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Chapter I.
Permanent Phenomena.

§ 1. No distortion of wave form in the alternator with two field
windings.

The following investigation is started on the idea that dis‘tortion of wave

form in the ordinary alternator due to armature reaction arises from the
current induced in the field winding.
Tt seems possible to damp out the distortion by providing another field
winding * displaced magnetically by 90 degrees from the ordinary one. Here
for simplicity therefore will be considered an alternator with two field wind-
ings, identical in construction and placed magnetically crosswise to each
other, and it will be proved that in this alternator, the poles being non-
salient and laminated and both the field and armature windings being so
arranged that the distribution of the magnetic flux circumferentially along
the air gap is sinusoidal, there will be no distortion of wave form under
load.

The ordinary field winding will be called the direct field winding and
the other the cross field winding; and for simplicity the field iron will be
considered as finely laminated.

Let ® be the reluctance of the equivalent passage of the total flux
produced by unit armature current, n the number of turns of the armature
winding and

t=TI,m 41V 2sin @m + lot — Pom+1)
the current flowing in the armature, the origin of time being that instant
when the armature coil is situated at the neutral point with regard to the

direct field winding.

* Boucherot.—Atti del Congresso Internazionale delle Applicazioni Elettriche. Volume 2.
(1911.)

Wechselstromtechnik by E. Arnold. Bd. IV.

Transactions A. I. E. E. 1911. p. 170 and G. E. R. 1920. p. 177.
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Then calling the flux in the
direction of the axis of the direct
field winding the direct flux and
that magnetically crosswise to it
the cross flux, the total direct flux .
w

produced by the armature current N

(7]

wt

1s, referring to figure 1,
1 _
= G—? . kn[-z,n+1 ’\/2

X sin (2m + 1ot — ¢op4,) COS 0F

where % 1s a factor due to the
distribution of the armature con- Fig. 1.
ductors; and the total eross flux is

l
®

Therefore the direct flux produced by the armature current and linking

ckndoy V3 sin (2m + lot — Pan 1) 51D 0

with the armature winding itself is
2m2 — —_——
= % Ao V2 510 (2m + 1ot — oy 1,) COS? wi
=L.1,,,V2sin (2m + Lot — ¢gp 1) cos? ot
where L is the total flux linkage of the armature winding itself when unit
current flows in it, that is, the total inductance of the armature winding.
Similarly the cross flux produced by the armature current and linking
with the armature itself is
=L. I V2sin (2m + lwt - Do 1) SIN? F
Therefore if the field winding be open, then the EM.F. induced in the

armature due to the current in itself is
—d .
=—=L. 1, V2d—t [sin (2m + 1ot — ¢op11)]

= - L . tTt
which is a result that can be expected because, except that there is an air
gap, there is no difference between our armature and a coil rotating together

with all iron in connection with it.
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Next, considering the flux produced by the armature current and linking
with the direct field winding, it is

keng k T — ‘
= anf £1m+1 V2 sin (2m + 1ot — ¢yp 4.1) cOS

1 = .o .

=3 Ml OB [sin (2m + 20t — ¢om 1) + 8N (2MwE — Popy41)]
where » is the armature leakage coefficient, n, the number of turns of the
field winding, % a factor due to the distribution of the field winding and
M is the maximum mutual inductance between the field -and the armature
winding.

Therefore the EM.F. induced in the direct field winding is
1 _ __
=-3 M1 V2 .[(2m + 2) @ cos (2m + 20t — ¢om11)
+ 2mw cos (2mwt — ¢y 11)]

and hence the current induced in the direct field winding is

1 = [(2m+2 55
== g MEm 12| T s G Tt s = o)
2
+ (ZT:; cos (2mwt — Pam41 — m)]

where (29)un+s and (z7)., are the impedances of the field winding at fre-
quencies of 2m + 2 and 2m times the fundamental, and 6, , and By, are the
corresponding phase angles.

Similarly the flux produced by the armature current and linking with

the cross field winding is
= %Mlmﬂ V2. [cos (2mat — pop 1) — 08 (21 + 20t — Pom41)]

so that the current induced in the cross field winding by the armature

eurrent % 18

1 = [ 2 .
= é M.Igoyn+1 ’\/2 . [(ZZ;:; sin (2mz(l)t - ¢2m+1 — egm)

_@Cm+2e
(Zf)2m+2

sin (% + 20wt — ¢2m+1 et 2m+g):l

Now considering the flux produced by these currents induced in the

direct and cross field windings and linking with the armature coil, it is



186 Giichi Shimidzu.

( ) ®© cos (2mawt — o — 62m):| cos wi
fJ2m
li’f‘ k(f;;f M, V2. [( i sin (2mwt — bunsy — Oam)
_@mt2o

sin ('27n + 20t — Pomy1 — 2,,,+2):l sin wt
(2p)om e .

(2m+2)w
(Zf)m+z
2

( f)m

where v, is the field leakage coefficient and @, the reluctance of the equi-
valent passage of the total flux produced by the field current, direct or cross,

so that

[} (2m + lwt - ¢2’m+1 - 2m+2)

— G ML V2 [

cos (2m + Lot — Gongs — m)]

kn gy
v @
is also equal to M.
Hence the EM.F. induced in the armature due to the currents induced

in the direct and cross field windings is

=- % M, N22m+1)o. [@(m +2o

Sin (§m + lot — ¢2m+1 - 02m+2)
f)2'm.+2

( f)m sin (2m + lwt = Popir— m)]

which contains no other harmonics than that of the armature current itself.
We can therefore conclude that in our alternator with direct and cross
field windings there is no distortion of wave form due to armature reaction ;
and hence we shall hereafter call our alternator with the direct and cross
field windings the distortionless alternator with two field windings.
Here note that in this distortionless alternator it is not necessary that

the two field windings be short-circuited.

§ 2. Field and armature currents of the distortionless alternator with
two field windings.

Considering for simplicity the case when only the direct field winding is

excited (case when both field windings are excited will be treated later), the
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E.M.F. induced in the armature due to the exciting current I is
=~ & (M1 cos wt) = My sin ot

so that if z=#r? + L*w® be the total impedance of the armature circuit with
fundamental frequency, then in the armature circuit there will flow a current
¢ which can be expressed by

i = I V2 sin (0t — ¢y)
where

1vz =

and ¢, =tan™* %9

Now on account of this current 7, in the armature there will be a cur-
rent 45y induced in the direct field winding which, as shown in the previous

article, can be expressed by

il = — % MI/ V2 22—(: cos (2wt — ¢y — ¢y)

where z;=#r?+ 4L7w® and ¢y =tan— Lffw, in which 7, and Ls are the

resistance and inductance of the field circuit.

Similarly the current ;" induced in the cross field winding will be
i = — 3 ML V2 27‘;’ sin (20t — g — ¢y)

Now in turn these two field currents will induce a current ¢,” in the

armature circuit, which, referring to the previous article, can be expressed by
. 1 y s @ 2w .
Ty =—§M2Ia \/2.;.7—2} sin (ot — 2¢q — ¢y)

This 4,” will now induce a current ¢z and 4" in the direct and cross

field windings respectively, where

. 1 1 2 ’ ¢
77 =(§) Msla ‘\/2.

LR

. (%‘;’)2 cos (20t — 26, — 2,)

and

2 —
i = (%) M:I; V3.

SRR

) (%")%sin 2wt — 2¢, — 2¢y)

and now in turn, these field currents will induce in the armature circuit a

current ¢, of which the expression is
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i = (g) 1 V2. (2) (1) sin (ot~ 39— 24
2 z Zr
and so on.

Thus the total current in the armature circuit is

i I3, [sin (ot = $) — 5 2. 25 Sin (wt — 260 — ¢y)
+ @ e (2) @‘;’)2 sin (wf — 3¢, — 2¢)
SURRC[CIENEREN

=1,/ V2 .[cos ¢y + ccos (¢g+ 0)+ c*cos (¢g + 20) + ...] sin wt
— I,/ V2 .[sin g + ¢ sin (g + 6) + c?sin (¢ + 20) + ... ] cos wt

where c—_.l. 2 @ 2_"’<1£[_f_1 _1_<
- 2 z’ zy 2LLf—2.VVf

and 0=¢a+¢f

The total alternating current 4 in the direct field winding is

ta=—1, '\/5.% M%Z:l. [cos (2wt — o — Py) + ¢ cos (2wt — 2¢, — 2¢7)

+ c?cos (2wt — 3¢, — 3¢y)
+ ete.]

=—1, Vé%(cos€+ccos29+0200330 +...)cos 2wt
f

— I,/ V2 ﬂ%(sin @ + ¢ sin 260 + ¢?sin 360 + ...) sin 2wt
v
and similarly the total current in the cross field winding is

te=—1, «/Q%g(cos6+ccos20+c2cos39+ ...) sin 20t
7

+ 1) '\/Eﬂg(sin 0 + csin 20 + ¢*sin 30 + ...) cos 2wt
2f

that 1s
. 25 (COSa—ccos dy . __sin ¢, + csin ¢y
z“—I"‘\/2'(1-—2000s0+czsmwt 1—2ccos6+c2cosmt)
1/ v2

sin ¢, + ¢ sin ¢f>

sin { wf —tan™?
( €OS ¢, — € COS ¢y

" W1—2ccosd+ct
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. = Mw cosf—c sin 0 .
=-I/N2. — (———— ——— )
Kl 1o 2r \1—2ccosf+ =% 20t + 1—2ccosf+c 2ot

—~I/N2 Mo —
= -, —— COS (2(1)t i ta,n 1
V1=2ccos@+c 7 ¢

sin 8
0s & — (:)
and similarly

-1, '\/ 2 Mo

) —t sin (2wt tan—! sin 6 )
Uy = ——— S kot - ,
s N1—=2ccosB+c % cos @ —c¢

But

t

2
1—-2ccosf+c*= (z—1z~) 2222 + 2M2 0 (rrp— 2L Ls0®) + Mt o]
f

(;i—)i) {[rry = QLL; — M?) 0] + (Lry + 2Lyr) 0%
i

1 2
;) lw+pryr+ (@ -2 Lppe)
_ Mo
P -— gf—

where

e si L 2__9 2.8
tan—i S0 $o+csing, tan— LOY L; Mo
cos ¢, — € oS Py rzf + re M w?

~ tan-? L-2pLpw
r 4+ p*ry

(er + 2Lfr) « —tan™! QLJE

rry— (2LL; - M) w® Tr

= tan—!

and
sinf _ (Irj+2Lim)e
cos@—c rry—(2LL;— M?) 0?

L-2pLf)w + tan-
T+ p'ry 7

tan—?

= tan™! 1 2—Lf—(i’
7

Therefore
i = Mz,
“ T Wrry— (2LL; — M?) P + (Lry + 2Ly7) o

X sin (wt — tan™ (L +2Lym) o + tan™ gﬁ?)

rry—(2LL;— M?) 0® an s

- Mhe sin (wt - tan“—————(L = 2¢"Ly) w)
N(r + prre) + (L — 2p2 L) 0 T+ p'ry
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7 MZIf(D
= Vlrny = @LL, — My o] + Ly + 2Ly o
i _7 (Lrg+ 2L 0 )
X sln (2wt 5~ tan™? Wf (LL;— M) o
MI,«'(D'D
TN gy (L - 20 Ly o
2 T+ [ r 7y
and
b= Ml

Vrr; — RLL— M%) o} + (Lry+ 2Ly o

(L’I‘f + 2Lf7') ® )
— (QLLf— Mz) »?

X sin (2wt ~'7r — tan™?

Mfpr
“ Vot eyt (L 2Ly o

X sin (2wt — 7 — tan™? (L;V_f’:;f‘;f)j) - tan™? 21;—?’)
Bearing in mind that currents of double the fundamental frequency

flow in the field windings, note that the above expressions of 4, 77 and 1,

are quite the same as those of the primary and secondary currents of the

air core transformer.

§ 3. Fundamental equations of the distortionless alternator with two
field windings.

The direct field winding only being excited, the fundamental equations

are

d@a

Tig + L dit (%74 c0s wt + 1z 8in wt) = M e sin wt

reia + Ly o;td + M cos wt) =0

dt (/I’(l

d?;fc d . . _
d_t (ta8in wt) =0

so that denoting i, by =, 7, by v, i by 2z, » by a, L by b, 7 by a,,
L; by b, M by ¢ and MI;w by d, they become

e+ Ly =5



Permanent Phenomena. 191

ax+bd—+ci(ycosmt+zsmwt) dsinwt ............ 1)
oy + b, prRkE (mcos W) =0 i, (2)
aqz+b1 7 ‘re ~(w sinwt)=0 ....cooooieninnn. (3)

that is
af + b d{f (Adi cos ot + g§s1n wt) =— %cos OF cvvvennnn. 4)
'a,n+b1(flt+c%§cos @t=0 ..iiiiiiiiiiiinnes (5)
a, &+ b, d§+ca~»t§sm wt=0 ... (6)

1 1 1
where f=fwdt“ak1 n=fydt—-a—lk2 §=/zdt-—ak3
where k;, &, and £, are integration constants, accordingly

dg dy _dg

e= Y= and 2=
Now equations (5) and (6) give the relation

b, (tclit cos wt+§—§s1n wt) + a, (n cos ot + ¢sin wt) +c%~§= 0
so that from equation (4) we have
(bb, — ¢?) dgf + ab, £ = ca, (7 cos ot + ¢sin wt) — %l cos wt  ...... )
Differentiating this and inserting equation (4) we have
dz d
(b, — ¢») 'dtf + (ab, + a,b) Tzl% +aa,

. ad .
= b,d sin ot — % cos ot — ca, @ (7 sin ot — £ cos wot)

Differentiating this and inserting the relation

b, (%;Z sin ot — gl—f cos mt) + &, (7 sin ot = cos wt) = 0

which is obtained from equations (5) and (6), we have
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ds d? d
(bb, — ¢*) d_t§+ (ab, + a,b) ZZTE+ aa, E%:
ca’w
b,

= b,dw cos of + a,d sin of + (n sin ot — ¢ cos wt)

— ca,@? (7 cos wt + & sin wt)

which, by insertion of the relations (7) and (8), becomes

3 2
b, (bb, — ¢*) %f + (ab? + 2a,bb, — a,¢?) %75
dg
+[2aa.b, +a:2b + b, (b, — &) o] dt +a(a+ble?) €

_ad Na?+ 4b2e®sin (cot —tan—1 A )
) 2b, 0

Thus we have obtained a linear differential equation with constant
coefficients, which can easily be solved as will be explained in the next
article.

Note that this equation of £ can also be deduced symbolically as follows:

Equation (2) x cos wt + equation (3) X sin wt gives

a,f+ b (g— mg)+c%—f=0

where f=ycos wt+ zsinwt and g =2z cos wf — ¥ sin wf, because

%az: = [(% (% cos mt)J cos wt + l:(% (2 sin wt)] sin ot

Therefore putting %: D and a,+ b, D = D, we have

Dif—bowg=—cDr ..cooevviiei 9)

Next, equation (3) x cos wt — equation (2) x sin wt gives

g+ (Gjl—'z+mf)+cww=0

because O = [gt (z sin mt)] cos wt — [o% (z cos wt)] Sin of

so that symbolically
Dig+baf=—cor ..cvovvviviriniiinn, (10) .
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Next, equation (1) gives

Dix+cDf=dsinet ......cocveviieniinal, (11)
where D,=a +bD
Now eliminating g from equations (9) and (10) we have
D+ b20®) f=—c(DDy+bo®)z wueneennnne, (12)

Accordingly from (11) and (12) we have

(1= D o D) = dsint
) 1

that is
(a +bD)[(a,+ b,DyY + b2}z — ¢*[(¢, + b, D) D + b,0*] Dz

=d [(a, + b, DY+ b?w’] sin wl
that is

b, (bb, — ¢®) D*z + (ab? + 2a,bb, — a,¢*) D*x .
+[2aa,b, + a,2b + b, (bb, — ¢®) 0*] Dz + ¢ (a2 + b)) x
= a,d (a; + 2b, D) sin ot

=a, dVa? + 4b2 w* cos (wt — tan™! % )
2b, 0

which is nothing other than that equation of § differentiated.

§ 4. Solution of the fundamental equations.

First in order to obtain the expression of the armature current, let us

take up the equation
dz  ab?+ 2a,bb, —a,¢* d*x  2aa,b, + 0,°b + b, (bb, — ¢*) w? dz

& T h k=) @ bGh—o) dt
a(at+bre?) e+ dble? i O
+ ‘bl@-b—l‘_—gi)' X = a]dm COos ((Dt tan 2b1(0>

The solution of this equation is
D D, D
a:=e“‘ij)-ldt+e‘”JXﬁzdt+e7‘fxﬁdt+fle“+B€5‘+Ce‘¥‘

where x = IV cos (wt — )

i . Va2 + 4b2w? A
in which N=ad = 20 and 0= tan g
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D = Keltpnt
in which

K=|111|=B-y-a)@-AH)

a B g

@t B o
Di=|1 1 [eBMt=_(B—q)eBint

B v
Dy=—-]1 1 et = (v — a) er+at

a o

D,=|1 1 ]|evtFt=— (a— B)elth?

a B
4, B and C = integration constants, and a, 8 and = roots of the equation

by (bb; — ¢®) A2 + (ab® + 20,0, — a,¢*) A?
+[2aa,b, + ,2b + b, (b, — ¢®) w*] A + a (02 + bw?) =0

Hence neglecting for the moment the transient terms

Aet + Béft + (et
the solution becomes

z = _Kl!r [(B -y e“‘f e~ cos (wt — 6) dt

+ (y—a)€ft j € Pl cos (wt — ) dt + (a — 3) eY‘fe‘Y‘ cos (wt — 0) dt}

_V [a(B=9) By-—a0) v(@-#8)
_K'[ P B+ + ’y2+w;j|cos(wt—-0)

N B—y «g—a a—pB)\ . '
—ff'w'(az+w2+Bz+w2+;y2m)sm(wt_€)

But
(B =) (B4 07) (v + %) + B (y — @) (v* + @) (0 + w?)
+y(@a—B) (e + 0’ (B +0°) =Ko (a+B+7)—afy]
(B=7)(B*+ o) (¥ + ) + (v — ) (v + ©°) (@ + 0*) + (2 — B) (& + *) (8* + o*)
= K [0*— (By + va +aB)]
and
(o + 0?) (B2 4 ) (y* + ) = [ (a + B+ ) — aBy) + o* [0 — (By + ya + aB)J’
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Therefore the solution is
AT
= —
V[ (a+ B +7v)— aBy] + o* [0 — (By + ya + aB)]:

©[w® = (By + ya + aB)])
o’ (a+ B+7)—aBy

X COS (wt— 8 + tan—!

But

2 (ab.? + 2a,bb, — a,c?) — 2 Zw?
wa(a+3+'y)—a,8ry=—-w(a +2a bl(blz)zz)c?)a(a +b2ew?)

