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PREFACE 

The series of manuals on techniques describes procedures for planning and 
executing specialized work in water-resources investigations. The material is 
grouped under major subject headings called books and further subdivided into 
sections and chapters; section B of book 3 is on ground-water techniques. 

Provisional drafts of chapters are distributed to field offices of the U.S. 
Geological Survey for their use. These drafts are subject to revision because of 
experience in use or because of advancement in knowledge, techniques, or 
equipment. After the technique described in a chapter is sufficiently developed, 
the chapter is published and is sold by the U.S. Geological Survey, 1200 South 
Eads Street, Arlington, VA 22202 (authorized agent of Superintendent of 
Documents, Government Printing Office). 
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TYPE CURVES FOR SELECTED PROBLEMS OF FLOW TO WELLS 

IN CONFINED AQUIFERS 

By J. E. Reed 

Abstract 
This report presents type curves and related material for 

11 conditions of flow to wells In confined aquifers. These 
solutions, compiled from hydrologic literature, span an 
interval of time from Theis (1935) to Papadopulos, Bre
dehoeft, and Cooper (1973). Solutions are presented for 
constant discharge, constant drawdown, and variable dis
charge for pumping wells that fully penetrate leaky and 
non leaky aquifers. Solutions for wells that partially pene
trate leaky and nonleaky aquifers are included. Also, so
lutions are included for the effect of finite well radius and 
the sudden injection of a volume of water for nonleaky 
aquifers. Each problem includes the partial differential 
equation, boundary and initial conditIOns, and solutions. 
Programs in FORTRAN for calculating additional function 
values are included for most of the solutions. 

Introduction 
The purpose of this report is to assemble, 

under one cover and in a standard format, the 
more commonly used type-curve solutions for 
confined ground-water flow toward a well in an 
infinite aquifer. Some of these solutions are 
only published in several different journals; 
some of these journals are not readily obtain
a ble. Other solutions which are included in 
several references (for example, Ferris and 
others, 1962; Walton, 1962; Hantush, 1964a; 
Lohman, 1972) are included here for complete
ness. 

The need for a compendium of type curves for 
aquifer-test analysis was recognized by Robert 
W. Stallman, who initiated the work on it. 
However, ill health and the press of other 
duties prevented him from personally carrying 
out his concept, but he never ceased to advocate 
the need for the compendium. Although it is 
reduced in scope from his original concept, this 

report should be recognized to be a result of 
Stallman's foresight and endeavors in the field 
of ground-water hydrology. 

The type-curve method was devised by C. V. 
Theis (Wenzel, 1942, p. 88) to determine the 
two unknown parameters, Sand T, in the 
equations 

8 = (Q/47TT)W(u) 

and 

u = r 2SI(4Tt), 

where 8 is the drawdown in water level in re
sponse to the pumping rate Q in an aquifer 
with transmissivity T and storage coefficient S. 
The distance r from the pumping well, and the 
elapsed time t since pumping began, combine 
with Sand T to define a dimensionless variable 
u and corresponding dimensionless response 
W(u). Briefly, the method consists of plotting a 
function curve or type curve, such as (l/u,W(u» 
on logarithmic-scale graph paper, and plotting 
the time-drawdown (t-8) data on a second 
sheet having the same scales. This is equiva
lent to expressing the preceding equations as 

log 8 = log Q/47TT + log W(u) 

and 

log lIu = log t + log 4Tlr2S. 

If the two sheets are superimposed and 
matched, keeping coordinate axes parallel, as 
shown in figure 0.1, the respective coordinate 

1 
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f Data plot 
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4T 
~loglor2s ---

FIGURE D.l.-Relation of l/u,W(u) type curve and t, s data plot. Modified from Stallman (1971, p. 5, fig. 1). 

axes will be related by constant factors: 
sIW(u)=C 1 and tl(l!u)=C2 • The values of these 
two constants are 

and 

Thus, a common match point for the two curves 
may be chosen, and the four coordinate 
points-W(u), l/u, s, and t-~ecorded for the 
common match point. T can be obtained from 
the equation T=QW(u)/(47TS), and then Scan 
be solved from the equation S =4Tutlr 2

, where 
W(u), l/u, s, and t are the match-point values. 

It is apparent that the type curves, and data, 
can be plotted in several ways. That is, the 
function curve, using W(u) as an example, 
could be plotted as (u,W(u» with corresponding 

data plots of (lit,s) or (r 2It,s); or could be plotted 
as (lJu,W(u» with corresponding data plots of 
(t,s) or (tlr 2 ,s). The type-curve method is cov
ered more fully by Ferris, Knowles, Brown, and 
Stallman (1962, p. 94). 

The type curves presented in this report are 
shown on two different plots. One plot has both 
logarithmic scales with 1.85 inches per log
cycle, such as K and E 467522.1 The other plot 
is arithmetic-logarithmic scale with the 
logarithmic scale 2 inches per log-cycle and the 
arithmetic scale with divisions at multiples of 
0.1, 0.5, and 1.0 inches, such as K and E 
466213. 

Other methods exist for analysis of aquifer
test data. Among them are methods based on 
plots of data on semi-log paper, developed by 

lThe lise of brand names In thIS report IS for IdentIfication purposes only 
and does not Imply endorsement by the U S Geological Survey 

• 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 3 

Jacob (Ferris and others, 1962, p. 98) and by 
Hantush (1956, p. 703). These methods are 
useful, but they are beyond the scope of this 
report. 

Aquifer tests deal with only one component 
of the natural flow system. The isolation of the 
effects of one stress upon the system is based 
upon the technique of superposition. This tech
nique requires that the natural flow system 
can be approximated as a linear system, one in 
which total flow is the addition of the individ
ual flow components resulting from distinct 
stresses. 

The use of the principle of superposition is 
implied in most aquifer-test analyses. The 
term "superposition," as here applied, is de
rived from the theory of linear differential 
equations. If the partial-differential equation 
is linear (in the dependent variable and its de
rivatives), two or more solutions, each for a 
given set of boundary and initial conditions, 
can be summed algebraically to obtain a solu
tion for the combined conditions. For instance, 
consider a situation (fig. 0.2) where a well has 
been pumping for some time at a constant rate 
Qo, and the drawdown trend for that pumping 
rate has been established. Assume that the 
pumping rate increases by some amount 6.Q at 

a:: 
w 

some time t 1• Then the drawdown for that step 
incrase in rate will be the change in drawdown 
from that occurring due to the pumpage Qu. 

Programs, written in FORTRAN, for cal
culating additional function values are in
cluded for most of the solutions. Some of the 
type-curve solutions would require an unrea
sonably long tabulation to include all the pos
sible combinations of parameters. An alterna
tive to a tabulation is the computer program 
that can calculate type-curve values for the pa
rameters desired by the user. The programs 
could be easily modified to calculate aquifer re
sponse to more than one well, such as well 
fields or image-well systems (Ferris and others, 
1962, p. 144). The programs have been tested 
and are probably reasonably free from error. 
However, because of the large number ofpossi
ble parameter combinations, it was possible to 
test only a sample of possible parameter val
ues. Therefore, errors might occur in future use 
of these programs. 

"An aquifer test is a controlled field experi
ment made to determine the hydraulic prop
erties of water-bearing and associated rocks" 
(Stallman, 1971). The areal variability of hy
draulic properties in an aquifer limits aquifer 
tests to integrating these properties within the 

~ 
3: 
o 
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~______ Extrapolated trend "'" 

------r--~-
I 

t 
w 
Cl 

Drawdown from 60 

Pumping rate = 00 Pumping rate = 00+60 

FIGURE 0.2.-The application of the principle of superposition to aquifer tests. 
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cone of depression produced during the test. 
Aquifer-test solutions are based on idealized 
representations of the aquifer, its boundaries, 
and the nature of the stress on the aquifer. The 
type-curve solutions presented in this report 
all have certain assumptions in common. The 
common assumptions are that the aquifer is 
horizontal and infinite in areal extent, that 
water is confined by less permeable beds above 
and below the aquifer, that the formation pa
rameters are uniform in space and constant in 
time, that flow is laminar, and that water is 
released from storage instantaneously with a 
decline in head. Also implicit is the assumption 
that hydraulic potential or head is the only 
cause of flow in the system and that thermal, 
chemical, density, or other forces are not affect
ing flow. In addition to these common assump
tions are special assumptions that characterize 
each solution summary. An important first 
step in aquifer-test analysis is deciding which 
simplified representations most closely match 
the usually complex field conditions. 

Generally the best start in the analysis of 
aquifer-test data is with the most general set of 
type curves that apply to the situation, kzp ling 
ip mind limitations of the method and en·ects 
that cause departures from the theoretical re
sults. For example, the most general set of type 
curves for constant discharge presented in this 
report is for leaky aquifers with storage of 
water in the confining beds, solution 5. This 
includes, as a limiting case, the curve for a non
leaky aquifer. The most severe limitation on 
this set of curves is that they apply only at 
early times, as specified in solution 5. 

Some of the effects that cause departure from 
the theoretical curves are partial penetration, 
finite well radius, and variable discharge for 
the pumped well. The effects of partial penetra
tion must be considered when rib <1.5, and be
cause vertical-horizontal anisotropy is prob
ably a common condition, these effects should 
be considered for rlb<10. The effect of finite 
well radius should be considered for early 
times, as specified in solution 8. The effects of 
variable discharge depend upon the manner of 
the variation. A change in discharge is more 
important if the change is monotonic, either 
continually increasing or decreasing. This fact 
is shown by the type curves for solution 11, 

where a monotonic change of 10 percent caused 
a significant departure from the Theis curve. If 
the discharge variation consists of random 
"noise" about a constant discharge, a 10-
percent variation is not significant. The most 
general set of type curves for tests on flowing 
wells is solution 7, for leaky aquifers, which 
includes nonleaky aquifers as a limiting case. 
The only set of curves for slug tests is given in 
solution 9. 

A recurring problem in type-curve solution 
for unknown hydrologic parameters is that of 
non uniqueness. That is, function curves for dif
ferent parameter values sometimes have simi
lar shapes. An example of this is given by 
Stallman (1971, p. HI and fig. 6). He indicated 
that the selection of the conceptual model is 
very important in interpreting the test results. 
Equally important is adequate testing of the 
conceptual model. Corroboration of the concep
tual model is indicated by similar results for 
hydrologic parameters from data collected at 
varying distances from the pumped well, 
depths within the aquifer, and at different ob
servation times. However, proof of suitability 
of the conceptual model ultimately rests on 
field investigations and not on curve matching. 

As an example of similar curve shapes for 
different situations, consider the case of con
stant discharge in a nonleaky aquifer with ex
ponentially varying thickness. The thickness, 
b, is equal to boexp[ -2(X-Xo)la], where bo 
and Xo are the thickness and X-coordinate, re
spectively, at the site of the discharging well 
and a is a parameter. The drawdown for this 
situation is given by Hantush (1962, p. 1529): 

s=(QI47TKb o) exp (rIa cos 8) W(u,rla), 

where 

W(u,f3)= LX (exp( -y-W/4y)ly) dy, 

Q is the discharge, r is the distance from the 
discharging well, e is the angle, with apex at 
the discharging well, between the observation 
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well and the positive X-axis, K is the hydraulic 
conductivity of the aquifer, and S, is the 
specific storage coefficient of the aquifer. This 
solution is similar to the equation describing 
drawdown in a leaky artesian aquifer (Han
tush, 1956, p. 702), which is 

s = (Q/41fT) W(u,rIB), 

with T=Kb, B=V Tb'IK', and b' and K' are 
the thickness and hydraulic conductivity, re
spectively, of the leaky confining bed. The 
other symbols are used as above. 

These two functions have the same shape 
when plotted on logarithmic paper, and draw
down resulting from one function could be 
matched to a type curve of the other function. 
Suppose, as an example, that the "observed 
data" are described by the function for the 
aquifer with exponentially changing thickness. 
Suppose, also, that the hydrologist is unaware 
of the variation in thickness and that the fam
ily of type curves for leaky aquifers without 
storage in the confining beds, solution 4, has 
been chosen for analysis of the "observed data." 
Matching the data plots to the type curves and 
solving for unknown parameters by the 
methods suggested in solution 4 gives for the 
ratio of K,o the apparent hydraulic conductiv
ity, to K, the true hydraulic conductivity, K"I 
K =exp«rla) cos 8). The ratio would be close to 
one only in the vicinity of the discharging well. 
The diffusivity, KIS" would be determined cor
rectly, but the apparent specific storage coeffi
cient would have the same p~rcentage error as 
the apparent hydraulic conductivity. Most im
portant of all, the erroneous conclusion would 
be that the aquifer is leaky, with leakage pa
rameter B = VKbb'lK' = a. This somewhat 
contrived example illustrates a principle in the 
interpretation of aquifer·test data. Conclusions 
about the hydrologic constraints on the re
sponse of the aquifer to pumping should not be 
based on the shape of the data curves. Infer
ences may be made from these curves, but they 
must be verified by other hydrologic and 
geologic data. Therefore, proof of the suitabil
ity of the conceptual model must come from 
field investigations. 

Many of the old reports of the U.S. Geological 
Survey contain references to the terms "coeffi-

cient of transmissibility" and "field coefficient 
of permeability." These terms, which were ex
pressed in inconsistent units of gallons and 
feet, have been replaced by transmissivity and 
hydraulic conductivity (Lohman and others, 
1972, p. 4 and p. 13). Transmissivity and hy
draulic conductivity are not solely properties of 
the porous medium; they are also determined 
by the kinematic viscosity of the liquid, which 
is a function of temperature. Field determina
tions of transmissivity or hydraulic conductiv
ity are made at prevailing field temperatures, 
and no corrections for temperature are made. 

Summaries of Type-Curve 
Solutions for Confined 
Ground-Water Flow 

Toward a Well in an Infinite 
Aquifer 

Solution 1: Constant discharge 
from a fully penetrating well in a 
nonleaky aquifer (Theis equation) 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is not leaky. 
4. Discharge from the well is derived ex

clusively from storage in the aquifer. 

Differential equation: 

Boundary and initial conditions: 

s(r,O) = 0, r~O 
s(x,t) = 0, t~O 

l
O't<o Q-

constant >0, t~O 

lim r os = - ~ t~O 
r--O or 21fT' 

(1) 
(2) 

(3) 

(4) 

Equation 1 states that initially drawdown is 
zero everywhere in the aquifer. Equation 2 
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states that the drawdown approaches zero as 
the distance from the well approaches infinity. 
Equation 3 states that the discharge from the 
well is constant throughout the pumping 
period. Equation 4 states that near the pump
ing well the flow toward the well is equal to its 
discharge. 

Solution (Theis, 1935): 

S =~ ~dy Loo -// 

47rT u y 

where 

(00 e-
II dy = W(u) = - 0.577216 - logl'u + u 

Ju Y 

Comments: 
Assumptions made are applicable to artesian 

aquifers (fig. 1.1). However, the solution may 
be applied to unconfined aquifers if drawdown 
is small compared with the saturated thickness 

Static level 

of the aquifer and if water in the sediments 
through which the water table has fallen is dis
charged instantaneously with the fall of the 
water table. According to assumption 2, this 
solution does not consider the effect of the 
change in storage within the pumping well. 
Assumption 2 is acceptable if 

(Papadopulos and Cooper, 1967, p. 242), where 
r,. is the radius of the well casing in the interval 
over which the water-level declines, and other 
symbols are as defined previously. Figure 1.2 
on plate 1 is a logarithmic graph of 
W(u)=47TsTIQ plotted on the vertical coordi
nates versus lIu = 4 Ttl (r 2S) plotted on the 
horizontal coordinates. The test data should be 
plotted with s on the vertical coordinates and 
corresponding values oft or tlr 2 on the horizon
tal coordinates. 

Values ofW(u) for u between 0 and 170 may 
be computed by using subroutine EXPI of the 
IBM System/360 Scientific Subroutine Pack
age. Table 1.1 gives values ofW(u) for selected 
values of lIu between 1 x 10-1 and 9x 10 H

, as 
calculated by this subroutine. 

~ ___________ G_ro_u_n __ d~,c_e_\~,_, ______ __ 

--------
Impermeable bed 

Aquifer 

FIGURE l.l.-Cross section through a discharging well in a nonleaky aquifer. ( 
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>-3 
TABLE l.l.-Values of Theis equation W(u) for values of Jlu ><: 

"d 
trJ 

lIu lIu x 10-' 10 10' 10' 10' 10' 10" 
(") 

c:::: 
10 '000000 021938 182292 403793 633154 863322 1093572 13.23830 :g 
1.2 00003 29255 198932 4.21859 651369 8.81553 11.11804 13.42062 trJ 15 .00017 .39841 2.19641 4.44007 6.73667 9.03866 11.34118 1364376 UJ 
20 .00115 55977 2.46790 4.72610 7.02419 9.32632 11.62886 13.93144 "'l 25 00378 .70238 2.68126 4.94824 7 24723 9 54945 11 85201 14.15459 0 30 00857 82889 2.85704 5.12990 7.42949 9 73177 12.03433 1433691 
3.5 01566 94208 3 00650 5 28357 7.58359 9.88592 12.18847 14.49106 ::0 
40 02491 1.04428 3 13651 5 41675 7.71708 10.01944 12.32201 14.62459 "'l 
50 04890 1.22265 3 35471 5.63939 7.94018 10.24258 1254515 14.84773 t"" 
60 .07833 1 37451 3 53372 5 82138 812247 10.42490 12.72747 15.03006 0 
70 11131 1.50661 3.68551 5.97529 8 27659 10.57905 12.88162 15 18421 ~ 
80 14841 162342 381727 610865 8.41011 10.71258 13.01515 15.31774 >-3 9.0 18266 172811 393367 6.22629 8.52787 10.83036 13.13294 15.43551 0 
lIu l/u X 10' 10' 10' lOlO 1011 1012 1013 1014 

~ 
1.0 1554087 17.84344 20.14604 22.44862 2475121 2705379 29.35638 3165897 t"" 
1.2 15.72320 1802577 20.32835 22.63094 24.93353 2723611 29.53870 31.84128 t"" 
1.5 15.94634 18.24892 20.55150 2285408 2515668 2745926 2976184 32.06442 UJ 
20 1623401 18.53659 2083919 2314177 2544435 2774693 30.04953 32.35211 Z 25 16.45715 1875974 21.06233 23.36491 25.66750 27.97008 3027267 32.57526 
30 16.63948 1894206 2124464 23.54723 2584982 28.15240 30.45499 32.75757 (") 
35 1679362 19.09621 21.39880 23.70139 26.00397 28.30655 3060915 32 .. 91173 0 
40 16.92715 1922975 21.53233 23.83492 2613750 28.44008 30.74268 3304526 Z 
5.0 1715030 19.45288 2175548 2405806 2636064 2866322 30.96582 33.26840 "'l 
60 1733263 1963521 2193779 24.24039 2654297 28.84555 31.14813 33.45071 Z 7.0 17.48677 1978937 2209195 24.39453 26.69711 2899969 31.30229 33.60487 
80 17.62030 19.92290 22.22548 24.52806 26.83064 29.13324 3143582 33.73840 trJ 
9.0 1773808 20.04068 22.34326 24.64584 26.94843 2925102 3155360 33.85619 t::) 

> 
'Value shown as 000000 IS nonzero but less than 0000005. .0 

c:::: -"'l 
tr:j 

&3 

-.1 
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Solution 2: Constant discharge 
from a partially penetrating well 

in a nonleaky aquifer 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and is 

screeped in only part of the aquifer. 
3. Aquifer has radial-vertical aniso

tropy. 
4. Aquifer is not leaky. 
5. Discharge from the well is derived ex

clusively from storage in the aquifer. 

Differential equation: 

S as 
T at 

This is the differential equation for nonsteady 
radial and vertical flow in a homogeneous con
fined aquifer with radial-vertical anisotropy. 

Boundary and initial conditions: 

s(r, z,O)=O, r?O, O~z~b 
sex, z,t)=o, t?o 

as(r,O,t)!az=O, r?O, t?O 
as(r,b,t)!az=O, r?O, t?O 

(1) 
(2) 

(3) 
(4) 

\
0; 0< z<d 

lim r as=/-Q/(2rrK,.Cl-d», d< z<l (5) 
r-O ar 0, 1< z<b 

Equation 1 states that initially the draw
down is zero everywhere in the aquifer. Equa
tion 2 states that the drawdown approaches 
zero as the distance from the pumped well ap
proaches infinity. Equations 3 and 4 state that 
there is no vertical flow at the upper and lower 
boundaries ofthe aquifer. This means that ver
tical head gradients in the aquifer are caused 
by the geometric placement of the pumping 
well screen, and not by leakage. Equation 5 
states that near the pumping well the flow is 
radial, that the flow toward the well is equal to 
its discharge, that the discharge is distributed 
uniformly over the well screen, and that no ra
dial flow occurs above and below the screen. 

Solution: 
I. For the drawdown in a piezometer, a solu
tion by Hantush (1961a, p. 85, and 1964a, p. 
353) is given by 

_ ~ " (' ar I c1 ~\l 
s - 4rrT LWCu ) + l u, b ' b' b' b~' 

where 

and 

W(u) =lx e-
'I 

dy 
u y 

f( ar l d z\ 2b ! 1 
u, b' b' b' b) = 7r(l-d) n=l -;. 

(6) 

(sin n7r1 _ sin nrrd) cos nrrz W (u nrrar) (7) 
b b b 'b 

W(u, x) = LXcexp( -y-x~/4y)/y) dy 

An alternate form of this solution for a = 1 is 
given by Hantush (1961a, p. 85): 

Qb . [ (l+z). (l-z) 
s = 8 rr T (l _ d) M \u, -r- + M \u, -r-

+ f'(u, Q, I, £) - M(u, d+z) - M(u, d-z) 
, r r r r r 

- f'(u Q d. ~)~ 
, r' r' r~' ! 

(8) 

in which 

f' (u,~, ~, ~) = ~ [M(U, 2nb;x+z) 

_ M(u, 2nb~x-z) + M(u, 2nb;x-z) 

_ M(u, 2nb~x+z)J (9) 
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and 

M(U,(3)=l
X 

e-,j erf((3 Vy) dy 
u y 

2 rx 2 

erf(x) = Vii Jo e-,j dy. 

II. For the drawdown in an observation well 
(Hantush, 1961a, p. 90, and 1964a, p. 353), 

where W(u) is as defined previously 
and 

. ~ -1 (sin n1Tl _ sin n1Td) 
n=l n 2 b b 

. (sin n~l' _ sin n~d') W(u, n~ar), (11) 

where W(u,x) and u are as defined previously. 

Comments: 
Assumptions apply to conditions shown in 

figure 2.1. The effects of partial penetration 
need to be considered for arlb <1.5. There must 
be a type curve for each value of arlb, dlb, lib, 
and either zlb for piezometer, or l'lb and d'ib for 
observation wells. Because the number of pos
sible type curves is large, only samples of 
curves for selected values ofthe parameters are 
shown in figure 2.2 on plate l. 

For large values of time, that is,for t>b 2S1 
(2a 2 T) or t > bSI (2K z), the effects of partial 
penetration are constant in time, and 

can be approximated by 

2K (n1Tar) 
11 b 

(Hantush, 1961a, p. 92). Ko(x) is the modified 
Bessel function of the second kind of order zero . 

Equation 6 then becomes 

Q Observation 
Discharging well"" r well Piezometer 

I I 
Ground surface 

I 1===::::::===1 C::::::::;::::I ~----..:;~~-

I 
Static level s 

b 
I Aquifer 

j 
I 
I 

r r ; 
7 7 7 7 7 7 7 7 7 7 7 7 7 7 

Impermeable bed 

FIGURE 2.1.-Cross section through a discharging well that is screened in a part of a nonleaky aquifer. 
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where 

and r. is given in equation 7 

. h W (n1Tar) I d b 2K() (n1T
b
ar) . WIt \U, -b- rep ace y \ 

Figure 2.3 shows plots of r. as tabulated by 
Weeks (1969, p. 202-207). In using these 
curves, it should be noted that r. for a given r, 
b, and z I> 1 I> d 1 is equal to r. for the same r, b, 
and z2=b-zI>12=b-d1, and d 2=b-11. Figure_ 
2.3 can be used to find r. by interpolation and 

+4 

lib = 1.00 
I:: dlb = 0.90 

.::t 
+2 x 

~Ia 
a: 0 
0 
G 
~ -2 
U. 

Z 
0 

5 -4 

W 
a: 
a: 

-6 0 
U 
Z +6 
3: 
0 c 
3: +4 
~ 
a: lib = 1.00 
C dlb =0.70 

en +2 en 
w 
-J 
Z 
0 0 
en z 
w 
:2 -2 
C 

-4 

2.00" 

-6 

then constructing type curves of W (u) + r. in the 
manner described by Weeks (1964, p. t>195). 

For small values of time 

(2b-l-z)2S 
t< 20T 

(Hantush, 1961b, p. 172), equation 8 can be ap
proximated by 

S = Qb [Mf. l+z) Mf. d+z) 81TT(l-d) \11, ---;:- - \u, -r-

f. l-z) f. d-z)] + M \U, -r- - M \U, -r- . 

lib - 1.00 
dlb -0.80 

lib -1.00 
dlb -0.60 

0.05 0.10 0.20 0.50 1.00 2.00 0.05 0.10 0.20 0.50 1.00 2.00 

ar/b 

FIGURE 2.3.-The drawdown correction factor r. versus ar/b, from tableei of Weeks (1969). 

• 
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,An extensive table of M(u,{3) has been pre
pared by Hantush (1961c). 

Although rib for a given observation well 
probably would be known, however, the con
ductivity ratio a 2 would not be. Thus, it would 
not be known which arlb curve should be 
matched. In other words, not only T and S, but 
also the conductivity ratio a 2 must be deter
mined. A criterion for determining the match 
between data curves and type curves is that the 
values of arlb for different observation wells 
should all indicate the same "a". Plotting the 
draw down data for several observation wells 
on a single tlr2 plot and matching to sets of type 

+4 

I::: 
"<t 
X +2 

~,o 
a: ,0 
0 
tJ « ·2 -u. 
Z 
0 

6 ·4 

W 
a: 
a: 

·6 0 
U 
Z +6 

,3: 
0 
0 

~ +4 

0:' 
Cl 
U) +2 U) 
W 
...J 
Z 
0 0 en z 
w 
~ -2 
0 

·4 

~ ~~~ 1.00 

0.4 

~ 
~ 
~ 

W 
?--

lib = 1.00 
dlb = 0.50 

11b~ 1.00 
d/b = 0.20 

curves, a different set for each "a", is a useful 
approach. 

Figure 2.2 was prepared from data calcu
lated by the FORTRAN program listed in table 
2.1. This program computes "8" from either 
equation 6 or 10, depending on the input data. 
The input data consist of cards containing the 
parameters coded in specific formats. Readers 
unfamiliar with FORTRAN format items 
should consult a FORTRAN language manual. 
The first card contains: the aquifer thickness 
(b), coded in columns 1-5, in format F5.1; the 
depth to bottom of pumped well screen (l), 
coded in columns 6-10, in format F5.1; the 

lib = 1.00 
dlb = 0.40 

lib = 0.90 
dlb = 0.80 

·6 
0.06 0.10 0.20 0.60 1.00 2.00 0.06 

ar/b 
0.10 0.20 0.60 1.00 2.00 

FIGURE 2.3.-Continued. 
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depth to top of pumped well screen (d), coded in 
columns 11-15, in format F5.1; the number of 
observation wells and (or) piezometers, coded 
in columns 16-20, in format 15; the smallest 
value of 1/u for which computation is desired, 
coded in columns 21-30, in format EI0.4; the 
largest value of 1/u for which computation is 
desired, coded in columns 31-40, in format 
EI0.4. The ratio of the largest 1/u value to the 
smallest 1/u value should be less than 10 12

• 

Following this card is a group of cards contain
ing one card for each observation well or 
piezometer. These cards are coded for an obser
vation well as: distance from pumped well mul-

I:: 
'It 
x 

~Io 
a: 
0 
t; 
<{ 
u... 
Z 
0 

ti 
W 
a: 
a: 
0 
U 
Z 
~ 
0 
Cl 
~ 
<{ 
a: 
Cl 
U) 
U) 
w 
...J 
Z 
Q 
U) 

Z 
w 
:!E 
Cl 

+4 

+2 

0 

-2 

-4 

-6 

+6 

+4 

+2 

0 

-2 

-4 

-6 

lib = 0.90 
dlb = 0.70 

lib = 0.90 
dlb = 0.50 

tiplied by the square root of the ratio of the 
vertical to horizontal conductivity CrY K,IK,.), 
in columns 1-5, in format F5.1; depth to bot
tom of observation well screen (l/), coded in 
columns 6-10, in format F5.1; depth to top of 
observation well screen Cd '), coded in columns 
11-15, in format F5.1. A card would be coded 
for a piezometer as follows: distance from 
pumped well multiplied by the square root of 
the ratio of the vertical to horizontal conductiv
ity CrY KiK,.), in columns 1-5, in format F5.1; 
and total depth of piezometer (z), in columns 
11-15, in format F5.1. The output from this 
program is tables of computed function values, 

lib = 0.90 
dlb = 0.60 

lib = 0.90 
dlb = 0.40 

0.05 0.10 0.20 0.50 1.00 2.00 0.05 

ar/b 
0.10 0.20 0.50 1.00 

FIGURE 2.3.-Continued. 

• 

c 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 13 

an example of which is shown in figure 2.4. 
Subroutines DQLI2, BESK, and EXPI are 
from the IBM Scientific Subroutine Package 
and a discussion of them is in the IBM SSP 
manual. 

Solution 3: Constant drawdown In 

a well in a nonleaky aquifer 

Assumptions: 

I:: 
"=I' 
x 

1. Water level in well is changed instan
taneously by SIC at t = O. 

2. Well is of finite diameter and fully pen
etrates the aquifer. 

+6 

+4 

lib = 0.90 

+2 
~.50 

d/b = 0.30 

~Io ~ ~ 0.40 '-~~ 0.1l0 
a:: 0 
0 
tJ 
<{ -2 u.. 
Z 
0 
i= -4 

,s§:>...-- 0:30 p-=----'7 v? ,.-

~ 
V 

<:><;;,<:> 

U 
w 
a:: 
a:: -6 0 
U 
Z +6 
S 
0 
0 
S +4 
<{ 
a:: lib = 0.90 
0 d/b= 0.10 

en +2 en 
w 
...J 
Z 
0 0 
en 
z 
w 
:2 -2 

~ 0.70.0.30 

0.80,0.20 

~ -~ 
0 

-4 

3. Aquifer is not leaky. 
4, Discharge from the well is derived ex

clusively from storage in the aquifer. 
Differential equation: 

azs + 1 as = s as 
ar2 r ar Tat 

This is the differential equation describing 
nonsteady radial flow in a homogeneous iso
tropic confined aquifer. 
Boundary and initial conditions: 

s(r,O) = 0, r ~ rll • 

~ 
~ ~ 

~ ~ ;::::::;--
~ V ,<;;,0 

~ 

lib = 0.90 
d/b= 0.20 

lib = 0.80 
dib = 0.70 

(1) 

-6 
0.05 0.10 0.20 0.50 1.00 2.00 0.05 

ar/b 
0.10 0.20 0.50 1.00 2.00 

FIGURE 2.3.-Continued. 
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\0, t < ° 
s(rll·,t) = 

I SIC = constant, t ~ ° 
s(oo,t) = 0, t ~ ° 

(2) 

(3) 

Solutions: 
I. For the well discharge 

Lohman, 1952, p. 560): 

where 

G(a) 

and 

Q = 21TT SIC G(a), 

Tt 
a = S .). 

r'f 

(Jacob and 

Equation 1 states that initially the draw
down is zero everywhere in the aquifer. Equa
tion 2 states that, as the well is approached, 
drawdown in the aquifer approaches the con
stant drawdown in the well, implying no en
trance loss to the well. Equation 3 states that 
the drawdown approaches zero as the distance 
from the well approaches infinity. 

II. For the drawdown in water level (Han
tush, 1964a, p. 343): 

~ ..,. 
x +2 

~IQ 
a: 0 
0 
t-
U « -2 LL 

Z 
0 

G -4 

w 
a: 
a: 

-6 0 
U 
Z +6 
3: 
0 
0 
3: +4 « 
a: 
0 
en +2 en 
w 
...J 
Z 

Q 0 
en 
Z 
w 
~ -2 
0 

-4 

-6 
0.05 0.10 2.00 0.50 

lib = O.BO 
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FIGURE 2.3.-Continued. 

0.10 0.20 0.50 

lib = O.BO 
dlb = 0.50 

lib = O.BO 
dlb =0.30 

1.00 2.00 

• 

c 



) 

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 15 

s = S//' A(T, p), 

where A(T,p) = 1 

Comments: 
Boundary condition 2 requires a constant 

drawdown in the discharging well, a condition 

x 

~Ia 
0: 

6 « u. 
2 
o 
tJ 
w 
0: 
0: 
o 
U 
2 
3: o o 

+6 

+4 

+2 

o 

-2 

-4 

-6 

~ +4 
a: 
o 

~ 0.30
0
.60 

,0.70 

0.20 0.80 

~ 

~ 

.. ~ 
~ 

~ O. ,i)\) 
a.i)\)· . 

~ 

IIf> =0.80 
dlf> = 0.20 

11f>=0.70 
dlb = 0.50 

~ +2r-----~~~+-------~----~----~ 
w 
...J 
2 
Q 
tI) 

2 
W 

~ -2~~~+_~~~·-------+----_4----~ 
o 

-4~----+-----+-------+-----+---~ 

most commonly fulfilled by a flowing well, al
though figure 3.1 shows the water level to be 
below land surface. 

Figure 3.2 on plate 1 is a plot from Lohman 
(1972, p. 24) of dimensionless discharge (G(a)) 
versus dimensionless time (a). Additional val
ues in the range a greater than 1 x 10 12 were 
calculated from GCa):::,:2/10g(2.2458a) CHan
tush, 1964a, p. 312). Function values for G(a) 
are given in table 3.1. The data curve consists 
of measured well discharge versus time. After 
the data and type curves are matched, 
transmissivity can be calculated from T = 
QI21TswG(a), and the storage coefficient can be 

11f>=0.70 
dlf> = 0.60 

IIf> = 0.70 
dlf> = 0.40 

_6~-L~L-__ ~~_~~~L-LL~~ ____ J 
0.05 0.10 0.20 0.50 1.00 2.00 0.05 0.50 0.20 1.00 2.00 0.10 

ar/b 

FIGURE 2.3.-Continued. 
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calculated from S = Ttlar,/, where (a,G(a» and 
(t,Q) are matching points on the type curve and 
data curve, respectively. 

Similarly, data curves of drawdown versus 
time may be matched to figure 3.3 on plate 1; 
this is a plot of dimensionless drawdown 
(A(T,p)=slslI") versus dimensionless time (Tlp2 

= TtISr2). After the data and type curves are 
matched, the hydraulic diffusivity of the 
aquifer can be calculated from the equality 
TIS =(Tlp2) (r2/t). Usually Sll" is known, and 
some of the uncertainty of curve matching can 
be eliminated by plotting sl811" versus t because 
only horizontal translation is then required. If 

+4 

lib = 0.70 
~ 
~ 

dlb = 0.30 

X +2 

~IQ 
a:: 0 

~ 
U « 
u... 
z 
0 

6 -4 

W 
a:: 
a:: 

-6 0 
U 
Z +6 
3: 
0 
0 
3: +4 « 
a:: lib =0.60 
0 dlb = 0.40 
(J) +2 (J) 
W 
-' 
Z 
0 0 
Ci5 z 
w 
:E 
0 

ar/b 

rll" is also known, the particular curve to be 
matched can be determined from the relation 
p=rlr". Generally, however, the effective 
radius, rll"' differs from the actual radius and is 
not known. The effective radius can often be 
estimated from a knowledge of the construction 
of the well and the water-bearing material, or 
it can be determined from step-drawdown tests 
(Rorabaugh, 1953). Figure 3.3 was plotted from 
table 3.2. For T~ 1 x 10\ the data are from Han
tush (1964a, p. 310). For T> 1 x lOa, values of 
drawdown in a leaky aquifer, as r".IB-4fJ, were 
used. (See solution 7.) Where 0.000 occurs in 
table 3.2, A(T,p) is less than 0.0005. 

lib = 0.60 
dlb= 0.50 

0.05 0.10 0.20 0.50 1.00 2.00 

ar/b 

FIGURE 2.3.-Continued. 
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FIGURE 2.4.-Example of output from program for partial penetration in a nonleaky artesian aquifer .. 
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Q 

t 
I Ground surface" 

Static level -------
Aquifer 

FIGURE 3.I.-Cross section through a well with constant drawdown in a nonleaky aquifer. 

Solution 4: Constant discharge 
from a fully penetrating well In a 

leaky aquifer 
Assumptions: 

1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is overlain, or underlain, 

everywhere by a confining bed having 
uniform hydraulic conductivity (K ') 
and thickness (b '). 

4. Confining bed is overlain, or underlain, 
by an infinite constant-head plane 
source. 

5. Hydraulic gradient across confining bed 
changes instantaneously with a change 
in head in the aquifer (no release of 
water from storage in the confining 
bed). 

6. Flow in the aquifer is two-dimensional 
and radial in the horizontal plane and 
flow in the confining bed is vertical. 
This assumption is approximated 
closely where the hydraulic conductiv
ity of the aquifer is sufficiently greater 
than that of the confining bed. 

Differential equation: 

azs + 1 as sK' 
arz r or - Tb' 

s as 
T at 

This is the differential equation describing 
nonsteady radial flow in a homogeneous iso
tropic aquifer with leakage proportional to 
drawdown. 
Boundary and initial conditions: 

s(OO,t):=o, t;;:,:O 

10, t<O 
Q== 

Iconstant> 0, t~O 

lim r 
r-O 

-~ 
27fT 

(1) 

(2) 

(3) 

(4) 

Equation 1 states that the initial drawdown 
is zero. Equation 2 states that drawdown is 
small at a large distance from the pumping 
well. Equation 3 states that the discharge from 
the well is constant and begins at t =0. Equa
tion 4 states that near the pumping well the 
flow toward the well is equal to its discharge. 

• 
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" a x 10-4 

1 --- _________________________________ 569 
2 -_- ________________________________ AO 4 
3 ____________________________________ 331 
4 ____________________________________ 287 
5 - ___________________________________ 257 
6 - ___________________________________ 235 
7 ____________________________________ 21.8 
8 ____________________________________ 20.4 
9 ____________________________________ 19.3 

1 ______________ _ 
2 _____________ _ 
3 
4 _______________ _ 

5 6 _____________ _ 
7 _______________ _ 
8 _____________ _ 
9 

1360 
1299 
1266 
1244 

.1227 
1213 

.1202 
1192 
1184 

10-' 10-' 

1834 6.13 
13.11 447 
1079 374 
941 330 
847 300 
777 2.78 
723 260 
6.79 246 
643 235 

10' 10' 

01177 0.1037 
.1131 1002 
1106 .0982 

.1089 0968 
1076 0958 
J066 0950 

.1057 0943 
.1049 0937 
1043 0932 

e 

TABLE 3.1.-Values ofG(a) 

[Modlfied from Lohman (1972, p 24)] 

10-' 

2.249 0985 
1.716 803 
1477 719 
1333 .667 
1234 630 
1 160 .602 
1 103 580 
1057 562 
1018 547 

10' 1010 

00927 00838 
.0899 .0814 
0883 0801 
0872 .0792 
0864 0785 

.0857 0779 
0851 .0774 
0846 0770 
.0842 0767 

10 10' 10' 

0534 0346 0251 
461 311 .232 
427 .294 .222 
405 283 .215 
389 274 .210 
377 268 206 
367 .263 203 
359 .258 200 
352 254 198 

1011 1012 1013 

00764 00704 00651 
.0744 0686 .0636 
0733 .0677 0628 
0726 .0671 .0622 

.0720 0666 .0618 

.0716 .0662 .0615 

.0712 .0658 0612 

.0709 .0655 .0609 
0706 0653 .0607 

10' 

01964 
1841 
1777 

.1733 

.1701 
1675 

.1654 

.1636 
1621 

1014 

00605 
0593 
0586 
0581 
0577 
0574 
.0572 
.0569 
0567 

e 

10' 

01608 
1524 

.1479 

.1449 

.1426 
1408 
1393 
1380 

.1369 

10 111 

00566 
.0555 
.0549 

...., 
><: 
"0 
tr:1 
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'Tj 
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TABLE 3.2.-Values of A( T,p) 
[Values of A (T,p) for T "10' modified from Hantush (1964a, p 310)] 

P 
T 

5 10 20 50 100 200 500 1000 

1 X 1 0.002 
2 .022 
3 .049 
4 .076 0.000 
5 .101 .002 
7 .142 .006 
1 XlO .188 .016 0.000 
2 .277 .057 .001 
3 .325 .094 .004 
4 .358 .123 .009 
5 .381 .146 .016 
7 .414 .184 .031 
1 X 10" .446 .222 .053 0.000 
1.5 .479 .264 .085 .001 
2 .500 .291 .110 .003 
3 .528 .328 .146 .009 
5 .559 .372 .194 .026 0.000 
7 .578 .397 .223 .044 .001 
1 X 103 .596 .422 .254 .066 .004 
1.5 .615 .450 .287 .094 .012 
2 .627 .467 .309 .116 .021 0.000 
3 .644 .490 .338 .147 .039 .001 
5 .662 .517 .372 .186 .068 .006 
7 .673 .533 .392 .211 .089 .014 
1 X 104 .685 .549 .413 .237 .114 .025 
1.5 .696 .566 .435 .264 .142 .043 0.000 
2 .704 .577 .450 .283 .161 .058 .001 
3 .715 .592 .469 .308 .188 .081 .005 
5 .727 .609 .492 .337 .221 .113 .014 0.000 
7 .734 .620 .506 .355 .242 .134 .025 .001 
1 X 105 .742 .631 .520 .373 .263 .156 .039 .002 
1.5 .750 .642 .532 .392 .285 .180 .058 .007 • 2 .755 . 650 .544 .405 .300 .197 .072 .013 
3 .762 .660 .558 .423 .321 .220 .094 .024 
5 .771 .672 .574 .443 .345 .247 .122 .044 
7 .776 .680 .584 .456 .360 .264 .141 .059 
1 X 106 .782 .688 .594 .470 .376 .282 .160 .076 
1.5 .788 .696 .604 .484 .392 .301 .181 .096 
2 .792 .702 .612 .493 .403 .314 .196 .111 
3 .797 .709 .622 .506 .418 .331 .216 .132 
5 .803 .718 .633 .521 .436 .352: .240 .157 
7 .807 .724 .641 .531 .448 .365, .255 .173 
1 X 107 .811 .730 .648 .541 .459 .378- .270 .190 
1.5 .815 .736 .656 .551 .472 .392 .287 .208 
2 .818 .740 .662 .558 .480 .40~: .299 .221 
3 .822 .746 .669 .568 .492 .4lE, .314 .238 
5 .827 .753 .678 .580 .506 .431 .333 .258 
7 .830 .757 .684 .587 .514 .441 .344 .271 
1 X lOB .833 .762 .690 ,595 .523 .45~! .357 .285 
1.5 .837 .766 .696 .603 .533 .468 .370 .300 
2 .839 .770 .701 .609 .540 .470 .379 .310 
3 .842 .774 .706 .617 .549 .481 .391 .323 
5 .846 .780 .714 .626 .560 .494 .406 .340 
7 .849 .783 .718 .632 .567 .50:~ .415 .350 
1 X 109 .851 .787 .723 .638 .574 .51<) .425 .361 
1.5 .854 .791 .728 .645 .582 .51H .435 .372 
2 .856 .794 .731 .649 .587 .521) .443 .380 
3 .858 .797 .736 .655 .594 .53a .452 .392 
5 .861 .802 .742 .663 .603 .544 .464 .405 
7 .863 .804 .746 .668 .609 .550 .472 .413 
1 X 1010 .865 .807 .749 .673 .615 .55'7 .480 .422 
1.5 .867 .810 .753 .678 .621 .56·i .488 .431 
2 .869 .813 .756 .682 .625 .569 .494 .438 
3 .871 .816 .760 .687 .631 .576 .502 .447 
5 .874 .819 .765 .693 .638 .584 .512 .457 
7 .875 .821 .768 .696 .643 .589 .518 .464 
1 X lO" .877 .824 .770 .700 .647 .59" .524 .471 
1.5 
2 
3 
5 
7 
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Solution (Hantush and Jacob, 1955, p. 98): 

s = 4~T [X e-
z:4!i; (5) 

where 

B = Fir. (6) 

Comments: 
As pointed out by Hantush and Jacob (1954, 

p. 917), leakage is three-dimensional, but if the 
difference in hydraulic conductivities of the 
aquifer and confining bed are sufficiently 
great, the flow may be assumed to be vertical in 
the confining bed and radial in the aquifer. 
This relationship has been quantified by Han
tush (1967, p. 587) in the condition biB <0.1. In 
terms of relative conductivities, this would be 
KIK' > 100 blb'. Assumption 5, that there is no 
change in storage of water in the confining bed, 
was investigated by Neuman and Witherspoon 
(1969b, p. 821). They concluded that this as
sumption would not affect the solution if 

Static level 

_ r ~ f3 < 0.01, where f3 - 4b vi ~. 
s 

Assumption 4, that there is no draw down in 
water level in the source bed lying above the 
confining bed, was also examined by Neuman 
and Witherspoon (1969a, p. 810). They indi
cated that drawdown in the source bed would 
have negligible effect on drawdown in the 
pumped aquifer for short times, that is, when 

Tt ~ 
r2S < 1.6 (rIB)~· Also, they indicated (1969a, 
p. 811) that neglect of drawdown in the source 
bed is justified if Ts> lOOT, where Ts repre
sents the transmissivity of the source bed. Fig
ure 4.1, a cross section through the discharging 
well, shows geometric relationships. Figure 4.2 
on plate 1 shows plots of dimensionless draw
down compared to dimensionless time, using 
the notation of Cooper (1963) from Lohman 
(1972, pI. 3). Cooper expressed equations 5 and 
6 as 

L(u,u) = l x _e_-_;-_-_~,' dy, (7) 

Ground surface 

FIGURE 4.1.-Cross section through a discharging well in a leaky aquifer. 
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with 

(8) 

Cooper's type curves and equation 5 express 
the same function with riB =2v. Hantush 
(1961e) has a tabulation of equation 5, parts of 
which are included in table 4.l. 

and 

s = 4T tlr2 
l/u '. 

