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Chapter I. 

Permanent Phenomena. 

§ 1. No distortion of wave form in the alternator with two field 
windings. 

The following investigation is started on the idea that distortion of wave 

form in the ordinary alternator due to armature reaction arises from the 

current induced in the field winding. 

It seems possible to damp out the distortion by providing another field 

winding* displaced magnetically by 90 degrees from the ordinary one. Here 

for simplicity therefore will be considered an alternator with two field wind

ings, identical in construction and placed magnetically crosswise to each 

other, and it will be proved that in this alternator, the poles being non

salient and laminated and both the field and armature windings being so 

arranged that the distribution of the magnetic flux circumferentially along 

the air gap is sinusoidal, there will be no distortion of wave form under 

load. 

The ordinary field winding will be called the direct field winding and 

the other the cross field winding; and for simplicity the field iron will be 

considered as finely laminated. 

Let CR be the reluctance of the equivalent passage of the total flux 

produced by unit armature current, n the number of turns of the armature 

winding and 

i = I2rri+i V2 sin (2m + lrot - 'P2rri+ 1) 

the current flowing in the armature, the origin of time being that instant 

when the armature coil is situated at the neutral point with regard to the 

direct field winding. 

* Boucherot.-Atti de! Congresso Internazionale delle Applicazioni Elettriche. Volume 2. 
(1911.) 

Wechselstromtechnik by E. Arnold. Bd. IV. 
Transactions A. I.E. E. 1911. p. 170 and G. E. R. 1920. p. 177. 
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Then calling the flux in the 

direction of the axis of the direct 

field winding the direct flux and 

that magnetically crosswise to it 

the cross flux, the total direct flux 

produced by the armature current 

is, referring to figure 1, 

I .r = (R . knl -nn+ 1 'V 2 

X sin (2m + lrot - <p2m+ 1) cos rot 

where k is a factor due to the 

distribution of the armature con

ductors; and the total cross flux is 
Fig. 1. 

I .,- ~-
= (R. knI,?,m,+ 1 'V 2 sin (2m + lrot - <pzrn+ 1 ) sin rot 

Therefore the direct flux produced by the armature current and linking 

with the armature winding itself is 

0~ - . --- • 
= (R. l2m+1 ../2 sm (2m + lrot - cp2m+ 1) COS" wt 

= L. l 21n+ 1 V2 sin (2rn + lrot - ¢21n+ 1) cos2 rot 

where L is the total flux linkage of the armature winding itself when unit 

current flows in it, that is, the total inductance of the armature winding. 

Similarly the cross flux produced by the armature current and linking 

with the armature itself is 

= L. l21n+i V2 sin (2m + lrot - <p2m+ 1) sin2 rot 

Therefore if the field winding be open, then the E.M.F. induced in the 

armature due to the current in itself is 

= - L. lz,n+ 1 V2 t. [ sin (2m + lrot - cf>zrn+ 1)] 

di 
=-L.dt 

which is a result that can be expected because, except that there is an air 

gap, there is no difference between our armature and a co~l rotating together 

with all iron in connection with it. 
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Next, considering the flux produced by the armature current and linking 

with the direct field winding, it is 

k1n1 kn .r . --
= ----;- . ffi l?:rn+1 'V 2 sm (2m + I rot - cp?:rn +1) cos rot 

= ~ MI2m+ 1 ./2. [sin (2m + 2rot - c/>2m+ 1) + sin (2mrot- c/>2m+1)] 

where v is the armature leakage coefficient, n1 the number of turns of the 

field winding, k1 a factor due to the distribution of the field winding and 

Mis the maximum mutual inductance between the field -and the armature 

winding. 

Therefore the E.M.F. induced in the direct field winding is 

I .,- --= - 2 Ml2m+1 'V 2. [(2m + 2) ro cos (2m + 2rot - <p2m+ 1) 

+ 2mro cos (2mrot -c/>2m+1)] 

and hence the current induced in the direct field winding is 

I - [(2m +2) ro = - -2 Mlmi+ 1 ./2. ( ) cos (2m + 2rot-c/>2m+i - 02m+2) 
Z/ 2m+2 

+ (
2

m)ro cos (2mrot - cp2m+1 - 82m)] 
Z/ 2m 

where (z1)2m+2 and (z1)2m are the impedances of the field winding at fre

quencies of 2m + 2 and 2m times the fundamental, and 02m+2 and 82m are the 

corresponding phase angles. 

Similarly the flux produced by the armature current and linking with 

the cross field winding is 

I - --= 2 Ml2m+ 1 ./2. [cos (2mrot - c/>2m+ 1)- cos (2m + irot - c/>2m+1)] 

so that the current induced in the cross field winding by the armature 

current i is 

I .r [2mro . = -2 Ml2m+1 'V 2. (-)-sm (2mwt- c/>2m+i -82m) 
. Z/ 2m 

- <
2;i: 2)"' sin (2m + 2rot - c/>2m+i - 821nH)] 

Z/ 2m+2 

Now considering the flux produced by these currents induced in the 

direct and cross field windings and linking with the armature coil, it is 
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kn k1n1 l .,-;- [(2m + 2)w , --= - . 17> .. 
2
- MI '2flll+I 'V 2 . -( -)-- co:s ( 2m + 2wt - ¢=+1 - 02m+2) 

VJ \.J\J Zf 2'm+2 

+ t;: cos (2mwt - <p2m+i - 02m)] cos wt 

kn k1n1 l . 1 [ 2mw . ( _ _ 0 ) + - . m . -2 MI.,,n+i 'V 2. -( )- sm 2mwt 'P=+i = 
VJ \.J\j Zj 2m 

(2m+2)w . -~ ] . 
- ( ) sm (2m + 2wt - <p2m+i - 02m+2) sm wt 

ZJ =+2 . 

1 . , [(2m + 2) w -- e = - -
2 

1lf2 I 2m+i 'V 2 . .-(· - ·)··--· cos (2m + lwt - 'P=+1 - 2m+2) 
Zj =+2 

2mc,, ] + (-) cos (2m + lwt - 'Pzm+1 - Ow,) 
Zj z,n 

where v1 is the field leakage coefficient and (R1 the reluctance of the equi

valent passage of the total flux produced by the field current, direct or cross, 

so that 

is also equal to M. 

Hence the E.M.F. induced in the armature due to the currents induced 

in the direct and cross field windings is 

= - !
2 

M 2 Iz,n+i ,,/2 (2m + 1) w. [(
2
(m; 

2
) w sin (2m + lwt - ¢2m+1 -0=+2) 

Zj z,n+2 

+ t~: sin (2m + I wt - <pz,n+i - 02r11)] 

which contains no other harmonics than that of the armature current itself. 

We can therefore conclude that in our alternator with direct and cross 

field windings there is no distortion of wave form due to armature reaction ; 

and hence we shall hereafter call our alternator with the direct and cross 

field windings the distortionless alternator with two field windings. 

Here note that in this distortionless alternator it is not necessary that 

the two field windings be short-circuited. 

§ 2. Field and armature currents of the distortionless altemator with 
two field windings. 

Considering for simplicity the case when only the direct field winding is 

excited (case when both field windings are excited will be treated later), the 
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E.M.F. induced in the armature due to the exciting current 11 is 

= - ~ (MI1 cos (i)t) = MI1(i) sin (i)t 

so that if z = Vr2 + L2 (J)2 be the total impedance of the armature circuit with 

fundamental frequency, then in the armature circuit there will flow a current 

ia' which can be expressed by 

ia' = Ia' v2 sin ( (i)t - 'Pa) 
where 

.r MI1(i) L(i) Ia' 'V 2 = --~ and A.a= tan-1 -z 't' r 

Now on account of this current ia' in the armature there will be a cur

rent i1a' induced in the direct field winding which, as shown in the previous 

article, can be expressed by 

i1d' = - !2 Mia' v2 20) cos (2(i)t - 'Pa - cf>1) 
zl 

.,--~- L12(i) 
where z1= 'Yr/+ 4L/0)2 and cp1 = tan-1 

-- , in which r1 and L1 are the 
rr 

resistance and inductance of the field circuit. 

Similarly the current i1c' induced in the cross field winding will be 

• I 1 MI I . '2· 20) . (2 i1c = - -2 a 'V - sm · (J)t - 'Pa - cf>1) 
zl 

Now in turn these two field currents will induce a current ia" in the 

armature circuit, which, referring to the previous article, can be expressed by 

.,, 1M21 ,.,- (i) 2w. ( 
ia = - -

2 
a 'V 2. - . -- sm (J)t- 2if>a - 4>1) 

Z Z1 

This ia" will now induce a current i1d" and i1c'' in the direct and cross 

field windings respectively, where 

. " (1)2M I I ·'2· (i) (20))2 (2 ild = '2 3 a 'V • Z, ZJ COS (J)t - 2cpa - 2cp1) 

and 

. ,, (1)2 M I , . 1- (i) (200)2 . ( iJc = '2 3 a 'V 2. Z . zl Slll 2(J)t - 2cpa - 2cf>1) 

and now in turn, these field currents will induce in the armature circuit a 

current ia'" of which the expression is 
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and so on. 

Thus the total current in the armature circuit is 

where 

and 

+ GY M 4 (~Y ( 2z;Y sin (rot - 3cpa - 2cf,,) 

-GY M 6 (~Y (2;;J sin (rot - 4cf,a- 3cp1) + etc.] 

= I a' V2 . [ cos 'Pa + c cos ( c/>a + 0) + c2 cos ( 'Pa + 20) + ... ] sin rot 

- Ia' v2. [sin 'Pa+ C sin (c/>a + 0) + C2 sin (</>a+ 20) + ... ] cos rot 

c = - ! Af2 ~ . 2ro < ! M2 = ! . _!_ < 1 
2 z z1 2 LL1 2 vv1 

0 = c/>a+ 'PJ 

The total alternating current i1d in the direct field winding is 

ild = - Ia' v2. ~ M ~;. [cos (2rot- 'Pa - cf,,)+ C cos (2rot - 2</>a - 2cf,1) 

+ c2 cos (2rot - 3cpa - 3cf,1) 

+etc.] 

-Mro = - Ia' v2-(cos 0 + ccos 20 + c2 cos 30 + ... )cos 2rot 
Z1 

- Ia' v2 Mro (sin 0 + C sin 20 + c2 sin 30 + ... )sin 2rot 
zl 

and similarly the total current in the cross field winding is 

that is 

i1c = - Ia' V2 Mro (cos 0 + C cos 20 + c2 cos 30 + ... )sin 2rot 
zl 

+ la' v2 Afro (sin 0 + C sin 20 + C2 sin 30 + ... ) cos 2rot 
ZJ 

. I , . 1- (cos c/>a - c cos 'Pl . t sin c/>a + c sin c/>1 t) i = v 2. -~----c-= sm ro - -~-~-- cos ro 
a 

4 1 - 2c cos 0 + c2 1 - 2c cos 0 + 02 

la' ,/2 . ( t t _1 sin 'Pa+ c sin c/>1) = -;=====c==Sln ro - an v I - 2c cos 0 + c2 cos </>a - c cos 'Pf 
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. I ,,..;-2 Mw ( cos 0- c sin 0 . ) 
i1a = - a . - 1 2 0 2 cos 2wt + 

1 2 0 2 
sm 2wt 

ZJ - C COS + C - () COS + C 

-Ia'v°'i Mw ( sin 0 ) = . . - cos 2wt - tan-I ---
Vl - 2c cos 0 + c2 ZJ cos 8- c 

and similarly 

. - I a' ,J 2 M w . ( sin 0 ) 
ifc = -· · · - . - sm 2wt - tan-I --

Vl - 2c cos 0 + c2 ZJ cos0-c 

But 

l -2ccos0 +c2 = (_!_)2
. [z2z/+ 2M2 w2 (rr1 - 2LL1w2

) +M4 w4
] 

ZZJ 

= (z!,) 2 • {[ r1i - (2LL1 - M2
) w2

]
2 + ( Lr1 + 2L1r )2 

00
2

} 

= (} )2. [(r + p2r1)2 + (L - 2p2 L1)2w2] 

where 
Mw 

p = ·-· 

and 

ZJ 

· sin cf>a + c sin <f,1 t _1 Lwz/- 2L1 M2 w8 

tan-1 -~---~ = an 
cos cf>a - c cos q,1 rz/ + r1M2 w2 

tan-• _i,in 0 = (Lr1 + 2L1r) w 
cos 0- c rr1 - (2LL1 - M2

) w2 

-t -I(L-2p2 L,)w t -I2L1w - an -'----'---"-'-- + an -·-
r + p2r1 r1 

Therefore 

i _ MI1wz1 

a- v[rr1-(2LL1-M2) 002] 2 + (Lr1+ 2L1r)2 002 

. ( (Lr1 + 2L'fr) w 2L'fw) x sm wt- tan-1--'---"----"--'---- + tan-I --
rr1 - ( 2LL1 - M2

) w2 r1 

MI1w . ( (L-2p2 L1)w) 
= ~+ p2rr)2 + (L - 2p" Li)" ~2 sm wt - tan-• r + p2rr 

189 



190 Giichi Shimidzu. 

. M2J1w2 
1/a=~--==~-=c==~=======~:=== 

v[rr1 - (2LL1 - M2
) w2

]
2 + (Lr1 + 2L1r)2 w2 

x sin (2wt- ?!:-tau-I _(Lri+_2Lir)6J -) 
2 rr1 - (2LL1 - M2

) w2 

MJ_1wp =-----~----
..; (r + p2r1 )2+ (L- 2p2 L1)2 ~ 

and 

. M2J1w2 
i1c= - --- --- -,_- __ ---=--c_ -=-~==~== 

V[rr1 - (2LL1- M2) w2
]

2 + (Lr1 + 2L1r)2 w2 

• ( . _ 1 (Lr1 +2L1r)w ) 
x Sill \ 2wt - 7r - tan ;:;._,--_ (2LLi- M2) w2 

=- MI1wp 
✓(r + p2r1)2 + (L- 2p2L1)2 w2 

. ( (L - 2p2 L1) w 2L1w) x Sill 2wt - 7r - tan-I 
2 

- tan-1 
--

r + p rr r1 

Bearing in mind that currents of double the fundamental frequency 

flow in the field windings, note that the above expressions of ia, i1a and i1c 

are quite the same as those of the primary and secondary currents of the 

air core transformer. 

§ 3. Fundamental equations of the distortionless alternator with two 
field windings. 

The direct field winding only being excited, the fundamental equations 

are 

. L di1c M d ( . . ) 0 r1ifc + 'fdi + dt ia sm wt = 

so that denoting ia by x, i,-a by y, ifc by z, r by a, L by b, r1 by aI, 

L1 by b1 , M by c and MI1w by d, they become 
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b dx d ( . ) d . (l) ax + dt + c dt y cos rot + z sm rot = sm rot .......... .. 

dy d 
a1y + b1 di+ c dt (x cos rot)= 0 .................. (2) 

a1z + b1 ~: + c i (x sin rot)= 0 .................. (3) 

that is 

· d,,, dg 
a1'1/ + b1 dt + c dt cos rot= 0 ..................... (5) 

where 

where k1 , k2 and k3 are integration constants, accordingly 

dg d'TJ ds 
x = dt Y = dt and z = dt 

Now equations (5) and (6) give the relation 

b1 (~; cos wt+ :f sin rot)+ a1 ('TJ cos wt+ ssin rot)+ c :; = 0 

so that from equation (4) we have 

dg b . b1d (bb1 - c2
) di+ a 1 g = ca1 ('TJ cos wt+ ssm wt)--;- cos wt ...... (7) 

Differentiating this and inserting equation ( 4) we have 

2 d2g dg 
(bb1 - c) dt2 + (ab1 + a1b) dt + aa1g 

= b1d sin rot - aid cos rot- ca1w ('1/ sin wt - scos wt) ...... (8) 
ro 

Differentiating this and inserting the relation 

b1 (1] sin wt - :; cos wt)+ a1 ('TJ sin wt - s cos wt)= 0 

which is obtained from equations (5) and (6), we have 
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= b1dw cos wt+ a1 d sin wt+ c~:w (r, sin wt - f; cos wt) 

- ca1 w2 ( 'Y/ cos wt+ t; sin wt) 

which, by insertion of the relations (7) and (8), becomes 

b1 (bb1 - c2
) ~tf + ( ab12 + 2a1 bb1 - a1 c2

) :f 
+ [2aa1b1 + a/b + b1 (bb1 - c2

) w2
] ~!+a (a/+ b/r..12

) E 

Thus we have obtained a linear differential equation with constant 

coefficients, which can easily be solved as will be explained in the next 

article. 

Note that this equation of E can also be deduced symbolically as follows: 

Equation (2) x cos wt+ equation (3) x sin wt gives 

where f = y cos wt + z sin wt and g = z cos wt - y sin wt, because 

~J = [i (x cos wt)] cos wt+ [i (x sin wt)] sin wt 

Therefore putting ;t = D and Ui + b1 D = D1 we have 

Next, equation (3) x cos wt - equation (2) x sin wt gives 

a1g + b1 (<;ft+ wf) + cwx = 0 

because wx = [ 1 (x sin wt)] cos wt - [1t (x cos wt) J sin wt 

so that symbolically 
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Next, equation (1) gives 

D2x + cDJ= d sin wt ........................ (11) 

where D2 = a + bD 

Now eliminating g from equations (9) and (10) we have 

(D1
2 + b?w2

) f = - c (DD1 + b1 w2
) x .................. (12) 

Accordingly from (11) and (12) we have 

(D DD1 +b1 w
2 

2 D) d . 
2 - Di2 + b/w2 · c x = sm wt 

that is 

(a+ bD) [(a1 + b1D)2 + b12 w2]x - c2 [(a1 +b1D)D +b1 w2
] Dx 

= d [(a1 + b1 D)2 + blw2
] sin wt 

that is 

bi (bbl - c2
) D3x + (abl + 2aibb1 - a1C2

) D2x 

+ [2aaib1 + n12 b + bi (bb1 - c2
) w2

] Dx + a (al+ b/w2
) x 

= aid (a1 + 2b1D) sin wt 

= a1d Val+ 4b/w2 cos ( wt - tan-i 
2
~iw) 

which is nothing other than that equation of g differentiated. 

§ 4. Solution of the fundamental equations. 

First in order to obtain the expression of the armature current, let us 

take up the equation 

d3 x ab?+ 2a1 bb1 -a1 c2 d2x 2aa1b1 + a1
2b + b1 (bb1 - c2

) w2 dx 
dt3 + ---b-;fbb

1 
- c2-) - • dt2 + - -b

1 
(bb

1 
- c2) • dt 

l l • d 1 I , t t -1 I ·a(a 2 +b 2w2
) va."+4b 2 w2 

( a) 
+ -b1(l>b~-=--c2T a;= al bi (bb1 - c2) cos w - an 2b1w 

The solution of this equation is 

x = ea.t j X 1}J dt + ef!t f X t2 dt + eYt J X 1]; dt + Ae"t +Be.flt+ CeYt 

where x=Ncos(wt-0) 

in which N = a d ~ a? +_ 4b{w
2 

and 0 = tan-1 _.!12_ 
i b1 (bb1 - c2) 2b1w 
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in which 
K= 1 1 l =(f)-ry)(ry-a)(a-f)) 

a f) 'Y 

a2 f)2 "/2 

Di= 11 1 i €(/Hy)t = - (f) - ry) €$+y)t 

f) 'Y I 
D2 = -1 ~ ~ I e<11+yJt = - (ry- a) e<y+11Jt 

Da = I : ~ I e<a+f3)t = - (a - f)) e<a+f3)t 

A, B and O = integration constants, and a, /3 and ry = roots of the equation 

bi (bb1 - c2) X3 +(ab/+ 2a1bb1 - a1c2
) ;\,

2 

+ [2aa1 b1 + a/b + b1 ( bb1 - c2) ro2] ;\, + a ( ni2 + b12ro2) = 0 

Hence neglecting for the moment the transient terms 

the solution becomes 

x = -KN__ [<fl - ry) €at f cat cos (rot - 0) dt 

+ (ry- a) eflt f cflt cos (rot- 0) dt + (a - f)) eYt J e-yt cos (rot - 0) dt] 

= N . I a (f) - 'Y) + f) ( 'Y - a) + 'l ( a - /3_)_] cos ( wt - 0) 
K l a2 + ro2 f)2 + ro2 "/2 + ro2 

N (f)-ry ry-a a-f)). · 
- K · w • -2--2 + ~ + · 2--2 sm ( wt - 0) 

a+w ,_,+w ry+w 
But 

•a (f)- ry) (/32 + ro2) ( "/2 + ro2) + f) ( 'Y _ a) (,y2 + ro2)(a2 + ro2) 

+ ry ( a - f)) ( a2 + ro2) (f)2 + ro2) = K [ ro2 (a+ f) + ry) - af)ry] 

(/3 - ry) (/32 + ro2) (,y2 + ro2) + (ry- a) (,y2 + ro2) (a2 + ro2) + (a - /3) (a2 + ro2) (/32 + ro2) 

= K [ ro2 - (/3ry + rya + a/3)] 
and 

( a2 + ro2) (/32 + ro2) ( "/2 + ro2) = [ wz ( a + f) + 'Y) _ a/3ry ]2 + ro2 [ ro2 _ (/3ry + rya + a/3) ]2 
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Therefore the solution is 

N 
X=~=:=;===;:==~===,~==cc========-

V[ ro2 
( a + /3 + "I) - a/3,y ]2 + ro2 

[ ro2 
- (/3,y + ,ya + a/3) ]2 

x cos (wt - 0 + tan-1 ro [ ro
2 

...,. (/3,y + ,ya + a/3) ]) 
ro2 

( a + /3 + "I) - a/3,y 
But 

2 ( +/3+ )- /3 =- ro2 (ab12 +2ci1bb1-a1c2)-a(a/+b1
2 ro2

) 

ro a "I a "I b1 (bb1 - c2) 

_ a1 [ aa1 - (2bb1 - c2
) ro2

] 

- b1 (bb1 - c2
) 

and 

ro2 _ (/3,y+ ,ya+ a/3) = ro2 _ 2aa1b1 +alb+ b1 (bb1 - c2)__(1)_2 = - a1 ~ab1 + a1b) 
b1 (bb1 - c2

) b1 (bb1 - c2
) 

Therefore 

which coincides with that result obtained in Art. 2. 