_ o [aa, — (2bb, — ¢*) @?]
B b, (bb, — ¢)

and

0*—(By+ya+af)=w*—- — b, (bb, — ¢?) = b, (bb, — )
Therefore
. Vo dhpa
V[aa, = (2bb, — %) 0’F + (0,0 + 2ab,y w*

a1 M o ﬂ‘ﬂw,_)
X €OS (wt tan %o tan aa, — (2bb, — @) o

_ dVa?+ 4bw?
Viaa, — (2bb, — ¢?) ' + (0,b + 2ab,)? w?

. 2b, 0 (b + 20b) ©
-1_"* —1 RIS A
X sin (wt + tan a tan da, — (266, — &) w’)
which coincides with that result obtained in Art. 2.
Now putting this expression of # in the fundamental equation No. 2
we have '

dy a

c d = .
%+Ey=—gl.a‘t.[X\/25m(wt— ¢y) cos wt]

= —bEX'\/Qw cos (2wt — ¢)
1

_ d
where X '\/2 = ’\/(ZE + p2a1)2 + (b - 2p2b1)2 w?
_ 2
and $o = tan— (b=2b)e

a+pPay
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which solution is
al

c = hy Ay
y=—b—.X~/2we by Jebl cos (2wt — ) dt + Ke Bt

a;

261(») + Ke ~ 5

a,

=— e Qet — by —
XvV2 I\/a1+4‘bwcos(wt ¢, — tan™?

where K is an integration constant.
21
. . -5t .
Thus if we neglect the transient term Ke o then the expression of

the alternating current 7 in the direct field winding is
5 . 2b
y=pXV2sin (2wt —y— ;—- — tan™ T‘:w)

Similarly from the fundamental equation No. 8 we have
e “1
i=-y X V2 by fﬁbl sin (2wt — ¢,)dt + K'e
1
_ 2b, @ e
=—XV2 — v 1n(2 t — ¢, — tan—t 2 )+K’ b
\/ a12+4b w? ° ® ¢ !
which, when the transient term is neglected, becomes
z2=pX V2sin (2wt— ¢y —m — tan~? gI:—w)
1

Thus we have arrived at the same results as obtained in Art. 2.

§ 5. Other methods of obtaining the expressions of the field and arma-
ture currents.
(a) The fundamental equation
diz

o 4
PoI+ th2+R dt+Sx-V\/2coa(wt—tan i)

=V ¥2sin (wt + tan™! 21;’“’)

where P =5,(bb, — ¢ 1

Q = ab® + 2a,bb, — a, ¢

B =2aa,b, + a,*b + b, (bb, — ¢*) 0?

S=a(a?+ blw?)

VN2=adVag + 4 o
shows immediately that « is a simple sine function of ¢ with the frequency
w/2mr.
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Therefore we have symbolically
(Pjro*+ Qe+ Rjo+ S) X =V

that is
X= A
© (8- Qo) + jo (R — Pw?)
so that B
= .VN/Q sin (wt + tan™! o _ (R Pa) )
V(8 = Qw) + (R — Pw?y o * - Qu*

But S — Qu*=a,[aa, - (2bb, — ¢®) ©*] and R— Po®=a, (a,b+ 2ab,)

Therefore
_ dVa? + 4b2w’ B
Vaa, — (2bb, — ¢®) 0*] + (a,b + 2ab,)
. (ab, +2a,b) ® _2b
X 8In (wt—ban 1 A—;(2bb _02) —, + tan 1717 )

(b) Putting z= § X, V2 sin (nwt — ¢) in the equation

dm
w*Q%+Rd

t—i—Sa:-—a]d\/al + 4b2w?sin (wt+tan 21;“’)

1

we have

s [2aa,b, + a,2b — b, (bb;, — ¢*) (n* — 1) w?] new X, V2 cos (nwt — ¢y,)

n=1
+ § [a (a? + b2w?) — (ab? + 2a,bb, — a,¢®) n*w?] X, V 2 sin (nwt — bn)
n=1
— 2b, @
= aq,dVa? + 4b2w? sin (wt + tan™! a_)
1

so that
(@b + 2ab,) 0 X, V2 cos (ot — ¢,) + [aa, — (2bb, — ¢?) 0*] X, V2 sin (ot — ¢,)

=d Va2 + 4b2e’ sin (wt + tan™! 2b, w)

a
and A, X, V2 cos (not — ¢,) + B, X, V2 sin (not — ¢,) =0
where Ap={2a0,b; + a,?b — b, (bb, — ¢*) (n* — 1) 0?] new
and B, = a(a?+ble?) — (ab? + 2a,bb, — a,¢*) n??

in which n is any positive integer greater than 1, the latter of which shows that
X.V2NVA,*+ B,?sin (nwt — ¢ + tan™? %’) =0
n

that is X,=0
s, 2
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and the former shows that
X, V2 V[aa, — (2bb, — ¢*) 02 + (a,b + 2ab,)? ©®
(0.6 + 2ab) @ )

] — -1 AN Y -
X sin (wt ¢, + tan aa, — (2bb, — ¢*) w?

—_— 2
=dVaz?+4bw? sin (wt + tan™ 2, '{’)

a,
. that Xl /\/i _ d ‘\/a12 + 4!b12w2
V[aa, — (2bb, — ¢*) o’ + (a,b + 2ab,)* &*
_. (a,b+ 2ab) & 2
- " e 1 21
and ¢, = tan aa, — (2bh, — &) o tan a

(¢) We saw in Art. 1 that the armature current contains the funda-
mental harmonic only and the field currents the second order harmonic only ;
so that we can write

z=X V2sin(wt—¢;)  y= Y V2sin 20t —¢,)
2=Z N2 sin (20t — ¢,)

Now put these # and y in fundamental equation No. 2. Then
a, Y V2 sin (20t — ¢,) + 2b,0 Y V2 cos (20t — ¢,) + X V2w cos (2wt — ¢,) =0
that is

(a,Y cos ¢y +2b,0Y sin ¢y, + cXw sin ¢,) sin 20t

—(a,Y sin ¢, — 2b, 0Y cos ¢, — cXw cos ¢,) cos 2wt =0

so that
a;Ycos ¢y + 2b,0Y sin ¢y + cXwsin g, =0 ............ (1)

and
a,Y sin ¢, — 2b,wY cos py — cXweos p,=0 ............ (2)

Now subtract (2) from (1) multiplied by j. Then

a, Y (j cos ¢y — sin ¢y) + 2b,0 Y (cos ¢y, + 7 sin ¢,) + cXw (cos ¢ + j sin ) =0
that is
(b +ja) V.= —coX . % i, (3)

Similarly from the fundamental equation No. 3, we have

(2byw +ja) Z. e8P = — jowX P i, (4)
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Therefore
7.y oy ey‘(¢y+§)
so that
Z=Y and ¢,=¢y+72~r ........................ (5)
and hence

y cos wt + 2 sin wt = ¥ /2 sin (0t — ¢,)
Therefore from fundamental equation No. 1, we have
(aX cos ¢, + bwX sin ¢, + cw ¥ sin ¢,) V2 sin wi
— (aX sin ¢, — bw X cos ¢, — cw ¥ cos ¢,) V2 cos wt = d sin wt
so that
aX cos ¢, +bwX sin ¢, + cwY sin ¢, = v% d o (6)
and
‘ aX sin ¢, —boX cosp, —cwo¥cosp, =0 .....oovnenenn.. M
Now subtract (7) from (6) multiplied by 5. Then

aX (jcos ¢ —sin ) + bw X (cos ¢ + j sin ¢) + cw ¥ (cos by, + 7 sin ¢,) =_7% a
that is
(o +ja) X . i 4 co¥ . = :/15 @ oo, ®)
Accordingly from (3) we have
it JIChotjo)
X Vet = (bw + ja) (2b,0 + ja,) — P w?
_ d(a; - j2b,w)
T aa; — (2bb, ~ ¢*) 0*—j (2ab, + b)) 0

Therefore
XVQ-: _ d\/a{“+4blzw2
V[aa, — (2bb, — ¢?) 0?2 + (2ab, + a,b)* w*
, ey (2ab+ab)w tara _2b,rq
and ¢, = tan™ aty — (2B, — ) tan o
and from (3) and (5)
YVE=ZV3 = dow — X W3,

V[aa, — (2bb, — ¢*) 0*)* + (2ab, + a,b)* w*
2—2
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- —tan= P =g+ T 4 pan— 20
and ¢y =, + 7 — tan e b+ 5t tan a
T (2ab, + a,b) @
=g+ tan aa, — (2bb, — ¢*) w?
2b,w (2ab +ab) @
= -1 209 an—t
and b, = ¢, + 7+ tan o 7 + tan— Z(2bb, — ) o

§ 6. Distortionless alternator with two field windings containing », Z and ¢
in series in the armature circuit.

In this case the fundamental equations are

cw+bd +efwdt+cd(Jcoswt+zs1nwt) d sin wt

a1J+b d

e +c—(wcoswt) 0

alz+b1dt+c (zsin wt) =0

1 . .
where ¢ = 0 and all other notations are the same as in Art. 3.

Hence similarly as in Art. 3 we have

a’g’+bg f(f+ )dt+c<%%coswt+g§smwt\)“—(écosm 1)
aln+bld cd—fcosm-—o ........................ 2
at "
¢ dE _
a1§+bldt+cdts1nwt—0 ........................ 3)

so that similarly as in Art. 3

(bb,—c2)%+ab,§+b1ef(§+ )dt—cal(ncoswt+Csma)t)——b—dcoswt

Now differentiate this and insert the relation (1). Then we have

& d b, K
(B, o) T + (aby+ 0,b) 5% + (0, + bye) £ + §K1+alef<g+ %) a

=b,d sin wt — %Tdcos wt— ca, @ (1 810 wt — & cos wt)...(5)
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which by differentiation becomes
d K,
(bb, —cz) +(ab + a,b) dt2+(aa1+b e) > +ale(§+ -a—)

= b,dw cos ot + a,d sin ot + cql;_w (nsin wt— ¢ coswt) —ca, w?(cos wt + { sinwt)
1

Hence inserting here the relations (4) and (5) we have

b, (bb, — ¢?) %;—f + (ab? + 2a,0b, — a,¢?) %Qtf

- [2aab, + a2 + b, (bby — ¢?) o + byre] ‘jl_f +[@ (a2 +b20%) + 2aybie] £

+2a1be

Ko+ (a? + b ‘)ef<§+%)dt

a,d Va2 +4bw?sin (mt — tan™? 2_1)1;))
1
so that

by (b, — ) aE PL ¢ (ab+ 20,bb, - ar0?) d3+[2aa1b +a2b+ b, (bb, — ¢%) w? +bye]

Zt2+[a(al + b2w?) + 2a,b, e]dE+(al + b ")e(f'*“K)

— a,
= 2 —_ —1
a,dVa? + 4b2 e cos (mt tan lew)

so that
A a3
b, (bb, — ¢?) Elt-jv + (ab? + 2a,bb, — a,c?) d—t‘:}

+[2aa,b, + a2b + b, (b, — ) @* + b%¢] &z

d
ir +[a (a? + btw®) + 20, b,e] E%;

+ (a2 +b2o?) ex = — aydo Va? + 4b2w? sin (wt —tan™! 55, >

This is a linear differential equation with constant coefficients and its
right-hand side is a simple sine function ; so that z will also be a simple sine
function and therefore symbolically we have

(Pj'o* + Qfe® + Rffw* + Sjo+ T) X =V
that is
v

X= (Po'—Ro'+ T)—j (Qui—S) w
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where P =1b,(bb,—¢?) Q = ab? + 2a,bb, — a,c*
R = 2aa,b,+ a,*b + b, (bb, — ¢*) 0 + b%¢ S =a(a?+ b2o?) + 2a,be
T=(a?+be%)e and V2 = — a,dw Va? + 4b2w?
But Po'*— Ro*+ T = a, [a,e — (0,0 + 2ab,) w]
and Qo*— S = a, [(2bb, — ¢*) 0* — (aa, + 2b,€)]
¥
so that X = e Lo

~(a;b + 2ab,) 0 — § [(20b, — ¢*) w® — (aq,; + 2b,€)]

and therefore
_ —lem‘\/rf +4Llw?

\/I:C'L (Lrg+ 2Lyr) ] [(2LLf— M) w2 — (7'rf N %I):I

QQLL;— M*) »* — (7‘7‘f+~£>

xsin| wt—tan—? L + tan™! p.
o

0 Lry+2Lm)w
But

! 2L\ 2
[(%—(Mﬁ 2L;7) a»] + [(2LLf_ M)t - (,,rf + _C_f)]

= (”rf + 4L/ 0% + l:(r + p*ry)? (Lw — —C}—w — 2p2wa> ]
and /
LIy~ M) o= (rry+ %f)
tan™! - — tan—!
O—J; —(Lrs+2Lr) o

T
2wa

1
(Lw - m) — 20 Ly
T+ p*ry

= 7 — tan™!

where p = Jiﬁi’ in which z;= Vr* + 2L/ w?
7
Therefore
MIf&)

\/ (r +prs) + (Lo — 5=~ 2P2Lf“’>

( Lo— % — 2p2wa>
3 —_ -1
X sin \ ot — tan P
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and similarly as in Art. 4

1
Lo — = —2p*Lsw
y=pX\/§sin(2wt-tan“ Co - _E_tan—lgﬂ’)
T+ pry 2 Ty

r
(L’I"f+ 2Lf7‘) w — _65)

(rrr + %) — @LL;— M) o

=pX V2sin| 20t ~ g—- tan™!

and

1
Lo ——-—2pLsw
z2=pX V2 sin(2a)t- tan™ Co - _W_tan—lgrlzﬁ’
7+ piry s

_ (L’I"f+ 2Lf’l‘) w — —C:';L
=pX V2sin| 20t —7 —tan™ -

<m+ 2Ly ) (2LL,— M?) &

§7. Distortionless alternator with two field windings when both fields
are excited.

In this case two simple sine fields displaced in space by magnetical 90

degrees superpose on each other; so that we have the fundamental equations

aw+b%§+c%(ycoswt+zsina)t)=d'\/§sin(a)t—z>

4
a1y+blcjlt+c—(wcoswt) 0
a1z+b1dt+c—(wsmwt) 0

where a, b, ¢ ete. all denote the same things as in Arts. 3 and 4. So that we
have

b, (bb, c)dts-i-(ab + 2a,bb, — a,¢®) dt2+[2¢w1b1+061b - b, (bbl—cz)wﬁ]d

+a(a?+b2eo?)x=~2a,d Va? + 4b2w? cos(mt —tan—! - )
4 2b,@



204 Gaichy Shimidzu.

so that similarly as in Art. 4 we arrive at the results

o= . NV2Var+dbier
V[aa, — (2bb, — ¢*) w?]? + (0,b + 2ab, Fo?
. 7 (b +2ab)e . 2b1w>
X sln (wt 2 tan a_—al — (20, — ¢) o + tan™! P
v2d T (b—2p%b,)
= = — ~ si SN B e e Ve
V@t pay+Q@—2pb et (mt TR P )
V2 dew

y

" V[at, — (20, — &) @' + (@b + 2ab ) &

X sin (2wt -3 ™ _ tan— (a’lb + 2abl) 1o >
4

aa, — (2bb, - ¢*) 0*

o+ pta, a,

_ V2 dp
V(a+ p*ay + (b — 2p°h,) &
. V2 dow
Viaa, — (2bb, — ¢*) *F + (a,b + 2ab, ) »*

. T (0,0 + 2ab) )
X sin <2mt 5% tan - (2bb, — ) @

sin (wt -3 'g — tan™?

_ V2 dp
V(a+ pra,)2 + (b — 2p%b, ) 0*
T ian (0-2pb) 0 tan=1 2b, w)

X sin (th -5 i o+ p'a, a
§8. Distortionless alternator with single field winding.

The distortionless alternator with two field windings is theoretically
perfect. It requires however an extra space and copper for the cross field
winding and, in order to make use of the cross field winding by exciting it
as described in the preceding article, a little complication of the apparatus is
unavoidable.

A better practical solution of the distortionless alternator is obtained
by the use of a field winding and a large reactance in series with it.

As shown by Prof. Lyle*, and also as will be proved by another method

later in the theory of the single phase alternator, the armature current ¢

* Philosophical Magazine 1909.
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of the ordinary single phase alternator with non-salient and laminated poles

and with simple sine flux distribution along the air gap is
n=0

which component harmonics have the amplitudes and the phase angles as

follows:
o V3
I, (sin ¢ —jcos ) =L
1
S V2
I;(sin ¢, — jcos ;) = &:fsl—sg
. . V2
Lo (sin ¢y —jeos ) = -—~L = —
ete.
where
PECVE - 1
1=\% " e _2_b_1 '~2“1_glf+'2_a—etc to o«
¢ 2e0 ¢ '730(‘) )
m (B 2y o 2
:=\% Y 2, 520 2 L24 v
c .7300) c ‘74wa )
s-—(2b+j 2a 1 1
3 ? gc_a;)_m)l 20, 26 . 20
T+]m—_c—+]50_w—et0tow
ete.

where a=r, b=L, a,=7r;, by=L;, ¢=M and I;=the exciting current as
in Art. 3.

Hence putting f—é:oo that is %=oo so that
§=8=8=etc.=o0
r o _ 2If _ M[fw
we have I, V2 (sin ¢, JCOS¢‘)—2£}+.2_r—Lw+jr
M7 Mo
so that
MIf&) - _ Lo
1= msm (wt—tan 17)

and all higher harmonics vanish.
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The alternating current in the field circuit being

i = El L, V2 sin 2nwt — ¢u)

where
o ~I,¥3
I, (sin g, —jcos ) = 1
192
_ o —I,N2
14 (Sln ¢4 —J cos ¢4) = S1. Sz:fSB—‘—bC

ete.

it 1s obviously equal to zero when fT;: w , accordingly

S=8=8=-ectc.=w
Thus by the use of a large reactance in the field circuit we can have a
distortionless alternator with single field winding.
The field and armature current of this distortionless alternator with
single field winding can also be found as a special case of the distortionless
alternator with two field windings. Putting 561 =0 so that p=0 1in the

expressions of 4,, 15 and i, in Art. 4, we have

MI .
g = =P §in <a)t — tan™! éw)
Vit L2e? r
and ta=1,=0

Thus we see that if a large reactance be inserted in series in the field
circuit, then the armature circuit can be considered as independent of the
field circuit, giving the fundamental equation

rig + L% = MTj0sin o,

§9. Distortion of wave form due to pole projection.

