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SOME INEQUALITIES FOR SINGULAR
CONVOLUTION OPERATORS IN LP-SPACES

ANDREAS SEEGER

ABSTRACT. Suppose that a bounded function m satisfies a localized multi-
plier condition sup, [|¢m(tP-)||a, < oo, for some bump function ¢. We
show that under mild smoothness assumptions m is a Fourier multiplier in
LP. The approach uses the sharp maximal operator and Littlewood-Paley-
theory. The method gives new results for lacunary maximal functions and for
multipliers in Triebel-Lizorkin-spaces.

Introduction. Given a bounded function m the associated multiplier transfor-
mation Ty, is defined by [T, f](€) = m(&)f(€), f € F(R™). Here & denotes
the Schwartz space of rapidly decreasing C*°-functions and # f = f” the Fourier
transform. m is called a Fourier multiplier in LP(R") if T,,, extends to a bounded
operator in LP(R™); the multiplier norm ||m/||as, equals the operator norm of T,.

Suppose that ¢ is a radial C§°-function with compact support in R§ = R™\ {0}

+and suppose that

(1) lImll 4, = sup l|gm(t-)|Im, < oo.
t>0

The purpose of this paper is to find easily verified conditions that (1) implies
m € M,. The condition ||m||lvp < oo is satisfied if and only if m is a Fourier

multiplier on the class of homogeneous Besov-spaces Bg’q (see Peetre [14, p. 132]). In

fact the space M, can be characterized by .#,; a theorem of Johnson [10] states that

m € M, if and only if m(- +y) € .#, for every y € R™. However, a straightforward
verification of this condition seems to be impossible for many singular convolution
operators.

In some applications it is useful to replace the ordinary dilations z — tz by
anisotropic ones: r — tFz = exp(Plogt)z, where P is a real nx n-matrix with trace
v, the real parts of the eigenvalues being contained in (ag, a®), ap > 0. Then we ask,
under which conditions sup, [|¢m(t¥-)||nm, < oo implies m € M,. Throughout
this paper ¢ will always be chosen as in the following

DEFINITION. ¢ € C§°(Rg) satisfies a Tauber condition with respect to the
dilations (t7) if for every z # 0 there is a t, such that ¢(tFz) # 0.

Sometimes we need special bump functions of the following kind: Let p €
C*(R%) be a P-homogeneous distance function; this means that p(tfz) = tp(z),
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z€R™ t>0and p(z) >0, z # 0. Then we set ¢ = ¢g o p, where

(2) 0 € C3°(R4), supp¢o C (-;—,2) , Z do(2ks) =1, all s> 0.

kEZ
We note that every P-homogeneous distance function satisfies a triangle inequality
p(z +y) < blp(z) + p(y)], for some b > 1.

It is easily seen that the condition sup,q ||¢m(tF-)||m, < oo is independent of
the special choice of ¢. In fact, assume that ¢, qNS are chosen as in the definition.
By a compactness argument, there are sg, ..., sy > 0 such that }:f’: 1 ¢2(st z)>0
for all z € supp é. Since M, M, C M,, we have

N
16m(t” Miage < ¢ 16> (s7)m(t” ) Ias,

Seon (1))

N
<e).
1=0

We are most interested in the cases 1 < p < 0o. For p = 1 a satisfactory result is the
Hérmander multiplier criterion [9]. Here the condition sup,sq ||¢m(tF)||m, < oo
is replaced by the somewhat stronger assumption

< csup ||d)m(sP~) l| M, -
8>0
MP

(3) sup/ |F ~Hom(tF))|dz < Bl +w)™¢, allw>0.
t>0 J|z|>w
(3) implies that Ty, is of weak type (1,1) and m € My, 1 < p < oo. The usual
assumption
sup ||¢>m(tP~)||faz < 00, a>nf2,
t>0

(Z2% denoting the Bessel-potential space as in Stein [18]) implies (3) for some B,
ife<a-n/2.

We use the following notations: %4 denotes the subspace of Schwartz functions
whose Fourier transforms are compactly supported in RG. Ay is the difference
operator, A f = f(- + h) — f(-). The Lipschitz space A, is normed by

I/ llae = 1 fllo + sup [Al= ¢l AR flloo, fO<e<L.
By |S| we denote the Lebesgue measure of a set S. The barred integral fs f denotes

the mean value |S|™! [¢ f(y) dy. ¢ will be a general constant with different values
in different occurrences.