Now putting this expression of x in the fundamental equation No. 2 

we have 

!~ + ~ y = - f . #t . [ X V2 sin ( rot - cf>x) cos rot] 

C .1-= - bi X 'V 2 ro cos (2rot - cf>x) 

where x V2 = =--=~ ===d==== 
../(a+ p2 a1)2 + (b - 2p2b1)2 ro" 

and 
,I.. = tan-1 (b...,. 2p2b1) ro 
't':t a+ p2a1 
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which solution is 

~ f ~ ~ y = - i . X v2 roe - b/ e bit cos (2rot - cf>x) dt + Ke - bi t 

- cro ( 2b ro) - ~ t =-X v2-· .. - --~ cos 2rot- cf>x- tan-I - 1
- + Ke b1 

va12 + 4b1
2 ro2 a1 

where K is an integration constant. 
- ~It 

Thus if we neglect the transient term Ke b1 then the expression of 

the alternating current y in the direct field winding is 

. 1- • ( 7r 2b1 ro) y = pX v 2 sm \ 2rot - <fax - 2 - tan -i lti 

Similarly from the fundamental equation No. 3 we have 

a1 J a1 a1 
z = - i X v2 e - bit e ii; t sin (2rot - cf>x) dt + K' e - ii; t 

X . 1- cro . (· _1 2b1 ro) K' - ~ t = - v 2 ~== sm 2rot - cf>x - tan --- + e b1 
v'a12 +4b12 ro2 a1 

which, when the transient term is neglected, becomes 

.,- . ( 2b1 w) z = pX 'V 2 sm 2rot - cf>x - 7r - tan-1 7i 

Thus we have arrived at the same results as obtained in Art. 2. 

§ 5. Other methods of obtaining the expressions of the field and arma
ture currents. 

(a) The fundamental equation 

d3 x d2x dx - ( a ) 
P dt3 + Q dt2 + R dt + Sx = V V 2 cos rot - tan-1 

2b
1 
~ 

where 

= V v2 sin (rot+ tan-1 2:lro) 

P = b1 (bb1 - c2
) 

Q = ab12 + 2a1bb1 - a1 c2 

R = 2aa1b1 +alb+ b1 (bb1 - c2
) ro2 

S = a (a12 + bi2ro2
) 

V v2 =aid va:;_2 + 4b1
2 ro2 

shows immediately that x is a simple sine function of t with the frequency 

ro/27r. 
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Therefore we have symbolically 

(Pj3ro3 + Qj2ro2 + Rjro + S) 4 = V 
that is 

so that 

197 

x = V ./2 sin (rot+ tan-1 ~~1~ - tan-1 (R -Pw
2

) ro) 
./ (S - Qro2)" + ( R - Pw2) 2 ro2 a1 S - Qro2 

But S - Qro2 = a1 [aa1 - (2bb1 - c2
) ro2

] and R-Pro2 = a1 (a1 b + 2ab1) 

Therefore 
d ./ a1

2 + 4b1
2 ro2 

X=· --

•/[ aa1 - (2bb1 - c2
) ro2

]
2 + (a1 b + 2ab1)

2 w 2 

. ( (ab1 + 2a1 b) ro 1 2b1ro) x sm rot - tan-1 - -- ---~-- - + tan- ~-
aa1 - (2bb1 - c2

) ro2 a1 

(b) Putting x = ! X n ./2 sin ( nwt - cpn) in the equation 
n=l 

d3x d2x dx _1 • ( 2b1 ro) 
P dts + Q dt2 + R dt + Sx = a1d va/ + 4b?ro2 sm wt+ tan-1 ai 

we have 

i [2aa1b1 + ai•b- b1 (bb1 - c2
) (n2

- l) ro2
] nro Xn ./2 cos (nwt - cpn) 

n=l 

+ i [a (a1
2 + b?ro2)-(ctbi2 + 2a1bb1 - a1 c2

) n2 ro2
] Xn ./2 sin (nrot - cpn) 

n=l 

so that 

( a1 b + 2ab1) roX1 ./2 cos ( rot - cp1) + [ aa1 - (2bb1 - c2
) ro2

] X1 ./2 sin ( rot - cp1) 

and 

where 

= d ./a12 + 4b1
2ro2 sin (rot+ tan-1 

2
~

1
ro) 

AnXn ./2 cos (nrot - 'Pn) + BnXn ./2 sin (nrot- cpn) = 0 

An= [2aai b1 + a1
2 b - b1 (bb1 - c2

) ( n2 
- 1) ro2

] nro 

and Bn = a (a.2 + b1
2 ro2)-(ab? + 2a1 bb1 - a1c2)n2 ro2 

in which n is any positive integer greater than 1, the latter of which shows that 

Xn ./2 ./ An2 + Bn• sin ( nrot - c/>n + tan-1 
~:) = 0 

that is Xn=O 
s. 2 
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and the former shows that 

XI v2 v[aa1 ~ (2bb--; -c2) w2f +(aif+ 2ab1)2 w 2 

• ( _ 1 ( a1 b + 2ab1) w ) 
x sm wt - c/>1 + tan aa1 - (2bb1 - cz) ;,,2 

so that X1 v2 = d Va12 + 4b12w2 
v[ aal - ( 2bb1 - c2

) w2
]

2 + (alb + 2ab1)2 w2 

and </>1 = tan-1 ( a1 b + 2ab1) w' - tan-1 2b1_~ 
aa1 - ( 2bb1 - c2

) w2 a1 

(c) We saw in Art. I that the armature current contains the funda

mental harmonic only and the field currents the second order harmonic only ; 

so that we can write 

x = X V2 sin (wt - cf>,,) 

z = Z v2 sin (2wt- cpz) 

y = Y v'2 sin (2wt - cpy) 

Now put these x and yin fundamental equation No. 2. Then 

al y v2 sin (2wt - <py) + 2b1 w y v2 cos (2wt - cpy) + cX v2 w cos (2wt - c/>x) = 0 

that is 

( a1 Y cos cf>v + 2b1 w Y sin cpy + cX w sin cf,.,) sin 2wt 

-(a1 Y sin cf,11 - 2b1wY cos cp11 - cXw cos cf,.,) cos 2wt = 0 

so that 

and 
a1 Y sin c/>11 - 2b1wY cos cf>v - cXw cos cf>x = 0 ............ (2) 

Now subtract (2) from (I) multiplied by j. Then 

a1 Y (j cos cp11 - sin cf,11 ) + 2b1w Y (cos cf,11 -1- j sin cp11) + cX w (cos c/>x + j sin cf,,,)= 0 

that is 

(2b1 w -1- ja1) Y. ej,Py = - cwX. ej,px •..•••..••.•..•.•... . (3) 

Similarly from the fundamental equation No. 3, we have 

(2b + . ) Z j,p, - . X i.Px (4) J W JU1 • € - - JCW • € •.•• • • •..•••••••. • .•• 
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Therefore 

so that 

Z= Y and c/>z=c/>u+i ••.•••••••.....•..•..... (5) 

and hence 

y cos wt + z sin wt = Y V2 sin ( wt - cf>u) 

Therefore from fundamental equation No. 1, we have 

(aX cos cf>x + bwX sin c/>x + cwY sin c/>u) V2 sin wt 

- ( aX sin c/>x - bwX cos c/>x - cw Y cos cf>u) V2 cos wt= d sin wt 

so that 

aX cos cf>x + bwX sin cf>x + cw Y sin cf>u = j2 d ..... • • • • • • .(6) 

and 

aX sin cf>x - bwX cos cf>x - cw Y cos cpy = 0 .... , ............. (7) 

Now subtract (7) from (6) multiplied by j. Then 

aX ( j cos c/>x - sin cf>x) + bwX ( cos c/>x + j sin c/>x) + cw Y ( cos c/>u + j sin cpy) = j )
2 

d 

that is 

(b . ) X jrt,., Y jr/Jv - • 1 d w + Ja . e + cw . e -.J v'2 ..................... (8) 

and 

Accordingly from (3) we have 

X v'iei</Jx = _ jd (2b1 w +/a,_i) __ 
(bw + Ja)(2b1 w +.7ai)-c2 w2 

d ( a1 - j2b1 w) 
= aa1 - (2bb1 - c2

) w2 
- j (2ab1 + a 1b) w 

Therefore 

X v2 = d v °'12 + 4bi2 w2 

V[ aa1 - (2bb1 - c2) w2
]

2 + (2ab1 + a 1 b )2 w2 

,,_ _ t· _1 (2ab1 + a 1 b) w t _1 2b1 w .,, - an --·~---- an 
x aa1 - (2bb1 - c 2) w2 a1 

and from (3) and (5) 

2-2 
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and 

= ~ + tan_1. (2ab1 + a1b) (J) 

2 aa1 - (2bb1 - c2
) (J)

2 

and 
_1 2b1 (J) _ 1 (2ab1 + a1b) (J) cp = cp + 7r + tan -- - = 7r + tan -- - -- ···· -

z "' a 1 aa1 - (2bb1 - c2) (J)
2 

§ 6. Distortionless alternator with two field windings containing r, Land C 

in series in the armature circuit. 

In this case the fundamental equations are 

ax+ b ~; + e Jxdt + c 1 (y cos (L)t + z sin (J)t) = d sin (L)t 

dy d 
a1y + b1 dt + c dt (x cos (J)t) = 0 

a1 z + b1 :; + c ;t ( x sin (J)t) = 0 

where e = ~ and all other notations are the same as in Art. 3. 

Hence similarly as in Art. 3 we have 

ag + b ~; + e J ( g + ~ 1
) dt + c ( ~1 cos (L)t + ~f sin (L)t) = - f cos (L)t .. . ( 1) 

d,,, dg 
a1 'TJ + b1 dt + c dt cos (L)t = 0 ........................ ( 2) 

so that similarly as in Art. 3 

Now differentiate this and insert the relation (1). Then we have 

(bb1 - c2
) ~t!-+ (ab1 + a1b) ~; + (aa1 + b1e) g + b~e K1 + a1e J ( g + t) dt 

= b1 d sin (L)t- aid cos (L)t- ca1 (L) (TJ sin (L)t- scos (L)t) .. . (5) 
(J) 
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which by differentiation becomes 

2 d3
, d2

, d, ( K 1) 
(bbl - C ) dt3 + ( ab1 -t alb) dt2 + ( aal + bi e) dt + ale ' + U 

= bidw cos wt+ a1d sin wt+ cab:w (17sinwt-scoswt)-Ca1w2(17coswt+ssinwt) 

Hence inserting here the relations ( 4) and ( 5) we have 

b1 (bb1 - c2
) !t! + ( ab1

2 + 2a1 bb1 - a1 c2
) ~~f 

+ [2aa1b1 + a/b + b1 (bb1 - c2
) w2 + b/e] ~;+[a (a/+ b/w2

) + 2a1b1e J, 

so that 

d4, da, 
b1 (bb1 - c2

) dt4 + (ab/+ 2a1 bb1 - a1 c2
) dt3 + [2aa1b1 + a/b + b1 (bb1 - c2

) w2 +b/e J 

d2~ [ ( 2 b 2 2) 2 b ] d, ( 2 b 2 2) ( i: Ki) X dt2 + a al + I W + al I e dt + al + I W e \, + (t 

( 
a ' =ad Va 2 + 4b 2 w2 cos wt- tan-1- 1
-) 

i i i 2b1w 

so that 
~x ~x 

b1 (bb1 - c
2
) dt4 + ( ab/ + 2a1 bb1 - a1 c

2
) dta 

+ [2aa1b1 + a/b +b1 (bb1 -c2
) w2 + b/e] !t: + [a(a/ + b12 w2)+ 2a1b1e] !; 

+(a/+ b/w2
) ex= -a1dwvai2 + 4b/w2 sin ( wt-tan-1 2;,1w) 

This is a linear differential equation with constant coeffi.:!ients and its 

right-hand side is a simple sine function; so that x will also be a simple sine 

function and therefore symbolically we have 

(Pj4w4 + Q.i3w3 + Rj2w2 + Sjw + T) 4 = f 
that is 
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R = 2aa1 b1 + a/b + b1 (bb1 - 02
) w2 + b/e S = a (a1

2 + b?w2) + 2a1 b1e 

T= (a/+ b/w2
) e and Vv2 = - a1dw Va/+ 4b/w2 

But Pw4 -Rw2+ T = a 1 [a1e-(a1 b + 2ab1) w] 

and Qw2 -S = a 1 [(2bb1 -02
) w2 -(aa1 + 2b1e)J 

_[_ 

so that 
X=---------a_1w ________ _ 

· ~~ - (a1 b + 2ab1) w -j [(2bb1 - c2
) w2 -(aa1 + 2b1e)J 

c,) 

and therefore 
- MJ,,,, v'r/ + 4£/,,,2 

But 

['(L -(Lr1 + 2L1r) w J + [(2LL1-M2
) w2 -(rr1 + 

2t1) J 
and 

= \r/ + 4L/w2
) + [ (r + p2r1)2 ( Lw - ~w - 2p2 L1w Y] 

(2LL1-M2)w2- (rr1+ 2i/) r 
tan-1 ---------- - tan-1 

-
1~-

~ 24w 
Ow - (Lr1 + 2L1r) c,, 

where p =~win which z1 = Vr,2 + 2L,2w2 

Zj 

Therefore 
Mlw 
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and similarly as in Art. 4 

( 
I ) Lw- -~ - 2p2L1w 

- . Ow 'TT" 2L w 
y = pX V2 sm 2wt - tau-1 -----,---- - - - tau-1

-
1-

r + p2r1 2 r1 

and 

( 
I ) Lw---2p2 L1w 

- . Ow 2L w 
z = pX V2 sm 2wt - tau-1 

2 
- 7r - tau-1 _'/_ 

r + p r1 r:r 

§ 'i. Distortionless alternator with two field windings when both fields 
are excited. 

In this case two simple sine fields displaced in space by magnetical 90 

degrees superpose on each other; so that we have the fundamental equations 

ax + b ~; + c ft (y cos wt + z sin wt) = d V2 sin ( wt - 'i) 
dy d 

a1y + b1 di+ c d/x cos wt)= 0 

a1z + b1 :: + c 1 (x sin wt)= 0 

where a, b, c etc. all denote the same things as in Arts. 3 and 4. So that we 

have 
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so that similarly as in Art. 4 we arrive at the results 

v2d v a i+ 4b 2-~2 
X = -==~--1 . ____ !__ __ ... 

V[aal - ('2bb1 - c2)c,;2
]

2 + (a1b + 2ab1)2w2 

x sin (wt-'?'.: - tan-1 (a1b + 2ab1) w - + tan-1 2b1w) 
\ 4 aa1 - (2bb1 - c2

) w2 a1 

V2 d . ( 7r (b- 2p2b1) w) = ·Sm wt---tan-1 -~--
V(a+p2a1)2+(b-2p2b1)2w2 4 a+p2a1 

V2dcw 
y=~=~~=,=,;'==,c'==c=~ 

.Y[ aa1 - (2bb1 - c2
) w2

]
2 + ( a1 b + 2ab1)2 w2 

. ( 2 t 3 1r t _1 ( a1 b + 2ab1) w ) xsm w - - - an 
4 cw1 - (2bb1 - c2

) w2 

- v2 dp . . ( t O 7r t -I (b - 2p2b.) w t -1 2b1 w) - ==--c---====== sin w - .., - - an ---- - an --
.Y(a + p2a1)2 + (b- 2p2b1)

2 w2 4 a+ p2 a1 a1 

-v2dcw 
z = v'[aa1 - (2bb1 - c2) ~ 2] 2 + (a1b + 2ab1) 2 w2 

. ( 2 ~'TT' _ 1 (a1b+2ab1)w) 
x sm wt- ,J 4 - tan aa1 - (2bb1 - c2) w2 

-v2dp 
V(a + p2a1)

2 + (b- 2p2 b1)
2 w 2 

x sin (2wt- 5 '!!: - tau-1 (b- 2P"bi) w - tau-1 
2b1 w) 

'4 a+p2~ ~ 

§ 8. Distortionless altemator with single field winding. 
The distortionless alternator with two field windings 1s theoretically 

perfect. It requires however an extra space and copper for the cross field 

winding and, in order to make use of the cross field winding by exciting it 

as described in the preceding article, a little complication of the apparatus is 

unavoidable. 

A better practical solution of the distortionless alternator is obtained 

by the use of a field winding and a large reactance in series with it. 

As shown by Pro£ Lyle*, and also as will be proved by another method 

later in the theory of the single phase alternator, the armature current i 

* Philosophical Magazine 1909. 
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of the ordinary single phase alternator with non-salient and laminated poles 

and with simple sine flux distribution along the air gap is 
00 

i = I Lm+i v2 sin (2n + l.wt - </>zn+1) 
n=O 

which component harmonics have the amplitudes and the phase angles as 

follows: 

where 

(
2b . 2a) 

81= -+J-
c cw 

I I 
2b1 . 2a1 2b . 2a - - + J - - - + J - - etc. to oo 
c 2cw c 3cw 

(
2b . 2a) I I 

83 = c + J !kw - 2b1 • 2ai 2b . 2a t t 
-+J---+J - -e c. o oo 
c 4cw c 5cw 

etc. 

where a= r, b = L, a1 = r1, b1 = L1, c = M and Ii= the exciting current as 

in Art. 3. 

Hence putting ";f = oo that is ~ = oo so that 

we have 

so that 

I .,-2 ( · ,1,. • ) 211 Ml1w 
1 'V Sln '/'I - J COS <p1 = ~....-...:;....,,,-- = · ----;-

2£ . 2r Lw+Jr 
--+J-M Mw 

. MI1"' . ( Lw) 
i = -==== sm ©t - tan-1 

-
vr2+£2w2 r 

and all higher harmonics vanish. 
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The alternating current in the field circuit being 

i1 = i I 'l:11 V2 sin (2nwt - 'P2n) 
n=l 

where 

/(
• A,. • ) -J1 V2 

4 Sln 'f-'4 - J COS cp4 = ~~· ~~ 
81 • 82. 83 • s. 

etc. 

it is obviously equal to zero when -;; = oo, accordingly 

82 = 84 = 8,; = etc. = oo 

Thus by the use of a large rcactance in the field circuit we can have a 

distortionless alternator with single field winding. 

The field and armature current of this distortionless alternator with 

single field winding can also be found as a special case of the distortionless 

alternator with two field windings. Putting ;, = 0 so that p = 0 in the 

expressions of ia, i1d and i1c in Art. 4, we have 

ia = ___ J!J1_w sin (wt - tan-1 J,_w_) 
Vr2 +L2 w2 r 

and i1a = ifc = 0 

Thus we see that if a large reactance be inserted in series in the field 

circuit, then the armature circuit can be considered as independent of the 

field circuit, giving the fundamental equation 

. Ldia MI . ria+ dt = 1wsmwt. 

§ 9. Distortion of wave form due to pole projection. 

