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" Evaluation of Thermal Neutron Scattering 

Gross Sections for Reactor .Moderators 

;.,'•- u . . S u m m a r y '.....-.•. :-.•...;. ';•.... .* 

This is a summary report of the evaluation work of thermal neutron scattering cross sections, 

which has been performed during the years from 1965 to 196S by members of the ̂ normalization 

.•group.'of Japanese Nuclear Data Committee. The report consists of three parts: general description, 

evaluation, anil basic research works. The evaluation was aimed to be complete within the incoherent 

approximation. The studies and evaluations of the coherent effect, the multiple scattering.correction, 

and .other related problems arc also included in the report as supplement. '''• •;•;'/ 
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1. Introduction 

/ / '- <H • .:• O 

:•?' ,;i ;.. The evaluation/of thermal neutron scattering cross sections for neutron moderating materials has been 

the main research program organized by the Thcrmalization Group of Japanese Nuclear Data Committee. 

A number of codes have been made available for the evaluation purpose. Some of them have been programmed 

originally by "members of the Thermalization Group and the others were kindly offered by several foreign „ 
authors. " . „ ••• .,. '" " ••;" " • - n . •."" ••-:-•••- — --

" One of the main purposes of the numerical analysis of thermal neutron scattering cross sections is to find 

the most appropriate frequency distribution or spectral density for ..lattice vibrations of crystals, molecular 

vibrations and "rdtati6ns-in"sblids"'and liquids,' i.e.7 to .determinethe frequency; distribution in the g e ^ 

sense which gives scattering laws, kernels, total scattering cross sections and other parameters related to the 

thermal neutron, scattering in good agreement with experimental values. The other" purpose is to provide 

standard'scts of kernels arid cross sections forrcactor analysis. v ; ', ;• - ~ 

ViPhenomenological frequency distributions for practical purposes have been determined from: measured 

scattering laws by means of the well-known extrapolation and iteration technique on the scattering law. Physi-

;•• cal quantities which can be calculated directly from frequency distributions given as input data for codes are 

listed below. • - . . ' . , r .. " ,t ., u 

(1), Scattering law S(a,fl) , , • ' 
1 (2) •- Scattering kernel and its-Lcgcndrc moments <__̂ ^ at (Eo->E), 

(7=0 ,1 ,2 ,3 ) >. . I • I 

(3) Total scattering cross section .ffs(/?) ., 

(4) Transport cross section au{E) and the mean cosine of scattering angle . ]*{E) ,„ i) 

(5) <• Others (second moments, etc.) - , .'.' ^.. ., V ' - . . . _ ... 

Evaluated values of these quantities are given in Chapter 3. Frequency distributions arc shown in the 

form of tables and figures. Some typical kernels are illustrated graphically and numerical values of full kernels 

arc civon in the form of the list of output cards from the codes. Scattering laws arc shown in'figures and com-

pared with experimental values. The total scattering cross section, the transport cross section and/*arc given 

in tables and figures and arc discussed in comparison with measurements. /, -

Materials for which these quantities have been evaluated are light water, heavy water, graphite, beryllium, 

beryllium oxide and organic moderators. For light water and heavy water 30 energy point kernels for 

THERMOS, source spectrum and thermal neutron diffusion parameters have been calculated in addition to 

the quantities (1)—(5) listed above. The evaluation which was partially completed but not to the extent to 

cover the whole items of (l)-(5) is also included in the present report as the supplement to the evaluation of 

individual scattering materials. , ' „ 

Most of the experimental data on the scattering law or the double differential scattering cross section ever 

published contain^some errors,'resulting from the resolution and multiple scattering. The method of multiple , 

scattering correction is explained in Section 2.3 and some applications arc illustrated in Chapter 3. Numerical 

analvsis based on the properly corrected experimental values has to be done and this work is certainly the next 
OR ' * ' , . £ • < • > (•> a z, ' v - - ' 

step in our evaluation program. & r . " ._ [6 ,, 

In Chapter 4 research works on thermal neutron scattering by our members which have not been introduced 

in Chapter 3 are presented as progress reports. .„ Thesc-works are now in progress or almost completed. /. Their 

full1 descriptions will be published in journals. 
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-i> 
2. Genera l Descr ip t ion ' 

.', 0 C • • •,. 

2.1 Theoretical Consideration 
V 

ft 
Generalities (1 ft ,, ! - j i u ii <• • 

We writerfor the double differential's'scattcring cross section of neutrons from monatomic substance,^ 

dildm «oL " Ii " J 
(1) 

IS (ir%i) - and'JJ (left) arc,, the scattering. law and time correlation .function (or the ..intermediate ̂ scattering func­

tion) respectively, denned by . ii" 

,S,(K,<D)=M,:--dte . ,z . (« ,0-

5rf«c.») = £ die y.d(.K,t) 

i, ' it 

z.6 o =' <]?£< — IKT((O) i«n(0 

C? 

• - » - • • ; - • i V _ , \ — i*«ri(o) iiriCO 

e > r 

.12) 

(3) 

(4)' 

(5) 

I * J 

» 

^ 

The symbols used above and in the following are summarized below. 

"'N = number of atoms or unit cells in the system, 
::^z^-~>~--:.;:'--'r.::-::":.v-'T'r-:--'~: • tf ~ 

/;„, k.=wave .vectors of incident and scattered neutrons, respectively, 

...„Z?o,Zi=cnergies of.incident.and scattered..neutrions,.rcspcctiyely,_,,i_.;_.__ 

K = fe^ = momentum transfer!' ;; 

/i<i>=Es>~E=s, cncrgVvtransfer, , ty 

J^temperaturc of the system in'energy unit, / t . 

'(x-li2^ I2MT, . 1 

P=(Eo-E)lT, u ' ' ° ' . 

M=the mass of scattcrer atom, 

iTb=A7z<al> ; bound'atom scattering cross section, 

af{=ab/( l"*"/fj) » free atom scattering cross section, 

<a> =bound atom coherent scattering amplitude, 

Sj (*•', u>) =sclf term of the scattering law, 

<5</(*',"0 = distinct term of scattering law, '<• 

•/XK, t) = t i m e correlation funct ion or in te rmedia ted scat ter ing function, 

r/(t)=position of the /-th atom of the system, " °. -r 

< .'•• . > r = t h e r m a l average over the states of scattcrer system, 

,/>(«) = thc spectral density^function or the generalized frequency distribution. 

"When molecules ' '^ the system are randomly;;oriented, S(K,(O) is averaged over the direction K. In this 
" »> ' o 

case, S(«,|9) denned by " '• f, ' O ' '' 

: ; (6) 

' c ;. - > ' o • , , ' ' • '? 
is used often. The conventional use of S(a, 8) instead of <S( \K\ , <o) does not seem to be particularly convenient 
except for the case of freetgas, since S(ct,(l) changes in rather complexed manner, when temperature 

•<i -- v 't >- ]! r. . ;i ' </• 

^ 'I \ 

% 

-> 

S(a,p)=£e 2 SC\T\",w-) 



JAER1 118! (i 2. General Description !^ ; 3 V 

varies. . .'' . 

Eq. (1) is" applicableonly to "the nuclear part of the scattering/ "The assumptions underlying Eq. (1) are-

' that (1) the two-body scattering in the center of mass system is independent of energy and isotropic, (2) Fermi's 

pseudo-potential and the first Born approximation can be used, and (3) nuclear spins arc randomly oriented. 

" These assumptions restrict the range of validity of Eq. (1). The second assumption above was investigated 

by NisuiGOiu el al.-K They studied neutron propagation in a scatterer system quantum mechanically and 

showed that the correction to the'usc of tri'c first Born approximation is of the order of magnitude of (nuclear 

scattering amplitude)/(atomic distance). So the correction will be quite negligible. •.,..?>...• _, 

.Main scattering quantities evaluated in the present report are, besides the scattering law, the total cross 

section, the transport cros? section (or the average cosine of scattering angle) and the Lcgcndrc components' of 

scattering kernel for /=0, 1,2 and 3. :' ° .•:< ,„• U 

o ,h(E0) =\a0(.E0->E)dE, t, ° * (7) 

• ~ - - ~ ~ v : . i r ™ . ,. r:::::.-;:::::;:'(8)::::::• 

£(£,) =\a{iEa->E)dE/al'(Ea') " (9) 

f ; a!&f*El±\-^P,tcOs0)dn * ,• (10). 

The neutron source'spectrum,- which is important for the calculation of .thermal neutron spectrum, has also;A 

° been calculated forjlight and heavy water. This is •• 0 f 

.. . / t t " M £ i ) = j > o ( £ ' - > K ) ^ , EZEC <> o , ' '.•• ai) , . -„. . 
- , , ! ] • - • - : « • - ; - S i r - f - - . - • • . - " . . . • ; . - ; • • „ .- • • • • • • >• • - . . • • • . . 

where Ee is the'eut-off'encrgy. " . , 
. - I n reactor calculations, it is particularly important to predict the correct ox(E) and fi(E). When sharp .„ 

: peaks (including a narrow accoustical band) exist in the spectral''density function, as is usually the case, the' 

r scattering kernel also exhibits the corresponding peaks, and these remain finite even at fairly high energy. Thus, 

° the integration in*;Eq. (7) and Eq. (9J needs a great care. -• . 

-~--—r~Tlic'scattering law satisfy the well-known conditions.for-the detailed balance and.the .moment.theorem...., 

For monatomic system these arc: - ' u !: , •< O 

'SC-/r, '-«0=c T'S(K,O>)'' for both S,(K,M) and Sj(*-,m) ' ^ ' ^ (12) 

f™ "* u 

\ • iSj(«, o0«"»=l *, « 'i -
J—«> '• ' (. f l 

(13) 

t 
S oo -. . vn —i* (.r,—r,') 

,_^Sj (/c; <») d<i) = J^<e > 7 

5 , (/r,m)/?««/'"=i?o u 0 „ , 0 (15) 

f u - • 

r sd^,o>)rioid(,i=o da 
* j j — CO (> ( J 

Here R0=/rK2l2M is the free atom recoil energy. Eqs. (13)-(17) state that, at high energy, the distinct 

'" term of the scattering vanishes and the total scattering cross section-as jtvcllas Jt (E) tend to those for free atom ̂  

..y- scattering. 'PLACZKK31 derived the expressions for tl?e higher moments when atoms move in a potential field. 

High energy cross section was expressed in terms of these moments as a 

!J °fv\-r V I J . I "' <K>r 1 ..,>» <C>T i. i "',. ,17l 

- ? , ( E . ) = f f / ( i + T j g — r g j wfM—.ET~+ ) ,
2 '' a 'J 

where K is the kinetic energy of atom, u is the reduced mass and C = j j ^ (vV)2.^lt is seen through the deri­
vation of the above formula tint the total cross section at high energy can-take arbitrarv'value if the moment 
" •»» i>" ' o • " 

/ theorem is violated. (jThe total scattering cross section at very low energy is simply proportional to l/«. In 
case of free cas. we can write . 

., b ' ^ . - t 

"' ., '' vo^=\\v-V\o^v,)P(i>)aV 
o 
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where vr is the,relative velocity and P(J~) is the. distribution function of velocity of target atom. The right hand 

side of the, above equation becomes constant if » < | K | j ' 

Spectral Density Function n 
• • :<> - • . , , " •• "'. v / / , . , • _ • / ; : . : . v ' ' - • . . ' . ' . • ' • • • 

The approximations usually employed in the calculation of scattering law arc: O 

(a) the use of incoherent approximation except for the zcro^phonon coherent clastic scattering, 

(b). the Gaussian approximation for time correlation,function, i . e . , 
' t r • • • • • • • - "•' ' - • ' . • ( / • > • • • ' . • ' . . - . / • ' . . • 

where w(tf\s the width functiongiven by (v is the velocity of atom) 

:.:^.J.f?xo=\-.».^:*>--^j„..o.-p<vioi\v$.o>rd£ ".. ;: •_ _ _- '. joi 
The real and imaginary part of the velocity correlation function arc mutually related by fluctuation-dissipation 

theorem. This allows us to write, by defining the spectral density function as, 
. . . . . . M - ,...'. . . . .. ; 

.i.tt...-
, -. AM tanh 2 T ( • « . „ - . - . , x , 

P{">) = - 3 ^ —7t> \ 0-Rc<»(o) •'»(<) >r cos (jot) (it 

that t t )(/)=^-( r(o)-j ;(0) 

where 
rC0 = j j#2[( H ^-i ) c -< + „uc --' ]d<» 

I: • - = i (co th |L-_ 1 ) 

; '.:."' ' :J\, • i > v •. . -., . . 

"'.'..' p(in) is'shown^ "tbsatisfy thc^normalization condition.*'̂ ^̂ ^̂ ^̂ ^̂ '̂ "" ' *'"""""""'"""' • -^ -" • •. ^ 

The approximation (a) is almost always a good approximation to calculate the integral scattering quantities of 

C'Eqs. (7)-(10). It is also expected to give the scattering law with reasonable accuracy when the structures due 

to coherent inelastic:scattering are smeared.,, The discrepancy may arise in'thc case of the scattering from solid 

••' at low,incidcnt'energy.' CASSELS-"has calculated the one-phonon total cross'section of iron by the method due • 

to WEINSTOCK5' which is based on the Dcbye dispersion relation with single sound,velocity. :Casscls' calcu-

""laticTn sliows"that" thFinc6h~crcnVap^m 

' ;: dilation for neutron energies below 5 meV.'and the effect is appreciable even for neutron energy about 20'rneV . 

when temperature is high. No effort has ever been directed to. the'calculationjif the total cross section by 

! using the more realistic dispersion relations than Debye type, including in particular the effect of polarization 

vectors. „ f o . ! | , ', * Q 

The Gaussian approximation (b) is rigorous for harmonic solids^ The classical time correlation function 

is, according to SCHOFIEI.D,1' . 

j i' ' . x,&0'=&p[-^*<tf>T+±K*(.<V,>T-£f>i3)+O(K*)] ° 123) 

a -, 

where ' -> , - , . — , \ . ••*} 

I> o ° ° " .«,« 
Tlie "computer experiment" by RAHMAN0' on liquid argon at 94.4°K shows that the maximum separation of 

<r4>,,from its Gaussian, value-5. <r2> 2 is about 13%, occurring at / ~ 3 x l 0 " 1 2 sec. It falls off to zero at 

shorter and longer time. Therefore, the Gaussian app'roximation seems to be valid for most of the reactor 

moderating materials at normal temperature. * -. fr 6' 

Within the above approximations (a) and (b), the evaluation of the spectral density function is of the central 

importance in the calculation of neutron scattering. For harmonic crystal,, />„(». for the v -th basis atom can 

bejwritten approximately as 

"'' P.(«)"=^?-J]|Cl'l*3(ffl-«J) .•. 

* "<> 

if atoms vibrate isotropically, and 
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• : . i " • (l • :• • • I, It., • . l , p • • • - . . • - „ . \ J • • 

i>A«>,a.) = - } £ lK'S"'{ *<Ka,-(„s) . ' ;, • (25) .•"'..-

if the vibrations arc. anisotropic. Here D,.is the solid angle subtended by A:. '.'.The cross,section must be aver­

aged over the orientation of \microcrystals. The vibrational amplitude of heavier atom in crystal is in 

general large in low frequency modes and small in high frequency modes. The opposite is true for the lighter 

atom. Thus, />„('») of the heavier aton,'is softer than that of the lighter atom. The sum of pX"*) over v 

' divided by the number of basis atoms is just the frequency distribution as the density ...ofnormal modes.:,'.-" 

The calculation of Eqs. (24) and (25) requires the complete solution of lattice dynamics. As will be dis­

cussed in section 3.4, the calculated frequency distributions of beryllium by YOUNG and KOPPEL7 ' on one hand 

and by RAUDENHEIMER and GILAT8 ' on the other differ considerably from each other. Both were based on the 
--. —- - •qr*rt,a|''"rr ':'""" "•""" •~1': ; ~~ " ' ---•-— r .....-.-. ;....-.u.;.-. ._... 

Born-von Karman model fitted to^hc measured dispersion curves of SCHMUNK et «/.9> This is rathcrfturprising 

since the fitting of dispersion curves seems to be more or less reasonably good in both theories: The lattice 

i dynamics of beryllium oxide is still more complicated and no firm theory as yet exists. < An .increasing interest 
. *. < -tu _ — 4 ' - ( . . f~ ** - . — . ' — 

is paid on the dynamics of liquid. Theoretical calculations'have been reported for several simple liquid.- But 
a ' ' ' '' • ' ^ 

it is practical at the present stage to determine the low frequency part of the generalized frequency distribution 
"in phcnomenological way and the high frequency part by the theory of molecular vibrations and hindered ro-' 

a " ' •> TJ • ••< 

tations. „ 

Experimentally, the spectral density function p(a>) is determined most easily by the extrapolation and 

iteration procedure first proposed by EcELSTAff": .. i. 

. * \ . ^)=2^si„h(|)(-^^v_>o. _ " _ - \ i 
For diatomic substance, ,«(/3) obtained in this way is , " <> 

(I 1/ '• " • 

where the index 1 refers, for example, to the main scatterer atom. .The normalization of ,p{p~) .is ithereforc, 

"{C^)*=i + <fl,2>- Mj 
<<Ji2> M2 

c 

As the time correlation function of diatomic substance can not be expressed by a single Gaussian form, pip) 

loses the meaning as the spectral density function. - The simplest way of analysis is to assume -/n (ji) '=~pz (/9) -

and to iterate until a reasonable agreement is obtained between the calculated^aiid the .measure'd scattering 
v u 

law, althougli a careful study of the time Fourier transform'of the scattering law will give fn (/3) and f;2'(/3) « 
separately.- ' '•' © 1 - '" .-. '' „ 

,. In practice, the procedure of extrapolation suffers from the multiple scattering from sample and thc,coherent 

scattering at small momentum transfer. u The effect of multiple scattering is sometimes significant even"at'thc 

region of large momentum transfer. It is now generally recognized that the correction for this effect is very^j 

important for most of the existing experimental data: Theoretical correction (as MUSE code by HONECK10 ' ) 

is also not free from ambiguity in the point that the calculated correction factor depends on the assumed fre­

quency distribution. Iteration can be performed but with exhaustive work. BRUGGER11' and SCIIMUNK12 ' have 

, - t t) - : . . - . . -
respectively used the first moment theorem,, Eq. (15), as a measure of the experimental check of the effect of 

' . " . o • ^ ' 

multiple scattering on the measured scattering law of aluminum and (beryllium. This method is well defined 

sincejhc first moment is not affected bv the presence of coherent scattering (elastic as well as inelastic) and thus 

will give a good support to the theoretical calculation of the correction factor. Unfortunately, many o r the 

measurements that have been done so'far for other types of.-materials do no cover the sufficiently wide range 

of S as to allow the direct calculation .of the first moment. -"' , i - „ , 
. . o • " 

The effect of coherent scattering on the scattering law becomes prominent at intermediate and small mo- -

mentum transfer. .This makes one to suspect if he has extrapolated the scattering lawdata correctly through 

O J = 0 . The calculation has been performed of the onc-phonon>cohererit"scattcring from polycrystals of alumi-

num13 ' and graphite. Fig. 1 shows the comparison.,of the calculated scattering law for aluminum with the 
• » V 
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measured one for |/J«J| / 7 ' = 0 . 5 and !T=23 0 C. As seen from the figure, thecoherentcffcct is significant up to 

many reciprocal lattice zones away from the center. This is because that |/i<wj is small, the corresponding \q\ 

is also small and therefore the contributions from different zones arc well separated. T h e coherent scattering 
^ • • • ' ; u • •• • . . . 

fluctuates around the self term of the scattering except for very small K . Thus , the incoherent approximation 
will be fairly accurate if the coherent effect is smeared. T h e coherent calculation on graphite will be described 

in section 3 . 3 . 2. , ,-. 
' • • • • • < V , -

Method of Computation " 

f)n the present evaluation, the Fortran IV programs U N C L E , ES, N E L K E R , FREE, G A S K E T - F L A N G E 

and U N C L E - T O M have been used. T h e last code calculates the zero-phonon clastic scattering of crystals 

of f. c. c , b . c. c and hexagonal structures. ES is based on the method of EGELSTAFF and SCHOFIELD," ' and 

cunvtrcat diffusive motion together with bound motion and optical levels. As an integral check of the kernel 

calculation; the diffusion parameter code D I P was also used. More details of these codes will be described in. 
• i • • • - •••f^s-~ *» •. — 

following sections. ^''' 
T o facilitate the presentation of later sections, some basic formulae of scattering kernel calculation are 

given below. U N C L E and ES calculate the scattering cross scctioivby the method of phonon expansion when 
• . • i- • •-. . f ^ t , , . . . . . 

* is small and by the short time expansion when K is large.1'- 15> Namely, 
. ;- H . . . '. 

oo 

X(«, '»)=c-2 , , ' J]^rT-G„(< U) , for 2WS6 (27) 
. A ' = ° ' {' " •„ 

V^ «-:"; 
Here ti<»= Eo-E, R0 is the free atom'rccoil energy, 2W is the Debyc-Wallcr factor and Tc„ is the effective 

temperature. l 

-2MJov o) 27 

"*" ~' """"r.7r=:|-j'"/»(«)'fi'»coth-|™rrf«i. " - - - •- Bfl! 

G„((/i) is the term for the processinvolving11 real phohdns,'dcftncd by and sat isfying,~ """ " ~ 

G„0«) ~ i - ' j ] ' c 9 «- ' - , (^ )"A=j" M G,C«-« ' ) . (?,-,(«') dm', j~MG„0U)rfo)=l^ ^ 0 (37) : 

When n is sufficiently large, it follows from the central limiting theorem of statistics that G„(fo) tends to the 

normal distribution.. '), • )) 

where 

/Ci = < o j > = I u)Gi(cii)do), (3'J) 

/ r 2 = < ( ( U - < < « > ) 2 > = 1™ ( W - < O J > ) 2 Gi(.(i))do> 

ES code^can handle the diffusive motion of atoms. Splitting the spectral density function into the dif­

fusive part and the bound part, the scattering law is calculated as . " 

S(/r,oj) =j\ Sjitf (K,<O—a>") Sb(K,(o')dw " (40) 
.1 —CO 

T h e diffusive part of the spectral density function is, following after EGELSTAFF and SCIIOFIEI";D, 

f00 d 
\ Pan (P) = L—• c 

where Ki (x) is the modified Bessel function of the second kind, d is related to the diffusion constant by D-

.0 
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'-. d, and c is the relaxation time (divided by l'i\T) for atom to start to diffuse. For water at room temperature, 

c—10- and d ~ 1 0 - - . So /)diii(<3) ' s sharply'localized near /3=0. While the diffusive motion is only a very 

small part of the total freedom of atomic motion, tli'c convolution intcgralof Eq. (40) has to be done very careful­

ly. In the actual calculation the diffusive motion has been neglected and replaced by'the free translation of a 

molecule as a whole. GASKET and FLANGE codes were used to this calculation. 

