TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 367, Number 3, March 2015, Pages 1671-1735
S 0002-9947(2014)06296-X

Article electronically published on October 1, 2014

O N WD

SPECTRAL THEORY OF MULTIPLE INTERVALS

PALLE JORGENSEN, STEEN PEDERSEN, AND FENG TIAN
Dedicated to the memory of William B. Arveson

ABSTRACT. We present a model for spectral theory of families of selfadjoint
operators, and their corresponding unitary one-parameter groups (acting in
Hilbert space). The models allow for a scale of complexity, indexed by the
natural numbers N. For each n € N, we get families of selfadjoint operators
indexed by: (i) the unitary matrix group U(n), and by (ii) a prescribed set of n
non-overlapping intervals. Take 2 to be the complement in R of n fixed closed
finite and disjoint intervals, and let L?(€2) be the corresponding Hilbert space.
Moreover, given B € U(n), then both the lengths of the respective intervals,
and the gaps between them, show up as spectral parameters in our correspond-
ing spectral resolutions within L?(Q). Our models have two advantages. One,
they encompass realistic features from quantum theory, from acoustic wave
equations and their obstacle scattering, as well as from harmonic analysis.

Secondly, each choice of the parameters in our models, n € N, B € U(n),
and interval configuration, allows for explicit computations, and even for
closed-form formulas: Computation of spectral resolutions, of generalized
eigenfunctions in L2(£2) for the continuous part of the spectrum, and for scat-
tering coefficients. Our models further allow us to identify embedded point-
spectrum (in the continuum), corresponding, for example, to bound-states in
scattering, to trapped states, and to barriers in quantum scattering. The pos-
sibilities for the discrete atomic part of the spectrum includes both periodic
and non-periodic distributions.
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1. INTRODUCTION

The study of unitary one-parameter groups ([vN49]) is used in such areas as
quantum mechanics ([Bar49l/[ChulIl[AHMII] to mention a few), in PDE, and more
generally in dynamical systems, and in harmonic analysis; see e.g., [DHJ09]. A
unitary one-parameter group U(t) is a representation of the additive group of the
real line R, ¢ € R, with each unitary operator U(t) acting on a complex Hilbert
space . By a theorem of Stone (see [Sto90,[LP68,[DS8Y| for details), we know
that there is a bijective correspondence between: (i) strongly continuous unitary
one-parameter groups U (t) acting on .#; and (ii) selfadjoint operators P with dense
domain in 2.

In quantum mechanics, the unit-norm vectors in the Hilbert space J# correspond
to quantum states, and the unitary one-parameter groups U(t) will represent the
solutions to a Schrodinger equation, with (22, U(t)) depending on the preparation
of the quantum system at hand. In linear PDE theory, unitary one-parameter
groups are used to represent time-dependent solutions when a conserved quantity
can be found, for example for the acoustic wave equation; see [LP68]. In dynamical
systems, selfadjoint operators and unitary one-parameter groups are the ingredients
of Sturm-Liouville equations and boundary value problems.

In these applications, the first question for (7, U(t)) relates to the spectrum.
We take the spectrum for U (t) to be the spectrum of its selfadjoint generator. Hence
one is led to study (s#,U(t)) up to unitary equivalence. The gist of Lax-Phillips
theory [LP6§| is that (52, U(t)), up to multiplicity, will be unitarily equivalent to
the translation representation, i.e., to the group of translation operators acting in
L3(R,.#), the square-integrable functions from R into a complex Hilbert space . .
The dimension of .Z is called multiplicity. For interesting questions one may take
A to be of finite small dimension; see the details below, and [JPT12D,[JPT12a).

In this paper, we study a setting of scattering via translation representations in
the sense of Lax-Phillips.

To make concrete the geometric possibilities, we study here L?(2) when 2 is
a fixed open subset of R with two unbounded connected components. For many
questions, we may restrict ourselves to the case when there is only a finite number
of bounded connected components in ).

In other words, 2 is the complement of a finite number of closed, bounded and
disjoint intervals. We begin with Dirichlet boundary conditions for the derivative
operator d/dz, i.e., defined on absolutely continuous L? functions with f’ € L?(f2)
and vanishing on the boundary of 2, f = 0 on 9. Using deficiency index the-
ory ([vIN49/[DS88]), we then arrive at all the skew-selfadjoint extensions, and the
corresponding unitary one-parameter groups U(t) acting on L?().

We expect that our present model will have relevance to other boundary value
problems, for example in the study of second order operators, and regions in higher
dimensions; see e.g., [Bra04].

1.1. Overview. In this setting, we resolve the possibilities for the spectrum, and
we show how they depend on the respective interval lengths, and their configu-
ration, i.e., the length of the interval-gaps, as well as of the assigned boundary
conditions. Our conclusions are computational, in closed-form representations, and
are expressed in terms of explicit direct integral formulas for each of the unitary
one-parameter groups U(t).
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For each of these unitary one-parameter groups Ug(t), we compute its spectral
decomposition as an explicit direct integral of generalized eigenfunctions ), func-
tions of two variables, the spectral variable A € R, and of the spatial variable x € €.
The direct dependence of generalized eigenfunctions on the boundary condition B
is computed. The functions v, fall within the family known as exponential polyno-
mials (see e.g., [AHDI10,MNTI0]), or Fourier exponential polynomials. We further
identify in detail those special selfadjoint extension operators for which there is an
embedded discrete spectrum.

Our paper is closely related to Fuglede’s conjecture in one dimension. Let d € N.
Recall that

Definition 1.1. For A € R? we denote ey (z) := e2™*% We say that a finite
Borel measure p on R? is spectral if there exists a set A C R? such that the family
of exponential functions E (A) := {ex : A € A} is an orthogonal basis for L? (u1).
We call A a spectrum for p. If E(A) is an orthogonal set, then we say that A is
orthogonal.

We say that a bounded Borel subset  of R? is spectral if the restriction of the
Lebesgue measure to €2 is a spectral measure. We say that a finite subset A of R?
is spectral if the counting measure on A is a spectral measure.

Spectral sets have been introduced in relation to the Fuglede conjecture [Fug74]:

Conjecture 1.2. A bounded Borel subset Q of R is spectral if and only if it tiles
R? by translations, i.c., there evists a set T in R such that {Q+t:t€ T} is a
partition of R4 (up to Lebesgue measure zero).

This conjecture is known to be negative when d > 3; see the details below.

It was shown by Fuglede [Fug74] that the conjecture is true if Q is a funda-
mental domain for a lattice. He also showed that circles and triangles are not
spectral. Moreover, he gave some examples of spectral tiles that are not funda-
mental domains. Recently, Tao [Tao04] gave a counterexample to disprove the
conjecture on d > 5. It was eventually shown that the conjecture is false in both
directions on d > 3 [KMO06al[FMMO06l, Mat05,[KMO06b]. All these counterexamples
involve the study of the Fuglede conjecture on finite abelian groups and also on the
integer lattice, or they involve some counterexamples for the seemingly stronger
conjectures called the universal spectrum conjecture (USC) and universal tiling
conjecture (UTC) introduced in [LW97,PWO1].

There are recent current papers dealing with dimension 1. The relevance of our
paper, to the Fuglede problem in dimension 1, is the case when ) is a union of
non-overlapping open intervals. Indeed this case is generally considered to offer a
key to the resolution of the Fuglede problem in dimension 1. About dimension 1,
see for example [DL13|[DH12,[D.J12].

We now move on to the technical details in our construction, beginning with
operator theory. A more detailed overview is postponed until the start of section
Bl In fact, we will have a fuller discussion of applications in sections [B] through
below. In each, we begin with an outline of both the new main ideas introduced, as
well as their spectral theoretic relevance to quantum mechanics, to wave equation
scattering, and to harmonic analysis.

In section [§] for comparison, we consider some cases when the given open set
Q has an infinite number of connected components, still including the two infinite
half-lines. This is of interest for a variety of reasons: One is the recent studies of
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geometric analysis of Cantor sets [DJO7DJIILTPISPWOI]; so the infinite compo-
nent case for €2 includes examples when (2 is the complement in R of a Cantor set
of a fixed fractal scaling dimension. This offers a framework for boundary value
problems when the boundary is different from the more traditional choices. And
finally, the case when the von Neumann-deficiency indices are (0o, 00) offers new
challenges (see e.g., [DS88]) involving now reproducing kernels, and more refined
spectral theory. Finally, these examples offer a contrast to the finite case; for exam-
ple, for finitely many intervals (Theorem B21]) we prove that the Beurling density
of the embedded point spectrum equals the total length of the finite intervals. By
contrast, when () has an infinite number of connected components, we show in
section B that there is the possibility of a dense point spectrum.

For the reader’s benefit, we have included an overview of prior literature in the
Appendix.

1.2. Unbounded operators. We recall the following fundamental result of von
Neumann on extensions of Hermitian operators.
In order to make precise our boundary conditions, we need:

Lemma 1.3. Let Q@ C R be as above. Suppose f and f' = %f (distribution
derivative) are both in L?(Q); then there is a continuous function f on Q (closure)
such that f = f a.e. on Q, and lim,_,o f(x) = 0.

Proof. Let p € R be a boundary point. Then for all x € 2, we have
(11) f@) - 10) = [ Fwdy
P

Indeed, f’ € L} due to the following Schwarz estimate:

loc
[f (@) = FP)l < Ve =plIlf 20 -

Since the RHS in (IT]) is well-defined, this serves to make the LHS also meaningful.
Now set

fw) = o)+ [ rwdy
P
and it can readily be checked that f satisfies the conclusions in the lemma. ]

Lemma 1.4 (see e.g. [DS88]). Let L be a closed Hermitian operator with dense
domain 2y in a Hilbert space. Set

D+ ={¢+ € dom(L") | ™4 = +itp1 },
(1.2) C(L)={U:2, = 2_|UU =Py, ,UU" =Pgy_},
where Py, denote the respective projections. Set
E(L)={S|LCS,S5 =5}

Then there is a bijective correspondence between €(L) and & (L), given as follows:
IfU € €(L), let Ly be the restriction of L* to

(1.3) {eo+ f++Uf+ [po € Do, f+ € D4}

Then Ly € &(L), and conversely every S € &(L) has the form Ly for some
Ue%(L). With S e &(L), take

(1.4) U:=(S—d)(S+il)™" |y,
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and note that

(1) U e¥b(L), and

(2) S=Ly.

Vectors f € dom(L*) admit a unique decomposition [ = po + f+ + f—, where
wo € dom(L), and f+ € Dy. For the boundary-form B(:,-), we have

(1.5) = lF+ 17 = =17
2. MOMENTUM OPERATORS

In this section we outline our model, and we list the parameters of the family
of boundary value problems to be studied. We will need a technical lemma on
reproducing kernels.

By momentum operator P we mean the generator for the group of translations
in L2(—o00,00); see (Z.H) below. There are several reasons for taking a closer look at
restrictions of the operator P. In our analysis, we study spectral theory determined
by the complement of n bounded disjoint intervals; i.e., the union of n bounded com-
ponents and two unbounded components (details below). Our motivation derives
from quantum theory, and from the study of spectral pairs in geometric analysis;
see e.g., [DJO7], [Fug74], [TP99], [Lab0l], and [PWO0I]. In our model, we examine
how the spectral theory depends on both variations in the choice of the n intervals,
as well as on variations in the von Neumann parameters.

Granted that in many applications, one is faced with vastly more complicated
data and operators; nonetheless, it is often the case that the more subtle situations
will be unitarily equivalent to a suitable model involving P. This is reflected for
example in the conclusion of the Stone-von Neumann uniqueness theorem: The
Weyl relations for quantum systems with a finite number of degrees of freedom are
unitarily equivalent to the standard model with momentum and position operators
P and Q. For details, see e.g., [Jor81].

2.1. The boundary form, spectrum, and the group U(n). Fix n > 2, let
—o<fr<ar < Pr<ag << By < ay < oo, and let

(21) Q= R\ <O [Bk,ak]> = O Jk
k=0

k=1
be the exterior domain, where

(22) JO = (—OO, 61) ) Jl = (0413 B2) PR Jnfl = (anflaﬂn); Jn = (ana OO) .
Moreover, we set
(2.3) J_ =y, Jyi=J,

for the two unbounded components; see Figure 211

J-=J Ji J2 J3 Jn-1 Ji=Ju

—00 B ay B a Bs az Ba Qp-| B Qp +00

Fiaure 2.1 @ = Uj_y Ji = (UjZ] Jk ) U(J- U ), he, @ = the

complement in R of n finite and disjoint intervals.
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We shall write o = («;) for all the left-hand side endpoints, and 3 = (5;) for
the right-hand side endpoints in 9f).
Let L2(2) be the Hilbert space with respect to the inner product

(2.4) (f.9)=>_ [ [fl@)g(x)de.
k=0" Tk
The mazximal momentum operator is
1 d
2.5 P=——
(25) 12w dx

with domain Z(P) equal to the set of absolutely continuous functions on 2 where
both f and Pf are square-integrable.
The boundary form associated with P is defined as the form

on 7 (P). This is consistent with (LH): If L = Py, then L* in (LH) is P. Recall
that Z(Pyin) ={f € Z2(P); f =0 on 0Q}.

Lemma 2.1. Let a = (o), B = (B;) be the system of interval endpoints in (22,
and set

o o
nh) =@ = | = pe=| T
f(Bn) flan)

for all f € 2(P); then

(2.7) 21 B(g, ) = (9(e), f(@))cn = {9(B): [(B))cn »

where (-,-)cn 15 the usual Hilbert inner product in C".

Proof. First note that for the domain of the operator L* in L?(2), we have
dom(L*) = {f € L*(Q); f' € L*(Q)}.

This means that every f € dom(L*) has a realization in C(Q), so is continuous
up to the boundary. As a result the following boundary analysis is justified by
von Neumann’s formula (L)) in Lemma[[4] and is valid for for all f,g € dom(L*):

—i2nB(g, f) = (L"g,f)qg — (9. L g

/Q 2 (@) da
S ) ) e

= BB + Y (9B f(Bi41) = 9ay) () = glan) T (an)

Jj=1

= (9(8), f(B))cn — (9(), f(@))cn -
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Corollary 2.2. It follows that the system (C™, p1,p2), p1(f) = f(B) and p2(f) =
f(a), represents a boundary triple, and we get all the selfadjoint extension operators
for Ppin indexed by B € U(n); we shall write Pg. Explicitly, see e.g., [dO09],

(2.8) 2 (Pg) :={f €2 (P)|Bp.(f) = p2(f)}-
Our results on the continuous spectrum of Pg include

Theorem 2.3. If B is non-degenerate (see Definition B.4), then the continuous
spectrum is the real line with uniform multiplicity one and the spectral measure is
absolutely continuous with respect to Lebesgue measure.

We also provide a detailed investigation of the discrete spectrum. In some cases
our analysis is very explicit:

!
Theorem 2.4 (For details, see Corollary B22). If B = ( ch f* > , where ¢ =

e(01), B' = diag (e(6a),...,e(0y,)), then the continuous spectrum of Pp is the real

line and the discrete spectrum of Pg is Uz;ll (9’2:1 + iZ), the multiplicity of

each eigenvalue A is #{2 <k <n |l A — 0 € Z}, and by counting multiplicities
the discrete spectrum has density ZZ;% Uy,

The remainder of the paper is devoted to a list of detailed results concerning
the spectral resolution, and the scattering theory, for this family of selfadjoint
extensions.

