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We consider the generic massless cubic gravities coupled to a negative bare cosmological constant
mainly in D ¼ 5 and D ¼ 4 dimensions, which are Einstein gravity extended with cubic curvature
invariants where the linearized excited spectrum around the AdS background contains no massive
modes. The generic massless cubic gravities are more general than Myers quasitopological gravity in
D ¼ 5 and Einsteinian cubic gravity in D ¼ 4. It turns out that the massless cubic gravities admit the
black holes at least in a perturbative sense with the coupling constants of the cubic terms becoming
infinitesimal. The first order approximate black hole solutions with arbitrary boundary topology k are
presented, and in addition, the second order approximate planar black holes are exhibited as well. We
then establish the holographic dictionary for such theories by presenting a-charge, CT-charge and
energy flux parameters t2 and t4. By perturbatively discussing the holographic Rényi entropy, we find
a, CT and t4 can somehow determine the Rényi entropy with the limit q → 1, q → 0 and q → ∞ up to
the first order, where q is the order of the Rényi entropy. For holographic hydrodynamics, we discuss
the shear-viscosity-entropy ratio and find that the patterns deviating from the Kovtun-Son-Starinets
bound 1=ð4πÞ can somehow be controlled by (ðc − aÞ=c; t4) up to the first order in D ¼ 5, and
(ðCT − ãÞ=CT ; t4) up to the second order in D ¼ 4, where CT and ã differ from CT-charge and a-charge
by inessential overall constants.

DOI: 10.1103/PhysRevD.99.066014

I. INTRODUCTION

Einstein gravity extended with higher-order curvature
invariant terms has acquired considerable attentions, espe-
cially in the context of AdS/CFT [1–3]. Coupled with a
bare negative cosmological constant, anti-de Sitter (AdS)
vacua can automatically arise with an effective AdS radius
in higher-order gravity theories, suggesting higher-order
gravities can serve as holographic models to investigate a
variety of properties for some dual conformal field theory
(CFT).1 However, in general, such AdS vacua are unstable
and their perturbative excitations would contain the extra
ghosty massive spin-2 mode and massive scalar mode (see,
e.g., [4–6] for more exhaustive and comprehensive dis-
cussions). Removing the ghost mode is compulsive, other-
wise the dual CFTwould not be unitary. On the other hand,
the decoupling of the massive scalar mode is the necessary

condition for holographic a-theorem [7].2 With both the
massive spin-2 mode and massive scalar mode being
decoupled, the linearized spectrum around the AdS vacua
contains only the graviton modes and the resulting theory is
referred to as the massless gravity [8]. The possibly simplest
examples of massless gravity are the Gauss-Bonnet combi-
nation and more generic Lovelock gravities [9]. Essentially,
massless gravities are likely to have well-defined CFT dual,
and hence it is of great importance and interest to study the
effect of the coupling constants involved in higher-order
terms of massless gravities on various CFT properties.
The first step to understanding the holographic aspects of

a gravity theory is to establish the holographic dictionary in
which, by applying the holographic renormalization
scheme [10–12], the conformal anomaly [13,14], two-point
function and three-point function of energy-momentum
tensor [15–17] shall be revealed holographically; see e.g.,
[8,18–25]. The conformal anomaly, two-point function and
three-point function respectively have uniquely determined
structures that are shaped by conformal invariance, and the
properties of a CFT are attached to the parameters in them,
i.e., a-charge that measures the massless degree of freedom
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1In this paper, the bulk dimension is written as D, the
dimension of the boundary CFT is written as d ¼ D − 1.

2However, decoupling of the massive scalar mode is not the
sufficient condition for a-theorem. a-theorem itself requires more
constraints; see e.g., [7].
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and indicates the property of renormalizaton group (RG)
flow [26–28], CT coefficient (or equivalently, c-charge in
d ¼ 4) that can determine the two-point function andA, B,
C that can determine the three-point function [15–17].
According to the conformal collider thought experiment
proposed in [29], the three-point function can be equiv-
alently described by the one-point function of the energy
flux excited by some local excitations, and the parameters
t2 and t4 appearing there play a similar role as A, B and C.
The simplest example for holographic dictionary is the

case of quadratic order where Gauss-Bonnet gravity is the
only one massless gravity. Its holographic dictionary in
D ≥ 5 was established with a, CT and t2, t4 being obtained
[30]. The cubic gravities and even higher-order gravities are
having more complexities and possibilities, extensive
researches were carried out and the incomplete list of
the references is [5,7,31–69]. Particularly, in the cubic
order, the natural consideration is the cubic Lovelock
gravity; the relevant holographic dictionary can also be
found in e.g., [32,70]. However, it turns out that the class of
Lovelock gravities has t4 ¼ 0 [30,32,70]; the further
investigations of other massless gravities that have non-
vanishing t4 are thus required. Myers quasitopological
gravity [33]3 is a special cubic massless gravity that admits
Einstein-like black holes [33] and can establish a-theorem
[71]. The holographic dictionary of Myers quasitopological
gravity was established in D ¼ 5 where t4 is nontrivial
[34]. Even more examples exist in the cubic order,
for instance, Einsteinian cubic gravity was constructed in
[5] and its holographic dictionary was also discussed in
D ¼ 4 [63].
According to [72], the causality requires ðc − aÞ=c ≪ 1

in d ¼ 4, which suggests for Myers quasitopological
gravity in D ¼ 5 where a ≠ c, the coupling constants
should be viewed as small quantities. Subsequently, other
CFT properties like the Rényi entropy and shear-viscosity-
entropy ratio can be expanded with the small coupling
constants, and the corrections produced by the higher-order
terms are expected to be controlled by ðc − aÞ=c and t4;
see, e.g., [31,73,74] (remember in other dimensions, there
is CT playing the similar role as c-charge in d ¼ 4).
However, both Myers quasitopological gravity and
Einsteinian gravity have only one independent coupling
constant which is too strict to convince ourselves that CFT
parameters a, CT and t4 can indeed control the higher-order
corrections.
In this paper, we consider the generic massless cubic

gravities and study their holographic dictionary in D ¼ 5
and D ¼ 4 respectively. The cubic gravities have eight
coupling constants in total, and the ghost free condition
with the decoupling of the massive scalar mode would

impose two constraints; as a consequence, we are left with
six coupling constants to correct CFT properties. This
consideration is the most generic case in the cubic order
without massive modes, hence results exhibited in this
paper should also apply to all cubic gravities without
massive modes such as Myers quasitopological gravity
[33], Einsteinian cubic gravity [5] and Ricci-polynomial
quasitopological cubic gravity [59]. For the generic mass-
less cubic gravities, a-charge and CT were already obtained
in literature [7,8]. In this paper, we compute t2 and t4
appearing in the one-point function of the energy flux (in
D ¼ 4, there is no t2 at all). Afterwards, other properties of
CFT such as Rényi entropy and hydrodynamics should be
taken into account. However, generally speaking, the
nontrivial exact solutions for cubic gravities, such as
black hole solutions required in the discussion of the
holographic Rényi entropy and hydrodynamics, are diffi-
cult to come by except for some special situations
[33,35,40,47–49,52,53,57,59,63,66]. Fortunately, on the
other hand, in general, a ≠ c in massless cubic gravities,
which enforces us to treat the coupling constants as
infinitesimal quantities in which region the black holes
can be solved order by order [31,75].4 The calculations of
holographic Rényi entropy and shear-viscosity could also
be performed perturbatively [31,73,79–81].
The paper is organized as follows.
(i) In Sec. II, we revisit the most generic cubic gravities

in arbitrary dimensions. We present the two con-
ditions removing massive spin-2 mode and massive
scalar mode simultaneously and the resulting theory
is the most generic massless cubic gravity for which
the linearized equation of motion and the effective
Newton constant κeff were reviewed. Then we
present both the auxiliary-type boundary actions
where auxiliary fields that should not be varied in
principle exist and nonauxiliary-type boundary ac-
tions without any auxiliary fields for the massless
cubic gravities, including the surface term and the
holographic counterterms up to the linear curvature
terms. By treating the coupling constants as infini-
tesimal quantities, we then solve the approximate
black holes with boundary topology k in D ¼ 5 and
D ¼ 4 respectively up to the first order.

(ii) In Sec. III, we analyze the first order thermodynam-
ics for the black holes obtained in Sec. II. We present
the temperature and the black hole mass readily. In
addition, we employ the Wald formula to obtain the
black hole entropy for approximate black hole
solutions. Then, we make use of two different
methods to obtain the free energy for the first order
approximate black holes and verify the previous
results of the mass and the entropy. During the

3Specializing in D ¼ 5, up to a trivial six-dimensional Euler
density, Myers quasitopological gravity is equivalent to the Oliva-
Ray gravity [58] that was constructed earlier.

4See also, e.g., [76–78] for more applications of the perturba-
tive approach to black hole solutions.
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process, we find in D ¼ 5 with k ≠ 0 there
would exist the Casimir energy. The first law of
thermodynamics is verified to be valid. Afterwards,
we then analyze the thermodynamics for the second
order planar black holes that are exhibited in
Appendix A.

(iii) In Sec. IV, we review the results of the central
charges and the holographic two-point function of
the energy-momentum tensor for the massless cubic
gravities. There are a-charge and CT coefficient
playing the essential role. We also denote the
notation ã, c̃ and CT that are proportional to a, c
and CT respectively for latter convenience.

(iv) In Sec. V, we consider the one-point function of
energy flux excited by a local operator which is
actually a three-point function with respect to the
vacuum. The excitation operator is chosen to be
the energy-momentum tensor with certain polar-
izations and the one-point function of the energy
flux contains two universal energy flux parameters
t2 and t4. From the bulk point of view, we manage
to obtain the energy flux parameters t2 and t4 for
the massless cubic gravities in D ¼ 5. Then
we obtain the parameters A, B and C that are
expected to determine the three-point function of
the energy-momentum tensor. Then we turn to
presenting the physics constraints for coupling
constants by requiring CT > 0 and non-negative
energy flux in D ¼ 5.

(v) In Sec. VI, we compute the holographic Rényi
entropy for massless cubic gravities up to the first
order by using the first order approximate black
holes obtained in Sec. II. In particular, we take the
limit q → 1, q → 0 and q → ∞ respectively in the
Rényi entropy. The Rényi entropy with the limit
q → 1 recovers the entanglement entropy, and as
expected, we find its behavior is proportional to
a-charge both in D ¼ 5 and D ¼ 4. In D ¼ 5, we
find the Rényi entropy with q → 0 and q → ∞ can
be controlled by c=a and t4 as for more special
Gauss-Bonnet gravity and Myers quasitopological
gravity. We also obtain the scaling dimension for the
twist operators both in D ¼ 5 and D ¼ 4: in D ¼ 5,
we find the scaling dimension of the twist operators
is consistent with t2 and t4 we calculated in Sec. V;
in D ¼ 4, from the scaling dimension of the twist
operators, we obtain t4 parameters for massless
cubic gravities in D ¼ 4. Subsequently, we find
indeed, inD ¼ 4, up to the first order of the coupling
constants, the Rényi entropy with q → 0 and q → ∞
can be controlled by CT=ã and t4 in a variety of
ways. We exhibit some examples to show that.

(vi) In Sec. VII, we employ the “pole method” to
calculate the shear-viscosity-entropy ratio up to
the second order associated with the second order
approximate planar black holes for massless cubic

gravities in D ¼ 5 and D ¼ 4 respectively. We find
in D ¼ 5, the first order deviation from the Kovtun-
Son-Starinets (KSS) bound 1=ð4πÞ of the shear-
viscosity-entropy ratio can be uniquely controlled by
ðc − aÞ=c and t4. However, we cannot find the
controlling pattern in the second order only with
c, a and t2, t4. On the other hand, more surprisingly,
we find in D ¼ 4, the shear-viscosity-entropy ratio
is uniquely controlled by ðCT − ãÞ=CT and t4 even
up to the second order.

(vii) In Sec. VIII, the paper is summarized.
(viii) In Appendix A, we present the solutions for

approximate planar black holes up to the second
order of the coupling constants in D ¼ 5 and
D ¼ 4.

(ix) In Appendix B, we show that in the coordinates
ðρ; yÞ we adopt for calculating the one-point
function of energy flux holographically, any propa-
gators responsible for the excitation operators in d
dimensional CFT are localized at ρ ¼ l and
y1 ¼ y2 ¼ � � � ¼ yd−2 ¼ 0, where l is the effective
AdS radius. The salient feature exhibited in this
appendix serves as the necessary ingredients to
work out the results in Sec. V.

II. MASSLESS CUBIC GRAVITIES

A. The AdS vacua and massless condition

We consider the Einstein-gravity extended with the
generic cubic curvature polynomials in D dimensions
coupled to a bare negative cosmological constant Λ0.
The bulk action is taking the following form:

Sbulk ¼
Z
M
ddþ1x

ffiffiffiffiffiffi
−g

p
L; L ¼ R − 2Λ0 þHð3Þ;

Λ0 ¼
dðd − 1Þ
2l2

0

; ð2:1Þ

where Hð3Þ represents the cubic polynomials and it is
given by [7]

Hð3Þ ¼ e1R3 þ e2RRμνRμν þ e3R
μ
νRν

ρR
ρ
μ þ e4RμνRρσRμρνσ

þ e5RRμνρσRμνρσ þ e6RμνRμαβγRν
αβγ

þ e7Rμν
ρσRρσ

αβRαβ
μν þ e8Rμ

ν
α
βRν

ρ
β
γR

ρ
μ
γ
α: ð2:2Þ

It is convenient to introduce Pμνρσ which serves as

Pμνρσ ¼
∂L

∂Rμνρσ ¼ P0
μνρσ þ

X8
i¼1

eiPi
μνρσ; ð2:3Þ

where we have, explicitly [8]
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P0
μνρσ¼

1

2
ðgμρgνσ−gμσgνρÞ; P1

μνρσ¼
3

2
ðgμρgνσ−gμσgνρÞR2;

P2
μνρσ¼

1

2
ðgμρgνσ−gμσgνρÞRαβRαβ

þ1

2
RðgμρRνσ−gμσRνρ−gνρRμσþgνσRμρÞ;

P3
μνρσ¼

3

4
ðgμρRνγRσ

γ−gμσRνγRρ
γ−gνρRμγRσ

γþgνσRμγRρ
γÞ;

P4
μνρσ¼

1

2
ðgνσRμαρβ−gνρRμασβ−gμσRναρβþgμρRνασβÞ

þ1

2
ðRμρRνσ−RμσRνρþRαβÞ;

P5
μνρσ¼

1

2
ðgμρgνσ−gμσgνρÞRαβγηRαβγηþ2RRμνρσ;

P6
μνρσ¼

1

2
ðRα

νRμαρσþRα
σRμνρα−Rα

ρRμνσα−Rα
μRναρσÞ

þ1

4
ðgνσRαβγ

μ −gμσR
αβγ
ν ÞRραβγ

þ1

4
ðgμρRαβγ

ν −gνρR
αβγ
μ ÞRσαβγ;

P7
μνρσ¼3Rαβ

μνRρσαβ; P8
μνρσ¼

3

2
ðRμ

α
ρ
βRνασβ−Rμ

α
σ
βRναρβÞ:

ð2:4Þ

Then, the equations of motion associated with the variation
with respect to gμν are given by

PμρσγRν
ρσγ −

1

2
gμνL − 2∇ρ∇σPμρσν ¼ 0: ð2:5Þ

From the equations of motion (2.5), the cubic gravities
admit AdS vacua with the effective AdS radius l

ds2AdS ¼
l2

r2
dr2 þ r2ηijdxidxj; ð2:6Þ

where the effective AdS radius l is solved by equations of
motion in terms of the bare AdS radius l0 [7]

hðlÞ ¼ 1

l2
0

−
1

l2
−

ðd − 5Þ
ðd − 1Þl6

ðd2ðdþ 1Þ2e1 þ d2ðdþ 1Þe2
þ d2e3 þ d2e4 þ 2dðdþ 1Þe5 þ 2de6

þ 4e7 þ ðd − 1Þe8Þ ¼ 0: ð2:7Þ

However, the excitations around the AdS vacuum (2.6)
have higher derivatives, and they suffer from the existence
of the extra massive scalar modes and the massive spin-2
modes. The boundary CFT would not be unitary if these
additional modes exist, and for our purpose, they should be
removed. The decoupling of these massive modes would
impose two constraints to the coupling constants associated
with the cubic term Hð3Þ [7]

ðdþ 1Þde2 þ 3de3 þ ð2d − 1Þe4 þ 4ðdþ 1Þde5
þ 4ðdþ 1Þe6 þ 24e7 − 3e8 ¼ 0;

12ðdþ 1Þd2e1 þ ðd2 þ 10dþ 1Þde2 þ 3ðdþ 1Þde3
þ ð2d2 þ 5d − 1Þe4 þ 4ðdþ 5Þde5
þ 4ð2dþ 1Þe6 þ 3ðd − 1Þe8 þ 24e7 ¼ 0: ð2:8Þ

The cubic gravities without massive modes are referred to
as massless cubic gravities in [8]. Then we have

hðlÞ ¼ 1

l2
0

−
1

3l6
ð3l4þðd− 5Þðd− 2Þð3dðdþ 1Þe1þ 2de2

þ e4þ 4e5ÞÞ ¼ 0: ð2:9Þ
Removing the massive modes by (2.8), we are left with
only graviton modes with corrections in Newton constant.
Specifically, we can consider the perturbation around the
AdS vacuum (2.6), i.e.,

gμν ¼ ḡμν þ g̃μν; ð2:10Þ

where ḡμν serves as the metric of the AdS background and
g̃μν is the infinitesimal perturbation around the background.
For simplicity, we impose the transverse-traceless gauge

∇̄μg̃μν ¼ 0; g̃μμ ¼ 0; ð2:11Þ
where the trace is contracted by background metric ḡμν, and
the covariant derivatives ∇̄μ is also defined with respect to
the AdS background (2.6). Then the linearized equations of
motion are given by

κeff

�
□̄þ 2

l2

�
g̃μν ¼ 0;

κeff ¼ 1þ 1

l4
ðd − 5Þðd − 2Þð3ðdþ 1Þde1

þ 2de2 þ e4 þ 4e5Þ; ð2:12Þ
where the Laplacian □̄ is defined with respect to the AdS
vacuum (2.6). Note all massless gravities have the linear-
ized equation exactly the same as the first equation in (2.12)
with different κeff for different theories, for example, for
Gauss-Bonnet gravity; see e.g., [82]. Recently, it was
proved in [67] that the κeff can be determined by the
function hðlÞ that appeared in (2.9); it is straightforward to
observe that

κeff ¼
l3

2

∂
∂l hðlÞ: ð2:13Þ

B. Boundary action

In order to make the variation principle well defined, we
have to add the Gibbons-Hawking surface term in the
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action. Moreover, considering that we are evaluating the
action around the AdS background where r2=l2 would
cause the divergence, it requires the appropriate counter-
terms in order to obtain the finite action. Therefore, we
should necessarily provide the boundary action

Stot ¼ Sbulk þ Sbound; Sbound ¼ Ssurf þ Sct: ð2:14Þ

However, as it was recently referred in [8], the massless
higher order gravities suffer from the ambiguities of the
surface term due to the existence of two different ways for
imposing the well-defined variation associated with the
metric gμν. Consequently, one can have two sets of
boundary actions leading to exactly the same holographic
results like holographic one-point functions of the energy-
momentum tensor [8]. The first way is to introduce the
so-called auxiliary field Φμ

ν in the surface term that should
not be involved in the variation of the metric gμν [83]

Ssurf−aux¼
1

4π

Z
∂M

ddx
ffiffiffiffiffiffi
−h

p
Φμ

νKν
μ; Φμ

ν ¼Pμ
ρνσnρnσ:

ð2:15Þ

Note Pμ
ρνσ can be found in (2.3) and (2.4) [8], andKν

μ is the
extrinsic curvature which is defined as

Kμν ¼ hρμ∇ρnν; ð2:16Þ

where nμ is given by

nμ ¼ r
l

� ∂
∂r

�
μ

: ð2:17Þ

The resulting boundary action is referred to as the auxiliary
type in this paper, and the auxiliary type boundary action
applies to the generic higher order gravities; see, e.g.,
[59,83,84].
In massless gravities, it is remarkable that the auxiliary

field is not necessary in the construction of the surface term,
and the variation with respect to δgμν demands varying all
fields involved in the action,

Ssurf−naux ¼
1

4π

Z
∂M

ddx
ffiffiffiffiffiffi
−h

p
P̃μνρσKμρnνnσ; ð2:18Þ

where we introduced

P̃μνρσ ¼ P0
μνρσ þ

1

5

X8
i¼1

eiPi
μνρσ: ð2:19Þ

We refer to the resulting boundary action as the non-
auxiliary-type boundary action. The boundary action of
Gauss-Bonnet gravity and more general Lovelock gravity
[84–86] is of this type. Typically, in Gauss-Bonnet gravity
and Lovelock gravity, the surface term (2.18) can be
expressed in terms of the extrinsic curvature Kμν [84–86].
We now provide the explicit holographic counterterms in

both auxiliary-type boundary action and nonauxiliary-type
boundary action of the massless cubic gravities up to the
linear curvature term. The auxiliary-type counterterms take
as follows

Sct−aux ¼ −2
Z

ddx
ffiffiffiffiffiffi
−h

p ��
d − 1

l
þ ðd − 2Þðd − 1Þ2

l5
ð3dðdþ 1Þe1 þ 2de2 þ e4 þ e5Þ

�

þ
�

l
2ðd − 2Þ þ

d − 1

2l3
ð3dðdþ 1Þe1 þ 2de2 þ e4 þ 4e5Þ

�
R
�
þ � � � ; ð2:20Þ

whereR is the Ricci scalar curvature associated with the boundary metric. The nonauxiliary-type counterterms are given by

Sct−naux ¼ −2
Z

ddx
ffiffiffiffiffiffi
−h

p ��
d − 1

l
þ ðd − 5Þðd − 2Þðd − 1Þ

5l5
ð3dðdþ 1Þe1 þ 2de2 þ e4 þ e5Þ

�

þ
�

l
2ðd − 2Þ þ

dþ 3

10l3
ð3dðdþ 1Þe1 þ 2de2 þ e4 þ 4e5Þ

�
R
�
þ � � � : ð2:21Þ

Throughout this paper, we mainly consider the holographic
aspects of the massless cubic gravities in D ¼ 5, d ¼ 4
and D ¼ 4, d ¼ 3. For our purpose, the linear curvature
counterterms are adequate. In higher dimensions, one
has to add more counterterms that are given by higher
order of boundary curvature invariants to cancel
the divergence. For Einstein gravity, they can be found
in [87,88]; for Gauss-Bonnet gravity, they can be found
in [86].