If the field poles be projecting so that the reluctance of the passage of
the magnetic flux produced by the armature current be varying with time,
then, notwithstanding the insertion of a large reactance in the field cireuit,
the armature current will be distorted. In this casc, as in the case treated
in the preceding article, the large reactance put in series in the field circuit
suppresses any alternating current induced there and makes the armature
circuit quite independent of the field circuit; so that if we assume the armature

resistance and the load impedance constant and the armature inductance
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varying with double the fundamental frequency due to pole projection
following a simple rule shown by L (1 + p cos 2wt), where p is a proper fraction,
then the fundamental equation for the armature current ¢ will be

m+L [(1 + pcos 2wt) 1] = E V2 sin wt
where EV2=M0
that is L (1 4 p cos 2wt) %’ 4 (r—2pLwsin 20t) 1 = EV2 sin ot

which solves to

r 1 - \/ ~-P
1
jelw i — ———tan ( i tan wt } +log (1 +p cos 2wt)

E \/2]‘ o ;/717—41) tan— (\/*13 tan wt) +log (1 +p cos 2wt) sin a)t__
"1+ pcos 20t
This however seems hard to integrate and therefore we shall at present

be contented with the following solution of the permanent current only.

dt+C

Now put
1= 2 1,¥2 sin (not — ¢,,)
then the fundamental equation becomes

Lo (1 + p cos 2wt) 3 nd, cos (nwt — ¢,,)
n=1

+ (r — 2pLw sin 2wt) S I, sin (nwt — ¢,,) = K sin wt
=1
that is "

Lo § nl,cos(nwt—¢,)+r § I, sin (nwt —¢,)
n=1 n=1

+ % chb § nI,, [cos (n — 2wt — ) + €08 (1 + 20t — by)]

- pr E I [cos (n — 2t — ¢,) — cos (n + 20t — ¢,)] = E sin wt
that is

I, [Lo cos (wt—¢,) + 7 sin (ot — ¢,)]—-% pLo I, cos (wt+¢,)+ %prI3 cos(wt—¢;)
+ I,[2Lwcos(2wt — ¢po)+rsin (2ot — ) 1+ pLe I,cos (2wt — ¢,)
+ Lo s nl, cos (not—¢,)+7r §, 1, sin (nwt — ¢,)
n=3 n=38

+ % pLow 3 [1,42m co8 (Rt — Ppyis) + Inon cos (Rt — pus)]
n=3

= I sin ot
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so that
Lol cos ¢, —rl sinp — %prL oS ¢, +%prIscos ¢;=0 ...(1)

Lwllsin¢1+frllcos¢,+%prI]sin¢1+%prLsin¢3fE...(l’)
2LwIzcos¢2—rfzsin¢2+%.2prI4cos¢4=0 ..(2)
2Lwl,sin ¢2+rlzcos¢2+—;—.2meI4sin<;b4=O .(2)

3LwIscos¢3—frlssin¢3+%.3pr(I5cos¢5+Lcos¢>1)=0 ...(3)

3LwI3sin¢3+rlscos<;b3+%.3pr (s sin ¢+ I, sin ) =0 ...(3)
4<Lchos¢4—1*I4sin¢4+%.4pr([scos¢8+I2cos¢>2)=0 ..(4)

4Lowl,sin ¢, +rl cos ¢, +% .4p Lo (I;sin ¢+ I, sin ¢,) =0 ...(4)

ete.
nLwI,cos ¢, —rl,sing, + % np Lo (14208 Ppyy+ Ly COS ) =0
nLoI,sin ¢, + rl, cos ¢, + %anw nseSin puyo+ Ingsing, ) =0

ete.
so that adding (1),(2"),(8') etc. multiplied by jto (1), (2),(8) etc. and dividing

by %prI,ej‘b‘, % 2prIgej¢2, % 310La)135j"’3 ete. respectively, we have

2( . -j2¢ I3ej¢3 2 il
(14 ——)—e e _ 2 @
P 'To I, I pLo L‘e”"

9 J¢4 1

{0(1“21:) IJ"’2 20 e, L)
Jeo je

g<1 + l—-) L L . (I1T)

P 3Lw I, J#s I, &J#s

9 . T.cJ%s Igej%

(145041 8 0 e v

P (1 +igra)t .00 7 % v

r ) + In+2€j¢'n+2 Ll"2 €]¢n—2 _
In e]¢n In GJ Pn
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Therefore taking up the relations (IIT) (V) (VII) etec. we have
~Ld"
I, I3 =%

1 1

2 Lo
where ss=§(1+]m)—2 — 5 —
_138.7'?53
Wj;ﬁ#f =4

1 1

5

N 2 1 -L>_
where 85—]‘)( ) 3Te ) 1+.7L)_2<1+-_T_ et
pK .77Lw P ']9Lw)_ *

ete.

and from the relation (I) '
e 2 JE

% pLw 'Ilve—j¢1
that is
. o 2 .
Slllem‘ — L I m.)E
that is

. . 2 .
(sl—l)llcos¢>l+](sl+l)Ils1n¢l=m.jE
2 r 1 1
where sl=—(1+j‘)—
AN 2( o7 ) -2 e
p1+J3Lw p<1+'75Lw ete.

so that if s, = @ +3b, then
2

I, [(@—1)cos ¢, — bsin ¢,] + jI, [b cos ¢, + (a + 1) sin ¢,] = ilo .JE
accordingly
. a—1 2
Lisin =y =1 plo
and
b 2
Treosh = T 1 pl’
Next taking up the relations (II) (IV) (VI) etc. we have
0 _
I, ej¢2 =5
2 1 1

where = (1+j—) -
' 2_1’( J2L“’) 21451 —1+'—r+>—etc
p( MLw)'p( J6Lw :
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— L
— =8
Le”’“’ 4

1 1

2 LT
where s4=z—)<1 +]m’> -3

. r 2 . T
» (1 iage) = (1 i) — o
etc.
so that Ige'i¢2= Iqe'j¢4=Isej¢6=etc.=0

that is L=I,=I,=ctc.=0

Here note that the component harmonics of the armature current ¢

found above diminish in amplitude with the orders of the harmbnics, which
can be proved as follows.—

Since Syn4; may be written in the form

. 1 . c . d
(CL +]b) — m bhat 18 <a — mg) +j (b +m>

where a= 2
p
c
we can say that [Ssm4r] >1 when a-— porip >1
that is when 2_ 1> !
P c
2
But 1-}——1>1 for p<1
Therefore [$am+1]>1 when ¢>1
But now

c +jd=(e+]f)-—§%jh where e=]%
so that similarly as above we can say that if g > 1 then ¢ > 1.
Thus proceeding the condition sufficient for [szm+1].> 1 is that the real
term of spmy, is > 1 when m is sufficiently large.

But, when m is sufficiently large, sy, becomes
2 1 1

Somp1= - — 85

2
— — — —ete. to o0
p

=1+\/-1—n—1
D r

which is > 1 for p< 1.
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[I 2m—1']

Therefore [s,,,,] >1 in general. And since [l ]=>"""-3, we can
[Somsa]
conclude that the component harmonics diminish in amplitude with the orders

of the harmonics.

§ 10. Permanent short-circuit currents of the distortionless alternators.

(o) Distortionless alternator with two field windings.

Usually @, is negligible compared with b,w, so that p = ¢/2b,.

Thereforc if we denote the internal resistance and inductance of the
armature by a; and b; respectively, then under the assumption that the
direct ficld only is cxcited, the expression of the short-circuit current @, in

the armature is

b(1- 2
d - L ( _ 2@) .
A — — csin| wf — tan™! —m———
et o)+t (1= g0 Vo B
az+%1_2a1 + 0; 35:b, w iV 4bp 1
But
c 1 1 1 1
_—— =] —-—=] - = a— ='~1 = —_——
1 5hib, 1 Sy 1 2(1 a) 2( + o) where =1 -
and
c? 1 ¢ b 1 a,:
TR v A AC A
so0 that
c? a; 1 a,
ai+4b~1éal _I)T—w+1(1—0')b17)
¢* h 1
b; (1 — —2bib1) ® 3 1+0a)
2 2 :
accordingly a; + 2 a, is negligible compared with b; (1 - —c%) w and the
4bz2 ™ 2b;b,
expression of the short-circuit current in the armaturc is
L sin (wt— E) = —-—tgd— cos ot
B w1+ 0) 2) "ol +o)
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and those of the alternating currents in the direct and cross field windings are

c 2d . T _ 2bw
ys=ﬁ.m.s1n(2wt—§--«2~—tan lT)
=If.i;g_.sin<2wt—3g)
=If.i—;—g_.cos2wt
and
= If.%‘r .sin (20t — 2m)=1I,. Eg . sin 20t

These expressions coincide with those obtained by Mr Boucherot*.
In the case when both direct and cross field windings are excited, we have
2, = 1—0
Xs:ZmT:;) and Y3=Zg=‘\/2.[f.1+o.
But here note that for the same amplitude of the induced E.M.F. the exciting

current in this case is Al—é times that when the direct field only is excited, and

v

therefore the amplitude of the field and armature current at short-circuit is

Just the same whether one or both field windings are excited.

(b) Distortionless alternator with single field winding.

In this case if the pole be non-salient then the short-circuit current z, in

the armature is

d . m\ —d
Ly = i sin <wt— §> = bw cos wt

If the pole be salient and p =% (see Art. 9), then since

2 1 1 .
S =——= —_ =1+/\/I%—1=3'73

p g—g—etc.tooo p
we have
— . 373-1 4
I1\/2Sln¢l='3—7—32-:i.H’.d=084'6bdw

I,V2cos =0

* See footnote p. 183.
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I,V2sin ¢, . d
I«/2sm¢_T_—0247biw
I,V2cos ;=0
= . =1 \/2s1n<;{>3 d
I,V2sin ¢ = “grg - = 00663
I, V2 cosigp, = 0
cte.
so that
——0'846d< b o cos Bt + Bt —ete.)
= B \COS @F = gig cos 3w 373100s ot — ete.

(¢) Comparison of the magnitudes of the permanent short-circuit
currents of the ordinary and distortionless alternators.

As will be explained later in the theory of the single phase generator,
the maximum value of the short-circuit current in the armature of the
ordinary single phase generator with non-salient and laminated poles and

with simple sine flux distribution along the air gap is

d 1
(ws)ma,x. = lh—to . 1\/';-

and the maximum values of the alternating current in the field circuit are

1-+Veo
8 08111ve max, I
(y )p iti S ‘\/0'

(ya)nega.tive max, = — If(l - '\/‘7)
so that the maximum value of the field current including the exciting current is
1
g
and the effective values are

1 d
LS P
(ws)eﬂ'. = ~/§ . b ©

(ys)eﬂ’.=l\—}§-0'—i(1 —‘\/;)I_f

Thus the ratio of the maximum values of the short-circuit currents in
8. 3
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the armature of the ordinary alternator with non-salient poles and the dis-

tortionless alternators with two and single ficld winding is

.2 4

Vo 1+o’
which 1s 1-414:1-383:1 when o =05
and 158 :143 :1 ,, o=04
and 316 :1'82 :1 , =01

The ratio of the maximum values of the field currents including the

exciting current Iy is
1-Vo 1-0¢ . 2
— 4 1l:—41: : et
NP blogo— 1:1 thatis Viilte

which is the same as the ratio of the armature currents.

1

The ratio of the effective values of the armature currents is
2

ot ﬁo_: 1
which is 119:1-333:1 when 0 =05
and 126:143 :1 ,, o=04
and 178:182 :1 , o=01

The ratio of the effective values of the field currents including the ex-

citing current is

1‘ — 1/1—0\*
ot 51— 2 . ")
\/1+2a' (1 ’\/a').\/l_}.c)(l ).1

that 1s
1 — 1 /1—0o\
1 .-t : \/ 1 (_‘_’) :
75 Vito: L+ i 01
which is 1031:1:055:1 when o =05
and 1053:1:092:1 , o=04%
and 1:821:1335:1 , o=01

§11. Terminal voltage and voltage regulation of the distorti_onless
alternator with two field windings.

Let a; and b; be the internal resistance and inductance of the armature,

@, and b, the external ones at full load, and @, and b, those of the field circuit.
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Then as shown in Arts. 2 and 4 the expression of the full load current I

(effective) is
E

T Ve + ti + Py F (e & bi — Op°0,) w?
_ E
\/(ae+ai+p2aj1)2+ [be+%b,- a1+ a)J ®

where E is the effective value of the induced E.M.F.

But the expression of the terminal voltage V (effective) is
V=1IVa}+btw* = Ia,sec ¢ = Ib,w cosec ¢
where ¢ is the phasc angle between the full load current and the terminal
voltage, that is tan™ (b,0/a,)
Accordingly Ia,=Vcos¢ and Ibw= Vsing

Therefore if we denote a; + p*a, by a;, % bi (1 + o) by by, Va2 + by’w? by
23 and tan~? (by@/a,) by a, then
(Vcos ¢ + Iz cos a) +(Vsin ¢ + Iz, sin a)* = E?

that is
V24 2VIzycos(a—op)+ 1222 — E*=0

so that the expression of the terminal voltage V (effective) is
V= —1Iz;cos(a—¢)+VE2—I?z,2sin* (a — $)

In the case when the load circuit contains in series a condenser of which

the capacity is C, then as shown in Art. 6 we have
E

I== o e 11 IRt
,\/(wc+ ai+Pal) + ,:bcw—m,+§b,(1+0')w2]

which, when b, > g;, gives the same expression of the terminal voltage

V as above, the difference being only that (bew-— C}_w) is to be put in place

of b,w, but when b,w < (;—w gives the expression

V== Ly cos(a-+ )+ VE* — Fzgisin (a+ §)
1
Co™ b,w

(]

where ¢ = tan™!
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Here note that, since the expressions of the load current I from Arts.
2, 4 and 6 show that with regard to the load current we can consider, in

place of the ficld and armature coils interlinked magnetically, a simple circuit
. . 1 . . .
having resistance a; + p*e, and reactance 5 b;w (14 o) put in series with the

load circuit, we can immediately write down the above expressions of the

terminal voltage V from the diagrams shown in figures 2 and 3.

I(ﬁ_bew) g L4

Iade

\ =

Fig. 2. Fig. 3.

Next mn order to find the expression of voltage regulation, let the ratio
of the short-circuit current to the full load current be m. Then first con-
sidering the case when the load circuit contains no condenser, we have

m = \/ (a:ra,j)z + (be w*+’b“"(‘;)2

ay? + bpw?

that is
(e + @) + (a, tan ¢ + by 0) = m? (a;® + by w?)
that is
aglsec® ¢ + 2a, . (a; + by tan d) — (m? — 1) (@ + byPe®) =0
so that

a,sec d =— (@ cos ¢+ by w sin ¢) + Vm? (a2 + by?0?) — (a; sin ¢ — byw cos P)
But now

V =Ia,sec ¢

and

E = I ‘\/((I/g + ail)z + (bew + bil(lj)2 = I. m. \/aﬁ? + bi120)2
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Therefore
Z _- (uy cos @ + b @ sin @) + Vm? (ay? + by w?) — (a; Sin ¢ — by cos ¢)?
) m ‘\/(lif + b,j,“coz

ay® Qi .
e —_sin ¢ — cos ¢>)

a; .
(e g raimg) e/ (o) - (1
On®
m «/1 +bn ot

.2
Bu ba;‘ ; is usnally negligible compared with unity.

Therefore
V aq au
+ ( cos ¢ + sin ¢> 1- sm ¢ — cos ¢>)

Thus V/E having been found, the voltage regulation (£ — V)/V can

ET

now be easily calculated.
If the load circuit contains capacity, the same expression of V/E as

above holds when b,0 >1/Cw; but when 1/Cw > b, the expression of V/E

should read
- (,‘fﬂ_ oS ¢ — sin ¢> + \/m2 (1 + ) < % gin ¢+ cos¢>>2
b b % ? bilw

V_ 51 00 :
E- A
m\/1+bi12w2
oL g sing) 4y /1oL (o
= m.(b“wcosda sing} + l—m‘z(bu qm<;b+coe¢>

Here note that if the current, which flows in the armature when field
windings are open and E volt (effective) is applied to the armature from

some external source, be m, times the full load current, that is

m I = ———:E—~ £
Vai +bfa? b
then since
E E

we have
2
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Thus m and accordingly m, is an important factor affecting the voltage
regulation ; the greater the value of m and m,, the smaller being the voltage
regulation, and the smaller the value of m and m,, the greater the voltage
regulation. But now the magnitude of m, and accordingly m depends mainly
upon the value of b; and therefore upon the radial length of the air gap
of the alternator. Therefore the radial length of the air gap is an important
factor affecting the voltage regulation; the larger the gap length, the
smaller being b; so that the greater the value of m and m, and hence the
smaller the voltage regulation; and the shorter the gap length, the larger

being b; so that the smaller the value of m, and m and hence the greater the
voltage regulation.

§12. Evaluation of the ratio of resistance to reactance of the field and
armature windings.

Let E be the induced EM.F. (effective) and I the full load armature
current (effective). Then since

K
w _Tubw_, T
be E I~ "E

we can say that a;/b;e is the product of the ratio of the resistance drop to
the induced EM.F. and the ratio of E/b;w to the full load eurrent. Note that
this E/b;» is the current which flows in the armature when the field circuit
is open and E volt is applied from some external source to the armature.

Next
1 cliow 1 clyo 1 ¢ 1 #ne1
I=_: —f—‘—-é_:. f =_—I‘7.I= :._f..—.I
TS o Var tbiet N2 e N2 b TN m v
where v is the armature leakage coefficient, and n; and n are the field and

armature number of turns.

Therefore n.I;=~2mpnl that is ampereconductors of the direct field
winding due to the exciting current is ¥2m,v times that of the armature
winding.

For obtaining the total ampereconductors in the direct field winding,
however, we have to consider also the induced current pl which is

= 5%1 I= % . ;% 3—[.1 where vy is the field leakage coefficient.
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Therefore the total ampereconductors in the direct field winding is

nl \/ 2m,2v® + ~12 that is V2mwnl \/ 1+ ,,,3,72
f

that is

But (1 — ) is usually small compared with 8m,? Therefore we can for
approximation neglect the second term and take up v 2m,vnl as the total
ampereconductors in the direct field winding.

Thus if the same amount of the ampereconductors per unit length
along the circumference is adopted for the field and armature winding, then
the space for the direct field winding must be ¥2m,» times that for the
armature winding. But owing to the smaller iron loss in the field core and
better cooling of the field winding we can take the ampereconductors per
unit length of the field winding much higher than that of the armature
winding. If the ratio of the ampereconductors per unit length of the field
winding to that of the armature winding be equal to K then the space for
the direct field winding will be ~2m,»/K times that for the armature
winding.

Now. both resistance and reactance are proportional to the square of the
number of turns for fixed space, so that if the space for winding be con-
stant, then the ratio of the resistance to reactance of the winding remains
unchanged with the number of turns in the winding; while change of the
winding space causes inversely proportional change of the resistance of the
winding. Therefore neglecting a slight change of reluctance accompanying
the change of the winding space, we can say that the ratio of a,/b,0 to
a;/b;w is equal to the reciprocal of the ratio of the winding space for the
field winding to that of the armature winding, that is equal to K/¥2m,;
and hence finally we have

w _ K I
heo ~oy'E
Note that in the above we assume that the circumference occupied by one

field winding, direct or cross, is equal to that occupied by the armature
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winding and also assume that the direct field winding only is excited. If

both field windings be excited then, since ;/15 times that exciting current

when the direct field winding only is excited will do for the same induced
E.M.F, we have the relation n;I;=mvnl in place of nJ;=+2mwnl. But,
since we have then heat of an equal amount produced in the two field
windings, the ampere-turns per unit length in the field winding should in
this case be taken smaller than that when the direct field winding only is

excited. Thus taking K’ in place of K in the previous case we have here

K" I
bho v E
.. . 2
Next proceeding to calculate ba“ that is —atl
i1 0 1
= biw (1 + 0")
2
i + 6_2 a4 @i +1 i e
o . . . biw 4612'1),-&) b,;a) 4 bibl.blw
1t 18 = 1 = 1
5 1+9) 3 (1+4+0)
a; 1 K
- 1
. ICL,; 1 X K _
As an example if we take the case when F =100 oc=04, 5 =1

then for m, =4, 8 and 2 we have the results as shown in the folowing table.