In the Appendix, we have included some details on Lax-Phillips obstacle scat-
tering for the acoustic wave equation to which we will refer.

2.2. Some results in the paper. We identify a number of sub-classes within the
family of all selfadjoint extensions Pp of the minimal operator in L?(f2).

If the open set 2 is chosen (as the complement of a fixed system consisting of n
bounded, closed and disjoint intervals), then the set of all selfadjoint extensions is
indexed by elements B in the matrix group U(n). The possibilities for the spectral
resolution of a particular Pp are twofold: (i) pure Lebesgue spectrum with uniform
multiplicity one; or (ii) still Lebesgue spectrum but with embedded point spectrum
(within the continuum).

While all the operators within class (i) are unitarily equivalent, it is still the
case that, within each of the two sides in the rough subdivision, there is a rich va-
riety of possibilities: Via a set of scattering poles, we show that the fine-structure
of the spectral theory for each of the selfadjoint operators of Pg, and the corre-
sponding unitary one-parameter groups Ug(t), depends on all the geometric data:
The number n, the choice of intervals, their respective lengths, and the location
of the gaps; see Figure 21 More precisely, these spectral/scattering differences
reflect themselves in detailed properties of an associated system of scattering coeffi-
cients; see (B in subsection Bl below. To identify particulars for a given unitary
one-parameter group Up(t) we study the location of a set of scattering poles.

The resolution of these questions is closely related with a more coarse distinction:
This has to do with decomposition properties for the unitary one-parameter groups
Ugp(t) in L%(), a question taken up in the last three sections of the paper.
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In sections B and @ below we prove the following theorem.

Theorem 2.5. If B € U(n) is non-degenerate (see Definition BA]), then there is

a system of bounded generalized eigenfunctions {wg\B); X € R}, and a positive Borel
function Fg(-) on R such that the unitary one-parameter group Ug(t) in L*(Q)
generated by Pp has the form

(29) Us(O) @) = [ er(=0) (07.5), o4 (@) FaN)ar

for all f € L?(Q), 2 € Q, and t € R, where
(7.1), = [ P sy

In section [B] we prepare with some technical lemmas; and in section d] we com-
pute explicit formulas for the expansion (29) above, and we discuss their physical
significance.

Our study of duality pairs x and A in systems of generalized eigenfunctions v is
related to, but different from, another part of spectral theory, that of dual variables
for bispectral problems; see e.g., [Grilll[GRI10,[DG09].

Theorem 2.6. Let dog(-) be the measure in ([23) and let Vg : L?(Q) — L*(R,0p)
be the spectral transform in ([A3) with adjoint operator Vi : L*(R,op) — L*(Q).
Then

VBVg = I12(6,) and
VEVB = I12(q)-
Moreover,
(2.10) VeUs(t)Vi = M,,
where My is the unitary one-parameter group acting on L?(R,op) as follows:

(Mg) (A) = ex(=t)g(A)
for allt,\ € R, and all g € L*(R,0p).

Let @ be a measurable subset of R? and let p be a regular positive Borel measure
on R%. We will say that (Q, p) is a spectral pair if (1) for each f in L' (Q) N L% (Q)
the continuous function Ff (\) := (f,ey) is in L?(p) and (2) the map f + Ff of
L' (Q)N L?(Q) C L?(Q) into L?(p) is isometric and has dense range. We say @
is a spectral set when there is a p such that (Q,p) is a spectral pair. Spectral sets
with infinite measure were considered in [Ped87] and in [JP99].

Corollary 2.7. The exterior domains, i.e., the sets forming the exterior to a finite
union of intervals, are not spectral sets.

Proof. When 2 has infinite measure and is a spectral set, then every point in the
spectrum is an accumulation point of the spectrum; see [Ped87]. In fact, if A
is an isolated point in the spectrum, then it is an eigenvalue with corresponding
eigenvector ey, but ey is not in L? (), contradiction.

If © is a spectral set, then we can choose B such that the generalized eigenfunc-
tions in (BI) have AB(\) = 1 for all k,\. It follows from ([B4) that e(Aay) is a
linear combination of e(A31),...,e(AB,). By linear independence of the functions
e(AB1),...,e(ABy) it follows that oy = B; for some j, contradicting a1 < 1 <
ay < -+ < B O
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2.3. Reproducing kernel Hilbert space. In this section we introduce a certain
reproducing kernel Hilbert space J71(2); it is a first order Sobolev space, hence
the subscript 1. Its reproducing kernel is found (Lemma [2J)), and it serves two
purposes: First, we show that each of the unbounded selfadjoint extension operators
Pg, defined from (2) in section B have their graphs naturally embedded in
4 (92). Secondly, for each Pg, the reproducing kernel for 57 (€2) helps us pin down
the generalized eigenfunctions for Pg. The arguments for this are based in turn on
Lemma [[4] and the boundary form B from 27]).

Lemma 2.8. Let
n
(2.11) Q0= U Jk

be as above, and L%(QY) be the Hilbert space of all L?-functions on Q with inner
product (-, ), and norm |-||,. Set

H(Q) ={f € LX(Q)| Df = ' € L*(Q)};
then 4 () is a reproducing kernel Hilbert space of functions on Q (closure).
Proof. For the special case where {2 = R, the details are in [Jor81]. For the case
where ) is the exterior domain from (m we already noted (Lemma [L3) that

each f € J4(2) has a continuous representation f, and that f vanishes at +oc.
The inner product in 47 (Q) is

(2'12) <fa >}f1(Q <f’ > <f/agl>Q

Let z € Q = UZ:O Jy, and denote by J the interval containing x; also let p be a
boundary point in J. Then an application of Cauchy-Schwarz yields

F] -] =22 [ Ty

< IS+ 105 < 10 -

We conclude that the linear functional

HA(Q)3 [~ f(z)eC
is continuous on J# (2) with respect to the norm from ([ZI2)). By Riesz, applied to
(), we conclude that there is a unique k, € J#(2) such that

(2.13) fz) = <kx7f>,%q(9)

for all f € 74 ().

If  in (ZI3) is a boundary point, then the formula must be modified using
instead f(x,) = limit from the right if x is a left-hand side endpoint in J. If z
is instead a right-hand side endpoint in .J, then use f(x_) in formula (ZI3). This
concludes the proof of the lemma. O

Proposition 2.9. IfQ is the union of a finite number of bounded components, and
two unbounded (see ZI)—(23) and Figure 211, i.e.,

n—1

(2.14) Q2 = (—o0, 1)U U (ai; Bit1) U (o, 00),

i=1
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where
—o<fi<a<Po<ar< < ap1 < P <a, < oo,
then set
k51 kal
2 ko
krn=| .7 | and k= ’
k:Bn kocn

in @;_, /A (Q). Let B be a unitary complex n X n matriz, i.e., B € U(n). Then
there is a unique selfadjoint operator Pg with dense domain 2(Pg) in L?(Q) such
that

(215)  9(Pp) =S feHAQ);f@ - & f L (kn— Bky) in @) IA(Q)
N i=1
n times
and all the selfadjoint extensions of the minimal operator Do, in L*(Q) arise this
way. In particular, the deficiency indices are (n,n).
Proof. Follows from the arguments above. (]

Proposition 2.10 (Bound-states). Let n > 2 and set J; = (o, fit1), J- =
(=00, 1), J4 = (an,0) as in ZI). Set Q= U;:ll Ji, so
(2.16) LX(Q) = L2(Q) @ L*(J_U Jy).

Of the selfadjoint extension operators Pg, indexed by B € U(n), we get the & direct
decomposition

(217) PB gPQ@Pezta

where Py is densely defined and s.a. in LQ(Q) and P, is densely defined and s.a.
in L?(J_ U Jy), if and only if B (in U(n)) has the form
0
(2.18) : B
0
e(d) | 0o --- 0

for some 0 € R/Z, and B € U(n — 1).

Proof. Note that presentation ([2I8]) for some B € U(n) implies the boundary
condition f(a,) = e(0)f(p1) for f € Z(Pp) when Pp is the selfadjoint operator
in L2(2) determined in Proposition 201 And, moreover, the & sum decomposition

EI10) will be satisfied.

One checks that the converse holds as well. O
u B 4 .
Let B = e w )€ U(n), where u,w € C*" !, and ¢ € C. In section B we

consider the subset in U(n) given by u # 0 (see Corollary [3229]), but it is of interest
to isolate the subfamily specified by w = 0.

For n = 2, the unitary one-parameter group Ug(t), acting on L?(), is unitarily
equivalent to a direct sum of two one-parameter groups, T,(¢) and T.(t). See
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barrier 1 barrier 2

T.(0), t> 0

FIGURE 2.2. Infinite barriers (n = 2). Bound-states in one interval.

Figure These two one-parameter groups are obtained as follows:
(i) Start with T'(¢), the usual one-parameter group of right-translation by ¢,
f = f(- —t). The subscript p indicates periodic translation, i.e., translation by ¢
modulo 1, and with a phase factor. Hence, T,(¢) accounts for the bound-states.
(ii) By contrast, the one-parameter group T.(t) is as follows: Glue the rightmost
endpoint of the interval J_ starting at —oo to the leftmost endpoint in the interval
Jy out to +o00. These two finite endpoints are merged onto a single point, say
0, on R (the whole real line.) This way, the one-parameter group T.(¢) becomes
a summand of Ug(t). T.(t) is just translation in L?(R) modulo a phase factor
e(p) = 2™ at z = 0.
For n > 2 (Figure 23), note that the B-part (B € U(n — 1)) in the orthogonal
splitting
Up(t) = UB(t) D T.(t), t € R,
in
Q) = L*((Jr' ) o L*(R)
allows for a rich variety of inequivalent unitary one-parameter groups Uz (t). The
case L%(Jy U Jy) is covered in [JPT12h].

3. SPECTRAL THEORY

In this section we establish a number of theorems giving detailed properties of
each of the selfadjoint extension operators introduced in subsection 2.1l above. In
Theorem 3101 (the general case), we present the spectral resolutions as direct inte-
grals: We give explicit formulas for the associated generalized eigenfunctions; and
we study their properties. Among other things, we prove that they have mero-
morphic extensions to the complex plane C minus isolated poles, we give explicit
formulas, and we study the scattering poles, both those falling on the real axis, as
well as the complex poles.
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FIGURE 2.3. The complement of n bounded intervals in R (n > 2).
Bound-states in the union of n — 1 intervals, and tunneling.

We now turn to some detailed spectral analysis of the operators acting on L?(12).
The first issue addressed may be summarized briefly as follows:

We study three equivalent conditions 1 through 3 below, where:

1. An element B € U(n) is decomposable as a unitary matrix, i.e., it has at least
two non-trivial unitary summands B; and Bs. Note however, that this definition
presupposes a choice of an ordered orthonormal basis (ONB) in C™.

2. As a selfadjoint operator in L?(f2), Pp is a corresponding orthogonal sum of
the two operators P;, i = 1, 2.

3. The unitary one-parameter group Ug(t) generated by Pp decomposes as an
orthogonal sum of two one-parameter groups with generators P;, each unitary in a
proper subspace in L?(Q).

Below are some details about the corresponding summands in L?(€2), infinite vs.
finite.

The two infinite intervals: If a particular B in U(n) is decomposable, then
the corresponding summands in L?(Q) arise from lumping together the L? spaces
of the intervals J;, j from 0 to n, each corresponding to a closed subspace in
L?(Q). But when lumping together these closed subspaces, there is the following
restriction: one of the two infinite half-lines cannot occur alone—the two infinite
half-lines must merge together. The reason is that L? for an infinite half-line, by
itself, yields deficiency indices (1,0) or (0, 1).

The finite intervals: If a subspace L?(J;) for j from 1 to n — 1 occurs as
a summand, there must be an embedded point-spectrum (called bound-states in
physics) embedded in the continuum.

Caution about “matrix decomposition”. The notion of decomposition for B in
U(n) is basis-dependent in a strong sense: it depends on prescribing an ONB in
C™, as an ordered set, so it depends on permutations of a chosen basis. Hence an
analysis of an action of the permutation group S, enters. So a particular property
may hold before a permutation is applied, but not after.

This means that some B in U(n) might be decomposable in some ordered ONB
(in C™), but such a decomposition may not lead to an associated (Pg, L*(Q))-
decomposition.
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For our matrix analysis we work with two separate notions, “non-degenerate”
and “indecomposable”, but a direct comparison is not practical. The reason is that
they naturally refer to different orderings of the canonical ONB in C™.

3.1. Spectrum and eigenfunctions.

Definition 3.1. Fix n > 2, and let Q be the exterior domain (2.)); see Figure 31
below.

(1) Let B = (b;j) € U (n). Define the generalized eigenfunction by

(3.1) ) (@)= (Z A7 (N x, <x>> ex(z), AER,
k=0
where ey (7) := ¢, The function
(3.2) a(-,-):U(n) xR —C"*!
given by
(3.3) a(B,)) = (AgB> (A),...,AB) ()\))
satisfies the boundary condition
Ay (Vex () 437 (N ex (en)
A% (e AP Ve (a
o s| e || A7 weae |
AP (V) ex (Bn) AP (Vea(an)
with matrix-action on the LHS in (3.4)).
(2) Set
D, (A) :=diag (ex (a1),...,ex(an)),
Dﬁ (A) = dlag (e)\ (Bl) s ooy EX (Bn))
and let
(3.5) Bag (A) := Dy (A) BDg (A),

where B is the matrix from (3.4).
Then ([B4]) can be written as

B B
A7 () A7 (V)
(35 B | =Y
B) B)
A2 ) A7 ()
AP
AB) A)
where the matrix B, g()) is acting on the column vector ! )
A2 ()

In other words, with the definition in (3.5), the two problems (4] and
B10) are equivalent.
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FIGURE 3.1. wE\B) (z) = (EZ:O A (N xu, () ex (z).

Proposition 3.2. The boundary matriz function has the following form:

birex(Br—ai) -+ biex(Bn— )
(3.7) Bag(A) = : .. :
bpiex (b1 —an) -+ bunex(Bn —ay)
Proof. Follows from the arguments above. ]

3.2. The role of U(n). The role of the group U(n) of all unitary complex matrices
is as follows:
On C" x C" (~ C?), we introduce the form B(-,-) from (Z.7);

(3.8) B(z,¢) = [l2II* ~ ll¢Il*,
where ||z||* = ST 1z;|? is the usual Hilbert norm-squared.
The projective space P, ,, is the complex manifold [Wel08] consisting of all com-
plex subspaces L C C"* x C™ such that PryL = C", and
(3.9) B(z,{) =0, forall (z,¢) € L.
We use the notation Prq(z,() = 2.
The direction from U(n) to P, , is easy: If B € U(n), set
(3.10) L(B) :={(#,Bz); z € C"};

it is then clear that L(B) € P, .
For the converse argument, show that U(n) > B — L(B) maps onto P, ,; see
for example [Wel0§].

3.3. A linear algebra problem. To understand the coefficients A;(A) in the rep-
resentation (B3] of the generalized eigenfunctions, we will need a little complex
geometry and linear algebra.

Fix n > 2, and let

(3.11) B—(“ B;)eU(n),

c w
where u,w € C""!, and c € C.