C. Approximate solutions of the black holes

In this subsection, we intend to obtain the black holes of
the generic massless cubic gravities. Unfortunately, it turns
out that the exact black hole solutions can only exist
provided with some further constraints of the coupling
constants associated with the cubic terms, like quasitopo-
logical gravities [33,59] and Einsteinian cubic gravity
[47,48,63], while for the generic coupling constants, there
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is no exact solution. In this paper, instead of trying to find
the exact solutions, we treat coupling constants of cubic
terms ei as the infinitesimal quantities compared to any
other relevant quantities in theory (for example, l0), and we
can then perform the perturbative method proposed in [75]
to solve out the black holes order by order. This treatment is
consistent with the causality [72], and we will see it is also
consistent with other physical constraints in Secs. Vand VI.
In this subsection, we follow the procedure in [75] and
present the approximate solutions of the black holes up to
the first order of ei for the generic massless cubic gravities
in D ¼ 5 and D ¼ 4. In Appendix A, we present the
approximate black hole solutions with the flat boundary
topology up to the second order of ei for the purpose of
computing the shear viscosity in Sec. VII.
The metric ansatz is given by

ds2 ¼ −fðrÞdt2 þ 1

hðrÞ dr
2 þ r2dΩ2

k;D−2; ð2:22Þ

where k ¼ −1, 0, 1 is referred to as the (D − 2)-hyperbolic
space, (D − 2)-flat space and the (D − 2)-sphere respec-
tively. In the construction of the approximate black holes
order by order, each order will include one integration
constant. However, it should be emphasized that the infini-
tesimal correction produced by higher order curvature
invariants shall not alter the horizon r0 of the uncorrected
black holes, otherwise the perturbative approach with infini-
tesimal coupling constants ei would break down in the sense
that all Oðeni Þ terms should share the same magnitude order
to ensure fðrhÞ ¼ hðrhÞ ¼ 0 at the new horizon rh. In other
words, for black holes solved by the perturbative approach,
each order itself should vanish at the horizon r0, leaving the
black hole solutions with only one parameter: the horizon or,
equivalently, the mass. This result is consistent with the no-
hair theorem and it also reflects the fact that the spectrum
contains sole massless graviton. In this paper, we follow the
prescription mentioned above to construct the black holes
perturbatively.
In D ¼ 5, we have

fðrÞ ¼ 1

3l6
0r

10r20
ð3kr20r10þð2k3ð1200e1þ 340e2þ 108e3þ 83e4þ 328e5þ 76e6Þ− 3kr40Þr8

− 72k3ð90e1þ 22e2þ 6e3þ 5e4þ 18e5þ 4e6Þr60r2þ 2k3ð2040e1þ 452e2þ 108e3

þ 97e4þ 320e5þ 68e6Þr80Þl6
0þ 3r20ðr2− r20Þðr10þ r20r

8þ 4k2ð930e1þ 254e2

þ 78e3þ 61e4þ 234e5þ 54e6Þr6þ 4k2ð930e1þ 254e2þ 78e3þ 61e4þ 234e5þ 54e6Þr20r4
þ 2k2ð120e1þ 76e2þ 36e3þ 23e4þ 112e5þ 28e6Þr40r2− 2k2ð2040e1þ 452e2þ 108e3

þ 97e4þ 320e5þ 68e6Þr60Þl4
0þ 6kr40ð204e3r8þ 161e4r8þ 608e5r8þ 140e6r8

− 240e3r40r
4− 198e4r40r

4 − 712e5r40r
4− 160e6r40r

4 − 72e3r60r
2− 60e4r60r

2− 216e5r60r
2 −48e6r60r

2þ 108e3r80

þ 97e4r80þ 320e5r80þ 68e6r80þ 120e1ð21r8− 29r40r
4− 9r60r

2þ 17r80Þþ 4e2ð169r8 − 216r40r
4− 66r60r

2þ 113r80ÞÞl2
0

þ 2r20ðr4− r40Þðe4r8þ 4e5r8þ 252e3r40r
4þ 200e4r40r

4þ 748e5r40r
4þ 172e6r40r

4− 108e3r80− 97e4r80− 320e5r80

− 68e6r80þ 60e1ðr8þ 53r40r
4− 34r80Þþ e2ð8r8þ 844r40r

4− 452r80ÞÞþOðeiÞ2; ð2:23Þ
and

hðrÞ¼ 1

3l6
0r

10r20
ð3kr20r10þð2k3ð1200e1þ340e2þ108e3þ83e4þ328e5þ76e6Þ−3kr40Þr8

−48k3ð240e1þ72e2þ24e3þ18e4þ72e5þ17e6Þr60r2þ2k3ð4560e1þ1388e2þ468e3þ349e4þ1400e5

þ332e6Þr80Þl6
0þ3r20ðr12þð4k2ð930e1þ254e2þ78e3þ61e4þ234e5þ54e6Þ−r40Þr8

−2k2ð2580e1þ744e2þ240e3þ183e4þ716e5þ168e6Þr40r4−32k2ð240e1þ72e2þ24e3þ18e4þ72e5þ17e6Þr60r2
þ2k2ð4560e1þ1388e2þ468e3þ349e4þ1400e5þ332e6Þr80Þl4

0

þ6kr40ð204e3r8þ161e4r8þ608e5r8þ140e6r8−480e3r40r4−366e4r40r4−1432e5r40r4−336e6r40r4−192e3r60r2

−144e4r60r2−576e5r60r2−136e6r60r2þ468e3r80þ349e4r80þ1400e5r80þ332e6r80þ120e1ð21r8−43r40r4−16r60r2þ38r80Þ
þ4e2ð169r8−372r40r4−144r60r2þ347r80ÞÞl2

0þ2r20ðr4−r40Þðe4r8þ4e5r8þ252e3r40r
4þ200e4r40r

4þ748e5r40r
4

þ172e6r40r
4−468e3r80−349e4r80−1400e5r80−332e6r80þ60e1ðr8þ53r40r

4−76r80Þ
þ4e2ð2r8þ211r40r

4−347r80ÞÞþOðe2i Þ; ð2:24Þ
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where r0 is the radius where the event horizon is located. It is of interest to have a close look at the effective AdS radius
in these approximate solutions (2.23) and (2.24). The effective radius is encoded in the coefficient of r2 in solutions,
and we have

1

l2
¼ 1

l2
0

þ 2ð60e1 þ 8e2 þ e4 þ 4e5Þ
3l6

0

þOðe2i Þ: ð2:25Þ

In Appendix A, we can see the effective radius up to the second order is given by

1

l2
¼ 1

l2
0

þ 2ð60e1 þ 8e2 þ e4 þ 4e5Þ
3l6

0

þ 4ð60e1 þ 8e2 þ e4 þ 4e5Þ2
3l10

0

þOðeiÞ3: ð2:26Þ

It can be easily verified that (2.25) and (2.26) are consistent with (2.9) up to ei and e2i correspondingly.
In D ¼ 4, we have

fðrÞ ¼ 1

6l6
0r

7r30
ð6kr30r7 þ ðk3ð252e1 þ 78e2 þ 27e3 þ 22e4 þ 52e5 þ 18e6Þ − 6kr40Þr6

− 27k3ð48e1 þ 12e2 þ 3e3 þ 3e4 þ 8e5 þ 2e6Þr50rþ k3ð1044e1 þ 246e2 þ 54e3

þ 59e4 þ 164e5 þ 36e6Þr60Þl6
0 þ 3r20ð2r0r9 þ ð9k2ð60e1 þ 18e2 þ 6e3 þ 5e4

þ 12e5 þ 4e6Þ − 2r40Þr6 − 2k2ð360e1 þ 96e2 þ 27e3 þ 25e4 þ 64e5 þ 18e6Þr30r3
− 18k2ð48e1 þ 12e2 þ 3e3 þ 3e4 þ 8e5 þ 2e6Þr50rþ k2ð1044e1 þ 246e2 þ 54e3

þ 59e4 þ 164e5 þ 36e6Þr60Þl4
0 þ 3kr40ð81e3r6 þ 68e4r6 þ 164e5r6 þ 54e6r6

− 108e3r30r
3 − 100e4r30r

3 − 256e5r30r
3 − 72e6r30r

3 − 27e3r50r − 27e4r50r − 72e5r50r

− 18e6r50rþ 54e3r60 þ 59e4r60 þ 164e5r60 þ 36e6r60 þ 36e1ð23r6 − 40r30r
3 − 12r50rþ 29r60Þ

þ 6e2ð41r6 − 64r30r
3 − 18r50rþ 41r60ÞÞl2

0 þ r30ðr3 − r30Þð4e4r6 þ 16e5r6 þ 108e3r30r
3

þ 91e4r30r
3 þ 220e5r30r

3 þ 72e6r30r
3 − 54e3r60 − 59e4r60 − 164e5r60 − 36e6r60

þ 36e1ð4r6 þ 31r30r
3 − 29r60Þ þ 6e2ð4r6 þ 55r30r

3 − 41r60ÞÞ þOðe2i Þ; ð2:27Þ

and

hðrÞ ¼ 1

6l6
0r

7r30
ð6kr30r7 þ ðk3ð252e1 þ 78e2 þ 27e3 þ 22e4 þ 52e5 þ 18e6Þ − 6kr40Þr6

− 27k3ð72e1 þ 24e2 þ 9e3 þ 7e4 þ 16e5 þ 6e6Þr50rþ k3ð1692e1 þ 570e2

þ 216e3 þ 167e4 þ 380e5 þ 144e6Þr60Þl6
0 þ 3r20ð2r0r9 þ ð9k2ð60e1 þ 18e2

þ 6e3 þ 5e4 þ 12e5 þ 4e6Þ − 2r40Þr6 − 2k2ð468e1 þ 150e2 þ 54e3 þ 43e4

þ 100e5 þ 36e6Þr30r3 − 18k2ð72e1 þ 24e2 þ 9e3 þ 7e4 þ 16e5 þ 6e6Þr50r
þ k2ð1692e1 þ 570e2 þ 216e3 þ 167e4 þ 380e5 þ 144e6Þr60Þl4

0

þ 3kr40ð81e3r6 þ 68e4r6 þ 164e5r6 þ 54e6r6 − 216e3r30r
3 − 172e4r30r

3

− 400e5r30r
3 − 144e6r30r

3 − 81e3r50r − 63e4r50r − 144e5r50r − 54e6r50r

þ 216e3r60 þ 167e4r60 þ 380e5r60 þ 144e6r60 þ 36e1ð23r6 − 52r30r
3 − 18r50r

þ 47r60Þ þ 6e2ð41r6 − 100r30r
3 − 36r50rþ 95r60ÞÞl2

0

þ r30ðr3 − r30Þð4e4r6 þ 16e5r6 þ 108e3r30r
3 þ 91e4r30r

3 þ 220e5r30r
3

þ 72e6r30r
3 − 216e3r60 − 167e4r60 − 380e5r60 − 144e6r60

þ 36e1ð4r6 þ 31r30r
3 − 47r60Þ þ 6e2ð4r6 þ 55r30r

3 − 95r60ÞÞ þOðe2i Þ: ð2:28Þ
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Up to the first order, the effective AdS radius is

1

l2
¼ 1

l2
0

þ 2ð36e1 þ 6e2 þ e4 þ 4e5Þ
3l6

0

þOðe2i Þ; ð2:29Þ

which is consistent with (2.9) up to ei. According to the
result in Appendix A, the effective AdS radius up to the
second order is given by

1

l2
¼ 1

l2
0

þ 2ð36e1 þ 6e2 þ e4 þ 4e5Þ
3l6

0

þ 4ð36e1 þ 6e2 þ e4 þ 4e5Þ2
3l10

0

þOðeiÞ3; ð2:30Þ

which is consistent with (2.9) up to e2i . We shall discuss the
thermodynamics of the approximate black holes in the next
section.

III. THERMODYNAMICS

In this section, we present the black hole thermodynam-
ics for the approximate black holes obtained in the previous
section, i.e., the first order thermodynamics in D ¼ 5 and
D ¼ 4. Additionally, we also exhibit the results of the
second order planar black holes, i.e., k ¼ 0, in D ¼ 5 and
D ¼ 4, in which the approximate solutions are given in
Appendix A.

A. The first order in D= 5

The temperature of a black hole is given by

T ¼ 1

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f0ðr0Þh0ðr0Þ

p
; ð3:1Þ

where the primes stand for the derivative over r. For black
holes with (2.23) and (2.24) in D ¼ 5, we have explicitly

T ¼ 1

6πl6
0r

5
0

ðl6
0ð4ð150e1 þ 50e2 þ 18e3 þ 13e4 þ 62e5 þ 14e6Þk3 þ 3kr40Þ

þ 6l4
0ð2ð60e1 þ 8e2 þ e4 þ 4e5Þk2r20 þ r60Þ − 12ð30e1 þ 34e2 þ 18e3 þ 11e4 þ 54e5 þ 14e6Þl2

0kr
4
0

− 8ð30e1 þ 34e2 þ 18e3 þ 11e4 þ 54e5 þ 14e6Þr60Þ þOðe2i Þ: ð3:2Þ

To compute the black hole entropy, we take use of the Wald
formula [89,90]

S ¼
�
−2π

Z
dD−2x

ffiffiffi
σ

p
Pμνρσε

μνερσ
�

r¼r0

; ð3:3Þ

where σ is the induced metric in the spacelike (D − 2)-
boundary, and εμν is the binormal to the horizon. By
binormal, we mean, explicitly

ε ¼
ffiffiffi
h
f

s
dt ∧ dr; εμνε

μν ¼ −2: ð3:4Þ

For static black holes where Pμνρσε
μνερσ is constant on the

horizon, we shall have a simpler formula taking the form as

S ¼ −2πωk;D−2rD−2
0 ðPμνρσε

μνερσÞr¼r0 ; ð3:5Þ

where ωk;D−2 is the volume of a unit (D − 2)-boundary. To
be precise, for k ¼ 1 it is the volume of a unit SD−2, while
for k ¼ −1, 0, this “volume” might be infinite, so it is
natural to divide this factor out and the corresponding S is
viewed as the entropy density s. Throughout this paper, we
always keep the factor ωk;D−2, but the convention is settled
such that ωk;D−2 for k ¼ 1 is the finite volume of a unit
(D − 2)-sphere, while ωk;D−2 for k ¼ −1, 0 is set to 1 and
the corresponding thermodynamic quantity is actually the
density, for example, the mass density denoted as m, the
entropy density denoted as s and the free energy density
denoted as F . Explicitly, for D ¼ 5, we have

S ¼ −2πr30

�
48ð90e1 þ 22e2 þ 6e3 þ 5e4 þ 18e5 þ 4e6Þ

l4
0

þ 96ð90e1 þ 22e2 þ 6e3 þ 5e4 þ 18e5 þ 4e6Þk
l2
0r

2
0

þ 12ð300e1 þ 80e2 þ 24e3 þ 19e4 þ 68e5 þ 16e6Þk2
r40

− 2

�
ωk;3 þOðe2i Þ: ð3:6Þ

We then turn to obtain the mass of the black hole. The mass
can be read off from the asymptotic expansion of fðrÞ, i.e.,

fðrÞ ¼ r2

l2
þ kþ fðdÞ

rd−2
þ � � � ; ð3:7Þ

where l is the effective AdS radius and the coefficient fð2Þ

is the mass parameter. However, we have a modified

Newton constant κeff now, and the mass is given by the

following formula
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M ¼ −ðD − 3Þκeff
Z

dD−2 ffiffiffi
σ

p
fðdÞ; ð3:8Þ

where κeff is given in (2.12) with l the effective AdS radius.
The formula (3.8) can be verified to be true by using the
holographic energy-momentum tensor formula in [8]. Even
though in [8], the formula was derived under the flat
boundary assumption, the results apply to the general
curved background, because additional terms due to the

curved background are divergent and can be canceled out
identically by using the counterterms (2.20) or (2.21).
Substitute (2.25) into (2.12), we immediately have

κeff ¼ 1 −
2ð60e1 þ 8e2 þ e4 þ 4e5Þ

l4
0

þOðe2i Þ: ð3:9Þ

Then the mass formula (3.8) yields

M ¼ ωk;3

l6
0r

2
0

ðl6
0ð3kr40 − 2ð1200e1 þ 340e2 þ 108e3 þ 83e4 þ 328e5 þ 76e6Þk3Þ

þ 3l4
0ðr60 − 4ð930e1 þ 254e2 þ 78e3 þ 61e4 þ 234e5 þ 54e6Þk2r20Þ

− 12ð1290e1 þ 342e2 þ 102e3 þ 81e4 þ 306e5 þ 70e6Þl2
0kr

4
0

− 4ð1650e1 þ 430e2 þ 126e3 þ 101e4 þ 378e5 þ 86e6Þr60Þ þOðe2i Þ: ð3:10Þ

It then can be readily verified from (3.2), (3.6) and (3.10)
that the first law of thermodynamics is valid

dM ¼ TdS: ð3:11Þ

The free energy plays an essential role in determining
the thermodynamics; therefore, we shall consider the free
energy of the black holes and verify our results of the
black hole mass and entropy. For black holes, the free
energy can be derived by evaluating the on-shell
Euclidean action where the time direction has been
Wick rotated, i.e., t → −iτ. In Euclidean action, the
partition function is determined by the free energy
according to the formula

Z ¼ eS
EucðTÞ ¼ e−

F
T;

SEucbulkðTÞ ¼
Z 1

T

0

dτ
Z 1

ϵ

r0

dr
Z

d3x
ffiffiffi
σ

p
L; ð3:12Þ

where ϵ → 0 is the UV cutoff. Therefore we have

F ¼ −TSEucbulkðTÞ: ð3:13Þ
However, as it is mentioned in Sec. II, the AdS back-
ground would cause the UV divergence of the on-shell
action. There are two approaches to fix the divergence.