(10) 

The observed data may be plotted in two 
ways (Cooper, 1963, p. C51). The measured 
drawdown in anyone well is plotted versus tlr2

; 

the data are then matched to the solid-line type 
curves of figure 4.2. The data points are alined 
with the solid-line type curves either on one of 
them or between two of them. The parameters 
are then computed from the coordinates of the 
match points (t/r2,s) and (l/u, L(u,v)), and an 
interpolated value of v from the equations 

Drawdown measured at the same time but in 
different observation wells· at different. dis
tances can be plotted versus tlr2 and matched 
to the dashed-line type curves offigure 4.2. The 
data are matched so as to aline with the 
dashed-line curves, either on one or between 
two of them. From the match-point coordinates' 
(s,tlr2) and (L(u,v),liu) and"an interp'orated 
value of v2lu, T aild S are computed from equa
tions 9 and 1 b and the remaining parameter 
~m !. 

u 

1 X 10 6 

2 
3 
5 
7 
1 X 10-5 

2 
3 
5 
7 
1 X 10-4 

2 
3 
5 
7 
1 X 10-3 

2 
3 
5 
7 
1 X 10-2 

2 
3 
5 
7 
1 X 10-1 

2 
3 
5 
7 
1 X 100 

2 
3 
5 
7 

T = JL L(u,v) 
47T s ' 

(9) 

K'lb' = S 'uz;u, . 

T~e regi,or v2/u~B aq,d 
L(u,v)~10-2 corresponds to steady-state condi
tions. 

TABLE 4.1.~elected ualues o{W(u,r/B) 

[From Hantush (1961e) J 

riB 

0001 0.003 001 0.03 0.1 0.3 3 

0,0695 13.0031 11.8153 9,4425 
12,4240 11.6716 

7.2471 4.854~ 2.7449 0.8420 

12.058,1 11.5098 9,4425 
11.5795 11.2248 9,4413 
11.2570 10.9951 9,4361 
10.9109 10.7228 9,4176 
10.2301 10.1332 9.2961 7.2471 

9.8288 9.7635 9.1499 7.2470 
9.3213 9.2818 . 8.8827 7.2450 
8.9863 8.9580 8.6625 7.2371 
8.6308 8.6109 8.3983 7.2122 
7.9390 7.9290 7.8192 7.0685 
7.5340 7.5274 7,4534 6.9068 4.8541 
7.0237 7.0197 6.9750 6.6219 4.8530 
6.6876 6.6848 6.6527 6.3923 4.8478 
6.3313 6.3293 6.3069 6.1202 4.8292 
5.6393 5.6383 5.6271 5.5314 4.7079 2.7449 
5.2348 5.2342 5.2267 5.1627 4.5622 2.7448 
4.7260 4.7256 4.7212 4.6829 4.2960 2.7428 
4.3916 4.3913 4.3882 4.3609 4.0771 2.7350 
4.0379 4.0377 4.0356 4.0167 3.8150 2.7104 
3.3547 3.3546 3.3536 3.3444 3.2442 2.5688 
2.9591 2.9590 2.9584' 2.9523 2.8873 2.4110 .8420 
2.4679 2.4679 2.4675 2.4642 2.4271 2.1371 .8409 
2.1508 2.1508 2.1506 2.1483 2.1232 1.9206 .8360 
1.8229 1.8229 1.8227 1.8213 1.8050 1.6704 .8190 
1.2226 1.2226 1.2226 1.2220 1.2155 1.1602 '.7148 .0695 

.9057 .9057 .9056 .9053 .9018 :8713 .6010 .0694 

.5598 .5598 .5598 .5596 .5581 .E0453 ,4210 .0681 

.3738 .3738 .3738 .3737 .3729 .8663 '.2996 .0639 

.2194 .2194 .2194 .2193 .2190 .~~161 .1855 .0534 

.0489 .0489 .0489 .0489 .0488 .0485 .0444 .0210 

.0130 .0130 .0130 .0130 .0130 .0130 .0122 .0071 

.0011 .0011 .0011 .0011 .0011 .0011 .0011 .0008 

.0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 

" ,I 

( 
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The drawdown in the steady-state region is 
given by the equation (Jacob, 1946, eq. 15) 

where K o(x) is the zero-order modified Bessel 
function of the second kind and 

Data for steady-state conditions can be 
analyzed using figure 4.3 on plate 1. The draw
downs are plotted versus r and matched to 
figure 4.3. After choosing a convenient match 
point with coordinates (8,r) and (K o(x),x) the 
parameters are computed from the equations 

T -.lL K' _ xT - 2 Ko(x) and -b' - -., . 
1T8 r-

Values of Ko(x) from Hantush (1956) are given 
in table 4.2. 

A FORTRAN program for generating type
curve function values of equation 7 is listed in 
table 4.3. Using the notation L(u,v) of Cooper 
(1963), the function is evaluated as follows. For 
u ;;:. 1, 

L(u,v) ~ 1711Y) exp (-y-v'ly) dy ~J: fey) dy 

This integral is transformed into the form 

[x e-'" [exp (- u - _L) _1 J dx Jo x + u x + u 

evaluated by a Gaussian-Laguerre quadrature 
formula. For v2<u<1, 

TABLE 4.2.-Selected values of Kix) 

[From Hantush (1956, p. 704) J 

N x=NXlO-' 

1 _____________ -4.7212 
1.5 ___________ -4.3159 
2 _____________ -4.0285 
3 ______________ 3.6235 
4 ______________ 3.3365 
5 ______________ 3.1142 
6 ______________ 2.9329 
7 ______________ 2.7798 
B ______________ 2.6475 
9 ______________ 2.5310 

x =NXlO / 

2.4271 
2.0300 
1. 7527 
1.3725 
1.1145 
.9244 
.7775 
.6605 
.5653 
.4867 

x=N 

0.4210 
.2138 
.1139 
.0347 
.0112 
.0037 

[x (I . 
L(u,v) ==J1 fey) dy + Ju fey) dy. 

The first integral is evaluated by a 
Gaussian-Laguerre quadrature formula, as 
previously described. The second integral is 
evaluated using a series expansion, as 

fu
1 

f(y)dy = 8 (l)-s(u), 

where 

_ [ x ~] 
S - log u n~O (n!)2 

+ l [(_1)'11 [ulII _ (V2)1II] [I (u
2)" ]]. 

m==l m u n=O (m+n)!n! 

For u < 1 and u ~ v2
, 

L(u,u) = 2Ko(2u) - A~ fey) dy 

(Cooper, 1963, p. C50), 
where Ko is the zero-order modified Bessel 
funcF.:m of the second kind. The integral in the 
above expression is evaluated by the 
Gaussian-Laguerre procedure, as described 
previously. 

Input data for this program consist of three 
cards with the numeric data coded by specific 
FORTRAN formats. Readers unfamiliar with 
FORTRAN format items should consult a 
FORTRAN language manual. The first card 
contains: the smallest value of lIu for which 
computation is desired, coded in columns 1-10 
in format E10.5; the largest value of lIu for 
which computation is desired, coded in columns 
11-20 in format EI0.5. The table will include a 
range of lIu values spanning these two coded 
values if the span is less than or equal to 12 log 
cycles. The next two cards contain 12 values of 
rIB, all coded in format EI0.5, in columns 
1-10, 11-20, 21-30, 31-40, 41-50, 51-60, 
61-70, and 71:--80 of the first card and columns 
1-10, 11-20, 21-30, and 31-40 of the second 
card. Zero (or blank) coding is permissible in 
this field, but computation will terminate with 
the first zero (or blank) value encountered. An 
example of the output from this program is 
shown in figure 4.4. 



'tI(U.t</8) 

I RIB 
1/U I 0.10E-05 0.30E-05 0.10E-04 0.30E-04 0.10E-03 0.30E-03 0.10E-02 0.30£-02 0.100t: 01 0.2194 0.2194 0.2194 0.2194 0.2194 0.2194 0.2194 0.2194 0.150r: 01 0.3984 0.3984 0.3984 0.3984 0.3984 0.3984 0.3984 0.3984 o.('OOE 01 0.5598 0.5598 0.5598 0.5591; 0.5598 0.5598 0.5S9!; 0.5598 0.300E 01 0.8289 0.8289 0.8289 0.8289 0.8289 0.8289 0.8289 0.8289 O.!:lOOE 01 1.2226 1.2226 1.2226 1.2226 1.2226 1.2226 1.2226 1.2226 0.7001:: 01 1.5066 1.5066 1.5066 1.5066 1.5066 1.5066 1.5066 1.5066 O.lOOE 02 1.8229 1.8229 1.8229 1.8229 1.H229 1.!:l229 1.8229 1.822Q 0.150t:: 02 2.1964 2.1964 2.1964 2.1964 2.1964 2.1964 2.1964 2.1964 u.200E 02 2.4679 2.4679 2.4679 2.4679 2.4679 2.4679 2.4679 2.4679 0.300E 02 2.8570 2.8570 2.8570 2.8570 2.8570 2.8~70 2.8570 2.8:;70 0.500£ 02 3.3547 3.3547 3.3547 3.3547 3.3547 3.3547 3.3547 3.3546 O.700E 02 3.6855 3.6855 3.6H55 3.6855 3.6855 3.6855 3.6855 3.6!:l54 0.100t:: 03 4.0379 4.0379 4.0379 4.0379 4.0379 4.0379 4.0379 4.0377 00150£ 03 4.4401 4.4401 4.4401 4.4401 4.4401 4.4401 4.4400 4.4397 0.200E 03 4.7261 4.7261 4.7261 4.7261 4.7261 4.7261 4.7260 4.7257 0.300E 03 5.1299 5.1299 5.1299 5.1299 5.1299 S.1299 5.129B !l.1292 0.500E 03 5.6394 5.6394 5.6394 5.6394 5.6394 5.6394 5.6393 5.6383 0.700£ 03 5.9753 5.9753 5.9753 5.9753 5.9753 5.9753 ~.9751 5.9737 U.I00E 04 6.3315 6.3315 6.3315 6.3315 6.3315 6.3315 6.3313 6.3293 O.lSOE 04 6.1361 6.7367 6.7367 6.7367 6.7367 6.7366 6.7363 6.7333 O.cOOE 04 7.0242 7.0242 7.0242 7.0242 7.0242 7.0241 7.0237 7.0197 a.300E 04 7.4295 7.4295 7.4295 7.4295 7.4295 7.4294 7.4287 7.4228 0.500E 04 7.9402 7.9402 7.9402 7.9402 7.9402 7.9401 7.9389 7.9290 0.700£ 04 8.2766 8.2766 8.2766 8.2766 8.2766 8.2764 8.2748 8e2609 00100E 05 8.6332 8.6332 8.6332 8.6332 8.6332 8.6330 H.6307 8.6109 

FIGURE 4.4.-Example of output from program for computing drawdown due to constant dIscharge from a well in a leaky 
artesian aquifer. 
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Solution 5: Constant discharge 
from a well in a leaky aquifer with 
storage of water in the confining 

beds 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is overlain and underlain 

everywhere by confining beds having 
hydraulic conductivities K' and K", 
thicknesses b' and b", and storage 
coefficients 8' and 8", respectively, 
which are constant in space and time. 

4. Flow in the aquifer is two dimensional 
and radial in the horizontal plane 
and flow in confining beds is vertical. 
This assumptiort is approximated 
closely where the hydraulic conduc
tivity of the aquifer is sufficiently 
greater than that of the confining 
beds. 

5. Conditions at the far surfaces of the 
confining beds are (fig. 5.1): 

Case 1. Constant-head plane 
sources above and be
low. 

Case 2. Impermeable beds above 
and below. 

Case 3. Constant-head plane 
source above and im
permeable bed below. 

Differential equations: 
For the upper confining bed 

(1) 

For the aquifer 

iPs 1 as K' a , 
ar2 + r ar + T az s\(r,b ,t) 

K" a , _ 8 as - T az s~(r,b +b, t) - T at (2) 

For the lower confining bed 

(3) 

Equations 1 and 3 are, respectively, the dif
ferential equations for nonsteady vertical flow 
in the upper and lower semipervious beds. 
Equation 2 is the differential equation for 
nonsteady two-dimensional radial flow in an 
aquifer with leakage at its upper and lower 
boundaries. 
Boundary and initial conditions: 

Case 1: For the upper confining bed 

s .(r ,z,O)=O 
s\(r,O,t)=O 

s ,(r ,b' ,t)=s(r,t) 

For the aquifer 

s(r,O)=O 
s(oo,t)=O 

lim r os(r,t) = -~ 
r-O ar 

For the lower confining bed 

s2(r,z,0)=0 
s2(r,b' +b+b",t)=O 
s2(r,b' +b,t)=s(r,t) 

21fT 

(4) 
(5) 

(6) 

(7) 
(8) 

(9) 

(10) 
(11) 
(12) 

Case 2: Same as case 1, with conditions 5 
and 11 being replaced, respectively, by 

as,(r,O,t) = ° 
az 

as~(r,b'+b+b") = ° 
az 

(13) 

(14) 

Case 3: Same as case 1, with condition 11 
being replaced by condition 14. 

Equations 4,7, and 10 state that initially the 
drawdown is zero in the aquifer and within 
each confining bed. Equation 5 states that a 
plane of zero drawdown occurs at the top of the 
upper confining bed. Equations 6 and 12 state 
that, at the upper and lower boundaries of the 
aquifer, drawdown in the aquifer is equal to 
drawdown in the confining beds. Equation 8 
states that drawdown is small at a large dis
tance from the pumping well. Equation 9 states 
that, near the pumping well, the flow is equal 
to the discharge rate. Equation 11 states that a 
plane of zero drawdown is at the base of the 
lower confining bed. Equation 13 states that 
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there is no flow across the top of the tipper con
fining bed. Equation 14 states that no flow oc
curs across the base of the lower confining bed. 

Solutions (Hantush, 1960, p. 3716): 
I. For small values of time (t less than 

both b'S '/10K' and b"S I /10K"): 

s = --f!a. H(u,{3) , (15) 

where 

and KIISII) 
b"TS 

100 e-'J {3Vu 
H(u,f3) = - erfc V ( ) dy 

u y yy-u 

erfc(x) = - e- 1J dy. 2!xX , 
V7i x 

II. For large values of time: 
A. Case 1, t greater than both 5b'S 'IK' 

and 5b I S I IK" 

where u is as defined previously 

and 81 = 1 + (S' + S")/3S, 

where 

j K'lb' Kllb" 
a=r -r+r-

W(u,x) =100 exp (-y-x
2
/4y) dy . 

u y 

B. Case 2, t greater than both 
10b'S'IK' and 10b 1S I IK" 

82 = 1 + (S' + S")/S 

W(u) = (X e-'J dy . 
Ju y 

(17) 

C. Case 3, t greater than both 5b'S 'IK' 
and 10b I S"IK" 

-..!L ( /K'Tf}i) s - 47TT W u8;!> r v'-r ' 
where 

83 = 1 + (S" + S'/3)/S 

and W(u,x) is as defined in case 1. 

Comments: 

(18) 

A cross section through the discharging well 
is shown in figure 5.1. The flow system is ac
tually three-dimensional in such a geometric 
configuration. However, as stated by Hantush 
(1960, p. 3713), if the hydraulic conductivity in 
the aquifer is sufficiently greater than the hy
draulic conductivity of the confining beds, flow 
will be approximately radial in the aquifer and 
approximately vertical in the confining beds. A 
complete solution to t.his flow problem has not 
been published. Neuman and Witherspoon 
(1971, p. 250, eq. II-161) developed a complete 
solution for case 1 but did not tabulate it. Han
tush's solutions, which have been tabulated, 
are solutions that are applicable for small and 
large values of time but not for intermediate 
times. 

The "early" data (data collected for small 
values oft) can be analyzed using equation 15. 
Figure 5.2 on plate 1 shows plots ofH(u,{3) from 
Lohman (1972, pI. 4). Hantush (1961d) has an 
extensive tabulation of H(u,{3), a part of which 
is given in table 5.1. The corresponding data 
curves would consist of observed drawdown 
versus tlr2. Superposing the data curves on the 
type curves and matching the two, with graph 
axes parallel, so that the data curves lie on or 
between members of the type-curve family and 
choosing a convenient match point (H(u,{3), 
1/u), T and S are computed by 

T = .£L H(u {3) 
47TS " 

S = 4T~/l. r2 u 

If simplifying conditions are applicable, it is 
possible to compute the product K' S' from the 
{3 value. If K"S"=O, K'S'=16{32b'TSlr 2 , and if 
K"S"=K'S', 
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Ground surface 

)J/;>{:·::A::::::·:;··/::§~~~ :~~d~i··c~~:s~~:~~ ·~~~~·::~!):i·n::~~~:rt-tn:?r/:!~::\XH/}:~rr::~:;.:\:·:{?\//::V.%:/<?)~;·\!"ii.FU/D::~()\:~;:} 
CASE 1 

Ground surface 

CASE 2 CASE 3 

FIGURE 5.1.-Cross sections through discharging wells 'in leaky aquifers with storage of water in the confining 
beds, illustrating three different cases of boundary conditions. 

K'S' 16,W b'b" 
./ TS ,~ 

r- b'+bl/+2vb'b" 

The curves in figure 5.2 are very similar 
from f3=O to about f3=O.5. Therefore, the f3 val-

ues in this range are indeterminate. There is 
also uncertainty in curve matching for all f3 
values because of the fact that it is a family of 
curves whose shapes change gradually with f3. 
This uncertainty will be increased if the data 
covers a small range of t values. The problem 
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TABLE 5.l.-Values of H(u,{3) for selected values of u and (3 

[From Hantush (l961d) Numbers m parentheses are powers of 10 by whIch the other numbers are multIplIed, for example 963( -4) = 0.0963] 

f3 
u 003 01 0.3 3 10 30 100 

1 X 10 9 12.3088 11.1051 10.0066 8.8030 7.7051 6.5033 5.4101 4.2221 
2 11.9622 10.7585 9.6602 8.4566 7.3590 6.1579 5.0666 3.8839 
3 11.7593 10.5558 9.4575 8.2540 7.1565 5.9561 4.8661 3.6874 
5 11.5038 10.3003 9.2021 7.9987 6.9016 5.7020 4.6142 3.4413 
7 11.3354 10.1321 9.0339 7.8306 6.7337 5.5348 4.4487 3.2804 
1 X 10-B 11.1569 9.9538 8.8556 7.6525 6.5558 5.3578 4.2737 3.1110 
2 10.8100 9.6071 8.5091 7.3063 6.2104 5.0145 3.9352 2.7858 
3 10.6070 9.4044 8.3065 7.1039 6.0085 4.8141 3.7383 2.5985 
5 10.3511 9.1489 8.0512 6.8490 5.7544 4.5623 3.4919 2.3662 
7 10.1825 8.9806 7.8830 6.6811 5.5872 4.3969 3.3307 2.2159 
1 X 10-7 10.0037 8.8021 7.7048 6.5032 5.4101 4.2~:21 3.1609 2.0591 
2 9.6560 8.4554 7.3585 6.1578 5.0666 3.8839 2.8348 1.7633 
3 9.4524 8.2525 7.1560 5.9559 4.8661 3.6874 2.6469 1.5966 
5 9.1955 7.9968 6.9009 5.7018 4.6141 3.4413 2.4137 1.3944 
7 9.0261 7.8283 6.7329 5.5346 4.4486 3.2804 2.2627 1.2666 
1 X 10-6 8.8463 7.6497 6.5549 5.3575 4.2736 3.1110 2.1051 1.1361 
2 8.4960 7.3024 6.2091 5.0141 3.9350 2.7857 1.8074 .8995 
3 8.2904 7.0991 6.0069 4.8136 3.7382 2.5~)84 1.6395 .7725 
5 8.0304 6.8427 5.7523 4.5617 3.4917 2.31>61 1.4354 .1>256 
7 7.8584 6.6737 5.5847 4.3962 3.3304 2.2158 1.3061 .5375 
1 X 10-5 7.6754 6.4944 5.4071 4.2212 3.1606 2.01)90 1.1741 .4519 
2 7.3170 6.1453 5.0624 3.8827 2.8344 1. 7632 .9339 .3091 
3 7.1051 5.9406 4.8610 3.6858 2.6464 1.5!}1>5 .8046 .2402 
5 6.8353 5.6821 4.6075 3.4394 2.4131 1.3943 .6546 .1685 
7 6.6553 5.5113 4.4408 3.2781 2.2619 1.2664 .5643 .1300 
1 X 10-4 6.4623 5.3297 4.2643 3.1082 2.1042 1.1:359 .4763 963(-4) 
2 6.0787 4.9747 3.9220 2.7819 1.8062 .8'992 .3287 494( -4) 
3 5.8479 4.7655 3.7222 2.5937 1.6380 .7'721 .2570 315(-4) 
5 5.5488 4.4996 3.4711 2.3601 1.4335 .6'252 .1818 166(-4) 
7 5.3458 4.3228 3.3062 2.2087 1.3039 .5370 .1412 103(-4) e 1 X 10-3 5.1247 4.1337 3.1317 2.0506 1.1715 .4513 .1055 390(-5) 
2 4.6753 3.7598 2.7938 l.7516 .9305 .3084 551( -4) 169(-5) 
3 4.3993 3.5363 2.5969 1.5825 .8006 .2394 355(-4) 713(-6) 
5 4.0369 3.2483 2.3499 1.3767 .6498 .1677 190(-4) 205(-6) 
7 3.7893 3.0542 2.1877 1.2460 .5589 .1292 120(-4) 821( -7) 
1 X 10-2 3.5195 2.8443 2.0164 1.1122 .4702 955(-4) 695(-5) 274( -7) 
2 2.9759 2.4227 1.6853 .8677 .3214 487(-4) 205(-5) 226(-8) 
3 2.6487 2.1680 1.4932 .7353 .2491 308(-4) 888(-6) 
5 2.2312 1.8401 1.2535 .5812 .1733 160(-4) 261(-6) 
7 1.9558 1.6213 1.0979 .4880 .1325 982(-5) 106( -6) 
1 X 10-1 1.6667 1.3893 .9358 .3970 966(-4) 552(-5) 365(-7) 
2 1.1278 .9497 .6352 .2452 468(-4) 149(-5) 307(-8) 
3 .8389 .7103 .4740 .1729 281( -4) 592(-6) 
5 .5207 .4436 .2956 .1006 130(-4) 151(-6) 
7 .3485 .2980 .1985 646(-4) 714( -5) 534(-7) 
1 X 1 .2050 .1758 .1172 365(-4) 337(-5) 151(-7) 
2 458(-4) 395(-4) 264(-4) 760(-5) 487(-6) 
3 122(-4) 106(-4) 707( -5) 196( -5) 102( -6) 
5 108(-5) 934(-6) 624(-6) 167(-6) 672(-8) 
7 109(-6) 941(-7) 629( -7) 165( -7) 
1 X 10 391(-8) 339(-8) 227(-8) 
2 
3 
5 
7 

can be avoided, if data from more than one ob- The "late" data (for large values of t) can be 
servation well are available, by preparing a analyzed using equations 16, 17, and 18; these 
composite data plot of s versus tlr2. This data equations are forms of summaries 1, W(u), and 
plot would be matched by adding the constraint 4, L (u, u). However, for cases 1 and 3, the late 
that the r values for the different data curves data fall on the fiat part of the L (u,u) curves 
representing each well fall on proportional f3 and a time-drawdown plot match would be in-
curves. determinate. Thus, only a distance-drawdown ( 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 29 

match could be used. Drawdown predictions, 
however, could be made using the L(u, v) 
curves. 

Assumption 5, that no drawdown occurs in 
the source beds, has been examined by Neu
man and Witherspoon (1969a, p. 810, 811) for 
the situation in which two aquifers are sepa
rated by a less permeable bed. This is equiva
lent to case 3 with K"=O and S"=O. They 
concluded that (l)H(u,f3), in the asymptotic so
lution for early times, would not be affected 
appreciably because the properties of the 
source bed have a negligi.ble effect on the solu
tion for Tt/r2S ~ 1.6 (32/(rIB)4, whi~ is equiva
lent to t~ S'b'/10K', whereB= Tb'/K';and 
(2) if T., > lOOT, where T" represents the trans
missivity of the source bed, it is probably jus
tified to neglect drawdown in the unpumped 
aquifer. 

Table 5.2 is a listing of a FORTRAN program 
for computing values of H(u,{3) for u~1O-60 
using a procedure devised and programed by S. 
S. Papadopulos. Input data for this program 
consists of three cards. T he first card contains 
the beginning value of l/u, coded in columns 
1-10, in format E10.5, and the ending (largest) 
value of l/u, coded in columns 11-20, in format 
E10.5. The next two cards contain 12 values of 
{3, coded in columns 1-10, 11-20, ... , and 
71-80 on the first card and columns 1-10, 
11-20, ... , 31-40 on the second card, all in 
format E10.5. The function is evaluated as fol
lows (S. S. Papadopulos, written commun., 
1975): 

H(u,f3) = LX (e-II/y) erfc ({3Vu/ Yy(y-u» dy 

where f represents the integrand. For (3 = 0, 
H(u,{3) = W(u), where W(u) is the well function 
of Theis. Because erfc(x)~l for x~O, it follows 
thatH(u,{3)~W(u), and for u> 10, W(u)=O and 
therefore for u>10, H(u,{3)=O. The tables of 
H(u,{3) indicate that H(u,{3)=O for {3> 1 and 
{32u >300. For an arbitrarily small value of u, 
the integral can be considered as the sum of 
three integrals 

L
x iU I iU" LX f dy = f dy + f dy + f dy , 

u U Ul U 2 

where U2 = (u/2)(1 + V 1 + 1020{32/u), 

and UI = (uI2)(1 + V 1 +0.025 (32/ U ). 

The significance of U2 and Ul is that 
erfc ({3Vu!Vy(y-u» = 1 for U>U2 

and 
erfc ({3VutVy(y-u» = ° for U<Ul' 

Therefore, 

(Ul 
Ju fdy = 0, 

and 

where W(U2) is the well function of Theis. The 
function can be evaluated as 

H(u,{3) = W(u) for u > U2 

L
u.' 

and H(u,{3) = f dy + W(uJ for u < Ul . 
U 1 

If U2 > 10, then 

l
u

.' L10 
fdy == fdy, W(uJ = 0. 

UI UI 

An example of output from this program is 
shown in figure 5.3. 

Solution 6: Constant discharge 
from a partially penetrating well 

in a leaky aquifer 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and is 

screened in only part of the aquifer. 
3. Aquifer has radial-vertical anisotropy. 
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H(U.RETA) 

8fTlI 
l/U O.30E-0} O.]Of 00 0.30F" UD (I • ] () 1: O} O.30f O} 

O.lOOE O? 1.6"'67 ].3P94 0.9358 0 • .3970 O. ~9~;, 

o.150E 02 1.QQS3 1.6531 1.1203 (1.5010 0.13 7e.. 

D.20oE 02 2.2308 1.8401 1.2~36 D.SHI2 n .1733 

O.30nE 02 2.5626 2.1010 1.4435 n.702~~ n.2320 
('I.SOOE O? 2.9759 2.42213 1.1'>853 0.8677 0.3214 

0.700E 02 3.~42d 7.6296 1.f1457 O.91:l36 0.3~97 

O.IOOE 03 3.5196 2.8443 2.0164 1.112? 0.4702 

0.150E 03 3.8256 3.0B26 2.2112 ].2647 0.5717 

o.zonE 03 4.0369 3.2483 2.3499 ].3767 0.649~ 

0.300E 03 4.3259 3.4775 2.5459 1.5394 0.7AB3 

o.sonE 03 4.6754 3.759B 2.79313 ].7516 0.9305 
O.700E 03 4.8969 3.9425 2.4576 J..RY53 1.0447 

D.I0nE 04 5.1247 4.1318 3.1117 ?0507 l.17h 

('I.15nE 04 5.3756 4.34R6 3.3301 2.2306 1.3225 
n.2ooE 04 5.5488 4.4996 3.4712 2.3602 1.433"> 
O.30nE 04 5.70,71 4.7109 3.6704 2.5452 1.5'151 

n.50nE 04 6.071:37 4.9747 3.9220 2.78]Q 1.r:..O~;> 

0.70nE 04 6.2665 5.1474 4.0880 ;?939h 1.9494 

OolonE 05 6.41)23 5.3297 4.2h43 3ol0P2 2.104::' 
('I.lSOE 0") 6.6R16 5.53(-'1 4.4650 3.3014 2.2837 

O.20DE 05 6.R353 5.6821 4.A076 3.43 Q 4 2.41.11 
0.300E 05 7. 0498 5.8874 4.f{087 ::I. fd 4 9 2.5(.l7'-1 

O.500E 05 7.3170 6.1454 5.01)24 3.81"27 2.8'144-

O.70nE '1S 7.4915 f,.3149 5.2297 4.(1467 2.992'1 

f).loaE Of, 7.6754 6.4C?44 5.4072 4.2212 3.lf',OfJ 

O.ISOE 06 7.81<34 6.6983 5.60~O 4.42D? 3.3c)3~ 

f).?orE 06 R.0304 6.8427 5.7523 4.5617 3.4~17 

O.30nE 06 R.2369 7.04':>2 5.9'144 4.7,,16 3.6'<72 

f).SOOE 06 8.4960 7.3024 (-'.2l1 91 5.8141 3.93"i1 

a.700E 06 8.(''''62 7.47}O 6.3770 "i.lelO7 4.0991 

O.lOOE 07 8.R463 7.6497 (0-.5,,)49 5.3")76 4.273", 

0.IS0E 07 9.0507 7.8528 6.7573 5.5Cj~9 4.472t· 

f).200E 07 9.1<.J55 7.9968 6.9010 C).70]S 4.:']41 

D.30nE 07 9.3995 8.1998 701034 S.t:.(13S 4.F.]4] 

(I.500E 07 9.6560 8.4554 7.3586 6.1578 5. rIF) I:J ~ 

0.7(1)E 07 9.8?49 8.6237 7.")767 6.32'75 5.?33? 
n.l0nE Ofl. 10.0()3tl F..HO?2 7.7()49 t--.50:n 5.41()1 

O.150E 08 10.2070 9.00<;0 7. 9075 6.71):;;;; 5.6114 
O.2(1)E 08 10.3512 9.1489 8.0=;12 6.Pq.90 5.7544 
1).300E OR 10.5543 9.3517 R.2539 7. (I ':S 1 3 ,.<-1561 

n.sonE 08 10.8101 9.6072 !:S.51)92 7.::lnfJ3 6.i?10 ... 

f).70nE 08 10.9785 9.7754 8.">773 7.4744 6.37~1 

O.101)f 09 11.1570 9.9538 8.R556 7.6C;?S 6."'C:;C;~ 

O.150E 09 11.3599 10.1566 9.0583 7.RSSO 6.7",Al 

r.zonE 09 11.5039 10.3004 9.2021 7.'1~RR 6.9016 
f).30nE 09 11.7067 10.5032 9.4048 p.?nl'" 7.IU40 

(I.50nE oq 11.9622 10.75E~ 9.61)02 F .• 456A 7.359 n 

D.70nE 09 12.1305 10.9269 9.8264 8.6248- 7.S27n 

0.100E 10 12.3089 11.1052 1(1.0067 R.H031 7.70::;2 

FIGURE 5.3.-Example of output from program for computing drawdown due to constant discharge from a 

( well in a leaky aquifer with storage of water in the confining beds. 
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4. Aquifer is overlain, or underlain, 
everywhere by a confining bed hav
ing uniform hydraulic conductivity 
(K') and thickness (b'). 

5. Confining bed is overlain, or underlain, 
by an infinite constant-head plane 
source. 

6. Hydraulic gradient across confining bed 
changes instantaneously with a 
change in head in the aquifer (no re
lease of water from storage in the 
confining bed). 

7. Flow is vertical in the confining bed. 
8. The leakage from the confining bed is 

assumed to be generated within the 
aquifer so that in the aquifer no ver
tical flow results from leakage alone. 

Differential equation: 

a2s1 ar2 + lIr asl ar + a !!a2sl az2 - sK' ITb ' 

= SIT aslat 

This is the differential equation describing 
nonsteady radial and vertical flow in a 
homogeneous aquifer with radial-vertical 
anisotropy and leakage proportional to draw
down. 

f 

Boundary and initial conditions: 
s(r,z,O)=O, r""O, O~z~b 
s(oc,z,t)=O, O~z~b, t~O 
as(r,O,t)/az=O, r~O, t~O 
as(r,b,t)laz =0, r~O, t~O 

(1) 
(2) 

(3) 
(4) 

distributed uniformly over the well screen and 
that no radial flow occurs above and below the 
screen. 

Solution: 
1. For the drawdown in a piezometer, a so

lution by Hantush (1964a, p. 350) is given by 

s = QI47TT{W(u,,8) + f(u,arlb,,8,dlb,lIb,zlb)}, 

where 
W(u,{3) ~ LX e -'; ~ dy 

r2S 
u = 4Tt 

_ jr2K' 
,8 - Tb' 

a = YKz/K,. 

f(u,arlb,,8,dlb,lIb,zlb) 

2bl7T(l-d) f l/n(sin n7Tl/b - sin n7Tdlb) 
n=l 

. cos(n7Tzlb )W( u, Y,82 + (n7Tarlb)2) . 

II. For the drawdown in an observation 
well 

s = QI47TT{W(u,,8) 

+ {(u,arlb,,8,dlb,lIb,d 'lb,I'lb)}, 

where 

{(u,arlb,,8,dlb,lIb,d' Ib,!' Ib) 

= 2b2/7T2(I-d)(I'-d') 
x 

. I lin 2(sin n 7TlIb - sin n 7Tdlb ) 
n=l 

a \ 0, for 0< z < d ·(sin n7Tl'/b-sin n7Td'lb)W(u,Y/32 + (n7Tarlb)2) 
lim r / = /-Q/(27TK,.(l-dll, for d < z < l (5) 
r ~O r 0, for l < z < b 

Equation 1 states that, initially, drawdown 
is zero. Equation 2 states that drawdown is 
small at a large distance from the pumping 
well. Equations 3 and 4 state that there is no 
vertical flow at the upper and lower boundaries 
of the aquifer. This means that vertical head 
gradients in the aquifer are caused by the 
geometric placement of the pumping well 
screen and not by leakage. Equation 5 states 
that near the pumping well the discharge is 

Comments: 
The geometry is shown in figure 6.1. The dif

ferential equation and boundary conditions are 
based on the assumption that vertical flow in 
the aquifer is caused by partial penetration of 
the pumping well and not by leakage. Hantush 
(1967, p. 587) concluded that this assumption is 
correct if bv'K'ITb' < 0.1. The solutions are 
based on a uniform distribution of flow over the 
screen of the pumped well. Depending on fric
tion losses within the well, a more realistic as
sumption might be constant drawdown over 
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11/1/ 
FIGURE 6.l.-Cross section through a discharging well that is screened in part of a leaky aquifer. 

the screen of the pumped well; this assumption 
would imply nonuniform distribution of flow. 
Hantush (1964a, p. 351) postulates that the ac
tual drawdown at the face of the pumping well 
will have a value between these two extremes. 
The solutions should be applied with caution at 
locations very near the pumped well. The ef
fects of partial penetration are insignificant for 
r> 1.5 bla (Hantush, 1964a, p. 350), and the 
solution is the same for the solution 4. 

Because of the large number of variables in
volved, presentation of a complete set of type 
curves is impractical. An example, consisting 
of curves for selected values of the parameters, 
is shown in figure 6.2 on plate 1. This figure is 
based on function values generated by a FOR
TRAN program. 

The computer program formulated to com
pute drawdowns due to pumping a partially 
penetrating well in a leaky aquifer is listed in 
table 6.1. Input data to this program consists of 
cards coded in specific FORTRAN formats. 
Readers unfamiliar with FORTRAN format 

items should consult a FORTRAN language 
manual. The first card contains: aquifer thick
ness (b), coded in format F5.1 in columns 1-5; 
depth, below top of aquifer, to bottom of pump
ing well screen ( I ), coded in format F5.1 in col
umns 6-10; depth, below top of aquifer, to top 
of pumping well screen (d), coded in format 
F5.1 in columns 11-15; number of observation 
wells and piezometers, coded in format 15 in 
columns 16-20; smallest value of lIu for which 
computation is desired, coded in format E10A 
in columns 21-30; largest value of lIu for 
which computation is desired, coded in format 
EI0.4 in columns 31-40. The next two cards 
contain 12 values of riB, all coded in format 
ElO.5, in columns 1--10, 11-20, 21-30, 31-40, 
41-50, 51-60, 61-70, and 71-80 of the first 
card and columns 1-10, 11-20, 21-30, and 
31-40 of the second card. Computation will 
terminate with the first zero (or blank) value 
coded. Next is a series of cards, one card per 
observation well or piezometer, containing: ra
dial distance from the pumped well multiplied 
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by the square root of the ratio of vertical to 
horizontal conductivity (rVKzIK,.), coded In 

format F5.1 in columns 1-5; depth, below top of 
aquifer, to bottom of observation well screen 
(code blank for piezometer), coded in format 
F5.1, in columns 6-10; depth, below top of 
aquifer, to top of observation well screen (total 
depth for a piezometer), coded in format F5.1, 

in columns 11-15. Output from this program is 
a table of function values. An example of the 
output is shown in figure 6.3. 

Because most aquifers are anisotropic in the 
r-z plane, it is generally impractical to use 
this solution to analyze for the parameters. 
However, it can be used to predict drawdown if 
the parameters are determined independently. 

W(U,~/BR)+F(U,R/B,R/BR,L/B,O/B,Z/B), Z/8= 0.50, SQRT(KZ/KR)*R/B= 0.10, L/R= 0.70. 0/8= 0.30 

I 
1/U I 

0.100E 01 
0.150E 01 
a.200E 01 
O.300E 01 
0.500E 01 
O.700E 01 
OelOOE 02 
0.150E 02 
0.200E 02 
0.300E 02 
0.500E 02 
O.700E 02 
0.100E 03 
0.150E 03 
0.200E 03 
0.300E 03 
0.500E 03 
0.700E 03 
0.100E 04 
0.150E 04 
0.200E 04 
0.300E 04 
0.500E 04 
0.700E 04 
o.100E 05 

R/BR 
0.10E-05 

0.5478 
0.9901 
1.3804 
2.0043 
2.8381 
3.3737 
3.9049 
4.4488 
4.7951 
5.2379 
5.7539 
6.0864 
6.4390 
6.8411 
7.1271 
7.530Y 
8.0404 
8.3763 
8.7326 
9.1377 
9.4252 
9.8305 

10.3412 
10.6776 
11.0343 

0.10E-04 
0.5478 
0.9901 
1.3804 
2.0043 
2.8381 
3.3737 
3.9049 
4.441111 
4.7951 
5.2379 
5.7539 
6.01164 
6.4390 
6.11411 
7.1271 
7.5309 
8.0404 
8.3763 
8.7326 
9.1377 
9.4;>52 
9.8305 

10.3412 
10.6776 
11.0343 

0.10E-03 
0.5478 
0.9901 
1.3804 
2.0043 
2.8381 
3.3737 
3.9049 
4.4488 
4.7951 
5.2379 
5.7539 
6.0864 
6.4390 
6.8411 
7.1271 
7.5309 
8.0404 
8.3763 
8.7326 
9.1377 
9.4252 
9.8305 

10.3412 
10.6776 
11.0343 

0.10E-0;> 
0.5478 
0.9901 
1.3804 
2.0043 
2.8381 
3.3737 
3.904'1 
4.44AA 
4.7951 
5.2379 
5.7539 
6.0864 
h.4389 
6.8411 
7.1271 
7.5309 
8.0403 
8.37h2 
8.7323 
9.1373 
9.4247 
9.8298 

10.3400 
10.6759 
11.0318 

0.10E-01 
0.5478 
0.990(1 
1.3803 
2.0042 
2.8379 
3.3735 
3.9046 
4.4483 
4.7944 
5.2369 
5.752'1 
6.0844 
6.4363 
6.8372 
7.1220 
7.5233 
8.0278 
8.35M 
8.7076 
9.1005 
9.375R 
9.7568 

10.2199 
10.509'1 
10.7990 

0.10E 00 
0.5468 
0.9878 
1.3764 
1.9964 
2.8221 
3.3499 
3.8700 
4.3975 
4.7291 
5.1455 
5.h135 
5.9001 
6.1859 
f>.4816 
6.6669 
6.8854 
7.07118 
7.1556 
7.200;> 
7.2199 
7.223'1 
7.22'10 
7.2251 
7.2251 
7.2251 

0.10E 01 
0.4,,31 
0.7872 
1.0398 
1.3767 
1.6931 
1.8158 
1.81126 
1.9094 
1.9143 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.'1155 
1.9155 
1.9155 

0.10E 0;;> 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 

W(U,R/BR)+F(U,R/B,R/BR.L/B.O/B.L'/B,O'/B), L'/S= 0.51. 0'/8= 0.49. SQRT(KZ/KR)*R/A= 0.10. 
L/B= 0.70. O/~= 0.30 

I R/AR 
l/U I 

0.100E 01 
0.150E 01 
0.200E 01 
0.300E 01 
0.500E 01 
0.700E 01 
0.100E 02 
O.150E 02 
n.200E 02 
0.300E 02 
0.500E 02 
0.700E 02 
0.100E 03 
Oel50E 03 
0.200E 03 
0.300E 03 
O.500E 03 
O.700E 03 
OelonE 04 
0.150E 04 
0.200E 04 
0.300E 04 
0.500E 04 
0.700E 04 
O.IOOE 05 

0.10E-05 
0.5477 
0.9899 
1.3801 
2.0038 
2.E!372 
3.3727 
3.9037 
4.4475 
4.7937 
5.2365 
5.7525 
6.0850 
6.4376 
6.8397 
7.1257 
7.5295 
8.0390 
8.3749 
8.7312 
9.1363 
9.4238 
9.8291 

10.3398 
10.6762 
11.0329 

0.10E-04 
0.5477 
0.91199 
1.3801 
2.0038 
2.8372 
3.3727 
3.9037 
4.4475 
4.7937 
5.2365 
5.75;>5 
6.0850 
6.4376 
6.8397 
7el257 
7.5295 
8.0390 
8.3749 
8.7312 
9el363 
9.423f1 
9.8291 

10.3398 
10.6762 
11.0329 

0.10E-03 
0.5477 
0.9899 
1.3801 
2.0038 
2.8372 
3.3727 
3.9037 
4.4475 
4.7937 
5.2365 
5.7525 
6.0850 
6.4376 
6.8397 
7.1257 
7.5295 
8.0390 
8.3749 
8.7312 
9.1363 
9.4238 
9.8291 

10.3398 
10.6762 
11.0328 

0.10E-02 
0.5477 
0.9899 
1.3801 
2.0038 
2.8372 
3.3727 
3.9037 
4.4475 
4.7937 
5.2365 
5.7525 
6.0849 
6.4375 
6.8397 
7.1257 
7.5295 
8.0389 
8.3748 
8.7309 
9.1359 
9.4233 
9.8284 

10.3386 
10.6745 
11.0304 

0.10E-Ol 
0.5477 
0.9699 
1.3801 
2.0037 
2.8371 
3.372<; 
3.9034 
4.4470 
4.7930 
5.2356 
<;.7511 
6.0830 
6.4349 
6.8358 
7.1206 
7.5219 
8.0264 
8.3574 
8.70"'<' 
9.0991 
9.3743 
9.7554 

10.21BS 
10.508s 
10.7971'. 

