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Abstract: Over the past few years, terrestrial free space optical (FSO) communication systems have
demonstrated increasing research and commercial interest. However, due the signal’s propagation
path, the operation of FSO links depends strongly on atmospheric conditions and related phenomena.
One such significant phenomenon is the scintillation caused by atmospheric turbulence effects; in
order to address the significant performance degradation that this causes, several statistical models
have been proposed. Here, turbulence-induced fading of the received optical signal is investigated
through the recently presented mixture Gamma distribution, which accurately describes the irradiance
fluctuations at the receiver’s input of the FSO link. Additionally, at the same time, it significantly
reduces the mathematical complexity of the expressions used for the description of composite
channels with turbulence along with nonzero boresight pointing error-induced fading. In order to
counterbalance the performance mitigation due to these effects, serial decode-and-forward relays are
employed, and the performance of the system is estimated through derived mathematical expressions.

Keywords: FSO communication systems; mixture gamma distribution model; DF relays; pointing
errors with nonzero boresight

1. Introduction

Free Space Optical (FSO) communication uses laser beams for the wireless transmission of data.
In these systems, light is emitted from the transmitter and propagates towards a photodiode in the
receiver side through the atmosphere. This technology has now emerged as a reliable alternative to
Radio Frequency (RF) or Millimeter Wave (MMW) systems in cases where point to point connections
are required [1]; it is a practical technology that can counterbalance bottleneck connectivity problems [2].
Additionally, FSO communication can be a supplement to conventional RF or microwave links [2].
Over last decade, there has been an increase in commercial and research interest for FSO systems,
because of the many advantages they have compared with classical RF systems. The most important
of these are the high band with access, security, the low installation and operation costs and their
operation in the unlicensed spectrum. Nevertheless, as for every wireless communication system, their
operation depends strongly on the state of the channel, which is affected from atmospheric phenomena
and conditions in the area between the transmitter and the receiver. Hence, one of the most significant
performance mitigation factors of these systems is the atmospheric turbulence effect, which, for a
typical outdoor line-of-sight (LOS) optical link, may cause rapid fluctuations of the irradiance at the
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receiver side. Thus, the atmospheric channel has random time-varying characteristics because of the
so-called scintillation effect which arises due to atmospheric turbulence, [1,3–11].

More analytically, the turbulence effect arises because of refractive index fluctuations of the
atmosphere which occur due to pressure changes and temperature inhomogeneities. These variations
result in eddies cells or air packets with variable sizes which act like refractive prisms of different
sizes [1,12]. The interaction between these and the propagating laser beam generates random amplitude
and phase fluctuations, which causes the well-known scintillation effect, as well as other minor effects
such as beam wandering, beam spreading and beam break-up [12,13]. This, in turn, results in intensity
fluctuations on the receiver side which degrade the performance of FSO systems. The intensity of these
fluctuations in the propagating optical beam may be described by Rytov variance σ2

R = 1.23C2
nk7/6L1/6,

where C2
n is the refractive index structure parameter which describes the atmospheric turbulence

strength, L is the length of the path, and k = 2π/λ is the wavenumber, with λ being the wavelength [13].
The Rytov variance expression is valid in weak to moderate fluctuation regimes, and more precisely,
week fluctuations characterized by σ2

R < 1, while moderate conditions are associated with σ2
R � 1.

Strong fluctuation regimes are often more complicated and require special techniques in order to be
implemented in FSO systems, which are not considered in our model [13].

Many statistical distribution models have been proposed for the description of the intensity
fluctuations which arise from the scintillation effect. Each properly describes the scintillation effect
caused by different turbulence strength, i.e., weak, moderate or strong, [12,14–17]. More precisely,
lognormal and gamma statistical distributions are useful for describing the scintillations caused
by weak turbulence, while GG, Malaga (M) and I-K are commonly used for a range from weak to
strong turbulence conditions; finally, K and NE are suitable for strong and saturated conditions,
respectively, [11,12,14,18–30]. In this work, as it will be shown below, the NE and GG distributions are
approximated through the mixture Gamma (MG) distribution model [19,20,24].