One approach is to subtract the AdS background con-
tribution which is given by

Sð0ÞEucbulk ðT̃Þ ¼
Z

1
T̃

0

dτ
Z

1
ϵ

r0

dr
Z

d3x
ffiffiffi
σ

p
L; ð3:14Þ

where T̃ is different from T due to the red-shift effect,
and it is given by

T

T̃
¼ fðrÞ

r2=l2

����
r¼1=ϵ

; ð3:15Þ

in which l is the effective AdS radius. We then have

F ¼ −TðSEucbulkðTÞ − Sð0ÞEucbulk ðT̃ÞÞ: ð3:16Þ

Notice for black holes (2.23) and (2.24), the approximate
AdS background is

fð0ÞðrÞ ¼ hð0ÞðrÞ ¼ r2

l2
þ k; ð3:17Þ

where l takes the value in (2.25). Substituting (2.23),
(2.24) and (3.17) into (3.16) yields

F ¼ ωk;3

3l6
0r

2
0

ðl6
0ð2ð1200e1 þ 220e2 þ 36e3 þ 41e4 − 8e5 þ 4e6Þk3 þ 3kr40Þ

þ l4
0ð12ð1050e1 þ 230e2 þ 54e3 þ 49e4 þ 130e5 þ 30e6Þk2r20 − 3r60Þ

þ 12ð1590e1 þ 362e2 þ 90e3 þ 79e4 þ 270e5 þ 58e6Þl2
0kr

4
0 þ 4ð1650e1

þ 430e2 þ 126e3 þ 101e4 þ 378e5 þ 86e6Þr60Þ þOðe2i Þ: ð3:18Þ

HOLOGRAPHIC STUDIES OF THE GENERIC MASSLESS … PHYS. REV. D 99, 066014 (2019)

066014-9



One can immediately verify that up to the first order,
we have

F¼M−TS; M¼−T2
∂
∂T

�
F
T

�
; S¼−

∂F
∂T : ð3:19Þ

There is another approach to obtain the finite free energy.
We can calculate the total action involving the auxiliary-
type boundary action (2.15) and (2.20), or the nonauxiliary-
type boundary action (2.18) and (2.21) instead of only the
bulk action. However, this approach suffers from one
subtlety for black holes with curved boundary in odd bulk
dimension. In odd bulk dimension, there would be the
additional Casimir energy for black holes with curved
boundary [91]

F̃ ¼ −TSEuctot ðTÞ ¼ F þMCasi: ð3:20Þ

Subtracting the Casimir energy would give rise to the
correct free energy. The Casimir energy can be obtained by
evaluating the free energy of AdS vacua

MCasi ¼ −TarbS
ð0ÞEuc
tot ðTarbÞ; ð3:21Þ

where Tarb is an arbitrary temperature. For black holes
(2.23) and (2.24) in D ¼ 5, the Casimir energy is obtained
by using (3.17) and (2.25)

MCasi ¼−
k2

4l2
0

ð3l4
0þ16ð60e1þ8e2þe4þ4e5ÞÞþOðe2i Þ:

ð3:22Þ

It is evident that for flat boundary the Casimir energy
vanishes identically. Evaluating the total action (auxiliary-
type or nonauxiliary type) and subtracting the Casimir
energy (3.22) reproduces (3.18).

B. The first order in D= 4

For black holes with (2.27) and (2.27), by applying (3.1),
the temperature is given by

T ¼ 1

8πl6
0r

5
0

ðl6
0ð2kr40 − ð36e1 þ 6e2 þ e4 þ 4e5Þk3Þ þ 3l4

0ð2r60 − ð108e1 þ 30e2 þ 9e3 þ 8e4 þ 20e5 þ 6e6Þk2r20Þ

− 9ð60e1 þ 18e2 þ 6e3 þ 5e4 þ 12e5 þ 4e6Þl2
0kr

4
0 − 9ð12e1 þ 6e2 þ 3e3 þ 2e4 þ 4e5 þ 2e6Þr60Þ þOðe2i Þ: ð3:23Þ

Then applying (3.5) exactly like we did previously, we have the corresponding entropy

S ¼ −2πr20

�
9ð48e1 þ 12e2 þ 3e3 þ 3e4 þ 8e5 þ 2e6Þ

l4
0

þ 18ð48e1 þ 12e2 þ 3e3 þ 3e4 þ 8e5 þ 2e6Þk
l2
0r

2
0

þ ð288e1 þ 84e2 þ 27e3 þ 23e4 þ 56e5 þ 18e6Þk2
r40

− 2

�
ωk;2 þOðe2i Þ: ð3:24Þ

Furthermore, in D ¼ 4, we have the effective Newton constant as follows:

κeff ¼ 1 −
2ð36e1 þ 6e2 þ e4 þ 4e5Þ

l4
0

þOðe2i Þ: ð3:25Þ

Subsequently, the mass formula (3.10) gives rise to

M ¼
�
−
3ð156e1 þ 42e2 þ 12e3 þ 11e4 þ 28e5 þ 8e6Þr30

l6
0

−
9ð108e1 þ 30e2 þ 9e3 þ 8e4 þ 20e5 þ 6e6Þkr0

l4
0

þ 2r40 − 9ð60e1 þ 18e2 þ 6e3 þ 5e4 þ 12e5 þ 4e6Þk2
l2
0r0

−
ð252e1 þ 78e2 þ 27e3 þ 22e4 þ 52e5 þ 18e6Þk3

3r30
þ 2kr0

�
ωk;2

þOðe2i Þ: ð3:26Þ

We can verify (3.11).
Given the vacuum (3.17) with (2.29) and the black holes (2.27) and (2.28), either using (3.16) or (3.20) (there is no

Casimir energy in D ¼ 4), one has the same results of the free energy
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F¼ ωk;2

6l6
0r

3
0

ðl6
0ðð468e1þ114e2þ27e3þ28e4þ76e5þ18e6Þk3þ6kr40Þ

þl4
0ð9ð324e1þ78e2þ18e3þ19e4þ52e5þ12e6Þk2r20−6r60Þ

þ27ð180e1þ42e2þ9e3þ10e4þ28e5þ6e6Þl2
0kr

4
0þ9ð156e1þ42e2þ12e3þ11e4þ28e5þ8e6Þr60ÞþOðe2i Þ:

ð3:27Þ

It follows that we have (3.19).

C. The second order results with k= 0

In this subsection, we present the thermodynamical quantities associated with the second order planar black holes (k ¼ 0)
provided in Appendix A.
In D ¼ 5, the solutions are given in (A1) and (A2); we have the temperature

T ¼ r0
3πl10

0

ð−72e3l4
0 − 44e4l4

0 − 216e5l4
0 − 56e6l4

0 þ 8e2ð114624e3 þ 85193e4 þ 360612e5 þ 77336e6 − 17l4
0Þ

− 120e1ð−90212e2 − 28092e3 − 20659e4 − 88856e5 − 18948e6 þ l4
0Þ þ 19526400e21 þ 1485856e22 þ 140256e23

þ 78244e24 þ 1371456e25 þ 63904e26 þ 210600e3e4 þ 877920e3e5 þ 662184e4e5

þ 189312e3e6 þ 142184e4e6 þ 592160e5e6 þ 3l8
0Þ þOðe3i Þ: ð3:28Þ

The entropy density is

s ¼ 4πr30
l8
0

ð−24ð90e1 þ 22e2 þ 6e3 þ 5e4 þ 18e5 þ 4e6Þl4
0

þ 128ð159300e21 þ 60ð1498e2 þ 474e3 þ 347e4 þ 1494e5 þ 322e6Þe1
þ 12452e22 þ 1188e23 þ 665e24 þ 11556e25 þ 544e26 þ 1788e3e4 þ 7416e3e5 þ 5604e4e5 þ 1608e3e6

þ 1212e4e6 þ 5016e5e6 þ 4e2ð1938e3 þ 1439e4 þ 6078e5 þ 1314e6ÞÞ þ l8
0Þ þOðe3i Þ: ð3:29Þ

The effective Newton constant now is

κeff ¼ 1 −
2ð60e1 þ 8e2 þ e4 þ 4e5Þ

l4
0

−
8ð60e1 þ 8e2 þ e4 þ 4e5Þ2

3l8
0

þOðe3i Þ; ð3:30Þ

yielding the mass density

m ¼ r40
l10
0

ð−4ð1650e1 þ 430e2 þ 126e3 þ 101e4 þ 378e5 þ 86e6Þl4
0

þ 4ð20239200e21 þ 30ð380804e2 þ 120540e3 þ 88195e4 þ 380024e5 þ 81876e6Þe1
þ 1584808e22 þ 151704e23 þ 84721e24 þ 1475568e25 þ 69544e26 þ 228042e3e4

þ 946968e3e5 þ 714762e4e5 þ 205440e3e6 þ 154634e4e6 þ 640808e5e6

þ e2ð987840e3 þ 732850e4 þ 3098376e5 þ 669904e6ÞÞ þ 3l8
0Þ þOðe3i Þ: ð3:31Þ

It is easy to see (3.11) is valid. Moreover, we can check immediately

m ¼ 3

4
Ts; ð3:32Þ

which should hold for a thermal plasma in d ¼ 4 CFT. Notice the vacuum is (3.17) with (2.26), and the free energy density
is given by
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F ¼ −
r40
3l10

0

ð−4ð1650e1 þ 430e2 þ 126e3 þ 101e4 þ 378e5 þ 86e6Þl4
0

þ 4ð20239200e21 þ 30ð380804e2 þ 120540e3 þ 88195e4 þ 380024e5 þ 81876e6Þe1
þ 1584808e22 þ 151704e23 þ 84721e24 þ 1475568e25 þ 69544e26 þ 228042e3e4

þ 946968e3e5 þ 714762e4e5 þ 205440e3e6 þ 154634e4e6 þ 640808e5e6

þ e2ð987840e3 þ 732850e4 þ 3098376e5 þ 669904e6ÞÞ þ 3l8
0Þ þOðe3i Þ: ð3:33Þ

One can verify (3.19).
In D ¼ 4, with the solutions (A3) and (A4), we have the temperature as follows:

T ¼ 3r0
32πl10

0

ð−12ð12e1 þ 6e2 þ 3e3 þ 2e4 þ 4e5 þ 2e6Þl4
0 þ 3ð398736e21

þ 12ð19776e2 þ 6525e3 þ 5039e4 þ 16640e5 þ 4350e6Þe1 þ 34524e22 þ 3402e23 þ 2242e24 þ 22256e25
þ 1512e26 þ 5631e3e4 þ 17340e3e5 þ 14316e4e5 þ 4536e3e6 þ 3754e4e6 þ 11560e5e6

þ 6e2ð3687e3 þ 2931e4 þ 9400e5 þ 2458e6ÞÞ þ 8l8
0Þ þOðe3i Þ: ð3:34Þ

The entropy density is given by

s ¼ −2πr20

�
−
54

l8
0

ð11520e21 þ 48ð144e2 þ 48e3 þ 37e4 þ 120e5 þ 32e6Þe1 þ 1008e22 þ 99e23 þ 66e24 þ 640e25 þ 44e26

þ 165e3e4 þ 504e3e5 þ 416e4e5 þ 132e3e6 þ 110e4e6 þ 336e5e6 þ 12e2ð54e3 þ 43e4 þ 136e5 þ 36e6ÞÞ

þ 9

l4
0

ð48e1 þ 12e2 þ 3e3 þ 3e4 þ 8e5 þ 2e6Þ − 2

�
þOðe3i Þ: ð3:35Þ

Notice we have

κeff ¼ 1 −
2ð36e1 þ 6e2 þ e4 þ 4e5Þ

l4
0

−
8ð36e1 þ 6e2 þ e4 þ 4e5Þ2

3l8
0

þOðe3i Þ; ð3:36Þ

and we immediately have the mass density

m ¼ r30
4l10

0

ð−12ð156e1 þ 42e2 þ 12e3 þ 11e4 þ 28e5 þ 8e6Þl4
0 þ 3ð1238544e21 þ 12ð61896e2 þ 20619e3 þ 15893e4

þ 51632e5 þ 13746e6Þe1 þ 108396e22 þ 10692e23 þ 7102e24 þ 68912e25 þ 4752e26 þ 17781e3e4 þ 54276e3e5

þ 44772e4e5 þ 14256e3e6 þ 11854e4e6 þ 36184e5e6

þ 6e2ð11625e3 þ 9249e4 þ 29272e5 þ 7750e6ÞÞ þ 8l8
0Þ þOðe3i Þ: ð3:37Þ

It is not difficult to verify that (3.11) is valid. We can also verify

m ¼ 2

3
Ts; ð3:38Þ

which is supposed to be valid for a plasma in d ¼ 3 CFT. Note we have the AdS vacuum given by (3.17) with (2.30), hence
the free energy density is

F ¼−
r30
8l10

0

ð−12ð156e1þ42e2þ12e3þ11e4þ28e5þ8e6Þl4
0þ3ð1238544e21þ12ð61896e2þ20619e3þ15893e4

þ51632e5þ13746e6Þe1þ108396e22þ10692e23þ7102e24þ68912e25þ4752e26þ17781e3e4þ54276e3e5

þ44772e4e5þ14256e3e6þ11854e4e6þ36184e5e6þ6e2ð11625e3þ9249e4þ29272e5þ7750e6ÞÞþ8l8
0ÞþOðe3i Þ:

ð3:39Þ
We still have (3.19).
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IV. CENTRAL CHARGES AND
TWO-POINT FUNCTIONS

The holographic central charges and the holographic
two-point function of the energy-momentum tensor for the
cubic gravities were studied extensively in the literature
[7,8,32,34,64]. In this section, we review those results for
the most generic massless cubic gravities [7,8]. We start
with the holographic conformal anomaly in D ¼ 5, d ¼ 4.
The conformal anomaly exhibits its universal structure in
d ¼ 4 as

Aanom ¼ −aEð4Þ þ cIð4Þ; ð4:1Þ
where Eð4Þ is the Euler density in d ¼ 4 and Ið4Þ is the Weyl
invariants in d ¼ 4; they are given by

Eð4Þ ¼ R2 − 4RijRij þRijklRijkl;

Ið4Þ ¼ 1

3
R2 − 2RijRij þRijklRijkl: ð4:2Þ

There arises two coefficients in the conformal anomaly (4.1)
and they are referred to as a-central charge and c-central
charge respectively. It turns out that the universal informa-
tion of a CFT is encoded in the central charges. Specifically,
a-charge measures the massless freedom, and one can find a
corresponding a-function that gives rise to the a-charge at a
fixed point and encodes the RG flow properties. On the other
hand, the c-charge is related to the universal coefficient of
the energy-momentum tensor two-point function in d ¼ 4
which shall be discussed momentarily.
Holographically, it turns out that even though the

conformal anomaly only appears in odd bulk dimension
D, one can always generalize the a-charge to arbitrary
dimensions [7,71,92]. In fact, with the reduced Fefferman-
Graham expansion trick in [7,93] one can readily read off
the a-charge in arbitrary odd D, even d. Then one can
always impose the analytic continuation for a-charge and
state there are certain a-charges in arbitrary dimensions.
From another perspective, the a-function5 and the corre-
sponding holographic a-theorem is related to the null
energy condition [7,71,92–95] that is intact in any dimen-
sions, hence at the fixed point, the a-function automatically
gives rise to the a-charge in arbitrary dimensions. The a-
charge of the massless cubic gravities in general dimen-
sions are given by [7]

a ¼ 2π
d
2

Γðd
2
Þl

d−1
�
1þ 1

l4
ðd − 2Þðd − 1Þð3ðdþ 1Þde1

þ 2de2 þ e4 þ 4e5Þ
�
: ð4:3Þ

The a-charge that specializes in D ¼ 5, d ¼ 4 is given by

a ¼ 2π2ðl3 þ 6ð60e1 þ 8e2 þ e4 þ 4e5Þl−1Þ: ð4:4Þ

In even D, i.e., odd d, it turns out the so called a-charge is
related to the coefficient of the entanglement entropy
[71,92,96,97]. We will see in Sec. VI that this fact holds
true in the massless cubic gravities. We also present the
c-charge in D ¼ 5, d ¼ 4 [7]

c ¼ 2π2ðl3 − 2ð60e1 þ 8e2 þ e4 þ 4e5Þl−1Þ: ð4:5Þ

By writing the excited modes around the AdS vacua [i.e.,
the modes that are solutions of (2.12)] in the metric basis,
see e.g., [8,23,24] and also [98]), one can prove that the
holographic energy-momentum tensor two-point function
of the massless cubic gravities in general dimensions takes
the form as [8]

hTijðxÞTklð0Þi ¼
CTI ijklðxÞ

x2d
; ð4:6Þ

where I ijklðxÞ is defined as

I ijklðxÞ ¼
1

2
ðIikðxÞIjlðxÞ þ IilðxÞIjkðxÞÞ −

1

d
ηijηkl;

IijðxÞ ¼ ηij −
2xixj
x2

; ð4:7Þ

and CT is given by

CT ¼
2Γðdþ2Þ

π
d
2ðd−1ÞΓðd

2
Þl

d−1
�
1þ 1

l4
ðd−5Þðd−2Þð3ðdþ1Þde1

þ2de2þe4þ4e5Þ
�
: ð4:8Þ

In D ¼ 5, d ¼ 4, one can immediately observe that it is
proportional to the c-charge [8]

CT ¼ 40

π4
c: ð4:9Þ

Sometimes it would be convenient to strip off the inessen-
tial numerical factors N1, N2 in a ¼ N1ã, c ¼ N1c̃ and
CT ¼ N2CT such that we have [7,8]

ã ¼ ld−1
�
1þ 1

l4
ðd − 2Þðd − 1Þð3ðdþ 1Þde1

þ 2de2 þ e4 þ 4e5Þ
�
;

c̃jd¼4 ¼ CT jd¼4 ¼ ðl3 − 2ð60e1 þ 8e2 þ e4 þ 4e5Þl−1Þ;

CT ¼ ld−1
�
1þ 1

l4
ðd − 5Þðd − 2Þð3ðdþ 1Þde1

þ 2de2 þ e4 þ 4e5Þ
�
: ð4:10Þ5Sometimes, it is also referred to as c-function or C-function in

the literature.
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Actually, it would be convenient to identify a with ã and c
with c̃when there is no confusion since the numerical factor
is inessential for the theory detail [7,8] (indeed, in determin-
ing parameters of three-point functions, the numerical
factors should be no longer ignored; see [30,34] and
Sec. V). Moreover, there is a remarkable relation between
a-charge and CT that was found recently in [8]

CT ¼ 1

d − 1
l
∂ã
∂l : ð4:11Þ

An equivalent relation between CT and the free energy of
CFT on a sphere was also observed recently in [67]. In
particular, in d ¼ 4 one has

c̃ ¼ 1

3
l
∂ã
∂l ; ð4:12Þ

which amazingly connects two types of central charges via
the derivative relation over the effective AdS radius. It is of
great interests to investigate the fascinating relation (4.11)
and (4.12) directly in CFT.Without the numerical factor, we
have c̃ ¼ CT in D ¼ 5, d ¼ 4. For this reason, we may also
refer CT as the c-charge in other dimensions and then CT
takes the responsibility as c in this paper.