Finally, UNCLE code has been vised to calculate the interference scattering from atoms in heavy water 

molecule in liquid with minor modification of the code. The device is as follows. As in Butler's calculation,10' 

by approximating the average of the products over the orientation of the molecule by the product of averages, 

the time correlation function for a pair of the u -th and y' -th atoms in a molecule may be written as, 

Z..,.0r,O.= » " ' e * V. J ' . ' Mo' ) e M ' » , , " ( f l "Ha"' 

«) 

• < » 

where ,.•/{„»,= \RU—R„,\, JV/„„,=-\/MUM„, , and 

C r.:.'(0:= \"'p'"}"^lOu+Y) c'-'-+/w:
:'-oT"' •:""""":"~ : "'•:Z"::::: ••" •" ~~'"""-'»~~~M" ~ 

•(,„;•(«,)••= i ' - S f C i ^ . C , ' " ) o(a)-on). , '". ' (M)„. 

The polarization vector C„()> is normalized as-S-^-«-(C„(i)*«C„""_)=3,/,. />„„,(«)) satisfies the ortho-normality^ 

condition that 

,p 

• ' • • ' • • • - ' " " ' * ^ - . 

This condition ensures the first moment theorem. In the above-equations, the molecular rotations have been 

replaced by torsional vibrations. The'calculation of scattering law is similar to the procedure described in' 

previous paragraphs. However, Eq. (45) states that the sign of p„„,("0-.alternates for a distinct pair of atoms. 

This makes the central limiting theorem inapplicable to'th'e calculation of successive phonon terms. Owing 

•----*.!••..; to the suggestion by H . TAKAIIASIII, this difficulty.can.be avoided if wc divide T?„„X™)_'n ,tothc positive definite 

<: part and the negative definite part, and convolute theresulting two scattering law into a single H-phonoiv term. 

"""" -"Thcccnt ra l limiting theorem is now applicable to each part of. the, scattcring.law .corresponding J o the above 

division. Only a minor change of UNCLE code was necessary to this calculation. An interesting, but not 

practical, point is that the above method can be applied:to calculate the coherent scattering from crystal. 
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Fig. 1 The scattering law divided by K/(versus K for aluminum at room temperature; '' , 
- Comparison of the coherent calculation with measurement by Brugger el al. for -. 

I E | / J T = 0 . 5 . The arrows at the bottom of the figure indicate the position of 
teciprocal lattice points. The solid line is the calculation based on the disper- ••:' 0 

. sion curves and.the frequency.,spectrum.obtaincd^by.\yalker..,iMulti-pJpnoni,_ 
terms were treated in the incoherent approximation. The dotted line is the, 
calulation in the incoherent approximation. . •-•xssv 

''. &• . .".: ' , ' : 7:'. •'." -".. 2-'.\....' ;/•''' .:' ' . ' »" . " 

• & 

2.2 Codes Used in Evaluation 
•• r - • . • rj . - . - ° • • _ . ; . . 

ThcVcodcs which have been used for the evaluation of thermal neutron cross sections are listed -below., 

NEDKER": A program for bound hydrogen and deuterium based on Nclkin's formulation. This program 

computcsi(l) the scattering law, (2) the scattering kernel and its Legendre moments up to order 3,"(3) the total 

scattering cross section and the transport cross section and produce punched card outputs of full kernels. 

ES2): A program for general purpose based on Egelstaff-Schoficld's formulation! Bv the use of-thcorctical 

or phcnbmenological frequency distributions or spectral densities for bound motions (including lattice vi­

brations), molecular vibrations and rotations and parameters for diffusive motion, scattering cross sections for 

crystals arid molecules" (solids" and liquids) "can" be'cdmputcdwith"this 'program".""* Anisotropic crystals," 'however,"""' 

can not be handled with the ES code. A frequency distribution with continuous and discrete parts can be used 

as input data. The program computes (1) the scattering law, (2) the scattering kernel and its Legendrc moments 

"up to order 3, (3) the total'scattering cross section, its Legendre moments and the transport cross section, (4)., 

the source spectrum and produces punched card outputs of full kernel. 

UNCLE3': A,program for anisotropic and isotropic potycrystallinc-materials.-^A frequency distribution-.• 

with discrete parts can not be used as input data. The discrete levels have to be approximated, for example, 

by triangular distributions when they are to be used as input data for UNCLE. The program computes in 

the incoherent approximation (1) the scattering law, (2) the scattering kernel and its Legendre moments up to 

order 3, (3) the total scattering cross section, its Lcgendrc moments and the transport cross section and produces 

punched card outputs of full kernels. " 

UNCLE-TOM-": A program to compute coherent and'incoherent elastic scattering cross sections for 

polycrystallinc materials. Materials which can be handled with this program are those belonging to hex­

agonal, face centered cubic'and body centered cubic lattices. The calculation for the anisotropic crystal is also 

possible. Main outputs /from the program are incoherent and coherent total elastic scattering cross sections, 
"vs. . // . T . o 

the transport cross sejcticn and Legendre moments. . '• 

GASKET5': A unified program to compute scattering laws for any moderators (gases, molecules, solids 

and liquids) in the incoherent approximation. This program evaluates the intermediate scattering cross section 

^and docs Fourier inversion to obtain iS(«,/9). Provision has been ""made in the program for the following 

dynamical modes and different combinations of modes: 
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(1) Free translation,— -

(2) -Diffusive motion, - - -=• — —. - - -

(3) i Harmonic isotropic vibrations with continuous frequency distribution, 

(4) Harmonic isotropic vibrations with discrete frequency distribution. 

The coding, however, has been completed only for combinations of modes (1), (3) and (4). 
: The punched card'output of S(«, ' j9) can be obtained in ENDF FORMAT, which can be used as input 

for FLANGE. 

FLANGE 6 ' : A program which accepts as input the scattering law (calculated with GASKET, for example) 

and computes (1) tlie double differential scattering cross section, (2) the angular distribution, (3) the scattering 

kernel and its Lcgendrc moments up to order 3, (4) the totalscattcring cross section and its Lcgcndre moments . 
"', <>' 

and (5) the second energy transfer moment. ' • « 

,. This program punches scattering kernels in ENDF FORMAT and also prepares an input tape for MUSE, 

which does multiple scattering corrections.'~~".Z.~~.~'."l~:7.'~. ".'..'ZZZZZZZZZZi'Z'ZZZZZ'~'IZZ:ZZZZZZZ'ZZZZ"ZZ' ZZ"'Z" 

' '' ' Other codes : Some othcrocodes were used for the evaluation'. These codes have been programed for 

" - - spec ia l purposes.—The explanations of.codes such as MUSE, DIP, UNCLE-DISTINCT, etc. will be given 

in the following sections. c . • 
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2. 3 Multiple Scattering Correction 

Multiple scattering effect may be the most ill-natured one among errors which cause inacuracy to the 

cross section determined by experiment. The reason for.this situation is firstly due to the fact that to avoid 

this effect is difficult in present experimental procedures since we arc obliged to use relatively thick sample by the 

limited intensity of source neutron. Therefore necessity of the correction seems obvious. Secondly to per­

form this multiple scattering correction needs essentially the knowledge of cross section which \vc arc going to 

measure. Therefore we should assume a theoretical cross section to perform this correction. Q 

The reliability of the correction depends partly on the exactness of this assumed cross section;,, If one 

can extract the generalized phonon frequency distribution from experimental data,' though this data contain 
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multiple scattering, the kernel which is constructed by this frequency ..distribution, may be used as the assumed 

"cross-section:-—Similarly-nnc-can..extract^thc,generalized.phonon frequency distribution from the corrected 

data, and constract the kernel from this distribution to use for the correction. ,,13y the interation procedure we 

can obtain a kernel which is free from multiple scattering and also independent of the theoretical model em­

ployed. A number of methods for this correction based on different approximations have been developed. 

In the present report \vc employed the method developed by HoNiiCK". This method employed in the com­

puter code MUSE treats the scattering kernel rather exactly. 
1: The assumptions in the procedure are: 

(1) The geometry of the sample is slab with infinite extent. 

(2) The scattering kernel at(Etr->E,0 ) is assumed to be represented by P3 terms. "^Lcgendrc moments 

up to order 3. " » ...-. 

(3) The sample is thin so that the flux distribution across the sample can be expressed by a few space 

•• meshes. :k_v •. ~n - - • .'.!'.'.'".:1T."".'.'..".':.' 

(4) "- A theoretical scattering kernel is used. . u ' " u 

The integral transport equation is solved by the direct and numerical procedure. Experimental arrangements 

arc shown in Fig. 1. A neutron enters the sample on the x-z plane. Before a neutron escapes the sample it 

may make single or multiple collisions in the sample. Neutron detectors arc assumed to be placed on the x-z 

plane, therefore, only the neutron which can escape the slab can reach the detectors. 

The basic equations for the neutron transport arc, 

.,#(«, E, P)= 1 j*<fr'tf(s, E, 3) e " " ^ ^ ) " , ' " " x i t o r ,i>0 and z>s ' , ^ ' ' "(1) 

= - - i - \"d~n{~\E,n)c~-a':>-\-to),, for / « 0 and••«<«',- (2U 
. ; ' ' ' . . . ' " • .¥'• a 

II(.~,E,!>y:~:hn:ite.s^cB.^^'^Csri^o^r'/^fl.&r-- : ;> , - ( 3 ) -
u '• • • j J-**- •- . . . . , ; / • . ... _ y . ' . - . . • . ' ""y^'Z'""^y^'."'^'z'''"''.—. ^"--';-'"~>< •'•••>•• . . . - . . - . 

where /' =cos0, and 0 is the angle between the neutron vector and the z axis. $ (s, E, £1) is the neutron flux. 

The advantage of the "use" of Eqsr(l)"ahd (2)'is*that"wc can"obtain the neutron flux according to its order of-

collisions, that is one iteration corresponds' to one scattering.order. ,,Thus, inserting.the flux.of uncqllided 

neutrons into.Tiq. (2), wc can'obtain the first collision source. Inserting this source into Eq. (1); we can obtain 

the first collision flux." Repeating the same procedure We can obtain the higher order collided neutron flux. 

The;Uncollidccl neutron flux^in the sample is, ^ 
/ / , . • . . .<>• . - . . . . . :,• •' 

<l>°(.s,E,Q) = e'-'-10"1'o(E-E0 oZO-D,)" - (3) ' 
— ! - * - " . • ' • . . • ; • . ' . . , • • « " 

where'Ex and £Y.are the incident energy and solid angle of neutron velocity. As the first collision neutron 

flux, one can write, inserting Eq. (3) into Eqs. (1) and (2), 

1 c= -v(/.y.==£:__s«;o 
<• ?V(S, E, fl.) =Z^Ex->Et, /<„) j - Jo d~ c " 

im^-L 

= - • rv '-g~A- s,(g,->g2) /,„ . (4) 

for <;*>o and 
C^1" _\\ '' „ - ' "a " 

.v, =•=-2(1?,), x2=^2(E2). 

For the calculation of higher order collided flux, angularjlepcndence of flux and kernel is expressed as the 

, expansion in terms of the spherical harmonics, and energy and spatial variables are put into discrete meshes so 

that the integrals are replaced.by the summation. 

By the use of the flux oMiighcr order collisions calculated by the MUSE code, the multiple scattering 

correction factor becomes, {'/ , 

' Q- ff.Cgr-^./Jn) : ,_. p 
r _ i 4 >, >°i O-
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where $<(z, E, f>) is the ;Vth collided neutron flux. In the MUSE code up to the fourth collisions arc con­

sidered. ,j 

For example, the results of a vanadium sample arc shown in Fig. 2 . The thickness of the vanadium sample 

is 0.2 cm (transmission is about 0.9) and the neutron is assumed to enter the sample perpendicularly. The 

kernel is calculated using the phonon frequency distribution evaluated by GLASER-' . The multiple scattering 

correction is found to be 20 to 30%, and shows a complicated pattern. ,-, u 

The structure of the correction factor is due to the structure of ns {Iii->E2, /(2) (sec Fig. 3). Since 

<>s (Ei->E2, f!2) is calculated theoretically, this pattern may depend largely upon the theoretical model'employed. 

In the actual measurement, however, the resolution of energy analysis may not be so sharp to reproduce the 

structure of flux'in Fig. 3 . This situation makes the single collided flux rather independent'of a model em­

ployed. Multiple scattered flux is less sensitive to the theoretical model. .Therefore, the factor C should 

overestimate the multiple scattering effect. T o avoid this situation SLAGGIU3' proposed a new method which 

is ratherindependent of the model. ' ThcTcorrcction factor of this method which is called the subtraction -

method is, ' NS 

C,= — -v2 —-Vl 
e - . V | _ t , - . v ! 

1 -
•2ffaEs,Q1) 
1=2 v ' 

" : S 0 ' ( a , £ „ 0 2 ) 
(6) 

In the following sections we have corrected the multiple scattering effect on the scattering law using C 

and have not used the subtraction method. Further analysis seems to be necessary using the subtraction 

method., ' •• - .,..-.,•.• r ":'"'"".'".""'"."[ ".''".'."'."".'.".""7"'.' 
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Fig. 1 Geometry of neutron scattering experiment. 
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Fig. 2 Multiple scattering correction factor on vanadium sample. 
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2.4 Diffusion Parameters (DIP Code) v 

•••,: \ , . . . o i. . . 
„ . .Jf V 1 . . .. (I 

The method used to calculate the diffusion parameters of various moderators is based essentially 

on CALAME'S" formalism. The solution ^(B^^t) of the spatially Fourier transformed"; homogeneous" 

Boltzmann equation for a non-multiplying medium in plane geometry, viz., ''.„:.,.... « 

" ... :i .".. . ^ l ^ v ^dE'Z^E-.ti-^E.ii) 4>(.B,&,(i\t) . . (1) 

;' is assumed to be of the form u " J; ': (> 

" $(B,E.ft,f)=<!>(B,E,(i)exp(-Zt), . " V - v, (2) _. 

where B is' the Fourier Transform variable, E is the neutron energy,; H is the angular variable, and X the time 

decay constant. f. " 

The insertion of Eq. (2) into Eq. (1) yields (j c o ° ° d •„ 
r ''5> r '''"•• •-••••• it ••• <"' ••• • • :••• " - - - v • • v 
[--t-iBft+Z^E) \t(B,E,ti) . , .- ..« 

> . , » ' • ' ( M * . ' , • 

= { ' dp? \".&••£,(.£•,it'^E,ft) 5 5 ( B , £ > ' ) . l " , ". jf ,„ 

The angular dependence of ^{B^ffand 2S'(£'> /*'->£, (i) is expanded in Legendre-polynomials 

»«=0. ,-, . ,. 
vf • . , , It 

^ . / . . ..•::...., ^;..,.,.. ....;...:,.,.....:•: feo. ^. . . . ; : ' , . - , , . « . . . .'...:.;. ...-p.-;.,........ ., .....;...':. . < ! . . . . ; . . • 
^(o being; the".'cosine of the angle between a neutron's initial and final directions. - - ;; £• 

' ,! *The insertion of"Eqs"'(4)" and (5) into Eq. (3) and use of the orthogonality of the Legendrc polynomials 

" T y S & n :""~ * ~ ~ ' " " • " """"" a""~~ ~ ^ • - • — — — • - - - — - i — 

„ u
0 =^L%miE'~>E)^,m(fi,K)dE\ . / ' ' (6) 

The 7/i-th spherical harmonics moment, (<>m(B,E), and the'decay,constant, X , arc expanded in power 

scries in B '• '<' 
0 0 i . 

*m(JB,K) =UB)-ll£t.m(.EHiBy- ° v • "-"•• 0 . ( 7 ) ' 
n=0 ' o *' ' i 

~ ' • • - ' ^ 

; =« 0
t ' - V a2j(.iB)V=a0+Do&-CB*+FB' v*' ., " (8) ... f. 

"; J " ». " ' ' 
0 ,. Frorh Eqs. (6) through (8), the following coupled set of equations is obtained for the expansion coefficients, 

&»...(£) and a2,-, ., .. ,, 

[ * C B > - ? ] * . W - - ^ * . . - . C H ) 

= ( 0 0 S 8 M ' ( E ' ^ £ ) ^ . m ( £ ' ) d F '3 
<> Jo 

(9) 
0 

"'* [z,CE)-?]̂ ..-CE)+ 2}-^-^c4-Cfi) ... 

. u — OT •&.•.. i(g)—^i-0z»-2.»,+iC£) .•' w fr 
2m+l , v ' 2 » n + l V ' 5 , " - Z " " + I V ' 

J o 

0 
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The solution of above equations is obtained successively as follows: \\ 

"a)"«=o;"»«=o ""-" ~ ••;•"; " 7 
" By integrating the both sides of Eq. (9) over energy and using relation " . . ,w • 

cS.(B)=S.0(£)=("'S.o(J&->£ ,)<iB', ' ' .' ,, 

one obtains 

it 

• • • • « " - ' ^[si (^-^]^.„( /?)rf /?=o. [ •,*:••••»•,{':•••«• a. •-• # (11) 

In case the absorption' is inversely proportional to the velocity, Eq. (9) has an eigenvalue 

jwhere^o is'"a standard velocity and £0 is the absorption's cross section corresponding tojv0. 

Eq. (9) with this eigenvalue is written as ," " 
• • * ' - l V ,." " u

 f c o ' <>• <• (f " . f " v< 
..," o "•- S,o(£)5&o.o(B)= \ •S,o(£'->S)^o.o(£')d£'. t, s ' P 

• • - - - o ~ -,,-tJu _.., - . .J . ." . _ . . . ( t . . , o - , - 1, - , — •- - — ' • 

It is" well known that Eq'i (13) has an eigenvector v f. u-,r, 

* (; <f>o.o(E)=M(E) # o ^ . " . . '„ • •' (14) 

with M(E) the Maxwellian flux spectrurhV 
b) w = 0 , 7;;>0 >; •• ( ) ' , , < - o .. .. ,, x 

. . . .. </ , . ... Q " • • , , a <: „ . . 

1 he equation, .. v :,„ 

is solved for 0O, „ (Zi')., The solution is effccted.by writing .the,equation at discrete, energy points E,-, and re­

placing the integral by ii numerical quadrature formula, to obtain Q 

" J V . . - '' 

^ • 7 ^ " ". ' . . . ' (18"", 
...<&.::. ',..;...'.:•:..... ...f.":.,j=v. a , • " ' •• " N 

This equation is written in matrix form 

m •Am$o.m— -x—rr$o.m-L ••- " (17) 
•-— - ....-,-.,..,„..—.«-.>..—w,_ zm+l— if r 

where Am is a matrix defined as ,. ;* 

..-& - - — ̂ (i,i)=j:,o(BO dtj-Z^Ej-yEd AEj : „.....; >r,. , ,...,.,...,„ ...,(18)... 1. 
- . - • « ' • * • * * . •• < - - „ . . . 

Eq. (17) is solved ,̂!', inerically. by a matrix inversion routine. u :" ' J 
c) « = 1 , w = 0 

Eq. (10) has a form in this case , t> u ° 

2so(£) &.o(E)+^f #o.o(£)-^.i(fi) = J" X's0(E-->E)<f>2.0(E-)dE- (19) 

Oo(=«2) >s determined by numerically integrating Eq. (19) over energy , 

Z>.=a2=j" &. ,(£)«»/ j"- ia , . .GE)dB. . .,(20) 

The equation which determines <j> 2,o(£) is, in matrix form, 

A0 fa.0=6o.i ~ V o . o . r (21) 

This is not solvable-by the straightforward matrix inversion method, because A0 is not a' normal matrix. 

SHIBA2' showed that the rank of A0 is N-l (N being the dimension of AQ) and one additional condition is neces­

sary to solve Eq. (21). The additional condition is obtained from the fact that <j>2,o{E) does not contribute 

to the net neutron density3', viz., *->^\ 
j " -±-&.oCE)<«?=0 6 \ ' (22) 

d) Higher components \) '• 

The same procedure is repeated to obtain C(=«4) and F(=a6). It should be noted that the Legcndrc 

-components of the scattering kernel with / up to 2 are necessary for the calculation of diffusion parameters D0, 
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CandF. ./.„... ' ,„„_,.. 77..7 " „.'.:', . ' . ! . „ . . 
An example of the eigenfunction calculation is shown in Fig 1. In Table 1 are shown some results of 

diffusion parameter calculations for HsO at 20°G. Experimental results are included in the table for the sake 

of comparison. From,Table 1 one can see that the maximum energy of 0.625 eV is sufficient but 50 energy 

points are required for the calculation of diffusion parameters. Scattering kernels were computed by using 

GAKER and NELKER codes.iboth of which arc based on the Nelkin's modcll"" Table I * shows' that the slight 

difference in methods to calculate scattering kernels leads to u rather large difference in calculated diffusion 

parameters. The ejects of the scattering model on diffusion parameters will be discussed in more details in 

Chapter 3 / 1 '"' „ > „ ' 

rjThc thermal diffusion length L in Table 1 was calculated from the following equation 

, . \ . ' ^M}+^W\, 7.-..». :, •".; - >/& } ; \ * 
which is known' to be correct to ."order \B4'.'V""".:""'.".' """". — — """""' — u ~ 'l •'•••-

Table 1. Results of diffusion parameters of H2O at 20°C 0 „^.—~.s 

<*. 

... NO. 

1'' 
2 

........3.,. 

4 

' : ' • . 5 . .. 

