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Stability and instability of the terrestrial protoplanet system 

and their possible roles in the final st<~ge of planet formation 

TAKASHI ITO and KIYOTAKA TANIKAWA 

National Astronom·ical Observatory. Mitaka, Tokyo 181. Japan 

tito@cc.nao.ac.jp 

A working scenario for the final stage of planet formation through the accumulation of pro
toplanets into planets is proposed. The basic idea is that the dynamical structure of the 
terrestrial and jovian planet regions are different, represented by the separation normalized 
by the Hill radius: jovian planets are dynamically independent whereas terrestrial planets 
are dependent on jovian planets. The adequacy of the hypothesis is checked numerically 
and theoretically in some aspects, especially notifying the instability time of the terrestrial 
protoplanet system. It is likely that the instability of the terrestrial protoplanet system was 
accelerated by perturbation by outer giant planets, which progress the evolution of proto
planet system into the present configuration of the planets. Secular resonance with Jupiter, 
though suppressed much by the mutual interaction among the protoplanets, enhances the 
eccentricities of protoplauets and increases the probability of dose encounters. Even only 
Jupiter exists without Saturn, secular perturbation is effective on the terrestrial protoplanet 
system. Due to the effect of secular perturbation by jovian planets, instability time of the 
terrestrial protoplauet system is limited to 106 years, at most 107 years, depending on the 
degree of mass variation among protoplanets. Timescale of instability also depends much on 
the initial velocity dispersion. Large random velocities and large mass distribution reduce 
the instability time and may accelerate the evolution. But too large velocity dispersion is 
not convenient to form the present nearly circular and planar orbits of Venus or the Earth. 
Although the full-detailed .IV-body simulations are necessary, it can be said that the pertur
bation from jovian planets on the terrestrial region has played a significant role in the final 
stage of planet formation. 

1 Introduction 

The origin of the present configuration of the solar system planets - mass, nwnber, and 
separation -- is not well understood. The problem of the separations among planets which are 

much sparser in the terrestrial planetary subsystem than in the jovian planetary subsystem, 

is particularly interesting in the viewpoint of planet formation theory and the stability of the 
planetary system. When we measure the planet separations by the mutual Hill radii RH, 

separations in the terrestrial region are more than 25RH whereaB those in the jovian region are 
about l5RH or less (Table I). The wide separation of planets may have kept them stable in I Table I I 
quite a long period, maybe the age of the solar system (Laskar 1994) although the motion of 

the planets shows chaotic behavior with positive Lyapunov exponents ( Sussman and Wisdom 
1988, 1992, Laskar 1990). Notification on the relationship between the instability time and the 

Lyapunov time has been reported (Lecar et al. 1992, Morbidelli and Froeschle 1996). There 
are some ideas to explain the separation by the dynamical evolution after the planetary system 
haB been fom1ed (e.g. LMkar 1997). but it will be more natural to consider that the origin of 
the planetary separation is ascribed to the formation process of the planets. 

Recently the size of simulations on the planet accretion becomes larger, and more realistic 
owing to the development of special-purpose hardware (Sugimoto et al. 1990, Ebisuzaki et al. 
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1993. Makino et al. 1997) and software algorithms (Makino 1991. Makino and Aarseth 1992). 
According to the latest results. a number of mcditm1-sizcd protoplanets would be fom1ed having 
nearly equal separations with low eccentric orbits in the final stage of planet accretion through 
the runaway growth in the swarm of planetesimals (Kokuho and Ida 1998). Typical mMs of 
the protoplanets is 0.lM-? rv 0.2M'7' at a = lAU. where M8 is the nrn . .c;s of the Earth and a 
i.c; the semimajor axi.c;. Typical separation between the protoplanet.c; is around BRu imch as 
0.02AU rv 0.04AU at a= lAU (Note that the description ··10 Hill radius (lOru) of .c;eparation .. 
in Kokubo and Ida ( 1998) is nearly equal to BR11 when mea.qm·ed by the mutual Hill radh1B. 
See Appendix). Orbits of protoplanets are nearly circular due to the equi-partition of energy 
(dynamical friction). and the growth of protoplanets slows down along with the decrea.c;e of the 
number of planetesimalR around each protoplanet. It makes the Rystem quite stable. and the 
timescale of evolution becomes longer after the stage of runaway growth of protoplanetR. The 
stability of equal-ma.c;s. equal-separated self-organized protoplanet system has been inve.c;tigated 
by Chambers et al. (1996). The .c;ystem can he approximated by a Han1iltonian system since the 

frequency of physical collision among particles becomes less. Hence it is meaningful to consider 
the late stage of planet fom1ation which conBists of medium sized protoplanets as a Hamiltonian 
system. and to analyze it by the traditional method of celestial mechanics. It will be beneficial 
because the Hamiltonian dynamics can be handled for very long timespan with high accuracy. 

In this paper our target is the final stage of planet formation. We investigate the motion of 
_protoplanets m1der the perturbation by the jovian planets using the numerical integration and 
the secular perturbation theory. Though there are some former researches which considered the 
formation stage of the terrestrial planets from the protoplanets (e.g. Lecar and Aarseth 1986). 

our approach has its novelty taking the effect of the secular perturbation from outside the ter
restrial region. We confim1ed that the secular perturbation by jovian planets. especially Jupiter 
and Saturn. can accelerates the instability of the terrestrial protoplanet system. Standing on 
the results of Kokubo and Ida (1998). Chambers et al. (1996) and our calculation, we propose 
a possible working hypothesis for the late stage of planet formation divided in three parts. ( 1) 

Runaway and slow-down of growth of protoplanets. (2) Dra.c;tic increase of mass of the jovian 
planets (Jupiter and Saturn) by rapid gas capture. (3) Instability of terrestrial protoplanet sys
tem due to the secular perturbation from the jovian planets. Difference of separations between 
the terrestrial planets and the jovian planets may be explained by the difference of formation 
process in the late stage we notice here. 

In Section 2 we give a brief summary on the previous researches of the planet accretion and 
their problems. Section 3 is devoted to show our results of calculation on the instability in 
the terrestrial protoplanet systems. Some more discussion is given in Section 4 on the secular 
perturbation by jovian planets. Section 5 goes on the discussion, implication and problems on 
the results. 

2 Late stage of planet formation in the terrestrial zone 

Here we review the late stage of planet formation through two phases: runaway growth of 
planetesimals into protoplanets, rapid gas capture of jovian protoplanets. Instability of the 
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tcrrcst1fal protoplanet system by the perturbation from jovian planets is suggested. 

Runaway growth of planetesimals into protoplanets. Runaway growth of protoplan
ets in the swarm of planetesimals arc recently well investigated by the gravitational N-body 
nummical Rimulations. As a result. protoplancts of nearly equal masses (0.lM-=1 ,_ 0.2M,s at 
lA U) with equal separations ( ,_ 8Ru ) are expected to fo11n. First we give a brief summary of 
the previous researches following Kokuho and Ida (1995. 1996. 1998) concerning the runaway 
growth of planetesimals into protoplanets. 

It. is generally accepted that terrestrial planets and the cores of jovian planets arc formed 
through t.he a<:cretion of planetesimals. Wetherill and Stewart ( 1989) found that the growth of 
planetesimals is dominated by the positive feedback called runaway growth by studying the co
agulation equation of planetesimals. The theory has been reinforced by the statistical approach 
and direct gravitational N-body simulations. Beginning from the homogeneous distribution of 
planetcsimru.s. runaway planetcsimalc; called protoplanets break the homogeneity by their strong 
gravitational. pertm-hation (Ida and Makino 1993). Neighboring protoplanets grow keeping their 
orbital separation about several R11 with low eccentricities by the orbital repul'lion mechanism. 
Increase of their ma.'ls makes them close gravitationally. and the protoplanets scatter each other. 
It leads to the increa.qe of eccentricities and orbital separation. Then. the dynamical friction 
among the planetesimals reduces the eccentricities of protoplanets while the orbital separations 
or semimajor axes remain almost the same. Typical separation of two neighboring protoplanets 

is about BRH ( or !Or 11) with weak dependence on the scmimajor axes. masses. and the surface 
number density of the planetesimals. Typical mass of the protoplanets is about 0.2M,s with 
the typical separation about 0.07AU at lAU. and 17M,s with the typical separation SAU at 
25A U when all the planetesimals are accumulated into protoplancts. In the case of terrestrial 
planets. the estimated ma.'ls and the orbital separation are still smaller than the present values. 
Some kind of instability had to make the protoplancts system unstable and collide with each 
other, and make them grow compellingly. Growth timescru.e of protoplanets becomes longer in 
the more distant region from the Sun. Protoplanets at near lA U reach the typical sizes and 
separations by around 104 ,_ lQ·j years. wherea.c; the cores of jovian protoplanets, especially 
those of Jupiter and Saturn. take 106 ,.,_, lOi years. 

Protoplanet system thus formed is quite stable since the orbits of protoplanets are nearly 
planar and circular. In this stage the number of planetesimals is decreased, which leads to 
the slow-down of growth of the planetesimals. On the stability of such protoplanet system. an 
intensive numerical study of Chambers. Wetherill and Boss (1996. hereafter called CWB) based 
on the detailed study of two-planet systems by Gladman (1993) gave an answer. They placed the 
equru.-mass protoplanets ( ··planetary embryos"' they call) with equal normalized separation in 
the planar orbits, and integrated them nun1erically. They measm-ed the instability time which 
is defined by the time till the occurrence of the first close encounter ( close approach within 
the mutual Hill radius). Then. the relationship between the logarithm of instability time T1 

and initial separation norn1alized by the mutual Hill radius is well approximated by the linear 
function. For example, consider the case when the twenty bodies with masses 1.0 x 10-7 M8 

(M;_, is the solar mass) locate initially having the equal separation of about lORn in circular 
orbits. It correspond'l to the situation in the terrestrial region described in Kokubo and Ida 
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(1998). In this case, results of CWB show that the instability time can be extrapolated. up 
to 106 rw 107 years with uncertainty of one order of magnitude due to the difference of initial 
distribution of longitudes. Actual three dimensional orbits may lengthen the instability time 
more. It may suggest that the terrestrial protoplanet system might keep global stability till the 
end of tbe formation of the cores of Jupiter and Saturn within 106 

rw 107 years, though local 

instability might occur. 

Rapid gas capture of jovian protoplanets. Unlike terrestrial planets, jovian planets have 
been formed from significant quantity of the gas of the solar nebula around the solid core 
accumulated from the planetesimals. When the mass of the jovian cores exceeds a limit, the 
gas around the planets begins to fall in due to their strong gravitational attraction (Mizuno 
et al. 1978, Mizuno 1980). This limit of mass is called the critical core maas. Bodenheimer 
and Pollack· (1986) carried out an evolutionary calculation of the core instability model. They 
showed that the accretion rate gets much larger than that of planetesimals when the mass of the 
core exceeds the critical core maas. This instability is considered to be the cause of the formation 
of atmosphere of the jovian planets. Calculations of the runaway growth of protoplanets indicate 
that the estimated mass and the orbital separation of the protoplanets in the jovian region may 
be consistent with the present configuration: the sizes of protoplanets in the jovian region is of 
the same order with the critical mass of the cores of Jupiter and Saturn, and with total ma.c;s of 
Uranus and Neptune with less ga.c; envelope. Upper limit of the timescales of rapid ga.c; capture 
is considered to be 106 

rw 107 years according to the numerical calculations (Pollack et al. 1996, 
Tajima 1998). 

Instability in the terrestrial protoplanet system. Separation, number and mass of the 
protoplanets in the terrestrial region which are quite different from the present configuration 
give us a problem, not easily solved; their sizes and normalized separation must become larger, 
and their number becomes less toward the present state. Evolutionary timescale may be too 
long to form the terrestrial planets within a realistic period as implied by the research of CWB. 
It is necessary to introduce some kinds of instability mechanism. We expect that rapid increase 
of mass of Jupiter and Saturn by gas capture enables their secular perturbation to be effective 
in the terrestrial region. In the next section we investigate how stable or unstable the terrestrial 
protoplanet system is, and measure the instability time, extending the numerical experiments 
ofCWB. 

3 Stability of the terrestrial protoplanet system 

Two kinds of systems· are investigated: autonomous protoplanet systems without perturbation 
from outside, and protoplanet systems perturbed by jovian planets. We consider two cases as 
perturbed protoplanet systems. One is perturbed by both Jupiter and Saturn, and the other is 
perturbed only by Jupiter. Effect of initial velocity dispersion and mass distribution are also 
included. 
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3.1 Models and methods 

We place ten to twenty protoplanets whose total mass is about 2Me ( close to the total mass 
of the present terrestrial planets) in the region of terrestrial planets, beginning at a1 = 0.25A U 
to 0.5A U with equal separation D.. x Rn. a1 is the semimajor axis of the innermost protoplanet, 

and a parameter D.. controls the planetary separation. Semimajor axis of the i+ 1-th protoplanet 
is detennined by an implicit relationship ai+l = ai + D.. x R¼i+l. See Appendix for definition 
of R~+l. Spatial distributions of protoplanets differ from model to model. a1 is adjusted from 
model to model so that the spatial distribution of the protoplanet does not overlap the zone of 
mean motion resonance with· Jupiter. especially 5:1 resonance at near a = l.BA U. Number of 
protoplanets is denoted by N. 

Integration is continued until the first close encounter happens somewhere in the system. We 
define that a system experiences a close encounter when either two bodies approach one another 
within the size of the larger activity sphere ( the sphere of influence). ( m/ M0 ) ¾ d where d is the 
heliocentric distance (Danby 1992). Within the activity sphere. it may be dynamically natural 
to consider a protoplanet as moving in an orbit around another protoplanet, instead of the 
Sun. The quantitative results are not largely affected if we change the critical distance from the 
radius of the activity sphere to the Hill radius, ( m/3Mt:_;) ½ d. All celestial bodies are handled as 
point masses. No consideration for relativity. tidal forces, gas drag. and other non-gravitational 
or dissipative effects are taken into. When the system does not experience any close encounters, 
integration is terminated after 5 x 10 7 years. 

We utilized the second order symplectic mapping as the integration method (Wisdom and 
Holman 1991. Kinoshita et al. 1991) with a special start-up procedure to reduce the truncation 
error of angle variables. --warm start" (Saha and Tremaine 1992. 1994). Symplectic mapping with 
wann start is quite a fast and accurate tool for numerical integration of perturbed dynamical 
systems. We used fixed stepsizes from five to ten days. depending on a1. The integration seems 
to he accurate enough until the first close encounter occurs: for example, the averaged relative 
errors of total energy ( {8E/ Eo) ""' 10-9 where 8E is the maximum change of the total energy 
and Eo is its initial value) and of total angular momentum ( (8L/ Lo) rv 10-14 where 8L is the 
maximum ·change of angular momentum and Lo is its initial value) are kept nearly constant 
until the first close encounter. Warm start reduces the averaged relative error of the total energy 
by one order of magnitude or more in this case compared with the symplectic mapping without 

it. 
It is difficult to apply the symplectic mapping to the situations with a lot of close encounters 

among celestial bodies in general. Although several methods are proposed to handle close 
encounters (Levison and Duncan 1994. Mikkola 1997), we did not adopt them here since we 
concentrate on measuring the instability time defined by the period till the first close encounter 
as the typical timescale of the evolution of the system. Calculation of instability time or making a 
CWB-type diagram is only equivalent to draw a snapshot of the protoplanet evolution. However, 
though accurate calculations which handle scattering and collision of protoplanets under the 
effect of jovian planets is absolutely necessary. we consider that it is possible to make a successive 
story on the late stage of planet formation by inspecting the nun1erical results on the instability 
times for various dynamical models. 
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3.2 Initial conditions 

The velocity dispersion of protoplanets formed through the runaway accretion of planetesimals 
is one of the key parameters for the instability time. The initial distribution of eccentricities e 
and inclinations I of planetesimals is reasonably represented by the Rayleigh distribution with 

the probability density function (Ida and Makino 1992) 

f(e)de2 = (~) exp (- (::)) de
2

, f(l)dr2 = (~) exp (- (~)) dl
2

• (1) 

1 1 
with dispersions ( e2) 2 and (12) 2 , respectively. We assume that the protoplanets formed through 
the runaway ~owth of planetesimals also obey the Rayleigh-type distribution, and satisfy 

1 1 
( e2) 2 = 2 (12) 2 • According to the results of numerical N-body simulations (Kokubo and Ida 

1 1 1 

1998), (e2) 2 is less than 0.005. In the terrestrial protoplanet system, (e2)2 = 2(12):! = 0.005 
1 

is nearly equal to lh where h = r H / d = ( m/3M0 ) s is the reduced Hill radius. When 
m = 0.lMe = 3 x 10-7 M0 , we have h = (3 x 10-7 /3)½ = 0.0046. 

The initial values of the mean anomaly are selected randomly from a uniform distribution 
subject to the constraint that the longitudes of bodies on adjacent orbits differ by at least 
20°. The initial values of the longitude of perihelion w, the longitude of ascending node O are 
randomly selected from 0° to 360°. 

Dependence of the instability time on the initial orbital elements (eo, wo, Io, Oo, lo) becomes 
larger when the velocity dispersion increases compared with the case with initially planar and 

1 l 

circular orbits. In the case of ( e2) 2 = 2 (12) 2 = 0.005, variation range of the instability time 
is of one to two orders of magnitude depending on the initial coordinate (Fig. l(a)). We have I FIG. 11 
to perform several integrations and get average of the results for quantitative discussion. Note 
that we have adopted the logarithmic averaging since the data show nearly uniform distribution 
on the log-scale graph. We hereafter call the diagram of (~, log T1) the CWB diagram. 

Logarithmic average of the instability times seems to converge to a unique value when the 
number of repetition for the random initial orbits increases. We can see that five to ten times 
of repetition produce nearly the same averaged values in Fig. 2. So we plot the CWB diagrams I FIG. 2 I 
using four to five initial conditions in the following sections. In some region of large ~ which 
needs quite a long time for calculation we have plotted two or three points and averaged them. 
We also consider the mass distribution of the protoplanets for two cases: small or no variation of 
mass, and large variation of mass. We consider the uniform distribution of protoplanet masses. 
For example, one of the cases of small mass variation corresponds to 2.5 x 10-7 M0 < m < 
3.5 x 10-7 M0 with the average mass {m) = 3.0 x 10-7 M0 . A case of large mass variation 
corresponds to 2.0 x 10-7 M0 < m < 8.0 x 10-7 M0 with the average mass (m) = 5.0 x 10-7 M0 . 

Distribution function of protoplanet mass is one of the key factors to determine the evolutionary 
timescale of protoplanets into planets, and future individual researches are needed. 

3.3 Autonomous protoplanet systems 

Autonomous systems here denote the protoplanet systems without any perturbation from 
outer giant planets. On the stability of the autonomous protoplanet systems, detailed investi
gations have been done in CWB in the case of planar and initially circular orbits. Since the 
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present separation of the terrestrial planets is larger than 25Rn (Table I), we extended the 
CWB diagram up to 6. = 17 of the autonomous systems. Extension to the three-dimen.~ional 
case does not change the qualitative feature of log T1 ex 6. (Fig. 3(a) ). The instability time 
seems to become limitlessly longer when 6. increases. I FIG. 3 I 

We can list two major causes of the instability of autonomous protoplanet systems: the veloc-
ity dispersion (random velocities coming from {e} and {J}) of the protoplanets, and the mass dis-
tribution of the protoplanet. Dependence of the instability time on the initial velocity dispersion 

1 1 
is large. Figure l(b) shows the averaged CWB diagram of {e2) 2 = 2 (12) 2 = 0.005.0.010,0.015, 
and 0.020 for 4 < 6. < 10. The lines denote the logarithmic average of the results of ten integra-

1 1 
tions for each set of initial velocity dispersion. In the case of (e2) 2 = 2 (J2) 2 = 0.015 = 3.26h, 
instability time is reduced by one order of magnitude or more compared with the case of 

1 1 

(e2
) 2 = 2 (12

) 2 = 0.005 = 1.07h. The non-equal ma.~s distribution also reduces the insta-
bility time of the autonomous protoplanet system. This is a.c;cribed_ to the energy equi-partition 
by which the velocity dispersion of the small-mass bodies goes up. and enhanced eccentricities 
increase the probability of close encounters (CWB). 

As the evolution of protoplanet system goes on, the velocity dispersion and mass distribution 
would be enhanced. These two facts accelerate the instability of the protoplanet system and the 
evolution into the present planetary system. However, collisional evolution of the protoplanet 
system means that the total number of the bodies decreases and the averaged mass of the bodies 
increases. Decrease of the total nun1ber of protoplanets reduces the probability of encount.ers, 
which will lead to the deceleration of the instability. Also, according to the numerical results 
of CWB, increase of average mass causes the increase of the instability time because it seems 

1 1 
that an appropriate unit of distance in the multi-body case varies as m:r instead of ma ex Ra. 

1 

An extreme example of the numerical results in the ca.c;e of high velocity dispersion ( ( e2) 2 = 
1 

2 (12) 2 = 0.015) and large mass distribution (2.0 x 10-1 M.~ < m < 8.0 x 10-7 M0 with the 
average mass (m} = 5.0 x 10-7 Me:,) is shown in Fig. 3(b). In this case. the instability times 
can be extrapolated to nearly 107 years at 6. rv 17. and will be longer toward the present 
value of 6. > 25. In addition. too large velocity dispersion can prevent the planets produced 
by the accumulation of protoplanets from having nearly circular and planar orbits since the 
velocity dispersion must increa.c,e through collision and scattering among protoplanets. The 
present eccentricity of the Earth is as small as 0.0167 which is equivalent to 1.67h, and that 
of Venus is 0.0068 = 0. 73h. Though the enhanced eccentricities and inclinations must be 
calmed down by some kind of dissipative mechanism such as gas drag by the solar nebula, 

1 1 
(e2)2 = 2 (12) 2 = 0.015 = 3.26h may be an extreme estimation. Actual timescale of instability 
would lie between the midpoint of the two extrema of low and high velocity dispersion cases. 

As for the autonomous planetary systems, present jovian planetary system is actually a typ
ical example. It is not under any perturbation by more massive perturbers. Their separations 
are similar to those of the terrestrial protoplanet system, 8 < 6. < 14 (Table I). The velocity 
dispersion is small, e.g. the eccentricity of Jupiter is 0.0485 = 0. 7h. They have large mass vari
ation such as Saturn/Uranus /",J 6.54. Results of the long-tem1 nun1erical integration (Kinoshita 
and Nakai 1996) and the high-order theory of secular perturbation (Laskar 1996) show that the 
orbits of jovian planets are stable for over 1010 years, about 109 revolutions of Jupiter. This 
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may be another indirect testimony which indicates the stability of the autonomous protoplan~t 

systenis with small velocity dispersion. 
Thus ·the autonomous protoplanet system is too slow to evolve into the present form of 

planets. We have to take into account some kind of acceleration mechanism for instability in 
the growth process. of terrestrial protoplanet systefo. In the following sections we perform the 
numerical experiments for measuring the, instability time of protoplanet systems perturbed by 

jovian planets, mainly in the case of small velocity dispersion. 

3.4 Perturbed protoplanet systems 

3.4.1 Restricted cases 

We perfom1ed some numerical experiments to examine the stability of the perturbed proto
planet systems under the disturbance of Jupiter and Saturn. Initial orbital elements of Jupiter 
and Saturn are taken from DE245 of JPL/NASA (cf. Standish 1990). We do not consider the 
effect of dynamical growth ( increasing mass) or the migration ( secular change of the semimajor 
axes) of jovian planets. Masses ofjovian planets are fixed in our calculation. 

On the orbital evolution of small particles under the perturbation by more massive bodies, 
we first think of the purely restricted problems which handle the motion of massless particles 
like artificial satellites. asteroids, or comets. The mass ratio of Jupiter to protoplanets is more 
than 103 to 104, so it would seem reasonable to consider them as the restricted problems, which 
is soon proved to be incorrect. But it is still meaningful to know the behavior of the restricted 
cases to understand the similarity and difference from the non-restricted cases. So at first we 
briefly explain some characters of the restricted cases. 

In the case of the restricted problem under the perturbation by Jupiter and Saturn, secular 
resonance is one of the most important causes of the enhancement of eccentricities of the per
turbed bodies. In particular, the synchronized oscillation of the longitudes of perihelion w of 
the perturbed body and Jupiter with the period of about 300000 years is important. It is called 
the secular resonance 115 where the secular frequency of the massless particle becomes equivalent 
to one of the planetary basic frequencies, 95 (Williams 1969). 95 is close to the frequency of 
the circulatory motion of Jupiter's longitude of perihelion, WJ. Mean motion resonances with 
Jupiter or Saturn do exist, but the regions are mainly in the midst of a8teroidal belt, away from 
the orbit of Mars. 

In general, when there are n perturbers in the planetary system, the semimajor axis a of the 
perturbed body at which secular resonance occurs can be determined by solving the following 
equation derived from the linear theory of secular perturbation (Brouwer and Clemence 1961, 
Gomes 1997) 

g;=¼ ~ :tmfb~~~(a;)=:g(a) (i=l,···,n), V Ai; j a, 
(2) 

where G is the gravitational constant, mi and ai are the mass and the semimajor axis of the 
j-th perturber, b~j2 is the Laplace coefficient, and Ctj = a/ai. 9i(i = 1, · .. , n) are the basic 
planetary frequencies that are functions of mi and ai. To get the zone of secular resonance 115, 

we put 9i = 95 in the left-hand side of Eq. (2), and solve for a. Then we get a= 0.72AU as the 
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semimajor axis of secular resonance v.5 in the case that the four jovian planets are perturbers. 

A solid line named ··JSUN" in Fig. 4 represents the secular frequency 9(a) as a function of I FIG. 41 
semimajor axis a under the perturbation from four jovian planets. Intersection of the solid line 
and the dotted line named --9.5'' indicates the semimajor axis of the secular resonance v5• 

The value of 9.5 is little modified even when we remove two outer jovian planets (Uranus and 
Neptune) from the system because of their smaller mass than the two inner planets. Hence in 
most of our numerical calculation, we have neglected Uranus and Neptune to reduce the amount 
of calculation. · It is not unreasonable becam~e the formation timescale of the outer part of jovian 
planets is considered to be fairly long. Existence of Uran us and Neptune would become effective 
only in the very latest stage of the planet formation for the terrestrial protoplanet system. Note 
that the value of 9.5 is somewhat different depending on whether we consider or not the term 
derived from the 5:2 mean motion commensurability between Jupiter and Saturn called '"the 
great inequality" into the original disturbing function in the procedure of getting the basic 
planetary frequencies gdi = L · · ·. n) (Hill 1897. Brouwer and van Woerkom 1950). If we omit 
the effect of the great inequality. the value of g5 becomes smaller by several percent, and the 
location of v5 shifts inward. The fact. though not of much qualitative significance, is clearer 
in Section 4 where comparison between the numerical integration and the secular perturbation 
theory is performed. 

One of the results of the numerical integration is Fig. 5. showing the time evolution of I FIG. 5 I 
eccentricities of several massless particles (a = 0.40AU, 0.68AU, 0.72AU, 0.76AU, 1.22AU) 
under the effect of Jupiter and Saturn. The largest eccentricity which exceeds 0.5 is that of 
a particle close to the zone of the secular resonance v5 (a = 0.72AU). Eccentricities are large 
near around v.5 zone (a= 0.68AU and a= 0.76AU). but rapidly decrease as the particles leave 
the resonance area (a= 0.40AU and a= 1.22AU). Thus the width of the secular resonance v5 

is not so wide. The relationship between eccentricity and difference of longitude of perihelion 
(e. w - WJ) clearly shows the feature of secular rmmnance (Fig. 6(a) ). w - WJ librates around I FIG. 6 I 
180°, and the eccentricity of the perturbed body is pumped up to 0.5 toward the libration 
center. 

Enhancement of the eccentricity in the secular resonance area is well reproduced by the 
semi-analytical equi-Hamiltonian map as in Fig. 6(b). Based on the averaging theory by Lie 
transformation (e.g. Hori 1966, Deprit 1969), the Hamiltonian can be averaged in terms of the 
fast moving variables, and degrees of freedom can be reduced to one if we assume that only 
Jupiter affects the protoplanets and its orbit precesses uniformly keeping the ellipse fixed in the 
invariable plane; the system can become integrable up to the first order approximation (Nakai 
and Kinoshita 1985). Then we can track the motion of a massless particle under the secular 
perturbation by Jupiter along the contours of equi-Hamiltonian map. Figure 6(b) shows a good 
agreement with the result of numerical integration (Fig. 6(a)), and indicates that a particle with 
initially small eccentricity can have quite a large value by the secular resonance with Jupiter. 

However, such a large amplitude of eccentricity of protoplanets is not convenient to make the 
present terrestrial planets which have nearly circular orbits. Thus the approximation by the 
superposition of restricted problems seems to be excluded. 

-9-



3.4.2 Non-restricted cases with small mass variation 

The actual behavior of the protoplanets with non-zero mass is different from the one deduced 
from the superposition of restricted problems. When we take the finite mass of the protoplanet 
into account, their own existence "blocks" the effect of secular resonance by Jupiter and Saturn: 
Let us consider a case with Jupiter, Saturn, and several protoplanets as perturbers, not as 

perturbed bodies. In this case, we can again solve Eq. (2) and get the secular frequency as a 

function of semimajor axis. The oscillatory line in Fig. 4 named "20 protoplanets + JSUN" 

illustrates the (a, g(a)) diagram of the system with twenty protoplanets with equal masses 
(m = 3 x 10-1 M0 = 0.lMe) and equal separation !::,. = 14, Jupiter, and Saturn. A simple 
theory of linear perturbation used here is not applicable in the area very close to the position 

of perturbers; there are singularities around the semi~ajor axes of perturbers (singularities 

in calculating the Laplace coefficients b~ ~~ ( a i) at a i _. 1). But it is clear that the zone of 
the secular resonance v5 migrates far inward from Jupiter due to the mutual interaction of 
protoplanets themselves. The variation amplitude of eccentricity by vs must be much smaller 
than the case of the restricted problems. This can be seen in the equi-Hamiltonian map (Fig. 
6(c)). We placed twenty protoplanets with circular orbits as perturbers in addition to Jupiter, 

and averaged the Hamiltonian of a massless particle near the zone of v5, a = 0. 72A U. In this 
case, no libration region is seen in the ( e, ro - ro J) diagram. It means that the secular resonance 
vs with Jupiter is suppressed to a large extent. Variation amplitude of eccentricity becomes 
much smaller. Actually it is not a correct approximation to consider protoplanets as perturbers 
since their orbits moves under the perturbation from jovian planets. In a word, protoplanets 
act as perturbers as well as perturbed bodies in the actual system. But the suppression of the 
secular resonance, _in the protoplanet system is also realized in the numerical integrations later, 
which shows some validity of the approximation. 

As mentioned in the previous section, too large eccentricities of the protoplanets are not 

convenient to explain the low eccentricities of the present terrestrial planets, especially Venus 

and the Earth. Protoplanets with non-zero mass prevent themselves to suffer from too strong 
secular resonance with jovian planets, and keep their eccentricities moderately low. Secular 
resonance with Jupiter will be again important and effective when the mutual interaction of 
protoplanets is weakened due to the creation of mass distribution. 

One of the CWB diagrams in the case of perturbed protoplanet systems (N = 17) with 
1 1 

Jupiter and Saturn having small velocity dispe~sion ( (e2) 2 = 2 (12) 2 = 0.005) and small mass 
variation (2.5 x 10-7 M0 < m < 3.5 x 10-7 M0 , (m) = 3.0 x 10-7 Md is shown in Fig. 7(a). 

Small variation of spacing is also added between 0.81::,.RH and 1.2/::,.Rn. Compared with the I FIG. 7 I 
autonomous case (Fig. 3(a)), the instability time is little shorter in low!::,. region. There seems a 
little reduction in T1 in high/::,.(> 17) area, but the absolute value of the instability time is near 
107 years. Little reduction in the instability times is probably due to the prevention effect by the 
mutual interaction among protoplanets from secular resonance with Jupiter mentioned above. 
Figures 7(b) and 7(c) show the semimajor axis and the serial nun1ber of the inner protoplanets 
of the pair which exhibited the first close encounter, respectively. Inner protoplanets are likely 
to be unstable earlier than the outer ones, possibly because of their short timescale of revolution . 

. In the numerical calculation for Fig. 7 we have reduced the number ofprotoplanets to N = 17, 
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from N = 20 in the case of autonomous system (cf. Fig. 3). This is to avoid the confusion of 
the effects of secular resonance and mean motion resonance (a little more discussion is given 
in Section 5). To explain this, we performed some numerical experiments which is similar to 
N = 17 case in Fig. 7 but with three additional protoplanets, N = 20. One of the resulting 
CWB diagrams is shown as Fig. S(a). Figures S(b) and S(c) show the semimajor axis and the I FIG. 8 I 
serial number of the inner protoplanets of the pair which exhibited the first close encounter, 

respectively. Inner protoplanets are likely to be unstable earlier than the outer ones. But in large 
fl. area as fl. > 18, furthermost protoplanets become selectively and rapidly unstable. Semimajor 
axes of the furthermost protoplanets reach around 1.8A U when fl. > 17 in this case, near the 
5:1 mean motion resonance with Jupiter (Fig. S(b)). As well as the famous 2:1 or 3:1 mean 
motion resonance with Jupiter. 5:1 resonance is also strong enough to enhance the eccentricities 
of the perturbed bodies which immediately leads to close encounters among neighboring bodies 

(Yoshikawa 1989). Mean motion resonance itself is quite a significant problem, and must have 
occurred. It would be the cause of the gaps in the asteroidal belt and of the enhancement of the 
random velocity of asteroids. But here what we are interested in is the instability time of the 
terrestrial protoplanet system which may have produced the Earth or Venus. So we concentrate 
on the secular resonance v5 which can be effective within the orbit of Mars, instead of the mean 
motion resonances with Jupiter mainly effective in the asteroidal belt. 

Figure 9 shows some more detailed look at the orbital evolution of protoplanets for the first I FIG. 9 I 
500000 years in the system calculated for the CWB diagram of Fig. 7(a) at fl. = 13.0. Resonance 
with the motion of Jupiter's perihelion is only slightly recognized. Enhancement of eccentricities 
is small. Dynamical link among protoplanets are strong enough to "block" the effect of the 
secular resonance v5 at the nan·ow separation of fl. = 13.0. On the other hand at fl. = 19.0, 
resonant motion of perihelia becomes clearer, and the enhancement of eccentricities are larger 
with the period of 300000 years (Fig. 10); it is the secular resonance v5. As the spacing among I FIG. 10 I 
protoplanets becomes larger. dynamical interaction an1ong protoplanets becomes less, and the 
blocking effect of protoplanet system against the secular resonance may thus be weakened. 
A little reduction of the instability time in high fl. region in the CWB diagram (Fig. 7(a)) 
compared with the autonomous systems is probably the result of such kind of forced increase 
of eccentricities by the secular resonance. 

Secular resonance in the case of protoplanet system with finite mass thus described is quite 
interesting in itself. Unlike the restricted problems, perihelia of many of the protoplanets 
move together; not only their frequencies are nearly the same, but also their phases are nearly 
synchronized with Jupiter in spite of the initially random distribution of the perihelia. Their 
eccentricities also show similar concurrence. They vary almost simultaneously, though their 
amplitudes are still much smaller than the case of restricted problems. We will mention a little 
more on the secular resonance in the protoplanet systems in Section 4. 

3.4.3 Larger mass variation 

Growth of protoplanets into planets does not proceed keeping the state of equal-mass; they 
would have produced some degree of mass distribution among them. Mass ratio among the 
present terrestrial planets (Earth/Mars /'J 10. or Earth/Venus /'J 1.2) implies that the proto-
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planets themselves may have experienced a kind of runaway accretion processes toward the 
present planets as well as the planetesimals are considered to. In this case the Earth and 
Venus would be ··runawayed" particles, and Mercury and Mars would correspond to remained 
particles. Variation of mass causes the enhancement of eccentricities of lighter bodies through 
the equi-partition of energy (dynamical friction) which leads to the overall reduction of the 

instability time. 
Mass distribution of the protoplanets, not only causes the enhancement of random velocity 

through the dynamical friction, but also contributes to make the secular perturbation effective in 
the protoplanet system. Figure ll(a) shows a CWB diagram of perturbed protoplanet systems I FIG. 11 
with large mass variation 2.0 x 10-7 M0 < m < 8.0 x 10-7 M0 with the average mass (m) = 
5.0 x 10-7 M(:J under the effect of Jupiter and Saturn. N = 14 in this case. In 6- > 10 area, 
we can recognize that the instability·times are bounded under 106 years. It is considered to be 
owing to the effect of secular perturbation by jovian planets. Figures ll(b) and ll{c) show the 
semimajor axis and the serial number of the inner protoplanets of the pair which exhibited the 
first close encounter, respectively. Note that the effect of mean motion resonance with Jupiter 
becomes dominant in~ > 16 area. Furthermost protoplanets near 5:1 commensurability with 
Jupiter become selectively and rapidly unstable (Fig. ll{b)). There is another interesting 
point that the concentration of the location of close encounters near the inner boundary of the 
protoplanet system is not remarkable compared to the case of small mass variation ( cf. Fig. 
7{b) and S{b)). The randomness of the location of close encounters is probably due to the effect 
of energy equi-partition; eccentricities of small protoplanets are enhanced, which leads to close 
encounters. 

Evolution of the orbital elements of 14 protoplanets at 6- = 13.0 is shown in Fig. 12. Here I FIG. 12 
the character of the secular resonance v5 is clearer than the former case of small mass variation 
at the same 6- (Fig. 9). Synchronization of the longitudes of perihelion is more rigorous, and 
300000-year oscillation of eccentricities is apparent. Degree of enhancement of eccentricities 
is larger than the system with small mass variation, which is probably the direct reason of 
reduction in the instability time. 

Individual plots of each eccentricities and longitudes of perihelion give more information ( Fig. 
13). Behavior of neighboring protoplanets are similar, but varies little by little from inner to I FIG. 13 
outer. In the motion of eccentricity, the 300000-year oscillation is clearer in the inner part of the 
protoplanet system. In the outer part of the system the amplitude of the 300000-year oscillation 
in eccentricities is weak, and the oscillation with shorter periods is dominant. In the motion of 
perihelion, near 1:1 or 2:1 secular resonance with Jupiter is apparent in all region. As long as 
the synchronization of perihelion movement is concerned, width of the secular resonance with 
Jupiter is more than lAU which is wider than in the restricted cases. 

Detailed and analytic explanation of such characters of the secular resonance in the proto
planet systems is not yet done, but now under our investigation. Instead, qualitative behavior of 
synchronization of perihelia or eccentricities has been reproduced by the first order perturbation 
theory as described in the next section. 
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4 Secular perturbation by the jovian planets 

4.1 Secular resonance v5 

As mentioned in the previous sections. secular resonance v5 exerting on the protoplanet 

system is characterized by the concu1Tent motion of perihelia and eccentricities of protoplanets 
and Jupiter. although the amplitude is largely suppressed by the mutual interaction among 

protoplanets compared with the restricted cases. Synchronized motion of protoplanets shown 

by the numerical integration is qualitatively reproduced by the first-order perturbation theory. 

Given the initial orbital elements (ai,O· ei,O• Wi.O· ho. Oi,o) and mass mi of the i-th body. the 
evolution of the orbital elements is expressed up to the first-order (O(m)) approximation of the 

disturbing function and second-order of eccentricity and inclination (Brouwer and van Woerkom 
1950) as. 

V N 

ei sin Wi = L Mj sin(gjt + /3j ). ei cos Wi = L M/ cos(gjt + /3j ). (3) 
j=l j=l 

where N is the total number of the celestial bodies excluding the central star. The characteristic 

eigenfrequencies ( basic planetary frequencies) 9i are functions of masses mi and semimajor axes 
ai. and they are obtained by solving the eigenvalue problem of N x N matrix derived from the 

equations of motion. Corresponding eigenvectors M/ and /3i are determined by the initial values 
(ei.Q. Wi.Q. ho, Oi.o). Equations and solutions for Ii and Oi can similarly be obtained. One of 
the resulting motions of perihelia and eccentricities starting from the san1e initial conditions 

with those of the numerical integration is shown in Fig. 14. Compare them with the results I FIG. 14 I 
of numerical integration (Fig. 12). Synchronization of the eccentricities and longitudes of 

perihelion is well reproduced. but the amplitude of the eccentricity variation is smaller than the 
numerical integration. Note that the oscillation period of perihelia and eccentricities becomes a 
little longer ( about 360000 years) than the nun1erical integration ( about 300000 years). This is 

due to the neglect of the great inequality in the linear secular perturbation theory we used here 
as mentioned in the previous sections. Neglect of the great inequality reduces the value of 95 a 

little. so the period of v5 oscillation (21r/g5) becomes longer. Quantitative difference between 
the numerical integration and the secular perturbation theory indicates that the mechanism 

of secular resonance in the protoplanet system is largely affected by higher-order interaction 
(O(m2)) among protoplanets. 

Concurrent motion of perihelia is also the case for the particles in the elliptic rings of U ranu.~ 
shepherded by the nearby satellites (Kozai 1992, 1993). In the elliptic rings of Uranus. small 
particles are considered to be under the secular perturbation by the shepherding satellites. 

equatorial gravitational oblateness (h) of Uranus. and the Sun. Their perihelia are considered 

to move together with that of the inner and the outer shepherding satellites. The biggest 
difference is that the synchronization phenomena in the protoplanet system is also caused by 
the mutual interaction among protoplanets: protoplanets seem to shepherd each other, whereas 
the particles in the elliptic rings of Uranus seem simply to be shepherded by the perturbing 
satellites without little interaction among them. 
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4.2 Perturbation by a single perturber 

In the actual solar system, there must be some time-lag after the formation stage of Jupiter 
till the formation stage of Saturn due to the difference of their distances from the Sun. In the 
meantime there is only Jupiter as a perturber, orbiting on nearly fixed ellipse. In this case, 
secular resonance v5 cannot occur because the perihelion of Jupiter does not move without 
the existence of Saturn. However, we show that the existence of a single perturb er does affect 
the motion of protoplanets through an interesting resonance-like mechanism. We integrated 
a protoplanet system under the effect only of Jupiter. Figure 15 shows the time variation of I FIG. 15 I 
eccentricities and perihelia of the protoplanets initially placed on the same orbits as in the two-
perturber case, Fig. 12. The perihelion of Jupiter is nearly fixed in the inertial space (actually 
it moves very slowly due to the interaction with protoplanets). Nevertheless there appears 
some synchronization again in the motion of perihelia and eccentricities of protoplanets with 
the period of about 150000 years. As the perihelia of protoplanets oscillate, their eccentricities 
increase up to 0.03, which is smaller than the two perturber case as in Fig. 12. 

Individual plots of eccentricities and longitudes of perihelion again give more information 
(Fig. 16). Behavior of neighboring protoplanets are similar, but varies little by little from inner I FIG. 16 I 
to outer. In the outer protoplanet system, 15000-year oscillation is not remarkable, and the 
perihelia of protoplanets are likely to librate around the fixed perihelion of Jupiter, instead of 
circulation as in the inner protoplanet system. Libration of perihelia of the protoplanets is a 
character which was not seen in the case of the two-perturber cases. 

The synchronization phenomenon in the single-perturber system is also well reproduced by 
the first-order secular perturbation theory (Fig. 17) as well as in the two-perturber system. I FIG. 17 I 
Compare them with the results of numerical integration (Fig. 15). Libration of perihelia is also 
seen in the result of secular perturbation theory, but the an1plitude of eccentricities is smaller 
than the numerical integration. The oscillation period of perihelia and eccentricities becomes a 
little shorter than the case of numerical integration. 

The enhancement of eccentricities should affect the instability time of protoplanet systems. 
The corresponding CWB diagram confirms our expectation (Fig. 18(a)). Logarithmic average I FIG. 18 I 
of the instability times is somewhat lower than what is expected from the linear trend seen 
in the autonomous systems in large /::i region. It implies that the instability of the terrestrial 
protoplanet system may be accelerated just after the formation of Jupiter has been finished, 
not waiting for the formation of Saturn. Figures 18(b) and 18(c) show the semimajor axis and 
the serial number of the inner protoplanets of the pair which exhibited the first close encounter, 
respectively. The randomness of the location of close encounters is similarly seen as in the 
two-perturber case, Fig. ll{b). 

Synchronization of perihelia does not occur if the mutual interaction among protoplanets does 
not exist (i.e. restricted cases) as in Fig. 19. Figure 19 shows the time evolution of longitudes I FIG. 19 / 

of perihelion and eccentricities by the secular perturbation theory of 14 massless protoplanets 
under the effect only of Jupiter. Massless particles which locate on the same initial orbits as 
in Fig. 17 show no synchronization in the motion of perihelia nor eccentricities. As for the 
restricted cases, the situation - eccentricity of a perturbed body is enhanced according as the 
oscillation of perihelion under the effect of Jupiter orbiting on the fixed orbit - is similar to 

-14-



the so-called .. Kozai resonance'· (Kozai 1962, Thomas and Morbidelli 1996). But the Kozai 

resonance is a different kind of phenomena from the synchronization in protoplanet systems. 

The Kozai resonance occurs in three-dimensional, highly inclined orbit of a test particle, whereas 
the synchronization of the orbits of the protoplanet system occurs in nearly two-dimensional 

(planar) cases. Moreover. we have confirmed that the synchronization of perihelion motion 

and the enhancement of eccentricities do not occur if the orbit of Jupiter is circular (Fig. 20). 

Figure 20 shows one of the numerical results of the time evolution of longitudes of perihelion I FIG. 20 I 
and eccentricities of 14 protoplanets when the orbit of Jupiter is circular. Initial orbits of the 

protoplanets are the same as in Fig. 15. The Kozai resonance occurs even if the orbit of 
the perturber is circular (Kinoshita and Nakai 1991, Michel and Thomas 1996). We are now 

searching for the analytical explanation of the synchronization mechanism in the protoplanet 
system in the single-perturber case. 

In relation to the concurrent motion of eccentricities and perihelion longitudes, we may consult 

the similar case in recent studies: concurrent motion of longitudes of ascending node of jovian 

planets under the influence of hypothetical solar companion (lnnanen et al. 1997). In their 
numerical calculation it is shown that the jovian planets act as if they compose a rigid disk, 
keeping their mutual inclinations small and their nodes precessing with the same period and the 
same phase ( .. dynamical rigidity" they call). After some extensional calculation of theirs, we 

found that there are various kinds of state in dynamical rigidity. not only the synchronization of 

the ascending nodes and inclinations, depending on the parameters of perturbers and perturbed 

planets. This may suggest that the concun-ent motion of eccentricities and perihelia in the case 

of the ten-estrial protoplanet system is one of the representations of the dynamical rigidity. 

5 Discussion 

A working hypothesis on the late stage of planet formation. Numerical calculation 

of the CWB diagrams with Jupiter and Saturn as perturbers can help us to construct a pos

sible working hypothesis on the final stage of planet formation after the runaway growth of 

planetesimals into protoplanets. 
Terrestrial protoplanets are located having nearly equal separations around BRn just after 

they have been forn1ed through the runaway growth of planetesimals. Their velocity dispersion 
is small, and instability time is long. As the collisional evolution of protoplanets proceeds, their 
number decreases and the nornializcd separation increases, which ever prolong the instability 

time. Scattering and collision among protoplanets increase their velocity dispersion and mass 

variation. both of which act a..q decreasing the instability time. But the averaged timescale of 
instability is still long. nearly 107 years (Fig. 3(b)). It means that the autonomous protoplanet 
systems with the separation tl > 20 would take quite a long time to evolve into the present 

configuration of planetary system. possibly longer than the age of the solar system. 
In the meantime. jovian planets (Jupiter and Saturn) begin to capture the nebula gas rapidly 

and get the present mass within the timescale of 106 
rv 10 7 years. At this point. growth of the 

jovian planets catch up, or even go ahead of. the growth of the terrestrial planets. When the 
jovian planets become massive. their gravitational effect on the terrestrial region becomes non-
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negligible. Before the formation of Saturn has been finished, existence of Jupiter would cause 
the enhancement of eccentricities of protoplanets by a mechanism similar to the Kozai resonance 
or the dynamical rigidity. Enhanced eccentricities lead to the reduction in the instability time 
through the increment of collisional probability. In addition. secular resonance v5 becomes 
effective after the formation of Saturn. Enhancement of eccentricities becomes more remarkable, 
and the instability time gets shorter. In this stage. mass variation among protoplanets plays 
an important role in the acceleration of instability. The effect of the secular resonance v5 is 
suppressed largely by the mutual interaction of protoplanets, especially when the masses of 
protoplanets are nearly equal. As the collision among protoplanets goes on, mass distribution 
must be created which is considered to weaken the mutual interaction among protoplanets 
against the perturbation from outside. Thus the effect of secular perturbation becomes more 
effective in the later stage when the collisional evolution of protoplanets has proceeded to some 

extent. 

Stability of the present planetary system. Now take a look at the present planetary 
system. Even under the gravitational perturbation from massive jovian planets. the orbital 
motion of the terrestrial planets seems to be stable for more than 108 years (Sussman and Wis
dom 1992). and probably 109 years (Lask~r 1996). Jovian planetary system whose normalized 
distances are much smaller than in the teiTestrial planetary system seems also stable more than 
1010 years (Kinoshita and Nakai 1996, Laskar 1996). Stability of the jovian planetary system 
whose normalized separation is not so large ( 8 < fl < 14) may be able to be explained: it 

1 

is almost an autonomous system with small velocity dispersion, ( e2) 2 < lh. Mass variation 
among the jovian planets is large, but the smaller planets (Uranus and Neptune) locate further 
away from the larger ones (Jupiter and Saturn) having wide separation of about 14Rn. It may 
reduce the effect of equi-partition of energy. Moreover, the instability time should be normal
ized by some characteristic period of the system when we compare the systems with different 
spatial scales. If we consider the mean motion as the characteristic frequency of the system, the 
actual instability time of jovian planetary system is one or two orders of magnitude longer than 
the autonomous protoplanet system in the terrestrial region having the normalized separation 
8 <fl< 14. 

As for the stability of the present terrestrial planetary system, it is not so simple to explain 
it. It is still a perturbed planetary system under the effect of massive jovian planets. But 
their separation is much larger than the protoplanet systems we have investigated here. Their 
mutual interaction is not so strong as the protoplanet system. There is no prominent resonant 
relationship ( neither secular nor mean motion) between any pair of terrestrial planets. Under the 
effective perturbation by Jupiter and Saturn, the instability time of the terrestrial protoplanet 
system can be shorter than 106 years according to the CWB diagram (Fig. ll(a)) if the mass 
variations of protoplanets is fairly large. During this stage having such a short timescale of 
instability, terrestrial planets may have been accumulated quickly, and the separation between 
Venus and the Earth has been enlarged up to 25Rn. Mercury and Mars can be considered 
as remnant protoplanets. The origin of the moon may also be explained; one of the remnant 
protoplanets collided with proto-Earth in the final stage of the Earth formation. Accumulation 
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of a circumteITestrial disk of debris generated by the giant impact became a source of the Moon 
within a very short timescale of one year (Ida et al. 1997). 

In this context, numerical experiments presented by Kimmo Innanen which was introduced 
by Asker (1997) is quite interesting; the stability of the teITestrial planets may be governed by 
the existence of the Earth itself. Following their presentation, we have confirmed that if we 

removed Mercury and the Earth and left Venus and Mars in the te1Testrial planets, the orbit of 
Venus became largely eccentric (e "'0.6. Fig. 21(a)). Addition of Mercury makes the orbit of I FIG. 21 I 
Venus calm down. but the orbit of Mercury itself becomes highly eccentric (e "'0.8. Fig. 21(b)). 
Only when the Earth is added, all the four planets behave as they are known to (Fig. 2l(c)). 
These phenomena are explained by the migration of secular resonance. When only Venus and 
Mars are in the terrestrial region. Venus locates just on the zone of secular resonance v5 with 

Jupiter (Fig. 22(a)). See Fig. 4 as the relationship between the semimajor axis a and the I FIG. 22 I 
secular frequency g(a) of the perturbed body. Semimajor axis of Venus (0.723AU) is just on 
the zone of the secular resonance v5 . Although Venus is not a massless particle. in this case 
its motion is well approximated by that of a massless particle on the secular resonance v5 with 
Jupiter. When Mercury is added. the situation becomes more complex: two or more secular 
resonances occur simultaneously (perihelion movements of Mercury and Venus (Fig. 22(b)), 
Mercury and Jupiter (Fig. 22(c))). Longitudes of perihelion of Venus and Jupiter also show a 
resonance-like motion. The existence of the Earth migrates the secular resonance l/5 away from 
a = 0.72AU which is nearly equal to the semimajor axis of Venus, and the system becomes 
stable finally. Thus the stability of the terrestrial planets are kept by their own location which 
must be determined by the accumulation process of protoplanets into planets. 

Problems and evidence. Effect of the secular perturbation by jovian planets may solve two 
problems simultaneously: one is the too long evolutionary timescale of terrestrial protoplanet 
system due to the isolation of protoplanets, and the other is the difference of normalized sep
aration ~ between the terrestrial planets and jovian planets. Normalized separation in the 
terrestrial region seems to have been enlarged by the secular perturbation from the massive 
jovian planets. Due to the secular perturbation, terrestrial protoplanet system with small sep
aration like ~ = 15 cannot exist stably for the age of the solar system according to the CWB 
diagram of Fig. ll(a). On the other hand, to make the secular resonance v5 effective, narrower 

separation in the present jovian planetary system is necessary. If the normalized separation of 
the jovian planets are far wider than the present value, amplitude of the secular resonance will 
be much smaller. and the terrestrial protoplanet system may not evolve into the present stage 
within the reasonable timescale. 

Of course our working scenario has many uncertainties which need future individual investi
gations in detail. For example. (1) evolution of velocity dispersion and mass distribution of the 
protoplanets, (2) relationship between the instability time and the actual collision timescale, 
(3) effect of gas drag and remnant planetesimals. (4) effect of the mean motion resonance with 
Jupiter outside the orbit of Mars. (5) fom1ation timescale of jovian planets, and (6) detailed 
structure of the secular resonances by Jupiter and Saturn. On the other hand, There seem to 
be a few pieces of potential evidence in the dynamical and physical status of the present solar 
system which partly support our hypothesis. 
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Velocity dispersion and mass distribution are key parameters of the instability of protoplanet 
systems. Large velocity dispersion reduces the instability time much. but too large velocity 
dispersion is not convenient because the orbits of the present terrestrial planets, especially 
those of Venus and the Earth, are nearly planar and circular. Gas drag in the solar nebula and 
the dynamical friction by the remnant planetesimals has possibly acted to reduce the velocity 
dispersion which was enhanced by collisional evolution of protoplanets. However, nebula gas 
is considered to have been dissipated before the formation of terrestrial planets is completed, 
because the present atmosphere of the terrestrial planets is the secondary (degassed) atmosphere 
through the internal activity of the planets afterwards, not the primary atmosphere composed 
of captured nebula gas as in the jovian planets. The fact that the atmosphere of the terrestrial 
planets is not the captured one may be evidence of the earlier formation of Jupiter and Saturn 
which have the primary atmosphere. It is possible that the nebula gas has been dissipated after 
the formation of Jupiter or Saturn. before the terrestrial protoplanets finished the accumulation. 
As for the dynamical friction by the remnant planetesimals, it is not expected to be so strong 
since the number density of planetesimals must be much less due to the runaway accretion of 
protoplanets. 

Relationship between the instability times defined in this paper and the actual collision 
timescales is not clear. Previous studies of restricted problems show that only a fraction of 
close encounters (defined by close approach within Hill radius or activity sphere) lead to the 
actual collision. Detailed two-dimensional calculation of the close encounters of planetesimals 
(Tanikawa et al. 1991) showed that the collisional probability of particles which entered within 
the Hill surface of the planet is at most 10% . If it can be applicable to the protoplanet systems, 
evolutionary timescale of protoplanet systems should be considered to be even longer, by several 
or several tens of times in the case of three-dimensional orbits. 

Though we excluded the effect of mean motion resonances with Jupiter to concentrate on the 
instability caused by the secular resonance in the region of the present terrestrial planet, they 
should have played a significant role in the origin of the outer region of the terrestrial planetary 
system, including the asteroidal belts. Since the effective timescale of instability due to the mean 
motion resonances is shorter than that by the secular resonance (cf. Figure S(a)), collision and 
scattering may have started at first in the outermost region of the terrestrial planetary system 
due to the mean motion resonances. But the random velocities of protoplanets produced by 
the mean motion resonances can be large, maybe larger than the escape velocities in the region, 
and they prevent the accumulation of the protoplanets into the planets. Non-existence of large 
planets outside the Earth may be a result by the large random velocities due to the effect of 
mean motion resonances with Jupiter. It may also be the case in the asteroidal belts. 

Evolution of jovian planets is a difficult problem itself. What we suppose is their rather 
quick formation (e.g. Pollack et al. 1996, Fernandez 1997). Large velocity dispersion in the 
asteroidal belt is one of the consequences which indicates that Jupiter had been formed before 
the protoplanets in the terrestrial and asteroidal region were able to complete their accretion. It 
stands on the claim that the planetesimals in those region had been strongly scattered before the 
growth to the protoplanets. The consequence is now observed as the total mass of the asteroids 
of only 10-3 Me which is much less than that expected to have been present in the region of 
a smoothly varying protoplanetary disk, and the small size of Mars (Lissauer 1987). Velocity 
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dispersion of the asteroidq are much larger than the escape velocities from their surfaces, which 
may also show evidence of stirring from outside. 

Timescales of gas capture of Jupiter and Saturn is also certified from another point of view 
that the migration of Jupiter and Saturn during their formation caused the migration of the 
secular resonance VB and v16 which leads to the enhancement of eccentricities in the asteroidal 
belt (Gomes 1997). Gomes considered the inward drift of Jupiter and outward drift of Saturn 
which causes the migrating effect of secular resonance in the asteroidal region. He concluded 
that the accretion time of Jupiter is about 106 to 107 years, which is consistent with the result of 
the direct calculation of gas capture. Maximum and minimum of the accretion time are limited 
by the present population and eccentricities of the asteroidal belt. Lecar and Franklin (1997) 
also took into account the scanning of secular resonance by the dispersal of the solar nebula 
advocated by Ward (1976. 1981) and tried to explain the eccentricities and existence of gaps in 
the asteroidal belt. 

To include accurately the effect of accretion of Jupiter and Saturn, we should perform some 
numerical experiments with varying mass of Jupiter and Saturn. But our calculation assuming 
the present masses and orbits of jovian planets has partly its validity. Timescale of instability in 
the autonomous protoplanet systems with the normalized separation rv lBRn is as long as 107 

years (Fig. 3(b)). which may be comparable with the total timescales of the core accumulation 
by the runaway growth and the rapid accretion of gas envelop of Jupiter; the masses of the jovian 
perturbers can reach the present value during the accumulation of terrestrial protoplanets is 
still going on. Thus the effect of secular perturbation from the jovian planets of the present 
sizes. at least from Jupiter. is significant anyway during a phase somewhere in the late stage of 
terrestrial planet formation. 

On the separation of jovian planetary system, it may be reasonable when we consider the pro
cess of rapid gas capture (Ida 1997). Since the growth timescale of the solid cores (protoplanets) 
is shorter in the inner part of the system, at first the process of gas capture should begin in the 
zone around Jupiter when the mass of the core reaches the critical core mass, > 10M8 . Once the 
gas capture has started, the mass of gas envelop approaches 300M e within a short timescale 
(rv 106 years), and the Hill radius of Jupiter rapidly increases. Hence the region which was 

rather far and beyond the effect of Jupiter's gravitation can be under the influence of Jupiter. 
Planetesimals, and maybe protoplanets on their way to grow in that region are attracted by 
Jupiter and dissolved into the gas envelop. or scattered. Eccentricities and inclinations of the 
scattered bodies are decreMed by gas drag. Mechanism of the orbit repulsion (Kokubo and Ida 
1995) which keeps the separation of the bodies in the protoplanet system also works here, and 
the scattered bodies would be stored around 8R11 outside Jupiter's orbit. It partly explains the 
present separation of the jovian planetary subsystem, < 15R11. It also has an effect to reduce 
the formation timescale of the planets beyond Jupiter through the accumulation of scattered 
particles outside Jupiter. The effect of orbital repulsion on the accumulation of jovian planets 
during their growth is worthy of further study in detail. 

On the viewpoint of traditional celestial mechanics, synchronization of perihelia of proto
planets by the secular perturbation from jovian planets is quite an interesting problem. Unlike 
the restricted problems whose theoretical analysis is well done. the phenomena are deeply in
volved with the mutual interaction of protoplanets. Though the first-order secular theory well 
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reproduces the synchronization qualitatively, more specific expression of the analytical solution 
of the concurrent orbital motion of protoplanets is desired for both two-perturber case and 
single-pertu.rber case. Solution of the single-perturber case may also give the explanation to the 
dynamical rigidity. 

Problem of planet formation has been considered as eminently and exclusively suitable for 
statistical approach or direct numerical N-body simulation by special-purpose computers and 
vector/parallel supercomputers. However, as we have shown here there is still room for which 
traditional celestial mechanics can give much suggestion, especially when the number of particles 
decreases. Though we have to consider many dynamical and physical processes which we have 
neglected here, it will be still significant to consider the Hamiltonian dynamics and its basic 
processes which are the fundamental of celestial motion in the solar system. Even in the final 
stage of planet formation it will be true, because the later the fom1ation phase goes on, the 
more Hamiltonian dynamics becomes dominant. 
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Appendix 1. Definition of the Hill radius and the normalized separation 

The mutual Hill radiuc; RiJ between the i-th and j-th planet in CWB is defined as 

(4) 

where (mi, d;) and (mj, di) are the mass and heliocentric distance of the i-th and j-th planets. 
respectively. Usual Hill radiuc; of the i-th planet rk is defined as 

(5) 

ff masses of the i-th and j-th bodies are the same (m; = mi = m), the averaged Hill radius 
rij of i-th and j-th body becomes 

i + j 
r
-i,j _ rH rH 
H = 2 

(6) 

Similarly, if masses of the i-th and j-th bodies are equal. the mutual Hill radius between i-th 
and j-th planets becomes 

= (~)½ (di+dj) 
3M1~ 2 

2! -i.j = arH. (7) 

The normalized separation of protoplanets of around lOr H in the description of Kokubo and 
Ida (1998) can be considered to be nearly equal to lOf JJ since the masses of protoplanets are 
all similar. Hence by (6) and (7). 

. . 10 .. 
lOr H rv lOriJ = - 1 R';j rv 8RH. 

2a 
(8) 

Actually, j = i + 1 in the case of neighboring particles. Thus we interpret the normalized 
separation of lOr H in Kokubo and Ida ( 1998) as 8RH. 
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Appendix 2. Equi-Hamiltonia:n maps 

Based on the perturbation theory by Lie transfonnation (e.g. Hori 1967, Deprit 1969), Hamil
tonian can be averaged in terms of the fast moving va1iables, and degrees of freedom can be 
reduced to one; i.e. the system can become integrable system up to the first order approxima
tion. We express Hamiltonian of the system using modified Delauney canonical variables 

L = Jµa,, ----....... l, 
G - H = .Jµa(l - e2)(1- cos I). g = w, (9) 

H = .J µa(l - e2) cos I. g + h = w, 

where a is the the semimajor axis, e is the eccentricity, I is the inclination, l is the mean anomaly, 
w is the argument of perihelion, and w is the longitude of perihelion. At first we suppose only 
one perturber such as Jupiter whose orbit is assumed to be the ellipse with a fixed eccentricity, 
precessing in the invariable plane. The inclination and the nodal motion of perturber are 
neglected. As for the orbital elements of perturbed body, there are no assumptions. Then the 
Hamiltonian K becomes 

2 ,2 · 

K = -~2 - ~,2 +R(L.G.H.l,g.h;L'.G',H'.l',g',h') (10) 

where primed (') variables denote those of perturbing body and variables without prime are 
those of perturbed body. We use the symbol K instead of u.cmal H as the Hamiltonian in 
order to avoid confusion with the Delauney canonical variable. Since the orbit of perturber is 
supposed to be fixed ellipse precessing in the invariable plane. a', e', I', w' do not appear in K 
from the beginning. This leads to the removal of L', G', H', g' from the original Hamiltonian. 
So the disturbing function R expressed by the orbital elements becomes 

R - R(a,e,I,l,w,w;-,-,-,l',-,tv') 

- -Gm - - -cosS , ( 1 r ) 
L1 r'2 • 

L1 = J r 2 + r'2 
- 2rr' cos S, 

1 + cos I 1 + cos I 
cos S = 

2 
cos(/+ (w - w') - /') + 

2 
cos(/ - (tv - w') + 2w - f'), 

(11) 

{12) 

(13) 

(14) 

where m' is the mass of perturber, L1 is the mutual distance between the perturber and the 
perturbed body, r and r' are the heliocentric distances, f and f' are the true anomaly. Sign -
in the disturbing function R denotes the consequence of elimination of the variable. 

Now we assume that the perihelion of perturber precesses uniformly with time, that is 

w' = v5t + constant, (15) 

where 1.15 is the precession rate of the orbit of perturber. In addition, we find in (14) that w 
and w' appear in the form of ro - ro'. So the new variable (J is introduced instead of y3 as 

8 = Ya - ro'(= ro - w'). (16) 
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Due to the presence of (15). Hamiltonian K contains the time t explicitly. To eliminate t from 
Hamiltonian, we perfom1 a canonical transfom1ation from (H, ro) to {B, 8) using the generating 
function W = -(ro - ro')B. 

8 = _ aw = ...,, _ ,r.,' 
ae """ """ ' 

aw 
H = - aw = e. 

Then the new Hamiltonian k becomes as 

K - K- 8W 
at 

- K+v58 
2 - -2i2 +R(a,e.I,l,w,fJ~-.-.-.l'.-.-)~v5H. 

(17) 

{18) 

{19) 

(20) 

(21) 

Now the Hamiltonian (21) is averaged with respect to the short periodic variables l and l' as 

k· = (2:)2 l" l" kdldl' {22) 

= K*(-.e.I.-.w.8: -. -. -.-. -.-). (23) 

Since the variable l does not exist in the new Hamiltonian K*, its conjugate L becomes 
constant. This means that the semimajor axis a = L2 / µ is constant, and omitted from K*. We 
carry out the quadrature (23) numerically from l = [O : 271"]. l' = [O : 271"] neglecting the mean 
motion commensurability. This is justified because there are no area of strong mean motion 
resonance with the giant planets in the terrestrial region (a< l.5AU). 

Hamiltonian (23) has still three degrees of freedom, so we average K* by w. assuming that 
the argument of perihelion is a fast and uniformly moving variable as 

K ** l L7r K*d K**( I (} ) -- - - -- ·------- w - , e, , , , ~ ~ _ .. ~ .. . 
71" 0 

(24) 

We carry out the quadrature (24) numerically from w = [O : 7r] since w appears in the form 
of 2w in the perturbing function R in (14). Since K** does not contain w(= g). its conjugate 
G - H = .Jµa(l - e2)(1 - cos/) becomes constant. Then we can find a new constant, 

C = Vl - e2(1 - cos I). (25) 

C is determined by the initial values of e and J. It leads to the elimination of variable e or I 
using ( 25). If we remove I from the Hamiltonian. final fom1 of the Hamiltonian becomes 

K** = K**(-. e, -. -. -, (}~ -, -, -. -. -. -). (26) 

Since K** has only one degree of freedom because there is an energy integral, equi-Hamiltonian 
curves can be drawn on the ( (}, e) plane, and we can get information on the global dynamics of 
the system. As for the constant C. we can determine it by initial conditions. Choice of C does 
not affect the result very much if the initial orbit of perturbed bodies are nearly circular. 

In the semi-analytical method explained above. we can not add any perturbers with precessing 
elliptic orbit any more because it increases the degree of freedom. However. if the orbit of 
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perturber is circular, the degree of freedom does not increase whatever number of perturbers 

we add. 
In general perturbation theory, the disturbing function can be developed in a series of cosine 

terms of the form (Brouwer and Clemence, 1961) 

I ~ ( • \ • • n • \ / . / + . Q') R = m L- Cj1 ,h,is,J4 ,J5 ,j6 cos JlA + J2W + Jau + J4A + J5W J6 , (27) 

where the coefficients Cji ,i2 ,Ja ,j4 ,is ,J6 are functions of a, e, I, a', e'. I' and ,\ = l + ro is the mean 
longitude. When the orbit of perturber is planar and circular, ro and n vanishes from the 
disturbing function. In addition, averaging by the short-periodic angles (,\, ,\') reduces R into 

the form 
R* = m' L ch,ia cos(jiro + jaO). (28) 

Since the disturbing function does not change by a rotation of the coordinate system about 

z-axis. and since the angles appearing in the arguments of the cosines are reckoned from a 
common origin. it follows that h + ja = 0 (d'Alembert characteristic), which gives 

(29) 

and if we consider w as a fast and uniformly variable angle and average R* by w, the disturbing 
function becomes a constant with no angles. Hence when we consider the system with two or 
more perturbers in which one has the orbit of precessing ellipse and others have circular orbits. 

averaged Hamiltonian becomes 

K** - t" t" t" lo" ( H kepler + Ile + Re )d>.
11 
dl

1 
dldw (30) 

- fo2
" fo2

" lo" Hedi' dldw + constant, (31) 

where Hkepler denotes the keplerian part of Hamiltonian, Re and Re symbolically denotes the 
disturbing function due to the elliptic and circular perturber respectively. )/' denotes the mean 
longitude of the circular perturber, ,\" = l" + ·w". In (31). degree of freedom of the aver

aged Hamiltonian is still one. We can also draw the two-dimensional equi-Hamiltonian map, 
K**(e. 8). 

