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SUPERCUSPIDAL REPRESENTATIONS:
AN EXHAUSTION THEOREM

JU-LEE KIM

INTRODUCTION

Let k£ be a p-adic field of characteristic zero and residue characteristic p. Let
G be the group of k-points of a connected reductive group G defined over k. In
[38], Yu gives a fairly general construction of supercuspidal representations of G in
a certain tame situation. In this paper, subject to some hypotheses on G and k,
we prove that all supercuspidal representations arise through his construction.

While there have been numerous constructions of supercuspidal representations,
the question of whether they are exhaustive is resolved only for depth zero repre-
sentations [31, 28] and for groups of type A,, such as GL,, [5 22, 29], SL,, [6] [7].
In [29], Moy proves the exhaustiveness for Howe’s construction of supercuspidal
representations via the generalized Jacquet-Langlands correspondence in the tame
case. In [22], Howe and Moy prove it by analyzing Hecke algebras when p > n. In
[5], Bushnell and Kutzko construct supercuspidal representations and prove their
exhaustiveness by analyzing simple types and split types with no assumption on k.
Recently, Stevens showed that any supercuspidal representation of classical groups
of positive depth contains a certain semisimple character [34]. However, since no
analogue of the Jacquet-Langlands correspondence for general groups has been de-
veloped yet, and since types, or Hecke algebras for general groups, are far less
understood than for GL,,, it is not easy to extend their methods to other groups.

In this paper, we approach this problem via harmonic analysis on G. We now
briefly describe the main idea of the proof. From now on, we assume that the
residue characteristic p of k is sufficiently large (see §3.4] for the precise condition).
We first prove that any supercuspidal representation is either of depth zero or oth-
erwise contains a K-type constructed in [27]. This we do by relating the Plancherel
formulas on G and on its Lie algebra g and by using some results on asymptotic
expansions [27]. We relate the K-type further to a supercuspidal type constructed
in [38] by analyzing appropriate Hecke algebras and Jacquet modules. Before ex-
panding our account of the main strategy of the proof, we first recall some results
on I'-asymptotic expansions.

0.1. Results on I'-asymptotic expansions. Let £ := £(G) denote the set of
all equivalence classes of irreducible admissible representations of G. We use the
same notation for a representation 7 and its equivalence class. For (7,V;) € &, let
O, be the character of m. Let B(G,k) be the extended building of G over k. In
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[27], we found a certain character expansion of ©, depending on K-types contained
n (m,V;). The construction of K-types is based on a (strongly) good positive
G-datum ¥ which is a quadruple (see Definitions 5.1l and B.3]). However, if ¥ is
strongly good, ¥ can be alternatively described as a pair ¥ = (I', y) of a semisimple
element I' € g and y € B(Cg(T'), k) satisfying the following (see Definitions BT
and B3 and Remark B10):

()T =Tg+T4g-1+--+Tp where T';, 0 <i <d-—1, is a G-good element of
depth —r; and T’y is either zero or an element in the center of g of depth —ry. Set
rd ‘= Trd—1 if Fd =0.

(’LZ) O<rg<ri <--<rg1. fT43#0,rq_1 <ryg.

(iii)) Ce(l) =G C G! € --- € G471 C G where G' = Cq(Ty+Tg_1+---T}).
Set s; := % and 5T := (0%, s{,s{, - sd 1)- Then the associated K-type (which
we denote by (K3, ¢x) in the text) is (Gy)g+,XF), where Gy)swr is an open compact
subgroup defined in [38] and xr is the character on éy 7+ represented by I' via a
logarithmic map. Any irreducible admissible representation containing xr when
restricted to éy 7+ has depth ¢ = r4 > 0. Moreover, such a representation is not
supercuspidal in general; that is, (éy s+, XT) 1s not necessarily a supercuspidal type.

The main result of [27] states that if 7 contains (C_jy,ﬁ,xp), for any f €
Cgo (gsj_l)a then @‘ﬂ'(folog) = ZOEO(F) o (71'),&6(]0) Herev grt+ = UwE‘B(GJq) Oz.rt;
r € R, O(T) is the set of G-orbits whose closures contain I, and jg is the Fourier
transform of the orbital integral uo. In [27], we also define a certain subspace g"
of the space of G-invariant distributions on g having the property that g, when
restricted to the image of the Fourier transform of C2°(g sj,l)’ coincides with the

finite-dimensional space spanned by ue, O € O(T'). An important property of this
expansion is that there are test functions fo in C$°(g) indexed by O € O(T") such
that for two G-invariant distributions T; and Ts on g with their Fourier transforms
T1, Tg in Jv, if Tl(fo) Tg(fo) for all O € O(T), then T; = T2 on C°(g + of )

-1
(see Theorem [3.0]).

0.2. First step. Let & be the set of equivalence classes of irreducible tempered
representations. We first show that almost every irreducible tempered representation
(m,Vy) is either of depth zero or otherwise contains (G_'y7§+,XF) for some (T, y).

We begin by observing that, thanks to the Plancherel formulas on g and G ([13]),
we have the equality

(0.1) /gf( )dX = £(0 /@ folog)dr

for f € C2°(g) supported in a small neighborhood of 0. Here, note that we have
identified g with the unitary dual g of g. Now, refining this equality, we will find a
match between spectral decomposition factors of each side of (I.1I), parameterized
by some equivalence classes on the union of {0} and semisimple elements satisfying

Let I" be a semisimple element as above or let T' = 0. Then we define gr := ¢ (I'+
g) where g° is the Lie algebra of G® = Cg(T") (recall that gJ = Usenon as0)-
Each gr is a G-domain, an open and closed G-invariant subset of g. We say that
two such semisimple elements I" and T” are equivalent if gr = gr/ (see Definition
[C4]). Let & be the set of equivalence classes of the I'’s. Then, g is the disjoint union
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of G-domains gr, I' € & (see Proposition [.6]), and we have

/gf(X) X ="

regvor
On the other hand, each I' € & also parameterizes a subset Ep of €. Roughly
speaking, Er is the subset of & which consists of (7, V) € € containing (C_jy’gﬂ Xr’)
for some I ~ T" and y € B(Cqg(I”),k), and &y is the set of depth zero represen-
tations (see Definition and Remark for details). Moreover, Ep = Ep/ if
I’ and I” are equivalent, and & N &y = () otherwise (see Lemma [B.G)). Setting

gL = (Ureegtr) where & = €' N Ep, we have

/ O,(f olog) dw—Z/ O,(f olog) dr —|—/ O, (f olog) dr.
ree ENEs
It is obvious that €5 C &€'. Our claim above is that &'\ €% has Plancherel measure

Zero.
Now, we match terms parameterized by I' € & (see §I0):

(0.2) F(X)dX = /S O, (f olog) dr

ar

for f € CP(go+) if I' ~ 0 and for f € C’fo(gsj_l) if I' ¢ 0. A similar equality
was considered in [I9] when I' is regular and in [25] when I' is a good element. If
I' ~ 0, this is already proven in [25]. If ' £ 0, we regard both sides of (0.2) as
distributions on C2°(g 83_1)’ and we denote the distributions on the left and the
right side of (@.2) by T, and T,., respectively. We first need to prove that the J=F
from [27] (see also the previous subsection) contain both distributions T, and T,.
Then, by matching ’/fg(fo) = Tr(fo) for each test function fo, O € O(-T"), found
in [27], we verify that they are equal on C2°(gl ). Since we prove this equality
by matching them only on test functions, and since these test functions have the
property that {m € & | ©,(fo) # 0, for some O € O(—TI)} is a subset of &%, we do
not need any explicit knowledge of the Plancherel measure dr.

Using this, we can also prove that the equality in ((I2]) holds for any characteristic
function f; s of a lattice g, s with z € B(G, k) and s > 0. Summing over all " € &,
we have

/f“ yax =3 [ Fax

res gr
= / frolog)dr = [ ©1(frolog) dr
res &t

which will lead to a proof that almost every irreducible tempered representation
(in particular, supercuspidal representation) is an element of &} for some I' € &

(Theorems [[T.1] and [TT.4).

0.3. Generic G-datum. The construction in [38] is based on a generic G-datum
which consists of a quintuple Xy = (é, Y, T, 5, p) satisfying the following five con-
ditions (see [38] §3] or I2I):

D1.G = (G G!,--- ,G? = G) is a tamely ramified Levi sequence and Zgo /Z¢
is k-anisotropic, where Zgo (resp. Zg) is the center of G° (resp. G).
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D2. y € B(GO, k).

D3. 7 = (rg,71, - ,Td—1,74) 1S a sequence of positive real numbers with 0 <
740<"'_’<7‘d—2 <rg_1 <rg 1fd>0, 0<rg if d =0.
D4. ¢ = (¢o, P1,- -+ ,Pa) is a sequence of quasi-characters; ¢;, 0 < i < d — 1,

is a G'*l-generic character of G* of depth r; at y. If rq_1 < 74, ¢q is a generic
character of G¢ of depth r4 at y, and ¢g is trivial otherwise.
D5. p is an irreducible representation of G?y], the stabilizer in G° of the image

[y] of y in the reduced building of G, such that p | G2~0+ is a multiple of the trivial
representation and c—Indgg : (p) is irreducible and supercuspidal.
v

Based on the above data, Yu constructs a pair (Kx,,ps, ) of an open com-
pact modulo center subgroup Ky, and its irreducible representation py, such that
c—Ind%EY ps, is supercuspidal. Denote the resulting supercuspidal representation

c—Ind%EY psy by Ty, .

0.4. Second step. Now, let (m, V) be a supercuspidal representation of G. We
want to prove that there is a generic G-datum Xy such that 7 ~ 75, . Since the
case of depth zero supercuspidal representations is already known (see [28], [31]
(6.6), (6.8)]), we may assume that 7 is of positive depth. Then from the first step,
7 contains a K-type (éy7g’+, xr) for some (I',y). Let T';, G* and r; be as in (i)—(iii).
Let ¢; be a quasi-character of G* extending the character xr, of G;7S_+ defined by T';.

Under our hypothesis, xr, always extends to a quasi-character of G* (see Lemma
B3). Let p be an irreducible component of the G?y]—representation ¢~ @ (m|VxT)

where ¢ = Hi((bi'G[Oy]) and VXU is the xr isotypic component in V. To show that

(G,y, T, &, p) satisfies the desired properties D1-D5, we need to verify that

(a) Zgo/Z¢ is anisotropic,

(b) c—Indg(Ey] (p) is irreducible and supercuspidal.

We prove (a) by analyzing appropriate Hecke algebras (§13-§14) and (b) by
analyzing appropriate Jacquet modules (§15-817).

Let ¥y be the generic G-datum (C_j,y,f', 5, p) associated to (m,V;) found as
above. Lastly, we show xr on éy7§+ can be extended further to py, on Ky,
(818) and (m, V) still contains (Kx,, ps, ). Then, by Frobenius reciprocity, we can
conclude that m is in fact the supercuspidal representation constructed from Xy,
that is, m ~ my,, .

Generally speaking, different generic G-datums can yield isomorphic supercusp-
idal representations (this is the case e.g. for G-conjugate generic G-datums). The
question of when exactly the resulting supercuspidal representations are isomorphic
is settled by recent work of Hakim and Murnaghan [I4]; we will not discuss it here.

If G is one of the classical groups considered in [24], the corresponding datum in
[24] is (T, G([Jy], p). The result of this paper also implies that the K-types constructed
in [24] form a complete set for the classical groups considered in that paper.

In the first three sections, we review some facts about Moy-Prasad filtrations
and relevant results on buildings. Otherwise, reviews of many necessary results (in
particular from [27]) are spread throughout this paper before they are used. The
first step is carried out in §4-§11. We review Yu’s construction of supercuspidal
representations in §12. The second step is done in §13-§17. In §18, we compare
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(éy,s+,Xr) and (Kyx,,ps,). Finally in §19, we conclude that all supercuspidal
representations arise through Yu's construction (Theorem [T9.7]).

Most notation is used throughout the paper once it is defined. The table of some
selected notation is available at the end of this paper.

NOTATION AND CONVENTIONS

Let k be a p-adic field (a finite extension of Q,) with residue field F,n. Let
v = v}, be the valuation on k such that v(k*) = Z. Let k be an algebraic closure
of k. For an extension field F of k, let vy be the valuation on E extending v. We
will just write v for vg. Let O be the ring of integers of E with prime ideal pg.

Let A be a fixed additive character of k such that A|Oy # 1 and Alpy = 1.

Let G be a connected reductive group defined over k, and let g be the Lie algebra
of G. Denote the group of E-rational points of G by G(FE) and the Lie algebra of
E-rational points of g by g(E). We denote G(k) and g(k) by G and g, respectively.
Similarly, the linear duals of g and g(FE) are denoted by g* and g*(FE), respectively.
We write g* for g*(k). Let Zg denote the center of G and 3, the Lie algebra of
Zg. Let G denote the derived group of G and g9 the Lie algebra of Gder.
In general, we use bold characters H, M, N, etc., to denote algebraic groups and
h, m, n to denote their Lie algebras. If they are defined over k, we will use the
corresponding Roman characters H, M and N to denote the groups of k-points and
h, m and n to denote the Lie algebras of H, M and N.

Let N denote the set of nilpotent elements in g. There are different notions of
nilpotency. However, since we assume that char(k) = 0, those notions are all the
same. We refer to [12, [30] for more discussion of this.

If X is a topological space with a Borel measure dx and if Y is a Borel subset of
X, volx (YY) denotes the volume of ¥ with respect to dz.

For any given set W, let |W| denote the cardinality of W.

For any subset S in g or in G, we denote by [S] the characteristic function on S
and by —S the set {—s|s € S}. For g € G, 9Z denotes gZg~*.

Let R := RU {r* | r € R}. We define an ordering on R extending the one on R:
let 7,s € R. Then, r < rt. If r < s, then r < s, rt < st and r* < 5. We define
an addition on R extending the one on R: for r,s € R, rt +5 = (r+s)* = rt4st.
Set (rt)* :=rt.

Finally, we will not distinguish between representations and their isomorphism
classes.

1. MOY-PRASAD FILTRATIONS

1.1. Apartments and buildings. For a finite extension F of k, let B(G, E)
denote the extended Bruhat-Tits building of G over E. Recall that B(G, E) =
B(DG, E)x (X.(Zg, F) ® R), where DG is the derived group of G and X, (Zg, E)
is the abelian group of E-rational cocharacters of the center Zg of G. For a maximal
E-split torus T in G, let A(T, E) be the corresponding apartment over E. It is
known that for any tamely ramified finite Galois extension E’ of E, B(G, E) can
be embedded into B(G, E’) and its image is equal to the set of the Galois fixed
points in B(G, E’) (see [33] (5.11)] or [32]).

1.2. Moy-Prasad filtrations. Let (z,7) € B(G,FE) x R. Regarding G as a
group defined over E, Moy and Prasad define g(E), , and also G(E), . if » > 0
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with respect to the valuation normalized as follows ([3I]): let E* be the maximal
unramified extension of F, and let L be the minimal extension of E* over which G
splits. Then the valuation used by Moy and Prasad maps L* onto Z.

In a similar way, with respect to our normalized valuation v, we can define
filtrations in g(£) and G(E). Then our g(E),,, and G(E),, correspond to their
9(E)z e1r and G(E)g e, respectively, where e = e(E/k) is the ramification index
of E over k and ¢ = [L : E%]. Hence, if w, is a uniformizing element of E,
our filtrations satisfy @,g(E)s,, = 8(E), 41 while theirs satisfy @, g(E)e,r =
9(E)z,rte-

This normalization is chosen to have the following property (see also [T}, (1.4.1)]):
for a tamely ramified Galois extension E’ of E and z € B(G,FE) C B(G,E’), we
have

8(E)er = 8(E )z Ng(E).
If » > 0, we also have
G(E)yr =G(E),, NG(E).
For simplicity, we put g, := g(k)gr, etc., and B(G) := B(G, k). We will also
use the following notation. Let r € R.
(1) Gort = Us>r 9z,s and Ga:,\rﬁ = U5>‘T| Gw,sa MRS B(G)
(2) g5, ={x € 0" [ X(ga,(—r)+) C Pr), 2 € B(G).
(3) gT‘ = UzEﬂ(G) gz,r a’nd g’l‘+ = Us>r gS'
(4) Gy =U,en(q) Gor and Gpr = U, Gs for r > 0.
The hypothesis (HB) in §3.4]is concerned with identifying g;, , with g, via an
appropriate bilinear form B on g (see [4, (4.1)]).

1.3. Root decomposition. Let T be a maximal k-torus in G and E a finite
extension of k over which T splits. Let ®(G, T, F) be the set of E-roots of T in G,
and let ¥(G, T, E) be the corresponding set of affine roots in G. If ¢ € (G, T, E),
let ¢ € ®(G,T,E) be the gradient of %, and let g9(E), C g(E) be the root
space corresponding to w We denote the open compact abelian group in g(FE) b
corresponding to ¢ by g(E), ([30, (3.2)]).