0.10E 00 
0.5468 
0.9876 
1.3761 
1.9959 
2.8213 
3.3488 
3.8h88 
4.3962 
4.7277 
5.1441 
5.6122 
5.8987 
6.1845 
6.4802 
6."'655 
".A840 
7.0715 
7.1542 
7.19118 
7.2185 
7.2225 
7.2236 
7.2237 
7.2<'37 
7.2237 

OolOE 01 
0.4631 
0.7871 
1.0396 
1.3764 
1.6927 
1.8153 
1.8B21 
1.9089 
1.9138 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 

~ 1.9150 
1.9150 
1.9150 
1.9150 

OolOE 02 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 

FIGURE 6.3.-Example of output from program for partial penetration in a leaky artesian aquifer. 
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Solution 7: Constant drawdown in 
a well in a leaky aquifer 

Assumptions: 
1. Water level in well is changed instan

taneously by Su' at t=O. 
2. Well is of finite diameter and fully pen

etrates the aquifer. 
3. Aquifer is overlain, or underlain, 

everywhere by a confining bed hav
ing uniform hydraulic conductivity 
(K') and thickness (b'). 

4. Confining bed is overlain, or underlain, 

Solutions (Hantush, J959): 
I. For the discharge rate of the well, 

Q = 27TTs".G(a,r".!B), 
where 

G(a,r,,,IB) = (r ll./B)K 1(rlL'IB)IKo(r,,./B) 

+(4/r) exp [ -a(r,jB)2] 

ii uexp(--au2)/[~2 (u) + Y02 (u)]} 

.dul[u2 + (r"./B)2] , 

by an infinite constant-head plane and 
source. 

a = TtIS",:" 

5. Hydraulic gradient across confining bed 
changes instantaneously with a 
change in head in the aquifer (no re
lease of water from storage in the 
confining bed). 

6. Flow in the aquifer is two dimensional 
and radial in the horizontal plane 
and flow in the confining bed is verti
cal. This assumption is approximated 
closely where the hydraulic conduc
tivity of the aquifer is sufficiently 
greater than that of the confining 
bed. 

Differential equation: 

iJ2sliJr2 + (lIr)iJsliJr - sK'ITb' = (SIT)iJslat 

This differential equation describes nonsteady 
radial flow in a homogeneous isotropic confined 
aquifer with leakage proportional to draw
down. 

Boundary and initial conditions: 

s(r,O)=O, r;,30 
s(rll.,t)=s"., t;,30 
s( ce,t) =0, t;,30 

(1) 
(2) 
(3) 

Equation 1 states that, initially, drawdown 
is zero. Equation 2 states that at the wall or 
screen of the discharging well, drawdown in 
the aquifer is equal to the constant drawdown 
in the well, which assumes that there is no en
trance loss to the discharging well. Equation 3 
states that the drawdown approaches zero as 
distance from the discharging well approaches 
infinity. 

K 0 and Klare zero-order and first-order, re
spectively, modified Bessel functions of the sec
ond kind. J 0 and Yo are the zero-order Bessel 
functions of the first and second kind, re
spectively. 

II. For the drawdown in water level 

Jo(urlrll')Yo(u) -- YII(urlr" )J1I(U) d (4) 
J ') Y') U u 1I-(u) + tdu) 

with a, B, K(), J(), and Yo as defined previously. 
Comments: 

A cross section through the discharging well 
is shown in figure 7.1. The boundary conditions 
most commonly apply to a flowing artesian 
well, as is shown in this illustration. 

Figure 7.2 on plate 1 is a plot of dimension
less discharge (G(a,r".!B» versus dimension
less time (a) from data of Hantush (1959, table 
1) and Dudley (1970, table 2). Selected values 
of G(a,rll'IB) are given in table 7.1. The corre
sponding data curve should be a plot of ob
served discharge versus time. The data curve is 
matched to figure 7.2 and from match points 
(a,G(a,r"./B» and (t,Q), T and S are computed 
from the equations ( 
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Static level I 

Ground surface 

Sand under constant head 

Aquifer 

FIGURE 7.1.-Cross section through a well with constant drawdown in a leaky aquifer. 

T = QI(27fs".G(a,r".!B)) 

and s = Ttl(ar,~,), 

Figure 7.3 on plate 1 contains plots of dimen
sionless drawdown (sis".) versus dimensionless 
time (arIl2/r2). The corresponding data plot 
would be observed drawdown versus observa
tion time. Matching the data and type curves 
by superposition and choosing convenient 
match points (s/s".,ar,~/r2) and (s,t), the ratio of 
transmissivity to storage coefficient can be 
computed from the relation 

Figure 7.3 was plotted from function values 
generated by a FORTRAN program. This pro
gram is listed in table 7.2. The input data for 
this program consist of three cards coded in 
specific formats. Readers unfamiliar with 

FORTRAN format items should consult a 
FORTRAN language manual. The first card 
contains: the smallest value of alpha for which 
computation is desired, coded in format E10.5 
in columns 1-10; the largest value of alpha for 
which computation is desired, coded in format 
E10.5 in columns 11-20. The output table will 
include a range in alpha spanning these two 
values up to a limiting range of nine log cycles. 
The second card contains 13 values of r"./B. 
These coded values are the significant figures 
only and should be greater or equal to 1 and 
less than 10. The power of 10 by which each of 
these coded values is multiplied is calculated 
by the program. Zero (or blank) coding is per
missible, but the first zero (or blank) value will 
terminate the list. The 13 values, all coded in 
format F5.0, are coded in columns 1-5, 6-10, 
11-15, 16-20, 21-25, 26-30, 31-35, 36-40, 
41-45, 46-50, 51-55, 56-60, and 61-65. The 
third card contains the radius of the control 
well and distances to the observation wells. 
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TABLE 7.1.-Values ofG(OI.,rw IB) 

[Values for r,jB '" 1XlO-' and a'" 1X10' are from Hantush (1959, table 1), others are from Dudley (1970, table 2)] 

rw iB 

'" 0 6x10' 1xlO ' 2X10' 6x10 ' 1xlO I 2x10 ' 6X10' 1xlOO 

1 X 10-[ 2.24 2.24 2.24 2.25 2.25 2.25 2.26 2.31 2.43 
2 1.71 1.71 1.71 1.71 1.72 1.72 1.73 1.81 1.96 
5 1.23 1.23 1.23 1.23 1.23 1.24 1.25 1.38 1.61 
1 X 10° .983 .983 .983 .984 .986 .990 1.01 1.18 1.49 
2 .800 .800 .800 .801 .804 .809 .834 1.07 1.44 
5 .628 .628 .628 .629 .633 .642 .682 1.01 1.43 
1 X 10[ .534 .534 .534 .535 .541 .554 .611 
2 .461 .461 .461 .462 .472 .491 .569 
5 .389 .389 .389 .390 .407 .438 .548 
1 X 102 .346 .346 .346 .349 .374 .417 .545 
2 .311 .311 .312 .316 .353 .408 
5 .274 .275 .276 .284 .341 .406 
1 X 10" .251 .252 .255 .266 .339 
2 .232 .234 .239 .255 
5 .210 .215 .222 .249 
1 X 104 .196 .204 .216 .248 
2 .185 .197 .213 
5 .170 .192 .212 
1 X 10. .161 .191 
2 .152 
5 .143 
1 X 106 .136 
2 .130 
5 .123 .191 .212 .248 .339 .406 .545 1.01 1.43 

ru/B 

'" 0 1x10' 2x10' 6xlO ' 1XlO • 2x 10-' 6xlO • 1x10 3 2X10 ' 

1 X 104 0.196 0.196 0.196 0.196 0.196 0.196 0.196 0.196 0.197 
2 .185 .185 .185 .185 .185 .185 .185 .185 .185 
5 .170 .170 .170 .170 .170 .170 .170 .170 .173 
1 X 105 .161 .161 .161 .161 .161 .161 .162 .162 .167 
2 .152 .152 .152 .152 .152 .152 .153 .155 .163 
5 .143 .143 .143 .143 .143 .143 .144 .148 .161 
1 X 10. .136 .136 .136 .136 .136 .137 .139 .144 .159 
2 .130 .130 .130 .130 .130 .131 .135 .143 .159 
5 .123 .123 .123 .123 .123 .124 .133 .142 .158 
1 X 107 .118 .118 .118 .118 .118 .120 
2 .114 .114 .114 .114 .114 .116 
5 .108 .108 .108 .108 .110 
1 X 10. .104 .104 .104 .105 .108 
2 .100 .100 .101 .103 .107 
5 .0958 .0958 .0966 .102 
1 X 109 .0927 .0930 .0943 
2 .0899 .0906 .0927 
5 .0864 .0880 .0916 
1 X 1010 .0838 .0867 .0914 
2 .0814 .0862 
5 .0785 .0860 
1 X lO" .0764 .0860 .0914 .102 .107 .116 .133 .142 .158 
2 
5 

The control well radius (rll') is coded first, in well. If the number of observation wells is less 
columns 1-8 in format F8.2. The distances (r) than nine, the remaining columns on the card 
to the observation wells (maximum of nine) are should be left blank. 
coded next, In monotonic increasing order The integral in equation 4 is approximated 
(smallest r first, largest r last), in columns by 
9-16, 17-24, 25-32, 33-40, 41-48, 49-56, 

!OX f(u,a,r"IB) du "~ 57-64,65-72, and 73-80, all in format F8.2. If 
two or more observation wells have the same 
distance, this common distance should be coded 8000 
only once, the function values will apply to all I f(-t::.u/2 + it::.u,a,r"IB) t::.u . 
wells at the same distance from the control i = 1 { 
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This expression is a composite quadrature with 
equally spaced abscissas. The abscissas are 
chosen at the midpoints of the intervals instead 
of the ends because the integrand is singular at 
u =0. The value of Au used is related to a and is 
Au ~ 10-;j/~. The r,rlB values then selected 
by the program satisfy r"./B ~ 10 Au. These two 
constraints, though empirical, are related to 
the behavior of the integrand; the first con
straint is related to the term e -au' as u becomes 
large, and the second to ul (u 2 + (rll.lB)2) as u 
becomes small. 

The Bessel functions Ko(rIB), Ko(rl/.lB) are 
evaluated by the IBM subroutine BESK. A de
scription of this subroutine may be found in the 
IBM Scientific Subroutine Package. 

The Bessel functions of the second kind in 
the integrand, Yo(u) and Yo (urlr/l" ), are evalu
ated using IBM subroutine BESY, which is 
discussed in IBM SSP manual. The Bessel 
functions Jo(u) and Jo(urlrl/') are evaluated for 
arguments less than four by a polynomial ap
proximation consisting of the first 10 terms of 
the series expansion 

x 

J .. (x) = k (-1)"'(x~/2)"/(n!)2. 
u=o 

For arguments greater than or equal to four, 
the asymptotic expansion is used 

J .. (x) = P cos (x - ,,/4) + Q sin (x - 7T/4). 

P and Q are calculated by the algorithm used 
in IBM subroutine BESY. 

The output from this program consists of ta
bles of function values, an example of which is 
shown in figure 7.4. 

Solution 8: Constant discharge 
from a fully penetrating well of 

finite diameter in a non leaky 
aquifer 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of finite diameter and fully pen

etrates the aquifer. 
3. Aquifer is not leaky. 
4. Discharge from the well is derived from 

a depletion of storage in the aquifer 
and inside the well bore. 

Differential equation: 

This differential equation describes 
nonsteady radial flow in a homogeneous iso
tropic aquifer in the region outside the pumped 
well. 

Boundary and initial conditions: 
s(r/l" , t) = s//,(t), t>O (1) 

s(x,t)=O, t>O (2) 
s(r, 0) = 0, r~rll' (3) 

S/l"(O) = 0 (4) 
(27Tr//,T)os (r//" t)lor - (7Trf) os//' (t )/at 

= -Q, t>O (5) 

Equation 1 states that the drawdown at the 
well bore is equal to the drawdown inside the 
well, assuming that there is no entrance loss at 
the well face. Equation 2 states that drawdown 
is small at a large distance from the pumping 
well. Equations 3 and 4 state that, initially, 
drawdown in the aquifer and inside the well is 
zero. Equation 5 states that the discharge of 
the well is equal to the sum of the flow into the 
well and the rate of decrease in storage inside 
the well. 

Solution (Papadopulos and Cooper, 1967; 
Papadopulos, 1967): 

s = (Q/47TT) F(u,O',p), 

where 

F(u,O',p) = (8O'/7T) LX 

[(l-exp( - j32p2/4u)] [J .. (j3p)A (f3)- Y .. (j3p)B(f3)] 

i [A (j3) ] 2 + [B (f3) ] 2: {32 , dj3 

and 

B (j3) = j3J .. (j3) - 2O'J J (j3), 
A(j3) = {3Y .. ({3)-2O'Y J ({3), 

II = r 2S/4Tt, 
a =r,;'Slr!, 

and p = rlrl/" 

J .. and Yo, J J and Y J, are zero-order and 
first-order Bessel functions of the first and sec
ond kind, respectively. 



Z(ALPHA,R/RW,RW/BI, R/RW= 100. 

I Rw/B 
ALPHA I 0.10E-03 0.15E-03 0.20E-03 0.30E-03 0.50E-03 0.70E-03 0.10E-02 0.15E-02 0.20E-02 0;30E-02 0.50E-02 0.70E-02 0.10E-Ol 

0.100E 05 0.114 0.114 0.114 0.114 0.113 0.113 0.113 0.112 0.112 0.109 0.102 0.091 J.074 
0.150E 05 0.142 0.142 0.142 0.141 0.141 0.141 0.141 0.140 0.138 0.134 0.122 0.107 0.082 
0.200E 05 0.161 0.161 0.161 0.161 0.161 0.161 0.160 0.159 0.157 0.151 0.135 0.115 (1.086 
0.300E 05 0.188 0.188 0.188 0.188 0.188 0.188 0.187 0.184 0.181 0.173 0.150 0.123 0.088 
0.500E 05 0.221 0.221 0.221 0.221 0.220 0.220 0.218 0.214 0.209 0.196 0.162 0.128 0.089 
0.700E 05 0.242 0.242 0.242 0.241 0.241 0.240 0.237 0.232 0.225 0.208 0.167 0.130 0.089 
0.100E 06 0.263 0.262 0.262 0.262 0.261 0.260 0.257 0.250 0.240 0.218 0.169 0.130 0.089 
0.150E 06 0.285 0.285 0.285 0.284 0.283 0.281 0.277 0.267 0.254 0.225 0.170 0.130 0.089 
0.200E 06 0.300 0.300 0.300 0.299 0.298 0.295 0.289 0.277 0.262 0.228 0.171 0.130 0.089 
0.300E 06 0.321 0.321 0.320 0.319 0.317 0.313 0.305 0.289 0.269 0.231 0.171 0.130 0.089 
0.500E 06 0.345 0.345 0.344 0.343 0.339 0.333 00322 0.299 0.275 0.232 0.171 Ool30 0.089 
0.700E 06 0.360 0.360 0.359 0.357 0.352 0.344 0.330 0.303 0.276 0.232 0.171 0.130 0.089 
0.100E 07 0.375 0.375 0.374 0.371 0.364 0.355 0.337 0.305 0.277 0.232 0.171 0.130 0.089 
0.150E 07 0.391 0.391 0.389 0.386 0.376 0.364 0.342 0.306 0.277 0.232 0.171 0.130 0.089 
0.200E 07 0.402 0.401 0.400 00396 0.384 0.368 0.344 0.307 0.277 0.232 0.171 0.130 0.089 
0.300E 07 0.417 0.416 0.414 0.408 0.392 0.373 0.345 0.307 0.277 0.232 0.171 0.130 0.089 
0.500E 07 0.435 0.432 0.429 0.421 0.399 0.376 0.346 0.307 0.277 0.232 0.171 0.130 0.089 
0.700E 07 0.445 0.442 0.438 0.427 0.401 0.376 0.346 0.307 0.277 0.232 0'.171 0.130 0.089 
0.100E. 08 0.456 0.452 0.446 0.43.) 0.403 0.377 0.346 0.307 0.277 0.232 0.171 0.130 0.089 
0.150E 08 0.467 0.461 0.454 0.437 0.403 0.377 0.346 0.307 0.277 0.232 0.171 0.130 0.089 
0.200E 08 0.474 0.467 0.458 0.439 0.404 0.377 0.346 0.307 0.277 0.232 0.171 0.130 0.089 
0.300E 08 0.483 0.473 0.462 0.440 0.404 0.377 0.346 0.307 0.277 0.232 0.171 0.130 0.089 
O.sOOE 08 0.492 0.479 0.465 0.440 0.404 0.377 0.346 0.307 0.277 0.232 0.171 0.130 0.089 
0.700E 08 0.497 0.482 0.466 0.440 0.404 00377 0.346 0.307 0.277 0.232 0.171 0.130 0.089 
O.100E O~ 0.501 0.483 0.467 0.440 0.404 0.377 0.346 0.307 0.277 0.232 0.171 0.130 0.089, 

FIGURE 7.4.-Example of output from program for constant drawdown in a well in a leaky artesian aquifer. 

~ e e 

CJ:) 
00 

>-3 
tz:j 
C"'l 
::r: 
Z 

.E3 
C 
tz:j 
r:n 
0 
>:rj 

$J 
> 
>-3 
tz:j 

:;e 
::>:l 
tz:j 
r:n 
0 
C 
::>:l 
C"'l 
tz:j 
r:n 
Z 
<: 
tz:j 
r:n 
>-3 ..... 
Q 
> 
:j 
0 
Z r:n 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 39 

The drawdown inside the pumped well is ob
tained at r = rw and can be expressed as 
(Papadopulos and Cooper, 1967, p. 242): 

where F(uw,a) == F(u,a,I), 

and 

Comments: A cross section through the dis
charging well is shown in figure 8.1. The 
geometry, except for the region of the well bore, 
is the same as for solution 1 (Theis solution). It 
is apparent from figure 8.2 and 8.3 (on plate 1) 
that F(u ,a,p) approaches W(u), the 
Theis solution, as time becomes large. 

Ground surface 

Papadopulos (1967, p. 161) stated that for 
t>2.5x10:!rcIT, or ap2Iu>10\ the function 
F(u,a,p) can be closely approximated by 
F(u,a,p)=W(u). Papadopulos and Cooper 
(1967, p. 242) stated that for t>2.5xI02 r//T, 
or a/u,L' > 10:1, the function F(uw,a) can be 
closely approximated by F(u".,a)=W(uw )' An 
examination of the type curves and function 
values indicates that F(u,c>a)=W(u",) (less 
than 5-percent error) for a/uw > 102

, and hence t 
should only be greater than 25 r/IT for draw
down in the pumped well. 

Figures 8.2 and 8.3 were prepared from func
tion values given in Papadopulos and Cooper 
(1967) and Papadopulos (1967), which are re
produced in table 8.1. For drawdown observa
tions in the pumped well, the method of 
analysis is to plot drawdown versus time and 
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FIGURE S.1.-Cross section through a discharging well of finite diameter. 
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FIGURE 8.2.-Five selected type curves of F(uu.,a), and the Theis solution, versus lIuw. 

then superimpose the plot on figure 8.2. After 
match points of (s,t) and (F(uw,a), l/uw) are 
chosen, the transmissivity can be computed 
from the relation T=(Q/47TS) F(uw,a). Then, 
the storage coefficient can be determined from 
S = (4 Ttlr~)!(1luw). 

For observations not in the pumped well, two 
procedures are available for analyzing the 
data. To analyze the data from a single obser
vation well, a family of type curves of F(u,a,p) 
versus l/u for different values of a can be plot
ted for the p value appropriate for the observa
tion well, using values in table 8.1. This proce
dure produces a family of type curves similar to 
that shown for p = 1 in figure 8.2. If p for the 
observation well is between p values in table 
8.1, function values can be interpolated. Using 
this approach, the data for the observation well 
are plotted as drawdown versus time and 
matched to the best-fitting member of the plot
ted type curves. Transmissivity and storage 
coefficient can be calculated from T = (QI 47TS) 
F(u,a,p) and S = (4Ttlr 2)/(l/u). 

Drawdowns at more than one observation 
point may be combined by preparing a compos
ite plot of the drawdowns at each observation 

well versus tlr2. This composite plot would be 
analyzed by matching it to a family of type 
curves ofF(u,a,p) versus l/u for constant a. An 
example of such a type-curve family for a = 10-4 

is shown in figure 8.3. This method requires 
multiple sheets of type curves, one sheet for 
each value of a. When the data curves are 
matched to the type··curve family, care should 
be taken to insure that the data for each well 
fall on the type curve having the appropriate p 
value. This will be possible for all the data for 
only one value of a. Transmissivity and storage 
coefficient are calculated from T = (Q 147TS) 
F(u,a,p) and S =4T(tlr 2 )/(l/u). 

In both of these methods of plotting and com
paring data, an alternate computation of stor
age coefficient is S =r~alrJ,. However, as 
pointed out by Papadopulos and Cooper (1967, 
p. 244), the shapes of type curves differ only 
slightly when a changes by an order of mag
nitude, therefore the determination of S is sen
sitive to choosing the "correct" curve. 
Papadopulos and Cooper (1967, p. 244) suggest 
that if S can be estimated within an order of 
magnitude, the value of a to be used for match
ing the data can be decided. { 
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TABLE 8.1.-Values of the function F(u,a,p) 

l Values ror p = 1 rrom Papadopulos and Cooper, 1967. Other values rrom Papadopulos, 1967 J 

p 

u 2 5 10 20 50 100 200 

For a = 10-1 

2 X 10° 4.88 X 10-2 1.96 X 10-2 1.75 X 10-2 2.41 X 10-2 3.48 X 10-2 4.24 X 10-2 4.48 X 10-2 4.50 X 10-2 

1 9.19 7.01 9.55 1.41 X 10-1 1.85 X 10-1 2.09 X 10-1 2.14 X 10-1 2.15 X 10-1 ..., 
5 X 10-1 1.77 X 10-1 1.95 X 10-1 3.21 X 10-1 4.44 5.20 5.49 5.55 5.59 ><: 
2 4.06 5.78 9.42 1.13 x 10° 1.19 X 10° 1.22 x 10° "tI 

t<l 1 7.34 1.11 X 10" 1.60 X 10° 1.76 1.80 (:) 5 X 10-2 1.26 X 10" 1.84 2.33 2.43 2.46 C 
2 2.30 2.97 3.28 3.34 3.35 ::0 
1 3.28 3.81 4.00 4.03 <: 

tJ:j 5 X 10-3 4.26 4.60 4.70 4.72 rn 
2 5.42 5.58 5.63 5.64 "%j 

1 6.21 6.30 6.33 0 
5 X 10-4 6.96 7.01 ::0 

"%j 2 7.87 7.93 I:"" 
1 8.57 8.63 0 
5 X 10-5 9.32 ~ 
2 10.24 ..., 

0 
~ 
tJ:j 

For a = 10-2 I:"" 
I:"" rn 

2 X 10° 4.99 X 10-3 2.13 X 10-3 2.11 X 10-3 3.52 X 10-3 7.47 X 10-3 2.03 X 10-2 3.44 X 10-2 4.35 X 10-2 Z 
1 9.91 7.99 1.32 X 10-2 2.69 X 10-2 6.12 X 10-2 1.42 X 10-1 1.91 X 10-1 2.11 X 10-1 

(:) 
5 X 10-1 1.97 X 10-2 2.40 X 10-2 5.40 1.21 X 10-1 2.63 X 10-1 4.65 5.31 5.51 0 
2 4.89 8.34 2.33 X 10-1 5.12 9.15 1.16 X 10° 1.20 X 10° 1.22 X 10" Z 
1 9.67 1.93 X 10-1 5.67 1.12 X 10° 1.58 X 10" 1.78 1.81 

"%j -5 X 10-2 1.90 X 10-1 4.16 1.18 X 10° 1.95 2.32 2.44 2.46 Z 
tJ:j 

2 4.53 1.03 X 10° 2.42 3.11 3.29 3.34 3.35 0 
1 8.52 1.87 3.48 3.90 4.00 4.03 > 5 X 10-3 1.54 X 10° 3.05 4.43 4.65 4.71 4.72 £) 
2 3.04 4.78 5.52 5.61 5.63 5.64 C -1 4.55 5.90 6.27 6.31 6.33 "%j 

5 X 10-4 6.03 6.81 6.99 7.01 t<l 

2 7.56 7.85 7.92 7.94 55 
1 8.44 8.59 8.63 
5 X 10-5 9.23 9.30 
2 10.20 10.23 
1 10.87 10.93 
5 X 10-6 11.62 11.63 
2 12.54 
1 13.24 

..,.. 

...... 
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TABLE 8.1.-Values of the function F(u,a,p}-Continued 

p 

u 2 5 10 20 50 100 200 

For a = 10-3 

2 x 10° 5.00 X 10-' 2.15 X 10-' 2.15 X 10-' 3.70 X 10-' 8.35 X 10-3 3.05 X 10-3 8.38 X 10-3 1.50 X 10-2 

~ 1 9.99 8.11 1.37 x 10-3 2.95 X 10-3 7.58 X 10-3 2.81 X 10-2 7.56 X 10-2 1.47 X 10-1 

5 X 10-1 2.00 X 10-3 2.45 X 10-3 5.77 1.42 x 10-' 3.90 X 10-' 1.54 X -1 3.23 X 10-1 4.78 (") 

2 4.99 8.71 2.67 x 10-' 7.24 2.03 x 10-1 6.59 1.02 x 10° 1.17 x 100 ::t: 
1 9.97 2.07 x 10-' 7.16 2.01 x 10-1 5.41 1.38 x 100 1.70 1.79 Z ..... 
5 X 10-' 1.99 X 10-' 4.66 1.74 x 10-1 4.87 1.19 x 10° 2.27 2.40 2.45 p;; 

c::: 
2 4.95 1.29 x 10-1 5.05 1.31 x 10° 2.52 3.22 3.32 3.35 t.>=l 
1 9.83 2.70 1.04 x 10· 2.38 3.59 3.96 4.02 Ul 

5 x 10-3 1.95 X 10-1 5.47 1.96 3.68 4.50 4.69 4.72 0 
2 4.73 1.31 x 10° 3.81 5.23 5.55 5.63 5.64 '%j 

1 9.07 2.39 5.34 6.13 6.28 6.32 ~ 5 x 10-' 1.69 x 10· 3.98 6.57 6.92 7.00 7.02 
2 3.52 6.44 7.77 7.90 7.93 ~ 
1 5.53 7.95 8.55 8.61 8.63 ::0 

5 x 10-' 7.63 9.02 9.28 9.31 ~ 
2 9.68 10.12 10.22 10.24 Ul 
1 10.68 10.88 10.93 0 
5 x 10-6 11.50 11.59 11.62 ~ 2 12.49 12.53 12.54 
1 13.21 13.23 13.24 t.>=l 

Ul 
5 X 10-7 13.92 13.93 ..... 
2 14.84 

~ 1 15.54 

For a = 10-' 
::j 

S; 
2 x 10· 5.00 X 10-' 2.17 X 10-5 2.18 x 10-' 3.73 X 10-' 8.46 X 10-' 3.16 X 10-' 9.56 X 10-' 3.83 X 10-3 ::j 

0 
1 1.00 X 10-4 8.15 1.38 x 10-' 2.98 X 10-4 7.77 X 10-' 3.23 X 10-3 1.01 X 10-' 3.42 X 10-' Z 
5 X 10-1 2.00 2.47 X 10-' 5.81 1.45 x 10-3 4.10 X 10-3 1.80 X 10-' 5.62 1.75 x 10-1 Ul 

2 5.00 8.76 2.71 x 10-3 7.54 2.27 x 10-' 1.03 X 10-1 3.04 X 10-1 7.10 
1 1.00 x 10-3 2.09 X 10-3 7.34 2.16 x 10-' 6.69 2.97 7.92 1.43 x 10· 
5 X 10-' 2.00 4.72 1.82 x 10-2 5.55 1.74 x 10-1 7.30 1.62 x 10· 2.24 
2 5.00 1.32 )( 10-' 5.56 1.74 x 10-1 5.36 1.87 x 10-· 2.95 3.28 
1 9.98 2.81 1.23 x 10-1 3.86 1.14 x 10· 3.08 3.84 4.02 
5 x 10-3 1.99 X 10-2 5.88 2.64 8.13 2.17 4.25 4.63 4.71 
2 4.97 1.53 x 10-1 6.89 1.97 x 10· 4.14 5.47 5.60 5.63 
1 9.90 3.10 1.36 x 100 3.44 5.61 6.24 6.31 6.33 
5 x 10-' 1.97 X 10-1 6.18 2.53 5.26 6.71 6.98 7.01 
2 4.81 1.48 x 10" 4.95 7.33 7.82 7.92 7.94 
1 9.34 2.72 7.03 8.37 8.57 8.62 
5 x 10-5 1.77 x 10· 4.65 8.65 9.20 9.29 9.32 
2 3.83 7.87 10.02 10.19 10.23 10.24 
1 6.25 9.92 10.83 10.91 10.93 
5 x 10-6 8.99 11.23 11.57 11.62 11.63 

I~ e e 



- --
2 11.74 12.40 12.52 12.54 
1 12.91 13.17 13.23 13.24 
5 x 10-7 13.78 13.90 13.93 
2 14.79 14.83 
1 15.51 15.53 
5 x 10-" 16.22 16.23 
2 17.14 
1 17.84 

For ex = 10-5 

2 x 10° 5.00 x 10 6 2.27 x 10 6 2.48 x 10 6 4.19 X 10-6 

1 1.00 X 10-5 8.36 1.44 x 10-5 3.07 X 10-5 

5 X 10-1 2.00 2.51 X 10-5 5.94 1.47 x 10-4 

2 5.00 8.87 2.74 x 10-4 7.61 
1 1.00 X 10-4 2.11 X 10-4 7.42 2.18 x 10-3 

5 x 10-2 2.00 4.77 1.84 x 10-3 5.65 
2 5.00 1.34 X 10-3 5.64 1.80 x 10-2 

1 1.00 X 10-3 2.84 1.26 x 10-2 4.09 
5 x 10-3 2.00 5.96 2.74 9.03 
2 5.00 1.56 X 10-2 7.43 2.47 x 10-1 

1 9.99 3.20 1.55 x 10-1 5.15 
5 x 10-4 2.00 X 10-2 6.54 3.20 1.04 x 10° 
2 4.98 1.66 x 10-1 8.08 2.45 
1 9.93 3.34 1.58 x 100 4.28 
5 x 10-5 1.98 X 10-1 6.62 2.93 6.63 
2 4.86 1.59 x 10° 5.86 9.36 
1 9.49 2.95 8.53 10.60 
5 x 10-6 1.82 x 10° 5.15 10.67 11.48 
2 4.03 9.08 12.28 12.49 
1 6.78 11.76 13.12 13.21 
5 X 10-7 10.13 13.41 13.88 13.92 
2 13.71 14.68 14.83 14.85 
1 15.13 15.46 15.54 
5 x 10-" 16.05 16.20 
2 17.08 17.14 
1 17.81 17.84 
5 X 10-9 18.51 
2 19.40 
1 20.15 

9.00 X 10-6 3.21 X 10-5 

7.89 X 10-5 3.27 X 10-4 

4.14 X 10-4 1.84 X 10-3 

2.31 x 10-3 1.08 X 10-2 

6.85 3.30 
1.82 x 10-2 8.90 
5.92 2.89 x 10-1 

1.36 x 10-1 6.49 
3.01 1.35 x 10° 
8.06 3.03 
1.60 x 10° 4.75 
2.96 6.31 
5.58 7.71 
7.54 8.52 
8.90 9.21 

10.10 10.22 
10.86 10.92 
11.59 11.62 
12.53 12.54 
13.23 13.24 
13.93 

9.77 X 10-5 3.15 X 10-4 

1.04 X 10-3 3.44 X 10-3 

6.02 2.00 x 10-2 

3.61 X 10-2 1.19 X 10-1 

1.10 x 10-1 3.50 
2.92 8.57 
8.91 2.12 x 10° 
1.80 x 10° 3.34 
3.14 4.40 
5.01 5.52 
6.06 6.27 
6.90 6.99 
7.89 7.93 
8.61 8.63 
9.31 

10.24 

e 
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The early parts (short time) of the curves in 
figure 8.2 are straight lines. According to 
Papadopulos and Cooper (1967, p. 244), these 
represent conditions under which all the water 
pumped is derived from storage within the 
well. The straight lines approached by the 
curves satisfy the equations 

and 

Sw = Qt/7rr~ 

F(uw,a) = a/uw 

volume of water discharged 
area of well 

Therefore, as pointed out by Papadopulos and 
Cooper (1067, p. 244), data that fall on this 
straight part of the type curves do not indicate 
information about the aquifer characteristics. 

Table 8.2 is a listing of two FORTRAN pro
grams by S. S. Papadopulos that evaluate 

F(UW.ALPHA) FOR ALPHA= 1.00000£-04 

UW INT£GRAL INT£GRAL £RROR 

2.00000£ 00 1.54210£ 03 -6.98844E-02 
1.00000£ 00 3.0fl412£ 03 -1.39817£-01 
5.00000£-01 6.16789£ 03 -2.74715£-01 
2.00000£-01 1.54184£ 04 -6.97533£-01 
1.00000£-01 3.08331£ 04 -1.39715£ 00 
5.00000£-02 6.16529£ 04 -2.71364£ 00 
2.00000£-02 1.54061£ 05 -6.97112£ 00 
1.00000£-02 3.07919£ 05 -1.39383£ 01 
5.00000£-03 6.15138£ 05 -2.78767£ 01 
2.00000£-03 1.53334£ 06 -6.82757£ 01 
1.00000£-03 3.05367£ 06 -1.3fl658£ 02 
5.00000£-04 6.06085£ 06 -2.76458£ 02 
2.00000£-04 1.48475£ 07 -6.79220£ 02 
1.00000£-04 2.88072£ 07 -1.30780£ 03 
5.00000E-05 5.45352£ 07 -2.50960£ 03 
2.00000E-05 1.18065E 08 -5.40026E 03 

F(uw,a) and F(u,a,p). The input data to both 
programs consists of cards coded in specified 
format (readers unfamiliar with FORTRAN 
language format should refer to a FORTRAN 
language manual). Input to the programs is 
one or more groups of data, each group of data 
consisting of two cards. The first card contains 
one value of alpha in columns 1-10, coded in 
format E10.5. The program to evaluate 
F(u,a,p) also requires a value of rho on this 
card in columns 11·-20. This value of rho, 
which must be greater than one, is also coded 
in format E10.5. The second card contains 16 
values of U coded in columns 1-5, 6-10, ... , 
75-80 in format 16F5.0. The F(uw,a) or 
F(u,a,p) values will be printed in the order 
that the U values are coded. If less than 16 val
ues of U are desired, the remaining columns on 
the card may be left blank. Outputs from these 
two programs are shown in figures 8.4 and 8.5. 

FIUW.ALPHA) X(PEAK) Y(PEAK) 

4.99991E-05 5.96561£-03 5.55886£ os 
9.99956£-05 ~,,9651l1£-03 1.11177£ 06 
1.99980E-04 5.96561£-03 2.2;>353f 06 
4.99907£-04 ~,.96561£-03 5.55875E 06 
9.99695£-04 5.96560£-03 1.11173E 07 
1.998Q6£-03 5.96559£-03 2.2<>335£ 07 
4.99507£-03 S.96559£-03 5.5'5764£ 07 
9.98359£-03 5.96554£-03 1.11128E 08 
1.99445£-02 5.96549E-03 2.2;>157£ 08 
4.97152E-02 5.96527£-03 5.54652£ 08 
9.90083£-02 5.96493£-03 1.10684£ 09 
1.96509£-01 '5.96425£-03 2.20389£ 09 
4.AI397E-OI 5.96223£-03 5.43712£ 09 
9.34008£-01 5.95886£-03 1.06380E 10 
1.71l818£ 00 S.95237£-03 2.03734£ 10 
3.82800£ 00 '5.93415E-03 4.49196E 10 

FIGURE SA.-Example of output from program for drawdown inside a well of finite diameter due to constant discharge. 

F CU.ALPHA,RHO) FOR ALPHA= 1.00000E-05. RHO= 2.00000E 00 

u INTEGRAL INTEGRAL ERROR FCU.ALPHA.RHO) 

9.99999900E-04 6.29273600E 02 5.45096700E-Ol 3.20486300E-02 
5.00000000E-04 1.28359500£ 03 1.11649700E 00 6.53728800£-02 
1.99999900£-04 3.26376700E 03 2.47402200E 00 1.66222200E-Ol 
1.00000000£-04 6.55423000£ 03 3.31468400E 00 3.33803700E-Ol 
5.00000000£-05 1.30015800E 04 3.53750700E 00 6.62164900E-01 
2.00000000E-05 3.11692500E 04 3.54940500E 00 1.58743500E 00 
9.99999900£-06 5.79505700E 04 3.54602200E. on 2.95139600£ 00 
4.99999900£-06 1.010;>3500E 05 3.53222000£ 00 5.14508300£ 00 
1.99999900E-06 1.78237100E 05 3.6211'l0400£ 00 9.07753300£ 00 
1.00000000£-06 2.30897600E 05 3.66347000£ 00 l.}7595100E 01 
4.99999900[-07 2.63222100£ 05 3.f>P847000f 00 1.34057800F 01 
1.99999900[-07 2.88201800E OS 3.S21R0300f 00 1.46779900f 01 

FIGURE B.5.-Example of output from program for drawdown outside a well of finite diameter due to constant discharge. 

e 
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Solution 9: Slug test for a 
finite-diameter well in a nonleaky 

aquifer 

Assumptions: 
1. A volume of water, V, is injected into, or 

is discharged from, the well instan
taneously at t == O. 

2. Well is of finite diameter and fully pen
etrates the aquifer. 

3. Aquifer is not leaky, and flow is in ra
dial direction only. 

Differential equation: 

fJ2hlar 2 + (lIr) ahlar = (SIT) ah/at, r>rw 

This differential equation describes 
nonsteady radial flow in a homogeneous iso
tropic aquifer beyond the radius of the injected 
well. 

Boundary and initial conditions: 

where 

and 

a = r7v Slrl, 
{3 = Ttlr/, 

A(u) = [uJo(u) - 2w\ (U)]2 

+ [uYo(u)-2aY\(u)V 

Joand Yo, J\ and Yh are zero-order and first
order Bessel functions of the first and second 
kind, respectively. 

The head, H, inside the well, obtained by 
substituting r=rw in equation (6) is 

HIHo := F({3,a), 

where 

F({3,a) = (8al7T~) foX (exp( - (3u ~/a)lu!l(u» du 

and where a, (3, Mu) are as defined previously. 
Comments: Figure 9.1 is a cross section show
ing geometric configuration along the well 
bore. The volume of water injected into or dis

(1) charged from the well is 7Trf Ho. The water
(2) level data in the injected well, expressed as a 

27Tr T fJh(rlC,t) ~ .~ aR(t) t>O (3) fraction of Ho, is plotted versus time on semi-

h(r""t)=R(t), t>O 
h(oo,t)=O, t>o 

II fJr 7T' (' at ' logarithmic graph paper. This plot is superim-
h(r,O)=O, r>rw (4) posed on figure 9.2, keeping the baselines the 

H(O) = Ho = VI7Tr; (5) same and sliding horizontally until a match or 
Equation 1 states that the head change in interpolated fit is made. A match point for {3, t, 

the aquifer at the face of the well is equal to and a is picked from the two graphs. 
that inside the well; one assumes that there is Transmissivity is calculated from T = {3rf It and 
no exit loss at the well face. Equation 2 states storage coefficient from S = ar /Ir,; . As pointed 
that the head change approaches zero as dis- out by Cooper, Bredehoeft, and Papadopulos 
tance from the discharging well approaches in- (1967, p. 267), the determination of S by this 
finity, a condition which will be approximated method has questionable reliability because of 
if boundaries of the aquifer are sufficiently dis- the similar shape of the curves, whereas the 
tant from the discharging well. Equation 3 determination of T is not as sensitive to choos
states that near the well the radial flow is ing the correct curve. Figure 9.2 on plate 1 is 
equal to the rate of change in volume of water plotted from data in table 9.1, which contains 
inside the well. Equations 4 and 5 state that original material from two sources (Cooper and 
initially the head change is zero in the aquifer, others, 1967; and Papadopulos and others, 
and the head increase or decrease inside the 1973). 
well is equal to H o. Table 9.2 is a listing of a FORTRAN program 

by S. S. Papadopulos that evaluates F({3,a). 
Input to the program consists of cards coded in 
a specific format (readers unfamiliar with 
FORTRAN formats should refer to a FOR
TRAN language manual). Input consists of two 
or more cards, each containing a single value of 

Solution (Cooper and others, 1967): 

h = (2HoI7T)/o x (exp( -,Bu 2/a){ Jo(ur/rw) 
,[uYo(u)- 2aY\(u) ] -Yo(urlrw ) 

. [uJo(u)- 2w\ (u)]} IA(u») du, (6) 
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FIGURE 9.1.-Cross section through a well in which a slug of water is suddenly injected. 

ex coded in format F16.5. The first ex ~ 0 will 
signal program termination. Output from the 
program is shown in figure 9.3. 

Solution 10: Constant discharge 
from a fully penetrating well in an 
aquifer that is anisotropic in the 

horizontal plane 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
)3. Aquifer is anisotropic in the horizontal 

plane. 
4. Aquifer is not leaky. 
5. The transmissivity of the aquifer, T, is 

a two-dimensional symmetric tensor. 

Differential equation: 

Txx 82s/aX2 + 2Txy 82s/(Jx8y + T yy 82s/8y2 

+ Q S(x)S (y) = S8s/at. 

This differential equation describes 
nonsteady flow in a homogeneous anisotropic 
aquifer with a constantly discharging well at 
x=y=O. The Dirac delta function is represented 
as 8(z) and has the following properties: 8(z)=O 
if z fO andf_: S(z)dz =1. 

Boundary and initial conditions: 

s(x,y,O)=O 
s(±cx>,y,t)=O 
sex, :too,t)=O 

(1) 
(2) 
(3) 

( 
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TABLE 9.1.-Values ofHlHo 

From Cooper, Bredehoeft, and Papadopulos, 1967 

Ttlr; a 10-' 10-' 10-' 10-' 10-' 

1.00 0.9771 0.9920 0.9969 0.9985 0.9992 
10-3 2.15 .9658 .9876 .9949 .9974 .9985 

4.64 .9490 .9807 .9914 .9954 .9970 
1.00 .9238 .9693 .9853 .9915 .9942 

10-2 2.15 .8860 .9505 .9744 .9841 .9883 
4.64 .8293 .9187 .9545 .9701 .9781 
1.00 .7460 .8655 .9183 .9434 .9572 

10-1 2.15 .6289 .7782 .8538 .8935 .9167 
4.64 .4782 .6436 .7436 .8031 .8410 
1.00 .3117 .4598 .5729 .6520 .7080 

100 2.15 .1665 .2597 .3543 .4364 .5038 
4.64 .07415 .1086 .1554 .2082 .2620 
7.00 .04625 .06204 .08519 .1161 .1521 
1.00 .03065 .03780 .04821 .06355 .08378 
1.40 .02092 .02414 .02844 .03492 .04426 

101 2.15 .01297 .01414 .01545 .01723 .01999 
3.00 .009070 .009615 .01016 .01083 .01169 
4.64 .005711 .004919 .006111 .006319 .006554 
7.00 .003722 .003809 .003884 .003962 .004046 
1.00 .002577 .002618 .002653 .002688 .002725 

102 2.15 .001179 .001187 .001194 .001201 .001208 

From Papa.dopulos, Bredehoeft, and Cooper, 1973 

Ttlr~2 a 10-6 10-7 10-' 10-' 10- 10 

1 0.9994 0.9996 0.9996 0.9997 0.9997 
2 .9989 .9992 .9993 .9994 .9995 

10-3 4 .9980 .9985 .9987 .9989 .9991 
6 .9972 .9978 .9982 .9984 .9986 
8 .9964 .9971 .9976 .9980 .9982 
1 .9956 .9965 .9971 .9975 .9978 
2 .9919 .9934 .9944 .9952 .9958 

10-2 4 .9848 .9875 .9894 .9908 .9919 
6 .9782 .9819 .9846 .9866 .9881 
8 .9718 .9765 .9799 .9824 .9844 
1 .9655 .9712 .9753 .9784 .9807 
2 .9361 .9459 .9532 .9587 .9631 

10-' 4 .8828 .8995 .9122 .9220 .9298 
6 .8345 .8569 .8741 .8875 .8984 
8 .7901 .8173 .8383 .8550 .8686 
1 .7489 .7801 .8045 .8240 .8401 
2 .5800 .6235 .6591 .6889 .7139 
3 .4554 .5033 .5442 .5792 .6096 
4 .3613 .4093 .4517 .4891 .5222 

100 5 .2893 .3351 .3768 .4146 .4487 
6 .2337 .2759 .3157 .3525 .3865 
7 .1903 .2285 .2655 .3007 .3337 
8 .1562 .1903 .2243 .2573 .2888 
9 .1292 .1594 .1902 .2208 .2505 
1 .1078 .1343 .1620 .1900 .2178 
2 .02720 .03343 .04129 .05071 .06149 
3 .01286 .01448 .01667 .01956 .02320 

10' 4 .008337 .008898 .009637 .01062 .01190 
5 .006209 .006470 .006789 .007192 .007709 
6 .004961 .005111 .005283 .005487 .005735 
8 .003547 .003617 .003691 .003773 .003863 
1 .002763 .002803 .002845 .002890 .002938 

102 2 .001313 .001322 .001330 .001339 .001348 
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F(BETA.ALPHA) FOR ALPHA= 1.00D-Ol 

RETA t-//HO 

1.000-03 0.9769 
2.000-03 0.9670 
4.000-03 0.9528 
6.000-03 0.9417 
R. 001)-03 0.9322 
1.000-02 0.9238 
2.000-02 O.A904 
4.00fJ-02 0.8421 
6.000-0? 0.8048 
~.OOO-02 0.7734 
1.000-01 0.7459 
2.000-01 0.6418 
4.000-01 0.5095 
6.000-01 0.4227 
B.OOD-Ol 0.3598 
1.00D 00 0.3117 
2.000 00 0.1786 
3.000 00 0.1196 
4.00U 00 0.0876 
5.000 00 0.06Rl 
6.0(1) 00 0.0553 
7.00D 00 0.0463 
~.()OD 00 0.0396 
9.00D 00 0.0346 
1.000 Ul 0.0306 
2.001) 01 0.0141 
3.00D 01 0.0091 
4.(100 01 0.0067 
5.001) 01 0.0053 
i).OOf:} 01 0.0044 
7.00n 01 0.0037 
8.001) 01 0.0032 
9.00r) 01 0.0029 
1.00i) O? O.OO?o 
2.00n O? 0.0013 
4.001) 02 0.0006 
1').001) 02 O.()OO4 
q.OOU 02 0.0003 
1.001) 03 0.0003 

FIGURE 9.3.-Example of output from program to compute 
change in water level due to sudden injection of a slug of 
water into a well. 