More specific formulation of averaging is given as follows in the caBe of perturbers with circular 

orbits. We use true longitude 1/J" = ro" + f" and mean longitude ,\" = ro" + l" instead off 
and l respectively when we handle circular orbits. Double primed (") variables denote those of 
circular perturbers. Hamiltonian He for the case with circular perturber is written as 

(32) 

In Re, 'l/J" is used instead of f", so 

11 ( 1 r ) Re = -Gm Llc - r"2 cos Sc , (33) 

Llc = V r2 + r"2 
- 2rr" cos Sc. (34) 
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As for the relative angle Sc, f" is replaced by 'l/J" or r:o". The first term becomes 

f + ( 'CO - r:o") - !" = f + 'CO - ( !" + r:o") = f - ( 1/J" - 'CO). 

and the second term becomes 

f - (r:o - ro") + 2w + J" = f - r:o + 2w + (w" + n" + !") 
= f - r:o + 2w + w" 
= f + 2w + ( w" - ro). 

Then, cos Be becomes 

cos Sc 
1 = 2( 1 + cos J) cos(/ - (·,;/' - ro)) 

1 +2(1 + cos I) cos(/+ 2w + (·l/J" - r:o) ). 

Angles which describes the disturbing function Re are /. 2w. and 'l/J" - r:o here. 

(35) 

(36) 

(37) 

We again perfom1 the averaging operation here on the fast and uniform moving variables 
as well as the case of elliptic perturbers. There is one point to notice here. Angle variable 
which should be averaged is the true anomaly f for the perturbed body. But for the circular 
perturber, 'l/J" - r:o should be averaged since the argument of perihelion w" and the longitude 
of ascending node O" cannot be defined in circular orbit. We are likely to average by ,,P for the 
perturbed body. but it is not correct. ·t/J includes the longitude of perihelion ro. and ro indicates 
the orientation of orbit of the perturbed body. and it should not be averaged. On the other 
hand. there is no meaning in the definition of ro". Only 'l/J" can be defined. Once we average 
the disturbing function over 1/J", gravitational potential due to the circular perturber becomes 

axisynm1etric around the vertical axis. It means that the averaging over 'l/J" and ·¢' - w give 
the san1e results in ( 35) or ( 36). So we perform averaging as 

H; = l" l" lo" Hcd>."dldw. (38) 

In the actual quadrature, averaging operation by 'l/J" is replaced by averaging by A11
• and f is 

replaced by l. 
In the case of n circular perturbers as 

H = He + Hc,l + Hc,2 + · · · + Hc,n, {39) 

the operation of averaging can be done in the san~e manner as 

H" - lo2
" lo2

" " · lo2
" lo" (He + H c,l + H c,2 + " · + H c,n )di' d>." " · d). ( n+l )/ dldw ( 40) 

- lo2
" lo2

" lo" H,dl'dldw + lo2
" lo2

" lo" Hc,1d>.11dldw (41) 

+ fo2
" fo2

" la" Hc,2d>."'dldw + · · · + lo2
" l" lo" Hc,nd>.(n+l)tdldw. (42) 

The degree of freedom of the system is still one. 
In the case that the circular perturber locates nearer to the Sun than the perturbed body. po

tential due to the perturber can be averaged and included into the solar gravitational oblateness 
(Nacozy and Diehl. 1978). 
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Tables 

TABLE I. Distances in the present planetary system measured by the real distance (AU) and 
the mutual Hill radius (Rn). Data for mass and semimajor axes are taken from DE245 of 

JPL/NASA. 

planet AU Rn 
Mercury 

I 0.3362 63.40 
Venus 

0.2767 26.25 
Earth 

I 0.5237 39.95 
Mars 

3.6806 16.02 
Jupiter 

I 4.3777 7.95 
Saturn 

9.6474 13.98 
Uranus 

10.8743 13.93 
Neptune 

I 9.1605 10.24 
Pluto 
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Figure Captions 

FIG. 1. Relationship between the original data of the instability times and their logarith

mic average in the CWB diagram of the autonomous protoplanet systems for 4 < .6 < 10. 
"'Delta .. in the label of x axis denotes .6. (a) Original data and their logarithmic average in 

l l 

(e2
) 2 = 2 {12}2 = 0.005 case. Ten data by different initial conditions are plotted together. 

l l 

(b) Logarithmic averages of ten data in ( e2) 2 = 2 (12) 2 = 0.005, 0.010, 0.015. and 0.020 

cases. In both panels, N = 17. 2.5 x 10-7 M,~ < m < 3.5 x 10-7 M0 with average mass 

{m) = 3.0 x 10-7 M0 • a1 = 0.25AU. Small variation of spacing is also added between 0.8.6Rn 
1 

and 1.2.6RH. Note that (e2} 2 is replaced by (e) in the labels on the panel. 

FIG. 2. Instability times with its logarithmic averae.:es and number ofrepetition for the random 
l 1 '1 1 1 1 

initial orbits. (a) (e2} 2 = 2 (12) 2 = 0.005, (b) (e2) 2 = 2 (12)2 = 0.010, (c) (e2) 2 = 2 (12) 2 = 
l 1 

0.015. and (d) (e2) 2 = 2 (12) 2 = 0.020. N = 17, 2.5 x 10-7M8 < m < 3.5 x 10-1M0 with 

average mass {m) = 3.0 x 10-7 M8 , a1 = 0.25AU in all systems. Small variation of spacing is 
l 

also added between 0.8.6RJJ and 1.2.6Ru . .6 is fixed to 9.0. Note that (e2} 2 is replaced by {e) 

in the labels on the panel. 

FIG. 3. Typical CWB diagrams of autonomous protoplanet systems. (a) Low velocity disper-
1 1 

sion and small mass variation case (N = 20. (e2} 1 = 2 {12} 2 = 0.005, 2.5 x 10-7 M0 < m < 
3.5 x 10-7 M.8 with (m) = 3.0 x 10-7 M0 • a1 = 0.25AU). Points just on the upper boundary 

line (T1 = 5.0 x 107 years) means that the system has been stable at least for 5.0 x 107 years. 
I 1 

(b) High velocity dispersion and large mass variation case (N = 10, (e2} 2 = 2 (12) 2 = 0.015, 
2.5 x 10-7 M0 < m < 10.0 x 10-7 M,~: with (m) = 6.25 x 10-7 M.2. a1 = 0.35AU). Small variation 

of spacing is aLc;;o added between 0.B~Rn and 1.2~RH in both cases. 
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FIG. 4. Relationship between the secular frequency g( a) and the semimajor axis a of a massless 
parti~le under the secular disturbance of perturbers. A solid line denoted as .. JSUN" indicates 
the case with four jovian planets as perturbers. An oscillatory solid line denoted as ··20 proto
planets + JSUN" indicates the case with four jovian planets and twenty protoplanets with finite 
mass as perturbcrs. Protoplanets have equal mass of 3.0 x 10-7 M8 , and have equal separation 

of 14RH, starting from a1 = 0.35AU. 

FIG. 5. Numerical result of the time evolution of eccentricities of ma.~sless particles whose 
semimajor axes are a = 0.40AU, 0.68AU, 0.72AU, 0.76AU, l.22AU for over 9 million years 
under the effect of Jupiter and Saturn. All of the particles are initially placed on planar and 
circular orbits. 

FIG. 6. (a) Relationship between the eccentricity of a test particle located just on the secular 
resonance v5 ( the particle with a = 0. 72A U in Fig. 5) and the difference of the longitudes of 
perihelion from that of Jupiter, ro - tvJ. Note that the symbol of longitude of perihelion ro 
is replaced by .. p" or --p_jupiter" in the labels of the panels. (b) An equi-Hamiltonian map of 

the massless particle just on the secular resonance 115 drawn by the semi-analytical method of 
averaging. (c) Similar to (b), an equi-Hamiltonian map of the massless particle on a= 0.72AU, 
but under the effect of Jupiter and twenty protoplanets having circular orbits described in Fig. 
4. 

FIG. 7. (a) The CWB diagram of perturbed protoplanet systernB by Jupiter and Saturn with 
1 1 

small mass variation. N = 17, (e2) 2 = 2 (12)2 = 0.005, 2.5 x 10-7 M8 < m < 3.5 x 10-7 M 0 with 
(m} = 3 x 10-7 M0 , a1 = 0.25AU. Small variation of spacing is also added between 0.S~RH 

and l.2~RH. (b) Semimajor axes of the inner protoplanets of the pair which exhibited the 
close encounter. Two solid lines denote the inner and outer boundary of the averaged initial 
distribution of protoplanets. ( c) The serial number of the inner protoplanets of the pair which 
exhibited the close encounter. Protoplanets are nun1bered from 1 to N from the innermost one. 
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FIG. 8. (a) The CWB diagram of perturbed protoplanet systems by Jupiter and Saturn with 
1 1 

small mass variation. N = 20. (e2) ::i" = 2 (/2) 2 = 0.005. 2.5 x 10-7 M,'.!J < m < 3.5 x 10-7 M0 with 

{m) = 3 x 10-7 M:::. a1 = 0.25A U. Small variation of spacing is also added between 0.B.6.RH 

and 1.2.6.RH, (b) Semimajor axes of the inner protoplanets of the pair which exhibited the 
close encounter. Two solid lines denote the inner and outer boundary of the averaged initial 
distribution of protoplanets. ( c) The serial number of the inner protoplanets of the pair which 
exhibited the close encounter. 

FIG. 9. Time evolution of longitudes of perihelion (upper) and eccentricities (lower) of a 
1 1 

protoplanet system of N = 17. (e2 ) 2 = 2 (/2 ) 2 = 0.005. 2.5 x 10-7 M:; < m < 3.5 x 10-7 M0 

with {m) = 3.0 x 10-7 M,£;, ~ = 13.0. a1 = 0.25AU. Small variation of spacing is also added 
between 0.B.6.Rll and l.2~RH. Thick line in the upper panel denotes the longitude of perihelion 
of Jupiter. All data of 17 protoplanets are plotted together. 

FIG. 10. Time evolution of longitudes of perihelion (upper) and eccentricities (lower) of a 

protoplanet system of N = 17. ( e2) ½ = 2 ( / 2) ½ = 0.005, 2.5 x 10-7 M::; < m < 3.5 x 10-7 M!J 

with {m} = 3.0 x 10-7 M,::: • .6. = 19.0. a1 = 0.25AU. Small variation of spacing is also added 
between 0.B~RH and l.2~RH. Thick line in the upper panel denotes the longitude of perihelion 
of Jupiter. All data of 17 protoplancts arc plotted together. 

FIG. 11. (a) The CWB diagram of perturbed protoplanet systems by Jupiter and Saturn with 
2 

1 
2 

1 
7 7 large mass variation. N = 14. (e' )::i" = 2 ({) 2 = 0.005. 2.0 x 10- M?; < m < 8.0 x 10- M0 

with {m) = 5 x 10-7 M,7;. a1 = 0.5AU. Small variation of spacing is also added between 0.S~RH 

and 1.2~R11. (b) Semimajor axes of the inner protoplanets of the pair which exhibited the 
close encounter. Two solid lines denote the inner and outer boundary of the averaged initial 
distribution of protoplanets. The existence of some points outside the upper boundary is due 
to randomness of initial mass distribution. ( c) The serial number of the inner protoplanets of 
the pair which exhibited the close encounter. 

FIG. 12. Time evolution of longitudes of perihelion (upper) and eccentricities (lower) of a 
1 l 

perturbed protoplanet system by Jupiter and Saturn. N = 14, (e2)2 = 2 (/2) 2 = 0.005, 
2.0 x 10-7 M,£: < m < 8.0 x 10-7 M:::) with (m) = 5.0 x 10-7 M~;· a1 = 0.5AU, ~ = 13.0. Small 
variation of spacing is also added between 0.S~RH and l.2~RH. Thick line in the upper panel 
denotes the longitude of perihelion of Jupiter. All data of 14 protoplanets are plotted together. 
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FIG. 13. Individual plots of the longitudes of perihelion and eccentricities shown in Fig. 12. 
a is the semimajor axis. m is the mass of each protoplanet. respectively. Me means the mass of 

the Earth (M,s). 

FIG. 14. The same plot as Fig. 12, but the solution is obtained by the linear secular pertur

bation theory. 

FIG. 15. Numerical result of the time evolution of longitudes of perihelion (upper) and eccen
tricities (lower) of a protoplanet system under the effect only of Jupiter. Initial orbits of the pro-

1 1 

toplanets are the same as in the two-perturber case, Fig. 12. N = 14, ( e2) 2 = 2 (!2) 2 = 0.005, 
2.0 x 10-7M13 < m < 8.0 x 10-7M0 with (m} = 5.0 x 10-1M0, a1=0.5AU, A= 13.0. Small 

variation of spacing is also added between 0.SARH and 1.2ARH. Thick line in the upper panel 
denotes the longitude of perihelion of Jupiter. All data of 14 protoplanets are plotted together. 

FIG. 16. · Individual plots of longitudes of perihelion and eccentricities in Fig. 15. a is the 
semimajor axis, m is the mass of each protoplanet, respectively. Me means the mass of the 
Earth (M-3). 

FIG. 17. The san1e plot as Fig. 15, but the solution is obtained by the linear secular pertur
bation theory. 

FIG. 18. (a) The CWB diagram of perturbed protoplanet systems only by Jupiter with large 
1 1 

mass variation. N = 14, (e2} 2 = 2 (12} 2 = 0.005, 2.0 x 10-7 M0 < m < 8.0 x 10-7 M0 with 
(m) = 5 x 10-7 M0 , a1=0.5AU. Small variation of spacing is also added between 0.SARH and 
1.2ARH, Points just on the upper boundary line (T1 = 5.0 x 107 years) means that the system 
has been stable at least for 5.0 x 107 years. (b) Semimajor axes of the inner protoplanets of the 
pair which exhibited the close encounter. Two solid lines denote the inner and outer boundary 
of the averaged initial distribution of protoplanets. The existence of some points outside the 
upper boundary is due to randomness of initial mass distribution. ( c) The serial number of the 
inner protoplanets of the pair which exhibited the close encounter. Note that in (b) and (c) 
there are no points corresponding to the points on the upper boundary of (a) since they did not 
exhibit any close encounters. 
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FIG. 19. Time evolution of longitudes of perihelion (upper) and eccentricities (lower) of 
massless protoplanets under the effect only of Jupiter by the first-order secular perturbation 
theory. N = 14. and initial orbits of the particles are the same as Fig. 17. Thick line in the 
upper panel denotes the longitude of perihelion of Jupiter. 

FIG. 20. Numerical result of the time evolution of longitudes of perihelion (upper) and ec
centricities (lower) of a protoplanet system when the orbit of Jupiter is circular. N = 14. 

(e2)½ = 2 (12) ½ = 0.005, 2.0 x 10-7 M,:; < m < 8.0 x 10-1 M=- with {m} = 5.0 x 10-7 M:::;, 

a1 = 0.5A U, D,. = 13.0. Small variation of spacing is also added between O.Bt:.RH and 1.2/j,.Rll. 

Initial orbits of the protoplancts are the same as Fig. 15. All data of 14 protoplanets are plotted 
together. 

FIG. 21. Variation of eccentricities of hypothetical and actual terrestrial planetary systems. 
(a) The system without Mercury and the Earth. (b) The system without the Earth. (c) The 
actual planetary system which consists of eight planets from Mercury to Neptune, neglecting 
Pluto. Eccentricity of Mars is not plotted in (c). 

FIG. 22. ( e. 8w) diagram of the terrestrial planetary subsystems ( 8w means the difference of 
the longitudes of perihelion). Note that the symbol of longitude of perihelion w is replaced by 
··p" or --p_jupiter'' in the labels of the panels. (a) (even.us, Wuenwi - Wjupiter) in the case without 
Mercury and the Earth, corresponding to Fig. 21(a). (b) and (c) are the cases without the Earth, 

corresponding to Fig. 2l(b). (b) (emercury• 1JJmercury-1JJi,enu.,;), (c) (emercury, Wmercury-Wjupiter). 
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Abstract 

We investigated the stability of 10 protoplanet systems using three-dimensional 
N-body simulations. We found that the timescale of instability T depends 
strongly on the initial random velocities v ( eccentricities e and· inclinations i) 
and orbital separations fl.a. For zero initial random velocities, we confirmed 
the result of Chambers et al. (1996) that T is proportional to exp(ll.a). 
For finite random velocities, we found that T depends strongly on the ini-
tial velocity dispersion. The relation between T and fl.a is still expressed as 
log T = c + bll.a. However, both b a.nd c depend on initial random velocities 
and the slope, b, becomes smaller for larger v. Even for relatively small initial 
eccentricities such a.s e r,J 2ra / a, where rH is the Hill radius, the timescale 
ca.n be reduced by a factor of 10, compared with the case of the zero random 
velocity. So the timescale of the formation of inner planets might be much 
shorter than what suggested by Chambers et al. 

1 Introduction 

It is now widely accepted that terrestrial planets and cores of Jovian planets are 
formed through the accretion of many small bodies known as planetesimals ( Safronov 
1969, Hayashi et al. 1985). During this accretion process, larger planetesimals grow 
more rapidly than smaller ones, resulting in the formation of massive "protoplan
ets". This growth mode of planetesimals is called "runaway growth" ( Greenberg et 
al. 1978, Wetherill and Stewart 1989). Kokubo and Ida {1996) investigated this run
away growth phase of planetary formation by means of direct N-body simulation. 
They found that the "protoplanet" with roughly equal masses form as the result 
of the runaway growth (Kokubo and Ida 1997). Their typical orbital separations 
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are a.bout lOTH, where TH is the Hill radius, and they grow up to mass of about 
1025g in a. short timescale. After the formation of protoplanets, the growth slows 
down because the velocity dispersion of the planetesimals a.round the protoplanets 
is increased by the viscous stirring (Ida and Makino 1993). Thus runa.wa.y growth 
is effectively halted well before the terrestrial planets a.re formed. Note that in the 
outer region, protopla.nets ma.y grow to the critical mass for gravitational instability 
of the surrounding solar nebula. gas, thereby capturing a large a.mount of gas to be
come massive giant planets. Thus, Jovian planets would be formed directly through 
the runaway growth of solid cores (Kokubo and Ida. 1997). 

There are very few studies on the planetary growth after the runa.wa.y stage. 
When the runaway is halted in the terrestrial planet region, a typical protopla.net ha.s 
the mass a.bout 1/10 of the present planets. At present, it is not a.t a.11 understood 
how these protoplanets evolve into the present terrestrial planets. Chambers et 
al. {1996) investigated the stability of systems of three or more protopla.nets by 
numerical integration. They found that multi-planet systems are unstable. The 
time of the first close encounter T is expressed approximately as log T = b~a + c, 
where band ca.re constants, and 6.a is the initial separation of the planets in the unit 
of their Hill radius TH. If we extrapolate their result to 6.a rv lOTu, the instability 
timescale would be well beyond 108 years. In other words, it would have taken 
very long time for terrestrial planets to be actually formed. However, the result of 
Chambers et al. ( 1996) is based on several assumptions, some of which might not be 
very appropriate. For example, all planets are initially on coplanar, circular orbits 
and the effect of Jupiter is ignored. 

In this paper, we investigated the effect of the initial random velocities of pro
topla.nets on the stability of protoplanet system by performing three-dimensional 
N-body simulations. We performed many simulations in which orbits of protopla.n
ets have initial eccentricities and inclinations. For copla.na.r, circular cases, our result 
agrees well with that of Chambers et al. (1996). For cases with finite eccentricities 
e and inclinations i, we found that the timescale becomes shorter as initial eccen
tricity a.nd inclination become larger. Even for relatively small initial eccentricities 
such as e rv 2rH/a, the timescale ca.n be reduced by a factor of 10. In other words, 
the timescale of the formation of inner planet might be much shorter than what 
implied by Chambers et a.l. (1996). If the gas of protopla.neta.ry nebula. is dissipated 
at early stage of the accretion, it is possible that eccentricities a.nd inclinations of 
protoplanets become large. 

This pa.per is organized as follows. We describe the numerical method of N-body 
simulation, initial conditions, and method of analysis in Section 2. In Section 3, we 
show the results of the systems of 10 protoplanets. Section 4 contains the summary 
and a discussion on the timescale of the formation of terrestrial planets. 
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2 Method of Calculation 

2.1 P{EC)n Hermite In~egrator 

We used the 4th-order P(ECt Hermite scheme (Makino and Aarseth 1992, Kokubo 
et al. 1997) with individual timestep. This scheme is effectively time-symmetric 
when applied to a nearly circular orbit, and therefore conserves important orbital 
elements, in particular, the semi-major axis and the eccentricity, up to the round 
off error. For details, see Kokubo et al. {1997). 

Chambers et al. (1996) used the second-order MYS (Wisdom and Holman 1992, 
Levison and Duncan 1994). We decided not to use MYS, because of the following 
two reasons. First, there is no known way to change timesteps without loosing 
the good properties of MYS. Second, the validity of MYS is questionable when the 
mutual gravity between planets is strong. Since we want to treat the cases where 
orbits of planets are changed significantly by close encounters between planets, the 
above limitations of MYS are rather significant. The P(ECf Hermite scheme is 
better than MYS, as far as the above respects are concerned. It can handle close 
encounters without too much degradation of accuracy, because the basic integrator 
is 4th-order. 

Here we present the results of test calculations for the 2-body problem. The 
system consists of the sun and one small planet. Initial values of the semi-major 
a.xis a and the eccentricity e are 1 and 0.1, respectively. The orbital period is 21r in 
the system of units we used. The orbit of the planet is integrated with a constant 
timestep of .6.t = 2-6 . Therefore, the number of steps is about 400 per orbit. Figure 
1 shows the relative error of total energy for 105 orbital periods. There is no secular 
error for n ~ 3. In the case of n = 2, we can see that the energy error first goes down 
and then goes up again. This is simply because we plotted the absolute error. The 
actual error is an combination of linear term and initial offset. For n = 2, we still 
have a non-zero linear term in the error. Therefore we used n = 3 for all calculations 
in the next section. The eccentricity is also conserved up to similar accuracy and 
showed no secular error for n ~ 3. 

The argument of pericenter w is not conserved by the time-symmetric schemes. 
Therefore, when we use the time-symmetric Hermite scheme, the timestep must be 
chosen so that the error in w is acceptable. Otherwise, the numerical error can over
ride the change of the orbital elements due to the interaction between protoplanets. 
The error is proportional to .6.t4 , since the Hermite scheme is the 4th-order scheme. 
In our test calculation, we get the result that even for a large eccentricity such as 
e r,.J 0.1, the behavior of .6.w is independent of e. In practice, protoplanets have 
small eccentricities at the final stage of planetary formation. For .6.t = 2-6 , f:iw per 
orbit is 10-s (rad), which is small enough if we stop integration at r,.J 106 orbits. 

Finally, we integrated the system of 10 equal-mass protoplanets using the P(EC)3 
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Figure 1: The relative energy error of the 4th-order Hermite scheme for the 2-body 
problem for 105 periods. The results for the P(ECf schemes with n = I through 5 
are shown. 

Hermite integrator. We set the mass of all protoplanet to 10-7 M0 , and the initial 
orbital separation to ~a = 11 TH. . The semi-major axis of the innermost proto
planet was 1 (AU). We used individual timesteps, with several different maximum 
timesteps. For all timestep choices, we confirmed that there is no secular error and 
the error is about 10-11 • 

2.2 Initial Conditions 

We investigate the evolution the system of 10 protoplanets. We set the initial 
masses of protoplanets all equal (m = 10-7 M0 ). This value is about 1/10 of the 

1 

earth mass. The initial orbital separation ~aini, eccentricity (e2)i!i and inclination 
1 

(i2)i!i are given in Table 1, where TH is the mutual Hill radius, 

( 
2m )½ 

TH= 3M0 a (1) 

and h is the reduced Hill radius defined as h = TH/a. (When m = 10-7 M0 , 

h ~ 4.055 x 10-3.) We define the scaled eccentricity and inclination as e = e/h, and 
I = i/h. The Hill radius for the outer pair of protoplanets is larger than that for 
the inner pair, so the orbital separations are not equal spaced. 
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We assigned initial eccentricities and inclinations so that they obey the Rayleigh 
1 _ 1 

distribution with dispersions (e2)!i = 2(i2)!i (Ida and Makino 1992a). Protoplanets 
are distributed at random phases. We calculated 40 cases with different random 

1 _ 1 

numbers for the same set of Liaini, (e2)!i, (i2)!i· 

log( Lia/ re) 
(e2) ½ = 2(i2) ½ 

4 4.5 5 5.5 6 6.5 7 7.5 8 9 10 
0 1 2 3 4 

Table 1: Initial Condition Parameters 

2.3 Criterion for Instability 

Chambers et al. (1996) calculated the multi-planet system until two planets ap
proached to one mutual Hill radius or until a preset time limit of 107 years. For 
coplanar circular orbits, their criterion is appropriate. However, for 3-dimensional 
orbits, it is possible that the system become unstable before any two planets ap
proach within one mutual Hill radius. 

We decided to use a different criterion. Let us define aj as the semi-major axis of 
the protoplanet initially at the jth location cou~ted from the innermost protoplanet. 
Initially, the condition 

a;< ai+l (j = 0,1,···8) (2) 

is satisfied. We regard the system as unstable when orbital crossing occurs, in other 
words, when the condition 

(3) 

is satisfied for at least one value of j. We call the time at which this condition is 
satisfied as Tcross. In addition, we define Tcollision as the time when two protoplanets 
physically collide, in other words, when the distance of protoplanets i and j, Tij, 

becomes smaller than the sum of the physical radii of two planets, ri + r;, where 
Ti, r; are the radii of protoplanets i and j, respectively. We define the the instability 
timescale T as, 

T = min ( Tcross, Tcollision) (4) 

Note that, our criterion is not just the crossing of orbit. We require two pro
toplanets to exchange their locations as the result of interactions. In our results, 
after Tcross the system becomes unstable quickly, in the sense that ai and a; start 
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to show complex non-periodic change of large amplitude. We ca.n therefore use the 
time Tcross as a. reasonable timescale of the instability. 

3 Results 

3.1 Time Evolution of Semi-major Axis and Eccentricity 

The time evolution of the semi-major axes of all protoplanets a.re shown in Figure 
l 

2 for the cases, ~aini = 8ru. Figures 2(a) are the results for (e2)i!i = 0 and Figures 
l 

2(b) a.re for ( e2)i!i = 2. Solid curves shows the average value a for 1000 years. 
Dashed curves shows the value a(l ± !el). In all plots, the eccentricities increase 

l 

with time. The system with (e2)~i = 0 is stable for a. much longer period, but the 
l l 

system with a.n finite {e2)!i became unstable faster than the system with (e2)!i = 0 
does. 

The maximum value of the eccentricities of 10 protopla.nets, emax, increase with 
1 

time. The growth of emax seems to be somewhat faster for larger (e2)!i· However, 
1 _ l 

run-to-run variation of the result for the same initial set of .6.aini, (e2)!i, (i2)!i is very 
large. In some cases, emax grows, but in other cases emax remains small. Run-to-run 

l 

variation is the largest for the case with (e2)i!i = 0. 

3.2 Timescale of Instability 

Figure 3 shows the instability timescale T defined in section 2.3 against initial orbital 
separations. The value of T is the median of the results of 40 runs with different 
random numbers. Figure 3 strongly suggests that T and .6.aini satisfy the relation, 

logT = bexp(.6.aini) + c (5) 

We determined the values of the coefficients b and c, by the least square fit. The 
results are given in Table 2. We use the data for .6.aini = 4 - 7rH in the case of 
the zero random velocity, a.nd that for .6.aini = 4 - 7 .5ru in the non-zero random 

l 

velocity cases. In the case of the zero initial random velocity, (e2)!i = 0, our result 
(b = 0.82 ± 0.057, c = -0.78 ± 0.33) is in good agreement with that of Chambers 
et al. (1996) (b = 0.756 ± 0.027, c = -0.358 ± 0.176). In the cases of the non-zero 

1 

initial random velocity, T gets smaller as we increase (e2)!i- The reduction is larger 
1 

for larger .6.aini · As a result, the slope b is smaller for larger ( e2)!i-
To show this relation more clearly, we shows the value of b, the coefficient of 

log T = b exp( .6.aini) + c by the least squares fit in Figure 4. It seems to decrease 
l l 

linear with (e2)!i increasing within the range of (e2)!i· 
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Figure 2: The time evolution of semi-major axes of 10 protoplanets for the cases 
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~aini = BrH with (e2}fni = 0 and 2. Solid curves show the average value a for 1000 
years. Dashed curves show the value a(l ± lei). 
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c2)2 e ini b C 

0 0.82 ± 0.057 -0.78 ± 0.33 
1 0.75 ± 0.072 -0.64 ± 0.42 
2 0.59 ± 0.12 -0.15 ± 0.69 
3 0.51 ± 0.15 0.12 ± 0.91 
4 0.33 ± 0.15 0.94 ± 0.84 

1 

Table 2: Coefficient in logT = c + b~aini for results with various (e2)~i 
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Figure 4: The value of b, the coefficient in this fitting formula log T = c + b~aini is 
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plotted as a, function of (e2)fni· Error bars are 1 - u values. 

4 Summary 

We investigated the stability of protoplanet system. We found that the timescale of 
1 _ 1 

the instability depends strongly on the initial random velocities, (e2)!i and (i2)fni. 
1 _ 1 

For the case of zero random velocity, i.e, (e2)fni = (i2)!i = 0, our result is in 
good agreement with that of Chambers et al. (1996). The instability timescale is 
expressed as log T = b~aini +c. The values obtained for b and c are in good agreement 
with that of Chambers et al. (1996), even though both the time integration method 
and the criterion for the instability are different. For the cases of non-zero initial 

l 

random velocity, we found that for large (e2)fni T becomes much smaller than that 
1 

for the zero initial velocity cases. Both b and c are affected by ( e2)fni, and for large 
1 

(e2)fni, bis smaller. 
In conclusion, the timescale of the instability depends on the initial random 

velocities and the orbital separation of protoplanets. Recent works have shown 
that the typical separation of protoplanets that are formed by runaway growth is 

l 

10r8 • Therefore, if we consider only the case with (e2)fni = 0, it would take very 
long time to form terrestrial planets. However, if protoplanets have non-zero e or 
i, the timescale can be grossly reduced. If protoplanets have small eccentricities, 
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(e2)½ = 4h ""0.01, the timescale of instability is reduced to 10-1 "" 10-2 times that 
of (e2)½ = 0. 
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Abstract 

The origin of the high eccentricities in the aste1·oicl belt is studil-<l. Present oh:,;l·1·rntio11s show 

the asteroids have large mean eccentridties and in<"linations that. <"annot he- <"Xplainecl hy plane

tary perturbations only. For this 01·igin, the swet•ping of st-cular resonnncp:,; had h<'t'll proposed. 

Associated with the dissipation of the prhuith·e solar nc-hula. thP 10(.·atious of sC'<.·nlar 1·,-so11ances 

pass through asteroid belt to pump up the eccentricities of nst.t•roicls. As all t.Ju• pr<•vions works 

on this mechanism were 1·estricted to the two-dimensional woclcls, t.h<·y <"annot ml<ln-r,;:,; t.he origin 

of high inclination. \Ve study three-diwensioual orbit.al cYolntiou of astt>1·oids due- to t.lu• sweepiug 

secular resonan<"es. To give high ecce11h'kities to asfrroids, th<' clissipatiou tiwc• srnl<' of nebula 

must be of over 104 years, which agi·e(as wit.ll t.lu• 1·<.·sults obt.aiuecl hr two-<lhm•nsicmal nebula 

model. If tht.• dissipat.iou t.im~ scalt• longer t.han 2 X 104 yeru·s, the uelmla rcwowd tll<:' RSteroids 

from the region out of the 2:1 i·esonance (hy <"lose t•11cmmtc.»1·s with .Jupite1·). which is also the same 

as two-dimensional result. ln<"liuations are not pumpt•cl up within th<• rang< .. of dissipation time 

we adopted in our simulations. We ueecl anothe1· medmnism to pump up ast<.•roic.lal inc-liuat.ions. 

1 Introduction 

Present observations show the asteroids have large m<>an <'<'(·<•utiicitiPS cUld indiuat.ions that cannot 

be explained by planetary pert.tu·bations only. Fig.la shows thf> <'<"cc-11t1icity clistrihntion. Mean 

eccentricity of the asteroids is large independently of semi-major a..--<ls. As shown in Fig. 1 b, tlu• 

inclination distribution is also essmtially independent of s<'mi-major axis hut. is d1aracterized by 

secular resonances. 

There are some unsolved prohlein'> in the asteroid dist.ribntion. Th<' first on<> is that t.lu• estin1atecl 

total mass from the observations (a few x1024 g) is only 0.1% of that from t.lw mass clistribut.ion of 

the minimum mass solar nebula (Hayashi 1981). Sim·p, it. may he difficult that t.lw amount. of mateiial 

is originally depleted in the region of th<> ast.eroid lwlt. th<' mat,l"rial would have> been lost. in thc

fom1ation process of the solar systt"m. 

The second problem is the depletion bet.ween th<' 3:2 and 2:1 r<'somu1cPS. As shown in Fig.I. 

asteroids a.re depleted in the region with larger semi-major a.xis than t.l1r 2:1 rPsommc·e. 

The third problem is that. ast.<'roids have rather largP ff<'<'nhidties and inclinations t.han those of 

planets. Mean ercentiidty and indination ru·p O.li atlCl 0.19. r<•spc>ctiv<~ly. Th<" ast<•roids would hav<' 

acquired some ec(·entiidtiPs ru1d indinatious by t.l1e p<'rtnrhation of .Jupitl>r and Sat.um. Th<' attained 

ercentiidties ruul indiuations. however, ru·t• at: most 0.1 <'X<"<'}>t small r<'gious of rc•souanc<'s (Brouw<'r 

and Van Woerkan 1950). Plan<'t.ary perturbations iu tlu• pr<'S<•nt <"onfigratious cannot acTotmt for such 
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Fig111·p 1: (a) Tlw <listrilmt.iou of <"'<'<'<'nh'i(·it.it•s ,·c>rsns s<·mi-major ax<'S for pn·s<>ut ast<-micls. On'r tlH· solicl 

line, asteroid orbit. <'l'OSS Jupiter's orhit. whil(' t.ht•y cross l\fars' orbit m·er th<' <lott<'d lirn•. (h) The distribution 

of ill(·linat.ious wrsm; sPmi-major axt>s of prt'St'llt ast,•roids. Tlll'c'<' lint>s show th" locations of tlu- principal 

s<.•cular resouancc.•s in t ht-• ash'roid lwlt ( aft.t•r \ Villinms 1D69). 

large eccc-ntridt.ies as obsc>rwcl umv. Tlw origin of tll<' largP <·c·<·t-nhfriti<•s m1cl iudinations is a d1ic•f 

problem in this papPr. This prohl<'m may also hf' r<>lat<•d to th<' form<'l' two prohlPms. 

2 Sweeping of Secular resonances 

It is considered that the> ma-;s of th<' nehula gas is as large• as 0.01 11 .. which is om• lumclrecl tim<'s 

as much as the mass of solid material in the solar. syst<'m ( <'.g .. Hayashi 1981 ). h<•m·<· tlw gravity of 

nebula gas would play an important rolP in the• primitive• solar syst<'lll. l11 partimlar. tlu• addition of 

the nebula potential rot.at.f's aps<' of planc>ts. sim·<" th<' u<'hnla potential is not a point som·cc potl'nt.ial 

then the planetary orhit.s ar<' slightly deviatc>d from tl1<• Kt•pl<•rian om•s. Th<' s<•rnlar r<"sonru1ces ,l.l'<' 

related with apsidal ancl noclal rotations through plaudm·y pc•rtnrhations. H<·n<·c•. thC' nebula gTavity 

affects tlw sPrnlar resonanc<>s. As t.hf' nt"lmla clissipat<'s. the> apsiclal rntation rate> changes and tll<' 

location of secular resonancc>s moYPs. This rc>sonaiu·c• sW<'c>ping may rc·snlt iu thP high eccentiidt.it"s 

and inclinations of t.he a<;t.c>roids. 

\Varel et. al. ( 1976) first snggestc>d an import.roll'<' of sW<'<'piug Sl'<'Hlar r<•somm<·<·s <luC' to t.h<" dissipa

tion of the solar tll'lmla. H<'ppmlwimr.r ( 1980) dcrivc><l a r<•latiou h<'tWt'<'ll snrfa<"c' clC'Usit.y of the nebula 

and the lo<'ation of s<'rnlru· r<•somuH'C'S by two-climC'llsional analytical argnulC'nt (s<'<' Fig.2}. Th<' upper 

line shows the posit.ion of sc>cnlar r<'souanc·c> ,vith .Jnpitt•r. and nuclPr lim• shows that of wit.h Sat.um. 

These lines suggc>st t.hat th<> positions of st•rnhu· rc>sommc·c•s pass through astc.•roi<l zorn• as th<' nebula 

dissipates and n<'hnla density dt=>crc>,ts<'s. Ht• fmmcl that th<' <'n'<•ntridt.i<•s <'<>nld h<· pnmpecl up to t.h<· 

magnitude of pr<'s<"nt on<'s. Assnming <'Xpmu•ntial cl<•c·ay of tll<' uehula snrfac<' cl<'nsit)". he found that 

the dissipation t.inlP scalf' must he> of t.he ordc.•r of 10·1-ri yPars in orcl<•r for cakulatl•cl <'<Tent.ridties of 

Mars and a.,_;teroicls t.o coindcl<· with their }H'l'sent c•c-cc•utricitic•s. \Vard ( 1981) gaw a morr complE"t<' 

two-dimensional lhwru·i1.t=>cl mod<'l mid conduclc.•d that in orcln· to avoid tlw pumping np of t.errest.rial 

eccPntricit.ies in PX<.'c>ss of tfa, ohsc>rvecl mhws. tll<' dissipation time• s<'al<'s must lw of th<' order of 

10-t-5 years. HP indndc>d <>ffc>cts of ll('hula gaps aronn<l .Jupit<'r hy tidal iut<'rn<·tiou hC'tW('ell plru1<'ts 

and nebula. 

Tlw nebula gas is important not. only as th<' sour<'(' of gravity hut also as <Iraµ; to th<> plai1t'tary 
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Figure 2: Locations of the 115 and 116 secular re.sonances as fundious of ndmla <lt•nsity. Tiu• surface density 

is 1.9 x10-4 M._;_./AU2 in tbf' minimum mass solar nd.mla model. 

motion. Including the effect of gas drag, Lec-ar and Franklin ( 1997) nmn<'rically <"alculated the effect 

of sweeping secular rC'so11ru1ces in the n<"lmla gas (hy hvo-dimrnsional moclC'l). If t.ht> dissipation is too 

fast, the resonance sweeping is too fast t.o havl' mough tinl(' to pump up <'<'<·ent.ridt.i<'s of asteroick On 

the other hand. if the dissipation is too slow, the ec<'<'ntridt.i<'s pump<'<l np hy t.lu• s<'cnlar reso11ru1cC's 

arP completely clamped by gac; drag, and simult.an<'onsly all t.11<• astl'roicls spiral into hm<'r solar system. 

They suggest that if the dissipation time scale is mod<'rat<'. ,u·ound 10-1-r, y<'ars, th<· nebula deru1s up 

the asteroids (of 10 km siw) only in the out.er region of t.11<' 2:1 rl'smuuic<-s mid l'C'Sidnal asteroids still 

have large eccenttidties which may giv<.' au explanation for both th<• s<•cond m1Cl t.h<' third problems. 

Thus all the previous authors concluded that the tl<'hula dissipation tim<• is 104 -r, years. Fm-t.hcr

more, as all these previous works were restricted to t.11<' two-dimensional mocl<'ls. th<•y crumot follow 

the evolution of inclinations. 

2.1 Methods of Numerical Simulations 

In our simulations, we adopt. t.l1t> minimum ma~s solar ll<"hnfa mocM hy Hayashi(1981). where distri

bution of solid matedal is reproduced by presmt. terr<-strial phu1<'ts ancl solid cort•s of present Jovian 

planets. The dishibution of ga,; density is 

_ _9 ( a )-1 , /4 _ ( n~ct> _2) 
p - 1.4 x 10 lAU exp - 2~ - (1) 

where nk('p is a Kepleria.n timt• and r.11 is a isoth<"tmal sound V<'lodty. \-V<' a.-.;snm<' that the nebula 

extends from zero AU to 36 AU. 

We assmue that th<' nebula ·s surface~ clmsit.y ( u) clP<TPas<'s c•xpou<'ntially. 

p(t) = p0 ex.p(-t/,). (2) 

wherf' charactedstic- dissipation t.ime ; dose not dep<'llcl ou ht'lioc<'lltli<· clishm<'l'. \Ve• start with a 

system that com;ists of J npiter. Sat.tm1. ma-;slf'ss a"itr-roicls. aucl nE'hula gas ( whkh hav~ a gap along 

.Jupiter orbit) with 110 gas drag. 

As we investigate serular r<'somu1c<'s. W<' hav<" to ntlmht.t(' t•volution of apst• accuratt>ly. In ordi

nary integration sd1enws. th<' <'l'l'<>r of augl<· variahl<'s im·rt•ast•s lin<'~u·ly or <1nadratic-ally with tim<'. 
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Figure 3: Orbital evolution of au asteroid with initial cou<litious ,, = 3 AU. ,. = 0.02. i = 0 and the nebula 

dissipation time :;;cale of 2 X 10'' years. Present orbital t•l<•1ll(•nts an• ass1t111l•cl for .Jnpitt•r aml Saturn at t = O 

except for zero i11c·li11atio11s. (a) Tlu.' c->volut.ion oft.hf' lougihult.--s of 1wrihl·lio11 of astt•mitl aucl Jupiter. Filled 

triangles aucl c1·osses t•xpr~ss 1wrihelio11 for Jupih•r a.ml tll<' astt-roitl. n•s1u•ctiw•ly. Tht• sc•cular 1·c-s011auces occur 

around 50000 years. (h} The evolution of t>cc·c.'nt.ddtit•s. 

Moreover, the pffect. of perturbation would b<> easily c·owr<>cl up by th<' trmu·atiou <·rror of the strong 

solar gravity. To overcome thes<> difficulties, W<' usP tim<> synnn<>trkal Enc-k<··s m<>thod to integrate 

orbital mot.ion. 

For the integration of nehnla potential, ·we adopt good latti<"<' point m<>thocl. Thi~ method employs 

Fibonacci numbt>rs. which make highly unifo1111 no<l<>s ruul actnali?.(' high act·m·acy. To apply this 

method, we· nmst transform th("' integrand to the function whosr clc•rivatiws (inducling higher order) 

converge rapidly into zero at the boundary. 

3 Results 

We simulated orbital evolutions of asteroids in the <'clSl' of thr<>c'-dimmsional n<'hnla model with no 

gas drag. We show examples of the evolutions of an <>cc·entridty au<l a longit.ncl<' of pedhelion of an 

a.steroid in our simulations. Fig:,;.3a and 3b show th<' cas<> that dissipation tinw scall' is 24000 years 

and initial position of th<' ast.C'roid h; 3 AU. Fill~d trim1glC's and <-rosses <~xpn•s:,; t.lu• orbital evolutions 

of Jupiter and the astc->roid. respectively. For asteroids. pertnrhatiou hr hoth .Jnpitt•r and Sat.um arr 

included .. Jupiter's aps<> rot.ates duC' to the• c>ffect of 1wlmla potmtial. an<l ast<•roid"s apse rot.ates cluE' 

to the effect. of uebula .. Jnpitc>r and Sat.um ·s potential. As n<>hnla clissipat<'s. th<' prog1·<·ssio11 speed of 

asteroids and .Jupiter·s apse slow down. At t ..... 50000 y<•ru·s. t.h<'SC' rotation spc'c•cls <"oiucidc> with each 

other~ and the se<'ular resonai1c<> occurs. T.h<-' <'<'<'l'lltiriciity incr<>ases to 0.3. 

Fig.4a and b show th<> final C'<.'<·ent.ridti<>s and .indinations of th<> tl'st partid<·. In the simulat.ions. 

initial eccent.ridt.i<>s of ac.;teroids are 0.02 and initial iudiuatious of ast.<•roi<ls ar<' Z<\ro. The prrst"ut 

orbital elements of .Jnpit.<'r and Satnm arP takrn as initial <'<>n<litions. Assm1iing tlw <·xponential dec-ay 

of nebula density (equation (2)). W<' f'Xamiu<'d the casrs of T = 4.T x 10:'. 2.-l x 1()°"1• -and 6x 104 years. 

where T is the dissipation t.hnr s<"ale. Fig.4a shows that tlu• s<'<'Hlar r<•somUH'<"s <lo not havC' a d1ail<'<' 

to incr<'ase tlw t'<'<'t•nt.rkiti<•s snffki<>ut.ly if tlw dissipation tim<· sc-al<• is 3 x 10=' r<'m·s. whil<• th<>y pump 
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up the errentriritie:, ·up to magnitude of ohst•rvr.cl astc•roi<ls if T 2: 2 x 10'1 y<~ars. Tlw fig11re also shows 

that the s<1cular r<'sonanc<-s sm:c·c•<>d in removing tlw ast<'roicls iu th<' n•giou ont of th<' 2:1 resonru1<·cs 

by the enrotmtt'r with .Jupiter. Indinatious m·E". howC'V<'l". not suffki<'ntly pmupc•cl np. The reason is 

that the 1110 resonru1ce does ~10t pass through tht' Mt<'roi<l h<•lt r<•giou in thP way of nPhula dissipation. 

Fig.5 shows the relation behvem nC'bula sm·fac'(' clPusit~· m1cl th<' position of S<'<·nlar r<':,onanres. Th<' 

resonances. which sweep asteroid belt. at'C' t.l1C' 11r, aucl tll<' 110 r<•sommc<'. aud tl1Ps<' rc•souances are ones 
that correspond to apsiclal motion. 

4 Conclusion 

\Ve fom1cl the e<·c·Pntridty c•volntion is similar to that in th<' two-cliuu•usional mod<'l. Sw<><'ping srmlar 

resonances pump np Pcc·pntridtiPs of astc•roids np to tll<' pr<'S<'Ut vahws. if th<• tinl<' scalP of dissipation 

of th<' nebula is longer than 2 x 10·1 years. and that l'Plll<>V<' tlw ast<'l·oi<ls in tlw l"<'giou ont of th<' 2:1 
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r<'somu1(·p:,; hy tll<' <'ll<"mmh•r with .lnpit1•1-. 

\-Vh(•n WC' ta.k<· t.inu• s<"al<':-i long<'r than 10° )wu·s. most of ast<•rnicls m'<' r1•mm·pcJ from nmiu hdt 

r<'giou hy dos<' pm·mmt<·r with .Jnpitc•r dm• to tlw highly p1m1pP<l np <'<'<'<'ntridti1•s. whi<'h a<·<·mmts for 

t.lu• d<'pl<.•tiou in tlH' astProi<l hc•lt. Tll<' iudiuatious of ast<•roicls arc• not pm111><·cl np iu onr simulations 

as largP a'> obsc•rvatiou. Tll<' r<•as011 is that the• 111 6 l'<'sommc·<' <lo<'s not pass in tll<' ast<·roicl h<'lt r(•gion. 

vVe ne<'d anot.h<>r mc•chanism to pump ttp ast<'roiclal indiuatious. Tll<' <'<'<'<'ntrkitiPs ar<' pmnp<'d up. 

then. it. is permitt<'d ast<'roicls to dos<' c•rn·mmtc•r with .Jnpit<•r or ).fars. mul it may 1><' possihl<> to 

inrrea.s<' ash•roiclal indinatious. \YC' must c·arrr ont clPtailPcl simnlatious with loug<'r dissipation tim<' 

seal<> induding dos<' <>ucmmt<·r with plauPts. 
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A dynamical model of CH Cygni and its implication 

Kiyotaka Tanikawa1 and Seppo Mikkola1,2 

1National Astronomical Observatory, Mitaka, Tokyo, Japan 
2Turku Univeristy Observatory, Finland 

Basic characteristics of CH Cygni related to its dynamics are listed. Previously published 
models of CH Cygni are briefly criticized. The meaning of the new model which we pro
posed( Mikkola & Tanikawa, 1998) is explained and some possible mechanism of activity is 
suggested. 

1. Characteristics of the activity of CH Cygni 

Symbiotic variable CH Cygni has been observed and investigated for more than one hundred 
years(Mikolajewski et al., 1990). Although immense amount of data have been accumulated 
until now, its basic geometrical or dynamical picture is yet to be clarified. What can be done in 
this kind of tangled situation? As dynamists, we are not going into the details of astrophysical 
observational data because these are out of our reach. Instead, we are interested in fixing the 
dynamical configuration of the system based on the belief that the underlying mechasnism of 
its activity is simple. 

In order to do this, we should select basic evidence which we think most important for 
the dynamics of CH Cygni. We consider that the following three are the most important 
characteristcs. 

( a) No activity during 1885 /",J 1963{Mikolajewski et al., 1990). 
Until 1920's, CH Cygni was a standard M7III star. After that it was classified as a semi

regular M611I star and it suddenly started symbiotic activity in 1963. 

{b) 15 years and 2 years variations of radial velocities (Hinkle et al., 1993). 
It is generally accepted that the 15 years variation comes from the orbital motion of 

components(Yamashita and Maehara, 1979), that is, CH Cygni is considered at least as a 
binary system. 

( c) 15 years radial velocity variation of the active component (Mikolajewski et al., 
1987; Mikkola and Tanikawa, 1998). 

This may be most contraversial in selecting models. 

Let us introduce typical models of CH Cygni thus far proposed and criticize them in relation 
to the above characteristics. 

(1) Binary model(Munari et al., 1996) 
A binary of 15 years period has an accretion disk. 2 years periodicity comes from the 

pulsation of the main component, the red giant. 
Characteristics (a) cannot be explained by this model. Doubt has been cast to this model 

with respect to the possibility of the formation of an accretion disk in such a wide binary. 
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(2) Triple star model(Hinkle et al., 1993; Skopal, 1997) 
A third body revolves round a close binary of 2 years period. The close binary has an 

accretion disk. Activity of the system occurs around this disk. 
This model ignores Characteristics ( c). These authors do not propose any mechanism 

which explains Characteristcs (a). 

2. Our model 
We consider that Characteristics (a) is the most essential one among the three for the 

dynamics of CH Cygni. Is the absence of activity for more than 80 years due to an age effect 
or the expression of non-activity phase of a longer period? Then it is natural to ask: Can 
a system like CH Cygni have a period more than 80 years in addition to 2 years 
and 15 years periods? 

Our idea is that this is possible if we take into account a resonance in a triple system. There 
are a few candidates of resonance. 

Mean motion resonance: This resonance is attractive since the ratio of two periods of 
CH Cygni, 15 years and 2 years, is close to 7 : 1. However, the effect may be weak because 
the ratio is large. 

Secular resonance: In this case, the periastron of the perturbing third body should move 
in order that the resonance become effective. Non-linear interactions between the perturber 
and perturbed body might force the periastron to move. 

Kozai resoance: This mechanism is effective for a rather wide range of parameter values. 
This is most attractive. 

If resonance is effective in CH Cygni, its activity can be desribed as follows. 

1. A third body revolves round a binary of 2 years period in 15 years and gives a dynamical 
effect on the binary. 

2. The eccentricity of the orbit of the binary changes in a long period more than 80 years. 
3. Mass outflow occurs when the companion approaches the primary at their periastron if 

the eccentricity is large. 
4. Mass outflow does not occur if the eccentricity is small and the binary components 

do not approach each other so much. This implies long absence of activity during the small 
eccentricity phase. 

Kozai mechanism (Kozai, 1962; Kinoshita and Nakai, 1991; Innanen et al., 1997) represents 
the angular momentum preservation. Suppose that a third body is revolving round a close 
binary. We look at the motion of the companion of the binary. The gravitational attraction 
from the third body is considered as a perturbation to the main attraction from the primary. 
Suppose further that initially the orbital planes of the third body and of the companion do 
not coincide. Then due to the perturbation from the third body, the orbital plane of the 
companion oscillates with oscillation center at the orbital plane (x, y) of the third body. In 
addition, the z component of the angular momentum of the companion preserves. This is the 
so-called Kozai mechanism. As a consequence, the eccentricity of the orbit of the companion 
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Figure 1: Comparison of the triple model radial velocities with observations. Note that the 
model agrees well with the infrared data of Hinkle et al.(1993). (Mikkola & Tanikawa, 1998) 

oscillates with the inclination. The larger the initial inclination, the larger is the amplitude of 
eccentricity oscillation. 

Mikkola & Tanikawa(1998) searched for a best fit orbit starting from the mass and orbital 
parameters of Hinkle et al.(1993). In this case, the data to be fitted are the radial velocities 
taken from various sources. Their result is shown in Fig.I (Mikkola & Tanikawa, 1998). In 
this parameter values, the period of eccentricity oscillation is longer than 400 years(Fig.2), 
and is compatible with observations. 

3. Implication of the model 
Our model explains Characteristics (a) and (b). In particular, the secular increase of 

activity of CH Cygni starting at 1920's is well interpreted in our model as due to the secular 
increase of the eccentricity since then. However, to explain resonably Characteristics ( c) we 
need some mechanism. It is rather a serious problem: the active component is the third body. 
Of course, this has been obvious from the start as long as Characteristics ( c) is true. And this 
seems to be the very point where some authors hesitate to adopt a triple model. 

Hinkle et al.(1993) did not adopt Characteristics (c). Characteristics (c) may not be so 
firmly established as (a) or (b). It should be observationally checked more fully. 
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Here we go to the opposite direction, i.e., try to find a mechanism of the third body's 
activity. In our model, mass overflows from the main component of the binary. Moreover, the 
companion may dive into the atmosphere of the main component. In such a situation, is it 
possible that the activity does not occur around the companion? 
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Figure 2: Evolution of eccentricity of the inner binary. The long period of low eccentricity 
explains the non-activity of CH Cygni prior to 1963. This behavior of eccentricity is due to the 
Kozai resonance and depends critically on inclination and longitude of perihelion. (Mikkola 
& Tanikawa, 1998) 

We suggest a possible mechanism of the third body's activity. 

Let us consider a mechanism of jets, or more precisely the acceleration mechanism of 
matter in a multiple system. There is a gravitational mechanism called 'slingshot' ( Anosova & 
Tanikawa, 1996; Umehara & Tanikawa, 1998). This mechanism works both in two-dimensional 
and three-dimensional settings. If a particle passes through a point on the arc connecting the 
components of the binary, or cross the syzygy when they are receding each other, then it is 
accelerated gravitationally. If the direction of motion of the particle at syzygy crossing is 
out of the plane of the binary, the direction of motion after the acceleration is more or less 
three-dimensional. If the setting is two-dimensional, the particle is accelerated in the plane 
of the binary. Efficiency of the mechanism, i.e., the energy increase of the particle, dependes 
on various parameters. Roughly speaking, it depends on the receding speed of the binary 
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components, and the position and direction of motion of the particle at syzygy crossing. For 
example, if the position of the particle at syzygy crossing is close to either of the components, 

efficiency is low. 
Mass overflow occurs at a position on the arc connecting the centers of two components 

of the binary. If the velocity of the outflowing matter has transverse component to this arc 
and the binary is receding, then slingshot may be effective. However, it is generally believed 
that the initial velocity is small, so the acceleration by slingshot is small. The next chance of 
syzygy crossing comes when the overflowed mass revolves round the companinon once. In this 
occasion, the transverse velocity will be large. But the distance from the companion is very 
small at this syzygy crossing if the initial velocity is small. This is because the small initial 
velocity means that matter free-falls to the companion in a rotating system. 

It seems that slingshot is not effective if there is a stationary accretion disk into which the 
overflowed matter quickly falls and settles down. However, if there is not a stationary accretion 
disk as suggested in Mikkola & Tanikawa(1998), the matter flowing out of the primary can 
be accelerated by slingshot because there are two syzygy crossings during its one revolution 
round the companion and there can be a timing in which conditions for the effective slingshot 
are satisfied. 

Now, the matter accelerated by slingshot escapes from the binary. If the acceleration is 
not large enough, the matter will come back to the system and may eventually hit the third 
body. 
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Analytical Expression of the Kozai 
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Abstract 

When Kozai(l962) studied the secular resonance of asteroids, he found the so-called 
Kozai resonance and expressed the analytical solution with use of Weierstrass p. Here 
we give the analytical solution with use of the Jacobi elliptic functions, which are more 
familiar than the Weierstrass p . 

1 Introduction 

When Kozai(l962) investigated the secular resonance of asteroids with high inclination 
and eccentricity, he found the argument of the perihelion of an asteroid does librate and 
even if the initial eccentricity is very small, the eccentricity does become very large. This 
phenomenon is recently called the Kozai mechanism or the Kozai resonance, since the 
mean motion of the perihelion longitude is equal to that of the longitude of node. The 
Kozai mechanism appears in the similar dynamical systems as the asteroidal case (see 
Table 1). The disturbing body in the system of Table 1 is located outside the disturbed 
body. Thomas and Morbidelli discussed the Kozai mechanism, where the disturbing body 
is inside of the disturbed body. 

Kozai(l962) obtained the analytical solution of the Kozai resonance by an elliptic func
tion of Weierstrass p. Since Weierstrass pis not familiar, Kinoshita(l991) expressed the 
solution with use of Jacobi elliptic functions. This analytical expression, however, turned 
out to be only applicable to the case where the argument of the perihelion circulates. So 
here we give the analytical solution for the case where the argument of perihelion librates. 

Table 1: Application of the Kozai Mechanism 

1 )Kozai(1962) 
2)Kinoshita(1991) 
3 )Innanen( 1997) 
4) Holman( 1997) 
5) Wiegert ( 1997) 

Central Body Small Body Disturbing Body 
Sun Asteroid Jupiter 
Uran us Satellites Sun 

Sun Planets Companion Star 
16 Cyg B Planet 16 Cyg A 
a Cen A Planets a Cen B 
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2 Equations of Motion 
Kozai(1962) discussed a massless asteroid disturbed by the outer giant planets. The 
Hamiltonian for this system in terms of Delaunay elements is 

F = F(L,G,H,l,g,h,>/), (1) 

where )..' is the longitude of the disturbing planet. The explicit expression is given in 
Kozai(1962). After the elimination of short periodic terms the new Hamiltonian F* does 
not include l and)..' and also h since the disturbing potential becomes axial symmetric. 
Since the new L and H ( the z-component angular momentum) are constant, we have the 
following relation between the eccentricity and the inclination 

Vl - e2 cos J = constant = e. 

Now we give the explicit expression the new Hamiltonian(Kozai 1962): 

F* = -y ( (2 + 3e2)(3cos2 I -1) + 15e2 sin2 I cos 2g) 
+O((a/ad)2), 

1 md n~ 2 
"Y = ---------,,--a 

16 md + me (1 - e~)312 

(2) 

(3) 

(4) 

where md, nd, ad, and ed are the mass, the mean motion, the semi-major axis, and the 
eccentricity of a disturbing body and me is the mass of the central body. For the asteroidal 
case the central body is the Sun and the disturbing bodies are the outer planets. 

From this Hamiltonian the equations of motion take the form 

dr, = - 15 e2 sin2 I sin 2g 
dt• 8 

:: = -
8
~ (112 -5cos2 I+ 5(cos2 I -712

) cos 2g) 
with the constraint r,cos I= constant= 8, where 

,,, = J1 - e2 , 

(5) 

(6) 

(7) 

(8) 

Even though these equations do not seem to be integrable, the solution can be obtained 
with use of an elliptic function. Kozai(1962) expressed the solution by an elliptic function 
of Weierstrass p. Kinoshita and Nakai(1991) gave the analytical expression with use of 
Jacobian elliptic functions, which are more familiar and easier in handling than Weier
strassian elliptic functions. This analytical expression, however, turned out to be only 
applicable to the case where the argument of the perihelion circulates. So here we give 
the analytical solution for the case where the argument of perihelion librates in the next 
section in addition to the analytical solution for the circulation case. 
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3 Analytical Solution 

At first we give the solution of (5) and (6) for the case where the argument of the pericenter 
circulates. The initial values for the equations (5) and (6) are e = ea: I= 10 and g =Oat 
t = 0. We define Xo, X1, x2(x2 > x 1) as 

xo = 1 - e~, 

1 2 
x1 + x2 = 3(5 + 58 - 2xo), 

5 2 
X1X2 = 38, 

where 

(9) 

(10) 

(11) 

8 = J1 - e~ cos lo, (12) 

With use of the Jacobian elliptic functions the solution of (5) and (6) takes the form 
(Kinoshita and Nakai 1991) 

e2 = e~ + (1 - e~ - x1)cn.2({3t + K), {13) 

where 

/3 _ 3V6 J--- md (l 2)-3/2n~ - -- X2-X1--- -ed -. 
4 md+mc n 

(14) 

The parameter K in the argument en is the complete elliptic Integral of the first kind 
with the modulus k2 

k2 = (xo - x1)/(x2 - x1). (15) 

Now we give the solution for the case where the argument of the pericenter librates 
around 1r/2. We define the initial values such that e = e0 , I = Io, and g = 1r/2 at 
t = 0. The expressions (13), (14), and (15) for the circulation case are also applied to the 
libration case, except for the expressions of the parameters x 1 and x2: 

5 2 
x1 = 3 cos 10, (16) 

1 
x2 = 1 + 2e~(3 - 5 cos2 /0) (17) 

The period of the variation of the eccentricity for both the circular and librational 
case is given by 

Pe= 2K//3 

and the period of the argument of pericenter is 

P9 = 2Pe, 

The maximum eccentricity is obtained from (13) as 

em.ax= Vl - X1 

(18) 

(19) 

(20) 

The figures 1 (the libration case) and 2(the circulation case) shows the maximum eccen
tricity as a function of the initial eccentricity, where the initial eccentricity is a parameter. 
The maximum eccentricity for the librational case does not depend on the initial eccen
tricity ( see (16) and (20)). The figure 3 shows the period Pe normalized by the factor 
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/3*(8) as a function of the initial eccentricity, where the initial eccentricity is a parameter. 
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Abstract 

Asteroid Nereus approaches the earth frequently, so its orbital motion is very chaotic. In this 

paper, we have studied how long we can estimate the orbital evolution of such strongly chaotic 

object. We calculated orbital evolution of many 'clones' of Nereus, and we analyzed how the 

clones are distributed as time passes. From our calculation, we found that the orbital evolution 

of Nereus can be determined only for 200 years precisely, but we found that it is possible to 

estimate the most probable orbital evolution of Nereus for 5000 years. We also found that the 

region where Nereus existed about 5000 years ago can be confined in a narrow region in the solar 

system. 
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Super multiple flyby orbits for exploration of asteroids 

aJII A Ciit®if) , 3t!ll IEA (~iiSf) 
Makoto Yoshikawa (CRL), Masanao Abe (ISAS) 

-~ 
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~ 7 .b.~tf.fit L,f~o M~ c-t 01J,~£~4i)Ljlt,t;ft~ t>t'L-C\.'o 34000 fi'i ~-,;: L,, ~ilrffiliit~ 0. 03AU 

~P'l c -to c, 10 ~rdJ(l)~itWJri:s~-c: 10011 < ; ",(J),M&~&,;:~ill:-c:~ o fJl.ii ~~ltJt--=> ,to~ c tit-c: 
~~ ~~t.,, ~~-C:(l)Mfi-c:~,~-fflt(l)•ii~~-;/'7-~~c!::t.,-c~~,•&~J:offl~~AA 
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Abstract 
We have developed an program that can search such orbits of spacecraft that can approach many 

asteroids. If we pick up about 34000 asteroids for the targets of exploration, we can find many 

orbits that can approach about 100 asteroids in the distance of less than 0.03 AU during 10 year 

mission periods. In this study, we assume that the motion of spacecraft is Kepler motion, that is, 

the perturbations of planets are not taken into account. This is because we can control spacecraft 

in real missions, and we must control it so that it approach much closer to asteroids. The orbits 

that we obtained in this study can be helps for planning real missions. Our next study is to make 

much more realistic plans for.exploration of asteroids. 
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Fig. I Distribution of asteroids. About 37000 asteroids are plotted here. 
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ABSTRACT 

We observed precise astrometric positions of the faint outer satellites of 

Jupiter J6-J12 with the Kiso 105cm Schmidt telescope. The observational 

period is from November 1990 through March 1992. We discuss the post-fit 

residuals after orbital improvement for our 1986-1990 observations, kindly 

provided by R.A. Jacobson (JPL) prior to publication, and thereby emphasize 

the superiority of the inter-satellite measures available only from wide-field 

Schmidt observations which can cover all the satellites in a single plate. 
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1. Introduction 

In 1986 we started photographic astrometric observations of the jovian outer satellites 

in an attempt to give their improved positions making good use of wide-field coverage by 

Schmidt telescopes. Precise astrometric positions 1986-1990 for the seven satellites except 

J13 were reported (Nakamura et al. 1991). This is the second report covering 1990-1992. 

In Section 2 we tabulate all the measured positions and in Section 3 discuss the post-fit 

residuals after orbital improvement for our 1986-1990 observations, which were kindly 

supplied by R.A. Jacobson (JPL) prior to publication. 

2. Observations and Results 

vVe made photographic observations of the jovian outer satellites with the Kiso 105cm 

Schmidt telescope of University of Tokyo. The plates used cover the field of view of 6.3 

deg. by 6.3 deg., so that images of all the outer satellites can be taken in a single plate 

with Jupiter located near the plate center. For details on the telescopic specifications and 

observations, see Nakamura et al. (1991). The standard exposure time was 25 minutes for 

Kodak Ifa-0 emulsion without hypersensitization. Automatic guiding was made using the 

center of the jovian disk as a guiding target. 

We measured the orthogonal coordinates for both the reference stars and satellites 

with a XY measuring machine developed at the Kiso Observatory (lµmm resolution). In 

case of the automatic bi-section mode where the machine calculates by hardware the center 

of plate density for stellar images above the sky-background level, repeated measurements 

are unnecessary and this mode was always used for bright satellites. We made the manual 

bi-section several times for each faint satellite near detection level. We used Astrographic 

Catalog Reference Stars (ACRS: U.S. Naval Observatory) as our reference star catalog 
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(Corbin and Urban 1990). Several tens of stars fainter than magnitude 10 from the ACRS 

were generally adopted as the reference stars, uniformly distributed over the plate. 

Use of this large number of reference stars is because the outer. satellites appear almost 

everywhere in the plate and in-such cases simulations show that the positional error for 

satellites is sometimes a few times larger than the standard deviation of the residuals for 

the reference stars, especially for reference star numbers of less than about 50 (Nakamura 

and Sekiguchi 1993). Adopted plate model is the third-order polynomials for each of x and 

y standard coordinates (Smart 1949). We used an astrometric plate reduction software 

PDSP, developed at the Kiso Observatory (Nakamura et al. 1991). 

The reduced positions of the satellites J6-J12 are presented in Table 1 as the 

topocentric right ascension and declination. Site coordinates of the Kiso Observatory are 

given in Nakamura et al. (1991). The meaning of each column is as follows: 

Column 1. Plate number given at the Kiso Observatory. 

Colwnn 2. Midtime of exposure (in year, month and day fraction) in Universal Time 

(UTC). 

Column 3 and 4. Right ascension (in hours, minutes and seconds of time) and 

declination (in degrees, minutes and seconds of arc) in B1950.0. These positions are the 

ones obtained directly from the plate reduction software PDSP, so that they are astrometric 

positions affected by the E-terms of abberation. 

Column 5 and 6. Right ascension and declination in J2000.0. These positions are 

astrographic positions free from the E-terms of abberation, which were converted from 

B1950.0 to J2000.0 using the procedure recommendeq by the Commission 20 Ad Hoc 

System Transition Committee of IAU (1990). The conversion formulae are basically the 

same as those seen in Explanatory Supplement to the Astronomical Almanac (1992). 
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This conversion from B1950.0 to J2000.0 may be made by those who attempt orbital 

improvement of the satellites. 

Column 7: Number of the reference stars used in plate solution. 

Column 8 and 9: The formal standard deviations of the residuals in the plate solution 

for right ascension (Sl for Llacos 8) and declination (S2 for Ll8) in units of arcseconds. 

3. Discussion 

Our observations with the Kiso Schmidt telescope are characterized by plate constants 

that are common to all the satellites. This fact is significant in that use of Schmidt plates 

allows us to adopt the inter-satellite positions (coordinates of other satellites referred to 

those for a specified satellite) for orbital improvement and then is likely to give a better 

orbital fitting because errors due to the reference catalog can effectively be cancelled in 

inter-satellite positions. This was just the initial reason why we started the Kiso Schmidt 

telescope observations, though we could not have confirmed the superiority because we had 

no chance to make orbital improvement of the satellites by ourselves. 