6 

7-~ 

8 

- 9-'. 

10 

lire 
12 4 

13 

14 

15 

16 

Maximum 
energy (cV) 

<- 0.900 

' 0.900 

'0.625 

.,'•' . ° - 6 2 5 

{ .0.707 
0.900 

NO. of 
gioups 

"30 

. 30 
........,25... 

50 

, 3 0 

30 

NO. of 
angle Pts. 

11' 

24, 

- '7 24-; 

24 

11 

Max. 
1 

1 

- 1"'-

1 
a 

1 
1 

Code 
used 

GAKER 

It 

,,'... ,, f ... 

n 

NELKER 

GIIATAIC, HONECK ('65) -• (Nelkin) 

Cl.ENDENIN ('64) ( * ) 

CLUNDENIN ('64) (Radkowski) 

G L A S E R ( ' 6 7 ) - ' " • - • ' , ' • ( , , ) ••'•'• 

SPRINGER ('64)v ° (from 2\(E) and /<(E)) 

Experiment of ARAI & KUCHLE • C,' 

STARR.KOPPEL ('61) " '•! 

de JUREN, REIER ('61 j ^ O 

D 

(cm2, sec"1) 

38016.5 

38017.0 

• " • " • • » • 

37515.6, 

,37501.6 

37482.1 

37045-1 

37570 

.,.37400.-. 

38230 

33900 7 
34520 

35300 

35630±80 

C 

(cm'*., sec-1) 

3114.2-

3120.0 

n • — 

"3089.2 

,3072.6 

2890.6 , 

3361 

3380 -• 

-~3350.._„, 

2730 

""7.3080 
4220 

3420±170 

0 

F 

(cm0, sec-1) 

161.6 

163.2 

it •• 

155.7 , 

153.7 

123.2 

..1716971, 
210 1 

__144.... 

250 • 

218 "" 

363 

214dtl39 

S =•'' •, 

7. L-

7.9936 

., 7.9938 
. . . . . . . .. it. „ — . 

77.8897 

;! 7.8864 . 

-• 7.8777 

' ; ! . ' , '"' 

7.62=fc0.016 

7.701 ±0.012 

&< 
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3. Evaluation 

r > • • • • 

u oV, 
3.1 Light water 

3. 1.1" Light Water J f: ^ 
o •• :• • . ( ' ; • <"• ' \'"""". ;.;• " 

For liquid H20 a' lot of frequency distributions ,o (/3 ) have been derived experimentally from neutron 

scattering laws because scattering by hydrogen is mainly incoherent. Here, frequency distributions of hydrogen 

; in watcr'arc argued to fit measured total and differential scattering cross sections. -• If it is assumed that Jthe 

rotation of H20 molecule around its three principal axes of inertia are hindered and can be approximated by 

a harmonic torsional oscillation and two bond-stretching vibrations of the H20 molecule arc degenerate into 

onc7»'ibrationnl mode, the frequency distribution of!freely recoiling H20 molecule is expressed as: 

where jir, /3„t, £,.2 arc the energies of hindered rotation, bending and stretching vibrations 

However water has a broad band of torsional oscillation because of inharmonic potentials and of the col­

lective modes'of clustering molecules. As suggested in the literatures, the shape of the rotational band in the 

frequency spectrum will partly improve the agreements of the calculated total and differential,scattering cross 

sections with experimental data. | 

Recently the availability of accurate differential]! 
;_ % ' _ - _ \ ' t '. , - . ; : '• 

and integral cross section. measurements for water" ~j) 

has encouraged the development of more detailed models. Here, two of these, the model modified by KOPPEI.5' 

- f rom HAYWOOD'S experimental frequency spectrum and the model derived by HAYWOOD6' from his experimental „ -

... data on scattering law.are introduced for comparison jwith ours. Both frequency spectra are shown in Fig. 1. 

In Koppcl model, the frequency distribution nearj ji =8 is approximated . by a discrete line of the same -

• frequency •••with-a • weight of 1/6 in accordance with Eq. ;(l) . At low frequency end, an o*2 behavior is 
• • • = • • • " - • • • - • • - - • u • - •. " . \ [ . . . , , , . • . . . . . . _ * . 

introduced and the remaining part, which is adjusted to 1/18 of the total area, is treated in the short collision 

time approximation. The area corresponding to the torsional mode is obtained by cutting off the distributed 

° part of the Haywood's experimental.spectrum?at 0.165'eV, the energy corresponding to the bottom of the 
• ( T , ! '• . . . . . , i > . — j | 

valley between the torsional and first vibrational peaks. The suppressed partis then replaced by an additional 
• • ' • ' • . • • • • • • • . . - . - . • . . • • I I • - . . » • • . . • : . . • 

discrete line at 0.205 cV with the weight of 1/6 required by Eq. (1). ,;i 
Although integral and single differential quantities can be well reproduced by these models, small dis-
• • - . . - • ' • - . " ji 

crepancies in total scattering cross sections are still seen, for example, at energies around 0.045 cV or below . 

0.001 cV, as shown in Fig. 2, and the" calculated average cosine of scattering angle is large compared with the 

measured value for energies below 0.02 eV. In our models, same as in Koppei model, the assumption of free 

mass-18 translation was adopted for the evaluations of scattering cross sections so the discrepancy in low energy 

region is not, surprising.'- '"•' \. 

The agreement in this energy region is easily obtained by introducing diffusive mode of water and quasi- -' 

crystalline frequency spectrum. The discrepancy inthe energy range of 0.02 to 0.2 eV is'scen in the previous 
o '•• '• 

models and this is partly diminished by broadening the^rotational band (modcl-1), although the discrepancy 

shifts to other energy region. In order to isolate the rotational band from the higher vibrational band, in one 

of the models (modcl-2) the high frequency part of the torsional oscillation band is cut off sharply. This brings , 

the calculated results to a good agreement with the experimental data in total cross section, but the average 

cosine value of scattering angle shift upward at low energy part, as shown in Fig. 3- The difference in average 
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cosine values at fairly low energy depends on the assumption of free translation. A few typical results of S( it, 

j3) values are also shown in Fig. 4. At low energy transfers,'Haywood model which takes into consideration 

the quasi-crystalline 'structure of water phenorhcnologically, fits quite'well to experimental data. At low /3 a 

the good agreement between Koppcl model and the £moclel-2 is observed. 'As (i increases, Koppcl model 
/••• , . . . . J I . J '•• 

.. comes close to Haywood model. Also at high /3, affair agreement between the model-2 and the experimental,, 

values is noticed. Ji , , 

" For reference, scattering kernels for the zcro-th and the first Lcgcndrc moments arc shown in Figs. 5 and • 

6, respectively. The calculated values of diffusion parameters using.Koppcl model and model-2 are compared 

in.-jTable 2 with the values derived from pulsed neutron measurements as a integral check of these, scattering 

kernels..... Also the spectrum of thermal neutron source from hydrogen in water is shown in Fig. 7. 

In summarizing the preceding results, we might say that although the present status of the model is satis­

factory for calculating each experimental quantity, there is no modcT'at present which fits all the integral and 

differential data .equally, well. ^ (> ,:"'_. u ' '"' " p 

Table 1. Total cross section and average cosine of<H20 

.*(eV) Gb 

0.00025 

,0.00101 

0.00228 

0.00405 " 

0.00632 

0.00911 

0.01240 " 

0.01619 "' 

0.02049 

" 0.02530 ' 

0.03061 

0.03643 

0.04276 

0.04959-'* 

0.05692 

0.06517' 

,.0.07485 

0.08612 

"' OJ09919 

o7l 1398 

0.13123 ^ 

0.1525- X 

0.1790 

0.2124 

0.2546 

0.3081" 

c 0.3760 

0.4618 

0.5702 ,. 

0.7067 

"tot for 
Koppel model 

439.S " 

• . , 248.1 " 

•• • 196.3 

/ ' ' 170.9 

155.6 i) 

143.6 

134.8 

" 126.5 

118.7 

111.5 

105.1 

99.0 

93.6 

. 88.8 

84.8 

<P 8 1 - ° 
77.6 

74.4 

71.7 

69.3 

66.6 

63.7 

61.5 

: 59.1 

57.0 

...54-8 

52.5 

50.2 

% 48.1 
ti 46.6 ' 

'' "tot for 
r-' Model-2 

452.0 
C 252.0 

198.3 

171.0 

0154.1. 

140.8 

130.9 

120.7 

113.3 

105.6 

99.0 

92.9 

"s7.7 

S3.4 

79.9 

76.9 

74.3 

72.0'-

•70.0 

68.2 

66.0 

63.2 

.61.3 

59.0 

56.7 

54.3 

52.1 

49.4 

47.1 

44.3 

ft for '•' 
'.' Koppcl model 

\t 

0.0035 

0.02S9 

0.0495 

0.0655 

0.0806 

0.0995 

o'.iis 
0.136 

' "0.155 

0.175 

0.193 

' 0.211 

0.229 ,. 

0.245 

0.260 

0.274 

0.287 

0.302 

0.317 

^ 0.329 

0.342 

0.358 -, 

0.377 

0.398 

0.417 

0.434 

0.447 

0.458 x, .. 

- '•«• 0.473 

H for 
Model-2 "Jf 

— 

0.0038 

0.0328 

0.0545 

0.0728 

0.0904 

0.112" . 

0.134 

0.154 

0.174 •" ' 

0.195 -

0.214 -

0.232 

0.248 

0.262 

'* 0.275 

. - 0.286 " 

0.298 

' 0.311 

0.325 

0.336 

0.351' 

0.364 ^ 

0.381 

0.401 

^0.420 

, 0.443 0 

0 0.463 

0.475, 

0.498 '-

o 
<r 
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Table 2. Diffusion parameters in H sO at 20°C 

Do (crrr/s) 

35,630±80 

37,516 

34,825 

37,125 ' • 

^ (cm^/s ) 

3,420+170 "*' 

3,089 

3,232 

3,047 

F(cm6/s) 
. . . . . . _o • 

214±139 

156 

3 5 1 / ^ 

'.".?% 

Rcfs 
- • " • - • • • 

Experimental0' 

Nelkin kernel 

Kopprf model 

Model-2 -

19 * 
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3. 1.2 Light Water (Supplement) 

Thermal Neutron Scattering by Water Vapour 

S/.^ 

(1 ) Introduction 

As the most typical model for water scattering kernel such as the Nelkin model1,.' assumes the free trans-

lational motion of a molecule as a whole, the model for liquid water could be applied to water vapour when 

the rotational motion is treated appropriately. In the present note we calculate the scattering law and total 

scattering cross section for water vapour using simple models and compare them with the experimental results, 

especially paying some attentions to the temperature dependence of the total scattering cross sections. Theo­

retical models "employed here are the free gas model, Kricgcr-Nelkin model which can be'deduced from Nelkin 

model by treating the free rotation classically and the spherical top model in which the free -rotation is treated 

quantum mechanically. The assumption of symmetrical top molecule is inadequate for the case of water 

vapour, but this model'gives the reasonable theoretical prediction of scattering law. 

The experiments performed on the water vapour are few and there are large and unexplained differences 

between two total cross section data2' > 3>. The scattering law for water vapour which was measured by GL*SER4' 

are the only experimental values available. It is desirable that more experiments are performed on water 

vapour. r, 

(2) Calculation r, 0 

Models employed, here are the free gas model, Krieger-Nclkin model and the spherical top model. In 

the last two models we have neglected the excitation of vibrational motion. 
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Free gas model 
' ' • . . . ' • 

This is the simplest model which neglects the internal vibration and the rotational motion, and assumes 

' the scattering by water vapour as the scattering by a single proton. v 

The scattering law is, 
1—7- _nf±£ 

>i. ^ f l = ? V i " 4" •' (1) 

The total scattering cross section is, 

, ^)=M(i+ij>rf(^)+^V5'-B/T} -,. <2)" 
Krieger-Nelkin model5) 

„ This model treats the rotational motion classically, which corresponds to the increaseof the effective mass 

for translational motion. 

The scattering law is, 

where X i S = ^ - « , 5~=^=2.055 

(3) 

// o 
The total scattering cross section is, 

where 

„(£) = J ^ - | e r f ( V C ) - V l - ^ Cf erf (VCQ-/>) } 

(11= „ • , C = — , p= 7Z-

2mf mT' , 1 «'2 

. _ »t"+M 

. ~ . VlT ,. ,; ...,;.",./., .... . " 

P=—nr" 

(4) 

T 

T r = 2 ^ (C"')-0:753 cF-
, ; . _ . • . _ . . . „ X „.... ...... 

'Spherical top modelG) 

••/& •'.-_ ' ' . ' - ' - : " - a 

This model treats the rotational motion of spherical top quantum mechanically. We assume the average 
i Y . . • • • • • • , . . • • _ 

of the three components of moment of inertia of a water molecule as the one for a spherical top molecule.. 

The scattering law is, : 

;. U„V±J\ 

•>=\j-j\ 

where 

• _ , ( 2 i + l ) . - p ( - H l j ^ - ) 

2(2j +1)2 cxp ( i i ^ + J J - j 

o ,_ j ( j + 1) ._ 7 ( 7 + 1 ) 
" ~2I 2/ 

,,, b : . distance from a center of mass to a scattering atom, 

I : moment of inertia, 

y',(x) : spherical Bessel function. 
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The total scattering cross section for this model has not been calculated. 

(3 ) " Results and Comparison :> • ... _,, 

In Fig. 1 the total cross sections at 100°C are compared with theories. According to HEINLOTH, the total 

cross sections of two different phase of water differs about 30 barns, which is close to the difference between 

the calculated values by the liquid model and the free gas model. This difference can not be explained by the 

Krieger-Nelkin model In Fig. 2 the temperature dependence of the total cross section is shown. The energy 

gradient of Hofmcycr's experimental results can be predicted by, the Krieger-Nelkin model but the experimental 

data arc always larger than the theoretical value by 5 to 10 barns. 

The scattering laws calculated with three models are compared with experiment in Fig. 3. As far as the 

scattering law data arc concerned, the spherical top model can predict most precisely the experiment. This 

shows that, at least for this molecule the treatment of rotation is essential. Asymmetrical treatment of rotation 

may give further improvement. . r. 

As water vapour is one of the important and simple molecules, more experimental informations arc de­

sirable to check the theory or theoretical assumptions. At present, we can conclude that the precise treatment 

of rotational motion is neccessary for the analysis of the thermal neutron scattering from water vapour. 
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:?$ 

3. 2 Heavy Water 

3. 2. 1 Heavy Water • . « 

( 1 ) Introduction 

Wc present here the spectral density function for heavy water which can predict successfully, to some 

extent, the experimental results on thermal neutron scattering properties. Although the formulation is essen­

tially based on the coherent scattering which will be discussed in the next chapter, the calculation is limited 

within the frame of the incoherent scattering approximation. In near future, coherent scattering calculation 

is planned. " •'"',,' 

.-, Physical interpretation of the present model will be given in the next chapter, so that here, we only give 

the results find comparison with experiment. Calculation was performed with the UNCLE, GASKET and 

" FLANGE .codes.-::;-;:;:.::..;-;;-;::.: -rr:::'1:. .: - r . r ;r:.:::.:. :";;•.;:'::..:::,: r-.•-;;-;.- •;;;. -::; -;.-;;-'.:;; • ;:;::: -

( 2 ) Spectral Density Function 

Spectral density functions for dcutcron and oxygen atoms arc given in Table 1 and also shown in Fig. 1. 

(3) Scaftering'law O 
Scattering law of heavy water in the incoherent scattering approximation is, 

S (« , f l= M } , r 2, • S (AS+CS)S„„(«,ff) , : « (1) 

where Au and Cv arc the amplitudes of coherent and incoherent,scatterings respectively. 5„„ (a, /3) is self 

term of scattering law for deuteron and oxygen. . •• V, 

Comparison with experimental results is performed in the next chapter (see Fig. 4 on p. 41). Con­

tribution 'of each term of Eq. (1) will be seen in Fig. 3 on p. 40. Although the present spectral density function 

can also fit the. scattering law at high temperature, (423°K), the following kernel estimation was performed 

for only room temperature. r.,. CN\. 

--(4)—-Scattering1-Kernels: --• - - < > - - • -- — -••"- — <-• • • - - - -• -• _ . - - • > . . , ,.«... a..... 

Scattering,kernels for deutcron and oxygen are listed in Appendix. Typical kernels as the function of 

final energy are shown in Figs. 2 and 3. ™ 
. . ,,. .:. k. . . '., il 

( 5 ) Total Scattering Cross Section and pt (E) o. 

Total scattering cross section a0(E) and the first Legendre moment o^E)* are listed in Table 2. Total 
cross section is compared with experiments compiled in BNL-325 in Fig. 4. Agreement is excellent except 
at low neutron encrgv, where experimental result is low because of coherent scattering effect. 

In Fig. 5,Jt(E) is compared with experiments.". 2» The reason of fluctuation of calculated Ji(E) at 
higher energy is due to <t\(E), whose oscillatory values depend on, the mesh of energies as shown in Fig. 6. 
This indicates the necessity of employing the fine energy mesh up to high energy region to calculate the reliable 

scattering kernels. - '" " 
: . . . ' o • • : " ' • • • ' , ''"•, r ' 

(6 ) .Conclusion . . . . . _ <,.,, 

Further check for the kernel was performed using the DIP code. Diffusion parameters using up to / = 
: . . ' , . . • • , • • ' , • " ' . . ' . • : . . . . ' - . • . • - . . , • - . ! ? , : ; . • • ' , . • 

1 kernels arc compared with experiment (Table 3). Agreement between theory and experiment for diffusion 

constant is fairly good. The calculated diffusion cooling constant C falls.between the largest and the lowest 
experimental data. "-Therefore, the present niodel can be used for the calculation for neutron thermalization' 
properties of heavy water. '~ • L », : •' N) w' 



28 Evaluation of Thermal Neutron Scattering Cross Sections for Reactor Moderators 

References 
<• • CJ -

1) BEYSTER J.R. ct ah, : "Pulsed Neutron Research", Vol. 1, p. 407, 1965, IAEA, Vienna. 

2) SPRINGER T., ct ah, Proc. 3rd. UN Int. Conf. PUAE 1964, P/763. 

3) KALLFELZ J. : Arbeitsbericht Nr. 17/65, 1965, Karlsruhe. 

4) KUSSMAUL G., MEISTER, H. : J. Nucl. Engergy A/B, 17, 411 (1963). 

5) MALAVIYA U.K., PROFIO, A.E. : Trans. ANS., 6, 58 (1963). 

6) PARKS P.B., ct al. : Nucl. Sci. Eng., 33, 209 (1968). 

Table 1. Spectral density for D 2 0 

P" (E) 

Discrete 
0 levels • 

£ (eV) 

:, 0.004 

0.008: 

0.012 

0.016 

0.020'" 

0.024 " 

0.028 u 

0.032 

0.036 

0.048'O 

0.146,, 

0.3385 

PDD (B) 

3.855 

" 4 . 4 2 6 

3.534 

3.462 .. 

3.248 

2.868 

2.320 

« 1.258 

0.0 

0.4560 

0.1483 

;0.2957 

Poo (E) 

30.84 

"'"35.41'.'""'..'. 

28.27 

27.70 '". 

25.98 

22.94 
1 18.56 

10.28 

0.0 

0.08801 

0.03779 

0.07419 
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', 

Energy (eV) 

0.00025 

0.00101 

0.00228 

0.00405 

0.00632 O 

0.00911 

0.0124 

0.01619 

'„ 0.02049 

s- 0.0253 

0.03061 

0.03643 

0.04276 
(•• 

0.04959 

0.05692 

0.06517 

0.07485 

,0.086121 

c 0.09919 

* " 6.11398 

0.13123 

0.1525 C 

0.179 

- 0.2124 

0.2546" 

0.3081 

0.376 

t ^ ^ 6.4618,-,' 

0.5702 '^ 

0.7067 

Table 2a. a0 (E) and at (E) for a deuteron atom in D 2 0 

°o(E) 
Inelastic 
(bams) 

7.35424 

4.07890 

3.32483 

3.16337 

3.41166 

3.65728 

,.',. '3.87995 

4.08775 

4.10182 

4.10377 

4.00668 

3.93824 

3.82206 . 

3.85635 

3.89565 ' 

3.95897 

3.92689 

. 3.89598./",'.'.'. 

3.86129 

3.84385 7 

3.80278 

" 3.71867 

3.75000 

3.63327 

3.64271 

3.64530 « 

,3.33586 

=3.33074 | 

3.41785 1 

3.35372, ; ! 

a0{E) 
Elastic 
(bams) 

7.61268 

7.07109 

6.27711 

5.36353 

4.44778 

3.60964 

2.90158 

2.33212 

1.88712 

1.54478 

1.28234 

1.07918 

0.91990, 

0.79333 

0.69119 

0.60370 

0.52563 

r : 0.45684.'.;..; 

..'<". 0.39665 

" ""0.34518 ~ 

0.29980 

0.25799 

'.,, 0.21980 , '*' 

11 " 0.18523 

I 0.15453 

'< .. 0.12770 

0.10464 : 

0.08520 

ri 0.06900 

.0.05567 

Inelastic 
(bams) 

-0.47783 

-0.51006 

-0.57322 

-0.62579 

0 -0.66666o 

-0.66711 

-0.62020 

-0.49586 

-6.38066 : 

"'" -0.22056 

-0.10249 

0.03925 

..,' 0.11290 

0.20793 

- 0.25966 

0.35486 

-> 0.41185 

:'.';;'....; o;4897i ; ; . 

| 0.55340 

0,61645 

0.66934 

0.69205 

0.81672 

0.81567 

0.91251 

0.99618 

0.81679 

0.86754'J 

0.98934 

0.97983 

.; - : • J . . . 