Definition 3.3. An element B € U(n) is said to be indecomposable iff it does not
have a presentation

(3.12) B= ( B B, )

1<k<mn, B €Uk), B € Uln—k); ie., iff B as a transformation in C™ does
not have a non-trivial splitting B; @ By as a sum of two unitaries.

(The blank blocks in the block-matrix from ([B.I2]) are understood to be a zero-
operator between the respective subspaces. For more details, see section [6l)

Definition 3.4. Let B € U(n) as in (B10). We say B is degenerate if 1 € sp(B’),
i.e., there exists ¢ € C"~*\{0} such that B'¢ = ¢.
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/
Theorem 3.5. Let B = ( 5* ) € U(n) as in BII), where u,w € C"71,

and ¢ € C. Then the solutions to

Vo U1
U1 U2
(3.13) Bl . |=] .
Un—1 Un,
are as follows:
(1) If B is non-degenerate:
Vo 1
—1
(3.14) : =20 (In-1—B) u
o c+ <w, (In_,— B! u>

for some constant x¢ € C.
(2) If B is degenerate: let ¢ € ker (I,,_1 — B'), ¢ € C"~1\{0}; then
(a) if w is not in the range of I, — B/,

Vo 0
(3.15) = ¢ )
. (w. ¢)
(b) For w in the range of I,y — B’,
Yo 1 0
(3.16) Co | =0 Co + ¢
U ¢+ (w, () (w, )
for some constant o € C and some fivzed {, such that u =
(In—1— B')Co-
Proof. Note that (B13) is equivalent to
vy U1
(3.17) wvy + B’ : = : , and
Un—1 Un—1
U1
(3.18) cvy + <w, > = v,.
Un—1
If 1 ¢ sp(B’), solving (B1I7) and ([BI3) gives rise to (3I4)). The remaining cases
are similar. (]

Example 3.6. Suppose n = 3; then

0
-1
0

(3.19) B=

= o O
OO =

is degenerate. Here, B’ = < (1) _01 ) and B'¢ = ¢, where ¢ = < (1) >
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Example 3.7. For n = 3, let

0 0 -1
(3.20) B=|0 -1 o0
1 0 0

so that B’ = < _01 _01 > Note that B'¢ = ¢, where ¢ = ( _11 ); hence B is

degenerate.

Example 3.8. For n =4,

0 1 0 0
/2 0 1/vV2  1/2
B =
/2 0 —-1/vV2 1/2
1/vV2 0 0 —1/V2
is degenerate and
0 0 0
L-B =0 1- % -1
1 1
0
Henceu = | 1/2 | isin the range of I3— B’, and consequently we get an example
1/2

for case (2)(b) of Theorem

Example 3.9. For n =2, let
a b
B= < 7 a ) € SU(2),

i.e., |a/* +|b)* = 1. Suppose
U1
V2 ’

o2 (5a)()

That is,

Il
PR

avg + bvy = v,
—bvg + avy = .

If b # 1 (non-degenerate), then

b=

>4
=
Il
8
o
_
|
o

, 9 € C.

<
)
-

|
S

1—

o

If b =1 (degenerate, a = 0), the solution space is two dimensional, given by

0
1 ) anyOE((l
0
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3.4. The generalized eigenfunctions. We apply results in the previous section
to the generalized eigenfunctions in (BII)-(ET).

Theorem 3.10. Fiz B € U(n), and let

n

(3.22) o\ (@) = (Z AP (N xa, <x>> ex(z), AER,

k=0

be the generalized eigenfunction in BI) satisfying the boundary condition ([BA).
Then a (B, \) = (A(()B) (AN)yoeey AP ()\)) in B3) is a solution to

AP () AP ()
(3.23) Bag (\) s = : :
AP AP ()

where By g = DYBDg; see (B0) and B1). Moreover, writing

u(A) B 5N
Bag (/\) = ( ? >

c(A)  w)’
where
c(A) =byaex (b1 — an),
biiex (B — o) b2 ex (B2 — an)
w()) = ba1 ex (ﬂfl —a2) w(y) = bn,3 €x ([.33 —an) ’
bn—11 €x ('51 — 1) bpn €x (5n — o)
and
bizex (B2 — a1) e binex (Bn — a1)
(3.24) ap(A) = : : ;
bp_i2ex (B —an—1) -+ bu_inex(Bn—an-1)
then the solutions to [B.23) are as follows:
Setting
(3.25) Ap = {NeR|det (I,_1 — B, 4(\) =0} .

(1) If A, = ¢, then By g(\) is non-degenerate, and

(B) 1
(3.26) A : . — 0 (In_l - B;,/a(/\))_l u (A)i1
AP () c(\) + <'w ), (L = By () w (/\)>

for some constant xy € C. The points A € A, from [B.25) are the real poles
in the functions A; from (B.20]).
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(2) Suppose A, # ¢. For all X\ € Ay, Bapg(A) is degenerate, and there is
C(A) € C*1\{0}, such that ¢ (X) € ker (In,l - B;W(A)). Then
(a) If w(X) is not in the range of I,—1 — By, 5(\) and

(In-1 = B}, 5(N)) €o (A) = u(X),

then
AP () 0
: = ¢(A)
AP () (w(A),¢(\)
(b) If w () is in the range of In—1 — By, 5(\) and
AP () 1
: = o Co (M) + ¢(A)
AP () W+ @), &0) )\ wR),¢0)
for some constant xo € C. In particular, A, consists of eigenvalues
for Pg.
Proof. This follows directly from Theorem a

Corollary 3.11. Fiz a system of interval endpoints a = (o;) and B = (B;). Then
the subset of R,

(3.27) Ap = {XeR|det (I,-1 — B, 3(\)) =0},
consists of isolated points, i.e., has no accumulation points.
Proof. Tt follows from ([24) that the function

(3.28) A= D(X) =det ([, — By, 5 (N)

is entire analytic, i.e., is a restriction to R of an entire analytic function.

To see this, note that A — By, 5(\) in (8.24) is entire, and since the determinant
is multilinear, it follows that D(-) in ([B:28)) is also entire. Since it is non-constant
the properties of A, (see (B:25)) follow from analytic function theory. O

Corollary 3.12. Let Q) be fized as before, and select a B € U(n); then the functions

(B),\ . . . o
A;7() in B26) and (BI) have meromorphic extensions to C. The extension is
obtained by replacing A in B24), B20) and B20) with z € C. The poles in the
function C 5 z — A§B)(z) occur at the roots

(3.29) det (I,—1 — Bl g(2)) =0

and the embedded point-spectrum of the selfadjoint operator Pg (in L?(2)) are the
real solutions to ([B.29).

Proof. The assertions in the corollary follow directly from the formulas ([3.24) and
B26) in Theorem BI0l O

Remark 3.13. To find the meromorphic extension of the function

(3.30) R3 A (In1— BhgV) ™
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from ([B26) in Theorem B.I0] we proceed as follows. Extend (B.30) by formally
substituting z € C for A, and then proceed to compute the formal power series
expansion for the function

(3.31) C 32+ Rap(z,B') = (In-1 — Da(—2)B'Dg(2)) "

in the complement of the set of isolated poles. (The (n — 1) x (n — 1) matrix B’
!/

in B31) is fixed, but it is assumed to come from some B = ( ICL 5* ) e U(n)

as in (BI1]).) For iteration of the %—derivatives in (331)), it will be convenient to

introduce ;%4 L, = diag (ozj)?;ll, Lp = diag (8;);_,, and

2wt dz?
(332) 5a75(M) = MLﬂ - LaM

defined for all (n — 1) x (n — 1) matrices M.
Then in the complement of the complex poles of R (2, B') in B:31), we get

—i d
(333) <% E) Ra7ﬁ(27 B/) = Ra7ﬁ(2, B/)5a7ﬁ(3/)Ra“3(Z, B/)
And, as a result the higher order complex derivatives (2_—;1 %)n may be obtained

from (B33), and from a recursion which we leave to the reader. It introduces a
little combinatorics and an iteration of do g in (B:32).
In conclusion, we note that the complex extension

C>2 2z~ Rag(z,B)
is entire analytic in the complement of its isolated poles.
Example 3.14. Let n = 2, and fix —00 < 1 < a1 < [ < @y < o0o. Let

B = < _ag 2 > where a,b € C, and |a|* + [b]* = 1. Then
DA)=1-bex(f2—a1), A€ R.
As a result,
Ap=¢<=|b|<l<=a#0.
If a = 0, then there is a § € R, such that b = e(f), and then
Ay = (B2 — 041)71 (—0+7).

Remark 3.15. Note that the complex poles discussed in Corollary B.12] for Example
B14 (b # 0) may be presented as follows: Select a branch of the complex logarithm
“log”; then the complex poles are

1 -1

3.5. The groups U(n) and U(n—1). In the proof of Theorem 5] we considered
the following operator/matrix block presentation of elements B € U(n),

(3.35) B_<“ %),

c w

where u,w € C"!, ¢ € C, and B’ is the (n — 1) x (n — 1) matrix in the NE corner
in (335)).

We consider the coordinates in w as the matrix entries

(3.36) bip =ug, 1<i<n—1.
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For ¢ € C, we have

(3.37) b1 = c.

The notation w* indicates that w is a row-vector; we have
bpjr1=w;, 1<j<n—1

Finally we denote the Hilbert inner product (-, -), and it is taken to be linear in
the second variable. With this convention we have

w*u = (w,u) € C.

!
Theorem 3.16. If B = ( ’ZJ 5* ) € U(n) and g € U(n—1), assume 1 ¢

sp(B'). Then
u /=1
(3.38) ag(B) = ( gc g(jli)* ) eU(n).

Ifv=(vi)j_ € C"1 solves

Vo U1
(%1 (%)
(3.39) B . = . )
Un—1 Un
then
Vo
v
V2
(3.40) vii=1| g :
Un—1
Up,
solves
Vo U1
U1 V2
(3.41) ay(B) g V2 = 9 :
: Un—1
Up—1 Un,

Proof. Since B in [338) is in U(n), we get the following presentation of the C"
norm:
o+ B'a|* + [ero + (w, 2)[* = frol* + ]

Zo

for all € C™. We choose coordinates such that zo € C, and € C" 1.

Since g € U(n — 1), we get

_ 2
|lzogu +9B'g~ || + |exo + (gw, @) | = |o|* + |||

for all ( a;) > € C". The assertion in (3.38) follows from this.
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We now use Theorem B.5] to solve the problem for oz(B). Hence the solution v?
to the ay(B) problem is

vh
vy 1
-1
. = o (In—l - gB/g 1) gu
: -1
v, c+ <gw, (In-1—gB'g™) gu>
o
1
-1
= Vo g (In,1 - B/) u s

c+ <'w, (In_1— B! u>

which is the desired conclusion in ([B40).
Inside the computation, we use the following formula from matrix theory:
1y -1 -1 _
(In-1—9B'g”")  =gu-1—B) g,

and as a result,
<gw, (In—1 — gB’g_l)_lgU> = <g'w,g (In1=B)"" U>
= <w, (In.,—B)"" u> ,
where we used g*g = I,,_1, i.e., g € U(n —1). O

!
Corollary 3.17. Let B = < Z 5* ) be such that, for some g € SU(n — 1), we

have gB'g~' = diag(zj)?:_ll, zj € C, |z;| <1. Then

(3.42) det (IH ~(9B'9 ) g ()\)) = 1:[ (1 — 2z e(\Ly))
k=1

where Ly, = length(Jy), 1 <k <n.

Lemma 3.18. Given B € U(n), then the following are equivalent:
(1) ay(B) =B, forallg € U(n —1), and
(2) B has the form

(3.43) B= < (C) I”(;l >,CE(C,|C|—1.

Proof. Immediate from the definition of «,, (338, i.e.,
u B ([ gu gBg'\.
(3.44) Qg <( ¢ w >> = ( ¢ (gw)* ;
see Corollary B.111 O

Lemma 3.19. If B is degenerate and { € C"~' is an eigenvector of B’ with
etgenvalue 1, then Py¢ = P,{ = 0.

Proof. Note that B’ = P.- BP;- is contractive, and B™* = Pj-B*P; also B'¢ = (
implies that B’*¢ = ¢. Hence P-*¢ = ¢, Pi-¢ = ¢, and so P,¢ = Py¢ = 0. ]
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Corollary 3.20. Let B be degenerate. Then u and w are orthogonal to ¢, where
¢ is an eigenvector as above, i.e.,

(u,€) =0 = (w,¢).
Proof. By definition
Bey = ( “ > eC"'aC.
But recall P,¢ = P,{ =0, by Lemma Then
<U7C> = <’U/7B/C> = <'U/,BC> = <B*uac> = <617C> =0
since P;¢ = 0. The same argument yields (w, ) = 0. O
Theorem 3.21. Set Jy = J_, J, = J+. Let B be determined by B43), that is,

(3.45) B= ( (C) 1”0‘1 ),CE(C,|C|:1.

Then the continuous spectrum of Pg is the real line and the discrete spectrum of Pp
18 Uz;ll iZ, where U, = Pr41 — ay s the length of the kth bounded interval. The
multiplicity of each eigenvalue X is #{1 <k <n—1|£l\€Z}. Hence, 0 is an
eigenvalue with multiplicity n — 1, and counting multiplicity the discrete spectrum
has uniform density 22;11 Ly, in the sense that, for any a we have

number of eigenvalues in [a —n,a+n iy
f eig [ +n . Z 0
2n P

as n — oQ.

Proof. Note that

ﬁo )ex (B1) ﬁl )ex(ar)
(3.46) B 1 ()\): A (B2) _ 2 (A ex (a2)
At (Vex (B) An (V) e (an)

is equivalent to

Ak ()\)6)\ (Bk“rl) :Ak ()‘)e)\ (ak)ak = ].,...,TL— 1;
CAO ()\) (Y (ﬁl) = An ()\) (Y (an) .

Consequently, L2() = L*(J_ U J;) & @}, L*(J;) and

n—1

Py =Py o P P,
k=1

where Py is a selfadjoint operator acting in L?(J_ U J, ) determined by cf(8;) =
f(a) and has Lebesgue spectrum (see Figure 23)), by [JPT12b], and Py acting in
L?(Jy,) is determined by f(Bk) = f(ax) and has spectrum FlakZ. Since the set

%Z has uniform density ¢, the density claim follows. O
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The same argument shows

Corollary 3.22. If

B ( U B; ) 7
c w
where ¢ = e(0y), B’ = diag (e(02), ..., e(6,)), then the continuous spectrum of Pp is

the real line and the discrete spectrum of Pg is Uz;ll (9’2:1 + iZ) , the multiplicity

of each eigenvalue A is #{2 <k <n|lA—0; € Z}, and counting multiplicities
the discrete spectrum has density Zz;ll Uy,

Remark 3.23. Recall the cyclic permutation matrix:

o --- 0 1 0 1 0
S = S ,and S71 =95 = ‘ ’ ;
. oo 0 S
0 1 0 L0 o
then
!/ !
(3.47) BS:(“ B*)S=<B* “)
c w w* ¢
—_——

matrix product
For an application of this remark, see section [ cases 1 and 2 in subsections (5.1
and
‘ u B’ . . ‘
Corollary 3.24. A n x n complex matriz c wt | B U (n) if and only if
the following list of conditions hold:
B*B' + |[w|* Py = I,

B'B* + |[u]|* Py = I, 1,
(3.48)
B'w+cu =0,

ll® + lel* = fJull* + Jef* = 1,

where the following notation is used for vectors € € C*~1. We denote the projection
in C"~1 onto the one-dimensional subspace Cxz by P,.

