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NATTONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO, 1hk45

TWO-DIMENSTIONAL IRROTATIONAL TRANSONIC FLOWS
OF A COMPRESSIBLE FLUID

By Yung-Hual Kuo
SUMMARY

The method developed in NACA TN No. 995 has been slightly modified
and extended to include flows with circulation., The essential feature of
the modified method is that in analytic continuation of the solution the
alteration of the singularities of the incompressible solution due to the
presence of the hypergecmetric functions has been taken into account.

It was found that for finite Mach number the only case in which the
nature of the singularity of the incompressible solution can remain
unchanged is for a ratio of specific heats equal to -1l.

Two particular flows, one having a finite circulation and the other
having zero circulation, have been studied. Both flows were derived from
the incompressible flow ebout an elliptic cylinder of thickness ratio 0.60.
The free—stream Mach number for both cases was taken to be 0.60 in
order to avold the appearance of limiting lines. The pressure distribution
for the flow without circulation has been compared with that of
incompressible flow over approximately the same body. The discrepancies
between the exact results and those predicted by the approximate Von Kérmin—
Tsien and Glauert—Prandtl formulas are so wide as to show definitely that
in this case the effect of geometry camnot be ignored, as is done in both
approximate formulas. In general, it seems that the effect of geometry
cannot be neglected and the conventional '"pressure—correction" formilas
are not valid, even in the subsonic region if the body is thick, especially
if there is a supersonic region in the flow.

INTRODUCTION

This report is a continuation of the work reported in NACA TN
No. 995. The method developed in that report has been slightly modified
and extended in the present report to include flows with circulation.
The general concept and method is outlined without the mathematical
details in part I. The essential feature of the modilied method is
that in analytic continuation of the solution the alteration of the
singularities of the incompressible solution due to the presence of the
hypergeometric functions has been taken into account, as fully discussed
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in part II. It was found that for finite Mach number the only case in
which the nature of the singularity of the incompressible solution can
remain unchanged is for a ratio of specific heats equal to —1. Part III,
which contains a discussion of the improvement of convergence of the '
power series, contains no essentially new material and 1s included primarily
for the sake of campleteness. Detailed proofs are given in appendixes A

to F.

Part IV contains the study of two particular flows, one having a
finite circulation and the other having zero circulation. Both are derived
. from the incampressible flow about an elliptic cylinder of thickness
ratio 0.60., The free—stream Mach number for both cases 1s taken to be
0.60 in order to avoid the appeerance of limlting lines. The pressure
distribution for the flow without circulation has been compared with that
of incompressible flow over approximately the seme body. The dlscrepancies
" between the exact results and those predicted by the approximate
Von Kérmén-Tsien and Glauert—Prandtl formulas are so wide as to show
definitely that in this case the effect of geometry cannot be ignored, as
is done in both approximate formulas. In general, it seems the.t the
effect of geametry cannot be neglected, and the conventional "pressure—
correction” formulas are not valid, even in the subsonic region if the
body is thick, especially if there is a supersonic region in the flow.

The importence of this result camnot be overemphesized, as there is a
widespread tendency in engineering practice to use simple pressure—
correction formulas indiscriminately.

This work wes conducted at the @géenheim Aeronautical Laboratory of
the California Institite of Technology under the sponsorship and with the
financial assistance of the National Advisory Committee for Aeronautics.

I — CONCEPTS AND METHODS

General Consideration of Transonic Flows -

The flow of a campressible ideal fluid about an infinite cylindrical
body, unlike that of an incompressible fluld, depends on, among other
" conditions, the speed or Mach mumber at infinity. If the free—stream
Mach number is below a certain value, the flow pattern will be very
similar to that of an incompressible fluid even though pert of the flow
may be supersonic. However, as soon as the limiting Mach number is
reached, the situation is entlirely different. The phenomenon of maJjor
importance in this new situation is the appearance in the calculations
of limiting lines in the supersonic region, characterized by the fact
that the fluid particles there experience an infinite pressure gradient.
It can be shown that if the assumptions of isotropy and of irrotationality
of the flow are not rejected, it is impossible to continue the solution
beyond these singular lines (reference 1). The failure of potential flow
can be attributed to the effects of viscosity and conductivity of the
fluid. Although the exact relation between the limiting line and shock
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wave 1s still not established, there is reason to believe that in most
cases the theoretical appearance of a limiting line necessarily implies
the existence of a shock wave. Therefore, in practice the knowledge of
the conditions under which the limiting lines appear for a given body
is of paramount importance.

Chaplygin Hodograph Method

To solve the problem of ‘a potential flow of compressible fluid,
the use of the hodograph method was first suggested by P. Molenbroek
(reference 2) and later by S. A. Chaplygin (reference 3). The advantage
of this method is that in the case of two—dimensional potential flow it
leads to a linear partial differential equation instead of a quasi-linear
one, such as obtained in the physicel plane. .The particular solutions
of this partial differentlial equation were found to be very similar to
those for an incompressible fluid except that each consists of a hyper- -
geometric function containing the Mach number as a paremeter. Since the
equation is linear, a general solution can be constructed for any assigned
domain by the principle of superposition. The difficulty in comnection
with this method is that the solution so obtained in the hodograph plane
may not transformm to a "good" aerodynamic body. The problem of con—
structing a solution in the hodograph plane which corresponds to a
desired body in the physical plane has proved to be extremely difficult.

The difficulty was partly solved by constructing a solution which,
in the limit of zero Mach number, reduces to a known incompressible flow.
Using this idea, Chaplygin studied the subsonic motion of a gas Jet and
F. Ringleb (reference 4) calculated the flow around a sharp edge.
Following the same principle, Tsien (reference 5) for the first time solved
the problem of a subsonic flow about a closed body, by simplifying the
differential equation in such a manner that the difference between the
compressible and Incompressible solutions appears only in a modification
of the speed scale. This method was later generalized by L. Bers
(references 6 and 7) to include the flow with circulation. In the general
case where the ratio of specific heats ¥ 1is not equal to -1, this
simple form of speed distortion does not exist; therefore the method
mist be extended. '

Critique of a Previous Method by Tsien and Kuo

In reference 8 the flow past a closed body as well as over a wavy
surface of a gas with a characteristic constant 7y greater than unity
was considered. The method was based on the determination of two
functions: the stream function and the transformred potential introduced
through a Legendre transformation. When these two functions are properly
chosen, the coordinate functions x(q,8) and y(q,0) are given by
differentiation. Consequently, with the ald of the stream function, the
flow pattern can be calculated.
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‘The difficulty of the scheme is twofold. First, whenever a stream
function and a. transformed potential satisfying thé conditions of conti-—
nuity are constructed, they are required to satisfy the further condition
of "competibility" to ensure that they actually do belong to the same ‘
flow. In the case of circulation—free flow, this condition brings no
difficulty. However, for a circulatory flow there seems to be an insuf-
ficient mumber of arbitrary constants to meet this stringent requirement.
Second, the coexistence of two indirectly commected functions, such as
the stream function and the transformed potential, automatically intro—
duces two groups of hypergeometric functions and doubles the number of
sets of unknown coefficients defining the power series. All these compli-

-cations result in a large amount of labor.

In order to simplify the procedure, the velocity potential will be
introduced instead of the transformed potential., Inasmuch as both the
stream function and the velocity potential are directly connected by

- simple differential equations, the determination of one leads uniquely to

that of the other. The difference between the particular integrals of
these functions is simply as follows. For the stream function the par—
ticular integral contains, aside from the trigonametric function, the

factor q F(av,bv,cv,-r) ;, where q 1is the speed of the flow and
F(av,bv,cv,T) is the hypergeametric function. On the other hand, the

particular integral of the velocity potential will have only an extra
factor involving the logarithmic derivative of F( a,v,bv;cv;T) . Further—

more, because of the two ‘partial differentiial equations connecting them,
both functions will have common coefficients. Thus, only one group of
hypergeametric functions and one set of unknown constants are necessary

- for the complete determination of the two functions.

Construction of Solution in Hodograph Plane

Before outlining the procedure adopted here, it is perhaps proper to
describe the mapping of an incompressible flow. In order to simplify
the argument, the body has been assumed to be symmetrical with respect
to the coordinate axes and the flow at infinity to be parallel to the
major axis., Such a flow, when mapped onto the hodograph plane, will give
rise to two branches of Riemann surfaces, each corresponding to one—half
of the physical plane. Because of symmetry, the discussion may be
restricted to, say, the left-half plane D (fig. 1). Because of the fact
that the maximvm and minimum velocities occur on the surface of the body,
the whole field of flow is mapped into the interior of the hodograph D
the boundary of which corresponds uniquely to the left-half portion of
the body M'SM, and infinity corresponds to a point P on the positive
exis of real values., Evidently, this point is singular.

