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Bessel Functions of Real Argument and Integer Order

David J. Sookne'!
Institute for Basic Standards, National Bureau of Standards, Washington, D.C. 20234
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A computer program is described for calculating Bessel Functions /,(x) and /,(x), for x real. and
n a nonnegative integer. The method used is that of backward recursion, with strict control of error.
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1. Method
Given a real number x and a positive integer VB, BESLRI calculates either
1152 n=0,1,. . ,NB—1
or
JdE2), n=0,1,. . .,NB—1

using double-precision arithmetic. The method, which is described in [1].? is based on algorithms of
Olver [2] and Miller [3], applied to the difference equation

2n o
)lz—l_?}’n_bl(rN Yn+1 (1)
where SIGN is + 1 forJ’s, —1 for[’s.

The program sets MAGX = [ | x| ], the integer part of | x|, Pyacx =0, Pyacx+1 = 1, and
then successively calculates

¢

2 ,
p,,+1=]ﬁ1),1—51(;N'[),H n=MAGX + 1, MAGX + 2, . . .. @)

The sequence is strictly increasing. The program takes N to be the least n such that p, exceeds a
number TEST defined in sections 2 and 3. It then sets y{"=0;, y® =1/pw, and recurs backward

using (1). The computed sequence ¥y, y{¥), . . .is the recessive solution of (1) which satisfies the
boundary condition yyacx = 1. From this solution, the I’s and J ’s are found by normalizing

Ju(x) = y¥ n=0,1,. .., NB—1

[.(x) =y u n=0,1,.. .,NB—1

AMS Subject Classtfication: 68A10.
! Present address: W.U.J.S. Institute. Arad. Israel.

2 Figures in brackets indicate the literature references at the end of this paper.
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where

: [N/2] )
p=yM+2 E T for J's

k=1
i [N/2]
= (y&” +2) yg-,‘ﬁ)/cosh x  forI’s. (3)
k=1
2. Error Bounds for the y,

For n > MAGX, the truncation error in y{V) is

: . i 1
(N) = — v(N) = g
Tn Yn n Pn E PrPros’

r=N

see (2], eqs (5.01) and (5.02). This error is bounded by using Lemma 2 of [1], which states that for
S =1, ps=Ps+1/ps = min (Pri1[pr, (r+1)/|x| + V(r+1)¥/|x|2—1).
The program sets

TEST; = V2-108%p,p; 4, (4)

where L = max (MAGX + 1, NB — 1), and NSIG is the maximum number of significant decimal
digits in a double-precision variable on the computer being used. Then V' is the least n such that

pn > TEST . For /s, Nis the least n = N’ such that

pu > TEST = \/’/%~ TEST;. 5)
N’

In consequence of (4) and (5), the relative truncation error | TY) [y, | is less than 3 10N for all n

in the range MAGX < n < L; see [1. sec. 5]. For I’s, N is taken to be N'. Here a glance at (1) shows
Pul pu1 > 2 for all n > MAGX, so the proof given in [1, sec. 5] for /’s may also be used for I’s,
with pyreplaced by 2 throughout.

n Jn+1

2 . , . . .
In eq (1) for I’s, =L yW) and —SIGN - y{¥) have the same sign since if x > 0, then y™ > 0 for
X

all n, and if x < 0, then consecutive yY¥)’s have opposite signs. Thus relative errors < € in y!V/)and

y¥) will produce a relative error < € in y{¥,. Therefore, the relative truncation error in all 7, (x).

0 < x < NB.is bounded by % o TO=RRTE

For J,.(x), n < MAGX, the relative truncation error cannot be bounded, since as n = MAGX,
MAGX —1,. . ., 1in (1), the values J,(x) oscillate, and precision is lost owing to cancellation. In
this range, J,(x) is accurate to about ) decimal places, where D is the number of decimals in
Jamacxs 1 (x) which corresponds to NSIG significant figures in the same quantity [1, sec. 5].

3. Normalization and Error Bounds for u
The eqs (3) were chosen to keep cancellation under control. First,

L

[ Jo(x) [ <1, IJI,(.r)IS\/g.

forn=1 (6)
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[4. 2.5]. so each term of the sum (3) for J’s is less than V2 times the whole sum. Since (6) is a
rather weak bound, cancellation is even less than this would indicate. )

For I’s, cancellation is avoided altogether, since all terms in the sum (3) for I’s have the same
sign, as shown in section 2.