MG distribution is a recently presented model which can accurately emulate many of the
well-known distributions which are used for the scintillation effect, such as the gamma-gamma,
the negative exponential, etc. [19,24]. Thus, it can be used either for weak to moderate or strong
turbulence conditions. Additionally, the MG model has the significant advantage of being expressed
through a mathematical expression for its probability density function (PDF) with relatively low
complexity [19,20]. It may therefore be concluded that the obtained performance equations for the FSO
link can be easily used in order to produce results for the design and implementation of workable FSO
links. Additionally, the sways of high-rise buildings, in which the FSO terminals are usually located,
due to wind loads, weak earthquakes, or thermal expansions, result in misalignment-induced fading
of the received irradiance, which is known as the pointing errors effect [15,31,32]. The pointing errors
effect consists of two components; the first is the boresight, which describes the fixed displacement
between the beam center and the center of the detector, while the second is jitter. Jitter is the random
offset of the beam center at the detector plane as given from the boresight [18,33]. Here, contrariwise
to [34], we adopt a generalized misalignment fading model which takes also into account a nonzero
boresight impact [12,18].

In order to combat the limitations associated with fading, relay-assisted FSO communication is an
effective method to extend coverage and performance [15,35]. In [36], the MG model is adopted for the
estimation of the performance of a SIMO FSO system with receivers’ diversity, operating under the
composite impact of nonzero boresight pointing errors and turbulence-induced scintillation fading.
However, in this work, we investigate a totally different architecture and MG approximation is used
for the study of another significant issue which concerns the way in which the effective radius of the
FSO links can be extended.

More precisely, we investigate the performance of a serial DF-relayed FSO system with scintillation
effect caused by atmospheric turbulence, along with a nonzero boresight pointing errors (NZB-PE)
effect. Furthermore, in order to reduce the mathematical complexity of the widely adopted composite
models used for the performance estimation in FSO systems operating under composite irradiance
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channels, we adopt the MG model for the approximation of turbulence-induced scintillation fading [19].
Additionally, intensity modulation/direct detection (IM/DD) with On-Off Keying Modulation (OOK),
or L-Pulse Position Modulation (L-PPM) schemes, are assumed. It should be mentioned here that the
IM/DD scheme is one of the most common modes of detection in FSO systems. In DD, the receiver
detects the instantaneous power of the impinged optical radiation on the photo-detector. Thus, the
signal’s intensity is modulated in order to carry digital information; the photo-detector’s output is
proportional to the received intensity. Note that the implementation of a DD scheme is simpler than
other configurations, and thus, preferable for FSO systems with intensity modulation [12].

On the one hand, OOK is the most widely adopted and simplest modulation scheme that
has been used in experimental and commercial FSO communication systems because of its ease in
implementation with a simple receiver design, its bandwidth efficiency, and cost effectiveness. On the
other hand, L-PPM does not require any decision threshold dependent on the input power (in contrast
to OOK). It is also more power efficient, but more complex, and shows a rapid reduction of bandwidth
efficiency [12,37]. In this respect, we derive mathematical expressions for the estimation of outage
probability (OP) and average bit error rate (ABER) of the serially-DF-relayed FSO system.

The remainder of the work is organized as follows. In Section 2, we introduce the channel model
comprising the scintillation effect and NZB-PE sub-models, respectively. Next, in Section 3, we proceed
to the performance analysis of the DF-relayed FSO system in terms of the OP and the ABER, while
the corresponding numerical results are presented in Section 4. Finally, some concluding remarks are
presented in Section 5.

2. Channel Model

In this work, a DF FSO relay-assisted system is considered, in which the source transmits the
information signal towards the receiver across H serial paths, and consequently, across the (H-1) DF
relay nodes. All of the H paths have the same length, D, and each relay node, after receiving the signal,
decodes it and retransmits it to the next relay, or to the final node, i.e., the receiver [15,38] of the FSO
system. Furthermore, we consider an OOK with IM/DD scheme, and the received signal at the h-th
hop, yh, is given as [15,35,38]:

yh = ηIhxh + nh, (1)

where h represents the serial hops of the system, i.e., h = {1,2..H}, η is the effective photo-current
conversion ratio, Ih is the normalized received irradiance in the h-th hop, xh is the corresponding
modulated signal, and nh is the additive white Gaussian noise (AWGN) with zero mean and variance
N0/2 [12,39].

