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BBSTRACT

Computef'programs are used to calculate the total 91ec£roﬁ excita-
tion crosswsection for atoms and the partia]‘ionizatioﬁ cross-section.
The ca]culat1on is done in the following manner. Eacﬁ of the'aﬁproxima=
t1ons ]1sted beiow resu1ts in an express1on for a scatter1ng amp11tude,
1nvo]v1ng the atomic wave funct1on of the target These amp11tudes-are
's1mp1y re1ated to the d1fferent1a1 cross-sections which are 1ntegrated
ito g1ve the tota] excitation (or partial 10n1zat10n) cross-section for
the c0111510n

3 The approx1mat10ns to ‘the scattering amp11tude used are .
| | Non*—Exchange Exc1tat1on
'1) Born
2) Bethel.
.3) Mod1f1ed Bethe
vf ‘ : 11 o j-Exchange Exc1tat1on
o 1). Ochkur
7NQh—Exchahge Ionization

_ | -T) ‘CouTomb.; Barn.

The atom1c ‘wave funct1ons used are Hartree Fock- S]ater, (HFS)
_funct1ons for bound states. and the' c0u1omb wave function for the con- :
tinuum, | | | |

The programs are presented and:some results are examined.
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Mt.i.A‘INTRoDUCTioN
1. History.and Significance of the Problem.
The purpose of th1s research is to ca]culate the total e]ectron |

excitation cross- section and the partia? 1on1zat1on cross-section for .

4!atoms Symbollca11y the excitation process is written:

Z(n.z.mi) + e - Z(n mfmf) +te {1y
The probTems of computing exc1tat1on and 1onlzatlon cross-sections
have’ been of Tnterest for some time. An attempt to compute cross—

© sections for exc1tat1ons to the cont1nuum (1 e. 1onizat1on) was made'by,

'Thomson in (!9?2) His cIass1ca1 theory of 1on1zat10n of atoms has

--,fbeen recent]y restud1ed by Rudge {1968) a5 a result of a renewa] of

| 1nterest in sem1c1ass1ca1 ca1cu1atxons as approx1mat1ons to more elabo-
rate quantum mechan1ca] ca]cu]at1ons

Some of the ear]y papers in Quantum Mechan1cs were also concerned

‘VIWIth the prob]em of atomlc excitation caTcu]at1ons The papers of Born

t in (1926) and 0ppenhe1mer in (1928) are particularly noteworthy
As the f1e1d of astrophys1cs ‘has advanced 1in soph1st1cat1on ,:

interest in atom1c Cross-section calcu?at1ons has further increased.
Bates mentxoned in (1950) that quantitative 1nformat1on on the cross—
',section‘assocxated with exc1tat1on and 1onization by electrons is
‘necessary in connection with several astrophys1cal problems. 1In part1;

cu]ar such 1nformatlon is necessary for an understandIng of the
| observed spectra] character1st1cs of aurorae and in connect1on with

‘.1nvest1gat1ons of the solar carona and gaseous nebulae. The.subaect'-



of gaseous neoulaeris discussed by Cyszak (1968) who"mentions that
accurate transition probabiiities and collisional cross-sections are
' necessary for proper 1nterpretat1on of the properties of nebulae

~ These are some of the needs for excitation cross-sections. There
are two methods of determining such cross- sect1ons, exper1menta] mea-
surements or theoretical ca]cu]attons

Certain 1ne1ast1c collisions of e1ectrons w1th atoms have been
studied experamentale and .some .cress~section 1nformat1on has been ob-
lta1ned (K1effer'(]967)), but experimenta1 measurementss particular]y |
of the absolute values of the excitation cross~sections, are in general
very diffieult‘ 'Furthennore, excéptiona] difficuities are encodntered‘
in the exper1menta] measurements in many cases of part1cu1ar 1nterest |
(Hedd]e (1968)). - | '

Three.main categor1es of expertmental methods have been used (see :

- M01se1w1tsch and Smith (1968)) In the first method 1ntens1t1es of spec-

tral 11nes excited by an electron beam are measured The measurements
1n th1s case effect1ve1y determ1ne an. opt1ca1 exc1tat10n function as
opposed to the desired e1ectron ex01tat1on cross sect1on The fundamen-
tal d1fferences between these two. quant1t1es arise due to the effects 1n
the photon measurements of cascades from. higher levels with several
channe]s for decay, which produce an anlsotrop1c rad1at1on pattern. ,A
pr1nc1pa1 problem in these measurements is absolute caTtbrat1on of the
opt1ca1 system |

A second method is based on the deactlvatlon of “metastab]e" states
at a metal target | The e]ectrons eJected from the metal target prov1de

infdrmation. The d?ff1cu1t1es of this method are connected w1th determln-

1ng the eff1c1ency of collection and conversion of metastab]e atoms -at



Vthe metal target.
| The third exper1menta1 method 1nvolves a study of the energy 1055

- spectrum_of scattered e]ectrons. Here an eTectron beam of def1n1te
energy'is passed through a gas and the energy spectrum of e}ectrons
scattered at a part1cu1ar angle w1th respect to the beam axis is measured-
, by use of an electron energy anatyzer The pr1nc1pa1 d1ff1cu1t1es here i.
arise from the necessity of taking data at many ang]es as well as over
a nange of energles

As is potnted out by Bely (1970), reviews. of exper1menta1 methods
‘-have been wrltten by Fite (1962) M01se1w1tsch and Smith (1968 . and
Heddle and Kessing (1968).

The difficulties encountered 1n a theoret1cal approach are 1mmed1-\

'ate1y obv1ous in view of the fact- that an eIectron target atom system

”‘ﬁ15 essent1a11y a many- body syster, The part1cu1ar d1ff1cuit1es 1nvo1vedﬁ, '

and the approx1mat1ons made in an attempt to overcome these d1ff1cu1t1es'-

-w111 be one of the concerns of the present research
At the outset we are.forced to recogn1ze that the prob]emﬁof

electron impact excitation of . atoms is s0 compTex;that,feven:for the-

case of e1ectron collisions with atomtclhydrogen;_there is no exaet |
"soldtion known for the excitation cross—sectioh ot the two 1owest states.
Therefore, to'assess the accuracy. of-various\aooroximate'Caleo1attons'r"
the only method ava11ab1e is that of compartng the cross sect1ons ob-
tained in the various ca]cu1at1ons with one another and w1th the 11m1ted
“exper1menta1 data available.
The data that is ava11ab1e,‘both experimehtal and theoretical, has

recently been collected by the Information Center.of the;Joint’Institute



of Laboratory Astrophysics (JILA), and the Oak Ridge Atdmic ahd,MoieEuF
lar Information.Center.. A series of reportS'pUblishéd by JILA'emphasiie
- that for many.e1emehts and transitions there is in fact no data avail-
~able (see Kieffer (1967)). o |
| This fact is again emphasized in a recent grticle by Athay (}972),

The author states,."we havé no information gither expekimentai or . |
theoretical of qpilision cross-sections forv(these)'fafbidden transi-= -
tions." | | | o |

| Motivated by fhe'need {expressed in particuTar byastrqﬁhysicists)Au
© but restricted by thé complexity of the prdb1ém, the preSeﬁt‘reseafch‘
 L0bta1ns fnexact but reasonable excitation Cfoss«éé@tidn'va1ueé for 31}‘ ;

. -elements by use of various approximations.



II. WAVE FUNCTLONS

| A fundamenta] d1ff1cu]ty in any problem 1nvo1v1ng atoms s that of
-obtaining accurate atomic wave functions. These are the so]ut1ons to
" the pfoblem: | |
' H@A = Epa, o | (2)
Where H is fhe Hami1fon1an operator 1ntorperating all of the interac;
t1ons of the const1tuents of the atom and the @A are. the e1gensolut1ons
“of th1s operator for the e1genva1ues EA |

The exact treatment of this prab]em requ1res the use of the proper

-Dlrac Hamiltonian (i.e. the inclusion of re]at1v1st1c effects) but this -

prob1em is so complex that.the f0110w1ng assumptjons:are common]y made:
1. It is assumed that the Dirac Hamiltonian can Ee approxi-
. mated by the Schrdedinger HamiTtdnian - (This aliowsrthe' :‘Ia 3
3 wave funct1on to be represented by a s1ng1e funct1on rather “
‘than the matrlx of four functlons requ1red by the Dlrac
equat1on y | ' ‘
II. It s assumed that the part1c1es move 1ndependent1y
| (Th15 a]]ows the total wave funct1on for the system of
part1c1es to be written as a product of ‘one part1cle waﬁe"
funct1ons) _
‘III.' It 15 assumed the electrons move in a central field
due to the nuc1eus and all other e]ectrons (ThlS a]]ows
the one part1cTe wave funct1ons to be separated 1nto

rad1a1 and angu]ar components)



- The separation of_tﬁe radiei and angular barts of the wave functions
allowed by éssumbtion I11 gives two equations. The’spherical Hermonicslare

' theso]utioné of the anqe]ar equation.Thus the problem is reduced‘to find-
1ng the radial wave funct1ons which solve the rema1n1ng radial equat1on

We would expect these assumptions would be Tess va11d and there-
que our wave functions less accurate where

‘ere1etivistic effects are significant (1.e. Large Z)

~electron i eleetren interactions are-mbre_signi?iéant

(i.e. large oc;upafion numbers for given orbitaTs),

These expectatiohs,are confi rmed by the comperison df expefimente1_and “
theoret1cal energy values g1ven by Herman and Sk111man (]963) in

‘VChapter (3) of the1r work
1. ‘Bound‘State Wave Functions

A techn1que for flnd1ng the radial wave funct1ons for bound state
electrons was deve]oped by Hartree His treatment 1an]ves‘assum1ng a
' form for the central f1e1d9"so1v1ng the,radidiequatibﬁijor the one
pérfic]e wave functions,.fineing the fie1d'due‘£o these wave funetions
- and then comparTng the ca1cu1ated f1e1d W1th the assumed field. Nhere
- the two f1e1ds agree to within some prev1ous]y spec1f1ed to]erance,
the prob1em is cons1dered solved. Otherw1se, where_the two fields do

not\suffﬁciéntly.agree; the calculation is begun again using the com-

o _puted f{eid as the‘assumed field aﬁd compﬂting a new field' The pro-

‘cedure is repeated unt1] the desired agreement is obta1ned
The Schroed1nger Ham11ton1an for an n- e]ectron atom 15 glven in

'._atom1c un1ts (see Append1xII) as:



"'SiN

: 1 | n.
e e R A

i=1 1=] iJ

Thé prime_indiéaﬁesrthat the summatibn is-oyér all pafrs; each-pair
“being incTQded once and the term i=j being dmitted.

In the Hartreg model the total Wavé funétion‘fdr the system is
assuﬁgd to bé a'hrodUCt of single electron wave funcfions.'
o (F ) RN
The third term in H represents the eIectron e]ectron 1nteract10n The

charge dens1ty of the Jt —e1ectron s le(r, )l2 Ne can then make.the

5 23 LS [ )

-rep1acement

I B G M

‘-The Schrbédihgerfequatidn for thié system s then

7 (~——V2-—-—+u(r))ﬂ¢ (r'k)“EM (r o (6)
1 = '

This equatlon'separates into the set of n-equations

:{}'%-viz'_ ; + (e, J ¢éi(Fi) ;-E{¢éit?i) o

(A rfgorous'derivation of this approxinmation using a variationa]~princi~

"$|N

‘pie is given by S1ater (]95?))
Let us notice that as assumed in Eq. (5) the spherical harmonics

so]ve the angular equat1on,and the problem remaining is the radial

‘equation: | o a - '
-2 | N o .
[Q_ ‘7 ( s L u(.«)) -, ﬂﬁl)-} P(Ne:r) =0 . (8)
ar? Eng ¥ 7 a 2 _

For‘computational eése in the'ndmérical proceduéeSKrequiréd by the



Harthee-mode1, this equation is traditionally written:

.‘{g§§'+‘%'[Y(r) + Yo(nginzir)] - engsng - &;%gil{}.P(nﬂ:r) -0 (9)
where | | | |
Y(r) =7 - Z a(n*2*) Yo(n*a':n'a':r) N | (10)
. & ni‘Q‘l | .

and'where‘q(nz} reefesents‘the number of efectrons in each 5h§11;,
'Ye(n'n‘:nfg‘:r)‘is a spherically symmetric charge distr1bution'of radial
charge density [P n'g"r)lz.‘ Eq.‘(Q) is the Hartree self consietent
' f1e1d equat10n w1thout exchange (H- EQ
| . The Hartree equat1on may a1so be derived from the var1at1ona] prln-'
c1p1e For the present purpose the pr1nc1p1e 15 expressed by the
‘statement that if ¥ is an apprax1mate wave function for the ground state‘
of a system descr1bed by the Ham11ton1an H, the closer Y -approacheS‘the.
‘true e1genfunct1on of the Hamiltonian the Tower the approx1mate _ "
-elgenenergy becomes, i.e. , _ | ‘
j'w*H\P dT/jtywdT . o *(11)
"(For a more deta11ed statement of the pr1nc1p1e see Landau (1958),
Hartree (1957) or Gottfried (1966)) |
| The der1vat10n is then the result of assum1ng the approx1mate wave -
'funct1on form Y = v, (ry)- wz(r ) and f1nd1ng the best solut1ons of the
: Schroed1nger equat1on by m1n1m1z1ng f Yy dt/ j yty dr SUbJeCt to the
condition f dr|¢ r)[ . This procedure again results in the
'Hartree equation and assures us that the Hartree efgenfunctions are the‘
best for the assumed analytic form. .
f S1nce the Hartree mode] assumes that the total wave function, s -

- 5S'repfesented‘by‘a simple product of single electron wave functions,



it neglects the pauli principle. Fock improved on the model by requir-
“ing that the total wave function be antisymme%ric under exchange of any
two of=the electrons. V(See Fock (1930)). The resu1t1ng Hartree- Fock

mode] postulates @A to be a S]ater determlnant of - the form

13

%‘% - ¢a(1)"¢5(2)¥_--¢,(n), L (12)
. where_thep(%)repfesentspfoductsof e]eptrﬁnfépaée;énd_spiﬁ fuhctiqﬁs
of the form . l | . - _
o IR RTCH R (13)
By app11cat1on of the variational pr1nc1p1e in the Hartree Fock
modeI, a Hartree«Fock se1f~c0n51stent field equation (H F- EQ), is
dernved wh1ch is ana]agous to the Hartree equat1on obtained above ~ The

(H F) equat10n is: (See Cyszak . (1968).),

142 o . SRR | NG , :
g;zl+l%-Y(r) " Cnene " ii%%ll] P(ﬁzzf) = - Z.J K(nz:r,s) P(n2:s)ds
+'Z'.e p('n',e:‘r) | (14)
nl?én nﬂgnﬂ, L “

. Where Y(r) is defined in Eq‘ (10) The function K(nm r s) occurr1ng in

'th1s equat1on is def1ned by the f011ow1ng relat1ons o

uk(r’ri) = re </est] where rS refers to'r or ¢

lKk(hfg‘;rs)‘ﬁ‘P(n'z‘;r) Uk(r,s)'P(n*g':s).
| ,K(nz:rs)A; / Kk (n' z ;rs) + jg: akm‘kk(nzfrs) _ o ‘(15)
o n'e'#n e k - | , |
k' ' ‘

where the_a‘s are constants depending on the P(nz;r)‘of'ihteréSt;



'”1b-;;_," |

A detailed discussion of the der1vat1on and interpretation of these -
terms is g1ven by several authors. (In partlcular the work of Hartree , |
| (1957) is usefu] and the discussion of the Hartree Fock equat1on by
Cyszak (1968) includes a sample calculation. ) For our purpose, 1t‘15
' sufficient to note that the inc]usion of exchange couples the equations
for the single e?ectfon,waye functions Ey‘iniroducing the second term
on theifight—hand_side of Eq. (14). Thus, the Hartree-Fock model re-
quires the'sb1ution.of a coupled set of differential eduations and the
problem has significantly increased in comp1exity. |

A third model,for atomic wave functions which is sbmetimes used -
aIlows for so called "conffguration interaction". Reéﬁ]1 dne of the
basic assumpt10ns of the Hartree mode1 is that electrons mOVe 1ndepen-
dently. Actually the e]ectrons are correlated (see Le1ght0n {1959) or
4‘Stévenson (]965)) The corre!at1ons are of two types; stat1st1ca1 .

: corre1at10ns due to the Pau11 Exclusion Principle and cou]omb correTa—‘
- tions due to the non-central nature of the 1/r i3 term. The Hartree—
'Fock mode] 1nc1udes statast1ca1 corre]at1ons by use of determinantal
wave funct1ons but 1gnores coulomb correlations. The coulomb non-
centra] effects,together with a spxn—5p1n corre1qtion are‘diécussed in:
many texts as Russe1-Saunders or LS CoupTing (see Schiff (1968)) |
configuration interaction model s the adoption of an approx1mate wave‘f
funct1on cons1st1ng of ‘a linear combination of determinantal que:func—
t1ons. Since the operators LZ; Sz‘and Parity commute with the:Hamil-
tonian containing the non-central 1/r, i term, (see Condon (1935))

‘on]y those conf1gurat1ons of the same L S and Parity are 1nc1uded 1n |



[the;approximate‘wave function. Thie mode increaees the comhlexity of
'_1thehca1culation of the wave functions sti11 further.
| Since.each-of the atomi;.mode1s involves a se1feconsistent-cajcu;
'1at1dn, the computations, as might be expected are 1aborious. 'The early
dComputatfdns‘nere done‘by hand, and a compi]atien of these calcu1ations‘
fthrough 1958 is g1ven by Slater (1960) o | ‘

“In the mid 1950's thh ‘the advent of re]at1ve1y h1gh Speed comput~
ers P1per {1956) and Va1nshte1n (1957) made separate attempts to use
fthe‘Hartree—Fock modei to. caTcu1ate large numbers of atomic wave func—
.tddns _ In-1963 two authors, Herman and Sk111man, produced a ca]cu1at1on

| :of aI1 ground state atom1c wave funct1ons for a11 e1ements Other cal-

o cuTat1ons have s1nce been made by other authors (as referenced in

_stzak (]968)).- These other ca?cu]at1ons 1n genera? 1nvo}ve two types
_ot‘proceddres; e1ther an analytic procedure or a numer1ca1 procedure.

‘ In the analyt1c procedure the radial wave funct1ons, P(nizifr) =
' ‘Pi(r) are taken to have the genera] form

2] HA v3

oS e, [21) FURVINS D
Qhﬂ%%qj{ Jr e (16)

(zf +2hs +2ﬂ“

SUbject'tb the normaTization condition, f]Pi(r)] dr = 1. Here the
_ijs are'screening eonstants and the A 's are the parameters which de-
~ fine the basis functions. A set of P's are chosen by defining the A s
and the best of th1s set 1s determined by minimizing fw+Hw dr with
' respect to var1at10ns in the P's. This deteranes the Z The
iHartree Fock equat10n 1s then solved by determ1n1ng the e1genvect0rs
C... (A sample calcu1at10n us1ng this techn1que is d1scussed by

S
Winterbon (1968)).



In the numer1ca1 procedure a straight forward numerical 1ntegra~

tion of the Hartree Fock equation is carried out and the P{n2:r) are

;obta1ned‘as tabu1ated.numer1ca1 functions. Analytic programs have been

deveioped by MNesbet and Watson (1960), Roothan (1960), Hatson and Free-'
lhan (1961).' Numerical programs such as the Herman-and Skillman work,
have been also written by Froese-(1963) and by Mayers and Hersh (1963).
iAi1 the‘above mentioned calculations use the (HF)-model. A prodram to
include configuration'interactions has been developed by Mayers and
10brien‘(1963), and a program to‘ca?cu?ate'ameic'wave functions byluse
of the D1rac equat1on has. been written by L1berman Waber, and Cramer

_(1965)

S1nce the review of Cyszak (1968), add1t1ona1 wave funct1on calcu- -

iatwons have appeared in the 11terature Smith (1967) prov1ded numer1-

' ca] so]ut1ons to the D1rac equat1on, Cowan (1967}, (1968a), 0968b),

u51ng the Herman Sk111man as a start1ng point has deve1oped ca1cu1at1ons,-'.

i

of atom1c transition probab111t1es Other recent works of 1nterest are:

| C. (Froese) Fisher (1967), (1968) has expanded her ear11er work
.(see Froese (1963)) to include configuration- 1nteract1ons Mayers (1971)
- with h1s eo]lahorator_Obr1en have continued the relativistic wave func-
hfﬁon work they began fn the 60's {(see Mayers (1963)) Seaton (1970) has
rev1eWed some of the basic pr1nC1p1es of Hartree Fock ca]cu]at1ons

The work of Herman and Sk111man is of interest for the present

ca1cu1at1on Recall that the Hartree-Fock equat1ons Eq. {14) are
- .cqupled_by the exchange‘.‘terms '

:E: €nts n's. P(n £3r)

n'7n
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'Thesé Equaiions canlbe.ﬁecoupIed_bymeans q% a simplifying assumption
due’ to STater (1951); ﬁho suggested thatlthe Hértree -Fock exchange poten-
§ t1a1s for d1fferent occup1ed orb1ta1s cou]d be replaced by an averaged
fexchange.potent1a1 obta1ned from the theory of a free-electron gas.