Recently two orbital improvements for the jovian outer satellites have been done by 

French and US astronomers. The first is due to Rocher and Chapront (1996) and the 

second due to Jacobson (1997). First let us talk about Jacobson's results. Jacobson 

(1997) made orbital improvements for the J6-J12 satellites with the observations up to 

1994 including ours (Nakamura et al. 1991). Jacobson (1997) included dynamical effects 

by the Galilean satellites and Jupiter's J2 oblateness, in addition to the Saturnian and 

the solar perturbations. Table 2 shows the standard deviations of the post-fit residuals 

after orbital improvement for our 1986-1990 observations, which were kindly provided by 

Jacobson prior to publication. "Absolute" in the first column stands for the ordinary right 
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ascension and declination, whereas "Relative" means the inter-satellite positions, namely 

positions of satellites measured relative to a specified satellite. P and R refer to prograde 

and retrograde satellites. Note that the standard deviations for P and those for R in 

Table 2 are respectively the combined ones for J6, J7 and JlO and for JS, J9, Jll, and 

Jl2. N represents the total number of our positional data used in orbital improvement. 

The standard deviations u(~a cos 8) and u(~8) are given in the fourth and fifth columns 

in arcsec. According to Jacobson (1997), our u's in absolute positions are nearly 10-20% 

smaller than modern positions available from other observations. 

Considering that the averaged errors (S1 and S2) for reference stars in Nakamura et 

al. (1991) and Table 1 are around 0."3-0."35, values of the standard deviations of absolute 

positions for P-satellites in Table 2 indicate that the orbital fitting error is comparable to 

the plate reduction error; this seems quite reasonable. About 40% larger u's in absolute 

positions for R-satellites than those for P-satellites also make sense, since the retrograde 

satellites are generally fainter than the prograde satellites and hence we were forced to 

make repeated measurements of the former in manual bi-section mode. We can also see 

that, for both P- and R-satellites, the u's for relative positions are improved by a few tens 

of a percent compared with the u's for absolute positions except u(~8). As the u(~8) in 

absolute positions for P-satellites is minimum among others, it may be natural that the u 

was not improved appreciably in relative position analysis. Therefore, it is concluded that 

the relative positions are better than the absolute ones in performing orbital improvement. 

Tayl?r and Shen (1988) had already shown in their orbital improvements of Saturnian 

satellites that the inter-satellite positions gave the smallest residuals among other measures. 

However, our observations here seem to be the first case in which a direct comparison has 

been made between the inter-satellite positions and the absolute ones using the same set of 

data. 

Rocher and Chapront (1996) have made independently orbital improvements for the 
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two prograde satellites J6 and J7, and the two retr9grade ones JS and J9. They used 

observed positions till 1993 including ours (1991) and their dynamical model takes account 

of all the planetary perturbations and the J2 oblateness effects of Jupiter; seemingly 

they did not include perturbations by the Galilean satellites. The post-fit residuals after 

orbital improvement provided via anonymous ftp reveal that, for our Kiso observations, 

the averaged u's for 6.acos(6) are respectively l."4, l."9, 0."5, and 0."5 for J6,J7, JS, and 

J9. The u's for 6.6 are also found to be l."l, 0."5, 0."5, and 0."5; similar trends are seen 

in the residuals for observations at other observatories. Although the u's for JS and J9 

are roughly comparable to the ones by Jacobson (1997), those for J6 and J7 are obviously 

inconsistent with both the errors in our plate reduction and Jacobson's residuals. Time 

history of the residuals for J6 and J7 also seems to show some short-term variations. As far 

as our observations are concerned, we do not see any reasons that our astrometric positions 

for J6 and J7 are worse than those for JS and J9, because our images of J6 and J7 were 

bright and well-defined and the plate constants were common to all the four satellites. 

Inferring that the large u's for the inner prograde satellites J6 and J7 may be caused by the 

inner perturbing sources such as the Galilean satellites, we tried to make order-estimates 

of the short-period analytic perturbations using the formulae given by Tisserand (1896). 

However, their magnitude was no more than the order of 0."1. Therefore, possible causes of 

the large u's for J6 and J7 by Rocher and Chapront (1996) are unknown yet to us. 

We are heartily grateful to R.A. Jacobson who kindly supplied us with the residuals of 

the jovian outer satellites after their orbital improvements prior to publication. We thank 

the staff of the Kiso Observatory whose support in observations was helpful. Discussion 

with H. Kinoshita on perturbations by the Galilean satellites was also useful. 
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Table 1: Observed topocentric positions of the jovian satellites J6-J12 

Provided as "camera-ready" form. 

Table 2: Standard deviations (arcsec) of the post-fit 

residuals for the Kiso 1986-1990 observations 

Measures P/R N u(~acos6) u(~6) 

Absolute p 90 0.51 0.43 

Absolute R 70 0.62 0.65 

Relative p 43 0.35 0.44 

Relative R 28 0.57 0.43 

This manuscript was prepared with the AAS Tu\'IEX macros v4.0. 
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Abstract: 
Recently, two faint outer satellites of Uranus have been discovered by the US as

tronomers. These outer satellites, including eight Jovian outer ones and the Saturnian 

satellite Phoebe, are supposed to be members dynamically captured from the outside. 

Considering the size spectrum of small bodies in the solar system, fainter satellites not 

yet detected are likely to exist in the outskirts of the sphere of influence of each planet. 

Gigantic telescopes like SUBARU now under construction in Hawaii are most suitable 

for observations of such objects. This short report is a feasibility study on survey ob
servations using SUBARU of possible faint satellites around each planet, in terms of 
limiting magnitude, detectable size, survey sky area, observing conditions, and so on. 

It is shown that SUBARU CCDs can cover the necessary sky areas for search with two 

sets of exposures, each of which consists of a few hours, and can detect bodies roughly 

one order of magnitude smaller than the smallest known satellites. 

1. { ;t L: N.> (:. 
1997 ~ 10 J=J {;::., ~3:.JIH;::.tlrt;:ft 2-1iOJ#r~OJ~flffii5-i,Vt ~:ht=. (IAUC 6764, 6765, 

61so) 0 t<!:*, ~:±~OJ~rJiJt'-' ,-rn t~-ff!J LOJ~iiiool*r~~:±~(7.)-::::.' < ili:m,;::. Lt>:'l# 
tE Ltit>:'l-':) t=..(1)-r:, Jc::E.JiHtJ:j£(1)tat1»Jifi!!(1)~£wjJiH;:.tt~--r*~ -r:3i)o c!:: Jflt ~n --c 
1.,,t=..o 4-lfil~fl~nt=..2-ffffl(l.)t$i£fi, fitiiJ5 c!:: t~frM<:3i) '?, *,t,,$tJC~v'b L< 
(!i?:E, 1in7J~{.&i! ~ :h --C v 'o) , fJLil ~*~ f'i.7C::E.£ ~~(!) 250-300 fff-r: 3i) o (7.)-r: ( ~ 
ttwr£-r:3i)o:. c!:: fi 100%ili~-r:f±ti1.,, ~ L'-' ,t,~), .7C::E.~c!:: ~i;:.1=.~nt=..(1)-r:f'iti < .. 
ff i):'l ~tJli~ ~ :ht=. AJ~f1:i,i~t, ' 0 

:. (1) J:: ? ti,1~$lr£f'i*~';:, s-ffffl.. ±~i;:, 1 {Ifflt,~~ bn --Cv 'oo *~(l)Mj~f'ifJL 
jl;o~J: < ffJ.t=.. 2 ..-:,(l){l'1v--::f~,5x L --Ct, 'oo -t:":h~:h(l.)?''!v--::tf'i4-fi(l) :I- / .1~-~~ 

~, P'liJllJ(1)?~1v--::f~~J'J:lllftfr-r:JaJWH'i~ 1 ~ .. 7'f..ffl.lJljJiH'i~fr~JaJWH~ 2 ~~~oo 

7'f..mj~-r:3i)o:. c!:: c!::i2!rrM--e~o:. c!:: i:ttmffi~nt=- t(l)-r:~o:. c!:: ~~P~ L, M 
t,~ffJ. t=.. ?''!v-7~ PXT:. c!:: J±fr~!i~t,~ 001*' L --Ct,' o :. c!:: ~Rf71'T o o ~~.. Colombo 

and Franklin (1971) f±2--::>(7.)?''1v-::ffj~J±?f..$7J:'l~~-':) --C*t=-~f*;o~Jj~ L --C l:tl*t=
c: ±~ L, Pollack et a.1.(1978) f±*~t,ijtyi}j~~(l.)P~,;:,JaJ(ffH;:.~ L --Cv 'fd~v 'Jfif.ja*-
~JJ;:.,1,-$.7C1*7J~fj~ L --C5t~ LtdiJi.Jti,~?-·1v--::fffi~~~Jlx Lt=. c!:: L --Cv 'oo M~ti 
~t-ef± .. M;o~ a< ffJ.t=..4111 l> (7.) ?''!v-::f~M~-r:f1=o (7.)J±laslJl-r:~o 7J:'l ~ .. {iiJ ~ 7J:'l(l.) 
~'*--e-(7.)Jf~i&Jffi.t,~~4 L --Cv'o c:~x.oOJi,~§~-e~6 ?o 

Jr~@?Jl-e Lft 1..., f'trs:1~.IH! ,;::. ~ nQ 0) J±, -t ~ ;;<--~~--e~ o O Jr~@1lllti ~,1, ~ '-' ,~ 
O)~G6~ ::k ~ ft~ l;:.!t~ --c-r-':) c!:: $-v '*-C: ~ o o *~~ ~ (7.)"t ~ ;;<' ( ~~) (7.) JlitJJ" 
~ c!::, Jj~!i~-r:f±!Jb:~a'-Jft~~ 7,.'0) (-3) *JJ"~ C: ~, Table 1. ~;::_~~ Lt=..o Jj~]J:'l 
~T~~no~,;::.%.f" L, --c' *~Mr!i-eJ±,J, ~t, \~ 1/ .l~--(7.)it;o~OO bt>:'l,;::_~JE: L "'(t, \ 
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o (l)tJ-S.5!0
0 

±~~i~(J) Phoebe (J)titffltJ). ll0km -C:-, lfcl0km (1)~7J~~n~:f,c5J' 
Jl,--?iP-0-Cv '-Ct ~t, '*1l(l),::, 1 -fl l.,i)~Jl, ~n -Cv ,tit, 'a ~ (l)))j{~tJ~, ~ti b~1J" 
1tti.iH;;t=~l£ (J) ~ijfJt(l)ftlffl1WJU'P-ilr < -e~ fl ~ ht::. t::. ~ (1) JliJ ~~t (J)W]* fl (J) iJ ~, t" n ~ 
t*~ i::,J'\ ~ v '/. 1//~-IG!)).Pflv \(J)i)~~:tm~-c:-J:t*'Jim"-C:-~ fl" 'a *~-C:-J';;t, 1975 ¥ 
,:: C. Kowal 7)).21 ~(l)~fi~ b L,~xf*~~Jt L, t, 211r"1iii~~~~nt:.7J~-t(l)fjJl 

:x:t>tit::.a J::-0-C., *Mtfln::~:t:Ptt < ~ t 1 ilffl(l)*~Jt(l)Ji~~:tffi'£T Q e:, Lv 'a ti 
to, *~';:ifflj~ L-t:.~~Shoemaker-Levy 9 (1)-l½J:3c-!*~~t1$a'-Jft~i~--~ (1),f± 
$ (Fuse et al., 1997) ,::J::--:,-C, J13H~ (=1F?ft,::pfft, ') ~~< 7-0ffl(l)~~ ~ (A.Jffi 
}t(J)&j Q ~ (l)ffi*~{w~tJI*. t~1¥1£T Q Jti6;JJ.J:tli ~Iv~"~--:, '"(t, ,tiv 'a 

Table 1. Radius distributions for Jovian outer 
satellites (N008 ) and for the (-3) power-law (Neal) 

Range(km) Nobs Neal 

80-40 1 1 
40-20 4 1 
20-10 16 5 
10-5 64 1 

*¥R-f§--c:-1:t, 1999 ~(1)~ '? iJ~ bN7J).7~~n tv 'o 1=1~8m (1).A/~Jvil~it (=E~ 
~) ~ fflv ,-c, J:~J::Jm~t:.*~(1)~,J"li!l.7)'S. ~"(l)ffiJt~~~~ o tJ~~Mltt,::~wt Lt::. 
t (J)-C:-~ Q 0 

2. *ms1t,1,1i~tm:ffi:0)1la 
*~(J)~$Ji~tJ~-lfcflffl~Jl~nt:.#1~(1)~~~:tt,' < --?iJ~~~f bhoo '1--fffSli~ 

tJ-S.tffl~im~~To ~, ;aJl~nt:.fJLii(l)JC~ ~iJ~b *.~~~(l)~~a'-Jfl~~II (Sphere 
of influence) (l)JC~ ~ 7J). J:: '? fj:--:, ~ '? T Q ~ ~ ~~0 0 Table 2. ,::*~~,::%1"-t Q~ 
~Iii, 1:: Jvli), ~~,::~Jl~h-Cv'Q~~$Jr~O)Q(J)*~ ~ ~.tt~ L.,t:.o 

Table 2. Search regions for possible new satellites (near opposition) 
Planet Sph. of Inf. Hill's Sph. Outermost Sat. CCD Frames 

Jupiter 48.3 x 106km 51.9 x 106km 23.6 x 106km 
(4.4 deg) (4.7 deg) (2.1 deg) 88 

Saturn 54.5 64.1 13.0 
(2.4 deg) (2.8 deg) (0.6 deg) 7 

Uranus 51.7 69.5 9.3(S/1997U2) 
(1. 1 deg) (1.5 deg) (0.47 deg) 4-5 

Neptune 86.8 115.2 5.6 
(LO deg) (1.3 deg) {0.1 deg) a few 

Mars 0.56 1.08 small 
{0.41 deg) {0. 79 deg) ("' 0 deg) a few 

Pluto 3.21 small 
{0.041 deg) a few 

~ O)~-/J~ b, *~~J::00 L--c J:tli?HfBli~O)fJLiiiiJ{~J';;t~"IIJ(l)*~ ~ (1)"-ft(J) 1 .12.( r 
O)JC~ ~ ~~Q ~ ~ 7J).7i'Oo ffi l,t, .,J"JT~7J~~~tP b ~"(l){ftO)ffi*i::;!"'?iPo-JJ~~' 
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trJR ~ L -c(J)n$~*~tt,~, ~~lil J: ~ JHr.5m1t '*~~iJvZ(l) ~ * ~ lf*- o ~ ~ tJ~-r: 
~ o tJ~ t~:hftv' (Hamilton and Burns 1991) 0 

wr~tJ) t,:, ~ ?HJllH~t¥1:ET o r.iJ~tt tm~~AE]'i-r:~ ftv ,t;~, ~-t ~ T:hf'ill{:{¥(]) 
lr~tJ).@o '&Jt:_ ~ ~*--r~-t(J)iJ~iinl!I-r:'&>0 ?o ~~ ft~(J)ffi Lv '?i--~r~tJ~~Jt ~n 
:hti, -t(/)~~J~%1"-t ofm~(J)tj]$~~~-t Q ~ ~ tJ~-r:~ 0-r:~0 ?o *~ ~ ±~(]) 
w.;,s-, ~,J, :1- 1/ /-{-(J)~tJ~lf~~~tJ~ ~-=rmu ~ no -!t -1 ;<'½'7f1H~ ~nt:Jtili:1t ,tJ~tJ~JI!. 
'*(J)~A~t-r!~Qo ,J, ~ v 'liliJt(l)ifciJ)~JE L tv 'o})j{~iJ~, JJ, ~ v, t (7)f'i~~}Jj{jf:i;k3[ 
,~,JA~m-r:mi ~ i6 *.nt:_t:_'th ~-to~, ~,1:e: L -c1t 'offiJ3t~wM""o ~ ~ -r:jr~tmgf 
~ti ttJ~ t:>JJ¥:~a::k~tJ~fffe:il-t o *- -r:(J)a~rl=t,A 7-1Vi~~-t o-¥tJ~tJ~ ~ t~ t:>:ho tJ~ t 
~hftv\ 

t~ ~it*-,:, t:_ < ffi L lt ~j~tJ~1eJ! ~:hit< ~ t, ,A/-{JvJI t'(J)~QIU~ J: o-!t
~-{ (J)fffi*-r: "&Jt1li, :. ni-±~~(J)tm~WJ$(l) -1:.~ruw]~oo-t o ·~ffl ~m,:, -c to~, m ~ 
ifct)~~Yl ~nomftJRJ#JH~f!?t/t~fm'i ~ ftoo 

3. tl~i8lffl J::. ~Jl~~ti 
,A/-{Jv(J)JH ~,~U~f1< -==c~-{ 1 CCD 71 :J. 7 (Supreme-CAM) f'i30'x24' (J)m.Jf~ 

7J/-{-T00 jJ j. 7,ftllHSq~J::hf';f, V-/-{1/ r'(/)7.,( Jv?'-,r.%j-L, "( 5 ½'8t±i-r:S/N==5 
(J)~,S-(J)~~~~t&f'imv = 25~-r!~Q(J)-r!, :_(l)§:k{lt-r:~rliITT. Lt~ (8J'ccr,~~ 
t/J L t~~~~t&iJqtfr-to½'f'i~!l~:h 'tv'o) o :_(J)~{ltf'i, ~!Jv·<;v 1'1J,~~(J) 
-t-~-{fln{IJiHOOi ~ L tfff~, J({*jJ$u)f,e~-r:f.lfi'" Lt~ t(J)~ IA] C-r!~o (Nakamura 

1997)0 

~tE~Jt ~n tv 'olt!i?t--ffB~r~(l)ifiJLJi~~-t-~-1 (J)(lalffl ~ 1..., -c~ito ~ ~ ,~-t 
:hf::t Table 2. -r:, lt!i?H~1Wir£(l)ffl6J(l) 71--:,; ::z P'H~JF Lt~~J3twlffl <*-~) iJ~1l1/i(ffilffl 
~ ft Q o ::. (J){jalffl ~ J:J~(J) CCD 7J j. 7 -r:ff T Q ,r. f:t{PJfj((J) 7 v-A tJ~~,~ tJ ~~Jt!i1i 
(l)mJ,~~ Lt~o *~(J)~f;t 1 P.$ftpf&~~m~tt 2 ~m.tJ~o i)~, {tl!(J)~~ -r!f'i 1-2 a#rt=t, 
J;l.P'J(l)l!ffllJ-r:ttftr~ ~ iJ)~oo ~l~H~f:t, ~Jw~imii-t o t~'th,~mv 't~ 2 ~(])ti~~, 
wr~-r!~o:. ~ ~~tJ~'ti)Qt::.~,~, ~l -7 )=j (J)rp,(Wj~t-31,,,t::.ffjfiljtJi~Jft~tLoo 

lX,~, ~--(J){fl(J)-if-,{ :;((J)~r~ ~ -r:ff&lfAJ~iJ~~, *~IH~M L- t Table. 3 ,~J;t~ 
Lt=o ffi2 ffi#Jf:t~J! ~:h tlt '0?~$~r£-r!l\l1J,(J)t(J)(J)~,{ ~.-, ~ 3ffi#Ji-±J:.tc(l)ff§:k 
{tt=-r:ilJft r.iJ ~it~ '1 ;.(-r: tY) Q O l&f& (J)f!li] f 'j: fmj.fr(J)-!}- -1 ;( (/) J;t-r: '&) Q O 1<~ -ef :tiOC ~fit 
XP50m * -r!~T:. ~ tJi-r:~ -'5o ±~(J)~-€t(J)l;tiJi*~ v \(J)fj:Pft-§ej! ~n -Clt 'QWJ~ 
Phoebe t)it:_ *-t~ *-*~ lt 't='th-r:'&>6? o J:,:, t, t-Jt-3 ~-0ft{~fj:A/-{Jv-r:f~(J)l\l1J, 
li£J: ~ K81 #r1J,~lt 'b(/)~ -r!flx.o ~ ~ ,~ttoo ~~,~l'i, ntHa~rl=t,~ 20 ½'ffllt~-r: 
1$f'iT<7)f'i$~tiL, ~~(J)i§~~~~(l)~ftlJimlt,~-€tb-\tQ ~ ~ -r:J~J;::~~~~t&~ 
r~f Q::. ~ 7J)t±i*o (J)-r!, Table. 3 {l)~JJ'ffilt{l)-!}--{ .:A'*--r:~li:T Q (J)f'i!E;!l-r:f'±ftv 'o 

4. ~jfllJ~-ftl: 
/'\? ,{ (J)ki$J3H;t+20 Jt-r:;b ~, ~Ji{tilil~~o~~(l)f&J:.~Jtf;tpft < c!:: t f¥jcpft 

ili-r:f:tr,:mmttlt 'a ~iJJJ(f*tJ~ ~(l)fflJtPflt' t(J)*- -r!~t±i-r:~ o 7J~f'i, ~t&,~~o ~(J) 
1&;lt-r!iilt~*- Oo J((J)JI I (J)g:t-r!l:t~lr~(J)it7lif'ili ~ Iv t·~iif~-r:"&Jo tJ~ ':>, *~ 
~i)iJ((J))lliJ~ ~~ft:h tv 'o ~ v'? (/)7J)~dlt~ ftoo 2004 ~*--r!-r!WM""o ~, ~3:.£~ 
?H'i;tJ.itifc@J(J)fH~t-J~t ol!ffltJt)~iif~-r: ~ Q ~ ~ tJ~~,:, t::.o 

-107-



References 

Colombo, G., and Franklin, F.A. {1971): Icarus 15, 186-189. 
Fuse, T., Nakamura, T. and Kinoshita, H. (1997): Planet. Space Sci. 45, 1351-1357. 

Hamilton, D.P., and Burns, J.A. (1991): Icarus 92, 118-131. 
Nakamura, T. (1997): Proc. of the 29th Sympo. on Cel. Mech., Jan. 28-29 (Tokyo), 

274-278 (in Japanese). 
Pollack, J.B., Burns, J.A., and Tauber, M.E. (1979): Icarus 37, 587-611. 

Table 3. Limiting satellite sizes for SUBARU survey 
Planet Min. size( dia.) Attainable size Ratio 

Mars 14km 0.05km 280 
(Deimos) 

Jupiter 10 1.5 7 
(Leda) 

Saturn 220 4 55 
(Phoebe) 

Uranus 80 20 4 
(1997Ul) 

Neptune 340 50 7 
(Nereid) 

Pluto 1170 70 17 
(Cahron) 
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Astrometric Observations Made with the 65cm 

Refractor 

Yoshizumi Hatanaka 

National Astronomical Observatory 

Abstract 

This is a total list of the photographic plates obtained 

with the 65cm refractor at the National Astronomical Observatory 

of Japan. Observations consist of astrometric photographs of 

Saturnian satellites, Uranian satellites, Comet Halley,~Dra 

(double stars), several open clusters and other objects. 

The former report gave a collection of Saturnian satellite 

observations which had been made by the author until the 1996 

opposition (Hatanaka,1997). The present list of Saturnian 

satellites includes the last observation made during the 1997 

opposition. These observations have been carried out with the 

65cm refractor (plate scale: 20.180 arcsec/mm) at the National 

Astronomical Observatory of Japan, Mitaka, since the 1966 

opposition of Saturn. This program will be stopped because 

the author is going to retire this year. The plates obtained 

during the 1970 and 1971 oppositions were measured and reduced 

by a new method, but the other are not analyzed (Hatanaka,1995). 

Photographic plates of Saturnian satellites are collected 

in the Table 1 which gives Saturn's opposition date (UT), 

number of observational nights, observation period, serial 

number of the plate and plate size. 
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Table 1: Photographic Plates of Saturnian Satellites. 

Opposition Number Observation Period Plate Number Plate Size 
Date (UT) of Night (UT) (cm) 

1966.9.19 20 1967. 1.13 - 1967. 1.31 1 - 28 8.2x10.7 

1967.10.2 37 1967. 7.20 - 1967.12.30 29 - 176 16.4x21.4 

1968.10.15 34 1968. 8.17 1969. 1.17 209 - 305 II 

1969.10.29 28 1969. 8.23 - 1970. 2. 3 307 - 382 " 
1970.11.11 38 1970. 9. 1 - 1971. 2.10 383 - 458 16 X 16 
1971.11.25 31 1971. 9.17 - 1972. 2.15 474 - 508 II 

1972.12.9 36 1972.10.13 - 1973. 2.26 509 - 560 II 

1973.12.23 43 1973.10.23 - 1974. 2.28 562 - 610 II 

197 5. 1. 6 40 1974.11.15 - 1975. 3.25 612 - 676 II 

1976. 1.20 10 1976. 2. 2 - 1976. 4. 5 677 - 686 " 
1977. 2. 2 30 1976.11.24 - 1977. 3.15 687 - 760 " 
1978. 2.16 28 1977.12.6 - 1978. 3. 2 774 - 823 " 
1979. 3. 1 26 1978.12.12 - 1979. 4.14 824 - 894 II 

1980. 3.14 36 1979.12.17 - 1980. 5.24 906 - 999 II 

1981. 3.27 29 1981. 2. 7 - 1981. 5.26 1001 - 1077 II 

1982. 4. 9 14 1982. 1.24 - 1982. 5.28 1082 - 1121 II 

1983. 4.22 7 1983. 3.14 - 1983. 5. 8 1128 - 1149 " 
1984. 5. 3 5 1984. 4. 8 - 1984. 7. 3 1150 - 1171 II 

1985. 5.15 8 1985. 5.16 - 1985. 7.26 1174 - 1203 II 

1986. 5.27 12 1986. 4. 7 - 1986. 8.11 1363 - 1411 II 

1987. 6. 9 10 1987. 5.20 - 1987. 8.21 1438 - 1474 " 
1988. 6.20 8 1988. 6. 4 - 1988. 9.13 1478 - 1500 II 

1989. 7. 2 18 1989. 4.29 - 1989. 9.13 1501 - 1554 " 
1990. 7.14 31 1990. 5.26 - 1990.11.16 1555 - 1631 " 
1991. 7.27 11 1991. 8.15 - 1991.10.3 1633 - 1661 " 
1992. 8. 7 22 1992. 7.30 - 1992.11.23 1662 - 1693 " 
1993. 8.19 27 1993. 8.24 - 1993.12.25 1694 - 1730 II 

1994. 9. 1 14 1994. 9.30 - 1994.12.4 1734 - 1751 II 

1995. 9.14 2 1995.12.11 - 1995.12.14 1756 - 1757 " 
1996. 9.26 10 1996.12.2 - 1997. 1.13 1758 - 1766 " 
1997.10.10 24 1997.10.10 - 1997.12.31 1767 - 1790 " 
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Table 2: Photographic Plates of ~Draconis. 

Observation Period Nights Plate Number 
(UT) (plate size: 16 x 16 cm) 

1979.5.2 - 7. 6 4 895 - 905 

1980.5.18 - 7.13 3 992,997,1000 

1981.7.7 - 7. 8 2 1078 - 1080 

1982.5.24 - 5.25 2 1110,1113,1116 

1984. 7. 1 - 7. 3 

1985.6.4 - 7.26 

1986.6.9 - 6.12 

1987.7.23 - 8.10 

1988.8.8 - 8.13 

1989. 6. 1 - 6.12 

1990.8.15 - 8.30 

1991.8.15 - 9. 7 

1992.8.14 - 8.16 

1994.9.9 - 9.10 

2 

4 

3 

3 

2 

4 

5 

5 

3 

2 

1164 - 1173 

1182,1191,1192,1200,1204 

1388,1392,1396 

1461,1462,1469 

1488 - 1489 

1510,1513,1517,1521 

1577,1578,1581,1584,1587,1591 

1632,1635,1641,1648,1655 

1665 - 1667 

1732 - 1733 

Table 3: Photographic Plates of Miscellaneous Objects. 

Observation Period Nights Plate Number 
(UT) (plate size: 16 x 16 cm) 

Uranian satellites 
1977.5.11 - 5.27 3 764,766 - 771 

Comet Halley 
1985.11.8 - 1986. 3.7 46 1205 - 1362 

M 67 
1976.12.22 1 719 

1994.12. 4 1 1752 

1995. 1. 2 1 1755 

NGC 1647 
1980. 1. 8 1 913,914 

1995. 1. 2 1 1753 
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Double stars p-,Draconis have been observed photographically 

for fifteen years. Table 2 shows observation period, number 

of observational nights and serial number of the plate. 

Table 3 gives photographic plates of miscellaneous objects 

with observation period and serial number of the plate. In the 

plates of open clusters, M 67 and NGC 1647 were observed at 

two epochs. No open cluster without the second epoch are list

ed in the table. 
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r*11 lflllJfAmJ O)••a 
Usefu I ness of • the Intermediary Orb i t 0 for c I ean i ng up the prob I em · 
of the excess advance in the longitude of the perihelion of Mercury 

# 1: & (Ji(fllf11x~> 
T.Inoue 
Kyoto Sangyo University 

Abstract. With the aid of the idea of an intermediary orbit, we were well able 
to reveal the true reason for the appearance of the excess secular advance in 
the longitude of the perihelion of Mercury (Inoue, 1992). In traditional treat
ments, one includes a portion of planetary perturbations in the elliptic orbit. 
This technic modifies a fixed elliptic orbit to a moving one. If one takes this 
circumstances lntQ accout for the theory of motion of Mercury due to Le Verrier, 
one does not need to add 43' /century for the longitude of the perihelion. This 
means that his theory was one of perfectly established ones (Inoue, 1994). 

1. f}j(~ifiB~ftiU=~~t-?>1id!IJO)mfitilHib o a1 <s>l <IY:fi."/J=..'IJt Le Verrier O)if~l= 
Yl~§B L, ~ 18-?> c ~ -5 tH=A~ifi;t_ o~•i.18fct t,\-C: ~ ~ 5 o f!t'/JtllUit L, t~JJc~OJillllJJJ!Hfi 
.&rJflt'IJ!JD t,\f~lliUr-7' O)iifi.ijj'/Jt~B-C: t>ilfflT-?> t> O)-r!~-?>!JHilf l=1tmE~h--e~-?> 
(# J: .. 1991) 0 L,t,\ L,:t-O)filfH=f*O)jfflll.JJ11HitfOJlltmtiAIH= r~·-· 0 rd Cs) Jft~O) 

M\fl'IJ1ft/u-C:.18-?> J O)t,t~JIJJ L,t~OJ-C:~::> t~ (Inoue, 1992) o 

Le Verrier O)jl!lfJJll!IUi, ~O)ljlieyJl!*-C:4;it Gtl-?>#iP:lftii'fJ\,; tHJft"t o (1859) o 

~~-e .. t Ii 1850. lfJ lBO)iElf~~to:•1t1&-r!lt::>~t>OJ£-~tJTo Jl~~tJT 
~~OJa¥~ .. Paris~~&fflffiV~(1859.) 0)~0)-C:~oo 

a = 0. 387 0987 (p. 23) 
e= 0.205 6105 + 0.'041 95t - o.'000 0009t 2 (p.21) 
i=7° O' 8.'16 + 0.'063 14t - 0.'000 0056t 2 (p.20) 

0 = 46° 33' 3., 25 + 42., 643 0 t + 0., 000 0835 t 2 (p. 20) 
m= 75° 7' 1.'03 + 55.'530 8 t + o.·ooo 1111 t 2 (p.21) 
fl.=327° 15'19.'89 + 538 1066. •441 oot + o. ·ooo 11289t 2 (p.21) 

~ttl:fl~'fJ\,; ilix~~OJll1UiH:ftf-?>tftlb~~- t., ~ .. ~'"f J1rfl t.,~OJMt,lilfflJJJ.llfi'/Ji 
jc~T-?> o c ~ ~ t,t, JJ<il OJ J&ft l: liM i.J -c if& t, \ #UI OJ~-itiiiliA~a O)IJl8'J'/Jttl! x o o 

~tt~ffl t,.\ -rJl!•afcA ~litJJ.~M:IHi, J:iEOJiiOJJil c'IJ1afc~~ tttJ:~ttiJftct r; tt "~tn:: 
fct ::> t~ 0)-C: ~ ::> ~o Le Verrier l: {If-?> i]fc~:iU1~ r O)j(] l, (p. 96) o 

~ a= 0 
o e = -1. '18 
6 t = -0. I 45 

6 O=+ 5. '5 
o a1=+12.' 90 + 0. '383 t 
o ..Q = + o. ' 54 + 0. ' 103 9 t 
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£).1:0)ffi:MiiE~~T!JH:{t.{ fJ 1*< ~;: L, --C, Le Verrierf1J.t<aO)~ltJ~~O):fc/£~.Jt~$"/.JS 
:±Hl~ftO)"ed!>-::> t:::. (p. 107, p. 108) 0 

a = 0. 387 0987 
e = 0.205 60478 + 0.'041 95t - 0.'000 0009t 2 

t= 7° O' 7.'71+0.'06314t - 0.'000 0056t 2 

Q= 46° 33' 8.'75 + 42.'643 0 t + 0.' 000 0835 t 2 

w= 75° 7'13.'93 + 55.'913 8 t + o.·ooo 1111 t 2 

f!.=327° 15'20.'43 + 538 1066.'544 9 t + 0.'000 11289t 2 

L,"/.J\ L,, 1:;a tJ w i:pO)~fffl U:ltiijT ~Jl tJ w <•> = O.' 383/~ O)f:HijH;t, ~~jfflffllJ 
~~~ffitt~B&~~l:HT~$~~-::>1taM~ "Newtonh~-e~~~~~~·~O) 
ouift:11 : 43 fP:f/J/tltNc. cl,--CJk<•Gtt~~ ~:~-::>t:::.O)f;t}liJ~O)iififJ"ed!>~0 

( 1) M = u - e sin u = 11.-w , 

( 2) tan ( f /2) = .r { (1 + e ) / (1- e ) } · tan ( u /2) 

( 3) r = a ( 1 - e cos u ) , 

( 4) </> :._ ID + f . 

~~-e, a a, e&VmU,A~&,.6$~~VfiB4•n~, *1-:M, u~~VfU 
•~fi4.:f/J,M~fi4•A~~V-fi4•A~-bT~O)cT~o JLu•~•n~, r 
&V<J>U~,q, ~-~~vn•n~•bT~O)cT~o 

Le Verrier0)4J~, ~.tlGO)J:tlf~;ltO){l~:~•T~O)"ef;t~< v ··c ~ttca<J~=J=#d: 
fllJ-::>t.lfieyfi4MA M O) iEiJt · •ilti:{t.{~.fiM•J:t~;:~;t~O)"e~~ (p.22, p.23) o 

( 5) q:i,i:,,~ : f - M = (84 376.' 212 + 0. '082 59t) sin M t ···· ·· 

( 6) ilJ ft : r = 0. 395 281 13 + 0. 000 000 016 2t + 
- (0: 078 333 47 - 0. 000 000 075 Ot) cos M + ··· ··· 

9l 1L':~0)7Jf;t, J'GO).,i:,,$0)fil 0. 205 6105 + 0.' 041 95tO)tiffl"e, 1:JB sin M O)~~ 
84 376. ' 211 9 + 0. '082 589t ~ W(~ ~;:~<$"/.JSf:H*~ O)"elllJIH;t~ t,\ 0 l,t)\l,, jfjftO) 
jJf;t cos M O)~Jlt)S 0. 078 333 461 - 0. 000 000 075 Ot c~-::> T, *fil:"e 1 ~:fc~b 
~ t,\o il,q f;j:, ~.tl~ • .$~~ 3_ .AC L, --C{ijA'"9 ~-f;j:if-9 L, --C;lt.tl~ fJ O)~EtJ"/.JS~9~ 
fii19l1t)\~:m1u-e ..@~ ~;:~ t,\~ t,\' c ~ x t, ;ltO)m{~~lYH:~3bt* 1ta 

il,qO) Le Verrier 0)-qJf~~ibtO)ltJfflU;t, c~Gt)\cN xf;f '~jfi~~O)' '°ed!>-::>t:::.o 
••Gttm~hc•mO)M•h~"l>0)~~-~~0)•*~1£G~~a-tttt"c~50)U 
HA0)~3b~9l1-e~~o ~.tlU, N -::>t~tt~_j:~MO)m~M~'~&~m-::>tt' c:~5 
$ '1:~~o ~5 L,t:::.~i:, *t,\~~!ff,i:,,*;o~~i:~;t~ln;t ':t:I\IMO):liifr~i:@l• ~M 
~•· --e~~oJ.t<£ 0)~11J~~•tt~~#~it,~tL~*•O)~£~~~'"t~~O)"e~~ 
c L, t '§l.Jt' ~iIEitf;f, .-'fO)!ff~t,t~t:::. ~ tl~~~$t,1~ G ~t,\ c ~ m G ~t,\"ef;t~ t,\ 
"/.J\? r. fJ i;: ~~~iii~ J .c:'85 ~tl0 JltO)A~, El Jt"/.JS§l.Jtf;:~t,\f:::_ 'd!>O)ffif:E£~ 
- Jj'.t>~iJUJi"elR~ 5 cf;tl,~7)\-::>f:::. ' c:~5-ef;t~t,\t)\ (Flammarion, 1880) I ·~4 
£}.tff:l,t,\' cf!-::>ftcl,t-b, ~~Jt~~tl"ef;t~t,\"e~~5o l,"/.J\l,, ~O)~~ '{ft 
Ji' ~' J;fl,r.,i:P a r is J;:)titffl~Jttfi< 5~~;:, ' =pO)pgO)~T~Jtit~ ' CA5 
~ - ~~~.fiJf~m•~•M<~&V, ~~-T~Jt1J~*~<R-::>Tfi-::>ftO)"e~-::>1ta 
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11 m 1'fl&i=•~totftl'1 o c1> 
sin 1/. O>{jlt = cos 1/. QJ{jlt 

IIJffil=-~t otftlb o r 
sin fl. ©•It 

1 
cos fl. ©•tt 

~ m +o.,, 011 \-o.,, osa -o.,, 0111-o.,, ooa 

··;····;· ··~·~·. " 0 0 5 i -0. " 0 1 7 * * * j * * * ... 
··;····;-· -·~·~·:···;···o··o··~···r··:::·~·:···;···0··3··~··· ······;······;······~·······1······;······;······;······ 

;:_ ;:_--e i=m+M --et>ot,\r;,. 01=75° 7' 1. •03 e~il"tolli•t .. J:ia©~~~O)Ml= 
ii~-~ o $tit tfH~ o o 

ii m lift&l:1iHt otftlb 0 c/> IIJffil=-~t-?>fftlb 0 r 
sin M O){jlt ens M O){jl[ sin M ©.It cos M CT){jlt 

~ ~ +0.'065 2528 +o.·ooo 2483 +o. • ooo 0140 l -o. • on 4015 
............... ············-··---·-············································· ........................................................................... 

J& • +O. • 017 7139 l +O. • 00.0 4658 * * * : * * * .................. ........................................................................... . ....................................................................... 

* ~ +0.'032 0147 -o.·ooo 2306 * * * * * * 
a ~ +o.·114 9815 +o.·ooo 4835 +o. ·ooo 0740 -o.·011 4015 

~~~~ .. ~O)•O)••~=~~•©M©Booa~c~•~•--e~-?>c~~ .. J:~© 
•e .. m~©~~~-(7J~~--atto$e~~~o--&~-~-?> ... !i! .. ~-~~~ 
*IH:f(ot>©©ftfll +O. '114 9815 ~ sin M ©~~-It 2e ©fJiE~ 2 Ae l:~~t,\ 
cfflt,\~ .. A e =O. • 058 ~m~©IIIU)$l::IJIJ~ .. FnJ C < Mfll +O.' 000 4835 e cos M © 
•1tl:~~tgfiif5} -2eAn1c~fftL,t Am=O.'Oc~tMo (Clemence, 1943) o 

FnJl,;tifctlHi .. IJU= .. Le Verried:{lf?~t>16attt18-?>©""e~-?>o flUi .. feffll=ffo 
t>©~~e*m©~~~-©~~auatt~1cL .. ~•a~~*ffl~ff~••~~0• 
©M"'eJl~tfltt,\f~QJ""e~oo ~©~ .. •ml:ffg t>©©llktJ~~nl=fBJlltl~~?t~©<! 
~-?>o.ffl©·~~~ .. --~©~~,;~~ffi©~~t>ffl-~~-?>o ~tte .. ~©~~e 
•~--totn:tf?t .. mitattolH=~~©--e~o (p.16) o 

( 7) 

( 8) 

+ 2 A e M + 0. • 065 2528 = 0 

- a A e r - 0. • 011 4015 = 0 

( 9) t\ e M = - 0. • 032 6264 

(10) A e r = - 0. • 029 4537 

( o cP i=»~to sin M ©f,ilttl\6) 

( o r l::~ ~to cos M ©filb)\ 6) 

fttij:ff©!Hiffi1>"'e ~ o 'IJ1 0. • 003 QJ*~ a Ji.. Le Verrier ©JJ!iiflJ3i©MlJb)\ 6 "ttt•f 
f!lUI To© Jiff a tt~ ft \$-C.-~ o (p. 12) o 
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3. Le VerrierOJif~ta-eiUit lAJt~J L, Tfi < iitUi~ r=MOJfll,t,$eM=-:> t~CiJLiiJ OJ 
7~~~7~~~L,1tOJ~~?1to~1L,1t~~ .. ~OJ=JOJ•A~ffl~-:>1tOJ~~?1t 

(Brumberg, 1991) o aft!OJ-fflU1 .. 8it»tU::IF~tl;t-?>o 

0 m (a) = 2 1t m ( 2 ; + 2 - 8) I { a (1 - e 2
) } 

u-{e+ (-2;-2+a) (mla)e} sin u=M 

(3.1. 66) 

(3.1. 68) 

LL~ .. :II a.. IL r J1jElt~~.'Q:ot, -f,tffl~aa~J1, taitt tl:Ot 1 l::~L, t,lfneltie-?>o 
fl-:> ··c ow <s> l1 .. -~fiMi f:J 2 1t x 3 ml { a (1 - e 2

)} OJmJimlt~flT-?>lH::tJ:-?>o 
L OJIJil::.. 'Ke p 1 e r JJfiJt' O)JJJ1, (1- 3 ml a) e fJ:-?>flll,t,$~flT-?>$l::fJ: 
-:>Tm-?>OJ~~-?>o~OJffl~-~~ .. 8.lt~ .. ~OJ-OJ*~tJ:~Re86~-~fct-:>~OJ 
"e ~Qo 

8.lt J1 ( 9).. (10) OJWOJt:ot~IUeT-?>~:o·":h 1:.0J1'0) 'Ke p I e r JJ@Jt' OJ#"/£. 
l::~M t, l T f1E~o L, :O\ L,.. "12!iU:: ff-?> ififf!fJ:MJWJ!HIJJ:ot.. Wf:o\-?> j)(~-11'1 ~ ~3j.fflT 
l:J1 .. l:Ttl~;tf>ttfJ:t,l" c L,T .. ;lt9n~fiffL,TE1tOJ~~?1to 1:.0J=JOJaJtJ1 
~ 1 L, t~JtffltctR.1i~tAM L, --r ~ttt~o ..'f 1 L, --r.. ftt,l ~ffl:t~••1~ 5 lltJ: <.. ~OJJ50J 

ra:prdJJJAiHJ OJS.A~II-:> ~OJ~~? 1t (Inoue, 1992) o 

(11) · M • = u • - e u sin u • = fl. - m • , 

(12) tan ( f • 12) = I"" {(1 + e u) / (1- e uH • tan ( u • /2) 

(13) r = a • ( 1 - e r cos u *) , 

(14) 

(15) 

(16) 

<I> = w• + f • ; 

er= eu+Ae, 

Ae = Ae r- Aeu= +1.53 8156X10-a . 

LL~ .. It a•.. e u&rJ m*J1 .. ft~ffi .. lll,t,$&rJili: B alt&l::li@(OJ:ll~ .. ~t~ M* 
u • .. f *J1lJli!Jili:alltl(f .. fll,t,ili:Rllt1(f .. IUlia81(fl::li@lOJlt~~bTtlOJl:"t-?>o L 
OJtfi.. fl. :otlJli!Jlt&~.. r lllXJ. q, :ot~Jt.. lbft:aJ: rJ1l:lt&~•t>T$l::Ji~ f:J JitJ: t,lo 

~O) ra:pfU)fti!J l::-tlf-:> T .. ,COJ•:it ( 5).. ( 6) OJNm:otriJfjb:o\lf1)\~ffit3j. T 3j.-?>o 
a:ft,t,~OJ1JJ1 .. ,a,t,$ e =O. 205 6105 + 0. 000 000 203 379t ~l!;t-?>lJ:t,tlfB~T/8-?>0J 
'"r:.. e u li 0. 205 6105 OJt'i~ltil-?> tl0J c L, T .. Jillffl.Jtl::ft.A LT 3j.-?>o 

(17) f • - M • = { (2 e u - e u 3 
/ 4 + 5 e u 6 196 + 107 e u 7 I 4608 + · · ·) + 

+ (2 - 3 e 11
2 

/ 4 + 25 e u 4 /96 + 
+ 749eu6 /4608 + ···) X 0. '041 95t} sin M* + ··· = 

= (84 376. • 211 9 + 0. • 082 589t) sin M* + ··• 

(18) r - a • { (1 t e r e u/2) t e u X 0. 000 000 203 379t} + 
+a• {- e r(l - 3eu2 /8 + 5eu4 /192 + 7eu6 /9216 +···) + 

- (1 - 9 e u 2 /8 + 25 e u 4 1192 + 
- 49e11 619216 + ···) X 0. 000 000 203 379t} cos M* + ··· = 

- 0.395 281130 + 0.000 000 016 18t + 
-(0. 078 333 467 - 0. 000 000 075 OOt) cos M* + ··· 

M*~ .. 8.ltOJffll!OJ.~tJ:-?>•e•~~-ffi-?>tlOJcfct-:>TE~o 
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4 . ..A ~OJ r ifl rDJftii J '/Jt, ' m iE 1..,, tt ' ffl P1 lfiJLii c 1lDfsiitct o •• 1:: ff o '/J\ 111JJ ,; '/J\ 1:: ~ 
tt o *"{ ~-~ l> o o Jft OJ• 11, ~ ©m© .r.* JJt=t!-flHt e ~rt" o (Inoue, 1994) o 

(19) - µ, I (2 a •) = { t 2 + ( r <i>) z} /2 - { µ, I r + e R } , 

(20) € R = ( µ, Ip y) (A e / e y){ - 11 M 
4 + 3 11 M 

2 
.; M - e M 

2 
- e M 

3
} / 11 M z 

(21) ( µ, =G (m:1:11+m*1V, 1J u=[ (1- e u 2
), pa,= a. 11 u 2

, e u= p u/ r) . 

a~©r~oo~m:J~, E©•tct~•nffl~•©Mctct-::>-cBo©~a;~,? ~tte 
~o §(ICJ~, :/K©m© Lagrange ifiJi~iSA L, Lagrange ©il11Jnl!Jt~ift,,\-C t7J.oo 

(22) L • = { t • 2 + ( r • <i> •) 2 } /2 + µ, I r • + e R • • , 

(23) e R • • = e Ru ( r •, <P •; t •, <i, *) = 

=(µ,A e / e uH-1/ a *+3/ r •-a•/ r * 2 
- (a• p u) / r *3} • 

(24) 

(25) 

d(aL*/a t*)/dt - aL*/a r* = o 

d( a L ·/a <i> *) /d t - a L ·/a <P • = o 

~ ©~l::~lc~tl~1ti L, -C,. ffi L, t,,\~fi ( r *, <I>*; pr*, P .*) '/J\ 6.610 Hamil ton 11:l:: 
-o!Je~~oo 

(26) p r * = a L * / a t * = t * + a e R * 1 
/ a t * , 

(27) p ~ • = a L • / a <i> • = r • z <i, • + a e R • • / a <i, • ; 

(28) H*={pr* 2 +(p~*/r*) 2 }/2-{µ,/r*+ 6 R*}+O(€ 2
), 

(29) 6 R * = € R * ( r *, <I>*; p r *, p ~ *) = 

= e R • 0 
( r •, <P •; t •, <P *) • 

(30) r • = r , <I> • = <I> ; p r. = t , p ~. = r 2 <P 

~ tt 6 l:: {If-::, -C, 1: 0) Hamil ton ifi le (28) it e 3 t,, \ -C t7J.-?> o 

(31) H * = { t 2 + ( r ct, )2} /2- { µ, I r + e R *} + 0 ( 6 2
) , 

(32) e R • = 6 R • ( r , <P ; t , r 2 <i,) = 

=(µ.Ae/euH-1/a *+3/r-a */r 2 -(a •p .. )/r 3 } • 

~tU1, a~© r7Jc~iflrdJfAiHJ ©.r.-*JJt=t!-fttf)- (19L (20) Jtl::M-tctGfcttt\o ~J:l:: 
{If-::, -C r JJ<!il If' rdJifJJtil J © 11: c Hamil ton © ~ c ©z§:.'/Jt, (A e) 2 

• • 2. 3x10- 1 6 ©:k ~ ~ 
-r! L,~\fltt,\0)~1,JIJ.I L,f::_o ~tl.Mcl:: Hamil ton *l::Y:MJ 1..,,-Ciliti~il~-Cfi-~~ ~ TttJf 
.:tn --r:, r If' rdJfhii J i::eu-t-?> fflffl~tffl= 6 tt-?> au:: tct-::> -ct,,\ o ~--r: a; o o 

ntt'IJUJ.16 '/J\J::tct-::> t~©'T:, ~--( Hamil ton itiltl::DUT o~liJJnfflJ:t~if < o ~ O)~J:: 
ffi<DO ( e 2

) ©Ji~mtmT-?>©11?/.Jifu©$-r!~-?>o 

(33) 
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(34) d r • /d t = a H •/a p r • = p r • - a 6 R •/a P r • , 

(35) d '1> • /d t = a H •/a p "'• = p "'• / r u - a e R •; a p "'• 

(36) d p r • /d t = - a H •/a r • = p "'• 2 
/ r • 3 

- µ.Ir • 2 + 

(37) d p "'· / d t = - a H • / a '1> • = o + a e R • / a '1> • . 

llt©~f: .. mffl .. jEft~-ft©jJ~" ~-< •e:1J"x.Qo ~©$1:Mtt\Tfi .. IJU:iFIIU: 
a "?'"Cifi~L,--C*tdl!L~~Q (Jl:J:. .. 1995) o lt~T.. FAI~J cllJ/utli&l#Jlf(JtJ:lt~ 
1Jffl5t~f:i't.&lT-?>~~1)t~Qo 'ffiL,t,l~lt' c '~MJ.t' cf:Jlt,\fHTAl:T~-?>o 
8.itfi .. ~©)t~~i@Tlf;l6tlQ~f:~;lQo ~tUi r=-1$11Jll©1AJ l:~tJ:6fJ:t,\o 

(38) d r * / d t = p r * , 

(39) d'1>*/d t =p,:,*/r* 2 
; 

( 41) d p "'* / d t = 0 . 

llt©~f:#iftTffl~jEfle .. a .. e .. a11krJ.fLo cTtUf .. C$ifC.JtJ: r=-1$1BJll©IA© 
-~mJ~~6tL-?>.~tJ:Qo ~tt6©ffl~~1te-•~~L--C'c' c~~LT .. ~© 
Ml:-~Jtf:~tJT.l:T Qo 

(42) 

(43) 

(44) 

(45) 

r* = 4'r(C; t), 

4>* = 4',:,(C; t) ; 

~ ~T .. jElt (JUIO 'c' f: .. ffi~lt 't' T~Q c L,-c .. ~tt; 't' l:OUT-?>lt~ 
1iffl5tf:tf t,)t~tt; ff.. -{-tt1)t~tct; a0 r11PJ1u•J •=~"t Q r1ui~-rt©J.tJ ctJ:-?> iR 
T aJ Q o A-f*lf(J l: at,\ T ~tUf fkr ©1in L, o ~ ~ T Ji.. Miff© 'r.' fi~l&T-?> :!fH: L, fto 

4 

(46) d t .Jd t = L { t 1, t .J a e R/ a t 1 , ( k =1, 2, 3, 4) 
J = l 

(47) e R = e R ( t ; t) = e R • ( r •, 4> •;pr., p "'*) = 

= ( IL A e / e ){ -1/ a + 3/ r - a/ r 2 
- ( a p) / r 3

} • 

~~T .. iE~ {CJ, t k}, (j, k=l,2,3,4) fi .. Poisso n©ffitlf:~t>To 4tl:: 
Jt'*1)t~-?>©Ji .. ilIBl.ilt& a1 l:Jt~tQ;Jc~~,ftT~-?>o ~~T .. 1:©IHlfJifilt e R 
©;Jc~$ 6 R cs> =(µAe/e) (2/a)(l-1/11) T~;l-?,IU:T-?>o It n J;tlJl~illbf: 
~t>T~©cTgo (n s,r(µ./ a 3

)) o 

(48) dn:1 Cs> /d t ={ 11 /(n a 2 e)} a e R ca>/ a e = 

= - (A e / e ) {2/ (1 + 11 ) } {1/ 11 + ( e I 11 ) 2
} n . 
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ltM~ftA TtlJ;f, IU:;JcN.Jft•O)~-?>~O):fib)tffl:6tl.-?> (Inoue, 1992) o 

(49) {j aJ (s) = -43. 374 896 fJ>j(f/fftAe 

~tt.1:-t«o.. rJJ<~lfrrdJfLiti.1 '/JtiilEL-tt rffiPJlfUiiiJ 1:•L-t, 1 ttte~ o 4 3fJ>l(fO) 
~ftc:"~~»L,t~-?>O)~Naaantt~-r:~-?>o~O)-~~-M<•~L,~ .. JJ<mO) 
j: m iii Bil ma 0)-yfll ~fr~? t::. 0) -r: ~ -?> 'fJ\ ; " 4 3 tJ>j(f Ji! o tJ: "\ » c tJ:? t::. iR -r: ~-?> 0 

JltO)IU;t .. J:O) {j VJ <s> ~1.JN.J c.T-?> A e l:f.{-?>~lt~.. Le Verrier 'IJifltO)i1{11JJ!lliiftfO) 
lfr~~L,<~~~~'T:Ma~Ttl.~ .. j:gifi~~O)m•~·T~tJ:<*~~7-T.'!>·~ 
tfHfE1tl:•ft\~ft\$f:ll~ L--C.ft-?>o -:J~ tJ .. JJ<~O)iflllJl: .. fBJllcT-"{~~O)J;ttnJ-'":> 
#~fJ:EL--C~~~•::>ttc:.~5~7!~-?>o 

5. ~J:-e .. a~O)Ab•O)rJj(~fiB4•&~-~Q •• 0)00~~~0)00MJ ~-T.'!> 
jl-"{l;t .. at•? t::.ln:tJ:-?>o ~tl~l:fl~ L--C*tt ~O)O)i:p l: 'ttt,\i;lil' l:~::1t,\f::_ 
ilifa'IJt1>fJ:'IJ\6 "fflJ!T .'!>©'T: .. ~tL~ll~l: .. .:ttl.6 f:*1. L-Tlil~'ft.t,lc:_J! -5 o 

ffi2 51fflx{*:h~M~~-- (1992) p.208 

(23) tan ( f /2) = r { (1 + e r) / (1 - e r) } • tan ( u /2) 

* ~ tU;t.. e r -e ~;t- < L, -c.. e M -e tct ~tttJf tt a; tt t, \ 0) -r: ~? t::.o 
~ ........... -----.. -... -.... ---.. -. -. --.. -.. -... -. -.... ---. -...................... -........ ---...... -.......... -- - .. -------..... -----...... --- .. --. --.. -. --.. -.... --.. -.. --. -. -. --... --.. 

;ft 2 6 lmx{*:f.J~iJf~~tHi (1994) p.166, p.167 

* Lagrange ifi ft~ Ji# ~t -3 A iz: tf"f 0) Jtll ~~ ;t fct ~tttl1fct 6 fct t, \ c L, -C.. ili-itl OJ 
-~~~:J<~f::_t) L,'"("Ji!igo ~~O)lt;l.,\J::{i-:,-C~tl-?,lil:'., ~tl6'1J!fllt~IJt""e~~ 
t~cl~st.>fJ:t,\~t> .. fllttJ:11~11~? t::.o 

(32) L = { t 2 + ( r <f,) 2
} /2 + JJ. I r + e V ( r , 4> ; t , <f, ; t ) ; 

(33) H = { t 2 + ( r <P) 2
} /2 - { JJ. I r + e R } , 

(35) 6 R = 6 V - ( o 6 V / o t ) • t - ( c) 6 V / o <f,) • ci, } • 

ffi 2 8 IID~-f*:t.J~fif"~:ffUi (1996) p.108, p. 109 

(17) d t Id t - r cf> 2 = - JJ. Ir 2 + lllo , 
(18) d ( r 2 4, ) / ( r d t ) = To ; 
(19) lll o = (fl e / e) ( JJ. I r 2 

){ -3 + 2 a/ r + a 2 7J 2 
/ r 2

} , 

(20) To = (A e / e )( JJ. I r 2 ){2 a/ r } e sin f . 
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fi 2 9 ffil~-l*t.J$if~~tHi (1997) p.12. p.14 

( f -M) ·={ 2 A e r.r+ ( 2 e - e 3 /4+5 e 5 /96+······)} sin M +······ (34) 

r • = a (1 + e 2 /2) + 
+a{-!er+(-e+3e 3 /8+······)l cos M +······ (35) 
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'*JJ 79 t.J , : J: G ftB ~ 0) 71< f ~ lb , : ~ i , -c 
On the Horizontal Movement of the Earth's Crusts due to Tidal Generating 
Forces. 

iriJ *~ aJ ( 'ti LU Rlj IJG ~ ~w-P~ ~~) 
Masashi KAWAI(Toyama National College of Maritime Technology) 

Abstract 
It was tried to verify horizontal movement of the earth's crusts by orbital 

analysis of Communication Satellite-3b(CS-3b) which is geosynchronous satellite. 
CS-3b data ovserved at Kimitsu Satellite Control Center on June and July 1993 
and on June 1994 was used in the orbital analysis. The results of the orbital 
analysis are as follows. 
(1) It was confirmed that periodic fluctuations of 12-hour period appears in 
post-fit range residuals not only when tidal generating forces are large but 
also when tidal generating forces are small. 
(2) The phase lag of the periodic fluctuations in post-fit range residuals to 
the phase of tidal generating forces is about 30° to 45°. 
(3) It is estimated that the amplitude of the periodic earth's crusts movement 
is about I to 2 meters. 

It is considered that there are currents in the inside of the earth 
corresponding to ocean currents and tidal currents in ocean. and the earth's 
crusts move horizontally with these currents which are generated due to tidal 
generating forces. 

1 . *l § 
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Milit Iii t: :Jo t:J- o tilt .IE-c -r Iv ( GSFC NONAHE ~) en 

(2)f#:JJJt-r- 9 ©tilt.IE 
tJI .IE ,i ~ < ff b f J: -JJ, -? t.: O 

3 . 2 :l& 1* m 19 i: J: o a mu Nu ift ut 0) ~ 11J 
it83*NJJ 19 i: J: o if! ilJ rsu 'Ul.11 © ~jJJ J:--::> ~' -C ,i, IERS Standards (1992) ,: ~ ft ~ ti -C ~, o 

Wahr© JllHtn: J: ,3 -c -r Iv ( 2 ij{ © ii)] 19 * -r:- ~Lt.) ~ ffl ~' -C tilt .IE~ ff --:> t.: o 

4. 1it1Jr-r - 9 
~ t*ffi £ ~tJ -e / 9 - -r:- 1993~ 6J=J, 1 J=J & a 1994~ 7 J=J ,: a iu ~tit.: ii fa1'i £ < cs-3b) 

0)7-5-'~ffl~,f.:o -ctiG©-r-Y-~Table 1.,:~To ll!Hfft-r-9©ffi/Jtf:J0.4m, ff:JJJt-r 
-90)ffi/Jt&if.J 2/1000° (&Hlt~~-r:-f.Jl000m) --r:·a;,30 

Table 1. CS-3b Data Observed at Kimi tsu 
Data Data-Span (JST) 

Cbl 1993. 06.05.08"--1993. 06.07.07" 
Cb2 1993.06.12. 08"--1993. 06. 14. 07" 
Cb3 1993.06.19. 08"--1993. 06. 21. 07" 
Cb4 1993. 06.26.08"--1993. 06.28.07" 
Cb5 1993. 07.03.08"--1993.07.05.07" 
Cb6 1993.07.10. 08"--1993. 07. 12. 07" 
Cb7 1993.07.17. 08"--1993. 07. 19. 07" 
Cb8 1994. 06.04.08"--1994. 06.06.07" 
Cb9 1994.06.11. 08"--1994. 06. 13. 07" 
Cbl0 1994.06.18. 08"--1994. 06. 20. 07" 
Cbll 1994.06.25.08"--1994.06.27.07" 
[One Data(One Arc): 48hours] 
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£{ J:: 11 fffil © 4 8 Ht: rdJ r - 7 i- ffl ~ , -r im 1a ffi £ ( CS- 3 b) © $}L ji ffll. tJr ~ fi ~ , , i1iJr. ~ #c >E ~ © U ffllJ 
ieft c fft.ieft (J) lt~ i-;J( ~ t:. o .:: tL,; (J) ~4811t=M -r - 7 (J) i:t=i Im Dt:~J t: :lo i-; ~ J=J c ~Mi (J) 

~*¥:. ~~l?a1:lif!1*t::loitGJ=J c~~(J)tJ--t~ 0 ~Table 2. f:~ L,, UffllJrnj (flr!i$r£~ 
ttJ-t? "../9 -) f:J=J:tr<iEi:t:i°"tGDt:~J ( B*ffltf!Dt:) ~Table 3. i:~--to X, Table 4. ,iii1B 
ffi £ ( CS- 3 b ) © ffllJ Re -r - 9 c ffllJ ~ -r - 9 ~ U ffllJ L, t:. 7 :,., -r t- (J) ift ii -r- cli) ~ o 

Table 2. Right ascensions and declinations of the sun and the moon. 
A is right ascensions [DEG] and dis declinations [DEG]. 
0 is the angle between the sun and the moon at the earth. 

Data Date(JST) A MOON ' dMOON 

Cbl 1993. 6. 6. 8" 273.4°,-21.5° 
Cb2 1993. 6. 13. 8" 358. 0°' 4. 6° 
Cb3 1993. 6. 20. 8" 87. 0° t 22. 1 ° 
Cb4 1993. 6. 27. 8" 183. 2° t -6. 6° 
Cb5 1993. 7. 4. 8" 282. 5° t -20. 4° 
Cb6 1993. 7.11. 8" 5. 4 ° t 7. 4° 
Cb7 1993. 7. 18. 8" 96. 1 °' 21. 2° 
Cb8 1994. 6. 5. 8" 23. 2°. 12. 4° 
Cb9 1994. 6. 12. 8" 111.7°. 17. 5 ° 
CblO 1994. 6. 19. 8H 202.9°.-12.2° 
Cbl 1 1994. 6. 26. 8" 308. 0° t -13. 8° 

Table 3. The time of transit of the moon 
across the Kimitsu meridian. 

A s UN t 

7 4. 1 °, 
81.4°. 
88. 6°' 
95. 9° t 

103. l°. 
110.3°. 
117.4°. 
72. 8°. 
80. 1 °. 
87. 3° t 

94. 6° t 

Data Meridian transit of the moon (JST) 
Cbl 1993. 6. 6. 1 H • 1993. 6. 7. 2" 
Cb2 1993. 6. 13. 6" . 1993. 6. 14. 7H 
Cb3 1993. 6.19.11". 1993. 6.2Q.12H 
Cb4 1993. 6. 26. 17" • 1993. 6. 27. 18" 
Cb5 1993. 7. 3. 23" . 1993. 7. 5. O" 
Cb6 1993. 7. 1 I. 5" . 1993. 7. 12. 5" 
Cb7 1993. 7. 17. 10" • 1993. 7.18.11" 
Cb8 1994. 6. 4. 8" . 1994. 6. 5. 8" 
Cb9 1994. 6. 11. 13" . 1994. 6. 12. 14" 
CblO 1994. 6. 18. 19" • 1994. 6.19.20" 
Cbl 1 1994. 6. 26. 2" . 1994. 6. 27. 3" 

Table 4. The locations of tracking stations. 

dsuN 0 
22. 6° 162° 
23. 2° 82° 
23. 4° 20 

23. 3° 90° 
22.9° 177° 
22. 1 ° 101 ° 
21. 1 ° 20° 
22.5° 48° 
23. 1 ° 30" 
23.4° 118 ° 
23. 4° 147° 

TSCJ-C2 is station for observing range of CS-3b at Kimitu. 
TSCJ-ANG is station for observing angle of CS-3b at Kimitu. 

Station Coordinate Latitude Longitude Height 
TSCJ-C2 GEM-1 OB 35° 11' 35. 795"N 140°04'29.486"E 189. 742m 
TSCJ-ANG GEM-lOB 35° 11' 36. 822" N 140° 04' 31. 22l"E 200.836m 
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Table 5. ,iUillJJfflO),fftfftO)JJ<.3¥-~jlJ;IJ{~ffi£0)ffllJie-r- 9 f;:l:j.;t -3 ~-~~i::: Ld.: t 0) 

-c 3-) ~ , cos /3 &i a ffl!J Jffl ;IJ{ 1I ,ft[ 13 5 ° 0) 1I ioH::: 1 m 3 lb G t.: til ~ 0) ?fflJ Iffi -r - 9 0) ~~tit~ G ~ 
G --C ~, -3 0 {91J ;t &iCS-3bO) :fl-~cos /3 = 0. 4 -Ct, o 1J' i; M 711J Jffl ;IJ-< 135° jJ JciJ ~::: lm# iJJ -t -3 c ffllj Im 
-r - 5' ;IJ{ ~ 0. 4 m i1i& 1) -t -3 .:. c iJ{ 71° -JJ, -3 o 

Table 5. Effect of horizontal movement of station to satellite range data. 
ELE: Elevation of satellite AZI : Azimuth of satellite 

/3: Angle of intersection between vector from station to satellite 
and vector directed to 135°. 

Satellite Station Longitude ELE AZI /3 cos /3 
CS-3a TSCJ-Cl 132°E 48. 255° 193. S-40° 69. 848° o. 345 
CS-3b TSCJ-C2 136°E 48.925° 187.052° 66. 168° 0.404 
BS-3a TSCJ-Kl ll0°E 38. 198° 225. 163° 90. 128° -0. 002 
ETS-V KTDS 150°E 47.849° 163.472° 53. 848° 0.590 
ETS-V MTDS 150°E 48. 824° 145. 892° 49.721° 0.647 
ETS-V OTDS 150°E 50. 514° 137.674° 50. 565° o. 635 

ffift-r - 9 0) ffi: l:J.~ 1 , ff:J JJt-r - 9 ~mtl f::~- G t.::!iO) ffi: l:J.~0. 0001 c G--C ffi: l:J.1-t~ ii 
IJ\ El*~~= J: ~ 1{ 7 /. 9 ~ ff£)E Gt.: 0 ~ ~ f:: fft~ ~ tL t.: 1{ 7 /. - 9 ,i 71{ 0) ii~ -ct, 0 0 

( 1) ffi £ 6 ~it!~~ ( X, Y, z. V x, VY, V z ) 

(2) :t:!Wi!JIM EE,::: :Jo it -3 ocM~lt 
< 3) ti ti .m I!*' i::: :Jo it o ~ £ im ff£"' 7 r 1v jJ ioJ 0) 1Ja :i! JJt 

( :i! If "'- 7 r / v 0) jJ joJ ;6-< .iE , "C 0) ill! jJ joJ ;IJ-< 1J, ) 
(4) 5E~~ 

ft:JJJt-r-9 (~If. jJ~ff:J)0)5E~~ 

Table 6. RMS of post-fit range residuals 
Data Cbl Cb2 Cb3 Cb4 Cb5 Cb6 Cb7 Cb8 Cb9 Cbl0 Cbll 
RMS[ m J 0. 9 0. 7 0. 9 0. 9 O. 9 O. 5 0. 8 O. 9 O. 9 0. 8 I. 4 

-r - 9 Cb 1--Cb 110) !Wtitti'R:5E~ 0) 0-CO) 1 Bt M 4ij0) 3¥-fs.J 11 ~ ~ 1 -- ~ 1 1 i:: ~To ~ 't10) 
*<.U,t ,i U. ffl!J Jffl ( tt i$ ffi £ ~ tlJ -iz './ 5' - ) •:: J=J ;IJ-< .iE i:p G t.: Bf ~J ~ ~ G --C ~ , -3 o ~ 1 -- ~ 4 &i 
J=J , ffl! 1*, :t: 1W; ;IJ{ ii,~ - 00: ~ J:. i:: 3S ~ NJJ 79 tJ ;6-< * ( * iffl) 0) ~ 0) t 0) -r· 3S ~ , ~ 5 -- ~ 8 
,i N1119 tJ ;IJ-< 't10) ~ 0) t 0) -r- t, ~ , ~ 9 --~ 1 1 &i ffl 19 tJ ;o-< 1J\ < 1NtJ ) 0) ~ 0) t 0) -c ~ -3 o 

~ 9 & t! ~ 1 0 i::: &i - .fl 12 ~ M Jal M 0) ~ lb ;6-< ti 1£ G f J, ~ 'tiH:: l~- b tL -3 ;6{ J: ( .fl -3 c * ~ t J. 
~ lb 0) J:. •:: 12 et rdl .na M 0) ~ lb ;1J-< m tJ. "? --c ~ , o 0) ;o-< 1i{E ~ -c ~ o o 

N1119 tJ •:: J: ~ 8 *ffil ill 0) ffl!~O) JJ<.3¥-~tb 0) jJ ioJ ,i :It e§ --m !k 1I JoJ c: i& >E Gt.:~~, .:. tL 
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averages of post-fit residuals of range data Cbl for every hour. 
Vertical line shows time of transit of the moon across the station 
meridian. (RMS=O. 9m. 0 =162°) 
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Fig.2 The averages of post-fit residuals of range data Cb3 for every hour. 

