
JOURNAL OF RESEARCH of th e Na tion a l Bureau of Standards - B. Mathemati ca l Sciences 
Vol. 77B , Nos. 3&4, July-December 1973 

Certification of an Algorithm for Bessel Functions of 
Real Argument 

David J. Sookne* 

Institute for Basic Standards, National Bureau of Standards, Washington, D.C. 20234 

(June 4, 1973) 

The accuracy of ro utine BESLRI is certifi ed . 

Key word s: Bessel fun c tions; bit co mpari son ; e rror bo und s. 

1. Introduction 

Bessel fun ction values ],,(x) and j ,,(x) (x real), gene rated by BESLRI [lJ,' we re co mpared 
with check valu es. For I x I < 64, these check valu es were calculated via the ascending series 

(x)" 00 (-x2/4)k 
j,,(x)= 2" ~o k!(n+k)!' 

(x)" x (x2 /4)h 
],,(x) = 2" ~o k!(n+ k)!' 

using multiprec ision arithmetic [2]. For x ~ 64, the asymptotic formulas for large argument were 
used: 

where M- = 4n 2 , and error is controlled by 7.16 of [3J , and 

f£ . 
j,,(x)= -{P(n, x) cos x - Q(n, x) SJl1 X} 

7TX 

where x =x- (~+~) 7T, and 

P( ) ~ 1- (M--1)(M--9) + (M- - 1)(M- - 9)(M- - 25) (M- - 49) +. 
n, x 2!(8x) 2 4!(8x)4 

M- - 1 (M- - 1) (M- - 9) (M- -25 ) 
Q(n , x) ~ ~- 3!(8x)3 + 
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with errors bounded J-. y the first neglected term [4, 9.2.9 and 9.2.10]. These were programmed in 
double precision. r or x ~ - 64 , - x was used as the argument, and the sign of the function value 
was determined from the equations 

jl/( - x) = (-1) I/jl/(x), II/( -x) = ( - I) nll/(x). 

The method used was that of bit comparison; the difference between the 60-bit mantissas of 
test and check values was expressed as a multiple , m, say, of the last bit. Such a bit error cor­
responds to a relative error between m . 2- 60 and m ·2- MJ• 

This test is too strict near a zero of j 1/ (x), where absolute error is a more realistic measure. 
Thus for n < 1 xl , both mantissas were right-shifted so that the bit error described above was a 
multiple of the 60th binary place. These cases are given above the dashed line in the computer 
printout; statistics for this test are compiled separately. 

A bit co mparison test was also used to c heck the section of the code involving the two-term 
ascending series for small 1 x I. 

The error return feature was tested exactly as in [5]. 

2. The Bit Comparison Test 

To test the function II/ (x), ten arguments were chosen in each interval 

j =- 13(l)1O , 

the 6O-bit mantissas of each x being produced by a pseudorandom number generator [5]. The orders 
used in all cases were n = 0(1) 15. The only modification occurred in the set A Ill , for which 1 x 1 was 
limited to 700 to avoid computer overflow in the final answers. Summary statistics for the 60-bit 
test on 11/ are: 

373 results correct to 60 bits 
583 results in error by 1 multiple of the last bit 
383 results in error by 2 multiples of the last bit 
288 results in error by 3 multiples of the last bit 
232 results in error by 4 multiples of the last bit 
196 results in error by 5 multiples of the las t bit 
176 results in error b y 6 multiples of th e last bit 
130 results in error by 7 multiples of the last bit 

1479 results in e rror by more than 7 multiples of the last bit 

3840 (total) 

The largest bit error was (36)s, implying that at least 55 bits are correct in each case. 
For the function j 1/ (x) , the set of intervals A j was expanded to j = - 13 (1) 16. Again, ten pseudo­

random values were used in each interval, and the orders used were 0(1)15. Summaries for the 
tests are: 

Test on 60 Significant Bits 1 x 1 < 64 

403 results correct to 60 significant bits 
643 results in error by 1 multiple of the last bit 
453 results in error b y 2 multiples of the last bit 
331 results in error by 3 multiples of the last bit 

116 



232 res ults in error by 4 multiples of the las t bit 
171 res ults in e rror by 5 multiples of the last bit 
109 results in error by 6 multiples of the last bit 
68 results in error by 7 multiples of th e last bit 
82 results in error by more tha n 7 multiples of the las t bit 

2492 (total) 

The largest bit error was (15) 8, showing that a t leas t 56 bits are correct in each case. 

T est on 60 Binary Places I x I < 64 

161 results correct to 60 places 
200 results in error by 1 multiple of the last place 
100 results in error by 2 multiples of the las t place 
85 res ults in error by 3 multiples of the las t place 
56 results in error by 4 multiples of the las t place 
46 res ults in error by 5 multiples of the last place 
45 res ults in error by 6 multiples of the las t place 
14 res ults in error by 7 multiples of th e las t place 
1 res ult in e rror by more than 7 multiples of the las t place. 

708 (total) 

The larges t bit e rror was (10)8, showing that 56 bin ary places are correct in each case, and 57 
places in all but one case. 