With such a domain in the hodograph plane, it is possible to construct
a compressible flow from a "similar" incompressible flow. By similar flow
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is meant that at the limit of zero Mach number the compressible—flow
solutions will reduce uniquely to the given incompressible flow. First,
since the stagnation point, that is, the origin S, is a regular point,
there exists a Taylor expansion in its neighborhood. As the singular
point which corresponds to the infinity of the physical plane is an
interior point, it must be on the circle of convergence C of the solution.
Second, the solution represented by the Taylor expansion should be
continued analytically for the whole domain. This can be done, of course,
either formally by analytic continuation or by solving Cauchy's initial
value problem. The former, however, is not practicable. As to the latter,
use can be made of the known character of the singularity of the incom-
pressible flow to determine the form of the expansion outside the circle
of convergence C. If the Taylor expansion is regarded as given, the °
"outside" solution can be uniquely defined by the conditions of continuity
across’' the circle of convergence C. This, of course, is based on the
assumption that the character of the singularity is unchanged by
compressibility. 4

It is found, however, that the assumption is not valid. Theoretically,
it can be shown that, if a Taylor expansion corresponding to incompressible
flow is given, then after each term of the expansion is multiplied by a
proper hypergeametric function, the resulting solution will have a loge—
rithmic singularity in addition to those it originally possessed. This
means that the "distortion" due to compressibility becomes larger for
larger speeds. It can also be shown that the character of the singularity
is preserved for nonvanishing Mach number if and only if the ratio of the
specific heats assumes the value of —1. In order to take this effect
into account, the procedure is either to start with a special body to
campenseate it or to eliminate it by adding an extra tem to the outside
solution. The former procedure is difficult. By following the latter,
the part of the outside solution which, in the limit, reduces to that of
the incampressible flow is regarded as known. Then the Taylor expansion
and the extra term added to the outside solution can be determined by the
conditions of continuity. The extra term becomes zero for zero Mach
number., Thus, it is seen that the Chaplygin condition is again satisfied
but the procedure has been greatly extended.

The flow with a finite circulation has also been considered. In
order to simplify the mathematical problem, the circulation has been
assumed to be very small., Under this assumption the effect of circulation
on the solution of the incompressible flow can be represented approximately
by an arbitrary combination of vortices and doublets at the singularities
of the hodograph. Therefore, to the original singularities there will be
superposed a logarithmic one in order to define a circulation. Since the
added part due to circulation is an even function, the resultant solution
will be unsymmetric with respect to the major axis.

The solution for the similar compressible flow can be constructed
in the same manner, with the exception that the conditions of continuity
across the circle of convergence are insufficient to determine all the
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arbitrary constants, in particular those characterizing the strengths of
the vortices and the doublets. These are determined from the condition
that at the stagnation point dx =0 and dy = O and from the geomet—
rical condition of symmetry. The former condition is satisfied in all
cases irrespective of whether there is circulation, whereas the latter is
required only when the circulation is finite.

Improvement of the Convergence of Power Series

The whole problem thus hinges on the method of carrying out the
actual camputation. It should be pointed out that inasmuch as the solu—
tions, in the limit, reduce to harmonic functions, the convergence of the
power serles, especially in the neighborhood of the circle of convergence,
is generally very slow. This is particularly true of the part

o .

-V
:E: a F(?V - V,b, —v;1 - v;{) sinv6 of the outside series, because
0]

it contains the hypergeometric functions which increase rapidly with v.
This situation can be eased somewhat by introducing the asymptotic
expansions of the hypergeametric functions. For, after these are substituted
in the solutions, the first- and sometimes even the second-order terms can
be summed. As a result, the solution in each case can be broken up into
two parts, one of which is of closed form and the other is a power series
with improved convergence. Owing to the fact that the dominant terms give
excellent approximation in the domain of validity, the value of the temm
glven by the power series is usually of inferior order. For practical
purposes when high acciracy is not desired, the amount of labor involved
can be greatly reduced.

As was pointed out in reference &, the summed part can be identified
as the "speed distortion" in the subsonic region; in the supersonic
region whe*e the di fferential equation changes its type, it can be inter—
preted as a "standing wave," depending only on the two characteristic
varameters. In thls case both these simple solutions are known to be
inaccurate, especially in the neighborhood of sonic speed. For full
discussions, see reference 8.

v must be added that in the case of the derivatives of the hyper—
geametric Tunctions the dominant terms cannot give as good an approxi-

mation, as can be seen by comparing f(l)(T) with g(l)Cr) in tavle 1.
For this reason, the coordinate functions which involve the hypergeo—
metric functions as well as their derivatives have more important cor-
rection terms and hence require the use of meny more terms for the actual
computations,
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II — CONSTRUCTION OF A SOLUTION IN HODOGRAPH PLANE

Transformed Differential Equations and Their Particular Solutions

Iet uw and v be the velocity components of a two-dimensional flow,
parallel respectively to the x— and the y—axis of a Cartesian system. In
the case of steady, irrotational, and isentropic motion of an inviscid,
nonconducting, and compressible fluid, the Eulerian equations can be inte-—
grated to give the pressure p, the density p, or the sonic speed ¢
in terms of the flow speed q:’

o\ X ,
P =D, _1_1;_;% 7-1 : (1)
2 .2/
14° \y1
2 2
c2=co2_Z;lq2

(3)

where p,, pgy, and ¢, denote respectlively the values of p, p, and c

at the stagnation point, and ¥y 1s the ratio of the specific heats of
the gas. TFurthermore, because of the kinematic conditions, there exist a
velocity potential ¢ and stream function ¢ defined by

u = q)x .1
’ (L)
V=0
PR = —Do¥y
\ (5)
PV = po¥x

vhere the subscripts indicate the partial derivatives.

-
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By use of equations (4) and (5), the partial derivatives in the
expressions for d¢ and &y can be eliminated so that d9 and 4y
can be expressed linearly in terms of dx and dy or dx and dy can
be expressed linearly in terms of dp and 4V, - Furthermore, if the

Jacobian function Bﬁ -
2

between the physical xy- and the hodogreph ub—plane is 1 to 1. Under

this condition, by regarding u and v as independent variables, the

relations comnecting the differentials yield the following equalities:

is finite and nonvanishing, the correspondence

xg = %(cos 69y — %é sin 9%) (6)
Yo = %(s;n 69y + %Q cos 6v9> (7)
and
Xq = i cos 8y — =2 sin oV, > (8)
Jq =% (sin 0Py + %9 cos ewq> (9)

vhere © 1s the inclination of the velocity vector to the x—axis and
accordingly

o]
"

g cos 8

<
i

qg sin 6

" Finally, the condition of integrability demands that

!

=-Pofy_ 2)
9, = > (1 M= ¥, (10)
‘Pe = ;‘qﬂ’ (11)

where M = g/c is the local Mach number. These fundamental systems
permit the camplete determination of the functions ¢ and V. - For
by eliminating, say, ¢(q,6), the resultant equation for W¥(q,0) is
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Pory ) + 2001 M)y, = 0 (12)
p @ pq 60
q .
If ¥(q,8) 1is known, o(q,6) is determined vniquely, aside from a

constant determined by equations (10) and (11).

The particular integrals of equation (12) are of the form:

¥ = ¥y(q)elVve

where v is a positive real mumber and the function ¥y(q) satisfies

q WY\ 42 5
o > (1 - M2y, = | (13)

} If the substitutions, according to ChapLygin,

v,(a) = ¢'F, ()

and

(1)

are made, equation (13) reduces to a familiar hypergeometric equation
and Fy(7) becomes one of the following integrals:

F(aysbysicy;T)
’ (15)
—2V
F(1 +ay—cy, 1 + by —@y; 2 —cy; )
/
when y differs from an integer; or
F(an,bn;cn;T)
>
q_al[chnF(ambniCni'f) logy T + Cpmlp + P‘n—l] (16)
J




NACA TN No. 1kk45

10

(Te)

(02)

(61)

(8T)

(LT)

puodes Oy °I88ejul uw 03 Teube 8 JO WOIF SASTITP A JIdYILUHA 0% SUTPIOOOB 8UOTANTOS
Teruewspun] JO S89ITIWeJ 3OUI3STP OMd gesgoesgod snyy uojyenbe ojxyemoeldredly oy

\r OV),O.
T+a=1"%"

(T + >v>n.ﬁm. - = Aqts

d—a="+ "

UITH

(2 = Ya)a(u — Fe)a(To)a(u)s N
(@) 1(%)d reu(T-) = %0

(o)A + (A = (T + M)A = (w+ To)b = (w+ T)h + (m + To)h = (e o)

(T +u) o (w=Ta)a(u - Te)r(u)a e
o LAE - u)J(w + u — Uq)J(m + u — Us)d () M T B d
(T + m)(m + To)a o ("a)a("e)s

T>s ot CEROFCERDF Aﬁmno\ﬂdvaw @)1 = Uy

ononk ‘xogequt aAT3Tsod B ST A USUM




NACA TN No. 1kk5 11

integral -defined by -expression (16) was found most appropriate .for these
particular parameters a, and bp. The reason for subtracting

Cy[¥(bn) — ¥(cn)] Fan,bysons™) from the second integral defined in

reference 8 is to neutralize the contribution of the first integral and
the discontinuities carried by ¥(bp), as b, is negative.

In the following discussions, the two fundamentel solutions of
equation (13) will be denoted by q'F,(r) and _q""’F_v(-r) when Vv is
not en integer and by q“F (1) and q T _p(v) when Vv is an integer,
where F_n( 7) 1s defined by the expression within the bracket in

expression (16). The normalization has been chosen for a continuous passage
of a campressible to an incompressible flow. The most important property
of F_p(r) from expression (16) is that when n =1

AF_Bl(T Y =21 (22)

For thls parsmeter the first integral reduces to

= wper) o 1 (1 yBel
R e rd Ei Rkl IR

The particular integrals of equation (12) are then given by

avFy(T){S0n] ve
(2L)
TV (1) {225} v

vhen v 1s not an integer and by

I cos
q Fn(”»?sin}ne

r | | (25)

aTF_(7) {05 me

s

when v 1is an integer n. In addition to -these solutions, there are
two other integrals, each of which is a function of only one variable.
On assuming ¥ =v¥(gq) or ¥(8), equation (12) yields

6 eand f(l---w)ﬁs%l (26)
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Since the particular integrals of (c,8) are known, those of
®(q,6) are shown to be (see appendix A) ,

N
(1 - T)-quFv(T)gv(T {cs:ing ve .