Equation 1 states that, initially, drawdown 
is zero. Equations 2 and 3 state that the draw
down approaches zero as distance from the dis
charging well approaches infinity, a condition 
which will be approximated if boundaries of 
the aquifer are sufficiently distant from the 
discharging well. 

Solution (Papadopulos, 1965, p. 23): 

S == (QI47Tv'TxxTyy-Txt) W(U Xy ), (4) 

where 

:l
OX 

W(u) = u (e-"Iu) du 

and 
UXy == (SI4t)(Txxy2 + TyyX2 

- 2T Xyxy )/(T xx T yy - T X2y). (5) 

If the coordinate axes x and yare the same as 
the principal axes E and 'Y/ (fig. 10.1) of the 
transmissivity tensor, the preceding equation 
for drawdown becomes 

S == (QI47Tv' T.. T 7I7I ) W(u E7I ), 

where 
U'TJ == (SI4t)(T .. n2 + TTJTJ ~?)ITEE T7I7I . 

Comments: The method of type-curve solution 
as outlined by PapadopUlos (1965, p. 26) re
quires observation of drawdown in at least 
three observation wells. First, choose a conve
nient rectangular coordinate system with the 
pumped well at the origin. Then, plot the ob
served drawdown versus t on logarithmic 
paper. Match these plots to the W(u) type curve 
given in solution 1. Choose a match point of 
(t,s) and (lluxy , W(UXy» for each well and com
pute TxxTyy-T;y = (QW(Uxy )/47TS)2 for each 
well. Match points for all observation wells 
should yield approximately the same value of 
(TxxTyy-T£y). Usually they will not and 
judgment must be used to obtain an "average" 
value. Substituting this value and the three 
values of (x,y) in equation 5 gives three equa
tions in three unknowns ST xx, ST yy, and ST Xy. 
These equations are of the form 

y2(ST xx) + x2(ST YII) - 2xy(ST Xy) 

= 4tuxy(TxxTyy - T;y ). 

Solve these three equations to determine T xx, 
T xy , and Tyy in terms of S, and S may be de
termined from 
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FIGURE lO.1.-Plan view showing coordinate axes. 

Then, compute T;u, T yy, and T Xy from ST xx, 
ST yy, and ST xy. TEE , 1'.",., , and e (the angle 
between the x and the E axis) may be calculated 
from the relations (Papadopulos, 1965, p. 28) 

TEE = 1I2(T;u + Tyy+ «T;u - Tyy)2 
+ 4T Jy)112) 

T"'l) = 1I2(T;u + Tyy -«T;u - Tyy)2 
+ 4T Jy)112) 

e = arctan «TEE - T ;u)IT Xy). 

Solution 11: Variable discharge 
from a fully penetrating well In a 

leaky aquifer 
Assumptions: 

1. Well discharge changes as a specified 
function of time. 

2. Well is of infinitesimal diameter and 
fully penetrates the aquifer. 

3. Aquifer is overlain, or underlain, 
everywhere by a confining bed hav
ing uniform hydraulic conductivity 
(K') and thickness (b'). 
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4. Confining bed is overlain, or underlain, 
by an infinite constanthead plane 
source. 

5. Hydraulic gradient across confining bed 
changes instantaneously with a 
change in head in the aquifer (no re
lease of water from storage in the 
confining bed). 

6. Flow in the aquifer is two-dimensional 
and radial in the horizontal plane 
and flow in the confining bed is verti
cal. This assumption will be approx
imated closely where the hydraulic 
conductivity of the aquifer is suffi
ciently greater than that of the con
fining bed. 

Differential equation: 

a2s + 1-. as _ sK' = §.. as 
ar2 r ar Tb' T at 

This is the differential equation describing 
nonsteady radial flow in a homogeneous iso
tropic aquifer with leakage proportional to 
drawdown. 

Boundary and initial conditions: 

s(r,O)=O (1) 
s(oo,t)=O (2) 

lim r as = - JlJ!l , t ~ 0 (3) 
r-O ar 21TT 

Equation 1 states that, initially, drawdown 
is zero. Equation 2 states that drawdown is 
zero at large distances from the pumped well. 
Equation 3 states that near the pumped well 
the radial flow is equal to the discharge of the 
pumped well, which is a function of time. 

Solution: 
Solutions for certain discharge functions 

have been published by Abu-Zied and Scott 
(1963), and Werner (1946) for a nonleaky 
aquifer, and by Hantush (1964a) for both leaky 

where Q(t) is the discharge function of time 
and A = r2S/4T. A numerical integration 
scheme is generally necessary to evaluate the 
above equation. 

For type curves, a more useful form of equa
tion 4 is 

s = (QrI41TTi t [Q(t')/Qr (t-t')] 

. exp [-AI(t-t')-(t-t')K'ISb']dt', (5) 

or 
(6) 

where SO(t), read "system output function," 
represents the integral expression in equation 
5, and Qr is an arbitrary discharge that elimi
nates dimension from the integral expression. 
For example, Qr could be the initial, final, or 
average discharge, according to the needs of 
the user. 
Comments: Figure 11.1 is a cross section 
through the discharging well. This situation is 
the same as for solution 4, except for the vary
ing discharge of the well. The effect of finite 
well radius (rl<') was investigated by Hantush 
(1964b, p. 4224), who concluded that for 
t>25r~,.sIT and ru./ \!Tb'IK' < 0.1 the draw
down could be represented closely by the con
volution integral. 

Figure 11.2 on plat'~ 1 shows a selected set of 
type curves for linear change in discharge in a 
nonleaky aquifer. The solution for this type of 
discharge function has been presented by 
Werner (1946, p. 706). The discharge function 
for figure 12.2 is Q(t)=Qo(1+ct), and the re
sulting drawdown is 

where W(u) is the well function of Theis. Sub
stituting Alu for t in the above expression gives 

s = (Q o/41TT) W(u) 
and nonleaky aquifers. For arbitrary discharge 
functions for leaky aquifers, a solution using or 
the convolution integral has been presented by 
Moench (1971, eq. 3): 

.(l+cA{l+(lIu) [l-e- UIW(u»)}), 

s = (l/41TT) it (Q(t')/(t-t'» where SOCt) represents 

. exp (-AI(t-t') - (t-t')K'ISb')dt', (4) W(u)(l+cA{l+(lIu) [l-e-UIW(u)]}). 

e 

( 
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FIGURE 1l.1.-Cross section through a well with variable discharge. 

This substitution permits the plotting of a 
family of type curves, each curve specified by a 
value of cA. 

Table 11.1 is the listing of a FORTRAN pro
gram designed to evaluate the above convolu
tion integral for five different discharge func
tions. Three of these discharge functions are 
those devised by Hantush (1964a, p. 343, 344), 
who presented solutions for drawdown result
ing from these functions. These three discharge 
functions are: 

(a) Q(t)=Q" [1+8 exp (-tlt*)], 

(b) Q (t) = Qs [1 + 01( 1 + tlt* ) ], 

and (c) Q(t) =Qs [1 + 8/Yl + tlt* ], 

where Q" is the ultimate steady discharge and 8 
and t* are parameters defining a particular 
function. The first discharge function, for an 
exponentially decreasing discharge (case "a" of 
Hantush, 1964a) is virtually the same as the 
discharge function of Abu-Zied and Scott 
(1963). Besides the three functions of Hantush, 
the program also includes discharge as a fifth-

5 

degree polynomial of time, Q(t)= 2 ait', where 
,=0 

the ai are the coefficients of the polynomial, 
and as a piecewise linear function of time with 
eight segments, 

for 

where aJ and bj are parameters defining thejlh 
line segment. The program uses a different, but 
equivalent to equation 4, expression for the 
convolution integral 

s = (1/47TnJ: t (Q(t-tl)lt ' ) 

·exp (-Altl-tIKIISb ' ) dt'. 

The program uses a sum to approximate the 
convolution integral. It chooses a starting 
value of t ' that satisfies r 2S/4Tt ' +K't'/Sb' = 
100. If such a value of t I does not exist, that is, 
(r 2S/4T) (KI/Sb '»2500, then a value of zero is 
assigned for the integral value. The ending 
point of the interval is picked as 10 times the 
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starting point. The integral over this interval 
is approximated by a trapezoidal sum using: for 
500 subdivisions of the interval. A new inter-

Q (t) = aJ + bJ (t - tJ - I ) 

tj _ l <t"";dj,j=I,2, ... ,8. 

val is then constructed using the previous end 
point as a new starting point and a new ending 
point equal to 10 times the new starting point. 
This new interval is again evaluated by a 
trapezoidal sum of 500 segments. This summa
tion procedure over intervals that are succes
sively an order of magnitude larger continues 
until either t'=t or (r 2S/4Tt') + (K'tISb') 
> 101. Input to this program consists of cards 
coded in specific formats. Readers unfamiliar 
with FORTRAN formats should refer to a 
FORTRAN language manual. Input consists of 
one or more groups of data, each group consist
ing of the following. First, one card containing 
the beginning time of the period of analysis in 
columns 1-10, coded in format EI0.3; the end
ing time coded in columns 1311-20, in format 
EI0.3; and a discharge index (a number from 1 
through 5) coded in column 25, in format II; 
and a reference discharge, QR, coded in col
umns 31-40, in format EI0.3. The discharge 
index, IQ, selects a discharge function, Q(t), in 
the following manner. If IQ = 1, the discharge 
function is exponentially decreasing, 

Q (t) =Qs [1 +Sexp( -tlt*)]. 

This is case (a) of Hantush (1964a, p. 343). If 
IQ = 2, the discharge function is hyperbolically 
decreasing, 

Q(t) =Qs [1 +8/(1 +tlt*)]. 

This is case (b) of Hantush (1964a, p. 344). If 
IQ = 3, the discharge function is the same as 
case (c) of Hantush (1964a, p. 344), 

Q(t) =Qs [1 +S/V 1 +tlt*]' 

If IQ = 4, the discharge function is a fifth
degree polynomial of time, 

5 
Q(t) = 1 a,t'. 

i=O 

If IQ = 5, the discharge function is a piecewise
linear function of time with eight or less seg
ments, 

The reference discharge, QR, is used to deter
mine the form of the output from the program: 
If QR is coded as zero (or blank), the output 
shows t, s (as defined by eq. 4), and Q(t). If a 
value greater than zero is coded for QR, the 
output shows l/u, SO (t) (as defined by eq. 6), 
and Q (t)/QR. 

Second, there are one or more cards contain
ing parameters of the discharge function. If 
IQ = 1, 2, or 3, then it consists of one card con
taining: QST, the ultimate steady discharge, 
coded in columns 1-10, in format E10.3; DE
LTA, a rate parameter, coded in columns 
11-20, in format EI0.3; TSTAR, a time param
eter, coded in columns 21-30, in format EI0.3. 
If IQ =4, it is one card containing the six 
polynomial coefficients. They are coded in the 
order ao, aJ, ... , a5, in columns 1-10; 11-20, 
... , 51-60 all in format EI0.3. If IQ = 5, then 
the program requires four cards, each card con
taining tj) aj) bj) tJ +1 , aj+1> b)+I; the four cards 
representingj = 1,3,5,7. The last part of each 
set of data consists of two or more cards con
taining coded values for: distance from pumped 
well, in columns 1-10; storage coefficient, in 
columns 11-20; transmissivity, in columns 
21-30; and ratio of hydraulic conductivity to 
thickness for the confining bed, in columns 
31-40, all in format EI0.3. A blank card i.s 
used to signal the end of each set of data. Out
put from this program is shown in figure 11.3. 
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R**2*S/(4*TRANSI= 1.000E-04. K'/(S*B'I= 2.500E 03. QR= 1.257E 05 

1/U 1/U*10** 0 l/U*lO** 1 l/U*lO** 2 1/U*10** 3 
SO (T) Q (T) IQR SO(T) Q eT> IQR SO eT> Q e T> IQR SO eT> Q e T) IQR 

1.0 0.185 1.000E 00 0.819 1.000E 00 0.842 1.000E 00 0.842 1.000E 00 
1.5 0.317 1.000E 00 0.837 1.000E 00 0.842 1.000E 00 0.842 1.000E 00 
2.0 0.421 1.000E 00 0.841 1.000E 00 0.842 1.000E 00 0.842 1.000E 00 
3.0 0.566 1.000E 00 0.842 1.000E 00 0.842 1.000E 00 0.842 1.000E 00 
5.0 0.715 1.000E 00 0.842 1.000E 00 0.842 1.000E 00 0.842 1.000E 00 
7.0 0.780 1.000E 00 0.842 1.000E 00 0.842 1.000e: 00 0.842 1.000E 00 

R**2*S/(4*TRANS)= 1.000E-04, K'/(S*B'I= 2.500E 01, QR= 1.257E 05 

1/U l/U*10** 0 l/U*10** 1 l/U*10** 2 l/U*10** 3 
SO (T) Q (T) IQR SO eT) Q (T) IQR SO eT) Q e T) IQR SO (T) Q I T) IQR 

1.0 0.219 1.000E 00 1.805 1.000E 00 3.815 1.000E 00 4.829 1.000E 00 
1.5 0.397 1.000E 00 2.167 1.000E 00 4.111 1.000E 00 4.849 1.000E 00 
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5.0 1.216 1.000E 00 3.244 1.000E 00 4.708 1.000E 00 4.854 1.000E 00 
7.0 1.495 1.000E 00 3.530 1.000E 00 4.785 1.000E 00 4.854- 1.000E 00 

R**2*S/14*TRANS)= 1.000E-04, K'leS*BI)= 2.500E-01. QR= 1.257E 05 

1/U l/U*10** 0 l/U*10** 1 l/U*lO** 2 l/Ull-lO** 3 
SO IT) Q IT> IQR SalT) Q IT) IQR SO eT> QIT>/QR SO IT) Q e T) IQR 

1.0 0.219 1.000E 00 1.823 1.000E 00 4.036 1.000E 00 6.307 1.000E 00 
1.5 0.398 1.000E 00 2.196 1.000E 00 4.437 1.000E 00 6.700 1.000E 00 
2.0 0.560 1.000E 00 2.468 1.000E 00 4.721 1.000E 00 6.975 1.000E 00 
3.0 0.829 1.000E 00 2.857 1.000E .(10 5.123 1.000E 00 7.356 1.000E 00 
5.0 1.223 1.000E 00 3.354 1.000E 00 '5.627 1.000E 00 7.820 1.000E 00 
7.0 1.507 1.000E 00 3.684 1.000E 00 5.958 1.000E 00 RollO 1.000E 00 

R**2*S/14ll-TRANS)= 1.000E-04. K'/(Sll-BI)= 2.500f-03. QR= 1.257E 05 

l/U l/U*10** 0 l/U*10** 1 l/U*10** 2 l/U*10** 3 
SOIT) Q IT) IQR SO (T) Q(T>/QR SO (T> Q (T> IQR SO IT) Q(T)/QR 

1.0 0.219 1.000E 00 1.823 1.000E 00 4.038 1.000E 00 6.332 1.000E 00 
1.5 0.398 1.000E 00 2.197 1.000E 00 4.440 1.000E 00 6.737 1.000E 00 
2.0 0.560 1.000E 00 2.468 1.000E 00 4.726 1.000E 00 7.024 1.000E 00 
3.0 0.829 1.000e: 00 2.857 1.000E 00 5.130 1.000E 00 7.429 1.000E 00 
5.0 1.223 1.000E 00 3.355 1.000E 00 5.639 1.000E 00 7.939 1.000E 00 
7.0 1.507 1.000E 00 3.686 1.000E 00 5.975 1.000E 00 8.275 1.000E 00 

FIGURE 11.3.-Example of output from program to compute the convolution integral for a leaky aquifer. 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

TABLE 2.1.-Listing of program for partial' penetration in a nonleaky artesian aquifer 

******************************************************************PPN 
PP'" 

PURPOSE PPN 
TO COM~UTE TYPE CURVE FUNCTION VALUES FOR PARTIA~ PENEfRATION PPN 
IN A NQNLEAKY AQUIFER USING EQUATIONS 1 ANO 9A OF HANTUSH,M,S"PP~ 
lqol10~AwOOWN AROUND A PARTIAllY PENETRATING WELLI HYDRAULIC PPN 
DIV, JUUR" AM, SOC, CIVIL ENGINEERS PROC., P, 83~q8. PPN 

INPUT DATA PPN 
1 CA~O • FORMAT (lF5.1,I5,iEl0.4) PPN 

8 • AQUIFER THICKNESS PPN 
L • DEPTH, 8ELDW TOP OF A~UIFER, TU BOTTOM UF PUMPING PPN 
wEll SCREEN PPN 
D _ DEPTH, BELOw TOP OF A~UIFER, TO TOP OF PUMPING WELL PPN 
SCREEN PPN 
NU~ • NUMijER OF 08SERVATION wELLS OR PIEZOMETlRS TIMES PPN 
NUMBER OF VALUES OF KllKR, PPN 
SMALL. SMALLEST VALUE OF l/U FOR WHICH COMPUTATIUN 18 PPN 
DESIRED PPN 
LARGE. LARGEST VALUE UF l/U FOR WHICH CUMPUTATIUN IS PPN 
DESIRED PPN 

NUM CARDS (ONE FOR EACH UBS, wELL OR PIEZOMETER AND FOR EACH lPPN 
VALUE OF R*SQRTCKZ/KR), • FORMAT (3F5,1) PPN 
R • RADIAL DISTANCE FROM PUMPED WELL TIMES SQRT(KZ/KR). PPN 
LPRIME • DEPTH, BELOW TUP OF AQUIFER, TO ~UTTUM Of U85, PPN 
wELL SCREEN (ZERO FOR PIEZUMETER) PPN 
DPRIME _ DEPTH, BELOW TOP OF AQUIFER, TO TUP UF OBS. wELL PPN 
SCREEN (TOTAL DEPTH FOR PIEZOMETER) PPN 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED PPN 
OQLli,SERIES,BESK,FCT,L,F,EXPI PPN 

PPN 
**************************************************************** •• PPN 
REAL*8 U 
REAL*q L,L8,lP8,LPRIME,LARG~ 
DIMENSION ARRAY(13,12), IARG(12), ARG(13), A(12), C(12) 
OA1A ARG/l"1.2,t.5,l.,2.5,l"l,5,4,,5,,o,,1.,8.,9.1 
DATA A/12*' N*'I,C/12*'10**'1 
lROIlS 
IP'·. 
READ (IRO,.) B,L,D,NUM,SMALl,LARGE 
LBaL./B 
OBaO/B 
IBEGINaALOG10(SMALl) 
lENOaALOG10CLARGE)+1. 
JLIMIT·IEND-IBEGIN 
IF (JLIMIT,GT.12) JLIMIT.li 
00 S K-l,NUM 
READ (IRO,.) R,LPRIME,OPRIME 
RS·R/B 
LPB!lLPRIME/B 
DPsaOPRIME/B 
00 i 1-1,13 
ARClldRG(1) 
00 1 "'.l,JI.IMtT 
IARG(J)·IBEGIN+J-1 
Y.ARGI*10,··'I8EGIN+",-1) 
U.l./Y 
XaU 
CALL EXPICX,WU,DUMMY) 

1 ARRAY(I,J).~U+F'U,R8,Le,OB,I.PB,OPB) 
IF CLFle-O,) 2,l,1 

F'PIII 
PPIIo 
PPN 
PPN 
PPN 
PPN 
PPN 
PPIII 
PPN 
PPN 
PPN 
PPN 
PPIII 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
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1 
2 
1 
4 
5 

• 1 
8 
9 

10 
11 
12 
13 
11' 
11) 
10 
11 
18 
19 
20 
i1 
22 
23 
24 
213 
cO 
21 
28 
2'1 
30 
31 
32 
33 
34 
35 
10 
31 
38 
39 
40 
41 
42 
43 
44 
45 
4b 
41 
48 
n 
50 
51 
52 
53 
54 
55 
50 
51 
!8 
S9 
&0 
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TABLE 2.1.-Listing of program for partial penetration in a non leaky artesian aquifer-Continued 

l WRITE CIPT,7) DP8,R8,~B,DB PPN ~l 
GO TO 4 PPN &2 

1 WRITE (IPT,8) LPB,DPB,RB,LB,DB PPN ~3 
4 WRITE (IPT,9) (ACI),C(I),IARGCI),Ial,JLIMIT) PPN ~4 

DO 5 lal,13 PPN ~5 
WRITE (IPT,10) ARGCI),CARRAYCl,J),J.1,JLl~IT) PPN && 

5 CONTINUE PPN &7 
STOP PPN b8 

C PPN &9 
C PPN 70 

b FORMAT C1FSt1,I5,2E10,4) PPN 71 
7 FORMAT C'l','WCU).FCU,R/B,L/B,D/B,Z/B), Z/B.',PS,2,', SQRT(~Z/KR)*PPN 12 
lR/Ba',F5,2,', L/B.',PS,2,', D/B.',P5,2,', Ual/N') PPN 71 

8 PORMAT ('l','WCUl+FCU,R/B,L/B,O/B,L"/8,D"/B), L"/Ba',F':;'i,', DIPPN 74 
l'/8.

'
,F5,2,', SQRTCKZ/KR)*R/Ba',F5,2,', L/B-',FS,2,', D/Ba',FS,2,'PPN 75 

2, U.l/N') PPN 1~ 
9 FORMAT C'O',2X,'N',lX,12C2A4,I2» PPN 77 

10 FORMAT ((I ',F4,1,12(F9,4,1X») PPN 78 
END PPN 79-
REAL FUNCTION F*4CU,R8,L8,DB,LPB,OP~) F 1 

C *********************************************.******************** F 2 
C F 3 
C FUNCTION F F 4 
C F '5 
C PURPOSE F b 
C TO COMPUTE DEPARTURES FROM THEIS CURVE CAUSED BY PARTIAL F 7 
C P!NETRATION OF PUMPfD wEL.L.. F 8 
C USAGE F 9 
C FCU,R8,L8,OB,LPS,OPS) F 10 
C DESCRIPTION OF PARAMETERS F 11 
C ALL REAL, U DOuBLE PRECISION F 12 
CU. R**2*S/4*T*TIME CRADIAL DISTANCE SQUARED * 8TQRAijE F 13 
C COEFFICIENT I q*TRANSMlSSIVITV * TIME F 14 
C RB • RIB ( RADIAL DISTANCE I AQUI'ER THICKNESS ) F 1S 
C L.B • LIB C FRACTION OF AQUIFER PENETRATED BY PUMPEO ~EL.L) ~ 1b 
C DB • DIS ( FRACTION OF AQUIFER ABOVE PUMPED wELL SCREEN) F 17 
C LPS • L'/S (FRACTION OF AQUIFER PENETRATED BY 08S, wELL, ZERO F 18 
e FOR PIEZOMETER) F 19 
C UPB • 0'/8 (FRACTIUN OF AQUlf~R ABOVE 08S, WEL.L. SCREEN, rUTAL F 20 
C DEPTH FOR pIEZOMETER) " 21 
C SUBROUTINES ANO FUNCTION SUBPROGRAMS REQUIRED F ~2 
C DQLll,SERlES,8ESK,FCT,L F 23 
C METHOD F 24 
C SUMS THE SERIES THROUGH NtPl*R/8 EQ 20 F lS 
C F 2& 
C ****************************************************************** F 21 

REAL*8 u,V F 28 
REAL*4 L,N,LB,LPB ~ 29 
SUM=O, F 30 
N=O, F 31 
PIRB-3,141593*R8 F la 
PILBaS.141593*L8 F 33 
PIDS=1,141593*OB F 34 
IF (LPS-0el 1,1,4 F 313 

C CI1ECI(S FOR !/jELL OR PHZOMETER F 3& 
1 Plza a l,141S91*D'B F 37 
2 NaN+l, F 38 

V=N*PIR8/l, F 39 
IF tV,GTtlO,> GO TO 1 F 40 

C TRUNCATES SERIES WI1EN V>10 F 41 
X-LtU,vl/N F 42 

c 

( 



c 

c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 

c 

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

TABLE 2.1.-Listmg of program for partial penetration in a nonleaky artesian aquifer-Continued 

SU~:SUM+(SIN(N*PI~~)-SIN(N*PIDS»*COS(N*PIZB)*X 
GO TO 2 

] f_,b3bb198*SUM/(~B-DB) 
GO TO 7 

4 PILPS-l,141SQl*LPS 
PIOPS-3,14lSQ3*DPB 

S N_t'l+l 
V=N*PIRBI2, 
IF (V,GT,10,) GU TO 6 
T~WNCATeS SERIES WHEN V)10 
X-UU,Vl/N 
SUM-SUM+(SIN(N*PILS)-SIN(N*Pt06»*CSINCN*PILPS).SlN(N*PIOPB».X/N 
GO to 5 

b F=,202bijiij*SUM/(CLS.OS)*CLPS-OPB» 
7 RETURN 

END 

REAL FUNCTIO~ L*4(U,Yl 
.****.************************************************************ 
FUNC 110N L 

PURPOSE 
TO CUMPUTE THE INTEORAL( !XP(-Y-V**i/Y)/Y) SUMMED OVER Y 'ROM 
U TO INFINITycwE~L FUNCTION FOR LEAKY AQUIFERS), 

OESCRIPTIUN OF PARAMETERS 
SOTH DUUBLE PRECISION 
u • R**2*S/4*T*TI~E (RADIAL DISTANCE SQUARED * STORAGE 

COEFFIcIENT / ij*TRANSMISSIVITY * TIME 
Y • R/2*SQRT(K'/(T*81»-.aNE.~ALF RADIAL DISTANCE*SQUARE ROUT 

(HVO, COND, OF CONFINING BED/TRANSMISSIVITY*THICKNESS 
OF CONFINING BED) 

SUB~OUTINES ~NO FUNCTION SUBPROGR4MS REQUIREO 
OQ~la,SERIES,BESK,FCT 

MEl HOI) 
IN THE F11LLOwING Faf)(p( .. y.YullY)1V 

(1) U>=l, USES A GAUSSl.N·LA~UERRE QUADRATURE FORMULA TO 
EV4LUATE INTEGRA~(F) FROM U TO INF, 

(2) V**2<U<1, USES THE G.L QUADRATURE TO EVALUATE INTEGRA~(F) 
fROM ONE TO INF ~NO A SE~IES EXPANSION TU EVALUATE INTEGRA~(F) 
fROM U TO ONE, 

(l) U<l, U<IIV**2, USES THE REPRESENTATION INTEGRALtF) FROM U 
TO INF, II 2*KOC2*Y).INTEGRA~(F) FRO~ V**2/U TO INF, 
(VALUATES THE ZERO OROER MODIFIED BESSEL FUNCTION UF SECUND 
KINO WITH ta~ SUBROUTINE, EVALUATES INTEGRAL ay G-L QUAD. 

****************************************************************** 
f)(TERNA~ rCT 
REA~*8 U,V,Z",VV,SERIES 
COMMON /Cl/ VV,Z 
VVIIV 
IF (U.l,) 1,2,2 
CHE.CKS IF LJ(l 
Z=V*V/U 
IF (Z"l,) 3,4,4 
CHECKS IF V**2/U ( 

2 laW 
CALL DQL1Z(FCT,F) 
~=~' 
INT~GRA~ U TO INF, EVA~UATEO BY GAUSS.~AGUERRE QUADRATURE 
GO TO 5 

1 Z=1, 

59 

F 4U 
F 44 
F 45 
F 4~ 
F ij'7 
F 48 
F ijq 
F 50 
F 51 
F 5i 
F 53 
F 54 
F 55 
F 56 
F 51 
F 58-

I. 1 
I. 2 
L 3 
~ 4 
L 5 
L. 6 
L 7 
L 8 
\.. q 
~ 10 
L. 11 
L. 12 
~ 13 
L 14 
L 1!1 
L itt 
L. 17 
L 18 
~ 1 q 
L 20 
L 21 
L 22 
L ii!3 
\.. 24 
I. 25 
L 26 
~ 27 
L l8 
~ H 
I. 30 
L 31 
l. 32 
L 33 
L 34 
L 35 
~ 3ft 
L 31 
L 38 
I. H 
L 40 
~ 41 
L 42 
L 143 
L 44 
~ 45 



C 

c 

c 
c 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

c 

C 

60 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 2.1.-Llsting of program for partial penetration in a nonleaky artesian aq uifer-Continued 

CA~L OQ~liCFCT,F) 
L.=F+S[RlESCU,V) 
INTEGRAL. 1 TO IN~, 8Y GeL. QUAD., INTEGRAL. U TO 1 ~Y SERIES EXP, 
GO TO S 

4 hOV=2,.V 
CAL.L. 6ESKCT~OV,O,BK,IfR) 
CALL OQLI2(FCT,F) 
L=2.*8K-' 

I. 4& 
L. 4'7 
L. ~8 
I. 49 
I. 50 
L 51 

2KO(2V)-INTEG~AL. V**2/U TU INF, 
5 RETU~N 

END 

L 52 
~ 51 
L. 5~ 
L SS 
L. Sb-

REAL. FUNCTION SERIES*8(U,V) SER 
*****************************************************~************SER 

SER 
FUNCTION SERIES SER 

S!R 
PURPOSE SER 

TO EVAL.UATE Sell-StU), ~HERE S IS A SERIES EXPANSION OF SER 
INTEGRAL(ExPC-y-v**2/Y)DY/Y) GIVEN BY. S- SUM, ~.O TO INFINITY,SER 
CF(M)*SUM, NcO TO INF.,C~**(l*N)/e(NI)*'M+N)I» WHERE FCM). SER 
L.UG(U) IF M-O AND - «_1)**M/~)*(U**M.(V**2/U)**"' IF M)O. SER 

DESCRIPTION OF PAIU~1ETERS SER 
8UTH DOUBL.E PRECISION SER 
U • R**2*S/4*T*TI~E (RADIAL. DISTANCE SQUARED * STO~AGE SER 

CUEFFICIENT / 4*TRANSMISSIVITY * TIME SER 
V • R/2*SQRT(K"(T*81».-aNE.HA~F RADIAL DISTANCE*SQUARE ROOT SER 

(HYO. COND. OF CONFINING 8ED/TRANSMISSIVITy*THICKNESS SER 
OF CONFINING 8ED) SER 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED SlR 
NONE SER 

~ETHOD SER 
SUM~ATION IS TERMINATED FOR THE INNER SERIES WMEN A TERM SER 
~ECOMES LESS THAN S.E-1IN ANO FOR OUTER SERIES WMEN A TERM S~R 
~ECllMES LESS THAN 5,E-7 SER 

UR 
******************************************************************SER 
REAL*8 DLOG,OABS,S(2),VUM,UU SER 
REAL*8 TEST,U,UM,EM,EN,SUM1,SUM,SIGN,V,VSQ,VSQU,RMUI..,TER~,TERI'll SER 
TEST-S.0-07 SER 
VSQ=V*V SER 
UU.U SER 
DU b 1-1,2 SER 
EVA~UATES SERIES FOR LOwER LIMIT - U AND UPPER L.IMIT - 1 SER 
IF (I,EQ,2) U.1. SER 
UM-l. SER 
EM-.l, SER 
SUM1=O. SER 
SIGNa-I. SER 
VUM a 1, S[R 
VS~U.VSQ/U SER 
EM=EM+l. SER 
IF (EH-.l) i,l,} SER 
CHECKS FOR MaO S!R 

2 RMUL.DLOGCU) SER 
TERM1=1. 8ER 
GO TO ~ SER 

1 UMCUM*U S!R 
IF 'VUM.I..T.1.D-:SO) VUM.O, SER 
VUM=VUM*V8QU SIR 
RMULatUM.VUM)/EM SER 
TERM1=TERMI/EM SER 

1 
2 
3 
4 
5 
b 
'7 
8 
9 

10 
11 
12 
13 
141 
15 
It! 
11 
18 
1~ 
20 
21 
22 
23 
2~ 
IS 
26 
27 
28 
2~ 
30 
31 
32 
31 
34 
3'5 
36 
37 
38 
3' 
40 
III 
4Z 
41 
44 
1.15 
/,It! 
41 
loIS 
49 
50 

( 



c 

c 

c 
c 
c 
c 
c 
c 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
c 
e 
c 
e 
c 
c 
c 
c 
e 
C 
c 

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

TABLE 2.1.-Llsting of program for partial penetration in a nonleaky artesian aquifer-Continued 

14 SIGNa-SIGN 
SUMaTERM1 
TERMaTERMl 
ENaO. 

S ENaEN+l. 
TERMaTERM_V8Q/CEN*CEN+f~» 
SUMCSUMtTERM 
IF (TEST.~E,DA8SCRMUL*EN*TERM» GU TO 5 
TRUNtATtS INNER SERIES I' OUTER TE~M*N-INNER TERM ( 5,[·7 
SUMlaSUMltSIGN*RMUL*SUM 
IF (EM.LT .. ll GO TO 1 
IF (TEST.LE.OA8$(RMUL*SUM)) GO TO L 
TRUNCATES OUTER SEHIES IF OUTER TERM*INNER SUM < 5,f.7 

b S(1).SUMl 
UcUU 
SE'UES-SOD-S(1) 
RETURN 
END 
REAL FUNCTION FeT*SeX) 

SER 
SER 
SER 
SEM 
SER 
SER 
SER 
SER 
SER 
au 
BfR 
SER 
SER 
SER 
SER 
SER 
su 
SER 
FeT 

-*********************************************************** •• *.**FCT 
FUNCTION fCT 

PURPOSE 
TO COMPUTE FCTCX).EXPC-Z.V*.2/eX+Z»/(XtZ) 

DESCRIPTION OF PARAMETERS 

FCT 
FCT 
FCr 
FeT 
FCT 
HT 

X .. THE DOUBLE PRECISION VALUE OF 
SU~ROUTIN~S AND FUNCTION SUSPROGRAMS 

NUNE 

X FOR ~~ICH FeT IS COMPUTED FeT 
REQUIRED FCT 

METHO~ 

FORTRAN EVALUATION UF FUNCTION 

REAl.8 X,V,Z,P,OEXP 
COMMUN IC11 V,Z 
IF (X) 1,2,2 
FeT-O. 
GO tu II 

.2 P=ZtV*-c/(X+%, 
IF (P~5.Dl) 1,3,1 

1 FCT=OEXP(.~)/(XtZ) 
" RETURN 

END 
SU8ROUTIN~ OQ~12(FCT,V) 

rtT 
~'t T 
FCT 
rCT 

FCT 
FCT 
FC T 
Fer 
FCT 
FCT 
FCT 
FeT 
FeT 
Fcr 
DL 1i! 
O~12 

••••••••••••••• , •••••• , • , ••••••••• , •••••• , , , •••••••••••••••• t ••••• O~ 1 2 
Olti! 
O~U 
01.12 
Ol12 
01.12 
01.12 
OLl2 
DLlc 
OL12 
01..12 
01.12 
0\.12 

SUBROUTINE OQI.12 

PURPUSE 
TU COMPUTE INTEGRAI,.CEXPC-X)*FCT(X), SUMMED ovER X 

FROM 0 TO INFINITY). 

USAGE 
CAL~ OQL12 (FeT,Y) 
PARAMETER FeT REQUIRES AN EXTERNAL STATEMENT 

DESCRIPTION UF PARAMETERS 
FeT • THE NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION Dl12 

SU8PROGRAM USED. 
y • THE RESULTING DOUBLE PRECISION INTEGRAL. VALuE. 

0\.12 
01,.12 

61 

51 
SZ 
53 
514 
55 
56 
57 
58 
59 
60 
61 
fll 
U 
611 
b!5 
66 
67 
68. 

I 
.2 
3 
4 
5 
b 
7 
8 
9 

10 
11 
12 
11 
14 
15 
16 
17 
18 
19 
20 
i1 
22 
23 
24 
25-
380 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 



62 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 2.1.-Listmg of program for partial penetration in a nonleaky artesian aqUIfer-Continued 

c OLla 180 
c RE~ARK8 Olli 190 
C 1Il0NE Dl12 lOa 
C DLl2 l10 
C SUBROUTINEs ANO FUNCTION SUBPROGRAMS REQUIRED Dlli liO 
C THE E~TERNAL DOUBLE PRECISION FUNCTION SU8PROGRAM FCT(X) Dlli 210 
C MUST BE FURNISHED BY THE USER. OLl2 Z40 
C OLl2 250 
C ~fTHUO OLli Z~O 
C EVALUATION IS DONE BY MEANS OF Ii-POINT GAUSS1AN-lAGU~RRE Olli 210 
C QUADRATURE FORMULA, wHICH INTEGRATES EXACTLY, Dlli l80 
C ~HENEVER FCTtX) IS A POLYNOMIAL UP TO DEGRE~ 23. Dll2 290 
C FOR REFERENCE, SEE OLli! 300 
C SHAD/CHEN/FRANK, TABLES UF ZEROS AND GAUSSIAN WEIGHTS OF Oll2 310 
C CERTAIN ASSOCIATED LAGUERRE POLYNOMIALS AND THE RElATEO Dlli! lZO 
C GENERALIZED HERMITE POLYNOMIALS, IBM TECHNICAL REPORT Olli 330 
C TROO.l100 (MARCH 19~4), PP.24-25. Oll2 340 
C Dl12 350 
C ••• , • , • , , , • , • , • , ••••••••• , • , ••••••• , ••• , , I •••••• , ••• , ••••••••••••• OL,12 3bO 
C Ol12 370 
C Olli 390 
C Olli 400 

DOUBLE PRECISIUN X,V,PCT OLIZ 410 
C DLl2 420 

XII.37(j9912101144~o9a 02 DL1i! 430 
YIl.81 480774074Zb24 O-15*FCT(X) Dlli 440 
XIl.l8481 Qb72509SI.l00 02 OL12 4S0 
VIIV+.10olbOlb1503502l D-l1*FCTeX) DLli! 4bO 
)(a.2215101l037939701 02 OL,1Z 470 
V=Y+.1342191030515004 O-e*FCT(X) DLI2 480 
X •• 1711b8551874biZ~ Dc DLll 490 
V.Y+.16b849J816540910 0-6*FCT(X) DLli! 500 
Xa. 130 ObOS499nOb}S 02 Ol12 5 I 0 
Y.Y+.8]o505S85681980 0-5*FCTCX) DLii 520 
X=.9021l1b84245087 01 OL12 530 
Y=V+.2032315920629994 0-3.~CTCX) DL12 540 
h.UC44S2SC4S111517701 Dl.la'SSQ 
YaY+.2b639735I.1l8651tb O-Z*FCTCX) DLli! 560 
X=.4SQ9a27039C418148 01 OLli 570 
YaY+.20102181154~3410 0-1*FCTCX) DLli! 580 
Xa.28137S1317743S07 01 Olli 590 
YaYt,9044922Z2110809 0-1*FCTCX) OL12 bOO 
)(11.15120102097761119 01 Olli! 610 
VIIV •• 24C408Z01131981T~ OO*FCT(X) Olli 620 
X=.011757484515130700 Dl12 UO 
V=V+.1777S927S8731380 DO*FCT(X) Dll2 bllO 
X=.1157121l7158020700 Dl.l2050 
vIlV+.co471137105SC4432 OO*FCTCX) DL12 ~~O 
RETURN OL1~ 670 
ENO OLIZ 68-
SU8ROUTINE BESK(X,N,6K,IER) BESK 410 

C 8ESK 10 
C ••• " ••• , ••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 8ESK ao 
C BESK 30 
C SU!;RUUn"'E F3ESK BESK 40 
C BESt< 50 
C COMPUTE THE K BESSEL, FUNCTION FOR 4 GIVEN 4RGUMENT AND QRDER8ESK bO 
C BESK 10 
C USAGE BESK 80 
C CALL BESK()(,N,6K,xER) BE-5K 90 

{ 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 63 

e TABLE 2.1.-L!sting of program for partwl penetration in a nonleaky artesian aquifer-Continued 

C BE.SK 100 
C DESCRIPTION OF PARAMETERS 8ESI< 110 
C X -THE ARGUMENT OF THE K BESSEL FUNCTION DESIRED BESI< 120 
C N -THE ORDER OF THE I< BESSEL FUNCTION.DESIRED aESI< 130 
C BK -THE RESULTANT I< BESSEL FUNCTION SESK 1410 
C IER.RESULTANT ERROR CODE ~HERE BE81< ISO 
C IERIIO NO ERROR BESK leO 
C HR·1 N IS NEGATIVE SESK 170 
C lERel X IS ZERO OR NEGATIVE SESK 180 
C IERII3 X .GT. 170,·MACHINE RANGE EXCEeDED BESI( 1qO 
e lERU 81<. .GT. 10**70 SESK lOO 
C 8E81< 210 
C REMARKS BESI< 220 
C N MUST 8E GREATER THAN OR EQUAL TO ZERO BESK l30 
C BUI< 241O 
C SUI:IRUUTINES AND FUNCTIUN SUBPRUGRAMS REQuIRED BESK 250 
C NUNE BESK 2M 
C BESK 270 
C METHOD BESK 280 
C CUMPUTES ZERO ORDER AND FIRST URDER BESSEL FUNCTIONS USING BESI< iqO 
C SERIES APPROXIMATIONS AND THEN COMPuTES N TH ORDER FUNCTION BUK 300 
C USING RECURRENC~ RELATION, ijESK 310 
C RECURR~NCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE BESK 3aO 
C AS DESCRIBED BY l.J.M,HITCHCaCK,'POLYNOMIAL APPROXIMATIONS SESt< no 
e TO 6ESSEL FUNCTIONS OF ORDER ZERO AND ONE AND TU HELATED BESK HO 
C FUNCTIONS', M.T.A,C., V.ll,1~51,PP.8~-88, AND G.N. "ATSON, BESK )50 
C 'A TREATISE ON THE THEORY OF BESSEL FUNCTIONS', CAMBRIDGE BESK 3eO 
c UNIVERSITY PRESS, lQS8, p. &2 BESK 370 
C BUI< 380 - C ."." •• , ••••••••••••• , ••••••• , •••••••••••••• , ••••• " ••••••••••••• BESK 3QO 
C 8UK 400 

DIMENSION T(2) BESK 41iO 
81< •• 0 BESI< 430 
IFCN) 10, 11, 11 IIESK 440 

10 lERa l BESK 450 
RETURN BESK 4"0 

11 IF(X112,\2,i!0 BESK 4170 
12 IERaz BESK 480 

RETURN SUK 41QO 
ao IFeX.170.0)Z2,22,21 BESK 500 
21 IERa3 BESK 510 

RETURN BE 81< 520 
22 lERIlO SESI( 530 

IFCX-l.)]0.le,25 BESI< 540 
25 AaE,XP(.X) BESK 550 

alll./X BESK 5bO 
CIISl.lRTCS) BESI< 510 
T(1)-8 BESK 580 
DO 2& Le2,12 BESK SQO 

20 'Tt L) II T (L.1) ,-B BE8K eOO 
!FC N .l)l7';l'1,27 BUI< 610 

C BESK 620 
C COMPUTE 1<0 USING POLYNO~IAL APPROXIMATION BESK 030 
C SESK 040 

27 GO.A.(1,2531141.,15bbb~2.T(1)+.08811128.T(2).,Oq1390QS.T(3) 8ESK "50 
2+.114~5qb.T(4).,22qq850,-T(5)+.37Q2410.T(e) •• 5247277.T(1) BUI< oeO 
1+.SS7S3b8.T(8) •• 42b2b31.T(q)+.2184~18*T(10).,Ooo80Q77.T(11] 8ESK 070 
4+.00q18Q383*T(12»*C BESK b80 

IF(I'oao,2S,lQ BESK o~O 

28 B 1(11 C; 0 SUK 700 
RETURN SUK 710 

~ 



64 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 2.1.-Listing of program for partial penetration in a nonleaky artesian aquifer-Continued 

c 
C COMPUTE K1 USING PO~VNOMIAL APPROXIMATION 
C 

c 

29 Gl.A*(112~13141+.4b9qqZ7*T(1)·,1408S81*T(2)+.12804Z7*T(:3) 
c-.171b432*T(4)+.2847018.t(S) •• 4S94342*TCo)+.b281181*T(7) 
3.,~03c295*T(B)+.50502J9*T(9).,2581104.TC10)+,07880001*T(11) 
4-.01082418*T(12»*C 

IFCN·U20,]O,31 
30 6K."1 

RETURN 

C FROM KO,Kl COMPUTE K~ USING RECURRENCE RE~ATION 
C 

c 

11 00 35 Ja2,N 
GJ_c.*C'LOATeJ).l,>*Gl/X+GO 
IFCGJ·l.0E70)31,11,lZ 

12 HRa4 
GO to 34 

!3 GoaG1 
35 Gl a GJ 
34 BKaGJ 

RETURN 
3b BaXn. 

