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Dependence of sections 

All parts of these notes assume the material of Chapter II; or more 
precisely, the first four sections thereof. The statement of the main result of 
Chapter III, Theorem 13.15, is also assumed in all subsequent Chapters 
except VIII. (Partial exceptions: the last three sections of Chapter IV do not 
require this result, though they assume familiarity with the notational 
approach of §12; nor, for the most part, do §39, §§59-63 or §65.) 

The Chapters after III are mutually independent, except that Chapter V is 
assumed in Chapters VI and IX, and in §57 and §64; and its first section, 
§23, in Chapter X as well. 

Within each Chapter, later sections generally assume the earlier ones. 
Notable exceptions are Chapter IV, where the last three sections are 
independent of the first five, Chapter VII, where the last section is self-
contained, and the final chapter, which breaks into largely self-contained 
sequences {57, 58}, {59, 65}, {60, 61, 62} and {63, 64}. 

There are minor dependencies not noted above (for instance, some of the 
definitions, though not the results, of §§28-29 are called on at various 
places). Thus, the reader following a shortcut through the text based on the 
above notes will occasionally have to backtrack, using an internal cross-
reference or the index to locate the material required. 
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Word and phrase index 

The authors have long been frustrated with indexes to mathematical works that 
only note where a concept is defined, and give no information on where else it 
occurs. We have tried to make the indexes of this book more useful. 

We quickly encountered a tangle of problems - When does a mention of a 
concept merit referencing? Should items be listed redundantly under various 
synonymous terms and permuted wordings ("adjunction" / "adjoint functors" / 
"functors, adjoint", etc.), or should this redundancy be replaced by cross-
referencing, or eliminated altogether? Is the referencing of very common terms 
such as "ring" useful? If a concept is referred to on each of pages m, m+1, ... , n, 
should these be joined as "m-w" even if some of the references are quite unrelated 
to others, and are separated by paragraphs not related to the concept? 

We were not able to come up with general answers to these questions, but have 
tried to use good sense. We suspect that when we have erred, it has mostly been in 
the direction of including entries that we might have omitted. One negative rule we 
have stuck to is not to reference remarks of the form "In this Chapter we shall 
show ...", but only the pages where the results in question actually occur - unless 
the initial remarks are combined with some nontrivial observations. 

This index, and the symbol index which follows, were prepared by inserting, in 
the source-files for the text, codes signaling "at this point - is mentioned", "at this 
point an extended discussion of - begins/ends", "at this point - is defined", etc.. 
Macro packages written by the first author collected, alphabetized and formatted the 
resulting information. 

It is possible that occasionally, a term occurring in the top line of one page may 
be listed under the preceding page, because of the nature of the program t r o f f, 
which may make the "decision" that a word, or in some cases a whole line, has to 
begin a new page only after our macros have recorded the current page number. 

Boldface numbers indicate the pages where terms are defined, or conventions 
relating to them are set. We considered providing other information in similar 
ways: e.g., perhaps small type for brief tangential references, a raised dot after each 
page-number to signal the approximate height on the page at which the term occurs, 
etc.. We may experiment with some of these in the future, but we have preferred to 
keep this first trial simple. 

Personal names are indexed here if results by the individuals in question are 
mentioned which are not contained in works cited. The pages where items in the 
References are cited are listed at the end of each bibliographic reference. (We have 
adopted this idea from [46].) Terms used by other authors for which we here use 
different wording are, if referenced, put in single quotes; e.g., 'natural 
transformation', for our "morphism of functors". 

Our subject involves a number of hyphenated terms beginning "(8)-", which are 
alphabetized under "tensor". In §§60-62 a few terms beginning " ® - " are 
introduced; we alphabetize this symbol as "wheel", for want of better inspiration. 
Other symbols with non-obvious alphabetical locations are restricted to the symbol 
index. 
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Ab-category, 55 
abelian 

category, 153, 299 
group, see Ab in symbol index 
Lie algebra, 126 
semigroup, see AbSemigp^, 

AbSemigp in symbol index 
variety (in algebraic geometry), 213 

abelianization, 3, 16 
abuse of notation, see loose usage 
action 

of a bialgebra on an algebra etc., 
235, 295, 297, 299, 334, 335, 338, 
346, see also coaction 

of a group or semigroup on an 
algebra, 235, 295, 300, 333, 334, 
335, 336 

of a Lie algebra on an algebra, 235 
of a monad on an object of a 

category, 329 
of a TW-monad on an algebra, 327, 

327-340 
of a ®-algebra on a bimodule, 

317-319 
of an object with a "multiplication" 

on another object (general 
observations), 317, 327 

'Adams operation', 334 
adjoint functor(s), 3-4, 13, 11-16, 31, 

37, 43, 77, see also coalgebras, 
representable functors 

- and limits, colimits, 15, 16 
chains of - , 340, see also 

under TW-monads: and functors 
with adjoints on both sides 

composition of-, 13, 326, 329, 332, 
337 

contravariant, 13, 32-34 
existence of - , 26-29 
Freyd's - Theorem, 27, 29 
partial, 27 
- to inclusions of subcategories, see 

reflective and coreflective 
subcategories 

unit and counit of, 13, 16, 259, 308, 
329 

adjoint linear operators, 13 
adjunction, see adjoint functors 
affine, see scheme, algebraic group, 

translations 
-ly representative function, 250-253 

algebra, 18, 19, 21, see also ^-algebra 
C-based, 21-23, 30, 32 
empty, 20, 41, 67, 77 
many-sorted, 180, 292, 302 
topological, 114 
two senses of, 19 

algebraic 
-ally closed field, 212, 234, 239, 

248, 251, 256 
closure operator, 137 
geometry, 4, 146, 209-214, 236, 300 
geometry, noncommutative, 213 
groups, rings, semigroups etc., 4, 

209-257, see also cogroup (etc.) in 
categories of associative 
commutative rings 

topology, 4, 180 
alternating map, 122, 131, 260, 266, 

267 
alternative laws: right, left, proto-, 

130-134, 137, 154 
annihilator 

ideal, 120, 121 
subspaces in linear dual of a vector 

space, 105 
antiautomorphism, see involution 
anticommutative operations, see 

alternating map above, and Lie in 
symbol index 

antipode {see mainly coin verse), 231 
approximation of a functor by a 

representable functor, 161, 168, 
238 

arity, 18 
Artinian rings, semisimple, 161, 

171-172, 173, 233 
ascending chain condition, see 

Noetherian 
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associative bifunctor, 299, 311, 321, 
see also coherently associative 
bifunctor 

associativity, 178, 230, 247, 264, 326, 
see also coassociative law and 
®-algebra 

by default, 66-67, 94, 120, 139, 163, 
173, 265, 297 

expressed by diagram, 22 
fails for tensor products etc. of 

functors, 278, 279 
for object with generalized sort of 

operation, 317, 327, see 
also (TW-)monad 

general - law, 312-314 
- of codiagonal map, 316 
partial, 123, 133, 134, see 

also R i n g ^ in symbol index 
prevalence of - in proto-identities, 

125 
proof of - for exotic semigroup 

construction, 193, 195-198 
associator (in nonassociative rings), 

123, 133 
'attracting object, universal', 15 
augmented object of a category, 37-40, 

see also coneutral element 
conditions on a k-xmg weaker than 

augmentability, 80 
automaton, 34 
automorphism, see also action of group 

- class group of a category, 7 
-s of free groups, 95 
-s of heaps, 96 
-s of tensor rings, etc., 62, 261 

'balanced map', see bilinear maps: of 
bimodules 

base point, topological space with, 40 
basis of a vector space, 57, 106, 111, 

112, 215, 247, 259, 320 
bialgebras, 30, 232, 230-237, 245, 

246-257, 299-300, 309, 334, 336, 
see also under action, coaction 

possible analogs and generalizations 
of, 319, 334, 335, 336, 338 

- regarded as cosemigroups, 231 
Z/2Z-graded - , 297, 338 

bifunctors, 30, 302, see also adjoint 
functors, associativity above, and 
JUL, ®, ® in symbol index 

bilinear - , 299 
bilinear component of a tensor algebra, 

5, 101, 116, 263, 296 
bilinear maps, 5, 55, 99, 147, 345, see 

also multilinear maps 
alternating, 121, 260, 264 
applied to generalized elements, 147 
continuous, 114, 263 
determining associative ®-algebra, 

312-319 
induced by quadratic maps, 287-289 
misunderstanding of - by students, 

100, 103 
of bimodules: required to be 

balanced, 149 
of functors, 115-116, 148, 262-267, 

295, 296, 297 
of objects of &-Bimodop, Mod^, 

etc., 147, 263 
bimodule, 41, see also ®-algebra 

below, and A>Bimod, A'-Bimod^ 
in symbol index 

as representing object for functor 
among module categories, 28, 339, 
340 

graded, see graded ring 
underlying k- - of a coproduct of 

brings, 41, 69, 181, 309, 311, 322 
with action of a bialgebra, 295 
with action of a ®-algebra, 317-319 

binar, 61, 131, 134, see also Binar^, 
AbBinar^ in symbol index 

binomial 
co coefficient operations, 246 
coefficients, 240-242, 246, 248, 252, 

253, 255, 256, 283, 290, see 
also integral polynomials 

domain, 246, 336 
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'bi-ring', see TW-monad 
Birkhoff's Theorem, 18, 27, 138 
Birkhoff-Witt Theorem, see Poincare-