Voltage regulation in °/, for
a a an m
byw byw baw cos p=1 | €08$=09 | c0s$=0'8
lagging lagging
1 1 1
my =4 100 95 17 57 2-7 10-7 14-0
1 1 1
= — — — ) . . 9-
m =3 100 33 9 4-28 40 15-3 19-8
1 1 1 o
= — — — : . 26 33-8
m=2 | 1o 5 - 2:9 7-8 60
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§ 13. Terminal voltage and voltage regulation of the distortionless
alternator with single field winding.

Similarly as in Art. 11, the expression of the terminal voltage ¥V is, when

the load current is lagging,

V =—1Izcos(a—¢)+VE*— I*z;sin (a — ¢)
' bw

T

where zi=Wa?+ b2 and a=tan™
and the ratio of the terminal voltage to the induced E.M.F. is

% =— % . (b?—; cos ¢ + sin qS) + \/1 —77—1{2 .A< ?;s1;¢— cos ¢)2

where m is as sald before the ratio of the short-circuit current to the full

load current, and is here specially equal to m,, for the short-circuit current
is in this case equal to £/b;w.

In the case when the load current is leading we have to put — ¢ in place
of ¢ in the above expressions of V and V/E.
fa; 1
E 100’
vious article, then for m =6, 4 and 3 we have the results as shown in the
following table.

As an example if we take the case when as in the pre-

Voltage regulation in °/, for

M i
b byw cosgp=1 |CO8 $=09 [cos =08
- lagging lagging
m=m; =0 ]3)0 530 25 10-2 13-4
1 1
= = — it 9 59 .
m=m,=4 100 35 4 15 22-0
1 1
= = - —— -9 o 9-
m=m;=3 100 33 7 240 320

Comparing this with that in the previous article, we see that for the
same value of m,, the distortionless alternator with two field windings has

a smaller, that is a better, voltage regulation compared with that with
single field winding.



Chapter II.
Transient Phenomena.

§14. Complete solution of the distortionless alternator with two field
windings.

As explained in Art. 4 the complete solution of the armature current « is
z=X V2 sin(wt — ¢;) + Ae*t + Bebt + Cert

where A, B and C are the arbitrary constants and a, 8 and v are the roots of

b, (bb, — ) N2 + (ab? + 2a,bb, — a, ) A2+ [2aa,b, + a,2b + b, (bb, — ¢*) w*] A

+a(a?+020?)=0

Now putting this complete solution of # in the fundamental equation

of y we have

d
0y +b, d‘Z

that 1s

+ c - {[X V2 sin (ot — ¢,) + Aet + Bebt + Cet] cos ot} = 0

y+b -2 dy + cX V2w cos (20t — ¢,) + ¢ (Aac*t + BRe* + Crye?) cos wt

—co (Ae* + Bef' + Ce) sin wt =0
that is

d
d‘;/ B, y——— X«/2mcos(2wt—¢,)+b AetVear + w? sm< t — tan™! )

+b,

O Bet VB + w?sin (wt — tan™? ’g)
+ ;)i . Cert W + w2sin <wt — tan™? g;)
which solves to 1
@
b e
y.e' = -—I—;X'\/Qw €' cos(2wt— ¢, dt
1

ay

[}
I —+a)t
+bEA.«/a2+w2J e(b‘ ) .sin(wt—tan_‘g)dt
1

-+

aig)e
I?B.\/,B’z+w2 e(b1 ) .sin(wt—tan“g)dt
1 J @

a
- 5 1)t
+bEC’.'\/ry2+m2 e(b‘ ) .sin(wt—tan“%)dt
1

+ K
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that 1s
—cXV2w0 ( 2b,w
= ———————— 208 2&)t - —_ tu ~1 —1)
Y '\/a,‘z + 4b2w? ¢x an a,
cAVeat + o? )
,_ai(f -— , €, 8in <wt — tan™t a_ tan™! - IZIP—
V(a, + ba) + bie? ® a,+ ba

: ____CB\/Bi+£{2; €A, sin (wt — tan™’ B_ tan~! — b (—D—>
V(a, +b,B) + b ® om+bB8
__?Qi’f i_af ~_-. e, sin (wt —tan—Y — tan— _be )
'\/(al + bl'Y)? +b2w? (24 a,+ bl')’
-9,
+ Ke U
that is
5 - T . 2bw .
y=pX~2sin <2wt—¢x— i tan™? T) + A, e* sin (ot — 6,)
1
_a,
+ B, eft sin (wt — 05) + Cet sin (ot — 0,) + Ke ¥
where

cA Ve + w? @Vﬁ’ + w? CON/fy" + @?

I R O )y S O Y R

L ama+b(a®+0?) 6 = tan=! B+ b, (B + o?)
¢ w ’ P o ’

8, =tan

ay +bi (v + o)

0, = tan™!
o

Next putting the complete solution of # in the fundamental equation

of z we have
dz d S .
amz+ b ata {[[X V2 sin (ot — ¢,) + Ae*t + Beft + Cer*]sin wt] =0

that is

dz

a,z+ b, R cX V2w sin (20t — ¢;) + ¢ (Aae*t + BBt + Cye?t) sin wt

+ co (Ae*t + Beft + Ce') cos wt =0
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that is

dz  a, ¢ —_— N e _ _1g>
dt+b_ EX\/2wsm(2wt-¢>z) b]Ae“ Vo2 + w cos(wt tan "

— 561 Beft v/ 3 + w?cos (wt — tan™? g)

- Bg Cev* W o? + w? cos (wt — tan™? %)
1
which solves to

alt

zebl =—5X«/2 eh sin (2ot — ¢,) dt

o dpalt
B AVea: + o e<b1 > . COS (mt—tan‘l g\alt
b, )/

_Ec BN/B"-’":Z;‘J € (%:+ﬂ)t . COS (wt — tan™ g) dt
1

ay
<—+'y t
. CVy + ot e < ) . cos (wt — tan™! z)dt
b, )
+ K,
which, similarly as before, becomes

2b, 0

u,

z—pX«/2sm <2wt—¢>x—7r—tan“‘ ) A, et cos (mt—a,,)

0

— By Pt cos (wt — 0p) — Cie? cos (wt — 6,) + K¢ b
where 4,, B,, C,, 8., 65 and 8, denote the same things as before.

Now since
tan 8, = a,a+bi (o« + ?)
4w
we have
sinf, = — 24t 13_(“2 +oh

and therefore

A, ., clamatb (a4 )]
a 0. = (ay + b,a) + b2w?
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But now the equation giving the roots &, 8 and v reads
EX[ad + b, (A + @?)] = b2 A2 + b, (ab, + 2a,0) A + (a2b + 2aa,b, + bb2w?) A
+a (o, + b w?)
=b2A2 (DN + a) + 24,52 (BA + @) + (a,? + b2 w?) (DA + @)
=N+ a) [(a, + by + bPw?]

so that :
claa+b (e +w?)] a+ba
(@ + b0 + b2w?  ca

Therefore we have
(a+ba) A —cad,sinf,=0
and similarly from tan 6 and tan 6, we have
(@ +b8)B—cBB,sinby=0
and
(a+by) C —cyC, sin,=0
But now putting the complete solution of @, ¥ and 2 in the fundamental

equation of # and dropping permanent terms, we have
(a +ba)Ade* + (a+bB) Bef' + (a + by) Cevt — ¢ gt (4,e*t sin 6, + B, eftsin Gg

a a
+ C,etsin ().,-—If(—:*b_lltcoswt—lflc-:_i’;1 sin wt) =0
that is
[(a + ba) A —cad,sin 0,] e + [(a + b8) B — ¢BB, sin 5] &
+ [(@ + by) O — cyC, sin 6,] e

. . _a
—c [K (Z—‘ cos wt + o sin wt) + K, ((I? 8In wt — o Cos wt)} e 5 =0
. 1 1

Therefore we have

(K‘i‘— lw)coswt+(Kco+A’I(Jb)sinmt=0
b, b,
so that
a, 2 @,y 2_
(K5~ Koo) + (Ko K3) 0
that is

(K*+ K7) (Z_ + w’) -0
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so that
K=0 and K,=0
and hence the complete solutions of ¥ and z become

y=pX \/Qsin(2wt—-¢x —g—tan‘l%?)

1

+ A, e sin (wt — 0,) + B, ef? sin (wt — 05) + Ce?t sin (ot — 6,)

2=pX ¥2sin (2wt— ¢, — 7 — tan™ Q—ZE>

— 4, e cos (wt — 8,) — B, Pt cos (wt — 0g) — Cr €7 cos (wt— 6,)

G,

6 )

B,

Note that the expressions of %—1, tan 6,, 5 tan g,

and tan 6, found

before can be checked as follows.

Putting the complete solutions of # and y in the fundamental equation

of y and dropping the permanent terms, we have
a

-~
a,[A,e*t sin (ot — 0,) + B, sin (wt — 0) + C,e? sin (ot — 0,) + Ke 1 ]

d

+ by 2 [dset sin (ot — 0.) + By e sin (wt ~ )

a
+ Cevisin (wt—0,) + Ke  b1']

+¢ % [(Aet + Beft + Cevt) cos wt] =0
that is
{4,[(a, + ba) sin (et — 6,) + byw cos (ot — 6,)] + c4 (a cos wt — o sin o)} e
4 (Bu[[(n + by B) sin (0f — 05) + by cos (wf — Bg)] + cB(B cos ot — w sin wt)} ¢t

+ {Cy[(a,+ byy) sin (ot — 0,) + b, wcos(wt— 8,)]+ ¢C (ycos wt — w sin wi)} =0
so that
[(&n + biat) cos 8, + by sin ,] A; —cwd =0

[(a; +b,0)sin 8, —b,wcos B,] A, —cad =0
[(ay +b,8)cos O + by sin 6] B, — coB =0
[(a, +b,8) sin 05 — b,w cos §s] B, — cBB =0
[(a; + byy) eos 8, + byw sin 8,] C, — cwC =0
[(a, + b,y)sin 0, — byw cos 0,] C, — cyC =0



Transient Phenomena. 227

that is
A (a4 ba)cos O, + biwsin 0, (a;+ b,a) sin 8, — bw cos 0,
4, cw - ca
B _(a,4b,8) cos 05 + b, sin G, _ (a;+ b, 8) sin g — by w cos g
B~ cw cB
C _(a+by)cosby+bo sin 6, _ (4 + byy) sin 6, — b, cos 0,
C, cw cy

the first of which gives
[(a,+ b,a) o + byw*] cos = [(a, + bi@) 0 - b, wa] sin 4,

that is
tan @, = Q1oii,1),l,(o,‘2,+ wz)
* 4w
so that
sin 0, = 1%+ b+
) (@, + bay + b2t Jo* + °
and Y A L A—
V(a,+ba) + brw? Vo + o
and hence -
4 - ( +ba) 0 + bofaa+ b (e + 0?)] _ "/(04 +bay + bie?
Al Cw v(al+bla)2+bl2w2.vaﬁ+w2 cva2+ »?

similarly from the second we have

a, B+ b, (B + o?) B WN(a,+bB8p+ble?
== 2 7 and 5= =
a,® B1 [4] VBZ + w?

tan 0‘; =

and from the third

_ay+bh(y+ e C  N(g +by)+ble*
b= e MG e

The same relations arc also obtained by putting the complete solutions

of # and z in the fundamental equation of 2.

§15. Determination of the arbitrary constants 4, B and C.
The complete solutions are
z=X ¥2sin (0t — ¢;) + de*t + Beft + Cert
y =Y ¥2sin (20t — ¢,) + A,e* sin (ot — 6,) + B, e sin (wt — b)
+ C e sin (wt — 6,)
z2=ZN2sin (20t — ¢,) — 4, cos(wt — 8,) — B, e#* cos (wt — b)
— O et cos (wt — 0,)
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Hence if the initial conditions be
z=gx, y=y, and z=2, at t=t, wherc @=X,V2sin (ol — dzu)
Yo=Y, ¥2sin (20t,— ¢y,,) and z,=Z, V2 sin (20t, — ¢y)
then we have the relations
Ae*ts + Bebto 4 Cevlo = — (2, — ;)
A, e sin (ot, — 0,) + B, b sin (i, — 0) + Crevbosin (wity — 0,) = — (¥ — ¥o)
A, e cos (wly - 0,) + By efto cos (wt, — Op) + C, € cos (wt, — 8,) = (2, — 2,)
where
2y =X V2sin(wty— ¢), ¥’ = Y V2sin 2wt — ¢,)
and 2, = ZN2sin Qwt, — ¢,)

Therefore denoting %‘ by L, B, by M and %‘ by X, the relations become

Aeoto 4 Beflo 4 Cevbo = — (2, — )
Aeto L sin (ot — 0,) + Beft M sin (wt, — 6g) + Cev% N sin (wt,— 60,) = — (3, — 9o)
Aeto L cos (wt, — 0,) + BePto M cos (wf, — ) + Cevto N cos (wly — 0,) = (2, — z,)

which solve to
— (@ — ) 1 1
Aeto=| —(y,' —y,) M sin(wt,— ) Nsin(wf,—86,) |+A
+(2 —2,) Mcos(wty—68s) N cos(wt,—0,) |
\ 1 1 1 {
where A= Lsin(wt,—6,) Msin(wt,—6s) N sin(wt,—0,)
 Lcos (wty—6.) M cos(wty—0g) N cos(wt,—6,) ‘

— MN sin (6, — 6,) + NLsin (8, — 6,) + LM sin (6 — 6,)

But now
L= . Lo e
Msinfs="° EZﬁZ)(T ZQZ?] M cos 05 = «?ﬁlsc):: bl w?
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Therefore the denominator of Aet is
- _ @ c'w [, (v :‘:8) +b(y 162)1 S 0w [a; (a— ) + b (o — )] .
[(@+b67) + b 0] {(a + 6.8 + blw?] * [(a:+ b,a) + bl2e®][(a, + byy) + bPw’]
acw[a, (B—a)+ b, (82— a?)]
(a1 + b B + b2 w®][(a: + bia) + b ]
Sa(y=B) +b (¥ =BI)][(a: + bia) + be?]
II [(a + bya) + b200?] '
_ e (B—v) (y~a)(a—B)
I1 [(e; + ba)® + b2 w?]
Next the numerator of Ae* is
= — (@) — @) MN sin (8, — 0s) — (yo' — yo) [M cos (wl, — 05) — N cos (wi, — 6,)]
—(2) ~ 2,) [M sin (wt, — 0g) — N sin (wi, — 6,)]

=qa,clw

But now
@y MN sin (6, — 0g) + yo' [M cos (wt, — 8g) — N cos (wt, ~ 6,)]
+ 2z, [ M sin (wt, — 6g) — N sin (wt, — 6,)]

= X V2 MN sin (6, — ;) sin (wt, — ¢5)

+ Y V2 [M cos (wt, — 0g) — N cos (wt, — 6,)] sin (20t, — ¢,,)

— Y N2 [ M sin (wt, — 0g) — N sin (wt, — 6,)] cos (2wt, — ¢,)
= X ¥/2 MN sin (8, — 6;) sin (ot, — ¢,)

+ Y V2 Msin (wt,— ¢, + 05) — Y V2 N sin (wt, — ¢, + 6,)

which, when ¢, + g + tan"ij‘w is put in place of ¢,, becomes
1

2b,co?

=XWV2 [MNSiIl 6, - 95)—m2
1 1

(M cos 65 — N cos 6,)
a,cw
a2 + 4blew?

- X V2 [a;—j‘:iffl‘)’z—wé (M cos 05— N cos 6,)
1 1

+ (M sin @5 — N sin 0,):| sin (wf, — ¢g)

2b, cew? . . _
a + &bl (M sin g — N sin 0,):‘ cos (ot — ¢y)
But ,
MN sin 8, — 65) = - —— 2B =]t b (B -]

[(a: + b, B)ﬁr"—‘rblz @’} [(a, + by + b*e’]
Mcos 05 — Ncos 6, = —abico (B—1) [2“0‘1 +b(B+ 'Y)]

3

and

M sin 63 — N sin 6, = (B=mar+ aibi (Bty) ¥ b (By = )]

»
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so that
a,co (M cos 6 — N cos 6,) + 2b,co* (M sin s — N sin 6,)

_ .62 (B — ) [a, (B + ) + 2b, (By — wz)J
[(al + b]B)2 + bfw”] [(al + bl(y)2 + blzwg]

and
MN sin (6, — 85) — —22%" (M cos 6 — I cos
sin (6, — p)—m( cos 0p — N cos 8,)
t,co
+ a2+ 4b2w?
_ a, 02w (B —y) [, (By — 0*) — 2b,0* (B + v)]
(2 + 4b20?) [(a; + b, B) + blew?] [(a, + by ) + bw?]

(M sin g — N sin 6,)

accordingly

20, cw?

[MN sin (6, — 6g) — AT F dbie?

(M cos 05 — N cos 6,)

L how
a2+ 4b2w?

(Msin 0, — N sin e,)T
) 2b, cw®
a? + 4bw?
_ a2b ctw? (B - '7)2 (:82 + ("2) (v + w?)

(a4 4b20?) [(a1 + b, B)* + b0} (a1 + b1y)* + b 0’F

+ [ﬂL(MCOSGﬁ—NCOSQy)‘l'

2
a’+ 4b 2w’ (M sin g — N sin 07)}

Therefore
@y MN sin (6, — 6g) +y, [M cos (wt, — 05) — N cos (wt, — 0,)]
+ 2z [M sin (wty — 6g) — N sin (ot, — 6,)]
= X V2 F sin (ot, — ¢, — ¢)
abicte (B—1y) '\/(é}f +0’)(Y+o?)

h F= MESR—
where [(Uq + blB)2 + b12w2] [(al + b1'Y)2+ blawz] ,\/“12 + 4b2w?
o ola(B+y)+2b (By —w?)] Y
wd e =)~ b B4y T ?
b M - By—o®
where ¢’ = tan™! b0 4 tan a7 e CETY)

similarly we have
2y MN sin (60, — 0g) + yo [ M cos (wt, — 85) — N cos (wt, — 6y)]
+ 2,[ M sin (wt, — 0g) — N sin (wt, — 6,)]
= X, V2 F sin (ot — ¢y — ¢)

where ¥ and ¢ denote the same things as before.
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Hence the numerator of 4e* is
—F.[X V2sin(oty— ¢p— 7 +¢') — X, V2 sin (0t — o — 7 + §')]
=F.[X V2sin (oty— ¢z + ¢) — X, V2 sin (0t — pm + )]
=FX,V2sin(wty— ¢+ )

where

PR o5 o= s T ™
and
- X sin ¢, — X, s8in ¢y,

X co8 by — X COS Py

¢, =tan

Therefore we have

— X, V2[(ay +ba )+ b2 V(B + 0?) (v + @?)