°i{E) 
Elastic 
(barns) 

0.06136 

0.23591 

0.47147 

0.71042 

0.90572 

1.03208 

1.08442 

1.07547 

"1.02436 

6.94964 

6.86582 
at 

6.78203 c 

0.70334 

6.63209 ,, 

0.56876 

0.51029 

0.45481 
ji 

0.40335 

0,35632 

" - ' -0.31464 

0.27677 

<; 0.24093 , 

0.20741 

0.17644 

0.14841 

. 0.12352 

0.10183 

0.08334 , 

0.06778 

0.05488" 
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Table 2b. <r0 {E) and ax (E) for a oxygen atom in D , 0 
••M 

• " • -

u 

Energy (eV) 

0.00025 

0.00101 

!; 0.00228 -

0.00405 

0.00632 

0.00911 

0.01240 

0.01619 

0.02049 

0.02530 

0.03061 

0.03643 

0.04276 
'•• II 

0.04959 

0.05692 

0.06517 
(J. 

0.07485 

0.08612 

0.09919 "" 
- - - i r r * < . • — • - -

0.11398 

,0.13123 

" 0.15250 

0.17900 

0.2124 ,: 

0.2546 

.0.3081 

0.3760 

0.4618 

0.5702 \\ 

0.7067 •••...'. 

0o (E) 
Inelastic 
(barns) 

4.14745 

2.3825G 

2.06147 0 

2.0164S 

2.20873 

2.40502 

2.63148 

2.84181 jl 

2.98850 

3.10295 

3.19887 

3.26980 

;, 3.32079 

3.36560 

3.40278 

3 . 4 3 5 5 2 / 1 : 

3.47059 ^! 

".-••A . . • ' - J l 

•'•"' 3.51470 
---•••. ' : - . . . , i . . . - . . . - ^ . . . . „ . . - , . . . 

3.54401 

3 .55847/ . 

3.56949 

3.58685 

3.58208 <t 

3.57486 ,i 

•> 3.56259 

3.55780 

3.56530 

':,•••"; 3.56980 

3.41358 

VoiP) „ 
Elastic 
(barns) " 

' I! 
4.1267 .. 

3.82150 

^3.37637 &'•>•• 

2.86811 

2.36345 
II 
1.90647 : 

••It ' 
••-1.52462-,! O 
':: |j I! 

1 iijl.22066 i 

T '1̂ 0.98522 f 

-'6.80529 1: 

0.66798 
ii 

J6.56197 p?. 

0.47897 
• . | i 

''"' 0.41304 
jlj,. . ... .... 

• • - • • ] 0 . 3 5 9 S 6 
i 1; " 

. 1,6.31431 
\-\'j • 

j 0.27366 

!lp.20651 ° 
- . ^ . . . . . - . ^ . . 4 , . - • - • , -

0.17971 

. , .',0.1560? 

"\,,.<; 16.13432 ,,. 

,0.11443 

:: 0.09644*' 

-:jp.08045 

!! 0.06648 
; ij-'i -

f'6.05448 
':'j|il.. 

^,6.04356 
' 1. 

J6.03592 
1 : • 

1J0.02898 

<n(E) 
Inelastic 
(barns) 

-0.21392 

-0.22393 

1 —0.2392S 

i. -0.26423 

-0.29403 

:; -0.32S34 

-0.34849 
1 ,<! 

j ; -0.34400 

'" -0.32589 ",'" 

-0.29740 

-0.26375 

-0.23991 

j> -0.20176 
1, 

')) -0.17416 
... % 11 

" j | -0.15071.; 

j | —0.12496 

| -0.09427 
• ii .;. - l i • 

j ' -0.07271 

: ' If -0.05172 ' 
/ > — • - - • -

-.. —0.02819 

.....'! -0.91271. 

,1. !; 0.00463 

rt»" 0.02925 

l! „ 0.03694 

1; O.04O0S 

j; it O.03O30 / 

•'•:;:.-. 0.02632... 

ii 0.01541 

jj 0.00763' 

..•.]:.. 0.00136 

.91, 
. 1 . 

,0.03554 

0.1328S 

"i; 0.26425 

. „ 0.39560 

i; 0.50056 
i . 

i'0.56575 

1:0.58960 

" i: 0.058027 

l;0.54895 
it 

10.50601 
It. -
H0.45924 

^0.41333 

110.37073' 
1! 

'•• ''[ 0.33249 

!! 0.29870 

:i 0.26765 

: 0.23829" 

•0.21113 '•-,• 

': 0.18637 
^ - ^ v . : * . 

0.16446 

/,..' ., .0,14458 / 

ii 0.12580 

j: 0.10825 

I; 0.09205 

I'o'o7740 

0.06440-

..--.: 0.05308 

0.04343 ' ' ' ' 

• 0.03531 

0.02859 



JAERI 1181 3. Evaluation t{v 

Table 2c. <ra (£),,<7i (£T)and /7 (E) for D 2 0 

3i 

Energy (eV) 

0.00025 

0.00101 

0.00228 ' 

0.00405 

0.00632 

" 0 . 0 0 9 1 1 ° 

0.0124 

0,01619 

0.02049 '•'. 

0.0253 

0.03061 

0.03643 ^ 

0.04276 

0.04949 

0.05692 
'' 'V; 
0.06517 

0.07485^ 

0.08612 " 

0.09919 o 

0.11398' 

-:.. 0.13123 .„. 
' • • ' • ; . • : * 

0.1525 

- 0.179, 
0 

0.2124 ' 

\ 0.2546 

0.3081 

0.376 

0.4618 

0.5702 ''"• -

:0.'7067 

<ro(E) 

(barns) 

38.208 

28.504 

24.642 

21.938 

20.291 

18.845 ".'.' 

17.719 

16.902 

15.9596 

15.205 

14.445 

13.866 

13.284 

13.078 

12.936 

12.875 

12.649 

12.435 

12.237 

12.102 

11.919 ...v ... 

11.657 ° 

11.641 

• 11.3155 .'V 

11.2497 

11.1751 W-

10.4933 

10.4407 

10.5192 

10.2613 

•< <n(.E) 

" (barns) 

-1.01132 

-0.63935 

' '' -0.17853 

il 0.30063 

j| 0.68465 

j! 0.96725 
• r 

.1.1695.5; 

1.39549 

f 1.5105 
i 

! 1.6567 
| . . . .. , : _ • . , • . . -

1.7221" 

1.8160 

1.8015 

1.8384 
<*>-"• 
1.8048 

1.8729 , 

[ 1.8773" 

\ 1.9245, , 

f 1.9541 

!' 1.9985 
i 

. 

i 
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Table 3. Diffusion parameters for D2O 

,'"' 

Present <V) 

Kallfelz') 

Kussmaul, Meistcr" 

Malaviya, Profio51
 ;, 

Parks6) 

A, 
X104 (cm-/sec) 
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2.024 

2.00±0.01 

2.04±0.04 

2.09±0.02 

C 
Xl04(cmVsec) 

5.67 •.... 

4.72 

5.25 ±6.25 

4.706±0.38 r, 

6.6 ±0.3 
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Fig. 1 Spectral density function for D 2 0 liquid at T=295°K. 
(Note the change in scale of thcordinate) 
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3. 2 . 2 H e a v y W a t e r (Supplement ) 

C o h e r e n t Sca t te r ing f r o m H e a v y W a t e r " " ' 

' ( 1 ) In t roduct ion -;;•• ••;;..'•"/;;' ';.."""'!'.".;!T.'?^"'" ". .'".^'W'J.'' .".~.Z''~ •'•'••' '•" Z~." :"','-".'."..': i!'.'".;.""." ":.".". .".'.".'"':.; 

Neutron thcrmalization in heavy water, which is one of the two liquid moderators for a thermal neutron 

reactor, is more complicated than in another liquid moderator, i.e. light water. The reasons for this complicacy 

arc: 
(i) Dcutcron is a coherent scattcrcr, in contrast with hydrogen which can be treated as an incoherent scat-

tcrer. This means that for the scattering from heavy water the contribution from atom pairs can 

not be neglected. « 

(ii) Free atom cross sections for dcutcron and,oxygen are comparable, while this is not the case for hy-

drbgencous moderator because the free atom cross section for hydrogen is usually much greater than 

those for the other atoms. This means that even if under the incoherent scattering approximation 

. j h c J L C j i . t t C T i n g f ^ , t _ _ ;__ •.-.• .,-.- . ••• 

Furthermore th'cT scattering property of heavy water lias the usual difficulty that may be* encountered when 
one is treating with the thermal neutron scattering by liquid. 'V •••••& 

, . ," " f, ,. " //' 
_Frorni scattering law data it is possible to determine die spectral density function wlicn the scattcrcr is 

incoherent and only one type of nucleus contributes to the scattering. liut since heavy water docs not satisfy 

these conditions, the spectral density function which is deduced from scattering law data has ambiguity. 
' " • " " " " " ' • ' ; ' " " • ' ' * ' • ' . ' ; • ' • - • • • • • - ' - • ' " " " ' • ' • ' • - - • • - • " - - • • < > 

Therefore, to determine the spectral density function for, heavy water, a molecular dynamical treatment is 

required. 

An incoherent scattering model for hcavywater was presented by. HONECK",Owhich is equivalent to the 

Nclkin's model for light water-': MCMURRY3' presented another incoherent scattering model, extending his 

MR •model41 for light water to heavy water. Coherent scattering calculation was performed by BUTI.GR5> for 

, the first time and the structure of the scattering law was explained successfully, which had not been predicted 

in the incoherent scattering approximation. This model was employed by KOPPEI. and YOUNG6' to calculate 

the integral parameters of scattering kernel for heavy water. They showed that in general the coherent scat-

•/•'. tering terms from the inter-and intra-molccular interference cancel largely each other in the case of total scat­

tering cross'section for example. ; ' 

Recently PUCIIER7' presented the crystal model which described the translational motion as the mode 

with the Dcbyc-Einstcin frequency spectrum. He also successfully predicted the low energy structure of the 

total scattering cross section considering the pair distribution function in heavy water. 

The different treatment of the coherent neutron scattering from heavy water was proposed by usB). The 

calculation is based on the Butler's model with experimentally determined acoustic spectral density for the 

translational motion of a molecule as .a whole. In. the present note we will describe the model in some detail 

and also comment on the effect of the multiple scattering. 

http://Buti.gr5
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(2) Definition of Generalized Spectral Density Function for Coherent Scatterer •••-.• 

We assume the isotropic harmonic vibrations for internal vibrations of a molecule as well as the translational 

motion of the molecule as a whole, and strongly hindered rotational motion expressed as the harmonic oscil­

lation. 

Scattering law for a pair of intra-molccular atoms v and v of a molecular liquid is, 

St,B,(KltO=c ±A_jite c 2 e (1) 

where 

(2) 

(3) 

Rv : equilibrium position vector for u"1 atom. 

A'' : total number of atoms in a molecule. 

Averaging over the orientation of a molecule in the sense of the Kricgcr-Nelkin approximation", one obtains 

^ S(ft-JV) s m O ^ J (4) 

O ' 

<««uv(o.>=gSf ^ S ^ [ ^ + 1 ) c ' " ' , + ^ - / " ' ' ] ° •'....... l5) 

where ,. i, 

Rvv,= \R„-R„.\ 
•ting Eqs.'(4) an 

" • ' : " ; ; '" - : s » , / ( V O = ^ ^ ' - s l ' G S r ' • ' " " , - - : r c ••' • - " • • • • • • • • • • • • - : • ( 6 ) 

s ^ £ ^ - J L g W ^ n ^ (7). 

' • - .-:'..• .. ' " . ' " " ' L . ' . ' 

'""]da>> ,. ... <8> 

Here wc define the generalized spectral density function pvu,(a>)t a s 

Then, on inserting Eqs.'(4) and (5) into Eq. (1), we have 

3.V-3 

M„ (9) 

In the limit of free translation. pac. (<o) should be 

'mol 

where Afn,0| is the molecular mass. .—; 
•The second term of the r.h.s. of Eq. (9) corresponds to three hindered rotations, approximated by triply 

degenerate torsional vibrations, and three optical vibrations, two of which arc degenerate. From the ortho-

normality conditions and the completeness of the eigenvectors, it follows that 

J P,v.(fl>)d(a=dl)v. •,, ,. (11) 
o 

This ensures applicability of Placzek's moment theorem, which can be written as 

\"s^X'^<'>)d(o=<e'"oi-KO>T^<
s-0!ff^>T, (12) 
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A . .. 

r -•" fi2K2 

S,»,(«t <0)ti<i>d(o=2M-ov„, 

( 3 ) Calculation of Scattering Law 

The calculation of iS„„, (K, a>) can be carried out by the phonon expansion procedure. But, the application 

of the Sjolandcr approximation needs some care in the present case. For the self term the validity of the ap­

proximation is assured by the central limiting theorem of statistics. For interference scattering, however, 

/>»».('") c a n equally be negative or positive because of the orthogonality, as expressed by Eq. 11). The central 

limiting theorem is then no longer valid and, in fact, the Sjolandcr approximation occasionally gives a divergent 

result. The difficulty can be overcome as-follows. Wc divide p„„, (w) into two parts, positive and negative 

definite parts. We apply the Sjolandcr approximation scpatately to each part of the scattering law corre­

sponding to the above division. The final result is obtained by the convolution integral of these two scattering 

laws.* The short collision time approximation also leads to a divergent result. We can apply the short time 

expansion only to the scattering part corresponding to the positive definite spectral density, and the negative 

definite part has to be treated by the phonon expansion. The final expression for the calculation is as follows. 

In the following expressions we drop the subscripts v and i/, if net necessary, 

a) Phonon expansion 

The usual phonon expansion method can be applied to the present case. The scattering law is, by using 

the notations closely after SUMMIT code, -

- •••Sx;G,<°>=2e-*vA(2,WWn<.*').-- " •••••- .09:,...... 

where ^ > J 

•rco) =4-{^-r»u(0) +^n.v.(0) }, ". : ;:-'•' 

- - - cS, f - 1 - p(',{) c*l?T 

ZZ.17..7. ,.'.'i»"w = ( ci, C5—^o^-. ̂ £' >ds;. 
b) Sjolandcr expansion (| t 

As it has been suggested, above, wc diyidcthc generalized spectral density as 

P(s)=Pw CO+/>•»(«). • ""' •<•• 

where p'» (E) S; 0 and p™ (s) ^ 0 , 

The scattering law in Sjolander approximation is, >:> •» 

where . ° v 

f _(r'"(Q))f 

1 *r\ ' 
(r(=)(0))--r-

• Q 

.a. 

h (« - r ) ! 
6 ' ,-<• , _•<*-«! (n.rW 

/ •„ .=—7——i : c Z'^".'J 
J,3< V2- / r 2 (w,r ) 

0?(«, r) = r/r„(l> + (»—»•)*. (2) 

£[*,<<> =*-& 

* This point was suggested by H. TAKAHASHI. ' 
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„„<.) = j°°£!l(!2coth(2^)rf£=r<" (0), " 

«!«> = ) pin (s)d£, 
o 

^ < " ( £ ) s c o s h ( ^ y £ . 
0 

c) Short time expansion '' 

Using the same notation, one can write S (K, eyas, 

sao^.'.-^-^y^B^ip,.-^^. • 
where 

V (») — ^ 2 / g 2
 a ( 1 ) 4 - W r (2) 

2M "S^V 

(4 ) Generalized Spectral Densitral for Heavy Water o 

Inserting into Eq.(9) the eigenvectors and the cigen frequencies calculated by BUTLER, we obtain, 

PDD(C)= pO C(e)+0.45605(e-ei)+0.1483o(e-e2)+0.2957o(£-£3), (22) 
' DO 

Poo(.0= (Oo"(O+0.08801o(e-ei)+0.03779S(e-e2)+0.074193(e-e3), (23) 

> / J , D S ( 0 =/>n"n •(e)-0.10393(e-ei)+0.0010035(s-e2)+0.005ai2o(e-£3) f (24) 

PDO(O=|0OC(£) = > " ( « ) - 0 . 1 2 4 5 3 (s-£i)-0.05203«(£-£2)-0.10635 (£-£3), (25) 

where, ' ", . . ' ' "" \/ :,: v"" "." ' ,;fi. 

'...'..' £i=0.048eV,;£2=0.l46eV iand £ 3 =0.3385eV^ ;:; ' . . .1".J1 

For the acoustic part of,the frequency distribution p-„(e) , -we use the spectral density determined from the 

"slowneutron' "experiment" byLARSSON and DAHLBORGI0)r~The shape of />~„(£) is assumed to be the same — 
vu 

for every pair of atoms;* The normalization is done with the use of Eq.(l l) (see Figs. 1. and 2). 

(5 ) Comparision with Experiment '*''".. " " " '*' 

As it will be seen from the discussion in section 3, the UNCLE code"' , which is a version of the SUMMIT 

code12', is most readily utilized for the numerical calculation of the present problem with minor changes in 

the input quantities, input processing and formulas for the short collision time approximation. The-version, 

UNCLE-DISTINCT, was prepared for use of IBM 7090 and 7044. 

The total scattering law for the molecule is given by !v . 'i 

where Av and C„ are the amplitudes of coherent and incoherent scatterings, respectively. 

In Figs. 3, the contributions of the interference scattering terms to the total scattering law are shown, and 

in Fig*. 4 and 5, the calculated scattering laws are compared with the experimental data by HAYWOOD at T— 

295°K and 423°KI3>. Although / w ( e ) may be temperature dependent, the spectral density function was 

assumed to be the same for both temperatures in the present calculations. „ The contribution from the distinct 

atom pair becomes less important as ^becomes larger and the temperature becomes higher. -The agreement... 

between theory and experiment is good on the whole, especially in the range of large a. For small a , the 

measuredscattering law is generally larger than calculated one. —A part of this discrepancy may be attributed 

to the multiple scattering effect. This point will be discussed in the next section. In Fig. 6, Butler's result 

is compared for /3 =0.5 with the present calculation. Since BUTLER assumed free translational motion of a 

• molecule as a whole, his result failed to agree with measurement except for the large a region. 
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(6 ) Effect of Multiple Scattering 

As it had been discussed by SLAGGIE'.5,', the multiple scattering correction for double differential scattering 

data is a very important factor. We made this correction for the experimental data by HAYWOOD, using the 

incoherent scattering kernel (see the previous section). SLAGGIE also discussed the model dependence of the 

multiple scattering correction. Further analysis using a more realistic model for heavy water, for example, 

a model including the coherent scattering, may be desirable. 

The experimental geometry is assumed as shown in Fig. 7. The specimen is a disk of 6 cm diameter and 

held at 45° to the incident beam. The thicknesses of the samples arc, 0.209 cm for 2?0=0.109 cV and 0.242 

cm for Z?o=0. 039 cV14', where E0 is the incident neutron energy. The calculation was performed only for 

room temperature case using the MUSE code. 

In Figs. 8 and 9 the multiple scattering correction factors are shown for E0=0.11 eV and 2?0=0.04 eV. 

At small angles the multiple scattering correction factor- becomes large and strongly dependent of the final 

energy, for small scattering angle. But for larger angles it tends to be flatter and approaches to unity. 

From these results we corrected the multiple scattering for /9 =0 .5 and /3 =1 .0 (Ft^s. 10, 11, 12, 13 and <! 

14). Agreement between theory and experiment was considerably improved especially in low a region. The 

multiple scattering correction seems one of the most important correction for experimental data, and produces 

some ambiguity when comparison is made between theory and experiment. Therefore it is desirable to es­

tablish a reliable method for the multiple scattering correction. 

( 7 ) Conclusion '-; ,.• 

The present model for, heavy water can predict well the scattering laws at room and high (423 °K) temper­

atures. The main' part of the discrepancy between the present theory and experiment by HAYWOOD may be 

attributed to the multiple scattering effect. 

One of the future problems is the calculation of the scattering kernel including the coherent scattering: 

By making a comparison with other recent experiments'6' we can develop a more realistic model for heavy 

vwatcr. ,-. -y ;•••-. •••-;•! ••; • -.- .. . . . . ......... ........... 
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3.3 Graphite .. // 

3.3.1 Graphite 0 

,-•"' Frequency distributions of lattice vibrations in graphite have been obtained "by YosiiiMORi .& KITANO", 

YOUNG & Korpi:i.'->and CAKVAI.IIO". YOSHIMORI & KITANO calculated the frequency distributions for out-

of-plane and in-plane vibrations by means of the Houston's method". The Houston's method'solves the 

one dimensional lattice vibration for the particular wave vectors in the directions of symmetry axes and from 
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the frequency distributions for one-dimensional lattices the one for three-dimensional lattice is composed 

analytically. Hence the YKO (YOSIUMOKI & KITANO) distribution has spurious singularities inherent in the 

one dimensional latticed YOUNG & KoPPEL'also used the>Yoshimori-Kitano model, but they.employed, htc 

root sampling method to obtain the frequency distribution.' Thus, YK (YOUNG & KOPPEL) distribution is 

free from the spurious singularities inherent in the Houston's method. YKO^and Y"KTdistributions are shown 

in Fig.,,1. CAHVAUIO performed the extensive measurements on scattering law for graphite at 533°K and, 

determined the frequency distribution by means of the well known extrapolation procedure on S(«, j3)/«. 

C(CAKVAUIO) distribution is shown in Fig. 3 in comparison * with YK distribution. A remarkable resemblance 

is seen between them. h 

. ' ! ' " ' ' <y ' • _ • : ; t _ •..• . _ ... 

Scattering laws for graphite at 22°C calculated from YKO and YK distribution are shown in> Fig. 4 in 
.. l! H i ' ' '- ° ii ' 

comparison with experimental values'compiled by HAYWOOD & SINCLAIR5 ' .!: Agreement with experimental 

values is better for scattering law calculated] from YKO distribution than those from Y'K. I t can not be con- •; 

eluded,'however, that YKO distribution is (better than Y K distribution, becr.use corrections to multiple, scat-

.tering have.not been applied to the experimental scattering law. From the theoretical point of view Y'K dis­

tribution is the best distribution among the available distributions at present." ••;-" 

In Fig. 5 comparisons are made between scattering laws at 300°K calculated from YK. and C distribution*'. 

There is seen little difference between them! What is effective in the calculation of the scattering cross section 

•• ' i s the gross structure of the frequency ^distribution and the fine structure is rather irrelevant. 

Some typicahkernels for graphite at room temperature are showti in Fig. 6.. These 30 energy point kernels 

were calculated from the YK distribution. The arrow on the abscissa indicates the incident energy of neutrons. 
• |S J ! , , . " :r.-- : • • • - - • • • - - • - • - - - . - ; ; — , . , ^ a b. . . , . , . . . . " 

The incoherent inelastic, elastic (coherent-[-incoherent) and total scattering cross sections are shown in 

Fig. 7, together with the total elastic scattering cross section calculated in the incoherent approximation. 