Vertical line shows time of transit of the moon across the station 
meridian. (RMS=O. 9m, 0 = 2°) 
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Fig.3 The averages of post-fit residuals of range data Cb7 for every hour. 

Vertical line shows time of transit of the moon across the station 
meridian. (IUIS=O. 8m. 0 = 20°) 
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Fig.4 The averages of post-fit residuals of range data Cb5 for every hour. 
Vertical line shows time of transit of the moon across the station 
meridian. (RMS=O. 9m. 9 =177°) 
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Fig.5 The averages of post-fit residuals of range data Cb8 for every hour. 
Vertical line shows time of transit of the moon across the station 
meridian. (IOIS=O. 9m. 0 = 48°) 
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Fig.6 The averages of post-fit residuals of range data Cb9 for every hour. 
Vertical line shows time of transit of the moon across the station 
meridian. (RAfS=O. 9m, 0 = 30°) 
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Fig. 7 The averages of post-fit residuals of range data CblO for every hour. 
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Vertical line shows time of transit of the moon across the station 
meridian. (RMS=O. 8m. 0 = 118°) 
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Fig.8 The averages of post-fit residuals of range data Cbll for every hour. 
Vertical line shows time of transit of the moon across the station 
meridian. (RIIS=l. 4m. 0 =147°) 
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Abstract 

SELENE is the first lunar mission to directly observe the lunar gravitational field 

of the far side. The orbiter of SELENE has high sensitivity to higher order lunar 

gravitational field, while the relay satellite tracking data will reveal lower order 

terms. Higher order terms have to be recovered from the short periodic 

perturbations of the orbiter, since the orbit will be changed every eight hours. To 

improve the quality of the lunar gravitational field from SELENE satellites, it is 

highly important 1) to model surface forces acting on the satellites such as 

radiation pressure, 2) to track the satellites continuously from ground stations 

with excellent precision, and 3) to obtain good observation models. 

1 • SELENE~@iO)flll~ 
SELENE,±2003~,:tri:>J:.~fiJ{=f5£~tl.tv'¢ B*O)fj ~ ;1 ~ 3 /'~, fjO)j!f 

{f ~ JaJIDI L~l.i~ /'~- ,: J: tJ fl ffiO)~illJ ~fr'? JaJ IDiffi£ c, JaJ @~£iJ{'fj O)fl 
fflH: ~ ~ ~~.:JaJ @ffi£0) 7- 7' ~ 1J v--t ~ 1J v-ffi£ c ~mmz ~ n --c v'-?> o JaJ 
@ffiJ1u:,±, :1&~:-JJ;;. 70),fmJtJ'ctt~li&J.ttt~ c~~4 ~~ /'~-tJ~m~~ n, fJ 
O),tg7J! c ~1t~ ~; tJ~~:-t ~ Jtm:~-r~- 7' iJ{'1f; fl.¢75£~~ ~ o 

fj 0)£tJfl.;~7Jlj¢, c v' '? ~ c iJ{SELENE0)£~~7--ZO)--::>,:~ Q tv'~ o 
SELENE,±140)~ ;1 ~ s /'tJ~;~~iJ{, -fO)-J 1:,3-::>iJ~£tJ~~.:~~Ltv'~o of 
n,±, 
1) VRAD : Jj 00 (~ffllj) ,:1tt&:?J! ~~~ ~ ~, 1J v-wj£0)ffl:t&:?19. c 0) ra10),iig 
-m ~ :l&J:.tJ~; VLBH: J: tJ illJ5£-t ~ o ~ ;1 ~ s /' WHL1 (14 7 Jl) O)j&flO) 2 -r fj ra, 
0) h-qT v n-?> o 

2) RSAT : i&J::tJ~ ~ fflJ lm~i£, 1J v-t.i£ i "e(J)DopplerlJUIIU (~~mj-f!Fj£ 
-J!l~ftu ctt«~~--CillJ5ET ~ (J)"e2 way Dopplerc v' '?, 2 way Doppled±wr~J.: 

m~ ~ n --c "' :6 mlt&:~~$(J)~~iJ~q=- ~ ::,; ~ Jv-e ~ :6) ~fr'? o 1 t~, 1J v-tw 
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£ ~1r L "C Ja.J @~£ i "'eO)DoppleriJlfflU (*~nu- 1J v-ti& - Ja.J @~£- 1J v
tw£-*W1'nu t v\ '? fflU5E~O) -e, 4 way DopplerftfflU"'e~ o) ~fr'? o ~ n; ,i, 
~ o/ ~ 3 :.,,W)fD]i:p ~ C !, L "ClrvtL-o O {[ L, ~{10)2 7 J=j rdHi, Ja.][§1~£0)-$ 
~ JI ~:ii~ ~--tt o t.:. ~" 4 way DopplerftfflU,ifrvtt~ v\o 

3) LALT : v--1f- 7 Jvr .)( - ?' ~: J: J'J, fw&-n~; J=j mi i "'eO)?sj ~ ~tlU5ET o o 
t.:. t!. l..,, LALT ~:--:::> \.,\ "( ,iJ=J O)~ffij~~ (topography) ,iijfj; t,~~: ~ o 'b~, t.::. t!.t-.; 
~:m:1J~~:~U'--:::>t,~~v\o LALT~: J:-? "CIWJ-:l&}i~("'e2@0)7JU5E'bf~tt.tt,! ( 
cross-over point) fJLiH:~T o 'lwfll-nt1f; tL-o 'bf, footprinti1~1J, ~ v\t.::.~-f O) J: '? 
~ ~ t ,it tL "'e~0 '? o 

~tLi""e~: ~" ,~t10)-lf'1'wi£, Lunar Orbiter, Clementine~ c~'b!)=J ~Ja.J@L, 
-f O) rEIJ i&J:-n~; 1w£ i "'eO) 2 way DoppleriUJUt,!q-j;b tL "C v\ o o m-1£, Lunar 
Prospectori,!}J ~ .ffi.J@ L "Cv\o t,s-, ~ tt -C: ~ IWJ~O)ftiJUt,tq-j;btt "Cv\,o o SELENE 
""e}Iffi:jJ~~MijijLJ: '? CT-o~Jj.O)~ttt-e~:~v\f}rl..,v\~1:.,., t-,i, 2 way 
Doppler""e,iftfflU""e~ ~v\J=j O)•fflU0)1w£0)if)Lit~4 way Doppled: J: tJ i~Jf~; x. 
J: '? ct" o c ~ 0 ~:~ o o ~ tL i-C:O)iJ!iJUt,~; ~, J=J O)~ffltlO)m:1JtJJ;~:--:::>v\"C ~ 
o lilt 0) jDJl i,f1f ; tL "C v \ o t,t, :f&...t t,~ ; iWl.if[i,f *il.FPf ff~~ J=j 0) ~ffl!J 0) '11.it ~ 7G 

~:ra,~li9~:~&?; n "C ~ O)"'e~ o o SELENE~:M--t o Mf.ti~- i=r "'e i=r v\~T~; ,t, 
1UWJ0)'1r,it ~ il~iJltJU L "C ,i-? ~ tJ c jD tJ t.:. v\, t v\ '? ~ t ~:A{~ o t!. 0 '? o 

2 . IJ V - fir£ t ~ (g] *1f £ 
1J v-~£c)aJlffl~£0)iWI.it~:~--toffiJG~Table H:~To -O!L, ~tt;0)1i 

,i~*~v tJ 1lo ~ c ~:t±~T o o 

Table 1. Orbital parameters of SELENE satellites 
orbiter relay satellite 

a 1840km 3200km 
e 0 0.4255 
i 90 or95 deg 90or95 deg 

n 8.87 x 10-4rad/sec 3. 87 X 10-4 rad/sec 

12.2 rev/day 5.3 rev/day 

n 0, 2.1 x 10-8rad/sec 0, 4.5 x 10-9rad/sec 

0, 0.10 deg/day 0, 0.022 deg/day 

lt) 1.2 x 10-7rad/sec 2.6 x 10-8rad/sec 

0.60 deg/day 0.13 deg/day 

V 1.6 km/sec 1.2 km/sec 
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~ '?~Lil" ~ < ~ o t,~ ~ L tL~ v'o m.J@m£,i PlfJL~'t:', ~q-ji'ajJ.ti,~l00km, 1} 
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O)if;~,i1ffr~"' L,i1ffr-**~ "'::.. c t,{inJ.J.. c no o 

SELENEm ~J:1Job .o 1mfiJJ ~ Table 2 ~:iJ'T o ~O){rfHi1JD~J.l 1:' ~ o o .3:.~~~ 
~~:-0 v'-C ,i, .:l:.~JJi O)*fgM{mt't:' iEm1t ~ n t v~ .o o 
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lJ!jJlljO)ffl/.ti,{Q.3mm/60sec c To c, ~j£0)~~;ia!/.t0) 3 x 10-9 li/.t1:'~ tJ, JaJ [fil 
tw& ~: 0 "' --r ,i' i.Tf)a]WJfflm-JJ-C: ~ ~ l ~ +1t~-= ~*JJi i 't:'fmjJllj ~-= t,~t,~ 0 ,i~'t:' ~ 
o o @. L, ::.. n,if~IHmiE, 7 / -r -j-O)iJJ ~ ~: J: o :iith~~tJ1iiE~ c~lJUJIIJ-=t:--rJv 
O)ffl/jtt,{+?3'-1¥iiE ~ n~ < -c tt ~; ~ "'o 

:iW: ~:, 1J v -tw £ ~O) J=J 11!1:J ~ 0) ~ * 0)1f{iJJ ,i 1J, ~ ", o ~~JaJ WH:mti'JJ ~: 0 "' t ,i, 
1J .::. 7 A Jr- Jv1:', 6*'t:'~mlilt, 18*1:'lmm~ r O)ffi~M L t,~i:l v'o ::.. 0) t.::. ~, 
1J v-wr£t,~; ~*O)JJi~~ti:'i-t o t.:~~:,i~JaJM~"' L'i7k$tJ{ffi1J~ Jio Lt,~ 
~ "'t,\ 2-r J=J -e,it.::.i1~t.:i1~1oooml£Jt L t,~ffi~Mt,{~~i1ti\ ~*~ ~ Jlo::.. c 
,iitt L "'o it.::., ~P,ijJJI ~ l00*~J::O)~*~= ~; ~"' C ff,ft L ~"'o 

j.((;-J'tO) ~t18: ~: --:J "' --r ,i, 10-8 t,~; 10-9 0) ;t - ~ ... - -e ~ .o o Lt,~ L, fl~~ 
~~ Lt.::.ffi£0)fffl~1J±O)-=t:-7Jv1tii-t&A~H:oot L v'f.::.N'J, -=t:--rJv~iJH: J: tJ, 1J 
v-~£0)tJL~,Jl~~:M L -c ,iftJaJJt.fH~1ffJJ~: J: ~-Jc~ ~'3Wi1~~ o o -wtJ ;t ~i, ~~ 

~:n~ffii18:i1~10% ~ ~ t.::.Wiit, ~i£i,{fj O)~~:Ao c 18 ~ t.: ~ along-track,: 
2m, 1-r )=J1:'2kmO)f)l~O)~~~~ l:.oo mJIHltw£~:-0v,--c,i, !J?L~i,{S~ra,::..·c 
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}:10) fl~ tJ ~ L ~= J: ~ iliffi~;jJ± ii, 1) v -f:#:HtU:M L --r ,i-=c-r· Jv1ti1~~,~t,~ ~~an 
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Figure 1. The power spectrum of the present lunar and earth gravitational field 
models. 



Table 2. Summary of perturbations acting on SELENE satellites scaled by 

the main term of the lunar gravitational field 

Lunar gravitational field 

-main term 

GMM 
ao= 2 

r 

-J2(]2 = 9.07 X 10-5) 

RM 2-ah I a0 =3(-) 12 r 
-low order harmonics 

RM 2-
ac2.2 I ao = 3(-r-) C2,2 

RM 6-
ac6 6 I ao = 7(-) c6 6 . r • 

-high order harmonics 

RM 1s-
ac1s.1s / ao = 19(-r-) Cis,1s 

_ RM so-
acso.so I ao - 51(-r-) Cso,5o 

Third body attraction 

-Earth 

ME r 3 aEI a0 =2-(-) 
MM rE 

-Sun 

Air drag 

Radiation pressure 

-solar radiation 

A <I> GMM 
aRlao=--1( 2 ) 

Mc r 
-lunar albedo radiation 

orbiter 

1 (1.45m/s/s) 

2.4x 10-4 

9.lxl0-5 

2.6x10-5 

1.9 X 10-6 

1.1 X 10-7 

1.5 X 10-5 

8.4xl0-8 

0 

6x10-9 

A <I> RM GMM 
a A I ao =--Albedo(-) I <-2-) 

Mc r r 

4x10-10 
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relay satellite 

1 (0.48m/s/s) 

8.1 X 10-S 

3.0 X 10-5 

9.4 X 10-7 

9 X 10-ll 

1.x10-19 

9.7 X 10~5 

5.2 X 10-7 

0 

5xlo-8 

1 X 10-9 
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Non-Gravitational Effect on the Relay Satellite and the Lunar Orbiter of SELENE 

~{ifM.I -~ (~J:fi~fj= • 7J<§$) 
Toshihiro Kubo-oka 

Hydrographic Department, Maritime Safety Agency 

Abstract 

In order to calculate the lunar gravitational coefficients from the orbits of lunar orbiters, it is very important 

to assess the non-gravitational effects on their orbits. In the cases of the relay satellite and the lunar orbiter 

of SELENE, a Japanese lunar mission which will starts in 2003, solar radiation pressure is the largest non

gravitational force. In this paper, we present a new model describing the solar radiation pressure on the relay 

satellite of SELENE. We included the model into GEODYN-11, an orbit analysis software developed at 

NASA Goddard Space Flight Center and investigated the variation of osculating orbital elements of the 

relay satellite. We compared three cases: (I) "octagonal model" developed in this paper, (2) default model 

prepared in GEODYN-11, and (3) without solar radiation pressure. We found that the difference between 

octagonal model and default model is about a half as large as the effect of the solar radiation. 

1 Introduction 

B*t,t2()()3 ifl:~~~-y~L,tv~QJ=j~~Bl~ii rsELENEJ ~i~t }=JifjO)ffl~~'.'/ ~/if, )=J 

Jafill©iajjj~tffiU~. Jt$-< ©fl~a<JElffl~t\Hftv)Qo .."f©q:t©-::>t,t, r J=J ©117JJI, ~i: ~tl 

*~~cn{IJ t:>htv)f~t,)}=J O)jlffltjO)]ljJJi}~. jWjffl.ll~i:R:~9 Q ~ cJ ~~Qo SELENE gffflii~ 

i1. J=1 JaJimffi~§ 1J v-M!rL 1J v-ffim§J:&J:,!aj cl,) 5 =mO) i.: '.'17°7-llffl!J. :aJ:: rt a-VLBI 

IJltrJt,\ t:>. fim©ifiJLil!O)tffl t:> ~~*~- .."ftt~mffi L, t J=J O)!lt:JJJl~irJ~g Q ~ c ~ El ffi L, tt,) 

Q ({WE, 1998) o t::.ti. L,, ~ 0) El a<J©t::.~i:ia:. 11:h J2M1-0)1Jt,t, ffi~©ifiJLiEtl:Bd£1""~ffll: ::> 

l,) tiMJ~t:S < ~,.t,'it> Qo IJ v-ffi ~ C )=J Jaf@IffimO)JI~ \ $1:!l:h$t)J*O"Jl*J, Ii:*© t> ©ii:t: 
~t,\ t; ©$MM1£~"->Qo 

~rnn1. ±i: 1J v-ffi!IU:fFJflg Q:.t~iliiM1±i:i'±EI L-. iNiMJ±O)-*~ ~ ~6t•9 Q t.=bfJO) 
r.=t::7J);, J ~~'? t::.o --c-O"J~*~MiHWHfi'J 7 1--- r'J .r. 7 GEODYN-11 i:fflJj.ibJj., ~IH: IJ v-ffi 
m©ifiJLil!afJJ~fi-::> t Jj.f;::_o GEODYN-11 ii. NASA Goddard Space Flight Center (GSFC) ~lffl~~ 
tttdRffi ©$JtiliWHfi'J 7 1--- r'J .r. 7~, ffl1JJ:&WHfi, ifiJLl!i-rffl~Jtj, < ©tlfm~ff L, tv)Q (Eddy et 

al, 1990) o SELENE ~tOOi~~i. F.I O)]ijJJlf*l:-a:~f~g Q 'J 7 1--- r'J .r. 7 c L, t, GEODYN-11 ~a$t 
~ L, f;::_ ~ O"J ~ ffi t,) Q 1iit ct~-::> t t,) Q o .."f O"J 'J - 7' ::I - f.: l: ii, #ii'$1lffl!Jftlj m TOPEX/Poseidon. 

GPS ffi~. Mars Observer c v)-::> t.:. iffil,q ©ffimi:!M={t L,f;::_Jv-7 ::.,,t,t"2i'*tl "(t,)Qo *f;::_, ~ 

El O"J r-=c-r Jv J ~~1.JD"9 Q ~ c ~ liJf4~~"-> Qo 71<~$-e~. i1J!1!!ffim r "-> t; ~ v~J ©1~~1i$1M 
1£.=t::¥Jv~~;IJDL, (Sengokuetal, 1995), ~tJ-/'~JvlUlrJ,lajcB*~'J~©{!lfil©$a~. 7°v-l-
il!lh©mffi~i:f1Jffl L,"[t,)Q (iiBL {wE, 1997)0 

*ffl--ei1. *9IJ v-f!timO) r/\fqf±:.tll'1$iMJ±.=t::-rJvJ l:::>v)tIDl~9Qo ~,:.(l) liMJ± 

~~m. L,f;:;_J!}ft .. (2) GEODYN-11 i:-r7 ~ Jv I----Z:Jfl~~htv)Q$MMJ±-l:7Jl,, (3) ~ffil~-::>t;:;.r l\ 
fqft-l:-rJl--J, 0) 3 -::>O)igftl:-::>v)t, '-'tiiUt~0)*5:W:O))lt,)l:::>t,)timJ'{Go fitti:. F.IJafffilffi 

mi:oo L, t cO)J:: 5 t~.=t::-r Jv~fFQ~ ~t,\i: ::> v)t t> ff'Jfli!i:MtlQo 
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2 IJ 1/-lj~O)l}t}J±=f:7 JL, (j\11Jtt=f'T JL,) 

IJ v-ftj!iO)m~~ Fig. 1 ,:~To :kMteH:-g,; c,. ilw 99[cm],. if5~ 77[cm] O)]El\ffJltl:Ji 
{gJfl0)7 ;,,.,=--rnt~~tHttmi::tct? -Clt\-:>o ffi!iHi,. J:J ~IEJflli~~" t;-t;J tJ fJll~tt .. -~ 10 IEJc 
t,\,; ~-7' "'f:El*i L,tJ:nt 6 .. iliJ:J ~-Jlt lOO[km],. ilJ:J ~ifli/lt 2500[krn1 ct.,\ '5 Jt$f~·JHfflt.,\ffi 
F9~~L~~~L,,.~OO-~c~L~cO)~fflO)~-~O)~~~ffl:>o 

____ -=,r 

Fig. 1 Shape of the relay satellite. 

•J v-ffi!JlO).:e:-r Jv~tF:o 11u:,. .12.rF O)ffifctfli~~:a < o 

1 ff,j~O) 7' l:: )'$m~i .. Epoch l::a tt-?> J:J O)~tffi1JjRJ i:lllff 
2 ffiMO)A l:::' ;,,O)~WHi .. ~fi.ffilWH:Jt~-c+~ffit,\o 
3 ffiM~itli~ 77[cmJ .. Mil 30[kgJ O)l\ffJlto ~~tf:l-Ct.,\,o 7 ;,,.,=--r~iffitfflo 
4 J:J ~" 6 O)Jffl tJ ~ t.,O)~lf~ilOlo 
5 ~mi~ .. ~~fflM .. ~mc~m~ .. *ffi~tJo 

~*160)&~0),;~,. 1 .. 3 .. 4~~1..,-c~ttff~~~-e~-?>oMOO-e~ .. -~O)Uv-ffiM~ 
-A e ;,,ifimntsi1fmil:~i1Il:tc:1:-o J: -5 l:~A~ tl-07~l:tJ:? -Cv\-:>o *.t::.,. ~Klili&MJ.f.~O) 1--Jv 
?~J:?-C,-Ae;,,ilifll~~~T-?>~c~7~~tl-00L,~1..,,.m~-e~ .. ~cL,-C~o~5~;,, 
~ J:O)rs:i,m-e,. ~tlt;O)reWJ~fflOJlL,-Ct.,\-oo 3 l:(Jijt.,-Ct>,. **~i,. l\'1tt+F9tt (l&fJM~t 
$) cT~~tt~t .. mm~-e,1¥~tH:i\'1ltcJJ.tJ: G-Clt\-oo ~ttt>~~O)illfm--r:~-oo *.t::.4 
i:mt L, -C~i .. GEODYN-Il ,:~i~,t:,~-f*~\ 6 O)Jffl tJ ~ l,O)fJJ:1l~MJJT-oJv-r ;,,~t}flit~ tt-c 
l,\Qo ~t:,. ffl!~Ji!i]IE]ffi!Jll:mt L, -C~i albedo O)•nt.Yrt¥tt~~· L, tdfjjtJtJ:Jv-r )';Q'tJflif:~ tt 
"(t.,\,oo ~tlt;O)JJ.,-r)'~i .. A-JJ7 71 JH: fALBEDOJ cit\? 1 ff~Atl-?>ti~t-C:ilJfl~tt 
:Oo t::.tt t.,,. ~@Hi,. F.10) albedo O){iii~tcO)~lc,::t&M~ tt "(t.,\.'QO)~\~ijij-C:3f>-o ~ c ~.3!>? --r .. 
J:J~60)JffltJ~l,O)flj.~ffitmL,~o 

*.-f,. -r,t,: n flJltO)J.lft~~ jt,oo ~ ~ -e,. ~ffl~~ Fig. 2 O)iH: C-Oo ~Ki1JjRJO)lf!{g: 
/"{? 1--Jv~ s cT-?>c .. 1lUmi~M/£T-?>--:JO)/~*Jv (ffiifflAs .. ~I{/'{? 1--Jvn) 
~fFJflT-o~~-HJ.f.~J:-?>~~~~ .. 

da = - ~! [{t-Ps) s + 2 (i+PscosP) n] Fos~ (1) 

-e2(~ tl-o (Milani et al, 1987) o ~ ~ -C:,. <P, m
1

,. c .. p
1

,. 0
1 

~i.. .:t'tl-ttl .. :;t!lljEI(,. f!liMO)fi 
ii .. J'fil~ .. specularreflectivity .. diffusereflectivity-e3f>-oo *.t::. ... /Hi .. ffijO)~l{/"{t/ 1--Jvn c .. 
~1$.17J(ri]O)lt!fft/"{t/ 1-- Jv s O)fJ:T'1-C: cl!>-oo ~,:~~J'GO) ~ t::.? -Ct.,\,:, mif:-:J t.,\"(,. (1) Jt0)1JD 
illl~:IJD;t'S-b-tt-oo ~ 6 ,: EliliJaJWJtJ~~~JaJWH:Jt~--Cffit,\ c ~\ :> &~i1" 6 .. El~~WH:lJft? 
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X 

s 
{direc1ion 1oward lhe Sun) 

y 

Fig. 2 Satellite body-fixed coordinate system. 

Unit vector toward the Suns is in x-y plane. 

--CU~fifliJZi:!:J ~ c Q o 9 Q c, x /~5:)- (7-. I::' ::,, iliflJ& V::*~75fJ:il l:filil!tJ.75fJ:il) 0) ~5:)-l~L m x --CL, 
*? .M~BQz ~5t (;i..l::' ::,,M75fJ:i10)~5t) c,y ~:$t (;i..l::'::,,Mc:*~75fJ:ilO)mQ@~~iV.> 
i:i, ~::;;i..l::'::,,M~filB~~:$t) ~- ~ti-th 

As<t> (a) . = -n - - (t -ps) sin0 cos0 
z Sode TCnlsC 

(2) 

( ) As<l> {3+ Ps Os} a. = - n -
3 

- sin0 -- sin 0 + -
2 .1 Side m5c n 

(3) 

ctJ.Q. -Ji 9 Q c, c2> c (3) :xt1a: 11 - oo O).ffi~Rt~W,{g Q~? 1:JLt GiJi, ;ffl.;1n:J::t~? la: 
tJ. I:) tJ. t, ). tJ.if tJ. I:), fEJU O) .!:j~~ :a:- a, t!i ~ :a:- h c °9 Q c, ffi1Jfili 1, *Jv 1 ~O)@ffll;:t, 

A5 = 2ahsin(;) (4) 

c'~~ nQ . 1Jf. ? --C 11 -+ ooO)fj~Nc', 11 As-+ 2nah ctJ.Q. ;:n1::tPHI0)~-@-1:itJ;t-L, '°[l,)Q . 
1) v-f!tj~0)~-@-1;:t, n =8 cgtil;!~t,). 

;Rf&, &V:~f&I: iJ,iJ, Q fiMtII I:~ G1.JOjigftrl;:t, (l):it~~O) * * {9!-:> --C, 

{aJT,p ~ - ~: cos6 {(1 +pT)cos6 + ¾8T} (5) 

(a.) = - Ar<t> (t -pT) sin0 cos0 (6) 
-
1 Top 111y,c 

c tJ.Q. ;: ;: c', pT, OT l::t~ti-tti, ::Rf&&V:~f&O) specular reflectivity c diffuse reflectivity c' 

cY;)Q . 

GEODYN-111:.::1;:t, T7 ;t )v !--O)!f.t"fi~tl±t:T)vc l..,'"[, "canonball" t:T)vcll¥1ihG ~O)iJ1Jfl 
~~ti--Cv)Q. ;:O)t:TJvt l;:t, ~~ti±~, 

(7) 

O):itc'~-x '°[ l, )Q. :J* i:i' l~?ritIIl:~G1.JOjigJ].'. O) [P) ~ IJ:, ,,;;n ::*~cixit0)7J[P]c'iV.> i:i' tJ.S 

7J\ :J, 1JD~ffi'O)* ~ ~ IJ:ffi ~O)~~c);:~O){}'[fnfffl~I: {ta¥ l,fJ. l,) . * t::., (7) A7J' ':> 5:)-;o, Q ~ 

? I:: , T7 ;t )v 1-- O)t:T )vc'l;:t, f./.jfilO) rff~JJ ltJrinif.i'l As c, specular reflecti vity Ps 0) 2 :JO):!ji 
:a:-1, 7 ;l---51 c G --C 1§.x G;: c l::tJ.G. ~@I, canonball -=t::7Jv:a:-Jfl t,)--CQVLJ![at1rl="9 G~-@-1::1;:t, 
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~w.,[f)rffiiffHi 77 [cm] x 99 [cm] <Mm©ffiIJffiiffi), ocM~Hi~~ffl7&1,-*Jv©-fit~Jfl t,~f.::o 
tJ:.t:3, GEODYN-11 O)f*j$~~i .. MmntJ=.1 O)~,::.A-:> -Cl,~¢7J\ c '5 f.J\i::M~G-r .. 

O::t:!tm~-f*tJtfltj~tr~ GJ!.:l -Ct,~,Q c: ~ .. 
v=l 

o~~~::t:~~J:JO)•~-"'?~c:~ 
v=O 

O~llltJtffBzta(Ji::mi~ ht.:: c: ~ 
V = (~j{IO)j!jt -Cl,~¢$7.tO)~f.J\~tO)iffiffl) / (~!WtO)j!f.J\~t©ffiiffl) 

~~-~tl.¢~1( V ~lfiMJ±!JH::f.J\~t¢~'5,::tJ:-:>-Cl-~¢o ~,::A-:>t.::tJ\c'?f.J\O)*'jlfJT~i .. ~ 
""f ©ijH:: t.., -Cfr -5 o ~ '"f .. 

D = 'sat ' lsun (8) 

~tt1,\tT-Qo vt,tlE©:taft ©Jift~i .. m-i: fBIRJJ l:t,~-Q~©c:TQo ~l: D<07J\-:J, 

( 1sat - Drsun). ( rsat - Drgun) < R~ (9) 

t,t/£ ~ ft-:J C ~ .. jJ O)~O)q:ii:: l,~Q ~O) c:!f!!HfrT Qo ;: ;: -r: .. RM ~i.J:J O)-*'fI-C:d!>¢o ~tl~~ 
©~ft~i.. ~~i ~ r B IRJJ l: 1,, ~ Q ~ © c: olJ.fJ:To 

Table l i: .. ~fmi©t~f(O)jll,~i:J::Qoctf~©iiW~~~T (Antreasian and Rosborough, 1992)0 

;: ;:: -C:.. specular reflectivity c diffuse reflectivity ©.lttt 1 : 4 ~&~ l., f.::o 

Surface Coating a p a 
Front of solar array 0.79 0.042 0.168 

Back of solar array 0.18 0.164 0.656 

Silver'lefton 0.07 0.186 0.744 

Whltepaint 0.18 0.164 0.656 

BJackpalnt 0.98 0.004 0.016 

Gold plate 0.08 0.184 0.736 

Table. 1 Optical properties of the surface (from Antreasian and Rosborough, 1992). 

i\PJtt-=ETJvc .. canonball -=f:7Jvf.J\Gm-$J~tl¢1JDimll© B{t{#tt~ Fig. 3 l::~To ~~ .. 
canonball -=E7Jv©:1.Hi .. z J£zti:-::;t,.~-C~i cos .. y fflGzti:mn.--rii sin ~~ftTQo y /£7.tl: 8=90 

[deg] Mili-r:*~tct~tJtjt t;tl.Q©ii .. ~ti c:~t&,:fl:JflT Q~MJ±iJ1,JJt,.~ -rv~Qt.:.bb-c:3!> Qo 

[m/s2) 

(a) 3.o 10·1

1 
.. ~-

2.o 10·1 ~ -~ 

i ::,,:,ll _/-· 
8 ;;7·· < -1.010·7 

.• ------

-2.010·1 r --
' 

-3.010·7f-~.--.J- .••..• ~......__._._._.~........._..i..~ 
0 30 60 90 120 150 180 

6 [deg) 

········ ·· octagonal 
- · · ·canonball 

Fig. 3 Acceleration due to the solar radiation presusre: (a) component parallel to spin axis, (b) compo

nent normal to spin axis. Solid lines represents the "octagonal" model and dashed lines represents the 

"canonball" (GEODYN-11 default) model. 
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3 IJ v-ffti ~ (I) fJl.jiitJf 
A,-@Jf'F-:> t.:.l\flJlt~T Jv:a- GEODYN-II ,:fflJJ.i6JJ.. ~~,: IJ v-f*imO)iftltilt~t-~fi-:> -r Jj. 

t.:.o Epoch ~i 2003 ~ 8 J:J 1 BO~ 0 J:t°C\ ~tJJ9 Qwrnmi Epoch J:: t:J 360 B rt:1,1:i>-oo IJ v-ffi 
!g_O)f1JW]$)Li§~*:a-Table2 ,:~To ~tlf,~i. m~O)IJ v-Mmc.s.SJ::"t"rAJl,;~flf:1:i>-o (ifiJL 
im:i:~.A ~ tl-Q~O){j~]i *f.:~)E L, -Cv~t~ t,~) o J:J 0)1l!:tJJjj7-?7 ,i. 1/ ::r.. ':I 1--~~if~ffl (JPL) 

0) Konopliv f, "/J~ Lunar Oribter c Apollo af ITID 0) Subsatellite 0)$JLilt"/J\ G ai-JJ: L, t.:. 60 X 60 0)~7 Jv 
:a-Jfl v~t.:. (Konopliv et al, 1993) o !&J:1c&V"t"O){filO)~mO)ffljJO)~l'~i. ~3:~*-e~-r~- L, 

-Cv~ Q O * t.:.-ll~U~M~~5f)JjH:~ L,-c ~i. GEODYN-11 i:m•~ tt '"t"v'.\-?>Jv-r / ~~O) * * 
flJJfl L,f.:.o t~.s. IJ v-f!Jimitf-3 3 -'T J:U3 ~ ,: J:j O)~{:)..-?>WJrJJ CA G f~t,'.\W)ra,~- tJ ~9 0 A,
ffiJO)ITTJi~#"c'~i. 2003 ~ 11 J:J 7 B fJ\ G 2004 ~ 2 J:j 4 B * 1:. 2004 ~ 5 J:J s B-fJ\ 6 ITTIJ~ 7 * 
1:"/J~J:J O)~l:A Q Wrnm: ~ t.:. Qo 

semi-major axis a 3000 [km] 

eccentricity e 0.38 

inclination 95° 

longitude of ascending node g 270° 

argument of perigee (1) 133° 

mean anomaly M 00 

Table. 2 Initial orbital elements of the relay satellite. 

l\flJtt.:e:¥ Jv:a-m 1.,~t.:.ij}.g-0), 360 B r1:1,0) 1J v-ftimO)fiA!k$JLi§~*O)~r1:1,~f~~ Fig. 4 ,:~ 

9 0 Fig. 4 i:.s l, '.\-C \ ~Wlli Epoch 7J\ f, 0) B 1ft: :a-~b L, -r l, ~ Q 0 IJ v-M !g_tJf 1 Jal ffiJ O)ra, ,: J:J 0) 

~l:J...QWlrai,t. 98 B 13-- 187 B EI*""rc. 277 B 13--360 B EJi:M~G-Cv~-oo !Wl.ii~-*~c 
$JLi§ifiitl~flJ 0) ~ 7 7 l:Sfl~ i:Ji i:, ttQ~IVJO)JalW]~if-J 14 B -e-. ;: tt~it&~O)itjJ O)~JH:J:: 
Q ~O)c~x f,tl-Qo *f.:., ~M!k$JJ.ili~*O)~r1:1i~f~O) r~{.ti:(J(Jt~J ffiiAHi::tlilifit.J"B:0)-=E:-rJv 
,:,i~# L,t~v~;: c"/J!ft"/J\-:> t.:.o 

(1) $MMJ£~~L1Gt~1.,~:11~ 

(2) Canonball ~T Jv (GEODYN-II 0)77 ~ Jv 1--) 

(3) l\flJtt.:e:¥ Jv 
i:-::>v~-r. ~M;~JO)jif!kifjJJ.i§~*O)~~ITTJiL-tda:~~ Fig. 5 ""'9 i:~9o canonball -=E:-rJvc 
i\PllttT Jvl:J::-oifiv'.\ (Fig. 5 ""' 9 0) (c)) ,t. ~Ml± ~~J.19 Q fJ\ c 5 fJ\l: J:: Qil t,~ (Fig. 5 

""' 9 0) (a) c (b )) 0) 112 fflJ.l ct~-:> -rs t'J , ~ L, T1!l0Ji 1: ~ Q ffl,J, ~ < t~ t, ~;: c iJffJ--/J\ -o o ~ tt 
~i, Fig. 3 ,:~~ tt-rv~Q J:: 5 i:. ::tlw.i1iftiJ cMm0)7' e ::,,$dJO)t~9flJ i:J::-:> -r~i$1MB:f:J:: Q 
1JDimJ.li:*~t~~"/Jf~ t; Q;: c"/Jf~li L, -rv~Q ~O) cHEffllJ~ h-Qo a:.t.:.. tT Jvl:J:: Q~~i. fi 
!g_"/JtJ:J O)~i:AQ J:: 5 i:t~-:> TfJ\ f,Jffl*9 Qffifti]-/Jtiv.>-oo t~.s. $MMJ± ~~».1:9 Q fJ\ c 5 fJ\1:. i 

&U:. n i:~JaJWJO)~IJJ"/Jtlli-rv~QO),i, e 0) l '/x.O)~-~--/J\ 1:,ifitJ-1±,:J::-o~JaJWJf!{II.J"/Jt-e-r 
< Qt.:.~ c ~ X f, tl-Q (Milani et al, 1987) o t~.-a, ~:fflHOO: ,: fMI L, -r ~i, Jl~a(J i: ti 7 7 i: ~i~ ~ 
f~t,~-/Jt, Epoch fJ\i:, 3 -'T J:jifi:~i. iiMMB:~~Ll9Q1J\SfJ\1: km O)~-~-. ~tJ'J3:0)~-rJv 
O)ifH\i:c:t-:> -C IOOm 0)~-~-1:~"/J!~ t; -o ~ c"/J{7}t)\-:> t.:.o t.:.ti L,. ~O)c:t -5 t~;tl{l$it-J"J£ 
t'T )vO)Ji v~"/Ji}=j O)mjJ:li~~O)HE)E*a*': C O)fflJ.l~W:a-Hd£L, Tt,'.\Q 0)-/J\f:":J t,~-r~i, f&t!{ 
(J(]t~am11¥-?1 ~ffl v~-c~~i:m:n~f*~~~t~9 Q c 1.,~ 5 Y ~ .:z. v-y 3 ::,,~ff-=> -r~"/J\~-o 
!ff~-/J'\iv.)Qo 
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Fig. 4 Variation of the osculating orbital elements of the relay satellite. The orbit was integrated by 

use of "octagonal" radiation pressure model. 
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Fig. 5 Deferences in semimajor axis between Fig. 6 Deferences in eccentricity between ra-

radiation pressure models: diation pressure models: 
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(c) octagonal model - canonball model. (c) octagonal model - canonball model. 
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New Regions of Escape in the Free-Fall 
Three-Body Problem with 

masses 3, 4 and 5 

Takeshi Nakamura 
Okayama Shoka UniversitY, 2-10-1 Kyomachi Tushima Okayama, 700-8601, Japan 

Abstract. We consider the free-fall three-body problem with masses 3, 4 and 5. We obtain 
numerically new regions of escape near the equilateral triangular position among already 
known three kinds of regions of escape. All orbits in our new regions of escape have only 
one minimum of moment of inertia. 

1. In t:roduction 

We consider the free-fall three-body problem with masses m1 =4, m2=5 and ms=8. In 1995, 
Broucke gave numerically the regions of escape in this three-body problem [3]. In Figure 1, 
we sketch Broucke's regions of escape I , 11 and m near the equilateral triangular 
position Lt, and the masses indicate the escape bodies. The same kinds of regions were 
obtained for the equal masses by Umehara and Tanikawa [6] and Zare and Szebehely [9]. 
In this case, between two of these three regions of escape there exists a small region of 
escape near the equilateral triangular position [6] (see Figure 2). The orbits in the large 
regions are called simple pass through orbits by Anosova (2) (see Figure 8 (a)). On the other 
hand, the orbits in the small regions are called pass through orbits with a turn [2] (see 
Figure 3 (b)). We simply call these orbits quick return orbits according to (9]. Our aim of 
this article is to examine the three narrow regions among Broucke's three kinds of regions 
of escape I , 11 and m near the equilateral triangular position Li to obtain new small 
regions of escape. The escape orbits in our regions have only one minimum of moment of 
inertia. 

We find that there exists clearly a small region of escape with the quick return orbits in 
every narrow regions. Furthermore, we also have two more regions of escape between I 
and m. The same regions are obtained between 11 and m. While, between I and II 
there exists only one region of escape, which has the quick return orbits. Moreover we can 
see not only the simple pass through orbits but also the exchange orbits in I . The exchange 
orbits were defined also by [2] and an example is illustrated in Figure 3(c). For the equal 
masses, these orbits do not appear near IA. The orbits between I and ill are more 
complicated. For example, there exist new escape orbits called pass through orbits with a 
rotation. These orbits are shown in Section 4. 

Fig. I. Broucke' s regions of escape 
near the equilateral 
triangular position IA. 
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Fig. 2 . Umehara and Tanikawa's 
region of escape for the 
equal masses near the 
equilateral triangular 
position 14.. 

Fig. 3(a). A simple pass through orbit. 

111., 

rn, 

ms 

m, 

Fig. 3(b). A quick return orbit. 

14. .. ) · 
........ : 

0 

Fig. 3(c). An exchange orbit. Fig. 4. The initial positions of masses. 

2. Configuration of Masses 

\ 

' I 

We show the configuration of masses mi=4, m2=5 and ms=3 in Figure 4. Let m1 and m2 be 
set at (-m2f(m1+m2), 0)=(- 5/9, 0) and (mi/(m1+m2), 0)=(4/9, 0), r espectively. The distance 
between m1 and m2 is 1. The mass ms has coordinates (x1, X2). Let 14=(- 1/18, {312) be the 
equilateral triangular position. 

We consider a circle at center L4. with radius 0.0l(see Figure 7). We restrict ms=3 on this 
circle, and examine the regions of escape on it using an angle variable e (0°~ e < 360°), 
where 

X1=0.0lcos0 - 1/18, X2=0.0lsin0 + ..,/312. 
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3. Conditions fo:r the moment of inertia and escape 

3.1. A condition for the moment of inertia 
This section is due to Yoshida (7), and see Agekian and Martynova (1) and Zare (8). Let I be the 
half of the moment of inertia 

/= (1/2M) I: mimr,12 • 
J•q<jE3 

where liJ be the mutural distances, and M=m1 +1112+ ms. The Lagrange-Jacobi identity is 

.. 
1=2h+ U, 

(1) 

(2) 

where h = T - U is the integral of energy and U = G ~. m1 m1 /r11. Let M· = I: mi m1 • 
Then fh<.,~3 l~t<:j~ 3 , 

(8) 

Therefore, from the Lagrange-Jacobi identity we have 

/ ~ 2h + G ( M·S /M )112 ( 2/)-1/2. (4) 

Let 

(5) 

., .. 
HI< le, then/> 0, and / = .l{t) has only one minimum. The system in which U> - 2h (i. e., l> 0) 
is called triple close approach by Agekian and Martynova [l]. In our case, Gel and when h = -
18.2888, w.e have le= 6.1246. Although the energy value h changes according to 0, the bounds of 
hare -18.288 < h < -18.289 for all orbits, and so 6.1240 < le < 6.1249. 

The initial value of I is 1 o= 24.5 and all our orbits enter the region / < / c. After that, the 
orbits escape. Therefore, our orbits have only one minimwn of moment of inertia and in other 
wards, have only one triple close approach before escape (see Figure 5). 

3.2. Escape conditions 
We used the escape conditions due to Lasker and Marchal [ 4], one of which is rewritten by I [5]. 
Let m8 escape and m1 ~m2. Let (r, p) be the Jacobi coordinates, where r is a vector from m1 to 
m2 and P from the center of mass of m1 and m2 to ms , and r = I r I , P = I PI . Then, the escape 
conditions are 

where 

. 
(i) p ~ kr, (ii) 1 ~ a + b 1114 

a = m1 m2 { 2GM. /( - h (m1 + m2) ) }112 , 

b = { 2 ms( mi + ma )/M }st4 R{k)1,2, 

K(k) = GM{ 01 /( 1 - 02/k) 2 + 02 /( 1 + 01/k )2 }, 

Ch= mi/(m1 + ma), 02 = 1- 01. 

(6) 

(7) 

and k is lager than the ratio p Ir corresponding to the collinear central configuration L 1 
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with an arrangement (m2, m1, ms). In our case L1 = 1.4411, 1.5645 and 1.6357 according to the 
arrangements (1112, m1, ms), (ma, ms, m1) and (m1, ms, ma), respectively. Therefore, we take k = 1.7. 
Figure 5(a-2) shows the three curves of escape condition (ii) according to the escape bodies m1, 
m2andms. 

Note that if(i) and (ii) of (6) are satisfied at t=f1, then (i) is forever satisfied after ft. While (ii) 
is not necessary satisfied after ti. The original escape conditions of Lasker and Marchal are both 
satisfied forever after f1. On the other hand, the condition (ii) of (6) is not. It is a sufficient 
condition of Laskar and Marchal's escape condition. Figure 5 shows the examples of the escape 
orbits. Figure 5(a-1) is a quick return orbit and Figure 5(b-1) is a more complicated escape orbit 
(see Figure 10). Figure 6 shows an example of the orbit which does not escape after the first 
mjnjm1m1 of the moment of inertia 1 

m, 

1/t· :l 
(a-1) 

111, 

mi 
• I 

10 

L=6.12+6 

(a-2) 

6 =242.6 

11/3 
• 
I 

(b-1) 6 =25.8 
(b-2) 

Fig. 5. The examples of the escape orbits. 

'HL, 
e =25.5777 

m2=5 

~ m1=4 

-........_ ms=8 

I 

I 

I 

Fig. 8. An example of the nonescape orbit after the first minimwn of 1 
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4. Results of Numerical Integrations 

Our results are sketched in Figure 7. The large regions I , II and m are Broucke' s regions 
of escape, and the masses indicate the escape bodies. There is only one region of escape 
between I and II, where ms=8 escapes. On the other hand, there exist three kinds of 
regions of escape between I and m, where m2=5 and ma=3 escape. The same three regions 
also exist between II and m, where m1 =4 and ma=3 escape. The detailed values of 8 and 
(X1, X2) are summarized in Table 1 for regions I , II and ill, and in Table 2 for small regions 
named (a), (b), (c), (d), (e), (f) and (g). 

I 

I 

.,, , ' ms=3 ' \ 
I 

(d) m2=5 

?(c)ma=3 
---(b)m2=5 

-...:dl-___:=====¥::::::::::!==f ::::--. 
' 0.01 

I 

, 

' ' ,_ 

' 
.,,. .... .,,. .... 

Fig. 7. The new regions of escape on the circle at center Li with radius 0,0J 
after the first minimum of the moment of inertia. E 8 B 

+-==-o. ab60_2~ 

Escape region 8 (degree) 
(X1, X2) 

(Escape body) (0°< e <860°) 

I ( ~-5 
( (-0.045555, 0.866025) 

(-0.045619, 0.867157) 
(m1=4) (248.0 ( (-0.059301, 0.856.753) 

860 (-0.045555, 0.866025) 

II 192.8 (-0.065307, 0.863809) 
(m2=5) 238.0 (-0.060854, 0.857544) 

m 25.7 (-0.046544, 0.870361) 
(ms=8) 169.47 (-0.065387, 0.867852) 

Table 1. Intervals of Brouck' s regions of escape 
on the circle at center Li with radius 0.01. 
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Escape Escape e (degree) 
(X1, X2) 

region body (0°:::;; e < 860°) 

between (a) ms=8 
241.3 (-0.060857, 0.857258) 

I andII 244.8 (-0_.059892, 0.857014) 

(b) m2=5 
9.0 (-0.045678, 0.867589) 

11.0 (-0.045789, 0.867988) 
--------------- ------------ ------------· ---------------------------------------

between (c) ms=8 
12.8 (-0.045804, 0.868240) 

I and m 17.685 (- 0.046025, 0.869054) 
--------------- ------------------------ ---------------------------------------

(d) m2=5 
17.655 (-0.046026, 0.869058) 
25.45 (-0.046525, 0.870822) 

(e) m1=4 169.58 (-0.065889, 0.867842) 
179.29 (-0.065554, 0.866149) 

---------------· ------------------------· ---------------------------------------
between (f) ms=8 

179.82 (-0.065554, 0.866144) 
IIand m 186.8 (-0.065495, 0.864928) 

---------------· ------------------------ ---------------------------------------

(g) m1=4 
187.5 (-0.065470, 0.864720) 
191.5 (- 0.065854, 0.864081) 

Table 2. Intervals of escape ofnewregions of escape 
on the circle at center IA with radius 0.01. 

Let us see the typical orbits in these regions. 

Orbits between I and II 
Figure 8 shows the change of the orbits from II, (a) to I. The orbits e =217 and e =280 
are the simple pass through orbits with escape body m2=5 in II. In e =289.8 and 8 =240, 
m1 =4 change the mass component of a temporary binary system from ms=8 to m2=5. And in 
e =242 and 8 =244, ms=8 escapes. These orbits are the quick return orbits in the small 

region of escape (a). Then, after the change of the mass components, we have the exchange 
orbits e =249.5 and 8 =255.5 in I _ In these orbits, m1 and m2 interact closely at first, then 
m2 and ms form a binary system with escape body m1 =4. Finally, 8 =282 is a simple pass 
through orbit in I _ 

Orbits between I and m 
Figure 9 and 10 show the change of the orbits from I , (b), (c), (d) to m. The orbit 8 =8 is a 
simple pass through orbit with escape body m1 =4 in I . After the change of the mass 
components, we have a new type of the pass through orbits e =9 and 8 =11 in (b), where 
m2=5 escapes. These orbits are called pass through orbits with a rotation, because m2=5 
has a small rotation before escape. Then, after having the change of the mass components, 
we enter the region (c), where the orbits are the exchange orbits with the escape body ms=8, 
since at first m1 and ms interact closely, then m1 and m2 form a binary system. 

Between e =17. 7 and e =25.2, we have the orbits in the region (d), where m2=5 escapes. 
Between 8 =17. 7 and 8 =20 we have the quick return orbits. We note that after the quick 
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m, 
9=217 1'LL 0 =242 0 =249.5 

m, 

9=280 111, ,,,,. 

6=244 e = 255.5 

"1, 

9=289.8 
111, 

9=246 

>n, 

9=240 
e =247 

0=282 

111., 

Fig. 8. The change of the orbits from II, (a) to I . 
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,,,,, 

8=6.7 

9 = 7.25 

'113 
9 = 12.s 

m, 

8= 14 

8= 17.25 

9= 17.45 

8=17.635 

Fig. 9. The change of the orbits from I , (b), (c), (d) to m. 
(from 6 =3 to 6 =17.685) 
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6 = 17.8 

6 = 18.54 

6 = 18.4 

Fig. 10. The change of the orbits from I, (b), (c), (d) to m. 
(from 6 =17.7 toe =87) 
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return of m2=5 the direction of escape ofit changes almost 180°. The surprising fact is that 
the orbits 6 =18.5 and 8 =18.54 are very close to the collinear motion. In e =28, a binary 
collision of m2 and ms occurs. In e =25.2 and 9 =25.8, m1 changes the component of mass of 
the binary system from ms to m2. In 6 =25.2, m2 escapes, while in e =25.8, ms escapes. The 
orbits in 6 =28, ... , 6 =25.8 are very complicated. They experience the binary approach three 
times with different mass components before escape, near the minimum of the moment of 
inertia J(see Figure 11). This was mentioned in Section 8.2. 

(1) The interplay 
ofm1 andm2. 

(2) The interplay 
ofm1 and ms. 

(8) The interplay 
of m2 and ms. 

Fig. 11. e =25.8. 
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Abstract 

The structure of KAM curves in the standard mapping on the surface of cylinder is investi
gated. We report the results on the symmetry structure of KAM curve, and the mechanism 
of disappearence of KAM curve. 

1 Introduction 

Birkhoff[l) proved that homotopically non-trivial KAM curves of twist maps of the annu
lus are Lipschitz continuous. This implies that these KAM curves of twist maps are at 
least once differentaible almost everywhere on the KAM curve in the sense of Lebesgue 
measure(Herman(2]). When we consider a one-parameter(0 < a < oo) family of smooth 
twist maps starting from an integrable map, we can generally expect that the smoothness 
of the KAM curves decreases as the maps become more and more apart from the integrable 
one(Moser[3]). 

In the present paper, based on the above expectation, we consider a typical example 
of analytical family of twist maps, the standard mapping, and first develop a numerical 
method for the determination of the critical values of the destruction of KAM curves and 
then examine how the twice differentiability of KAM curves are deteriorated until the 
critical value of their destruction. 

In doing this we assume that KAM curves are once differentiable at some particular 
points(see §7). Though this assumption is not assured, our results seem to justify it. 

We introduce the standard mapping in §2, and the involution form in §3. In §4, we 
derive the functional equation for KAM curves and intoduce the circle map. The properties 
of KAM curve in the phase space are obained in §5 and the properties of the circle map are 
obtained in §6. In §7, we calculate the critical value ac, and discuss the structure change 
of distribution of mapped points. In §8, we shall give the discussion. 

2 The standard mapping T(x, y) on the cylinder 

The standard mapping T(x, y) [-oo<y<oo, 0 ~ x<21r] on the surface of cylinder is ex
pressed as(4). 

Yn+1 

Xn+l 

Yn - asm Xn, 

Xn + Yn+l (Mod 21r) 

where a>O is assumed. In the following, we let f(xn) = -a sin Xn-
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The standard mapping has the measure preserving and order preserving properties, and 
is a typical twist mapping. The standard mapping has two fixed points(p and q). One of 
the fixed point q = (0, 0) is an elliptic point when 0<a<4, and is a saddle with reflection 
when a>4. The other fixed point p = (±1r, 0) is always a saddle for a> 0. We can easily 
observe three types of motion in the phase space(See Fig.l): (1) the periodic motion, 
(2) the quasi-periodic motion, and (3) the chaotic motion. In this paper, we study the 
structure of KAM curves constructed by the quasi-periodic motion encircling the cylinder. 

y 

Q ..LLLLJ....LJ.J_J___,L_~!:i_.:1"_/_~l.Li.:.LLlll .. LLLJ...L~~~~~SU~1.LJ.~ 

0 X 23t 0 X 

F ig.1 Several motions in the phase space( a = 0. 8( left), ~(right)). 
3 

3 Involutionary forms of the standard mapping 

The standard mapping T has the factorisation into two involutions hand g. 

T= hog. 

Two involutions hand g satisfy the follwoing properties. 

h Oh= g O g = id., 

detDh = detDg = -1. 

It is noted that the inverse map of Tis given by T-1 =go h. 

(3) 

( 4) 
(5) 

ff the mapping functions have the factorisation into invlutions, the system has the 
reversiblity[ 4]. As the standard mapping has double reversibility[5], there are two types of 
involution forms. 

[ 1] The first form 

h: Yn+l - Yn, Xn+l = -Xn + Yn• 

9: Yn+l - Yn + f(xn), Xn+1 = -Xn. 
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The set of fixed points of hand g give the symmetry lines illustrated in Fig.2. 

h : y = 2x, y = 2( X ± 7r), 

9: X = 0, ±1r. 
(8) 

(9) 

These symmetry lines of the first form show the left and right symmetry of KAM curve. 
We use this property in the following discussions. 

31:---------------------------------

y 

X 

0 
Fig.2 Symmetry lines in the phase space. Two KAM curves r 1,2 exist symmetrically 

above and below the x-aixs. The explanations of the points u, v, ... are in §5.2. 

[ 2] The second form 

h' : Yn+l - -Yn, Xn+1 = Xn - Yn, 

91
: Yn+l - -Yn - f(xn), Xn+1 = Xn· 

The symmetry lines are also obtained (see Fig.2). 

h': y - 0, 

g': y -
a 

2sinx. 

(10} 

(11} 

(12) 

(13} 

These symmetry lines show the symmetrical structure of two KAM curves existing above 
and below the x-axis. If one KAM curve(r +) exists above the x-axis, another KAM 
curve(r _) must exist at the symmetrical position corresponding tor+ below the x-axis. 
Such a situation is illustrated in Fig.2. This symmetry does not give information to deter
mine the structure of KAM curve(f +,-) itself. Then we do not use this symmetry. 

4 The functional equation for KAM curves 

A KAM curve is assumed to be expressed by Yn = F( xn) in the phase space. Here we 
introduce the circle map: Xn+t = G(x11 ) which defines the relation between Xn and Xn+1 
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on KAM curve. Using the mapping equations, we can derive the functional equations for 
F(x) and G(x), and give the relation between F(x) and G(x). 

F(x + F(x) + f(x)) - F(x) + f(x), 
G(x) + a-1(x) - 2x + f(x), 

G(x) - x + F(x) + f(x) 

where the suffix n is omitted. 

Hereafter we use the abbreviated notations: 

df(xn) 
En=--. 

dxn 

(14) 

(15) 

(16) 

Here {n means the slope of KAM curve at Xn and (n implies the gradient of G( Xn) at Xn. 

Differentiating Eqs.(14) and (15) with respect to Xn, we also have the functional equa
tions for {n and (n. 

{n+1 
{n + En 

(17) - ' 1 + ~n + En 

(n+1 
1 

(18) - -(n +2+En+l· 

These equations are rewritten in the following forms. 

(19) 

(n-1 -
2 + En -(n 

(20) 

These equations connect the derivative of mapping function to its past. In §5-7, we use 
Eq.(17) for {n and Eq.(20) for (n. 

5 Properties of KAM curves in the phase space 

5.1 Symmetrical structure of KAM curves 

First, we shall give a property of motion of mapped points restricted on the KAM curve 
encircling the cylinder. 

Proposition 5-1: Any KAM curve encircling the cylinder is invariant under 9, and hence 
invariant under h. 

Proof: If we prove any KAM curve is invariant under 9, its invariance under h follows 
from T = h o 9. Since KAM curve intersects the symmetry lines of 9, let us take a 
point a of intersection. Let 0( a) = { a.dai = Ta, i E Z} be its orbit. By reversibility, 
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g( an) = go T"a = T-n o g( a) = T-na = a-n· This means that the orbit of a is invariant 
under g. 

The orbit 0( a) are dense in the KAM curve. Let b be an arbitrary point of the curve. 
Then there exists a sub-sequence ani ( ni --+ oo as i --+ oo) which converges at b. By 
continuity of the reversibility, g( b) is on the KAM curve and consequently its orbit is 
invariant under g. o 

According to Proposition 5-1, let us take two positions l = (x1, y1) and r = (xr, Yr) 
satisfying the relation r = h( l) or r = g( l) on the specified KAM curve. Using Eqs.( 6) and 
(7), we can derive the relations of slopes at l and r. Here ~1 and ~r mean the slopes at l 
and r. In the following expressions, we can exchange two suffices land r. 

[1] Relations with respect to the symmetry lines(y = 2x, y = 2(x ± 1r)) of h. 

~l 
~T = --. 

~l -1 

[2] Relations with respect to the symmetry lines(x = 0, x = ±1r) of g. 

{r = -{, - f'( x,). 

(21) 

(22) 

Eqs.(21) and (22) give imformation on the slope of KAM curves at their intersection 
points with the symmetry lines. Using the relation~, = ~r at the intersection points, we 
have the following results. 

( 1) At the intersection points of KAM curves and the symmetry lines of h. 

~ =0. 

(2) At the intersection points of KAM curves and the symmetry lines of g. 

{(O) 

{( 1r) 

(23) 

(24) 

(25) 

Take a point A = (x, y) on the KAM curve. The point B = (x', y') = g(A) also 
locates on the same KAM curve due to Proposition 5-1. Using the relations x' = -x, y' = 
y + f(x), y = F(x) and y' = F(x'), Eq.(14) can be rewritten in the form 

F(x) - F(-x) = -f(x). 

Here we separate the function F( x) into the even and odd functions. 

F(x) = Feven(x) + Fodd(x), 

and then we have 
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We need to determine the even part Feven ( x) to get the full expression of KAM curve. This 
problem will be discussed later. 

Here we have an important result on the slope of KAM curves. 

Proposition 5-2: The relation {(x)<l holds for all KAM curves. 

Proof: Suppose that there exists a point A with { > 1 on the KAM curve. But by Eq. 
(21), the slope at B = h(A) is positive. Let take a small arc AA' on the KAM curve in 
the vicinity of A where the x-coordinate of A' is larger than that of A Note that the 
y-coordinate of A' is larger than that of A since the slope at A is positive. The involution 
h maps this arc to an arc BB' where both x and y-coordinates of B' are larger than those 
of B since the slope of the KAM curve at B is positive. As three points A', the intersection 
point( C) of the KAM curve and the symmmetry line of h, and B' locate in order on the 
KAM curve. Then the arc CB' of the KAM curve must includes the point( D) where the 
slope diverges. If the slope at A is equal to 1, the value of slope at B diverges. Then the 
KAM curve does not satisfy the Lipschitz condition. This contradicts the result obtained 
by Birkhofl{l ]. o 

5.2 Summary of properties of KAM curve 

In Table I, we list up the properties of KAM curve( see Fig. 2) in the phase space in terms 
of the results obtained in §5.1. 

Name Position in phase space Slope 

u def (O, a) -
2 

Tu (a, a) 
a ---

2-a 

T-1u (-a( +21r), a - asina) 
a 

acosa+-
2

-
-a 

def ( 71", /3) a 
V 

2 

Tv ( 71" + /3, /3) 
a 

2+a 
T-1v. ( 1r - /3, /3 + asin/3) 

a 
-acos/3- --

2+a 

s def ( 'Y, 2--y) 0 

Ts ( 3--y - a sin -y, 2--y - a sin-y) 
acos-y 

acos-y-1 

T-1s (--y( +21r), 2--y - asin-y) acos-y 

t def ( 6 + 71"' 26) 0 

Tt (36 + asin6 + 1r, 26 + a sin 6) 
acos6 

acos6 + 1 
r-1t ( 1r - 6, 26 + a sin 6) -acos6 
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Table I: u is the intersection point of KAM curve and y-axis, v is the intersection point of 
KAM curve and x = 1r-axis, sis the intersection point of KAM curve and the line y = 2x, 
and t is the intersection point of KAM curve and the line y = 2( x - 1r). 

Proposition 5-2 gives information on the positions of u, v, s and t. 

Property 5-3: The positions u, v, s and t satisfy the relations 

(1) a cos a< 2~ - a), (2) acos/3 > -1 -
2 
- a , (3) acos-y < 1, ( 4) -acos8 < 1. 

-a +a 

6 Property of the circle map G(x) 

6.1 Symmetry of G(x) 

Proposition 6-1 : The graph of G(x) is symmetrial with respect to the lines y = -x(±1r). 
Then the relation G(x) = -G-1( -x) holds. 

B 

X 

Fig.3 The circle map G(x) and its symmetry structure 

Proof: Inserting the relation Xn = c-1(xn+1) into Eq.(2), we have 

c-1(xn+1) = Xn+l - Yn+l· 

Omitting the suffices and inserting the relation y = F( x) into the above equation, we have 
the relation 

c-1(x) = X - F(x). 
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Eq.(*) is rewritten in the form 

-G-1
( -x) = x + F( -x). 

Combining Eq.(16) and Eq.(**) we have 

G(x) -(-G-1(-x)) = F(x) - F(-x) + f(x). ( * * *) 

Inserting Eq.(27) into the r.h.s of Eq.(***), we have 

(r.h.s. of Eq.( * * *)) = 2Fodd(x) + f(x). 

Using Eq.(28), we can show that the r.h.s. of the above equation is equal to zero. Then 
Proposition is proved. 0 

Proof: Here we shall give another proof in terms of the relation between the phase space 
and the circle map. We shall list several correspondence of the phase space and the circle 
map. 

Operation in Phase Space <=> Operation in Circle Map 
g ¢> X ~ -X 

h <=> G(-x) 
T <=> G(x) 

Then -G-1(-x) is considered as the composition of succesive three operations 

(1) X ~ -X, (2) Q-l, (3) X ~ -X. 

These operations are transformed into the operations in the phase space 

(1) Operate g, (2) Operate T-1, (3) Operate g. 

As a result, we have 
g o T-1 o g = g o g o h o g = h o g = T. 

This final operation T is transformed into the operation G( x) of circle map. Then Propo
sition 6-1 is proved. O 

Here it is important to note that the reversibility( T o g = g o T-1 ) determines the 
expression of F0dd(x)(see Eq.(28)), and gives the symmetry of G(x) stated in Proposition 
6-1. 

Using this Propositin, we shall give several properties of circle map in §6.2. 

6.2 Properties of Godd and the functional equation for Geven 

We shall give the explicit expressions of Gadd and G;;Jd and derive the functional equaiton 
for Geven· 

-1 1 Property 6-2: Godd(x) = Godd(x) = x + 2J(x). 
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Proof: Combining the relation of Proposition 6-1 and Eq.(15), we have 

G(x) - G(-x) = 2x + f(x). 

Here we divide G( x) into the even and odd functions 

G(x) = Geven(x) + Godd(x). 

As a result, Eq. ( 29) defines the odd function G odd· 

1 
G0 dd(x) = x + 2J(x). 

Using the same method, we have 

Then we have Property 6-2. 

Using Eqs.(15) and Property 6-2, the relation of Geven(x) and G;;,~n(x) is derived. 

(29) 

(30) 

(31) 

(32) 

0 

(33) 

Combining the relation Q-1(G(x)) = x, Eqs.(29), (33), and Property 6-2, the functional 
equation for Geven( x) is obtained. 

1 1 
Geven( G( x)) = Geven( x) + 2/( x) + 2/( G(x) ). (34) 

The initial condition ( G{O)) to solve Eq.(34) are obtained as follows. Since G(O) = 
Geven(O) + G0 dd(O) = Geven(O) = m X 21r and F(O) = G{O) = Geven(O), the value of mis 
determined by the initial condition (0, m x 21r) in the phase space. 

Applying the same procedure mentioned above to the circle map G(x+1r), we also have 
the same results for G even( x). Then we have Property 6-3: 

Property 6-3 The even part function Geven(x) has two symmetry lines x = 0 and x = 1r. 

We can derive the functional equations for G~ven( x). 

1 G~ •• n(x) + }f'(x) 
G~ven(G(x)) = -J'(G(x)) + 1 · 

2 
G~ven(x) + 2J'(x) + 1 

(35) 

The property of even function and Property 6-3 give the initial coditions to solve Eq.(35). 
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6.3 Structure of the golden mean KAM curve 

Here we study the structure of KAM curve characterized by the golden mean rotation 
number. To do so, we have to solve the functional equations for G even and G~ven numerically. 
The KAM curve with the golden mean V\-1 is identically equal to that with the rotation 

number 1-/\-1 . Hereafter we calculate the KAM curve with the rotation number l-/\-1
. 

t\ G' 
' \ 

'~ 

G~ven 

0 X 2:n: 0 X 2Jt 

Fig.4 The upper figures show Geven, Gadd, and G, and the lower figures show G~ven, G~dd 
and G'( a=O. 9( left), 0. 97( right)). 

We show the procedure to solve the functional equations. 

Procedure 

[Step 1] Calculate the time series starting from the intersection point ( m x 21r) of y-axis 
and KAM curve and specify the rotation number. Using this imformation, determine the 
value m to give the golden mean KAM curve. 
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(Step 2] Calculate the mapping T,Geven,and G~ven(x) with the initial conditions. 
(l)the position of phase space (0, m x 21r). 
(2)the initial value of Geven(x):Geven(O) = m X 21r. 
(3)the initial value of G~ven(x) : G~ven(O) = 0. 

The numerical results are shown in Fig.4. The symmetry of G and the several relations 
menstioned §6.2 are confirmed. For the structure of G~ven(x), we observe the transition 
from the smooth curve to the notched curve when the parameter a· is increased toward 
the critical value ac = 0.971635 ... (see §7.2)(6]. This is caused by the amplification of 
non-anylitic property of Geven in the vicinity of the critical value. This transition is also 
found in KAM curves with other irrational rotation number. 

6.4 Estimation of maximum and minimun values of G'(x) 

~-1 

0 
~n 

Fig.5 Mapping function of (n ~ (n-1 (a= l ). 

1 
If the maximum value of ((x)( = G'(x)) is M, then the minimum value (min is (min= M due 

to the symmetry of G(x)(Proposition 6-1). The position with the maximum value M exists 
1 

at the symmetrycal position of that with the minimum value M where the symmetry lines 

are y = -x(±1r). Hereafter we estimate M. Eq.(20) with a= 1 is illustrated in Fig.5. The 
lower(upper) curve shows the mapping function with en = 1(-1). All mapping functions 
exist in the region sandwiched by these two curves. Then if there exists the integer n 
satisfying (n > (2, the series { (i }( i ~ n + l) diverges. If there exists the integer n satisfying 
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0 < (n < (1 = .!..., there exists the integer m =/: n satisfying (m = ; due to the symmetry 
~ ~n . 

and then the series { (i }( i ~ m + 1) diverges. As a result, we have the maximum value M 
of (n• 

The following inequality relation for any integer n holds. 

1 
M ~(n ~M. 

(36) 

(37) 

This result is equal to that obtained by Herman (2]. Herman estimated the minimum value 

(min· 

2 + a - Ja2 + 4a < I" . < 1 _ ~-
2 -~min_ 2 

According to the numerical results shown in Fig.6, we have 

Minimum value R: 1 - i, Maximum value R: ~-

1 - -
2 

(38) 

Can we have better esimation for the maximum and minimum values compared with 
Eq.(37)? 

The abovementioned property of the slope of G corresponds to Theorem by Denjoy(7]. 

Theorem: If G : S1( circle) ~ S1 is a C1 diffeomorphism and its derivative is a function 
of b_ounded variation then G does not have a wandering interval. 

Then the property of bounded variation of G'( x) limitted by Eq. ( 37) guarantees the 
existence of KAM curve. This fact requires that G( x) is a C2 -deffeomorphism If the 
C2 -property of G(x) for KAM curve with certain irrationa rotation number does not hold 
for certain value of a, it is possible to appear a wanderring interval in KAM curve. As a 
result, the infinitely many holes appear in KAM curve, and then KAM curve dissappears 
and the Cantor set(so called Aubry-Mather set(8]) appears. The Cantor set does not play 
the role of barrier. 

6.5 Summary of the properties of G(x) 

[1] Here A shows the position of G(O) in Fig.3. 

((A) 
a 

- 1--
2' 

((B) 
1 

- --a-
1--

2 

where A= G(B). The first relation gives Eq.(24) in the phase space. 