Let X, (T, E) be the set of cocharacters of T, and let X*(T, E) be the set of
characters of T. For r € R, let

t(E), = {I' € t(E) | v(dx(I')) = r for all x € X*(T, E)}.
Then, for x € A(G, T, E), we have
9(E)zr = t(E)r + Z 9(E)y.
YEV(G,T,E), (z)>r

Let T be a maximal k-torus in G which splits over a tamely ramified finite
Galois extension E of k. Then, we write A(G, T, k) for A(G, T, E)NB(G, k). This
definition is independent of the choice of E [3§]. Moreover, A(G, T, k) is the set of
Galois fixed points in A(G, T, E).

2. TWISTED LEVI SEQUENCES

Definition 2.1 ([38]). Let G be a connected reductive k-group. Let G:=(GY, ..,
G = G) be a sequence of connected reductive k-groups with G C G! C --- C G4,
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(1) If each G* is a k-split Levi subgroup of G, G is called a k-Levi sequence in
G.

(2) If there exists a (tamely ramified) finite extension E/k such that G° @ E
is split and if GO E = (G'®@ E,--- ,G? ® E) is an E-Levi sequence in
G?® E, then G is called a (tamely ramified) twisted Levi sequence in G
and F is called a splitting field of G.

Note that any subsequence of a tamely ramified twisted Levi sequence G is also
a tamely ramified twisted Levi sequence.

2.2. Let (H, G) be a tamely ramified twisted Levi sequence and F a tamely ramified
Galois extension E of k over which (H, G) splits. Since H(F) is a Levi subgroup
of G(FE), there is a Galois equivariant embedding of B(H, E) into B(G, E), which
in turn induces an embedding of B(H, k) into B(G, k) (see [1}, §1.9] or [38] (2.11)]).
Such embeddings are unique modulo translation by X, (Z, k) ® R. However, the
images remain the same.

Fix an embedding i : B(H,k) — B(G, k). Then we will regard B(H, k) as a
subset of B(G, k) and write simply z for i(z). For any x € B(H, k), the associated
filtrations on H := H(k) and b := h(k) satisty the following ([T}, (1.9.1)]):

H,,=G(E);,,NH=G,,NH forr>0,

bor = 8(E)gr Nh =gz, Nh foranyre R.
For a k-torus T C H which splits over E, we have A(H, T, k) = A(G,T,E) N
B(H, k).
23. If G = (GY,-..  G? = G) is a tamely ramified twisted Levi sequence, we can
and will fix a sequence of embeddings

B(GY k) — B(GL k) — B(G2% k) — - — B(G% k).

We will identify B(Gﬂk‘) with a subset of B(G7,k) for i < j. Moreover, for
r € B(G% k) and r € R, we have

gi,r = gJ(E)LT N gl - g‘;,r N gia

G.,=G/(E)y NG =G, NG ifr>0.

From now on, we say that a semisimple element I" € g splits over a finite extension

FE if T lies on a k-torus which splits over E.

Lemma 2.4. LetT € g be a semisimple element which splits over a tamely ramified
finite extension E of k. Set H := Cg(T'), the centralizer of T in G. Then (H, Q)
is an E-split tamely ramified twisted Levi sequence.

Proof. Without loss of generality, we may assume that I" is in a k-split torus t. By
(7.1) and (7.2) of [38], H is connected and reductive. Since b is reductive, 3, C t,
and thus 3 is a k-split subtorus of t. Combining this with the fact that H is the
centralizer of 3, in G, we conclude that H is a k-Levi subgroup of G. (Il

Remarks 2.5.
(1) Note that if I' = 0, then H = G.
(2) The above lemma is not valid if T' is replaced by a semisimple element of

G. For example, in Sp,, the centralizer of a semisimple group element can
be SL2 X SLQ
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2.6. Let (H, G) be a tamely ramified twisted Levi sequence. For X € g, denote
the H-orbit X of X by OX. For simplicity, we write Ox for O)G(. In general, we
use the notation O to denote H-orbits. If X € b, O(H, X) denotes the set of all
H-orbits whose closure in § contains X. We write O(X) := O(G, X).

When X € g is semisimple, O(X) is described in [I5, §2]. In the situation of
Lemma 24 write I' = X and H = Cg(T"). Then

O) = {Orpn | n € O € O(H,0)}.

Note that I' + n is already in the form of a Jordan decomposition. The map
Oryn — O, n € O(H,0), induces a bijection of O(T") with O(H,0), the set of
nilpotent H-orbits in b.

3. ADMISSIBLE SEQUENCES AND LATTICES IN g AND g*
We recall some definitions from [9] and [38].

Definition 3.1. Let E/k be a tamely ramified extension, and let T be an E-split
maximal k-torus in G. Let ® = ®(G, T, E) be the corresponding root system.

Then, a function f: ® U {0} — R is concave if for every nonempty finite subset
{a;} € ® U {0} such that > a; € ® U {0}, we have

f(z a;) < Zf(ai)'

7

We keep the notation from the above definition. If z € A(G, T, F) and f is
a concave function on ®(G, T, E) U {0}, there are a group G(F), s and a lattice
9(E)q, s associated to x and f (see [3, B8] for details). If f is Gal(E/k)-invariant
and z € A(G, T, E)G2(E/k) we can define
Gm)f = G(E)ia}l(E/k) N GI70’

Gal(E/k
to.s = 8(E)S4
Gal(E/k)

If f is positive and E/k is tame, then Gy 5 = G(E),

Definition 3.2. A sequence @ := (ug,- -+ ,uq) in R is admissible if for some 0 <
c < d, we have

O0<wug=uy="-=u and §uc§uc+1§~-~§ud.

3.3. Let E be a tamely ramified Galois extension of k. Let G = (G?,--- ,G% = G)
be an E-split twisted Levi sequence, and let @ = (ug,---,uq) be an admissible
sequence. Then we can associate to @ a Gal(FE/k)-invariant, concave function fz
on ®(G, T, E) as follows: for an E-split maximal k-torus T C G°, define

fala) = ug if a € ®(GY, T, E) U {0},
D w ifa € (G, T,E)\ ®(G~!,T,E) for i > 0.

For z € A(G, T, k), let
éwﬂ = G%fa ) ga:ﬂ = Qax.fz -

These are well defined independent of the choice of T with = € A(G, T, k). More-
over, if u is nondecreasing, we have

~ _ 0 1 d =2 _ .0 1 d
G%ﬁ - Ga:,qux,ul e Gm,ud ) Ge@ = g;c,uo + gx,ul +oeeet Iz ug -
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3.4. Hypotheses. We list the hypotheses used in this paper. They are labeled
by (Hk), (HB), (HGT) and (HN), respectively. We will state explicitly whenever
these hypotheses are necessary.

(HE) The residue characteristic p is large enough (depending on G and v(p)) such
that the following hold.

(1) The exponential map (resp. the logarithmic map) is defined on the subset
go+ of g (resp. G+ of G), and for a tamely ramified finite Galois extension
E over k, an E-split maximal k-torus T of G, z € A(G,T,k), and a
Gal(E/k)-invariant concave function f on ®(G, T, E)U {0} with f(0) > 0,
we have exp(gz,¢) = Gg,5 (vesp. 10g(Ga,f) = 9a.f)-

(2) For any z € B(G, k), X € g, 0+ and Y € g0, %(adX)pfl(Y) € gg,0+-

(HB) G satisfies the condition in Proposition 4.1 in [4].

(HGT) Every maximal k-torus T in G splits over a tamely ramified Galois exten-
sion, and for any r € R, any nontrivial coset in t. modulo t,+ contains a good
element (as defined in Definition 2] of depth 7.

(HN) For any tamely ramified twisted Levi subgroup H of G, the hypotheses in
[12, §4.2] are valid.

Remark 3.5. The condition in Proposition 4.1 of [4] requires that either G be a
form of GL,, or the absolute Dynkin diagram of G have no bonds of order p and
that p not divide 2k(G)|m1(G’)| (see [4], Proposition 4.1 for notation). One sees
easily that this is satisfied if p is large enough.

One can use the Campbell-Hausdorff formula to determine a sufficient condition
on k for (Hk) to hold (see [24], Proposition 3.1.1).

In [12], under some hypotheses on G and k (see [12], §4.2), DeBacker gives a
parameterization of nilpotent orbits in g via Bruhat-Tits theory (see Theorem 5.6.1
of [12]). He uses this parameterization to get a homogeneity result in [T1]. We need
the hypothesis (HN) to use the results of [II] and [12]. We refer the reader to [12]
for precise statements. Again, if p is large enough, (HN) is valid.

Remark 3.6. If (HB) is satisfied, there is a k-valued, nondegenerate, G (k)-invariant,
symmetric, bilinear form B on g satisfying the following (see the proof of [4l (4.1)]):
for any tamely ramified finite extension E of k, B induces an E-valued E-bilinear
form on g(E) such that

(1) we can identify g*(E),,, with g(E),, via the map Q : g(E) — g*(E)
defined by Q(X)(Y) = B(X,Y);
(2) if T is a maximal E-split torus and (T, {X,}) is a Chevalley splitting, then
we have
(i) B(Xq,Xg) =0 unless a + 3 =0,
(i) B(Xq, X_qa) # 0 and has valuation 0,
(iii) g = 39 gd°" is an orthogonal decomposition with respect to B;
(3) for any Levi subgroup M of G which splits over a tamely ramified extension,
B|m x m satisfies (1) and (2).
The above (HB) implies the corresponding hypothesis (HB) (labeled in the same
way) in [27]. Whenever we assume (HB), we denote the associated bilinear form by

B. For more discussion on sufficient conditions for the above hypotheses, we refer
to [27].
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3.7. Let @ = (ug, -+ ,uq) be a sequence of real numbers which is not necessarily
admissible. We can still define fz and a subset g, ¢z = gs,f, of g in a similar fashion
as in §3.31 Suppose (HB) is valid.

For each i = 0,---,d — 1, let g'* be the orthogonal complement of g’ in gi*!
with respect to B, and let g be the orthogonal complement of g° in g with respect
to B. Then, we have

gt =gegt,  g=dodl,
and
g=g"@g’ - og"t, gi=g 009
For z € B(G',k) and r € R, let gi} = git! N git. Then, for z € B(G’, k), we can
write g,z more explicitly:

d—1_1

= 0 0L d—1_1
O2,@ = Bz,fa = Bz ,uo S 92wy DD Bzug -

Definition 3.8.

(1) Define an involution * on R as follows: for 7 € R, r* := (=)t and (r+)* :=
—r.

(2) For a sequence 7= (r1,--- ,7q) of real numbers, define 7™ as (r{,---,7%).

(3) Assume (HB) is valid. When we identify g and g* via B, the dual (g,,)* C
g of g, with respect to B is g, ,+. That is, (gz,)* ={Y € g| B(Y,gzr) C
Pr} = gz~ Note that (g.,.)* C g while g5, C g*. Generalizing this, for
any subset L C g, we define the dual L* of L in g as

L* = {Y € g| BY.L) C pi}.

Remark 3.9. Let G := (GO, - ,G?) be a tamely ramified twisted Levi sequence.
Let x € B(G?, k), and let @ := (ug,--- ,u4) be an admissible sequence. Assume the
hypothesis (HB) is valid. Then, we have ([27])

(fo)” = G = 0005 © 000y © - D g1
Definition 3.10. Suppose (HB) is valid. Let L be an open compact subgroup of
G with L = exp(L) for some lattice £ in g. Let x be a character of L. If there is
a v € g such that x(g9) = A(B(~,log(g))), we say that y is represented by ~y, and
we write x, for x. In this case, any element ' in the coset § = v+ L* € g /L*
represents x. We call 8 the dual blob of (L, x).

Remark 3.11. It is possible that v € g represents characters on different groups,
say L, and Lo. However, since those characters coincide on L; N Lo, we will use x
to denote both characters when there is no confusion.

For a sufficient condition for v € g to represent a character of C_jz’{[, we refer to
[277, (3.3.4)].

The proof of the following lemma is similar to that of Lemma 3.1 in |21} p. 17].

Lemma 3.12. Suppose (HB) and (Hk) are valid. For i = 1,2, let L; be an open
compact subgroup with L; = exp(L;) for some L; C g. Let x; be a character of L;
with dual blob v;+L%. Suppose x1 = x2 on L1NLy. Then, (y1+L7)N(y2+L35) # 0.

Proof. Since both 41 and v represent x1|(L1 N L2) = x2|(L1 N Ls), we have v; +
(L1NLo)* = o+ (L1NLs)*. Now, the lemma follows from (L1NLo)* = L54+L5. O
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4. SEMISIMPLE ELEMENTS

4.1. Depth functions and good elements. Recall that the depth function
d: B(G) x g — R is defined as follows: for X € g and = € B(G), let d(z, X) =
be the depth of X in the z-filtration, that is,  is the unique real number such that
X € gar \ 9o+ We also define
d(X)= sup d(z,X).
z€B(G)

Note that if d(X) < oo, then the depth d(X) of X is the unique r in R such that
X € g, \ g,+. Moreover, d is locally constant on g\ N, and it is oo on N (see [2,
(3.3.7)]). If E is a finite extension of k, we can also define a depth function d¥
on B(G,FE) x g(E). If E is tamely ramified over k, thanks to our normalization
of valuation, we observe that for any = € B(G) and X € g, d(z, X) = d¥(z, X)
and d(X) = d¥(X) (see [3, (2.2.5)]). Hence we may omit the superscript ¥ in that
case. We remark that if X has Jordan decomposition Xy + X, with semisimple
part X, then d(X) = d(X;) ([2 (3.3.8)]).

Let T be a maximal k-torus in G, and let t be its Lie algebra. Then T and t
have the following filtrations: for r € R

t, ={I' e t|v(dx(T))>r for all x € X*(T)}
and for r > 0,
T.={teT|v(x(t)—1) >rforal y e X*(T)}.

Note that if T is k-split, the lattice t, coincides with the lattice t(k), of §I.3 The
following definition is from [4, §5].

Definition 4.2. Let T be a maximal k-torus in G which splits over a tamely
ramified Galois extension of k, and let t be its Lie algebra.
(1) If T € t. \ t,+, we say that T is of depth r with respect to T, and we write
dT (F) =7T.
(2) Let T € t be of depth r. Then T is called good with respect to T if for every
root a of G with respect to T, da(T") is either zero or has valuation 7.

Note that 0 € g is a good element of depth co. We remark that the depth and
the goodness of a semisimple element do not depend on the choice of T ([4, (5.1)]).

4.3. We recall some useful facts about degenerate cosets (see [2, (3.2.6)] and [30,
(1) Assume X € g, Ng,+. Then,
(i) X 4 g,,,+ contains a nilpotent element and
(ii) there is a y € B(G, k) such that X + g, ,+ C g, ,+-
(2) Let s € R. Then, gs = (,en () N+ 8as)-
(3) If x € B(G,k) and s € R, then g, s Nge+ = (NN gas) + gu 5+

4.4. Let T be a maximal k-torus in G which splits over a tamely ramified Galois
extension E. Then we observe the following:
(1) Let @ := ®(G, T, E). Then we have
9(E) = t(E) @ ga(E).

acd
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Let T € t be a semisimple element. Let H := Cg(T") be the centralizer of
I' in G. The Lie algebra h(E) can be expressed as follows [38, (7.1)]:

hE)=tE) ® Y  gu(E)

aed, da(I)=0

(2) If T' ¢ 34 is a good element of depth 7, then for any v € 34 with d(v) > 7,
I' + ~ is also a good element of depth r.

Lemma 4.5. Let T be a mazimal k-torus in G which splits over a tamely ramified
Galois extension E. Lety =1, ,7vn € t be good elements of depthb =by,--- , by,
respectively. Let H? := G and H' := Cgi—1 (7).
(1) Let Xy, X5 € v+ f)é+, If g € G is such that X, = X, then g € H'.
(2) Let X € y+b.. Then Ce(X) C H.
(3) Suppose each v; is a good element in H'=1, and suppose by < by < --+ < by,.
Fizi € {0,1,---,d} and let v =y +72 + -+ Let Y1,Y2 €' + by 4.
If 9Y, = Y, for some g € G, then g € H'. Moreover, H' = Cg (")

Proof. (1) is [26, (2.3.6)], and (2) follows from (1). For the first statement of (3),

if i = 1, it is (1). Assume the statement is true for i. Let Y;,Ys € ~*+1 + hzil )

. . . i1
Suppose 9Y; = Y5 for some g € G. Since Y7,Ys € * + f);ﬁ, we have g € H* by the
induction hypothesis and 9(Y; —~%) = Yo —+%. Since Y1 —7%, Yo —+% € v;41 + h;.{ll
and ;1 is H-good, we have g € H**1. For the second statement, H* C Cg(7")
is obvious, and Cg (%) C H* follows from the first with Y7 = Y5 = 7. O

Lemma 4.6. Let T be a mazimal k-torus in G which splits over a tamely ramified
Galois extension E. Let v1,v2 € t be good elements of depth by, by, respectively. Let
H .= CG(/VI)
(1) Suppose b =by = by and y1 =2 (mod ty+). Then Ca(y1) = Ca(v2).
(2) Suppose by < by and v1,7v2 € 3. Then 1 + 72 is also a G-good element of
depth by .