V. THE ENERGY FLUX

A. The energy flux parameters

In this section, we mainly focus on completing the
holographic dictionary of the massless cubic gravities in
D ¼ 5. One should note that in this section, we do not slip
off the numerical factor in front of central charges and CT .
In the previous section, we state that a-charge and

c-charge (CT-charge to be precise) are universal for a certain
CFT to determine itself. Specifically, the a-charge encodes
the RG feature, meanwhile c-charge determines the two-
point function of the energy-momentum tensor. Even though
in the holographic context, we only discuss the pure gravity
which only provides the information associated with the
energy-momentum tensor in the boundary CFT, it is still
far from enough to determine all the information regarding
the dynamics that energy-momentum tensor is solely
responsible for. There are three independent universal
parameters that exist in the three-point functions of the
energy-momentum tensor; see, e.g., [15,16]. It turns out that
the conformal invariance can be used to explicitly determine
the five independent structures of the energy-momentum
tensor three-point function, hence one should have five
universal parameters carved with the CFT information
[15,16]. Considering the conserved law of the energy-
momentum tensor, the total independent parameters are
three, which are denoted as A, B and C in [16]. One should
expect that we canmanage to obtain the three-point function
and hence the parameters holographically; however,
unfortunately, it is a tremendously difficult task even for

Einstein gravity (see [25] for the calculation of Einstein
gravity). Therefore, we shall seek other ways to determine
the parameters A, B and C.
We follow the discussion for quasitopological gravity

and Lovelock gravities in [30,34] to consider the conformal
collider thought experiment proposed in [29]. Specifically,
consider we put a local excitation O in a d dimensional
CFT; the local excitation would spread out in the spacetime,
then one would like to measure the resulting energy flux
along the null infinity flowing in the direction ni. It is
instructive to consider the energy flux operator in the
direction ni

EðniÞ ¼ lim
r→∞

rd−2
Z þ∞

−∞
dtTt

iðt; rniÞni: ð5:1Þ

Then the one-point function of the energy flux operator can
be obtained by evaluating the three-point function with
respect to the vacuum as follows:

hEðniÞi ¼ hO†EðniÞOi
hO†Oi : ð5:2Þ

It is convenient to work in the light-cone coordinates, i.e.,

ds2 ¼ −dxþdx− þ dxĩdx
ĩ; ð5:3Þ

where ĩ only covers the last d − 2 directions in i, i.e.,
ĩ ¼ ð2; 3;…; d − 1Þ, and xþ and x− are the holomorphic
and antiholomorphic coordinates given by

xþ ¼ tþ x1; x− ¼ t − x1: ð5:4Þ

Furthermore, the following coordinates transformation

yþ ¼−
1

xþ
; y−¼ x− −

xĩx
ĩ

xþ
; yi¼ xĩ

xþ
; ð5:5Þ

accompanied with the conformal transformation gμν →
ðyþÞ2gμν leads us to the following coordinates

ds2 ¼ −dyþdy− þ dyĩdyĩ; ð5:6Þ

in which we end up with a simpler formula to compute the
energy flux operator

yĩ¼ nĩ

1þnd−1
; EðniÞ¼Ωd−1

Z þ∞

−∞
dy−T−−ðyþ¼0;y−;yĩÞ;

ð5:7Þ

where Ω is given by

Ω ¼ 1

1þ nd−1
: ð5:8Þ
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In this coordinate, the energy flux is measured in the
surface of yþ ¼ 0 which is the future null infinity. To relate
the energy flux with the three-point functions of the energy-
momentum tensor, we shall consider the operator Tijε

ij as
the excitation, where εij is the constant polarization tensor.
The symmetries of the construction can determine two
independent structures with two independent parameters t2
and t4

hEi ¼ E
ωd−2

�
1þ t2

�
ε�ijε

i
kn

jnk

ε�ijε
ij −

1

d − 1

�

þ t4

�jεijninjj2
ε�ijε

ij −
2

d2 − 1

��
; ð5:9Þ

where E is the total energy and ωd−2 is the volume of a unit
(d − 2)-sphere. The energy flux considered here is actually
the energy-momentum tensor three-point functions
restricted to certain polarization; therefore, it is natural to
relate t2 and t4 toA, B and C. Indeed, it turns out the energy
flux parameters t2 and t4 can be expressed in terms of A, B
and C [29,30,34]. In fact, with using the Ward identity, one
can express CT in terms of A, B and C by [15,16]

CT ¼ π
d
2

Γðd
2
Þ
ðd − 1Þðdþ 2ÞA − 2B − 4ðdþ 1ÞC

dðdþ 2Þ : ð5:10Þ

Therefore, with the two-point functions coefficient CT and
the energy flux parameters t2, t4, one could, in principle,
solve outA,B and C. In this sense, t2 and t4 are the universal
parameters we found.
Before we explicitly calculate the holographic energy

flux parameters t2 and t4 for D ¼ 5 massless cubic
gravities, it is worth noting that in d ¼ 3, we only have
t4 parameter

hEi ¼ E
2π

�
1þ t4

�jεijninjj2
ε�ijε

ij −
1

4

��
: ð5:11Þ

It would be challenging to obtain t4 for D ¼ 4 massless
cubic gravities by following the procedure in [30,34] and in
this section. However, in Sec. VI, we would use the scaling
dimension of the twist operator to extract t4 in D ¼ 4 just
like was done in [63].

B. The holographic energy flux

We consider the AdS background (2.6), and to proceed,
it is way more convenient to have the boundary metric
exactly like (5.6). We follow [29,30,34] to impose the
coordinates transformation for AdS vacuum as follows:

yþ ¼−
1

xþ
; y−¼ x− −

xĩx
ĩ

xþ
−

l2

r2xþ
;

yĩ ¼ xĩ

xþ
; ρ¼ rxþ: ð5:12Þ

It can be verified easily that

ds2 ¼ l2

r2
dr2 þ r2ηijdxidxj

¼ l2

r2
dr2 þ r2ð−dxþdx− þ dxĩdxĩÞ

¼ l2

ρ2
dρ2 þ ρ2ð−dyþdy− þ dyĩdyĩÞ: ð5:13Þ

Even though the ðρ; yÞ coordinates look exactly the same as
the usual AdS coordinates ðr; xÞ, it should be noticed that
the corresponding energy flux operator constructed in the
boundary CFT associated with ðρ; yÞ coordinates should
follow (5.7). Apparently, from (5.7), the energy flux
operator is the energy-momentum tensor operator along
the y−y− direction integrated over y−, implying that it is in
fact an operator with scaling dimension Δ ¼ d − 1.
According to the holographic dictionary, T−− in CFT
should be coupled to the perturbation in the AdS back-
ground along gþþ, since the energy flux E in (5.7) has no
dependence on y− and it is localized at yþ. We should have
the perturbation as

ds2 ¼ l2

ρ2
dρ2 þ ρ2ð−dyþdy− þ ðdy1Þ2 þ ðdy2Þ2

þ δðyþÞWðρ; y1; y2ÞðdyþÞ2Þ: ð5:14Þ

Aswementioned before, the integration over y− implies that
Wðρ; y1; y2Þ couples to an operator with scaling dimension
Δ ¼ d − 1, in this case, Δ ¼ 3; therefore, one can immedi-
ately write down the solution for the propogator W

Wðρ;y1;y2Þ∼ 1

ρ4ððy1−y01Þ2þðy2−y02Þ2þl2=ρ2Þ3 ;

ð5:15Þ

where the overall normalized factor is inessential for our
purpose and so we slip it off for simplicity, and y01 and y02
represents the directionwherewe detect the energy flux, i.e.,
from the first formula in (5.7)

y01 ¼ n1

1þ n3
; y02 ¼ n2

1þ n3
;

ðn1Þ2 þ ðn2Þ2 þ ðn3Þ2 ¼ 1: ð5:16Þ

Indeed, we can verify that is the solution of the linearized
equation of motion associated with W

ð∂2
1W þ ∂2

2WÞl2 þ ρ3ð5∂ρW þ ρ∂2
ρWÞ ¼ 0: ð5:17Þ

In addition to the energy flux, we should include the
local excitation operator O ¼ Tijε

ij. For convenience,

we choose εx
1x2 ¼ εx

2x1 ¼ 1 with other components
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vanishing. Correspondingly we can perturb the metric by
h12ðρ; yþ; y−; y1; y2Þdy1dy2. However, even though it
seems that only h12 contributes to the final answer, it is
worth noting that the nontrivial perturbation should ensure
the traceless transverse gauge, i.e.,

∇μhμν ¼ 0; h ¼ 0; ð5:18Þ

which is enforcing us to consider other perturbations that are
nontrivial and indeed contribute to the final result (actually,
for Gauss-Bonnet gravity they do not contribute, but for the
generic gravity, they are indeed nontrivial). The total
perturbations forming the full spectrum for our purpose
are given by

ds2 ¼ l2

ρ2
dρ2 þ ρ2ð−dyþdy− þ ðdy1Þ2 þ ðdy2Þ2

þ δðyþÞWðρ; y1; y2ÞðdyþÞ2
þ hþþðρ; yþ; y−; y1; y2ÞðdyþÞ2
þ 2hþ1ðρ; yþ; y−; y1; y2Þdyþdy1
þ 2hþ2ðρ; yþ; y−; y1; y2Þdyþdy2
þ 2h12ðρ; yþ; y−; y1; y2Þdy1dy2Þ: ð5:19Þ

Other perturbations are decoupled from the spectrum
associated with T12, and hence we do not turn on them
for simplicity. The gauge condition (5.18) implies that the
perturbations without W in (5.19) actually belong to one
singlet, namely h12. Explicitly, we have

∂−hþ1 ¼
1

2
∂2h12; ∂−hþ2 ¼

1

2
∂1h12;

∂2
−hþþ ¼ 1

2
∂1∂2h12: ð5:20Þ

Then the equation of motion gives rise to one nontrivial
equation

ð∂2
1h12 þ ∂2

2h12 þ 4∂þ∂−h12Þl2 þ 5ρ3∂ρh12

þ ρ4∂2
ρh12 ¼ 0: ð5:21Þ

Equation (5.21) just gives rise to the propogator corresponds
to the Δ ¼ 4 energy-momentum tensor operator, and in
coordinates ðr; xÞ, the propogator is given by (B5) in
AppendixB providedΔ ¼ 4. For our purpose, the necessary
information is not the propogator solution but the localized
property. It turns out that the corresponding propogator dual
to the excitation operator in ðρ; yÞ coordinates is localized at
ρ ¼ l and y1 ¼ y2 ¼ 0; see e.g., [29,34] or Appendix B for
a brief sketch. Then we substitute our on-shell perturbations
(5.19) into the bulk action Sbulk, recall that our purpose is to
read off the coefficient that appears in the three-point
functions of hTijε

ijETijε
iji, and we shall extract the terms

as the effective action such that it has quadratic h-type
perturbations and linear W perturbation. We would like to
employ the transverse-traceless gauge condition (5.20);
subsequently we find there would only involve the on-shell
perturbations h12 and W in the effective action while other
h-type perturbations do not appear anymore. By integrating
by parts and applying the linearized equations of motion
(5.17) and (5.21) (recalling h12 is localized at ρ ¼ l and
y1 ¼ y2 ¼ 0), the effective action takes the form as

Seff ¼−
4

l2

Z
d5xδðyþÞh12∂2

−h12W

×

�
CTρþ

α1
ρ

ð∂2
1Wþ ∂2

2WÞl2þ 2ρ3∂ρW

W

þα2
ρ3

ð∂ρ∂2
1Wþ ∂ρ∂2

2WÞρ3þ ∂2
1∂2

2Wl2

W

�����
ρ¼l;y1¼y2¼0

;

ð5:22Þ

where α1 and α2 are given by

α1¼
4ð270e1þ66e2þ18e3þ15e4þ38e5þ10e6Þ

l
;

α2¼−2ð600e1þ140e2þ36e3þ31e4þ80e5þ20e6Þl;
ð5:23Þ

and CT is given in the second line of (4.10) in Sec. IV. We
now can read off the coefficient ChhW of the three-point
function hTijε

ijETijε
iji, slipping off the inessential numeri-

cal factors and using (5.15) and (5.16), we have

ChhW

CT
¼ 1þ t2

�
n21þn22

2
−
1

3

�
þ t4

�
2n21n

2
2−

2

15

�
; ð5:24Þ

where

t2 ¼
48ð2340e1þ552e2þ144e3þ123e4þ316e5þ80e6Þ

l4−2ð60e1þ8e2þe4þ4e5Þ
;

t4 ¼−
360ð600e1þ140e2þ36e3þ31e4þ80e5þ20e6Þ

l4−2ð60e1þ8e2þe4þ4e5Þ
:

ð5:25Þ

Note we have

ε�ijε
i
kn

jnk

ε�ijε
ij ¼ n21 þ n22

2
;

jεijninjj2
ε�ijε

ij ¼ 2n21n
2
2; ð5:26Þ

then from (5.9) specialized in d ¼ 4 we have

hEi ¼ E
ω2

�
1þ t2

�
n21 þ n22

2
−
1

3

�
þ t4

�
2n21n

2
2 −

2

15

��
:

ð5:27Þ
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Comparing (5.24) with (5.27), we can conclude that t2
and t4 in (5.25) are indeed the energy flux parameters we
want to obtain.
For Myers quasitopological gravity specialized inD ¼ 5

[33,34] (we follow the notation in [33,34])

ðe1; e2; e3; e4; e5; e6; e7; e8Þ

¼ 7μl4
0

8

�
11

14
;−

54

7
;
64

7
;
72

7
;
3

2
;−

60

7
; 1; 0

�
: ð5:28Þ

Following [33,34], we introduce f∞ ¼ l2
0=l

2, then our
results (5.25) give rise to

t2 ¼ −
2088μf2∞
1 − 3μf2∞

; t4 ¼
3780μf2∞
1 − 3μf2∞

; ð5:29Þ

which coincides with the results obtained in [34].

C. Three-point function parameters and
physical constraints

In this subsection, we shall obtain the three-point
function parameters A, B and C. At first, we should note
that the Ward identity can provide us the relation between
CT andA, B and C, i.e., (5.10). Specializing in d ¼ 4 yields

CT ¼
π2

12
ð9A−B−10CÞ;

CT ¼
80

π2
ðl3−2ð60e1þ8e2þe4þ4e5Þl−1Þ: ð5:30Þ

In addition, we have [30,34,70]

t2 ¼
15ð5Aþ4B−12CÞ

9A−B−10C
; t4¼−

15ð17Aþ32B−80CÞ
4ð9A−B−10CÞ ;

ð5:31Þ

then from (5.30) and (5.31), we can solve

A ¼ 1024ð4ð30e1 þ 34e2 þ 18e3 þ 11e4 þ 22e5 þ 10e6Þ − l4Þ
9π4l

;

B ¼ 64ð2ð100140e1 þ 24392e2 þ 6624e3 þ 5533e4 þ 14036e5 þ 3680e6Þ − 49l4Þ
9π4l

;

C ¼ −
64ð2ð8340e1 þ 1352e2 þ 144e3 þ 223e4 þ 716e5 þ 80e6Þ þ 23l4Þ

9π4l
: ð5:32Þ

One can also immediately verify some other identities
[29,30,34]

a¼ π6ð13A−2B−40CÞ
2880

; 1−
a
c
¼ 1

6
t2þ

4

45
t4: ð5:33Þ

For Myers quasitopological gravity (5.28), it is straightfor-
ward to check that we can reproduce the results obtained
in [34].
Even though we have already removed the massive

modes, implying that the resulting massless gravity theories
shall not suffer from ghosts and the dual CFT should be
unitary in Lorentzian signature (or reflection positive in
Euclidean signature); however, it is easy to see from the
negative signs in (4.10) [or (5.30)] and (5.27) that coupling
constants might violate the unitarity or reflection positivity.
Therefore, we must impose some inequality for coupling
constants ei for preserving the unitarity. The first obvious
constraint is CT ∼ c > 0 which requires

60e1 þ 8e2 þ e4 þ 4e5 <
l4

2
: ð5:34Þ

Note the requirement (5.34) does not impose any
further constraint for e6. In most parts of this paper, e.g.,

Secs. II, VI and VII, we treat the coupling constants ei as
infinitesimal quantities compared to any other gravity theory
parameters including l0 and expand all relevant physical
quantities with respect to ei up toOðe2i Þ orOðe3i Þ; under this
consideration, the constraint (5.34) is trivially satisfied.
Furthermore, we shall consider the constraint by

demanding the energy flux is non-negative, i.e., hEi ≥ 0.
It turns out this requirement actually imposes three con-
straints; see [30,34,70]. We follow [30] to classify the
constraints as “tensor channel,” “vector channel,” and
“scalar channel.” The classification scheme is reviewed
as follows: For convenience we set ni ¼ ð1; 0; 0Þ, and we
classify the channels according to the transformation
properties of εij under the SOð3Þ group that leaves ni

invariant. Explicitly, for ni ¼ ð1; 0; 0Þ we have the group
elements g ∈ SOð3Þ taking the form as

g ¼

0
BB@

1 0 0

0 cos θ sin θ

0 − sin θ cos θ

1
CCA: ð5:35Þ

Consider ε23 ¼ ε32 ¼ 1 with other components vanishing
and the polarization tensor εij transforms as a tensor, i.e.,
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g

0
B@
0 0 0

0 0 1

0 1 0

1
CAg−1 ¼

0
B@
0 0 0

0 sinð2θÞ cosð2θÞ
0 cosð2θÞ −sinð2θÞ

1
CA; ð5:36Þ

the corresponding constraint is classified as the tensor
channel; consider ε12 ¼ ε21 ¼ 1 with other components
vanishing and the polarization tensor εij transforms as a
vector, i.e.,

g

0
B@
0 1 0

1 0 0

0 0 0

1
CAg−1¼

0
B@

0 cosθ −sinθ

cosθ 0 0

−sinθ 0 0

1
CA: ð5:37Þ

The corresponding constraint is classified as the vector
channel; in the end, for εij ¼ 1=

ffiffiffi
3

p
digð−2; 1; 1Þ, it is

invariant under SOð3Þ

g
1ffiffiffi
3

p digð−2; 1; 1Þg−1 ¼ 1ffiffiffi
3

p digð−2; 1; 1Þ; ð5:38Þ

hence it is classified as the scalar channel. In conclusion,
we shall have three independent constraints:
(1) Tensor channel

1 −
1

3
t2 −

2

15
t4 ≥ 0: ð5:39Þ

(2) Vector channel

1þ 1

6
t2 −

2

15
t4 ≥ 0: ð5:40Þ

(3) Scalar channel

1þ 1

3
t2 þ

8

15
t4 ≥ 0: ð5:41Þ

Specifically, together with (5.34) we have the constraints as

4380e1 þ 1064e2 þ 288e3 þ 241e4 þ 612e5 þ 160e6 ≤
l4

2
;

4740e1 þ 1112e2 þ 288e3 þ 247e4 þ 636e5

þ 160e6 ≥ −
1

10
l4;

38940e1 þ 9032e2 þ 2304e3 þ 1933e4 þ 5156e5

þ 1280e6 ≤
l4

2
: ð5:42Þ

From the physical constraints (5.34) and (5.42), we can
conclude that treating ei as very small quantities throughout
this paper admits a large extent of safety to guarantee the
unitarity and the positivity of energy for the dual CFT.
Before ending this section, it is necessary to comment

the physical constraints in D ¼ 4. Similarly, in D ¼ 4,
d ¼ 3, we have the constraints

CT jd¼3 > 0; −4 ≤ t4 ≤ 4: ð5:43Þ
The explicit physical constraints in D ¼ 4 would be
presented in Sec. VI after t4 being obtained from the
scaling dimension of the twist operators.