’ (27)

(1— ) B VF_ (T : (T){f,%f;} ve

yhép v 1§.not an integer and

(1 = P (1) () fobg]no
> (28)

(1 - PaPE_ ()t y(7) [52le

_ J

when v 1is an integer n. Here the functions gv(}) and g_n(T)
for any positive value of VvV are defined by

ve (7) = 2 g; log, rv/ v(T),

S (29)
ve_ (1) =2r & d log, T ~/2g (T

J

The following expressions corresponding to expression (26) are s1m4larly
found: '

(1—7)“5—%f(1—r)‘5%1 and 0 (30)

AHydrodynamic Functions of Incampressible Flows

By following the procedure adopted in reference &, the analysis
starts with the functions required in defining an irrotational incompressible
flow. In the case of an incampressible fluid for which the sonic .speed is
infinite, the equations satisfied by the velocity potential ¢ and the
stream function ¥ become harmonic. If Wo(zo) is the complex potential,

it can be shown that
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wo(zo) = q)o(onyo) + 111lo(xo‘!;YO) With Zo = xo + 13’0 (31)

In a simply comnected damain, the functions 9, and ¥, are single—

valued and continuous; @, can be many-valued only when the flow is
now free from circulation TI.

If w denotes the camplex velocity u - iv, it connects with
Wolzy) by )

w = ——————d“!gi:c’) = w(z,) (32)

This establishes the relstion between the physical and the hodograph
plane. The inverse transformation

2o = 2o(W) _ (33)

exists, provided that w'(z,) # 0. This function plays an important role

in the present scheme of solution and will be known as the transition
function. In general, as it is an inverse function, it is not single—
valued, as discussed in reference 8. By introducing this relation into
-equation (31), the complex potential in the hodograph plame is

Wo(w). = @o(u,v) + 1¥5(v,v) (34)

In case the solution of equation (32) is many-valued, Wy(w) will

represent only one branch of its many solutions. When the flow is not
free from circulation, the function w(z,) Wwill contain I, as &

varamster. This extra term generally makes the transition function
2o(w) more complex than it would be if o venishes. In practice, the

camplication can be reduced to a certain extent by a linear superposition
of the two effects such that the transition function becomes

2g = zo(o)(w) + %zo(l)(W) (35)

This simplification can be Justifled as long as the circulation is weak
so that terms of higher order may be neglected. With the transition
function so defined, the complex potential may be, similarly,

Ww) = Wollw) + &My (36)
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Here zo(o)(w) and Wo(o)(w) are respectively the transition function

and complex potential for zero circulation; (l)(w) .and W, (l)(w),

which represent the effect of circulation, are known when Wg(w) 1is
given., It can be shown that generally W, (1) (w) can be represented by

vortices and doublets at the sihgu]arities of zg(w). To this order of
approximation, it is easy to see that the circulation Ty is correctly
defined.

Conversely, when W.(w) is given, =z (w) can be obtained by
integration:

zo(W) =fwo'(w) = 4+ Constant - (37

which, in fact, is equivalent to equation (32).

Construction of a Symmetric Solution about the Origin

From the considerations of reference 8, if the flow about a .
symmetric body placed at the origin of the Xy—plane is mapped onto the
hodograph plane, the whole left~half plane, exterior to the body, will
correspond to a region in the hodograph plane, of which the point
w =U, U bVeing the modulus of w at infinity of the z,—plane, 1is

a singularity. Then the domain within the circle |w] =U 1is single—
valued and regular. If the complex potential Wy(w) is associated with

a definite flow in the z ~plane, it must be enalytic and regular within
|w} = U. Consequently, it has the Taylor expansion:

Wo(w) = —Z Apw™ Wl <U - (398)
5 .

where the coefficlients A, are, iIn general, camplex. If the body

1s symmetrical with respect to both coordinate axes, thén the coefficients
are real. Separating into real and imaginary parts yields, according to
equation (3,

¥(a,6) =i Anqn sin ng (39)
2
) . Q<1
CPo(q,e) = —Z Anqn cos nf - (%0)
0 : .
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vhere W = qe"ie and A) = O because w'(z,) #0 at w=0. Frm
now on, z,, W, p, and p are normalized in terms of a, U, p,, and
Po, respectively. Then q =1 at infinity, and p and p will be
unity at w.= 0. ‘

.Ac_cordiné to Chapiygin"s prb‘bedure , the correspond.ing solutions'
for the. campressible fluid can be obtained by simply replacing the
function g in equations (39) and (40) by ann(r)('r) and

(‘1 - T)‘Bann(r)(‘r)gn(tr), respectively, as shown by -expressions (25) and (28).

The second integrals are excluded by the condition of regularity at
q = 0. Thus the following equations are obtained:

- ';*(q,é) =Z~ A,;qn_Fn(I‘);_(:T) sin no (L1)
2

‘q <1
9(q,8) = - (1 - T)_'-BZ Anan'n'(r)('r)ﬁn(-‘r) cos n6 + Constant (L42)
5 ,

where
' Fe,,by 3003
Fn(r)('r) = Fn(T) - (a.n, n’ n,‘r) (43)
Fn("']_) F(an:bnicn;Tl)
2
and Ty = 515 U—é’ that 18, T3 corresponds to the free—stream velocity U.
Co

It 1s seen that if c, > =, then both T and T; tend to zero and

Fn(r)(‘r) - 1. Thus, the solutions are reduced to the incompressible form.
Furthermore, if q - 1, +the character of the solution is exactly like
that of the incampressible solution. Hence all the specifled conditions
are satisfied, It must be remembered that these conditions are valid only
for subsonic flows, and for this reason T3 1is restricted to the subsonic
region.

The series (equation (41)) constructed.in this manner is gétually
convergent and represents the function ¥(q,8) within the circle of
convergence q = 1 (reference 8).

.Analytic Continuation of Solution (Branch Point of Order 1)

In this section, it is proposed to con’binu.e the solutions ¥ and o,
represented respectively by equations (l}l) and (42), analytically outside
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the domain |w| < 1. The domain outside |w| < 1 is generally many—
valued. In order to be precise, let it be a branch point of order 1.
Generally, the function Wy(w) has other singularities in addition to

the one at w = 1. However, such singularities lie outside the domain

of interest and thus need not be investigated. Let the nearest singularity
be given by w =V > 1. Then, the domain to be considered outside

|[w] =1 is an annulus with a cut Jjoining the two singularities. The
proper representation of Wo(w) in such a region which has a branch

point of oxrder 1 at w =1 is : :

Pl

Ww) = 2 W) (k)

where Wo*(w) i1s single—valued and regular within the open annulus

1 <|w| <V. Hence, in any closed domain 1 + &< |w| <V -8, 5 being
'a positive value, there exists a uniformly and absolutely convergent
series:

Wo*(w) = > (Bn*wn + cn*w-n) (45)
0

which, on substituting in equation (L44), will give the continuation of the
Teylor series (equation (38)) This is

W (w) =i%(3nwv+cnw"’> - 1< |wl<y | (46)

vhere the constants Bj a.nd. Cp, are real because of symmetry of the
body and VvV =n + %, n being a positive integer.

In order to continue the solution of ¥(q,8) outside the circle
g = 1, two alternatives are encountered. Suppose, first, that the’
character of the singularities of V¥,(q,6) defined by equation (39) is
umodified by thé hypergeometric functions. Then the solution for the
compressible fluid, valid in the annulus 1< |w] < V, can be obtained
by introducing the proper hypergeometric functions corresponding to the
parameter v. The continued solution would be

Vv (q,8) = E:; [ganFv(r)(T) + Enq"vF_V(r)(-r) ] cos v6 1< q< v (b7)

where



NACA TN No. 1ki5 17

(r) Fy(r)
F () =
- F, (1) .
3 (h8)'
F (I') T =. F_ (T)
v (7)) —-“——-—F_V(Tl)

o

Here FV(T) and q—ng_v(T) are respectively the first and second

integrals of the hypergeametric equation; ﬁn and C, are constants,

~

It may be added that the coefficlents B, and Cp are not the same as

those .in equation (46) for the incompressible flow but should be
determined by the condltions of continuity,.

Since the partial differential equation considered here is of the
second order, in order to ensure that Vo t(q_,e) is the analytic

continuation of Win(q,e), two conditions must be satisfied at the

boundary of the respective regions of convergence, that is, the circle
= 1, The two conditions are as follows:

\rin(q,e), - vout(q,e)i | (49)
q=1 q=1

3 | 3 | o
"é;‘yin(q’e) |q=1 = g&‘yout(‘.be) ,q:l » (50)

It should be noted that the condition (equation (49)) in this particular
case is identicel with aa Win(q,e)

= g‘wout(q’e), and that the

values teken on the circle of convergence are the limiting values if such
limit exists in each case, These conditions would be sufficlent to
determine both B, and C,. However, the solution constructed by this

method suffers serious distortlon because, even though the values,
say, y and y,, agree on the circle q =1, the tangent of ¢ = Constant
on q = 1 deviates from that of ¥, = Constant. This, of course, will

affect the character of the function ¥,(q,8). .If Vy(w) is defined by

equation (38), the question arises as to the singularity after the coeffi—
clents are multiplied by the proper hypergeometric functions. The exact
answer to this question has not been attempted, but a rough estimation
given under theorem 1 seems sufficient for the present discussion.