In a free—efectrdn gas;ﬁwﬁich is a uﬁiform‘syétém the averaged
exchange potential 1s proport1onaT to the cube root of the e1ectron1c ‘ff

‘charge dens1ty (see Slater (1960)),
eXCh(r) - - 6[3/8ﬂ p(r)]

' ‘The S]ater'assumption is that in the-atom, Whlch is é non—unifofm‘éyé-'
tem the averaged exchange potent1a1 depends only on the 1oca1 charge  .
 dens1ty P(r) | 5 _ | | _ |

| Co11ect1ng all potent1a1 energy terms 1nto V(r), the Harﬁreé-FockEa

' .equat1on w1th the S1ater assumpt1on may be wr1tten

{:giz -..“‘(f;i‘.” -V - éhsa.;hg] Plnazr) =0 . (7).
l'r-The function ¥(r) is as fol]ows . - yﬁ
V(r)-—2Z/r‘ ,~2/rju-(t)é»a - [crtf)dt é[ o )] _.
- . | , (18)

| ‘””‘Z o IPateo]’ 5 peer= ‘fw*fﬂﬂs s o] |
rEq;.(i7) is ‘the Hartree Fock Slater (HFS) equat1on ‘This apprbkimation :
_decoup1es the wave equat1on

Herman and Sk111man wrote & Fortran Program for the IBM 7090 Com-
‘puter to so]ve the (HFS) equation and obtaxn ground state wave funct1ons

for a1l atoms. Their results are given in terms of sets of ‘tabulated

‘orbitq1‘fadia1'waye functions for specified configurations. It is
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these ground state wave functions {and the1r e1genenergles) that are
used in this. ca]cuTat]on They. have been chosen because they have the  ‘
des1red accuracy, can be generated on the .available IBM 370/145 and |
are we11 known', ‘

The excited state wave funct1ons which are also needed in the

“present work were 0bta1ned by a mod1f1cat1on of the Herman Sk111man pro-

| gram (H- S) . Let us note that the decoupling of the wave equat}ons_d15e |

cUseed here for the'tenget wave functions is consistent with the cross- ;t ¥

- secti0n approximations presented in Chapter III (f.e.'the,appnoximetions
to'the cross-section do not,intoTve coup1ed-ehanneﬁs)t lfhiS‘modffica-

’tion is discuSsed fn'chapterllrl, Sectinnz and the program 1isting is
given jn—Chaptef v, Section‘1}' From this diseussion it will be'made

~.clear that the wave'functinnS‘have been isolated from'tne‘croés-éection
calcutation Th1s has been done so that d1fferent wave funct1on prOQrams :

may be used w1th the Cross- sect1on program used here |
2. Cont1nuum Wave Funct1ons |
In addition to the bound state wave functions obtained from'the
mod1f1ed Herman-SkilTman program, th1s ca]cu]at1on w11] requ1re cont1n-

- uum wave funct1ons for use in the calculation of 10n1zat1on cross- |
sections. These wave functions will be "coulomb” wave funct10ns._lThese
are the sn]utions toltne problem of an electron moving in a field of N
charge Z with 1/r dependenCe; The fnnctinns are discussed in most

‘standard texts. (Fon eXamp1e see Landau (1965) or Scniff (1968))

The cou]omb wave funct10n 15 a part1cu1ar form of the conf]uent

_hypergeometr1c:funct10n S1nce theeyaTuat1on of th1s funct10n requ1res



~ elaborate mathematical techniques, two approabhea to removing the'heedf_ R
. for numerical]y eva1uatihg this function are commonly made in atomic
_ structure ca]cu]at1ons o |
The f1rst approach is to use bound state wave function of the
"ana]ytic‘ type discussed earlier. Th1s technique a]]ows the evaluation -

of matr1x e1ements by ana]yt1c evaluation of 1ntegra1s of the form |
Az kz) £l Y kz]dz |
Iz f e ' 2 Flav. k1) =", (19)

whera Fla,¥,kz) is the cpnfluent hypergeometr1c functmon;:\See Landau
(1958), Peach (1968), and Omidvar (1972). .

~ A second approach s to use numerical bound state wave fdhctionsa"
(aa_we'havé sé]écted heré), and“td use somelfeasnnabie approkimafiqn -Ei

for the coulomb wave functidn‘su;b.as the following one.

| The wave function we seek is to descr1be an e1ectron mov1ng away
frdm a p01nt charge Z -+ 1 w1th a wave vector [4 and a pos1t1on vector
© ¥ . This funct1on must sat1sfy the ionization boundry cond1t10n
(rather than- the scatter1ng cond1t1on) of an out901ng p1ane wave and
‘an 1n901ng 'sphericaT“ wave- ThTS system of functIDns may be obtannedf
from the more common system that are so]ut1ons to the scatter1ng prob-d
lem by app1y1ng the time-reversal operator to the scatter1ng soTut1on,’}1"'

‘(see Landau (1957)) The so1ut10ns of 1nterest are of the form- | :
| - 16 N
"7Where'6£”5 F(£+}e1/k), # is the-Legendre Pg]yhomia1lg a unit“

_vector and



Rl = s (ke ™ F (Lo pl 2ie) @)

4

. £ S
et e[ 54 1) metorfel g

(1 exp (
and where 1F1(a b,c) is the confluent hypergeometr1c (i.e. Kummer‘s)
 function, (see McBuire (1973)). These wave functions have the asymptotic

- form |
L oeyptey dw o1 |
\PQ (r) v Ki S?h[k)’ 5 +T(~ Tn (ZKT) J“c& j‘ (23).
These are the continuum wave functions used in this calculation.

* The evaluation of these wave function in the present work is done

-dsing‘the‘reTation

'. o ,-ikr F (K +ﬁ ¢1 2,Q+2 21Kr) ZA k)(KF) (24)

H= R+l

-Vﬁhere R a "_ .‘f'; |
A, {k)-l J A,m“‘) .'—(ﬁ”-)'
and '

o ujm-f-i)Ai(ka—‘-’(2/k}Aiq'-(k)~Ai,2-(k)° (25),

This expréssion is‘gfven'by Abramowﬁtz t1964) :THe cohvergence‘of this
ser1es over the range of &,k,r of Tnterest is such that a maximum of 30
terms is needed to evaluate the wave funct1on

‘ The criteria for truncat1on of the sum may be seen 1n the subrou—

| tine FLNR (L,RHO,ETA) 11sted_1n Chapter b5, Section 3 of this paper. -

16
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TIT. EXCITATION CROSS-SECTIONS
1. The General Problem

| The total eTectrbn excitation cross~secti0n,”Q(ni£i+nf£f), we are
.intérested in calculating may be‘obtained from the scattering émp]itqde
f(eA¢) The general | express1on 1s deve1oped below. |
The Schroed1nger equat1on for a system of an 1nc1dent e1ectron w1th
| coordynate Tos and an at0m1C'target w1th nuc]ear charge Z and atom1c |

‘ . .. oy . .- . C :
electrons at positions ry 1s given in atomic units as:

oY Y, 24 . (26)
- |
,_1 T = Z ~ 1. o - =“" F 2 «o ¥
TV = *LF;;])*‘“ oh S IEE - SUMNSER IS
Yo,

‘The atomic wave functions are the solutions ¥, of‘the-equation:-

- .
1 P

LT _L'M 7 .7 "=E ?(r ) (21) .

i_ K .:J - e_‘:_:__j 1'5 S !“. ]})f 4
Aséuming the solutions Yo to be known they can be chosen as orthonorma1
;bas1s funct1ons in terms of wh1ch the tota] wave funct1on can be o
- expanded. o
| '_[F)"*---F)“FF(F‘)'T(F---F) S
b4 wh sy erel e - (28)
‘ S :

VSubst1tut1ng the expans1on into Eq. (26), mu1t1p?y1ng the resu]t by

: WF {ye- rz) and 1ntegrat1ng over drl drz‘we f1nd

S *,H (7 ?qu dr&“ ~T>\/<fm"""""3"‘°l'l B ey

where



V(ro:ri >T\ T "'é""‘ . K :
rﬂs Yo . S (30)
and
. 2 - _ . -.
kF“ 2(E EF)’
E = total energy of system;

T moL
I

. final energy of atomic target.

_Assuang the 1ncom1ng electron 1s 1nc1dent w1th wave vector kI then our

. prob]em requ1res the asymptot1c boundry cond1t1on
| E(ﬁ’)wexf{ik-.n]&l v g -UF[WF'%]FFL@;;M Y

Since our equation for FF(?°j i$ of the Helmholtz form with a soufqe

- term, we may‘write the_soiution in terms of a Greeh’s.fUnction G{To,F')

e enlell, 2fisiben
V(R T GO PR Gy T

~ Here G sat1sf1es the equat1on |

{Vl** kFL}G(rﬂ’ﬁ) _ g { © - \1’) | - - | (33)

To Satisfy the aSymptotic boundry condition Eq; (31), we choosé

GLEQ =

' Then expand1ng equat1on G for Targe - Yo and us1ng

o

o

AT AT EE) ey

.18
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.we can compare the asymptotic'expression for Eq. (32) with that given

“in Eq. (31) to obtain the result

ﬂ(@.cp;: (2 2 drc}r Jr_x [,K rJﬁT_f(‘r” r)\/(,,: %) ()
-’ F Yer )

' The d1fferent1a] cross-section is defined to be the fTux scattéred

fnto the direction (8, ¢) per'un1t incident flux. . Since the current

V'dens1ty is given by . : IR _ o
= ~ . :
Sen= AR vY(Fﬂ v\jfi’ mf(rﬂ .
it fo]]ows from Eq. (31) that the 1nc1dent flux has the va?ue (1/21)*
(2k ) while the scattered f]ux 1n the d1rect10n ( ,¢) can be written
-ik )[f(e ¢|%r2 ,The‘d1fferent1a] cross-sect1on dD/dh;.therefpre-is .

‘ g1ven by

d@/de (K /K )IF@

 The" tota] .Cross- sect1on, Q, resu]ts from the 1ntegrat1on of dQ/dﬂ over

(37)

-A"all ang]es, ile.

(:D (KF/KQ[QfL' (Jq)l S | (38)

It can be seen from Eq. (35) that the scatter1ng amp11tude 1nvo]ves
the tota1 wave funct1on for the 1nc1dent e1ectron and the atomic ‘target,
w(r ,* ..,rz) ; But since th1s total wave funct10n is not known, it is
',c1ear that some add1t10na1 approx1mat1on is necessary in order to eva]u-

. ate an atomic cross- -section. Many different appr9x1mat1ons have been made
‘1n this’ connect1on, ‘These can be categorized iﬁuterms df‘those thét
'_éI1OW'fof;ékchah§e between the‘inc1Qentfe]ecff0h and the target,atom |

| eieétrbns‘énd‘thOSe that do'ndf,aﬁThe-p?ésent'Ca}bu1afidn computes Cross-



sections in three non-exchange approximations and one exchangé7approxif.

mation.

2. Born-Appfoxim&tion ‘

The simplest approximation is the first Boranpproximation. Hére _;J“":

the wave function of the total system is approximated for all |?°],by._

the correct wave function in the‘asymptotit region . of ]arge:]?gl,‘i.eaf

‘\;'/(ﬁ.dt. \:- Q?(P[]K_j J/‘ P aas T (39)_‘.:‘_“,

Th1s approximation leads. 1mmed1ate1y to the fo11ow1ng form for the '

scatter1ng amp1itude,

20

where

. This approx1mat10n is most va11d for h1gh 1nc1dent energ1es

‘ C]ass1ca1]y, at 1ow 7nc1dent energ1es, the 1ncom1ng e1ectron spends more

t1me in the interaction reg1on and, cTearTy, a free part1c1e descr1pt1on ,

is not accurate

Using the Bethe integral, (see Schiff (1968)) 3

fdf’exp[af?r]/lr L = (anfexpi B-7) (4'2)'

—

where K= kI kF, the first Born Scatter1ng amp]1tude can be rewr1tten

where

oR W,

(/n‘-“(z/’{;)'lm . F#I - @)

V(?) fd drz 1)[ r Z'f"mj\ﬂﬁ,ng (41)-':7’- .



S
L= 2, e di exp (R IHG. M

- A further simplification results from the following argumeat,

.Reca11 that arHartree-Fock wave‘is an‘antisymmetriZed productswave -

functioh of the form

8, U G r QDD Lz . e

For the atoﬁic systems considered in the present ca]cu]atibh'the'ari
'-assumpt1on is made that the atomic core e]ectrons are unchanged ~Then

; on?y the wave funct10n of the “actave“ eTectron is assumed to differ 15-
the initial and final states of “the atom. (The Herman-Sk111man program
is m0d1f1ed to compute the exc1ted state wave funct1on by so1v1ng the

HFS equat1on for the exc1ted state us1ng the self-cons1stant potent1a1

of the ground state conf1guratlon ) Nith th1s assumpt1on the express1on1

“ f0r Ipq can be reduced via: the. re1at10n, (1nsert1ng the sp1n wave ,-

funct1on ACIRE cz)) R AT TR

it

: - (46)
:(w & ng v@raﬁ ) @ﬁvemﬂKd
- x 47y ()
'and by use of the f011ew1ng property of the Levi- Ch1V1ta symbo1,
<&@J£p = (2 Moy - -;-_-Gn

3(Where Z~1s'the_number ofeindices),-‘consider the'pth.term df'the sum

~over s in £q. (44)

fdr Y >€XPDK@‘Y(£,. A A v))qq-,o-)_'

AN



J;:/ - [&imﬁ“ ,,.ﬁ/zjfh‘ . c;’f .47 bf’[}??u') di?('”v) (ﬁr(rzﬁfi)

CXP[ K@(D‘(EV) Q F}(T) {D{ )___[ED( ﬂ"ga W/Zﬂ (48) |

fd f‘ fdrgbg E)(PDK FPJCD‘TTD) “fd"’@&(z

' wh1ch by use. of the orthogana11ty of the ¢'s reduces to

which gives .

'the ekc1ted e1ectron (Since spin does not appear 1n the Hamiltonian
the spin- space and the r- space are decoup?ed Let us factor out the
spin funct1on and neglect it in further d1scuss1ons ¢(r ,c )= )

,'w(rp)x(cp) ) S1nce Jp is c]ear]y 1ndependent of P (after 1ntegrat1on

over‘F.)'the sum. in IFI results’ on]y in-a factor of Z, and the expres—_-.'

s1on for f reduces to the. form,

born

denoted by Py and v f for clar1ty Th1s expre5510n fer fborn
_of use in. dascu551en of other approx1mat1ons
By choos1ng the 2- axis in the k d1rect1on, S0 that K depends

o on]y on the polar ang]e of kF with respect to kI

R T

/dﬁ W rpvp)@.xpﬂr? i;]@(rcrp) (49)

Ty Jdrdf’(,, P ER

| where ¢ and ¢ ; denote the initial and f1na] state wave funct10ns of -

Bm(f\) —(1/(‘)[&?%’(?)6@[-? rJ“%’(r) NGO
_where the 1n1t1a1 and final state s1ng1e electron wave funct1ona'areﬁ.

will be

22



~énd the total cross-section can be exhressed‘in the form

Q (KI/KQJMIMN(R)I = (KK Xiﬂﬂﬂe)ls‘”@d@ (53)
=/, )f TA01AR ;K = KK,

If the cross- sect1ons "are measured 1n units’ naBz instead of aB {as is

‘ 1mp11ed by atomic un1ts) this is rewr1tten

Qllﬂ'aa ﬁ"‘“‘ BoRN K)‘ KC}K :__ I

m:l’l
Since the s1ng]e electron wave funct1ons are d851gnated by the

‘quantum numbers n ¢ m, wh1]e the cross—sect1ons of 1nterest‘1n the
présent ca]cUlatidn’are for transitions of the type (nm+n'z') inde¥
pendent of M, We requ1re for what f0110ws the average of the above
- express1on over my and its sum over mf

C0n51der.

Pl &9 l@ T K ”‘“‘"‘1)2 UC’" Lﬁ('ﬁ)w mﬂ@’ )

_ For the 1ntegrat1on over ¥ choose the z-axis. a]ong the K d1rect1on and

;reca11 (Jackson (1962)) _ |
expwf rrase] RELeN t’D] SO NLN) T s
nzm(+) can be written as : JQLL_EQQQQQQ;_ '

we may write

S1nce ¥

23



7 7’ Th1s form of |f‘

e
ﬂir%@ww rcos@ﬂ(r)l = f Zﬂ—n(lh-%-i] ¢
h J‘“”P("’)J»CW’ ﬁ%‘w >;ow>/m,m)l =

(57

- OEaniaraydrde PO EARD
xP(D Jaw - )P@) zﬁj dn V,,,F(fl) (fD/ (ﬂ)ﬁm ,( @V(ﬂ)y (fl)

fIn append1x III the. sum 1nv01v1ng the angular 1ntegrals is eva]uated

in terms of 3i- symbols By using the: result of that appendlx we obta1n, ,'

> j ilmepikelfi@) = 2.£ Ym0 %mb
>\’Ud rRD) JA(Kr) P [dr i) )jfkr) f@]@mmy s

- (s8)
0T |
()Mm) 5. 4044 _Zom)m ,mu
] C/ (UJ),(KD f,;;%f)l A(,?J} : -
Since the tr1angle rule, A(R % A], requ1res A(m1n1mum |2 2f| and.

_ A(max1mum) = 2, +zf, we obta1n for the requ1red sum the result .

BOhN(K)] = Z— ]ra a.fv(f(/} -2)" f—D (ﬁKé')ACQPJXl)#'D

m; wy, AMH :
(59)
- ~ Finally the express1on for the Bdrn—épproximétidnlcrp;s-sehtfoh.
o Q[n %, +nf f] reduces to | | | | | | |
L = ne : T N
_ (:)[ﬁthﬂ (24<fﬂ Iffmnnilki)l kiJP§, o (60)

KeKe

born K)I is used in the qun.o?t1on40f‘theﬂgross- -



" section. program.

‘3. Bethe Approximation

A simplification of'the Born—Approximation is due to Bethe. Re--

ca11 the expressxon for the Born scattering amp1itude

!F (w0l =

Nhen the z-axis is chosen in the K- direct1on for the 1ntegrat10n and

.exp[1Kr cose] is expanded, the fo1low1ng series is obtained

--(w *’*i(s) B +( )

JF

‘W

where

Th1s ser1es converges prOV1ded KaB<<1 where aB, the Bohr radlus, is

‘7the approx1mate range of the atom1c wave funct10ns For KaB>>1

_lf(K )| 2 is small  and contr1butes neg11g1b]y B to the exc1tat1on :

Yhoara

‘cross—sect1on‘(Th1s 1s_d1SCUSsed_1n detail by Mottuand Massey (1965)_'

in Chapter XL of their text. ). | | e

Approx1mat1ng the square of the scatter1ng amp11tude by the f1rst

u,non Zero term of this series is the Bethe approx1mat1on.lj B

The Legendre polynom1a1 P (X) has X as ltS highest power of X
the next h1ghest be1ng X4 2, and so on. Th15 may be seen- by the power
‘series so]ution of the Legendre equat1on5 (Jackson (1962))._ Reca]l |

that

-G )ﬁ;;i”’(r)mn v rﬁ@l : ,(6”‘

(sé).- |

5 | fxfﬁ(r)(rcoJQfYQﬁ)dF’ | f (63)

25
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_ Hente (see.Abramowit; (1964))

(cos@) ;_JOWYCJD : _'(65) -

A NGE Pmm%'

we - may write

@S) = ﬁfr@ /%@Poﬁ +<ﬂm,oﬁ’0{ﬂ >

“_(66).

Once aga1n we must- average over m and sum over mf

;f_‘lr[K)l/ Q»;L)..(———)(J?#ij 4:’ u}(j) {

-

KR

X 'afs,f{_d <M' itold m)(?m |£oiﬂ+mf>|

L s g

Again using the resu1t of- Append1x IIT we may- rewr1te the f1na1 S um 1n

‘ter'ms uf the 3-j s_ymbo'l and f1nd

o o
{ 2

o = 28 J dr (r) PmiJl (\*)P (o) e
| Zat (29§+1)(g Qi t )&(f,ﬁé; .
t=d AH-]- 000

where s is- the first non- zero term in the expansion glven 1n Eq. (62);

" The: cross sect1on qbeth (n R, Lf) is:

%

:[4—}( ]U&r{r) hj(”()g\rjdr(r) Kp(f)ﬂg(!‘) (67) ”
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B Betig — 1;; )f : } )CB 'the(K)! K dK o (69) .

L“kp

B
g

1
/"‘—‘.
N

Notlng that the K- dependence is 1solated we may wr1te '
mnx

Q'get‘hg-_— )(4) (K dK fdr(r)

KTVI\P‘]

i E‘ipi(” E?Hfoj M (%%)(errl) (j J#t) Q’P {

G O
i- 0 i

(70)

j(f’

a

To;evaTuate a; we note the following expression from the power series

solution:of'the'Legendre EqUation given in-KreyziQ (1963)

o ‘P.(‘xiz‘z-@%xt ' ol -
o | dy * R
oA Ctea .) . f(tt) .