The irradiance, Ih, fluctuates due to the atmospheric turbulence-induced scintillation effect and
the spatial jitter, i.e., the pointing errors effects. Thus, it can be expressed as [12,35,39]:

Ih = Ia,hIp,h, (2)

where Ia,h and Ip,h represent the irradiance component due to turbulence and pointing errors, respectively.
It should be mentioned here that without loss of generality, in (2), the deterministic path loss parameter
has been omitted because it is assumed to be normalized to unity [12,15].

2.1. Scintillation Model

The PDF of the MG distribution, as a function of the irradiance Ia,h in the h-th hop, is given
as [19,20,36]:

fIa,h(Ia,h) =
N∑

i=1

wi fi(Ia,h) =
N∑

i=1

aiI
bi−1
a,h e−ζιIa,h , Ia,h > 0, (3)
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where wi = aiΓ(bi)ζ
−bi
i with

N∑
i=1

wi = 1, N is the number of the summation terms, fi(x) =
ζ

bi
i xbi−1 exp(−ζιx)

Γ(bi)

is the PDF of a Gamma distribution [19,20], ai, bi, ζi are the parameters of the i-th Gamma component [20],
and Γ(.) is the Gamma function [19,20,34]. Additionally, the cumulative distribution function (CDF) of
MG is given as [19,20]:

FIa,h(Ia,h) =
N∑

i=1

aiζ
−bi
i γ(bi, ζiIa,h), (4)

where γ(·, ·) is the lower incomplete Gamma function. Very recently, and aiming to accomplish
the derivation of simpler expressions for metrics as bit-error-rate, some models which describe the
turbulence-induced fading have been published in the literature, but these works use infinite series
expansions for the PDFs [21,22]. Thus, an infinite number of summations is required in order to ensure
that the integral over the entire space is equal to one. In our work, we use a model which keeps the
PDF property for any finite number of terms, as the integral over the entire space is always equal to
one. The reliability of the MG model for the approximation of various statistical distributions depends
on the number of summation terms, N [19]. By selecting the appropriate value for N, a minimum
value for Kull back-Leibler (KL) divergence between a statistical distribution and its approximation
obtained using MG model can be achieved in order to be below a given threshold. The DKL divergence
is estimated as [19]:

DKL =

∫
∞

0
fIa,h(Ia,h) ln

fIa,h(Ia,h)

f̂Ia,h(Ia,h)
dIa,h, (5)

where fIa,h(Ia,h) is the exact PDF of a specific distribution model, while f̂Ia,h(Ia,h) is the approximated PDF
obtained using MG. The approximation can be as accurate, as we need only by increasing the number
of sum terms. As shown in detail in [19], for all cases, the KL divergence is estimated below 10−3 for N
≥ 10, and therefore, it can be ensured that the MG distribution is an accurate approximate expression
with much lower complexity of mathematical expressions compared to the original distribution
models. Generally, the number of terms depends on the parameter values characterizing each PDF
for each specific distribution model, i.e., parameters α and β for the gamma-gamma distribution [19].
Additionally, in the case where these parameters vary over time, a re-estimation of N is necessary in
order to achieve convergence. This task could be achieved using an adaptive algorithm. However,
based on the analysis of [19], the use of a large value for N, e.g., about N = 20, usually implies
sufficient convergence.

2.2. Scintillation Model through the MG Distribution

In contrast to [24], where the MG model was used for the approximation of the Málaga distribution,
here we emulate NE and GG statistical distributions. Thus, by approximating these two models, MG
PDF can be used for the representation of a scintillation effect over the whole intensity range, i.e., GG
approximation for weak to strong and NE approximation for strong or saturated.

The PDF of the NE distribution, as a function of the normalized irradiance received at the h-th
hop, is given as [14]:

fIa,h(Ia,h) = exp(−Ia,h), (6)

Here, on the basis of [19,20,34], for the extraction of the parameters for MG distribution, we match
the two PDFs, i.e., (3), (24); the resulting parameters which are obtained, in order to approximate the
NE distribution, are as follows [36]:

ai = θi

 N∑
j=1

θ jΓ(b j)ζ
−b j

j


−1

, bi = 1, ζi = 1, θi = 1, (7)
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Furthermore, the PDF of the GG distribution as a function of the normalized irradiance at the h-th
hop is given as [19]:

fIa,h(Ia,h) =
2(αhβh)

