌùèù õóêêî ýðé ìïê ëðîêõ ìð � ê îÌY êéêëìýéðù " ù �õ �íõ Ìì ïíõ � êêë õèòòêõìêî Ìë ���"à� ÷ �èéìïêéùðéê ÿê èõê í ó êéýðéù íëñê ù êìéÌñÿïÌñï Ìõ ëðì íüêéíòêî ðë ìÌù ê íëî ìïê õÌùèôíìÌðë ìÌù ê ïíõ � êêë õêì ìð � ê õïðéì êëðèòïìð ù ÌìÌòíìê ìïê êYêñìõ ðý ëðîêõ # õó êêî îéÌýì ÷

• 	êéýðéù íëñê ù êìéÌñõ

�ïê Ìùóíñì ðý õêô� õï � êïíüÌðé ÿíõ ù êíõèéêî Ìë ìêéù õ ðý íòòéêòíìê óíñþêì îêôÌüêéø éíìÌðíëî ñðùùèëÌñíìÌðë îêôíø÷ �ïê ùêíõèéêù êëìõ ðý ìïê ëêìÿðéþ óêéýðéù íëñê ÿêéê ù íîêèõÌëò í õñéÌóì ìïíì óíéõêõ íëî íëíôøGêõ ìïê ìéíñê � ôê ðèìóèì óéðü Ìîêî �ø ìïê f ôð� ð� Ìùõðýìÿíéê ÷ �ïê ìéíñê � ôê óéðüÌîêõ Ìëýðéù íìÌðë í�ðèì í õêì ðý îê�ëêî êüêëìõ ìïíì ðññèééêîÌë ìïê õÌùèôíìÌðë õèñï íõ ��ç ôíøêé êüêëìõ û éðèìÌëò êüêëìõ íëî íóóôÌñíìÌðë êüêëìõ ÷  øíëíôøG Ìëò ìïê íóóôÌñíìÌðë êüêëì ìéíñê û Ìì Ìõ ó ðõõÌ� ôê ìð êüíôèíìê ìïê ìðìíô ëèù� êé ðý óíñþêìõõêëì �ø êüêéø ëðîê ðý ìïê ��D½� íõ ÿêôô íõ ìïê ìðìíô ëèù� êé ðý óíñþêìõ ìïíì ïíüê � êêëîéðóóêî ÷ 8ê èõêî ìïê ýðôôðÿ Ìëò îê�ëÌìÌðë ýðé ìïê íòòéêòíìê óíñþêì îêôÌüêéø éíìÌð �
PDR

� )

PDR =

�ðìíô � ðý  êñêÌüêî 	íñþêìõ
�ðìíô � ðý �êëì 	íñþêìõ =

�ðìíô � ðý �êëì 	íñþêìõ � �ðìíô � ðý �ðõì 	íñþêìõ
�ðìíô � ðý �êëì 	íñþêìõ

�ïê ìêéù �ôðõì óíñþêìõ � ñðüêéõ íôô óíñþêì ôðõõêõ îèê ìð ù íôÌñÌðèõ îéðóõ û éðèìê ýíÌôèéêõ ûñðëòêõìÌðë íëî ÿ Ìéêôêõõ ñïíëëêô ôðõõêõ ÷
�ïê ðìïêé ó êéýðéù íëñê ñïíéíñìêéÌõìÌñ ìïíì ÿíõ ù êíõèéêî Ìõ ìïê íüêéíòê îêôíø ýðé íôô óíñþêìõ
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ìïíì íéê ñðééêñìôø éêñêÌüêî �
d
� ÷ 8ê � êôÌêüê ìïíì õêô� õï ëðîêõ íôõð ïíüê íë ÌëEèêëñê ðë ìïêëêìÿðéþ îêôíø íëî ÿê èõê Ìì íõ í ýèéìïêé ñðùóíéíìÌüê ñéÌìêéÌðë ÿïêë ìïê ëêìÿðéþ óíñþêìîêôÌüêéø éíìÌð Ìõ ëðì õè= ñÌêëì ÷

• �ÌùèôíìÌðë éêõèôìõ �íõêî ðë � ðîêô � íëî � ðîêô �
� � ÌùèôíìÌðë ñðë�òèéíìÌðë
�ïê êYêñìõ ðý ìïê õêô�õïëêõõ ùðîêôõ ìøó ê � íëî ìøóê � íéê õìèîÌêî ðë îÌY êéêëìõñêëíéÌðõ ÿïêéê ìïê óíéíùêìêé ìïíì îê�ëê êíñï õñêëíéÌð Ìõ Ô ÎØÐ ØÐÔÍÒ;X ÷� 8êîê�ëê ëðîê îêëõÌìø íõ ìïê ëèù� êé ðý ëðîêõ ìïíì ýðéù ìïê ��D½� îêóôðøêîðüêé íë �"" �ø �"" ùêìêé Eíì õóíñê ÷ �ë ìïê ðìïêé ïíëî û ëðîê ùð� ÌôÌìø Ìõîê�ëêî íõ ìïê íüêéíòê õó êêî êíñï ëðîê ùðüêõ íì Ìë ìïê õÌùèôíìÌðë õóíñê ÷
� ÌùèôíìÌðë éêõèôìõ íéê ñôíõõÌ�êî Ìë ìÿð ñíìêòðéÌêõ ) ôðÿ ëðîê îêëõÌìø ��" ëðîêõ�íëî ôðÿ ùð� ÌôÌìø �� ù �õ� û ï Ìòï ëðîê îêëõÌìø ��" ëðîêõ� íëî ôðÿ ùð� ÌôÌìø÷ öý ÌìÌõ ëðì õó êñÌ�êî îÌYêéêëìôøû ìïê õÌùèôíìÌðë éèë�ìÌù ê ýðé íôô ìïê ýíù ÌôÌêõ ðý òéíóïõóéêõêëìêî Ìë ìïÌõ õêñìÌðë Ìõ õêì ìð �" õêñðëîõ ÷ � ôõð û ìïê ç  õðèéñê ìïéðèòïóèìÌõ õêì ìð � óíñþêì ó êé õêñðëî ÷
�ïê óêéñêëìíòê ðý õêô�õï ëðîêõ �

p
� Ìõ Ìëñéêíõêî ýðé êíñï õÌùèôíìÌðë éèë íëîìíþêõ üíôèêõ ýéðù 0%

ìð
50%

) Ìë êíñï õÌùèôíìÌðë éèë û ðëôø
p
ëðîêõ íéê õêì ìð

� ê õêô� õï ÿïÌôê ìïê ðìïêé ëðîêõ ðý ìïê ëêìÿðéþ � êïíüêõ ñðééêñìôø÷

�  êõèôìõ

� Ìòèéê � ÷¼ íëî � Ìòèéê � ÷� éêõó êñìÌüêôø õïðÿ ìïê üíéÌíìÌðëõ ðý íòòéêòíìê óíñþêìîêôÌüêé éíìÌð �
PDR

� íëî ñðùùèëÌñíìÌðë îêôíø �
d
� íõ í ýèëñìÌðë ðý ìïê ó êéñêëì�íòê ðý õêô� õï ëðîêõ ÷

� ��õêéüíìÌðëõ
a7^,\ hi jklm jn o pqrsqtuvw x � Ìòèéê � ÷¼ �í� íëî � ÷¼ �� � óðÌëì ðèì ìïíì PDRîêòéíîêõ �ø �"� ÿïêë �"� ðý ìïê ëðîêõ ðý ìïê ëêìÿðéþ ù Ìõ� êïíüê ÷ �ïêôÌëêíé éêòéêõõÌðë ðý ìïê ê
óêéÌù êëìíô îíìí õïðÿ õ ìïíì

PDR
îêòéíîêõ �ø

�"����� êüêéø ìÌù ê ìïê ó êéñêëìíòê ðý õêô� õï ëðîêõ Ìëñéêíõêõ �ø �"� ÷ �ëìïê ðìïêé ïíëî û � Ìòèéê � ÷� �í� íëî � ÷� ��� õïðÿ ìïíì
d
Ìëñéêíõêõ ôÌëêíéôøÿ Ììï ìïê ó êéñêëìíòê ðý õêô�õï ëðîêõ ÷ �ïêõê ð�õêéüíìÌðëõ íéê üíôÌî �ðìï ýðéôðÿ íëî ïÌòï ëðîê îêëõÌìøû ÿïÌôê ëðîê ùð� ÌôÌìø ïíüê í ëêòôÌòÌ� ôê ÌëEèêëñêðë ìïê ù êíõèéêù êëìõ ÷

�ïê éêõèôìõ õïðÿ ìïíì ÿïêë ìïê óíñþêì ýðéÿíéîÌëò ýèëñìÌðë Ìõ îÌõí� ôêî �ø í
�� ��� � ������� �%� ' ��� �����%  ¡ ¢��£ %� %� % ��¤�%��¥� ¦%¤%§ ���¤ �¨ ��¢£¡ ��� �§¦%(� ¨© �� ª �� �¨£�� «¬�§¢ %��¨� ¤��¢ �� ®¯° ��¨± �¨±�¥�¤ ��%� ��� �%§� (¨�( ¢ ��¨� �²¦¨��£ �� ���� ��(��¨� %¦¦ ¡ ±��� �¨£�§¨'� ��¡ �� ¢��£ %� % ��§¢ %��¨� ¦%¤%§���¤ « ³¨¤ ��� �%´� ¨© ��§¦ �(��¡ ±� ¤�¦¨¤� �� ���� ��(��¨� ¤��¢  ��¨'�%���£ ±��� �¨£� §¨'� ��¡ �%� %� %¥�¤%µ� ¨© ¶ § ·� «
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ýðé ôðÿ íëî ïÌòï ëðîê îêëõÌìøû ôðÿ ùð� ÌôÌìø

ôíéòê ó êéñêëìíòê ðý ëðîêõ ðý ìïê ��D¹� ìïê òôð�íô ëêìÿðéþ óêéýðéù íëñê
/,º,+,\_ ^,3+-^, ÷çðèëìêéù êíõèéêõ ýðé ìïÌõ ìøó ê ðý õêô� õïëêõõ ïíüê ìð � ê ìíþêë Ìëìð íññðèëìýðé ìïê îêõÌòë ðý ñððóêéíìÌüê éðèìÌëò ù êñïíëÌõù õ ÷ 8ê ñôíÌù ìïíì í ñð�ðóêéíìÌüê õêñèéÌìø õñïêùê ðYêéõ í éêíõðëí� ôê õðôèìÌðë ìð ìïê óéð� ôêù ) íëÌùóðéìíëì éêúèÌéêù êëì ýðé ìïê õêñèéÌìø ù êñïíëÌõù ñðëõÌõìõ Ìë üêéÌýø Ìëò ìïêñðééêñì ê
êñèìÌðë ðý ìïê óíñþêì ýðéÿíéîÌëò ýèëñìÌðë íëî ìð êëýðéñê ëðîêñððóêéíìÌðë ÷

a7^,\ y i jklm jn qpz{uvwx � Ìòèéê � ÷¸ �í� õïðÿ õ ìïíì PDR
îêòéíîêõ �ø �"�ÿïêë �"� ðý ìïê ëðîêõ ýðôôðÿ ìïê õêñðëî ùðîêô ðý õêô� õïëêõõ ÷ � Ìòèéê � ÷� �í�ÌëîÌñíìêõ ìïíì

d
Ìëñéêíõêõ ê
óðëêëìÌíôôø ÿïêë ìïê ó êéñêëìíòê ðý ù Ìõ� êïíü �Ìëò ëðîêõ Ìëñéêíõê ÷ �ë ìïê ðìïêé ïíëî û ÿïêë ëðîê îêëõÌìø Ìõ ïÌòï û Ìì ÌõóðõõÌ� ôê ìð ëðìÌñê ìïíì ëêìÿðéþ óêéýðéù íëñê Ìùóéðüê )

PDR
îêòéíîêõ ðëôø
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�ø »���"� íëî
d
ïíõ í ôÌëêíé òéðÿìï ÷

8 ïêë ìïê ðèìê � Ìõñðüêéø óïíõê ðý ìïê �� óéðìðñðô Ìõ îÌõí� ôêî û õêô� õïëðîêõ îð ëðì óíéìÌñÌóíìê Ìë ìïê éðèìê ñðëõìéèñìÌðë íëî ÿ Ìôô ëêüêé íóóêíé Ìëí õðèéñê éðèìê ÷ �ïê éêíõðë ÿïø ìïê íüêéíòê óíñþêì îêôÌüêéø éíìÌð îêòéíîêõÌõ ìïíì Ìì Ìõ ùðéê îÌ= ñèôì ìð �ëî í éðèìê ìð ìïê îêõìÌëíìÌðë ôêíîÌëò ìð íïÌòïêé óíñþêì ôðõõ óéð�í� ÌôÌìø÷ �èéìïêéùðéê û îêôíøõ íéê ïÌòï û êõó êñÌíôôøÿïêë ëðîê îêëõÌìø Ìõ ôðÿ ÷ � êó êëîÌëò ðë ìïê ��D¹� ìðó ðôðòøû Ìì Ìõ óðõ�õÌ� ôê ìïíì õêô� õï ëðîêõ óíéìÌíôôø ðé ìðìíôôø Ìõðôíìê í ôêòÌìÌù íìê ëðîê �ø ëðìóéðüÌîÌëò íëø éðèìÌëò Ìëýðéù íìÌðë ! ìïê éêõèôì Ìõ ìïíì ìïê ôêòÌìÌù íìê ëðîêôðõêõ �ðìï ìÌù ê íëî óíñþêìõ ìð �ëî íëðìïêé éðèìê �Ìý Ìì ê
 Ìõìõ� ìðÿíéîõ ìïêîêõìÌëíìÌðë ÷ 8 ïêë ëðîê îêëõÌìø Ìõ ïÌòï û ìïê êY êñì ðý ìïê õêô� õï � êïíüÌðé Ìõ
ù ÌìÌòíìêî íëî ìïê óéð�í� ÌôÌìø ìð �ëî í éðèìê ìð ìïê îêõìÌëíìÌðë Ìëñéêíõêõ )óíñþêì ôðõõ íëî ñðùùèëÌñíìÌðë îêôíø îêñéêíõê ÷
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a7^,\ h º/ x a 7^,\ y �ïê íëíôøõÌõ ðý ìïê éêõèôìõ ð�ìíÌëêî ÿ Ììï ìïê � éõììÿð ýíù ÌôÌêõ ðý õÌùèôíìÌðëõ ÌëîÌñíìê ìïíì ìïê êY êñìõ ðý í ëðîê õêô� õïëêõõðý ìøó ê � íéê ùðéê Ìùóðéìíëì ìïíë ìïê ðëê ñíèõêî �ø í õêô�õïëêõõ ðý ìøó ê
� ÷ �ïê íóóíéêëì ñðëñôèõÌðë Ìõ ìïíì í ùêñïíëÌõù ìð êëýðéñê ñððóêéíìÌðë Ìë
��D¹� ïíõ ìð ýð ñèõ ðë ìïê � éõì ìøó ê ðý õêô� õïëêõõ û ð� ôÌò Ìëò ù Ìõ� êïíü Ìëòëðîêõ ìð ñðééêñìôø ó êéýðéù ìïê óíñþêì ýðéÿíéîÌëò ýèëñìÌðë ÷
Vðÿêüêé û Ìý í õêô� õï ëðîê îðêõ ëðì óíéìÌñÌóíìê Ìë ìïê ðèìê � Ìõñðüêéø óïíõêðý ìïê �� ìïêë Ìì ÿ Ìôô ëêüêé íóóêíé Ìë íëø õðèéñê éðèìê ÷ öì Ìõ ÌùóôÌñÌììïêë ìïíì íôõð ìïê óíñþêì ýðéÿíéîÌëò ýèëñìÌðë ÿ Ìôô ëðì � ê ê
êñèìêî û ìïèõí ù êñïíëÌõù ìïíì õÌùóôø ýðéñê í ëðîê ìð ó êéýðéù ìïê óíñþêì ýðéÿíéîÌëòýèëñìÌðë ñíë � ê êíõÌôø ìéÌñþêî �ø îÌõí� ôÌëò ìïê �� ýèëñìÌðë ÷ �ë ìïê ðìïêéïíëî û í ù êñïíëÌõù ìïíì ðëôø ýðéñê í õêô�õï ëðîê ìð ñðééêñìôø ó êéýðéù ìïê
�� ýèëñìÌðë îðêõ ëðì íõõèéê ìïíì íôõð ìïê óíñþêì ýðéÿíéîÌëò ýèëñìÌðë ÿ Ìôô
� ê óéðó êéôø ê
êñèìêî ÷çðëñôèîÌëò û Ìì Ìõ ëêñêõõíéø ìïíì ìïê õêñèéÌìø õñïêù ê íîðóìêî ìð ýíñê ìïêõêô� õï � êïíüÌðé ðý í ëðîê ïíüê ìð êëýðéñê ìïê ê
êñèìÌðë ðý 57.* ìïê óíñþêìýðéÿíéîÌëò íëî ìïê éðèìÌëò ýèëñìÌðëõ ÷ � ðéêðüêé û ÿê � êôÌêüê ìïíì í õêô� õï
� êïíüÌðé ìïíì õêôêñìÌüêôø îÌõí� ôêõ ìïê óíñþêì ýðéÿíéîÌëò ðé ìïê éðèìÌëò ýèëñ�ìÌðë Ìõ ëðì éêíôÌõìÌñ ) Ìì Ìõ ùðéê ôÌþêôø ìïíì ìïê ëðîê � êïíüÌðé îøëíù Ìñíôôøñïíëòêõ îêó êëîÌëò ðë ìïê ëðîê #õ êëêéòø ôêüêô ÷ �ïÌõ Ìõ ÿïø ÿê îêñÌîêîìð îêõÌòë í ìïÌéî ìøó ê ðý õêô�õïëêõõ ìïíì Ìõ �íõêî ðë ìïê êëêéòø ùðîêôÌùóôêùêëìêî Ìë f ôð� ð� Ìù ÷

• �ÌùèôíìÌðë éêõèôìõ �íõêî ðë � ðîêô �
� � ÌùèôíìÌðë ñðë�òèéíìÌðë
�ïê ôíõì õêì ðý õÌùèôíìÌðëõ ýð ñèõêõ ðë ìïê íëíôøõÌõ ðý ìïê ëêìÿðéþ óêéýðéù íëñêðý í ��D¹� ÿïêë ìïê ìïÌéî ù ðîêô ðý õêô�õïëêõõ Ìõ èõêî ÷ � ðüêùêëì íëî ñðù �ùèëÌñíìÌðë óíììêéëõ ïíüê � êêë ùðîÌ�êî ÿ Ììï éêõó êñì ìð ìïê ðëê èõêî Ìë ìïê
� éõì ìÿð ýíù ÌôÌêõ ðý õÌùèôíìÌðëõ ÷
Dðîê ùðüêù êëìõ ýðôôðÿ ìïê éíëîðù ÿíøóðÌëì ùðîêô �èì ìïê õó êêî Ìõ õêôêñìêîíùðëò í óéêîê�ëêî õêì ) ÿê îê�ëêî ìïê õêì ðý óðõõÌ� ôê õó êêîõ íõ ìïê üíôèêõ ìïíìòð ýéðù �ù �õ ìð �"ù �õ ÿ Ììï í õìêó ðý �ù �õ ) � û � û �" û �� û �" ÷Dðîêõ ñðùùèëÌñíìê èõÌëò ñðëõìíëì � Ìì éíìê �ç � õðèéñêõ ìïíì íéê éíëîðù ôø
�ðèëî ìð í õè��õêì ðý íôô ìïê ëðîêõ ýðéù Ìëò ìïê ��D¹� ÷ �ïê óíñþêì õÌGê Ìõõêì ìð ��� � Ììõ ÿïÌôê ìïê õðèéñê ìïéðèòïóèì �ñíôñèôíìê íõ óíñþêì ó êé õêñðëîõ�Ìõ õêì ìð �" óíñþêìõ�õêñðëî ÷ �îîÌìÌðëíôôø ÿê îêüêôðó êî í õñéÌóì ìïíì éíëîðù ôøñïðõê õðèéñêõ íëî õÌëþõ íù ðëò ìïê ëðîêõ ðý í ëêìÿðéþ íëî ôíèëñïêõ õÌùèôíìÌðëõÿ Ììï îÌYêéêëì éíëîðù ñðùùèëÌñíìÌðë óíììêéëõ ýðé êüêéø õÌùèôíìÌðë ñøñôê ÷ �ïêòôð�íô ñðùùèëÌñíìÌðë îêôíø

d
ïíõ ëðì � êêë êüíôèíìêî ÷

� �ïê êëêéòêìÌñ ùðîêô
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�ïê ìïÌéî ùðîêô ðý õêô� õïëêõõ Ìõ íë êëêéòø��íõêî ùðîêô ) ìïê Ìë ÌìÌíô üíôèê ýðéìïê êëêéòø �
Ein

� íõõðñÌíìêî ìð êíñï ëðîê Ìõ îê�ëêî ìïéðèòï ìïê ëðîê ñðë�òèéí�ìÌðë � ôê ÷ 8ê îêñÌîêî ìð õêì îÌY êéêëì üíôèêõ ýðé
Ein

èõÌëò í èëÌýðéù îÌõìéÌ�èìÌðëÌë ìïê Ìëìêéüíô
[Ein−0.25J,Ein +0.25J ]

ÿïêéê ìïê êëêéòø Ìõ ê
óéêõõêî Ìë áðèôêõ
�á� íëî

Ein = 2.75J
÷ �ïê ñðëõêúèêëñê ðý ìïÌõ ñïðÌñê Ìõ ìïíì êüêéø ëðîê ÿ Ìôôéèë ðèì ðý êëêéòø íì îÌY êéêëì ìÌù êõ û íîîÌëò í îêòéêê ðý éíëîðùëêõõ ìð ìïêõÌùèôíìÌðë ÷

�  êõèôìõ
� õ ðóóðõêî ìð ìïê íëíôøõÌõ ù íîê ýðé ìïê � éõì íëî ìïê õêñðëî ùðîêô ðý õêôý�Ìõïëêõõ û ÿê îêñÌîêî ìð ýð ñèõ ðë ìïê Ð¼ ÐT;Í Î9 ÔÎØÐ Ñ Î½ÒÓÒ;X ðüêé ìïê íòòéêòíìêóíñþêì îêôÌüêéø éíìÌðë �

PDR
� ÷ � õ Ìì Ìõ óðõõÌ� ôê ìð õêê Ìë � Ìòèéê � ÷� û ìïê � éõìõêéÌêõ éêóéêõêëì

PDR
ÿïêë íôô ëðîêõ ðý ìïê ��D¹� � êïíüêõ ñðééêñìôø ÿïêéêíõìïê õêñðëî õêéÌêõ éêóéêõêëìõ

PDR
ÿïêë ,º,+_ 27^, ðý ìïê ��D¹� � êïíüêõýðôôðÿ Ìëò ìïê ìïÌéî ù ðîêô ðý õêô� õïëêõõ ÷
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� Ìòèéê � ÷� ) öù óíñì ðý ëðîê ùð� ÌôÌìø ðë íòòéêòíìê óíñþêì îêôÌüêéø éíìÌð èëîêé õêô� õïëêõõ
� ðîêô �

� ��õêéüíìÌðëõ
�ïê ôíõì ýíù Ìôø ðý õÌùèôíìÌðëõ óðÌëìêî ðèì íë ÌëìêéêõìÌëò ñïíéíñìêéÌõìÌñ ðý

PDR
÷öì ïíõ íôéêíîø � êêë õïðÿêî �¸»à ìïíì ìïê òôð�íô ëêìÿðéþ ìïéðèòïóèì îêñéêíõêõÿïêë ìïê ëðîê ùð� ÌôÌìø Ìëñéêíõêõ ) ìïê éêíõðë Ìõ ìïíì ôÌëþ ðèìíòê � êñðùêõ ùðéêýéêúèêëì ñíèõÌëò í ïÌòïêé óíñþêì ôðõõ óéð�í� ÌôÌìø÷

�ë ìïê ðìïêé õÌîê û ÿïêë êüêéø ëðîê ðý ìïê ëêìÿðéþ Ìõ õêô� õï �� ðîêô �� û õÌùè�ôíìÌðë éêõèôìõ ÌëîÌñíìê ìïíì
PDR

Ìëñéêíõêõ ÿïêë ëðîê ùð� ÌôÌìø Ìëñéêíõêõ èëìÌôÌì éêíñïêõ Ììõ ù í
 Ìùèù ! ìïêë Ìì îêñéêíõêõ ÿïêë ëðîê ùð� ÌôÌìø Ìëñéêíõêõ ÷
8ê � êôÌêüê ìïíì ìïÌõ óíéìÌñèôíé � êïíüÌðé îêó êëîõ ðë ìïê ùð� Ìôê ëðîê ìðóðôðò�Ìñíô óðõÌìÌðë Ìë ìïê ëêìÿðéþ ÷ 8 ïêë ìïê ìïÌéî ùðîêô ðý õêô� õïëêõõ Ìõ íóóôÌêî
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ìð í ùð� Ìôê ëðîê û ìïê ëðîê #õ � êïíüÌðé îøëíù Ìñíôôø ñïíëòê îêó êëîÌëò ðë Ììõêëêéòø ôêüêô ÷ Dðÿ û í ��D¹� ìðóðôðòø ñíë � ê éêóéêõêëìêî �ø íë íé� Ììéíéøòéíóï
G = (V,E)

ÿïêéê
V

Ìõ ìïê õêì ðý �ùð� Ìôê� ëðîêõ íëî
E

Ìõ ìïê õêì ðýêîòêõ ÷ �ë êîòê ê
 Ìõìõ Ìý íëî ðëôø Ìý ìïê îÌõìíëñê � êìÿêêë ìÿð ùð� Ìôê ëðîêõ Ìõôêõõ ðé êúèíô ìïíë ìïê ëðîê #õ éíîÌð éíëòê é ÷ �ññðéîÌëòôøû ìïê ëêÌòï�ðéïððî ðýí ëðîê
x
Ìõ îê�ëêî �ø ìïê õêì ðý ëðîêõ ìïíì íéê ÌëõÌîê í ñÌéñôê ÿ Ììï ñêëìêé íì

xíëî éíîÌèõ
r
û íëî Ìì Ìõ îêëðìêî �ø

Nr(x) = Nx = {nj |d(x, nj) < r, x 6= nj,∀j ∈ N, j ≤ |V |}ÿïêéê
x
Ìõ íë íé� Ììéíéø ëðîê Ìë ìïê òéíóï ÷ �ïê îêòéêê ðý í ëðîê

x
Ìë

G
Ìõ ìïêëèù� êé ðý êîòêõ ìïíì íéê ñðëëêñìêî ìð

x
û íëî Ìì Ìõ êúèíô ìð

deg(x) = |Nr(x)| ÷f Ìüêë ìïíì ìïê ñðùùèëÌñíìÌðë óíììêéë èõêî Ìë ìïê õÌùèôíìÌðë óéðîèñê í îêëõêìéí= ñ û í ñêëìéíô ëðîê �Ì ÷ê ÷ í ëðîê ìïíì ïíõ í ñêëìéíô óðõÌìÌðë Ìë ìïê ��D¹��ñðëõèùê ùðéê êëêéòø ìïíë í óêéÌóïêéíô ëðîê � êñíèõê Ìì íñìõ íõ éêôíøõ ýðé ðìïêéëðîêõ û ÿíõìÌëò Ììõ êëêéòø ýðé éðèìÌëò íëî óíñþêì ýðéÿíéîÌëò ÷ � ñêëìéíô ëðîêïíõ íôõð íëðìïêé ñïíéíñìêéÌõìÌñ ) Ììõ îêòéêê Ìõ ïÌòï û ÿïÌñï ÌùóôÌêõ ìïíì ëðîêõÿ Ììï í ïÌòïêé îêòéêê ñðëõèùê ùðéê êëêéòø ìïíë ëðîêõ ÿ Ììï í ôðÿêé îêòéêê ÷
8 ïêë ùð� ÌôÌìø Ìõ ôðÿ û íôô ëðîêõ ôð ñíìêî Ìë í ñêëìéíô óðõÌìÌðë õìíø Ìë ìïê ñêëìéíôíéêí ðý ìïê ëêìÿðéþ íëî ñðëõèù ê ùðéê êëêéòø ìïíë óêéÌóïêéíô ëðîêõ ÷ ¹ëêéòøñðëõèùóìÌðë ôêíîõ ìð í õêô� õï � êïíü Ìðé ) ìïê óíñþêì ýðéÿíéîÌëò íëî ìïê éðèìÌëòýèëñìÌðëõ ÿ Ìôô ëðì � ê ñðééêñìôø ê
êñèìêî íëî ìïê ëêìÿðéþ ñíë � ê óíéìÌìÌðëêî ÷
� õ Ìì Ìõ óðõõÌ� ôê ìð õêê Ìë � Ìòèéê � ÷� ýðé í �ù �õ õó êêî û ìïê íòòéêòíìê óíñþêìîêôÌüêéø éíìÌð �

PDR
� Ìõ îéíõìÌñíôôø éêîèñêî ÷

8 ïêë ëðîê ùð� ÌôÌìø Ìëñéêíõêõ û ìïê ôð ñíìÌðë ðý í ëðîê ñïíëòêõ ýéðù í ñêëìéíôìð í ó êéÌóïêéíô óðõÌìÌðë íëî üÌñê�üêéõí ÿ Ììï í ïÌòï éíìê û Ìùóôø Ìëò ìïíì ìïêêëêéòø ñðëõèùóìÌðë ÿ Ìôô � ê êúèíôôø îÌõìéÌ�èìêî íùðëò ìïê ëðîêõ ÷ �ïê õêô� õï
� êïíüÌðé Ìõ ù ÌìÌòíìêî íëî û íõ Ìì Ìõ óðõõÌ� ôê ìð õêê Ìë � Ìòèéê � ÷� û PDR

ÌëñéêíõêõñðëõÌîêéí� ôø÷
Vðÿêüêé û ÿïêë ìïê ëðîê ùð� ÌôÌìø éêíñïêõ ïÌòïêé üíôèêõ ìïê ÌëEèêëñê ðý ìïêôÌëþ ðèìíòê ðüêé

PDR
Ìõ ù ðéê Ìù óðéìíëì ìïíë ìïê Ìùóíñì ðý í õêô� õï � êïíüÌðé )õó êêî íY êñìõ ëêòíìÌüêôø ìïê ëêìÿðéþ óêéýðéù íëñê û íõ Ìì Ìõ óðõõÌ� ôê ìð õêê Ìë

� Ìòèéê � ÷� ýðé õó êêî ïÌòïêé ìïíë ��ù �õ ÷
�ëê ÌëìêéêõìÌëò ð�õêéüíìÌðë ìïíì Ìõ óðõõÌ� ôê ìð îéíÿ ýéðù ìïê ôÌìêéíìèéê ðëóêéýðéù íëñê õìèîÌêõ ðý íî ïðñ éðèìÌëò óéðìðñðôõ �¸"à û Ìõ ìïíì ýðé ìïê ùðõì óéð�ìð ñðôõ ìïê óíñþêì îêôÌüêéø ýéíñìÌðë èëÌýðéù ôø îêñéêíõêõ ýéðù ôðÿ ùð� ÌôÌìø éíìêìð ù êîÌèù ùð� ÌôÌìø éíìê �Ì ÷ê ÷ ýéðù óíèõê ìÌù ê

900
õêñðëîõ ìð

150
� íëî ìïêë

¾ :T;:×;ÐÍ íõ ìïê ù ð� ÌôÌìø éíìê Ìëñéêíõêõ ÷ �ïÌõ Ìõ � êñíèõê ìïê ðññèééêëñê ðý
Ñ : Ó;Ò:Í ÐÏ ØÒWÐÏÍÒ;X WÒ× ÏÐÓ×XÒÔ< Ìëñéêíõêõ ÿ Ììï ùð� ÌôÌìø íõ ëðîêõ íéê ôÌþêôø ìð
� ê óéêõêëì è� ÌúèÌìðèõôø÷ �ïÌõ ùèôìÌèõêé îÌüêéõÌìø Ìõ � êõì ùðìÌüíìêî �ø ìïê Ìë�ýðéù íìÌðë ìïêðéêìÌñ éêõèôìõ ðý ¿ëðóó íëî Vèù� ôêì ���à ÷ �ïêø õïðÿêî ìïíì ìïêðóìÌù íô õìéíìêòø Ìõ ìð õñïêîèôê íì íëø ðëê ìÌù ê ðëôø ìïê èõêé ÿ Ììï ìïê � êõìñïíëëêô ìð ìéíëõù Ìì ìð ìïê �íõê õìíìÌðë ÷ f éðõõòôíèêé íëî �õê ê
óôðÌì ùèôìÌèõêéîÌüêéõÌìø ìïéðèòï éêôíøÌëò ýðé ùð� Ìôê íî ïðñ ëêìÿðéþõ �¸"à ÷ �ïê �íõÌñ ÌîêíÌõ ýðé í õðèéñê ìð îÌõìéÌ�èìê óíñþêìõ ìð íõ ù íëø îÌYêéêëì ëðîêõ íõ óðõõÌ� ôê !
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ìïêõê ëðîêõ éêôíø ìïê óíñþêì ìð ìïê �ëíô îêõìÌëíìÌðë ÿïêëêüêé ìïêø òêì ñôðõê ìðìïê îêõìÌëíìÌðë ÷ öëîêêî û �ø èõÌëò íôô ìïê ðìïêé ëðîê ê
ñôèîÌëò ìïê õðèéñê íëîîêõìÌëíìÌðë ëðîê íõ éêôíøõ û ìïê ñðùùèëÌñíìÌðë Ìõ ìïêë óêéýðéù êî ìïéðèòï ;� ÎùèôìÌèõêé ôÌëþõ ) í îðÿëôÌëþ ýéðù ìïê õðèéñê ìð íôô ìïê éêôíøõ û íëî íë èóôÌëþýéðù ìïê éêôíøõ ìð ìïê îêõìÌëíìÌðë ÷ Dðìê ìïíì û ìïê îÌéêñì ó ðÌëì�ìð�óðÌëì ôÌëþÌõ í õìíìÌõìÌñíôôø óððé ñïíëëêô û � êñíèõê Ìì Ìõ ðëôø õìéðëò ýðé í õù íôô ýéíñìÌðë ðýìÌù ê ÿïêë ìïê õðèéñê�îêõìÌëíìÌðë óíÌé íéê ñôðõê �ø÷ �ïêéêýðéê û îèê ìð í ùèô�ìÌèõêé îÌüêéõÌìø êY êñì û ìïê ìïéðèòïóèì ðý ìïê îðÿëôÌëþ Ìõ ïÌòï � êñíèõê íì íëøìÌù ê û ìïêéê Ìõ ôÌþêôø ìð � ê í éêôíø ëðîê ñôðõê ìð ìïê õðèéñê ìð ÿïðù ìïê õðèéñêñíë ìéíëõù Ìì ìïê Ìëýðéù íìÌðë ÷ �ïê õíù ê éèôê ïðôîõ ýðé ìïê èóôÌëþ Ìë éêôíìÌðëÿ Ììï ìïê îêõìÌëíìÌðë ÷ �ïêéêýðéê û ìïê ê
óêñìêî óíìï ôêëòìï éêù íÌëõ ñðëõìíëì ÷öì ïíõ ìð � ê ù êëìÌðëêî ìïíì ìïê ùèôìÌèõêé îÌüêéõÌìø ü Ìí éêôíøÌëò éêúèÌéê ìïêÌëýðéù íìÌðë í�ðèì ìïê ëêÌòï�ðéÌëò ëðîêõ íëî Ììõ éêõèôìõ îêó êëîõ õìéÌñìôø ðëìïê ùðüêù êëì ùðîêô ÷

Á ÂÃ ÄÅÆÇÈÉÊË ÈÅÌÇÉÈÅÍÅÎÊÏ ÐÎÑ ÈÅÆÒÍÍÅÎÑÐÊÉÒÎÏ

�ïÌõ õêñìÌðë ñðëñôèîêõ ìïê çïíóìêé ðë õêñèéÌìø éêúèÌéêù êëìõ ýðé ùð� Ìôê íî ïðñ ëêìÿðéþõ ÷
 íõêî ðë ìïê ìïéêíìõ îêõñéÌ� êî Ìë õêñìÌðë � ÷� íëî ìïêÌé ñðëõêúèêëñêõ ðë ëêìÿðéþ ýèëñìÌðë�Ìëò íëî óêéýðéù íëñê û ÿê îêéÌüê ìïê �íõÌñ éêúèÌéêù êëìõ ëêêîêî ìð óéðüÌîê õêñèéÌìø õêéü Ìñêõýðé ìïê ëêìÿðéþ ôíøêé ðý íë ÎR ÐÔ íî ïðñ ëêìÿðéþ ÷ �ðôôðÿ Ìëò û õêñèéÌìø éêúèÌéêù êëìõ íéêðéòíëÌGêî Ìë ìêéù õ ðý ìïê ñðééêõóðëîÌëò ù êñïíëÌõù õ ìïíì ñíë � ê èõêî ìð ñðóê ÿ Ììï ×T;ÒWÐíëî R×ÍÍÒWÐ íììíñþõ ÷�ñìÌüê íììíñþõ ó êéýðéù êî ðë íî ïðñ éðèìÌëò óéðìðñðôõ ñíôô ýðé ìïê îêõÌòë ðý /,60+, +70.]
123 [,6*-21/[ / ÷ Vðÿêüêé û ìïê îêõÌòë ðý õêñèéê éðèìÌëò ù êñïíëÌõù õ ýðé í óèéê íî ïðñêëüÌéðëùêëì éêúèÌéêõ í ìïðèòïìýèô êüíôèíìÌðë ðý ìïê íõõèùóìÌðëõ ù íîê Ìë ìêéù õ ðý Ó,_
[-2-3,[,2. /6*,[,/ ÷ �èéìïêé û 577./.+-ÔÔ 123 /,60+1._ -//7 61-.172/ ëêêîêî óéÌðéìð ìïê õêñèéê éðèìÌëò óéðìðñðô ê
 êñèìÌðë Ìõ í îêôÌñíìê ìíõþ ìïíì ïíüê íë Ìùóíñì ðë ìïêüÌí� ÌôÌìø ðý ìïê õêñèéÌìø õñïêùêõ ìïíì éêôø ðë í óéê�îÌõìéÌ�èìÌðë ðý þêøÌëò ùíìêéÌíô ÷
� Ìù Ìôíéôøû ìïê îêõÌòë ðý 677Ô,+-.172 ,247+6,[,2. [,6*-21/[ / ìïíì ñðó ê ÿ Ììï ëðîêõêô� õïëêõõ éêúèÌéêõ ìïê îê�ëÌìÌðë ðý íîêúèíìê òèÌîêôÌëêõ ìïíì ìíþêõ Ìëìð íññðèëì ìïê îÌõ�ìéÌ�èìêî ëíìèéê ðý ìïê ëêìÿðéþ íëî ìïê ôÌù ÌìíìÌðëõ Ìë ìêéù õ ðý ñðùóèìíìÌðëíô óðÿêé íëîíüíÌôí� ôê êëêéòø ìð ìïê ëðîêõ ýðéù Ìëò ìïê ëêìÿðéþ ÷

Õ Ö× ÖØ ÙOQÚÛO ÛÜÚPMÝÈ ÛOÞÚMÛOÆ OÝPL

 íõêî ðë ìïê íììíñþõ óéêõêëìêî Ìë õêñìÌðë � ÷� ÷� í õêñèéê éðèìÌëò óéðìðñðô ùèõì õíìÌõýøìïê ýðôôðÿ Ìëò éêúèÌéêù êëìõ ìð êëõèéê ìïíì í óíìï îÌõñðüêéø ýéðù õðèéñê ìð îêõìÌëíìÌðë Ìõñðééêñìôø ê
êñèìêî Ìë ìïê óéêõêëñê ðý ù íôÌñÌðèõ íîüêéõíéÌêõ )
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� ÷ ðèìê õÌòëíôôÌëò ñíëëðì � ê õóððýêî !
� ÷ �í�éÌñíìêî éðèìÌëò ù êõõíòêõ ñíëëðì � ê ÌëF êñìêî Ìëìð ìïê ëêìÿðéþ !
� ÷ ðèìÌëò ùêõõíòêõ ñíëëðì � ê íôìêéêî Ìë ìéíëõÌì û ê
ñêóì ýðé ìïðõê ñïíëòêõ ìïíì ùèõì

� ê ù íîê íññðéîÌëò ìð ìïê ëðéù íô ê
 êñèìÌðë ðý ìïê éðèìÌëò óéðìðñðô !
¸ ÷ ðèìÌëò ôððóõ ñíëëðì � ê ýðéù êî ìïéðèòï ù íôÌñÌðèõ íñìÌðë !
� ÷ ðèìêõ ñíëëðì � ê éêîÌéêñìêî ýéðù ìïê õïðéìêõì óíìï ìïéðèòï ùíôÌñÌðèõ íñìÌðë ÷

öë íîîÌìÌðë ìð ìïê ìïêõê �íõÌñ éêúèÌéêù êëìõ û í õêñèéê éðèìÌëò óéðìðñðô éêôÌêõ ðë ìïêîêóôðøù êëì ðý í þêø ù íëíòêù êëì õñïêù ê ýðé ìïê îÌõìéÌ�èìÌðë íëî ù íëíòêù êëì ðý ìïêþêøÌëò ùíìêéÌíô ëêêîêî îèéÌëò ìïê óéðìðñðô ê
êñèìÌðë ÷ öë ìïê ýðôôðÿ Ìëò õêñìÌðë û ÿê îê�ëêìïê �íõÌñ éêúèÌéêù êëìõ ýðé ìïê îêóôðøù êëì ðý þêø ùíëíòêùêëì õñïêùêõ ìíéòêìêî ìð ðóêëíî ïðñ ëêìÿðéþõ íëî ÿê îÌõñèõõ í�ðèì ìïê ñïðÌñê ðý ìïê þêøÌëò ùíìêéÌíô ìøó ê �õøùùêì�éÌñ ðé íõøùùêìéÌñ� �íõêî ðë ñðùóèìíìÌðëíô óðÿêé éêúèÌéêù êëìõ íëî �íëîÿ Ìîìï èìÌôÌGíìÌðë ÷

Õ Ö× ÖÕ ß Oà Æ KÝKÈOÆ OÝP ÛOÞÚMÛOÆ OÝPL

� ñôðõê íëíôøõÌõ ðý õêñèéê éðèìÌëò éêúèÌéêù êëìõ éêüêíôõ ìïíì ìïê ù íF ðéÌìø ðý ìïê éêúèÌõÌìêõîê�ëêî Ìë õêñìÌðë � ÷� ÷� íéê ëðì ëêÿ ðé õó êñÌ�ñ ìð íî ïðñ ëêìÿðéþõ û íóíéì ýéðù ìïê ýèëîí�
ùêëìíô óéð� ôêù ðý þêø ùíëíòêùêëì ÿ Ììï ëð í�óéÌðéÌ ìéèõì íëî ôíñþ ðý Ìëýéíõìéèñìèéê ÷ 8êëðÿ óéêõêëì ìïê éêúèÌéêù êëìõ ëêêîêî ýðé ìïê îêóôðøùêëì ðý í þêø ù íëíòêù êëì õñïêùê Ìëí ìéèôø ðó êë êëüÌéðëùêëì û ìïíì Ìõ û ÿïêéê èõêéõ ìïíì ðó êéíìê ìïê ëðîêõ íéê ëðì óíéì ðý íëøñðùùðë ðéòíëÌGíìÌðëíô õìéèñìèéê íëî ÿïêéê îêîÌñíìêî ñðùóðëêëìõ ÿ Ììï í óéêîê�ëêî éðôêõèñï íõ ñêëìéíôÌGêî õêéüêéõ ðé ìéèõìêî ìïÌéî óíéìÌêõ ñíëëðì ê
 Ìõì ÷
� þêø ùíëíòêùêëì õñïêù ê ýðé ðó êë íî ïðñ ëêìÿðéþõ ùèõì )

� ÷ �ðôôðÿ îÌõìéÌ�èìêî íóóéðíñï !
� ÷ 	 éðüÌîê ïÌòï íüíÌôí� ÌôÌìø !
� ÷ �ð ëðì éêôø ðë íëø �
êî ðé óéê�êõìí� ôÌõïêî ëêìÿðéþ Ìëýéíõìéèñìèéê !
¸ ÷ �ð ëðì éêôø ðë íë ðéòíëÌGíìÌðëíô õìéèñìèéê íù ðëò ìïê èõêéõ ìïíì ðó êéíìê ìïê ëðîêõðý ìïê ëêìÿðéþ !
� ÷ �ð ëðì éêôø ðë íë ðéòíëÌGíìÌðëíô õìéèñìèéê � êìÿêêë èõêéõ íëî ìïê õêñèéÌìø Ìëýéíõ�ìéèñìèéê !

�ïê ñïðÌñê ðý þêøÌëò ùíìêéÌíô ìïíì Ìõ èõêî ìð óéðüÌîê ëêìÿðéþ õêñèéÌìø õêéü Ìñêõ Ìõ ðýýèëîíù êëìíô Ìùóðéìíëñê ÷ �ïê ñéøóìðòéíóïÌñ íôòðéÌìïù õ èõêî �ø ìïê õêñèéÌìø ù êñïíëÌõù õ
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ìïíì éêôø ðë ìïê þêø ùíëíòêùêëì íëî îÌõìéÌ�èìÌðë õêéü Ìñê ñíë � ê �íõêî ðë /_[[,.+16ðé -/_[[,.+16 þêøõ ÷ � êó êëîÌëò ðë ìïê þêø ìøóê û íôòðéÌìïù õ �íõêî ðë õøùùêìéÌñ þêøõíéê ñíôôêî ÍXÑÑ Ð;ÏÒT ×Ó< ÎÏÒ;SÑÍ ÿïÌôê íôòðéÌìïù õ �íõêî ðë íõøùùêìéÌñ þêøõ íéê ñíôôêî
×ÍXÑÑ Ð;ÏÒT ×Ó< ÎÏÒ;SÑÍ ðé óè� ôÌñ þêø íôòðéÌìïù õ ÷
�ïê ñïðÌñê ðý ìïê íôòðéÌìïù ìøóê ïíõ íë ÌùùêîÌíìê Ìùóíñì ðë ìïê éêúèÌéêù êëìõ Ìë ìêéù õ ðý
TÎÑR :;×;ÒÎÔ×Ó R Î� ÐÏ íüíÌôí� ôê íì êíñï ëðîê ðý ìïê ëêìÿðéþ ÷ öì Ìõ þëðÿë ýéðù ìïê ôÌìêéíìèéê
�õêê ���à� ìïíì ñðùóèìíìÌðëíô óðÿêé éêúèÌéêù êëìõ íéê õÌòëÌ�ñíëìôø ïÌòïêé ýðé íõøùùêìéÌñíôòðéÌìïùõ ÷ � õ í ñðëõêúèêëñê û õêñèéÌìø óéðìðñðôõ ýðé íî ïðñ ëêìÿðéþõ õïðèôî � ê �íõêî ðëõøùùêìéÌñ íôòðéÌìïù õ ) Ìëîêêî û ëðîêõ ñíë � ê íõõèùêî ìð ïíüê í ôÌù Ììêî ñíóíñÌìø Ìë ìêéù õðý ñðùóèìíìÌðëíô óðÿêé ÷
Vðÿêüêé û ìïê êYêñìõ ðý ìïê íôòðéÌìïù ìøóê ñíë � ê ê
ìêëîêî ìð ìíþê Ìëìð íññðèëì ìïê ÐÔ ÐÏá< Ð;ÒT TÎÍ ; éêôíìêî ìð ìïê ê
êñèìÌðë ðý ìïê õêñèéÌìø óéðìðñðô ) íòíÌë û õêñèéÌìø õêéü Ìñêõ �íõêîðë õøùùêìéÌñ íôòðéÌìïù õ õêêù õ ìð � ê � êììêé ìíÌôðéêî ìð íë êëüÌéðëù êëì ÿïêéê êëêéòø Ìõí õñíéñê éêõðèéñê ÷ �èéìïêéùðéê û îêó êëîÌëò ðë ìïê íôòðéÌìïù ìøóê û í õêñèéÌìø óéðìðñðôñíë Ìëìéðîèñê í ëðë ëêòôÌòÌ� ôê ;Ï×â T ÎWÐÏS Ð×Ø Ìë ìïê ëêìÿðéþ ) ìïê îÌõìéÌ�èìÌðë íëî ìïêèìÌôÌGíìÌðë ðý þêøÌëò ùíìêéÌíô ïíüê íë Ìùóíñì ìïê ôêëòìï ðý ìïê ù êõõíòêõ ê
ñïíëòêî �øìïê ëðîêõ ìïèõ ôêíîÌëò ìð í õÌòëÌ�ñíëì ÿíõìê ðý �íëîÿ Ìîìï éêõðèéñêõ ÷
� õ í �ëíô éêù íéþ û þêø ùíëíòêùêëì õêéüÌñêõ ëêêî ìð � ê îêõÌòëêî ìíþÌëò Ìëìð íññðèëì ×W×ÒÓá×½ÒÓÒ;X ÏÐÚ: ÒÏÐÑ ÐÔ ;Í ) Ìë í ��D¹� û ìïê ëêìÿðéþ ìðóðôðòø ñíë � ê ïÌòïôø îøëíù Ìñ ôêíîÌëòìð ìêùóðéíéø ëêìÿðéþ óíéìÌìÌðëÌëò ðé óíéìÌíô ÌõðôíìÌðë ðý ó êéÌóïêéíô ëðîêõ ÷ �êñèéÌìø õêé�üÌñêõ ùèõì ìíñþôê ÿ Ììï ëêìÿðéþ îøëíù Ìñõ íëî ìïê èëîêéôø Ìëò õêñèéÌìø óéðìðñðôõ ïíüê ìð
ù ÌëÌù ÌGê ìïê ëêòíìÌüê êYêñìõ ðý 02+,\1-5 \, 67[[0216-.172/ ìøóÌñíô ðý í ÿ Ìéêôêõõ êëü Ì�éðëù êëì ÷

Õ Ö× Ö× ãÜÜä OÛKPMÜÝ OÝåÜÛQOÆ OÝP ÛOÞÚMÛOÆ OÝPL

öë ìïÌõ õêñìÌðë ÿê õèùùíéÌGê ìïê �íõÌñ éêúèÌéêù êëìõ ëêêîêî ýðé ìïê îêõÌòë ðý í üÌí� ôêñððó êéíìÌðë êëýðéñêù êëì ù êñïíëÌõù û ìïíì Ìõ í ù êñïíëÌõù ìïíì ñðó êõ ÿ Ììï õêô� õï � êïíü Ìðéðý ëðîêõ ÷
� ñððóêéíìÌðë êëýðéñêù êëì ùêñïíëÌõù îêõÌòëêî ýðé íë ðóêë íî ïðñ ëêìÿðéþ ùèõì )

� ÷ �ðôôðÿ í îÌõìéÌ�èìêî íóóéðíñï !
� ÷ 	 éðüÌîê ÌëñêëìÌüêõ ìð ñððóêéíìê 57.* Ìë óíñþêì ýðéÿíéîÌëò íëî éðèìÌëò !
� ÷ 	èëÌõï ù Ìõ� êïíü Ìëò ëðîêõ !
¸ ÷  ê ôÌòïìÿêÌòïì !
� ÷  ê ê= ñÌêëì Ìë ìêéù õ ðý óðÿêé ñðëõèùóìÌðë !
� ÷  ê éð�èõì ) í ùíôÌñÌðèõ èõêé ùèõì ëðì � ê íôôðÿêî ìð èõê ìïê ù êñïíëÌõù Ììõêôý ìðíììíñþ ìïê ëêìÿðéþ !
» ÷  ê õêñèéê ) õóðð�ëò ùèõì � ê óéêüêëìêî ÷
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¹ëêéòêìÌñ éêúèÌéêù êëìõ ýðé ìïê ê
êñèìÌðë ðý ìïê ñððóêéíìÌðë êëýðéñêù êëì ù êñïíëÌõùîêõêéüê óíéìÌñèôíé íììêëìÌðë ÷ � êìêñìÌðë ðý õêô� õï � êïíüÌðé íëî ÌëñêëìÌüêõ ìð ñððóêéíìêõïðèôî � ê óéðüÌîêî �ø í ôÌòïìÿêÌòïì ù êñïíëÌõù ìïíì ØÎ ÔÎ; �×Í ;Ð ÓÒÑ Ò;ÐØ ÐÔ ÐÏ< Ð;ÒT ÏÐáÍ Î:ÏTÐÍ÷ öëîêêî û Ìì Ìõ éêíôÌõìÌñ ìð íõõèùê ìïíì õêô� õï � êïíü Ìðé íóóêíéõ ÿïêë ìïê �íììêéøôÌýêìÌù ê Ìõ ôÌù Ììêî ÷ �ïê ñðëîÌìÌðë Ìë ÿïÌñï ìïê ëðîêõ ðý ìïê ëêìÿðéþ ê
 êñèìê í ïêíüø
ùêñïíëÌõù ìð ñðóê ÿ Ììï í ëðë�ñððó êéíìÌüê � êïíü Ìðé ÿðèôî ýíôô Ìëìð í óíéíîð
 ) ÿíõìÌëòí ñðëõÌîêéí� ôê íùðèëì ðý êëêéòø ìð êëýðéñê ëðîê ñððóêéíìÌðë ÿðèôî ïíüê ìïê èëîêõÌéí� ôêêYêñì ìð ùèìíìê í ôêòÌìÌù íìê ëðîê Ìëìð í õêô� õï ëðîê ÷ � ðéêðüêé û Ìì Ìõ íôõð éêíôÌõìÌñ ìðíõõèùê í ��D¹� ìð � ê ýðéù êî �ø *,.,+73,2,70/ ^,º 16,/ ÿ Ììï îÌYêéêëì êëêéòêìÌññíóí� ÌôÌìÌêõ ÷ öë íë ïêìêéðòêëêðèõ õêììÌëò û ìïê óéðó êé ðó êéíìÌðë ðý ìïê ëêìÿðéþ éêúèÌéêõêíñï ëðîê ìð ó êéýðéù í 9 ×ÒÏ ÍS×ÏÐ ðý ëêìÿðéþÌëò ýèëñìÌðëõ û óéðóðéìÌðëíô ìð ìïê êëêéòêìÌñíüíÌôí� ÌôÌìø ðý êüêéø ëðîê ÷
�èéìïêéùðéê û êüêëìèíô ;Ï×â T ÎWÐÏS Ð×Ø ðéÌòÌëíìêî �ø ìïê ñððóêéíìÌðë êëýðéñêù êëì ùêñï�íëÌõù õïðèôî � ê ÓÒÑ Ò;ÐØû ðìïêéÿ Ìõê ìïê òíÌë Ìë ëêìÿðéþ óêéýðéù íëñê íõ í ñðëõêúèêëñê ðýí ùðéê ñððó êéíìÌüê � êïíüÌðé ðý ìïê ëðîêõ ÿðèôî � ê éêîèñêî ÷
� õ í ñðëñôèîÌëò éêù íéþ û ìïê ñððóêéíìÌðë êëýðéñêù êëì ùêñïíëÌõù õïðèôî � ê +750/. Ìëìïê õêëõê ìïíì Ìì ùèõì � ê Ìù óðõõÌ� ôê ýðé í ù íôÌñÌðèõ ëðîê ìð ôíèëñï íë íììíñþ �ø ê
óôðÌì�Ìëò ìïê ñððóêéíìÌðë ùêñïíëÌõù Ììõêôý ÷ � ðéêðüêé û 1^,2.1._ /Ô77`23 ùèõì � ê óéêüêëìêî )ëðîêõ ìïíì ïíüê � êêë îêìêñìêî íõ õêô� õï �ø ìïê ñððóêéíìÌðë êëýðéñêù êëì ùêñïíëÌõù ùèõìëðì � ê í� ôê ìð ù ðîÌýø ìïêÌé ÌîêëìÌìø Ìë ðéîêé ìð ìéÌñþ ôêòÌìÌù íìê ëðîêõ íëî óêéõÌõì ÿ Ììï íëðë�ñððóêéíìÌüê � êïíüÌðé ÷

Á Âæ ÄÇÍÍÐÈË

öë ìïÌõ çïíóìêé ÿê óéêõêëìêî í ñðùóôêìê íëíôøõÌõ ðý ìïê ìïéêíìõ îÌéêñìêî ìð ìïê íî ïðñëêìÿðéþ ôíøêé íëî ìïêÌé ñðëõêúèêëñêõ ðë ìïê ëêìÿðéþ ðóêéíìÌðë íëî óêéýðéù íëñê ÷ çðèë�ìêéù êíõèéêõ ìïíì ñðó ê ÿ Ììï ùíôÌñÌðèõ íëî õêô� õï � êïíü Ìðé ðý ìïê ëðîêõ ïíüê � êêë îê�ëêîÌë ìêéù õ ðý õêñèéÌìø éêúèÌéêù êëìõ ýðé íë ðóêë êëü Ìéðëù êëì ÷
�êñìÌðë � ÷� õïðÿ õ í ïÌòï îêòéêê ðý ðüêéôíóóÌëò Ìë ìïê óéêéêúèÌõÌìêõ îêù íëîêî �ø ìïê ëêì�ÿðéþ õêñèéÌìø ù êñïíëÌõù õ ) ýðé ê
íùóôê õêñèéê éðèìÌëò óéðìðñðôõ éêôø ðë þêø ùíëíòêùêëìõêéüÌñêõ ýðé ìïê �ððìõìéíóóÌëò ðý õêñèéÌìø íõõðñÌíìÌðëõ ëêêîêî îèéÌëò ìïê óéðìðñðô ê
êñè�ìÌðë ! Ìë ìïê õíù ê ÿíøû í ñððóêéíìÌðë êëýðéñêù êëì ù êñïíëÌõù éêôø ðë þêø ùíëíòêùêëìõêéüÌñêõ Ìë ðéîêé ìð óéêüêëì õóðð�ëò íììíñþõ ÷ öë ìïê ëê
ì çïíóìêé ÿê îÌõñèõõ ðë ìïê ëêêîýðé í ìÌòïì ÌëìêòéíìÌðë ðý ëêìÿðéþ õêñèéÌìø ù êñïíëÌõù õ ìïíì ñðëõìÌìèìê ìïê �íõÌñ 501\^ 123
5\7 6Ó/ ýðé ìïê îê�ëÌìÌðë ðý í ëêìÿðéþ õêñèéÌìø íéñïÌìêñìèéê ÷ 8ê ìïêë óéêõêëì ìïê éêôíìêîéêõêíéñï ìïíì ïíõ � êêë ñíééÌêî ðèì Ìë ìïê ôÌìêéíìèéê Ìë ðéîêé ìð óéðüÌîê õêñèéÌìø õêéü Ìñêõýðé ìïê íî ïðñ ëêìÿðéþ ôíøêé ÷
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�
 �� ���ÿ��þ ������ø 
���� ÿ ��� ������� ���� ����� ý��ù �T;�W� �� R����W� ����þ� � ���ý��
�� ����� ������� ��ú����� ���� ��������
 ��  ������ � ��ü��� ��� ���
 ý�� �������
��� �
������ � ý �
 �� ������� �������� �� ÿ��� �� ��� �������� ý�� ������ü� ���� ��
���� ���� ��� ��
� ���������� �� ��� ���ÿ��þ ��������� � ����� ������� �������� ����
�� ��� �ü����� ����� � ý ������� ���� ������� �� ��� ��� ��
�� ) ������������� �ý ���� ���
������ ��ü��ü�
 �� ������� ��
 ��� ��������� ü��������� �ý ������� �������� ��� ý�� � þ��
���������� ���� � �� ���ü �
� ��� ������� ��ü��ü�
 �� ��� ������� �
������ ÿ ��� ���� ��þ����� �������� �  ���������� �� ý���� ��� ���� �� ���� ��!���� � ��� ������������� ��
��
�� �� ���"��� ������� ����þ� ) ����� # þ�� � ������ ��� ���� �� �Y�� ��� �������� ��
���"��� ����þ� ����� ������������� � �������� ��� # �� ý��� ����� �� ��� � ���"��� �ý ���
��
�� ���� ���������� �� ��� ���ÿ��þ �� ������� ������
 ������� ���������� �� ý����
���� � ������� � �� � � ���������� ���
 �� ����� ������� �������� �� ��
�ý� ��� �����
�������� �������� �� ��
�� �� �"��
 ����������� ���� ý�� ��
�� # � �����!�� ���� ���� ��
��
��� ��� � �ý ����� ������ � �� �$ �%� ����  ������ # ÿ� ������� ������ �Y���� �"����� �� �� ��� ���������� ��ÿ��
� ��� 
�����
�ý ���� ����
 ��� � �� þ� ý�� ������� ��� �
 �� ���ÿ��þ ����� # � �� � ����� ������� # þ��
���������� ��
 ���������� �� ý���� ��� � ������� � # �� ��������
 �� �»»$ # ���$ # �» �$��
 �»�$ � 8� ����� ���� �� �
������"� ���
�� �ý �
 �� ������� ���"��� ��� ý�� � �����
����������� � ý ����� ���� ����
 ��� � �� þ� ���� ���� �

���� � �� ��� ������ �ý ��� ���
������ �� ������� � %�
��
 # �"��������� ��!����� ���� 
�� ��
�
 �� 
�Y����� ������� � ���
����� � ��
 ����� �"�
��� ������
����
��� ��� ý�� �� �
�� 
����� ������� �ý ��� �����ý��
� ��ÿ��� ��� "������ ����
 ��� � �� þ� � ����� �� �

���� ��� 
�= ��� ���� ��� �ý ��� ����ÿ��þ ��������� �� ��� ������ � ý �� �
������ ������� ��� �� � ���ÿ��þ �� ý���������� ��
� �����
 ������G����� � ��ÿ��� ��� ����� �ý ��� ������ �
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��� 
�������� �) � ������� ������� ���������� �� ��� �) ��� ��� � �) ���� ������ # ��� ÿ�
���� �� ���"�
� � )��
�� ����� ��� �) ���
������ �� ���� �� �� �= ���� ��
 ����� �������
���� 
����� )�� ��� ���������� ������� �Y ���
 �� ���� �
 �� ���ÿ��*� � �������� ��� #+� ����
� ��� ������ + ��� � 
�������� �� ��� ������� ��������� ������
 �� ���� �
�� ���+��*� ) +� ���� ���� � �F �� �Y��� ��� �� � � ��"����
 �� ��� 
����� �) ����������
��)���� ��� � ������� � ��
 *�� ���������� ���� �� � ��� 
�������� F������� ��� ���
���
�� �) ��� ������ # �� +��� +� ������� ��� ��������� �� ���"�
� �� ������"� ��
 � *������������ ���� � )�� �� �� �
 �� ���+��*� �
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 ������ �� �
 �� ���+��* ������� ��� � ��� ����������� ���"� �� ����� ����� ��

� �������
� �) ������� � ������� � ���� �

���� ����� ������� # *�� ������� ��� ��


����������� ��
 ���������� ��)���� ��� ������ ��"� � ��� �������
 � %� ��� )����+ ���������� # ��� ���� ��������� ��������� �"����� �� �� ��� ���������� ��� �������
 � ��� ���������� # +� ���"�
� � 
��������� �) ��� )��
�� ����� ����������� � �
� �� ��� ��������� +��� �� � 
�������� �� ��� �
"������� ��
 
��+��*� �������� �� ��� 
����� �) ���
��������� � ��� ��� ��*� ��� � �
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�
 ��  ������
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�) �
 �� ������� �������� � /�� �������� +�� � �
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�� �� �"�� � + �
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"������� ��
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���� ��� ����������� ���� ���"�� ������
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�Y ����� ��������� ��������
 �����)��� �

• ����� ������� ������� ��	�

/�� ����� ������ 	 ������ ��	� ���$ �� 
������
 �� �� �
������� ������� �� + ���� "������ �) �
 ������ 0��T;�W� ������� �������� � �	 ������ ����*� ���� 
������ ���
����� 
���"��� ������ ��
 ���������� ��� �!�������� �) ����� ���������� ��)��� ����� )
�	 ����+ � ��� ��������� �) � ����� 
���"��� �� 
���� ��
 
����
 ����� ������� � �	
������ �� ��� �"����� ����� �) � ������� ���������� ��� � � ��+��� ��� ����� ��
� ��� ��

��� 
���������� ��
� �/ � �
/�� �� ���
 � � ����� �����
 ����� � *_5+1^ Ó,_ ^1/.+150.172 5-/,^ 72 .*, Ô05]
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Name Routing 

type 

Cryptographic 

Primitives 

Bootstrap phase Security Services 

SRP Reactive Symmetric keys Pair wise key distribution 

between all pairs of 

communicating parties 

Authentic network 

topology discovery 

ARIADNE Reactive Symmetric keys 

Hash chains 

TESLA keys 

Pair wise key distribution 

between all possible 

<source,destination> 

Public key infrastructure 

needed for TESLA keys 

authentication 

<source,destination> 

authentication 

Route discovery and 

maintenance 

authentication 

ARAN Reactive Asymmetric keys 

Public key 

certificates 

Public key infrastructure, 

distribution of public key 

certificates 

Authentication, integrity 

and non-repudiation of 

routing messages 

(Optional: secure 

shortest path) 

SEAD Proactive Symmetric keys 

Hash chains 

Authentic distribution of 

hash chain seed 

Authentication of routing 

control traffic 

/�� �� � ��) ������� �) ����� ������� ��������� �"����� �� �� ��� ����������

�
KS,T

� ����� ��� R :½3�T U �X� �) ��� ������� �� ����� ���� � ����� ������ � � ��
 / ��
���� )������ �����
 �� ������ ������������� �) ��� ������� ��
 ��� ������������� �)
������� �������� � �	 �� �� + ��� ��������
��� � ������� ��
�� ���� ��� �� �� �� ��
�)��������� # ������ ��
 )������� ������� ��*��� �
%� ��� �) ��� ����� � ����� ������ ���� ������� �¸�$ # �	 ��!����� ����
��� �
��+��
 ���
�� ��������� ���!�� �
����4��� ���� ��� ��� 
���"��� ������ ��
 � �������������������� �
� ��� � ������
 ����� � *���
 ���� ��������� �
%� ��
�� �� �� ������ � ����� ��!���� �¹�� ��� ����� ��
� ��� �� �������� ��� �� �)
��� ������ %	 ���
�� # ��� ���� ������� ¹� ��*�� ��
 ��� �����
 *��

KS,T

� /�� ���
���� �
���� ��
�� ���� ����� ��� ¹� ��+��
� ��� 
���������� ������� ��� )��!������ �)!������ ����"�
 )��� ����� ��������� �� ��
�� �� �������� ��� !���� ����������� ������ )
��� ��
� ��������� � �������� ���*��� ���� �� ��"������ ������������ �� ��� !���� ���� � �
��
� ���� � ��������� �������� ���+��* ���=  + ��� ���������
 ¹� + ��� � � ���"�
 ����
��� ������
 � � ����� �) ��� ��+ �������� ���*��� �
C��� �������� �) � ¹� # ��� 
���������� ��
� "���4�� ��� ��������� ��
 ����������� �)
��� ¹� �� ��������� ��� *���
 ���� �) ��� ��!���� 4��
� ��
 �������� ���� + ������ �� �������
 �� ��� �	 ���
�� � %) ��� ¹� �� "���
 # ��� 
���������� ��������� �
����� ����� �¹	� ����� ��� �	 ���
�� ��� ��� � +�� ��� ����� 
�
 +��� ����������
��� ��!���� � /�� ����� ��
� 
����
� ������� ���� 
� ��� � ��� + ��� ���
��� !����
�
����4��� ��
 ��*� ��� ��������� ����� ��� �� ��������
 �� ��� 
���������� �
/�� ���� "������ �) �	 ��Y��� )��� ��� ����� ��� ��������� ����* ) ������� ��)��� ��
���� �������
 �� ��
�� ���� �� ����� �� ���� ������ � �
� �� ��
�� �� �����"� ��� �= ����
�) ��� �� ������� ���
 � � ��"���
 # � ����� �) ��������� )��������� �� �������� ��
�� �
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/�� ������� ������� �+� ���������"� 
������ �) �	 ���� ��� �� %����� �
���� D�
�  ����
/�*�� �%D/ � � %D/ ����+ � ������ �
���� ��
�� ���� � ����� �� ��� ��� � ����� ���� ������ ����� *�� �

KG
� �� "���
��� ¹� ��
 ���"�
� "���
 ¹	 �������� �

�	 ��Y ��� ���� )��� ��� ��* �) � "���
����� � ������� )�� ����� � ��������� � ������� )
����� ����� ��*��� ��� ��� "���4�
 � V�+�"�� # �� ��
�� �� � ���� �G� ��� �Y ��� �) )�������
����� � ������� # �	 ������������ ����� ��*��� ����� ��� ���4
 �) ��� ����� �������
 ��
���*�� ) ��� ����� ��
� �� ���� "���)� ���� ��� ����� ����� )��
��* ��)��� �� ��� �����
����� ��
 ���� �� +�� ���������
 �� � ��
� ���� �� ���� �) ��� ����� � � �������� ��
� ��
���� ���� ������ �� ������� � ������ �� �
� ���� ��� ���� ��� �������� 
���"��� �������� ��������� ��)��� ����� �� ��� � ��
��� �)
��� � �
��� ���� ������ ��
 ��� %	 �

������ �) ��
�� # �	 �� ���"�� �� � � �����������
������ �� %	 ����4�� ���$ �
�	 �� # ��+�"�� # ��� ������ �� ��� +������� ����* ) �+� ����
��� �������� ��
�� ��� ������� ��� ������� ��*��� �� � ���"��� ���+��* �������� ��
 ����� ��� � �������� �)��� ���+��* �������� �� ������� ��� ��
�� �

• � %��D¹

%� ���$ V� # 	����� ��
 5������ ������� �� ���
����
 ����� �
 �� ������� ������
�� ����
 �� �� ���� + �������
� ��
� ������ ��� ��
 ������ ���� �� S �<S 3X �â T��6 ;
�X77 �;0�T T0XR ;8< 0�R SX � � %��D¹ ���������� ���� ��� ������ ��
� �) � ����� 
���"���
������ �� ����������� ��� �� ������� # ���� ��� �� ������� �� ����������� ��� ������ ��

���� ��
� �� ��� ���� �� ��� 
���������� ������� �� ��� ¹	 ������� ��
 ���� ��
������ �
���� ��
� �� ��� �"� � ���"���� ��
� �� ��� ��
� ���� �� ��� ¹� �� ¹	
�������� �
� � )�� ��� 9	 ������� # � %��D¹ 2,,^/ /7[, [,6*-21/[ .7 577./.+-Ô -0.*,2]
.16 Ó,_/ +,:01+,^ 5_ .*, Ô+7.7 67\ � %� ��������� # ��� ��
� ���
� � �����
 �����
*�� �

KS,D

# �� ��� �����
 *�� � ��+��� � ����� 9 ��
 � 
���������� �� + ��� ��� ��
� ��
���������� + ��� �� � ������ ����� # �� �������� /¹9�� ���$ ���$ *�� )�� ��� ��
� ����� ���+��* ��
 �� �������� ;���� � ���"��� ����; ���� ��� )�� ��� ��
� )�� +������� ��
� + ��� )��+��
 ¹� �������� �
� %��D¹ ���"�
�� �����<��<����� ������������� �) � ������� ������� ����� � �������
������������� �
� ��� � ��
 � �����
 *�� � ��+��� ��� �+� ������� � V�+�"�� # )�� ��<����������� �) � ����
��� ��*�� ��� �� ¹� # � %��D¹ ���� ��� =î>?@ ½08�AT�� ;
�:;S �6 ;�T�;�86 R 08;8T83� � %��D¹ �� �� + ��� ����*� � ��)��� �
 �� � ������� ��
�� ������
�)� ��
 )������� ������� ��)��� ����� # + ��� ����*� ����� ������������� ��
 # �� ��
�
"���
 "������ # + ��� ��� +������� ����* � 9��4�� ��
�� ��� ��� ��*�� ���� ����� �
%� � %��D¹ # ��� ���� ¹� �������� �� ������
 �� ����� �

������� 4��
� ���
 ��
���"�
� ������������� ��
 ��������� �� ��� ������� ������� �� )����+ � )

<
�C/¹ ¹�C¹9/

, initiator, target, id,��� � �����"��
,
���� ����

,
��
� ����

,
�� ����

>/�� �6�;��;80 ��
 ;�0< �; ��� ��� �� ��� �

���� �) ��� �� ������� ��
 ������ ��
�� # ��<
�� ���"���� � � �� �9 # ��� �� ������� ���� ��� �A �� �� �
����4�� ���� �� ��� ��� �������
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���
 �� ���������� � ���� � ���"���� /�� ��� � �����"�� �� ��� /¹9�� ��� � �����"��
�� ��� � ����� ���� �
����
 ����"�� ��� � �) ��� ��!���� �� ��� ������ # �������� )��
�� * �*�+ � /�� ��������� �) ��� ��!���� ���� ��������G�� ��� ���� ���� ��

MACKS,D

(initiator, target, id,
��� � �����"��

)
��
 ��� ��
� ���� ��
 �� ���� �� ����� ����� �

8 ��� ��� ��
� � ����"�� � ¹� )�� +��� �� �� ��� ��� ������ # ��� ��
� ��*� ���
�� �� ��� �� �)

< initiator, id >
"����� )��� ����� ��!����� �� ��� ����"�
 # �� 
����� ��� �)

�� ��� �����
� ���� � ��!���� )��� ���� ��� � ���� � ���"���� %) �� ��� # ��� ��
� 
����
�
��� ��*�� # �� �� �9 �
/�� ��
� ���� ��*� +������ ��� ��� � �����"�� �� ��� ��!���� �� "���
 ) ���� ��� � �����"������ ��� � � ��� )�� �� ��� )����� # ��
 ��� *�� ��������
��� �� �� ���� ��� ��"� � ���

������
 ��� � %) ��� ��� � �����"�� �� ��� "���
 # ��� ��
� 
����
� ��� ��*�� � � ����+ ��� #��� ��
� ��
�4�� ��� ��!���� �� �����
��� ��� �+� �

���� �� � �� ��� ��
� ���� �� ���
��!���� # �������� ��� ���� ���� 4��
 + ��� H[A,

���� ����
]
# ��
 �����
��� � �� �)

��� ������ ¹�C¹9/ �� ��� �� ���� �
/�� ��
� ���� ��� /¹9�� *��

KAi

�� ������ ��� �� # +���� � �� ��� ��
�
 )�� ���
��� � �����"�� �� ��4�
 �� ��� ��!���� �
� ������# ��� ��
� ������
���� ��� ��
�4�
 ¹� # �� �� �9 � 8 ��� ��� ������ ��
�
����"�� ��� ¹� # �� ��*� ��� "���
 ��� �) ��� ��!���� �� 
����� ����� ���� ��� *���
)��� ��� ��� � �����"�� �� ��4�
 ��"� ��� � ��� 
������
 ��� # ��
 ���� ��� ���� ���� 4��

�� �!��� �� )

H[ηn, H[ηn−1, H[. . . , H[η1,MACKS,D
(initiator, target, id, timeinterval)] . . .]]]