Proof. Combine [B.47)) and ([B4F]). O

Corollary 3.25. Let B € U(n) have the representation given in Corollary
with entries, matriz corner B’, vectors w, w, and scalar c. Then B’ is a normal
matriz if and only if the vectors w and w are proportional, with the constant of
proportion of modulus 1.

Proof. Immediate from the system of equations (348]). O

Remark 3.26 (A dichotomy). Corollary .25l tells us precisely when B has its matrix
corner B’ a normal matrix.

Combining Corollary and Theorem [BT6], then note that, by the spectral
theorem for normal matrices, we may pick g € U(n—1) in order to diagonalize the
normal matrix B, i.e., with gB’g~! = diag(21,....,2n_1)-
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For this case, we then get the following dichotomy:

(i) The set A, (= the real poles) is non-empty if and only the eigenvalue list
{%;j} contains an element of modulus 1. The corresponding selfadjoint operator Pg
in L?(Q) then has an embedded point-spectrum.

(ii) If every number in the list {z;} has modulus strictly smaller than 1, then all
the poles are off the real line, and as a result, Pg has a purely continuous spectrum.

Now the matrices in Corollary account for only a sub-variety in U(n), but
are “large.” Recall B’, being a corner of a unitary, is typically not unitary; but, if
it’s normal, then the spectral theorem applies.

3.6. Permutation matrices.

Example 3.27. Let

0010
0001

(3.49) B=| 1 4 0 0 | €U
0100

That is, u = e3, w = e1, ¢ = 0. Note that B’ is non-normal. We have

O 6)\(&3 — 012) O
BagA) =10 0 ex(Bs—a2) |,
0 0 0

D(X) = det [Is — B, g(\)] =1, VA € C,

and

. 1 ex(Bs—a2) ex(fs+Bs— o1 —a)
(IS_B/a,,B()‘)) = 0 1 6)\(&4—012)
0 0 1

Hence, by Theorem B.I0 (1), we get

Ai(X) =ex(B1 + f3+ B — a1 — as — az),
(3.50) As(AN) = ex(B1 + B4 — ag — az),
A3(N) = ex(B1 — a3)

for all A € C. See Figure

Conclusions.

(1) The functions A — A;(A), 1 <7 < 3, have no poles in C.

(2) The functions A — A;(N), 1 < i < 3, are complex exponentials, depending
only on interval endpoints.

(3) The spectrum of Pg is a purely continuous Lebesgue spectrum.
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b3 by
J_=Jy Ji Jy J3 Jo=Jy
—00 B aj B2 a Bs az Ba ay +00
bl’% b24

FIGURE 3.2. The case B selfadjoint and B’ non-normal yields ran-
dom jumps between the intervals.

Figure B2 illustrates the action of the unitary one-parameter group Ug(t) acting
in L2(12), and generated by the selfadjoint operator Pg coming from the boundary
matrix B (€ U(4)) from Example B27 see ([3.49)).

The unitary one-parameter group Up(t) in Example acts by local transla-
tions to the right, acting on L? functions in Q. The action “locally” by translation
here refers to translations to the right within the individual connected components
in . Moreover, Figure illustrates these local translations when interval end-
points are encountered.

For comparison, we sketch, in Figure B.3] below, the modification of the diagram
(in Figure 32) when the boundary matrix B from ([349) is changed into the 4 x 4
identity matrix Iy.

Conclusion: If B = I, then the associated group Ug(t) is acting in L?(2) by
simply crossing over the gaps between successive components in 2, moving from
the left to the right, and jumping between neighboring boundary points.

Both the illustrations with the two versions of B correspond to a hit-and-run
driver, constant speed, and instantaneous jumps between components in 2. The
second one (B = I) rides right through without changing direction, but the first one
is drunk and jumps between components in €2, in either direction, until eventually
escaping to +oo.

Caution: With B = I, the associated corner 3 x 3 matrix B’ is still non-normal.
In fact, as for the boundary matrix B in Example B.27] the B’ from B = I is
nilpotent.

J_=Jy Ji J J3 Ji=J4

FIGURE 3.3. B = I4, and B’ is non-normal.

Corollary 3.28. Letn > 2, fix Q as above, and let B € U(n) be a permutation ma-
trix. Let Pg be the associated selfadjoint operator. Then the unitary one-parameter
group Ug(t) is acting in L?(Q) by local translations to the right of velocity 1. Let
L be the sum of the lengths of the n — 1 bounded components in 2. Then, as t
increases from —oo to +oo, Ug(t) acts in an interval of length L by simply crossing
over the gaps between components in 2, jumping between boundary points, in either
direction. In a time interval of length L, Ug(t) makes a permutation of the n — 1
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bounded components J; in Q, where 1 < j < n. For every n > 2, there is a per-
mutation matriz B € U(n) which makes the permutation of the intervals into the
identity permutation, i.e., the local translations riding right through, jumps between
successive components in 2, until eventually escaping to +oo.

/
Corollary 3.29. Suppose ( TCL 5* ) € U (n). Then
(3.51) BeUn-1)<+=u=0+<w=0.
Proof. Tmmediate from (B.48]). O

Corollary 3.30. Let n > 2, and let B € U(n). Consider the presentation B =

/
( 1: 5* > in B38). Then the following bi-implication holds:

(3.52) c=0<= B"*B’ is a non-zero orthogonal projction in C" L.

In particular, if B52) holds, then ||B’|| =1, and so B is degenerate.

Proof. (=) Assuming ¢ = 0, then from the equations in the system ([B.48]), we get
Jull = flwl| = 1,

(3.53) B*B =1, | — P,
B'B* =1, 1 - P,

and so in particular, both B”*B’ and B’B’* are orthogonal projections in C*~1. It
is known that orthogonal projections have norm 1, so

|B'||* = |B*B'|| = | In—1 — P =1

as asserted. Indeed, the projection Pp = I,,_1 — P, has rank n — 2 > 1 by the
assumption in the corollary.
The converse implication (<=) may be proved by the same reasoning. (Il

Remark 3.31. We will show in section Bl that the unitary one-parameter group
Ugp(t) in L?(Q2) has bound-states if and only if the condition ([B.51) in Corollary
holds; see also Figure

—b

Example 3.32. Let U = ( g ) e SUQ), la> + b =1,2€C, || =1,

and set B = € U(3), decomposable. Then B’ = < g 8 >, and
e o 1 0. N . .
B*B = 0 o )8 the orthogonal projection onto the one-dimensional subspace

in C? spanned by e;.
Lemma 3.33. Let n > 2, and let o = (o) and B = (5;) be a system of interval
endpoints in Qa.g = Uy Ji, where Jo = J_ = (=00, 1), Ji = (i, 3i), 1 <i < n,
In = J+ = (ay,00) and with interval length L; :== Bi11 — «;; see Figure B4l Let
B € U(n) have the form
!
B < u B* > :
c w
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then
(3.54) D(\) :=det(I,—1 — B’aﬂ),

as a function on R (A € R), only depends on the interval lengths L;, i =1,2,...,n—
1.

Li=p-a Ly =B — an-i

-0 Bi aq B -1 B Qp +oo

FiGURE 3.4. Interval lengths.

Proof. Write B’ = (gi;), for R > XA — D(A) in (354); we then get the inside matrix
as follows:

(3.55)
g12ex(L1) gizex(Bs—aq) -+ ginex(Bn— o)
B, 5(\) = 922 6A(?2 — ) g23 ex(L2) . 92,n—1 6/\@71—1 — )
In—1,2 6)\(62 - anfl) e In—1,n 6)\(Ln,1)
As a result, for D()), we get
(3.56)
1 —gizex(Ly) —gizex(fz —ay) .- —g1.nex(Bn — 1)
det —g22ex(fB2 — a2) 1 — gazex(L2) —Gg2,n—1€x(Bn-1 — a2)
—9n—-1,2 ex(f2 — an—1) T 1—Ggn-1n ex(Ln-1)

The conclusion now follows by induction: The determinant may be computed from
its (n — 2) x (n — 2) sub-determinants, doing the computations entry-by-entry in
the first row of the inside matrix in (B56). O

A second proof may be obtained from the following proposition:

Proposition 3.34. Let T be a k X k matriz, and let D;, i = 1,2, be two unitary
k x k matrices; then the following formula holds:

(3.57) det (I — DiTDy) = det (DiDy)det (DD} —T).

Proof. Follows directly from a use of the multiplicative property of the determinant.
O

From Figure 3] note that the numbers G; = a; — 3; are the lengths of the
gaps between the successive intervals, i.e., between J;_1 and J;, 1 < i < n. Set
Giot = Zl G; = total gap-length. For the unitary diagonal matrices D1 and D5 in
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B50), take D1 = Do (A) and Dy = Dg(\), where

e(Aaq) 0 0
pay— | O o) b |
: - - 0
0 0 e(Aan-1)
e(A\B2) 0 0
Dg()) = 0 e(.)\ﬂe.) ’
: . . 0
0 0 e(A8n)

and
Dg-a(A) = diag (L)} ).

Then, for the determinant function R 3 A — D()\) in (B54), we get the following
useful identity:

(3.58) D(X) = e(—=ALyot) det [diag (e(AL;)) — B'],
where B’ is the (n — 1) x (n — 1) matrix from B35).

Corollary 3.35. The determinant D in B54) is a function only of X € R, (L;) €
R, ie., D(N) = D(\, Ly,..., L1, B').

Corollary 3.36. Let
(3.59) RS A D(A) = det [diag (e(AL;)" ! — B’}

be the determinant factor on the RHS in B58). For j =1,2,...,n—1, let D;(\)
be the determinant of the (n — 2) x (n — 2) sub-matriz obtained from

(3.60) [diag (e(AL;) L = B'}

by omission of its j*" row, and its j*" column. Then

(3.61) L4y —niL- (AL;)D;())
' 2ridn T g T CAE

Proof. Differentiate [B:59]), viewing the determinant as a multi-linear function on
the n — 1 columns in B60). Applying 5= 4 to the j'* column in (B50) yields the
desired formula (B61]). To see this, note that the matrix in (B60) is

6()\L1) —bio —bi3 ce —bin
—bao e(ALg) — bz --- —ban
_bnfl,l _bn71,2 ce e()\Lnfl) - bnfl,n
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Corollary 3.37. Let o = (a;) and B = (j3;) be as above, i.e., the specified interval
B/

endpoints. Let B € U (n) be written as w* ) Then the following two

conditions are equivalent:

(1) The (a, B)-B problem is non-degenerate for all o and 3; and
(2) ||B'|| < 1, where |||| is the C"~'-operator norm.

Proof. Recall that () is the assertion that R 3 A — By, 5 ()) satisfies

(3.62) det (In_1 — Bl s (V) #0

for all A € R. In other words, (Il states that for all A € R, 1 is not in the spectrum
of B;ﬁ (N).

Using (2)) we see that this is equivalent to HB;’B ()\)H <1 O

!
Corollary 3.38. Let B = < ch f* > € U (n). Then w is an eigenvector for

B'* B’ with eigenvalue |c|*, and w is an eigenvector for B'B'* with eigenvalue |c|”.
Proof. From Corollary [3.24] we know that
B'w +cu = B*u + cw = 0.

Now, applying B’* to the first, and B’ to the second, the desired conclusion follows,
i.e., we get the two eigenvalue equations:

(3.63) B"*B'w = |¢|* w, and
(3.64) B'B"*u = |c[* u.

u B
Corollary 3.39. Let B = e w )€ U (n); then

(3.65) 1Bl > |el.

Proof. The proof divides into two cases. First if w = 0, then B’ € U (n — 1) by
Corollary B29] and so ||B’|| = 1, and 363) holds. Conversely, suppose w # 0;
then by [B63), |c| € sp(B™*B’), but from operator theory, we know that

|B'||* = max {s € R; s € sp(B*B)} = |B*B'|* = |B'B"*|*.

Hence |c|> < ||B’||?, which is the desired conclusion (B65). The inequality (B65)
may be sharp. ]

Lemma 3.40. Letn > 2, and let A be an (n — 1) x (n — 1) matriz, w,w € C"71,

c e C. Suppose B := ( Zi Z ) € U(n). Then B = B* if and only if
(1) A= Ax,
(2) u=w,
(3) ceR,
(@) [lull®+e* =1,
(5) A2+ ||ul]® Py = I,—1, and
)

Proof. A direct computation. O
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Example 3.41. Consider the following selfadjoint unitary 3 x 3 matrix B and its
cyclic permutation B where

a b g >
1+ (%)
b2 —g
B b T - ——
“re 1+ ()" |
g —g c
a2 2
Vi3 i+

where a,b,c > 0, and ¢ = V1 — ¢2. One verifies that if ¢ is close to 0, then g is
close to 1; hence b must be close to 0, and a closed to 1. But the norm of the corner
matrix

a b
B/ = b2
b —c
a+c
is a (= its numerical range). Thus, the inequality (B.68) may be strict.

/ - I
Proposition 3.42. Let B = < v B* > and B = ( B* u > . If ¢ is an eigen-
c w w* ¢

vector for B’ with eigenvalue e(f) for some real 4, then

(v 2) ()= (%)

But B is unitary, in particular ( (C) ) and ( 6\5/0*)5 ) have the same norm; hence

(3.66) w* =0,

slightly generalizing a claim in Corollary If B is selfadjoint, then w = u;
hence implies (848) B'u = —cu. In particular, u is in the range of I,,_1 — B’, if
¢ # —1. On the other hand, if ¢ = —1, then (.60) implies u = 0.

Consequently, if B is selfadjoint, then we are never in case (2)(a) of Theorem
9.0l

4. THE CONTINUOUS SPECTRUM IS SIMPLE

The generalized eigenfunctions studied in the previous section (see Theorem
and (31))) yield a separation of variables, a harmonic part (in the spatial variable
x as ex(z)), and a finite family of scattering coefficients {A§B)(A)}, functions of
the spectral variable A. In this section we study the meromorphic extension of
scattering coefficients, the extension to non-real values of \.

We show (Theorem A.T]) that, if the first of the scattering coefficients is normal-
ized to 1, then the continuous part of the spectrum for each of the operators is
purely Lebesgue, with spectral measure having Radon-Nikodym derivative equal to
the constant 1. We further show that each point on the real line R occurs in the
continuous spectrum with multiplicity 1.

Let the open set ) be as before, i.e., 2 is the complement of n bounded closed
and disjoint intervals. The minimal momentum operator will then have deficiency
indices (n,n), and as a result, the boundary conditions are indexed by the matrix
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group U(n). As before, we denote the unbounded selfadjoint extension operators Pp
indexed by a fixed element B € U(n), and the corresponding unitary one-parameter
group is Up(t). These operators are acting in the Hilbert space L?(€2).

We restrict the element B as in Theorem [B10] i.e., it is assumed non-degenerate.
In this generality we are able to establish (Theorem 1)) the complete and detailed
spectral resolution for Pg, and therefore for the one-parameter group Ug(t) as it
acts on the Hilbert space L?(2). We show that, if the first coefficient in the formula
for the generalized eigenfunction system in (B1]) is chosen to be 1, then the measure
op in the spectral resolution for Up(t) becomes Lebesgue measure. Moreover, we
show that the multiplicity is uniformly one. In the theorem, we further compute
all the details, closed formulas, for the spectral theory.