Theorem l.— A given Taylor expansion such as equation (38), which
has a singularity at w =1, 1s modified by multiplying its coefficients
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A =-1'- 1 T — D¢ T
R CTEwe X 1) - ne o ]S
ofue_y(r1) = m_ (Tl)] Gt - 2ot (r1) (54)
m, = 1. = i [uéﬁ (1) = nt_(71) [ By
o e (1) — e (s1)\ O 34 i ]

4

[“g—u - nén(u) ] o (- 2T(T,)_-."o'gn("l) . (55)

where the determirant n(&, — &_p) #0. It is observed that, as

120, .5n -0 and Kn - Ap. gonsgquentiy, Chapiygin's,condition is
again satisfied. Furthermore, D, = O also for 7 =—1. In that

event, the compressible and incompress*ble Tlows w1ll have the same
singularltles.

The solvtion is fonmal. In order to prove that the function ¥(q,6)
represented by equations (41) and (51) is reguler in the respective
domains of validity, the truth of the folJOW¢ng theorem mnst first be
demonstrated ) .

Theorem 2.- If the constants An and . Dn are defined by equations (5k)

and (55)., respectively, and if the series (equations (38) and (L6))
converge uniformly and absolutely in the damains specified, the series
(equation (41)) with coefficilents An and equation (51) are uniformly

and absolutely convergent in the corresponding domains (appendix E).

With V¥(q,8 ) so determined, the velocity potential, as given in the
section entitled ' Tran5¢ormed Differential Equations and Thelr Particular
'Solutlons,' is ¢

o(q,0) = (1 - T)—Bzi: annFn(r)(+) cos nf + Constant (56)
2

and
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Here the constants An(l), %(l), Cn(l), and Dn(l) characterize the
strength of the vortices and doublets and are determined by the conditions
of contimuity at q = 1. Generally P(q,8) 1is & polynomial and is

introduced to add to v(l)(q,e) a mixed symmetry. The number of terms
required 13, fram cause to effect, unknown and may be different for
different bodies. In the present cese, only one temm is taken for
simplicity. On assuming that every series converges uniformly and:
absolutely in the respective domain of valldity and tends to a definite
limit a8 q > 1, the conditions of continuity at q = 1 are

Z: [An(l)Fn('rl) + Cn(l)F—n(Tl) ] cos 16 =~—Ao(l)

0<@ <2n

é n [An(l)Fn(Tl)gn(Tl) + Cn(l)F_n(Tl)g_n(Tl)] cos nf = O

I3

and

i Bn(l)F (t1) - D (l)F_n(Tl) cos nf = 0
I n n

0<6 < 2n

g (3,0 (08, (r2) = 2, (x_ (208 _(r2) | cos 20 = 3, (D2 7P

By the uniqueness thebrem of expansion, since

(-]
> cos ng = — 0<6<2n
1

ol

it follows that

A, (VR (1) + ¢ (VF_(v1) = 2a,(1)

An(l)Fn(+l)§n(Tl) + cn(’l)F—n(Tl)g—ﬁ(Tl) =0

and
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B, (M (r1) =D V(1) = 0

Br}(l)Fn(Tl)En(Tl) - D, (VF_(r1)e_p(r1) = % (1 - 71)PBY)
The solutions are, respectively:

An(l) = —Ao(l)(l - Tl)fBE_n(Tl)g—n(Tl)

(671)
Cn(l)' = %(1)(1 - 71) " Fp(T1)En("1)
)
Bn(l) = Bo(l) F_nCrl) . f
? g (68)
Fn(T1)
D} - 5,3 Il J

From theorem 2, it can easily be shown that W(l)(q;e) 80 defined is,
as assumed, uniformly and ebsolutely convergent in any closed domzsin in

g<1l and 1< q<'V and that w(l)(q,e) = 0 when q = 0. Furthermore,
the arbitrary constants Ao(l), BO(E), and Co(l) are 1o be determined

by the auxiliary conditions. In the first place, the condition that
dx =dy =0 at q =0 demands that

—Al(l) + Bl(l) =0
which leads, because of expression (22), to

ao(1) = (1 - 71)PB,(2) | - (69)

In case there is no stagnation point, such as in the case of a body with
a sharp trailing edge, this condition is again to be satisfled in order
to avoid the multiplicities in x and y. The remeining two constants,

namely, Bo(1) and C,(1), will be determined by the condition of
symnetr¥y and will be discussed under Determination of Integration Constanis.
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Similarly, the function ¢(q,8) is
9(q,0) = q>(°)(q,9) + i—?{fp(l)(q,e) . (70)

Here the function @(°)(q,6) 1s given by equations (56) and (57), and
q)(l)(‘be): for q <1, is

o(1(g,0) = (1 - 7)P [g an( M gPRy(r)ty(7) sin 26 + Q-(q,-e)] + K, (1)
and, for 1< g < V,A is
. cP(l)(g__,e) = (1_ T)—ﬁ{go(l) z: [ (l)q (T)gn(-r)

+ En(l)q-nF_.n('r)g_n] sin ng + Q} - Bo(l)(rr + 6) (72)
where |

Q = Co(1)g2Fp(7)En(T) cos 29

An(l) —Bo(l)[§ (r1) + ]F (1) + A°(1)< l>F a(T1 e

> (13)
B (1) -(1_71)B<1_.1.>__.€}_).;T; ‘
Tl

g0 - [gn(fl) . %] 7 (11)

- J

The velocity potential thus gives s by definition, a circulation TI:

= Sé ag = T8, (74)

where the integral is teken, in clockwise direction, about the branch
point in two complete circuits.
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Here, since 51(1) =0, the terms for n =1 again contribute no 4diffi-
culty. The constants of integration in equations 283) and (87) are left
out because they can be incorporated in equations (75) and (77),
respectively. :
Determination of Integration Constants

Consider first the case when the flow is symmetrical. The transition
functions x(q,6) and y(q,8) for such a flow are given respectively by
equations (75) and (76) for q < 1 and by equations (77) and (78) for

1 <q< YV, involving four arbitrary constants. Of these four constants,
Xout a.nd Yin can be chosen arbitrarily by translating the coordinate

axes. Indeed, because of symmetry, it is preferable to choose

Xout (2,8) =0 for gq=g; and 6 =0 (89)
and.

Yin (2,8) =0 for q=0 | (90)

whence

g o N
Lout = _(i.-_;_:l)__ %}p’p"_z—i [anU_nF_n(r)(TU)E_n(Tu)

+ g e | +Bo L | (51)

Jin = 0 : (92)

where qy 'denotes the flow speed on the upper surface at the midsection of
the 'body.’ Then X5, depends on T and tends to zero with 7.

The other two constants can now be determined by the condition of
continuity a.t qQ =1, nanely,

X4n(1,0) = x5,4(1,0) (93)

0<e< 2n

7 150158) = oue(1,0) (%)

1
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Since both limits exist, the integration of the identities yields

Xyp ——-—-—]-——-?_ﬂ % v [Bnﬁv("'l) + Cpt (1) YL .+ v e 1)?
@ ! 1 |
+ % V(Bn + Cn) [(v — 1)2 - (v . 1)2] + xout (95)

you't =0 ) (96)

The fact that yg,¢ =0 'is the consequence of v{(a,0) = =y(q,2n — 8);
2Xyn Will be defined as the chord of the body.

For the flow with circulation, according to the preceding section,
there are six constants instead of four. let those four arising from
integration be considered first. Corresponding to equations (89) and (90)
the following equations may be chosen:

(o) . (1-7u)P i n

Xout P : ﬁn%-nF—n(TU) [ni_n('rU) + 1]
~ r o
+ Do — Py (ay,0) : (97)
yout(l) =0 | (98)

Then the condition of contiriuity at q =1 gives

-7 B = | -
xin(o) S -T) % V[Bngv('rl) + Cng_v(-rl)] [ 1 . 1 ]

on (v-1)2 (v+1)2

’ % (P + Cn) [ oo (vi 1)‘2} “Fourl®) >
1

yin(1) = Bo(1) + At (100)

Fl( ‘rl)v
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In order to derive the second temm in equation (100), use has been made
of the fact that Fy(r) — £IFy 1(r) = (1- )P, which is just the

Wronsklan of the particular integrals of the hypergeametric equation
for n = 1. :

The arbitrary constants Bo(l) and Co(l),, on the other hand,
are determined by an entirely different consideration. The fact that
Bo(l) and - Co(l) are different from unity and zero, respectively, as
they would be 1f 7; tends to zero is due to the fact that the distortion

produced by compressibility is nommiform at the surfaces of the body.
In order to correct this defect completely, a more elaborate method
would have been required. For the present simple investigation in which
symmetry is not strictly satisfied even in the limiting case of zero
Mach number, the condition of symmetry will be applied to only a few
selected points. First, let it be required that

-0

Xout{ s 0)
(101)

0

X 1 (dp,227)

where q, stands for the flow speed on the lower surface at the mid-

section of the body. These two equations determine uniquely Co(l),
namely, . :

&)Co(l) - 6(QU) - 6(q‘L) (102)
6 eo(qy) — eo(qy)
where
8(q) = Q-7 Z.o 5 - 5nq—nF_n(1-)(n§_n +1) + 50 (i03)
q I nc-1
exla) = (1 - ) Pary(r) [285(7) + 1] (20)

The value of Co(l) becames zero with 73 for Sn-e O as 11720, as
defined in equation (55).