(39) 

(40) 

[2] At the intersection points C1 and C2 of G(x) and y = -x(±7r) is 1 due to Proposition 
6-1. 
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(3] Using the same method in [1 ], We have the slope at D in Fig.3. 

This relation gives Eq.(25) in the phase space. 

7 Disappearance of KAM curves 

7.1 Relation of the slopes of F(x) and of G(x) 

Differntiating the functional equation 

F( G(x)) = F(x) + f(x), 

we have the relation of ( and f 

{(G(x))((x) -

((x) -

{(x) + e(x) = ((x) -1, 
1 

1 - {( G(x))' 

( 41) 

( 42) 

( 43) 

(44) 

The invertibility of the circle map G(x) gives the necessary condition ((x) > 0 to exist 
KAM curve. Using Eq.( 44), the relation {( x)<l(Proposition 5-2) is derived. We shall give 
the upper and lower bounds of { which are equivalent to Eq.(37). 

1 
1 - M ~ {(x) ~ I - M. ( 45) 

We already know that the slope of KAM curve at the intersection point u of KAM 

curve and y-axis is i· Combining this fact and Proposition 5-2, we have 

Proposition 7-1 : There is no KAM curves at a~ 2. 

Using Proposition 5-3{1 ), we also have 

Proposition 7-2 : There is no KAM curves at a ~ ,Ji. 

7.2 Estimation of the critical value ac at which all KAM curves 
disappear 

We shall give more improved estimation of the critical value in terms of the criterion (37) 
which is identically equal to Eq.( 45). Here we consider the series of mapping point {T-nu} 
in the phase space, and investigate the slope of G at r-nu. The mapping function ( 20) 
gives (_1(slope of G) at a-1(0)(T-1u in the phase space) 

1 
(-1 = a · 

2 - a - (1 - 2) 
( 46) 
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(_1 must satisfy the relation 
1 1 
-<--a <M. 
M-1---

2 

( 47) 

4 
The right inequality gives the condition to exist KAM curve. a~ 3. The left inequality 

does not give the condition. Then we have Proposition 7-3. 
4 

Proposition 7 -3 : There is no KAM curves at a> 3. 

Using the following procedure and the infomation on (-n, we can estimate the critical 
value ac, numerically. 

Procedure 

(Step 1] Input n(2:: 2). 

(Step 2) Input a. 

[Step 3] Input the initial position (0, mx21r) in the phase space. According to the symmetry, 
we trace the region 0 ~ m ~ },only. Caluculate (_1, •.. , (-n in order. If (-i(l < i ~ n) 
does not satisfy the relation (37), we delete the initial position in the interval (0, 1r) of 
initial conditions. If all (_i(l ~ i ~ n) satisfy the relation (37), we do not delete such a 
initial condition. 

[Step 4] Go back Step [3] and change the initial condition. ff the remainder interval exist, 
go back Step [2] and increase the value of a. 

[Step 5] Repeating Steps[2-4], if we find the values of a at which the remainder interval 
does not exist, we put an =Minimum of a. 

[ Step 6] Go back to Step (1] and increase the value of n. 

In Table II, our numerical results are obtained. 

Table II: The critical value 

n an n an 
3 1.198 89 0.97908 
5 1.116 144 0.97619 
8 1.0579 233 0.97429 

13 1.0250 377 0.97335 
21 1.0039 610 0.97269 
34 0.9914 987 0.97219 
55 0.9837 1597 0.97196 

Proposition 7-4:There is no KAM curves at a> 2
5
43

. 
-20 
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Our estimation gives the upper bound of the ctirical value. The lower bound is esti
mated as ac = 0.971635 ... by Greene{9]. 

Our result is very close to the lower bound, and is improved compared with Mather's 

estimation( ~
3

), and with Mackay-Percival's estimation( 
63 = 0.98439 ... ). Then we can 
64 

conclude that the true ctirical value ac exists in the region (0.971635 ... , 0.97196 ... ). 

7 .3 0 ther critical values 

Using the mapping function ( 20) and the criterion ( 37), we can estimate the ctirical value 
for KAM curve with any irrational rotation number 11. We show the procedure to calculate 
it. Let v(y) be the calculated rotation number for the orbit with the initial condition (0, y). 

Procedure 

[St~p 1] Input the rotation number 11 that we want to know the critical value. 

[Step 2] Input a. 

[Step 3) Calculate T with initial condition (0, y), and the rotation number v(y). Find two 
initial positions Yma.x and Ymin satisfying 11(Ymax) > 11 and 11(Ymin) < 11 with condition 
tl.y = Ymax - Ymin < €(for example,l0-7

). 

[Step 4) Check the criterion ( 37) for the orbit starting from the initial condition ( 0, Yi)(Yi = 
Ymin + tl.y x i/10: i = 0, ... , 10). If all orbits do not satisfy Eq.(37), decrease the value of 
a and go back [Step 3]. Hnot so, increase a and go back [Step 3]. Stop Procedure if the 
desired precision for a is obtained 

Using the program to calculate Procedure, we show several critical values in Tables Ill 

V ac V ac 
v'2 -1 = [200

] 0.9577 ( 13 - 3) ;2 = [300
] 0.8911 

y'J-1 0.8765 J5 -2 = [400
] 0.8053 

V6-2 0.8738 Jf-2 0.8815 
Js-2 0.6841 v'l0-3 0.6474 

V ac V ac I/ ac 
[2,1 00

] 0.9717 [3,1 00] 0.9047 [4,1 00
) 0.8200 

[22' 1 00] 0.9601 (32, 1 00] 0.8950 [ 42' 1001 0.8090 
[23' 1 00] 0.9593 [ 33' 1 001 0.8922 [ 43' 100] 0.8059 
[24, 1001 0.9580 [34, 1 00] 0.8913 [44,1 00] 0.8050 
[25' 1 00] 0.9580 [35,100] 0.8911 [ 4s' 1 oo] 0.8052 
[26,100] 0.9577 [36,100) 0.8911 [ 46' 1 00] 0.8053 

Table III: The critical values for several KAM curves. Notation of the continued fraction 
expansion of irrational number:[200

] def [2, 2, ... ], and [2", 100
] d_:_f [2, ... , 2, 1, ... ]. Note that 

----....--, 
k times 

KAM curve with the rotation number ./2. - 1 ( for example) do not exist at a = 0. 9577. 
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7.4 Distribution of mapping points on KAM curves 

Here we study the structure change of distribution of mapping points on KAM curve with 
the golden mean rotation number(see Fig.6). Increasing the value of a, we approach toward 
the critial value ac. Note that the following results on the structure chaffe hold for KAM 
curve charaterized by the silver mean( -Ji - 1), and by copper mean( 1

; -
3

) . Then our 
results are the universal properties holding for any KAM curves in the vicinity of the 
ctirical value. 

(1) The distribution decreases toward zero at the intersection point u of KAM curve and 
the symmetry line x = 0. A steep-walled valley appears at the points Pu( n = 0, ±1 , ... ). 

(2) The distribution increases at the intersection point v of KAM curve and the sym
metry line x = 1r. The peak appears at the points Tnv( n = 0, ±1 , ... ). 

( 3) The distribution increases at the intersection point s and t of KAM curve and the 
symmetry lines y = 2x and y = 2(x ± 1r). The peak appears at the points P s, Tnt(n = 
0, ±1 , ... ). 

0 / 

0 

'--

G'(x) 

0 X 1t 0 X 

Fig.6 a= 0.92(left) and 0.97(right).[Upper Fig.] Distribution(lower) of the mapping 
points on KAM curve( upper) with golden mean rotation number. [Lower Fig.] Shapes of 
G:ven( x) and JG~ven( x) J. In order to compare the disribution and JG~ven( x) J, JG~ven( x) J is 
drawn by the bar-graph. The diagonal line shows y = 2x. 
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7 .5 Structure of the second-derivative c;ven( x) 

Aparting from the integrable state, the smoothness of KAM curve may be destroyed step 
by step. We believe that the destruction of smoothness gives rise to the structure change 
of distribution function as shown in Fig.6. Here we calculate the second derivative G" to even 
study the structure change which is not detected by the infomation on the slope of G even· 
If the second derivative exists, the follwoing functional equation for c:ven( x) holds. 

1 c: .. n(x) + ~f"(x) 
a:ven(G(x)) = 2J"(G(x)) + 1 . (48) 

(G~ven(x) + 2J'(x) + 1)3 

But we have the difficulty to solve Eq.( 48) for a:ven(x). We have no information on the 
initial condition, for example, c:ven(O). In order to avoid this difficulty, we use the spline 
interpolation to the data obtained for G~ven( x) and calculate the second derivative. As a 
result, we have the following results(see Fig.6). 

[l]The distribution decreases in the vicinity of the point with a:ven(x) ~ 0, and increases 
in the vicinity of the point with large 1c:ven( x) ,. 

[2]he space pattern of c:ven(x) is very similar to that of distribution at which the paramter 
a is very close to ac. 

In both figures of the distribution and the second derivative, the fractal structure with 
the peak and steep-walled valley is observed when the parameter a is close to the critical 
value. The relation of the distribution and the structure of a:ven( x) and the reason of 
appearance of fractal structure is not understood, clearly. These are the impotant problems 
to be studied. 

8 Discussion 

The higher order derivatives of Geven( x) give the impotant informations on the structure 
change of KAM curve. Differentiating Eq.( 34) in sequence, the functional equations for the 
n-oder derivative Q(n)( x)( n ~ 1) are obtained. The functional equation for G(n)( x) includes 
all lower order derivatives G'(x), ... , and Q(n-l}(x). This fact implies that the property of 
bounded variation of all higher oder derivetives does not hold if the bounded variation of 
G'(x) does not hold. Even if the bounded variation of the higher oder derivetive does not 
hold, the bounded variation of G'( x) is not necessarily destroyed. If the bounded variation 
of Q( n) ( x) does not hold, the smoothness of KAM curve is destoryed due to Theorem by 
Herman[2]. Before stating Theorem, we define the Herman index Hr(!) to be 

Hr(!)= sup( IDfnl + ... + IDr Jnl)(n E Z). 

Theorem: If G: S 1(circle)--+ S 1 is a cr(r 2:: 1)-diffeomorphism with irrational rotation 
number is er -conjugate to a rotation if and only if Hr( J) < oo. 

This theorem plays an impotant role when we consider the process of breakdown of 
KAM curve. In order to study it, we have to check the abnormality of the higher oder 
derivatives of G(x). 
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//o/1A~~~~~*A~~~§~
Transition to Global Chaos in Nontwist Maps 

•nx ff *, fflilJ w:= 
1Pfffi EB*~ :III~ffl;'ef~ 

Susumu SHINOHARA * and Yoji AIZAWA 
Department of Applied Physics, Waseda University 

Abstract 
We study the transition to global chaos in a nontwist map. We succeeded in obtaining 
the breakup boundary in the entire parameter space, where the transition to global 
chaos occurs. Because of the violation of the twist condition, the transition routes 
to chaos in the nontwist map are quite different from those in monotonic twist maps. 
The relation between the structure of the breakup boundary and the reconnection 
phenomena is discussed. 

§1. Introduction 

*(}) J: '? 1i=*5ti*ilU~ft quadratic twist map ~~ il-?>o 

T: { In+1 = In - Ksin(On) 
On+l =On+ f (In+1) (mod 21r) 

f(I) = 21rµ - 12 

(1,8) ER x S 

(1) 

~ ~ "t:", K l±ffllJJ1'\7 ;1. - ?', µ lio/ 1 :J.. r !JG~ /(I) (})~*irH~~ffiiT-?>1'\7 ;1. -? "t:"~-?>o 
~ (})~ft(l) .t '? ,: -;, 1:;.. r DG~ / (I) ~t~1=•wa1~~-e~ -?>~fti±, -;, 1:;.. r ~f!f: 

df =/= 0 for VI ( 2) 
dl 

~~t.:~i'lv't.:~, .I ~o/1 :J.. 1--~ffU::'*tftLQo o/1 :J.. r~f!J:Jj:1,~Jv r ~*(})~j=,l!,f~~f!t&: 
ffl~-t Q ~ (})-C:'9J Qo 1, ~ Jv r ~ *-e-1±, fflf!IJ(l)~Jl ~ ~:f:(f L tv'-=> t.:ff;J(J)ffl~fUJfft~(})~,f~(})~ 
-t 1J * l±, Poincare-Birkhoff (}) ~3:1 ~, KAM (}) ~3:1 >';,: ~ ~: J: -=> t .!j. il ; tt Q ~t, ~ tt; (}) ~:II 

I± o/ 1 :J.. r ~f!J: ~{Ji~ Lt v' Q t.:N'), .I ~ 'J 1 :J.. r * ~: l±W:fti§Jfl l±B~'l "' [l]o ~ tt £-e(l)ffl~ 
i:.t '?, .1 ~-;,1:;.. r*-e,±, 1J ::i*'7~3 ~tw,irttQa4t~'lffl~rdJtt~(})~ft~iJ!;ttQ~ 
c ~, *~89'l 7J * :J..A...(})i!:UJ(})l\.ff.1"7 ;1. - ?'f!H-n'ffiffilJ(J):f:(f Ljj(});b-f~~t;,:iiv't: J:-=> t*~ 
< ~it Lt L £'?~ct:,: t\ ~'*~"'iiJi~t~~~-=> t ~ t.:. [2-7]o 

.I~ 'J 1 :J.. r ~fl!(})~,l1i ,¢.l:1±, shearless db*ic llf!,ftt-?>~~dbifl~tffi~IIIH:ft=lft'-?> ~ t -e 
~-?>o o/1 :J.. r~f!J:l±~(}) shearless db*i..t-eiiltttv'-?>o Fig.l &:fflt)J~~m< Lt.:.c ~(}):Yl!-~tl9 
i";,:ffl~fUJ(J)OO~~ Lt.:o Shearless dbiJjH±fflibt:M L t~l=ift:~j:-e~Qo Quadratic twist map 
(})fi-8-li, ~fl(})itf ~ii (reversibility) c M~tt~ Jflv't, shearless db*'~'Pl-*fflfT Q:tlJ-8-
li, *(})llQ--=>(})mit~ii-?> ~ c ~~-t~ c ~tlfB~-?> [6,7]o 

• E-mail address: susumu@aizawa. phys. waseda.ac.jp 
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± = [Ir] = [±.K /2] 
X1 ot ±1r12 (3) 

µ=0.304348, K=l.0 
1.2 ..----------------, 

curve 
-1.2 .___ ___________ ____. 

--1t 8 7t 

Fig. 1 The shearless curve and robust KAM curves. 

§2. Transition to global chaos in the quadratic twist map 

Fig.l (J) J: "? &:, it~~ KAM dbiU;J: shearless dbllffil:iZU:;ff~t" Qt.:.~, xr, xt a-~M.ia t 
T Q~ir[ (i.e., Tnx; (n E Z;j = 1, 2)) (J)ffl. a-~~Q ~ t &: J: tJ, ffl~rai a- =:frt-Q J: "? ~ 
KAM db .t,t~ < ff~ L ~ v l :k~B9 ~ 'fJ :t 7' ......._ t il#t" Q ii.ff.,~ 7 :I- - -7 -tmi a->.lt 'NJ Q ~ t -!Jt ti:\* Q 
[6]o t"~b-1;,, b L rnx; -!Jtn ~ oo (J)fj!~l-e, ~.ff.ffi~&:iii -?"t°vlQ ~ ;~;r, shearless dB 
ltiJtfJ:~T o -/J.,., ~ Q \/lJ;J:, shearless dbftJ.iU;J:Jin:IJl Lt.: b (J)(J)Jaj tJ (J)~)t~ KAM dtI*l-!Jt~ifi a-~ 
.ff.ffi~&:M t~"NJ"t°v" Q ~ t ~~To v"-ftL(J)tJ},g- b, ffl~flfJ ~ =1tt" Q J: "?~KAM dlJi{(J)fJ: 
~ ~ -f*iiET Q o --Ji, TnxT (J)imfflbt,t~I=~ .ff,(J)t;§,g-1;1:, b li~ffl~fUH: Ii KAM db*l-/J1fJ:{£ L ~ 
"" ~ t ~~To J:-? t,. Tnxf (J),!J!ftbt,t~ .ff,t,.,. t:, ~I=~ ff..,.....il#t" Q ~(J) D.ff.,~ 7 ;1. - -7 ~ Ji, :k 
~B9~n *-"""~#TQl*ff.1~7 :I- -?fH:~L"lo 

lt-frniafff:(J)*a*~ Fig.2 ,:~ Lt.:o Fig.2 (J)}J(-fg(J)ffi~(J),~7 :I- - -7 ~-eli, ffiJLiri Tnx; Ji 
~ .ff.Ii~&: iii-? "t" id l'), }.*~ ffl~ t B~ ffi~(J):!(t.ff,t,t, :k~B9 ~ 'fJ :t 7' ......._ t ,l#t" Q !m;.ff,,~ 7 

:I- - ~-Mi (breakup boundary) a-~To ~1iD:at~-eli, ~,~., ;1. - ~-fifH:--::>vl"t", xt, xf a-*11 
M~ t T Qi(Utifi Tnxt, Tnxt a- n = 105 £-eat~ L, ~ti~ (J) I ~;}(J)ffii,NrfiiJt 2 J: tJ b ,J, ~ 
"l t ~ Ii~ .ff.illb t !J:U tfJf L t.:.o 

Fig.2 J: l'J, ii;~,~ 7 :I- - ~ fllH;J:, mfflJ,~ 7 :I- - ~ K (J);tti L ;H:fJifikJ:~;fft" Q ~ t -/J1:fr-/J.,. 
Qo Fig.3 J;J:, Fig.2 (7)-$,t(J)t,!:k~"'C:'~Qt,t, fUB~ffl~t,t~; ,:;t ;tLQo Breakup bound
ary (J)~~(l)tJUH~tftlili, *'::im:~Q 1J ::i ~ 7 ~ 3 ;:.tffa~ t-M-~:Mrc; L t"l Qo 
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1.8 

1.6 

1.4 

1.2 

K1 

0.8 

0.6 

0.4 

0.2 

0 

µ 

Fig. 2 The breakup boundary and the reconnection thresholds. For the µ-K 
parameter values in the gray region, the iterates of x;= (j = 1, 2) are confined in 
bow1ded regions in the phase space. The boundary between the gray and the white 
regions corresponds to the breakup boundary, where the transition to global chaos 
occurs. The solid lines represent the reconnection tlU'esholds of the twin-chains with 
the rotation number P / Q. 

1.56 

' 
1.54 

1.52 
K 

1.5 

1.48 

1.46 

1.44 
-0.33 -0.325 -0.32 -0.315 -0.31 -0.305 

µ 

Fig. 3 Magnification of a small region in Fig.2 
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§3. Reconnection of twin-chains 

'Y 1 7' }- DGl(t.,f1J:!ti1tfflJ"e~ .'Q ~ c ,: J: tJ , shearless dlJ*l(l) fi!Uffl!J ,: M: mIJfi~(l)~ L "' 71 7 ;:,; t-· • 
-r :r..1 ;:,;t.,t~JU1, "'CM a- mtt-o M a-mtt-717;:.; t-· • -1- :r..1 ;:.; (W.r twin-chains) Q.>~1~ 7 1-- 1J 7 
7' Ji, ~ .'Q 1&.ff-1~ 7 :J. - -71m~*6,g-t- .'Q ~ c ~tm ~ tt "'C "' .'Q o ~ (l) J: '? t;,: m.fll Ji, SiJffJ1(l)*5,g
T -t> m,f;l c (l) 7 t- o ~ -t,~ ~, 1J ::r * 7 ~ a ;:.; t ~1-rr~t ~ ttt.: [2]o Fig.4 &:JaJM 1 (mIJfilt O) c 
JaJM 2 (lruifil'l -1/2) (l) twin-chains (l) 1) ::r * 7 ~ a ;:.;~(l)ffl~lffl(l)OOa-~ Lt.:o ~flQ.>M~~t,~ 
~, ~l'!JaJM (l) twin-chains Ji Fig.4( a) (l) J: '? ,: 71 7 ;:.; t-· Q.>fil:ffl1.1'~ttt.:~Yffl--c:*5,g- L, {NI( 

JaJM (l)i,U;,g-Ji Fig.4(b) (l) J: 1 &: fil:ffit.,tffl--:, t.:~rffl~*a,g-t- -t> o 1J ::r *? ~ a ;:.; (l)~ ~ .'Q ,~ 7 :J. -

-7 {1ft Ii, 1llllfcffiJM (l):W;,g-Ji1W~B9 &:~ £ tJ, ~~JalM (l)'1,g-Jilfc-ffi99 ~=~~ Q jj~t.,t~ Q [7]o 
Fig. 4 ,:ffat,~tt"'C\t'.'Q~tl(l)dbllJi, ffilM 9£1.rQ.> twin-chains (l) 1J ::r-*'!!~a ;:.;IJ-fi~~.'Qo 
Breakup boundary (l)lt~c 1J ::r-*' 7 "1/ s ;:.;IBJ,fib~'1'J°£5 L "'C\t'Q:. c ~r~t,~Qo J: tJ ;ffllt,~t:.:ffl:iii 
Ii, J: tJ ~\t,ffiJWj(l) twin-chains (l) 1) ::r *? ~ s ~rtlJfH:*'1-£5 Lt.: b (l)"'C:~ Qo 

(a) 
µ=0.05, K=0.11739006615 

1.5 ~~~~::.:::~===~=~=~::::-a~~ 
1.0 

0.5 

0.0 

-0.5 

-1.0 

-1.5 i.:::::::::::::::::....:========~===~=,_J 
--7t e 7t 

(b) 

0.6 

0.4 

0.2 

0.0 

-0.2 

-0.4 

-0.6 

µ:=--0.49, K=0.50132565 

e 
Fig. 4 Phase space portraits of twin-chains at reconnection thresholds. 
( a) period-one twin-chains and (b) period-two twin-chains. 

§4. Conclusion 

7t 

/ ~ 'Y 1 7-. 1-- ~ft quadratic twist map ~:id\t'"'C, :k~B9t:.: i1 * 7'"'-C il3t" Q Wl.ff-1~7 :J. - ?fllii 
a-lc-fm:99&:~~ L f.:o =~JC/~ 7 :J. - -7 ~IUJ &:$\t'"'C, B.ff-1~7 :J. - ?f[K(l)~,g-t.,ttfi < breakup 
boundary Jj:~l((l)f&*IUt:.:IJ:iila-~-;, ~tt~ Jj: 1J ::r * 7 ~ s ;:.;IIJ,fii c-M-,:M£5 L "'C\t'.'Q:. c 
t.,tijfj ~ t,~ ct:.:--:, t.:o Fig.2 t,~ ~, K a- 1J ::r *?~a ~li.lfH:fd--:, "'Citl L tdl,,g-Ji, i1 * 7' "'-(l)il 
3~'1~7 :J. - -7 ~fUJ (l)-£(--c:~:. Q:. c ~r~t,'Qo ~(l) J: '? &: L "'C!Ulba-itl L t.::tj,g-, ~(l)-t;,: 

lffi1'--c: KAM dbltt.,tJ!;jij! L "'C\t' ~' ~ L "'C, ii~,:Jl.'Q"J'ibil3tt:.: KAM dbiffil(l)mJ~flli\t' <-::> 
,:tt .?> (l)t,~ c "'-::> t.:, / ;:,;-y-{ 7' }-~(l):-IJ :t 7'"'-Q.>i!8Q.>ffl': t..,\t,~j- 1) :t a-1§.x..'Q ~ c Ii, A,~ 
(l)fflffl~~ Q 0 
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De-stabilization of Invariant Tori in Three Degrees of Freedom Hamil
tonian Systems 

Satoru Kurosaki Department of Applied Physics, Waseda University, 
Tokyo 169 

abstract De-stabilization near various invariant tori in four dimensional symplectic maps 
is studied. The breakup of KAM tori is numerically studied. The succession to the breakup 
depends on the perturbations which determine the dominant type of small divisors in the 
conjugation function. The persistence of invariant tori and diffusion of nearly integrable systems 
are studied in the frequency space. Elliptic normal modes are robust than KAM tori under 
strong perturbation. 

f*f?*(J)ifiJLim:(J):t()Ett~~ x.-?> .. t:el\i 11> m~~n~WJ:i:gJi/f'~ r - 7 A -e~-?> o .: .: -eit 13 
lil JJf 3 -f*fl=~ (J) ~fl -e\ KAM l- - 7 A 0) Jm!Jl 0) J®{ijq: ··:n, \ 't" O)J\iifi: O)~~ ~ 0) fr$ 0) 7.. -r -:J 1-
t, ~~ l- -5 7.. O)J:l;g=/Jm~l:ili:Pfl!Ht~0)1/!ffi-f'*~~~:~~t~Nf*, ~:~v\'t"ffli5-T ~o 

l- -7 7,.}mijlO)frl[~,f" ~ ~ 7}\~:i"" ~.: l: J;I:/\ ~ Jv l- :,*(J)jJ~(J)~*fmiIO)-~'e~ ~o ~tt 
J;l:7jj{Ulifff~~illb1}\ t:> 7J * A ~O)~~ -f'~T o § lif ]Jf 2 O)rj~~;: J;t, Greene 0)9G~~~ffl~Q)~ 
l:, fitffi~ri:U Q) § EAtl-fPA~-~~~jft(S~ A -r - 1) :, ~ Jflj-nt~J! ~ tt, 1h -:) l: 1h ffl!tb ~;: 5.!itv\ l- -
7 A O)}mfjl,f-f}k '? < J'J ~ ~Q)~~-ntm}~~ tL '"(\.,\-:) f~o [3](4] .lr't:'Ji.7' ,r- 1) ;,, ~ Q)}Jj!fRrjJ;f:, L 
~ v\~ ""f--C:-Q) < ~ .:.~Q)J!tf~1t 1h ~ao--c, ~1l ~ tt 't"v\ ~ o [5][6] L7}\ L;wj*ftQ)fj~ ( § EII.13f-nt 
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Figure 1: (a)(c)The set of stable initial points (y1,y2 ) . x1 = x 2 = 0. (a) 
parameters are (a)c1 = c2 = 0.2, c3 = 0.06,(c) c1 = c2 = 0.2, c3 = 0.006. 
(b),(cl) rotation vectors of each initial points of (a),(c), respectably. 

2 ~.:.i.6 t ~)-C:' l·i-fO)J: -J~7-7- 1J :,,~n'IIJliJeJ:,:tL~v)o [7] r~~~E~ < rJ .:_Jj.:tl!fiO)mi::tli1{¥fl 
f§"-~ ~'V-Cv)6 iJf, ,t-0) J: -J ~f~~tv)O)rrf-#!Illi J: C@Wf ~ :tL -Cv)~'-')o [8] 

)'emf: [4] -C:' Ii a; 6 El 1±1 & 2 ~= a; t.: 6 ~ft 0) fl1tn~: O)f.i!f :W:-b> C:, 1' - 7 .7-. O);J, ~ \_,) .7-. 7 - )v 0) 

tJ~l-i~p*,,jU~:tfHJijJO)tUnH: J: C:, f' @nifl O)Jj. "t"ik: i 6 O)"(" Ii~ V )"]j>, t .:E.11 ~ :tL -c \_,) ~ 0 [5] El 
1±1 g 2 O)~fi 0) :J / 1/ .:z. ,y 1 1/ 3 /~fl~: ti:\ -c < 6 ;J--. ~ l_,))-J'--ffJ;i)q *-5GO) ~:@ili:1~0) 1b O)"(" ~ ~ 
6.:.tt, .:.ntx~T6t~i.t:,:tL6o 

l'ftili::f.!t4 Ii El EB f1t 3 O)f:if'h* fl.ow 0) ;f-7 :1/ 71 v lffrrnH: ct;_, t.: 6 , *-. 0) 4 *-.5G:,, :1/7 v 7 -r 1-;; 
7~ftR2 x T2 -+ R2 x T 2((y,x) 1--+ (y',x')) "t" KAM J- -7.7,.0)Jm±Jli"6JijJif.tt~l=iJit%ffll1VJO) 
·11 1£1 0) 1¾11* ~ W,ij /'( t.: 0 [ 1 l 

I YI+ 2 sin(21rx1) + ~sin(21r( x1 + x2)) Yi = 21r 21r 
I I 

X] = X1 + Y1 
I y2 + c2 sin(27rx2) + .s!_ sin (21r(x1 + x2)) Y2 = 21r 271" 
I I (1) X2 = x2 + Y2 · 

.:. .:.-c:-, x = (x1,x2) lif'i=ffl'3~~C- y = (Y1,Y2) lif'l=ffl~fl-C:', ci(i= l ,2,3) li1, 7 :J- ;r-c:-ct;_, 
6 o El EB f1t 3 -e litJO i. 6 ~!=:*,,'i!.%ffillW ~: J: -::> -c ::1 :,, V .:z. ?" 1 :,, 3 :,, ~ fl 0)1J--. ~ v):B-ffl: ~: 1 *-.Ji; t 
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Figure 2: Typical time series of y1 (a) just before the break up of nearby 
KAM tori, (b) just after the breakup. (c) PSD of time series (a),(d) PSD of 
time series (b). 
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Abstract. It is proved that the homothetic equilateral orbit is isolated from other triple colli

sion orbits as far as the collision at the first triple encounter concerns in the three-body problem 

with zero initial velocities and equal masses. In order show this, variational equations around 

the homothetic equilateral solution are formulated in the regularizing coordinate system, and 

solved qualitatively. The present paper is the complement to the preceding paper (U mehara and 

Tanikawa, 1997a, Proceedings of the 29th symposium on Celestial Mechanics in Tokyo, pp.188-

199) where the existence of escape and non-escape orbits arbitrarily close to the homothetic 

equilateral triple collision orbit is considered analytically. 

1 Introduction 

It is well-known that triple encounter and triple collision are crucial to the instability of the 

gravitational three-body systems. Here, the instability means an escape phenomenon where one 

particle recedes from the others when the total energy is negative. Let l( t) denote the time 

dependent moment of inertia. Birkhoff (1927) proved the following: if the angular momentum 

is not equal to zero, there is a positive and sufficiently small number le such that I( t) ---+ oo as 

t ---+ oo after I satisfies l( t) < le at some time. 

On the other hand, in the case with zero angular momentum, triple collision may occur. 

McGehee (1974) analyzed triple collision orbits and near-collision orbits, and found one possible 

mechanism for escape in the collinear three-body problem: one particle may get an arbitrarily 

large velocity as three particles approach each other. Devaney (1980) established that the same 

statement is true in the planar isosceles problem where the system maintains a symmetric con

figuration. In the collinear and planar isosceles systems, the close triple encounter seems to be 

the only factor effective for escape phenomenon. 

In the above theoretical works, however, it is still unknown whether bounded orbits dis

tribute close to a triple collision orbit or not in the planar problem. It is also unknown how 

escape orbits distribute around a triple collision orbit in the planar problem. In fact, there are 

many numerical results in the planar problem with c = 0. However, previous works could not fix 

any critical I leading to escape (Agekian and Anosova, 1968, Aarseth et al., 1994). Therefore, it 

*Current address: Communications Research Laboratory, 893-1 Hirai, Kashima, lbaraki 314-0012, Japan 
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is naturally expected that there is another factor than close triple encounter effective for escape 

phenomenon. 

In the present paper, we will analyze the distribution of escape orbits close to the triple col

lision orbit by the "blow-up method". In almost all cases, triple collisions show non-regularizable 

features, and so the continuity of the solutions does not hold at the configuration point repre

senting triple collision. Therefore, the solution close to triple collision is complicated and difficult 

to analyze. However, the rese·arch of the motion close to triple collision has begun with the aid 

of a device due to Waldvogel (1973) and McGehee (1974) which blows up the singular point 

in the configuration space to a high-dimensional manifold. This manifold is referred to as the 

triple-collision manifold. 
McGehee (1974) developed blow-up variables in the collinear three-body problem. Although 

the flow on the triple-collision manifold is entirely fictitious since orbits on it do not correspond 

to any orbit in the original phase space, the flow in the blow-up coordinates extends smoothly 

over the fictitious flow on the triple-collision manifold. We can describe the solutions close to the 

triple collision if the fictitious flow is described. By investigation of flows in the triple-collision 

manifold, we can understand behavior close to triple collision. The set of orbits ending in triple 

collision in the original phase space is interpreted so as to form the stable manifold of the equi

librium point on the triple-collision manifold. The orbit close to triple collision corresponds to 

the flow starting to recede in the direction of the unstable manifold of the equilibrium point 

after approaching the equilibrium point along the stable manifold. 

Umehara and Tanikawa (1997a, b) analyzed the free-fall three-body problem with equal 

masses. The free-fall problem means the case with zero initial velocities. This problem is a 

spe~ial case of the planar three-body system with the zero-angular-momentum case. 

Furthermore, the initial-value space is a low-dimensional subspace in a high-dimensional 

phase space. The phase space with constant energy in the planar system is a five-dimensional 

manifold. So, in general, a systematical survey by numerical integrations is difficult in the planar 

system. In the free-fall problem, however, the initial-value space is reduced to a two-dimensional 

surface which we will explain below. The dimension is low, and so the systematical survey is 

possible. 

2 Preliminaries 

Let us introduce the definition of the free-fall three-body problem (Agekian and Anosova, 1967; 

Tanikawa et al, 1995; Broucke, 1995). See also Umehara and Tanikawa (1997a, b). We consider 

the three-body problem in R2 of particles with positive masses mi > 0, j = 1, 2, 3 which interact 

according to the mutual gravitational attraction. Let qi E R2 , j = 1, 2, 3 be the positions of 

the particles of mass mj, Their dynamical evolution is described by the Newtonian equations 

of motion as 

(1) 
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Following Broucke (1995), we consider the rectangular ( x, y)-coordinates in the plane. The 

half-plane {(x, Y)IY 2:: O} is denoted by iJ. Let three mass points m1 , m2 and m3 stand still at 

P(x, y) E {(x, Y)IY 2:: O}, A(-0.5, 0) and B(0.5, 0), respectively. If m1 changes its position on iJ, 
then triangles with given masses located at the respective vertices are exhausted. Conversely, 

any weighted triangle is similar to one of the triangles formed by m 1 , m2 and m3 under rotation 

in R 2 and reflection. Motions starting from similar weighted triangles transform into one another 

with appropriate changes of scales of length and time, so we identify these motions. Then the 

positions of m1 specify all possible initial conditions, i.e., iJ is the initial-value space of the 

free-fall three-body problem with given masses. 

The present paper explores the case where all particles have equal masses, i.e., mi = 1, 

i = 1, 2, 3. In this case, the initial-value set of isosceles configurations with the base of the same 

pair forms one-dimensional curve. We will call this an isosceles curve. Orbits starting from 

this curve maintain isosceles configurations. Let lj denote an isosceles curve corresponding to 

the isosceles configuration with base mkml where each j, k, l belongs to a cyclic permutation of 

1, 2, 3. The equations of Ii, j = 1, 2, 3 can be represented by x and y: 

/1 : X = 0, Ji: (x + 0.5)2 + y2 = 1, /3: (x - 0.,5)2 + y2 = 1. (2) 

Here, let us introduce the definition of triple encounter. Junzo Yoshida (1998) defined a 

time interval of the triple encounter as follows: 

Definition of triple encounter The system with negative energy is called to be in triple 

encounter if I< Ienc, where 

M3 
lenc = 4Mh2' (3) 

Agekian and Martynova (1973) define the triple encounter as the state satisfying l(t) > 0. 

However, I(t) becomes concave even during the close approach between two particles. Therefore, 

Junzo Yoshida (1998) searched a suitable critical value of J for saying that the system is in triple 

encounter, and proved that I(t) > 0 during the system satisfies l(t) < Ienc· In other words, I(t) 
has a minimal value only once during such a time interval if the system does not end in triple 

collision. Even if J( t) becomes minimal and sufficiently small, /( t) increases monotonically at 

least until J(t) = Ienc· Nakamura (1998) uses this definition of the triple encounter. Umehara 

(1997) modified the definition since it is not available for so-called non-close triple encounter 

where the minimal value of J( t) is larger than Ienc· In the present paper, we study orbits near 

triple collision. All of such orbits is considered to experience the close triple encounter, i.e., I(t) 
becomes sufficiently small. Thus we use the criterion by Junzo Yoshida (1998). 

We will introduce several terms. An initial point of an orbit ending in triple collision 

will be called a triple collision point. An initial point leading to hyperbolic-elliptic escape or 

parabolic-elliptic escape after the first triple encounter will be called a hyperbolic-elliptic point 
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or a parabolic-elliptic point, respectively. Here a hyperbolic-elliptic ( or parabolic-elliptic) es

cape means that one particle escapes to infinity with positive ( or zero) limiting velocity. From 

the continuous dependence of solutions, hyperbolic-elliptic points form an open set in the two

dimensional initial-value space. Thus an open region formed with the hyperbolic-elliptic points 

will be called a hyperbolic-elliptic region. Similarly, an initial point of a non-escape orbit after 

the first triple encounter will be called a non-escape point, and a region with non-escape points 

will be called a non-escape region. 

We will concentrate our attention to the initial-value dependence of solutions in a neigh

borhood of the initial value (0, V3/2) corresponding to the equilateral configuration. Hereafter 

this homothetic equilateral triple collision point ( 0, ./3/2) will be called a homothetic equilateral 

point and denoted by T1. 

Umehara and Tanikawa (1997a) proved the following theorem with an assumption: 

Theorem. In an arbitrarily close to T1(0, ../3/2), at least six hyperbolic-elliptic regions 

exist and the six hyperbolic-elliptic regions are located around the respective isosceles curves on 

the initial-value space iJ of the free-fall three-body problem with equal masses. Non-escape points 

after the triple encounter also exist in an arbitrarily close to T1. 

For proofs, the follwoing two lemmas is necessary to be proved. 

Lemma A There is no initial point ending in triple collision during the first triple encounter 

in a sufficiently small neighborhood of T1 on the initial-value space iJ except T1 • 

Lemma B On the planar isosceles curves, all initial points in a sufficiently small neigh

borhood of T1 except T1 are hyperbolic-elliption points. 

Lemma A remains unproved in the work by Umehara and Tanikawa (1997a), and so we 

prove it in the present paper. Note that Umehara and Tanikawa (1997b) have combined the 

present work with the one by Umehara and Tanikawa (1997a). 

3 Proofs 

3.1 Outline of the proof 

In the present section, we will prove Lemma A using the blow-up variables developed by Wald

vogel (1982). There are equilibrium points corresponding to triple collision in the blow-up phase 

space, and a set of triple collision orbits is transformed into a stable manifold of an equilibrium 

point. Thus an intersection of the stable manifold and the initial-value sp~ce with zero-initial 

velocities is a set of initial values leading to triple collision in the free-fall three-body problem. 

The phase space of the planar three-body problem with a given energy is a :five-dimensional 
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manifold. The equilibrium point corresponding to triple collision of the equilateral-triangle type 

has a three-dimensional stable manifold. The initial-value space with zero-initial velocities is 

a two-dimensional manifold. Therefore, the intersection is a zero-dimensional manifold, i.e., 

points, if the stable manifold and the initial-value space are transversal. However, it is difficult 

to prove the transversality. It is also hard to distinguish whether initial values leading to triple 

collision are isolated points or not. The results of Tanikawa and Umehara (1997) investigating 

the initial-value instability until the third triple encounter suggest a fractal distribution of initial 

values leading to triple collision in the initial-value space. 

Nevertheless, if we restrict ourselves to the behavior of orbits up to and including the first 

triple encounter, we can prove the isolation of the initial values leading to triple collision. In 

order to avoid the difficulty of proving transversality, we will consider the position of a phase 

point released with zero-initial velocities with respect to the stable manifold of the equilibrium 

point when the phase point approaches the equilibrium point. Further, we only consider the 

case of the homothetic equilateral solution. 

First, we introduce blow-up variables, and derive tools necessary for the proof: a tangent 

space of an equilibrium point corresponding to triple collision, the homothetic equilateral solu

tion, and the variation of the homothetic equilateral solution. After that, a necessary condition 

for a solution approaching the equilibrium point to be included in the local stable manifold of 

the equilibrium point is established in Lemma 1. 

Second, we will set up two lemmas. In Lemma 2, we will prove that any solution curve 

starting sufficiently close to the initial point of the homothetic equilateral solution on the initial

value space is not included in the local stable manifold of the equilibrium point when the solution 

curve passes close to the equilibrium point for the first time. In Lemma 3, we will show that if 

such a near-homothetic-equilateral solution is included in a global stable manifold of a certain 

equilibrium point, it ends in triple collision after surviving the first triple encounter. From this 

result, it is easy to prove Lemma A. 

3.2 blow-up variables by Waldvogel 

Let us introduce blow-up variables in the planar three-body problem. In the present paper, 

we consider only the case of zero angular momentum. Let qi E C, j = 1, 2, 3 be the complex 

Cartesian coordinate of the mass mj in the center-of-mass system. The canonically conjugate 

momenta are Pi = mi· dqi/dt E C where t is the time. Let ai E [0,oo) and <Pi E [0,21r], 

j = 1, 2, 3 be defined as follows: 

where (j,k,l) is (1,2,3) or its cyclic permutation. Let bi ER, j = 1,2,3 be defined as 

Pi = bki<l>k - b1i4>1
• 

(4) 

(5) 

Note that ai is the mutual distance between particles mk and m,. We consider the equal-mass 

case: mi = 1, j = 1, 2, 3. According to van Kampen and Wintner (1937), the Hamiltonian of 

the system with zero angular momentum is written by ai and bi as 

1~ ( 2 2 af + al - a]) ~ 1 1-£ = -~ bk+ b, + bkb1---- - ~ -. 
2 jkl aka1 i=t ai 

(6) 
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The equations of motion are 

daj 81-l 
dt = obi' 

j = 1,2,3. 

The system is of three degrees of freedom and admits the energy integral 

1-l = h = const. 

(7) 

(8) 

There are two kinds of singularities in the phase space: ai = 0 for each of j = 1, 2, 3 corresponding 

to binary collisions, and a1 = a2 = a3 = 0 corresponding to triple collision. 

Let us introduce blow-up variables O.j which also regularize the binary collision singularity. 

These are related to the mutual distances ai as follows: 

(9) 

with 

aj = raj, (10) 

where r is defined by the square root of the moment of inertia: 

(11) 

The variables /Ji are introduced by 

(12) 

Scaling the time by 

(13) 

we get the following seven equations from eqs.(7): 

dr r - - - -
dr = 2a1a2a3v, 

do.· _1 = dr 
1 {2(- 2 + - - 2 - 2 - 2) a - - - a - - - a - - - -- } 
4 ai aiai - akal JJj - aIajOkJJk - akOjOt,-,I - a1 a2a3VOj . (14) 

d{3j 
dr = 

+ 
-½{a;&;.BJ + &;(2&J + a;)(.61 + p'f)} + 1 {(20; + a,)ok.Bk + (20; + ak)&,.6,} 
2&j(2ai + ak + a1) + 2hr&iai(ak + a1), 

for j = 1, 2, 3, where 

3 

V = E&j{3j, 
. j 

They admit the following invariant relations: 

1~- [(-2+ -2+ -2)a2+(- a - a)2] ~- -gL.,ai 0 1 °2 0!3 /Jj. ak,-,1- 01,-,k - L.,aka1 
jkl jkl 
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and 
3 

Ea;= 3. 
j 

{17) 

These invariant relations correspond to the energy conservation and scale normalization, respec

tively. 

Let M(h) and Mo denote a blow-up phase space with a given energy h and its subset sat

isfying r = 0, respectively. Both subsets constitute invariant submanifolds for the vectorfield 

{14). These have dimensions five and four, respectively. The orbits in Mo have no direct physical 

meaning. Their behavior, however, reflects the behavior of orbits in M(h) \ Mo while these are 

close to triple collision. 

The initial-value space in the blow-up coordinate system will be considered instead of the 

initial-value space iJ defined in the preceding section. In the free-fall problem, initial values of 

bj are equal to zero for j = 1, 2, 3, and so /3j(O) = 0. The initial-value space with zero-initial 

velocities in M(h) can be defined as ( o1 , o2, o3 ) where eq.(17) holds. Therefore, any of the 

two-dimensional surfaces (oi,oj), 1 ~ i < j ~ 3 can be used as an initial value space. Let us 

denote them by Sij. 

Let Ho be the initial point on S12 corresponding to T1(0, ./3/2) on iJ. Surfaces S12 around 

Ho and b around T1 are topologically equivalent. Indeed the Jacobian determinant of the trans

formation (x,y) H- (01,02) is -ya1(a1 + a2)/(24r4 0102a2a3) and the variables y,aj,01 and 02 

are positive around Ho, and so the Jacobian determinant keeps negative. This property holds 

in the other Sij. 

3.3 The homothetic equilateral solution 

Let us describe the homothetic equilateral solution which starts at the initial point Ho with 

zero-initial velocities. The configuration of this solution maintains equilateral triangle, and so 

the equalities o1 ( r) = o2( r) = o3( r) = o( r) and ,81 ( r) = /32( T) = /33( r) = ,8( r) always hold 

with appropriate functions a( r) and~( r). Thus the solution has the form 

- - T 1Phomo(r) = (r(r), o(r)e,,B(r)e) , 

where e = (1, 1, 1), and a( r), ,8( r) and r( r) are described explicitly as 

- 1 
o(r) = J2' 

,8( r) = _±_. 1 - exp( v'6r), 
J3 1 + exp( v'6r) 

r( r) = 1 - 2_~2( r) = 4 exp( v'Br) . 
16 {1 + exp( v'6r)}2 

(18) 

(19) 

The fact that o( r) is constant is obtained from the invariance ( 17). The variable ,8( T) is obtained 

from the following differential equation: 

d,8 3 ro (-2 16) rn 3 rn (-2 16) - = --v2 ,B - - + 2v2rh = -v2 ,B - - . 
dr 4 3 8 3 

(20) 
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This equation is derived using the third equation of the system (14). The latter equality is 

derived from the energy integral (16). Note that h = -3 in this case. 

Next let us derive the variational equations along 1Phomo· We introduce a variation 61/Jhomo 

in the tangent space to R 7• Let a 3 x 3 matrix J[x,y] be 

(21) 

Then 

(22) 

where o = (0, 0, 0), 

- ( - - - )T a = 01, 02, 03 , 
- - - - T /3 = (/31, /32, /33) , (23) 

and 

(24) 

The conditions so that the variations belong to M(h) are 

3 

:Eboj(T) = 0, (25) 
j 

3.4 Local stable manifold of Lagrangian equilibrium point 

In the blow-up phase space, a solution ending in triple collision approaches asymptotically an 

equilibrium point. We will derive a position of the equilibrium point and vectors spanning the 

stable manifold of the equilibrium point. Let Eh be the equilibrium point which 1PhomoC r) tends 

to approach as r ~ oo. The local stable manifold of Eh in an €-neighborhood of Eh is denoted 

by Wj~c(Eh) where c is a small positive number. Similarly, W1~/Eh) denotes the local unstable 

manifold of Eh. The tangent space to a manifold Mat a point Pis denoted by TpM. 

The position of Eh in the phase space is 

( eq -eq /3-eq)T _ {{ - /3- )Tl _ 0 - __ 1 /3- _ .±_} r , a , - r, oe, e r - , o - v'2' - - .J3 , (26) 

since r and /3 tend 0 and -4/ /3, respectively, as r ~ oo. Therefore, variational equations at 

Eh are obtained by substituting /3 = -4/ .J3 in eq.(22). 
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We obtain TEh W1~( Eh) as the following three-dimensional subspace: 

6req 1 0 0 
req 

01 0 1 0 
req 

02 0 0 1 
req 

03 = (1 0 + (2 -1 + (3 -1 (27) 
oi3~q 2 

V3 K,_ 0 
oiJ;q 2 0 V3 oiJ;q 2 -K,_ V3 

K,_ 

-K,_ 

for any real. numbers (1, (2 and ( 3, where 

\!'6(5 + vTI) 
K,_ = - 3 . (28) 

From the above expression, we can derive the following lemma. 

Lemma 1. If a variation at Eh is included in TEh W 1:c(Eh), then 

1:13-eq 1:13-eq _ ( 1: - eq £ - eq) 
V i - V j - K,_ VO\ - voj ' {29) 

where ( i, j) = ( 1, 2), (2, 3) and (3, 1). 

3.5 Variation with zero initial velocities 

In order to prove Lemma 2 that follows, we transform the variational equations {22) and examine 

the behavior of solutions. Although this system is five dimensional, we can independently solve 

the two-dimensional subsystem ( q( r), p( r)) definded by 

From eq.(22) we obtain 

q'(r) -
4
}iiJ(r)q(r) + ¾p(r) 

p'(r) = -~iJ2(r)q(r) + 272J3(r)p(r), 

and so 

z' = -¾z2 + 4J2'f3( r)z - ~/32
( r) 

p' = { 3f2~( r)z2 + ( ¾ - ~/32
( r)) z - 472/3( r)} p cos2

( arctan z), 

where a prime ( ' ) means differentiation with respect to r, and 

p = Jq2 + p2, 

z = !!. (if p # O). 
q 

{30) 

{31) 

(32) 

(33) 

(34) 

Let cp( r) be a solution z( r) with the initial value z( O) = 0 corresponding to zero velocities in 

the first equation of the system (32). We assume p(O) > 0. The origin is the fixed point showing 
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isosceles motion including the homothetic equilateral solution. Thus p( T) ;/; 0 for T > 0, and so 

<p( T) is well-defined. 
We will investigate the behavior of <p( r). On the ( T, z)-plane, there are two boundaries 

satisfying z'( T) = 0 represented as 

{ 
5±v'I3- } ~ = (±(T) (± = 

2
y'2 /3(T) .. (35) 

Note that (+( T) ::; (_( T) ::; 0. The equality holds if and only if T = 0. We have z' > 0 if 

(+(T) < z(T) < (_(T), and z' < 0 if z(T) < (+(T) or z(T) > (_(r). The solution <p(T) stays 

in the region { zl z ~ (_}. Indeed cp( A) > (_ (A) for a sufficiently small A > 0, and if there 

is a T > A such that cp( T) reaches the boundary z = (_ ( T ), then cp'( T) becomes 0. Since 

the boundary z = (_ ( r) is monotone decreasing with respect to T, <p( T) returns to the region 

{z(T)lz > (-(T)}. As a result, the relations <p(T) ~ (_(r) and <p1(T)::; 0 hold for r ~ 0. Hence, 

for To E [ 0, oo) 

. 2v'78 
<p(ro) > hm cp(r) = "'- + - 3-. 

'T-+00 
(36) 

With respect to T, p( T) along <p( r) is monotone increasing. For, the second equation of (32) 

shows that on the ( r, z)-plane there are two boundaries satisfying p'( T) = 0 represented as 

{ 
3,82

( r) - 2 ± .j9,B4( r) + 36,62( r) + 4} 
z= to±(r) to±= v'2- . 

4 2/3( r) 
(37) 

We have p' > 0 for any T > 0 since to+( r) < <p( r) < to_( r). 

In the above, we assumed p(0) > 0. If p(0) = 0, we will define q = 602 - 6ih and 

p = 6,82 - 6,83 instead of the above. Then we again obtain the relation (36) for p(0) f:. 0, 

6&1(0) f:. 0. It is not necessary to consider the case 6&1(0) = 602(0) = 0 since this solution is 

1Phomo itself. 

Finally, let us estimate the direction of W.~c(Eh) on the (q,p)-plane at H(ro). From eq.(27), 

W1~cCEh) has dimension three in M(h). According to Devaney (1980) an intersection between 

W.~c(Eh) and the isosceles subspace has dimension two. Isosceles orbits are degenerated at the 

origin on the ( q,p)-plane. Therefore, TH(-ro) W1~c(Eh) has at most one-dimensional direction u 

on the (q,p)-plane. From Lemma 1, a direction of TH(-ro)W1~c(Eh) formally tends z ~ "'- as 

ro ~ oo. Since W1~c(Eh) is a real analytic manifold, for an any x > 0 there is a sufficiently small 

£ > 0 (i.e., a sufficiently large To) such that the direction of TH(To) W1~c(Eh) is limited to 

"'- - X < u < "'- + X • (38) 

Now we can establish the following lemma. Let Nd(P) denote ad-neighborhood of a point 

P. Let 1/J( r, 1/)0 ) be a solution starting at the initial value 1/)0 E M(h) in the system (22). r0 is 

the time T when 1Phomo( r) enters Ni Eh) for the first time. 

Lemma 2. No solution 1P starting in a sufficiently small neighborhood of Ho on the initial

value space S12 except Ho itself belongs to W1~c(Eh) when 1P enters an £-neighborhood of Eh for 

the first time. 
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Proof. Suppose the contrary. Then, there is an infinite sequence of points Pn E S 12 converg

ing to Ho such that the direction of { -rt,( To, Pn) - 1PhomoC To)} on the ( q, p )-plane tends to <1 

of eq.(38) as n ---+ oo. However, it contradicts eq.(36). Hence, there is a d > O such that 

-rp(ro,{Nd(Ho)nS12 \Ho})(/_ W.~c(Eh)- D 

In this stage, the following transversality is shown simply: 

Corollary. The stable manifold of Eh intersect the initial-value space transversally at T1 . 

In fact, any solution curve crossing the initial-value space is perpendicular to the initial

value space. Lemma 2 says that all solutions starting sufficiently close to T1 except T1 are not 

included in the local stable manifold of Eh· The stable manifold and the initial-value space are 

three- and two-dimensional manifolds, respectively, in the five-dimensional phase space. 

3.6 Behavior of near-collision solutions after bypassing the equilibrium point 

Once -rt,( T, {Nd(Ho)nS12 \ H0 }) leaves the equilibrium point Eh, variational equations are invalid. 

Let Ex be any equilibrium point corresponding to triple collision including Eh, It is possible 

that the solution enters the stable manifold of Ex eventually. If it happens, there is an initial 

point leading to triple collision in a sufficiently small neighborhood of the point Ho, In this case, 

however, we can prove that such a solution survives the first triple encounter. 

In order to prove it, it is sufficient to show that the system experience a minimal value 

of the moment of inertia /( t) at least once even if the system starting near T1 ends in triple 

collision. If I(t) becomes minimal, J(t) continues to be concave during I(t) < Ienc, where Ienc 

is introduced in eq.(3). In this time interval, I(t) does not have any other minimal value. From 

the definition of triple encounter, it implies that the system survives the first triple encounter. 

The global stable and unstable manifolds of Eh are defined by 

T~O 

Wu(Eh) = LJ 1/J(r, W1~c(Eh)), 
T~O 

(39) 

(40) 

respectively. From Lemma 2, -rt,( T, {Nd(H0 ) n S12 \Ho}) flows away from Eh along wu(Eh) since 

the equilibrium point Eh is of a hyperbolic type. 

Lemma 3. If a solution starting in any small neighborhood of Ho on S12 except Ho itself 

is included in W 8 (E,:), then the system survives the first triple encounter. 

Proof. It will be shown that for any small d > 0, -rt,( T, {Nd( Ho) n S 12 \ Ho}) experiences the 

minimal value of the moment of inertia. It means that the system survives the first triple en

counter by the definition of triple encounter. 

From the equations of motion ( 14 ), we have r' < 0 if v < 0, and r' > 0 if v > 0. Recall that 

r2( T) is the moment of inertia of the system. According to Waldvogel (1982), motions in Mo are 
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gradient-like with respect to v. Since wu(Eh) lies in Mo, v increases along any non-stationary 

solution curves in wu(Eh)-
First consider a solution curve which lies in wu(Eh)- There is a T1 > 0 such that v( r1) = 0 

and v( r) > O during TE ( r1 , oo) along every 1/J( r, W.~c(Eh)) since there is no equilibrium point 

between Eh and a section v = 0 in Mo. Any equilibrium point Ex corresponding to triple 

collision satisfies v < 0. All the equilibrium configurations are classified in only two types: the 

collinear central configuration and the equilateral triangle one. Let vC and ;;,T be values of vat 

the equilibrium points of the collinear type and the equilateral-triangle type, respectively. Then 

vc < vT < O. Thus, wu( Eh) is not connected to any Ex. 

Next consider a solution curve 1/J( r, {Nd( Ho) n S12 \ Ho}). Since 1/J (/:. W1~c( Eh) when 1P 
passes close to Eh from Lemma 2, 1/J follows wu(Eh)- Thus 1/J passes through the section v = 0 

around r1• The non-decreasing value v( r) of 1/J changes sign from negative to positive for the 

first time. The moment of inertia of 1/J begins to increase. It survives the first triple encounter 

by the definition. D 

From the above lemma, the system survives the first triple encounter if there is an ini

tial point leading to triple collision in a sufficiently small neighborhood of the point Ho on S12-

The initial-value space S12 is topologically equivalent to the initial-value space iJ. Therefore, 

Lemma A follows at once. 
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The isolated saddle-node bifurcation inside a 

nontrivial invariant set 

SHIN KIRIKI Tokyo Denki Univ. 

Dept. of Mathematical Sciences 

This study starts from the change which the following Figure 1 shows. A 

diffeomorphism with a horseshoe has a configuration of invariant manifolds of a 

saddle fixed point as shown by the left panel of Figure 1. By some perturbation, 

the saddle-node bifurcation occurs in its nontrivial invariant set, that is, a couple 

of new hyperbolic fixed points is born, and then a new configuration as shown by 

the ·right panel of Figure 1 is obtained. In [2), we clarify a relation between such 

a saddle-node bifurcation inside the maximal invariant set and a hyperbolicity 

of its system. 

µ<0 
Figure 1 

The first b·ifurcation of a parameterized diff eomorphism is an important con

cept which expresses the first instability of its system. It is significant to detect 

the first bifurcation for given dynamical systems; besides, it is important to 

study what happens after the first bifurcation occurring. Then, we here intro-
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duce the following somewhat special concept. \Ve say that an arc { <pµ} has an 

isolated b·ifurcat-ion at µ = µo if there is a neighborhood of µo such that <pµ 

is structurally stable for every µ in this neighborhood except µo. "When the 

second author studied about arcs of two-dimensional diffeomorphisms having 

the first homoclinic tangency inside a horseshoe which is a first bifurcation (1), 

Prof. Takens suggested that the above saddle-node arc is an important exam

ple of the first bifurcation which is different from the first homoclinic tangency 

(3). It is clear that such a first homoclinic tangency inside the horseshoe is 

not an isolated bifurcation. The aim of this paper is to answer the question: 

is such a saddle-node bifurcation inside a nontri·uial invariant set a first bifur

cation, besides, is it isolated'? The same question was brought up by Prof. 

Dfaz and the first author, when they discussed about the bifurcations and hy

perbolicity in both quadratic and non-quadratic critical saddle-node cycle of 

two-parameterized diffeomorphisms. The main result of (2] is 

Main Theorem. There exists a G2 -open sets of smooth arcs of two-dimensional 

d·iffeomorphisms such that each of arcs has a generic and attract-ing saddle-node 

bifurcation inside the nontrivial invariant set, which is an isolated bifurcation~ 
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1 Introduction 

Henon map fa,b( x, y) = ( a - by - x2 , x) is one of the most important objects in the 
chaotic dynamical systems. Through its study, many mathematicians have confirmed the 
some essential concepts in the dynamical systems presented by Smale [ 6], and encountered 
various phenomena and interesting new problems which contain many difficulties originating 
from its nonlinearity. Computer simulations a.re also indispensable for the progress of this 
study. There have been many works on this map. However, we here state briefly some 
essential works which motivated our study of dynamics with the high-dimensional Henon
like diffeomorphisms. This planar map was first presented by Henon with its non-trivial 
phenomenon called a strange attractor which was discovered by computational experiment 
[2]. Nitecki and Devany showed in [1] that, when a and b satisfy some conditions, it has the 
same structure as a horseshoe map, that is, it has a hyperbolic structure and its dynamics 
is coded perfectly by a topological conjugacy with the 2-shift. ·Yang moreover showed that 
this structure is preserved until the first homoclinic tangency occurs when a decreases and 
b takes very small positive value [8]. 

Benedicks and Carleson proved that the occurrence of the non-trivial attractors is a 
persistent phenomenon in the measure-theoretical sense. Mora and Viana extended their 
result to the more generic one-parameter family of surface diffeomorphisms. In [7], Viana 
moreover extended their result to higher dimensions, that is, it assures the existence of 
codimension-1 Henon-like non-hyperbolic attractors near the homoclinic tangency on the 
high-dimensional manifold. 

In the our paper [5], on a somewhat different ground from that of Viana, we extend the 
Henon map to a high-dimensional space. One of the merits of our method is that we can 
actually have a formula for this extended map which has some properties similar to the 2-
dimensional Henon map. Therefore, one can observe globally its dynamics and its progress 
of bifurcations by numerical computations. Actually, in the 3-dimensional Euclidean space, 
we define a family of diffeomorphisms of Henon type as 

Fa,b(x, y, z) =(a+ bz - x2
, x, y). 

As in 2-dimensional case, some non-trivial attractors are observed easily in IR3 by numerical 
experiments, for example (a, b) close to (1.7, -0.1), (0.2, 0.8), as in Figure 1. However, it 
is not yet clear whether these attractors are non-hyperbolic and persistently strange. We 
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showed in [3] that the structure of this 3-dimensional family is globally stable for some 
combinations of the parameter values. This is the extension of the result in [1] to the high
dimensional family. Moreover, by numerical experiments, we observed the relation between 
its first homoclinic tangency and its first bifurcation in [3]. 

(1) (2) (3) 

Figure 1: (1) A 2-dimensional He.non attractor, for a = 1.4 and b = 0.3. (2) and (3) The 3-dimensional 
Henon attractors for (1.7, -0.1) and (0.2, 0.8), respectively. 

As the results of the paper [5], we present a two-parameter family Fa,b of diffeomorphisms 
of Henon type on the Euclidean space of an arbitrary dimension m, and show that there is 
an open set 1-lm in the product space of parameters such that, for every ( a, b) E 1-lm, Fa,b 
has a hyperbolic structure. In this research announcement, we introduce the our paper [5]. 

2 Definition of a high-dimensional Henon family and the 
main result 

Let m ~ 3 be an integer, and lRm be a m-dimensional Euclidean space. We define a 
two-parameter family Fa,b of diffeomorphisms on lRm treated in our study as 

Fa,b(x1, X2, ••. , Xm) =(a+ bxm - x~, X1, X2, .•. , Xm-1), 

where a and bare real parameters. One shall understand the reason why we call this family 
am-dimensional special Henon family by the following fundamental properties which are 
similar to the 2-dimensional Henon map. When b-::/ 0, it's inverse is 

F;;J(x1, X2, .•• , Xm) = (x2, X3, ... , Xm, b-1(-a + X1 + x~)), 

and it is a bijection. Moreover, Fa,b is a diffeomorphism on lRm. When b = 0, Fa,o(x1, x2, •.. , Xm) = 
(a-x~, x1 , ••• , Xm-t) which maps all points oflRm to the parabolic surface. The Jacobian 
of Fa,b is equal to the value of the parameter b for every x E lR.m, that is, 

-2x 0 0 b 
1 0 0 0 

det( D Fa,b )x = det 0 1 0 0 = b. 

0 0 1 0 
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Fa,b is obtained by the composed mapping of <f,, <Pb and <Pa, that is, Fa,b = <Pao <Pb o <I>, where 

</>(xi, X2, · • ·, Xm) = (xm, Xt, • • ·, Xm-1); 

<Pb(x1, X2, • • ·, Xm) = (bx1, X2, · · ·, Xm); 

</>~(x1, x2, · · ·, Xm) =(a+ X1 - x~, X2, • • ·, Xm), 

These above constructions of this family are similar to those of 2-dimensional Henon 
family. Moreover, in the following main theorem, we get an essential property of this family, 
which is correspond with that of the 2-dimensional Henon family. 

Main Theorem ... Let Fa,b beam-dimensional special Henon family. Let 1-lm be an open 
set in the product set of parameter spaces such that 

For any (a, b) E 1-lm, the nonwandering set of Fa,b is a horseshoe, that is, it is structurally 

stable. 

We can prove the main theorem using the following two theorems. See Figure 2. The 
open set 'Hm occupies a large area in the product space of parameters meaning that the 
structural stability is easily acquired by this high-dimensional family. However, numerical 
experiments showed characteristic division of the area outside of 1-lm by some typical bifur
cations. Moreover, the combinations of parameters causing the non-trivial attractors are 
located outside 1-lm. It may- be very important to make a systematic investigation of all the 
types of bifurcations which are present in this family, see (4). 

1.0 

-s 0 

-l.O 

•2.0 

Figure 2: The open set 1f.m for m=3, 5, 10. 
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3 Nonwandering set of the m-dimensional diffeomorphism of 
Henon type 

Let Fa,b be the m-dimensional special Henon family. We assume b =/= 0. We denote the 
nonwandering set of Fa,b by na,b· In this section, we detect the location of na,b· Let 

1 + lbl + v'(l + !b!)2 + 4a 
r = 2 ' 

which satisfies the quadratic polynomial r2 - (1 + lbl)r- a= 0. We assume that (1 + lbl)2 + 
4a ~ O. Using this r, partition IR.m into m + 1 areas as follows: for each i = 2, 3, · · ·, m, 

V = {(x1, X2, ···, Xm)EIR.m lxil sr, j = 1, 2, ···, m} 

7i = {(xi, X2, · · ·, Xm) E IR.m lx1I > r, lx1I > lxil, j = 2, 3, ···, m} 

Ti = {(x1, x2, · · ·, Xm) E IR.m lxil > r, lxil ~ lx;I, j = 1, 2, · · ·, m, j =/= i}. 

When m = 3, these partitions are shown as in Figure 3. 

Figure 3: The partitions of JR3 
• 

Theorem 1 Let N be a subset of the direct product set of parameter spaces such that 

N={(a, b)ElRxlR: a~-(l+lbl)2/4, lbl>O}. 

For any (a, b) EN, the nonwandering set na,b for Fa.,b is contained in V. 

From the following Lemma 3.1 and 3.2, we get directly the proof of this theorem. For any 

x = (x1, x2, · · ·, Xm) E Rm, we write 

Lemma 3.1 For (a, b) EN, 

(1) Fa,b(1i) C Ti; 

(2) For every x E 1i, IIF:,b(x)II -+ oo as n-+ oo; 

-205-



(3) Fa,b(V) CV U 7i. 

Lemma 3.2 For any (a, b) EN, 

(1) F;,l(~) C Tm; 

(2) F;,l('Ii) C 'Ii-1 U Tm for each i = 3, 4, · · ·, m 

(3) For every x E U~2 'Ii, IIF;,6(x)II ~ oo as n ~ oo. 

4 Hyperbolicity 

From the previous section, we understand that the nonwandering set of Fa.,b is contained in 
V. Therefore, in this section, we concentrate on the maximal invariant set of V. Let Aa,b 
be the maximal invariant set of V under Fa,b, i.e. Aa,b = niez F~,b(V). Our purpose in this 
section is to prove the next theorem. 

Theorem 2 Let Fa,b be the m-dimensional special Henon family. Let A be a real number 
such that ,vm - 1 ~ A > 1, and let 

a1(b, m) = (l +
4
lbl)

2 
( m + 4 + 2../m + 4). 

For any lbl > 0, if a> a1(b, m), then the maximal invariant set Aa,b is a hyperbolic set. 

Form~ 3, let us define 

1-lm = { (a, b) E lR X lR : a > (lbl 1 l}2 

( m + 4+ 2../m +4) , lbl > 0} · 

For any point x EA, we define the unstable cone by 

cu(x) = { (6, €2, · · ·, €m) E TxlRm : >-Je~ H~ + .. · Hfu $ 161}, 

and take a stable cone in the complement of cu(x) in TxlR.m: 

C'(x) = { (6, €2, .. ·, €m) E TxlRm : Je~ H~ + .. · Hfu 2'. >-161}, 

where A > 1 is a real number. In the next lemma, we show that these cones are invariant 
and expanded exponentially by (DFa.,b)x and (DF;,f )x, respectively. Theorem 2 is given 
directly from this lemma. 

Lemma 4.1 Let Fa.,b be them-dimensional special Henon family such that the parameters 
a and b belong to 1-lm. For each x E Aa.,b, there exist the unstable and stable cones in TxlR.m 
satisfy the fallowing conditions: 

(i) (DFa,b)xCU(x) C cu(Fa,b(x)) and ll(DFa.,b)xvll ~ Allvll for all VE cu(x); 

(ii} (DF;,;)xC8 (x) C C8 (F;,;(x)) and ll(DF;,r+l)xvll ~ Allvll Jo~ all VE C8 (x), 

where llvll = max{l61, 1€21, · · ·, l!ml} for v = (€1, 6, · · ·, !m)• 
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Abstract 
Ordinary differential equations for Henon-Heiles' dynamical system (Henon, 

Heiles· 1964) are reproduced by using the principal component analysis (PCA) 
in twice. The adopted method (Unno 1995) is concretely proved to be capable 
for the empirical construction of dynamical systems from observed data. sets. In 
this paper the data sets are arranged by the numerical integration of Henon
Heiles' original diJFerential equations. The three figures accuracy is obtained for 
the reproduced coefficients in the resulting differential equation, which seems to 
result from the time interval adopted for the data. 
Key Words: Dynamical system, Principal component analysis, Henon-Heiles' 
system 

1 Introduction 
The construction of the dynamical system from the observed data sets is an 
important procedure for developing empirical sciences. If the differential equa
tions for describing the given data sets are determined, we can find the driving 
agencies in the dynamical system and our understandings for the system will be 
much advanced. 