+���� ηi

�� ��� ��
� �

���� �� ��������
i
�) ��� ��
� ���� �� ��� ��!���� # ��
 +���� n�� ��� ���� �� �) ��
�� �� ��� ��
� ���� � %) ��� ������ ��
� 
����� ���� ���� ��� ��!���� ��

"���
 # �� ������� � ¹	 �� ��� �� ������� # ��������� ����� 4��
� )
<
�C/¹ ¹	�B

, target, initiator,
��� � �����"��

,��
� ����
,
�� ����

,
������ �� 

,
*�� ����

>

/�� ;�0< �;# �6 �;��;80# ��� � �����"�� # ��
� ���� # ��
 �� ���� 4��
� ��� ��� �� ��� ����<
����
��� "����� )��� ��� ¹� # ��� ������ �� �� ��� �� � �� ������
 �� ���
����
��� 4��
� �� ��� ����� + ��� ��� *�� KD,S

# ��
 ��� *�� ���� �� �� ������G�
 �� ��� �����
���� �
/�� ¹	 �� ���� �������
 �� ��� ��������� �) ��� ��!���� ����� ��� ����� ����� �������

�� ��"������ ��� ��!���� �) ���� �� ��� ��
� ���� �) ��� ��!���� � � ��
� )��+��
��� �¹	 +���� ����� �� �� �� �� �� 
������ ��� *�� )��� ��� ��� � �����"�� �� ��4�
 # ���� ��
�����
� ��� *�� )��� ���� ��� � �����"�� �� ��� *�� ���� 4��
 �� ��� ����� ��
 )��+��
� �����*�� ���
��� �� ��� ����� ����� ��
����
 �� ��� ��*�� � 8������ 
����� ��� ������ �)
��� ¹	 ��� 
��� ��� ������ �
��� ������������ ��+�� � 8 ��� ��� ��������� ����"��
� ¹	 # �� "���4�� ���� ��� *�� �� ��� *�� ���� �� "���
 # ���� ��� ������ �� �� "���
 #
��
 ���� ��� �� �� ��� �� ���� �� "���
 �
%) ��� �) ����� ����� ����
 # ��� ��
� ����� ��� ¹	 ! �����+ ��� # �� 
 ����
� �� � %�



¸" À � &�I�� I�' J����� (�@ A� ��� �����@� ����@I�g

��
�� �� ���"��� ��� ��F ����� �) ��"���
 ����� ������ ���� ��� ���+��* )�������
 �� ���
��
� ����� ���� ��� ��� �� ��� ���
��� ��
 �) ��� ���* �� ��4�
 �� ��� ����� � ������ #
��� ��
� ���� ��������� � ���*�� ���* �

� /¹9�� ������������� ��)��� ����� �� ���
����� ����� � ������ # ��� ���� ��� ��
�� �� ��� ������ ���� �� ����������� ��� ����� �
V�+�"�� # /¹9�� ������������� �� 
�����
 # �� ��� ��� ��
�� �� ��� ������ ���� ��Y�� ���
����� ��� 
� ��� ����
�� �� ����� �� �� �����������
 � ����� # ��� ��
� ���� ���������

��� ���*�� ���* 
������� ��� *�� ��
 ���
� �� �"�� ��� ������ ���� # +��� ���� ��� ��
��
�� ���� ���� �� ����������� ��� ��Y ���
 ����� � ������� �
� %��D¹ �� �������
 ���� )��� � E��
 �) ¹� ��*��� ���� ���
 ���
 �� ��� ���
��������� ����* �  ����� ��
�� �� 4���� ��� )����
 �� �
����"� ¹� ��*��� �����
���� � ���"��� ����� # � � ������� )�� ������������� ����� 
���"���# ����+ ��� �����
� �� ����<��� �� 
���"����� �� ������
 �� ��� ����� ��
� � /�� ������� ������� �+� 
�)<)����� ��������� ���� �� � � )���
 �� ���$ �
� %��D¹ �� ������ �� ��� +������� ����* ���� �� ��� �
"���
 "������ ) ����� ��
�
������� ����
 / %¿ �/¹9�� + ��� %������ ¿ �� 
��������� ���� ��!����� ����� �� * ���<�����G����� � ��+��� ��� ��
�� # �� �� ������ �� �� 
���� ��������� ����
 �� � +�����������
 �� ��� ��� 
���������� �

• ��D

/�� ��D ����� ������� ������� ��»$ �������
 �� � ����� # ��"��� # ���� ��
 9����
��� ����"�
 �� �� ��<
�� ��
 ������� ������� ���� 
����� ��
 ������� ������� � �������
������ �����
 ��� �� ����
 ������� ��
 ����� �� ��� �
 �� ��"�������� �
��D �����
��� ������������� # � ������ ��������� ��
 ���<����
������ �� ���� �) � � ��<
�� �� ������� ����� )�� ��� �
 �� ��"�������� ��
 ������� �) � ������ ����� ����4�����
������ # � � ��
����� ��
<��<��
 ������������� ����� ��
 �� �������� ����
 ����� ����
���"�
�� ����� �������� ����� �
��D +,:01+,/ .*, 0/, 74 - .+0/.,^ 6,+.1`6-., /,+º,+ �/ � ) � �)��� �������� �� ��� �
�� ���+��* # ��� ��
� ��� �� ��!���� � 6,+.1`6-., �����
 �� / � /�� ����4��� ���������� %	 �

���� �) ��� ��
� # ��� ��� �� *��# � ��� ������ �) +��� ��� ����4��� +�� �����
��
 � ��� � �� +��� ��� ����4��� �
����� ����� + ��� ��� ��������� �� / � � �� ��
�� ����������
 �� � ������� )���� ����4���� + ��� ��� ������
 ���"�� ��
 ���� *��+ / #� ��� ��
*���
/�� ���� �) ��� C 0� ; � ;�< � �) ��� ��D ������� �� )�� ��� ����� �� "���)� ���� ��� ��<
���
�
 
���������� +�� �����
 � %� ���� ����� # ��� ����� ������ ��� 
���������� �� �������� ������ ���� � � ����� ��
� # � # �� ������� ��� ����� 
���"��� ������ �� ���� ���

���������� D �� ����
������ �� ��� ��������� � ����� 
���"��� ��*�� ����
 �	 )

[RDP ; IPX ; certA; NA; t]KA−

/�� �	 ����
�� � ��*�� ��� � �
����4�� ���	 �� # ��� %	 �

���� �) ��� 
����������
�
IPX

� # � #� ����4��� �
certA

� # � ����
NA

# ��
 ��� ������ ��� � ;# ��� � �<6 �A + ��� � #�
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���"��� *��� ¹�� ��� � � ���)��� � ����� 
���"���# �� � ����������� �������� ��� ���� �
¹�� ��
� ����
� ��� �������� )��� +��� �� ����"�
 ��� � ������ � %� ���� )��+��
���� � ������ �� ��� �) ��� ��������� # ������� ��� ������� �) ��� � ������ � /��� ���������
���"���� ����4�� ����*� ���� � �� ����� ��� ����� �� )��� ����� � ��� � #� �������� � �  �
%� + ��� ����
��� ��� )����+ ��� � ������ )

[[RDP ; IPX ; certA; NA; t]KA−]KB−; certB

D�
�� 
� ��� )��+��
 �������� )�� +��� ���� ��"� �����
� ���� ��� (NA; IPA)
����� �

/�� %	 �

���� �) � �� �������
 �� ��� ����4��� # ��
 ��� ������������ ���������
���� )��������� ���� ������� �) �������<����"�
 ����� � C��� ����" ��� ��� ����
��� #
 #� ��������  "���
���� ��� ��������� + ��� ��� ��"�� ����4��� �  ���� ������
���� ���
�	 �� ��� ��������� # 4��� ����"���  #� ��������� )

[[RDP ; IPX ; certA; NA; t]KA−]KC−; certC

¹"��������# ��� � ������ �� ����"�
 �� ��� 
���������� # D # +�� ������� �� ��� 4��� �	���� �� ����"�� )�� � ����� ��
 � ��"�� ���� � /���� �� �� ��������� ���� ��� 4��� �	
����"�
 ���"����
 ����� ��� �������� ���� )��� ��� ����� � /�� 
���������� ������� �
 ���� �¹	� ��*�� ��* ����� ��� ��"���� ���� �� ��� ����� � ��� ��� 4��� ��
� ����
����"�� ��� �	 ���� �� D � � ��
� � � D + ��� ���
 �� � ��� )����+ ��� � ������ )

[REP ; IPA; certX ; NA; t]KX−

/�� ¹	 ����
�� � ��*�� ��� � �
����4�� ��¹	 �� # ��� %	 �

���� �) � # ��� ����4���
� �������� �� D # ��� ���� ��
 ��������
 ��� ������ ���� �� � � D�
�� ���� ����"� ���
¹	 )��+��
 ��� ��*�� ��* �� ��� ���
������ )��� +��� ���� ����"�
 ��� ��������
�	 � � �� ¹	 � ��� �����
 �� ��� ���
�� � ��� � #� ��
� ��� �� ��� ����� � � ��
�  � �
+ ��� ���
 ��  ��� )����+ ��� ������� )

[[REP ; IPA; certX ; NA; t]KX−]KD−; certD

 "���
���� � #� ��������� # ��� �"�� ��� ��������� # ��
 ���� ����� ��� ������� �) ���
� ������ � �)��� ��������� ��� )����+ ��� �	 ������� ��  )

[[REP ; IPA; certX ; NA; t]KX−]KC−; certC

� ��
� ��*� ��� ��������� �) ��� ���"���� ��� �� ��� ¹	 �� �������
 �� ��� ����� �
/��� �"��
� ����*� +���� � ������� ��
�� ����������� ������ �� ������������� ��
 ��<
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���� �) D #� � ������ � 8 ��� ��� ����� ����"�� ��� ¹	# �� "���4�� ���� ��� ����� ����
+�� �������
 �� ��� 
���������� �� +��� �� ��� 
���������� #� ��������� � ���� ��� 
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�� ���� �����
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����������
����� ����� )�� ��� 
���������� �
8 ���� ����� �������� ����+ ���� ���+��*��� ����� �G����� # ��D ����"�� ��"���� ������ ��
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������ ��
 ��� 
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��� ��������� ) ��� 9	 ������� �� 
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�������4��
� ���� ���" �
� ��� 
���������� D ����4��� ��
 ��� ��������� �) ��� ������ � ������
+ ��� D #� ��� �� *�� �+��� �� � ����� �� ������� � �/�� 86�86 á3�U � ������� �) � ������� ��� ���
 + ��� ��� ��������� �) ��� 
��� ���"����
��
�� �� ��� � �

�� )��� ������� ��� ���� ������ � ����� 
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�����
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 # � ������� ��
�� ����� �������� ����� � ��<
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� �
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 ����4��� +���
 ��"� �
����

���� ����� ��� ������ �� �) ��� ��
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� � �� ��� )��+��
 ��� ����� �) ��"������ )�� ��� ����4��� # ��������� �� � ���������
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• 9¹��

V� # 	����� ��
 5������ ������� � Ô+7-6.1º, ����� ������� ������� ����
 �� ���
� ����������<9�!����
 � ������ >���� ������� ��9�> # �¸�$� � %� � ������"� ��� � ���<
�
�� ������� ������� ��
�� R �0�8A�T�3 3X �
 ����� ������� ��)��� ����� + ��� ����� ��
���� ������� �� ��"� ��� ��
� ��+��� *��+ � ������ ����� �� ��� 
����������� ��B$ � 9� ��)<�����# 9¹�� �� �������
 �� ��� �9�> <9� "������ �) ��� �9�> ������� � /�� �9�> <9�
"������ �) ��� �9�> ������� ��� � ��� ���+� �� ���� ��)��� ����� �9�> "������� ��
���"���� �
 �� ���+��*� ����������� ��"$ �¸»$ �9¹�� 
���� + ��� ����*��� ���� ��
�)� ������� ��)��� ����� ����
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����� ��� ��<

��� ����� �) ��� �9�> <9� ������� ) �� ��������� # ������� �� � � 
�������
 �) ���
����*�� ��
�4�� ��� ��!���� ���� �� ��
 ��� � ���� 4��
 �) � ������� ��� �� ��
���
� ������ �  ����� ����*� ��� ���� ��*�� ���� ����� � %� ��
�� �� ����� ��� �9�> <9�
������� ������� # 9¹�� ��*�� ��� �) �â T��6 ; 86 �á� �X S��S TS��6� ������ ���� ���������� �
�����"� ��������� ����������� ���������� �
V�+�"�� # ��*� ��� ����� ����� �������� ��������
 �� ���� ������ # 9¹�� -//0[,/ /7[,
[,6*-21/[ )�� � ��
� .7 ^1/.+150., -2 -0.*,2.16 ,\,[,2. 74 .*, *-/* 6*-12 ����
�� � � ���
 �� ����������� ��� ��� ����� ���� ���� �) ��� ���� � � � � ���
������� ������� #
��� ������� ������� �� ������ ��� *�� 
����������� �������� �� � ������
 ������ ���� �����
��� �� *�� ����4���� )�� ��� ��
� ! ��� ��
� �� ���� ��� ��� ��� �� *�� �� ���� � ����
���� ���� ��� ��
 
��������� �� �
/�� ���� �
�� �) 9¹�� �� �� ����������� ��� ��!���� ���� �� ��
 � ���� �) � ����<
��� ��� �� ��
��� � ������ ����� ���� ����� ���� ���� � %� �

����� # ��� ����"�� �) 9¹��
������� ��)��� ����� ���� ������������ ��� ���
�� # �������� ���� ��� ������� ��)��� �����
���������� )��� ��� ����� ��
� �
/� ����� � ���<+�� ���� ���� # � ��
� ������ � ���
�� ������� "����

x ∈ {0, 1}ρ # +������ ��� ������ �� � ��� �) ��� ������ �) ��� ���� )������ # ��
 ������� ��� ���� �) "�����
h0, h1, h2, h3, . . . , hn

# +���� h0 = x
# ��


hi = H(hi−1)
)��

0 < i < n
# )�� ��� �

n
�

� � �� �
����� # ��"�� �� �����������

hi

"���� # � ��
� �� �����������
hi−3

�� ��<
������

H(H(H(hi−3)))
��
 "���)� ��� ���� ��� ��������� "���� �!����

hi

�
¹�� ��
� ���� � �� ��4 �������� �� �� � �����
 � ���� ��� )��� ��� ���� ���� �� ���
������� ��
��� ���� �� ���
� ����� �����) ������ "� �  ���
 �� ���� �� ����� ���� ��� # ���
���<+�� ���� ���� ���"�
�� ������������� )�� ��� ��+�� ����
 �� ��� � ���� �� �����
������� ��
���� )�� ���� ��
� � /�� ��� �) � ���� "���� ��������
��� �� ��� ��!����
���� �� ��
 ����� �� � ������� ��
��� ����� ���"���� ��� ��
� )��� �
"�������� � �����
�� ��� � 
���������� ���� ��� � ������� ��!���� ���� �� ���� ���� 
���������� #� �+� ��<���� ��!���� ���� �� � � �*�+ ��� # � ��
� ����� �
"������ � ����� � ����� ���� ����� )��
+��� �� ��� ����"�
 �� �
"������� ��� # ���� ��� � ���� �� �� �
 ������ ����� ����� � �

������
 
�� �� ��� ���<+�� ������ �) ��� ���� ���� �8 ��� � ��
� ����"�� � ������� ��
��� # �� ��*� ��� ����������� �) ��� ��)��� ����� )��
��� ����� �� ��� ��
��� ����� ��� 
���������� �

���� # ��� ��!���� ���� �� ��
 ���
����� �) ��� ����"�
 �����# �������� + ��� ��� ������ ����� �������� ���� "���� ����"�
)��� ���� 
���������� #� ���� ���� � V ������ ��� ����"�
 ���� ���� ��� ����� ���� �� �)
��� �� ����
��� �� ��� ����� �������� ���� "����� ������� ��� ����������� �) ��� ����"�
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��)��� ����� �) ��� �������
 ���� "���� ��
 ��� �������� ���� "���� � ��� � /�� �����
�) ��� ������� ��
��� � ������ �� 9¹�� ���� ���� � � �����������
 # ���� �����+ ��� # ������*�� � �� � � �� �� �� ����� ������� ����� ������� ��� ������������� ����* � /�� ��<
����� ������� �+� 
�Y����� ��������� �� ���" �
� ��
� ������������� ) ��� 4��� �� ����
�� � ����
��� ������������� �������� ��� �� /¹9�� # ��� ����
 �� ����
 �� ��� ���
�) � ������ �������������  �
�� # ���:7�6< � �S�0�A � �T0�; U �X ½�;� ��6 ��TS T8:R 3� 89
68A�� �6 ;S � 6 �;� 80U �9¹�� 
��� ��� �� � + ��� +������� ����*� ������ ��� ������� ������� # �� �� ��� � %<��D¹ ������� # �� ��� ��� / %¿ ������� �� 
���� ��� ������ �
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������������� �) � ��� �������� ��"��"�
 �� �
 �� ������� ��
 ��� ��������� "���4����� �)
������� �
������ ��� ��� �+� ��������� ����
 ��� � �� *� ���
 �� ����� ������� �������� �
 ��� ������ ������������� ��
 ������� ��������� ��� �� ��� ����� ���
 )�� � *�� � �����<
� ��� � ������� �� ���"�
� ������� ��"��"�
 �� ������������� ��
 ��������� "���4�����
+ ��� ������ *����� �������� � ¿ �� ���������� ��������� ��������
 �� ������ �����
������� ��������� )��� �� �+� ��������� )

• � ����� ��4�������� �) �������� ������� *��� ) ����<+ ��� ����� *��� �� ���"� ����������� *��� �� � �����<��<����� *�� �
����� ������� ��+��
� ��� ����� ����� ����) ������� *��� ���
 )�� ������������� ��
 � ������ ��������� � ��+��� ��������<��� ������� � %) ��� � 
�
����
 ��)���������� ����
��� � *�� ���"�� �� � � �Y��
�
 #
����� ��� 
����������� �) ������� *��� + ��� � *�� 
����������� ������� ��*� ¿ ��<
� ���� �»�$ �� ���� � � ��"������
 �

• 	�� ��<*�� ����
 ���� � ) ��� ��
� ��������� � ���� �) ��� �� ��
 ���"��� *���
����
 �� �� ��������� ��������� ��*� 9� �  ���
 �� ���� *�� ���� # ��� ��
� ��
���)��� ������������� ��
 ������� ��������� �� �������� �� )������ �
����� ����<
+ ��� �������� *��� ���
 )�� �= ���� ������������� ��
 ��������� ���������� �

9���� ������� ��������� ��*� 9	 ������ � ����� ��4�������� �) ����� �����������
����
 �� �����
 ����� *��� � � ��� �) ����� ��������� ��� �� � %��D¹ ���� �� � ��� ��<
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 ����� +������ � +���<*��+� ������
 ����
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 )�� ������������� � /�� ��!����� ��� )�� ��� � ��� ��<*�� ��)����������
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���� ��� �� � � �������
 �� +��� � %�
��
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������ ��)���������� # �S �TS S�� ;8 ½� �W��3�½3�
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 ��� �) ��� ��<*�� ��)����������� ��



À �1 � 2��A��� @���A@�� ¸�

��� �
 �� ���+��* ��"�������� ������� ���)<������G����� ) ��� ��<*�� ������� ��� ����
�� ��� ����� �) +�� �) ����� �*�� �� 	 ����� f��
 	 ��"�� �	f	 # ����$� ��
 � ��� ��<
*�� ����4����� � ������� ����
 �� ������� ��� ����� ������� �  ���� ��������� ����
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 ����������� ��
 ��������������� ��������
 �
�������� ������<����
 %��)
����� �+� ��������� ��� �� �����"� ��� ��<*�� ����
 ��������� �� ��
���� ��� ���

)�� � �������G�
 �
� ����������� �� ��� ���+��* ��������� ����� � � �������� �����

*�� 
����������� ������� ����+ ��� ��� �+� ��
�� �� ����� � ����� ����� *�� )�� 
�����4
��������� �� ���� ��������
 � ������� ����������� ������� �������
 �� ��� )����+ ������������� �� ����
 �� ��� 
������<������� �����!�� ��
 ���"�
�� � ����� ��������
���*��� ���"�� �� � ��D¹/ �
/�� �� � �� �������G�� ��� ��������� ��������
 �����)��� �

Identity-Public Key binding No identity

PGP web 

of trust 

Self 

organized 

CA based 

on secret 

sharing 

Identity-

based 

cryptography 

Crypto-

based 

identity 

Key pre-

distribution 

Context-

aware 

Symmetric 

cryptography
    X X 

Asymmetric 

cryptography
X X X X   

Public key 

Certificates 
YES YES NO NO NO YES 

Bootstrap of 

security 

associations

PGP-like 

Distribution 

of initial 

shares 

Secure naming 

for unique 

identifiers 

Self-

generated 

keys 

Get globally 

trusted key-pool 

Self 

generated 

hash chains 

Drawbacks

Initialization 

Storage 

Transitivity 

of trust 

Distribution 

of initial 

shares 

Peripheral 

nodes 

ID spoofing 

Distribution of 

initial shares 

KDC knows all 

secret keys 

Bogus 

Identity 

generation 

Cover-free 

algorithms 

Only shared 

keys 

No

authentication 

Viable only 

for small 

networks 

Reliance on 

tight timing 

Advantages
Distributed 

approach 

Distributed 

approach 

No need for 

certificates 

Distributed 

approach 

No need for 

certificates 

No need for 

Certification 

authority 

No need for 

certificates 

Distributed 

approach 

Self-

organized 

Distributed 

approach 

Table 1. Summary of Key distribution approaches available in the literature. /�� �� � �� ) 9������ �) *�� 
����������� ��������� �"����� �� �� ��� ����������
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���� ��� ���K��� � ���� ��� �

�����
 K� � ����� ���� �) �������� +��* �� ���� �� ��4
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�� # �� �<������ ����� ��
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 �� ��
�� y �����K����� �� ���+��* ���������� 
������ ��� ��{����� ���<
��� �) ��� ��
� ��+��
� ���4������ �� � ���"���
 K� ��� ������ �) ��
� ��+�� �%� ����  ������ +� ������� � � ������� ����
  |v¹ �� ��)��� ��
� ���������� K���

�� � 
�����K���
 ���������� �����!�� # +��� ��� K ��� ��������
 �� ���$ � |�� ����������



�¸ ç � }~2� � ���������������� ���������� (�� ���� ����������� �� �����

��)���� ��� � ������� 
��� ��� ���"��� � ��
� )��� 
������ ���������� �� 
�" ������
)��� � ������� ��� K ���" ��� K�� ������� ���� � ��K ���"��� �������� ��� Ô������� K� ���
<
����� + ������
��� ����������� ���"��� �  |v¹ �� ��������
 �� � ������ � �������
���� �� K� ���������
 + ��� ��� ���+��* )������ ��*� ��*�� )��+��
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� )��+��
��� ���z  �� ���
+ ���� ��o� ��� +���
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ABCD DEFGCHI JKHLCMED NI HLEKLCEO HP Q|v» FHRJHIEIGD S TIGEKNFGCHID U EGOEEI GBE FHRV
JHIEIGD NIM U EGOEEI Q|v» NIM IEGOHKWCIX PYIFGCHI CD NZDH JKHLCMEM S ¡YKGBEKR HKE [
OE JKHLCME XYCMEZCIED PHK N KENZ CRJZER EIGNGCHI HP GBE Q|v» REFBNICDR U\ HªEKCIX NI
ELNZYNGCHI HP DGHKNXE KE]YCKER EIGD ND OEZZ ND NI NINZ\DCD HP NZGEKINGCLE KEJYGNGCHI NIM
JYICDBR EIG REGBHMHZHXCED S
ABE XEIEKNZ Q|v» HJEKNGCHI MEDFKCU EM CI DEFGCHI ë Së FNI U E YDEM ND N UNDCD CI YIMEKV
DGNIMCIX BHO GBE FHRJHIEIGD NKE YDEM U\ N Q|v» VEINUZEM RHUCZE IHME S ¡ CXYKE ë S²
CZZYDGKNGED GBE UYCZM CIX UZHFWD HP Q|v» NIM GBECK CIGEKNFGCHID S

Reputation 

Manager 

Monitoring 

Mechanism 

(function f1)

Requests handler 

Packet forwarding 

FROM MAC: 

Promiscuous 

listening Expectation 

Table

Reputation 

Table

Monitoring 

Mechanism 

(function f2)

Expectation 

Table

Routing 

FROM MAC: 

Promiscuous 

listening 

Packet forwarding (Alternative) 

Application 

behavior 

(Optional) 

Reputation 

Distribution 

Punishment 

Mechanism

CORE 

¡ CXYKE ë S²± Q|v» NKFBCGEFGYKE S

í ¼^ _ ÆòÃÄÆÂÃò` ô¿ÀaðòÃÊô

ABE RHICGHKCIX REFBNICDR CD YDEM GH MEGEFG DEZbDB UEBNLCHK HP IHMED O CGB KEDJ EFG GH
GBE EoEFYGCHI HP PYIFGCHI

f
S c JHDDCU ZE CRJZER EIGNGCHI HP GBE R HICGHKCIX R EFBNICDR

CD JKHLCMEM U\ dNKGC EG NZ S ¸ne NIM CD FNZZEM GBE ONGFBMHX GEFBIC]YE S ABE ONGFBMHX
GEFBIC]YE KEZCED HI GBE JKHR CDFYHYD R HME HJEKNGCHI HP O CKEZEDD KNMCH FNKMD UNDEM HI GBE
®¯n S²² DGNIMNKM NIM BND DHR E OENWIEDDED GBNG NKE MCDFYDDEM CI DEFGCHI ë S° S² S wE KEFNZZ
BEKE GBNG JKHR CDFYHYD R HME RENID GBNG CP N IHME c CD O CGBCI KNIXE HP N IHME t [ CG FNI
HLEKBENK FHRRYICFNGCHID GH NIM PKHR t ELEI CP GBHDE FHRRYICFNGCHID MH IHG MCKEFGZ\
CILHZLE c S
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¡HK DNWE HP DCR JZCFCG\[ OE IHO DO CGFB PKHR GBE XEIEKCF IHGNGCHI MEDFKCU CIX O CGB
f

NI
NUDGKNFG PYIFGCHI GBNG IEEMD GH U E RHICGHKEM GH N DJ EFCbF IHGNGCHI CI OBCFB GBE PYIFGCHI

fCD MEbIEM ND GBE JNFWEG PHKONKMCIX PYIFGCHI S ABE ONGFBMHX �w u  GEFBIC]YE CRJZER EIGEM
CI Q|v» OHKWD ND PHZZHO D S

á âi âä jk¥ l¦¤¨kéèm ¤¥¨kç§no¥

w BEIELEK N IHME IEEMD GH DEIM N JNFWEG [ U HGB ND N DHYKFE HP MNGN GKNz F NIM ND N KEZN\
IHME PHKONKMCIX N MNGN JNFWEG [ DBE NMMD NI EIGK\ GH GBE EoJEFGNGCHI GNUZE �DEE bXYKE
ë S²  FHIDCDGCIX HP GBE bEZMD DBHOEM CI GNUZE ë S² S cI �pÑ �Ò��� Ñ�Ò÷�� KEJKEDEIGD N JKHHP

q rstu v swxyrz {r|}
~�� �NFWEG YIC]YE CMEIGCbEK
IPS

T� DHYKFE HP GBE MNGN GKNz F
IPD

T� MEDGCINGCHI HP GBE MNGN
GKNz F

MACS

dcQ NMMKEDD HP GBE � �� q
Ì �Ë HI GBE KHYGE

MACD

|JGCHINZ ± dcQ NMMKEDD HP
GBE MEDGCINGCHI HP KEZN\EM
JNFWEG

h(
JN\ZHNM

)
c REDDNXE MCXEDG �BNDB
PYIFGCGHI   HP GBE MNGN
JNFWEG GBNG IEEMD GH U E
PHKONKMEM

ANUZE ë S²± »oJEFGEM JNFWEG DGHKEM CI GBE Ý�Ë �Íq�q��� ��ü��S

HP JKHJ EK EoEFYGCHI HP GBE JNFWEG PHKONKMCIX PYIFGCHI GBNG � q�� � � ���� q� ü� 3�����q�� üû�� �ü� ��3�q���[ C SE S GBE JNFWEG GBNG CD ELEIGYNZZ\ HLEKBENKM U\ JKHR CDFYHYD ZCDGEICIX GBE
NFGCL CGCED HP GBE IEo G BHJ HI GBE KHYGE �NLNCZNUZE PKHR GBE DHYKFE KHYGE DGHKEM CI ELEK\
JNFWEG  GHONKMD GBE MEDGCINGCHI S
ABE bKDG GBKEE bEZMD �

UID
[
IPS

[
IPD

  YIC]YEZ\ CMEIGCP\ GBE JNFWEG ± OBEI RHKE GBNI HIE
JNFWEG IEEMD GH U E DEIG PHK GBE DNR E

< IPS, IPD >
JNCK [ GBE

UID
CD YDEM GH MCDGCIXYCDB

MCª EKEIG JNFWEGD S
ABE

MACS

KEJKEDEIGD GBE ZN\EKVn NMMKEDD HP GBE IEo G BHJ [ OBCFB CD CIFZYMEM U\ GBE IEo G
BHJ CIGH GBE NJJKHJKCNGE bEZM HP GBE KEZN\EM JNFWEG S |JGCHINZZ\[ MEJ EIMCIX HI T�VGHVdcQ
KEDHZYGCHI DEKLCFED [ GBE ZN\EKVn NMMKEDD HP GBE DEFHIM IEoGVBHJ FNI UE CIFZYMEM CI GBE
EIGK\S ABCD CD MHIE CI HKMEK GH JKELEIG N KHYGE DYULEKDCHI JEKPHKR EM U\ NFGCLE NGGNFWEKD
GBNG GNRJEK O CGB GBE dcQ bEZMD HP N JNFWEG CI GKNIDCG [ OBCZE ZENLCIX KHYGCIX CIPHKR NGCHI
YINZGEKEM S
¡ CINZZ\[ N R EDDNXE MCXEDG PYIFGCHI �DYFB ND GBE JHJYZNK ��� BNDB PYIFGCHI   CD YDEM GH LEKCP\
GBE FHIGEIGD HP GBE KEZN\EM JNFWEG CI HKMEK GH JKELEIG JCXX\UNFWCIX HP MNGN CIPHKR NGCHI
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U\ N RNZCFCHYD KEZN\ IHME S
¡ CXYKE ë Sn CZZYDGKNGE N DCRJZE IEGOHKW CI OBCFB N JNFWEG CD GKNLEZZCIX PKHR N DHYKFE �d  
GH CGD MEDGCINGCHI ��   GBKHYXB GBE KHYGE

< ..., A,B,C, ... >
S TI GBE bXYKE CG CD JHDDCU ZE GH

DEE GBE UNDCF T� NIM dcQ bEZMD HP N JNFWEG GKNLEZZCIX HI GBE O CKEZEDD ZCIWD �FNZZEM KEZN\EM
JNFWEG  ± NI EoNRJZE HP EoJEFGEM JNFWEG CD DBHOI PHK IHME c S »LEK\ EoJEFGEM JNFWEG CD

UID

IPS = IPM

IPD = IPX

MACS = MACB

MACD = (MACC)

h(payload) 

Node A 

IPA

MACA

Node B

IPB

MACB

Node C

IPC

MACC

From source
Towards destination

Expected packet

UID 

IPS = IPM

IPD = IPX

MACS = MACA

MACD = MACB

UID 

IPS = IPM

IPD = IPX

MACS = MACB

MACD = MACC

Relayed packet Relayed packet 

¡ CXYKE ë Sn ± �CRJZE IEGOHKW O CGB N EoJEFGEM JNFWEG EoNRJZE S

NDDHFCNGEM GH N GCR EK OBCFB CD DEG GH EoJCKE NPGEK N MEbIEM GCR EVHYG LNZYE
WDTO

S c PGEK
DEGGCIX GBE GCR EK PHK GBE EoJEFGEM JNFWEG DGHKEM CI GBE EoJEFGNGCHI GNUZE [ GBE R HICGHKCIX
EIGCG\ EINUZED GBE JKHR CDFYHYD RHME HJEKNGCHI NIM ZCDGEI GH GBE IEoGVBHJ NFGCL CGCED S
TP GBE IEoGVBHJ FHKKEFGZ\ PHKONKM GBE JNFWEG [ GBE RHICGHKCIX IHME CD NUZE GH FNJGYKE
GBE JNFWEG OBCFB CD FNZZEM �Ð���Ù�� Ñ�Ò÷�� S ABE JKHHP HP GBE FHKKEFG EoEFYGCHI HP GBE
JNFWEG PHKONKMCIX PYIFGCHI Í�� ü� 3�����q�� ± CP NZZ GBE EoJEFGEM JNFWEG yD bEZMD R NGFB GBE
HUDEKLEM JNFWEG yD bEZMD [ CIFZYMCIX GBE REDDNXE MCXEDG PYIFGCHI NJJZCEM GH GBE HUDEKLEM
JNFWEG yD JN\ZHNM [ GBE EoJEFGEM JNFWEG EIGK\ CD ��Õ�Ù�� PKHR GBE EoJEFGNGCHI GNUZE S |I
GBE FHIGKNK\[ CP GBE

WDTO

GCR EK EoJCKED NIM GBE NDDHFCNGEM EoJEFGEM JNFWEG EIGK\ BND IHG
U EEI KERHLEM PKHR GBE EoJEFGNGCHI GNUZE [ GBE JKHHP HP GBE IEoGVBHJ yD FHKKEFG U EBNLCHK CD
IHG LNZCMNGEM� S
wE MEbIE NI HUDEKLNGCHI

σk ∈ Z
ND GBE KEDYZG HP GBE LNZCMNGCHI JKHFEDD MEDFKCU EM NUHLE ±

σk =

{

v+,
CP EoJEFGEM JNFWEG

=
HUDEKLEM JNFWEG

v−,
CP EoJEFGEM JNFWEG 6= HUDEKLEM JNFWEG [ HK

WDTO

EoJCKED �ë S² 

σk

KEJKEDEIGD GBE ��q��s p �Íq�� XCLEI GH GBE ÏÚqÌ HUDEKLNGCHI R NME HI GBE IECXBUHK yD
U EBNLCHK NIM CD YDEM U\ GBE KEJYGNGCHI RNINXEREIG FHRJHIEIG GH ELNZYNGE GBE KEJYGNGCHI
NDDHFCNGEM GH GBE RHICGHKEM EIGCG\S
v+

NIM
v−

KEJKEDEIG GBE HYGFHR ED NDDHFCNGEM GH GBE HUDEKLNGCHID ± CI DEFGCHI ë S¸ OE O CZZ
� �� ��� �
��	
���� ��� ���� �
��� � ��� �������	 �
���� ���� �� ������	
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DBHO GBE CRJNFG HP GBEDE LNZYED HI GBE KEJYGNGCHI REGKCF S c D NI EoNRJZE [
v+ = +1

NIM
v− = −1

S

���� ± OBEI GBE RHICGHKCIX R EFBNICDR CD YDEM GH MEGEFG IHME R CDU EBNLCHK OBEI
EoEFYGCIX GBE JNFWEG PHKONKMCIX PYIFGCHI [ GBE ONGFBMHX REFBNICDR CD IHG DEG CP GBE R HIV
CGHKCIX IHME CD GBE ZNDG BHJ UEPHKE GBE MEDGCINGCHI HI GBE JNGB JKHL CMEM U\ GBE KHYGCIX
JKHGHFHZ S TIMEEM [ GBE ZNDG BHJ UEPHKE GBE MEDGCINGCHI MHED IHG EoJEFG GBE KEZN\EM JNFWEG
GH U E PHKONKMEM NXNCI U\ GBE CIGEIMEM MEDGCINGCHI S

á âi âã å¤è�¦m¥ ¦çé ¥ç¥�m¥¤§¨ �¥no §�¥? ¥ç¤©

dHUCZE NM BHF IEGOHKWD NKE PHKR EM U\ IHMED O CGB ZCR CGEM KEDHYKFED ± EIEKXEGCF NLNCZNUCZCG\
NIM FHRJYGNGCHINZ JHOEK NKE FKCGCFNZ PNFGHKD GBNG IEEM GH U E GNWEI CIGH NFFHYIG PHK GBE
MEDCXI HP DEFYKCG\ FHRJHIEIGD Eo EFYGEM U\ GBE IHMED S �����×� �������Õ���� KEJKEDEIG
NIHGBEK CRJHKGNIG FKCGEKCYR GBNG RYDG U E NMMKEDDEM CI HKMEK GH JKHL CME DEFYKCG\ R EFBNV
ICDR D GBNG FNI UE YDEM CI JKNFGCFE S
TI DEFGCHI ë S° S² [ GBE EoJEFGNGCHI GNUZE CD ZHNMEM O CGB NI EIGK\ PHK ELEK\ JNFWEG CI GKNIDCG
HK XEIEKNGEM U\ GBE RHICGHKCIX EIGCG\S wE R CICR C«E GBE DGHKNXE KE]YCKER EIGD U\ YDCIX N
BNDB PYIFGCHI NJJZCEM GH GBE JN\ZHNM HP GBE JNFWEG GBNG IEEMD GH U E RHICGHKEM S c KHYXB
ELNZYNGCHI HP GBE DC«E HP NI EoJEFGEM JNFWEG CD JKHLCMEM UEZHO �OE NDDYRE N BNDB PYIFGCHI
HI

160bit
  ±

sizeof(
»oJEFGEM JNFWEG

) = 12 (UID) + 2 ∗ 32 (IPS,D) +

2 ∗ 48 (MACS,D) + 160 (h(payload)) = 332bit

332bit
NKE KE]YCKEM ELEK\ GCR E N JNFWEG IEEMD GH U E RHICGHKEM ± PHK EoNRJZE [ CP ²¯¯¯ JNFWV

EGD IEEM GH U E RHICGHKEM [ CI GBE OHKDG FNDE �C SE S NZZ EoJEFGEM JNFWEGD NKE DGHKEM UEPHKE
GBE LNZCMNGCHI JBNDE HK U EPHKE GBE

WDTO

EoJCKED  HIZ\
40Kbytes

NKE IEEMEM S
TI GBE JKEDEIFE HP N BENL\ GKNz F ZHNM [ CG R CXBG U E IEFEDDNK\ GH ZHOEK GBE KNGE NG OBCFB
JNFWEGD NKE RHICGHKEM S wE MEbIE GBE RHICGHKCIX KNGE ND GBE ���Ò���× ��ÕÑÓ��× ÿ��Ô
����ÒÞ �

WDfreq

  S c D HJJHDEM GH GBE UNDCF LEKDCHI HP GBE wu CI OBCFB ELEK\ JNFWEG CI
GKNIDCG HK XEIEKNGEM U\ N IHME IEEMD GH U E RHICGHKEM [ C SE S OBEI

WDfreq = 1
HUDEKLNGCHID

J EK JNFWEGe [ GBE DNRJZCIX PKE]YEIF\ FNI UE KEMYFEM GH
WDfreq = 0.2

HUDEKLNGCHID J EK
JNFWEGe [ C SE S HIZ\

20%
HP GBE HYGXHCIX GKNz F CD R HICGHKEM S

ABE wu DNRJZCIX PKE]YEIF\ BND NI CI{YEIFE HI GBE ����×Þ Ò����ÕÑ���� EoJEIMEM
MYKCIX RHICGHKCIX JBNDE S w BCZE CI JKHR CDFYHYD R HME HJEKNGCHI [ GBE IHMED KEFECLE ELEK\
JNFWEG CI GKNIDCG O CGBCI GBE O CKEZEDD KNMCH KNIXE ± CG CD FZENK GBNG EIEKX\ FHIDYRJGCHI CD
FHIDCMEKNUZ\ BCXBEK GBNI CI GBE IHKR NZ HJ EKNGCHI CI OBCFB HIZ\ JNFWEGD MCKEFGEM GH GBE
IHME NKE JKHFEDDEM S TI HKMEK GH KEMYFE EIEKX\ FHIDYRJGCHI [ GBE ONGFBMHX DNRJZCIX PKEV
]YEIF\ FNI U E ZHOEKEM ± N MCDFYDDCHI HI BHO NIM OBEI GBE RHICGHKCIX PKE]YEIF\ FNI UE
RHMCbEM CD XCLEI CI DEFGCHI ë S¬ S c D N JKNFGCFNZ EoNRJZE [ GBE DNRJZCIX PKE]YEIF\ FHYZM UE
MEFKENDEM CP GBE NLEKNXE KEJYGNGCHI LNZYE HP GBE IECXBUHKBHHM CD BCXBEK GBNI N JKEMEbIEM
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GBKEDBHZM ± CP IECXBUHKD DBHO GH U E GKYDGOHKGB\[ CG R CXBG U E YIVIEFEDDNK\ GH FHIDGNIGZ\
RHICGHK GBECK NFGCL CGCED S

á âi â� � �¤¥�ç¦¤§�¥© ¤è ¤k¥ l¦¤¨kéèm ? ¥¨k¦ç§©?

ABE ONGFBMHX GEFBIC]YE BND NMLNIGNXED NIM OENWIEDDED S ABE u�v KHYGCIX JKHGHFHZ EIV
BNIFEM O CGB GBE ONGFBMHX GEFBIC]YE BND GBE NMLNIGNXE GBNG CG FNI MEGEFG R CDU EBNL CHK NG
GBE PHKONKMCIX ZELEZ NIM IHG ¢YDG NG GBE ZCIW ZELEZ S
wNGFBMHX yD OENWIEDDED �DEE bXYKE ë S¹  NKE GBNG CG R CXBG IHG MEGEFG N R CDU EBNLCIX IHME
CI GBE JKEDEIFE HP ²  NRUCXYHYD FHZZCDCHID [ n  KEFECLEK FHZZCDCHID [ ¹  ZCR CGEM GKNIDR CDDCHI
JHOEK [ NIM ë  RHMCbEM GKNIDR CDDCHI KNIXE S
ABE NRUCXYHYD FHZZCDCHI JKHUZER JKELEIGD c PKHR HLEKBENKCIX GKNIDR CDDCHID PKHR t S c D

S A B C D
2 1 1

�
�

S A B C D
21 1

�� �
¡ CXYKE ë S¹ ± wNGFBMHX GEFBIC]YE JKHUZER D ± CI bXYKE ë S¹ �N  IHME c MHED IHG BENK t PHKONKM
JNFWEG ² GH Q [ U EFNYDE t yD GKNIDR CDDCHI FHZZCMED NG c O CGB JNFWEG n PKHR GBE DHYKFE � S
TI bXYKE ë S¹ �U   IHME c UEZCELED GBNG t BND PHKONKMEM JNFWEG ² HI GH Q [ GBHYXB Q IELEK
KEFECLEM GBE JNFWEG MYE GH N FHZZCDCHI O CGB JNFWEG n S

¡ CXYKE ë S¹ �N  CZZYDGKNGED [ N JNFWEG FHZZCDCHI FNI HFFYK NG c OBCZE CG CD ZCDGEICIX PHK t GH
PHKONKM HI N JNFWEG S c MHED IHG WIHO CP GBE FHZZCDCHI OND FNYDEM U\ t PHKONKMCIX HI N
JNFWEG ND CG DBHYZM HK CP t IELEK PHKONKMEM GBE JNFWEG NIM GBE FHZZCDCHI OND FNYDEM U\
HGBEK IHMED CI c yD IECXBUHKBHHM S t EFNYDE HP GBCD YIFEKGNCIG\[ c DBHYZM IHG CRREMCNGEZ\
NFFYDE t HP R CDU EBNLCIX [ UYG DBHYZM CIDGENM FHIGCIYE GH ONGFB t HLEK N J EKCHM HP GCR E S
TP c KEJ ENGEMZ\ PNCZD GH MEGEFG t PHKONKMCIX HI JNFWEGD [ GBEI c FNI NDDYRE GBNG t CD
R CDU EBNLCIX S
TI GBE KEFECLEK FHZZCDCHI JKHUZER [ IHME c FNI HIZ\ GEZZ OBEGBEK t DEIMD GBE JNFWEG GH Q [
UYG CG FNIIHG GEZZ CP Q KEFECLED CG �¡ CXYKE ë S¹ �U    S TP N FHZZCDCHI HFFYKD NG Q OBEI t bKDG
PHKONKMD GBE JNFWEG [ c HIZ\ DEED t PHKONKMCIX GBE JNFWEG NIM NDDYR ED GBNG Q DYFFEDDPY ZZ\
KEFECLED CG S ABYD [ t FHYZM DWCJ KEGKNIDR CGGCIX GBE JNFWEG NIM ZENLE c IHIE GBE O CDEK S t
FHYZM NZDH JYKJHDEPYZZ\ FNYDE GBE GKNIDR CGGEM JNFWEG GH FHZZCME NG Q U\ ONCGCIX YIGCZ Q CD
GKNIDR CGGCIX NIM GBEI PHKONKMCIX HI GBE JNFWEG S TI GBE bKDG FNDE [ N IHME FHYZM U E DEZbDB
NIM IHG ONIG GH ONDGE JHOEK O CGB KEGKNIDR CDDCHID S TI GBE ZNGGEK FNDE [ GBE HIZ\ KENDHI t
OHYZM BNLE PHK GNWCIX GBE NFGCHID GBNG CG MHED CD U EFNYDE CG CD R NZCFCHYD S t ONDGED UNGGEK\



ì¸ f ´ }~g� � ���������������� ���������� h�� ���� ����������� �� �����

JHOEK NIM Q�  GCR E [ DH CG CD IHG DEZbDB S cI HLEKZHNMEM IHME OHYZM IHG EIXNXE CI GBCD
U EBNLCHK ECGBEK [ DCIFE CG ONDGED UNMZ\ IEEMEM Q�  GCR E NIM UNIMO CMGB S ABYD [ GBCD DEFHIM
FNDE DBHYZM UE N KNKE HFFYKKEIFE S
cIHGBEK JKHUZER CD GBNG N R CDU EBNLCIX IHME GBNG FNI FHIGKHZ CGD GKNIDR CDDCHI JHOEK FNI
FCKFYRLEIG GBE ONGFBMHX S c IHME FHYZM ZCR CG CGD GKNIDR CDDCHI JHOEK DYFB GBNG GBE DCXINZ
CD DGKHIX EIHYXB GH UE HLEKBENKM U\ GBE JKELCHYD IHME HI GBE KHYGE UYG GHH OENW GH U E
KEFECLEM U\ GBE GKYE KEFCJ CEIG S ABCD OHYZM KE]YCKE GBNG GBE R CDU EBNLCIX IHME WIHO GBE
GKNIDR CDDCHI JHOEK KE]YCKEM GH KENFB ENFB HP CGD IECXBUHKCIX IHMED S |IZ\ N IHME O CGB
RNZCFCHYD CIGEIG OHYZM UEBNLE CI GBCD R NIIEK ± DEZbDB IHMED BNLE IHGBCIX GH XNCI DCIFE
UNGGEK\ JHOEK CD ONDGEM NIM HLEKZHNMEM IHMED OHYZM IHG KEZCELE NI\ FHIXEDGCHI U\ MHCIX
GBCD S ¡YKGBEKRHKE [ GBE NDDYRJGCHI HP N BHRHXEIEHYD IEGOHKW PHKR EM U\ IHMED O CGB N
boEM KNMCH KNIXE JKHGEFGD YD PKHR GBCD JKHUZER S
¡HK GBE ONGFBMHX GH OHKW JKHJEKZ\[ CG RYDG WIHO OBEKE N JNFWEG DBHYZM UE CI GOH BHJD S TI
HYK CR JZER EIGNGCHI [ GBE ONGFBMHX BND GBCD CIPHKR NGCHI UEFNYDE u�v CD N DHYKFE KHYGCIX
JKHGHFHZ S TP GBE ONGFBMHX MHED IHG BNLE GBCD CIPHKR NGCHI �PHK CIDGNIFE CP CG OEKE CR JZEV
R EIGEM HI GHJ HP N BHJVU\VBHJ KHYGCIX JKHGHFHZ  [ GBEI N RNZCFCHYD HK UKHWEI IHME FHYZM
UKHNMFNDG GBE JNFWEG GH N IHIVEo CDGCIX IHME NIM GBE ONGFBMHX OHYZM BNLE IH ON\ HP
WIHO CIX S t EFNYDE HP GBCD ZCR CGNGCHI [ GBE ONGFBMHX Î ��Ï� ü�� q �� q�Ë �p � ��r�Í� ��rq��s
Ë ��q�Í��SuYE GH GBE ZCR CGNGCHID JKEDEIGEM NUHLE [ KEFEIG DGYMCED ë¬e BNLE JKHJHDEM NZGEKINGCLED
GH GBE ONGFBMHX GEFBIC]YE GBNG JKHL CME MEGEFGCHI FNJNUCZCGCED GH R HICGHKCIX IHMED S cI
CIGEKEDGCIX GEFBIC]YE JKEDEIGEM CI ë¬e CD UNDEM HI Ë ��ü� Ë�ÍÏ �q� GBNG NKE DEIG GHXEGBEK
O CGB KENZ MNGN GKNz F CI HKMEK GH CIPEK GBE PHKONKMCIX UEBNLCHK HP KEZN\ IHMED HI GBE JNGB
PKHR N DHYKFE GH GBE FHKKEDJHIMCIX MEDGCINGCHI S TG CD HYG HP GBE DFHJ E HP GBCD GBEDCD GH
JKEFCDEZ\ MEDFKCU E GBE JKHUCIX GEFBIC]YE ± PHK HYK JYKJHDED CG CD DYz FCEIG GH PH FYD HI GBE
KE]YCKER EIGD HP GBCD NZGEKINGCLE GEFBIC]YE S ABE RNCI JKHUZER O CGB JKHUE JNFWEGD CD GBNG
GBE\ RYDG U E CIMCDGCIXYCDBNUZE PKHR KENZ MNGN JNFWEGD ± CIMEEM [ N DEZbDB IHME OHYZM DCRJZ\
BNLE GH PHKONKM JKHUE JNFWEGD NIM MKHJ MNGN JNFWEGD GH GKCFW GBE MEGEFGCHI REFBNICDR S
TI HKMEK GH NJJZ\ N �UZCIMCIX � PYIFGCHI GH JKHU E JNFWEGD GBE NYGBHKD KEZ\ HI DHR E FK\JV
GHXKNJBCF JKCR CGCLED GBNG CI GYKI IEEM GBE MCDGKCUYGCHI HP WE\CIX RNGEKCNZ GH NZZ IHMED HP
GBE IEGOHKW S ABYD [ N DEFYKCG\ CIPKNDGKYFGYKE CD IEEMEM CI HKMEK GH YDE GBCD NZGEKINGCLE
MEGEFGCHI GEFBIC]YE S
c ZGEKINGCLEZ\[ CG OHYZM UE CIGEKEDGCIX GH EoJZHKE MEGEFGCHI GEFBIC]YED UNDEM HI �ÍÏ��Î �Ú��s �¡ �� q ¢£ Û¤¥ ¡ ����s �� ± CG CD J HDDCU ZE GH MCª EKEIGCNGE cQ¦ REDDNXED CI GOH FNGEXHKCED S
|I HIE BNIM [ EIMVGHVEIM NFWIHO ZEMXER EIGD JKHLCME N PNCZYKE MEGEFGCHI REGBHM PHK N
JNFWEG GKNLEZZCIX PKHR N DHYKFE GH CGD MEDGCINGCHI S ÖHOELEK [ CG OHYZM UE CRJHDDCU ZE PHK
GBE DHYKFE HP GKNz F GH MCDGCIXYCDB OBCFB IHME HI GBE JNGB PNCZEM GH PHKONKM MNGN JNFWEGD S
¡YKGBEKRHKE [ EIMVGHVEIM cQ¦ REDDNXED OHYZM CIGKHMYFE N KEZNGCLEZ\ BCXB GKNz F HLEKBENM
CI GBE IEGOHKW S
|I GBE HGBEK BNIM [ BHJVU\VBHJ cQ¦ REDDNXED OHYZM BEZJ GH YIC]YEZ\ CMEIGCP\ GBE DEZbDB
IHME HI GBE JNGB ± BHOELEK [ CIGEXKCG\ NIM NYGBEIGCFNGCHI HP BHJVU\VBHJ cQ¦ REDDNXED CD
CRJEKNGCLE CI HKMEK GH NLHCM PNUKCFNGCHI HP cQ¦ REDDNXED CI GBE DNR E ON\ GBNG BNLE U EEI
MEDFKCU EM PHK GBE PNUKCFNGCHI HP PNZDE KHYGCIX CIPHKR NGCHI �DEE QBNJGEK n  S ÖHJVU\VBHJ
cQ¦ REDDNXED OHYZM CIGKHMYFE N BCXB GKNz F HLEKBENM CI GBE IEGOHKW NIM GBECK XEIEKNV
GCHI NIM GKNIDR CDDCHI OHYZM CIFKENDE EIEKXEGCF FHIDYRJGCHI S
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TI FHIFZYDCHI [ ELEI CP GBE ONGFBMHX GEFBIC]YE BND DHR E CIBEKEIG CDDYED MYE GH GBE ®¯n S²²
dcQ JKHGHFHZ PYIFGCHICIX [ CG MHED IHG CIGKHMYFE NI\ NMMCGCHINZ GKNz F HLEKBENM CI GBE
IEGOHKW NIM GBE EIEKXEGCF FHIDYRJGCHI FNI UE FHIGKHZZEM U\ RHMCP\ CIX GBE ONGFBMHX
DNRJZCIX PKE]YEIF\S ¡YKGBEKRHKE [ ND EoJZNCIEM CI GBE PHZZHO CIX DEFGCHI ë S¸ [ GBE Eª EFG HP
ELEIGYNZ EKKHKD MYE GH PNZDE MEGEFGCHI [ HK MYE GH DJHKNMCF IHME R CDU EBNL CHK U EFNYDE HP
N GERJHKNK\ PNCZYKE [ FNI UE R CGCXNGEM U\ CIGKHMYFCIX GBE KEJYGNGCHI R EGKCF ± RHKE GBNI
HIE HUDEKLNGCHI CD IEEMEM GH CIPEK GBE U EBNLCHK HP N IECXBUHK NIM NDDCXI N FHKKEDJHIMCIX
KEJYGNGCHI LNZYE S

í ¼¨ 0 ¿õÁÄðÄÃÆò _ ðòð`¿Â

ABCD DEFGCHI MEDFKCU ED BHO KEJYGNGCHI CD ELNZYNGEM CI Q|v» S |YK DFBER E CD UNDEM HI
GBKEE G\J ED HP KEJYGNGCHI NIM PHZZHO CIX OE DBHO BHO GBE\ NKE FHRUCIEM S v EJYGNGCHI CD
PHKR EM NIM YJMNGEM NZHIX GCR E GBKHYXB ����Ò� �Ð���Ù������ NIM [ �Ë q����� �û [ GBKHYXB
������Ò� ��ÿ��Õ����� JKHLCMEM U\ HGBEK EIGCGCED HP GBE IEGOHKW S ¡YKGBEKR HKE [ OE GNWE
GBE DGNIFE GBNG KEJYGNGCHI CD FHRJHDCGCHINZ ± GBE HLEKNZZ HJCICHI HI NI EIGCG\ GBNG U EZHIXD
GH GBE IEGOHKW CD HUGNCIEM ND N KEDYZG HP GBE FHRUCINGCHI HP MCªEKEIG G\J E HP ELNZYNGCHID S
wE MEbIE N ����Ò� ��Ñ������� [ NI ������Ò� ��Ñ������� NIM N ÿ��Ò�����Ó ��Ñ������� S
ABE KEJYGNGCHI R NINXEK FHRJHIEIG KEFECLED N JKEMEbIEM IYRUEK HP JNDG MCKEFG HUDEKLNV
GCHID FHZZEFGEM GBKHYXB GBE RHICGHKCIX FHRJHIEIG NIM DGHKED GBER CI N MNGN DGKYFGYKE
GBNG OE FNZZ v EJYGNGCHI ANUZE �vA   [ ND MEJCFGEM CI GNUZE ë S¸ Së S ABEDE MCKEFG HUDEKLNGCHID
NKE YDEM GH FNZFYZNGE GBE MCKEFG KEJYGNGCHI KNGCIXD GBNG GBE R HICGHKCIX IHME NDDHFCNGED GH
BEK IECXBUHKD S
v EJYGNGCHI CIPHKR NGCHI DGHKEM CI GBE vA CD GBEI RNME NLNCZNUZE PHK ]YEKCED CI CGCNGEM U\
GBE JYICDBR EIG FHRJHIEIG [ OBCFB YDED KEJYGNGCHI KNGCIXD GH JKHL CME HK MEI\ DEKLCFE GH
IECXBUHKCIX IHMED [ ND MEDFKCU EM CI DEFGCHI ë Sì S
¡HZZHO CIX OE MEDFKCU E MCª EKEIG ��Ñ������� �ÞÑ�� GBNG NKE YDEM U\ Q|v» S

á â© âä ª §�¥¨¤ = ¥@o¤¦¤§èç

wE YDE GBE GEKR MCKEFG KEJYGNGCHI OBEI KEPEKKCIX GH GBE KEJYGNGCHI FNZFYZNGEM MCKEFGZ\
PKHR N DYU¢ EFG yD HUDEKLNGCHI GBKHYXB GBE RHICGHKCIX REFBNICDR S ABE MCKEFG KEJYGNGCHI
ELNZYNGEM U\ IHME

ni

NG �MCDFKEGE  GCR E Ï CD FNZFYZNGEM YDCIX N OECXBGEM R ENI HP GBE
HUDEKLNGCHID y KNGCIX PNFGHKD [ XCL CIX RHKE KEZELNIFE GH GBE JNDG HUDEKLNGCHID« S ABE XEIEKNZ
PHKRYZN GH FNZFYZNGE N MCKEFG KEJYGNGCHI CD ±

rk
ni

(nj|f) =
k
∑

l=k−B

ρ(B, l) σl

�ë Sn 

¬)�� ��
��� �� ���� �����
��� ��  ���� �� �
�� ������
����� �� ��
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OBEKE
rk
ni

(nj|f)
DGNIMD PHK GBE MCKEFG KEJYGNGCHI LNZYE FNZFYZNGEM NG GCR E Ï U\ IHME

niGBNG KEJKEDEIGD IHME
nj

yD U EBNL CHK O CGB KEDJ EFG GH GBE PYIFGCHI p S
σl

KEJKEDEIGD GBE KNGCIX PNFGHK XCLEI GH GBE �ÚqÌ HUDEKLNGCHI ND MEbIEM CI E]YNGCHI �ë S²  S
B

CD NI CRJHKGNIG JNKNREGEK GBNG MEGEKR CIED GBE IYRUEK HP HUDEKLNGCHID IEEMEM GH ELNZV
YNGE GBE KEJYGNGCHI S �KNFGCFNZZ\[

B
CD GBE DC«E HP GBE �Ü �bKDG CI [ bKDG HYG  ür® �� GBNG

DGHKED YJ GH
B

HUDEKLNGCHID ±
< σk−B, σk−B−1, ..., σk−1, σk >

ρ(B, l)
CD N GCR E MEJEIMEIG PYIFGCHI GBNG XCLED BCXBEK KEZELNIFE GH JNDG LNZYED HP

σl
S

c D EoJZNCIEM CI DEFGCHI ë S° [ N IEO HUDEKLNGCHI CD R NME PHK ELEK\ JNFWEG GBNG IHME
niDEIMD �ND N DHYKFE HK ND N KEZN\   GH IHME

nj

S w BEI N IEO HUDEKLNGCHI
σk

CD NLNCZNUZE [ GBE
KEJYGNGCHI R NINXEK YJMNGED

rk
ni

(nj|f)
± GBE HZMEDG HUDEKLNGCHI CI GBE UYªEK CD EKNDEM NIM

GBE IEO HUDEKLNGCHI CD CIDEKGEM CI GBE KCXBGVRHDG JHDCGCHI HP GBE UYª EK S
¡HZZHO CIX OE JKHLCME NI EoNRJZE HP GBE MCKEFG KEJYGNGCHI ELNZYNGCHI JKHFEDD GBKHYXB N
dcAýct DCRYZNGCHI S ABE MCKEFG KEJYGNGCHI FHRJHIEIG KEFECLED ND CIJYG N �DCRYZNGEM �
UEBNLCHK JNGGEKI ND CP CG OND XEIEKNGEM U\ GBE ONGFBMHX REFBNICDR ± GBE U EBNLCHK JNGGEKI
CD PHKR EM U\ N DGKENR HP HUDEKLNGCHID R NME U\ IHME

ni

HI GBE U EBNL CHK HP IHME
nj

NIM
GBE HUDEKLNGCHI HYGFHRED FNI GNWE GBE LNZYED {v+, v−}

S TI HYK EoNRJZED [
v+ = +1

NIM
v− = −1

S
ABE HYGJYG CD JZHGGEM ND GBE MCKEFG KEJYGNGCHI

rk
ni

(nj|f = PF )
OBEKE GBE R HICGHKEM

PYIFGCHI
f

CD [ PHK EoNRJZE [ GBE JNFWEG PHKONKMCIX PYIFGCHI ��¡  S
ABE KEJYGNGCHI LNZYE FNI UE CRJZER EIGEM U\ HUDEKLCIX GBNG E]YNGCHI �ë Sn  CD IHGBCIX UYG
GBE EoJKEDDCHI HP N bICGE CR JYZDE KEDJHIDE �¡ Tv  bZGEK S ¡ Tv bZGEKD BNLE GBE MCDGCIFGCLE
GKNCG GBNG GBECK CRJYZDE KEDJHIDE ZNDGD PHK N bICGE MYKNGCHI HP GCR E S ABE CIJYGVHYGJYG
PYIFGCHI CI GBE GCR E MHRNCI BND GBE PHZZHO CIX IHIVKEFYKDCLE EoJKEDDCHI ±

a1 ∗ y[n] = b1 ∗ x[n] + b2 ∗ x[n − 1] + ... + bB ∗ x[n − B]
�ë S¹ 

»oJKEDDCHI �ë S¹  FNI U E KEVO KCGGEI CI GBE ¯ VGKNIDPHKR MHRNCI ND PHZZHO D ±

H[z] =
Y [z]

X[z]
=

b1 + b2z
−1 + b3z

−2 + ... + bBz−B

a1

�ë Së 
OBEKE

B
KEJKEDEIGD NXNCI GBE IYRUEK HP JNDG CIJYGD �C SE S JNDG HUDEKLNGCHID  GBNG NKE

GNWEI CIGH NFFHYIG PHK GBE HYGJYG ELNZYNGCHI �C SE S GBE KEJYGNGCHI LNZYE  S ABE �FHRJZEo  
KHHGD HP GBE JHZ\IHR CNZ CI GBE IYREKNGHK HP EoJKEDDCHI �ë Së  NKE FNZZEM °���� [ OBCZE GBE
KHHGD HP GBE MEIHR CINGHK NKE FNZZEM Ñ�Ó�� S TG CD HYG HP GBE DFHJ E HP GBCD GBEDCD GH JKHL CME
GBE UNDCD PHK GBE YIMEKDGNIMCIX HP MCXCGNZ b ZGEK MEDCXI [ UYG OE JKHLCME DHR E IHGNGCHI
GBNG O CZZ U E YDEM CI GBE PHZZHO CIX S c D CG CD J HDDCU ZE GH DEE CI E]YNGCHI �ë Së  [ GBE GKNIDPEK
PYIFGCHI FHIGNCID HIZ\ «EKHD NIM HIE JHZE �CI GBE HKCXCI   ± UEFNYDE HP GBCD JNKGCFYZNK PHKR [
N OEZZVWIHOI GBEHKER CI IYREKCFNZ NINZ\DCD �GBE ± û²r �� q qÌ ����¡   DGNGED GBNG ¡ Tv bZGEKD
NKE NZON\D ���Ð Ó� S ABE �r¡ ü�� NIM GBE Ë ���q��� HP GBE JHZED NIM «EKHD HP GBE GKNIDPEK
PYIFGCHI OBEI GBE\ NKE KEJKEDEIGEM HI GBE FHRJZEo JZNIE MEGEKR CIED GBE b ZGEK �DBNJE �
NIM GBE JKHJ EKGCED HP GBE b ZGEKCIX PYIFGCHI S
¡ Tv bZGEKD FNI UE HP MCª EKEIG G\J ED ± CI HYK FNDE [ OE ONIG JNDG HUDEKLNGCHID GH BNLE RHKE
KEZELNIFE GBNI IEOEDG HUDEKLNGCHID S c Ó�� ÔÑ��� ³´µ ßÓ��� KEJKEDEIGD NI EªEFGCLE ON\
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HP ELNZYNGCIX GBE MCKEFG KEJYGNGCHI PHK N IHME ± N DJHKNMCF R CDU EBNLCHK GNWE GBE PHKR HP
N CKKEXYZNK U EBNLCHKNZ JNGGEKI �C SE S GBE LEFGHK GBNG FHIGNCID NZZ GBE HUDEKLNGCHID FHZZEFGEM
GBKHYXB GCR E  O CGB ¶Ì �·Ì Ú̧ ��²¹ �� Íû ¶ LNKCNGCHID HP GBE HUDEKLNGCHI LNZYED OBCZE N J EKDCDGCIX
R CDU EBNLCHK HK ZEXCGCR NGE U EBNLCHK KEDYZG CI ¶��Î Ú̧ ��²¹ �� Íû ¶ LNKCNGCHID HP GBE U EBNL CHKNZ
JNGGEKI S c DCRJZE ZHOVJNDD b ZGEK �����ÿ�� ÿ��Ò���� FNI UE YDEM GH MCDFEKI FHIGCIYHYD
R CDU EBNLCHK PKHR N DJHKNMCF R CDU EBNLCHK S
TI GBE PHZZHO CIX MCNXKNR D [ OE JKEDEIG MCª EKEIG G\J ED HP b ZGEKD U\ EºJKEDDCIX GBE FHEz FCEIGD
HP GBE IYR EKNGHK HP EºJKEDDCHI �ë Së  S wE DGNKG O CGB N ß���Ô×���� Ó�� Ñ��� ß Ó��� NIM
GBEI NMM HGBEK «EKHD �CIFKENDE GBE b ZGEK XKNME [ C SE S CIFKENDE

B
  GH R HMCP\ GBE ¶�Ì�Ë � �¸ »Ì �¼ �»�� ¶S »NFB HP GBE PHZZHO CIX bXYKED MEJCFGD ± N  GBE DCRYZNGEM UEBNLCHKNZ JNGGEKI NIM GBE

����¡ ���½ ��   KEJYGNGCHI LNZYE ELNZYNGEM O CGB GBE b ZGEK [ U   GBE �DBNJE HP GBE b ZGEK �[ C SE S GBE
R NXICGYME MCNXKNR HP GBE bZGEK NIM F  GBE ¶Ë ���Ú½ ��� ���· ��¡ ¶ OBCFB DBHO D GBE ZH FNGCHI
�C SE S GBE LNZYE  HP GBE «EKHD HI GBE YICGNK\ FCKFZE CI N FHRJZEº JZNIE S |UDEKLNGCHID NKE
R NME PHK ELEK\ JKEDEIGEM JZHG NIM NKE UNDEM HI GBE DNR E UEBNLCHKNZ JNGGEKI S ¡HZZHO CIX [
OE JKHLCME DHR E EºNRJZED HP KEJYGNGCHI KNGCIXD UNDEM HI GBE HKMEK HP GBE b ZGEK GBNG CD
YDEM GH FNZFYZNGE GBE MCKEFG KEJYGNGCHI LNZYE S

• �d CZM � KEJYGNGCHI KNGCIX

ABE bKDG ¡ T¾ bZGEK YDEM GH ELNZYNGE GBE MCKEFG KEJYGNGCHI LNZYE FNZFYZNGEM U\ IHME
ni

PHK
IHME

nj
CD N ß���Ô����� ZHO JNDD b ZGEK O CGB GBE PHZZHO CIX IYR EKNGHK FHEz FCEIG �KEPEK GH

EºJKEDDCHI �ë Së   ±
[1,−0.9]

S
¿ CNXKNR D ë Së �U   NIM ë Së �F  DBHO KEDJ EFGCLEZ\ GBE b ZGEK DBNJE NIM GBE J HDCGCHI HP GBE HIZ\
«EKH HP GBE GKNIDPEK PYIFGCHI S
ABE UEBNL CHKNZ JNGGEKI CI bXYKE ë Së �N  JKEDEIGD DHR E MCDGCIFG FHIGCIYHYD «HIED CI OBCFB
N KEXYZNK U EBNLCHK BND U EEI MEGEFGEM GBKHYXB GBE R HICGHKCIX R EFBNICDR S ABE JNGGEKI
NZDH JKEDEIG DHR E YIDGNUZE «HIED CI OBCFB GBEKE NKE BCXB PKE]YEIF\ LNKCNGCHID HP GBE
HUDEKLNGCHID MYE PHK EºNRJZE GH N PNCZYKE HP IHME

nj

HK JKHUZER D O CGB GBE R HICGHKCIX
REFBNICDR S
¡ CXYKE ë Së �N  DBHO D N KEJYGNGCHI KNGCIX GBNG BND GBE PHZZHO CIX FBNKNFGEKCDGCFD ±

² S ¾EJYGNGCHI ����Î �û � PHZZHO D N FHIGCIYHYD JNGGEKI [ UYG GBE MEGEFGCHI HP N R CDU EBNLCHK
EIGNCZD N ���Ë �� � ZHDD HP KEJYGNGCHI S

À S |I GBE HGBEK DCME [ DJHKNMCF R CDU EBNLCHK CD GKENGEM CI N ���¸ » � ON\ ± GBE KEJYGNGCHI
KEMYFGCHI KNGE CD KEMYFEM O CGB KEDJ EFG GH N DYMMEI �NIM FHIGCIYHYD  RCDU EBNL CHK S
c D CG CD JHDDCU ZE GH DEE CI GBE XKNJB [ GBE bKDG CKKEXYZNK JNKG HP GBE JNGGEKI CD IHG
DYz FCEIG GH MKHJ GBE KEJYGNGCHI LNZYE GH «EKH S ABE DEFHIM CKKEXYZNK JNKG HP GBE
JNGGEKI BND R HKE CI{YEIFE HI GBE KEJYGNGCHI LNZYE S

• �Ö NKM � KEJYGNGCHI KNGCIX



®¯ f ´ }~g� � ���������������� ���������� h�� ���� ����������� �� �����

0 50 100 150 200 250 300 350 400
−1

−0.5

0

0.5

1

k−th observation

O
bs

er
va

tio
n 

ra
tin

g

First order Low−pass Filter: a = [1] b = [1 −0.9]

0 50 100 150 200 250 300 350 400
−1

−0.5

0

0.5

1

k−th observation

R
ep

ut
at

io
n 

ra
tin

g

�
�
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

−10

−5

0

5

10

15

20

Normalized Frequency  (×π rad/sample)

M
ag

ni
tu

de
 (

dB
)

Magnitude Response in dB

�� �

−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Real Part

Im
ag

in
ar

y 
P

ar
t

Pole/Zero Plot

���
¡ CXYKE ë Së ± Á �Ó� �����× ± KEJYGNGCHI ELNZYNGEM GBKHYXB N bKDGVHKMEK ZHO JNDD ¡ T¾ bZGEK S

ABE DEFHIM ¡ T¾ bZGEK OE YDEM CD N R HMCbEM ß���Ô����� ZHO JNDD bZGEK O CGB GBE PHZZHO CIX
IYR EKNGHK FHEz FCEIG ±

[1,−0.6]
S

c XNCI [ M CNXKNR D ë S° �U   NIM ë S° �F  DBHO KEDJ EFGCLEZ\ GBE b ZGEK DBNJE NIM GBE JHDCGCHI HP
GBE HIZ\ «EKH HP GBE GKNIDPEK PYIFGCHI S
¡ CXYKE ë S° �N  DBHO D N KEJYGNGCHI KNGCIX GBNG BND GBE PHZZHO CIX FBNKNFGEKCDGCFD ±

² S ¾EJYGNGCHI ���Ë �� �û � PHZZHO D N FHIGCIYHYD JNGGEKI S ABE MEGEFGCHI HP N ZEXCGCR NGE
HK DEZbDB UEBNLCHK EIGNCZD N KNJCM XNCI HK ZHDD HP KEJYGNGCHI GBNG �DNGYKNGED � GH GBE
BCXBED HK ZHOEDG LNZYE S

À S |I GBE HGBEK DCME [ GBE KEJYGNGCHI KNGCIX FZHDEZ\ PHZZHO D DJHKNMCF R CDU EBNL CHK NIM
HDFCZZNGED U EGOEEI IEXNGCLE NIM JHDCGCLE LNZYED S

• ��HPG � KEJYGNGCHI KNGCIX
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���
¡ CXYKE ë S° ± Â��� �����× ± KEJYGNGCHI ELNZYNGEM GBKHYXB N bKDGVHKMEK ZHO JNDD ¡ T¾ bZGEK S

ABE GBCKM ¡ T¾ bZGEK OE YDEM CD N ß���Ô����� ZHO JNDD b ZGEK O CGB GBE PHZZHO CIX IYREKNGHK
FHEz FCEIG ±

[1,−0.97]
S

ABE b ZGEK DBNJE NIM GBE JHDCGCHI HP GBE HIZ\ «EKH HP GBE GKNIDPEK PYIFGCHI NKE KEDJ EFGCLEZ\
DBHOI CI MCNXKNR D ë S° �U   NIM ë S° �F  S¡ CXYKE ë S¸ �N  DBHO D N KEJYGNGCHI KNGCIX GBNG BND GBE PHZZHO CIX FBNKNFGEKCDGCFD ±

² S ¾EJYGNGCHI NDDHFCNGEM GH N FHIGCIYHYD JNGGEKI CD BNKM GH UYCZM NIM BNKM GH ZHHDE S
ABE MEGEFGCHI HP N DEZbDB UEBNLCHK MHED IHG CRREMCNGEZ\ EIGNCZ N IEXNGCLE KEJYGNGCHI
KNGCIX S

À S |I GBE HGBEK DCME [ GBE bKDG DJHKNMCF R CDU EBNLCHK JKEDEIG CI GBE U EBNLCHKNZ JNGGEKI
BND N ZHO CRJNFG HI GBE KEJYGNGCHI KNGCIXD GBNG NKE NZRHDG FHIDGNIG S ABE CRJNFG
HP GBE DEFHIM DJHKNMCF R CDU EBNLCHK BND N BCXBEK CRJNFG HI GBE KEJYGNGCHI ZHDD KNGE S

• ��]YNKE � KEJYGNGCHI KNGCIXD
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���
¡ CXYKE ë S¸ ± ��ÿ� �����× ± KEJYGNGCHI ELNZYNGEM GBKHYXB N bKDGVHKMEK ZHO JNDD ¡ T¾ bZGEK S

ÃE IHO FHIDCMEK N ��Ò���Ô����� ¡ T¾ bZGEK GBNG FYGD BCXB PKE]YEIF\ LNKCNGCHID U\ NJV
JZ\ CIX N DBNKJ b ZGEK DBNJE GH GBE U EBNLCHKNZ JNGGEKI S ABE PHZZHO CIX IYR EKNGHK FHEÄ FCEIG
BNLE U EEI YDEM ±

[1,−0.8, 0.2]
S ABE bZGEK DBNJE NIM GBE JHDCGCHI HP GBE GOH «EKHD HP GBE

GKNIDPEK PYIFGCHI NKE KEDJ EFGCLEZ\ DBHOI CI MCNXKNR D ë Sì �U   NIM ë Sì �F  S
¡ CXYKE ë Sì �N  DBHO D GBNG GBE KEJYGNGCHI KNGCIX NDDHFCNGEM GH GBE �DCRYZNGEM � JNGGEKI CD

DCR CZNK GH GBE �BNKM � KEJYGNGCHI FNDE [ UYG EºNDJ EKNGEM ± GBE KEJYGNGCHI DZHJ E CD NZRHDG
�²¹���[ NIM JKEFCDEZ\ PHZZHO D GBE U EBNLCHKNZ JNGGEKI XEIEKNGEM U\ GBE RHICGHKCIX REFBNV
ICDR S

• �º EIGZE � KEJYGNGCHI KNGCIX

ABE ZNDG b ZGEK OE YDEM GH FNZFYZNGE GBE KEJYGNGCHI KNGCIX NDDHFCNGEM GH GBE U EBNL CHKNZ
JNGGEKI YDEM CI NZZ HYK EºNRJZED CD N ��Ò���Ô����� ZHO JNDD bZGEK O CGB GBE PHZZHO CIX
FHEÄ FCEIGD ±

[1,−0.98,−0.001]
S ¿ CNXKNR D ë S® �U   NIM ë S® �F  DBHO KEDJ EFGCLEZ\ GBE b ZGEK
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���
¡ CXYKE ë Sì ± ������ �����× ± KEJYGNGCHI ELNZYNGEM GBKHYXB N DEFHIMVHKMEK ZHO JNDD ¡ T¾
bZGEK S

DBNJE NIM GBE JHDCGCHI HP GBE GOH «EKHD HP GBE ¡ T¾ bZGEK GKNIDPEK PYIFGCHI S
¡ CXYKE ë S® �N  DBHO D GBNG GBE KEJYGNGCHI DZHO Z\ CIFKENDED �HK MEFKENDED  O CGB N FHIV

DGNIG U EBNL CHK S ÖHOELEK [ NZDH DYMMEI DJHKNMCF R CDU EBNL CHK BNLE N LEK\ ZCGGZE CR JNFG HI
GBE KEJYGNGCHI ELNZYNGCHI JKHFEDD ± PHK EºNRJZE [ GBE CRJNFG HP GBE bKDG DJHKNMCF U EBNL CHK
EIFHYIGEKEM CI GBE U EBNLCHKNZ JNGGEKI CD R CGCXNGEM NIM MHED IHG EIGNCZ N ZHDD CI KEJYGNGCHI S

Å ��Ò������ ± cD OE O CZZ DBHO CI QBNJGEK ° [ GBE FBHCFE HP GBE bZGEKCIX PYIFGCHI BND NI
CRJNFG HI GBE MEGEFGCHI FNJNUCZCGCED HP Q|¾» S �KEFCDEZ\[ GBE KEJYGNGCHI GEFBIC]YE EºJHDEM
CI GBCD DEFGCHI BND GBE JKNFGCFNZ NMLNIGNXE HP R CICR C« CIX GBE JKHUZER D MYE GH EKKHKD HP
GBE Q|¾» RHICGHKCIX FHRJHIEIG [ OBCFB CD UNDEM HI GBE ONGFBMHX GEFBIC]YE S
ÃE UEZCELE GBNG GBE �R CZM �[ �DHPG � NIM �XEIGZE � KEJYGNGCHI KNGCIXD NKE U EGGEK DYCGEM PHK
N XEIEKCF DEGGCIX CI OBCFB CG CD BNKM GH JKEMCFG JBEIHREIN DYFB ND FHZZCDCHID [ CIGEKPEKEIFE
NIM GKNÄ F HLEKZHNM S Ã BEI GBHDE JBEIHREIN HFFYK [ MEGEFGCHI EKKHKD CIFKENDE �DEFGCHI ë S°
KEJHKGD HI GBE CDDYED KEZNGEM GH GBE UNDCF ONGFBMHX GEFBIC]YE  NIM GBE KEJYGNGCHI FHRJHV
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���
¡ CXYKE ë S® ± Æ���Ó� �����× ± KEJYGNGCHI ELNZYNGEM GBKHYXB N DEFHIMVHKMEK ZHO JNDD ¡ T¾
bZGEK S

IEIG RYDG FYG Hª RCDVJ EKFEJGCHI EKKHKD U\ NJJZ\CIX GBE NJJKHJKCNGE b ZGEKCIX PYIFGCHI S
¾EJYGNGCHI ELNZYNGCHI FNI NZDH U E UNDEM HI N DCRJZE PHKR HP b ZGEKCIX PYIFGCHI �GBNG OE
NZDH YDEM CI HYK DCRYZNGCHIVUNDEM LNZCMNGCHI HP Q|¾» [ DEE QBNJGEK °  [ C SE S N RHLCIXV
NLEKNXE b ZGEK O CGB O CIMHO DC«E E]YNZD GH GBE JNKNREGEK