4. Modified Bethe.Approximation

The results of the Bethe approx1mat1on can be 1mproved for the
. case of Tow incident energy e1ectrons by the use of a cutuoff procedure
'1deve1oped by Seaton (1955) This approx1mat1on is called the. Mod1f1ed a
Bethe (M B. ) approx1mat1on and was f1rst stated as fo11ows SR
'“The total.cross—sect1on Q is the sum of the components Qg
' ar1s1ng from the components of the. 1nc1dent wave with
* angular ‘momentum Fi[it(iz,ﬂ)]'i For these (components) a
. Timiting va]ue of Qmax is set by the'reqnirement of charge’
conservation (the continufty-equation‘for'the optica1f'l
‘7 modei) HThe approximation adopted ts-to calcu1ate Q2 us-

' 1ng the Bethe approx1mat10n to accept the Va1ues obtaIned

2 1.

L 1
and to put Q max 1f Qbethe EQmax'

if Qbethe?Qmax
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Torc1arify further discussion of the épproximatidnlit ié useful to
examine tﬁree concepts relating to the approkimation. | |

A. In many standard textbooks, (Shiff (1968), Landai (1957)) thé
scattering”prob]em is discussed from the pdsitionxof resolving the |
initial state into states of definite orbital angu1ar'momeﬁtuml . For
elastic scattering by a spher1ca11y symmetric potential 1t may Be shown‘
that the scattering amplltude can be decomposed in terms of angular |

momentum states in the form o ‘ |
- 2 kfl; abyer 2141 -V, 02

where &, is termed fhe'phase shift

' Ine]ast1c scatter1ng may be described by use of a comp]ex potent1a1
A_(T.e. an-opt1ca1 mode1 potential). App1y1ng.the method of part1alr |
Qaves to'such:é modé1_resu1ts in comp]exkphaée-sﬁiff-sﬂ =a +ig,. The
eTéstic, absorption, and total crass-sections may'be_wr1tten,1n tgrms'j
of thééejphasé shifts.. Introducing s2=éxp[2{6£]‘the expregsion‘fdf'thé
.aﬁgofption cross-section is: o | o |

Qe (_E_I) ;62” (20+1) (1= Is15) g

o

Sﬁhce lsgl2 cannot be less than zero the partial  abs0rption Cross-

section 0% has a 1imiting Value'EXpressed by the relation
Q' e (& )(zMJ Qw] N O

(If a scattering-matkix formulation of the prob]em is made, the same -

conditioh‘isicdntained'in the,requjrement o$'unitarity of the S-matrix.



Hence Eq. (74) is sometimes referred to as "the unitarity condition
B. Recall from earlier discussion, the Bethe approximation is

obtained by considering the Born scettering amplitude in the form

'J}Brgmz— fch«\{J(r) exp | K‘“J‘]U(r)
and expand1ng the eXponentia]

Bethe approx1mat1on the approx1mat10n is said to result from retent1on

qf the f1rst non-zero term in the resulting series for the amp11tude

ey - - Kzﬂ le wKr))\p - e

A1though th1s is the most common statement of the Bethe approx1mat1on,

an alternate statement of the approx1mat1on can be presented as follows

Con51der the Born scatter1ng amplitude in the fcrm,

| "FBOrE‘IL) R 2ch}r ex {}: j‘d"’ %“1) Wt‘f )} )

lfo-.‘ f"al
) The asymptot1c form for the potent1a1

ViEE e LE-«

for Targe |¥o| is obtained from the expression

.
|8

e

e

B £¥ TP ” ) : 3 o

/. %1 T’(ms[r r}) -(79)

: __) - . ‘ . l : 1 ) - Q
VH ’ (ropr% )E LT m j'————_— H)
- ] T

~ The so caljed,“poténtiai statement"-of'the'Bethe approximation results

“-),

(75)

In the exponent1a1 statement" of the -

29



from approximating. the scattering emp11tude of Eq. (77) by;the first
- non-zero term in the series resulting from the replacement of the poten-

tje] by Eq. (79)]1.e. the first non-zero term in the series

R {zgdwcﬁ;m ':f+tP(cas[_r 1)} @)

IS

The equtva]ence of the exponential statement and the potent1a1
statement of ‘the Bethe approx1mat1on is demonstrated in Append1x IV

C. A part1a1 wave ana1ys1s of the f1rst Born approx1mat1on
'scatter1ng cross section, Qborn’ is glven in Append1x Y. The resu1t1ng

express1on for the parttal cross- sect1on is:

Q o (19) (29 +1) K; N7 (2231)(2!2%1)(}3 h f)

7
oo 6

Born jzi_ (284 1)

ﬁff fdr’ r"”’ﬁ? (ro)J (k rc.)J(K fe>

» o (81) .

-where

Born

Not1ce that since the Born express1on exp11c1t1y contalns the

g+1

~term r< 2res¥* 1 we may apply the * ‘potential statement" of the Bethe

approx1mat1on and 0bta1n the Bethe partial Cross- 5ect1on Qb the by the
Betn Beehe i .
replacement of ,@? (r) w1th ()= j?(‘il ?C\) ..... L dn

“in Eq. (81) Then S ‘ '
| QB'-*““_ (18) (zi? r1y X \7 (zgﬂlﬂg.& 1).-(“51)?
Kadge (24D \ece

M"A’ dr(r.,) ﬁ) f:f>j" (KyTo) ](‘K %

cwﬂ

f;Return1ng to our statement of the Mod1f1ed Bethe (MB) epanXimation,}

) Ya 5 . .
Lﬁ () ‘J 48 AT ——jriﬂ?hﬂ(r) Rhg(TT;) s * % F{& n (BQI .

| (83)._.
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the approximation involves enforcement of the unitarity condition'for '

those Bethe partiaT cross-sections that violate that condition.
Let 2, be a va]ue of % such that - -

'*Qiﬁﬁe ; Y%f{in ( ) 2”f+D] 4nr (f A.)

ST & C&“E L for < £.)

Lo l r I S B

(84)
Then the Mod1f1ed Bethe approximation to the cross -section is expressed
o by the re1at10n o | ' | '

Q Me _Z; l QT‘HM Qﬂng&ha : (85)
b i

A .,ii

To compute the cross-section it is convenient to rewr1te th1s

“express1on._‘Not1ce the f0110w1ng

Ay o0 3 : S
Q ‘:\“—\" +;1 . . o
Mpethe J‘ Fethe.. ', e&he _ (86)
- . Ao I e
or. P o ‘ o
Lo N Bethe thi >4 QBethe N -

S T Lo

Jo

| "Also. notice

Applying Eq. (87) and Eq. (88) to Eq. (85')-We write

. Qme' i} ‘@Eeé};e ' (2!{’7&& ' i) _‘Z QB the (89)

The computer program of the present calcu1at1on cemputes Qbethe -

using the “exponent1a1‘statement", Eq. (76), of the Bethe approx1mat10na'

~fer use ih‘Eq. (89); On1y‘6ptica1]y a]]owed'tfansitions are computed

o i-'%%‘(u ]Z(?M-) o )%‘1) (88)

3



in this approximation, (i.e. the initial and Final Stafés:mUSt be
s-p, p-d, etc.). |
w1th the restr1ct1on to optically a]]owed tran51t1ons the cross—‘

sect1on expressions used in the computer programs are

6 o0 Fenin

el (g | RN o

[ J Jr(r) P} g(r){h ?(0] >~‘< r>ﬁd

Q & (o{sfrcaﬁj (7277)(2}1*1) ('9 R 1) K-p)\w

Bethe

¢ 6 0
(91)
(u';z‘)[( fi’*ff) T - (1“”')5 (2 1)
“where' - o | : o ‘ :' k... ‘,;

_(It is of interest to not1ce that the scheme of 1mpos1ng the un1tar1ty

cond1t1on to cross-sectian caTcu1at1ons was app11ed to. the Born approx1-

‘ mat10n 1n 19615'(Seaton (1961)).  This resuited 1n the "Unitarized Born‘

7,-'Approx1mat1on , since used in ca?cu1at10ns found in the ]1terature)

5. The 'Ochkur‘Appmkimation‘

-

‘In our discussion so far we have ignored the indistinguishability

of the incident e]ectkoh from the target electron. These have been’
' "non—ekchangé“ approximations. “To examine how exchange effects ckoss— |
sectzons 1et us return to a genera] formulation of the preblem

The prob]em of exchange (i.e. the effects of particle 1dent1ty

A
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‘énd spin) is discussed in moét sténdard tekts in quantum mephan{cs {e.q.
Schiff (1968). Landau (1958), and Gottfried (1966)). For our purposes
here let us note o
Ji) If the 1nteract1on of a system of . partlcles does not
. depend on spin, then it is possible to write the total
wave fuﬁctibn'for the system as a product of a spatia1
.éigenfunction and a épinre%genfunction. | |
.2)‘ PrOpér1y symmetrized so?utions‘can be tbnstructed from
a general unsymmetrized solution. | o
3) For the case of 2 spin (1/2)-~ paftic]es thére are 3
rsymmetrid‘(the triplet) and 1 antisjﬁmetbic (the singlet) -
sp1n e1genfunct1ons | o ‘

For s1mp11c1ty, Tet us examine the case of an atom thh one va]ence
e]ectron outsude a c1osed shell (i.e. Hydrogen or an A]ka11 atom) ' |
N1th our. inert-core assumpt1on this is a two electron system. Reca11
from Chapter III Section 1 Eq (28) the total unsymmetrIZed spat1a1
wave function for th1s system may be wr1tten S _ ,

@(-F”m =j FF(?E). (P?(-ﬁ) ' - ‘ (93) ¢
where Yo and T ére the position'yectors of the scattered-eTectron\and
“the valence electron respective1jm The'summation P in Eq. (93) is over

 the cpmplete‘Set'oF‘states_(continuous and diScreté) of the atomic tar- -

_ gét.

Fo]lowxng the procedure of Chapter IIT Section 1 we f1nd the

'-_ scatter1ng amp11tude (and from it the cross- sect1on) by'exam1n1ng the
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asymptotic behavior of the total wave function of the system. Since
there are two electrons we require asymptotic forms for the exact
'_.unSymmetrized‘wave function ¥(¥o,r;) when . is large and when ry is

' Targé These asymptotic behaviors are:

r-‘!u:

" R S N -1 4 : iy '
@m, R R '}'I(m exp ikt + % exf*é]k;ré)fd:(ﬂ)f;t\;»(gq)

e Ak,

@ 1“ exp (i ¥ r)‘é-(m] | (98)
'where fd and f are the direct and axchange scatterxng amp11tude '
respectively. (Schiff (1968))

Using the s1ng]et and triplet spin wave functions it is c]ear that _
- the tr1p1et is symmetr1c and must be muitiplied by an antxsymmetr1c
spat1a1 wave funct1on (w(ro,rl) - W(rl,ro) S1m11ar1y the antlsymmet-
ric s1ng1et spin. e1genfunct1on must be mu1t1p11ed by the symmetric
spat'la] functlon (‘F(ro,r‘l) + T(rl,r‘o)) | o
| The asymptot1c form for large va]ues of one of the arguments

(bécause of-the.symmetr1zat1on either will do) say re, is given by-
Pyt PURh) - exp BT B
vt texp (k6 H & f o | P

(96)

Using the fundamenta’ postujate of quanfuﬁ mechanics (see Huang (1963))
~ that all] spin stétes are equally 1ikeTy.t6 appear in the collision,
the différentiaT éfoss-section must be computed with the,éymmetric
spat1a1 funct1on in 1/4 of the collisions and w1th the antlsymmetrlc

spat1a1 funct10n 1n 3/4 of the co111510ns . That is
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" With this génera] understanding'of the exchange problem let us now -
“examine an approximation due to 0ppenhe1mer (1928) Ana]agous to the
_‘Born approx1mat1on given 1in Chapter III Sect1on 2 Eq (39) Oppenheimer

~ assumed that the exact expression: . ’='{

[ Ff-,_(‘fff) ‘-PF (.“F;)wft“Fé{F;_.} q—'},(-@')} S (98) B

=

U AR

-

‘  could be approximated

. ) . . ' ’ " o B o
S pe e A N TN TR (1% Gy A, E '
A SNAL exp(1kfr;)&%(ft3ie“?(1Fl§'Q? ) (99)

w1th this approx1mat1on it may be shown (see Bates (1950) “that the

| dwect amphtude 3 may be wntten | o | R

e z-,jdr e ) w K1 Q)v @ e

\ér(ri mj 9’ (r> .?éfﬁi gﬂ_(ﬁ)\;l | | _k?df)‘.

‘lanq t_hé exé_harjge amthudef may be written | |

{ (j) ( | )){d <h3 &xf(lk rl)QJ(r)
‘ "'x.ui “ex?(1k r)l{l (r)

] -t -+
)

(102).

The extens1on of the above formu?ae to the 3 e]ectron case is

: stra1ght.forward but ted1ous The 8 spln e1genfunct1ons for a three
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e?ettron system and a derivation of thé SCattering amp]ftude‘for'an
~elastic collision of an electron with a Helium atom is g1ven by Schiff
© (1968) in Chapter 10 of his book.

The d1rect and exchange scattering amp11tudes for a- Hellum-llke

system are: : |
e fd e (3 KK ) Vo (109
J ' i i I |
\/FI(V;) "‘[(’J PR @F(Q rz}[ TV.;:“‘ t’if v ;ﬁl] I(,Wi‘ri-) (104)
~and . _
fo = (43)] dr o7, 4z i ;
: ATT Yo rx 1 (1)0) Cx ”(.r -
‘ T J | ?F P( £ 1) - (105) ’
I{W£W.+£;]gg(ﬁbﬁf axP(iﬁfﬁ)-ﬂ' : ~

ke ‘n-i : rmz_

 This.3orn-Oppenheimer approximation to'the'éXChange scattering amp11~-
‘tudé, : {11 - gives rise to cross- SECt]OﬂS which v101ate the

‘requ1rement of detai] ba]anc1ng (i.e: |H = V|HIF|“ . (see

FI|
‘Segre (1965)). In the literature this has been referred to as the

"post-prior" descrepancy. It has been shown that this problem arises

. from the non-orthogonality Qf the initial and final state wave func~-

-tion; (see Rudgé‘(1965)).

The Ochka-appfoximation fs an improvement on the Born—Oppenheime}
‘exchange amplitude which removes this descrepancy. In his origiha]
'work Ochkur (1964) examines the exchange amplitude for He11um, Eq. (105)

and notes that ”the collision of an electron w1th an arbitrary atom can
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| bg carriea out,{nAdrcdmb1ete1y analagous manneﬁ.f

ﬁ_rBrief1y_0chkur expands fhe exchange amp]itUde in a pdwér series in'
, (l/ki)_gnd.retaihs only the leading term. (This'éxpansjon is given 1n:"
‘ AppéndixVVIj; The resulting ahpkokimatioh,torthe exchange ampiitude';:

Cis: ‘ : :
(2 e T e L B B o
o te J~(E)Jd.rldg_ b R ep IR R PR (106)

Notice that the "direct“ scattering amplitude fq given in Eq. _ -

(103) is the Born scattering amp11tude f discusSed earlﬁer in

born?
Chapter I11, Section 2 Eq. (51) Further the Ochkur exchange amp]1tude,

fﬁ, of Eq. (106) may be wr1tten 1n terms of the Born amp11tude as:

‘ {e- k ks ‘Fﬁo'v'ﬂ - - o N i “077)
.. where 1<-‘k1-EZ. '
Recali ChaptéE'IIi, Section 2 that in the present ca]cﬂlation'we
_-are making the {nert;core-active4eiectron appkdximat{on. In this
aﬁprqximatidn all target atoms are treated as one valence electron

systems. .Returning then to our earlier discussibn we define

e - 15 @‘)'*-%e _(m J(“““” )‘gaamsﬂ) (108)
_jand usé Eq ‘(97) to wfite |
Aﬂ ( ) ORI )

~ Then injthe usual manner (see Chapter;fli,‘Séction 2) we may w}itei
gk, 49 B (110)
CQrkgade am L ae 10
AR ] 0 S
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- where ' : o
dg dot _s3vdgm o 11

RTE R RN L am

Let . us agaih measure cross-sections in units of waBz.- Then the total

cross-section is written

© o Emaa '
Q%mm*:(iibi_K&K{("")(i+-—”*“~; + (%?(i- |
e
Teax . |

_.(KI) kdx (lf = K#f rﬁ (g].

This is the Ochkur expre551on used in the present ca]cu1at1on

I

Let us note here that 1t has been observed by Rudge (1965a) that
the apprOX1mat1on of Ochkur is "in a certain’ sense 1ncorrect“ Spec1-
-f1ca11y Rudge has shown that the Ochkur express1on cannot be obtalned
from a var1at1ona] pr1nc1p1e However, the Ochkur approx1mat1on‘does
k overcome some of the difficulties of ‘the Born 0ppenhe1mer approxlma-
tion. For that reason it 1s st111 used to 1ncorporate exchange. Rudge :
-h1mse1f prOV1des Ochkur ca]cu]at1ons in his 1onlzat1on review paper .-
(see Rudge (]968)).' He observes, "The der1vat1on of Ochkur's result |
.is'of an ad hoc nafure and it is not aitogefher o1ear whyoit‘yiélqs'a'
“marked improvement over toe Born~0ppenheimer method." |
. 6. Summary of the Excitation Cross-Section Express1ons Used
~in the Computer Programs | | |

In summary the final form of each of the four approx1mat1ons d15~
cussed in th1s chapter and used in the calcu]at1on are given below

Some of the Fortran variable names. w1]1 also be given for

reference.
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‘A) Born
o 5 ;ﬁKI"w.FV 5
Qo (B W o aw
. Kp-kr . . : S
- where _ - '  ' :
W \ !?M -
%SHK)E ( K) v zJ{ b G ﬁ { ﬁr n"”JﬁmP ("/ (114)
e, A
B) Bethe ok,
’ i K?_s
Q,Befhe - (‘Q}J‘[:iK ( —— /Jc’r (r)? R-.; (r) P (r)J (”-5){ R
N (:Q_j’“i (Je, Lty ( Tat) )l |
: zf,.j? o S AT o8 0 ?_t[t]l
C) Mod1f1ed Bethe : : -
QRTIcHL} 1 ° ﬂ - =
h(':nn e {\e QBe{ha .+ (2k.12.) ('/954" i.)“t“ Z Qﬂ-e{hﬂ, - (]16)
| F e o
where ﬁ’ ' P e L | T
o Qaa <oFt'<af’) (72) (zhi)(a'jo)mrﬁ,{(r) e
L ' (117) NP
x[r}f’wif)} (QQ*U[ e )3’ {2 i)+(1ﬂ2*1)3"(§2+1) "
' énd wﬁere f ' : | :
J(Q ‘+1) fclr JR(L r)Jﬁ}E1 (K, r) I -_.(n’a)._:.
“D)‘ Ochku-r- . | S
Y Kprk© -
QOrhkuf (#’: )ﬁdh( 1 “m +‘""“"> l‘; "{)] : (119)
. CTKR, .
3where fborn(K) is as given abdve

The program 115t1ngs and a dlscuss1on are glven in Chapter ¥,

'7‘Sect1on 2 . Some of the Fortran names used for the var1ab1es in the o
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above expressions are:

Q- sie | o K ~—?'X- o
'\i(x.‘*-AXZIH S | ',r——ﬂf.‘_' ;
K AF S | A= LAM

JAENEY - TR
CA- L S S-S

ﬁm_y_ PE : o | " | (/i ‘i!f ‘ —> TS(U L2, La)

[j dr ’b\'?%(f} J, (ko) ?h-ﬂ‘(;;i b _‘gpflirﬂ“ { BT, Lnrwm, x_) -

It-may"be shown (Gottfried (1966)) that for a potent1a1 u(r) the cr1ter10n Vo

for validity of the Born approx1mat1on is
A

‘}; ,j Exp {'EK-;_?"-‘ s Kgr) U(r) Jr j',c;; 1
. Gottfr1ed argues that for a neutral atom of charge Z (in some cases an

effectlve charge) this condition’ is equ1va1ent £0

2 E. << B . .
where EH is the Rydberg An upper limit of E 15 set by the fact that we
are cons1der1ng non- re]at1V1st1c electrons and therefore E<<mc2 “Hence
- the region of va11d1ty for the Born approx1mat1on in ey 1s

(V3.0 « {E <= i mﬁar Z << 200
Gottfried‘notes that "the Born approximation actually ]eads to consider- -
ably more accurate 1ne1ast1c cross-sections at low energ1es than one

‘.w0u1d surm1se from this 1nequa11ty "

The Bethe approx1mat1on assumes the above cond1t10n is sat1sf1ed and

furthermore assumes that

[("“3) /ct_} /l_fh?}}n /(3 i)‘:} Q_,, 1 .‘:«-'

et
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s is the power of ‘the first non-zero term in the Bethe series (Eq. 62).