Ao = ——
a,(y—a)(a—B)Va?+ 4b2w?
: _ - —1 M)
X sin (wt ¢, + tan %, @ + tan wBEY)
Next
[ 1 — (@ — @) 1

Befto= Lsin(wt,—0,) —(y/ —y,) Nsin(wt,—86,) |+A
Lcos (wt,—8,) + (2 —2) N cos(wt,~0y)
where A is that A which is the denominator of 4e*
— (@) — @) 1 1
=\ — (% —y,) Nsin(ewt,—8,) Lsin(et,—8,) |+A
+ (2, — 2,) Ncos(wt,—8,) Lcos(wt,—8,)
and
1 1 — (2, — @,)
Cevo=| Lsin(wt,—0,) Msin(wt,—0) — (' —y,) |+ A
Lcos(wt,—06,) Mcos(wt,—68s) + (20 — 2,)
— (@ — @) 1 1
=| ~(ys —¥y) Lsin(wt,—6,) Msin (wt,—6g) |+ A
+(2/ — 2) Lcos(wt,—8,) M cos(wt,— ) |
so that from Ae®%, by cyclical change of letters &, 8 and v, we have
— X V2 [(a; + b8P + b} V(72 + 0?) (6 + o?)

o (a—B)(B—vy)Va + 4bPw?

Beéfto =

. I A _, o — )
X 8in | wt, — 1 an—! -
(w o — ¢p + tan T + tan ©(yFa)

4—2
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and

Certn— = XaV2[( + by + b2ar] V(@ + o) (BT )
a, (B =) (v — o) Va + 4b2a?

1 — o h -1 B,,,i‘" )
X sin (wtu ¢, + tan~? %, + tan 0@+ B)

Here note that denoting Ae* by A’, Beft by B, Cev by (', A
by A/, Bief® by B, and O by O the transient terms of z become
A’ =t 4 BeBi-to 4 (Vv t—to

that of ¥ becomes
A b sin (wf — 0,) + B¢t~ sin (wt — O) + Cy'e? ¢ sin (ot — 0,)
and that of z becomes
— A/ et cos (wt — 6,) — By'ef 4 cos (wt — O5) — C/'e? " cos (ot — 6,)
where 6., Hﬁ and 6, denote the same things as in the previous article and
A/ B/ .

B, C, .
T 5 and 0' are equal to '3 and C respectively.

§16. Evaluation of the roots «, 3 and .

a, B and ry are the roots of
by (bb, — ¢®) A? + (aby? + 2a,bb, — a,¢*) M + [2aa,b, + ,2b + b, (bb, — &) 0*] A
+a(a’+be?)=0
which, by dividing by bb2w? and putting

@y B M _e_
bo=P he=% o=° and 1 =

becomes
o’ +(p+q+go)@+(2pg+¢+o)a+p(@+1)=0
Now, since @, b, ¢, a;, b, @ and o are all positive, all the coefficients
of the cubic equation are positive, so that all real roots of the cubic equation
must be negative and therefore, when a, 8 and v are all real, the com-
plementary functions of %, ¥ and z are all transient terms, their magnitudes
all diminishing with time.

Next, let us take up the case when the given equation has a real root
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—a and two imaginary roots u +jv and examine whether u is positive or

negative in that case. The given equation is
Az*+Ba*+Cz+D=0
where A=o0, B=p+qg+qo, C=2pg+¢+0o and D=p(g®+1)
Therefore we have
Aa*+ Br*+ Cx+ D= A (z+a) (2> — 2uz + p* + 17)
= A2+ (a—2p) 2* + (p* + 0* — 2pa) 2 + a (u° + *)]

so that

A(a-2u)=B, A(p+r—2pa)=C and da(p+1®)=D
so that

4 (-ll_ ua)=C that is D~ 24pa= Ca

Aa
so that
D—24uet=C (g +24)
that is 2u(dat+ C)A=AD— BC
so that u has the same sign as AD ~ BC.
But

BC—-AD=(p+q+q0)(2pg+¢+ao)—ap(g®+1)
=q(p+9)(2Zp+q+9o)+qo(l+0)
>0
Therefore u is negative, that is, the real term of the two conjugate
imaginary roots is negative and this fact proves, as will be seen later, that
the complementary functions of 2, ¥ and 2z are all transient terms also when
two of the three roots a, 8 and vy are imaginary.
Now, proceeding to find the roots of the cubic equation, we know that
if the cubic equation be expressed in the form

Ax?+3Ba?+3Cx+ D=0

. 1 .
then the roots can be expressed in the form = 5 (¢ — B,) where z is given

by
24+8Hz+G=0

where H=AC - B2 and G=2B2—34B,C, + A*D
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that is
a=P+ Q) z=w0, PP+ w,Q} and 2z,= 0, PP + 0, Q}

where  P=—leilveiam, Q--j0- v
w=— 2+ N8 and w=— 1 -2 WB
and the roots are all real when G? + 4H* < 0 and two of them are imaginary
when G* +4H*> 0.
Proceeding to evaluate G+ 4H? it is
(2B —84B,C, + A*Dy* + 4 (AC, — B2y
that is A2A
where A is the discriminant of the cubic equation and is

— A*P —6AB,C,D + 4AC7 + 4B2D — 3B2C;2
= o7 - [440° ~ B*(C*— 4BD) — 94D (2BC ~ 34 D)]

But
C*—4BD =—4p*—4pq (¢e + 1) + (¢ + o)

and
2B0-3A4D=4p*q+p[g*(6+0)—0]+29(¢"+ o) (1 +0)
accordingly
B (C*—4BD)=—4p' — 4p*q (¢*c + 3 + 20) — p*[¢* (802 + 80— 1)
+2¢2(6 + 70 + 20%) — a?] — 2pq (1 + o) [¢* (20° + 25 + 1)
 +2¢ -+ (g + o) (L +o)
and
407~ 9D (2BC - 34D) = — 4p*q (¢ + 9) — 3p*[¢* (2 + 80) + 2¢* (9 — 80) — 3]
—6pg[¢*(Ba—1)+¢*(B0*—20+3)+ 0 (3—0)]+4(¢*+ o)
so that
27.A = A [4C°— 9D (2BC — 3AD)] - B*(C* — 4BD)
=4pt + 4p*q (3 — To) — p*[¢* (1 — o) — 4g° (3 — 100 + 135%) — 8]
—2pg[g*(1— o) (1 — 20) — ¢*(1 — 30) (2 — & + 30*) + 20* (5 — 0)]
~ (¢ + o) [g* (1 - o) — o]
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. 1 1 q\* 09 q\° . bl
Now if g < 100 and o >3 then (—> <4000 that is (o> is negligible

compared with unity and the discriminant becomes
27. A =4p* + 4p*q (8 = 7o) + 8p*c? — 4pgc® (5 — a) + 4o
=4[(p+ o ~pg(5-0.0"~p*.3-T0)]
which is positive when (5 — o) 62 — p*(3 — 7o) < 0, that is when

5-0
>
p=a 3-Tc
But since the value of o 35;7‘1 is as shown in the following table,
— T
. .. . 5—
we see that in the case of short circuit, ete., p is usually <o 3 7_72

4 01 015 02 03 04 043 )

- \/_5:_‘1 0146 | 0246 | 0346 | 0686 1:92 w
3—T0 .

Now if pis <@ \/ 3= 7 then the diseriminant is positive or negative

1 < (p +0'2)2 ~
according as ¢ < P B=0)=p BT’
(p‘2+ 0.2)2

But the value of 1s as shown in the table and

ple*(5—0)-p*(3-T70)]
curves (figure 4) on the separate sheets.
Therefore we can conclude that the discriminant is usually positive and

hence two roots of the given cubic equation are usually imaginary.

1 3 q)2 09 <£ 2 081
Now 1fq<100, P <305 and¢r> then( <1000° o_) <100 and
M < (I—gg ; and hence the discriminant becomes
27. A = 4o [1-(5—.7)13—‘{] + 4t
and since

21G=2B*~9ABC+27A*D =2p*+ 6p*q (1—20) + 3p[¢*(2 — 50 + 50?) + 64?]
+q(1+0)[g*(2— 5o + 20%) — 9a?]
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we have
Gé%ﬁ[2p—q(1+a)]
Therefore

1ol amY oy 1 _ =p—0Bg(1+a)]3
<—§Gi§’\/G +4‘H) —ivgd’lil-{"\/s*‘——*o_'n — :l
1 -1 p—0’5q(1+a)]

=+T ]_ —

:N/3a-|: * V3 -

Value of (P +°)

Pl GBoo)—p . B=To)]

N 10 i 1 02 \ 01 003 0-02 001
0-02 0-0378 | 0:01467
0-04 | In thisblank region 10038 | 002925 | 003775

| ple*(5=0)-p*(3-"T0)] - B P
0-06 becomes negative so that 0-0436 | 00451 | 00768

Cgos | therootsareimaginary 7o o nor | o orss | 01353

| irrespectiveofthevalue | ____ | B o
010 | ofg. 0154 | 00845 | 01128 | 0-2085

707157 0-488 70?)577 3157 B 0-224 0-433

7@5-_ 0-250 0-142 70'227);7 0-439 77(7)-838 7

;30 - 0217 - A0'241 706753A 0-968 1-92
040 u 72_5—1 B W(i)é;5 ' 07'73937 1-174 1-748 349

70'4;:77 7 TQOi WITGG ol 76'296 0;55 1'361" 2-037
0-50 7719';7 0-96 0:367 0-598 . 1-é67‘ *2‘%5*

??50 ” 83 | 067 7)-472 | o856 7;74; 11 ”§

7()'75 I 45 | 7(7)7‘5377 70;'?1;4877 1:35 - 442 6-64 E

—090 - 3-15 W 05 7 ‘1‘“0“5"' 2'0?7 6-60 992

1.0 o5 | 05 | 180 | 253 | 833 |l095
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so that
2 1 .
a=-3[p-05q(1+0)],  &=3[p-05¢(1+0)]+jo
and s=5lp=05¢(1+0)]~jo
accordingly '

o=

9_[Zl_p+q(1+o)}=_gw
¢ 3 o

=— —2% g(1+o)+jo  similarly

w .
fy=—§;_q(1+0')—j(o )
2
Here note that we can obtain these values of a, 8 and «, when (g) R
7y and P are negligible, more easily as follows :—
po ot g gible, y :
2
Since 1+gm+q~.é1¢1+£(q+g)
g ) ag g ag
we can write the equation

o+ (p+q+qo)®+(2pg+ @ +o)z+p(gP+1)=0

in the form
w3+(q+£+'2)w2+ [l+£(q+ 2>]m+£=0
g g o a. g
that is .
<x+}—)) l..'v2+<q+ 2>w+1:|=0

ag ag

so that
omn?
1 1 1y .1 .

and 2,0, 2,0 and ;0 give the same values of @, 8 and « as found above.

§17. Complete solution of the distortionless alternator with two field
windings when the roots 2 and y are imaginary.
Let B=p+jv and y=p—jv. Then
B+C

8t b il jut —jrty — B .t ol -
Be k+C’eY et (Beit + Ce ) = 2V BC. & Sln(yt+tan lj(B-—-U))
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Therefore the complete solution of x is
=X V2sin (et — ¢,) + Ae*t + De*tsin (vt + )

where 4, D and +r are the arbitrary constants.
Now putting this complete solution of # in the fundamental equation of

y, we have

a,y+b dy L c — {[X V2 sin (0t — ¢,) + Aet + Dert sin (vt + )] cos 0t} = 0

Ydt
that is

Gy + b (cliz =—cX V2w cos (2wt — ¢,) — cA e (acos wt — w sin wt)

- % cDe [ sin (v & wt + ) + (v + ) c0s (7 F ot +v0)]

- % cDe#t [psin (v — wt +¥) + (v — ©) cos (v — wt + )]

that 1s
d = —_
d‘Z + Fy b%X«/2m cos (2wt — ¢,) + b%Ae“‘ Vo + w?sin (wt—tan“ g)
—% £~ De** ¥y + (v + w) sin (v+wt+\]r+tan“v+m)
! p
1 . -
—QbﬁlDe“‘\/,u?+ (v —w)*sin (v—mt+1{r+ tan—1 2~ ’uw>
which, similarly as in Art. 14, solves to
—cX V20 < 2[) )
=008 ( 20t — ¢, — tan™! L >
«/a1 +4b2e? wb—¢ @,

cA Vo + w*
&/ (7!?+ by + bf @*

€t sin (wt —tan— % _ tan— ﬂ’,_)
® a, + ba

1 DV + (v + o)
-5 . €
2 \/(a, +hu)+ 02 (v + w)

X sin (v + wt + Y + tan™ YO fan AL w)>
. H a,+bp

ut

1 cDV @+ (v - w)?

—_ . al
2V(ay, +bpp + b2 (v —w)

Lh(p-w)

1
t
al+b1/‘l' )+K

xsm(y—wt+\[t+tan“1 ® —tan
F2
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that is
y=pX V2sin (th — g — 5 — tan™? rbl ) + A e sin (0t — 6,)
N -
— D, sin (v + 0t + Y+ Y,) — Dyett sin (v — ot + Y+yy) + Ke 01
where
_ cAVa® + o 0. — tan—1 4% + b, (a2 + w?)
" WV(a, + bap + bt : o
1 e (14 m)e
B QcD«//u.z-r(v-{—m) 4o = tan- a (v + o)
V(ay + D) + b2 (v + o) ! w (@ + b)) + b, (v + o)
1 —
ﬁch/,u?-k(y——-co)2 o (v — )

= = tan™!
N/(al + bl/.l.)2 +b2(v— ) v p.(a1+b,,u,)+b1 (v——w)z
Next, putting the complete solution of # in the fundamental equation

of z, we have

a2z + b = d =—¢X V2w sin (20t — ¢,) — cAe* Vot + w? cos <wt — tan™! g)

)

1 /
+§cDe"‘x/,u,2+(v+w)2cos(v +wt+\[r+tan—1v:w>

—%cDe"t Vu2 + (v — @) cos (v —wt+y+ tan! 2

which like that of ¥ solves to

2=pX V2 <2wt — ¢p— 7 — tan! — 2o ) A, e cos (wt — 6,)

a
+ D, e*t cos (mt+\}r+\1fl)—l)ze“‘cos (ﬂt+«p+«p2)+1ﬁe~ b_it
where 4,, D,, D,, 0,, {r, and +, denote the same things as those in the com-
plete solution of y.

Note that, since € or ¢’ is contained in each complementary function
and a and u are negative, as explained in the previous article, the com-
plementary functions consist all of transient terms.

Now putting B=B'e f% and C'= (e~ ¥ where ¢, is that instant when
the load is changed, that is, when transient phenomena begin to appear, we have

VB = VR .« 3B — VBT . e#ts

B+ O =¢ o (B e it 4 (' ivt)
= e 4o [(B' + C") cos vty —j (B — (') sin vt,]
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and similarly,

B—(Q=e+t[(B —C")cos vty—j (B + ") sin vt,]

B+C (B + C") cos vt,— j (B’ — ') sin vt,
—1 — -1
sothat tan™ g = N oy cos vty — 5 (B + C')sim o4,
.__‘B’—+C:_ —_ tan Vt
= tan™! J(B - :
- 1+ B+ . tan vt
jE=Ccy
B+
—_— -1
tan (B' %) — vl

Hence putting also 4 = A’e~2%, the complementary functions of «, y and

2 become
w=X V2sin (ot — ¢,)+ A’ 2t~ 4 D' er ¢=1) sin [v (¢ —1,) + ¥']

2b, @

Y= pXN/2sm(2mt-—¢w———t n-! >+A e*t-t) gin (wt — 0,)

— D/ e =t sin [ (§— b)) + ot + ¥ + Y]
— D/ et sin[p (t —t,) — wt + ¥ +Y,]
+ Ke T

A/ e t=1) cos (wt — 0,)

z=pX V2 (zwt—%-—w— tan™! 21)1“’)

+ Dy e+ =0 cos [v (£ — b)) + b + Y + Y]
— D, e+t cos[v (t — ) — ot + ' + Y]

_4
+Kie o
where
B! +O/
D=2VBC’ /= tan! —o
LAV g
A=A’ C’\/q2+w2 0 =tan—1a1“+b‘(a2+w2)
' V(a, + b,a)* + b2w? ¢ o
1 2
D/ =D Gevu +(v+a) = tanc a (v + ) ‘
C U Vb b ey p (@ +bp) + 5@+ o)
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and
1 eV + (v — o)
, , g CVH — a (v —w)
D/=D — Yy = tan™?
N(ay + bip) + b2 (v — 0)? pla,+bpu)+b (v —w)
Now, putting the complete solutions of #, ¥ and z in the fundamental
equation
aaz,w}—bdia+cé (y cos wt + z sin wt) = d sin wi
dt * dt
we have

a[Aet-+ Destsin (vt + )] +b 2 [Aest + Dt sin (vt + )]
p % [4;e sin (@t ~ 6a) cos wt — 4, cos (wt — 8.) sin ot

— Dy e sin (v + ot + Y + Yy) cos wt + D, e cos (v + wt + Y + Yr,) sin ot
— Dye* sin (v — ot + Y + Yr,) €08 wt — D, et cos (v — wt + Y + 4Yr,) sin ot

_a, _a
+Ke " coswt+ Kie ' sinot]=0
that is
(a +ba) Ae*t + (@ + bp) De*t sin (vt + ¥) + by De cos (vt + Yr) — cad et sin 6,
2 ¥ ¥
—cD e [psin (vt + Vr + ) + v cos (vt + Y + Y]
—eDyett [ sin (vt + Y + ) + v cos (vt + ¥ + Y]
M,
—ce O (K & 1(o>coswt‘+ (Kw+Kla—1) sinewt | =0
b, , b,

that is
[(a+ba) A —cad,sinb,]e

+ Dent [(a,+b,u,)-c(p,%cosxlrl——v%sin\h+p%cos‘lfz

—v%sin \[r2>] sin (vt + ) + Dett [bv—c (y%0051[/-1+,u% sin yr

LWy g e
+u%cosxlr2+,u%sin\p2)] cos(vt+Y)—ce \/(K2+ K12)(;—1~‘:+ w’)
1

Y Ko

x sin| ot + tan™! -—1-—7“— =0
Ko-K
b,
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so that the conditions sufficient for K = K, = 0 are
(a+ba)d —cad,sinf,=0

(a+bpy—cp ( cos Yr, + cos 1[r2) + cv (~l—) sin yr, + sm Vo >

by — cv ( 7 €08 1}:‘1 cos \h) ( sin Y, + qm \p2>

the first of which is satisfied as explained in Art. 14.