Proof. (1) Note that v, v2 € 71 +bhp+. Applying Lemma [L5(2), we have Cg(y1) C
Cg(72). Similarly, Ca(y2) C Ca(71). Hence Cg(71) = Ca(v2).

(2) Write I" = 1 + v2. Let & = ®(G, T, E) be the set of E-rational T-roots
in G. Let a« € ®. Since H C Cg(y2), by §44] we see that if da(vy1) = 0, then
da(y2) = 0. Combining this with v(da(yz2)) > ba > by, we see that da(y; +72) =0
or v(da(y1 + 72)) = min(v(da(m)), v(da(y2))) = v(da(y1)) = bi. Hence v + 72
is a good element of depth b;. (I

Proposition 4.7. Suppose (HGT) is valid. Let v € g be a semisimple element
which splits over a tamely ramified Galois extension E. Then, v can be written as

Y=Y Voo o+, T
such that

(1) eachyp,,i=1,--- ,n, is a G-good element of depth b;, and ~y, is a semisim-
ple element with d(v,) > 0,

(2) by < by <---<by, <0, and

(3) H* CH" ! C ... C H! C G where H' = Cg(v,) and H' = Cgi-1(p,)-
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Moreover, if v = %'1 + 71'),2 +- —|—’y{);/ + 1. is another expression satisfying (1)—(3)
with H'' = Cg(’yg,l) and H'" = CH/Fl(’yl’);), then we have n = n', b; = b} and
Hi — H/i'
Proof. Let t be a maximal k-torus with v € t which splits over E. If d(y) > 0,
v = 7 already satisfies (1)—(3). Suppose a; = d(vy) < 0. By (HGT), v + tot
contains a good element, say 94, of depth a;. Then v = 7., + (v — Ja,) with
as = d(y — A4,) > d(v). Applying the above process for v — 7,,, we find a G-
good element Y, € ¥ — Yo, + ta; such that v = 34, + Ja, + (A/ — Va1 — ’?az) and
a3 =d(Y — Ya; — Yas) < d(7 — Fa,)- Repeatedly, we have

7:%11 +'7a2 +"'+:/am + %
where 7,, is a G-good element of depth a; with a1 < as < -+ < a, < 0 and
d(7,) > 0. This procedure is finite because d(t) C e(E—l/k)Z. Put a,, 1 = 0 and
,Yam+1 = Yo- _

Set S :={a1,a2, - ,am+1}, and for a,b € R, set 4 := Zagaj@ Ya;- We find
a subsequence by = a1 < by < -+- < by < bpp1 = @y = 0 of S as follows: let
by := a; and H! := Cg(,). Let by be the maximal element in {az, -+ , a1}
with the property that if a; < b2, 4, € 3,. Note that H' = Cc(9,5,). Let
H? := Cg1 (5p,). Then H' D H?. Let 5, := 5, 5, Inductively, suppose b;, H' and
Yo, are defined for ¢ > 2. Let b;+1 be the maximal element in {a; € S| a; > b;}
with the property that for any a; < b1, Ja, € 3pi- Let H™' := Cyi(%,,,) and
Voi = Voi,biy1- We repeat the process until b,41 = 0. Then each v, is also a G-good
element of depth b; by Lemma EL6l(2), and H* = Cgi-1(5p,) = Cgi-1(7,). Now,
one can easily check

Y=Y Vo, T Yo+ %
satisfies the required properties.

For the second statement, let v = 'Yzly/l —|—71’),2 +-- ~—|—’yl'];l +7/ be another expression
satisfying (1)—(3). Then by = d(v) = b}. Since 5, =73, (mod t,+) and 7y, , 7, are
good, H' = H'! by LemmalL6l By induction, we assume that b; = b; and H =HY
for 1 < j<i—1. Write vp, 4, := b, + -+ + ;_, and '71/)17b; =, t o T,
Suppose b; < b}. Then, 7{717,}2 — Yoy b, = Yb; (mod tb;*)‘ Since 7, is also H*~1-good,
by Lemma E5(2), we have H'~! C H?, which is a contradiction. Hence b; = V.
Now we have (i) b, = V4, b, = Vou,b; T %, (mod t+), (id) 7, 4, — V61,6, € 3pi-1, and
(18) Yois Yoy b, — Vor.bi + Vb, are good in H'™! by L4l From these, it follows that
CHi—l('}/bi) = CHi—l (%/71) Hence, H = H/i. O

Remark 4.8. By Lemma LBl we have H = Cg(y, + -+ +m,) and Cg(y) C H™.

5. K-TYPES: BASIC DATA AND CONSTRUCTION

In this section, we review the K-types constructed in [27]. We will prove later
that under some hypotheses, almost every irreducible tempered representation of
positive depth contains one of these types (see §I1]). The construction is based on
the following data:

—

Definition 5.1. A G-datum of positive depth is a quadruple X = (é,y,ﬁ ) sat-
istfying the following conditions (D1)—(D4).
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(D1) G = (G°C G C--- C G = Q) is a tamely ramified twisted Levi sequence.

(D2) y € B(G’, k).

(D3) = (ro,71, " ,rd—1,74) is a sequence of positive real numbers with 0 < r¢ <
< rg_g < rg—1 < 1y.

(D4) qi? = (¢, - ,%q) is a sequence of quasi-characters, where ¢; is a quasi-

character of G*. We assume that ¢; is trivial on G* _ but nontrivial on GZ

L

for0<i<d-—1. If rq_1 <rg, we assume ¢4 is nontrivial on Gy r, and trivial on
Gd . Otherwise, we assume that ¢4 = 1.

We define the length £(X) of the above G-datum of positive depth X to be d.

Remark 5.2. As mentioned in the introduction, Yu defined a notion of G-datum for
supercuspidal types (on which the above definition of G-datum of positive depth
is based). However, the representations containing K-types constructed out of the
above data are not necessarily supercuspidal.

NOTATION AND CONVENTIONS.
(1) Let G™1:= GO g ':=g° and let G := G, g¥t! .= g7
2) Let ZG1 =7 and 3ai = 3 denote the centers of Gz and g*, respectively.
g

Definition 5.3. Let ¥ = (G, y, 7, d)) be a G-datum of positive depth.

(1) We say X is good if each ¢;, 0 < i < d—1, is good and ¢ is either good or
trivial. That is, for 0 <i < d —1, ¢G . is represented by a G**'-good
element T'; € 3* of depth —7; such that Cgi+1(I;) = G', and for i = d,
either ¢4 is trivial or q§d|Gy r, is represented by I'y € 3% of depth —r.

(2) We say ¢; is strongly good if QSZ\Gi o+ 1s represented by a G-good element
I'; € 3' of depth —r; such that CG1+1( ;) =G

(3) We say X is strongly good if each ¢;, 0 < i < d—1, is strongly good and ¢4
is either strongly good or trivial. Put I'y = 0 if ¢4 is trivial, and define I's;
(or simply T') and I'* as follows:

I :=T4+T4_1+---+1y,
Iy =0:=T"=T4+T4q1+- -+

Remarks 5.4. Let X be a G-datum of positive depth.
(1) The expression of I's; as I'y+T'y_1 + T satisfies the condition in Proposition

Z9}

(2) In the above definition, I'; being G-good implies that T'; is G**l-good.
Hence, if ¥ is strongly good, it is also good. Note also that our definition
of strongly good is stronger than the one in [27].

(3) If ¢; is good, it is also generic in the sense of [38]. Hence we can apply
most results in [38] to a (strongly) good G-datum of positive depth.

(4) Observe that each I'; € 350. Hence the I';’s commute with each other.

Lemma 5.5. Suppose (HB) and (Hk) are valid. Suppose v € 34 and d(vy) <
0. Then there is a character ¢ of G such that for any x € B(G, k), ¢|Gy o+ is
represented by 7.

Proof. Write Z = Zg for simplicity. Set Zy+ = exp(3o+) where 3o+ = 3Nty+ with T
a maximal k-torus in G. Since Z is commutative, by (Hk), x. defines a character
of Zy+. Since the commutator (G,G) is a subgroup of G4, G/G4* is abelian.
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Moreover, since we have an orthogonal decomposition g, g+ = 30+ © gg°5+ with

respect to the bilinear form B by [4, (3.2)], we have G, o+ = exp(30+ ® gieéJr) =

Zo+ Gif&, by (Hk). Hence Zy+ is embedded in G/G9", and ., defines a character
X, of Zo+ G4 /G9er. This character easily extends to a character of ZGder /Gder,
which we again denote by X,,. Now, since G/ (ZG) is finite, X, again extends to
a character of G/G9", which induces a character ¢ of G.

It remains to show that ¢|G, o+ is represented by 7. For g € G, o+, we can
write g = exp(z) exp(z’) = exp(z+2’) for some z € 39+ and 2’ € 92?&' Then, since
¢ is trivial on G9°* and g = 3 @ g9 is an orthogonal decomposition with respect
to B, we have ¢(g) = ¢(exp(z)) = x4(exp(2)) = A(B(7,2)) = A(B(y,z + 7)) =
A(B(v,10g(g))). Hence ¢|G, o+ is represented by . O

Remarks 5.6.

(1) Let ¢ be constructed as in the proof of Lemma Then ¢ is trivial on
G and the depth of ¢ is r = —d(v) independent of z € B(G, k). That
is, for any = € B(G, k), ¢ is trivial on G, ,+ but nontrivial on G ;..

(2) Combining Lemma and Proposition 7] for any semisimple element in
g of negative depth, one can associate a strongly good G-datum of positive
depth.

Fix a good G-datum of positive depth X = (é, Y, Ty ¢7) We review the construc-
tion of the K-type (K;, ¢x) and some notation that we need in this paper.

5.7. Let the embeddings
B(GY k) — B(G, k) — B(G% k) — --- — B(G% k)
be fixed as in §2.31 Let s; := %5 fori =0,---,d—1. ForanyeGRwithO§e<so,
define the following sequences 5 and 3+ of length d:
3(e) == (€80, " ,8d—1)s §T(e) = (e, 50, .85 1)

For simplicity, we write

§:= 5(0), 5T = 3(0™).
5.8. Define some open compact subgroups associated to 3 as follows:
Kg" = GZ)OJFG;SSr .'.G;’Sr—l C GZ,0+’
S LT C Glap
K& = KRG = G o+ G ot -~-G§7S$_1 = Gys+ -

Via the isomorphism G + /G + ~g, +/g, +, ¢; defines a character ¢i of Gy ot
such that ¢; is trivial on (gy“(),:r Nngi) /(gym;r Ng) and é; and ¢; coincide on
G;,sj (see [38] §4]). Since ¢; is already defined on Kg C G;ow there is a unique
character of K; Gy,s;r extending ¢; and g&l We use the same notation QASZ for this

character of K{G 4.+ and its restriction to K{.. Now, define the character ¢, of
a4 -
K as [T, &
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5.9. Suppose (Hk) is valid and ¥ is a strongly good G-datum of positive depth.
Let I'; and T" be as in Definition We observe that ¢; is represented by T';

on G;,0+Gy,sj and hence on K;, that is, él = X1, on G;’wa’S:r and on K;
Moreover, we have

¢s = Xxr
on Ky, and the dual blob of ¢ = xr is I' + (g, 5+)* = I' + §y,_5 where —5 =
(=s-1,—S0, "+, —Sda—1). We also observe that

" =T4+T41+-+1;

defines a character yp: of K%T. We also put ™1 :=T0 =T.

Remarks 5.10. Let X = (é, Y, T, 5) be a strongly good G-datum of positive depth.
(1) Since the construction of (K3, ¢x) depends only on T'; representing ¢; on
G;,oﬂ replacing ¢; with the characters constructed in Lemma with
v = I'; produces the same open compact subgroup and its representa-
tion. Hence, without loss of generality, we may and will assume that for a
strongly good G-datum of positive depth X, each ¢; is represented by I'; on
G;,(ﬁ for any @ € B(G', k). In this case, for any x € B(G, k), (é,x,f’, (5)
is also a strongly good G-datum of positive depth. We will often denote
(G,z,7,¢) by S,
(2) Since I" determines G, 7and ¢y, ¥ can be replaced by (T, y) and they yield
the same K-type (K3 = éy’g+,XF).

Remarks 5.11 (Some Properties of (K, ¢5)).

(1) If an irreducible admissible representation (m,V;) contains (K3, xr), the
depth o(m) of 7 is ry.

(2) Let X = (é, Y, T 45) be a good G-datum of positive depth. Suppose Zgo/Zg
is anisotropic. Let p be an irreducible representation of G?y], the stabilizer

in G° of the image [y] of y in the reduced building of G°, such that c—IndgE P
)

is irreducible supercuspidal. Then (G, y, 7, ¢, p) is a generic G-datum ([38];
see also §I2)). Moreover, if 7 is a supercuspidal representation constructed
from the above generic datum, ¢y, occurs in the restriction 7T|K; of m to
K.

For more details and properties of the above K-types, we refer to [27].

— -,

5.12. Let ¥ = (G, y, 7, ¢) be as before. We recall some lattices and open compact
subgroups associated to ¥ from [27].

(1) Let € € R be such that g. = go+. For € B(G?, k), let
Lre =Lz = Gr5t0), LY =LL = Fo st ()

)

and .
Lye =Ly =Gyt

Although these definitions L, ¢, Ly, etc., depend on é, 7 and the embed-
ding of buildings, since we would not need their roles explicitly, we omit
them from the subscripts for simplicity. If (HB) is valid, £% _ is just £ ..

If there is no confusion, we will drop € from the notation, that is, we will
write L, Li, L, for L., Lt L.

x,€)
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(2) Assume (HB) is valid. For i = 1,---,d+ 1 and z € B(G?, k), define L¢
and LF as follows:

L‘i+1 = L‘i = gg S+ 9

3S9d—1
Ly =g FAST for i=1d-1
Lif =gl for i=1,---,d+1.

Set L9 := L, , Lgﬁ = L’ﬁ%e and LY := L, ..
For later use, we record the following, which is a corollary of [27, (5.3.2)]:

Lemma 5.13. Assume the hypothesis (Hk) is valid. Let v € B(GY, k) and X €
gg’(fmﬁ. Then

T+ X+Lc 9T +X +4g)).
For our purpose, we also define a zero good G-datum.

Definition 5.14. A zero G-datum (or 0-datum) ¥ is a G-datum of the form ¥ =
(G,y,7, ¢) where d =0, G = (G = G), 7= (0), ¢ = (1) and y € B(G, k). Then
we associate the corresponding K-types and lattices as follows:

K& =G, o+, ¢x=1 TIy=T=0,
and for x € B(G, k), independent of the choice of e,
Le=9z0+, LE = gu0.
We associate real numbers rg, r_1, s_1 and sy as a zero datum as follows:
ro=7r_1=5_1=359=0.

Definition and Remark 5.15. Let X be a zero datum. For an irreducible admissible
representation (m,Vy), if (K5, ¢x) < m, m is a depth zero representation. By
convention, we will call a zero datum both good and strongly good. Hence, by a
(strongly) good G-datum, we mean either a zero or a (strongly) good G-datum of
positive depth.

Definition and Remark 5.16.

(1) Let € denote the set of all irreducible admissible representations. Let "
(resp. &) denote the subset of & which consists of unitarizable (resp. tem-
pered) representations of G.

We remark that € carries a natural topology defined via approximation
of matrix cofficients. Moreover, £ is a closed subset of €, and the subspace
topology on €" coincides with the usual topology on the unitary dual. See
[35] for more details.

(2) Let J be an open compact subgroup of G and o one of its irreducible repre-
sentations. For (m,V;) € &, let AS (or simply V.7) denote the o-isotypic
component in V. If V.7 # 0, that is, if o occurs as a subrepresentation of
the restriction of 7 to J, we write (J,0) < 7.
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6. REVIEW ON PLANCHEREL FORMULAS ON GG AND g

For (m,V;) € € and F € C(G), we define a function F on &* as
F(r) := Tr(x(F)) = O,(F).