Birkhoff-Witt Theorem 
bookkeeping, coalgebras as - devices, 

34 
Boolean rings, see also Bool in 

symbol index 
analog over any finite field, 335 
duality with Stone spaces, 33, 211 
nonunital, and "with neither 0 nor 

1", 212-213 
representable functors from 

commutative rings to - , 211-213, 
335 

Boolean space, see Stone space 
box diagrams for Zs-systems, 87-91 
brackets, see commutator brackets 

below, and [x, y] (Lie brackets) in 
symbol index 

Campbell-Hausdorff formula, 275-276 
cancellation semigroup, 189 
cardinals, 169, 271, 306, see also small 

inaccessible, 17 
category, 18 

abelian - , 299 
diagram - , 1 4 
empty - , 1 5 
/c-linear - ,319 
large vs. small, see small 
legitimate - , 17 
notation, 9 
®—, 319 

Cay ley numbers, 131 
center of a ring, 165, 171 
centralizer subrings, 57, 157-160, 167, 

207, 230 
chain-multilinear morphisms and chain 

tensor products, 279-280, 283 
characteristic 

0 vs. prime, 126, 137, 210, 233, 237, 
239, 242, 246, 248, 252, 259, 
261-276, 282-291, 335-336, 346, 
see also Frobenius endomorphism, 
perfect field below, and L i e ^ in 
symbol index 

2 vs. other, 6, 123-125, 128, 132, 
265, 267, 283, 289, 291, 297 

--changing functors, 210, 212, 226, 
268, 290, see also W, Wp and Bi 
in symbol index 

mixed - phenomena, 336 
class (as opposed to set in some set 

theories), 17 
clopen congruence, 127 
closure operators, see also dominion 

- arising from Galois connection, 
137 

dual concept to - , 138-139 
coaction of a bialgebra on an algebra, 

235, 300, 336 
coaddition, 37-39, 42-54, 101, 151, 

154, 254, 260-262, 270-271, 334 
coalgebras, 2-7, 24-29, 150, see 

also cogroups, co-rings, 
representable functors, etc.; and 
Table of Contents 

as bookkeeping devices, 34 
in a subcategory, 56 
in Hopf algebra sense, see 

®£-coalgebras 
representing composites of 

representable functors, 27, 326, 
337 

representing functors to 
quasivarieties, 31 

coassociative law, 45, 47-48, 83, 86, 
92, 117, 150, 153, 186-187, 230, 
246, 247, see also ®-coalgebra 

cocommutative law, 46, 49, 92, 230, 
see also ®-coalgebra 

cocycle (for group extensions), 272-273 
codiagonal morphism, 316 
co-doubling, 261 
cogroups, 3, 213, 229 

coabelian - in categories of 
associative rings, 44, 54-58, 
99-103, 162-172, 277-285, 
293-294, 295-300, 315, 341 

general - in categories of associative 
rings, 175-190, 319 
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in categories of associative 
commutative rings, 209-213, 
219-220, 223, 225, 236, see 
also Hopf algebras 

in categories of groups and 
semigroups, 90-94 

in categories of Lie algebras, 
260-263, 269-276 

in categories of radical rings, 298 
in categories of rings with involution, 

297 
in other categories of nonassociative 

rings, 297-298 
coherence of proto-identities in higher 

degrees, 132, 134 
coherently associative bifunctor, 302, 

311, 322 
cohomology rings of topological 

spaces, 7, 180 
coideal in a ®£ -co-ring, 156-167 
coidentities, 3, 25 
coinverse, 2, 54, 91, 231, 236, 246, 

247, 250, 260, 262, 270 
as combinatorial inversion formula, 

256 
colimits, 14, 18-19, 26-31, see 

also direct limit 
respected by left adjoints, 16, 328 

combinatorics, Hopf algebras arising in, 
255 

commutative, see also abelian and 
®-algebra 

- and anticommutative parts of a 
bilinear multiplication, 297-298 

- associative nonunital rings, 266, 
268, 325 

- associative rings with derivation, 
346-347 

- associative unital rings, see integral 
domain {and terms listed there) 
and bialgebras in this index, and 
Comm , Comm^ in symbol index 

- bifunctor, 311 
codiagonal map as - operation, 316 
- nonassociative rings, 121, see 

also Jordan in symbol index 

commutator brackets 
in groups, 324, 347 
in rings, 3, 6, 28, 122, 179, 259-273, 

276, 296, 321 
of derivations, 346 

commuting operations, 32 
comodules, 58 

in varieties of modules, 27, 339-341 
comonad, see TW-monad 
compactness theorem (of model 

theory), 137 
complete topological vector space, 

105-107, 112-114 
completed tensor product, 6, 111-128, 

130, 190, 199-204, 210, 232-233, 
263-265, 275 

identities in - of rings, 114 
- of graded structures, 188-189 
- of ^-algebras, 319 

composition 
of adjoint functors, 13 
of representable functors, 27-28, 57, 

64, 88, 90, 225, 259, 326, 332, 
337 

order of - of maps (notation), 9 
comultiplication, 82-87, 100-103, 

145-173, 176-192, 230-237, 241, 
246-256, 326, 334 

in ®£-coalgebra, 150-173 
concrete category, 17 
concretization, alternative technique to 

- 153 
cone, 15 
coneutral element, 2, 37-39, 43, 46, 54, 

83, 86, 91, 95, 117-118, 181-186, 
235-236, 241, 260, 262, see 
also ®-coalgebra 

adjunction of a - , 167-168, 173, 224 
of ® rco-ring, 150-151, 156, 160, 

230 
congruence, see also permuting, clopen, 

lattice of - s , Noetherian condition 
chains of - s in free groups and 

semigroups, 347 
P—, for P a prevariety, 343-344 
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connected, see graded ring 
constant, see zeroary operation 

- functor, see diagonal functor 
continuous linear, bilinear, and 

multilinear maps, 104, 108-110, 
113-118, 122, 126, 147, 232, 263, 
279, 284, 300 

contravariant 
left adjoint functors, 13, 34 
right adjoint (representable) functors, 

9, 13, 25, 32-33 
convolution multiplication, 151-152, 

177, 188, 236, 319 
co-operation, 3, 24-25, 245, see 

also coaddition, comultiplication, 
coalgebra, cogroup, etc. 

coordinates for representable functors, 
182,185 

change of, 178-179, 192, 273 
correspond to generators of 

representing object, 24, 34 
equations satisfied by - in 

subfunctor, 54, 161-172, 202, 214 
operations expressed in terms of, 1, 

3, 24 
coproducts, 2, 15-16, 19-32, 38 

category having finite - , 20 
direct sums as - , 16 
functors respecting - need not have 

right adjoints, 332 
in general varieties, 328, 333 
in prevarieties, 307, 343 
in Set, 34 
of commutative ^-algebras, 30, 215, 

309, 326, 339 
of filtered algebras, 190 
of graded rings and bimodules, 181, 

190 
of groups, semigroups, 82-93, 

322-325 
of &-rings, nonunital, 41, 309, 311, 

339 
of brings, unital, 69-74, 320-322, 

338, 339 
of linearly ordered groups: 

nonexistence, 301 

of radical associative algebras, 299 
of tensor rings and algebras, 16, 100 
of the empty family, 15, 20, 37, 328, 

339 
respected by forgetful functors of 

TW-monads, 328-331 
coprojection (into coproduct), 14, 25, 

42, 44, 230, 323, 333, 344, see 
i 

also i etc. in symbol index 
coreflective subcategory, 16, 56, 89, 

331, 335 
co-relations, 31-32 
co-rings, see also ®£ -co-rings 

{alphabetized under tensor-/:) 
in categories of associative rings, 5, 

102-143, 148-168, 172-173, 
296-298, 336-339 

in categories of commutative 
associative rings, 210, 218, 
237-243, 250-253, 326-327, 
333-336, 338-339 

in categories of Lie algebras, 
262-268 

in categories of topological rings, 
300 

cosemigroups 
bialgebras and ®£ -co-rings regarded 

a s - , 154, 231, 309 
coabelian - in categories of 

associative rings, 37-58, 63-78, 
311 

general - in categories of associative 
rings, 176, 188-208 

in categories of associative 
commutative rings, see mainly 
bialgebras 

in categories of groups and 
semigroups, 82-95, 339 

in categories of Lie algebras, 
260-262 

counit (used in two senses), see adjoint 
functors or coneutral element, and 
cf. e in symbol index 
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co-V object, see coalgebra 
cube-zero multiplication, 120, 163, 173, 