Besides bounding the truncation error of the algorithm, the program provides an estimated
bound for the truncation error of the normalization sum, defined by eqs (3). For J’s, this error is

.S(‘V):)’(,—yf,“')+2 2 (ka_y,;?\j) .
k=1

For 2k < MAGX, a bound for the error term y{}’—y,, is unavailable. For MAGX <2k <N,
|y —yor | < parpy/(p2—1) [1, sec. 5]. To avoid storin{?r all the puk, the program allows only
for terms for which 24 = N. Here y{}’=0, and y2x= pax 2 1/(prpr+1). Therefore

=2k
1 )2k ok Dok
YN — g |:l {1 aF L A Lot C N H
P2k+1 P2k+2  P2k+2 P2k+3
1 1 1 A
< {]+_—)+—+..‘}i*—q-p'\—;
P2k P P (p3 — D) paks

compare section 2 above. Now let

Then
ok ! o3 { 1 |
RM < = 1+—+—+. ..
D=l ng L. P (p3 — Dpy+ P PV
- [
PR
R )

" (p3—1)%py

For J’s the program sets TEST; = 2 - 10¥'¢, The normalization factor s is 1//yacx(x) [1, sec. 5],

S0
‘ L ‘: ‘ Jmacx(x) | RV < [ () [p¥ 1, [IfQy=tites,
w - (pv—1)2 2
SV

1 -
This is a rather weak upper bound, and the error turns out to be less than 3 Q)=

For I’s, pu/pn—1 > 2 so the analog of (7) is

8

RN < ==
9py cosh x
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this is derived by substituting 2 for py: in (7), and introducing the factor cosh x; see (3).

X 2 . 107.\‘5'(;
By setting TEST: = 00461 - MAGXY

the program insures that

4 exp(0.461 - MAGX)

910 M. cosh x -~

RV <

Here, u is (x), so the relative error | R“/u | is bounded by

]MAGX

_ 4 Ivacx (%) exp(0.461 -MAGX)
R 9 cosh x - 10-™16 ’

l R
0

Now Kapteyn’s inequality [4, 8.7] states that

’Ju(nz) | < Z_M_z_-’ n'
N Vil =22
Lot 2= —2 . |
etz= MAGX ’® 3¢ for large x, z= 1, approximately.

Then
|1MA(;x(x)| = |J.\1A(;x(ix)| = |.IMA(;X(MAGX : iZ)|

MAGX

zexp V1 +22
1+ V1 + 22

<

For large x, the approximate bound for Iyacx () is

/5 \ MAGX
(%) < exp (0.533 - MAGX).

Substituting this in (8), we obtain

R — 4 - exp (0.533 MAGX) * exp (0.461 - MAGX)
7 : 9 cosh x - 105G

1

< . IO*NSI('- = — 10~NS](;.

O |

Besides this approximate upper bound, the strict bounds

(N)
‘ R | < 7.6 - 10-NSIG x| =1
and
R™ i
| < 0.565 - 101G x| <1

may be derived by using Kapteyn’s inequality to obtain a strict bound for [Iyacx+1(x)].
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4. Appendix: Algorithm BESLRI

W ELT BESLRI»1r730222r 58730
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SUBROUTINE BESLRI(XNHsIZErB+NCALC)
THIS ROUTINC CALCULATES BESSEL FUNCTIONS I AND J OF REAL
ARGUMENT AND INTEGER ORDER.

EXPLANATION OF VARIABLES IN THE CALLING SEQUENCE

X DOUBLE PRECISION REAL ARGUMENT FOR WHICH I#S OR J*S
ARE TO BE CALCULATED. IF I&S ARE TO BE CALCULATEOr
ABS(X) MUST BE LESS THAN EXPARG (WHICH SEE BELOW).

NB INTEGER TYPE. 1 + HIGHEST ORDER TO BE CALCULATED.
IT MUST BE POSITIVE.

12€ INTEGER TYPE. ZERO IF J*S ARE TO BE'CALCULATED. 1
IF I1*S ARE TO BE CALCULATED.

B DOUBLE PRECISION VECTOR OF LENGTH NB» NEED NOT BE
INITIALIZED BY USER. IF THE ROUTINE TERMIMATES
NORMALLY (NCALC=NB)» IT RETURNS J(OR I)=SUR=ZcRO
THROUGH J(OR I)=SUB=NB=MINUS=ONE OF X IN THIS
VECTOR.

NCALC INTEGER TYPEe NEED NOT BE INITIALIZED BY USER.
BEFORE USING THE RESULTS: THE USER SHOULD CHECK THAT
NCALC=NB» T.E« ALL ORDERS HAVE BEEN CALCULATED TO
THE DESIRED ACCURACY. SEE ERROR RETURNS BELOW.