If the field poles be projecting so that the reluctance of the passage of 

the magnetic flux produced by the armature current be varying with time, 

then, notwithstanding the insertion of a large reactance in the field circuit, 

the armature current will be distorted. In this case, as in the case treated 

in the preceding article, the large reactance put in series in the field circuit 

suppresses any alternating current induced there and makes the armature 

circuit quite independent of the field circuit; so that if we assume the armature 

resistance and the load impedance constant and the armature inductance 
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varying with double the fundamental frequency due to pole projection 

following a simple rule shown by L (1 + p cos 2wt), where pis a proper fraction, 

then the fundamental equation for the armature current i will be 

ri + L #t [(1 + p cos 2wt) i] = E V2 sin wt 

where Ev2 = MI1 w 

that is L (1 + p cos 2wt) ~ + (r- 2pLw sin 2wt) i = Ev2 sin wt 

which solves to 

• __!'._. 1
1 

.,tan-1 (J
1
1

-Ptanwt)+log(l+pcos2wt) 
iELw , 1-p· +p 

E'v2 J Lrw • .J __ _!_--. tan-1 (✓11 -1! tan wt)+Jog(l+pcos2wt) sin wt d 0 = --- € 1 p +p .----- t+ 
L . I + p cos 2wt 

This however seems hard to integrate and therefore we shall at present 

be contented with the following solution of the permanent current only. 

Now put 

i = i, lnV2 sin (nwt - <pn) 
n=l 

then the fundamental equation becomes 
CX) 

Lw (1 + p cos 2wt) ~ nln cos (nwt - </>n) 
n=l 

00 

+ (r- 2pLw sin 2wt) ~ In sin (nwt - </>n) = E sin wt 
n=l 

that is 
CX) CX) 

Lw ~ nln cos (nwt- <pn) + r ! In sin (nwt- </>n) 
n=l n=l 

1 00 -- ---

+ 2 pLwn":,
1
nln [ cos (n - 2wt- 'Pn) + cos (n + 2wt- </>n)] 

a, ----- -~~ 

- pLw ! In [cos (n- 2wt-</>n)- cos(n + 2wt- </>n)] = Esin wt 
n=l 

that is 

11 [Lw cos (wt-4>1) + r sin (wt-¢1)]-~ pLwl1 cos (wt+4>1)+~pLwl3 cos(wt-cp3) 

+ / 2 [2Lwcos(2wt-4>2)+rsin(2wt-4>2)]+ pLwl4 cos(2wt-cp4) 

00 00 

+ Lw ~ nln cos (nwt- ¢n) + r ~ In sin (nwt- ¢n) 
n=3 n=S 

1 00 

+ 2 pLwn~} ln+2n cos (nwt- 'Pn+2) + ln_2n cos (nwt - cf,n-2)] 

= Esinwt 
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so that 

Lruli cos 'Pi - rl1 sin ¢1 - ~pLrul1 cos ¢1 + ½ pLrul3 cos <p3 = 0 ... (1) 

Lru/1 sin <pi+ rl1 cos <p1 + ~pLrul1 sin <p1 + ~pLrul3 sin <p3 =:= E ... (l') 

2Lru12 cos <f,2 -rl2 sin <f,2 +½. 2pLru14 cos <p4 = 0 ... (2) 

2Lru12 sin cf,2 + r/2 cos <f,2 + ~. 2pLrul4 sin <p4 = 0 ... (2') 

3Lrul8 cos cp3 - r/3 sin cp3 + ½. 3pLru (15 cos <p5 + 11 cos <p1) = 0 ... (3) 

3Lru/3 sin cp3 + r/3 cos <p3 + ½. 3pLru (/5 sin cp5 + 11 sin <f,1) = 0 ... (3') 

4Lrul4 cos cp4 - r/4 sin <p4 + ½. 4pLru (/6 cos cp6 + 12 cos <p2) = 0 ... ( 4) 

4Lru/4 sin <p4 + rl4 cos <p4 + ½. 4pLru (/6 sin cp6 + 12 sin <p2) = 0 ... ( 4') 

etc. 

n Lru In cos r/>n - rl n sin 'Pn + ~ np Lru ( ln+2 cos c/>n+2 + I n-2 cos 'Pn-2) = 0 

n Lru In sin c/>n + r In cos 'Pn + ~ np Lru ( l n+2 sin c/>n+2 + l n-2 sin 'Pn-2) = 0 

etc. 

so that adding (l'), (2'), (3') etc. multiplied by j to (1 ), (2), (3) etc. and dividing 

b 
1 L l i<l>i 1 2 L I i</>2 1 3 L I i</>a . l h Y 2p ru 1€ , 2. p ru 2€ , 2. p ru 3€ etc. respective y, we ave 

~ (l + jLr )- e-j2rp1 + /3e~</>s = _2_. )F! ............ (!) 
P ru / 1eJ</>i pLru I

1
eJ</>i 

2 ( . r ) /4 ei</>4 P 1 + J 2Lru + l2ei</>2 = 0 ................................. (H) 

2 ( . r ) l 5 ej</>5 11 ej<f,1 

- 1 +J ~·· +~-+--.-=0 ..................... (III) 
p 3Lru /3ei</>s lseJ</>s 

..................... (IV) 
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Therefore taking up the relations (III) (V) (VII) etc. we have 

- 1lj</>1 
~---- =Sa 

1a€i</>a 

where 

where 8s = ~ (1 + . __:_ ) - l l 
p J 5Lw 2 . r ) 2 ( . r ) - I 1 + J -~ - - l + J - - etc. 

p \ 7Lw p 9Lw 
etc. 

and from the relation (I) 

that is 

that is 

where 8 -
2 (1 + j r ) 

1 1 
1 

- p Lw - 2 ( . r ) 2 ( . r ) p 1 + J 3Lw - p 1 + J 5Lw - etc. 

so that if s1 = a+ jb, then 

/ 1 [(a -1) cos cf,1 - b sin <f,1] + jl, [b cos <f,1 +(a+ 1) sin <f,1] = p1w .jE 

accordingly 

and 

. a-1 2 
11 sm <!>1 = 2 b2 1 . -L . E a+ - pw 

b 2 
11 cos <f,1 = 2 b2 l . -~L . E a+ - p w 

Next taking up the relations (II) (IV) (VI) etc. we have 

0 
-- . =82 
l2eJ</>2 

where 2( . r) 1 1 
82 = p l + J 2.L~ - 2 (1 . r ) 2 (1 . r ) t 

- +J- -- +J- -e c. 
p 4Lw p 6Lw 

209 
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where 2( . r ) 1 1 
84 

= p 1 + J 4Lw - 2 (l . r ) 2 (l . r ) t - +J- -- +J- -ec. 

so that 

that is 

etc. 
p 6Lw p 8Lw 

l 2 €}¢z = l 4 EJ<P4 = l 6 e}<f,6 =etc.= 0 

12 = 14 = 16 = etc. = 0 

Here note that the component harmonics of the armature current i 

found above diminish in amplitude with the orders of the harmonics, which 

can be proved as follows.-

Since s2m+i may be written in the form 

(a +J'b) - •-1 -. that is (a - _c_) +J· (b +-d_') 
c + .Jd c2 + d2 c2 + d2 

2 
where a= -

p 

we can say that a-·-c->l 
c2 + d2 

that is when 

But 

Therefore 

But now 

2-1>! 
p C 

2 
- - 1 > 1 for p < 1 
p 

[s2m+1] > 1 when c > 1 

2 
c + jd = (e + jf)- --

1
-. 

g+ Jh 
where e=-

p 

so that similarly as above we can say that if g > 1 then c > I. 

Thus proceeding the condition sufficient for [s2m+i] > 1 is that the real 

term of S21n+i is> 1 when m is sufficiently large. 

But, when m is sufficiently large, S2m+1 becomes 

2 1 1 

which is > 1 for p < I. 

S2111,+1 = p - 2 2 
- - - - etc. to oo 
p p 

=!+J·~-1 p p· . 
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Therefore [s2,,,+1J > 1 in general. And since [I2m+1] = (.~2in-::~J, we can 
l 821n+1] 

conclude that the component harmonics diminish in amplitude with the orders 

of the harmonics. 

§ 10. Permanent short-circuit currents of the distortionless alternators. 

(a) Distortionless alternator with two field windings. 

Usually a 1 is negligible compared with b1 w, so that p =§= c/2b1 • 

Therefore if we denote the internal resistance and inductance of the 

armature by ai and bi respectively, then under the assumption that the 

direct field only is excited, the expression of the short-circuit current x 8 in 

the armature is 

But 

c2 1 1 1 1 
1- --- = 1- - = 1- - (1- u) = - (1 + u) where u = 1 - -

2bib1 2vv1 2 2 vv1 

and 

so that 

accordingly ai + 4ri2 al is negligible compared with bi ( 1 - 2ii) w and the 

expression of the short-circuit current in the armature is 
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and those of the alternating currents in the direct and cross field windings are 

and 

_ c 2d . ( 2 7r 7r _1 2b1ro) 
Ys - 2b1. biro (1 +IT). sm rot - 2 - 2 - tan ~ 

I I - u . (2 3 7r) = 1 . 1 + ~ . sm rot - 2 
l-1T 

=11, -
1 

- . cos 2rot 
+IT 

1-u . 1-u . 
z, = 11, -

1
- . sm (2rot - 27T') = Ii.

1
--. sm 2rot +1T +u 

These expressions coincide with those obtained by Mr Boucherot*. 

In the case when both direct and cross field windings are excited, we have 

2 v2d .r- 1- IT 
X.= b (l ). and Y.=Z,=v2I1 .-1-

iro + IT + IT 

But here note that for the same amplitude of the induced E.M.F. the exciting 

current in this case is ~1 times that when the direct field only is excited, and 

therefore the amplitude of the field and armature current at short-circuit is 

just the same whether one or both field windings are excited. 

(b) Distortionless alternator with single field winding. 

In this case if the pole be non-salient then the short-circuit current a:8 in 

the armature is 

d . ( 7r) -d 
X 8 = [j~-;,, sm rot - 2 = bi-;, cos rot 

If the pole be salient and p = ~ (see Art. 9), then since 

81=]-½ ½ =~+✓{~ =3·73 
- - - - etc. to oo P 
p p 

we have 

,.;- . 3·73 - 1 4 d 
Ii 2 sm c/>1 = 3-732 - 1 . biro. d = 0·846 biro 

I 1 v2 cos </>1 = O 

* See footnote p. 183. 
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I .;2 . r/... = - l 1 ./2 sin cf>, = _ 0_247 _j,_ 
3 sm 'f'.i 3·73 biro 

13 ✓2 cos cp3 = 0 

I . ,
2
- . ,1.. _ -13 V2 sin cp3 _ 

0
_
0663 

_j,_ 
5 v sm '1'5 - 3·73 - biro 

J5 V2 cosjcf:,5 = 0 

etc. 

d ( 1 1 ) 
X 8 = - 0·846 biro cos rot - 3''73 cos 3 wt+ 3_732 cos 5 rot - etc. 
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( c) Comparison of the magnitudes of the permanent short-circuit 
currents of the ordinary and distortionless altemators. 

As will be explained later in the theory of the single phase generator, 

the max1.mum value of the short-circuit current in the armature of the 

ordinary single phase generator with non-salient and laminated poles and 

with simple sine flux distribution along the air gap is 

and the maximum values of the alternating current in the field circuit are 

1-J;;: 
(Ys)positive max.= ft .;-;;. 

(y,)negative max.= -11(1 - ,/;;:) 

so that the maximum value of the field current including the exciting current is 

1 
.;-;;. It 

and the effective values are 

( ) 1 -¼ d 
Xa elf. = . 1- • U -b 

v 2 iCJJ 

Thus the ratio of the maximum values of the short-circuit currents in 
B. 3 
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the armature of the ordinary alternator with non-salient poles and the dis

tortionless alternators with two and single field winding is 

__!_. -~~. 1 ,,1;;. 1 + u. 

which is 1·414: 1·333: 1 when u = 0·5 

and 1 ·58 : l ·43 : 1 ,, u = 0·4 

and 3·16 :1·82 :1 

'fhe ratio of the maximum values of the field currents including the 

exciting current 11 is 

1-v;; 1- u 
--7;;, +l:l+u+l:l h . 1 2 l t at 1s _

1
_: 

1
~-: 

'VU + CJ' 

which is the same as the ratio of the armature currents. 

The ratio of the effective values of the armature currents is 

which is 

and 

and 

2 
(1' -¼._ · l 

· 1 + u· 

1·19:1·333:1 when u=0·5 

1·26: 1·4:3 : 1 

1·78: 1·82 : 1 
" 

u=0·4 

u=0·l 

The ratio of the effective values of the field currents including the ex

citing current is 

that is 

which is 

and 

and 

✓ 1 + ~ (1'- ½ (1 _ ,v;;)2 
= ✓ l + ~ G ~ :r = l 

J2u-!v1 + u: j1 + ~ G ~:Y= 1 

1·031: 1·055: 1 when u = 0·5 

1·053: 1·092: 1 u = 0·4 

1·321: 1·335: 1 ,, u = O·l 

§ 11. Terminal voltage and voltage regulation of the distortionless 

alternator with two field windings. 

Let a, and bi be the internal resistance and inductance of the armature, 

a, and b0 the external ones at full load, and a1 and b1 those of the field circuit. 
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Then as shown in Arts. 2 and 4 the expression of the full load current I 

(effective) is 
E 

!=--============== 
V(a, + ai + p2a1)

2 + (b, + bi - 2p2bI)2 w 2 

E 
= ------=----...---........ -------
✓ <a,+~i+ P2~)2+ [b,+½bi(l +u)r 00

2 

where Eis the effective value of the induced E.M.F. 

But the expression of the terminal voltage V (effective) is 

V = I Va,2 + b/w2 =Ia.sec cf>= Ibero cosec cf> 

where cp is the phase angle between the full load current and the terminal 

voltage, that is tan-I (b.w/a,) 

Accordingly la,.= V cos cf> and Ibero= V sin cf> 

Therefore if we denote ai + p2a1 by aiI, ½ bi (1 + u) by bi1, Vai12 + biI2 ro2 by 

ziI and tan-I (biiro/ai1) by a, then 

(V cos cf>+ IziI cos a)2 + ( V sin cf>+ Izi1 sin a)2 = E 2 

that is 
V 2 + 2VlziI cos (a - cp) + I 2zi/- E 2 = 0 

so that the expression of the terminal voltage V (effective) is 

V = - I ZiI cos ( a - rf>) + VE2 -12 Z;} sin2 
( a - cp) 

In the case when the load circuit contains in series a condenser of which 

the capacity is 0, then as shown in Art. 6 we have 

E 
l=~:"""""......,,......,,""""'......,,=~===--................ ~ 
✓(a.+ ai + p2aI)2 + [b.w - ~w + ½bi(l + u)w2T 

which, when b,w > 0~, gives the same expression of the terminal voltage 

Vas above, the difference being only that (bero - i
00

) is to be put in place 

of bew, but when b.w < dw gives the expression 

where 

V = - Izi1 cos (a+ cp) + v E 2
- /

2zi1
2 sin2 (a+ cp) 

1 
Cw - bew 

cp = tan-I---
ae 

3-2 
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Here note that, since the expressions of t,he load current I from Arts. 

2, 4 and 6 show that with regard to the load current we can consider, in 

place of the field and armature coils interlinked magnetically, a simple circuit 

having resistance ai + p2 a1 and reactancc ~ biw (I+ er) put in series with the 

load circuit, we can immediately write down the above expressions of the 

terminal voltage V from the diagrams shown in figures 2 and 3. 

E 

I Jae 

Fig. 2. Fig. 3. 

Next m order to fi~d tho expression of voltage regulation, let the ratio 

of the short-circuit current to the full load current be rn. Then first con

sidering the case when tho load circuit contains no condenser, we have 

rn= ✓(it~+ aJ2 + (b,; +b~1-;)
2 

ai? + bi1 2 w2 

that is 

that is 

so that 

a, sec cf>= - ( ai1 cos cf>+ bi1 ro sin cf>) + V rn2 
( a;12 + b;12 ro~) - ( ai1 sin cf> - b;1 w cos cf> )2 

But now 
V = la, sec cf> 

and 

E = I v(a, + ai1)2 + (b,ro +b;100)2 = I. m. vai12 + b;12 002 
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Therefore 

!7 _ - ( a;1 cos cf, + b;1 co sin cf>) + ,._(rnf(c0+b}--;;,2) - ( a;1 sin cp - b;1 co cos cp )2 

r,:-
J.!. m ,J a;1 

2 + b ;/ co" 

- ( a;.._ cos cf, + sin cp) + Jm2 (1 + a_;.2,) - ( a;._ sin cp - cos cp) 2 

~(.() ~~ ~(.() =-------------------------mJ1+b~t22 n co 

But ba;.2 
2 

is usually negligible compared with unity. 
ii co 

Therefore 

V . I ( a;1 ,,_ • ,,_) Ji 1 ( a;1 • )" - 9' - . - cos 'I' + sm 'I' + - - -- sm cf, - cos cp E m b;1 co m2 b;1 co 

Thus V/E having been found, the voltage regulation (E- V)/V can 

now be easily calculated. 

If the load circuit contains capacity, the same expression of V/ E as 

above holds when b,c:o > 1/0co; but when I/Oro> b,c:o the expression of V/E 

should read 

V - (-~£!_ cos cp - sin cf,) + Jrn2 (1 + ~t2) - ( ~ii sin cf,+ cos cp)
2 

bu CO b,1 CO bu W 

E=-----------✓~~-----~------
m 1+b~;.22 

n co 

. 1 ( Ui1 ,,_ • ,,_) ✓l 1 ( a;1 • ,,_ ,,_)
2 

=;= - -~ • -b- cos.,., - sm .,., + - 2 b-:-- sm 'I' + cos 'I' 
rn n<.O m n<.0 

Here note that if the current, which flows in the armature when field 

windings are open and E volt (effective) is applied to the armature from 

some external source, be m 1 times the fu\J load current, that is 

E E 
m.I = ./aF+/J;2~2 ~ b;c:o 

then since 
E E 

ml= -·- -- - =.= -----. , ··+b•2 1 
'Va;,· i1 co 2 b;c:o (I+ o-) 

we have 
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Thus m and accordingly m1 is an important factor affecting the voltage 

regulation; the greater the value of m and rn1 , the smaller being the voltage 

regulation, and the smaller the value of m and mi, the greater the voltage 

regulation. But now the magnitude of r1i1 and accordingly m depends mainly 

upon the value of bi and therefore upon the radial length of the air gap 

of the alternator. Therefore the radial length of the air gap is an important 

factor affecting the voltage regulation; the larger the gap length, the 

smaller being bi so that the greater the value of m and m1 and hence the 

smaller the voltage regulation; and the shorter the gap length, the larger 

being bi so that the smaller the value of m1 and m and hence the greater the 

voltage regulation. 

§ 12. Evaluation of the ratio of resistance to reactance of the field and 
armature windings. 

Let E be the induced E.M.F. (effective) and I the full load armature 

current (effective). Then since 
E 

ai Iai bioo Iai 
biw = E T =mi E 

we can say that ai/biw is the product of the ratio of the resistance drop to 

the induced E.M.F. and the ratio of E/biw to the full load current. Note that 

this E/biw is the current which flows in the armature when the field circuit 

is open and E volt is applied from some external source to the armature. 

Next 
I cI1w • I cI1w I c I nr I 

mJ = V2 Va/+ bi2 W 2 
7 :V,'f biw = V2. b/ Ir= v2. --;; ·-;;. If 

where v is the armature leakage coefficient, and nr and n are the field and 

armature number of turns. 

Therefore n1I1 = V2 m1vnI that is ampereconductors of the direct field 

winding due to the exciting current is V2m1 v times that of the armature 

winding. 
For obtaining the total ampereconductors in the direct field winding, 

however, we have to consider also the induced current pl which is 

~ cb_ I=!. ~. !_. I where vr is the field leakage coefficient. 
2 1 2 nf Vf 



Permanent Phenomena. 219 

Therefore the total ampereconductors in the direct field winding is 

nij2mi2v2 + 
4

1 
that is v2mvnl .j1 + ___ !_ __ 

v,2 8m/v2v/ 
that is 

V2m1vnl j 1 + ! . (1:_--_cr) 2

. 

8 ml 

But (1 - u)2 is usually small compared with 8m1
2• Therefore we can for 

approximation neglect the second term and take up v2m1vnl as the total 

ampereconductors in the direct field winding. 

Thus if the same amount of the ampereconductors per unit length 

along the circumference is adopted for the field and armature winding, then 

the space for the direct field winding must be V2m1v times that for the 

armature winding. But owing to the smaller iron loss in the field core and 

better cooling of the field winding we can take the ampereconductors per 

unit length of the field winding much higher than that of the armature 

winding. If the ratio of the ampereconductors per unit length of the field 

winding to that of the armature winding be equal to K then the space for 

the direct field winding will be V2m1 v/K times that for the armature 

winding. 