VI. RÉNYI ENTROPY

Entanglement is very fundamental and important in
physics, e.g., [99–102]. The entanglement entropy (EE)
serves as a very powerful tool for measuring the entangle-
ment between different parts of one system; see, e.g.,
[99,100] and the references therein.More precisely, consider
a subsystemAwith a densitymatrix ρA, then the correspond-
ing EE is defined as the von Neumann entropy associated
with the density matrix ρA, i.e., SEE ¼ −TrðρA log ρAÞ. The
concept of EE can be generalized toRényi entropy [103,104]
which includes more information and is able to reveal more
details of the entanglement emerging in the system. A real
and positive number q is introduced in Rényi entropy such
that we have

Sq ¼
1

1 − q
logTrðρqAÞ: ð6:1Þ

In principle, the Rényi entropy can provide the full entan-
glement spectrum [105], and in particular, one can reproduce
EE by taking q → 1, i.e., SEE ¼ limq→1Sq. EE and Rényi
entropybecome increasingly important even in the context of
AdS/CFT since it is convincing that they might shed light on
the quantum structure of spacetime (see, e.g., [106,107]).
Therefore, for the completion of the holographic studies of
the massless cubic gravities, it is necessary to discuss the
holographic Rényi entropy with respect to the ground state
for the massless cubic gravities.
In this section, we follow the methods developed in

[74,108] to calculate the holographic Rényi entroy for the
massless cubic gravities with the approximate black holes
up to the first order of ei in D ¼ 5 and D ¼ 4 respectively
(i.e., d ¼ 4 and d ¼ 3). We also make use of the scaling
dimension of the twist operator to verify our results of t2
and t4 (5.25) for D ¼ 5 massless cubic gravities, and
moreover, to compute t4 parameter for D ¼ 4 massless
cubic gravities.

A. The holographic Rényi entropy

Originally, in order to compute the Rényi entropy, one
would adopt the “replica trick” to calculate the partition
function on a q-fold cover of the background geometry
[101], which in fact brings up some difficulties especially
in the context of AdS/CFT [109,110]. Fortunately, a
simpler method of calculating EE was proposed in [108]
and immediately it was generalized to apply to the Rényi
entropy in [74]. Essentially, by means of this method, the
calculation of EE and Rényi entropy spanned with a sphere
spacetime region with the radius r̃ for a d-dimensional CFT is
equivalent to the calculation of thermal entropy supported by
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the temperature T ¼ 1=ð2πr̃Þ associated with the hyperbolic
cylinder R × Hd−1 in which the scalar curvature R of the
hyperbolic space is given byR¼−ðd−1Þðd−2Þ=r̃2. Precisely,
note the matrix density of a thermal state is given by

ρther ¼
e−

H
T0

ZðT0Þ
; ZðT0Þ ¼ Trðe−H

T0Þ: ð6:2Þ

Themapping relates the densitymatrix of the areaA, i.e.,ρA to
ρther by unitary transformation, ρA ¼ UρtherU−1, then we
have

ρqA ¼ U
e−q

H
T0

ZðT0Þq
U−1; TrðρqAÞ ¼

ZðT0

q Þ
ZðT0Þq

: ð6:3Þ

By noting Z ¼ e−
F
T [see (3.12)] and the thermodynamic

relation (3.19), using (6.1) yields

Sq ¼
q

1 − q
1

T0

�
FðT0Þ − F

�
T0

q

��

¼ q
1 − q

1

T0

Z
T0

T0=q
SthermðTÞdT: ð6:4Þ

The formula (6.4) can be used to calculate the holographic
Rényi entropy with a large extent of simplification. For the
purpose of employing (6.4) to calculate the holographic
Rényi entropy, one is supposed to find the black holes
solutions with hyperbolic boundary topology. Then, one can
readily obtain the black hole entropy by using the Wald
formula (3.3), with knowing the explicit black hole entropy
as a function of the black hole temperature, evaluating the
integral in (6.4) immediately can yield the Rényi entropy.6

This procedure was carried out to obtain the holographic

Rényi entropy for a large amount of gravity theories including
Einstein gravity, Gauss-Bonnet gravity, Myers quasitopolog-
ical gravity, Lovelock gravity, Einsteinian cubic gravity and
so on [63,74,79–81,113]. In this section, we basically follow
the procedure to calculate the holographic Rényi entropy for
the most general massless cubic gravities in D ¼ 5 and
D ¼ 4 respectively up to the first order of the coupling
constants ei by using the approximate hyperbolic black holes
obtained in Sec. II. It is worth noting that the holographic
Rényi entropy calculated in this paper is with respect to pure
gravity without considering any matter sectors. Including
scalar sectors might cause the instability of the hyperbolic
black holes even for Einstein gravity (e.g., [81,114]), and this
instability is likely to induce a phase transition that can be
visualized by the behavior of the Rényi entropy [81,115].

1. D= 5

At first, it turns out that it would be convenient to
introduce the variable x ¼ r0l [74] where l is the effective
AdS radius and it is given in (2.25) for D ¼ 5 approximate
black holes of massless cubic gravities. Then we can
rewrite (6.4) as

Sq ¼
q

ðq − 1ÞT0

�
SðxÞTðxÞj1xq −

Z
1

xq

S0ðxÞTðxÞdx
�
; ð6:5Þ

where the prime denotes the derivative with respect to the
variable x, and xq is the solution of the equation

TðxqÞ ¼
T0

q
: ð6:6Þ

Note in this prescription, T0 ¼ Tð1Þ. For black holes (2.23)
and (2.24) with k ¼ −1, substituting r0 ¼ xl into (3.2)
provided k ¼ −1 yields

TðxÞ ¼ −
1

6πl5
0x

5
ðx6ð360e1 þ 288e2 þ 144e3 þ 90e4 þ 440e5 þ 112e6 − 6l4

0Þ

þ x4ð−300e1 − 400e2 − 216e3 − 131e4 − 644e5 − 168e6 þ 3l4
0Þ

þ ð−720e1 − 96e2 − 12e4 − 48e5Þx2 þ 600e1 þ 200e2 þ 72e3 þ 52e4 þ 248e5 þ 56e6Þ þOðe2i Þ: ð6:7Þ
Similarly, substituting r0 ¼ xl into (3.6) provided k ¼ −1 yields

SðxÞ ¼ 4πω−1;3

l0x
ðx4ð−2220e1 − 536e2 − 144e3 − 121e4 − 436e5 − 96e6 þ l4

0Þ

þ ð4320e1 þ 1056e2 þ 288e3 þ 240e4 þ 864e5 þ 192e6Þx2 − 1800e1 − 480e2 − 144e3

− 114e4 − 408e5 − 96e6Þ þOðe2i Þ: ð6:8Þ
Notice in this section we would not divide out the possibly divergent volume ω−1;d−1 and refer the relevant quantity as the
density; instead we shall keep in mind that ω−1;d−1 is the important ingredient encoding the universal piece of EE and Rényi
entropy (see, e.g., [101,102]). From (6.7) we can immediately know

6It is important to keep in mind that theWald formula (3.3) is a classical result. While considering the quantum effect, it turns out there
would be logarithmic corrections (e.g., [111]), and consequently the Rényi entropy should be modified; see e.g., [112].
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T0 ¼
3l4

0 þ 60e1 þ 8e2 þ e4 þ 4e5
6πl5

0

þOðe2i Þ; r̃ ¼ l0 −
60e1 þ 8e2 þ e4 þ 4e5

3l3
0

þOðe2i Þ ¼ l: ð6:9Þ

The second line in (6.9) implies the consistency of this procedure: In the boundary, the metric takes the form as

ds2bound ¼
r2

l2
ð−dt2 þ l2dΩ2

−1;3Þ; ð6:10Þ

which is conformal to the hyperbolic cylinder R × H3 with the radius r̃

ds2R×H3 ¼ −dt2 þ r̃2dΩ2
−1;3: ð6:11Þ

Equation (6.6) is explicitly given by

x6qð360e1qþ 288e2qþ 144e3qþ 90e4qþ 440e5qþ 112e6q − 6l4
0qÞ þ ð60e1 þ 8e2 þ e4 þ 4e5 þ 3l4

0Þx5q
þ x4qð−300e1q − 400e2q − 216e3q − 131e4q − 644e5q − 168e6qþ 3l4

0qÞ þ ð−720e1q − 96e2q − 12e4q − 48e5qÞx2q
þ 600e1qþ 200e2qþ 72e3qþ 52e4qþ 248e5qþ 56e6qþOðe2i Þ ¼ 0: ð6:12Þ

Then substitutimg (6.7), (6.8), (6.9) and xq as the solution of (6.12) into (6.5), we end up with the Rényi entropy

Sq ¼
πω−1;3

4l0ðq− 1Þq3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

p
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

p
þ 1Þ2

ð6912e3q6 þ 5536e4q6 þ 13696e5q6 þ 3840e6q6 − 1440e3q4 − 1772e4q4

− 5328e5q4 − 800e6q4 þ 288e3q2 − 8e4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q2 þ 292e4q2 − 32e5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q2 þ 816e5q2 þ 160e6q2

þ 72e3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 75e4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 212e5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 40e6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
− 1152e3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q6 − 304e4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q6

þ 192e5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q6 − 640e6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q6 − 864e3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q4 − 1140e4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q4 − 3504e5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q4

− 480e6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q4 þ 60e1

��
124− 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q �
q2 þ 33

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 1

�
þ 16

�
23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 94

�
q6

− 4

�
159

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 233

�
q4
�
þ 64e2

�
−q2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
− 23

�
þ 6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 1

�
þ 16

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 23

�
q6

− 2

�
51

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 77

�
q4
�
þ 72e3 þ 75e4 þ 212e5 þ 40e6 þ 32l4

0q
6 − 92l4

0q
4 − 20l4

0q
2

− 16l4
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q2 − l4

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
þ 80l4

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q6 − 36l4

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 þ 1

q
q4 − l4

0

�
þO

�
ei

�
2

: ð6:13Þ

We then have access to the EE by taking q → 1 in (6.13), and we find

SEE ¼ lim
q→1

Sq ¼ 4πðl3
0 þ 5ð60e1 þ 8e2 þ e4 þ 4e5Þl−1

0 Þ þOðeiÞ2: ð6:14Þ

Note up to the first order, the a-charge in D ¼ 5, d ¼ 4 (4.4) is approximately given by

a ¼ 2π2ðl3
0 þ 5ð60e1 þ 8e2 þ e4 þ 4e5Þl−1

0 Þ þOðeiÞ2; ð6:15Þ

therefore we have

SEE ¼ 2ω−1;3

π
a: ð6:16Þ

EE (6.16) fits our expectation that EE should encode the a-charge in even d dimensions [71,92,96,97]. It is also of interest to
investigate the limit q → 0 where we obtain

lim
q→0

Sq ¼
πω−1;3ðl4

0 − 1980e1 − 384e2 − 72e3 − 75e4 − 212e5 − 40e6Þ
8l0q3

þOðe2i Þ: ð6:17Þ

YUE-ZHOU LI PHYS. REV. D 99, 066014 (2019)

066014-20



We then can verify the relation found in [74] for (6.17) up to the first order of ei

lim
q→0

Sq ¼
að3 c

a ð1þ 1
630

t4Þ − 1Þ4
ð5 c

a ð1þ 1
945

t4Þ − 1Þ3
ω−1;3

4πq3
; ð6:18Þ

where a is given in (4.4), c is given in (4.5) and t2, t4 can be found in (5.25). We then consider the large q limit in which we
have

lim
q→∞

Sq ¼
πω−1;3ð5l4

0 þ 1380e1 þ 64e2 − 72e3 − 19e4 þ 12e5 − 40e6Þ
2l0

: ð6:19Þ

We can easily verify, up to the first order, (6.19) satisfies the relation found in [74]

lim
q→∞

Sq ¼
2ω−1;3

π
a

�
1þ 3

2

ðcaÞ2
1 − 5 c

a

−
t4

1935

1 − 17 c
a þ 98ðcaÞ2 − 194ðcaÞ3 − 17ðcaÞ4 þ 215ðcaÞ5

2 c
a ð1 − 3 c

aÞð1 − 5 c
aÞ2

�
: ð6:20Þ

In fact we find, up to the first order of ei, limq→∞Sq can be controlled by c=a and t4 in various ways

lim
q→∞

Sq ¼
2ω−1;3

π
a

�
1þ 3

2

ðcaÞ2
1 − 5 c

a

−
t4

1935

1þ c1 c
a þ c2ðcaÞ2 þ c3ðcaÞ3 þ c4ðcaÞ4 þ c5ðcaÞ5

2 c
a ð1 − 3 c

aÞð1 − 5 c
aÞ2

�
; ð6:21Þ

where cis only need to satisfy c1 þ c2 þ c3 þ c4 þ c5 ¼ 85.

2. D = 4

InD ¼ 4, the black holes are given in (2.27) and (2.28) provided with k ¼ −1. Note the effective AdS radius l is (2.29);
therefore, replacing r0 ¼ xl in (3.23) leads to

TðxÞ ¼ −
1

24πx5l5
0

ðx6ð540e1 þ 198e2 þ 81e3 þ 60e4 þ 132e5 þ 54e6 − 18l4
0Þ

þ x4ð−1548e1 − 474e2 − 162e3 − 133e4 − 316e5 − 108e6 þ 6l4
0Þ

þ ð972e1 þ 270e2 þ 81e3 þ 72e4 þ 180e5 þ 54e6Þx2 − 108e1 − 18e2 − 3e4 − 12e5Þ þOðe2i Þ: ð6:22Þ

Similarly, from (3.24) we have

SðxÞ¼−
2πω−1;2

3x2l2
0

ðx4ð1440e1þ348e2þ81e3þ85e4þ232e5þ54e6−6l4
0Þ

þð−2592e1−648e2−162e3−162e4−432e5−108e6Þx2þ864e1þ252e2þ81e3þ69e4þ168e5þ54e6ÞþOðe2i Þ:
ð6:23Þ

We then have

T0 ¼
3l4

0 þ 36e1 þ 6e2 þ e4 þ 4e5
6πl5

0

; r̃ ¼ l0 −
36e1 þ 6e2 þ e4 þ 4e5

3l3
0

þOðe2i Þ ¼ l: ð6:24Þ

From the second line of (6.24), the consistency is manifest and the boundary metric is

ds2bound ¼
r2

l2
ð−dt2 þ l2dΩ2

−1;2Þ; ð6:25Þ

which can be conformally mapped to the hyperbolic cylinder R × H2 with the radius r̃

ds2R×H2 ¼ −dt2 þ r̃2dΩ2
−1;2: ð6:26Þ

Equation (6.6) now is

HOLOGRAPHIC STUDIES OF THE GENERIC MASSLESS … PHYS. REV. D 99, 066014 (2019)

066014-21



x6qð540e1qþ 198e2qþ 81e3qþ 60e4qþ 132e5qþ 54e6q − 18ql4
0Þ þ ð144e1 þ 24e2 þ 4e4 þ 16e5 þ 12l4

0Þx5q
þ x4qð−1548e1q − 474e2q − 162e3q − 133e4q − 316e5q − 108e6qþ 6ql4

0Þ þ ð972e1qþ 270e2qþ 81e3qþ 72e4q

þ 180e5qþ 54e6qÞx2q − 108e1q − 18e2q − 3e4q − 12e5qþOðe2i Þ ¼ 0: ð6:27Þ
Having (6.22), (6.23) and xq which can be solved by (6.27), we have the holographic Rényi entropy in D ¼ 4 for massless
cubic gravities as

Sq ¼
4πω−1;2

81ðq − 1Þq2l2
0

�
2

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

p
þ 1Þ3ð9ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

p
þ 4Þq4 þ 12ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

p
þ 3Þq2 þ 8ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

p
þ 1ÞÞ

ð4374e4q11 þ 17496e5q11 − 6561

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e3q10 − 6561e3q10 − 4131

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4q10 − 2673e4q10

− 7776

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5q10 − 1944e5q10 − 4374

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e6q10 − 4374e6q10 þ 10206

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4q9 þ 36450e4q9

þ 40824

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5q9 þ 145800e5q9 þ 8748

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e3q8 þ 21870e3q8 þ 1134

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4q8 − 18792e4q8

− 7128

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5q8 − 104328e5q8 þ 5832

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e6q8 þ 14580e6q8 þ 27216

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4q7 þ 50544e4q7

þ 108864

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5q7 þ 202176e5q7 þ 3645

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e3q6 − 9477e3q6 − 30753

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4q6 − 71415e4q6

− 127872

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5q6 − 273024e5q6 þ 2430

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e6q6 − 6318e6q6 þ 18144

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4q5

þ 23328e4q5 þ 72576

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5q5 þ 93312e5q5 − 9720

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e3q4 − 9720e3q4

− 29448

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4q4 − 31176e4q4 − 104832

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5q4 − 111744e5q4 − 6480

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e6q4

− 6480e6q4 þ 3456

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4q3 þ 3456e4q3 þ 13824

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5q3 þ 13824e5q3

þ 1296

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e3q2 þ 3888e3q2 þ 816

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4q2 þ 4752e4q2 þ 1536

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5q2

þ 13824e5q2 þ 864

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e6q2 þ 2592e6q2 − 72

�
−2187q11 þ 243

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
− 2

�
q10

− 729

�
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 25

�
q9 þ 81

�
23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 191

�
q8 − 1944

�
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 13

�
q7

þ 27

�
607

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 1225

�
q6 − 1296

�
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 9

�
q5 þ 72

�
167

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 179

�
q4

− 1728

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 1

�
q3 − 48

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 27

�
q2 − 832

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 1

��
e1

− 12

�
−2187q11 þ 243

�
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 1

�
q10 − 729

�
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 25

�
q9 þ 81

�
11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 161

�
q8

− 1944

�
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 13

�
q7 þ 432

�
37

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 79

�
q6 − 1296

�
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 9

�
q5

þ 144

�
91

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 97

�
q4 − 1728

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 1

�
q3 − 192

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 9

�
q2

− 1024

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 1

��
e2 þ 1728

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e3 þ 1728e3 þ 2624

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e4 þ 2624e4

þ 8192

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e5 þ 8192e5 þ 1152

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
e6 þ 1152e6

�
− 3

�
−27q3

þ
�
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 9

�
q2 þ 2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 1

��
l4
0

�
þOðeiÞ2: ð6:28Þ
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Although (6.28) looks cumbersome and ugly, its limit
q → 1 gives satisfactory value

SEE ¼ lim
q→1

Sq ¼
4πω−1;2

3
ð3l2

0 þ 4ð36e1 þ 6e2

þ e4 þ 4e5Þl−2
0 Þ þOðeiÞ2: ð6:29Þ

Note the a-charge defined in general dimensions (4.3)
specialized in d ¼ 3 gives rise to

a¼ 4πðl2þ2ð36e1þ6e2þe4þ4e5Þl−2Þ

¼ 4π

�
l2
0þ

4

3
ð36e1þ6e2þe4þ4e5Þl−2

0

�
þOðeiÞ2;

ð6:30Þ

we then conclude

SEE ¼ ω−1;2a: ð6:31Þ

Actually, (6.31) serves as one of the reasons that the a-
charge defined in odd d dimensions is also meaningful
[71,92,96,97]. Furthermore, we have the q → 0 limit
behaving as

lim
q→0

Sq

¼−
8πð936e1þ192e2þ27e3þ41e4þ128e5þ18e6−6l4

0Þ
81q2l2

0

þOðeiÞ2; ð6:32Þ

and the large q limit result is given by

lim
q→∞

Sq ¼ −
4π

27l2
0

ð2ð72ð
ffiffiffi
3

p
− 9Þe1 þ 12ð4

ffiffiffi
3

p
− 9Þe2

þ 27
ffiffiffi
3

p
e3 þ 17

ffiffiffi
3

p
e4 − 18e4 þ 32

ffiffiffi
3

p
e5 − 72e5

þ 18
ffiffiffi
3

p
e6Þ þ 3ð2

ffiffiffi
3

p
− 9Þl4

0Þ þOðeiÞ2: ð6:33Þ

B. Energy flux parameters from twist operators

In the context of the replica trick, q copies of the
background geometry should be glued together as the q-
fold manifold with some “twist” boundary condition [101],
in which the boundary conditions can be implemented by
inserting the twist operators σq [74,101,116,117]. The
scaling dimension of the twist operators hq actually
encodes the information of t2 and t4 parameters for a
CFT [118]. It turns out that specifically we have [118]

h00qðq ¼ 1Þ
CT

¼ −
2π1þd

2Γðd
2
Þ

ðd − 1Þ3dðdþ 1ÞΓðdþ 3Þ ðdð2d
5 − 9d3 þ 2d2 þ 7d − 2Þ

þ ðd − 2Þðd − 3Þðdþ 1Þðdþ 2Þð2d − 1Þt2 þ ðd − 2Þð7d3 þ 9d2 − 8dþ 8Þt4Þ; ð6:34Þ

where the prime stands for the derivatives with respect to q. On the other hand, in the thermodynamics viewpoint of EE and
Rényi entropy in R × Hd−1, the scaling dimension hq can be calculated directly by [74,116]

hq ¼
2πr̃q

ðd − 1Þω−1;d−1

Z
1

xq

S0ðxÞTðxÞdx: ð6:35Þ

Therefore, in the holographic context, as one readily obtains hq as a function of q from (6.35), one can
immediately make use of (6.34) to verify the results of t2 and t4. More surprisingly, in d ¼ 3 where the holographic
energy flux method adopted in Sec. V is not convenient, the formula (6.34) can be viewed as a powerful tool to
determine t4 [63].
In this subsection, we would obtain hq by using (6.35) for D ¼ 5 and D ¼ 4 approximate

hyperbolic black holes in massless cubic gravities respectively, and then make use of (6.34) to verify t2
and t4 (5.25) obtained in Sec. V for D ¼ 5. Most importantly, (6.34) shall be employed to obtain t4
approximately up to the first order of ei for D ¼ 4, then the approximate result shall be enhanced to be the
exact one.

