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NWEt ONAL ADVISO}( CONrrT'rE FOR AERONAUTICS 

TECENICAL NOTE NO. lt5 

LWO-Dfl€11SIONAL IPR(YTATIONPL TIWSO]IIC FLOWS 

OF A COMPPSIBLE LJJID 

By Yung-Huai Kuo 

STJ4A1 

The method developed in NACA TN No. 995 has been slightly modified 
and. extended to include flows with circulation. The essential feature of 
the modified method is that in analytic continuation of the solution the 
alteration of the singularities of the incnpressible solution due to the 
presence of the hypergenetric functions has been taken into account. 
It was found that for finite Mach number the only case in which the 
nature of the singularity of the incompressible solution can remain 
unchanged is for a ratio of specific heats eqpal to -1. 

Two particular flows, one having a finite cIrculation and the other 
having zero circulation, have been studied. Both flows were derived from 
the incompressible flow about an elliptic cylinder of thicimess ratio 0.60. 
The free-stream Mach number for both cases was taken to be 0.60 in 
order to avoid the appearance of limiting lines. The pressure distribution 
for the flow without circulation has been cared with that of 
inccmipressible flow over approximately the seine body. The discrepancies 
between the exact results and those predicted by the approximate Von Krxnan-
Tsien and Glauert-Prandtl foxnulas are so wide as to show definitely that 
in this case the effect of geometry cannot be iiored, as is done in both 
approximate fomulas. In general, it seems that the effect of geometry 
cannot be neglected and. the conventional "pressure-correction" formulas 
are not valid, even in the subsonic region if the body is thick, especially 
if there is a supersonic region in the flow. 

ThTRODUCTION 

This report is a continuation of the work reported in NACA TN 
No. 995. The method developed in that report has been slightly modified 
and extnded in the present report to include flows with circulation. 
The general concept and method Is outlined without the mathematical 
details in part I. The essential feature of the modified method is 
that in analytic continuation of the solution the alteration of the 
singularities of the incompressible solution due to the presence of the 
hypergeometric functions has been taken into account, as fully discussed
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in part II • It was found. that for finite Mach number the only case in 
which the nature of the singularity of the inc ainpressible solution can 
remain unchanged is for a ratio of specific heats equal to —1. Part III, 
which contains a discussion of the improvement of convergence of the 
power series, contains no essentialJ,y new material and is Included primarily 
for the sake of completeness. Detailed proofs are given in appendixes . A 
to F.

Part IV contains the study of two particular flows, one having a 
finite circulation and the other having zero circulation. Both are derived 
from the incompressible flow about an elliptic cylinder of thIckness 
ratio 0.60. The free—stream Mach number for both cases is taken to be 
0.60 in order to avoid the appearance of limiting lines. The pressure 
distribution for the flow without circulation has been compared with that 
of incompressible flow over approximately the same body. The discrepancies 
between the exact results and. those predicted by the approximate 
Von KármAn—Tsien and Glauert—Prand.tl foxnulas are so wide as to show 
definitely that in this case the effect of geometry cannot be ignored, as 
Is done in both approximate foxulas • In general, It seems that the 
effect of geometry cannot be neglected, and. the conventional "pressure—
correction" fornulas are not valid, even In the subsonic region if the 
body is thick, especially if there Is a supersonic region in the flow. 
The importance of this result cannot be overemphasized, as there is a 
widespread. tendency in engineering practice to use simple pressure—
correction formulas ind.i sc riminately. 

This work was conducted at the Guggenheim Aeronautical Laboratory of 
the California Institite of Technolor under the sponsorship and. with the 
financial assistance of the Iational Advisory Committee for Aeronautics. 

I - CONW±a'n3 AND METEOtS 

General Consideration of Transonic Flows 

The flow of a compressible ideal fluid about an infinite cylindrical 
body, unlike that of an incompressible fluid, depends on, among other 
conditions, the speed or Mach number at infinity. If the free—stream 
Mach number is below a certain value, the flow pattern will be very 
similar to that of an incompressible fluid even though part of the flow 
may be supersonic. However, as soon as the limiting Mach number is 
reached, the situation is entirely different. The phenomenon of major 
Importance in this new situation is the appearance in the calculations 
of limiting lines In the supersonic region, characterized by the fact 
that the fluid particles there experience an infinite pressure gradient. 
It can be shown that if the assumptions of isotropy and of irrotationality 
of the flow are not rejected, it is impossible to continue the solution 
beyond these singular lines (reference 1). The failure of potential flow 
can be attributed to the effects of viscosity and conductivity of the 
fluid. Although the exact relation between the limiting line and. shock
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wave is still not established, there is reason to believe that in most 
cases the theoretical appearance of a limiting line necessarily implies 
the existence of a shock wave. Therefore, in practice the lcnowledge of 
the conditions under which the limiting lines appear for a given body 
is. of paramount importance. 

Chaplygin Hodograph Method 

To solve the problem of'a potential flow of compressible fluid, 
the use of the hodograph method was first suggested by P. Molenbroek 
(reference 2) and later by S. A. Chaplygin (reference 3). The advantage 
of this method is that in the case of two-dimensIonal potential flow it 
leads to a linear partial differential equation instead of a quasi—linear 
one, such as obtained in the physical plane. The particular solutions 
of this partial differential equation were found to be very similar to 
those for an incpressible fluid except that each consists of a hyper—
geometric function containing the Mach number as a parameter. Since the 
equation is linear, a general solution can be constructed for any assigned 
domain by the principle of superposition. The difficulty in connection 
with this method is that the solution so obtained in the hodograph plane 
may not transfox to a "good" aerodynamic body. The problem of con-
structing a solution in the hodograph plane which corresponds to a 
desired body in the physical plane has proved to be extremely difficult. 

The difficulty was partly solved by constructing a solution which, 
in the limit of zero Mach number, reduces to a 1iowri incompressible flow. 
Using this Idea, ChapJ,ygln studied the subsonic motion of a gas jet and 
F. Ringleb (reference 1) calculated the flow around a sharp edge. 
Following the same principle, Tsien (reference 5) for the first time solved 
the problem of a subsonic flow about a closed body, by simplifying the 
differential equ.tion in such a manner that the difference between the 
compressible and incompressible solutions appears only in a modIfication 
of the speed scale. This method. was later generalized by L. Bers 
(references 6 and 7) to include the flow with circulation. In the general 
case where the ratio of specific heats y is not equal to —1, this 
simple foxm of speed dIstortion does not exist; therefore the method 
must be extended. 

Critique of a Previous Method by Tsien and Kuo 

In reference 8 the flow past a closed body as well as over a wavy 
surface of a gas with a characteristic constant 7 greater than unity 
was consIdered; The method was based on the deteraination of two 
functions: the stream function and the transformed potential introduced 
through a Legendre transfoination. When these two functions are properly 
chosen, the coordinate ñmctIons x(q,e) and y(q,e) are gIven by 
differentiation. Consequently, with the ald. of the stream function, the 
flow pattern can be calculated.
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'The difficulty of the scheme is twofold. First, whenever a stream 
function and a. tmneforaed potential satisfying the conditions of conti-
nuity are constructed, they are required to satisfy the further condition 
of "compatibility' t to ensure that they actually do belong to the same 
flow. In the case of circulation-free flow, this condition brings no 
difficulty. However, for a circulatory flow there seems to be an insuf-
ficient nuther of arbitrary constants to meet this stringent requirement. 
Second, the coexistence of two indirectly connected functions, such as 
the stream function and the transformed potential, automatically intro-
duces two groups of hypergeometric functions and. doubles the number of 
sets of unlcnown coefficients defining the power series. All these compli-
cations result in a large amount of labor. 

In order to simplify the procedure, the velocity potential will be 
introduced instead, of the transformed. potential. Inasmuch as both the 
stream function and the velocity potential are directly connected by 
simple differential equations, the deteraination of One leads uniquely to 
that of the other. The difference between the particular Integrals of 
these functions is simply as follows. For the stream function the par-
ticular integral contains, aside from the trigonometric function, the 

factor qYF ( av,bv;cv;T); where q is the speed of the flow and 

F ( aV3 bV; cV;T) is the hypergeometric function. Oii the other hand, the 

particular integral of the velocity potential will have only an extra 
factor involving the logarithmic derivative of F( avbv;cv;T ) . 'urther-

more, because of the two partial differential equations connecting them, 
both functions will have conmion coefficients. Thus, only one group of 
hypergeametric functions and. one set of unknown constants are necessary 
for the complete determination of the two functions. 