Now. both resistance and reactance are proportional to the square of the 

number of turns for fixed space, so that if the space for winding be con

stant, then the ratio of the resistance to reactance of the winding remains 

unchanged with the number of turns in the winding; while change of the 

winding space causes inversely proportional change of the resi~tance of the 

winding. Therefore neglecting a slight change of reluctance accompanying 

the change of the winding space, we can say that the ratio of aifb1w to 

a;jbiw is equal to the reciprocal of the ratio of the winding space for the 

field winding to that of the armature winding, that is equal to Kjv2m1v; 

and hence finally we have 
a1 K lai 

b1w = v2v •J!f 

Note that in the above we assume that the circumference occupied by one 

field winding, direct or cross, is equal to that occupied by the armature 
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winding and also assume that the direct field winding only is excited. If 

both field windings be excited then, since J2 times that exciting current 

when the direct field winding only is excited will do for the same induced 

E.M.F., we have the relation n_111 = mvnl in place of n111 = ./2mvnl. But, 

since we have then heat of an equal amount produced in the two field 

windings, the ampere-turns per unit length in the field winding should in 

this case be taken smaller than that when the direct field winding only is 

excited. Thus taking K' in place of Kin the previous case we have here 

a, K' lai 
b,w -;-·JJJ 

N d. 1 1 ai, h . ai + p2 a, 
ext procee mg to ca cu ate -b- t at 1s 

1 
uW b ( 

2 iW l+CT) 

it is 

-' 1 +-(}-CT)-a· [ 1 K 1 
- biw 4 2mv 
- 1 

2 (}+CT) 

lai 1 K 
As an example if we take the case when E = I00, CT= 0·4, 2v = 1 

then form,= 4, 3 and 2 we have the results as shown in the following table. 

Voltage regulation in °la for 
a1 a; ail m 

biw b;w b~~w cos q,= 1 cos,t,=0·9 cos q,=0·8 

I 
lagging lagging 

' 1 i 1 1 
m,=4 

100 
- - 5·7 2·7 10·7 14·0 
25 17 

m,=3 
1 1 1 

4·28 4·0 15·3 19·8 - - -
100 33 22 

---

m1 =2 
1 1 l I 2·9 7·8 26·0 33·8 

100 
--

33 I 50 
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§ 13. Terminal voltage and voltage regulation of the distortionless 
alternator with single field winding. 

Similarly as in Art. 11, the expression of the terminal voltage Vis, when 

the load current is lagging, 

V = - I Zi cos ( a - q,) + ,./ E 2 
- /2 z; sin ( a - q,) 

where 

and the ratio of the terminal voltage to the induced E.M.F. is 

V I ( a; A- • A-) ji -1 -(- a~ . --- )2 

'---- ~ - - . - cos 'I' + sm 'I' + - - . - sm q, - cos q, 
E m b;w m2 b;w 

where m is as said before the ratio of the short-circuit current to the full 

load current, and is here specially equal to m1 , for the short-circuit current 

is in this case equal to E/b;w. 

In the case when the load current is leading we have to put - q, in place 

of q, in the above expressions of V and VJ E. 

As an example if we take the case when /;; = l~O, as m the pre-

vious article, then for m = 6, 4 and 3 we have the results as shown in the 

following table. 

Voltage regulation in °lo for 
a1 a; -------

1,;;;; ,;;,;, 
COSrp=l cos ¢=0·9 cos ¢=0·8 

lagging lagging 
-----

rn,=m1 =6. 
1 :3 

2·5 10,2 13·4 
100 

-
50 

-----

m=m1 = 4 
1 1 

4·2 15·2 22·0 - -
100 25 

-----

m=m1 = 3 
1 1 7·2 24·0 32·0 

100 
-
33 

Comparing this with that in the previous article, we see that for the 

same value of m1 , the distortionless alternator with two field windings has 

a smaller, that is a better, voltage regulation compared with that with 

single field winding. 



Chapter II. 
Transient Phenomena. 

§ 14. Complete solution of the distortionless alternator with two field 
windings. 

As explained in Art. 4 the complete solution of the armature current xis 

x = X ./2 sin ( rot - <J,x) + A eat+ Bef11 + CeY1 

where A, B and C are the arbitrary constants and a, fl and ry are the roots of 

b1 (bb1 - c2
) -X,3 +(ab/+ 2a1 bb1 - a1 c2)-X,2 + [2aa1b1 + a/b + b1 (bb1 - c2

) ro2
]-;\, 

+ a (a?+ b?w2
) = 0 

Now putting this complete solution of x in the fundamental equation 

of y we have 

dy d .r 
a1y + bi dt + C dt. {[X 'V 2 sin (rot- cf,x) + A eat+ Bef11 + CeY1

] cos rot}= 0 

that is 
dy -

a1y + b1 dt + cX v2ro cos (2rot-cf,x) + C (Aaeat + Bf]ef11 + CryeY1) cos rot 

that is 
- cro (A eat+ Bef11 + CeY1) sin rot= 0 

dy a1 c .,- c .,-- . ( a) 
dt + r;;_ Y = - b; X 'V 2 ro cos ( 2rot - <px) + bi . A ~t v a2 + ro2 sm rot - tan-1 

; 

which solves to 

-- t - t 

+ ~ . Bef11 
./ f12 + w2 sin ( rot - tan-1 

~) 

+ ~. CeY1 Vry2 + ro2 sin ( rot- tan-1 
~) 

b C - b 
a1 l a1 

y.e 1 =-biXv2w e 1 cos(2rot-<J,x)dt 

c ·-- b+a. t a j (al ) 

+ bi A . ./ a2 + ro2 
E 

1 
• sin ( rot - tan-1 

-;;,) dt 

c -j (?+~)t ( ) +biC.vry2 +ro2 
€ I .sin wt-tan-1

~ dt 

+K 
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that is 

- cX V2w ( 2biw) y = ,J - cos 2wt - cf>x - tau-I -
a,2 + 4b,2w2 aI 

that is 

y = pX V2 sin ( 2wt - cf>x - i - tan-1 
2
:,w) + A 1 e"1 sin ( wt - 00 ) 

where 

cA va.2 + w2 cB✓ /32 + ~2 cOvry2 + w2 

Ai= v(ai+biaj2-+b~;., Bi= v(a
1

+~b~/j)2 +b-/w2 ' Ci= v(a
1
+biry)2+b/w2 

e = tau-I airy+ bI (ry2 + w2} 
Y aiw 

Next putting the complete solution of x in the fundamental equation 

of z we have 

that is 

a,z + b, ~; + cX v2w sin (2wt - cf>.,}+ c (Aa.e01 + B{3efl1 + OryeY1) sin wt 

+ cw (Ae•1 + Befl1 + 0eY1) cos wt= 0 
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that is 

dz a1 c .1- • c .i---" ( a) dt + 
11
-;_ z = - bi Xv 2 ro sm (2rot - cf>x) - bi Ae<1 v a2 + a,- cos wt - tan-1

; 

- _() Be/31 ,.j /32 + ro2 cos (wt - tan-1 @) 
~ <,) 

which solves to 

C ~ I (?+~)t ( ) - bi O V12 + ro2 
i; 

1 
• cos rot - tan-1 ~ dt 

+K1 

which, similarly as before, becomes 

- ':I t 
- B1 e/Jt cos (wt- 0/J) - 01e"'l1 cos (wt - 0y) + K1.e bi 

where A1 , B1, 01 , 0a, 013 and 0y denote the same things as before. 

Now since 

we have 

and therefore 

0 
a1a + b1 (a2 + ro2

) tan a= -----
al<,) 
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But now the equation giving the roots a, fl and 'Y reads 

c2X [ a1X + b1 (X2 + ro2
)] = bb12X3 + b1 (ab1 + 2aib) X2 + (a/b + 2aa1 b1 + bb/002

) X 

+ a (a12 + b12ro2) 

= b/X2 (bX +a)+ 2a1b1X (b"11, +a)+ (a/+ b/ro2)(bX + a) 

= (b"11, + a)[(a1 + b1X)2 + b/ro2] 

so that 

Therefore we have 

c [ a1 rx + b1 ( a2 + ro2
)] a + brx 

( a1 + b1 rx )2 + b12 ro2 = ~ 

(a+ brx) A. - caA 1 sin0,. = 0 

and similarly from tan 0fJ and tan 0y we have 

(a+ bf]) B- cf]B1 sin 0fl = 0 

and 

(a+bry) C-cryC1 sin0y=O 

But now putting the complete solution of x, y and z in the fundamental 

equation of x and dropping permanent terms, we have 

(a+ ba.)A.e"t + (a+ bf])BefJt +(a+ bry) Ce'Y1 - c £ (A 1e"t sin 0a. + B1 efJt sin 0fJ 

_'!'.!t _l!'lt 
+ C1e'Yt sin fly - Ke bi cos rot- K 1e bi sin rot)= 0 

that is 

[(a+ brx) .A - crxA. 1 sin 0,.] e"t +[(a+ bf]) B - cf]B1 sin 0fJ] efJt 

+[(a+ b'Y) 0- cry01 sin 0y] e'Yt 

- c [ K (~ cos rot + ro sin rot) + K1 (~ sin rot - ro cos rot)] e - ~ t = 0 

Therefore we have 

so that 

that is 
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so that 

K=O and K 1 =0 

and hence the complete solutions of y and z become 

X . ,-2 . ( 2 7r 2b1 ro) Y = p v sm rot - cf,x - - - tan-1 -
2 a1 

X .r2 . ( 2b1 ro) z = p v sm 2rot - cf,x - 'TT' - tan-1 ci; 

- Ai €at cos ( rot- 0 .. ) - Bi e/Jt cos ( rot - 0/J) - al eYt cos ( rot- 0-y) 

Note that the expressions of ~ 1
, tan e .. , !1

, tan 0/J, % , and tan 0-r found 

before can be checked as follows. 

Putting the complete solutions of x and y in the fundamental equation 

of y and dropping the permanent terms, we have 
a1 - -t 

a 1 [ A 1 e .. t sin ( rot - 0.,) + B1 E/Jt sin ( rot - 0/J) + a 1 eYt sin ( rot - 0-r) + KE bi ] 

that is 

+ b1 ~ [A 1e .. t sin (rot - 0 .. ) + B1 e/Jt sin (rot - 013 ) 

d 
+ c - [(Ae«t + Be/Jt + OeYt) cos rot]= 0 

dt 

{A 1 [( a1 + b1 a) sin (rot - 0.,) + b1ro cos ( rot - 0 .. )] + cA (a cos rot - rosin rot)} ea.t 

+ {B1[(Ui + b1 /3) sin (rot- 013) + b1 ro cos (rot- 0/J)] + cB(/3 cos rot-rosin rot)} e/Jt 

+ {C1[(a1 + b1,y)sin(rot-8y) + b1 rocos(rot-0-r)J+ca(,ycos rot- rosin rot)}eYt=O 

so that 
[(Ui + b1a) cos 0 .. + b1 ro sin 0 .. ] A 1 -croA = 0 

[(a1 + b1a) sin 0 .. - b1ro cos 0.,] A1 - caA = 0 

[(Ui +b1f3)cos 013 + b1 ro sin 8/J]B1 - croB = 0 

[( Ui + b1/3) sin 0/J - b1 ro cos 0/J] B1 - cf3B = 0 

[(a1 + b1,Y) cos 0-y + b1ro sin Oy] al - croa = 0 

[(a1 + b1,y) sin Oy - b1ro cos 0-y] 01 - c,y O = 0 
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that is 
A (a1 + b1a) cos 0 .. + b1ro sin 0._ (a1 + b1a) sin 0 .. - b,ro cos 0 .. 
A 1 = cro ca 

B (a1 + b1/3) cos 08 + b1ro sin 0f3 _ (a1 + bi{]) sin 0f3 -b1ro cos 0f3 
B

1 
= -------- cro --~- - c/3 

0 (a1 + b1,y)cos 0y + b1ro sin 0y (a1 + b1,y)sin 0y- b1ro cos 0y 
01 = cro · = - cry -

the first of which gives 

[(a1 + b1a) a+ b1ro2] cos 0 .. = [(a1 + b,a) ro - b1roa] sin 0._ 
that is 

so that 

and 

tan 0a = a1a +__b1(a2 + ro2) 
al ro 

and hence 

A (~ + b1a) al ro + b, ro [ala+ b1 (a2 + ro2)] v(a~ + b~a)2 ·+ b/ro2 

Ai= crov(a1+b1a)2+b12ro2.va2 +ro2 =-- - cva;:+ro2 ~ 

similarly from the second we have 

tan 0f3 = a_1_/3_+_b1_(13_2 +_ro_2) 
a1ro 

and from the third 

and B 'li(a1 + b1/3)2 + b12 ro2 

B1 = c V /32 + ro2 

t 0 a1'Y + bl (ry2 + ro2
) and O v(a1 + b1ry)2 + b/ro2 

an y= a1ro 01 = cv,y2 +~2 
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The same relations arc also obtained by putting the complete solutions 

of x and z in the fundamental equation of z. 

§ 15. Determination of the arbitrary constants .A, B and o. 
The complete solutions are 

x = X v2 sin ( rot - <f>x) + A e .. t + Bef3t + OeYt 

y = y vfsin (2rot - <py) + A1E .. t sin (rot- 0 .. ) + B1ef3t sin (rot - 0(3) 

+ 01eYtsin(rot-0y) 

z = Z v2 sin (2rot - cf,z)- .A 1e"t cos(rot- 0 .. )- B1ef3t cos (rot- 0fl) 

- 0 1 Eyt cos ( rot - 0y) 
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Hence if the initial conditions be 

x=x0 , y=y0 and z=z0 at t=t0 where Xo=X0 .J2sin(wt0 -c/>xo) 

Yo= Y0 V2 sin (2wt0 - c/>vo) and Z0 = Z0 V2 sin (2wto - c/>zo) 

then we have the relations 

Ae"10 + Bef!' 10 + OeYt, = - (xo' - x0) 

A 1 e"1• sin ( wt0 - 0a) + B1 eflt, sin ( wt0 - 0/l) + 01 eYt, sin ( wto - 0.,) = - (yo' - Yo) 

Ai e"to cos ( wto - 0a) + B1 e/l!o cos ( wto - 0/l) + al eY1• cos ( wto - 0.,) = (zo' - Zo) 

where 

and 

Yo'= Y V2 sin (2wt0 - cpy) 

zo' = Z V2 sin (2wt0 - cf>,) 

Therefore denoting ~ 1 by L, ! by M and ~ by N, the relations become 

Ae"1• + Be/lt, + CeYt, = - (xo' - x0) 

Ae"toL sin(wt0 - 0a) + Bef!' 10 M sin(wt0 - 0/l) + CeYt,N sin ('wt0 - 0-,)= -(yo' -y0) 

Ae"t,£ COS (wt0 - 0a) + Befl10 M COS (wt0 - 0/l) + CeYtoN COS (wt0 - 0.,) = (z0' - z0 ) 

which solve to 

-(x0'-x0) 1 1 

Ae"t, = -(y0' -y0 ) .JIil sin (wt0 - 0/l) N sin (wt0 - 0.,) -,- il 

+ (z0' - z0) JIil cos (wt0 - 0/l) N cos (wt 0 - 0.,) 

1 1 1 

where ~ = L sin (wt0 - 0a) M sin (wt0 - 0/l) N sin (wt0 - 0.,) 

1 
Lcos(wt0 -0a) llfcos(wt0 -0/l) Ncos(wt0 -0.,) 1 

= MN sin (0.,- 0/l) + NL sin (0" - 0-,) + LM sin (0/l- 0a) 

But now 

L. 0 _c[a1a+b1 (a2 +w2
)] 

sm "- (a1 + b1a)2 + b?w2 

M sin 0 = c [a1.B + b1 (,B'J + w2)] 
/l (a1 + b1/3)2 + b/w2 

N 
. 

0 
c [a1ry + b1 (ry2 + w2

)] 
Sln = ----~--

y (a1+b1'Y)2 +b1
2 w• 

M 0 a1CW 

cos /l = ( b Q)2 b 2 2 al+ II-' + 1 W 

N 0 
a1CW 

cos ., = ( b )2 b 2 z al+ 1,Y + 1 Cl) 
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Therefore the denominator of Ae"t• is 

a1 c2 w [a1 (ry - /3) + b1 ( ry2 
- /32

)] a1c2 w [ a1 (a - ry) + b1 (a2 
- ry2)] 

[( al +b1 ry)2+-612
~] [(al+ b1f3>2+ b?w2] + [(a1 + b1 a)2 + b/w2

] [(a1 + bl 'Y )2 + b/w2] 

+ a1c2 w[a1(f3-a)+b1((32 -a2
)] 

[( a1 + b1f3)2 + b12 w2J[( a1 + b1 a)2 + b12 w2
] 

_ 2 I [ a1 ( 'Y - /3) + b1 ( "f2 
- /32

)] [( a1 + b1 a)2 + b1
2 w2

] 

- aic w II [(a1 + b1a)2 + b12 w2] 

a1
2 b/c2 w ((3- ry) (ry - a) (a - (3) 

II [( a1 + b1 a)2 + b1
2 w2

] 

Next the numerator of AE"to is 

= - (x0' - x0) MN sin (0y - 0/J)- (yo' -yo) [M cos (wt0 - 0/J)- N co,; (wt0 - fly)] 

- (zo' - z0 ) [M sin (wt0 - 0/J) -N sin (wt0 - 0y)] 
But now 

x0' MN sin (0y -0/J) + yo' [M cos (wt0 - 0/J) - N cos (wt0 - 0y)] 

+ z0' [M sin (wt0 - 0FJ) -N sin (wt0 - 0y)] 

= X v2 MN sin (0y - 0FJ) sin (wt0 - cf,,.,) 

+ Y V2 [ M cos (wt0 - 0/J) - N cos (wt0 - 0y)] sin (2wt0 - cpy) 
- Y v2 [ M sin (wt0 - 0FJ) - N sin (wt0 - 0y)] cos (2wt0 - cpy) 

= X v2 MN sin (0y - 0FJ) sin (wt0 - cf,,.,) 

+ Y v2 M sin (wt0 - cpy + 0FJ)- Y v2N sin (wt0 - cpy + 0y) 

• 'TT' 2b1 w . . I f b whwh, when cf,,.,+ 2 + tan-1 ~ 1s put m pace o cf,11 , ecomes 

and 

.,-[ . 2b1 cw2 N 0 =xv 2 MN sm (Oy - e{J) - 2 4b. 2 (M cos e{J - cos y) 
al+ 1 W 

+ 2 a
1
~; 

2 2 
(M sin 0/J -N sin 0y)] sin (wt0 - cf,,.,) 

al+ I W 

- X v2 [---a2_c_w~ (M cos 0FJ - N cos 0 ) 
a/+ 4b1

2 w2 Y 

+ -~bicw_
2

_ (M sin 0/J -N sin 0 )] cos (wt0 - cf,,.,) 
a?+ 4b?w2 Y 

But 
. . - a1 c2 w ((3 - ry )[ Ui + b1 ((3 - ry)] 
MN sm (0y - 0/J) = [(a1 + b1f3)2 + b~•ro2][(a1 + b1ry)2 + b/w•] 

M cos e{J - N cos 0y = - a1b1CW ((3- ry) [2a1 + bl (fJ + ry)J 

" 
n,r. e N. 

0 
ca1(8-ry)[a?+a1b1(f3+ry)+b?(/3ry-w2)l 

J.'-l Slll fJ - Sln y = 
J) 

s. 4 
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so that 

a1Cro (M cos 0fJ - N cos 0.,) + 2b1CW2 (M sin 0fJ - N sin 0.,) 

_ rt1 bi2c2ro2 (/3- ry) [ a1 (/3 + ry) + 2b1 (/3,y '- w~)J 
- [(a1 + b1/3)2 + b/w2

] [(a1 + b1ry)2 + b/w2
] 

and 

_ a1 b?c2 ro (/3- ry) [ a1 (/3,y - ro2) - 2b1 ro2 (/3 + ry)J 
- (al+ 4b/w2) [(a1 + b1/3)2 + b/ro2] [(a1 + b1ry)2 + b/w2

] 

accordingly 

[ MN sin (0., - 0fl)-
2

2
b1

~;: 
2 
(JI cos 0,, -N cos 0.,) 

al+ 1 W 

+ / 1
~~ 2 2 (Msin0,,-Nsin0.,)]

2 

al+ 1 (I) _ 

[ 
a1cw 0 N 0 2b1cw2 

( u . 0 N . 0 ] 2 

+ 4b (M cos fl - cos .,) + 2 4b. 2 1u sm fl - sm .,) a/+ 1
2 w2 a1 + /ro 

a12 b1, c4 w2 (/3 - ry )2 (/32 + w2) ( "/2 + ro2) 

Therefore 

x 0' JIN sin (0., - 0fJ) + y0' [M cos (rot0 - 0,,)- N cos (wt0 - 0-,)] 

+ zo' [M sin (rot0 - 0fJ) - N sin (wt0 - 0.,)J 

= X V2 F sin ( rot0 - cf>x ....:. ·cp) 

where F = a 1b1
2 c2

w (/3-ry) V(/!_~ + w_-22-(i_+ ~2
) -~---~ _ 

[(a1 + b1/3)2 + b/w2
] [(a1 + b1ry)2 + b12 ro2

] -Va?+ 4b/ro2 

and cp = tan_1 w [a1 (/3 + ry) + 2b1 (/3,y - ro2
)] = 7r _ cf>' 

a1 (/3,y - ro2) - 2b1 w2 (/3 + ry) 

where a /3,y - ro2 

cf>' = tan-1 -
1 + tan-1 -------,'~~ 

2b1 ro w (/3 + ry) 
similarly we have 

X 0 MN sin (0., - 0fJ) + Yo [M cos (rot0 - 0fJ) - N cos (wt0 - 0-,)] 

+ Z0 [M sin (rot0 - 0fJ) - N sin (wt0 - 0.,)J 

= X 0 V2F sin (wto -cf>xo - cp) 

where F and cp denote the same things as before. 
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Hence the numerator of AEato is 

- F. [ X V2 sin ( wt0 - cf>x - 7r + cf>') - X 0 .,/2 sin ( wto - cf>xo - 7r +cf>')] 

= F. [ X ,j 2 sin ( wt0 - cf>x + cf>') - X o V2 sin ( wto - cf>xo + cf>')] 

= FXn V2 sin ( wto - cf>n + cf>') 
where 

Xn= VX 2 + Xo2
- 2XXoCOS (cf>x - cf>xo) 

and 
,1.. _ 1 X sin cf>., - X 0 sin cf,.,0 
.,,n=tan X ,1.. v ,1.. 