In Fig. 8 the! transport cross section for graphite at room temperature is illustrated. 

Recentlv PAGE published his experimental data on the scattering law for graphite at 1300CK and 1800°K6>. 

^ I^c f r ; evaluated alsoJ:iie; f requency^ scattering law data7'. The 

' phcnomenologicarfrcquency dis^ibTrtion'deterrriin'ed'by'PAGE are compared in Fig. 9 with the, YK distribution-

for room temperature. In spite of the large difference in temperature, overall qualitative features of these 

distributions bear a remarkable resemblance, except the higher energy cut in the Page's distribution.— 

""For•'''examining; the effect of the tcmperaturctvdependcnce of the frequency distribution on the scattering....,., 
' ''.: •". ~ \^: : ;• .- - . . - . . j j - . . j , . - . . _ . . . , . . . _ , . , 

crosssection, scattering laws for graphite at 1S00°K were calculated from the YK distribution at room temper? f 

• • • . • . . l i • . - ) i , : . . . , ! " ' 

ature. These scattering laws are compared with the experimental values obtained by PAGE in Fig. 10. It 
• •• • '•-.•• J i l . . . . . 

should be hoticcdUhat resolution and multiple scattering corrections are not applied to the measured scattering 
, \ .*;.:]• \ > •-. H " ^ 

law. ̂ Agreements'between calculated and measured values are quite good. Structures seen in the measured 

scattering law can be attributed mainly to the one-phonon coherent scattering. It may be said from the results 

shown in Fig. 10 that'!the YK distribution can be used with reasonable accuracy in calculating the scattering 

cross section for graphite at high temperature. S> ° 

Elastic and inelastic scattering cross sections for graphite at 1800oK arc shown in Fig. 11 in comparison 
" '' '• ° 

with those at room temperature. It is remarkable that the inelastic scattering cross section at 1800°K is con­

siderably large in comparison with that at'troom temperature.and has minimum point around 0.015 cV. The 

inelastic scattering cross section at 1800°K was calculated with UNCLE code from the averaged isotropic 

frequency distribution, because the execution time of the IBM-7044 computer was estimated to be more than 

two hours when; the anisotropic frequency distribution was used. As for the elastic scattering cross section, 
f > '• - • f i) - , 

the value at high temperature becomes smaller, contrary to the inelastic scattering cross section, than -that at 

room temperature. Below 0.01 eV the temperature effect on the elastic scattering cross section is not large, 

but above 0.01 eV it, is considerably large. For the neutron energy below the Bragg cut I3NL 325 contains 

data on the total cross section at up to 1040°K.": If these experimental values are plotted as a function of temper-

ature T, they can be,fitted with a linear function of T. The calculated value at 1800°K for the energy below 
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the Bragg cut lies on this extrapolated straight line. To evaluate the accuracy of the calculated total cross 

sections in the whole energy range experimental values are needed .^ We have, however; no available data on 

the elastic and inelastic (or total) scattering cross sections at 1800°K. I t should be noticed that the cross sec­

tions at 1S00°K were calculated from the YK distribution for graphite at room temperature. v. 

Scattering kernels for graphite at 1S00°K are shown in Fig. 12. These kernels were calculated from the 

isotropic YK frequency distribution. " 
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Fig. 1 Frequency distribution of in-plane vibrations of graphite at room temperature. 
Comparison between Yosliitimri-Kitano and Young-Koppcl distributions. 
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Fig. 2 Krequency distribution for graphite at room temperature, determined by 
Young and Koppcl. " •'"•'. <• 
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Fig. 4 a Scattering law for graphite at room temperature. 
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4 b Comparison of scattering laws calculated from the anisotropic Yoshimori-
Kitano and Young-Koppcl frequency distributions. 

5 Comparison of scattering laws calculated from the isotropic Young-Kopp*el and 
Carvalho frequency distributions. .. Experimental values are those obtained by 
Whittemorc.3) 

ft 

6 Scattering kernels for graphite at room temperature, calculated from the 
anisotropic Young-Koppcl frequency distribution. 
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Fig. 8 Transport cross section for graphite sit room temperature, calculated from the 
anisotropic Young-Knppel frequency distribution. ,, 
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by Page from the scattering law data, in comparison with Young-Koppel Page 
distribution at room temperature. 
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3. 3 . 2 Coherent Inelastic Scattering of Slow Neutrons from Polycrystalline Graphite 

Several years ago H. TAKAIIASHI made a detailed investigation, of onc-plibnon coherent scattering from 

graphite by using the root sampling technique. Although 'the"work was reported briefly at the conference 

on inelastic scattering of neutrons, Nov., 1965, Japan Atomic Energy Rescach Institute and was published in 

JAERI 1113 ('66), it is felt worth-while to reproduce his work in greater detail in the present evaluation report. 

Since he is now at BNL on leave from JAERI, the article is presented by one of the editors (S.I.) with per­

mission of II. TAKAHASIII. The writer was informed that TAKAIIASIII recalculated the same problem with the 

force constants determined by Yorxn and KOPPKI., and is preparing the results for publication. 

In this paper we present the results of root-sampling calculation for coherent inelastic scattering of neutrons 

from graphite at room temperature based on Ybshimori-Kitano theory of lattice vibrations." The unsym-

metrized one-phonon scattering law S( K, .m) per atom for polycrystal is expressed by 

S ( i t , l . . ) = I | r f f f S ( " i , w) (1) 

S ( S < » ) = - ^ ^j^lSsU) \- <' (V+- 'f-07J- .[(W j + l)«(«»-r»,)+»/JCoi.+.*.O]. (2) 

Herc£, (K) is the dvnamical structure factor; 
'{•' ' • • • • • u i . . . 

•I 

ft(O=J](«,,C.0c''"»c-«'»" (3) 
• " = ' o , ' _ _ ( : , . __ 

s = ( ) . , q) stands for the index for the normal mode and v is for the basis atom. C/> i> and 2W„K arc, respec-

tively, the polarization vector, the position in a unit cell and Debyc-Waller factor for the y-th basis atom. 

The symbols have been defined in § 2.1. Eq. (1) was calculated by the root-sampling technique taking 675 

wave vector points in an irreducible segment of the first Brillouin zone for the range of « = . y ^ ^ l . O and 

,9= | / ; m ] / 7 ' ^ 2 . T is the temperature, in energy unit. An IBM-7044 Fortran IV program, ONE THONON, 

was programmed fortius purpose. In Yoshimoni-Kitaro theory, the one phonon term in Eq. (1) is split into 

the sum of the parts corresponding to in-plane vibrations and out-of-planc vibrations. :-••--,)••-- «•-

S(.K,m)=:Sii(.K,o>)+S1(K,u>) ••' / (4) 

Since in in-plane vibrations the motions of atoms lying on different layers are not coupled, the main physical 

~ part-of S/i (A:, a>), except for Debye-Waller factor, docs not depend on £..and </*.... Z-axis is taken in the di-

'*.'" rcction of the c-axis. " 

The calculation proceeds in the following way. A sampling point q is taken in the irreducible segment 

of the first Brillouin zone. Secular equation is solved to obtain cu„Ol) and C„'(<7). CV(<7) is then transformed 

to C„J (A-)I where v = r + </> using crystal symmetry. The range of r was restricted by « ^1 .0 . The in­

tensities of scattering from various r are collected and classified according to the resulting | c | and a>, with 

intervals J«=0.01 and J/3=0.1, respectively. In order to get better statistics, the calculation was done 

separately for S// (*•, at) and S±{K, «>). This technique is advantageous, because the out-of-plane vibrations 

have the higher density of normal modes than that for in-plane vibrations for j3 £ 2, and this implies that a 
. . . o 

greater number of sampling points are required to calculate S/I(K, m) with the same accuracy as that for Sj_ 

( K, at). The statistics was improved by using the frequency distribution, the density of normal modes, which 

were calculated with a larger number of sampling points. With the above technique, the present size 

' of sampling points, 675, was not insufficient to make a meaningful comparison between theory and experiment. 

Typical results are shown in Figs. 1-4. Plotted together is the multi-phonon contribution calculated in 

the incoherent approximation using the anisotropic frequency distribution obtained by YOUNG and KOPPEL.2 ' 

Figs. 1 and 2 show the structure of typical 5// ( « , ft) and S j .( a, ft). In the range of /3 considered here, S// 

....•,(a, ']3 ) exhibits maxima at K X?H and minima at « in-between r//, where -// is the projection of r on hexago­

nal plane. This behavior is understood in closely analogous way to the case of an isotropic crystal,3' by drawing 

the momentum conservation diagram in reciprocal lattice space and also by recalling that the density of trans-
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verse vibrations is much higher than that of longitudinal vibrations for acoustic branches*^ ,<, 3) (c.f. Fig. 5). 

The structure of Si (« , ,3 ) is more complicated. 'When 8 ~0 .5 , the'minima occif!!'\':ar'/r « r and max-

ima near in-between r , and the positions of maxima arc seen shifted towards larger K ar'.':* increases. When 

B exceeds somewhat over 0.6, the diffraction-like structure at small a diminishes abrui!1,,. rand, at the same 

time, the phase of minimum and maximum is reversed. These may be interpreted roughly r^, follows. Firstly, 

when 8 is about 0.5 or less, < we are,observing the accoustic vibrations. In Yoshimori-Kitano theory, the 

squared frequency of out-of-planc vibrations can be written as.. . , 

The (central) force constant between the adjacent layers is about only 1/50 of the bending force constant of the 

plane. Assuming Yoshimori-Kitano's force constants, cn<'> (q.) is l lmcV at the zone boundary and becomes 

maximum at the next zone-center, 16 meV. The w.<2> (iy//) is about SOmeV at C1010^ zone boundary. The cqui-

frequency surface is therefore not a sphere, but rather, roughly speaking, a cigar type directed to c-axis. The 

cigar elongates as 8 increases., For 8, say 0.5, the end of the cigar lies near [[0001] zone boundary and the 

lateral surface lies at less than half way.to.r.1010} zone boundary. The density of the modes is high in the di­

rection of c-axis and low in the direction perpendicular to it. Now, in the case t s - (002), the constant "«"' 

sphere crosses the equi-frcquency cigar surface at about the middle part of it. There, the density is low. When 

K is about C" (002)+-(003)3/2, t ' l e v-sphere glazes the ends of the cigar, where the density is high. This 

explains the stated results and also the shift of positions of maxima with j9. For,K«wr (003) and «=r (100), 

the scattering becomes small cither because of the destructive interference or of the orthogonality of C„ and K . 

When 8 exceeds somewhat over 0.6, the cqui-frcqucncy surface becomes approximately an infinite cylinder 

and the bending vibrations (transversal) contribute to the, scattering. Since the reciprocal lattice is dense in 

the direction of c-axis (see Fig. 6 (b)),- prominent structure is not expected as K increases from - (002) to z (003). 

Fig. 6(a) and (b) also illustrate why the phase of minima and maxima is reversed as 8 increases from 0.5 to 0.7. 

The structure of S±(«, 8) changes rather rapidly as 8 increases further, and it depends not only on the 

geometrical structurc°and the gross feature of dispersion curves, but also on the polarization vectors. ,y 

Figj. 3-5 show the comparison of ' the calculated scattering law with the experimental data by HAYWOOD 

and SINCLAIR. 'For large « , the agreement is satisfactory. The considerable discrepancy at small « may 

be attributed to the effect of multiple scattering from the sample. 

CARVALHO4' calculated the multiple scattering correction for his measurement of graplitc at 533 °R. The 

correction factor was about ,0.3 and 0.4 respectively, for /3 = 2 and B = 3 at « = 0 . 1 . He also has converted 

his 533°K results to room temperature, although the procedure may not be very accurate/to compare with the 

present calculation. Although the fine structures may have been smeared due to the finite angular resolution 

in the measurement, the agreement between his results and the present calculation is satisfactory. 

. . . • ' • • " , * ' ' < • 
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Fig.s 5 A schematic drawing of momentum conservation law in reiprocal lattice to 
illustrate the structure of S\\ (K, OI); Dotted semi-circles indicate the constant K 
circle. When «r=sr (inner circle), transverse vibrations contribute predominantly 
to S | | (K, U>), while for ic at between r (outer circle) the longitudinal vibrations 
are effective. '.* Solid circle is the equi-frequency surface for in-plane vibrations. 
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/ 

--4— 

Fig. 6 A schematic draw of momentum conservation law in reciprocal lattice to illustrate 
the structure of S± (a, w); T h e solid ellipse in l"ig. 6a is the equi-frequency 
surface of, ,5 ~ 0.5 for nut-of-planc vibrations. Dotted semi-circles are constant 
K spheres. The outer circle crosses the high density part of equi-frequency i. 
surface, thus resulting a large scattering cross section. For the inner circle, the 

3 .4 Beryllium 

Fig. 6b shows the same".illustration" for /3~0.7. The 
2 becomes practically an 

structure of Sx («, <") ' s expected in this case. 

situation is opposite. 
equi-frcquency surface becomes practically an infinite cylinder. No prominent 

Frcqiiencyj distributions of lattice vibrations in beryllium have been obtained by SINCLAIR," YOUNG & 

KOPPEL=> and RAUBENIIEIMER & GILAT.3> SINCLAIR measured extensively scattering law for beryllium at 22°C 

and evaluated the frequency distribution by means of. the well known extrapolation.procedure on .S ( or, j9)/a 

proposed by EGELSTAFF. YOUNG & KOPPEL and RAUBENHEIMER & GILAT obtained frequency distributions 

theoretically by means of the root sampling method. YOUNG & KOPPEL used the Schmunk's^ central force 

model in which the interactions with Up to fifth neighbors are taken into consideration. RAUBENHEIMER & 

•GiLAT used the,modified axially. symmetric model.formulated by DEWAMES, WOLFRAN and LEHMAN.5' All 

these frequency distributions are shown in Fig. 1 (Note that the normalizations arc different for three distri-

buttons). ~ - --— -'•• -•-- - •- „.„., ,_ 

; As can be seen from Fig. 1, theoretical ""distributions have deep valley around u =15x10'- sec-1, but ex­

perimental one does not. Qualitatively, YK (YOUNG & KOPPEL). distribution resembles S(SINCLAIR) distrir 

. . . . . . . ^ ^ 
bution closer than RG (RAUBENHEIMER & GILAT) distribution docs, in spite of the fact that the theoretical 

basis for YK distribution is cruder than that for RG distribution. Phcnomenological S distribution, however, 

can'not be said to be precisely true, because the extrapolation procedure has some arbitrariness in eliminating 

the coherent and'multiple scattering contributions from measured scattering law. Therefore, it can not be 

concluded from Fig. 1 that YK distribution is closer to the truth than RG distribution. 

.,, i Scattering laws calculated from YK and RG distributions arc shown in Fig. 2 in comparison with exper­

imental one determined by SINCLAIR.0' Agreements are not good for both theoretical values. It may be 

inferred from Fig. 2 that the true peak in the frequency distribution at the lower frequency exists between the 

peaks in YK and RG distributions. Scattering laws calculated from S distribution are also shown in Fig. 2. 

The main peak around /3 =2.0 of the scattering law calculated from S distribution is smaller, whereas those 

from YK and RG distributions arc much larger than experimental values. This may be the reflection of the 

relative effects of the two main peaks in the frequency distribution. In view of what is said above, experimental 

data on scattering law were rc-cvaluated and the final frequency distribution (MOD-2) thus determined is shown . 

in Fig. 3 in comparison with S distribution. MOD-2 distribution 'is, now, similar to RG distribution quali­

tatively. This is a reasonable result, since the modified axially symmetric model gives the dispersion relation 

in excellent agreement "with experimental dispersion curve determined bv'ScHMUNK-.7'-
'v'. ^' 

Scattering laws calculated from MOD-2 distribution are shown in Fig. 4. Discrepancy between theoretical 
and experimental values at small « is mainly clue to the coherent and multiple scattering. Theoretical values 
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" •• i ; . . . 

have been obtained in the incoherent approximation and the multiple scattering corrections have not been 

applied to experimental data. At large a where'the coherent and multiple scattering effects are unimportant, 

the agreement is quite good. 

Some typical scattering kernels are shown ini.Fig. 5 for illustration. Numerical values of full kernels arc 

given in Appendices. These 30 energy point kernels -were calculated from the MOD-2 frequency distribution. 

The incoherent inelastic, elastic (coherent -Hhcohcrcnt) and total scattering cross sections are shown in 

Figs. 6 and 7. The total clastic scattering cross [section calculated in the incoherent approximation is also 

shown for comparison with the exact elastic scattering cross section. Oscillations seen in the inelastic scattering 

cross section arc due to the structure of the frequency distribution and also dependent upon the energy mesh 

sizes. If finer energy mesh sizes are used, the amplitudes of-shc oscillations become smaller and the cross 

section becomes smoother. 1J it 

In Fig. 8 the transport cross section' for beryllium at room temperature is illustrated. The same cxpla-
•'•'' • . ' " ' • ''••' l l "<] ,; . ii . 

nations as given to the total scattering cross section arc also applied to the transport cross section. 

. : "Data on therm 

culations for beryllium at high temperature have not been performed, because we have no data to compare with 

calculated cross sections. ,, ! '...'•<" 
9b 
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o 
0 

• measured total cross section'* 

(HX!. .325,2nd.«U?58) 

o measured cross section for single 

' " 'crystal(13\'L-325.2nd,Suppl .2) 

Fig. 6 Elast ic , inelastic and total scattering cross sections for Be at room temperature, ( j \ 
calculated from Raubcnheinier-Gilat distribution. ----- •""-•;;;- _•_- •• • -;• 

10 

£ t 

• measured total cross section (BNL-Hliii. 2nd edition. *5S) • o 

o measured cross section for single crystal (UXL-H25. 2nd edition, Suppl.2) 

-.total.cross section .;, " 

-elast ic coherent cross section 

-elast ic cross section (incoherent npprox.) 

10-

<-" Fig. 7 Elastic, inelastic and total scattering cross section for Be at room temperature, 
,. calculated from the M O D - 2 distribution. •• • . 
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Fig. 8 Transport cross section for ,15c at room temperature, calculated from the MOD-2 
distribution^ Elastic and inelastic parts arc also shown. 

3.5 Beryllium Oxide 

The crystal structure of beryllium' oxide is wurtzitc type, the lattice^parameters being c=4.37 A, c\a=1.623 ' 

and the structural parameter M=0 .387 at room temperature. The study of lattice dynamics of beryllium oxide 

is of interest not only because of its use as an important reactor moderator, but also because it is a'piczoclcctrie 

semiconductor and has a high thermal conductivity and a low electrical conductivity at room temperature. 

Sinclair has measured the scattering law at 293°K with incident energy of 0.135 cV." Results were given 

for the ranges 0.25 ^/jw^O.l eV and 0.1 A</c/2;r< 1 A. The extrapolation, procedure gives the generalized 

frequency distribution of the form; 

(> (.«>) •• 

, •. . itk" M| ) c . , -, 

Sicnc /)|ic {w) and p0 (o>) can not be determined separately, the assumption was made that pBc (<»)=/'o (">) 

in the analysis of scattering law. The iteration was performed until a reasonable fit was obtained between ther: 

calculation and the experiment. The resulting "generalized frequency distribution is tabulated in Table 1. and 

shown graphically in Fig. 1 (a). Fig. 1 (b) shows the phonon dispersion curves recently measured by OSTIIELLEK 

ct 'al. by neutron scattering technique for wave vectors in f.0001] and f_1010] directions.2' Also plotted in Fig. 

1(b) are the L-point frequencies'mea'sured by LOH from infrared reflection spectra and Raman scattering.3' 

The 135 meV LO frequency and 85 meV TO frequency arc seen to satisfy Lyddane-Sachs-Teller relation «iL0/ 

<uTO=,N/so/soo, where £0 and :«> are respectively the static and the high frequency dielectric constants. "In 

comparing Fig. 1 (a) and 1 (b), the critical frequencies are seen to agree well generally in both the generalized 

frequency distribution and the phonon dispersion curves. The 135 meV LO frequency found by optical meas­

urement has not been observed by neutron scattering measurements. The neutron scattering experiment 

with a high incident energy or at a high sample temperature will likely to find this mode of vibrations. The 

critical frequency near 50 meV in the generalized frequency distribution may correspond to the frequency of 
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about 40 mcV of single crystal measurement. This deviation is not significant if the ambiguity of the extrapo­

lation procedure is allowed for. 

Figs. 2~6 show the comparison between the calculation aricl the experiment of scattering law. The agree­

ment is fair at intermediate and large values of « . The'discrepancy at small a may be attributed to the 

presence of the multiple scattering from the sample of the experiment. The measured scattering law exhibits 

considerable structure with respect to nr .which-may presumably be the coherent effect. 

The total cross section was calculated and was compared with BNL-325 values in Fig. 7. The calculation 

agrees well with UNL-325 value for energies above Bragg cut-off. FRYOR and S.vniNE" measured*the total cross 

section of 5 A neutrons for the temperature range between 100oK-2000°K3>. Their measurement was com­

pared with the present calculation in Fig. 9. In the calculated range of temperature 300°K-1050°K, the a-

grecment between the calculation and the experiment is seen excellent. 

Fig. 8 shows the calculated transport cross section at room temperature, from which diffusion coefficient 
<i " . . • • • * ' . < 

is,calculated to give ' 

•v.". •.::. :D;=^\~Ml^dE^uxWcn?^ : - - (D; 

for the density 2.79 gr/cm3 and at temperature 20°C. Here v0—s/2T/m. The experimental values mcas-

, ured by pulsed neutron technique are, in the unit of 105 cm"/see, 

A , = U 8 (24°C); 1.36 (S0°C); 1.60 (140°C) ,, .„ 

by IYENGAR et «/.=' ('57) for a density 2.96 gr/cm3, and 

A=1.56±0.0b(20°C) ,,: ,. 

by ZHEZHERUN et. «/.<" ('64) for a density 2.70 gr/cm3. 