1. Main result.

THEOREM 1. Suppose that m is a bounded function which satisfies for some p,
1<p<oo,e>0

(i) sup ||¢m(t7)||m, < A,
t>0

(i) sup /I LI em e de < B )

t>0
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Then
mllm, < cAllog(2 + B/A))IM/P=1/2I,

REMARK. Of course, condition (ii) alone implies m € Mp, 1 < p < oo, with
multiplier norm < ¢B, which may however be much larger than the constant in the
theorem. This constant is actually sharp; it cannot be replaced by A[log(2+ B/A)]Y
with 4 < |1/p—1/2|. This can be seen by a well-known counterexample of Littman,
McCarthy, Riviére [12], modified in Triebel’s monograph [19]. Choose ¢ as in (2)
and vectors oy, satisfying p(ox) = (2b)*. Define

2N A
my(€) = Y €7 4p(€ — o%).

k=N

Since ||[¢mn (A¢-)||m, < ¢ and ||D*[¢mpy(As)]lM, < c2Ve°lel for all multi-indices
o, Theorem 1 implies ||my||a, < ¢, NP, with v(p) = |1/p — 1/2|.
On the other hand, the discussion in [19, p. 125] shows that ||my s, > ¢,V (p),
The counterexample shows that the condition (1) alone does not imply m € M.
In the following corollaries we shall see that this is valid under weak smoothness
assumptions on m. The proof of Theorem 1 is given in §2.

COROLLARY 1. Suppose that for some 1 < p < 00

(i) sup l¢m(t”) v, < Ao,
t>0
(i) sup £ Anlom(e” g, dh < Ar
t>0 J|n|<2-!
Then

mllag, < Ao+ 1/P=17214,
I>1

PROOF. We may choose ¢ as in (2). Let ¥ be a C°°-function, supported in
{p(€) < (80)71}, [9(€)dE = 1. Further set 4 = 2'"9(2"), x¢ =y — 11 (I 2 1),
X0 = Yo.

We split

m= Z #(277Fym

JE€EZ

= 3 S bu* m@P NI = Y me

JEZ >0 1>0
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Set g; = ¢m(27F-). Then x; * g; is supported in {3 < p(&) < 4}. If I > 1, we have
for 2F < s < 2¥*! (§ denoting Dirac measure)
k+4

lom(s™)lln, ¢ D lxa* gjllng,
j=k—4
k+4

<e Y N6 —wim1) * g5 + (v — 8) * g5llm,
j=k—-4
k+4

<e 3O [ [ W 18055, i+ [ Fr-a )20

j=k-4
<c(Ai-1 + A).

For all multi-indices « it follows by a similar computation (2¥ < s < 2k+1)

1D (¢my(sT )|l
k+4

<e 3 3 [P mllee -2t - g6 -2 )l dn

j=k-4p<a
< e2l(Ay + 4)).
Now we apply Theorem 1 and obtain
lmullag, < /P~ 2 (A + 4, 121
Analogously ||mo||a, < cAo, and the assertion follows by summation.

COROLLARY 2. Suppose that sup,s ||¢m(t¥:)||m, < oo, for some p € (1,00).
(i) If for some e >0

sup sup |h|7¢||Ax(¢m(t”)]llm, < oo
t>0 heRn
then m € M.
(ii) If supysq lom(tF-)||la. < oo, thenm € M,, |1/r —1/2| < |1/p—1/2|.
PROOF. (i) is weaker than the assertion of Corollary 1. (ii) then follows by
interpolating the inequalities
Anlem(t”)lim, < e, NAn[gm(t"Nln, < clhl®.

2. Proof of Theorem 1.

2.1. Some tools needed in the proof. Let r be a distance function, homoge-
neous with respect to the adjoint dilations t¥, satisfying a triangle inequality with
constant b. Let 7" be the collection of all r-balls

Q={2};T($O—$)52k}, zOGRn, ]CEZ,

o is the “center” of Q, 2% =rad Q its “radius”.
The Hardy-Littlewood maximal operator with respect to 7" is defined for func-
tions with values in a Banach-space B by

H(z)= sup ]{2 /)]s dy.