Construction of Solution in Hodograph Plane 

Before outlining the procedure adopted here, It is perhaps proper to 
describe the mapping of an incompressible flow. In order to simplify 
the argument, the bod,y has been assumed to be synnetrIcal with respect 
to the coordinate axes and the flow at infinity to be parallel to the 
major axis. Such a flow, when mapped onto the hodograph plane, will give 
rise to two branches of Riemann surfaces, each corresponding to one-half 
of the physical plane. Because of synmietry, the discussion may be 
restricted to, say, the left-half plane D (iig. 1). Because of the fact 
that the maximum and. minimum velocities occur on the surface of the body, 
the whole field of flow is mapped into the interior of the hod.ograph D 
the boundary of which corresponds uniquely to the left-half portion of 
the body M'SM, and infinity corresponds to a point P on the positive 
axis of real values. Evidently, this point is singular.

- 

With such a domain in the hodograph plane, It is possible to construct 
a compressible flow from a "similar" incompressible flow. By similar flow
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is meant that at the limit of zero Mach number the compressible-flow 
solutions will reduce uniquely to the given incompressible flow. First, 
since the stagnation point, that is, the origin S, is a regular point, 
there exists a Taylor expansion in its neighborhood. As the singular 
point which corresponds to the infinity of the physical plane Is an 
Interior point, it must be on the circle of convergence C of the solution. 
Second, the solution represented by the Taylor expansion should be 
continued analytically for the whole domain. This can be done, of course, 
either fox1ial1,y by analytic continuation or by solving Cauchy's initial 
value problem. The fonner, however, is not practicable. As to the latter, 
use can be made of the known character of the singularity of the incom-
pressible flow to detennine the form of the expansion outside the circle 
of convergence C. If the Taylor expansion is regarded as given, the 
"outside" solution can be uniquely defined by the conditions of continuity 
across the circle of convergence C. This, of course, is based on the 
assumption that the character of the singularity Is unchanged by 
compressibility. 

It is found, however, that the assumption is not valid. Theoretically, 
it can be shown that, If a Taylor expansion corresponding to incompressible 
flaw is given, then after each term of the expansion Is multiplied by a 
proper hypergecznatrlc function, the resulting solution will have a loga-
ritimic singularity in addition to those it originally possessed. This 
means that the "distortion" due to compressibility becomes larger for 
larger speeds. It can also be shown that the character of the singularity 
is preserved for nonvanishing Mach number If and only if the ratio of the 
specific heats assumes the value of -1. In order to take this effect 
into account, the procedure is either to start with a special body to 
compensate it or to eliminate it by adding an extra term to the outside 
solution. The former procedure is difficult. By following the latter, 
the part of the outside solution which, In the limit, reduces to that of 
the incompressible flow is regarded as known. Then the Taylor expansion 
and the extra term added to the outside solution can be determined by the 
conditions of continuity. The extra term becomes zero for zero Mach 
number. Thus, it Is seen that the Chaplygin condition Is again satisfied 
but the procedure has been greatly extended. 

The flow with a finite circulation has also been considered. In 
order to simplify the mathematical problem, the circulation has been 
assijed to be very small. Under this assumption the effect of circulation 
on the solution of the incompressible flow can be represented approximately 
by an arbitrary combination of vortices and. doublets at the singularities 
of the hodograph. Therefore, to the original singularities there will be 
superposed a logarithmic one In order to define a circulation. Since the 
added part due to circulation is an even function, the resultant solution 
will be unsyimnetric with respect to the major axis. 

The solution for the similar compressible flow can be constructed 
in the sane manner, with the exception that the conditions of continuity 
across the circle of convergence are Insufficient to determine all the



6	 NACA TN No. liii5 

arbitrary constants, in particular those characterizing the strengths of 
the vortices and the doublets. These are detennined from the condition 
that at the stagnation point dx = 0 and dr = 0 and from the geomet-
rical condition of symmetry. The former condition is satisfied in all 
cases irrespective of whether there is circulatIon, whereas the latter is 
required only when the circulation is finite. 

Improvement of the Convergence of Power Series 

The whole problem thus hinges on the method of carrying out the 
actual computation. It should be pointed out that inasmuch as the solu-
tions, in the limit, reduce to harmonic functions, the convergence of the 
power series, especially in the neighborhood of the circle of convergence, 
is generally very slow. This Is particularly true of the part 

qV	
- v , bv - v;l - v;T sinvO of the outside series, because 

it contains the hypergeometric functions which Increase rapidly with V. 
This situation can be eased somewhat by Introducing the asymptotic 
expansions of the hypergeometrlc functions. For, after these are substituted 
in the solutions, the first— and sometimes even the second—order ternz can 
be summed. As a result, the solution in each case can be broken up into 
two parts, one of which is of closed form and. the other is a power series 
with improved convergence. Owing to the fact that the domInant tenns give 
excellent approximation In the domain of validity, the value of the term 
given by the power series is usually of inferior order. For practical 
purposes when high acctu'acy is not desired, the amount of labor involved 
can be greatly reduced. 

As was pointed out in reference 8, the sued part can be identified 
as the "speed distortion" in the subsonic region; in the supersonic 
region where the differential equation changes its type, it can be intez 
preted. as a "standing wave," depending only on the two characteristic 
Daranieters. In thIs case both these simple solutions are known to be 
inaccurate, especially in the neighborhood of sonic speed. For full 
discussions, see reference 8. 

It must be added that in the case of the derivatives of the hyper—
geometric functions the dominant terms cannot give as good an approxi-

mation, as can be seen by comparing f ( - ) (T) with g(1)(T) in table 1. 
For this reason, the coordinate functions which involve the hypergeo-
metric functions as well as their derivatives have more important cor-
rection terms and hence require the use of many more terms for the actual 
computations.
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II - COTPUCLON OF A SOLUTION IN HODOQPAPE PLANE 

Transfoxned Differential Equations and. Their Particular Solutions 

Let u and. v be the velocity components of a two—dimensional flow, 
parallel respectively to the x— and. the y—axis of a Cartesian system. In 
the case of steadr, irrotational, and. isentropic motion of an inviscici, 
nonconducting, and compressible fluid, the Eulerian equations can be inte-
grated. to give the pressure p, the density p, or the sonic speed c 
in teiiw of the flow speed. q:

(1) 

PPo(1_ 7 2 ) 7	 (2) 

c2=co2_7;'q2 }

	

(3) 

=	 + V2 

where p0, p0, and c0 denote respectively the values of p, p, and. c 

at the staation point, and. y is the ratio of the specific heats of 
the gas. Fu.rthei'aore, because of the kinematic conditions, there exist a 
velocity potential p and stream function 4 defined by 

	

=	 1
(1) 

	

V =	 J 
pu = Po*y 1

(5) 
pV = Po*x 

where the subscripts indicate the partial derivatives.
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By use of equations (1) and (5), the partial derivatives in the 
expressions for dp and. d* can be eliminated so that dp and. d 
can be expressed linearly in tenns of dx and dy or dx and. d.y can 
be expressed linearly in tenne of dp and. dir. Furthermore, if the 
Jacobian function	 is finite and. nonvanishin€, the correspondence 
between the physical xy— and. the hodoaph ub—plane is 1 to 1. Under 
this condition, by regardi.n€ u and. v as independent variables, the 
relations connecting the differentials yield the foflovin€ equalities: 

Xe = (cos ece -?	
er9)	 (6) 

+ - cos e$e)	 (7) Ye =(sinece	 p 

and.

x =i(cos e q_ sine*q )	 (8) 

Yq = (sin eq q +	 e*)	 (9) 

where 0 is the inclination of the velocity vector to the x—axis and 
acc ordinly

u = q	 0 

V = q. sin 0 

Finally, the condition of integrability demands that

(10) 

= p0	 (11) 

where M = qjc is the local Mach number. These fundamental systems 
permit the complete determination of the functions p and. . For 
by eliminating, say, cp(q,e), the resultant equation for *(q,6) is
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+ 2(1 - M2)1ee = 0 
\ P cJq pq. 

If r(q,e) is knom, ç(q,e) is determined. unique, aside fron a 
constant determined by equations (10) and (U). 

The particular inte'a1s of equatIon (12) are of the form: 

'4, = *v(q)eiv 

where V is a positive real nuiiber and the function *v(q) satisfies 

—!(1M?) = 0 
dq\p dq / pc 

If the substitutions, according to Chap],ygin, 

= qVp(T) 

and

with.	 = 
2c0 

are made, equation (13) reduces to a familiar hypergeomstric equation 
and FV(T) becnss one of the following integrals: 

P(av,bv;cv;T)

r	 (15) 

q F(l + av - CV, 1 + by - c1,; 2 -. C V; T

9 

(12) 

('3) 

(in) 

when v differs fron an inteer; or 

a, b ; c ; 

ccnT(an,bn;cn; r) log0 T ^	 +	 1] }

	

(16)
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integral defined by •expression (16) was ;found most appropriate Sor these 
particular parexneters a and b. The reason for subtracting 
Cn[*(br) - 4r (c )J F(an, bn; cn;T) from the secoM Integral defined in 
reference 8 is to neutralize the contributioti of the first Integral and 
the d.iscontinuitiescarred by *(bJ, as br Is negative. 