Theorem 4.1. Let o = (o;) and B8 = (B;) be a system of interval endpoints:
(4.1) —o<fi<ar <Py << By <y <00,

with Jo = J_ = (=00, 1), Jn = J4 = (an,00), and J; = (e, Biy1),i=1,...,n—1.
Let B € U (n) be chosen non-degenerate (fixed), and let

(4.2) x (@) =97 ( (sz ) AP (A >> ex (x)

be as in Theorem BI0, where @ = J!_y Ji, xi = xJ;» 0 < i < n, and where the
functions (AEB) ()) are chosen as in (320) with AP =

=0

For f € L*(Q), setting
(43) (Vi) () = (6r. Flo = [ 02001 ().
we then get the following orthogonal expansions:
(1.4 £= [ B
where the convergence in ([&A4) is to be taken in the L*-sense via
(4.5) 1@ = [ VN O, € 22 @).
Moreover, we have
(4.6) VeUg (t) = M}Vg, t € R,
where

(Meg) (A) = ex(=t) g (N)
for all t,\ € R, and all g € L* (R).

FIGURE 4.1. Intertwining.
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Remark 4.2. The reason for the word “generalized” referring to the family (£2) of
generalized eigenfunctions is that, for a fixed value of the spectral parameter A, the
function vy is not in L?(Q), so strictly speaking it is not an eigenfunction for the
unbounded selfadjoint operator Pp in L?(£). But there is a fairly standard way
around the difficulty, involving distributions; see e.g., [JPT12alMau68|[Mik04].

Example 4.3. Set n = 2, B = ( _ag 2 ), a,b e C, |a|2 + \b|2 = 1. With the
normalization A((JB) = 1, we get the following representation of the two function
RB/\HAEB)()\),Z':LZ Fix —oc0o < 1 < a1 < B2 < ag < 005 set L := o — ag,
and G := ag — f1; then
AB (= eeabr—an)

V=TT ™

B eA(L—G —B€>\ G)
AP = .
1— be)\(L)
Note the poles in the presentation of the two functions in (£8]). In the meromorphic
extensions of the two functions, we have, for z € C,

(4.7)

(4.8) -
(B)(,y _ e(z(L — GQ)) —be(—zG)
A7) 1—be(zL)

Remark 4.4. Tt follows from Corollaries B.IT] and that also in the general case
with Q open and associated & = (o), and 8 = (5;)1_,, the scattering coefficients
A§B)(-) have meromorphic extensions. With this information, one may derive a
suitable de Branges-Hilbert space of meromorphic functions [dB84L[ADV(9], for a
detailed and geometric analysis of the general case. It follows that formulas ([@7)-
(#3) in Example [43] are indicative for the study of the general case; only in the
general case n > 2 is the extension of the meromorphic functions C 3 z +— AE-B) (2)
substantially more difficult.

Proof. Outline of proof in sketch. Given B in U(n), we get a specific selfadjoint
operator Pg, as outlined in section[Il And there is therefore an associated strongly
continuous unitary one-parameter group Up(t) generated by Pp and acting on
L?(Q)). We begin with an application of the abstract spectral theorem: Given the
selfadjointness of the operator Pg, we may apply the spectral theorem to it, but
this yields only the abstract form of the spectral resolution, not revealing very
much specific information. At the outset, the general theory does not say what the
spectral data are, such as detailed information about the measure op arising in the
direct integral representation for Pg. Given the properties of Pp it does say that
op must be absolutely continuous with respect to Lebesgue measure on R. But it
does not say what the Radon-Nikodym derivative Fp is. Our assertion is that with
the normalization Ag = 1, we obtain Fg = 1.

Having op, we proceed to apply the theory of Lax-Phillips [LP68] to the uni-
tary one-parameter group Up(t) as it is acting on L?(Q). To do this, we must
assume that B is non-degenerate, so that Pp will have no point-spectrum. To
apply Lax-Phillips, we do not need to know details about the measure og. Its
abstract properties are enough. To begin with, we first establish that L?(Jy) serves
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as an incoming subspace Z_ in L?(Q) for the action of the unitary one-parameter
group Ug(t). Recall Jy = (—o0, $1). To show that this incoming subspace Z_ does
satisfy the Lax-Phillips axioms, again we do not need detailed information about
the measure o. Finally, with an application of Lax-Phillips, and a number of other
steps, in the end, assuming Ay = 1, we are able to conclude that the measure op
is Lebesgue measure on R.

Proof in detail. First note that the assumption on B rules out point spectrum;
see Corollary BI1l Using [JPT12a] and the theory of generalized eigenfunctions
[DS88, Mau68| Mik04] MMG3], we note that there is a Borel measure op (dA) on
R, absolutely continuous with respect to Lebesgue measure such that the formulas
[#4) and [(@H) hold with o (d\) on the RHS of the equations. Our assertion is that
op (d\) = d\ = Lebesgue measure on R, i.e., then the Radon-Nikodym derivative

dog (dN)
X

The validity of [@3]) uses the assumption A(()B) = 1 in an essential way. Hence in

[#2), we have

(4.9) = Fp(\) =1.

(4.10) O (@) = | X(Cnep) (@ +ZA(B (@) | ex (2).

We will now suppress the B-dependence in 1/))\ () and A§B) (). Tt is understood
that ¢ () is a function on €2, and each A; (-) is a function on R; see Theorem B.10
for the explicit formulas.

In the computation below, we will be using the normalized Fourier transform *,
and its inverse .

Let P; = multiplication by x; for 0 < j < n, viewed as projection operators in
L? (). We then have

(4.11) > Pj=1I=I2q), and P;P = 6; s P;.
j=0

From ([{I0), we then get the following expression for Vg : L? (Q) — L% (op):
(4.12) (Vaf)(N) = (Rof)" (V) + ZA ),
for all f € L?(Q), and all A € R; and

(4.13) f= Pof+Zx] ) (O EN)

(It is understood in ([@I2), @I3) and the sequel that A; = Ag-B) depends on a
choice of B € U(n).)

With B € U (n) specified as in the theorem, we get a unique selfadjoint operator
Pg in L?(Q) as a selfadjoint extension of the minimal operator o d‘i, i.e., the
minimal operator specified by the condition f € L?(Q), f' € L?(Q2) and f = 0 on
08); see [JPT12a).

Let, for t € R,
(4.14) Up (t): L* (Q) — L*(Q)
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be the corresponding strongly continuous unitary one-parameter group generated

by Pp; see [Sto90lvN32|vN49].
Applying @I3), we get the following formula for Ug (t) f, f € L?(Q), under-
stood in the sense of L2-convergence:

(4.15)  (Ug (£) f) (@) = X0 (2) (Pof) (& = 1) + Y x5 (2) (4; () (B 1)) (@ =)

j=1
forall f € L?(Q), and all z € Q, t € R.
We now prove (6] as an operator-identity, i.e., the assertion that

(4.16) Vg : L*(Q) — L? (o)

intertwines the two unitary one-parameter groups specified in (4.
Let f € L?(Q), € Q, and \,t € R. Then,

(VeUB (t) ) (N)
= (W\Us(®) flg (by @)

= (U (—t)¥x, f)q (by the theory of generalized eigenfunctions)

= (ex(®¥rflg  (by @I0)

ex (=t) (¥a, f)og (since (-,-) is conjugate linear in the first variable)
ex(=t) (Vef) (A) (by @3))
(M VB [f)(A).

Since this holds for all A € R, the desired formula ({0 is verified.

We now establish formulas [#4) and ([@3) first for f € L? (Jy) = L? (—o0, B1),
and we recall from [JPT12a] that this subspace serves as an incoming subspace 2_
for Up (t) in the sense of Lax-Phillips [LP68|; see also [JPT12al, i.e.,

(4.17) 9= =L*(Jy) = L* (—0, 1) .
Proof of ([&4)). For fo € Z_ and x € €, then (in the sense of L2-convergence):
fo (@) = x5 (2) fo ()

= s (@) / ex (@) (Pofo) (NdX  (by (@I2)

— X (@) / b (2) (Pofo) (VN dA  (by @ID)
- / (Vi o) (\) 3 () dr (by @) and @),

which is the desired formula ([Z4]). O

Proof of (&X). By the spectral theorem (see [JPT12a]), the measure o (\) satisfies
2 2

(4.18) 130 = [ Vo R OV o (@)

see also ([@I6). Now specialize to f = fy € 2 C L*(Q2). Using [#4), and
Parseval’s formula, we get

. 2 . 2
(4.19) Vol oy = [ o | on @) = [ [fo] ax
R R
which is ([@H) on vectors fo € Z_. To see this, use ({LI12]). O
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The conclusions [@4) and [@3]) for vector fo € Z_ = 4 may be stated in terms

of the projection-valued measure
Eg (+) : {Borel-sets in R} — {Projections in L* ()}
as follows:
. 2

(4.20) 1E5 (@) follé, = | fo (V)] ax.
It remains to prove that
(4.21) 1B (@X) f16 = (Ve S) (W) dx

holds, for all f € L?(Q).
But by Lax-Phillips [LP68|] and [JPTT12al, the linear span of the vectors

(4.22) {Us(t) fo:teR, foe2_}

is dense in L? (Q2). This is where non-degeneracy of B is used.

As a result, it is easy to establish (2] when f € L?(2) has the form f =
Up(t) fo, t €R, fo € 7 = .

We proceed to do this. We have

(4.23) 1E5 (dX) Us (¢) foll§, = |5 (dX) follg,
and for the RHS in ({21) with f = Ug () fo,

(VU (t) fo) (V)[* dA
=lex (=1) (Ve fo) W)[* X (by ET))

(4.24) =|fo ax (by @I2)).

The two right-hand sides in the last two equations [@.23) and (£24]) agree as a
consequence of ([{20]), and we can therefore conclude that (£2I)) holds for all f =
Usg (t) fo as asserted. O

Proposition 4.5. The azioms for Ep () in [@20) and [@ZI) are as follows:

(1) Ep (S) is a projection in L? (Q) for all Borel subsets S C R, S € %;

(2) #>85— Ep(S) is countably additive;

(3) Ep (Sl N SQ) = FEp (Sl)EB (Sg), VS, S: € B;

(4) f= [z EB(dX) f holds for all f € L*(Q);

(5) Up(t) f = [gex(—t) Ep (dX) f holds for all f € L* (Q), t € R.
Moreover, the conclusion in [2I)) may be restated as follows:

For Borel sets S (€ A), let Mg := multiplication by xs in L*>(Q), and let

Vg : L2 (Q) — L% (R) be the transform in [{3) and [@E4); then

(4.25) EB(S) = V§M5VB; S e R
Proof. Follows from the arguments above. |

Convention. For functions f on R, we set M4 to be the corresponding multipli-
cation operator (Mag) (A\) = A(AN)g(N), A € R, with adjoint M} = My, and ~
denoting complex conjugation. On L?(Q) C L%(R), we view the Fourier transform
as a unitary operator so .Z f = f, and F*g = ¢V, for all f,g € L?(R).
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Corollary 4.6. Let Q, and B € U(n) be specified as in the theorem, and let {wE\B)}

be the system of GEFs in [@I0)) with coefficients {AEB)}LO, Then the spectral trans-
forms Vg and V} from [@3) have the following representation as Fourier integral
operators:

n
(4.26) Vg =Y F*M; .FP;, and
j=0
(4.27) Vi =Y PF*My.F
j=0
where P; = MXJ , 0 <75 < n, and recall
Vi
— A\
L*(Q) L*(R)
N—
Vi

Proof. For all f € L*(Q), by (@3]), we have

VBf / T/JA
= /Q (Z xi (y) AP (/\)> ex () f(y)dy
=0

=Y AW [ S0 ) 1w

i=0 Q
=" AP NF (Pf);
i=0

and this yields ([#26]). On the other hand, for all g € L?(R), we have

(VBg) ( / (N E

/ (ZM )47 (A )) ex () g(\)dA
= ZXi (37)/RAZ('B) (A ex (z) g(A\)dA,
i=0

which gives ([{27). O
Remark 4.7. For relevant details on Fourier integral operators, see e.g., [Duill].

Corollary 4.8. Select a pair of elements B and C' in U(n) specified as in Corollary

A0l Let (AEB)) and (A§C)) be the corresponding systems of scattering coefficients.
Then for the operator ViV we have

(4.28) ViV = ZZP 749 A(B T P;;

=0 j=0
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i.e. in each (1,j)-scattering block ViVp has the function

(4.29) R 3 A AD0NAP ()
as a Fourier multiplier.
Proof. Immediate from ([{26]) and (Z1) in Corollary O

Corollary 4.9. Fiz 1 <i < n — 1, and let P; be the projection from L?() onto
L3(J;) = L? (v, Big1). Then for all f € L*(2), we have

(4.30) Bf)" (V) = /R Shann; (A — €) |42 (€) (Pf) () de,

where

Shann;(§) ::/ e (x)dx

Ji
_ @ + Big1 ) sin (7 (Bit1 — )
(431) = €¢ (— 9 > 7T€

is the Shannon kernel on the bounded interval J;; see [DMT2).
Proof. By [#12), we have
(VBPLS) () = A () (Pf)" (A);

hence, by (£4),
(Pf) (z) = P, / (VBPif) (\) ¥ () dX

=i (@) / (VaPof) () (x: (2) 62 () dA
=Xi (33)/R|Ai NP (B (N ex () dA.

Therefore,
PO = [ RO ©OF (P (€ de
and (£30) holds. O

4.1. An inner product on the system of boundary conditions. While large
families within the selfadjoint extensions Pg, B € U(n), are unitarily equivalent,
there are much more refined measures that pick out specific scattering theoretic
properties for the selfadjoint operators and the corresponding family of unitary
one-parameter groups. Below we compute two such; one is an inner product, or a
correlation function, defined initially on U(n) and then extended by sesqui-linearity.
The second is the family of scattering semigroups; see [LPGS].

Corollary 4.10 (An inner product on the system of boundary conditions.). Let
a = (a;)q and B = (B;), be fized as above. For each of the finite intervals
Jj = (aj,B541), j = 1,...,n— 1, in Q, let Shy = Sh;, be the corresponding
Shannon kernel

(4.32) Shy(\) = / e(\r)dr, A € R,
J

J
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For a pair of bounded Borel functions g1 and g2 on R, set

(4.33) (g1,15n5% g2) += /ngm) [Shy | (\)dA.

For elements B € U(n) specified as in Theorem 1], let Vg and V} be the associated

transforms.
For pairs of elements B,C € U(n) we have that

c
(4.34) (Vex;: VoXi)pem) = <A§'B)’ |Sh;|” A; )>
and that
(4.35) <VBXfm, VCXfin>L2(R) = Z <A§ )’ |Shj|2 Ag‘ )> )
j=1

n—1

where X fin = Zj:1 XJ; = indicator function of the union U;:ll J; of the finite
intervals.

Note that [@38) extends by sesqui-linearity to a Hilbert inner product (B,C),
and then

n—1
B 2 (B
(B,B)=Y" <A§ )V Shy | A >>.
j=1
Proof. Follows from Theorem [ and Corollaries [£.8] and O

Example 4.11. Let n = 2. Fix a system of interval endpoints
—0o < fr<ay < Py <ag <oo

and let J_ = Jp = (=00, 1), J1 = (a1, B2), and Jo = Jo = (a2, 00).