Then the Plancherel formula on locally compact groups (see [I3]) states that there
is a Borel measure dr called Plancherel measure on € such that the first equality
in the following holds:

(6.1) F(l):/uﬁ(ﬂ)dﬂ:/&ﬁ(w)dw.

From Harish-Chandra’s explicit Plancherel formula ([I7, [37]), we have the second
equality.

On the other hand, regarding g as a topological group with respect to addition,
we can formulate the Plancherel formula on g as follows: there is a Borel measure
on g such that for f € C°(g),

~

£(0) = /ﬁ F(x) dx.
where fe C2°(g) is the Fourier transformation of f given by
Foo = [ #xyay
Recall that we have the following isomorphisms:

g~g-~g,

where g denotes the unitary dual of g. The first isomorphism is from Pontrjagin
duality. We have the second isomorphism via an additive character and an appro-
priate bilinear form on g. When (HB) holds, we have g ~ g via A and B, and we
can rewrite the above formula as

(6.2) £(0) = / F(X) dx,
g

where f(X) = fg FY)AB(X,Y))dY. In the above equation (6.2)), the G-invariant
measure dX on g should satisfy vols(gs,,)voly(gs ) = 1 for all x € B(G, k) and
reR.

To relate Plancherel formulas on g and G, let f € C2°(g) be supported in a
sufficiently small neighborhood of 0. Then f o log defines a function in C$°(G).
Combining the Plancherel formulas ([6I)) and ([G2]), we have

(6.3) /f(X) dX = f(0) = /}5 O.(f olog) dr.

6.1. Haar measures. From now on, when (HB) is valid, we fix a Haar measure
on g so that ([6.2]) is valid. When (Hk) is valid, we fix a Haar measure on G so that
v0lg(Gy,f) = volg(gs,r) for any x and f as in (Hk). Then, the Plancherel measure
dm in (6J) is uniquely determined with respect to this Haar measure on G.
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7. DECOMPOSITION OF g

Throughout this section, we assume that (HGT) is valid. The main result in this
section is Proposition [0 where we find a spectral decomposition of ([@2]). Each
spectral decomposition factor is parameterized by an equivalence class of semisimple
elements (see Definition [74)).

7.1. We restate Proposition 71 to fit better for our purpose: let I' € g be a
semisimple element. Then I' can be written as

I'=Tg+Tg1+--+To+7y
satisfying the following:
(1) Iy,i=0,1,--- ,d—1, is a good element of depth —r; with —ry_; < —r4_o <
<+ < —rg <0, and d(v) > 0.
(2) Tq=0or I'y € 3% = 34 is nonzero with d(Tq) < —r4_1.
(3) G ¢ G! € --- € G? = G where G' = Cgi1(I';) = Cg(I'?) with
M =T4g+ -+ 1 +T,
Let rg :=1r4—1 if T'y = 0, and let r4 := —d(Ty) if 'y # 0. Then, 7 := (rg, -+ ,7q)
and G = (G, G!,--- ,G%) are determined uniquely independent of the choice of
good elements T';. Note that d(T') = —ry.

Definition and Remark 7.2. We keep the notation from §7I1 Write I' = I'0 + ~
where I =Ty + 41 + - -+ + [g. Define g% as follows:

== | o
2€B(GO,k)

Since G? = Cg(I'?) is well defined independent of the choice of I'?, so is g?.

Lemma 7.3. Let I' and I be two semisimple elements in g.

(1) ¢(T° + g2) is a G-domain, that is, an open and closed G-invariant subset

of g.
(2) ¢(T° 4 g) and “(I'° + g%) are either disjoint or identical.

Proof. (1) follows from [27], (5.1.4)]. To prove (2), suppose
“(+gp) N ET +gp) # 0.

Without loss of generality, we may assume (I'° 4 g) N (I'"° + g¥,) # 0. Then there
are X € g and X’ € g¥, such that Y :=T%+ X =T + X', Let X = X, + X,,
be the Jordan decomposition of X in ¢4(I'°). Similary, write X’ = X/ + X/,. Then,
(T%+X,)+ X, and (I'"°+X/)+ X/ are two expressions of the Jordan decomposition
of Y. By the uniqueness of Jordan decomposition, we have I' := T4+ X = "0+ X/,
Note that d(X,) = d(X) > 0 and d(X}) = d(X’) > 0. Applying Proposition A7
to I, we conclude Cg(I"?) = Cg(IY) = Ce(I"°). Hence, g%, = g% = g%,
(17 + g0,) = (10 + g2) = (I + g,), and thus C(10+ %) = (10 +¢0,). O

Definition 7.4. Let I" and IV be semisimple elements in g.
(1) Define gr := 4 (I'° 4 g).
(2) We say that T' and I are equivalent if gr = gr/. In that case, we write
' ~T". Let & be the set of equivalence classes of semisimple elements.
(3) If T' ~ 0, we set d = 0 and the associated real numbers 1o = r_1 = 59 =
S_1 = 0.
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By Lemma [73] the above equivalence relation is well defined.

Examples. (1) Any two semisimple elements I' and TV with d(I') > 0 and
d(T) > 0 are equivalent. In this case, we have gr = gr» = go.
(2) Let t be a k-torus in g which splits over a tamely ramified extension. Any
I, TV € t satisfying T' = I (mod tg) are equivalent.

Lemma 7.5. The Lie algebra g is a disjoint union of gr = “(I° +g%), T € &:

o] o}

_ G(T0 4 0y _
8= Uree (" +or) = Ureﬁgr'

Proof. ‘O’ is obvious. For ‘C’, let X € g. Let X = X + X,, be the Jordan
decomposition of X and G’ := Cg(Xs). Since X, is nilpotent and X,, € g¢', we
have X, € g}, o for some z € B(G'). Hence X € gx_, and ‘C’ follows. O

Proposition 7.6. For any f € C°(g), the integral fg f(X)dX is decomposed as
follows:

/f(X) X =>" [ f(X)dX.
g

resvor

Proof. This follows from Lemma [[3[(1) and Lemma [Z.5] O
Corollary 7.7. Suppose (HB) is valid. Then, for any f € C°(g),

10 = [ fooax =y [ fonax.
g

res v or
8. DECOMPOSITION OF &

8.1. From now on, we fix ¢ such that g = go+. Since {r e R | g, 2 g,+} is a
discrete subset of R, such an € exists.

The choice of such an € first appears in [I1] to treat homogeneity in the depth
zero case. This setting is carried to [27]. Via this choice, we can find nice test
functions which are in a certain sense dual to the orbital integrals in which we are
interested (see [27), (9.1.6)] or §9.5)).

8.2. Recall that for each twisted Levi sequence é, we fixed embeddings of buildings
in §2.31 Except when Z°/Z? is k-anisotropic, most objects defined here might in
principle depend on the K-types constructed in §5, hence on the choice of embed-
dings. In the course of the proof of our main result, we show that if G is associated
to a supercuspidal representation, then Z°/Z? is k-anisotropic (Proposition [4.5).
Hence, the ambiguity in the choice of embedding is irrelevant for the particular
argument pursued in this paper.

Throughout this section, we assume (Hk), (HB) and (HGT) are valid.

The main result in this section is Proposition B.I11], where we find a spectral
decomposition of ([GI). In §11, we will see that each decomposition factor is pa-
rameterized by an element of &.

Definition 8.3. Let X = (é,y,F, (E) be a strongly good G-datum of positive
depth, and let I's; be a semisimple element associated to ¥ as in Definition 5.3 Let
I" be a semisimple element in g.

(1) We say that ¥ and I' are associated if 'y, ~ T'.



SUPERCUSPIDAL REPRESENTATIONS: AN EXHAUSTION THEOREM 293

(2) €x(e) = {(m, V) € €| ™ > (Ly, Xrs+n), for some z € B(G', k), n €
gy NN}

Remarks 8.4.

(1) Note that any two semisimple elements associated to X as in Definition (B3]
are equivalent. Hence, (1) is well defined.

(2) The definition in (2) is set up to achieve the equality in Theorem[I0.1l Note
that n € 927_6 defines a character on G, and L, . because 67‘3575/67*1’64r is
abelian. Hence, I's; 4+ n also defines a character on L, .

Definition 8.5. Let I' be a semisimple element in g.
(1) It d(T") < 0,
er(e) := U Ex(e)
[y~T

where the union runs over all strongly good G-datum ¥ of positive depth
such that I'ss ~ T.

(2) T ~ 0, define &y = Er(€) to be the set of all depth zero representations
(this is independent of the choice of €).

Lemma 8.6. Let ' and TV be semisimple elements in g.
(1) Er(e) = Er(€) if and only if T ~ T,
(2) Er(e) and Ep/(€) are either disjoint or identical.

Proof. (1) ‘<’ is obvious. For ‘=" if &r(e) N Er(€) # 0, then there is a strongly
good G-datum of positive depth X such that I' ~ 'y ~ T, Hence I" ~ T".

(2) Note that the depth of a representation in Ep(e) is either 0 or —d(T"). Suppose
' ~ 0. Then, &r(e) = &y, and Erv(e) intersects &g if and only if I ~ 0. Hence,
8F/ (6) = 8{*(6).

Now, suppose d(T'), d(I') < 0. Suppose (m,V;) € Er(e) N Ers(e). Then
there are two strongly good G-datums of positive depth ¥ = (é,y,f’, 5) and
Y= (é’,y’,F’,&’) such that
i) Iy ~ T and (7, Vz) > (Lg,e, Xry4n) for some z € B(GY, k) and n € g3 _,
ii) sy ~ T and (7, V) > (Lyr e, XTy ') for some o' € B(G", k) and n' €
gw’ —e€’

Since (7, V) is irreducible, an argument similar to the one in [30, (7.2)] shows that
there is g € G such that Yxr,4n = Xry 4n 00 L4 ﬁL’w,7€. Then, by Lemma [3.12]
Iy +n+LEL )Ny +n' + L;ﬁ,’e) #0. Since n € g)_ and n’ € g%w, by Lemma
BI3 s +n+LE, C YTs+gp,) and Ty + 0/ + £ . C YTx + gp,). Hence,
“Ts +gp,) N “(Tsy + g2 ,) # 0, and T'; ~ I’y by Lemma [T3(2). Now, we have
8F(6) = 8{*/(6) by (1) O
Definition 8.7.

(1) Let &h(e) := & N&r(e).

(2) For any pair s = (J, o) consisting of an open compact subgroup J and its

irreducible representation o, we define subsets £; and ¢ of & as follows:

Esi={mel|s<m}, ei=¢8"né,.

8.8. The structure of &!. The following are some definitions and remarks regard-
ing the structure of £¢. The definitions here are made in a parallel fashion to those



294 JU-LEE KIM

in [§] regarding Bernstein center, and most facts here can be deduced from [I7] or
[37).

(1) Let t = (M, 7)q be a pair of a Levi subgroup and a discrete series on M. We
will call such a pair a discrete pair. We say that two discrete pairs (M, 7)q
and (M’,7')4 are equivalent if there is a ¢ € G and an unramified unitary
character on M such that M = M’ and 7 ® x ~ 97'.

(2) Let B4 be the set of equivalence classes of discrete pairs. Then, for any
tempered representation 7, there is a unique class (M, 7)4 in B4 such that
is a subquotient of a parabolically induced representation from (M, 7 ® x)q
for some unramified unitary character of M. In this case, we will say that
(M, 7)q is the discrete support of .

(3) For t € B, let E¥(t) be the set of irreducible tempered representations
whose discrete supports are t. Then the result of [I7] (see also [37, II1.4.1])
says that &' is the disjoint union of &(t), t € By, and the Plancherel
formula can be written as follows: for F' € C°(G),

F(1):/€t F(r)dm =" /(gt(t)ﬁ(w)dw.

teBy

(4) Denote by Irr¢ the set of all irreducibly induced representations IndgT from
some (M, 7)q in t. Then

ﬁ(ﬂ)dwz/ F(r)dn
Et(t) Irrg

and the Plancherel measure of £!(t) \ Irry is zero (see [37, IV.2.2, IV.3]).

(5) The representations in £(t) have the same cuspidal support, that is, there is
a pair (M’, o). of a Levi subgroup M’ and its supercuspidal representation
o such that each representation in *(t) is a subquotient of the parabolically
induced representation from (M’, o ® x)q for some unramified character y
of M’. Moreover, representations in €!(t) have the same depth (|31]).

We also need the following lemma for the proof of Lemma 810l Here, by para-
bolic induction, we mean unitary parabolic induction.

Lemma 8.9. Let t € B,. Let (My,71)q and (M, 72)q be in the class of t. Then,
any parabolically induced representations Indg1 1 and Ind%Tg, where P;, i = 1,2,
is a parabolic subgroup with Levi factor M;, are isomorphic when restricted to any
special maximal compact subgroup.

Proof. Let K be a special maximal compact subgroup and Py a minimal parabolic
subgroup of G such that G = PyK = KPy. Without loss of generality, we may
assume that P; and P, contain F.

Denote the set of unitary unramified characters of M; by X*(M;), i =1,2. Let
g € G be such that 9M; = My and 91 ~ 79 ® X2 for some xo € X“(Ma).

Suppose 71 is G-regular (that is, 7, % " for any h normalizing M;). Then,
To ® X2 is also regular and Inleg1 T Indﬁ;1 To ® Yo IndIG;QTg ® x2. The second
isomorphism follows from Frobenius reciprocity and [37, II1.7.3]. Since

(Ind§2T2) | K ~ (Ind%Tz ®><2) | K

by [10] (3.1.1)], the lemma follows.
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In general, there is an unramified unitary character y of M; such that 7 ® x is
G-regular This follows from the fact that {x € X*(My) | m ® x ~ 71} is a finite
set while X" (M;) forms a complex manifold. Using [10, (3.1.1)], the general case
follows from the G-regular case. (]

Lemma 8.10. Let ' € & and t € B,. Then, EL(e) N EL(L) either contains Irr¢ or
it has Plancherel measure zero.

Proof. Suppose I' ~ 0 and thus £k (e) is the set of depth zero representations. By
(5) of §88 &(e) N EL(t) is either E¥(t) or empty.

Suppose I' % 0. Note that for any 3, L, . is contained in a special maxi-
mal compact subgroup. Then, by Lemma B9 if there is an irreducibly induced
representation Ind%7 in &4L(e) N EX(t) for some (M,7)q in t, Irr is contained in
&L (e) N &(t). Otherwise, k(e) N E(t) is contained in E'(t) \ Irry whose Plancherel
measure is zero. U

In the followirgproposition7 we denote the union of &(t), t € B4, with Irry C
EL(e) N EL(t) by EL(e).

Proposition 8.11.
(1) ForT'€ & and F € C°(G), we have

/7 F(r)dr = / F(r)dn.
Ef(e) €L (e)
(2) For F € C*(G), we have

F(l):/gt F(r) dﬂ/&t\(ﬁpeewo) F(r)dr + Z/gtr@ F(x) dr.

(3) Each EL(€) has a finite Plancherel volume, that is, volg«(EL(€)) < oo.

Remark 8.12. Note that & is a countable set. Moreover, for any F' € C°(G),
fEtF(e) F(m)dr # 0 for only finitely many I' € &. Hence, the > in (2) is well
defined.
Proof. (1) This follows from Lemma B0 and (4) of §88
(2) We have
Je F(r)dn @

(id)

o F(r)dr + = F(r)dr
e\ (Ureo 1) (w)dr Lo Jero F)

o F(r)dr + . F(r)dr.
e\(Ures £t(0) () 2ree Jep o £
The equality (i) follows from (1) and the decomposition in (3) inB8 Since (Ek(e)U
&L(e))\ (EL(e)NEL(e)) has Plancherel measure zero by Lemma R8I0, combining this
with (1), the equality (i) follows.
(3) Let « € B(G). Since any (m, V) € €h(e) is of depth r4, EL(€) C E’EG o)
S——

for a sufficiently large ' € R. Then, (3) is a result of the following lemma. Il

Lemma 8.13. For any open compact subgroup J C G, let €€J71) ={(m, V) € & |
V,T(J’l) #0}. Then, 8&1) has a finite Plancherel volume.
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Proof. Let F € C°(G) be given by the characteristic function of J divided by
volg(J). Then, from the Plancherel formula on G, we have

volgu(é"z]’l)) < / dime(V,?) dr

(J,1)

:/Stdim«:(vﬂ‘])dW:/ F(r)dm = F(1) =

et volg(J)

9. REVIEW ON I'-ASYMPTOTIC EXPANSIONS

As a preparation for the proof of Theorem [0.Jl we review I'-asymptotic expan-
sions and related materials from [27].

Let € € R be as before. Fix a strongly good G-datum of positive depth ¥ =
(é,y, 7 5), and let I' = I's,. In this case, set r_1 := —e. Associated to I', we have
a subspace J' of invariant distributions on g.