αh+βh
2

Γ(αh)Γ(βh)
I
αh+βh

2 −1
a,h Kαh−βh

(
2
√
αhβhIa,h

)
, (8)

where Kv(·) is the ν-th-order modified Bessel function of the second kind [19], (Equation 8.432.1 of [40]),
and α, β are the effective number of small-scale and large scale eddies of the scattering environment,
respectively [25]; the latter can be expressed through the MG distribution with parameters [19]:

ai =
θi

N∑
j=1

θ jΓ(b j)ζ
−b j

j

, bi = αh, ζi =
αhβh

ti
, θi =

(αhβh)
αhwit

−αh+βh−1
i

Γ(αh)Γ(βh)
, (9)

where wi and ti are the weight factors and the abscissas, respectively [19].

2.3. NZB-PE Model

Another significant performance mitigation factor in FSO systems is the misalignment between
the transmitter and the receiver, known as the pointing errors effect [12]. This effect results in intensity
fluctuations in the received signal, which degrade the performance of FSO systems [12].The Beckmann’s
model is a statistical model which accurately describes the pointing errors effect and which takes
into account the effect of the beam width, detector size, the different jitters for the elevation and
the horizontal displacement and the nonzero boresight error [15,41].The Beckmann’s model can be
accurately approximated through the modified Rayleigh distribution as [12,15,33]:

fR,h(Rh) =
Rh

σ2
mod,h

exp

− R2
h

2σ2
mod,h

,Rh ≥ 0, (10)

with [12,33]:

σ2
mod,h =

3µ2
x,hσ

4
x,h + 3µ2

y,hσ
4
y,h + σ6

x,h + σ6
y,h

2


1/3

(11)

where Rh is the radial displacement in the h-th hop, and is expressed as
∣∣∣∣∣→Rh

∣∣∣∣∣= √
R2

x,h + R2
y,h . At the

receiver aperture plane, the radial displacement vector is expressed as
→

Rh = [Rx,h, Ry,h]
T, where Rx,h

and Ry,h represent the displacements located along the horizontal and elevation axes respectively,
at the detector’s plane [12,18,33,42]. In contrast to [23,32], where independent identical zero mean
Gaussian distributions for both horizontal and elevation displacement are considered, i.e., the radial
displacement Rh at the receiver is modeled through a Rayleigh distribution, we consider a nonzero
boresight error, which models Rx,h and Ry,h as nonzero mean Gaussian distributed random variables
with non-identical jitters, with Rx,h = N(µx,h, σx,h) and Ry,h = N(µy,h, σy,h), where σx,h and σy,h are the
standard deviation, i.e., the different jitters of the horizontal and elevation displacement respectively,
and µx,h, µy,h are the different boresight errors in each axis of the receiver plane s2

h = µ2
x,h + µ2

y,h [33].
Thus, the PDF as function of Ip,m for the NZB-PE effect is approximated as [12,33,36]:

fIp,h(Ip,h) =
ψ2

h(
A0,hgh

)ψ2
h

I
ψ2

h−1
p,h for 0 ≤ Ip,h ≤ A0,hgh, (12)
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where ψh = wz,eq,h/(2σmod,h), ψx,h = wz,eq,h/(2σx,h), ψy,h = wz,eq,h/(2σy,h), and [12,33],

gh = exp

 1
ψ2

h

−
1

2ψ2
x,h

−
1

2ψ2
y,h

−

µ2
x,h

2σ2
x,hψ

2
x,h

−

µ2
y,h

2σ2
y,hψ

2
y,h

 (13)

Additionally,wz,eq,h is the equivalent beam radius in the h-th hop, which is given as w2
z,eq,h =

√
πer f (uh)w2

z,h/
[
2uh exp

(
−u2

h

)]
, where uh =

√
πra,h/

√
2wz,h, with ra,h being the radius of the circular

detection aperture, wz,h the waist of the Gaussian’s beam, spatial intensity profile, and erf (.) representing
the error function. Generally speaking, the performance of the system can be significantly increased if
detection is achieved near the center of the pulse. It should be mentioned here that the considered
NZB-PE model is accurate enough when the normalized beam width wz,h/rh > 6, which is satisfied for
typical terrestrial FSO systems, where rh is the radius of the receiver aperture [12,33]. Furthermore,
A0,h is the fraction of the collected power at ra,h = 0 [15,32,33], with A0,h = [er f (uh)]

2. Here, it should
be mentioned that the impact of the pointing errors effect becomes less important as the value of
ψh increases; thus, for large values of ψh, this damaging effect can be considered negligible. Note
that the PDF of the nonzero boresight pointing errors model can be easily reduced to this with zero
boresight [12,15,32]. Considering independent identical zero mean Gaussian distributions for both
elevation and horizontal displacement, the PDF for the zero boresight scenario is defined as in (12),
with gh = 1, µ2

x,h = 0, µ2
y,h = 0, σ2

x,h = σ2
y,h = σ2

s,h [12].