The maximun distortion with respect to the y—axis will occur at the
midsection. If the required body is assumed to be symmetrical, that is,
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IITI — IMPROVEMENT OF CONVERGENCE OF SOLUTION BY ASYMPTOTIC
PROPERTIES OF HYPERGEOMETRIC FUNCTIONS

Transformation of Stream Function ¥(q,8)

The stream function ¥(q,0) for a flow which was derived from
Vo(q,6) with a branch point of order 1 has been given. The form of
representation is not, in general, suitable for practical calculation.

The difficulty is twofold: First, the series involves an infinite number
of hypergeametric functions which are, in turm, defined as infinite
series. The convergence of the hypergeametric series in this particular
instance decreases with increase of the parameter v. This means that the
computation for the later terms of the series for - ¥(q,8) will be
increasingly laborious. Second, the convergence of the power series
defining the function ‘¥(q,0) is, as expected, very slow in the neighbor-
hood of the circle of convergence, In order to render the method of any
practical value, the task of transforming the series into a more rapidly
convergent one is encountered. For this purpose the following procedure
is adopted. R ‘ - .

The stream function ¥,(q,0) for the similar: incompressible flow
1s (see section entitled "Construction of & Symmetric Solution about the
Origin") . : o :

Vo(a,8) = > Anq” sin no’ g < 1
E 2 . )

which is absolutely and unifomly.convergent in any closed domain in

g < 1. Then it can Justly be thought of as representing not merely a
regular but a closed function. In doing this, of course, a large class
‘of problems is automatically eliminated and those cases are then
considered in which simple representation of both ¢.(a,6) and V¥,(q,6)
exists. This 1s justified only by the mounting difficulties faced in
carrying out such a detailed investigation. '

It is thus obsefved fhat the difference betwéen the stream functions
¥(q,0) and ¥.(q,6) 1lies only in the appearance, in the former, of the

hypergeometric functions, If, however, approximation is allowed, then,
according to expression (223), first let F,(7) be substituted by its

asymptotic expression, namely,

FalT)(7) %’c"(f) [1+0®]  n>w  (on)
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where t(r) = g%—l— Here the term involving f(l)(T << 1. has been
Tl

neglected. Furthermore, as will be shown in equation (159), to.the: same
order of approximation the coefficient A, can.be written as

Ay~ Ap +-o<%) n>N " (108)

By substituting the approximate values.in equation.(L4l) it can be shown
that

£(r)
(1)

That 1s, to this order of approximation the poﬁer‘series.repreeenting
the stream function ¥(q,0) can be summed and is given by expression (109).

v(a, olat,e) (109)

As was shown in reference 8, the asymptotic representation is valid
only when the parameter n 1s:large. Namely, during the summation of
expression (109) the value neglected.becomes smaller as n increases and..
approaches zero as n tends: to infinity. This. concentration.of errors
in the lower—order terms makes:it especlally easy to apply the correction
if high accuracy is required. In doing this, the quantity given by
expression (109) can be added and, at the same time, subtracted from
¥(q,6). Then a simple manipulation shows.that-

¥(0,0) = v1(2,0) +¥(,0) ] (110)
where
Wl(ﬁie) = i(:;j“vo(qt,e) (111)
¥o(0,6) = 5= Gy(7)q™ sin no' e<1 (112
3
with
Ap
-F()AA $ —2AF (T) (113)
&™) 7 n f(Tl)Tn(Tl) n
o = An A

Fp(t1)  £(7)T™(71) 4
S (11%)

LFr(T) = Fp(r) = £(T)TR(r)
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Here n is a positive integer. The stream function ¥(q,8) is then
represented by the sum of two functions ¥,(q,8) and ¥o(q,8). Of

these, ¥3(q,0) is of closed form, which differs from V¥,(q,8) only

by a change of scale of q, and ¥o(q,0) 1is a difference of two absolutely

and uniformly convergent series and hence is absolutely and uniformly
convergent. In fact, according to expressions (107) and (108), Gp(T)

is of order ‘-;Btn('r); the convergence of ¥(q,8) is therefore increased
by 1/n. This actually is the gist of the whole problem.

In the amnulus region 1 < @ <.V; on the other hand, the stream
function ¥,(q,8) 1is represented by .

. o0

'Wo(q,e) =3 (Bnqv + qu'v) 'cos VO -

and the stream function W¥(q,6) of the compressible flov is
¥( 'e) =35 vp (r) -vp (r) -
q,0) = Bna Fy* /(1) + Cpng” F_,t" (1)| cos ve
o~ ) -] ~ ) : '
+ Do(n — 8) + 3 Dyg™ _n(r (1) sin n8
1

where B, and C, are assumed to be glven by wo(q;e), and Fv(r)(‘r)
stands for the ratio of F,(7) to Fy(r1). In this region, the hyper—
geametric functions will be of mixed character. If the critical point
n 1 1 is not reached, they are of exponential type; beyond this

+ .
point they will change over into oscillatory type. If 7, 1lies in the
. range 1< q <V, the singularity of the asymptotic expansions of the
hypergeometric functions will certainly be found inside the domain in
question. If this neighborhood is excluded and the hypergeometric functions
are first substituted by their asymptotic forms given in expressions (223)
and (224), it cen similarly be shown that, for 77< T < 5T

To =

¥(2,0) = ¥1(2,6) + ¥p(a,0) + ¥3(a,6) (115)

¥,(2,0) - S5)s vo(a,0)

vo0,8) = 5 [Baiy (e’ + oy(n)a™  cosve  (116)
0

where
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-~

1V3(q,9) = Bo(n -0) + i 5nq—nF_n(r)(1') sin nd (117)
. 1
and
(1) = Fy(T)aFy2(r1) + ——= ()
HV v v f(Tl)Tv(Tl) v
. ? (118)
H..v(T) = F-v(T)AF_V—l(Tl)'*' L v —_AF_\;(T)
()T (71) J
with

AF —l('Tl) = 1 _ 1
v Fy(r1)  £(71)Ty(71)

aF (1) = Fy(7) = £(1)T (7)

In equation (115) ¥1(q,0) again represents a closed function

Vo(at,6), and Vo(q,8), an absolutely and uniformly convergent series
with Ilmproved convergence, The fact that \V3(q,6) is not su.rmned is due
to the ;a,\,t that Dn is of inferior order as compared with An Even

. though D, decreases as 1/n, ¥ 3(q,0) will req_uire fewer terms than
’Jlg(q,e) although its coefficients behave like 3/2 (provided that

the flow V¥o(X0,¥0) 18 of the nature of a dmb’et) Here the functions
H,(7) are so defined that the functions of Tj and those of T are

separated so as 1o make possible the tabulation of AFy(T) and AF_'_V(T).

In the region

<7 <1, on the other hand, Fy,(7) and
B + 1

F_,(1) are replaced respectively by

N

£(1)™V(7) cos (voo — 11:-)

o~

£(+)TV(7) cos (vo + ﬁ')

where f£(t), T(r), and o(t) are given in table 1. The factor 1/2
is introduced beiore the Tirst expression for symmetry. By writing
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2 cos V8 cos (Vo — ﬁ) . 6% (cos VE + cos Vij + sin V& — sin Vq)
. =4
1 4 .
2 cos vO cos (v + &) = = (cos VE + cos Vi — sinvt + sinvy )
~with
E =6 +w
| (119)
n =6 —-w

the following expression, corresponding to equation (111), is obtained

(1)

v(a,0) ~
25/2f(Tl)

[‘vo(x,g) + ¥olhsn) + @o(r,E) — cpo(x,n)]

where L\ is a constant defined by

oep)® 1

A = —
(1 + @)™2871)Y/2 2(7y)

>1 (120)

1
28 + 1
then is a function of the {ree—stream Mach number and the characteristic
constant of the gas but independent of the shape of the body. By
eliminating the error introduced during summation, the stiream function
¥(q,8) 1in the supersonic range eI <7< 1 is

as from equation (228) qt = W if <1< 1, The constant X

¥(q,6) = ¥3(q,8) + ¥o(q,8) + ¥3(a,6)

i

where

¥1(q,08) = 275/2 %%;%7 [wo(x,g) + ¥o(hom) + 9o(n,t) - Qo(l,n)] ,_(121)
¥o(q,0) = :;E [ BnHv(T)qv + CnH;V(T)qf” ] cos v6 - (122)
5 ,

Here w3(q,6) is given by equation (117) and HV(T) and H v(T), by
equation (118), except that AFy(r) and AF (7) are defined by
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AI;N(T) = F&y(f) - %f(T)Tiv cos (yw e ﬁ) (123)

Unlike the previous calculations, HV(T) in equation (122) 1is not
of the order of 1l/v, owing to the presence of 1/2 in front of

f(T)Tv cos (Vm - ﬁ); This, however, does not introduce a serious

obJection, as the series in which it appears now behaves like anv, which,
according to equation (120) (). > 1), ‘converges more rapidly than Bnqv
in ¥o(q,6).