265-267, 297 
cyclic module, 249 
Dedekind domain, 217 
degeneracy pre variety, 309 
degree n and < n maps, see higher-

degree maps 
degree of an element of a cosemigroup, 

43, 44, 83, 191-194 
density 

of image of a functor, 202-206 
of invertible elements, 202-204 
of subalgebra of a topological 

algebra, 114, 147 
of subset of a functor (scheme), 

215-216, 238 
dependences among chapters and 

sections, p.iii 
derivation, 126, 235, 256, 295 

action of a Lie algebra by - s , 235 
commutative rings with - , 346-347 

derived operation, 19, 21-23, 34 
in ordered groups, 302 

determinant, 210 
diagonal 

co - - morphism, 316 
' - co-operation of a ®£-coalgebra', 

231, see also comultiplication 
- functor, 15 
- map, 44, 53, 282 

diagram 
- category, 14 
expressing identity, 22-25 

diamond lemma, [19], 86, 317 
difference kernel (equalizer), 20, 29, 

157-158, 344, see also dominion 
differential algebra, see derivation, 

commutative rings with -
direct limit, 14, 106, 221, 223, 304 

formal, 107-108 
direct sum 

as coproduct, 16, 19 
as submodule of direct product, 315 
decomposition as, 92, 117 

rings whose f.g. proj. modules are 
not isomorphic to -mands of 
selves, see weakly finite 

directly indecomposable commutative 
ring, 224, 227, 229 

discrete 
category, 15 
topology, 104-114, 126, 211, 213, 

232, 300, 301 
valuation ring, 239, 257 

distributive lattice(s) 
duality with partially ordered sets, 33 
non-- valued functors, 212 

divided powers, 127, 255, 276, 299 
divisible: abelian groups without 

completely - elements, 306 
division rings, 53, 154-161, 171, 207, 

251 
dominion (in sense of Isbell), 157-158, 

161, 169-170 
—closed subalgebra, 157-158, 

343-344 
relative to a prevariety, 343-344 
stable- , 169, 214 

Doohovskoy, A., 342 
doubling (derived operation of abelian 

semigroups), 261 
duality, 13, 33-34 

generalization of Stone - ,213 
of Boolean rings and Stone spaces, 

33, 211 
of (co)algebras, bialgebras, 232-237, 

246-255, 276 
of distributive lattices and partially 

ordered sets, 33 
of vector spaces, 5, 33, 105-115, 

153, 263, 315, 337 
Pontrjagin -, 108 
vector space - mimicked for 

bimodules, 145-154, 280, 284 
Ehrenfeucht conjecture, 342-345 
eigenvectors 

of "co-doubling" map, 261 
of shift operator, 248, 249, 252 
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element chasing, 146, 153 
e-mail addresses of authors, 8 
embeddings (distinguished class of 

morphisms), 154 
empty 

algebra, 20, 41, 67, 77 
category, 15 
family, (co)product of, see products, 

coproducts 
encoding of constructions by 

coalgebras, 2-3 
endomorphism, see also action: of a 

group or semigroup above, and 
Z?end in symbol index 

idempotent - , 62, 92 
- ring of a functor, 58 

enveloping algebra, see universal -
epimorphism, 17, 31-32, 67, 77-78, 80, 

155-157, 168, 170, 202, 205, 214, 
339, see also epimorphs 

nonsurjective, 17, 156, 205 
epimorphs, 17, see also epimorphism 

of initial object, 67, 78, 220, 337 
equalizer, see difference kernel 
equational 

subfunctor, 214-223, see also "least 
... subfunctor" 

theory, 137-143 
equivalence of categories, 4, 9, 298, 

302, 307, 329, 332, 335 
errata, 8 
E- system, see £-Syst in symbol index 
exact functor, left - , 1 6 5 
exercises, 7, 16, 29, 37, 40, 80, 88, 96, 

97, 106, 107, 112, 114, 120, 167, 
222, 223, 241, 267, 268, 307, 323, 
340 

existentially quantified predicates, 305 
extension of scalars 

for Lie algebras, 264 
for quadratic and higher degree 

module maps, 286-292 
exterior square of a module, 260, 263 

faithful representable functor, 309 
fibers of projections, in characterization 

of bilinear maps, 100-102, 103, 
285 

Fibonacci sequence, 248 
field, see also separable, perfect, 

algebraically closed, prime, finite 
satisfies Idp -in-n.e.(Comm^, Semigp), 

224 
of fractions, 109, 197, 216-218, 229, 

243-246, 248-249, 251, 257, 273, 
318 

filtration, 104-106, 184, 189-190, see 
also height 

final object, 15, 20, 39-41, 338 
finite 

- dimensional algebras, see inverse 
limits of -

- extension of a field, 232 
- fields, 243, 286-290, 291, 335, see 

also characteristic: 0 vs. prime 
-ly generated algebra, 57, 209, 282, 

341-346 
map of - degree, see higher-degree 

maps 
- presentability and similar 

conditions, 304-307, 341-346 
- products or coproducts, category 

having, 20 
- semigroups contain idempotents, 

229 
- V-algebras, 211, 213, 229 
weakly - ring, 203-204 

first-order predicate calculus 
and rings mappable to Z / 2 Z etc., 

291 
- with infinite conjunctions, 305 

fixed point set, 15, 290, see 
also symmetric elements 

flat modules, 165, 216-217, 220-221, 
241, 244, 259 

flexible laws, right, left, proto-, 
130-134, 154 
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forgetful functors, see also underlying 
set functor 

forgetting action of a group, 
semigroup, bialgebra, etc., 333 

forgetting action of a (TW-)monad, 
328, 330-333 

forgetting group inverse, 54, 90, 308 
forgetting ^-structure, 154-161, 168, 

176, 264, 303 
forgetting ring addition, 13, 206, 

207, 238 
forgetting ring multiplication, 4, 13, 

16, 28, 43, 103, 176, 201, 259, 
265, 293, 299, 340 

forgetting unit, 36, see also unital vs. 
nonunital rings 

other cases, and general, 1, 39, 118, 
269, 271, 325, 335 

subfunctors of, 154-161, 207 
formal direct and inverse limits, 

107-108 
formal element, see generalized element 
formal group law, 276 
formal power series algebra, 29, 126, 

176, 177, 226, 255, 257, 276, 300 
and (completed) tensor products, 112 
and its field of fractions, 109, 111 
and Witt vectors, 210, 237-239 
as dual to space of formal 

coefficients, 106, 112-113 
as inverse limit, 127 
nonassociative, 268 
noncommutative, 118, 196-198, 254, 

315 
over a Lie algebra, 275 
rational elements in, 239, 253-254, 

255 
valuation topology on, 106 

formal spectrum of a linearly compact 
algebra, 236, 276 

foundations, set-theoretic, 17 
fractional linear transformations, 

noncommutative, 200 

free objects in -
Ab, 14 
Comm^1, 259, 266, 326, 342 

Comm/'D , 346 
Group, 3, 11, 95, 97, 324, 342, 347 
&-Bimod, 146, 155 
it-Ring etc., 14, 62-63, 65, 69, 117, 

155, 176, 185, 261, 264, 268, 270, 
308, 318, 341, 342, 345-346 

Lie^, 260-261, 264, 269, 270-271 
Mod^, 259, 288 
NARing^ and general subvarieties, 

267 
quasivarieties, 30 
Semigp*, 14, 323, 341-344, 347 
SetC, 10 
varieties, general, 18, 26, 27, 28, 57, 

307, 328, 329, 330, 333, 343 
variety of proto-flexible algebras, 133 
variety of radical rings, 196 

'free product', see coproduct 
Freyd's Adjoint Functor Theorem, 27, 

29 
Frobenius endomorphism, 211, 228, 

282, 290, 335-336 
full subcategory, see [122, p. 15] for 

definition 
function topology, 105 
functor, see (non)representable, adjoint, 

trivial, etc. 
functor categories, 9, see also Rep in 

symbol index 
products in, 20 
pullbacks and monomorphisms in, 

155 
pushouts and epimorphisms in, 205 

fundamental group of a topological 
space, 4, 6, 7, 33 

fundamental theorem on 
[®r]coalgebras, 126, 172, 246 

Galois connection, 137, 136-143 
Galois theory, 220, 236, 239 
Gaussian integers, 242 
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Gauss's Lemma, 198 
generalized element ({/-element etc.), 

146-153 
generating function, 253 
generators and relations, see 

presentation 
generic matrices, 342 
"germ" of an algebraic group, curve, 

etc., 236, 275-276 
graded bimodule, see graded ring 
graded ring, 53, 169 

as many-sorted algebra, 179-181 
as ring with action or coaction of a 

bialgebra, 235, 295, 299 
connected, 7, 181, 179-190 
degree-shifting morphisms of 

bimodules over - , 188 
graded *-ring, 180-190 
graded Lie ring, 260-262, 270 
obtained from a filtered ring, 190 
products, coproducts, tensor 

constructions, etc. of - s and their 
bimodules, 181 

Z/2Z-graded bialgebra, 338 
grouplike element (in a ®£-co-ring), 

159, 231, 232, 235 
'groupoid', see binar 
groups, see also Group, Ab in symbol 

index and action, cogroup, free 
objects above 

algebraic, see algebraic group 
coalgebras and coproducts in 

categories of - , 82-98 
extensions of - , 272-273 
group rings, 234, 235, 254 
in relation to semigroups, 57, 64-77, 

308 
kernels of maps among free -, 347 
of exponent n, 213 
ordered, orderable, lattice-ordered, 

etc., 301-302 
profinite, 256 
topological, 7 
torsion free, 30 
under ternary operation xy~ z, see 

heap 

growth rates of algebras, 345-346 
G-sets, 344 
Hadamard multiplication of power 

series, 255 
Hausdorff, see topology, topological 
heap, 95-98, 213 
height of element of coproduct, 42, 44, 