EXPLANATION OF MACHINE=-DEPENDENT CONSTANTS

NSIG DECIMAL SIGNIFICANCE DESIREDe SHOULD BE SET TO
IFIX(ALOGLO(2)*NBIT+1)» WHERE NBIT IS THE NUMBER OF
BITS IN THE MANTISSA OF A DOUBLE PRECISION VARIAGLE.
SETTING NSIG LOWER WILL RESULT IN DECREASED ACCURACY
WHILE SETTING NSIG HIGHER WILL INCREASE CPU TIME
WITHOUT INCREASING ACCURACY, THE TRUNCATION ERROR
IS LIMITED TO T=.5+#10#¢+#=NSIG FOR J*S OF ORDER LESS
THAN ARGUVMENT» AND TO A RELATIVE ERROR OF T FOR
I1+#S AND THE OTHER J*S.

NTEN LARGEST INTEGER K SUCH THAT 10%*K IS MACHINE=-
REPRESENTARLE IN DOUBLE PRECISION.

LARGEX UPPER LIMIT ON THE MAGNITUDE OF X. BEAR IN MINU
THAT IF ABS(X)=Nr THEN AT LEAST N ITERATIONS OF THE
BACKWARD RECURSION WILL BE EXECUTED.

EXPARG LARGEST DOUBLE PRECISION ARGUMENT THAT THE LIBRARY
DEXP ROUTINE CAN HAMNDLE.

ERROR RETURNS

LET G DENOTE EITHER I OR J,

IN CASE OF AN ERRORs NCALCJNE«NBr AND NOT ALL G*S
ARE CALCULATED TO THE DESIRED ACCURACY.

IF NCALC.LT.0r AN ARGUMENT IS OUT OF RANGE. NB«LE«O
OR IZE IS NEITHER 0 NOR 1 OR IZE=1 AND ARS(X).GE.EXPARGe
IN THIS CASEs» THE B=VECTOR IS NOT CALCULATEDr AND NCALC
IS SET TO MINO(NBrO)=1 SO NCALC«NE.NB.
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NB.GTNCALC.GT«0 WILL OCCUR IF NB.GT«MAGX AND ABS(G=
SU3=NB=0F =X/G=SUB=MAGX=0F =X) +LT+10.¥*(NTEN/2)» T. Es N8
IS MUCH GRCATER THAN MAGX. 1IN THIS CASEs B(N) IS CALCU-
LATED TO THE DESIRED ACCURACY FOR NJLE.NCALC: BUT FOR
NCALCL.LT.N.LE«N?» PRECISTION IS LOST. IF N.GT.NCALC AND
ABS (B(NCALC)/B(N))oEQe10%*=K» THEN ONLY THE FIRST NSIG=K

SIGNIFICANT FIGURES OF B(N) MAY BE TRUSTFD. IF THE USER
WISHES TO CALCULATE B(N) TO HIGHER ACCURACY, ME SHOULD USE
AN ASYMPTOTIC FONMULA FOR LARGE ORDER.
DOUBLE PRECISION
1 Xr3sP s TEST+TEMPA» TEMPS, TEMPC»EXPARG»SIGN » SUM» TOVER»
2 PLAST»POLDsPSAVE »PSAVEL
DIVENSION B(NB)
DATA NSIGYNTEN¢LARGEX»EXPARG/19+,307,100000+7,02/
TEMP/=DABS (X)
MAGX=IF1¥ (SNGL(TEMPA))
IF(NBGT .0+ AMDMAGX o LE «LARGEX+AND o (IZE+FQ+040R
1(IZE.EQe 1. ANDLTEMPALLEWEXPARG))) GO TO 1
ERROR RETURN == XsNBrOR IZE IS OUT OF RANGE
NCALC=MIND(NE,0) =1
RETURN
1 SIGN=D3LE(FLOAT(1=-2%1ZE))
NCALC=NS
USE 2=TERM ASCENDING SERIES FOR SMALL X