COS '/'X - .d O COS '/'XO 

Therefore we have 

Next 
1 -(xo'-a:0) 1 

BJJto = L sin ( wt0 - 0a) - (y0' - y0) N sin ( wt0 - 0y) -,- A 

Leos (wt0 -0a) + (zo' - z0) N cos (wt0 - 0y) 

where A is that A which is the denominator of AEat, 

and 

-(a:o' - Xo) 

-(yo' -yo) 

+ (zo' - z0) 

1 1 

Nsin(wt0 -0y) Lsin(wt0 -0a) .,-A 

N cos (wt0 - 0y) L cos (wt0 - 0a) 

1 1 -(xo'-x0) 

0EY1• = L sin ( wt0 - 0a) M sin ( wto - 013) - (yo' - Yo) -,- A 

L cos ( wt0 - 0.,) M cos ( wt0 - 013) + (z0' - z0) 

-(x0'-x0) 1 1 I 
= -(y0' -y0) L sin (wt0 - 0a) M sin (wt0 - 0/l) -,- A 

+(z0'-z0) Lcos(wto-0a.) Mcos(wt0 -0/l) I 
so that from AEa.t,, by cyclical change of letters a., f3 and ry, we have 

B~t, = - Xn V2 [(aI + bif3)2 + b/w2
] V(ry2 + w2){a2 + w2) 

a1 ( a. - f3) (fl- ry) VaI2 + 4bI2 w2 

231 

x sin (wto - cf>n + tan-I 2abI + tan-I ry(a. - w2)) 
IW · W ry+a 

4-2 
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and 

Here note that denoting Aeat, by A', Be/lt, by B', Ce'Y10 by C', A1Eat0 

by Ai', B1e/lto by Bi' and 01e'Yto by Ci' the transient terms of x become 

that of y becomes 

A/ ealt-tol sin (rot - 0 .. ) + B/E/liHoi sin (rot - 0µ) + O/E-YIHol sin (rot - 0y) 

and that of z becomes 

-Ai' e"it-toJ cos ( rot - 0 .. ) - Bi' et31t-t,1 cos ( rot - 0/l) - Ci' e'Y lt-t,) cos ( rot - 0y) 

where 0 .. , 0/l and 0y denote the same things as in the previous article and 

Ai' Bi' d Ci' 1 A 1 B1 d cl . 1 A,-, B' an O' are equa to A , B an O respective y. 

§ 16. Evaluation of the roots a, /3 and 'Y• 

a, /3 and 'Y are the roots of 

b1 (bb1 - c2
) ;v +(ab?+ 2a1bb1 - a1c") ;\2 + [2aa1b1 + a?b + b1 (bb1 - c2

) ro2
] ;\ 

+ a ( a/ + b/ ro2
) = 0 

which, by dividing by bb1
2 ro2 and putting 

becomes 

A, 
-=X 
ro 

c2 
and 1 - bb

1 
= u, 

ua.P + (p + q + qu) x2 + (2pq + q2 + u) x + p (q2 + 1) = 0 

Now, since a, b, c, a1 , b1 , w and u are all positive, all the coefficients 

of the cubic equation are positive, so that all real roots of the cubic equation 

must be negative and therefore, when a, /3 and 'Y are all real, the com

plementary functions of x, y and z are all transient terms, their magnitudes 

all diminishing with time. 

Next, let us take up the case when the given equation has a real root 
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- a and two imaginary roots µ ±jv and examine whether µ is positive or 

negative in that case. The given equation is 

Ax8+Bx2 + Ox+D=O 

where 

Therefore we have 

Ax8+Bx2 + Cx + D = A (x +a) (x2
- 2µx+ µ 2 + v2) 

so that 

so that 

so that 

that is 

= A [x3+ (a- 2µ)x2 + (µ2 + v2
- 2µa)x+ a(µ2 + v2)] 

A (a- 2µ) =B, A (µ-2 + v2
- 2µ,a)= C and Aa (µ2 + v2) =D 

A (fa -2µa)=o that is D-2Aµa 2 =Ca 

D - 2Aµa2 = C (i + 2µ) 

2µ(Aa2 + O)A = AD-BC 

so thatµ has the same sign as AD - BO. 

But 

BO-AD=(p + q+qu) (2pq + q2 + u)-up (q2 + 1) 

= q (p + q) (2p + q + qu) + qu (I+ u) 

>0 

Therefore µ is negative, that is, the real term of the two conjugate 

imaginary roots is negative and this fact proves, as will be seen later, that 

the complementary functions of x, y and z are all transient terms also when 

two of the three roots a, /3 and ry are imaginary. 

Now, proceeding to find the roots of the cubic equation, we know that 

if the cubic equation be expressed in the form 

Ax3 + 3B1x2 + 301x+ D = 0 

then the roots can be expressed in the form x = ~ (z - B1) where z is given 

by 
z3 + 3Hz+ G =0 

where 
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that is 

z1 = p! + Q½, z2 = w1 Pi + ro2 Ql and Z3 = w2 P! + w1 Qi 

Where 1 1 . ,~-- - - Q = - ! 0 - ! . '02 + 4Ha p = - 2 G + 2 v a2 + 4H3, 2 2 v , 

1 1 - 1 1 .r-
w = - - + - v - 3 and w2 = - - - - v - 3 

I 2 2 2 2 

and the roots are all real when 0 2 + 4H3 < 0 and two of them are imaginary 

when 0 2 + 4H3 > 0. 

Proceeding to evaluate 0 2 + 4H3 it is 

(2B.3 - 3.AB1 cl+ .A 2 D)2 + 4 (.Ac) - Bi2)2 

that is 

where ~ is the discriminant of the cubic equation and is 

= .A2D2
- 6.AB1 C1 D + 4.A0.3 + 4B/D - 3B12 C/ 

= 
2
\. [4.AC3

- B2 (C2
- 4BD)- 9.AD (2BC- 3.AD)] 

But 

C2 
- 4BD = - 4p2

- 4pq (q2 <r + 1) + (q2 + u)2 

and 

2BC- 3.AD = 4p2q + p [q2 (6 + <r)- <r] + 2q (q2 + <r) (1 + <r) 

accordingly 

and 

B2 (C2 
- 4BD) = - 4p4 

- 4p3 q (q2<r + 3 + 2<r)- p 2 [q 4 (8u2 + 8<r -1) 

+ 2q2 (6 + 7 (T + 2<r2
)- <r2

]- 2pq (1 + <r) [q4 (2<r2 + 2<r + 1) 

+ 2q2 - <r2] + q2 (q2 + (T )2 (1 + (T )2 

403 - 9D (2BC- 3.AD) = - 4p3q (q2 + 9)- 3p2 [q4 (2 + 3<r) + 2q2 (9 - 8u)- 3<r] 

- 6pq [q4 (3<r- l) + q2 (3<r2 
- 2<r + 3) + <r (3- <r)] + 4 (q2 + <r)3 

so that 

27 .~=.A [4C 3 -9D(2BC-3.AD)]-B2(C2 -4BD) 

= 4p4 + 4p3 q (3 - 7 <r)- p 2 [q4 (1 - <r)2 
- 4q2 (3 - lO<r + 13<r2

)- 8<r2
] 

- 2pq [q4 (1- <r)2 (1- 2<r)- q2 (l - 3<r) (2 - (T + 3a-2
) + 2<r2 (5 - <r)] 

-(q2 + <r)2 [q2 (l -tr)2 -4u2
] 
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. 1 l (q)2 0·9 (q)2 

Now 1f q < 
100 

and CT> 3 then -;;. < 
1000 

that 1s ;; is negligible 

compared with unity and the discriminant becomes 

27. ~ = 4p4 + 4p3 q (3 - 7CT) + 8p2CT2 - 4pqCT2 (5 - CT)+ 4CT4 

= 4 [(p2 + CT2)2 - pq (5 - CT. CT2 - p2. 3 - fo)] 

which is positive when (5 - CT) a 2 
- p2 (3 - 7 CT)< 0, that is when 

p>CTJ::~:u 

But since the value of CT J::: :U is as shown in the following table, 

we see that in the case of short circuit, etc., p is usually < CT J: ~{; 
O·l 0·15 0·2 0·3 0·4 0·43 

~1° 146 0·246 0·346 0·686 l ·92 Cl) 

(J' 

Now if pis < CT J::: [-;, then the discriminant is positive or negative 

.c: (p2 + CT2)2 
according as q > p [ CT2 ( 5 _ a) _ p2 ( 3 _ 7u)] . 

(p2 + CT2)2 
But the value of p[CT2(S-CT)-p2 ( 3 -7u)] is as shown in the table and 

curves (figure 4) on the separate sheets. 

Therefore we can conclude that the discriminant is usually positive and 

hence two roots of the given cubic equation are usually imaginary. 

. 1 3 1 (q)2 0·9 (P)2 0·81 Now 1f q < 1 0O , p < 100 and CT > 3, then -;;. < 1000 , -;;. 1 < 
100 

and 

~~ < ~-ii ; and hence the discriminant becomes 

2 7 . ~ =l= 4CT4 
[ 1 - ( 5 - CT) ~~] 4c 4a4 

and since 

27G = 2B3- 9ABO + 27 A 2D = 2p3 + 6p2 q (l-2CT) + 3p [q2(2- 5CT + 5CT2) + 6CT2] 

+ q(l + CT) [q2 (2- 5CT + 2CT2
)- 9u2

] 
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we have 

Therefore 

Value of 
(p2 + a-2)2 

for 
p [ o-2• ( 5 - u) - p2

• (3 - 7 u)] 

~ 10 1 0·2 
I 

O·l 
I 

0·03 0·02 0·01 

0·02 0·0378 0·01467 

0·04 
In this blank region 

0·038 0·02925 0·03775 
p [u2(5-u)-p2(:3-7u)] ---- ----

0·06 becomes negative so that 0·0436 0·0451 0·0768 
----

the roots are imaginary ---- ----

0·08 0·377 0·0607 0·0758 0·1353 
·--- irrespective of the value ------·- -- ------- ------- --------

0·10 of q. 0·154 0·0845 0·1123 0·2085 
- ---- ---- - -------

0·15 0·488 0·1057 0·157 0·224 0·433 
----- - -- ----

0·20 0·250 0·142 0·293 0·439 0·838 
-- - ------- --- --------

0·30 0·217 0·241 0·653 0·968 l ·92 
-- -- --- ----- ---- ----

0·40 2·51 0·275 0·393 1·174 l ·748 3·49 
- --- ---- --- - - ------ - --- --- - -----

0·43 1190· 1·66 0·296 0·453 l ·361 2·037 
----- ·-

0·50 19·7 0·96 0·367 0·598 1·867 2·793 
----- - ----- ---- ---- --- ---

0·60 8·3 0·67 0·472 0·856 2·74 4·11 "Cl 
<l) 
+' 

---- ------ - ----- ----- ------ -- ----- +' 

0·75 4·5 0·53 0·728 1·35 4·42 6·64 '§ 
0 ----- ·- ------ -- --- - --- - ---

0·90 3·15 0·5 l ·05 2·01 6·60 9·92 
----- ---- ------- ------ ------ ----- -----

l ·00 2·5 0·5 l ·30 2·53 8·33 10·25 
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so that 
2 

Z1 = - 3 [p - 0•5q (1 + CT)], Z2 = 1 [p - O· 5q ( 1 + CT)] + jCT 

Z3 = ~ [p - 0·5q (1 + CT)]- jCT 
and 

accordingly 

similarly 

" 

Here note that we can obtain these values of a, fJ and ry, when 

(!Y and ~~ are ne?ligible, more easily as follows:-

Since 

we can write the equation 

CTx3+ (p + q+qCT)x2 +(2pq +q2 + CT)x+ p(q2 + 1) =0 
in the form 

that is 

so that 

and x1 w, x2 w and x3 w give the same values of a, fJ and ry as found above. 
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(P~)2, 

§ l'i. Complete solution of the distortionless alternator with two field 
windings when the roots fJ and ry are imaginary. 

Let fJ=µ+jv and ry=µ-jv. Then 

BEflt +OE-rt= e,,.t (BEM + OE-j•t) = 2 ,J BO. e,,.t sin (vt + tan-1 j ~ ~ ~ )) 
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Therefore the complete solution of x is 

x = X -v'2 sin (wt- c/Jx) + .Ae"t + De1-t sin (vt + +) 

where .A, D and 'If are the arbitrary constants. 

Now putting this complete solution of x in the fundamental equation of 

y, we have 

a1y + b1 !~ + c ~. {[X V2 sin (wt- cpx) + .Ae"t + De,.t sin (vt + '1r)J cos wt)= 0 

that is 

a1y + b1 ~~ = - cX V2w cos (2wt- cf>x)-c.Ae"t (a cos wt- w sin wt) 

1 -- --- 2cDelL1 [µ sin(v +wt+ '1r) +(v + w)cos(v + wt+'1r)] 

1 --
- 2 cDe,.t [µ,sin (v - wt+ '1r) + (v - w) cos (v - wt++)] 

I C D . I • (- V - <,)) - 2 bi e4t v µ2 + (v-w)2 sm v-wt + '1r+ tan-1µ 
which, similarly as in Art. 14, solves to 

- cX -v'2w ( 2b1w) 
y = .j a}i~+4b1•w2 cos 2wt - 'Px - tan-I lt1 ~ 

c.A ,v'~ at · ( -1 a -1 b1 w ) 
+ -v'(n~+ b1a)2 + b/;;,2. e . sm wt- tan ; - tan <t1 + b~a 

. . 
1 cDVµ,2 +(v+w)2 

- - -;========== elLt 
2 V(a1 + b1µ,)2+ b1

2 (v + w)20 

x sin (v +wt+ '1r + tan-1 v + w _ tan-1 bi (v + w)) 
µ U1 + b1µ 

_! cD-v'µ,2 +(v-w)" e,.t 
2 -v'(n1 + b1µ)• + b12 (v- w )2. 

x sin (v _--;;,t + '1r + tan-1 v- w - tan-1 bi (v-w))+Ke -tit 
µ a1 + b1,u 
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that is 

y = pX V2 sin ( 2wt - c/>x - i- tan-1 
2t") + A 1eat sin ( wt - 8a) 

a1 
-- -- . --t 

where 
- D1 e"'t sin (v + wt +,Jr+ ,Jr1) -D2 e"'1 sin (v - wt+ ,Jr+,Jr2) +Ke bi 

cA ,J a.2 + w2 

A1=-:======= 
v(a1 + b1a.)2 + b12 w2 

1 
2 cDvµ-2+(v+ w)2 

Di=-:""=~==~==~ 
v(a1 + b1µ) 2 + b/ (v + w)2 

1 
2 cD V µ 2 + (v - w )2 

D2=""":""=======-
v(a1 + b1 µ)2 + b12 (v - w)2 

Next, putting the complete solution of x in the fundamental equation 

of z, we have 

dz .1- • .t~ ( a) a1z + b1 dt = - cX 'V 2 w sm (2wt - cf>x) - cAeat 'V a2 + w2 cos wt - tan-1
; 

- ~ cDe"'1 V µ 2 + (v - w)2 cos (v - <~t +,Jr+ tan-1 v ~ w) 

1 1
-- v+w) + 2 cDe"'1 V µ 2 + (v + w )2 cos \v +wt+ ,Jr+ tan-1 ~ 

which like that of y solves to 

z = pX V2 ( 2wt- cf>x - 7r - tan-1 
2

~
1

w)-A1 eo.t cos (wt- 8a) 

-- -- -~t + D1#1cos (v +wt+ ,Jr+ 'f1)-D2e"'t cos (v- wt+ t + ,h) + Kie bi 

where Au D1 , D2 , 8a, ,Jr1 and ,Jr2 denote the same things as those in the com

plete solution of y. 

Note that, since eat or e"'t is contained in each complementary function 

and a. and µ are negative, as explained in the previous article, the com

plementary functions consist all of transient terms. 

Now putting B = B' e-f3to and O = C' e--yto where tg is that instant when 

the load is changed, that is, when transient phenomena begin to appear, we have 
1 v BO= v B'O'. e - 2 (IH-y) to= ,J B'C'. e-,,t. 

B + C = e-,,t0 • (B' e-jvto + C' eM•) 

= e-p.t,. [(B' + C') cos vt0 -j (B' - C') sin vt0] 
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and similarly, 

so that 
t _

1 
B + 0 _ t _

1 
(B' + O') cos vt0 - j (B' - O') sin vt0 

an j (B- U) - an (B' - O') cos vt0 - j (B' + O') sin vto 

B' +O' 
. (B' _ O') - tan vt0 

- tan-1 ....,._
7 -~~~---- - B' +C' 

1 + j (B' _ O'). tan vt0 

B'+O' 
= tan-

1j (B' _ O') - vto 

Hence putting also A = A' e-ato, the complementary functions of x, y and 

z become 

X = X V2 sin (wt-cf>.,) +A' €a(t-lo) + D' fl' (t-to) sin [v(t-t0) + t'] 

y = pX V2 sin (2<.,t - cf>x - ~ - tan-1 
2b1 w) + Ai' €a (t-to) sin (wt - 0a) 

2 al 

where 

- Di'€µ (t-to) sin [v (t - t0 ) +wt+ 'o/1 + '1r1] 

- D/ €,.. (t-t,) sin [v (t - t0)- wt+ 't' + 't2] 

Z = pX V2 ( 2wt - cf>x - 'Tr - tan-1 
2~

1

w)-Ai' €a (I-to) COS (wt - 0a) 

+ Di' €,..(t-to) cos [v (t - t0) +wt+ 'o/1 + 'o/1] 

- D/ €,..(t-t,) cos [v (t- t0)- wt+ '1r' + 'o/2] 

D'=2./B'G' 

1 2 CV µ2 + (v + w )2 

Di'= D' v(a
1 
+ b

1
µ)2 + b/ (v + ~)2 
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and 

Now, putting the complete solutions of x, y and z in the fundamental 

equation 

bdx d ( . ) d . ax + dt + c dt y cos wt + z sm wt = sm wt 

we have 

a[Ae"t + DE,.tsin (vt + '1r)]+b ! [AEat + DE,.t sin (vt + '1r)J 

+Cit [A1€at sin (wt - 0a) cos wt - A1€a.t cos (wt- 0a) sin wt 

- D1Eµ,t sin (v +wt+ '1r + +1) cos wt+ D1Eµ,t cos (v +wt+ '1r + '1r1) sin wt 

- D2 Eµ,t sin (v - wt+ '1r + '1r2 ) cos wt - D2 Eµ,t cos (v - wt+ '1r + '1r2) sin wt 

_'!:_It _'!:_It 

+Ke b1 coswt+K1 E b1 sinwt]=O 

that is 

(a+ ba) A Eat+ (a+ bµ,) De/Lt sin (vt + '1r) + bv DEµ,t cos (vt + 'r) - caA 1 eat sin 0a 

-cD1eµ,t [µ, sin (vt +,fr+ +1) + v cos (vt + '1r + +1)] 

- cD2E,.t [µ, sin (vt + '1r + '1r2) + v cos (vt + '1r + +2)] 

a1 

- ce - bi t [ ( K ~ - K1 w) cos wt + (Kw + K1 ~) sin wt] = 0 

that is 

[(a+ ba) A -caA 1 sin 0a] ea.t 

+ De/Lt [<a+ bµ,)- c (µ, ~ 1 
cos +1 - v 1}j sin +1 + µ, 1J; cos +2 

- v ~
2
sin +2)] sin (vt + '1r) + D#t [bv - c (v ~1 

cos +1 + µ, ~ 1 
sin +1 
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so that the conditions sufficient for K = K1 = 0 are 

(a+ ba) A - caA 1 sin 0o. = 0 

(
DI D2 ) (Dl · .,. D2 · ) 0 (a+bµ,)-cµ, Dcos,[r1+ Dcos,Jr2 +cv JJsm y1+]jsm,Jr2 = 

(
DI . D2 ) (DI · D2 · ) 0 bv - cv D cos ,Jr1 + D cos '1r2 - cµ, D sm 'Yi + D sm 'f2 = 

the first of which is satisfied as explained in Art. 14. 