TEQEX
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By f# we denote the Fefferman-Stein sharp maximal function, defined by

f#(z)= sup ][ |f(y) — flBdy.

TEQEW
The basic fact about f# is

PROPOSITION. Assume that 1 < p < 00, 1 < pg < p and f € LP°(R",B). If
f* € LP(R"), then # f € LP(R™) and || fllp, < || f#|p-

The proof is an adaptation of the proof given by Fefferman and Stein [8] in
the more general setting of homogeneous spaces (see [15]). Another tool needed
in the proof is thtlewood Paley theory [18, 13]. Let ¢ € Cg°(Rg) and nx =

F o2, 9(f) = (Ziez Ime * f1)1/2. Then [lg(Nllp < cl|fllp, 1 < p < 0.
We will choose ¢ = <I>oop asin (1). Then we also have || f{|, < c[lg(f)llp, 1 < p < oo.

Let ¢ € C§°(Rg) be equal to 1 on supp ¢. Then we associate to ¢ in the same way
the functions 7 and §(f).

2.2. Proof of the theorem. By duality we may assume 2 < p < oo. We associate
to T = T,, a vector-valued operator T, defined by [T'f]x = nx * Tf. We will show
that

(4) 1T *llp < cANY2Z17) £l

where
N =max(e™},a5") log,(2 + B/A).
If f € %, T is a priori in LP(I2). By Littlewood-Paley theory and the Fefferman-
Stein inequality we get
1Ty < ellg(Th)llp = exl T fllzoqzy
< il (Thllp < call(TH)*(lp < csANYZ12| ]l

It remains to prove (4). In order to apply interpolation arguments it is useful to
linearize the operator f — (T f)*. Fix f € LP. Following [8, p. 157] we may find
for each z € R™ a ball Q; € Z  containing z, the center and the radius being

measurable functions of z, further functions xx(z,y), with (3 |xx(z,%)[?)'/? < 1,
z € R™, y € Q, such that the following inequality holds:

(Tf)*(z) < 25f(z)

where

®  st@=§ % [0+ 7100 - £ e T () dz | xe(20) do

Define I(z) by rad Q; = 2"(*). Instead of S we consider the following operators o7,
o2 acting on sequence-valued functions F = {fi}, H = {hy}.

©  oFn=f [ﬁk 0w - f s fk] k(@) dy,

z |k+l z)|<N

M o) = f [nk «Thiy) — f mes Thk] X (2, 3) dy.

z |k+l(:c)]>N
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In 2.3 and 2.4 we will show that

(8) oy (F)ll, < eNY27Y2|| F|l 1oy
and
(9) llo2(H)llp < cAllH| e 2y,

the constant ¢ being independent of A, N and the choice of Q;, xk(z,y). We
proceed by observing

| S = or({mi = T/Y) + oal{ie * 1}).
By Littlewood-Paley theory (9) implies
llo2({7ik * fHllp < cAllSlp-

Using the hypothesis (i) we get

I % T 1oy = D Mk * Tk )1 < AP [k £

< AP |k * FHEp sy < cAPIFIE
and from (8) we conclude
lov{ne * TS|, < cAN 2712 ]l

These estimates imply (4).
2.3. Estimation of o1(F). Since o1(F) < 24((X, Ik * Fi|?)/?), it follows by
L2-boundedness of .#

1/2
lo(F)ll2 <c (Z lIme * Fkll%) < IF ||z z).-
k

If p = 00, we have

1/2
lo1(F)|loo < ||# |sup ( Z Ik * Fk|2)

l€Z \ |k <N
oo

< NV sup [+ Filloo < €NVl .
(S

Now an application of the Riesz-Thorin interpolation theorem establishes (8).