The two latter conditions give

( ! cos Y, + cos«h)— 2_{"_"y+b

( sin 4 + sm \h) = ’%
But
a (v + w) a (v — @)
SlIl Pt SHI Ve= <(a1 + bll")z +b2(v+ a))2 * (o, + bl/")2 +b;? (v— “’)2)

_ cayv[{a, + byp) + b2 (1 — w?)]
T (e + bl 402 (v + 0P] [(0n + byp) + b2 (v — w)]

and

c(p(t+bp)+b(r+w) pla+bp)+b(—oy
°°s"’1 ""S"'Z <(al+blu)2+b12(y+w)5 (a,1+b1p)2+b2(y—w)2>

_[n(a+bip)+b (P + 0] [(@ + by ) + b (v + 0F] — 4bPr*e? .
(@ + b, p)* + b (v + @) ] [(a + byip) + b7 (v — w)?] '

Therefore the two latter conditions give

— oy [(ay + byl + b2 (1 — 0] (u? + v2)
T [(a + by + b (v + o) [(an + bl + b2 (v — 0]

and

b 2#(“1"'1’1,“)3‘*'[“1#4‘51 (v + 0] (@11 by p) + 201 b v + b2 (2 + 0F) + 5 (V2 - 07)?
a4 b1p)*+ 8.2 (v + @] [(@1 + b1 p)? + b4 (v — 0)?]

Now, proceeding to examine whether these conditions are satisfied, we
have, by putting B, y=p + jv in the cubic equation giving the roots a, B
and v,

' Ap (=3 + B —v)+Cu+D=0

and
ABu—v)+2Bu+C=0
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and so also .

4p+ By +v)— D=0

where A4 =b,(bb, — ¢*) B =ab?+ 2a,bb, — a,¢c*
O = a,*b+ 2aa,b, + b, (bb, — ¢*) w* D= a(a?+ b?w?)

the latter two of which read

2b, (a, +bip) a + [(ay + 20, p)* — b (WP + » — w0?)] b

=¢[2(a+bp) p+ b (0 — 0" + )]
and

(b2 (1 + 12 — @) — ay?] @ + 2b, (@, + b, ) (12 + 1) b = ¢ (0 + 2b, ) (02 + 1)
which when solved give the same values of @ and b as those in the conditions
to be satisfied. ‘

Therefore we can conclude that X = K, =0.
Note that, similarly as in Art. 14, the expressions of % V. %2 and +r,
can be checked as follows:—
Putting the complete solutions of # and y in the fundamental equation of
y, we have
a,[4,e* sin (wt — 6,) — D e sin (v + wt + Y +Yr) — Dyt sin (v — wt + ¥ + V)]
+ b, {46 [asin (wt — 0,) + w cos (of — 6,)]
— D, e [usin (v + wt + Y+ Y1) + (v + o) cos (r+ wt + v+ )]
— D, e [usin (v — wt + Y +Y5) + (v — ) €08 (v — wt + Y + Y,)]}
+c¢ {Ae* (o cos wt — wsin of) + Det p sin (vt + ) cos ot

+ Det [ cos (vt + ¥) 005 wt — wsin (vt + ¥) sin wt]} = 0
that 1s '

et [(a; + bat) A c08 0, + bywd, sin 0, — cod]sin wt
— e [(a, + ba) 4,5in 8, — bwd, cos 0, — cad] cos ot

— nt [(a1 + byp) D, cos Y, — b, (v + @) D, sin 4, —-% c,u.D] sin (v + wt + )
r B
— est| (a4 byw) Dysin h + by (v-+ 0) Dy cos y — s 0 (v+a) D] cos (v F wt+)

— et | (a; + b, p) Dycos yr, — b, (v — @) Dy sin 4, — % C}LD} sin (v — ot + )
L.

— | (a+ byw) Dusin g+ by v+ @) Dycosa— 200 - ) D] cos (=t + )
_
-0
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so that .
4 (a1+b o) cos B, + b, w sin 0 (a1+b1a)sin 8, —bwcos b,
AI cw e '
2 —9 (a1+b1,u,)cosxlr1—b1(v+w)sinqr, (a1+bl,u.):sm\[rl+bl(v+g¢_))cosxlf,
D, = cp c(v+ )
_12 —9 V(ﬂj—blp)cos\p},—ibl(v—-m)sim[nz (a1+b,p,)sm\[r2+b (1/ ®)cosyr,
D, = cl c (v - a))

The first of these three relations gives, as shown in Art. 14, the same
values of 4,/4 and 8, as found before.

The second relation gives
D D, .
(0,4 byp) ﬁlCOS\Pl—bl(v + ) ﬁsmx}q: 5 O

and
b, (v+w) cos1[r1+(al+b,,u,)Dsm\[fl c(v+w)

so that

;z(al-+—l)lu)+b(v+w)2 ndfsm\[rl a, (v + o)

D, _c
D SV =5 G T by £ b2 (v F @) (@ o) + b2 (v + 0

accordingly
%c‘\/,u2+(v+ w)?

a; (v + w) and D,

l=t' -1 5 Sy T ——— ——
AR P AR W S (R el RV AT A U Y S

and similarly the third relation gives

o (v — o) D, —c&/,u, +(v— o)

= tan™! d
V= b+ b —0r T DTV Gt b T b — ey

which are all the same as found before.

Note that, if we put the complete solution of # and z in the fundamental
equation of z, we arrive at the same results as above.
§18. Another method of obtaining the transient terms when the roots

B and  are imaginary.

B and v being = + jv we have, referring to Art. 14,

B, ¢t sin (wt — 0p) + Cie?' sin (wt — 6,)
=t [B,é" sin (wt — 0g) + Cr e sin (vt — 6,)]
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But
B, " sin (ot — 0p) + Cre* sin (ot — 6,)
= Blej”t.l., (7wt =08) _ o~ (wt—0p))
%
+Ce_jyt l (ej(“’t'ov)_e—j (wt—ﬂy))
1 .2]..

=§3.[Ble‘j013.e.i(v+w)t_Blej05.€j(,,_w)t

+ Cle‘jﬁy. E*‘j(u——w)t__ Olejoy.e_j(”""”)t]
=217.{Bl (cos Bg —j sin Gg) [cos (v + w) t + 7 sin (v + ) £]

— B, (cos 0g + jsin 8g) [cos (v — @) t +j sin (v — w) t]
+ C,(cos 8, —jsin 6,) [cos (v —w) t — j sin (v — w) ¢]
— Cy(cos 8, +jsin 6,)[cos (v + @)t —j sin (v + w) ]}

= [QIJ (B, cos O — C, cos 0,) — % (B, sin 8g + C,sin 0,)] cos (v + w)t

+ % (Bycos 65 + Cycos 6,) — 1 j (Bysin B — Cysin 6,) | sin (v + ) ¢

- —1.(Blcos0 — C,cos 0 +1(B1sin93+01sin0,) cos(v—w)t
2j k Vg

- %(B1 cos 0 + O, cos 0,) + %j (B,ysin 0 — O, sin 6,) | sin (v — w) ¢

But

[23 (Bycos8p—Cycos6,) F %(B1 sin g + C, sin 0.,)}2

12
+ [% (Bycos B + Cscos 6,) F 5 j (B sin B — Gy sin e,)J

= B, C, (cos 85 cos 0, + sin g sin 6,) + jB, C, (cos g sin 6, — sin G cos 6,)

_ 2o U@ [0 B+b6(B +o)][ay+b(y + @) tjt o (y—B)[a: +bi(y+8)]
) [(a’l + b1,8 )2 + bl2 (02] [(al + bl')’)2 + bl2 w2]

But
a’w’ + [ 8+ b, (8 + )] [y + by (v + )] £ ja o (y — B) [ + by (v + B)]
=a o+ b6 (B+7)] [0+ By tjo (v—B)]+ b2 [y + (B +v) 0 + ']
=a (o +2bp) [ + (v £ 0P+ b2 [ + (v + 0] [ + (v — 0)]
=[+ @ t o)) [+ bip) + b7 (v F 0)]
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and
[(a,+ b, 8) + bew?] [(a + biy) + b2 w?]
=[(a, + b )+ b* (0 —1*) +52b,v (a, + byu)]
X [(ay + by + b2 (0 — v?) — j2b, v (a, + by )]

={(a+ b p) + b2 (0 — ) + 4b2v* (a, + by p )
=[(a, 4+ b, p)* + b (0* + 1*)|* — 4b v’ 0?
=[(ay+ byp) + b2 (v + 0)}[(ay + byp)? + b2 (v — )]

so that

l:21].(B1 cos g — Cicos 6,) F %(B1 sin fg + C} sin ().,)]2

+ [; (Bycos b+ Cycos 6,) F % Jj(B,sin g — C;sin t‘L,)]2

¢ EHiop

=¢'B (@t bpy+ b (v £ w)

and next

g (BucosBp = Cyeos ) ¥ 5 (Bisin 6 + Cysin 6))

. (Bucos s+ Cyc0s 0,) ¥ 5j(Bysin 6~ Cysin6,)

—j(Bycos g — Crcos 0,) F (Bysindg + C,sin b,)
(Bycos dg+ Crcos 0,) ¥ j (Bysin g — Oy sin 6,)

_ CBjallw + a8+ b, (:82 + wz)

Jjouo F ary F by (v + @)

_ (a, + 6,8 + b2 w? + o0 (@, + byy)* + bl2w?
p&® FjaB ¥ jb (B + o) +¢C o tjay £ b (v* + o)
(o + 6,8y + b’ w? (a, + b17)2 + bl w?

But
Bljaw t a8 1 5,(8 + o)) [(a + byy)* + b12w-2]
—Cljao F ayy ¥ b (v’ + 0)][(e: + b, B) + biw?]
=(B+C) {2bv(a,+ bp) [0 £ v(ay + 2b, )]
+ [ (g + by) = b, (7 — 0P)] [0 + by — b2 (32 - 0]
+5(B=0) [[m0 + » (a,+25,m)][(e + bua) — b2 (4 — )]
F 26w (@ + byp) [ (00 + D) — b, (v — )]}
=+(B+O)[p(a+bp)+b (v of][(e+bip) +b’ (v F w)]
1j(B-0C)a,(v+ o) [(as+dup + b2 (v F )]
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and
Bla,o ¥ jau B F jbi (B + 0?)] [(a + biy)* + b*ew?]
+ Clayo tjary 156, (v* + 0)] [(@1 + b, B) + by20?]
=(B+0) {[ao F v (a, + 26, )] [(@1 + byp)? — b (v* — w?)]
F 25w (o, + bip) [ (@ + byp) — b, (2 — D]}
—j(B-0){2bv (0, + b ) [0 + v(a, + 2b,p)]
+{p (e + bip) = b, (¥ — )] [(a; + bip) = b (v®— )]}
=+ (B+C)a(v+ o) (e +bp) + b’ (v F w)]
FJ(B=0)[p(a+bip)+ b (v £ 0)][(ar+ byp) + 5.2 (v F w)]
so that

% (Bycos g —Cicos 6,) F % (Bysin @g + C,sin 6,)
tan™! =
5 (B, cos g+ C,cos 6,) F %] (Bysings — Csin 6,)

LIB+O) k(e +bu)+b ()] FH(B-0)a, (v + w)
+(B+0)a;(v £ 0) T j(B—C)[p(a, +byp) + b, (v + w)]
- (_B+C o, (v + o)
+(.j(B_C)+/I«(a,+b1,u,)+bl(,,i. w)z)
7(1- B+0 YCERD I
JB=0) p(a,+byp)+b (v + vy

= tan

= tan™!

B+C + tan—1 a, (v + )
j(B_ 0) par+bip) + b, (v + 0)
-, B+C a, (v — w)
fan= ot - 1
R TV ) Rl Y Ay Y P

= 4+ tan™!

Therefore
B, éf! sin (wt — 0g) + C, € sin (wl — 6,)
Vet ep

V(@ + b p) + b2 (v + o)

B+C o 777a17(v>+w)
tan p(a+byp) + b; (Vi‘f'va)

=—-c¥BC

tain [ L/ - 2T
X et s1n(y+wt+ta.n j(B—C)
o VET@-wy
—eVBC — R S g
B+ by 53 (v — w0y

(e B+C % (v — o)
¢ — U ~1 !
x e sin (” b+ tan T oyt R T h) B (7 = w)z)

5—2
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Next
B,? . cos (wt— 0) + Cre" . cos (wt — 8,)

= [Bie" . cos (wt— ) + Cre ™" cos (wt — 6,)]
But

B, cos (ot — 0g) + Cie 7" cos (wt — 6,)

_ B, l(j(wt 08) 4 ¢~ (@t=08)) 4y =it l(J(wt 69 4 ~iet=0y)y

_ Lt derart  p ite Jl-alt o ity —i-e)t
5 : : :

+ Gyl ¢TIt

which, similarly as before, becomes

= 1:% (B, cos 0g + O cos 8,) — %J (B, sin g — C, sin HY)} cos (v+w)t

- 2% (Bycos 8 — Ccos 0,) — % (B, sin g + O, sin By)} sin (v + w) ¢

-
+ 1 (Bycos g+ Ccos 8,) + L j(Bysin 0 — Cysin 8,) [ cos (v —w) ¢
2 2/

- %.(B1 cos 8 — O, cos 0,) + % (B, sin 8g + C, sin 01,):, sin(v — o) ¢

Hence, similarly as before, we have

B, éft cos (wt — 0g) + O, €7t cos (wt - Hy)

N/(a1+b1p,)2+ b (v+m)2
—= ., B+C _ a, (v + o)
t . 1 1 1 B
X e cos (u+wt+tan '(B—C) + tan ,u(al+b1,u)+bl(v+w)2>
. N/,u, + (v — o)
+C\/BO\/( +b1,u.)+b (V—w)2

B+C _ a, (v — )
t 1 AT
X ¢t cos (u wt + tan™! FB=0) + tan 1 (@ bup) 0y (v = w)2)

Thus the transient terms of y are

A, et sin (wt — 6,) — D,e* sin (v + 0t + Y + ;) — Dyet sin (v—owt + ¥+ )
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and those of 2z are

where 4,, D,, D,, 6,, 05, Y, ¥, and ¥, denote the same things as those given
in the previous article.

Thus, by modifying the transient terms when the roots a, 8 and « are all
real, we have obtained those when the roots 8 and «y are imaginary, and these

are quite the same as those obtained in the previous article.

§19. Determination of the arbitrary constants when the roots B and y
are imaginary.

We shall now determine the constants A’, I, and . These constants

being determined, the constants 4,, D," and D, can be obtained from the

relations given in Art. 17.
The constant 4’ is that A’ determined in Art. 15, that is

= X V2 + bia) + 520’ V(B + @) (7" + o)

A = ]
a(y—a)(a—B)Vuz2 + 4blw?
: 4 4 _ ,3')'—(4)2
X SIn (wto—¢n+ tan ‘m+tan 1m(,8+}5)
But

(B +08) (o + @) = [ + (v + ][4+ (v )]
(a—B)(a—y)=(u—aP+r
By—o'=p*+1r—ew* and B4+vy=2u

Therefore

- :Xn V2 [(a; + bi0)* + b2w?) ’\//_‘:{:F.(V + ;)72 “/;‘7“7:(’/_;@2
a [(p— o) + 2] Va? + 4b20?

Al

24 2 o2
% 4 tan— &Lﬂ)

X 8in <wt0 — ¢y, + tan™? 2. S

Next, in order to determine 1) and 4, let us make use of the relations

o B+
D=2 ’\/B,OI and ' = tan™? T AT
¥ JB-0)
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Putting those values of B’ and (" determined in Art. 15, we have

o = EaV2P[(a+bBP +br?)[(@+biy)+bet (a2 + ) V(B + w?) (¥ + )
@’ (B— o) (v—a)(a—B)(a’* + 4b’w?)

. _ - o YA )
X 81n (coto ¢n +tan 2h—b + tan w( +a)

. _ ! —1 ?_'B_T, a)
 sin (wty — g, + tam o w(@t B
But

[(a; + b,8)2 + b20?] [(a, + byy)* + b2 ew?]
=[(a + b+ b2 (v + 0)][(ay + by + b2 (v — )]
(8 ) (7 + ) = [+ (v + 0] [+ (o — ]
(a—B)@a—y)=(p—a}+*
(8= =4

. _ L T 'ya—w2>
sm(wto ¢n + tan 2b1w+ an o+ )

xsin(wt-—¢ +tan= - 4 tan— B—w"’>
(1} n 2b (a+B)
1 —1 'ya _ aB—w2>
2[cos<tan w(ry+a) an REEY)
—_ w2 2
— COS 2wto—2¢n+2tan_1&+tan—lﬂ 4 tan— ad w)
2b, w

oyt " W@+ B)
) -1 a8 — o’
cos (ta,n Py a) — tan o+t B)>

Lya—o)w(@+B)—(aB-o)w(y+a
= cos tan (72(a+,)f3)(('y+a))+(iyu— 2>)<aﬁw w2>)
@ (y+a)(a+B)+(ya—e®)(aB - w?)
T V[0 (at By + (@B — ][ (y + 0 + (ya — o))
L w4 w?
NVt (+ eVt (v — o)

L e ot _l_t"t,é'?—a)2 _ _1(')’01—(02)&)(0‘4'B)"‘(aﬁ“w?)“’(')"*'a)
s et T P o @ 1A - P eyt a) (@t B) — (ya — o) (aB — o)
—tan— @ [o* (B+ )+ 2aBy — 0*(2a + B + v)]
wa?+ By + 20 (B + ) — By — w]
o 2o[a (@t — o) + p (@ - 0?)]
T dwtua — (= o) (4 5 o)

i + tan™! pry-o
@

= tan—!

2uw
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Therefore
P

v

N \/[(“1 +b )+ 02 (v + 0] [(@1+ bip)? + b2 (v — 0)2] (@ + 0%) VEE+ (v + ) pt+ (v~ o)
2[(p— af +v?} (@’ +4b 07)

X/\/[ /J'2+V2+ (02
VI + (v + 0PVl + (v - o)

—.co8 (2th -2¢, + 2tan™

DI

2

a, L=’ _ p."’+v2—w2)
tan— - TV @
2b,w + tan a0 T 0 2uw

Next also from Art. 15, we have
S &Y o

@ (8 = y) Vo + dbe?

{[(a1 + 0,8 + b2 Vy + 0
X

a—p

L, ya— > (@, + biy) + b2e?]VE: +

o(y+a) ™ vy—a

B+

] — -1 &,
sin <wt0 ¢n + tan %

+ tan

i — b - & -1 M)}
X sin (mto ¢n F tan T + tan w @1 B

— -1 4
) +’H cos (a)t0 ¢, + tan 2b1w>

0y
2b, @

= sin (wto ~ ¢, + tan™

where

o — w?
. cos tan™! e

a—f w(y+a)

L@t biy): + b ] VB T w B — o )

- Xa V2 Ve + o’ ([(a’l + b18)2 + blgmg] ’\/';m;z

— t - =
pogps cos tan o (atB)

and

ya — w*

(UL A T
al(,B—fy)’\/al2+4b12w"’ a—0 o(y+a)

+ [+ byy)* + o] VB + o .sin tan™! wh >
v—a w(a+B)

But 02 (y + a) + (ya — 0?)? = (v* + %) (o® + w?)

and o (o + B +(aB — o) = (¢ + 0?) (8 + o)
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so that

_ —X,.V2 7 ([(a1 +5,8) + b0} o (y +a)
a, (B — y) Va? + 4b2w? a—f
+ [(al +,l{17)2 + b12w2] o (a+ B)>
+ y—a
—_ x, vt biBy +bret o (y - of) + [(oa+biy)'+ bl o (a® - )

a(B-y)(y—a)(a—A) '\/d12 + 4'b12w?

and similarly

H=-X,v2

[(a, + b,BY + blrw*] (ya — &) (v — a) + [(a; + by)? + 20 (aB — @) (a — B)
@ (B—7)(y—a)(a—B) V2 + 42w

But

[(a+ 0,8) + bl (2 — o) + [(a, + biy)* + b2 0] @ (0% — 82) = 2b%w* (y — B) @

e (P R R (FHA
[(a; 4+ 5,8 + b2e?] (ya — 0?) (v — ) + [(&; + byy)* + b20*] (a8 — 0?) (a — B)
| =blw'(y—-B) P,

/e | ay R (&_2212

where P, = |:<b1—w + ;) + 1] (wz +t 1) b{~’w2[ o w> + wﬁ]

(s + BBY + b0 0 (7 — ) = [(0s + by + beo o (@ = ) = 2rar
_ N AY w_e

where @, = [(bl_w + ;) + 1j| (\aﬁ m2>

gl Y aj_>_&( & /1)
_;)“2'[1)12(0“’ (w"’d’—mf*_w2 1 @ 261w+w

and

[(a + b8 + bw*] (ya — @) (y — @) — [(@2 + byy)* + bPe?] (aB — &%) (2 — B)

= 2b2w® P,
where P,= [(5‘% +"£>~ + 1] (Z_? - 1) (% _5)
1 \

v oal o (ﬁ L )_v_( LY &)(ﬁ“’_/ﬁ )
—gg.w[blewf- w2+w"‘_2 w? 2b,w+w w? w2+1
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Therefore
— X, V2020t (y - B)

B+ = B
* a(B—9)(y—a)(a—B)Vaz2+4ble?