83, 191 
Henselian local ring, 227-230, 257 
hermaphroditic functors, see under 

TW-monad 
heuristics, 145, 153-154 
higher-degree maps of abelian groups, 

modules, functors, 281-294 
and extension of scalars, 286-292 
universal, 284 

homogeneous, see also graded ring 
higher-degree maps, 282-291, 293 
sub-Lie-algebra of graded associative 

algebra, 261 
homomorphism, 18 

of heaps vs. groups, 95 
homotopy category, 4, 6, 33 
Hopf algebra, 232, 230-237, 246-256, 

see also bialgebras 
analog based on ®, 319 
tensor products and internal horn's 

for - s , 280 
Horn sentence, universal, 30, 303, 308 

generalized (i.e., infinite), 304-307, 
308, 345 

ideal 
annihilator - , 120, 121 
augmentation -, 37 
D-invariant - s of a differential 

algebra, 346 
homogeneous - , 5 3 
maximal - , 207, 221-222 
nilpotent - , 199 
open - , 126-127, 300 
- s in tensor products of algebras, 

171 
idempotent 

central - s in a ring, 212 
- endomorphism, 62, 92 
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- identity, 40 
maximal - in a nonunital ring, 201 
- ring, 120, 124 
- s in a commutative ring, 211-213, 

230 
- s in a ring, 160, 308, 335 
- s in a semigroup, 64-78, 206-207, 

224-230, 256-257, 332, see 
also Idp.-in-n.e. in symbol index 

- s in group rings, 234, 239 
universal - , 77, 211 

identities (holding in algebras), 18, 
21-25, 30 

and concept of homogeneous map of 
degree n, 282, 284, 286, 291, 293 

as universal Horn sentences, 304 
expressed by diagrams and by 

universal elements, 22-25, 153 
homogeneous vs. non-, 128-130, 142, 

260 
in completed tensor products, 114 
monomial - , 267 
multilinear-, 117, 265 
of nonassociative rings, 128-143 

identity functor, 9 
and monads etc., 310, 312, 339 
representing object for - , 87, 95, 

326, 328, 329, 335, 337 
subfunctors of-, 88, 155 

identity morphisms, 9 
Idp.-in-n.e., see symbol index 
images of functors and of their 

representing objects under 
morphisms, 161-172, 303-309, see 
also equational subfunctor 

inaccessible cardinals, 17 
index-string, 45, 83, 322-323 

{A,ju}- etc. segments of-, 47, 70 
'inductive limit', see direct limit 
inert (n-inert, semiinert) extensions of 

rings, 197-198 
infinite conjunctions, language with -, 

305 

initial object, 15, 20, 37-41 
epimorphs of, see under epimorphs 
in a category of representable 

functors, 119, 168, 249-256, 338 
in a category of TW-monad objects, 

335 
in a variety etc., 220, 222, 225-226, 

229-230, 309, 328, 339 
initial-final object, see pointed category 
inseparability degree of a field 

extension, 239 
integral 

domain (commutative), 161, 207, 
216, 220-224, 229, 235-239, 242, 
273, 318, see also field, principal 
ideal d., unique factorization d., 
Prufer d., Dedekind d., discrete 
valuation ring, prime ring 

element of an extension ring 
(commutative), 249 

- polynomials (and generalizations), 
240-246, 286, see also binomial 
coefficients 

internal horn for Hopf algebras, 280 
internally homogeneous (higher-degree) 

map of functors, 283-285, 293 
inverse limits, 14, 228 

formal, 107-108 
Jacobson radicals of, 198-199 
of discrete vector spaces, 105 
of finite dimensional algebras, 

126-128, 233, see 
also fundamental theorem on 
coalgebras 

of finite dimensional Lie algebras, 
126 

of finite groups, 127 
of hom-sets, 112 
topology on, 126 
under iterated Frobenius maps, 335 

inversely directed partially ordered set, 
107 

inverses 
one-sided, 16, 80, 81, 84-89, 170, 

200-201, 203-204, 205, 233 
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two-sided -, uniqueness of, 2, 87, 
158, 199, 205 

invertible elements, see under 
semigroups, rings 

invertible matrix, universal, 2 
involution, rings with, 211, 296-297, 

338 
isomorphism, 9 

heap structure on - s between two 
objects, 96 

Jacobi identity, 121, 264 
Jacobson radical, 188, 194-205, 206, 

236 
- algebras, made a variety, 298 
linearly compact commutative -

algebra, 275 
of inverse limits, linearly compact 

algebras, 198-199, 200 
universal construction involving, 

196-198 
Jordan canonical form, 248, 254, 292 
Jordan rings and algebras, see mainly 

Jordan, Jordan in symbol index 
neutral elements for, 123, 292 
noncommutative, 129 
quadratic - , triple systems, etc., 125, 

292, 291-294 
special and semispecial, 6, 122, 124, 

137, 269 
^-algebra, 19, 145, see mainly Ring^, 

Lie^, etc. in symbol index 
linearly compact, 130, see 

mainly LCpRing^ etc. in symbol 
index 

A>bimodule, see bimodule above, and 
A>Bimod in symbol index 

^-centralizing 
Airings, A'-bimodules, etc., see 

A'-Ring^ etc. in symbol index 
0^-co-rings, 152 

^-linear 
category, 319 
representable functors, 345-346 

/c-ring, see &-Ring, £>Ring in symbol 
index 

assumed unital in Chapter V, 99 
graded, 180-190 

Krull Intersection Theorem, 228 
X- and p-decompositions and -reducts 

of an index-string, 47 
A-rings, special, 336 
large sets and categories, see small 
lattice, 32, 67, 79, 212, 213 

duality of distributive - s and 
partially ordered sets, 33 

of congruences, 347 
- -ordered groups, 301-302 
topological, 127 

Laurent series, formal, 254 
least ... subfunctor containing a set of 

values 
equational, 214-221, 222-223, 242 
representable, 214, 223 

left, see adjoint functors, 
inverses: one-sided, etc. 

legitimate category, 17 
Lenstra, Hendrik W., Jr., 228 
Lie algebras, see Lie rings and -
Lie groups 

fundamental groups of, 33 
gotten by "exponentiating" Lie 

algebras, 274 
Lie algebras of, 179, 190, 237, 274 
representative functions on, 247 

Lie rings and algebras, see mainly 
Lie^, Lie in symbol index 

abelian, 126 
generalizations of Lie^, 269 
linearly compact, 126 
p-- (or 'restricted'), see L i e ^ in 

symbol index 
limit of a functor, 14, 18, 30, 157, see 

also pullback, inverse limit 
respected by representable functors, 

29 
respected by right adjoint functors, 

16 
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linear operations on representable 
functors, 115, 148 

linear topology, see mainly linearly 
compact below 

on a commutative £>algebra, 300-301 
on a vector space, 104-128, see 

also minimal -
on an associative algebra, 114 
on tensor products, 108 

linearly compact 
associative algebras, see LCpRing^ 

etc. in symbol index 
associative algebras, Jacobson 

radicals of, 198-199 
coalgebras, bialgebras, Hopf 

algebras, 232-233, 236, 246 
Lie algebras, 126 
modules, 106 
nonassociative algebras, 130, 265 
vector spaces, 106-114, 147, 149, 

153, 263-265, 279, 284, 315, 319, 
337 

linearly ordered group, see ordered 
group 

linearly recursive sequence, 247-257 
local ring, commutative, 207, 221-222, 

224, 227, see also Henselian 
locally constant functions, algebra of -

on spectrum of a ring, 212 
locally finite-dimensional coalgebra, see 

fundamental theorem on 
coalgebras 

loop, 63, 186 
loose usage, 4, 20, 39, 44, 65, 103, 

136, 161, 181, 217, 235, 270,287 
Mal'cev term, 96-98 
many-sorted algebras, 180, 292 

representable functors to - , 302 
'm-application', 291 
matrices, 2-3, 118, 121, 176, 203, 233, 

296, 298, 340, 342 
generic, 342 
representing elements of 

(ZxZ)-rings, 160, 194-205 
upper triangular, 160, 175, 177, 191, 

192-194, 205, 242, 340 

maximal, see also ideal, idempotent 
- commutative subalgebra, 229 

McKenzie, Ralph, 291 
'm-form', 291 
'middle-linear' map, see bilinear maps: 

of bimodules 
Milnor-Moore Theorem, 7, 237 
minimal linear topology, 107 
module, see also Mod^ in symbol 

index, and flat - , projective - , bi-, 
co-, vector space, higher-degree 
maps, etc. here 

bifunctors on categories of - s , 302 
representable functors among 

varieties of - s , 27, 294, 303 
underlying k- - of coproduct in 

Comm/, 309 
with distinguished element, 320-322 

Mobius inversion formula, 256 
moment (power-sum) functions, 239 
monad, 11, 327-332, see 

also TW-monad 
-ic functor, 329 
unit of, 329 

'monoid', see semigroup 
monoidal category, 299, 311 
monomial identities, 267 
monomorphism, 17, 154-155, 202, 