In the hyperbolic domain, moreover, the function wl(q;e) depends,"

aside from a factor f(t), .only on the two independent families of the
characteristic paremeters & and 17 defined by equation (119). . This
result is most striking, as it shows that the main part of the solution
satisfies the simple wave equation and thus clearly demonstrates its
hyperbolic character., With both the incompressible stream function Wo(q,e)
and the incompressible velocity potential @o(q,e) appearing in the

solution, it is impossible to establish a simple relation between the
incompressible streamlines and the compressible streamlines. Since such

a simple relation is the foundation of the so—called speed correction -
formula for a quick estimation of velocity distribution in campressible flow
fram that of incompressible flow over the same body, this idea cannot be
extended to supersonic regions. On the other hand, this also indicates
that, although the differential equation for v(q,8) is hyperbolic in

the supersonic range, 1t cannot be reduced to the simple wave equation

by & mere distortion of the speed scale as given by the function (7).

For 1f this were the case, then wl(q,e) would constitute an exact solution

without the additional wg(q,e). This fact is all the more important as
the additional V,(q,6) 1is not small in comparison with ¥1(q,6) for the

mixed subsonic and supersonic flows, especially for the transitional
region near the sonic velocity. However, in the case of pure supersonic
flow, ¥o(q,0) might be small; then V;(q,6) alore may be used as a

satisfactory approximation.

Transformation of Coordinate Functions x(g,0) and y(q,8)

From equations (75) and (76) it is seen that the coefficients of the
series defining the coordinate functions x(o,8) and y(q,8) are of
the same order of magnitude as those of the series for the stream function
¥(q,8) (equation (L41)). By analogy with the preceding section the first—
order terms in both x and y can be similarly swmed. First, let
them be written, for q <1, as
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Again x5(q,0) and y,(q,0) are defined by equations (144) and (145), .
but the differences of the hypergeometric functions involved in EiV(T)
and H&y,l(f) are now

AFiV(T) = Eiv(T) - igll ™ cos (vw ¥ f)

m(‘v’( 1

OF4y,1(T) = Fay, 1(7) - 8(7) TiV cos ( T Px f.)

Improvement of Convergence of Eﬁ, Dn, and x4y,

As seen from part II, as soon as the function V¥,(q,8) 1s specified,

the coefficients of the inside and outside series can be chosen so as to
make the conditions of continuity sufficlent for the sets of unknown
constants, for example, A, and D,, to be determined. Inasmuch as the
conditions are applied at the circle of convergence, it is generally very
tedious to evaluate An and ﬁn from the slowly convergent series
(equations (54) and (55)) when B, and C, are given. In order to bring

these expressions to manageable forms, the following procedure can be
used. .

By considering the function ¥ (q,8) the following identities
(appendix F) for n > 1 can be deduced without difficulty

by =1 i (Bp + Cp)In, (153)
niy = %i u(B - C)Iny (154)
An 1. &= 1;:
T o 1P G v g (15)

Furthermore, the sum on the right-hand side of the second expression of
equation (52) can be written as
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IV — APPLICATION TO CASE OF ELLIPTIC CYLINDER
The Functions zg(w), Wy(w), and A(w)

_An irrotational flow of an incompressible fluid about an elliptic
cylinder with a circulation [y 1is represented by the complex potential

Wo(zo) .

, : 2
Wo(zo) =t + 2+ 200 1060 ¢ with 2o = + £ (164)
t en ¢

where the flow at infinity is assumed to be parallel to the major axis

of the cylinder., Here all the quantities have been rendered dimensionless
by normalizing ¢ by a length a and Wo(zo), by Ua. Then the major
and minor axes are, respectively, 1+ €2 and. 1- 62, where ¢° < 1.

By differentiating equation (164) with respect to Zg, t}ie dimension—
less complex velocity of the flow is obtained, namely, Ty

the inverse solution of which is
ir 1/2
e u(l_w)(l_e%)_-_g
2:{ Ly
. 2(1 - w)

C(W) = - (165)

This :f‘unction is two—valued. with two simpie branch points at w = 1+ O(I‘oe)

and W= ¢+ O 2) namely, V = ¢ 2 + O(I‘ 2). (see section entitled
"Analytic Continuation of Solution (Branch Point of Order 1).") The principal
value may be defined by the convention that —n <arg (1 -w)< «

and 1< |w| < ¢™° with a cut Joining the two branch points, With the
principal value so chosen, the domain wherein the real part of 2z, 1s

less than or equal to O, excluding the interior of the body, corresponds
uniquely to the hodograph given by W(zoy) or, conversely, on account of

symmetry, the domain wherein the real part of zo 1s greater than or
equal to O will correspond to the second branch of the function t(w).

By sublgtituting ¢(w) in equations (165) and (164), an expansion

regarding 1—3— as & small param.eter gives in a.ccordance with equations (35)

and (36), provided that E- <<1,
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[ 1/2 '
zo(°)(w) _ <1l— ejw / L 2 (ll - ;w 1/2} (166)
- - €
i \.1/2 1/2
wo(o)(w) = - <—————-ll—€§w) / + <l—l-;3'é—w> /} (167)
bt = €
z (l)(w)' Y (U S ¢ > (168)
Q l-w 1-—c¢2%
£W£(‘l)(w) =1 [11 + logy (1= w) —'l- 1 aw = loge' (1 - ¢2w)
. -V - €
\\ _ 2"1] (169)

The functions zo(o)(w) and WO(C’)(w) are the transition function and
the complex potential, respectively, for zero circulation (compare
refereiice 1); and zo(l)(w) and Wo(l)(w') represent the first—order
contributions, due to circulation, to 2zg(w) and Wolw), respectively.
On separating into real and imaginary parts, it was found that from
z,of(o)(w) and wo(°)(w') there result

x(Ha,0) = - L {[I(q,e) + 3,00] 72 + 21, + T Ha,0)] 1/2} (170)
300 (0,0) = vlg {[— 1(q,0) + J('q,e)]l/2 ~ ¢ [—Ie + J'l(q,e)] 1/2} (172)

and

(cpo('o)(q,"e) = - '\}:2. {[I(Q:e) + J(Qie)] 1/2 + [Ie + J_l(Q.:e):l 1/2} (172)

voMe,0) = & {[— 10,0 + He0 7 - [-1w0) + 7a,0) 1/2}(173)

.

where

: 2 : 2.2 :

. 1-(1 os 6

I(q;6) = {1reac 1 (174)
l—2q cos @ + g~




NACA TN No. 1445

56 -

(6L1)

(8L1)

(LLT)

Ammav

(6l1)

: g 800 vmle
(-~ —gum o5 77
) mOu.ﬂldl._” a.mp+mw:w + g sod dmwml._” +mw+ g 8090 wmlﬂln (6°%) %
o uis ._..Id - @ urs dmw o uis b (1)
J ‘T<b J1 ‘20
o 800 vmw - T
¥ = TPUTs b5 1ot T
g 800 b -7 b5 + 9 s00 bo3g - 1 v...mmoowm....w
g urs b T— 6 UTs dmw g uis b (1)

‘T>b J1 ‘pue

Nd:w.+ 0 800 umwmlﬂ +mw+m s00 wmlal.n - ..om
(6 s00 vmw - .me ‘ 6 800 b —T = (e X,C
md:w+mmoodmwmIH Nd+mm00wm|.m \

o uts 5,5 . g UTs b == (6°D) ()"
2.;:3_03 pue ?:Cou woxy ¢ ATIET TWIS

‘ md+mmoowml._u

= qdv..n.. .
b5 + § 500 b = T (e .
2/T\2 N 00 Pg

wd:w + @ 800 .omww -1

mdmw + g 800 vﬁww +T)-T

= (6°D)°1




. o0 b—-T + d+mm00wmlagnmﬁom -
(ngT) el T+ )| = (6°D) |

e/

57

axeyM

X+ %y X+ % -
(€8T1) T wm,ﬂla.mp o+ ¥+ M._..la.mp le.ﬂqal = (8°D)x
(eg1) - ﬁ I+ 5 + g+ v& ®8oT 2 +
(> +7T)e 3 -
TAMW + wmv (a2 + WMVH_ 2 T ) o80T 2 ET = (6°D)0

18Yy3 punol sem 31 ‘sixed AreurSewT puw TBOI 03Ul urede Buijysredes up

5+ T 3

S °s - =.(A
Q._”T..lﬁw +m\._u?,mwl.5 o1 Amw,+a.wm| =.(8)v

(t87) T,

mwod n+

spreTL uolgeIBojul oyiz ‘(LlgT) uorjenbs woxr
T»Xovoz uotjoung eyl Buinairisqus £g  *(gLI) uoTtwnbs WoOII ‘2 ST Oy ausasuod sy3 aIeyM

, 0
] R C T B

£q peurgep ST (A)V uoTIOUMT oY} ‘d xtpuedde wox g

I

=t

=

" c

m._ (0ogT) . (5By2 + 6 500 By3g — T) 8ot T +

m 3 md:w+mmoow.mwml.h mw+mm00wmlﬂ o

- = 4

M Amw+mmooumldomoﬁm.. 5505 B3 — T + 505 5 =T Gd:da



58 NACA TN No. 1445

Kc(q,8) = El - 2€2q co8 0 + <-:!‘qe)l/2 +1-— ¢°q cos 9] 1/2 (185)

R(q,8) = I:(l —.2q cos 8 + qe)l/2 -1+ qcos 0 1/2 (186)