In the following discussIons, the two fundaenta1 solutions of 
equatIon (13) will be denoted by g"F(T) and q'F,(T) when V Is 
not au Integer and. by q'F(T) and q I1F_(T) when v is an integer, 
where F_(T) Is defined by the expression within the bracket in 
expression (16). The nor!nallzation has been chosen for a continuous passage 
of a compressible to an incompressible flow. The nost important property 
of F_(T) from expression (16) is that when n = 1 

P_1(T)	 1	 (22)

For this parameter the first integral reduces to 

F1(T)	 F(1,;2;T)	 [1 - (1 - T )1]	 (23)
(+ 1)i-

The particular Integrals of equation (12) are then given by 

cos qvFv(.r)f81fl	

I	
(21k) 

:sin 
)COSlrve 

j 

when v is not an Integer and by 

qflF(T)08ne 1
sIn 

q(T)CnB .1	
() 

when v .Is an integer n. In addition to these solutions, there are 
two other integrals, each of which is a function of oni..y one variable. 
On assuming r = r(q) or fle), equation (.12) yields 

	

e and I(l._T)f3.L	 (26)



12
	

NACA TN No. llIt7 

Since the particular integrals of *(c.,e) are Imown, those of 
q)(q,e) are shown to be (see append.ix A) 

(i-

when v 18 not an integer and 

(1— T)qflF(T)(T){51flne 

(1 - 

when v is an integer n. Here the functions v(T) and 

for any positive, value of v are defined by 

vv(T) = 2i-	 lO&e TFv(T) 
d-r 

v(r) =	 1og T_V/(T) } 
c1, 

The following expressions corresponding to expression (26) are similarly 
found:

(1 - T) - f(l - T)	 and e	 (30) 

Hydrodynam1c Functions of Incipressible Flows 

By following the procedure adopted in refereiice 8, the analysis 
starts with the functions required in defining an irrotational Incompressible 
flow. In the case of an Incompressible fluid for which the sonic speed is 
infinite, the equations satisfled .by the velocity potential p and the 
stream function r become hainonic. If W0(z0 ) is the complex potential, 
It can be shown that

(27) 

(28) 

(29)
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W0(z 0 ) = q)0 (x0,y0 ) + i 0(X0,y0) with	 = x0 + iy0 	 (31) 

In a simply connected dxmiain, the functions 	 are single—
valued and continuous; q can be many—valued only when the flow is 
now free from circulation l'o 

If w denotes the complex velocity u - iv, it connects with 
W0 (z 0) by

= d.W0(z)	 w(z 0 )	 (32) 
dz0 

This estab1ishe ti'iè relation between the physical and the hodograph 
plane. The inverse transforat1on

= z0(w)
	

(33) 

exists, provided that w'(z 0) 0. This function plays an important role 
in the present scheme of solution and. will be known as the transition 
function. In general, as it is an inverse function, It is not single—
valued, as discussed in reference 8. By Introducing this relation into 
equatIon (31), the complex potential in the hodograph plane is 

W0(w) = cp0(u,v) + ip0(u,v)	 (31i.) 

In case the solution of equation (32) is many—valued, W 0(w) will 
represent only one branch of its many solutions. When the flow is not 
free from circulation, the function w(z 0) will contain I'0 as a 
parameter. This extra tera generally makes the transition function 
z 0 (w) more complex tha.n It would. be if L' vanishes. In practice, the 
complication can be reduced to a certain extent by a linear superposition 
of the two effects such that the transition function becomes 

z = zo(° ) (w) + 9Z ( ' ) (W)	 (35) 

This simplification can be justified as long as the circulation is weak 
so that tenna of higher order may be neglected. With the transition 
function so defined, the complex potential may be, similarly, 

W 0(v) =W0 ( °(v) ^ti0(')()	 (36) 
tt
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Here 0( ° ) () and. W0( ° ) (v) are respectively the transition function 

and coniplex potential for zero circulation; z0(1)(v) .and 

which represent the effect of circulation, are known when W0(w) is 
given. It can be shown that generally W0 ( - ) (v) can be represented by 
vortices and doublets at the singularities of z 0(w). To this order of 

approximation, it is easy to see that the circulation r 0 is correctly 

defined. 

Conversely, when W0(w) is given, z0(v) can be obtained by 
integration:

z0(w) =IWot(w) ! + Constant	 (37) 

which, in fact, is equivalent to equation (32). 

Construction of a Syietric Solution about the Origin 

Fr the considerations of reference 8, if the flow about a 
synnetric bo&y placed at the origin of the r—plane is mapped onto the 
hodograph plane, the whole laft—half plane, exterior to the body, will 
correspond to a region in the hodograph plane, of which the point 
w = U, U being the modulus of w at infinity of the z0—plane, is, 
a singularity. Then the domain within the circle lvi = U is single—
valued and. regular. If the ccauplex potential W0(w) is associated with 
a definite flow in the z0—plane, it must be analytic and regular within 
lvi = U. Consequently, it has the Taylor expansion: 

W0(w) =_Anwhl , jv <U	 (38) 

where the coefficients A11 are, in general, ccznplex. If the body 

is syetrical with respect to both coordinate axes, then the coefficients 
are real. Separating Into real and imaginary parts yields, according to 
eqation(3l#.),

0(q,e) =	 Aq'	 n	

q <i 

ç0(q,e) = _	 qfl cos n	 (ho) 
0
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where w = qe_	 end A1 = 0 because w'(z0) 0 at w = 0. Fr 

now on, z 0, w, p, and. p are nonnaiized in teims of a, U, p0 , and 

p0., respectively,. Then ci. = 1 at infinity, and. p and. p viii be 
unity at w.=0. 

According to Chaplygin's prtedure, the corresponding solutions 
for the. cnpressib1e fluid can be obtained by sinip2j replacing the 

ftnction qr in equations (39) and (ho) by q' (" ) (T) and. 

(i -	 respectively, as shown by expressions (25) and. (28). 

The second. integrals are excluded by the condition of regularity at 
q = 0. Thus the following equations are obtained: 

(q,e) =i A"F(T) sin nB	 (1l) 

q<Zl 

(q,9) = - (1 - TY>I q(r)(T)(T) cos ne + Constant (12) 
where

______ = P(a,b;c;T) 	
()) 

Fn( T1)	 F(5.,bn;cn;Ti) 

arid. T 1 = ._ !t, that is, r 1 corresponds to the free—etream velocity U. 

It is seen that if c 0 - , then both i- and. i tend. to zero and. 

- 1. Thus, the solutions are reduced to the incompressible form. 

Furthermore, if q - 1, the character of the solution is exactly like 
that of the incompressible solution. Hence aU the specified conditions 
are satisfied. It must be remembered. that these conditions are valid. only 
for subsonic flows, and for this reason 1 is restricted to the subsonic 

region. 

The series (equation ( li-i)) constructed.. in this manner is actually 
convergent and represents the function 	 q,O) within the circle of 
convergence q. = 1 (reference 8). 

Analytic Continuation of Solution (Branch Point of Order 1) 

In this section, it is proposed. to continue the solutions 4r and. cp, 
represented. respectively by equations (tl) and ( li.2), analytically outside
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the domain lvi , 1. The domain outside lvi 1 is generally many—
valued. In order to be precise, let It be a branch point of order 1. 
Generally, the function W0(w) has other singularities in addition to 
the one at w = 1. However, such singularities lie outside the domain 
of interest and thus need not be investigated. Let the nearest singularity 
be given by v = V > 1. Then, the domain to be considered outside 
lvi = 1 is an amiulua with a cut joining the two singularities. The 
proper representation of W 0(w) in such a region which has a branch 
point of order 1 at w = 1 is

1 
W0(w) = iv 2 W0*(v)
	

()41) 

where W0*(w) is single—valued and regular within the open annulus 
1<	 <V. Hence, in any closed domain 1 +	 lvi ^V - ,'	 being
a positive value, there exists a uniforaly and. absolutely convergent 
series:

	

Wo* (w) = >1 (B*wt1 + *%f_-n)	 (5) 

which, on substituting in equation (4 1i), vii]. give the continuation of the 
Taylor series (equation (38)). This is 

Wo(v)=i>I(BnwV+Cnv••V)	 l<Ivi<V	 (16) 

where the constants B and. Cn are real because of symmetry of the 
body and V = n + , n being a positive integer. 

In order to continue the, solution of *(q,O) outside the circle 
q = 1, two alternatives are encountered. Suppose, first, that the' 
character of ' the singularities of ir0(q,e) defined by equation (39) is 
uxmiodified by the hypergeometric functions. Then the solution for the 
compressible fluid, valid in the annulus 1 < lvi <V, can be obtained 
by introducing the proper hypergeometric functions corresponding to the 
parameter V. The continued solution would be 

r(q,e)	 [flqvFV(r)(T) + flq F(r)(T) 
] 

cos vO	 1 < q< V (7) 
0 

where
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Fv(T) = Fv(T) 

F(Tl)
(l8) 

•F_(T) 
F_ (Ti) 

Here F(,-) and. q''F....(T) are respectively the first and. second. 

integrals of the hypergeometric equation; B and. C are constants. 
It may be added. that the coefficients B ansi C are not the same as 

those.in equation ( ui6) for theincompressible flow but should. be 
deteimined by the conditions of continuity. 