9.1. Recall that I™1 =T° Let N':= NNg’, 0 <i<d,and let N~' = N°. Then
Nt is the set of nilpotent elements in g°. Let Yx be the set of all triples (i,x, s)
with i € {0,...,d}, x € B(GLk), and r;_1 < s < r;ifi <d, rg1 < s < oo if
i=d:

Ty ={(i,z,5) €ZxB(G,k)xR|ie{0,...,d}, z € B(G" k),
ric1 <s<rifi#£d rg1<s<ooifi=d}.

Let d(g) denote the set of G-invariant distributions on g. In the following, we define
a subspace J' of J(g).

Definition 9.2.
(1) Let (i,2,5) € Ts with s < rq_1. Recall that L? is defined in §4.3(1), and
define 3;}15 as follows: If r;_1 < s <7y, let
05 .= {Te€dloif feC((I"+g, ,+LF)/LF) and
Supp(f) N (I + gf_, ) =0, then T(f) =0}
Let
0", = {Teda |itrec((U o, +L¥) /L) and
Supp(f) N G (Fifl + gzﬁj@_m) =, then T(f) = 0} )
(2) If (i,x,8) € Tx and s > rq_1, then i = d. In this case, let
3= {Ted(g) |if f e C(T?+ go—s)/8a,—s,,) and
Supp(f) N (I + g(—s)+) =0, then T(f) =0 } )
(3) Set
= ..
(i,z,8)ET s
For any t € R, define a subspace D; of C2°(g) as follows:

D, := Z Cc(g/gz,t)~

z€B(G,k)
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Note that D, is the space consisting of Fourier transforms of f € C°(gw) ([2
(4.2.3)]).

Theorem 9.3 ([27], (8.1.1)]). Suppose (Hk) and (HN) are valid. Let T be as above.
Let Jory be the linear span of orbital integrals jio associated to O with O € O(T').
Then, we have J¥ = Jory on D_g, ..

For (7, V;) € &, we define the Fourier transform ©, € J(g) of ©, as follows: for
feCx(g), let for = [f-[go+] and

6:(f) = Ox(for ©log).

Theorem 9.4 ([27, (8.2.3)]). Let (m,V;) € €. Let ¥ = (G,y,7,¢) be a strongly
good G-datum of positive depth. Assume the hypotheses (HB), (Hk) and (HN)
are valid. Let v € B(GY, k) and T := I's. Let L, and L, be as in §5.12 Let
X e gg’_eﬁg?_6)+, and let xry x be the character of L, with the dual blob T'+X +L% .
Suppose (w, V) contains (L, xr+x). Then,
(1) 6 €37,
(2) O is I'-asymptotic on 8.+ i that is, there are co (m) € C indezxed by O(T)
such that O, (folog) = Y. co(m) po(f) for all f € C’fo(gsz 1), where
0eo(I) -
1o 1s the orbital integral associated to O € O(I').

9.5. Recall that G? = Cg(T'). Label the elements of O(G?,0), the set of nilpotent
orbits in g%, as Of,...,0% . Because I' is semisimple, the Jordan decomposition
gives a bijection between O(T') and O(G,0) (see §2.8). If OY € O(G°,0), the
corresponding element of O(T') is ¢(T' + O%). Let O; = (T + 0Y), 1 <i < m.

In [27], we also found some test functions f1, O; € O(T), such that (i) the obvious
pairing on (pe, | 0; € O(T')) x ( fF | O; € O(T) ) is nondegenerate, and (i) for each
O; € O(T), there are z; € B(G%, x) and X; € Oiﬂggh(_s) with ff = [0+ X;+ L% ].

This provides a way to compute the coefficients co(7) in Theorem [0.4] by linear
algebra. Moreover, if T € g, then the restriction of T to D_g, , is completely
determined by T(fI), i =1,---,m, in the following sense.

Theorem 9.6 ([27, (9.1.6)]). Suppose (Hk) and (HN) are valid. Let T € J*. Let
I be as in 95 If T(fF) =0 foralli=1,--- ,m, then T=0 on D_g, ..

Corollary 9.7. Suppose (Hk) and (HN) are valid. Let Ty, Ty € *. If
Ti(M+ X + LE]) = To([T + X + LE])

for each x € B(GO k) and X € N° ﬁg%(_e), then Ty =Ty on D_g,_,.

Proof. Since

(Y7 {[F+X+£,g] |z € B(G, k), XeNoﬂgg’(_E)},

the corollary follows from the above theorem. (I

10. MATCHING

In the following theorem, we match the spectral decomposition factors in Corol-
lary [l and Proposition BTIIl This is a crucial step in proving Theorem [TT.11
Recall that if ' ~ 0, s4_1 =s_1 =0.
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Theorem 10.1. Suppose (Hk), (HB), (HGT) and (HN) are valid. Let T' € &.
Then for any f € C’fo(gsdtl), we have

—

/ F(X)dX = folog(n) dr.
ar Ex(e)
Proof. Suppose I' ~ 0. Then gr = go and &kL(e) is the set of all tempered depth
zero representations. Hence the above equality follows from [25, (3.3.1)].

Now assume that d(T') < 0. Without loss of generality, we may assume I' = T'°.
Write T as in §7.1¢

F=T°=Ty3+T4 1+ - +7T.

Let T{ and T¢ be invariant distributions defined as follows: for f € C°(g), let
fo+ == £ - [g0+]. Then,

TE(f) = | for (X)dX,

ar
G = - olog(w) dr = x(fo+ 0 .
TE(f) = /8 o) d /g o, Olhor 0log)d

Hence, to prove the theorem, it is enough to prove that
TR(f) = TE(F)
forany f € D_,,_,,since D_,,_, = C>*(g,+ ). We first need the following lemma.

¢ d—1
Lemma 10.2. T% and TIQ are elements of 1.

Proof. By Theorem [04(1), we have TS € §~T. To show T% € T, note that for
any f € C°(g), we have

(1) = / f-X)dx = [ f(x)ax
gr

—ar
and R
Supp(T}) = —gr = g-r-
If s > ry_1, then

SHPP(T%) = —gr=%(-T+gp) C “(-T +9flfs)+) = G(-Tq+ Qflfsw)

=—-Tq+ 9((175)+-
Hence T‘% € 81’7:1;. Ifri1<s<r;,i=0,---,d, then
Supp(T) = “(-T+g8) € “(-T +g{_o+) = “(-T"+g{_,)+).
which implies that T% € 3;’;1;. Therefore, T% € m(i,$7S)ETF ;’;1; =g O

Continuing with the proof of Theorem [I0.I], by Lemma and Corollary 0.7
it is enough to check that for any = € B(G° k) and X e N®ngd _,

(B)  TR(T+X+L5]) =TF (-7 + X +£4]).
We first note that Supp ([-T'+ X + £L£]) € 9(-T'+X+g)) C (-I'+g)) = g-r.

The first inclusion follows from Lemma [5.13] and the second inclusion follows from
X being nilpotent and thus X € g3. Then we have

(a) TS (-0 + X + L)) = volg(L4) = -
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Computing T¢ (T + X+ Lﬁ]) write f for [-I' + X + L%]. Then,

fly) = vy ABT +X,Y)) - [L](Y).
Note that (’l)Olg(Lw) . fo 1og) is a character of L, with dual blob —I" + X + L
that is, (volG(Lx) fo log) = X_r,.x on L;. Then @,r(folog) = Ox(X_p,x) is the

multiplicity m(x,._y,Vx) of x._y in Vy. Since m(x,_y,Vx) = 0 unless m € &k (e),
we have

'uolgl(Lm) - f log fEf 7“ O 1Og) dm
(b) _fst Xr xa d?T— fgt(e Xr X )dﬂ-
fst ©© olog)deTG ([FT+ X +LE)).

Now the equality (E) follows from (a) and (b), and Theorem [0l is proved. O

11. TEMPERED REPRESENTATIONS

Throughout this section, we assume (Hk), (HB), (HGT) and (HN) are valid.

We prove that for almost every tempered representation (m,Vy), there is a
strongly good G-datum ¥ such that (m,Vy) contains the K-type (K3, ¢s). As
a corollary of the proof, we get a spectral decomposition of the delta distribution
on G, where each decomposition factor is parameterized by an element of &.

Theorem 11.1. Almost every tempered representation is an element of EL(e) for

some I € &. That is, "\ Upce €L (€) has Plancherel measure zero.

In the following, for A, A’ C &, if (AUA’)\ (A’ N.A) has measure zero, we will
write A £ A’

Proof. We fix x € B(G,k). For a € Zso, let Fy = [G,4+]. Then, for any

(7, Vz) € €, we have F,(r) = 0,(]G xa +]) = volg(Gy, a+)dimV,T(G””’“+’1) > 0. Let
8“‘ =& 1), andlet En(e)* := Er(€) N €. Then we have
— — —~ @ —~
/Fa oexp(X)dX = | F,(m)dr = Fy(m)dm > Z/ F,(m)dn
g &t gt res ”&h(e

> / F(m)dr & / F, o exp(X) dX
res, et (e)ozd (9 ree, str(e Yozt ¥ 9T

() Z F, o ex oexp(X)dX () /Fa oexp(X)dX.
reac Y or g
The relations (), (i) and (iv) are straightforward. We use Theorem [[0.1]to verify
(i4).
The first inequality (i) follows from Ureegt ()* C &t and Fy(m) > 0.
To prove (ii), it is enough to verify that for I’ € &, if EL(e)™ # 0,

/ Fa(n) dw:/ Fo(m)dn= | F,oexp(X)dX.
£t () EL(e) or

Since for (m, V) € EL(e), Fa(r) # 0 only if (m, V) € EL(€), the first equality
follows. To prove the second one, we note that F,(7) # 0 only if a > o(7) = 14
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for m € EL(e). Hence EL(e)* # 0 only if & > ry. In that case, since F, oexp €
C’é’o(g?«;) C Cgo(gsj_l)’ the equality in Theorem [[0.] is valid for F,. Hence the
above equalities are valid, and so is ().

To prove (i), we note that Fm(p is a scalar multiple of the characteristic
function of g, _,. Then since Supp(Fa/o-Ecp)ﬂgp = gs,—aNg. # 0 only if EL(e)™ #
0, the equality (éii) holds. The equality (iv) follows from Lemma [7.5

Hence, > in (i) is in fact an equality for all & € Zsgo. Therefore,
Ures €r(€)*. Since & = U,z , € and Ep(e) = U,ez., €r(€)%, we can now
conclude
(%) € £ Ures €H(e) -

Combining this with Lemma [B.6] we get that the above is a disjoint union. U

gto =3

Corollary 11.2. For any f € C(G), we have

fW=>3 [ Ox(f)dr

Ires r

Proof. This follows from Proposition BII(1) and € £ [Jpg&k. O

Remark 11.3. Note that &f £ Ures € (€) independent of the choice of € > 0 such
that g, = go+. Since EL(€') C EL(e) for 0 < ¢ < € and the above (*) is a disjoint
union, &L (e) £ E4L(¢'). By Lemma BI0, we also have

Ue gtr‘(e) £ ﬂ € gtr‘(e)

where € runs over real numbers such that g. = go+, and thus

(o]

g = UFEG (068§(e)) '

Theorem 11.4. For (m,Vz) € Upeg (N e EL(€)), there is a strongly good G-datum
Y such that (m,Vy) contains (K., ¢s).

Proof. This is obvious if o(7) = 0. Now, suppose o(7) > 0. Let T % 0 be such
that (m, V) € e €L(e) and it splits over a tamely ramified extension E. Let G, 7
and ¢ be the sequences associated to I'. Fix a subset D in B(G, k) such that D is
compact and G° - D = B(G?, k). If G is semisimple, the closure of a chamber in
B(G, k) is such a subset. Otherwise, since B(G, k) is the product of B(Ger k)
and X, (Zgo, k) ® R, and since (X, (Zgo, k) ®R)/Zgo is compact, such a subset D
exists. In particular, we can choose D such that D C A(G°, T, k) for some E-split
maximal k-torus T in G.

Fix € > 0 such that g. = go+. Choose a decreasing sequence €;, j = 1,2, -,
such that € > ¢; > 0 and ¢; — 0.

For each €, there is a strongly good G-datum of positive depth X, = (é, xj, T, 5)
with ; € D and n; € g‘;j,,ej NN such that (La, ., Xr+4n,) < (7, Vz) (such an
x; exists by conjugation if necessary). Since D is compact, there is a cluster point
y €D of z;’s.

Let ¢ > 0 be such that g, o+ = gy.a = gy,o+ and 9y.sr = Oysita for any o < €.
Let § be such that for any affine root ¥ in ¥(G, T, E) and z,2’ € A(G, T, E), if
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dist(x,z’) < 9, |Y(x — a’)| < €/3. Then, in that case, for any r € R,

(E)zrterss & 8(E)err C 8(E)zr—e/3-

Since y is a cluster point, there are ¢; and x; such that |y — z;| < 6 and ¢; < €'/3.
Fix such ¢; and z;. Then we have the following:

(i) With 7 = ¢j, z =y and 2’ = z; in (1), gy,0+ = By,e;+¢//3 C Ba; e, -

(i) With 7 = €; +€'/3, 8y, 42/3¢ C O, 4e//3- SINCE Go. e yery3 C I and
Oy.c;+2/3¢ = By, 0+, we have g, o+ C Oa; et and gz, —¢; C gy.0-

(#3) With r = s; + € /3, Oyt = Oysit2e/3 C Bays,4e/3 C By, ot
From (é)—(4ii), we see that K;y = @y)§+ C Ly, = éwj)swf(ej) and n; € ggh,ej C
gy o- Hence,

XT4n,;|Gyst = X1

and (m, V) contains (K;y,xp). O

Corollary 11.5. Let (m,V;) be an irreducible supercuspidal representation. Then,
there is a strongly good G-datum Y. such that (7, Vy) contains (K3, ¢x).

Proof. Suppose (m, V) is tempered. Then t := (G,7) € B;. For any I' € & and
e > 0 such that go+ = g., we have either E'(t) C &L(e) or EX(t) N &L(e) = 0.
Now, since €(t) has strictly positive Plancherel measure, the corollary follows from
Theorem[IT.4l Now, any supercuspidal representation is tempered up to twisting by
an unramified character, and the general case follows from the tempered case. [

12. REVIEW OF YU’S CONSTRUCTION

The construction of supercuspidal representations by Yu is based on a generic
G-datum (see [38] for details and [3] for a summary).

Definition 12.1. A generic G-datum is a quintuple Xy = (é,y, T (E, p) satisfying
the following:

D1. G = (G°,G!,... |G? = G) is a tamely ramified twisted Levi sequence such
that Zgo/Zg is anisotropic.

D2. y € B(GY k).

D3. 7= (ro,r1, "+ ,Td—1,74) is a sequence of positive real numbers with 0 < ry <
L gl <Tg1 <rgifd>0,0<rgifd=0.
D4. ¢ = (¢o,- -, ¢a) is a sequence of quasi-characters, where ¢; is a generic quasi-

character of G%; ¢; is trivial on G; o+ but nontrivial on G;’m for0<i<d-1.1If
rq_1 < rq, ¢4 is nontrivial on Gz“ and trivial on G‘; o Otherwise, ¢4 = 1.

" d
D5. p is an irreducible representation of G?y], the stabilizer in G° of the image [y]

of y in the reduced building of G°, such that p|G2)OJr is isotrivial and c—Indg[[;y] p is
irreducible and supercuspidal.
Remark 12.2. By (6.6) and (6.8) of [31], D5 is equivalent to the condition that G ,

is a maximal parahoric subgroup in G° and p|G8 o induces a cuspidal representation
0 0
of Gy,o/Gy,o+~

As remarked before, under our hypotheses, a generic quasi-character is also good.
Instead of reviewing the definition of genericity, we will briefly describe the con-
struction when ¢; is good.
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12.3. From now on, we fix a generic G-datum Yy = (C_i,y,F, qg, p). Associated to

Yy, we have the following open compact subgroups. Note that their definitions
depend only on G, y and 7.

0._ (0 . 70+ ._ 0

(1) K°:= G[y] s K7 =G

y,0% "
(2) Ki:=GY,GL . --.G! Kt =@0 G1+~-~G;5r for 1 <i<d.

[y] ~"y:s0 YsSi—1 7 y,0F Ty s )
Then note that K+ = K& (see §5.8).
(3) T 1= (G, Gy § T 1= (G G, ot

4) For i > 0, we have K'~1J! = K" and K*~'*.J! = K'*,
+

12.4. Construction. Let ¢; denote a character of KOG;)OGy o+ defined similarly as
ifl §5.8] (replacing G27O+ Wit~h K°GY, o). Fgr 0 <i < d, there ?XiStS a representation
¢; of K x Ji*! such that ¢;|Ji+! is ¢;|Ji " -isotypical and ¢;|K** is isotrivial.