The two latter conditions give 

(
D1 . .,. D2 • .,. ) - av 

c DSlily1+ DSlily2 =µ,2+v2 

But 

D1 . D2 • c ( a1 (v + ro) a1 ( v - w) ) 
D sm Vi+ D sm 'Y2 = 2 (a1 + b~µ,f+b/(v + ro)2 + (a1 + b1µ,) 2 + b/(v- ro)2 

_ ca1v [(a1 + b1µ,)2 + bl (v2 
- ro2

)] 

- [(a1 + b1µ,)2 + b/ (v + ro )2
] [(a1 + b1µ,)2 + b? (v - ro )2

] 

and 

D1 cos.,. D2 cos.,. = ~ (µ, ( a1 + b1µ,) + b1 (v + ro )_2 + µ,_(<!!__+_b1µ,) + ~1 (v - ro )2
) 

D 'f'l+ D Y
2

" 2 (a1 +b1µ,)2 +bt"(v+ro)2 (~+b1µ,)2 +b/(v-ro)2 

[µ, ( a1 + b1µ,) + b1 (v2 + ro2
)] [( a1 + b1 µ, )2 + b/ (v + ro )2

] - 4b/v2 ro2 

-=--~~--'--'-=-----~~----'-=~~~'----'---~-~~--'--~-- C 
- [(a1 + b1µ,)2 + bi" (v + ro )2][(ai+ b1µ,)2 + bl (v - ro)2

] • 

Therefore the two latter conditions give 

- c2 a1 [(a1 + b1µ,)2 + b? (v2 
- ro2)](µ,2 + v2

) a=~-~-~~--~~-~~-~--~ 
[(a1 + b1µ,)2 + b/ (v + ro)2

] [(a1 + b1µ,)2 + bi" (v - ro)2] 
and 

b=c2 /J, (a1 + b1,-,,)3+[a1,-,,+ b1 (v2+w2)) (a1 + b1,-,,) +2a1 bi2,-,,v2+b13,-,,2 (v2+w2) +b1
3 (v 2

- w2)2 
[(a1 +bi,-,,)2+ b1

2 (v +w)2) [(a1 + b1,-,,)2+b12 (v - w)2) 

Now, proceeding to examine whether these conditions are satisfied, we 

have, by putting fl, ry = µ, ± jv in the cubic equation giving the roots a, fl 
and ry, 

Aµ, (µ,2 
- 3v2

) + B (µ,2 
- v2

) + Oµ, + D = O 

and 
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and so also 
(2Aµ, + B) (µ,2 + v2

) - D = 0 

where A= b1 (bb1 - c2
) B =ab?+ 2a1bb1 - a1c2 

0 = a/b + 2aa1b1 + b1(bb1 - c2
) w2 D = a (a?+ b/w2

) 

the latter two of which read 

2b1 (a1 + b1 µ) a+ [(a1 + 2b1µ,)2 
- b? (µ,2 + v2

- w2
)] b 

and 
= c2 [2 (a1 + b1µ,) µ, + b1 (µ,2 

- v2 + w2
)] 

[b? (µ,2 + v2
- w2

)- a 1
2

] a+ 2b1 (a1 + b1µ,) (µ,2 + v2
) b = c2 (a1 + 2b1µ,) (µ,2 + v2

) 

which when solved give the same values of a and bas those in the conditions 

to be satisfied. 

Therefore we can conclude that K = K1 = 0. 

Note that, similarly as in Art. 14, the expressions of ~, ,fr1 , ~ and ,fr
2 

can be checked as follows:-

Pu tting the complete solutions of x and y in the fundamental equation of 

y, we have 

a1 [A 1 eatsin(rvt-ea)-D1 e,,.tsin(v+wt+,fr+'1r1 )-· D2 e,,_t sin(-;::::_ wt+ ,fr+ ,fr
2
)] 

+ b1 {A 1 eat [a sin (wt- ea)+ w cos (wt- ea)] 

-D1 e1'-1 [µ,sin (v +wt+++ ,fr1 ) + (v + co) cos(,,+ wt+ ,fr +,fr1)] 

-D2 eµ.t [µ, sin (v - wt+++ ,fr2) + (v- w)cos (v - wt+++ ,fr2)]} 

+ c {A eat (a cos wt - w sin wt)+ Deµ.t µ, sin (vt + ,fr) cos wt 

that is 
+ Deµ.t [v cos (vt ++)cos wt - w sin (vt + ,fr) sin wt])= 0 

€at [(al+ b1a) A1 cos ea+ bl wA1 sin ea - cwA] sin wt 

- e"'t [(a1 + b1a) A1 sin ea - b1wA 1 cos ea - caA] cos wt 

- el'-t [(a1 + b1µ,) D1 cos ,fr1 -b1 (v + w) D1 sin "[r1 -~ cµD] sin (v +wt+ t') 

- e,,.t [(a1 + b1µ,) D1 sin ,fr1 + b1 (v + co) D1 cos + 1 -~ c (v+w) D] cos(v+ wt+,fr) 

- e""t [(a1 + b1µ)D2 cos ih- b1 (v - co) D2 sin + 2 - ~ cµD] sin (v - wt+ ,fr) 

- e,,.t [(a1 + b1µ)D2sin,fr2 + b1 (v + w) D2cos,fr2 -½c(v - w) D] cos (v-wt+,fr) 

=0 
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so that 

A (a,+ b,a) cos 0,. + b1 r,, sin 0,. (a,+ b,a)sin 0 .. - b,w cos 0,. 
A1 = - cw -- = - ----CCl-~--

D _ 2 (a1 +b1µ,)cos+1 -b1 (v+ ro)sin '1r, _
2 

(a1 +b1µ)sin + 1 +b1(v_±_~)c~s'[r1 

D1 - • cµ - · c (v + w) 

D = 2 (ac~]_1_1'-)_c()s'1r2-_bJ,11_-w )sin'1r2 = 2 (a,_+_~1µ)sin v2 ~_.!!1 (v-ro )cos+2 

D2 • cµ · c (v - w) 

The first of these three relations gives, as shown in Art. 14, the same 

values of A 1/A and 0,. as found before. 

The second relation gives 

and 

so that 

D1 c µ(a1+b1µ)+b1(v+w) 2 d D, . • ,~ _ _ a1(v+w) 
D cos '¥'1 = 2. (a1 + bi/02+ b?(v + w )2 an D sm -r' - ( a, +-b,µ)2 + b,2 (v + w )2 

accordingly 
1 
2cv'µ,2+(v+ro)2 

- tan-1 a, (v + 00
) - and Di = 

'Vi - µ(a
1 
+ b

1
µ) + b, (v + ro)2 D -v',-(-a,--+--b1..,.µ=)2=+=--b~ ..... 2(=v=+.......,w-)2 

and similarly the third relation gives 

which are all the same as found before. 

Note that, if we put the complete solution of x and z in the fundamental 

equation of z, we arrive at the same results as above. 

§ 18. Another method of obtaining the transient terms when the roots 
fJ and 'Y are imaginary. 

fJ and 'Y being = µ, ± jv we have, referring to Art. 14, 

B, €flt sin ( wt - 0fJ) + O,eYt sin ( wt- 0-r) 

= €,.i. [B1~•t sin (wt - 0fJ) + 0 1 e-ivt sin (rot - 0-r)J 
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But 

B1ei•t sin (wt- 0FJ) + C1 e-i•t sin (wt - 0y) 

_ B jvt !_ ( j (wt - IJ{J) _ -j (wt - /JfJ)) 
- 1€ . 2j' € € 

+ a - jvt _! ( j (wt - 0y) _ - j (wt - 0-;)) 
1€ . 2j. € € 

= 1 [B -jO(J j(v+w)t B j/J(J j(v-w)t ~- 1€ ,€ - 1€ .€ 

+a -jOy -j(v-w)t C jOy -j(v+w)t] 1€ .€ - 1€ .€ 

=i {B1 (cos 0fJ-j sin 0FJ) [cos (v + w) t+j sin (v+ w) t] 

-B1 (cos efJ + j sin 0FJ) [cos (v- w)t+ jsin(v- w) t] 

+ 01 (cos 0y-j sin 0.,) [cos(v-w) t-j sin (v ·- w) t] 

- 01 (cos 0.,+ j sin 0.,) [cos (v + w)t-j sin (v + w) t]} 

= lt(B1 cos Or, - 01 cos 0.,)- ½ (B1 sin efJ + 01sin 0.,)] cos(v + w)t 

+ [½<Bl cos e{J + 01 cos 0.,) -½j (B1 sin e{J- 01 sin 0y)] sin (v + w) t 

- [i(B1 cos 0FJ- 01 cos 0.,) + ~ (B1 sin efJ + 0 1 sin 0.,)] cos(v- w)t 

- [½ (B1 cos efJ + 01 cos 0.,) + ½j (B1 sin efJ - 01 sin 0.,)] sin (v - w) t 

But 

[ ~ (B1 cos Or, -CI cos 0.,) + ½ (B1 sin e{J + 01 sin 0.,)J 

+ [½ (B1 cos efJ + 0 1 cos 0.,) + ½j (B1 sin efJ - 0 1 sin 0.,)J 

= B1 C1 ( cos e{J cos e., + sin e{J sin 0.,) ±jBI 01 ( cos e{J sin 0., - sin e{J cos 0.,) 

_ 
02 

BO a/w2+ [ a1/3+b1 (,82 +w2
)] [a1 ,y+b1 ( '}'_2j-_r,i2)]-Jj_a1 w(,y-,8)[ a1 +b1 ( ,y+ ,8)] 

- · [(a1+b1,8)2 +b12w2J[(a1+b1,y)2 +b/w2] 
But 

a12 w2 + [a1,8 + b1 (,82 + w2
)] [a1 'Y + b1 (,y2 + w2

)] ±ja1 w (,y- ,8) [a1 + b1 (,y + ,8)] 

s. 

= a1 [ a1 + b1 (,8 + 'Y )] [ w2 + ,Bry ±jw (,y- ,8)] + b/ [,82,y2 + (,82 + 'Y2) wz + w4] 

= a1 (a1 + 2b1µ)[µ 2 +(v ± w)2
] + b/[µ2 + (v + w)2

] [µ2 +(v-w)2] 

= [µ2 + (v ± w)2
] [(a1 + b1µ) 2 + b/ (v + w)2

] 

fj 
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and 

[(a1 + bi/3)2 + bi2w2
] [(a1 + b1ry)2 + b/w2

] 

= [(a1 + b1µ)2 + b12 (w2 
- v2

) + j2b1v (a1 + b1µ)] 

x [(a1 + b1µ,)2 + b12 (w2 
- v2

) - j2b1 v (a1 + b1µ)] 

= [(a1 + b1µ,) 2 + b12 (w2 
- v2

)]
2 + 4b12 v2 (a1 + b1µ,) 2 

= [(a1 + b1µ,) 2 + b/ (w2 + v2
)]

2 
- 4b/v2 w2 

= [(a1 + b1µ,) 2 + b? (v + co)2
] [(a1 + b1µ,)2 + b12 (v - co )2

] 

so that 

[ ~}(B1 cos 0($ - cl cos 0y) + ~ (B1 sin 013 + 01 sin 0y)J 

+ D (B1 cos 013 + 01 cos 0y) + ~j (B1 sin 013 - 0 1 sin 0y)T 

= c2 BC. µ,2 + (v ± co )2 
( a1 + b1µ, )2 + b/ ( v ± w )2 

and next 

~ (B1 cos 013 + 01 cos 0y) + ~j(B1 sin 013- 01 sin 0y) 

- - j (B1 cos 013 - CI cos 0y) + (B1 sin i)fl + cl sin 0y) 
- (B1 cos ()/3 + 01 cos 0y) + j (B1 sin 013 - cl sin 0y) 

_ cBja1 co ± aif3 ± b1 (fJ2 + w2
) + 00 ja1 w + a1 y + b1 ( ry2 + w2

) 

(a1 + b1fJ)2 + b/co2 (a1 + b1ry)2 + b12 w2 

cB a1w + ja1fJ + jb1 (fJ2 + 00
2

) + cC a1w ±ja1ry ±jb1 (ry2 + co2
) 

(a1 + bi(3)2 + b/co2 (a1 + b1ry)2 + b1
2 w2 

But 

B [Ja1 co ± a1fJ ± b1 (fJ2 + w2
)] [(a1 + b17)2 + b/co2

] 

- C [ja1w + a1 'Y + b1 (,y2 + co2
)] [(a1 + b1f3)2 + b/w2

] 

= (B + 0) {2b1 v (a1 + b1µ,)[a1co ± v (a1 + 2b1µ,)J 

± [µ, ( a1 + b1µ,) - b1 (v2 
- w2)][(a1 + b1µ,) 2 

- b/ (v2 
- co2)]l 

+ j (B- 0) ![a1 co± v (a1 + 2b1 µ,)] [(a1 + b1µ)2 
- 612 (v2 

- co2
)] 

+ 2b1v (a1 + b1µ,) [µ,(a1 + b1µ)-b1 (v2 
- co2

)]} 

= ± (B + C)[µ, (a1 + b1µ,) + b1 (v ± w)2
] [(a1 + 61µ) 2 + b/ (v + w)2

] 

±j (B - C) a1 (v ±co) [(a1 + 61µ,)2 + b/ (v + w)2
] 
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and 

B [a1 ro + j~,8 + jb1 (,82 + ro2)][(a1 + b1-y)2 + b12 ro2
] 

+ O[a1ro ±ja1ry ±jb1 (ry2 + w 2
)] [(a1 + b1,8)2 + b/ro2

] 

= (B + 0) {[ a1ro + v (a1 + 2b1µ,)][(a1 + b1µ,)2- b12 (v2 
- w2

)] 

+ 2b1v (a1 + b1µ,) [µ, (a1 + b1µ,) - b1 (v2- ro2
)]} 

- j (B- 0) {2b1v (a1 + b1 µ,) [a1ro ± v (a1 + 2b1µ,)] 

± [µ, ( a1 + b1µ,) - b1 (v2 
- ro2

)] [( a1 + b1µ,)2- b? (v2 
- ro2)]! 

= ± (B + O)a1 (v ± ro)[(a1 + b1µ,)2 +b/(v + ro)2
] 

+ j (B-0) [µ,(a1 + b1µ,) + b1 (v ± ro)2
] [(a1 + b1µ,)2 +b12 (v + ro)2

] 

so that 

} (B1 cos 013 - 01 cos 0y) + ~ (B1 sin 013 + 01 sin 0y) 

tan-1 ~.7----------e:--------
- ½ (Bi cos 013 + al cos 0y) + ~j (Bi sin 013 - 01 sin 0y) 

t _1 + (B + O)[µ,(a1 + b1µ,)+ b1 (v ± ro)2
] + j (B- 0) a1 (v + ro) 

= an ± (B + O)a1 (v ± ro) + j (B- O)[µ,(a1 + b1µ,) + b1 (v ± ro)2] 

-( B+O a1(v±ro) ) 
= tan-I + T(li-=--a) + jL ( a1 + b1µ,) + b1 ( V + ro )2 

-(i B+O <i1 (v±ro) ) 
+ - j (B- O)' µ,(a1 + b1µ,) + b1 (v ± ro)2 

B+C a (v+ro) = 7r + tan-1 • + tan-1 ~-~
1 

-_ ---'------
J (B - O) µ,(a1+b1µ,)+b1(v+ro)2 

B + 0 a (v-ro) tan-1 -.----- + tan-1 ----,-'---'
1 
'------'----

J (B-0) µ, (a1 + b1µ,) + b1 (v- w)2 
or 

Therefore 

Bl e13t sin ( rot - 013) + cl eYt sin ( rot - By) 

=-cVBC ~t"_2+(v+ro)2 
V(a1 + b1µ,)2 + b12 (v + ro )2 

t • (-- _1 B+C , _1 a1(v+ro) ) 
x e"" sm v +rot+ tan J (B- C) + tan µ, (ai-+ biµ)+ b; (~+-ro )2 

- V µ,2 + (v - ro )2 - C.; BC- ----- - -=------

V(~ + b1µ,) 2 + b12 (v- ro )2 

t . (-· _ 1 B+C _1 a1(v-ro) ) 
x el'- sm v - rot + tan . (B ") + tan ( b ) b ( )2 J - V jL U1 + 1JL + J V - ro 

5-2 
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Next 

B)3t .cos(wt-011)+ C1E-yt .cos(wt- 0y) 

= €µt[B1€jvt. cos (wt- 011) + C1 E-jvt. cos(wt- 0y)] 

But 

Bl ;•t. cos ( wt - 0fJ) + cl€ - jvt. cos ( wt - 0y) 

=B jvt !( j(wt-OfJ) + -j(wt-Ofl)) + C -.ivt !( j(wt-Oy)+ -j(wt-Oy)) 
1€ • 

2 
€ E 1€ • 

2 
E E . 

which, similarly as before, becomes 

= rn (B1 cos 0fJ + cl cos 0y)- ~j (B1 sin 0fJ - cl sin 0y)] cos (v + w)t • 

- [h<BI cos e{J-CI cos 0y)- ~ (B1sin 0fJ + Gisin 0y)] sin (v + w)t 

+ [~ (B1 cos 0/l + 01 cos 0y) + ~j (B1 sin 011 - 01 sin 0y)] cos(v- w) t 

- [~(B1 cos 0fJ- GI cos 0y) + ~ (B1sin 0fJ + Gisin 0y)] sin(v - w) t 

Hence, similarly as before, we have 

B1 €flt cos (wt - 0fJ) + C1 Eyt cos (wt- 0y) 

- y ,./µ-2 + r;-+ w )2 = - C ,J BO - - - .. - -- --- - --
V(a1 + b1µ,)2 + bl(v + w)2 

,,t (-- . _1 _B+G _1__ a1(v+w) ·) 
x € cos v +wt+ tan . (B- G) + tan ( b ) b )2 J µ, a1 + 1Jl, + 1 (v + w 

__ Vµ,2 +(v-w)2 

+cvBC--=- - -----==
v(a1 + b1µ,) 2 + b/ (v - w )2 

(
-·-- B+G a1 (v-w) ) 

x €"
1 
cos v - wt+ tan-

1.T(B-=-G-) + tan-
1 

µ,-(ai +biµ)+ bi(v::: w )2 

Thns the transient terms of y are 
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and those of z are 

where A 1 , D1 , D2 , 0a, 0fJ, ,fr, ,[r1 and ,[r2 denote the same things as those given 

in the previous article. 

Thus, by modifying the transient terms when the roots a, fl and ry are all 

real, we have obtained those when the roots fl and ry are imaginary, and these 

are quite the same as those obtained in the previous article. 

§ 19. Determination of the arbitrary constants when the roots fl and ry 

are imaginary. 

We shall now determine the constants A', D', and ,fr'. These constants 

being determined, the constants Ai', Di' and D/ can be obtained from the 

relations given in Art. 17. 