Since the partial differential equation considered here is of the 
second. order, in order to ensure that *0 (q,e) is the analytic 

continuation of	 (q,e), two conditions must be satisfied at the 

boundáiy of the respective regions of convergence, tMt is, the circle 
q = 1. The two conditions are as follows: 

= 
out(0)	 (19) 

q=l	 q=l 

1(q,e) 
L=1 =	 Vout(q,e) 1ql	 (50) 

It should be noted that the condition (equation (1.9)) in this particular 

case is identical with	 1(q,e) 
Iq 1 =
	 0(q,6) Iq	 and that the 

values taken on the circle of convergence are the limiting values if such 
limit exists in each case. These conditions would be sufficient to 
detex,nlne both	 and	 . However, the solution constructed. by this 

method suffers serious distortion because, even though the values, 
say, $ and $tD agree on the circle q = 1, the tangent of 4 , = Constant 

on q = 1 deviates from that of 	 = Constant. This, of course, will 

affect the character of the function 4r 0(q,e). 1f W0(w) is defined by 

equation (38), the question arises as to the singularity after the coeffi-
cients are multiplied by the proper hypergeometric functions. The exact 
answer to this question has not been attempted, but a rough estimation 
given under theorem 1 seems sufficient for the present discussion. 

Theorem 1.— A given Tay1or expansion such as equation (38), which 
has a singularity at w = 1, is modified by multiplying its coefficients
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- 
_(T1) ({[T1_ n_n(T1)] 

-.	 (T1)]	 } - 2(T1))	 (s). 

=	 1	 (I [(T1) - n(T1)] 
'	 (T).) - _] i) \ 0 

L 

+	
- n() ]
	

- 2(T1))	 (55) 

where the deteiminant n( 11 -	 0. It is observed. that, as 

4 0, D 4 0 and. A -* A. Consequently, Chaplygin's condition is 
again satisfied.. Purthenuore, D = 0 also for y = -1. In that 
event, the compressible and. incompressible flows will have the same 
singularities. 

The solution is foza1. In order toprove that the function *(q,e) 
represented by equations (ki) and (51) is regular in the respective 
domaIns of validity, the truth of the following theorem must first b 
demonstrated. 

Theorem 2.- If the constants A and.. D are defined by equations (31i-) 

and. (55), respectively, and if the series (equations (38) and. ().6)) 
converge unifonnly and. absolutely in the danains specified, the series 
(equation ( ) i)) with coefficients A and. equation (31) are uni foruly 
and absolutely convergent in the corresponding dmialns (appendix E). 

With r(q,e) so determined, the velocIty potential, as given in the 
section entitled "Transformed Differential Equations and Their Particular 
Solutions," is 

q(q,O) -(1 - TY1T 1qFfl(T)(T) cos n + Constant	 (56) 
2 

and
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Here the constants A(-), 	 (1), c ( ' ) , and. D ( ') characterize the 
strength of the vortices and doublets and are determined by the conditions 
of continuity at q = 1. Generally P(q,O) is a. polynciiial and is 

introduced, to add to 	 a mixed smnetry. The number of terms 
required is, frcmi cause to effect, unknown and may be different for 
different bodies. In the present case, only one tern taken for 
simplicity. On assuming that every series converges uniformly and' 
absolutely in the respective domain of validity and tends to a definite 
limit as q - 1, the conditions of continuity at q = 1 are 

f[ Afl 1)rfl (T l) + Cn(')F_n(Tl) C0S	 =—A0'

0 < 0 < 2ir 

[(l)Ffl(T1) fl(T1) + cn(1')F_fl(T1)_(Tl)] cos nB = 0 

and

t [Bfl( 1 )Ffl(r1) - n( '_n(T 1)] cos	 =

o < e .< 2ir 

çi
	 [Bfl l F(Tl)(Tl) - D	 F (T l)	 (Ti)] cos no =	 (l)(i - 

By the uniqueness theorem of expansion, since 

Icoene=—	 O<9<2ir 

it follows that

+ C(')F_(T1) = 2A0(1) 

p(1)p('r1)(T1) + c('1)F_(T1)_(T1) = 0 

and
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B(1)F(T1) - D( 1)F(T) = 0 

- Dn(1)F ( T l)Ln( T 1) = (i - Tl)BO(l) 

The solutions are, respective],y: 

n 
A	 = _A0 ( l) ( 1 - T1)F_(T1)_(T1) } 

(1) = A0'(l - cn

B(1) = B0(1) p...(Tl) 
n

'I. 

D (1) = B (1) Fn(T1) 
n	 0 n 

From theorem 2, it can easily be shown that p(1)(q,o) so defined is, 
as assumed, unifori1.y andabsolutely convergent in any closed domain in 

q < 1 and 1 < q <V and. that * l) (q, 0) = 0 when q = 0. Furthermore, 

the arbitrary constants A0( 1), B0 ( 2), 8jij	 (1) are to be determuined

by the auxiliary conditions. In the first place, the condition that 
dx = d.y = 0 at q = 0 deniands that 

_A1( 1) + B1 ( 1 ) = 0 

which leads, because of expression (22), to 

= (1 - Tl)3o (
	

-	 (69) 

In case there is no staation point, such as in the case of a body with 
a sharp trailing edge, this condition is a.in to be satisfied in order 
to avoid the multiplicities in x and y. The remaining two constants, 

namely, B0(1) and C 0(l), will be determn.ined. by the condition of 

synmietry and will be discussed under Determaination of Integration Constants. 

27 

(67)

(68)
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Similarly, the function ç(q,e) is 

	

cp(q,e) = cp°(ci,e) +	 ,(])(q.,e)	
(70) 

Here the function cp(°)(q,e) Is given by equations (56) aM (57), aM 
for q < 1, is 

(l)(q,e) = (1 - ')	 I. ii	 sin nB + Q(q,6)	 + A0 (71) 
Ico	

] •	 L2 

and, for l<q<V, is 

)e) =	 - T)_P{B0( 1 )	 F (1)q%(T)(T) 

.1 L 

+ 6n	 4T)_n] sin ne 

+	

- B0( 1)( + 6)	 (72) 

where

Q =	 (1)2p2(T)2(7) COB 26 

(i) B (l) [	 (Ti) +!]F. (T1) ^Ao(1)(1_)(l)fl 
—n

(73) 
1 = 

	

( 1) =	 + ] F(T) 

The velocity potential thus gives, by definition, a circulation r: 

	

r =	 dp =	 (74) 

where the integral is taken, in clockwise direction, about the branch 
point in two ccnplete circuits.
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Here, since B1( 1) = 0, the teins for n = 1 again contribute no d.iff i-
culty. The constants of 1nte'ation in equations (83) and. (87) are left 
out because they can be incorporated in equations (75) and. (77), 
respectively.

Detennination of Integration Constants 

• Consider first the case when the flow is symmetrical. The transition 
functions x(cl, e) and. y(q,e) for such a flow are given respectively by 
equations (75) and (76) for q < 1 and. by equations (77) and (78) for 
1 <q < V, involving four arbitrary constants. Of these four constants, 
x0 and	 can be chosen arbitrarily by tmns].ating the coordinate 

axes. Indeed, because of symmetry, it is preferable to choose 

x t (q,9) = 0	 for q =	 and. e = o	 (89) 

and.

Yin (q.,9) =.O 	 for ' q, = 0	 (90) 

whence

(l_TU)_{fl2 

+qIJ1F_flM(TU)] +}

	
(91) 

= 0	 (92) 

where qj denotes the flaw speed on the upper surface at the midsection of 
the bo&y. Then X0t depends	 and. tends to zero with 	 . 

The other two constants can now be &eteinined by the condition of 
continuity at q. = 1, namely, 

x1 (1,e) = x0(1,e)
	

(93) 

0 <e <2 
y 1 (1,e) = y0(l,e)
	

(911•)
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Since both limits exist, the integration of the identities yields 

(1 - T) -

	
V	 + cL(Tl)] 

1 .1	 +	 1 1 
L(v - i)2 (v+1) 2 ] 2n	

L0	

1. 1	 1 
+	 v(B + c) 

[(v - 1) 2 - (v + 1)2] j + 1out	 (95) 
0

= 0	 (96) 

	

The fact that	 = 0 is the consequence of y(q,6) = —y(q,2i - 0);
2Xj will be defined as the chord of the bo&y. 