In the tes t on 60 bin ary places for I x I "'" 64, the largest error was (422)8. This occ urred in j 5 (x ) 
and 1 7(x) for x = 59766.6 .... Bearin g in mind that about 60 ,000 back·recursion steps were 
executed , that each ste p incl uded two multiplications and one addition, a nd also that the co mputer 
uses truncation in Aoating·point arithm eti c rather th an roundoff, we see that the error of (422)8 
= 274 is qui te reasonable. Th e other errors can be explained similarl y. 

For the tes t of the two-term ascending se ri es, argume nts of 2 - 16 and 2 - 100 were used; the former 
is just barely s mall enough for th e trun cation error to be neglected. Both l" (x) a nd j " (x) were 
tes ted with n = 0 (1) 15, and the largest error was 6 multiples of the last bit. 

3. Testing of Error Return 

The method used is the same as in [5]. Arguments used were x = 2k where k = - 13 (1) 9 for 
l' s, and k = - 13 (1 ) 13 for j's. In the test on Bessel fun ction values of order NCALC-l ,> the largest 
error was 6 multiples of the las t bit; most were zero. 

In the test on order [x], the largest error was (46)s, which occurred in 18i!J2 (8192) . This tes t 
value involved about 1600 more back-recursion steps than were required for the check value, so 
thi s error is quite reasonable. Th e other errors were (35)8 for x = 4096 , zero for x = 2048, (12)8 
for x = 1024; for x ~ 512 , the errors did not exceed 5. 

4. Summary and Conclusions 

For n = 0 (1) 15 and the values of x tested , BESLRI yielded 1" (x ) and I" (x ) with eithe r a rela· 
tive error or an absolute error bounded by 10- 14• Th e latte r assessment applied to j,,( x) when 
n < Ixl. For Ixl < 64 , the bound was 10- 16 . The error re turn and ascending series features were 
tested and found to be executed accurately in all cases. 
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For other values of n and x, similar accuracy can be expected, since the tests we have used 

Ixl . 
include large and small values of I x I and -, the former as large as 216. 

n 

Calculations were performed on a UNIVAC n08 under EXEC 2. All test values were cal­
culated with double precision mantissa of 60 bits, corresponding to just over 18 figures . Subroutine 
executions took approximately 0.2 N milliseconds , where 

N = max (ixi,NB) + lO. 

S. Appendix: Algorithm BESLRI 

~ ELT BESLCI.l.730112. 5174~ 

000001 
000002 
000003 
OOOC1l4 

000005 
000006 
000007 
000008 
000009 
aOOOl0 
000011 
000012 
000013 
000014 
000015 

000016 
000017 

000018 

000019 
000020 

000021 
000022 
000023 
000024 
000025 
OC0026 
000027 
00002 8 

000029 
000030 
000031 
000032 
00 0033 
000034 
000035 
000036 

000037 
000038 

000039 
000040 

000041 
000042 
OOQGo\3 

000044 
OOOQ45 
000046 
000047 
000048 
000049 
000050 
000051 
000052 
000053 
000054 

SUBR6UT INE BESLCI~ ~. Y .NB. IZE. HR. Bl. NCA LC ) 
C THIS ~OUTINE CALCULATES BESSEL FUNCTIMNS I AND J 8F ' 
C C6YPLEX APGUUEN T AND INTEGER 6RDER. 
C 
C 
C EXPLAKATH1N eF VARIABLES IN THE CALL ING SEQUJ3NCE 

c 
c x 
c 
c 
c 
c y 

c 
C NB 
C 
C IZE 

C 
C BR 
C 
C 
C 

C 
C BI 
C NCALe 

C 
C 
C 
C 
C 
C 
C 
C NSIG 

C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C NTEN 
C 

D~UBLE PRECI5 1 c:1N REAL PART eF THE C6MPLEX AIWUWENT 
peR WHICH 1* 5 eR J*S A RE T6 BE CALCULATE!) . IF 1*5 

ARE To HE CALCULATED, ABS(X) NUST ~tlT EXCEED EXPARG 

(W'Hl cn SEE BELeW). 
IMAGI t: ARY PART OF THE ARGUMENT . IF J*S A~E T6 BE 

CAL CULATED , ABS(Y) MUST NaT EXCEED EXPARG. 
INTl:.GER TYPE. 1· HIGHEST 6RDER T6 BE CALCULATED. 

IT MUST BE POSITIVE. 

INTEGER TYP E . ZEPf} IF J"S AR E T6 BE CALCULATED, 1 
1 ~ r*s ARE Ttl BE CALCULA T ED . " 
DOUBLE PRECTSION VECT6R dF LENGTH NH, NEED N~T BE 

I N ITIt.rJIZEO BY USER. IF THE ReUT INE TERllINATES 
NORUALLY. (NeALC-NB). IT RETURNS TH E REAL PART 6F 
J( 6R I )_ SUB _ZERO THROUGH J( 6R I )_SUB_NB_NINUS_6NE 

6F Z IN THIS VECT6R. 
IMAGINARY ANALdG tiF BR. 
INTEGER TYPE . NEED NOT BE INITIALIZED BY USER. 

BEFtJRE USING THE RESULTS, THE USER SHdULD CHECK THAT 

Ne ALe-NS. I.E. ALL ORDERS HAVE BEEN CALCULATED Tef 
"THE DESIRED ACCURACY. SEE ERR6R RETURNS BELdW . 