1/2

R (q,8) = [(1 - 2¢2q cos 6 + el‘qQ)l/2 -1+ ¢%q cos 6 (187)
€

Expansions of Wy(w) and z(w)

As the domain considered is camplex and has twaéingula.rit-ies at

w=1 and w=¢€"2 the function W°(°)(W) defined by equation (167) is
.single—va.lued and continuous in |w| < 1 but is discontinuous across the

cut in 1< lwl < 5'2. The expansions, as shown in reference 8, are

<0

W, (o) (w) = -; A" o wl<n (188)
and
. v ' o |
WO(O)(y) =1 EO (anv + an'v) 1< ‘wl < €-2 (189)
where the coefficients are all real and are defined by

Ay = 5,(1) — (1 + 62)5,4(1) n>1 - (190)

Ay .= 0
with
s (1) -2 ifﬁ‘ -n+3)ra s 3) o (191)
T% rfn-m+ 1)IMm + 1)
and

B, = [2e%n+-1(0) -1+ e2)sn(0)] n (192)



59

NACA TN No. 1Lk5

(661) oA UTS A> dco - dnmv II“W.. Am.‘dvaov

puB
2
(86T) gu urs B9 _< = (8°D)(5)%
T>DH
4 g
(L61) g - gu w00 by _< == (6) ()%
“T&onoz

wox] peutwlqo oxw suojjenbe SurmorToy ey ‘sired LreurSwwy pus TeeX ojul Burjuredes Ag

(961) (

T
.lw:, IL? wht 7= ()

..mlw >|al >T 03 ‘pus

(4] u

T 0 4
(¢61) xg - q:dmwul h E) K + %.vabﬂszvﬁn T..Xioz

‘T> |a| oz ‘st ar
*pepundxe A[iswe 9q UBD ‘(697) uoijenbe £q psuijep e® .?X.Coa uotyoumg eyy € ATIVTTWIS

, (T + ﬁv..:.m +w+ u)Jg W X g
23 uu
v amw AW + sv..HA.N.m +E+ c/? 8._” hov

T qita

(£6D) (0)"8(g> * 1) = (o) = %



60 : o, - NACA TN Fo. 1445

WO(O)(q,B) =i (Bn@” + Cpa™¥) cosve 1< g<¢ 2
0

Similarly, from Wo(l)(w), the result is

o{ Y (q,6) = —i a,(1)q" gin no — 2q
' q<1l
‘ Wo(l)(q,e) = - ZAn(l)qn cos nf
2 :

where the coefficient Aj(1) 1s glven by’
(-0~ )
= (] — l-—-c¢
A }
and

@o(l)(q,e) = ; [Bn(l)qn - Cn(l)q'n] sin ng — (n + 6)

¥ (l)(q 6) —Z [Bn(l) n n(l)q-n] cos nf — logy q + 1

where '
Bn(l) = (l - %>€2n

cn(l) =14+43

n

(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)

The expansion of zo(w) can be carried out in like manner, but it

was found simpler to deduce it directly from equation (37). Then,

corresponding to W (°)(w) defined by equations (188) and (189),
(°)(w) is

n-2>X1

zo(°)(W) ='—iﬂn—wn -1 + €2) |w] <1

(208)
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By taking e =% and M; = 0.60, M; being the free—stream Mach

number, the compressible flow without circulation is shown in figures 2
and 3 in both the 7,6— and the x,y—planes. The {low is everywhere
continuous and the highest Mach number attainsd at the central section
is 1.24. The profile calculated in this case 1s symmetrical but is far
different fram the ellipse from which it was derived. The thickmess
ratio is 1:2 as campared with 3:5 of the original elliptic section. The
lateral distortion thus 1s much more pronounced than that suffered by the
longitudinal dimension. The characteristic feature in the case of
transonic flows 1s that the central portion of the derived body where the
flow 1s supersonic is always flat in comparison with the original body.

In order to exhibit the compressiblity effect, the corresponding
problem of the incampressible flow over the same body must be solved.
Technically, this does not offer any difficulty. However, in order to
simplify the mumerical work, an incompressible flow resulting from a
superposition of a parallel flow on a source—sink cambination has been
considered. It glves rise to a body which, by adjusting the strength of
and the distance between the source and sink, approximates closely the
given body with an error of about 2 or 3 percent. (Compare fig. 3.)
The pressure distributions over the same body for both campressible and
incompressible fluids are compered in figure L, The results calculated
according to the Von Karmin-Tsien and the Glauert—Prandtl formulas are
also given.’

The wide disagreement between the exact and approximate curves
sexrves as a proof that in the case of transonic flows the thickness
effect of the body is no longer secondary and cannot be ignored entirely,
as is done in both approximate formulas., The immediate cause for these
discrepancies seems to be the fact that the polnt of equal pressure on
the surface of the body in the case of compressible and incompressible
fluids does not correspond with that of the free—stream pressure. This
deviation has, in. fact, been observed even in the case of subsonic flow
about a Joukowski airfoil of thickness ratio 0.15 (reference 9). The
_reason 1s that the flow of a compressible fluid over a body is partly
compressive and partly expansive. By increasing the free—stream Mach
number, the speed of the flow in the neighborhood of the stagnation
point tends to decrease and the speed far away from the stagnation polnt,
that is, in the supersonic region, to increase. The hodogreph
corresponding to the zero streamline then becames longer and flatter
as the free—stream Mach number increases, Consequently, the point of
intersection of the compressible and incampressible hodographs will
shift toward the small inclination of the velocity vector, that is,
awvay from the stagnation point. This effect wlll be more pronounced
for larger thickness ratio as well as Mach number.

The general applicability of the Von KdmmAn-Tsien formula has been
questioned and examined by Tsien and A. Feler (reference 10) fram
purely geametric considerations, and the limitatlons therein raised seem
to be further substantiated by the present result. The question, :
however, remains to be answered as to whether critical conditions for
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the validity of the Von Karman-Tsien theory could be given in terms of
the thickness ratio and Mach number. From the practical point of view
establishment of such conditions would constitute a result of major
importance.

For the case of circulatory flow, %% is taken to be 0.05. Here,

for simplicity's sake, Ao(l) =1 and Bo(l) = (1~ 'rl)_'B by equation (69),
so that the circulation of the compressible flow is (1 — }l)—ﬁro,'

according to equation (74). The constant Co(l) could have been determined

by successive approximations, but in this particular case it is small
enough to be neglected. The calculated flow pattern is shown in figures 5
and 6 for both planes. The body, &s expected, is unsymmetrical with a
negative camber of about 2 percent. The highest Mach number reached

at the upper surface is 1.33 and that at the lower surface is 1.15.

The lift coefficient is 0.65 corresponding to an angle of attack
at zero lift of about 2.2°, For comparsion with the case of incompressible
flow, the problem is simplified by considering the incompressible flow
over the body resulting from the superposition of a small negative camber
on a geometrically similar ellipse of thickness ratio 1:2. The estimated
1ift coefficient of such a system 1s approximately 0.45. The ratio of
the two coefficlents thus 1s nearly 1.5,. which is much higher than the
value of 1.25 given by the Glauvert—Prandtl formula for the present case,
Actually, if the oval shape is considered, the incompressible value of
the 1lift coefficient would have been lower then that obtained, owing to
the fact that the central flat portion reduces the speed of the flow and
hence leads to & higher pressure. Thus, the ratio of about 1.5 should
be regarded as a lower limit.

Guggenheim Aeronautical Laboratory
California Instituté of Technology
Pasadina, Calif., September 5, 1946
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APPENDIX A
PARTICULAR INTEGRALS OF (q,8)

Considér the total differential d¢ which from equations (lO)
and (11) is

: p
. O
dao =2 (1 —M2) é—'-\lfe dq + - q‘lfq de

If the particula.r integrals of V¥ . are given by the first group of
expression (24), then

do = cos vo [ 44

_ vp_po_ (1 -M2) W]!(g) — sin V9

v
l> Fv() cos 2] 0

_l Lsin ve

From equation (13) \yv(q) can be eliminated as follo&;s :

—a _ O |Po v : gin vé
"dqJ = g('l' l:_gq FV(T)gv(T)—] — cos Vo d-q
Po i 6
+ 5% lj—q Fv(T)gv(T)] _ :oIsl :9 ae

The integration therefore gives

_ Po ¥ gin vo 220
P = ?q Fv(-r)gv(-r) s ve [t Constant (220)

Similarly, the following equation corresponding to the second group of
expression (24) is obtained:

o] sin v
9 = 20gVrF_, (1), (1) L _ S0 V0L 4 constant (221)
o
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APPENDIX B

PROOF OF THEQRFM 1

Consider a small neighborhood of q = O where the hypergeometric -
functions can be accurately represented by

Fo(7) = £(7)TR(7) [1 . f—(-l;)l-ﬂl]

If the complex potential for the similar incompressible flow is
o L
Wo(w) =_§0:Anwn lw] <1

let W(w,T) be & new complex potential such that the stream function
for the compressible flow is given by

Wa,6) = Ty [WCw,m)]

Then W(w,T) must be of the form
o) = = HEH S apgon® o [200r) - fD )] S en w1 <2
But it is easily seen that
-3 e [ ) 2
Therefore, W(w,T) can be represented by two closed functions

- tw
T d: .
W(w,T) = % Wo(wt) + [f(l)(T) - f(lr)(T‘l)] I} [Wolw) + ag) S (222)

The function represented by the integral, when continued, will give rise
to a term loge tw. No longer is w =0 a regular polntj the singularity

muist be either at w = 1 or at origin.
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APPENDIX C

ASYMPTOTIC REPRESENTATION OF HYPERGEOMETRIC FUNCTIONS

The asymptotic integration of the hypergeocmetric equation for a large
positive parameter V has been discussed (reference 8). It was shown
that its solutlions under this condition are of the exponential type when the
1
28 + 1

variable vV 1s in the interval 537 S —~ 5, where & >0, and of

the oscillatory type when T is in the interval 231 =+ 5<T <18,
+

The point + = -Q—B—l-—l- is a singularity. Thus, to the first approximation,
h - o2 © +3

‘the hypergeametric functions for the interval are ‘

' r
By(r) ~ £ (r) | 1+ 0(%)] o (223)
F_V(T) ~ £(7)T V(1) [1 + o<%>] . V>N (224)
where : . -~

£f((r) = (1 - 'r)q'e/h(l - a,ef)"l-/h

. _ > (225)
2 [a.(l— 1)1/2 + (l—ae-r)l/e]a

T(7) =
( (1+ a)a(l - 'r)l/2 + (1 - cx,ar)l/2

~/

Here O(-%) in each case denotes the fact that the term is uniformly of
v

the order of l/v when V 1is sufficiently large and is a function of 1/v.'