Let inf(¢;) denote the inflation of ¢;|K* to K* x J**1. Then inf(¢;) ® ¢; factors
through a map

Ki X Ji-‘rl _ KiJ’H—l — Ki+1.

Let x; denote the corresponding representation of K*t!. Then it can be extended
trivially to K%, and we denote the extended representation again by x;. We also

extend p trivially to a representation of K¢ and denote this extended representation
again by p. Define a representation x and px, of K% as follows:

K = I{0®"®K/d—1®(¢d‘[(d))
Poy =P K.

Note that & is defined only from (é, Y, 7, 5) independent of p.

Theorem 12.5 ([38]). nx, = c-Ind%ups, is an irreducible supercuspidal repre-
sentation.

Remark 12.6. In ¥y, if d = 0 and r9 = 0, g, = c-Indg[y]p is a depth zero
supercuspial representation. Moreover, by [28] or [31], (6.6), (6.8)], any depth zero
supercuspidal representation is of this form. Hence, Yu’s construction includes all
depth zero supercuspidal representations.

Remark 12.7. Suppose (Hk), (HB), (HGT) and (HN) are valid. Let (m, V) be a
supercuspidal representation of positive depth. Then by Corollary IT.H, there is a
strongly good G-datum ¥ of positive depth so that (K, ¢5) < (m, V). Comparing
Y and Xy, we note that Yu imposed certain sufficient conditions on Xy to get
supercuspidal representations such as (i) Zgo/Zg is anisotropic, (i) Ggﬁo is a
maximal parahoric subgroup in G°, and (i71) p is irreducible and induces a cuspidal
representation of va() / G2)0+. Now, we will prove that those are also necessary
conditions (§§13-17). We start with some preparation.

13. PREPARATION

To prove that the condition (¢) in Remark [277]is also a necessary condition for
supercuspidality (see Proposition [[4H]), we will use some basic properties of Hecke
algebras. In this section, we review Hecke algebras and deduce various results
regarding them (in particular, Corollary and Proposition [[3.14]).
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13.1. Hecke algebras. Let J be an open compact subgroup of G and let (o, V,)
be an irreducible representation of J. Denote the contragredient of ¢ by o. Then,
we can associate a Hecke algebra H(G//J, o) to (J, o) as follows:

H(G/)J.0)={f€CZ (G, Endc(Vs)) | f(igi")= (1) f(9)5(4"), for j.j" €J, g € G}.

This is an algebra under convolution with the identity #(J)l& - [J]. Here, 15 is

the identity map on V. It is well known that there is a one-to-one correspondence
between the set of simple nondegenerate modules of H(G//J,0) and €(;,). For
more details, see for example [5, [8, 22].

We say ¢ € G is in the support of H(G//J, o) if there is an f € H(G//J, o) such
that ¢ is in the support of f. Denote the set of all such g as Supp(H(G//J,0)).

THE casE G = (G, G)

13.2. Let G = (G',G) be a tamely ramified twisted Levi sequence, and let y €
B(G', k). Let ¢ be a G-good character of G’ such that on G} ,, it is represented by
a G-good element y € 34 of depth —r < 0 with Cg(y) = G’. Set 5:= Z.
Let T C G’ be an E-split maximal k-torus such that y € A(G,T, k). Let
S be a k-split subtorus in T. Let M be the k-Levi subgroup of G defined as
Cc(S). Since T C M, y € B(M, k). Let P be a k-parabolic subgroup with Levi
decomposition P = MU, and let U be the unipotent subgroup opposite to U.
Define f; : ®(G, T, E)U {0} — R and f} : ®(G’,T,E) U {0} — R as
tt ifae€ ®M,T, E)U{0},
fila) =< tt ifac ®(U,T,E),
t ifae®(U,T,E)

and
tt ifae ®MNG',T,E)U{0},
flla)={ t* ifac®UNG,T,E),
t ifae®UNG,T,E)
and

t ifae®M,T,E)U{0},
fila)=1< tt ifac®(U,T,E),
t ifae®(U,TE).
Here and later, ®(?, T, E) denotes the set of E-roots of T in 7. To avoid any
confusion, it should be pointed out that the above ft is totally unrelated to & in
3.1 )
Note that f;" = f_;. We write

— J—

Uy,t = U N Gy’t7 ﬁy,t =un Guy.ts Uy,t =Un G;,t’

Wy = WO Gy,
Recall that we have an orthogonal decomposition g = g’ @ g/t with respect
to B when (HB) is valid. Otherwise, we can take g’t = [y,g] to have a linear
decomposition of g. In both case, g’ is invariant under ad(vy). Let g;-f =g,7 N
Wt Y

/L

g
Lemma 13.3. LetY' € gfy (_ry+> and let t € R.
AN AN 1L /L /L :
(]) Lett € R. Then’ ad(v + Y) ’ gyaft/gy>ft+1 — gyaft—r/gy>ft—7‘+1 L5 an
isomorphism.

(2) Lett € R witht > —r. Then, “iret(y+g, 7 Ng) =7+, -
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(3) If Y' € g, 0 N, then ad(y +Y') & (gy; N )/(gha NW) —
_,Nu _pa1 NU) is an isomorphism.

(gy,t r )/(gy,t r+1 ) 4

(4) Let Y' € 9;,(—7~)+ N1. Suppose t > —r. Then Tvr+t(y + Y + i,,) =
y+Y 41,

(5) Let u € Uys. Then, “(v + T, (_g)+) = (7 + Ty —s)+) if and only if u €
—_ . —
Uy,erUy,s = Uy7sz,s+.

Proof. (1) Suppose Y’ = 0. Since f; is Galois invariant, we have 9(E), 7 Ng =
9,7 (B]). Moreover, from the definition of f, and the properties of B, we have
a(E), 7, Ng'(E)tng=g¢ f where g(E) = ¢/(E) @ ¢'(E)*. Hence we may assume
that ~ is k-split. Then ( ) results from v being good. If Y’ # 0, since ad(y) is
an isomorphism and ad(Y”) acts pronilpotently, ad(y + Y”) is also an isomorphism
(see also [20] (2.3.4)]).

(2) Having (1), (2) follows from the usual approximation argument (see [4} (6.3)]

or [38, (8.5)—(8.6)]). We omit the details.

(3) Since ad(y + Y')(u) C 1, (3) follows from (1).

(4) Using (3), one can use an approximation argument.

(5) Since "ty g+ = Uy (—syt, (7 + Uy, —s)t) = (7 + Uy, (—s)+) if and only if
Yy =y € Uy (—g+. We claim “y — v € u, g+ if and only if u € Uy)S+U;)S
Suppose u € U, S+U Then, “y € Uy Ty + u;)(_sﬁ) =7+ Uy 5+ by (4),
and ‘<=’ follows. Conversely, suppose “y € v+ Uy (_g+. Then by (4), there are
up € Uy ¢+ and X' € U, ()
X'eg, yeu” luy € (G'NU, ) by Lemma [L5(1). Hence, u € Uy,s+U;,s. Now,

+ such that “y = “1(y + X'). Since ~ is good and

(5) follows from the claim. O
13.4. Define
K? = Gy Iz K} = Gy,r.» Ky = KK} and K = Gy,fs'

Suppose ¢ is represented on G, ,+ again by 7. Then, by [9, (6.4.44)], we have

(K, Kl C éy7(r+,s+) C ker(¢). Hence, there is a unique character of K! with dual
blob v+ gy 5+ =7 + 9,7 .- As before, we denote this character by x..

Lemma 13.5. Assume (HB) is valid. Suppose Y’ € 9;7(_7% and y+Y'+gy ;- rep-
resent a character of K. Then, the support of H = H(G// K}, Xy+v") is contained
m XFG/KF.

Proof. Note that X +y’ = X——y’. Suppose g € G is in the support of J{. Then,
IX—y—y’ = X—~y—y» on IK! N K!. By Lemma BI2 we have 9(—y — Y’ + g, 5+) N
(=y =Y 4gy5:) # 0, and thus I(y+Y' +gy r: )NV (y+Y 4 gy.5) # 0. By Lemma
MI33(2), there are j, j' € K and X}, X}, € ¢’ N gy, » such that 9 (y+ Y + X)) =
I(y+Y'+ X}). Since y+Y'+ X{, v+Y'+ X} € v—l—g’(#)ﬂ we have j~lgj’ € G
by LemmaE5\(1). Hence g € K-G'K,-. O

Remark 13.6. All the statements in Lemmas [[3.3] and [[3.5] are also valid when we
replace v with v 4 Z for Z € 34.

13.7. Now, suppose that ¢’ is a character of G’ so that ¢’ |G; o+ 1s represented
by a G-good element v’ € 34 of depth —r. However, we do not assume that
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Ca(7') = G'. Note that 7' still defines a character x.» on K- such that x/|U; , and

X~/ |U;,0+ are trivial. The following lemma will be used for the proof of Proposition

Lemma 13.8. Suppose (HB) and (Hk) are valid. Let §= (0,s) and 3* = (0T, sT).
Let u € Uy,s. Let o' and X, be as above. Then “xy = Xy on G,z and
uX“/’|U;,0 =1L

Proof. Note that Uy, ; normalizes Ki-. Write log(u) = (X' 4 X*) for X" e 1, , and
X+ eu,,Ngt. Then, by (Hk), we have

1

Ad(u)(7) = ) —(ad(X" + X)) ().

n=1
Since [y,¢'] =0, [Y,gtnul cgtnu [gtnugtnu cgtnu and [g'N
gt Nu) C gt N1, from the above formula and (Hk), we conclude “v' — 4 €
(Ty,—s Ng't) C (§y,—sNgt) = (gy—sNg'*). Then “y — 4 € g'* implies that
L=xy|Uyo = "Xv|Uy o and "y =7 € gy, 5 = (§y,5+)" implies that “x/ |G s+ =
X+'|Gy 5+ Hence the lemma follows. O

GENERAL CASES

13.9. Let X, = ((ﬁ,y,?7 q?) be a good G-datum of positive depth. Let T C G° be
an F-split maximal k-torus such that y € A(G, T, k). Let S be a k-split subtorus
in T. Let M be the k-Levi subgroup of G defined by Cg(S). Then, y € B(M, k).
Fix a k-parabolic subgroup P with Levi decomposition P = MU, and let U be the
unipotent subgroup opposite to U. Let

Mi:=MNG' =Cgi(S), U :=UnG!, T =UNG!

fori=0,1,---,d. Note that each Mi is a k-Levi subgroup of G*.
Define f*: ®(G*, T, E) U {0} — R as follows: if i > 1,

s, ifae®M, T, E)uU{0},
fila)=4 st, ifac (U, T,E),
si—1 ifaé€ (P(U’L,T,E)
and
0t ifa € ®(M°,T,E)U{0},
fPla)y=% ot ifaecdT,T,E),
0 ifac®(U°T,E).

Fori=1,---,d, define f: ®(G*, T, E)U {0} — R as
si—1 ifae (I)(MZ, T, E) U {0},

fila)y=1{ st, ifac (T, T,E),
Si—1 ifa € @(UZ, T,E)

We also define corresponding open compact subgroups of G* as follows: for i =
07 17 ) d7

K, =G, ;i CG
and

0 L ot . e %
Ky =1, Ky =G ;cq.
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If there is no confusion, we omit y from the above notation and simply write K}
and K. Note that we have K C G” and K = G} , if G® C M. Define

Ky =Ky = KK} K and K, =K. :=K'K!-- K.

Note that the above open compact subgroups depend also on the choice of M and
U.
If 3, is strongly good, each ¢; defines a character of K\ represented by I'; and

(E defines a character of K represented by I'. We again denote these characters by
xr; and xr, respectively.
Fori=0,---,d and t € R>(, we have Mé)t = Glf/’t N M. Write

i
y,t

U G, . NU, Uy, =G, ,NU.

For any admissible sequence ¢ of length £(X), we also write
My,F:: Gy’gﬁ M, Uy,F:: Gy’t*ﬂ U.
Then note that Uy, s = Kt NU = Iﬁ- NnU, Uy’sﬂr =K NU = K|- NnU, My s+ =
K- NM, etc.
Lemma 13.10. For (2) and (3), we assume (Hk) and (HB) are valid.

(1) Fori=0,---,d— 1, the following is an isomorphism:

ad(T) : (Ty,5 N g™)/ (@54 N ™) — (-5 Ng™) /(@ 5+ N
(2) |ﬁy>§/ﬁy,§+‘ = ‘ﬁy,_g/ﬂ%(,g)ﬂ = |Uy7§'/Uy,§"*“ = ’KF/K;|
(3) |ﬂy7§(0+)/ﬁy)g+‘ = ’Uy)g(0+)/Uy7§+| = ’KF/(US,OK;” where §(0F) =
(O+a S0, asd—l)-
Proof. (1) Since T; is a G**1-good element of depth —r; and ad(I';)(u) C (1), the
above ad(I';) is an isomorphism by [ (2.3.1)].
(2) Since g = g° @ g°+ @ --- g? !, we have

d—1
[Ty,5/Ty 50 | = [0),0/ W0 | - [T 1@y 0 8™/ (@, 50 N g™
i=0
d—1
= [W0/Hy 0+ |- [T 1@y -5 0™) /@y -5 N ™) = [Wy,—5/Ty 5+ -
i=0

The second equality follows from (1). By duality,
[P ‘(u;ﬁ N/ (uf 4N a)] = Juy s/t |

Since log(K-) Nu = uy g, log(Ks) Nu =u, g+, and log(K) N (@ m) = log(K5) N

(wem), we have |Uy /Uy s+ | = |uy 5/u, 5+ | = [log(Kp)/log(K)| = | K /K.
(3) By duality, we have |ﬁ270/ﬁ2’0+| = |u270/u2,0+|. Denote this number by m.

Dividing each term in (2) by m, we get the equalities in (3). O

Proposition 13.11. Suppose ¥ = 3, is a strongly good G-datum of positive depth.
Suppose (HB) and (Hk) are valid. Let x be an irreducible representation of Ky
such that x| Ky contains xr and X|Ug,0 = 1. Then there is a u € Uy’;(m) such that
X = “xr on K.
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_ . =0
Proof. Let u € Uy so+)- Then, we can write u = ugq - - ujug for some ug € U, o+
and u; € U;Si_l, i=1,---,d.

For the character xr, of Ky, if j > i, we have “‘xp, = xr,; on K} since u; € G7.
Then

-1
udud—l'”uOXF _ udud—Q'”uiXF _ ugu; (udud—2”'ui+1)uiXF _ UiXF
i—1 i—1 i—1 i—1"

The last equality follows from Ui_l(’LLd’U,d_Q Cee U1 )UG € Uy,si C ker(xr,_, |Gy S-f—_l).

Hence

UqUg—1 "W u u u
Atd=1 80y p = "xp 2 xr, - - Y xr, XT, on K.

Since K3t C (G'™1, G)(k) o+ s+ yand Upy C U, from Lemma[[38, we deduce

Y, 1 ; Yy
that “‘xr,_, = xr,_, on K; and “ixr,_, |Uyo’0 = 1. Hence, for any u € Uy,g(oﬂ, we
have “xp| K5 = xp|K5 and “xr|UJ, = 1.

We claim that “xr = xr on K} if and only if u € U, +. Since u € U, 3+ C K,
‘<’ is obvious. To prove ‘=, we first observe that “xr = xr,xr, - “XT,_, " Xy

i—1 i u — : : u; _ i—1 i

on Gy7s+_2KF' Hence, “xr = xr on K, implies “/xr, , = xr,_, on Gy,s+_2KF'
—i —i—1 —d

Then, u; € U, o+ U, _, by Lemma [I33(5). Hence, u = uq---up € Uy + -

U;)SOJFUS)O% The claim is now proved.
From the claim and Lemma [I3T0, [{“xr | u € Uy,g(o+)}| = ‘Uy7§(0+)/Uy7§+| =
’KF/(U;OKQ)‘. Hence, by counting, any irreducible extension of xr of K5\ to K-

which is trivial on Ug)o is of the form “xr for some u € Uy,g((ﬁ). O
For later use, we record the following corollary:

Corollary 13.12. Suppose ¥ = ¥, is a strongly good G-datum of positive depth.
Assume (HB) and (Hk) are wvalid. Let (m,V;) € E. Suppose (m,Vy:) contains
(K, xr). Then (7, V) also contains (K, xr) if
(1) Uy = U5,0+ or
(2) there is a nonzero vector in the (K5, xr)-isotypic component of Vi which
is invariant under Ug?,()'

The following lemma is a preparation for Proposition [[3.14] |and Proposition [I4.5]
For any open compact subgroup J C G, we write J;, :== JNU, Jy :==J N M and
Jy:=JNU.