EXPLANATIeN 6P MACR INE-DEPEt:nE~T ceNSTANTS 

DECH!AI. SIGNIFICANCE DESlRED. SII6ULD BE SET TO 

lFIX( ALeGIO(2 )* NB IT·l), WHERE SBIT IS T IlE KUIiDER 6F' 

"BITS IN TEE MANTISSA 6F A D6UBLE PREcrSI(jN VARIABLE. 

SETTING NSrG HIGHER WILL INCR E A SE CPU TIUE "'"ITH6UT 

INCREA S I NG ACCURACY, WHILE SE7T I NG NSIC L{)WER 'WILL 

DECRE A SE ACCURACY. I F ONLY SINGLE_P REC [ SItlN 

ACC UR ACY IS DESIRE)), REPLACE NDIT BY THE NU~ER 6F' 

BITS IN THE N"ANTISSA OF A SINGLE_PRECISI6N VARIABLE. 

TH E RELATIVE TRUNCATHm ERROR IS LBIITED Ttl T- . 5 *10 
**_NSIG peR eRDE R GREATER THAN ABS( Z). AND F6R 6RDER 
L ESS THAN A ES (Z) (GENERAL TEST). THE REL ATIVE ERReR 

IS Lr~I~RD T6 T FOR FUNCTI8N VALUES of MAGNITUDE AT 

L EAST 1. A.""lD THE ABWLUTE ERRtJR I S LIIHTED TO T FOR 

S),[A:-:"LER V .'-LUES. 

L ARGEST INT EGER K S~CH THAT lO**~ IS UACHINR_ 
REPRESENTABLE IN DdUBLE PRECISI6N. 

C LARGEZ UPPER LIMIT eN THE MAGNITUDE 6F Z. BEAR IN ~UND 

~ THAT IF ABS(Z)-N. THEN AT LEAST N ITERATIONS 6P THE 

C BACKW~RD RECURSI6N W!L~ BE EXECUTED. 

C EXPARG LARGEST D~UBLE PRECISION ARGUMENT THAT THE LIBRARY 
C 
C 
C 

DEXP R6UTINE CAN HANDLE. 
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00010 

00:)20 
00030 
00040 
00050 
00060 
00070 
00080 
00090 
00100 
00110 
00 1 20 
00130 
00 1 40 
00150 
00160 
00170 
00 180 
0 0 ' 90 
00200 
OG2 10 
00220 
00230 
00240 
002 50 
00260 
OC270 
00280 
002 90 
0 0300 
003!0 
00320 
00330 
003 .. 0 
00350 
00360 
00370 
00 38 0 
003'10 
00400 
00410 
00420 
00430 
(; C ~.:.O 

0 0450 
O O ~ 60 

00470 
0 0 4 8 0 
00490 
00500 
00510 
00520 
00 530 
00540 



000055 
000056 
000057 
OC0058 
000059 
000060 
00006 1 
000062 
000063 
00C064 
000065 
000066 
000067 
000068 
000069 
000070 
000071 
0000-r2 
000073 
000074 
0000 75 
000076 
000077 
000078 
00007 'iii 
000080 
OODoaL 
000082 
000083 
000064 
000085 
000086 
000087 
0 00088 
000089 
000090 
000091 
000092 

000093 
000094-

000095 

000096 
000097 
OC 0098 

0 000Y9 
00 0 100 
000101 
00 0 1 02 
000 1 03 

000 1 0 ~ 

000105 

000 1 06 
00 ala r 
000 1 08 

QOO I 09 

000110 
000111 
000112 

c 
c 
c 
c 

ERR0R RETURNS 

LET G DEN61'E EITHER I 6R J. 
I N CASE eF AN ERRe~ . NCALC.NE.NB . AND NOT ALL G*S 

C ARE CALCULATED T6 THE :lES IRED ACCUJ( ACY . 

C I F NCALC.LT.D. AN ARGUl.J EN T IS 6UT OF RAN GE . NB.LE . O 
C 6R IZE IS NE!THER 0 N6R 1 OR I2E-0 AND ABS(Y). GT . EX PARG. 
C 6R I ZE - l AND AUS(X ). GT. EXPARG. IN TH I S CASE . TI1E VECT6RS 
C BR A ND B I ARE N.:1T CALCULATEO. AND NC A Le 1: S SET T6 
C MIND( NB.O )_l 56 NCALC . NE . NH. 
C NB. GT. NCALC . GT. O WI LL 6CCUR IF NB . GT .!.!.\ Gl. AND ABS(G_ 

C sua_NB_OF_Z/C_SUH_~AGX_6F_Z).LT.10.~*(NTEN / 2 ). I. E. NB 
CI S liueu CREATER THAN MAGZ . I N THIS CASE . BR( N) AND BI( N) 

C ARE CALCULATED TO T HE DESIRED ACCURACY FOR N .LE . NCALC. 
C BUT FaR NeAl-C. LT.N.L E . NB . PRECISH:~N I" S L05T. IF N . GT. 
C NCALe A ND ABS( G( NCALC_l )/G (N_l ». EO. 1 0a-li -K, THEN THE LAS T 

C K SIGNIFICANT FIGURE S 6F G(N- I) ("' BR(N~·I*B l( :-l » AR E 
C ERR~NEGUS. I~ THE USE R lUSHES Ttl CALCULATE G(N_ l) T6 

C HIGHER ACCURACY. HE SH6ULD USE AN ASYMPTOTIC FORMULA FeR 

C LARGE ORDER. 