‘ ' The Ochkur approx1mat1on must satlsfy the Born crlter1on and the . -
Mod1f1ed Bethe approx1mat1on must satisfy both the Born and- Bethe
prlterla

~ The expected va11d1ty of the results: for the spec1f1c ca]culat1ons

?of this paper w1i1 be glven after some of the resu1ts are c0n51dered



IV. TONIZATION CROSS-SECTION
1. 'Relatjonship to Excitdtion-Expreésions

"The problem of etectron.CD11isions with neutral atoms ceusing ioni-
zation is both-simi]ar and dramatica?]y different from the pfoblem of‘,
excitation. It is similar insofar as we can state ionizatipn as “exct;
“tation to the'continuum“ Having noted this, 'much*of the earlier.
d1scuss1on of the excitation problem (and many of the expresslons dem
. r1ved) may be applied to 1on12at1on, but w1th cautlon

The 1on1zat10n prob]em is dramat1ca11y dtfferent for two reasons |
‘F1rst ‘the continuum state wave funct1ons only have spec1f1c states
assoc1ated w;th specific wave-vectors Ke' Therefore an 10n12at10n
croés—section is excitateq_to'a state with spec1f1C d1re¢t10n.. Secqnd,
the-e1ectron‘that is fonized (secondary electron) is fndfstinﬁuishable -
from the scatter1ng electron and. thls must be accounted for in the ‘

_'computatxon
2. The Born-Coulomb Approximation

Tﬁe most eommonly used approximation tolthe cross»SECtion'for Eiet-
tron 1mpact 1on1zat1on of neutral atoms 1is the Born- Cou1omb approximation.
This. is an approx1mat1on of the cross-section by the Born- approx1mat1on
derived ear11er, w1th the final state of the atom (the 10nlzed e]ectron).
described by a Coulomb wave o

Cons1der the system of an e]ectron w1th a wave vector kI iﬁctdent

‘on an atom descr1bed by the atom1c wave functlon wl .In this system the

e1ectron is scattered_1nto‘a dlrectlon (QF)-w1th a wave vector-_kF and ‘the



- atoin is fonized, emitting a secondary electron into a direction (8,)

with a wave ?ector_Ee. Let us derive the cross-sectioh for this

collision.

Us1ng the Born approx1mat1on (i.e. descr1be the pr1mary eglectron |

by the plane waves exp(lk r) and exp( 1kF r) and the 1nert—c0re'

approx1mat1on reca11

. - l\“:‘r_i- Kz S . - V ‘
: (J Q " }'l -; ;L : ’ {‘, . vl 1' . . . |
d_f-;[-ﬁss-; 7 k ?‘;;)] K d K j -i??oe-h. ( K, kﬁ’- ) ) . . (120)
: ke . : - |

where

"{ me,w fdr x F) mPhK U‘PW C G

| Let“usjaSSume the atomic wave funct1on5'are of'the form:

: A o : L

tprr} : ne(‘") Yj U}) e (122)
0N '-:'-‘:-k-’-' . YP (e F) o (123)
‘%(ke,u% Rﬁe(%g,r;_ge(wa_ )_

o ‘ e ‘ ‘

'To 1ntegrate'£q {121} choose the z-axis a]ong the K d1rect10n and

: recal] ' :

S 1,

o exp(wkrcose) 221* +T zh+iﬂ .L(K”‘Y (L)

Azo

"‘Usihg the addition théorém to write

LACHTIDN i

fe amt

!1) o lm,‘

"then Eq. (121) may be expanded as

(124) =

R (ke_;i“) Y (ﬂxt}J Y (ﬁﬂ (125)

a2
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| A Yﬁer'ae(ﬁh) gj{dﬂ”“ %‘;’?”TEDALT) Ko(ik‘}‘ifgi‘1{iﬁl:)é<fgirigH“WWuj
X[I dr R“(‘}.{“” JaCke) Rn.ﬁ- ) = ke 2 )}
S22 U, ) Camiol i TR

Lemeh :

To find the cross- -section we require

(7.8 )| - (___f D et m)mmh)\(!_”mh)
Bc.rn : ¥ faﬂk)\ LMJ\ (]27)

X <ﬂ e Aoi?\m)(gm monemo H O )@?(Leﬂﬂ y-

- This would allow us to ca1cu1ate the cross-sect10n —%— for the colli-
o e
sion But the tota1 1on1zat1on cross sect1on wou1d be for all a11owed

‘va1ues of the secondary ‘wave- vector That 1s
Ionl?ﬂf e J ® % ' | o “
Eom j ('J“ck Q :—,/ 5}( d?( [c!ﬂ AQ@ - {128) )

where for a given initial state of the atom and a given incident anergy
of the primary electron Kzax is determined by the conservation of energy'e
for the condition of the primahy-e1ectﬁon at.rest. That is,

max _ JE ‘
E- E; Eionization o

Ne'may rewrite Eq (128) as

ra) Kmﬁﬂ .

}. CQBOH | K {f ?} Aﬁlj Ailxij K &¢<\ E \?Q,K)l (129) .;

K"!lh
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| Using Eq. (127) and not1ng

ag

| f 'ke ng m) Lem ﬂ-k‘ /‘eLuJ | (]3_0)‘ 

we can'sum over LeMe and write

,("F(.K,"Ke')r;fdjl " H (,%, )f:—j (.i_

) j}e ) fe f\)
K * ANfeme -

‘ X( mt\’\c‘"‘lm;/<&gm;|/\0‘jvml K(ﬂ/‘\ﬂ).ﬁ Q."}Q)

averag1ng over m1 we write

T F o (4 w'r’‘c(.-f?fjs)c_.*‘»('st;h)
H (K, He)|" - T (K)%e. :

e Am«’w )Z letel ol m,><f? m, w\on@
: w1th Append1x IIT we can write ‘ .
Z <1 mez dol ¥ m ><”J2 m; Mo Iée m>- (?hl){l?,d)

My m . L &

““) YIRS

E summ1ng over A 1n Eq. (132) we write

el wacweWM}(”"f’_({‘i?)

g(ﬁ&ﬁ}) (lei) [4Tr{1h+i[}n (4y) (%;;3&)}‘*

In summary, the total ionization €ross- SECthH in the Born-

Approx1mat1on is:

ma

Kyt Kp

(131 -

am)

_éfgn f GK Adk& "@ L o (]35).:“

[ _'Eg'& ; (Tlé‘;)fx a;KdK H- Sl (136)

S b (133) - B
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e ER TR e, o

e AN VINE))
where Kmax in atbmic units is ' |
mn ((K - ZI) I = Ion'nétjlon Eﬁefgy

. However, as mentioned ear]ier welmUSf account for the secondafy e]eétrbn‘  ..
' béihg indistinguishable from the prihary e]ectron' As discﬁsséd by ‘
"Rudge (1958 thls may be approx1mated by sett1ng Emax equal to Emax/? .

'fhen |

S 3. _Tﬁe ‘Expr‘essjbn Uéed in the Computer Programs.
"In summary,the expressions used in the-calculation are given beldw. * -

Some of the Fbrtran variable names are also given.

rnw

B[ ‘K dke AQ (139)
)f !<f35< H “""m\ ey

ften ) S48

m

s AR . '_ - {141)

| r] Jf P (W r)Jx(Kr}EJR(rﬁ

a



,‘The'program ]isting'and'discussionis presented in Chapter V, Section 3.

Some of the Fortran variable names are:
Ke > KAPA 7 + PI

ﬁe + L2 -  R - PﬁE(Ke’r) + PF

46



V. .COMPUTER PROGRAMS °
_ In this chapter the programs themselves w111 be presented For each.

of the three programs used in the ca]cu]at1on (HFSWFg EXCSCT, IGNCST}_& ' f
programu11st1ng is given, and some deta11s of tﬁe prbgram m%ediﬁcuSQed.:'“'
The‘infofmatidn on how to fun the program is given 1n€Appendix VII--User
Manual. |

1. Nave Funct10n Program

| Th1s program named HFSNF, is a self consistent fle]d ca]cu—- A
1at1on of rad1a1 atomic wave funct1ons The program consists

- of a maln rout1ne and a subroutine SCHEQ

' a) L1st1ng



NN RNAAOOANAOBOAAAANCACNBONGANMAAN

con -

Ny Eas¥al

" ‘48$1f

PROGRAM HFSWF{ INPUT)

S v
o % ¥ & HF SWE ® ok R *

% . _ - %

% A FORTRAN PROGRAM TO CALCULATF HARTREE=FOCK=SLATER %

% NUKERICAL WAVE FUNCTIONS AS PUNCHED CARD OUTPUT. L

% ITERATVION NUMBFPR (MFASURE OF SELF=CCNSISTENCY AND *

% ATOMIC NUMBER Z ARE ALwAY% PRINTED ON=LINE, *

1 B

* {F KEY=0 NﬂRMALiZED NUMFRICAL ATOMIC P@TFNTIAL s *

% READ IN AS 110 VALUEQ EVERY 4TH MESH PLINT 1.70 43? *

B %

% JF KEY=1 COMPLETE AT?MIC PQTENTIAL [S READ IN {437PT p*

* [F KEY=2 EXTRAPDLAYE STARTING PCOYENTIAL . T

I ' o - A

% MAXIT=MAXIMUM NN.OF [TERATIONSIMAX{T=0 [MPLIES 20). *

. o o R~

% [F KUT=0,MODIFIED He=F=$ POTENTIAL TS USED IN WV.=EQ, *

* [F KUT=1,UNMODIFIED H=Fe§ PCTENTIAL 1S USED IN WV =EQ¥

e ‘ - ’ x

* IF NOCOPY=0,ACTIVE FLECTRN wAVE FUNCT!DNS ARE PUNCHED* T

» IF NOCOPY=1 ALL WV. FNCTS. AND SELF=CCNSESTENT e

o POTENT{AL aaE PRINTED rhaLINEo , v

*&m&**&**#*#*¥**#****n*#*###&*%**z#*t*##*%#***#*
® PROGRAM AND SUBROUTINES - *

L . ORIGINALLY WRITTEN BY - ok

B SHERHOGD SKTLLMAN, RC A=l AR, PRINCETEN NJpSPR 1961 - T
L MODBIFIED BY . , S
% li?FaHERMANvﬂta LABs PRINCETCN NJnSUMMER 1961 "% = = .

CEL {2IRKORTUM L CKHEED RSROH=LAG ,PALG ALTO,SM ;gaam_
% {2)T.GREENE,UNIV.CF TOLEDG,; TOL.OHIC, FALLLOTL "
ﬁﬁ*ﬁ*m*#*ﬁ*##*****n##*##***##*#**t**********#*#*

vr

DIMENSION X€521), RSCORF(S21), RUIALI!SZIF;'RUE!SZIP; RU(EZl)o NNL  

1212405 RU521), RSVALE(521)s RUFNLLI(S521)s RU3(S21), XI{521); WWNL{2'
243, VI5217, RSATOM(S521), RUINL2{521), XNUM(521}, XJI521), NKKK{24} °

3o EE(24), RUEXCH(5Z1)y RUFNL2(521), DENMI521), SNL(10,5211, SNLO(S.

4z1), A(“ivS) .l'
COMMON Vo SNLD,R, RSCUR& R%VQLEvRUgRUFXCHvXI XJoPSATEMpSNLvRUINLI RU;‘
lFNllvRUiNL2pRUFNL?vRU2gQU o NNLZ 3 WHNL o NKKK, EEy A )
ECUIVAL ENCE iRSCUR%vINbN)a [RSVALEqﬂENﬁ)g {CQ RSAIEN).

NFILES=0 -

CONT.INUE
READ MEACING CARD.

READ (5,138}
WRITE {&,128)

READ CONTROL CARDS AND INPUT POTENTIALS. CALCULATE TRIAL POTENTLAL -

NCARDS=50

PRINY 122, KEY ' ' '
READ (501310 KEY, TGL@THRESH “ESHolPRATT MQXITqNDCDPY KUT IPgIMvIRp
ﬂIDvDEFﬂﬁvaE Co



OO0

OO0

1€ (DEFOLT} 2.2,2
KEY=0

. TOL=,001,
- TEHRESH=-00CCL

‘MESH=44]

[PRATT=]

CMAXIT=20

NCCOPY=1

CORYT=0

U

IP=6&

[M=6

IrR=5

1C=7

JE=1

&C 70 5 o
iF (MAXITT) 4,45
MAXIT=2C

CCNY INUE
NBLUCKngESHEIQO-

' CCNSTRuCT X MESH AND R ME SH

i0

Il
.12

13

=1 E
X{1)=0.0
R{1)=00
DELTAX=C. 0025

£C 7 J=1,NBLOCK
DO 6 K=1,40 |

Ti=1e1

XUI)=K (T=1)¢DELTAX
EELTﬂX=GELTﬂX+DELTAX
IF (KEY=1) 9,10, 8

JREAD (IRo129) {(RUZIM) M=1,441)

READ {(iR,129) {(RU3[M) ;M= 19‘41}

 EZE2==RUZI11/2,0
2E3==RUI(LT/ 2.0

Co 7O 11

READ [N ATOMIC POTENTIAL

READ [IR,124) [RUZIM)  M=1,43704)
GO0 7O 11 - )

READ (IR,129) (RUZ{M) M=1,441)
ZE3==PUY3I(1}/2.C

REAC {IR.125) ZvNCURESgNVALFSoIUN

IF 423} 12001512

‘NFELES NFILESH]

AZ=7

1Z=¥ :
NCSPYS=NCORESHNVALES

C=C, 88534138/7%% {1,073, 0]
TwO [ON= 10N+ TON :

LT77=10N<+1

TWNZEE=2T2 4117
LC 13 (=2.MESH
RUDY=C*XUT}

CREAD (TRo127) (NNLZUT) s WWNL (1) oFEC1) 51=1,NCSPVS) .

WhW=0.0
CC 14 I=1,NCSPVYS

"‘49‘.



oo

T 31

14

16

BUW=WHH ¢ BWNL {1
IF {ABS{Z¢1,0oWhn=272}=0, oﬁzx 16515,1% ‘
PRINT 126y WWWeZZZ 7 NCORES,NVALESSNCSPYS
CALL EXIV . ‘ - '

CONT INUE.

IF iKEleD 21:26,17

CONSTRUCT.ATOMIC POTENTIAL

17
18

19

- 20

21

22

1F (ABS{ZE3wIE2«747FE 2 m0.001) 19,19,18
WRITE {IPo13S) 2,7F2,2E73
CRLL - EXIT :

LU 20 I=1,441

Ruriazauat{ieRU31i1=Ru211}
CONT INUE

¢cC 7o 21

TWQZI=Z4+ZF

CO 22 I=1043744

RU{I ) ==RU2{ 1 )% TWD?
RU(S41)=RU{43T)

B autﬁas&:nux417)

- 23

M=g

CC 25 I=1,437.4

H=pe |

IF (#) 23,24,24

RLE?411~€22 GxRUCTI+11. G*PU(I*%?MPU{I+HJ)/3? 0
RUT42)={10:C%RU(T)I 15, C*RULT+4)=RU{I+B) Y/ 24,0
RU(I#3)'K@ O*RUII)*P? O*RU(I+4?@RU(I%8)§/32 o

M=5 ‘ .

eC YD 2%

24

RULEI1I=421, 0*RUII!+1400*RL(I+4)=3 D*RUEI+B}){32IO

‘T‘PU11¢2! I3.0%RUII}+& OxRULT+4) =RU{T+B}.) /B0

25
26
27

28

29

30

RU{T®3)={(5, O¥RULT)+30, 0*RU![+#)M3 O*RU(!+8))f32 0 oo
CONT INUE . .
G YO 21 .

IFf (ABS{ZE3=]1=0, 001) 27927»29

LC 28 1=1,641

RULTI=RU3LIY)

CONTINUE
GC TG 21 .

ICZ=Z/1E2
BO 30 T=1,441.
RULT I=RU(TI*Z02
CONTINUE
V{1}==5,SE35

L MzMINO{441 ;MESH)

32
33
34,
35
35

. 37

IF (KUT) 32537,32

CC 33 I=1,M
VII)=RULT)/R(T) ,
IF (MESH=M) 34,34,36
CC 35 [=%42,MESH

VT ==TWOION/R (1}
LIMIT=M

TCUT=MESH
TC=MESH
6C TO 47

-CDNTINUE,
qCuUT=0

‘CG 42 1= 29



soo -

N ae.

'5f“ 

IF {ICUT) 28,38,40

38 IF (TWOZZZeRU(II) 41;4153%
39 ICuT=§ . '
&0 V{{1==TWOZZZ/R(T)

"GO TO 42
41 VIII=RYUII}/RID)
%2 CONTINUE - .

IF LICUT) 43,413,644

&3 ICUT=M
&4 L IRIT=ICUT

-~ IF (MESEM) 47.47,45
®5 CONTINUE
- D0 46 1=4%2MESH
48 Vﬂl!-mFHOZZZfRil}
47 CONTINUE .

CELTA=10COC00.

 NITER=Q.

CNONMDN=3

- IPRSW=0

CPRINT 123

STﬂRT K?ﬁRﬁTEDN

%8 Mcaars G0
IF (MAXIT=NITER} 49;51951
49 CONY INUE
WRITE (1P, 140) .
CC 50 {=1,MESH;5 ‘ ' R
WRITE (IP,141} !oX(I)gELB(I!oRUINLl(I?7RUFNL1(IivRUIAL2{I?pRUFNLP(
TI3RUCTY - , S e A
'S0 CCNTENUE. . = - L o 3-.- -0
. G0 TO 11 - o : . o I
51 C0 52 I=1,MESH D . L
- RSCORE(I)=0,0 - -
52 RSVALE{[)=0.0 _
SOLVE SCHROFDINGER EQUATIC N FOR EACH ORH{TAL InN TUR&
CﬁLCULﬂTE CORE AND VﬁLENCE ELECTRONIC PENSIT[FS o ‘

€O 59 M= lqmcspvs
E=EE{M} .
NN=NNLZ (M} /1C0

L AM=NNLZ (M) /10=1C%NN
XL=1 AM

CALL STHEQ (ZoE sLAMGNN KKK ¢ MESH,Cy THRE SHY

. IF {M=NCDRES} 51,53,85
53 CO 54 T=1,K&KK -
54 FSCDRE%F#”RSCDRE(!)#HWNL{M)*SNLQII}**2
. GO TD 57
55 T 55 [=1.KKK
"56‘RSVALE{EF‘RSVALE(I)+MWN£IV}*SNLQ([!**2'
57 CC 58 [=1,KKK :
58 SNL(M,1)=SNLO(I)

NKKK (M ) =KKK

: MCAR(QS= MC&RDS*Z+1(KKK=1]/QO!*H
59 EE(MI=F



cae

| “USE‘
‘CBLCULﬁ?E TOTAL ELE(YRGNIF DENSITY AND ATGNIC FXCH&NGE PFTFNTIAL

0O 80 = lsHESH _
- RSATOMET )= RSCORETTI+RSVALE(T) : ‘
‘RQEXCHiID-mb O*tIJ»O*R{I?*RSATDM(I31/315582?34)**(1 0/3 Ol

CALCULATE ATOMIC COULOME POTENTIAL

A1=0.0

ASUM=0,0

Bi1=0.0

BSUN=0.0
H=0.002%4%C

=1

Xi{1)=0,.¢
KJ(1}=O¢C . '
LC-&2 4= lvNBLﬂCK
CO &1 K=1v40
f=741 '
az= RSATGMfI)/Z Iy
Al=AleA2
B2=RSATOM(I)/{2. G*P{Ill

. B1=81482

XI{TI=ASUMSA 1% M
HI{TI=BSUMSRBI* K
CAI=AL A2
Bi=B1l+R2
ASUM=XT{1)
BSuM=xJ44{1)
 Al=A2 '
gil=R2 |

FEHeoH

. CC 63 T=1,MESH

XI{1)==2,0%222, o*txit{3+acla*txJ(ﬂeswanxJztxi;
XILII=XTLLISRUEXCH(T)

CONTINUE -

B0 64 I=1,MESH

CRUINLLCTI=RUINL2(T)

RUFNL 1 { T )=RUFNL2 (]}

RUINL2 ¢ [)=RUL])

RUFNL 20 Th=XJ (1)

 NITER=NETER+1

. PCELTA=DELTA

aca oo

CELTA=0.C

00 66 I=1,LIMIT

SNLOTII=RU{TI}=XJ(])

XKI4LI=ARS{SNLO(I))

IF (XI(TV=DELTA) 66,66,£5

CELYA=XTI{(F}

ICELTA=1

CONT INUE.

DRENT 12&9 NITER Z. nFLTa IDFLTAvX(IDCLTA)vICUT XIICUT)

TEST s&tchnms;erNry OF ATCNIC porEaTIALa“
CIF (DELTA=TOLY 10£,67,67 ‘

" IF SCF caingiom NOT SATISFIED, CALCULATE NEXT TRIAL POTENTI



PaYaRals

NeXaXs!

82
83
B4

67

&8

69

70

77

-T2

73

T4

RE

76

ACNMON =NON MO |

IFf {IPRSH) 68,688,773

CO 69 I=2,LIMIT
RUTTI=0.S%{RULT I+ (1))
IF {MESK=LIMIT) 72,72,7C

CRUZM=XJIMESH)

RATIO= ﬂRUZHﬂPUILIMIT!)/(RLZNwXJ(LIN[?i3
CC 71 ¥=LIMIT,MESH = .

RULT = RUZM@RATID*(RU?MwKJ(I)?
LIMIT=MESH '

IPRSKW=TPRATY

GC 1O 93

CONT INUE .