The present calculated value is sizcably small compared with the experimental value by ZIIE2IIERUN et 

al. A part of the discrepancy may be due to the expression of Eq. (1), which is approximate in nature (c.f. 

section 2.4). 

PRYOR and SABINE have measured by neutron diffraction technique the vibrational amplitudes of atoms 

in beryllium oxide for varying temperatures3'. Fig. 10 shows the calculation and the experiment of the mean 

square amplitudes of atoms as functions of temperature. As the present treatment assumes that the frequency 

distributions are the same for both beryllium and oxygen atoms, the mean square amplitudes of vibrations 

are given by 

<u2>T==3.jLJ00.Pj^CothI'^do, '-.' * " c 
^"-^T 6.2M,lo o) cmn 2T . . " " , . 

Although the measured vibrational amplitudes scatter rather wildly, the calculation definitely underestimates 

the amplitude of oxygen atom and overestimates that of beryllium, particularly at high temperature. Therefore, 

the present phcnomenological frequency distribution may have to be modified to calculate the high temperature 

scattering cross section. PRYOR and SABINE calculated the vibrational amplitudes of atoms by assuming Debye-

. Einstein frequency spectrum, which was determined to fit with specific heat data. They assumed that cation 

and anion move in unison in acoustic vibrations and move oppositely in optical modes of vibration's. Their 
g ; : : - • <u ' • • • < . . . 

result is also plotted in Fig. 6. By using this model, they also calculated the total cross section of 5 A neutrons, 
' < " • ' . . . . • - , 

the results plotted in Fig. 5 in comparison with the experiment and with the present calculation. 

To conclude, the generalized frequency distribution evaluated in the present report reproduces satisfacto­

rily the observed scattering law and total cross section at room temperature. Theoretical transport cross section 

: underestimates the diffusion coefficient by about 8%, although a transport theoretic calculation of diffusion 

coefficient may be necessary before drawing the conclusion. Theoretical Debye-Waller factor deviated from 

the observed values at high temperature, indicating the necessity of the lattice dynamical calculation?! of spectral 

density function. This last pointiwill become important in predicting the scattering law at high temperature. 
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Fig. 1 a The generalized frequency 
distribution of BeO at 
room temperature. 
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Fig. 1 b The phonon dispersion curves of BcO reproduced., 
from the paper by Osthcllcr. The solid lines were 

;- mapped by neutron scattering techniques. The 
dashed lines arc branches which have not been 
mapped. The solid points at (7=0 arc "the frequen­
cies determined by Loh from optical measurement. 
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Fig. 9 Total cross section of UcO for 5 A neutrons versus temperature. The solid line 
is the present calculation and the dotted line is the calculation by Pryor and 
Sabine.' 
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Fig. 10 Comparison of calculation and experiment of the mean square amplitudes of 
atoms in BeO. The dotted circles arid open circles are respectively those for Be" 

;... ..andjO.atqms measured by I'ryor and Sabine using neutron diffraction technique. 
The solid curves are those by present calculation assuming that the spectral 

• density functions are the same for both.He and O atoms. The dotted curves 
are the ones due to I'rvor and Sabine as described in the text. 

3.6 Santowax and Diphenyl 
O 

Santowax is a mixture of ortho-, meta- and para-tcrphenyls (C0H5)2 C0H4. The melting points of these 

isomers arc 58°C, 89°C and 213°C, arid the boiling points are 332°C, 363°C and 250°C, respectively at normal 

pressure. Diphenyl, (C6H5)2) has melting point of 71°C and boiling point of 254.5°C under the same condition. 

The scattering law for polyphenyls has been measured by BRUGGUR1' and GLASKR2'. Fig. 1 shows the com­

parison of the measured scattering law for. benzene, diphenyl and sa'ntowax at.room temperature for typical 

values of /9. As seen from the figure, the scattering law per hydrogen atom for diphenyl and santowax are 

mutually indistinguishable for all the ranges of observed « and /3, while the scattering law for benzene is 

systematically larger than the other two for 0.62/3S2.0. We, therefore,' assume the same spectral - density 

functions for diphenyl and santowax of the form; -•> o . '-" 

(1 L^ ft" 
(1) 

where v stands for either hydrogen or oxygen atom, pj"' (o>) is the acoustic part of the spectral density 

function, and C„(1) and wt are respectively the eigenvectors and the frequencies of internal vibrations of a 
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molecule, " nj"' ( en ) is determined by extrapolation-iteration procedure from the observed scattering law. 

Assuming that atoms move isotropically and in unison in this part of frequencies, w e have (>c"" (<«)=12 p H " c 

(«>). Table 1 gives '(>„'"'[ «>) determined in this manner . T h e acoustic par t of the spectral density function 

includes the translation and rotation of a molecule as a whole and also maybe a part of the internal vibrations. 

T h e areas are respectively 0.0S03 and 0.963 for hydrogen and carbon. Therefore , we expect that"the scattering 

from carbon atom is very much like that from free carbon gas. As the optical vibrations w e assume that these 

arc the same as the internal vibrations of a benzene molecule. T h e eigenvectors and frequencies'1 ' are tabulated 

in Table 2. In the actual calculation of the neutron scattering, we have used the isotropic approximation 

instead of Eq . (1), namely, ^ 

'In using Eq . (2), C„ ( a ) ' s were rcnormalizcd as to give \ / j „ (« i ) r fw=l . T h i s rcnormalization makes the vibra­

tional ampli tudes of carbon a toms incorrect, but , this will not cause significant error in the calculated scattering 

properties of polyphenyl. ^ « 

s.. Figs. 3(a)-3(b) show the comparison of t he calculated scattering law for santowax at 23 °C with the measured 

values. T h e agreement between the calculation and the measurement is satisfactory except for small re. Table 3 

gives t he calculated total cross section and the average cosine of the scattering angle, Jt ( £ ) , for santowax at 23 C C. 

These were .compared 'wi th , experimental values in Fig. 4 and Fig. 6. T h e calculated total cross section agrees 

well with the experimental values bv BRUGGF.R and H O F M Y E R 0 for santowax, but-is"considerably larger than that 

by A N T O N I N I and PAOLUTTI 5 ' for diphcriyl at room temperature . Very rccently/SPREVAK6> calculated the total 

cross section for liquid diphenyl at 150°C. H e assumed a free translation of a molecule as a whole and 

determined the eigenvectors of internal vibrations of diphenyl molecule by choosing the interatomic force 

constants so as to give the best fit for the vibrational frequencies measured by optical techniques. T h e 

calculated total cross section was in good agreement wi th the measured value by A N T O N I N I et al. Fig. 5 shows the 

comparison of the present calculation of total cross section (per hydrogen atom) of santowax at 23CC and 267°C 

with SPREVAK'S calculation for diphenyl at 150°C. I t is seen that the present calculation yields definitely larger 

cross sections than SPRFVAK'S calculation for the entire* range of energy. Since the scattering law-s for diphenyl 

arid santowax arc indistinguishable as~ observed previosly, the total cross sections (per- hydrogen atom) for 

both materials arc expected to be nearly the same, particularly at low neutron energy. Fur the r measurement 

of total cross section will be very helpful in clarifying the point., 

» ", Fig. 6 shows the comparison of the calculated average cosine of the scattering angle for santowax at 23 °C 

with t he measured values for m-tcrphenyl at room temperature . T h e agreement is good except at the exper­

imental point at E=0.0225 eV, where the calculated value is larger than the measured one by 4 0 % . 

' > • ' . ' • ' ' " ' 
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Table 1. Acoustic part of the spectral density functions for diphenyl and santowax obtained by extrapolation-

iteration procedure. 

•<4i!= 0)H(s)A2)*=o=2.07Xl03(e.V-3) and .d c =2.45Xl0 5 (eV-*). Areas are respectively 

r0.04cV V . A , 

]/j„(0(/£=0. OS025 and 0.963 for hydrogen and carbon. , 

\\ 

CI 
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(eV) 
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24.96 J 

43.44 

34.56 

'•' 28.56 

24.24 
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18.96 " 

17.90 

17.98 

17.33 ,. 

Table 2. Frequencies and mean squared eigenvectors for internal vibrations of a benzene molecule. 

~ • • • • • • " t i • " • - • 

" < I C..'<»> |2 > e.g., is denned by £ | C„ <J> \2/n„ 

Asterisk denotes the doubly degenerate levels, for which '. 

<l C„w | 2 > was given as the summed intensity. 
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Table 3 . Calculated total cross section andavcragc cosine of scattering angle for santowax at 23°C. 

</„<" is the cross section for the Z-th Legendre component of angular distribution. 

E 
(eV) 

0.001 

0.004 

0.009 „ 

0.016 

0.0225 

0.036 
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0.25 

0.30 

<7n< 0 , /ffFI! 
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2.48 
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2.06 
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1.795 
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1.310 

' ffc(0,/«7FC 
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o. U 6 1 
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1.033 
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1.028 

1.034 

1.020 

1.016 

ftot 
(barns) 
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1310 

1100 
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741 

675 

644 

600 

571 

531 

494 

474 

460 

(barns) 

-46 .5 

,,26.8 

73.2 
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121.5 

146 

156 

156 

160 

166 

169 -
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193 

195 

^ 

-0.0266 

0.0204 

0.0664 
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0.1335 
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Fig. 1 Comparison of the measured scattering laws per hydrogen in Benzene, Diphenyl 
and Santowax at room temperature for typical values of /3. 
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Fig. 2 The acoustic spectral density function for hydrogen atom in Diphenyl and 
Santowax obtained by extrapolation-iteration procedure from observed scattering 
law. 
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Fiji. 3 The scattering law per molecule of Santowax at 23 CC. Comparison between 
calculation and experiment.' j," 
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Fig. 4 Total cross section of Santowax at 23 °C. Comparison of calculation with 
experiment. The solid curvc'is thciprcscnt calculation. The dashed curve is 
the least square curve drawn by Antonini ct al. for the measured scattering cross 
section for Diphenyl at room temperature. 

J : measurement by Hruggcr for Santowax at 23 °C. 
© : measurement bv Hofmycr fot w-tcrphenvl at 21 °C. 

100 ;.. 

10 Present calc 23'C 

"""" ."." Jn " '-GTC 

~—~,Sprevak's calculation for iliphciiyl at lf>0"C 

0.001 ' 0.01 , 0.1 
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Fig. 5 Comparison of the present calculation of total cross section per hydrogen atom 
° in Santowax at 23°C and 267°C with Sprevak's calculation for,;Diphenyl at 

" *• ': i5o°c. •,'••.' • ; ' ,^ , , ' 
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Fig. 6 Average cosine of the scattering angle for Santowax at 23 "C. Comparison of 
calculation with experiment. 

® : measurement by Hofmyer for m-terphenyl at 21 °C. 
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Lo^'1 Frequency Spectra of Organic Moderator Molecules 
T . SEKIYA, K. SAKAMOTO and Y. W A T A R I 

Department of Nuclear Engineering, 

Osaka University, Suita, Osaka 

0 ) Introduction ' '" u • .'"• • " • • • -

Recently organic materials (usually polyphcnyls) arc used as moderator and coolant in some types of nuclear 

reactors by the reason why they have similar number densities of hydrogen to water and low vapor pressure at 

high temperature. In the light of that, the neutron inelastic scattering data of those organic molecules are 

growing rapidly1"41. As almost all the organic molecules for reactor use contain benzene rings,ione of..thc..;_ , 

aims of .our research is to determine interaction potentials between benzene rings. I n ' t h e simplest case of 

gaseous biphenyl the intramolecular potential has approximately 4-fold symmetry about c-axis and is represent-

cd in a form of/ / /2(cos4(, i—1). T h e method to determine the barrier height II will be explained in (2). 

T h e results suggest that the low frequency peak in neutron scattering, data obtained by GLXSER5 ' corresponds, 

to the hindered rotation. , o iU •-,, ;, « -
u Recently TARINA 3 ' measured inelastic scattering cross section in the temperature region containing solid-

liquid transition point. T o catch the physical meaning of these scattering data, we need to be familiar with . 

the dynamical structure of these materials. As cold neutrons have energies comparable to those for rotational, -•••• 

«latticc-vibrational and diffusive motions, it is necessary to consider all the degrees of freedom simultaneously 

'from a standpoint of molecular theory. So-called G F Matrix Method has been developed by many authors5 ' 

to analyse R a m a n a n d infrared spectrum data6 '. " . T h e s e theories which will be discussed in (3) however,... ' 

arc always limited to solid state. In the temperature range containing solid-liquid transition* point, N M R ' data""""{, 

include not only rotational degrees of freedom but also diffusive one. We-will try to connect the results for ri 

solid with those for liquid state in (4). In (5) we will discuss results and assumptions, and will give some 

suggestions for the possible generalizations of'conventional'methods.'""" " -> 

( 2 ) Internal Rotat ion o f Biphenyl Gas8 ' 

<:• • " . • „ ' ' ' .'- . ' ' S-. <•' 

" T o determine the potential of internal rotation along c-axis ofntwo benzene rings in a biphenyl molecule, 
we must take info account the compctetion between orthogonalizing effect based on H - H repulsions and 

• ' ' " ' * " . , ' • ' • ' ' , r 

coplanarizing effect based on s-clcctrons. 
c- , " " . ' ' • r . . . . . , , 

T h e potential of internal rotation is determined as follows: . <-. •- -
' •"""; In biphenyl molecule shown in.Fig. 1 there arc ' two < effects competing each other. c 

(a) Orthogonalizing effect', caused by the H - H .repulsions .between two pairs of hydrogen atoms in ortho-po-

sitions. T h e repulsion potential is a function of H - H distance^and the: tendency may be investigated by using " 

the data for hydro-carbon given by S IMMONS 9 ' . "° ft _ 
A • •-•' " " - • - • • ' • ' ' 

(b) Coplanarizing effect caused by ^-electrons whose energy has already been evaluated by many authors10 '. 

ID, 12) on the basis of the molecular orbital method. •", r. 

T h e H - H repulsion potential curve'1 J? ( 0 ) was calculated by using SIMMONS data, where $5 is the angle 

between two planes of benzene rings. T h e --electron resonance integral potential curve S ( $ )3\yas calculated 

by molecular orbital method. As F ( 0 ) = 0 , we also have to assume that S(0)=R(0), we get S ( 0 ) =— 3 kcal/mol -

from the calculation13' based on the molecular orbital method: This value is also-consistent with SIMMONS', , / 
i > • • • _ -

R(0) corresponding to ' the H-H distance. v ,. 
a x

 y> 
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- Iriithe first approximation we will determine H under the assumption that 5 ( ( i ) is given by a cosine func­

tion. As R'(<p)—V($, H)—S(4>) is a linear function o f / / w e can determine H so as to fit the R\<f>)to •#($*) 

at N positions $u fc, , $N, in the meaning of the least square method. 

Such an optimum / / may be determined by the following equation: u 

d 
dli J]{R-{<!>,)-R(.<f>d}2=0 

Next wc define Rt( <f>) and S'( <j>) by the relations 

and determine new / / i so as to fit S ' ( 0 ) t 0 t n e real S (</>) in the meaning of the least square method. In 

practice, it needs only three repetitions to get the optimunvvaluc //=0.95(kcal/mol)=0.042(cV) within the 

error limit of 1%. The result is shown in Fig. 2. a 

Wc regard the molecule as a symmetric top, then we can' get the cigcn-valucs by the method of KOEIILER 

and DENNISON. 

.As the barrier height is more than twice of the thermal energies we may use the harmonic approximation 

which corresponds to replacing the cosine potential curve by a parabola. The level spacing thus obtained is 

0.0037 cV, at room temperature and it agrees rather well with peak position in frequency distribution obtained 

by GLASE'R2). ' rf - o v 

' < • ) • ' , : '• ' " 

u " 
. . '•' o 

\ 3 ) Normal Vibration of Crystalline Benzene " 

a) Crystal Structure of Solid Benzene ' , 

According to Cox's13' X-ray analysis of solid benzene,, the crystal structure of benzene is orthorhombic 

bipyramidal and the unit cell contains four molecules which occupy the corners and the face centers of its cell 

as shown in Fig. 3 The faces of the cell arc'orthogonal each other and lattice dimensions in a, b , c directions 

arc^alLdiffercnt, ao=7.034A,"'' 6o=9.666A, co=V.460A at 270°K. In equilibrium structure all the planes 

of the rings arc approximately parallel to the i-axis and they make an angle of about 40° with (100) plaricsT 

This crystal has the symmetry elements of E, C-ffC^C-f, i,aa,ah\ and ae."'"'-In Table 1"the result of the factor 

group analysis of the crystal is shown. // 
// 

Table 1. Symmetry species and the character table of crystalline benzene. 

A.*15 E C2" C,> Ob oc infrared ,, Raman 
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A„ c 

•: A„ 

Big 

i B\u 

B2S 

B2u <> 

B3lt 

B3u i 

1 
1 

1 

1 

1 

'1 

1 

1 

1 
o > y 

i 

o 1 
- 1 

- 1 

- 1 

- - 1 

1 

1 

- 1 

- 1 

1 

1 

- 1 

' - 1 

1 

1 

- 1 . 

- 1 

- 1 

- 1 

1 

1 
/I 

• 1 
[ 

- 1 
1 

- 1 

'-• 1 

- 1 

1 

- 1 

O 

0 

1 

- 1 

1 

- 1 

1 

- 1 

1 

1 
- 1 

- 1 

1. 
a 

1 
- 1 ''• 

- 1 

1 

l1 

- 1 

- 1 

1 active " 

1 active 

* ', 
— 1 "active 

active 
0 

active 

active 

active 

By usin'g.'th'c bond lengths of benzene molecule: 

•^ - - - - C-Cbond length : 1.397A - •• 

C-H bond length ^1.085A 
O ^ A 'J " ^ r- '" ' ' 

and atomic weights'-:,_ o J 
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" H=1.00797<: C=12.0115, 
wc may evaluate the moments of inertia along thrcc.principal axes shown in Fig. 3 : 

/x=^=l,4T6XlO-38gcm2> 

/x=2,952xl0-38gcm '-» 

"b) Normal Coordinates and Frequency Spectrum (t 

Let Xt and Y, be 36 dimensional displacement vectors of all the atoms in z'-th molecule ( i=l , 2, 3, 4) 

whose Cartesian components are taken along coordinate axes fixed on the molecule and the crystal respectively. 

They arc connected with each other by the transformation matrix Til '• 

Y,= T,X,. , 

The kinetic and the intramolecular potential energies arc straightforwardly expressed by X's: 

* 7 " . " • " , 

f^^x'Mx,,"' 
* = i '' 

•i „ 

Vo=-^-JjXiFoXi, 

P 
(1) 

(2) 

(3) 
1=1 

where M and Fa are the diagonal mass matrix and the potential energy matrix, respectively. The intcrmolecular 

potential energy V is easily expressed by Y's: 

By using equations (1), (3), and (4)/thc total potential energy is written as follows: './ 
d 4 ° . 4 ^ , » ' . , > # ; • - • '"• ' • 

.."•;;-:. 'v=v+v'=±lsx^F0xy+^lixifiF'ljTJXj. <>• •«•• ••&<>. '® 
1 = 1 I,/ , ; - '> • <•' :'/ ' : 

For the molecular crystal the intermolccular potential energy can be treated as a perturbation term. We 

choose, unperturbed coordinates Q by using the normal coordinates as follows: In addition to usual,intra­

molecular normal coordinates six coordinates O™ corresponding to the over-all translation and rotation'of 

molecules arc included in 5 , and Q, QTn are connected with X, XTK by the relation X=LO, XTII=LT'<Q™ 

respectively. The elements of LTR for benzene molecule are given in Table 1. „, .„ J_ _.;.' 

X?* 

VR 

- i T R : 

Qr' 

l 
- V M 

0 

" - ' • • - « " O ' t j 

n Table 

ii 

2. The elements of L™ 
it 

QT, , 

0 

••••• 1 o 

-J M 

o . . . • - • . 

o c 

0 

a. 

for benzene molecule. 

0IU 

0 

0 

0 

bj 
0 

QRy 

0 

0 
o 

- a j 

Si, 

••• • . . ; . . . . • • . ^ 

0R* 

o • •-. 

0 

. . • • , : : . • - A y . : • „ . . . . . . . . " - . . > s " - -• ••• 6 

In this table Or* is the normal coordinate expressing the over-all translation in the .v direction and other 

elements have similar meanings, xj, y/and sj are the Cartesian coordinate of the j-th atom and aj, bj and 

cy are the equilibrium values. When the cross terms in the potential function between the lattice vibrations c 

and the intramolecular vibrations arc small, we can approximately separate the two types of motion. In this 

case kinetic and potential energies of the lattice vibration are expressed by 
4 7 ,? ,>-\ 

Q 
T=iTiQ,T*Q,ts 

i = i 
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i j 

•i 

V=± £ QiLT*f,F„TjL™Q, (7) _ 

Accordingly the eigenvalues and eigenvectors of the 24 dimensional matrix: 

FTRs(LTllflF
,ijTjLT'<) 

give the frequency spectrum and the vibrational modes of the optically active lattice vibrations. The matrix 

FTR is further reduced to smaller. matrices due to the symmetry of the Bravais cell using the symmetry coordi­

nates given in Table 3. 

Table 3. The symmetry coordinates for the lattice vibrations of benzene. 

Vt 

Aii S, = 4 (Q. T '+Q2 T i +Q 3
T -+Q4 T 0 A,. S13 = 4 (Q i T ' T -Q a

T ' +Q j T ' -Q4 T 0 

(! S2 = 4 (QiTl+Q2T*+Q3T*+Q4' r ') s u = 4 (Qi K : -Q2 ' l z +Q3 K i -Q. K i ) 

* S3 = 4 - (QiR*+Q»R '+Q3»'+Q4 l ,0 SIB = 4 ( Q i » * - Q s
, u + Q 3 , u - Q 4 " 0 

B2 , S4 = 4 (QiT ' -Q2T i+Q3T - ' -Q 4Ti) ; ^ B 2 . . S „ = 4 (QiT*+Q2T'"+Q31>+Q4T>) 

S5 = i ( Q i T i - Q 2
T * + Q 3 T i - Q 4 T 0 S„ =4-(Q» l? '+Q2 , , ,+Q3 l"+Q4»') , i 

So = i (QiR>-Q2
R>+Q3R>-Q4R>) Si. = 4 ( Q I K I + Q 2 R I + Q 3 K I + Q . R ' ) 

B,„0 S7 = 4 ( Q i T ' - Q i T * - Q s T ' + Q 4 T 0 - B w Si. = 4 ( Q i T ' + Q i T ' - Q 3 T ' - Q 4 T ' ) 

1 "1 ••••• / V # - . 