Let B = ( _aE g ) and C' = ( _CE CEZ ), where a,b,¢,d € C, and |a|2—|—\b|2 =
l¢)* + |d|” = 1. By @), we have
4.36 AB () = eerlbr—an)
( ) 1 ( ) 1 _ be)\(Ll) )
n A () — cex(fr — o)
(4.37) 1 (A T—dex(ly)’

where Ly = length(Jy) = B2 — a1. Then

(B.0) = [ AP WAL Sm) ax
1

4.38 = (at - Shi(A)]? dA.
(4.38) (ac)/R 0= beOLn) (1= de(ary) o
In particular, if B = C, we get
2 1 2
@m) BB =l [ 5 1Sh (V) x,
R 1 —2|blcos(2m(¢p + L1A)) + |b]

where b := |b| e(p). See also ([E39]).



SPECTRAL THEORY OF MULTIPLE INTERVALS 1709

Corollary 4.12. Let B = ( _aB g ) € U(2) be as above (b= |b| e(p), |a|*+|b|* =
1); then
(4.40) (PER|Sh1(-)|2) (\) = L2,

(See [BI02|.) For the Poisson-kernel,

1—[p|?
4.41 P, = , eR,
( ) b(€) 1 —21b| cos(2m) + |b\2 ¢
we have
(4.42) (B,B) = L? /Ll Py(o + Li\)d\ = Ly,
0
and

1

(B,C) = (a?) Lf/ofl dA

(1=be(AL1)) (1 = de(=ALy))

ac
4.43 = — L
(4.43) yic

foralle(_aE g) andC’z(_Cg C_j)eU(Q).

Proof. See Example 111

The justification for the identity (£4Q]) is from wavelet theory. Indeed, the
assertion (£40) is equivalent with the fact that the Shannon wavelet is an ONB-
wavelet in L2(R). The summation in Z4) below is justified since |Shy|* is in
L'(R), and as a result PER |Shy|* is in L' in any period-interval.

Since the first function inside the integrals in ([@40]) and (£39) is periodic with
period 1/Ly, we introduce a periodized version of the function as follows:

2

(4.44) PER [Shy|* (A) =) _ [Shy <)\ + Lﬁ> =12
neZ 1
(See [BJO2].)
Note that

1
(4.45) PER |Shy|* (A + 1) = PER 1Sha|? (M), VA € R,
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and as a result, we get

e (PER\Shl ) A)
(B,C) = (GC)/O (1—be(ALy)) (1 —de(—ALy)) »
= (a9) L%/o (1—be(AL1)) (1 —de(=ALy)) v
= (a?) L? /0 m,zn;() b™dr e((m —n)AL1)dA
= (a?) L? i(@”) " ax
n=0 0
(4.46) =T 3

Equation ([£42) follows from this.
A direct verification of ([A42]) is given as follows:

(PER\Shl\Q) ()
(B,B) = |al /0 1—2b| cos(27r(sO+L1)\))+|b|2

1 1
= |a|* L2 / Sd\
o 1—2]blcos(2m(v+ L1 )+ |b|
I 1 - [p?
(4.47) = L%/ ' b SdA = L.
o 1—21blcos(2m(+ L1N)) + b
The conclusion of (£42) follows from ([A4T), (A1), and the normalization property
of the Poisson kernel. O

Remark 4.13. Equations (£40) and (£44) can be verified as follows (also see
[BJ02]): Let g := x,, and g(z) := g(—=x), so that

sin(rALy) |2
A

(g% )" (N) = [Sha]* (N) =

It follows that

J

o

er2mianA (PER|Sh1\2) (N = / TN Shy 1 (A)dA
R

= (9% 9) (nL1)
_ L? n=0
0 n#0.
Hence, (PER |Shj|2) (M), as an Lil—periodic function, has the Fourier series

(PER |Sh1|2) () = co = L2.
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4.2. Unitary dilations. For the definitions of key notions, unitary dilation for
semigroups of contractions, minimal unitary dilation, uniqueness up to unitary
equivalence, and intertwining operators, the reader is referred to e.g., [AP01l[Jor81]
LP68 [Vas07], but the literature in the subject is extensive.

For each of the selfadjoint extension operators Pg, we now compute three associ-
ated scattering semigroups. There is one for each of the infinite half-lines contained
in 2, and one for the union of the bounded components in (2.

Now, this means that when B is fixed in U(n), then the unitary one-parameter
group Up(t) will be a unitary dilation of each of the three semigroups, one for
the incoming subspace in L?(2), one for the outgoing, and a third for bounded
components. This fact yields additional scattering theoretic information for our
problem.

Proposition 4.14 (Unitary dilations). Forn > 2, fix the open set Q0 with interval
endpoints as in section Bl (see Figures Bl and 2Z3]). When a boundary condition
B € U (n) is fized, we get an associated unitary one-parameter group Ug(t). Then
Ug (t) is, at the same time, a unitary dilation of three different semigroups of
contractive operators (called “contraction semigroups”).

First, let P_ be the projection onto L*(J_) (see Figure 23)), let P, be the projec-
tion onto L*(J), and finally P,, denotes the projection onto “the rest”, i.e., onto
L? of the union of the n — 1 finite intervals J;; see Figure 2.3

The three semigroups are now as follows:

(1) Z_(t) :== P_Ug(t)P-, t > 0; its infinitesimal generator has von Neumann
indices (0,1).

(2) Z4(t) :== PyUg(t)Py, t > 0; its infinitesimal generator has von Neumann
indices (1,0)

(3) Z(t) := PpUp(t) Py, t > 0; its infinitesimal generator is mazimal dissi-
pative (see [JMSOLLP6S]).

Proof. For every B € U(n) we have a strongly continuous unitary representation
Ug(:) of (R,+), i.e., of the additive group of R. When ¢ € R is fixed, Ug(t) is a
unitary operator acting in L?(12).

Associated with (Ug(t), L*(Q)), one has three contraction semigroups. Each of
the three semigroups is the result of cutting down Ug(t), t > 0, with three separate
projections. O

Moreover one easily checks ([Kos09,lJM80LLP68]) that the first is a semigroup
of co-isometries, the second a semigroup of isometries, and the third one, Z,,(t),
is a semigroup of contraction operators, often called the Lax-Phillips scattering
semigroup.

Lemma 4.15. If Y. denote the respective infinitesimal generators of the two con-
traction semigroups {Z+(t)}icr, in @) and @) above, then for their respective
dense domains we have:

(4.48) I(Yy)={f: f and f € L*(an, 00), f(an) = 0}
dense in . = L*(J}), Jy = (ay,00); and
(4.49) ) = {f: f and f' € 1%(c0, B1)}

dense in A = L*(J_), J_ = (—o0, B1).
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h eL*(-, B,) h,eL*(a,, +%)
‘]l JZ ‘]nfl
61 a,
‘\ —\- T -- =<
A NN N ez T~
I \ ~ S T~
N ~ =<
Z(t),t>0 | N S AR Z.(t), t>0
_— \ N S T~ _—
\ N ~ ~
! \ A AY > ~ S~ ~
:? \* A s T~ ~
Z (t) h 18 h A A Z () hy
:E Jy Iy 1
I
/il a,
truncation = co-isometric shift = isometric

FIGURE 4.2. The action of the two semigroups, Z_(t) acting on
L?(—00, 1), and Z,(t) acting on L?(a,,00), t > 0, fixed. The
semigroup Z,(t) is called a semigroup of shifts: Each operator
Z(t) shifts functions to the right. A given function h4 on the
half-line (a,,o00) is shifted like a Xerox copy. Z4(t) moves it ¢
units to the right. The L? norm is preserved: It is a semigroup
of isometries. By contrast, moving instead to the left in (a,, 00),
we get a semigroup of co-isometries; hence truncation, and the
L? norm is decreased. By symmetry, this duality works in the
reverse on the LHS half-line (—oo, 81). In general the adjoint of a
semigroup of isometries is a semigroup of co-isometries.

As before the interval systems o = (), and B = (B;) are specified as in Figure

B4

Proof. See e.g., [LP6S]. O

Remark 4.16. Using [Kos09], one further checks that (Ug(t), L?(Q2)) serves as a
unitary dilation of all three semigroups. Recall [Kos09] finally, that, in general,
unitary dilations may or may not be minimal. As an application of Theorem 1] it
follows that (Ug(t), L*()) is a minimal dilation of Z_(t), t > 0, if and only if B is
non-degenerate. In this case, it is also a minimal unitary dilation for the semigroup
on the right, Z ().

But minimal unitary dilations are unique up to unitary equivalence [Kos09].
As a result, we get a system of unitary intertwining operators. Below we outline
formulas for these intertwining operators, and their relevance for scattering theory,
and for bound-states.

The next corollary implies in particular that any two distinct non-degenerate
points Bj, and Bs in U(n) yield corresponding selfadjoint extensions which are
unitary equivalent. Indeed, combining this with Theorem 1] we note that both
of these selfadjoint extension operators will have pure Lebesgue spectrum. So the
variation of the unitary equivalence classes of distinct selfadjoint extensions happens
in the case when the points in U(n) are degenerate.
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Corollary 4.17. If B € U(n) is non-degenerate, then the scattering coefficients
A§B) in @2) satisfy ‘A;B)()\)‘ > 0 for all A € R. Moreover if By,Ba € U(n)

are both non-degenerate, then there is a unitary intertwining operator W in L?(Q)
subject to the following two conditions:

{Wh = h, Vh € L?(—o0, 1),

4.50
(4.50) WUg, (t)h = Ug, (t)h, ¥t € R, h € L*(—o0, B).

In Fourier domain, it is determined as follows:
A(Bz) v
(451) X, @W (0, ()" () = s, (2) <A?Bl>g> (x)

J

for1<j<n-—1,g¢ec L*R), z €, where g" = F*g denotes the inverse Fourier
transform in L?(R).

5. DEGENERATE CASES

In this section we make a comparison between families of selfadjoint exten-
sions that have purely continuous spectrum, and the cases with embedded point-
spectrum. We outline detailed scattering properties, and in particular, we give
examples of non-periodic periodic spectrum; see Theorem (.6 and the caption in
Figure

The following features from quantum theory are reflected in properties of certain
of our operators P which allow decomposition (degeneracy); see e.g., Theorem [B.21]
above and Figure 23] as well as details in the section below. States in quantum
mechanics are represented by wave functions, and they in turn by vectors (of unit-
norm) in Hilbert space. In the paragraphs below, we will use wave-particle duality
(from quantum theory) without further discussion, hence referring on occasion to
particles as opposed to wave functions. Bound-states are states that satisfy some
additional confinement property. Consider now a quantum system where particles
(waves) are subject to confinement, by a potential, or by a spatial region, e.g., a
box, or an interval. These particles then have a tendency to remain localized in
one or more regions of space. In our present analysis we will identify this case by
a discrete set of spectral-points, embedded in a continuum spectrum (embedded
point-spectrum); hence the presence of eigenvectors for the operator Pp are under
consideration. The spectrum, for us, will refer to Pg, one in a family of selfadjoint
operators (quantum mechanical observables, such as momentum, or position).

In quantum systems (where the number of particles is conserved), a bound-state
is a unit-norm vector in a Hilbert space which is also an eigenvector. They may
result from two or more particles whose interaction energy is less than the total
energy of each separate particle. Hence these particles cannot be separated unless
energy is spent. The mathematical consequence is that the corresponding energy
spectrum for a bound-state is discrete, and in our case, embedded in continuous
spectrum. Bound-states may be stable or unstable, and this distinction will be
illustrated for our model below. Positive interaction energy for bound-states cor-
responds to “energy barriers”, and a fraction of the states will tunnel through the
barriers, and eventually decay. Stable bound-states are associated to, among other
things, stationary wave functions, and they may show up as a poles in a scattering
matrix (see details below).
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. 4
Fix n = 3. Recall that Q = (J,_,Ji, where J; = (v, f2), Jo = (a2,03),

J_ = Jy = (—00,51), and Jy = J3 = (a3,00). For B € U(3), the generalized
eigenfunction is

4
(5.1) (@) = (@) = (Z Aimxi(x)) ex(@),
=0

with x; :== x7,, 1 =0,1,2,3. The coeflicients (Ai)fzo satisfy the boundary condition

Ao Ay
(5.2) BapgA) | A1 | = A
As As

as in (B:23)).
5.1. Case 1: With Up(t) indecomposable. Let

a b O
B=| -b @ 0 | €U(3),
0 0 1

where |a|® + [b]> = 1. Then

;[ b 0 (0 w1 0\
B_<E 0o w=1{1 ,and B"B' = 0 0 =1-—P,.

Note that || B'|| = 1.
Standing assumption 0 < |b| < 1. The notation used in the example is the one
introduced above.

Conclusions. After a computation we arrive at a closed-form formula for all four
generalized eigenfunction (GEF) coefficients A;, with the local index ¢ from 0 to 3,
and, as a result, a closed-form formula for the GEFs z/Jf in Theorem 2.5} see also
).

To ensure that the measure in the spectral representation op is Lebesgue mea-
sure, we pick Ag = 1. Some noteworthy properties of the coefficients: The coeffi-
cient A; for the first of the finite intervals inside §2, carries more information than
the remaining three coefficients. Studying transformation of states in L?(Q) under
the unitary one-parameter group Ug(t), with ¢ increasing, we note that the last
GEF-coefficient A3(\) measures transition into the infinite half-line to the right.
It turns out that the last coefficient, Az, is just a phase factor times the unitary
scattering operator As. All coefficients, phase factors, and time-delay depend on
the respective lengths of the finite intervals in 2, as well as the lengths of the gaps
between them.

The Ao function is a scattering operator (see [JPT12al) adjusted both with a
phase factor and an additive time-delay. Hence, three of the four GEF-coefficients
have modulus 1, i.e., |4; (A)] = 1, for i = 0,2 and 3. The coefficient |A;|” carries a
probabilistic interpretation. It is a scaled Poisson kernel, with the scaling depending
on a two-state distribution |a|® + |b|*> = 1, where a and b are complex, the SU(2)
entries from B.

As a result, in the spectral decomposition (Theorem FT]), we get local densities
= 1, except at one place, for the first of the finite intervals J1, where the distribution
density is |A1]>. So by contrast to the case n = 2 [JPT12a], in the present model we
do not have Poisson uniformly contributing to op. The spectrum of Ug(t) is pure
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Lebesgue spectrum, with no embedded point-spectrum. And the global Hilbert

space L?(Q) does not decompose.
The boundary conditions are as follows:

f(aq) a b 0 f(B1)
(f(az))—(—ba())(f(@))-
flas) 0 1 f(B3)

In detail, we get the following transformations:

flen) = af(B1) +bf(B2),
flag) = =bf(B1) +af(B2),
flaz) = f(Bs).

o

—o0 51 ay 5o (o7 ;33\\

FIGURE 5.1. Transition between intervals in 2.