2.4. Estimation of 02(H). The operator o2( H) represents the “remainder”-terms
similarly treated as in the Calderén-Zygmund theory. By L2-boundedness of .#
and the Plancherel theorem we get

lloa2(EDI3 = llmk * Thel3
k

= [lo(27¥ ymhg |1 < A2 hpll3 = AN H I 22
k

We show
(10) llo2(H)lloo < cAllH||Looi2)

and (9) follows by interpolation.
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We need a further splitting of o5. Denote by R, the ball with same center as
Q: and rad R, = 2brad Q);. For a function H we denote by R,H multiplication
with the indicator function of R;; similarly define REH for the complement RE.
We have the majorization oo(H, z) < I(z) + II(z), where

1/2
I(z)=][Q (Zlnk*T(thk)(y)P) dy
= \k

1/2
I(z) = ]l ( Yo e * T(RER)(y) - ][nk*T(Rihz)(Z) dz}l2) dy.

|k+1(z)|>N

By Holder’s inequality and Plancherel’s theorem we get

/
1) < 1Qol2 (X me » T(R)IE)
< 1.4 (L IRahel)
<ca f Vi

< CA”H"Loo([z).
To estimate II(z) set Ki(z) =.F ~![¢pm(Ag«-)]. Then with

Bew2) = [ 2K (1= w) - K@ (s - )] do,

it happens that
(11) Ex(2,y,2) < cBmin{27(*+(), geo(kH(=)},

whenever y,z € Q..
Summing a geometrical series we obtain

1/2
[TI(z)| < SUp( > [Ek(l‘,y,z)F) 1 H | Loo 1e0)

Y,2€Q 2 \k+1(z)|>N
< cBmax{2 N, 270N} H|| oo (1o
S cA||H|| L= ) < cA|lH||Loo12)-

(11) follows by a standard calculation. Denote by z the center of R,. Then for
wE R, yeQ;

r(y = w) 2 r(zo — w)/b— r(zo — y) > 2';

hence

Ex(z,y,2) < 2/ 2k”|Kk(2kP'u)| du < ¢B2~(k+i(2))e
r(u)>21()
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by hypothesis (ii). If £ + {(z) < —N, we use the fact that é * K = Ki and obtain
by Taylor’s formula

Ex(z,y,2) <2 /0 / 22 (y = 2) - V)RR (2 = w + sy — 52))| dds

< c||[2¥F7 (y — 2) - V] * Ki|lx
<27 (y — 2) - V]o|l1 | Kkl
< eBo(kH(@)a0,

ify,z€ R,.
This completes the estimation of o3(H) and concludes the proof of the theorem.

3. Some variants and applications.

3.1. The case p = 1. There is a simpler counterpart of Theorem 1.1 for p =1
which strengthens slightly the Hérmander multiplier criterion. It involves a weak-
type (1, 1) and an (H!, L')-estimate for the operator T;,. Here H! is the parabolic
Hardy-space, defined as in [1] with respect to the (t¥")-dilations.

THEOREM 2. Suppose that the hypotheses (i), (ii) of Theorem 1 are satisfied
with p=1. Then

(a) 1T fll1 < cAllog(2 + B/A)2||f|la:.

(5 sup al{[Tof| > )| < clog (24 5 ) 111
a>0

PROOF. To prove (a) we use the atomic decomposition (see Latter and Uchiyama
[11]). Let a be an atom, supported in {r(zo — z) < 2!}, |lallc < ¢27%. Choose
N as in the proof of Theorem 1 and split Ta = Tjia + Tj2a, where Tj 10 =
Z| k+1/<N Mk * Ta. Using the standard Calderén-Zygmund estimates it follows

|T 20|l € ¢B max(2_€N, 2'“°N)|la||1 < cA.

Further

ITiaal < Af D Imk*al

lk+l[<N )

1/2
< cANY/? (Z 7k * a|2> < AN'/?,
k
1

by Littlewood-Paley theory in H?.

The proof of (b) is similar and involves a Calderén-Zygmund decomposition. We
can only achieve the larger constant cAN, because Littlewood-Paley functions do
not define bounded operators in L!. O

REMARK. The counterexample mpy mentioned in §1 shows that the constants in
Theorem 2 are sharp. For the (H!, L!)-estimate this follows from [19, p. 125]. The
essential part of the kernel & ~![my] lies near the points o, N < k < 2N, and
a straightforward computation shows that |[% ~![my]|lpic > ¢N (L'* denotes
the Lorentz-space). Let x € &, X(€) = 1 near 0, x; = 2*x(2!7"). For large [
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we have Ty, xi = F ~!{mpy]; this implies ||Trmy ||(£1,2100) > ¢N for the weak-type
operator-“norm” of Ty, .
3.2. Application to quasiradial multipliers.