{F (NONMON) 68,6E574

IF {PDELTA=DELTA) 75,754,786

iF DELTA {S NOY MDNDTONTC DFfQFASIhG FCUR TIMEQv BYPASS 7

PRATT EﬂPRUVEMENT SCHEME

IF (NONMONT 68¢68;76

ALPH=0,.5

' PRATT IMPROVEMENT SCHEME

77
78
79

80

81

co a4 E evICUT
XNUM LT ) RUINLK(I)*RUFNL?ifivabThLZII}*RUFNLI([) .
CENM CIV=RUFNLZ (T 1=RUFNLI{II=RUINL2 { £+ RUINLLICT)

AF iﬂHSiCENM{i}/RUiNLZ{IIlmG 0001} 17,477,778 .

CONT INUE

ALPH=0, &

GO TOo 83

ALPH= 1XNUM{I)IDFNMtI}aQUFNLEII)QISNLGtI)

CIF {ALPERY 7S, azver

BLPF=0,0

GG TO 82 AP,
IF t0.5<ALPH) HB1l,R2,82
ALPH=D.5 )

CONT INUE

XE(LY=ALPH
CONTINUE

- IPRSW=[PRSH=1

__85

IF (KUT) B7,85;87
CONT INUE

IC=ICUT 220

IC1=iCuT+l

86

87

"BACEL= KIiEEUT}IZQu

0O 86 I=1CL,IC
RIET§=XT¢1=1)=ADEL
XJUT ) =XEET)

CONT INUE

XJ{13=0.5 -
XKJ{29=x142)

‘4ﬁSUMﬁKIﬂZ!*KI(B?#XIl4)+KI!“}

88

. B89

0C 88 [=3,iCUT

XJILT §=ASUMRD. 2
ASUM=ASUM=Xil1o 2)4XT(1+31
IF {KUT) 91,89,91 - ‘
CONT INUE

Ci=1Ce1

B3



- 98

90

91

92
93

L

9%

CO 90 [=1C1,MESH

XJETI=0.C

RUCT I=RUFNL2¢T )

CCNTINUE’

0O 92 E=2,1C SR
RUCTI=RUFNL 24T 14 XJ (1 1RSALG(T)
CCNT INUE :

If (KUT) 94,96,94

ICUT=MESH

LIMIT=MESH

B0 95 [=2,MESH

VLAST=V{1{}

CVLEI=RULTI /R

XI(T)=v{IJoVLAST

- GC 70 102

96

Q7

' 99

Sa e

SOV AD

100

101

102

CONT INUE

[CUT=0

CO 101 T[=2,MESH

VLAST=v{1}

IF {ICUT) $7,97,89 :
1F {TWOZZZ4RUTL)) 100,100,568
1CUT=] S
VT ==ThOZZZ/RAT)

6o Yo tcp -
V{TI=RU{TII/RLT)
XE4IV=V{II=VLAST

CONT INUE :

X1(11=0,0

JNEKT TR 1AL EEGENVALUES DREDXCTED BY PER?URBATIGN THECRY ‘

‘NCARDS SC

TC 10% M=1,NCSPVS

K= {NKKK (M}=1)/40
H=0,00254C -

ASUM=0,0

103

104

105

'106

107

A1=0.0

E=1 -

0C 104 J=1,K

CC 103 L=1,4C

(=141

AzZ= XIiED*SNLﬂM Il**?
Al= A1+A2*H

ASUM= ﬂSUMﬁAlaiAZIZ G)*H
F=HH

B1=(A2/2,0)%F
EEIM)=EEL{M)CASUM
NCARCS= NCARGS+8*K+2

GC TO &€ . . N S

 WHEN NOCOPY=1 ALL RESULTS TRANS FROM [ARTERN MEMORY TC PRINTE

WREN NOCOPY=0 QUTPUT IS LAST ORBITAL WV. ENCT. ONLY

CONT INUE

IF (NOCOPY) 107,114, 107

CONT INUE - -
PRINT 120y NCﬁRDSpMCARDS
NC=1 ‘



ﬁc#ﬁ .

108
109

110
111

112

LR

HRKTE {IM,128) 7 4MCDRES, NVALES ICN I?vmt
EC 110 I=1,441 :
IF (TWOIONSRUINLZ2IIY)Y 11C,110,:108

CC IC9 M=[,441] S : - .
RUINL 2¢M==TROION : B L

€0 70-111 

CONYINUE
CONTINUE _
CC 112 MIN=15440,5

MAX=MIN¢4

NC=NC+1 - I Co
WRITE (IMp136) (RUINL2IM) sM=MIN,MAX) T Z,NC -
CONTINUE ‘ . S ‘ :

"ME=MNC+1

WRITE (1N913T) RL!NLZ(Q#l)oI?gNC
O 114 M=1,NCSPVS :

 NLZ=NNLZ{M}

KEK=NKKKIM) ,
He= NLZ?IE&&C*iNLZIIOO} DR

LP= KL¢§.00 4 SR

NC=NC+1 _ : R
WRITE {(IMy134) NEZ o XLoFE (M) gWWNLIMY oKKKe T 74 NC

LK l=KKKes1

© 113

114

115

118
117

ii8

119

120

BC. 113 MIN=1,K155
NC=NCoL .

TMAX=MIN4 o o
WRITE (IM5136) (SNL{MoI)oI=MIN;MAX) EZ5NC

CCNTENUE
NC=NC+1. ' o
WRITE . 11M9137l SNLIM;KKKI;IZ NC

.CCN?INUE

IF (KEY=1} 11‘911ﬁ 118
KEY=1

20 117 I=14 MFSH

RUZCID=RUITY
1€3=1

6C TO 11

£C 119 {=1,MESH
RUZCTY=RUI(T)
RULTI=RULT)
7E2=7€3

7E3=Z

CCTO ti

CONTINUE

* PUNCH -GROUND. STATE WAVE FUNCTIONS

7=52

 NC=0

" MsNCSPVS

CNLZ=NNLZEM)
WK =NKKK M)

XL=NLZZ10= 108 (NL7/10C)

" NC=NC+1

WRITE 11001423 NLZoNLaFFi“};HHNLI”?vKKKv?vI?vNC

- K1=KKK=1

£C 121 MiIN= ivKIv,
NC=NC+1 .

HAEX=MIN+4



4 NaXe!

O Y &y

127

‘ HWRITE: §
121 .
NC=NT+1

WRITE. {IC,137)

CONTINUE

.56

1051360 (SNL(M 11, 1=MIN,MAX) 4T ZoNC

SNLAMKKK) o1 ZNC

CALCULATE EXCITED STATE WAVE FUNCTICAS

DG 123 KC=1,JE
M=NCSPYSe1

READ

{LIRL127) NNLZ(W)qNWNL{M!onIMI
HWWH=0,0

HRW=WWW S HHNL (%)

CE=EE{M]
NN=NNLZ

{M)/71C0

LAM=NNLZ (M) 730=10%NN

 XL=L AM

CAaLe SChEQ qivaLﬁMgNN KKK;NFQH CvTHRFSHI

PUNCH‘ENCITED STATE_N&VE,FUNCTIGNS

KC=0

C M=NCSPYS+1
NLZ=NNLZ (M) )
XL=NLZ/1C=10C%(NLZ/100)

- NC=NC+1

CWRITE ¢

K1=KKK1

1051421 NLZ o XUSsEE (M) oWWNLIM) o KKK, Zo1Z,NC 7

DO 122 MIN=14K1,5

NC=NC+1

MAX= MlNé@

COWRITE
122

NC=MNC+1
CWRITE
123

CONT INUE

1051360 (SNLO(L) ,T=MINsMAX) 4 1Z,hC

IC. 137 QNLD!KKK)»IZ NC

CCNTINUE

cALL EXIT

FCRMAT
FORMATY

1264
125

'126 FORMAY

1 NVAL
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT

CLCuT)

134 FORMAT

135 FORMAT

136 FORMAT

128
129
130
131
132
133

“137 FORMAT

138.

FORMAT
1

139 FORMAT

1640 FORMAT
141 FORMAT
142 FORMAT

{F855,3F7,5)
1F4.C5314) o S
(6H WWW= FhoOpbH 277Z= F4oDs6H 7= F4sO, 10OH
ES= T4,11H  NCSPVS= 14/25H CONTRGL CARDS -
{I14,F4..CeF8o4)

CIT3FToCo IPE14, 7,0P2(165F 9, 31:

{IPELS. T4 1P4EL4. T)

(10K NCARDS= 14,10H MCARDS=I4]
{14,2FB8.601114)

(8K KEY = [4)

160 ETER 4 7Xo 1H7, AXBHDFL?A TX,30H] {DEL)

[NCGRFECTa!

X{DEL)

{!%91P3Elﬁ Ts14, 1PFla,. 748X, lH? 13 14)
{Fe.0, 3[4v56K91H? I13,14)
{1PELS. 7, 1P4ELb.To1Xo 1HZ, 13,14)
{IPELS. T8 X IRT ,13,14)
(72H

}

TICuTYy

NCORES = 14911H1ﬁ

Xt

QZ?HGSTARTING POTENTIALS AND Z=4F4.0:9H IN ERROqusa 0y

{40HLE, X, RU“oRUINLlpRUchtlvPUINL7oRUFhL?gRU )
{IB;F10.4+1P&FL6.T) | .
«249u93514 Tila, GPF4.CrlaY, 1HZ 139:4)



B OO0 RAMAAAONAAADOO

H3Xaks

57

END :
SUBROUTINE SCHEQ {ZngM LAMBDA NGFLvKKH %ESS»SCFQTHRESH)

SUBROUT INE SCHEN
_ COMPUTE ENERGY EIGENVALUE AND WAVE: FUNCTIGN
CRIGINALLY WRITTEN RY SHERWOOD SKILLMAN o
RCA LARBORATORIES, PRINCETCN, NEW JERSEY, SPRING 1961
- MOCIFIED BY FRANK HERMAN, SUMMER 19561 L
FURTHER MODIFIED BY RICHARD KORTUM AND PAUL KELLY, LOCKHEED
RESEARCH LABORATORIES, PALC ALTO, CALIFORNIA, SUMMER 1962 .

POTENTIAL AVAILABLE IN COMMCN STCRAGE AT START. WAVE FUNCTION, .
COMPUTED ETGENVALUE, AND KKK LOCAATED IN CCMMON STORAGE AT
- RETURN FROM 'SCHEOD, - : :

NOTATION: ATOMIC NUMBER{22<=%}; TRIAL EIGENVALUF{EN=E); ORBIT,
QUANT, NOo {LAMBDA=XL); PRINC.QUANT NC.{NCFL=N)3 NO. OF MESH
PTSo. USED FOR WV. FNCTo{KKK}; NO. OF INTEGRATION MESH PTS, .
{MESS= NESH?v SCALE FACTPR(SCF)gEIGFNVALUF Accuau‘cleafYHRESH}

DIMENSIGN Pi{5%y QU5), ?(5)» D(S) L -

CIMENSEION R{S21). PSCORE{521), RUINLI(S5219, RU2(521), RUL521), NNL:
1242609 RSVALE(521), RUFNL1(S21), RU3(521), XI(521}, WWNL{24), V{52
21)y RSATOM(5210, RUINL2(521), XNUMIS21), XJ(521), NKKK(24), EE{24} .
3o RUEXCHIS21), RUFNL2(5211; DENMI521), SKL{10, szlbv-SNLezszll,'Qae;
4521) L
COMMON V.o SNLOsR s RSCORE ; R SVALE » RU + RUE XCHy X1 5 XJoRSATOWpSKL RU[NleﬂU 

CLENLL;RUINL 2 ,RUENL2 JRU2 yRU3 4 NNLZ » WHNL o NKKK g FE .

EQUEVALENCE (RSCGRE XNUM) [R?V&LE;DEhw)g {CQe RS ATCHM}
SET UP cUNSTANTS ﬁwn INITI&LIZF
[R=5

IP=6
IM=5

I=7F-
S LéM= LAMBGﬂ

. NN=NOFL -
MESH=MESS
C=SCF
MANY=20C
E=EN
MOREV=0
LESSV=C
EMORE=C,C
ELESS=C.C
MORE=0
LESS=0
LE=0.0
NPRINT=C

CLAMM=L AM=]
LAMP =t aM ¢}
XLP=LAMP
NCCR=NN=L AMP
B=( AMELAMP
0C=R {2}

F=0C

FSQ=HEH
B2= 1v13saV{2}1ﬁHa71Hca



2 XsNa

Milalz)

coo

Y=H+H
FLPS=4 AM ¢6
SLPT=4% AM212
EL9T;8$LﬁM¢ZG
Al==Z /XLP .
YSQ=y®Y
Bl==l=?

CARI=Al%B1

ABR3I=ALluR3

RATSE H AND Y TJ LAMsL -

FTL=H

YTL=Y

If (LAM) 653,1
EC 2 [=1,LAM
FTL=HTU&E
YIL=YTL®Y
Fl=HSQ
BCHS=B/HSQ

- ECk=AL/F

 BQ4=ROKHS /4, 2BOH/ 25 +aTH+BTH‘

PTE=A3%§

BO3= 80FS¢BOH+R?H

. EPL=E+LAM

4

5.

10

il
12

13-
GG TO 15
14

15
16

FPL=5+L AM
XIFC=C%,21701389E=4

START DUTHARD_iNTEGRﬁTICN

NPRINT=MPRINT<+1 -
EPS-E&EC ' ' '

EG=F " o
TF QMANYﬂNPR!NT} 5?8'8‘
WRITE {IP:55) NNvLAMeZ
LCALL EXIY

NSYTOP=TFTY ‘ )

WRITE {(IP,S63 NSTOP
CaLEL EXIT

Lo 9 I‘EQMESH
SNLO{D1=CC o
IF iNPR?N?mI) 6v1Cv17
CCNY IMUE

O 11 I=4,MESH :
QG!!!-V(HD*B/(RII)*RtI}amE
GCONY INUE

M=MESH _

CO 14 1=4,MESH

IF (QQIMIY E3v14o14
fK=M¢1

M=pM=1
NSTUP 52&

Q IS EVERVHHERE PDSITIVE

co 10 7 '
IF IMESH=TK) 16016515

EPS=QQ{MESF=40)"

;«j58; _



A e e a6 0 a 060 o0

GO0

SOy D

17

18

19

E=E«EPS
CONT INUE
CC 18 [=4,

G0 70 12

CONTINUE
"NCROSS=0
SICGN=1.0C

H=0C .
Y=Hetr

ME SH

CQIT)=QQ (I I=EPS

8= LﬁM*iL&M%il

Bi= =2,%7

BE=3,0%Z/HoE¢2. 0%V 2 =V 3)
B2=(V{3)eV{2)3/H =7 /HSQ
S Al= sl /LA

AZ=(AB1B2

Mel)
Y/FLPS

az~tn1¢ezéaz%f(4*tnm+a}'

A3=(A2%B1oAL%B24R3) /SLPT

BA={A2%B1+AL*B24+R3) /(6% AME ]2}

B4={A3UBICAZ¥B2¢AB ) /ELPT

A4=(A3RBIA2EB2+A1RBI) /{ BRLAME20)

PU2) =01 0oHEtAL4HR (A2+HELADIHXAL I Y AR TL?

P (3ol Do CeALRHAA 2R HEK 20 AR EE 4 ALK R4 JSHER{ XL+1.0)
Ple)=01,CovVe(ALeYx (A2+YR{AT+YRAL)) )} 2YTL

Pié)—tloC¢ﬁl*V+ﬁZ*Y**2+A3*Y**3+A4#Y**45*Y**<XL+1 01

Q{2)=RQ3+B

2

G(q}*(Bﬁﬁl*H+BE*H**2+B3*H**?}/H**Z

Q{4)=BR4+8

SNLOL2)=P{

SNLO{3}=p(

20

21

22

23
24

25
26

1=3

Ex=0c¢C

Ei=Hm®2

He=H1/12.0

2 -

ER)
&}

.G(4l‘(B#BI*V#HZ*Y**2+83*Y**3}/Y*$2

TL31=P {2 (1. 0oHZXQ(2))

Tier=P{gi%={]. OUHZ*Qiéli

Cle)=Tl4)=
NCOUNT =3

NINT=2
I=101

T(2)

IF END OF MESH IS REACHED, XONIFY TRIAL EIGENVALUE

Qe53=0Qt 1)
IF (IK=1})

IF (I=MESH) 22,2121
IF (NDCR=NCROSS)

RETURN. TO BEGINNING

14,364,423

ATobhy 44

OF OUTWARD INTEGRATICN {F NECESSARY

CeE)=0{4a1ekinxgq(alP (&)
. YU51=0{5)+ :

IF {1.0=ABS{H2%XQ(5))) 21921924
PLS)I=TI5)1/11, 0@Hz¢@i‘)) T

SNLO{ 1) =P
IF {SIGNY)
¢ (PIS))
IF {7151

Ti{4)

5)
25,6526
2B,2B,27

27928923 

59



slalyg!

SO0 oa

<Y

27

NCROSS=NCROSS4 1L

COUNT CHANGES' IN SIGN .

" SIGN==SICGN

28

29

© 30

3L

NCOUNT=NCOUNT+1
IF (F=NCOUNT)Y 8,29,2

NCOUNT=2

NINT=NINT41 ,

IF {40=NINT)Y 6431,32 .
CH=0X+DX

F=Cx

Fi=HE%2
F2=H1/12.0

C NINT=Q

32

33

34
35

L MﬂTCHENG RﬂDIUS HAS BEEN RFACHFO GC{NG UUT

e
37

38

39
40
%1
42

%3
- &G

" Teo Few CROSSINGS, DECREASE ABSFLEY

&5

%6

47
%8

TIS5)=P (5% {1.0=H2%Q({5))

TI2)=P (3} (1.0=H2¢Q (1))

Ci5I=T{S)=T(2)
L0 33 K=1.4

PR I=P (Kel)

T(K)=T(K<1)
DR }=D (K1)
CiKI=Q(Kel}

GO .t 20

IF (NCOUNT=2} &,25,23

'IF ﬂNIN?wﬁl 23,22,3¢

IF NECCR NQT‘EQUAL‘TD NCRGSM

FIGEN=E

IF INDCRDNCROSS} 37, 52v44

MORE=1"

Y00 MANV_GRGSS{NGSv*iNCREASELABstEij

MOREY=MOREV+] | '
IF {(MOREV=1) 38,4C,35
NETNP=50 Co '
GC TQ 7 :

IF [E=EMORE) 4Q,41:41

FMDR E=F

IF {LESS) 42,43,51 .
NSTOP=5S .
cC YO 7

£=1.25%EG

C0 YO 4

LESS=1

LESSV=LESSV+1
IF (LESSVol) 45,47,6¢6
NSTOP=5T

o0 YO 7

[F (ELFESS=E} 4T54R8,48

ELESS=F

1F (MﬂRE)_ﬁ?qSOvﬁl

NGDIFY TRIAL ﬂIGENVALUF

P SU:;”



aoanda aana

N sXskaluls 1

N Tals

49
50

51

52

53
54
55
56

IF (SNLO(I=23) 22,23,57

61.
NSTOP=62
¢C 0 7
E=0. 7T5%EC.
¢C TO ¢ | S S I
E=0, 5% { EMORE<ELE SS) | 1 . - Ly
€C TO & o o SRR
IF {ABS{SNLO{I= 1b)aABS(§NLG€I¢2)}) 5395656,

CHECK TO SEE THAT WAVE 1S IN THE DAMPED RFGICN (&RSDLUTE VALUE "f

CECREASING AND SIGNS ALIKEY

IF (P(S)) 54,23,55 | e 'j\'tguﬁ?f P
IF (SNLO(I=21) 57422.23 o R L

IF {1:.0E425=ABS(P{S)}) A4o44:23.

- LARGE ﬁB‘DLUTE YALUE OF P TN WHAT SHOULD ‘BE THE, DAMPEC PEGIDN

57

'NDW NDCR = NCRUSQ AND MATCH!NG R&D{US LTES iN DAMPEE REGIUN

INCICATES TDO FEW PFAKSV DECREASE ABSF&E}

IMATCH= K 2

XMATCH=R {{=2)

PPOUT=(T{&)=T1{2)=0, 5*f9(41=P(23¥1/H
SE PPOUT /P (3} ‘

ﬂNTEGRﬂTEUN IS 8y & APPLItATIFNS oF haTCNmCDTES CLGSFD

‘ QUﬂDRATURE FOR FIVE INTERVALS ON EACH BLCCK

"quc S{SEH{BLOCK - 1) /288 /2 thii:=000025*SCALE_FACTGR"

CsuMt=o.o . T R S

Ay

XIF=XIfC o B PR T R T T _Jh,‘*
f=1 . o R o A

o VALUE=C.C .
58 o

MM=8

CSUM2=0,C"

59

XIF=X{FeXIF ‘_ o o .
y=VALUE ~ » ‘ -

CVALUESSNLO {145 %%

SUM2=SUM24+1S, U*[VALUF+Y}+75 0*€SNLG{I+4)**2+SNLD(!+1}**2)¢50 O*GSN

' 60

61

62

ﬂlolﬁ+2)$*24SNLO{I+3}**?) - o o

U IF (NN=1) E9€3464
‘63

[=1+5

ir EIMAFCH‘;IJ 6o £248C
MM =Moo | .