B
S TI GBCD JNKGCFYZNK FNDE [ HIZ\

GBE JNKNREGEK
B

[ OBCFB FHKKEDJHIMD GH GBE IYRUEK HP HUDEKLNGCHID IEEMEM GH FNZFYZNGE
GBE MCKEFG KEJYGNGCHI [ BND NI CIÇYEIFE HI GBE U EBNLCHK HP GBE KEJYGNGCHI FHRJHIEIG O CGB
KEDJ EFG GH RHICGHKCIX EKKHKD S �EFGCHID ° SÀ Së NIM ¸ S² Sì CI QBNJGEK ° JKEDEIGD GBE CRJNFG
HP GBE JNKNREGEK

B
HI GBE J EKPHKR NIFE HP Q|¾» S

TI N RHKE NMLNIFEM LEKDCHI HP Q|¾» [ OE EILCDCHI GH FHIDCMEK RHKE FHRJZEº b ZGEKCIX
PYIFGCHID ± CIDGENM HP YDCIX ZHOVJNDD bZGEKD GH FYG Hª BCXBVPKE]YEIF\ LNKCNGCHID CI IHME
UEBNLCHK OE O CZZ EºJZHKE GBE CRJNFG HP YDCIX Ñ���Ð��� ß Ó���� GH DEZEFGCLEZ\ MCDFEKI JNKV
GCFYZNK U EBNLCHKNZ PKE]YEIFCED S ÃE MEER GBCD KEDENKFB MCKEFGCHI GH U E DGKHIXZ\ FHYJZEM
O CGB FHIFEJGD UHKKHOEM PKHR GKNÄ F NINZ\DCD GBEHK\S TIMEEM [ N RHKE NFFYKNGE NINZ\DCD HP
GBE GKNÄ F HLEKBENKM U\ GBE RHICGHKCIX FHRJHIEIG FNI JKHLCME GBE KEJYGNGCHI FHRJHIEIG
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O CGB RHKE CIPHKR NGCHI HI DJ EFCbF U EBNLCHKNZ PKE]YEIFCED GBNG DBHYZM UE NGGKCUYGEM GH N
DEZbDB NFGCL CG\ HP IECXBUHKCIX IHMED S

á â© âã Èçé§�¥¨¤ = ¥@o¤¦¤§èç

TI HYK DFBER E [ GBE MCKEFG KEJYGNGCHI CD ELNZYNGEM ���û FHIDCMEKCIX GBE MCKEFG CIGEKNFGCHI
UEGOEEI N DYU¢ EFG NIM CGD IECXBUHKD S Ã CGB GBE CIGKHMYFGCHI HP GBE CIMCKEFG KEJYGNGCHI R ENV
DYKE OE NMM GBE JHDDCU CZCG\ GH KEÇEFG CI HYK R HMEZ N FBNKNFGEKCDGCF HP FHRJZEº DHFCEGCED ±
GBE bINZ LNZYE XCLEI GH GBE KEJYGNGCHI HP N DYU¢ EFG CD CIÇYEIFEM NZDH U\ GBE HUDEKLNGCHID
R NME U\ HGBEK R ERUEKD HP GBE FHRRYICG\ HI GBE DNR E DYU¢ EFG S
ABE KEJYGNGCHI R NINXEK FHRJHIEIG CRJZER EIGEM CI Q|¾» �Ñ�����ÓÓÞ YDE CIMCKEFG KEJV
YGNGCHI KNGCIXD GH CRJKHLE GBE MEGEFGCHI FNJNUCZCGCED HP GBE ONGFBMHX REFBNICDR [ OBCFB
CD NUZE GH MEGEFG HIZ\ R CDU EBNLCIX IHMED GBNG NKE O CGBCI GBE O CKEZEDD KNMCH KNIXE HP GBE
RHICGHKCIX IHME S TI HKMEK GH YDE CIMCKEFG KEJYGNGCHI KNGCIXD CG CD IEFEDDNK\ GH MEbIE N
KEJYGNGCHI MCDGKCUYGCHI R EFBNICDR S dHKEHLEK [ DEFYKCG\ CDDYED DYFB ND KEJYGNGCHI CIPHKR NV
GCHI CIGEXKCG\ RYDG U E GNWEI CIGH NFFHYIG S TI GBCD DEFGCHI OE HIZ\ MEDFKCU E BHO CIMCKEFG
KEJYGNGCHI CIPHKR NGCHI CD YDEM NIM FHRUCIEM O CGB MCKEFG KEJYGNGCHI KNGCIXD S TI DEFGCHI
ë S° OE MCDFYDD CI RHKE MEGNCZ GBE CRJZCFNGCHID NIM GBE KE]YCKER EIGD GBNG NKE HJGCHINZZ\
IEEMEM CP CIMCKEFG KNGCIXD NKE YDEM S
ABE XEIEKNZ PHKRYZN YDEM GH ELNZYNGE GBE CIMCKEFG KEJYGNGCHI CD ±

rk
ni

(nl, nj|f) = rk
nj

(nl|f)
�ë S° 

OBEKE
rk(nl, nj|f)

MEIHGED GBE CIMCKEFG KEJYGNGCHI HP IHME
nl

ELNZYNGEM U\ IHME
nj

NG GCR E
Ï PHK GBE PYIFGCHI ¸ S ÉHGE GBNG GBE CIMCKEFG KEJYGNGCHI LNZYE PHK IHME

ni

HLEK IHME
nl

CD
E]YCLNZEIG GH GBE MCKEFG KEJYGNGCHI LNZYE PHK IHME

nj

HLEK IHME
nl

S

µ �Ñ������� ������Ð�����

¿CKEFG KEJYGNGCHI LNZYED ELNZYNGEM U\ N IHME GBKHYXB GBE ONGFBMHX GEFBIC]YE FHYZM U E
MCDGKCUYGEM GH HGBEK IHMED GH FKENGE N IEGOHKW XZHUNZ L CEO HP N IHME ÊD KEJYGNGCHI S cI\
UNM UEBNLCHK MCKEFGZ\ EºJEKCEIFEM U\ N IHME O CZZ U E KEZN\EM GH N DYUDEG HP IECXBUHKCIX
IHMED �²VBHJ IECXBUHKBHHM [ ÀVBHJ IECXBUHKBHHM HK ELEI GBE OBHZE IEGOHKW   [ DH GBNG UNM
UEBNLCHK CD M CDFHYKNXEM RHKE GBNI CP KEJYGNGCHI KER NCIEM ZHFNZ WIHO ZEMXE S c D JKEDEIGEM
CI QBNJGEK ¹ [ GBE QËÉ¡ T¿cÉA REFBNICDR DEIMD KEJYGNGCHI R EDDNXED [ KEJHKGCIX NI\
UNM UEBNLCHK OBCFB CD EºJ EKCEIFEM HK HUDEKLEM S TI QËÉ¡ T¿cÉA [ CIMCKEFG CIPHKR NGCHI CD
JKHFEDDEM GBKHYXB N FHRJZEº OECXBGCIX D\DGER FNZZEM GBE U EGN KEJYGNGCHI D\DGER �CI CGCNZZ\
JKEDEIGEM CI ²¸e  S
d NI\ HP GBE JKHUZER D PNFEM U\ MCDGKCUYGEM KEJYGNGCHI DFBER ED NKE GBE DNR E ND GBHDE PNFEM
U\ NI\ HGBEK MCDGKCUYGEM DFBERE S ¡HK EºNRJZE [ KEJYGNGCHI REDDNXED FHYZM U E Õ���ß��
HK ��Ñ Ó�Þ�� S dHKEHLEK [ KEJYGNGCHI REDDNXED R N\ GBER DEZLED U E NFFCMEIGNZZ\ Ó��� S c D
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N KEDYZG [ GBEKE CD N DGKHIX ZCWEZCBHHM GBNG DEKCHYD CIFHIDCDGEIFCED O CZZ NKCDE O CGBCI N FHRV
RYICG\ ND GH GBE KEJYGNGCHI LNZYED PHK IHMED CI GBE IEGOHKW S TP GBEDE CIFHIDCDGEIFCED FNI
UE EºJZHCGEM U\ HGBEK IHMED [ GBEI GBCD CD N DEKCHYD LYZIEKNUCZCG\S cIHGBEK CRJHKGNIG CDDYE
CD GBE LHZYR E HP ���������Ó Õ ����×�� OBCFB R N\ UE IEEMEM GH DYJJHKG GBE MCDGKCUYGEM
D\DGER S c D UNIMO CMGB RN\ U E LEK\ ZCR CGEM [ GBE JKCHKCG\ R N\ UE HI YDCIX GBE NLNCZNUZE
UNIMO CMGB PHK ER EKXEIF\ MNGN KNGBEK GBNI PHK KEJYGNGCHI CIPHKR NGCHI S
ÃE R EIGCHI GBKEE G\J ED HP U EBNLCHK OBCFB FNI XCLE KCDE GH GBKENGD OBEI KEJYGNGCHI LNZYED
NKE MCDGKCUYGEM GBKHYXBHYG NI NM BHF IEGOHKW ±

• cMLEKGCDCIX N PNZDE BCXB KNGCIX NUHYG NIHGBEK IHME ³
• cMLEKGCDCIX N PNZDE ZHO KNGCIX NUHYG NIHGBEK IHME ³
• ÉEXNGCLE MCDFKCR CINGCHI [ OBEKE N IHME KEPYDED DEKL CFED GH HIZ\ DHR E IHMED ³ GBCD FNI

UE KNIMHR HK GNKXEGEM NG FEKGNCI IHMED S

ABEDE GBKENGD FNIIHG U E NMMKEDDEM U\ FHILEIGCHINZ DEFYKCG\ R EFBNICDR D GBNG JKHL CME
CIMCKEFG KEJYGNGCHI R EDDNXED CIGEXKCG\ NIM NYGBEIGCFNGCHI S TP DCRJZE NGGNFWD J EKPHKR EM
U\ RNZCFCHYD IHMED OBH GNRJEK O CGB CIMCKEFG KEJYGNGCHI R EDDNXED FNI UE JKELEIGEM U\
REDDNXE CIGEXKCG\ LEKCbFNGCHI [ GBEKE CD IHGBCIX GH JKHGEFG NXNCIDG ÿ� Ó�� Ð�� ��������Ò
NMLEKGCDER EIGD JKHLCMEM U\ R NZCFCHYD IHMED GBNG ONIG GH CDHZNGE ZEXCGCR NGE IHMED S
TI DEFGCHI ë S¸ OE DYXXEDGEM GH OECXBG CIMCKEFG KEJYGNGCHI NMLEKGCDER EIGD U\ YDCIX ZH FNZ
KEJYGNGCHI LNZYED NGGKCUYGEM GH GBE NMLEKGCDCIX IHME ± GBE ¢YMXREIG HP N GKYDGEM IHME
�CI GBE DEIDE GBNG DBE BND N XHHM KEJYGNGCHI   OECXBGD R HKE GBNI GBE HIE FHR CIX PKHR
N KEZNGCLEZ\ GKYDGEM IHME S c ZDH CI QËÉ¡ T¿cÉA [ GBKHYXB GBE U EGN KEJYGNGCHI D\DGER [
CIMCKEFG CIPHKR NGCHI CD OECXBGEM UNDEM HI GBE KEJYGNGCHI HP GBE DHYKFE HP CIPHKR NGCHI S
ÖHOELEK OE FZNCR GBNG GBCD NJJKHNFB CD ��� ��Ø Ò���� GH NDDYKE N LNZYNUZE KEJYGNGCHI
ELNZYNGCHI S TIMEEM [ GBEKE CD IHGBCIX GBNG JKELEIGD NI NGGNFWEK GH U EBNLE CI N ZEXCGCR NGE
ON\ NIM XNCI KEJYGNGCHI CI HKMEK GH MCªYDE �FKEMCUZE � PNZDE CIPHKR NGCHI S
TI FHIFZYDCHI OE UEZCELE GBNG KEJYGNGCHI CIPHKR NGCHI ����Ó� ��� UE MCDGKCUYGEM [ UYG
OE MEDCXIEM QË¾» GH U E FHRJZCNIG O CGB GBE ELEIGYNZ YGCZC«NGCHI HP CIMCKEFG KEJYGNGCHI
CIPHKR NGCHI S ÃE DYXXEDG BHOELEK GH EºJZHKE GBE JKHJ EKGCED HP N LHGCIX D\DGER YDEM ND
N FHRJZER EIGNK\ R EFBNICDR GH LNZCMNGE CIMCKEFG KEJYGNGCHI CIPHKR NGCHI S TP OE NDDYRE
RNZCFCHYD IHME FHZZYDCHI GH U E ZCR CGEM [ N DCRJZE R N¢ HKCG\ LHGE HLEK NI CIMCKEFG KEJYGNGCHI
LNZYE FHYZM U E DYÄ FCEIG GH JKELEIG GBE GBKENGD MEDFKCU EM CI GBCD DEFGCHI S ¡YKGBEKR HKE [
CI DEFGCHI ë S¬ OE JKHJHDE N LNKCNGCHI HP GBE RHICGHKCIX REFBNICDR GBNG CD YDEM GH MEGEFG
ELEIGYNZ IHME R CDU EBNLCHK NZDH OBEI GBE R HICGHKCIX IHME CD IHG MCKEFGZ\ CILHZLEM CI N
KE]YEDGHKöJKHLCMEK KEZNGCHIDBCJ �ND MEbIEM CI DEFGCHI ë Së  S
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ÃE YDE GBE GEKR PYIFGCHINZ KEJYGNGCHI OBEI KEPEKKCIX GH MCKEFG NIM CIMCKEFG KEJYGNGCHI
CIPHKR NGCHI FNZFYZNGEM O CGB KEDJ EFG GH MCªEKEIG PYIFGCHID ¸ S Ã CGB GBE CIGKHMYFGCHI HP GBCD
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ZNDG G\J E HP KEJYGNGCHI CI HYK R HMEZ OE NMM GBE JHDDCU CZCG\ GH FNZFYZNGE N XZHUNZ LNZYE HP
N EIGCG\ ÊD KEJYGNGCHI GBNG GNWED CIGH NFFHYIG MCªEKEIG HUDEKLNGCHIöELNZYNGCHI FKCGEKCYR S
c D NI EºNRJZE [ IHME

ni

FNI ELNZYNGE GBE MCKEFG KEJYGNGCHI
rk
ni

(nj|f(packetforwarding))HP IHME
nj

O CGB KEDJ EFG GH GBE JNFWEG PHKONKMCIX PYIFGCHI NIM GBE MCKEFG KEJYGNGCHI
rk
ni

(nj|f(routing))
O CGB KEDJ EFG GH GBE KHYGCIX PYIFGCHI NIM FHRUCIE GBER YDCIX MCª EKEIG

OECXBGD GH HUGNCI N XZHUNZ KEJYGNGCHI LNZYE HI IHME
nj

S
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¾EJYGNGCHI CIPHKR NGCHI CD FHRUCIEM YDCIX GBE PHZZHO CIX PHKRYZN ±

rk
ni

(nj) =
∑

x∈{PF,R}

wx







rk
ni

(nj| fx) +
∑

z∈{neighborhood}

λzr
k
ni

(nj, nz| fx)







�ë S¸ 

OBEKE
x ∈ {PF,R} GNWED CIGH NFFHYIG GBE PYIFGCHID �Ï Ð JNFWEG PHKONKMCIX [ Ñ Ð KHYGV

CIX   GBNG IEEMD GH U E RHICGHKEM NIM
z ∈ {neighborhood} KEJKEDEIG GBE IECXBUHKBHHM GBNG

CD YDEM GH FHZZEFG CIMCKEFG KEJYGNGCHI CIPHKR NGCHI [ ND MCDFYDDEM CI DEFGCHI ë S¸ SÀ S
wx

KEJKEDEIGD GBE OECXBG �C SE S GBE CR JHKGNIFE  NDDHFCNGEM GH GBE ENFB PYIFGCHINZ KEJYGNV
GCHI LNZYE S
λz

CD N OECXBG NDDHFCNGEM GH GBE CIMCKEFG KEJYGNGCHI CIPHKR NGCHI JKHLCMEM U\ IHME
nz

S
λzCD M CKEFGZ\ KEZNGEM GH GBE KEJYGNGCHI LNZYE �CP JKEDEIG  NDDCXIEM U\ IHME

ni
GH IHME

nz
S

TIMCKEFG KEJYGNGCHI CD OECXBGEM UNDEM HI GBE KEJYGNGCHI KNGCIX NDDHFCNGEM GH GBE CIPHKR EK S
c BCXB LNZYE HP

λz

FHKKEDJHIMD GH N IHME O CGB N BCXB KEJYGNGCHI LNZYE [ NIM LCFELEKDN S
TIMCKEFG CIPHKR NGCHI JKHLCMEM U\ FHHJEKNGCIX IHMED BND NI CRJHKGNIG CRJNFG HI GBE FNZFYV
ZNGCHI HP GBE bINZ KEJYGNGCHI LNZYE PHK GBE IHME GBNG CD U ECIX ELNZYNGEM OBCZE CIPHKR NGCHI
JKHLCMEM U\ IHIVFHHJEKNGCIX IHMED BND ZEDD CIÇYEIFE HI GBE bINZ KEJYGNGCHI LNZYE S
rk
ni

(nj)
KEJKEDEIGD N XZHUNZ KEJYGNGCHI [ GBNG CD [ GBE NXXKEXNGE KEJYGNGCHI GBNG FHRUCIED

MCKEFG [ CIMCKEFG NIM PYIFGCHINZ KEJYGNGCHI CIPHKR NGCHI S
ÒEDCMED GBE XZHUNZ KEJYGNGCHI LNZYE [ CG CD CR JHKGNIG GH WIHO BHO KEZCNUZE CD GBNG LNZYE S
c ZGBHYXB GBEKE NKE N ZHG HP EZER EIGD GBNG FNI UE GNWEI CIGH NFFHYIG GH FNZFYZNGE BHO
KEZCNUZE N XZHUNZ KEJYGNGCHI CD [ OE JKHJHDE GOH HP GBER ± GBE IYRUEK HP ELNZYNGCHID YDEM
GH FNZFYZNGE GBE bINZ KEJYGNGCHI LNZYE NIM CGD LNKCNIFE S ÖHOELEK [ OE FHIDCMEK GBE YDE
HP CIMCKEFG KEJYGNGCHI N MEZCFNGE JKHUZER GBNG IEEM GH U E MCDFYDDEM CI RHKE MEGNCZD S TP
GBE XZHUNZ KEJYGNGCHI LNZYE CD FNZFYZNGEM YDCIX ���û ����Í» �ü� ��3�»���� �HLEK GBE GNKXEGEM
PYIFGCHID  [ CGD KEZCNUCZCG\ CD CIFKENDEM ± HIZ\ EKKHKD FNYDEM U\ GBE ONGFBMHX REFBNICDR IEEM
GH U E GNWEI CIGH NFFHYIG S

¾EJYGNGCHI CIPHKR NGCHI CD DGHKEM CI N ¾EJYGNGCHI ANUZE �¾A   GBNG CD MEbIEM ND N
ZH FNZ MNGN DGKYFGYKE R NINXEM U\ ENFB IEGOHKW EIGCG\S »NFB KHO HP GBE GNUZE CIFZYMED
GBE KEJYGNGCHI MNGN J EKGNCI CIX GH N IHME S »NFB KHO FHIDCDGD HP PHYK EIGKCED ± GBE YIC]YE
CMEIGCbEK HP GBE EIGCG\[ N FHZZEFGCHI HP KEFEIG MCKEFG HUDEKLNGCHID R NME HI GBNG EIGCG\ ÊD
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UEBNLCHK [ N ZCDG HP GBE KEFEIG CIMCKEFG KEJYGNGCHI LNZYED JKHLCMEM U\ HGBEK EIGCGCED NIM
GBE LNZYE HP GBE KEJYGNGCHI ELNZYNGEM GBKHYXB EºJKEDDCHI éë S¸ê PHK N JKEMEbIEM PYIFGCHI S
ANUZE ë S¸ Së DBHO D N G\JCFNZ ¾A PHK N MEbIEM PYIFGCHI ¸ S

± ��� ~�� ë��» ì �ü� ��3�»���� ������Í» Ñ�Ë ¹»�»��� Ñ�Ë ¹»�»���
nj σj

k−B, σj
k−(B−1), ..., σ

j
k rk

ni
(nj, nl|f), rk

ni
(nj, nt|f), ... rk

ni
(nj|f)

nm σm
k−B, σm

k−(B−1), ..., σ
m
k rk

ni
(nm, nt|f), rt

ni
(nm, nl|f), ... rk

ni
(nm|f)SSS SSS SSS SSS

ANUZE ë SÀ ± ¾EJYGNGCHI ANUZE DGHKEM CI IHME
ni

PHK PYIFGCHI ¸

í ¼í îÁòÃÊaô¿òÄ ô¿ÀaðòÃÊô

ABCD DEFGCHI MEDFKCU ED GBE JYICDBREIG R EFBNICDR YDEM U\ QË¾» GH DEZEFGCLEZ\ FNDGCXNGE
N DEZbDB UEBNLCHK MEGEFGEM GBKHYXB GBE R HICGHKCIX REFBNICDR NIM JKHFEDDEM U\ GBE KEJV
YGNGCHI RNINXER EIG FHRJHIEIG S ABE JYICDBR EIG R EFBNICDR UNDED CGD NFGCHID HI GBE
CIPHKR NGCHI JKHLCMEM U\ GBE KEJYGNGCHI FHRJHIEIG ± MYKCIX N XEIEKCF KE]YEDGHKöJKHL CMEK
GKNIDNFGCHI [ ND MEDFKCU EM CI DEFGCHI ë Së [ GBE JKHLCMEK IHME [ �ï�ï GBE IHME GBNG CD NDWEM GH
EºEFYGE GBE PYIFGCHI

f
éGBE JNFWEG PHKONKMCIX PYIFGCHI [ PHK EºNRJZEê [ LEKCbED GBE KEJYGNV

GCHI LNZYE NDDHFCNGEM GH GBE KE]YEDGHK S c JKEMEbIEM GBKEDBHZM
Pth

MEGEKR CIED OBEGBEK GBE
KEJYGNGCHI ENKIEM U\ GBE KE]YEDGHK CD EIHYXB GH UE EIGCGZEM O CGB GBE KCXBGD HP U ECIX DEKLEM S
c D NI EºNRJZE [ CP IHME

nj

KE]YEDGD GBE EºEFYGCHI HP GBE JNFWEG PHKONKMCIX PYIFGCHI GH GBE
JKHLCMEK IHME

ni

[
ni

FBEFWD OEGBEK
rk
ni

(nj) ≥ Pth

S TI IHME
nj

ÊD KEJYGNGCHI CD BCXB EIHYXB [
GBE JKHLCMEK IHME

ni

MH IHG MELCNGE PKHR N IHKR NZ U EBNLCHK [ �ï�ï DEKLED GBE KE]YEDGHK U\
EºEFYGCIX GBE KE]YEDGEM PYIFGCHI

f
S ËI GBE FHIGKNK\[ CP GBE KEJYGNGCHI KNGCIX HP IHME

njPNZZD U EZHO GBE JYICDBREIG GBKEDBHZM
Pth

[ GBE JKHLCMEK MEICED DEKL CFE JKHLCDCHI U\ DCR V
JZ\ ðñòÑÑ óô× õö÷ ñ÷�ø÷ùõ HP GBE DEZbDB IHME S úHK EºNRJZE [ GBE JYICDBREIG GBKEDBHZM
Pth = 0

NFGCLNGE GBE JYICDBREIG REFBNICDR PHK IHMED GBNG BNLE N IEXNGCLE KEJYGNGCHI
KNGCIX S
TG CD CRJHKGNIG GH JHCIG HYG GBNG HIZ\ KE]YEDGD òñó× óôûõ÷ð U\ GBE � ��·Ìü����· DEZbDB IHME
nj

NKE MKHJJEM S
ABE PHZZHO CIX EºNRJZE CZZYDGKNGED N JYICDBREIG CIÇ CFGEM U\ IHME

ni
GH GBE DEZbDB IHME

njéO CGB
rk
ni

(nj) < Pth

ê GBNG GK\ GH DEIM JNFWEGD GH GBE MEDGCINGCHI
nb

S c D CG CD JHDDCU ZE GH
DEE CI bXYKE ë Sü [ HIZ\ JNFWEGD GBNG BNLE

IPS = nj

NKE MKHJJEM � óõöòøõ ûôÞ ôòõóßÒûÔ
õóòô [ OBCZE JNFWEGD HKCXCINGEM CI IHME

na

NKE KEZN\EM S ABCD CD MHIE CI HKMEK GH GNWE CIGH
NFFHYIG GBE J HDDCU CZCG\ HP N ù÷ Ó÷ÒõóÙ÷ ù÷ Óß ùö Ð ÷öûÙ óòñ CI OBCFB GBE DEZbDB IHME

nj

HIZ\
R CDU EBNLE O CGB IHME

ni

UYG IHG O CGB IHME
nl

S
ABE JHGEIGCNZ GBKENG FNYDEM U\ N DEZbDB IHME GBNG RHMCbED GBE T� DHYKFE bEZM é

IPS

ê HP
BEK HOI JNFWEGD RYDG U E NMMKEDDEM GBKHYXB GBE CIGEXKNGCHI HP N DEFYKE KHYGCIX R EFBNICDR
GBNG JKELEIGD GBCD G\J E HP Õ òðóßÒûõóòô ûõõûÒ÷ù S
Ò\ YDCIX GBE KEJYGNGCHI KNGCIXD ELNZYNGEM U\ QË¾» [ N IHME FNI XKNMYNZZ\ MEI\ IEGOHKW
YGCZCýNGCHI GH IECXBUHKCIX DEZbDB IHMED þ BHOELEK [ GBE JYICDBR EIG REFBNICDR BNLE NI
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nj ni
nl

nk

nm

na

nb

UID

IPS = IPna

IPD = IPnb

MACS = MACni

MACD = MACnj

UID

IPS = IPnj

IPD = IPnb

MACS = MACni

MACD = MACnj

requestor 

provider 

úCXYKE ë Sü þ �YICDBREIG EºNRJZE þ JKHLCMEK
ni

MEICED KEZN\ CIX JNFWEGD HKCXCINGEM U\ IHME
nj

E�EFG HIZ\ HI ¶� ��¼ �Ì � �¹�Í�� ¶S TIMEEM [ DEZbDB IHMED FNI DGCZZ ñ÷Ò÷óÙ÷ JNFWEGD ND MEDGCINV
GCHID S

ABE JYICDBR EIG R EFBNICDR ���û �® �Í»� ��²¹ ��»� ¡ ��� üû � ��·Ìü����· � ��¼ �Ì �����SABE PYIMNREIGNZ CRJZCFNGCHI CD GBNG � ��¼ �Ì ����� ��� ��� � ¹� �� �� Ë ��3����� U\ ZEXCGCR NGE
IHMED S ¿EJEIMCIX HI GBE DEZbDBIEDD RHMEZ [ N DEZbDB U EBNL CHK FNI BNLE N ZCR CGEM MYKNGCHI
CI GCR E þ U EFNYDE HP GBE �KNGCHINZCG\ � HP GBE EIMVYDEK HJ EKNGCIX GBE IHME [ N IHME JKELCHYDZ\
GNXXEM ND R CDU EBNLCIX R CXBG FBNIXE CIGH N ZEXCGCR NGE IHME S ABE QË¾» REFBNICDR
CIBEKEIGZ\ CRJZER EIGD ûøõòÕ ûõóÒ ñ÷óôõ÷×ñûõóòô HP DEZbDB IHMED S c ZDH R CDU EBNL CIX
IHMED NKE YDEM CI GBE KHYGE MCDFHLEK\ JBNDE HP GBE KHYGCIX JKHGHFHZ NIM NKE KE]YEDGEM GH
PHKONKM MNGN JNFWEGD éCP GBE\ NKE HI GBE JNGB PKHR GBE DHYKFE HP GBE MNGN GKNÄ F GH GBE
FHKKEDJHIMCIX MEDGCINGCHI ê S TP GBE DEZbDB UEBNLCHK CD KELEKGEM GH N FHHJEKNGCLE U EBNLCHK [
IHMED BNLE GBE JHDDCUCZCG\ GH KCDE GBECK KEJYGNGCHI LNZYE NUHLE GBE JYICDBREIG GBKEDBHZM
Pth

[ GBYD XNCICIX GBE KCXBGD GH U E DEKLEM NXNCI S
TI GBE PHZZHO CIX DEFGCHI [ OE EºJZHKE NZGEKINGCLE JYICDBR EIG REFBNICDR D GBNG FHYZM U E
CRJZER EIGEM CI QË¾» [ NIM MCDFYDD GBECK NMLNIGNXED ND OEZZ ND GBECK MKNOUNFWD S

á â� âä �����ç����� @oç ��k? �ç��

QHRRYICFNGCHI DEKLCFED FNI HIZ\ U E JNKGCNZZ\ O CGBBHZM U\ GBE JYICDBR EIG R EFBNICDR
MEDFKCU EM CI DEFGCHI ë Sì þ DEZbDB IHMED FNI DGCZZ KEFECLE JNFWEGD S c FHRJZER EIGNK\ JYICDBV
R EIG R EFBNICDR GBNG FNI UE YDEM U\ ZEXCGCR NGE JKHLCMEKD GHXEGBEK O CGB GBE HIE JKEDEIGEM
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CI DEFGCHI ë Sì FHIDCDGD CI MKHJJCIX JNFWEGD GBNG IHKR NZZ\ OHYZM UE PHKONKMEM GH GBE DEZPV
CDB MEDGCINGCHI S Ò\ MHCIX DH [ GBE DEZbDB IHME OHYZM EºJEKCEIFE NI CRJHKGNIG MKHJ CI BEK
GBKHYXBJYG J EKPHKR NIFE S ÖHOELEK [ JYICDBREIG HP � ��¼ �Ì ���»���»���� KE]YCKED NI NMMCV
GCHINZ R EDDNXE DEIG U\ ZEXCGCR NGE JKHL CMEKD GH EºJZCFCGZ\ CIPHKR IECXBUHKCIX IHMED HP GBE
JYICDBR EIG NFGCHI S TIMEEM [ CI FNDE OE FHIDCMEK GBE JNFWEG PHKONKMCIX PYIFGCHI [ GBE ZEXCGV
CR NGE IHME

nk

HI GBE JNGB
< ..., nk, ni, nj >

OHYZM EKKHIEHYDZ\ MEGEFG N DEZbDB UEBNL CHK
HP GBE ZEXCGCR NGE IHME

ni

GBNG MEICED KEZN\CIX N JNFWEG GH GBE DEZbDB MEDGCINGCHI
nj

S cI
EºJZCFCG MEICNZ HP DEKL CFE R EDDNXE UKHNMFNDGEM U\ IHME

ni

[ HK NI CIMCKEFG KEJYGNGCHI REDV
DNXE NMLEKGCDCIX GBE MEGEFGCHI U\ IHME

ni
HP IHME

nj
ÊD R CDU EBNLCHK NKE IEEMEM S ÖHOELEK [

UHGB NZGEKINGCLED NKE N� EFGEM U\ GBE JKHUZER D MCDFYDDEM CI DEFGCHI ë S¸ SÀ S
cI NZGEKINGCLE JYICDBR EIG R EFBNICDR CICGCNZZ\ JKHJHDEM CI 
¸Àe NIM YDEM NZDH U\ GBE
QËÉúT¿cÉA REFBNICDR N�EFGD GBE JNGB DEZEFGCHI JKHFEMYKE CRJZER EIGEM U\ ZEXCGCR NGE
IHMED S ¾HYGED NKE KNIWEM U\ N �JNGB KNGEK � FHRJHIEIG GBNG DEZEFGD HIZ\ JNGBD O CGB IH
DEZbDB IHMED HI CG S ABE CRREMCNGE FHIDE]YEIFE CD GBNG DEZbDB IHMED NKE IHG YDEM NI\V
RHKE þ GBE\ NKE EºFZYMEM PKHR GBE IEGOHKW S ABCD NJJKHNFB CD DYCGNUZE OBEI FHIDCMEKCIX
GBE ùóÕÑÓ÷ ù÷ Óß ùöô÷ùù Õ òð÷ Ó GBNG MEbIED N FHIDGNIG IHME R CDU EBNL CHK PHK GBE OBHZE
MYKNGCHI HP GBE IEGOHKW ZCPEGCR E S Ò\ NDDYR CIX GBNG DEZbDB IHMED ô÷Ù÷ñ FBNIXE UEBNLCHK [
GBE FZELEKEDG GBCIX GH MH CD GH FHRJZEGEZ\ NIM MEbICGCLEZ\ EºFZYME GBER PKHR GBE IEGOHKW S
ÉEGOHKW JEKPHKR NIFE NKE JKHLEI GH R HMEKNGEZ\ CIFKENDE éKEPEK GH 
Àëeê SÖHOELEK [ CI GBE KENZCDGCF DFEINKCH HP N �KNGCHINZ� DEZbDB UEBNLCHK CI OBCFB IHME DEZbDBIEDD
FNI DYMMEIZ\ GYKI CIGH N FHHJEKNGCLE U EBNL CHK [ GBE FCKFYRINLCXNGCHI HP DEZbDB IHMED FHYZM
BNLE GBE HJJHDCGE E� EFG GH GBE HIE MEDFKCU EM OBEI N DCR JZE DEZbDBIEDD R HMEZ CD NDDYR EM S
ÉEGOHKW JEKPHKR NIFE FHYZM MEXKNME MYE GH GBE CIGEIDCLE YGCZCýNGCHI HP GBE KER NCICIX ZEV
XCGCR NGE IHMED S ABE HLEKNZZ IEGOHKW ZCPEGCRE CD KEMYFEM NIM UHGGZEIEFWD NKE CIGKHMYFE
CI GBE IEGOHKW S AH FHJE O CGB GBCD YIONIGEM DCMEVE�EFG [ NI NMMCGCHINZ ñ÷óôõ÷×ñûõóòô
Õ ÷ÒöûôóùÕ CD KE]YCKEM S ABE KECIGEXKNGCHI REFBNICDR FHYZM PHK EºNRJZE R NWE N JEKCV
HMCF FBEFW HI GBE IECXBUHKBHHM UEBNLCHK GH MEGEFG FBNIXED CI GBE U EBNLCHK HP JKELCHYDZ\
GNXXEM DEZbDB IHMED S TG CD HYG HP GBE DFHJ E HP GBCD GBEDCD GH MEbIE N LCNUZE KECIGEXKNGCHI
REFBNICDR þ NZDH GBE NYGBHKD HP QËÉúT¿cÉA MH IHG NMMKEDD GBCD CDDYE S

í ¼� . /0 1 ðõõ -ÃÀðÄÃÆò ¿�ðôõ -¿

ABCD DEFGCHI JKEDEIGD NI NJJZCFNGCHI EºNRJZE HP QË¾» S TI GBE PHZZHO CIX DFEINKCHD OE
NDDYRE GBNG N ù÷Òøñ÷ KHYGCIX JKHGHFHZ CD YDEM GH bIM KHYGED PKHR N DHYKFE GH GBE FHKKEV
DJHIMCIX MEDGCINGCHI NIM GBNG ELEK\ IHME JNKGCFCJNGE GH KHYGCIX HJEKNGCHID S ËI GBE HGBEK
BNIM [ OE NDDYRE GBNG IHME DEZbDBIEDD N�EFGD HIZ\ GBE JNFWEG PHKONKMCIX PYIFGCHI þ OE
GBYD DBHO EºNRJZED GBNG CZZYDGKNGE BHO QË¾» MEGEFGD N DEZbDB PHKONKMCIX U EBNL CHK NIM
BHO KEJYGNGCHI CD YJMNGEM S úYKGBEKRHKE [ OE NDDYR E GBNG KEJYGNGCHI CIPHKR NGCHI CD IHG
MCDGKCUYGEM þ HIZ\ MCKEFG KEJYGNGCHI CD YDEM GH MCDFEKI N ZEXCGCR NGE PKHR NI YIFHHJEKNGCLE
U EBNLCHK S
ABE EºNRJZE DFEINKCHD JKEDEIGEM CI GBE PHZZHO CIX BNLE UEEI DEZEFGEM GH JHCIG HYG DCGYNV
GCHID GBNG R CXBG U E FKCGCFNZ PHK GBE FHKKEFG HJ EKNGCHI HP GBE UNDCF LEKDCHI HP QË¾» O CGBHYG
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KEJYGNGCHI MCDGKCUYGCHI S ÖHOELEK [ MYE GH GBE UNDCF MEbICGCHI HP IHME DEZbDBIEDD [ �ï�ï N
IHME GBNG J EKR NIEIGZ\ MH IHG JNKGCFCJNGE GH GBE PHKONKMCIX PYIFGCHI [ OE FNIIHG DBHO
GBNG QË¾» JKHL CMED CIFEIGCLED GH FHZZNUHKNGE þ HIZ\ IHME JYICDBREIG FNI UE KEJKEDEIGEM
HI GBE PHZZHO CIX bXYKED [ GBNG CD [ CG CD J HDDCU ZE GH DBHO N ZEXCGCR NGE IHME MEI\CIX DEKLCFE
JKHLCDCHI GH N DEZbDB IECXBUHK S

• �FEINKCH � þ IH DEZbDB IHMED [ MEIDE GKNÄ F

 l: ( )PFflr k
i = �

 h: ( )PFfhr
k
g = �

 h: ( )PFfhr k
e = �

 e: ( )PFfer k
d = �

a

b

c

d

e

f

g

h

i

l

m

n

S1

D1

 d: ( )PFfdr k
a = �

Route S1�D1:

<a, d, e, h, m> 

S2

D2

 g: ( )PFfgr k
l = �

Route S2�D2:

<i, l, g, h, f> 

úCXYKE ë S�	 þ »ºNRJZE DFEINKCH � þ NZZ IHMED FHHJEKNGE [ KEJYGNGCHI CD YJMNGEM FHIDE]YEIGZ\S

ABE bKDG DFEINKCH DBHO D BHO KEJYGNGCHI CD YJMNGEM OBEI NZZ IHMED U EBNLE FHKKEFGZ\S
ú CXYKE ë S�	 KEJKEDEIGD GOH DHYKFED é

S1

NIM
S2

ê GBNG BNLE MCDFHLEKEM N KHYGE GH GBE FHKKEV
DJHIMCIX MEDGCINGCHID é

D1

NIM
D2

ê GBKHYXB GBE KHYGE MCDFHLEK\ JBNDE HP GBE ¿�¾ KHYGCIX
JKHGHFHZ þ KHYGED NKE CIMCFNGEM CI GBE bXYKE S
»LEK\ IHME HI GBE JNGB PKHR GBE DHYKFE GH GBE MEDGCINGCHI [ EºFEJG GBE ZNDG BHJ UEPHKE GBE
MEDGCINGCHI [ YJMNGED GBE MCKEFG KEJYGNGCHI LNZYE DGHKEM CI GBE ZH FNZ ¾EJYGNGCHI ANUZE þ GBE
RHICGHKCIX REFBNICDR KEJHKGD N JHDCGCLE HUDEKLNGCHI GBNG CD CIDEKGEM CI GBE HUDEKLNGCHI
UY�EK S �HDCGCLE HUDEKLNGCHID NKE FHZZEFGEM PHK ELEK\ JNFWEG GBNG CD DEIG GBKHYXB GBE FHKKEV
DJHIMCIX KHYGE NIM UHHDG GBE KEJYGNGCHI LNZYE NDDCXIEM GH GBE IEºG BHJ HI GBE KHYGE S
ABE RHKE MEIDE GBE GKNÄ F JNGGEKI é�ï�ï GBE IYRUEK HP DHYKFE [MEDGCINGCHI JNCKê GBE RHKE
KEZELNIG KEJYGNGCHI CIPHKR NGCHI CD FHZZEFGEM U\ GBE IHMED S TP OE DYJJHDE GBNG ELEK\ IHME
BND GH DEIM éND N DHYKFE HK ND N KEZN\ ê JNFWEGD GH ELEK\ HGBEK IHME HP GBE IEGOHKW NIM OE
GNWE CIGH NFFHYIG IHME RHUCZCG\[ GBEI QË¾» NDDYKED GBNG IHMED BHZM EIHYXB HUDEKLNGCHID
HI GBE U EBNLCHK HP N ZNKXE DYUDEG HP IHMED GH UYCZM N FHRJZEGE ¾EJYGNGCHI ANUZE S
ÃE NKXYE BHOELEK GBNG WEEJCIX CIPHKR NGCHI HI GBE KEJYGNGCHI HP ELEK\ IHME CD IHG IEFV
EDDNK\ � CIMEEM [ IHME �KNGCHINZCG\ � OHYZM JKHMYFE N LNKCNUZE U EBNLCHK GBNG R CXBG IHG U E
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MEGEFGEM OBEI DEZbDB IHMED RHLE NKHYIM CI GBE IEGOHKW S
dHKEHLEK [ KEJYGNGCHI CIPHKR NGCHI CD KEZELNIG HIZ\ PHK IECXBUHKCIX IHMED S »LEI CI GBE
NMLNIFEM FNDE CI OBCFB KEJYGNGCHI CIPHKR NGCHI CD MC�YDEM CI GBE IEGOHKW [ HIZ\ CIMCKEFG
KEJYGNGCHI HI ô÷ó×öÐòñóô× ôòð÷ù FNI UE YDEM S TIMEEM [ GBE JYICDBREIG REFBNICDR FNI
òô ÓÞ Ñøôóùö ô÷ó×öÐ òñù CI N KEZCNUZE ON\S ABE GBCKM DFEINKCH JKEDEIGEM CI GBCD DEFGCHI
CD U EGGEK DYCGEM GH EºJZNCI OB\S

• �FEINKCH À þ HIE DEZbDB IHME [ MEIDE GKNÄ F [ IH RHUCZCG\

 l: ( )PFflr k
i = �

 h: ( )PFfhr
k
g = �

 h: ( )PFfhr k
e = �

 e: ( )PFfer k
d = �

a

b

c

d

e

f

g

h

i

l
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n

S1

D1

 d: ( )PFfdr k
a = �

Route S1�D1:

<a, d, e, h, m> 

S2

D2

 g: ( )PFfgr k
l = �

Route S2�D2:

<i, l, g, h, f> 

úCXYKE ë S�� þ »ºNRJZE DFEINKCH À þ IHME
h

CD DEZbDB [ KEJYGNGCHI CD YJMNGEM FHIDE]YEIGZ\S

TI bXYKE ë S�� [ IHME
h

CD DEZbDB þ NZZ MNGN JNFWEGD GBNG IEEM GH U E KEZN\EM NKE MKHJJEM S
QHIDCMEKCIX GBE DNR E DHYKFE [MEDGCINGCHI JNCK ND CI bXYKE ë S�	 [ IHME

e
NIM IHME

g
MEGEFG

IHME
h
ÊD R CDU EBNLCHK U\ RHICGHKCIX BEK NFGCL CGCED O CGB KEDJ EFG GH GBE JNFWEG PHKONKMCIX

PYIFGCHI NIM MEFKENDE FHIDE]YEIGZ\ GBE KEJYGNGCHI LNZYE NDDCXIEM GH GBE DEZbDB IECXBUHK S
TP IHME

h
ÊD KEJYGNGCHI MEFKENDED U EZHO GBE JYICDBREIG GBKEDBHZM

Pth

[ IHME
e

NIM IHME
gBNLE EIHYXB EL CMEIFE GH JYICDB BEK DEZbDB UEBNL CHK S úHK EºNRJZE [ ZEG YD DYJJHDE GBNG IHME

h
BND GBE PHZZHO CIX KHYGED GH MEDGCINGCHI IHME

b
þ
< h, g, b >

[ HK NZGEKINGCLEZ\
< h, e, d, b >

S
ÉHME

h
ÊD MNGN JNFWEGD O CZZ U E MKHJJEM U\ IHME

g
CP GBE bKDG KHYGE CD YDEM [ NIM U\ IHME

eCP GBE DEFHIM KHYGE CD YDEM S

• �FEINKCH � þ HIE DEZbDB IHME éNZDH DEZEFGCLEê [ ZHO GKNÄ F [ IH RHUCZCG\

úCXYKE ë S�À KEJKEDEIGD N FKCGCFNZ DFEINKCH CI OBCFB GKNÄ F MEIDCG\ CD ZHO S cD CI GBE bKDG GOH
DFEINKCHD [ IHME

a
BND N KHYGE GH MEDGCINGCHI IHME

m
S ËI GBE KHYGE [ DEZbDB IHME

h
PNCZD
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 h: ( )PFfhr k
e = �

 e: ( )PFfer k
d = �

a

b

c

d

e

f

g

h

i

l

m

n

S1

D1

 d: ( )PFfdr k
a = �

Route S1�D1:

<a, d, e, h, m> 

S2

D2

Selfish Route S2�D2:

<h, g, b> 

úCXYKE ë S�À þ »ºNRJZE DFEINKCH � þ IHME
h

CD DEZbDB [ KEJYGNGCHI CIPHKR NGCHI IHG NLNCZNUZE
PHK IHME

g
S

GH PHKONKM MNGN JNFWEG GH GBE MEDGCINGCHI þ GBE R CDU EBNLCHK CD MEGEFGEM U\ IHME
e
[ GBNG

ELEIGYNZZ\ MKHJD IHME
h
ÊD KEJYGNGCHI UEZHO GBE JYICDBREIG GBKEDBHZM S

ÖHOELEK [ GBE HGBEK IECXBUHKCIX IHMED MH IHG BNLE EIHYXB ELCMEIFE GH YJMNGE GBE KEJV
YGNGCHI LNZYE NDDCXIEM GH IHME

h
NIM FNIIHG U E EIGCGZEM GH JYICDB BEK DEZbDB UEBNLCHK S

ABYD [ MNGN JNFWEGD O CZZ U E PHKONKMEM U\ IHME
g

HI GBE KHYGE
< h, g, b >

UEFNYDE HP N ZNFW
HP KEJYGNGCHI CIPHKR NGCHI S
ABCD EºNRJZE ERJBNDCýED GBE ZCR CGNGCHID HP QË¾» CI GBE NUDEIFE HP IHME RHUCZCG\ NIM
OBEI ZHO GKNÄ F MEIDCG\ CD J EKFECLEM CI GBE IEGOHKW S
AH FHYIGEK ZNFW HP KEJYGNGCHI CIPHKR NGCHI MYE GH DFNKFE IHME RHUCZCG\ NIM GKNÄ F JNGGEKID [
CIMCKEFG KEJYGNGCHI KNGCIXD FHYZM U E YDEM S ÖHOELEK [ KEJYGNGCHI CIPHKR NGCHI NUHYG IHME
h
ÊD U EBNLCHK ELNZYNGEM U\ IHME

e
FHYZM KENFB IHME

g
HIZ\ GBKHYXB IHME

d
[ NIM GBE �DEFHIM

BNIM � CIPHKR NGCHI OHYZM BNLE N KEZNGCLEZ\ KEMYFEM E� EFG HI IHME
g
ÊD J EKFEJGCHI S

dHKEHLEK [ CIMCKEFG KEJYGNGCHI CIPHKR NGCHI FNI UE YDEM HIZ\ GH JYICDB IECXBUHKCIX IHMED S
TIMEEM [ DYJJHDE IHO GBNG CI bXYKE ë S�À GBE DEZbDB IHME

h
BND GBE PHZZHO CIX KHYGE þ

< h, g, d, a >
S

TP OE NDDYRE GBNG IHME
e

JKHLCMEM CIMCKEFG KEJYGNGCHI CIPHKR NGCHI HI IHME
h
ÊD R CDU EV

BNL CHK GH IHME
d
[ NIM GBNG IHME

h
ÊD KEJYGNGCHI PNZZD U EZHO GBE JYICDBREIG GBKEDBHZM [

GBEI IHME
d

OHYZM UE EIGCGZEM GH JYICDB IHME
h
S TP [ HI GBE HGBEK BNIM [ IHME

g
BND IH

CIPHKR NGCHI HI IHME
h
ÊD R CDU EBNLCHK GBEI IHME

d
OHYZM UE EKKHIEHYDZ\ MEGEFGEM U\ IHME

g
ND R CDU EBNLCIX S

TI FHIFZYDCHI [ DEKCHYD CIFHIDCDGEIFCED CI KEJYGNGCHI CIPHKR NGCHI MC�YDCHI FHYZM NKCDE [ R NWV
CIX GBE JYICDBREIG R EFBNICDR ZEDD E�EFGCLE S
c JKNFGCFNZ DHZYGCHI GBNG NLHCMD GBE MCDGKCUYGCHI HP KEJYGNGCHI CIPHKR NGCHI NIM DHZLED
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GBE JKHUZER D JHCIGEM HYG U\ GBCD ZNDG DFEINKCH CD UNDEM HI NI EIBNIFEM LEKDCHI HP GBE
RHICGHKCIX R EFBNICDR [ JKEDEIGEM CI DEFGCHI ë Sü SÀ S

í ¼� � ÃÊÀÁÊÊÃÆò

ABCD DEFGCHI FHIFZYMED GBE QBNJGEK NIM JKHLCMED N MCDFYDDCHI HI GBE LNZCMNGCHI HP GBE
QË¾» REFBNICDR S úYKGBEKR HKE [ OE HYGZCIE NI EIBNIFEM LEKDCHI HP GBE R HICGHKCIX REFBV
NICDR GBNG JKHLCMED NMLNIFEM PYIFGCHINZCGCED GH N QË¾» VEINUZEM dcÉ»A CI OBCFB KEJYV
GNGCHI KNGCIXD FNIIHG U E MC�YDEM HK OBEI N DEFYKE KHYGCIX CIPKNDGKYFGYKE CD IHG NLNCZNUZE S

� �è@ ������ è � �k� � k�? �

ÃE DYRRNKCýE CI GBCD DEFGCHI GBE JKHJ EKGCED HP QË¾! O CGB KEDJ EFG GH GBE DEFYKCG\ HU" EFV
GCLED EºJHDEM CI DEFGCHI ë SÀ S
TI GBE KER CIMEK HP GBCD DEFGCHI OE NDDYR E GBNG IHMED NKE HJ EKNGEM U\ �KNGCHINZ� DEZPV
CDB EIMVYDEKD NIM GBNG ELEK\ IHME CRJZER EIGD GBE UNDCF LEKDCHI HP QË¾! [ GBNG CD [ IH
KEJYGNGCHI CIPHKR NGCHI CD MCDGKCUYGEM S

• ÅóùõñóÐøõ÷ð ûÑÑñòûÒö S QË¾! CD CRJZER EIGEM CI ENFB IHME HP GBE IEGOHKW CI N
MCDGKCUYGEM PNDBCHI [ UYG MH IHG DY�EK PKHR GBE FHBEKEIFE JKHUZER D KEZNGCLE GH G\JCFNZ
MCDGKCUYGEM NJJKHNFBED CI OBCFB KEJYGNGCHI CIPHKR NGCHI FHIDCDGEIF\ CD NI CDDYE S

• # ñòÙ óð÷ óôÒ÷ôõóÙ÷ù õò ÒòòÑ ÷ñûõ÷ Ð òõö óô ÑûÒ÷÷õ ÿòñ�ûñðóô× ûôð ñòøõóô× S
QË¾! RHICGHKD RYZGCJ ZE PYIFGCHID þ MEGEFGCHI HP DEZbDB UEBNLCHK CD PYIFGCHI DJ EV
FCbF S ¾EJYGNGCHI KNGCIXD NKE PYIFGCHI MEJEIMEIG NIM FNI UE FHRUCIEM GBKHYXB N
RHMCbNUZE éPHK EºNRJZE U\ GBE YDEKD GBNG HJ EKNGE GBE IHMEDê OECXBGCIX D\DGER S

• #øôóùö Õ óùÐ ÷öûÙ óô× ôòð÷ù S c ZZ ZH FNZZ\ MEGEFGEM DEZbDB IHMED FNI UE JYICDBEM
U\ DEZEFGCIX N JYICDBREIG GBKEDBHZM

Pth

GBNG MEGEKR CIED GBE KEJYGNGCHI IEEMEM CI
HKMEK GH U E EIGCGZEM GH U E DEKLEM S úYKGBEKRHKE [ M C�EKEIG KEJYGNGCHI �JKHb ZED � FNI
UE DEZEFGEM éPHK EºNRJZE U\ EIMVYDEKD HJ EKNGCIX GBE IHMEDê CI HKMEK GH NMNJG GH
GBE DYKKHYIMCIX EILCKHIREIG þ CP GBE IECXBUHKBHHM CD R NCIZ\ FHRJHDEM U\ GKYDGEM
IHMED [ GBE KEJYGNGCHI JKHb ZE FNI UE RHKE XKNMYNZ GBNI GBE HJJHDCGE DCGYNGCHI CI
OBCFB RHDG HP GBE IECXBUHKCIX IHMED NKE R CDU EBNLCIX S

• $ ó×öõ�÷ó×öõ ûÑÑñòûÒö S QË¾! CD N ZCXBGOECXBG R EFBNICDR CI GBE DEIDE GBNG EIV
EKX\ FHIDYRJGCHI CD ZCR CGEM GH GBE JKHR CDFYHYD RHME HJEKNGCHI S Ò\ RHMCP\ CIX GBE
RHICGHKCIX DNRJZCIX PKE]YEIF\

WDfreq

EIEKX\ FHIDYRJGCHI FNI UE PYKGBEK KEMYFEM
CI FNDE HP N ZEXCGCR NGE IECXBUHKBHHM S úYKGBEKRHKE QË¾! MHED IHG CIGKHMYFE NI\
GKNÄ F HLEKBENM DCIFE GBE MEGEFGCHI R EFBNICDR CD JNDDCLE [ NIM UEFNYDE KEJYGNGCHI
KNGCIXD NKE IHG MCDGKCUYGEM GH HGBEK IHMED UYG YDEM HIZ\ ZH FNZZ\S �EZbDB IHME KECIV
GEXKNGCHI CD NYGHR NGCF S
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• (ô÷ñ×÷õóÒ ÷ØÒ ó÷ôÒÞ S ¿YE GH CGD ZCXBGOECXBG FBNKNFGEKCDGCFD [ QË¾! CD EÄ FCEIG
PKHR GBE JHOEK FHIDYRJGCHI DGNIMJHCIG S ÉH EºGKN EIEKX\ CD IEEMEM PHK DCXINZZCIX
R EDDNXED S �HOEK FHIDYRJGCHI MYE GH GBE JKHR CDFYHYD R HME HJEKNGCHI FNI UE RHMV
YZNGEM GBKHYXB GBE ONGFBMHX DNRJZCIX PKE]YEIF\S

• µòÐøùõô÷ùù S QË¾! FNIIHG U E YDEM U\ RNZCFCHYD IHMED GH J EKPHKR MEICNZ HP DEKL CFE
NGGNFWD GH ZEXCGCR NGE IHMED S TDHZNGCHI HP FHHJEKNGCLE IHMED MYE GH GBE MCDGKCUYGCHI HP
PNZDE KEJYGNGCHI KNGCIXD CD JKELEIGEM S QË¾! CD KHUYDG NXNCIDG LNZCM EKKHK R EDDNXED
XEIEKNGEM U\ DEZbDB IHMED GBNG BNLE U EEI CDHZNGEM PKHR GBE IEGOHKW S �YICDBEM IHMED
FNIIHG YDE KHYGE EKKHK R EDDNXED GH CILNZCMNGE LNZCM KHYGED GBNG YDE ZEXCGCR NGE IHMED þ
GBE YIMEKZ\ CIX NM BHF KHYGCIX REFBNICDR é¿�¾ ê YDED ZN\EKVÀ NFWIHO ZEMXEREIGD GH
CI CGCNGE N KHYGE R NCIGEINIFE JKHFEMYKE DH GBNG HIZ\ IHME RHUCZCG\ HK PNCZYKE FNI UE
GBE FNYDE HP N KHYGE EKKHK R EDDNXE XEIEKNGCHI S

• �÷Òøñ÷ S TMEIGCG\ DJHHbIX CD JKELEIGEM CP QË¾! CD FHYJZEM O CGB N MCDGKCUYGEM WE\
RNINXEREIG DFBER E ND GBE HIE JKEDEIGEM CI QBNJGEK ì S

á â) âä ;<=> �� ��é���èç

þNZCMNGCHI HP KEJYGNGCHI UNDEM R EFBNICDR KCDE DEKCHYD JKHUZER D MEJEIMCIX HI GBE DEZPV
CDBIEDD R HMEZ YDEM GH MEDFKCU E IHME R CDU EBNLCHK S c ZGEKINGCLE FHHJEKNGCHI EIPHKFER EIG
DFBER ED UNDEM HI GBE DCRJZE DEZbDBIEDD RHMEZ CI OBCFB N IHME ÊD R CDU EBNLCHK CD J EKR NV
IEIG NKE ENDCEK GH LNZCMNGE þ PHK EºNRJZE [ DCRYZNGCHIVUNDEM NINZ\DCD HP IEGOHKW JEKPHKR NIFE
OBEI GBE QËÉúT¿cÉA REFBNICDR 
Àëe CD YDEM NKE LNZYNUZE U EFNYDE DEZbDB IHMED NKE
J EKR NIEIGZ\ MEGEFGEM NIM CXIHKEM U\ GBE KHYGCIX R EFBNICDR S TG CD EL CMEIG GBNG JNFWEG
MEZCLEK\ KNGCH CIFKENDED OBCZE GBE CRJHKGNIG R EGKCF GH R ENDYKE CD GBE MEGEFGCHI KNGE HP
IHME DEZbDBIEDD S
c DCRYZNGCHIVUNDEM NINZ\DCD HP QË¾! CD R HKE MCÄ FYZG S ú CKDG HP NZZ [ U EFNYDE CG CD M CÄ FYZG
GH MEFCME OBCFB REGKCF CD KEZELNIG GH DBHO QË¾! JEKPHKR NIFED S �CIFE IHMED NKE IHG
EºFZYMEM PKHR KHYGCIX [ NXXKEXNGE IEGOHKW JEKPHKR NIFE O CZZ BNKMZ\ KCDE S c D HJJHDEM GH
HGBEK DCRYZNGCHIVUNDEM DGYMCED NLNCZNUZE CI GBE ZCGEKNGYKE [ CI HYK FNDE CG CD RHKE LNZYNUZE
GH DBHO GBNG IEGOHKW JEKPHKR NIFE MEFKENDED PHK DEZbDB IHMED [ U EFNYDE HP GBE JYICDBR EIG
REFBNICDR S cIHGBEK CIGEKEDGCIX NINZ\DCD OHYZM UE GH JKHLCME ELCMEIFE HP EIEKXEGCF DNLV
CIXD PHK ZEXCGCR NGE IHMED GBNG JYICDB R CDU EBNLCIX IHMED U\ IHG PHKONKMCIX GBECK JNFWEGD S
ÖHOELEK [ GBE R N" HK CDDYE CI GBE LNZCMNGCHI HP QË¾! CD MYE GH GBE IHME DEZbDBIEDD RHMEZ
OE NDDYREM S TI N XEIEKCF ON\[ OE NDDYREM IHMED GH U E ñûõóòôû ÓÓÞ ù÷ Óß ùö [ CI GBE DEIDE
GBNG IHMED R NWE FHHJEKNGCHI MEFCDCHID UNDEM HI N DEZPVCIGEKEDGEM LCDCHI HP FHRRYICFNGCHI
FNJNUCZCGCED HP GBE IEGOHKW OBCZE NG GBE DNR E GCR E GNWCIX CIGH NFFHYIG GBE JKEDEIFE HP N
FHHJEKNGCHI EIPHKFER EIG R EFBNICDR GBNG CD YDEM GH JKHR HGE FHHJEKNGCHI S ÃE DHZLEM GBCD
CDDYE U\ CIGKHMYFCIX N PHKR NZ MEbICGCHI HP IHME DEZbDBIEDD UNDEM HI FHIFEJGD UHKKHOEM
PKHR XNR E GBEHK\ NIM R CFKHVEFHIHR CF RHMEZZCIX S ABE PHZZHO CIX QBNJGEK CD EIGCKEZ\ MEMV
CFNGEM GH GBE LNZCMNGCHI HP QË¾! þ OE bKDG JKHLCME N DCRYZNGCHIVUNDEM NINZ\DCD HP QË¾!
GBNG BND U EEI CRJZER EIGEM CI GBE * ZHdH�CR IEGOHKW DCRYZNGCHI DYCGE NIM GBEI H�EK N
MEGNCZEM DGYM\ HP QË¾! OBEI GBE dcÉ!A CD RHMEZZEM CI XNR E GBEHKEGCFNZ GEKR D S
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TI GBCD QBNJGEK OE BNLE MEDFKCU EM GBE QË¾! FHHJEKNGCHI EIPHKFER EIG R EFBNICDR NIM
JKHLCMEM EºNRJZED DFEINKCHD GH CZZYDGKNGE GBE HJEKNGCHID FNKKCEM HYG U\ CGD FHRJHIEIGD S c
MEGNCZEM MCDFYDDCHI BND U EEI JKHL CMEM GH FHLEK LNKCHYD NDJ EFGD HP FHHJEKNGCHI EIPHKFER EIG
R EFBNICDR D UNDEM HI KEJYGNGCHI [ DYFB ND GBE IEEM PHK N DEFYKE KHYGCIX DEKL CFE éGH JKELEIG
GKNÄ F DYULEKDCHIê [ GBE HJGCHINZ KE]YCKER EIG PHK KEJYGNGCHI CIPHKR NGCHI MCDGKCUYGCHI NIM
NZGEKINGCLED GH GBE ONGFBMHX GEFBIC]YED GBNG KEZ\ HI GBE JKHR CDFYHYD RHME HJEKNGCHI HP�	À S�� UNDEM O CKEZEDD KNMCH FNKMD S
TI GBCD DEFGCHI OE HYGZCIE NI EIBNIFER EIG GH GBE QË¾! RHICGHKCIX REFBNICDR GBNG CR V
JKHLED IHME MEGEFGCHI FNJNUCZCGCED CI HKMEK GH FHJ E O CGB DJ EFCbF DFEINKCHD CI OBCFB GBE
JKEDEIFE HP N DEFYKE KHYGCIX DEKLCFE FNIIHG U E XYNKNIGEEM S úYKGBEKRHKE [ GBE FHRJZER EIV
GNK\ RHICGHKCIX FHRJHIEIG MEDFKCU EM CI GBE PHZZHO CIX DEFGCHI ë Sü SÀ FNI UE YDEM ND NI
NZGEKINGCLE GHHZ GH N ZH FNZ KEJYGNGCHI MCDGKCUYGCHI GBYD CRJKHLCIX MEGEFGCHI HP IECXBUHKCIX
DEZbDB IHMED OBEI ZHO GKNÄ F MEIDCG\ CD EºJ EKCEIFEM CI GBE IEGOHKW O CGBHYG GBE MKNOUNFWD
HP KEJYGNGCHI MCDGKCUYGCHI MEDFKCU EM CI DEFGCHI ë S+ SÀ S
ABE QË¾! MEGEFGCHI FNJNUCZCGCED NKE EIKCFBEM U\ CIGKHMYFCIX N IEO KHZE U EDCME GBE KEV
]YEDGHKöJKHLCMEK KHZE MEDFKCU EM CI DEFGCHI ë Së þ Ñ ÷÷ñ ôòð÷ù NKE R HICGHKCIX EIGCGCED GBNG
NKE IHG CILHZLEM CI N KE]YEDGHKöJKHLCMEK GKNIDNFGCHI [ UYG NKE DCGYNGEM O CGBCI GBE O CKEV
ZEDD KNMCH KNIXE HP N

< requestor, provider >
JNCK S �EEK IHMED YDE N RHMCbEM ONGFBMHX

FHRJHIEIG éUNDEM HI JKHR CDFYHYD RHME HJEKNGCHI ê GBNG JKHMYFED HUDEKLNGCHID HI GBE
U EBNLCHK HP IECXBUHKCIX IHMED þ GBEDE HUDEKLNGCHID NKE b ZGEKEM GH ELNZYNGE N KEJYGNGCHI
KNGCIX PHK GBE RHICGHKEM EIGCGCED S

#÷÷ñ ôòð÷ù

�EEK IHMED NKE IEEMEM OBEI N DEFYKE KHYGCIX FHRJHIEIG CD IHG NLNCZNUZE NIM N JNKGCFYZNK
G\J E HP GKNÄ F DYULEKDCHI CD J EKPHKR EM U\ RNZCFCHYD IHMED GBNG NCR NG XNCICIX KEJYGNGCHI
OBCZE MCDKYJGCIX GBE IHKR NZ IEGOHKW PYIFGCHICIX S úYKGBEKR HKE [ N IHME FNI EINUZE GBE
J EEK RHICGHKCIX FHRJHIEIG OBEI N ZHO GKNÄ F MEIDCG\ CD MEGEFGEM S c ZNFW HP KEJYGNGCHI
CIPHKR NGCHI HI IECXBUHKCIX IHMED U EBNL CHK MYE GH CIPKE]YEIG KE]YEDGHKöJKHLCMEK GKNIDNFV
GCHID CD EºJ EKCEIFEM éNIM FNI UE MEGEFGEM ê OBEI GBE FNKMCINZCG\ HP GBE IECXBUHK DEG éC SE S
GBE DEG HP IECXBUHKCIX IHMED MEGEFGEM GBKHYXB N IECXBUHK MCDFHLEK\ REFBNICDR ê CD DR NZZEK
GBNI GBE IYRUEK HP EIGKCED CI GBE KEJYGNGCHI GNUZE S Ò\ EINUZCIX GBE J EEK R HICGHKCIX
FHRJHIEIG [ ZEXCGCR NGE IHMED FNI CIPEK CIPHKR NGCHI HI IECXBUHKD U EBNLCHK GBKHYXB MCKEFG
HUDEKLNGCHID S
ABE Ñ ÷÷ñ Ùû Óóðûõóòô ÒòÕÑòô÷ôõ CD UNDEM HI GBE ONGFBMHX GEFBIC]YE [ UYG GBE EºJEFV
GNGCHI GNUZE MEDFKCU EM CI DEFGCHI ë S' FHIGNCID EIGKCED GBNG BNLE IHG U EEI XEIEKNGEM U\
GBE J EEK IHME S TIDGENM [ U\ JKHR CDFYHYDZ\ ZCDGEICIX GH GBE DYKKHYIMCIX NFGCL CGCED [ N J EEK
IHME FKENGE NI EIGK\ CI GBE EºJEFGNGCHI GNUZE HI UEBNZP HP HGBEK IHMED [ ND N R HICGHKCIX
GBCKM JNKG\ þ PHK EºNRJZE [ CI bXYKE ë S�� [ IHME

c
NIM IHME

d
NKE YDCIX GBE J EEK LNZCMNGCHI

PYIFGCHINZCG\S
ÃE GNWE GBE EºNRJZE DFEINKCH KEJKEDEIGEM CI bXYKE ë S�� ND N KEPEKEIFE GH MEDFKCU E GBE
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MC� EKEIG HJGCHID NLNCZNUZE GH J EEK IHMED [ OBEI IHME
h

CD R CDU EBNL CIX S

• �EEK LNZCMNGCHI GH MEGEFG ù÷ Óß ùö UEBNLCHK

TI GBCD EºNRJZE OE FHIDCMEK GBE JNFWEG PHKONKMCIX PYIFGCHI EºEFYGEM U\ IHMED GBNG NKE HI
GBE KHYGE

< m, h, g, b >
PKHR GBE DHYKFE

S
GH GBE FHKKEDJHIMCIX MEDGCINGCHI

D
S Ï ��� � ���

d
PNZZD O CGBCI GBE KNMCH KNIXE HP ��²¹ ��»�� � ��� h

NIM Ë ��3���� � ��� g
S Ò\ JKHR CDFYHYD

ZCDGEICIX N KEZN\ KE]YEDG J EKPHKR EM U\ IHME
h
[ J EEK IHME

d
NMMD NI EIGK\ GH GBE EºJEFGNGCHI

GNUZE ND MEDFKCU EM CI DEFGCHI ë S' NIM ONCGD YIGCZ GBE EºJCKNGCHI HP GBE GCR EHYG
WDTO

S Ò\
JKHR CDFYHYD ZCDGEICIX GBE NFGCL CGCED HP IHME

g
[ GBE J EEK IHME FNI JKHMYFE NI HUDEKLNGCHI

GBNG CD JNDDEM GH GBE KEJYGNGCHI RNINXEK FHRJHIEIG NIM YDEM GH ELNZYNGE N KEJYGNGCHI
KNGCIX PHK GBE IECXBUHKCIX éDEZbDB ê IHME

h
S

c DEZbDB UEBNL CHK FNI GBYD U E MEGEFGEM U\ IHME
d

O CGBHYG U ECIX MCKEFGZ\ CILHZLEM CI GBE
KE]YEDGHKöJKHLCMEK GKNIDNFGCHI S

a

b
c

d
e

f

g

h

i

l

m

n

S

D

g:  ( )Rfgr k
c = ,

…

g:  ( )PFfgr k
h = -

Route S.D:

<m, h, g, b> 

g:  ( )Rfgr k
d = ,

…

úCXYKE ë S�� þ �EEK IHMED EºNRJZE þ R NZCFCHYD IHME
h

JEKPHKR D N GKNÄ F DYULEKDCHI NGGNFW S

• �EEK LNZCMNGCHI GH MEGEFG GKNÄ F DYULEKDCHI ûõõûÒ÷

�YJJHDE IHO GBNG GBE R NZCFCHYD IHME
g

JEKPHKR D N GKNÄ F DYULEKDCHI NGGNFW S TI GBCD NGGNFW [
GBE R NZCFCHYD IHME JNKGCFCJNGED GH GBE KHYGCIX PYIFGCHI NIM UEBNLED FHKKEFGZ\S ÉHME

gFHYZM KCDE BEK KEJYGNGCHI U\ JNKGCFCJNGCIX GH GBE JNFWEG PHKONKMCIX PYIFGCHI [ UYG DEIMCIX
GBE JNFWEG GH IHME

c
CIDGENM þ GBCD NGGNFW FNI UE MHIE U\ RHMCP\ CIX GBE dcQ MEDGCINGCHI

NMMKEDD HP GBE KEZN\EM JNFWEG OBCZE IHG GNRJEKCIX O CGB GBE DHYKFE KHYGE FHIGNCIEM CI GBE
JNFWEG S TI GBCD JNKGCFYZNK NGGNFW [ IHME

h
OHYZM EKKHIEHYDZ\ JKHMYFE N JHDCGCLE HUDEKLNGCHI
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PHK GBE U EBNL CHK HP IHME
g

UEFNYDE DBE FNIIHG MEGEFG GBE JNFWEG R HMCbFNGCHI MYE GH GBE
ZNFW HP CIPHKR NGCHI HI GBE MCDGNIG MEDGCINGCHI IHME

b
S ÖHOELEK [ J EEK IHME

d
FNI ENDCZ\

MEGEFG GBE R CDU EBNL CHK þ GBE MEDGCINGCHI dcQ NMMKEDD CD WIHOI NIM GBE RHMCbFNGCHI FNI
UE MCDFHLEKEM S c D N FHIDE]YEIFE [ IHME

d
MEFKENDED GBE KEJYGNGCHI LNZYE GBNG FHIFEKID GBE

KHYGCIX UEBNLCHK HP R NZCFCHYD IHME
g
S

úYKGBEKRHKE [ NZDH IHME
c
[ U\ KEFECL CIX N JNFWEG GBNG OND IHG CIGEIMEM PHK BEK [ FNI MEGEFG

éU\ JKHR CDFYHYD ZCDGEICIXê GBE R CDU EBNL CHK NIM MEFKENDE IHME
g
ÊD KEJYGNGCHI S

• �EEK LNZCMNGCHI GH CRJKHLE JYICDBR EIG R EFBNICDR

ABE JEEK LNZCMNGCHI REFBNICDR FNI UE YDEM NZDH OBEI GBE JYICDBREIG R EFBNICDR MEV
DFKCU EM CI DEFGCHI ë Sì CD CRJKHLEM U\ MEI\CIX DEKLCFE GH DEZbDB MEDGCINGCHID S TIMEEM [ OE
REIGCHIEM GBNG GKNÄ F MCKEFGEM GH N IECXBUHKCIX DEZbDB IHMED FHYZM U E ü��ÍÏ �� U\ EºJZCFCG
MEICNZ HP DEKL CFE R EDDNXED UKHNMFNDGEM U\ ZEXCGCR NGE IHME S ÖHOELEK [ DEZbDB IHMED FHYZM
EºJZCFCGZ\ UKHNMFNDG PNZDE MEICNZ HP DEKL CFE R EDDNXED CI HKMEK GH ZEXCGCR NGEZ\ DNLE EIEKX\S
TI GBE DJ EFCbF FNDE HP bXYKE ë S�� CI OBCFB JEEK IHMED

c
NIM

d
NZKENM\ BNLE NI EIGK\ CI GBECK

KEJYGNGCHI GNUZE GBNG MEDCXINGE IHME
b

ND ZEXCGCR NGE [ EºJZCFCG MEICNZ HP DEKL CFE R EDDNXED
DEIG U\ IHME

g
FNI UE LNZCMNGEM [ CI GBE FNDE GBNG OE NDDYR E GBNG � ��¼ �Ì ü�Ì�3��� Í����»

ü� � ���Í»�3 �STP N PNZDE EºJZCFCG MEICNZ HP DEKL CFE CD HLEKBENKM U\ JKHR CDFYHYD ZCDGEICIX [ J EEK IHMED FNI
MEGEFG GBE CIFHIDCDGEIF\ NIM MEFKENDE GBE KEJYGNGCHI KNGCIX KEZNGEM GH GBE R CDU EBNL CIX
IHME þ GBCD NMMCGCHINZ R EFBNICDR JKHLCMED CIFEIGCLED GH KEJHKG HIZ\ ZEXCGCR NGE EºJZCFCG
MEICNZ HP DEKL CFE R EDDNXED S