.a,5772157+ALOGCB) 
Ca8*8 
IF(N-l)17,4),]7 

C COMPUTE KU USING SeRIES EXPANSION 
e 

37 CO .. A 
)(2Jlll. 
FACtai. 
HJa.O 
DO 40 Ja 1,b 
RJ a 1./FL.OATCJ) 
IF(X2J.L.T.l.E.40) X2J a O. 

C PRE~IUUS STATEMENT ADDEO TO IBM SUBROUTINE TO CURRECT UNOERFL.OW 
C PROB~EM ON wATFOR COMPILER 

X2JaX2J*C 

c 

HCT-FAChRJ"'RJ 
HJIIHJ+RJ 

40 GOaGO+X2J*FACT*CHJ-.) 
IFCN)43,42,41 

42 BKaGO 
RETURN 

C COMPUTE K1 USING SERIES EXPANSIUN 
C 

43 )(2J-S 
I'ACTlll, 
HJal, 
Glal./X+)(2J*(.5+A-~J) 
DO 50 Jai,8 
lCUaXlJ*C 
RJ-i ./FI.OAT(J) 
FACTaFAChRHRJ 
HJaHJ+RJ 

50 GlaGl+XiJ*FACT*C.,+(A-HJ).FLOATCJ» 
II'(N-Ull,52,31 

52 BUG! 
RETURN 
END 

BESI( 720 
BESK 130 
BESK 740 
BESK 750 
8ESK 700 
(:;ESK 170 
St::SK 180 
BESK 7QO 
SESI< 800 
BESK 810 
BESK 820 
BESK 630 
BESK 840 
BESK 850 
BESI<. 800 
BE5K 870 
BESK 880 
BESK 890 
BESK qOO 
8E81<. q10 
SESI( 920 
BE8K Q30 
BESK q40 
BESK q50 
BESK qbO 
BESK Q10 
BESK q80 
BESK 9QO 
8E8Kl000 
BUt<1010 
B[8K1020 
8E81<1030 
8E81<1040 
8fSK1050 
BUK10bO 
BE8K1001 
BESK1002 
BESK100l 
8ESK1070 
1:1[51<1080 
BE8t<10QO 
BE5t<\100 
B[8Kl110 
8[5K1120 
BUt< 1130 
f:lESK114J0 
8E81<1150 
BESKllbO 
8E5K1110 
BESK 1180 
8E8K1190 
8E5K1200 
8E5K1il0 
BESK1220 
8[8K1230 
8ESl< lZ40 
BESI< 1250 
BESK12bO 
8ESK 1270 
BESI<.1280 
BESK1290 
8£8K130. 

{ 



c 
c 
c 
c 
c 
c 
c 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

TABLE 2.1.-Listing of program for partial penetratwn in a nonleaky artesian aquifer-Continued 

SuBROUTINE EX~I(X,R!S,AUX) EXPl 
EXPl 

•••••• , ••••••••••••••• , , •• , •• I •••• I ••••• , .' •• , ••• , • I • , • , ••••••• I ••• E XP I 

SUt:lRUUTINE ExPl 

PURPOSe. 
COMPUTES THE EXPONENTIAL INTEGRA~ -EI(-X) 

USAGE 
CALL ~X~I(X,~ES) 

DESCRIPTION O~ PA~AMETERS 
X - ARGU~ENT OF EXPONENTIAL I~TEGRAL 
RES - ~ESULT VALUE 
AUX - R!SULTA~T AUXI~IARY VALUE 

REMARKS 
X GT 170 ex LT -174) MAY CAUSE UNDERFLOW (OVERFLOW) 
WITH THE EXPONENTIAL FUNCTIUN 
FUR X a 0 THE RESULT VALUE IS 8ET TO -1.E7S 

SUijROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED 
NONE 

METHOD 
OEI'INlTION 
RESaINTF.GRALCEXPC-T)/T, 
fvAL.UHION 

SUMMED OVER T FROM X TO INFINITy). 

THREE DIFFERENT RATIONAL APPROXIMATIONS ARE USED IN THE 
RANGES 1 L.E X, X LE .q AND .9 LT X LE -3 RESPECTIVELV, 
A Pu~YNnMIAL APPROXIMATION IS USED IN -3 LT X LT 1. 

EXPt 
EXPI 
nPI 
EXPI 
t.XPI 
OP I 
ExPI 
ExPI 
ExPI 
EXPI 
[xPI 
EXPI 
[XPl 
EXPI 
EXPI 
EXPl 
EXPI 
EXPI 
ElCP 1 
EXPl 
EXPI 
ExP! 
ExPI 
EXPI 
EXPI 
EXPI 
EXPI 
EXPI 
HPI 
EXPI 

•••• , ••••••• , •••• , • , ••••••• , •• , •••••••••••••• , •••••••••• , •••••••• ,E XP I 
EXPI 

IFtX-l.)2,1,1 EXPI 
\ Yal./X EXPI 

Aux.1 •• Y*«(Y+3.377158EO)*V.2.0521SbEO)~Y+2.10q~79E-1)/«((V* EXPI 
11.0tiSSlEO+S.71b941EO).Y+o.945239EO).V+2.591868EO).V+2,709490E-1) EXPI 
~ES.AUX*Y.£XPC-X) EXPI 
RETURN EXPl 

2 IF(X+l,'b,o,l EXPI 
1 Auxa«««(7.122~S2E-1*X-l.1b&34S~-b)*X+2.928411E-S)*X-Z.l15179E-4EXPl 

l'*Xtl,b04150E_l)*X-t.04157bE-Z)*X+S.55Sb82E-2).X-2.500001E-l).X EXPI 
2+9.999999E-l EXPI 

RESa-l.E7S EXPI 
IF(X)4,S,4 EXPI 

~ RES.X.AUX-A~OGCABS(X»-5.7721S7E-l EXPI 
5 RETURN EXPI 
b IFtX+9.)8,8,7 ExPI 
7 AUX a l.-«(S.17b24SE-2*X+l.Obl017EO)*X+l.241bbSEll*X+2.24~214E2)*XEXPl 
1+2.~80097E2'/(C(CX+3.9951blEO)~x+3.891944El)*X+2.201818El'*X EXPI 
2+1.607637£2) EXPI 

GOTO 9 EXPI 
8 ya9./X ExPl 

AUX~1 •• Y*«tY+7.b598l4E-l)*Y-7.Z71015E.l)*Y-l.080bqlEO)/((((Y EXPI 
1.c.518750EO+l.12Z927El).V+5.q21qOSEO)~Y-8.bbb70iEO).Y-Q.7l4l1bEO) EXPI 

q RESaAUX*~XP(.X)/X EXPI 
RETURN EXPI 
END ~XPI 

65 

350 
10 
20 
30 
40 
SO 
bO 
70 
80 
90 

100 
110 
120 
130 
140 
150 
IbO 
170 
180 
190 
ZOO 
210 
220 
230 
240 
250 
abO 
270 
280 
Z90 
300 
310 
120 
110 
340 
3bO 
170 
380 
3QO 
400 
IUO 
420 
430 
440 
4'50 
400 
tl70 
tl80 
4QO 
500 
510 
SlQ 
530 
540 
550 
560 
570 
S80 
sQO 
00-
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c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

.. c 
c 

c 
c 
c 
c 

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 4.3-Listing of program for radial flow in a leaky artesian aquifer 

******************************************************************wua 1 
WUB 2 

PURPOSE WUB 3 
TO CUMPUTE A TA8LE OF VALUES OF THE ~EAKY AQUIFER wELL WU8 4 
FUNCTION - W(U,R/B) - HANTUSH,~.S., AND JACQB,C,f., lQS5, wue 5 
NON-STEADY RADIAL FLOW IN AN INFINITE LEAKY AQUIFER, AM, WUB b 
GfOPHYS, UNION TRANS" V, 3b, NO.1, P, QS-l00, wUB 7 

INPUT DATA WUB 8 
1 CARD. FQRMATC2El0,S) wue Q 

USMALL • SMALLEST VALUE OF 1/U FOR WHICH COMPUTATION IS WUB 10 
DESIRED, WUB 11 
ULARGE • LARGEST VALUE OF 1/U FOR wHICH COMPUTATION IS wuB 1i 
OESIR!O. WU8 13 

a CARDS - FORMATCSE10,S) WUB 14 
~DAl _ 12 VALUES OF RIB FOR TABLE, wUB 15 

SU8ROUTINES AND FUNCTION SUSPRUGRAMS R!QUIRED wue lb 
L,SERIES,FCT,BESK,DQL12 wUB 11 

WUB 18 
***** ••• ******************.***************************************wu8 lq 
REAL*4 L WUB 20 
REAL*8 u,v WUB il 
DIMENSION ARRAY(13,12), Y(71), BOAT(12), YNU~(o) WUB 22 
DATA YNUM/1.,l,S,2.,1,,5.,7.1 WUB 23 
I~oa5 wue 24 
IPT.o WUB 25 
READ (IRD,o) US~ALL,ULARGE WUB 20 
READ (I~O,o) BOAT WUB 27 
18EGINaALOG10CUSMALL) ~US 28 
I£NDaALOG10CULARGE,+.999Qq wue 29 
ILIMIT=CIENO-IBEGIN)*o+l wue 30 
I~ CILIMIT,GT.7) lLIMITa71 WUB 31 
DO 1 1*1,12 ~U8 32 
Itr (SOATCI).EG.O.) 00 TO 2 wU8 33 

1 CONTINUE wue 34 
N8all WUB 35 
GO TO 3 wue 30 

2 Neal-1 wue 31 
3 11-0 WUB 38 

00 " I.l,ILIMtT WUB 39 
IIalI+1 WUB 40 
IF (Il.GT,b) Ihl WUB 41 
IE XPa I eEG I N+ CI -1> Ib WUB 42 
YCI)aYNUMCII)*lO,**IEXP wUB 43 
Ual,/YCI) wua 44 
00 4 Ja1,NB WUB 45 
VaSOATeJ)/2. wua 40 

4 ARRAYCI,J)aLCU,V) WU8 47 
wRITE (lPT,7) (BOATCI),Ial,NB) WUB 48 
00 5 I-l,ILIMIT wU8 49 

5 WRITE CIPT,8) Y(I),CARRAYCI,J),J a l,N8) WUB SO 
STOP wua 51 

WUB 52 
WUB 53 

6 f"ORMAT C8El0,5) WUB 54 
7 ~ORMAT ('1','wCU,R/B)'/10',10X,'1 R/B'/' ',oX,'1/U t ',12E10.2) wua 55 
8 FORMAT C' ',El0.3,UFlO.4, wUB 50 

END WUB 57-
REAL fUNC:TION L*iI(U,V) L 1 
****************************************************************** L 2 

L 3 
FUNCTION L L 'I 

L 5 
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TABLE 4.3-Llstmg of program for radial flow m a leaky artesian aquifer-Continued 

PURPOSE L. ~ 
TO COMPUTE THE INTE'RAL( [XPC-Y-V**Z/Y)/Y) SUMMED OVER Y FROM L 1 
U TO INFINITy(wELL FUNCTION FOR LEAKY AQUIFERS), L 8 

DESCRIPTION OF PARAMETERS L q 
80TH DOUBLE PRECISION L 10 
U - R**Z*S/4*T*TIM[ CRADIAL DISTANCE SQUARED * STORAGE L 11 

COEFFICIENT I 4*TRANSMISSIVITY • TIME L 12 
V • R/i*,QRTCKI/CT*8 1 »·-ONE-HALF RADIAL OISTANCl*,QUARE ROOT L 13 

(HYD. CONO, OF CONFINING BED/TRANSMISSIVITY*THICKNESS L 14 
OF CONFINING BED) L 15 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED L lb 
DQLli,SERIES,BESK,FCT L 17 

METHOD L 18 
IN THE FOLLOWING FaEXPC-Y.V**2/Y)/Y L 19 

(I) U)al, USES A GAUSSIAN-LAGUERRE QUADRATURE FORMULA TU L 20 
EVALUATE INTEGRALCF) FROM U TO INF, L 21 

(2) V**2<U<I, USES THE G-L QUADRATURE TO EVALUATE INTEGRAL(F) L 22 
FROM UNE TO INF AND A SERIES EXPANSION TO EVALUATE INTEGWAL(F) L i3 
FROM U TO ON!, L 24 

(3) U<I, u<av**Z, USES THE REPRESENTATION INTEGRALt,) FROM U L is 
TO INF •• 2*KOC2*V)-INTEGRAL(F, FROM V**2/U TO INF. L 2b 
lVALUATES THE ZE~O UROE~ ~UOIFIED BESS!L FUNCTIUN UF SEC UNO L 27 
KINO ~ITH IBM SUBROUTINE, EVALUATES INTEGRAL 8Y G-L WUAD, L 28 

L i~ 

****************************************************************** L 30 
EXTERNAL FCT L 3\ 
REAL*8 U,V,Z,F,VV,SERIES L 32 
COMMON IC11 VV,Z L 33 
Vv.y L 34 
IF (U-l.) 1,2,2 L 3S 
CHECKS IF U<t L 3& 
Z.V*V/U L 37 
IF (Z-l.) 3,4,4 L 38 
CHECKS IF V**2/U < L lq 

Z ZaU L 110 
CALL OQLllCFCT,F) L III 
L-F L liZ 
INTEGRAL U TO INF. EVALUATED SY GAUSS-LAGUERRE QUADRATURE L III 
GO TO S L 114 

1 Z.I. L 115 
CALL OQLI2(FCT,F' L lib 
L.F+SERIESCU,~) L 47 
INTEGRAL 1 TO INF. BY G-L QUAO,. INTEGRAL U TO 1 BY SERIES ~XP, L 1J8 
GO TO 5 L 49 

4 TWOV.Z,*V L 50 
CALL ~fSKCTwOV,O,BK,IER) L 51 
CALL OQLI2CFCT,F) L 52 
L.2,*~K-F L 53 
lKOC2V)-INTEGRAL V**l/U TU INF, L S4 

! RETURN L S5 
END L 5&-
REAL FUNCTION SERIES*8(U,V) SER 1 
******************************************************************SER 2 

SER 1 
FUNCTION SERIES SER II 

SER 5 
PURPOSE SER & 

TO EVALUATE S(l).S(U), wHERE S IS A SERIES EXPANSIUN UF SER 7 
INTEGRALCEXPC-Y-V**2/Y)DY/Y) GIVEN BYI S. SUM, Mao TU INFINITY,SER 8 
(F(M)*SUM, NaO TO INF,,(V**C2*N)/(Nl)*(M+N)l» WHERE FeM). SER q 
LOGCU) IF Mao AND. CC-l1**M/M)*CU**M-(V**2/U)**M) IF M)O. SER 10 

DESCRIPTION OF PARAMETERS SER 11 
BOTH DOUBLE PRECISION SER 12 
U • R**c*S/4*T*TIME CRADIAL DISTANCE S~UARED * STnRAGE SER 13 

CUeFFICIENT I 4*TRANSMISSIVITY * TIME SeR 1~ 
V • R/2*SQ~TCK'/(T*~'».-ONE-HALF RADIAL OISTA~CE*SQU'WE RUUT SER 15 

t~YD. CONO. OF CONFINING ~EO/TRANSMISSIVITY*THICKNESS SER 16 
OF CONFIN1NG SED) SER 17 
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 4.3-Listing of program for radial flow in a leaky artesian aqUlfer--Continued 

SUBROUTINES AND FUNCTION SuBPROGRAMS REQUIRED SER 
NONE SER 

METHOD SER 
SUM~ATION IS TERMINATED FOR THE INNER SERIES ~HEN A TERM SER 
BECOMES ~ESS THAN 5.E.7/N AND FOH OUTER SERIES whEN A TE~~ S~R 
BE~UMES ~ESS THAN 5.E-7 SER 

SER 
_ •• **. __ • __ ._.*.********** __ *_****_*****._*********.**************SER 
REAL*8 D~OG,DAaS,S(l),VUM,UU SER 
REA~*6 T~ST,U,UM,EM,EN,SUMi,SUH,SlGN,V,VSQ,VSQu,RMU~,TERM,TERHi SER 
T£5T-5.0-07 SeR 
VSQ-V*V SER 
UU-U 5ER 
00 0 181,2 SER 
EVA~UATES SERIES FOR LQ~ER LIMIT - U ANO UPPER ~IMIT ~ 1 SER 
IF (l.Elol.2) Ual. SER 
UMgl, SER 
EMa-l. SER 
SUM1-0. SER 
SIGNe.l. SER 
VUM.l. SER 
VSQUeVSQ/U SER 

1 fM-EM+l. SER 
IF (EM-.l) 2,3,3 SER 
CMEeKS FOR Mao SER 

2 RMULaO~OG(U) 5ER 
TERMi-l. SER 
GO TO 4 SER 

3 UMaUM*U SER 
IF (VUM.~T.l.D-10) VUM_O. SER 
VUMaVUM*VSQU SER 
RMULc(UM-VUM)/EM SER 
TERMi-TERMI/EM SE" 

4 SIGNa.SIGN SER 
SUMaTERMI SER 
TERM-TERMI SER 
EN-O. SER 

S ENaEN+l. SER 
TERM_TER~*VSQ/(EN*(EN+EM)' SER 
SUM-SUM+TERM SER 
IF tTEST.LE.D.B8eRMU~*EN*TERM» GU TO 5 SfR 
TRUNtATES INNER SERIES IF OUTER TERM~N*INNER TERM < ~.E.7 SER 
SUMlaSUM1+SIGN*RMU~*8UM SER 
IF (EM,1. T .. 1) GO TO 1 SER 
IF (TEST.~E,04B8(RMUI.~SUM» GO TO 1 StR 
TRUNCATES OUTER SERIES IF OUTER TERM*INNER SUM < 5.E-7 SER 

& SeIl.SUMI SER 
U.UU SER 
SERIES-Se2l-SCI) SER 
RETURN S£R 
END SER 
REAl. "UNCTION FC1*8(X) Fer 
****~~*********~**************************************************FCT 

fCT 
FUNCTION FCT FCT 

FCT 
pURPOSE FCT 

TO COMPUTE FCT(X).EXP(-Z-V**i/ex+Z»/(x+Z) FCT 

18 
lq 
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2b 
27 
i8 
29 
30 
31 
3i 
13 
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3'5 
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bl 
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b3 
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TABLE 4.3-Llsting of program for radial {low in a leaky artesian aquifer-Continued 

OESCRIPTION OF PARAMET!R8 FeT 8 
X • THE DOUBLE PRECISION VALUE OF X FOR WHICH FCT IS COMPUTED FeT q 

SUBROUTINES AND FUNCTION SUSPROGRAMS REQUIRED FCT 10 
NONE Fcr 11 

METHOU FeT 12 
~ORTRAN !VALUATION OF FUNCTION FeT 13 

Fe T 11.1 
******************************************************************FCT 1S 
REAL*8 X,v,Z,p,OExP FeT 16 
COMMON IC11 v,Z FeT 17 
11" (X) 1,2,i! roCT 18 
FCT-O. FeT 19 
GO to 4 FeT 20 

l paZ+V**ilex+Z) FeT il 
IF (peS.01) 3,3,1 FeT 22 

3 FCT.OEXPC-P)/CX+Z) FeT 23 
4 RETURN FeT 21.1 

END FCT as-
su8ROUTINE OQL12CFCT,Y) DL1i 380 

01.1210 
•••• ,., •• " ••••••••••••• , •• , ••••••••••••••• ,", ••••• , ••••••••••••• OL1Z 20 

Ol.1e 30 
SUBROUTINE OQI.12 01.12 1.10 

OLli 50 
PURPOSE 01.12 00 

TO COMPUTE INTEGRAI.CEXPC.X).FCT(X), SUM~ED UVER X DLle 70 
FROM 0 TO INFINITY). DL1e 80 

01.\2 qa 
USAGE Ol1Z 100 

CAL.1. OQL12 (FeT,y) DUe 110 
PARAMETER FeT REQUIRES AN EXTERNAL STATEMENT OLli 120 

DL12 130 
OES~RIPTIUN OF PARAMETERS Dll2 l~O 

FeT • T~E NAME OF AN ~XTERNAl DOUBLE PRECISIUN FUNCTION OL1i 150 
SU8PRUGRAM USED. DL1l 100 

Y • T~E RESULTING DUUBLE PRECISION INTEGRAL VA~uf. Ol12 170 
Ol12 180 

R~MARKS Ol12 lQO 
NONE OLli 200 

DLl2 210 
SUSROUTINEs ANO FUNCTION SUBPROGRAMS REQUIRED OLli 220 

THE EXTERNAL DOUBLE PRECISION FUNCTION SU8PROGRAM FeTex) OL12 230 
MUST BE FURNISHED 8Y THE USER. Dl12 2UQ 

01..12 250 
METHOD Ol12 ZoO 

EVALUATION IS DONE 8Y MEANS OF la-POINT GAUSSIAN-lAGUERRE Ol12 210 
QUADRATURE FORMULA, WHICH INTEGRATES EXACTLY, DL12 280 
wHfNE¥ER FCTtX) IS A POLYNOMIAL UP TO DEGREE 21. Ol12 2QO 
FUR R~FERENCE, SEE Oll2 300 
SHAO/CHEN/FRANK, TABLES OF ZEROS AND GAUSSIAN ~EIGHTS UF DL12 310 
CERTAIN ASSOCIATED lAGUERR~ POl.YNOMIAl.S AND THE RlLATEO OL12 320 
GENERALIZED HER~ITf POLYNOMIALS, IBM T~CHNICAL REPORT D~12 330 
TRoe.llOD (M~RCH 1901.1), PP.24-Z5. Ol12 340 

DLl2 350 
•••••• , ••••••••••••••••• " ••••••••••••• , •••• , ••••••••• , ••••••••••• Ol12 3&0 

DI.12 310 
01.12 390 
DI.12 400 

OOU~I.E PRECISION X,y,FCT 01.12 1.110 
Ol12 '120 

x •• l70991il044I.1009Z D2 Dl12 430 
y=.811.18077I.10742&21.1 O.15*FeT(X) Ol12 440 
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 4.3-L£sting of program for radwl flow in a leaky artesian aqwfer--Continued 

X_.284879b7lS098400 02 
Y=V+.10olbOlb35035021 0-11*FCT(X) 
X.,22151090l193 Q101 02 
YDY+.l142l91010S1S004 O-S.FCTCX) 
XD,171108S51674b22b 02 
Y=Y+.lbb84Q181b540910 O-b*FCT(X) 
X=.1100bOS49Q310b15 02 
Y=Y+.81bSOSS85bS19S0 0-5*FCT(X) 
X •• 9b2111b84245087 01 
yaY+,201231S92b029994 O-l*FCTex) 
Xa.bS445254S1t1S177 01 
VcY+.200197354180511b 0-2*FCT(X) 
xa.459Q227019418148 D1 
yaY+,2010218115401410 O-l*FCT(X) 
X.,26337513l7TU3507 Dl 
Y=Y+.904492222110809 0-1*FCT(X) 
X.,lS120102o977b419 D1 
yaY+.2~408cOl111Q817& OO.~CT(X) 
Xa,b117S74845251107 00 
yaY+.11715927S8731380 DO*FCTeX) 
.a,1151221173580201 00 
yaY+.2b41313710554412 OO*FCT(X) 
RETURN 
ENO 
SU~HOUTINE BESK(X,N,BK,lER) 

D~12 
01..12 
0\.12 
01..12 
DUi 
01.12 
01.12 
D~12 
01.12 
DU2 
D~12 
DLl2 
D~t2 
0\.12 
OL12 
PU2 
DL 12 
OL1e 
OU2 
DU2 
D~12 
01.12 
DL12 
01..12 
BESK 
8lSK 

• •• , •••••••••••••••• t • t •••••• , t t ••• , •••••••••••• , ••••••••••••••• , • S£ SI', 

SUBROUTINE BESK 
SESI< 
BESK 
BESK 

CUMPUTE THE K BESSE~ FUNCTION FOR A GIVEN ARGU~ENT ANU OROER8ESK 

USIIGE 
CAL~ 8ESK(X,N,BK,IER) 

OESC~lPTIUN Of PARA~ETERS 
X -TME ARGUMENT 0' THE K 8ESSEL FUNCTION OESIR~D 
N -THE ORDER UF TME K ijE8SE~ FUNCTION DESIREO 
BK -THE RESULTANT K 8ESSE~ FUNCTION 
IER-RESULTANT ERRUR CODE WHeRE 

IERao NO ERROR 
,ERal N IS NEGATIVE 
I~R=2 X IS Z[RO OR N!GATIVE 
IERal X ,GT, 170, MACHINE RANGE EXCEEDED 
lER=4 5K .GT, 10**70 

REMIIRKS 
N MUST BE GREATEH THAN OR EQUAL TO ZERO 

SUBRUUTINES AND FUNCTION SUBPRDGHAMS REQUIRED 
NONE 

METMOO 
COMPUTES ZERO ORDER AND FIRST ORDER 8ESSE~ fU~CTIONS USING 
SERIES APPROXIMATIONS AND THEN COMPUTES N T~ URDEk FUNCTION 
USING RECURRENCE RELATION, 
RECURRENCE RE~ATION AND PO~YNOMl.~ APPROXIMATION TECHNIQUE 
AS DESCRIBED BY A,J.M.HITCHCOCK,'PO~YNDMIAL APPROXIMATIONS 
TO BESSEL FUNCTIONS of ORDER ZERO AND ONE AND TO RELATED 
FUNCTIONSI, M,T,A,C" V,11,1957,PP.8b-88, AND G,N, WATSON, 
'A TREATISE ON THE THEORY OF BESSEL FUNCTIONS', CAMBRIDGE 
UNIVERSITy PRESS, 1958, p. b2 

BESK 
Sf;SK 
8t.SK 
Sf-SK 
BESK 
BESK 
BESK 
BE5K 
BESK 
BESI<. 
B£SK 
BESK 
BE5K 
BESI', 
8ESI'; 
BESK 
BESK 
BESK 
BE-5K 
BESK 
BESI', 
8E8K 
BESK 
BESK 
8ESK 
8f8K 
SESK 
BESK 
BESK 
BESK 
BESK 

450 
460 
470 
480 
490 
500 
510 
520 
530 
540 
550 
560 
570 
580 
SqO 
bOO 
&10 
&20 
030 
040 
bSO 
oflO 
&70 
b8-
410 

10 
20 
30 
40 
50 
00 
70 
80 
qO 

100 
110 
120 
130 
140 
150 
lbO 
170 
180 
190 
200 
210 
220 
230 
240 
250 
2bO 
210 
280 
290 
lOa 
310 
120 
HO 
340 
lSO 
lbO 
370 
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TABLE 4.3--Llsting of program for radial flow in a leaky artesian aqUlfer-Continued 

c BEaK 380 
C ••••• , •••••••••••••••••••••••••••••••••••••••••••••• , ••••• II •••••• BESK 390 
C BESK 400 

DIMENSION T(12) 8ESK 420 
BK8.0 BESK 430 
IFCN)10,11,11 BESK 440 

10 lER 8 1 BESK 4S0 
RETURN BESK 4~O 

11 IF(X)12,12,20 BESK 470 
12 lER=2 BESK 480 

RETURN BESK 490 
20 IF(X-170.0)22,22,21 BEaK 500 
21 IER=l BEaK 510 

RETURN BESK 520 
22 IERao BEaK 530 

IFeX-l.)3&,3b,25 BEaK 540 
25 AaEXPC.X) SESK 550 

~=l./X BESK 5bO 
CcSQRT(S) BESK $70 
T(1)=8 BESK 580 
Do 20 La c,1c HESK 590 

2& T(L)=T(L.l)*B BESK 000 
IFCN-l)27,29,27 BEaK bl0 

c BEaK b20 
C COMPUTE KO USING POLYNOMIAL APPROXIMATIUN BESK 030 
C BESK &40 

27 GocA*(1.2S31141-,15bOb42*T(1)+.08811128*T(2'-.0913909S*T(3) BESK bSO 
2+.1344590*T(4)-.2299850*T(5)+.3792410*T(0)-.5247277*T(7) BESK 0&0 
3+.55753b8*T(8)-.42&2&33*T(9)+.2184518*T(tO)-.0&&80977*T(ll) BESK 070 
4+.0091S9183*T(12»'C BESK baO 
IF(~)cO,28,29 ~ESK O~O 

28 ~K.GO BESK 700 
RETURN BESK 710 

C 8ES~ 720 
C COMPUTE Kl USING POLYNOMIAL APPROxIMATION BESK 730 
C BESK 140 

29 G1.A*(1.2S311ijl+,ij09q927*T(1).,lijb8583*T(Z,~,12a0427*T(3) BESK 750 
2-.1730432*T(4)+.2847018*T(5)-,4594342*T(0)+,0283381*T(7) BESK 100 
3-,bb322qS*T(8)+.SOS0239*T(9)-.2581304*TC10)+,07880001*T(11) BEaK 170 
4-.01082418*l(12»*C BE8K 780 

IF(N-l)iO,10,31 BESK 790 
30 BK=Gl BESK 800 

RETURN BESK 810 
C 8ESK 820 
C FROM KO,Kl COMPUTE KN USING RECURRENCE RELATION BESK 810 
C B[SK 840 

31 DO l~ JaZ,N BESK 850 
GJ=i.*(FLOATeJ)-1.)*G1/X+GO BESK 8bO 
IFCGJ-l.0E70)13,33,32 BESK 870 

32 IER=4 BaSK 880 
GO TO 34 BESK 8qO 

33 GO=Gl BESK 900 
35 G14GJ BESK 910 
34 BK.GJ BESK 920 

RETUR~ BESK ~30 
3& SaX/c. BESK 940 

Aa,5772157+ALOG(B) BESK 950 
C=6*8 BESK qoO 
IFCN-1l37,41,37 BESK 970 

C BEaK 980 
C COMPUTE 1(0 USING 3ERlt.S EXPANSIUN BUK no 

) 
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TABLE 4.3-Listing of program for radial flow in a leaky artesian aquifer-Continued 

C 8ESK1000 
17 Goa-A BESl<1010 

X2J a l. BES~1020 
fAChl. 8ESK10]0 
I'tJa.o 8E8K1040 
DU 110 JII1,& BESK1050 
RJ a 1./F"L.OATCJ) BESK10bO 
IF(X2J.L.T.1.E_40) XlJaO. BESK10&1 

C PREVIOU8 STATEMENT ADDED TO IB~ SUBROUTINE TO CORHECT UNDERFL.OW aESK100c 
c PROBL.EM ON WATFOR COMPILER 8ESK10U 

X2JIIX2JflC 8E8K1070 
fACTlIFACTflRJtltRJ 8E8Kl080 
HJ=HJ+RJ 8t.SK1090 

'10 GO=GO+X~JtltF"ACTtIt'HJ.A) 8E8K1100 
IF (N)'11,42,'11 tHSK1110 

42 8KaGO BE8Kl120 
RETURN 8ESK 1110 

C BE8K1140 
C COMPUTE K1 USING SERIE8 EXPANSION 8[8K1150 
C BESK11&0 

41 X2JaB 8[8K1170 
FACTa1. BESK1180 
HJal. 8ESK1190 
G1 11 1./X+X2JtIt(.S+A-HJ) 8ESK1200 
00 50 JlIl,8 8E8K1210 
XU a X2JtltC BUK1220 
RJ a 1./fL.OAT(J) BE8K 1210 
FAChfACTtltRJtltRJ B!SK1Z40 
HJaHJ+RJ 8[SK1250 

50 Gl aGl+XlJflFACT tlt e.5+(A-HJ)tltFL.OATeJ» 8ESK 12120 
IF(N_1)]1,52,31 8ESK 1ZTO 

52 81<-Gl 8E8K1Z80 
RETURN BESK 1Z90 
END BESK130-

TABLE 5.2-Listing of program for radtal flow m a leaky artesian aquifer with storage of water in the confining beds 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
C 
C 
c 
C 
C 
C 
C 
C 
C 
C 
C 

****************.******************.* ••• ********** •••• ***#*******.lST 

PIJRPOSl 
TO CU~,PIIH. TyPE. CUI(VE. FU"'CTIOfl< OLuE5 FUR HCu,I;E.lA) oo .. 

HA"'TUSH,~,S"lqb", ~ODIFIC'TION UF T~E THfOHV UF L~AK' 
A{JUH~"SI JOUR, GEIJP",VS, RES" v, &5, NO, II, P, 37\3pH25, 
THt COMPUT4TIO~AL AlGURI1HM ~AS D~vlSEO AND P~UG~AMMtD BY 
S,S,PAPAOOPULUS, 

INPUT OA TA 
1 CARD - FORMAT(2fIO,5) 

USMAlL • S~ALLEST(8lGINNING) vALUE UF IIU, 
ULA~GE - L'HGES'(ENUl~G) VALUr uF IIU, 

2 CARDS. FURMAT(8lI0,5) 
BOAT • 12 VAlUlS UF BlTA (Z~RU OR HLAN~ VALUES Aw~ 
PERMISSIBLE I~ LESS THAN 12 DESIRED, ~ILL TtRMINATE 
AT FIRST ZERO IIR BLANK VALUE), 

SUBRouTINES AND fUNCTIUN SUBPAUGwAMS REQUIRED 
H,DQG32,HUH,~ • MUST BE INCLuDED IN DECK, 
USQRT,OtXP,O~RFC,OLOG • MUST Bt I~ CnMpUTEH lIBRARY, 

REAL*8 U,BtTA,H 
DIME~5IUN AR~AV(73,12), Y(73), 60A'(12), ,NUM(b) 
DATA YNUH/1,,1,5,2,,5,,5,,7,1 
I~U"5 

IPT·& 
R~AO (IRD,b) USMALL,UlARGE 
READ (IRD,b) BDA' 
IBEGIN8ALUG10(USM4LL) 
IE NOcALUG10(ULARGEl.,qqqqq 
ILIMITcCIEND-IBEGIN)*btl 
IF (ILIMIT,~T,71l lL!MI,a73 
DU 1 1:01112 
IF \80A1Cl),EO,o,) G~ TU 2 

1 CD"'TlNUE 
1'11:1-12 

L5T 
I..ST 
L:>1 
1..5T 
lST 
LST 
lST 
LST 
lST 
loST 
L.ST 
L51 
L5T 
L5T 
LST 
LST 
LST 
LST 
lST 

LST 
lST 
LST 
LoST 
LST 
lST 
LST 
lST 
lST 
I..ST 
19T 
LST 
1..51 
LST 
I.ST 

I 
2 
1 
41 

5 
b 
7 
8 
q 

10 
11 
12 
11 
14 
15 
110 
17 
18 
Iq 
20 
21 
22 
23 
211 
25 
2& 
17 
28 
zq 
30 
31 
32 
13 
311 
35 
3b 

e 

( 
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TABLE 5.2-Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds
Continued 

C 

c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

GO 10 l LST 37 
2 Nllal-1 LST 38 

IlaO L.ST 39 
J Du 4 I"I,IU"II LST 40 

If.KPaIBEGIN+(I_1l/1> LST 41 
IlaII+1 LST 42 
II' (II,C.T,II) II-I LSI 43 
YCI).YNUMCII1*IO,**IEKP LST 44 
UIII,/YIII LST 45 
00 4 J.I,~B LST 41> 
BtTAIlt!04T1J) L.ST 47 

4 ARRAY(1,Jlal«U,8EH) L.8T 48 
wRITE (IP1,7) CBDAIII),I.I,NBI LST 49 
0[1 5 I-I, lL.I'"I I LST 50 

5 wRITE (IPT,8) YCI),CARRAYII,JI,Jal,Nt!) LST 51 
STOP LST 52 

LST 53 
I> FOHI'IAT C8E10,51 LST 54 
7 FURMAT CIII,I~Cu,BETAll/'OI,IOX,1 I 8ETAII' ',I>X,'I/U 11,12EIO,2) L.ST 55 
8 FORMAT C' ',EIO,3,12FIO,4) LST ~I> 

END I.ST 57-
DOU~LE PRECISION "UNCTION ~cu,81 M I 
***.*******************~**.***.*******.*************** **** ••• atttt H 2 

~ 3 
'U",CTlLIN H M 4 
PUHPOS~ ... 5 

TO COMPUTE TME INIEGHAL OF M I> 
EXPC-Yl*ER"CCe*SQ~T(Ul/SQRTCY*IY-U)II/Y SUMMED UVER Y M 7 
fROM U TO INfINITY CfUNCTION I«U,8[TA) Of MANTU8H), I< 8 

DES'~IPTIoN UF PARAMETERS M 9 
~OTH DUUIlLE PRECISION M 10 
U - R**2*8/C4*T*TIME), CRAOIAL DISTANCE SQUAHED * STOR.Gt H II 
COEFfICItNT I I~ * TRANSMISSIVITY * TIME). U MuST BE ) 1.0-00. M 12 
8 - CR/41*CS~RT(K'*SI/Cijl*T*SI+K' '.S' 'ICB' '*I*S)I, H 11 

KI,S',!!' • ~YO, COND" STORAGE COE~"" TMICKN~SS OF H 14 
uPPER CON~INING BED. M 15 

KIt,Slt,ljI' _ MYD, COND" STORAGE CUEFF" THICKNESS UF M II> 
LOwER CONFINING BED, M 17 

METHOD ~ 18 
I, FuR U ( I,D.~O, NO COMPUTATION 18 MADE, M 19 
II. FOk 8ao, Hcu,OI._Cul CTMEIS -ELI. FUNCTIONl, H 20 
III. MCU,BlaO IF ,., 21 

I, U ) 10. H i!2 
2, B ) I AND B*-i*U > 300, H 23 

lv, ERFCCARG).O ~OR ARlO) 40 AND M(U,8l a HCuB,S) ~ 24 
fO~ U ( V ( US wMERE US IS TI<E U CORRESPONDING TO AHG - ~O H is 
SINtl HCUB,B) ( wCUS) T~EN FOR UB > 10, MCU,8) a O. M 2D 
ERfCCARGl a 1 FOR A~G < 2,E-l0 AND M(UUK,81 a wCUUSI H Z7 
WHERE UUB IS TME U tOHR~SPONOING TU ARlO a 2,E-IO, ~ 2B 
IF UU8 ) 10, HeU,S) a INT~GRA~ FRUM U8 TO 10, H 2q 
I' UU8 ( 10, MCU,S) a INTEGRAL FROM US TO UUS + ~(UUBI H 30 

M 31 
**********_***************************_*****.******************.*. M 32 
I"'PL.ICII ~EAL*8eA.I;,O .. Z) ~ 33 
COM~ON UUU,BBB M 34 
EXT~RNAL HUS H 35 
UUU.U lot 3D 
88BaB ... 37 
IF CU,GToI,O-bOl GO TO H ]8 
"linE Co,7) H 39 
STOP H 410 
H C8,EQ,U,O) GO TO 5 M 41 
IF (U,GT,10.0) GO TlI b ~ ij2 
SU.~*S*U H 43 
IF CB,GT,I,O,AND,SU,Gt,300,O) GO TU 0 M 44 
Hl-U,O M 45 
UP-l0.0 H "0 
UllaO,5*U*(I,O+DSQRTCI,O+O,025*S*S/Ul) H 47 
IF CUB,GT,UP) GO TO b H 48 
uuSaO,5*U*Cl,O+OSQRTCI,O+I,OZO*S*B/(1) lot 49 
IF CUU8,GT ,UPI GO TO i! H 50 
Ml.~CUUij) H 51 
UP.UUS H 52 

i! HZaO,O M 53 
XL-US ~ 511 

1 XUclO,*XL I< 55 
IF CXU,GE,UPI XuaUP ~ 511 
CALL OQG3c(XL,xu,~U8,AREA) H 57 
Hi!aHc+AH~A ~ 5& 
XLaxu ... 5q 
IF (XL,~Q,UPI GO TO ij M bO 
IOU TO j ~ III 

" H.MI+H2 ~ 02 
RETURN H 03 

5 Ha~CU) H 011 
RE1UHN H 05 
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TABLE 5.2-Listing of program for radial flow in a leaky artesian aqUifer with storage of water in the confining beds
Continued 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c: 
c: 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 

7 FU~MAT ('O','u TUO S~ALL FU~ CO~PUTlTJON') 
END 

SU8ROuTIN~ DQG1i(Xl,Xu,FCr,Y) 

H 100 
r1 107 
H b8 
H 109 
H 70-

•••••••• , •••••••••• , •••••••••••••••••••• , ••••••••• , •••••••• It ••••• • OQG 

I 
2 
1 
4 
5 
10 
7 
8 
~ 

sU~HourlNf OI.l&Ji 

PURI'OSE 
TO COMPUTE INTtGRAL(FCT(X), SUMMED UVER X FROM XL TU ~U) 

USAGE 
CALL DQG32 CXl,XU,~CT,y) 
P'~AMETER FCT REQuIR~S AN EXTERNAL STATEMENT 

UESC~IPTJO~ OF PARAMETERS 
XL • DOUBLE PRECISIO~ LuwER BOUND OF TME INTE~VAL, 
XU • DOuBLE PRECISIO~ UPPER BOUND OF TME INTERVAL, 
FCT • TM~ NA~E OF AN EXTERNAL DOUBLE PRECISION ~uNCTION 

Y 

I<E"'AR~S 
NUNE 

SU8PROGRAM USED, 
• THE RESULTING DOUSLE PRECISION INTEGRAL VALUE, 

SUSROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED 
THE EXTERNAL DOUBLE PRECISION FUNCTION Su8PROGRAM 'CT(X) 
~U8T BE FURNIS~ED BY THE USER, 

METHOD 
EVALUATIUN IS DONE BY ~EANS OF 32-POINT GAUSS QUADRATURE 
~URMULA, WHICH INTEGRATES POLYNOMIALS UP TO OEGHE~ 01 
EXACTLY, FOR QEFERENC~, SEE 
V,I,KHYLUV, APPRUXIMATE CALCULATION UF INTEGRALS, 
MACMILLAN, NEw YORK/LUNDON, 19b2, PP,IOO.!II AND 337-1~O, 

OGG 
OCJG 
DUG 
I)IJG 
OIJG 
DI.lG 
DyG 
OWG 
DlOG 
OIlG 
OwG 
o .. G 
DilG 
DUG 
DUG 
OIlG 
OtlG 
UGlG 
~UG 
Or.oG 
OI.lG 
OWG 
DUG 
OwG 
OGlG 
DQG 
010110 
OGlG 
O{JG 
DI.IG 
OQG 

•••••••• , ••••• I •••••••••••• t , ••••••••••• , •••••••••••••••••• t " , ••• O£.jG 

DOUBLE PRECISIUN XL,XU,y,A,B,C,FCT 
AD, SOO* (XU+xL) 
S_XU·XL 
C_,498051930920700800*8 
ya,3S09305000715008D.i-CFCT(A+C)+FCTCA-C)) 
C-,492805755772010200*B 
Y-Y+,S!111 913b5452S40-2_CFCTCA.C)+FCT(A_C)) 
,-,4821811277951532DO*8 
Y-Y+,liD9001i054031050·1*(FCT(A.C)+~CTC4.C)) 
C-,40745103 79 08809800*8 
y-y+,1713093145b51072D·I*(~CT(A+C)+FCT(A.C)' 
C-,448100577883020100-8 
y_y+,21~119~901111334D_I*(FCTCA.C).FCTCA_')' 
C-,424b818008boi8S0DO*a 
yaV+,Z54990Z9011188090-I*CFCTCA+C).'CTC4.C)) 
C-,3972~189798197IZDO*B 
Y-Y+,Z914204073920777 0-\*(FCTCA.C'+fCT(A-C) 
C-,l000910593701~48DO*B 
Y-Y+,li9111113881S0920-1*(FCTCA+C)+FCT(A-C)1 
C-,331522131405107000*8 
Y.Y+,loI7Z89705442 4250.I*CFCTCA.C).FCTCA.C» 
c-,Z91e5187802uleI2DO*~ 
Y_Y+,19090947S9151515U-I*CFCT(A+C)+FCTCA-C) 
C-,Z514499544001147DO*S 
y_y.,~105S9b2113~73180-1*(FCTCl+C).FCTCA.C» 
C-,210b75b180053171DO*B 
y.y.,~3S2004050i201910·I-CFCTCA.C'.~CTCA-C) 
C_,105914101141001eoo*~ 

Y.Y+,4S580919341881940-1*(FCT(A.C'+FCT(A.C) 
C-,119043081Ii00085DO-ij 
Y.Y+,4092l199540~OZ28D-I*C'CTCA.C).FCTCA.C) 
C_,7i23S9S079119SiO_I*B 
y_y.,~7819300039b17430·1*(FCTCAtC)+fCT(A-C)) 
C-,l4IS181i8438b910D-I*8 
Y_B*(y+,48i700~~iS7101900.I*CFCT(A+C)+FCTCA-Cl)) 
RfTURN 
END 
DOUBLE PHECISION FUNCTION MUB(X) 

OwG 
DuG 
DUG 
OIlG 
UIoIG 
OGlG 
PLlG 
DGlG 
OYG 
OGlG 
01.110 
O"G 
UIlG 
0",10 
DQG 
OGlG 
DQG 
OI.lG 
Dele; 
LlQG 
0,"" 
U(lG 
DLiG 
OGG 
OLiG 
Dt.lG 
DI.IG 
OIoiG 
DIJ" 
DI.IG 
DQG 
DQG 
OGlG 
OLlG 
DI.IG 
OlolG 
DWG 
D(;G 

MUS 
*************** ••• *****.*****************************.************MU8 

F u ... t T1 ON MlI~ 
PURPUSE 

TO COMPUTE VALuES UF THE INTEGRAND OF HCU,e) 
DESCRIPTION OF PAH4MfT~H 

X • OUU8LE P~ECISIO~, POINT AT wHICH INTEGRAND IS EULUATED, 

MUS 
HUB 
HUll 
HuB 
HUB 
HUB 

10 
II 
12 
11 
14 
IS 
Ib 
17 
18 
19 
20 
2.1 
U 
i!3 
24-
25 
2b 
27 
28 
29 
10 
11 
1i 
11 
34 
15 
3b 
37 
18 
39 
40 
41 
42 
U 
114 
45 
4b 
47 
48 
49 
50 
51 
52 
53 
54 
55 
5b 
57 
58 
~ 
00 
101 
1>2 
103 
04 
1>5 
bO 
07 
08 
b9 
7Q 
71 
72 
73" 

I 
2 
3 
4 
5 
o 
7 
8 

c 

( 
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TABLE 5.2-Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds
Continued 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

c 
c 
c 
c 

c 
c 
c 
c 
C 
c 
c 
c 
C 

c 

"'~TH[)LJ 

fL)I<T".~ ~VALuATl(IN m fUNCTIUN. 
HUH 
HUB 
Hu~ 

••• * ••• ***.*.*.*.*._*****************.***.*.***.*.**** *.***.*** •• *~u8 
I~PLICI1 N~AL.8(A.H,0.l) HUH 
CI)~'IU" UUU, ~~8 HU~ 

A RG=OSUN T ( (~FjB .BAb .,'UU) I ex * x.~ * UUU) J HuH 
Hu~=utXP(.xl.DERFt(A~GI/X HUB 
~tTURN HuB 
ENO "'IJ~ 

.*** ••• ___ .".' •••• _._._, __ ,_ •••• ___ ,_,_ ••••••• , •• _._._.* .•. __ , .. _ ~u 
FUNCT!UN -
PURPllH 

TO EVALUATE THt -t~L FUNCTluN UF THEIS. 
DUjC~lPTl"N tlF PAkAHEH~ 

U • P()UBLE PRECISII.lr-., A~GUME"'T FIIR -ELL FUNCT!(IN. 