C 
D6UBLE PPECISI6N 

1 X. Y. BR. B I , PR. PI. PLASTR, PI.AST I. P6LDR, P6LD I .PSAVER. 
2 PSAV E I, EX PARG,TEST.T6YER.TE~PAR.TEMPAI.TEKPBR.TEWPBI. 

3 TEMPCR. TEMPCI. SIGN. SUMR. SUM I • ZINVR . ZINVI 
D[MENSI6s BR(NB),HI(NB) 

DATA NS IG.NTEN,LARCEZ.EXP ARG/19.307.10000.1.D2/ 
TEMPAR·vSQRT(X*X·Y~Y) 

1.IAGZ- IF IX( SNG L( T m .[PAR ») 
I F( NB.G T . o. AND • .LLAGZ.LE. LARGEZ.AND .( ( IZ E .EO.O .AND. 

1 b .... ns( Y ). LE. EXP A.R G ).OR. { IZE.EQ.1. AND.DA BS( X). LE. 

2 EXP AR G ))} GO T6 1 
C ERR6R RETURN __ Z. NB~ OR 12E IS aUT OF RANGE 

NCALC -!II: INO( NS, 0 )_ 1 

RETUR N 
1 S IC N-D B LE ( F L6A'f(1_ 2 ~[ZE » 

NC A LC - NB 

C USE 2_ T ERM ASCENDING SER I ES FOR S~LL Z 

IF( T£MPAR*a 4.LT •• IDO~*NsrG) C6 T6 50 
C INITIALI 7.E TP. S CALCULATI6N OF THE P~S 

N"'.t.IAGZ·l 

I Fe DA OS ( X ). LT. DABS( Y » GtJ TO 2 

Z I N '1~ ... 1 • DO / ( X' Y "" Y / x ) 
zINVr - -Y*ZINVR/X 
Cd TO 3 

Z 1 Nl lJ./ -_ Xu-ZI tN I/Y 

3 PLASTR "'t . DO 
PLAS1"1"' 0 .DO 
PR- S IG ~~DBLE(FL6AT( 2 .N) )*ZINVR 
PI- S JC~*DBlE(rLaAT( 2~N ) )* ZIN VI 

T~ST- 2 . DO*I.D l~*NSlG 

,li - 0 
IF(~DUZ .LT.3) GO T6 6 

C CALCULATE P*S USTIL N-NB-l . CHECK FOR ?6SSIBLE OVERFLOW. 
TOY ER -t.Dl**(NTEN_NSIG) 
NSTART-iUGZ ·2 
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00550 
00560 
00570 
00580 
00590 

00600 
006 1 0 
00620 
0063 0 
00640 
006S0 
00660 
00670 
00680 
00690 
00700 
00710 

00720 

00730 
00740 
00750 

00750 
00"" ·'0 
007S0 

00790 
00800 
0 08 10 
00820 
0 0930 
0 0840 
00850 
0 0860 
00870 
ooeso 
00890 
00900 
009 1 0 
00920 
00930 
009 4 0 

00950 
00960 
00970 

009dO 
00990 
a I 000 
010 10 
0 1020 

a I 030 
01040 
01050 
01060 
0 1 070 
01080 
O l O~O 

01 )00 
\)1 11 ') 
01120 



000113 
00011 .4 
000.15 
000116 
000117 

000118 
000119 
00C120 
000121 
000122 
000123 
OOJ124 
000125 
000126 
000127 
000128 
C00129 

000130 
000131 
000132 
OC0133 
000134 
000135 
000136 
00.0137 
000 1 3 ·8 
000139 
000!40 
000141 
000 142 

000143 

000144 
000145 
000146 
000147 
000148 
000149 

000150 
000151 
000152 
000153 
000154 
00015 5 
000156 
000157 
000158 
000159 
000160 
000161 
000162 
000 1 63 
000164 
000165 
000166 
000167 
000168 
000169 
000170 

NEND-NB_I 
D6 5 N-NSTART.NEND 

PtlLDR"'PLASTR 
P(lLDJ.-PLASTI 

PLAS'l."I-PI 
PR-SIGN~(DBLE(FL6AT(2*N»*(PLASTR*ZINVR·PLASTI*ZI~VI 

).peLDP) 

PI-SIGN~(DBLE(FLaAT(2oN»*(PLASTI*ZINVR+PLASTR*ZINVI 

)_PflLDI) 

I F( ( PR/TEJVER )t .. 2.( PI/T6VER )*"'2-1 .DO) 5.5.7 
CdNTINUE 

N-NEND 
C CALCULATE SPECIAL S IGNIFICANCE TEST FOR NBNZ.GT.2. 

T EMPJH - OMAX t( DABS( PR). DABS( PI» 
TEMP8I-TEMPBI*DSQRT(2.DO*I.DI**NSIG*DSORT«(PR/TE~PBI ) 

1** 2 +( PI /TEM-pal )-11-*2 )o( (PLASTR/TEMPBI h*2+( PLASTI / 
2TE:iPBI )**2») 

TEST-DYAX1(TEST.TEMPBI) 
C CALCULATE P*S UNTIL SIGNIFICANCE TEST IS PASSED. 