Set
Ba,g(A) = Da(A)"BDg(A)
aex(Bi —a1)  bex(B2—ai) 0
=| —bex(B1—a2) @er(B2—az) 0
0 0 ex(f3 — as)
so that

Then we have

Ap Ay
(5.3) BagM) | A1 | = A2 |;
Ay As

ie.,
aex(B1 —a1)Ag +bex(B2 — a1)Ar = Ay,
—bex(B1 — a2)Ag +Tex(Br — a2) Ay = Ay,
ex(Bs — az)Az = Aj.
The characteristic polynomial of By, 5()) is
r—bex(f2 — 0
det ( A5 & > =z (z—"Dbex(ly))

—aex(fe—a2) =
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with roots z = 0, x = bex(l1) # 1. But since [b| < 1 we get 1 ¢ sp(By, 5(\)),
VA € R; hence Ay = ¢, and (I — Ba g(\)) ! is well-defined for all A € R.
Note that

1—be 2 — (1 0
(b—Ba,ﬁ(A))—l:( A =) )

—aex(fr—a2) 1

1 1 0
B 1—b€)\(ﬂ2—041) < 56)\(&2—&2) 1—b€)\(ﬁ2—011) > '
Setting Ay = 1, it follows that

A, 1 aex(B1 — )
( A ) = (I2 - Ba,ﬂ()‘)) ( _Ee)\(ﬁl ~ as) )

- 1 ( aex(B1 — a1) )
C1-ber(B— ) ex(Bi+ B2 — a1 — az) —bex(B1 — a9) .

Finally,

B 1 0 aex(Br — az)
Az = 1—bex(f2 — ) <( ex(B3 — as) ) ’ ( ex(Bi+pP2 — a1 — az) —bex(ly) >>

= 6)\(ﬂ3 — O[3)A2.

We summarize the results in the lemma below:

Lemma 5.1. The solution to [&3)) is given by
(5.4) Ao =1,

_ aeA(@l - al)
1-— be)\(ﬁg — Oz1),

ex(B1 — a2) (ex(B2 — ) — b)
T—bex(B2 —a1) ’

(5.7) Az =ex(Bs —a3)Az .

(5.5) Ay

(5.6) Ay =

Lemma 5.2. Setting b = |ble(yp), ¢ € R, then

2
|

‘2 |a

(5.8) 145 )? = N
1 —21b|cos(2m(p + 11 N)) + |b|

Hence |A1|? is the Poisson kernel with parameter b.
Proof. This follows from (&.3)). O

5.2. Case 2: With Ug(t) decomposable. Let

) cvi

(5.9) B=

—
— o O
|
O@lg
o -
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where

(5.10) B = ( _“B g ) € SU(2),

Le., |af> +[b> =1; and u = w = ( 0 ,and ¢ = 1.

0
Summary of conclusions in the example. Standing assumption 0 < |b| < 1.
The notation used in the example is as before, but the element B in U(3) is now
different. We also fix a system a and 3 of interval endpoints, subject to the
standard position; see (21) through ([Z3]) in Section 211

As always, the conclusions will depend on both B and the prescribed pair a
and 3: Again, we arrive at a closed-form formula for the generalized eigenfunction
(GEF) 9%, see Theorem 2.5 and (4I0). But this time, we get an embedded point-
spectrum in the continuum (bound-states in physics lingo).

The discrete set A,; making up the point-spectrum depends on both the lengths
of the two finite intervals J; and Jo, as well as on the gap between them, and the
gaps to the infinite half-lines.

As before, to get the continuous part of op to be Lebesgue measure on R, we
pick Ag = 1.

Studying transformation of states in L?(£2) under unitary one-parameter group
Ug(t), with t increasing, we note that incoming states from the infinite half-line to
the left turn into bound-states. But the action of Up(t) on the global Hilbert space
L?(9) now decomposes as an orthogonal sum of continuous states, and bound-
states.

As a result, in the spectral decomposition (Theorem E.T), we get local densities
= 1, for the continuous part, and a set of Dirac-combs for the discrete part. But
by contrast to the case n = 2 [JPT12a], in the present model, we get non-periodic
Dirac-combs. The spectrum of Ug(t) is a mix of Lebesgue spectrum and embedded
point-spectrum.

The boundary condition takes the form

flaa) 0 a b f(B1)
flag) | = 0 —b @ f(B2)
flaz) 1 0 0 f(B3)
so that
flar) =af(Br)+0f(B2),
(5.11) flaz) = —=bf(B1)+af(B2),

flas) = f(Br).

See the second line in Figure[5.2] (and also Figure[2Z3)) for a geometric representation
of the last equation f(as) = f(f1) in the system ([I1)) of boundary conditions.
In this case,

0 ae,\(ﬂg—oq) b€>\(53—041)

BapgA\) =] 0 —bex(B2—a2) aex(Bs—a2) |,
1 0 0
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B = az
LA(Q) = LA(J_UJy) @ L*(J1 U Jp)
UB (t) — gont (t) @ Ugound—state(t)

FIGURE 5.2. Transition between intervals in 2.

where
)= ( a_ex\(ﬂ2 —o1)  bex(Bs—an)
’ —bex(B2 —az) aex(Bs —az)
Now, the boundary condition (52 becomes
aex(Bz —a1)Ar +bex(B3 — a1)Az = Ay,
—bex(By — a2) Ay +@ex(B3 — ) Ay = Ay,
ex(B1 —az)Ag = As.

) € SU(2), VA € R.

We set Ag(A) =1 for all A € R.
As a result, we see that the vector

(5.12) A\ = ( 285 )

must be an eigenvector of By, 5()) for A to be in the spectrum of Pg, or equivalently
for the unitary one-parameter group Up(t).
As a result we get

(5.13) Ape ={N€R; det(ly — B, 3(\) "' =0}.

Hence, as the interval endpoints o = («;) and 8 = (/3;) are fixed, the set A results
as the solution manifold for

( 1—aex(fa—a1) —bex(Bz—aq) )
det _ =0.
be,\(ﬁg—ag) 1—56,\(53—(12)

Notice (B.14) is independent of 51 and as.

(5.14)

Example 5.3. Let
a=1{1,2,3+ ¢}, >0,

8- {0,2,3}, and

a,:b:

Sl
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Substitute into (5.14):

1—%@\(%) —% EA(Q) 1
det . . . =1-—
Le-1) 1-Lea V2
As a result

z(A) == e(%)\) = cos(m) + isin(m )

must satisfy the cubic equation

(5.15) 1—%Z—%zz—l—z?’:(1+z)(22—(1+%)z+1)20.
Hence,

P
or

) (1+ %) £i/3-v2
22—(1+ﬁ)z+1:0<:>zi: 5 :

Note |z+| = 1. Let A+ be such that z = e(%/\i), with AL € R. We conclude that
1
Ape = (14+2Z)U{ s + 52}

Remark 5.4. In any example with €2 as in Figure[5.2] i.e., when (2 is the complement
of three finite closed intervals, {2 will have two bounded components, i.e., open in-
tervals J;, ¢ = 1,2, and two unbounded. If further Ug(t) is assumed decomposable,
there will be one summand U g (t) acting on L?(J; U J2) of the union of the two
intervals J;.

Example [(.3] produces one particular configuration for this possibility, and so
a computation of the spectrum of U@ g(t) when there are bound-states. In an
earlier paper [JPT12b| we found all the configurations for the spectrum for each
one of the possible momentum operators in L? of the union of any pair of finite
open intervals J;.

This in turn is a question of interest both for the study of both quantum systems,
and of spectral pairs; see e.g., [Fug74[TP98|[TP99LD.J11l[Eab01].

Remark 5.5. More generally, if

B, = g

0...0|

e U(n)

0
1
with g € SU(n — 1), then the corresponding unitary one-parameter group Ug, (¥)

does not decompose. See Case 1 of section [B.11
On the other hand, for

By=| : g e U(n),

=
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where g € SU(n — 1) as before, the unitary group Upg, (t) decomposes. See Case 2
of section

Set
0o -.- 0 1
1 0 0
S: )
0 1 0
then (see ([B.47))
0 0
3 g S = g -
0 0
1|0...0 0...0|1

Theorem 5.6. Let L; = length(J;), i = 1,2, be the lengths of the two bounded
intervals Jy and Jo. Then,

D()\,a, Ll, L2) ;= det ( :x,ﬂ(/\))
(516) :1—|—6,\(L1+L2)—a6)\(L1)—EGA(LQ),
where det(B], 5(\)) is defined in (5.14). The solution manifold Ay (B.I3), i.e., the
embedded point-spectrum, is the set of zeros
(5.17) Z(a, Ly, Ly) :={A € R; D(\ a, L1, Ly) =0}

of the exponential polynomial in (B.IG). Moreover, setting a := we(pg), 0 < w < 1,

EI8) is equivalent to
1—we(AL1 + o)
5.18 e(ALg — = .
(5.18) ALz = o) w — e(AL1 + o)
Proof. Equation (G510 follows from a direct computation. As noted in [JPT12b],
both sides of (5.I8) can be interpreted as periodic motions on the torus T':

(i) the LHS is a uniform motion with constant velocity;

(ii) the Mgbius transformation on the RHS has the form €9 where

11 byt 1 t 1 —w?
5.19 t):=—=+ —I —=—— - du.
(5.19) 9(t) 2 + o 0o 2 /0 1 — 2w cos(2mu) + w? “

The solution to (5.I8) is obtained at the intersection of the two motions. In partic-
ular, the solution (point-spectrum) is periodic if and only if Lo/L; is rational. See
Figure O

Proposition 5.7. For all A € Ay, = Z(a, L1, La), the vector of coefficients (5.12)
satisfies

e(AM(Bs —a1)) A2 (N),

5 e(A(fB2 —az)) A1 (N).

Note that | A1 (M) = |A3 (V).
Moreover, the pair of sets

(5.20) (J1U J2, Ape)
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FIGURE 5.3. Dense orbits: The spectrum as a random-number
generator [JPT12D]. This is obtained in a number of steps: Step
1. Consider the curves for argument function from the right-hand
side of (5I8) and the lines with slope Lo from the left-hand side
of (BI8), assuming Lo/L; is irrational. Step 2. Identify the
asymptotes. Let S;, i € Z, be the i*" interval between neighboring
branch cuts; fix Sy to be the closest to 0. Note that all the intervals
have the same fixed unit-length, and they extend both to the left
and to the right of Sy. Step 3. The embedded point-spectrum
A,y is discrete and infinite, it intersects all these intervals between
branch cuts as A; := Ap N S;. Now, translate all of these finite
intersections down to Sp. Conclusion: Since the line-slope Lo/Lq

is irrational, the set (J;.,(A; — ) is dense in Sp.

forms a spectral pair if and only if

(5.21)

A1 (A) = A3 (N), YA € Ay

and when [@2T)) holds, J1 U J3 is said to be a spectral set.

1721
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Proof. The first part of the proposition follows from the arguments above. For the
second part, see [JPT12h]. O

Indeed, the union of [1, %] and [2, 3] in Example [(.3]is not a spectral set; one way
to see that is to notice that it is not a tile for the real line under translations: you
cannot fill the gap [3,2]. For more details, see [JPT12D].

5.3. Other examples.
Example 5.8. For n = 3, let

01 0
B=|o0oo0o -1],
1 0 0
and so B, 5(\) = e’\(OLl) _6/\0([/2) , where L; = length(J;), i = 1,2, as

before. Solving the equation

det (I — B, 5(A)) = (1 —ex (L1)) (1 +ex (L2)) = 0

(1 1+Z
Apt_(L—lz)u< : )

As shown in Figure[5.4] the Lebesgue spectrum arises from lumping together L?(.J_)
and L?(J,); and the embedded point-spectrum A,; accounts for the bound-states
in Lz(Jl) D L2(J2)

we get

Ay Al Ay As
J_=Jy Ji J2 J3=J,
—00 51 RN ~. Q 52 ap Bz _-- i a3 +00
AN, N -

Bi a3

FIGURE 5.4. Embedded point spectrum.

Example 5.9. Let n = 3 and

0 1 0
B = b1y 0 bog S U(3),

bs1 0 b33
assuming [ba3| # 1. Here, By, 5()\) = ( A E)Ll) bos e,(\) (Ls) ) The determinant
criterion

(S5 (Ll) -1 0 .
det < 0 623 (Y (Lg) -1 B 0
yields
1
Apt = —Z
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As illustrated in Figure 5.5 we have
UB (t) — U%oundfstate o) U}cgont (t)
acting on L?(J1)®L?(J_UJ2UJy ). For a detailed analysis of Ug™ (), see [JPT12a].

AO Al A2 Az
J_=Jo Ji J> J3=J,
—00 51 aq ) [e%] 533 (e %) +00

FI1GURE 5.5. Embedded point-spectrum.

6. DECOMPOSABILITY

As we outlined in sections BHEL as B € U(n) varies, the unitary one-parameter
groups Ug(t) act in L?(©). Now the given open subset (2 is a disjoint union of its
connected components, i.e., of a specific set of intervals. As a result, L?(f2) splits
up as an orthogonal direct sum of a corresponding number of closed subspaces; one
L?-space for each of the component intervals. But it is also true that the typical
scattering theory for Ug(t) corresponds to an action in L?(Q) that mixes these
closed subspaces in L?(2). Indeed, when B € U(n) is fixed, our results in Corol-
laries [4.6] 4.8 4.10, Proposition {14l and Figure yield formulas for transition
probabilities, referring to transition between the interval-subspaces, and govern-
ing the global behavior of Ug(t) as it acts in L?(£2). The term “decomposability”
in the title above refers to invariance under Ug(t), for all ¢ € R, of some of the
interval-subspaces in L?(2); clusters of subspaces.

In this section it is convenient to use a slightly different labeling of the self-
adjoint operators Pp. Let Q := {J,_q Ji, where Jy :=] — 00, B,], J& = [ag Bl
k=1,2,...,n—1, and J, := [ay,o0[. So © is the complement of n intervals:
Q =R\ Up_1)Bk, ax[. The selfadjoint restriction of P are indexed by the unitaries
B from (2(ay) — (?(Bk). Identifying the spaces ?(ay) and ¢2(8)) with C"* we
realize B as an n X n matrix.

J,:J() J] 12 J3 L. Jnfl J+ :Jy‘

- B aq B a2 B a3 B3 Qp—1 B Qp +oo

FIGURE 6.1. The complement of n bounded intervals in R (n > 2).

As usual the domain of the maximal operator is the absolutely continuous func-
tions on 2 and the selfadjoint restrictions Pp are in one-to-one correspondence with
the unitaries B. The domain of the selfadjoint restriction Pp determined by B is
the set of absolutely continuous functions f : 2 — C satisfying the set of boundary
conditions

(6.1) B : = : :
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and Pgf = %f/. Suppose B is block diagonal; this is

0 B
where By is a k x k matrix and By is an (n —k) x (n — k) matrix. Then B;,j = 1,2,
are unitaries and we can write Q = Q7 U Q5 where
Ql = J1UJ2U"'UJk and
= JoU Jpp1 U dggo2 U---U Jp.

Consequently, L? (Q) = L% () ® L? (Q2) and Pg = Pg, ® Pg,, where Pp, is the
momentum operator determined by

B_{Bl 0 ]_Bl@B%

flen) ] f(B1)
fla2) f(B2)
(6.2) B; : = : ,
flag) | | f(Br)
and Pp, is the momentum operator determined by
flaws) 1 [ F(Brsr)
6.3 B, f(aic+2) _ f(ﬁ/:c+2)
few) ] L £

Hence, if B is block diagonal it is sufficient to study Pp, and Pg,.