For the interval B i‘ T <T <1, +the hypergeometric functions are
FV(T) ~ £(7)TY(7) cos (vw - -E) [l + O<%>] : (226)
F_V(T) ~ -é-f(‘r)T—V(-r) cos (vw + T’:—)[l + O<;1>} (227)

where
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£(r) = 2(1 = 7)% 7 ¥a2r - 1)~2/k 1 | .
> (228)

(20)%/% 1
T(T) = 2
(1 + )™ \2p7

o(7) =a ‘“\’““ - tar 2= (229)

The values of f(7), T(t), and o(t) are given in table 1. Here
the parameter V may be any positive large number. When it is a large
positive integer, these formulas will automaticelly represent the
hypergeametric functions defined by expresslon (16).

In the respective domains of validity, the asymptotic expansions
mey be differentiated with respect to 7. To the same order of approxi-
mation, it can be shown that for v >N in the Interval

£, 1) ~ ') [1 4 of3) (230)
F_v,l(f) ~ g(T)TV(7) [1 + O(%):] (231)
vhere -
(r) = —220)
(1 - 7)1+ e(T)] i | (232)
tolr) = |5 '
and in the interval ﬁ <1< 1
. ;
Fv,]_(T) ~ gt ) (r) cos <va) - uO= -L-r> Ll + O<\—];> (233)
. ) ;
F—v,l(T) ~ %S(T)T_V(T) cos (vw + 194+ -l’f) 1+ O(%) (234)
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where
q(.r) - 2fg'r b
\JQBT(l -7)
, (235)
o(r) = cos~ I\ [T
. 2BT

Here F, 1(v) and F_, 1(v) represent respectively the functions
F(a, + l, b, + 1; ¢, + l t) and F(1 + ay =Gy + 1, 1+by —oy + 1;

2-cy +1; 7). When v takes integral values n, expressions (231)
and (234) will represent asymptotically F_, (T) The values of g(T)

and p°(T) are given in table 1.

In practice, a more accurate representation for the functions Fb(T)
and F_V(T) and their derivatives is often required, especially in the

interval 0 £ T <—43d _, The fact that this is the case is quite evident
28 + 1

in part IITI. In order to carry the approximation to the second order,
according to the method glven in reference 8 a simple evaluation gives

R, (1) ~ £(r)T(7) [1 L@ (1 \] ~ . (236)
v v~/ '
' 0<T <_.3'_
~ T v T - T —
F )~ T |1 - S ow)} o (a3

where

(e - L a(a £2) (3¢, )___g_log (1=1)2a — ey

a-—1

6B + 1<§ > (1- 50—3)] (238)

Similarly, by differentiation with respect to T of expressions (236)
and (237), the following expressions are obtained:
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Fy 1(7) ~g(r)1¥(r) [1 + 5-(—1%(11 + 0(%>] (239)
o o<T <.__;L_.
8+ 1
g1 )
F_, (1) ~a(nT(r) [1- il (v)] (2ko)
‘where
g(M(r) = £(D(4) +§§- (1+ e)(1—t572) . (2u1)

By éomparison of the values of f(l)(T) and 8(1)(7), the first approxi-
mation of F (T) and F_ (T) is seen to be superior to that of F, l(-r)

and F_ 1) 'The values f(l)(T) and 8(1)(T) are given in table 1.
—Vy

For y =1.405 and V=n+1/2 and V=n, n beinga positive
integer, the two groups of functions F,(r), F_,(7) and Fy, 107),

F —v, l(T) with their asymptotic expressions were calculated for values

of T varying from O to 0.34 and for values of n from 1 to 10. The
results are presented in table 2.
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APPENDIX D

ASYMPTOTIC REPRESENTATION FOR &y(T) AND &y (T)

Next in importance are the functions gv(T‘) and g_v(f), defined by

equation (29). They are associated with the particular solutions of
¢(q,0), and eventually, through the latter, will appear in the various
functions in the problem of campressible flow. As was shown in part II,
the whole scheme is based on the stream function v(q,0), and its
determination depends on the efficiency of the determination of the
coefficients of the power series representing V(q,0). In order to
facilitate such evaluation, the asymptotic expressions are again powerful
tools. In deriving these expansions, it is also convenient to start
from the differential equation for ¢, (r) which, from equation (13),

is as follows:

g,'(r) + lETEV(T) + [EVQ(T) - 502.] =0 (2k2)

This is the celebrated Riccati equation. This proves to be an adequate
form for the asymptotic development of gv(r) in the interval

0 T < 1 . Suppose the expansions are of the following forms:

28 + 1
- (1) (2) ' ~
-~ 3 3 1
e (7)) ~ & + et 0(3) (213)
1) (@
§ (T) -~ -gO + v2 + O(v-—i) (2’41&)

where to(t) 1s defined by equation (232). Substituting these expressions

in equation (242) and equating the coefficients of various values of v—S
to zero ylelds for the interval

(];)T=~a,2T e =2 _ 1 24

$ ) - (s52 - 1) (245)

(@) - Lot 2 2) (3 g ) £ (216)
hgo(l - T)L ‘ 20-2§0

The values of g(l) and 5(2) are given in table 1.
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APPENDIX. E

PROOF" OF THEOREM' 2.

The. first: part: of the: proof, nemely, the: series:

R ~ A (e ,‘ PR
¥a,0) =S Ko™ @)(r) stn ne @<l
2: :

q < I, can: be: sim¥larly carried: out: (reference: 1), since according;
to. equation: (159) it can: ber deduced: that: for: large values: of n-

[nf: <- M}
where: M. is: a: constant: independent: off n. Therefore, it follows that

for T'l"<'<'28f T and n. >N
R ENn] < mfa(sam|

For the: serfes: (equation: (51)) it is: noted. that for T § 'ZB'{"I
and. v > N

[F_v(r)ml "

where the region. I _s< <L . 8, where: &> 0 iss assumed.
2B + 1 2B + L. '

to: be excIuded. Here: all. the: MYs: are different but: independent of' n..

Furthermore; from: equation.(160), D, is:bounded by

o] <X

Consequently,, for m. >N, the: following: Inequalities. are obtained:
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a7 (0] < ENEDY
|cnq—vp_v(r)(7) | < M [o(at |
e &)(n)| < m Lo

This coampletes the proof.

qt <V

qat > 1

73



Th - NACA TN No. 1445

APPENDIX F

DEDUCTION OF IDENTITIES (153), (154), AND (155)

Consider the stream function of the similar inc':ompreésible flow

Q0
Vo(a,8) = >~ A" sin nd Q<1
2 _
. x- , ’
¥ola,0) = % (Bnq" + C_nq""> cos v8 $1<q<V

At the circle of convergence the conditions of continuity give
> Apsinng = > (By+ Cp) cos ve
2 0
[+.] 0o
> nApsinng = > V(B — Cp) cosve
2 0

Since the limits exist by hypothesis, by multiplylng both sides by sin nf,
term-by—term integration then ylelds :

Ay = -ﬁ- i;: (Bp + Cp)in, (247)
oA = .i. %—_ u(By — Cp)Iy, (218)
where
S S

By use of appendix B, from
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1

~ 5 Ang IW[WO(W) L
o L.

2

the following relation by continuation can be deduced. Denote this
function by A(w). Then

A(w) = - iA-;l’-‘wn Wl <1
A |

o .
Alw) =1 % %(an" - andv)— Ay log, W + Constant 1 < lw] <v

vhere the constant of integration can be determined if the form of A(w)
is known. At the circle of convergence 1t can similarly be shown, by
considering the imaginary part of A(w), that

fn_1 i &(Bm = Cm)In, +£— . | (249)

n bed 0

where the constant term is eliminated by integration.

Moreover, if A(w) = ¢ + iX, it follows that

o(q,e) = — i %qn cos ng (250)
| e<1
X(q,6) = é %kln sin nd - (251)
o(q,8) = % 5— (Bnq" + qu“’> sin vO + 2 loge q + 0g (252)
‘ 1< q<V
X(q,0) =i % (Bnq" - qu"‘") cos v0 — Ag(n — 6) (253)

0]
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Figure 4.- Pressure distribution along major axis of ellipse.
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