COROLLARY 3. Let p € C*(R{) be a P-homogeneous-distance function and
m = mg o p, where mg € L°(R,). Suppose that for some p, 1 <p < 2n/(n+1),

sup [|¢mg o tpllar, < 00.
>0

Then mgop€E M,, p<r<2.

PROOF. The smoothness assumption of Corollary 2, (ii) is satisfied, since the
necessary conditions for quasiradial multipliers [17] imply

sup [|¢omo(t-)l| g < csup [[dmo o tpl|ar,
t>0 ap t>0

a=(n-1)(1/p—1/2). Here ¢g € Cg°(R4) and Bglp(R) is the standard Besov
space defined in [19]. Now Bg'p CAif0<e<a-1/panda-1/p >0
if p < 2n/(n +1). The assertion follows from Corollary 2 and the elementary
inequality

lIdo 0 pmo o tplla, (rn) < clldomo(t)lla.r)- O
The following criterion for quasiradial multipliers is proved in [16].

COROLLARY 4. Let p € C®(RE), the unit sphere {p(£) = 1} being strictly
convex. Then

lmo o plim, < Cfggﬂ%mo(t‘)lng(R),

a>n|l/p—1/2], 1<p<2(n+1)/(n+3).

The condition sup,q |[¢m o tp||p, < oo can be verified following Stein’s treat-
ment of the Bochner-Riesz multiplier [7, 16]. The approach via Corollary 2 consid-
erably simplifies the proof of Corollary 4 in [16]. It avoids also the weighted norm
inequality in Christ’s proof of (essentially) the same result (see [3]).

3.3. Lacunary mazimal operators. Given a multiplier m, we define for f € .
the lacunary maximal operator T}, by

T, f = sup |F ~![m(2") /]
kEZ

To prove boundedness results for T, we shall need information about a vector-

valued singular integral operator 7, defined for functions F' = {F} ;} with values in
1?(Z?) by
[r(F)lk =Y Mett * Fey.
!
LEMMA. [|7(F)llLrq2(z)) < cllFllLraz(z2)), 1 <p <oo.
PROOF. For p = 2 the inequality follows by Plancherel’s theorem. Then for p <

2, by Calderén-Zygmund theory we are led to verify the following weak Hérmander
condition

97 1/2 1/2

Y [nesi(z = y) = nega(2)] ok dz<e|Y at,|
! k.l

/r(z)zzbt ;
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whenever 7(y) <t, (ak,;) € [2(Z?). The verification of (12) is a routine matter, so
it is omitted. The case p > 2 follows by observing that the adjoint 7* is similarly
defined as 7 (k,! are exchanged). O

THEOREM 3. Suppose that for some 1 < p < oo, r = min(p,2), € >0

00 1/r
() ([ 1omem a1, %) <o
[e9) "'dt 1/r
(i) (/ [sup|h|_"'||Ah¢m(tP~)||MP] T) < oo.
0 h
Then

1/2
(E:lﬁr’ﬂﬂw2kp0fAH2> < cl|fllp-
k

P
PROOF. Choose ¢ as in (2),

a = [lom(2'7 ) llnr,, b = sup ||| An[om (2 )],

Then the hypotheses of the theorem are equivalent with ) (a] + b]) < oo; this
essentially requires the same argument as in the Introduction.
We apply the lemma with Fy; = F ~![¢(2~ (k)P ym(2-%P.) fA] to deduce

1/2 1/2
(§:|57_W"42_kP)fAH) <[ D 1Feal?
k k.l
P
If p > 2 we have by Minkowski’s inequality
1/2 17212\ /2
(ZIFk,l|2 < Z’ (Zle,llz) ;
k.l ! k
p P

whereas if p < 2 we use [P C [? and interchange summation and integration to get

1/2 1/p

1/2]||P
> |Feal? <> (Zle,zP)

k.l l k
» p

Denote by 7y the sequence of Rademacher functions (see [18, p. 276]) and let

mis =Y re(s)p(2"FIT)m(27 ), sefo,1).
k

An application of Corollary 1.2 gives

3
I slla, < Z ai4j + by, uniformly in s € [0, 1].
7=-3
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By Chinchin’s inequality and interchanging the order of integrals we see

1/2||P 1 3
(Z |Fk,z|2) <c /0 musllby, dz < ¢ D aby; + 8y,
k

——3
p 3

Now summation over [ proves the assertion. 0O

Of course, Theorem 3 implies boundedness of T,y in LP. For p > 2 there is
a simpler result which follows from Littlewood-Paley theory and does not rely on
Theorem 1.