" S8 = 4 ( Q I T I - Q 2
T I - Q 3 T ' + Q 4 T I ) ' " S20 = 4 (Qi" J +Q2 R ' -Q3 R i -Q4 u ' ) jMn-'-i 

ct £ '•'{',•' 

S9 = i (Qi«»-.Q,T '-Q3"*-PQ4»0 0 S„ = 4 (QiRx+Q2
K ' -Q3R ' c-Q4R l) 

B3i; 'sir^c^H^^^^ 
J > ' S„ = - I (QiT '+Q 2

T*-Q 3
T*-Q4T*) TO S23 = 4 " ( Q i R ' - Q 2 R l - Q 3 K i + O . u 0 - -

; " • . ' " • - • , - . . • . . - " • * • • • - . • • • • 

s „ . = 4 ( Q I R J , + Q 2 R J , - Q 3 R ' - Q 4 R ' ) :' - - . . - - & 4 . . - = ^ ^ ? - - - Q « " - - - Q » " ' - + - 9 4 ^ -

c) Determination of Rotational Barrier'Heights from NMR Data and Calculation of Rotational 
„ ' .'. .. . ' ' . . < > " W ''• « • v - • 

Frequencies. 
. - t f • ' " • • • . " 

In 1953 ANDREW and EADES14' measured the nuclear magnetic resonance absorption-spectrum and the 

spin-lattice relaxation time of benzene in polycrystalline form between 75 °K and 278°K. As the intramolecular 

•> contribution of the second moment decreased about one-fourth of<thc total second moment between 90°K 

and 120?K they concluded that the reorientations of the molecules about each hexad axis were caused near this 

temperature. In general the potential barrier hight H of such a hindered rotation of atomic assemblies is given 

0 by the following equation; .'' o *> t) 

r «= TO e x p ( - ^ - ) , ^ (8) 

where re ; correlation time of thermal motion,0 

R ; gas constant, f~>-

T ; absolute temperature. u " JY 

In solid case the spin lattice relaxation time 7\ of such a motion was derived by BLOEMBERGEN15' 'and is expressed 

^ " T r = C L l + c ? 2 r = c
+ l + 4 ^ r c J ' . ' " (9) 

o « 
o 0 < _r, 
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where C is a constant and to is an angular frequency of the magnetic field. So, by measuring the spin lattice 

relaxation time !T,, it is possible to decide the H value from the slope of log ze against J;-. From the data given 

by ANDREW and EADES, \VC get two lines (see Fig. 4),—the one between 90°K and 240°K, the other between 

240°K and the melting point—whose slopes arc decided by the least square method and the resulting barrier 

heights are; 

f 3.7±0.2kcal/mol ( 9 0 ° K g r g 2 4 0 ° K ) 

10.5±0.2kcal/mol (240°Kg T g270°K) 

The linearity between 90°K and 240°K depends on the decrease of correlation time about hexad axis with temper­

ature increase. On the other hand, it seems that the rotation about two-fold axis which has been interrupted 

by neighbouring molecules becomes free by the thermal expansion'and so rc changes its slope abruptly at 240°K. 

Therefore the former corresponds to hexad axis^rotation and the latter to mainly two-fold ones. 

Usually the rotational energy about ;/z-fold - axis'* is given by »• 
% L 

potential energy; ^=-=-(1—cosmp), (ID 
/ / 

and kinetic energy ; u KJ=-'± - ^ - j - , (12) 

where <p is a rotational angle and / is the moment of inertia. The Schrodinger equation in this case is express­

ed as follows: <e 

| ^ + J - { £ " f ( 1 - C O S ' " ( 0 ) } " = 0 ' " " Q3) 

where u is the eigcrifunction, and E is the eigenvalue. The potential barrier heights determined from NMR 

data arc rather higher than the thermal energies, so we'ean write approximately Eq. (13) as follows: 

- g - + ( A - ? V ) « = ' 0 , ': (14). 

. 2IE «_m*H «• . ... 
where c =-j^-, t ~2T~ '•' 
As (14) is the equation for the well-known harmonic oscillator, wave functions may be expressed by Hcrmite 

functions;- - - - ,......., - ^ 
^ . , ., fa~% ,, 
Mi = exp(-1^)H„(V1F).. :*=(2»+l)e, (1G) 

and the corresponding eigenvalue is 

- • • • • B = ( W + Y ) " ^ V ^ - - ". - - • • • — • T) U7) 

By substituting the values given in a) and c) into Eq. (17) the level space of hexad axis rotation is 

calculated: Q 0 
'' - J i? c =(8.2d:0 .2)XlO- 3 eV.\ 

If the second barrier height in Eq. (10) is mainly caused by two-fold axis rotation, the level spacing is: 
J£ 2 =(6 .3±0 .1 )XlO- 3 eV. <-* . - ; . . ' 

d) Comparison between These Calculated Values and Observed Ones. t 

In Table 4 the frequency spectrum evaluated from GF Matrix Method is compared with Raman and 

infrared spectrum. We also give neutron scattering data in Table 5- ...'.'•'' 
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Table 4. Lattice vibrational frequencies of benzene molecule. ,, 

(mcV) 

a 
Table 5. Neutron scattering data of liquid benzene." 

o 

Zemlyanov (20°C) 

1.8 
3.7 („,) ° 
5.8 (v2) 

7.6 (y3) 

1 2 . 1 W 

<.Glaser (20°C) 

= 10 

; Ross(20°C) 

, =: 7.5 

(meV) 

tRush (23°C) 

= 9.9 

Table 6. Pressure variation of rotational relaxation time. 

Pressure (atm) 

"log of . 

1: 

-11.60 

200 

-=11.24 

400 

-11.14 

600 

-11.06 

700 

-11.03 

is 

N? 

Table 7 . Extrapolated rotational relaxation time in Fig. 4. 

Temperature (°K) '' 

•og r c 

304.8 

-11.74 

278.7 

-,11.04 

A, 

B , , 

B2* 

B 3 / 

Au 

ft 
B,„ 

B2u 

B3; 

Solid 

GF method 

by Shimanouchi 

( - 3 °C) 

3.5 

7.1 

9.8 

4.1 

8.7 

12.6 

6.9 

8.6 

9.4 

7.4 

8.9 

12.4 

3.2 

6.1 

7.2 

4.2 . 

7.2 

3.8 

7.1 
' • " " ' •""" '•""'• " v , ' 

, 3 . 7 - • 

----- 5 .5 ,f 

Raman spectrum by 

Fruhling 

(0°C) 

4.3 („,) 
7.8 (v2) 

4.3 (yi) 
c 

13.0(v0 

7.8 G*)" 
8.6 (y3) 

<i ' 

8.6(y3)f 

13.0 (1,4) 

0 

\i 

..-.- o-.... -

Rot. 

// 
axis 

V 

.V 

y 
X 

y 

*?.. .*. 
X 

y 

X 

.'-• 

Vj 

Liquid 

Raman spectrum •• 

by Blatz 

(26°C) 

9.3 

r 

Infrared 

spectrum by 

Stanevich (10°C) 

O ° 

(1 

a 

6.8 

0 
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( 4 ) Quasi-crystalline Structure of Liquid Benzene. 

Boss and STEJSKAL16' measured the pressure variation of rotational relaxation time in liquid benzene at 

304.8°K. These values arc given in Table 6. 

In Table 7 we show the values of log ze at 304.8 °K and at the melting point (278.7 °K) by extrapolating 

the line between 240°K and 270°K in Fig. 4. 

By comparing these two tables, we find that, within the limit of experimental errors, log r, of liquid 

benzene is just upon the extrapolated straight line of solid benzene in Fig. 4 and by pressurizing the liquid 

benzene, the relaxation time approaches gradually to that of solid at the melting point. So we may expect 

that the rotational barrier heights of liquid benzene arc approximately equal to those of solid near the room 

temperature and its rotational structure is nearly the same as solid one. 

Moreover self diffusion seems to exist in liquid state. In such a motion NMR spin echo method17' is 

very useful to measure the self diffusion coefficient D and to determine the potential barrier height from it using 

the following equation: • " ' 

vv ..9 D=D 0 cxp( - i3Fo /> F ) exp( - -^ . ) ( 

where /3 ; geometrical factor between 0.5 and 1, 

V0 ; specific volume for closest packing, 

V ; specific volume, 

' VF=V—V0 ; free volume. " ., " ' 

Ffom this point of view, R. HAUSER, G. MATER and F. NOACK determined the potential barrier height of 

self diffusion in liquid benzene from room temperature up to the critical point. We assume here that the po­

tential curve is given by 

'"NX" 
J?S?D-^o( I '^£2™^").'--(*-•-Per'°d of the potential curve). '• 

-By using the barrier height II—2.0 kcal/mol which is given by above method, we get the level spacing dE;: 

dE=2.3y.io-\cy u0=6A) '~l '"'.'; '' .̂  "',"''/ ZZ :'_ _""•""":"-'_ 

(5), Discussion and Conclusion 

(T) In (2) wetreated intramolecular rotation in biphenyl gas and in (3) we explained the conventional 

theories which were developed to treat crystalline system'/ especially solid benzene. We stress here that, by 

combining above two methods, they may be generalized to treat the biphenyl crystal which include intramolecular 

rotation. ° <•:.'""„ ° , °' 

(5) As shown in Table 4 BLATZ" stressed that, in both cases of Raman arid infrared experiments, the 

average values over all active frequencies except lowest two agree rather well with the peak positions of liquid 

benzene. Strictly speaking these agreements cannot be accepted straightforwardly, because he compared 

averages for crystal with the peak positions for liquid. On the contrary we treated solid benzene in (3).s) 

Oun result for hexad axis rotational level from NMR data shows'a good agreement with the above-mentioned 
. ' • . • . ' ' ' . • . • ' , < S •••• . . . 

average value. And this also proves the validity of neglecUof two levels. % 

(§) Although it becomes possible to explain the general tendency of inelastic scattering of neutron 

from above discussions, many problems about fine structure of scattering cross section are remained to be ; 

clarified. For example we found that the lowestjcyel 1.8 mcV in Tablg5 is the same order as our level spacing for 

diffusion motion obtained in (4). From above discussion we may conclude that in the quasi-crvstallinc structure 

of liquid benzene b"oth"thc degree of freedoms of solid and liquid states coexist. 
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" •-•< V - ' ' . 
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Fig. \ Principal axes of biphenyl molecule. 
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Fig. 2 Determination of potential barrier height. 

k 

Fig. 3 Crystalline structure and principal axisof benzene molecule. 
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Fig. 4 Piot of logio re against lO'/T for.benzcne, 

where O'. Andrew's data 

0 ; extrapolated values 

X; Boss' data 
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Theory of Multiple Scattering of Slow Neutron 

T. NISHIGOKI, S. YAMASAKI and S. SUNAKAWA (Prog. Tiicor. Phys. 39(1968) 37) 

Department of Nuclear Engineering, 

Faculty of Engineering, 

Osaka University 

Suita, Qsaka 

When the wavelength of a neutron is very7 long, the neutron interacts with the target system as a whole 

rather than with the individual atoms, and the effect of multiple scattering becomes important. The Van Hove 

formula" for neutron scattering fails to describe such a process. In the previous paper2', the Van Hove formula 

is generalized to include the effect of the multiple scattering. On account of the drastic approximations adopted 

in the paper, however, the formula proposed does not satisfy the condition of detailed balance.' The purpose 

of the present paper-is to remedy this defect. 

The scattering of a neutron is described by a scattering operator T, which can be rearranged in the follow­

ing form, 

T=ZTa+Z £ T.GT,+ Z £ Z TaG TtG T,+- , (1) 
it tt p=$=« a j i + n "jr+j? 

Ta=Va + V„GV„ + VaGVaGVa + --~, (2) 

and r 1 ° ,„, 
Et-ttA-Hn+U ' (

 w ' 

where G refers to the propagator of the neutron, and //A and //„ stand for the Hamiltonians of the target atoms 

and the neutron, respectively. The scattering operator T„ describes the scattering of a neutron by asingle atom 

<r in the target system through the interaction potential Va=V(rn—r„), where r„ and r„ arc'thc position oper­

ators of the neutron and the atom « , respectively. 

sg. In thei present formalism, two approximations will be introduced. The first is that the propagators G 

in the single scattering operator Ta are replaced by that of the free neutron G0=(c,— //„+/e)"', although the 

_ propagators Gin (l).are_treated exactly^ By virtue of the fact that the propagators G in (1) is retained as it is, 

the recoil effect to the intermediate neutron is taken into account and the condition of detailed balance is satis­

fied. . The second approximation is )̂ V 
.. a " ' " '" " ' . . . . . . . . . . . . . — , , 

< f t , | « ( « » ) | f t i > = - ^ - « , \ M) ' 

-', & •'.'.' . i p " "\ V 
where /(e() is the scattering operator whteh describes scattering of a neutron by a target atom fixed at the origin 

and $i is the incident energy of the neutrcn. 

Under these two assumptions, we obtain the following expression for the scattering cross section; 
5 • • -JnJT-- S a2-r \ -nZ7 e \ ah —dt„ dtt—dt„ 

.."..; n=p - - " . . . . . 
•":.'••' ' " " • ' f • ; - • • : ; - " « : 

X Uft'. ( / f t ' " * . &i</*r.'</*i « * ' ^ " * ) (-««•'-*•) 

—Ki<+>(x„-\-xn, ( , . i - O G ( i ' „ fm ;x'm-i, t'„_i ; ,5 
. o . . . . . . . 

„ ' — ;x'o, 0\xo,t;xut+h ;—;x„, t+tn), 
where the (w-r-«+2)—particle space-time correlation function G is defined by 3-tx 

G(.x'n,\t'm ;x'm-\, t'm.i; ••• ;x'0,t\ x0,t, ;xi, t+ti;... ;x„, t+t„) y 

•'• = £••• E S - S <'>C*'m->\. (<'«)) » ( * ' . . r v ( i ' , . i ) ) - » ( * r r i ' ( t i ' ) l 

and the propagation functions A*,<±)(r,/) are given by 
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and 

Ki<.±->(r,e)=±jrO±V)Ki(r,t), (7) 

K- (r f) = = ^ a [ - ^ e«"(f.-«*)i/* eikr 

fl+frt_ i «-*""* for t ^ O ,o> 
» ± C 0 - | 0 f o r o i ^ O i - l S ) 

The time-dependence of JT,±(r, 0 is caused by the recoil effect of the neutron. * 
" '' * » . 

The first term in the right-hand side of (5) is the contribution from the single scattering and coincides 

with the Van Hove formula. The other terms describe the effect of the multiple scattering. A method ob­

taining a classical approximation for this multiple scattering cross section is studied along the line of reasoning 

of the previous paper3 '. 
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Quasi-classical Theory>of Slow Neutron Scattering 

T. NisiiiGOiu and S. SUNAKAWA (to be published in Pro". Tlwor. Pliys.) 

Department of Nuclear Engineering, 
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Osaka University, 

Suita, Osaka 

a - ,-, •, 

'•' ' . . • .^ -•• •' .- . 

Several yenrs ago, ViXKYAun" proposed a prescription ot a classie.il approximation to the \ an Uovc 

formula2' for the scattering of a slow neutron. The Vineyard's classical formula for the cross section, however, 

does not satisfy the condition of detailed balance, because of the obvious defect that the recoil effect of the 

scattered neutron is completely discarded. In order to correct this defect, great efforts have been made bv 

many authors,31-4' but these results still have some unsatisfactory features. In the previous paper,5' a new 

method for obtaining a classical approximation of the scattering cross section is proposed. In this treatment, 

the recoil effect of the scattered neutron is fully taken into consideration.••••-The condition of detailed balance, 

however, is not satisfied rigorously, since the effect of the quantum mechanical thermal average is discarded. 

The aim of the present note is to remedy this defect and to obtain a well-defined classical formula which satis-
^ " - . ' • • • ^ 

fies the condition of detailed balance rigorously. 

For this purpose, we reformulate the quantum-mechanical formula for the scattering cross section so as 

to be quite adequate to get the classical formula. By making use of the generalized cumulant expansion 

method0', and with the aid of the fluctuation-dissipation theorem for the cumulant function Kaf(,p, t) defined 

below, we can transform the scattering cross section into the following form 

^SH^x* ' '^ '^ 2 *- c '̂25 S~i& «'£"̂ .»> ID 
• * / • . * • • • • • « -

where the scattering function /1„0 is defined by <, ~ 

" •'-•:• ^ „ , ( p , 0 = c x p [ - { ( c o s c c %l -J-) I m / C , ( p , 0 + C ( p ) ] ] , : ^ (2) 

_'.'and ni, ps and p{arethe mass, the initial momentum and the final one of the neutron, respectively. The 

momentum transfer p and the energy transfer s are denoted by p—P/—Pi, and z — £/ — :,. The cumulant 

function A'„f(/>, 0 (2) is defined by '— ' -
" • • " • • • • < y ' • • " - ! • • - • • • _ . . . . . . . u _ _ 

Ka$(p, 0 = <CXPl [ | - ( / ) ^ l ( 0 + / > V l 2 ( 0 + ^ 3 ^ 3 ( 0 + " - - " ) ] - ^ l ^c -m, ^ (3) ' •'« 

where'1 

'. ^ i O ) = »-« , (0) - r^ (0 , 
i . • - . . . . • • . . o , . 

^3(0= ^ ( ^ ) 2 (CC .̂/.(0), oCOl^coD-CC'-^CO,.r.,(0)D, 'r.,(0)})'.': • ' " 
. -•' .. • O i1 

" " ' ' ' " " • . •* : '" • • • • • " o : '"• ; ' ^ ' : - " t ? : : : - - ' - . - - . - . e : . . . - . 

The bracket<--->cum designates a cumulant average and cxp^ indicates-the symmetrized exponential. The 

operator )•„/> in (4) refers to the component of r„ in the direction of p. The constant of integration C(p) in 

(2) is determined by the initial condition •* 

(4) 

o 

.. . C ( p ) = R e / C a , ( p , 0 ) + [ ( c o t ^ - ^ ) l m i < : „ / ! ( p ) o ] i _ ; ; (5) 
o > 

The condition of detailed balance is of course "satisfied in the quantum mechanical formula (1) owing to 
<£> 

, the extra factor exp(—/3s/2) and to the following property of the scattering function A„?: 

- - , . - . . . " . A°f(P>Q=Aaf(-p,-£), __ ° (6) 

which is valid under,the condition that the Hamiltonian of the target system is invariant under space ('reflection 

http://classie.il
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and time-reversal operation. Since the scattering function Aa? is written in terms of the commutators A„, 

the formula (1) involves the recoil effect of the neutron explicitly, and it will be quite convenient to obtain a 

well-defined classical formula. 

As already mentioned in the previous paper3', all terms in the exponent of the right-hand side of (3) should 

be retained in the classical limit by replacing the commutators by the classici.1 Poisson brackets {—}c. Thus 

the classical limit of (1) is given by 

(7) 

wher 

CIm K-„fl(jf>,ODciaSsicai=Im<cxp[i (.pAirit) + p'-A2
t(.t)+P2A3'(.0-)j-l>eum, (9) 

and 

C ( / » ) = C R c i C a / i ( P , S 3 c l M s i c a r + [ ( c o t ^ ^) ' JCIm-K«*(/»,03classic«l] / - i 0 > ! , 

The'bracket <•••$>«»! indicates the classical cumulant average, and Aic{t), A2
r{t) ... arc defined by -

•V(0 =4- {r„y(0), r„«(t)}Cf ' VJ 

O 

The function r„i,'(t) is a solution of the classical equation of motion of the target atom. 0 

On the basis of the condition that^the Hamiltonian is invariant under space reflection andotimc-revcrsal,-• 
a •, • • . , • - . . .. . . ^ . „ . . . . . . ^ . . . . . . 0 . , 

operation, we can show classical}' that /!„/ has the symmetric property : "J 

/ ! » / ( / > , £ ) = / y ( - A - 0 , •;•• •• ^ (12) 

The classical expression of tHc scattering cross section (7), therefore, does satisfy the condition of detailed 

balance, and furthermore the recoil effect is taken into consideration. 

When the motions of the atoms are described by linear equations, the Poisson ̂ bracket A2
e(l) becomes 

independent of the statistical "average, "and tlic Poisson brackets .4 3
c(/),/J4

c(<),-... vanish. In this case, the self-.-, 

part/of the scattering function A,c has the simple Gaussian form:...**...... „ „ n 

A,'iP, 0 =CX P [ - ^ { ( c O S C C ^ £) CIm^'(ODch'ssic ; l l"-( COt & A ) CIm VCODclassicaO,-.) } ] , (13) ' 

o wherea / 3 

CIm V (^classical = ^ {r«i£(°), »>c(0}c U'l) 

° * ' . • ' > ' 

Finally, we shall apply the new classical formula to a simple illustrative example. Consider a system 
. • • • • • • ' " ' • ' • « ° Q c s 

" composed of independent isotropic harmonic oscillators with an identical frequency m and a mass Mi , The 
cdynamical motion of an atom a in this system is described by 0 

r„ca)=r„c(o)cos^,+-!^^2l-si 'nw«, , " " (1 
• ' • ' ' . . • • o • • • . . • • ° ' ; • • ' • • . ' ' „ o • 

W 

and then the scattering funct ion^ ' -has the Gaussian form. In (15), ra
c(o) and pa'(o) are the initial position 

. (i 
and momentum of the atom « , respectively. Substituting (15) into (14), (we have 

1 " 
CIm ; . 2

5(03 classical = o S V ! r - sin (tit, 

and obtain the classical incoherent scattering cross section 
o 

<ff .;nc - a ; . _ . Pi c-?m c-ji>iMfiW 
0 

where ~ '? 
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..and , ,-.,.. _, ,. :•; 

" Since [Im/^* (ODclassical' lias the same form'as the quantum mechanical one, the result (17) based on the present 

"'classical'formula coincides precisely with that obtained in quantum-mechanical way. 