6 N-N+l 

PdLDR-PLASTR 
P6LDI"'PLASTI 

P[.ASTI "PI 
~R-SrGN*{DBLE(FL6AT(20N »*(PLASTR*ZINVR-PLASTI*ZINVI) 

1 _petDR) 

1 _P(jLDI) 

IF(M.EQ.l) GEJ T6 12 
C CALCULATE STRICT VARIANT dF SIGNIFICANCE TEST. AND 
C CALCULATE r*s UNTIL THIS TEST IS PASSED. 

!.I-' 
TEMPOI- DUll t( DABS( PR). DABS( PI) ) 
TEMPBR- DSQRT( ( (PR/TEMPB { )** 2+( P I/TEMPB I )"*2) / 

1 « PLASTR/T£MPBI )**2+( PLASTI/TEWPBI )""2)) 
TEMPDI-DDLE(FLOAT( N+ 1 ) )/TEMPAR 

{F( TEw..PB!·U 1 _DO/TEMPBR.GT. 2 .DO*TEWPBI) TEMPBR"TE~BI 
1 +D~HT( TEMPBI-IHI·2-1.DO) 

TEST- TEST/ DSQRT( TEMPBR_ 1. DO/TEMPBR) 
IF( (PR/TEST)o- *2+' PI/TEST ) ..... 2-1.DO) 6. 12~ 12 

7 NSTART-N+l 
C Te AVOID 0VERFL~W . Ndr..ALIZE P*S BY DIVIDING BY T~VBR. 
C CALCULATE P~S UNTIL UNN6RUALIZED P W8ULD dVERFL8W. 

P~ - P~/ T(JVER 
PI-PI/T~VER 

PLASTI<" PLASTR /TeVER 
PLf. STI " PLAST[ /T6VER 
PSAVER-PR 
PSAVEI"PI 
T D J FCR -PLASTR 

TEMPel" PLASTI 

8 N-N+l 
P6LDR -PLASTR 

FeLDI-PLASTI 
PLASTR-PR 

120 

01130 
01140 

01100 
01160 
01170 
01180 
0 1190 
01200 
012 10 
01220 
0 12 30 
01240 
01250 
01260 
01270 
01230 
01290 
0 1 300 
01310 
0 1 320 
01.330 
01.340 
01350 
01360 
0 1370 
0138':) 
01390 
01400 

01410 
01420 
01430 
01440 
01450 
01460 
01470 
01480 
01490 

01500 

01510 
01520 
01530 
01540 
01550 
01560 
01570 
0 1 580 
01590 
01600 
0 16 10 
01620 
01630 
01640 
01650 
01t>60 
01670 
01680 
01690 
01700 



0 0 0 1 7 1 
000 1 7"2 
000 173 
00017 4 
000175 
000176 
000177 

000178 
000179 

000180 
000181 
00018 2 
000 1 83 
000 184 
000185 
000186 
000187 
000188 
000189 
000190 
000 19 1 
000192 
000193 
000194 
000195 
000196 
000197 
000198 
000199 
000200 
0002 0 1 
OC 020 2 
000203 
000 20 4 
000205 
000206 
OO O~07 

000208 
000209 
00 02 1 0 
000 2 11 
00 02 1 2 
0002 1 3 
00 02 1 "-
0002 1 5 
00 02 16 
0002 1 7 
0002 1 8 
0002 1 9 
0 00220 
0002Z 1 

000 222 
000223 
000224 
00022 5 
000226 
000227 
0002 28 

507-714 0 - 73 - 4 

PLAST I-PI 
P R " S I GN <Ie DBLE( FL6 A T( 2 *N ) J *( PLA S TR*ZI NV Jt_ PL~ STI *ZINV I ) 

I _r'tll. OR ) 

J> I" 5 1 e N_ ( DBLE( FLdA. T ( 2 _ N }) *, P LASTl .. Z IN V ~ ·PLASTR.ZI NVI ) 
1 _Pt:LDt ) 

IF( PR,;,"" 2 ·PI~ ,;.2 .L E . TEST) GO re 8 
C CAL CU LATE BACKWARD TE ST. AND FIND NeALC. THE HIGHEST N 

e SUCH THAT TaE TEST IS PASSED . 

TEJ.lPBR - DSQRT( ( PLA S TR.a 2 - P LAST IAo 2 )/( PO LDR**2 - POLD I "'·2 ) 
I) 

T EMPB I-DBLE( FL6AT( N)/TE~PAR 
lll( TEMPBR -I • DO / TEWPBR. OT. 2 . DO .. TEWPBI) T.E WP BR -TEllPBI ­

I DSQRT( T EMP DI·IHI-2_1. DO} 
T E ST-. 5DO-G- ( 1. DO ... I . DO/TEW' BR*"2 )/1 • DI**NS 10 
TEST- { ( PLASTRo .... 2· PLASTI •• 2 )*TEST )*C (P6 LDR*.2 -PO LDI.*2 ) 

1 *"'l EST ) 
PR -PLASTR*T6V ER 
PI-PLASTI*T6VER 
N-N_l . 