Lemma 13.13.
(1) f{ﬁl = ffﬁeffﬁlefﬁlu = KgMKf—ingu = Kﬁngqu—iM-
(2) K = Kt K- Ky,
(3) Suppose G® C M. Then, Ky = K ¢Ky 31 Kpo-

Proof. Proving (3), we first note that each f?, i =1,--- ,d, is concave and positive.
From [9, (6.4.9)] and the concavity of f*, we deduce that G*(E), ;i is decomposable
with respect to P(E) = M(E)U(E). That is,

GI(E),.si = (G'(E),.; NT(E)) - (G(E), ;« N M(E)) - (G(B), ;: N U(E)).

From the positivity of f’, we have K/ = G}, ; = Gi(E)Sjcli(E/k). Since M, U, and

U are Gal(E/k)-stable, K\ = G, ; is also decomposable with respect to P = MU,
that is, K| = K, K{ K¢, If i =0, since G ¢ M, K? = K?,,.



308 JU-LEE KIM

Now, let K (i) = K| --- K. We claim that each Kj (i) is decomposable with
respect to P = MU. If i = d, it follows from the previous paragraph. Sup-
pose K (i + 1) is decomposable. Note that K- (i + 1) is normalized by K{ and
Ky (i) = K/Ki(i+1). Let g € Ki(i). Then g = ab for some a € K[ and
b e K-(i+1). Write a = agapa, compatible with the decomposition of K.
Since V' := aybay,' € Ky (i + 1), we can also write b’ = bjb),b,. Then, ab =
agaprazba; ta, = (agaMbea&l)(aMb’M)(b;au), where agaMbgaX; € K (i), apby, €
K, (i)p and b,a, € K,(i),. Hence, K\ (i) is decomposable. Since K, = K (0),
K is also decomposable.

The second and the third equalities in (1) follow from K¢, = K¢, and K¢, =
Kﬂu. The other equalities are proved similarly as in (3). (]

Proposition 13.14. Let ¥ = X, be a strongly good G-datum of positive depth.
Suppose (HB) is valid. The support of H(G// K, xr) is contained in K-G°Ky .

The following is a modification of the proof of [38, (4.1)].

Proof. We prove the proposition by induction. If d = 0, it is obvious. Now,
assume d > 1. Let ¥/ = (G/,y,7’,¢') be such that G’ = (G°,... Gl ¢ =
(¢o, -+ ,ba—1), and ¥' = (rg, -+ ,74—1). Then note that ¢(X') =d — 1. Let

Kl = KK}! - K™'  and K[ :=K’K! - K"
Suppose g € G is in the support of H(G// K\, xr). Since ¢4|Kr is the restriction
of (bd which is defined on the whole of G, g also intertwines 8’ = (xr¢,;')| K- =
HJ OXF |Ki-. Therefore, g also intertwines ¢'|K¢. Note that if r; < s, xr, is
trivial on K? and ¢'|K¢ = xr,_,+vy for Y = > 554, Lj- By Lemma and
Lemma 313, there are ji,jo € K&, = M¢ hi,hy € K¢,K2, and ¢ €

Y,Sd—1’

G% 1 such that g = h1j1¢'jaho. Since hi,hy € K, j1g'jo intertwines ’. Now,
from Lemma [[3.I5(1), we may further assume ji,jo € J¢;, where J¢, is as in
that lemma. Then, by Lemma [[3.15(2), ¢’ also intertwines ¢'|K/ = xp where
I"=Ty4_1+T4 2+ -+ By the induction hypothesis, ¢ € K/ G°K/. Hence
g€ KIK! GOK! K = K, GK, . O

Lemma 13.15. We keep the notation from the proof of Proposition [3.14l Let
Jir = (M~ M) (k)

(1) M, ysd LGP 1Mgsd L CJLGITT

(2) If g € G4 1 intertwines 0, j € J¢;, then gj and jg also intertwines 6.

Y, (Ta—1,84—1)*

Proof. (1) follows from

Mjsd 1 Mﬁsi 1‘]M = JMM;}S; < J](\14Gd71 - Jlt\i/IGdiljj\i/l.
(2) can be proved as in [38] (4.3)]. O

14. SUPERCUSPIDALITY I

Let ¥ = X, be a strongly good G-datum of positive depth, and let M, P = MU
and K be as in §I3.91 In this section, we prove that if there is a supercuspidal
representation (m,V,) such that (K3, xr) < (7, V), Z°/Z% is k-anisotropic (see
Proposition [I4.3]).
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We first recall the following from [8]. For any open compact subgroup J C G,
Je, Jyr and J,, are defined as before (see Lemma [[3.13)).

Definition 14.1 (8 (6.16)]). Let P = MU be as above. Suppose J is an open
compact subgroup decomposable with respect to P = MU, that is, J = JeJprJy.
Then ¢ € Zy; is strongly positive relative to (P, J) if
(1) ¢ C Juy TG C 5
(2) for any compact open subgroups Hy, Hy of U, there exists an integer m > 0
such that (" H;(~™ C Ho;
(3) for any compact open subgroups K, Ko of U, there exists an integer m > 0
such that (T™ K™ C Ks.

Combining [8], (6.14)] and the remark after [8, (6.16)], a strongly positive element
always exists relative to (P, J) such that J = JyJpJs.
The following can be regarded as a corollary of the proof of [8, (6.10)].

Lemma 14.2. Let J, U and P = MU be as in Definition [Z1. Then, IMJNU =
Jy.

Proof. O is obvious. To prove C, suppose v € JMJ NU. Let t € M be so that
u € JtJ. Then, there are j,h € J so that uj = ht. Write j = jsjpmj. and
h = hghprhy, compatible with the decomposition J = JyJarJy,. Then, (wje)javju =
he(hart)(t~1hyt). Hence, by the uniqueness of Iwahori decomposition, we have
u = hgj[l € Jy, and C follows. O

Proposition 14.3. Assume (HB) is valid. Suppose G° € M C G. Then there
is a strongly positive element ¢ relative to (P, Ky) such that an element fo €
H(G// K\, xT) supported on K\ (K is invertible.

Proof. We fix a Haar measure on G so that vol(K,) = 1. From G° C M and
Proposition I3T4] the support of H := H(G// K-, xr) is contained in Ky M K.
Let ¢ € Zp; C G° be a strongly positive element such that U = Unzo C"KeC™.
For j = jejmje € K- N (CK)—C_l), since

“xr() = xr(¢5¢) = xr (¢ 5e¢) xr (¢ i €) xr (¢ uC) = xr () = xr(j),

we have ¢ € Supp(H). Here, the third equality follows from K, Ky, C ker(xr)
and ¢(~'jp¢ = jp. Similarly, (7! € Supp(H). Let fc (resp. fc-1) be an element
of 3 which is the function supported on Ky (K (resp. K¢ 'Ky ) with fe(¢) =1
(resp. fe-1(¢71) =1). We claim

fox femr = fe1 x fo = vol( K- (K ) f1
where fi is the identity in H given by the function supported on K, with f;(1) = 1.
Note that Supp(f¢ * fe-1) C (KrCK-(PK) N (K-G°K.). From Lemma I44]
Supp(fe* fe-1) C K. Hence fe* fe-1 = c- fi for some constant c¢. Evaluating both
sides at the identity, ¢ = vol(Ki-( K}y ). Similar computation shows that fe-1 * fo =
vol( K- (K1) f1. Hence, the inverse of f; is mfﬁ_l‘ O

Lemma 14.4. We keep the notation and the situation from the proof of Proposition

M43l
(KFCKFC_lKF) N (XFGOXF) =K. = (ch_lKFCKF) N (KFGOKF).
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Proof. Tt is obvious that Ky C (K (K ¢ 'K-) N (KFGOKF). Suppose g €
(KrCK-¢'Ky) N (K-GOKy ). Since (Kypy¢™' = Kyy and (Kio(! C Kiy,
we can write g = j1(j( "1 jo for some ji,j2 € K and j, € K. Since (j, (7! €
K-G°K. NTU, by Lemma 0432 (j,("' € K-y = Kry. Hence, g € K. The other
equality can be proved in a similar way. O

Proposition 14.5. Assume (HB) and (Hk) are valid. Let (7, V) be a supercuspidal
representation. Let ¥ = (é,y,f’, @) be a strongly good G-datum of positive depth.
Suppose that (Ky:, ¢5) is contained in (7, Vy). Then, Z°/Z% is k-anisotropic.

Proof. Suppose Z°/Z? is not anisotropic. Then, there is a k-split subtorus S of Z°
such that M = Cg(S) is a proper k-Levi subgroup of G. Note that G° € M. Hence
y € B(M, k). Fix a k-parabolic subgroup P with Levi decomposition P = MU,
and let U be the unipotent subgroup opposite to U. Since G € M, U;O =1 and
(m, Vz) contains (K, xr) by Corollary Now, consider H := H(G// K, xr).
By Proposition [[43] there is a strongly positive element ¢ relative to (P, K-) such
that f¢, an element of H(G//K, xr) supported on K\ (K}, is invertible. This
implies that the Jacquet map restricted to VX', the (K-, xr)-isotypic component
in V;, is injectively mapped into VX7, the (K. N M, xr)-isotypic component in the
Jacquet module Viy ([§]). Since VXU 2 0, this implies that the Jacquet module
Vv of Vi with respect to U is nontrivial, which contradicts the supercuspidality
of (m, V). Hence, Z°/Z% is k-anisotropic. O

15. DEPTH ZERO TYPES

In this section and the following one, we deduce some facts that we need for §I7]
(Proposition [[7.2)). Most results here are from [31].

15.1. Let (G’, G) be a tamely ramified twisted Levi sequence, which splits over a
tamely ramfied extension E. For any y € B(G', k), let M be the quotient of the
reduction mod py of the O-group scheme P'y associated to G;,O by its unipotent
radical. Then, G ,/G o+ ~ My (Fy).

Let T C G’ be an E-split maximal k-torus such that y € A(G’,T,k) and
A(G', T, k) is of maximal dimension. Let S be a maximal k-split subtorus in T.
We attach a k-Levi subgroup M of G to Gy  (see also [31, (6.3)]): first note that
S gives rise to a maximal F,-torus S of M. Let C be the maximal Fy-split torus
contained in the center of Mfu. Lift C to S to get a subtorus C of S. Let M be the
centralizer of C in G. Note that since T C M, y € B(M, k). Moreover, if Gy , is
not a maximal parahoric subgroup of G’, M is a proper k-Levi subgroup.

For a given G;)O, if M is chosen in the above manner, we will say that M is
adapted for G . In [31, (6.3)], the case G’ = G is considered.

Remark 15.2. We keep the situation from §I5.11 Let M’ := M NG’ = Cq/(C).
Then, M’ is a k-Levi subgroup of G’ associated to G}, as in [31, (6.3)]. Set
My, :==MNG,, forre R as before. Then, by [31, (6.4)], we have the following:

(1) M, , is a maximal parahoric subgroup of M.
(2) G/ G v = My o/M, oy = M (Fyg).

15.3. Let (m,V,) be a smooth representation of G. Let x,y,y’ € B(G,k) be such
that G, and G, o are proper parahoric subgroups in G, . Let M be the Levi
subgroup adapted for G, o with z,y,y’ € B(M, k). Suppose M, = M, o, and
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suppose Gy o and Gy o project onto opposite parabolic subgroups in Gy 0/Gy o+
with common Levi factor (Gyo N Gy 0)/Gyo+ ~ Myo/Myo+ = My o/My o+.
Suppose P = MU and P = MU are two opposite parabolic subgroups in G so that
GyoNP = M, Uy, projects onto Gy 0/Gy o+ and Gy o NP = M, oU, o projects
onto Gy 0/Gy o+ -

The following is a corollary of the proof of [31), (6.7)], which in turn results from
[31, (6.1)]. Note that Gy oNU = G\ o+ NU.

Lemma 15.4. We keep the notation and situation from §15.3. If a nonzero vector
v € Vy is fized under Gy o+, then the following integral does not vanish:

/ m(n)vdn # 0.
UﬁGy,o

Let x be a quasi character of G and let my := x @ m. Suppose x is trivial on U and

= . . . (Gyr 0+ 5X)
U. Then, if v is a nonzero vector in Vy V""",

/ T (n)vdn = / m(n)vdn # 0.
UﬂGy’o UﬁGy,O

16. HEISENBERG REPRESENTATION

16.1. The case (G',G). Let (G’, G) be a tamely ramified twisted Levi sequence,
and let y € B(G', k). Let T, M, U, U and ¢ be as in {I3.2] and let M’ = G N M.
Define concave functions hy, h: ®(G, T, E)U {0} — R as
r ifae ®M,T, FE)uU{0},
hi(a)={ s ifaec®G T, E)\®M,T,E),
st otherwise

and
r ifae ®M,T,E)U{0},
ha)={ s ifaedG, T,E)\ ®M,T,E),
s otherwise.
Let j+ =Gy p, and J = Gy.n- Note that JNU = Gy,s NU. Then since ¢ defines
a character ¢ on G 0+ Gy s+ (see J5.3), & can be restricted to J, C G o+ Gy st

Let N := ker(¢).
Lemma 16.2.
(1) The pairing (a,b) = d(aba=tb1) defined on J)JyxJ]Jy is nondegenerate.
(2) J/N is a Heisenberg p-group with center J/N.
The proof is similar to that of [38, (11.1)]. We will not repeat it here.
Lemma 16.3. Let (¢", Vgn) be a representation of the Heisenberg group J/N. We

use the same notation ¢" for the inflated representation of J. Let v € Vgn. If v #0
and it is fized by JNTU, then the following integral does not vanish:

" (wvdu #0.
Jinu
Proof. Note that (JNU) /(j+ NU) and (JNU) /(j+ NU) are isotropic subspaces

of J/.J, such that their sum form a complete polarization of .J/.J,. Then the above
lemma is a result of the following general fact on Heisenberg representations. [
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Lemma 16.4. Let H = W @ F,; be a Heisenberg group where W is a symplectic
space over Fy. Let W = W1 & Wy be a complete polarization of W. Let (p,V,) be
a finite-dimensional representation of H. If a nonzero vector v € V), is fized under
Wi, then

/ p(wz)v dws # 0.
Wa

Proof. Without loss of generality, we may assume that p is irreducible. If p is the
trivial representation, the lemma is trivial. Otherwise, there is a nontrivial character
x of the center F, such that p is isomorphic to the Heisenberg representation y*
of Hl with the central character y. Then, we can realize x" on the function space
C(Wy) as follows: for f € C'(Wy),

X" (w1) f(w) = f(w+w1), for wy € Wy,
X" (w2) f(w) = x(5(w, w2)) f(w),  for wy € W,
X"(2) f(w) = x(2) f (w), for z € Fy.

Denote the characteristic function supported at w € Wy by f,,. Suppose f € C(W7)
is a nonzero function invariant by Wj. Then from the above formula, f is a nonzero
constant function, that is, f=¢ >, ew, Jw for some constant ¢ # 0. Now, we have

Jwu X w2) fdw = [y X (w2) (5, ¢ fu) du
= sz ZwC(X(%<w7w2>)fw) dws
= fW2 ¢ fodwy = vol(Ws) - ¢ fo # 0.

Corollary 16.5. We keep the notatioanmin Lemma 063l Let x be a character
of J such that x is trivial on JNU and JNU. Letv € Vyggn. If v # 0 and if it is
fized by JNT, then

| edmudn o

JNU

— —

16.6. The general case. Let ¥, := (G,y,7,¢) be a good G-datum of positive
depth. Let T, M, U and U be as in §I3.91 Recall M’ = MNG', U’ = UNG" and
U =UNG: Fori=1, - ,d, define concave functions R, h': ®(G', T,E)U
{0} — R as
' ri_1 ifac€ (I)(M’L,T,E)U{O},
Ri(a) =14 si-1 ifae® G, T E)\ &M, TE),
s;_, otherwise
and ‘
) ri_1 ifac€ (I)(M’L,T,E)U{O},
h'(a) =< si1 ifa€®G LT E)\ M, T,E),
s;—1 otherwise.
We also define corresponding open compact subgroups of G* as follows: for i =
1,---,d,
Jyy = G;,h; c G, Jy =1G, i C G
Note that JiNU = G%,si,l NU. Then, ¢;_1 defines a character (51-,1 of j;Jr as in
5.8 and each jé/ker(g?)i_l) is a Heisenberg p-group with center j§+/ker(¢§i_1).
When ¥ is strongly good, q@i_l coincides with xr,_,.
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17. SUPERCUSPIDALITY II

In this section, let (7, V;) be a fixed supercuspidal representation of positive
depth. Suppose X = (é, Y, T gg) is a strongly good G-datum of positive depth such
that (K3, ¢x = xr) is contained in (m,V;). Then, by Proposition I4H] Z°/Z¢ is
k-anisotropic.