-u 

-" ••••• ** ••••• ,., •••• ______ •••••• ,_, •••••• " •• , •••••••• _ ••• , ••• __ ••• wU 
IMPLILIT NEAL.A (A.~,O.l) 'U 
IF (u.LE.o.o) G0 TO 2 oU 
IF (u.GT.IOO.) GO T(} 3 "" 
IF (U.Go.I.O) GU TO I 'U .= .. ~77~I~bbtU.(.qqqqqlq3+U.( •• 24qqI0S5.U.(.0551~qb~+u.( •• Ov Q7000 4 .,) 
1+.0uI07~~1.u))).OLUG(U) .u 

GO TU 4 -u 
I E~UM=O~XP(.ul.(.2b777$734.tU.(8.b347b08q2~+U.(18.0S~OI bQ13Q+U.(8.~ "U 
1735281401+UIJ)) .U 
DtN;U.(J.95H4qbq228tU.(21.04qb~3u827+U.(2~.b32q5bI4Hb+u.(q.~73J223 ~u 

14S4+U»)) ql 
.=ENUM/DE~ .,) 
GO TO 4 .U 

2 "RIll; U,,~J u "U 
STUP .u 

3 .=0.0 ~u 
u ~E1U~~ ~u 

5 FUk',AT ('o',"x,'-(U) "0' Dtfl~U) fl)k U='dPIlIS.~) 
ENU 

TABLE 6. L.-Llsting of program for partial penetration In a leaky artesian aquifer 

Q 

10 
11 
12 
13 
14 
15 
1& 
17 
18~ 

I 
2 
5 
4 

5 
o 
7 

eo 
q 

10 
II 
12 
13 
14 
15 
I b 
17 
18 
1'1 
20 
21 
n 
23 
Z4 
Zo;, 
2b 
n 
2~ 
?q 
30-

******************************************************************pp~ 1 
PPL 2 

PURPOSE pp~ 1 
ru CU~PUTe TVPE CURVE FUNCTION VA~UES FUR PARTIA~ PENETRATIUN PPL 4 
14 A LEAKY AQUIFER USING EQ. 71 UF HANTUSM,M.S" lQb4, PP~ 5 
HVDRAULICS OF WELLS IN CHOW, VEN TE, ADVANCES IN HVDRUSC1ENCE, PPL b 
VULt 11 ACADEMIC PRESS, NE~ VU~K, P, 281-Q42. PPL 7 

INPUT DATA PPL 8 
1 CA~D - FOR~AT (1~S,1,I5,ZE10.4) PPL Q 

8 - AQUIFER THICKNESS PPL 10 
E - DEPTH, BlLU~ TUP UF AQUIFER, TO BOTTOM UF PUMPING PPL 11 
wELL SCREEN PPL 12 
D - DEPTH, 8ELO~ TOP OF AQUIFER, TO TOP OF PUMPI~G wELL PP~ 13 
SCREEN PPL 14 
NUM - NUMBER UF OBSERVATION WELLS OR PIEZUMETE~S Tl~ES PPL 15 
NUM8E~ OF VALUES OF KZ/KR, PPL 10 
SMALL - S~ALLEST VALUE OF l/u FOR WHICH CuMPuTATIUN IS PPL 11 
DESIRED PPL 18 
LARGE - LA~GEST VALUE OF l/U FOR WrllCH CUMPUTATION IS PPL 19 
DESIRED PPL 20 

c CARDS • FORMATC8~10.5) PPL 21 
HDAl • 12 VALUES OF R/RR, NUN ZERO VA~UES SHOULD 8E PPL 22 
FIRST, wILL TERMINATE AT FIRST ZERO (OR BLANK) VA~UE. PPL 21 

NUM CARDS CONE FOR EACH 08S, WE~L OR PIEZOMETER AND FOR EACH PPL 24 
VALUE UF R*SQRT(KZ/KR) - FORMAT (lF5,l) PPL 2S 
R • RADIAL DISTANCE FROM PUMPED wELL TIMES SQRT(KZ/KR). PPL 20 
LPRIME - DEPTH, 8E~UW TUP OF AQUIFER, TU BOTTOM UF USS. PPL 21 
wELL SCREEN (lERU FOR PIEZOMETER) PPL 28 
DPRIME - DEPTH, BELOW TOP OF AQUIFER, TO TUP OF OBS. WELL PPL aq 
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c 
c 
c 
c 
c 

c 
c 

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 6.1.-Lrsting of program for partral penetration In a leaky artesian aqUIfer-Continued 

SCREEN CTOrAL DE~'H FUR PIEZUMETER) 
SUa~OUTINtS AND FUNCTION SUBPROGRAMS REQUIRED 

DQ~li,SERIES,8ESK,FCT,L,F~ 

PPl. 
PPL 
PPL 
PPL 

•••• * •• *************** •• ***********.*.***************.************PPL 
REAL*b U,v PPL 
REAL*4 L,L8,LPB,LPRIME,LARGE PPL 
DIMtNSIUN ARRAY(55,12), ARGCO), BDAT(12), Y(SS) PPL 
DATA ARG/1,,1.5,2.,1.,5.,7./ PPL 
DATA ARHAV/OOO*0,/,V/5S*0,/ PPL 
IRDa5 PPL 
IPT=O PPL 
R~AD (IRD,9) H,E,D,NU~,SMALL,LARGt PPL 
READ (1~0,14) BDAT PPL 
DO 1 I-1d2 PPL 
IF (BDATCI).EQ,O,) GO TO 2 PPL 
CONTINUE PPL 
NBa12 PPL 
GO TO 3 PPL 

2 Neal-1 PPL 
3 LasE IS PPL 

OdaD/S PPL 
ISEGIN=ALOG10(SMALL) PPL 
IENDaALUG\O(LARGE)+,l PPL 
JLIMITallND-lBEGIN PPL 
IF (Jl.lf'lIT,GT,9) JLIMIT=9 PPL 
ILIMIT a o*JLIMITtl PPL 
DU 8 Kcl,NuM ~PL 
READ (lRO,9) R,LPRIME,DPRIME PPl. 
R8aRIS PPL 
LPsaLPRIME/B PPL 
OPB.DPHlMe/~ PPL 
00 4 I-l,ILIM!T PPL 
INo~~a(I·l)/o PPL 
taXP=lHEGIN+IND£x PPL 
II=l-lNDEX*o PPL 
HllI:ARGCIIl*10,**IEXP PPL 
U=l,/Y(ll pp~ 

00 " J=l,NS PPL 
BETAaSOAT(J) PPL 
V=BETA/i, PP~ 

4 ARRAV(1,Jl.L(U,V)+FL(U,HS,BETA,~S,DB,LP8,DPB) pp~ 
If .. (LPS"O.) 5,5,0 PPI. 

5 WRITE (lPT,10) OPS,HB,LS,OB PPL 
GO TO 7 PP~ 

o WRITE (IPT,11) LPB,OP~,A~,L8,OS PPL 
7 WRITE (lPT,12) (BOATCll,I=l,NB) PPL 

OU 8 Ial,lLIMIT PPL 
wRIT! (LPT,1]) VCI),CARRAYCI,J),J a l,NS) pp~ 

8 CU~TINUE PPL 
STOP PPL 

PPL 
PPL 

9 FU~MAl Of-S,1,I5,2E10,II) PPL 
In FOkMAT ('I','wCU,R/8R)+F(U,H/8,R/8R,l./8,O/B,Z/8), 2/8a ',F5.2,', SQPPL 

1RT(~Z/K~)*RIS.',FS.2,', L/Ba',F5,2,', 0/8a',F5,2) PPL 
11 FORMAT ('l

'
,IW(U,R/BR)+FCU,R/B,RISR,l./B,D/B,L"/S,Ol '/B), L"/S.',PPL 

1"-5.2,1, 0"/Sa',FS.2,', SQRTCKZ/Kfo<)*R/Ba',F5.2,', L/B-',F5.2,1, D/PPL 
28a l ,F5,2) PPL 

1Z FUR..,AT ('O',9X,I, RIS~'/I 1,':!iX,'1/U 1'.t2El0.2) PPL 
13 FORMAT (I I,E10.3,12F10,4) PPL 
14 FORt-!AT (8El0.5) PPI. 

END PPL 

30 
31 
32 
33 
34 
35 
30 
37 
38 
39 
40 
1.11 
42 
1.11 
1.14 
'IS 
4b 
1.1'1 
48 
"9 
50 
51 
52 
53 
54 
5'3 
50 
S7 
56 
sq 
00 
61 
02 
63 
b4 
05 
cO 
07 
08 
09 
70 
71 
72 
73 
71.1 
7S 
1b 
77 
76 
79 
80 
81 
82 
83 
81.1 
85 
80 
87 
88 
89 
90 
91 
92· 

• 

( 
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TABLE 6.1.-Listmg of program for partial penetration in a leaky artesian aquifer-Continued 

REAL FUNCTION FL.4(U,RB,8ETA,L8,D6,LPB,DPB) FL 1 
C *.*.*.* ••••••• * ••• * •• ***.**.***.*** •• ***** •• ********************** FL 2 
C FL 3 
C FUNCTION Flo FL 4 
C Fl 5 
C PURPOSE FL b 
C TO COMPUTE DEPARTURES FROM HANTUSH-JACOB LEAKY AQUIFER CURVE FL 1 
C CAUSED BV PARTIAL PENETRATION OF PUMPEO WELL. FL 8 
C USAGE FL q 
C FL(U,R6,~ETA,LB,D8,LPB,DPB) FL 10 
C DESCRIPTION OF PARAMETERS FI. 11 
C ALL REAL, U DOUBLE PRECISION FL Ii 
CU. H**2*S/4*T*TIME (RADIAl. DISTANCE SQUARED * STURAGE FI. 11 
C COEFFICIENT I 4*TRANSMISSIVITV * TIME FI. \4 
C RB • RIB ( RADIAl. DISTANCE I AQUIFER THICKNESS) FL 15 
C B~TA • R*SQRT(K'/8 I T) • (RADIAl. DISTANCE * SQUARE ROOT FI. 1b 
C (HYD. CONO. OF CONFINING BEDITHICKNESS OF CONFINING FL 11 
C BED * TRANSMISSIVITY OF Ac.lUIFfR» FL 18 
C LS • LIS ( ~RACTION OF AQUIFER PENETRATED ~y PUMPED WELL) FL lq 
C 08 • DIS ( FRACTION OF AQUIFeR ASOVE PUMPED WELL SCREEN) FI. 20 
CloPS. L'/6 (FRACTIUN OF AQUIFE~ PENETRATED BY U6S, ~ELL, ZERU FL 21 
C FOR PIEZOMETER) FL 22 
C D~b • D'/~ (FRACTION OF AQUIFE~ ABOVE 06S. WELL SCREeN, TOT~L FL 23 
C DlPT~ FOR PIEZOMETER) FL 24 
C SUBRUUTINES AND FUNCTION SUS~RUGRAMS RE~UIREO FL 25 
C OQL1Z,SERIES,8ESK,FCT,L FI.. 20 
C MET~OD FI.. 21 
C SUMS THE SERIES THHOUGH N*Pl*R/6 EQ 20 FL 28 
C FL 29 
C ***************************************.*** •• ***** •••• ********.*** FL 30 

REAL.S U,V,OSQRT FI. 31 
REAL*~ L,N,LB,LP8 FL 32 
SUMaO, FL 33 
NaO, FI. 3~ 
BETSQ.BETA*ijETA FL 35 
~IRBSQ.9,609&Oq.R6*Ra FL 3& 
PIL8.3.1~lSql.L8 FI. 37 
PIOS.l.14IS93*Oe '1.. 38 
IF (LPS·O,) 1,1,4 Pt.. 3q 

C CHlCKS FUR WELL OR PIElOMET~R FL 40 
1 PIZSa3.141SQ3*OPB PI.. ~1 
2 N=N+1. PI.. ~2 

V.SQRT(BETSQ+N*N*PIRSSQ)/2. FL 4] 
IF (V.GT,lO,) GO TO 3 FL 44 

C TRUNCATES SERIES ~HEN V>lU FL us 
Xal.(U,V)/N FI. ~& 
SUM-SUM+(SlNCN*PIL8).SINCN*PIOR»*COS(N*PIZS)*X FI. ~7 
GO to Z ~L 48 

3 FI..,&3bb19S*SU M/Ct..S.OB) FL U9 
GO TO 7 FL 50 

4 PILPBml.141S91*LP6 FL 51 
PIDP8c].141S93*D P 8 FL S2 

5 NaN+1 PL 53 
V=SQRTCBErSQ+N*N*PIRBSQ)/2, Ft.. 54 
IF (V.GT.l0.) GO TO 0 FL 5S 

C TRUNCATES S~RIES w~EN V)10 FL So 
xaLCU,V)/N FL 57 
SUM.SUM.CSIN(N*PtL8).SIN(N*PID~)*(StN(N*FILP8).SIN(N*PID~B)*X/N FL 58 
GO to 5 fL ~9 

b FL •• 202bq24*SU~/((LH.DA)*(LP8.DP8) fL bO 
7 RETURN FL &1 

) 
ENQ FL oZ-
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TABLE 6.1.-Llsting of program for partial penetratlOn in a leaky artesian aquifer-Continued 

RE.AI.. FUNCTION I..*,,(U,V) I.. 1 
C ****************************************************************** I.. a 
C I.. 3 
C Fu~CTION I.. I.. " 
C I.. S 
C PURPOSf I.. & 
C TO COMPUTE THE INTEGRAL( EXPC.Y.V**2IY)/Y) SUMMED OVER Y FROM I.. 7 
C U TU INFINITY(WELI.. FUNCTION FOR I..EAKY AQUIFERS). L 8 
C DESCRIPTION OF PARAMETERS I.. 9 
C tlUTH DOUBLE PREC UION I.. 10 
CU. R**2*S/"*T*TIME (RADIAL. DISTANCE SQUARED * STORAGE I.. 11 
C COEFFICIENT I "*TRANSMISSIVITY * TIME I.. 12 
C v - R/2*SQRTCKl/tT*BI) •• ONE-HAL.F RADIAL DISTANCE*SQUARE ROOT L 13 
C tHYD, COND. OF CONPINING B~D/TRANSMISSIVITY*THICKNESS I.. 1" 
C OF CONI"INING BED) L IS 
C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIREO\ L 1& 
C OQI..12,SERIES,BESK,FCT I.. 17 
C METHOD L 18 
C IN THE FOLLOwING F8EXPt.Y-v**2/Y)/Y L 19 
C tl) U)81, USfS A GAUSSIAN-L.AGUeRRE QUADRATURE FORMULA TO I.. 20 
C EVALUATE INTEGRAI,,(F) FROM U TO INF. L. 21 
C (2) V**Z<U<l, uSES THE G-1.. QUADRATURE TU !VAL.UATE INTEG~AL.tF) L 22 
C FROM ONE TO INF AND A SERI~S EXPANSION TO EVALUATE INTEGRALtFl L 23 
C FROM U TU ONE. L 24 
C (3) U<l, U<.V**2, US~S T~E REPRESENTATION INTEG~AL.(F) FROM U L 25 
C TU INF •• a*KO(2*V)-lNTEGRAL.CF) FROM V**2/U TO INF, L 2& 
C EVALUATES THE ZERO ORO~R MOOl~IED BESSEL FUNCTION wF SECUND L 27 
C KINO wITH IB~ SUBROUTINE, EVALUATES INTEGRAL BY G-L QUAD. L 28 
C L zq 
C ****************************************************************** L 30 

EXTERNAL. FCT L. 31 • REAI.*8 U,v,I,~,vv,SERlES L. .32 
CUMMON IC11 VV,Z L 33 
VV.V L. 34 
IF CU-1.) 1,2,2 L. 35 

C CHECKS IF lJ(l L 3& 
Z.V*V/U L 37 
IF (Z .. 1.1 j,LI,LI L 36 

C CHECKS IF V**'l.IU < L. 3q 
2 Z8U L ~O 

CALL. DQL12eFCT,Fl I. 41 
L-F L U2 

C INTEGRAL U TO INF, EVALUATED 8Y GAUSS-LAGUERRE QUADRATU~E L ul 
GO TO 5 L. "4 

3 Z&l. L uS 
CALL or~1.12(FCT,F) L Lib 
L.FtS~RIES(U,v) I.. 47 

C INT~G~AI.. 1 TO IN'. SY G-L QUAO., INTEGRAL U TU 1 BY SE~lES fXP. I. U8 
GO TO 5 I. uq 

Ii TWUV82.*V L SO 
CALL 8ESK(TWUV,O,B!<,IER) I.. 51 
CALI. OQL.12 (FCr, F) L S2 
1..2.*~K-F L. 53 

C 2KO(2V).INTEGRAL V**2/U TO INF. L 54 
5 RETURN L SS 

[NO L S&-
REAL FUNCTION SERIES*8(U,V) SER 1 

C ******************************************************************SfR 2 
C SER 1 
C FUNC lION SEHIES SER 4 
C SER 5 
C PURPOSE SER & 
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TABLE 6. I.-Listing of program for partial penetration in a leaky artesian aquifer-Contmued 

TO EVA~UAT~ Sell-StU), ~HERE S IS A SERIfS EXPANSIUN OF SER 
lNTEG~A~(EXP(-V.v**2/V)DY/V) aIVEN BV, s. SUM, Mao TO INFINITV,SER 
(F(M'*SUM, N.O TO INF,,(V**C2*N)/C(N,)*(M+N),» WHERE FCM). StH 
LOG(U) IF M=O AND. (C-l)**M/M)*CU**M-(V**lIU)**M) IF M)O. SER 

DESCRIPTION OF PARAMETERS SEH 
~UTH DUUBLE PRECISION SER 
U • R**2*S/4*T*TIME CRADIA~ DISTANCE SQUARED * STORAGE SER 

CUEFFICIENT / 4*TRANSMISSIVITY * TIME SER 
V - H/2*SQRT(KI/(T*BI» •• ONE-HALF RAOIAL OISTANCE*S~UAHE HOOT SER 

(~YD. CONO. OF CONFINING 8ED/TRANSMISSIVITY*TH1C~NESS SER 
UF CUNFINING BED) 8EH 

SUBROUTINES AND FUNCTION SU8PROGRAMS REQUIRED SER 
NONE SEH 

METHOD SEH 
SUMMATION IS TERMINATED FOR THE INNER SERIES WHEN A TEHM SER 
BECOMES LESS THAN S,E-7/N AND FUR OUTER SERIES WHEN A TE~M SeR 
BECOMES LESS THAN 5.E-7 SER 

SER 
******************************************************************SER 
REAL*8 OLOG,D4BS,S(2),VUM,UU SER 
R£AL*8 TE8T,U,UM,EM,EN,SUM1,SUM,SlGN,V,VSw,VSQU,RMU~,TEHM,TERMi SER 
TEST-S.0-01 SER 
VSQ-V*V SER 
uuaU 8EH 
DO ~ 1=1,2 StR 
EVA~UATES SERIES FO~ LOWER LIMIT = U AND UPPER LIMIT ~ 1 SER 
IF (1.EQ.2) Ual. SlR 
UM=l. SER 
EM=.l, SeR 
SUMi-o, SER 
SIGN=-I. SER 
VUM:1, SER 
VS~U.VSQ/U SER 
EM.EM+!. SER 
IF CEM-,l) 2,3,3 SER 
CHECKS FOR Mao SER 

l RMULaDLuG(U) SER 
TERM\:l. S~R 
GO TO 4 SER 

1 UM.UM*U SER 
IF (VUM.LT.l.O-30) VUMaO. SER 
vu~aVUM*VSQU SER 
RMUL:(UM-VUM)/EM SER 
fERM1=TERMI/EM SER 

4 SIGN=-SIGN SER 
SUM.TERMi SER 
TERM.TERMi SER 
EN.O. SER 

5 EN.tN+1. SEk 
TERM:TERM*VSQ/CEN*CEN+EM» 5ER 
SUM=SUM+TERM St~ 
If (TEST.LE,DABS(RMUL*lN*TERM» GU TO 5 SER 
TRUNCATES INNER SERIES IF OUTER TfRM*N*INNfR TERM < S.E-7 8EH 
SUM1=SUMltSIGN*RMUL*SUM SER 
IF (EM .Ll •• ll GO TU 1 SER 
IF (TEST.LE,OABSCRMUL*SUM» GO TO 1 SER 
TRUNCATES OUTER S~RIES l~ GUTER T~RM*lNNER SUM < S.~.1 SER 

b SCI).SU M1 SER 
uaUU 8tR 
SERIES=SCZ)-SC1> SER 
RETURN SER 
END SER 
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1 
8 
9 

iO 
11 
lZ 
11 
14 
1'3 
lb 
17 
18 
19 
20 
21 
22 
23 
24 
25 
2b 
21 
28 
29 
30 
11 
J2 
31 
34 
35 
36 
31 
38 
H 
40 
41 
42 
41 
41.1 
45 
4& 
47 
48 
49 
50 
51 
52 
53 
Stl 
S5 
56 
57 
~8 
59 
bO 
01 
bi 
bl 
04 
bS 
bb 
b1 
b8. 
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TABLE 6.l.-Listing of program for partial penetratIOn in a leaky artesian aquifer-Continued 

R~AL FUNCTION Fer*seX) FeT 1 
e ******************************************************************reT 2 
C FeT 3 
C FUNCTION FeT FeT 4 
C FCT 5 
C PUHP05~ FeT & 
e TO CUMPUTE FCT(X)~EXPC·Z·V**Z/(X+Z»/(X+Z) FCT 7 
C DESCRIPTION OF PARAMETERS FCT 8 
C X • THE UUUBLE PRECISIUN VA~UE UF X FOR wHICH FeT IS CUMPUTED FCT q 
C SU~ROUTINES AND FUNCTIUN SUBPROGRAMS REQUIRED FeT 10 
C NONE FeT 11 
C METHOD FCT 12 
C FUHTMAN EVALUATION U~ FUNCTION FeT 13 
C FCT 14 
C ******************************************************************FeT 15 

REAL.*6 X,v,Z,p,OExP FCT 1& 
COMMON lell v,Z FCT 17 
IF (X) 1,2,2 peT 18 
FCT=O. FeT 1q 
GO TO 4 FeT 20 

2 P-Z+V**2/(X+Z) FCT 21 
IF (p .. S.Ol) 3,1,1 FeT 22 

1 FCT=otXPC-P)/(X+Z) FCT 21 
U R~TURN FCl 24 

END FCT 2S-
SlJ8ROUTINI:. OQL1i!CFeT,V) OL12 l80 

C OL.li! 10 
C •• , ••••••••••••••••••• " ••• 1 •••••••••••••••••••••••••••••••••••••• 0L.12 20 
C DL.liC 30 
C SU8ROU TI NE DQL 12 DU2 U 0 A. 
C OL.12 50 .. 
C PURPOSe: DL 12 f>0 
C Tu COMPUTE INTEGRAL.CEXPC-xl*FCT(X), SUMMED OVER X DL1Z 70 
C FROf'! 0 TO INFINITn. 01.12 80 
C OL12 qO 
C USAGE:. OL1A! 100 
C CALL OQU2 (FeT,y) 0L.12110 
C PAR~METER peT REQUIRES AN EXTERNAL STATEMENT DL12 120 
t DUi 130 
e DESCRIPTION OF PARAMET~RS OL12 140 
C FCT. THE NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION OL12 150 
C SU8PROGRAM USED. DL. 12 1 bO 
C v. T~E RESULTING DOUBLE PRECISION INTEG~A~ VALUE. OL.12 170 
C 0L.i2 180 
C REMARKS 01.12 lQO 
t NONf, DU2 200 
C OL.l A! 210 
C 5U~RUUTINES AND FUNCTION SUBPROGRAMS REQUIRED OL.1A! 220 
C THE EXTERNAL DOUBLE PRECISION FUNCTION 8U8P~OGRAM FCTeX) OL12 230 
C MUST 8E FURNIS~ED BY THE USER, 01,.12 240 
C D~lZ 250 
C METHUD 0L.12 2~0 
C EVALUATION IS DONE BV MEANS OF l2-POINT GAUSSI!N.LAGuf~RE OL12 270 
C QUADRATuRE FORMULA, WHICH INTEGRATES EXACTLY, 01..12 280 
C WHENEVER FtT(X) IS A ~OLYNOMIAL UP TO DEGREE 21. DL12 2QO 
C FO~ REFERENCE, SEE 01..14 300 
C SHAO/CMEN/FRANK, TABLES OF ZEROS AND GAUSSIAN WEIGHTS OF OL12 310 
C CERTAIN ASSOCIATED L.~UERRE POLYNOMIALS AND TH£ RELATED 01.12 3i0 
C GENeRALIZED HERMITE POLYNUMIALS, IBM TECHNICAL REPORT OL12 310 
C TROO.ll00 (MARCH lQb4), PP.2 Ue 25. OL12 340 
C 01.12 50 
C ••••••••••••••••••••••••••••• , ••••••••••••• , ••••••••• ,", ••••••••• DLIZ 300 _ 
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TABLE 6.1.-Listtng of program for partzal penetratIOn in a leaky artesian aquifer-Continued 

ODUSLE PRECISION X,V,FCT 

x.,370q91l104~~oo9l Ol 
Y.f8148Q174b1~2bl4 D.1S-FCTeX) 
X •• 284879b725098400 02 
Y.Y+.30blbOlb3501S0l1 O-ll-FCT(X) 
X •• 2Z151090l7939701 02 
Y.V+,134l191030S15004 0-8*FCT(X) 
X •• 1711b8S51874b22b 02 
V.Y+.lb&849l87&540910 O-b*FCT(X) 
X •• l100b054Q9110b15 02 
Y.Y+,81b50SS85b819S0 O-S_FCT(X) 
Xa.9bcl11b84245b87 01 
V.Y+,Z012l1592bbl9Q94 O-l-FCT(X) 
x •• o844Sl5453115117 01 
Y.Y+,2bb1973S418bSllb D-2_FCT(X) 
Xa .4S99Z27bl9418148 01 
Y.Y+.20102181154b3410 D.l-FCT(X) 
Xc ,2853751337143507 Dl 
Y.Y+,Q044922221\b80Q 0-1-fCT(x) 
X •• 1S12~102&Q77~419 D1 
y.y+,2~4082011319677~ OO_FCT(X) 
X.,~117S7484S151307 00 
y.yf,3777S92758131380 OO*FCT(X) 
Xs.1157221171S80207 DO 
Y.Y+.ib47l117t0554432 OO*FCT(X) 
RETURN 
ENO 
SUBROUTINE ~ESK(X,N,BK,IER) 

D\,.U 
D~12 
OLlZ 
O~U 
D~12 
O~U 
OL12 
OL12 
OLl2 
O~lZ 
0~12 
OL12 
D~lZ 
Dlii 
OL12 
O~l2 
OLli 
OL12 
DLll 
D~lZ 
DLla 
DL1Z 
O~~i! 
UL12 
OL12 
OL12 
DL1i 
DL liZ 
DLI2 
DL.12 
DLII:! 
SESK 
SESt( 

I'" t •• , I'" I." ••• "., •• , •••• , ••• , ••••• , •• f' ••••• ,. f ••••• '. f ••••• BESt< 

SUBFHJUTINE eESK 
ElESK 
ijESK 
Bt-SI( 

COMPUTE THE K 8ES8E~ FUNCTION FU~ A GIVc.N ARGUMENT AND ORDER~ESK 

USAGE 
CALL S~5K(X,N,BK,IER) 

OESCRIPTION OF PARAMETERS 
X -THE ARGUMENT OF THE K ijESSEL FUNCTION O~SlRtD 
N -THE O~OER OF THt II. BESSEL fUNCTIO~ OESIRED 
BK -THE RESU~TANT K BESSEL FUNCTION 
IER-RESULTANT ERROR CODE ~MERE 

lER.O NO ERRUR 
IERal N IS NEGATIVE 
IER=2 X IS ZERO OR NEG4TtVl 
IER=3 X .GT. 170, MACHINE RANGE EXCeEDED 
IE~.4 BK .GT, 10.-70 

REMAHKS 
N MuST BE GREATEH THAN OR EQUAL TO ZERO 

SUBRUUTINES AND fUNCTION SUSPRUGRAMS REQUIRED 
NONe 

METHUD 
COMPUTES ZERO ORDER AND FIRST ORDER BESSEL FUNCTIUNS USING 
S~RIES APPROXIM.TIO~S AND THEN COMPUTES N TH ORUE~ FU~CTION 
USING RECURRENCE R!~ATION. 

BESK 
BE-SK 
SESK 
BESt< 
8ESK 
8c.SK 
Bt:SK 
SESK 
SESK 
BESK 
BESK 
BESK 
BESK 
et,st<. 
BeSK 
BESK 
BE.SK 
!:Ie 511. 
t,;!:.SK 
!:It::SK 
BESK 
SESK 
BE5K 
!H.SIe. 
tiE5K 
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:570 
no 
400 
410 
4iO 
43u 
440 
450 
400 
~70 
'180 
~90 
500 
510 
520 
530 
540 
550 
560 
570 
580 
590 
bOO 
bl0 
b20 
030 
~40 
bSO 
bbO 

"'0 b8-
410 

10 
20 
30 
40 
SO 
00 
70 
80 
~o 

100 
110 
120 
110 
140 
150 
lbO 
170 
180 
190 
200 
210 
220 
ZlO 
240 
250 
2bO 
270 
280 
ZQO 
100 
310 
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C 
C 
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C 
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TABLE 6. I.-LIsting of program for partial penetration in a leaky artesian aquIfer-Continued 

RECURRENCE RELATION AND POLYNO~IAL APP~UXIMATION TECHNIQUE 6ES~ 
AS DESCRIBED BY A.J,M.HITCHcaCK,'POLYNllMIAL APPROXIMATIUNS BESK 
TU a~SSEL FUNCTIONS UF URDER ZERO AND ONE AND TU ~ELAT~O 6ES~ 
FUNCTIONS', M,T.A.C., V.l1,1957,PP.8b-88, AND GIN. ~A1SUN, dESK 
'4 TREATISE O~ THE lHEORY OF BESSEL FUNCTIONS', CAMBHIOG~ BcSK 
uNIVERSITY PRESS, 1958, P, b2 BESK 

oESI<. 
I I •• , , , I , I , • , , , •••• I , , It' , • , •• , , • , , , , •• , • , I •• , I • , • , • , , • I I • , ••••• I ,Sf S~ 

DIMi;:NSION H12) 
8KII,O 
IF(N)10,!ld1 

10 lEU! 
~ETURN 

11 I~(X)12,12,20 
12 IERIII2 

RE TURN 
20 I~(X.l10,O)22,22,21 
21 lERII} 

RETURN 
22 IERI:O 

IFeX-1,)10,3b,25 
25 hEXPC.X) 

S-l,/X 
CIJSwRTCS) 
TC 1) liB 
00 20 L-2,ie? 

20 T(~)1I1(~·1'.8 
IF(N-l,Z7,Zq,27 

COMPUTE KO USING POLYNOMIAL APPROXIMATION 

27 GO.A*(l,c513141-.15bOb4Z*T(1)+,08611128*T(~)-.Oq13qOq5*T(3) 
2+,ll"~590*T(4)-.2zqq8S0*T(S)+.57q2410*'(b)-,S241277*T(7) 
3+,5S75308*T(S)-.42b2033*TCQ)+,2184518*T(10)-.Obb80Q71-T(11) 
4+.009189365*T(12»*C 
IF(N)20,i8,29 

28 8K-II0 
RETURN 

COMPUTE Kl USING POLYNQMIAL APPROXIMATION 

29 Gl l11 .*(1,2533141+.409Q927*T(1)-,1408583*T(2)+,1280427*T(3) 
2-,1730432*'(4'+.2847018*T($)-,4594342*T(0)+,b283181*T(1) 
3-,0032295*T(8)+,5050239*T(9)-,2581304*'('0)+,07880001*T(11) 
4-,01082418*T(12,)*C 

IF(N-1)20,30,31 
30 BK-Gl 

RETURN 

FROM KO,Kl COMPUTE KN USING RECURRENCE ~e~ATION 

31 DO :55 J-l,N 
GJ=i.*(fLOATeJ)-l.)*Gl/X+GO 
IFCIIJ-1.0E70113,13,32 

32 IER a 4 
GO TO 31.1 

33 GO-Ill 
35 Gl-(fJ 
31.1 8UGJ 

RETURN 
3b S.XIi, 

BESK 
BESt< 
BESK 
BE-5t< 
SESK 
SESI( 
BESK 
BcSK 
SESK 
BESI<. 
BESK 
BESK 
BtSK 
BESK 
8ESt< 
tH.SK 
BESI< 

. SESI<. 
SESK 
6t-5K 
Bt-SK 
BcSI< 
BE.St< 
8ES~ 
BESI< 
8E8K 
BESK 
at-SK 
BESI<. 
BESI< 
BE!K 
BESK 
BESK 
8ESK 
BESK 
BESI< 
BESK 
8t,5K 
BESK 
8ESK 
BESK 
BESK 
SUK 
BESK 
BfSK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
aEst< 
SESK 
BESK 

320 
no 
:HO 
350 
lbO 
370 
!SO 
390 
400 
~20 
1.130 
1.140 
4$0 
4bO 
470 
1.180 
4CJO 
500 
510 
520 
530 
540 
550 
SbO 
510 
$80 
590 
&00 
tol0 
b20 
blO 
b40 
&50 
bbO 
b70 
b80 
b90 
100 
710 
720 
730 
740 
750 
?b0 
770 
780 
790 
800 
810 
820 
830 
840 
850 
8bO 
870 
880 
690 
900 
910 
920 
930 
9110 

• 

( 



) 

t 

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

TABLE 6.l.-L!stzng of program for partwl penetratIOn in a leaky artesian aqUifer-Continued 

A •• S772157+~LOG(B) 
Ca:t;*B 
IF(N-1)37,113,37 

C COMPuTE KO USING SERIES EXPANSIUN 
C 

37 GO--A 
x2J-l. 
FAChl. 
HJ-,O 
DO 40 J-l,o 
RJ a l./FL.OA T( J) 
IF(X2J.LT.1.E.40) XlJ-O. 

C P~EVIOUS STATEMENT ADDEO TU IBM SUBROUTINE TO CORHECT UNDERFLOW 
C PROBLEM ON WATFOR CUMPIL.ER 

XZJaXiJ*C 

c 

FACT-'ACT*RJ*RJ 
HJ.HJ+RJ 

40 GO-GO+XiJ*FACT*CHJ-A) 
IF(N)1I1,'12,'13 

42 BK-GO 
RETURN 

C COMPUTE K1 USING SERIES EXPANSIUN 
C 

143 X2J=S 
FACt-1. 
HJal. 
Gl-1./XtX2J*(,5tA-HJ) 
DO 50 ,Jlllil,8 
X2JeX2J*C 
RJ-l./FL.OA f( J) 
FACraFACT*RJ*RJ 
HJ-Io1J+RJ 

50 GlaGl+X2J*FACT*(.5+(A-HJ)*FL.OATCJ» 
I,CN-1l11,5i,1l 

S2 BKaGl 
RETURN 
END 

TABLE 7.2.-Listzng of program for constant drawdown in a well in an infimte leaky aquifer 

83 

~ESI< 950 
BESK 9~O 
6ESK 970 
BE-5K q~O 
bE.SK 9fiO 
!:!ES1I.1000 
BESt<10\O 
BESKlOi!O 
BE.SK1030 
BESK1040 
BESK10S0 
8ESK10bO 
BESK10fll 
BESK10&2 
SESl'.10b5 
BESI<1070 
BE.SK1080 
8ESK1090 
BESK1100 
8ESK11tO 
BESK 1120 
8ESK11l0 
BESK11110 
61::SII.1150 
BE-SK11t10 
BESK1170 
8E81<1180 
BESK1190 
8ESt< 1200 
6E5K1210 
BESK1220 
BESK1Z10 
BESK12110 
SESK1250 
BE8K12~O 
BESK li70 
BESK1ZeO 
B!SK12QO 
t;ESK 130" 

c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

******************************** ••• ******************************* Z 1 

PURPOSE 
TO CUMPUTE A TABL.E OF FUNCTION VALUES 'OR DRAWDOwN IN A 
L.EAKY ARTESIAN AQUIFER IN RESPONSE TO A STEP CHANGE IN 
wATER L.EvEL. IN THE CONTROL. WELL.. FUNCTION VALUES AHE 
EXPRESSED AS A FRACTION OF ORAWOOWN IN CONTROL WELL. (S/SW). 
REFERENCE. HANTUSH,M.S., lQSQ, NONSTEAOY FLOW TO FLOWINij 
wELLS IN LEAKY AQUIFERS. JOUR, G!OPHYS. RESEARCH, V, ~1I, 
NO, 8. ~. 1041-1052. 

INPUT DATA 
1 ~A~D • FQRMAT[2E10.S) 

TSMALL. • SMALLEST VALUE OF ALPHA FOR wHICH COMPUTATION 
IS DESIRED. 
TLARGE. LARGEST VALUE OF ALPHA FOR WHICH COMPUTATION 
IS DESIRED. 

CARD - FORMAT(11FS,O) 
eOAT • 13 VALUES OF RW/8. NON ZERO VA~UES SHOUL.D SE GE 1 
AND LT 10, FIRST ZERO (OR BL.ANK) wILL TERMINATE THE 
LlST, AT LEAST ONE NON ZERO VALUE MUST BE CODED. lNPUT 
VALUES ARE MULTIPL.I~D 6Y POWER OF TEN DETERMINEO 6Y 
P~OGRAM FROM ALPHA. 