1. D = 5

For D ¼ 5 black holes (2.23) and (2.24) with k ¼ −1, we substitute (6.7), (6.8) and (6.9) into (6.35),
and we have

HOLOGRAPHIC STUDIES OF THE GENERIC MASSLESS … PHYS. REV. D 99, 066014 (2019)

066014-23



hq
CT

¼ π3

960q3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

p
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

p
þ1Þ2l4

0

�
8

�
288e3q6þ272e4q6þ736e5q6þ160e6q6−252e3q4−256e4q4−716e5q4

−140e6q4þ72e3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
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q
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q
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8q2þ1

q
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q
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q
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8q2þ1

q
q6þ80e6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
q6−324e3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
q4

−300e4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
q4−804e5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
q4−180e6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
q4

þ15e1

�
4

�
23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ68

�
q2þ45

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ1

�
þ208

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ2

�
q6−4

�
111

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ109

�
q4
�

þe2

�
4

�
76

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ211

�
q2þ135

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ1

�
þ656

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ2

�
q6−68

�
21

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ19

�
q4
�

þ27e3þ27e4þ75e5þ15e6

�
þ3

�
−4

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ3

�
q2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ16

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ2

�
q6

−4

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2þ1

q
þ7

�
q4−1

�
l4
0

�
þOðe2i Þ: ð6:36Þ

Subsequently we have

h00qðq ¼ 1Þ
CT

¼ −
π3ð17l4

0 − 8ð1620e1 þ 336e2 þ 72e3 þ 69e4 þ 188e5 þ 40e6ÞÞ
540l4

0

þOðe2i Þ: ð6:37Þ

It is easy to verify that substituting (5.25) into the right-hand side of (6.34) and expanding it up to the linear order of ei
immediately recovers (6.37).
One can also immediately verify some other identities up to the first order of ei [116,119]

7

h0qðq ¼ 1Þ ¼ 2π
d
2
þ1Γðd

2
Þ

Γðdþ 2Þ CT; lim
q→0

hq ¼ −
Cs

dr̃d−1

�
1

2πq

�
d−1

;

∂j
qhqðq ¼ 1Þ ¼ −

1

ðd − 1Þω−1;d−1
ððjþ 1Þ∂j

qSq þ j2∂j−1
q SqÞjq¼1; ð6:38Þ

where the second term in the last line shall be dropped for j ¼ 1, and Cs is defined for planar black holes

Cs ¼
s

Td−1 ; ð6:39Þ

where s is the entropy density and T is the temperature. For D ¼ 5 approximate planar black holes we have, up to the
leading order

Cs ¼ 4π4l2
0ðl4

0 − 4ð510e1 þ 98e2 þ 18e3 þ 19e4 þ 54e5 þ 10e6ÞÞ þOðe2i Þ: ð6:40Þ

2. D = 4

For D ¼ 4 black holes (2.27) and (2.28) with k ¼ −1, substituting (6.22), (6.23) and (6.24) into (6.35) yields

7Note our convention is a little different from [63,116,119] by an overall r̃d−1 ¼ ld−1 factor in the definition of the entropy S, which is
also consistent.
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hq
CT

¼ π3

972q2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

p
þ 1Þ3ð12ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

p
þ 3Þq2 þ 8ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

p
þ 1Þ þ 9ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

p
þ 4Þq4Þl4

0�
ð360e1 þ 96e2 þ 27e3 þ 25e4 þ 64e5 þ 18e6Þ

�
96

�
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 9

�
q2 þ 128

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 1

�

þ 243

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 7

�
q10 þ 81

�
11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
− 7

�
q8 − 54

�
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 49

�
q6

− 288

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
− 2

�
q4
�
þ 3

�
−192

�
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 9

�
q2 − 256

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 1

�

þ 243

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 7

�
q10 þ 81

�
23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 47

�
q8 þ 216

�
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
− 1

�
q6

− 144

�
11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3q2 þ 1

q
þ 23

�
q4
�
l4
0

�
þOðe2i Þ: ð6:41Þ

We still have (6.38) with Cs now given by

Cs ¼
32

9
π3ð2l4

0 − 3ð120e1 þ 24e2 þ 3e3 þ 5e4 þ 16e5 þ 2e6ÞÞ þOðe2i Þ: ð6:42Þ

Then we also have

h00qðq ¼ 1Þ
CT

¼ π3ð720e1 þ 192e2 þ 54e3 þ 50e4 þ 128e5 þ 36e6 − 7l4
0Þ

96l4
0

þOðe2i Þ: ð6:43Þ

Comparing the result in D ¼ 4 (6.43) with (6.34) specialized in d ¼ 3, we can solve t4 for the massless cubic gravities in
D ¼ 4 up to the first order of ei

t4 ¼ −
120ð360e1 þ 96e2 þ 27e3 þ 25e4 þ 64e5 þ 18e6Þ

l4
0

þOðe2i Þ: ð6:44Þ

In fact, recalling the original definition of the energy flux
(5.2), it is obvious that the denominator of t4 is exclusively
proportional to the two-point function coefficient CT ,
implying that one can simply enhance the first order result
(6.44) of t4 to be a nonperturbative result

t4 ¼
120ð360e1 þ 96e2 þ 27e3 þ 25e4 þ 64e5 þ 18e6Þ

−l4 þ 72e1 þ 12e2 þ 2e4 þ 8e5
;

ð6:45Þ
where l is the effective AdS radius. For Einsteinian cubic
gravity in D ¼ 4 where the coupling constants are given as
(we follow the notations in [63])

ðe1; e2; e3; e4; e5; e6; e7; e8Þ

¼ −
μl4

0

8
ð0; 0; 8;−12; 0; 0; 1;−12Þ; ð6:46Þ

after introducing f∞ ¼ l2
0=l

2, (6.45) would match the
exact result obtained in [63] (without any perturbative
treatment)

t4 ¼ −
1260f2∞μ
1 − 3f2∞μ

: ð6:47Þ

Provided t4 in D ¼ 4 (6.45), we find there are several
ways to reexpress limq→0Sq (6.32) in terms of ã, CT and t4
up to the first order; for example, we find

lim
q→0

Sq ¼
ãð4 CT

ã ð1þ 1
1800

t4Þ − 1Þ4
ð3 CT

ã ð1þ 1
3600

t4Þ − 1Þ3
64πω−1;3

729q3
; ð6:48Þ

where ã, CT are given in the first line and the third line in
(4.10) provided d ¼ 3

ã ¼ l2 þ 2ð36e1 þ 6e2 þ e4 þ 4e5Þl−2;

CT ¼ l2 − 2ð36e1 þ 6e2 þ e4 þ 4e5Þl−2: ð6:49Þ

Up to the first order of ei, we can even find some ways to
use CT=ã and t4 to control the behavior of limq→∞Sq (6.33),
for instance
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lim
q→∞

Sq ¼
92ð2 ffiffiffi

3
p

−9Þω−1;2

9ð12 ffiffiffi
3

p
−31Þ ã

�
1þ8ð3 ffiffiffi

3
p

−2Þ
23

ðCTã Þ2
1−3CT

ã

þ 31
ffiffiffi
3

p
−36

230ð2 ffiffiffi
3

p
−9Þ

t4
CT
ã ð1−3CT

ã Þð1−4CT
ã Þ2

�
: ð6:50Þ

In the last, we turn to present the physical constraints in
D ¼ 4 (5.43), from CT > 0

36e1 þ 6e2 þ e4 þ 4e5 <
l4

2
; ð6:51Þ

and from hEi ≥ 0

j5436e1 þ 1446e2 þ 405e3 þ 376e4 þ 964e5

þ 270e6j ≤
l4

2
: ð6:52Þ

Again, treating ei infinitesimal compared to any other
theory constants is safe enough to satisfy the constraints
(6.51) and (6.52).

VII. HYDRODYNAMICS

In this section, we study the holographic hydrodynamics,
more specifically, the shear-viscosity-entropy ratio for the
massless cubic gravities. The shear-viscosity-entropy ratio
is a very important transport property of holographic
hydrodynamics and it was studied considerably in the
literature both for Einstein gravity extended with higher
order corrections and gravity theories coupled with matter
fields [30–32,34,59,63,64,73,120–140]. In this section, we
use the “pole method” proposed in [140] (see also e.g.,
[34,63]) to calculate the shear-viscosity-entropy ratio for

the second order approximate planar black holes in D ¼ 5
and D ¼ 4 respectively of the massless cubic gravities
where the black holes solutions are presented in
Appendix A, (A1) and (A2) for D ¼ 5 and (A3) and (A4)
for D ¼ 4. Consequently, the shear-viscosity-entropy ratio
is also expanded up to the second order of ei which can
provide the information about how it can deviate from KSS
bound [121,122] under the effect of the higher-order
corrections. Afterwards, we would like to try to express
the deviations from theKSSbound in terms of ðc − aÞ=c and
t4 (in D ¼ 4, we choose ððCT − ãÞ=CT) as in, e.g., [31,73].

A. D= 5

We start with the black hole background (2.22) in D ¼ 5
where f and h are given in (A1) and (A2) respectively.
Then we impose the off-shell perturbation as follows:

dx1 → dx1 þ εe−iωtdx2: ð7:1Þ

Note even in the metric, ε should be kept in the second
order. Afterwards, we substitute (7.1) into the bulk
Lagrangian L in (2.1) and expand it with respect to ε up
to the second order. The off-shell perturbation would create
singular poles that are located at the horizon r0. The “pole
method” states that the shear viscosity can be obtained by
using the following formula:

η ¼ −8πT lim
ω→0;ε→0

Rer¼r0L

ω2ε2
; ð7:2Þ

where T is the temperature of the black hole (A1) and (A2),
and T is explicitly given by (3.28). Using (7.2) for (A1) and
(A2), we have

η ¼ r30
3l8

0

ð48ð1095e1 þ 251e2 þ 63e3 þ 55e4 þ 135e5 þ 34e6Þl4
0 − 128ð8433900e21 þ 60ð68354e2 þ 18522e3 þ 15544e4

þ 47874e5 þ 11413e6Þe1 þ 499196e22 þ 36828e23 þ 25859e24 þ 223308e25 þ 13388e26 þ 61704e3e4 þ 184824e3e5

þ 156336e4e5 þ 44748e3e6 þ 37660e4e6 þ 109548e5e6 þ 4e2ð67734e3 þ 56798e4 þ 172758e5 þ 41471e6ÞÞ
þ 3l8

0Þ þOðe3i Þ: ð7:3Þ

Dividing by the entropy density (3.29) leads to the result

η

s
¼ 1

4π

�
1þ 8

l4
0

ð2460e1 þ 568e2 þ 144e3 þ 125e4 þ 324e5 þ 80e6Þ −
64

3l8
0

ð15831000e21
þ 30ð259820e2 þ 71460e3 þ 59275e4 þ 187392e5 þ 44404e6Þe1 þ 960640e22 þ 73008e23 þ 50083e24

þ 463464e25 þ 27160e26 þ 120906e3e4 þ 373320e3e5 þ 311466e4e5 þ 89640e3e6 þ 74492e4e6 þ 224568e5e6

þ 2e2ð264600e3 þ 219305e4 þ 685884e5 þ 163508e6ÞÞ
�
þOðe3i Þ: ð7:4Þ

For Myers quasitopological gravity (5.28) [33,34], (7.4) reduces to be
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η

s
¼ 1

4π
ð1 − 324μ − 1728μ2Þ; ð7:5Þ

which is exactly the same as one obtained in [34].
Note the first order result of the shear-viscosity-entropy

ratio is as follows:

η

s
¼ 1

4π

�
1þ 8

l4
0

ð2460e1 þ 568e2 þ 144e3 þ 125e4

þ 324e5 þ 80e6Þ
�
þOðe2i Þ: ð7:6Þ

We find (7.6) can be uniquely expressed in terms of
ðc − aÞ=c and t4

η

s
¼ 1

4π

�
1 −

c − a
c

−
4

45
t4

�
þOðeiÞ; ð7:7Þ

where a and c are given in (4.4) and (4.5) respectively and
t4 can be found in (5.25). Equation (7.7) is a surprise: we
have six coupling constants in (7.6) which should be

expressed in terms of five independent combinations8;
however, three algebraic independent combinations a, c
and t4 are surprisingly enough to express (7.6). Therefore, in
D ¼ 5 massless cubic gravities, the first order deviation
from the KSS bound 1=ð4πÞ can be totally controlled by the
universal parameters of the corresponding CFT ðc − aÞ=c
and t4. Unfortunately, for the second order result (7.4), we
find ðc − aÞ=c, t4 and even t2 may be not enough to deter-
mine the deviation, implying the linearized quasitopological
condition a ¼ c (see [7] for more details about this con-
dition) and the condition t4 ¼ 0 is not safe enough to
guarantee η=s saturates the KSS bound 1=ð4πÞ up to the
second order. Explicitly, the linearized quasitopological con-
dition a ¼ c imposes a constraint for coupling constants [7]

60e1 þ 8e2 þ e4 þ 4e5 ¼ 0: ð7:8Þ

If and only if the condition (7.8) is satisfied, the perturbative
treatment throughout this paper would not be necessary [7].
For linearized quasitopological cubic gravity [i.e., the con-
straint (7.8) is satisfied], we have

η

s
¼ 1

4π

�
1 −

32

l4
0

ð600e1 þ 20e2 − 36e3 − 11e4 − 20e6Þ −
64

3l8
0

ð35784000e21 þ 1200ð3152e2
− 2880e3 − 686e4 − 1697e6Þe1 þ 70960e22 þ 73008e23 þ 1183e24 þ 27160e26 þ 27576e3e4

þ 89640e3e6 þ 18350e4e6 − 40e2ð5436e3 þ 1595e4 þ 3053e6ÞÞ
�
þOðe3i Þ: ð7:9Þ

In addition, it turns out that Lovelock gravities [30,32,70] and supersymmetric theories [29,141] should have t4 ¼ 0, hence
t4 ¼ 0 might serve as an additional important condition for gravity theories such that gravity theories can be more like
Lovelock gravities, or can admit the potential for being enhanced to be supergravities. The condition t4 ¼ 0 together with
a ¼ c (7.8) requires

600e1 þ 20e2 − 36e3 − 11e4 − 20e6 ¼ 0: ð7:10Þ

It can be verified that (7.8) together with (7.10) implies t2 ¼ 0. Imposing (7.8) and (7.10) simultaneously, we have

η

s
¼ 1

4π

�
1þ 256

5l8
0

ð600e1 þ 100e2 þ 12e3 þ 17e4Þ2
�
þOðe3i Þ: ð7:11Þ

B. D= 4

ForD ¼ 4 black holes (A3) and (A4), follow the same procedure [note the temperature is given in (3.34)] in the previous
subsection, we have the shear-viscosity taking the form as

η ¼ r20
4l8

0

ð18ð672e1 þ 180e2 þ 51e3 þ 47e4 þ 120e5 þ 34e6Þl4
0 − 27ð1267200e21

þ 24ð27732e2 þ 7599e3 þ 7179e4 þ 18296e5 þ 5066e6Þe1 þ 88128e22 þ 6975e23

þ 5981e24 þ 38400e25 þ 3100e26 þ 12852e3e4 þ 32376e3e5 þ 30280e4e5 þ 9300e3e6

þ 8568e4e6 þ 21584e5e6 þ 12e2ð4083e3 þ 3821e4 þ 9696e5 þ 2722e6ÞÞ þ 4l8
0Þ þOðe3i Þ: ð7:12Þ

8We do not count the Lovelock combination which is trivial in D ¼ 5.
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Dividing by the entropy density leads to the shear-viscosity-entropy ratio

η

s
¼ 1

4π

�
1þ 9

l4
0

ð360e1 þ 96e2 þ 27e3 þ 25e4 þ 64e5 þ 18e6Þ −
27

4l8
0

ð1209600e21
þ 24ð26652e2 þ 7389e3 þ 6905e4 þ 17768e5 þ 4926e6Þe1 þ 85248e22 þ 6885e23

þ 5795e24 þ 37888e25 þ 3060e26 þ 12576e3e4 þ 31944e3e5 þ 29592e4e5 þ 9180e3e6

þ 8384e4e6 þ 21296e5e6 þ 12e2ð3993e3 þ 3699e4 þ 9472e5 þ 2662e6ÞÞ
�
þOðe3i Þ: ð7:13Þ

For D ¼ 4 Einsteinian cubic gravity (6.46), (7.13) becomes

η

s
¼ 1

4π

�
1þ 189

2
μ −

114453

16
μ2
�
; ð7:14Þ

which is the same as the result in [63]. Strikingly, (7.13) can be uniquely controlled by ðCT − ãÞ=CT and t4

η

s
¼ 1

4π

�
1 −

3

40
t4 −

45

2

�
CT − ã
CT

�
2

−
17

3840
t24 þ

9

320
t4

�
CT − ã
CT

��
; ð7:15Þ

where ã and CT are given in (6.49). The linearized quasitopological condition is

36e1 þ 6e2 þ e4 þ 4e5 ¼ 0: ð7:16Þ

We then have the shear-viscosity-entropy ratio for the linearized quasitopological gravity as

η

s
¼ 1

4π

�
1 −

81

l4
0

ð24e1 − 3e3 − e4 − 2e6Þ −
20655

4l8
0

ð−24e1 þ 3e3 þ e4 þ 2e6Þ2
�
þOðe3i Þ: ð7:17Þ

The requirement of t4 implies

24e1 − 3e3 − e4 − 2e6 ¼ 0: ð7:18Þ

Hence, inD ¼ 4, the deviation from the KSS bound 1=ð4πÞ
provided a ¼ c and t4 ¼ 0 vanishes identically up to the
second order.