For the flow with circulation, according to the preceding section, 
there are six constants instead of four. Let those four arising from 
integration be considered first. Corresponding to equations (89) and (90) 
the following equations may be chosen: 

fl.j = (1- TU) 5	 2	 DnQiP_n(TU) [nLn TU + i] 

r 

	

+	 - Px(J o)}	 -	 (97) 

= 0	 (98) 

Then the condition of continuity at q = 1 gives 

= Li_- T) 	
v[(T1) + Cnv(Ti)]	 - i)2 + (v + 1)2] 2ir

____ 1 1	 _________ +	 v(	 + c) [(v - 1)2 - (v + 1)2]} + x(o)	 (99) 
0

yj(1) = _B0(1) +	 (i)	 (100) F1(i1)V
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In order to derive the second teiii in equation (100), use has been made 
of the fact that F1(T) - F1, 1(T) = (1 - T), which is just the 

Wronakian of the particular integrals of the hypergeuetric equation 
for n=1. 

The arbitrary constants B0(1) and c0( 1 ). , on the other hand, 
are d.eterained by an entirely different consideration. The fact that 
B0(1) and c0( 1) are different fran unity end zero, respectively, as 
they would. be if T1 tends to zero Is due to the fact that the distortion 
produced by compresslbillty is nonunifora at the surfaces of the body. 
In order to correct this, defect completely, a more elaborate method. 
would have been required. For the present simple investigation in which 
symmetry is not strictly satisfied even in the limiting case of zero 
Mach number, 'the condition of symiietry wIU be applied to only a few 
selected points. First, let it be required. that 

xo (q: j,0) =0
(101) 

= U	
J 

where q stands for the flow speed on the lower surface at the mid-
section of the body. These two equations deteimine uniquely C 0 , 
namely,

, (1) = -	 -	 (102) 
6it °	 e2(qj) - e2(q) 

where

'-13	 -.	 - = l - T1	 " Dq _( T )(nL + 1) + D0	 (103) 
q	 1 fl —1 

e 2(q)= (i - T )qF2(T) [ 2 2( T ) + 1]	 (ion) 

The value of	 (l) becnea zero with Ti for D - 0 as T1 - 0, as
defined in equation (55). 

The maximum distortion with respect tO the y-axis will occur at the 
midsection. If the required body Is assumed to be syrtmietrical, that Is,
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III - IMPROVEMENT OF CONVXENCE OF SOUJTION BY ASYMPTOTIC 

PROPERTflE OF EfPEPGEOME'rBIC J1WTIO1S 

Transformation of Stream Function 4r(q,9) 

The stream function *(q,e) for a flow which was derived. from 

0(q.,e) with a branch point of order 1 has been given. The form of 
representation is not, in general, suitable for practical calculation. 
The difficulty is twofold.: First, the series involves an infinite number 
of hypergemietric functions which are, in turn, defined as infinite 
series. The convergence of the hypergeoinatric series in this particular 
instance decreases with increase of the parameter .v • This means that the 
computation for the later terms of the series for • *(q,e) will be 
increasingly laborious. Second, the convergence of the power series 
defining the function : *(q.,e) is, as expected., very slow in the neighbor .-
hood. of the circle of convergence. In order to render the method. of any 
practical value, the task of transforming the series in'to a more rapidly 
convergent one is encountered.. For this purpose the following procedure 
is adopted.. 

The stream Thnctlon P0(q,e) for the similar.incompressible flow 

is (see section entitled. "Construction of a Synnetric Solution about the 
Origintt)

=	 sin n	 q• < 1 

which is absolutely end. uhifoimlyconvergent in any closed domain in 
q < 1. Then it can justly be thought of as representing not merely a 
regular but a closed function. In doing this, of course, a large class 
of problems is autcmmtioally eliminated and. those cases are then 
considered in which simple representation of both ç 0(q.,e) and. *0(q.,e) 

exists. This is justified on.ly by the mounting difficulties faced in 
carrying out such a detailed investigation. 

It is thus observed that the difference between the stream functions 
4'(q,e) aM *0(q.,e) lies only in the appearance, in the former, of the 

hypergeometric functions. If, however, approximation is allowed, then, 
according to expressIon (223), first let F(T) be substituted. by Its 

asymptotic expression, namely, 

	

Fn(T) f[TLtfl(T) [1 + o()]	 n> N	 (107) 
f(T1)



r(q,o)	
f(T)	 (qt,e)
f(T 1,)

(109) 

NPLCA TN No. 1t5 

where t(-r) = T(T • Here .the term involving ( 1) (T-) << 1. 
T(T1) 

neglected. F[irthenuore, as will be shown in equation (159), 
order of approximation, the coefficient A can,be written as

37 

has been 

to. the: same 

A +.o()
	

n>N	 '(108) 

By substituting the approximate values: in equation.(41) it can be shown 
that

That is, to this order of approximation the powerseries. representing 
the strewn function 4r(q . , o) can besuxied' and is given by expression (109). 

As was shown in reference 8, the asymptotic representation is valid 
only when the parameter n is. large. Namely, during the suation of 
expression (109) the value neglected.becomes smaller as n increases and 
approaches zero as n tends to infinity.. Tills. c one entrati on - of errors 
in the lower-order tense. makes : it especially easy to- apply the correction 
if high accuracy is required. In doing this, the quantity. given by 
expression ( 109) can be added and, at the same time,, subtracted from 
*(q,0). Then a . simple manipulation shows.that 

where 

with

11 = F('r)M +	 F('r) 
f( T1)T1(T1) 

*(q,,e) =: 1(q,O) +i2(q,O) 

= fo(qt,O) 

=	 G(T)q'sin-nO

(110) 

(ill.) 

q.<l	 (112) 

(113) 

F('r1 )	 f('r1)T"(71) 

AF(T)	 F1(T)	 f(T)T(T)

(1i1)
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Here n Is a positive Integer. The stream functIon *(q,e) Is then 
represented by the sum of two functions jr1(q,e) and Pp(q,9). Of 

these, 4r1(q,e) Is of àlosed. form, which differafrom $0 (q,O) only 

by a change of scale of 
q, and. 4r 2(q,6) Is a d.iffèrence of two absolutely 

and uniformly convergent series and. hence Is absolutely and. uniformly 
convergent. In fact, accordling to expressions. (107) aM (108), %(r) 

Is of order .Thtn1(T); the convergence of (q,e) is therefore Increased. 

by 1/n. This actually is the gist of the whole problem. 

In the annulus region 3. <q <V; on the other hand, the stream 
function ip0(q,e) is represented. by 

0(q,9) =	 (Bq" + cn ")	 Ve 

and. thó stream function (q,e) of the compressible flow Is 

(q,e) =	 [vF(r)() + cqFU(T)] co 

- + 0 (1r - 0) + ED -nF (r )( T ) sin nO 
1 

where B and are assumed to be given by 4r0(q,e), and FV(')(T) 

stands for the ratio of Fv(T) to Fv(T1). 
In this region, the hyper'—

geometric functions will be of mixed. character. If the critical point 

Tc 
=	 1	 Is not reached., they are of exponential type; beyond this 
2+1 

point they will change over into oscillatory type. If TC lies in the 
range 1 < q <V, the singularity of the asymptotic expansions of the 
hypergeometric functions will certainly be found inside the domain In 
question. If this neighborhood. is excluded. and. the hypergeonietric functions 
are first substituted. by their asym.ptotIc fordns given in expressions (223) 
and (221;.), It can similarly be shown. that, for T1 < i < 2 

= *l( q,O) + *2( q, e ) + 'dr 3(q,e)	 (115) 

where

= fT1) 
0(q,e) 

*2(q, e ) = >	
[B.(T)q" + C1,,(T)q' 

J 
cos vO	 (116) 

0
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*3(q,e) =	 - e) +	 DqF()(T) sin nO 

1 
H.,(T) = Pv(T)1v(T1) +	 V 

f(T1)T (T1) 

H_v( T) = F_v(T)iiF_v(Tl) 	
1 

+
r( Tl)jrV (T)

and

(117)

(118) 

with

= 1	 - -	 1 

FV(-rl)	 r(Tl)Tv(i-l) 

= Fv(T) - f(T)TV(T) 

In equation (115) 4r1(q,9) again represents a closed. function 

4r0(qt,O), and *'2(q,9), an absolutei.y and. unifoiüy convergent series 

with improved, convergence. The fact that 4r 3(q,e) is not summed. is due 
•to the fact that D is of inferior order as comnared. with An. Even 
though Dn decreases as 1/n, 4s 3(q,e) will require fewer terms than 

'2(q,	 although its coefficients behave like _3/2 (provided that 

the flow *0 (x0 ,y0 ) is of the nature of 'a dot'blet). Here the ñ'nctions 

Hv(T) are so defined. that the functions of i and those of t are 

separated. so as to make possible the tabulation of iFv(T) arid. LSF,(r). 