The details of the present work will be published in the near future. 
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Phonon Spectrum and Thermal Neutron/Scattering in Light Water Ice 
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Ice is a hexagonal crystal, belonging to D\,,„ over the temperature range about —100~0°C>. The unit 

cell contains four H=0 molecules. Eacti oxygen atom is arranged in the crystal ice as shown in Fig. 1 and 

is surrounded by four neighboring oxygen atoms in tctrahedral arrangement. Wc assume that point molecules 

with mass of II20 molecules arc arranged at the positions of oxygen atoms. In other words, we consider that 

the lattice vibrations are not affected by molecular rotations and vibrations. ;-

u Wc calculated the phonon/spectrum of light water ice at 0°C by means of the root sampling method for a 

samplingof 1,050 points inan' irreducible sampling region of the first Brillouin zone. The force model used 

in our computation is a non-central force model formulated by FORSLIND, in which interactions with only the 

nearest neighbors are taken into consideration2'. The number of the atomic force constants introduced as 

model "iVaramctcrelsscycn7.--T 

imcntal values of the elastic constants obtained by JONA and SCHERRER: 

/ « = 3 7 9 • • • - " . « ^ ' = 2 8 3 0 „ .• 

• ' / j = 4445 * 0 e = 1616 

r = 3 6 0 0 K = 2 1 5 4 9 ~ , : 7 

%f 3 = 2 8 3 0 „ in dyne W / -^ . " 

•The cell dimensions at 0°G are cziizZ^ „ 

. . . " • . . . . . ! ' . 

«=4.5226 A, ^, ' . o " 

c=7.3670 A. " ° 

The phonon spectrum of ice at 0°C and dispersion relations in the crystallographic a- and c- axis are 

shown in Fig. 2. -? » 

So far wc have"neglected the effects of intramolecular motions. The complete frequency distribution for "' 

ice can be given approximately by superimposing frequency distributions of hindered molecular rotations 

and intramolecular vibrations upon the phonon spectrum obtained above by the root sampling method. Wc 

approximate freqiTeiicy-^ 

The characteristic frequencies for molecular rotations and vibrations of H20 molecules in ice are known ' 

from the infrared and Raman spcctrocopic investigations":- • - <• ^ o v 

rotation o>,= 0.0756 cV, ,, 

w„'= 0.2033 eV, ^ " 

>*vibrations '' w„2= 0.3896 eV, o „ '-i- , 

».s= 0.4030 eV. ' u
 0 "'"<«. 

Although intensities.of these discrete modes will be somewhat different from the values for liquid water, wc 

use the same values as those obtained bv NELKIN for liquid water3'. The effective masses for molecular ro-
u t " " ^ 

tations and vibrations arc . , '-1 '' <> " 

mr = 2.32, 

»;„ = 1.95. <z .. -

We used the GASKET code written by KOPPEI. et ol.A) to evaluate the scattering law for ice. The double 

". differential scattering cross section and the, scattering law for thermal neutron scattering in light^ water ice at-

268°K have been measured by HARLING5'. The calculated values of the scattering law forice at 0°C are shown 
y ll 

in Figi. 4~10, together with the experimental values at —5°C by HARLING. OurJcalculations resulted in 

good agreement with the neutron scattering measurements. £ ^ 

" The author is indebted to Dr. H. Takahashi for the initial suggestion of this problem and for the most 
if -̂" r. 
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helpful guidance and encouragement. 
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f> -

Fig. 1 Projection on the basis plane of cells containing interacting molecules. Molecules 
1 ~4 are contained in the same unit cell. 

w(eV) 

Fig. 2 Dispersion relation and the unnormalizcd phonon spectrum of light water ice at 
0°C. The upper figure shows dispersion relations along the crystallographic 

0e-axis ( ) and a-axis ( ). r.' 
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Fig. 3 The full frequency distribution of ice used, to compute the scattering law for 
ice. The continuous part/2(eu) is normalized to 1/18 and the disccret/i(<u) to 
17/18.; 4 
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Fig. 4 Scattering law (per H) for light water ice: /3=0.5 The solid curve is the '' 
calculated value at 0°C. r- Experimental values are from Harling: • for up-
scattering, o for down-scattering. <t 

io-> 

10' 

Fig. 5 Scattering law (per H) for ice: /S=1.0. The dotted curve is the calculated 
scattering Jaw for liquid water at room temperature (based on the Haywood 
model). Experimental values are from Harling. Also in Figs. 6—10. 
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Fig. 6 Scattering law (per H) for ice: /9=1.5. 
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Fig. 7 Scattering law (per H) for ice: /5=2.0. 
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Fig. C Scattering law (per H) for ice: /9=4.0. 
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The dotted curve is the scattering law when the value 0.06 eV 
(the value for liquid water) is used for Or- > 
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Fig. 10 Scattering law per H for ice: £=20 . 
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Appendices 

Tables of Frequency' Spectra and Scattering 

Kernels 

Frequency Specta of H2O 

The'followinglists(supplied by GASKET code)are ,. 

the spectra of dynamical modes of the scatterer: 

Mode 1..". .'Free translation (gas), Mode 2 . . : . Di­

ffusive or Brownian motion, Mode 3 . . ..Harmonic » : 

isotropic vibrations with continuous frequency spect­

rum, Mode 4 . . . Harmonic anisotropic vibrations with 

continuous frequency spectrum, Mode 5 . . . . Harmonic 

; isotropic vibrations with discrete frequency•. spectrum. 
" . , . . ' : . . - Ai ' - (J- • • .. t l 

W1-W5 means the weight of each mode. The fre-

quency (RHO) of mode 3 and the values (OPHON) 

which is deduced multiplying the frequency by the 

factor of e^llm sinh -5^- are tabulated as a func-

tion of OMEGA («u% eV). The frequencies of disc -

rete, oscillators are, given in eV with weights and 

maximum number of phonon terms calculated for the 

corresponding oscillators.# ' • < > • • - • - . - • . . < • ; 
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Frequency Distribution o f Graphite „ * , . , 

T h e numerical values of the frequency distribution 

of graphite," which must be supplied as input "to " the 

UNCLE code, are given below, The physical mean­

ings'of the ̂ symbols'are as f o l l o w s . ' ' " ~~ 

RHOJI=o I (<u t)= The low ( 1 = 1) and the high 
:>;•• ' • • • • . ' . • , " - . ' - i " ? : • • • • . ' . - . / ? • • . ' •' . . ' . . 

(1 = 2) frequency part of the 

density,of modes for the out-

of-plane ( J = . l ) and in-plane 

(J = 2)>v'ibrations for equally ' 

• ...; spaced values of frequencies cut. 

(i K = The mesh number of frequen-

„ - c ies . <« . - .. 

-THETA(J, I ) = The maximum value'of m for 

*•' which RHOJI is given. 

A ( J , I ) = K m [/i | ( » ) / » » ] , . _ 

NUM=The> number of p'.iwi,) to be 
, . it'"' i 0 

read in. n 
col = (THETA/NUM j X k. * 
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THERMOS kernel 

The following lists are original 30 points THER- (r 

MOS input data. These values are obtained as 

follows 

P.,/=4ir(0.0253)Vi vifJ^P,^]^1^^'' ^Avi 

JTHERMOS uses only the P„ kernel. Data format i s 

' defined as (6 E 12. 5). 
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' , , l t la i.aib-OJinia a*i<tl.J3llatd /.«il»uoul<«la l.-bi*OJ3?01* *iiillr2£i 

1 4110 * a / > ' - O J i ; * - | a i >J? / - . i 3 lVV ia I * i l * l ' -ubi«* l9* -»»V<i f"6J /24 l» ; « O t * - o o / 
i l i a b . l a a - C j j J f l a > . K O . - a O J ^ a l a l . « J - - O 0 i i ^ t e J . > ^ l - a 3 i i 0 1 a 1 * * 9 . - 0 3 -

_,„ U ' . f c . w W - O - a V l#„—l l l -UL»* j l . , B . « 3 2 - u a 3 fcl# a . *b3 -33> » i . l . J l a - O J -

ti< ^.uol*OJ- riv j.)<«if3« an ».o»-.-uu- * i ^ i .uo-ouj ioN/ . l i j - tw* '" 
ib l - * 1 . 3 > b - 0 - l l M * > . N . . j j l i b i < « . i ' j - u o i i * | v i 4 1 3 l i « p q a f g n | | b * . j « o ] g 
i U " * l * o r - * 0 > u W l > »*< t . - j J i i j , ( ; > « 4 J - U 0 I I - > > * .JJ ' -Oi»»^>l< x l l a - u J i 

. > .. i t . l v i . i < ) u - 0 U i i n * i * - a i > j 3 i < b i * 1 > « 0 | - ^ U / ^ V H b .J ' . 'J -uOl iUl * J . / -> -OJ" . — 
U U l.h.'O-UJ-' i i U I W W . u Q . * ,U I K V J - U Q J * / 0 / t - i > - 0 0 > 9/U i i b l b - O O ' 
b/0 l . i ) * - O u - j l i u • • a D - u u t a i y i . r n - j u - 4 io i>4JV*uu*>tuig b . n — o a » 

1 I /O 1 . / T V - 3 0 J I / / 0 ^ .00» -J i>JUiO » . -e .3 -J0J l» /0 l . l lQ-OO^lbJo / . b 2 a - 0 3 / - * -
i b # j 4 . j ' i b - o ^ i i i 3 i l . . > . i t - j j i U 4 a l*.'.f. l>ri;giiyta-i. '"P?«'>''3Jt |J3 f . i n o j r 
V l /O l . B f i ' O J O I i / J ( I . i 0 - * 3 a 0 i » i 0 b . ) / J - J 0 W - O ^ . » » i - 0 3 l f i i O I t l i l ' V l i 
ibto i m * - 0 3 t i u o b . - - - - 3 J J i » i a i . . < . j - u O / i » ; o I . J B B - Q O * J O / O b . - j v - o a * 

i n t>-4«-uu» i i i i . s j i . u u * j i i i * > b i - u 0 3 - 4 i 1WO/ -005 i i i 2 . 0 i ? - < m 
,^<:i i . j t u - o u * f<t J . > 3 J - J 3 > D H i .n - . - taOa <*l « . u » » - y y > l j 4 i _ i . » 3 . - a o -

1 W I J . U i - l K l - U i r l b . > i u _ J J . l J t l ( . 4 > D - ^ 0 i l < i i l J . y - > - J j J l > i l b.btH*UJ> < 
i f t / l l . j ^ i - a ^ i W i i - . i O j - j J » l b i l l . i j g - u o i l ^ i l i.Hb-aJiZOtl l>w3a*03) 
i l i l i.t1*'\i\t4itH ' * i > i > u i u < j . i i * * 0 l * » u U i « * l *,f-)~rij,liit i . a j v - O J ) 
tbt I ? .< .U -0 r f<2 l / i i . J ^ f - O j J i O i l l .^ I4 -u3<4 'V i l l . a b U - a u < j O l l U J 7 J - 0 J 1 

Ml 1 .9 IO-003 Hi l . b N - 0 0 3 > i * l . « J 4 - J 0 » ±U l.O\*-a<ii.ill 4*U7/*0I13 
(•/< t*H—03* ( V ' * i b . - 0 3 J B i / / .b»b-uO> ^ '2 i . H ) - J J - j l U i i - . 4 f l > - y j » 

I I " l . i O a - O O H W t . i - . l - j a - l J i i ^ . m O - 0 0 - l ' . f / ' ' . • i i - S O - l W i l . i l a - O 0 » 
C m o J W « > O i > « i r « • . J i * — J J J l a i , . . l - i - u O i t ' * J * . JBB-33 , iO .V 4»*i—931 

i U i J . « 3 i - 0 0 1 K ( V . » . - . - ' . J 0 3 i j i i * . a » ^ * 0 3 U i * i i l . j J b * O 0 u i > i i ><U*>.-03t 
i b * < l , j N * O u l J / / i •»40%0J«-<a.V.t , ' tv~UQViiW«- 2 > a l l - 0 3 / i 0 > / i . i 2 j - 0 3 i 

I " J . * * 3 - 0 U B t i t i . m « - W » J i« • • l a - - « 3 b -«J - . < J * - U J » i i j t».Jl—wnjt, 
b<4 t * i l r *0« .B It* ' . U * — J U u • < « l*13l*4>03 V<i 1 .»J+-oJ»10i» i . i ^ b - 0 0 3 

l U i i t u i - * O J > l < i J i > * t t - 0 0 ' l ^ > » . * J * - O O J I - * I f . > - l * 0 J 3 l 3 4 j 1>VJ—00-
U ' i •••bv'1-OU-lf.-J 4 . J - x . u J j l t . j » . J 3 — . J J l V t i ! . > 4 J - U U . i U i J LJVi-ODV 
«*1/J / . O J i - O u W i i J V . i » - ] 9 l i j , l —OJV*000/* . /J i.OSO'OOOJiiJ l>*>Qb*000 
I b i J - . I t J - O ^ l l T / i • . . j , i - J 3 * I i i J 1 .77J -03<r« )» V.Ya. -SO' iOi 'O. 'Jo. i .TOS! 

1 / - 2 . 1 * 1 * 0 3 1 2^ - J . J » . - y J f J * - » O » i - . 0 l »^ - - . 1 * 1 - 0 3 1 34 - 3*721-031 ' 
i 2 - T . f * 4 - 0 - 7 TJ* l.u<2-uwb a i - ] . « i 3 - v i , b 42<> 2 . 4 l l - u 3 t . l u 2 * ) . m - C O b 

! • • - 3 . 4 l . - 0 0 b t v V - « . j - . - J O * ! * * - i . i l > - S O > l - * - 2 .3 iJ -3 i )>132* J.-lfv-OO* 
l » 2 - l * .> iO-04i l lJ-« l . ~ * c 0 3 - l a < - • . . i b . - O S - . f l i - l . - < 3 - 0 0 *202« J.I»"—OOJ -
2 1 ' - 2 , » f > 0 ^ < 2 2 * - - I . l b * > u 3 l 2 j i * > a *2a2 -V31* *2 - - . l i 3 * 3 J J 2 9 2 - i . 3 3 . « M 3 

; « - i.-sJ*33027;c-;.35r--:j:3jr;m«-33:rs7--S7Tr3i33;j02—3v;rTC-i*ai 
l . » l , * j a -QUa tt* * ; . i , » - y u a j < » 2 * i l l - U 0 a *<3 * . / » . * 0 O a 3,'i J . J i i - O J * 
t o *> , ) l a -03a 72> >.7bt i - j9a * i > a.Ulu-itOa i23 1 . 4 0 a - 3 3 H 0 2 3 l . ' l i - 0 3 ' 

1123 4 . j U a - 3 J t l 2 2 > •**ttl.^<it\tn l . g i a - . a a l - . j l . * 3 V J j b | 3 2 > i . J - i - u O b 
U * 3 f w i B - O O t - W J i * . - 7 l - J J . I » . r , j J . M 2 - 5 0 > i « 4 » I .OT*-00-.202v J .bOj -03 - --• 
2 W * 1 , 3 J 1 * 3 3 J 2 2 * 3 >. * . l * 0 u i « J 2 1 / . b a i - U 0 < i - 4 3 b . »J J-0BI2321 3.*")3*0>)9 
i b 2 " r - . 7 3 7 ! * • « n 7 7 7 n T S A T t R 3 7 d n T T 3 l 5 = ; 3 T < T r > T . ' n > = a T » i Z i s b . u o ^ . ^ 2 

12* 1 . .00 -00a 2 . * l . b * . - 3 3 a J^a I . . b f w 3 > - * b l .a l - t -OJa 32b 1 . 7 l . - 0 3 a 
bib 1 . N O - 0 0 a 12b I . 101-03- a2b | .bSO-0o« 12b l . b # b - 0 0 » l 0 . b 1.72-.-004 

112b t . a 3 i - O O a U 2 * ' . b J 2 - 0 0 i l i < a - . J * * - 0 0 a l - 2 b I . J«2 -09a l32b 1*101-907 
I b ' b J , . ) | * - 0 u r t ' 2 3 3 . i l i . 0 3 l l S 2 b 1.39—J3»l>**b - . f -3-3ub?02b 1 .3 ) , -UJ3 
2 l ' b b.BiB-0w>222b i . - .<» .00 -2J<» 2 . i 2 ' - 3 0 > 2 - * b J.372-DU2232b 3 . 2 - 0 - 3 3 1 
2a;r*.]3i.oi;»Tib*-=T732T3:n««-r.^«-305)n6'i.sU'3oii02t-noi;-«i 

l ' l 3 . t i l - U 3 * i t l » . 0 - . - u 3 . j i l b . i<-"UUv ml b . b * 3 - 0 J * 321 1.211-03* 
b27 • . tO«-0<iv 727 a . ^ a - u O . a27 1.31 »-OU* i l l 1 .17« -00a lU2 l l .Ja* -O0a 

i l i t | .B3> -U0«12 i / 4 . 3 I „ J J « 1 I , I t**tt—iJH-tt I . . ( l - J u » l 3 2 l J . - i c l w a 
\ b i l j . t a ' - O S a t l i l - . b o j - O J a l a . l « • • J O - 0 0 « . 1 2 7 v . - • •> -0Oa2O2f '2 .a>a-03 l -
2121 I . 3 4 * - 0 . « 2 2 2 l > . v , » - O J » i . . ; k . i j / . J a j w f 4 . .1J4-4J-232 I I . / 9 . - W i 
7*rr i..«-3ci37?7 7.-rsr.a:3:a?7 *.iio-oc62?27,i.;o?«o:3j3jjn.i«-.-oji 

12* 2 . - 3 1 - 0 1 1 t i t 2 . b 3 | - 3 1 I i f 4 . * I U - J 1 | -2a 1 . - 3 * * 0 1 1 32a - . / H - B l l : 

%i% 3 . . 1 - - 0 1 1 121 l . l i r - O l t t i t i . » ) - - 0 1 1 «2I l . i » * - 3 t O 1 0 2 l l . * J i - 0 1 0 
112a 2 . a t i - 3 1 d l 2 2 a * . J - ) - 3 l V l i 2 a b . b 3 0 - 3 1 0 l - . a 1 . 3 - ? - t > i m 3 2 - l .ba( , -OJ* 
Iblt l.,**-<tmi1l* * . O J | - 0 0 . l * 2 # l . l U - O O a l ^ s l . * l l -3UB2<J2i ' l>2ua-0Jf l 
212a ».0.f f -Qja222a J . i . i^JUf* J * J j . - . j f - 3 g / * - < * l . l f » 3 U i . 2 3 2 B . . » ' . — 0 3 i ; 

:i.a j.»ii-aj?2T77 r.o;7=:3in;a-a.nj.ao;*#i»-b.iit.o3&j02iu;=i7.ftjij 
It"* 2 . l3~«- ( l l - 2<« 2 . 1 / I - J 1 - i n J . 2 0 I - W 1 - - 2 * 1 . 1 / 2 - 9 1 - 32* - . l v . - 3 1 * > 
b 2 * 3 . 1 1 . - 0 1 - I 2 * . 7 . j * , - 0 J . „ , » . a . ; - - i - t i t I . - 2 2 - J U 1 0 2 . < * l - u - i l l l ; 

l U v t,f»l-0iH4t* > . - b . - V l l l l . ^ * > l O - - 0 . l l - 2 * l .bV3-Q12I32f 1.U2.-U12 
IH-* b * 0 1 * - 0 i * l 7 ^ > l . j T . - J U l B t f l . - l » - J l l l * * * V . - J 2 - 3 1 I 2 0 2 * 2 .7 I1 -31U . 
212v a . « j » - 0 1 U 2 i i * J 0 1 U - U J . . - J 2 * 1 < l b a - u 3 a < - - - 3 . > la-3ua2»2f . . - . J i - O J I , , 
2 b T 3 ^ 7 - n - T ^ » 2 7 2 r f t ' . , 3 j J 3 a i 7 9 i V - T . 3 * v - i O 2 l « ^ » . i 0 o * 0 J 3 J 0 2 * n . l T 2 ' I i r 3 " J • * ' 

H O l . V 2 l * 0 1 b 213 2 . 0 3 . - J 1 U H O 2 * 0 W - O l b -J3 2 .213 -O lb 310 4 . - 2 — 0 1 6 .. 
bJ3 2 .70* *Otb 7li) l .Obb-Olb ai l ) J . 3 3 0 - 0 | b 4)3 * . . l b l - 01b lOJJ 3 . 0 1 » - 3 l b 

111W b . 2 1 J - 0 i » t 2 j J l . < - i - J l b l U O l . y - f - J l 3 l < . J 3 1 . -11 -013 133J |.-Jab-913 ! 
Ib lC J . O l B - O t i l J»3 » . J B — 3 1 S U J O 1 .02- -OI -1V10 . . b l —31-20J3 - . - » l - 0 1 -
2110 1 . 1 T O - O l l 4 2 l 3 _ l * a i j - J l . 2 1 l 3 » . - l - » - J l U - 1 0 1 . 4 i * - 0 t U J 3 ) J 1 .131-30* 
7 b u iril~*tt»i7i3 - T « 1 . : ^ 3 7 I a j 3 a . i a 7 - i 3 » i 9 i 3 j , B » » - 3 ; i ] i ) J * I 7 7 j . * S 3 r 

UNCLE kernels <n(E0-+E) ^ 

The numerical values of the 30 group full kernels, 

calculated with the UNCLE code, are listed below. 

The form of representation is as follows." 

•ij-ffU- « + W ' tfi+ij tf*+s;/ m 

Eo=Ei= j and £ = £ ! = i are the energies of the 

incident and scattered neutrons, respectively. 

The ffi;=<y(Eo->-E) are listed 5 per line. The 

order of the Legendre moments of kernels is desig­

nated by ^ ( = 0 , 1) in column?-74-76. Columns 77-

80 contain the card number. o 

Energy meshes are given in ev, each energy value 
S > , • • • - u - • • - - • • • ••'• 

corresponds to the neutron velocity equally spaced 
between 0.001eV~0.9eV. 
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