COROLLARY 5. Suppose 2 < p < co and

oo 1/2
([ 1ome i, 5) " <o

Then || T7, fllp < cll fllp-
PROOF. We use the inequality

Z’h*gt
1

1 < p < oo, which, by duality, is a consequence of Littlewood-Paley theory. Now

1/p
1T flle < (Z Iy‘l[m(T"P')fA]I”)
k

14

1/2||P
<c|) (E |7lk+t*=7_l[m(2_kP')fA]|2)
1

k
p

1/2
S (Z Igl|2) )
l

p p

1/2

1/2

2/p
<o[S S50 07 yma47 ) s 1 ”5]

l

1/2 1/p
<o zuqsm(zm')uaﬁ) (leﬁk*fllz) ,
l k

and a second application of Littlewood-Paley theory implies the assertion.

COROLLARY 6. Suppose that m € M, satisfies for some 6 > 0 |m(€)| < c|€|,
if [€] < 1 and [m(€)| < c[€]~°, if [€] > 1.

() If p> 2, then | Ty fll» < crllfllrs 2 <7 <p.

(i) If p < 2, and sup,q ||¢m(tF)||a. < 0o, then Tk fll- <cllfll- p<r<2.

The proof follows by interpolation. Note that (i) is already contained in [4].

REMARK. In many cases, the decay condition at the origin is not valid, but m
is smooth near ¢ = 0. Then one may split m = mg + m;, where mg is compactly
supported and smooth and equals m near the origin. 7, f is majorized by the
Hardy-Littlewood maximal function .# f, and T}, can be handled by the above

1

corollaries. For example we can deduce the following result of Duoandikoetxea and
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Rubio de Francia [6] (which, however, does not require the full strength of Theorem
1.1):
Let u be a compactly supported measure satisfying u”(€) < ¢(1 + |€]) ¢,
[ a2 au)|| el 1<psoo
P

sup
keZ

Write 4 = m + m, where m(£) = 0 near the origin and supp 7 is compact. Since
u is compactly supported, m, m are smooth; further |D%u”(€)| < ¢(1 4+ |€])~° for
every multi-index a. Then |T3 f| < e f. If t > 1 we have

lem(t” Yoo < t=0%,  [ID*(@m(t")eo < ct*”, o =1

which implies sup, - ||¢m(tF-)||a, < €, for some ¢ > 0. O
3.4. Multipliers on Triebel-Lizorkin spaces. Define for 1 < p,q < 00, 7, as in 2.1,

o0 t/q
ga(f) = ( > I fl")
k=—o00
and the homogeneous Triebel-Lizorkin space FP4 = FP4(P) by £l zpa = llgq(F)llp-
F?3 should be considered as a subspace of #’(R") modulo polynomials; the
definition depends on the dilation group (¢7).
Let A, = M,4(P) be the subspace of bounded functions whose norms

Imll ., = sup{lF =[S "l oa: £ € Sos 1S | e < 1}

are finite. Note that % is dense in FP9. Multipliers in FPI gre multipliers in
the whole scale FP4, —0o < s < oo (defined in [19] for isotropic dilations) since
Fqu = I, FP9, where I, f = .% ~![p=° "] for some P-homogeneous distance function
p € C*(R}). For simple properties of /Z,,q we refer to Triebel [19, p. 128], where
the inhomogeneous case is discussed. Observe that /Zp = /Z,,,,(P) equals the space
of multipliers on anisotropic homogeneous Besov spaces ng as mentioned in the
Introduction.

THEOREM 4. Suppose that m is a bounded function satisfying for some p, 1 <
p<oo,e>0

(i) sup [lom(tF)||m, < A,
t>0

W Sup/| 17 ome e < eB1 )

>0
Then m is a Fourier multiplier in FP3(P), |1/q—1/2| < |1/p—1/2|, and ||m||4/-pq <
cAllog(2 + B/A)]Il/p—l/ql.