0 ¿ -¿ÉðòÄ õÁÇ -ÃÀðÄÃÆò

�S d CFBCNKMC NIM ¾ S dHZLN S QHKE þ c FHZZNUHKNGCLE KEJYGNGCHI REFBNICDR GH EIPHKFE IHME
FHHJEKNGCHI CI RHUCZE NM BHF IEGOHKWD S TI Ï ��Í�����·� �¸ ��Ï Û�¡¡¹��Í�»���� ���
/ ¹�»�¡ ���� 0 �Í¹��»û Û��¸ ���� Í� ¢Û/0 123¥ [ �HKGHKHý [ �ZHLEICN [ �EJGERUEK À		À S
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TI GBCD QBNJGEK OE FNKK\ HYG N DCRYZNGCHIVUNDEM DGYM\ HP GBE QË¾! REFBNICDR [ CR JZEV
R EIGEM ND NI NMMVHI FHRJHIEIG PHK GBE * ZHRHDCR IEGOHKW DCRYZNGCHI DYCGE S ABE PENGYKED
HP QË¾! NKE NINZ\ýEM CI GEKR D HP DCRYZNGCHI R EGKCFD GBNG OE MEER KEZELNIG GH NDDEDD GBE
UNDCF JKHJ EKGCED HP N FHHJEKNGCHI EIPHKFER EIG R EFBNICDR þ GBE EIEKXEGCF FHDG U ENKM U\
QË¾! VEINUZEM IHMED NIM GBE EÄ FCEIF\ HP GBE MEGEFGCHI NIM JYICDBREIG R EFBNICDR D
YDEM CI QË¾! S �CR CZNKZ\ GH GBE DCRYZNGCHI NJJKHNFBED NLNCZNUZE CI GBE ZCGEKNGYKE éKEPEK GH
QBNJGEK �ê OE KYI HYK EºJEKCR EIGD PHK LNKCHYD G\J E HP DFEINKCHD U\ GNWCIX CIGH NFFHYIG
UHGB DGNGCF NIM M\INR CF IEGOHKWD ND OEZZ ND MC� EKEIG GKNÄ F JNGGEKID S TI HYK DCRYZNGCHI
DGYM\[ OE YDE N DCRJZE RHMEZ HP IHME DEZbDBIEDD éKEPEK GH QBNJGEK Àê OBEKEU\ R CDU EBNL CIX
EIGCGCED NKE MEbIEM NG GBE U EXCIICIX HP GBE DCRYZNGCHI NIM IHME UEBNL CHK CD CIMEJ EIMEIG
HP DCRYZNGCHI GCR E S �CRYZNGCHI KEDYZGD NKE YDEM GH YIMEKDGNIM CP NIM OBEI N R EFBNICDR
GH MCDGKCUYGE KEJYGNGCHI CIPHKR NGCHI FHYZM UE IEFEDDNK\ CI HKMEK GH CRJKHLE JYICDBR EIG
EÄ FCEIF\ þ KEJYGNGCHI MCDGKCUYGCHI CD NI HJGCHINZ PENGYKE HP GBE QË¾! REFBNICDR NIM
FHIDGCGYGED GBE R NCI MCDFKCR CINIG U EGOEEI QË¾! NIM HGBEK KEJYGNGCHIVUNDEM FHHJEKNV
GCHI EIPHKFER EIG R EFBNICDR D S
!LEI CP CIGEKEDGCIX KEDYZGD FNI UE HUGNCIEM GBKHYXB NI NFFYKNGE DCRYZNGCHIVUNDEM ELNZYNV
GCHI HP FHHJEKNGCHI DFBERED [ OE FZNCR GBNG GBE IHME DEZbDBIEDD R HMEZ YDEM CI RHDG OHKW
NLNCZNUZE CI GBE ZCGEKNGYKE CD IHG DYÄ FCEIG GH XKNDJ GBE DNZCEIG PENGYKED HP R EFBNICDR D
CIGEIMEM GH DGCRYZNGE FHHJEKNGCHI NRHIX DEZPVCIGEKEDGEM EIGCGCED S Ò\ NDDYR CIX N DGNGCF
IHME R CDU EBNLCHK OBEKEU\ IHMED NKE MEbIEM ND DEZbDB PHK GBE OBHZE IEGOHKW ZCPEGCRE [ CG
CD NKXYNUZE GBNG GBE CIFEIGCLE JKHJ EKGCED HP FHHJEKNGCHI DFBER ED FNI UE JKHJEKZ\ DBHOI S
c DEZbDBIEDD RHMEZ GBNG MHED IHG GNWE CIGH NFFHYIG ELEIGYNZ LNKCNGCHID CI GBE U EBNLCHK HP
GBE IHMED CD IHG NJJKHJKCNGE PHK GBE LNZCMNGCHI HP N R EFBNICDR GBNG CD CIGEIMEM GH XYCME
DEZbDB IHMED éHK EIMVYDEKD HJ EKNGCIX GBE IHMEDê GHONKMD N RHKE FHHJEKNGCLE U EBNL CHK S
�CIFE N ZNKXE PKNFGCHI HP Eº CDGCIX FHHJEKNGCHI EIPHKFER EIG DFBER ED NKE UNDEM HI JKCIFCJ ZED
NWCI GH MEFCDCHI RNWCIX NIM EFHIHR CF R HMEZZCIX [ N INGYKNZ GHHZ GBNG ER EKXEM GH U E DYCGV
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NUZE PHK GBE LNZCMNGCHI HP DYFB REFBNICDR D CD XNR E GBEHK\S TI GBE IEºG QBNJGEK OE MEbIE
GOH NINZ\GCFNZ RHMEZD GBNG MEDFKCU E GBE dcÉ!A EILCKHIR EIG NIM GBE IHMED JNKGCFCJNGCIX
GH GBE IEGOHKW HJEKNGCHI CI XNR E GBEHKEGCFNZ GEKR D S ËYK KEDENKFB BND U EEI JKEDEIGEM CI N
JKEZCR CINK\ OHKW 
+Ze [ NIM BND U EEI EºGEIMEM CI 
'[ Z [Z	e S   DCIX XNRE GBEHKEGCFNZ R HMEZD
GH LNZCMNGE N FHHJEKNGCHI R EFBNICDR NZZHO D GBE MEbICGCHI HP N M\INR CF IHME UEBNL CHK
GBNG PHZZHO D N \KNGCHINZ\ DGKNGEX\ CRJHDEM U\ GBE EIMVYDEK HJ EKNGCIX GBE IHME S c KNGCHINZ
DGKNGEX\ KEJKEDEIGD GBE U EBNLCHK HP N DEZPVCIGEKEDG YDEK GBNG GKCED GH R NºCR CýE BEK JKHbGD
éCI GEKR D HP EIEKX\ FHIDYRJGCHIê OBCZE WIHO CIX GBNG HGBEK YDEKD CI GBE D\DGER FHYZM MH
GBE DNR E HK FHYZM YDE N FHHJEKNGCHI DGKNGEX\ GH EIPHKFE FHHJEKNGCHI S
*NR E GBEHKEGCFNZ R HMEZD HP dcÉ!AD NKE BHOELEK ZCR CGEM CI GBNG GBE\ MH IHG KENZCDGCFNZZ\
KEJKEDEIG GBE YIMEKZ\ CIX R EFBNICDR D éNIM GBECK CIBEKEIG ZCR CGNGCHIDê GBNG NKE YDEM GH
HJEKNGE GBE NM BHF IEGOHKW [ DYFB ND R EMCYR NFFEDD FHIGKHZ NIM KHYGCIX JKHGHFHZD S TI GBE
NJJKHNFBED JKEDEIGEM CI GBCD FBNJGEK OE HLEKFHRE GH DHRE HP GBE ZCR CGNGCHID MCFGNGEM U\
N BCXB ZELEZ KEJKEDEIGNGCHI HP IHMED Ê CIGEKNFGCHID O CGBCI GBE IEGOHKW U\ CIFZYMCIX CI HYK
RHMEZD GBE DNZCEIG PENGYKED HP GBE R EFBNICDR D GBNG NKE NINZ\ýEM þ PHK EºNRJZE [ CI GBE bKDG
RHMEZ JKEDEIGEM CI GBE DE]YEZ HP GBCD QBNJGEK OE GNWE CIGH NFFHYIG GBE CDDYED KEZNGEM GH
GBE ONGFBMHX GEFBIC]YE GBNG BNLE U EEI EºJHDEM CI QBNJGEK ] S
Ò\ FHRUCICIX GBE KEDYZGD HUGNCIEM GBKHYXB GBE DCRYZNGCHIVUNDEM NINZ\DCD NIM GBKHYXB
GBE XNREVGBEHKEGCFNZ NINZ\DCD HP QË¾! OE FHIFZYME GBNG HYK DFBER E IHG HIZ\ R EEGD NZZ
GBE KE]YCKER EIGD GBNG BNLE U EEI JKEDEIGEM CI QBNJGEK À UYG NZDH J EKPHKR D UEGGEK GBNI
HGBEK FHHJEKNGCHI DGKNGEXCED ELNZYNGEM CI GBE ZCGEKNGYKE OBEI N KENZCDGCF IEGOHKW RHMEZ CD
NDDYREM S

^ L^ _ _`ab cVdTefPVRO g VPa hijaklOfmelS ORSlc

no pqrs stuprvo wt xytstop z sr{|}zprvo~�zst� zoz}�srs v� pqt �Ë�! {tuqzors{ � �t
xyv�r�t z �tsuyrxprvo v� ���! r{x}t{ topzprvo uqvruts � w rpq zo t{xqzsrs vo pqt �tpty~
{ rozprvo v� pqt s�spt{ xzyz{ tptys pqzp qz�t � tto xytstopt� ro �qzxpty ] � �t pqto
�tsuyr� t pqt sr{|}zprvo stp~|x �� sx tur�� ro� pqt sutozyrvs pqzp qz�t � tto uqvsto pv ptsp
pqt �tzp|yts v� ���! zo� pqt {tpyrus |st� pv " |��t pqt t� urtou� v� pqt �tptuprvo zo�
x|orsq{ top v� st}�sq ov�ts t�top|z}}� xytstop ro pqt otpwvy� � �t �|ypqty uvoutopyzpt vo
pqt uvost�|touts ro pty{ s v� toty�tpru uvos|{xprvo wqto ���! rs |st� �� pqt ov�ts �� pqv|�qp�|} �rsu|ssrvo vo wqzp rs rp xvssr�}t pv sqvw pqyv|�q v|y sr{|}zprvos zo� wqzp
uzoovp � t sp|�rt� �tuz|st v� pqt roqtytop }r{ rpzprvos v� st}�sqotss {v�t} rs xyv�r�t� �
�qt �z}r�zprvo v� pqt ���! uvvxtyzprvo {tuqzors{ rs xytstopt� pqyv|�q pqt zoz}�srs v�
sr{|}zprvos yts|}ps zo� �� �|ypqty t�z{ rozprvo v� ytx|pzprvo �rspyr�|prvo yt�|ryt{ tops zs
wt}} zs t� urtou� v� pqt x|orsq{ top { tuqzors{ �
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�qt ���! {tuqzors{ qzs � tto r{x}t{ topt� zs z x}|�~ro { tuqzors{ �vy pqt *}v¤v¥r{
otpwvy� sr{|}zpvy þ �� yt�tyyro� pv ��|yt ] �� ro �qzxpty ] pqzp �tsuyr� ts pqt ���! uv{~
xvotops � wt r{x}t{ topt� pqt �tptuprvo {tuqzors{ pqzp yt}rts vo pqt xyv{ rsu|v|s {v�t
vxtyzprvo v� �	¦ ��� �zst� yz�rv uzy�s � pqt ytx|pzprvo {zoz�t{top uv{xvotop ro wqruq
vo}� §ò ¨û § ytx|pzprvo ro�vy{ zprvo rs |st� � zo� pqt x|orsq{ top {tuqzors{ pqzp { v�r�ts
pqt �vywzy�ro� �tqz�rvy v� z }t�rpr{ zpt ov�t pqzp �tptupt� z st}�sq otr�q�vy �
�qt ©ª«ª¬«®¯ ° ª¬±²¯³° r{x}t{ topt� ro tzuq ov�t {vorpvys pqt � tqz�rvy v� otr�q�vy~
ro� ov�ts w rpq ytsx tup pv pqt é�zpzê ´û¨µ÷õ ¶òñ·ûñðóô¸ ¶øô¨õóòô zo� yt}rts vo z ú nú�
�|�ty pqzp uzo spvyt |x pv ¹ xzsp v�sty�zprvos � �t ytuz}} qtyt pqzp �� òº ù÷ñ»ûõóòô wt
{tzo pqt yts|}p v� pqt uv{xzyrsvo �tpwtto zo t�xtupt� xzu�tp spvyt� ro pqt t�xtupzprvo
pz�}t ¼yt�ty pv ��|yt ] �+ �] ro �qzxpty ]½ zo� pqt v�sty�t� xzu�tps v�tyqtzy� �� pqt xyv{ rs~
u|v|s }rsptoro� v� otr�q�vyqvv� vxtyzprvos � �t �r�t pqt �z}|t

σk = +1
�vy pqt s|uutss�| }

v�sty�zprvo ¼{ z�t zp pr{ t
k
½ ro wqruq pqt t�xtupt� xzu�tp t�|z}s pqt v�sty�t� xzu�tp �

zo� pqt �z}|t
σk = −1

�vy zo |os|uutss�| } v�sty�zprvo � �qt {vorpvyro� {tuqzors{ rs
�zst� vo pqt wzpuq�v� ptuqor�|t � �vy wqruq wt stp z pr{ tv|p �z}|t

WDTO = 50
{s zo�

z sz{x}ro� �yt�|tou�
WDfreq = 1


v�sty�zprvo x ty xzu�tp¾ � �qt uqvrut v� pqt pr{ tv|p
�z}|t qzs � tto pzr}vyt� pv { ttp { t{vy� z}}v uzprvo yt�|ryt{ tops zo� �tptuprvo uzxz�r}~
rprts þ z pvv qr�q �z}|t wv|}� yts|}p ro z q|�t z{v|op v� pt{xvyzy� { t{vy� wzspt� pv
spvyt t�xtupt� xzu�tps pqzp zyt zuu|{|}zpt� ro pqt t�x tupzprvo pz�}t zp pqt yzpt v� vot
t�xtupt� xzu�tp x ty �zpz xzu�tp �totyzpt� � �o pqt vpqty sr�t � z pvv }vw �z}|t �vy pqt
pr{ tv|p wv|}� ot�zpr�t}� r{xzup pqt �tptuprvo uzxz�r}rprts ro z qtz�r}� }vz�t� otpwvy�
�� pyr��tyro� �z}st ot�zpr�t v�sty�zprvos srout t�top|z} uv}}rsrvos zp pqt ¤�� }t�t} vy �|}}
�|t|ro� �|�tys �|t pv z qr�q o|{�ty v� �zpz xzu�tps ro pyzosrp s}vw �vwo pqt �vywzy�ro�
ytsxvost pr{ t v� otr�q�vyro� ov�ts �
�qt ¿ªÀ Á«²«®¯ ° ²¯²Â ª° ª¯« ¬®°À®¯ ª¯« qzs � tto r{x}t{ topt� pz�ro� ropv zuuv|op vo}�
}v uz} v�sty�zprvos xyv� r�t� �� pqt {vorpvyro� { tuqzors{ � wqr}t ytx|pzprvo ro�vy{ zprvo rs
ovp �rspyr�|pt� ro pqt otpwvy� � no �qzxpty ] stuprvo ] �+ �¦ wt zy�|t� pqzp pqt �rspyr�|prvo
v� ytx|pzprvo ro�vy{ zprvo rs |ppty}� rostu|yt zo� pqyv|�q v|y sr{|}zprvo sp|�� wt wzop
pv sp|�� ro wqruq srp|zprvos pqt �tptuprvo uzxz�r}rprts v� ���! wv|}� �t r{xyv�t� r�
ro�rytup ytx|pzprvo yzpro�s wv|}� �t |st� � Ãvy pqt sz�t v� sr{x}rurp�� wt r{x}t{ topt� pqt
sr{ x}tsp ytx|pzprvo t�z}|zprvo � }ptyro� �|ouprvo � pqzp rs z ÄÅ» ÆÇ¸ È»ÉÊÈ¸É §Å· Ë´ÈÌÌ Í §Ë
ÎÉÊ w rpq z w ro�vw srÏt v�

B
� � ytx|pzprvo �z}|t rs uz}u|}zpt� �vy t�ty� otr�q�vyro� ov�t

w rpq ytsx tup pv pqt xzu�tp �vywzy�ro� �|ouprvo � pq|s pqt �|ouprvoz} ytx|pzprvo {tpqv�
xytstopt� ro �qzxpty ] rs ovp |st� ro v|y sr{|}zprvo r{x}t{ topzprvo �
Ã roz}}�� pqt À Á¯³±° ª¯« ° ª¬±²¯³° qzs � tto r{x}t{ topt� �� pt{xvyzyr}� �rsz�}ro� pqt
xzu�tp �vywzy�ro� �|ouprvo �vy otr�q�vyro� ov�ts pqzp qz�t z ytx|pzprvo �z}|t pqzp �z}}s
� t}vw pqt x|orsq{top pqytsqv}�

Pth = 0
� pqzp rs � z ov�t

nj

rs x|orsqt� zp pr{ t
k

��
ov�t

ni

�tuz|st uvosr�tyt� pv � t st}�sq r� qty ytx|pzprvo
rk
ni

(nj) < 0
� �qrs r{x}rts pqzp

st}�sq ov�ts uzoovp sto� �|p uzo t�top|z}}� ytutr�t �zpz xzu�tps � no pqt yts|}ps stuprvo
wt zoz}�Ït pqt tÐtupr�totss v� pqt x|orsq{top { tuqzors{ wqto uvospzop �rp yzpt ¼�Ñ� ½
�zpz Òvw s zyt �t�ot� �tpwtto xzrys v� uv{{|oruzpro� ov�ts Ó wt sqvw pqzp �Ñ� stssrvos
�zst� vo pqt ÔÕÖ pyzosxvyp { tuqzors{ zyt �}vu�t� �vy st}�sq ov�ts � tuz|st �zpz xzu�tps
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vyr�rozpt� �� st}�sq sv|yuts zyt ovp �vywzy�t� � t�to ro pqt uzst pqzp z �z}r� yv|pt qzs � tto
xyv�r�t� pv pqt st}�sq ov�t � �o pqt vpqty qzo� � z}sv ê��Ö �}rtop~¥ty�ty stssrvos �zst�
vo pqt ��Ö pyzosxvyp xyvpvuv} wv|}� �t �}vu�t� |sro� v|y x|orsq{top {tuqzors{ srout
z st}�sq ov�t wv|}� ovp � t z�}t pv sto� ê��Öë�t�|tsps pv pqt uvyytsxvo�ro� sty�tys �
�z�}t ì �¦ �× s|{{zyrÏts pqt ���í xzyz{ tptys uqvruts wt {z�t ro v|y r{x}t{ topzprvo �

îï³«ª° À²¿²° ª«ª¿ ð²ñÁ ª ò ª³ ¬¿À «®¯
B

ì � ro�vw srÏt v� pqt {v�ro� z�tyz�t � }~
pty � óªó o|{�ty v� xzsp v�sty�zprvos
|st� pv t�z}|zpt ³Áôõ ª¬«ö ª ¿ªÀ Á«²«®¯

WDTO 50
{s �zpuq�v� pr{ tv|p �z}|t � óªó pr{ tv|p

|st� pv �z}r�zpt zo t�xtupzprvo
WDfreq 1 ÷øùúûüýþÿ÷��ý��úþ

�zpuq�v� sz{x}ro� �yt�|tou�� óªó
o|{�ty v� v�sty�zprvos x ty �zpz xzu�tp
�totyzpt�

σk {+1,−1} �z}|ts zssvurzpt� pv z xvsrpr�t vy ot�~
zpr�t v�sty�zprvo

Pth
Ø Ö|orsq{ top pqytsqv}� � ytx|pzprvo �z}~

|ts � t}vw pqt pqytsqv}� �tovpt st}�sq
ov�ts

�tx|pzprvo �o}� �vuz} �tx|pzprvo �z}|t t�z}|zpt� pqyv|�q
pqt ytx|pzprvo {zoz�t{top uv{xvotop

�z�}t ì �×Ó ���í s�spt{ xzyz{ tptys �

� �� �� ���� ¡	
�£¢ ��
� 

no pqrs stuprvo wt �tsuyr� t pqt sr{|}zprvo xzyz{tptys wt |st� ro v|y sp|�� zo� pqt �r�~
�tytop sutozyrvs pqzp qz�t � tto uvosr�tyt� �vy pqt t�z}|zprvo v� ���í �
no v|y sr{|}zprvos wt uvosr�ty zo z� qvu otpwvy� �vy{ t� ��

N = 16
ov�ts pqzp |st pqt

Õ¥� yv|pro� xyvpvuv} �vy z sr{|}zprvo pr{ t t�|z}s pv ¦ØØØs � �
�v�t x}zut{ top qz�t � tto { zo|z}}� st}tupt� pv �v}}vw z �yr� xzpptyo zs �txrupt� ro ��~
|yt ì �× zo� pqt �rspzout � tpwtto pwv ov�ts vo pqt �yr� qz�t � tto stp ro vy�ty pv z}}vw
vo}� uv{{|oruzprvos pqzp zyt vo pqt yvw s vy uv}|{os v� pqt �ry� � wqtytzs �rz�voz} }ro�s
uzoovp � t tspz�}rsqt� �|t pv pqt w ryt}tss yz�rv yzo�t }r{ rps � �v�ts zyt �ytt pv {v�t
¼r� sx tur�t� ro pqt sutozyrv½ ro z

1000
{ �

1000
{ zytz Ó pqt {v�r}rp� {v�t} wt uqvst rs

pqt �²¯©®° �²ïÀ ®¯« � ®©ªñ� ro wqruq ov�ts {v�t pv z yzo�v{ �tsprozprvo zp z sx tt�
|or�vy{ }� �rspyr�|pt� �tpwtto

1
{ �s zo� z { z� r{|{ v�

20
{ �s � �out pqt� ytzuq pqrs

�tsprozprvo � pqt� spz� pqtyt �vy zs }vo� zs sx tur�t� ro pqt À²Á³ ª «° ª� wqruq wt w r}} |st
���� ��+� �� ��� ������ �!� " ��� #����� �� ��$%&��' ��� (��#)����� �� ��� ���) &�� * ����+�� �� !&����)(��( ��� %��% ������ �� ,-./ �� ! &!�0�� ������ �"�!�� ��0 ��$ �&!� ���)&�� !� ��� ��� (�% �#��( �� ���%&��� �� ��#���� 1 23 24
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N0 N1 N2 N3

N4 N5

N8 N9

N12 N13

N6 N7

N10 N11

N14 N15

Ãr�|yt ì �×Ó ]�] �yr� otpwvy� |st� ro v|y sr{|}zprvos � w rpq yz�rv yzo�t zo� yv|pt t�z{x}t
�yv{ sv|yut ov�t Ø pv �tsprozprvo ov�t ×ì

zs z sr{|}zprvo xzyz{tpty zs �t�ot� }zpty ro pqrs stuprvo �
�qt yz�rv xyvxz�zprvo {v�t} |st� ro v|y sutozyrvs rs pqt ytz}rspru «: ®;¿²ï Â ¿®Á¯© ¿ª< ª¬«®¯
° ®©ªñ zo� wt pz�t ropv zuuv|op xq�sruz} xqtov{toz s|uq zs sr�oz} spyto�pq � xyvxz�zprvo
�t}z� zo� ropty�tytout � �qt yz�rv yzo�t qzs � tto stp pv pqt |s|z} �z}|t v�

250
{ �

�t qz�t �t�ot� pwv �z{ r}rts v� sr{|}zprvo sutozyrvs Ó ro pqt �ysp stp v� sr{|}zprvos wt
uvosr�ty z ÌÎÈÎÆ¨ ÇÉÎ·ÅÊµ wqr}t ro pqt stuvo� �z{ r}� wt |st pqt �zo�v{ �z�xvrop { v~
�r}rp� {v�t} pv sr{|}zpt z =>ÇÈÄ Æ¨ ÇÉÎ·ÅÊµ ro wqruq wt �zy� pqt xz|st pr{ t xzyz{tpty �
�v ro�ty pqt sz}rtop uqzyzuptyrsprus v� pqt ���í {tuqzors{ � wt uv{x}tpt� v|y sr{|}zprvo
sutozyrvs w rpq z �|ypqty xzyz{tpty pqzp wt uz}} ´ÈÎ? = Æ»ÉÊÌÆÎ> � wqruq rs �t�ot� �vy ov�t
ni

zs Ó
pt

Di
=

li
Nneighborsiwqtyt

li
rs pqt o|{�ty v� rouv{ ro� ¼vy v|p�vro�½ yv|pts pv ov�t

ni
zo�

Nneighborsi

rs pqt
o|{�ty v� ov�t

ni @s otr�q�vyro� ov�ts zp sr{|}zprvo pr{ t
t
�

�vw � pqt Õ¥� yv|pro� xyvpvuv} rs ovp z {|}pr~xzpq yv|pro� xyvpvuv} srout rp �vts ovp |st
{|}prx }t xzpqs pv ytzuq z �tsprozprvo Ó qvwt�ty rp spvyts {|}prx }t yv|pt ytx}rts pqzp uvyyt~
sxvo� pv �rÐtytop yv|pts �yv{ z sv|yut pv z �tsprozprvo ro vy�ty pv r{xyv�t ytsxvosr�totss
ro pqt uzst v� }ro� v|pz�t � �q|s � ro v|y sr{|}zprvos wt A°²¯Á²ñ ñï A ropyv�|ut pqt xzpq
�r�tysrp� xzyz{tpty �� �t�oro� pqt �v}}vw ro� pyz� u xzpptyos pqzp |st uvospzop �rp yzpt
¼�Ñ� ½ uv{{|oruzprvos �zst� vo ÔÕÖ� zo� ro wqruq ×ØØØ xzu�tps v� srÏt t�|z}s pv B]
��pts zyt stop zp z yzpt v� × xzu�tp x ty stuvo� Ó

• C Â± À²«± ©öª¿³«ï «¿²D ¬ À²««ª¿¯ E sv|yuts zo� �tsprozprvos v� pqt �Ñ� pyz� u zyt
uqvsto pv xyv�|ut z ¶F §§> ¨ÅÇÇÉ¨ÎÉ= otpwvy� ro wqruq t�ty� xvssr�}t sv|yut qzs
pv sto� �zpz pv t�ty� xvssr�}t �tsprozprvo ¼ªG ¬ñÁ©¯Â ²ñ ñ ®¯ ª;± ®À ¬®°°Á¯¬²«®¯³ ½ro pqt otpwvy� � wqr}t pqt � t�rooro� pr{ t v� �Ñ� stssrvos rs |or�vy{ }� �rspyr�|pt�
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�tpwtto Øs zo� HØØs �

• I®: À²«± ©öª¿³«ï «¿²D ¬ À²««ª¿¯ E sv|yuts zo� �tsprozprvos v� pqt �Ñ� pyz� u zyt
uqvsto yzo�v{ }� ¼ªG ¬ñÁ©¯Â ²ñ ñ ®¯ ª;± ®À ¬®°°Á¯¬²«®¯³ ½ � zs wt}} zs pqt � t�rooro�
pr{ t zo� pqt o|{�ty v� �rsproup �Ñ� stssrvos �

� s wt w r}} stt ro pqt yts|}ps stuprvo � pqt xzpq �r�tysrp� xzyz{tpty qzs z r{xvypzop ro~
Ò|tout vo pqt x ty�vy{ zout v� ���í Ó qvwt�ty � pqt \{zo|z} \ uvo��|yzprvo v� pqt xzpq
�r�tysrp� xzyz{tpty yt�tz}t� pv � t �r� u|}p pv uvopyv} ro pqt ��oz{ ru otpwvy� sutozyrv �
no�tt� � wqto ov�t {v�r}rp� rs qr�q � rp rs qzy� pv xyt�rup r� pqt xyvx typrts vÐtyt� ��
pqt uv{{|oruzprvo xzpptyos �t�ot� zp pqt � t�rooro� v� pqt sr{|}zprvo w r}} qv}� pqyv|�q
pr{ t � êvwt�ty � xzpq �r�tysrp� uzo spr}} � t |st� ro pqt ��oz{ ru uzst pv t�x}zro sv{ t v�
pqt xqtov{ toz pqzp zxxtzys ro pqt yts|}p x}vps �
Ã|ypqty{vyt � t�u}|�ro� vot~qvx uv{{|oruzprvos rs r{ xvypzop ro vy�ty pv z�vr� pqt xzy~
pru|}zy uzst ro wqruq pqt x|orsq{ top {tuqzors{ r{x}t{ topt� ro ���í uzoovp � t |st� ���zro � wqto ov�t {v�r}rp� rs ropyv�|ut� ro pqt otpwvy� � rp rs � r� u|}p pv xyt�rup r� z
yv|pt uv|opro� {vyt pqzo vot qvx w r}} qv}� pqyv|�q pr{ t Ó pqt { tpyru |st� pv {tzs|yt pqt
x ty�vy{ zout v� ���í zo� �tsuyr� t� ro stuprvo ì �¦ �9 t�u}|�ts vot~qvx uv{{|oruzprvos
t�top|z}}� �vy{ t� pqyv|�q pqt sr{|}zprvo y|o �
�t z��rprvoz}}� �t�ot� z sr{|}zprvo xzyz{tpty pqzp pz�ts ropv zuuv|op pqt �r{ tosrvo v�
pqt ÃnÃ� �|Ðty |st� pv spvyt |x pv

B
xzsp v�sty�zprvos vo otr�q�vyqvv� � tqz� rvy Ó pq rs

xzyz{tpty qzs � tto |st� ro vot sx tur�u stp v� sr{|}zprvos wqtyt wt sp|�� pqt t�top|z}
tyyvys ro pqt x|orsq{top {tuqzors{ � pqzp wt uz}} ¶È §ÌÉ ´ÅÌÆÎÆ»ÉÌ ��z�ro� zs z yt�tytout pqt st}�sqotss {v�t} �tsuyr� t� ro stuprvo ì �¦ �¦ � ro pqt r�tz} sutozyrv
ro wqruq ov�ts uzoovp pt{xvyzyr}� �zr} � pqzp pqtyt zyt ov v�spzu}ts zo� pqzp pqt { vorpvy~
ro� { tuqzors{ �zst� vo pqt xyv{ rsu|v|s }rsptoro� xyv�|uts ov tyyvys � vot v�sty�zprvo
wv|}� �t s|� urtop pv �tptup zo� t�u}|�t t�top|z} st}�sq ov�ts � êvwt�ty � ro pqt {vyt
ytz}rspru sutozyrv ro wqruq pt{xvyzy� { rs� tqz� rvy rs �|t pv pqt xytstout v� �tptuprvo ty~
yvys � pqto z {vyt svxqrspruzpt� ptuqor�|t s|uq zs pqt vot xyvxvst� ro ���í qzs pv � t
|st� � �qyv|�qv|p v|y sr{|}zprvo sp|�� wt zoz}�Ït pqt r{xzup v� pqt �|Ðty srÏt

B
vo pqt

x|orsq{ top tyyvys �|t pv �zr}|yts ro pqt �tptuprvo { tuqzors{ �
Ãvy t�ty� sutozyrv pqzp rs xvssr� }t pv �t�ot |sro� pqt xzyz{ tptys �tsuyr� t� ro pqrs stuprvo �
wt y|o ¦Ø t�xtyr{ tops zo� pvv� pqt z�tyz�t v� pqt { tpyrus |st� ro pqt sr{|}zprvo zo�
�tsuyr� t� ro stuprvo ì �¦ �9 � Ã|ypqty � wt toyruqt� pqt sr{|}zprvo sutozyrvs �� uvosr�tyro�
pqytt z��rprvoz} t�x tyr{ top uvo��|yzprvos Ó wt uvosr�ty zo� z� qvu otpwvy� ro wqruq
pqtyt zyt ov st}�sq ov�ts � zo� z� qvu otpwvy� pqzp qzs z xyt~�t�ot� xtyutopz�t v� st}�sq
ov�ts zo� z ���í~toz�}t� otpwvy� pqzp rs xvx|}zpt� w rpq st}�sq ov�ts � �t pvv� zs z
yt�tytout z otpwvy� w rpq z }vw xtyutopz�t v� st}�sq ov�ts ¼BJ ½ zo� z otpwvy� ro wqruq
z yzpqty qr�q xtyutopz�t ¼¦ìJ ½ v� ov�ts zyt st}�sq �



W Ù� Ù 567é8 ãÚYÛÜÝÞÚßà � ÚÞ� �è�éáäàÝâÜäå àßåäã ×Øì

KÉ§ÍÌ?ÇÉÌÌ ÄÅ=É§

�qt st}�sqotss { v�t} |st� ro v|y sr{|}zprvo sp|�� �v}}vw s pqt �t�orprvo pqzp qzs � tto
�r�to ro �qzxpty ¦ �� st}�sq ov�t rs �t�ot� zs z ov�t pqzp xzyprurxzpt pv yv|pro� vxtyzprvos �|p pqzp s�spt{~
zpruz}}� �zr}s ro �vywzy�ro� �zpz xzu�tps � �� �rsz�}ro� pqt xzu�tp �vywzy�ro� �|ouprvo zp
pqt otpwvy� }z�ty � � s z xyzupruz} t�z{x}t � z { rs� tqz� ro� to�~|sty pqzp vx tyzpts z ov�t
uzo tzsr}� �rsz�}t pqt xzu�tp �vywzy�ro� �|ouprvo �� |sro� pqt LMNOPQRS uv{{zo� ro z
� ro|� xvwtyt� z� qvu ov�t �
no v|y sr{|}zprvos � �|yro� pqt sr{|}zprvo stp|x � wt �t�ot pqt pvpz} o|{�ty v� st}�sq
ov�ts Ó st}�sq ov�ts �yvx �zpz xzu�tps �vy pqt wqv}t �|yzprvo v� pqt sr{|}zprvo �
no stuprvo ì �¦ �ì wt zy�|t pqzp pqrs sr{ x}t { v�t} rs ovp z�t�|zpt pv sqvw qvw pqt ���í
{tuqzors{ rs z�}t pv xyv{vpt uvvxtyzprvo v� ov�ts Ó pqt otutssrp� �vy z { vyt uv{x}t�
{v�t} pqzp pz�ts ropv zuuv|op ov�t \yzprvoz}rp� \ rs �rsu|sst� � wqr}t ro stuprvo B wt w r}}
t�x}zro v|y xyvxvst� sv}|prvo pv v�tyuv{t pqt }r{ rpzprvos r{ xvst� �� z sr{ x}rspru st}�sq~
otss { v�t} �

� �� �T ���� ¡	
�£¢ � �
U�V�

�qrs stuprvo �tsuyr� ts pqt { tpyrus wt |st� pv t�z}|zpt pqt ���í {tuqzors{ Ó pqt yts|}ps
xytstopt� ro stuprvo ì �¦ �] yt�ty pv pqt { tpyrus �t�ot� qtytz�pty �

• íoty�tpru uvos|{xprvo

�qt W }v¤v¥r{ otpwvy� sr{|}zpvy qzs z �|r}p~ro toty�tpru { v�t} pqzp wt |st pv t�z}|zpt
pqt toty�tpru uvos|{xprvo pqzp ov�ts vx tyzpro� pqt z� qvu otpwvy� qz�t pv � tzy � Ñ�
�t�z|}p � ro W }v¤v¥r{ z ov�t ro zo nÕ�í spzp|s uvos|{t ìØØ{� xty qv|y � �t |st� pqrs
�z}|t zs z �zsrs pv ro�ty pqt �|ypqty uvos|{xprvo pqzp �tyr�ts �yv{ pqt otpwvy� vxtyzprvo
zo� �yv{ pqt zxx}ruzprvo y|ooro� vo pqt ov�ts Ó xvwty uvos|{xprvo spzprsprus zyt uv}}tupt�
pqyv|�q pqt wqv}t sr{|}zprvo y|o � wqtyt�� z w ryt}tss uqzoot}~�tx to�top toty�tpru uvsp
rs zssvurzpt� pv t�ty� pyzos{ rppt� vy ytutr�t� xzu�tp �
no pqt �v}}vw ro� �yzxqs � wt xytstop pqt toty�tpru uvos|{xprvo �vy pqytt stp v� t�x tyr{ tops Ó
zo z� qvu otpwvy� w rpq ov st}�sq ov�ts � z �t�tost}tss z� qvu otpwvy� w rpq st}�sq ov�ts �
zo� z ���í~toz�}t� otpwvy� w rpq st}�sq ov�ts �
Ã|ypqty � wt sqvw pqt È»ÉÊÈ¸É ¸ÈÆÇ v� z ���í~toz�}t� otpwvy� w rpq ytsx tup pv z �t~
�tost}tss otpwvy� w rpq st}�sq ov�ts � �qt z�tyz�t �zro rs �t�ot� zs �v}}vw s Ó wt pz�t pqt
z��yt�zpt z�tyz�t toty�tpru uvos|{xprvo �vy z}} pqt ñªÂ «° ²«ª ¯ ®©ª³ ro pqt �t�tost}tss
otpwvy� zo� uv{xzyt rp pv pqt z��yt�zpt z�tyz�t toty�tpru uvos|{xprvo v� pqt ñªÂ «° ²«ª
¯ ®©ª³ ro pqt ���í~toz�}t� otpwvy� zo� t�xytss pqt �rÐtytout ro x tyutopz�t Ó zs zo t�~
z{x}t � zo z�tyz�t �zro v� ×ØJ ro�ruzpts pqzp � ro z�tyz�t � pqt ov�ts v� z ���í~toz�}t�
otpwvy� sz�ts |x pv ×ØJ v� toty�� w rpq ytsx tup pv z �t�tost}tss otpwvy� �
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�t tspr{ zpt toty�tpru uvos|{xprvo pv � t z yt}t�zop { tpyru srout rp ytxytstops pqt z��r~
prvoz} toty�tpru uvsp � tzy� �� ov�ts pqzp |st z uvvx tyzprvo to�vyut{ top { tuqzors{ � �qrs
z��rprvoz} uvsp qz�t pv � t }r{ rpt� srout rp uv|}� � t z �|ypqty sv|yut v� ov�t st}�sqotss �

• Ö|orsq{ top t� urtou�

�qt x|orsq{top t� urtou� {tpyru rs �t�ot� zs �v}}vw s Ó

pE =

∑

N ′

dp

∑

S′

s − h
· 100%

¼ì �×½

wqtyt
N ′ rs pqt s|�stp v� }t�rpr{ zpt ov�ts ro pqt otpwvy� zo�

S ′ rs pqt s|�stp v� st}�sq
ov�ts ro pqt otpwvy� �
dp

rs pqt o|{�ty v� �zpz xzu�tps vyr�rozpt� �� st}�sq ov�ts zo� �rsuzy�t� �� pqt x|orsq~
{ top { tuqzors{ r{x}t{ topt� ro ²ñ ñ }t�rpr{ zpt ov�ts �
s
rs pqt o|{�ty v� xzu�tps vyr�rozpt� �� tzuq st}�sq ov�t ro pqt stp

S ′ pqzp qz�t z �z}r�
yv|pt pv pqt ropto�t� �tsprozprvo zo�

h
ytxytstops pqt o|{�ty v� xzu�tps t�top|z}}� vyr�~

rozpt� �� st}�sq ov�ts pqzp zyt vo z vot~qvx yv|pt �
Ãvy t�z{x}t � s|xxvst pqzp

N ′ = 15
�

S ′ = 1
�

dp = 800
�

s = 1000
zo�

h = 100
Ó

pE = 800
1000−100

= 88, 89%
�

�qt x|orsq{ top t� urtou� {tpyru xyv�r�ts zo v�tyz}} { tpyru pv X|��t pqt tÐtupr�totss v�
pqt ���í {tuqzors{ pqzp pz�ts ropv zuuv|op �vpq pqt �tptuprvo zo� pqt x|orsq{ top
{tuqzors{ Ó ro�tt� � z }t�rpr{ zpt ov�t x|orsqts z st}�sq ov�t wqto z xyt�t�ot� o|{�ty
v� v�sty�zprvos qz�t � tto uv}}tupt� pqyv|�q pqt {vorpvyro� {tuqzors{ zo� xyvutsst� ��
pqt ytx|pzprvo {zoz�ty uv{xvotop �

• Ãz}st xvsrpr�ts

�qt �z}st xvsrpr�t { tpyru rs sr{ r}zy ro rps �t�orprvo pv pqt x|orsq{ top t� urtou� Ó

�z}st xvsrpr�ts
=

∑

N ′

dp

∑

N ′

s − h
· 100%

¼ì �¦½

� rpq pqrs { tpyru wt zoz}�Ït pqt x tyutopz�t v� xzu�tps pqzp qz�t � tto tyyvotv|s}� �yvxxt�
�� }t�rpr{ zpt ov�ts zo� pqzp wtyt vyr�rozpt� �� vpqty }t�rpr{ zpt ov�ts � ��zro � wt �v ovp
pz�t ropv zuuv|op vot~qvx uv{{|oruzprvo xzpptyos �

YZ[\ Ó ro v|y sr{|}zprvo~�zst� zoz}�srs v� ���í wt �v ovp sqvw xzu�tp �t}r�ty�
yzprv �zyrzprvos �vy }t�rpr{ zpt ov�ts � � s vxxvst� pv pqt vpqty uvvxtyzprvo to�vyut{ top
{ tuqzors{ z�zr}z�}t ro pqt }rptyzp|yt � ���í �vts ovp x|orsq st}�sq ov�ts �� |sro� pqt
À²«± ¿²«ª¿ «ª¬±¯]Áª �tsuyr� t� ro �qzxpty ¦ ¼stt �vy t�z{x}t pqt ���ÃnÕ��� {tuqz~
ors{ ½ � �qt uvost�|tout rs pqzp wt uzoovp sqvw pqyv|�q v|y sr{|}zprvos pqzp pqt xzu�tp
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�t}r�ty� yzprv vy z}ptyozpr�t}� pqt z��yt�zpt pqyv|�qx|p v� pqt otpwvy� ÆÇ¨ÊÉÈÌÉÌ wqto
pqt ���í {tuqzors{ rs |st� �� pqt ov�ts � �t z}ytz�� �rsu|sst� pqt �yzw�zu�s v� pqt
xzpq yzpty ptuqor�|t ro �qzxpty ] Ó �|ypqty{vyt wt �v ovp � t}rt�t pqzp z x ty�vy{ zout
{tpyru �zst� vo pqyv|�qx|p rs sr�or�uzpr�t pv sqvw pqt sz}rtop zsx tups v� z uvvxtyzprvo
to�vyut{ top { tuqzors{ �
�qyv|�q v|y sr{|}zprvo sp|�� wt zyt z�}t pv sqvw pqt r{xzup v� ���í ro pty{ s v� toty~
�tpru uvos|{xprvo ¼wqruq wt ytuz}} � rs pqt { zro sv|yut v� z st}�sq �tqz�rvy½ zo� ro pty{ s
v� x|orsq{top t� urtou�� �|p wt u}zr{ pqzp pqt z�r}rp� v� ���í ¼zo� vpqty uvvxtyzprvo
to�vyut{ top { tuqzors{ s½ pv xyv{ vpt uvvxtyzprvo yt�|ryts pqt �t�orprvo v� z �rÐtytop
st}�sqotss { v�t} pqzp z}}vw s z st}�sq ov�t pv zup ¿²«®¯²ñ ñï� r �t � { ror{ rÏro� toty�� uvo~
s|{xprvo wqr}t �ovw ro� pqzp vpqty ov�ts w r}} |o�typz�t pqt zxxyvxyrzpt uv|opty{ tzs|yts
wqtot�ty z st}�sq �tqz�rvy rs �tptupt� �

� �� �^ ���� ¡	
�£¢ U��� ¡
�

no pqrs stuprvo wt �rsu|ss pqt yts|}ps v� v|y sr{|}zprvo sp|�� Ó pqt x}vps xytstopt� qtytz�pty
zyt vy�zorÏt� ro pwv stuprvos � vot pqzp sqvw s pqt ov�ts @ toty�tpru uvos|{xprvo � zo� vot
pqzp sqvw s �tptuprvo zo� x|orsq{top uzxz�r}rprts v� z ���í toz�}t� otpwvy� �
�qyv|�qv|p v|y sr{|}zprvo sp|��� wt wtyt z�}t pv zsstss ovp vo}� pqzp ���í ropyv�|ut
z }vw xvwty uvos|{xprvo v�tyqtz� ¼z}sv w rpq ytsx tup pv vpqty uvvxtyzprvo to�vyut{ top
{ tuqzors{ s z�zr}z�}t ro pqt }rptyzp|yt½ � �|p z}sv pqzp rp topzr}s z sr�or�uzop xvwty sz� ro�
�vy }t�rpr{ zpt ov�ts pqzp |st ���í � �q|s � ���í spr{|}zpts uvvxtyzprvo v� st}�sq ov�ts
pv pqt otpwvy� vxtyzprvo ÈÇ= ropyv�|ut zo routopr�t �vy }t�rpr{ zpt ov�ts pv |st ���í
zs z uvvxtyzprvo to�vyut{ top { tuqzors{ srout pqt� sz�t toty���

• íoty�tpru uvos|{xprvo

�qt �v}}vw ro� x}vps ¼��|yts ì �¦~ì �] ½ xytstop pqt z�tyz�t toty�tpru uvos|{xprvo ¼x ty ov�t½
xyv�r�t� �� pqt W }v¤v¥r{ sr{|}zprvo spzprsprus �vy �rÐtytop sutozyrvs � �t uvosr�tyt�
�vpq spzpru zo� ��oz{ ru otpwvy�s zo� wt �zyrt� pqt xzpq �r�tysrp� xzyz{ tpty ¼zs �t~
suyr� t� ro stuprvo ì �¦ �¦½ zo� pqt x tyutopz�t v� st}�sq ov�ts � �vpt pqzp ro pqt �v}}vw ro�
x}vps � wqto pqt x tyutopz�t v� st}�sq ov�ts rs BJ � vo}� vot ov�t { rs� tqz�t Ó xyturst}�� ro
v|y x}vps pqt ov�t w rpq

ID = 6
rs { rs� tqz�ro� � �o pqt vpqty qzo� � wqto pqt x tyutopz�t

v� st}�sq ov�ts rs ¦ìJ � pqtyt zyt ] st}�sq ov�ts ro pqt otpwvy� Ó pqt �v}}vw ro� x}vps �txrup
z otpwvy� ro wqruq ov�ts w rpq

ID = 2, 6, 9, 11
zyt { rs� tqz�ro� � �qt �ysp v�sty�zprvo

pqzp wt uzo {z�t �� zo v�tyz}} zoz}�srs v� pqt x}vps �tyr�ts �yv{ z uv{xzyrsvo �tpwtto
pqt xvwty uvos|{xprvo v� zo z� qvu otpwvy� w rpqv|p st}�sq ov�ts zo� z �t�tost}tss otp~
wvy� w rpq z �t�ot� xtyutopz�t v� st}�sq ov�ts � n� rp rs ovp s|yxyrsro� pv stt pqzp st}�sq
ov�ts sz�t toty�� �� �yvxxro� �zpz xzu�tps � rp rs roptytspro� pv v�sty�t pqzp z}sv }t�rpr~
{ zpt ov�ts @ xvwty uvos|{xprvo rs r{ xzupt� �� pqt xytstout v� st}�sq ov�ts Ó ro z�tyz�t �
z}sv }t�rpr{ zpt ov�ts { r�qp �zro ro toty�tpru sz� ro�s wqto st}�sq ov�ts zyt xytstop ro pqt
otpwvy� �
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_" `
Ãr�|yt ì �¦ Ó ¥pzpru otpwvy� � ¥J v� st}�sq ov�ts Ó yv|pts w rpq {vyt pqzo × qvxs zo� qr�q
xzpq �r�tysrp��
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no�tt� � uvosr�ty �vy t�z{x}t pqt �v}}vw ro�
n + 2

~qvx xzpq �yv{ z }t�rpr{ zpt sv|yut
S

pv
pqt uvyytsxvo�ro� �tsprozprvo

D
Ó

< S,N1, N2, N3, N4, ..., Nn, D >

n� wt uvosr�ty pqt t�pyt{ t sutozyrv ro wqruq
N1

rs �yvxxro� �zpz xzu�tps � tuz|st v� z
³ ªñb ³± � tqz� rvy � z}sv z}} pqt vpqty �vwo~}ro� ov�ts {N2...Nn}

pvwzy�s pqt �tsprozprvo w r}}
sz�t toty�� �tuz|st pqt� w r}} ovp ytutr�t zo� �zpz xzu�tps pv �vywzy� �
�o pqt vpqty qzo� � ro pqt vxxvsrpt sutozyrv ro wqruq pqt }zsp qvx �t�vyt pqt �tsprozprvo
¼oz{ t}��

Nn

ro v|y xzpq t�z{x}t½ rs ³ ªñb ³± � z}} pqt |x~}ro� ov�ts pvwzy�s pqt sv|yut w r}}
wzspt toty�� �� �vywzy�ro� �zpz xzu�tps pqzp w r}} ot�ty ytzuq pqt �tsprozprvo �
�qt |st v� z {|}pr~xzpq yv|pro� suqt{ t w rpq z qr�q À²«± ;©öª¿³«ï wv|}� { rpr�zpt pqt
wzspt ro pty{ s v� toty�� v� }t�rpr{ zpt ov�ts pqzp �tptupt� pqt xytstout v� z st}�sq ov�t
ro pqt yv|pt c zp pqt sz{ t pr{ t � z {|}pr~xzpq yv|pro� suqt{t z}}vw s ov�ts pv \xyv� t \
{|}prx }t yv|pts zo� t�top|z}}� rouytzst �tptuprvo uzxz�r}rprts �

�o pqt vpqty sr�t � wqto uv{xzyro� toty�tpru uvos|{xprvo v� ov�ts ro z �t�tost}tss
otpwvy� zs vxxvst� pv ov�ts ro z ���í~toz�}t� otpwvy� � rp rs xvssr� }t pv stt pqzp ov�ts
ro z ���í~toz�}t� otpwvy� sz�t toty�� �� x|orsqro� st}�sq sv|yuts pqzp vyr�rozpt �zpz
pyz� u � �vosr�ty pqt �v}}vw ro� xzpq � ro wqruq pqt sv|yut ov�t

S
qzs � tto �tptupt� zs

st}�sq �� ¼z}}½ qty otr�q�vys Ó
< S,N1, N2, N3, N4, ..., Nn, D >

n� pqt otpwvy� qzs ov uv|opty{ tzs|yts pv uvx t w rpq ov�t st}�sqotss � t�ty� ov�t vo pqt
xzpq pvwzy�s pqt �tsprozprvo wzspts toty�� �� �vywzy�ro� \r}}t�rpr{ zpt \ pyz� u �totyzpt�
�� z st}�sq sv|yut pqzp �vts ovp uvvxtyzpt pv pqt otpwvy� vxtyzprvo �
�o pqt uvopyzy�� ro z ���í~toz�}t� otpwvy� r� ov�t

N1

�tptupt� z st}�sq �tqz�rvy v� pqt
sv|yut � sqt w r}} pqto x|orsq pqt st}�sq sv|yut �� �to�ro� �zpz �vywzy�ro� � ¤vytv�ty � z}}
ov�ts �vwo~}ro� pvwzy�s pqt �tsprozprvo w r}} � tot�p �yv{ pqt x|orsq{ top v� pqt st}�sq
sv|yut x ty�vy{ t� ��

N1

zo� w r}} sz�t toty���
�qt x}vps xytstopt� ro ��|yts ì �¦~ì �] z}sv sqvw pqt ²öª¿²Â ª Â ²¯ ro pty{ s v� toty�tpru

uvos|{xprvo v� z ���í~toz�}t� otpwvy� w rpq ytsx tup pv z �t�tost}tss otpwvy� � w rpqv|p
pz�ro� ropv zuuv|op pqt �zro v� st}�sq ov�ts Ó zs rp rs xvssr� }t pv stt ro pqt ��|yts � z�tyz�t
�zros �zy� �txto�ro� vo {v�r}rp� stppro�s zs wt}} zs x tyutopz�t v� st}�sq ov�ts ro pqt
otpwvy� zo� xzpq �r�tysrp� xzyz{pty � no ��|yt ì �] wt stp pqt À²Á³ ª «° ª xzyz{ tpty pv Østuvo�s ro vy�ty pv pzu�}t w rpq zo t�pyt{ t {v�r}rp� sutozyrv Ó ov�ts uvospzop}� {v�t w rpq
z sx tt� |or�vy{ }� �rspyr�|pt� �tpwtto ×{ �s zo� ¦Ø{ �s �
� qto uv{xzyro� x}vps w rpq pqt sz{ t z{v|op v� st}�sq ov�ts ro pqt otpwvy� ¼��|yts
ì �¦ ¼z½ zo� ì �] ¼z½½ �|p �rÐtytop { v�r}rp� stppro�s � rp rs x vssr� }t pv stt pqzp z�tyz�t �zros
ro spzpru otpwvy�s ¼∼ 17%

½ zyt qr�qty pqzo ro pqt ��oz{ ru uzst ¼∼ 4 − 5%
½ Ó ro�tt� �

ov�t {v�r}rp� ovp vo}� ropyv�|uts z qr�q z{v|op v� pyz� u v�tyqtz� �|t pv �yt�|top }ro�
�ytz�s �|p � zs rp w r}} � t sqvwo ro pqt x|orsq{top t� urtou� x}vps � rp qzs zo r{xzup vo pqt
�tptuprvo zo� x|orsq{top { tuqzors{ s �
Ã|ypqty{vyt � rp rs xvssr� }t pv �t�|ut �yv{ pqt x}vps pqzp pqt z�tyz�t toty�tpru �zro rs



××Ø W Ù XÚYÛÜÝÞÚßàáâÝãäå æÝÜÚåÝÞÚßà ßç �è�é

Consumed Energy (uWh)

N=16, S=6%, B=5

0

100

200

300

400

500

600

700

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Node ID

C
o

n
s
u

m
e
d

 E
n

e
rg

y

No Selfish Nodes, No CORE

Selfish Nodes, No CORE

Selfish Nodes, CORE

Average Gain: ~9%

_!`
Consumed Energy (uWh)

N=16, S=25%, B=5

0

100

200

300

400

500

600

700

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Node ID

C
o

n
s
u

m
e
d

 E
n

e
rg

y

No Selfish Nodes, No CORE

Selfish Nodes, No CORE

Selfish Nodes, CORE

Average Gain: ~16%

_" `
Ãr�|yt ì �9 Ó ¥pzpru otpwvy� � ¥J v� st}�sq ov�ts Ó yv|pts w rpq {vyt pqzo × qvx zo� }vw
xzpq �r�tysrp��
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Selfish Nodes, CORE

Average gain: ~7.5%

_" `
Ãr�|yt ì �] Ó Õ�oz{ ru otpwvy� � ¥J v� st}�sq ov�ts dxz|st pr{ t e Ø¾ �

q r�qty wqto z }zy�ty xvyprvo v� ov�ts v� pqt otpwvy� rs stp pv � t st}�sq Ó pqrs yts|}p �v}}vw s
pqt �rsu|ssrvo vo pqt xvsrprvo ¼zo� o|{�ty½ v� st}�sq ov�ts ro z xzpq �yv{ z sv|yut pv z
�tsprozprvo zo� pqt o|{�ty v� st}�sq sv|yuts ro pqt otpwvy� � zs �tsuyr� t� ro pqt � t�rooro�
v� pqrs stuprvo �� s rp w r}} � t {vyt u}tzy ro pqt stuprvo �t�ruzpt� pv x|orsq{top t� urtou� x}vps � z}sv pqt
À²«± ©öª¿³«ï xzyz{tpty qzs zo roÒ|tout vo pqt z�tyz�t toty�tpru �zro ¼yt�ty pv ��|yts ì �¦
zo� ì �9½ Ó �tptuprvo zo� x|orsq{top uzxz�r}rprts zyt r{xzupt� �� pqt xytstout v� {|}prx }t
xzpq pvwzy�s zo� �yv{ z st}�sq ov�t � � yt�|ut� xzpq �r�tysrp�� pqzp wt sr{|}zpt� pqyv|�q
z s{ z}} o|{�ty v� �Ñ� uvootuprvos ro pqt otpwvy� � �t�yz�t pqt �tptuprvo zo� x|orsq{ top
uzxz�r}rprts v� ���í �

• Ö|orsq{ top t� urtou�
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no pqrs stuprvo wt xytstop pqt x}vps �vy pqt x|orsq{top t� urtou� ¼
pE

½ { tpyru �tys|s
pqt xz|st pr{ t xzyz{tpty Ó wqto wt uvosr�ty z spzpru otpwvy� � pqt xz|st pr{ t qzs ov
roÒ|tout vo pqt yts|}ps � wqtytzs �vy pqt ��oz{ ru uzst pqt r{xzup v� ov�t {v�r}rp� rs
{vyt r{ xvypzop � Ãvy t�ty� xz|st pr{ t �z}|t ¼r �t � xz|st pr{ t e {0, 10, 100, 300, 600, 900}stuvo�s½ wt y|o ¦Ø t�xtyr{ tops �zy�ro� pqt st}�sq ov�t xtyutopz�t zo� pqt st}�sq ov�t
xvsrprvo ¼r �t � pqt st}�sq ov�t nÕ ½ ro pqt otpwvy� � no pqt spzpru uzst � wt z}sv �zyrt� pqt
xzpq �r�tysrp� xzyz{ tpty �
Ã r�|yt ì �ì xytstops z s|{{zy� v� pqt x|orsq{top t� urtou� �vy z}} sr{|}zprvo sutozyrvs
wt |st� � wqr}t ��|yts ì �H ¼z½ � ì �H ¼� ½ � ì �Z zyt toyruqt� w rpq { tzs|yt{ top tyyvys �vy t�ty�
sx tur�u sutozyrv wt uvosr�tyt� � no ��|yt ì �ì rp rs xvssr� }t pv v�sty�t pqzp � ro z�tyz�t �

Punishment Efficiency N=16 S={6,25}%
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no-mobility-low-path/d-6%

no-mobility-high-path/d-6%

no-mobility-low-path/d-25%

no-mobility-high-path/d-25%

mobility-6%

mobility-25%

Ãr�|yt ì �ì Ó ¥|{{zy� v�
pE

�vy �rÐtytop sr{|}zprvo sutozyrvs �

x|orsq{ top t� urtou� rs qr�qty �vy z spzpru otpwvy� zs uv{xzyt� pv z ��oz{ ru otpwvy� �
Ã|ypqty{vyt � v|y x}vps sqvw pqzp pqt xzpq �r�tysrp� xzyz{ tpty qzs z sr�or�uzop roÒ|tout
vo pqt x|orsq{top t� urtou� ¼zo� �tptuprvo uzxz�r}rprts½ v� z ���í~toz�}t� otpwvy� �
�zsp}�� zs �vy pqt toty�� uvos|{xprvo x}vps � z qr�qty x tyutopz�t v� st}�sq ov�ts ro pqt
otpwvy� xyv�|uts z qr�qty x|orsq{ top t� urtou��
�v t�x}zro pqt � tqz�rvy v� pqt x|orsq{top t� urtou� x}vps � wt yt�ty ovw pv pqt �v}}vw ro�
sx tur�u sutozyrvs �

f Ãr�|yt ì �Z ~ KÎÈÎÆ¨ ÇÉÎ·ÅÊµ

� qto pqt ov�ts v� pqt otpwvy� �v ovp { v�t � pqt x|orsq{top t� urtou� �txto�s vo pqt
xzpq �r�tysrp� xzyz{tpty � �tp @s �r�t z xyzupruz} t�z{x}t pv t�x}zro qvw xzpq �r�tysrp�
r{xzups �vpq �tptuprvo zo� uvost�|top}� x|orsq{top uzxz�r}rprts v� ���í �
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�qt �v}}vw ro� ��|yt ì �B �txrups pqt �ry� otpwvy� |st� ro v|y sr{|}zprvo � wqtyt ov�t
N6

rs
st}�sq � Õtptuprvo uzxz�r}rprts zs z �|ouprvo v� xzpq �r�tysrp� zyt �txrupt� ro ��|yts ì �B ¼z½
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_!`
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_#`
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_(`
Ãr�|yt ì �B Ó ¥pzpru �yr� otpwvy� w rpq × st}�sq ov�t Ó xzpq �r�tysrp� t�z{x}t �

zo� ì �B ¼u½ � wqr}t x|orsq{top uzxz�r}rprts zyt �txrupt� ro ��|yts ì �B ¼�½ zo� ì �B ¼� ½ � � qto
xzpq �r�tysrp� rs qr�q ¼��|yts ì �B ¼z½ �ì �B ¼�½½ � z}} otr�q�vyro� ov�ts v� ov�t

N6
qz�t sv{t

yv|pts pqzp |st pqt st}�sq ov�t zs z yt}z� ¼�vpq �tuz|st pqt� zyt sv|yuts vy � tuz|st pqt�
zyt yt}z� ro� xzu�tps vo �tqz}� v� � rspzop ov�ts½ Ó ro pqrs uzst pqt �tptuprvo { tuqzors{
zss|yts pqzp z}} otr�q�vyro� ov�ts �tptup zo� u}zssr�� ov�t

N6

zs st}�sq � no pqt sz{ t
wz�� wqto xzpq �r�tysrp� rs qr�q � r� ov�t

N6

qzs yv|pts pqzp |st zp }tzsp vot otr�q�vyro�
ov�t � pqt x|orsq{top t� urtou� ytzuqts z}{ vsp ×ØØJ � Ã r�|yt ì �Z sqvw s zo z�tyz�t �z}|t
v� aaJ srout v|y xzpq �r�tysrp� qzs � tto {zo|z}}� r{ xvst� pqyv|�q zo zxxyvxyrzpt pyz� u
xzpptyo stppro� � wqruq qvwt�ty �vts ovp �|zyzoptt pqt sz{ t yts|}ps pqzp wt wv|}� qz�t
v�pzrot� �� |sro� z py|t {|}pr~xzpq yv|pro� xyvpvuv} �
�o pqt vpqty sr�t � wqto xzpq �r�tysrp� rs }vw ¼��|yts ì �B ¼u½ � ì �B ¼�½½ vo}� ov�ts

N2
zo�

N10

|sts yv|pts pqzp �v pqyv|�q pqt st}�sq ov�t
N6

Ó vo}� pwv ov�ts v�ty �v|y otr�q�vys
wv|}� �tptup pqt st}�sq �tqz�rvy � �vw � ro pqt ovo ot�}r�r�}t uzst ro wqruq ov�t

N6
|sts

vo}� yv|pts pqzp �v pqyv|�q ov�t
N3

zo�
N7

� pqt x|orsq{ top t� urtou� wv|}� �t ØJ �
�qrs t�z{x}t sqvw s pqt }r{ rpzprvos v� ���í Ó ro pqt z�stout v� z ytx|pzprvo �rspyr�|~
prvo { tuqzors{ � }t�rpr{ zpt ov�ts pqzp ot�ty �rytup}� t�xtyrtout� pyzos{ rssrvo �zr}|yts
pqzp uzo �t zppyr�|pt� pv z st}�sq �tqz� rvy wv|}� ovp x|orsq pqt st}�sq ov�t � êvwt�ty �
pqrs }r{ rpzprvo uzo �t v�tyuz{ t ro �rÐtytop wz�s Ó wt z}ytz�� {toprvot� pqzp z {|}pr~xzpq
yv|pro� xyvpvuv} pqzp t�x}vrps xzpq �r�tysrp� wv|}� roqtytop}� sv}�t pqt xyv�}t{ � Ã|ypqty~
{vyt � ro stuprvo ] �a �¦ v� �qzxpty ] � wt xyvxvst� z ���í toqzout{ top pqzp yt}� vo À ªª¿¯ ®©ª³ wqruq zyt z�}t pv v�sty�t st}�sq �tqz� rvy w rpqv|p � tro� ro�v}�t� ro z �vywzy�ro�
pyzoszuprvo � Ã r�|yt ì �Z sqvw s pqt z�tyz�t x|orsq{top t� urtou� pqzp wt t�xtyrtout� ro
v|y sr{|}zprvos Ó ro z�tyz�t � pqt x|orsq{top t� urtou� rs � t}vw ×ØØJ c qvwt�ty wt �t}rt�t
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rp s|� urtop pv ytxytstop z spyvo� routopr�t �vy st}�sq ov�ts pv xzyprurxzpt pv pqt otpwvy�
vxtyzprvo �

Mobility=OFF, Percentage of selfish nodes={6,25}%
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no-mobility-low path/d-6%

no-mobility-high path/d-6%

no-mobility-low path/d-25%

no-mobility-high path/d-25%

Ãr�|yt ì �Z Ó
pE

�vy z spzpru otpwvy� � w rpq {tzs|yt{ top tyyvys �

f Ãr�|yts ì �H ¼z½ �ì �H ¼�½ ~ g>ÇÈÄ Æ¨ ÇÉÎ·ÅÊµ

Ñ� pz�ro� ropv zuuv|op ov�t {v�r}rp�� xzyz{ tptys s|uq zs yv|pt qvx uv|op zo� xzpq
�r�tysrp� zyt { vyt �r� u|}p pv uvopyv} w rpq ytsx tup pv pqt spzpru uzst � no pqt x}vps xytstopt�
ro ��|yts ì �H zo� ì �Z � wt �zy� pqt x tyutopz�t v� st}�sq ov�ts ro pqt otpwvy� zo� wt
zoz}�Ït pqt �zyrzprvo v� pqt x|orsq{ top t� urtou� {tpyru w rpq ytsx tup pv pqt xz|st pr{ t
xzyz{tpty v� pqt �zo�v{ �z�xvrop {v�r}rp� {v�t} � �qt ov�ts @ ro rprz} x vsrprvo rs �t�ot�
|sro� pqt sz{ t �yr� otpwvy� sqvwt� �vy pqt spzpru uzst � wqruq rs pqto �t�vy{ t� �|t pv
ov�t {v�t{ tops �� s rp rs xvssr� }t pv v�sty�t ro ��|yts ì �H ¼z½ zo� ì �H ¼� ½ � x|orsq{ top t� urtou� �yvw s ro pqt
xz|st pr{ t � zo� ytzuqts qr�q t� urtou� �z}|ts ¼r �t � ∼ 100%

½ spzypro� �yv{ z xz|st pr{ t v�
aØØs � �o pqt vpqty sr�t � wqto ov�t {v�r}rp� rs �ty� qr�q � r �t � wqto ov�ts uvopro|v|s}�
{v�t pv yzo�v{ �tsprozprvos � x|orsq{top t� urtou� rs uv{xzyz�}t pv pqt vot t�z}|zpt�
�vy pqt spzpru otpwvy� w rpq }vw xzpq �r�tysrp��
¥rout pqt ov�ts v� pqt otpwvy� yt}� vo pqt Õ¥� yv|pro� xyvpvuv} wqruq |sts vo}� vot
xzpq pqzp rs ytuvospy|upt� t�ty� pr{ t z }ro� �ytz� rs �tptupt� � xzpq �r�tysrp� rs qzy� pv
tspr{ zpt � t�to �� r{xvsro� pqt z�t�|zpt pyz� u xzpptyos � �t �t}rt�t pqzp xzpq �r�tysrp�
yt�rsptys ot�zpr�t �zyrzprvos �|t pv ov�t {v�r}rp� Ó �vy t�z{x}t � otr�q�vys pqzp �tptupt�
z st}�sq �tqz� rvy uv|}� {v�t zwz� �yv{ pqt st}�sq ov�t �t�vyt sqt sto�s xzu�tps pqzp
wv|}� �t �yvxxt� �� pqt x|orsq{top {tuqzors{ � �pqty ov�ts pqzp ot�ty |st� pqt st}�sq
ov�t zs z yt}z� ¼óªó pqt� uv|}� ovp �tptup rp zs � tro� st}�sq½ � uv|}� �z}} w rpqro pqt w ryt}tss
yz�rv yzo�t v� pqt st}�sq ov�t zo� pq|s � t |st� zs yt}z�s �vy �vywzy�ro� st}�sq pyz� u �
í�to r� pqt x|orsq{top t� urtou� vÐtyt� �� ���í ro z ��oz{ ru otpwvy� uzo �t tspr{ zpt�



W Ù� Ù 567é8 ãÚYÛÜÝÞÚßà � ÚÞ� �è�éáäàÝâÜäå àßåäã ××ì

zs zo tÐtupr�t routopr�t �vy ov�t uvvx tyzprvo � wt to�rsrvo ro v|y �|p|yt wvy� pv |st z
�zyrzprvo v� pqt Õ¥� xyvpvuv} pqzp t�x}vrps {|}prx }t xzpqs zo� pqzp �v ovp |st �yzp|rpv|s
yv|pt ytx}� vy yv|pt tyyvy { tssz�ts � wqruq wt �tt{ z sv|yut v� z }vw xzpq �r�tysrp��

Mobility=ON, Percentage of selfish nodes=6%
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Mobility=ON, Percentage of selfish nodes=25%
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_" `
Ãr�|yt ì �H Ó

pE

�vy z ��oz{ ru otpwvy� � w rpq {tzs|yt{ top tyyvys �

• Ãz}st xvsrpr�ts

�qt }zsp x}vp wt xytstop sqvw s x|orsq{top tyyvys �|t pv pqt sqvypuv{ ro�s v� pqt wzpuq�v�
ptuqor�|t � no pqt x}vps � wt �zyrt� pqt

B
xzyz{tpty � wqruq qzs z}wz�s � tto stp pv

B = 5
ro

z}} vpqty sr{|}zprvo y|os � �t �t}rt�t pqzp pqt � }ptyro� �|ouprvo zo� pqt � }pty xzyz{tptys
|st� pv t�z}|zpt ytx|pzprvo { tpyrus �vy otr�q�vyro� ov�ts rs pqt { zro ytsxvosr� }t �vy
tyyvys ro pqt u}zssr�uzprvo v� st}�sq ov�ts � � ss|{ ro� pqzp pqt {vorpvyro� {tuqzors{ rs
r{xty�tup � wt wzop pv sp|�� wqruq rs pqt r{xzup v� pqt xzyz{ tpty

B
vo pqt �z}st xvsrpr�t
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False Positves, N=16 S={6,25}%

Observation buffer size = B

Mobility=ON
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B=5

B=10

Ãr�|yt ì �a Ó Ãz}st xvsrpr�ts w rpq ¦ìJ v� st}�sq ov�ts ro z ��oz{ ru otpwvy� �

{ tpyru �� s rp rs xvssr� }t pv stt ro ��|yt ì �a � pqt �z}st xvsrpr�t { tpyru rs ro�tyst}� yt}zpt� pv pqt
xz|st pr{ t xzyz{ tpty � wqruq wt �zyrt� zs ro pqt x|orsq{top t� urtou� t�z}|zprvo �
� qto pqt v�sty�zprvo �|Ðty srÏt rs

B = 5
� z ovo ot�}r�r� }t x tyutopz�t v� �z}st xvsrpr�ts

zxxtzys vo}� ro pqt uzst v� z qr�q {v�r}rp� sutozyrv Ó qvwt�ty � �}v�z}}�� �vy t�ty� }t�rpr{ zpt
ov�t ro pqt otpwvy� � vo}� ¦ xzu�tps x ty ×ØØ xzu�tps stop �� }t�rpr{ zpt ov�ts { r�qp � t
�yvxxt� tyyvotv|s}�� �zy�ro� pqt xz|st pr{ t xzyz{tpty � vy �� �v|�}ro� pqt �|Ðty srÏt
B = 10

� rs s|� urtop pv yto�ty pqt x tyutopz�t v� �z}st xvsrpr�ts z}{vsp ot�}r�r� }t �

� �� �� h��V����£¢

�qt yts|}ps stuprvo xyv�r�ts z �tpzr}t� zoz}�srs v� ���í xty�vy{ zout |o�ty �rÐtytop otp~
wvy�ro� sutozyrvs Ó zs wt v�sty�t� � pqt x|orsq{ top t� urtou� rs �vy {vsp v� pqt sutozyrvs
z�t�|zpt pv xyv{vpt ov�t uvvxtyzprvo srout x ty�vy{ zout v� st}�sq ov�ts rs �yzspruz}}�
yt�|ut� ro z ���í~toz�}t� otpwvy� �
Ã|ypqty{vyt wt �t{vospyzpt� pqyv|�qv|p v|y sr{|}zprvo sp|�� pqzp ���í xyv�r�ts ovp
vo}� ÆÇ¨ÉÇÎÆ»ÉÌ ¶ÅÊ ÌÉ§ÍÌ? ÇÅ=ÉÌ ÎÅ ¨ÅÅ´ÉÊÈÎÉ � �|p z}sv pqzp ���í rs ÈÎÎÊÈ¨ÎÆ»É ¶ÅÊ
§É¸ÆÎÆÄÈÎÉ ÇÅ=ÉÌ ro pqzp pqt� { r�qp sz�t |x pv ¦]J v� toty�� wqruq � zs z uvost�|tout �
t�pto�s pqt otpwvy� }r�tpr{t ro pqt uzst pqzp z}} ov�ts |st ���í �
no sv{t uzsts � wt ovprut� pqzp pqt �rspyr�|prvo v� ytx|pzprvo ro�vy{ zprvo uv|}� rouytzst
�tptuprvo uzxz�r}rprts wqto xzpq �r�tysrp� rs }vw vy wqto wt uvosr�ty qr�q ov�t {v�r}rp�
sutozyrvs � êvwt�ty wt s|��tsp pqzp |sro� z {|}prx}t~xzpq yv|pro� xyvpvuv} pqzp t�x}vrps
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qr�q xzpq �r�tysrp� wv|}� roqtytop}� sv}�t pqt xyv�}t{ s xvropt� v|p ro pqt yts|}ps stu~
prvo � Ã|ypqty{vyt � �� |sro� pqt t�pto�t� �tysrvo v� ���í wqruq r{x}t{ tops pqt x tty
�z}r�zprvo ptuqor�|t �tsuyr� t� ro stuprvo ] �a �¦ ro �qzxpty ] � x|orsq{ top t� urtou� uzo �t
r{xyv�t� z}sv ro pqt uzst v� z sro�}t~xzpq yv|pro� xyvpvuv} �
�|y sr{|}zprvo sp|�� qzs z}sv � tto |st� zs z �zsrs �vy pqt �tsr�o v� z ptsp~� t� r{x}t{ to~
pzprvo v� ���í zo� { r�qp � t |st� �vy pqt �ot~p|oro� v� ���í xzyz{tptys �

�t �t}rt�t � qvwt�ty � pqzp pqt st}�sqotss { v�t} r{x}t{topt� ro v|y sr{|}zprvo sp|��
¼zo� ro vpqty sr{|}zprvo sp|�� z�zr}z�}t ro pqt }rptyzp|yt½ rs ovp s|� urtop pv �yzsx pqt
sz}rtop zsx tups v� ov�t uvvxtyzprvo wqto \yzprvoz}\ to�~|stys st}�sq}� vx tyzpt pqt ov�ts
v� pqt otpwvy� � no�tt� � z spzpru st}�sqotss {v�t} ro wqruq z { rs� tqz�ro� ov�t ot�ty
uqzo�ts qty � tqz�rvy rs ovp ytz}rspru Ó r� uqzo�ts ro pqt st}�sq �tqz�rvy zyt ovp z}}vwt� �
pqto rp rs r{ xvssr� }t pv sqvw ro v|y sr{|}zprvos pqt uzxz�r}rprts v� ���í pv spr{|}zpt
uvvxtyzprvo � no pqt �v}}vw ro� �qzxpty � wt xytstop zo zoz}�pruz} { v�t} v� zo z� qvu
otpwvy� ro wqruq yzprvoz} st}�sq z�tops vx tyzpt pqt otpwvy� {z�r{ rÏro� pqtry xyv�ps ro
pty{ s v� toty�� uvos|{xprvo wqr}t zp pqt sz{ t pr{ t �ovw ro� pqzp vpqty z�tops ro pqt
otpwvy� uv|}� �v pqt sz{ t vy uv|}� |st z uvvx tyzprvo to�vyut{ top { tuqzors{ }r�t ���í
pv to�vyut ov�t uvvxtyzprvo �
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�vvxtyzprvo to�vyut{ top { tuqzors{ s qz�t �tto z��ytsst� �� pqt ytstzyuq uv{{|orp�
ro pqt zppt{xp pv uvxt w rpq pqt st}�sq �tqz�rvy v� ov�ts ro { v�r}t z� qvu otpwvy�s
¼¤��í� ½� �s �t�ot� ro �qzxpty ¦ � z ov�t rs uvosr�tyt� st}�sq wqto rp �vts ovp xzyprur~
xzpt ro pqt �zsru otpwvy� vx tyzprvo ro vy�ty pv sz�t toty��� � s vxxvst� pv { z}rurv|sotss �
st}�sqotss rs z xzssr�t pqytzp pqzp �vts ovp ro�v}�t zo� roptoprvo pv �z{z�t pqt vxtyz~
prvo v� otpwvy�ro� �|ouprvos �� zupr�t zppzu�s }r�t yv|pt s|��tysrvo � pz{xtyro� w rpq �zpz �
tpu ����
no pqrs �qzxpty wt xytstop pwv zxxyvzuqts pv zsstss pqt �tzp|yts v� v|y uvvxtyzprvo to~
�vyut{ top { tuqzors{ ���í � �tsuyr� t� ro �qzxpty ] � ¥rout z }zy�t �yzuprvo v� t� rspro�
uvvxtyzprvo to�vyut{ top suqt{ ts zyt �zst� vo xyrourx }ts z�ro pv �tursrvo { z�ro� zo�
tuvov{ ru {v�t}}ro� � z ozp|yz} pvv} pqzp t{ ty�t� pv � t s|rpz�}t �vy pqt �z}r�zprvo v� s|uq
{tuqzors{ s rs �z{ t pqtvy��
no stuprvo B �× wt xytstop z {tpqv� �zst� vo ¯®¯ ;¬®®À ª¿²«ö ª Â ²° ª «± ª®¿ï pqzp rs |st� pv
t�rout pqt �zsru xyvx typrts v� ���í � no pqrs { tpqv� wt |st z {v�t} pqzp �tsuyr� ts pqt
spyzpt�� v� z st}�~roptytspt� ov�t pqzp qzs pv { z�t z �tursrvo z�v|p wqtpqty pv uvvxtyzpt
vy ovp w rpq z yzo�v{ }� uqvsto otr�q�vy � �t pqto pyzos}zpt pqt ���í {tuqzors{ ropv z
spyzpt�� xyv� }t pqzp uzo �t uv{xzyt� pv vpqty xvx|}zy spyzpt�rts � Ôo�ty pqt uv{{vo}�
|st� q�xvpqtsrs v� x ty�tup { vorpvyro� � wt �t{vospyzpt pqt t�|r�z}tout � tpwtto ���í
zo� z w r�t yzo�t v� qrspvy�~�zst� spyzpt�rts }r�t prp~�vy~pzp � Ã|ypqty � �� z�vxpro� z {vyt
ytz}rspru zss|{xprvo pqzp pz�ts ropv zuuv|op FÇÊÉ§ÆÈº §É ÅºÌÉÊ»ÈÎÆÅÇÌ v� ov�ts @ �tqz� rvy�|t pv uv{{|oruzprvo tyyvys � pqt ovo~uvvxtyzpr�t {v�t} x|ps ro t�r�tout pqt s|xtyrvyrp�
¼ro pty{ s v� spz�r}rp� zo� yv�|spotss½ v� ���í v�ty vpqty qrspvy�~�zst� suqt{ts �� }ptyozpr�t}�� wt z}sv �t�ot� z {tpqv� pqzp wt w r}} rou}|�t zs zo zoot� pv pqt �qtsrs �
wqtyt wt t�pto� v|y {v�t} ro vy�ty pv pz�t ropv zuuv|op otpwvy� pvxv}v�� ro�vy{ zprvo
ro pqt spyzpt�� st}tuprvo xqzst � r �t � wqto pqt ov�t { z�ts z �tursrvo z�v|p �vywzy�ro� vy
�yvxxro� �zpz pyz� u � �t z}sv �tyr�t zo z}ptyozpr�t x|orsq{top { tuqzors{ pqzp xyv�r�ts
z { r}�ty x|orsq{top �vy ov�ts pqzp { rs� tqz�t �
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no stuprvo B �¦ � wt t�x}vyt z �rÐtytop {v�t} pqzp pz�ts ropv zuuv|op �vpq z ov�t~
utopyru zo� z otpwvy�~utopyru x tyutxprvo v� pqt roptyzuprvos � tpwtto ov�ts pqzp xzyprurxzpt
ro z ¤��í� �� |sro� ¬®®À ª¿²«ö ª Â ²° ª «± ª®¿ï� �t �ysp �t{vospyzpt pqt yt�|ryt{ top
�vy z uvvxtyzprvo to�vyut{ top { tuqzors{ ro vy�ty pv xyv{vpt uvvxtyzprvo �tpwtto st}�~
roptytspt� ov�ts �� sqvw ro� pqzp ro pqt z�stout v� s|uq z {tuqzors{ pqt �tsp spyzpt�� �vy
z ov�t wv|}� �t pv �ytt yr�t � ¤vytv�ty � wt zoz}�Ït wqruq wv|}� �t pqt srÏt v� z uvz}rprvo
v� uvvxtyzpro� ov�ts �zst� vo pqt r{xvypzout �r�to �� z ov�t pv pqt ov�t~utopyru zo�
otpwvy�~utopyru x tysx tupr�t v� pqt �z{ t � �t �oz}}� s|��tsp qvw pqt ���í {tuqzors{
uv|}� �t |st� pv spr{|}zpt z ov�t pv X vro pqt uvz}rprvo v� uvvxtyzpvys � �qt �tot�p �yv{
|sro� uvvxtyzpr�t W� �tyr�ts �yv{ pqt z�r}rp� v� pqrs { tpqv� pv strÏt pqt ��oz{ rus v�
}zy�t �yv|x v� x}z�tys Ó pqt spyzpt�� uqvsto �� z x}z�ty �vts ovp vo}� �tx to� vo z st}�~
roptytspt� xtyutxprvo v� pqt �z{t �|p z}sv pz�ts ropv zuuv|op z �yv|x~w r�t xv}ru� v� pqt
uvz}rprvo pqt x}z�ty � t}vo�s pv � � }pqv|�q pqt \uvvxtyzpr�t �z{ts \ zxxyvzuq zxxtzys pv
� t zxxyvxyrzpt pv {v�t} pqt ��oz{ rus v� }zy�t uvz}rprvos v� ov�ts �vy{ ro� z ¤��í� �
pqt { zro }r{ rpzprvo v� pqrs { tpqv� rs pqzp rp rs �zst� vo z qr�q~}t�t} ytxytstopzprvo
v� pqt ytx|pzprvo {tuqzors{ pqzp �vts ovp pz�t ropv zuuv|op pqt �tzp|yts v� ���í �� }pqv|�q pqt {tpqv�s �tsuyr� t� ro pqt �v}}vw ro� stuprvos �v u|s vo ���í zs z sx tur�u
{ tuqzors{ � sv{ t �totyz} uvou}|srvos uzo �t �yzwo �yv{ pqrs zoz}�srs pvwzy�s pqt �tsr�o
v� uvvxtyzprvo to�vyut{ top { tuqzors{ s ro �totyz} �

| LM `ROkURR} lQfPV~l �fdl P�lRQ�

no v|y �ysp zxxyvzuq � wt ro�tspr�zpt� vo pqt uqzyzuptyrsprus v� ���í �� {v�t}}ro� pqt
roptyzuprvos � tpwtto pqt ov�ts v� z ¤��í� zs z ovo~uvvxtyzpr�t �z{ t � no pqrs stuprvo
wt �tsuyr� t z �z{t pqtvytpruz} {v�t} pqzp �v u|s vo pqt �tzp|yts zo� }r{ rpzprvos v� pqt
{vorpvyro� {tuqzors{ r{x}t{ topt� ro ���í � �� pz�ro� ropv zuuv|op pqt r{xty�tup ro~
�vy{ zprvo xyv�r�t� pqyv|�q pqt wzpuq�v� ptuqor�|t � no pqt z}ptyozpr�t { v�t} xytstopt�
zs zo �oot� pv pqt �qtsrs � wt pz�t ropv zuuv|op xzpq zo� pvxv}v�� ro�vy{ zprvo ro vy�ty
pv strÏt pqt r{xzup v� pqt xytstout v� st}�sq ov�ts vo z xzpq �yv{ z sv|yut pv z �tsprozprvo
v� �zpz pyz� u �

no pqt �v}}vw ro� stuprvo � wt w r}} ropyv�|ut z sx tur�u zo� wt}}~�ovwo �z{t ¼pqt xyrs~
voty @s �r}t{{z � ÖÕ ½ zo� t�x}zro qvw zo� wq� pqrs {v�t} rs s|rpz�}t pv �tsuyr� t pqt
�tursrvo { z�ro� xyvutss pqzp z { v�r}t ov�t wv|}� |o�typz�t wqto xzyprurxzpro� pv pqt
z� qvu otpwvy� vxtyzprvo � ¥|�st�|top pv pqt �t�orprvo v� pqt {v�t} pqzp �tsuyr� ts pqt
roptyzuprvo �tpwtto �tursrvo~{ z�tys ¼ov�ts½ ro�v}�t� ro pqt �z{ t x}z�� wt w r}} t�pto� v|y
zoz}�srs pv z xzypru|}zy rospzout v� �z{ ts pqzp �vts |o�ty pqt oz{ t v� ytx tzpt� �z{ts �
�txtzpt� ¼vy rptyzpt� ½ �z{ ts qz�t � tto t�qz|spr�t}� pytzpt� ro pqt �z{ t pqtvytpru }rp~
tyzp|yt d9a � B9 � H×� aØ � a¦ � aB¾ zo� roptytspro� yts|}ps uvoutyoro� pqt tspz�}rsq{ top v� z
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uvvxtyzpr�t � tqz�rvy w r}} � t xytstopt� � no xzypru|}zy � wt w r}} �v u|s vo pqt spyzpt�� pqzp
z x}z�ty � z�vxps pv �tpty{ rot wqtpqty pv uvvxtyzpt vy ovp zp tzuq v� pqt {v�ts ro pqt
rptyzpt� �z{t zo� �tsuyr� t zo r{xvypzop spyzpt�� �ovwo zs prp~�vy~pzp ¼�Ã� ½ wqruq qzs
� tto uvosr�tyt� �� z }vp v� �z{ t~pqtvyrsp pv � t vot v� pqt � tsp spyzpt�rts ovp vo}� pv
xyv{ vpt uvvxtyzprvo � �ovpqty r{ xvypzop uvoutxp pqzp wt w r}} uvosr�ty ro pqt st�|t} v�
pqrs �qzxpty rs pqt r�tz v� t�v}|prvozy� spz�}t spyzpt�rts � wqruq wt w r}} z}sv uz}} ªö®ñÁ«®¯®� ¬®®À ª¿²«®¯� �o É»Å§FÎÆÅÇÈÊ> ÌÎÈº§É ÌÎÊÈÎÉ¸> ¼í¥¥½ rs z utopyz} uvoutxp ro �z{ t
pqtvy� Ó rp rs �zst� vo pqt r�tz v� z xvx|}zprvo v� vy�zors{ s x}z�ro� z utypzro spyzpt�� zo�
pqzp z {|pzop z}}t}t pqzp uz|sts vy�zors{ s pv z�vxp z �rÐtytop spyzpt�� uzoovp ro�z�t
pqt xvx|}zprvo � �|p w r}} rosptz� �t st}tupt� v|p �� ozp|yz} st}tuprvo � �o í¥¥ �txto�s vo
pqt r�tz v� ro�zsrvo � wqtyt z xvx|}zprvo v� spyzpt��~� x}z�tys rs � rsrpt� �� z spyzpt��~�
x}z�ty � �qt otw x}z�ty rs szr� pv ro�z�t r� � �v}}vw ro� spyzpt�� � � qt suvyts � tppty pqzo pqt
z�tyz�t spyzpt��~� x}z�ty � � ss|{ ro� x}z�tys zyt z�}t pv uqvvst zo� sw rpuq spyzpt�rts � pq rs
wv|}� ro�|ut pqt ro�r�tov|s xvx|}zprvo pv spzyp sw rpuqro� pv spyzpt�� � � no { zo� uzsts
pqtyt zyt �r{ rorsqro� ytp|yos �vy pqt }zpty z�vxptys � zo� wqzp �v}}vw s rs zo t�|r}r�yr|{
yzprv v� spyzpt��~� x}z�tys pv spyzpt��~� x}z�tys � � spyzpt�� � rs t�v}|prvozy� spz�}t r�
pqtyt rs ov spyzpt�� � pqzp uzo ro�z�t rp � �qzp rs � zo��v�� �yro�ro� z otw spyzpt�� ropv
z xvx|}zprvo v� spyzpt��~� x}z�tys w r}} �zyt ov �tppty vo z�tyz�t pqzo pqt � x}z�tys zyt
z}ytz�� �vro� �
�t w r}} pqto �tsuyr� t qvw pqt ���í uvvxtyzprvo to�vyut{ top { tuqzors{ uzo �t pyzos~
}zpt� ropv z spyzpt�� �vy z x}z�ty zo� uv{xzyt rp pv pqt �Ã� spyzpt�� pv o|{ tyruz}}�
xyv�t pqt t�|r�z}tout � tpwtto ���í zo� �Ã� � Ñ� �|ypqty t�pto�ro� pqt �z{ t pqtvytpru
uvoutxp zxx}rt� pv pqt u}zssruz} rptyzpt� ÖÕ �z{t wt w r}} sqvw qvw pqt xty�vy{ zouts
v� �Ã� zo� rps �tyr�zpts ¼r �t � �totyv|s~�Ã� � W�Ã� ½ �t�yz�t zs ovrst rs ropyv�|ut� ro
pqt {v�t} � no pqt �v}}vw ro� stuprvos wt w r}} �tsuyr� t qvw pqt ropyv�|uprvo v� z ovrst
�zupvy z}}vw s �yzsxro� pqt |o�tsryz�}t tÐtups v� |sro� pqt xyv{ rsu|v|s {v�t vxtyzprvo v�
z w ryt}tss uzy� zs z �zsrs �vy pqt { vorpvyro� { tuqzors{ ¼pqt wzpuq�v� {tuqzors{ ½ zo�
xyv�t pqzp pqt ���í spyzpt�� v|px ty�vy{ s z}} vpqty �ovwo spyzpt�rts �vpq �vy xyv{vpro�
uvvxtyzprvo zo� �vy pqt t�v}|prvo v� uvvxtyzprvo � �qt o|{ tyruz} yts|}ps v�pzrot� pqyv|�q
z sr{|}zprvo sv�pwzyt �tsr�ot� �� dB9¾ zyt spr{|}zpro� pqt { vyt �r� u|}p pzs� v� xyv�r�ro�
z �vy{ z} zoz}�srs v� pqt ���í spyzpt��� wqruq rs xzyp v� v|y �|p|yt wvy� �

� ���� ���
�� �£�� ¡

no vy�ty pv �tsuyr� t pqt roptyzuprvo �tpwtto ov�ts v� z ¤��í� zo� pqt �tursrvo {z�ro�
xyvutss pqzp yts|}ps ro z uvvxtyzpr�t vy st}�sq �tqz�rvy v� pqt ov�ts wt w r}} |st z u}zssruz}
�z{t ropyv�|ut� �� � � �|u�ty daØ¾ � no pqt u}zssruz} ÖÕ �z{ t � pwv x}z�tys zyt �vpq �zut�
w rpq z �tursrvo pv trpqty uvvxtyzpt ¼� ½ vy �t�tup ¼Õ ½� �qt �tursrvo rs { z�t sr{|}pzotv|s}�
�� pqt pwv x}z�tys w rpq ov �ovw }t��t v� pqt vpqty x}z�ty @s uqvrut |opr} pqt uqvrut rs { z�t �
n� � vpq uvvxtyzpt � pqt� ytutr�t sv{ t �tot�p ¼� ½ � n� � vpq �t�tup pqt� ytutr�t z sx tur�u x|o~
rsq{ top ¼Ö ½ � êvwt�ty � r� vot �t�tups � zo� vot uvvxtyzpts � pqt �t�tupro� spyzpt�� ytutr�ts
ov x|orsq{top ¼� ½ zo� pqt uvvxtyzpvy z x|orsq{top ¼¥½ � �qt �z{t rs v�pto t�xytsst� ro

��� ���� ,�!%��� �� � �&& !(�%� ��� ���( %&!'�� !�( ��(� !� �'���'$ �
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pqt uzovoruz} �vy{ ro pty{ s v� xz�~vÐs � zs sqvwo ro pz�}t B �×� �qt ÖÕ �z{t rs z {|uq
_!`

Ö}z�ty
j�vvxtyzpt Õt�tup

Ö}z�ty
i

�vvxtyzpt
(R,R) (S, T )Õt�tup
(T, S) (P, P )

_" `
Ö}z�ty

j�vvxtyzpt Õt�tup
Ö}z�ty

i
�vvxtyzpt

(3, 3) (−2, 4)Õt�tup
(4,−2) (0, 0)

�z�}t B �× Ó Öyrsvoty @s Õ r}t{{z xz�vÐ {zpyr� Ó ¼z½ �totyz} � ¼� ½ t�z{x}t

sp|�rt� xyv�}t{ �|t pv rps �zy~ytzuqro� zxx}ruz�r}rp� ro { zo� �v{zros � no �z{t pqtvy��
pqt xyrsvoty @s �r}t{{z uzo �t �rtwt� zs z pwv~x}z�tys � ovo~Ïtyv~s|{ � ovo~uvvxtyzpr�t
zo� sr{|}pzotv|s { v�t �z{t � no vy�ty pv qz�t z �r}t{{z pqt �v}}vw ro� t�xytssrvos {|sp
qv}� Ó

T > R > P > S
R > S+T

2

¼B �×½
no v|y {v�t} � z ¤��í� �vy{ t� ��

N
ov�ts rs uvosr�tyt� zs zo

N
~x }z�ty x}z��yv|o� ro

wqruq yzo�v{ }�� zo� pwv ov�ts uzo {ttp � �t s|xxvst pqzp t�ty� ov�t v� pqt otpwvy� qzs
sv{ t �zpz pyz� u pv �t stop pqyv|�q sv{t sv|yut yv|pt pqzp rs pqt yts|}p v� pqt t�tu|prvo
v� sv{ t yv|pro� xyvpvuv} ¼zs zo t�z{x}t pqt Õ¥� xyvpvuv}½ � �t z}sv s|xxvst pqzp wqto
zo� pwv ov�ts { ttp � zp sv{ t pr{ t xtyrv�

t
� pqt� �vpq ott� pv sto� sv{ t �zpz xzu�tps

pqyv|�q tzuq vpqty � r �t � |sro� tzuq vpqty zs z yt}z� ov�t � Ñt�vyt pqt zup|z} xyvutss v�
sto�ro� z xzu�tp � pqt pwv ov�ts qz�t pv pz�t pqt �tursrvo wqtpqty pv uvvxtyzpt vy �t�tup �
Ñ� uvvxtyzpro� z ov�t w r}} �vywzy� vot ¼vy { vyt½ �zpz xzu�tp �vy pqt yt�|tspro� ov�t �
wqtytzs �� �t�tupro� z ov�t w r}} ovp yt}z� �zpz xzu�tps vo �tqz}� v� pqt yt�|tspro� ov�t �
nosptz� v� rou}|�ro� zo zuu|yzpt �tsuyrxprvo v� toty�tpru uvsps � pvxv}v�� ro�vy{ zprvo �
xvssr�}t ropty�tytout zo� xzpq ro�vy{ zprvo wt w r}} �zst v|y { v�t} vo sv{ t �zsru tuvov{ ru
{v�t}}ro� � � s zo r}}|spyzpr�t zo� rop|rpr�t t�z{x}t � }tp |s uvosr�ty pwv x}z�tys ¼ov�ts½
w rpq sv{t }tpptys ¼�zpz {tssz�ts½ pv sto� � Ãvy tzuq }tppty }tz�ro� z x}z�ty � z spz{x
¼toty�� uvsp �vy sto�ro� vot �zpz xzu�tp½ qzs pv � t |st� � � qto z }tppty rs �vywzy�t�
pvwzy�s rps �tsprozprvo pqt x}z�ty � tot�p rs ¼zy�rpyzyr}� ½ ��t� pv ì Ó v� uv|yst � pqt � tot�p
�vy z s|uutss�| } uv{{|oruzprvo sqv|}� �t qr�qty pqzo pqt ¼toty�tpru½ uvsp �vy sto�ro� pqt
}tppty � ¥v � �vy t�z{x}t � r� pwv x}z�tys { ttp zo� �vpq qz�t z }tppty pv sto� � r� pqt �tursrvo
v� z x}z�ty rs pv uvvxtyzpt � sqt w r}} qz�t pv sx to� pwv spz{xs ¼vot �vy qty }tppty � zo� vot
�vy qty vxxvotop @s }tppty½ zo� t�top|z}}� ytutr�t z � tot�p v� ì r� qty vxxvotop uvvxtyzpt� �
}tz�ro� pv z xz�vÐ t�|z}s pv 9 ro uzst pqt vxxvotop �tur�t� pv uvvxtyzpt zo� pv z xz�vÐ
t�|z}s pv ~¦ ro uzst pqt vxxvotop �tur�t� pv �t�tup � �qrs srp|zprvo uzo �t pyzos}zpt�
ro z xz�vÐ {zpyr� wqruq { zpuqts pqt vot r}}|spyzpt� ro pz�}t B �× v� pqt u}zssruz} ÖÕ
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�z{t � �� uv|yst � rp rs zy�|z�}t pqzp s|uq z sr{x}t {v�t} uzo ytxytstop z ytz} ¤��í� �
�|p wt �t}rt�t pqzp pqt }r{ rpzprvos r{xvst� �� v|y { v�t} zyt �ytzp}� uv{xtoszpt� ��
pqt uvosv}r�zpt� pqtvytpruz} yts|}ps z�zr}z�}t ro pqt }rptyzp|yt �vy pqt xyrsvoty @s �r}t{{z �
Ã|ypqty{vyt � wt x}zo pv t�pto� pqt { v�t} ro vy�ty pv uvx t w rpq z

T
~x }z�ty sr{|}pzotv|s

{v�t �z{t wqtyt pq|s pz�ro� ropv zuuv|op pqt uvvxtyzpr�t spyzpt�� v� ov�ts pqzp zyt
xzyp v� zo topryt xzpq �yv{ z �zpz sv|yut pv qty st}tupt� �tsprozprvo � êvwt�ty � pqt �t�
v� pqt {v�t} xytstopt� ro pqrs stuprvo zo� zo� �|ypqty t�ptosrvos rs pqt \w r}}ro�otss pv
uv{{|oruzpt \ zss|{xprvo Ó �|yro� t�ty� x}z� v� pqt �z{t ¼�vpq ro pqt �zsru ÖÕ zo� ro
pqt rptyzpt� ÖÕ � zs wt w r}} stt ro pqt ot�p stuprvo ½ �vpq x}z�tys to�z�t� ro pqt �tursrvo
{z�ro� xyvutss ¼uvvxtyzpt vy ovp½ zyt s|xxvst� pv qz�t sv{ t �zpz xzu�tps pv � t stop
pqyv|�q pqt vxxvotop x}z�ty � � s wt w r}} stt }zpty pqrs zss|{xprvo rs otutsszy� ro vy�ty
pv r{x}t{top z x|orsq{ top {tuqzors{ �vy z ovo~uvvxtyzpro� ov�t �

� ���� ��� �
�U	
�� �U��£¢�U �� ��¡��� 	

�qt rptyzpt� �tysrvo v� pqt ÖÕ �z{t � zo� ro �totyz} ytx tzpt� �z{ts qz�t � tto t�ptosr�t}�
sp|�rt� ro pqt }rptyzp|yt zo� pqt roptytspt� ytz�ty uv|}� yt�ty pv da¦¾ ro vy�ty pv �o� z
�zsru �tp uv{x}tpt ropyv�|uprvo pv pqt pqtvy� v� �z{ts � t�|r}r�yr|{ uvoutxps zo� rptyzpt�
�z{ts � no pqrs stuprvo wt w r}} ovp �v u|s vo pqt �zsru yts|}ps �yv{ �z{t pqtvy� zxx}rt�
pv pqt ÖÕ ¼t �� � � zsq t�|r}r�yr|{ v� pqt vot sqvp ÖÕ �z{ t½ �|p wt w r}} ropyv�|ut sv{ t
uvoutxps pqzp w r}} � t |st� ro pqt ytsp v� pqt �qzxpty � �ot s|yxyrsro� �tzp|yt v� { zo�
vot~sqvp �z{ ts ¼r �t � �z{ ts pqzp zyt x}z�t� vo}� vout½ rou}|�ro� pqt ÖÕ �z{ t � rs pqzp pqt
� zsq t�|r}r�yr|{ rs ovo~uvvxtyzpr�t Ó tzuq x}z�ty wv|}� xyt�ty pv �o� ¼�t�tup½ yzpqty pqzo
pv uvvxtyzpt � êvwt�ty � ro z {vyt ytz}rspru sutozyrv ¼t �� � z ¤��í� ½ z xzypru|}zy vot sqvp
�z{t uzo �t x}z�t� {vyt pqzo vout c ro �zup � z ytz}rspru �z{ t uv|}� t�to �t z uvyyt}zpt�
styrts v� vot sqvp �z{ts � no s|uq rptyzpt� �z{ts zo zuprvo uqvsto �� z x}z�ty tzy}� vo uzo
zÐtup wqzp vpqty x}z�tys uqvvst pv �v }zpty vo Ó ytx tzpt� �z{ ts uzo rouvyxvyzpt z xqt~
ov{toz wqruq wt �t}rt�t zyt r{ xvypzop �|p ovp uzxp|yt� wqto ytspyrupro� v|y zpptoprvo
pv spzpru � vot sqvp �z{ts � no xzypru|}zy � wt uzo spyr�t pv t�x}zro qvw uvvxtyzpr�t � tqz� rvy
uzo �t tspz�}rsqt� zs z yts|}p v� yzprvoz} � tqz�rvy � no pqrs stuprvo wt @}} � rsu|ss ytx tzpt�
�z{ts wqruq zyt \ro�orpt}� ytx tzpt� \� �qrs ott� ovp { tzo pqzp pqt �z{ t ot�ty to�s �
qvwt�ty � �t w r}} stt pqzp pqrs �yz{ twvy� uzo �t zxxyvxyrzpt �vy { v�t}}ro� srp|zprvos
ro wqruq pqt �z{t t�top|z}}� to�s ¼w rpq xyv�z�r}rp� vot½ �|p pqt x}z�tys zyt |outypzro
z�v|p t�zup}� wqto pqt }zsp x tyrv� rs ¼zo� pqt� z}wz�s � t}rt�t pqtyt @s sv{ t uqzout pqt
�z{t w r}} uvopro|t pv pqt ot�p x tyrv�½ �

no pqt yt{ ro�ty v� pqt �qzxpty � wt w r}} v�pto yt�ty pv pqt uvoutxp v� � zsq í�|r}r�yr|{ �
�vy wqruq z �t�orprvo rs �r�to �t}vw � �qt roptytspt� ytz�ty sqv|}� yt�ty pv d9a � H ×¾ �vy z
{vyt �vy{ z} �t�orprvo �

g ÉÍÇÆÎÆÅÇ Ó �¯ Â²° ª «± ª®¿ï� «± ª � ²³± ª]Áñô¿Á° �¯²° ª© ²� «ª¿ �®±¯ � ²³±� ³ ² � ¯©
®� ®À «° ²ñ ³«¿²«ªÂï � ®¿ Â ²° ª³ ¯ö®ñö¯Â «: ® ®¿ ° ®¿ª À ñ²ï ª¿³� :± ª¿ªôï «± ª À ñ²ï ª¿³ ¿ª²¬±
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²¯ ®Á«¬®° ª «® °Á«Á²ñ ²©ö²¯«²Â ªó �� «± ª¿ª ³ ² ³ ª« ®� ³«¿²«ªÂ ª³ � ®¿ ² Â ²° ª : «± «± ª À ¿®À ;ª¿«ï «±²« ¯ ® À ñ²ïª¿ ¬²¯ ôª¯ ªb « ôï ¬±²¯Â ¯Â ± ³ ³«¿²«ªÂï :±ñª «± ª ®«± ª¿ À ñ²ïª¿³ � ªªÀ «± ª¿
³«¿²«ªÂ ª³ Á¯ ¬±²¯Â ª©� «± ª¯ «±²« ³ ª« ®� ³«¿²«ªÂ ª³ ²¯© «± ª ¬®¿¿ª³À ®¯©¯Â À ²ï®� ³ ¬®¯³««Á«ª² � ²³± ª]Áñô¿Á° ó

no pqt �v}}vw ro� s|�stuprvos wt @}} ropyv�|ut ro z {vyt �vy{ z} wz� sv{t �zsru uvoutxps
yt}zpt� pv ytx tzpt� �z{ ts zo� ro�orpt}� ytx tzpt� �z{ts � �t w r}} pqto sqvw pqt �t�orprvo
v� z spyzpt�� �vy z x}z�ty zo� t�x}zro qvw pv �tyr�� r� z ¼sr{x}t½ spyzpt�� rs zo t�|r}r�yr|{
�vy z �z{t � � ytz�ty wqv rs �z{ r}rzy w rpq �z{t pqtvy� rs ro�rpt� pv s�rx pqt �v}}vw ro�
pwv stuprvos ¼B �× �9 zo� B �× �9½ �

� ���T � �  �	
�� �	� �� 
��£U�

�vosr�ty z �z{ t
G

¼wqruq wt @}} uz}} pqt ÌÎÈ¸É ¸ÈÄÉ vy pqt uvosprp|top �z{t½ � �tp pqt
x}z�ty stp � t

I = 1, ..., n
� no v|y xytstop ytx tzpt�~�z{ t uvopt�p rp w r}} � t u}zyr�� ro� pv

yt�ty pv z x}z�ty @s spz�t �z{t uqvruts zs zuprvos yzpqty pqzo spyzpt�rts � ¼�t @}} ytsty�t\spyzpt�� \ �vy uqvruts ro pqt ytx tzpt� �z{t½ � ¥v tzuq x}z�ty qzs z À Á¿ª;²¬«®¯ sxzut
Ai

�
�qt sxzut v� zuprvo xyv� }ts rs

A = Xi∈IAi

�
ízuq x}z�ty qzs z �vo � t|{zoo~¤vy�tosptyo |pr}rp� �|ouprvo �t�ot� v�ty pqt v|puv{ts
v�

G
�
gi : A → < � pqzp ro pqt xzypru|}zy uzst v� pqt pwv x}z�tys ÖÕ �z{t pz�ts pqt �vy{ v�

z xz�vÐ { zpyr� zs ro pz�}t B �× � �tp
G

�t x}z�t� st�tyz} pr{ ts ¼x tyqzxs zo ro�orpt o|{�ty
v� pr{ ts½ zo� zwzy� tzuq x}z�ty z xz�vÐ wqruq rs pqt ¼�rsuv|opt�½ s|{ v� pqt xz�vÐs sqt
�vp ro tzuq xtyrv� �yv{ x}z�ro� W � �qto pqrs st�|tout v� spz�t �z{ts rs rpst}� z �z{ t Ó z
¿ªÀ ª²«ª© Â ²° ª�
�wv spzpt{ tops zyt r{ x}rurp wqto wt sz� pqzp ro tzuq xtyrv� wt @yt x}z�ro� pqt sz{ t spz�t
�z{t Ó z½ �vy tzuq x}z�ty pqt stp v� zuprvos z�zr}z�}t pv qty ro zo� xtyrv� ro pqt �z{ t

G
rs

pqt sz{ t yt�zy�}tss v� wqruq xtyrv� rp rs zo� yt�zy�}tss v� wqzp zuprvos qz�t pz�to x}zut
ro pqt xzsp zo� �½ pqt xz�vÐs pv pqt x}z�tys �yv{ pqt spz�t �z{t ro zo� xtyrv� �txto�
vo}� vo pqt zuprvo xyv� }t �vy

G
wqruq wzs x}z�t� ro pqzp x tyrv� � zo� pqrs spz�t~�z{t

xz�vÐ pv z x}z�ty �vy z �r�to zuprvo xyv� }t �vy
G

rs ro�tx to�top v� wqruq xtyrv� rp rs
x }z�t� � ¥pzpt{ tops z½ zo� �½ zyt sz�ro� pqzp pqt to�ryvo{top �vy v|y ytx tzpt� �z{t rs
spzprvozy� ¼vy � z}ptyozpr�t}�� ro�tx to�top v� pr{ t zo� qrspvy� ½ � �±³ ©®ª³ ¯ ®« ° ª²¯ «± ª
²¬«®¯³ «± ª°³ªñö ª³ °Á³« ôª ¬± ®³ ª¯ ¯©ªÀ ª¯©ª¯«ñï ®� «° ª ®¿ ± ³«®¿ï�
�t @}} }r{ rp v|y zpptoprvo qtyt pv uzsts ro wqruq pqt spz�t �z{t rs z vot~sqvp � sr{|}pzotv|s~
{v�t �z{t � �qto wt roptyxytp z½ zo� �½ z�v�t zs sz�ro� pqzp pqt xz�vÐ {zpyr� rs pqt
sz{ t ro t�ty� x tyrv� � �t {z�t pqt p�xruz} \®ô³ ª¿ö²ôñª ²¬«®¯ \ vy \³«²¯©²¿© À ¿ö²«ª° ®¯«®¿¯Â \ zss|{xprvo pqzp pqt x}z� wqruq vuu|yyt� ro tzuq ytx tprprvo v� pqt spz�t
�z{t rs yt�tz}t� pv z}} pqt x}z�tys � t�vyt pqt ot�p ytx tprprvo � �qtyt�vyt t�to r� pqt spz�t
�z{t rs vot v� r{ xty�tup ro�vy{ zprvo ¼zs rp rs ro sr{|}pzotv|s~{v�t �z{ts½~sv pqzp �|yro�
pqt spz�t �z{ t vot v� pqt x}z�tys �vtso @p �ovw wqzp pqt vpqtys zyt �vro��qz�t �vot pqzp
x tyrv�~tzuq x}z�ty �vts }tzyo wqzp pqt vpqtys �r� � t�vyt zovpqty yv|o� rs x}z�t� � �qrs
z}}vw s s|�st�|top uqvruts pv � t uvo�rprvot� vo pqt xzsp zuprvos v� vpqty x}z�tys � �t @}}
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stt }zpty pqzp r� wt { z�t pqt zss|{xprvo v� \°À ª¿� ª¬« À ¿ö²«ª ° ®¯«®¿¯Â \ yts|}ps uzo �t
sr�or�uzop}� �rÐtytop �
Ñt�vyt wt uzo pz}� z� v|p t�|r}r�yr|{ spyzpt�rts ro ytx tzpt� �z{ts � wt ott� pv �tp xyturst
z�v|p wqzp z ³«¿²«ªÂï ro z ytx tzpt� �z{ t rs � �t @}} �o� rp |st�| } wqto sp|��ro� ytx tzpt�
�z{ts pv uvosr�ty pqt st{ r~t�ptosr�t �vy{ � �qrs rs z ytxytstopzprvo ro wqruq wt zuutxp pqt
ovy{ z}~�vy{ �tsuyrxprvo v� pqt spz�t �z{t �|p spr}} wzop pv ytpzro pqt pt{xvyz} spy|up|yt
v� pqt ytx tzpt� �z{ t �
�tp pqt �ysp x tyrv� � t }z� t}}t�

t = 0
� �qt }zsp x tyrv� � r� vot t� rsps � rs x tyrv�

T
� sv wt

qz�t z pvpz} v�
T + 1

xtyrv�s ro v|y �z{t � �t z}}vw pqt uzst wqtyt
T = ∞ � r �t � wt uzo

qz�t zo ro�orpt}� ytx tzpt� �z{t �
�t @}} yt�ty pv pqt zuprvo v� pqt spz�t �z{t

G
wqruq x}z�ty

i
t�tu|pts ro x tyrv�

t
zs

at
i

�
�qt zuprvo xyv�}t x}z�t� ro x tyrv�

t
rs X|sp pqt

n
~p|x}t v� ro�r� r�|z}s @ spz�t~�z{t zuprvos Ó

at =
(

at
1, ..., a

t
n

) ¼B �¦½
�t wzop pv � t z�}t pv uvo�rprvo pqt x}z�tys @ spz�t~�z{ t zuprvo uqvruts ro }zpty x tyrv�s
|xvo zuprvos pz�to tzy}rty �� vpqty x}z�tys � �v �v pqrs wt ott� pqt uvoutxp v� z ? ÆÌÎÅÊ> Óz �tsuyrxprvo v� z}} pqt zuprvos pz�to |x pqyv|�q pqt xyt�rv|s x tyrv� � �t �t�ot pqt
qrspvy� zp pr{ t

t
pv � t Ó

ht =
(

a0, a1, ..., at−1
) ¼B �9½

no vpqty wvy�s � pqt qrspvy� zp pr{ t p sx tur�ts wqruq spz�t~�z{t zuprvo xyv� }t ¼r �t �� uv{�r~
ozprvo v� ro�r� r�|z} spz�t~�z{t zuprvos½ wzs x}z�t� ro tzuq xyt� rv|s x tyrv� � �vpt pqzp pqt
sx tur�uzprvo v�

ht rou}|�ts w rpqro rp z sx tur�uzprvo v� z}} xyt�rv|s qrspvyrts
h0, h1, ..., ht−1 �Ãvy t�z{x}t � pqt qrspvy�

ht rs X|sp pqt uvouzptozprvo v�
ht−1 w rpq pqt zuprvo xyv� }t

at−1 cr �t �
ht = (ht−1; at−1)

� �qt qrspvy� v� pqt topryt �z{t rs
hT+1 = (a0, a1, ..., aT )

� �vpt z}sv
pqzp pqt stp v� z}} x vssr� }t qrspvyrts

ht zp pr{ t
t
rs X|sp Ó

At =
t−1

X
j=0

A
¼B �]½

pqt
t
~�v}� �zyptsrzo xyv�|up v� pqt sxzut v� spz�t~�z{ t zuprvo xyv� }ts

A
�

�v uvo�rprvo v|y spyzpt�rts vo xzsp t�tops � pqto � rs pv { z�t pqt{ �|ouprvos v� qrspvy�� ¥v
wt wyrpt x}z�ty

i @s x tyrv�~t spz�t~�z{t spyzpt�� zs pqt �|ouprvo
st

i

� wqtyt
at

i = st
i(h

t)
rs pqt

spz�t~�z{t zuprvo sqt wv|}� x}z� ro x tyrv�
t
r� pqt xyt�rv|s x}z� qz� �v}}vwt� pqt qrspvy�

ht � � x}z�ty @s spz�t~�z{ t zuprvo ro zo� xtyrv� zo� z�pty zo� qrspvy� {|sp � t �yzwo �yv{
qty zuprvo sxzut �vy pqzp x tyrv� � �|p � tuz|st pqt �z{t rs spzprvozy� qty spz�t~�z{ t zuprvo
sxzut

Ai

�vts ovp uqzo�t w rpq pr{ t � �qt xtyrv�~
t
spz�t �z{t spyzpt�� xyv� }t

st rs Ó
st =

(

st
1, ..., s

t
n

) ¼B �ì½
¥v �zy wt qz�t �tto yt�tyyro� pv spz�t~�z{ t spyzpt�rts �vy z xzypru|}zy x tyrv� � �vw wt
uzo w yrpt � |sro� pqtst spz�t~�z{ t toprprts zs �|r}� ro� �}vu�s � z sx tur�uzprvo �vy z x}z�ty @sspyzpt�� �vy pqt ytx tzpt� �z{ t � �t wyrpt x}z�ty

i @s spyzpt�� �vy pqt ytx tzpt� �z{ t zs Ó
si =

(

s0
i , s

1
i , ..., s

T
i

) ¼B �B½
r �t � z

(T + 1)
~p|x}t v� qrspvy�~uvopro�top x}z�ty~

i
spz�t~�z{t spyzpt�rts � ízuq

st
i

pz�ts z
qrspvy�

ht ∈ At zs rps zy�|{top � �qt sxzut
Si

v� x}z�ty~
i
ytx tzpt�~�z{ t spyzpt�rts rs pqt
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stp v� z}} s|uq
(T + 1)

~p|x}ts v� x}z�ty~
i
spz�t �z{t spyzpt�rts

st
i : At → Ai

�
�t uzo w yrpt z spyzpt�� xyv� }t

s
�vy pqt wqv}t ytx tzpt� �z{t ro pwv wz�s � �t uzo w yrpt

rp zs pqt
n
~p|x}t xyv� }t v� x}z�tys @ ytx tzpt�~�z{ t spyzpt�rts Ó

s = (s1, ..., sn)
¼B �Z½

zs �t�ot� ro ¼B �ì½ � � }ptyozpr�t}�� wt uzo w yrpt pqt ytx tzpt�~�z{t spyzpt�� xyv�}t s zs Ó
s =

(

s0, s1, ..., sT
) ¼B �H½

óªó� zs z uv}}tuprvo v� spz�t~�z{t spyzpt�� xyv� }ts � vot �vy tzuq xtyrv� � zs �t�ot� ro ¼B �] ½ �
�tp @s stt qvw pqrs ytx tzpt� �z{t rs x}z�t� v|p vout t�ty� x}z�ty qzs sx tur�t� qty ytx tzpt�~
�z{t spyzpt��

si

� np rs { vyt uvo�tortop zp pqrs xvrop pv � rtw pqrs ytx tzpt�~�z{ t spyzpt��
xyv� }t zs t�xytsst� ro ¼B �H½ � óªó zs z st�|tout v�

T + 1
qrspvy�~�tx to�top spz�t~�z{t

spyzpt�� xyv� }ts �
� qto pqt �z{t spzyps � pqtyt rs ov xzsp x}z�� sv pqt qrspvy�

h0

rs �t�totyzpt Ó t�ty�
x}z�ty t�tu|pts qty

a0
i = s0

i

spz�t~�z{t spyzpt�� �yv{ ¼B �ì½ � �qrs Ïtyv~
th

xtyrv� x}z�
�totyzpts pqt qrspvy�

h1 = (a0)
� wqtyt

a0 = (a0
1, ..., a

0
n)
� �qrs qrspvy� rs pqto yt�tz}t�

¼vy {vorpvyt� �� pqt x}z�tys pqt{ st}�ts½ pv pqt x}z�tys sv pqzp pqt� uzo uvo�rprvo pqtry
x tyrv�~ × x}z� |xvo pqt x tyrv�~Ø x}z�� ízuq x}z�ty pqto uqvvsts qty

t = 1
spz�t~�z{t

spyzpt��
s1

i (h
1)
� �vost�|top}�� ro pqt

t = 1
spz�t �z{t pqt spyzpt�� xyv� }t

a1 = s1(h1) =
(s1

1(h
1), ..., s1

n(h1))
rs x }z�t� � no vy�ty pv �vy{ pqt |x�zpt� qrspvy� pqrs spz�t~�z{t spyzp~

t�� xyv� }t rs pqto uvouzptozpt� vopv pqt xyt�rv|s qrspvy� Ó
h2 = (a0, a1)

� �qrs otw qrspvy�
rs yt�tz}t� pv z}} pqt x}z�tys zo� pqt� tzuq pqto uqvvst pqtry x tyrv�~¦ spz�t~�z{t spyzpt��
s2

i (h2)
� zo� sv vo � �t sz� pqzp

hT+1 rs pqt xzpq �totyzpt� �� pqt ytx tzpt�~�z{t spyzpt��
xyv� }t

s
�

�tp |s ovw uvosr�ty pqt À²ï®� � Á¯ ¬«®¯ ®� «± ª ¿ªÀ ª²«ª© Â ²° ª� �t uzo pqro� v� pqt
x}z�tys zs ytutr� ro� pqtry spz�t~�z{t xz�vÐs x tyrv�~��~x tyrv� � �qtry ytx tzpt� �z{ t xz�~
vÐs w r}} � t zo z��rpr�t}� stxzyz�}t �|ouprvo v� pqtst spz�t~�z{t xz�vÐs � � r�qp zwz� wt
stt z xvptoprz} xyv�}t{ Ó r� pqt �z{t rs x}z�t� zo ro�orpt o|{�ty v� pr{ ts � pqtyt rs zo
ro�orpt o|{�ty v� x tyrv�s zo� � qtout � v� spz�t~�z{t xz�vÐs pv � t z��t� |x � no vy�ty pqzp
pqt x}z�tys @ ytx tzpt�~�z{t xz�vÐs � t wt}} �t�ot� wt {|sp tos|yt pqzp pqrs ro�orpt s|{
�vts ovp �}vw |x pv ro�orp�� �t tos|yt pqt �orptotss v� pqt ytx tzpt�~�z{ t xz�vÐs ��
ropyv�|uro� ©³ ¬®Á¯«¯Â v� �|p|yt xz�vÐs yt}zpr�t pv tzy}rty xz�vÐs � ¥|uq �rsuv|opro� uzo
�t zo t�xytssrvo v� pr{ t xyt�tytout zo��vy |outypzrop� z� v|p pqt }to�pq v� pqt �z{t � �t
ropyv�|ut pqt z�tyz�t �rsuv|opt� xz�vÐ zs z uvo�tortout wqruq ovy{ z}rÏts pqt ytx tzpt�~
�z{t xz�vÐs pv � t \vo pqt sz{ t suz}t \ zs pqt spz�t �z{t xz�vÐs �
no�orpt ytx tprprvo uzo �t pqt �t� �vy v�pzroro� � tqz� rvy ro pqt spz�t �z{ts wqruq uv|}�
ovp � t t�|r}r�yr|{ �tqz� rvy r� pqt �z{t wtyt x}z�t� vout vy z �ovwo �orpt o|{�ty v�
pr{ ts � Ãvy t�z{x}t � �t�tuprvo ro t�ty� x tyrv� �� �vpq x}z�tys rs pqt |or�|t t�|r}r�yr|{
ro zo� �orpt ytx tprprvo v� pqt ÖÕ � � � qto ytx tzpt� zo ro�orpt o|{�ty v� pr{ ts � qvwt�ty �
uvvx tyzprvo ro t�ty� x tyrv� rs zo t�|r}r�yr|{ r� pqt x}z�tys zyt \s|� urtop}� xzprtop \�
� qto sp|��ro� ro�orpt}� ytx tzpt� �z{ts wt zyt uvoutyot� z�v|p z x}z�ty wqv ytutr�ts z

� ��� ������$ 4 �� �.�%�!��( �!$�� � �!�(�)�� "' � 2 .!�&��  ¡3¢ 2
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xz�vÐ ro tzuq v� ro�orpt}� { zo� xtyrv�s � no vy�ty pv ytxytstop qty xyt�tytouts v�ty �zyr~
v|s ro�orpt xz�vÐ spytz{ s wt wzop pv { tzoro��|}}� s|{{zyrÏt pqt �tsryz�r}rp� v� s|uq z
st�|tout v� xz�vÐs �� z sro�}t o|{�ty � � uv{{vo zss|{xprvo rs pqzp pqt x}z�ty wzops
pv { z� r{ rÏt z wtr�qpt� s|{ v� qty x ty~x tyrv� xz�vÐs � wqtyt sqt wtr�qps }zpty x tyrv�s
}tss pqzo tzy}rty x tyrv�s � Ãvy sr{ x}rurp� pqrs zss|{xprvo v�pto pz�ts pqt xzypru|}zy �vy{
pqzp pqt st�|tout v� wtr�qps �vy{ s z �tv{tpyru xyv�ytssrvo Ó �vy sv{ t ��t�

δ ∈ (0, 1)
� tzuq

wtr�qpro� �zupvy rs
δ
pr{ ts pqt xyt� rv|s wtr�qp �

δ
rs uz}}t� qty ©³ ¬®Á¯« � ²¬«®¿� n� ro tzuq

xtyrv�
t
x}z�ty

i
ytutr�ts pqt xz�vÐ

ut
i

� wt uv|}� s|{{zyrÏt pqt �tsryz�r}rp� v� pqt xz�vÐ
spytz{

u0
i , u

1
i , ...

�� pqt o|{�ty Ó
∞
∑

t=0

δtut
i

¼B �a½
¥|uq zo roptypt{xvyz} xyt�tytout spy|up|yt qzs pqt �tsryz�}t xyvx typ� pqzp pqt ro�orpt
s|{ v� pqt wtr�qpt� xz�vÐs w r}} � t �orpt ¼srout pqt spz�t~�z{ t xz�vÐs zyt �v|o�t�½ � �
x}z�ty wv|}� � t ro�rÐtytop � tpwtto z xz�vÐ v�

xt zp pr{ t
t
zo� z xz�vÐ v�

xt+τ ytutr�t�
τ
xtyrv�s }zpty r� Ó

xt = δτxt+τ ¼B �×Ø½
� |st�|} �vy{|}z �vy uv{x|pro� pqt �orpt zo� ro�orpt �rsuv|opt� s|{ s wt w r}} |st }zpty
ro pqrs stuprvo rs Ó

T2
∑

t=T1

δt =
δT1 − δT2+1

1 − δ

¼B �××½
wqruq � ro xzypru|}zy � rs �z}r� �vy

T2 = ∞ �
n� wt z�vxpt� pqt s|{{zprvo ¼B �a½ zs v|y x}z�tys @ ytx tzpt�~�z{ t |pr}rp� �|ouprvo � zo� r�
z x}z�ty ytutr�t� pqt sz{ t spz�t~�z{t xz�vÐ

vi

ro t�ty� x tyrv� � qty �rsuv|opt� ytx tzpt�~
�z{t xz�vÐ � |sro� ¼B �××½ � wv|}� �t

vi/(1−δ)
� np rs qvwt�ty {vyt uvo�tortop pv pyzos�vy{

pqt ytx tzpt�~�z{ t xz�vÐs pv � t ¥vo pqt sz{ t suz}t ¥ zs pqt spz�t~�z{t xz�vÐs � �� {|}pr~
x }� ro� pqt �rsuv|opt� xz�vÐ s|{ �yv{ ¼B �a½ ��

(1−δ)
� ¥v wt �t�ot pqt z�tyz�t �rsuv|opt�

�z}|t v� pqt xz�vÐ spytz{
u0

i , u
1
i , ...

�� Ó

(1 − δ)
∞
∑

t=0

δtut
i

¼B �×¦½

np rs v�pto uvo�tortop pv uv{x|pt pqt z�tyz�t �rsuv|opt� �z}|t v� zo ro�orpt xz�vÐ spytz{
ro pty{ s v� z }tz�ro� �orpt s|{ zo� pqt s|{ v� z pyzr}ro� ro�orpt s|�spytz{ � Ãvy t�z{x}t �
sz� pqzp pqt xz�vÐs

vt
i

z x}z�ty ytutr�ts zyt sv{ t uvospzop xz�vÐ
v′

i

�vy pqt �ysp
t
xtyrv�s �

óªó
0, 1, 2, , t− 1

� zo� pqtytz�pty sqt ytutr�ts z �rÐtytop uvospzop xz�vÐ
v

′′

i

ro tzuq xtyrv�
t, t + 1, t + 2, ...

� �qt z�tyz�t �rsuv|opt� �z}|t v� pqrs xz�vÐ spytz{ rs Ó

(1−δ)
∞
∑

τ=0

δτvτ
i = (1−δ)

(

t−1
∑

τ=0

δτvτ
i +

∞
∑

τ=t

δτvτ
i

)

= (1−δ)

(

v′
i(1 − δt)

1 − δ
+

v′′
i δ

t

1 − δ

)

= (1−δt)v′
i+δtv′′

i¼B �×9½np rs xvssr� }t pv stt pqzp pqt z�tyz�t �rsuv|opt� �z}|t v� pqrs spytz{ v� �r�z}|t� spz�t~
�z{t xz�vÐs rs z uvo�t� uv{�rozprvo v� pqt pwv spz�t~�z{ t xz�vÐs � �t uzo rptyzpt pqrs
xyvut�|yt ro vy�ty pv t�z}|zpt pqt z�tyz�t �rsuv|opt� �z}|t v� {vyt uv{x}ruzpt� xz�vÐ
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spytz{ s � �ovpqty |st�| } t�z{x}t rs wqto z x}z�ty ytutr�ts
v′

i

�vy pqt �ysp
t
xtyrv�s � pqto

ytutr�ts
v

′′

i

vo}� ro x tyrv�
t
zo� ytutr�t

v
′′′

i

t�ty� x tyrv� pqtytz�pty � �qt z�tyz�t �rsuv|opt�
�z}|t v� pqt spytz{ �t�rooro� ro x tyrv�

t
¼�rsuv|opt� pv x tyrv�

t
½ rs Ó

(1 − δ)v′′
i + δv′′′

i

�
¥|�sprp|pro� pqrs �vy

v
′′

i

ro ¼B �×9½ � wt �o� pqzp pqt z�tyz�t �rsuv|opt� �z}|t v� pqrs pqytt~
�z}|t� xz�vÐ spytz{ rs Ó

(1 − δt)v′
i + δt [(1 − δ)v′′

i + δv′′′
i ]

¼B �×¦ ½
�t qz�t ovw �t�ot� z}} pqt �vy{ z}rs{ ott�t� pv t�z{ rot pqt t�|r}r�yr|{ v� z ¼ro�orpt}� ½
ytx tzpt� ÖÕ �z{t zo� pv �tyr�� r� z xyt�t�ot� spyzpt�� uvosprp|pts zo t�|r}r�yr|{ � �qt
�zyrv|s �t�orprvos v� t�|r}r�yr|{ zo� pqt yt}zpt� pqtvyt{ s uzo �t �v|o� ro da¦¾ �

§ÅÅ´ ÉÊÈÎÆÅÇ ÆÇ Î?É ¨ É´ÉÈÎÉ= © ÊÆÌÅÇÉÊ ªÌ = Æ§ÉÄÄÈ

no pqt vot~sqvp ÖÕ � pqt x}z�tys uzoovp z�vr� uqvvsro� pqtry �v{ rozop spyzpt�� Õt�tup ¼stt
pz�}t B �×½ � no vy�ty pv { z�t pqt �v}}vw ro� zoz}�srs sr{ x}ty � uvosr�ty pqt �v}}vw ro� xz�vÐ
{zpyr� � xytstopt� ro pz�}t B �¦ � np rs tzs� pv �tyr�� pqzp uvo�rprvos ¼B �×½ qv}� �

Ö }z�ty
j�vvxtyzpt Õt�tup

Ö}z�ty
i

�vvxtyzpt
(1, 1) (−1, 2)Õt�tup
(2,−1) (0, 0)

�z�}t B �¦ Ó ¥r{x}r�t� Öyrsvoty @s Õ r}t{{z xz�vÐ {zpyr� �

í�to wqto pqrs �z{t rs �orpt}� ytx tzpt� � � tuz|st pqt spz�t �z{ t qzs z |or�|t � zsq
t�|r}r�yr|{ � pqt |or�|t s|��z{t~x ty�tup t�|r}r�yr|{ qzs �vpq x}z�tys �t�tupro� ro t�ty�
x tyrv� � êvwt�ty � wqto pqt x}z�tys zyt s|� urtop}� xzprtop rp rs xvssr� }t pv s|spzro uvvxty~
zprvo ¼r �t � �ttxro� ¥�vvxtyzpt ¥½ ro t�ty� x tyrv� zs z s|��z{t~x ty�tup t�|r}r�yr|{ v� pqt
ro�orpt}� ytx tzpt� �z{ t � Ãrysp wt w r}} stt pqzp s|uq uvvxtyzprvo rs z �zsq t�|r}r�yr|{ v�
pqt ytx tzpt� �z{ t � �t w r}} pqto sqvw pqzp pqrs uvvxtyzprvo rs z s|��z{ t~x ty�tup t�|r~
}r�yr|{ �
� qto zo ro�orpt}� ytx tzpt� �z{ t rs x}z�t� � tzuq x}z�ty

i
qzs z ytx tzpt�~�z{t spyzpt��

si

� wqruq rs z st�|tout v� qrspvy�~�tx to�top spz�t~�z{t spyzpt�rts
st

i

c r �t �
si = (s0

i , s
1
i , ...)� wqtyt tzuq

st
i : At → Ai

� �qt
n
~p|x}t v� ro�r� r�|z} ytx tzpt�~�z{t spyzpt�rts rs pqt

ytx tzpt�~�z{t spyzpt�� xyv� }t
s = (s1, s2, ..., sn)

�� s z �|o�z{topz} t�z{x}t � }tp |s uvosr�ty z xzypru|}zy spyzpt�� pqzp z x}z�ty uv|}� �v}~
}vw zo� wqruq rs s|� urtop pv s|spzro uvvxtyzprvo � �qrs spyzpt�� rs z}sv �ovwo zs pqt
«¬ ®¯°± ² spyzpt���
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³¬ ®¯°± ²
• �vvxtyzpt ro pqt �ysp x tyrv� c
• no }zpty x tyrv�s � uvvx tyzpt r� � vpq x}z�tys qz�t z}wz�s uvvxtyzpt� c
• êvwt�ty � r� trpqty x}z�ty qzs t�ty �t�tupt� � �t�tup �vy pqt yt{ zro�ty v� pqt

�z{t �
¤vyt xyturst}� zo� �vy{ z}}�� rp rs xvssr� }t pv w yrpt x}z�ty

i @s ytx tzpt�~�z{ t spyzpt��
s̄i = (s̄0

i , s̄
1
i , ...)

zs pqt st�|tout v� qrspvy�~�tx to�top spz�t~�z{ t spyzpt�rts s|uq pqzp ro
x tyrv� p zo� z�pty qrspvy�

ht �

s̄t
i

(

ht
)

=

{

C, t = 0
vy

ht =
(

(C,C)t)

D,
vpqtyw rst ¼B �×ì½

Ãrysp � wt w r}} sqvw pqzp �vy s|� urtop}� ¥xzprtop x}z�tys ¥ pqt spyzpt�� xyv� }t
s̄ = (s̄1, s̄2)rs z �zsq t�|r}r�yr|{ v� pqt ytx tzpt� �z{t � �qto wt w r}} sqvw pqzp �vy pqt sz{ t yt�|ryt�

}t�t} v� xzprtout pqtst spyzpt�rts zyt z}sv z s|��z{t~x ty�tup t�|r}r�yr|{ �
�vw � r� � vpq x}z�tys uvo�vy{ pv pqt z}}t�t� t�|r}r�yr|{ xytsuyrxprvo � pqt� �vpq x}z�
¥uvvxtyzpt ¥ zp

t = 0
� �qtyt�vyt zp

t = 1
� pqt qrspvy� rs

h1 = (C,C)
c sv pqt� �vpq

x}z� ¥uvvxtyzpt ¥ z�zro � �qtyt�vyt zp
t = 2

� pqt qrspvy� rs
h2 = ((C,C), (C,C))

� sv pqt�
�vpq x}z� ¥uvvxtyzpt ¥ z�zro � �o� sv vo ���� �qt xzpq v�

s
rs pqt ro�orpt st�|tout v�

uvvxtyzpr�t zuprvo xyv� }ts
((C,C), (C,C), ...)

� �qt ytx tzpt�~�z{ t xz�vÐ pv tzuq x}z�ty
uvyytsxvo�ro� pv pqrs xzpq rs pyr� rz} pv uz}u|}zpt Ó pqt� tzuq ytutr�t z xz�vÐ v� × ro tzuq
xtyrv� � pqtyt�vyt pqt z�tyz�t �rsuv|opt� �z}|t v� tzuq x}z�ty @s xz�vÐ spytz{ rs ×��zo x}z�ty

i
�zro �yv{ �t�rzpro� �yv{ pqt ytx tzpt�~�z{t spyzpt�� �r�to pqzp x}z�ty

j
rs

�zrpq�|}}� �v}}vw ro�
s̄j ´�tp

t
�t pqt x tyrv� ro wqruq x}z�ty

i
�ysp �t�rzpts � ¥qt ytutr�ts z xz�vÐ v� × ro pqt �ysp

txtyrv�s
0, 1, ..., t−1

� no x tyrv�
t
� sqt x}z�s ¥�t�tup ¥ wqr}t qty uvo�vy{ ro� vxxvotop x}z�t�

¥uvvxtyzpt ¥� � rt}� ro� x}z�ty
i
z xz�vÐ v� ¦ ro pqzp x tyrv� � �qrs �t�tuprvo �� x}z�ty

i
ovw

pyr��tys zo vxto~}vvx ¥�t�tup ¥~z}wz�s ytsxvost �yv{ x}z�ty
j
� Ö }z�ty

i @s � tsp ytsxvost pv
pqrs vx to~}vvx spyzpt�� rs pv ¥�t�tup ¥ ro t�ty� x tyrv� qtyst}� � �q|s sqt ytutr�ts Ïtyv ro
t�ty� x tyrv�

t + 1, t + 2, ...
�

�v uz}u|}zpt pqt z�tyz�t �rsuv|opt� �z}|t v� pqrs xz�vÐ spytz{ pv x}z�ty r wt uzo yt�ty pv
¼B �×¦½ � zo� s|�sprp|pt

v′
i = 1

�
v

′′

i = 2
� zo�

v
′′′

i = 0
� �qrs � rt}�s x}z�ty

i @s ytx tzpt�~�z{t
xz�vÐ wqto sqt �t�tups ro x tyrv�

t
ro pqt { vsp z��zopz�tv|s wz� pv �t

1 − δt (2δ − 1)
�

�qrs rs wtz�}� }tss pqzo pqt t�|r}r�yr|{ xz�vÐ v� ×� �vy zo� uqvrut v� �t�tuprvo x tyrv�
t
� zs

}vo� zs
δ ≥ 1

2

� �q|s wt qz�t �t�ot� wqzp wt {tzop �� ¥s|� urtop}� xzprtop Ó¥ uvvxtyzprvo
ro pqrs ÖÕ �z{ t rs z �zsq t�|r}r�yr|{ v� pqt ytx tzpt� �z{ t zs }vo� zs

δ ≥ 1
2

�
�v �tyr�� pqzp

s̄
rs z s|��z{ t~x ty�tup t�|r}r�yr|{ v� pqt ytx tzpt� xyrsvotys @ �r}t{{z rp

rs otutsszy� pv uqtu� pqzp pqrs spyzpt�� xyv� }t @s ytspyruprvo pv tzuq s|��z{t rs z � zsq
t�|r}r�yr|{ v� pqzp s|��z{t � �vosr�ty z s|��z{t � � t�rooro� ro x tyrv�

τ
w rpq sv{t

qrspvy�
hτ � � qzp rs pqt ytspyruprvo v�

s̄i

pv pqrs s|��z{t´ Õtovpro� pqt ytspyruprvo ��
siwt qz�t Ó

ŝt
i(ĥ

t) = s̄t+τ
t

((

hτ ; ĥt
))

=

{

C, hτ = ((C,C)τ )
zo�

ĥt =
(

(C,C)t)

D,
vpqtyw rst ¼B �×B½
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�t uzo xzyprprvo pqt s|��z{ts v� pqrs �z{ t � tzuq r�topr�t� �� z �t�rooro� xtyrv�
τ
zo�

z qrspvy�
hτ � ropv pwv u}zssts Ó

� ½ pqvst ro wqruq �vpq x}z�tys uqvst ¥uvvxtyzpt ¥ ro z}} xyt� rv|s x tyrv�s � r �t �
hτ =

((C,C)τ )
�

Ñ ½ pqvst ro wqruq z �t�tuprvo �� trpqty x}z�ty qzs xyt�rv|s}� vuu|yyt� �

Ãvy pqvst s|��z{ ts ro u}zss � ½ � pqt st�|tout v� ytspyruprvos
ŝt

i(ĥ
t)

�yv{ ¼B �×B½ yt�|uts pvpqt st�|tout v� vyr�roz} spz�t~�z{t spyzpt�rts
s̄t

i (ht)
�yv{ ¼B �×ì½ � r �t � �vy z}} zo� wt qz�t Ó

ŝt
i(ĥ

t) =

{

C, hτ = ((C,C)τ )
zo�

ĥt =
(

(C,C)t)

D,
vpqtyw rst =

{

C, ĥt =
(

(C,C)t)

D,
vpqtyw rst = s̄t

i

(

ht
)

¼B �×¤½Ñtuz|st
s̄
rs z � zsq t�|r}r�yr|{ spyzpt�� xyv�}t v� pqt ytx tzpt� �z{ t � �vy tzuq s|��z{ t

hτ ro u}zss � ½ � pqt ytspyruprvo
ŝ
rs z � zsq t�|r}r�yr|{ spyzpt�� xyv� }t v� pqt s|��z{ t wqto

δ ≥ 1
2

�
Ãvy zo� s|��z{t ro u}zss Ñ ½ �

hτ 6= ((C,C)τ )
�

�qtyt�vyt pqt ytspyruprvo
ŝ
v�

s̄
sx tur�ts �vy z}}

ŝt
i = D

� no vpqty wvy�s � ro zo� s|��z{ t
ytzuqt� �� sv{ t x}z�ty qz�ro� ¥�t�tupt� ¥ ro pqt xzsp � tzuq x}z�ty uqvvsts pqt vxto~}vvx
spyzpt�� ¥�t�tup z}wz�s �¥ �qtyt�vyt pqt ytx tzpt�~�z{t spyzpt�� xyv� }t

ŝ
x}z�t� ro s|uq

z s|��z{ t rs zo vxto~}vvx st�|tout v� spz�t~�z{t �zsq t�|r}r�yrz � Ãyv{ �qtvyt{ ×v� da¦¾ wt �ovw pqzp pqrs rs z � zsq t�|r}r�yr|{ v� pqt ytx tzpt� �z{t zo� qtout v� pqrs
s|��z{t � �t qz�t sqvwo pqzp �vy t�ty� s|��z{t pqt ytspyruprvo v� pv pqzp s|��z{t rs z
� zsq t�|r}r�yr|{ v� pqzp s|��z{t �vy

δ ≥ 1
2

� �qtyt�vyt
s
rs z s|��z{ t~x ty�tup t�|r}r�yr|{

v� pqt ro�orpt}� ytx tzpt� ÖÕ wqto
δ ≥ 1

2

�

� ���^ �£� ¡�µ �
U	
����� �¢ 
�� ¶
�U	
�� �U��£¢�U �� h �¡��� 	

no s|�stuprvo B �× �9 � wt �tpzr}t� pqt zoz}�srs v� z xzypru|}zy spyzpt�� uz}}t� ³À «ª� Áñ pqzp wzssqvwo pv �t zo t�|r}r�yr|{ spyzpt�� ¼�vpq z � zsq t�|r}r�yr|{ �vy pqt wqv}t ytx tzpt� �z{ t
zo� z s|��z{ t xty�tup t�|r}r�yr|{ ½ �vy pqt xyrsvoty @s �r}t{{z � ��t}yv� zo� êz{ r}pvo
da � ×Ø¾ |st� z uv{x|pty pv|yoz{top pv o|{ tyruz}}� �tptup spyzpt�rts pqzp wv|}� �z�vy
uvvxtyzprvo z{vo� x}z�tys to�z�t� ro pqt rptyzpt� ÖÕ � no z �ysp yv|o� � ×¦ {vyt vy }tss
svxqrspruzpt� spyzpt�rts zo� vot pvpz}}� yzo�v{ spyzpt�� uv{xtpt� z�zrosp tzuq vpqty �vy
pqt qr�qtsp z�tyz�t suvyts ro zo rptyzpt� ÖÕ v� ¦ØØ {v�ts �
Ôot�xtupt�}�� z �ty� sr{x}t spyzpt�� �r� v|pspzo�ro�}� wt}} Ó

N LN ·¸¹º ·NON
• �vvxtyzpt vo pqt �ysp x tyrv� zo� pqto uvx� �v|y vxxvotop @s }zsp {v�t �vy z}}

s|�st�|top x tyrv�s
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�qrs spyzpt�� wzs uz}}t� � rp~�vy~pzp ¼�Ã� ½ zo� �tuz{t pqt �v|o�ty v� zo t�ty �yvw ro�
z{v|op v� s|uutss�|} spyzpt�rts � �v sp|�� pqt � tqz�rvy v� spyzpt�rts �yv{ z o|{ tyruz}
xvrop v� � rtw � pwv �ro�s v� uv{x|pzprvo uzo �t �vot �

• �qt �ysp vot rs z sr{x}t yv|o� yv�ro pv|yoz{ top � ro wqruq tzuq spyzpt�� { ttps
z}} vpqty spyzpt�rts � nps �oz} suvyt rs pqto pqt s|{ ¼ovp pqt �rsuv|opt� s|{ ½ v� z}}
suvyts �vot ro tzuq uvo�yvopzprvo � �p pqt to� � pqt spyzpt�� @s spyto�pq {tzs|yt{ top
rs �r�to �� rps yzo�t ro pqt pv|yoz{top �

• �qt stuvo� p�xt v� o|{ tyruz} zoz}�srs rs z sr{|}zpt� tuv}v�ruz} t�v}|prvo � ro wqruq zp
pqt � t�rooro� pqtyt rs z ��t� xvx|}zprvo rou}|�ro� pqt sz{ t �|zoprp� v� tzuq spyzp~
t��� � yv|o� yv�ro pv|yoz{ top rs { z�t zo� pqto pqt xvx|}zprvo v� �z� spyzpt�rts
rs �tuytzst� wqtytzs �vv� spyzpt�rts v�pzro otw t}t{ tops � �qt sr{|}zprvo rs yt~
x tzpt� |opr} pqt xvx|}zprvo qzs � tto spz�r}rÏt� � r �t � pqt xvx|}zprvo �vts ovp uqzo�t
zo�{vyt � � �vv� spyzpt�� rs pqto z spyzpt�� wqruq spz�s z}r�t ro pqt xvx|}zprvo
�vy pqt }vo�tsp xvssr� }t pr{ t � zo� ro pqt �r��tsp xvssr� }t xyvxvyprvo � �qrs �ro� v�
t�z}|zprvo �|vpts pqt yv�|spotss v� spyzpt�rts �

Ñt�vyt pqt ropyv�|uprvo v� ���í zs z spyzpt�� �vy pqt rptyzpt� ÖÕ � rp rs r{xvypzop pv �tpzr}
pqt uv{x|pzprvo { tpqv� �vy tuv}v�ruz} t�v}|prvo � �vy t�z{x}t ro�v}� ro� pqytt spyzpt�rts �
¥|xxvst pqzp � ro rprz}}�� pqt xvx|}zprvo rs uv{xvst� v� pqytt spyzpt�rts

A
�

B
�

C
� �p

�totyzprvo
n
tzuq spyzpt�� rs ytxytstopt� �� z utypzro o|{�ty v� x}z�tys Ó

Wn(A)
|sro�

A
�

Wn(B)
|sro�

B
zo�

Wn(C)
|sro�

C
�

�qt xz�vÐ {zpyr� v� pwv~��~pwv {ttpro� �tpwtto
A
�
B

zo�
C

rs uv{x|pt� zo� rs pq|s
�ovwo ¼stt pz�}t B �×½ �

V (A|B)
rs pqt suvyt v�

A
wqto rp { ttps

B
� tpu ��� �tp |s s|xxvst

pqzp pqt pvpz} srÏt v� pqt xvx|}zprvo rs ��t� zo� uvospzop � �t |st pqt �v}}vw ro� ovpzprvo�
Π

Ó
∀i ∈ [1,∞[, Π = Wi(A) + Wi(B) + Wi(C)

¼B �×H½
�qt uv{x|pzprvo v� pqt suvyt ¼�rspyr�|pt� xvrops½ v� z x}z�ty |sro� z ��t� spyzpt�� zp
�totyzprvo

n
rs pqto Ó

gn(A) = Wn(A)V (A|A) + Wn(B)V (A|B) + Wn(C)V (A|C) − V (A|A)
gn(B) = Wn(A)V (B|A) + Wn(B)V (B|B) + Wn(C)V (B|C) − V (B|B)
gn(C) = Wn(A)V (C|A) + Wn(B)V (C|B) + Wn(C)V (C|C) − V (C|C)

¼B �×a½

�vpt pqzp � tuz|st v� pqt s|�pyzuprvos pqt uv{x|pzprvo v�
g
uzoovp � t sr{x}r�t� � �qt

pvpz} xvrops �rspyr�|pt� pv z}} ro�v}�t� spyzpt�rts zyt Ó
t(n) = Wn(A)gn(A) + Wn(B)gn(B) + Wn(C)gn(C)

¼B �¦Ø½
�qt srÏt v� tzuq s|�~xvx|}zprvo zp �totyzprvo

n + 1
rs �oz}}� Ó

Wn+1(A) = ΠWn(A)gn(A)
t(n)

Wn+1(B) = ΠWn(B)gn(B)
t(n)

Wn+1(C) = ΠWn(C)gn(C)
t(n)

¼B �¦ ×½
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�}} �r� rsrvo �tro� yv|o�t� pv pqt otzytsp }vwty ropt�ty �
� }zssruz} yts|}ps vo pqt rptyzpt� ÖÕ � wqruq qz�t �tto t{xqzsrÏt� �� ��t}yv� ro d×Ø¾ sqvw
pqzp pv � tt �vv� z spyzpt�� qzs pv Ó

• �vp � t pqt �ysp pv �t�tup

• Ñt ytzupr�t

• Ãvy�r�t

• Ñt sr{x}t

�qt �Ã� spyzpt�� wqruq szprs�ts z}} pqvst uyrptyrz � qzs � srout ��t}yv� @s �vv� � � tto uvo~
sr�tyt� pv � t vot v� pqt � tsp spyzpt�rts ovp vo}� �vy uvvxtyzprvo �|p z}sv �vy pqt t�v}|prvo
v� uvvxtyzprvo �

� ���� ���� 	� 	 V£� ¡�µ �
U	
��� »£U 
�� ¶
�U	
�� �U��£¢�U ��
h �¡��� 	

np rs ovw r{xvypzop pv �t�ot pqt suvx t v� v|y zoz}�srs � � �pty z �yrt� ropyv�|uprvo vo
pqt pqtvy� �tqro� pqt sp|�� v� pqt rptyzpt� ÖÕ �z{t � wt zyt �v u|sro� vo pqt o|{ tyruz}
zoz}�srs ¼pqyv|�q z sr{|}zprvo sv�pwzyt dB9¾½ v� pqt �tzp|yts xytstopt� �� sv{t sx tur�u
spyzpt�rts pqzp pqt x}z�tys v� pqt rptyzpt� ÖÕ sqv|}� �v}}vw ro vy�ty pv xyv{vpt uvvx~
tyzprvo � Ã|ypqty{vyt � wt wzop pv uv{xzyt sv{ t v� pqt spyzpt�rts z�zr}z�}t ro pqt �z{ t
pqtvytpru }rptyzp|yt zo� �ovwo pv �t pqt ¥�tsp ¥ spyzpt�rts �vpq �yv{ z uvvxtyzprvo xvrop
v� � rtw zo� �yv{ zo t�v}|prvozy� xvrop v� � rtw w rpq pqt spyzpt�� �tyr�t� �yv{ pqt ���í
uvvxtyzprvo to�vyut{ top { tuqzors{ � �t s|��tsp pv yt�ty pv �qzxpty ¦ ro vy�ty pv �yzsx
pqt �tpzr}s zo� pqt �|ouprvoro� v� pqt ���í {tuqzors{ �
�|y u}zr{ rs pqzp pqt ���í spyzpt�� uzo �t uvosr�tyt� t�|r�z}top pv pqt �Ã� spyzpt��
|o�ty utypzro uryu|{ spzouts ¼oz{ t}� wqto pqt ytx|pzprvo �|Ðty rs v� srÏt ×½ � Ã|ypqty~
{vyt � wt w r}} sqvw pqyv|�q pqt t�v}|prvozy� sr{|}zprvo v|p}rot� ro stuprvo B �× �¦ � pqzp pqt���í spyzpt�� v|px ty�vy{ s v�ty z}} pqt vpqty zoz}�Ït� spyzpt�rts wqto pqt zss|{xprvo
v� ¥x ty�tup xyr�zpt {vorpvyro� ¥ rs ytx}zut� �� pqt ¥ÆÄ´ÉÊ¶É¨Î ´ÊÆ»ÈÎÉ ÄÅÇÆÎÅÊÆÇ¸ ¥
zss|{xprvo � �qt ¼¹ºR½ spyzpt�� uzo � t �t�ot� zs �v}}vw Ó

¾��� ��!(�� ���)&( " � �����$�( ��!� �� ���� ,�!%��� �� #����(�� ! &�$ ���( +������ �� ��� ,-./$�#�!���$ �� ���#� ��%)�!���� �� �+!&)!��( ����)0� ! ��$%&� !+��!0� �+�� ��� %!�� �"���+!����� $ !(�����)0� ��� �!�#�(�0 $ �#�!���$ 2 ¿ $��� �!����)& (�À������ �� ��� ,-./ ���!��0' �� �����+�( ��� �)��)�)�� ��� 2
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¼¹ºR
• �vvxtyzpt vo pqt �ysp { v�t c
• no tzuq xtyrv� � v�sty�t pqt xzsp Ñ vxxvotop @s {v�ts zo� �|r}� z �tupvy −→

b =
(b1, ..., bk, ..., bB)

wqtyt tzuq t}t{ top t�|z}s Á × �vy z uvvxtyzprvo zo� ~ × �vy z
�t�tuprvo c

• í�z}|zpt ytx|pzprvo zs
reputation = 1

B

∑

k

bk

c

• n�
reputation ≥ 0

�vvxtyzpt t}st Õt�tup �
�t wzop pv sqvw ovw pqzp pqt �Ã� spyzpt�� ytxytstops z xzypru|}zy uzst v� pqt ¼¹ºR

spyzpt��� no�tt� � r� wt stp
B = 1

rp { tzos pqzp vo}� vot v�sty�zprvo v�ty pqt vxxvotop @sxzsp {v�ts rs pz�to ropv zuuv|op pv �|r}� pqt ytx|pzprvo ro�vy{ zprvo � �qrs r{x}rts pqzp r�
pqt vxxvotop uvvxtyzpt� ro pqt }zsp {v�t qty ytx|pzprvo w r}} � t xvsrpr�t zo� pqt x}z�ty
w r}} uqvst pvv uvvx tyzpt � � rut �tysz � r� pqt }zsp vxxvotop @s { v�t wzs z �t�tuprvo � pqt
ytx|pzprvo wv|}� �t ot�zpr�t zo� pqt ytsxvost v� pqt x}z�ty wv|}� �t pv �t�tup � �qrs
rs t�zup}� wqzp pqt �Ã� spyzpt�� r{x}rts Ó uvvx tyzpt vo pqt �ysp { v�t zo� �v wqzp pqt
vxxvotop �r� ro pqt xyt�rv|s {v�t �
no pqrs �qzxpty � zo zoz}�pruz} yts|}p spzpro� pqzp pqt ���í spyzpt�� rs zo t�|r}r�yr|{
spyzpt�� w r}} ovp � t xytstopt� zs pqt wvy� ro pqrs �rytuprvo rs ro xyv�ytss Ó qvwt�ty wt
�t}rt�t pqzp pqt zoz}�srs w r}} � t �zur}rpzpt� pqzo�s pv pqt t�|r�z}tout v� pqt �Ã� zo� pqt
¼¹ºR spyzpt���
no pqt �v}}vw ro� s|�stuprvos wt xytstop sv{ t yts|}ps v�pzrot� pqyv|�q t�v}|prvozy� sr{|~
}zprvos |sro� pqt rptyzpt� ÖÕ sv�pwzyt z�zr}z�}t ro dB9¾ � �qt ¼¹ºR spyzpt�� qzs � tto uv�t�
zo� z��t� |x pv pqt }rsp v� z�zr}z�}t spyzpt�rts ro pqt sv�pwzyt �

� ���� ���� ¡	
�£¢� Â �
� 
�� Ã  �U»�V
  U�Ä	
� �£¢ �
£U�¢� Ã 	���� 

�£¢

�t xytstop qtyt pqt yts|}ps v� t�v}|prvozy� sr{|}zprvos ro�v}� ro� pqytt spyzpt�rts wqto pqt
spzo�zy� xty�tup { vorpvyro� zss|{xprvo rs { z�t � � s �tsuyr� t� ro stuprvo B �× �¦ � s|xxvstpqzp � ro rprz}}�� pqt xvx|}zprvo rs uv{xvst� v� ��t spyzpt�rts ® ® ·°ÅÆ ·®Ç® � «¬ ®¯°± ² � ¼¹ºR �
Ç²²·¼ ¼uvvx tyzpt z}wz�s½ zo� Ç²²·È ¼�t�tup z}wz�s½ �
no rprz}}�� tzuq spyzpt�� rs ytxytstopt� �� z utypzro o|{�ty v� x}z�tys Ó ×ØØ x}z�tys |sro�
tzuq v� pqt { toprvot� spyzpt�rts � � s rp rs xvssr� }t pv stt ro ��|yt B �× � z�pty ì �totyzprvos
pqt z}}~Õ spyzpt�� �rszxxtzys Ó pqt pqyttÉ w rooro� spyzpt�rts zyt t�|r�z}top �vy xyv{vpro�
uvvxtyzprvo zo� � {vyt r{xvypzop � �vy pqt ªö®ñÁ«®¯ ®� ¬®®À ª¿²«®¯� �qrs r{ x}rts pqzp pqt
w rooro� spyzpt�rts v�pzrot� pqt sz{ t xz�vÐ ro z pwv~��~pwv yv|o� yv�ro pv|yoz{top zo�
uzo �t uvosr�tyt� t�|r�z}top �yv{ zo t�v}|prvozy� xvrop v� � rtw �

ÊË��� ��!� �� !�� ��� #����(����0 ��� !&&Ì, !� ! � �����0 ���!��0' "�#!)�� �� ��� � �����' ��(�%��(����!�)�� 2
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Evolutionary Plot - Perfect Monitoring
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�qt {zX vyrp� v� wvy� ro pqt rptyzpt� xyrsvoty @s �r}t{{z qzs �v u|st� vo �z{ts ro z ovrst~
�ytt to� ryvo{ top � r �t � pqtyt rs ov �zo�ty v� z sr�oz} � tro� { rsroptyxytpt� �� pqt vxxvotop
vy pqt { tssz�t � tro� �z{z�t� ro pyzosrp � �qrs zss|{xprvo v� z ovrst~�ytt to�ryvo{top rs
ovp otutsszyr}� �z}r� r� vot rs py� ro� pv {v�t} ytz}~wvy}� sutozyrvs � � s z sx tur�u t�z{x}t �
wqto uvosr�tyro� roptyzuprvos � tpwtto pwv ov�ts ro z ¤��í� wqtyt pqt � tqz�rvy v�
z ov�t �v}}vw s pqt �z{t pqtvytpruz} { v�t} r{ xvst� �� pqt xyrsvoty @s �r}t{{z � rp wv|}�
�t roptytspro� pv uvosr�ty tyyvys �|t pv pqt wzpuq�v� {tuqzors{ � �qt roptytspt� ytz�ty
sqv|}� yt�ty pv �qzxpty ¦ ro vy�ty pv |o�tyspzo� ropyrosru xyv�}t{ s v� pqt wzpuq�v� {tuq~
zors{ zo� pqt xyv{ rsu|v|s {v�t vxtyzprvo v� w ryt}tss uzy�s � ¥x tur�uz}}�� pqt wzpuq�v�
{tuqzors{ uzo �t pqv|�qp v� zs pqt xyr�zpt {vorpvyro� zss|{xprvo ro z pwv~x}z�tys rp~
tyzpt� xyrsvoty �r}t{{z Ó rp rs pqzo�s pv pqt wzpuq�v� {tuqzors{ ¼xyr�zpt {vorpvyro�½
pqzp z ov�t ¼x}z�ty½ uzo ro�ty ro zo� xtyrv� pqt � tqz�rvy ¼vxxvotop @s xzsp { v�ts½ v� qty
otr�q�vy zo� �tur�t wqruq zuprvos ott�s pv � t pz�to ¼spyzpt�� ½ � �qtyt zyt �rÐtytop { tzos
pqzp uzo �t uqvsto pv ropyv�|ut ovrst pv pqt sr{|}zprvo Ó