IF(TEMPA**4 LT+ 1D0**NSIG) GO TO 30
INITIALIZE THE CALCULATION OF P#*S
NBMX=NB=MAGX
NZMAGX+1
PLAST=1.00
PZOULE (FLOAT(2%N) ) /TEMPA
CALCULATE GEMERAL SIGNIFICANCE TEST
TEST=2.00%1.D1%*NSIG
IF(IZE.EQe1 «AND«2*MAGX.GT+5*NSIG) TEST=DSQRTI(TEST*P)
IF(IZE.EQel e ANDo2*MAGX JLE« S*NSIG) TESTZTEST/ 1. 585**MAGX
=0
IF (NAMX+LT+3) GO TO 4
CALCULATE P&S UNTIL N=NB=1. CHECK FOR POSSIBLE OVERFLOW.
TOVER=1.D1%* (NTEN=-NS1G)
NSTART=MAGX +2
NEND=NB=1
DO 3 N=NSTART»NEND
POLD=PLAST
PLAST=P
PZDBLE (FLOAT (2%N) ) *PLAST/TEMPA=SIGN*POLD
IF(P=TOVER) 3¢3+5
3 CONTINUE
NZNEMD
CALCULATE SPECIAL SIGNIFICANCE TEST FOR NBMX.GT.2.
TEST=DMAX1(TEST»DSORT(PLAST*1.D1**NSIG)*NDSQRT (2.,D0*P))
CALCULATE P*S UNTIL SIGNIFICANCE TEST PASSES
4 N=N+]
POLD=PLAST
PLAST=P
P=DUBLE (FLOAT(2%N) ) *xPLAST/TEMPA=SIGN*POLD
IF(P.LT.TEST) GO TO 4
IF(I7EEQ+140ReMcEQ.1) GO TO 12
FOR J*Ss» A STRONG VARIANT OF THE TEST IS NECESSARY.
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0u0113 C CALCULATE IT, AND CALCULATE P%S UNTIL THIS TEST IS PASSEU. 00011300

000114 Mzl 00011400
000115 TEMPBZP/PLAST 00u11500
voonl1le TEMPC=DBLE(FLOAT(N+1))/TEMPA 00011600
000117 TF(TEMPB+1.00/TEMPB.GT+2.DO*TEMPC) TEMPR=TEMPC+DSQRT 00ol1700
000118 1(TEMPC*%2=1.00) 0U011800
000119 TEST=TEST/DSART (TEMPB=1.D0/TEMPB) 00011900
000120 IF(P=-TEST) 4r12¢12 00012000
000121 C 70 AVOID OVERFLOWs DIVIDE P*S BY TOVER. CALCULATE pP*S 00012100
000122 C UNTIL ABS(P).GT«1. ' 0u012200
voou123 S TOVER=1.D1**NTEN 00012300
000124 P=P/TOVER 00012400
000125 =PLAST/TOVER 00012500
000126 00012600
000127 PSAVEL=PLAST 00012700
000128 NSTART=N+1 00012800
000129 6 NZN+1 ' 00012900
000130 POLD=PLAST 00013000
000131 PLAST=P 0cul3100
000132 P=DBLE(FLOAT(2%N) ) *PLAST/TEMPA=SIGN*POLD 00013200
000133 IF(P.LE+1.D0) GO TO A 00013300
000134 TEMPEZDRLE(FLOAT(2%N))/TEMPA 00013400
000135 IF(1ZE.EQ.1) GO TO 8 00013500
000130 TEVPC=.500*TEMPB 00013600
000137 TEMPR=PLAST/POLD 00u13700
000138 IF(TEMPR+1.D0/TEMPB.GT+2.D0%TEMPC) TEMPBZTEMPC+DSGRT * 00013800
000139 1(TEMPC*¥2-1,00) 00013900
000140 C CALCULATE BACKWARD TEST» AND FIND NCALC» THE HIGHEST N 00014000
000141 C SUCH THAT THE TEST IS PASSED. 0oulul00
000142 8 TEST=.500*POLD*PLAST*(1.00=1.D0/TEMPB*%*2)/1.N1**NSIG ouo14200
000143 P=PLAST*TOVER 00014300
000141 N=N=1 00014400
000145 NEND=MINQ (NGBeN) 00014500
000146 DO 9 NCALC=NSTART»NEND 00014600
000147 POLD=PSAVEL 00014700
000148 PSAVEL=PSAVE 0oul4800
000149 PSAVE=DBLE (FLOAT (24N) ) *PSAVEL/TEMPA=SIGN*POLD 00014900
000150 IF (PSAVE#PSAVEL=TEST) 99,10 000180060
000151 9 CONTINUE 00015100
000152 NCALC=NEND+1 . 00015200
000153 10 NCALC=NCALC=-1 00015300
000154 C THE SUM 8(1)+28(3)+2B(5)eee IS USED TO NORMALIZE. ™M THE 00V15400
000155 C COEFFICIENT OF B(N)» IS INITIALIZED TO 2 OR 0. 00015500
000156 12 N=N+1 00015600
000157 MZ24N=-4*(N/2) 00015700
000159 C INITIALIZE THE BACKWARD RECURSION AND THE NORMALTIZATION 00015800
000159 C suM 00015900
000160 TEVMP3=0.D0 0nulenno
000161 TEVMPAZ1.D0/P ovolelno
000162 SUM=DHBLE (FLOAT (M) ) *TEVPA 00016200
ovulel NEND=N=N#H ooule3oo
000164 IF(NEMD) 17015013 ooulesno
000165 C RECUR BACKWARD VIA DIFFERENCE EQUATIONs» CALCULATING (BUT 00016500
000166 C NOT STORING) B(N)» UNTIL N=NB. 00016600
000167 13 DO 14 L=1+NEND 00016700
000168 N=N=1 00016800
000169 TEVPC=TEMPS 00016900
000170 TEMPB=TEMPA 00017000
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000171 TEMPA=(DBLE (FLOAT (2%N)) *TEVPB) /X=SIGN*TEMPC 00017100