2.4. The Composite Irradiance Model

The composite PDF of irradiance, Ih, which arrives at the receiver side, by including both
scintillation and pointing errors effects influence, (2), is estimated as [12,19,42]:

fIh(Ih) =

∫
fIh |Ia,h(Ih

∣∣∣Ia,h ) fIa,h(Ia,h)dIa,h (14)

where fIh |Ia,h(Ih

∣∣∣∣∣Ia,h) =
1

Ia,h
fIp,h

(
Ih

Ia,h

)
represents the conditional probability of Ia,h. Thus, from (12), we

get [12,19]:

fIh |Ia,h(Ih

∣∣∣∣∣∣∣∣∣Ia,h) =
ψ2

h

(A0,hgh)
ψ2

h

 I
ψ2

h−1
h

I
ψ2

h
a,h

, with 0 ≤ Ih ≤ (A0,hgh)Ia,h, (15)

Next, by substituting (3), (15) into (14), the following integral is obtained:

fIh(Ih) =
ψ2

h

(A0,hgh)
ψ2

h

I
ψ2

h−1
h

N∑
i=1

ai

∫
∞

Ih/(A0,h gh)
I
bi−1−ψ2

h
a,h exp

(
−ζiIa,h

)
dIa,h (16)

and the analytical outcome for the composite PDF is derived based on [19] and by using (Equation
3.381.3 of [40]), as:

fIh(Ih) =
ψ2

h

(A0,hgh)
ψ2

h

I
ψ2

h−1
h

N∑
i=1

aiζ
ψ2

h−bi

i Γ
(
bi −ψ

2
h,

ζi
A0,hgh

Ih

)
, for Ih > 0, (17)

with ai, bi and ζi being the parameters of the MG distribution, as in (3). Thus, (17) can be used
for the emulation of all the statistical models under consideration by changing the values of these
parameters. Moreover, Γ(·, ·) is the upper incomplete Gamma function defined in (Equation 8.350.2
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of [40]). Furthermore, the CDF for Ih is obtained from (Equation 8.356.3 of [40]) and (Equation
06.06.21.0002.01 of [43]) as [19]:

FIh(Ih) =
N∑

i=1

aiζ
−bi
i

( ζiIh
A0,hgh

)ψ2
h
Γ
(
bi −ψ

2
h,

ζiIh
A0,hgh

)
+ γ

(
bi,

ζiIh
A0,hgh

), (18)

Next, the instantaneous electrical SNR and expected electrical SNR at the receiver in the h-th hop
can be defined as γh = (ηIh)

2/σ2
n and µh = (ηE[Ih])

2/σ2
n for IM/DD detection, respectively [15,24,44,45],

while the expected value of irradiance, i.e., E[Ih], can be estimated through the general integral for the
k-th moment estimation, E

[
Ik
h

]
=

∫
∞

0 Ik
h fIh(Ih)dIh, by assuming k = 1, as follows [19]:

E
[
Ih

]
=
ψ2

hA0,hgh

1 +ψ2
h

N∑
i=1

aiζ
−(1+bi)
i Γ(1 + bi), (19)

Then, by using the expression for the SNR definition with a random variable (RV)
transformation [24], the PDF of (17) is transformed to the following PDF as a function of γh:

fγh(γh) =
ψ2

h
2(A0,h gh)ψ

2
h

E[Ih]
ψ2

h

µ
(ψ2

h/2)

h

γ
(ψ2

h/2)−1
h

×

N∑
i=1

aiζ
ψ2

h−bi

i Γ
(
bi −ψ

2
h, ζiE[Ih]

A0,h gh

√
γh
µh

)
,µh > 0

(20)

while the corresponding CDF is obtained by substituting the expression (20) into the integral as [24]:

Fγh(γh) =
γh∫
0

fγh(γh)
dγh =

γh∫
0

ψ2
h

2(A0,h gh)ψ
2
h

E[Ih]
ψ2

h

µ
(ψ2

h/2)

h

γ
(ψ2

h/2)−1
h ×

×

N∑
i=1

aiζ
ψ2

h−bi

i Γ
(
bi −ψ

2
h, ζiE[Ih]

A0.h gh

√
γh
µh

)
dγh.