IF (MM} Ey,£1.556

SUME=SUMZE X T+ SUML

GC YO 58
SUM1=SUM 10 SUM2%XIF

S1=SUML/P{3)%%2, S -
PMATCH=P (3} ‘ ‘ - ,

KINW=EPLEXMATCH. o o

FOR N =1, STARY INWARD INTEGRATICN AT{B+LAN)®XVMATCH CR X MAX

-0 TO &5
b4

X ENW=FPL=XMATCH



&5

66

87

68

FOR N NOT=1, START AT (S¢LAMI=XMATCH OR X MAX (END OF MESH) - -

L0 67 ¥=41,MESH, 40

IF (XINW=R{I)) 66.66,67
KKK=1 -
GO TO &8

CONT INUE

KKK=MESH

T=KKK

DX=R ([=1)=R{])

H=DX

 X1F=0,17361111€= I*DX

FSO=HEH

FSQ12=430Q/12.0
S G121=0Q1( 1)

69

“?O

Pi2d= EKPQMR%E}*SQRT(Q(?)))
SUM3=P{2}/Q(3)

[=1=1 '

g{a)=0Q11) ‘ '

P4y FKP(@R(I%*SQPTIG(Q)??

- IF {BRS{P{4))=1s EEG“S) £€9,6G,71

KEK=KK K40

TF (KKK=IMATCH) ?Gp?CoﬁP
WRITE (IP,G7) ?oNNoL&M KKK
CHEK=2KKK ¢ 40 :

L Pl&4)Y=1.%E=35

IJJ?RL

T2

73

P{2)=1.0E=235
!F {PMATCH) 12:,6,73
Pl3)==P (2}

S Pta)==P (4) |

SNLO {141)=P (2)

S SNLO{{)=P{4)

TO31=P 2% (1, OmHSQlE*Ql?)’
T4 1=P (4% (1, OmHCQLZ*QIQ)}

: Ci41=T{4)=T(2)
T4

LC 76 M=2740
f=I=1

CQI5)1=0Q(1) -

75

T

C(5}¥= FSQ*Q‘QB*PI43+D(45
T{8)=D1{5)+7V1&)

PLSH=T (5)/ (1, OGH<912*Q{‘I!
IF (1=IMATCH21) &,78, T5

SNLUESJ PESP '

jptxqapqx+13

TIKI=T (Kel}

CIKI=D{K+1)

QIK1=04{K+1}

- G15¥=RQ1i=2)

C(‘)“HSQ*Q(@)*P(4)+Q(41

LTS Y=D(5Y4TI4)
PU5)=T(51/7{1.0=H5Q12%Q(5}) ' .
P(5) =10 09315*P{41+0 2734375%P(5) - o 54557%*9{3a+0 21375*Pt2}=0 0390 _”

1gzs%p{1)
f=1=]
Cx=0X/2.C
Gis1=0Q(1}

Ck=D0X
pSQifnk

fﬁszn



aan

e lxEeNel

HSQ12=HSQ/12.0

Ti5)= PERDQKIOO=H<G12*Q(“)}
Ti41=P (4 )5 (1, OmH<012*Qié))
CI5)=T(S)=T(4)

- SNLO{E)=P(5)

CO 77 L =104

S PLI=P (L 41)

78

79

80

81

TiL)=7{L+1)

0 DL Y=D(L LY
]

QUL )=QqLel)
€0 YO 74

.Mﬁ?CH!NG RADIUS HAS BEFN REACHED. CCMING IN

K=KKK _
VALUE=SNLO AR Joe 2
co 10 B¢

CONT INUE

SyM3= sum1+xaptsu~4
REF=XI1F4Co 5

Mp =g

SUM4=0, C

Y=VALUE
VALUE=SNLO (K= )k% 2

- SUM4= SUM4¢19o0*¥VALLE+Y}¢?5 O*fSNLOIK=19**2+SNLD(K@4)**21+SO 0*(SN

a2

" 83

"84

. 85

lLU(Km2>*$2¢SNLQ€K° 32
K=K=5 .
IF {(K={MATCH) ﬁoEB g2~

MMsMM=] _ SO S ALY

[F {MW) 6,79,81

SUMA=SUM 26 X [ F% SUM4

S2A=SUM /P (& 1% 2

FPINS{T(S)=TI3)mCo Sk (PL5I=PIBIIN/H
S4=PPIN/P(4)

CE=(S2-S4V/(S1=53)

IF (ABSIDE/E)=THRESH) 86,84, 84 -?,‘ S

E=E+¢DE :
IF () 4.85,85.
E=E=0E =
CE=DE/2.C.

GC TO 84

‘ ‘lNPROVE TRIAL ELGENVALUE BY PERTURBATICN THEDRY IF NECESSARY

86

- 87

. 89

‘CﬁLCULA?E THE NQRM&LI?FD hﬁVE FUNCYIDNS

FOP=PMATCH/P{4)

£0 87 J=TMATCH KKK
SNLOCJ §=SNLO{J1%=pPOP
SUM1=0,0

J=1 :

X1F=X1FC

VALUE=0.C

MM=8

XIF=XIFeXIF
SUM2=0.0

Y=VALUE
VALUE=SNLO (J ¢S %2

SUM2=SUM2¢1S. Ok (VALUE+Y}+15, *(SNLD(J+41**2*SNLO(J+1)**21+SO D*(SNL N

' 101J02)¢¢245NL01J¢?3**2I

'



- 90
91

92

93

94

95
26

97

J=J45
MM=mMM= ]

CIF (MM} 655C989

”ﬁféq:'7'

SUME=SUMI+X{Fx SUMZ
IF (KHKe=J) 6,91,88

Cﬂ=SQRYiSUM13

IF (SNLOI3}) 92,686,953

Ciz=C1
CO 94 [=1,KKK

EN=E
RETURN

FSNLU{Il*SNLOQE)/CIH R | R

FORMAT (20H NO CONVERGENCE DNvI#lean 0
FORMAT (SHOSTOP, [4, 8HIN SCHEQ)

- ENC

INWARD TNTEGRATION WILL BE TRIED AT KKK+40]

FORMAT {6HOAT Z=,F6.C36H NL. =513+1015 TH KKK =515, ?3H Ig LESS THA N
o1 IMATCH =,15,434

. .
RN
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This program HESWF,is a mod1f1cat1on ta the program i.
: l.wr1tten by Herman and“8k111man (1963) H+S The-or1g1na]'
work contalns subrout1nes not presented here -HoWevér; |
’ the two pr1nc1p1e components of H+S ‘the ma1n program
‘“Hartree Fock S]ater Self- Consistent Atom1c Field Program"
J".and_the;pr1nc1p1e subhoqtlne "Schroed1hger Equation Sub- -

Tohtine”'(SCHEQ)‘efe hsed, -TheﬁteXtH+S)jfvee several’.
hundhed pagee of diecussion and fab1e3'cencérning these
caleulations and shouid be censulfedhfor further discus- ,’ff'.
h”;s{ohi4 The materia]‘here will be an.everview of the
lhprihcihTe logic of the program'as highlighted‘by the.h".
‘ comment” cards 1n the program 11st1ng |

Th1s program computes . numerlcal rad1a1 wave funct1ons' U_ 
At{for the e1ements by soIv1ng the H-F S equat1on
B ALY B e ey

d* ‘ gl

fdhfeach Orblta] in ehgTveh ;onfjgurat1on of an atom usfng_
‘ﬁhe self-consistent field teehanue.i'A reading of the hro~
gram 1istiné will be-USefu1 for the discussion that follows.

| Let us examine those sect1ons of the program deve]oped L
' by H+S and separate]y cons1der the mod1f1cat1ons made for ﬂ';“
use in th1s work

.1) Herman and Sk111man Program ' . - 1 ;-
._In1t1a]Jy let us note that in order to have é

: _common'meSh for all atoms in the periedic.tab]e the .



- 66 ¢

parameter x, Was'used as the Tndepéndentﬁvafiaﬁle in
p1ace of r, the true rad1a1 d1stance This parameter
X is defined : R , S
r : _ = X SR A
CE e e (2D
M R ,
References wili be made to the ?x»mééh" aﬁd"“r—meéh“v

in the folTowing discussion. | o . m'-fﬂ,‘“‘ R

| The program begins by read1ng a head1ng card and soime controT
rparameters (KEY, TOL, THRESH, etc ) that determ1ne the form of the poten— -‘
tial, define the self- COHSTStEﬂcy cr1ter1a, and prov1de other control
fnférmat1on The a11owed va1ues and meantng;of these contr01 parametersfikx'
arerev1ewed in the “User ManuaT“ (Append1x VII). After construct1ng the_”4i
"x-mesh" array some,or a]] ‘of  the norma11zed potentla1s “; ARU(M)'
are read depend1ng on the value of KEY o | | o
The conf1gurat1on 1nformat10n (Z number of core 0rb1ta1s (NCORES)
- ete.) is read and for each 0rb1ta1 the number of electrons (NNNL) and ;
-start1ng e1genva1ue is read. Lf on1y some of_the startTngiya1ues of.thej‘;;h
| potential have been read (KEY = 0) or if the potential is to be consfrﬁc-ifi
. téd_frdm_otherpotentia1sQKEY =12);fthe ca16ufati0n oflfhe'fﬁil‘4414
 point normalized potgntia1‘RﬂCMT is carried out. | |
From the normalized potential RU{M) the starting potential V(M)_td
be used in the HES'gquationjs construéted in either fhe modified (KUT~=

1) or un-modified {KUT = 0) fbrm by use. of the relations

'f\f‘l: { RUM) 7'.»‘5,(_ ‘1 Qr V(M) P%(M}‘

T )

143) °
LR T R (143)

VM)

1‘where‘R(M) i3 the true‘radial diStance‘ After 1n1t1a]1z1ng some countlng :

'parameters, (e g MITER, number of 1terat1ons, LIMIT mesh value M where f



67

RU(M) = -2Z)- the iteration is begun. If the'test:(MAXIT ¥'NITER) shows
_‘that'the numberuof iterationé has exceded the chosen limit, MAXIT, .an |
ervor message is pr1nted and the program ‘ends. lIf_the test succee&s
(1 e. MAXIT < ITER) the following occurs for the iteration.

AFor each orbital, the.Schrﬁedinger equatton is'soTved-nsing the
| eonstructed potential V(M). By ca111ng.SCHEQ the e]ectronfc densities
* for each orbital.(RSCORE(M) and RSVALE(M)) and the total electronic |
density (RSATOM(M) = RSCOREQM) + RSVALE(M)) are calculated.

» The atom1c exchange potential (RUEXCH(M)), the total couTomb poten-

"t1a1 XI(M) and the f1na1 potentlal XJ(M) are calcu]ated Def1n1ng DELTA '

as the max1mum dlfference between the startlng potent1a1 RU(M) and the

“epotent1a1 ca]cu?ated from thIS set of wave funct10ns XJ(M) that is

DELTA = MAX | XJ( M) - RU M} | N

‘a”COmparison with the requmred tolerance for‘seTf-consistency, TOL: is

.made, If DELTA < TOL, self- cons1stency has been reached and transfer to
the output rout1ne 15 made. Utherw1se an Jmproved;start1ng potent1a1
'RU(M) is calcu1ated and another iteration is begun.

 The 1mproved starttng potentlal is calculated from the 1n1t1a1 and

ftnal potent1a1s by a s1mp1e ar1thmet1c average

RUL(N) + Xa(M) ()

CRU(M) = :

or by-use'ef-the‘Pratt 1mprovement scheme,

(e

RUCK) = 2 RUI(M) + (1 - @) KIH) "(1461 o

e -

' where io "3 ;x‘<"o;5“ . be1ow M= LIMIT &= O -above 11mit.

(For more discussion of the;Pratt improvement scheme see Hevman and



[

Sk111man (1953) -Chépte} 4'or'ﬁfatt:(1952
| New trial e1genva1ues for each orbital are ca]cu1ated using pertur;
'het1on theoty5_tl ‘ | . ‘ o .
| | E - Ed+ <MH M L _‘ "(147) y
N1th the 1mproved potent1a1land the new eigenvalues the next 1tera-- ‘.f
‘t1on is begun i“ T d o DR e g B
ol The output rout1ne 15 e1ther all the radial wave funct1on5 and the .=

'se1f c0n515tent potent1a1 (NDCOPY 1) or just the 1ast orbtta] (NUCOPY

0) as punched cards.

,{i)- Mod1f1cat10ns for ThlS Ca1cu1at1on
| As d15cussed earTler we seek the approprlate rad1a1l?'f:
,"wave funpt1ons that‘are consistent with our s1mp]1fy1ng )
| V,aséumptions ot the tnert-cdtelactive e]ectron ehproxima—t -
' ,t1on used in deve]opxng the cross sect1on expre351ons '
- used in this calculat1on
| Hav1ng ach1eved a se]f con51stent set of radial wavef '
‘ funct1ons_and a self-consistent potent1a1.we-enforce
1_er stmp1ity1ngzassudetions,by so]ving‘tor tHe~excited :
‘lstete*orbitaT:tn the gi&eﬁ potentia1 Th1s is done by |
readlng the e1genva1ue of the ex51ted state and the
rumber of e1ectrons_1n the excited state and sd}v1ng
* the‘wave eqddttoh in'the‘grOund-Etate'se]f—consistedt
':potehtie1rby cél}ing SCHEQ. o | |
| The wave function ach1eved is punched as output _
' U51ng the IBM 360/75 computer, the program HFSWF had
a run t1me of 29 sec for the CESIUM 65 and 6p wave func-

t10n ca]cu]atton
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2. Excitation Cfoﬁs—Section Program

This'pfogram, named EXCSCT, is a cé]culatidn of totaTieTecf}on'.‘
atom ‘exc'itatio,n. cross-sections for a’r.ange of incidéntjéhctron |
enérgies' usihlg one of foﬁr‘possibm apprc;ximat.iolns to ﬁhe scatter’—“._-"'
ing .ar‘npl_itu.d'e. The pr'c.J_gr‘am-' consists of a ﬁiéin roﬁ;tine and six
sUbr‘o-utines-. o | o | |

a) List‘:ihg ' . S |
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PROGRAM EXCSCT{INPUT)

e e e o L L T T T et

€ * % EXCSCT % % = ,

bed
%
4 : - )
* A FORTRAM PROGRAM T0 CALCULATE EXCITATICAN CROSSw
* SECTIONS FOR THE ELECTRON [MPACT EXCEITATION OF ATOMS, %
= ' ‘ o Co &
* ENERGY IS MEASURED IN UNTTS OF THRESHGOLD ENERGY, EPSTL%
* EPSTL IS MEASURED IN UNITS COF TWICE THE RYDBERG. %

e . ) . L%

* IPROX=THE APPROXIMATICN USED.ALLOWED VALUES ARE: *
®  {1=BORN3;2=DCHKUR ;3=RETHE:4=MODIFIED QAETHE). -
= ' 3 _ *
P NoRoksk MODIFIED BETHE (IPROX=4) MAY CNLY BE USED FOR%
= OPTICALLY ALLOWED TRANSITICAS## -

e 3 o e o o ol oo ofe e ok e e o 0 e o ol o

* PROGRAM %,
* ANU SURRTUTINES 8Y *
& TCM J GREENE »
¥ UNIVERSITY OF TOLEDOD . #.
R ©1970=1973 B

et v ot sl e e oo e e sl e okl ok ok ofede o s e ok

REAL%8 AQ.BO(4).B0 S : : . y S
CIMENSTON ZN(25), SIGL25), FX(1001)e XMSH{100Lll, SG{8&1), EPSL(%)y N
104y NL2U4)Y, SIGM{2S,4) _ - o _ ' S
. COMMON PIN{S21),PF (521) CoRANS,Y(521) , KKK

EXTERNAL BJ.RN - . . S S
: Dﬁ?n_NolNllﬁplN{ZinN(3i7ZN(43gZN{SD?ZNlﬁivZM(T)vZNTB)oZNﬂQ)I?Ovio
: 1209193591a50y197592ocoo2n3392667930093usfoZNfL03vZN(ll’vZNﬂlZ‘ﬁZNi
213192NiléBvZN!15}9£N€16}¢ZN{l?lpzN(lﬂ}qlNi19)le€20)/4°00v5u00¢690"
1 3cpv,oova@oovio;ocvlzpooplsoqopL8500@21ooo,zéqeox - ; :

NCC=0 : . g o o R
IP=5

IM=S

IR=S

READ CONTRL CARD: N=NO. OF VALUES DF INCIDENT ENERGY;
NTC=TYPE OF SERIES; RC=NO.OF SERIES:NOTP=OUTPUT OPTIONS

A=ELEMENT NAME., | S
NTC: 1=SINGLE CASE;2sMULTIPLE APPROX.33=MULTLPLE WV, FNCT

NCTP:1=PUNCHED CARD;2=SINGLE LIST;3=MULTIPLE LIST;
READ {1M,461 N NTC,NC,NDTP,AQ

READ ENERGY RANGE - SR
ININ)=VALUES OF INCIDENT ENERGY IN THRESHOLD UNITS.

TF {N.NEc.=1) 6N - TD 1
N=19 .
. COo Y9 2 _ B

"L READ (IR 47% (INUI) . I=1 N}
2 CONTINUE = S



2 ¥alaks A onn

o0 O 6

aNsXs!

READ INPUT WAVE FUNCTIONS

READ (IR ,48) NLZloKLlpFF19HWNL1¢KKK1 Z
K11=KKK151

CO 3 MiIN= 1oK11,5

MAX=MIN ¢4

READ {IR,49) (PIN{I), I= MIN, MAK}

CONT INUE

READ (IR ,50) PIN{KKKI)

READ (iR,48) NLZZ, XLZoEEZthRLZ KKKE ?

RZ21=KKK2=1

UU 5 MKNZngEl_oS

MAX=MIN ¢4 ' -
READ {IR %9} {PFUI},I=MINMAX)
CONTINUE

"READ {IR 50} PF{KKK2}
KRE=AMINO{KKK]L KKK2)

C=0, 8853%1381!2**(9333533133}
EPSIL= ﬂABSEEEEmEEISIZ 3
Ni=NLZ 1710

N2=NLZ 2710

READ THE APPROXIMATION 1PRAX.
IPROX VALUES ARES 1=B0RN; 2=0CHKUR; 3=B8ETHE; 4=MODIFIED BETHE.

5 READ {IMuﬁﬁi TPROX, B

TR&NSFER Ta THE APPRDPRI&TF APPRFXIMATICho
MHTCH=2
IF {IPROX.EQoloOR.IPROX.EQ.2) MWTCH=1

G0 TO {26070y MWICH

BETHE APPROXTMA TYON

CFIND RDMO

CONT INUE
XL &M= &BSHX&Z@KLI}
L AM=XL AM.

.'IF L {IPROX, EQoﬁluAND GLAM NE o il) GC TO 35

CALL RDINT {RN,LAMo1,0)

Rcwoeannwsx*ap

'FINC ANGFCT

ANGFCT= {20¢KL2;10,*G{TJ(KL1vXLEQKLQM)*IZ *EXLAMY R {FACT{XLAM) /¥
lzothAM333*$2}/(2 ®=XLAM+] 6

FINO CUTOFF EDR BE THE

fW=30,
WMAX=SQRT{ 2. % Zwe EPSILI¥{ L.+ SOQRTI{ZW=1 o)/ 7W))

 HMIN=SQRT{2. % ZWeEPSILI* (1.=SQRT((ZH=1,3/7W})
CHKIN=2.%2WEPS L :

LAMIN=LAM

- LAMAX=XL26XL 1

FIND SBRNW
#SUM=0,0

HWENS=0,0
CELW={WMAX=HMIN} /100%
W=fM IN=DEL W '



10
i1

12

72 -

- KW=1

CO 11 IW=1,101

W=W¢DELW
CFH=0.0 _

0O 8 I=LAMINgLAMAX

Wi=1

CALL RODINT (BUsI W) ‘ ‘

FH=(FW (2% XL 24 o 15 (2% WI+L o} 20 TICOXUL o NL2 o WI VERANS Y #%2 ) }/ Ward3
CONT INUE : : : S S
KA ==KW

IF (I ik (TWaLl0L)%KiN) 9911 ,10

WESUM=H SUME2 o % F W

HSUM=RHSUM+FY

WSUM=WSUM¢FH

HANS=WSUMEDELW/ 3,

SCBRN=8%WANS /KK IN

CORRECYTION FOR DEL=LAM=0 IN BETHE APPRCKQ
IF {LAMJNE.OY GO TO 12

XL AM=2,

LAM=2 -

CALL RDINT {RN,LAM,1.0)

RCMO={RANSH®2)

ANGFCT= (2. ¢RL 241 P (LT I(XLL, XL 2, HLAM) %{2 **XLAM)*(FACT(XLAMFIFACTI
EZDﬂKLﬂMﬁsﬂ**Z}f(Z *xLAM+1u:

HFF=80&RDMD*ANGFCT/HKIN
AR {LAM.EQ. L) GO TO 13

XL AM 2= 2 XL AN 2,

1s

is

.

o O

TWRUT = (XL&MZ*SGBRNIHFF¢wMIN**XLAM2)**ll o/ XLAMZ)
GC 7O 14

NKUT“{EXP(SGBRN/HFF)*WM{NI

CONT INUE

FINE ENGFCT

cC 17 = AlvN
CRMAX =WKUT

XMIN=SQRT{2, $EN{1)*FPSILb*{1o=SQR?{[ZNﬁiﬁﬂ 1o1/ZNETDY)
EKIN=2,%ZN{ 1 }*EPSIL

IF {XLAM.EQ.1.) GO 7O 15 ‘ L ' . =
CRKCINT = { XMAXR® { 2 % X LAM=? Yisiz. 2 XA M=, NS {XMINTE( 2, %X LAM=2, 1)/ {2, %X
1LAM=2,} ‘ . g - .