000172 Mz2-v 00017200
002173 14 SUMSSUM+DBLE (FLOAT (M) ) *TEMPA 00017300
004174 C STORE H(NR) 4 00017400
000175 15 B(N)=TEMPA 00017500
000176 IF(Nf.GT.1) GO TO 16 00017600
uon177 C nB=1. SINCE 24TEMPA WAS ADDED TO THE SUMe» TFMPA MUST BE 00017700
00174 C SUBTRACTFD 00017800
ooe179 SUM=SUM=-TEMPA 00017900
00u!80 GO TO 23 00018000
0eolsl C CALCULATE AND STORE B(NB-1) 00018100
000182 16 N=N-1 00018200
ouolss 4(N) Z(DBLE(FLOAT(2%N))*TEMPA) /X=SIGN*TEWPR 00018300
000184 IF(N.EQ.1) GO TO 22 00018400
0uo18s M=2=-\v 00018500
[VIVAB Y TS SUMZSUM+DBLE (FLOAT (M) ) B (N) 00018600
0ous7 GO TG 19 00018700
00N 188 C NeLT«N®» SO STORE B(N) AND SET HIGHER ORDERS TO ZERO oou18800
won189 17 8B(N)=TEYPA 00018900
000190 NENJ==NEND 00G319000
ooviel 00 18 L=1+.NEND i 00019100
0unl192 18 B(M+L)=0.DN 00019200
uunl9d 19 NEND=M-2 00019300
000194 TF(NENDJEQ.0) GO TO 21 00019400
0001995 C CALCULATE vIA DIFFERENCE EQUATION AND STORE R(N), 00019500
000196 C UNTIL N=2? 00U19600
uoL197 DO 20 L=1+NE'ID 00019700
000198 HM=N=1 00019800
0UV199 a( (DBLE (FLOAT (2%N) ) *B(N+1)) /X~SIGN*R (N+2) 00019900
uuu200 Mz2-9 00020000
0vu201 20 SUMZSUM+DBLE (FLOAT (M) ) %B(N) 00020100
00p20e C CALCULATE B(1) 00020200
00v203 21 $3(1)=2.D00%B(2)/X=-SIGN*3(3) 00020300
goe20% 22 Suv=suM+n (1) 00020400
000205 C NORVALIZF--IF [ZE=1s» DIVIDE SUM 8Y COSH(X)s DIVIDE ALL 00020500
U206 C B(N) BY SuM, 00020600
uun2u7 23 IF(1ZE.EQ.0) GO TO 25 00020700
0002048 B EXP(DABS (X)) 00020800
009209 =2 SUM/ (TEMPA+1.D0/TEMPA) 00020900
000210 &5 {0 . 00021000
ooun2i1 26 (N)/SuM 00021100
vuoele RETURN 00021200
00vels C TWO-TERM ASCENDING SERIES FOR SMALL X 00021300
00G214 30 TEMPAZ1.DO . 00021400
uooels 2500 *X*X*SIGN 00021501
gou2le 0+TEMPR 00021600
000217 N3 GO TO 32 00021700
oonala 20 31 N=2+NB 00021800
oou219 TEVPAZTEMPA*X/DBLE (FLOAT(2%N=2)) 00021900
0010220 31 BN ZTEMPAX (1.D04TEMPR/DBLE (FLOAT(N))) 00022000
009221 32 RETURN ! 0v022100
000222 END 00022200
&)

END CUR LcC 1102-0038 L8
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