But 

The constant A' is that A' determined in Art. 15, that is 

Therefore 

(/32 + w2) (ry2 + w2) = [µ2 + (v + w)2] [µ2 + (v- w)2] 

(a -fl) (a -ry) = (µ- a)2 + v2 

flry - w2 = µ 2 + v2 
- w2 and fl + ry = 2µ 

Next, in order to determine D' and 'If', let us make use of the relations 

B'+C' D' = 2 ,,/ ilc·' an<l .,., t - 1 ~---
-r = an j (B' - C') 
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Putting those values of B' and O' determined in Art. 15, we have 

B'O' = (X,. V2)2[(a1 + b1.B)2 +b/w2][(a1 + b1,y)2+ b?w2](a2 + w2) V(,82 + w2)(,y2 + w2
) 

a/ (,8- ,y)2 (,y - a) (a- ,B) (a/+ 4b/w2
) 

But 

[(a1 + b1,B)2 + b/w2
] [(a1 + b1,y)2 + b/w2

] 

= [ ( a1 + b1 µ, )2 + b1 2 ( v + w )2] [ ( a1 + b1 µ, )2 + b12 ( v - w )2] 
(,82 + w2) (,y2 + w2) = [µ,2 + (v + w)2] [µ2 + (v _ w)2] 

( a - (3) ( a - 'Y) = (µ - a )2 + v2 

(,B - ry )2 = - 4v2 

µ2+ v2+ w2 
= v µ,2 + (v+ w)2 v µ,2 +(v-w)2 

rya - w2 a,B - w2 
1 ( ,ya - w2) w (a+ ,B) + ( a,B - w2

) w ( ry + a) tan-1 ---'----cc-~ + tan-1 --- = tan- -----------~~ 
w (ry + a) w (a+ ,B) w2 (ry + a)(a + ,B)-(,ya - w2)(a,B- w2) 

= tan-1 (t)_[a2_(,B + ry)_±_ 2a,B,y_-=_~2_{2a +-.B±_ ry)J 
w2 

[ a2 + ,B,y + 2a (/3 + ry) - a2 (3,y - w•] 

_ 2w[a(µ,2 +v2-w2)+µ,(a2-w2
)] -=tan 1 -- --- --- -- -~--

4w2µ,a - (a2 
- w2) (µ,2 + v2 - w2) 

a2 _ 002 µ,2 + v2 _ w• 
= tan-1-- + tan-1 ~---

2aw 2µ,w 
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Therefore 

Next also from Art. 15, we have 

B'+C'=_-Xn•l2v~ . 
- a1 (/3 - ry) Val+ 4b/w2 

{
[(a1 + b1/3)2 + b12

w
2] V~ • ( t ,1.. t - 1 a1 

x r., sm w O - 'f'n + an -2b -
a-~ 1W 

+ tau-i rya - w
2

) + [(a1 + b1ry)2 + b/w2
] V~~ 

w(ry+a) - ry-a 

• ( ,I.. t -1 a1 t -1 a/3 - w2 )} 
x sm wt0 - 'f'n + an 2b

1 
w + an w ( a + /3) 

G . ( ,1.. _ 1 a1 ) H ( ,1.. _ 1 a1 ) = sm wt0 - 'f'n + tan 2b
1 
w + cos wt0 - 'f'n + tan 2b

1 
w 

251 

where 

G = - Xnv2 ,j~ ([(a1 + ?1,8)~-±:_b12
w

2
] Vry~2

• cos tan-I _:ya - w~ 

a1 (/3 - ry) v a/ + 4b/ w 2 a - /3 w ( ry + a) 

+ [(a1 + b1ry)2 + b?w2] ,J,e2 + ~2, cos tau-1 a,8- w2) 
- ry-a w(a+/3) 

and 

- X v2 va2 + w2 ([(a + b r.1)2 + b 2 w2
] vry2 + w• . rya - w2 

H = n - . i I~ i . sin tan-1 ---
a1 (/3 - ry) Va/ + 4bi' w2 a - ,8 w ( ry + a) 

[(a1 + b1ry)2 + b/w2
] V~2 

• t _1 a,8- w•) 
± .sm an ( r.1) ry-a w a+~ 

But 

and 
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so that 

G = - X,,V2
0
_~=- ([(a1 + b1 fJ) 2 + b1

2 w2
] w (ry + a) 

a1 (/3 - ry) Va/ + 4b/ w2 a - /3 

± [_(a1_::1-_b1ry)2 + b/w2
] w (a+ /3)) 

ry-a 

= _ X,, ,.;2 [(a1 + b1f1)2 + b?w2
] w (ry2

- a2
) ± [(a1 + b1ry)2 +_~i:_~J w (a2 

- (32
) 

a1 (/3-ry) (ry- a) (a - /3) Va/+ 4b?w2 

and similarly 

H=-X,,,./2 

[ ( a1 + b1 /3)2 + b? w2
] ( rya - w2

) ( ry - a) ± [ ( a1 + b1 ry )2 + b/ w2
] ( a/3 - w2) ( a - /3) 

a1 (/3- ry) (ry- a) (a- fJ) Vlt/ + 4b/w2 

But 

[(a1 + b1 /3)2 + b1
2 w2](rya - w2)(ry - a)+ [(a1 + b1ry)2 + b/w2](a/3 - w2)(a - /3) 

=b/w4 (ry-/3)P1 

where 

and 

[(a1 + b1 (::J)2 + b1
2 w2

] (rya - w2
) (ry - a) - [(a1 + b1 ry)2 + b/w2

] (a/3 - w2)(a - /3) 
= 2b/w5 P2 

where 
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Therefore 

B'+C'= -Xn•l2b,2w4 (ry-f3)_ -· . 
a1 (fl - ry) ( 'Y - a) ( a - fl) Va/ + 4b,2 w2 

X l2Q1 sin ( wt0 - <f,,. + tan-1 
2:.

1J + P 1 cos ( wt0 - </>n + tan-1 
2:.

1J] 
. -- _- Xn v~b12w4. - .. ,,; P1" + 4Q12 

rt1 (a- ry)(a-fl)Va}+ 4b/w2 

• ( _1 a1 _1 P1 ) 
x sm wt0 - <f,,. + tan 2b

1 
w + tan 2Q

1 

and 

B' _ 0 , = - X,. v2. 2b,2w5
_ 

a1 (fl- ry)( 'Y - a) ( a - fJ) ,,/ a,2 + 4b,2w2 

X l Q2 sin ( wto - cf>n + tan-1 
2:.

1J + P2 cos ( wt0 - 'Pn + tan-I 2~1J j 
= Xnv2b/w5 ,,;p 2 Q2 

ja1v(a.-ry)(a-fl)va,2+4b,2w2 
2 

+ 
2 

• ( -1 ll1 t -1 P2) 
x sm wto - 'Pn + tan 2b1 w + an Q2 

so that 

- v. VP1
2+ 4Q,2. sin ( wt0 -</>n+ tan-It + tan-1 {cj) 

"fr'= tan-I I(J) I 

. i p 2 Q 2 • ( t ,I.. t -1 a1 + t -1 P2) 
w . v 2 + 2 . sm w o - 'f'n + an b1 °' an Q2 
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§ 20. Sudden short-circuit of the distortionless alternator with two 
field windings. 

In the preceding articles we have given the complete solution for any 

sudden change of load. In this article we shall, ~s a special case, compute 

the field and armature currents when the distortionless alternator running 

at no load is suddenly short-circuited. 

In the case of short-circuit, as shown in Art. 16, the three roots are 

a=-Ew, .8=-!(l+a-)'lw+jw and ry=-!(l+a-)'lw-jw 
a- 2 u 2 u 

so that 

(a1 + b1 a)2 + b/w2 = b/w2 
[ ( q - ~y + l] =;= b/w2 

for (!Y, (!)' and 2;;.; are usually negligible compared with unity (refer to 

Art. 16), 

[µ' + (v + w)2
] [µ2 + (v - w)2

] = w4 [! (1 + u)2 f + 4] ! (1 + u)2 f 
4 u 2 4 a-2 

=;= w• (1 + u)2 ('~Y 
(µ - a.)2 + v2 = w2 

[- ! (1 + u) <J_ + eJ 2 

+ w2 =;" w2 

2 u u 

µ 2 + v2 
- w2 = ~ (1 + u)2 (!Y w2 

2µw = - (1 + u). <J_ • w2 

u 

Therefore denoting by X 8 V2 and cf,.,8 the amplitude and the phase angle 

of the permanent short-circuit current in the armature, we have (referring to 

Art. 19) 

X 8 V2b/w4 (1 + u) <J_ 

A'= ..J u sin (wt0 - cf,.,8 + tan-1 ~ + 7r - tan-1 -
4
1 

(1 + u) <J_) 
a1 w2 a/+ 4b/w2 2b1 w u/ 

.r l +u . 
=;= - X 8 'V 2. -

2
u . sm (wt0 - cf,,,8 ) 

-d . ( 7T) 
==" biwu sm wto - 2 

for 
.r 2d 7T 

X 8 v2 =;= biw(I + u) and cf>xs =;= 2 (refer to Art. 10). 
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Next, proceeding to find D' and ,J/, we have 

( a1 + b1µ, )2 + b/ ( v + w )2 = b/ w2 
[ ( q -

1 
;u u q Y + 4] =i= 4b1

2 w2 

,:x.2 + Ctl2 = (!Y Ctl2 + w2 ~ Ctl2 

[µ 2 + (v + w)2][µ,2 + (v- w)2] = w4 (1 + a-)2 (!Y 
(µ,-a)2 + 1,2 ~ w2 

µ,2 + v2 + w2 * 2w2 
so that referring to Art. 19, 

D' = Xs V2 ✓4b/ w2 la/ G -1 r w4 
(1 + u); 

a1 w 2w2 
( a? + 4b/ w2

) 

x ✓ [ 2
w

2 
q - cos ( 2wt0 - 24',,,8 + 2 tan-1 

2
~1

Ct1 + tan-1 
- w

2 

w!l(l+u)- -2Ew2 
u u 
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+,r -tan-1 l(l +u) !) ] 

Also since 

='= Xs v2 Jb12w2ai2 (~ - 1 r (1 + u) q ✓ 2u 

· a1w 8b/u · (1 + u)q 

= Xs v2 -½ (1- 1) 
d 1-u 

= biwu. 1 +; 

(
µ,2 "2) [ (µ,2 ,:x.2) P, ( µ,)] µ,2 JJ, Q2 * - - - - q2 - - + ----;; - - 2q + - = 3 - - q2 + 2q -w2 w2 w2 w· w w Ctl2 w 

= (~ + q) ( 3 ~ - q) 

P 2 =i= - (~ - ;) - ; - ( 2q + ~) = - 2 (~ + q) 
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so that 

we have 

Giichi Shimidzu. 

VP12 +4Qi2= 2 (~ + q) 

vP/+ Ql=2 (~ + q) 

P1 -(~-q) µ, 1 q 
- = ---- for ~ + q = --2 (1 - a-):< 0 
2Ql - 2 = v 

,fr'= tan-I - sin [ wt0- cf,,,,+ tan-
1 ~ + 7r + tan-

1 ½ (~ - q)] 

, • ( al 1 2 ) sm oot0 - cp,,8 + tan- 1 

2
b

1 

w + tan- ---µ 
q-3-

w 

_ t _1 sin ( wto - cp.,8 ) _ t ,1,. 
- an ( - w o - .,,,,. 

COS wt0 - cp.,8 ) 

accordingly v (t - t0) + ,fr' = wt - -i-

Hence, referring to Arts. 10 and 19, the expression of the armature current 

x, at sudden short-circuit is 

+--.---.E1L(t-t,).s1n wt--d 1- a- . ( 7r) 
biwu 1 + a- 2 

-2d d 
b (l )- COS wt + b--. Ea (t-t,J . COS wt0 
iW + U iWU 

-d 1-u +-- .--.Eµ.(t-to>.coswt 
biwu 1 +u 

which is obviously zero when t = t0 • 
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This express10n of a:8 coincides with the result obtained by 

Mr Boucherot *. 
Next, proceeding to calculate the field current at sudden short-circuit, 

we have 

. A' C . . hi 

q. ~ + (~)2 + I 
w w 1 7T 

0,. = tan-1
------= tan-1 

-q q 2 

so that 
'ff 7T 

v ( t - t0) + wt+ "1r' +"Yi= w ( t - t0) + wt+ wto - 2 = 2wt -: 2 
and 

* Seep. 183. 
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accordingly 

Ai' sin(wt- 0,.) =A'.~ sin ( wt-i) 

d c.( 'Tr)·( 'Tr) =-- .- sm wt0 - - sm wt--,-
biwu b1 2 2 

-d C 
= b-~.-b. cos wt0 cos wt 

iW<T 1 

Ai' cos (wt - 0,.) = b_j,_ .-be. cos wt0 sin wt 
iW<T 1 

Di' sin [v (t - to) +wt+ ,fr'+ ,fr1] = ~ D' . ;
1 

sin ( 2wt - i) 
d 1-<T c 

=--
2
b .-1--.b-.cos2wt 

iW<T + <T 1 

D , [ ) , .,. ] d 1 - u c . 2 1 cos v ( t - t0 + wt + ,fr + 'I' 1 = 2-b--. -1-- . -b sm wt 
iW<T + <T 1 

D , . [ ( ) , .,. ] 1 D' c 1 + u . ( 7r') 
2 sm v t - t0 - wt+ ,fr + y2 = 2 bi . 1 _ u. sm - 2 

d C 

= - 2biwu ·,;1 

D; cos [v (t - t0) - wt+ ,fr'+ t2] = ~ D' i. ~ ~: cos ( - i) 
=0 

Hence, referring to Arts. 10 and 19, the expression of the alternating 

current in the direct field winding is 

d C 2 t . - d C (t t ) 
y,=b- (l )"-b cos w +-b- .-b .€" - 0 .coswt0 coswt 

iW + <T 1 iW<T 1 

+ - -- cl,__ • ~. 1 - u. €µ.(t-t,). cos 2wt 
2biwu b, 1 + u 

+--d __ .E._ €,,_<t-t,> 

2biWU bl 

and the expression of the current in the cross field winding is 

_ d C • 2 -d C a(t-t) • 
Zs - b (l )" -b. sm wt+ -b_-. -b. € 0 

• cos wt0 sin wt 
£W + U l iWU 1 

d c 1 - u (t t > • 2 + --- . - . --- . €µ. - 0 • Sln wt 
2bi WU b1 1 + u -

These express10ns of Ys and z8 coincide with the results obtained by 
Mr Boucherot *. 

* Seep. 183. 
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Here note that 

d o [( 1 1 1 - o-) 1 ] (y,)t-t0 = biw • b. • l + o- + 20-. l + <r cos 2wt0 - 20- (2 cos2 rot0 -l) 

d C l 
= -b- .-b. 2-. [cos 2wt0 -(2 cos2 wt0 - 1)] 

,ro i o-

=0 

and (z.)1-10 = bd . _be. (~
1

1 
-

2
!:_ + 

2
1
- . 

1
1 

- o-) sin 2wt0 
iW 1 + <r <T <r + <T 

also note that 
od _

1
1-u 

bib1 w (1 + o-) - 1 i + a-

also note that, smce a=,_ l!. w and µ, = - ! (1 + o-) <]_ w, the smaller the 
U' 2 a-

leakage, the greater will be the rate of diminution of the transient currents, 

and the greater the leakage, the smaller the rate of diminution. Also since 

1-o- 1-a-
U' (l + rr) = oo when o- = 0 and a- (l +a-)= 0 when o- = 1 and there are no 

maxima and minima of 
1
1
- a- ) between o- = 0 and o- = 1, we can conclude 

o-( +o-

that the smaller the leakage the greater· will be the initial value of all the 

transient currents, and the greater the leakage the smaller will be the initial 

values. 

§ 21. Direct solution of the sudden short-circuit currents of the dis
tortionless alternator with two field windings. 

In the previous article we solved the case of sudden short-circuit as a 

special case of general sudden change of load. In this article we shall show 

that the expressions of the sudden short-circuit currents can be obtained 

directly from their fundamental equations without considering the case of 

general sudden change of load. 

As shown in the beginning of Art. 17, the expression of the sudden 

short-circuit current x. in the armature is 

a;8 = X 8 v'2 sin (rot-cf,,,,,)+ Aea.t + De"'1 sin (wt+ t) 

that is x8 = X 8 V2 sin (wt- cf,,,,,)+ A1:111 + Et,,_t sin wt+ Fe"'1 cos wt 



260 Giichi Shimidzn. 

Therefore from the fundamental equation 

dy a1 c d 
dt + bi y = - ,;;_ · "J/x cos wt) 

we have 

a1 a1 d 
c - b t J b t {[X . ,- . ( ) ,. a.t y,=-,;;_.e 1 . e1 'dt" 8'V2sm wt-<pxs +.a.e 

- ~t 
+ ke b1 

1 - ~-- I (~ + /L) t ( 2w) ] + 2 F V µ,2 + 4w" e b1 cos 2wt + tan-1 µ dt 

-'- 1 C X . ,-2 . (2 A.. ) C A at I C E t . 2 -;- - 2 . ,;
1 

s'V sm wt - 'f'xs - bi .a.e cos wt - 2 . bi el' sm wt 

a1 
I c ( bµ, ) --t - -
2

. b- Fe/Lt. 1 b + cos 2wt + ke bi 
1 al+ 1µ 
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for 
w . 2w . 2b1 w . b, w . 2b1 w . - = - - -- - --- - ---- - 00 
a · µ, · a1 · a1 + b1a · a1 + b1µ, · 

But sinceµ,= - -
2
1 

(1 + u/1- w and q = ba1 we have 
<F 1W 

so that 

blµ, 
ll1 +b~-µ, 

-ci1 (l+u) l+u 
= 2a1u- a

1 
(l +-~) = 1 - u 

Ys =l= - ~. £ [ X 8 V2 sin (2wt - 'Pxs) + 2A€"t cos wt+ Ee?-t sin 2wt 

+ F€µt G ~:+cos 2wt)] + ke - tit 
Next, from the fundamental equation 

dz a1 c d . ) 
dt + li;z = - b~· dt(x sm wt 

we have 

a1 - -t 
+ Fe?-t cos wt] sin wt} dt + k1 e bi 

(
al ) -- -+a t. w + A V a2 + w2 f € b1 sm ( wt + tan-I Ct) dt 

l f ("-'+µ) t + 2 E € b1 µ,dt 

1 - f ("-' + µ) t ( 2w) - 2 Ev µ,2 + 4w2
• € b1 cos 2wt + tan-1 µ dt 

1 ~- --- f ("-' + µ) t . ( 2w) ] + 2 F V µ,2 + 4w2 e b1 sm 2wt + tan-1 µ,- dt 

R. 6 
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-'- 1 C X . 1-2 ( ) C A o.t . I C E t ( b1 µ, 2 ) -;- 2. bi s v cos 2wt - <pxs -bi E sm wt - 2 . bi e" a
1 
+ biµ, - cos wt 

a1 1 C - -t 
- 2 . bi Ft,,.t sin 2wt + k1 E bi 

a1 

-FE,,.t sin 2wt] + k1 e - bit 

Now, dropping the transient terms, we have 

Ys cos wt+ Zs sin wt= - ~. i X 8 ,J'i, [ sin (2wt - cf>xs) cos wt - cos ( 2wt - 'Pxs) sin wt] 

1 C ✓- . 
= - 2 • bi Xs 2 sm (wt - <pxs) 

so that the fundamental equation 

b dx d( . ) d . 
aix + ; dt + c dt y cos wt + z sm wt = sm wt 

becomes 

aiXs ✓2 sin( wt-</>xs)+biwX8 v'2 cos( wt- <pr,;8)-2°;1 

X 8 V2 wcos( wt-cf>xs)= dsinwt 
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that is 

aiXs ✓2 sin (wt - c/>xs) + biw ( l - 2~
2

bJ Xs ,12 cos (wt - <f>xs) = d sin ~t 

so that 

a;X.J2 = d cos c/>xs and biw ( l - 2~
2bJ X 8 J2 = d sin <f>xs 

so that 

biw (1 - ~) 
c/>u = tan-1 2b;b1 = tan-1 b; (1 + a-) w == '!!_ 

~ 2~ . 2 

Thus, if we drop the terms containing k and k1 , then the expressions of 

x,, y, an<l z, become 

1 C ✓-Ys = 2. bi. [X, 2 cos 2wt - 2Ae"t cos wt - Ee"-t sin 2wt- F1:.,,_t (k + cos 2wt)] 

z, =~.Fi. [X.J2 sin 2wt - 2Ae"t sin wt - E1:.,,_t (k - cos 2wt) - F#t sin 2wt] 

- 2d 1 + a-X,./2 = -~--- and k = --
biw (l + a-) 1-a-

where 

Now, proceeding to determine the arbitrary constants A, E and F, if 

the initial condition be x 8 = y, = z8 = 0 at t = t0 then we have the relations 

Ae"10 + Ee/I-to sin wt0 + F1:.,,.t0 cos wt0 = X, J2 cos wt0 

2A.e•to cos wt0 + E1:./l-to sin 2wt0 + F1:.,,.t0 (k + cos 2wt0) = X 8 ./2 cos 2wt0 

2Ae"t• sin wt0 + Et,,.t0 (k - cos 2wt0) + Fc,,.t" sin 2wt0 = X 8 v2 sin 2wto 

the first and third of which give 

E1:.,,.t0 (l -k) = 0 so that E=O 

The first and second relations give 

Fe/I-to (1- k) = X, ./2 

so that 

6-2 
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and hence the first relation gives 

The constants A, E and F have now been found and tho expressions of 

X 8 , Ys and Zs become 

- 2d d it-t 1 - d ( 1 - a) it-t 1 X 8 = -:----~ . COS wt + - -- . Ea O • COS wt0 + - · ·-- ---- . f.,,_ 0 • COS wt 
biw (1 + a-) biwr biw (l + a) <T 

ed 2 - cd it-t 1 !fs = · - ·----- . cos wt+ --- . €11 0 • cos wt0 cos wt 
bib1 w (1 +a) bib1 wa-

+ - cd(l-a-J _.E,,_1t-t.,l.cos2wt+- c~- .f.µIHoi 
2bibl w (1 + a-) (T 2b;b1 W<T 

cd . 2 -cd It t . 
Zs = ~--- sm wt+ -· ··- . €11 

- 01 cos wt0 sin wt 
b;b1 w ( l + a) b;b1 wa-

+ cd (l - a-) . €,,. iHoi sin 2wt 
2b;b1 w (1 + a-) a-

which are just the same as those obtained before (see Art. 20). 