The new method for this procedure was proposed by Unno (1995), in which 
the principal component analysis(PCA) is employed repeatedly. Since then this 
method has been applied to the data sets in mathematical economics (Unno et 
al. 1996;Yuasa,Unno 1996;Yuasa et al. 1997) and in bio-science (Unno et al. 
1997). In this paper we intend to reproduce Henon-Heiles' system by using this 
method, in order to check. Then our procedure can be summaru.ed as follows: 

1. Arrangements of data sets: we perform the numerical integration of Henon
Heiles' original differential equations to obtain the sufficient number of 
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variables values constructed from the variables of Henon-Heiles' dynami
cal system, q1, Pt, q2, p,i . 

2. Preliminary PCA: we embed the arranged data sets in m-dimensional 
space, and extract m principal components from this space. 

3. Extended PCA: The m principal components which are calculated by 
prelimenary PCA and the difference of one focused variable ( say p 1) of 
which time dependence should be searched for, are embedded in m+l
dimensional space. Then we extract m + 1 principal components from this 
extended space. 

4. Reproduction of differential equations: If the arranged data sets can suffi
ciently represent the whole dynamical system accurately, the average value 
of the minimum principal component of the extended PCA nearly equals 
to zero. Then if we put the value to zero,we can obtain the diHerential 
equation concerning the focused variable. 

With the above mentioned procedure, we have been able to obtain the differ
ential equation system which coincides with the original Henon-Heiles' equation 
up to three figures. 

2 Arrangements of data sets 

The differential equation of Henon-Heiles' system are writen as follows; 

dql 8H 
(1) - = - = Pt, 

dt 8p1 

dp1 8H 
(2) = -- = -qi -2q1q2, 

dt 8q1 

dq2 8H (3) 
dt = 8112 = P2, 

d]J2 8H = -q2 -q~ +q~, (4) 
dt =--

8q2 

where Hamiltonian His given by 

1 2 2 1 2 2 2 2 3) 
H= 2(P1 +P2)+ 2(q1 +q2+2q1q2- 3q2 · (5) 

We have performed the numerical integration of this system by Runge-Kutta 
method, adopting the initial condition q1(0) = 0.1, _p1(0) = -0.3, CJ2(0) = 
0.3, p,i(O) = 0.1 and the step width 0.01 . 

Fig.1 shows the orbit between t=O and t=40 in the q1 - q2 plane. The hor
iz.ontal axis is q1 and the vertial axis is 'l2. The orbit is limited within the 
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0.1 

-o.s 0 
-4, 

0,5 

Figure 1: The orbit of Henon-Heiles' system between t = 0 and t = 40 in 
q1 - (b plane. The initial oonditions are 91(0) = 0.1, Pt(0) = 
-0.3, 01(0) = 0.3 and 112(0) = 0.1. The step width of the numer
ical integration is 0.01. 

20 40 H - #·(0)10-10 
H(O) o .._.~.._.~ __ .._.. _____ _. 

- lQ-lD 

t 

Figure 2: The error 0£ the ~ integration. The initial conditions are 
the same as the case of Figure 1. The horimata1 axis is time and 
the vertical axis is the relative error of Hamiltonian in the unit of 
10-10, 
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triangular region -½ ~ q2 ~ ±/3q1 + 1, because our initial condition gives 
H = 0.0940 < !-

Fig. 2 shows the error of the numerical integration. The horizontal axis is time 
and the vertical a.xis is the relative error of Hamiltonian in the unit of 10-10. 

If the dimension of the dynamical system is d and the each data set has 
address number n, then the dimension m of the embedding space should satisfy 
the following inequality: 

(6) 

Henon-Heiles' system has two degrees of freedom consisting of second order 
differential equations, then the system can be written by four simultaneous 
first order differential equations. On the other side the system has an integTal 
H = canst. Therefore, as the dynamical system dimension of Henon-Heiles' 
equations must be d = 3. By the substitution of d = 3 to the condition (6), 
we have adopted m = 7 and n = 1332. In the 7-climensional space we have 
embedded the value of the seven quantities q1 , p1, q2, p2, qf, q~, q1 q2 at every 
t = 0.03 between t=0 and t=40. 

3 Preliminary PCA 
Before proceeding to the PCA, we have standardized the each data set so as to 
have mean value O and standard deviation 1. 

Namely, the standardized variables Xi are given as follows: 

Xi = (xi - Xi)/6z, (i = 1, 2, · · ·, 7), (7) 

where. X1 = q1,X2 = P1,X3 = q2,X4 = P2,X5 = qf,x6 = q~,X7 = q1q2 (8) 

and Xi, 6z, represent the mean values and standard deviations of Xi respectively 
concerning 1332 addresses. 

The results of preliminary PCA in the embedded space ( q1, P1, q2, P2, 'fi, q~, q1 'l2) 
are as follows: 

eigenvalue 
1.980 
1.926 
1.705 
1.013 
0.236 
0.072 
0.068 

eigen vectar 
ai = ( 0.093, 0.591, -0.647, 0.045, -0.322, 0.342, 0.025 ) 
a-; = ( 0. 701, -0.086, 0.046 1 0.699, 0.055, -0.015, 0.088 ) 
a3 = ( 0.010, 0.389, -0.279, -0.013, 0.624, -0.616, 0.043 ) 
a4 = ( 0.024, -0.032, 0.020, -0.147, -0.096, -0.055, 0.982 ) 
as = ( -0.04 7, 0.007, 0.029, -0.007, 0.698, 0. 706, 0.107 ) 
a6 = ( 0.384, 0.589, 0.620, -0.337, -0.051, 0.050, -0.056 ) 
a1 = ( -0.591, 0.379, 0.342, 0.612, -0.068, 0.000, 0.105 ) 

With °'ij , the j - th component of the i - th eigen-vector a-; belonging to the 
i - th eigen-value ,\i , the value of the i - th principal component Yi is given 
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by the following equations (i = 1 corresponds to the first (maximum) principal 
component) at every address. 

7 

Yi·= L llijXj (i = 1, 2, · · ·, 7). 
j=l 

(9) 

Ea.ch X; and therefore each Yi have 1332 addresses respectively. ff the suffix i 
increases, the standard deviation of the principal components decreases. The 
square of the standard deviation of each principal component y, is the corre
sponding eigenvalue (Ai= Yi 2 ). 

4 Extended PCA 
In the extexded PCA, we embed the seven principal components Yi ( i = 1, 2, · · · , 7) 
in the preliminary PCA and the one additional quantity Ys in the extended eight 
dimensional space. Then we standardize the variables in the same manner as 
the preliminary PCA. 

(10) 

where Yi and 611• represent the mean values and standard deviations of Yi respec
tively concerning 1332 addresses. Yi (i = 1, 2, ···,)except YB which is generally 
non-zero are zero because they are the principal components of the preHrninary 
PCA. 

Since we want to reproduce the equations (1),(2),(3) and (4), we adopt y8 as 
the additional variable in the extended PCA and Ys = Aq1 Ys = Ap1 Ys = Aq2 
Ya = AP'J in case 1, case 2, case 3, and in case 4, resp~tively. The difference Aq1 

, etc. of the address k is created by the subtraction of the value of the adopted 
variable at the address k- 1 from that of the address k (k = 1, 2, · . · , 1332). At 
the first address, the difference is approximated by the same value as the second 
address. The results are given by the following four cases. 

easel: 
eigenvalue 
2.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
0.000 

YB is the di/ f erence of q1 
eigen vector 
b~ = ( 0.590, -0,074, 0.359, -0.019, 0.002, 0.113, 0.068, 0.707) 
b; = ( 0.202, -0.096, -0.061, -0.008, 0.516, -0.591, -0.575, 0.000 ) 
b~ = ( 0.204, 0. 738, -0.285, 0.190, 0.428, 0.336, 0.015, -0.000 ) 
b~ = ( -0.074, 0.533, 0.380, 0.111, -0.542, -0.153, -0.486, -0.000 ) 
b~ = ( 0.173, -0.270, -0.284, 0.868, -0.219, 0.042, -0.115, -0.000 ) 
b~ = ( 0.254, -0.156,-0.499, -0.420, -0.291, 0.396, -0.495,-0.000) 

b; = ( 0.350, 0.232, -0.428, -0.145, -0.351, -0.575, 0.407, -0.000) 
b-; = ( -0.590, 0.074, -0.359, 0.019, -0.002, -0.113, -0.068, 0. 707 ) 
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case2: 
eigcn value 
2.000 
1.000 
1.000 

1.000 
1.000 
1.000 

1.000 
0.000 

oose3: 
eigcn value 
2.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 

0.000 

case4: 
eigenvalue 
2.000 
1.000 

1.000 
1.000 
1.000 
1.000 
1.000 
0.000 

Ya is the di/ f erencc of P1 
cigen vector 
b~ = ( 0.086, 0.659, 0.009, 0.214, -0.004, 0.061, -0.096, -0. 707) 
b; = ( 0.330, -0.008, 0.348, -0.026, -0.314, 0.567, 0.591, -0.000) 
b; = ( 0.359, -0.146, -0.210, 0.346, 0. 787, 0.200, 0.162, -0.000 ) 

b~ = ( 0.124, -0.192, 0.634, 0.606, -0.073, -0.413, -0.061, -0.000 ) 
b~ = ( 0.107,0.141,0.616,-0.589,0.444,-0.000,-0.211,0.000) 
b~ = ( 0.820, 0.002, -0.232, -0.236, -0.217, -0.409, -0.056, 0.000 ) 
b; = ( -0.217, 0.232, -0.019, -0.134, 0.180, -0.542, 0. 7 45, 0.000 ) 
b; = ( 0.086, 0.659, 0.009, 0.214, -0.004, 0.061, -0.096, 0. 707 ) 

Ys is the di/ /erence of <J2 
eigenvector 
b~ = ( 0.034, 0.686, -0.013, -0.104, -0.002, -0.062, 0.113, 0. 707 ) 
b~ = ( -0. 783, 0.067, -0.029, -0.103, 0.152, -0.361, -0.466, -0.000 ) 
b; = ( 0.336, 0.028, -0.115, 0.240, 0.864, -0.208, -0.163, -0.000) 
b: = ( 0.012, 0.068, 0.666, 0.624, -0.173, -0.362, 0.032, 0.000 ) 
b~ = ( 0.203, -0.108, 0.628, -0. 707, 0.154, -0.155, -0.069, 0.000 ) 
b~ = ( -0.340,0.106,0.382,0.126,0.339,0.771,0.048, -0.000) 
b~ = ( -0.339, -0.158, -0.031, -0.071, 0.249, -0.264, 0.850, 0.000 ) 
b~ = ( 0.034, 0.686, -0.013, -0.104, -0.002, -0.062, 0.113, -0. 707 ) 

Ye is the di// erence o / Pi 
eigen vectar 
b~ = ( 0.693, -0.037, 0.058, -0.015, -0.010, -0.107, -0.053, 0. 707 ) 
b~ = ( -0.104, -0.034, 0.327, 0.003, -0.376, 0.591, 0.625, -0.000) 
6; = ( 0.141, 0.492, -0.291, 0.278, 0.617, 0.425, 0.124, -0.000 ) 
b~ = ( -0.001, 0.827, 0.082, -0.051, -0.499, -0.077, -0.226, 0.000 ) 
b-;, = ( -0.081, 0.054, 0.818, 0.468, 0.260, -0.117, -0.147, -0.000) 
b-; = ( 0.019, -0.109, -0.353, 0.827, -0.356, -0.186, 0.134, 0.000 ) 
6; = ( -0.033, 0.235, 0.034, -0.129, 0.184, -0.627, 0. 706, 0.000) 
b~ = ( 0.693, -0.037, 0.058, -0.015, -0.010, -0.107, -0.053, -0. 707 ) 

In the similar manner as the preliminary PCA, the principal components Zi 
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of the extended PCA can be given by the following equations. 

8 

Zi = L~;l-J (i = 1,2, ... ,s), . 
j=l 

(11) 

where bi; indicates the j-th component of the i-th eigen vector 6; coresponding 
to the i - th eigen value of the extended PCA. We have not seven but eight 
principal components becuase we have embedded the quatities in 8-dimenional 
space in the extended PCA. 

5 Reproduction of Differential Equations 

The eighth (minimum) eigen values of the extended PCA are nearly zero 
( < 10-5 ) in each case. Then the eighth principal components in each case can 
be put equal to zero. These relations give the following equation in each case. 

8 

zs = LbsjYj = 0 (12) 
j=l 

We have calculated the value of eighth eigen vector b~ of extended PCA in 
section 4. On the other hand the standardized variables 1-J (j = 1, · · ·, 7) of 
extended PCA can be transformed to the original variables Xj and Ys can be 
transformed to the difference llx of the focused variables x. In easel rv case4 ~ 
represents ll.q1, ll.p1, ll.q2 and ll.P2 respectively. With the help of the equation 
(7),(8),(9),(10), we can solve the equation (12) with respect to the difference of 
the focused variable as follows: 

7 

ll.x =co+ LcjXj (13) 
j=l 

The difference llx has been created by the subtraction of successive x values. 
The interval of time ll.t of successive values of x is 0.03 in· our arranged data, so 
we have to devide both sides of the equation (13) by ll.t to get the differential 
equations concerning q1, Pt, q2 and 1'2· 

The results are as follows: 

dql 
easel cit = 

case2 dpi = 
dt 

1.0001)1 

+o.015q1 - 0.000lJ2 - 0.OOOPJ - 0.0OOi 
-0.000fi + 0.030q1 C/2 - 0.000 

- l.OOOq1 - 1.999q1 Q2 

+0.021p1 + 0.005q2 - 0.0001)-i + 0.024q; 
-0.024~ - 0.000 
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case3 1.0007>2 

+O.OOOq1 - O.OOOp1 + 0.015q2 + 0.015qf 
-0.015q~ + 0.000q1 q2 + 0.000 

= l.OOOq2 - 1.000qt + 0.999q~ - 0.048q1q,i 

-0.005q1 + 0.OOOp1 + 0.021P2 
-0.000 

6 Discussion 

(16) 

(17) 

The final results (14),(15),(16),(17) in section 5 show that the coefficients coin
cide with those of the original equations (1),(2),(3),(4) almost up to the three 
figures. The accuracy results maimly from the time interval of the arranged 
data sets. 

In the preceeding sections, the dimension m of the embedded space has been 
chosen as 7. If we choose m = 10 and the nwnber of arranged data as 1332 
at every t = 0.03 between t = 0 and t = 40, we can obtain the differential 
equations similar to the equations (14),(15),(16),(17). 

In the case of m = 10, the variables of embedded space are chosen as 
X1 = q1, X2 = Pt, X3 = '12, X4 = P2, X5 = ql, X6 = q~, X7 = q1q2, Xs = 
P?, X9 = P~, X10 = PlP2· 

The final results are as follows: 

dql 
dt 

dq-i 

dt 

= l.OOOp1 

+0.015q1 - 0.000q2 - 0.000112 - 0.000q; - 0.000q~ 

+o.030q1 qi - O.OOOp? - O.OOOp~ + O.OOOP1P2 + 0.000 

= -l.OOOq1 - 2.000q1Q2 

+o.015p1 + 0.001'12 + O.OOOP2 + 0.017qi - 0.014q~ 

-0.012pf + 0.015~ - 0.002p1]]2 - 0.000 

= 1.000J)'2 

(18) 

(19) 

+o.000q1 + 0.000p1 + 0.015q2 + 0.015q~ - 0.016q~ (20) 

+o.000q1 'l2 - 0.000p~ - 0.001~ + 0.000p1P2 + 0.000 

d; = - l.OOOq2 - 0.999q~ + 1.000q~ 

-0.00lq1 - 0.032q1q2 - 0.0OOp1 + 0.015P2 

+o.00lpf + 0.002p~ + 0.028p11>2 - 0.000 
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The method which we have adopted is prowd concretely capable for the 
empirical construction of dynamical systems from obsenational data sets. This 
method is applicable to many research fields and we expect the method will be 
a strong tool for analyzing the complicated data sets. 
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Abstract. We developed a procedure solving Gauss' form of Kepler's equation, which is suitable for determining position 
in the nearly parabolic orbits. The procedure is based on the combination or· asymptotic solutions, the method of bisection, 
and the Newton method of succesive correction. It runs 3-4 times as fast as the original Gauss' method. 

Key words: Gauss' Method, Kepler's Equation, Nearly Parabolic Orbit 

1. Introduction 

Recently we developed methods to solve the standard form of Kepler's equation for the elliptic case 
(Fukushima 1997b), hereafter cited as Paper I, and for the hyperbolic case (Fukushima 1998), hereafter 
cited as Paper II. As for the extended forms, refer Fukushima (1996b) for the elliptic case, and Fukushima 
(1997a) for the hyperbolic case, respectively. These are to speed-up the transformation between the 
osculating orbital elements and the 3-dimensional position and velocity. The transformation is the key 
procedure in the numerical methods to integrate perturbed orbits by using orbital elements, such as the 
mixed variable symplectic integrator (Kinoshita, Yoshida, & Nakai 1991); (Wisdom & Holman 1991) or 
the generalized Encke's method (Fukushima 1996a). Fast procedures to solve Kepler's equation will lead 
to an acceleration of such computation. 

Now, let us return to Kepler's equation. A comprehensive list of methods to solve it is given in Colwell 
(1993), although its emphasis is on the elliptic orbits. The essence of our methods is the combination of 
two types of approaches; a slow but robust one and a fast but unstable one. The former is to localize 
the solution into an interval small enough that the latter rapidly converges. In designing the procedures 
quoted in the above, we avoided the evaluation of transcendental functions as much as possible since 
they are time-consuming. Numerical experiments showed that our methods are 2.5-3.7 times as fast as 
the existing methods. 

Both of our methods in Papers I and II obtain succesfully the solution of standard Kepler's equations 
in the limit of parabolic orbit. However, this is not complete. Consider the nearly parabolic orbits, namely 
the orbits whose eccentricity e is close to 1. Typical examples are shown in Table I. In such cases, these 
standard equations become impractical. More specifically speaking, in that case, ( 1) the practical range 

of mean anomaly shrinks to a tiny region around zero, whose length is in proportion to Jj'[="ej3 , (2) so 
does the corresponding region of eccentric anomaly E ( or F), whose length is in proportion to Jj'f='ef, 
and therefore (3) a severe loss of precision occurs in computing E - e sin E ( or e sinh F - F) and its 
derivative 1 - ecosE (or ecoshF - 1), which are necessary in the Newton method and some other 
iterative procedures. This is the reason why the nearly parabolic case has been treated separately. 

Among the methods proposed for nearly parabolic orbits, Gauss' one has been regarded as the best 
(Battin 1987); (Colwell 1993). However, it does not run so fast. In fact, the actual CPU time of Gauss' 
method ranges 45-75 µs in the case of Intel Pentium 120 MHz chip. See Figs 1 and 2. This is quite slow 
when compared with the typical CPU time in Papers I and II, 5-7µs. Therefore, in this paper, we will 
present a new procedure solving Gauss' quasicubic form of Kepler's equation. As is seen in the figures, 
our method runs 3-4 times as fast as Gauss' one. 

2. Gauss' Form of Kepler's Equation 

Let us give a brief introduction of Gauss' method to solve Kepler's equation for nearly parabolic orbits 
((Battin 1987), Sects 5.5 and 5.6; (Colwell 1993), Chapt.5). Here we will follow Herget·s notaion ((Benima 
et al. 1969)). 

Gauss rewrote Kepler's equation into a quasicubic form; 

w3 
f(w) = w + 3 - W(w) = 0. (1) 

Here w is a new variable defined as 

w =' sgn(t)v A(E) 
b(e) 

(2) 
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TABLE I 
Examples of Nearly Parabolic Orbits 

Object 
Comet 

Periodic Comet 

Asteroid 

Satellite 

Name (Code) 
Bowell (C/1980 El) 
Sandage (C/1972 Ll) 
Bradfield (C/1975 V2) 
Great January Comet (C/1910 Al) 
Wells (C/1882 Fl) 
Shoemaker-Levy (C/1991 T2) 
Halley (lP) 
Encke (2P) 
Phaethon (3200) 
Damocles (5335) 
Hephaitos (2212) 
Taros (5786) 
Icarus (1566) 
Nereid 

e 
1.0573 
1.0063 
1.000001 
0.999995 
0.999994 
0.999862 
0.967 
0.850 
0.890 
0.866 
0.833 
0.827 
0.827 
0.75 

Shown are some celestial objects with large e. The eccentricities of comets are of osculating nature. Data are 
taken from Marsden and Williams (1996) for comets, from Ephemerides of Minor Planets for 1997 (ITA 1996) 
for asteroids, and from Rohde with Sinclair (1992) for the satellite. 

by means of a function of eccentricity 

b(e) = 5(1 - e) 
1+9e 

and a function of (elliptic) eccentric anomaly 

A(E) = 15(E- sinE) 
- 9E+sinE ' 

(3) 

(4) 

and t is the time measured from the pericenter passage. Note that the definition is universal in the sense it 
remains well-defined in the parabolic and hyperbolic case. In fact, w becomes a function of true anomaly 
Vas 

V 
w =tan-

2 
(5) 

in the parabolic case. In the hyperbolic case, A is interpreted as a function of hyperbolic eccentric anomaly 
Fas 

A= 15(F - sinh F) (a) 
9F+sinhF · 

On the other hand, W is defined as 

W=B(A)T, 
(1 + 9e)µ 

2Qq3 (7) 

where µ is the gravitational constant of the two body problem, and q is the pericenter distance. Another 
auxiliary function B is defined as 

_ 20/A 20A ~ n a 2 
B(A) = 9E+sinE = 9F+ sinhF = t:of3nA = l - 175A - ... ' (8) 

where f3n are the numerical coefficients listed in Table II. See Fig.3 for the relation between A and B. 
Since A is a function of w as 

A=bw2
, (9) 

Wis also a function of w. After Eq.(1) is solved with respect tow, the radius vector and position in the 
orbital plane are obtained as 
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where 

q 
p=l+AC2' 

Gauss' Form of Kepler's Equation 

V 
r = tan 2 = ewe, 

y = 2pr, 

C= 
5(1 + e) 
1 +9e 

and C is yet another auxiliary function defined as 

( ) 1 E 1 F Loe n 2 38 2 
CA =-tan-= --tanh- = 'YA = l+-A+-A + ··· JA 2 ~ 2 n=O n 5 175 ' 

(10) 

(11) 

(12) 

where 'Yn are another group of numerical coefficients, which have been listed in Thble II. Gauss introduced 
numerical factors in the above such as 9 or 15 in order to make Bas insensitive with w as possible; to 
set /31 = 0. 

Now, Gauss considered the solution ofEq.(1) as follows. In the case of parabolic orbit, e = 1, b =A= 0, 
and therefore B = I. Thus W remains a constant for any value of w. Then the equation reduces to a 
cubic equation named Barker's equation ((Colwell 1993), Eq.(5.2)). It is exactly solved by means of 
Cardano's formula. In the case of nearly parabolic case, W must be weakly dependent on w. Assume 
that an approximate solution w* is given. If we regard W ( w*) as a constant, then the equation reduces 
to Barker's equation again. Denote the procedure to solve it as a function of W as 

w = S(W). (13) 

It may be Cardano's formula, the Newton method, or others. Anyway, S (W (w*)) is hopefully a better 
solution than w•. Thus, Gauss solved Eq. ( 1) by repeating the iteration 

w +- S(W(w)) (14) 

with a starter w = 0. This is Gauss, method. 
Of course, Gauss' method has many attractive features. 

1. It is universal in the sense it can solve the elliptic, parabolic, and hyperbolic cases by a single 
procedure. 

2. The closer to 1 the eccentricity is, the faster it runs. This is eminent in the region 0.95 < e < 1.05. 
See Fig.2. 

3. Only a few iterations are needed for low-precision purposes such as the determination of cometary 
orbits. 

However, there are some drawbacks in Gauss' method. 
1. The method does not cover all the orbit. In fact, the method does diverge for large values of IAI, say 

larger than 2. On the other hand, the method rapidly converges only when I Al is sufficiently small, 
say less than 0.1 or so. 

2. The series expansions of B and C converge slowly when IAI is large. For example, 15 and 18 terms 
are required to compute Band C in 15 digits accuracy for IAI < AMAX, respectively. This makes the 
speed down considerably. Here 

5 
AMAX = 16 = 0.3125 (15) 

is a bound of applicable region of Gauss' method. 
3. The method is of linear convergence. The relative error of the initial guess is roughly IB -11. It is of 

the order of 0.001, as will be seen in the next section. Thus, 4-6 iterations in average are required to 
obtain 15 digits of the solution. 

4. The method must solve a cubic equation at each iteration. The standard recipe to solve a cubic 
equation, Cardano's formula, is relatively slow. This is because it calls two external functions sqrt 
and cbrt, and because the latter further calls another two, log and exp, in most computers. On 
the other hand, the Newton method and other iterative methods requires a good initial guess of the 
solution to converge. This is a difficult question. Unfortunately no suitable formula has been found. 

The first two characteristics are inherent to Gauss' form of Kepler's equation. In this paper, we try to 
speed-up the procedure solving it by improving the last two points of the original Gauss' method. 
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TABLE II 
Coefficients of Gauss' Method 

0 1. 
1 0 
2 -0.01714285714285714 
3 -0.003809523809523809 
4 -0.001104267161410019 
5 -0.0003673583559297845 
6 -0.0001316749463688239 
7 -0.00004957686826978545 
8 -0.00001932818959065063 
9 -7.734454141163412 X 10-6 

10 -3.158438366314071 X 10-6 

11 -1.310873532730006 X 10-6 

12 -5.513380397300617 X 10-7 

13 -2.344697160320328 X 10-7 

14 -1.006539594926664 X 10-7 

15 -4.355835497286856 X 10-S 
16 -1.898214247448393 X 10-s 
17 -8.322913593721420 X 10-9 

18 -3.669031347121318 X 10-9 

'Yn 
1. 
0.4 
0.2171428571428571 
0.1249523809523809 
0.07339814471243044 
0.04351610294467437 
0.02592289191081028 
0.01548367519987016 
0.009262986761370400 
0.005546934532808591 
0.003323739342183720 
0.001992413105115635 
0.001194679665622428 
0.0007164817429433940 
0.0004297493194399960 
0.0002577892193644137 
0.0001546472593771683 
0.00009277685104 769930 
0.00005566104491749808 

Listed are the coefficients f3n and 'Yn used in Gauss' form of Kepler's equation. They are derived by the following 
Mathematica (Wolfram 1991) program; 

a[x_] =15(Sqrt [x]-Sin[Sqrt [x]] )/(9Sqrt [x] +Sin[Sqrt [x]]); 
b [x_] = (20Sqrt [a [x]] ) / (9Sqrt [x] +Sin [Sqrt [x]] ) ; 
c [x_] =Tan [Sqrt [x] /2] /Sqrt [a [x]] ; 
n=20; sx[x-l=InverseSeries[Series[a[x], {x,0,n}] ,x]; 
bx [x_] =Normal [b [sx [Al]] /. A -> x; 
cx[x-l=Normal[c[sx[A]]] /. A -> x; 
bp=Part[Series[bx[x],{x,0,n-2}],3]; 
cp=Part[Series[cx[xl,{x,0,n-2}],3]; 
Do[Print[i-1, 11 11 ,N[bp[[i]] ,16], 11 11 ,N[cp[[i]] ,16]] ,{i,1,n-1}] 

3. Method 

In a word, our method is the Newton method with a starter obtained by solving Barker's equation. First, 
the outline of the method will be stated in Section 3.1. We adopted a new procedure in solving Barker's 
equation. Its summary will be given in Section 3.2 and the details will be explained in Appendix A. The 
part of Newton method will be described in Section 3.3. 

3.1. STRATEGY 

Assume that Gauss' form is applicable. Namely, IAI < AMAX· Our strategy to solve Eq.(1) is something 
similar as Gauss' approach; (1) to obtain an approximate solution by solving the associated Barker's 
equation precisely, and (2) to improve it by the Newton method. 

In obtaining a rough solution, we notice that B differs from 1 by only a small amount; 0.0018 or so 
when IAI < AMAX· If the error tolerance is 0.002 or larger, then we can assume that B = 1. In that case, 
we only have to solve Barker's equation 

w3 
f B(w; T) = w + 3 -T = 0 (0 < T < oo). (16) 

The eccentricity dependence disappears here. Remark that this fact greatly owes to Gauss' choice of the 
variable. As a result, the construction of approximate solutions becomes simple as will be described in 
Section 3.2 and Appendix A. 

Now, assume that such an approximate solution is obtained. ff the solution w is so small that the 
associated A satisfies the condition 
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Gauss' Form of Kepler's Equation 

~ -8 
IAI < ATINY = V3 ~ 8.048 X 10 ' (17) 

where t: ~ 1.110 x 10-16 is the machine epsilon, then the resulting value of B remains 1 practically, and 
therefore, we may stop here. Otherwise, we move to the part of improvement. Anyway, the error is small 
enough that almost any unstable correction formula converges. In order to select the best formula in . 
the sense to minimize CPU time, we made extensive experiments to solve Gauss' form by using various 
correctors as we did in Papers I and II. The result supports the classic Newton method, whose detail 
will be explained later. This is due to the fact that the evaluation of higher derivatives of the auxiliary 
function B with respect to the variable w is time-consuming. Note that the Newton method is of quadratic 
convergence. Since the initial error is less than 0.002, two or three applications of the Newton iteration 
provides 15 digits accuracy. 

3.2. FAST SOLUTION OF BARKER'S EQUATION 

Let us seek a fast procdure to solve Barker's equation, Eq.(16). Of course, its closed form solution is 
known (Battin 1987, Eq.(4.17)) as 

2su 
w=----

1 + s + s2 

where 

3T 
U=2. 

(18) 

(19) 

This Stumpff's rewriting of Cardano's formula (Battin 1987) requires one evaluation of sqrt and cbrt. 
Usually the latter is evaluated by the combination of exp and log. These are somewhat time-consuming. 
Thus, we look for a different approach. 

The parameter domain, 0 < T < oo, is of infinite length. Therefore, we face a similar difficulty as in 
the hyperbolic case of Kepler's equation. In Paper II, we avoided it by transforming the variable from F 
to X = exp F. Such remedy is not suitable this time since the evaluation of cbrt, the inverse function 
of the main term w3 , is time-consuming. Thus, we separate the solution interval O < w < 6o into some 
subintervals and apply different approaches, respectively. See Appendix A for the details. 

3.3. NEWTON METHOD 

The Newton method is to repeat the following operation until convergence: 

• _ f(w) 
w +- w ( w) = w - f' ( w )' 

Here 

dB 
J'(w) = 1 + w2 

- dwT' dB= 2bwB'(A) 
dw 

and 

B'(A) = ~ n/3 An-l = -~A - ... 
LJ n 175 · 
n=l 

Note that the Newton corrector is rewritten in a form with a smaller precision loss as 

w*(w) = (2/3)w
3 + B(A)T . 

1 + w2 - 2bwB'(A)T 

The iteration is terminated if 

lw*(w) - wl < 6 
l+lwl 

where 6 is the error tolerance, s~y 10-15 . 
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4. Numerical Comparison 

See Figs 1 and 2 again. These show the comparison of CPU time of Gauss' and our methods to solve 
Eq.(1) and to obtain the position in the orbital plane. The CPU times were obtained by averaging the 
measurements for 106 equally-spaced grid points in an interval of the elliptic mean anomaly (0, MMAx) 
for the case e < 1, or of the hyperbolic mean anomaly (0, MHMAX) for the case e > 1. Here the upper 
bounds were chosen as 

MMAX = EMAX -esinEMAX, MHMAX = esinhFMAX -FMAX, (25) 

where EMAX ~ 1.1434 and FMAX ~ 1.0965 were derived from a bound of Gauss' auxiliary quantity, 
AMAx = 0.3125 by means of the relations Eq.(4) and (6). These figures show clearly the superiority of 
the new method, which runs 3-4 times as fas as Gauss' method does. 

5. Conclusion 

We developed a procedure solving Gauss' form of Kepler's equation. It is the Newton method with the 
solution of the associated Barker's equation as the starter. The associated Barker's equation, is solved 
by three subprocedures; (1) to compute the inversion series expanded around the zero solution when the 
solution is small, (2) to evaluate a cubic root when the solution is large, and (3) to reduce the solution 
interval by shifting bits, which are determined by the bisection method, then to apply the Newton method 
with the starter given by the minimum of Newton correctors for a discrete set of trial values. 

As is shown in Figs 1 and 2, the new procedure runs 3-4 times as fast as Gauss' method. However, 
the new method is still a little slower than our methods in Papers I and II. Thus, we do not recommend 
the usage of Gauss' form unless e is sufficiently close to 1, say for the region 0.95 < e < 1.05. This is the 
region where Gauss' method is effective and really corresponds to typical orbits of comets as is illustrated 
in Thble I. · 
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Appendix 

A. Fast Solution of Barker's Equation 

Let us cosider solving Barker's equation, Eq.(16), which we cite again as 

w3 
/B(w;T) = w + 3 -T = 0 (0 < T < oo). (26) 

From a practical viewpoint, the Newton method and other iterative procedures give the solution faster 
than Cardano's formula if appropriate starting values are provided. Here we will consider the case of the 
Newton method. 

The parameter domain, 0 < T < oo, is of infinite length. Namely, we face a similar difficulty as in 
the hyperbolic case. Thus, by following the way we adopted in Paper II, we separate the solution interval 
0 < w < oo into four subintervals: (1) 0 < w < WSMALL, (2) WsMALL ~ w < 1, (3) 1 ~ w ~ WLARGE, 
and (4) WLARGE < w < oo. As will be explained in the followings, the separation is done by comparing 
T with some values computed beforehand. 
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A.l. TINY SOLUTIONS 

First, consider the case when T is sufficiently small, say less than TsMALL ::::::: 0.017. In this case, w is 
expected to be small, too. And therefore, we can invert Eq.(16) as 

1 3 1 5 4 7 55 9 w=T--T +-T --T +-T -··· 
3 3 9 81 

{27) 

Assume the usage of double precision computation of standard computers, i.e. the computation with 53 
bits mantissa. Then the machine epsilon is 

€ = 2-53 ::::::: 1.11 X 10-16. 

In Eq.(27), the second term is ignorable if 

T3 
€~3· 

By solving this condition with respect to w, we obtain the critical value of T as 

TA = ~::::::: 6.932 x 10-6 . 

Similarly, a series of critical values are given as 

TB=~::::::: 8.026 X 10-4
, 

Tc= ~"" 5.903 x 10-3
, 

9/filf 
TsMALL = y 55 ~ 0.01762, 

Although we may go further, we stop here. The corresponding series of solutions are: 
1. If T < TA, then 

W=T. 
2. Else if T < TB, then 

w = T ( 1 - ½T2
) • 

3. Else if T < Tc, then 

w=T{l-T2 G-~T2
)}· 

4. Else 

w = T [ 1 -T
2 

{ ~ - T2 ( ½ - :T
2
)}] . 

A.2. SMALL SOLUTIONS 

Assume that T is larger than TsMALL but still small, say less than 

4 
T1 = 3, 

(28) 

(29) 

(30) 

(31) 

{32) 

{33) 

(34) 

(35) 

(36) 

(37) 

(38) 

which corresponds to the solution w = 1. Then, the solution interval is bound as WsMALL < w < 1 where 
wsMALL ::::::: 0.01762 is the solution corresponding to TsMALL· In this case, we obtain the solution by the 
Newton method. The Newton corrector for Barker's equation is 

*( ) _ fB(w; T) _ T + (2/3)w3 

w w = w - f' ( . T) - 2 • B w, 1 +w 
(39) 

As the starting formula, we follow the same approach as we took in Paper II; taking the minimum of 
Newton correctors while restricting the variable space to its discrete subset. Namely~ the starter is of the 
type of 

min w• (wk) 
w1cEIC 
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where JC is a discrete subset of the solution interval. Actually, we adopted the following starter; 

. ( 4 1 1 1) 
mm T, ST+ 15' 2T+ 3 ' (41) 

which corresponds to the discrete variable space; 

~ = (o,½,1). (42) 

Although O is a little outside the solution interval, we included it since the form of associated starter is 
simple. Note that the selection of starting value is expressed in a simpler manner as 

l. HT< TD, then 
w* = T. (43) 

2. Else if T < TE, then 

w* = ~T + _!_ (44) 
5 15· 

3. Else if T < TsMALL, then 

w• = ½T+ ~- (45) 
Here the separating values are 

1 8 
TD = S' TE = g (46) 

which are obtained by solving the condition two neighbouring starters become the same value. 

A.3. HUGE SOLUTION 

Next, consider another limiting case: the case when T is sufficiently large. There w is expected to be 
large. In Eq.(16), the first term is negligible when compared with the second if 

w3 
w=::;€3. 

By solving this condition with respect tow, we obtain its critical value as 

/3 8 
WLARGE = V ~ ~ 1.644 x 10 . 

The corresponding value of T becomes 

3 ,..,., = WLARGE ,_ 1 481 X 1024 .LLARGE -
3 

,_ • • 

Thus, when TLARGE < T, the solution is expressed as 

W=~. 

Since it is very rare to face this case, we allow us to call transcendental functions. 

A.4. LARGE SOLUTION 

(47) 

(48) 

(49) 

(50) 

When T1 < T < TLARGE, and therefore 1 < w < WLARGE,. we reduce the solution interval by shifting bits 
by using the method of bisection (Fukushima, 1996b). Consider a modification of Eq.(16) as 

y3 
fp(y;o, P) = oy + 3 - P = 0. (51) 

The case o = 1 corresponds to the original Barker's equation if P = T. The modified equation is invariant 
with the transformation 

p• = 2-3kp, (52) 

In other words, solving f p(y; o, P) = 0 is equivalent with solving fp(y*; o•, P*) = 0. Based on this fact, 
we adopt the following procedure: 
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1. Find a suitable index k such that the solution interval is reduced as 
1 2 < y• :5 1. (53) 

This is done by comparing T with 

T]k = 2k + 2
3
k = ( 14 76 536 .. ·) (54) 

3 3' 3' 3 ' . 
Since 227 < WLARGE < 228 , the range of k to be tested is ( 1, 2, · · · , 27). The test is efficiently performed 
by the bisection method (Fukushima 1996b) of level five. Choose the trial sequence of ki as 

{kj} = {14; 6, 22; 2, 10, 18, 26; 0, 4, 8, 12, 16, 20, 24, 28; · · · }. . (55) 
Then k is determined by the algorithm described in Fukushima (1996b, Sect. 2). 

2. Compute o and P as 
o = d2k, P = d3kT. (56) 

where 
dk = 2-k (57) 

are the coefficients evaluated beforehand. 
3. Solve Eq.(51) with respect toy by the procedure which will be explained in the next subsection. 
4. Transform the obtained solution y back to the original variable as 

w = d-kY· (58) 

A.5. SOLVING MODIFIED BARKER'S EQUATION 

Here we describe how to solve the modified Barker:s equation, Eq.(51). Now that the solution interval is 
bound as 1/2 < y :5 1, we adopt the Newton method as we did in the case of small solutions. This time, 
the Newton corrector becomes 

*( ) = _ fp(y; o, P) _ P + (2/3)y3 

y y -Y f~(y;o,P) - o+y2 • 
(59) 

The starter we adopted this time is 

. (p + (1/12) P + (2/3)) 
mm o+(l/4)' o+l ' 

(60) 

which corresponds to the discrete subset of variable space; 

A:=(H· (61) 

A.6. NUMERICAL COMPARISON 

Fig.5 shows the comparison of CPU time of the new and standard methods to solve Barker's equation as a 
· function of T. The standard method is described i~ Section 3.2, namely Stumpff's rewriting of Cardano's 
formula. There we realized cbrt by the combination of exp and log. It is clear that the new method runs 
roughly as twice as the standard one. 
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FIG.1 
Gauss' Form of Kepler's Equation 
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Gauss' Form of Kepler's Equation: Close-Up 
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Symmetric Multistep Methods Revisited 

TOSHIO FUKUSHIMA 
National Astronomical Obseroatory, 2-21-1, Ohsawa, Mitaka, Tokyo 181, Japan 

(Internet) toshio@nao.ac.jp 

Abstract. We discovered a necessary and sufficient condition for irreducible convergent· symmetric multistep methods 
integrating special second order ordinary equations to have a nonvanishing interval of periodicity. By using this, we obtained 
the explicit and implicit formulas of order 6 to 16 which have the nearly largest interval of periodicity. They are superior to 
those given in the literature at the point of having longer stability region of stepsize. While they keep the good property of 
symmetric methods, namely leading linear longitude error in orbital integration. They will be useful for very long integration 
of oscillatory problems such as the orbital motions of planets and satellites. 

1. Introduction 

It is well known that the orbital integration by the Stormer-Cowell multistep methods lead to a longitude 
error which grows quadratically in time. This has been a barrier in conducting long integration in celestial 
mechanics and dynamical astronomy such as listed in Table 1 of Milani and Nobili (1988). Two methods 
are known to concur this issue; symmetric multistep integrators (Lambert & Watson 1976) and symplectic 
integrators. Both of them lead to a longitude error which grows linearly in time. The former is more 
suitable for high-precision integration since the formulas of high orders such as up to the 14th-order have 
been constructed ( Quinlan & Tremaine 1990). 

So far, explicit formulas only were presented for the symmetric methods of 8th- and higher orders. 
In order to explore the performance of high-order implicit formulas, we started to reexamine the theory 
on symmetric multistep methods. First, we found a necessary and sufficient condition for a convergent 
symmetric method to have a nonvanishing interval of periodicity. Remark that the length of interval of 
periodicity is a scale measuring the stable region of multistep methods for oscillatory problems. In other 
words, having a nonvanishing interval of periodicity means for a multistep method to be numerically 
stable in integrating orbital motion if the stepsize is sufficiently small. Based on the above condition, 
we developed a new approach to determine systematically the coefficients of the symmetric method 
which has the largest interval of periodicity. It will be explained in Section 2. The readers who are not 
interested in mathematical details may skip it. By using this procedure while posing some restrictions 
on the coefficients, we obtained explicit and implicit formulas of orders up to 16 which have the nearly 
largest interval of periodicity. These are illustrated in Section 3: 

2. Theory 

First, we will summary the theory on general linear multistep methods to integrate numerically a special 
second order ordinary differential equation. Second, we will do the same for the symmetric multistep 
methods. Third, we will give a necessary and sufficient condition for a convergent symmetric multistep 
method to have a nonvanishing interval of periodicity. Then, we will introduce a new set of parameters to 
characterize the convergent symmetric multistep methods. Finally, we will describe the existing formulas 
by these tools. 

2.1. MULTISTEP METHODS 

Consider solving the initial value problem of a special second-order ordinary differential equation 

d2x 
- 2 = f(t, x), (1) 
dt 

by a general k-step linear multistep method 

k k 

L OjXn+j = h2 L /3jfn+j (2) 
j=O j=O 

where his the stepsize. Refer a standard textbook for the details (Hairer et al. 1993). Here we assume 
that laol + l/3ol # 0. If not, we may reduce k until realizing the assumption. Also we assume ak = 1, 
which loses no generality. The method is characterized by two polynomials p(z) and u(z), the generating 
polynomials of the coefficients a and (3, 
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k k 

p(z) = L o;zi, u(z) = L.B;zi. (3) 
i=O j=O 

The local trwication error of the method is expressed as 

k k 00 

L O.jX (tn + jh) - h2 L ,B;f (tn + jh, X (tn + jh)) = L Cqhq-lx(q) (tn) (4) 
j=O j=O q=O 

where 

k 

C9 = :, ~j•-
2 (i2a; -q(q-1),B;) (5) 

is the q-th order local error constant. On the other hand, the global trwication error of the method is 
expressed as 

(6) 

where ~(t) satisfies the following variational equation 

::: = :~ (t, x(t))1<(t) - cxCP+2>(t). (7) 

Here C = Cp-t2/u(l) is the global error constant of the method, which is more important than Cp+2 
itself. In the case of a harmonic oscillator, f(t, x) = -w2x, the leading part of the error fwiction ~ is a 
mixed secular term, i.e. tsinwt or tcoswt. Its magnitude relative to that of the solution, namely l~/xl, 
is expressed as ( CwP+1 /2)t. 

Finally we summarize some technical terms on the multistep methods; 
1. The method is said to be explicit if ,Bk = 0 and implicit otherwise. 
2. The method is said to be irreducible if p and u have no common· factor. 
3. The method is said to be of p-th order if Co= 0 1 = · · · = Cp+l = 0. 
4. The method is said to be consistent if it is of the order one at least; 
5. The method is said to be (zero-)stable if (1) all the roots of p(z) lie on or within the unit circle, and 

(2) the multiplicity of the roots on the unit circle is two at most. 
6. The method is said to be convergent if it is consistent and zero-stable. 

Remark that the conditions to be consistent, 00 = 0 1 = 0 2 = O, are rewritten in a more straightforward 
form as p(l) = p'(l) = 0 and p"(l) = 2u(l). 

2.2. SYMMETRIC MULTISTEP METHODS 

Refer Lambert and Watson (1976) for the details of the symmetric multistep methods. The multistep 
method is said to be symmetric if the coefficients further satisfy the conditions 

(j = 0, 1, · · ·, [k/2]). (8) 

This symmetry makes all the local error constants of odd order zero. It is proved that, for convergent 
irreducible symmetric multistep methods, (1) the stepnumber k must be even, and (2) all the roots of 
p(z) are on the unit circle. The symmetric methods are important since the stable multistep methods of 
maximul order for even stepnumbers are known to be symmetric. See Theorem 10.5 (Hairer et al. 1993). 

The stability of symmetric methods for oscillatory problems such as the case f(x, t) = -w2x is 
discussed in term of the interval of periodicity; (o,HJ). The quantity Ho is the maximum of H = hw 
where all the roots of 

(9) 

remain on the unit circle. Ifni = oo, then the method is called to be P-stable. Unfortunately, the maximul 
order of P-stable methods is only two. Remark that being irreducible, symmetric, and convergent is not a 
sufficient but a necessary condition for multistep methods to have a nonvanishing interval of periodicity. 
A cowiter example is the 4th-order explicit method 
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4h2 

Xn+4 - 2Xn+2 + Xn = 3 Un+3 + fn+2 + fn+l) · (10) 

The method is irreducible, symmetric, and convergent. However, it has zero interval of periodicity. See 
later discussion. 

The symmetric methods with a nonvanishing interval of periodicity are important in orbit integration. 
This is because, if h is sufficiently small, the methods can avoid a linear energy error, and therefore a 
quadratic longitude error, too. As for the detailed explanation, refer the literature (Quinlan & Tremaine 
1990). We stress that the most important point is that, the larger the interval of periodicity is, the larger 
the stepsize can be taken. On the other hand, even if an order is specified, the coefficients of symmetric 
methods of the order are not uniquely determined. Even if we restrict ourselves to seek only for the 
zero-stable methods of maximul order, there still remain m = k/2 - 1 freedum. Thus, by using this 
freedum, Quinlan and Tremaine (1990) tried to find the symmetric integrators with the largest interval 
of periodicity. 

However, the existence of symmetric methods with the largest interval of periodicity is not always 
assured. In fact, H6 of the explicit symmetric method of the order 4 has only an upper bound, 4, which 
is equal to that of the order 2. See Method IV (Lambert & Watson 1976). Namely, if the coefficients of 
the 4th-order explicit method are chosen to maximize H6, the order of the method reduces from 4 to 2. 
At the same time, the error constant becomes infinite. In other words, p and er have a common factor in 
that case. The same is true for the implicit case of the order 6. Later, we will show that the interval of 
periodicity has not a maximum but an upper bound for the symmetric methods of the order 4n in the 
explicit case and of the order 4n + 2 in the implicit case. 

2.3. INTERVAL OF PERIODICITY 

Consider how to search Ho effectively. It is cumbersome to obtain all roots of the polynomial fl(z, H 2 ) 

on a complex plane while changing H. Instead, we introduce a new function 

_ -p ( eiO) _ - ( O:m + 2 E;1=1 O:m-j COS j0) 
g(0) = ( .0 ) - {3 Lm {3 .0 (-7r < 0 ~ 1r), (11) 

er e• m + 2 j=l m-j COSJ 

which is well defined for irreducible methods since p and a have no common factors. It is tedious but 
straightforward to show that 

II ( ") Co=Ci=···=Cp=O~g (0)=2, g 3 (0)=0, (j=0,1,3,4,···,p) 

Namely, the Taylor expansion of g(0) around O becomes 

g(0) = 02 + 0 (0P+2
) 

(12) 

(13) 

for the method of the order p ~ 2. Remark that the following two statements are equivalent; ( 1) the 
polynomial f2(z, H 2 ) has k complex roots on the unit circle, and (2) the equation g(0) = H 2 has k real 
solutions in the interval (-1r, 1r). Actually, the latter can be rewritten as (2') the equation g(0) = H 2 has 
k/2 real solutions in the interval (0, 1r). This is because g(0) is an even function of 0 and 0 = 0 cannot be 
a solution of g(0) = H 2 for positive H 2 since g(O) = 0 for the methods of order one at least. Thus, the 
problem to find the roots of f2(z,H2) is reduced to the problem to find the solutions of g(0) =.H2 • 

Now, consider the condition for irreducible convergent symmetric methods to have a nonvanishing 
interval of periodicity. If a symmetric method is convergent, it is zero-stable. Thus, all the roots of the 
polynomial p lie on the unit circle with the multipilicity two at most. Therefore, g( 0) has k roots in the 
interval (-1r, 1r] with the multipilicity two at most. The solutions of g( 0) = H2 for sufficiently small H 
are regarded as perturbations of the roots of g(0). Consider the Taylor expansion of g(0) around 00 , a 
root of g( 0); 

g(0) = g' (Bo) (0 - Bo)+ g" ~Bo) (0 - 00)2 + 0 ( (0 - 00 )
3

) = H 2 (14) 

where we note g(00 ) = 0. The expansion is always possible since (1) g(0) is differentiable everywhere 
except its poles, and (2) the poles of g(0), which are the zeros of a(exp(i0)), are sufficiently far from the 
roots of g(0), which are the zeros of p(exp(i0)), because p(z) and a(z) have no common factors. In the 
case of a single root, g'(Bo) =f 0. Thus, a real solution always exists near 00 such as 
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6 = 6 + _l_H2 _ g" (Bo) H4 + O (H6) 
o g' (60) {g' (60)} 3 

(15) 

for sufficiently small H. While, in the case of a double root, the equation reduces to the following quadratic 
form approximately since g'(60) = 0 and g''(60) :/= O; 

g'' ;60 ) (6 - 60)2 + g'" to) (6 - 80)3 + 0 ( (6 - 60)4
) = H 2 (16) 

Since H 2 > 0, the equation has two distinct real solutions near 60 for sufficiently small H if and only if 
g" (60) > 0. In fact, the solutions are expressed as 

Oh 0 ± HJ 2 · - g'" (Bo) H2 + 0 (H3) 0 
911 (60) 3 {g" (9o)}2 (17) 

for sufficiently small H. In both cases, the perturbed solutions 6 are all distinct, and their correspondence 
with the unperturbed ones 80 is one to one if the multiplicity is taken into account. Therefore the perturbed 
equation g(6) = H 2 has k distinct real solutions for sufficiently small H if and only if g" > 0 at all the 
double roots of g(6). The re~itten order conditions, Eq.(12), show that the condition g" > 0 for the 
principal double root (} = 0 is always satisfied for the methods of order one at least. As a result, we proved 
the following theorem. 

Theorem. Consider an irreducible convergent symmetric multistep method (p, 'u ). Define a function g(6) 
as g(6) = -p(exp(i6))/u(exp(i0)) Then the method has a nonvanishing interval of periodicity if and only 
if {1} g(6) has no nonzero double roots in the interval [O, 1r], or (2) 911 (6) is positive on all the nonzero 
double roots of g(6) in the interval [O, 1r]. 

We name g the periodicity function and the curve y = g( x) the periodicity curve. Remark that the 
computation of g" at the double roots of g is simplified as 

, 2 E'l=i j2om-j cosj(} 
g' (6)l9=9'=0 = f3m + 2 E'l=

1 
f3m-j cosj6 · 

(18) 

As an application of the above theorem, let us explain the difference between two similar symmetric 
methods in Lambert and Watson (1976). They presented the methods as a pair of counter examples to 
prove that neither their Theorems 2 nor 3 gives necessary and sufficient conditions to have nonvanishing 
interval of periodicity. The examples are 

p(z) = (z - 1)2 (z2 
- z + 1)

2
, u1(z) == ~ (z4 + z2

), u2(z) = ~ (z5 + z). (19) 

Note that p has three double roots expressed in term of 6 as (0, ±7r/3). In the case of the pair (p, 0-1), 
the periodicity function becomes g(6) = 2(5 - 8cos6 + 4cos20 - cos38)/ cos 28. The numerical values of 
g"(O) at the nonzero double roots are all positive as g''(±1r /3) = 12. On the other hand, in the case of the 
pair (p,u2), a similar computation shows that the second derivatives are all negative as g''(±1r/3) = -12. 
Thus the former method has a nonvanishing interval of periodicity while the latter does not. This is also 
clear from their periodicity curves, Figs 1 and 2. Another example is the 4th-order method, Eq.(10), which 
we cited as a counter example to show that not all convergent symmetric methods have a nonvanishing 
interval of periodicity. In this case, g has a nonzero double root, 1r. Since g"(1r) = -6 < 0, the method 
has zero interval of periodicity. 

Now, return to the issue to determine H~ effectively. Assume that we deal only with the symmetric 
multistep methods with a nonvanishing interval of periodicity. In that case, it is assured that the equation 
g(6) = H 2 has k/2 solutions in the interval (0, 7r) for sufficiently small H. Remark again that g(O) is 
differentiable everywhere except its poles. Thus, while H is increasing, the number of solutions decreases 
by two when H 2 passes a local maximum of g( 6) and increases by two when does a local minimum. 
Anyway, the number of solutions remain unchanged until H 2 exceeds the least positive extremum of g( 8). 
Remark that this least positive extremum is actually a local maximum. If not, the number of solutions 
becomes k + 2 when passing this extremum. However, it contradicts with the fact that the k-th order 
polynomial n has k roots. As a result, we proved a following lemma. 
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Lemma. Assume that a symmetric multistep method has a nonvanishing interval of periodicity (0, H6)· 
Then, H5 is given as the least positive local maximum of the function g(0) in the interval [O, 1r]. 

Once p and u are fixed, it is easy to find HJ by means of this lemma. A quick way is to plot the periodicity 
curve like Figs 1 and 2 and look for the the least positive local maximum by eye. A more precise and 
automatic way is described in Appendix. 

2.4. NEW PARAMETERS 

In the search for the formulas of the largest interval of periodicity, we· must change the forms of p and u 
while keeping the combination to have a nonvanishing interval of periodicity and assuring the variations 
to cover all possible cases. To do this clearly, we adopt new parameters in place of o which Quinlan and 
Tremaine (1990) did. 

Let's begin by p(z). From the zero-stability conditions, the assumption Ok= 1, and the fact that the 
coefficients o are all real, p must be expressed as 

m 

p(z) = (z - 1)2 IJ (z2 
- 2ciz + 1), (20) 

i=l 

where 

(i = 1, · · ·, m). 

Here 0i denotes the phase of the i-th spurious root on the upper half of the unit circle in a complex plane. 
The principal double root z = l corresponds to the case 00 = 0, i.e. c0 = 1. From a computational point 
of view, we adopt the set not of 0i but of Ci as the free parameters to be moved in the search of the 
largest interval of periodicity. Then the parameters are ordered as 

(21) 

although the restriction on the multiplicity of roots prohibits more-than-two consecutive equality of c; 
such as c1 = c2 = c3. Also the case like Cm-I = Cm = -1 is prohibited since Cm = -1 means a double 
spurious root at z = -1 by itself. Anyway, the range of the parameters is clearly bound as lcil $ 1, which 
makes sure the search to cover all possible cases. 

The coefficients o are expressed as polynomials of ci. Remark that p must be unchanged with any 
permutation of index i. Thus o must be expressed as linear combinations of symmetric forms of the 
paramaters c;. Here the i-th order symmetric form of (c1, ···,cm) is defined as 

t 

st>= LIT ci4, (i = 0, 1, · · ·, m) (22) 
a=l 

where the summation is taken over all different permutation of indices ia. Examples of such symmetric 
forms for m = 3 are 

s~3
) = 1, s?> = C1 + C2 + C3, s?> = C1C2 + C2C3 + C3C1, s~3

> = C1C2C3. 

Remark that the symmetric forms are effectively computed by a following recursive formula; 

S{m) -1 
0 - ' (0 $ m), (1) 

S1 = C1, 
s(m) = C s{m-1) 

m m m-1 (2 $ m), 

S(m) _ s(m-1) + C s(m-1) 
t - t m t-1 (2 $ m; 1 $ e < m), (23) 

By means of them, the expressions of o are given as 

m 

Q. = "'"'(-l)mo~m) s<m) 
:J L..,_; J,l t ' (1 $ j $ m + 1, m = 1 2 .. ·) 

' ' 
(24) 

l=O 

where the numerical coefficients o}';>, which are all positive, are obtained by the following recursive 
procedure; 
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(m) 1 0 o,o = , (m) _ (m) _ 2 0 10 - 0 11 - , 
' ' 

(m=l,2,···) 

(m) _ (m-1) + (m-1) 0 i,O - 0 j-2,o 0 ;,o , (j = 2,3, · · · ,m;m = 2.3, · · ·) 

(m) 2 (m-1) 
0 m+l,O = 0 m-1,o, 

(m) _ 2 (m-1) 
O;,.t - Oj-1,i-1' 

(m = 2,3,· · ·) 

(£ = 1 2 · · · 1··1· = 2 3 · · · m· m = 2 3 · · ·) ' ' ' ' ' ' ' ' ' ' 
o~"!) = 0, ,.~ (£ = 1· + 11· + 2 .. · m·1· = 2 3 · .. m·m = 2 3 .. ·) ' ' ' ' ' ' ' ' ' ' 

Some of them are listed in Table I. Remark that the zeroth order condition, Co = 0, which must be 
satisfied by o by themselves, is actually satisfied by o coefficients determined in the above. 

Next, consider u. Once o are given, f3 are uniquely determined by solving a set of linear equations 
Cq = 0 for q = 2,4, · · · ,p. Here p = 2m if explicit and p = 2m + 2 if implicit. By using the symmetry of 
coefficients, we rewrite the local error constants of even order as 

m m 

Co =Om+1 +2Eo;, 
j=O 

C2 = -/3m+1 + E [(m - j)2oj - 2/3j] , 
j=O 

C2r = (
2
2

)1 f)m -j)2r-2 [(m - j)2o; - 2r(2r -1)/3j], 
r . . o 

J= 

(r > 1). (25) 

The linear equations are solved in a straightforward manner. Thanks to Mathematica, we explicitly 
obtained some of them in Tables II and III. By a similar way, we evaluated the parameter representations 
of the local error constant Cp+2 as 

m 

(explicit) cP+2 = E ct> st>. (26) 
i=O 

for the explicit case where p = 2m, and 

C _ -1 ~c(m+l)s(m) 
P+2 - 2 L-1 l+l i 

l=O 
(implicit) (27) 

for the implicit case where p = 2m + 2. Some of the common coefficients, cjm> are listed in Table IV. 
Remark that, in the explicit cases, the coefficients of constant term c~m) is positive and much larger 
than the others. The situation is unchanged in the implicit cases. Thus the local error constants of most 
explicit methods become positive while those of most implicit methods do negative. On the other hand, 
the representation of the global error constant C = Cp+2 /u(I) is straightforward since the expression of 
the denominator is easily evaluated as 

ll(l) () m 
u(l) = _P - = lim p z = 2m IJ (1 - Cj) 

2 z-1 (z - 1)2 . 
J=l 

(28) 

for the methods of order one at least. Remark that the local error constants CP+2 remain bounded for 
any combination of c; while the absolute value of global one ICI goes to infinity when any of spurious 
roots come close to the principal one. Remark that the signature of the global error constant is the same 
as that of the local one since the multiplicant of the denominator 1 - c; is always nonnegative. 

Thus, we have obtained the expressions of o, /3, Cp+2 , and C as functions of parameters ci. 

2.5. EXISTING FORMULAS 

Let us express the existing formulas by the newly introduced parameters. 
The parameters corresponding to the formulas given in Lambert and Watson (1976) are; 

(k = 4) 
a 

C1 = -
2 

-234-

(29) 



Symmetric Multistep Methods 

for Methods IV ( explicit, 4th-order) and V (implicit, 6th-order) where a is the free parameter they 
introduced, and 

(k = 6) (30) 

for Methods VI (explicit, 6th-order) and VII (implicit, 8th-order). Remark that their Methods I(= 2nd
order Stormer method) and III ( = Numerov method) are uniqely determined, and therefore with no 
freedurn. The freedum </> of their Method II is the pole of g( 0), which makes HJ the infinity, and therefore 
makes the method P-stable. 

While, the phases for the explicit formulas given in Quinlan and 'Tremaine (1990) are; 

(k = 8) (
'Tr 2-rr 4-rr) 

(01,02,03) = 3' 5 '5 

for the 8th order, 

(k = 10) 

for the 10th order, 

(k = 12) ( 
2-rr 1r 4-rr 2-rr 8-rr) 

(01,02,03,04,05) = 9' 3' 9' 3' 9 

for the 12th order, and 

(k = 14) 

for the 14th order. 

(31) 

(32) 

(33) 

(34) 

Now consider how to maximize H5 of the symmetric method of the order given. Remark that H5 is 
the least positive local maximum of g( 0). Since H6 is a sort of minimum, the problem reduces to the so
called maxmini problem, which is equivalent with the minimax problem. From the viewpoint of minimax 
approximation theory, all the local maxima must be the same for the best approximation. Therefore, 
in order to check whether the interval of periodicity of a specific symmetric method is the largest or 
sufficiently close to the largest, it is a good way to draw the periodicity curve and to examine the equality 
of the local maxima. Figs 3 through 8 are the periodicity curves for the existing methods. Here we omitted 
those for Methods I through V of Lambert and Watson (1976) since they are expressed in general forms 
and the analytical expressions of H5 are known for these. These figures indicate that H5 of the methods 
seem far from the largest except the case k = 8. Therefore, we decided to seek for the methods of the 
largest interval of periodicity for the stepnumbers k 2::: 6 in both the explicit and implicit cases. 

3. Search 

Now that we have the tools to search the methods with the largest interval of periodicity, we will explain 
here our strategy to do that. 

The straightforward rewriting of Eq.(2) is 

k-1 k 

Xn+k = - I>~jXn+i + h2 L /3jf n+i· (35) 
i=O i=O 

Ifwe ignore the round-off errors in evaluating its right hand side, any real value is possible to be assigned as 
the coefficients o and (3. However, it would be wise to pose some conditions in selecting the coefficients in 
order to reduce possible round-off errors. Quinlan and 'Tremaine (1990) did this by limiting the numerical 
form of o to be integer, or more precisely speaking, to be O or powers of 2 such as (0, ±1, ±2, ±4, ±8, ±16). 
Unfortunately, not all possible combination of them satisfy the zero-stability condition. Also the condition 
posed seems too restrictive to lead to the nearly largest interval of periodicity. Instead, we decided to 
search among ci in the form of fractions rounded in binaries, namely in the form of M /2N where M and 
N are integers and IMI ~ 2N. We adopted not Oi but Ci in order to make the binary expressions of o 
rounded as much as possible. 
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TABLE I 
Parameter Representation of o Coefficients 

m j So= 1 81 82 Sa 84 8s 86 87 
1 2 2 4 
2 2 3 4 4 

3 4 4 8 
3 2 4 4 4 

3 6 6 8 8 
4 6 8 8 16 

4 2 5 4 4 
3 8 8 8 8 
4 10 12 12 16 16 
5 12 12 16 16 32 

5 2 6 4 4 
3 10 10 8 8 
4 15 16 16 16 16 
5 20 20 24 24 32 32 
6 20 24 24 32 32 64 

6 2 7 4 4 
3 12 12 8 8 
4 21 20 20 16 16 
5 30 30 32 32 32 32 
6 35 40 40 48 48 64 64 
7 40 40 48 48 64 64 128 

7 2 8 4 4 
3 14 14 8 8 
4 28 24 24 16 16 
5 42 42 40 40 32 32 
6 56 60 60 64 64 64 64 
7 70 70 80 . 80 96 96 128 128 
8 70 80 80 96 96 128 128 256 

Listed are the numerical coefficients of linear form of o; with respect to {-l)m 8jm>. Here 8jm> is the .eth-order m-
dimensional symmetric forms of c; = cos 03 where 03 denotes the phase of j-th spurious root of the characteristic 
polynomial p(z). The rows for j = 0 and j = 1 are omitted since they are the same for all m; (1, 0, 0, · · ·) and 
(-2,-2,0,0,· .. ), respectively. Example: the coefficients for the case m = 3 and j = 4 are (6,8,8,16), which 
means 04 = .-6 - 88?) - 88~3

) - 168t) = -6 - 8(c1 + C2 + C3) - 8(c1C2 + C2C3 + C3C1) - l6C1C2C3. 

First, we performed an experimental search both in explicit and implicit cases for several values of m 
while increasing N one by one up to 5. The experiments revealed the following tendencies, where we use 
the word optimal, in the sense of having the largest interval of periodicity; 
(I) The number of double roots is maximal for the optimal method. This is true both for explicit and 

implicit cases. In other words, the optimal periodicity function has, other than the principal double 
root, m/2 double roots if mis even and (m - 1)/2 double roots plus one single root if mis odd. 

(2) When m is odd, the single root of the optimal periodicity function is the closest to the principal 
double root. In that case, the optimal periodicity function has a single pole which is a little closer to 
the principal double root than this single root. 

(3) The inclusion of a double root 0 = 1r (i.e. c = -1) leads to zero or small interval of periodicity. 
(4) The double roots of the optimal periodicity function for odd m are almost the same as those for 

m-1. 
(5) All the roots of the optimal periodicity function for even mare well separated with each other. 
(6) The roots of the optimal periodicity function for the implicit case are significantly different from 

those for the explicit case of the same number of roots. 
(7) The largest value of Hg of an implicit method is larger than that of the explicit method of the same 

number of roots. The ratio is roughly 1.5-2. 
(8) The largest value of H~ decreases when the number ofroots increases. However, the largest value of 

H~ for odd mis only a little smaller than that form - 1. 
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TABLE II 
Paramete,; Representation of (3 Coefficients: Explicit Case 

m j denominator numerator 
So= 1 81 82 Sa 84 

0 1 1 1 
1 1 6 7 -1 

2 3 -1 -5 
2 1 60 79 -9 -1 

2 15 -14 -26 6 
3 30 97 -7 97 

3 1 7560 10993 -1039 -95 -31 
2 1260 -2215 -2279 473 73 
3 2520 16661 -491 8261 -2171 
4 1890 -8723 -7027 1357 -12067 

4 1 226800 358751 -28961 -2209 -:--641 -289 
2 56700 -157597 -106973 20003 2707 1043 
3 56700 660047 -3377 189647 -47057 -8593 
4 56700 -766819 -344291 53021 -362771 101741 
5 4536 100525 1325 30637 -7411 57517 

Same as Table I but for /3 coefficients of the explicit case. Example: The common denominator and the numerators 
for the case m = 3 and j = 4 are 1890 and (-8723, -7027, 1357, -12067), respectively, which means 

/34 = {-8723 - 1021s?> + 1351s~3
> - 12061s~3>)/189o. 

(9) The magnitude of local error constants Cp+2 is not sensitive with the distribution of roots, while that 
of the global one C is. A large interval of periodicity frequently leads to a large error constant. 

These are just observations, and we could not prove these. Based on the first three phenomenon, we made 
the following assumption on the form of roots as 

0 < (Ji < 82 = 83 < 84 = 85 < · · · < 9m-1 = 9m < 7r 

when m is odd and as 

(36) 

(37) 

when m is even. In Tables V and VI, we present the best methods we obtained. There we added the 
existing formulas, too. The periodicity curves of some of them are shown in Figs 9 and after. Clearly 
these curves show minimax-like feature. 

4. Conclusion 

We discovered a necessary and sufficient condition for irreducible convergent symmetric multistep methods 
to have a nonvanishing interval of periodicity. The condition found explains well the difference of two 
similar symmetric multistep methods, which were cited as a counter example for the condition known so 
far (Lambert & Watson 1976). By using this new condition and expressing the formulas by a new set of 
parameters, we established a systematic approach to derive the symmetric multistep methods with large 
stability regions. As its application, we obtained the explicit and implicit formulas of order 6 to 16 which 
have the nearly largest interval of periodicity. They are superior to those given in the literature (Quinlan 
& Tremaine 1990) at the point of having longer stability region of stepsize. 

The next target is to check whether these methods, especially the predictor-corrector usage of the 
implicit methods, will lead the linear longitude error. 
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TABLE III 
Parameter Representation of {3 Coefficients: Implicit Case 

m j denominator numerator 
So= 1 S1 S2 Sa 84 

0 0 12 1 
1 6 5 

1 0 120 9 1 
1 15 13 -3 
2 60 7 -97 

2 0 15120 1039 95 31 
1 2520 2279 -473 -73 
2 5040 491 -8261 2171 
3 3780 7027 -1357 12067 

3 0 453600 28961 2209 641 289 
1 113400 106973 -20003 -2707 -1043 
2 113400 3377 -189647 47057 8593 
3 113400 344291 -53021 362771 -101741 
4 9072 -1325 -30637 7411 -57517 

4 0 9979200 598507 38635 9963 4139 2219 
1 4989600 4899987 -830317 -98413 -34797 -17453 
2 9979200 -804257 -17088673 3968863 662687 283423 
3 1247400 5543429 -653819 4022789 -1097339 -222331 
4 4989600 -4636837 -26240933 5711963 -31489253 9186203 
5 2494800 17582809 -1705255 16222681 -4336807 31494553 

Same as Table II but for the implicit case. 