In the region	 1 < T <1, on the other hand., Fv( T ) and. 
23 + 1 

F ( T ) are replaced respectively by 

f(T)TV ( T) cos (v - 

. f(r)T 41 (i) cos (v0 + ) 1. 

where f(T), T(-r), and w(T) are given in table 1• The factor 1/2 
is introduced. before the first expression for symmetry. By writing
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2 cos vu cos (v -	 =	 (cos v + cos Vi1 + sin v - sin Vi) 

2 coo vu coo (vw +	 =	 (coo v + coo vy - sin v + sin VTI) 

with

=e+	 1
(119) 

=O—w j 
the following expression, corresponding to equation (iii), is obtained. 

(q,O)	
f(T) 

2/2f(T1) 

[vo (x2 ) + 0(x,) + Po() - 

where X is a constant defined by 

2'2	 1 
x =	 -'	 -	 > 1	 (120) 

(1 + )(2 Tl ) h/2 T(T1) 

as from equation (228) qt = W if	 1 < -r < 1. The constant X 
2+1 

then is a function of the free—stream Mach number and the characteristic 
constant of the gas but independent of the shaDe of the body. By 
eliminating the error introduced during sunmiation, the stream function 
(q,6) in the supersonic range 2	 -r < 1 is 

= 1(q,e) + 1112(q,O) ^ *3(q,e) 

where 

	

1 (q,O) = 2/2 '() [ 0(x) ^ *0(x,) + 0(x,) -	 ()]	 (121) f(T1)

I [ BH(T)q" ± Cn (r)q" ] coo vu	 (122) 

Here	 3(q,O) is given by equation (13.7) and E(T) and }I,(r), by 
equation (118), except that AFV T ) and.	 _v(T) are defined by
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tF (T) = F (T) - _lf(T)T±V cos (vw ; .
	

(123) 2 

Unlike the previous calculations, II(T) in equation (122) is not 
of the order of l/v, owing to the presence of 1/2 in front of 

V	 /	 it f(T)T cos Lvu -	 This, however, does not introduce a serious 
objection, as the series in which it appears now behaves like BXV, which, 
according to equation (120) (x > 1), converges more rapidly than 
in 4v0(q,o). 

In the hyperbolic dcmain, moreover, the function *1(q.;O) depends, 
aside from a factor f(T), only on the two independent families of the 
characteristic parameters 	 and r defined by equation (119). This 
result is most striking, as it shows that the main part of the solution 
satisfies the simple wave equation and. thus clearly demonstrates its 
hyperbolic character. With both the incompressible stream function 
and the incompressible veloc±ty potential ç 0 (cj,e) appearing in the 
solution, it is impossible to establish a simple relation between the 
incompressible streamlines and. the compressible treamlines. Since such 
a simple relation is the foundation of the so—called. speed correction 
formula for a quick estimation of velocity distribution in compressible flow 
from that of incompressible flow over the same body, this idea cannot be 
extended to supersonic regions. On the other hand, this also indicates 
that, although the differential equation for i(q,O) is hyperbolic in 
the supersonic range, it cannot be reduced to the simple wave equation 
by a mere distortion of the speed scale as given by the function w(T). 
For if this were the case, then 1(q,O) would constitute an exact solution 
without the additional 2(c,). This fact is all the more important as 
the additional 'iV2(q,e) is not small in comparison with 4 '1(q,e) for the 
mixed subsonic and supersonic flows, especially for the transitional 
region near the sonic velocity. However, in the case of pure supersonic 
flow, 2(q,e) might be small; then t 1(q,e) alone may be used as a 
satisfactory approximation. 

Transformation of Coordinate Functions x(q,e) arid y(q,e) 

From equations (75) aM (76) it is seen that th coefficients of the 
series defining the coordinate functions x(ci3O) and y(q,e) are of 
the same order of maitude as those of the series for the stream function 
lt(q,e) (equation (1i)). By analor with the preceding section the first—
order terms in both x and y can be similarly summed. First, let 
them be written, for q < 1, as
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Again x2(q,O) and y 2 (q.,e) are defined. by equations (i4) and (15), 
but the differences of the hypergeanietric functions involved in H±(r) 
and H:i;V , i( i- ) are now 

'±v( T ) = 
Fjv(T) - f(T) T±V	 (vw ;

2 + 1 < < 

= F±v,l(T) - 
g(, 'ri" cos (vw 

Im:provement of Convergence of A, D, and 

As seen from part II, as soon as the function 4'0 (q,6) Is specified, 
the coefficients of the inside and outside series can be chosen so as to 
nake the conditions of otInuity sufficient for the sets of unimown 
constants, for example, An and D, to be detenined. Inasmuch as the 
conditions are applied, at the circle of convergence, It is generally very 
tedious to evaluate A and D from the slowly convergent series 
(equations (5)4 ) and (55)) when Bn and C are given. In order to bring 
these expressions to manageable fomis, the following procedure can be 
used.

By considering the function *0(q,e) the following identities 
(appendix F) for n> 1 can be deduced. without difficulty 

An = >1 (B+ C)Ip ,	 ( '53) 'to 

hAn =	 (Bm - Cm)1n41	 (l5b) 

(155) 
7t 0 

Furthermore, the suni on the right—hand side of the second expression of 
equatIon (52) can be written as
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IV - kPPIJCP1TION TO CASE OF ElLIPTIC CYLINDER 

The Functions z 0(w), W0(w), and A(w) 

An irrotational flow of an inconrpressible fluid about an elliptic 
cylinder with a circulation r 0 is represented by the complex potential 
W0(zo).

W0(zo)

	

	 with z0 =	 (i61)
2it 

where the flow at infinity is assumed to be parallel to the major axis 
of the cylinder. aere all the quantities have been rendered dimensionless 
by normalizing	 by a length a and W0(zo), by Ua. Then the major 
and minor axes are, respectively, 1 + € 2 and 1 - € 2, where € 2 < • 

By differentiating equation (i6li.) with respect to z0 , the dimension-
less complex velocity of the flow is obtained., nieJr, 

w 2 ^	 - 1 

the inverse solution of which is 

+ I ( j - w)(l - €)	
02ll/2 

2	 L	 - 
2(l—w)

UI 

(165) 

This Thnctlon is two—valued with two simple branch points at w 1 + o(r02) 

anti. w = —2 + o(r02 ), namely, V =	 + o(r02 ). (See section entitled 

"Analytic Continuation of Solution (Branch Point of Order 1).") The principal 
value may be defined by the convention that -it <arg (1 - w) < it 

and. 1< IwI < 2 with a cut joining the two branch points. With the 
principal value so chosen, the domain wherein the real part of z0 is 
less than or equal to 0, excluding the interior of the body, corresponds 
uniquely to the hod.ograph given by W(z 0 )- or, conversely, on account of 
syimuetry, the domain wherein the real part of z0 Is greater than or 
equal to 0 will correspond to the second branch of the function (w). 

By substituting (w) in equations (165) and (16!t), an expansion 

regarding	 as a small parameter gives in accordance with equatIons (35) 
and (36), provided, that	 <<1,
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ZO°(W)	
[(i_€;)1/2 + E2(1)/]	 (166) 

= - [(1_E;) 
1/2 ^ (1__€) 1/2]
	 (167) 

I'	 2\ 
z 0t') (w) = —i(	 -	 E 

2	 (168) 
\1—W 1—e-w/ 

W( 1)(w) =1	 + 10 (i w)	 - log (1— €2w) 

- 2iri]	 (169) 

The ñ.nc tions z o) (w) and. 0( o) (w) are the transition func ti on and. 
the inp1x potential, respectively, for zero circulation (compare 

refereie 1),; and. z0(1)(w) and. w0 ( 1)(w) represent the first—order 
critr1butions, due to circulation, to z 0(w) and W0(w), respectively. 
On 'separating into real and. imagi 	 parts, it was found that from 

nd. W0 ( °(w) there result 

-	 + JM] 1/2 + €2[ + J1(qe)]1/2} (170) 

= *	 I() +	 e)]1/2 
E2 [_i€ 

+ J_1(qe)]l/2} (171) 

and. 

( 0 ( 0 )(q,O) =_{[I(e) + J(qe)]1/2	
[ 

+ 1(,o)jl/2} 

[_I(q,e) + J_1(e)]1/2}(l) 

where

(172) 

-.	
{ [- I(,e) + j(q,9)]1/2 

I(q8) 
= 1 - (1 + € 2 )q cos ü ^€2q2	 (1714) 

1-2qcose+q
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=	 - 2Eq. cos 0 + E1q.2)h/2 + 1 -	 cos °1 1/2	 (185) 

1/2	 11/2 
r(q,o)	 [(i —.2q COB & + q 2 )	 - 1 + q cos Oj	 (186) 

b21/2	 2	 11/2 

	

6 (q,0) = [(i. - 2€2q 005 0 + €	 )	 - 1 + € q COB 6J	 (187) 

Expansions of W0(v) and z0(w)

As the domain considered is ccmiplex and has two singularities at 
v = 1 and w =	 the ruriction w0(°)(w) defined by eq.uation (167) is 
single—valued and continuous in	 < 1 but is discontinuous across the 
cut in 1 < Jw < 6 2 . The expansions, as shown in reference 8, are 

W0 ( ° ) (v)	 w	 1	 (188) 

and.