NEND")(INO( NB. N) 

D6 9 ~CALC-NSTART.NEND 

POLDR -TEMPeR 
pGLDI-TE}'(PCI 
T EMPCR-PSAVER 
T EMPCI-PSAVEI 
PSAV ER -SIGN*( DBLE( FL6AT( Z*N) ).( TEMPe R*ZINVR-TEY:PCI* 
ZINVI ,_POLDR ) 
P S AV E I-SIGN*(DBLE(PL6AT(2*N»*(TEMPCI*ZINVR-TEWPCR* 
ZINVI )_paLDI, 

1 9 . 9 .1 0 
9 C~NTINUE 

N CALC -N END· l 
1 0 NCALC - NCALC_l 

C TH E C6EFF ICI EN T 6P B(N) IN THE NdRMALIZATI6N SUM IS 
e W* SQRT( -1 )*.IYAG. WH ERE "-- 2 . 0 . ()R 2 . AND [!raG I S 0 6R 1. 
e CAL C ULA.TE RECURSI6N RUL E S P(JR .. AND DUG. AND INITIALIZB 
C THEW. 

1 2 N-t-;- l 
TEMPn R - DBlE( FLOAT( IZE) ).X - DBLE( FL6AT( 1 _ IZE ) ).Y· 

IP vS -O 
I F ( TE~ P BR) 13 .14.13 

13 I p("1S-1 F IX( SNG L( 1.1 DO_TEMP DR/DABS( TElLPB R ») 
14 "' RECUR"'~"( ( 2 · Il.E - :: P6S )/ 2) - 3 - 2 *( IZE- IPO S ) 

K- 2 ·11'6S · 2 *lZE~ IP 6S** 2 _I ZE 

L"N_4 11- ( N/4) 

MLA ST- 2 - 8 *( (K*L )/4 )_4A( (X:*L )/ 2) 

IF( I P6S .EQ. O.!.ND.(L . EO.1.6R.L.EQ.3i ) }lLAST-O 
L-L-3 _ 4 *( (L· 3 ) /4 ) 
1I - 2 - 6 .«K~L)/4)_4.«K*L)/ 2 ) 

[ F( IP t3S.EO . O. AND.(L .EO.I.6R.L.EO.3)) }I-O 
IWRECR -( 1_ IZE ). IP6S •• 2 
l"A G "'I MRECR*(L _ Z*(L/ Z ) 

C INI TIALIZE TH E BACKWARD RECURSl6N AND THE K6RWALlZATI6N 

C SUN:. 
,'EMPBR - O .DO 
TEMPE I- O . DO 
I F (DABS(PI).GT.DAB S(PR)) G~ TO 15 
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01710 
0 17 20 
01730 
0 174 0 
01750 
0 1760 
0 1 770 

01780 
0 1790 
01800 
0 1 8 10 
0 1 62 0 
0 1 830 
0 1 840 
0 1 850 
01 860 
0 1 870 
0 1 880 
0 1890 
0 19 00 
0 1 9 1 0 
0 1 920 
0 1930 
0 1 940 
01950 
0 1 960 
0 1970 
0 1980 
0 1 990 
02000 
020 10 
02020 
02030 
02040 
02050 
02060 
02070 
02080 
020<)0 
02 100 
02110 
02 1 20 
02 130 
02140 
02 1 50 
02 1 60 
02 170 

02 180 
02190 
02200 
02210 
02220 
02230 
02240 
02250 
02260 
022:70 
02280 



000229 
000230 
000231 
000232 
000233 
000234 
000235 
000236 
000237 
000238 
000239 
000240 
000241 
000242 
000243 
000244 
000245 
000246 
000247 
000248 
000249 
000250 
000251 
000252 
000253 
000254 
000255 
000256-
000'257 
000258 
000259 
000260 
000261 
000262 
000263 
000264 
000265 
00 0 266 
000267 
000268 

" 000269 
00 02 70 
000271 
000272 
000273 
Q002 "74 
000275 
000276 
00027 7 
000278 
000279 
000280 
000281 
000282 
000283 
000284 
000265 
000286 

TEliPAR- 1 .DO!( PR. PI*( PI/ PR) ) 
TEMPAI-_(PI*TEWPAR)!PR 

G6 T6 16 
15 TEWPAI-_t.DO/(PI·PR*(PR!PI» 

TEWPAR-_{PR*TEMP~1)/P[ 

16 IF(IMAG.NE.O) ~d T6 17 
SUMR-DDLE(FLOAT(W»*TEMPAR 
SU!olI- DilLE{ F LdAT( w:) )*TEliPAI 
G6 TtJ 18 

17 SUWR-_DBLE( FL6AT(:W:) ).TEKPAI 
SUM r-DBLE( FL6AT{.Y:) )*TEIlPAR 

18 NEND-N_NB 
IF("NEND) 26 .. 22.19 

C RECUR BACKWA~D VIA DIFFERENCE EQUATI6N CALCULATING (BUT 
C N6T ST6RING) BR(N) AND BI(N) UNTIL N-NB. 