205-206 
non-one-to-one - of coalgebras, 206 
- of representable functors, 155 

morphism, 9 
image of - of representable functors, 

161-172, 303-309 
of C-based algebras, 21 
of degree < n, see higher-degree 

maps 
of functors, 9 
of representable functors, 21, 25, 201 

multilinear maps, 277-289, 293, see 
also bilinear maps 

n-ary operation, 18 
'natural transformation', 9 
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neutral element, 35, 43, 61, 87, 223, 
230, 316, 327, see also coneutral 
element, ®-algebra 

adjunction of a -, 37, 65, 92, 195 
for bifunctor ®, 311 
for Jordan algebras, 123, 292 
for TW-monad, 326 
one-sided, 119 

Newton, Sir Isaac, 239 
nil radical, 308 
nilpotent 

algebra, 276 
element or ideal of a ring, 171, 194, 

199, 218-219, 222, 233, 237, 290, 
308, 309, 346 

group, 246, 276 
pro- ring, 236, 275 
ring, 191 

Noetherian 
commutative ring, 228, 248, 342, see 

also principal ideal domain, 
Dedekind domain 

- condition for differential algebras, 
346 

locally - prevariety, 343, 344-346 
non--ness of Intfjc], 242 

nonassociative 
- rings, 99, see also NARing, Lie, 

etc. in symbol index 
- rings, commutative, 121, see 

also Jordan in symbol index 
set with - binary operation, see binar 

nonexactness 
of Ab(£/ , - ) , 153 
of tensor products, 54, 164, 165 

nonmultilinear identities, 123, 128, 153 
nonrepresentable functors, 88, 118, 155, 

220, 280, 290, 300 
criteria for identifying, 29 
images of representable functors may 

b e - 161, 172 
- may be representable on larger 

category, 300 
monads are generally - , 329 

nonunital rings, brings, ^-algebras, see 
Ring, £>Ring, etc. in symbol index 

relation with unital, see unital versus 
nonunital rings 

norm functions as higher-degree maps, 
294 

normal form 
in coproduct of abelian groups or 

semigroups, 91 
in coproduct of nonabelian groups or 

semigroups, 82, 97 
in cosemigroup constructed from 

^-system, 86 
in embedding algebra for ®-algebra, 

317 
in free proto-flexible algebra, 133 
in ring and group coproducts, using 

commutators, 321, 324 
one-element algebra, see trivial algebra 
one-sided, see inverse, neutral element, 

etc. 
open ideal in a topological algebra, 

126-127 
operad, 143 
operations, 18, see also primitive, 

derived, zeroary, commuting, 
strongly commutative, bilinear, 
alternating 

formally infinitary derived - , 1 9 , 304 
in many-sorted algebras, 180 
on functors to Ab: zeroary, linear, 

bilinear, 5, 115-117, 148, 263 
on object of a category, 20 
on representable functors, 2-3, 20, 72 

operator algebras: cogroups in category 
of- 7 

opposite 
category, 9, 13, 25, 54, 90, 99, see 

also contravariant functor; see 
[122, p.33] for definition 

of bimodule category, 54, 146-154, 
170, 280, 284, 293 

ring, 5, 103, 118, 119, 124, 171, 190, 
192, 200, 210, 283 

semigroup, 86, 87, 89, 202 
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ordered group, 301-302 
ordinals, 347 
orthogonal group, 210, 297 
p-adic integers, 226, 239, 242, 256, 

257 
parametrized: family of algebra maps -

by a 0^-coalgebra or bialgebra, 
234-236 

partially ordered sets, 187, see 
also ordered groups; cf. 
preordering 

directed and inversely directed, 107 
duality with distributive lattices, 33 

partitions of n, growth rate of, 346 
P-congruence, P-dominion, see under 

congruence and dominion 
perfect field, 228, 239, 282, 335 
periodic sequences, 248, 251, 253 
periodically polynomial sequences, 252 
permutation, 268-269, 277, 279, 301, 

see also symmetric: elements in 
coproducts 

permuting congruences, 96 
p-Lie algebra, see L i e ^ in symbol 

index 
Poincare-Birkhoff-Witt Theorem, 122, 

259 
pointed 

category, 39-41, 82, 116, 181, 229, 
263 

object of a category, 39-40 
set, 90-91, 94, 322-325 

polarization, 292, see also h{a^,..., an) 
in symbol index 

polynomial, see also symmetric - , 
integral -

- growth, 346 
' - l aw ' , 290-291, 294 
- maps, see higher-degree maps 
- ring (commuting or 

noncommuting), see free objects in 
Comm^, A:-Ring, etc. 

ring with - identity, 298 
- sequences, see linearly recursive 

sequences and binomial 
coefficients 

skew - ring, 335 
Pontrjagin duality, 108 
power 

—associative laws, 134-135 
of an object, written Sn, 20 
of identity or of other "basic" 

functor, 57, 90, 93 
- series, see formal power series 

algebra 
preordering of varieties by existence of 

functors, 303-309 
prerequisites for this work, 1 
presentation of an algebra by generators 

and relations, 1, 5, 18, 23, 24, 26, 
27, 86, 108, 172, 196, 288, 304 

finite presentability, 304-307, 
341-346 

in a quasivariety or prevariety, 30, 
343-346 

prevarieties, 304-309 
and the Ehrenfeucht conjecture, 

343-345 
degeneracy -, 309 

prime field, 291, 337, 338 
prime ring (noncommutative general

ization of integral domain), 298 
prime spectrum 

formal - of a linearly compact 
commutative algebra, 236, 276 

of a Boolean ring, 33 
of a commutative ring, 212 

primitive element (of a bialgebra), 236 
primitive operation, 19, 330 
principal ideal domain, 163, 172-173, 

196, 197-198, 217, 244-245, 
248-253, 256-257 

problems, see questions (open) or 
exercises 

product law, encoded by ®£-coalgebra, 
235, 297, 299 

products, 15-16, 19, 23, 30, 39 
are respected by representable 

functors, 29, 89, 301, 305, 308 
category having finite - , 20 
classes of algebras closed under - , 

18, 304 
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finite generation of-, 343, 344 
in a functor category, 20 
of affine schemes, 215-216 
of graded bimodules over graded 

rings, 181 
of the empty family, 15, 20, 29 

profinite groups, 256 
projections 

of a graded ring to its homogeneous 
components, 299 

of limit, product, or direct sum to the 
given objects, 14, 22, 69 

projective 
' - limit', see inverse limit 
module, 221, 226, 227 
object of a variety of algebras, 307 

proto-
-identities, 117, 122, 123, 130, 

128-142, 149, 152 
-modules, -bimodules, -derivations 

etc., 136 
procedure for finding —identities, 

128-130 
-V-algebra, 130 

Prufer domain, 216-225, 227 
pseudoinverse, 164, 173 
pth power operation, 270, see 

also Frobenius endomorphism 
above, and Lie^^ in symbol index 

pullback, 15, 155 
of functors, 155 

pushout, 15, 78, 205 
quadratic 

Jordan algebras, 125, 292, 291-294 
map of modules, 287-289, 292 

quantum groups (and quantum 
mechanics), 237 

quasigroup, 63 
quasi-initial object, see epimorphs: of 

initial object 
quasiinvertible element, see 

quasimultiplication and Jacobson 
radical 

quasimultiplication, 176-179, 186-191, 
194, 199, 203, 206, 210, 211, 233 

quasitrivial functor, 67 
quasivarieties, 30-31, 124, 204, 220, 

301 
and prevarieties, 303-309 
and the Ehrenfeucht conjecture, 

342-345, 346 
questions (open), conjectures, etc. 

formally stated, 63, 80, 81, 94, 141, 
142, 161, 189, 200, 204, 207, 212, 
213, 214, 223, 227, 229, 230, 234, 
251, 257, 273, 276, 340, 345 

mentioned in passing, 62-63, 81, 95, 
97, 134, 185, 190, 198, 220, 221, 
228, 229, 242, 255, 261, 269, 287, 
290, 291, 293, 294, 295-300, 302, 
306, 319-325, 332, 334-335, 
336-337, 338-339, 341, 347 

radical, see Jacobson - , nil -
rank of a module, 221 
rational power series, 239, 253-254, 

255 
real part of a complex number, 281 
rectangular band, 94 
reflective subcategory, 16, 29, 30, 305, 

331 
regular ring, see von Neumann -
relational structure, 31-33 
'repelling object, universal', 15 
representable functors, 2-7, 10-11, 15, 

23, 25, 20-34, 295-309, 319, 
326-341, 344-347, see 
also coalgebras, cogroups, co-
rings, cosemigroups 

bilinear operations on, 115-116, 148, 
262-267, 295, 296, 297, 302 

composites of, 27-28, 57, 64, 88, 90, 
225, 259, 326, 332, 337 

contravariant, 2, 25, 32-33 
faithful, 309 
have left adjoints, 26, 302, 308, 

326-332 
A:-linear, 345-346 
linear operations on, 115, 148 
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monomorphism of, 155 
morphisms of, 21, 25 
multilinear maps on, 277-285 
non-, see nonrepresentable functors 
on varieties of algebras, 23 
operations on, 2-3, 20, 72 

representation theory, 247 
representative function, 247, 246-257 

affinely - , 250-253 
with values in a Noetherian ring, 248 

representing objects, see mainly 
representable functors and 
coalgebras 

finite presentability and similar 
conditions on - , 5-6, 304-307 

uniqueness of, 10 
residual finiteness in Comm , 307 
restriction of scalars, 339-340 
retracts, retractions, 62, 170, 307 

of a category to a reflective or 
coreflective subcategory, 16, 90 

of a semigroup to a subgroup, 75 
of bialgebras, 256 
of bimodules, 170 
of free algebras, tensor rings, etc., 