Z l 
Z 1 
Z 41 
Z 5 
Z b 
Z '7 
Z 8 
Z q 
Z 10 
Z 11 
Z 12 
Z 11 
Z 14 
Z 15 
Z lt1 
Z 17 
I 18 
Z lQ 
Z 20 
Z 21 
Z 22 
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c 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

c 

C 
C 

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 7.2.-Listing of program for constant drawdown in a well in an infinite leaky aquifer-ContInued 

CARD - FOR~ATC10F8.l) 

METI'10D 

RW • RADIUS OF CONTROL WELL. 
ROAT _ q VALUES OF RADIAL DISTANCE OF OBSERVATION PUINTS 
FRUM CONTROL wELL. SHOULD BE COOED wITH 5MALL~ST NUM8ER 
FIRST, THEN BY INCR~ASING DISTANCE, THE FIRST ZERU 
(UR BLANK) VALUE wILL TERMINATE COMPUTATION, 

tVALUATES EQ, 13 UF HANTUSH. tVALUATION UF BESSEL FUNC1IUNS 
SY SUBRUUTINES BESK AND BESV AND FUNCTION JOt EVALUATES 
lNTEG~AL BY SUM, Ial TO 8000, F((DELTA U>*(I-.5»*(OELTA U), 
~HOOSES INITIAL DELTA U a .OOl/SQRT(S~ALLEST ALPHA) AND USES 
1HIS VALUE fOR ALL Rw/8 GE 10*COELTA U), FOR SMALLlR Hw/b, 
DIVIDES DELTA U BY 10 AND MULTIPLIES SMALLEST ALPHA BY laO, 

REMARKS 
SMALLEST HW/S GE ,Ol/SQRTCSMALLEST ALPHA) 

SU~ROUTINES AND FUNCTIUN SUBPROGRAMS REQUIRED 
BESK,IH;SY,JO 

*******************.*********************************,-********.*** 
REA~*8 SUM1,SU~2 
REA~*4 KObP,KOB,JO,JOPU,JOU,Y(8000),J(8000),~(8000),FT(8000), 

1 FBCSOOO),ROATC9),TDATCb),BDAT(11),ARRAV(2S,Q,11),B(11),T(ZS) 
DATA FT/8000*O.I,FB/8000*0./ 
DATA HDAT/9*1,1 
UATA ARRAY/Z9Z5*O,I,TDAT/l.,1,S,2.,1.,S.,7,/ 
IROaS 
IPTilb 
READ (I~O,iU) TSMALL,TLARGE 
READ (IRO,i3) BOAT 
READ (IRD,2Z) RW,RDAT 
I8EGINaA~OG10(T8MALL) 
IENOaALOG10CTLARGE)+t 9Q99 Q 
I~ «I8EGIN/2*2'.LT.IBEGIN) IBEGINaISEGIN-l 
ISPANaXENO-IBEGIN 
MLIMITa(lSPAN+1)/2 
COMPUTES INITIAL DELTA U (OU) • ,OOl/SQRT(8MALLEST ALPHA) 
DU=.OOl/SQRTCTDAT(1)*10,**IBEGIN) 
ExPONENT (JBEGIN) OF SMALLEST Rw/S IS COMPUTED FROM EXPONENT 
CIHEGIN) OF SMALLEST ALPHA, 
J8EGIN··I~EGIN/2-2 
Oll 1 1;1 1, 13 
If (80ATC1).EG.O,) GO TO l 
CONTINUE 
N~.ll 
GO TO 3 

i Naal-1 
1 CONTINuE 

DO 101 11;1,9 
IF (RDATCl',EQ.O.' GO TO 5 

4 ROATCl)=ROAT(I)/Rw 
NR=q 
GO TO 0 

S NRaI-l 
e 00 21 M=I,MLIMIT 

NUMaeOOO 
START=-oUI2. 
U=START 
DO 1 Ial,NUM 
U=U+DU 
CALL BESYCU,O,Y(I),IDUMY) 

7 J(l).JO(U) 
O(J 19 IR.l,NR 

Z 23 
Z 2U 
Z 25 
Z 26 
Z 21 
Z 28 
Z 29 
I 30 
Z 31 
Z H 
Z n 
Z 3'1 
Z 35 
Z 36 
Z 37 
Z 38 
Z 3Q 
Z 40 
Z 1011 
Z 42 
Z 41 
Z 101101 
Z 45 
Z 4b 
Z 41 
Z 48 
Z 4Q 
Z 50 
Z 51 
Z 52 
Z 51 
Z 54 
Z 55 
Z 5b 
I 57 
Z 58 
Z 5q 
Z 00 
Z bl 
1 62 
I 63 
Z 6U 
Z 65 
Z 6& 
Z 61 
Z b8 
Z &q 
Z 10 
Z 71 
Z 72 
Z n 
Z 74 
Z 15 
Z 76 
Z 11 
Z 18 
Z 79 
Z 80 
Z 81 
Z 82 
Z 81 
Z 84 

( 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 85 

TABLE 7.2.-L!stmg of program for constant drawdown m a well m an infimte leaky aquifer-Continued 

RHO-ADA TC I R) 
uaSHRT 
00 8 III!1,NUM 
U-U+DU 
CALL BESVCRHO*U,O,VOPU,IDUMY) 
JOPueJO(RHO*U) 
JUU-Jell 
VOU-Vel) 

8 FCl).CJUPU*YOU-VOPUtJUU)/eJUUtJOU+YOU*YOU) 
DO 19 lTal,Z5 
INOEXII(lT-1)/6 
IExP-IBEGIN+INOEX 
II-n-INDE)(to 
TAuaTOAT(lI)*10 R**IEXP 
rcIt):lTAU 
U·START 
NUMTaNUM 
00 9 I-l,NUMT 
USU+OU 
FlEST-' tI) 
IF CAHSCFTEST),LT,1,E.30) GU TO 10 
XTESThTAU*U*U 
IF eXTEST+09,) 10,10,9 

9 FTel'-flEST*EXP(XTEST) 
GO Tall 

10 NIJlr'lTaI-l 
FTO)-O, 

11 00 19 IlJal,11 
JNOExa (16-1 ) INS 
JExPaJbEGIN+JNOEX 
JJale-JNOEX*NB 
BETASeOATCJJ)*10,**JEXP 
BClb)aSETA 
U=8 TART 
BSQ=I:lEThI:lEU 
NUMlhNUMT 
DO 1i III1,NUMS 
UIIU+DU 
nEST-rrCI ) 
IF (A8SCFTEST),Lf,1,E e 30) GO TO 13 

II FlJel)sFTEST/eu+8SQ/U) 
GO TU 14 

13 NUMlhlhl 
F8(1)=0. 

14 surl1 s 0, 
SUM21110. 
DO is Isl,NUMB,2 
SUlr'llsSUM11-Fti( I) 

15 SUM2I11SUM2+F8(1+1) 
XINTaeSUM1+8UMZ).DU 
CALL BESK(~HU*BETA,O,KOBP,10UMY) 
CA~L SESK(BETA,O,KOIJ,lOUMV) 
RATIO-O. 
IF eKOBP.GT.O,) ~ATIO-KO~P/KOB 
XTESTs.UlJ*BSQ 
IF (XTEST+10.) 10,17,17 

10 XPT-O, 
GO to 18 

17 XPT-EXP(XTEST) 
18 Z~HATI0+.01bb198*XPT*.lNT 

IF C(Z.~T.O.).ANO.eZ,GT •• 5,f.5» ZaO.EO 
19 ARRAYCIT,IR,IB).Z 

z as 
z 8" 
Z 87 
% 88 
Z 89 
Z '10 
Z ~1 
Z 9l 
Z 93 
Z 94 
Z 95 
I 'H. 
Z 97 
Z '18 
Z 9~ 
Z 100 
Z 101 
Z t Oi 
Z 101 
Z 104 
Z 105 
Z 106 
Z 107 
Z 108 
Z 109 
Z 11 0 
Z 111 
Z 112 
Z \is 
Z 114 
Z 115 
Z 110 
Z 117 
Z l1a 
Z 119 
Z ll0 
Z 121 
Z 12l 
Z 121 
Z U!I.I 
Z US 
'Z 1,20 
Z 127 
Z laa 
Z 129 
Z 130 
Z 131 
Z 1]a 
Z 133 
Z 134 
Z US 
Z 130 
Z 137 
Z 138 
Z 139 
Z 140 
Z 141 
Z 1 tl2 
Z lu3 
Z l1.1U 
Z HIS 
Z 11.10 



86 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 7.2.-Llsting of program for constant drawdown in a well in an infimte leaky aquifer-Continued 

DO iO K=l,NH Z 147 
WRITE. CIPT,25) ROAT(K),B Z 1"8 
WRITE (lPT,cb) (T(I),(ARRAY(I,K.~),~.1,11},1.1.25) Z 14Q 

2U CQN11NUE Z 150 
C fXPUNE~T Uf SMA~LEST Rw/B DECREASED BY ONE EACH TIMt THROUGH LOOP Z 151 

J~~GIN.JBEGIN.l Z 1S2 
C EXPONENT Or SMA~LEST ALPHA INCREASED BY T~O EACH TIME 'rHROUGH LOOP Z 153 

IB~~IN.IB~GIN+2 l 154 
C DELTA U (OU) IS DIVIDED 8Y 10 EACH TI~E THRUUGH THE LUUP Z 15S 

21 OU.,l~OU Z 15~ 
STUP Z 157 

C Z 158 
22 FURMAT DO~8,2) Z 15Q 
21 FORMAT (13F5,0) Z 1&0 
2" FORMAT (ZElO.S) Z 161 
25 FORMAT (llI,'Z(AI,.PHA,R/RW,RW/B), R/R wa l ,Fb.O/ I 0 1,9)(,1I Rw/BI/(I " Z 1&2 

13x,IAI,.PHA 11,11EQ,2)} Z 1b} 
2b FuRMAT (I 1,E.10,3,llFQ.3) Z 1&" 

END Z l&S-
REAL. FUNC TION J01dj( X) JO 1 

C ***~*.***~.******.**************.********************************* JO 2 
C JO 3 
C FUNCTIUN Jl) JO 1.1 
C JO '3 
C PURPOSE JO b 
C TO CUMPUTE THE ZERO U~UER J bESSEL FUNCTION FOR A GI~EN JO 7 
C ARGUMElliT. JO 8 
C USAGE JO Q 
C JO(X) JO 10 
C DESCRIPTIUN OF PARAMETER JO 11 
ex· REAL*4, ARGUMENT OF JO BESSEL FUNCTION DE8I~eO. JO 12 
C SUBROUTIN~S ANO FUNCTlON SU8PROGRAMS REQUIREO JO 13 
C NONE, JO 14 
C METHOD JO 15 
C POLYNOMIAl,. APPRO~IMATION FOR X(4 AND ASY~PTOTIC SERIES FUR JO lb 
C X GE 4. T~E PO~YNOMIA~ APPRQXIMATION IS T~E FIRST 10 TERMS OF JO 11 
C THE PO~ER SeRIES FUR JOCX) (MI~LER, K,S" lQS7, JO 18 
C EN~INE~RING MATH~MATICSI RIN~~ART AND CO,, INC., NEw YORK, JO lq 
C p. 120). THE ASYMPTOTIC EXPANSION OF JOeX) IS GIVEN ON P. 82 JO 20 
C UF 8U~MAN, FRANK, lQS8, INTRODUCTION TO BESSEL FUNCTIONS, JO 21 
C DOVER PUBL1CATIONS INC., NEw YORK, THE TERMS P ('A*PO') AND JO 22 
C Q ('_S*GO') O~ THE ASYMPTOTIC EXPANSION ARE COMPUTED BY AN JO 23 
C ALGORITHM FROM ISM SUBROUTINE BESY. ' JO 21.1 
C JO 25 
C ***********************.***.****************.***.*****.*.******.** JO io 

IF ex-".> 1,3,3 JO 27 
c cO~PUTE JO BY FIRST 10 TERMS Of POWER SERIES JO 28 

Aa-X.X/4, JO 29 
B=l. JO 10 
DO 2 I=1,10 JO 31 
C=11.-I JO 32 

2 S.I .... S*(Alte.en JO 31 
JogS JO 3" 
GO TO " JO 35 

C COMPUTE JO BY ASYMPTOTIC SERIES JO 3b 
3 T1=4./X JO 37 

T2cTt·T1 JO 38 
PoaC((C-.OOOOo3701.13*T2+.00001715b5)*T2-,OOOO,,81011)*TZ+,000113"3)* JO ]9 

lT2-,0017510b2'*T2+.1QSQ421 JO "0 
Qoa(((C,0000032312.T2-,0000142018l*T2+,0000142408)*T2-.00008~Q7Ql) JO 41 

1*T2+,OOO"504321.1)*T2-.012"bbQ4 JO 42 
A=2,O/SURT(X) JO 43 

( 



) 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
e 

c 
C 
C 

C 
C 
C 

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

TABLE 7.2.-Llsting of program for constant drawdown In a well in an Infinite leaky aquifer-Continued 

Ad ~ T 1 
CaX-.7851Q8l 
JO=A*PO*COS(C).S*QO*SIN(C) 

4 RETURN 
END 
SUBROUTINE BESY(X,N,8Y,IER) 

JO 
JO 
JO 
JO 
JO 

t3ESY 
8ESY 

••••••••••••••••••••••• , •••••• , ••••••••••••••••••••••••••••••••••• 6E8Y 

SuBROUTINE SESY 
flE-5Y 
SESY 
SlSY 

PUR~USE SESV 
COMPUTE. THE Y 8ESSE~ FUNCTION FUR A GIVEN ARGUMeNT _NO OROER8ESY 

USAGE 
C_~~ BESYCX,N,BY,IER) 

DESCRIPTIUN OF PAR_METERS 
X -THE ARGUMENT OF THE Y ~~SSE~ FUNCTION OESIREO 
N -THE ORDER 0' THE Y 6ESSE~ FUNCTION DESIRED 
BY -THE RESULTANT Y 8ESSE~ FUNCTION 
lER.R~SU~TANT EHROR COD~ ~HERE 

IfRaO NO ERROR 
tER e l N IS NEGATIVE 
IERII2 X IS NfGATIVE OR ZERO 
IER c 3 BY HAS EXCEfD~D MAGNITUDE OF 10.*70 

REMARKS 
VERY SMALL VALUES OF X MAY CAUSE THE RANGE 
FUNCTION A~OG TO 8E EXCEEDED 
X MUST BE GREATER THAN ZERO 
N MUST BE GRE_TER THAN OR EQUAL TO ZERO 

SUBRUUTINES ANO FUNCTION SUBPROGRAMS REQUIRED 
NONE 

METHUO 

OF THE LI8RARY 

RECURRENCE RE~ATI0N AND PU~YNOMIAL APPROXIMATION TECH~IQUE 
AS DESCRIBED BY A.J.M.HITCHCOCK,'POLYNOMIA~ APPROXI~ATIONS 
TO BESSEL FUNCTIONS OF ORDER ZERO AND ONE AND TO HELATED 
FUNCTIONS', M,T,A,C., V,11,lq57,PP.8~-88, AND G.N, WATSON, 
'A TREATISE ON THE THEORY OF BESSEL FUNCTIONS', CAMSR10GE 
UNIVERSITV PRESS, l~sa, p. 62 

SESV 
BESV 
BESY 
SESV 
SESY 
BE8Y 
SESY 
SESV 
SESV 
SESY 
BESV 
SESV 
SESY 
BESV 
BESV 
SESY 
SESV 
BUY 
BUY 
SESY 
SESY 
';E8Y 
SESY 
BUV 
BUY 
SE8V 
BES'f 
BESV 
BEsr 
IiESY 
SESV 

•••••••••••• I ••••••••••• , ••••••• , • , •••• , ••• , ••••• , ••• , •••••••••••• sf. 8 V 

CHECK FOR ERRORS IN N AND X 

IFCN)180,10,ltl 
10 IERIIO 

If()(l\Q0,1QO,20 

BRANCH IF X LESS THAN OR EQUA~ ~ 

COMPUTE YO ANO Yl FOR X GREATER THAN 4 

]0 Tl-/j,O/X 
Ti-U*Tl 
PO-(((C-.0000031043*T2+.000017156S)*Tl-,0000487613)*T2 

BESY 
SESY 
BEsr 
SESY 
BESY 
BESY 
BEaY 
SUY 
SESY 
8E8V 
BEay 
BEaY 
BUY 
BEaY 
BESV 
BESY 
BUY 

87 

44 
45 
/,j~ 

41 
1.18-
1.110 

10 
20 
}O 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
lQO 
ZOO 
210 
220 
230 
21.10 
250 
lbO 
270 
280 
i90 
100 
310 
320 
330 
340 
}50 
300 
370 
380 
390 
400 
420 
430 
440 
450 
uo 
no 
1.180 
490 
SOO 
510 
520 
530 
540 
'550 
560 
510 



c 
c 
c 

c 
C 
C 

C 
C 
C 

C 
C 
C 

88 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 7.2.-Listing of program for constant drawdown in a well in an infinite leaky aquifer-Continued 

1 +.00011343'.TZ-,00175300l).T2+,3QaQ423 
QO-(C((.OOOOOlZ31Z*T2-,000014i07a)lfIT2+,00003424b8)lfIT2 

1 -.OOOOaoQ7Ql)*TZ+,0004504lZ4)*TZ-.01Z,,06Q4 
plat"(.OOOOO"l41~*T2 •• 0000200q20)*T2+.0000S8075Q)*T2 

1 -.OOOZ21Z03'*T2+.00Zfll182b)*T2+,3q8q~23 
Ql·(CC(.,00000305Q~*Tl+.OOOOlb2Z)*T2.,OOOOlfl8708)*TZ 

1 +.OOOl064741'*TZ-.00063f10400,.T2+,03740084 
A.Z,O/SQRTCX) 
SaUTl 
CaX-,7853Qa2 
YO-A*PO*SINCC)+8*QOlflCOSCC) 
Yl--AlfIP1*COSCC)+S*Ql*SINCC) 
(tu TO QO 

CUMPUTE YO ANO Y1 FOR X I.ESS THAN OR EQUAL TU 4 

~o XX a XI2. 
X2-XXUX 
TaALOGCXX)+,S712157 
SUI'IIIO, 
TERMaT 
voaT 
DO 70 1.-1,15 
IFC\..-1)50,OO,SO 

SO SUM.SUMtl,/FI.OATCI.-l) 
bO Fl.al.. 

TSar-SUM 
If(AaS(TlRM).I..E,l.E-~O) TERM.O. 
TERMaCTERM*C-X2)/FI..**2)*(1,-1,/CFI..*TS» 

70 voaVotTERM 
TERM a Xh(r-,S) 
8UM1!0, 
narER'" 
DO 60 La 2,16 
SUM S SUM+l,/FI..OATCI.-l) 
FI.S\.. 
Fl.l·F\.. .. l. 
Tsat_SUM . 

.. 

IF(ABSCTERM).LE.l.E-QO) TERMaO. 
TERMa(TERM*(-Xi)/(FL1*FL»*(CTS-.S/FL)/CTS+,5/Fl.l» 

80 VlaU+TERM 
PIZ·,03bb196 
YO.PIZlfIYO 
Vl-·PI2/XtPlc*Vl 

CHECK IF ONLY YO OR Yl IS DESIRED 

qO IF(N.l)100,100,110 

RETURN EITHlR 'f0 OR Vi AS REQUIREO 

100 IFCN)110,120,110 
110 8Y-Yl 

GO TO 170 
120 BY-VO 

GO TO 170 

PERFORM RECURRENCE OPERATIONS TO FINO YN(X) 

130 y"ayo 
VaaYI 
1<-1 

BESV 580 
8ESV 590 
8E8Y baa 
8ESY &10 
i:lESY biO 
BESY fila 
BESY 040 
BUV 050 
BESV bbO 
BUY 010 
BESY baO 
BESY bflO 
BESV 700 
BUV 110 
BESV 720 
8ESV no 
BUY 7'10 
BUY 7'50 
8UY 760 
BESV 170 
BUV 780 
BESV 7f10 
BUY 800 
BESY 810 
8ESY B20 
BESY 830 
8ESY 8~0 
BESY 841 
BUY 850' 
aEay BbO 
BESY 870 
BESY 880 
SESY eQO 
BEsr 900 
BES'f 910 
BESV 9Z0 
tlES'f 930 
BES'f C140 
BESY 9~1 
BESY 950 
BESY (l00 
BESY <HO 
SESV 980 
BESV qQO 
BESYlOOO 
BES\'1010 
I1E8V1020 
~ESV1030 
BESV10"O 
~e:SY1 050 
8ESV1 ObO 
BESY1 070 
a~S'f1 080 
~ESY10tiO 
BESV1100 
BESV1110 
8ESYlliO 
8ESY1110 
SESV 11'10 
8ESY11 SO 
Bc.SY11b!J 
BESY 1110 

( 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 89 

TABLE 7.2.-Listing of program for constant drawdown In a well In an infinite leaky aquifer-Continued 

140 T.F~OAT(Z*~'/X BESYl180 
VC.T*YBpYA BESVllqO 
IF(ABS(YC)-1.OE70114S,145,141 BESV1200 

141 IER~l BESY12l0 
RETURN 8ESY12Z0 

145 KaK+l BESVlll0 
IFCKwN'150,100,150 BE8Y1240 

150 YA8YB BESY1250 
V~.YC BESY12bO 
GO TO 140 BESV1270 

100 ByaYC 8ESY1280 
170 RETURN BESY1290 
180 IER 8 1 8ESY1300 

RETURN SESYlll0 
190 IER a 2 8ESY13Z0 

RETURN SESY1330 
END BESYll4-
SU8ROUTIN~ BESK(X,N,BK,IER) BESK 410 

C BE 8K 10 
C ••••• ,., •••••••••••• ", •••••••••• , ••••••••• , •••••••••••• , ••••• I.I.BESK 20 
C BESK 30 
C SuBRUUTINE BESK BESK 40 
C BESK SO 
C COMPUTE T~E K BESSEL fUNCTION FOR A GIVEN ARGU~ENT AND ORDERBESK bO 
C BESK 70 
C USAGE BEeK 80 
C CALL BESK(X,~,RK,IER) BESK 90 
C BESK 100 
C DESCRIPTION OF PARAMETeRS eES~ 110 
C X -T~E ARGUMENT O~ THE K BESSEL FUNCTIUN DESIRED BESK 120 
eN-THE ORDER OF THE K BESSEL FUNCTION DESIRED 8ESK 130 
C BI< -THE RESUL.TANT K tiESSEL. FUNCTION BESK 140 
C lER-RESULTANT ERRUR CODE WHERE BESK 150 
C IfR.O NO ERROR BES~ l~O 
C HR-, N IS NEGATIVE BESK 170 
C lERII2 x IS ZE!(Q DR NEGATIVE BE8K 180 
C HR-] )( .GT. 170, MACHINE lUNGE EXCEEDED BESI< lQO 
C IER=4 81< ,GT. 10**70 BESK 200 
C BESK 210 
C R~MARKS BESK 220 
C N MUST BE GREATE~ THAN OR EQUAL TO ZERO aESK 210 
C BESK «40 
C SU8ROU1INES AND FUNCTIUN SU8PROG~AMS REQUIRED 8ESK 250 
C NONE BESK 20U 
C BESK 210 
C METHOD BESK 280 
C CO~PUTES ZERO ORDER AND FIRST ORDER BESSEL. FUNCTIUNS USING BESK zQO 
C SERIES APPROXIMATIONS AND THEN CUMPUTES N T~ URDEM FUNCTION BESK lOU 
C USING RECURRENCE RE~ATION. BESI< 310 
C RECURRENCE RELATION AND POLYNOMIAL. APPROXIMATION TECHNIQUE SESK liO 
C AS DESCRIBED BY A.J,M.HITCHCOCK,'PQLVNOMIAL. APP~OXIMATIONS 8ESK 110 
C TU ~ESSEL FUNCTIONS OF URDER ZERO AND ONE AND TO RELATED BESt< 340 
C FUNCTIONS', M.T.A.C •• V.ll,lQS7,PP.8b-88, AND G.N. WA1SDN, 8ES~ l~O 
C 'A T~EATISE ON THE TH~aRY OF BESSEL FUNCTIONS', CAMBRIDGE BESK 100 
C UNIVERSITY PRESS, 1958, p. 02 BESK 370 
C BESK l80 
C •••••••••••••• , •••••••••••• , •••••• , ••••••••••••••••••••••••••••• ,.aEsK lQO 
c ~ESK 400 

OlMENS1UN T(12) BESK 420 
8Ka.0 BESK 410 
IFCN)tO,11,11 bESK 440 

10 tE.R-1 BESK 450 

) 



90 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 7.2.-Listing of program for constant drawdown in a well in an infinite leaky aquifer-Continued 

C 

RETURN 
11 IF(X)12d2,20 
12 a.RlIl 

RETURN 
20 IF(X-170.0)22,22,21 
21 IEIU3 

RETURN 
22 IERIIO 

IF(X-l.)3b,30,2S 
25 AIlEXPC"X) 

Bal./X 
C=SURHB) 
T (1 ):IIb 
00 2& L. a l,12 

2& l(L.)=T(~~l)*~ 
IFCN-l)27,29,a1 

C CO~~UTE ~O USING POL.VNOMIAL APPROXIMATION 
C 

C 

27 GO.A*C1.2S331"1-,lSbOb~2*T(1)+.0881112S*T(2) •• Oq13qUqS*T(1) 
2+.134~Sqb*T(~) •• 22qq8S0*TC5)+.37q2"10*T(&)·.5247277*T(7) 
3+.5S7S3b8*T(8) •• ~2b2b3!*TCq)+.2184S18*T(10).,Ooo80q17*T(11) 
4+.0091S9181*T(12»*C 

IFCN)20,28,29 
28 BKIIGO 

RETURN 

C COMPUTE ~1 USING POL.VNOMIAL. APPROXIMATION 
C 

c 

29 G1I1A*(l,2S31141+,4b9q921*T(1) •• 1406S83*T(2)+.12S0~27.T(3) 
2 •• 1730432*T(4)+,2847016*T(5) •• 4594342*T(0)+.0283361*T(7) 
1 •• 0032295*T(S)+.5050239*TC9)-.2581304*T(10)+,07880001*T(11) 
4-.01082418*T(12»*C 

1F(III_1)20,]0,31 
30 BKa"1 

RETURN 

C FROM KO,Kl COMPUTE KN USING RECURRENCE REL.ATIUN 
C 

c 

31 OD 35 J.~,N 
GJ=2.*(FL.UAT(J)-1.1.Gl/X+GO 
IF(GJ-l.0E70)33,33,32 

32 IERU 
GO TO 34 

31 GO-G1 
35 Gl-GJ 
34 BIOiGJ 

RETURIII 
3b 6aXl2, 

Aa,5172157+ALOGCS) 
CaB*B 
II'(''''U31,43,37 

C COMPUTE KO USING SERIES EXPANSION 
C 

37 GO-". 
X2J=1. 
FACt-I. 
~J=.O 
00 1.10 J=l,b 
RJ-l./FL.OAHJ) 
IFeX2J.LT.1.E-40) X2J.O. 

C PREVIOUS STATEMENT ADDED TO IBM SUBROUTINE TO CORRECT UNDERFLOW 

BESt< 400 
BESK 'HO 
BESK '180 
BESI<. 4QO 
BeSK 500 
BESK 510 
BESK 520 
BESK 530 
BESK 540 
8ESK 550 
BESK 5&0 
BESt( 1370 
BUK 580 
BESI( 590 
Be:S~ bOO 
BESK 010 
BESK 020 
BESK b30 
8~SI( b40 
BESK bSO 
BESK &60 
BESK &70 
BESK b80 
BESK &90 
BESK 700 
BESK 710 
BESK 720 
BESK no 
BESK 740 
BESK 750 
BESK 700 
BESK 770 
tlESK 160 
BESK 790 
BESK 800 
BESK 810 
BESt< 820 
BESK 830 
BESK 840 
BESK 850 
BESK 8bO 
BUK 870 
BESK 880 
BESK 890 
BESK QOO 
SESK 4'iS 0 
BESK 920 
8ESl( 910 
BESK 940 
BESK 950 
BESK 900 
8!SK 970 
BESK 980 
SESK Q90 
8ESK1000 
8ESK1010 
BESK\Oi!O 
6ESKt030 
B[SK1040 
SESK1050 
8ESK10bO 
8ESK10bl 
SESI< 1 062 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 91 

TABLE 7.2.-Llsting of program for constant drawdown In a well man mfinite leaky aqUIfer-Continued 

C PR08~EM ON WAT~OR CUMPILER BUK 1 au 
XiJ8XlJ"'C 8E8Kl070 
FAChFAChRJ*RJ 8ESK1080 
HJIHJ+RJ BESK10QO 

40 GO.GO+X2J*~ACT*(HJ-A) BE8Kll00 
1l'(N)'11,42,'13 8ESK1110 

'Ii 8K8'0 6[8K1120 
RETURN BESK1130 

C BE8K1140 
C COMPUTE Kl USING SaRlES EXPANSION SESK1150 
C aUI< 11 bO 

'13 X2Jas BESK1170 
FAth1, 8ESK1180 
HJ81. 8E81'(t190 
G1 81./XtX2JIlI(.S+A-HJl tlESK1200 
00 50 J-2,8 BESK1210 
X2J-X2JIlIC 8[8K1220 
RJ=1,/FI.OAHJ) 8ESKli30 
FAChFAChRJ*RJ 8£8KI2'10 
HJIIIHJ+RJ BESK 1250 

50 G18Gl+X2J*FACT*C,S+CA-HJ)*FI.OATtJ» 8E8K12&0 
I~(N-1l31,!l2,31 BESK 12'70 

52 SKIII"1 BE8K 1280 
RETURN 8ESK1290 
END BESK 130-

TABLE S.2.-Llstmg of programs for constant dIscharge from a fully penetratmg well of finite dwmeter 

C****** ••• * •• __ .****** •• ****.*.*****************************************FAR 
C FAR 
C PURPOSE FAR 
C COMPUTES FUNCTIOt>l VALUES OF F(U,ALPHA,RHu) FOR RHO) 1 • FAR 
C PAPAOUPULOS,I.S. AND COOPER,H,H"J~., 19b'7, DRAWDUWN IN FAR 
C A wELL OF LARGE DIAMETER, wATER RESOURCES RESEARCH, V. 3, FAR 
C NO.1, p. 2111-2411. FAR 
C PRUGRAM BY S.S.PAPADOPULUS, FAR 
C INPUT OAT. • QNE OR MORE GROUPS, ~ACH GRUUP CODED AS FOLLOWS FAR 
C 1 CARD. FORMAT(ZE10,5) FAR 
C A~PHA. Rw**2*S/RC**2 • RADIUS OF waLL 'SC~EEN FAR 
C OR OPEN ~ORE IN AQUIFER) SQUARED * STO~AGE FAR 
C cOEFFICI&NT / RADIUS OF CASING (OVER lNTERVAL UF FAR 
C WATER LEI/E~ CHANGEl SQUARED. FAR 
C RHO - R/RW • DISTANCE FROM PUMPED wEI.L I RAUIUS OF FAR 
C wELL (SCR!EN UH UPEN SORE t~ AQUIFER), MUST BE FAR 
C GREATER ,MAN ONE. FAR 
C CARD - FoRMAT(lbES,O) J'A~ 
C U- 10 VALUES UF U • R**Z*S/(4*T*TIME) _ DISTANCE FRUM FA~ 

C PUMPED WELL SQUARED * STORAGE CDEFFICl~Nl I FAR 
C 4 * TRANSMISSIVITY * TIME. IF LESS THAN 10 DESIRED, FAR 
C 8LANK UR ZERO VALUES MAY BE COOED FOH THE REST. FAR 
C SUe~OUTINES AND FUNCTION SUBPROGRAMS REQUIRED FAR 
C PEAK,S!Mp,APEIlE,EXBSl.l,JYO,JY1,RUOTS - fIIuST BE ll~ DECK, FAR 
C FAR 
C***"'******."'*********.***"'**.**.*****************.***********",*********FAR 

OIMENSIUN V(qO,qO),U(l~) FAR 
COMMON XPK,VPK FAR 
CO~MON/P8~K/A,8,RHO fAR 
EXTERNAl. EX~SLl FAR 
REAO (S,lb,ENO=tS) A~PHA,RHO FAR 
IF CALPHA) 15,15,2 FAR 

1 
2 
1 
4 
S 
o 
'7 
8 
q 

10 
11 
12 
13 
11~ 

15 
11:1 
17 
18 
1q 
20 
21 
22 
23 
2'1 
25 
2b 
Z7 
28 
2q 
30 
~\ 
32 
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TABLE B.2.-Listing of programs for constant discharge from a fully penetrating well of finite diameter-ContInued 

2 WRITE (0,11) ALPMA,RHO FA~ 33 
WRITE (0,18) FAR 34 

3 READ (5,19) U FAR }5 
DO 14 Il-1,lb FAR 3& 
IF (U(U» 111,(1 FAR 31 

(I •• ALPHA+AL?HA FAR 38 
BaO,lS/U(II) FAR 3q 
CALL APEKE(EX~SL1) FAR 40 
CALL PfAK(EX8SLt) FA~ 41 
IF (XPK-1,0E.-S) 5,b,0 FAR 42 

5 WRITE (b,20) XPK,U FA~ 43 
GO 10 3 FAR 44 

o IF (xPK-l,O) 8,1,7 FAR 413 
'1 WRITE Cb,21) XPK,U FAR (10 

GO TO 3 FAR 47 
8 EPS.O.OOOOOl FAR 48 

HBAR-O.007*XPK FAR 4q 
CALL SIMPSCO.O,XPK,EPS,H8AR,SUM,DtL,EXBSL1) FAR 50 
XM1.«3.1(11S92b5*7,O)/(8,o*eRHO-l.»+1.E-o)*RMOli. FAR Sl 
OX1=XM1-U.OE-o).RHO FAR 52 
OXND(Z.O*3.1 41S9Zb5*RHU)/CS.*CRHO-l,» FAR 53 
DL.3,141S9205*RHO/(RHO-l.) FAR 54 
CALL ROOTS(XM1,DX1,RT1,EX8SL1) FAR 55 
H8AR.0.007*(RT1-XPK} FAR 5& 
CALL SIMPseXPK,RT1,EPS,HBAR,TR M1,ERR1,EXBSL1) FAR 57 
SUM=SUMtTRM1 FA~ 58 
DEL=DEL+ERRl FAR 59 
xl=RTl FAR bO 
1.1 FAR 01 

9 XM.Xl+0L FAR b2 
CALL RUOTS(x~,OXN,X2,EXBSL1) FAR 03 
H~AR'O.007*(Xi.Xl) FAR b4 
CALL SIMPS(Xl.X2,EPS,HBAR,TRM,ERR,~XBSL1) FAR 05 
V(1,I)aA8SCTRM) fA~ b6 
DEL-OEL+ERR FAR 07 
1-1+1 FA~ b8 
IF (1-40) 10110,11 FAR bCJ 

10 Xl-Xi FAR 70 
GO TO q FAR 71 

11 EST-O,O FAR 72 
DO 12 K=2,40 FAR 13 
Ma41_K FAR 14 
DO 12 J C l,M FAR 75 

12 V(K,J)DV(K-1,J+l)·V(K-l,J) FA~ 1& 
00 13 ND1,40 FAR 71 
LeN-1 FAR 18 
OEL\I=,-O,5)**I.*V(/III1) FAR 19 

13 EST=ESTt(O.S,.DElV FAR SO 
SUM&SUM-EST FA~ 81 
PUAR=4.0*A*RHO*SUM/1,141SQZbS FAH 82 
~RI'E (b.22) UCII),SUM,DEL,PUAR FAR 83 

14 CONfINUE FAk 64 
GU TO 1 FAR 85 

15 STU~ FAR 8& 
C FAR 81 

1b FllRMAT (2EI0.5) FAR 88 
11 FURMAT C'l','F(U,ALPHA,RHO) FOR ALP~A=',lPE13.S,I, RHU=',lE13.5) FAR SCJ 
18 FORMAT (lMO,lZX,lHU,lbX,8HINTEGRAL,9X,14HINTEGRAL EHRuR,bX,i4HF(U,FAR QO 

lALPH.,R~U)/1H ) FAR ql 
19 FORMAT (loES,O) FAR q2 

( 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 93 

TABLE 8.2.-Listing of programs for constant discharge from a fully penetrating well of finite diameter-Continued 

20 FORMAT (5" XPKc,E15.8,3X,1&HTOO SMALL FOR U:,E1U.3) 
21 FURMAT (5H XPKc,E1S.8,3X,1&HTOO ~ARGE FOR U=,El0.3) 
22 FORMAT (lH ,lP4E20.8) 

END 

FAR 93 
FAR 9~ 
FAR 9'3 
FAt< 90. 

FUf~CTlO~ EXI;;Sl.1 Oe) Etl! 
C*.*********************************************************************E~l 
C ESI 
C PURPOSE fbi 
C COMPUTES VALUES OF THE INTEGRAND fOR FeU,ALPHA,RHO) E~1 
C DESCRIPTIUN OF PARAMETER Etil 
C X. RtAL • ARGUMENT OF INTEuRAND fBi 
C E~l 

c***********************************************************************fdl 
CUMMON/P~LK/A,6tR 
IF (X) 1,1,2 
ElCtlSLlcO. 
GO TO 8 

2 WaX/R 
IF (w-l.0E7) 4,4,3 

3 FNU8.*COSCW*(R-l.0»-w*SIN(W*(R-l.0» 
DE.(~*~*SQRT(R»*(w*W+A*A) 
EXEiSLlIiFNU/DE 
GO TO tI 

" V=8*UX 
IF (Y-O.Ol) S,S,b 

5 EXPO=Y*Cl.O-V*(O.S·Y*«1.0/0.0)-Y*(1.O/24.0»» 
GO TU 7 

& EXPO=l.O-EXPC_V) 
7 CALL JVO(w,wJO,wyO) 

CA~L JY1Cw,WJ1,~Yl) 
AINCWH,VO-A*wy 1 
BlNaw*IoJO-A*wJ 1 
CA~L JYO(X,8JO,BVO) 
FNUM=ExPo*eAw*BJO-Sw*BYO) 
OENaX*X*(A~*AW+~~*Bw) 
EXBSL1=FNUI"/DEN 

8 RETURN 
END 

ffi1 
EtH 
E!;l 
Hq 
EBl 
EtH 
EHl 
E~l 
EBl 
flU 
ESl 
El:ll 
E!:I1 
ttl1 
EB1 
EHl 
EBl 
fb1 
EBt 
ESl 
EBl 
fb1 
El:ll 
EEll 
Etll 

SUBNOUTINE ROOTS(X~,DX,ROOT,Fl RUO 
C***********************************************************************ROO 
C RUO 
C PuRPOS~ RUO 
C SEARCHiS FUR ROOT OF F IN TH~ INTERVA~ XM-OX TO XM+DX. RUG 
C DEStRIPTION OF PARAMETERS. ALL REAL RUO 
C XM • CENTER OF INTERVAL S[ARCHED. ROO 
C OX • HA~F wIDTH OF INTERVAL SEARCHED. ROO 
C ROOT - RETURNED ROOT LUCATIUN. RUU 
C F • FUNCTIUN REFERENCE. ROO 
C ROO 
C***********************************************************************ROO 

XL=XH·OX RUO 
XReXM+OX ROO 
VLaf(x~, ROO 
VR.F(XR) Ron 
EP=O,OOOOOldBSCVL) ROU 
DO 9 I-l,ZOO ROO 
YMaFeXMl ROU 
UP=ABSeVM) RUG 
IF (UP,lT.fP,ANO.UP.LT.l.00-7) GO TO 1 ROO 
IF (Yl'll 2,1,2 FtUU 

1 
2 
:5 
I.j 

'!I 
b 
7 
8 
9 

10 
11 
12 
13 
11.1 
15 
1" 
17 
18 
III 
20 
21 
22 
23 
211 
25 
2& 
27 
28 
29 
30 
31 
32 
n 
31.1-

1 
2 
:3 
4 
5 

" 7 
8 
q 

10 
11 
12 
13 
1~ 

15 
1& 
17 
18 
19 
20 
2\ 
22 



94 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 8.2.-L!stmg of programs for constant dIscharge from a fully penetrating well of fimte diameter-Continued 

c 

RUU1=XM 
GO TO 10 

Z IF (yM*YL) 7,1,4 
3 ROUT-XL 

GO TO 10 
(I IF (YM*YR) 8,5,b 
5 ~OOT=XR 

GO TO 10 
b ~RITE (0,11) XL,XR 

STOP 
7 XRIIXM 

YRaY/ol 
GO TO q 

8 XL-XM 
YL=YM 

q XM~(XL+XR)/Z.O 
ROOT-XM 

10 RETURN 

ROO 
ROO 
ROU 
RDO 
FiUll 
RUO 
ROO 
RUn 
ROO 
ROO 
ROO 
ROO 
ROO 
ROW 
RllO 
ROD 
ROO 
ROO 
RUO 

11 FORMAT (lH ,10X,27HNO ROOT IN INTERVAL XM-OX =,lPE20.8,5~,11HANO xRaO 
lM+DX =,1~EaO.8/) ROO 

END ROO 
SU8ROUTINE, APEKE (EX8SL.) APE 

C •••• * ••••••• *.*.* •• * •••••••• ***.***.,**.*.*** •• ***.* •• *****************APE 
C APE 
C PUkPQSE APE 
C GETS FIRST APPROXIMATION TO PEAK POSITION APE 
C APE 
C****'**'**********"'**'*'*****'********'***********'*.***.****.*******APE 

COMMON XPK,YPK APE 
XPK=O.O APE 
YPK.O.O APE 
00 z 1-1,17 APE 
X.10.0**(1-9) APE 
Y.EXBS~'X) APE 
IF (YwYPK) 3,311 APE 
XPK=X APE 
VPK=Y APE 

2 CONTINUE APE 
3 RETURN APE 

ENO APE 
SU8~OUTINE PEAK(EXBS~) PEA 

C.************ •• **.*******.*********** •• ,*** •••• ********.****.*** •••• ***PEA 
C PEA 
C PURPOSE PEA 
C ATTEMPTS TO FIND POSITION UF MAXIMUM FOR INTEGRANCI PEA 
C PEA 
C.** •••• **·.*.* ••• * ••• *****.*******.*.*****.****** •• ****"~*************PEA 

COMMON XPK,YPK PEA 
YPK'EXBS~(XPK) PEA 
00 13 L.'l,lOO PEA 
DX.O.Ol*XPK PEA 
XL.aXPK-OX PEA 
YL.E XBSI. (XI.) PEA 
XR-XPK+OX PEA 
YR.EX8S~(XR) PEA 
DEN-YR+YL·YPK.YP~ PEA 
IF eOEN) 1,9,t PeA 

1 XaXPK-O.S*(YR.YL)*DX/O!N PEA 
l IF (X) 3,4,4 PEA 

23 
2'1 
25 
2b 
27 
28 
29 
30 
31 
3l 
31 
14 
3S 
1(' 
37 
38 
39 
40 
41 
42 
43 
44-

1 
2 
1 
4 
5 
b 
'7 
8 
q 

10 
11 
12 
13 
14 
15 
1& 
17 
18 
19. 