(21)

Hence, the closed form mathematical expression of the corresponding CDF can be given as [24]:

Fγh(γh) =
N∑

i=1
aiζ
−bi
i

( ζiE[Ih]
A0,h gh

√
γh
µh

)ψ2
h
×

×Γ
(
bi −ψ

2
h, ζiE[Ih]

A0,h gh

√
γh
µh

)
+ γ

(
bi,

ζiE[Ih]
A0,h gh

√
γh
µh

)] (22)

3. Performance of the Link

In this section, novel analytical expressions for the performance estimation of a serial DF relayed
FSO system which operates under the combined impact of nonzero boresight pointing errors and
an MG-modeled scintillation effect are derived for first time. Here, we should mention that, in
contrast to [24], where the performance of a traditional FSO system which operates by using a single
point-to-point link with a DBPSK modulation format was studied, in our work, we investigate one
more significant issue which concerns the way in which the effective radius of the FSO links can be
extended by using DF relay nodes, and we establish the most typical and realistic modulation formats
for the FSO links, i.e., OOK and PPM, while amore generalized model which takes into account a
nonzero boresight impact, has been adopted for the pointing errors impact.

3.1. OP of the Composite FSO System

The probability of outage represents a significant metric for the system’s reliability, since it
expresses the probability that the instantaneous SNR falls below a critical threshold, γth,h, which



Computation 2019, 7, 34 8 of 15

corresponds to the sensitivity limit of each receiver [44]. Thus, using the above derived CDF, (22), the
OP of the h-th hop is given as [15,38,44]:

Pout,h = Pr
(
γh ≤ γth,h

)
= Fγh(γth,h) =

N∑
i=1

aiζ
−bi
i

( ζiE[Ih]
A0,h gh

√
γth,h
µh

)ψ2
h
×

×Γ
(
bi −ψ

2
h, ζiE[Ih]

A0,h gh

√
γth,h
µh

)
+ γ

(
bi,

ζiE[Ih]
A0,h gh

√
γth,h
µh

)] (23)

Subsequently, the closed form mathematical expression for the total OP of the system with H
serial DF hops and a wide range of turbulence conditions, along with pointing errors impact with
nonzero bore sight, are given as [15,35,38]:

Pout = 1−
H∏

h=1

[
1− Pout,h

]
, (24)

and by substituting (23) into (24), we finally get the OP of the whole DF relayed FSO system:

Pout = 1−
H∏

h=1

1−
N∑

i=1
aiζ
−bi
i ×

( ζiE[Ih]
A0,h gh

(γth,h
µh

)1/2
)ψ2

h
×

×Γ
(
bi −ψ

2
h, ζiE[Ih]

A0,h gh

(γth,h
µh

)1/2
)
+ γ

(
bi,

ζiE[Ih]
A0,h gh

(γth,h
µh

)1/2
)]} (25)

3.2. ABER of the Composite FSO System

The Bit Error Rate (BER) is one of the most well-known and crucial metrics for the performance
of communication systems [12]. However, the BER is estimated through the instantaneous electrical
SNR at the receiver, which fluctuates; thus, the BER cannot remain constant. Hence, the estimation of
the average BER is more useful for the evaluation of the performance of such systems in practice [12].
Motivated by the latter notion, in this section, we investigate the ABER of a serial DF-relayed FSO
system with OOK and L-PPM schemes.