• {rs~r{x}t{ topzprvo ¼wqto pqt x}z�ty { z�ts z { rspz�t r{x}t{ topro� rps uqvrut½

• ÄÆÌË´ ÉÊ¨É´ÎÆÅÇ ¼wqto vot x}z�ty { rsx tyutr�ts pqt vpqty x}z�ty @s sr�oz} vy uqvrut½
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no pqrs stuprvo wt w r}} uvoutopyzpt vo { rs~x tyutxprvo ovrst zs wt �t}rt�t rp sr�or�uzop}�
}ro�t� pv pqt xyv�}t{ s ropyv�|ut� �� pqt wzpuq�v� { tuqzors{ � Î zqo zo� ¤|yor�qzo dìØ¾
�o� pqzp ro t�xtyr{ tops �tz}ro� w rpq xyrsvoty @s �r}t{{z ro ovrs� to�ryvo{tops � uvvx ty~
zprvo rs {vyt }r�t}� wqto x}z�tys zyt s|yt v� tzuq vpqty @s xz�vÐs � ¤ r}}ty @s t�x tyr{ tops ro
�totpru z}�vyrpq{ s zxx}rt� pv pqt xyrsvoty @s �r}t{{z yts|}ps ro pqt uvou}|srvo pqzp uvvx~
tyzprvo rs zp rps �ytzptsp wqto pqtyt rs ov ovrst ro pqt s�spt{ zo� pqzp pqrs uvvxtyzprvo
�tuytzsts zs pqt ovrst rouytzsts d¤¦ ¾ � ¥v{ t r�tzs pv xyv{vpt uvvxtyzprvo ro ovrs� to� r~
yvo{ tops qz�t � tto xvsrpt� �� ��t}yv� c pqtst rou}|�t �totpru �rosqrx � u}|sptyro� v� }r�t
spyzpt�rts � ytuv�orprvo � { zropzroro� u}vstotss wqto ytuv�orprvo uzxz�r}rprts zyt }r{ rpt� vy
z�stop ¼t �� }r{xtps ro ozp|yt½ � rouytzsro� pqt uqzout v� �|p|yt roptyzuprvos ¼utypzro sv~
urz} vy�zorÏzprvos � q rtyzyuqrts ro uv{xzorts tpu �½ � uqzo�ro� pqt xz�~vÐs � uytzpro� svurz}
ovy{ s wqtyt vot }tzyos uvvxtyzprvo � êvÐ{zo d¦¦ ¾ ytxvyps pqzp yts|}ps zyt stosrpr�t pv pqt
t�ptop pv wqruq x}z�tys { z�t { rspz�ts trpqty ro pqt t�tu|prvo v� pqtry vwo spyzpt�� ¼{ rs~
r{x}t{ topzprvo ovrst½ vy ro pqt x tyutxprvo v� vxxvotop uqvruts ¼{ rs~x tyutxprvo ovrst½ �
no xzypru|}zy � uvvx tyzprvo rs �|}otyz�}t pv ovrst zs rp rs s|xxvypt� �� uvo�rprvoz} spyzpt~
�rts � Ãvy t�z{x}t � ro z �z{ t �tpwtto pwv �Ã�s � z sro�}t tyyvy wv|}� pyr��ty z styrts v�
z}ptyozpro� �t�tuprvo � � o|{�ty v� z|pqvys uvo�y{ pqt ot�zpr�t tÐtup v� ovrst v� �Ã�
zo� �o� pqzp { vyt �vy�r�totss xyv{vpts uvvxtyzprvo ro ovrs� to�ryvo{tops d¤a¾ � d×¦ ¾ �� s �tsuyr� t� ro stuprvo B �× �B � wt t�tu|pt� zo t�v}|prvozy� sr{|}zprvo ro�v}� ro� ì spyzpt~
�rts wqto Ä ÆÌË´ ÉÊ¨É´ÎÆÅÇ ÇÅÆÌÉ wzs pz�to ropv zuuv|op Ó wt �tur�t� pv stp pqt ovrst
pv pqt �z}|t v� ×ØJ zo� wt pvv� pqt z�tyz�t xvx|}zprvo srÏt v�ty ìØ sr{|}zprvo y|os �
×ØØ x}z�tys �vy tzuq v� pqt �v}}vw ro� spyzpt�rts uv{xtpt� ro z yv|o�~yv�ro pv|yoz{top zs
�tsuyr� t� ro stuprvo B �× �¦ Ó ® ® ·°ÅÆ ·®Ç® � «¬ ®¯°± ² � ¼¹ºR � ÏÆÇÐ±Ç² zo� «Å°® ·ÑÇÒÅÓ � � s
rp rs xvssr� }t pv v�sty�t ro ��|yt B �¦ � pqt ¼¹ºR spyzpt�� v|px ty�vy{ s zo� yts|}ps pv � t
pqt {vsp t�v}|prvozy� spz�}t zo� yv�|sp spyzpt�� z{vo� z}} pqt xvx|}zprvo ¼wt �t}rt�t
pqv|�q pqzp t�utxprvos tsx turz}}� uvospy|upt� ro wqruq xty�vy{ zouts v� ¼¹ºR zyt ovp sv
v|pspzo�ro� zyt xvssr� }t �|p zyt st}�v{ zo� ovp tzs� pv v�pzro½ �

�qt ytzsvo wq� ¼¹ºR xty�vy{ s �tppty pqzo pqt vpqty spyzpt�rts wqto pqt r{xty�tup
{vorpvyro� zss|{xprvo rs { z�t uzo �t t�x}zrot� zs �v}}vw s Ó �� z�vxpro� pqt ¼¹ºR spyzp~
t��� z ov�t �zst qty �tursrvo v� wqtpqty pv uvvxtyzpt vy ovp |sro� z utypzro z{v|op v�
v�sty�zprvos { z�t vo pqt vxxvotops xzsp { v�ts zs �t�ot� �� pqt Ñ xzyz{tpty � �q|s � pqt
ytx|pzprvo {tzs|yt t�z}|zpt� �� pqt ov�t pz�ts ropv zuuv|op { vyt pqzo vot v�sty�zprvo
zo� rs }tss stosr� }t pv zo� { rs~x tyutxprvo ovrst �
Ã|ypqty{vyt � ro rps z��zout� �tysrvo ¼wqruq qzs ovp � tto r{x}t{ topt� ro pqt sr{|}zprvos �
pqv|�q½ � pqt ¼¹ºR spyzpt�� z}sv wtr�qps pqt xzsp Ñ v�sty�zprvos �r� ro� {vyt yt}t�zout pv
xzsp v�sty�zprvos pqzo ytutop vots � np rs rop|rpr�t pv ytz}rÏt pqzp z pyzosrtop { rs� tqz�rvy
rs � }ptyt� v|p �� pqt ytx|pzprvo {tuqzors{ pqzp { z�ts ¼¹ºR {vyt Òt� r�}t zo� ¥� ®¿Â ö¯Â ¥
ro xytstout v� pt{xvyzy� { rs� tqz�rvy vy z {v{topzy� qr�q xtyutopz�t v� ovrst � � sx t~
ur�u t�z{x}t v� s|uq z srp|zprvo uzo �t �v|o� wqto pqro�ro� v� z uv{{|oruzprvo �tpwtto
ov�ts v� z ¤��í� ro xytstout v� v�spzu}ts vy qr�q ropty�tytout �
no Ãr�|yt B �9 � pwv xvx|}zprvos v� ×ØØ {t{�tys z�vxp ytsx tupr�t}� pqt ¼¹ºR zo� pqt N¸N

Ô��� 0�!()!& !�( ����Ì$ !Õ � ���!��0��� !�� (��#��" �( ��  Ö×¢ 2
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Evolutionary Plot - Imperfect Monitoring - Noise = 10% - B=5
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Ãr�|yt B �¦ Ó í�v}|prvozy� sr{|}zprvo v� uv{x}t� spyzpt�rts �vy pqt nptyzpt� ÖÕ · ÆÎ? ÇÅÆÌÉ �

spyzpt��� �qt ovrst �z}|t qzs � tto stp pv ¦ØJ zo� ìØ yv|o�s v� sr{|}zprvos qz�t � tto
t�tu|pt� ro vy�ty pv pz�t z�tyz�t �z}|ts v� pqt t�v}|prvo v� xvx|}zprvo srÏts �
np rs xvssr� }t pv v�sty�t pqzp �vpq spyzpt�rts zyt t�v}|prvozy� spz�}t � ro pqt }vo� y|o c qvw~
t�ty � ¼¹ºR rs pqt w rooro� spyzpt�� zs pqt xvx|}zprvo srÏt v� x}z�tys z�vxpro� rp rouytzsts
zp tzuq otw �totyzprvo � zs �t�ot� ro stuprvo B �× �¦ � Ã|ypqty{vyt � ��|yt B �9 sqvw s pqzp
pqt ytx|pzprvo �|Ðty srÏt ¼Ñ ½ zo� �vpq pqt spz�r}rp� uvo�rprvo zo� xvx|}zprvo srÏt zyt
�rytup}� yt}zpt� �� s Ñ rouytzsts � spz�r}rp� rs ytzuqt� zp z }vwty �totyzprvo o|{�ty ¼r �t � tzy}rty½ zo� pqt
xvx|}zprvo srÏt v� x}z�tys z�vxpro� pqt ¼¹ºR spyzpt�� �yvw s �zspty � �t �t}rt�t qvwt�ty
pqzp pqtst roptytspro� yts|}ps qz�t pv � t t�z}|zpt� ro zo zoz}�pruz} wz� Ó pqt �ot~p|oro�
v� ¼¹ºR xzyz{ tptys ¼s|uq zs Ñ zo� pqt �yt�|tou� zp wqruq v�sty�zprvos zyt { z�t½ wv|}�
yt�|ryt z }z�vyrv|s t{xryruz} sp|�� r� uzyyrt� v|p vo}� �� {tzos v� t�v}|prvozy� sr{|}z~
prvos � �t x}zo pv zoz}�Ït pqt ¼¹ºR spyzpt�� ro v|y �|p|yt wvy� pz�ro� zs z spzypro� xvrop
pqt zoz}�srs v� pqt ³M LNR¸ØQ spyzpt�� xytstopt� ro stuprvo B �×�9 �

| ÙÚ ÛÜÜ} lÝÞßà~l �Þá l ß�lÜÝ�

no zo zppt{xp pv t�x}zro uvvxtyzprvo zo� uvz}rprvo �vy{ zprvo � {vsp pqtvytpruz} {v�t}s |st
z pwv~x tyrv� spy|up|yt zs ropyv�|ut� ro dH � ìB¾ � Ö }z�tys {|sp �ysp �tur�t wqtpqty vy ovp pv
X vro z uvz}rprvo � no z stuvo� sptx � �vpq pqt uvz}rprvo zo� pqt yt{ zroro� z�tops uqvvst pqtry
� tqz�rvy ovo~uvvxtyzpr�t}�� � uvz}rprvo rs spz�}t r� ov z�top qzs zo routopr�t pv }tz�tâ �

ã��� (�À������ �� ��!"�&��' !&�� �$%&��� ��!� �� !0��� �!��� �� Õ ��� ��� #�!&�� ��� 2
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Evolutionary Plot - Imperfect Monitoring - Noise = 20%
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Ãr�|yt B �9 Ó í�v}|prvozy� sr{|}zprvo v� uv{x}t� spyzpt�rts �vy pqt nptyzpt� ÖÕ w rpq ovrst �

¥r{|}zprvos xytstopt� ro d××� ¦¤ � ¦H¾ qz�t sqvwo pqzp � z}pqv|�q pqtyt rs uvvxtyzprvo � pqt
uvz}rprvo srÏt rs yzpqty s{ z}} �
no pqrs stuprvo wt s|��tsp zo zxxyvzuq �zst� vo z xyt�tytout spy|up|yt zs �t�ot� �� pqt
í��~pqtvy� d×H¾ � �qrs pqtvy� t�x}zros { vsp v� pqt � tqz�rvy v� z�tops v�sty�t� ro �r�tyst
t�x tyr{ tops �|p �t�rzpts }rpp}t �yv{ pqt pyz�rprvoz} |pr}rp� uvoutxp � �qt |pr}rp� v� zo z�top
rs ovp sv}t}� �zst� vo pqt z�sv}|pt xz�vÐ �|p z}sv vo pqt yt}zpr�t xz�vÐ uv{xzyt� pv pqt
v�tyz}} xz�vÐ pv z}} z�tops � W r�to z utypzro yt}zpr�t xz�vÐ sqzyt � pqt |pr}rp� rs spyrup}�
rouytzsro� ro pqt vwo z�sv}|pt xz�vÐ v� pqt z�top � W r�to z ��t� z�sv}|pt xz�vÐ � pqt
z�top rs � tsp vÐ wqto ytutr� ro� X|sp pqt t�|z} ¼�zry½ sqzyt � �v �vpq sr�ts v� pqrs t�|z}
sqzyt � r �t � wqto ytutr� ro� }tss vy {vyt pqzo pqt �zry z{v|op � |pr}rp� rs }vwty � t�to r� pqt
z�sv}|pt xz�vÐ �vts ovp uqzo�tä �
no stuprvo B �¦ �¦ � wt �ysp sp|�� z s�{{tpyru

N
~ov�t xyrsvoty @s �r}t{{z ¼ÖÕ ½ �z{t ro

z ovo~uvvxtyzpr�t stppro� � ro wqruq pqt z�tops qz�t vo}� pwv vxprvos z�zr}z�}t ~ uvvxty~
zpt vy �t�tup � �t zoz}�Ït �zsq~t�|r}r�yr|{ v� pqt ovo uvvxtyzpr�t �z{t wqto z�tops @xyt�tytouts uzo �t �tsuyr� t� �� í�� � óªó x }z�tys �z}|t �vpq pqtry z�sv}|pt zo� pqtry yt}~
zpr�t xz�vÐ � no xzypru|}zy � wt }vv� zp pqt o|{�ty v� z�tops wqv x}z� uvvxtyzpr�t}�� �t
sqvw pqzp ovo~uvvxtyzprvo rs z}wz�s zo t�|r}r�yr|{ � srout ~ r� ov vpqty ov�t uvvxtyzpts
~ z ov�t wv|}� {z�r{ rÏt rps z�sv}|pt xz�vÐ zo� ytutr�t pqt t�|z} sqzyt �� uqvvsro� pv
�t�tup � ���rprvoz}}�� qvwt�ty � pqtyt { z� �t � zsq~t�|r}r�yr|{ ro wqruq ov�ts uvvxtyzpt Ó
r� � �vy t�z{x}t � pqt ytsp v� pqt z�tops x}z� uvvxtyzpr�t}�� z x}z�ty uzo �tp pqt t�|z} sqzyt
�� uqvvsro� pv uvvxtyzpt zs wt}} � êtout � r� rp �z}|ts rps yt}zpr�t xz�vÐ � tro� u}vst pv pqt
t�|z} sqzyt {vyt pqzo rps z�sv}|pt xz�vÐ � rp w r}} uqvvst pv uv{x}tpt pqt �yzo� uvz}rprvo �

åË��� ��!� �)#� ! %�������#� ��� �æ)��' �� ��&�Ì#������( �� &' !�( �� (�����#� ���$ !&��)��$ 2
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�}tzy}�� xzyprz} uvvx tyzprvo uzo z}sv vuu|y � wqtyt�� sv{ t ov�ts uvvxtyzpt wqr}t vpqtys
�t�tup � Ãvy s|uq t�|r}r�yr|{ � wt sqvw pqzp pqt o|{�ty v� uvvxtyzpro� ov�ts rs yzpqty
}zy�t Ó srout uvvxtyzprvo }tz�s pv z }vwty z�sv}|pt xz�vÐ � �vy z ov�t pv uqvvst pv uvvxty~
zpt � x }z�ro� uvvxtyzpr�t}� {|sp { v�t rp u}vsty pv pqt t�|z} sqzyt pqzo �t�tupro� wv|}� �
� s wt sqvw � pqrs uzo vo}� � t pqt uzst r� zp }tzsp qz}� v� pqt ov�ts uvvxtyzpt � �qrs yts|}p
uvopyzsps w rpq pqt spzo�zy� yts|}p xytstopt� ro d××¾ wqruq spzpts pqzp pqt uvz}rprvo srÏt rs
yzpqty s{ z}} �
�vpt � qvwt�ty � pqzp ro pqt xyrsvoty @s �r}t{{z � pqt ov�ts qz�t vo}� pqt �rsuytpt uqvrut
v� uvvxtyzpro� vy �t�tupro� � �|p w rpq ytsx tup pv pqt uvvxtyzprvo to�vyut{ top xyv�}t{ �
pqt ov�ts v� zo z� qvu otpwvy� { r�qp uqvvst pqtry uvvxtyzprvo }t�t}ç uvopro|v|s}�� �t
pqtyt�vyt ropyv�|ut ro stuprvo B �¦ �9 z s�{{tpyru uvopro|v|s ÖÕ~�z{ t �zst� vo pqt í��
xyt�tytout spy|up|yt � �o roptytspro� �o�ro� v� pqrs zoz}�srs rs pqzp í�� z}vot uzoovp
r{xyv�t |xvo pqt ovo~uvvx tyzpr�t �zsq~t�|r}r�yr|{ w rpq spzo�zy� xyt�tytouts ro wqruq
vo}� pqt z�sv}|pt xz�vÐ { zpptys pv z ov�t � � s z �|ypqty yt�ot{top � wt xyvxvst pqt
uvvxtyzpr�t~�z{ ts zxxyvzuq uvosrspro� ro z uv{�rozprvo �tpwtto pqt í�� xyt�tytout
spy|up|yt zo� pqt pwv~spz�t uvz}rprvo �vy{ zprvo {tpqv� dH¾ � no uvopyzsp pv pqt pyz�rprvoz}
{v�t}s �yv{ pqt �z{t pqtvy� }rptyzp|yt � pqt í�� xyt�tytout spy|up|yt z}}vw s uvz}rprvos
pv ro�v}�t z yzpqty }zy�t �yzuprvo v� x}z�tys � Ã|ypqty{vyt � pqrs {v�t} z}}vw s �vy z xyturst
uqzyzuptyrÏzprvo v� uvo�rprvos |o�ty wqruq t�to z �yzo� uvz}rprvo uzo �t v�pzrot� �
Ã roz}}�� ro stuprvo B �¦ �ì � wt xyvxvst z �rsu|ssrvo vo pqt yt}zprvo �tpwtto z uvz}rprvo �vy~
{ zprvo xyvutss zo� v|y uvvxtyzprvo to�vyut{ top { tuqzors{ ���í � |st� zs zo tÐtupr�t
uv{x}t{ topzy� pvv} pv r{xvst z sx tur�u í��~p�xt �vy t�ty� ov�t xzyprurxzpro� ro z uv~
vx tyzpr�t stppro� zs zo z� qvu otpwvy� �

� �� �� ���  U�»�U�¢V� �
U�V
�U�

�|y zoz}�srs yt}rts vo z xyt�tytout spy|up|yt ro wqruq x}z�tys � z}vo� w rpq pqtry vwo z�sv~
}|pt xz�vÐ � zyt { vpr�zpt� ¼ovo~{vovpvov|s}� ½ �� pqt yt}zpr�t xz�vÐ sqzyt pqt� ytutr�t �
óªó qvw pqtry spzo�ro� uv{xzyts pv pqzp v� vpqtys � �t |st pqt í�� {v�t} xytstopt�
ro d×H¾ zo� toqzout rp w rpq z uv{x}tpt ro�vy{ zprvo �yz{ twvy� � �tp pqt ¼ovo~ot�zpr�t½
xz�vÐ pv ov�t

i
�t �tovpt� ��

yi

�
i, ..., N

� zo� pqt yt}zpr�t sqzyt ��
σi = yiè

j
yj

�
�qt í��~|pr}rp� �|ouprvo rs �t�ot� zs �v}}vw s Ó

αiu(yi) + βir(σi)
wqtyt

αi, βi ≥ 0
zo�

u()rs � rÐtytoprz�}t � spyrup}� rouytzsro� zo� uvouz�t � zo�
r()

rs � rÐtytoprz�}t � uvouz�t zo� qzs
rps { z� r{|{ ro

σi = 1
N

�
�qyv|�qv|p pqrs �qzxpty wt zss|{ t pqzp ov�ts @ �rs|pr}rp� �yv{ �rsz��zopz�tv|s rot�|z}~
rp� rs }zy�ty r� pqt ov�t rs � tppty vÐ pqzo z�tyz�t � óªó

r( 1
N
− x) ≤ r( 1

N
+ x),∀x ∈

[

0, 1
N

] �
�qt p�xts v� ov�ts zyt uqzyzuptyrÏt� �� pqt yt}zpr�t wtr�qps

αi, βi

�
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ì�í î²° ª ò ªb ¯«®¯³ ò ª³ ¬¿À «®¯
N

�|{�ty v� x}z�tys
αiu(yi) + βir(σi)

í�� �}v�z} |pr}rp� �|ouprvo �vy x}z�ty
i

αi, βi ≥ 0
í��~p�x ts �vy x}z�ty

i
yi

��sv}|pt xz�vÐ �vy x}z�ty
i

ui(yi)
� �rÐtytoprz�}t � spyrup}� rouytzsro� � uvouz�t ��sv}|pt |pr}rp� �|ouprvo �vy x}z�ty

i
σi

�t}zpr�t xz�vÐ �vy x}z�ty
i

r(σi)
� � rÐtytoprz�}t � uvouz�t � { z� r{|{ ro

σi = 1
N

�t}zpr�t |pr}rp� �|ouprvo �vy x}z�ty
i

�z�}t B �9 Ó ¥|{{zyrÏro� pz�}t �t�oro� pqt �z{ t �zst� vo í�� pqtvy��

� �� �� ���  U��£¢�U �� � �¡��� 	 Â �
� 	 ���VU�
� �
U	
��� � 	V�

no pqrs stuprvo wt sp|�� z sr{ x}t s�{{tpyru
N
~ov�t xyrsvoty @s �r}t{{z wqtyt tzuq {v~

�r}t ov�t uzo uvvxtyzpt � @u @� vy �t�tup � @� @Ó pq rs r{ x}rts pqzp pqt spyzpt�� stp z�zr}z�}t pv
tzuq x}z�ty rs �rsuytpt zo� vo}� pwv zuprvos zyt z}}vwt� � no pty{ s v� pqt ov�t { rs� tqz�rvy
xyv�}t{ � pqrs { tzos pqzp pqt ov�t trpqty uvyytup}� t�tu|pts pqt otpwvy� �|ouprvos vy rp
�vtso @p ��tp pqt pvpz} o|{�ty v� uvvxtyzpro� ov�ts � t �tovpt� ��

k
� Ãvy zo� �r�to

k
� pqt xz�~

vÐ pv z ov�t rs �r�to ��
B(k)

r� pqt ov�t �t�tups ¼pyrts pv �ytt~yr�t½ � n� z ov�t x}z�s
uvvxtyzpr�t}�� rp {|sp � tzy sv{ t z��rprvoz} uvsps

C(k)
� nps xz�vÐ rs pqtyt�vyt �r�to ��

B(k)−C(k)
� �t zss|{t �tuytzsro� { zy�roz} � tot�ps �vy z ov�t r� pqt o|{�ty v� { v�r}t

ov�ts yrsts � r �t �
B(k)

rs rouytzsro� zo� uvouz�t � Ã|ypqty{vyt � pqt pvpz} uvsp v� uvvxtyz~
prvo �

kC(k)
� rouytzsts ro

k
�

no vy�ty pv �totyzpt pqt spzo�zy� routopr�t spy|up|yt v� z ÖÕ �z{ t � wt {z�t pqt �v}}vw ro�
zss|{xprvo �

ï ÌÌFÄ´ÎÆÅÇ ð � ÖÕ spy|up|yt Ó
B(k + 1) − B(k) < C(k + 1)

¼B �¦¦½
ï ÌÌFÄ´ÎÆÅÇ ñ � ¥no�r� r�|z}}� �tsryz�}t ¥Ó

B(k + 1) − C(k + 1) ≥ B(k) − C(k)
¼B �¦9½

Ã|ypqty{vyt � wt zss|{ t pqzp xz�vÐs �vy �vpq uvvxtyzpro� zo� �t�tupro� ov�ts zyt
ovo~ot�zpr�t �vy z}}

k
�

[?É Y ÈÌ? ÉòF Æ§ÆºÊÆFÄ

no pqt �v}}vw ro� stuprvo wt zoz}�Ït pqt � zsq t�|r}r�yr|{ ro pqt vot sqvp ÖÕ �z{ t |o�ty
pqt zss|{xprvo pqzp z}} pqt ov�ts X vroro� zo t� rspro� otpwvy� uqvvst sr{|}pzotv|s}��
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�ss|{t pqzp
k

ov�ts � zsr�t �yv{ ov�t
i
� x }z� uvvxtyzpr�t}�� �t wzop pv sp|�� pqt

uvo�rprvo |o�ty wqruq ov�t
i
� wqruq rs ovp xzyp v� pqt stp v�

k
uvvxtyzpro� ov�ts � uqvvsts

pv uvvxtyzpt c x}z�ty
i
uqvvsts pv x}z� @u @ r� zo� vo}� r� qty |pr}rp� rs qr�qty pqzo wqto

x}z�ro� @� @� r �t �Ó

αiu [B(k + 1) − C(k + 1)] + βir

[

B(k + 1) − C(k + 1)

N · B(k + 1) − (k + 1)C(k + 1)

]

≥ ¼B �¦¦ ½

αiu [B(k)] + βir

[

B(k)

N · B(k) − kC(k)

]

�qrs rs t�|r�z}top pv ov�t r x}z�ro� @u @ r� zo� vo}� r� Ó

αi

βi

≤ δ(k)
wqtyt

δ(k) =
r
[

B(k+1)−C(k+1)
N ·B(k+1)−(k+1)C(k+1)

]

− r
[

B(k)
N ·B(k)−kC(k)

]

u [B(k)] − u [B(k + 1) − C(k + 1)]

¼B �¦ì½

no vy�ty pv uqvvst @u @ pqt ov�t {|sp � t v�tyuv{xtoszpt� �vy pqt }vss ro z�sv}|pt �zro
�� {v�ro� u}vsty pv pqt z�tyz�t �zro � �qt �totyz} uvo�rprvos �vy z � zsq t�|r}r�yr|{ v�
z í��~ÖÕ �z{ t d×H¾ v�

N
ov�ts wqtyt�� pqt o|{�ty v� uvvxtyzpro� ov�ts rs

k∗ uzo �t
|st� pv sp|�� t�xytssrvo ¼B �¦ì½ Ó

αi

βi

< δ(k ∗ −1)
�vy

k∗ ov�ts ¼x}z�ro� @u @½ ¼B �¦B½

αi

βi

≥ δ(k∗) �vy pqt yt{ zroro�
N − k∗ ov�ts ¼x}z�ro� @� @½ ¼B �¦¤½

�vo�rprvos ¼B �¦B½ zo� ¼B �¦¤½ uzo �t |st� pv t�z}|zpt pqt o|{�ty v� ov�ts
k∗ pqzp { z�

xvssr�}� uvvxtyzpt ro z � zsq t�|r}r�yr|{ �
�o vot qzo� � zs }vo� zs

δ(k ∗ −1) < 0
� pqtyt rs ov uqzout v� qz�ro� z uvz}rprvo v� srÏt

k∗�tuz|st αi

βi
> δ(k ∗ −1)

�vy z}} p�x ts zo� uvo�rprvo ¼B �¦B½ uzoovp qv}� �vy zo� ov�t �
�o pqt vpqty qzo� � pqt uvo�rprvos �vy z � zsq t�|r}r�yr|{ �r�to �� ¼B �¦B½ zo� ¼B �¦¤½
r{x}� pqzp r�

δ(k ∗ −1) > 0
pqto pqtyt zyt p�x ts [(αi

βi

)

i=1,...,N

] v� ov�ts s|uq pqzp
k∗

ov�ts uvvxtyzpt zo�
N − k∗ ov�ts �ytt~yr�t �

�vpt pqzp �vy z �r�to �rspyr�|prvo v� í��~p�xts �
δ(k ∗ −1) > 0

rs z otutsszy� �|p ovp
s|� urtop uvo�rprvo pv �tp z uvz}rprvo srÏt v� �f � Ãvy z �r�to xz�vÐ spy|up|yt w rpq

δ(k ∗
−1) > 0

� qvwt�ty � pqtyt t� rsp í��~p�xts s|uq pqzp
k∗ rs pqt t�|r}r�yr|{ �vy zo� uvz}rprvo

srÏt �
no vy�ty pv �o� �tzsr� }t uvz}rprvo srÏts � wt {|sp pqtyt�vyt sp|�� uvo�rprvos |o�ty wqruq
δ(k)

rs x vsrpr�t �
�vpt pqzp ro ¼B �¦ì½ pqt �tov{ rozpvy v�

δ(k)
rs x vsrpr�t �|t pv ÈÌÌFÄ´ÎÆÅÇ ð � �qt sr�o

v� pqt o|{ tyzpvy � qvwt�ty � �tx to�s vo pqt o|{�ty
k
v� uvvxtyzpro� ov�ts �
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Ãvy
k = 0

pqt sr�o v� pqt o|{tyzpvy rs ot�zpr�t � srout Ó

r

(

B(1) − C(1)

NB(1) − C(1)

)

= r

(

1 − (N − 1)B(1)

NB(1) − C(1)

)

< r

(

B(0)

NB(0)

)

= r

(

1

N

)

Ãvy
k = N − 1

pqt sr�o v� pqt o|{tyzpvy rs xvsrpr�t � srout

r

(

B(N) − C(N)

NB(N) − NC(N)

)

= r

(

1

N

)

>

r

(

B(N − 1)

NB(N − 1) − (N − 1)C(N − 1)

)

= r

(

1 − (N − 1)B(N − 1) + (N − 1)C(N − 1)

NB(N − 1) − (N − 1)C(N − 1)

)

�qtyt�vyt �
δ(0) < 0 < δ(N − 1)

zo� ov ov�ts |or}zptyz}}� uvvxtyzpt wqtytzs z}} ov�ts
x}z�ro� @u @ uzo tspz�}rsq zo t�|r}r�yr|{ � xyv�r�t� pqzp z}} ov�ts @ p�x ts

(

αi

βi

) zyt s{ z}}ty
pqzo

δ(N − 1)
�

no �totyz} � pqtyt zyt t�|r}r�yrz wqtyt vo}� z utypzro o|{�ty
k∗ v� ov�ts uvvxtyzpt � �qt

uy|urz} xvrop rs pv �o� wqtpqty vy ovp pqt o|{tyzpvy rs xvsrpr�t � �t{t{�ty pqzp wt
xyt�rv|s}� zss|{t� pqzp Ó

r(
1

N
− x) ≤ r(

1

N
+ x),∀x ∈

[

0,
1

N

]

np rs otutsszy�� ro vy�ty pv v�pzro
δ(k) > 0

� pqzp z ov�t uqvvsro� @� @ �|ypqty �t�rzpts
�yv{ pqt t�|z} sqzyt

(1/N)
pqzo �� x}z� ro� @u @� r �t �Ó

1

N
− B(k + 1) − C(k + 1)

NB(k + 1) − (k + 1)C(k + 1)
>

1

N
− B(k)

NB(k) − kC(k)

¼B �¦H½
np rs xvssr� }t pv sqvw pqzp rot�|z}rp� ¼¤½ rs szprs�t� �vy

k > N/2ó � � ss|{xprvo ¼×½ zo�¼¦½ r{x}� pqzp pqt uvo�rprvo
δ(k) > 0

rs otutsszy� ¼�|p ovp s|� urtop½ pv spzpt pqzp � �vy
zo� �r�to �tupvy v� p�x ts � r� z ov�t x}z�s @u @ zp pqt t�|r}r�yr|{ � pqto zp }tzsp qz}� v� pqt
ov�ts uvvxtyzpt �

© ÊÅ´ ÅÌÆÎÆÅÇ ð � ô®¿ ²¯ï Â öª¯ À²ï®� ³«¿Á ¬«Á¿ª ®� «± ª õò Â²° ª : «± ì�í À ¿ª� ª¿ª¯ ¬ª³�«± ª¿ª ³ ²ñ:²ï³ ²¯ ª]Áñô¿Á° ¯ :±¬± ²ñ ñ ¯ ®©ª³ ©ª� ª¬«�

© ÊÅ´ ÅÌÆÎÆÅÇ ö � îö ª¯ ÷ ³³Á°À «®¯ ø ²¯© ÷ ³³Á°À «®¯ ù� «± ª¿ª ³ ² � ²³± ª]Áñô¿Á°:± ª¿ª ²« ñª²³«
N/2

¯®©ª³ ¬®®À ª¿²«ª�

Ñzst� vo xyvxvsrprvo ¦ � r� pqtyt rs z uvz}rprvo v� uvvxtyzpro� ov�ts pqto rp rs yzpqty
}zy�t �

ú��� %���� �� 0�+�� �� ¿%%��(�û ü* !� ��� ��( �� ��� ,�!%��� 2
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no stuprvo B �¦ �¦ � wt zss|{ t� pqzp ov�ts vo}� qz�t z �rsuytpt vxprvo zs pv wqtpqty pv
uvvxtyzpt vy ovp � �vw � wt p|yo pv z xyrsvoty @s �r}t{{z �z{t wqtyt ov�ts uzo uvopro|~
v|s}� uqvvst pqtry uvvxtyzprvo }t�t}s � � s wt w r}} stt � í�� z}vot uzoovp r{xyv�t |xvo pqt
ovo~uvvxtyzpr�t � zsq~t�|r}r�yr|{ w rpq spzo�zy� xyt�tytouts wqtyt�� vo}� pqt z�sv}|pt
xz�vÐ {zpptys � êvwt�ty � ropyv�|uro� {vyt spy|up|yt pv pqt �z{ t � r �t � r� ov�ts x}z� z
uvz}rprvo �z{ t ¼stuprvo B �¦ �¦ ½ � í�� {z� �rt}� z yzpqty }zy�t uvz}rprvo srÏt vy t�to s|xxvyp
pqt �yzo� uvz}rprvo �
�tp pqt o|{�ty v� ov�ts z�zro � t �tovpt� ��

N
� �t �t�ot pqt uvvxtyzprvo }t�t}

qi ∈ [0, 1]zs pqt �yzuprvo v� xzu�tps ¼�vpq �zpz zo� yv|pro� xzu�tps½ pqzp ov�t
i
�vywzy�s pv rps otr�q~

�vyro� ov�ts vy pv pqt �tsprozprvo ov�t � ízuq ov�t {|sp uqvvst rps uvvxtyzprvo }t�t}
qi¼

i = 1, ..., N
½ �

�vvxtyzprvo ro�|uts sv{ t uvsps
C(qi)

pqzp zyt zss|{t� pv �t rouytzsro� zo� uvo�t� ro
pqt uvvxtyzprvo }t�t} ¼

C ′ () > 0, C ′′ () > 0
½ �

�vvxtyzprvo z}sv �rt}�s sv{ t �tot�p
B(Q)

ro pty{ s v� otpwvy� uvootupr� rp� zo� z��yt~
�zpt uvvxtyzprvo tÐvyp { z�t z�zr}z�}t �� uvvxtyzpro� ov�ts � wqtyt

Q =
∑

i

qi
�tovpts pqt

z��yt�zpt uvvxtyzprvo }t�t} �
Ñtot�ps �yv{ uvvxtyzprvo zyt rouytzsro� zo� uvouz�t �

B′ () ≥ 0, B′′ () < 0
� �qt xz�vÐ pv

z ov�t rs pqtyt�vyt �tpty{ rot� �� Ó
B(Q) − C(qi)

�

[?É Y ÈÌ? ÉòF Æ§ÆºÊÆFÄ

no vy�ty pv �o� pqt �zsq t�|r}r�yr|{ xvrop ¼s½ v� pqt �z{t ¼r� vot t� rsps½ rp rs otutsszy�
pv r�topr�� pqt spyzpt��

qi
pqzp uvyytsxvo�s pv pqt sro�|}zyrp� xvrop ¼s½ v� pqt �}v�z} í��

|pr}rp� �|ouprvo � r �t � �o�ro� pqt yvvps v� pqt �ysp vy�ty �tyr�zpr�t v� pqt |pr}rp� �|ouprvo
zo� {z�t s|yt pqzp pqvst xvrops zyt { z�r{|{ v� pqt |pr}rp� �|ouprvo �
np sqv|}� �t ovpt� pqzp pqt zss|{xprvos { z�t vo pqt uvo�t� rp� v� pqt |pr}rp� �|ouprvo
¼stt stuprvo B �¦ �×½ z}}t� rzpt pqt xyv�}t{ v� sp|��ro� pqt �vy�ty uvo�rprvos ro pqt �|ouprvo
�v{zro � no pqt yt{ ro�ty v� pqrs stuprvo � wt w r}} yt�ty pv pqt b ¿³« ®¿©ª¿ ¬®¯©«®¯ wqto
�tsuyr� ro� pqt xyvutss v� �o�ro� pqt � zsq t�|r}r�yr|{ �
�t zoz}�Ït pqt � zsq t�|r}r�yr|{ wqto ov�ts zup ³°Áñ«²¯ ª®Á³ñï� �v�t

i
uqvvsts

qi

pv
{ z�r{ rÏt rps |pr}rp� �|ouprvo

αiu(yi) + βir(σi)
� wqtyt Ó

yi = B

(

∑

j 6=i

qj + qi

)

− C(qi) →
��sv}|pt xz�vÐ pv x}z�ty

i

σi =
yi
∑

j

yj

→ �t}zpr�t xz�vÐ pv x}z�ty
i

�vpt pqzp pqt �t�orprvo |st� pv t�xytss pqt z�sv}|pt xz�vÐ pv ov�t
i
t{xqzsrÏts pqt
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spyzpt�� sxzut �vy ov�t
i
¼
qi

½ zs uv{xzyt� pv pqt spyzpt�� sxzut z�zr}z�}t pv pqt vpqty
ov�ts v� pqt otpwvy� � Ñ� uqvvsro�

qi

� tzuq ov�t �tpty{ rots rps vwo uvvxtyzprvo uvsps zo�
pqt � tot�ps �yv{ uvvxtyzprvo � �qt uqvrut v�

qi

z}sv r{ xzups pqt xz�vÐ v� pqt yt{ zroro�
ov�ts pqzp ro p|yo rs �t� �zu� pv pqt ov�t @s vwo |pr}rp� pqyv|�q pqt yt}zpr�t xz�vÐ � �qt
b ¿³« ®¿©ª¿ ¬®¯©«®¯ rs pqtyt�vyt �r�to �� Ó






αiu

′ () + βir
′ ()

∑

j 6=i

yj

∑

j

yj
2






[B′ (Q) − C ′(qi)] − βir

′ ()
yi

∑

j

yj
2

(N − 1) B′(Q) = 0

�t uzo ytw yrpt pqt t�xytssrvo zs �v}}vw s Ó

αiu
′ () [B′ (Q) − C ′ (qi)] + βir

′ ()







∑

j

yj − yi

∑

j

yj
2

B′ (Q) −

∑

i6=j

yj

∑

j

yj
2
C ′ (qi)






= 0

¼B �¦a½

vy

αiu
′ () [B′ (Q) − C ′ (qi)] + βir

′ ()







1 − Nσi
∑

j

yj

B′ (Q) −

∑

j 6=i

σj

∑

j

yj

C ′ (qi)






= 0

¼B �9Ø½

�qt spyzpt�� ¼
qi

½ v� ov�t
i
pv z �r�to uvvxtyzprvo xv}ru� �vy pqt ytsp v� pqt otpwvy�

uzo �t uz}u|}zpt� �yv{ pqrs �ysp vy�ty uvo�rprvo �

© ÊÅ´ ÅÌÆÎÆÅÇ ñ � ¼�vopro|v|s �z{t½ �¯ «± ª ¬®¯«¯Á®Á³ õò ;Â ²° ª ô²³ ª© ®¯ ì� í À ¿ª� ;ª¿ª¯ ¬ª³� «± ª � ²³± ª]Áñô¿Á° ³ Â ö ª¯ ôï ³®ñö¯Â «± ª � ®ñ ñ®: ¯Â ªGÀ ¿ª³³®¯ E B′ (Nq∗) −
C ′ (q∗) = 0

ó � « ³ ³ï°° ª«¿¬²ñ ²³ ñ®¯Â ²³ ²« ñª²³« ®¯ª ¯®©ª ©¿²:³ Á«ñ«ï � ¿®° «³ ²ô³ ®ñÁ«ª
À²ï®� �

αi > 0
� �ý �

nopyv�|uro� í�� xyt�tytouts � pqtyt�vyt � �vts ovp rouytzst pqt uvvxtyzprvo tÐvyp uqv~
sto �� pqt ov�ts wqto x}z� ro� pqt ÖÕ~�z{t w rpq z uvopro|v|s zuprvo stp � np �vts ovp
t�to uqzo�t pqt t�|r}r�yr|{ uvvxtyzprvo }t�t}s �
no uvopyzsp pv pqt ¼�rsuytpt½ xyrsvoty @s �r}t{{z � í�� �vts ovp z�� zo� t�|r}r�yr|{ ro
wqruq pqtyt rs { vyt uvvxtyzprvo tÐvyp � �qt t� rsptout v� t�|r}r�yr|{ ro pqt ÖÕ �z{ t pqzp
{ r{ rus uvvxtyzpr�t � tqz�rvy � pqtyt�vyt � vo}� zyrsts ro pqt xytstout v� �rsuytpt zuprvo stps �
êz�ro� z uvopro|v|s �tursrvo �zyrz�}t � í�� �vts ovp uqzo�t pqt stp v� t�|r}r�yr|{ � �qt
ytzsvo rs pqzp í�� �vts ovp tspz�}rsq z xyt�tytout �vy � tro� uvvxtyzpr�t � �|p � ®¿ ôª¯Â³° ñ²¿ «® ®«± ª¿ ¯ ®©ª³ w rpq ytsx tup pv pqt xz�vÐ �
no pqrs stuprvo � qvwt�ty � wt |st� pqt í�� pqtvy� ro z u}zssruz} ovo~uvvxtyzpr�t stppro� Ó
}tp |s stt qvw pqt spyzpt�� st}tuprvo v� z st}�sq ov�t uqzo�t wqto ropyv�|uro� {vyt spy|u~
p|yt pv pqt �z{ t � r �t � wqto uvosr�tyro� z ¨ÅÅ´ ÉÊÈÎÆ»ÉË¸ÈÄÉ ÌÉÎÎÆÇ¸ �

�þ��� %���� ��� ���� %��%������� �� 0�+�� �� ¿%%��(�û 3 * !� ��� ��( �� ���� ,�!%���
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�s z �|ypqty yt�ot{top � wt ovw xyvxvst z uvvx tyzpr�t~�z{ ts zxxyvzuq uvosrspro� ro
z uv{�rozprvo v� pqt í�� xyt�tytout spy|up|yt zo� pqt pwv~spz�t uvz}rprvo �vy{ zprvo
{tpqv� zs ropyv�|ut� ro dH¾ �
�tp |s zss|{t pqzp z}} ov�ts zyt r�topruz} w rpq ytsx tup pv pqtry xz�vÐ �|ouprvo ¼r �t � pqt�
|st pqt sz{ t �t�orprvo v� |pr}rp� �|ouprvo½ � no z �ysp spz�t � ov�ts �tur�t wqtpqty vy ovp
pv X vro pqt uvz}rprvo � Ñ� pqt xyrourx }t v� ¥yzprvoz}rp� ¥� tzuq ov�t rs zss|{ t� pv �ovw pqt
�tursrvos v� pqt vpqty ov�ts � �qt uvvxtyzprvo }t�t}s ¼r �t � pqt spyzpt�� ½ pqzp w r}} � t uqvsto
ro pqt stuvo� spz�t �tx to� vo wqtpqty pqt ov�ts pz�t xzyp ro pqt uvz}rprvo vy ovp � �qt
uvz}rprvo pqtyt�� {z�r{ rÏts rps uv}}tupr�t � tot�ps zo� x}z�s z�zrosp pqt ov�ts pqzp �vo @ppz�t xzyp ro pqt uvz}rprvo � wqruq sr{|}pzotv|s}� { z�r{ rÏt pqtry ro�r� r�|z} |pr}rp��
�t �ysp sp|�� pqt uzst v� ov�ts pqzp qz�t Æ=ÉÇÎÆ¨È§ \¨§ËÎ>´ÉÌ � �t �t{vospyzpt
pqzp w rpqro pqt uvz}rprvo �vy{ zprvo �z{t � í��~xyt�tytouts uzo to�vyut uvvxtyzprvo zo�
t�to yts|}p ro pqt �yzo� uvz}rprvo � �t pqto }vv� zp pqt uzst v� ?ÉÎÉÊÅ¸ÉÇÉÅFÌ \¨§Ë
Î>´ÉÌ � Ñ� sp|��ro� pqt t�pyt{ t sutozyrv v� ov�ts pqzp zyt sv}t}� roptytspt� trpqty ro
pqtry z�sv}|pt xz�vÐ vy ro t�|rp�� wt w r}} t�x}vyt pqt tÐtups v� pqt t� rsptout v� sv{ t
t�|rp�~vyrtopt� ov�ts ro pqt otpwvy� �

§ÅÈ§ÆÎ ÆÅÇ Å¶ Æ=ÉÇÎÆ¨È§ \¨§ËÎ>´ÉÌ

�t w r}} ovw sv}�t pqt uvz}rprvo �vy{ zprvo �z{t �zu�wzy�s � pqzp rs � �vy zo� uvz}rprvo srÏt
k
� wt sp|�� pqt b ¿³« ®¿©ª¿ ¬®¯©«®¯³ �vy pqt uqvrut v� pqt uvvxtyzprvo }t�t} rosr�t zo�

v|psr�t pqt uvz}rprvo � �qto � ro pqt stuvo� sptx � pqt t�|r}r�yr|{ uvz}rprvo srÏt rs �tpty{ rot�
�� z ³«²ôñ«ï ¬®¯©«®¯� �qrs { tzos pqzp ro pqt t�|r}r�yr|{ �

k
{|sp szprs�� pqt uvo�rprvo

pqzp pqtyt rs ov routopr�t pv }tz�t pqt uvz}rprvo �� �
Ãvy spzo�zy� xyt�tytouts ¼|sro� í��~xyt�tytouts pqrs yts|}ps ro pqt sx turz} uzst

β = 0
½ �

pqt �z{t pqtvy� }rptyzp|yt sqvw s pqzp pqt uvz}rprvo srÏt rs yzpqty s{ z}} � Ôsro� í��
xyt�tytouts � qvwt�ty � pqt o|{�ty v� ov�ts w rpqro z uvz}rprvo uzo �t {|uq qr�qty ro
t�|r}r�yr|{ �
nosptz� v� sv}� ro� pqt �z{t ro �totyz} � wt w r}} sqvw pqzp r� ov�ts vo}� �z}|t pqt yt}zpr�t
xz�vÐ qr�q tov|�q � r �t �

α/β
rs � t}vw z utypzro �v|o� � pqto t�to pqt �yzo� uvz}rprvo uzo

�t spz�}t �
�qt �ysp vy�ty uvo�rprvo �vy ov�ts v|psr�t pqt uvz}rprvo ¼

S
½ rs �r�to �� ¼B �9 ×½ � wqtytzspqt uvvxtyzprvo spyzpt�� v� ov�ts pqzp pz�t xzyp ro pqt uvz}rprvo rs uqvsto �� {z�r{ rÏro�

pqt |pr}rp� �|ouprvo v� z ytxytstopzpr�t { t{�ty Ó ro�tt� z}} ov�ts w rpqro pqt uvz}rprvo
Sst}tup pqt sz{ t spyzpt��

qs

srout pqt� zyt zss|{t� pv �t v� pqt sz{ t p�xt � �qrs r{x}rts
pqzp z}} { t{�tys v� pqt uvz}rprvo qz�t r�topruz} z�sv}|pt xz�vÐ ¼

yS = B(Q)−C(qS)
½ zo�

yt}zpr�t xz�vÐ ¼
σS = yS

kyS+
è

j /∈S

yj

½ �

����� ���0��!& ��� �����()#�( ��  Ö×¢ ��!��� ��!� ��� ��!"�&��' #��(����� �� �)#� ��!� ����� �� !� ��#����+��� ������� &�!+� ��� Õ � �� ��� #�!&����� 2
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�qt �ysp vy�ty uvo�rprvo rs �r�to �� Ó

[αu′ () + βr′ ()]

∑

j /∈S

σj

∑

j

yj

[kB′(Q) − C ′ (qS)] − βr′ ()
σS
∑

j

yj

(N − k)kB′ (Q) = 0
¼B �9 ×½

αu′ () [kB′ (Q) − C ′ (qS)] + βr′ ()






−

∑

j /∈S

σj

∑

j

yj

C ′ (qS) + kB′ (Q)
1 − NσS
∑

j

yj






= 0

¼B �9¦½

• Ãvy ov�ts pqzp �v ovp � t}vo� pv pqt uvz}rprvo
S

wt �ovw �yv{ stuprvo B �¦ �¦ pqzp r�
σj < (>)1/N

�vy
j /∈ S

pqto
B′(Q) > (<)C ′ (qj)

�
• Ãvy pqt uvz}rprvo � wt v�pzro �yv{ ¼B �9 ×½ zo� ¼B �9¦½ pqzp r�

σS < (>)1/N
pqto

kB′(Q) > (<)C ′ (qS)
�� � ¥rout

B′(Q) > kB′ (Q)
�½ � pqt �ysp vy�ty uvo�rprvos r{x}�

pqzp �vy ov�ts w rpqro pqt uvz}rprvo
σS ≤ 1/N

zo� pq|s Ó
kB′ (Q) ≥ C ′ (qS)

� �v xyv�t
pqzp rosr�t pqt uvz}rprvo

σS ≤ 1/N
� zss|{ t pv pqt uvopyzy� pqzp

σS > 1/N
zo� pqzp

σj < 1/N
�vy sv{ t ov�ts

j
v|psr�t pqt uvz}rprvo � not�|z}rprts ¼B �9 ×½ zo� ¼B �9¦½r{ x}� pqzp

C ′ (qj) < B′ (Q) < kB′ (Q) < C ′ (qS)
wqruq uvopyz�rups pqt zss|{xprvo

v� rouytzsro� zo� uvo�t� uvvxtyzprvo uvsps �

not�|z}rprts ¼B �9 ×½ zo� ¼B �9¦½ uzo �t |st� pv sqvw pqt �v}}vw ro� xyvxvsrprvo Ó

© ÊÅ´ ÅÌÆÎÆÅÇ � � ¼�vz}rprvo �z{t½ �¯ «± ª ³ï°° ª«¿¬ ¬®²ñ«®¯ Â ²° ª � ®¿ ©ª¯«¬²ñ ì� í
À ¿ª� ª¿ª¯ ¬ª³ �«ïÀ ª α/β

� � «± ª Â ¿²¯© ¬®²ñ«®¯ ³ ³«²ôñª �
α/β

³ ³ÁD ¬ª¯«ñï ³° ²ñ ñ� óªó ¯ ®©ª³
²¿ª ¯«ª¿ª³«ª© ª¯ ®ÁÂ± ¯ ôª¯Â ¬ñ®³ ª «® «± ª ª]Á²ñ ³±²¿ªó

�vpt �ysp � pqzp w rpqro pqt �yzo� uvz}rprvo � pqt uvvxtyzprvo }t�t} szprs�ts pqt uvo�rprvo
NB′ (Nq∗) = C ′ (q∗)

� ro�tx to�top}� v� pqt í��~p�xts zo� ov�ts pqzp ytutr�t pqt t�|z}
sqzyt �
n� ov�t r }tz�ts pqt uvz}rprvo ¼

k = N − 1
½ � pqto �yv{ pqt �ysp vy�ty uvo�rprvos wt v�pzro Ó

(N − 1) B′ [(N − 1) qS + qi] ≥ C ′ (qS) ≥ C ′ (qi) > B′ [(N − 1) qS + qi]
¼B �99½

�tp |s ovw }vv� zp pqt uvvxtyzprvo }t�t}s pqzp wv|}� yts|}p r� pqt í��~p�xt
α/β

�vts
pv Ïtyv � no pqrs uzst � ov�ts �tp { vyt zo� {vyt roptytspt� ro �tppro� pqtry t�|z} sqzyt � zo�

��¿ ��)$ ��0 ��!�
σS > 1/N

����
r′ () < 0

!�( _Ö 2×3` �$%&���
kB′(Q) < C ′ (qS)�¾���

k > 2
2
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pqtry uvvxtyzprvo }t�t}s w r}} uvo�ty�t Ó ro pqt }r{ rp
q̃ = qS = qi

� êvwt�ty � ro pqt }r{ rp �
rot�|z}rp� ¼B �99½ spr}} {|sp qv}� � óªó

(N − 1) B′ (Nq) ≥ C ′(q)
�

no pqt }r{ rp pqt z�sv}|pt xz�vÐ v� z ov�t }tz�ro� pqt uvz}rprvo rs s{ z}}ty pqzo w rpqro
pqt �yzo� uvz}rprvo � wqtytzs pqt yt}zpr�t xz�vÐ rs pqt sz{ t � óªó

NB′
(

Q̃
)

> C ′ (q̃)
�

�qtyt�vyt � zs }vo� zs
α/β

rs s{ z}} tov|�q � pqt z�sv}|pt xz�vÐ yt{ zros }vwty zo� pqt
|pr}rp� �tyr�t� �yv{ pqt yt}zpr�t xz�vÐ rs z}sv s{ z}}ty pqzo ro pqt �yzo� uvz}rprvo � �q|s �
ov ov�t qzs zo routopr�t pv }tz�t pqt �yzo� uvz}rprvo r�

α/β
rs s{ z}} tov|�q �

§ÅÈ§ÆÎ ÆÅÇ Å¶ ?ÉÎÉÊÅ¸ÉÇÉÅFÌ \¨§ËÎ>´ ÉÌ

� qto ov�ts w rpq qtptyv�totv|s í��~p�xts zyt z}}vwt� pv pz�t xzyp ro pqt uvz}rprvo ¼
S
½ �

pqvst ov�ts pqzp qz�t pqt }zy�tsp
αi/βi

w r}} qz�t pqt �ytzptsp roptytsp pv }tz�t pqt uvz}rprvo
ro vy�ty pv v�pzro z }zy�ty z�sv}|pt xz�vÐ � �t w r}} ovw uvoutopyzpt vo pqt t�pyt{ t uzst
ro wqruq ov�ts zyt trpqty roptytspt� ro pqtry z�sv}|pt xz�vÐ ¼

βi = 0
½ vy ro t�|rp� ¼

αi = 0
½ �

�qt �vy{ ty zyt yt�tyyt� pv zs ï ËÇÅ=ÉÌ � pqt }zppty zs � ËÇÅ=ÉÌ � no pvpz} � pqtyt zyt
Na�~ov�ts zo�

Nb

Ñ~ov�ts c
ka

v� pqtst �~ov�ts zo�
kb

Ñ~ov�ts �vy{ pqt uvz}rprvo � �qt
uvvxtyzprvo }t�t}s zyt �tovpt� ��

qas

�
qbs

�vy ov�ts rosr�t
S
�
qan

zo�
qbn

�vy ov�ts v|psr�t
pqt uvz}rprvo �
�tp |s �ysp }vv� zp pqt � tqz�rvy v� Ñ~ov�ts � �|psr�t pqt uvz}rprvo � zo� Ñ~ov�ts uzo zyyr�t
zp pqt t�|z} sqzyt �� uqvvsro� pqt z�tyz�t uvvxtyzprvo uvsp }t�t} � �q|s �

C(qbn) =
1

Na + kb

[kaC(qas) + kbC(qbs) + (Na − ka)C(qan)]
¼B �9¦ ½

� Ñ~ov�t rosr�t pqt uvz}rprvo qzs ov routopr�t pv }tz�t r� rp z}sv ytutr�ts pqt t�|z} sqzyt Ó

C(qbs) =
1

Na − kb

[kaC(qas) + (Nb − kb)C(qbn) + (Na − ka)C(qan)]
¼B �9ì½

no t�|r}r�yr|{ � z}} Ñ~ov�ts uqvvst pqt sz{ t uvvxtyzprvo }t�t} � zo� ytutr�t pqt t�|z} sqzyt Ó

C(qb) =
1

Na

[kaC(qas) + (Na − ka)C(qan)]
¼B �9B½

�~ov�ts v|psr�t pqt uvz}rprvo {z�r{ rÏt pqtry z�sv}|pt xz�vÐ �
B(Q) − C(qan)

� �qt
�ysp vy�ty uvo�rprvo rs �r�to �� Ó

B′(Q) = C ′(qan)
¼B �9¤½

� rpqro pqt uvz}rprvo � pqt |pr}rp� v� z ytxytstopzpr�t �~p�x t~{ t{�ty rs { z� r{ rÏt� ��
�|zyzopttro� pqzp pqt Ñ~{ t{�tys �tp pqt t�|z} sqzyt � r �t �

C(qbs)
� �qt �ysp vy�ty uvo�rprvo

�vy uqvvsro�
qas

rs �r�to �� Ó

B′(Q)

[

ka + kb
∂qbs

∂qas

]

− C ′(qas) = B′(Q)ka

[

1 +
kb

N − kb

C ′(qas)

C ′(qbs)

]

− C ′(qas) = 0
¼B �9H½
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Ñ� uvospy|uprvo � �vy zo� �r�to
ka

zo�
kb

� t�ty� Ñ~ov�t rs ro�rÐtytop pv � tro� trpqty
rosr�t vy v|psr�t pqt uvz}rprvo � Ãvy z uvz}rprvo pv � t spz�}t � zo �~ov�t {|sp ovp qz�t zo
routopr�t pv }tz�t pqt uvz}rprvo � no �totyz} � �vy zo�

kb

pqtyt w r}} � t z utypzro o|{�ty v��~ov�ts �
ka

� pqzp w r}} X vro pqt uvz}rprvo � �t qz�t {|}prx }t t�|r}r�yrz �
not�|z}rprts ¼B �9¦ ½ ~ ¼B �9H½ uzo �t |st� pv ro�ty pqt �v}}vw ro� yts|}ps Ó

¨ ÉÌF §Î � � �qt }zy�ty pqt pvpz} o|{�ty v� t�|rp�~vyrtopt� ov�ts ¼
Nb

½ � pqt qr�qty pqt
routopr�ts �vy �~ov�ts pv X vro pqt uvz}rprvo � êtout � �vy z �r�to

kb
� pqt o|{�ty v� uvvxty~

zpro� �~ov�ts
ka

rouytzsts ro
Nb

�

¨ ÉÌF §Î � � �qt {vyt Ñ~ov�ts X vro pqt uvz}rprvo � pqt s{ z}}ty pqt routopr�t �vy �~ov�ts
pv �v sv � no t�|r}r�yr|{ �

kb

zo�
ka

zyt ot�zpr�t}� uvyyt}zpt� �

¨ ÉÌF §Î � � �qt pvpz} uvvxtyzprvo }t�t} rouytzsts w rpq pqt o|{�ty v� Ñ~p�x ts v|psr�t
pqt uvz}rprvo � � X vroro� Ñ~ov�t r{xyv�ts pqt xz�vÐs vo}� r� rp �vts ovp �yr�t v|p zo�~ov�t �

�qt yzprvoz}t v� yts|}ps ì zo� B rs pqt �v}}vw ro� Ó r� zo �~ov�t toptys pqt uvz}rprvo
zo� pqt uvz}rprvo rouytzsts rps uvvxtyzprvo tÐvyps � Ñ~ov�ts v|psr�t pqt uvz}rprvo rouytzst
pqtry uvvxtyzprvo zupr� rprts zs wt}} zo� pqtyt�� z��rprvoz}}� ytwzy� pqt toptyro� ov�t � n�
pqt o|{�ty v� s|uq t�|rp�~vyrtopt� Ñ~ov�ts v|psr�t pqt uvz}rprvo �tps }zy�ty � pq rs t�pty~
oz} ytwzy� �vy X vroro� z uvz}rprvo rouytzsts zo� � pqtyt�vyt � pqt t�|r}r�yr|{ uvz}rprvo srÏt
rouytzsts � �oz}v�v|s}�� r� Ñ~ov�ts X vro pqt uvz}rprvo � �twty ov�ts v|psr�t pqt uvz}rprvo
ytwzy� pqt toptyro� �~ov�t �� zo rouytzst v� pqtry uvvxtyzprvo zupr� rprts � êtout � pqt
routopr�ts �vy �~ov�ts pv topty pqt uvz}rprvo �tuytzst zo� pqt o|{�ty v� �~ov�ts pqzp zyt
rosr�t pqt uvz}rprvo ro t�|r}r�yr|{ �tps s{ z}}ty �
�ts|}p ¤ ytÒtups pqt �zup pqzp pqt { vyt ov�ts uvvx tyzpt � pqt qr�qty pqt t� urtou� �zros
zyt zo� pqt u}vsty pqt z��yt�zpt uvvxtyzprvo }t�t} rs pv pqt t� urtop vot � �qt r{xzup v��~ zo� Ñ~ov�ts vo pqt �tursrvo v� pqt uvz}rprvo � qvwt�ty � � rÐtys ro pqt �v}}vw ro� wz� Ó z
X vroro� �~ov�t rs roptytspt� ro pqt z�sv}|pt xz�vÐ zo� � uvost�|top}�� pqt yt~vxpr{ rÏro�
uvz}rprvo rouytzsts rps uvvxtyzprvo tÐvyp � tuz|st pqt xvsrpr�t tÐtup vo vot {vyt ov�t rs
ovw pz�to ropv zuuv|op � � X vroro� Ñ~ov�t � qvwt�ty � rs ovp xyr{ zyr}� roptytspt� ro pqt
z�sv}|pt xz�vÐ � �|p ro pqt t�|z} sqzyt � �qtyt�vyt � pqt uvz}rprvo w r}} ovp rouytzst pqt
pvpz} uvvxtyzprvo }t�t} pqzp {|uq �tuz|st pqt Ñ~ov�t yt�yzros �yv{ �t�rzpro� �yv{ pqt
uvvxtyzprvo }t�t} v� ovo~uvvxtyzpro� ov�ts �
�vost�|top}�� pqt t� urtou� �zros zyt }zy�ty r� zo �~ov�t toptys pqt uvz}rprvo pqzo r� z
Ñ~ov�t X vros � �qtyt�vyt � Ñ~ov�ts zyt wt}uv{ t rosr�t z uvz}rprvo vo}� r� pqtry toptyro� �vts
ovp �yr�t v|p zo �~ov�t �
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�£¢

�¢ »£UV�� �¢
 � �V�	¢ ��� ����

¥t}�~roptytspt� � z|pvov{v|s {v�r}t ov�ts v� zo z� qvu otpwvy� { z� roptyzup ¥yzprvoz}}� ¥
pv �zro zo� sqzyt � tot�ps ro spz�}t ¼pt{xvyzy� ½ uvz}rprvos Ó pq rs rs pv sz�t uvsps �� uvvy�r~
ozpro� zupr� rprts w rpq vpqty ov�ts v� pqt otpwvy� � Ãvy pqrs x|yxvst � tzuq ov�t �tpty{ rots
pqt |pr}rp� v� rps zuprvos ro z �r�to to�ryvo{ top �� zo ro�r� r�|z} |pr}rp� �|ouprvo �
no stuprvo B �¦ �× wt ropyv�|ut� z {vyt svxqrspruzpt� {v�t} ro wqruq ovp vo}� st}�~utoptyt�
xyt�tytouts zyt pz�to ropv zuuv|op pv �tyr�t pqt ro�r� r�|z} xz�vÐ v� zo zuprvo �|p z}sv
yt}zpr�t ro�vy{ zprvo rs |st� ro vy�ty pv �o� zo t�pto�t� stp v� xvssr� }t t�|r}r�yr|{ xvrops �
�ts|}ps v�pzrot� w rpq pqt xyvxvst� {v�t} zyt xyv{ rsro� Ó ro z ��oz{ ru otpwvy� �vy{ t�
�� ov�ts pqzp �v}}vw pqt �t�orprvo v� |pr}rp� �r�to �� pqt í�� pqtvy�� �tx to�ro� vo pqt
ov�t p�xts � rp rs xvssr� }t pv v�pzro spz�}t uvz}rprvos v� z yt}zpr�t}� }zy�t srÏt zo� |o�ty
utypzro uryu|{ spzouts � t�to pqt �yzo� uvz}rprvo �tuv{ ts �tzsr�}t � �v�t p�xts zyt �tpty~
{ rot� �� pqt pwv xzyz{tptys

α
zo�

β
wqruq ytxytstop pqt �t� �zupvy v� pqt uvz}rprvo

�vy{ zprvo xyvutss �
�t �t}rt�t pqzp pqt ¿ªÀ Á«²«®¯ «ª¬±¯]Á ª °À ñª° ª¯«ª© ¯ í��ì uzo �t |st� zs zo t�~
�tupr�t { tuqzors{ pv r{xvst z sx tur�u r�topruz} í�� p�xt �vy t�ty� ov�t xzyprurxzpro�
ro z uvvxtyzpr�t stppro� zs zo z� qvu otpwvy� � no�tt� � pqt ytx|pzprvo { tzs|yt ropyv~
�|ut� ro �qzxpty ¦ rs uv{x}rzop w rpq pqt routopr�t spy|up|yt �r�to �� zss|{xprvo ¼×½ zo�¼¦½ � �vvxtyzprvo rs { z�t zppyzupr�t �yv{ zo ro�r� r�|z} xvrop v� � rtw �tuz|st pqt uvsp
v� xzyprurxzpro� pv pqt otpwvy� vxtyzprvo rs uv{xtoszpt� w rpq z qr�qty ytx|pzprvo �z}|t �
wqruq rs pqt xyt~yt�|rsrpt �vy z ov�t pv tspz�}rsq z uv{{|oruzprvo w rpq vpqty ov�ts ro
pqt otpwvy� �
�o pqt vpqty qzo� � wqto pqt o|{�ty v� uvvxtyzpro� ov�ts rouytzsts � pqt uvsp �vy xzypru~
rxzprvo rs uv{xtoszpt� �� z {vyt uvootupt� otpwvy� pqzp ro p|yo rouytzsts pqt � tot�p
v� uvvxtyzprvo � �vw � r� pqt pwv xzyz{tptys

α
zo�

β
zyt ytxytstopt� zs �|ouprvos v� pqt

ytx|pzprvo
rni

zs �t�ot� ro �qzxpty ¦ � pqto rp rs xvssr� }t pv to�vyut z xzypru|}zy �z}|t pv
pqt

α/β
yzprv �

¥x tur�uz}}� rp rs xvssr� }t pv ��oz{ ruz}}� z�X|sp pqt
α/β

yzprv ro vy�ty pv � t uv{xzpr�}t
w rpq ´ÊÅ´ÅÌÆÎÆÅÇ � �
�q|s � t�to pqt �yzo� uvz}rprvo rs spz�}t zo� t�ty� ov�t v� pqt otpwvy� uvvxtyzpts � tzyro�
pqt sz{ t uvsps zo� �tppro� t�|z} � tot�ps �� uqvvsro� z �zry vx tyzpro� xvrop ro wqruq ov
vot �t�rzpts �yv{ pqt z�tyz�t uvvxtyzprvo }t�t} uqvsto �� pqt uvz}rprvo � �qt yt}zprvo
�tpwtto

α
�
β
zo�

rni

rs ro�rytup}� xyvxvyprvoz} Ó pqt }vwty pqt ytx|pzprvo �z}|t ¼{ tzoro�
pqzp pqt xzsp spyzpt�� st}tupt� �� pqt ov�t qzs � tto pv yt�|ut pqt uvvxtyzprvo }t�t}½ pqt
qr�qty w r}} � t �zupvy