VIII. CONCLUSION

In this paper, we studied the holographic aspects of the
generic massless cubic gravities coupled to a negative bare
cosmological constant. In general, cubic gravities have
eight combinations of higher-order curvature polynomials,
while the decoupling of the massive spin-2 mode and
massive scalar mode imposes two linear constraints such
that the resulting gravity theories have six coupling con-
stants and they are called the massless cubic gravities. We
focused on the discussions in D ¼ 5, d ¼ 4 and D ¼ 4,
d ¼ 3, then we intended to complete the holographic
dictionary for such generic massless cubic gravities. The
holographic a-charge and the coefficient CT-charge (and of
course, the holographic c-charge in D ¼ 5 which is
equivalent to CT) appearing in the energy-momentum

tensor two-point function were given in general dimensions
in the literature. Then, to establish the holographic dic-
tionary for the massless cubic gravities, the three-point
function parameters A, B and C or equivalently the energy
flux parameters t2 and t4 should be obtained. Afterwards,
treating the coupling constants as infinitesimal quantities,
the generic massless cubic gravity theory would serve as an
interesting hologrpahic model with adequate higher-order
coupling constants to investigate how the effect of those
higher-order coupling constants on some other CFT proper-
ties such as Rényi entropy and shear-viscosity-entropy ratio
can be controlled by the universal CFT parameters c, a and
t4 (in D ¼ 4, there is CT , ã and t4) perturbatively.
We obtained the boundary actions involving both the

surface term and the holographic counterterms for the
massless cubic gravities, and perturbatively, we solved out
the approximate black holes expanded with the coupling
constants ei by treating eis as very small quantities. Then,
we analyzed the black hole thermodynamics with present-
ing important thermodynamic quantities such as the tem-
perature and entropy which are useful for our purpose
throughout this paper. Then, we calculated the energy flux
parameters t2 and t4 inD ¼ 5 by considering the conformal
collider thought experiment. In D ¼ 4, the situation
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becomes subtler and instead we obtained t4 from the
scaling dimension hq of the twist operators. With knowing
CT , a and t2, t4 (recall in D ¼ 4, t2 does not exist), the
holographic dictionary was established. Taking the right
coupling constants, the results in this paper nicely coincide
with Myers quasitopological gravity in D ¼ 5 and
Einsteinian cubic gravity D ¼ 4. In D ¼ 5, a, c, t2 and
t4 are listed in Table I with comparing to Myers quasito-
pological gravity, and in D ¼ 4, ã, CT , and t4 are listed in
Table II with comparing to Einsteinian cubic gravity.
Furthermore, we found that the physical requirement

CT > 0 and hEi ≥ 0 should impose the constraints for
coupling constants to take their values within certain
appropriate region, both in D ¼ 5 and D ¼ 4. Never-
theless, viewing eis as very small quantities is satisfactory
and safe and it would not violate the constraints. Then we
also calculated the holographic Rényi entropy up to the first
order and shear-viscosity-entropy ratio up to the second
order in D ¼ 5 and D ¼ 4 respectively. We found the first
order effect produced by the higher-order coupling con-
stants ei on the holographic Rényi entropy with taking the
limit q → 1, q → 0 and q → ∞ can be indeed expressed by
ða; c; t4Þ in D ¼ 5 and ðã; CT; t4Þ in D ¼ 4 in different
ways respectively. For shear-viscosity-entropy ratio, we
found in D ¼ 5, the first order deviation from the Einstein
gravity, i.e., KSS bound can be uniquely controlled by
ðc − aÞ=c and t4, while up to the second order, the
controlling pattern is far from clear; surprisingly, in
D ¼ 4, the deviation up to the second order can even be
uniquely controlled by ðCT − ãÞ=CT and t4. It should be
commented that the discussions of holographic hydro-
dynamics and Rényi entropy should be more involved.

In this paper, we aim to shed a light on the controlling
pattern of Rényi entropy and shear-viscosity-entropy ratio
with respect to universal parameters of unitary CFT, while,
e.g., the plasma stability, phase transition which are related
to the stability of black holes, and even the superluminal
problem are not undertaken. Indeed, in higher-order
gravities, the black holes are more likely to be unstable
in a variety of ways, for example, the perturbation around
the black holes would give rise to the Ostrogradsky ghosts
[142,143], the pathological quasi-normal modes [34] etc.
(however, these instabilities shall not be mixed with the
unitarity of the dual CFT). To fix the instability problem,
one has to add more constraints for the coupling constants,
e.g., [34]. Therefore further investigations on the stability
of black holes in massless cubic gravities are required in the
future such that more rigorous constraints for massless
cubic gravities as holographic models can be provided.
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APPENDIX A: THE SECOND ORDER
APPROXIMATE PLANAR BLACK HOLES

In this Appendix, we present the solutions of second
order approximate black holes (i.e., k ¼ 0) in D ¼ 5 and
D ¼ 4 respectively for the massless cubic gravities.
In D ¼ 5, d ¼ 4, the black holes are obtained with f

given by

TABLE I. The parameters a, c, t2 and t4 for the generic massless cubic gravities and Myers quasitopological
gravity in D ¼ 5.

Parameters Generic Myers quasitopological

a 2π2ðl3 þ 6ð60e1 þ 8e2 þ e4 þ 4e5Þl−1Þ 2π2l3
0f

−3=2
∞ ð1 − 3μf2∞Þ

c 2π2ðl3 − 2ð60e1 þ 8e2 þ e4 þ 4e5Þl−1Þ 2π2l3
0f

−3=2
∞ ð1þ 9μf2∞Þ

t2 48ð2340e1þ552e2þ144e3þ123e4þ316e5þ80e6Þ
l4−2ð60e1þ8e2þe4þ4e5Þ − 2088μf2∞

1−3μf2∞
t4 − 360ð600e1þ140e2þ36e3þ31e4þ80e5þ20e6Þ

l4−2ð60e1þ8e2þe4þ4e5Þ
3780μf2∞
1−3μf2∞

TABLE II. The parameters ã, CT and t4 for the generic massless cubic gravities and Einsteinian cubic gravity in
D ¼ 4.

Parameters Generic Einsteinian cubic gravity

ã l2 þ 2ð36e1 þ 6e2 þ e4 þ 4e5Þl−2 l2
0f

−1
∞ ð1þ 3μf2∞Þ

CT l2 − 2ð36e1 þ 6e2 þ e4 þ 4e5Þl−2 l2
0f

−1
∞ ð1 − 3μf2∞Þ

t4 120ð360e1þ96e2þ27e3þ25e4þ64e5þ18e6Þ
−l4þ72e1þ12e2þ2e4þ8e5

− 1260f2∞μ
1−3f2∞μ
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fðrÞ ¼ ðr4 − r40Þ
3r18l10

0

ð3l8
0r

16 þ 2ðe4r8 þ 4e5r8 þ 252e3r40r
4 þ 200e4r40r

4 þ 748e5r40r
4 þ 172e6r40r

4

− 108e3r80 − 97e4r80 − 320e5r80 − 68e6r80 þ 60e1ðr8 þ 53r40r
4 − 34r80Þ þ e2ð8r8

þ 844r40r
4 − 452r80ÞÞl4

0r
8 þ 4ðe24r16 þ 16e25r

16 þ 8e4e5r16 − 151704e23r
4
0r

12

− 84523e24r
4
0r

12 − 1472608e25r
4
0r

12 − 69544e26r
4
0r

12 − 227790e3e4r40r
12

− 945960e3e5r40r
12 − 713230e4e5r40r

12 − 205440e3e6r40r
12 − 154462e4e6r40r

12

− 640120e5e6r40r
12 − 91224e23r

8
0r

8 − 45517e24r
8
0r

8 − 948576e25r
8
0r

8 − 42024e26r
8
0r

8

− 130614e3e4r80r
8 − 589896e3e5r80r

8 − 427238e4e5r80r
8 − 123840e3e6r80r

8

− 88886e4e6r80r
8 − 399896e5e6r80r

8 − 648360e23r
12
0 r4 − 413113e24r

12
0 r4

− 6017728e25r
12
0 r4 − 286424e26r

12
0 r4 − 1039866e3e4r120 r4 − 3952248e3e5r120 r4

− 3181306e4e5r120 r4 − 861504e3e6r120 r4 − 692106e4e6r120 r4 − 2621416e5e6r120 r4

þ 255096e23r
16
0 þ 181662e24r

16
0 þ 2266240e25r

16
0 þ 110632e26r

16
0 þ 432930e3e4r160

þ 1520952e3e5r160 þ 1295402e4e5r160 þ 335904e3e6r160 þ 285986e4e6r160

þ 999080e5e6r160 þ 3600e21ðr16 − 5571r40r
12 − 2671r80r

8 − 34395r120 r4 þ 16883r160 Þ
þ 8e22ð8r16 − 197273r40r

12 − 108713r80r
8 − 1007255r120 r4 þ 448209r160 Þ

þ 2e2ð−8ð6e3ð10269r12 þ 5951r40r
8 þ 47861r80r

4 − 20086r120 Þ þ e6ð41783r12
þ 24295r40r

8 þ 190857r80r
4 − 79531r120 ÞÞr40 þ 4e5ð8r16 − 386143r40r

12 − 233675r80r
8

− 1760461r120 r4 þ 723125r160 Þ þ e4ð8r16 − 365219r40r
12 − 198935r80r

8 − 1822481r120 r4

þ 806397r160 ÞÞ þ 30e1ðe4ð4r16 − 87697r40r
12 − 45045r80r

8 − 477963r120 r4 þ 222811r160 Þ
þ 4e2ð8r16 − 94583r40r

12 − 49203r80r
8 − 528645r120 r4 þ 247349r160 Þ − 4ðð3e3ð10003r12

þ 5567r40r
8 þ 50697r80r

4 − 22457r120 Þ þ e6ð20383r12 þ 11395r40r
8 þ 101117r80r

4

− 44541r120 ÞÞr40 þ e5ð−4r16 þ 94534r40r
12 þ 55390r80r

8 þ 468538r120 r4

− 203130r160 ÞÞÞÞÞ þOðe3i Þ; ðA1Þ

and h given by

hðrÞ ¼ 1

3r18l10
0

ð3ðr4 − r40Þl8
0r

16 þ 2ðð60e1 þ 8e2 þ e4 þ 4e5Þr12 þ ð3120e1 þ 836e2 þ 252e3

þ 199e4 þ 744e5 þ 172e6Þr40r8 − 3ð2580e1 þ 744e2 þ 240e3 þ 183e4 þ 716e5 þ 168e6Þr80r4
þ ð4560e1 þ 1388e2 þ 468e3 þ 349e4 þ 1400e5 þ 332e6Þr120 Þl4

0r
8

þ 4ðð60e1 þ 8e2 þ e4 þ 4e5Þ2r20 − 2ð10029600e21 þ 15ð378364e2 þ 120036e3 þ 87701e4

þ 378152e5 þ 81532e6Þe1 þ 789124e22 þ 75852e23 þ 42262e24 þ 736312e25 þ 34772e26
þ 113895e3e4 þ 472980e3e5 þ 356619e4e5 þ 102720e3e6 þ 77231e4e6 þ 320060e5e6

þ e2ð492912e3 þ 365227e4 þ 1544604e5 þ 334264e6ÞÞr40r16
− 4ð60e1 þ 8e2 þ e4 þ 4e5Þð2580e1 þ 744e2 þ 240e3 þ 183e4 þ 716e5 þ 168e6Þr80r12
þ 2ð2580e1 þ 744e2 þ 240e3 þ 183e4 þ 716e5 þ 168e6Þð3120e1 þ 836e2 þ 252e3

þ 199e4 þ 744e5 þ 172e6Þr80r12 − ð3120e1 þ 836e2 þ 252e3 þ 199e4 þ 744e5

þ 172e6Þð4560e1 þ 1388e2 þ 468e3 þ 349e4 þ 1400e5 þ 332e6Þr120 r8 − ð284781600e21
þ 60ð2529716e2 þ 758412e3 þ 577435e4 þ 2355336e5 þ 508132e6Þe1 þ 19974944e22

YUE-ZHOU LI PHYS. REV. D 99, 066014 (2019)

066014-30



þ 1728000e23 þ 1046009e24 þ 16148992e25 þ 774912e26 þ 2705292e3e4 þ 10572336e3e5

þ 8319204e4e5 þ 4ð578304e3 þ 453721e4 þ 1765348e5Þe6 þ 4e2ð2956824e3 þ 2282075e4

þ 9115812e5 þ 1980104e6ÞÞr120 r8 þ ð734799600e21 þ 480ð824957e2 þ 250041e3

þ 188431e4 þ 781001e5 þ 167841e6Þe1 þ 52658944e22 þ 4652928e23 þ 2758609e24

þ 44065328e25 þ 2093952e26 þ 7209288e3e4 þ 28658976e3e5 þ 22316208e4e5

þ 8ð780024e3 þ 605503e4 þ 2398004e5Þe6 þ 8e2ð3939048e3 þ 3009383e4

þ 12218628e5 þ 2642768e6ÞÞr160 r4 − 2ð215607600e21 þ 15ð7779964e2 þ 2368164e3

þ 1776269e4 þ 7418312e5 þ 1590172e6Þe1 þ 15582804e22 þ 1388124e23 þ 815364e24

þ 13228040e25 þ 625092e26 þ 2140959e3e4 þ 8576916e3e5 þ 6648499e4e5 þ 1862304e3e6

þ 1438863e4e6 þ 5744156e5e6 þ e2ð9363408e3 þ 7120803e4 þ 29131484e5

þ 6284184e6ÞÞr200 ÞÞ þOðe3i Þ: ðA2Þ

In D ¼ 4, d ¼ 3, we have

fðrÞ ¼ −
1

24r13l10
0

ð−32ð36e1 þ 6e2 þ e4 þ 4e5Þ2r15 − 24ðr3 − r30Þl8
0r

12 þ ð10949904e21
þ 36ð182712e2 þ 60993e3 þ 46895e4 þ 152912e5 þ 40662e6Þe1 þ 963180e22 þ 96228e23

þ 63286e24 þ 614704e25 þ 42768e26 þ 159165e3e4 þ 485028e3e5 þ 399044e4e5 þ 128304e3e6

þ 106110e4e6 þ 323352e5e6 þ 6e2ð103761e3 þ 82265e4 þ 260696e5 þ 69174e6ÞÞr30r12
þ 64ð36e1 þ 6e2 þ e4 þ 4e5Þð360e1 þ 96e2 þ 27e3 þ 25e4 þ 64e5 þ 18e6Þr60r9
− 24ð360e1 þ 96e2 þ 27e3 þ 25e4 þ 64e5 þ 18e6Þð324e1 þ 102e2 þ 36e3 þ 29e4 þ 68e5

þ 24e6Þr60r9 þ 6ð324e1 þ 102e2 þ 36e3 þ 29e4 þ 68e5 þ 24e6Þð1044e1 þ 246e2 þ 54e3

þ 59e4 þ 164e5 þ 36e6Þr90r6 þ 8ð5561136e21 þ 36ð84072e2 þ 24435e3 þ 21239e4 þ 63392e5

þ 16290e6Þe1 þ 406980e22 þ 32076e23 þ 26038e24 þ 220624e25 þ 14256e26 þ 58617e3e4

þ 166428e3e5 þ 150884e4e5 þ 42768e3e6 þ 39078e4e6 þ 110952e5e6 þ 6e2ð38691e3
þ 34265e4 þ 100376e5 þ 25794e6ÞÞr90r6 − 4ð4ð36e1 þ 6e2 þ e4 þ 4e5Þr9 þ 3ð324e1
þ 102e2 þ 36e3 þ 29e4 þ 68e5 þ 24e6Þr30r6 − 6ð360e1 þ 96e2 þ 27e3 þ 25e4 þ 64e5

þ 18e6Þr60r3 þ ð1044e1 þ 246e2 þ 54e3 þ 59e4 þ 164e5 þ 36e6Þr90Þl4
0r

6 − 2ð42762816e21
þ 36ð642660e2 þ 185031e3 þ 161767e4 þ 484600e5 þ 123354e6Þe1 þ 3089304e22

þ 236925e23 þ 195416e24 þ 1680608e25 þ 105300e26 þ 436617e3e4 þ 1254636e3e5

þ 1143172e4e5 þ 315900e3e6 þ 291078e4e6 þ 836424e5e6 þ 6e2ð290331e3 þ 258793e4

þ 763408e5 þ 193554e6ÞÞr120 r3 þ ð30068496e21 þ 36ð434616e2 þ 117153e3 þ 108679e4

þ 312208e5 þ 78102e6Þe1 þ 2008332e22 þ 132678e23 þ 124808e24 þ 1003184e25 þ 58968e26
þ 261657e3e4 þ 727812e3e5 þ 702724e4e5 þ 176904e3e6 þ 174438e4e6 þ 485208e5e6

þ 6e2ð176121e3 þ 166825e4 þ 473944e5 þ 117414e6ÞÞr150 Þ þOðe3i Þ; ðA3Þ
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and

hðrÞ ¼ ðr3 − r30Þ
24r13l10

0

ð24l8
0r

12 þ 32e24r
12 þ 512e25r

12 þ 256e4e5r12 − 96228e23r
3
0r

9 − 63254e24r
3
0r

9

− 614192e25r
3
0r

9 − 42768e26r
3
0r

9 − 159165e3e4r30r
9 − 485028e3e5r30r

9 − 398788e4e5r30r
9

− 128304e3e6r30r
9 − 106110e4e6r30r

9 − 323352e5e6r30r
9 − 49572e23r

6
0r

6 − 36078e24r
6
0r

6

− 476592e25r
6
0r

6 − 22032e26r
6
0r

6 − 87885e3e4r60r
6 − 324324e3e5r60r

6 − 276420e4e5r60r
6

− 66096e3e6r60r
6 − 58590e4e6r60r

6 − 216216e5e6r60r
6 þ 4ð4e4r6 þ 16e5r6 þ 108e3r30r

3

þ 91e4r30r
3 þ 220e5r30r

3 þ 72e6r30r
3 − 216e3r60 − 167e4r60 − 380e5r60 − 144e6r60

þ 36e1ð4r6 þ 31r30r
3 − 47r60Þ þ 6e2ð4r6 þ 55r30r

3 − 95r60ÞÞl4
0r

6 − 971028e23r
9
0r

3

− 684128e24r
9
0r

3 − 6200528e25r
9
0r

3 − 431568e26r
9
0r

3 − 1658637e3e4r90r
3 − 4849956e3e5r90r

3

− 4123348e4e5r90r
3 − 1294704e3e6r90r

3 − 1105758e4e6r90r
3 − 3233304e5e6r90r

3

þ 1560060e23r
12
0 þ 1077620e24r

12
0 þ 10193840e25r

12
0 þ 693360e26r

12
0 þ 2642463e3e4r120

þ 7914348e3e5r120 þ 6667132e4e5r120 þ 2080080e3e6r120 þ 1761642e4e6r120

þ 5276232e5e6r120 þ 1296e21ð32r12 − 8417r30r
9 − 6441r60r

6 − 96923r90r
3 þ 152213r120 Þ

þ 36e22ð32r12 − 26723r30r
9 − 18123r60r

6 − 288605r90r
3 þ 459131r120 Þ þ 36e1ð256e5r12

− 60993e3r30r
9 − 152656e5r30r

9 − 40662e6r30r
9 − 41553e3r60r

6 − 119568e5r60r
6

− 27702e6r60r
6 − 646785e3r90r

3 − 1626784e5r90r
3 − 431190e6r90r

3 þ 1034451e3r120

þ 2626240e5r120 þ 689634e6r120 þ 24e2ð16r12 − 7597r30r
9 − 5529r60r

6 − 84394r90r
3

þ 133576r120 Þ þ e4ð64r12 − 46831r30r
9 − 32079r60r

6 − 518611r90r
3 þ 817993r120 ÞÞ

þ 6e2ð−27ð3e3 þ 2e6Þð1281r9 þ 785r30r
6 þ 13313r60r

3 − 21331r90Þr30 þ 8e5ð32r12
− 32555r30r

9 − 23955r60r
6 − 338069r90r

3 þ 548123r120 Þ þ e4ð64r12 − 82201r30r
9

− 51609r60r
6 − 887197r90r

3 þ 1405207r120 ÞÞÞ þOðe3i Þ: ðA4Þ

APPENDIX B: THE LOCALITY OF THE EXCITATION OPERATOR

In this appendix, we briefly review why the excitation operatorO like Tijε
ij discussed in Sec. V is localized at ρ ¼ l and

y1 ¼ y2 ¼ 0. We start with (5.12) and (5.13), and for clarity, we may present them here as well

ds2 ¼ l2

r2
dr2 þ r2ηijdxidxj

¼ l2

r2
dr2 þ r2ð−dxþdx− þ dxĩdxĩÞ

¼ l2

ρ2
dρ2 þ ρ2ð−dyþdy− þ dyĩdyĩÞ; ðB1Þ

in which we have

yþ ¼ −
1

xþ
; y− ¼ x− −

xĩx
ĩ

xþ
−

l2

r2xþ
; yĩ ¼ xĩ

xþ
; ρ ¼ rxþ: ðB2Þ

For our purpose, it is essential to recall the embedding picture of AdS, i.e., AdS can be defined by embedding itself in a
higher dimensional space with the signature as ð−1;−1; 1;…Þ, explicitly

ds2dþ2 ¼ −ðdX−1Þ2 − ðdX0Þ2 þ
Xd
a¼1

ðdXaÞ2; −ðX−1Þ2 − ðX0Þ2 þ
Xd
a¼1

ðXaÞ2 ¼ −l2: ðB3Þ
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We now have

r ¼ X−1 þ Xd; xi ¼ lXi

r
;

ρ ¼ X0 þ Xd−1; yþ ¼ −
l
ρ
ðX−1 þ XdÞ; y− ¼ −

l
ρ
ðX−1 − XdÞ;

yĩ ¼ lXĩ

ρ
; ĩ ¼ 1;…; d − 2: ðB4Þ

Keeping (B4) in mind, we are in the right position to consider the bulk field corresponding to the excitation operatorO with
the scaling dimension Δ.