Remark 6.1. A reason for grouping the unbounded intervals this way is that the defi-
ciency indices work this way. The restriction of P to each C° (Ji),k=1,...,n—1,
and the restriction of P to C° (Jy U J,,) all have deficiency indices (1,1). Conse-
quently, the restriction of Pp, to C° () has deficiency indices (k, k) and the
restriction of Pp, to C¢° ()3) has deficiency indices (n — k,n — k). Furthermore,
if k = 2 the Pp, problem is investigated in [JPT12b|, and if n — k = 2 the Pp,
problem is investigated in [JPT12al.

Recall that a permutation matriz is an n X n matrix obtained from the identity
matrix I, = diag (1, 1,...,1) by permuting of the columuns of I,,.

Definition 6.2. We say two unitary matrices A and B are permutation equivalent,
if there is a permutation matrix S such that B = S*AS. We say a unitary matrix
B is decomposable, if B is permutation equivalent to a block diagonal matrix, and
we say B is indecomposable, if B is not decomposable.

Example 6.3. Let n =4, and

biu 0 bz O
0 b22 0 b24

bsi 0 b33 O
0 bao 0 bag ]

B =

The boundary condition reads

bir 0 b1z O flan) f(B1)
0 b 0 by fla) | | f(B2)
b3y 0 b3z O flas) | | f(Bs)
0 by 0 by flou) f(Ba)
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FIGURE 6.2. B is permutation equivalent to A. The system decou-
ples into a direct sum of two subsystems: (i) The dashed diagram
contains two bounded intervals J; and J3, and this corresponds to
[JPT12b]; (ii) The solid diagram consists of one bounded compo-
nent J; and two unbounded components Ji, and it is investigated
in [JPT12a].

Note that B is permutation equivalent to

by bz 0 O

| b3 b3z 0 O
A= 0 0 Db ba
0 0 Dbao bau

and it follows that the system decouples as shown in Figure [6.2]

Supposing B is permutation equivalent to A we can write (6.1]) as

f(an) f(B)
AS f(?éz) _g f(.ﬂ2) :
f(an) 7(82)
using that S is a permutation this can be written as
flai,) f(Biy)
) || £(B:)
Fos) 7(5:.)

So Suppose B is permutation equivalent to a block diagonal matrix A = A; & Ag;
then B is permutation equivalent to a block diagonal matrix A such that i,, = n.
Putting it together we have

Theorem 6.4. If B is decomposable, then we can write S*BS = B1®&By®- - -® By,
where each Bj is indecomposable and S is a permutation. The Pg; problems, j =
1,2,...,k — 1, only contain bounded intervals and the Ppg, problem contains the
unbounded intervals and, perhaps some of the bounded intervals.

Since the unbounded intervals are “special” it is useful to write it as

B_{B “}
A% C
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Lemma 6.5. If B is decomposable, then B’ is degenerate, i.e., has an eigenvalue
with absolute value one.

7. EIGENFUNCTIONS

Fix some unitary matrix B. The generalized eigenfunctions

(7.1)
n—1
a() = | Ao(A)X)—o0,8,1(7) + Z A (N)X[ay.8 (%) + An(X)X(a, 001 (2) | €x(2)

satisfy (G.I) for the generalized eigenspace corresponding to A. The coefficient A; =
A;(X) is obtained by solving the differential equation %w = 2mit) on the interval
J;. Plugging ([Z3) into (6.1]) we see the generalized eigenfunctions are determined by

the solutions Ag, Ay, -- , A, to the system of n linear equations in n + 1 unknowns:
Ale()\al) Ale()\ﬂl)
Age()\ag) Age()\ﬁg)
(7.2) B : - s
Anfle()\anfl) Anfle()‘ﬂnfl)
Ape(Aay,) Ane(A\Bn)

Let D, :=diag(e(Aan), e(Aaa), ..., e(Aay)), Dg:=diag(e(AB1), e(AB2), ..., e(ABn)),
and B, g = DEBDQ. Then our eigenvector equation can be written as

Ay Ay
Az A
(73) Bag| © |=] :
Anfl Anfl
Ag A,
Writing C* = C"~! @ C we have the decomposition
B u
(7.4) Bupg = { w c ] ,

where ¢ is a complex number, u,w are in C"! and B’ is an (n — 1) x (n — 1)
. . . . . B u A A’
matrix. With this notation we can write (3] as [ w c } { Ay } = [ A, } ,

where A’ = [Al, AQ, ey An—l} .

Theorem 7.1. If u is in the range of I' — B’ and ng is such that u = (I' — B") no,
then the solutions to ([[3) are determined by:

A" = Agno + ¢,
A, = A (c+wno) + w(,

where ¢ € ker (I' — B') and Ag € C. Ifu is not in range of I' — B’, then the solutions
to (L3) are determined by:

AT =,
Ap = w(,
where ¢ € ker (I’ — B") and Ay = 0.
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Proof. We can write (T3)) as
B'A" 4+ Apgu = A/,
wA +cAy = A,.
The result is immediate from this. (]

Neither the theorem nor the first corollary require B to be unitary, but the second
corollary needs u = 0 implies w = 0, which is a consequence of the assumption
that B is unitary.

Corollary 7.2. If 1 is not an eigenvalue for B', then the solutions to ([3) are
determined by:

A=Ay (I' = B) ",

A, = Ay (c—l—w(]' —B')ilu) .
In particular, the set of solutions to ([L3) is one dimensional.

Proof. Tf 1 is not an eigenvalue for B’, then the kernel of I’ — B’ equals {0} and

the range of I’ — B’ is C*!; in particular, u is in the range of I’ — B'. O
Corollary 7.3. If u =0, then the solutions to [T3)) are determined by:

A=,

A, = Agc+ w(,

where ¢ € ker (I' — B") and Ay € C.

Proof. If u = 0, then u is in the range of I’ — B’. Since B is unitary |c¢| = 1, hence
w = 0. (|

As an immediate consequence of Theorem B.I0] and Corollary 329 we have

Theorem 7.4. If B’ is not degenerate, then the spectrum of Pg has uniform mul-
tiplicity one.

Corollary 7.5. Suppose B is decomposable with decomposition @;:11 B; @ By, in
the sense of Theorem and each Bj is not degenerate. Then the spectrum of

P = 695;11 Pp, ® Pp, where the spectrum of Pp; is a set A; of simple eigenvalues
and Pp, has spectrum equal to the real line and the spectral measure is absolutely

continuous with respect to Lebesgue measure.

In particular, the set of eigenvalues of Pp is Uf;ll A; and the multiplicity of an
eigenvalue X is the number of elements in {j =1,2,...,k—1| X € A;}.

8. SCRATCHING THE SURFACE OF INFINITY

In this section we consider some cases when the given open set 2 has an infinite
number of connected components. As in the discussion above, we still assume that
two of the components are the infinite half-lines. Our motivation for studying the
infinite case is four-fold:

One is the study of geometric analysis of Cantor sets; so the infinite case includes
a host of examples when 2 is the complement in R of one of the Cantor sets studied
in earlier recent papers [DJO7,[DJ11LJPI8,[PW0I]. The other is our interest in
boundary value problems when the boundary is different from the more traditional
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choices, and finally, the case when the von Neumann-deficiency indices are (0o, 00)
offers new challenges (see e.g., [DS88]) involving now reproducing kernels, and more
refined spectral theory.

Finally we point out how the spectral theoretic conclusions for the infinite case
differ from those that hold in the finite case (see the details above for the finite
case). For example, for finitely many intervals (Theorem B.21]) we computed that
the Beurling density of the embedded point spectrum equals the total length of the
finite intervals. By contrast, we show below that when 2 has an infinite number of
connected components, there is the possibility of dense point spectrum; see Example

Let I, = (rk, si) be a sequence of pairwise disjoint open subintervals of the open
interval (0,1). Let

Q= (—o0,0)U Ulk

The functions satisfying the eigenfunction equatlon L Py = Ay are the func-

27 dz
tions
Ya(x) = (A—oo(/\)X(—oo,o)(I) + Ao (M) X (1,00) (@ ZAk X1, (@ ) ex(),

where A_ ., As, and Ay, are constants depending on )\. Let ro =1 and sg = 0.
Example 8.1. An example of this is the complement of the middle-thirds Cantor
set C. We can write the complement of the Cantor set C' as

oo 27

(—00,0) U UU(aﬂk’a3k+3 (a+1))

=0 k=1
where in base 3
ap,1 = .1,a11 = .01,a1 2 = .21,
a1 = .001,a21 = .021,a03 = .201, a9 4 = .221,
and so on. So ajk, k= 1,...,27, are the numbers with finite base three expansions
of the form
0.z122 - 21,20 € {0, 2}.

In this case the generalized eigenfunctions are

dala) = (A_oou)x(oom (2) + Ao (VX100 (@)

0o 27

1 3) SUITCI NI ) INE)

=0 k=1

Consider a selfadjoint restriction Pg of the maximal momentum operator on 2
such that A;, € ¢2 and

BD,(N) | 42 | =D, | 42 |,
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where
D,.(X) = diag (e(Arg), e(Ar1), e(Ara), - - - ) = diag (e(A\), e(Ar1), e(Ara), -+ ),
D;(X) = diag (e(Aso), e(As1), e(As2), - -+ ) = diag (1, e(As1), e(As2), )
and B is some unitary on /2.

Theorem 8.2. If B =diag(1,1,...), then the spectrum of Pp is the real line and
the embedded point spectrum is A, = UZL iZ, where U, = s — i 1s the length of
Ii,. The multiplicity of A € A, equals the cardinality of the set {k | My € Z}.

Proof. Similar to the proof of Theorem B.211 |
Example 8.3. Some examples illustrating this are:

(1) If £, = 27, then A, = 2Z. Let Zoaq be the odd integers. The eigenvalues
in 2¥Zyqq have multiplicity k& and 0 has infinite multiplicity.

(2) For the complement of the middle thirds Cantor set A, = 3Z. The eigen-
values that are multiples of 3¥ but not of 35+ have multiplicity 2¥ — 1 and
0 has infinite multiplicity.

(3) If 44 /¢; is irrational for all j # k, then O has infinite multiplicity and all
other eigenvalues have multiplicity one.

Corollary 8.4. If B = diag (e(6p),e(61),...), then the spectrum of Pg is the real
line and the embedded point spectrum is A, = Uiozl (z—: + éZ) , where by, = s, — 1},

is the length of I,. The multiplicity of X € A, equals the cardinality of the set
{k ‘ M — 0 € Z}.

When we have a finite number of intervals the point spectrum has uniform density
equal to the sum of the lengths of the intervals; see Theorem B.2Il The following
example shows that this need not be the case for infinitely many intervals.

Example 8.5. Suppose B = diag (e(fg),e(01),...) and £ = 27, Then 2% (), + m)
=27 (0; +n) if and only if 27 (6, — 0;) = 2**7 (n — m) . Hence, if 0, — 6; is not
an integer when k # j, then each eigenvalue has multiplicity one. Note 2%6), is an
eigenvalue for each k. Hence, if 2¥0,, — Ao, then A is a limit point of A,. Similarly,
by a suitable choice of the sequence 6, we can arrange that Pg has dense point
spectrum.

Theorem 8.6. If we write > = C @ (2, then B takes the form

c w*
B(u B,).

If the spectrum of B’ does not intersect the unit circle, then the spectrum Pg is
the real line and each point in the spectrum has multiplicity one; in particular, the
point spectrum 1s empty.

Proof. This is similar to parts of the proof of Theorem and Theorem B.10 O

APPENDIX A

A.1. Prior literature. There are related investigations in the literature on spec-
trum and deficiency indices. For the case of indices (1, 1), see for example [STL0L
Marl1]. For a study of odd-order operators, see [BHO§|. Operators of even order in
a single interval are studied in [Oro05]. The paper [BV05] studies matching interface
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conditions in connection with deficiency indices (m,m). Dirac operators are stud-
ied in [Sak97]. For the theory of selfadjoint extensions operators, and their spectra,
see [Smu74.[Gil72], for the theory; and [Naz08,VGT08,Vas07,Sad06l,Mik04, Min04]
for recent papers with applications. For applications to other problems in physics,
see e.g., [AHM11L[PR76,Bar49,MKO08], and [Chull] on the double-slit experiment.
For related problems regarding spectral resolutions, but for fractal measures, see
e.g., [DJO7.DHJI09DJ1I].

The study of deficiency indices (n,n) has a number of additional ramifications
in analysis. Included in this framework is Krein’s analysis of Voltera operators and
strings, and the determination of the spectrum of inhomogenous strings; see e.g.,
[DS01LKN8IKre70LKre55].

Also included is their use in the study of de Branges spaces (see e.g., [MarlI],
where it is shown that any regular simple symmetric operator with deficiency indices
(1,1) is unitarily equivalent to the operator of multiplication in a reproducing ker-
nel Hilbert space of functions on the real line with a sampling property Kramer).
Further applications include signal processing, and de Branges-Rovnyak spaces:
Characteristic functions of Hermitian symmetric operators apply to the cases uni-
tarily equivalent to multiplication by the independent variable in a de Branges space
of entire functions.

A.2. Stone’s Theorem. For the reader’s convenience, we record the following
theorem of Stone in the form it is used.

Theorem A.1. Fiz a Hilbert space 7. There is a bijective correspondence between
the following three items:

(1) all self-adjoint operators H (generally unbounded);
(2) all strongly continuous unitary one-parameter groups {U (t) ; t € R}; and
(3) all orthogonal projection-valued resolutions E (d\) of L.

From @) to @), the correspondence is
U (t) = e™ (the RHS defined by the spectral theorem,).
From @) to @), the correspondence is

U(t) = / "™ E(d)\), t €R.
R
From @) to (@), the correspondence is

H:/)\E(d)\), and
R

domain (H) = {h €A / A2 ||E (dN) b)) < oo}.
R

Proof. We refer to the literature for details; for example [DS8§]. O

A.3. The acoustic wave equation. Below we sketch the use of our interval-model
for Lax-Phillips obstacle scattering ([LP68]) for the acoustic wave equation, with
water waves; i.e., waves in a 2D medium. By [LP68|, one knows that the solution
to the wave equation, subject to obstacle scattering, may be presented by a unitary
one-parameter group U(t) acting on an energy Hilbert space J#% consisting of
states representing initial waves as an initial position and wave velocity. But, via a
Radon transform (see [Hel98[LPGS]), U(t), acting on the energy Hilbert space %,
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is in turn unitarily equivalent to a translation representation acting on L?(R,.#).
The Hilbert space .# encodes the direction of the waves under consideration. In
Figure [A.1] we illustrate a fixed compact planar obstacle, and four different states
f1, f2, f3, and f4, each one with a different scattering profile. The first state f;
transforms under U (t) in a manner unitarily equivalent to an interval model Q with
two bounded component intervals; see (Z.1]) and (2.2). For the second state fo the
interval model has only one bounded component. The third state f3 has no bounded
component, but as with all four cases, the 2 model will have two unbounded infinite
half-lines. The interval model for f; corresponds to {2 = the complement in R of a
single point.

Up(t)fy
BeU(1)

tangential case

F1cURE A.1. Obstacle scattering data as cross-sectional scans of
a bounded planar object.
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