17.1. Consider the (K;, Xr) isotypic component V.XT of V.. It can be found as the
image of the projection
1 1

— “)m(g)vdg.

wol(KT) /K; xr(g™)m(g)vdg

Recall that GFy] denotes the stabilizer in G° of the image [y] of ¥ in the reduced
building of G°. Since G?y] stabilizes (K3, xr), VX is a finite-dimensional repre-
sentation of G7);. Let 7 be an irreducible subrepresentation of Gf; in VX*'. Denote
the character of G?y] given by [], ((MGO ) again by ¢x. Then, p = ¢3! @ p is an
irreducible representation of G([) which factors through Gu 0+

Let 7 be an irreducible subrepresentation of p|Gy) Then 7 induces an irreducible

representation of Gy 0/G° which we again denote by 7.

y,01>

Proposition 17.2. Suppose (Hk) and (HB) are valid. We keep the notation from
above.

(1) Gg,o is a maximal parahoric subgroup of G°.

(2) 7 is a cuspidal representation of GY) O/Gy o+

17.3. Proof of Proposition [[7.2(1). We generalize the proof of [31], (6.7)].

Let M be a k-Levi subgroup of G adapted for G ;. Suppose G ; is not maximal.
Then, M is a proper Levi subgroup of G. Let C be the center of M. Let P be a
k-parabolic subgroup with P = MU and let U be the unipotent subgroup opposite
to U. Then, UﬂGy 0= UﬂGO o+ and UﬂGy 0= UﬂGg,OJr. By Corollary I312(2),
(m, Vy) contains (Kyr, xr).

For any = € B(GY, k) N B(M, k), let ¥, = (é,x,f’, 45) As in §13.9 for X, and
MU, we can define K, and qi? defines a character xr of K, realized by I'.

Let 8 : GL; — C be a one-parameter subgroup of C such that (a, ) > 0 for
every root « of C in the Lie algebra u of U. Consider the ray y(t) =y +t5,t > 0,
contained in the apartment A(G, T, k), emanating from the point y in the direction
of 3. Then, one can verify the following (see also [31}, (6.7)]):

(1) MOKy@) = My 50 = Myge; UNKy@y- = Uy 51 UNKyor = Uy ov
(2) If t' > t, then Uy ) 5 O Uy),z and Uy(t #+ C Uy(t) §t+-

3) U )it J()ﬂUandU t)S:U() Ul(t)SO~-~UZ‘/’l(t)Sd1

(4) Any compact subgroup of U is contained in Uy s for ¢ sufficiently large.
(5) There is a sequence 0 = tp < t; < t3 < --- tending to oo so that
Uy),s: Uy, s+ Uy(tm and Uy(t)7g+ are constant on the open intervals
ti—1 <t <t; (i > 1). Then, in fact, we have that Uy g, Uy(),s+ are con-
stant for t;_y <t <t;, and Uy s+, Uy),s are constant for ¢;,_1 < t <t;.

Let z; = y + t;6. Fix t; € R such that ¢;,_1 <t} < t;. Let yo = x¢ and
y; = y+ti3. We observe that Uy, 5 = Uyy 5= Uy, 5, Uzo 5= Uyo s D Uy, 5
and Uy, s = U,

Yj+1,5
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(6) Uy, s+ = Uy, s and Uy“gur = in)g, when i > 1.

Proving the first equality, C is obvious. We may assume that I' is k-split
without loss of generality. Let ¢ € U(G, T, k) such that the gradient ) of
is in ®(UJ, T,k), =0, ,d. Let Uy, be the root subgroup associated to
1. Suppose Uy, C Uy, 5. Then, by the definition of y; in (5), Uy C Uy, —es,5
for sufficiently small € > 0. Hence, ¥(y; — €3) = ¥(y;) — 6<¢,ﬂ> > Sj—1.
Since (&,ﬁ) > 0, ¥(y;) > sj—1. Hence Uy C Uy, s+, and D follows. The
second equality is similarly proved.

(7 JZ NU = J?fHﬂU Ufﬂsllandﬂ NnU = JZOU UyquI,
7 ¢ o— it _ —
S NU = le,s; Us.. ;[lanszﬁﬂUfU st UI Sgﬂefl,...’d.
=0 =0
(8) G%u = Uyo y,OUz(/)i,O’ Ggi,m = Uy yo+U o and Ggi,m =
7 0 0
Uyz+1,0 y,O+UyuO

(9) GY. o contains both GY , and GY
the images of GY, and GY

Yis1,0- Suppose G 0 F Gy 41,00 Then
form the opposite parabohc subgroups in

Yi+1,0
xl o/G? Lo+ w1th the common Levi factor given by the image of M, y 0 =
0 _ MO
yi,0 = yipa,0
Let v = vg € VX' be a nonzero element. Note that Uy, s = Uy, # by (5). For
i=1,2,---, define
v; = / m(n)vj_1dn = / m(n)vj_1 dn.
ij,é’ ij+1,§'
Inductively, we will show
() vj # 0;
(i) v; is a nonzero multiple of fU _m(n)vdn;
(ii1) M, s+ acts on v; as a character represented by T’
(iv) for j > 0, we have Stab(v;) D Us,,, s = ij+1,s+ and Stab(v;) D U,,,, s+ =
Uya+1 §)
(v) ng,w acts on v; as a character represented by I';
v; = on fU; B ”fUi‘,~,sd_1 m(uous - - ug)vj_1 dug - - - dug.

The equality 1n (zz) follows from Fubini’s theorem and the bi-invariance of the
Haar measure on the unipotent subgroup U.

Since the compact group M, g+ = M, s+ normalizes Uy, , 7 and acts on v as
a character xr, (i) follows from (7).

Proving (iv), the second inclusion is obvious. To prove the first, since vy € V;CF,
we note that Uy, s U UyO s+ C ker(xr|Ky,-) = Stab(vp). Since Uy, g+ C Uy, 5 =
Uy,,5 and Uy1 7+ C Uy0 7+, the case 5 = 0 follows. Now, suppose j > 1. We ob-
serve that U,,,, s = Uy, ., s+ C Uy, s+ C Stab(v;_1) by the induction hypothesis.
Consider the character xr reahzed by I'on K, ,+. Denote the kernel of xr in
Ky, ,,+ by A. Then since U, s, ij+1 s+ C Aand Ky, + is decomposable with
respect to P = MU, A is also decomposable with respect to P = MU. Let Ay :=
AN M. Then we have Ay C Stab(vj_1) by (iii), and A = U, AU

- [ ° Y Yj+1,8 yi+1,8t —
U #+AnUy Since Uy, | s+ An = AmU,y, g+ C Stab(v;_1), for a proper

Yi+1s j+1,5"
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normalization, we have

vj = / m(n)vj_1 dn

Uyjt1.5
= / / / m(nmi)vj_1 dndmdn = / m(a) da.
Uyjpr,5 7/ Anm yjp1,5T A
Hence U, | s+ C A C Stab(v;) and (iv) follows.
For (v), if j = 0, it is obvious from the choice of vg. If j > 1, since ng o+ =

—0 —0 ..
Uyﬁl,OM;OJr Uy (0> and since v; is fixed by UO o and Uy 11,0 = Uy, 0+ combining
these with (7ii), (v) follows.
The equalities in (vi) result from the decomposition U,, s = U§J7OU;J_7SO~-~
d
Tj,Sd—1"
To prove (i), let wg41 :=vj—1 and w; = fU, (U )wit1 du;. Then v = wy.

Tjis5—1

As in the case of (i) and (iv), we have for ¢ < 4, M"s acts on w; via xr
YsSe—1

and each w; is fixed by U By the induction hypothesis, v;_1 = wat+1 # 0.

Tj,8e—1"
Suppose w; 11 # 0 with ¢ # 0. Then consider the Ja’;j stable vector space W;
generated by {7(g)w;y1 | g € Ji. ;- Note that w; 1 is fixed by U;j’s and U® |

TjrS;—1

Moreover, from U;;}q_ c U~ 1+ C Uy, s+ C Stab(v;-1), we have that U;jéi

1 -1
TjrSi—2

fixes w;;1. Hence, the representation of j;] on W; is a Heisenberg representation
of j;J twisted by a character x. of jj;J represented by v =T, + i1 +--- + Ty
(recall that each T';, ;4 1, - - -, I'q defines a character of G*). Then by Corollary 6.5

w; # 0. Inductively, wy # 0. Since w; is fixed under Ug, o and UO, o+ and since

—0
U ;.0 and U, 0 project to the unipotent radicals of opposite parabolic subgroups
in ng,o/sz o+> by Lemma [5.4 w = v; = fUO . 7 (up)wy dug is not zero.

Since any open compact subgroup of U is contained in Uy, s for sufficiently large
j, by (4) and (i7), we conclude that the image of v under the Jacquet module map
with respect to U is nonzero. This is a contradiction to the supercuspidality of
(7, Vz). Hence, we conclude that GY , is maximal.

17.4. Proof of Proposition [[T7.2(2). Suppose 7 is not cuspidal. Then there is z €
B(GY, k) such that G9, € GY ; and ¢5" ® VX' has GY , invariants. Let T C G°
be an E-split maximal k—tOI‘Ub such that A(GY, T, k) is 'of maximal dimension and
y,2 € A(GY, T,k). Let M be a k-Levi subgroup of G with T C M adapted for
Gg,o' Let C be the center of M. Fix a k-parabolic subgroup P with P = MU.

Since ¢5,' @ VX has G(z),0+ invariants, and since M;OU??’O projects to a parabolic
subgroup in GS’O/G;OJr sharing the Levi factor with the image of Gg,o, we can
deduce from [I6] (see also [23, (1.1)]) that ¢5' ® VX also has Uy, invariants.
Then, by Corollary [3.12(2), (m, V) also contains (K-, xr) where K, is defined
with respect to MU as in §13.9

Let 5 : GL; — C be a one-parameter subgroup of C such that (a, 3) > 0 for
every root a of C in the Lie algebra u of U. Take the ray y(t) = y +t8, t > 0,
contained in the apartment A(G, T, k), emanating from the point y in the direction
of 8. Now, the rest of the proof is similar to that of Proposition [7.2[(1).
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18. EXTENDING ¢y OF Ki& 10 K¢

Let (m, V) be a fixed irreducible supercuspidal representation of positive depth.
Suppose ¥ = (G, y, 7, ¢) is a good G-datum of positive depth such that (K, ¢x)
is contained in (, Vy). Define

K = Gk) (0% sgusys01) = G5 0+ Gy -+ G

Y,50 Y;8d—1"
Note that K¢ = G([)y]K where K? is defined in 1231 To simplify notation, we
denote Kyt by KT. Let N := ker(¢x).

Proposition 18.1. K/N is a Heisenberg p-group with center K /N.

To prove the above proposition, recall from §I2.3] that
J}k = (Gi_l’ Gl)(k) JZ = (Gi_l’ Gi)(k)y7(7'i—175i—1)'

Yo (ric1,s71)7

Define a pairing on J*/J% given by (a,b); = ¢x(aba=1b™1).
Note that K = G (,J'---J* and KT =G} J}---J{.

Lemma 18.2.

(1) The pairing { , ); is nondegenerate on J*/J' .
(2) J'/(NNJ%L) is a Heisenberg p-group with center J° /(N N J%).

Proof. Let ¢; be as in §5.8 or §I24 For j > i — 1, since aba™'b~! € (G, GY),
qu(abaflbfl) = 1. For j < i—1, since aba=1b"1 € ?;mi_l CG,,+C ker(¢;),
¢;j(aba"'b™1) = 1. Hence (a,b) = ¢x(aba"'b"1) = ¢;_1(aba=b~). Then this
pairing coincides with the one in Lemma 11.1 of [38], and the above follows from
that lemma.

Proof. Proof of Proposition [I81] Define a pairing on K/K™' given by (a,b) =
¢s(aba=tb™1). Note that ( , ) on J/J. C K/K* coincides with ( , );. We
claim that if i # j, (, ) is trivial on J*/J% X Jj/Ji. Without loss of generality, we
may assume i < j. Let a € J* and b € J7. If £ < j, since (J%, J7) C JI. C ker(¢y),
be(aba=b"1) = 1. If € > j, aba™ b~ € (G7,G9)  (GY, G*) and ¢y(aba~ b~ 1) = 1.

Hence, we have (, ) =(, )1®---®(, )4, and the pairing { , ) is nondegenerate.
Now, we can conclude K/N is a Heisenberg p-group with center K /N.

18.3. By Proposition [[81] and the theory of Heisenberg groups, there is a unique
representation of K extending the character ¢y. Let qS}E‘ be the unique irreducible
representation of K extending the character ¢y, and let Vq% C V,#* be the space
of ph.

Let w, be the central character of (7,V;). Then, Zg acts via w, on Vd’%' Let
@ denote the irreducible representation of ZgK such that ¢ = ¢% on K and
¢ = w, -1 on Zg. Note that (7, Vy) also contains (Zg K, ¢%¥™). Moreover, G'[Jy]
stabilizes the representation (¢k, Von) = (b, Vgnr). We fix an extension of o of
ZaK to G([)y}K on Vg, which we denote by é}{r

Remark 18.4. Let k be as in §I2.4] associated to 3. Then since k| KT is ¢s-isotypic,
k| K ~ ¢%. Hence we can choose the extension ¢4 to be k.
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Proposition 18.5. Any irreducible representation of G?U]K extending (Zg K, (;S}Z”T)

is of the form p ® ég’r where p is an irreducible representation of G?y}K factoring
through Zg K.

Proof. Note that p in the above induces an irreducible representation of G([)y] / Gg 0+

Then, since o7 |K is already irreducible, the representation of the form p ® %7 is
also irreducible.

Gl K h Gl K h
Let ©; (resp. ©2) be the character of | Ind, Y 1| ® ¢ (resp. Indy Vi ¢57).

Now, since [G‘[)y] : G2,0+ Z¢] is finite, we can explicitly compute ©; and ©,. Since
G?y}K normalizes Zg K, for g,h € G‘[)y]K, hg € ZgK if and only if g € ZgK.
Hence,

@1<g>=92<g>:{ 0i(g) if g € ZoK.

0 otherwise.

G K ~ G K
Therefore, (Ind Zg’]K 1) @@ and Ind ZZ]K @Y are isomorphic, and the proposition

follows from this.

Corollary 18.6. We keep the notation from Proposition I8H Let (m, V) be as

before. Then there is a strongly good G-datum of positive depth ¥ = (G, y, T, ) and

an irreducible representation p of G?y]K factoring through ZgK such that (7, V)

contains (G‘[)y] K, p®k), where k is as in 1241 Moreover, c-IndgE P 18 an irreducible
Y

supercuspidal representation of G°

Proof. The first statement follows from Corollary I1.5] §I83] Remark 084 and
Proposition The second follows from Proposition and [31, (6.6)].

19. CONCLUSION: EXHAUSTION OF SUPERCUSPIDAL REPRESENTATIONS

Theorem 19.1. Suppose (Hk), (HB), (HGT) and (HN) are valid. Then any irre-
ducible supercuspidal representation (w,Vy) of G arises through Yu’s construction.

Proof. Let (m,V;) be a given irreducible supercuspidal representation. If the depth
o(m) of (w, Vi) is zero, this follows from Remark[[2.61 Hence, we may assume o(m) >
0. Then by Corollary 086 there is a strongly good G-datum of positive depth
¥ = (é,y,f’, 5) and an irreducible representation p of G?y}K factoring through

Zc K such that (m, V) contains (G?y]K,p@m). Moreover, Zgo/Zg is k-anisotropic
by Proposition 4.5 and c—Indgg P is an irreducible supercuspidal representation
Y
of G° from Corollary 8.6l Hence, ¥y = (G, y, 7, ¢,p) is a generic G-datum. Let
Ty, = c—Indg? : x(p ® k), the supercuspidal representation constructed in [3§].
Y

Since p ® k < 7, from the Frobenius reciprocity and the irreducibility of (m, V),
we conclude ™ ~ 75y, .

Corollary 19.2. Suppose (Hk), (HB), (HGT) and (HN) are valid. Then, all
supercuspidal representations of G are compactly induced from an irreducible rep-
resentation of an open compact mod center group.
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ADDED IN PROOF

This paper was originally submitted for publication in 2004. Very recently (July
2006), a preprint appeared (Shaun Stevens, The supercuspidal representations of
p-adic classical groups, math.RT/0607622) whose results have a substantial overlap
with the ones here. Stevens’ approach is based on the strategy of Bushnell and
Kutzko [5], which is completely different from the one here. It is limited to classical
groups but allows for more general residue characteristics (any odd residue char-
acteristic p is allowed). For small p, tame supercuspidal representations are not
enough, and Stevens actually constructs some new supercuspidal representations
which complement the tame ones.
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