= i	 (Bwv + Cw_V)	 1< 11< 
—2	

(189) 

where the coefficients are all real and are defined by 

=	 (i) - (1 + 6 2 )S ..1 ( i	 n > 1	 (190) 

	

A0 =	 (i) = 2 

A1 .= 0

(191) n	
jr'(n—m+l)r(m^1) 

with 

and

B = [2E	 (o) - (i + 62)8(0)] E	 (192) n+l
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=	 (qV + Cq) cos VO 1< q <e 2	 (200) 

Similarly, from W0(1)(w), the result is 

q 0 ( l )(q, e) =	 ()qn sin nA - 2ir 	 (201) 

q<1 

u1r0 ( 1)(q,e) = - jA(l)q] cos nB 	 (202) 

where the coefficient A( 1) 18 given by 

(1) = (_	
- E)	 (203) 

= Ei [B (1)qfl - c(1)q] sin nB - ( + e)	 (2o) 
1-

(1) n	 (1) —ni =	 +	 j cos nB - log0 + 1 (205) 
1 

where

	

(i) = (i
	

(206) 

	

c(1) = i +	 (207) 

The expansion of z 0(w) can be carried out in like manner, but it 
was found simpler to deduce it directly from equation (37). Then, 

corresponding to W0 ( ° ) (w) defined.by equations (188) and (189), 
is

zo°(w)	
nJ	 _(1 + €)	 lvi <1	 (208)
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By taking e =	 and. M1 = 0.60, M1 being the free-stream Mach 

number, the compressible flow without circulation is shown in figures 2 
and. 3 in both the T,6- and. the x,y-planes. The flow is everywhere 
continuous and. the highest Mach number attained, at the central section 
is l.21i. The profile calculated in this case is syimnetrical but is far 
different from the ellipse from which it was derived. The thi.clmess 
ratio is 1:2 as compared with 3:5 of the original elliptic section. The 
lateral distortion thus is much more pronounced than that suffered by the 
longitudinal dimension. The characteristic feature in the case of 
traneonic flows is that the central portion of the derived body where the 
flow is supersonic is always flat in comparison with the original body. 

In order to exhibit the ocinpresslblity effect, the corresponding 
problem of the incompressible flow over the same body must be solved. 
Technically, this does not offer ary difficulty. However, in order to 
simplify the numerical work, an Incompressible flow resulting from a 
superposition of a parallel flow on asource-eink combination has been 
considered. It gives rise to a body which, by adjusting the strength of 
and the distance between the source and sink, approximates closely the 
given body with an error of about 2 or 3 percent. (Compare fig. 3.) 
The pressure distributions over the same body for both compressible and. 
Incompressible fluids are compared in figure Ii-. The results calculated 
according to the Von Káx,nn-Tsien and. the Glauert-Prand.tl foraulas are 
also given. 

The wIde disagreement between the exact and approximate curves 
serves as a proof that in the case of transonic flows the thickness 
effect of the body is no longer secondary and. cannot be iguored entirely, 
as is done in both approximate foraulas. The inunediate cause for these 
discrepancies seems to be the fact that the point of equal pressure on 
the surface of the body in the case of compressible and incompressible 
fluids does not correspond with that of the free-stream pressure. This 
.eviation has, in. fact, been observed even in the case of subsonic flow 

about a Joukowaki airfoil of thickness ratio 0.15 (reference 9). The 
treason is that the flow of a compressible fluid. over a body is partly 
compressive and. partly expansive. By increasing the free-stream Mach 
n'wnber, the speed of the flow in the neighborhood of the stageation 
point tends to decrease and the speed far away from the stageation point, 
that is, in the supersonic region, to increase. The hodograph 
corresponding to the zero streamline then becomes longer and. flatter 
as the free-stream Mach number increases. Consequently, the point of 
intersection of the compressible and, incompressible hodographs will 
shift toward. the small inclination of the velocity vector, that is, 
away from the stageation point. This effect will be more pronounced 
for larger thickness ratio as well as Mach number. 

The general applicability of the Von Kn.n-Tsien foraula has been 
questioned and examined by Telen and. A. Fejer (reference 10) from 
purely geometric considerations, and. the limitations therein raised seem 
to be further substantiated by the present result. The question, 
however, remains to be answered as to whether critical conditions for
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the validity of the Von Kar!nan—Tsier1 theory could be given in terms of 
the thicIess ratio and Mach number. From the practical point of view 
establisl-mient of such cond.Itlons would constitute a result of major 
Importance. 

For the case of circulatory flow, 	 is taken to be 0.05. Here, 

for simplIcIty's sake, A0 ( 1 ) = 1 and. B0(1) = (3• - T1)	 by equation (69), 
so that the circulation of the compressible flow is (1 - 
according to equation (71). The constant c0 ( 1) could have been determlned 
by successive approximations, but in this particular case it is small 
enough to be neglected. The calculated flow pattern is shown in figures 5 
and 6 for both planes,. The body, as expected., is unsymmetrical with a 
negative camber of about 2 percent. The highest Mach number reached 
at the upper surface Is 1.33 and. that at the lower surface is 1.15. 

The lift coefficient Is o.6 corresponding to an angle of attack 
at zero lift of about 2.2°. For comparsion with the case of Incompressible 
flow, the problem is simplified, by considering the Incompressible flow 
over the body resulting from the superposition of a small negative camber 
on a geometrically similar ellipse of thic1iess ratio 1:2. The estimated 
lift coefficient of such a system Is approximately 0.-i-5. The ratio of 
the two coefficients thus is nearly 1.5,-which is much higher than the 
value of 1.25 gIven by the Glauert—Prandtlforaula for the present case. 
Actually, If the oval shape Is considered, the Incompressible value of 
the lift coefficient would have been lower than that obtained, owing to 
the fact that the central flat portion reduces the speed of the flow and 
hence leads to a higher pressure. Thus, the ratio of about 1.5 should 
be regarded as a lower limit. 

Guggenheim Aeronautical Laboratory 
California Institute of Technolor 

Pasadina, Calif., September 5, 191i-6
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APPENDIX A 

PARTICULAR ThTEGRALS OF p(q, e) 

Consider the total differential dp which from equations (10) 
and (ii) is

p0 p0 
dcp=---(i–M2)	 edq+-q4tqde 

If the particular integrals of r are given by the fIrst group of 
expression (21 ), then 

= -	 (1 - )	
(q) 1— sin VO 

p	 coB Vol 

+	 q i [qVF() l T 08 ye1 de 

p	 dq L 

From equation (13)	 (q) can be eliminated as follows.: 

sin VO 
=	 [qvFV(T)V(T)	 _	 dq 

+	 [vp(T)(T)1 

f 
sin ve dO 

e [ p
- cos V 

The integration therefore gives

sin V6 

	

p = E2VFV(T)V(T)f cos 
vol + 

Constant	 (220) 

Similarly, the following equation corresponding to the second group of 
expression (2 J ) is obtained:

[ sin ve p0 
p = —q F (7	 (T) 

L 
cos ve + Constant	 (221)

p
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APPEIWIX B 

PROOF OF TORF24 1 

Comider a small neighborhood. of q = 0 where the hypergeometric 
functions can be accurately represented by 

F(T) = f(T)Tfl( T ) [1 ; 

If the complex potential for the similar incompressible flow is 

IWI<l 

let W(w,T) be a new complex potential such that the stream function 
for the compressible flow is given by 

(q.,e) = 'm [W(w,T)] 

Then W(w,T) must be of the fonn 

F	
(tw)4 lvi <1 W(w,T) 

= - fT) fiZ Afl( t 	 + [f(')(T) - f(l)(Tl)J 
2	 J 

But It Is easily seen that

fltw 
I [wo() +A0] 

.Io 

Therefore, W(w,T) can be represented by two closed functions 

W(w,T) 
= f(T) 1wo() ^ [f1)(T) - f(')(Tl)] ./ [ bo(w ) + A0 	 (222) __	 fltw	

]!} 
uO	 v 

The function represented by the integral, when continued, will give rise 
to a termi log5 tw. No longer Is v = 0 a regular point; the singularity 

must be either at w = 1 or at origin.
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A.PPETDIX C 

ASYME'I'Ofl 'C REPREBEITATION OF P.EREOMETRIC FUNCTIOI 

The asymptotic inteation of the hypergeonatric equation for a large 
positive parameter V has .been discussed. (reference 8). It was shown 
that its solutions under this condition are of the exponential type when the 

variable V is in the Interval S T	 1 - , where S > 0, and of 
213 + 1 

the oscillatory type when i- is in the interval	 1	 + 5 ^. T ^ 1 - 5. 
213 + 1 

The point T = 1	 Is a singularity. Thus, to the first approximation, 
213+1 

the hypergeetric functions for the interval are 

Fv(T) - f(T)TV (T ) Ii ^ o)l [	 \v] 
F_v(T) - f(T)(T)	 + o()]	 v >N 

where

	

f(T) = (i -
	 - 

1/2	 2 i/21a 

T(T) 
=	 2	 [(i - T)	 + (i - T)	 J 

	

(1 + a.) ( -	 1/2 1 T)	 + (i -

(223) 

(22b) 

(225) 

Here o() in each case denotes the fact that the term is uniformly of 

the order of 1/V when V is sufficiently large and is a function of 1/v. 