First, we consider OOK modulation for the FSO system. Thus, the BER of the h-th hop is given
as [16]:

POOK
b,h (Ih) = Q


√

(ηhIh)
2

2N0

 (26)

By integrating the BER expression over Ih, the ABER can be written as [12,16]:

Pb,AV,h(Ih) =

∞∫
0

Pe(Ih) fIh(Ih)dIh. (27)

By substituting (17), (26) into (27), along with the approximation of [46] for the Q-function, i.e.,
Q(x) ≈

(
e−x2/2 + 3e−2x2/3

)
/12, and the transformation of (Equation 2.10.3.9 of [47]), the closed form

mathematical expression for the ABER of the h-th hop for the OOK case is obtained as:

POOK
b,AV,h ≈

ψ2
h

(A0,hgh)
ψ2

h

N∑
i=1

{
aiζ

ψ2
h−bi

i [P1 + P2 + P3 +P4]
}

(28)

where
P1 = −X(0)Z(4, 0)Γ(bi/2)Ψ1

P2 = X(1)Z(4, 1)Γ((bi + 1)/2)Ψ2(1) + Ω(4)
P3 = −X(0)Z(3, 0)Γ(bi/2)Ψ1(3/4)
P4 = X(1)Z(3, 1)Γ((bi + 1)/2)Ψ2(3/4) + Ω(3)
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with

X(y) =
ζ

bi−ψ
2
h+y

i

2(bi−ψ
2
h+y)(A0,h gh)

bi−ψ
2
h+y

Ω(z) =
Γ(bi−ψ

2
h)Γ(ψ

2
h/2)

2(µh/zE2[Ih])
ψ2

h/2

Z(w, t) =
(

µh
wE2[Ih]

)−(bi+t)/2

Ψ1(x) = 2F2

(
bi−ψ

2
h

2 , bi
2 ; 1

2 ,
bi−ψ

2
h

2 + 1;
xζ2

i E2[Ih]

(A0,h gh)
2µh

)
Ψ2(x) = 2F2

(
bi−ψ

2
h+1

2 , bi+1
2 ; 3

2 ,
bi−ψ

2
h+3

2 ;
xζ2

i E2[Ih]

(A0,h gh)
2µh

)
,

where 2F2(·, ·;·, ·;·) is the generalized hypergeometric series (Equation 9.14.1 of [40]).
Next, for the L-PPM scheme, the BER of the h-th hop is given as [16]:

PL−PPM
b,h =

L
2

Q


√

L(ηhIh)
2 log2(L)

4N0

. (29)

Following the same methodology as that of the OOK case, we substitute (29) into (27). Thus, the
ABER of the h-th hop for the L-PPM scheme is obtained through the following expression, as:

PL−PPM
b,AV,h ≈

ψ2
hL

24(A0,hgh)
ψ2

h

N∑
i=1

{
aiζ

ψ2
h−bi

i [PA + PB + PC + PD]
}

(30)

where
PA = −X(0)Φ(8, 0)Γ(bi/2)Ψ1(2)
PB = X(1)Φ(8, 1)Γ((bi + 1)/2)Ψ2(2) + T(8)
PC = − 3

2 X(0)Φ(6, 0)Γ(bi/2)Ψ1(3/2)
PD = 3

2 X(1)Φ(6, 1)Γ((bi + 1)/2)Ψ2(3/2) + 3T(6)

with
T(z) =

Γ(bi−ψ
2
h)Γ(ψ

2
h/2)

2(µhL log2(L)/zE2[Ih])
ψ2

h/2

Φ(w, t) =
(
µhL log2(L)

wE2[Ih]

)−(bi+t)/2

The total average BER of the whole DF relayed FSO system, is given as [48–50]:

Pb,AV =
H∑

h=1

Pb,AV,h

H∏
k=h+1

[
1− 2Pb,AV,h

] (31)

where Pb,AV,h could be either the ABER of OOK, (28), or the ABER of L-PPM, (30). Thus, the average
BER of the whole DF relayed FSO system with OOK modulation and NZB-PE over MG scintillation is
given as:

POOK
b,AV =

H∑
h=1


 ψ2

h

(A0,h g)ψ
2
h

N∑
i=1

aiζ
ψ2

h−bi

i [P1 + P2 + P3 + P4]

×
×

H∏
k=h+1

1− 2

 ψ2
h

(A0,h g)ψ
2
h

N∑
i=1

aiζ
ψ2

h−bi

i [P1 + P2 + P3 + P4]


,

(32)
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while the corresponding average BER expression for the L-PPM scheme is given as:

PL−PPM
b,AV =

H∑
h=1

{[
ψ2

hL

24(A0,h g)ψ
2

N∑
i=1

aiζ
ψ2

h−bi

i [PA + PB + PC + PD]