PROOF. By duality, we may assume p > ¢. It suffices to consider the case
q = p'; the remaining cases follow by interpolation. The proof is a repetition of the
arguments needed for Theorem 1, so we omit the details. The operators S, oy, 02
are defined as in (5), (6), (7) but now with (3 |xx(z,y)?)!/?" < 1. Then

o1 (F)llp < eNYP' VP F || ooy, oz (H)llp < cllAll o or)-
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Instead of Plancherel’s theorem and Littlewood-Paley theory, we use the hypothesis
SUP;s [|#m(tF)|lm,, < A and the definition of FPP. O
As in §1, this theorem implies several corollaries, e.g.

COROLLARY 7. Suppose that for some € >0

sup [|gm(t”)|la, < co.
t>0

If m 1s a multiplier on the homogeneous Besov space F"”’(P), then it is also a
multiplier on F™*(P), p<r,s<p.

It is an interesting problem whether the hypothesis of Corollary 7 implies m €
Mas(P) for some [1/s—1/2| > [1/p—1/2|.

During the preparation of this paper the author was informed by A. Carbery,
that he also established some of the results of this paper (see [2]), using another
approach. In particular he found Corollaries 2 and 6, as well as some weak-type
estimates in the endpoint cases.

REFERENCES

1. A. P. Calderén and A. Torchinsky, Parabolic mazimal function associated with a distribution II,
Adv. in Math. 24 (1977), 101-171.

2. A. Carbery, Variants of the Calderdn-Zygmund theory for LP-spaces (preprint).

3. M. Christ, On almost everywhere convergence of Bochner-Riesz means in higher dimensions,
Proc. Amer. Math. Soc. 95 (1985), 16-20.

4. M. Christ, J. Duoandikoetxea and J. L. Rubio de Francia, Mazimal operators related to the
Radon transform and the Calderdn-Zygmund method of rotations, Duke Math. J. 53 (1986),
189-210.

5. M. Christ and E. M. Stein, A remark on singular Calderén-Zygmund theory, Proc. Amer. Math.
Soc. (to appear).

6. J. Duoandikoetxea and J. L. Rubio de Francia, Mazimal and singular integral operators via
Fourier transform estimates, Invent. Math. 84 (1986), 541-562.

7. Ch. Fefferman, A note on spherical summation multipliers, Israel J. Math. 15 (1973), 44-52.

8. Ch. Fefferman and E. M. Stein, HP-spaces of several variables, Acta Math. 129 (1972), 137-
193.

9. L. Hormander, Estimates for translation invariant operators in Lp-spaces, Acta Math. 104
(1960), 93-139.

10. R. Johnson, Mazimal subspaces of Besov-spaces invariant under multiplication by characters,
Trans. Amer. Math. Soc. 249 (1979), 387-407.

11. R. H. Latter and A. Uchiyama, The atomic decomposition for parabolic HP-spaces, Trans. Amer.
Math. Soc. 253 (1979), 391-396.

12. W. Littman, C. McCarthy and N. Riviere, LP-multiplier theorems, Studia Math. 30 (1968),
193-217.

13. W. Madych, On Littlewood-Paley-functions, Studia Math. 50 (1974), 43-63.

14. J. Peetre, New thoughts on Besov-spaces, Duke Univ. Math. Series, Duke Univ., Durham,
1976.

15. N. M. Riviere, Singular integrals and multiplier operators, Ark. Mat. 9 (1971), 243-278.

16. A. Seeger, On quasiradial Fourier multipliers and their mazimal functions, J. Reine Angew.
Math. 370 (1986), 61-73.

17. _, Necessary conditions for quasiradial Fourier multipliers, Téhoku Math. J. 39 (1987),
249-297.




272 ANDREAS SEEGER

18. E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Univ. Press,
Princeton, N.J., 1970.

19. H. Triebel, Theory of function spaces, Birkhiuser-Verlag, Basel, 1983.

FACHBEREICH MATHEMATIK, TECHNISCHE HOCHSCHULE DARMSTADT, 6100 DARM-
STADT, FEDERAL REPUBLIC OF GERMANY

Current address: Department of Mathematics, Princeton University, Fine Hall, Princeton, New
Jersey 08544