. a
« [QQn sin (wto — ¢ + tan? 5 a ) + P, cos <wt0 ¢+ tan™ 2b11w>]

_ - X, \/2b_a’—~\/—_‘“P12+4<Q12
(Ll(a ry)(ot— BV a2+ 4b w?

. _ - -
X s (wt,, ¢, + tan 2b + tan 2Q1)

— D2 et -
— . ,X‘i/ﬁ,g) 1)12 + 4Q12
o, [( — )2+ v2] Va2 + 4b2 ?
X sin (wto — ¢, + tan™? 2b - Q1>
and
BI_C/= _Xn'\/i. 2[)12(057 ,
@ (B—y)(vy—a)(a—B)Va? + b}’
X [Q2 sin <wt0 - ¢bp + tan™? %, % ) + P, cos (wto ¢, + tan™? 2b——)}
X, V2bta® .
- VRN WPFT QR
jay(a—ry)(a—B)Var+ 4b2e® <
X sin (mt0 ¢n + tan~? ZZI -+ tan™! Qg)
X, V2b2e® o
— Pz + 2
Jalv[(u—a)wu?] Va? +4b2 d
X sin (wt0 — ¢y + tan™ 2b1 + tan™? Qe)
so that

1

—_— o P
_.u.«/P12+4Q12.sm(wt0_¢n+tan lb_llz_*-tan ]§Q—;)

Y’ =tan™!
Do L2 o a1 & -1 P,
.V P2+ Q2. sin [ty — ¢, + tan™ —— + tan™? =°
bo Q2
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§20. Sudden short-circuit of the distortionless alternator with two
field windings.

In the preceding articles we have given the complete solution for any
sudden change of load. In this article we shall, as a special case, compute
the field and armature currents when the distortionless alternator running
at no load is suddenly short-cireuited.

In the case of short-circuit, as shown in Art. 16, the three roots are
1 . 1 .
a=—-£w, /3=——2—(1 +a)ga)+_7w and fy=—§(1+¢r)gw-—]w
so that,
(o, + bia) + b2w® = b2 w? [(q - B) ] = blw?
for (%)_)2, C—j) and p q are usually negligible compared with unity (refer to

Art. 16),
[+ G+ @Y [+ (= o] =0t [ (L4 or S+ | G L
<0 (l+ o) <3)2

1 q,P -
— 2 2 e 2 | o £ il 2 = 2
(p a)+v—w[ 2(1+a’)o_+o_“ +o?Ew

1 q\*
2 2 o 2 (9 2
W+ — o 4‘(l+a') <a>w
2,u.w=——(1+0').-g_ w*

Therefore denoting by X,#2 and ¢, the amplitude and the phase angle

of the permanent short-circuit current in the armature, we have (referring to
Art. 19)

X, N/ibfw‘(l + o) g

A = i <t— s + tan™ e tan—' = (1 +
a;w"\/al2+4b2a)2 Sin { why = ey + tan 2blw+7r an ( 7) )
=—-X, \/2 = sin (ol — Pus)

. -4 sin (wt W)
" bod )
for X «/Qi—2—d—r and ¢¢s+—7—r (refer to Art. 10).
N o+ o) )
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Next, proceeding to find D" and 4, we have

(@ by + b2 0+ 0y =biot [ (g = 22 g) 44| 5 b2

bt =tea(o- 7 ) e (1)

o
2
4+ o= (g) ©? + 0= *

[+ 0+ )] [0+ (= 0¥l =t (1 + 03 (£)
(P_a)2+ P2 = @l

/42+v2+w2#2w2
so that referring to Art. 19,

1 1 3

D o 20*(a)® + 4b*0?)
2 2
x\/{ 20 — cos (2wto—2¢¢g+2tan—1 2;‘ + tan™? 2
a)’(1+a')g @ -2+ w?
a g
iy q
+7r--ta.n 11(14'0’);_)]
[ 2,32y 2 1 :
iXS“/,2 b2wa, (;_1) (1+0')(] «/ %
T 8b2c "V 1+a)g
=X V2 5(3-1)
2 \o
- 4 1l-¢
R REY;
Also since
Ql?%'l'q
2
P1$a—,—2—q2
(g (LA M| _g# ®
@ (5-5) - [ - (e 5) -5 (a+5) | =8t 2
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so that
VPETAQE=2 (g + q)
VPR +Q2=2 ( g)
[T
P, - \; - q) m 1 q
2—(2‘——__'5— fOI' ;+q—-—§(] - U’);<O
P, 2
Q2 q - 3 /“
we have
—8in | @l — ¢ge -+ tan? +'n-+t;an"11 <ﬁ— )
, o T Qb o\ ¢
¥’ =tan™ B)
sin [ ofy — ¢ys + tan™? + tan™?
2b1 ® “
, 9—3;
o Sin (et =)
= tan cos (ot — bzs) wh = P
= wl,— 22"
. , ™
accordingly v(t—t)+V¥' =wt— Bl

Hence, referring to Arts. 10 and 19, the expression of the armature current

z, at sudden short-circuit is

2d sin <wt—- g) +7- ¢ e (=8 gin (wto - g)

xs:biw(l +0) b;wo
d 1-o¢ T
T em(t-1y) —
+bw<r 1+a-€ sm(wt 2)
—2d
m) cos wt + bi(‘)()' . €% (=t . COS wto

—d 1—-0¢

., et 1) cos wi
+biwa l1+o €

which is obviously zero when ¢ =t¢,.
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This expression of &, coincides with the

result obtained by
Mr Boucherot *.

Next, proceeding to calculate the field current at sudden short-circuit,
we have

P ,
AI_A’ E (Z)> + _AI -
L b, / +g>2+1_ by

7"

a a\?®

q.—-+ ~) +1
4, = tan! 2 <w =tan‘11—7
q q

1 q

—
g—5(1+o)-

1., ¢ 1l+eo
=§D.~b'1.1_o_
1
4, = tan™? 29 #tan"iqéo
’li<q+g>+4<
® )
V=0 for v=0
so that
T T
v(t—to)+wt+\[r'+\[r1=w(t-—to)+wt+wto—§=2wt-—7—2
and
’ w
p(t—t) ~wt+ Y + Y=g

* See p. 183.
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(-

= sin t—7—r)sin t—7—r>
——blwa b, (“’“ 2 (“’ 2

c
B cos wt, cos wt

aceordingly
Alsin(ot—0,)=A4". +

&e‘
Q

A/ cos (wt — 0,) = bw bﬁ cos wt, sin wt

D/sin[v(t—1t) + ot + ¢ +\[/*1]— D' B s1n(2mt—7—;>

d l—-0o ¢ Yot
T 2%wo’l +0'b; " - 008 20
, , d l-o ¢
Dy cos[v (t —t,) + ot + ' +4Yn]= o0 T+ b sin 2wt

b 1-¢"
_d_ ¢
2b, w0 " b,

4 ’ ’ ]~+
D) cos[v(t—t) — ot + +\[r2]~ D % 1—__%cos< ;)

D) sinfv(t—t) — ot + 4’ +\]r2]—- D l+o sin(-—g)

=0

Hence, referring to Arts. 10 and 19, the expression of the alternating
eurréent in the direct field winding is

d —-d ¢

2 ex{t—t)
ba)(1+ ) bICOS2mt+bw¢r bl.e . cos wf, cos wt
2?}%&' %bi :_ : e*t—%  cos 2ut
g 1
d ¢
e eh(E—T0)
+ 9b;wo b, €
and the expression of the current in the cross field winding is
d .
2= b (T Fo) b .sin 2wt + 5, md S ealt-td cos wt, sin wi
i b,
+ 2 ¢ 1=0 w0 gin 20t

2bwa'b,'1l +0°

These expressions of y, and z; coincide with the results obtained by
Mr Boucherot*.

* See p. 183.
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Here note that

d

c 1 1 1—-0 1
Y=ty = biw' b’ [(m + 20" ﬁ}) cos 2wt, — 5 (2 cos? wt, —1)]

d ¢ 1 .
—m.a.%.[cos2wt0—(2cos wt, — 1)]
=0

d ¢ 1 1 1 1-— .

and (Zs)t_tozm.ljl.(m‘—gg 2}.1*__-;)81112(1)%
=0

cd _Il—a'
bibo(l+o) “1+o

also note that

also note that, since a= - %0 w and p=-— % 1+0) % o, the smaller the

leakage, the greater will be the rate of diminution of the transient currents,

and the greater the leakage, the smaller the rate of diminution. Also since

-0 = when ¢=0 and A-a =0 when =1 and there are no

o(l+0) o(l+o0)

maxima and minima of oo between =0 and o=1, we can conclude
c(l+o0)

that the smaller the leakage the greater-will be the initial value of all the
transient currents, and the greater the leakage the smaller will be the initial

values.

§ 21. Direct solution of the sudden short-circuit currents of the dis-
tortionless alternator with two field windings.

In the previous article we solved the case of sudden short-circuit as a
special case of general sudden change of load. In this article we shall show
that the expressions of the sudden short-circuit currents can be obtained
directly from their fundamental equations without considering the case of
general sudden change of load.

As shown in the beginning of Art. 17, the expression of the sudden

short-circuit current z, in the armature is
@, = X, V2 sin (@t — ¢gs) + Ae® + De*t sin (wt + ¥r)
that is 2, = X, V2 sin (0t — ¢y) + Ae*t + Ectsin wt + Fett cos ot
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Therefore from the fundamental equation

d c d
d’z b = b‘].d—t(mcos wt)
we have
_4 2! _
ys=_—§.e blt.feblt %.{[Xs\/,?sin(mt—cﬁxs)-}—Ae“”
1
+ et sin wt + Fett cos wt] cos wt} dt + ke
o -4y o,
==—p¢ by .[Xs‘\/Qw.febl cos (20t — ¢yy) dit
_ Y,
+4 \/a2+w2fe<b1+ >tcos<wt+tan“ )dt
- 4
+% EVu + 4m2fe<b1+ﬂ) ‘ sin (2wt+ tan™? 2—:’) dt
s
+%Ffe<b1+'u>t#,dt
1 e (™
+§F\//.1.2+ 4w2fe<b1+l‘>tcos (2wt+tan_l #)dt]
@
+ke U
c = bo 2b, ©
L SV, P L (2 _ —1_&)
bl ¢ «/a12+4b ® s 008 Fet = ¢xs ban a
c b Ve + © b
-4 . _*—cos< ¢+ tan™! — — tan™! —— >
by \/(a1+b1d)2+b w? v+ tan o an &+ ba
2 2
—L—E.eﬂt bV + dor sin (2wt+tan“2—w—tan‘1 2,0 )
2°h N(ay + b pf + 4bw? o a,+ by
1 ¢ by
— ot _ LY
2.b1F.e ot b
2t A2
—1.2 ¢ bV +do cos (2wt+tan‘12—w—tan*l—2blm)
2°b, V(a, + byu)? + 4b2 0 Iz o+ bip
_h,
+ke B
. Le C 4ot 1o
-5 le sV2 sin (20wt — ¢“)_EA€ coswt——z—.blEe" sin 2ef
1 [ ¢ bl# _b
-3 EFE”’ (a1+bl,u.+COS2wt)+k€ 1

ay
-t
by

e
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2w_‘_2b,w; bo . 2bho

for =2 = = %
y2 a, ay + bla ay + b1/~"

w .
o

But since ,u=——%(1+o)gw and q=%) we have
1

by _ —wm(te) _lto
a+bp 200—a,(1+0) 1—0a
so that
Ys = — %[}9 [Xs V2 sin (20t — ¢y) + 24 € cos wt + Eet sin 2wt
1
a
-1
+ Fevt Gi———g+cos th)] +ke U

Next, from the fundamental equation

dz o,

c d, .
%_}-EZ__Z):'(T&(J;MH wt)

we have
ay

~ 8y e 01y _
zs=—-5(ie by febl gt{[Xs'\/2sin(wt—¢xs)+Ae“‘+E£“’sinwt

a
-1y
+ Fe* cos wt] sin wt} dt + ke

_'ﬂt _ ‘ﬂt

1

a

—_— —+4al)t
+A«/o¢“’+w’f«e<”1Jr> sin (wt+tan“§>dt
1 Moyu)e
+§Efe<b1 #> pdt

- | ¢
- % EV@ + 4t [ e<b1 HL) cos <2wt + tan—? g/?) dt

a

—— e e ¢
+ % F\/;,l,2 + 4w2fe(bl+#) sin <2mt + tan™! 2—}?) dt]

_a,

+ ke by
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bw 2bw
_—‘—X \/ R —— 2 t— S_t“]‘ 1
b, N/a1+4:bwsm<w $as = tan™ a1>
2
_EA g -_—_—b,i/a_iwﬁ—;* sin <wt+t,m f—tan"l jl'_",,,)
b N(a, + ba) + b e? a a, + b
_1 E et b‘”’
2°0, " a+bp
+1__C_E_€ut . l)\/,u, j*_4‘w
270, V(ay + by + 42w

2 20
X COS <2wt + tan™! 29 _ tan— l’m)
® a; + by

1 ¢ 7 blx/,uﬁ+4}
278, N(a + by + 4b2e?

. 2w 2b,w )
-1 ___ -1
X sln <2wt+tan # tan “wibp
_a,
+ ke O
L1 e 1 ¢ b
X2 ~ o) = A 2.e ut( LI )
35 08 (20t — gs) Ae sin wt — 5 blb atba cos 2wt
ay
1 ¢ b gt

—é.EFe“sm2wt+kle 1

1 ¢ = . L (1+a
=57 X, V2 cos (2wt — ) — 24 € sin wt — Eett (1 a_—cos2wt>
) _

ay

— Fertsin 2mt] +ke U
Now, dropping the transient terms, we have

Y5 COS wt + 25 Sin wf = —Q X V2 [sin (20t — ¢y) cos wt — cos (20t — ¢ys) sin ot]

—L 8 XV sin (wf - du)
2 b1
so that the fundamental equation

a;z +b gi(y cos ot + 2 sin wt) = d sin ot

‘olt

becomes

a; XN 2sin (ot — ¢ge) +b; 0 X V2 cos (wt — ¢xs)—» X\/chos(wt bus) = dsin ot
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that is
: X V2 sin (f — dus) + bieo (1 - Qb%) X, V3 cos (of — dy) = d sin ot
so that
a; X N2 = d cos ¢y and byo (1 - 21%) X, V2 = dsin ¢y,
so that
X,V2= d — 4 =5 21d —
\/(lf + b7 (1 - %zb) w* \/af + i b2 (1 + o)w? w(l+e)
and

2
b“"(l 2Ifb> b, (1 + o)
= tan=—1 i tan—1 2 9w . T
¢z = tan o tan 5, )

Thus, if we drop the terms containing k£ and &, then the expressions of

s, Y5 and z; become

#y= - X, V2 cos wt + Aet + Eet sin wt + Fet cos wt

Ys= % bE X V2 cos 20t — 24 € cos wt — Eett sin 2wt — Fett (k + cos 2wt)]
1
2= % 170 . [X,V2 sin 20t — 24 €™ sin wt — Eett (k — cos 2wt) — Fett sin 2wt]
1
5 2d 1+o
where A T e e

Now, proceeding to determine the arbitrary constants A, E and F, if
the initial condition be z, =y, = z, = 0 at ¢ = ¢, then we have the relations
| Ae*to + Eettosin wt, + Fetts cos wt, = X, V2 cos ot,
24 et cos oty + Eet sin 2wt, + Fetbo (k + cos 2wt,) = X, V2 cos 2wt,
24 e sin wt, + Eetto (b — cos 2wt,) + Ferto sin 2wt, = X, V2 sin 20t,
the first and third of which give
Eeo(1—k)=0 sothat E=0
_ The first and second relations give
Perto (1 — k) = X, V/2
2d 1—0¢ —d(l-ag)

= — —mly — —tty
biw(l+a')'—2o"EM ¢

so that F “hodie)e



264 Gitchi Shimadzu.
and hence the first relation gives

_ 9 1 _
A= (Xs V2 cos wt, — }f \/102 cos wto> —abe = -—;‘g X V2 e cos wt,

The constants 4, £ and F have now been found and the expressions of

x,, ¥s and z; become

2y = Ew_(lg_:l-a-) .cos wt + b:(j;} .er &bl cos wf, + b;;d( %}»_*_:}—(;—)& . e cos wt
Ys = bi’ch;;‘c’g’?a) cos 2wt + b, d& e* =1 | cos wt, cos wi
2= IWQTC(%TM) sin 2wt + b blcj . e t=t cog i, sin wt

cd(l—a) it
Wb (Lt o) o et sin 2wt

which are just the same as those obtained before (see Art. 20).

§22. Maximum sudden‘ short-circuit currents of the distortionless
alternator with two field windings and comparison of them
with those of other alternators.

. a
Putting o= g =0 so that ex(f-%) = ert-t) =]

the expressions of the sudden short-circuit currents become

—2d 1+0o 1-
= o (1 + ) <cos ot — T9g €08 wl, + HU— cos wt)
-d
= o (cos wt — cos wt,)
cd

1- 1+
(cos 2wt — l_fi'ﬁ cos wt, cos wl + - — 7 cos 2wt + ,,,J)
o 2a

Ys= bibo(1+ o) 20

cd
= Wobiwo - (cos 20t — 2 cos wi,cos wf+ 1)
cd - l+o : l—o . . >
2g bbw (14 0) (sm 20t o cos wl, sin wt + % sin wt)

=55, bdwa (sin 20t — 2 cos wi, sin wt)



Transient Phenomena. 265

ed

—-d
so that denoting biw by M, 2b; b, wa

by N, ot by a and wf, by 8, we have

g = M (cos a — cos 8)
=N (cos2a—2cosacos B +1)
zg=N (sin 2a — 2 sina cos B)

, . . 0,
Now 0% _ 0 gives sina=0 and =Z=0 gives sin =0 so that we have

o o B

(ws)max =1 2M = t‘2d

b;wo

Next %‘/8—0 gives (2 cos a—cos B) sin a=0 and vE—O gives cos a sin 3=0.