19 D6 21 L-l.NEND 

20 

N-N-l 
l 'EMPCR-TEllPBR 
TEMPel-TEMPBI 
TEMPBR -TEMP AR 
TEM:PBI-TEMPAI 
PR·DBLE(FL~AT(2*N»~ZINVR 

PI-DBLE(FL6AT(2*N»*ZINVI 
TEMPAR-PR*TF.WPBR_PI*TEMPBI_SIGN*TEWPCR 
TE~PAI-PR*TEYPBI·PI.TE»PBR_SIGN*TEJr.lPCI 

nue -( I_HUG )*U(RECR 
X-.Io!.LAST 
)fLAST-M 

W-K*MRECiiR 
IF( IlIlAG. NE. 0) Ge T6 20 
SUWR-SUNR+DHLE(FL6AT(W»)*TEMPAR 
SUW: I· SUNI ·DBLE( PL6AT( ),() )*TE.IlPAI 
Gd Td 21 
SUNR-SUNR_DBLE(PL6AT(M»*TEKPAI 
SUX I-SUYI+DBLE( PL6AT( Jill) )*TEWPAR 

21 ceNTINUE 
C ST6RE BR( NB). BI( NB) 

22 BR( N)-tEMPAR 
S"I( N )-TEIolPAI 
If(N.GT.l) G6 T6 23 

C NB-t. SINCE 2*TEMPAR AND 2*TE~PAI WERE ADDED T6 SUWR AND 
C SUWI RESPECTIVELY. WE WUST SUBTRACT TEW2AR AND TEMPAI 

SUMR- SU14R_TE!lPAR 
SUN I" SUMI_ TEKPAI 
GO TO 35 

C CALCULA1E AND STORE BR(NB-l ).BI(NB_1) 
23 N-N_l 

PRo. DBLE{ FL6AT( 2*N ) )*Z INVR 
PI-DBLE(FLVAT(2*N»*ZINVI 
BR(N)-PR*TEWPAR_PI*TENPAI_SIGN*TEWPBR 
BI(N)-PR*TEMPAI+PI*TEWPAR_SIGN*TEKPBI 
IF( N.EQ.l) GtS TtS 34 

X-KLAST 
llLAST-~ 

W-K*lIRECUR 
IF(UlAG.NE.O) G6 T6 24 
stJKR-SmlR.DBLE( FL6AT( K) )*BR(N) 
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02290 
02300 
02310 
02320 
02330 
02340 
02350 
02360 
02370 
02380 
02390 
02400 
02410 
02420 
02430 
02440 
02450 
02460 
02470 
02480 
02490 
02500 
01510 
02520 
02530 
02540 

02550 
02560 
02510 
02580 
02590 
02600 
02610 
02620 
02630 
02640 
02650 
02660 
02670 
02680 
02090 
02700 
02710 
02120 
02730 
02740 
02150 
02700 
02770 
02180 
02790 

02800 
02810 
02820 
02830 
0281+0 
02850 
02860 



000287 
000288 
:)00289 
)00 290 
00029 1 
000292 
0002 93 
000 294 · 
000295 
000296 
000297 
000298 
00029 9 
000300 
00030 1 
000302 
000303 
00030 4-
000305 
0 0 0306 
00030 7 
900308 
0003C9 
0003 10 
0003 11 
0003 1 2 
0003 13 
0003 14 
000 3 15 
0003 16 
0003 17 
OC03 18 
0003 19 
000 32 0 
00032 1 

00 0 3 22 
000323 
000 32 4 
000325 
000326 
00032 7 
000328 
OC0329 
000330 
00033 1 
000332 

000333 
00033 4 
0 0 0335 

000336 

000337 
000338 

000339 
000340 
00034 1 
0003 4 2 
0003 4 3 
00 0344 

000 34 5 

000346 
000347 
000348 
OOG3 4 9 
000350 

000351 
000352 

000353 

000 35 4 
0 0 0355 

OC0356 

000357 

000358 
0 0035 9 
000360 
OOG36 t 
000362 
000363 
00036 4 

000365 

000366 

00036 7 
000368 

000369 

SUWI - S UMI+DDLE(FL6AT( W»*BI(N) 

G t'I Tt'I 3 0 
24 SUYR - SUMR_DBLE(FL6AT(M ))*BI(N) 

SUMI-SUMI+OBLE(FL6AT(W)*BR(N) 

G6 'W 30 
C N.LT.NB. Sd STt'lRE BR(N). BI(N). AND SET HIGHER dRDBRS ZERt'I 

26 DR( N )-TE~PAR 

BI( N)-TE~P AI 

NEND-_NEND 

D6 27 L·l.NEND 
BRC N+L)·O.DO 

27 BU N·L)-O.DO 
30 NEND-N_ 2 

I FC NEND. EO. 0) GO Tt'I 33 

C CALCULATE VIA DIPFERENCE EOUATI6N AND ST6RE B R(N).8ICN). 
C UNTIL N-2 

3 1 

Dt'I 32 L-l.NEND 
N -N_l 

PR- D9LE( FL6 AT( 2 ttN) ).Z INV R 

PI - DBLE(FL6AT(2*N)I*ZINVJ 

SRC N ) "PR~ BR (N·l ) _ PI *8 I( N+l ) _SIGN*BR( N+2 ) 
01( N )- PR*Br( N-l )-PI *BR( N*l )_SIGN*B[( N+2) 