For the Interval 213	 <r <1, the hypergeometric functions are 

F(T) - f(T)TV(T) cos (v - ) [1 + 

F (T) !f(T)T_V(T) cos (w +	 + o()] 
-V

(226)

(227)  

where
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f(T) = 2(1 T) a /(a2T -

(228) 

T(T) = 2(213) 
(1+ a)ct 

CD ( T) = a tan I	 1 - tn \j aT_T l	 (229) 

The values of f(T), T(T), and. cr(T) are given in table 1. Here 
the parameter V may be any positive large number. When it 18 a large 
positive integer, these forniulas will automatically represent the 
hypergeometric functions defined by expression (16). 

In the respective domains of validity, the asymptotic expansions 
may be differentiated. with respect to T• To the same order of approxi-
mation, it can be shown that for V > N In the interval 

Fv,1(T)	 g(T)TV(T) [1 + 

F_v , l( T )	 g(T)T(T) [1 + 

where

2f(T) g(T) = (
i - T)[l + o(T)J 

Ii__-ct6 
= \! l—T 

and. in the interval	 1 ( T < 1 
2 + 1

(230)

(231) 

(232) 

	

Fv,i(T)	 g(T)TV(T) COB (v -	 +
	

(233) 

	

F_v,l(T) -	 (T)(T) cos (vCD + °+ ) [i +
	

(2314)
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where

q(T) =	 2f(,-.) 
V2j3T(1...T) 

_____	 (235) 

°(T) =coe_l\firT 
\j23T 

Here Fv,i(T) and F_ , i( -r ) represent respectively the functions 
F(a + 1, b., + 1; c + 1; T) and F(l + av - c j + 1, 3. + by - C + 1; 
2 - cv + 1; T). When v takes integral values n, expressions (231) 
and. (231) will represent asymptotically F_ ,1(r). The values of g(T) 

and I1° (T) are given in table 1. 

In practice, a more accurate representation, for the functions F (T) 
and. F(T) and their derivatives is often required, especially in the 

interval 0 ^T <	 . The fact that this is the case is quite evident 
2+l 

in part III. In order to carry the approximation to the second order, 
according to the method. given in reference 8, a simple evaluation gives 

Fv(T)	 r(T)TV(T) 11 + f(1)(T) + o( l.	 (236) 

	

L	 'i
0^T<	 L 

F (T)	 f(T)V(T) 11 - f(l)(T) +	
2 + 1 

(237) 
-	 L	 v 

where 

f(1)(T) 
= 1 I a2 ( a2 + 2)	 ____________ 

16L	

(1—	 -	
1og (1_T2_

p) 
a	 a—i 

+ 6 + 1 (a_i - 
i) +	 (1 - o 3 )]	 (238) 33	 \ 

Similarly, by differentiation with respect to T of expressions (236) 
and. (237), the following expressions are obtained:
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Fv , i( T )	 s(T)TV(T)	
g(l)	

+	 (239) 

0^T< 1 
2 + 1 

_s()(T) [
	

+ o(]	 (2o) 

where

= f( 1 )( T +	 (1 +	 - o2)	 (21) 

By cnparison of the values of f(l)(T) and. g(1)(T), the first approxi--
mation of Fv(T) arid. F_(T) is seen to be superior to that of F1(r) 
and. F_,l(T).. The values f(l)(T) and. g(1)(T) are given in'table.L 

For y = l. 1t05 and. V = n + 1/2 and. V = n, n being a positive 
Integer, the two groups of functions Fv( T ), F_v(T) and. 

F_v, i( T) with their asymptotic expresaionB were calculated for values 

of T varying from 0 to 0.3 1i and. for values of n frcan 1 to 10. The 
results are presented. In table 2.
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ASYNFTcITIC ±±'REBZNTATION FOR	 (T) A1D	 (T) 

Next in importance are the functions	 (T) and. L,(T), defined by 
equation (29). They are aesociatd with the particular solutions of 
q)(c,e), and eventually, through the latter, will appear in the various 
functlons in the problem of compressible flow. As was shown In part II, 
the whole scheme Is based on the stream function	 q,e), and its 
determination depends on the efficiency of the determination of the 
coefficients of the power series representing 4r (q,O). In order to 
facilitate such evaluation, the asymptotic expressions are again powerful 
tools, lit deriving these expansions, it is also convenient to start 
from the differential equation for	 (T) which, from equation (13), 
is as follows:

____	 2	 21 

	

v'(T) + 1	 +	 (T) -	 = 0	 (22) 

This is the celebrated Biccati equation. This proves to be an adequate 
form for the asymptotic develoient of V(T) in the interval 
0 ^ T <

	

	 1 • Suppose the expansions are of the following fords:
2f3 + 1

(l)	 (2) 
v(T) - o +	 +	

+ o(_5)	 (2143) 

	

(1) - (2) 
+ o(\	 (2144) - - +

V	 \vi 

where 0(-) Is defined by equation (232). Substituting these expressions 

in equation (2).i2) and. equating the coefficients of various values of v 
to zero yield.s for the Interval

=	 2T	 f —2 -	 (lt5) 

2(1 - T) 

(2)	 - 2T(T + 
2) (i -	

- (l)(T) 

	

(T) -	 (2146) 
- T) 

The values of (1) and (2) are given In table 1.
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APPEIX: E: 

PROOF. OY T o ir 2. 

The. firat: part: of. the proof,. n	 the: series 

	

sin 9.;	 q: <.L 

which: is abs o1ute axd. unffoxn- c:onvergent: in: any c:Iosed. domain: n. 
<:i, cam be s	 Iari- a rried, out: (Tre-forence I) since' ac.c,ording: 

to equatIon (159) It can be ded.uced that for large values of n 

< 

where: M. is- a. c.onstant: iflde.pendent: of.1 xi'. TherefOre, I't: f011ows that 

for: T1<:<:	 ,- andi n:>>N2:±-L

< M(:tq:):' 

FOr the: s:eries (equatfon: ()')' £t: Is no.te& that: fOr: T	
. . :

a.nd..v >N•

<1 Mt 

< Mt 

where the. region:	 ,....5<: ^	 1.	 where E>O isass.uaed 
2 +- L	 213 +- 1. 

to be exc1ude.d.- Hère a'II. they MTh: are' dffférent but. Thdependent: of: xi.-
Fürthernore.,. f±omi equation: ('i6b:),.	 is: b.ound.èd. by 

I';iI <. 

ComeQuent-]r-,, fOr: n:> Ni,. the following: inequalities-, are: o.ta1'ne&:
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<	 qt <V 

Cfl - F_V(r) (T) < M	 lt > 1 

_-np(r) (T <M (t 
)_fl 

This conipletes the proof.
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APPDDC :F 

DEDUCTION OF IDENTITI&S (153), (151t)., D (155) 

Consider the stream function of the stt1ar incompressible flow 

=	 sin nO	 q < 1 

4r0(q.,6) =	
( qv +	 COB y e	 1< q< V 

At the c;lrole of convergence the conditions of continuity give 

'	 A1 sin ne	 (B + On) cos ye 

nA3 sin nO	 - On) COB vO 

Since the limits exist by h rpothesis, by i1tipJ.ying both sides by sin nB, 
ter!n—by—tera integration then yields

	

(B + Cm)I	 (2it7) 

.nA =	 ti(B - Cm)I	 (2it8) 

where

I =	 + 1 
n+p.	 n—ti 

=m+1 

By use of appendix B, from



—n= 

2
+ A0 

J 
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the foflowin€ relation by contInuation can be d.e&uced.. Denote this 
function by A(w). Then

A(w) =_>Iw"
	

IwI <1 

A(w) = i	 (BIWV - crv)_ A0 log5 w + Constant 1 <IwI <V 

where the constant of integration can be d.etennined. If the forn of A(w) 
is known. At the circle of convergence it can similarly be shown, by 
considering the imaginary part of A(v), that 

- •;	
(Bm	 c)I	 +'	 (2!i9) 

where the constant tern is eliminated, by integration. 

Moreover, If A(w) = a + IX, it follows that 

a(q., O) = -	
qfl cos nO	 (250) 

x(q,,e) =	 sin nO	 (251) 

a(q,,9) =	 1	 + cqv) sin ye + 2 10 q + a0 	 (252)
ov

l<q<V 

X ( ci, e ) =	 I (nqv - cnc') cos vO - A0(t - e)	 (253)
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