]
×

×

H∏
k=h+1

1− 2

 ψ2
hL

24(A0,h g)ψ
2
h

N∑
i=1

aiζ
ψ2

h−bi

i [PA + PB + PC + PD]


 (33)

4. Numerical Results

In this section, we present the performance results using the estimation of OP and the average
BER, through the above derived expressions, (25), (32) and (33), along with the parameter values from
expressions (7) and (9). More analytically, expressions (25), (32) and (33) estimate the performance
of NE case by the substitution of (7), while for the GG case, this is achieved by the substitution of
(9). Hence, only by selecting the appropriate set for the MG model parameters’, we can estimate the
combined impact of NZB-PE, along with the whole intensity range of the scintillation effect.For the
numerical results, we consider wz,h/rh = 7, based on [12,33]. More precisely, by assuming a receiver
aperture radius of rh = 0.05 m, the waist of the Gaussian beam spatial intensity profile becomes
wz,h = 0.35. The standard deviations and the means of the horizontal and the elevation displacement
take the values σx,h = 0.1, σy,h = 0.05, µx,h = 0.05, and µy,h = 0.1, respectively. Hence, uh ≈ 0.18 and,
w2

z,eq,h ≈ 0.125, while ψx,h ≈ 1.77 and ψy,h ≈ 3.54. For the case of NE distribution, we assume that
N = 1, while for the GG case, N = 10 is considered in order to ensure that the MG distribution is an
accurate approximation of the GG distribution [19]. Moreover, without loss of generality and for the
sake of simplicity, for the GG parameters, we use the values α1 = αh = α, and β1 = βh = β for all
the H different hops. It should be noted here that any valid set of α and β can be used to achieve the
desired intensity of the scintillation effect. Furthermore, we make the same assumptions for the PE
parameters, i.e., ψ1 = ψh = ψ, A0,1 = A0,h = A0, g1 = gh = g, and finally, for the average electrical
SNR, µ1 = µh = µ. The parameter values used here are shown in Table 1.

Table 1. Values of turbulence and pointing errors parameters.

Distributions α β ψ A0 g

NE - - 2.52 0.04 0.79
GG 2 5 1.3 0.04 1.21

All the figures given below demonstrate the numerical results of our work which were obtained
from the above derived closed form mathematical expressions (25), (32) and (33), which are the
main analytical outcomes of this manuscript. More precisely, Figure 1, demonstrates the OP results,
obtained from the above derived Equation (25), versus the normalized outage threshold µ/γth,m for
the case where the MG model approximates NE or GG distribution, while Figures 2–4, demonstrate
the outcomes of the above derived Equations (32) and (33) for the average BER versus electrical SNR
for the same approximations, with the OOK, 4-PPM and 16-PPM schemes, respectively.
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As shown from the numerical results, even though the FSO system operates over a composite
channel with a pointing errors effect with nonzero boresight, along with a wide range of turbulence
conditions—i.e., from weak to strong by using the approximation of GG, or saturated by using the
approximation of NE—, the serial DF relayed link, with more than one hop, e.g., H = 2 or 3, can
maintain its performance and reliability over much longer propagation distances, i.e., 2D or 3D,
respectively, compared with the classical scenario with only one hop, i.e., H = 1, where the propagation
distance being D. Additionally, the numerical results demonstrate that if the main demand of the
system coincides with maximal reliability, the OOK slightly outperforms the other modulation schemes
for the NE case, while in the GG case, the reliability is almost the same for all modulation schemes. On
the other hand, if a high data rate is the purpose, the use of 16-PPM is preferable.

5. Conclusions

In this work, a serial DF relayed FSO system with OOK or L-PPM modulation scheme, which
operates under the combined impact of atmospheric turbulence and nonzero boresight pointing
errors, has been studied. Additionally, the scintillation effect has been approximated through the MG
distribution for the simplification of mathematical expressions used for such composite channels with
pointing errors, along with atmospheric turbulence effect. Furthermore, we derived general closed
form analytical expressions for the OP and the average BER of a serial DF relayed FSO system, which
only by selecting the appropriate values for the MG model, can be used for the evaluation of composite
channels with pointing errors along with a wide range of turbulence conditions i.e. from week to
strong or saturated.
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