ϕðx; rÞ ¼
Z

d4x0
r−ΔlΔ

ððx − x0Þ2 þ r−2l2ÞΔ ϕ0ðxÞ; ϕ0ðxÞ ∼ e−ip·x: ðB5Þ

Note primarily we should take r → ∞ in (B5), then by using (B3) we come to

lim
r→∞

ðx − x0Þ2r
l

¼ −
2l
r
ηijXiX0j þ 2l

r
ðX−1X0−1 − XdX0dÞ ¼ −

2l
r
X · X0; ðB6Þ

where we make use of the fact that X−1 and Xd is not
dependent on x; consequently they shall make no difference
with X0−1 and X0d. We then have

ϕ ∼
Z

d4x0
rΔl−Δ

ðX · X0ÞΔ ϕ0ðxÞ; ϕ0ðxÞ ∼ e−ip·x: ðB7Þ

Note the energy flux is measured in the surface of yþ ¼ 0

which implies Xþ ¼ X−1 þ Xd ¼ 0, hence we have

l
r
X · X0 ¼ ηijXixj −

l
2
X−; X− ¼ X−1 − Xd ≃ 2X−1:

ðB8Þ

The resulting propagator is thus given by

ϕ ∼
Z

d4x0
e−ip·x

ð−X0tþ Xĩxĩ − l
2
X−ÞΔ : ðB9Þ

For simplicity, we focus on the transverse mode, i.e.,
p ¼ ðE; 0;…; 0Þ. Then, we integrate (B9) over t, and
slipping off inessential numerical factors, we obtain

ϕ ∼
Z

d3x0
ðEÞΔ−1
ðX0ÞΔ eiðX

ĩxĩ−l
2
X−Þ E

X0 : ðB10Þ

Slipping off all factors that are irrelevant to the localized
property of the excitation operator, we end up with

ϕðXþ ¼ 0; X−; XiÞ ∼ e−i
l
2
EX−=X0

δ3ðXĩÞ: ðB11Þ

It is now evident to see from (B11) that the perturbation is
localized at Xĩ ¼ 0. Transforming to y-coordinates, Xĩ ¼ 0

implies y1; y2;…; yd−2 ¼ 0 and ρ ¼ X0. From the embed-
ding picture (B3), we now should have X0 ¼ l, which
immediately suggests that ρ is localized at ρ ¼ l. To be
precise, we have

ϕðyþ ¼ 0; y−; y1;…; yd−2; ρÞ
∼ ei

E
2ly

−
δðy1Þ � � � δðyd−2Þδðρ − lÞ: ðB12Þ

Therefore, holographically, the operator is localized at
ρ ¼ l, y1 ¼ y2 ¼ 0.

[1] J. M. Maldacena, The largeN limit of superconformal field
theories and supergravity, Int. J. Theor. Phys. 38, 1113
(1999); Adv. Theor. Math. Phys. 2, 231 (1998).

[2] S. S. Gubser, I. R. Klebanov, and A.M. Polyakov, Gauge
theory correlators from noncritical string theory, Phys.
Lett. B 428, 105 (1998).

[3] E. Witten, Anti-de Sitter space and holography, Adv.
Theor. Math. Phys. 2, 253 (1998).

[4] B. Tekin, Particle content of quadratic and fðRμνσρÞ
theories in (A)dS, Phys. Rev. D 93, 101502 (2016).

[5] P. Bueno and P. A. Cano, Einsteinian cubic gravity, Phys.
Rev. D 94, 104005 (2016).

HOLOGRAPHIC STUDIES OF THE GENERIC MASSLESS … PHYS. REV. D 99, 066014 (2019)

066014-33

https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.1103/PhysRevD.93.101502
https://doi.org/10.1103/PhysRevD.94.104005
https://doi.org/10.1103/PhysRevD.94.104005


[6] P. Bueno, P. A. Cano, V. S. Min, and M. R. Visser, Aspects
of general higher-order gravities, Phys. Rev. D 95, 044010
(2017).

[7] Y. Z. Li, H. Lu, and J. B. Wu, Causality and a-theorem
constraints on Ricci polynomial and Riemann cubic
gravities, Phys. Rev. D 97, 024023 (2018).

[8] Y. Z. Li, H. L, and Z. F. Mai, Universal structure of
covariant holographic two-point functions in massless
higher-order gravities, J. High Energy Phys. 10 (2018)
063.

[9] D. Lovelock, The Einstein tensor and its generalizations,
J. Math. Phys. (N.Y.) 12, 498 (1971).

[10] J. de Boer, The holographic renormalization group,
Fortschr. Phys. 49, 339 (2001).

[11] M. Bianchi, D. Z. Freedman, and K. Skenderis, Holo-
graphic renormalization, Nucl. Phys. B631, 159 (2002).

[12] K. Skenderis, Lecture notes on holographic renormaliza-
tion, Classical Quantum Gravity 19, 5849 (2002).

[13] M. J. Duff, Observations on conformal anomalies, Nucl.
Phys. B125, 334 (1977).

[14] M. J. Duff, Twenty years of the Weyl anomaly, Classical
Quantum Gravity 11, 1387 (1994).

[15] H. Osborn and A. C. Petkou, Implications of conformal
invariance in field theories for general dimensions, Ann.
Phys. (N.Y.) 231, 311 (1994).

[16] J. Erdmenger and H. Osborn, Conserved currents and the
energy momentum tensor in conformally invariant theories
for general dimensions, Nucl. Phys. B483, 431 (1997).

[17] C. Coriano, L. Delle Rose, E. Mottola, and M. Serino,
Graviton vertices and the mapping of anomalous correla-
tors to momentum space for a general conformal field
theory, J. High Energy Phys. 08 (2012) 147.

[18] M. Henningson and K. Skenderis, The holographic Weyl
anomaly, J. High Energy Phys. 07 (1998) 023.

[19] M. Henningson and K. Skenderis, Holography and the
Weyl anomaly, Fortschr. Phys. 48, 125 (2000).

[20] C. Imbimbo, A. Schwimmer, S. Theisen, and S.
Yankielowicz, Diffeomorphisms and holographic anoma-
lies, Classical Quantum Gravity 17, 1129 (2000).

[21] S. Nojiri and S. D. Odintsov, On the conformal anomaly
from higher derivative gravity in AdS/CFT correspon-
dence, Int. J. Mod. Phys. A 15, 413 (2000).

[22] H. Liu and A. A. Tseytlin, D ¼ 4 superYang-Mills, D ¼ 5

gauged supergravity, and D ¼ 4 conformal supergravity,
Nucl. Phys. B533, 88 (1998).

[23] N. Johansson, A. Naseh, and T. Zojer, Holographic two-
point functions for 4d log-gravity, J. High Energy Phys. 09
(2012) 114.

[24] A. Ghodsi, B. Khavari, and A. Naseh, Holographic two-
point functions in conformal gravity, J. High Energy Phys.
01 (2015) 137.

[25] G. Arutyunov and S. Frolov, Three point Green function of
the stress energy tensor in the AdS/CFT correspondence,
Phys. Rev. D 60, 026004 (1999).

[26] A. B. Zamolodchikov, Pis’ma Zh. Eksp. Teor. Fiz. 43, 565
(1986) [Irreversibility of the flux of the renormalization
group in a 2D field theory, JETP Lett. 43, 730 (1986)].

[27] J. L. Cardy, Is there a c theorem in four-dimensions?, Phys.
Lett. B 215, 749 (1988).

[28] Z. Komargodski and A. Schwimmer, On renormalization
group flows in four dimensions, J. High Energy Phys. 12
(2011) 099.

[29] D. M. Hofman and J. Maldacena, Conformal collider
physics: Energy and charge correlations, J. High Energy
Phys. 05 (2008) 012.

[30] A. Buchel, J. Escobedo, R. C. Myers, M. F. Paulos, A.
Sinha, and M. Smolkin, Holographic GB gravity in
arbitrary dimensions, J. High Energy Phys. 03 (2010) 111.

[31] N. Banerjee and S. Dutta, Shear viscosity to entropy
density ratio in six derivative gravity, J. High Energy
Phys. 07 (2009) 024.

[32] J. de Boer, M. Kulaxizi, and A. Parnachev, Holographic
Lovelock gravities and black holes, J. High Energy Phys.
06 (2010) 008.

[33] R. C. Myers and B. Robinson, Black holes in quasi-
topological gravity, J. High Energy Phys. 08 (2010) 067.

[34] R. C. Myers, M. F. Paulos, and A. Sinha, Holographic
studies of quasi-topological gravity, J. High Energy Phys.
08 (2010) 035.

[35] W. G. Brenna, M. H. Dehghani, and R. B. Mann, Quasi-
topological Lifshitz black holes, Phys. Rev. D 84, 024012
(2011).

[36] J. Oliva and S. Ray, Birkhoff’s theorem in higher derivative
theories of gravity, Classical Quantum Gravity 28, 175007
(2011).

[37] M. H. Dehghani and M. H. Vahidinia, Surface terms of
quasitopological gravity and thermodynamics of charged
rotating black branes, Phys. Rev. D 84, 084044 (2011).

[38] M. H. Dehghani, A. Bazrafshan, R. B. Mann, M. R.
Mehdizadeh, M. Ghanaatian, and M. H. Vahidinia, Black
holes in quartic quasitopological gravity, Phys. Rev. D 85,
104009 (2012).

[39] J. Oliva and S. Ray, Birkhoff’s theorem in higher derivative
theories of gravity II, Phys. Rev. D 86, 084014 (2012).

[40] W. G. Brenna and R. B. Mann, Quasitopological Reissner-
Nordstróm black holes, Phys. Rev. D 86, 064035 (2012).

[41] A. Bazrafshan, M. H. Dehghani, and M. Ghanaatian,
Surface terms of quartic quasitopological gravity and
thermodynamics of nonlinear charged rotating black
branes, Phys. Rev. D 86, 104043 (2012).

[42] M. H. Dehghani and M. H. Vahidinia, Quartic quasi-
topological gravity, black holes and holography, J. High
Energy Phys. 10 (2013) 210.

[43] M. Ghanaatian, A. Bazrafshan, and W. G. Brenna, Lifshitz
quartic quasitopological black holes, Phys. Rev. D 89,
124012 (2014).

[44] M. Ghanaatian, Quartic quasi-topological-Born-Infeld
gravity, Gen. Relativ. Gravit. 47, 105 (2015).

[45] A. Karasu, E. Kenar, and B. Tekin, Minimal extension of
Einsteins theory: The quartic gravity, Phys. Rev. D 93,
084040 (2016).

[46] P. Bueno, P. A. Cano, A. O. Lasso, and P. F. Ramrez,
f(Lovelock) theories of gravity, J. High Energy Phys. 04
(2016) 028.

[47] R. A. Hennigar and R. B. Mann, Black holes in Einsteinian
cubic gravity, Phys. Rev. D 95, 064055 (2017).

[48] P. Bueno and P. A. Cano, Four-dimensional black holes in
Einsteinian cubic gravity, Phys. Rev. D 94, 124051 (2016).

YUE-ZHOU LI PHYS. REV. D 99, 066014 (2019)

066014-34

https://doi.org/10.1103/PhysRevD.95.044010
https://doi.org/10.1103/PhysRevD.95.044010
https://doi.org/10.1103/PhysRevD.97.024023
https://doi.org/10.1007/JHEP10(2018)063
https://doi.org/10.1007/JHEP10(2018)063
https://doi.org/10.1063/1.1665613
https://doi.org/10.1002/1521-3978(200105)49:4/6%3C339::AID-PROP339%3E3.0.CO;2-A
https://doi.org/10.1016/S0550-3213(02)00179-7
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1016/0550-3213(77)90410-2
https://doi.org/10.1016/0550-3213(77)90410-2
https://doi.org/10.1088/0264-9381/11/6/004
https://doi.org/10.1088/0264-9381/11/6/004
https://doi.org/10.1006/aphy.1994.1045
https://doi.org/10.1006/aphy.1994.1045
https://doi.org/10.1016/S0550-3213(96)00545-7
https://doi.org/10.1007/JHEP08(2012)147
https://doi.org/10.1088/1126-6708/1998/07/023
https://doi.org/10.1002/(SICI)1521-3978(20001)48:1/3%3C125::AID-PROP125%3E3.0.CO;2-B
https://doi.org/10.1088/0264-9381/17/5/322
https://doi.org/10.1142/S0217751X00000197
https://doi.org/10.1016/S0550-3213(98)00443-X
https://doi.org/10.1007/JHEP09(2012)114
https://doi.org/10.1007/JHEP09(2012)114
https://doi.org/10.1007/JHEP01(2015)137
https://doi.org/10.1007/JHEP01(2015)137
https://doi.org/10.1103/PhysRevD.60.026004
https://doi.org/10.1016/0370-2693(88)90054-8
https://doi.org/10.1016/0370-2693(88)90054-8
https://doi.org/10.1007/JHEP12(2011)099
https://doi.org/10.1007/JHEP12(2011)099
https://doi.org/10.1088/1126-6708/2008/05/012
https://doi.org/10.1088/1126-6708/2008/05/012
https://doi.org/10.1007/JHEP03(2010)111
https://doi.org/10.1088/1126-6708/2009/07/024
https://doi.org/10.1088/1126-6708/2009/07/024
https://doi.org/10.1007/JHEP06(2010)008
https://doi.org/10.1007/JHEP06(2010)008
https://doi.org/10.1007/JHEP08(2010)067
https://doi.org/10.1007/JHEP08(2010)035
https://doi.org/10.1007/JHEP08(2010)035
https://doi.org/10.1103/PhysRevD.84.024012
https://doi.org/10.1103/PhysRevD.84.024012
https://doi.org/10.1088/0264-9381/28/17/175007
https://doi.org/10.1088/0264-9381/28/17/175007
https://doi.org/10.1103/PhysRevD.84.084044
https://doi.org/10.1103/PhysRevD.85.104009
https://doi.org/10.1103/PhysRevD.85.104009
https://doi.org/10.1103/PhysRevD.86.084014
https://doi.org/10.1103/PhysRevD.86.064035
https://doi.org/10.1103/PhysRevD.86.104043
https://doi.org/10.1007/JHEP10(2013)210
https://doi.org/10.1007/JHEP10(2013)210
https://doi.org/10.1103/PhysRevD.89.124012
https://doi.org/10.1103/PhysRevD.89.124012
https://doi.org/10.1007/s10714-015-1951-z
https://doi.org/10.1103/PhysRevD.93.084040
https://doi.org/10.1103/PhysRevD.93.084040
https://doi.org/10.1103/PhysRevD.95.064055
https://doi.org/10.1103/PhysRevD.94.124051


[49] M. Chernicoff, O. Fierro, G. Giribet, and J. Oliva, Black
holes in quasi-topological gravity and conformal cou-
plings, J. High Energy Phys. 02 (2017) 010.

[50] A. Cisterna, L. Guajardo, M. Hassaine, and J. Oliva,
Quintic quasi-topological gravity, J. High Energy Phys.
04 (2017) 066.

[51] R. A. Hennigar, D. Kubiňák, and R. B. Mann, Generalized
quasitopological gravity, Phys. Rev. D 95, 104042 (2017).

[52] H. Dykaar, R. A. Hennigar, and R. B. Mann, Hairy black
holes in cubic quasi-topological gravity, J. High Energy
Phys. 05 (2017) 045.

[53] P. Bueno and P. A. Cano, On black holes in higher-
derivative gravities, Classical Quantum Gravity 34,
175008 (2017).

[54] J. Ahmed, R. A. Hennigar, R. B. Mann, and M. Mir,
Quintessential quartic quasi-topological quartet, J. High
Energy Phys. 05 (2017) 134.

[55] S. Parvizi and M. Sadeghi, Holographic aspects of a higher
curvature massive gravity, Eur. Phys. J. C 79, 113 (2019).

[56] P. Bueno and P. A. Cano, Universal black hole stability in
four dimensions, Phys. Rev. D 96, 024034 (2017).

[57] X. H. Feng, H. Huang, Z. F. Mai, and H. Lü, Bounce
universe and black holes from critical Einsteinian cubic
gravity, Phys. Rev. D 96, 104034 (2017).

[58] J. Oliva and S. Ray, A new cubic theory of gravity in
five dimensions: Black hole, Birkhoff’s theorem and
C-function, Classical Quantum Gravity 27, 225002 (2010).

[59] Y. Z. Li, H. S. Liu, and H. Lü, Quasi-topological Ricci
polynomial gravities, J. High Energy Phys. 02 (2018) 166.

[60] S. Q. Lan, G. Q. Li, J. X. Mo, and X. B. Xu, On the first
law of entanglement for quasitopological gravity, Gen.
Relativ. Gravit. 50, 106 (2018).

[61] M. Ghanaatian, F. Naeimipour, A. Bazrafshan, and M.
Abkar, Charged black holes in quartic quasitopological
gravity, Phys. Rev. D 97, 104054 (2018).

[62] Y. S. Myung, Mass-induced instability of SAdS black hole
in Einstein-Ricci cubic gravity, Eur. Phys. J. C 78, 362
(2018).

[63] P. Bueno, P. A. Cano, and A. Ruiprez, Holographic studies
of Einsteinian cubic gravity, J. High Energy Phys. 03
(2018) 150.

[64] J. Peng and X. H. Feng, Holographic aspects of Quasi-
topological gravity, arXiv:1802.00697.

[65] Y. S. Myung and D. c. Zou, Instability of small AdS black
holes in sixth-order gravity, arXiv:1804.03003.

[66] X. H. Feng, H. Huang, S. L. Li, H. Lu, and H. Wei,
Cosmological time crystals from Einstein-cubic gravities,
arXiv:1807.01720.

[67] P. Bueno, P. A. Cano, R. A. Hennigar, and R. B. Mann,
Universality of Squashed-Sphere Partition Functions,
Phys. Rev. Lett. 122, 071602 (2019).

[68] A. Cisterna, N. Grandi, and J. Oliva, On four-dimensional
Einsteinian gravity, quasitopological gravity, cosmology
and black holes, arXiv:1811.06523.

[69] C. Wang and L. Zhao, f(Ricci) gravity, arXiv:1812.01854.
[70] X. O. Camanho, J. D. Edelstein, and J. M. Snchez De

Santos, Lovelock theory and the AdS/CFT correspon-
dence, Gen. Relativ. Gravit. 46, 1637 (2014).

[71] R. C. Myers and A. Sinha, Holographic c-theorems in
arbitrary dimensions, J. High Energy Phys. 01 (2011) 125.

[72] X. O. Camanho, J. D. Edelstein, J. Maldacena, and A.
Zhiboedov, Causality constraints on corrections to the
graviton three-point coupling, J. High Energy Phys. 02
(2016) 020.

[73] Y. Kats and P. Petrov, Effect of curvature squared correc-
tions in AdS on the viscosity of the dual gauge theory,
J. High Energy Phys. 01 (2009) 044.

[74] L. Y. Hung, R. C. Myers, M. Smolkin, and A. Yale,
Holographic calculations of Rényi entropy, J. High Energy
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