β
zo� pqt }vwty w r}} � t �zupvy

α
pq|s yt�|uro� pqt

α/β
yzprv � zo�

�rut~�tysz �
�qt yt}zprvo �tpwtto pqt ytx|pzprvo �z}|t zo� pqt í�� p�xt v� z ov�t �tuv{ ts {vyt
uv{x}ruzpt� r� wt z}}vw pqt xytstout v� ov�ts w rpq �rÐtytop í�� p�xts Ó {v�t}}ro� z otp~
wvy� pqzp z}}vw s �rÐtytop í�� p�xts rs roptytspro� wqto uvosr�tyro� { v�r}t ov�ts w rpq
�rÐtytop uzxz�r}rprts s|uq zs �rÐtytop �zppty� xvwty zo� �rÐtytop uv{x|pzprvoz} xvwty �
r �t � ?ÉÎÉÊÅ¸ÉÇÉÅFÌ ÇÉÎ·ÅÊµÌ �
êvwt�ty � ro vy�ty pv xyv�r�t z �vy{ z} zsstss{ top v� pqt t� urtou� v� pqt ytx|pzprvo {tuq~
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zors{ xyvxvst� ro ���í rp rs otutsszy� pv t�z}|zpt pqt ov�t {v�t} xytstopt� ro pqt
xyt�rv|s stuprvos ro z ��oz{ ru stppro� Ó pqt ytx|pzprvo �z}|t rs uv{x|pt� �zst� vo pqt
xzsp spyzpt�rts st}tupt� �� pqt ov�ts v� pqt otpwvy� zo� qz�t zo roÒ|tout vo pqvst ov�ts @�|p|yt zuprvos � Ã|ypqty{ vyt zo� �zyrzprvo vo pqt spyzpt�� st}tuprvo xqzst v� z ov�t qzs
zo r{xzup vo pqt spyzpt�rts st}tupt� �� otr�q�vyro� ov�ts Ó sv}|prvos pv pqt ��oz{ ru uvz}r~
prvo �vy{ zprvo xyvutss spr}} qz�t pv � t t�z{ rot� � �t �t}rt�t pqzp pqt ytstzyuq wt qz�t
uvo�|upt� sv �zy qzs �r�to sv{ t roptytspro� yts|}ps zo� xyvxvsts z |st�|} �zsrs pv sp|��
pqt uvz}rprvo �vy{ zprvo xyvutss v� z|pvov{v|s st}�~roptytspt� {v�r}t ov�ts �� { tzos v�
ytx|pzprvo { tuqzors{ s wqruq rs � pv pqt � tsp v� v|y �ovw }t��t � z yzpqty |ot�x}vyt� �v~
{ zro � êvwt�ty � wt pqro� pqzp rp rs xvssr�}t pv t�xytss pqt ��oz{ ru uvz}rprvo �vy{ zprvo
xyvutss |sro� z {vyt t}t�zop zo� sr{ x}t { tpqv�v}v��� wqruq rs z �t� yt�|ryt{ top �vy
sp|��ro� ��oz{ ru �z{ ts �
�qt yt}zpr�t}� ytutop }rptyzp|yt vo pqt s|� X tup spzpts pqzp pqt { v�t}s v� uvz}rprvo �vy{ zprvo
{z� �t u}zssr�t� ropv pwv {zro uzpt�vyrts Ó |pr}rp�~�zst� {v�t}s � zs rp rs }zy�t}� �z�vyt�
�� �z{ t pqtvy�� zo� uv{x}t{ topzy�~�zst� {v�t}s � Ôx pv ovw � {vsp u}zssru { tpqv�s zo�
xyvpvuv}s �vy pqt �vy{ zprvo v� spz�}t uvz}rprvos z{vo� yzprvoz} z�tops �v}}vw pqt |pr}rp�~
�zst� zxxyvzuq zo� uv�ty pwv {zro zupr� rprts wqruq { z� �t ropty}tz�t� Ó pqt �totyzprvo
v� uvz}rprvo spy|up|yts � pqzp rs xzyprprvoro� vy uv�tyro� pqt stp v� z�tops ropv uvz}rprvos �
zo� pqt �rspyr�|prvo v� �zrot� �tot�p z{vo� pqt xzyprurxzops pv tzuq v� pqt uvz}rprvos �
�qt �|p|yt ytstzyuq �rytuprvo wt w r}} pz�t rs pv xyv�t pqzp ytx|pzprvo {tuqzors{ s ro �to~
tyz} zyt uv{x}rzop pv pqt sv uz}}t� í®²ñ«®¯ ô®¿° ²«®¯ ÷ ñÂ ®¿«±° � �vz}rprvo �vy{ zprvo
z}�vyrpq{s zyt pqvst { tuqzors{ s pqzp xyv�r�t z �tzsr� }t sv}|prvo pv z uvvxtyzpr�t �z{ t
ro uvz}rprvoz} spy|up|yt Ó pqtyt zyt st�tyz} sv}|prvo uvoutxps zo� wt w r}} �v u|s vo pqt sv
uz}}t� 	 ª¿¯ ªñ;®¿ª¯«ª© ³ ®ñÁ«®¯³ d×Ø¦ ¾ � Î tyot}~vyrtopt� uvz}rprvos zyt pqt {vsp s|rpz�}t
�vy v|y x|yxvst � tuz|st pqt yt}zpt� }rptyzp|yt �r�ts xyturst uvo�rprvos �vy z uvz}rprvo �vy~
{ zprvo z}�vyrpq{ pv �t �tyot}~spz�}t w rpq z xv}�ov{ rz} uv{x}t� rp�� zs vxxvst� pv vpqty
sv}|prvo�z}�vyrpq{ s pqzp zyt vo}� v� pqtvytpruz} yt}t�zout srout pqt� qz�t t�xvotoprz}
uv{x}t� rp��
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�tutop}�� {|uq zpptoprvo qzs � tto �t�ruzpt� pv �z{t pqtvytpruz} {v�t}s �vy ¤��í�
ro �totyz} zo� �vy uvvxtyzprvo to�vyut{ top { tuqzors{ s ro xzypru|}zy zo� zo rouytzsro�
o|{�ty v� {v�t}s qz�t � tto xytstopt� pv pqt ytstzyuq uv{{|orp�� np rs qvwt�ty v|p v�
pqt suvx t v� pqrs �qzxpty pv xyvxvst zo t�ptosr�t spzpt v� pqt zyp v� �z{ t pqtvytpruz}
{v�t}s v� uvvxtyzprvo ro ¤��í� � pq|s wt w r}} �v u|s vo sv{t zxxyvzuqts pqzp wt �tt{
yt}zpt� pv v|y stppro� �
no zo roptytspro� zxxyvzuq xytstopt� ro d×Øì¾ pqt z|pqvys xyvxvst z �z{t pqtvytpruz} {v�t}
ro wqruq toty�tpru ro�vy{ zprvo rs pz�to ropv zuuv|op pv �tsuyr� t pqt uvoÒrupro� roptyzuprvo
�tpwtto qtptyv�totv|s ov�ts ro�v}�t� ro z �vywzy�ro� �z{t � r �t � z �z{ t ro wqruq ov�ts
pqzp � t}vo� pv z xzpq �yv{ z sv|yut pv z �tsprozprvo qz�t pv uv}}z�vyzpr�t}� yt}z� �zpz
xzu�tps � �qt z|pqvys sp|�� pqt xyvx typrts v� z wt}} �ovwo spyzpt�� ¼�totyv|s~prp~�vy~
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pzp � W ~�Ã� ½ zo� �t{vospyzpt pqzp |o�ty pqt toty�� uvospyzrops r{xvst� pv pqt ov�ts �
W ~�Ã� xyv{vpts uvvx tyzprvo r� t�ty� ov�t v� pqt otpwvy� uvo�vy{ s pv rp � �qt {v�t}
ro d×Øì¾ xyv�r�ts zo zuu|yzpt �tsuyrxprvo v� pqt toty�tpru uvospyzrop v� z ov�t � wqruq rs
pqt { zro ytzsvo �vy z st}�sq �tqz�rvy � �|p xyv� r�ts vo}� qr�q~}t�t} �|r�t}rots pvwzy�s
pqt �tsr�o v� z uvvxtyzprvo to�vyut{ top { tuqzors{ �zst� vo pqt W ~�Ã� spyzpt��� �qt
{zro �rÐtytout � tpwtto pqt wvy� xytstopt� ro pqrs �qzxpty zo� pqt ytstzyuq uvo�|upt�
ro d×Øì¾ rs pqzp ro v|y {v�t} wt pz�t ropv zuuv|op z {vyt ytz}rspru sutozyrv wqtyt pqt
v�sty�zprvos { z�t �� z ov�t vo qty otr�q�vys uzo �t zÐtupt� �� tyyvys � �qt {vorpvyro�
{tuqzors{ rs ro�tt� pqt �t� �tzp|yt v� z uvvxtyzprvo spyzpt�� �zst� vo pqt v�sty�zprvo
v� pqt vxxvotop @s {v�t ¼s|uq zs W ~�Ã� ½ zo� wt �t}rt�t pqzp z { vyt zuu|yzpt �tsuyrxprvo
v� qvw pqtst v�sty�zprvos zyt { z�t rs �|o�z{topz} ��ovpqty roptytspro� wvy� pvwzy�s pqt �t�orprvo v� z �totyru �z{t pqtvytpruz} �yz{ twvy�
pv sp|�� uvvx tyzprvo ro ¤��í� qzs � tto xytstopt� ro d×Ø¤¾ � �qt z|pqvys xyvxvst z
{v�t} pqzp pz�ts ropv zuuv|op � vpq pqt z�zr}z�}t toty�� pv z ov�t zo� pqt pyz� u �toty~
zpt� zo��vy �rytupt� pv pqzp ov�t zo� qt}xs �tyr�t sv{ t roptytspro� �|r�t}rots pvwzy�s
pqt �t�orprvo v� z uvvxtyzprvo { tuqzors{ � �qt z|pqvys ovp vo}� zoz}�Ït sv{ t t� rspro�
uvvxtyzprvo { tuqzors{ s rou}|�ro� ���í �|p z}sv xyvxvst pv |st pqt prp~�vy~pzp ¼�Ã� ½
zs z uvvxtyzprvo spyzpt��� ¥r{ r}zy}� pv pqt wvy� xytstopt� ro d×Ø¤¾ � w rpq pqt wvy� xyt~
stopt� ro pqrs �qzxpty wt zyt z�}t pv zuu|yzpt}� �tsuyr� t ovp vo}� v|y uvvxtyzprvo spyzpt��
���í �|p z}sv z w r�t~yzo�t v� qrspvy�~�zst� uvvxtyzprvo spyzpt�rts ¼s|uq zs �Ã� ½ � �qt
xty�vy{ zout zoz}�srs v� pqt �Ã� spyzpt�� xytstopt� ro d×Ø¤¾ rs t�pto�t� ro v|y wvy� zo�
wt xyv�t pqzp ���í v|pxty�vy{ s z}} vpqty spyzpt�rts wqto pqt r{xty�tup {vorpvyro� zs~
s|{xprvo rs { z�t �
no pqt �oot�t pv pqrs �qzxpty wt xyvxvst zo z}ptyozpr�t { v�t} �vy pqt �vywzy�ro� �tqz�~
rvy v� z ov�t pqzp rs xzyp v� z sx tur�u otpwvy� pvxv}v��� Ñ� |sro� v|y {v�t} � wt zyt z�}t
pv t�xytss pqt t�|r}r�yr|{ �vywzy�ro� spyzpt�� v� z st}�sq ov�t zs z �|ouprvo v� pvxv}v��
zo� yv|pro� ¼xzpq }to�pq ½ ro�vy{ zprvo � �t z}sv xyvxvst z x|orsq{ top {tuqzors{ pqzp
to�vyuts z uvvxtyzpr�t � tqz�rvy z{ vo� st}�sq ov�ts � � }pqv|�q pqt yts|}ps v�pzrot� ro
pqt �oot�t dì¾ xyv�r�t z �ty� |st�|} �tsuyrxprvo v� pqt yt}zprvo �tpwtto yv|pro� � otpwvy�
pvxv}v�� zo� pqt uvvxtyzpr�t � tqz� rvy v� z ov�t � pqt xyvxvst� x|orsq{top {tuqzors{ rs
}r{ rpt� pv z sx tur�u rospzout v� pqt uvosr�tyt� otpwvy� pvxv}v�� zo� �vts ovp pz�t ropv
zuuv|op pqt r{xty�tup {vorpvyro� v� pqt ov�t �tqz�rvy �
�qt ytstzyuq xytstopt� ro d×Øì¾ � d×Ø¤¾ ro pqt �oot�t v� pqrs �qzxpty ¼ dì¾½ zo� ro stuprvo
B �× � rs �zst� vo ovo~uvvxtyzpr�t �z{t pqtvy� Ó t�to wqto {|}prx}t x}z�tys zyt uvosr�tyt� �
pqt spyzpt�� st}tuprvo xqzst rs z}wz�s �yr�to �� z ov�t~utopyru x tyutxprvo v� pqt �z{t �� s z yts|}p � pqt uvvxtyzprvo spyzpt�rts v�pzrot� pqyv|�q pqt xyvxvst� {v�t}s pz�t ropv
zuuv|op vo}� pqt xz�vÐs v�pzrot� �� z sro�}t x}z�ty � êtout � ro stuprvo B �¦ wt xyvxvst
zo z}ptyozpr�t zxxyvzuq �zst� vo z �totyz} {v�t} |sro� uvvxtyzpr�t �z{ t pqtvy� zs z
�yz{ twvy� pv sp|�� uvvxtyzprvo zs z �yv|x rorprzpr�t yzpqty pqzo z spyzpt�� z�vxpt� ��
sro�}t x}z�tys � �t �t}rt�t pqzp pqt ¥uvvxtyzpr�t �z{ts ¥ zxxyvzuq xyv�r�ts zo zxxyvxyrzpt
wz� v� �tsuyr� ro� pqt ��oz{ rus v� �yv|x �vy{ zprvo ro ¤��í� �|p ott�s �|ypqty ytstzyuq
ro vy�ty pv ropyv�|ut ro pqt { v�t} z {vyt �vy{ z} �tsuyrxprvo v� uvvxtyzprvo to�vyut{ top
{ tuqzors{ �
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no pqrs �qzxpty wt �v}}vwt� pwv { tpqv�v}v�rts �vy pqt �z}r�zprvo v� pqt ���í {tuqz~
ors{ � no pqt �ysp { tpqv� wt |st z �rsuytpt xzyz}}t} sr{|}zprvo pvv} ¼W }v{vsr{ ½ toqzout�
w rpq z sr{ x}t st}�sqotss {v�t} zo� wt r{x}t{ top ���í zs zo z��~vo {tuqzors{ pv pqt
otpwvy� }z�ty uv{xvotop � ¥r{|}zprvos zyt uzyyrt� v|p �vy �rÐtytop sutozyrvs wqtyt wt
�zy� xzyz{ tptys s|uq zs ov�t {v�r}rp�� pyz� u xzpptyos � zo� xtyutopz�t v� st}�sq ov�ts
ro pqt otpwvy� � �ts|}ps zyt uv}}tupt� pv ro�ty pqt r{ x}ruzprvos v� |sro� ���í ro pty{ s
v� toty�tpru uvos|{xprvo zo� pv zsstss pqt �zsru xyvx typrts v� pqt �tptuprvo zo� x|orsq~
{ top { tuqzors{ s r{x}t{ topt� ro ���í � �|y yts|}ps sqvw pqzp ov�ts pqzp |st ���í
t�xtyrtout z sr�or�uzop yt�|uprvo ro xvwty uvos|{xprvo zs z uvost�|tout v� pqt x|orsq~
{ top { tuqzors{ � Ã|ypqty{ vyt � wt wtyt z�}t pv t�z}|zpt pqt t� urtou� v� pqt x|orsq{ top
{tuqzors{ |o�ty �rÐtytop sutozyrvs zo� sp|�� wqtpqty z { tuqzors{ pv �rspyr�|pt }v uz}
ytx|pzprvo ro�vy{ zprvo rs otutsszy�� �t uvou}|�t pqzp pqt �zro ro �tptuprvo uzxz�r}rprts
vÐtyt� �� pqt �rspyr�|prvo v� ytx|pzprvo yzpro�s rs ovp wvypq pqt rouytzst� stosr� r}rp� v�
pqt otpwvy� pv { z}rurv|s zppzu�tys pqzp { v�r�� vy �z�yruzpt �z}st ytx|pzprvo ro�vy{ zprvo �
Ã|ypqty{vyt � pqt rouytzst� pyz� u v�tyqtz� r{xvst� �� pqt �rspyr�|prvo v� ytx|pzprvo
yzpro�s wv|}� { rpr�zpt pqt � tot�ps ro pty{ s v� toty�� uvos|{xprvo pqzp zyrst wqto uv{~
{|oruzprvo sty�ruts zyt w rpqqv}� �vy st}�sq ov�ts �
�t zy�|t qvwt�ty pqzp pqt yts|}ps v�pzrot� pqyv|�q v|y sr{|}zprvo sp|�� ¼zo� pqvst
xytstopt� ro vpqty wvy�s z�zr}z�}t ro pqt }rptyzp|yt½ uzo vo}� �r�t z xyvv�~v�~uvoutxp
�z}r�zprvo v� ���í �|p zyt ovp ytxytstopzpr�t v� pqt routopr�t �tzp|yts v� uvvxtyzprvo
suqt{ ts � �q|s � wt ropyv�|ut zo z}ptyozpr�t { tpqv� pqzp wt |st pv �z}r�zpt pqt ���í
{tuqzors{ �t�ot� zs z uvvxtyzprvo spyzpt�� ro �z{t pqtvytpruz} pty{ s � W z{t pqtvy�
t{ ty�t� zs zo |st�|} pvv} pv {v�t} pqt roptyzuprvos z{vo� st}�~roptytspt� |stys ¼pqzp
vx tyzpt pqt ov�ts v� pqt z� qvu otpwvy� ½ pqzp �v}}vw z spyzpt�� zr{ ro� zp { z�r{ rÏro�
pqtry � tot�ps ro pty{ s v� toty�tpru uvos|{xprvo � no pqrs �qzxpty wt xyv�r�t pwv �rÐtytop
{v�t}s �zst� vo ovo~uvvxtyzpr�t zo� uvvxtyzpr�t �z{t pqtvy� pqzp xyv�r�t zoz}�pruz} t�~
r�tout v� pqt ott� �vy uvvxtyzprvo to�vyut{ top suqt{ ts wqto st}�sq toprprts zyt xytstop
ro pqt otpwvy� � Ã|ypqty � wt sqvw pqzp pqt ���í {tuqzors{ uzo �t pyzos}zpt� ropv z
uvvxtyzprvo spyzpt�� pqzp � r� z�vxpt� �� z}} ov�ts v� pqt otpwvy� � }tz� pv pqt vxpr{ z}
vx tyzpro� xvrop ro wqruq z}} ov�ts uvvxtyzpt � �t z}sv �t�ot� z sr{|}zprvo to�ryvo{top
pqzp �vyyvw rps uvoutxps �yv{ t�v}|prvozy� pqtvy� zo� sqvw pqzp ���í ytxytstops zo
t�v}|prvozy� spz�}t spyzpt��� Ñ� pz�ro� ropv zuuv|op z {vyt ytz}rspru sutozyrv ro wqruq
uv{{|oruzprvo tyyvys zo� �zr}|yts v� pqt {vorpvyro� uv{xvotop zyt xvssr� }t � wt zyt z�}t
pv sqvw pqzp ���í v|pxty�vy{ s w rpq ytsx tup pv vpqty uvvxtyzprvo spyzpt�rts z�zr}z�}t ro
pqt }rptyzp|yt �
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�t qz�t pv sqvw pqzp
δ(k) > 0

�vy
k > N/2

�
�t{t{�ty pqzp ro B �¦ì pqt �tov{ rozpvy v�

δ(k)
rs x vsrpr�t �|t pv zss|{xprvo ×� �qzp rs �

δ(k) > 0
r� pqt o|{ tyzpvy v� B �¦ì rs xvsrpr�t � �t{t{�ty z}sv pqzp wt zss|{t�

r( 1
N
−x) ≤

r( 1
N

+ x),∀x ∈
[

0, 1
N

] � �qt o|{ tyzpvy ro B �¦ì rs xvsrpr�t r�
r(cooperate) > r(defect)

�
�qrs rs pqt uzst wqto t�|zprvo B �¦H rs szprs�t� �
�tp @s xyvutt� �� sqvw ro� pqzp �vy �vy

k < N/2− 1
� np rs x vssr�}t pv ytw yrpt t�|zprvo B �¦H

zs �v}}vw s Ó
B(k + 1)C(k)Nk + B(k)C(k + 1)N(k + 1 − N) + C(k)C(k + 1) [Nk − 2k(k + 1)] < 0

vy

B(k+1)C(k)
N

k + 1
+B(k)C(k+1)N

k + 1 − N

k(k + 1)
+C(k)C(k+1)

(

N

k + 1
− 2

)

< 0
¼B �9a½

[

B(k + 1)C(k)
N

k + 1
− B(k)C(k + 1)

N

k

]

+

[

NB(k)

k
− C(k)

]

C(k + 1)

(

2 − N

k + 1

)

< 0¼B �¦Ø½í�|zprvo B �¦Ø uzo z}sv � t ytw yrppto zs Ó
[

B(k + 1)

B(k)
− (k + 1)C(k + 1)

kC(k)

]

+ (k + 1)C(k + 1)

[

1

kC(k)
− 1

NB(k)

](

2 − N

k + 1

)

< 0¼B �¦ ×½
�vw � �yv{ pqt {vovpvorurp� zo� uvouz� rp� v�

B()
rp �v}}vw s pqzp B(k+1)

(k+1)
< B(k)

k

�
Ã|ypqty{vyt � pqt pvpz} uvsp v� uvvxtyzprvo

kC(k)
rouytzsts ro

k
� �qtyt�vyt Ó

B(k + 1)

B(k)
− (k + 1)C(k + 1)

kC(k)
≤ k + 1

k
− 1 =

1

k

¥rout rp qzs z}sv � tto zss|{ t� pqzp xz�vÐs zyt ovo ot�zpr�t �
B(k) ≥ C(k)

� �q|s Ó

(k + 1)C(k + 1)

[

1

kC(k)
− 1

NB(k)

]

≥ (k + 1)C(k + 1)

kC(k)

N − k

N
≥ N − k

N

¼B �¦¦½
�t pqtyt�vyt v�pzro Ó

[

B(k+1)
B(k)

− (k+1)C(k+1)
kC(k)

]

+ (k + 1)C(k + 1)
[

1
kC(k)

− 1
NB(k)

]

(

2 − N
k+1

)

≤
≤ 1

k
+ N−k

N

(

2 − N
k+1

)

= N(k+1)+2(N−k)k(k+1)−(N−k)Nk
Nk(k+1)

�qt o|{tyzpvy t�|z}s Ó −2k3 + (3N − 2)k2 − N(N − 3)k + N
wqruq uzo �t sqvwo pv �t

ot�zpr�t �vy
1 ≤ k < N

2
− 1

� zs }vo� zs
N > 8

�
ê tout �vy

N > 8
wt qz�t pqzp pqt �totyz} uvo�rprvos �vy z � zsq t�|r}r�yr|{ v� pqt í��~

ÖÕ �z{t
δ(k ∗ −1) > 0

zyt szprs�t� �vy
k > N/2

�
� ��ì Ó pqt uvo�rprvo

N > 8
uzo �t yt{ v�t� r� wt zss|{t pqzp pqt pvpz} uvsp v� uvvxtyz~

prvo rouytzsts {vyt pqzo pqt pvpz} � tot�ps �zrot� �� �t�tupro� � r �t � Ó(k+1)C(k+1)
kC(k)

> NB(k+1)
NB(k)

�
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�t qz�t pv sqvw pqzp ro pqt uvvxtyzprvo �z{ t �vy í�� xyt�tytouts � pqt � zsq t�|r}r�~
yr|{ rs �r�to �� sv}� ro� pqt t�xytssrvo

B′ (Nq∗) − C ′ (q∗) = 0
� �t pqto sqvw pqzp pqt

� zsq t�|r}r�yr|{ xvrop rs s�{{tpyruz} zs }vo� zs zp }tzsp vot ov�t �yzw s |pr}rp� �yv{ rps
z�sv}|pt xz�vÐ ¼

αi > 0
½ �

�tp |s �ysp sp|�� pqt pwv t�pyt{ t uzsts �
αi = 0

zo�
βi = 0

� ytsx tupr�t}��

• Ãvy
βi = 0

� r �t � z x}z�ty roptytspt� vo}� ro qty z�sv}|pt xz�vÐ � pqt �ysp vy�ty
uvo�rprvo ¼B �¦a vy B �9Ø½ yt�|uts pv Ó

B′ (Q) − C ′ (qi) = 0

• Ãvy
αi = 0

� pqt ov�t rs sv}t}� roptytspt� ro �tppro� pqt t�|z} xz�vÐ sqzyt � �q|s �
rp wv|}� uqvvst

qi

pv szprs�� Ó
NC(qi) =

∑

j

C (qj)
� Ã|ypqty{vyt � wqto

αi = 0
�

uvo�rprvo B �¦a z}sv yt�|uts pv
B′ (Q) − C ′ (qi) = 0

�
no�tt� �

βi

zo�
r′ ()

zyt xvsrpr�t �� �t�orprvo zo� pqt stuvo� s|{{zo� yt�|uts pv






∑

j

yj − yi

∑

j

yj
2

B′ (Q) −

∑

i6=j

yj

∑

j

yj
2
C ′ (qi)






= 0

wqruq uzo �t sr{x}r�t� zs Ó
B′ (Q) − C ′ (qi) = 0

�
Ãvy

αi, βi 6= 0
pqt uqvsto uvvxtyzprvo }t�t} rs � tpwtto pqt }t�t}s �vy pqvst t�pyt{ t uzsts Ó

pqt �ysp vy�ty uvo�rprvo {|sp � t szprs�t� �vy z}} ov�ts sr{|}pzotv|s}�� ¥rout
r′ (σi) = 0wqto

σi = 1
N

�� zss|{xprvo � rp �v}}vw s pqzp pqtyt rs z ³ï°° ª«¿¬ ª]Áñô¿Á° wqtyt z}}
ov�ts uqvvst pqt sz{ t uvvxtyzprvo }t�t} � r �t �

σi = 1/N
�vy z}} p�x ts

αi/βi

� �vy
i = 1, ..., N

�
�qt yts|}pro� uvvxtyzprvo }t�t}

q∗
rs �r�to �� sv}� ro� pqt uvo�rprvo Ó

B′ (Nq∗)−C ′ (q∗) = 0
�

�tp |s xyv�t �� uvopyz�ruprvo ¼¿ª©Á¬«® ²© ²ô³Á¿©Á° ½ pqzp pqtyt rs zo ²³ï°° ª«¿¬
ª]Áñô¿Á° � r �t � sv{ t ov�ts ytutr�t }tss � zo� vpqtys {vyt pqzo pqt t�|z} sqzyt � no pqrs
uzst � vo pqt vot qzo� �

σi < 1/N
r{ x}rts pqzp

r′ (σi) > 0
� sv �yv{ t�|zprvo B �¦a � wt v�pzro Ó

B′ (Q) − C ′ (qi) > 0
¼B �¦9½

�o pqt vpqty qzo� � �vy
σi > 1/N

wt qz�t
r′ (σi) < 0

� zo� pqtyt�vyt t�|zprvo B �9Ø r{x}rts Ó
B′ (Q) − C ′ (qi) < 0

¼B �¦¦ ½
not�|z}rprts B �¦9 zo� B �¦¦ r{ x}� pqzp z ov�t wqruq �tps {vyt pqzo pqt t�|z} sqzyt qzs
}zy�ty { zy�roz} uvvxtyzprvo uvsps ¼

C ′ (qi)
½ pqzo ov�ts pqzp ytutr�t }tss � wqruq uvopyz�rups

pqt zss|{ t� xz�vÐ �rspyr�|prvo �
êtout � vo}� s�{{tpyru t�|r}r�yr|{ t�rsps � n�

αi > 0
�vy zp }tzsp vot ov�t � wt �tp

B′ (Nq)−
C ′ (q) = 0

�yv{ t�|zprvo B �¦a �
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E8�E kF LG L HI H>EJGIEFKHEFLI EFK?GEl BGIGMHEGC HN CGOFKEGC FI bBPMG Á LÐ FN GmPH N EL EJG ?G@NGIBEJ L `LM G�HAO NG a ]@ EH? FIB H ?G@ NGIBEJ LQ po�_] FE a H NNL EJG HPEJGIEFKHEFLI EFKRGE
SLP NC ] G po�_] FE NLIT L PL ] G ULMG OMGKFNG � EJG ID

PNGV EL TGIGMHEG EJG U HNEGM HPEJGI_EFKHEFLI EFKRGE KLINFNEN LQ ��_] FE a NFIKG SG PNGV HN PIFmPG FVGIEFbGMN W�XÐ HVVMGNNGN L PJG
OLOP NHM JHNJ QPIKEFLI íîï HOO NFGV EL EJG ID MGNP NEN FI H o�¢_] FE U GNNHTG VFTGNE L PJG
UHNEGM HPEJGIEFKHEFLI EFKRGE TGIGMHEGV ]Y EJG ÜnZ QLM FVGIEFEY ID S F[[ ] G HN [LIT HN EJGRGY [GITEJ PNGV EL TGIGMHEG FE � QLM G�HUO[G PNFIT H po�_] FE RGYa EJG ID

�N HPEJGIEFKHEFLIEFKRGEN TGIGMHEGV ]Y EJG U L] F[G ILVGN SLP[V H[NL ] G po�_] FE [LIT \

]JPN a NOHKG MGmPFMGU GIEN QLM GXGMY U L^F[G ILVG FN GmPH[ EL � k · RGY_[GITEJ a SJGMG kFN EJG IPU^GM LQ G[GU GIEN LQ EJG JHNJ KJHFI a F \G \ EJG ELEH[ IPU^GM LQ HPEJGIEFKHEFLI EFKRGEEJHE IGGV EL ^ G TGIGMHEGV a HN FUOLNGV ^Y EJG NYNEGU OHMHUGEGM k
\

` Ña bÖ× Ø 01� ÙÕÚ��Õ �1��� � � Û 1c�"Õ !d Ô1 Ú  Õ�e1�fÙ

� OHMEFKP[HM[Y KJH[[GITFIT MGmPFMGU GIE QLM O GGM HPEJGIEFKHEFLI FN MHFNGV ^Y NGKPMG MLPEgFIT OMLELKL[N FI EJG KLIEG�E LQ UL^F[G HV JLK IGESLMRFIT \ WI EJFN NGKEFLI SG VGNKMF^ G H[FTJESGFTJE RGY VFNEMF^PEFLI UGKJHIFNU ^HNGV LI EJG WnjZ NKJGUG EJHE L�GMN HPEJGIEFgKHEFLI NGMXFKGN EL HI FIQMHNEMPKEPMGg[GNN HV JLK IGESLMR \]JG UHFI QGHEPMGN LQ LPM NL[PEFLI MHITG QMLU MG[H�GV IGESLMRFIT FIQMHNEMPKEPMG MGmPFMGg
U GIEN EL H [FTJESGFTJE NGKPMFEY ^LLENEMHO OJHNG SJFKJ FN ILVGgLMFGIEGV HN LOOLNGV ELIGESLMRgLMFGIEGV HOOMLHKJGN \ WIVGGV h EJG [FEGMHEPMG L� GMN RGY VFNEMF^PEFLI NKJGUGN QLMHV JLK IGESLMRN FI SJFKJ ijj klämn JHXG EL ^ G FIFEFH[FoGV HE EJG NHU G EFU G LQ IGESLMRKMGHEFLI FI LMVGM EL VFNEMF^PEG H[[ O LNNF^ [G OHFMgS FNG HPEJGIEFKHEFLI UHEGMFH[ �o�� \ WI LPMKHNG EJG FI FEFH[FoHEFLI OJHNG FN LI[Y O GMQLMU GV QLM EJG ILVG Â LFIFIT EJG IGESLMR h EJHE
U FTJE H[MGHVY G� FNE \ pPMEJGMU LMG h FI LPM NL[PEFLI EJGMG FN IL IGGV QLM HI LMTHIFoHEFLIH[NEMPKEPMG HU LIT OGGMN LM ^ GESGGI OGGMN HIV EJG RGY VFNEMF^PEFLI KGIEGM kÜnZ l SJFKJ FIEPMI FN ILE FIXL[XGV FI HIY IGESLMRFIT LOGMHEFLIN \ ¥ LMGLXGM h EJG ÜnZ FN ILE FIXL[XGV FIHIY QPMEJGM NGKPMFEY LO GMHEFLIN ^ GYLIV EJG ^LLENEMHO OJHNG \

Ì ªq ª¬ »´¯³²´·±¹´·°² ´·±¶³´ ®·º´µ·%»´·°²

pFTPMG Á \q NJLS N H EYOFKH[ NKGIHMFL FI SJFKJ LIG kLM ULMGl ÜnZ L�GMN ^LEJ IHU FIT HIVHPEJGIEFKHEFLI NGMXFKGN \�G HNNPU G EJG ÜnZ EL ^G FIFEFH[FoGV HN VGNKMF^ GV FI NGKEFLI Á \� \o \
nPMFIT EJG NGKPMFEY ^LLENEMHO OJHNG h OMFLM EL Â LFIFIT EJG HV JLK IGESLMR h H U L^F[G ILVGkQLM G�HUO[G ILVG NID9

l EJHE IGGVN HPEJGIEFKHEFLI NGMXFKGN JHN EL KLIEHKE EJG K[LNGNEÜnZ HIV OMLXFVG NLU G FIFEFH[ HPEJGIEFKHEFLI FIQLMU HEFLI \ ]JFN FIFEFH[ HPEJGIEFKHEFLIFIQLMU HEFLI KHI EHRG EJG QLMU LQ �
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pFTPMG Á \q � �OO[FKHEFLI LQ WnjZ QLM IHU FIT HIV RGY U HIHTGU GIE FI LOGI HV JLK IGEg
SLMRN \

g H NGKMGE KLVG OMFIEGV LI H stmsiuä vitä EJHE FN VG[FXGMGV ^Y H kHPELU HEFKl EG[[GM h
g H NGKMGE KLVG OMFIEGV LI EFKRGEN VG[FXGMGV HE EJG GIEMHIKG LQ KLIwIGV HMGHN [FRGNJLOOFIT U H[[N h HFMOLMEN h KLIQGMGIKG NFEGN

�Y OMLXFVFIT EJG FIFEFH[ HPEJGIEFKHEFLI FIQLMU HEFLI EL EJG ÜnZ h EJG UL^F[G ILVG nmxvåtmjã MGKGFXGN H PIFmPG FVGIEFwGM yEJHE FI LPM KHNG FN MGOMGNGIEGV ^Y HI W� HVVMGNN QLMEJG HV JLK IGESLMR l HIV H UHNEGM HPEJGIEFKHEFLI EFKRGE MID

TGIGMHEGV ^Y EJG ÜnZ HN
G�O[HFIGV FI NGKEFLI Á \� \� HIV FI wTPMG Á \� \ ¤ NFIT W� HVVMGNNGN HN ILVG FVGIEFEFGN H[[LS N
G�O[LFEFIT G� FNEFIT HVVMGNNFIT UGKJHIFNU N EL OMLXFVG IGESLMRgS FVG RILSI HIV PIFmPGILVG FVGIEFwGMN \ zLSGXGM h LIG U FTJE KLINFVGM EJG NKGIHMFL FI SJFKJ ILVGN � W� HVVMGNNGN
U FTJE KLINEHIE[Y KJHITG VPG QLM G�HUO[G EL JHIV LXGMN ^ GESGGI VF�GMGIE HV JLK IGEg
SLMRN \ ¥ LMGLXGM h NG[QgLMTHIFoGV HVVMGNNFIT NKJGU GN U FTJE ^ G OMGQGMH^[G EL EJG HVVMGNNFITNKJGU G OMLOLNGV FI EJFN NGKEFLI \ WI EJGNG NFEPHEFLIN h HI HVVFEFLIH[ LXGMJGHV QLM ILVG
MGgHPEJGIEFKHEFLI HIV QLM EJG TGIGMHEFLI LQ IGS HPEJGIEFKHEFLI EFKRGEN JHXG EL ^ G EHRGIFIEL HKKLPIE \ �G S F[[ HVVMGNN EJGNG FNNPGN FI LPM QPEPMG MGNGHMKJ h SGMG SG H[NL O[HI EL PNGKMLNNg[HYGM FIQLMU HEFLI yG \T \ ONGPVLIYU N PNGV FI O GGMgELgO GGM HOO[FKHEFLINl EL OMLXFVG HNPFEH^[G IHU FIT NGMXFKG \

WIFEFH[ PNGM HPEJGIEFKHEFLI IGGVGV EL L^EHFI EJG OMFXHEG KMYOELTMHOJFK U HEGMFH[ PNGVFI NP^NGmPGIE HPEJGIEFKHEGV UGNNHTG G� KJHITG FN KMFEFKH[ QLM XHMFLPN NGKPMFEY NYNEGU N h
MHITFIT QMLU �Ü W EL Wn g^HNGV NYNEGU N \ � N H EYOFKH[ G�HUO[G h KLUUGMKFH[ �Ü W NYNEGU N
G�EGIV EJG ML[G LQ EJG KGMEFwKHEFLI HPEJLMFEY ^Y FIEMLVPKFIT EJG MGTFNEMHEFLI HPEJLMFEYKLUOLIGIE � PNGMN HMG VGU HIVGV EL NJLS ¿MGH[ SLMV ¿ KMGVGIEFH[N NPKJ HN H OHNNOLME LM
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HI Wn FI LMVGM EL ^ G GIEFE[GV EL O GMQLMU H KGMEFwKHEG MGmPGNE OMLKGVPMG{ \ ]JFN FN VLIG EL
OMGXGIE |l}ån vmt~u�vi~m }mkmti~ulk HIV uämk~u~ã ns ll�k} h H OML^[GU EJHE H�GKENLIg[FIG �Ü W NGMX FKGN NPKJ HN EJG LIG L�GMGV ^Y ÊGMFNFTI \ WIVGGV h FI NPKJ NYNEGU N EJG
MG[H�GV MGmPFMGU GIEN FI EGMU N LQ FI FEFH[ PNGM HPEJGIEFKHEFLI h SJFKJ FN O GMQLMU GV EJMLPTJHI GgU HF[ HVVMGNN XH[FV FEY KJGKR h H[[LS N HI HEEHKRGM EL TGIGMHEG �Ü W KGMEFwKHEGN QLM ^LTPNFVGIEFEFGN LM EL NOLLQ FVGIEFEFGN ^Y EHUOGMFIT S FEJ EJG GgU HF[ NYNEGU N LQ EJGFM X FKEFU N \]JG WnzZ NYNEGU FN ML^PNE HTHFINE FUOGMNLIHEFLI EJMLPTJ NOLLwIT h HN G�O[HFIGV FI NGKgEFLI Á \Ð � QPMEJGMULMG h ^Y FIEMLVPKFIT H ULIGEHMY LXGMJGHV OMFLM EL EJG L^EGIEFLI LQ H
U HNEGM HPEJGIEFKHEFLI EFKRGE h SG U HRG ^LTPN HPEJGIEFKHEFLI EFKRGE TGIGMHEFLI HI G�OGIgNFXG LO GMHEFLI \

� N VGOFKEGV FI wTPMG Á \q h H UL^F[G ILVG EJHE NGKPMG[Y L^EHFIGV EJG FVGIEFwGM ID
HIVH UHNEGM HPEJGIEFKHEFLI EFKRGE MID

h KHI OMLKGGV S FEJ EJG TGIGMHEFLI LQ U GNNHTG HPEJGIgEFKHEFLI EFKRGEN HN G�O[HFIGV FI wTPMG Á \Ð � QLM EJG OPMOLNG LQ EJFN ZJHOEGM SG HNNPUG EJHEHPEJGIEFKHEFLI EFKRGE KJHFIN HMG NP� KFGIE[Y [LIT QLM EJG SJL[G VPMHEFLI LQ EJG KLUUPIFgKHEFLI FI EJG HV JLK IGESLMR \£LS EJHE GXGMY ILVG Â LFIFIT EJG IGESLMR FN [LHVGV S FEJ H NP� KFGIE IPU^GM LQ HPEJGIEFgKHEFLI EFKRGEN h SG VGNKMF^ G JLS EJFN KMYOELTMHOJFK U HEGMFH[ KHI ^G PNGV QLM n�� MLPEFIT
UGNNHTG HPEJGIEFKHEFLI \ ]JG MGHVGM NJLP[V MGQGM EL �Ð¢� QLM HI HPEJLMFEHEFXG VGNKMFOEFLILQ EJG VYIHU FK NLPMKG MLPEFIT yn�� l OMLELKL[ \

Ì ªq ª« �¹µ·¹²´ ° � �$àÃ� %¹º³® °² ´¯³ $à�á º±¯³¼³

� XHMFGEY LQ NGKPMG MLPEFIT NL[PEFLIN QLM HV JLK IGESLMRN JHXG ^ GGI OMLOLNGV FI EJG [FEg
GMHEPMG yNGG QLM G�HUO[G h �o�� KJHOEGM o�l \ WI NOFEG LQ EJG [HMTG IPU^GM LQ NL[PEFLIN h HVJLK MLPEFIT VLGN ILE NGGU EL MHFNG HIY IGS NGKPMFEY MGmPFMGU GIE S FEJ MGNO GKE EL MLPEFITFI K[HNNFKH[ IGESLMRN h HOHME QMLU RGY U HIHTGU GIE OML^[GU N EJHE JHXG ^ GGI LQEGI [GQEHNFVG ^Y KPMMGIE NL[PEFLIN HXHF[H^[G FI EJG [FEGMHEPMG \ Ü GY UHIHTGUGIE HOOMLHKJGN EMYEL HINSGM EJG JHMV mPGNEFLI LQ JLS EL GNEH^[FNJ NGKPMFEY HNNLKFHEFLIN S FEJ IL HgOMFLMFRILS [GVTG h IL HgOMFLMF EMPNE HIV [HKR LQ FIQMHNEMPKEPMG \ �GXGMH[ LMFTFIH[ RGY UHIHTGUGIENKJGU GN ^HNGV LI HVXHIKGV KMYOELTMHOJFK KLINEMPKEN JHXG ^ GGI NPTTGNEGV FI EJG [FEGMHEPMG
yNGG �o�� QLM H [FEGMHEPMG NPMXGY l ^PE EJGY H[[ QH[[ NJLME LQ U GGEFIT EJG P[EFU HEG TLH[ LQ^PF[V FIT H RGY FIT FIQMHNEMPKEPMG ¿QMLU NKMHEKJ ¿ NFIKG EJGY H[[ FIXL[XG H KLUO[G� yHIV LQEGIPIMGH[FNEFKl RGY NGEgPO OJHNG \ WI NGKEFLI Á \q \o SG VGNKMF^ GV HI LMFTFIH[ HOOMLHKJ ^HNGVLI EJG WnzZ NKJGU G EJHE OMLXFVGN HPEJGIEFKHEFLI UHEGMFH[ EL EJG ILVGN LQ HI HV JLKIGESLMR FI H [FTJESGFTJE SHY\ �G ILS OMLOLNG EL PNG EJG WnzZ NKJGUG KLPO[GV S FEJ EJG��W�n£¦ NGKPMG MLPEFIT UGKJHIFNU � EJG ^HNFK FVGH FN EL PNG WnzZ EFKRGEN EL KLUOPEG
U GNNHTG HPEJGIEFKHEFLI KLVGN y¥�Z l FI LMVGM EL OMLXFVG ��� ��8� UGNNHTG HPEJGIEFKHEFLI hHN G�O[HFIGV FI NGKEFLI Á \� \� HIV FI NGKEFLI Á \� \Ð \
� JF[G SG NPTTGNE EJG MGHVGM EL MGQGM EL �¢¢� QLM HI HPEJLMFEHEFXG VGNKMFOEFLI LQ EJG ��Wg
� ó�üôõ÷õ� �üýõ÷��úõüø ��õú÷ôü� õöý�ÿ�ö øÿ�ö ú ûý� �ü�ÿýü � ü ��ô�ø õ� ú �ü�ôü� ��úøø �� �üýõ÷��úõüø � þö÷�ö÷ø �ü�ôü� ÷ô õöü �üýõ÷��úõ÷�ô û��÷�� �� õöü �üýõ÷��úõ÷�ô øüý� ÷�ü ûúýõ�
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�n£¦ OMLELKL[ h FI EJFN NGKEFLI SG OMLX FVG HI G�HUO[G LQ EJG XHMFHEFLI LQ HI ��W�n£¦
MLPEG VFNKLXGMY OJHNG SJGI EJG WnzZ NKJGU G FN PNGV \WI ��W�n£¦ h EJG ^HNFK ��¦3 UGKJHIFNU FN GIJHIKGV ^Y GFTJE HVVFEFLIH[ wG[VN PNGV EL
OMLXFVG HPEJGIEFKHEFLI HIV FIEGTMFEY EL EJG MLPEFIT OMLELKL[ HN QL[[LS N �
<
�À¤]¦ �¦3¤¦�]

, initiator, target, id,
EFU G FIEGMXH[, JHNJ KJHFI, ILVG [FNE, ¥�Z [FNE

>

]JG �8 ���;��� HIV �;�� �� HMG NGE EL EJG HVVMGNN LQ EJG FI FEFHELM HIV EHMTGE ILVGN h MGNO GKgEFXG[Y\ � N FI n�� h EJG FIFEFHELM NGEN EJG �� EL HI FVGIEFwGM EJHE FE JHN ILE MGKGIE[Y PNGVFI FIFEFHEFIT H �LPEG n FNKLXGMY\ ]JG EFU G FIEGMXH[ FN EJG WnzZ EFU G FIEGMXH[ HE EJG O GNgNFU FNEFK G�OGKEGV HMMFXH[ EFU G LQ EJG MGmPGNE HE EJG EHMTGE h HKKLPIEFIT QLM K[L KR NRGS \]JG FIFEFHELM S
LQ EJG MGmPGNE FI FEFH[FoGN EJG JHNJ KJHFI EL

MACKS,D
(initiator, target, id,

EFU G FIEGMXH[)
HIV EJG ILVG [FNE HIV ¥�Z [FNE EL GUOEY [FNEN� \� JGI HIY ILVG � MGKGFXGN H ��¦3 QLM SJFKJ FE FN ILE EJG EHMTGE h EJG ILVG KJGKRN FEN[L KH[ EH^[G LQ < initiator, id >

XH[PGN QMLU MGKGIE MGmPGNEN FE JHN MGKGFXGV h EL VGEGMU FIG FQFE JHN H[MGHVY NGGI H MGmPGNE QMLU EJFN NHU G �LPEG n FNKLXGMY\ WQ FE JHN h EJG ILVG VFNKHMVNEJG OHKRGE h HN FI n�� \
]JG ILVG H[NL KJGKRN SJGEJGM EJG EFU G FIEGMXH[ FI EJG MGmPGNE FN XH[FV � EJHE EFU G FIEGMXH[
UPNE ILE ^ G ELL QHM FI EJG QPEPMG h HIV EJG RGY KLMMGNOLIVFIT EL FE UPNE ILE JHXG ^ GGI
VFNK[LNGV YGE \ WQ EJG EFU G FIEGMXH[ FN ILE XH[FV h EJG ILVG VFNKHMVN EJG OHKRGE \À EJGMS FNG h EJG ILVG ULVFwGN EJG MGmPGNE ^Y HOOGIVFIT FEN LSI HVVMGNN y� � EL EJG ILVG[FNE FI EJG MG�PGNE h MGO[HKFIT EJG JHNJ KJHFI wG[V S FEJ H[A,

JHNJ KJHFI
] h HIV HOOGIVFIT H¥�Z LQ EJG GIEFMG �¦3¤¦�] EL EJG ¥�Z [FNE \]JG ILVG PNGN EJG WnzZ HPEJGIEFKHEFLI EFKRGE T

(A)
k−i

HN H RGY EL KLUOPEG EJG ¥�Z h SJGMG
i
FN EJG FIVG� QLM EJG EFU G FIEGMXH[ NO GKFwGV FI EJG MG�PGNE \p FIH[[Yh EJG ILVG MG^MLHVKHNEN EJG ULVFwGV ��¦3 h HN FI n�� \ � JGI EJG EHMTGE ILVG
MGKGFXGN EJG ��¦3 h FE KJGKRN EJG XH[FV FEY LQ EJG MG�PGNE ^Y VGEGMU FIFIT EJHE EJG RGYNQMLU EJG EFU G FIEGMXH[ NO GKFwGV JHXG ILE ^ GGI VFNK[LNGV YGE h HIV EJHE EJG JHNJ KJHFI wG[VFN G�PH[ EL �

H[ηn, H[ηn−1, H[. . . , H[η1,

MACKS,D
(initiator, target, id, timeinterval)] . . .]]]

SJGMG ηi
FN EJG ILVG HVVMGNN HE OLNFEFLI i

LQ EJG ILVG [FNE FI EJG MG�PGNE h HIV SJGMG n
FN

EJG IPU^GM LQ ILVGN FI EJG ILVG [FNE \ WQ EJG EHMTGE ILVG VGEGMU FIGN EJHE EJG MG�PGNE FNXH[FV h FE MGEPMIN H ��¦� EL EJG FI FEFHELM h KLIEHFIFIT GFTJE wG[VN �
<
�À¤]¦ �¦���

, target, initiator,
EFU G FIEGMXH[, ILVG [FNE,¥�Z [FNE

,
EHMTGE ¥�Z

,
iå~�mk~uvi~ulk ~uv�m~ jun~

>

]JG �;�� ��h �8 ���;���h EFU G FIEGMXH[ h ILVG [FNE h HIV ¥�Z [FNE wG[VN HMG NGE EL EJG KLMMGgNOLIVFIT XH[PGN QMLU EJG ��¦3 h EJG EHMTGE ¥�Z FN NGE EL H ¥�Z KLUOPEGV LI EJG
��öü � üúô÷ô� �� õöü �ü�

KS,D

÷ø � ÷ø�ÿøøü� ÷ô õöü ô�õü úõ õöü üô� �� õöü �ÿýýüôõ øü�õ÷�ô 	
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OMGKGVFIT wG[VN FI EJG MGO[Y S FEJ EJG RGY KD,S
h HIV EJG RGY [FNE FN FI FEFH[FoGV EL EJG GUOEY[FNE \]JG ��¦� FN EJGI MGEPMIGV EL EJG FIFEFHELM LQ EJG MG�PGNE H[LIT EJG NLPMKG MLPEG L^EHFIGV^Y MGXGMNFIT EJG NG�PGIKG LQ JLON FI EJG ILVG [FNE LQ EJG MG�PGNE \ � ILVG QLMSHMVFIT H��¦� SHFEN PIEF[ FE FN H^[G EL VFNK[LNG FEN HPEJGIEFKHEFLI EFKRGE QMLU EJG EFU G FIEGMXH[NO GKFwGV h EJGI FE HOOGIVN EJG HPEJGIEFKHEFLI EFKRGE QMLU EJHE EFU G FIEGMXH[ EL EJG HPgEJGIEFKHEFLI EFKRGEN [FNE wG[V FI EJG MGO[Y HIV QLMSHMVN EJG OHKRGE HKKLMVFIT EL EJG NLPMKG

MLPEG FIVFKHEGV FI EJG OHKRGE \ �HFEFIT VG[HYN EJG MGEPMI LQ EJG ��¦� ^PE VLGN ILE KLIgNPU G G�EMH KLUOPEHEFLIH[ OLSGM \ � JGI EJG FIFEFHELM MGKGFXGN H ��¦�h FE XGMFwGN EJHE
GHKJ HPEJGIEFKHEFLI EFKRGE FI EJG [FNE FN XH[FV h EJHE EJG EHMTGE ¥�Z FN XH[FV h HIV EJHE GHKJ¥�Z FI EJG ¥�Z [FNE FN XH[FV \ WQ H[[ LQ EJGNG EGNEN NPKKGGV h EJG ILVG HKKGOEN EJG ��¦� ¾
LEJGMS FNG h FE V FNKHMVN FE \ WI LMVGM EL OMGXGIE EJG FIÂ GKEFLI LQ FIXH[FV MLPEG GMMLMN FIELEJG IGESLMR QH^MFKHEGV ^Y HIY ILVG LEJGM EJHI EJG LIG LI EJG NGIVFIT GIV LQ EJG [FIRNO GKFwGV FI EJG GMMLM U GNNHTG h GHKJ ILVG EJHE GIKLPIEGMN H ^MLRGI [FIR HVVN WnzZ HPgEJGIEFKHEFLI FIQLMU HEFLI EL EJG MLPEG GMMLM U GNNHTG h NPKJ EJHE H[[ ILVGN LI EJG MGEPMI OHEJKHI HPEJGIEFKHEG EJG GMMLM \ zLSGXGM h WnzZ EFKRGE HPEJGIEFKHEFLI FN VG[HYGV h NL H[[ EJGILVGN LI EJG MGEPMI OHEJ ^P�GM EJG GMMLM ^PE VL ILE KLINFVGM FE PIEF[ FE FN HPEJGIEFKHEGV \�HEGM h EJG ILVG EJHE GIKLPIEGMGV EJG ^MLRGI [FIR VFNK[LNGN EJG RGY HIV NGIVN FE LXGM EJG
MGEPMI OHEJ h SJFKJ GIH^[GN ILVGN LI EJHE OHEJ EL HPEJGIEFKHEG EJG ^P�GMGV GMMLM U GNNHTGN \

WI LPM NKJGU G EJGMG FN IL IGGV QLM HI LMTHIFoHEFLIH[ FIQMHNEMPKEPMG HU LIT OGGMN h SJFKJKHI ^G LOGMHEGV ^Y GIEFEFGN ^ G[LITFIT EL VF�GMGIE LMTHIFoHEFLIN \ ]JG ÜnZ FN ILE FIXL[XGVFI HIY IGESLMRFIT LOGMHEFLIN h F \G \ FE UPNE ILE ^ G LIg[FIG VPMFIT EJG IGESLMR LOGMHEFLI hHIV FN ILE FIXL[XGV FI HIY QPMEJGM NGKPMFEY LO GMHEFLIN LEJGM EJHI EJG ^LLENEMHO OJHNGLM SJGI EJG HPEJGIEFKHEFLI EFKRGE OLL[ FN G�JHPNEGV \ ]JG FIFEFH[ O GGM HPEJGIEFKHEFLI ELEJG ÜnZ FN LI[Y IGGVGV LIKG \ WIVGGV h EJG UL^F[G ILVG KHI KLIEHKE EJG ÜnZ EL MGgIGS EJG UHNEGM HPEJGIEFKHEFLI EFKRGE ^Y OMGNGIEFIT EJG [HNE NG[QgTGIGMHEGV JHNJ KJHFI
G[GU GIE2HPEJGIEFKHEFLI EFKRGE \

]JG XFH^F[FEY LQ EJG WnzZ HPEJGIEFKHEFLI NKJGUG KHI ^G HNNGNNGV ^Y EHRFIT EJG XH[PGN
MGOLMEGV FI EH^[G Á \o HIV KLUOHMFIT EJGU S FEJ EJG HXGMHTG IPU^GM LQ KLIEML[ OHKRGENNGIE ^Y H[[ EJG ILVGN LQ HI HV JLK IGESLMR EL VFNKLXGM HIV U HFIEHFI MLPEGN \ WI �Ðq� EJGHPEJLMN OMLXFVG H NFUP[HEFLIg^HNGV NEPVY LQ EJG KLIEML[ LXGMJGHV TGIGMHEGV ^Y EJMGG HVJLK MLPEFIT OMLELKL[N \ �O GKFwKH[[Yh QLM EJG n�� OMLELKL[ EJG HXGMHTG KLIEML[ EMH� K QLMH EYOFKH[ NKGIHMFL S FEJ Ð� UL^F[G ILVGN FI H ÐRU ^Y ÐRU HMGH HIV �� Z�� VHEH �LS NKLINFNEN LQ ���� OHKRGEN VPMFIT H[[ EJG NFUP[HEFLI OGMFLV y¡�� NGKLIVN� \ ]JPN h FI HXGMHTG h
GXGMY ILVG TGIGMHEGN wXG KLIEML[ OHKRGEN O GM U FIPEG \À^XFLPN[Yh EJ FN XH[PG KHI ^G MG[HEFXG[Y JFTJGM FQ SG KLINFVGM KMFEFKH[ NKGIHMFLN S FEJ JFTJ
UL^F[FEY LM VGING EMH� K ^PE QLM HI HOOML� FU HEG GXH[PHEFLI LQ EJG WnzZ HPEJGIEFKHEFLINKJGU G SG VGGU NP� KFGIE EL EHRG HI HXGMHTG XH[PG \ ]JG TGIGMHEFLI HIV XGMFwKHEFLI MHEGNLQ HPEJGIEFKHEFLI EFKRGEN MGOLMEGV FI EH^[G Á \o HMG NP� KFGIE[Y JFTJ EL NPOOLME EJG HXGMHTGKLIEML[ EMH� K TGIGMHEGV ^Y ILVGN FI EJG NFUP[HEFLI NKGIHMFLN OMGNGIEGV FI �Ðq� [GHVFIT ELEJG KLIK[PNFLI EJHE EJG WnzZ NKJGU G FN HI G�GKEFXG NL[PEFLI h SJGI PNGV FI EJG ��W�n£¦
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NGKPMG MLPEFIT OMLELKL[ \

���� � � N FI ��W�n£¦ h FQ EJG FIFEFHELM HIV EJG EHMTGE LQ H MLPEG MG�PGNE U GNNHTGIGGV UPEPH[ HPEJGIEFKHEFLI h SG HNNPU G EJHE GXGMY GIVgELgGIV KLUUPIFKHEFIT NLPMKGg
VGNEFIHEFLI OHFM LQ ILVGN A

HIV B
NJHMG EJG NYUUGEMFK RGYN KA,B

HIV KB,A

\ ]JGNG RGYNKHI ^G VFNEMF^PEGV EL EJG NYNEGU PNGMN ^Y EJG ÜnZ VPMFIT EJG FIFEFH[ HPEJGIEFKHEFLI OJHNG �JLSGXGM h EJG VFNEMF^PEFLI LQ NYUUGEMFK RGYN ^ GESGGI GXGMY NLPMKGgVGNEFIHEFLI OHFM [FU FEEJG �G� F^ F[FEY LQ EJG NYNEGU VGNKMF^ GV FI NGKEFLI Á \q \o SJGI H IGS ILVG Â LFI EJG NYNEGU \WE FN OLNNF^[G h JLSGXGM h EL QPMEJGM ULVFQY EJG ��W�n£¦ OMLELKL[ FI EJG QL[[LS FIT SHY �FINEGHV LQ PNFIT OMGg[LHVGV NJHMGV NYUUGEMFK RGYN ^ GESGGI GHKJ KLUUPIFKHEFIT OHMEYhNLPMKGN HIV VGNEFIHEFLIN LQ MLPEG MG�PGNE U GNNHTGN KHI PNG EJGFM WnzZ HPEJGIEFKHEFLIEFKRGEN HN RGYN EL FI FEFH[FoG EJG 9;³9 �9;�8 ? ���\ �LPMKG HIV VGNEFIHEFLI ^P� GMN EJG MGg
�PGNE LM MGO[Y\ �Y NP^NG�PGIE[Y VFNK[LNFIT yPNFIT EJG MGKGIE[Y KLINEMPKEGV MLPEG� EJG IG� EHPEJGIEFKHEFLI EFKRGE FI EJG HOOMLOMFHEG EFU G FIEGMXH[ h NLPMKGN HIV VGNEFIHEFLIN KHI UPgEPH[[Y HPEJGIEFKHEG \ zLSGXGM h EJ FN HOOMLHKJ FIEMLVPKGN VG[HYN FI EJG XH[FVHEFLI LQ H MLPEG
MGO[Y HIV IGKGNNFEHEG H EJLPTJEQP[ O GMQLMU HIKG HIV NGKPMFEY HNNGNNU GIE h SJFKJ FN OHME LQLPM QPEPMG MGNGHMKJ \

è unvånnulk

�Y HVLOEFIT EJG WnzZ NKJGU G h Ý �� �;8;� �� �8� �������� �8�³ ;�� ³ ��8 �? �;8��� ���� ���
S FEJ MGNO GKE EL EJG LMFTFIH[ ]¦��� g^HNGV ��W�n£¦ NFIKG EJG ]¦��� �¢p� NKJGU G UPNE
MG[Y LI H OP^[FK RGY FIQMHNEMPKEPMG y�Ü W� \ WIVGGV h EJG U HFI VMHS^HKR LQ EJG ]¦���
HPEJGIEFKHEFLI OMLELKL[ FN EJHE MGXGH[FIT JHNJ KJHFI G[GU GIEN VLGN ILE TPHMHIEGG H OMLO GMHPEJGIEFKHEFLI LQ EJG NGIVGM � EJG MLLE LQ H ]¦��� JHNJ KJHFI 8 ���³ �� �� �����? �� �� ;�8 ����³; � �� ���³ ��� �9 ��� �;��� yH KGMEFwKHEFLI HPEJLMFEY QLM G�HUO[G� FI LMVGM EL ^ G NPMGEJHE H[[ EJG JHNJ KJHFI G[GU GIEN ^ G[LIT EL EJG NGIVGM S FEJ FVGIEFEY ID

\ � MGKFNG[Yh EJG JHNJKJHFI MLLE JHN EL ^ G VFTFEH[[Y NFTIGV S FEJ H NGKMGE RGY ^G[LITFIT EL PNGM RILSI PIVGM EJGFVGIEFEY ID
\ ]JG KLMMGNOLIVFIT OP^[FK RGY JHN EL ^ G KGMEFwGV ^Y H KGMEFwKHEFLI HPEJLMFEYEJHE TPHMHIEGGN EJG ^FIVFIT ^GESGGI EJG OMFXHEG2OP^[FK RGY OHFM HIV EJG FVGIEFEY ID

\ �
OLEGIEFH[ MGKGFXGM JHN EL XH[FVHEG yLI[Y LIKG� EJHE EJG MLLE LQ EJG JHNJ KJHFI ^ G[LITN ELEJG NGIVGM EJHE FN TGIGMHEFIT EJG EMH� K \ ]JFN MG�PFMGU GIE JLSGXGM FUO[FGN EJG MG[FHIKGLI NLUG OP^[FK RGY FIQMHNEMPKEPMG y�Ü W� QLM ^LEJ �����? �;�� � �8 ��;���8 ;8� �����;���8\]JG RGY FVGH ^GJFIV EJG HPEJGIEFKHEFLI NKJGU G OMGNGIEGV FI EJFN ZJHOEGM FN EJHE EJG W zZNKJGU G OMGNGMXGN EJG U HFI HVXHIEHTGN LQ ]¦��� ^PE VLGN ILE MG[Y LI HIY �Ü W \ WIVGGV h ^YHOO[YFIT EJG QPIVHUGIEH[ OMFIKFO [GN LQ W g^HNGV KMYOELNYNEGU N h HI HPEJGIEFKHEFLI EFKRGEEJHE FN PNGV QLM OHKRGE HPEJGIEFKHEFLI FN m¡s juvu~jã tmji~mä ~l ~�m uämk~u~ã ID

LQ EJGNLPMKG LQ EMH� K HIV EJGMG FN IL IGGV QLM H KGMEFwKHEFLI HPEJLMFEY\� N LOOLNGV EL H K[HNNFKH[ �Ü W K[FGIE EJHE UPNE JHXG H XH[FV OP^[FK RGY KGMEFwKHEG LQ EJGKGMEFwKHEFLI HPEJLMFEY EJHE FNNPGV H[[ EJG KGMEFwKHEGN QLM EJG LEJGM PNGMN h FI LPM NKJGU G EJGFVGIEFEY LQ HILEJGM O GGM KHI ^G XGMFwGV S FEJLPE EJG IGGV LQ EJG Z� �N OP^[FK RGY KGMEFwKHEG \WI HVVFEFLI h RGY MGXLKHEFLI FN TMGHE[Y NFUO[FwGV S FEJ MGNO GKE EL H K[HNNFKH[ �Ü W NYNEGU �
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HPEJGIEFKHEFLI EFKRGEN HMG [FU FEGV FI IPU^GM yLI[Y k
EFKRGEN� HIV EJGFM XH[FV FEY KHI ^G[FU FEGV FI EFU G LM FI PEF[FoHEFLI h ^Y NFUO[Y HOOGIVFIT H XH[FV FEY O GMFLV LM HPEJLMFoHEFLIFIQLMU HEFLI EL EJG FVGIEFEY PNGV EL TGIGMHEG EJG U HNEGM HPEJGIEFKHEFLI EFKRGE \zLSGXGM h EJG OMFKG EL OHY QLM NPKJ H NFU O[FwKHEFLI FI EJG RGY U HIHTGU GIE MG�PFMGU GIENFN EJHE EJG KMYOELTMHOJFK OMFU FEFXGN PNGV FI EJG W zZ NKJGUG HMG IL [LITGM NYUUGEMFK h^PE ^PF[E LI ELO LQ EJG HNYUUGEMFK ��� KMYOELNYNEGU \ �LEJ NELMHTG MG�PFMGU GIEN HIVKLUOPEHEFLIH[ OLSGM HMG ULVGMHEG[Y JFTJGM EJHI FI EJG ]¦��� NKJGU G \ � N HI G�HUO[G hH ]¦��� JHNJ KJHFI G[GU GIE MG�PFMGN o�¢g^ FE LQ NOHKG yFQ EJG ¥  p H[TLMFEJU FN PNGV HNJHNJFIT QPIKEFLI � SJF[G HI W zZ HPEJGIEFKHEFLI EFKRGE VGO GIVN LI EJG RGYg[GITEJ PNGV ELTGIGMHEG FE yEYOFKH[[Y po�g^ FE� \ zLSGXGM h EJG GNNGIEFH[ HVXHIEHTG LQ EJG W zZ UGKJHIFNUFN EJHE HPEJGIEFKHEFLI EFKRGEN KHI ^G OMGgKLUOPEGV HIV EJGFM XGMFwKHEFLI FN QHNE VPG EL EJGNU H[[ G�OLIGIE e

\

` Ñ` ��Û Û !��

]JFN ZJHOEGM OMGNGIEN HI FVGIEFEY ^HNGV HPEJGIEFKHEFLI NKJGUG ^HNGV LI H NFU O[G QLMULQ FVGIEFEY ^HNGV KMYOELTMHOJY KLU^FIGV S FEJ EJG �HUOLME �N RGYGV JHNJ KJHFI UGEJLV \WI LPM NL[PEFLI h PNGMN HMG H^[G EL TGIGMHEG H KJHFI LQ HPEJGIEFKHEFLI EFKRGEN PNFIT HN NGGVEJG NGKMGE FIQLMU HEFLI VG[FXGMGV ^Y H RGY VFNEMF^PEFLI KGIEGM \ �Y MGU LXFIT EJG MG[FHIKGLI H OP^[FK RGY FIQMHNEMPKEPMG h LPM NKJGU G FN OHMEFKP[HM[Y NPFEH^[G QLM IGESLMRN S FEJ UP[gEFO [G VYIHU FK NLPMKGN SJGMGHN LEJGM HPEJGIEFKHEFLI NKJGU GN HXHF[H^[G FI EJG [FEGMHEPMGNP� GM QMLU EJG [FU FEHEFLIN FU OLNGV ^Y KGMEFwKHEG U HIHTGUGIE MG�PFMGU GIEN \ WI HVVFEFLI hEJGMG FN IL IGGV QLM HIY LMTHIFoHEFLIH[ NEMPKEPMG HULIT PNGMN LM ^ GESGGI PNGMN HIV EJGÜ Z \ ÀPM U GNNHTG HPEJGIEFKHEFLI NKJGUG FN VGNFTIGV QLM [LLNG[Y EFU GgNYIKJMLIFoGV PNGMNHIV HKJFGXGN [LS KLUUPIFKHEFLI HIV KLUOPEHEFLIH[ LXGMJGHV h NKH[GN EL [HMTG IPU^GMNLQ MGKGFXGMN h HIV EL[GMHEGN OHKRGE [LNN \ �G H[NL OMLX FVG H VGEHF[GV NGKPMFEY HIH[YNFN LQLPM NKJGU G HIV NJLS EJMLPTJ XHMFLPN HEEHKRN EJHE ^MGHRFIT LPM NKJGU G FN G�PFXH[GIE EL^MGHRFIT EJG ^HNFK ��� H[TLMFEJU \ ]JG XFH^F[FEY LQ EJG W zZ NKJGU G FN XGMFwGV EJMLPTJH OGMQLMU HIKG HIH[YNFN LQ LPM NL[PEFLI h HN SG[[ HN HI GXH[PHEFLI LQ NELMHTG MG�PFMGU GIEN \ÀPM FUO[GU GIEHEFLI FN ^HNGV LI EJG ÀOGI��� OHKRHTG HIV JHN ^ GGI KMLNNgKLUOF[GV EL ^ G
G�GKPEGV LI EJG ��¥ 24g�KH[G O[HEQLMU N NPKJ HN EJG W��3 �¢�� NGMFGN \pPMEJGMULMG h SG OMGNGIE HI FIEGMGNEFIT HOO[FKHEFLI LQ EJG W zZ NKJGU G FI OMLXFVFIT H[FTJESGFTJE RGY VFNEMF^PEFLI NGMXFKG EJHE L�GMN O GGM HPEJGIEFKHEFLI EL HI FIQMHNEMPKEPMGg[GNN HV JLK IGESLMR \ WI LPM NKJGU G h EJGMG FN IL IGGV QLM H IGESLMR FIQMHNEMPKEPMG HIVEJG NGKPMFEY ^LLENEMHO OJHNG FN [FTJESGFTJE \ pPMEJGM h EJG RGY VFNEMF^PEFLI KGIEGM FN FIgXL[XGV IGFEJGM FI IGESLMRFIT LOGMHEFLIN ILM FI HIY QPMEJGM NGKPMFEY LO GMHEFLIN ^ GYLIV EJG^LLENEMHO OJHNG \
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�\ ¥ FKJFHMVF HIV � \ ¥ L[XH \ WVGIEFEY ^HNGV JHNJ KJHFIN QLM U GNNHTG HPEJGIEFKHEFLI \�GNGHMKJ �GOLME ��g�Ðg ¥¥¥h WINEFEPE ¦PMGKLU h ¦P[Y ���Ð \
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ZLUUPIFKHEFLI NYNEGU N ^HNGV LI NG[QgLMTHIFoFIT GIEFEFGN EJHE ^PF[V PO EJG IGESLMR S FEJgLPE EJG IGGV LM MG[FHIKG QLM H OMGgGNEH^[FNJGV FIQMHNEMPKEPMG MGOMGNGIE H KJH[[GITFIT NKGgIHMFL EJHE S F[[ O [HY HI FUOLMEHIE ML[G FI NLKFGEY HIV GKLILUY ^Y OMLXFVFIT LOOLMEPIFEFGNQLM EJG KMGHEFLI LQ ;� 9 �� IGESLMRN HIV NGMX FKGN \ zLSGXGM h FI LMVGM QLM EJGNG NGMXFKGN EL^ G NPKKGNNQP[ h EJGY UPNE MG[Y LI H IGESLMR EJHE FN NGKPMG \ ]JG FIKMGHNGV NGINF^ F[FEY LQ
UL^F[G HV JLK IGESLMRN y½¾¿À]N� S FEJ MGNO GKE EL VGVFKHEGV IGESLMRN [FRG EJG WIEGMIGE h
VGMFXGN QMLU EJG [HKR LQ ILVGN S FEJ H OMGVGwIGV ML[G EJHE HMG MGNOLINF^ [G QLM EJG IGESLMRLOGMHEFLI \pPMEJGMULMG h FI EJG GÁEMGU G KHNG LQ HV JLK IGESLMRN FI SJFKJ PNGMN EJHE LO GMHEG EJGIGESLMR VL ILE ^ G[LIT EL EJG NHU G LMTHIFoHEFLI ILM HMG TLXGMIGV ^Y EJG NHU G HPEJLMFEYhEJG [HKR LQ HI HgOMFLMF EMPNE MG[HEFLINJFO ^ GESGGI EJG UGU^GMN LQ EJG IGESLMR MGIVGMNNGKPMFEY HI GNNGIEFH[ KLUOLIGIE EL GIH^[G H MGH[FNEFK VGO[LYUGIE HIV PEF[FoHEFLI LQ NPKJ
�Â �8 IGESLMRN \

WI EJFN EJGNFN SG HVVMGNN EJG NGKPMFEY FNNPGN MHFNGV ^Y LOGI HV JLK IGESLMRN \ ÃG wMNEFIXGNEFTHEG LI EJG FUOHKE LQ NGXGMH[ EJMGHEN EJHE JHXG ^ GGI LQEGI IGT[GKEGV ^Y EJG MGNGHMKJKLUUPIFEY SJGI VGNFTIFIT HV JLK MLPEFIT OMLELKL[N MG�PFMFIT EJHE OHMEFKFOHIEN HMG Ä8
9 ���8�ÅÆ ��Ç³���\ WQ EJGNG EJMGHEN KHI ^G KLINFVGMGV FI [FIG S FEJ EJG GÁOGMFGIKG THEJGMGVEJMLPTJ EJG NEPVY LQ H XHMFGEY LQ HEEHKRN LI MLPEFIT OMLELKL[N QLM K[HNNFKH[ IGESLMRN h FIEJFN EJGNFN SG OLFIE LPE HIV HIH[YoG H IGS EYOG LQ U FN^ GJHX FLM h EJHE SG KH[[GV ILVG NG[QgFNJIGNN h NO GKFwK EL EJG JFTJ[Y KLLOGMHEFXG GIX FMLIU GIE LÈGMGV ^Y EJG HV JLK IGESLMRFIT
OHMHVFTU \ ¾ NFUP[HEFLIg^HNGV HIH[YNFN KLIVPKEGV FI LPM [H^LMHELMFGN MGXGH[GV EJHE ILVGKLLOGMHEFLI FN GNNGIEFH[ ^ GKHPNG PI[FRG IGESLMRN PNFIT VGVFKHEGV ILVGN EL NPOOLME ^HNFKQPIKEFLIN [FRG OHKRGE QLMSHMVFIT h MLPEFIT h HIV IGESLMR U HIHTGU GIE h FI HV JLK IGESLMRNEJLNG QPIKEFLIN HMG KHMMFGV LPE ^Y H[[ HXHF[H^[G ILVGN \ zLSGXGM h EJGMG FN IL MGHNLI EL HNgNPU G EJHE ILVGN S F[[ OHMEFKFOHEG FI EJG IGESLMR LOGMHEFLI h GNO GKFH[[Y FI ^HEEGMY OLSGMGV
GIXFMLIUGIE NPKJ HN H ½¾¿À] \ÃG OMLOLNG H NEHEG LQ EJG HME LQ ^HNFK NGKPMFEY NGMXFKGN QLM HV JLK IGESLMRN h EJHE MHITGQMLU NGKPMG MLPEFIT OMLELKL[N EL RGYgU HIHTGUGIE NGMXFKGN HIV SG QLKPN LI XHMFLPN EYO GLQ KLLOGMHEFLI GIQLMKGU GIE U GKJHIFNU N HXHF[H^[G FI EJG [FEGMHEPMG \ ÉPM MGNGHMKJ OLFIEGV
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LPE ESL KJH[[GITFIT MGNGHMKJ VFMGKEFLIN EJHE SG QPMEJGM FIXGNEFTHEGV FI EJG MGU FIVGM LQ EJGEJGNFN Ö EJG ILXG[EY LQ KLLOGMHEFLI MG�PFMGU GIEN HIV EJG VF� KP[E EHNR LQ OMLXFVFIT NGKPMFEYHNNLKFHEFLIN S FEJLPE EJG NPOOLME LQ HI GÁEGMIH[ FIQMHNEMPKEPMG \ÃG EJPN OMLOLNG H KLLOGMHEFLI GIQLMKGU GIE U GKJHIFNU ^HNGV LI HI LMFTFIH[ MGOPEHEFLINYNEGU EJHE SG KH[[GV ZÉ�À \ ZÉ�À UGGEN EJG VGNFTI MG�PFMGU GIEN EJHE SG OMGNGIEGV FILPM OMG[FU FIHMY NEPVY LI KLLOGMHEFLI GIQLMKGU GIE NKJGU GN \ pPMEJGMULMG h SG OMLOLNG H
VGEHF[GV XH[FVHEFLI LQ EJG ZÉ�À UGKJHIFNU PNFIT ESL VFÈGMGIE U GEJLVL[LTFGN Ö FI EJG wMNE
U GEJLV h SG PNG H K[HNNFKH[ IGESLMR NFUP[HEFLI ELL[ EL FIQGM EJG ^HNFK OMLO GMEFGN LQ ZÉ�À \ÃG EJGI GÁEGIV LPM SLMR FI LMVGM EL KLO G S FEJ H NLOJFNEFKHEGV ULVG[ LQ ILVG NG[wNJIGNNEJHE EHRGN FIEL HKKLPIE GIVgPNGMN × ØMHEFLIH[FEY Ø SJGI LOGMHEFIT EJG ILVGN \ ÉPM XH[FVHEFLINEPVY NJLS N EJHE ZÉ�À FN HI GÈGKEFXG HIV ML^PNE U GKJHIFNU EJHE NEFUP[HEGN KLLOGMHgEFLI LQ NG[wNJ ILVGN Ù QPMEJGMULMG h EJMLPTJ EJG GXH[PHEFLI LQ ILVGN × GIGMTY KLINPUOEFLI h
SG OMLXFVG GXFVGIKG EJHE ZÉ�À H[NL LÈGMN FIKGIEFXGN QLM [GTFEFU HEG ILVGN EL PNG FE HN HKLLOGMHEFLI U GKJHIFNU FI EJHE EJGY KHI NHXG H ILIgIGT[FTF^ [G HU LPIE LQ GIGMTY\ÃG KLIK[PVG EJG EJGNFN ^Y OMLOLNFIT H ILXG[ HPEJGIEFKHEFLI NKJGUG QLM UL^F[G HV JLKIGESLMRN EJHE VLGN ILE MG[Y LI H OMGgGNEH^[FNJGV IGESLMR FIQMHNEMPKEPMG HIV EJHE VLGNILE MG�PFMG HIY NJHMGV LMTHIFoHEFLI ^GESGGI EJG PNGMN LQ EJG IGESLMR \ WI LPM NKJGU G h H[FTJESGFTJE ^LLENEMHO OJHNG FN IGKGNNHMY QLM H ILVG GIEGMFIT EJG IGESLMR Ö ^Y KLIEHKEFITHI HPEJGIEFKHEFLI NGMXGM H ILVG FN H^[G EL [L KH[[Y TGIGMHEG HPEJGIEFKHEFLI KMGVGIEFH[N EJHEHMG T[L^H[[Y XGMFwH^[G FI EJG IGESLMR S FEJLPE EJG IGGV QLM EJG VFNEMF^PEFLI LQ OP^[FK RGYKGMEFwKHEGN \ ÃG H[NL OMLO LNG H OMHKEFKH[ PEF[FoHEFLI LQ LPM NKJGU G HN H KLUO[GU GIEHMYRGY VFNEMF^PEFLI NKJGU G EJHE GIH^[GN HPEJGIEFKHEFLI NGMXFKGN VGU HIVGV ^Y NGKPMG MLPEFIT
OMLELKL[N HXHF[H^[G FI EJG [FEGMHEPMG \

]JG QL[[LS FIT FN H [FNE LQ EJG LMFTFIH[ KLIEMF^PEFLIN LQ EJG EJGNFN Ö

• ¾IH[YNFN LQ NGKPMFEY GÁOLNPMGN FI HV JLK MLPEFIT OMLELKL[N \
•  GwIFEFLI NG[wNJIGNN MG[HEGV FNNPGN FI HV JLK IGESLMRN \
• �FUP[HEFLIg^HNGV HIH[YNFN LQ ILVG NG[wNJIGNN FI EGMU N LQ IGESLMR OGMQLMU HIKG \
• ¾IH[YNFN LQ NGKPMG MLPEFIT OMLOLNH[N h RGYgU HIHTGUGIE NKJGU GN HIV KLLOGMHEFLI GIgQLMKGU GIE U GKJHIFNU N QLM HV JLK IGESLMRN HXHF[H^[G FI EJG [FEGMHEPMG h FVGIEFwKHEFLILQ EJGFM SGHRIGNNGN HIV FVGIEFwKHEFLI LQ KJH[[GITFIT MGNGHMKJ VFMGKEFLIN \
•  GNFTI LQ H MGOPEHEFLI NYNEGU ^HNGV LI WW� w[EGMN \
•  GNFTI LQ H KLLOGMHEFLI GIQLMKGU GIE NKJGU G QLM HV JLK IGESLMRN ^HNGV LI MGOPEHgEFLI h ZÉ�À \  GNFTI LQ ZÉ�À GIJHIKGU GIEN \
• �FUP[HEFLIg^HNGV XH[FVHEFLI LQ ZÉ�À h FVGIEFwKHEFLI LQ RGY QGHEPMGN HIV [FU FEHEFLINLQ EJG ^HNFK XGMNFLI LQ ZÉ�À \
• ¾IH[YEFKH[ XH[FVHEFLI LQ ZÉ�À ^HNGV LI THUG EJGLMY Ö
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Û  GwIFEFLI LQ ILIgKLLOGMHEFXG QLMSHMVFIT THU GN FI HV JLK IGESLMRN \
Û  GwIFEFLI LQ GXL[PEFLIHMY NFUP[HEFLIN QLM EJG NEPVY LQ KLLOGMHEFLI NEMHEGTFGNFI HV JLK IGESLMRN h S FEJ HIV S FEJLPE U FNgO GMKGOEFLI ILFNG \
Û  GwIFEFLI HIV HIH[YNFN LQ KLH[FEFLIN HIV KLH[FEFLI QLMU HEFLI H[TLMFEJU N QLM HVJLK IGESLMRN EJMLPTJ KLLOGMHEFXG THU G EJGLMY

•  GNFTI HIV HIH[YNFN LQ HI FVGIEFEYg^HNGV JHNJgKJHFI yW zZ� HPEJGIEFKHEFLI NKJGUG Ö
Û ¾OO[FKHEFLI LQ W zZ QLM U GNNHTG HPEJGIEFKHEFLI FI HV JLK IGESLMRN
Û ¾OO[FKHEFLI LQ W zZ QLM MLPEFIT NGKPMFEY FI HV JLK IGESLMRN

ÃG HMTPG EJHE EJG ELOFKN OMGNGIEGV FI EJFN EJGNFN NJHMG U HIY NFU F[HMFEFGN S FEJ HILEJGMTMLS FIT MGNGHMKJ HMGH EJHE FN LXGM[HY IGESLMRFIT HIV OGGMgELgO GGM NYNEGU N \ WIVGGV h HVJLK IGESLMRFIT NJHMGN U HIY KLIKGOEN h NPKJ HN �Ä³ ��ÄÜÇ�Ä�8 ;8� ���Â ��;�Ä�8h S FEJ EJG
O GGMgELgO GGM yÝÞÝ� KLUOPEFIT ULVG[ ß¥à ¥á h SJFKJ KLINEFEPEGN H IHEPMH[ OHMHVFTU QLMEJG HV JLK KLUOPEFIT ULVG[ \ ¾ VGwIFIT KJHMHKEGMFNEFK LQ ÝÞÝ NYNEGU N FN EJGFM H^F[FEY EL
OMLXFVG G� KFGIE h MG[FH^[G h HIV MGNF[FGIE MLPEFIT ^GESGGI EJGFM KLINEFEPGIE ILVGN ^Y QLMU FITNEMPKEPMGV ØHV JLK Ø ELOL[LTFGN LI ELO LQ H MGH[ IGESLMR FIQMHNEMPKEPMG \ ]JG VFÈGMGIKG S FEJEMHVFEFLIH[ VFNEMF^PEGV KLUOPEFIT NYNEGU N FN EJG [HKR LQ H KGIEMH[ HPEJLMFEY KLIEML[[FIT EJGXHMFLPN KLUOLIGIEN Ù FINEGHV h ILVGN QLMU H VYIHU FKH[[Y HIV NG[QgLMTHIFoFIT NYNEGU \ ]JGHOO[FKHEFLIN ^ GNE NPFEGV QLM ÝÞÝ FUO[GU GIEHEFLI HMG EJLNG SJGMG KGIEMH[FoHEFLI FN ILE
OLNNF^[G h MG[HEFLIN HMG EMHINFGIE h HIV MGNLPMKGN HMG JFTJ[Y VFNEMF^PEGV ßÚ ¥á \ ¾ N HI GÁHUO[G hEL wIV H OHMEFKP[HM OFGKG LQ VHEH S FEJFI EJG IGESLMR h ÝÞÝ NYNEGU N GÁO[FKFE[Y LM FUO[FKFE[Y
OMLXFVG H [LLRPO UGKJHIFNU LM [L KHELM QPIKEFLI EJHE U HEKJGN H TFXGI NEMFIT LM RGY EL LIGLM ULMG IGESLMR ILVGN MGNOLINF^ [G QLM EJG XH[PG HNNLKFHEGV S FEJ EJHE RGY\ ]JG KLUULI
VGILU FIHELM EL ^LEJ ³ ��Ç ��Ç��� HIV Ç8³ ��Ç ��Ç��� LXGM[HY IGESLMRN FN EJHE EJGY MGOMGNGIEH NJFQE QMLU OPMG[Y KLUUGMKFH[ KLIEGIEgVFNEMF^PEFLI NYNEGU N EL H ØTFQE GKLILUY Ø FI SJFKJFIVFX FVPH[ PNGMN �â �� ÇÂ EJGFM MGNLPMKGN g KLIEGIE h HKKGNN ^HIVS FVEJ h NELMHTG HIV ZÝã gÞ �� �9 � Ü�8 �? � �Þ ��9 �� Ä8�ÄäÄ�Ç;Å³ \zLSGXGM h UPKJ LQ EJG GÁ FNEFIT SLMR FI ÝÞÝ HIV LXGM[HY IGESLMRFIT HNNPUGN EJHE PNGMN S F[[QL[[LS OMGNKMF^ GV OMLELKL[N S FEJLPE VGXFHEFLI \ ]JFN HNNPUOEFLI FTILMGN EJG PNGM ×N H^F[FEYEL U LVFQY EJG ^ GJHXFLM LQ HI H[TLMFEJU QLM NG[QgFIEGMGNEGV MGHNLIN \ zGMG h SG HMTPG EJHEånmt ån æti~ulkiju~ã æ FN H MGH[ FNNPG FI ÝÞÝ HIV LXGM[HY IGESLMRN HN UPKJ HN FE JHN ^ GGINJLSI EL ^G QLM HV JLK IGESLMRN HIV SG K[HFU EJHE EJG IHEPMH[ GÁEGINFLI EL EJG XH[FVHEFLI
SLMR OMGNGIEGV FI EJFN EJGNFN NJLP[V QL KPN LI ELL[N ^LMMLSGV QMLU U FKMLgGKLILU FK EJGLMY\WI OHMEFKP[HM h SG VGGU UGKJHIFNU VGNFTI y½ � EJGLMY EL ^ G EJG ^ GNE KHIVFVHEG HN HI
GÈGKEFXG ELL[ EL ^ G PNGV QLM EJG VGNFTI HIV HIH[YNFN LQ IGESLMRN S FEJ �;�Ä�8;Å ILVGN \]L NPOOLME LPM K[HFU N h FE FN ILE JHMV EL wIV GXFVGIKG LQ MHEFLIH[ ^ GJHXFLM FI GÁ FNEFIT ÝÞÝIGESLMRN \ ]JGMG FN FIEGMGNEFIT SLMR VLKPU GIEFIT EJG ØQMGG MFVGM Ø OML^[GU ßÐ á HIV EJGØEMHTGVY LQ EJG KLUULIN Ø ßÐ ¥á FI H VHEH KGIEMFK O GGM EL O GGM NGEEFIT \ WI EJFN NFEPHEFLI h
MHEFLIH[ PNGMN QMGG MFVG HIV KLINPUG H MGNLPMKG ^PE VL ILE OMLVPKG HE EJG NHU G [GXG[ LQ EJGFMKLINPUOEFLI \ ¾I HVVFEFLIH[ GÁHUO[G KHI ^G QLPIV FI EJG KLIEGÁE LQ ÝÞÝ NGHMKJ Ö KLINFVGMEJG MHEFLIH[ PNGMN FI NFUO[G w [G NJHMFIT IGESLMRN SJL MGQPNG EL MG[HY LEJGM ILVG �PGMFGN ELKLINGMXG EJGFM LSI ^HIVS FVEJ \ ¾ [EJLPTJ FE JHN ILE ^ GGI [H^ G[GV HN NPKJ h MHEFLIH[ ^ GJHX FLM
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JHN LKKPMMGV FI KLUOPEHEFLIH[ ÝÞÝ NGEEFITN HN SG[[ \ ÉIG GÁHUO[G LKKPMMGV SJGI PNGMNLQ Ø�GEFçzLU G Ø ULVFwGV EJGFM K[FGIE NLQESHMG EL U HRG FE HOOGHM HN FQ EJGY SGMG VLFIT
ULMG SLMR EJHI SHN HKEPH[[Y LKKPMMFIT \ ]JGNG PNGMN O[HKGV H JFTJ XH[PG LI EJGFM MHIRFITFI H [GHVGM ^LHMV EJHE MGKLMVGV EJG ØKLUOPEHEFLI PIFEN KLIEMF^PEGV Ø QLM EJG Ø�GEFçzLUG
OMLè GKE Ø\ ]JG NKLMFIT NYNEGU VFV ILE OMGXGIE EJGNG MHEFLIH[ O[HYGMN QMLU FIKMGHNFIT EJGFM
OMLwE ^Y ULVFQY FIT EJG ^ GJHXFLM LQ EJGFM NLQESHMG ßé ¥á \Ã JHE NJLP[V ^G EJG MGNOLING EL EJG OML^[GU N KMGHEGV ^Y PNGM MHEFLIH[FEY FI O GGM EL O GGMNYNEGU Nê ÃG ^G[FGXG EJHE H TLLV NEHMEFIT OLFIE EL NL[XG EJG [HKR LQ KLLOGMHEFLI OML^[GU
SLP[V ^G EL GÁEGIV EJG SLMR LI THU G EJGLMGEFKH[ ULVG[FIT OMGNGIEGV FI EJFN EJGNFN HIVQPMEJGM GÁO[LMG EJG PNG GKLILU FK ULVG[FIT HN H ELL[ EL VGNFTI yVFNEMF^PEGV� OMLELKL[N
S FEJ NG[QgFIEGMGNE HIV MHEFLIH[FEY FI U FIV \ ]JG KGIEMH[ KJH[[GITG FI EPMIFIT FVGHN QMLU
GKLILU FKN FN EL LÈGM FIKGIEFXGN QLM ILVGN EL QL[[LS OMLELKL[N EJHE OMLXFVG EJG IGESLMRN HN
SJL[G S FEJ TLLV NYNEGUgS FVG O GMQLMU HIKG \