CC YO 16

XK INT= ALOGﬂXMﬂX!XMINS
ENFCT={ @, *XKINT} /ZKIN

SEG{1)=ROMO*ANGFCTRENEC T

CIF (IPROX.EQ.3) GO D 36

MODIFIED BETHE CALCULATION -«

CC 25 I=1,N

CIF EZN{T3aLTs1.51 GO T0 23

IRIM=2,%IN{E )REP STL
SZ={IN{1D=l: 3 ZENTT) :
STUFF=RDMOSANGFCT* 4, /(3 *ZKIN}

- EC 20 LPl=1,.8

LP= PI=]
xwe=Lp '
.KF fLP. EQaG) GO Tn 18



aAa - Ao

oa on

ey

23

OO

ZETA= TIXLP ALl )*TF{12LP, SZ?**2}+KLP*(52**2}*KF42{LP¢19$Z!**2))*iSZ*z

i8

19

20

21

22

24

25

lﬁ{KLPmaS§3IIZ 2ALP+ L)

REST=(2. *X&Pélolﬁ?ETA!{XLP*(ﬂLP+1cb}
GO 70 19

REST={SZ#x L. SI%{F{2,15SZI%%2}
SCILPLi=STUFF®REST

FIND SGMXL
SEUXL=(2,¢KLP o 1o} /ZKIN

FIND L=ZERO

YF {SG{LPYJoLTolo5%SGMXLY) GO T 21

CONT INUE
WRITE (€552}
CONT INUE
LC=(P=} -

CIF (LPLEQL,O0) LO=C

XLO=L0

" FIND LO=TERM

TRMLC~¥WXLO@1uE**?$IQ2 w IKINY

€IND SUMSTERM
TRMSM=0,0

DO 22 LS=1.LP
TRMSM=TRMSM+SG(LS)

FIND MOD, BETHE C=SECTICN
G0 TO 24 S
SIGEI)1=C.0

G0 TO 2% ‘
SEGﬁIl*SEG!Il+TRMLOm7RM<M
CONTINUE

- 60 TO 3¢

26

27

BORN + OCHKUR -

CONT INUE

KMUN=SQR T{2. % IN{NI®EPSTL )% (1, +SQRT(!ZN{N}GID}/ZN(N19}
KMNN=SORT{ 2. % IN{NI*EPSILI*( 1. =SORT{{ ZIN{ N}=1, biZN(Niil

CELX={XMXN=XMNN) /1000,
X=XMNN=CELX

EQ 28 iX= vaGOl
X=X<+DELX
LAMIN=ABS{XL2=XL 1)
-LAMAN=XL2¢X0L 1L

00 27 = lﬁMHNvLAMAX -
Xi=1 '
FX(IX)=C, 0

CﬁLL RUENT QBJ@I@K]

73.

FX(IK)vﬂFKﬁHK!+(2 *XL2+10’*¥2 *KI+1 D*((TJ(XLI XLZVXli*RﬂNS)**Zlif

1H=*x3
CONY INUE

S XMSHiTA ) =X

28

CCNYINUF -

FIND KoL IMITS AND COMPUTE SIG



e Nl

29

74

B0 24 1=1,N
XMAX=SORT{ 2.5 ZN{ T 1% EPSIL) *( 1. +SQRT((?N(I)wloaIZNII) IR
HMIN=SORT(2, *zN{I}*EpstﬁtfloasaﬂT{:Zthxmluxsztla 1
IKEIN=2.2ZN{TI%EPSIL -

CC 29 J=LAMIN,LAMAX

XJ=J

FXMAX=C, G

FXMIN=0,0 .

CALL RODINT (BJ pd g KMAX)

FXMAX={FXMAX ¢ (2, *uL2+1,a*(2 *xJ+1 e (CTIXLL, XLZoKJi*RdNS)**2§lfKM.
LAX#G Y | |
CALL ROINT (BJ,J,XMIN} | ‘ N
EXMIN=(FXMIN {2, *XLZ#lo)*{? *KJ41 l*((TJ{XleXLZoKJ)#RANS§&#Z{lIxM
LIN®E3 _ o e
CCNT INUE

BECIN KGHNTEGRATIDN

XSUM=0,0

XANS=0,C

LP= iXMﬁNmKMNNalﬂElK+la

LE= LOO1lo= I XMUN=XMAX ) /DE L X

TEST FOR ND. GF YNTGD P1S. EVEN FOR SEMSBN“S RULE INTG&

XLP=Lp -

Xa=LQ

, Tl=(eporQy/2

- 30

31
32

33

TZ=(XLP=XLQ) /2. ' _ ' o C .
1F tT1=V2.60.0.0) GO 1O 30 - S - _ . .
LG=LQ=1 _ . R C S
FIND CORRECTIN (C1) USING TRAPEZOID INTG. APPROX, -

CILX1=XM [N XMSH{LP} o C ' -
CI={FXILP)4FXMINI*DIL X1/ 20

X= KMSH!LP}QDELX o

Kx=1 = .

$oC 33 xx-LPoLQ

XIX=1X

X=X +DELX . '

A= tlom{X**ZIZKINJ¢!!K**2/ZKIN5**2?)

IR (UIPROY.EQ.1.) A= 100

SSIC-FXKKKJ*A

KX ==l X -

CTE L UEXSLP P ([ X=LQ ) *KX) 31533,32

HSUM=XSUM+ 2, %DSIG : ‘

XSUM=XSUM+DSIG

ASUM=XSUM+DSIG

KANS=XSUMSDELY /3, '

CILX2=XMAX=Y

G2= awxanxa+¢xmax:*oxtx212o

. HANSC=XANS=C1+4L2
3%

ST16TI)=(8, ﬁxANSC}/zK;N'
€0 T0 26

" OUTPUT ROUTINES

35

36

WRITE {&,53)
CALL EX (T o
IF (NOTP=2) 37,39,41

©  NOTP=1:PUNCHED CARDS
37 . -

NCC=NCCel.



38

40

41

4

&3

£C 318

HRITE {1IP,54) ZN{I,VSIG(I?QHQQZQAQQNIVN29EFSIL
CONT INUE
- IF {NCC.EQ.NCI

lGC Y0 (4%.6:4),

NCTP=2

HRITE .
WRITE
HRITE
WRITE
HRITE
WRITE
HRITE
£C 40
WRITE
WRITE
WRITE
WRITE
WRITE

NOTP =3¢

CO %2

I LoN

75

60 10 45
NTC

3 SINGLE L1iSY
NCC=NCC<¢1}

{IPo6CY
1P, 51

{iP,62)

(IPy63)

(1P, 57)
11P,55)

AQ 9BQ

ZoEPSTLsNLoN2

{1P,56)

I=1eNo2 .

{IP,55}
{IP,59)
{ir,58)

LiPs59% .

{IP 55}

CONTINUE
IF (NCC.EQ.NC)
§0 YO (45,6090,

INGTHsSTGET) o ZNETo1) o SIGII®L ) o INUT42)oSTGITo2)

"GO TO a5
NTC

3 MULTEPLE LIST
NCC=NCC+1 ‘

E=1oN

STGM{ I NCCI=SIG(I)
EPSL (NCCH=EPSTIL

PO INCC

1=8Q

NLIENCCP=N1
NL2ENCT 1=N 2
IF (NCCoNEoNC) GO 7O 44

WRITE

fHRITE

WRITE
WRITE
WRITE
LC 43
WRITE

{IPsc6)
{IPy61)
{iPs&21
{iP,£3])

tiPo6T)

i=1vN
{IP:04)

CONV INUE

WRIVE
WRITE

1{4)

WRITE

. .€0 TO

ot
&5
46

&7
48

49
50

51
52

G0

(iP,&9)
{iPg&8)

{1Py651)

45

CONTINUE .

STnpe

FCRMAT
FCRMAT
FORMATY
FORMAT
FORMAT .
FORMAY
FORMAY

A, Z__

zmalzgerM1z91ivsrsut1§2v9515ﬂt1931;sf§M{i,4i[

B0 (1} ,B0(21,BC(3):BO(4) ' o
NLl(lﬁvNL’ilithl(?)oNLZ(Z}oNLlWBivNLZIH}vNLlﬂé}qNLZ‘

EPSL{l)uFPSL[2IgFPSL[3}vFPSL{43

T0 {450694) 9 NTC.

$412,48)
(12F6,2) - ~
(149 1P3E14. 7,140 OPF 4, C)

(1PE15.7,1P4E 14, 7)

{1PE15. 7}

(I13,A8) -
ﬂguvﬂ*menaon¢*L91 HAS EXCEEDED: VALUE CF 8 )

‘



76
53 FORMAT {1X o Ps&&ERROR®E®MOD , BETHE CAN CNLY BE USED FCR QPTICAL TRA
1. NSITIONSO Y L
54 FORMAT (1X,F8.3,2X,E10, 30AByTLT9F3, 0,730 2Xvﬂag°!"vxzv°“°r129")qvﬂ
HEEPSTL="4E10,3,°)0) ' B
55 FORMAT ﬂlxv°$t¢*¢w#mt$¢¢*m#*¢*¢¢**$¢¢¢¢*¢*¢¢¢$¢*¢¢w¢¢**¢¢m¢$¢ﬁ¢$ww -
' 128 o sl e e e it e o o s ok n e ok kR ok Ak 0 ) . K
56 FCRMAT inxvaﬁﬂﬂﬂgﬂx?“N“psx?°I”osxq“S!GtNP“qéx%a”*"3 s o
ST FORMAT (3N, (AT, NO.=F4,0,71°9 13X, T{EPSIL=", 1PELI0 3" Yo 10X, BINL
LI=aNOOL 2020, J2,0m0 of2,°)7) R
* 58 FORMAT (1X53{9%9 ;0PFB.3,2X,7]1%93X; 1PELDQ, 392x!o“*°)
59 FORMAT (1X,3(0%0 10X 910,15X) %0}
60 FORMAYT {32X,A8,"=0,A8//7}.

61 FORMAT (6X, °CROSS=SECTIONS ARE [N UNITS OF PE*({BOHR RADIUS**?909? :
62 FORMAT (6X, 9 INCIDENT ENERGIES (N) ARE IN THRESHOLD ENERGY UNITS (E:
1PSILY. 1) : S ‘

63 FORMAT {&X,°EPSIL 1S IN UNITS OF TWICE THE RYDBERG.'/)

54 FORMAT {2XoF8.3:416X,1PEL10.3) /) , -

65 FORMAT {AX"EPSILO2Xo4 (6 LPELOL3) /)

66 FORMAT (22XsA8515X (AT NOs=23F3,0,29°/)

67 FORMAT {IXo5%pON°o2Xo& 110X, 2SIGINI ) /) -
68 FQRMAY {3XVDQN&‘“‘N“"LDG)494(6)19'3{“9[21;0"—"“9129 i“93XH

.. 659 FORMAY §3Xo°ﬁPPRGXa v#(EXqﬁEDl

Oy Y

END : o o . o
SURRDUT INE ROINT {GRND,LAM, x} : A

o INTEGRA?EDN UVER' HAVE'FUNCTICNS

COMMON PﬁN&le% PFqszlvoc RANS YdSZlivKKK
YSUM=0.0 '
YANS=0.0C :
CELY=0.0C2%
Y(11=0.0
YMIN=0,C
YMAR=0,1
KY=1 '
L=1
J¥=41
17 CO 10 IY=LgdY
L BF tIYel) 24452
2 1F (IY=l} 5:3,5
J3 YELI=YMIN
- €0 YO &
' "9 SMT}(:OUO
‘ cC T0 7
5 Y(IY)= Y(Iv=1a+nELv
& CONTINUE :
W=CaY {1y IxX
~ F=GCRND{LAM W)
. .SNYX~PFiEV9¢F$P[Nazva
7 KY==KY .
- 1F {iIVmL}*ﬁIV¢JY$*KY? 8510C,9
B YSUM=YSUMS2 =SMTX :
9 YSUM=YSUMISMTYX
10 YSUM=YSUM+SMTY
| YANS= DELV*VSUM!30+YANS
"CELY=DELY<DELY
L=Jv E
JY=JY ¢4l : Sy
YSUM=0.C



11

T BJI=12285, *éHFiW**TIﬁlZZBS *CW/(HE%6] =T1460, *SNF(H$$57+2140 *CHFQH¢$

YMIN=YMAX .

YMAX=YMAX+40 #DELY

K\f:l‘ o :

IE {(JY=KKK=1) 1,11,11

RENS=YANS*( :

RETURN

ENC

FUNCTIDN BJ AL oW)

SH=SIN{W) :

CH=COS{W)

Li=(+1 o

GE YO {1v2930@v59697 B)v Ll-'
BI=SH/w .

FETURN

BI=SH/(WHk2)oCh/ 0

RETURN - : -
BI=3,*%SK/{WkEI )2, *rwrth**21=5h/w‘
RETURN

Bd= lﬁo*Sh/ﬁH**élﬂlSo*CHiEw**Blmﬁ *SW!€H$*2ﬁ¢CW/w

RETURN

77

BJ=105, *SHIKH**S!=ICS *CW/(H**43=45 *swz{w**39¢1o *CW/IW#*ZF*SH/N

RETURN

gJ= QQSo*SWI(H**élwqﬁﬁo*CWI{W**Eim420 *SWI(W¢*4)+105 *CN/(H**B)#lﬁoﬁ;

1eSW/{We22 ) o CH /Y
RETURN

1494240 %S/ {WexJ =23, *ChiiH**ZlﬂQHIh
RETURN

8 BJ=184275, $SH/¢H¢*9)¢1842?5 *Chf(H**T!HIGBOQS #SHF(W$#61+40955*CNI

CIWAES 44020 nSH/AWERYG]) =450, *Chllw**3!=30 *SW/(R*$2bﬂCN/H

RETURN
ENDG

CFUNCTION RN ELvNI

RiN=Wanl
CRETURN.

T END

FUNCTION TJ (X1, xzvxan

C CALCULATE 3cd SYMBDL

A=X1¢X 2=X3
AF=FACT{A}
B=X 14X 3 X2
BF=FACT(B)
C=XK2+X3=X1
CF=FACT{C)
C= x1¢x2¢x3+1ﬂ B
CF=FACT{D) ,
E=x{X1+X24X3) /2.

:‘EF;FACT{Eﬁ

El=E=X1
EIF=FACTIEL)

. EI=£=X2

E2F=FACTIE2)
E2=€=X3
E2F=FACT(EZ)

TJ-‘SQRT{&F*BF*FF/DFF}*(EFlelF*EZF*E3FF?

RETURN
ENC , _
FUNCTION FACT {4)

| _CALCULATE FACTORIAL OF A NUMBER (A).

e



GO0 N

78

FACT=],
IF (A EQ.C.0) 4=1.0
J=4a

CCC 1 I=14d

. B=1

] FACT=FACT%S

CRETURN
ENC '
FUNCTIDN F (MoNg Z)
.CIMENSTON AL {B,8)

ALTleld==1,
AL{1,2)=1,
AL{2,2)==1,
AL{L,3)=.5
AL 2530+,
ALI3,2)==1.5
BL{144)=,5
AL(294)=,.5
BL{3,4)1=1.5
AL {4o4)==2,5
AL{1,5)=.625
BL{2¢5)=55
AL(3,51=.75
AL (49502205
AL{5:5)=4:375
L AL{1:6¥=.875
L {2s&}=.8625

AL {3,6)=2.75

AL 6,621,025
ALUS,6)=4,375
BL{6:6)1==7,875
CALTL,TI=1.3125 .
AL(2:7)=,875
CAL(3,7)=.9375

BL &, T)=125
AL(S,7)=2,1815

AL L6, T)=T.8B75
BLET,T)==14,4375
AL{1.8)=2,0625 -
AL{2,8)=1,3125 -
BLI3,8)=1,2125
ALU{4,8)=1,5625
AL{5,8)=2,1875
AL{E,8)=23,6375
BL1T708)=1404275
ALAB,A)==26,8125

XN=N o
CATXN/ (2,75 (=10 )

B=o S*ALOGE (1. +SQRTEZ) 1 /{1 ,=5QRTLZ) 1)
FING Eo04C o

Ni=Nel |

€C TO (1,8}, M

FING E
1 CONTINUE



s

10

iy
iz
13

L

15

i 1wa1) 29293'

E=0.

GO TO 6

E=Q,

CC % [Pi= Ble
S=0,

ipimz=:énm2
CC & ENL=1,P 142

RINI=ING
S=Se{ZOH(INL=1)) /(2% {XINL=1.)4¢1 )
€= E*ﬁLfocﬂpl+19Ni}*(Z**{ TPI42) )% S

FIND.
C= ﬁﬁfNﬁleJ

< FIND C°

=0, .

‘C0 7 IP1=1,N1

XIPl={pP}
C=CeALINI=IP121, NID*(Z**(l SﬂXKPI)P

e TO0 19

FIND £

CONTINUE .

IF. {N“:I) S,1C. 10
F OG '

CO T 12

E=OD .

ca 12_[P1=20N1'
S 09

IPiMI=P =] ‘
'£0 11 INl=1l, rpzm1

AINI=IN]

S=SH(Z#E{INL=1) ) /{2.%( XINl=]. }+1a1

E=E¢ALLTIPL N1 e 7 (o =IP1+1))*5
CONT INUE & -
FIND B

C=0.

FING C

£=0,.

0. 14‘191 ToNL

XIPi'IPﬁ
C= Cé&[iﬁplleﬂ*q?¢*( S=XEP131

F=A% [A%C=D=F )
REYURN

ENC

.




b) Discussion
| This program calculates electron impact excitation étomic Cross-
-secfions for.a given.range of fncident energies using one oflthe
: fo11owing appﬁoxihaeions to Ehe.scattering amplitude; Borﬁ, Bethe,
Modi fied Bethe, or Qchkur.
The progfam-begins by ih{tia1izing the ine{dent energy matrix
ZN(N) to a standard set of 20 va]ues;.and by assigning‘values to

" the reedfwrite parameters IP, IM, IR. A control card is then read

to control parameters whdse meaning and allowed values are discussed

in the Use?‘ManuaT—wAppehdix{VII;

Depenaing on the value of N the incident energy'va1ﬁes,§beci-'
fﬁed‘by the user are read in (N # -1, or the standard vhiues'ere
retaieed (N =‘-1).' The initial and fiﬁal state wave fdnctioes and
2 re1eted'date (i.e. eigenenergies, EEl; orbital quantum number, XLI;;
‘etc.)‘are_thenlread, The approximation to eE‘used for this'ca1cgf:
_lation-%s then read and ithe calculation Begins'
| - Control is transferred to one of two maJor sect1ons of the pro-
"gram depend1ng on . the approx1mat1on used. If the Born or Ochkurlls-
used a "switch" parameter, MWTCH 1s set to 1 and the control movese
" to statement 26. Otherw1se MWTCH is set to 2 and the program con-
"tlnues at statement 7 Statement 7 beg1ns the Bethe Mod]fled
Bethe section of the program. After testing to determine whether
or not the Modified Beﬁhe approx1mat10n is be1ng used, the tran51_
tibn fs cheeked to see if it islopticaTiy a}ﬁowed-(aa‘=“1), then.the
4redja1 fntegra1 |

O

s ca]cu]ated by ca111ng the subrout1ne RDINT. (If the Modified

[ dr r2 R
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" Bethe opt1ca1 a?]owed test fails an. error message is pr1nted

'and the program “ends. ) The angular factor ANGFCT is ther caTcu—‘

‘ ‘1ated by calling the 3-j symbol subrout1ne TJ(XLI XLZ, XLAM).

As is usually done in Bethe calculations the ljmits'on1the_f -
" momentum transfer integrat are cut-off By-fitting the Bethe
curue to a Born cross-seotion for_a partioular value of inci;'.
dent energy at high energy. This is doneiby usino an incident
energy value of 30 threshold units,'and‘oomputing the Born
eross-segtion for that ve1ue.and.find1nga cut-off ualue.fon KMAX
—of wKUT 'In the Bethe ca1cu1ation; if'theVChange in angular L
- momentum, LAM is O the quadrapo1e moment is the f1rst non - zero
term in the Bethe series. The test is made and if necessary
LAM is set equal. to 2. - ‘_L
o A part1cu]ar va]ue of . the 1nc1dent energy is next chosen and‘ 
‘the energy term ENGFCT of the Bethe ca]cu1at1on is obta1ned |
| The Bethe cross sect1on SIG(I) for the chosen energy va]ue .
oINCD) s caIculated and the next energy value.is chosen o
If the Bethe approx1mat1on is be1ng used transfer to the |
output routine (statement 36) occurs after a cross sect1on for
'each energy has been computed If the Mod1f1ed Bethe approx1mae_f
J tion is being used the add1t1ona1 terms for approximation are
“‘calculated as follows. An energy value is se1ected, ZN(])‘a
value of the final angular momentum LP is selected and the :
pert1a1 cross—sectfon SG(LP])‘is ca]cu?ated The'“unitarity‘

max

" limit", QL . cross sect1on for th1s va]ue of LP is found and

~a test of QL_‘ s made When the value of. LP is
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such that QL QTax this value of LP is designated LO. Thé_

,two correct10h ‘terms for the Modified Bethe approx1mat1on TRMLO

B TRMSM are then found and subtracted from the Bethe Cross-section

h:(as discussed in Chapter III). When this phoceduhe is complete
for 511 énergy values transfer to the output routine (Statemenfi
‘ 36) s made.