62, 185 
right, see adjoint functors, 

inverses: one-sided, etc. 
ring, see also Ring, Comm , 

NARing^, Lie^, etc. in symbol 
index, and here von Neumann 
regular - , Boolean -, zero - , and 
the items listed under integral 
domain 

convention on associativity, 35 
invertible elements in, 175-179, 200, 

201, 210, 234 
with polynomial identity, 298 

roots of unity, 239, 251 
scheme 

affine, 'pro-affine', 209 
closed sub-, see equational 

subfunctor 
'finite', 211, 213 
group -, ring - etc., see cogroup 

{etc.): in categories of associative 

commutative rings 
nonaffine, 213 

segments ({A,ju}- etc.) of an index-
string, 47, 70 

semigroup(s), see also under action 
above, and Semigp, AbSemigp, 
etc. in symbol index 

and TW-monads on Set, 341 
congruences induced by maps among 

free -, 347 
coproducts and coalgebras in 

categories of - , 82-98, 322-325 
in relation to groups, 57, 64-77, 308 
invertible elements in, 29, 88, 90, 94, 

176-178, 190-191, 192, 200, 
202-205, 208, 214 

one-sided invertible elements in, 
84-89 

opposite, 86, 87, 89 
- rings, 14, 28, 238-239, 254-257 
^-semigroups, 94, 249 
topological, 229 
with zero, 35, 94, 204, 238 
zero, left zero, right zero - , 93-94, 

322-323 
semihereditary commutative rings, 222 
semilattice, 67 
separable 

algebra, 172 
algebraic field extension, 171-172, 

212 
separating filter of subspaces, 104 
sequences, see shift operator, linearly 

recursive, Fibonacci, periodically 
polynomial) 

set, large vs. small, see small 
set-based algebra, 21 
shift operator on sequences, 126, 

248-254 
skeleton of a category, 17 
skew 

polynomial ring, 335 
symmetric and - symmetric elements 

in a ring with involution, 296 



WORD AND PHRASE INDEX 377 

small 
(in foundational sense:) set or 

category, 17, 18, 80, 306, 307 
(meaning finite, finite-dimensional, 

etc.), 127 
special linear group, 210 
spectrum, see prime spectrum 
stable varieties and (*, *)-theories, 

138-143 
Stone spaces, 127 

duality with Boolean rings, 33, 211 
with (one or two) basepoint(s), 212 

strongly symmetric elements and 
strongly commutative operations, 
68-82 

subalgebras: classes of algebras closed 
under- 18, 304-305 

subcategories, see reflective, 
coreflective, variety, quasivariety, 
prevariety, skeleton 

coalgebras and representable functors 
on -, 56 

subfunctors, 154, see also equational, 
and under forgetful, identity, 
coordinates 

subobject, 154 
subspaces of topological vector spaces, 

104 
suppression of tensor product sign, 103, 

148, 311 
symmetric 

algebra on a module, 236, 334 
- and skew- - elements in a ring with 

involution, 296 
elements in coproducts of rings, 62, 

63, 65-66, 68-74, 78-82 
elements in coproducts of semigroups 

and groups, 93 
multilinear map, 283, 285 
polynomials, 237, 239 
strongly - elements in coproducts, 

68-82 
symplectic group, 211 

Takeuchi, Mitsuhiro, 227, 299 
Tall-Wraith monad, see TW-monad 
tangent space, see Lie groups: Lie 

algebras of 
®k-coalgebras, 4, 152, 226, 231-237, 

309, see also 0^-co-rings below 
fundamental theorem on - , 126, 172, 

246 
® rco-rings, 150-173, 177, 315, see 

also ®£ -coalgebras above, and 
®£ -co-Ring in symbol index 

graded, 186-190 
- regarded as cosemigroups, 154 

tensor product 
' - ' of coalgebra objects, 27 
completed, 6, 111-128, 130, 279, 

284, 319 
conventions on suppression of - sign, 

103, 148, 311 
decomposable elements of, 117, 128, 

147 
failure of exactness, for general k, 

54, 164, 165 
generalized by bifunctor on abelian 

category, 299 
of commutative /c-algebras, as 

coproduct, 215, 217, 230, 240, 
244, 308, 309 

of (*, *)-algebra with ordinary 
algebra, 140 

of field extensions, 171 
of graded bimodules, 181 
of linear functionals on vector 

spaces, 215-216 
of modules, see flat modules 
of (noncommutative or 

nonassociative) /c-algebras, 30, 
118, 122, 151, 171-172, 267-269 

of representable Ab -valued functors, 
278-280 

of topological vector spaces, 108 
tensor rings and algebras, 4-5, 14, 28, 

43, 52, 99-103, 151, 153, 155, 
236, 260-263, 270, 295, 315, 321, 
337 
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analog of - in a monoidal abelian 
category, 299 

bilinear component of, 5, 101, 116, 
263, 296 

completions of, 315 
coproducts of, 16, 100 
on graded (bi)modules, 181-185 
with involution, 296 

0-coalgebra, ®-bialgebra, etc., see 
under linearly compact 

'terminal object', see final object 
ternary operation, 73-74, 79, 95-98, see 

also heap, Mal'cev term 
ternary addition in Boolean ring, 212 

topological, see also topology, linear 
topology, linearly compact 

algebra (in general sense), 33, 63, 
239 

commutative ^-algebra, 300-301 
group, 7, 301 
group, profinite, 127 
fc-algebra, 114 
lattice, 127 
semigroup, 229 
vector space, 104 

topology, see also topological, and 
terms listed there 

algebra with compact Hausdorff -, 
229 

function - , 1 0 5 
inverse limit - , 1 2 6 
totally disconnected compact 

Hausdorff, see Stone space 
torsion subgroup of an abelian group, 

29, 155 
torsion-free 

group, 30, 303 
^-algebras that are - as ^-modules, 

220 
fc-module, 216, 221-222 

translations 
affine - of functions on a ring, 250 
of functions on a (semi)group, 

247-249, 253 
on a group, as heap automorphisms, 

96 

transpose map on matrices, 210, 296 
triangular matrices, 160, 175, 177, 191, 

192-194, 205, 242, 340 
triple product (in generalized Jordan 

ring), 291-293 
'triple, tripleable', see monad, monadic 
trivial, see also empty 

algebra, 67 
functor, 41, 67, 115, 148, 159 
ring, 137 

TW-monads and comonads, 327-340 
and functors with adjoints on both 

sides ("hermaphroditic functors"), 
328-329, 331-332, 339 

equivalence of algebras and 
coalgebras over - , 332 

examples, 333-341 
initial object of Rep(V, V) as - , 338 
on general categories, 332, 339 
WT-monads and comonads, 332, 

338, 339 
type of an algebra, 18, 21 
typesetting of this book, 8 
[/-element, see generalized element 
ultraproducts, classes of algebras closed 

under- 291, 304, 308 
unar, 61 
unary operations and co-operations, 

162, 223, 296, 298, 328, 330-333, 
341, see also coinverse and linear 
operations 

undergrad linear algebra course, 248 
underlying set functor, 3, 11, 13, 23, 

25, 26, 28, 39, 61, 202, 205, 281, 
320 

functors respecting -, 28, 328-331, 
332 

uniform structure, 105 
unique factorization domain, 218-220, 

243 
uniqueness, see also under inverses 

- of representing objects, 10 
unit (used in two senses), see 

adjunction or neutral element. (Cf. 
also under semigroups and rings: 
invertible elements in.) 
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unital, see also neutral element 
-ity of codiagonal map, 316 
modules and bimodules always 

assumed - , 36 
- versus nonunital rings, 36-39, 61, 

64, 99, 160, 176-177, 180, 190, 
195, 263, 264, 265, see 
also neutral element, adjunction of 

unitary group, 297 
universal algebra, 18-19 

algebra in sense of - , 18 
universal elements, 3, see 

mainly representable functors 
and Yoneda's Lemma, 10 
for higher degree maps of functors, 

polynomial laws, 284, 291 
for multilinear maps of functors, 277, 

279 
idempotent, 77 
identities expressed using - , 22-25, 

153, 282 
invertible matrix, 2 

universal enveloping algebra of a Lie 
algebra, 3, 28, 235, 237, 259-260, 
263, 265, 271, 276 

universal Lie algebra on a £:-module, 
259-263 

universal property, 2, 14 
weak, 32 

universal radical /f-algebra, 197 
universally quantified predicates, 305, 

see also Horn sentence 
universe, 17 
updates, on-line, 8 
V-algebra, 19 
valuation ring, 221-222, 227 

discrete, 239, 257 
valuation topology on &[[£]], 106 
Vandermonde determinant, 252, 289 
variety of algebras, 17, 18-19, 22-34, 