TABLE IV 
Parameter Representation of Local Error Constants Gp+2 

m p+2 denominator numerator 
So= 1 S1 S2 Sa 84 

0 4 12 1 
1 6 120 9 1 
2 8 15120 1039 95 31 
3 10 453600 28961 2209 641 289 
4 12 9979200 598507 38635 9963 4139 2219 

Same as Table II but for the local error constant, Gp+2, where p denotes the order. Listed are the coefficients for 
the explicit case. Those for an implicit case are easily obtained from those for the explicit one of the same order 
as described in the text. 
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Appendix 

A. Finding Least Positive Local Maximum of Periodicity Function 

Here we will present a procedure to find the the least positive local maximum of the periodicity function 
in the interval given. Such a procedure may consist of three parts; (1) to provide a set of initial guesses 
of the interval bracketting it, which assure the next part to reach a group of maxima containing the least 
positive one, (2) to find local maxima of the function starting from the initial guesses given, and (3) to 
determine the least positive one from the maxima obtained. In the below, we will describe our method 
part by part. 
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p Ho 
2 4.000 
4 (0, 4) 

2.000 
6 0.802 

1.369 
1.378 

8 0.516 
1.321 

10 0.172 
0.693 
0.738 

12 0.046 
0.562 

14 0.012 
0.429 
0.469 

lOOC 
8.333 
(1.667, oo) 
2.36 
2.27 
1.05 
1.04 
1.26 
4.17 
0.384 
0.801 
0.877 
0.623 
1.581 
0.487 
3.120 
6.08 
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TABLE V 
Best Symmetric Methods: Explicit 

Cj 

(-1, 1) 
-1 
2 

1 -1 
2~1T 

-131747• 
52~288 ½, cos ; ' cos 4s,r 
7 -1 • 
8'4 1 2,r -1 4,r 

2' cos 5' 2' cos 5 
1 • -3• 

54231?•' ~5769* 

2J04~576 , /J55~132 S,r 
cos 9 , 2 , COS 9 , 2 , COS 9 

3 1 * -3• 

2,r 1 4i, 
2 ' 6~ 811' 10,r cos rr, 2, cos 11 , cos rr, cos rr, cos 11 

3• 1 • -3 • 

6144577 •
4 

si\3' • 
8

-3616321 • 
83886Q8 ' Tfi384 ' 83886D8 

Note 
Stormer 
LW: Method IV 
recommended 
LW: Method VI 
recommended 
largest H5 
QT: 8th-order 
recommended 
QT: 10th-order 
recommended 
largest H5 
QT: 127X 
reommended 
QT: 147X 
recommended 
largest H5 

Listed are the characteristics of some explicit symmetric methods. Here p is the order, H6 is the upper bound of 
the interval of periodicity, C is the global error constant, and c; 's are the cosine of the phase of spurious roots 
where the asterisk means a double root. Remark that C is always positive. Also added are those of the existing 
formulas; LW for (Lambert & Watson 1976) and QT for (Quinlan & 'Iremaine 1990). Remark that Method IV 
contains one freedum indicating the pole of the periodicity function, where the largest HJ leads to the infinite 
global error constant, unfortunately. 

A. l. BRACKETTING LEAST POSITIVE LOCAL MAXIMUM 

First, consider a set of the subintervals such that one of them is assured to contain only the least positive 
local maximum as extrema.· To do this, we order the zeros of the periodicity function and separate the 
whole interval into a set of subintervals by them. There exists one and only one subinterval containing 
the least positive local maximum. Then, the following lemma holds on this specific subinterval. 

Lemma A. Assume that the periodicity function has the least positive local maximum in an open subin
terval whose endpoints are a pair of adjacent zeros of the function. Then, in that subinterval, { A1} the 
function has no pole, {A2} the function is always positive, and {AS} the function has no extremum other 
than the least positive local maximum. Namely the least positive local maximum is the only extremum in 
the subinterval and therefore it is the global maximum in the subinterval. 

Proof. (Al) Assume that the periodicity function has poles within the subinterval. Choose the pole 
nearest to the locus of the least positive local maximum. Consider an open segment of the subinterval 
whose endpoints are the locus of the local maximum and the pole. Then, the function is continuous on 
the segment since it is a rational function and no pole exists there. Consider the periodicity curve starting 
from the local maximum and approaching the pole. Then, there are two possibilities on the behaviour 
of the functional value near the pole; going to +oo or to -oo. In the former case, the functional value 
first decreases (since starting from a local maximum) but must finally increase. Namely the curve must 
turn over. Since there are no zeros within the segment, the functional value at the turning point must 
be positive. In other words, the function must have a local positive minimum whose value is less than 
the local maximum. However, this contradicts with the fact that the local maximum is the least positive 
extremum as we proved in the main text. In the latter case, the functional value is positive at first but 
must be finally negative. However, this contradicts with the fact that the function has no zeros and is 
continuous on the segment. Anyway, the assumption that the function has poles lead to contradictions. 
Thus the item (Al) is proved. 

(A2) Since the item (Al) holds, the periodicity function is continuous in the subinterval. Also the function 
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TABLE VI 
Best Symmetric Methods: Implicit 

p H6 -wic Cj Note 
2 00 (1666.7, oo) LW: Method II 
4 6.000 41.7 Numerov 
6' (0,6) (5.29, oo) (-1, 1) LW: MethodV 

4.615 8.76 -1 recommended 
8 1.019 7.85 l ~l LW: Method VII · 

2.535 2.01 
2:1T recommended 

2.629 1.84 -3l935• largest H8 ess~. 
j 10 2.427 2.50 8'2 recommended 

12 1.374 0.452 1 • -1 • recommended 4 ;2 
1.506 0.477 363649 • -4791869 • largest H8 

2097\52 i '• ~,liOS 
14 1.150 0.502 l·l \l !s• 

recommended 
16 0.952 0.465 2 'i ' a recommended 

Same as Table V but for implicit methods. Remark that C is always negative. 

has no zeros within the subinterval. Thus the signature of functional value remains the same within the 
subinterval. Remark that the function is positive at at least one point in the subinterval because it has a 
positive local maximum there. Therefore the function remains positive everywhere within the subinterval. 
Thus the item (A2) is proved. 

(A3) Remark that the periodicity function is differentiable in the subinterval since it is a rational function 
and it has no pole there. Thus its derivative is continuous in the subinterval. Now, assume that the function 
has extrema other than the least positive local maximum. Choose the extremum whose locus is the nearest 
to that of the least positive local maximum. Consider a segment of the subinterval whose endpoints are the 
loci of the least positive local maximum and the nearest extremum. Then, the function has no extremum 
within the segment. Thus its derivative has no root within the segment. Since the derivative is continuous 
in the segment, its signature must be the same in the segment. Thus, the functional value continues 
to decrease on the segment if starting from the local maximum since it first decreases. Therefore, this 
extremum must be a local minimum. By means of the item (A2), the minimum is positive. Further it is 
less than the local maximum. However, this contradicts with the fact that the local maximum is the least 
positive extremum as we proved in the main text. Thus, the item (A3) is proved. 

Based on the lemma, we adopt the set of subintervals separated by the zeros of the periodicity function 
as the initial guesses of the intervals for search of the least positive local maximum. Remark that a 
subinterval separated by a pair of adjacent zeros of the periodicity functions is not assured to contain 
only one extremum in it, which is a necessary condition for most methods searching extrema not to fail. 
However, this is acceptable because the search does not fail to find the least positive local maximum 
when it is contained in the subinterval to be searched since the above lemma assures that the periodicity 
function is continuous and has no other extremum in this subinterval. Namely the search based on the 
above choice of subintervals may not find all local maxima but surely does a group of maxima including 
the least positive local maximum. 

A.2. FINDING POSITIVE LOCAL MAXIMA 

Next, consider how to find a local maximum of the periodicity function in the subinterval given. 
Before entering into the detail, however, let us introduce a variable transformation. From a compu

tational point of view, it is more suitable to deal with c = cos 0 in place of 0 itself. In that case, the 
periodicity function becomes a rational function of c as 

G(c) = g (cos-1 c) = -R(c)/ S(c), 

where Rand Sare polynomials defined as 
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Symmetric Multistep Methods 

m 

R(c) = p (exp (icos-1 c)) = L>iTi(c), 
i=O 

m 

S(c) = u (exp (icos-1 c)) = I::SiTi(c), (39) 
i=O 

and Ti is the j-th order Chebyshev polynomial of the first kind. The coefficients r and s are just rewritings 
of o and /3 as 

To= Om, Tj = 2om-j, So= Om, Sj = 2f3m-j, (j = 1, 2, • • •, m). (40) 

Remark that finding the least positive local maximum of g(0) in the interval [O, 7r] is equivalent with 
finding that of G(c) in the interval [-1, l]. We adopt the latter approach since G(c) is faster to evaluate 
numerically. 

Now, return to the method of search. Basically speaking, there are two types of approaches; (1) to 
find an extremum of G directly, and (2) to solve the equation G'(c) = 0. We adopt the simplest method 
in the first category; the golden section search. This is because the evaluation of functional value is so 
accelerated by the above transformation that the evaluation of derivatives becomes relatively expensive. 
Further, based on the above lemma, we first set the following conditions to interrupt the search; 
( 1) when a trial value of the function is negative, 
(2) when a local minimum is found, namely when a trial value of the function is less than both of those 

at the endpoints of the interval bracketting the locus of the trial value, and 
(3) when a trial value of the function is sufficiently large, say larger than 6, the maximul value of the 

implicit method of the order 6. This means that at least one pole of the function is contained in the 
subinterval. 

Experiments showed that the second criterion is fragile against the round-off error. Actually, the procedure 
was frequently trapped by fake local minima caused by the rounded f3 coeficients. Thus, we skipped this. 
Other two conditions greatly accelerate the search. The actual search including these interruption tests 
goes like this; 

1. Initialize the interval: 
(cL,CR) t- (cj,Cj+1), (GL,Gn) t- (0,0), (41) 

where Cj and Cj+i are a pair of adjacent roots of G. 
2. Prepare the middle value: 

CM t- wcL + (1 - w)cR, GM.- G (cM), (42) 
where w = ( v'5 - 1)/2 = 0.608 · · · is the ratio of golden section. 

3. Check the middle value. Namely: if GM < 0 or GM > 6, then terminate the search with the conver
gence flag set as NO. 

4. Evaluate a trial value: 
CT.- wcL + (1 - w)cM, Gr.- G (er), (43) 

5. Check the trial value. Namely, if Gr< 0 or Gr> 6, then terminate the search with the convergence 
flag set as NO. 

6. Reduce the interval. Namely, if Gr> GM, then 
(cL,cM,cR) t- (cL,cr,cM), (GL,GM,Gn) .- (GL,Gr,GM) (44) 

else 
(cL,cM,cn) t- (cn,cM,cr), (GL,GM,Gn) t- (GR,GM,GT) (45) 

7. Check the convergence. Namely, if IGM -(GL +GR)/21 < fG, or if lcL -cRI < fc, then terminate the 
search with the convergence flag set as YES and return GM as the value of the local maxima found. 
Here fG and fc are certain tolerance of convergence satisfying an approximate condition f.G ~ f.~, say 
10-12 and 10-6 or so. 

8. Go to Step 4. 

A.3. DETERMINING LEAST POSITIVE LOCAL MAXIMUM 

Finally, consider the process to determine the least positive local maximum. Order the roots of G as 

-1 ~ dm1 < ... < d2 < d1 < 1. (46) 
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Here we ignore the multiplicity of the roots. Unless the least root is exactly equal to -1, there is a 
possibility that G(-1) is a positive local maximum. This comes from the fact that the original form 
of the periodicity function g( 0) is symmetric with respect to the transformation 0 -+ 1r - 0. Thus, the 
procedure of determination becomes as; ( 1) for the subintervals ( dm,, dm, _ 1), · · · , ( d2, d1), find positive 
local maxima if they exist, (2) evaluate G(-1) and put it into the set of local maxima found if it is 
positive, and (3) take the minimum of the set of local maxima found. 
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NEW TIME-SYMMETRIC INTEGRATORS 
FOR PLANETARY DYNAMICS 

Eiichiro Kokubo and J unichiro Makino 

Department of Systems Science, Graduate School of Arts and Sciences, University of Tokyo 

Abstract 

We describe new time-symmetric integrators specialized for long-term integration of 
planetary orbits. Our new time-symmetric integrators have no secular errors in the semi
major axis and the eccentricity for the integration of two-body Kepler problems as usual 
time-symmetric and symplectic integrators. Usual time-symmetric or symplectic integra
tors," however, show a secular drift in the argument of pericenter. Our new family of 
integrators has one free parameter, which we can adjust to eliminate the leading error in 
the argument of pericenter without breaking the time-symmetry or changing the order of 
the integrator. 

1 Introduction 

Time-symmetric (e.g., Quinlan and Tremaine 1990, Calvo and Sanz-Serna 1994) and symplectic 
(e.g., Kinoshita, Yoshida, and Nakai 1991, Saha and Tremaine 1992) integrators have recently 
been used for the study of the long-term stability of planetary orbits. Both integrators have a 
desirable property that they have no secular errors in the semimajor axis a and the eccentricity 
e when Keplerian orbit is integrated with a constant timestep, while widely used high-order 
multi-step integrators, such as the Stormer-Cowell integrator, show secular errors. On the 
other hand, there are linear errors in the argument of pericenter w and the time of pericenter 
passage T for the time-symmetric and the symplectic integrators, while the high-order multi
step integrators show quadratic errors in the time of pericenter passage. 

In the field of the structure engineering, numerical integration methods for the dynamic 
vibration equation ( second-order linear differential equation) has been investigated in detail 
(e.g., Wood 1990). The Newmark method (Newmark 1959) is the most popular integrator for 
the dynamic vibration equation. It is a family of second-order one-step integrators that has 
two parameters, which includes the leapfrog (Verlet) scheme and the trapezoidal formula as 
special cases. It is known that by choosing appropriate parameters, we can remove the error in 
the phase of the vibration. , 

In the present paper, we apply this concept of the Newmark method to Kepler problems. 
Our purpose is to remove or reduce the errors of the angle orbital elements. We focus on the 
error of the argument of pericenter. 
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2 a Hermite Integrator 

We apply the concept of the Newmark method to the implicit Hermite scheme (Kokubo et al. 
1998), a fourth-order time-symmetric scheme (for the details of the Newmark method, see e.g., 
Wood 1990). 

The Hermite integrator is based on the Taylor series up to the order of the third time 
derivative of the acceleration a~3

), given by 

(1) 

(2) 

where z, v, a, and a are the position, the velocity, the acceleration, and the time derivative 
of the acceleration, respectively. The subscripts 0 and 1 indicate time and l:l.t is the timestep. 
The higher derivatives of the acceleration a~2

) and a~3
) are obtained by the 3rd-order Hermite 

interpolation constructed from a and a at time t0 and t1 as 

(2) 
ao -

-6(a0 - ai) - ~t(4a0 + 201) 
~t2 

12(ao - ai) + 6~t(ao + ai) 
~t3 

(3) 

(4) 

In Eq. (1), we introduced a new parameter a to control integration errors, which corresponds to 
the Newmark parameter of the Newmark method. The order of the accuracy of the scheme is 
determined by the O(~t5 ) term of the local truncation error of the velocity. We can, therefore, 
change the weight of the 0( ~t5 ) term of the position without changing the order of the accuracy. 

From Eqs. (1) through ( 4), the Hermite integrator can be rewritten in an implicit form as 

1 ( )~ a ( )~ 2 60: - 5 ( . . ) ~ 3 z 0 + 2 v1 + v0 t -
10 

a1 - ao t + 
120 

a1 + ao t , 

Vo+ ~(a1 + ao).6.t -
1
~(i11 - i.io).6.t2. 

(5) 

(6) 

It is clear in this formula that the Hermite integrator is time-symmetric, in other words, the 
physical values with subscripts 0 and 1 are used symmetrically and changing the value of a does 
not break the time-symmetry of the integrator. Note that the scheme with a= 1 corresponds 
to the Hermite scheme of Makino and Aarseth (1992) and a= 5/6 that of Hut et al. (1995). 

We determine a so that the leading term of the local truncation error of the argument of 
pericenter vanishes. The leading terms of the local truncation errors of the implicit Hermite 
scheme are given by 
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As the eccentricity has no secular error for time-symmetric integrators, it is sufficient to evaluate 
the error of one component of the eccentricity vector. Here we take the y-component of the 
eccentricity vector ey = e sin w which is given by 

(9) 

where r = ( x2 + y2 ) 112 . The leading term of the local truncation error of ey is given by 

aey aey aey aey A 

/::,,.ey = -a /::,,.x + -a /::,,.y + -a /::,,.v:z: + -a uVy, 
X y Va: Vy 

(10) 

The symmetry of the Kepler orbit requires that l::,,.w should cancel out in half an orbital period. 
Thus, we obtain the following linear equation for a: 

r'If l::,,.e dt = !::,,.t5 r'If [(a - 1) (aey a(3) + aey a<3)) - ~ (aey a(4) + aey a(4))] dt = 0, (11) 
lo Y 120 lo ax a: ay Y 6 ava; :z: avy Y 

where TK is the Kepler period. We see in Eq. {11) that a is independent of /::,,.t. Eq. {11) leads 
to 

r'!f (aey aC4) + aey a(4)) dt 
1 lo ava; :z: av y 

a=l+ !k. Y 

6 lo 2 ( aey (3) aey (3)) dt 
a a:z:+aay 

0 X y 

7 
{12) 

where we substituted the Kepler solutions. 
Figure 1 shows the error in the osculating orbital elements for the two-body Kepler problem 

solved by the implicit Hermite scheme with a = 5/6, 1, 7 /6 for 10 orbital periods {201r time 
units). The initial orbital elements are a = 1, e = 0.1, w = 1r, and T = 1r. The orbit is 
integrated with a constant timestep /::,,.t = 2-5_ No schemes have secular errors in a and e. The 
error in w is drastically reduced for t~e scheme with a = 7 /6. In this scale, the scheme with 
a = 7 / 6 shows no secular error in w and T, either. There is, however, a small linear error in w, 
which is due to higher order errors of w that do not cancel out in half an orbit with a = 7 /6 
because a is determined so that the leading error term of w vanishes. The dependence of l::,,.w 
per orbit on l::,,.t is shown in Fig. 2 for a = 5/6, 1, 7 /6. The initial conditions are the same 
as those for Fig. 1. It is clear that 1/::,,.wl for a = 7 /6 is O(!::,,.t6), while 1/::,,.wl for other a is 
0(!::,,.t4 ). This means that not only the O(!::,,.t5 ) term of the local truncation error but also the 
O(!::,,.t6 ) term vanishes for a= 7 /6 {the global error is one order lower than the local truncation 
error since the number of steps for a period is inversely proportional to !::,,.t). This behavior is 
quite natural .. As discussed by Cano and Sanz-Serna (1997), for any symmetric scheme, the 
coefficient of the local error is exactly zero for even orders. Thus, if the O(!::,,.t5) term vanishes, 
the next term is O(!::,,.t7). We also show the same plots for the 4th-order symplectic integrator 
(e.g., Kinoshita, Yoshida, and Nakai 1990) for comparison. The error 11::,,.wj for the symplectic 
integrator is 104- 5 times larger than that for the Hermite scheme with a= 7 /6. 

We presented the fourth-order scheme. It is, however, straightforward to apply our method 
to one-step higher-order time-symmetric integrators. 
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3 Application to Three-Body Problem 

The fact that our scheme with a= 7 /6 gives very high accuracy for pure Kepler problems does 
not necessarily guarantee that it gives good results for systems with more than one planet. In 
order to test our scheme, we integrate a planar Jupiter-Saturn like system for 300,000 years. 
The masses and the initial orbital elements of the two planets are M1 = 2 x 1030g, a1 = 5AU, 
e 1 = 0.05 w1 = 1r/2, T1 = 0 and M2 = 5 x 1029g, a2 = lOAU, e2 = 0.05, w2 = 31r/2, T2 = 0. 
The evolution of the eccentricity vector ( e cos w, e sin w) averaged over 500 years is plotted in 
Fig. 3. As the reference, the result obtained by the standard a = 1 scheme with the timestep 
~t = 0.125 (562 steps per TK for planet 1) is plotted. The results for the implicit Hermite 
scheme with a = 1 and 7 /6 and the 4th-order symplectic integrator with ~t = 1 are plotted. 
Though the timesteps are different by a factor of 8, the reference result and the result for 
a = 7 /6 are indistinguishable. Their difference in w after 300,000 years is about 0.00041. On 
the other hand, the difference in w between the reference result and the result for a = 1 is 
about 0.15. The drift in w is faster than that of the reference result by about 3%, which is 
due to the integration error. It is shown that the good property of the a = 7 /6 scheme is 
retained even when it is used for this kind of three-body problem. The result for the symplectic 
integrator shows a completely different pattern. In particular, the eccentricity vector rotates in 
the opposite direction of the results for the implicit Hermite scheme. 

4 Summary 

We developed new time-symmetric integrators specialized for planetary dynamics. The new 
time-symmetric integrators have no secular errors in the semimajor axis and the eccentricity. 
The new time-symmetric schemes have one free parameter, a, which we can adjust to reduce 
the error of the argument of pericenter drastically without breaking the time-symmetry and 
changing the order of accuracy. The free parameter a is the coefficient of the highest order 
term of the position that is one order higher than that of the velocity. The error order of w 

becomes two-order higher for a unique value of a. These values of a are independent of orbital 
elements or the size of timestep. 

It is possible to adjust a to reduce the error in the time of pericenter passage. However, in 
this case, the optimal values depend on the eccentricity. It is also possible to choose a so that 
the secular error in w becomes exactly zero for a given timestep and eccentricity. This value is 
slightly different from the value for which the leading term of the error vanishes and depends 
on the eccentricity and the size of the timestep. 
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Figure Captions 

Fig. 1 The errors of orbital elements a, e, w, and T from top to bottom for the the implicit 
Hermite scheme with a = 5 / 6 ( dashed curve), a = 1 ( dotted curve), and a = 7 / 6 ( solid 
curve) against time for 10 orbital periods. The Kepler period is 21r. 

Fig. 2 The error in the argument of pericenter ~w per orbit is plotted against the timestep for 
a= 5/6 (triangles), a= 1 (squares), and a= 7 /6 (circles). The result for the 4th-order 
symplectic integrator is also plotted (crosses). 

Fig. 3 Time evolution of the eccentricity vector of planet 1 for 300,000 years. The eccentricity 
vector is averaged over 500 years. A three-body system is integrated by the a= 1 (dashed 
curve) and the a= 7/6 (solid curve) schemes with the timestep ~t = 1. As the reference, 
the result obtained by the a = 1 scheme with ~t = 0.125 (solid curve) is shown. The 
result for the 4th-order symplectic integrator with ~t = 1 is also plotted ( dotted curve). 
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Abstract 

Mixed Variable Symplectic Integrator (MVSI) is one of useful integrator 
for study of dynamics in the solar system. We adapted the integrator for the 
dynamics in the outer solar system. In this paper1 we report two tests with 
the new integrator. 

1 EKBOs 
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2 MVSI & MVSl_t 

:\'Iixed Variable Sympk'ttit Integrator (:\fVSI) t±, ~~.:i.(~*l*JO):RfiO)~Mrai 
O)~fn~Jl?t~.:~ Lt.:7 Jv:t 1J 7..A "'t:2i;o (Ito et al. 1996)0 :\'IVSI t±, 21irs:1~m(J)rai 
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Duncan et al. (1995) --e,i, Regularized 1,1VSI (R:\1VSI) c v' '?&El.Lt.: MVSI ~ 
Jfiv'tatj$: ~{-r~ "Cv' Q o :. (J) R:\'IVSI tt, 7(,f*_::' c ,:~~ Q ~ljch-$i~ffi5E"'e ~, 
i t.:7R1tc ~£i1~~irr Lt.:tlr8--,: i±, @Himt,¢.C ~~;t .Q:. c "'e, close approach ~ 

~ lfilili L tv'Qo Li1' L-1.ft\ ~~~: J: Qmj)Jt1~,ftf!O)ffJtt!~ c"' cJ:t~t, *~ 
< ~n t v' Q c v' '? ffi11iii1~ ~ Q ( Tancredi- 1996) o 

-t:.--e, ~t:,t1,t:cYJri-~~ (*~ · ±£ · 7(3:£ · ~±.-~) O)f~il~:"?v't,±at 
• • 7 71 Jv1t~ L ti.:3~, ,J,7(1* (Jlii = O) (J)mJJJ'~ttt:~T.QlH:, 7 71 Jvi1' 
t:,UfrflliT c v' '? :\1VSI ~Jffl§!- Lt.: (11VSLt cnf~)o ~0)1.ft!i±, ~£J: ~ t1} 
~mJMi1~*"'7(ft~: "?v't i±, ~1wifftJ3'-0)~IJ~$1~* ~ < l&tt,Q:. c ~mJfiT Q o 
Jl.ft(l9,:i±, ~£0)at-~ii~ ~,J, ~ v'~IJch-$i"'e{-rv\ ,J,7(,f*~at•-t Q c ~ 0) J: 
~ ~v'~IJ~$i~:..g-.b-ttt, ~£0)f~fl~ 7 71 Jvtlit.J L, ,J,7(f*O)at•O)~,: 7 7 

1 Jvi1,t:,~£0)f~11~ t ~t < Q, cv'"? tO)"'e~Qo "?i ~' ~£cmJMi1tfiiJtt 
,lf0)7({*--ei±~*i1~~v'0 :_0)7 Jv:t 1J XA--ei±, J\ ~ Jv r.::. 7 ::.,,- F O)q:q:~~:~ 
~lj t i1~A ~ t <. Q o t ~:3¾~§t~ilj)J:I:~ T c T Q c, 2 '1J(O) MVSLt O)vfttL~H±, 
7'0) (1) - (5) (J) J: '? ~:~Qi1\ ~~~O)::i- r i± MVSI c~,±ti c Iv c"'~v'o 

it.: :\1VS_t --e,±, 7 71Jv-"-0)77 ~ A@]~~jJioci::> L~ttf~j@j:im{t-t ~ t.:~~:, 
~£0)f~11-r- ~ ~-{-r~::m~ step 73'-ti>Wi-t ~~~ (Spooling c Uf~) ~'Vm x.. "Cv' 
Q o Li1' L'1J<O)frH:'J'T7 A r tt•--e,±, -1-r,: 1 step 73'-~MT .Q-=t- r ~:Lt 
v'Qo 

F(q,p, t) - K(p) + U(q, t) 

-+. H - F(q,p,t) +T 

- K(p) + T + U(q, t) 

- K>C(p, T) + U(q, t) 

r/i 
1 8K>C 1 8K 

- Qo + 2T op (po, To)= Qo + 2T 8p (Po) (1) 

f1 -
1 8/C 1 

fo + 2r 8T (Po,To) =to+ 2r (2) 

au 
P1 - Po - T {)p (q~,ti) ~ ~~U t1 ~:J3~t Q~£(l)f~1i~UfV'lli-t (3) 

(T1 - au ) To - T op ( c/i' ti) ; it1f:'t ~~,~~ L 

Q1 -
1 f)J{ 

r/i + 27 op (pi) (4) 

1 
f2 - f1 + -r (=to+ r) (5) 

2 
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3 Application 

S('ttiou 2 1: ~t.: J: ~ ~.:, ~\IVSLt O)flJ.~ ~ ~o t.:~ ~.: Lt, ~£ J: ~ ~ ~v\OOM 
~f#--::>~1t~tt•-t O~'~i,)~ o if, :. :. 1:,±r-" r c L -C, J:J""f O)~P*i~v\ 2 --::> 
O)rA~~ ~t& ~ o "'Tn ~ ~£ t fAif.¥JtO)JaJ1tj ~ ~--::>~1i--c-2f) o t-=~, 11vs1-t O)iE 
L v 'fffiffi, ± {~ C:> tL -c" ' ~" 'o 

Holman & ,visdom (1993) C:>t±, *£ · ±~ · ~.3:~ · ift££0)-ftL-f'tL0)77· 
7 / :J .:z. ~ 1 / r O)}aj ~ ~.:, ~ < O)j--" r ~1* (•:a:= 0) ~ J3 ~, :\IVSI ~.: J: ~ -f 
tLC:> O)~~,~o1tjrr:ij ~eta L -Cv\~o r-" r xfi0)*1J'-JH(g,±, 

"· i, n) - ~£ c fAJ L:1rnI 
w - 0 - 360 It, 5 ft J3 ~ 
O - ~£0)fJLii~-*-f.?£ X (l, (0.96::; O ::; 1.04: 0.01 J3 ~) 

c Lt.:o 
±£0)77·7 /:l.:z.~ 1 / r O)}aJ ~ ~.:J:3v,t.:r-" r x1iO)i:p--c-, lli*O)at•Mrai 

1:~o 2000 JJ$rai~~,~0t.:~f*O)*JJ1tj1rn{~:--::>v'-C, ffit$1J~:±£iPC:>~'t0t.:r 7' r 
xfiO)ili:,~O)~/t, ~'81 ~:J:~O) o ~coo To c, ~ ~ ~0 t.:~f*O)*JJWHl,±, 
i:pO)~~tt.:fqO)Ji~ L -Cv'oo 'f&0)9}~~J:--::>v'-c,±, :.O)J: ~ ~:. c,±~v\o 

-f :.1:, ~~£0) 7 7· 7 / :/ .1 ~ 1 / r 1tili~:, J3 J:-f rno 1i0)-r-" r ;Rf* ( Jl 
:I:= 0) ~ J3 ~, :\IVSLt ~: J: ~ etif~fT0f.:o ~ljJj.~i,±, *£ --iit.3:£0)~£0)f1f 
ii~etif-toc~, r-"r~f*O)ita~i'~c~O)v'TrL~ 300 BcLt.:o ~£0) 
-r- ~ 7 7 1 Jld±, J:3 J: -f 1GI3 1:~ ~ o it.:, T 7' r ~1*0)'11,t:.,$ r i,~ 1 J,~J:J: 
~o iJ\ i t.:t±~~£0)f'Fffll!Il*J~:A0 t.:r-" r x:1i,±, etiliJ'lC:>~v\-Cv\ < o ~ 
1 ~= 2000 n~rdj~~~u·t.:r-" r ~1i~:--::>v,-c, ffi1'111~:±£iJ'lC:>O)~/t, *'11f.w~= 
n O)-fn~·n*JJ1j1rnI~ • --c-~i' ( ~J:PO) I ~n,±, :@:*JJM1l~rai~~T)o ~ 1 J: ~, 
Holmau & ":-isdos ( 1993) c fAI1i~*a*iJ~{t ~ nt.:o ~-tt1'±£0)Jj.~ ~ ,~0 t.:r-" 
r x1*0)*JJM1miiJ~:. 0) J: ~ ~tii: ~ o iJ\ c v \ ~ if L v '~~,± Holmau k "·is<lom 
(1993) --c-~1ThtL -CJ3~T, ~fiO)~~c Lt.:v'o 

3.2 ;R.±£ t ji,j,±:£0)ra90)1j,~1* 
Holmau (1997) ,±, ft+1mJO)r 7' r xfi (.:I:= 0) ~~.3:£cift.3:£0)rai~:J3 

~, 43 it$rai0)~11tiat•~fr0 t.:o -fO)*-s*, 0.05 % O)j- 7' r ;Rfit± 45 it~~~ 
~u·t.:o .:. 0).:. c i,'l ~, ~.±£ c iij.3:£0)ra, i: ,±, $.:~~ffinx:1,J~~ ~, ~.:. ~:,J,~ 
£m c [ll] L: J: ~ ~,J,X:1*0) '~ffi' iJ~tE L -Cv'o --c-~ ~ ~ c ~Pi L -Cv'~ o 

-t-:. --c-, :\IVSLt i.: J: ~, J:3 J:-f 1000 1mJ0)7-" r x:1i ( f!i.m. = 0) ~ j,~ rO) J: ~ 
~WM~ftt---c-;RJ:£ c il3:£0)ra, t:J:3 ~, *-~ 2.4 1l1f=.raietjt:~fT0 t.:: 

o = 24 - 27AU, 0.0:SAU J:3 ~ 
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r - 0.00 01' 0.01 

I - 0.00 or 1.00 It 
vJ - n = o,t 
l - 0 - 324 lt, 36 }3(i:, ~ 

~IJJj.~fiHi, *£ --rl:J:£0)~£0)1:v:tl~t•~= ,i 300 s, ,J .. xJ~O)~t~-z--ti 1500 

8 c: Lt.:o ~~0)7'-~771 Jldi, J3J:-f 2.4 GD ~3tJ~o ~ 2 ti, ffiJliIIHiWM 
{if!O)fJr.ili*-*-1£, ~'1h~=~~~-:,t.:MrJJ~~L tv'~o ~ 2 ir~C:>, i:>J:-f 7.6 % 0) 

~fin~ 2.4 it~~~ ~V't.:o ,;:-·- ~ 7 7 1 JvO)~-O)IMJ,f,.fdr~ C:>, ::. tLJ,~J:.O)~t-,i 
ff-:,--Cv'~v'i1\ Holmau ( 1997) c J.iJ t: J: "? ~:, ~.3:.£ c ~.3:.IH.:~~~~nxi1~1¥ 
if L --Cv'~::. c ~~~-t Q*a* c ~-:, t.:o 

~vIVSLt O)f-7' r atti ~fr-:, t.:o :VIVSLt ,i, ~£ O)f:V:fi ~ 3tJ C:> 1)\ t:~at• L 7 7 
1 Jv1t L --Ci:><::. c --r:, ~£J: ~ t~~]aJW}O)~v'~1*0)at•~:fti]v,--cv'~o 4'@ 
ff-:, t.:-r 7' rat.ti, v'"°ftl t ~£ C: IAJfiJtO)ig}IJ{H:a; Q1J,<~f*O)af-~3; Qt.:~, 
:\fVSLt O)~fiHj~ .iE L < iifr-:, --Cv'~v'o --J=j, 7 -r 1 Jv{t~.: J: ~r- ~ O)~:m~.:--::> 
v't t, 1i~n~£,~~a; ~ o ~@O)j'-" r at-~ii, ~ dn O)r·- ~ 7 -r 1111--c,a; 
~ n\ ~MrJJO)at~~fr '? t.:~ ~= ii, J: ~ ~ < O)r- ~ ~:1:t1~£,~ t ~ ~ o :\rvs1-t 
~: --?v'--C ii, r- ~ ~:I:, at•MrJJ, atj$::i!Jt (Spooling) ~ c"O)ffiin\ C:>, ~M~ L 
""(\,,) < £,~7)~3; ~ --r:a; 7::> "J 0 
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Change of the orbital element by difference of 

the coordinates system. 
r:p:Jt:~ • *r'iif Clilft;Rx-a) 

H. Nakai and H. Kinoshita 
National Astronomical Observatory 

Abstract 

We think the motion with the constant eccentricity at the barycentric coordinate 
system. But when the motion is expre.ssed in the heliocentric coordinate system, the 

eccentricity is increased in proportion to the barycentric distance, and the period of 

eccentricity change is the same as the period of revolution of the heliocentric coordinate 
referred to the barycentric coordinate system. Besides, in the solar system, Jupiter's 
longitude of the ascending node circulate.a referred to the invariable plane, but it vi
brates referred to the equator or ecliptic plane. In this paper, we give some example.a 
that the same movement looks like another movement at the different coordinates sys
tems. 

1 ja~,~ 
;;,o ~ffi*-r:~o t *'t!/tlB!tbtJ~, iJ1J0)1*fJ*O)M~~~i±?JF1tt,~Htiil!lhl~ 

~;to~ ttJ~tbOo IRJ 'CJ:? l~, ffi.~~~X.O t, 4-*~~t,~...-:,i)~TJ!i)~--::,f::iJIJO)~~ 
i>~Jlx.o ~ t t,~tboo ~O)ffiftWtllr....-:,1,,-cffi~Too 

2.1 JIMU~",$0) JtiHtO)j)(~~{~ 
~~*m,t,,r.M L -C!ix~Hlh~~JlbUlb L -Cl.,' o 7e{*O)JB!I/J~ a ,t,,m!fj~~m 

Lfd~~O).,i:,,$,r.i±7J<~~{~t,~~Oo lMffl* x,y ()!,t,,,mtJ) O)Jjj{~O)[ID ~ ~-7~ 
7-~IJJT07ef*,~..-:,1.,,-c~x.00 Di{~i>~t>7ef**~O)Q, Jcf*O)fftfi\ imJ.ti± 

r 
a112 

-
l+ecosf' 

X - rcosf, 

y - rsin/, 

x an sin/ 
- ,,, 

iJ 
an(cosf + e) 

- ,,, 
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'"e~.'5o {[ L, a J'ifAilt*~' e f'imt,t,$, / fj:Jlifi:gmt1lJ, 'f/ J'j:p:jO)~l, tffp:J 
O)~ v'l - e2 , Jix4t!JMjlO)ffl~v'2, ~dhMjlO)ffl~v'e2 - 1-e~.'50 tk,~J»{,~U~~ L-C, 
ffl ao, 5¥~D no ~p:jil!iJJL-Cv'.'5jjlJO)J!lHI* X,Y {r:J,t,J!lHJ) iPe,~O)Jc1*0) 
il!IJJ~~.:t.'5o (fffi$0)f:.~,~ xy c!:: XY f'irm-5¥00 c!::Too) XY ~ffl-c:~m Lt;:-7 
::f :i-il!IIJ L -C v '.'5 Jc 1*0)fU:fft, imJ.t Jj: 

X ( I ao cos not) - r cos ---
r ' 

( . / ao sin no t) rsm ----, 
r 

y = 

X. { an . 1 . } - aono ---sm +smnot ' 
aono'f/ 
an 

Y - aono{--(cosf + e) - cos not} 
aono11 

c!:: ft..'5o XY ~ffl-e~m Lt::.mt,t,$e*J'ie c!:: J-;tJ4ft. ~ 

e*2 = 1 + G2 /µ(R2 /µ - 2/ R) 

c!::ft.oo {a L, G = XY-YX,µ = n~ag,R2 = X2 + Y 2 ,R2 = x2 + Y2 ~~.'50 4-, 
r ~ 1 c!::T.'5 c!:: 

2 r 2 2an 8 e* ~ 1 + (-) {I - --[cos(n0t - /) + ecos n0 t]}cos (not - /) 
ao aono11 

c!:: ft, 0 0 XY ~ffl*-e~m L, f;:JflU:,,$ e* Jj: r I ao ,~Jtf§ij L, td.i$Ji~' ~ti XY t,~~ffl 
xy O)))j{~O)@J '? ~lfil~T .'5JaJWJ-C-~llr-t .'5o ~ 1 gMjlJ'i-ttL~tLp:J ( a = 1, e = 0), 
fflfIJ(a = 1,e = 0.5), Jix~Mii(q = 1,e = 1), ~dhMjl(a = 1,e = 2)~1b~, fIJil!ib 
(ao = 0.1, no= a-3!2) TolMfJ*-e~m Lt;:~,t,$-c:~oo ~MjlJ'ir/ao ~;it;oo !ix~ 
Mil, ~dh.-eJ'i~rp, c!::~,~ r/ao t,~?F'iir'~*~ < ft,.'50)-C-, Jii,~,t0).,t,$'b~rp, c!::~ 
l~!ft::k-t .'5o ~O)iH~~tJ*t,~~btiJ:1\ fRJ Cil!tbtJ~Jii!Ht J:~ < =-ft.--:, t::.Uft.~ 
tb,~Ji.:to ~ c!:: t,~~Qo 

2.2 I*~*'~ J: Q~~AiMO)i:JJ~ 
1f.~~Mc!::fJLilifm1ll~~m-t.'5m~, ~$iii~)!,~~t,~,~J: "~~~~~c!:: 

Q{lj{f4jlJO)t/J~ t,~~ft,--:,-C Ji*..'5 ~ c!:: t,~~Qo ~ 2 J'j: 1 0 JJ~rp,O);fcJftO)~~~~ 
}.tO)~,ft~/J'Lt::. 'bO)·t\ J:t,~e,-tn~ti, ~~iii (~ 2 a), $it!iii (~ 2 b), ~ill 
iii (!M 2 c) :a:~$ffii c!:: Lt::. t O) '"e ~ .'5 a ~~iii :a:~$ffii c!:: T .'5 c!:: :11-~~~J'i~ff L, 
fJLit{~f4jlJ (iJI) J'j: 0.25° rv 0.5° c!::~ftTQo $itffii, jtJ!!ffij~~$ffij ~TQ c!::, ~ 
~~MJ'i-ttL~tL3° rv 5°, 86° rv 114° O)rpi:a:tilb L-, fJLiH11J{,iJ1.1lJJ-;t 22.8° rv 23.6°, 
1.2° rv 2.0° c!:: ~-ftT .'5o ~ 3 l~:lov '-C .. $@:O)ffi:a: P, ~if!ffijO)ffi~ K, ~~ffijO)ffi 
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~I, *~(l)Qofi(l)fti~ J tTQo Qffij(J)ffi J J-j)f~~ofi(l)fti I (l)(m '? ~lmikaTQ 
t,t, $ja(l)ffiP~ja(l)~Klr.~L, -CJ'i (~!lJp), (~nJK) 0)$Qlffl-C-8Too ~(l)J: 
; tif§iH'i-ffl:~~(l) J2 ~ *l{l;~th(J)~fl~,at Qij~(J)imltlJ~i'al!B:T Qffl~l~ t1:. t:., 
~~ffii(l)~t,15-c-, Jf-~~U~fJLiAM~J±jc~ < ~botiiJitVJoo 

2.3 :LiB3*tJ~ ~ Ji, -c~£:o~PI 13 ~ WiJ CJIIJHr.Mt:~ 13 ~'t~ Q tJ~? 
7'7J ,{? 7.f''Y=f-.:Y- ( 1 9 9 8 lp 2 jj %) l;:::tilMJ~(l)UJ~~i,~:Lif!~i,~ t:>Jt-C~~i,~ 

1 illrdJ(l)Pffl a < a , JJ , !k, JJ<, *' ~, ±) ~ tRJ c1111nr.Mt~ a ~ .~.Jt~tt=. t v, ; we• 
7J~tVJ-? f;:o tJ!~~i&3*lr. l,f;:H~\ jc~(J)(fil '? ~@] o~~O)~IJJi,i ~+? jtx_Q i,~O){§ij ~ 

l, -C~ x. -C 7j.f;:o ~ 4 J± 2 0 0 0 lpt,~ t> 1 0 l¥rp,(J)jj ~ ~~(l)fflt~-etVJQo DE 4 0 
s ~ffiv' 1 6 o o 4:-iJ~t> 2 2 o o ~(J) 6 o o ~rrfl-c-jc~,r.~o~J¥.(l)M~(l)*~ ~ 
i,~Pffl f3 (l)fffiffi: ~ IJiJ C lr.ti O ~~jf-l'J L, f;:0 ±, ~, *' 7J<, !X., J:J , f:1 ~ Mt~ f:1 Jj: 1 

5 lfil-C--t(l)P'.J±J¥.0)~~7J~ 1 8 0 llfArlr.tio (J)J'j: 3 ftl-C-tVJ-? t=.o * t;:, f:1, J:J, !k, 
7.t<, *' ~, ±~Mt~ai±1 alfil-C--t(J)fk1±J¥.(J)fflt~t,~1 s 01t.1;xr,r.tioO)J±2f§iJ 
-C-tVJ-?t;:o UJ~~(l)jt{t~tt;:f3J±2 0 9 8~6J=j 2 9 a-c\ *~7J~b±~*-C-(l)~-C 
(l)~~t,~ 7 8 .ltlr.A-? -Cjo '?, ~ (J)~m,:,~~ 1 f:1 -*"~ < ~ftf:(I) & v' f:1-etVJ-? t=.o 

Sat. Fri. Thurs. Wed. Tues. Mon. Sun. 
year month date hour Saturn Venus Jupiter Mercury Mars Moon Sun 
1957 8 25 12 95.8 34.5 31.5 23.1 9.0 0.3 0 

2053 10 11 22 139.6 46.6 21.5 21.1 1.6 0.4 0 

2098 6 29 12 77.3 43.8 43.1 23.5 21.7 5.8 0 

Sun. Mon. Tues. Wed. Thurs. Fri. Sat. 
year month date hour Sun Moon Mars Mercury Jupiter Venus Saturn 
1667 5 22 22 0 0.5 0.9 10.4 37.9 43.5 119.9 
2105 4 4 0 0 10.3 19.8 25.5 30.0 43.0 118.7 

Table 1. The elongations for the planets form in sequence of a day of the week. 

3 *~~ 
--0(/)m~~:jtm-ro~, ~ffi,'A(J)~v111;::J: ", fli_,r.:jtmt:1:Bl~oti ~, ;i 

#Ht J:.~1itlr.~ltfUr.ti '?, rs:1,ffi(J)*i:t,~f4¥ t> ti< ti o ffl~t,~ tVJ oo :Jt x. -Cv 'o rs:1,Jal;:: 
~ 1., -c, m~~tm~,r.~m-c-~, rs:1,Jl!~tm-1;::m.1YJt:1Hl~Q~mr:liJ±fiiJi,~~+1t~~ 1., 

-C~JflT~~-C-tV>oo '£t=., J!tRtit=.m~-c-tm~~~x.tiJ';)\ iJIJO)m~~ L-Coiis 
" 'filt'=t,tffit lv-C-v 'Q iif nl5ffl: t ~ Q o 

4 ~~)tifi;t 
UJ~'mi-: 7'7J,{ 177.Jo/7.:Y--,1998~2J:J %,46 
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Figure 1. Eccentricities of conic section referred to the coordinates system which 
rotates uniformly. Solid lines are r / a0• 
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Jupiter's longitude of the ascending node 
5 Figure 2a. Invariable plane is the reference plane. 
1i 

CD 300 :a 
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C 

Figure 2b. Fiquator is the reference plane. tlme(year) 
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Figure 2c. Ecliptic plane is the ref ere nee plane. time(year) 
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Figure 2. Jupiter's longitude of the ascending node. 
The reference planes in figure 2a, 2b and 2c are invariable plane, equator and ecliptic 
plane, respectively. 

Figure 3. The inclinations, the longitudes of ascending node and the poles of the 
equator, ecliptic, invariable and orbital planes. 
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Figure 4. The elongations for the Moon and planets for ten years. 
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X:Jt~~i}~ ~ O)JfrA, 192 
192 questions from astronomers 

~Jlliit~ · Wili~± 
Kiyotaka Tanikawa and Takashi Ito 

astroQA©exodus.mtk.nao.ac.jp 

192 questions of astronomers which they want to know the answers are listed. They are the 
replies to our questionnaire to the astronomers in Japan, 4'What do you want to know, and 
how are you doing to know that?". The list of questions are used on the open-house day of 
National Astronomical Observatory, Mitaka, 1997. It is still upgraded on our website. 

:. (7)J{ra,.,±.lf.6Jt1L$Jl(7)1@.ll.3cJta~.J.a-{6:~lffl 8 ~00 f •ra, :i -f- - J (J)~ffi:-\t(J)f.:&? ~: 
f'F~ ~ ttt.: t (7)1."T o -JJ~"? -r ,±-tt~lffl 8 (J)~~~OOt!. ~ t.:f(ra, :i -f- - t ~ (J)tt$,±~ / :.r, 1J 
~ticVJ, itrrW c v\ "? ~~~:1&1-"fi < :r-iv\J: "? (7)7j:v\~n.J: '? 1-" Lt.:o -t ~ --C.--~ii:i±3el{~~~ L, 
~(J)f!{ra,~~-:>(J)'t:,±~ <, ~Jt~:i-13 $J,i)tA,t ~ct •ra, Lt.:v\:. c-m "J t::.v>-:. c ,±,fiiJ~(J) 
-JJ~,:"?v\--C7 / ,;-- r ~fi\.,\,, IID~~ i c &?t.:ffl)--=f~f'I=~ "tffi:!$ Li Lt.:o -t(J)*a*, JtrR, :J-

-r-,±ili:$ i tU:J!-o~iir~'i c~(J)~7£ ~ ~ L, *.6Jt~~ijJt&? -o:. c i)t"t: ~ i Lt.:o :.ni:1ct~ 
.Bl< Lt.:fLiii±]@J:~ < (J)~Jt~;f(J)~ ,l ~ffl-i"-o t.:&?, B*3cJt~~(J)~~;e- 1J /~ 1J 7' 

r tennet (J)_rJ: t fJiltl~ 7 / -;-- r ~mt Li Lt.:o -f(J)*a*IID~ ~ ht.:JJ{§~,;J: 192 IH:ii L 
i Lt.:o *(7)~--v-t1~;,±, ffk,±OOOi:"?v'"tffi "J t.:v\o t!.t1~t.,DDDDD~~~-o,,-0J c 
"'-:> ~~'t: 192 ffl(J)~ra, c i-n,:M-t -olll "J tiLJj.i)t]k/v °t:v' i-t o ~ < (J)~Jt~:i-(7)~(7)~ .l ~ 
~'°"' < f~.l-o t.:&? i:, IID~~ht.:J!tJt~,i c Iv c~~~iE"t:ffl. L --Cv\ ii" o ri-OOm,:,±n~ ~ 
1t1JD Li L t.:o 

IID~~ils~ -Cv't.:t!.v,t.:i:rt!Jti:,±:. (J)rl;~it "J -Ci~< ~Mfv,t.: Li-to tennet (7) JC- Jv c L -r 
,±J;L ""f (J)~;jffi ~~Po« L -r < t!.~ '-''o }\i~(J)IID~-,± http://exodus.mtk.nao.ac.jp/ ,:~v'-C~P.«"t: 
~ i-t o it.:, :. (J)lfil~-,±ili:B i:J:q:3c)tJHfH: tffl¥:~h-o-=f~-c---t o 

Message-Id: <199711140347.MAA32332©exodus.mtk.nao.ac.jp> ([tennet 543]) 
Message-Id: <199711180919.SAA26944©exodus.mtk.nao.ac.jp> ([tennet 550]) 
Message-Id: <199801260201.LAA17887©exodus.mtk.nao.ac.jp> ([tennet 611]) 

~13, ~~c16~1:~~(J)IID~, ~J¥Elmt:~ L < lii"-o c ~JJ~!f!Jtilf Lt.:IID~i:"?v'-Cttttl• 
~ J:g.v-tt-rv' ii" o -=f&?f!IJTi!K < t!. ~ v'o 
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::RX~~ 0 t 1PJ ~ X. t 7,;, (1)? I 
xx~~t,~ ~ Q)~rA~ 192 

1. bf:. Ut (i:~b\ -j ~ifrt.dil-e) r:t:~7 v7 J b\ -j~~l'.t-J]j:lilt1n.i:j,Jv~-ffR 

jjkiJ~.::. 7-> ;e :t1 .::.;( A a-J.lfW Lf.:lt\o 

f!.iJ ... ; it\ i:!Wi7 v7(7)~*~.::. 7->-/'9 ;(~(7)~1t:imtt (.::. ~ ;(7)77-/J<IJUil!J L~-t 
" \) a-UL J: -j c, 7 v 7 (7)ifit1*3ttf:a-fi1tl, Url!U c .It~ L]j:-/J< ;~1t:ail!C7) ~,,.r 
1J ;ra-~~L "'C"v\7->o 

2. bf:. Lli£~.1£(7) JC 11.::.XA ~i:!!!M Lf.:v\o 

t.!.t.,-.;$~RUllil!U~tla-Jffl~ L -cH.n!UlY-Jluf~~ L "'C"v\7->o 

3. fkli, -~ffl:t.J-5(7)~-W: (it:t.J v;; X) a-iOC:fHJlilUJ Lf.:v\o 

t.!.iJ ... ; "\ i (ifflj@jffll!fffJ~ffR~a-~JJ.-e ~ 7->) 7t?/Mi--=f~3t~ lffl~ L -Cv \ 7.> o 

4. fkliffi£~~£*(7)~~~tta-PJJ ;'/J ... ,.: Lf.:v\. 

7c(7) f.:.~ ,:-&9c~C7)fflliU~tt-effi" L v\ililU a- Lf.:v \. 
7c(7) f.:.~ ,:-ttr 7-> iiJiffi(7)$~11~ a- A < -t 7-> f.:.~(7) 
ttffi lffl ~~£JI~~ a- L "'C"" \ 7-> . 
(ffl:IHi ~ t L "'C"v\7->, -e-tiJ{.) 

;,. fkli*ii(7)Jlla-~"'t.:1t \ (~£-?~fr;C7) t c ,: ]j: 7-> (7)1:) 

t.!.-/J ... ;. "tlf 7., ffliiffil:ffl t 7-> :it!!1*(7)1Jla-'111 tf:$a-"t 7-> 

6. bf:. Ltt*iiQ)~a-~"'f.:v\ ( ~-=f~-/Jt£(7)~ i tt.:!>Jlij}]j:(7)-e) 

f.!. 7J";. 1di'liiftQ)f!iJt~ &; ]j:" \ J: -j I:k ~ L "'C"" \ 7-> 

i. bt:. Lliff£(7)~iffi~i:!l!M Lt.:v\o 

7c(7)f:.~,.:, ~£~~im-t 7-> ~1*(7)1JUIU~Jf~a-fi--:, "'C"v\7-> o 

8. fklj: r *JtiQ)j}fj~-/Jfll: i 7., 7) ... c· -j 7)" J a-ffl f') f.:v \0 

t.:-/J ... ;, rvLm ili1U-eilt:tt5i!tt(7)3tiil11J Hr--:>"'(\,,\ i -to 

9. bf.:. Lli£ffi.6la-~ Lf.:v\o 

t.!.iJ ... i; £~.6l(7)~f-l-c ;>j: 7.>~-1-~iJ~"" \1.1 ... ,:11:; ti.7-> 7J"~!IWJ.1~n1J ~ft--::, -cUeq,:m, 
PJJ LJ: -j c L "'(lt\7.>o 

10. bt:. Lli4-i-r-J: <Ji.:!>.::. c n<-e ~ ~-/J"--::, t.:*mQ)JJl~HU.:v\. 

t.:-/J" C:> 1(;$~-=fi!}ig-f a-f'J:--::, "'(\, \ 7.,. 

11. I want to uncforstancl tbr st<'llar populations in harrrd galaxirs. 
( bt.:. Lli~~ffliiiJP-JOJ£OJf.i.~~M Lf.:vl.} 

So. for tlH' prrscn1t, I am studying their ehr.mical romposition and trying to iutrrprrt 
tllC'ir <"IH'mical <'volutiou. 
( f.!.iJ,.;" \ i OJ c.:. 7:>f*~ffliiif OJ1t~U ~~"'· 1t~i1!1ta-JIDW L J: -j c L -Cv \ 7.,.) 

12. I want to undl'rstancl if t }I(' hasi<· id<•a of homog<'tl<'ity and isotropy of Dig Dang tlH·or~· 
<·au br jnstifi<'d h~· light rl<'lll<'llt ahmulan<·<'S ohs<'rwcl at high n•clshifts and in halo 
population II stars. 
(~"/If ,~;;J.1~(7)-f,itttc ~1ittc "\ 1£*eq~:ttliJfiWi~1il:f~=R1*-?ffl1nr,, a -
(7)fj~ II £ "t'ilillU ~ tL7.>ftjc~C7)={t:ttil:iJ\;IE~1t ~ tt.:!> -/J\c· -j iJ\ffffR Lf.:1tl.} 

So, now I am im•f'stigating th<' spc't·tral liur formation proc·rssC'S in turhulrut mc•dia 
to <'Stimatc• quantitatiwly th<· spn•ad of th<' ahundanc·<'S c·ansc•cl by c·orr<'lation rffN·ts 

in random vrlodty fif'lcls. 
(f.!.iJ,.;1,,\£, hf.:Lli&mt!U'l't1(7)A~7 ~ Jv-~.61~~"'· 7 ;;,Y A;>j:;itJtij}p;J(7) 
ffHMJ~-w:,:~~-t 7->ft=tt:lii:Q)JtiJt fJ ~5Em:l¥-J,.:J!fflt--:> "'C"v\7->.) 

13. Watakusi wa hosi fn to AGNs jrts wo riyu ga wakaritai. 
(bf.: Lli£.11.c AGN :.J :r..·1 ~ (7)Jij@a-fffWLf.;v\.) 



Ima. watasi wa rirou to sugaku MHD sitsiumoutati ga kr.nkyu-sitl' iru. 
(\,\ i, bt.: LliUtY..H: i t.:ft~tW,: MHD O)rJJMHiJf~ L--C\t\o.) 

14. bt.: Lli, ffliiiI*~~,:U-1::>t,t1.,1JUIIJ~-=fSO):J&OOa---=> < tJ t.:\t\o 

t!:IJ"t:, .. fltUiiiU·+ 1J (1)7 ':/7' ALl..11::p,:fl\t\--C .. B*t,"; ,±~.i f.t\,\ffiO);JcO)JII 
a-MilU L -n,\o 0 

15. bt.: Ul 't~O) J: 1,.: .. it!!l;Jt{>,it,"(1):i:11;*(1)~£t,t-e, ~ f.:O)i1.,.Hl1W Lt.:"\· 

t.: ii"; 4-,;t~ ,: Jl:fii,t* ~ "\ *H O)mtJilt,r~ i tt o ill! a- .. ~-a-1!-? --rit-fi "1/ 
~ .1 v- "1/ a ':/ a-fi 1 $-ejj~--C"\o. 

16. fkl;tffi£*(1)HJA•a-:1Wff Lt.:"\· 

t.: ii" t., ftffi "1/ ~ .1 v - "1/ :1 ':/ {>ffifb O)jfflff a- L --C" \ o . 

17. I want to understand Where we are and Why we are thew. 
(~k t,r ~.: l:\.t\o Q)i,\ it.: f.t-tl-f..: l:\t\o (1),N.lfW Lt.:\t'.) 

So. for the present. I am investigating the <'Volutiou of galaxies. 
(t.:-Jpt., \,\ i bt::. LliffliliJO)if!fl:HJf,f L "t"'-'\o.) 

18. bt.: U±ffliliI*P-JQ)ffAO)tffla-MLt::.\t\o 

t.:il"; ffl:71t~itmHr ~ --r .. fflii'if *Q)"\1::> "\1::> t.tt&m-(1) 11 A a-&ilU L --r"'o o 

rn. t?t.: ut .. **(1)1u:mi tt t..: tt i-e~ i tJ J,;~ < i-e~i t.til"-? t.:m!thmfl (£ 
~lvtfflth .. ffltlJffliiiJtl{'f.t ~) a-:ffl!.fW Lt.:\t\o 

t.:t, ... ;~rf.kiO)fmffllJrtfllffl~ 't MilU Hr't.t-? "('\,\oo 

20. I'm interested in the. furthest objer.tR ever seen, the so called QSOs. 
fLli, fiiJ J: tJ tit:m.:~o;R-f* ( 7.r.--lf") &:ft'*Hf-:>--C"\ ii"o 

At present, I'm doing model cakulatious of QSOR. 
JR.tE,i .. 7.r.--ij-Q).:f,7 Jvjtt):&:~ tJ ffi-i')"-? --C\,\ ii" o 

21. ;R3:£'t~3:£(1)ffifftJ LEI~ .. ft£(1):ir!fiEI~ .. *£ · ±£ · 7¥3:£(1)fj£(1):ir!fi~ 
*'O);tg}JHn tJ t.:\t\o 

IJft~-e,..:O)tiffla-ltl tJ . .tJf, ,.:Q)fb~IU:+-\' v ':/ '1/T o~~H~ L --C\t'oo 

22. I just iute.re.sted in som<' general prnperties of motion of asteroids and N<'r<'id. 
( vt.: u±,H~£{> ~ v 1 1-~ O)j.ltJJQ)-ttiWttfl ,:Mt,r~ tJ i-t.) 

For tbr presrnt I'm trying to construct a semi-analytiral theory of motion for the 

latter. 
( "\ i (1) c ..: 1::> :r, v 1 r O)iJ!fJJO)~~lWJ.mat a--f'J:--::, --r"' \ i -t.) 

23. fLl;tfflii'ifO)if!fl:ilff H:a tJ t.:\t\o 

-t..: -e .. QSO IRJ!Ul*O)flt!ll!Wt~{>fi:~imft,:--::>\t\--C .. Dltti:*li*'tfilil!Ja-.lt~ .. 
~t- 'J ,ta-ftML --C'-'\oo it.:, BilUT- ta- El*ft'EIJE.-t ot.:to .. i"l!-:>i!iti!O)~ 
~~J'tfi(1)rffl~,:$1JD L --C\t\o o 

24. bt.: Ll±Ji1J~"t-'$1ia-lmclb--C #-f.:"'· 

t!.t,.,.t.,1fct]ilt~tlim(1) v-.ff-=f7!lilt (TAMA300) ~rm~ L "°C\,l,o. 

25. bf.: Lli£t,tt Q)a-Dktlii"o L < #-a-3.lfW Lt.:1.-\. 

t.:il"~ \,\ i \,\7:>"'7::> t.,:£(1)$rf.A~ 7 r Jv(1)'11fa-~""°t'" \'°. 

26. bt.: L&;t,J, ~ "'ffi£i,tft:fi1iktli a-its..: -till! H!lfW Lt.:"'· 

t!.t, ... ; "' i1*~£fifJO)Uff2£(1)$rf.MfflUa- L --C\t\o. 

2i. bt:. Ll±ffliiiJO) t--::>~Utt.,:tfffO)~°*mJf>f-a-J.mfW Lt::."'o 

-fQ)f.:clb&:~lf(O)ffljiiJ(1)7'- t O)ijJt.7UY*1fttfW~H-r't.t-:> --C\t\oo 

28. fLli*iiiO)i:fl"effliiiJi,t\,\--::>i!~ L .. c·O) J: '? 't.titla-~A, "t" ~ t::.t,~a-O Lt.:"'o 

t.:t,~t.,ffiP3ffliliJ · fflWff · fflWNJ&:.t:Ht o:i:5r;*O)~iffi~~~ .. *mO)~l'iliJQ)ft~ 
:if!ftO)ffl~a- L "t'"''°o 
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20. 'bf::. Ui"' i*ft:!i£m:Jill(l)~J.l~Yt.H:J.lf'R Lf::."'o 

f !. tr-; ", i i!rw-~ :Yt1tft1t-Ytff a- fffl~ L --c, l!lnUJ L -r"' 7-> o 

30. 'bf::. Lli.=..1- J-. ;.,,1J~-r:*iiia-~.f!A Lt::."'o 

f.:'h .. t;, 'bf::. Lli.=. .1 - J-. ;.t1J~1:~IV}1: ~ 7->3:J!ffH!-n .. tJ ill\t'-n .. ,t-C\/'7->o 

31. 'bf::. LliJ&fjcQ)@ffi1. c iift(l),l,?&~~J.lf'R Lf::."'o 

f!.-n .. ; "' i~£~Jt(l)Jtffi~ ~ .1 v- ~ 3 ;.,, HT-? -r"'7->o 

32. ~li*mCl)~iW. c ~fr;Cl)~ilt 't"Cl)iift c 1f.\t,Q)m]il~J.IM Lt::."'o 

t.!..-/J\t;, "\ £, *'mCl)tsiW. c ~1,- c t rM,'b l'J Cl)ibJ.>.:. c ~ L -C\/'7-> o 

33. flli, *mHli!fff Lf.:"'o 

ltttc·, It L\t\-n .. ;, 't"(l)-$7}-f.:ltiJf~ L -C\/'7->o 

34. flli, i f!.IH JU::..:. c (l),j:\t'ff1J,,j:1J,~£Q)1t;ffi~ffl tJ f::.\t\o 

.:. tt ~ A 1'0vfi!iiffi--C:ftiffUT o~ <. ~ ~ .1 v- ~ a ::n~ c\ ~4$-fia-iiill'J-C"' 
iTo 

35. flli*Eii~J.IM Lf::.\t\o 

f!.-n .. ; 7 -, -1- a a-~~-r"'o o 

36. I want to understand th<' motion of a dos<' binary syst<'lll. 

( ~lii!r:flil£Q)i'Hb ~ J.lfff L f::." '.} 

So, for the present, I am doing to study the effects of the disturbing forces of the 
system (e.g. tide, rotation, drag, radiation pressure, ......... }. 

( f!.n .. ; "' ifkii.:. C7)*'.:11}J < ffl!WJt.J(l)~* ( t::. C .:Ur, iffli:9, El~, if Ati#t, ntMJ± 
,j: c') Hff.J~ -r", i T.) 

37. t-? c~ <ii< a- Jif::."'· 

-r:' ~t.11.fffflfl*t! ~ "'? < -? -c i. 

38. ~lifft:fHJtt-.H.: t:Ytfta9,.: t, l,\"'?~"JGTo'h .. -=fiffUtf:HF:,j:\tl rif'mn1J~~7e£Cl):h ;t :7. 
1¥-J~7.>-1,,J ~~~f::.\t'o 

f!.-n .. ;, fltW-'t'-n .. ;JtH~-,.:UilU ~ ttf.:.:. tt ;(1)£(1)-r- t ~j!ill'J, ~*¥Ufff~, ,~ 
tJ- A.r::. 7 f-- Jv~I.: J: 7->fff~~~l'lfi! L, rif'ffll!IJJW~Ji:;£(l)ffi7.>$$1,,(l)i:p l.:fi!.ill'J; 
ttf::.:/iJUUJtt(l)fl°ffi~~o J f.:ill'J(l)l!lil!Jcffl~~fi-?-C:B tJ iTo 

39. 'bt.: Llij,(~*l.:"'?\t'-C 1b-? c~ L < ffl tJ t::.\t' 0 

t!.-n .. t;,~£(l)aJlfflU~ L -r1,, i To 

40. 'bt::. Lli, ffliiiJRd.:7}-;ffiT 7-> x ~7"7 X7~£fUJif :7.(l)~iffi~:iHJJa-U Lt.:1t'o 

f.!:IP; ' 4-(l) C .:. 7:, ,umt1-r:ti:ffi ~ ~ .1 V - ~ 3 / a- L -r" \ 0 0 *1* Ii' llillU (l)fi 
,.:JI.~f.:\t'o 

41. ~li*'m(l):i§~, 3:J!~, **a"ffi tJ f::_1,,0 

f!. t, .. ; ii1f Cl)~'f* c i!r1i(l)~'f*(l)ffllm a- vsor a-m" ,-r~~- *'iii (l)!Jffi--t 7-> :i!Jt 
a-rJq~"(l,\Oo 

42. ~(iffliiiJCl)filJt c i1!1t(l)~fl Hli!M Lt.:"'o 

't"(l) t::. "1'J ,: , ffliiiJ" (l)Ji:;Jlii1t:B J: CF1t~ii 1t ~ J.1~1¥-Jl.:Btli L, 't" tt ~ lJ!ifflJ c lt~-t 
offl~a-fi,j:-? -r"'o o 1u1~,:, .:. Cl)fil*a- m" ,-r*Eiifiii,~7 ;. - t ,:ftilJm a--9-;(. o 
'TAJ,.,.:"'?\/\"( MJf~ L "C\t'oo 

43. 'bf::. LliiJ 11J--C:fflli11:fflT 7->~'f**'Q) :h ;t A ~3.IJW Lt::.\t'. 

t.:-n\; "' i .=-f*!mfJIQ)ilfflba-it#tl~ ~ .1 v- ~ 3 ;.---r:Uffl1J L -C\t'o. 

44. 'b t::. Ui j,(JJ;7)\ t:> ,i 7-> ip,ijj ,.: ib o r .:r.. ·1 ~ ry - A • :tJ 11 ~ - J"{ Jv J,. J ,: "'?", -C~ 

~ Lt.:"'· 
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t!.-/J\t, \.,\ t j;:li;-/J\t:> trf-/J,~ffiRJU.:a.>J.>ill!fll:1:1t1Rittt: t 8jilj$ffi,.:fflP,t,:a-i'-~ 
L -C'-'\J.>. 

45. Yo rstoy iutercsado rn rnt<'uder c6mo se formarou las galaxia.~. 
(fk,iffliPJ-/Jf~O)J: 1 ,.:1:~ t:.-/J', ,.:w'*t,ra., tJ i-t.) 

Para tal prop6sito rs urr.rsario estudiar las pohlar.ioues estelaws de las galaxias de tipo 

temprauo (ellfpticas y leutir.nlares}, en particular couor.er los principale.s 1,ai·auwtros 
que caractrriza11 clichas pobladoues, r.omo sou el conteuido metalico, la edad, la 

proporci6n entrc ~trella.c; enauas y giga11tc>s y si los clistintos elenwutos qufmir.os sr 
enruentran en las proporciours cli~tiutas a las de nuestro rutoruo solar. 
(tf-/J,t,1¥-MmffliiiI (t:. t x.liffiPUliPJ~ so fljiij') 0)£0)ba-Jl~J.>~,J!t,ta., tJ t 
-t. fkl;t t < l.:UO)~fi t ~ J.> ftl.i.iii:, ~lb. ~£ t §£0):(ftElt~ ~0)1~7 ./. -

1 a-~A'>J.>.: c l.:Mt,ta., tJ, j;:~ifi:ffiO)ftJ.iiiii:c~-::,-C'-'\1.>-/J'~? -/J\a-ffl7:d t L 
""(\.,\ti".) 