IMAG"(l_IMAG)*I~RECR 

K-IoILA S T 

WLA ST '" N. 

fF( 1'~AG.N E . O} Gt'f Ttt 3 1 
SUMR - SU MR-DBLE( FLOAT( ",)* BR (N) 

SUNI- SUM I- OnLE(FLOAT(N»*O J(N) 

G6 T d 32 
SUMR - SU ~R _DBLE(FL6AT(w»*Br(N) 

SUMI- SU MI-OBLE( FLt'lAT( W)*BR(N) 

32 C t'l NTt NUE 

C CALCULATE AND S T ORE ORe 1). BI(t ) 
33 B R( 1 )- 2 .DO* (U R( 2 )*ZINVR_BI(2).ZINVI )_SIGN*OR( 3) 

BI( 1 )- 2 .DO*( BR C 2 )*ZTNVI+SI( 2 )*ZINVR)_SIGN*BI( 3) 
3 4 SU MR- SU!tlR · BR( 1 ) 

SU!.l I- SU:.f I- S I( I) 

C CALCULATE NQR~AL I Z AT[ON F AC T tt R. TEWP AR *I*TEWPAI 

35 I F( I ZE . EO .l ) G6 TO 36 
T EMPCR - DALE( FLOAT( IP')S ) ).Y 

T EN P~T - DBLE(FLQAT(_ I ?OS)).X 

06 TO 37 . 

36 TEMPCR - DBLE( FL OAT( lPO S ) )*X 
TEJooI.PCI- DB LE( FLtlAT ( [pas ) )*Y 

3 7 T EMPCR - DEX P(T EMPCR ) 

TEM pnR - DCt'lS ( TF.~PC I ) 

T EMPn I- OS r N(TEMPC I) 

I F ( DAD S( SU MR •• lT . DABS( SUMl» Gt'I Ttl 38 
TEMPC l- SU !dI/ SUJ,(R 

TEMPCR -( TE MPCRISU MR )/( 1. DO+TEM.PC [~T EWPCI) 

T El.( PAR-1 E MP CR * (TEMPBR -T EMP B hTEIlPC I ) 

T EM PAI- 1EU PC~ .(TEMPB I _TE~PBR.T EMPC I) 

CO TO 3 9 

38 TE~PCI- SUMR/ SUMI 

TE~ PCR- ( T EM PCR / SU)n )/( 1 .. DO +TE W:PC I *T E!IlPC [) 
TE~PAR- TEMPCR* (TEMP BR*TEVPCI+TE~BI) 

TE~PAI - TEWPCR.(~E~PBI*TB~CI-TEWPBR) 

C N6RMALIZE 

39 no 4 0 N-l. S A 
TEMpnR-D~ (N)oTEMPA~_BI(N).T E~PA[ 

B I ( N ) .. SR( N )*TE!iPAI + HI( N )*TE MPA.Ii1: 

40 B IH N) -TE~P8R 

RETU~N 

C TW6_TER W A SCE N::> I IlG SEIHES P(:JR SWALL Z 

50 T f.MPAII-l. DO 

rEM-P A Y - O .DO 

T Eupe l· . 5 D O""X,,"Y 

BR'l)-l.DO_ S J GN* TEWPCR 
HI( 1 I-_SIGN*TE MPC I 

IF( NB.EO. 1) G cJ T6 52 

06 5 1 N - 2 . NB 
T E!-f PBR -( T E 1olPAR*X_TEMPA I *Y )fDBLE( FWAT( 2 *N _2») 

T EN: PA (-( TEMPAfHI-Y +TEMP AI *X )1 DBLE( FLdAT( 2*N ... 2 ) ) 

T E~PAR-TE N"l' BR 

T E~ PBR-DBLE (FL6AT{N») 

B ~(N)-TEMPAR*(I.DO_SIGN*TENPeR/TEwpBR) 

*1'EMPA [*TE MPe l/ T E MP BR 
5 1 B I( N ) "'YE N:PA I~ ( I • DO_ S IGN*TEllPC R/TE},(pB R) 

1 _TEloI:PAR.TEWPCI/TEllP BR 

52 RETURN 

END 

' . ' 

END CUR Lce 110 2 - 0038 L8 
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02870 
'02880 

02890 
02900 
02910 
02920 
0 2930 
02940 

02950 
02960 
02970 
0 2 9 8 C 
0 2 990 
03000 
0 3 0 10 

03020 
03030 
03040 
030 5 0 

03060 
03070 

03080 
030QO 
03 1 00 

03 11 0 

03 1 20 
03 1 30 
03 14 0 

03 1 50 
03 1 bO 
03 1 10 

0 3 180 

0 3 1 90 

03200 

032 10 

03220 
03230 
032<\0 

03 250 
03260 

03270 
03£:8 0 
03290 

03300 
03310 

03320 
03330 

03340 

03350 

03360 
03370 

03380 
03390 
03400 

03 410 
03420 

03430 
,0344-0 

03450 

03460 
0 3 470 

03480 
0 3 490 

03500 

035 10 
035 2 0 
03530 
03540 

03550 
03560 

03 5 70 
0358'J 
03590 

036 0 0 

03610 
036 2 0 
03630 
03640 
036 5 0 

036 60 
03670 
03600 
03690 
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