§ 22. Maximum sudden short-circuit currents of the distortionless 
alternator with two field windings and comparison of them 

with those of other alternators. 

Putting 

the expressions of the sudden short-circuit currents become 

- 2d ( 1 + a- l - a- ) 
X"s = b-- -(l - -· ) cos wt - -

2 
- cos wf0 + 9 - cos wt 

iW + <T <T ~a-

-d 
= -b- (cos wt-cos wt0 ) 

;W<T 

cd ( l+a- 1-a- l+a-) Ys = . cos 2wt - -- -cos wt0 cos wt+ --cos 2wt + ---
b;b1w (l + a-) a- 2a- 2a-

cd 
= 

2
-b-:b· -- ( cos 2wt - 2 cos wt0 cos wt + l) 

i l W<T 

cd ( . 2 1 + a- . 1 - a- . 2 ') 
z, = b;biw (l + a-) sm wt - ---;;.- cos wt0 sm wt+~ sm wt 

= 2b-~d (sin 2wt - 2 cos wt0 sin wt) 
i l W<T 
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-d cd 
so that denoting ·b - by M, 

2
b b by N, wt by a. and wt0 by /3, we have 

iW<T i l(l)(T 

ms = M ( cos a. - cos /3) 

y • = N ( cos 2a. - 2 cos a. cos fJ + 1) 

Zs= N (sin 2a. - 2 sin a. cos /3) 

N oms 0 . . 0 d om, 0 . . r.:, h. h ow Iii= gives sm a.= an o/3 = gives sm /.J = o sot at we ave 

+ 2d 
(ms)max. = ± 2M = b-_ 

iW<T 

Next ~~•=o gives (2 cos a.-cos/3) sin a.=0 and ~~=0 gives cos a. sin /3=0. 

Accordingly we have, when sin /3 = 0 and sin a.= 0 are taken up, 

_ 71r _ 2cd _ 1 - u I 
(Ys)max. - 4.1.1 - b~b - - 2 .f 

i 1 W<T <T 

and, when sin /3 = 0 and cos a.=~ are taken up, 

l cd 1 1 - u 
(y,)max. = - 2 N = - 4b;b

1 
W<T = - 4 · -<T- I.r 

and, when cos a. = 0 and cos fJ = 0 are taken up, 

(Ys)max. = 0 

Obviously (y,)max. max. is= 2 !_~<TI.rand hence (y.,+J.r\nax. max. is= I.r, (~ - 1). 
Note that Ys, that is N (cos 2a. - 2 cos a. cos fJ + 1), becomes N(cos 2a.- 2cosa.-1) 

when /3 = 0 and N ( cos 2a + 2 cos a.+ 1) when fJ = 'TT'. It can however be ex

pressed in the form N [ cos 2 (a. - /3) - 2 cos (a - fJ) + 1] both when fJ = 0 and 

/3 = 'TT'. Figure 5 shows this N [ cos 2 (a - /3)- 2 cos (a - /3) + 1]. 

N oz, . r.:, 0 d oz. 0 . . . r.:, 0 
.i.. ext oa. = 0 gives COS 2a. - COS /J COS IX= an o/3 = gives Sm a. Slll /.J = . 

Accordingly we have, when sin /3 = 0 and cos a.=± 1 are taken up, 

(zs)max. = 0 
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and, when sin (3 = 0 and cos a. = ± ~ are taken up, 

aJI1d, when sin a.= 0 and cos fl=± 1 are taken up, 

Obviously 

. 3 v3 1- a- • 3 J3 (1 - u) 
(zs)max. max. IS= ± ~2-. ~, l_r that IS 40" • If 

Note that Z8 , that is N (sin 2ct - 2 sin a. cos fl), can be expressed in the form 

N[sin2(a.-fl)-2sin(a.-fl)] both when fl=0 or 'Tr. Figure 6 shows this 

N [ sin 2 ( a. - /3) - 2 sin ( a. - fl)]. 

Now putting sin fl= 0 so that fl= 0 or 7r in the expressions of a:8 , Ys 

and Zs, we have 

C h . h d . h 05 a, l d a; 3 
urves s owmg t ese a:8 , Ys an Z8 wit u = · , b,w = l00 an b;w = l00 

so that ; = ; 0i and ; = ~~~5 are given in figures 7, 8 and 9 respectively. 

These curves show approximately the manner in which the instantaneous 

values of the maximum sudden short-circuit currents change with time 

starting at t = t0 • 
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Now, considering the distortionleRs alternator with single field winding, 

the complete solution of its armature current i, at sudden short-circuit is 

all the letters in which denote the same things as before. 

Th. . . . h 'ili. 0 h . h ai . 0 1s i 8 1s maximum w en ;:;-- = t at 1s w en b- cos wt0 + w sm wt0 = 
dto i 

that is when tan wt0 = - bai = 0 and its maximum value is 
i6J 

a-
. + d [ - b ~ (wt - "''u)J (is)max. = biw· cosw(t-t0)-e i 

the maximum value of which is 

which is 
. _ 2d = + -
. biw 

'l'he curve showing (i,)max. with b:: = J5 is given in figure 10. 

Note that this case of the distortion less alternator with single field 

winding is none other than a case of a simple inductance with finely laminated 

iron and no alternating current flows in the field winding. 

The maximum sudden short-circuit currents of the ordinary alternator 

with non-salient and laminated poles, as shown by Mr Boucherot * and as 

will be explained later in the theory of ordinary single phase generator, are 

and 

* Seep. 183. 

h . h . d" + 2d t at m t e armature wm mg= -b
iw<F 

that in the field winding= 2. 1:__ - <F: 11 (F 

(including the exciting current / 1) 
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Note that the dispersion coefficient <T is 

1 1 
<J"= 1- ·-- =1------~ 1-(1- T)(l-T1) 

v. VJ (1 + T)(l + Tj) 

~ T + TJ (neglecting T. -r1) 

where T is the ratio of the leakage flux to the difference of the total and 

the leakage flux produced by the armature current and TJ the same ratio 

of the fluxes produced by the current in the field circuit; accordingly the 

maximum sudden short-circuit current in the armature winding of the 

d . . 1 h . + 2d h' h h h M B * or rnary smg e p ase generator IS b ( ) w IC s ows t at r erg 
;W T + TJ 

gives too big a figure of the maximum sudden short-circuit current in the 

ordinary single phase armature, considering only the leakage reactance in 

the armature. 

Comparing the maximum sudden short-circuit currents of the distortion

less and ordinary alternators, those in the armature winding have the ratio: 

Distortionless alternator 
with single field winding 

1 

Distortionless alternator 
with two field windings 

(J" 

Ordinary 
alternator 

1 
(J" 

and those m the field windings have the ratio: ( exciting current I1 not 

included) 

Distortionless alternator 
with single field winding 

0 

Distortionless alternato1· 
with two field windings 

· 1 - (J" 3J3 1- (J" 

2. -- If or -- . -- If 
(J" (J" (J" 

"' Berg.-Electrical Engineering, Vol. I. 

Ordinary 
alternator 

1-(J" 

2.--If 
(J" 
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Thus with respect to the maximum sudden short-circuit currents, the 

distortionless alternator with single field winding is the best one. This 

comparison is however made of the maximum sudden short-circuit currents 

when ~ and ~ are assumed to be zero. Measuring (xs)max. from figure 7, it is 

2·7 b-
2
1
d ) that is 2·7 

1
~
5

. bd· that is 3·6 _!},__ while figure 10 gives 
,w ( + a- • ,w b;w 

Thus the ratio of the maximum sudden short-circuit currents in the armature 

circuits of the two distortionless alternators is 

Note that this -
4
3 

is the ratio of bai m the two alternators, that is that of 
;w 

1 h . d W h a; 1 . h d' . 1 b;w w en a; 1s assume constant. e ave put biw = 25 m t e 1Stort10n ess 

alternator with single field winding in order to compare it with the distor

tionless alternator with two field windings having the same magnitude of the 

1 1 . If ai :~ . h d' . 1 1 vo tage regu at10n. we assume b;w = lOO m t e istort10n ess a ternator 

with single field winding, then the maximum sudden short-circuit current 

becomes 
3 

() _,_d( -100.,,._. d 
Xs max. -.- b;w l + € ) - 1 91 b;w 

accordingly the ratio of (xs)max. in the two alternators with two and single 

field windings becomes 
1
\

6
1 

= l ·98. 

As to the maximum sudden short-circuit currents in the fielrl windings 

of the distortionless alternator with two field windings, we have the following 

1 . h h a1 ai d . b " va ues wit t e same -b, b-- an · a- as given ewre : 
1W ;W 
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I When both ~ and /J, are From Figs. 8 and 9 
I w w 

I 

assumed~O 

--- ·~-- -~--~ --- -- -- ---

(yx)mnx. i 1- <T 
. If~ 2If 

l -<T 
I 2.-- 5·3 ~- . I = l ·SJ 
! <T l+<T f J 

i ···- --···-

(z .. )nuu: 
3J3 l - <T l - <T 

-,i-- . -- . 11= 1·31.l 3·6-
1
-. If= l ·2/f 

I 
<T + <T 

' 

§ 23. Sudden short-circuit currents of the distortionless alternator with 
two field windings when both fields are excited. 

As said in Art. 7, the necessary modification of the fundamental equations, 

when both fields are excited, is only the replacement of the induced E.M.F. 

d sin rot by d v2 sin ( wt - i') so that, there will be no change in the expres

sions of the transient terms of x, y and z. The arbitrary constants however 

will be changed. 

We have in this case, referring to Arts. 17 and 20, 

,.-d./2. ( 7r ,1..) 
A =a= birou. sm roto - 4 - 't'X-' 

D'=dv2 1-<J' 
b;ro1, • l + er 

,Yi = ,J,-2 = 0 

v (t - t0) +wt+ ,Jr'+ f 1 = 2wt--:- i- cf>x;; 

while ~ 1
:, !Ji, 1fj and 0« remain the same as before. 
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Therefore the solution of the armature current a:8 becomes 

. 2d ../2 . ( 7r ) - d v2 Ct t l . ( 7r A.. ) Xs =:= =---c-- sm wt- - - q>xs + ----- -. ea - 0 sm wto - - - 'f'XS 
biw(l+u) 4 biw<T 4 

+ d v'i _ l - a. e" (t-t.) sin (rot_ 7!_ - 'Pxs) 
biW<T 1 + a 4 

1- (T ( 'Tr)] + - 2a . e" (t-to) • cos wt - 4 

and those of the field cun-ents Ys and_ Z8 become 

~ bibi :\~: <T). [ COS ( 2wt - i) - l : a. ea (t-t.) • cos ( wt0 - i) cos wt 

1-a I 'Tr) l+a 'Tr] + ~. e" (t-lo). cos\ 2wt- 4 + ~. e"<t-lo). cos 4 

cd../2 ( 7r ) 
z. ~ bibiw (l + u) cos 2wt- 4 - q>xs 

cd v2 <t t > • ( 7r A,. ) • + -- o e"- - O • sin wto - - - 'f'XS sin wt 
b;b1 wa 4 

+ cd v'l._ . _!__-:_a. e" <t-t,l • cos (2wt - 7!_ - 4>xs) 
2b;b1W<T 1 + (J" 4 
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Now proc,ceding to consider the maximum values of X 8 , Ys and z8 , assume 

a./w ~ µ/w ~ 0. Then we have 

cd v2 l ( 7T) ( 7T) 1 l Ys = 2bib--;;;;.. COS 2wt - 4 - 2 cos wt0 - 4 COS wt + V2 

cd ./2 [ . ( 7r) ( 7r) . I ] Z 8 = ~~- . SIU 2wt - - - 2 COS wt0 - -- SIU mt + -= 
2b.;b1wu 4 4 v2 

Now all of these X 8 , Ys and Z8 arc maximum when sin ( wt0 -'i;) = 0 

7r 
that is when wt0 - 4 = 0 or 7r and the expressions of (x.,\nax., (y,.)n,ax. and 

(z.,)max. are 

+ d "''2 (x,)max. = -b~-. [cos w (t - t11)- I] 
.,-wu 

cd V2 { [ 7r] l 7r] 1 } (y.,)max. = '2bJ>>M. COS 2w (t -- t0) + 4 - 2 COS <11 (t - to)+ 4 + V'2 

(zs)max =2~~b::u· {sin [ 2w(t- to)+ 'i ]-2 sin [ w(t- t0) + i] + J2} 

that is 

(xs)max. = M (cos a.- 1) 

(ys)max. = N [cos ( 2a. + ?£)- 2 COS ( a. +i) + J2] 

(z.,)max. = N [sin ( 2a. + i)- 2 sin (a.+ i) + )
2
] 

where 

Curves showing these (ys)max. and (zs)max. with <J" = 0·5 are given m 

figures 11 and 12 respectively. 
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;lo-Tow proceed1'ng to find (x ) (ys) ,"nd (z.),nax. max. me have·. -'-~ , s max.max., max.max. ' ., ,. 

(xs)max. is maximum when sin ex= 0 and (xs)max.rnax. is 

(ys)max. is nrnxmrnm or minimum when sin ( 2ex + i") = sin (ex+ 'i;) that is 

when ex= 0 or ; or 1r - 'if or 3 i, and (Ys)max. becomes zero when ex= 0, 

7r 7r 
- 0·0686N when ex= 6 , 3·60-5N when ex= 1r - 6 , and - I·414N when 

ex=3~ 
2 

SO that (Ys)max. max. is = 3·605N = l ·8025 l - o- 11 v'f 
(F 

(zs)max. is maximum or minimum when cos ( 2ex + 'i) = cos (ex+ 'i:) that is 

when ex= 0 or i or -r. + if or 21r - i, and (zs)max. becomes zero when 

7r 7r 
ex= 0, - l ·414N when ex= 2 , 3·605N when ex= 1r + 6 , and - 0·0686N when 

ex= 21r - '!! 
6 

. I - o- ✓-
so that (zs)max. max. IS= 3·605N = l ·8025 ff 11 2. 

Note that these (Ys)max. and (zs)max. do not include the exciting current 11. 

Also note that, both field windings being excited, ~1 times that ex

citing current when one field winding only is excited will do for the same 

amount of the induced E.M.F. 

Thus we see that, exciting both field windings, the maximum sudden 

short-circuit current in the direct field winding is reduced ·in the ratio 

2 : 1 ·8025. That in the armature winding remains the same and that in the 

cross field winding is increased in the ratio I ·3 : l ·8025. 
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§ 24. E.m.f. induced in open phases at short-circuit of one phase when 
the armature is wound in two or three phases. 

In the distortionless alternator with two field windings and wound m 

three phases, the E.llf.F. induced in the open phases at permanent short-circuit 

of one phase are 

. ( 27T) c
2
d d [ ( _ 21r)] d . = cI1 ro sm rot± 3 - bibiro (I+ er) 'dt cos rot+ 3 + 1 + er sm rot 

d . ( 27T) d I - er . ( _ 27T) d . = sm rot ± -3 + , 1 + CT sm rot + 3 + 1 + CT sm rot 

( 
1 1 1 1 - CT) . V3 ( 1 - CT) = d. -- - - - -.-- sm rot+ ··· d. I - -- cos rot 

l+cr 2 2 l+cr - 2 l+CT 

= + v3 d . _'!_ . cos rot 
- 1 + CT 

which is v3. _er_ times those at open circuit in amplitude. 
l + CT 

Next, those induced in the open phases at sudden short-circuit are 

+-- €µ. (t-fo) COS wt + -1 - CT ( _ 27T) 
2CT 3 

- --- . - cos rot - -- Ea (t-to) COS rot
0 
+ -·-- €µ. (t-t,I COS wt d d( l+CT I-er ) 

ro (I+ CT) dt 2CT 2cr 
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= d sm wt + - + - . -. ( 2?T) d 1 - u 
- 3 w I+u 

{ , ( - 2?T) 1 + <T t t I ( 2?T) x w sm wt + -
3 

+ -a-- . a . €"' t - 0 cos wt0 cos + 3 

- - - €µ.(t-lol (µ, COS wt- W Slil wt) 1-a- . ] 
2a-

which, when ~ and ~ are ~ 0, become 
w w 

d . ( 2?T) d I - u 1· . ( _ 2,r)· 1 - u . ( 2?T) = sm wt ± 3 + . 1 + a-. _ sm wt + 3 + 2;;- sm ~t + 3 

d (· 1-a-.) + 1 + u . sm wt + ta- sm wt 

d . ( 2,r) d I - a- [ . ( 2,r) . ( 2?T)] d . = sm wt ± ;f + . ~ s1? wt + -3 + sm r,,t ± -3 _ + 2;;. sm wt 

d ( I + a-) . ( 2?T) d ( 1 - a-) . ( _ 2,r) d . = -- - sm wt + - - + --- sm wt+ -- + -- sm wt 2a- - 3 2a- 3 2a-
v3 = ± 2 dcoswt 

which are ;~ times those at open circuit in amplitude. 

Now, if both field windings be excited, then the E.M.F. induced in the 

open phases at permanent short-circuit are, similarly as before, 

. ,- v'3a- ( ?T) d v 2 . I+-~ cos wt - 4 
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Next, those induced at sudden short-circuit when both field windings 

are excited are 

= -c !! [11./2 cos (wt-'!!_+ 
2,r)] dt 4 - 3 

1 + CT ( 7r) (7r 2,r)· +- <F- €a(Hol COS wt0 - 4 COS 4 + ;f 

1 - CT t t (. 7r 2,r) + -2u ti'(- ol COS wt- 4 + 3 

+ -- €,.(t-to) COS wt - - + ~ 1 + CT ( 7r 2,r'J] 
2CT 4 - 3 

d v2 d [ ( ,r) 1 + CT ( ,r) - w (I+ CT). dt COS wt- 4 -~ €a(t-tul COS wto - 4 

. ·. 1 - CT t t ( 7r)J + 2 ~- €,.(- ol COS wt- 4 

which, similarly as before, becomes 

. 1- .;3 ( r.) = ± d 'V 2 . 2 cos wt - 4 

Next in the distortionlcss alternator with single field winding, wound 

in three phases, the E.M.F. induced in the open phases at permanent short

circuit are 

. ( 2,r) [ ( 2,r)] - d d =dsm wt±-3 - cos ±3 bibiw·d/coswt) 

d . (' 2,r) I d . = sm wt ± -3 + 2 sm wt 

v3 
= ± d 2 cos wt 
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Those at sudden short-circuit are 

. ( 2?T) [ ( 2?T)] - d d ( - '!i (t - to) ) = d sm wt ± 3 - cos ± 3 bi bi w . dt cos wt - e bi cos wt0 

which when bai ~ 0 bec~mes 
iW 

d . ( 27T) 1 d . ~ sm wt ± 3 + 2 sm wt 

which are the same as those at permanent short-circuit. 

In the alternators wound in two phases there is no E.M.F. in the open 

phase induced by the current in the short-circuited phase; so that in this 

case we have the E.M.F. in the open phase as follows: 

(1) Distortionless alternator with two field windings when one field winding 

only is excited. 

(a) The E.M.F. induced at permanent short-circuit 

d . ( 'Tr) dl-u. ( _'Tr) = sm wt ± 2 + C + u sm wt + 2 

1-u 
= ± d cos wt + d i + o- cos wt 

which coincides with the result obtained by Mr Boucherot. 

(b) The E.M.F. induced at sudden short-circuit 

= d sin ( wt ± i) + d ~-"j~ '!_ [ sin ( wt + i) + sin ( wt ± i)] 
= 2: [<1 + u) sin (wt± i) + (1 - u) sin (wt+ i)] 
= ± d cos wt 

which also coincides with the result obtained by Mr Boncherot. 
s. 7 
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(2) Distortionless alternator with two field windings, when both field 

windings are excited 

(a) The E.M.F. induced at permanent short-circuit 

= + d v 2 -~ cos rot - -.r 2u ( 7r) 
- l+u 4 

(b) The E.M.F. induced at sudden short-circuit 

= ± d v2 cos ( rot - i) 
(3) Distortionless alternator with single field winding. 

In this case the E.M.F. induced at both permanent and sudden short

circuit is 

= ± d cos rot 

In conclusion the author wishes to express his smcere thanks to 

Mr T. Otake for his suggestions in simplifying deductions. 
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