à ¼ëì¹í¼·¸» �·ë �ºíºëì ëì»ìîë¹ï

�GNGHMKJ FI NGKPMFEY NKJGU GN QLM LO GI HV JLK IGESLMRN FN NEF[[ FI FEN FIQHIKY HIV H [LE LQ
MLLU QLM KMGHEFX FEY FN HXHF[H^[G \

ZLIKGMIFIT KLLOGMHEFLI GIQLMKGU GIE NKJGU GN h HI FIEGMGNEFIT VFMGKEFLI EJHE IGGVN QPMgEJGM MGNGHMKJ FN LÈGMGV ^Y EJG HIH[YNFN LQ KLLOGMHEFLI NEMHEGTFGN HIV KLH[FEFLI QLMU HEFLIH[TLMFEJUN EJMLPTJ THUG EJGLMY S FEJ H ULMG MGH[FNEFK MGOMGNGIEHEFLI LQ EJG PIVGM[HYFITIGESLMRFIT UGKJHIFNU N \ WIVGGV h NGXGMH[ [FU FEHEFLIN LQ LPM NKJGU G HMG VPG EL LPM FI FEFH[HNNPUOEFLIN Ö HN HI GÁHUO[G h SG LI[Y KLINFVGM JLULTGIGLPN IGESLMRN SJGMGHN FE SLP[V^G ULMG MGH[FNEFK EL KLINFVGM JGEGMLTGIGLPN IGESLMRN \ pPMEJGMU LMG h SG FIFEFH[[Y KLINFVGMFIEGMHKEFLIN HULIT MHIVLU OHFMN LQ ILVGN FI EJG IGESLMR Ö JLSGXGM h SG ^G[FGXG EJHE EJGNEMHEGTY NOHKG LQ H ILVG KLP[V ^ G MGVPKGV FQ SG KLINFVGM UP[EFO[GgO [HYGM FIEGMHKEFLIN ^YEHRFIT FIEL HKKLPIE EJG NEMHEGTY LQ H[[ ILVGN EJHE ^ G[LIT EL H MLPEG QMLU H NLPMKG EL EJGKLMMGNOLIVFIT VGNEFIHEFLI \WI LPM MGNGHMKJ h SG wMNE OMLOLNGV H NL[PEFLI EL OMLXFVG FIKGIEFXGN EL KLLOGMHEG FI HV JLKIGESLMRN h HIV EJGI HIH[YoGV FE EJMLPTJ THUG EJGLMY\ ¾ [EGMIHEFXG[Yh FE SLP[V FIEGMGNEFITEL OMLOLNG H THU G EJGLMGEFKH[ QMHU GSLMR EL FIQGM EJG TPFVG[FIGN QLM EJG VGNFTI LQ H TGIGMFKKLLOGMHEFLI NKJGU G SJF[G EHRFIT FIEL HKKLPIE EJG O GKP[FHMFEFGN LQ EJG U GKJHIFNU N PNGV ELFUO[GU GIE H KLLOGMHEFLI NEMHEGTY\ZLLOGMHEFLI GIQLMKGU GIE NKJGU GN HMG ^HNGV LI EJG OMLU FNKPLPN ULVG LOGMHEFLI LQ S FMGg[GNN KHMVN HIV PNG EJG SHEKJVLT EGKJIF�PG \ WI EJFN EJGNFN SG NPUUHMFoGV EJG FNNPGN FIJGMg
GIE EL EJFN EGKJIF�PG HIV OMLOLNG EL PNG MGOPEHEFLI FI LMVGM EL U FEFTHEG GXGIEPH[ GMMLMN LQ
ULIFELMFIT KLUOLIGIEN ^HNGV LI EJG SHEKJVLT UGKJHIFNU \ zLSGXGM h FE SLP[V ^G FIEGMg
GNEFIT EL wIV X FH^[G H[EGMIHEFXGN EL EJG SHEKJVLT EGKJIF�PG U HFI[Y QLM FIEGMgLO GMH^F[FEY
MGHNLIN Ö EJG GÁOGMFGIKG THEJGMGV EJMLPTJ EJG OMHKEFKH[ GXH[PHEFLI LQ ZÉ�À HN OHME LQ HEGNEg^ GV O[HEQLMU KPMMGIE[Y PIVGM VGXG[LOUGIE FI LPM [H^LMHELMFGN NJLS N EJHE FE FN PIg
MGH[FNEFK EL HNNPUG S FMG[GNN KHMV EL OMLO GM[Y yHIV GHNF[Y � QPIKEFLI FI OMLU FNKPLPN ULVG \
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WIVGGV h ULNE LQ EJG LÈgEJGgNJG[Q JHMVSHMG HXHF[H^[G QLM KLUUGMKFH[ PNG VLGN ILE NPOOLME
OMLU FNKPLPN U LVG LOGMHEFLI Ù QPMEJGMULMG h EJG KPMMGIE EMGIV FI EJG OMLXFNFLI LQ O GMNLIH[
S FMG[GNN KLIIGKEFX FEY FN EL FIEGTMHEG ËàÞ \¥¥ KHOH^F[FEFGN VFMGKE[Y FIEL ZÝãN h [FRG QLM EJGZGIEMFIL EGKJIL[LTY HXHF[H^[G QMLU WIEG[ h SJGMG^Y HVXHIKGV KLIwTPMHEFLI KHOH^F[FEFGN LQEJG S FMG[GNN VGX FKG HMG VMHNEFKH[[Y MGVPKGV \

ZLIKGMIFIT EJG P[EFU HEG TLH[ LQ VGNFTIFIT VFNEMF^PEGV NGKPMFEY NGMXFKGN EJHE OMLXFVGNEMP[Y NG[QgLMTHIFoGV NGKPMFEY HNNLKFHEFLIN HU LIT EJG ILVGN LQ EJG HV JLK IGESLMR h ULNELQ EJG NL[PEFLIN OMLOLNGV FI EJG [FEGMHEPMG QH[[ NJLME FI U GGEFITN EJG MG�PFMGU GIEN FU g
OLNGV ^Y LOGI HV JLK IGESLMRN \ ]JG [HKR LQ VGVFKHEGV KLUOLIGIEN EJHE OMLX FVG NPKJNGKPMFEY NGMXFKGN MG�PFMGN EJG VGwIFEFLI LQ VFNEMF^PEGV NGKPMFEY NGMXFKGN EJHE VL ILE MGg
�PFMG EJG OMGNGIKG LQ H EMPNEGV EJFMV OHMEY QLM EJGFM FI FEFH[FoHEFLI Ö HI FIEGMGNEFIT HMGH EJHENJLP[V ^G FIXGNEFTHEGV FN LÈGMGV ^Y VFNEMF^PEGV HIV NGKPMG KLUOPEHEFLI UGKJHIFNU N EJHEKHI OMLXFVG HI GÈGKEFXG SHY QLM EJG NG[QgFI FEFH[FoHEFLI LQ KPMMGIE RGYgU HIHTGUGIE NKJGU GN \

]JMLPTJLPE EJFN EJGNFN SG PIVGM[FIG EJG IGGV QLM H NGKPMFEY HMKJFEGKEPMG EJHE VGwIGNEJG FIEGMHKEFLIN HIV EJG FIEGTMHEFLI ^GESGGI EJG NGKPMFEY ^PF[V FIT ^[LKRN EJHE KLO G S FEJIGESLMR [GXG[ NGKPMFEY GÁOLNPMGN \ ÃG VGGU EJHE HI FIEGMGNEFIT ELOFK EJHE IGGVN QPMEJGM
MGNGHMKJ FN MG[HEGV EL EJG VGwIFEFLI LQ NPKJ HI HMKJFEGKEPMG H[NL EHRFIT FIEL HKKLPIE KMLNNg[HYGM LOEFU FoHEFLI FNNPGN \ ¾ N HI GÁHUO[G h SG U GIEFLIGV FI EJFN EJGNFN EJHE FE SLP[V ^GFIEGMGNEFIT EL NEPVY EJG FUO[FKHEFLIN LQ KMLNNg[HYGM FIEGMHKEFLIN ^ GESGGI H [HYGMgð KLLOGMgHEFLI GIQLMKGU GIE U GKJHIFNU HIV EJG HOO[FKHEFLI ^GJHXFLM MPIIFIT LI EJG ILVGN \
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WI LMVGM EL U HFIEHFI KLIIGKEFX FEY FI HI ¾VgJLK IGESLMR h UL^F[G EGMU FIH[N NJLP[V ILE LI[YNO GIV EJGFM MGNLPMKGN y^HEEGMY OLSGM� EL NGIV EJGFM LSI OHKRGEN h ^PE H[NL QLM QLMSHMVFIT
OHKRGEN LQ LEJGM UL^F[GN \ �FIKG ¾VgJLK IGESLMRN VL ILE JHXG H KGIEMH[FoGV ^HNGgNEHEFLIEJHE KLLMVFIHEGN ^ GESGGI EJGU h HI FUOLMEHIE �PGNEFLI EJHE JHN ^ GGI HVVMGNNGV FN EL RILS
SJGEJGM SG UHY FIVGGV GÁO GKE UL^F[GN EL KL[[H^LMHEG FI NPKJ QLMSHMVFIT \ WQ U L^F[GN ^ GgJHXG NG[wNJ[Yh EJGY U FTJE ILE ^ G FIEGMGNEGV FI NO GIVFIT EJGFM OMGKFLPN EMHINU FNNFLI OLSGMFI QLMSHMVFIT LQ LEJGM UL^F[G ×N EMH� K \ ¾ IHEPMH[ QMHU GSLMR EL NEPVY EJFN OML^[GU FN
ILIKLLOGMHEFXG THUG EJGLMY\ ¾ N H[MGHVY L^NGMXGV FI U HIY OHOGMN EJHE KLINFVGM ILIKLgLO GMHEFXG ^ GJHXFLM FI ¾VgJLK IGESLMRN h FQ SG MGNEMFKE EL NFUO[FNEFK OL[FKFGN FI SJFKJ GHKJ
UL^F[G VGEGMU FIGN H wÁGV OML^H^F[FEY LQ QLMSHMVFIT H OHKRGE h EJGI EJFN TFXGN MFNG EL EJG
ULNE ùHTTMGNNFXG Ø G�PF[F^MFPU FI SJFKJ IL LIG QLMSHMVN OHKRGEN h NGG G \T \ ßðË h ZLML[[HMY¥á h ßúÚá h EJPN OMGXGIEFIT EJG NYNEGU EL ^GJHXG HN H KLIIGKEGV IGESLMR \ ]JG OJGILUGILILQ HTTMGNNFXG G�PF[F^MFPU EJHE NGXGMG[Y HÈGKEN O GMQLMU HIKG JHN H[NL ^ GGI MGOLMEGV FI LEJGMILIKLLOGMHEFXG OML^[GU N FI IGESLMRFIT h NGG G \T \ ßðÊá QLM H �LS KLIEML[ KLIEGÁE yFI SJFKJEJG HTTMGNNFXG G�PF[F^MFPU KLMMGNOLIVN EL H[[ PNGMN NGIVFIT HE EJGFM U HÁFUPU MHEG� \

WI LMVGM EL HXLFV XGMY HTTMGNNFXG G�PF[F^MFH h SG OMLOLNG NEMHEGTFGN ^HNGV LI EJMGHENLQ OPIFNJU GIEN QLM U FN^ GJHXFIT HTTMGNNFXG U L^F[GN h SJFKJ FN FI EJG NOFMFE LQ H SG[[ GNgEH^[FNJGV VGNFTI HOOMLHKJ QLM OMLU LEFIT KLLOGMHEFLI FI ¾VgJLK IGESLMRN h KHMMFGV LI FI
UHIY OMGXFLPN SLMRN ßðËá h ß¥àÊá \ WI H[[ EJGNG MGQGMGIKGN h EJG SG[[ RILSI ù] W]gpÉ�g]¾] Ø
y]p] � NEMHEGTY SHN OMLOLNGV \ ]JFN FN H NEMHEGTY FI SJFKJ SJGI H U FN^ GJHXFIT ILVG FN
VGEGKEGV EJGI EJG MGHKEFLI LQ LEJGM UL^F[GN FN EL NELO KLUO[GEG[Y QLMSHMVFIT OHKRGEN VPMgFIT NLU G EFU G Ù FE EJPN OMGNKMF^ GN H EJMGHE QLM XGMY ùHTTMGNNFXG Ø OPIFNJUGIE h MGNP[EFIT FIHI GIQLMKGU GIE LQ H QP[[Y KLLOGMHEFXG G�PF[F^MFPU FI SJFKJ H[[ U L^F[GN QLMSHMV H[[ OHKRGEN
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EJGY MGKGFXG yNGG G \T \ ßðË h ZLML[[HMY Þá� \ ]JG HPEJLMN LQ ß¥àéá H[NL OMLOLNG PNG LQ H XHMFHIELQ ]p] FI H NFU F[HM KLIEGÁE \

WI EJFN SLMR SG KLINFVGM H [GNN HTMGNNFXG OPIFNJU GIE OL[FKY\ ÃG NFUO[Y HNNPU G EJHEFQ EJG QMHKEFLI q′
LQ OHKRGEN QLMSHMVGV ^Y H UL^F[G FN [GNN EJHI EJG QMHKEFLI q

QLMSHMVGV^Y LEJGM UL^F[GN h EJGI EJFN S F[[ MGNP[E FI H VGKMGHNG LQ EJG QLMSHMVFIT OML^H^F[FEY LQ EJGLEJGM U L^F[GN EL EJG XH[PG q′
\ ÃG NJH[[ NJLS EJHE EJFN S F[[ FIVGGV [GHV EL ILIgHTTMGNNFXG

G�PF[F^MFH h YGE ILE IGKGNNHMF[Y EL KLUO[GEG KLLOGMHEFLI \ ]JG MGHNLIN QLM HVLOEFIT EJFN
U F[VGM OPIFNJUGIE NEMHEGTY HMG EJG QL[[LS FIT Ö

¥\ ]JGMG JHN ^ GGI KMFEFKFNU FI EJG THUGgEJGLMGEFKH[ KLUUPIFEY LI EJG PNG LQ HTTMGNNFXG
OPIFNJUGIEN \ pLM GÁHUO[G h EJMGHEN QLM HTTMGNNFXG OPIFNJU GIEN JHXG ^ GGI HMTPGV ILEEL ^ G KMGVF^[G EJMGHEN SJGI EJG OPIFNJFIT HTGIE U HY FENG[Q [LLNG HE EJG OPIFNJFIT
OJHNG \ ]JFN U LEFXHEGV G�PF[F^MFH ^HNGV LI ULMG KMGVF^[G OPIFNJU GIEN RILSI HNNP^THU G OGMQGKE G�PF[F^MFH ßÚÚá \

Þ \ ¾I FIVFX FVPH[ EJHE HVLOEN HI ùOHMEFH[[YgKLLOGMHEFXG Ø ^ GJHX FLM yF \G \ QLMSHMVN OHKRGEN
S FEJ OML^H^F[FEY 0 < q < 1

� IGGV ILE ^ G KLINFVGMGV HN HI ùHTTMGNNFXG Ø FIVFX FVPH[ hHIV EJPN EJG OPIFNJU GIE IGGVN ILE ^ G ùHTTMGNNFXG Ø GFEJGM Ù FE FN Þ ;Ä� EL MGNOLIV ELNPKJ H OHMEFH[[YgKLLOGMHEFXG ^ GJHXFLM S FEJ H OHMEFH[[YgKLLO GMHEFXG MGHKEFLI h SJFKJTFXGN MFNG EL LPM U F[V OPIFNJUGIE NKJGU G \
ð \ ]JG ]p] OL[FKY SLP[V [GHV EL KLUO[GEG KLLOGMHEFLI HE G�PF[F^MFPU \ zLSGXGM h LPM
U F[VGM OPIFNJUGIE NGGU N EL PN ULMG VGNKMFOEFXG LQ HKEPH[ ^ GJHX FLM FI EJG NLKFGEY FI
SJFKJ SG VL ILE L^EHFI QP[[ KLLO GMHEFLI HE G�PF[F^MFPU yQLM GÁHUO[G FI EJG ^ GJHX FLMLQ VMFXGMN LI EJG MLHV h FI EJG MHEG LQ KMFU FIH[FEY GEK \� WE U HY FIVGGV ^G GÁOGKEGV EJHENLU G VGTMGG LQ ILIgKLLOGMHEFXG ^ GJHX FLM ^Y H NU H[[ IPU^GM LQ O GMNLIN KLP[V MGNP[EFI [HMTGM HIV [HMTGM OLMEFLIN LQ EJG NLKFGEY EL MGHKE ^Y HVLOEFIT NPKJ H ^GJHX FLM \

¾ N H[MGHVY U GIEFLIGV h FIKGIEFXG QLM KLLOGMHEFLI FI ¾VgJLK IGESLMRN JHXG ^ GGI NEPVFGVFI NGXGMH[ OHO GMN h NGG ßðË húÚ h ¥àé h ¥àÊá \ ¾ [U LNE H[[ OMGXFLPN OHOGMN JLSGXGM LI[Y KLINFVGMGVPEF[FEFGN MG[HEGV EL NPKKGNNQP [ EMHINU FNNFLI LQ H UL^F[G ×N OHKRGE EL FEN IGFTJ^LM \ WI OMHKEFKG hJLSGXGM h UP[EFJLO MLPEGN U HY ^G MG�PFMGV QLM H OHKRGE EL MGHKJ FEN VGNEFIHEFLI h NL EJGPEF[FEY KLMMGNOLIVFIT EL NPKKGNNQP[ EMHINU FNNFLI VGOGIVN LI EJG QLMSHMVFIT ^GJHXFLM LQ H[[
U L^F[GN H[LIT EJG OHEJ \ ]JG TLH[ LQ LPM OHOGM FN EJGMGQLMG EL NEPVY EJG QLMSHMVFIT EHRFITFIEL HKKLPIE EJG UP[EFJLO ELOL[LTFKH[ KJHMHKEGMFNEFKN LQ EJG OHEJ \

½LNE K[LNG EL LPM SLMR FN EJG OHOGM ßðËá SJFKJ KLINFVGMN H U LVG[ NFU F[HM EL LPMN yFIgEMLVPKGV FI �GKEFLI ¾ \Þ ^ G[LS � \ ßðËá OMLXFVGN NP� KFGIE KLIVFEFLI LI EJG IGESLMR ELOL[LTYPIVGM SJFKJ GHKJ ILVG GUO[LYFIT EJG ùHTTMGNNFXG Ø ]p] OPIFNJUGIE NEMHEGTY MGNP[EN FIH ¿HNJ G�PF[F^MFPU \ WI EJG OMGNGIE OHOGM h SG NJLS EJHE H [GNN HTTMGNNFXG OPIFNJU GIE
UGKJHIFNU KHI H[NL [GHV EL H ¿HNJ G�PF[F^MFPU SJFKJ JHN H VGNFMH^[G QGHEPMG EJHE FE FN[GNN MGNLPMKG KLINPU FIT FI EJG NGING EJHE H ILVG IGGV ILE HKKGOE H[[ EJG QLMSHMVFIT MGg
�PGNE \ ÃG H[NL OMLXFVG NLU G MGNP[EN VGNKMF^FIT EJG NEMPKEPMG LQ EJG ¿HNJ G�PF[F^MFPU EJPNL^EHFIGV y�GKEFLI ¾ \é� \ ÃG EJGI OMLXFVG H VFNEMF^PEGV H[TLMFEJU SJFKJ KHI ^G PNGV ^Y
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EJG ILVGN EL KLUOPEG EJGFM G�P[F^MFPU NEMHEGTFGN HIV GIQLMKG EJG OPIFNJUGIE U GKJHIFNUPNFIT LI[Y [L KH[ FIQLMU HEFLI y�GKEFLI ¾ \ú� \ ]JG H[TLMFEJU FN FUO[GU GIEGV PNFIT EJG ½¾]g�¾� NPFEG HIV NLU G IPUGMFKH[ MGNP[EN HMG OMGNGIEGV y�GKEFLI ¾ \Ê� \ �KGEFLI ¾ \Ë KLIK[PVGNEJG OHOGM \

� Ñ� ÓÔÕ � 1dÕ "

ZLINFVGM HI ¾VgJLK IGESLMR VGNKMF^ GV ^Y H VFMGKEGV TMHOJ G = (N, V )
\ ¾ [LIT S FEJ EJHEIGESLMR h SG KLINFVGM H NGE LQ NLPMKGgVGNEFIHEFLI OHFMN O

HIV H TFXGI MLPEFIT ^GESGGI GHKJNLPMKG s
HIV FEN KLMMGNOLIVFIT VGNEFIHEFLI d h LQ EJG QLMU π(s, d) = (s, n1, n2, . . . , nk, d) hSJGMG k = k(s, d)

FN EJG IPU^GM LQ FIEGMU GVFHEG JLON HIV nj = nj(s, d)
FN EJG j

EJ FIEGMg
U GVFHEG ILVG LI OHEJ π(s, d)

\ ÃG HNNPUG EJHE UL^F[G j
QLMSHMVN OHKRGEN yFIVGO GIVGIE[YQMLU EJG NLPMKG LQ EJG OHKRGE� S FEJ H wÁGV OML^H^F[EY γj
\ �GE γ

^G EJG XGKELM LQ QLMSHMVgFIT OML^H^F[FEFGN LQ H[[ U L^F[GN \ ÃG HNNPU G JLSGXGM EJHE GHKJ NLPMKG s
QLMSHMVN FEN LSI

OHKRGEN S FEJ OML^H^F[FEY LIG \ pLM H TFXGI OHEJ π(s, d) h EJG OML^H^F[FEY EJHE H EMHINU FEEGVOHKRGE MGHKJGN FEN VGNEFIHEFLI FN EJPN Ö

p(s, d; γ) =

k(s,d)
∏

j=1

γ(nj(s, d)).

WQ
i
^G[LITN EL H OHEJ π(s, d) SG SMFEG i ∈ π(s, d)

\ pLM H TFXGI OHEJ π(s, d)
LQ EJGQLMU (s, n1, n2, . . . , nk, d)

HIV H TFXGI UL^F[G nj ∈ π(s, d) h VGwIG EJG NGE LQ FIEGMU GVFHEGILVGN ^ GQLMG nj
EL ^ G EJG NGE S(s, d; nj) = (n1, ..., nj−1)

\ ]JG OML^H^F[FEY EJHE NLU G ILVG
i ∈ π(s, d) MGKGFXGN H OHKRGE LMFTFIHEFIT QMLU s S FEJ d

HN FEN VGNEFIHEFLI FN EJGI TFXGI ^Y
p(s, d; i, γ) =

∏

j∈S(s,d;i)

γ(j).

¿LEG EJHE p(s, d; d, γ) = p(s, d; γ) h EJG OML^H^F[FEY EJHE ILVG d MGKGFXGN H OHKRGE LMFTFIHEFITQMLU NLPMKG s
HIV JHXFIT d

HN FEN VGNEFIHEFLI \
 GwIG O(i)

EL ^ G H[[ EJG OHEJN FI SJFKJ H UL^F[G i
FN HI FIEGMU GVFHEG ILVG \ �GE EJG

MHEG HE SJFKJ NLPMKG s
KMGHEGN OHKRGEN QLM VGNEFIHEFLI d

^ G TFXGI ^Y NLU G KLINEHIE λsd

\
]JGI EJG MHEG HE SJFKJ OHKRGEN HMMFXG HE ILVG i

FI LMVGM EL ^ G QLMSHMVGV EJGMG FN TFXGI ^Y
ξi(γ) =

∑

π(s,d)∈O(i)

λsdp(s, d; i, γ).

�GE Ef
^ G EJG ELEH[ GIGMTY IGGVGV QLM QLMSHMVFIT H OHKRGE ySJFKJ FIK[PVGN EJG GIGMTY QLMFEN MGKGOEFLI HIV FEN EMHINU FNNFLI � \ ]JGI EJG PEF[FEY LQ UL^F[G i

EJHE SG KLINFVGM FN
Ui(γ) =

∑

n:(i,n)∈O

λinfi(p(i, n; γ))

+
∑

n:(n,i)∈O

λnigi(p(n, i; γ)) − aEfξi(γ), y¾ \¥�
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SJGMG fi

HIV gi

HMG PEF[FEY QPIKEFLIN EJHE VGO GIV LI EJG NPKKGNN OML^H^F[FEFGN HNNLKFHEGV
S FEJ ILVG i

HN H NLPMKG HIV HN H VGNEFIHEFLI MGNO GKEFXG[Y HIV a
FN NLU G UP[EFO[FKHEFXGKLINEHIE \ ÃG HNNPU G EJHE fi(·)

HIV gi(·)
HMG ILIVGKMGHNFIT KLIKHXG FI EJGFM HMTPU GIEN \]JG L^è GKEFXG LQ U L^F[G i

FN EL KJLLNG γi
EJHE U HÁFU FoGN Ui(γ)

\ ÃG MGU HMR JGMG EJHENFU F[HM PEF[FEY QPIKEFLI FN H[NL KLINFVGMGV FI ßðËá S FEJ EJG VFÈGMGIKG EJHE ILVG ×N PEF[FEY
VLGN ILE FIK[PVG FEN MGSHMV HN H VGNEFIHEFLI h F \G \h EJGY HNNPU G EJHE gi(·) ≡ 0

\
è m�ku~ulk ê 	�� ;8Æ �9 �Ä��³ �Þ ³ ��;��
Æ γ

Þ �� ;Å Å � �ÜÄÅ�³� ��? 8 � (γ′
i, γ

−i)
�� Ü� �9 � ³ ��;��
Æ �Ü�;Ä8 �� �9 �8 �8ÅÆ Â Å;Æ�� i ��äÄ;��³ Þ ��� γi

�� γ′
i

;8� ��9 �� � �ÜÄÅ�³ �;Ä8�;Ä8 �9 �Ä�³ ��;��
 Ä�³ ?  �� �
WI H ILIKLLOGMHEFXG QMHU GSLMR h EJG NL[PEFLI KLIKGOE LQ EJG LOEFU FoHEFLI OML^[GU QHKGV^Y H[[ O [HYGMN FN EJG QL[[LS FIT Ö

è m�ku~ulk ê 7 � ;³9 ��ÇÄÅÄÜ�ÄÇ� � Ä³ ³�� � ³ ��;��
Æ ³ �� γ∗
Þ �� ;Å Å � �ÜÄÅ�³ ³Ç�9 �9;� Þ �� �;�9

� �ÜÄÅ� i
�

Ui(γ
∗) = max

γ′

i

Ui(γ
′
i, (γ

∗)−i).

�� �;Å Å argmaxγ′

i
Ui(γ

′
i, γ

−i)
�9 � ³ �� �Þ �Â �Ä� ;Å ��³Â �8³ �³ �Þ Â Å;Æ�� i

;
;Ä8³ � ��9 �� � �ÜÄÅ�³
Â �ÅÄ�Æ γ−i �Ä� � ;Æ Ü� ;8 ��Â �Æ ³ �� �� 9;ä� ³ �ä��;Å �Å�� �8�³� �

WI LPM NGEEFIT h FE FN GHNY EL NGG EJHE QLM GHKJ UL^F[G i
HIV GHKJ wÁGV NEMHEGTY γ−iQLM LEJGM O[HYGMN h EJG ^ GNE MGNOLING LQ UL^F[G i

FN
γi = 0 yPI[GNN O(i) = ∅ FI SJFKJKHNG h EJG ^ GNE MGNOLING FN EJG SJL[G FIEGMXH[ [0, 1]

� \ ]JPN EJG LI[Y OLNNF^[G G�PF[F^MFPU FN
EJHE LQ

γi = 0
QLM H[[ i \ ]L LXGMKLU G EJFN OML^[GU h SG KLINFVGM EJG QL[[LS FIT ùOPIFNJFITUGKJHIFNU Ø\ FI LMVGM EL FIKFEG UL^F[GN EL KLLOGMHEG \

è m�ku~ulk ê ��8³ Ä��� ; 
 Ää �8 ³ �� �Þ Â �ÅÄ�Ä�³ γ = (γ, γ, γ, ...) � �Þ ³�� � � �ÜÄÅ� ��äÄ;��³;8� Ç³ �³ ³�� � γ′ < γ
� � � ��? 8 � �9 � Â Ç8Ä³9Ä8
 Â �ÅÄ�Æ κ(γ′, γ)

;³ �9 � Â �ÅÄ�Æ Ä8 �9Ä�9 ;Å Å
� �ÜÄÅ�³ �����;³ � �9 �Ä� Þ ���;��Ä8
 Â ��Ü;ÜÄÅÄ�Æ �� γ′ �
ÃJGI EJFN OPIFNJFIT U GKJHIFNU FN GIQLMKGV h EJGI EJG ^ GNE NEMHEGTY LQ H U L^F[G i SJGIH[[ LEJGM UL^F[GN PNG NEMHEGTY γ

FN
γ′ EJHE HKJFGXGN

J(γ) := max
γ′≤γ

Ui(γ
′) y¾ \Þ�

SJGMG γ′ = (γ′, γ′, γ′, ....)
\

è m�ku~ulk ê �Þ ³�� � γ∗ ;�9 Ä�ä�³ �9 � � Ä8Ä�Ç� Ä8 �7 ��� � � �;Å Å �9 � ä����� γ∗ = (γ∗, γ∗, γ∗, ...)�9 � ��ÇÄÅÄÜ�ÄÇ� ³ ��;��
Æ �Þ �� �9 � Þ ���;��Ä8
 Â ��ÜÅ��� Ç8��� �9��;�³ � J(γ) Ä³ �;Å Å�� �9 � �����³Â �8�Ä8
 ä;ÅÇ ��
� më it� ê ¿LEG EJHE γ∗ = 0

FN NEF[[ H ¿HNJ G�PF[F^MFPU h H QHKE EJHE S F[[ ^ G PNGV QMG�PGIE[YFI �GKEFLI ¾ \é SJGMG SG L^EHFI NLU G NEMPKEPMH[ OMLO GMEFGN LQ G�PF[F^MFPU NEMHEGTY PIVGMEJMGHEN \
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� ÑÒ � ��"���ÕÙ 01� ��Û ÛÕ���Ú!" Ó1¤1"1� �ÕÙ

�Y NYUUGEMFKH[ ELOL[LTY SG U GHI EJG KHNG SJGMG fi
h gi

HIV ξi

HMG FIVGO GIVGIE LQ i
\

]JFN FUO[FGN EJHE QLM HIY NLPMKGgVGNEFIHEFLI OHFM (s, d) h EJGMG HMG ESL ILVGN s′
HIV d′NPKJ EJHE EJG NLPMKGgVGNEFIHEFLI OHFMN (s′, s)

HIV (d, d′)
HMG FVGIEFKH[ EL (s, d)

FI EJG NGINGEJHE EJGMG XFGS LQ EJG IGESLMR FN NFU F[HM EL EJHE LQ (s, d)
\ ]JFN FUO[FGN EJHE h PIVGMEJG OPIFNJU GIE UGKJHIFNU SJGMG H[[ ILVGN JHXG NHU G QLMSHMVFIT OML^H^F[FEYh SG JHXG

p(s, d; γ) = p(s′, s; γ)
\ ]JPN SG KHI MGO[HKG EJG MGSHMVN fi + gi

^Y HILEJGM QPIKEFLI EJHE
SG VGILEG f(·) \

ZLINFVGM γ SJGMG H[[ GIEMFGN HMG EJG NHU G HIV G�PH[ EL γ h GÁKGOE QLM EJHE LQ U L^F[G
i
\ pLM H OHEJ π(s, d)

KLIEHFIFIT
n
FIEGMU GVFHEG ILVGN h SG JHXG p(s, d; γ) = γn \ ¾ [NL h FQH UL^F[G i

FN
n + 1

JLON HSHY QMLU H NLPMKG h n = 1, 2, 3, ... h HIV FN LI EJG OHEJ QMLU EJFNNLPMKG EL H VGNEFIHEFLI y^PE FN ILE FENG[Q EJG VGNEFIHEFLI � h EJGI p(s, d; i, γ) = γn \ ÃG KH[[EJG NLPMKG HI ùGÈGKEFXG NLPMKG Ø QLM QLMSHMVFIT EL UL^F[G i
NFIKG FE OLEGIEFH[[Y JHN OHKRGENEL ^ G QLMSHMVGV ^Y UL^F[G i

\ �GE h(n)
^G EJG MHEG HE SJFKJ H[[ GÈGKEFXG NLPMKGN [L KHEGV

n + 1
JLON HSHY QMLU UL^F[G i

EMHINU FE OHKRGEN EJHE NJLP[V PNG UL^F[G i
QLM QLMSHMVFIT

ySG HNNPUG EJHE h
FN EJG NHU G QLM H[[ ILVGN� \ �GE λ(n) VGILEG EJG MHEG HE SJFKJ H NLPMKG

s
KMGHEGN OHKRGEN EL H[[ VGNEFIHEFLIN EJHE HMG n + 1

JLON HSHY QMLU FE \ ]JGI SG JHXG

Ui(γ) =
∞
∑

n=1

λ(n)f(γn) − aEf

∞
∑

n=1

h(n)γn. y¾ \ð�
]JG G�PF[F^MFPU NEMHEGTY PIVGM EJMGHE FN EJGI EJG XH[PG LQ γ

EJHE U HÁFU FoGN EJG M \J \N \
� më it� ê WQ SG VGILEG ^Y Λ(z) =

∑∞
n=1 znλ(n) EJG TGIGMHEFIT QPIKEFLI LQ λ(n) HIV H(z) :=

∑∞
n=1 znh(n)

EJG TGIGMHEFIT QPIKEFLI LQ h
\ ]JGI

max
γ

(

Λ(γ) − aEfH(γ)
)

FN EJG XH[PG LQ EJG OML^[GU S FEJ EJMGHEN FI EJG KHNG EJHE f
FN EJG FVGIEFEY QPIKEFLI \

� Ñ� ��!Û¤"ÕÙ

WI EJFN NGKEFLI SG OMGNGIE h ^Y U GHIN LQ ESL GÁHUO[GN h EJG GÈGKE LQ FUOLNFIT EJG OMLOLNGV
OPIFNJU GIE UGKJHIFNU \

� �� �� �¸ � »Ï  ìíë¼¹ ! ìí*·ë"
ZLINFVGM EJG IGESLMR NJLSI FI pFTPMG ¾ \¥\ pLM EJFN KHNG ILVGN 1

HIV 4
JHXG IL EMH� KEL QLMSHMV \ ¿LEG H[NL EJHE FQ SG HNNPU G EJHE g3(·) ≡ 0

FI À�PHEFLI ¾ \¥ EJGI ILVG 3
JHN
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IL FIKGIEFXG GXGI EL FIXLRG EJG OPIFNJUGIE U GKJHIFNU QLM ILVG 2

\ ]JFN S F[[ MGNP[E FI ILKLLOGMHEFLI FI EJG IGESLMR \ ¾ NNPUG QLM EJG EFU G ^GFIT EJHE f2(x) = g3(x) = x h F \G \h f2HIV g3

HMG FVGIEFEY QPIKEFLIN \ WI EJFN KHNG FE FN NGGI EJHE EJG PEF[FEY QPIKEFLIN QLM ILVGN 2HIV 3
HMG h HNNPU FIT λ13 = λ24 = 1 h U2(γ2, γ3) = γ3 − aEfγ2

HIV U3(γ2, γ3) = γ2 − aEfγ3

\
Ã JGI SG FUOLNG EJG OPIFNJU GIE UGKJHIFNU h FE EPMIN LPE EJHE EJG G�PF[F^MFPU NEMHEGTYQLM EJG ESL ILVGN FN EL H[SHYN KLLOGMHEG h F \G \h γ2 = γ3

\ ]JFN FN EL ^ G KLUOHMGV S FEJ EJG]p] NEMHEGTY LQ ßðËá SJFKJ SLP[V FUO[Y γ2 = γ3 = 0
\

p FTPMG ¾ \¥Ö ¾I HNYUUGEMFK IGESLMR \

� �� �# � $%  ìíë¼¹ ! ìí*·ë" & ' ¼ë¹º#îë ! ìí*·ë" * ¼íï & ¼,ì( )ì¸*íï
· + ,îíï»

ÃG KLINFVGM JGMG G�PH[[Y NOHKGV UL^F[G ILVGN LI H KFMK[G HIV HNNPUG EJHE GHKJ ILVG i
FN

H NLPMKG LQ EMH� K EL H ILVG [L KHEGV L
JLON EL EJG MFTJE h F \G \ EL EJG ILVG i + L

\
�GE EJG MHEG LQ EMH� K TGIGMHEGV QMLU H NLPMKG ^ G λ

\ pLM EJFN KHNG h h(n) = λI{n≤L−1}
\

¾ [NL h λ(n) = λI{n=L}
h QLM NLU G λ

\ WE QL[[LS N QMLU À�PHEFLI ¾ \ð EJHE EJG PEF[FEY QPIKEFLIQLM UL^F[G i
FN

Ui(γ) = λf(γL−1) − aEfλ

L−2
∑

n=0

γn.

pLM f(·) HI FVGIEFEY QPIKEFLI h SG NGG EJHE Ui(γ) = λ
[

γL−1 − aEf (γ
L−2 + γL−3 + . . . + γ + 1)

] \
¿LEG EJHE FQ L = 2

HIV a = 1
Ef

h EJG PEF[FEY QPIKEFLI FN FIVGO GIVGIE LQ γ JGIKG FI EJFN KHNGEJG G�PF[F^MFPU NEMHEGTY FN HIY XH[PG LQ QLMSHMVFIT OML^H^F[FEY\ ¾ [NL h FQ aEf ≥ 1 h EJGG�PF[F^MFPU NEMHEGTY FN γ = 0
\ ÃG S F[[ JHXG ULMG EL NHY LI EJFN FI EJ IGÁE NGKEFLI SJGMG

SG NEPVY EJG NEMPKEPMG LQ G�PF[F^MFPU NEMHEGTY QLM NYUUGEMFK IGESLMR \

� -. ./012/103 10 �41565c0517 ./08/3�9 :;0 .9773/052
<3/e;0f

W= >?@A ABC>@D= EB F=GBH>IJB >?B A>FGK DL GBM B=GB=CB DL >?B B�F@[@^H@FN A>HI>BOK D= >?BPIH@DFA AKA>BN MIHINB>BHA \ ÃB HBA>H@C> DFHAB[PBA >D >?B CIAB DL AKNNB>H@C >DMD [DO@BA \
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�KNNB>HK DL >?B MHD[\BN I\D=O E @>? >?B @NMDABG MF=@A?N B=> NBC?I=@AN @NM\@BA >?I>>?B B�F@\@[H@FN A>HI>BOK y>?B LDHEIHG@=O MHD[I[@\@>@BA� E @\\ [ B AIN B LDH I\\ >?B =DGBA @=>?B =B>EDHJ ] ÃB GB=D>B >?@A MHD[I[@\@>K [K
γ∗ ]

^?@A @A >D [ B F=GBHA>DDG IA LD\\DE A ] Ã ?B= I =DGB
i
CDNMF>BA @>A B�F@\@[H@FN A>HI>BOK

γi
h @> NFA> CD=A@GBH >?B LIC> >?I> >?B D>?BH =DGBA E @\\ HBAMD=G E @>? I MF=@A?@=O N BC?I=@AN>D @>A A>HI>BOK] ^?FA h >?B MHD[\BN LICBG [K =DGB i

@A _�� >?I> DL DM>@N @o @=O À�FI>@D= ¾ ]ðE @>? HBAM BC> >D
γi

CD=A@GBH@=O
γ−i wÁBG yE?@C? E @\\ \BIG >D >?B >H@P @I\ AD\F>@D= DL γi = 0IA ABB= [BLDHB� ] ÉE @=O >D >?B MF=@A?NB=> N BC?I=@AN h =DGB i

A?DF\G IMH@DH@ IAAFNB >?I>I\\ >?B LDHEIHG@=O MHD[I[@\@>@BA IHB AIN B h @ ]B ]h γ−i = (γi, . . . , γi)
] ^?@A N IJBA >?B MHD[\BNLICBG [K =DGB

i
I A@=O\B PIH@I[\B DM>@N @oI>@D= MHD[\BN ]

^?DFO?
f(·) @A CD=CIPB @= @>A IHOFNB=> yp(γ) h E?@C? @A I M D\K=DN @I\ @= γ

� h f(p(γ))NIK =D> [ B CD=CIPB IA I LF=C>@D= DL γ
] pDH BÁINM\B h @= >?B CIAB DL C@HCF\IH =B>EDHJI[DPB h f(p(γ)) = p(γ) = γL−1 h CD=PBÁ @= γ
] ^?FA D[>I@=@=O I G@HBC> A>HFC>FHI\ HBAF\> LDH

γ∗ ABBN A >D [ B ?IHG LDH OB=BHI\ f(·) I=G p(·) ] ÃB CI= OB> ADN B @=>BHBA>@=O @=A@O?>A FA@=OADN B IMMHDÁ @N I>@D=A Ù >?@A @A >?B I@N DL MHBAB=> ABC>@D= ] `= MIH>@CF\IH h EB A>FGK ?DE γ∗GBMB=GA D= >?B aÆa ��� Âb�b� b���a h L h f(·) h p(·) h a I=G Ef

]
`> @A C\BIH LHDN >?B BÁMHBAA@D= DL >?B F>@\@>K LF=C>@D= >?I> γ∗ E @\\ GBM B=G D= a

I=G
EfD=\K >?HDFO? >?B@H MHDGFC> ] �B> FA @=>HDGFCB >?B =D>I>@D=

K := aEf

]
`> @A I\AD C\BIH LHDN >?B GBw=@>@D= DL F>@\@>K LF=C>@D= yUi(γ)

� >?I> @L B@>?BH
K
DH

L@A Åb�
 �h >?B B�F@\@[H@FN A>HI>BOK DL >?B OINB @A I> a� b Å Å�� γ
] `> @A I\AD @=>F@>@PB >?I>LDH a� b Å Å PI\FBA DL K yDH L

� h I =DGB N IK LDHEIHG NDA> DL >?B HB�FBA>@=O MICJB>A ] `=>?B LD\\DE @=O EB C?IHIC>BH@oB E?I> PI\FB DL K DH
L
CI= [B CD=A@GBHBG IA Åb�
 � DH a� b Å Å]c \BIH\K >?@A C?IHIC>BH@oI>@D= E @\\ GBM B=G D=

f(·) I=G >?B =B>EDHJ h @ ]B ]h p(·) I=G H(·) ]

� �d �� e ìf ì¸(ì¸¹ì · +
γ∗ ·¸ K

ghm vinm l i jmkmtij �m~klt� mno
f(·)

cD=A@GBH >?B \@=B A>IH>@=O I>
γ = 0

E @>? I PI\FB f(0)
I=G ?IP@=O I A\DM B f ′(0)p′(1)

LDH
0 ≤ γ ≤ 1

] ^?@A A\DM B @A I= FMMBH [DF=G D= >?B A\DM B DL
f(p(γ)

@= >?B A>I[@\@>K HBO@D=A@=CB
p(·) @A CD=PBÁ I=G f(·) @A CD=CIPB ] ^?FA >?B \@=B CD=A>HFC>BG I[DPB @A I= FMMBH[DF=G >D

f(p(γ))
LDH

0 ≤ γ ≤ 1
] cD=A@GBH I\AD >?B \@=B A>IH>@=O LHDN

f(0)
I=G ?IP@=OI A\DM B

f ′(1)p′(0) y>?@A A\DM B @A C\BIH\K I \DEBH [DF=G D= >?B A\DM B DL f(p(γ))
] `> @A >?FA>HFB >?I>

f
\@BA @= Ü��� ��_ >?BAB >ED \@=BA ] ^?FA EB CI= OB> CD=G@>@D=A F=GBH E?@C? >?BB�F@\@[H@FN A>HI>BOK @A \BAA >?I= yDH B�FI\ >D � >?B N IÁ @N I\ MDAA@[ \B PI\FB p @ ]B ]p >?B BÁ>HBN BMD@=>

γ = 1
]

� qrstu v wx wy �z {| } _ }{� ~�� {~� ~Å~
Æ b_� f(·) ab{Äaz Æ f ′(0)p′(1) ≤ Kh(1)
� {| }_ {| } }�ÇÄ�
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ÅÄÜ�ÄÇ� a{�b{}
Æ Äa γ∗ = 0 �
� �lli Ö �D\\DE A LHDN >?B CD=A>HFC>@D= DL [DF=GA I[DPB ]
� q�m�� � ¾[DPB HBAF\> A?DE A >?I> @L K p @ ]B ]p >?B B=BHOK AM B=> @= HBCBM>@D= I=G >HI=AN @A�A@D= @A \IHOBH >?I= I >?HBA?D\G �AIK

K∗ = f ′(0)p′(1)
h(1) � p @> @A [ BA> LDH >?B =DGBA >D =D> LDHEIHGMICJB>A I> I\\ }ä}_ Ç_�}� {| } � Ç_ Äa| Ä_
 � }�|b_ Äa� ] ^?@A @A >D [ B CDNMIHBG E @>? >?B LIC>MHDPBG [B\DE >?I> γ = 0

@A b Å�bÆa I Å~�b Å NIÁ @NFN LDH L > 2
LDH >?B C@HCF\IH =B>EDHJ ]^?FA >?B I[DPB HBAF\> O@PBA I CH@>BH@I E?B= γ = 0

@A I\AD I 
 Å~Üb Å NIÁ @NFN ]

ghq �mrq li uhq ����stm� �qukl�� k �uh
f(p(γ)) = p(γ)

�DH >?B CIAB DL C@HCF\IH =B>EDHJ I=G
f(·) [B@=O I= @GB=>@>K LF=C>@D= p EB CI= AIK NDHBI[DF> >?B GBM B=GB=CB DL

γ∗ D= K
] `> @A ABB= >?I> LDH >?@A MIH>@CF\IH CIAB p

Ui(0) = −K
]

�DH >?B DM>@NFN p >?B GBH@PI>@PB DL Ui(γ)
E@>? HBAM BC> >D

γ
A?DF\G [B �BHD p @ ]B ]p

L − 1

K
γL−2 = (L − 1)γL−3 + . . . + 1.

�D p @L
K > L− 1

p >?B I[DPB HB�F@HBN B=> @A =D> MDAA@[ \B LDH γ < 1
] ^?FA >?B D=\K AD\F>@D=@A B@>?BH

γ = 0
DH

γ = 1
] �F> p IA E @\\ [ B ABB= @= \I>BH ABC>@D= p γ = 0

@A I\EIKA I \D CI\N IÁ @NFN ] ^?FA p @= I[AB=CB DL I=K D>?BH CH@>@CI\ MD@=> �E?BHB U ′
i(γ) = 0� p >?B O\D[I\N IÁ @NFN @A I> γ∗ = 0

] ^?FA p LDH
K > L − 1

p EB ?IPB >?I> γ∗ = 0
] ^?@A @A p IA IHOFBG[BLDHB p HBIAD=I[\B p IA LDH

K
Åb�
 }p I =DGB E @\\ AM B=G NDHB B=BHOK >D LDHEIHG MICJB>A p?B=CB E @\\ =D> GD @> LDH I=K MICJB> @> OB>A LDH LDHEIHG@=O Ù EB >?FA D[>I@= >?B BÁMHBAA@D=LDH B=BHOK HB�F@HBN B=> >?I> CI= [B C?IHIC>BH@ABG IA Åb�
 }p @ ]B ]p K∗ := L − 1

]
`= OB>>@=O >?B I[DPB [DF=G D= K

EB IAAFNBG >?I>
f(x) = x

] ^?B I[DPB HBIAD=@=O@A ?DEBPBH >HFB LDH I=K f(·) E?B=BPBH f ′(0) ≤ K
L−1

LDH >?B C@HCF\IH =B>EDHJA p @ ]B ]p @L
f ′(·) ≥ L−1

K

A@=CB
f(·) @A CD=CIPB ] ^?FA p LDH I �ÁBG AB> DL K

I=G
L
p EB OB> >?I>

γ∗ = 0LDH I=K
f(·) >?I> ?IA A\DM B ≤ K

L−1

] �DDJ@=O I> @> LHDN D>?BH MD@=> p EB IOI@= ABB >?I> @L
K ≥ L−1

f ′(0)

>?B=
γ∗ = 0

]

� �d �# e ìf ì¸(ì¸¹ì · +
γ∗ ·¸ L

`= >?B I[DPB EB AIE >?I> @= >?B CIAB DL I AKNNB>H@C =B>EDHJ I=G LDH I �ÁBG L
p @L

K > K∗ pEB OB> >?I>
γ∗ = 0

] ^?B @=>F@>@D= LDH >?@A HBAF\> @A >?I> I =DGB E @\\ ?IPB >D AM B=G NDHBB=BHOK @= LDHEIHG@=O >?B MICJB>A IA CDNMIHBG >D >?B HBEIHG @> OB>A [K @>A DE= MICJB>LDHEIHGBG [K D>?BH =DGBA ] �DEBPBH p @L EB �Á K
I=G @=CHBIAB >?B ?DM�\B=O>?

L
p @> @A@=>F@>@PB >?I> γ∗ E @\\ BPB=>FI\\K A>IH> GBCHBIA@=O IA I LF=C>@D= DL L

] ^?@A @A BA>I[\@A?BG@= >?B LD\\DE @=O ] �B>
λ = 1

I=G GHDM >?B AF[ACH@M>
i
LHDN >?B F>@\@>K LF=C>@D= ] ^?B @GBI
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@A MHBAB=>BG [K I GB>I@\BG I=I\KA@A DL >?B CIAB DL C@HCF\IH =B>EDHJ p >?B HBAF\>A >?DFO? IHBBIA@\K ABB= >D [ B PI\@G LDH I=K AKNNB>H@C =B>EDHJ ]

U(γ) = f(p(γ)) − K
L−2
∑

j=0

γj

d

dγ
U(γ) =

d

dx
f(x)|x=p(γ)

d

dγ
p(γ) − K

L−2
∑

j=1

jγj−1

�@=CB
p(γ) = γL−1 p @> LD\\DE A >?I> LDH L > 2

p
U ′(0) = −K Ä��}a� }�{Ää} ~z {| } z Ç_�{Ä~_ f(·) ]^?FA EB ABB >?I>

γ = 0
@A b Å�bÆa b Å~�b Å �b Ä� Ç� z ~� L > 2

]
^?@A p I\D=O E @>? >?B LIC> >?I>

U(·) @A CD=>@=FDFA @= γ
@NM\@BA >?I> >?B �HA> MDA@>@PBAD\F>@D= DL >?B B�FI>@D=

U ′(γ) = f ′(p(γ))(L − 1)γL−2 − K
L−2
∑

j=1

jγj−1 = 0,

CDHHBAMD=GA >D I \D CI\ N @=@NFN DL
U(·) ] �K ù�HA> MDA@>@PB AD\F>@D= Ø EB N BI= γ+ :=

limε→0 inf{γ > ε : U ′(γ) = 0} ] `> @A ABB= >?I> B@>?BH 1 > γ∗ ≥ γ+ DH γ∗ = 0
] ¿DE p @L EBIAAFNB >?I>

f ′(·) @A [ DF=GBG [K I CD=A>I=> p @> LD\\DE A >?I>

U ′(γ) = f ′(p(γ))(L − 1)γL−2 − K
L−2
∑

j=1

jγj−1

→L→∞ −K

L−2
∑

j=1

jγj−1

=
−K

(1 − γ)2

>?FA p
γ+ →L→∞ ∞ >?FA

γ∗ = 0
IA

L → ∞ ] ¿D>B >?I> >?@A CD=C\FA@D= HB�F@HBA >?I> γ+ @A=D=GBCHBIA@=O Ù EB MHDPB >?@A [ B\DE ]
�DH I �ÁBG L

p >D �=G
γ∗ p EB =BBG >D AD\PB >?B B�FI>@D=

θL(γ) := U ′(γ) = f ′(p(γ))(L − 1)γL−2 − K
L−2
∑

j=1

jγj−1 = 0.

�@=CB
θL(0) = −K

p >?B �BHD DL
θL(·) E @>? N @=@NFN =D==BOI>@PB IHOFN B=> γ

E @\\ ABB I>HI=A@>@D= DL
θL(·) LHDN I =BOI>@PB PI\FB >D I MDA@>@PB PI\FB @= G@HBC>@D= DL @=CHBIA@=O γ

]�D p @L EB CI= A?DE >?I>
θL(γ)

@A I =D=GBCHBIA@=O LF=C>@D= DL
L
p >?B= A@=CB

θL(0) = −K
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LDH I\\

L > 2
p EB E @\\ ?IPB A?DE= >?I> γ+ @A =D=@=CHBIA@=O @= L

] �B>
pL(γ) := γL−1 ] ^?B=

θL(γ) = f ′(pL(γ))(L − 1)γL−2 − K
L−2
∑

j=1

jγj−1

θL+1(γ) = f ′(pL+1(γ))LγL−1 − K

L−1
∑

j=1

jγj−1

?FA p
θL(γ) − θL+1(γ) = K(L − 1)γL−2 + f ′(pL(γ))(L − 1)γL−2 − f ′(pL+1(γ))LγL−1

= γL−2
[

L
{

K + f ′(γL−1) − γf ′(γL)
}

− f ′(γL−1) − K
]

> γL−2
[

L
{

K + f ′(γL−1) − f ′(γL)
}

− f ′(0) − K
]

,E?BHB EB ?IPB FABG >?B LIC> >?I> f ′(·) @A GBCHBIA@=O I=G @A [ DF=GBG [K I � _ Ä{} PI\FB E?@C?CI= [B >IJB= >D [ B
f ′(0)

]
�@Á I 1 > γ > 0

I=G CD=A@GBH =DE p
f ′(γL−1) − f ′(γL)

] �@=CB
f ′(0)

@A �=@>B I=G
f ′(·) @AIAAFNBG >D [B CD=>@=FDFA p @> LD\\DE A >?I>

f ′(γL) → f ′(0)
] `> LD\\DE A >?I> p O@PB= I= ε > 0

p
∃Lε

AFC? >?I> LDH I\\
L > Lε

p
0 > f ′(γL−1) − f ′(γL) > −ε.^IJB

ε = K
2

] ^?FA p ∃L∗ AFC? >?I> L > L∗ @NM\@BA >?I>
K + f ′(γL−1) − f ′(γL) >

K

2
.�@=CB

f ′(0)
@A �=@>B p @> LD\\DE A >?I> p LDH

L
AF� C@B=>\K \IHOB CDNMIHBG >D

L∗ p
θL(γ) − θL+1(γ) ≥ γL−2L

K

2

¿DE EB A?DE >?I> θL(γ) − θL+1(γ)
@A I\AD [DF=GBG I[DPB [K A@N @\IH BÁMD=B=>@I\\KGBCIK @=O LF=C>@D= ]

�DH I �ÁBG L
p >D �=G

γ∗ p EB =BBG >D AD\PB >?B B�FI>@D=
θL(γ) = U ′(γ) = f ′(p(γ))(L − 1)γL−2 − K

L−2
∑

j=1

jγj−1 = 0.

¿DE p A@=CB pL+1(γ) ≤ pL(γ)
I=G

f(·) @A CD=CIPB =D=GBCHBIA@=O p f ′(pL+1(γ)) ≥ f ′(pL(γ))
]^?FA p

θL+1(γ) ≥ f ′(pL(γ))LγL−1 − K
L
∑

j=1

jγj−1

≥ f ′(pL(γ))(L − 1)γL−1 − K
L
∑

j=1

jγj−1

⇒ θL+1(γ) ≥ γθL(γ) − KLγL−1, ∀γ ≤ γ∗
L,
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I\D=O E @>?

θL+1(0) = θL(0)
] ¿DE p A@=CB θL(γ) < 0

LDH
γ < γ+

L

p EB ABB >?I> p A@=CB =DE
γθL(γ) ≥ θL(γ)

LDH
θL(γ) < 0

I=G
γ < 1

p
θL+1(γ) ≥ θL(γ) − KLγL−1, ∀γ ≤ γ+

L .�B>>@=O
L → ∞ p EB OB> >?B GBA@HBG HBAF\> p @ ]B ]p γ∗ @A =D=@=CHBIA@=O LF=C>@D= DL L IA L → ∞ ]

  -¡   6�;05/¢7 :;0 £;7¤1/5¥� /¢3 �41565¦0517 ./08/§
3�9 5¥ 8 ¨ 5©/05¦1/3ª � 8¥¥30

`> @A @=>BHBA>@=O >D GBA@O= G@A>H@[F>BG I\ODH@>?N A E?@C? CI= [ B FABG [K >?B ND[@\BA >DCDNMF>B >?B B�F@\@[H@FN A>HI>BOK I=G A@NF\>I=BDFA\K B=LDHCB >?B MHDMDABG MF=@A?N B=>NBC?I=@AN ] ^?B D[P @DFA GBA@HI[\B LBI>FHBA DL AFC? I= I\ODH@>?N IHB >?I> @> A?DF\G [BGBCB=>HI\@ABG p G@A>H@[F>BG ACI\I[@\@>K I=G A?DF\G [B I[\B >D IGIM> >D C?I=OBA @= =B>EDHJ ]
ÃB MHDMDAB AFC? I= I\ODH@>?N @= >?@A ABC>@D= ] ÃB MHBAB=> @> p LDH BIAB DL =D>I>@D= p LDH>?B CIAB DL AKNNB>H@C =B>EDHJ ] ¾ AAFNB LDH >?B NDNB=> >?I> f(·) @A >?B @GB=>@>K LF=C>@D= ]`= >?@A CIAB BIC? =DGB ?IA >D AD\PB >?B B�FI>@D= �HBCI\\ >?B =D>I>@D= DL �BC>@D= ¾ ]ð�

U ′(γ) = Λ′(γ) − KH ′(γ) = 0,
�¾ ]« �E?BHB >?B MH@N BA GB=D>B >?B GBH@PI>@PBA E @>? HBAM BC> >D γ

] `= OB=BHI\ >?@A B�FI>@D= E @\\ [ B=D=>H@P @I\ >D AD\PB G@HBC>\K] �DH >?B CIAB DL NDHB OB=BHI\ =B>EDHJ p D=B =BBGA >D CDNMF>B>?B GBH@PI>@PB DL >?B F>@\@>K LF=C>@D= DL À�FI>@D= ¾ ]� p >?B HBA> DL MHDCBGFHB >?I> LD\\DE A@A A@N @\IH ]
¿D>B >?I> @= >?B I[DPB BÁMHBAA@D= EB �HA> IAAFNB >?I> >?B LDHEIHG@=O MHD[I[@\@>@BADL I\\ >?B =DGBA @= >?B =B>EDHJ IHB AIN B �AIK

γ � I=G >?B= CDNMF>B >?B GBH@PI>@PB E @>?HBAM BC> >D >?@A CDNND=
γ
] ^?@A @A [ BCIFAB @= >?B =DGB NFA> >IJB >?B BÈ BC> DL MF=@A?N B=>NBC?I=@AN @=>D ICCDF=> E?@\B CDNMF>@=O @>A DE= DM>@N I\ LDHEIHG@=O MHD[I[@\@>Kp @ ]B ]p I=DGB A?DF\G IAAFNB >?I> I\\ >?B D>?BH =DGBA E @\\ FAB >?B AIN B LDHEIHG@=O MHD[I[@\@>K >?I>@> CDNMF>BA ]

^?FA p AD\P @=O À�FI>@D= ¾ ]« @A HBGFCBG >D I A@=O\B PIH@I[\B DM>@N @�I>@D= MHD[\BN ] �@=CB>?B IC>FI\ MHD[\BN LHDN E?@C? EB OB> À�FI>@D= ¾ ]« @A I N IÁ @N @�I>@D= MHD[\BN p I =DGBGDBA I OHIG@B=> ba �}_{ >D CDNMF>B @>A DM>@N I\ LDHEIHG@=O MHD[I[@\@>K] ^?FA p @= @>A nthCDNMF>I>@D= p I =DGB
i
FABA >?B @>BHI>@D=
γ

(n+1)
i = γ

(n)
i + a(n)(Λ′(γ

(n)
i ) − KH ′(γ

(n)
i )),

�¾ ]é�E?BHB
a(n)

@A I AB�FB=CB DL MDA@>@PB =FN[BHA AI>@ALK @=O >?B FAFI\ CD=G@>@D=A @N MDABG D=>?B \BIH=@=O MIHINB>BHA @= A>DC?IA>@C IMMHDÁ @N I>@D= I\ODH@>?N A ßé«¬ p @ ]B ]p
∑

n

a(n) = ∞ I=G ∑
n

a(n)2 < ∞.
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^?B HB\I>@D= >D A>DC?IA>@C IMMHDÁ @N I>@D= I\ODH@>?N ?BHB @A ABB= IA LD\\DE A Ö >?B =B>EDHJ>DMD\DOK CI= [B HI=GDN \K C?I=O@=O E @>? >@N B DE @=O >D =DGB LI@\FHBAND[@\@>K B> CB>BHI ]^?FA I =DGB =BBGA >D IMMHDMH@I>B\K NDG@LK >?B LF=C>@D=A

Λ(·) I=G H(·) [IABG D= @>A NDA>HBCB=> P@BE DL >?B =B>EDHJ �>?@A GBM B=GB=CB DL Λ(·) I=G H(·) D= n
@A AFMMHBAABG @= >?BI[DPB BÁMHBAA@D= � ]`> @A I N I>>BH DL C?D@CB E?B= I =DGB A?DF\G FMGI>B @>A BA>@N I>B DL @>A LDHEIHG@=OMHD[I[@\@>Kp @ ]B ]p GDBA >?B CDNMF>I>@D=A N B=>@D=BG I[DPB ] É=B MDAA@[ @\@>Kp >?I> EB FAB p @A>D @=PDJB >?B I[DPB @>BHI>@D= E?B=BPBH >?B =DGB HBCB@PBA I MICJB> >?I> @A N BI=> LDH @> ]

^?DFO? >?B I[DPB @A I A@NM\B A>DC?IA>@C IMMHDÁ @N I>@D= I\ODH@>?N p @> HB�F@HBA I =DGB>D J=DE >?B >DMD\DOK DL >?B MIH> DL =B>EDHJ IHDF=G @>AB\L ] ^?@A @=LDHN I>@D= @A IC>FI\\K>H@P @I\\K IPI@\I[\B >D I =DGB A@=CB @> CI= BÁ >HIC> >?B HB�F@HBG @=LDHN I>@D= LHDN >?B MICJB>AHB�FBA>@=O LDHEIHG@=O DH FA@=O I =B@O?[DFH G@ACDPBHK N BC?I=@AN ] �DEBPBH p @= CIAB DL I=KC?I=OB @= >?B =B>EDHJ p >?BHB E @\\ >KM@CI\\K [ B ADN B GB\IK >@\\ I =DGB CDNM\B>B\K HBCDO=@�BA>?B C?I=OB ] ^?@A >HI=A@B=> BHHDH @= I =DGB ×A J=DE \BGOB I[DF> >?B =B>EDHJ E?B=BPBH >?B=B>EDHJ C?I=OBA @A B=AFHBG >D G@B DF> F\>@N I>B\K DE @=O >D >?B IAAFNM>@D= DL �=@>B ABCD=GNDN B=> LDH >?B \BIH=@=O MIHINB>BHA ]
`> @A J=DE= [K >?B D ]G ]B ] IMMHDIC? >D A>DC?IA>@C IMMHDÁ @N I>@D= I\ODH@>?N >?I> >?BI[DPB I\ODH@>?N E @\\ IAKNM>D>@CI\\K >HICJ >?B D ]G ]B ] ßé«¬ Ö

γ̇i(t) = Λ′(γi(t)) − KH ′(γi(t)),
�¾ ]ú�I=G E @\\ CD=PBHOB >D D=B DL >?B a{bÜÅ} CH@>@CI\ MD@=>A DL D ]G ]B ] DL À�FI>@D= ¾ ]ú ] `> @ABIA@\K ABB= >?I> I \D CI\ N IÁ @NFN DL >?B F>@\@>K LF=C>@D= LDHN A I A>I[\B CH@>@CI\ MD@=> DL

À�FI>@D= ¾ ]ú E?@\B I=K \DCI\ N @=@NFN LDHN A I= F=A>I[\B CH@>@CI\ MD@=> ] ^?FA >?B I[DPBI\ODH@>?N @=?BHB=>\K N IJBA >?B AKA>BN CD=PBHOB >D I \D CI\ N IÁ @NFN I=G IPD@GA I \D CI\N @=@NFN ]
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@= I G@A>HF[F>BG NI==BH FA@=O >?B I[DPB N B=>@D=BG A>DC?IA>@C IMMHDÁ @N I>@D= I\ODH@>?N ]�DEBPBH p IA ADD= IA I =B@O?[DH@=O =DGB @A GB>BC>BG >D N @A[ B?IPB [K I =DGB p >?B =DGBCDNMF>BA @>A LDHEIHG@=O MD\@CK IA LD\\DE A Ö

γ∗
i = min{γi, min

j∈N (i)
γ̂j}

�¾ ]Ê�E?BHB
γi

I=G
γ̂j

HBMHBAB=>A p HBAM BC>@PB\Kp >?B LDHEIHG@=O MD\@CK IGDM>BG [K =DGB i
I=G >?BBA>@N I>B DL =DGB

j
×A LDHEIHG@=O MHD[I[@\@>K IPI@\I[\B >D =DGB i

]
γ∗

i

HBMHBAB=>A >?B =BEMD\@CK AB\BC>BG [K =DGB
i
] ¿D>B ?BHB >?I> γi

@A A>@\\ CDNMF>BG FA@=O @>BHI>@D= DL À�FI�>@D= ¾ ]é ] ÃB IHB I\AD IAAFN @=O ?BHB >?I> I =DGB CI= G@ÈBHB=>@I>B [ B>EBB= I N @A[ B?IP @=O=B@O?[DFH@=O =DGB I=G >?B LI@\FHBND[@\@>K DL I =B@O?[DFH@=O =DGB ]
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a(n) = 1
n ln(n)

�EB FABG PIH@DFA D>?BH DM>@D=A I\AD p >?B HBAF\>A EBHB A@N @\IH� ]`= >?B A@NF\I>@D=A EB IAAFN B >?I> BIC? =DGB ?IA I \DEBH [DF=G
γmin > 0

D= >?B PI\FB DLLDHEIHG@=O MHD[I[@\@>K] ÃB >IJB
γmin = 0.01

@= HBAF\>A HBMDH>BG ?BHB ]
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f(x) = ln(100x + 1)

I=G
L = 3

] ^?B PIH@DFA CFHPBA IHB D[>I@=BG [K PIHK@=O >?B PI\FB DL
K
] ÃB ABB >?I>

γ∗ @A @=GBBG I GBHBIA@=O LF=C>@D= DL K ] �@N @\IH D[ABHPI>@D= @A N IGB LHDN�@OFHB ¾ ]ð E?BHB EB �Á K = 0.2
I=G

f(x) = (x + 0.0005)0.2 I=G PIHK L
] `> @A ABB= >?I>

γ∗ GBCHBIABA E @>? @=CHBIA@=O L
I=G LDH \IHOB PI\FB DL L(= 11)

p
γ∗ = γmin
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] ^?B èFNMA @= >?B LDHEIHG@=O MHD[I[@\@>@BA GFH@=O >?BAB M BH@DG IHB[ BCIFAB DL >?B @NM\BN B=>I>@D= DL >@N BH LDH MF=@A?NB=> @= >?B @=G@P @GFI\ =DGBA �GB>I@\BG@= MHBP@DFA ABC>@D= � ] ^?B >@N BH PI\FB EIA AB> >D 10
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g3(x) =

√

(x)
I=G >?I>

g3(·) ≡ 0
] `= >?@A CIAB @> @A ABB= >?I> >?B F>@\@>K LF=C>@D=A LDH=DGBA
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I=G
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λ13 = λ24 = 1
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U2(γ2, γ3) =

√
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I=G
U3(γ2, γ3) =

√

(γ2) − aEfγ3
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f2(x) = g3(x) =
√

(x)
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g2(·) = f3(·) ≡ 0
] ¼I\FB DL

K
@A PIH@BG ]

PI\FBA DL K = aEf

] ^?B N @=@NFN PI\FB DL γi

EIA >IJB= >D [ B
0.1
I=G >?B N IÁ @NFN PI\FBEIA

0.9
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É ] ÿD\PI I=G ü] ÿ @C?@IHG@ ] �BCFH@>K @= IG ?DC =B>EDHJA ] `= Ë �~�}}�ï_�a ~z Ë }�a ~_bð
�ï�}ð}aa �~��ò_ï�b{ï~_a �~_z }�}_ �} æË �� ��ã� p ¼B=@CB p `>I\Kp �BM>BN[BH ö÷÷ø ]
ü] ÿ @C?@IHG@ I=G É ] ÿD\PI ] î OINB >?BDHB>@CI\ IMMHDIC? >D BPI\FI>B CDDM BHI>@D= B=LDHCB�N B=> N BC?I=@AN A @= ND[@\B IG�?DC =B>EDHJA ] `= Ë �~�}}�ï_�a ~z {| } �~��a| ~� � Ç ~�}ðï_�b_� Ï� {ï� ï(b{ï~_ ï_ Ç ~óïð}� Õ� ì ~� b_� �ï�}ð}aa � }{� ~��a æ�ïÏ� { ��ã� p �DM?@I î=>@M D�\@A p �HI=CB p ÿ IHC? ö÷÷ø ]

• ÉBABIHC? ÉBMDH>A
ý ] î \>N I= p î ] È?BHI=@ p ü] ÿ @C?@IHG@ p I=G É ] ÿD\PI ] õD= CDDMBHI>@PB LDHEIHG@=O @= IG?DC =B>EDHJA ] ÉBABIHC? ÉBMDH> ÉÉ����� p `õÉ`î �DM?@I î=>@MD\@A p �B[HFIHK ö÷÷« ]
ü] ÿ @C?@IHG@ I=G É ] ÿD\PI ] `GB=>@>K [IABG ?IA? C?I@=A LDH N BAAIOB IF>?B=>@CI>@D= ]ÉBABIHC? ÉBMDH> ÉÉ�÷«� ���p `=A>@>F> ýFHBCDN p ÆF\K ö÷÷« ]

• `=>BH=I>@D=I\ ÆDFH=I\A
ü] ÿ @C?@IHG@ I=G É ] ÿD\PI ] ÉBMDH> D= I EDHJ@=O ABAA@D= D= ABCFH@>K @= E @HB\BAA IG ?DC=B>EDHJA ] Ç ~óïð} �~�� ò{ï_� b_� �~��ò_ï�b{ï~_ Î}"ï}� p � �«� p ö÷÷ö ]ü] ÿ @C?@IHG@ I=G É ] ÿD\PI ] îG ?DC =B>EDHJ ABCFH@>K] Ê Ó Ç ï��~}ð}�{�~_ï�a Ò ~ò�_bð ~zÊña{}� Î}a }b��| p ö÷÷ø ]
ü] ÿ @C?@IHG@ I=G É ] ÿD\PI ] î=I\KA@A DL CDI\@>@D= LDHN I>@D= I=G CDDMBHI>@D= A>HI>BO@BA @=ND[@\B IG ?DC =B>EDHJA ] Ì ða }"ï}� � Õ� | ~� � }{� ~��a Ò ~ò�_bð æÊ� }�ïbð �aaò }� p ö÷÷« ]

• �DDJ c?IM>BHA
ü] ÿ @C?@IHG@ I=G É ] ÿD\PI ] �|b� {}� í�� Õ� | ~� _ }{� ~�� Ê }�ò�ï{ñ] ÿD[@\B IG ?DC=B>EDHJ@=O ] � @\BK�`ýýý üHBAA p õBE ÔDHJ p õÔ p 	�î p ö÷÷« ]
ü] ÿ @C?@IHG@ I=G É ] ÿD\PI ] Õ� | ~� _ }{� ~�� Ê }�ò�ï{ñ] �I=G[DDJ DL `=LDHN I>@D= �BCFH@>K]� @\BK�`ýýý üHBAA p õBE ÔDHJ p õÔ p 	�î p ö÷÷� ]
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• �F[N @>>BG MIMBHA
ý ] î \>N I= p î ] È?BHI=@ p ü] ÿ @C?@IHG@ p I=G É ] ÿD\PI ] õD= CDDMBHI>@PB LDHEIHG@=O @= IG?DC =B>EDHJA ] `= Êòó� ï{{}� {~ ���Ë � }{� ~��ï_� ����p ö÷÷« ]
ý ] î \>N I= p î ] È?BHI=@ p ü] ÿ @C?@IHG@ p I=G É ] ÿD\PI ] �DN B OINB�>?BDHB>@C MHD[\BN A @=E @HB\BAA IG ?DC =B>EDHJA ] `= Êòó� ï{{}� {~ Ì ÍÎÏ�� Ð� ����p ö÷÷« ]

G¶9H6>

Iqru rusoqnu JmJ q� mkm�o LDH >?B MIMBH ûü] ÿ @C?@IHG@ I=G É ] ÿD\PI ] î OINB >?BDHB>@CI\ IMMHDIC? >D BPI\FI>B CDDM BHI>@D= B=LDHCB�N B=> N BC?I=@AN A @= ND[@\B IG�?DC =B>EDHJA ] `= Ë �~�}}�ï_�a ~z {| } �~��a| ~� � Ç ~�}ðï_�b_� Ï� {ï� ï(b{ï~_ ï_ Ç ~óïð}� Õ� ì ~� b_� �ï�}ð}aa � }{� ~��a æ�ïÏ� { ��ã� p �DM?@I î=>@M D�\@A p �HI=CB p ÿ IHC? ö÷÷ø ]

,9:K=:>

ýFHDMBI= üI>B=> � ýü÷�� LüHDCBAA LDH MHDP @G@=O õD= ÉBMFG@I>@D= DL ÉBCB@M> �õÉÉ� @=I= B\BC>HD=@C >HI=AIC>@D= B=P@HD=N B=> L ÉB�J ÿD\PI p ü @B>HD ÿ @C?@IHG@
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