39, 154, 157, 195, 202, 340 
algebras with action of a TW-monad 

(q.v.) form a - , 327 
many-sorted, 180 

V-object of a category, 22-23 
von Neumann regular ring, 161, 

164-167, 173 
simple, 78 

Vopenka's principle, 306 
weakly finite ring, 203-204 
®-, 310-325 

—algebra, —associativity, 
—commutativity, —unitality, 
311-314, 316-319, 320 

bimodule with action of a —algebra, 
317-319 

--category, 319 
—coalgebra, —coassociativity, 

—cocommutativity, —counitality, 
311, 314-316, 319, 320 

embedding —algebras in ordinary 
/:-rings, 316 

Witt vectors, ring of, see W, W in 
symbol index 

and formal power series, 210, 
237-239 

and the functor Bi, 242 
as TW-monad, 336 

WT-monads, comonads, see under 
TW-monads 

Yoneda 
- embedding, 10 
- ' s Lemma, 9, 20, 21 

zero 
- and one-sided - multiplication in 

semigroup, 93-94, 229, 322-323 
- element of a semigroup, 35, 94, 

204, 238 
- multiplication ring, 163, 177, 185, 

201, 262, 266 
-(trivial) ring, 38, 181 

zeroary operations and co-operations, 
18, 20, 36, 39-41, 162, 181, 250, 
see also neutral element, 
idempotent 

on functors, 115-118, 148, 263 
(ZxZ)-ring, 194-205 



Symbol Index 

This index has two functions: It is a glossary of symbols used, and it lists the 
pages where the topics so symbolized are treated. For instance, the entry for 
Semigpe informs one that this denotes the category of semigroups with neutral 
element, and lists various pages, on which one may or may not find the symbol 
Semigpe, but where one will always find reference to such semigroups. 

Under each letter of the alphabet, the lower-case letter is followed by the upper
case letter, then Greek and miscellaneous related symbols, in a somewhat arbitrary 
order. (For a particularly complicated example, the order we have set up under p 
is /?, P, 7r, n , TT, 11, cp, O, y, XF, though not all of these symbols actually 
occur.) Symbols that are not even approximately alphabetical are alphabetized by 
assigning them spellings; e.g., " 0 " and " 1 " are alphabetized as z e r o and one; 
" = " and related symbols such as = are alphabetized, in an arbitrary order, under 
e q u a l ; ® is alphabetized as t e n s o r , and ® as wheel . Fortunately, the reader 
does not have to know all the details of this system, though some symbols will 
doubtless require somewhat more search than others. Font-differences, and 
"punctuation" such as brackets, do not affect ordering unless everything else is 
equal. 

Operator-symbols are often shown in combination with letters with which they 
are frequently used; e.g., o is shown as M o N, alphabetized under M; 
similarly, the notation for a presentation of an object by generators and relations is 
shown as <X \ Y>, alphabetized under XY. 

We have not found it easy to decide which symbols to include. In general, if a 
symbol is defined in one place, and used again without explanation more than a 
page or so away, we have included it. For some very frequently used symbols, e.g., 
TT and i i , only the locations of the definitions are given; the word-and-phrase 
index can be used to search for particular topics related to these concepts. Symbols 
of standard and uncontroversial usage which are not useful for locating topics are 
generally not included. A few symbols (such as m) have specialized uses in some 
places, and nonspecialized uses (e.g., as an arbitrary integer) elsewhere; only the 
specialized uses are recorded. 

As in the word-and-phrase index, boldface page-numbers indicate pages where 
definitions are given. 

a 

aeu... 
aM 

allb 

coaddition map R -> /?A J l /? p , 37, 42-54, 154, 261-262, 

270-271, 326, 334. 

"a is a ^/-element of ...", 146-153. 

canonical coaddition on [k]<M>, 44-45, 53-54, 62-63, 

101-102, 151, 260, 270, 281, 315. 

morphism A HZ? —> A'1LZ?' induced by a:A^>A' 

and b: B-^ B\ 19. 

380 
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aseA®S 

a*b, a*b 

aa , (aa) a 

Ab 

AbBinar^ 

AbSemigp 

AbSemigp e 

AbSemigpl 

B A 

BO-

^end' %l in 

Bi 

Binar^ 

Bool1, Bool 

Br(S) 

B(S) 

abbreviation for a ®s, 115. 

pair of bilinear operations on a module or bimodule, 

115-143, 148-149, 178-179, 266-267, 312-319. 

cr-part of a, resp. aa, for an index-string <r, 45-50. 

variety of abelian groups, 4, 13, 16, 35, 55, 91-94, 115, 

148, 170, 177, 210, 220, 234, 260-263, 269-274, 

277-294, 302-303, 305, 307, 309, 325, 332, 340. 

variety of sets with an abelian not necessarily associative 

binary operation and a neutral element, 61-63, 91. 

variety of (nonunital) abelian semigroups, 35, 63-78, 92, 

94, 224-229. 

variety of abelian semigroups with neutral element, 35, 

37-39, 42-56, 62, 94, 210, 224, 230-231, 260-262, 325. 

variety of abelian semigroups with distinguished 

idempotent, 64-65, 77-78. 

nonlinear part of a co-operation a or m, 43, 50-52, 

182-190. 

box diagrams for E-systems, 87-91. 

category of all (covariant) functors A —> B, 9, 20. 

in §§63-64, left adjoint to functor with representing object 

B, 326-341. 

certain sets of elements in a TW-monad object B, 

333-335, 338. 

functor Comm —> Comm represented by Int[x], 

241-242, 246. 

variety of sets with a not necessarily associative binary 

operation and a neutral element, 91, 182-186, 223. 

varieties of unital and nonunital Boolean rings, 33, 

211-213, 242, 243, 268, 307, 308, 335. 

Lie ring formed from the associative ring S using 

commutator brackets, 259-273, 276. 

Boolean ring of idempotent elements of the commutative 

ring S, 211-213, 335. 
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caug 

Comm 

Comm 

1 

c p t 

C(X, Y) 

d 

deg(x) 

£-Syst 

e 

ri 

f 

(f.g) 

Fxe...eFn 

Group 

Gr... (>0) 

category of augmented objects of C, 37-40. 

variety of commutative associative unital /:-algebras, 4, 

209-257, 297, 298, 300, 307, 309, 326-327, 333-336, 

339, 345-346. 

variety of commutative associative unital rings, 119, 137, 

300, 342. 

category of pointed objects of C, 39-40, 322-325. 

set or algebra of morphisms X —> Y in C (see various 

definitions), 9, 21, 24. 

"diagonal, modulo the radical", see (ZxZ)-Ring . 

= ht(a(*)), 43, 51-53, 83, 191-194. 

difference operator: (A^ f)(x) = f(x + a) - / (*) , 281, 

285-289. 

equivalence of categories, 9. 

isomorphism, 9. 

= Rep(Semigp*, Semigp£)op , 85-91, 93-94, 200, 339. 

augmentation map (including coneutral element of a 

coalgebra), or counit of an adjunction, or nilpotent ring 

element, 13, 37, 37. 

bimodule projection map ® a e ^ Ma -» Mo, 310, 311, 

320. 

unit of adjunction, 13, 16, 230, 235, 308, 329. 

(in Chapters III-IV and §34) forgetful maps 

Ral®k...®kRah -> R®k...®kR etc., 46,70,187. 

morphism out of coproduct, or into product, induced by 

two morphisms / and g, 19. 

chain tensor product of representable functors, 279-280. 

general linear group functor, 2-4, 29, 175, 210, 272. 

variety of groups, 6, 16, 35, 89, 94-98, 175-190, 210-213, 

219-220, 223, 231, 247-256, 274-276, 297, 299, 302, 

305, 323-325, 339, 343, 344, 347. 

categories of objects graded by the positive integers, 

181-190. 
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i\ 

w, 

P, ip, 

W 
ht(x) 

i 

, etc. 

h(a^,..., a ) = (Aa ... Aa /)(0), n-linear function of a^,..., an 

obtained by polarization from / , 285-289. 

the two {A,p}-strings of length h, 42-53, 83-85. 

height of an element x of a coproduct, 42, 83. 

(in Chapter IV) idempotent element of a semigroup (see 

also word index), 64-78. 

coprojections R-> RXURP, R-> R^LLR^ll Rp, etc., 

42, 150, 310, 320. 

often: trivial functor, or initial object (see word index), in 

addition to uses for index-set, ideal, etc.. 

identity functor of the category C, 9. 

condition on existence of idempotent elements, 64-78, 

206-207, 225-230, 256-257, 309. 

arbitrary classes of identities for objects of NARing, 

NARing1, 136-142. 

rings of integral polynomials, 240-246, 249. 

variety of ^-algebras with involution, 211, 296-297, 338. 