46. tJ t.: LI± a., t, ~ 7-> jc~t,r t·.: -/J\ t:> ~--:, -c ~ t.:. -/J\ffi tJ t.:." \ o 

ff-/)\C;, "\ i-ffi-£, ~if£~ t·,.: J: J.>jc~,g.J&;a-~~-C"\Q 0 

-ti. bt.:. Ll±$ffia- 1h--.:, t I±--:,~ tJ JU.:'-'\o 

t.:-/J\ t, ill!fi*~O)~ t, ~· HmiE-t J.> MHftJ't~ (AO) H'I:--:, -c"\ J.> o 

48. fkl;tffliPJt,t ~ 1 ~"? -c1: ~ t.:.-/J,H;ll tJ t:.'-'\o 

t.:.-/J'; -t,t 7-> :ff!itifiH'I:-? -r" \ J.> o 

49. bt:. Ll;tAfficn**'.:"?"l-Cffl tJ t.:1,,\ 0 

t.:.-/J,t,, ilfl~9i-XlijO):(ftE,.:ft'*a-f.f-::, -c"\'° t,t, "\ i fiiI 1h L -c"\~"\o 

50. bt.:. U±*ffiO)~&'JO)ffa-ffl tJ f.:'-'\o 

t.:iJ"t.>' i-tli)f.ii!IJ-e ~ 0=¥-~1:a.>J.>li:t.J?1t~l:f:i~O)lffl~a-~V>-C1,,\J., 0 

51. tJ t.:. U;tffliPJ 0) i:Jl,C.4l O)ii;libcnfft-r~, ffiJ;llO)~JJl!=lx1i& a-U Lt.:."\. 

t.:-/J\t:> "' i ffljiij'cni:Jl,f.,~O) t tJ tJ O)ff 7..~'1'7 X7HSUliU L -C\tlJ.>. 

52. fk ,;t!t!fiiO)lEiJ. a-ffl tJ • *ii !t $0) iif ft!tt HJf~ Lt.:"\. 

fJE-::, -Cfftiltf«itm,.: J: 1.>HMilll l.: J:-? -c £fllJ~fti:JlQ)ffffl~ ,;;.~ L -c" \-1->. 

53. fkl±EJ'.fl-O)~H'I=-? -C'-'lJ.>Je~O)i@iW. a-m tJ t.:."\· 
t.:iP; & O)*~ ~ £.lffl~fl O)fflJ&; a- iiftlJ't~~91-it'.fl-j'cHfflU ,.: J: -? -c~~ -c" \ -o. 

54. fkl;tjt!if~.J.91-,.:ffll&-t J.> iif~Hi tJ t.:"\· 

t.!.-/J\t:>*91-~£0)~1i:a--t J.> t.:A'>~'.fl-WHf~O)IIOOJ~tftH'l:7;, 1 c L -c"\J.>. 

55 . .fkli*ii1:-:ffi:,J, ~ "\£ (ffi&) a-~J! Lt.:\f\. -t-tt.i±tHsjf£0)J'i 1'> ,J, ~ "\ t O)f.: 
7;, "J. 

t.:.-/J,t,~9i-kl-ei'hi'.fl-lW~O)fti11Ja- LJ:? t L -c"\7->. 

56. fk{±mt~~&*fIJ§O),tID.lt t £f11J~f{ t O)fMjima-ffl tJ t.:\f\. 

tf-/J,t,~£c£111J~,.:"?"\-c'.fl-j'cifHJllJHi""\ &111&:~~1&:0);tx~Hl;~J: 1 t L-c 
"\¢. 

57. bt.: U;t r$ffi~~-tf~ .:r..·:1 I- t,{Jfftl:f:i L -C'-'lo-/J\J a-U Lt.:"\· 

t.=-/J--t:>"\i r11tm11t~1J~cn1.rtt;tJ a-.:ti< tJ1ruL-r"\'°· 

58. bt.: L,;t r$ffil.:~-t!"7'7 ·:1 ~ *- Jvt,ta.,1.,cn~,J H.!l!ffl Lt.:\t\ . 

.: tl.1±"\f.:-f MT-~ O):f$fftt,t$ffi,.:r& LJ\:Hlh t.:cn1:,.: ~t,\~
:f:111~0)~-/J\l: 1h ,... ~~O)i)f"'-Cffii:.> i:., ~-? t:.-/J\b. 
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59. tlt.:t:,(1)*9c'll.1:ii.>J.,iIFiltf:JffQ)~Xn-lJ{, i!!iif(l)~X~h ,tp,.:=f!i~ L -rJV1iji. L J: 
? c Lt.:'h ... ~~ tJ f.:1,,,0 

t!.-/p;, ~1bli~ L -r~XnQ)i!iXUf~*'J~ L -r1,,, i-to 

GO. bf.: Ll±T.,.,Z"("Q)*-f,llfl,~~-? < J., ni*~-? < tJ t.:IJ'o 

t!. °h'; 1,,, i ~.ji:nf!j\'.; H'J:-? -r", J., o 

GI. bt.: Ll±P:lltHlfiJ¥ Lt.:1,,,0 

ilt~fl(T)J:P1:P:IMH'I:-? -rllffi1.,.,z-r1,,, i To 

62. fll± 2-?Q)ii[~;hf, i:>1f.1J,Q)~jffi:ifi:,(.,Q)m.J tJ ~ilth-t J.>$-1.: J: -?-r~.:. J.,£:ftfilff-~ 
f!Jffl L -r, ffi£(1)*1n,ffljjg~ L ;.,.,zf,:1,,,0 

t!.-/p;, OOJ:Jtfflliilij~ffil:JtfulffllJ Hh£~ffl~:ff c IT0 -r", J., o 

63. ~l±1JJWJQ)j!iPJ~*iiHa1 tJ t.:1,,,0 

t!.'h ... ; 1,,, iiin(l)'j(,f*~ffl~ L -r1J,J., o 

G4. nt.: LI±, ~XJl*Q)-f".,.,z-r ~Tffl Lt.:"'o 

t!.'h ... ;, "'~ "' ~ 1j: ~ ,f*Q)fittl c iUJJ ~ ~.,.,z-r1,,, J., o 

65. ~I±, ffiL1,,,~f1.Q) "§" 1:, it!.f!tJ.¥mQ)~~f!-r~t:.1,,,o 

f!.-/p;, -tl!J.>ffljgif!JflffJlffl1J~tr/.Q)lffi3ea- L -r1,,, i -to 

GG. bt.:LI±, i:117 v7Q)~~tlfflHlfiJ¥Lt..:1J,o 

t!.'h ... ; 1,,, i X •=10 -J- • Jv-"f(l)~IHJ~1t~~.,.,z-r1,,,J., o 

67. b t:. LIH,. - 7 7 ? -1,1{,fiiJ1:~JJJJ1: ~ J.i 'h ... a-3:lfW Lt:. 1,, '. 

t!.-/J ... t.>fl@r.t,1,,,£(1):fiJf~'«: L -r1,,,1.,_ 

68. nt:. Ll±¥iiQ)ft~73-~tP;-fQ)~~citMt~~Lt..:"'· 

t!.-/J\; 73-J't~Q)iijf~ ~ ~~ -r I,, \ J., 0 

69. bt:. Ll±£Q);i./i*1n.ffl:it~~fiJ¥ Lt:."'o 

t!.'h ... ; ISO ( $;i.1!¥'mffijgif!) 1j: t·1: £ (1)$;1.l!HillJ ~ ff 1j: -? -r 1,, 'J., o 

7o. n t:. LI± r *iii,.: 1±:tl!!~Q) J: 1 lj:~£-IJ{ t'tt < ; ", t:. < ~ A-ii.> J.> Q)-/p'? c'Q) J: 1 lj: 
~J.1~'(4-IJ{-f ~ x. l!:tl!!~-1Jr1: ~ J.i (1)-/P'! J ~ J.lfiJ¥ Lt..: 1,,,. 

f!.7'p;",i r~£*Q)fil.&l:iAttJ t rJ.m&at~.t:>Hf, 1.crw,*~~ittt.:1!-/J ... tJQ) 
£ Q)flJlffllJJ ~ IT 1j:-:> -r L ; .,.,z -r 1,,, J.i o 

71. nt..: Ll±:t:~*Q)@iW.Hn tJ f..:1,,,_ 

t!.'h ... ; 7.C~*Q)tlsiln.~1*Q)tfflffllj(J9fijf~~ff 0-r1.. '¢. 

n. nt..: L 1±:t:rw,*~'f*-IJ{ c'Q) J: .::;, lj:~fttp; --r- e- -r1,,,1., t, ... ~ffl tJ t:."'· 

t!.-/J ... ~ i:lii*Q),J,'j(f*Q)~ftfl~B9ffl~ ~IT-? -r1,,,7.>. 

73. t,f,.: LIJ:~£:tl!!fi(l)i@jf.~ffl tJ f,.:1,,,0 

t!.t,,;~£fl~l't-Jf!J&t,,;:lt!!~fi~HiJf~ L -r1..,J.i. 

7 4. b t..: LI±, ~X-?~31 ~ ~mi" J.i ti:~~ ii.>~ t:. Lt:. A 4 Q> ,~-~~tt ~ 3:lfiJ¥ Lt..: 1,,, 0 
t!.t,,~, 1,,,0t, ... fi~~ Hl~~m Lt:.1,,,-nr, ~-f.:. i 1:=¥-nr,ttf; ttlj:1,,, 0 

75. bt..: Ll±~£,f~Q)~~~tt~J.lfW Lt:.1,,,0 

t!.'h ... ; ~£fil.&,x;Q)H}f* c 1j: J.i £m.JfqftQ)~ft~rJq.,.,z-r1,,, J.i o 

76. ~Ii, .: (1)¥ffi -nr c'.: 1J' ~ ~IU.: Q) 1J ... , fii11j: (1) t, ... , t'.: -"ff < (1)-/J ... ~ 3:lfW Lt..: 1,,, o 

t!.1J ... t.> , ~ rn{tiit·Fffi Q)=F'IJr-lJ, tJ c f.t J.i AGN. Quasar Q).fijf~ ~ii!~, .: Q)¥m Q)it 
ifi;'«:'~~J.>¥ffrt7 J.-? (1)=¥-IJrt,, tJ ~~--:, -r1,,, i -to =¥i1t-/J ... tJ ~:lti~-tt.:~1.:, 
1,,,~ 1,,,~ t.tit«::ft-r:Q) A~ 7 1- Jv~f'R~ L -r1,,, iTo 
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77. ;fkl;J:, ~ t ~fflO)-~a-JiitNbJ.> t..:~l:*iiiO)*--C a-~-:> "(\,\J., o 

t .W..--:> t..:; .. A~O)"'=--C-ntJ!,l --c ~ t..: J: '? t.dt-nt-t J.>-nr, i t!.JtJW:--::>t,\~--c"\ t.t 
'-'\o A~li$fiU:7f/i-; "(\,\J.> ~ t illilU Lf.:'-'\o 

78. I am interested to uuclrrstaucl how tbr difforr.nt elemruts (oxygen, iron rtr) that 
compose thr various objrrts in the univrrsc came into h<•ing, 
(:fkl;t*iiiO) ~ i ~i ~~~HJtfflt-t J.>~f.tJ.>jc!ff (fl~. ~~) -n<~O)J: '? ,.:~ i tt 
f..:O)t/ ... ffi tJ t.:v\.) 

that is why I am studying stC'llar nuc-lr.osynthesis (the scqucncrs of uur.lear reactions 
taking placr in hot strllar iutrrion; during the various phases iu the livr.s of stars); 
we know that almost all C'lruwnts, c>xc·r.pt the lightest ones, arr. proclur.r.d by stars. 
( t!.t,-.; ;fkl;l£0)i:p-eO)jc*itfflt (£0)-~0) !HJ ,.:£0)p.jil{SO)jijil,$~-e~~ Q imffi 
tt&Jb) irR~--c"\J.>. '-f5c*i I*< ii t Iv ~0)5c~-n<£0)P-J$-e11:; ttt.: ~ t -n"b 
t,\--:, "(\,\-1.,.) 

79. ;fkl;l:, mlhffliiiJ~O)iia-fWPJj Lt..:\t\o 

t!. t,-.; .. :i:ISI 7 v 7 O)Jijf~ i L --c" \ 7., o 

80. :fk:il Aflff l;i ~~ ~ '? L --C:.ff=A: L --c" \ J.> 0) t!. 7:> '? o 
;fk,10) i it) tJ O):(E ~ -~, ~ O)ffl!f:Jtl;J: ~? ~-:> "( ~ i tt "( ~ t..: 0) t!. 1:> ') O 

~~i:jJJ < ~Ji"L .. -tO)•m-e~J.>ffliiir .. -t L --c 
-tt-tt~O)*'diti, ~1L--c-e~~0)~7:>"?o 

~?L~; .. ~0)00~~,l;ttJ.>-eLi1o 
*1J; f.t\,lo -et ~JCO)ffl~i Li-to 

81. bt.::. Utffi£0)r*J$irUfflUl¥-Jl:J.lfW Lt.::.\tl. 

t!.t,-.;ffi£0)fSJJirR~--c"\J.>. 

82. bt.: UiDtfSm 0) f-t1£J.>J ffliiii'r~-:>--C*'diO)jc*O)Jff~~rnt~~~(iUiif) 0) 
mffltj§f!'rfBlilU Lt.::.\i\o 

t!.'IP; jtjmftili'f;fiHl11: L "(\, \ Q 0 

83. "ti£ 7.> O)~mit~J'cffO)tt~i;e~,: 5 I~ W L f..:'-' \. 

f!_t,-.; j'l:jffllJfO)ffijjt:imJt ( km/s) O)fi'fffl0"effi£0)~£~i~ Lf..:\,\o 

84. ;fkO)A~li, t.t~ .. t.·1 L --C .. ~O)J:? 1:~tf"elfii/lft..:J.> tO),: 
m,;j61v-e Li-:> f..:O)il ... o -tO)fi ( iJ.: L) iffl tJ t.::.\i \o 

t!.-nt, -fttHJJ-:, t.::.t,-.; t eh --c A~i~ tJ W:-t!-7.>t>Jt-et ~7.> i "'o 
-ftt "et;fkl;lfU'.l\,\rc,t -?>o 
~O)Jl=i~O)tll,-e;fkli l:: 1 L --c ~O) J: "? ,.: Lil~t$ '? ~ t -nt-e ~ t.tt, .. -:, f.::.0)-n .. '! 
~1L--C~O)~t1--ffihWL--c~~i~tJ~J.>~t#-e~t.t~-:>~O)t,~ 
t.·1 L --C~O)t;}-e~---h~,lJ.>:t.Ji~--::>.: t-nr-e~ f,tt,-.-:,f.:.O)t, .. ·t 
-fO)~a-~ L~t,tt.>~O)J: -j ,:~~ -o 8 4 o 
t L tns-; tt-?> ~ ;:f*J:, ;fk,.::if!~ilJ--lt.: i io 

*ffiO)ffl;'fl;i;fkl: t "?--C, N~"-0)$~-fO) ~ 0)-e~J.> o 

85. *ffiO)*--C-e, £nt~t ttli t~t..:m:~O) .. ~\,\ffliiil'ih--::>ltt..:\t\o 

e:k'ltit=fil.Pitir:1&~-e",-;,£1v~O)iftfvt.: t ~;;, ,:n-t~ < .. 1«:,1c,;17 ':/-r 
A Ll.J.JllO)#J.j'ilj 5000111 ,.:~ 7.> 1?..PiUtMWitikil L "C'-'' J.> o 

86. ~ i ~i f.tffliiiJO)i:p,(.,~l.:ittr7'7 7 7 *-JvO) f ~~fflJ ,:"".)\,\"(ffl t) t.:"'o 

7'9 ·;, 7 *-JvO) f.:UtJ -e~J.> t!l,t>tt7.>£fl1Jff Air, ffillLI.JO)'it~=fiJP&t-e < t> 
L < wll~--C\tlJ.>o 

87. ffliiiJ,:t fi*.:f~AJ fi&~f.tAJ "'1:>'-''1:>~~ 1'7"-n<"\J.>O)li~~il .. ffitJt.:"'o 

ffliiirt~0 < J.> £ ir~hWTffl:IHi (7i6~1tff A) nr t· 1 ~-? --c",-1.,0)t, .. , Jt:illLI.J0)11£ 
ilt=fi!Pit-eUiIJ L --C\t\J.>o 

88. ~~t,r~--:,--C~ .. ~;~;tftnt~7~"', ~~-7"f.tfltiltimift.nr-1:ikL1t\o 

~;~; tfti~nTJ«~O) f71<~1n:J nt 1J 7 Jv~ 1 A "eillU5£-e~ -o J: 1 ,: .. iWiffllt: 
0)*~1&M:i:ffl05Efitl ir11:,., --C'-''J.> o 
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89. J=Jli:lt!!J;jcO)-=fm, 5~J(J;bJ.,1t\lii&Ab\-j~4t.,:~-/JfibJ.>o ht.:LliJ=J t:lt!!~O)*~ 
O)fl&J~Hill fJ t.:1t\o 

t!.tP t.>-tO)i! t t.,: J., J=J i:p,(.,ttO)* ~ ~ ~ ffiJ., t.:~,.: ij O)jijJ a- Aiffi.il 'a;'"?-/J'-?-CjJilJ 
7:> -3 t itiifi L -c1.-\J.> o ,tO)f.:~,.: 2003 ~O) J=J~:ffffiJlruffi..ilitOOH.:l"iiHt-CffHiO)fffl~ 
~ii'til=ffl-:fo ~7 A O)Jffl~a-ff--:, "(1,,\J.,o 

90. im 8*0)*i&l:IJ1t\-c1.-\1.>JkimninJO)JHfi1Ji,t-ft1:~Q)J't:_.~mlm:lt!!1lia:-5 I~@.: L 
f.:o ~-tf.:A,f.,:1Ji)f8*1.:IJi.,\"'(1,,\J.iiP'a:'ffl l'J f,:1,,\o 

fLli-tO)rn{~li 1;., r 0).1-71/7*~-"0)ffi~,.: t t f.i:-:,-CJ1i7 V70)M!:Wi1<Jti-" 
~~ 1 "'2 -t ;.,-f-0-?~ Ltli ~ tt. -c1.- \ Q-tt1t \ t!.7:> -j t 1.: t:, A-1:1,, \ 1-> o -ttt.HiEPJJT J.> 
~~~~O)m~£~Aiffi£0)m~ia:-~-:,-c§mB*O)*it!!.O)~~ti:Jlm~•ooQ)* 
:ft!!O)tJJ ~ O)!MJ-QH:rli3..---:-cv\J.> o 

91. ~Qli--ff.i:0)1:t·'? L-ctlJlifltJ1:~t.,:1,,\:ft!!IE(si1P11t rarthqnakr) ~t~.lt.:1.-\0 

:lt!!~t,r~_l t.,:" \rn{~ ti:Wr/f! :iltJJt,r~-? < fJ -t ~-c:l&ffii-/J<~ttt.i:" l-tf"1t \--r-ib 7:> 1 t fL 
li;1t.l -Cv\Qo t.:t.P&;fLl±:l&ffiiO)~tlHJliJIIJT7->i&IUit1:1;1:t.,: <, x-f*f'SlifltH.:.t ")-c 
~-? ( fJ Lf.::il!!ffiiO)tJj~a-lJliff!JL-C,tO)L-:,Lfa-"?iPi.lJ:? C,'6f,--:,"(1,,lJ., 0 

92. fLli:ll!!J;jcO)r*J$fflm: t i:Jl--r-~.: "'.)-cv,J.,~t}Ja-ffi tJ t.:"'· 

t!.i?' i; fflfi~:m:1Jit0)00~Uffl!Jffl H'J: fJ. lmifi!JT 1->. 

93. fLli, Affit,t*m-":iitt±i-t J.> O)li 13~t,tft41.:~ lt.:Jtfit.: t~ .l -C1tlJ.>o 

t.:.tJ,;, -tO)t.:~0)£"lf. t t.i: J.> *mO)fflfft~ 1t~J.> t.:~ ,.: s ~~x~HJF~ L -c1.- \J.> o 

94. fLli, §7t7)fffl--:,"'(1,,\J.,.: C a-itf!.A.l.:fi,lJ.,O)i,{{if~ 1:ibJ.>o 

t!.-JJ,;, §,ti,~)(~O)fijf~,:f!l,t.:ffllia-A41.:m t:,{!- J.i t.:N.>,.:Jtfflffltbl.: b 1J ~ J... 
tt. -c 1,, \ J., 0 

95. fLli, Affii,f*m:iitt±iT J., ,.:~f.:-::,-C' 7c0)-Jf 1 r·? ·J -:f H'F l'.) t.:lt\ t ,w, --:>-CltlJ., 0 

t.:.n,;, *mO)t·.:1:t·O).t 1t.i:£t1tt·O).t 11.:1:~1.>0)-/J'a-a11~1.>t.:~1.:, ffliiif~ 
~ffliiif"t:O) £00:frr-Jf A O)~-=f a-~~ -C 1,, \ J., o 

96. fLli, 'tr-/J\ t:, it!!.~ a- j! -C, -f.: -/Jf c'O) .t -j f.i: t .: 7:>-/J .. fflft-t J., O)i,ftjf ~ t!.--:> t.:o 

t.:.-/J'~, 1t\ i t--r-fflEMU.:.: t t,tt.,:1,,\t1,ijiO)i&~H'J:J.> t.:~1.:, 7e'f*O)IJlif!Ua- L-c, 
r7e'f*O):lffl~J a-f'J:-:,"(1,,lJ.>o 

97. fLli, 1,,, 7:> lt\7:> t.,: t.: 7:>""-tli-/J .. ,t J.i 0)-/J~ ~ --C:ib J.> o *11:, r~ttiJ t,< L -c ~t.:1t'o 
L-/J' l, :l&~..tli t Ii~~~ ug ( ~ tt. -Cl i-:, t.:o 

t.:.-/J' t.> , !.'j::ia a-~ttiT J.> t.: ~ ,.: , ~X~O)M~ a-ff~ 1,, \, fflftO) ..t "t:O)~fti ~ ff t.i: -:, 
"(1,lJ.>o 

98. fLli:t:Jli*'9i-l.:Affit,tff Pf~~~£t,t;bJ.,O)-/J .. t· -j t,,1.:~,(,,t,t;b1., 0 

t.:-/J'~, r 1.,,- 7 O)J:t--r-~~ttJ.> ~rHiJE-t 1., t.:~,.:, £0)ffiJ tJ --r-~£-/Jf t·O) .t 'J 
,.: --r- ~ J.i 0)-/J,O).:J=-ffi,-/J, tJ a-ffl:i/t a-~-:, -c~ L -c 1,, \ J.i o 

oo. fLli.:J=-@1:x-f*O)-r- $' H&.l7.> ·17 r ? .r. 7 a-M!1t,f,:1,,,t,r, ,1[1.1.t 1 t.i: t 0)1,1{-¥i!i: 
,.: t.,:" \0 

100. fL,itltil-/Jrth < O)a-JU>O)iJ{tjf ~ "t:cf>J.io 

t!.7)-.;, ffliiffla-tJJ-/J,-tt.:~O)·; 7 r? .r. 7 H'J:"'.)-ci.,,J.>o 

101. !.'j::B3J°{7 .I- - $' a-ifflj5E Lf.:lt'o fi.Jf1Uf,.:,j: tJ f:_1,,0 

t!.-/J .. t:,lt MAGNUtvl -:to V .r. 7 ~ a-~--:,-Clt'J.>o 

102. fLli, t· 1 L -Cffl:fi!.t,t /=mu t1t, -3fl:stnttJ:t--r-fflJ£ ~ tt. "'("1,,,7., 0)-/J'a-ffi fJ t:.1t\o 

L-/J' l.: tt.,iiJmJ.l~t!.lt1:,iM~1: ~ 7c 1 ,.:~1t,O)"t:, 1,\-ftt.,ilii* L -CfkiltO)fi.l 
O)i:p7)-.t:,7cO)J.IEBa-f!H:liT"? t l'J 1:~J.>o ~-'19ci13IH: l -Cili&; ~To PiiJl!iiJ! 

103. 'bt.: U±JilO)~ i ttJ.>iji(!)~ffll~tff~HIM lt.:1t'. 

t!.-/J,t:, It\ i OOP-1 VLDI :+ ·1 r r;- 7 a-~-:, -C1lU--Jf-O)IJlfflUM~a- L -c1t,J.i. 
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104. t>t.:. U;t~-1t (l)fflfiil'*'(l)*~(l)~ (mciltb) ~u Lt.:."'

f.:?)l;"\ t VERA itffi~Jl&.:raJ&t-C${i~ L "('\/\¢. 

105. bf.:. U;tm~*ifj(l)J:fl""C:ffliiif iJt c· '? ~-?-cmJ;Jt~ ;ft¢(l)iJ"J.ifW Lt.:.\i\o 

t!.iP;, ffljiif (l)ftji!Jr- ~ HJIJ~t.:. tJ, ffliiifmJ;Jt(l).:f:-r }v ~~ ;t_f.:. tJ L "('\,\¢ O 

106. bf.:. Lit .. Saha aud Trrmaiur ( 1992, Astmn. J., 104, 1633 1640, Symple.ctir int(•
graton; for solar syst<'lll clyuruui<-s) (l) 1636 ~-:lli:f'l(l) (19a)(19b) ~(l)*.(1)1~7 ~ 

7 7 &.: ~ ¢ 6G• ··Sim·<' :, is fixrd in thr snrrogatr syst<'lll ( ii). aud J is fix<'cl iu tlH' 
n•al sysh•m (H), ... " (l)JUf.iJf00 tJ 1Jlt2¢ (l)""(: .. · .:: tt~PJJ,W&.: l..,f.:_\,\o 

f.,:-tft.,:t:, .. "fi.wcl" ~ riF!BJJO) .. -5ELf.:.J c\i\'?ftf!.c.\!f.;t.l!', .iE$~1l~ff1J-:I. 
iJIJ(l)~ft""C:~¢:,~JliiHtlJlft~~A--e"\¢ O)f.::/pt:, .. .:: ttt:, li!YJ t:, iJl&.: "fix(•cl" --e: 
ttt.,:1,\0 vE-?-C .. ..tia't"'ffl'-'\ t:,tt -C\i\¢:,, Jli, **'iDMfflt~l.:PAJ L -c~~f~~ 
ttt.:.~ttj·. J· ~xf.'* L -C\i\¢1!-ft!.iJ\t:, ""C:~¢0 

l~fflfiiJ~~(l)J:?~~itl.-C(¢(l)~~'?o 

fflfiil'rii~O)$- ~.:i. v-$-a ;,,,~t.,-c"\¢0 

ws. t>t.:. Ui*m7"7 X?iJtt.,:-tffJ~T ¢1)\~ULt.:."\· 

t.:.-/J"t:, "\ i AI1'ti£~1titfflilii~f!"'.) -C:;t:li;7 v7 ~ftilU L "('\,\¢. 

100. t>t.:. U;t-f&At,t~-:, ell< ttfmO)fflitii~~ffl. Lt.:.1t\. 

t!.iJ\t:, r J:?.:: '? J {$i£0)@X •mitrtHJ!*. 9:itLt.:. 
('ilf§ffl~itJ;Jt--e~t.:.o *-lifiiJl.:+;, i,;,,-:JLJ: '?iJ",j:'!) 

110. t>t.:. U;t 7 .:r.--1}--t.,: c•(l)ifillJIUiifttiJt, :;t:!;-(l) 1 ~l:.ffi~ O).r.~1v:¥'- ~ ~O) J: 1 
,.:1-1= tJ t!.L, UO) oo %~ilit.¢-;; .:r.·:1 1- ~ ~(l)J: 1 ,.:11n~ L -C'-'\¢(1)1)l, t t.:. .. .:: 
tt t:, (l)Jcf*t,t ~(l) J: -, &.: L -c ~ i ti.¢ 0)-/p ~J.ifW Lt.:"'-

t!.-/Jlt:, 1,\ t VSOP(ffi:~Jc1:ftli£ fij:¢i,"J) ~f!-?-C, l;\i\?.:r.--1}--0)ip,f.,tt~ 
fflffl=&.:~~¢ftffl1J ~ L -Cit\¢. 

111. t>t.:. Ui~ia(l):k~ ~ ~.iEfii&.:iiO tJ f,:_\,\o t>t.:. UiJcX~Hffffl=fi~&.: Lt.:.lt\o t> 
t.:. U;t~ L\i\JcX~~~ tJ f.:_\,\o 

t!.iJ\t:, VLDI ~7CX(l)~1fU.: L J: 1 c :k~=a=§i L -Clt\¢0 

112. t>t.:. L(;t 10 ~;( 7-Jt.,(l)~~~fJJ(l) ;< 1.1 .:::.;( .L.. ~J.ifW Lt.:.lt\. 

t!.iJ\t:, "\ t. :ftkl';Jt~ffi . .t(l):,j<(l)ff:ffl:f;llJ.H.: J:-?-C~ l:¢fiiD}J~jtt): L, jtgJ;f@]$i;O)_)t 
tliiJ"i?J!t.:., #ti$ c :k~IUH.::tf!Ei· ¢ 10 ~A 7-Jt.,0)7J<ffiffl&.:--:>1t\-Cffi?E L -C'-' '¢. 

113. t>t.:. Ut 8 *'.:.s"\-c, :ftk~Uft,.:f* 1 iftiffi..t.Jl.(1)$-~-J-Jv~~tli Lt.:.'-'\. 

f!.-Jpt:, \,\ i. ~ifJjiJTO):Jtkfi~th~fflllr,.:mmt-Q GPS fflg{iLO)fflJfftij..t(l)f.:ab. GPS 
fflijfU:(l):k~ ~illl5EIHM!~'t"'~¢*#f.~O)t1J11JH.:--:>"'-Cffi~ L -C'-'\¢. 

114. ~l;f:*ifj(l)ffJ~~J.iM l..,f.:_\.,\o 

tYJ\t:, t.:. < ~ A.,0)-r- -1 ~-at>t.:.r- -1 ~- ;( H'J:--:, "('\,\¢ o 

115. bt.:. LI±, B*:t&OOHf < t,t.:_- t <.. ~t.:.'t;,(l)ffliiiJ*'(l)ffl\f'.,:=:*.ilf*itl!OOH'F tJ 
f,:_\,\o 

t:.iJ\;"\i .. r*m(l):XJ"aJ ct 1g .:;~~*iii ;e--tr-Hi ·c c·-, Lt.: t:>-fttt:,(l) 
fil:fft t il!M~ .iElil,:ilU5E""C: ~ ¢ (l)t,\~ .. ffl?E L -C'-'\¢ o 

116. bf.:. Ll;t, =fillJ'i:~ '-'"\*ffi(l)Jc1*Jl·~ 13~""C:}!-?it-c J.J.t.:v\ c.t,--:,-C\i\¢0 

t.:.iJ\ t:, It\ i , l@.ll.::RJ'Ca*iRBilU ~ ;,,- ~ - 1 Chu 'lltit~itft't"'(l)IJlffl!J ,.: f!ffl -t .o -~ 
Httt~1l. t;,..t,f-c1t\¢ o '-''il"'-'iJ".ll. t;,J:t,< t:, t.,: < -C'-' \ t:, "\ t:>-t Qt,<, 48: B~ <· -:>T 
tJ 11!-?-Clt\¢ O 

11 i. ~l;t*r*, ffi.ll.::RJ'Ca(l)a-!H: t.,: tJ t.:1t\o 

-fO)f.:at> ,:iJf~(l)J.J. --ei;tt.,: < .. 8 lfiO)JiffiU b ~t,\ tJ t.,: < IT-? -C'-'\¢ o 
t;,,j:J.J.&.: .. ::RJta~~:i!!ff Lt.:. t:, 1:$~0)ft-g,.:,j:¢--:> b tJ -r:a;¢ o 
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118. bt.: Ll;tfftiJt a-~--:> -C*fflO)~'f*a-~Jl Lf.:.1,\0 

t!.iJ-.t:, Affi):. L -c~fi0)1tiiJtffl;iila-11: fJ f.:1, ... 0 -fO)f.:.cl6l.:JI={fi$i*-1- 1J 0) 5000m 

i'/Jjitirt:r.~ i ~i ~iil.l:i:a- Lt.: fJ, t/tffltO)~i-J"Hr-::>-C\tloo 

110. bt.: Ll;t*m(7)fUD..7J. t A,ff0)~1tH.IM Lf.:.1, .... 

t!. iJ-. t:, 1,,. i ~ 'f*O)%J£:i§tt a-fiff~ L -C" 'o . 

120. t?t.: Ll;t, w-r it.," ,1, ,iJ,t:,fflHdU.:.: t iJt~1,\ J: 1 ~~~~ I a-Uil!J L -c .7J.t.:.1t\o 

t!. iJ-. t:, -t Ii o O),rJJM ,.: M! 1 fmffl!J¥.ttl a- lH'l: L -c" \ o o 

121. vt.:L1;t*m1.1tt·U>.t 1,.:-r~. mwntf"f:t:,n, £nt~in, ~£nt-r~. ~fri1.1t~ 
#.: Lf.:0)-/J•H.IM Lt.:.v'. 

t!. iJ• t:, ffliilf t.,t~ i tt o f,)t-"f~jJUiiJ O)i}fi ~ "(> Iv ( ffli:tzaffliiif) i t.:.~£*0)i}fi ~ ~ Iv ( nltla 
~£,f~) a-~.--.;:-c1,,,o_ 

122. bf.: Ll;i: fLMSAJ a-~-:> -Cm(tzaffliiir~*mO)li-Ca-ffiJlilllJ Lf.:1,,. 

f.:iP t:, ,f O)li'fOOjO)~Jl(7)f.:cl6 ,.: , tftiOOO)JI~, :Jlil;, tftfflO)fffl~ a-fi--:> "'(l,\,o o 

123. bt.: U;t, :lti!f;Jc-nt t·.: i -rJ.llH't-J~5-iiitt1*-r~o iJ .. a-ffl lJ f.:1, ... O 

t!.t.,, t:,, !U'JMO)iffl79JJl~ a-rJ14.--.;:-c1, .. o o 

124. bf.:. Ll;t, ~mii1~~1.:J:.Jf. L -c1,,J.,O)"/J .. ffl tJ t.:."'o ~~U> 1J 7 ;1,.,tmW:t,tA,-rt it 
~ UiHt -c", 1., 0) t,-.ffi lJ t.:." .. o 

t!.iJ•t:,, ~ffijO)~~ a-fflUJ.>diWO)fll'.tl~1ta-, GPS t VLDI a-"ff!-::>-C JM:lh-c1,,J.>o 

12j. t:,t.: Ll.i:, it!!liO)l*J$0)fAE-f*tttffiJ1*ttO)IJJ~ a-fflfJ f.:.'-' .. o 

t!.iJ, t:,, :m:1Jata-M!-::> -cU~:l:1J1JDi!JlO)~fta-UilllJ L -c1, ... 1., o 

126. t?t.:. U;t,N~!iU:: I,\ 111.,0)iJtfiiJ-r~oiJ .. a-3:IM Lt.:1t\o 

t!.iJ .. t:, -f <J)IWl.if!i1!1ta-r,,J.--.;:7.J t.:.cl6 ,.: 1,\7:, I,\ 7:> ~#t$ta- L -c1, \ 1.> o 

12,. t?t.:. L l;i: n ;t 7-. O)*fU:> J: U-fU>t&1,\1Ja-3:lffJ¥ Lt.:1t\o 

t!.iJ-.t:,~*~iii:U>ttfnmt:a- L "'C1t'oo 

128. t?t.:. Ll;ti:Ji-*U>~ili1.~i:r&*'9i,0)~£*'U>ml£:aitta-3:IM Lt.:.1t'o 

t:.·fpt:,, \,\"?1) .. *mtig,.:~£*'m1£i.:01, .. -cttL~ Lt.:.1, .. -IJ{, i t.:,J,~£,.:01,,-c<J)M 
;ffri.:ffli--:>"'Clt'oo 

120. bt.:. U;t, 7 1 ;.., '1/ .:z. 9 1 ;.., U>-ti'.fflMttJ.mlifii1.1t.i£ L 1, ,iJ, t· 17),fiiJ .. cl6 t.:1t 'o 

t.!:/pt:,, -~~MttJ.tiuiJ•t:,-=nj~tt-?>:ffi:1Jvt a-f! 0,t o t.:.cl60)itfft (T:\.\IA300) a
fffl~ L -c" 'o o 

130. t:,t.:. Lli, ffi:?iitilt"rl;i:Jlo.: t 0)-e ~ ~"\*iiU>~a-&-C .7J.t.:1t'o 

t!.iJ-.t:,, :m:1Jvtt9iili~flO)~Jfa-~cl6o t.:.cl6l.: 8 D:tffMJ L -c1,,J., o 

131. t:, t.:. Ll;t , * ili" U> tta i fJ a- :ffi:1J vt a- :iffi L -c W:~U -c .7J. t.: 1t 'o 

t!.iJ,t:,, ~ J:-::> t ll L 1,, it., U>t.,t~J., iJ•b U1~1, ... t li,1[1,1, .. ~t.,ti; b, :m:1JiJit9iili~il 
U>~Jl:a- J: fJ -JtfiBicl61.> t.:.cl61.:tst-ffl-~$J'U>$}1J a- L -Cit 'o o 

132. bf.: U;t*m"rlH:· 11,, 1 ffl:t1t"r~-1--ntf"f: t:, tlo U>iJ .. a-ffl tJ t.:1t'o 

t!.iJ• t:, "\ 7:> Iv ~~-r a-Uffl1J L -c, ~-1-~U>1 t~ffl,£ t ~~iiU>mJffil.: 01,, -cfiff~ L 
"'(l,\,o 0 

133. I wh;h to uud<•rstand till' uuiYS<'l"S(' and c·osmology. 

(*m t*mliia-J.mm Lt.:."'·) 

For that pnrpos(•, I study quasars and brown dwarfs. Cmupwndr.s!'! 

( -fO)f.:.~~-= 1.r..--¾f"- t flf!!.11£ a-fa,1-"{"'(l,\,o. t:,t,\J., ,) .. ~!'!) 
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13-1. I want to und<'rst and if om• <·m1 und<'st and what haw not brrn mulrrstood y<'t. 
( i t.:J.IM ~tt -C\t\1Z"'.:. t Hlltw-e ~ -o .t 1 ,.:1Z-0Q)1J'll~ 1 t,'llg Lt.:\t\.) 

Dnt now I am thinking if I rrally mulrrshmcl what, I thought, I und<'rstoocl. 

Mttt'. J.IM Lt.: t,~.--:, t.:.:. t a-*~'.:J.IM L -C\t'-oQ)f!.~ 1 t,'llt;lti -C\t'-o.} 

135. Now I want to uncforstaud what I want to u11clE'1·staud. 
( (Htiltfiila-M Lt.:\t,Q)t,'llg Lt.:\t\.) 

That is why, now I am doing evrrything I can to unclrrstanrl what I bav<' to nndt•rstand 

to understand what I want to uudcrstaucl. 

(t!.t,-.;, §~t,~ Lt.:"'.: t a-UT-o t.:~1.:1;tfiiJH.fflM-ttt,i' .t "'-/J .. a-JtfWi· 
-o t.:N'>,.:~; ~ 7->.:. ta- L -C\t\7->.) 

136. ;fLtt .. i&~9i-l.: MHE L -C\t'l.> li""f-e~~ 1 ~$1i c'Q).t 1 tj: b Q)iP .. :t:1W;J:.J.9i-Q)fu 
£Q)IJ tJ ,.:it t'Q) .t 11Z~£t,fN'>r "'.) -r"''° Q)t,,.,.:J@.i~u:· .-a,r.t '° o i t.:*iit,-. i; i& 
~a-WEN'>-c t J.J.t.:"'o 

t!.t,-.i;.. C\t' 1 blt-C:litj:\t,t,t (-t.:. i-e .Jl.1*e~-eli1Z"' t "'-:, i:'*--C:-) .. :RXQ)ffl:W. 
,.:~--:,-C ~ t.:.t,r, :t:li-a-ftEtJ L-rA,,ii&~*11tUffllJQ).1fllffl~a-fi--:,-C\t'-o (fflf~ 
~ffltl a- ffl" 't.:~"'f ~ 1J ~ffi ,.: .t 7-> UilU!ttl) o .:. Q)ftMi a-~-/J'll L -r.. J:BGQ)ft $,l.: 
\,V'.)-/J'lll& tJ ffltrBiJf < 7.,-/J'llt l,ttfj:\,\.:. t a-ii?!.it fflfl Ltj:iJft;, .. 8 ~Q)ft$l.:ml.JA, 
"f:\t '-o o .. LiJ,. L 'iit&.:-t 1--C:-l>-o .t '? ,.: .. ffl.~li t --:, t fftj: t Q) &.: tj: -o t,-. t Ltttj: 
'-''o (h~· A. C. Clarkr)" 

13,. fkli .. ~~JIIJ~fllJ:tf&Q)JI-~ Hai tJ t.:'v'o 

t!.-JJ-. t;, \t' i Coronal Mass Ejection ( :i a f- JUinklli) Q)ijf~ a- L -C 'v' -o o 

138. bf.: UiY-77?-Q).iEf*a- L tJ t.:'v'. 

t.: t,-. t;, =f.flaN'> ,.: ffi:ftH Q)~ a-iffiffiT -o t.: N'>.. lfi:*'91-Ri-e~:ttHi:-t -o t.: N'>Q) -JJ 
J. 7 a-lU'l=L-c1.t,1.i. 

139. *iiQ)* ~ ~~~Hn tJ t:.'v'o 

;tlj~Jl:Q) ~ IJ~~-fflffla-f'J:-:>-C\t'-oo 

140. bt.: Lli*ii~ :r-·1 I- Q)~M.Hn tJ t.:."'o 

t tJ l>i --f .. -tQ)f.:N'>l.:;fL&i77 ·1 ~ *- Jv t *iiHttiHJf~ L "t°'v' i -to 

141. ;fLli .. *iiQ)*ffiflfft:iiiJf t·? 1Z-? -C\t'-o -/J .. a-ffi tJ t:.'v \0 

t!.t,-.i; A, .. ffliiiJfifla- J?.--?•t 7->ffi' L"'n~a-~ i -C\t'-o o 

142. ;fLliAOOa-ULt.:"\o 

t!.iJ-.t-:, \,\ i*ii t 'P:'ltHJf~ L "t°"''°o 

143. ~,i .. .:1.-,~- :i:;.., ~ .1- ?'- a-{£ 1.t tJ t-f-=> tit< ttma- Ltj:itttli'tj: t-:> 1Z'v \o 

t..:-/J\t;, \,\ i .. .:1.-,~- :7:;.., ~ .1-? .t tJ it'lt'.$fflitfl:tla-§~--C:-1'J:--:, "'('\,\7.) 0 

--C:-t *~--C:-~-Oo ft-/J\.:f.f'Rbtj:\tl? :S~ ( tl.-o f3t--C:-t \,,\\,\it 'c:o 

144. bf.: Lli.:r.:i ~ $- 7' r At L -CQ)i!lJiiJQ)mjj}; t ifMtQ):iAff HllfW Lt.:\t\o 

t!. iJ .. ; ~~mm t fl JUJUlif Q)*Q)mJ;}:Q)iJf~ a- L -r", '° o 

145. bt.: Ui*iiQ)flai tJ t,-.t;,ffl_ti:Q)~,.:~7-> i --C:-Q)j§ff HtJ.l~t L -CJ.IM Lt.:'v\o 

t.:iJ .. t.> 4-.. *'iliQ)*ffillfflmQ)if!ft .. fflilif Q)lf!ft a-!f;il.:ffl!l~* t "\-:, fflIJffii-/J .. ; H 
ffl.U .. J.l~Q)jifijJjQ)77"D-1-a-ffl\,,\"'('ijf~ L ""(\,,\7.) 0 

146. bt:. Lli*iiQ)Jti:~ a-M Lt.:1.t\. 

tft,-. t;," \ i ffi£~J.!l!~Q)t/l~ t ~~£fifJQ)iJf~Q)~fflj a- L -C\t \ 7->. 

147. bt.: Lli§~a- t tJ 'i < *ii t "' '? EJ?!.ia-~ < Q)Al.:i:M&; L -ct; "'t.:.'v'. 

t!.iJ-. t;, "' i it!Jtfii"'e::RXfiff ffiJba- L -C'v' -o. 

148. I want to uudC'rstancl how do spiral galaxirs livr. 

(fLliifMtffliliJQ)~fffiHai tJ t.:"'.) 
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So I am working now on thr problrm what makrs spiral anus so stahle. 
( t!. 'IP '=, fiiJ i)<ifnj~O) Jli a- .:. A,~ ,: t j:~ ,.: l -n, \ o ip~.r{ ·(\,' o. ) 

149. ;fLI±, '*-:IIUUJ1¥-J~j'f;£0)~ffi1:fPJilt@.:.-:, ""(\,\o 7)\a-ffl lJ f.:.t.,\o 

t!.7)\; \, \ i , {ij'f;iflffllj a-fi-:, ""(\, \ Q 0 

1::io. ;fL(i, ~#.£0)itHtJ:O)fil:il H!!M lf.:.i., \o 

t.:7)\;"\ i, 7t7t8i1UHHl4 cfi-:,--C\,\oi><, i!ik cl --CifU ~"\o 

151. ;fL1;t, ,J, - i:fl - j'l:jtx --~t±~1:~x1t!fffil-C c'O) J: ? ,:fii; tt --c", o i) .. ,:m a-~-? 
""(\,\¢ 0 

t.:i),; "' i, *·NfUt1:0)~x1t!lfQ)ac:i"1! a-~- L -f--:>~""'--c"'1., o 

152. vt.:. Uiffliiif i><t1,--:>--c c·.:. t1,; ~ --c ... A, c·? ~-? --c" ,--c ... .::. O);tc c·.:. "~ < 0)7) .. HI 
ffR lf.:.\,'o 

t.!.7) .. ; A, ... ±II 8 !fl it>~ i-r,:• 8 Jtit-~fHJ'*-7),lt--c#ti 1::iffii.,,, ~-g,:~ 
r:, tt.~t,< '=' ltiJt a-ffi:t.,, t.:. tJ ... ii1l l --ct!)=i.,, t.:.7" a *'--ff Jv a- 1J V' .:x:. 7 I- ~ ttt.:. lJ , ~ 
~~1:;J~a ;J~a ,:~-:,f.:. tJ ... ~~~O)A caiifri l --Cil'fe!!5mHH Lt.:. tJ l--:>--:>, "'0A, 
~ A,:wM--r t r:, ",~t,(t;, ffliiffia-'f!-:,--CfJUiiJa-Uffl1J L --c, ~- L -f--:>ffl tJ ~ffliiif c 
.t-3i!c--:1 ~ ,:~0? c i" .?> i,>f.:.;f?;, I~'/ ::1 ;,,~']- 7 A 7- ~ 3 ;,, ~"il/i.A,t.!. lJ, !Xit 
c WiHxA- ~g1,,f.: fJ ... *~1:7;,, 'if"'i:11. t.>j'1fh. lt.:. fJ, $fri$ffiiO)JIJE~ J:J -Ii:~~ 
t.:. lJ , c 1,' ? -J;;:~~~~i5 a-i!-:, -C 1,' ii" o 

153. :bt.:. Ui;RX~ (:g-) c t±~il( c·? .t-31-t ~ ,g-1,,,i"ttlft.,\i.,,O)i) .. a-ffl lJ f.:_1,,0 

t.:il\C;,A,, .t-3~l:).. fJ 0) CD a-'h>lt--C, -r 3 ::i v-1- a-it-""~i)<; 7;,, 7- I-,.:~ 
i -ci.,,J.:>o (7 ;,,7- J- O)@~"'i::1ti -ci.,,1.,? t.>,:1- s ::i v·-1- Ii~< ~-?t l i-? 

t.:.ilf) 

154. ;fLli, ~ffii.Wlilff.J Gooo IJ£~3)J.>ftt;,t,<HJ:~oi!Ul ni L) O)J:~,:, c·1 L --c 200 
Jjlf t O)iJ\, 'X~iJ<lti)L:, ""(\, ,J., O)i,,.-/i:J.!llffR l f.:_\, 'o ~ t, JMle-/i:1'J:J., 0) ,: Ii§ Jtli 
if'IPJ ~ t.!. c le,-? --c"' o o 

t!.t,,;, PJ"ffi.7t · ffl:ilt - x •~ c'. "\0 \,\~ ~ilt~0)7t1:tt; ttoffiffl."'i:ft,g- L --r, 
j;;:~Q)~}M;jxffflO)~fHJ ct1m1: J: J.,ifg\,\a-HilUA~I: ~ ~ o t!.lt~ l < ~5E l, U -Ii: 
:1f i o t.:..ioO)t.tf+HHt l J: 1 c J1t1J l --c1,\7., o 

155. fkli, :;Rj:~:ff cOf-l!ttoJl~,:#,t~ f.:_\,\o 

t!.t, .. ; ... :;Rj:~Q)~.r{J.,*~~,:~A, ~ ... ,f0)~.¢.(1:-:fftffiEl-f? f.!.-:,f.:.1t!lfl.:-?\, \ 
--CO)ffi!J5ffi a-tla.io, fPJt,,JtmJ:a- l t.:."' c J1t1J HIHt--ci., \ o o 

156. ;fLli*'mO)*~ ~ "'i:fflU lJ t.:.1,,0 

f!.t,, r:, 1l l f--:>UfflU~fll -Ii: °Jt"'*.io--c1,, o o 

157. ;bf.:. Lli*ffi'O)~i){ c'Q) J:? 1.: l --C·W!&-?~£1.: ~ -:>f.:.il\a-ffl tJ t.:.lt'o 

t!.t, .. r:, *lma-jn.:Jl L --c ... Hi1Um1:tli~ l, -=r- 7' a-1& 0 --c1, ,1.,0 

158. ;bf.:. LI± .. :;R)(~C \,\ ?~IFfl; l,\,\~rR,a'~ ( O)A,.:ffl-:,""( t C:,\,,f.:_\,)o 

f!,t,-.;*~O)tf~a-J{iffi § ,:-?--:> ""(\, l,?,i)f, ~i,>~t,-.;«ll}\'; l ~i,f{~;b; ~\t' 0 

159. :bf.:. LI± .. ~X~Q)~~:ffa-itf-? lt.:.1t\o 

f!.1),t;,D!f.:.i.,\~iiU: t tlimf L --c ... it!!JtffQ)AO)JMffRHfJ: 1 cl --c1,,J.>t,f, J;U1Hi3) 
t,t; ~\,\o 

160. ;fLI±, &ffllJ1:li:bn'; ~1,'.::. c ,:--:>1t'-Cffi tJ t.:.1t 'o 

t.!.t,>t;,3!!5~1.:ffl~ l ""(l,\7.,0 

161. fkli, §~O)fj~JJO)fil0\t-/i:ffl lJ f.:_1,,0 

t!.t,,; A-nt~ t;, ~1,,ft u,,IL,liHJf~ L --c1,,7., o 

162. fkl±iift0)7 a ;,,7 ,f 7~3)7.>*Eii':-?\,l"(ffl fJ t.:.\t\o 

f!.1),t;,ffiti-?·:d.:..::. c0)0)~1,\.::. c "'i:J1n,.:~~Lt.:.1t\o 



163. ;fl-U:fflinf(l)~fta- Ac. iiil--=>f..:H.#.iJ\t:>fiJF~ Lf..:1,\0 

t.:iJ\t,fflinf~1ta- -JJ :t AO)m.#.iJ ... t:,iijf~ L "("1,l,?> 0 

164. bf.: Lli l~H}O):iJ'o/e~. i:Jl:i§!.f.~t.t,C,,, ttaat i;tfiiJiJ ... a-Jll!IW Lt..:\.i\o 

t!.·/pt:,£t, t.: £ t.: i liA.,0)-fllJ~--C- ( t, LiJ ... Lt.: t.,:k~ < ata-~--:> -C) ~1*JltfH.:~f 
7-> ffl~ a- L -c" \ 7-> o 

165. tLi;t, 1,l-fttMAli*ili"'-~tli L -Ci1!1t L -c1,\ < .;-'(~ t, 0) c.:1;x.7.> o 

.t --:> -r.. *iii 0) jgj.:c. ~ Jv-¥ -tt-=flUIJ-Jt c -f ttiJt~ {*&.:4 x. 7-> M 1.: mJ L -Cffl~ ~ fi 
f.t-:>"("1,loo 

166. fl-Ii, tih iJ .. t:> O)*~±ftit--C-AffiO)~WJO)f?m~ffl t -C'-' \ o o l!P ~, ffliiil' *'O) t".:. 
7)\,.: liffltl9~'1r-f*iJ{liiJPt=1.:r?:tE-t o c. .re. 1 o 

.t-:>-C .. .:.tt~~T 7-> t..:N.>I.:, U!fiflQl.:~~0)~7.>*12'~7 *·7 7 ;.,;:--t-~~Jffl 
L -c fiffifg~-J a-ff~ 1.;-'(~ c..W. ·Ht, £ t.:~1.: t, L -c1,\~"\o 

167. fAli:Jti!f.:jcO)~fi;'iJ< c.".:. 7Jl':) ~-Cc.".:, "'-It\ ( 0)7Jlffl IJ f::;\.i\
0 

t!.tP t:> *iii O)pjf~ ~ i" 7-> o 

168. bf.: Lii £ t!.mtt, iJt~t:::..:. c. 0)~1,l.ffl_j!~O);fj" tJtl~ .J!-C Jj.f,:1,,\. 

t!iJ ... t:, "\ £, f.tiJ\~t, .. iffi t:> f.t1,llt c:, -fO)f.:N.>O)fmifftto ~--Jr Jvi:\1f1,l-c1,\7.>_ 

169. bt.: LliiJ ..... ::>-CO)§;}O).t 11.:JU:·!YtN.>-C~tlrt 7->Ak ~ii~ Lt.:1tl. 

t!.iJ-.; v\ £., ti~~J'C~~ftx., *"\0)1.:~;;.--c-~~O);ffJ:¥~ L -C\.ilo. 

170. bf..: LliiltW,iJt-JJ * A 1:'~7.>.:. c. ~ffl-:,"("\.tloo ltttt." c.•tt ( t:> 1,l:/] * Af.tO)i) ... ffi; 
f.tl,lo 

t!.iJ ... ; f!iO)lfElfO)Jfl~, AkiJflJl.iJ\; tli i" .J!x. t.t"\*'O)*f £ tJ ll-*H!tft L -c~ x.:ib: 
A., ~l,\oo 

171. fl-1.t, !f:iuc.lifiiJiJ ... , *iilic.'A.-f.tltH.!a-t~. *HIH:'1f.t7.>iJ\a-ffltJf.:1,\o 

-ftt H:U-?>:fiJtiJ\ tJ c. L -c, JJUE, fflinTO)mJ& c. jf!fta-ffl~ L -c1,\7.> o 

172. t>t..: Lli:lt!JJ;J<O)ili: < ,.:*-?> iiffi~f-£Q)Ji,O~1*1.:Mt,r~ tJ £-to 

t.:iJ\t,, -fO):K-f*a-fuUHIJ L -c, ~!1l~ffl1J---.d.: tJ, ;R-f*jJ~~~--;,-C!Wl.it~it# Lt.: tJ 
L-C'-'\i-to 

I 73. fLl;t, 1,l7J 1,l7J f.t£0) £ b fJ O)fi~'ff AO)#.]~~:tffi~Jll!IW Lf..:1,\0 

f!.i) ... t,, ;fl-1;1:A,, ,fO).t '? f.tJ!l~jf A&.: .t -:>-Cft&~ ttf..:j'ta-flj'tftfl~{!-:> -C~.;-'( 
-Cl, l ,?> 0 

174. fLl;t~k t.tffl:iiifO)i:Jl,(.,$~~ L < ;}~ L, -f.:. ~~.:.--=> -C\tl,Q.:. c. HlfWLf.:1t\o 

t!.iJ-.t:,, {-t~ti9f.tf.fliiifO)ip,(.,$0), iltW-~fi~O)fWflll:a-t#-?-r- 9 a-WMJr L -c1,,7.>o 

175. I want to nud<•rstaud tlw iutrkatr strncturr of spiwrtim<•. 
( fL liflt=~O) J.... fJ fflA., t!.M:ifi a- JJl!M Lt:::."\) 

So, for thr presrut. I am trying to mntrilmtr to thr pffort for thr drt,•,·tiou of gravi

tational wav<'s. 
( t!. 'IJ .. ; A,, 1i:1Jilt a-~l:li -t 7-> i(Jj-1.: iifitt L .t 1 c. L -c" l 7.>) 

176. I want to nnd<!rstand what arr thrrr in the• sky ahovP. 
(fLl;ljJ(_l:O)~,.:fiiJiJ%7.>0)1Jlffl tJ t..:\tl) 

So, for th<' pr<'.S<'llt, I am tryiug t.o drt<'ct gravitational wav<'H whid1 hriugs iufonuatiou 

of lwavcn1ly objrct.s to me. 
( t!.iJ\; A,, 7(J:O)~~O)ffilfl a- t, t:::. t:> i"llt:/Ji&: a-~tli L .t '? c. L -c1, \ o) 

1 i7. bf.:. Ll;t, ffliiiJ'O) 9 17"0):il\t\a-~ t.7.>ffliiirmJvtO) ;e -/J .::.XA ~U Lt:::.\t\o 

t!.t,,.; A, .. ffljii]'O)? 17"i.: .t Q £*fflm:O)jl\,,l a-w:1.;-'(-C\,,\,l> 0 



N 
00 
CJ'1 
I 

178. bf.:. Ll;t, l3;3"Q)~ i tl.f.:.*ilit,tt• '? ~-:, ""(l.,\,o1,pffi tJ f.:_l.,\o 

t!.t, .. ;, llU/rQ) x IUolillUr- ~ ~Jfl'-'\tffliiifli!HJf~ L t")'°o 

179. 7'~7.pC;,~-:,""( < ,07f;Q)~~,:(1)§1'.:"~f:.1.,,o 

t.:. t!. 7c Q) t.:. t) ':. -t!: "? -t!: t ttfi ~ 1'1= "? t" \ Q 0 

180. t>t:. Lli*iliV :r.·J r Q)~~ffUIH!IUW Lt:.\.t)o 

t!.-/J .. C:> .t:;--J' 7 ·J 7 *- Jvliit~l!IQ)JiJf~~ L t\.t\-oo 

181. t>t:. L1;t,~Jv-tr-£~Q)fflmH!IHW Lt:.\.t\o 

t!.-/J .. ; ~I~ Jv-tr - Ill t 1iittJ}Q)f14m HJij~ ""(\, \ 0 0 

182. t>t:. Lli*'ie':.i:3,t ~~$Q)~jffi · :i1UtH!IUW Lt.:."'o 

t!.lt t·.t:;--fiiJt>~~ L tv'~"'o 

183. t>t..: LliJ{(l)*iliftHfflfW Lt.:.v'o 

t!.t, .. ;@!j'aj~flQ)~tlifi~lffl~JiJf~ L t'-'\-o o 

184. t>t:. Lli*J.i 21 ffl:~,:Affii>ttt tJ tli-t~ ~ *iliffl:ff.Q)JJ!~ a-:1.mfW Lt:."'o 

t!.t, .. ;A,, -f(l)~-~c ~J.,:kli-111, :t!i-~Q)jt~~a,.ij;t, .. ,: LJ: 1 tMiff1Ja-fif.i:-:, 
"(\,\-:,0 

18j. fLl;I:, :kA!Jl\.Q)¥ 1-J- ~ ·J 7 :J. ~M Lt:.v'o 

t!.-/J .. ;, AI~~i1.ffltl"'t:"~ ~"'fh*f.t~£1HJ~IHJ~ffl~1HJ,:.Hffl1J"'t:"~ -o~£1HJ~IHJ 
~ ~-f- v- ~ ::1 ~Q)1i~"'t:":kli.il.HolfflU L t\.t\-oo 

18G. ;fkliffliiiJ(l):i1Ut~:l.lfW Lt:.v'o 

t!."/J .. ;1fi.J1irff :J.~Q)~t¥-J~1tHIAJ~t"''° o 

187. fk,;t, iif-tAt.l<".ffl.~Q)r"'t:"fiiJ~.W.--:, t.:.n .. ffl tJ t.:.1.,\0 

t!.-/pC:,A,, :RJ'c~~~CF, A,~, :RJ'c~~Q)JiJf~~tfa&")-oo 

188. t:>t.:. Lli~ < t*~ ~£t,tt' ~~ 1b (l)f.tQ)i1 .. H.ffl1W Lt.:.1.,\0 

t!.t, .. C:>~1!!.§£Q)1Jxlli Lt.:.tt/ftQ)ffl:M-~R~t" \,o o 

189. fkli, ~~ Lt.:.llt, .. tJ Q)fflfIUKiiiJa-~Jl Lt:.\.t\o 

t!.t, .. C:, A, ASTRO-F (IRIS) ,:.(7)-tt -o 'JJ ./. 7 a-"'?< -:> t\.t ''° o 

190. fk';t f~~-,:.a,t-oH'f!Q)~-o1J~i!ittJ Hmm Lt:."'o 

t!.'IJ .. ;A, fffl:t-tifi1¥-J7°7 ;{7ijffQ)fflji~.6JtQ)JiJf~J a- L t"''°o 

191. fkl;t f-tlUd ffl:iiffl"'t:"*ili(l)tt/JfQ)~'ftHJ,~t..:"'o 

t!.'IJ .. ;, jcff'!(l)j'ajmti:frU (HDS) f'l=fU:~:IJO L tv'-oo 

192. C°'? L titffl.J4£7)tf:li*U..:Q)-/J .. , U Lt.:.v'o 

t!.tJ .. ;, fMJili~~:l.lllillm"'t:".:: tt;Q)£Q):J.~ 7 r ,1;:a-ftiff1J L tjc~ffl.6JtfW~a- L 
""(I.,\ Q 0 
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Abstract 

This .. Celest-ial Mechanics Symposium~: is the 30th anniversary. We review 
the history of ;; Celestial Mechanics Symposiums" with the tables of contents 
in past proceedings. 

1 Source of information about the Symposiums 

~*O);Rfi:nff~~O)~ C: ~~~o-D_O)jjt*,±, -~~ ~o ~ c:-ezboo -t" 
~ --e, l@.1L;RJCaO)*rm~, imi:J:t~*4!~, ~LlJti~~' J:P#*~; ~:ti1J L --Cv' 
t:.t!. ~, :i&I*O)~j~~ c:~~ ~-\t--cv,t:.t!.v'f:.1

o ~ .13, *~~0)~*~:1-t~c: L --r, 
~ n; ~ii(J) EI*~ ~-tt--r zb o o 

2 Summary 

•~O) EI*~ c:~~ t c: ~= L --r, -tn~·n(J)@JO) r lffl1i s J , r lffl1itim J , r ·HUiS 
AJ, 1~iJi~J ~* 1 ~: i c: ~--r J;.f:.o ~.t3~@1 (~ 30 !El) O)~iJt~~:i±, ~!El 
*JJO)~J;. --ezbo *A 9--tz ·;1 ~ 3;,, t ~~--r"'o o it:.~ 1 i±, * 1 i:JlO)~IEJ ~ t 
O)~iJt~0)~1t~7F L --r .t3 ~, ~f{: t ~~=~:ha L tv'o:ttfft,ttnJ~o o ~ 0) J: ~ ~ 
~~i±, (~ 6 @~~"'t:.) ~ 5 @J: ~ t.l:Htti~n, ~ 19 [rut,~;ii-1F~~o-fsO):tJ 
7 -**-Itc: ~ "? t:.o ~ 1 - 3 @I c: ~ 6 @i±-~t,t~v't:.e'J, ~~O)~pg~~ {) c: 
~: L tv'~ (~ 2)o ~ 4 @I~:--:?v~--ri±, "'TfLO)jf~t,t~--:?iP;~t,~"'.)t:.o ~ ;~:, 
ffl.tt--e,± f;Rfit.J~iijf~~J t "' "? (Pfrf~ t, ~ 1 im~~; ~ 3 !ID i ~,± 1~1*1J~ 
MJ~t~J t IP¥,tn.t3 ~, it:. 1 ,J,~~J:0v,--r ( ~ 1 IID)J , f;R1t:tJ~~:1iNt ~ ffi:r 
it~~O)flJJfi ( ~ 2 IID)J, 1 n 1tri:i~i§ ( ~ 3 IID)J c: r---;,-~t#c i "'.) --cv,t:. ~ t t,t~r*J 
~xi?~; ;f.);?\~ ( ~ 2)o 
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1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

Table 1 : The ~o., date, place, organizcr(s) and number of assembly of 
"Celestial Mechanics Symposiums',. The,"?, means that 

there is not any information about them. 

1967 7 7-8 8 ~~ o ¥.rl*J • "i:!:t:(£ • Wi 
1968 $ 7 J=J 5-6 8 Ji(f~jc~ ti"tE 
1969 $ 11 J=J 21-22 7.kiR~JlllilUm ti"tE 

? 

1972 $ 1 J=j 27-28 8 
1972 $ 11 J=J 26-27 8 

1973 $ 12 J=J 3-4 8 
1975 $ 2 J=J 12-13 8 
1976 $ 2 J=J 22-23 8 

1977 $ 2 J=j 24 8 
1978 $ 1 J=j 23-24 8 
1979 $ 1 J=j 25-26 8 
1980 $ 2 J=j 14-15 8 
1981 $ 1 J=J 26-27 8 
1982 $ 2 J=j 22-23 8 
1983 $ 2 J=J 24-25 8 

1984 $ 2 J=J 1-2 8 
1985 $ 1 J=j 29-30 8 
1986 $ 2 J=j 14-15 8 
1987 $ 2 J=J 12-13 8 
1987 $12 J=j 17-18 8 
1989 $ 1 J=J 30-31 8 
1989 $12 J=j 20-21 

1991 $ 1 J=j 22-23 8 
1992 $ 12 J=j 21-22 

1994 $ 1 J=j 12-13 8 
1995 $1 J=J 10-11 8 
1996 $ 1 J=J 29-30 8 
1997 $1 J=J 28-29 8 
1998 $ 3 J=J 4-6 8 

? 
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5 
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15 
9 
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13 
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10 
14 
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16 
16 
16 
16 
20 
21 
23 
23 
22 
24 
23 
22 
27 
26 
28 
34 
33 
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Figme 1: The c.:liange of 11m11bcr of the speakers at the each symposium. 

~ 3 t±, ~ 2 @] O):;Rfi.js:t.J~M!5Jil~0)7° O 7~ 7 At' 2V> ~ ( ~ r:j=i0)7° o 7~ 7 A O)_tt:: 
2b ~ :>11 r Jv t± ,r ::R 1:ft.l *11*JE~ J c ~ 0 --C v' ~) o tµjzj~il;.~, ~ ii., 0 t.: -: c ii., G, 
~Fa~B9 ,:: $ c 1J 7'.1{2b 0 t.: J: "? ·c-2b ~ o * #Ji O) El*~~ --c bil.,~ im fJ , ~' @:! t ~i9fi 
~t±~l=~t::?9-il.,0 t.:1.1\ J: IJ i~v ,iltriil{t- ~ ~ J: "? , ~fti9fi~Fs~l±- A~ t.: fJ J3 J:-f 
40 :n' ~ 1111:lf?: L t.: o 

~"@] O)fufJE~O)~r*J ,±, IWJft ~ ~a~ L (- if~O)n ~ l~v' --C ) ffi: r ;( - JVc·fr ~ b 
nt.:o ~ 1 @l ::R1:ft.J~Ml5in~~ c"O)~r*J ,±, ·tin., L v' 11-fijlJ IJ J O)~ r*J~:k-c·2b -::d .: 
(~ 2)o 

~n, :tiJf~t~,::"'Jv'--C0)1filO)·lj ~imtc L--C1± , OO.ll.::RJCsO):):ffii:p£ M~~,::J: ~. 
~ 2 @Jc~ 3 @JO):pjfJE~O)~f§-7'.1{::RXf:3~,::2b~ (1IT1i:p 1968J970 )o 

3 the 50th ? 

4-@J 1±, ~ 30 @Jc v' "? ~ri § -c· 2b ~-: c ii., G, ~~O)~fHl~ b ct:: , 1::Rfi.js:t.J~,fl)f 
JE~J ~t~ IJ :i/! 0 --C Jj_f_: 0 20 ~9GO)~ 50 [9)0):J']T,:: i±, fi}cf~ j~d., G 30 iJ':Fa~O)~ 
~ ~ ffi IJ :if! 0 --C # f _: v ' o 

References 
~ 1 - 3, 6 @J :;Rfi.j\:jJ¥:~5ili~ ~ 1*1~*
~ 3, 7 - 29 @] :;Rfi.j\:jJ¥:tiJfJE~ ~fl 
:):ffii:p£tit ::R>Cf:3 ~ 61. 237. 1968. 
:):ffii:p~ tig. ::R>Cf:3 ~ 63. 46. 1970. 
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Figure 2: The circular of tho 1st symposium (Jun. 19, 1967). 
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Figure 3: The time table of the 2th symposium (.Jul. 5-6, 1968). 
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