Accordingly we have, when sin 8 =0 and sina =0 are taken up,

(Ve = 47 = ,{i"—d —2127y,

Nola o
. 1
and, when sin 8 =0 and cos a = 5 are taken up,

1 cd
(ys)max. =_§N=— 4bib1w0'=_

e |
q

and, when cos a=0 and cos 8 =0 are taken up,

(y 8)max. =0

Obviously (¥s)max. max, 15 = 2 l,,,, Iy and henee (yo+ L) max. max. 18 =17, <— - 1>

Note that y,, that 18 N (cos 20 — 2 cos a cos 8 4 1), becomes N (cos 2a— 2cosa—1)
when 8=0 and N (cos2a+2cosa+1) when 8= It can however be ex-
pressed in the form N [cos 2 (a — 8) — 2 cos (e — B) +1] both when 8 =0 and
B =ar. Figure 5 shows this N [cos 2 (a—B)—2cos (a — ) +1]

Next %2 _ 0 gives cos 2a— cos Bcosa=0 and 024 =0 gives sinasin 8=0.

oa 518

Accordingly we have, when sin3=0 and cosa=11 are taken up,

(Z s)max. =0



266 Giichs Shimidzu.

and, when sin 8=0 and cosa = + % are taken up,

343 cd ?i?_) l1—-¢ 7

I B Yk B P

and, when sin a=0 and cos 8=+ 1 are taken up,

(%6)max. = 0
Obviously

(zs)max. max. is= +——

3 «/3 1-— 3V3(1-o0)
2 2 Ifthﬂ:t IS**G_i.If

Note that z, that is N (sin 22 — 2 sin a cos 8), can be expressed in the form

N [sin2(a—pB)—2sin(a— B)] both when B=0 or 7. Figure 6 shows this

N[sin2(a~B)—2sin (a — B)].

Now putting sin 8 =0 so that 8=0 or 7 in the expressions of a,, ¥,
and z;, we have

F2d [ 1+0 1—0o
—_ — a(t~12o) EERNTY{ 28 7 -
%= AT o) a+o) Lcosw t—t) 95 € +og e cos o (¢ to)J
od ,1+ a(t—t)
Y= bbie (L4 o T+ o) [cos 20 (t —1t,)— € cos o (t —1,)
#1277 ) cos 20 (t— 1)+ 17 ew—mJ
. 20
cd . 1+¢ .
- g — — T T ealt—t) -
2z, AT [sm 20 (t —t, - sinw (t—t,)
l1-0 . ’
179 wit-t) —
+ g e sin 2o (¢ tO)J
3
Curves showing these a5, ¥, and z, with o =05, —— and —
g 4 b 100 b o 100
so that = -6 and =T L5 are given in figures 7, 8 and 9 respectivel
w 100 "% o~ 100 ™8 g ’ P ¥

These curves show approximately the manner in which the instantaneous
values of the maximum sudden short-circuit currents change with time

starting at ¢ = ¢,.
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Now, considering the distortionless alternator with single field winding,
the complete solution of its armature current ¢, at sudden short-circuit is

4

t-1, ‘ e
”1’( v .sin (wt0 — tan™? M)]

i

. d . ;
Vg = F7————— l’sln (wt — tan™! b”l) -
Vad+ bie® L a;

o (t=t)
F=-— (coswl —e i Cos wto)
l).;a)

all the letters in which denote the same things as before.

This ¢; is maximum when g%‘ =0 that is when g—icos wty, + o sin oty =0
o i
that is when tan wt,= — ba; =0 and its maximum value is
y .
a.
. Fd ~ o (wt - wly)
(’Ls)max. = b—l; . I:COS @ (t - to) — € biw :l
the maximum value of which is
- -
L1 d <1+ T )
biw
which 1s =F %
;0
m . ' . a; 1. . .
The curve showing (¢5)ax, With o~ g5 s givenin figure 10.
: &

Note that this case of the distortionless alternator with single field
winding is none other than a case of a simple inductance with ﬁn‘ely laminated
iron and no alternating current flows in the field winding.

The maximum sudden short-circuit currents of the ordinary alternator
with non-salient and laminated poles, as shown by Mr Boucherot* and as

will be explained later in the theory of ordinary single phase generatbr, are

2d

that in the armature winding = hoe
i

and

that in the field winding = 2 .l; v

(including the exciting current I)

* See p. 183.
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Note that the dispersion coefficient ¢ is

0'=1—»417: 1

R | P T s R G

=7+ 7, (neglecting 7.75)

where 7 is the ratio of the leakage flux to the difference of the total and
the leakage flux produced by the armature current and 7, the same ratio
of the fluxes produced by the current in the field circuit; accordingly the

maximum sudden short-circuit current in the armature winding of the

ordinary single phase generator is which shows that Mr Berg*

_tie
biw (7 + 7/)
gives too big a figure of the maximum sudden short-civenit current in the
ordinary single phase armature, considering only the leakage reactance in
the armature.

Comparing the maximum sudden short-circuit currents of the distortion-

less and ordinary alternators, those in the armature winding have the ratio:

Distortionless alternator Distortionless alternator } Ordinary
with single field winding with two field windings alternator
) : |

% 1 l 1
1 ! - ~
| o o

and those in the field windings have the ratio: (exciting current I; not
included)

|
Distortionless alternator Distortionless alternator ‘ Ordinary
with single field winding with two field windings | alternator
l1-0¢ 3~/ 3 10 ‘ l1-0¢
0 | 2 I; or 1 2 I
| a 7 [ a 7 ' o 4

* Berg.—Electrical Engineering, Vol. 1.
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Thus with respect to the maximum sudden short-circuit currents, the
distortionless alternator with single field winding is the best one. This

comparison is however made of the maximum sudden short-circuit currents

o . .
when - and £ are assumed to be zero. Measuring (). from figure 7, it 1s
® .

- 2d com 2 d L d .
27 b (15 9) that is 2-7 15 b that is 36 B while figure 10 gives

(wﬂ)max. =188 bi

10

Thus the ratio of the maximum sudden short-circuit currents in the armature

circuits of the two distortionless alternators is

36 3
1583 1-44
Note that this % 1s the ratio of ba_; in the two alternators, that is that of
1 . a; 1. . .
— when a; is assumed constant. We have put ;— = == in the distortionless
bw biw 25

alternator with single field winding in order to compare it with the distor-

tionless alternator with two field windings having the same magnitude of the

‘

voltage regulation. If we assume % _ 2 in the distortionless alternator
biw 100
with single field winding, then the maximum sudden short-circuit current
becomes
3
d ~ 100 ™ d
(@)max. = b (I+e 1007)=101 b

accordingly the ratio of (), In the two alternators with two and single

field windings becomes 1‘3@@ =108,

As to the maximum sudden short-circuit currents in the field windings

of the distortionless alternator with two field windings, we have the following

. a, o .
values with the same Z—l—, 5—1 and o as given before :
1@ 0iw
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| o

| When both © and w e From Figs. 8 and 9

‘ assumed=0

| 5 1—0o 7 53 l-0o .
(ys)mux. :‘ e pu Ay = 2[1 J 1—4.0- . If: 1 8[

i U —

S 3J3 1-0 log

. . [.=131I Q. .

(zs)nmx‘ . ‘ 4 o 1! 1 '3 j 3 6 —1 + p

§ 23. Sudden short-circuit currents of the distortionless alternator with

two field windings when both fields are excited.

As said in Art. 7, the necessary modification of the fundamental equations,

when both fields are excited, is only the replacement of the induced E.M.¥.

™

dsin ot by d ¥/2 sin (wt - 1) so that there will be no change in the expres-

sions of the transient terms of z, ¥ and 2. The arbitrary constants however

will be changed.

We have in this case, referring to Arts. 17 and 20,

while

—dwN2 . T
A= biwo' sSin (wto—I—(ﬁxs)

b

D,_d\/é l-0g
T hws'l+o
‘Pl=wto—g—¢xs

Yi=v.=0

v(t—t0)+wt+\[r'+\[r1=2wtf';—r—¢m

V(t_tt))““’t‘*"}’l""l’z;—l—(ﬁxs

A D' D, . i ‘ .
1D D and 6, remain the same as before.
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Therefore the solution of the armature current x, becomes

2dV2 .

. —dv2 .
@5 = b (14 o) sin (mt—;%r - ¢¢s> + oo e (t=%) sin (wt0 - ZIT - ¢xs)
dv2 1-a

. (t-to) g T
+biwa' 1+a.e“ sin (wt i ¢xs>
—-2dV2 T T 1+o T
= Ve Ty _ IO ag-ty) _7
'biw(1+o-) [cos (wt 4) 25 . € . cos (wto 4>
a
+-

1-— T
(t—15) g
5y €M . COS (mt ) )]

and those of the field currents y; and z; become

—cd V2

. —cavNz . _T_
Ys  bibeo (14 o_).sm <2wt ) ¢zs>
cd V2 . T
e (t=t) o

+ bibiwo " € .sin (wto 4 ¢zs> cos wf
—cdV2 1-¢ . T
ihdad inib el (t—t0) —_———

+ Tibwo " 1 +U.e" .sin <2wt i qS,s)

cd N2 . (T
+ (t-to) =
20;b, 0’ ¢ - S (4 + ¢x’)

cd V2 ™ l+o -
=, _— ) —_ a (=1t,) ! —_——
T bibo(l+0) [cos (2mt 4) s € $ 008 (wt" 4.) cos w!

+ 1 _o_o-.e'* (t-to)  cos (2@—%) + 12%0-.6"“"0).@05 ;—r]
2, = Bﬁ)‘%i—a) cos (th - ;—T - ¢xs)
+ Ifi::i_ Lt (t-t) gin (wto - ;_T - qus) sin wt
+ ;éi%fa }—}_ Z- er (E=t)  cos <2wt - g - ¢:rs>
—cd V2

(t-1t0) T
+2bib1wa'€# . Cos (4 +¢xs)

Cd '\/é ) . T 1 4o - )
T YT ettty o
b (1 o) [_sm <2wt 4> pall . cos (wtl, 4) sin ot

l-0 . T l+ao .
o (t—to) 2 - (t-ty) e
+ 9 .e* . 81N (th 4‘> + 30 . et .s1n 4]
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Now proceeding to consider the maximum values of «, y, and z, assume

of/w = pl/w = 0. Then we have
- —d V2 t—7T> f T
= bwo 'cos<m 4 —cos(m "_E>
cd N2 T T 1
Y=gy boe” [cos (2 t——1> — 2 cos (mto — 1) cos ot + '\75]
cdV2 [ . T ™\ . 17
Ze= Fibrwe” l-sm <2a)t - 1) — 2 cos (wto — Zf) sin wt + QéJ

. . T
Now all of these a, %, and 2z, are maximum when sin <mt0—4—>=0

that is when mto—g =0 or 7 and the expressions of (#)naxs (Ys)max and

(Zﬂ)max. are

Fdv2
(ws)max. = 7)‘&)7 . [COS o (t - t“) - 1]

ed V2 s
(¥9)max. = S bows {cos [2(0 (t—1t) + 1] -2¢ \:(o (t—t)+~— } 4+ —= 73 }

(Zs)nlax:?%_-{ﬁn [Qw(t—to)+ﬂ—2 [ (t—t,) + } 7}

that is

(‘/["s)max. =M (COS a—- 1)

(Ysdmax, = N [cos (2a + £> —9c¢o (a &7 ) \/12]

(Zar. = N [sin (Qa + g) ~2sin (a +Z) + ;/}—2]

T2 o edV2 _1-0 15 0nd amw(t-t)

where M = hwo Wbwsc 20

Curves showing these (¥ouax 80 (Z)max. With o=0'5 are given in

figures 11 and 12 respectively.
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NOW) proceeding to find (ws)max.max.) (ys)ma,x.nmx. and (zs)max. max, W€ have:

(Z5)max. 18 maximum when sin a = 0 and (#s)max. max. 19

_F2d42

(xs)max. max.

b,;a)d’

. . . . Y . ™ -
(Ys)max. 18 maximum or minimum when sin (2a + i) = 51N <a + I) that is

T m w
when a=0 or g O T—g or 3 5, and (Ys)max, Pecomes zero when a =0,

6 2

— 00686 N when a= g, 3605N when a=7— %r’ and —1'414N when
a=3%
50 that (¥s)max. max. 15 = 3°605N = 1:8025 1 ; TI V2.

/

(25)max. 18 Maximum or minimum when cos k2a+g> = €08 (oc+ Zf) that is

m ™ w
when a=0 or g or mtg or 271-—6, and (zg)pna.. becomes zero when

a=0, — 1'414N when a =72I, 3605N when a= 7 + g, and — 0'0686.N when

a=2w—g

50 that (2¢)max max. 18 = 3605 =1'8025 %—U I; J2.

Note that these (¥s)nax. and (2¢)payx. do not include the exciting current 7.

Also note that, both field windings being excited, ;/l—é times that ex-

citing current when one field winding only is excited will do for the same
amount of the induced E.M.F.

Thus we see that, exciting both field windings, the maximum sudden
short-circuit current in the direct field winding is reduced -in the ratio
2:1'8025. That in the armature winding remains the same and that in the
cross field winding is increased in the ratio 13:1-8025.
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§24. E.m.f. induced in open phases at short-circuit of one phase when
the armature is wound in two or three phases.

In the distortionless alternator with two field windings and wound in

three phases, the E.M.F. induced in the open phases at permanent short-circuit
of one phase are

sood [I, cos (o %ﬂ
c. I)Tbﬁ‘—).% [cos 2t cos (wt + %) + sin 20t sin (wt + %7’)}
~(~2)5 B (a5
= ¢y sin (wt + 2:;) _biblwcz(f+ %) 'gt [cos (wt ¥ %F)J +3 f o_sin wt

. 27 1-0 . = 27
—ds1n(wti—3—)+dmsm<wt+ 3>+

d sin wi
1+0o

1 1 11-0\_. V3 l-¢o
=d. (m—é_él-l-o')Slnwti é—d.(l—m>coswt
+V3d. 1—+— cos wt
which is ¥/3. T d . times those at open circuit in amplitude.

Next, those induced in the open phases at sudden short-circuit are

= —cgt [I,»cos(ét i%’rﬂ

cd d[ 2 1+o 9
5 - ¥ T -ty ;
o bbo (1 + o) 'dt [_COS (wt + > € €0S wt, O ( F

)

— 2
+—1—~— ) cos wt 7r)

20 _E_i—
+1;U w (b=t cos 7)}
g
Td ) c%: (cos ot — e* =t cos wt, + lggq e =t cos mt>
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d 1—¢

. 2
=d sin <wti*3—>+;f+a
9
X {w sin (wt T —2,1) + 1 T 4. et cos wf, Cos (? —E)

3 a 3
1—0o ) 27\ . . 27
—_—  ekt—ty F— | — s il

oo € l;,u,cos(wt+ 3) wsm(wt+ 3”

140 27 . 27
—_— (t—to) ) — g
5 e [;1. cos (wt + 3 ) ® SIn (wt + 3 >]}

d . l4+o
DS . a{f—t5)
+a)(1 o_).[ws1nwt+ 55 .o, € cos wt,

1- .
- —2—0_9 e =t (11 cos wf — @ sin wt):’

. o
which, when 2 and £ are = 0, become
w ()]

. 27 l—-0 . _ 27 1—0 . _ 27
—ds1n(wti?)+d.1 . sm(wt+§->+ 20_~sm((f)t+——)
1+o . 2
+ - 2‘0__ Sin (wt + *3‘)]
+—i— sin t+1—a' t)
l+¢r'< ® 5 sin @

=dsin (mt + gt) +d. 1—2_0_—0 [sin (wt ¥ ?I) + sin (mt + 21)] + a sin ot

3 3 3 20
= (1 +0) sin (wt + ?'E) + dd - o) sin (wt ¥ %”_') + d sin et
20 3 20 3 a
=4 1/23’ d cos wt

which are va times those at open circuit in amplitude.

2
Now, if both field windings be excited, then the E.M.¥. induced in the

open phases at permanent short-circuit are, similarly as before,
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Next, those induced at sudden short-circuit when both field windings

are excited are

d = T 27

—_ - Cd‘\/z,, i _wos< t—'7-7'_27r
C el ro)de |\ T et 3)

1
+- .7 it—to og (wto - 7~r> cos
o 4

1 — »
+ __2j et =t cos (wt -
g

1+o T  2m
. et P
+ B) €+ CO8 (wt | + )]

_ﬂ_ El__ COS( t_lr)_1+o- "-(t_to)cos(wt __7_7-)
w(l+o) dt ®TG 2 © °

o T
T L ghll—te -
+ e [t cos <wt 4>:|

which, similarly as before, becomes

V3 .
=id\/2.—2——cos<wt—1>

Next in the distortionless alternator with single field winding, wound

in three phases, the E.M.F. induced in the open phases at permanent short-

circuit are

. 2 2 —d d
=d sin (w}t + 31) - l:cos (i jﬂ-)] b; o CE(COS wt)

. 27 1 .
—d51n(wti—3—>+§dsmwt

=+ d - cos wt

2
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Those at sudden short-circuit are

: 2 2m\], —d d AL
=d sin (wti ;)-[cos(ig)} biﬂ.d—t(coswt—e b; ’ cosa)to)

which when -% = 0 becomes
biw

27
il

#dsin(wti 3)+%dsinwt

which are the same as those at permanent short-circuit.

In the alternators wound in two phases there is no E.MM.F. in the open
phase induced by the current in the short-circuited phase; so that in this
case we have the EM.F. in the open phase as follows:

(1) Distortionless alternator with two field windings when one field winding
only is excited.

(a) The EMF. induced at permanent short-circuit

. T l—0c . _ar
=ds1n<wti§>+d1—+dsm (wt+§>

., 1—-0
—idcoswt+di—+—acoswt

20
—idl_*_acOSwt

which coincides with the result obtained by Mr Boucherot.

(b) The EM.F. induced at sudden short-circuit

. T 1—-0of . _r . T
=d sin (wt + §> + d4—2-&~ l:sm (mt + —2—> + sin (wt + §>]
= Q%- [(1 + o) sin (wti%) +(1—-o0)sin (wt$72—r)]
= + d cos wi

which also coincides with the result obtained by Mr Boucherot.
5. 7
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(2)

(3)

Giichi Shimidzu.

Distortionless alternator with two field windings, when both field

windings are excited

(@) The EM.F. induced at permanent short-circuit
2

= ag ™
—id\/2l:l_acos<cot—1>

(b) The EMF. induced at sudden short-circuit

=id\/§cos<wt—g)

Distortionless alternator with single field winding.
In this case the EM.F. induced at both permanent and sudden short-
circuit is ’

= 4 d cos ot

In conclusion the author wishes to express his sincere thanks to

Mr T. Otake for his suggestions in simplifying deductions.
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