Jacobson radical of A, 188, 194-205, 206, 298. 

varieties of nonunital and unital Jordan rings, 6, 103, 

122-125, 127, 152, 153, 265-267, 269, 291-294, 296, 

297. 

fixed associative unital ring (sometimes with additional 

restrictions); cf. fc-Ring etc. and K below, and 

characteristic, integral domain etc. in word index, 35, 

37, 51, 61, 63, 104, 146, 152, 175, 181, 188, 190, 206, 

259, 277, 310, 339. 

variety of fc-bimodules, 4-5, 16, 36, 41, 43-59, 99-104, 

146-172, 280, 284, 299, 309-319, 322, 339. 

category of linearly compact /:-algebras in (ZxZ)-Ring 

(q.v.), 199-204, 234. 

variety of connected graded nonunital k-rings, 181-190. 

[k][L] (in Chapter IX) universal enveloping algebra of the Lie 

algebra L (see also word index), 259-260, 263, 265, 

271, 276. 

Id c 

Idp.-in-n.e.(V, S) 

i, r 

Int [...] 

InvRing^1 

J(A) 

Jordan, Jordan 

/c-Bimod 

(fcxfc)-LCpRing£ 

£-GrRing (>0) 
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[k]<M> 

k<M> 

[k]{M}9 [k]{X} 

&-Ring 

fc-Ring1 

Jfc®zifc, K®kK 

K 

A'-Bimod^ 

^-Ring^ 

tf-Ring^1 

LCp. 

LCpComm^, etc. 

LCpMod^ 

LCpRing^, etc. 

Lie/,, Lie 

nonunital tensor ring on a /c-bimodule {for [k]<X> see 

under free in word index), 44-45, 52-56, 62-63, 

182-186, 260-263, 270, 295, 299, 315. 

unital tensor ring on a &-bimodule {for k<X> see under 

free in word index), 43, 54, 56, 99-103, 236, 277-285, 

293, 295, 296, 321, 337, 340. 

(in Chapter IX) universal Lie algebra on the /c-module 

M; free Lie algebra on the set X, 259-264, 269, 

270-271. 

variety of associative nonunital k-r'mgs, 36-58, 64-67, 

76-78, 103, 148, 295-300, 309, 314, 316-317, 339. 

variety of associative unital fc-rings, 4, 16, 36-40, 54-58, 

64-82, 99-103, 148-173, 177, 207, 277-294, 295-300, 

316, 317, 322, 337, 339. 

formal power series algebra {see word index). 

free &-bimodule or ^-centralizing AT-bimodule on one 

generator, 146, 155, 161. 

fixed associative unital /c-algebra (in definition of 

^-Ring^ etc., q.v.). 

variety of ^-centralizing ^f-bimodules, 56-59, 103. 

variety of nonunital ^-centralizing brings, 56-58, 295. 

variety of unital ^-centralizing A'-rings, 56-58, 103, 161, 

229, 250, 295. 

prefix denoting category of linearly compact topological 

objects, 114. 

categories of linearly compact commutative associative 

^-algebras, 210, 264-265, 275-276, 280. 

category of linearly compact ^-vector spaces {see word 

index), 106. 

categories of linearly compact associative ^-algebras, 6, 

114, 126-128, 177, 199-204. 

varieties of Lie algebras, Lie rings, 3, 5, 28, 103, 

121-122, 124, 126, 137, 151, 179, 235, 237, 259-276, 

296, 297, 341, 346. 
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Lie<"> 

Lim, Lim 

LTopMod^ 

A, ju, p 

A2M 

m 

i-)p 

M° 

M 

MON 

Mn(R) 

Mod^ 

M 

NARing 

( ) ° P 

P, P e 

variety of p-Lie ('restricted Lie') algebras, 269, 273-27r4, 

276, 294, 341. 

limits and colimits (including inverse and direct limits), 

see mainly word index, 14. 

category of linearly topologized /c-vector spaces, 

104-114. 

superscripts used in indexing coproduct of two or three 

copies of R, 2, 42, 45, 150. 

exterior square of the module M, 260, 263. 

map R ®£... ®£ R —> R induced by the multiplication of 

R, 51-53. 

comultiplication (see word index) in a co-ring or 

cosemigroup, 82. 

"/?th power" operation of p-Lie algebra; see L i e ^ 

above, 269. 

see R°. 

object of fc-Bimod°P corresponding to Me £-Bimod (cf. 

V), 146-154. 

&-Bimod(M, N), 146-153, 226, 263, 265. 

ring of nxn matrices over R, 118,160,210,233. 

variety of ^-modules (k commutative), 5, 28, 36, 55-59, 

103-114, 152, 259-274, 285-291, 294. 

translation-invariant ring of functions on group, 

semigroup, or ring M, 247-248, 254. 

variety of not necessarily associative rings; see also Lie, 

Jordan, Ring^ , etc. here, and bilinear maps in 

word index, 5, 102, 128-143, 149, 152, 168, 264-269, 

297-298. 

(through §24) identity morphism of an object X, (from 

§25 on) identity (unit) element of a ring R, 9, 115. 

opposite (category, ring, or semigroup) (see word index). 

category of objects (A, *, *), respectively (A, *, *, e), 

136-143. 
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1 1 , A-

Q 

\R\ 

R°, M°, etc. 

Rep(C, V) 

Rh 
Ring 

Ring^ 

Ring/ 

Ring (n) 

Ring1 

tfA, /?M, Rp 

Rl 

RG 

Semigp 

product of the A^ 15. 

coproduct of the A^ 15. 

Frobenius endomorphism, i ^ / (see word index), 

211. 

quasimultiplicative semigroup functor Ring —» Semigp *\ 

177, 186-191, 194, 199, 203, 206. 

underlying C-object of a C-based algebra or coalgebra /?, 

21. 

various bialgebra constructions, all more or less 

describable as {a \ m(a) = a finite sum Z &•&><:•}, 

246, 247-257, 334. 

category of representable functors C —» V (see also 

under particular C and V, and terms such as 

cogroup), 25, 40, 54, 55, 74, 119, 155, 168, 170, 202, 

205. 

{xeR | deg(x)</z}, 43-53. 

variety of associative nonunital rings, 5, 36, 120-121, 

127, 137, 168, 306, 307. 

variety of associative nonunital /:-algebras, 28, 36, 55-58, 

61-63, 115-116, 119, 120, 177, 234, 259-276, 298, 339. 

variety of associative unital fc-algebras, 4, 5-6, 55-58, 63, 

95, 103, 115-143, 175-179, 190-207, 210, 214, 218, 

224-228, 232, 233, 235, 242, 250-253, 298, 308, 311, 

320-322, 336-339, 341, 345-346. 

variety of not necessarily associative rings with rc-fold 

products associative, 125, 132. 

variety of associative unital rings, 5, 13, 36, 117-119, 

127, 151, 302, 307. 

copies of R in RilR, RilRllR, 42, 45, 82. 

see neutral element: adjunction of, in word index. 

subbimodule or subset of R*URP or RXilR^ilRp 

determined by index-string a, 42-52, 83-85. 

variety of (nonunital) semigroups, 35, 39, 75, 94, 

206-207, 219, 224-230, 238, 247-257, 319, 332. 
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Semigpe variety of semigroups with neutral element, 6, 13, 35, 

82-98, 176, 188-208, 213, 214, 231-234, 299, 305, 307, 

309, 322-323, 333, 339, 341-344, 347. 

Set category of sets, 9, 13, 34. 

Sn nth power of an object or functor 5, 20. 

Spf(A) formal spectrum of a linearly compact commutative 

algebra A, 236, 276. 

Sum functor carrying graded rings etc. (regarded as many-

sorted) to ungraded, 180, 190. 

Sym, SSym prefixes for subrings of symmetric and strongly symmetric 

elements in coproducts, 68-82. 

® tensor product (used without subscript in writing tensor 

products of elements, submodules of tensor product 

modules, tensor products of functors), 41, 51-53, 103, 

278-280, 311. 

® completed tensor product or analogous bimodule 

construction, 111, 146-147, 232-233, 263-265, 275, 

279, 284. 

®£ tensor product over k, 41. 

®£-co-Ring category of noncounital ®£-co-rings, 151-173. 

®£-co-Ring category of counital 0^-co-rings, 151-152, 155-161, 

166-173. 
i e l 

T, T relation " - satisfies - " o n P x I, respectively P x I , 

136-138. 

Ux(y) Jordan "triple product", 291-293. 

V topological dual of discrete vector space (cf. M), 106, 

226, 232-237, 246-255. 

V , V ~, V category of objects of V with action of monad M, of 

TW-monad S O - or of semigroup G, 329-330, 

333-335, 336, 338, 339, 341. 

® functors on bimodules etc. mimicking behavior of 

coproduct of rings etc., 310-325. 

W, W Witt ring construction, 210, 239, 237-240, 242, 256, 336. 
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[Y Z\ 

xX etc. 

(x,y) 

[x,y] 

X#, Y# 

<X\ Y> 

(ZxZ)-Ringa etc. 

element of twisted block-matrix semigroup, 195, 

193-205, 234. 

iX(x) etc., 42. 

anticommutator operation, Jordan operation, 6, 122, 291. 

Lie brackets; commutator brackets (for which see word 

index), 121, 259-275. 

sets arising under Galois connection, 136-139. 

algebra presented by generating set X and relations Y 

(see mainly presentation in word index), 24. 

varieties of rings with formal 2x2 matrix decomposition, 

and off-diagonal entries in Jacobson radical, 195-205, 

234. 