1 
2 
:5 
4 
5 
& 
7 
8 
9 

10 
11 
12 
\3 
14 
15 
1b 
17 
18 
19 

e 

( 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 95 

TABLE 8.2.-Listtng of programs for constant dIscharge from a fully penetrating well of finIte dzameter-Continued 

3 XIIO,O PEA 
4 YDEXBSL.(X) PEA 

IF (Y~.Y) 0,0,5 PEA 
5 Y-VR PI!A 

XaXR PEA 
0 IF (VL. .. n 8,8,7 PEA 
7 VayL. PEA 

X-XL PEA 
8 IF (Y.YPK) 14,14,12 PEA 
9 IF (YR-YPK) 11dOdO PEA 

10 XIIXPK+PX+O)( PEA 
GO TO 2 PEA 

11 X=XPI<"DX-OX PEA 
GO TO l PEA 

12 YPKIIY PEA 
XPK&X PEA 

13 CONtINUE PEA 
14 RETURN PEA 

ENI,) PEA 

SU~HOUTIN~ SlMPS(Q,R,EPS,~AAR,AkE',DEL,F) SIM 
C***********************************************************************8I~ 
C 81M 
C PU~POSE 81M 
C TO DETERMINE THE INTlGRAL. UF A FUNCTION, F, FROM Q TU R, aIM 
C USING SIMPSON'S RULE, 81M 
C DESCRIPTION OF PARA~ETEH5 81M 
C ALL. REAL. 81M 
C Q .. Lu~tR LIMlT of INTEGRAL. 51" 
C R - UPPER LIMIT UF INTlG~AL. SIM 
C EPa • OeSIREo ACCURACY 81M 
C HaAR .. MINIMUM DIVISIUN OF THE INTERVAL 81M 
C AREA .. COMPUTEO VALUE OF INT~GRAL 8ETwEEN Q AND R 81M 
C OEL .. COMPUTED ESTIMATE UF ERRUR 81M 
C f. THE INTEGRAND (FUNCTIUN REFERENCE) 81M 
C METHOD 81M 
C USES Sl~PSONIS RUL~ TO COMPUTe A SUM APPRUXIMATING THE INTEGRALS1~ 
C USES INTTIAL H:(R.~)/2. COMPUTeS A SE~UENCE OF SUMS ~v HALVJ~G SIM 
C H EACH TIME, COMPuTES ESTIMATE OF ERROR (DEL) AS (PReVIUUS SIM 
C SUM. CURRENT SUM)/1S, COMPUTATIUN STOPS wHEN 1) H(H~AR, SIM 
C 2) A~S(O~L)<ABS(ePS*~URRlNT SUM). IF ~SAR IS LE 0, SIM 
C THEN H~AR&,Q07*(R.W), SI~ 

C 81M 
c*******************************************************.***************81M 

H:aR-Q 
IF eM) 1,1,2 

1 AREA&O.O 
OEL:O,O 
GO TO 10 

C R MUST ~E G~E4T~R THAN Q 
2 SPII1,OUS 

53 11 0,0 
51 a f(U)HOI) 
IF (/'tSAR) ],3,1.1 

3 H8AI<;;O,007*H 
4 82 111 0,0 

X;;(oI+0,5.H 
5 82=S2+4.0*FeX) 

XaK+H 
IF CX.R) 5.5,0 

o SC.CS1+~2+S1)*H*O,lboobbb7 

5IM 
5IM 
SIM 
81M 
51"1 
SIM 
SI1!! 
81M 
SIM 
81M 
51'" 
81M 
St'" 
51'" 
SIM 
SlM 
81M 

,0 
21 
22 
,3 
24 
25 
2& 
21 
28 
Zq 
30 
31 
32 
33 
34 
15 
3tt 
37 
38-

1 
2 
3 
4 
5 
b 
7 
8 
Q 

10 
11 
12 
13 
14 
1'3 
1b 
17 
18 
lq 
20 
21 
2Z 
23 
24 
25 
CO 
27 
28 
2q 
30 
31 
12 
H 
34 
35 
30 
17 
38 
:sq 
40 
1.11 
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TABLE 8.2.-Llsting of programs for constant discharge from a fully penetrating well of finite diameter-Continued e 
OEL.O.Obbbb~bb7*(SP-SC) 81M qi 
IF tA68CDEL)-ASSCEPS*SC» 7,6,8 81M 41 

7 AREA.8C-D~L aIM 44 
GO TO 10 81M 45 

8 Sl.Sl+O,S*SZ 81M 4. 
H.O.S*H Sl~ 41 
IF (t".H6AR) 7,'i,q 81M 48 

q SPaSC aiM 4q 
GO TO 4 SIM 50 

10 RETURN 81M 51 
ENU 81M 52-
SU!3RUUTlNe. JVO(X,JO,YO) JVO 1 

C***********************************************************************JYO l 
C JYO 1 
C PURPOSE JYO 4 
C COMPUTES BESSEL FUNCTIUNS OF THE FIRST ANO SECOND KIND, JYO 5 
C ZERO OHD~R, FOR POSITIVE A~GUMENTSI JYO b 
C SEE. NBS AMS 5S, p. 3bQ,.370, JYO 7 
C DESCRIPTION Of PARAMETERS - ALL REAL JYO 8 
C x- AfHiUMENT, MUST 8E >0 JVO 9 
C JO - RETURNED FUNCTION VALUE, JO(X) JYO 10 
C YO .. HE TURNED FUNCTION VALuE, YOeX) JYO 11 
C JYO 12 
C***********************************************************************JyO 13 

REAL JO JYO 14 
III' (X-l,O) 1,i,3 JVO 15 

1 IF ex) 4,4,2 JYO lb 
2 ZaCO.H3H3H*X)**l JVO 17 

JO=1.O-Z*(Z.Z4QQQQ1.Z*(1.2bSb20S-Z*(O.31b18bb-Z*(O.044447Q-Z*CO.OOJYO 18 
13q4~4 .. 0,00021*Z»»' JYO 19 
VO.0.blcblq77*A~OG(O.5~X)*JO+O,lb74ccq1tZ*(O.bOSSqlbb-Z*(O,7435038JVO 20 
14.Z*(O,c5100117.Z*(0.O~icli14.Z*(O.OO~i7910.0,OOOZ4a4b*Z»») JvO 21 

RETURN JYO 22 
I Zal.O/X JVO Zl 
FaO.7q76645b.Z*(O.77E.ctZ*CO.0055l74tZ*(0,OOOOQ512~Z*(O,OOlJ7217-ZJYO 24 

1*(0.00012805-0.00014470*Z»») JYO 25 
P.O,18S3q81b+Z*(0.041bb3'i7tZ*(O.000019S4.Z*(O.002cZ~73-Z*(O,00054 1JVO 2b 
125+Z*(0.OOO~q313.0.0001lSS8*Z»')' JVO 21 
QaSWRT(1.0/X) JVO 28 
JO.W*F*COS(X.P) JYO 29 
YO.Q*F*SIN(X-P) JYO 30 

4 RETURN JVO 31 
END JvO 3Z-
SUBROUTINE JY1(x,Jl,\/1) JYl 1 

C***********************************************************************JYI 2 
C JYl 3 
C PURPOst JY1 4 
C CO~PUTES BEssEL FUNCTIONS OF THE FIRST AND SECONV ~l~D, JYI 5 
C FIRST URDER, FOR POSITIVE A~GUMENTS. JYl b 
C SEE NBS AMS 55, p. 370. JY1 7 
C DESCRIPTION OF PARA~ETERS • ALL REAL Jyt 8 
C X. ARGUMENT, MUST ~e: )0 JY I 11 
C Jl - RETURNED fUNCTIUN VALUE, Jl(X) JYI 10 
C Y1 • RETuRNED FUNCTION VALUE, Vl(X) JYI 11 
C JYl 12 
C*********************************************************~**.**********JYl 13 

REAL Jl JYl 14 
IF (X-3.0) 1,2,3 JYl 15 

1 IF (X) 4,4,2 JY1 10 
2 ZID(O.H33331J,l.X)**2 JYI 17 

( 
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TABLE S.2.-Llsting of programs for constant discharge from a fully penetrating well of finlte diameter-Continued 

Jl.X.(0.5.Z.(O.5b~49q85.Z.(0,~10ql573_Z*(0.03954l89.Z*(O.0044331'.JYl 18 
1Z*(0.000317&1.0,00001109.Z))))) JVl 19 

V1 a O,blb&1977*ALOG(O,S*X).Jl+(-O,b3&&1 98+Z*CO,221i091+Z*Ci,1&82109JYl iO 
l-Z*Cl,31b48c7.Z.CO.31219S1-Z.CO,040097&-0,OOi7873.Z»»»/X JVl 21 

RETURN JVl 22 
1 Zal.O/X JVl il 

F.O,79788~5b+Z*(0.15&E-5+Z*(O.Olb5qb07+Z.CO,0001710S-Z.CO.OO~4q511JYl 24 
l-Z.(0.00113&S3-0,OOOl0033*Z)1») JVl 25 
paO,785198lb-Z·(0.12499&12+Z.tO,00005bS.Z.(0,00&37879-Z.CO.0007434JV1 2& 
18+Z.(O.00079824-0,OOO~9100.Z»)) JYl 27 
Q.SQRT(1.0/X) JYl 28 
Jl a Q.F.SIN(X·P) JVl iQ 
Y1 a ·Q.F·COSeX.p) JYl 30 

4 RETU~N JYl 11 
END JY1 32-

C •• *** •••••••••••••••••• * ••• * •• * •• ****.***.* ••••••••••••••••••• ****.****FUA 1 
C FUA 2 
C PURPOSE FUA 3 
C COI'IPUTES FUNCTION VALUES OF FCUW,ALPHA) • FUA 4 
C PAPADOPULOS,I.S. AND COOPER,H,H.,JR" 19&7, DRAWOQwN IN FUA 5 
C A ~ELL OF LARGE DIAMETER' wATER RESOURCES RfSEARCH, V, 3, FUA b 
C "10, 1, p. 241-244. FUA 7 
C PROGRAM BY S,S,PAPAOOPULOS. FUA 8 
C INPUT DATA - ONE OR MORE GROUPS, EACH GROUP CUOED AS FOLLOWS FUA 9 
C 1 CARD. FORMAT (El0,S) FUA 10 
C S - (ALPHA) • RW.*2*S/RC.*2 • RADIUS OF WELL (SCREEN FUA 11 
C O~ OP[N BORf IN AQUIFER) SQUARED • STORAGE FUA II 
C COEFFICIENT I RADIUS OF CASING (OVER INTER~AL UF FUA 13 
C wATER LEVEL CHANGE) SQUARED, FUA 14 
C CARD - FQRMATeloE5,0) FUA 15 
C U- 1~ VALuES UF UW • Rw.*i*S/(~*T*TIME) • RADIUS OF FUA 10 
C PUMPED wELL SQUARED * STORAGE COEFFICI~NT I FUA 11 
C 4 * TRANSMISSIVITY * TIME, IF LESS THAN 10 DeSIREO, FUA 18 
t BLANK OR ZERO VALUES MAY BE COOED faR THE REST. FUA 19 
C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FUA cO 
C PEAK,SlMP,APEKE,EXS8L2,JYO,JY1 • MUST BE INCLUDED IN DECK, FUA 21 
C fUA 22 
C*****.**** ••••• **.** ••• *.*.****.*.*.*** •• *****.*.*.***.** •• * ••• * •• *****FUA 21 

COMMON XPK,YPK FUA 24 
CUMMON/PBLK/A,B FUA 25 
EXTERNAL EX~SL;' FUA 20 
OIM~NSION UCl&) FUA 21 
EPs.a,OOOI FUA 28 
REAU (5,13,~ND.12) S FUA 2~ 
IF (8) 1,1,2 FUA ]0 

2 READ (5,1~) U FUA 31 
WRITE (0,15) S FUA 32 
DO 11 1~1,10 FUA 33 
uw=U(I) FUA 34 
Ir CUW) 1,1,3 FUA 3S 

3 B=O.25/UW FUA 30 
A~S+S FUA 37 
CALL APEKECEX8SL2) FUA 38 
CALL PEAK(EX~SL2) FUA l~ 
IF (XPK-l.OE-S) 4,~,S FUA ~o 

Q WRITE (b,lo) UW,S,XPK,VPK FUA 41 
GO TU 11 FUA 4i 

S IF (XPK-l.0E8) 7,7,b FUA 43 
~ ~RITE (~,t7) uw,S,XPK,YPK FUA 44 

GU TO 11 FUA ~'S 
7 HBAR c O,007.XPK FUA 40 

) 
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CAL~ Sl~PS(O.O'XPK,E~S,HBAR,SUM,DEL,EXaSL2) FUA 47 
X2=XPK FUA 48 
OX-XPK FUA 4q 

8 OX-10,a*DX FUA 50 
Xl.Xl FUA 51 
Xl=X1+DX FUA S2 
VaEXBSL2CX2) FUA 53 
H8AR:O,007.0X FUA 54 
CAL~ SIMPSeXl,X2,EPS,HBAR,TRM,ERR,EXaSL2) FUA 5S 
SUM=SUMtTRM FUA 5& 
DEL=OEL+EHR FUA 57 
IF (X2 .. 1,OE9) 9,10110 FUA 58 

9 VTIIi 1, 570Hbl/X2u4 FUA 5q 
IF (A~S(Y.YT)/YT-0.5E·b) 10,8,8 FUA 00 

10 ESTIliO.523S9818/X2ul FUA &1 
SUM=SUMtEST FUA 02 
FU,oiS=l,242271Q*S.S.SUM F'UA &3 
wRITE (b,18) UW,SUM,UEL,FU~S,XPK,YPK FUA &4 

11 CONTINUE FUA bS 
GO TO 1 FUA 00 

12 STOP FUA &1 
C FUA &8 

11 ~ORMAT (El0,5) FUA oq 
14 ~OHMAT (1&E5.0) FUA 70 
15 FORMAT ('1','F(UW,ALPHA) FOR ALPHAa',lPE14,5/ 1 0',7X,IUW',12X,'INTEFUA 71 

IGRAL',5X,'INTEGRAL ERMOR',5X,'F(UW,ALPHA)',8X,'X(PEAK)',10X,'V(PEAFUA 72 
21<)'1' I) FUA n 

Ib FORMAT (lH ,lPE14,7,9X,34HVALUES UF DUMMV VARIA~~E TOO SMAlL,lPE25FUA 14 
l,7,lP~17.7) FUA 7S 

17 FORMAT (lH ,lPE14,7,9X,34HVA~UES OF DUMMY VARl.B~l TOO LARGE,lPE25FUA 7& 
1.7,lPE11,7) FUA 77 

18 FORMAT (lH ,lPE14,S,lPSE1',S) FuA 78 
END FUA 79w 

FUNCTION EXI:IS~2(X) ft:l2 1 
C ••••••• * ••• *** •••• **.*.* ••••• *** •••• ** •••••• *** •••• * ••••••••••••••••••• £B2 2 
C EB2 1 
C PURPOSE EBi! 4 
C COMPUTES VALUtS UF THE INTEGRAND FOR FCU~,ALPHA) EBZ 5 
C Dt.SCRIPTION OF PARAMETER E82 & 
C X. HEA~ • ARGUMENT OF INTEGRAND ~B2 1 
C EBl B 
C*.** •••••• *** ••• * •••• ** •• * •• * ••• * ••••• * •••••••• * ••• * ••••••••••••• * ••••• £82 9 

COMMON/P~LK/A,B E62 10 
IF (X) ld,2 Ee2 11 
EXI:IS~aaO. ES2 12 
GO TO 8 EBZ 13 

2 IF (X-l.EH) 4,4,3 Eel 14 
1 EXSSLc a l.S70HelllCh4 Eez 15 

GO TU 8 EBZ 10 
~ Y.ij*X*X £B2 11 

IF (V-,Oll 5,5,& E82 18 
5 FNUM.Y*(l,-Y*(.S-V*«(l,lb.).Y*(1./24.»» E8l 19 

GO TO 7 EB2 20 
b FNUM.l,-EXPC-V) Eez 21 
7 CAL~ JYO(X,ijJO,BYO) EBl 22 

CALL JY1(lC,BJ1,BYl) E82 21 
DE~.(CX.8JO.A*BJ1).*2t(X*d¥0.A.a¥1)**2)*X.*1 fBa 24 
EXBS~c.~NUM/D!N EBl 25 

8 RETURN EB2 2b 
ENO EBi 27-

( 
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TABLE 9.2.-Llstmg of program to compute change m water level due to sudden mjection of a slug of water into a well 

C********************************************************************** FBA 1 
C ~BA 2 
C PURPOSE FBA 3 
C COMPUT!S FUNCTION VALUES OF F(BETA,ALPMA) - TME SLUG TEST F8A 4 
C FUNCTION - COOPER,H,H"JR" BREOEHOEFT,J,O" AND PAPAOOPULOS, FSA 5 
C liSa, 19b1, RESPONSE OF A FINITE-DIAM!TER wELL TU AN FBA b 
C INSTANTANEOUS CHARGE OF WATE~I WATER RESOURCES RESEARCH, FSA 7 
C V, 3, NO.1, p. 2&3-209, FBA 8 
C PROGRAM 8V S,S,PAPADOPULOS, FBA q 
C INPUT DATA FSA 10 
C 1 OR MORE CARDS. FDRMATCF10,S) FBA 11 
CA. (ALPHA) - RW**2*S/HC**l • RADIUS OF WELL (SCREEN OR FBA 12 
C OPEN BOR! IN AQUIFER) SQUARED * STORAGE COEFFICIENT FBA 13 
C 1 RADIUS OF CASING (OVER INTERVAL OF WATER LEVEL FSA 14 
C CHANGE) SGUARED. F8A 15 
C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FSA 1& 
C PRX,OJVO,OJV1,OSIMPS - MUST aE INCLUDED IN DECK FSA 17 
C METHUD FBA 18 
C THIS PROGRAM CALCULATES THE SLUG TEST FUNCTION, F(BETA,ALPHA), FBA 19 
C FOR VALUES OF BETA RANGING FROM 0.001 TO 1000,0 ~V INCRfMENTING'SA 20 
C SETA ACCORDING To DATA ARRAY 6SCI), AVERAGE COMPUTATlON TIME FBA 21 
C IS ABOUT 30 SECONDS PER VALUE UF ALPHA ON IBM lb0/155. FSA l2 
C FBA II 
C********************************************************************** FSA 24 

OOUB~E PRECISION A,e,PI,ZZ,EPS,y,Xl,X2,TERM,FAB,OATAN,OE~,H8AR FSA 25 
OIMENSION ZZ(40), BB(]q) FBA 2b 
COMMON A,S,PI FSA 27 
ExTeRNAL PRX ~8A 28 
DATA ZZ/O,O+0,1.0-10,I,D-Q,I,O-8,I,O-7,I,O-0,I,O-5,l,O-4, FSA 29 

1 I,O-3,I,O-l,I,O-I,l,D-l,3,0-1,4.0-1,5,0-1,0.0-1,7,O-I,8,0-1, F8A ]0 
i 9.0-1,I,O+0,2.0+0,3,D+O,4,O+0,5,O+0,0.0+0,7.0+0,8,O+0, FSA 31 
3 9.D+O,1,O+1,2,O+1,l,O+1,4,O+I,5,O+I,b,D+l,1.0+1,8.0+1, FSA 32 
4 9.0+1,1.0+2,1,250+2,1,50+21 FSA 33 

DATA aB/,OOl,.00l,.004"00b,.008"01,,02,,04,,Ob,,08,,l,,2, ,4,.b,.FeA 34 
18,1,,2,,3.,4.,5,,6,,7,,8,,9,,10,,20,,30.,40.,50.,60.,70,,80,,90,,1F~A 35 
200,,200.,400,,000,,800.,1000,1 FaA 30 
PI~4,*DATAN(1.OO+00) FBA 37 
EPS-O.OOool FSA 38 
READ (5,0) A FeA lq 
IF (A,LE.O.O) GO TO 5 FSA 40 
~RITE (0,7) A FSA 41 
WRITE (0,8) FBA 42 
00 4 1-1,39 FBA 43 
s.e8(1) FSA 44 
Y.O,O F~A 45 
DO 2 L-l,l9 FSA 40 
Xl.ZZ(~) FeA 47 
X2.ZZ(L+l) F~A 48 
HBAR-O. FBA 49 
CALL OSIMPS(Xl,Xi,EPS,~~AR,TERM,DEL,PRX) FBA 50 
Y.Y+TERM FSA 51 
IF (L.GT,cO.AND,TERM.LT.EPS) GO TU 1 FbA S2 

l CONTINUE FaA 53 
1 FA~.4.*A*V/(Pl*Pl) FBA 54 
4 ~Rlr! (b,9) 8,FAe FBA 55 

GO TO 1 FSA So 
5 STUP FBA 57 

C FSA 58 
C FSA 59 

b FORMAT (Flb,5) F~' bO 
7 fORMAr ('1',41X,'FCSETA,ALPHA) FOR ALPHA.',lPOq,i/) FSA b1 
8 FORMAT ('OI,53X,t8fTA',1!X,'H/HO'/1 FSA bZ 
q FORMAT (' ',5tX,1P08,2,10X,OPFo,4) FSA &3 

END FBA b4-
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DOUBLE PRECISION FUNCTION PRXCX) PRX 1 
C*** •• *.*.***************************.**.*"**.************************* PRX l 
C PRX 3 
C puRPOSE PRX ~ 
C CO~PUTE VALUES OF THE INTEGRAND FOR PCSETA,ALPHA) PRX 5 
C DESCRIPTIUN OF PARAMETER PRX & 
C ~ • DOU8LE PRECISION. ARGUMlNT OF INTEG~.NO PRX 7 
C PRX S 
C*****.*************.*.*******************.**************************** PRX 9 

DOU8LE PRECISION A,B,PI,XX,X,C,Fl,Fl,JO,YO,Jl,Yl PRX 10 
DOUBLE PRECISION DLOG,DSQRT,DEXP PRX 11 
COMMON A,a,PI PRX 12 
)(X.DS~RTCA*X/a) PRX 13 
IF (I() b.1,2 PRX 111 
PRX-CPl*PIl/Clb.*A*B) PRX 15 
GO TO b PRX lb 

2 IF (X,LT.1'50,) GO TO 1 PRX 17 
PRX-O,O PRX 18 
GU TU & PRX 19 

3 IF (XX,GT,a,OOOl) GO TO ~ PRX 20 
C.D~XP(5.1721'5bb~qO-Ol)/2. PRX 21 
rt-PI*X*(l.-') PRX 2c 
Fe&X*DLOG(C*C*A*X/B)t4,.B PRX 23 
PRX=C8*PI*PI*OEXPC-X»/CA.CF1*Fl+F2*F2» PRX 24 
GO TO b PRX 25 

jj IF (XX,LT,SO.) GO TO 5 PRX 20 
PRX&CPI*OEXPC.X»/(l,*XX*CX+4.*A*8» PRX 27 
GO TO b PRX is 

5 CALL DJYOeXX,Jo,YO) PRX 2q 
CAL.L. DJY1(XX,J1,Yll PRX ]0 
Fl~(Xx*JO-Z.*A*Jl) PRX 31 
P211(XXHO-2.*A*Y1) PRX 32 
PRXaOEXPt-X)/CX*(Fl.Fl+F2*F2» PRX 33 

~ RETURN PRX 311 
END PRX lS-

SU~ROUTINE OJYO(X,JO,YO) DJO 1 
c**.**.* ••• **.* •••••• ** •• *** ••• *** •• **.*.**.* •••• ** •• *.*****.**.*.****.*DJO 2 
C DJO 3 
C PURPOSE OJO 4 
C CUMPUTES BESSEL FUNCTIONS OF THE FIRST AND SECUND KI~O, DJO 5 
C ZLRU ORDfR, FOR POSITIVE ARGUMENTS. OJO b 
C DESCRIPTION OF PARAMETE~S - ALL. DOUBLE PRECISION DJO 7 
C X. ARGUM~NT, MUST BE >0 DJO 8 
C JO - RETURNED FUNCTION VALUE, JO(X) OJO 9 
C YO • RETURNED FUNCTION VAL.UE, YO(X) OJO 10 
C OJ 0 t 1 
C*****.**.** •• *****.**.************.**.**.*****.***.** •• *****.**.******.DJO 12 

DOUBLE PRECISION Z,JO,YO,F,P,Q,U,w,X,OLOG,DCOS,DSIN,DSQRT DJO 13 
If (X-lIO) 1,2,3 DJO 14 

1 IF ex) 4,~,z DJO 15 
2 Zc(X/3.0'*.2 OJO 10 

JOilll,O-Z*(2.24QQQQ7-Z.C1 1 2&5b20S-Z.CO,31b18bb-Z.eO.0441147Q-Z*(0.OODJO 17 
1394114-0.00021.Z»») OJO 18 

WIICO,SOO,*X OJO lq 
YO=O,b36b1977.0LOGCW)*JO+O.lb74b&Ql+Z*(O.60SS91bb-Z*(O,7113S0l84-Z.0JO 20 

1(0.25300111.Z.(O.042&1214_Z*(0.0042791&.0.0002484b*Z)»» OJO 21 
RETURN DJO 22 

3 Ze3,0/X DJO 23 
F=O.79788~So-Z*(O.77D.b+Z.(O.0055274+Z*(O.00009512·Z*(O,00137237-Z0JO 2~ 

1*(O,0007i80S-0,00014 4 7b*Z»»)) OJO 25 
P.O,785Jq616+Z*CO,O~lbb397+Z*(O,00003q54·Z*CO,002b2573 -Z*(O,0005410JO 26 

125+Z*eO,OOOl9133-0,00013558*Z»») OJO 27 41[ 
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U=Cl,ODO)/X 
Q=OSQRT(U) 
JO=Q*F*OCUSCX.P) 
VO~Q*F*DSIN(X.P) 

" RETURN 
E~D 
SUBRuUTINE OJV1(X,Jl,Yl) 

DJO 
DJO 
DJO 
OJO 
OJO 
DJO 
DJl 

C*********************************************************.*.*.******* •• DJl 
C DJ1 
C PURPOSl OJl 
C CO~PUTES BESSE~ FUNCTIONS OF THE FIRST AND SECOND KIND, DJ1 
C FIRST Q~OER, FO~ PUSITIV~ ARGUMENTS, DJl 
C DESCRIPTIUN OF PARAMETERS - AL~ DOU~~E PRECISION DJl 
C x- ARGUMENT, MUST BE )0 OJ1 
C Jl - RETURNED FUNCTION VALUE, J1CX) OJ1 
C Y1 - RETURNED FUNCTION VALUE, Y1CX) OJl 
C OJl 
C •••• ******.*.******************.**************** ••• *.* •••• *.** •• ** •••• *DJl 

OOUbLl PRECISION X,Jl,Yl,Z,~,OLOG,F,P,U,Q,OSQRT,DSIN,OCU5 DJ1 
IF (X-3,0) 1,2,3 DJl 

1 IF (Xl 4,4,l OJ1 
2 Z=CX/3,O)*.2 DJ1 

JlaX*(O.S-Z.CO,Sb24QQSS-Z.CO.210Q3S73-Z*(O,03QS42Sq.Z*(O,OQ44311 Q• OJl 
1Z*CO.000117b1-0.0000110Q.Z»»» OJ1 

waCO.SOO)*X OJ1 
Yl=O.blbo1977.0LOGCw)*Jl+C-O.blbb19S+Z*(0.2212091+Z*(2.lb8270Q-Z*(OJl 

11.31b4827-Z.CO.3t239S1-Z.eO.040097o-0.0027873*Z»»»IX OJ! 
RETURN OJI 

1 Zal.O/X DJ1 
F~O.7q788U5&+Z*(O,ISbD.S+Z.CO.Ol&5qbb7+Z*CO,0001710S-Z.(O.00249S11DJ1 

1-Z*(0.00113&53-0,00020033.Z»)) DJ1 
P=O,78519al&-Z*(O.124QQblc+Z*(O,OOOOSbS-Z.eO.OOb3787?-Z*CO,00014140J1 

18+Z.(O.0007Qa24.0,0002Qlbb.Z»») OJl 
U.Cl,OOO)/X DJI 
Q=OSQRT(U) OJ1 
J1~Q.F*DSIN(X.P) OJ1 
V1a-Q.F*DCOSex-p) OJ1 

4 RETURN OJ! 
END OJ! 
SUBROUTINE DSIMPS(A,a,EPS,H~AR,AREA,OEL,F) 091 

C**.* •• *****.****.*.** •• *.*.**.****.**** •• * •• ***** •••• * •••• *.**.**.* •••• 051 
C DSI 
C PURPOSE 091 
C TO DETERMINE THE INTEGRAL OF A FUNCTION, F, FRUM A TU a, DSI 
C USING SIMPSONIS RULE, OSI 
C DESCRIPTION OF PARAMETERS OSI 
C ALL DOUBLE PRECISIUN OSI 
CA. LO~ER LIMIT OF INTEGRAL OSI 
C ~ - UPPER LIMIT OF INTEGRAL OS! 
C ePS - DESIRED ACCURACY OSI 
C HSAR • MINIMUM OIVISION OF THE INTERVAL OSI 
C AREA - COMPUTEO VALUE OF INTEGRAL BETwEEN Q AND R OSl 
C OE~ - COMPUTED ESTIMATE OF ERRUR OSI 
C F. THE INTEGRAND (FUNCTION REFERENCE) 051 
C METHOD OSI 
C USES SIMPSONIS RULE TO COMPUTE A SUM APPROxIMATING THE INTEGRALOSI 
C USES INITIAL H=CS-A)/2, COMPUTES A SEQUENCE OF SUMS ~Y HALVING 051 
C H EACH TIME. COMPUTES ESTIMATE OF ERROR (DEL) A8 (PREVIOUS 051 
C SUM • CURRENT SUM)/15, COMPUTATION STOPS WH£N 1) H<HBAR, DSI 
C i) ABS(DEL)(A8SCEPS*CURRENT SUM). IF HBAR IS LE 0, 081 
C THEN H8ARa,001*CS-A). 051 
C 081 

28 
29 
30 
31 
32 
33-

1 
2 
3 
1.1 
5 
b 
1 
8 
9 

10 
11 
12 
13 
III 
15 
10 
17 
18 
lq 
20 
21 
22 
23 
24 
25 
2b 
21 
i8 
29 
30 
31 
12 
:31-

1 
2 
1 
4 
5 
& 
7 
8 
q 

10 
11 
1l 
13 
11.1 
15 
1& 
11 
18 
l~ 
20 
21 
2c 
23 
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TABLE 9.2.-Llstlng of program to compute change In water level due to sudden injection of a slug of water Into a wel/
Continued 

c***************************************************************.~*.****D81 i4 
DOUBLE PRECISION H,HBAR,AREA,OEL,81,82,83,SC,8P,X,A,B,EPS,F,OABS 081 25 

C AREA OF F FROM A TO 8,EP8 IS OESIREO ACCURACY, HBAR THE MINIMUM DU 2& 
C ALLOWABLE INTERVAL, OEL THE ESTIMATE OF THE E~ROR 081 27 

HaS-A 081 28 
IF (H) 1 r1, i OSI 29 
ARUaO,O 081 30 
OELaO,O OSl 11 
GO to 10 OBI n 

c spal,OL)35 081 H 
S3aO.0 081 34 
ua'CA'+f(f;) 081 35 
IF CMBAR) 3,3,4 DSI 30 

3 HBARaO,OO7*H OSI 37 
4 82aO,O 081 38 

X"+0,5*H OSI 39 
5 S2aS2+4,O*FCX) 081 40 

)(8)(+104 DU 41 
IF (X-s) S,5,,, DSI 42 

& SC.eSlt82+S3)*H*0.1&"",,""bbb7 081 41 
DEL aO.O""b&b&"bb7*CSP-SC) OSI 1.14 
IF (OA8SCOEL).OABSCEPS*SC» 7,8,8 OSI 45 

1 AREAaSe-DEL DSI 4" 
GO TO 10 OSI 47 

8 S3 a81+O.5*82 oSI ,,8 
HaO,!hH OSI "q 
IF CH-HBAR) 7,9,9 PSI 50 

9 spaSC OSl '51 
GO TO " DSI 52 

10 RETURN oSI 53 
END DSl 5"· 

TABLE 11.1.-Listlng of program to compute the convolutLOn Integral for a leaky aquifer 

c**********************************************************~* •• *****.** HRT 1 
C MRT l 
C PURPOSE HRT J 
C COMPUTES CHANGES IN WATER LEvEL, HeR,T), IN RESPUNSE TO HRT Q 
C VARYING DISCHARGE U81NG THE CONVOLUTION INTEGRAL FUR HRT 5 
C LEAKV AQUIFERS. EU, 1 OF MOENCH,ALLEN,1971, GROUND-WATER HRT b 
C FLUCTUATIONS IN RESPONSE TO ARSITRAR' PUMPAGE, GROUND WATER, HRT 1 
C V,9, NO.;a,p,4-8, HRT 8 
t INPUT DATA • ONE OR MORE GROUPS, EACH GROUP COOED AS FULLOWS H~T 9 
t 1 CARD - FQRMATC2E10.S,"X,Il,5X,E10.5) HRT 10 
C TBEGIN • SMALLEST VALU~ OF TIME FOR OUTPUT. MRT 11 
C TEND. LARGEST VALUE OF TIME FOR OUTPUT, ~RT 12 
C IQ • INDICATES FORM OF DISCHARGE FUNCTION, Q(T). ~RT 13 
C IQat,l,l REFER TO DISCHARGE FUNCTIONS IN H~T 14 
C HANTUSH,M.S" lQbQ, HYDRAULICS OF wELLS IN CHOw, HRT 15 
C vEN TE, ED" ADVANCES IN HYOROSCIENCE, VOL. 1, HRT 1& 
C ACADEMIC PRESS INC., NEw YORK, p. 281-Q42. HRT 17 
C IQc1, Q(T) IS AN EXPUNENTIAL FUNCTION, CASE A, HRT 18 
C p. 31.13 OF HANTUSH, HRT 19 
C IQc2, QeT) IS A HYPERBOLIC FUNCTION, CASE s, HHT 20 
C p. 31.14 OF HANTUSH. HRT 21 
C IQa3, Q(T) IS AN INVERSE SQUARE ROOT FUNCTION, HRT 22 
C CASE C, p. 3(4'1 UF HANTUSH. HRT 21 

( 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

TABLE l1.1.-Listtng of program to compute the convolutIOn integral for a leaky aquifer-Continued 

C IQ.", Q(T) IS A FIFTH-OEGREE POLVNOMlAL, 
C IQ.5, G(T) IS A PIECEWISE LINEAR FUNCTION OF 
C TIME (EIGHT SEGMENTS). 
C QR • RE,ERENCE DISCHARGE, ZERO OR BLANK FUR PROJECTIUN, 
C 1 OR q CARDS, DEPENDING ON IQ, 
e IF IQ'1,l,3 • 1 CARD. FORMATC1E10.1) 
C QST - EVENTUAL CONSTANT DISCHARGE, 
C DELTA. RATE PARAMETER, 
C TSTAR • TIME PARAMETER, 
C IF lQ." • 1 CARD. FORMATe.E10.1) 
C AQC.) • 6 VALUES. THE POLVNOMIAL caEFF~CIENTS 
C WITH AO FIRST AND AS LAST, 
C IF IQ_5 • q CARDS. FORMATCoEl0,l) 
C Tl(I),Al(I),BI(I),11Cl.1),41(1.1),81(1+1),1'1,1,5,7 
C PARAMETE~S OF THE PIECEWISE LINEAR FUNCTION 
C (8 SEGMENTS), COOED l SEGMENTS PER CARD, FIRST 
C ANO SECOND SEGMENTS ON FIRST CARD, THEN SEQUENTIALLY 
C ON SUCCEEDING CARDS, EACH SEGMENT HAS THREE 
C PARAMETERS WHICH ARE IN COOING ORDER 
C TI - ENDING TIME UF THE SEGMENT, 
C AI • DISCHARGE A1 8EGINNING OF SEGMENT, 
C 81 • ~ATE OF CHA~GE IN DISCHARGE UU~ING SEG. 
C THE OISCHA~GE FUNCTION IN !ACH SEGMENT HAS THE 
C 'ORM GeT) • AI(1)+61(1)*(T-TI(I-1», IF LESS THAN 8 
C SEGMENTS ARE NEEDEO, BLANKS CAN BE CODED FOR 
C SUCCEEDING SEGMENTS, 
C i OR MORE CARDS. FORMAT(4E10,l) 
CR. RADIAL DISTANCE FRUM PUMPED WELL, BLANK OR ZERO 
C SIGNALS PROGRAM AS END TO GROUP OF DATA, 
t S • STORAGE COEFFICIENT 
CT. TRANSMISSIVITY 
C PM • (PI/M') • HYO, CUND. OF CONFINING BED DIVIDED 
C BV THICKNESS OF CONFINING BED, 
C SU~ROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED 
C CONVOL,G • MUST BE INCLUDED IN DECK, 
C 
C********·************************************************************* 

DIMENSION D(li),lEX(li),X(0),H(12,.),QSC12,o),CP(lil,CT(12) 
DIMENSION H1(12),H2C12),Ql(12),Q2(12) 
DIMENSION HlCt2),H4(12),Q](12),WqC12) 
COMMON AQCO),TI(9),AI(q),Bleql,QST,DELTA,TSTA~ 
DATA CP/l2*' T*'I,CT/12*'l/U*'I,D/12*'10**'1 
DATA Hl/lZ*' S('I,H2/12*'R,11'I,Ql/12*' 'I,Q2/12*'Q(T)'1 
DATA H3/1Z*' S'I,H4/12*'OCT)'I,Ql/12*' Q(T'I,Q4/12*'1/QR'1 
DATA X/l.,1.5,2.,l.,S.,7.1 
TU1)-O. 
NIII500 
READ CS,18,ENO-17) TBEGIN,TEND,I~,QR 
IF (IQ,~T.4) READ (5,lQ) QST,OE~TA,TSTAR 
IF (IQ,EG,4) READ (5,lQ) AQ 
IF (I~.EW.5) READ (S,lQ) (TICI),AI(I),81(1),1.2,9) 
WRITE (b,24) 

i READ (5,1Q) R,S,T,PM 
IF (R,EQ,o.) GO 10 1 
h~*R*S/( 4, *Tl 
a:lPM/S 
V.ALOG10CTBEGIN) 

HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
I1RT 
HRT 
MRT 
fo1RT 
HRT 
HRT 
HRT 
HRT 
HRT 
HIH 
H~T 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HIH 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HfoiT 
Hf(T 
HRT 
H~T 
HIoiT 
HRT 
HkT 
HRT 
HRT 
HRT 
HfoiT 
HRT 
fo1RT 
HRT 
HRT 
I1RT 
HRT 
HfotT 
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2q 
25 
2ft 
i7 
28 
aQ 
30 
11 
32 
U 
34 
15 
3. 
]7 
58 
]9 
40 
41 
42 
43 
44 
45 
4ft 
47 
q8 
uq 
50 
51 
152 
53 
54 
55 
56 
51 
58 
5~ 
00 
61 
62 
01 
6C1 
ft5 
06 
61 
tl8 
69 
10 
71 
7l. 
71 
74 
75 
70 
77 
18 
79 
eo 
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TABLE Il.l.-Listing of program to compute the convolutIOn integral for a leaky aqutfer-Continued 

l~ (V) 3,5,4 HRT 81 
3 vaV •• OOl HRT 82 

GO TO 5 HRT 83 
4 V=v+.OOl HRT 84 
5 IS!GINaY H~T 85 

v.A~UG10(TEND) HRT 8b 
IF ey) b,s,7 HkT 87 

b V=y-.oOl HRT 88 
GO TO 8 HRT aCJ 

7 Y.V+,OOl HRT qO 
8 IENOcY HRT CJl 

MaIENU-I8EGIN+l HRT CJ2 
II' (M.GT.12) M=ll HRT ql 
00 10 I=l,M HRT CJI.I 
IExtI'=lBEGIN+X.l HRT q~ 
Y.IO.uCIBEGINU-1) HRT CJb 
OU 10 J=l,b MIH IH 
TIMEexeJ).v MRT qa 
IF (QR,GT,O,) TIME-A.TIME MRT CJq 
CAL~ CONVOL(TIME,A,8,N,IQ,SUM) HHT 100 
IF tQR.GT,O.) GO TO CJ HRT 101 
HCl,J)IISUf'l/02.SbbhT) HRT 102 
QSCl,J).Q(TlME,lQ) HRT 103 
GO TO 10 HRT 101.1 

9 H(I,J)-SUM/QR HRT 105 
QS(l,J)IIQ(TIMErIQ)/QR HRT lab 

10 CONTINUE HRT 101 
KcM HRT 10e 
IF (M,GT.b) Kab t-tRT lOCi 
IF (QR.GT.O,) GO TO 11 IoiRT 110 
WRITE (b,20) A,e,(CPCI),O(I),IEXCI),I=l,K) HRT 111 ~ 
WRITE (0,21) (Hl(I),H2CI),Qlel),Q2(I),I.l,K) HRT l1Z ~ 
GO TO 12 HkT 113 

11 WRITE Co,25) A,B,QR,(CT(I),DC1),IEXCX),1-1,K) ~HT 114 
WRITE (b,il) CH}CI),HI.ICI),Q1CX),Q4CI1,I-1,K) ~RT 11S 

12 00 13 J.l,~ H"T 110 
WRITE (b,22) XCJ),(HCI,Jl,QSCI,J),I=l,K) MRT 117 

13 CONTlNUE HRT 118 
IF (M.Lt.,o) GO TO 2 ~RT l1C, 
Kl.~+1 HRT 120 
IF (QR,GT.O.) GO TO 141 MHT 121 
wRITE (~,21) (CP(I),OtI),IEX(X),l.Kl,M) HHT 122 
WRITE (0,21) (H1CI),H2CI),Ql(I),Q2(1),I.Kl,M) HRT 123 
GO TO 15 HRT 124 

14 WRITE (b,io) (CT(I),OCI),lfXCI),IaKl,M) HHT li5 
wRITE (b,ll) CM3CI),M4Cl),Ql(I),Q4CI),IaKl,M) H~T 120 

15 DO lb Jal,o HRT 121 
WRITE (0,22) X(J),(HCI,J),QSCI,J),XaKl,M) HRT la8 

1~ CONTINUE HRT 12CJ 
GO TO « HHT 130 

17 STOP MRT 131 
C MIH 132 

18 FORMAT (2El0.5,4X,I1,SX,El0.5) HRT 133 
lq FORMAT (bEl0,3) HRT 134 
20 FORMAT ('01,'R**2*S/(I.I*TRANS).',lPE10.1,', K"ICS*BI')a',El0.3/ I Ol HRT 11S 

1,2X,'T',SX,o(2A4,I2,CJX» HRT 13b 
21 FORMAT (' 1,4x,oC2A4,2X,2A4,IX» HRT 137 

( 
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TABLE Il.l.-Llsting of program to compute the convolutIOn mtegral for a leaky aquifer-Continued 

II FORMAT (I ',F4.1,o(0~F8.),IPE11.1» 
23 FO~MAT ('0',lx,'T',5X,bC!A4,Ii,QX» 
24 FOR"'A T C1 M 1) 
25 FORMAT ('0','R.*Z*S/(4*TRANS).',lPf10.3,', 

lQRal,~10.3/'O',lX,'1/U',4X,b(2A4,I2,qX» 
2& FORMAT ('O',lx,'1/U',4X,o(2A4,I2,9X» 

END 

MIH 138 
HkT 13Q 
HRT 140 

K"/CS*S")a',EI0.3,1, HRT 141 
H~T \42 
M,"l 143 
MRT 144-

SU8ROUTINE CONVOL(TIME,A,8,N,lW,SUM) CON t 
C* ••• ***.************.*************************************.** •••• ****. CON 2 
C CUN 3 
C PUIolPQSE CON 4 
C COMPUTES VALUES OF TME CONVO~UTION INTEGRAL FUR ~EAKY CUN 5 
C AQUIFERS. THE INTEGRAL IS, FROM 0 TO T, OF CUN 0 
C QCT~T')/TI*e:XP'·A/T'.B*T').OT'. CON 1 
C DESCRIPTION OF PARAMETERS CDN 8 
C A,B,SUM ARE R~AL' N,IQ ARE INTEGER. CON q 
CA. R.*2*S/C4*T) • RAOIA~ DISTANCE SQUARED * STUHAGE CUN 10 
C COEFFICIENT I 4 * TRANSMISSIVITY, CON 11 
C B • PI/CS.M" • HYD. CONO, OF CONFINING BED DIvIDED BY CuN 12 
C AYUIFER STORAGE CUEFFICIENT • THICKNESS OF CONF, BED, CON 13 
C N • NUMBER OF INCREMENTS FOR EACH INTERVAL UF TH~ SUM, CUN la 
C IQ • INDICATES FORM UF DISCHARGE FUNCTION, CON 15 
C SUBROUTINES AND FUNCTION SU8PRUGRAMS REQUIRED CON Ib 
C (if CON 17 
C METHOD CON 18 
C APPRO~lMATES INTEGRAL 8Y SUMMING THE TRAPEZOIDAL RULE APPLIED CUN lq 
C TO A SeQUENCE OF SEGMENTS, LOWER LIMIT OF FIRST SEGMENT IS CUN 20 
C PICKED AT POINT ~HERE EXPONENT) -lOa • CON 21 
C IF SUCH A PUINT ODES NOT EXIST (4.e ) 2500) A FUNCTION VALUE CON 22 
C UF 0 IS RETURNED, UPPER LIMIT. 10 * LOWER ~IMIT FOR EACH CUN 23 
C SEGMENT, USES INCREMENT OF DELTA T' a (U-L)/N wMERE N IS THE CON 24 
C NUM6ER OF INCREMENTS IN THE CALL, CEASES SUMMATIUN WHEN CON 25 
C EXPONENT < -tOl , CON 2b 
C CON 27 
c****.*****.*.***.****.**.****************.********.* •• * •••• * •••••••••• CON 26 

REAL.8 DSUM CON 2Q 
REAL.Q NEwT,NEwTP,NfWX,NEWr CON 30 
D8U MD O.O+0 CUN 31 
IS=O CON II 

C INITIAL T' COMPUTED FROM A,8 CON II 
Asa4*6 CUN 3Q 
IF (AB.GE.2500,) GO TO 7 CON 15 
IF (S,GT.O,) GO TO 2 CON 30 
O~DT •• ol*A CUN 31 
GO TO 3 CON 38 

i DLDT.(1,.SQRT(1, •• B/2S00.»*50,/~ CUN ]q 
IF (ULDT.EQ.O.) GO TO 1 CON 40 

C INITIA~ r-r' CON 41 
3 OLDTpaTl~E.ULDT CON 42 

O~OX •• A/OLOT·B*OLOT CU~ 43 
OLDF=QCOLDTP,IQ)*EXP(DLDX)/OLDT CON 44 

C END UF SUMMATION SEGMENT 18 10 TIMES THE BEGINNING CUN 45 
4 ENDT-l0.*OLDT CON 4~ 

IF (ENDT.LT.TIME' GU TU 5 CON 47 
IF (OLDT,Gt,TI~E) GO TO 7 CON Q8 
IS-1 CUN aQ 
ENOT-TIME CON 50 
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TABLE 11.1.-Listing of program to compute the convolution integral for a leaky aquifer-Continued 

C OELTA T' IS COMPUTED PRO~ LENGTH ANO NUMBER uP INCREMENTS 
5 DELT-CENor-OLDT)/N 

DO b lel,N 
C T' 18 INCREMENTED BY DELTA T' 

NEwT-OLOT+DfLT 
NEwX.-'INEwT·B.NE~T 

C TERMINATES SUMMATION wH~N EXP(-A/T'_S.TI) ( 1.37[-44 
IF (NEWX,LT.-tOt.> GO TO 7 
NEwTpcT1fo1E-NEwT 
NEwF.Q(NEWTP,IQ)*EXP(NE~X)/NEwT 
DSUMcOSUM+(NEwr+OLDF)·OELT 
OI..OTclllEwT 
OI.DP-NEl'lr 

6 CONTINUE 
IF CIS,GT.O) GO TO 1 

C IF T' ( T, BEGINS A NEW SEGMENT 
GO TU 4 

1 SUM-DSUM/i.O+O 
RETURN 
END 

FUNCTION Q(TIME,IW) 
C •• ****************.**** •• ** •• *.*· •• *···.** •• ·.··**·· ••• * •• ~**.*.*.* ••• 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

PURPOSE 
COMPUTES THE DISCHARGE FUNCTION, GCT) 

DESCRIPTIUN OF PARAMETERS 
TIME. REAL - ELAPSED TIME SINCE 6EGINNING OF DISCHARGE. 
IQ - INTEGER - INDICATES FORM OF DISCHARGE FUNCTION, 

METHOD 

IQcl,2,3, CASES A,8,C, RESPECTIVELY, OF HANTUSH,M,S., 
1Qb4, HYDRAULICS OF WELLS IN CHOW, VEN TE, ED., 
ADVA~CE8 IN HYDROSCIENCE, VOL. 11 ACADEMIC PRESS, 
NEw YORK, P, 343,344, 

lQ-4. DISCHARGE IS A FIFT~ DEGREE ~OLYNOMIAL OF TIME. 
I~c5. DISCHARGE IS A PIECEwISE LINEAR FUNCTION OF UP TO 

8 SEGMENTS, 

FORTRAN EVALUATIO~ OF FUNCTIONS. 

C ••••• *.***.*.* ••••• * •• ** •• • ••••• ·.**.· •••••• • •• *.*·.· •••••••• **** •• *** 
COMMON AQ(b),TIC9),AI(9),SIC9),QST,CEI.TA,TSTAR 
GO TO (1,2,3,4,5), 10 

1 Q_Q8T.Cl,+OE~TA*EXP(.TIME/TST.R)1 
RfTURN 

i Q,QST*(1.+DEI.TA/(1,+TIME/T8TAR» 
RETURN 

3 QaQST*(l.+OELTA/SQRT(l.+TIME/TSTAR» 
RETURN 

" g,AQ(1)+TIME*(AQ(Z)+TIMEtCAQC1)+TIMe*(AQC4)+TIME.(AQ(Sl+TIME*AQ(b) l' » ) 
RETURN 

5 00 6 1-2,Q 
IF (TIME.LE.TICI» GO TO 1 

b CONTINUE 
l-Q 

7 QcAl(I)+SICI)*CTIME-TICI-l» 
RETURN 
[NO 

GPO 689-143 

CUN 51 
CON 52 
CON 53 
CON !54 
COlli S5 
CON 56 
CON 57 
CON 58 
CUN 59 
CON 60 
CON til 
CUN 62 
CUN Ell 
CON 64 
CUN 65 
CON && 
CON &7 
CON b8 
CO"-l bq 
CUN 70-

Q 1 
(,j 2 
Q 3 
Q 1.1 

Q IS 
Q 6 
Q 7 
f.J 8 
Q q 
Q 10 
Q 11 
Q 12 
Q 13 
Q 14 
Q 15 
Q 16 
Q 11 
Q 18 
Q 1 q 
f.J 20 
Q 21 
Q 22 
Q 23 
Q 24 
iii 25 
Q 2b 
Q i1 
Q 28 
Q iq 
Q 30 
Q 31 
iii 32 
Q n 
Q 34 
Q 35 
Q 36 
Q 31-

( 
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