- The next section of the program is for ca]cu1at1on of Born
or Ochkur cross-sections.
| For effic{ency in the program the scattering amplitdde

.F

born (K)- is found over the rangde KMAX{ZN(N)) to KMIN(ZN(N))

(where ZN(N)&is the largest incident engrgy) and “tabulated for
- 1000 values of (k). The integrétihn for the.fina1 cross-section
for each energy Value is then done by . use of this table. |

Th1s sect1on begins by ca]cu1at1ng KMAX(ZN(N)) XMXN and!l
. KMIN(ZN(N)) XMNN.  Then for a selected value w1th1n this ranhe,
f{k) is found. This involves ca111ng the radial 1ntegrat1on sub-
rout1ne RDINT wh1ch includes the 5pher1ca1 Bessel funct1on o
subrout1ne BJ. When the table of values of f(k} (i.e. FX(IX))
is found the caTcu]at1on of the cross-sections for a partlcu]ar
' value of the energy beglns | .

The T1m1ts on the K- 1ntegrat1on (XMAX XMIN) for the selected
value of the energnyN(I) are found. The value of the scatterinég
amplitude at these Timits FAMAX, FXMIN is found, and the integra-
tion over the range of K is begun. The‘closest va]ue.of KMAX , '

'XMIN to the tabulated values are found, and those tabulated

- values are labeled LP and 1Q respectivély.



'Sinee a551ﬁpson's rule tormu1a is used for the integratien f
.the number of integration eointe must be.evee. 'Thihxﬁ}ue of LQ
3fis adjustedlto'guarantee this and the integration l j?ﬂ la
' 1s carried out us1ng STmson s rule, and se1ect1ng éither the RN
| Ochkur (A 1) or Born,(A ]) express1on

“The correction terms
[)} LU ' ‘ ' 3 b
J ;I s and_ cbf 4w ' are-
. [ A S (), Y. . . .
res v } ,\{Lg)
found using a trapezoid 1ntegrat10n and these correct1on terms

are,added to the tabular 1ntegratlon to obtaln the.cros§~ o
'isectiOh SIG(I). Transfer.to the outpet rqut{ne'(Steteﬁent 36)'u
15 then made. _ | )
At Statement 36 contro1 is transferred to one - of the three ;
-output rout1nes d]SCUSSEd in the user's manual
-wwhen output has beer comp1eted, a test for the.ﬁumbEr of -
cases to-be fun is‘made_aﬁd the program either endsmer ttahs—L
“fers back te read e'new final stateQWaVe function. and
N epprox1mat1on {Statement 4) or a new. approximatioﬁ (Stetement 6).
- Using the IBM 360/75 computer, the program EXCST for the.
",CESIUM 6s-6p transition (where the radial entegral has 443
~ points) had the fo]1qw1ng run times: '

‘Single-Berntcase

2 min 3 sec

StngTe Ochkur case 2 min 2 sec

' S1ng]e Bethe case 25 sec
S1ng1e Mod1f1ed Bethe case = 24 Sec.

! approx1mat10ns L= " 4 min 18 sec.



3. TIonization Cross-Section Program

This program, named IDNCST, is a calculation of the ionizatidﬂ; 

k cross-section for a single value of Incident Electron Energy. The

. program consists of a main program and five subroutines.

a) LTsting'
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PROGRAM  TONCSTLINDIIT)

M AT T M Dl wm e e mmm M S mm o i e e e mm T B T omm o ek sl oy o ey e e U e oA M NS e e Mk M T oo e e ek e e

R Iomrsf‘ K % ' . SRR e

FOR NEUTRAL ATAMS TONTZEN. BY INCIDENT ELECTRONS

*

b SR
THE CALCULATION 1SES NUMFRTCAL WAVE FUNCTIONS FOP THE. %

ko

#

ATﬁM AND THE RORN=COLLOME ADPRﬂXTMﬁTIﬂN :

x::::——:::::——~w-—*mw-~~~~::::————z:——irzﬁtzzzzzzzxzzzzrzm

*#*#***ﬂ$*#*&$?ﬁﬁ#****##**

* POAGRAM : e
* CAND SHRRNUTINES Ay - =%
R . TOM ) GREENE - Lok
= UMIYERSTTY OF TLEDRD o=
& N S e

| : **wutﬁ»m*&*#w**t*###ﬁﬁ#&t#

 REaL*4'Ka¢avKAhAMx ‘ S T e

REAL®=R AQ

CDIMENS TON ?N{Ziq SGOLIAY, 7L2(4)
CEMTERNAL BJ,RN,FACT

CUMMHN P?N!ﬁZl!qDFt521)af RANQ Y!R?13qKKK

ETAMAXY==10, - L o
FT:&MIN*%OD . . ' ) o ': e _ RN
RHOMAX =0, - ' ‘ : SRR : R
REHOM IN=10. -

fe=r

[M=5

irR=R

00 15 ITG1=1,1

READ BNUND STATE WAVE FUNCTION

READ (fM,1T7) AQ

READ {IR,18) NLZ1,%L1, ﬁﬁiquwll  KKK1 57 -

“Kll:KKKlml

NN 1T MEN=1,K11,5
MAX=M{N %4

CREAD (TR,191 (PINCTY,T=%10,MAx)

CONTIMUE

READ [TR,20) PIN(KKKY)
EPSIL=(ABS{EEL}/2.)
PI=3,1415927 :

=0, Qﬂ5341381/7ﬁﬁln?13113311)
KKF KKKK :

_UHD YIT1)

"jNPLnrx-Kxxifao

Ti=1
Y{11i=n,0

. PELTAY=,N0725

N0 % J1=1,NRLCK
[RER I Kifivao
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f1=T1+1 |
Y{I)=Y {I1=])40DFL TAY

DELTAY=DEL TAV4DEL TAY

PF{IT 0.0

. READ ENERGY IN THRE SHOLN UNTTSAND FIND XINTTIAL .

N=1
00 15 176=1, 1

RE&D.XIRq21§ INTIY
AIN=SORT{2 . *EPSIL®INIL1})

SG=0.0
PICK XL 2 AND FIND !ﬁMAXI AND LAMINT
DO 14 IXL2Pi=1,6

.YH&Z*IX&Zlei

XL 2=IXL 2
LAMIN 1= BBSﬁﬂLZwXLI+1?
LAMAX I=XL24XL1¢1

FIND KAPAMX AND PICK KAPPA
DSGH AP =0.0
KAPAMX = SQRT(iZN{L)mI JREPSTL):

SGLSUM=0,0

DELK AP =KAPAMX /10,
KAPA=0,0 -

KS=1

0SGL=0.0
DO 13 IKS=1,i1

KAPA=KAPA+DELKAP

ETA==1, /KAPA ‘
EYAMAX=AMANL{ETAMAX £ TA

“:'E?AMENzAMiNI{ETﬂMXN9ET%}
~ TABULATE PFIEK LR ,ETA,L2)

.00 & 1= 2 KKK 1

R=¥{IL)%C

REQ=KAPARR

ROM A X AMAKI{RHOMAXgRHW) ‘ :
REOMIN=AMINL (RHOMIN ¢ RHO ) »
F=FLNR { EXL 2,RHD,E TA)

'PF1§13=FLNRlIKL2aRHO :fﬁl*{E *XL?+1ul/fKAPA*{{2 *PII**IoSl)

CONTINUE
IF (XL1.NE.XL2) G0 7O &

ORTHOGONAL [ZE PF+PI  (PFI1=PFC*pPl )

FIK=0

XYZ=1s0

CALL RDINT iRN 1JK, xvz»
CNR=RANS

DO & [1=2,KKK

PF{Il)= PF(ill=CNR*P[N(fl)

. CONT INUE

CONT INUE ‘ ' o
FIND THE LIMITS ON THE KeINTEGRATICN{200 PTS.)

. )(.300 g



XEN=SQRT{=KAPA%X 242 & { 7N(1) =1, }*EPSI L)
XM IN=X I NoRFN

XMAX=X [N+ HXFN
DELM*ER%&X@XM!N)/ZOa
XSUM=0,0

XANS=0,0

X=4M IN=DEL X

KX=1 ,

0O 10 Ix=1,2}

X=X +DELX

FPR=0,0

FLAM=0,0 .

CXINTG=0.0

DO 7 LAMI=UAMINL LAMAX]
LAM=LAM o}

 KLAM =L AM.

© 11

.

13

CALL RDINT (BJyLAM,X)
XTJ=TS ALY, XL 2, XLAM)

FLAM={2, ﬁXt&M4lo!*({XTi*RANS)**?)/(Z *XLZ+1=!+FL&M
CFPR=FL AM

KINTG*FPR!GK**B!

K X =i X _ ‘ ,
IF QEIX21)® [ IX=2C1)%KX} 8,10,9 .
XSUM=XSUME 2.2 X INTG :

KSUM=XSUM+XINTG

XSUM=XSUM+XINTG

XANS=XSUMEDELX /3,

DSGL={128, *XANS)*i!KAPA*PI/XINI**’)
KE=K S

iF - t{EKSmI9#ﬁIKSw111*KSJ-11913a12

SCLSUM=SGL SUM+2,%DS5L
SGLSUM=SGL SUM+DSGL

SCLSUM=SGL SUM4+DSGL
SCL=SGL SUMBDELKAP /3,

C INLG= ALDGlOfZN(IQ}
CNLI=NLZL1/10 :

14
15

SGGL {IXL2P 1) =SGL
ZL2EIXL2P1 ) =XL 2
$G=SG+SGL -
CONT INUE -

- QUTPUT ROUTINE

. WRITE (1P,22) AQ

WRITE (IP,27)
WRITE {1Py28)

CHRITE (IP529)

16

WRITE (IP326) Z,EPSIL,NI

CWRITE (1IP;24)
WRIYE ¢IP,295)

CO 16 I=lgby.2
WRITE (IP,24)

CHRITE (1P,32) S o o o L
WRETE (IPg31) ZL201)3S66LIT Yo ZL2(1+1 )5 SOOLLT4110ZL2(T+2)oSCOLIT42) .

HRITE 11P,32) .
CONTINUE

" WRITE (IP,241)

WRITE (P23
WRITE (IP.30) ZN{1),INLGy SG

WRITE £IP,23)
HRITE (IPo24)

87
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WRITE (IP,34) RHOMAX,ETAMAX
WRITE (1P,33) RHOMINGETAMIN

WRITVE (IP,24)
RETURN

17. FORMAT (A8)
18 FORMAT (14,1P3E14,7;14,0PF4.0)

19 FORMAT {IPELS.T,1P4El4, 7;,

20 FORMAY (IPE1S. 71

21 FORMAT {12F6,2)

22 FORMAT (32X,A8,0%%COULwRORN® /7)
23 FORMAT (1M 0% 0,800, 0%k}

24 FORMATY ﬂlxa”**#*#**##*####*****#*#*##*##*#t#***###****###*ﬁ****###

cl kR el e el ok e e ke s e e e ek 0 )

‘25 FCRMAT ilﬁg3(°*°g4ﬁv“L°vﬁxqﬂi“gSXo“?IG(L}"s4X}v°*°i
.26 FORMAT {3X3°{AT., NOo=?,F4, Ge? )25 13X, *{EPSIL=51PELDc3, 7 quXqF(NL

&WN°°L“°°°¢EZoVMCDNTINUUMY“1

‘27 FORMAT (6X o "CROSS=SECTICNS ARE I8 UNITS OF PI*fBDHR RADIUS#%2), )
28 FORMAT (&6X, INCIDENT [NFRGIES (N} ARE 1IN THRESHOLD ENERGY UNITS (E

1PSIL Y. °}

.29 FORMAT {86X,7EPSTL..IS IN UNITS OF TWICE THE. RYDBERG, /)

30 FORMAT (1X;o%9,9%, 'N=°, OPF 8, 3v8xq°LDG{N! IPFlO X axg“SlG{TDTAL)—_
105 IPELO. 316K, 0% 1)

- 31 -FORMAT (X, 3Q”*°9OPFEl392Xv°]ﬂvBX91PE10 39?K!9°*"3

32 FORMAT (1X93E°*“plOXQ*I”v15X9v°*“)

'33 FORMAT {1X,0% ¢, "RHDAMIN)=", 1PE14, 7g34xvuern(w[w1—°,1pr14 Too%0)
36 FORMAT [1Ko'%?  SRHO(MAX)=" 3 1PEL4., Tqﬁéxv'ETﬂtMaX!*avlpFlﬁ Ty T

_END . . . . AT
~ FUNCT1ON FLNR {LqRHD ETA) oL e oo o
LML= - ' < o o
S PI=3,14159265%
, F&NR=CLN*(RHD**(L+]3}*DHI ' ' Y
CFIND  CLN=PROD*{ 2. **L)*fSQRTi9 *P[*ETA})J{FALth *KL+IO!*SGRT(1°=E -
o 2.BPITETA)) : ‘ oo
A=2, %P [XETA
. ﬂ.=20$KL+1o o
C=ABS{l.=EXP{A)}
CFCT=FACT{8]
PROD=1.0. o
IF (L.FQ.0) GO TO 2
ce 1 E*leL .
o= 1
PROD= PRUD#SQRT(S**2+ETA**23
"1 CONTINUE
2 CONTINUE
CLN*PRGDQKEoﬁ*LB*SQRT!MA)/{FCT*SQRT(CI}
FIND PHI= AKL*(QHﬂ**KmLmIS
BKM2=1.0 _
AKMY= ETA/«XL+1°)
CSuM=1, 0¢AKM1*RHO
- TCSUM=0,0
L2=(¢3 -
_LBO:L#BG‘ _
CO 3 H=L3,L30C
XK =K
AK={ 2o *ETATAKM L=AKM2) /{ (XKEXL) % XK=X Lol o) )
IF {{RHO%% {Kel=1}) ol Tol 1oE=40) cAND o AKoL Tl E=20)¥ GO TC &
- CSUM-CSUM¢AK¢{RHG**iKMLﬂl)l .
.TCSUM=CSUM '



s NuNa

CAKM2=AKM]

AKML=AK

CONTINUE

CONT INUE

PrHI=CSUM

FLNR=CLN® (RHO®% (L +1) }%PH]

RETURN .

~ END . ' o |
‘SUBRDUTENE RDINT {GRND,LAM, X} °

DO INTEGRATION DVER  WAVE FUNCTLG&S

. COMMON PEN?SElJyPF{521)pCvRﬂN‘vY{SZI?thK

- YSUM=0.0 - - o
YANS=0,C
CELY=0Q.C025
Y{1}=0.0
YMIN=0.0

YMR}(’:Oul

L=f =

JY=41 .
;00 10 1Y=L ¢dY
IF 1iYel) 25452
_HF {ivasl) 553, 5
YL} YMEN

GC YO 6.

4 SMTX=0.0

- 60 T
| Y(IYJ"Y@TYGI]&DELY
 CONTINUE

W=CRY (IY)%X

F=GRNDILAM W) . .

SHTX=PF {1V I%*FEPIN{IY)

< IP=6
Y ==Ky ' ' IR

. 1F t(ﬂVme*11VaJV)*xv§ Bs1059
| Y SUM=YSUMSE 2, ¥ SMTX

M SUM=YSUM+SMTX

YSUM=Y SUM+SMT X

YANS=DELY&®YSUM/ 3, +YANS
CELY=DELY4DELY

L=JY '

JY=JY+40

. ¥YSUM=0,0
CYMIN=YMAX -

T YMAN = YMBK*QG =DELY

K¥=1 .
IF {JY=KKK=1) 1.11,11
RENS=YANS*C -

. RETURN

END
FUNCTION BJ {Low)

©IF (WolTol.) GO TO 8

SH=S IN (%)

Ca=CNS{W)

Li=Lel S
6C. 70 {1, 293949 vﬁ ?)9 Ll»
fBJ SH/W 1 -
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RETURN
B=SH/ {HE®2)=C W/ b
RETURN :
Bi= BQ*Shfuw*$3}=,u*(h/tw**z)aSh/w
© RETURN
L RS= iSQ*SHfiHm*ﬁl=15 *cwi{w$*2}=s *SNIIH**?}+CNIH
RETURN
BgJ=10%, *SNI@H**S)leﬁ *Cwi!w*#a}ués *Shi(ﬁ**%9+1n *cwftW#*2}+sw/w
RETURN
BJ =945, *Swifw*¢6)=945,¢cw;1a*#5)qug *sw/{w¢#4a+105 *fwlfw**3}+15e
CLRSHA{WER 2 =CH /W .
RETURN ' ' I
7 BRJ=1039% HSH/{UWrexT)=10395, *ﬁh/lﬁ**ﬁ)ﬂ4725 *Sw!{w**53¢1260 *CW!QW**w"
n¢»+21oq#swfauﬂ*aa=21 *cw;;a**2>=sw1w .
" RETURN -

. B XL=L

AN=XE ¢ 1,
A={W=E2) /{2, *EQQ*XL+3¢II \ ‘
LB {MERE A B R 2.5 XL 4T R L2 RXLES, ) o

CRJI= (WL %2, **XN)#FACT(XN?!F&CT[Z #xm))*tlona&ei

RETURN

END : :
CFUNCTION RN tLowi

RN =@ died :

RETURN

ENC . e
- FUNCTION TJ (X1eX25X3)

CALCULATE 3=. SYMROL
. A=sRleXZ=K3 L S , : ‘ R ‘
CAF=FACT(AY C S ; | SR
o B=XleX3=X2 - ' IR ' I
BF=FACT{8)
- L=X24X3=X]

CF=FACT(CY

C=XY1eX2¢X341, .

‘DF=FALTL{C} ‘
C E={X1eX2eX3)/2.
- EF=FACT{E)

El=E=x1]

E1F=FACT{EL)

EZ2=E=N2

EZF=FACT{E2)

Ea=goXd

E3F= FAC?(EB)

TJ= lSQRTﬂAF*aF*CF/DFJ)*(tF/iElF*EBF*E%F}J
RETURN : _

END

FUNCTEION FACT (A)

CALCULATE FACTORIAL NF A NUMBER {A).
iFﬁC'lr' 10 h

Ap=g-
CIF 1A.EQa0.0) AA=1.0

J=AR "

. B0 1 EzloJ
o B=i ’ .

FﬂCT—FACT$B

RETURN

END -
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b) . Discussion | |
:rThts program_oa1cu1ates the firstﬂftvezpartta1+Wave electron :

tmpact-iontzation.oroeSwSeotions for a value of.the incident

energy.using the Cou]omb-Born approximation‘ The program con-.

-"s1sts of a main program and six subroutines. )

| It beg1ns by readlng the . 1n1t1a1 state rad1a1 wave functlon

. PIN and re]ated parameters (elgenenergy, orb]tal angular momentum,

.f_etc y whose values are discussed in the User Manuai—~Append1x VII.

After. constructtng the x-mesh (ca11eo Y(I]))-the 1nc1dent energy _-.'

| is read N | _l | | o |

The f1na1 state angu1ar momentum quantum number (XLZ) is

_se]ected For the parttcu]ar value of the 1nc1dent enerdy ZN(I)

: ;-the max1mum aT]owed va1ue of the wave VEctor for the secondary

e]ectron KAPAMX is found w1th1n the range 0 te KAPAMX, £ va]ue
;“of KAPA is se]ected and the 1ntegrat1on over KAPA is begun th',
fethese va1ues of XLZ and KAPA the final state Coulomb wave funct1on
-:1.15 found by ca]]1ng the funct1on FLNR | o
| If the 1n1t1a1 orb1ta1 angu]ar momentum XLI and the f1na1
' _angular momentum are the same the f1na1 state radtal wave func-
tlon is. forced to.be orthogonal to the nitial state rad1a1 wave_
7 funotion,:t.e.'PF wJPF - [j dr(PF (PIN)] PIN} Ne
o The.11mits on the momentum transfer 1ntegra1 XMAX XMIN, are
‘tGUnd and the integra] over‘the momentum-transfer for this value
~eﬂ-of the secondary e]ectron wave number is carr1ed out This is
.m‘done by calling the radla] 1ntegration rout1ne RDINT and by

. use of the 3-] symbo1 rout1ne TJ



Another va]ue of the secondary e1ectron waee number is se]ected
and the process repeated until the maximum aliowed value of KAPAMX
is reached g1v1ng the part1a1 cross- sect1on QL for this value of
the final angu]ar momentum |

The next va]ue of the final angular momentum is selected and

92

- the process is repeated until the Partial Cross- Sectton Q(L) for o

L ="0,5 are found These part1a1 Cross- sect1ons are added
 t0gether to give the "tota]" 1onlzat1on cross~sect1on, SG for
'thts value af the incident energy - |

The part1a1 cross- sectlon and the tota1 cross SECthh are
:.then pr1nted out in the form shown in the User Manual

Us1ng the IBM 360/75 computer, the program IONCST had a Yun

| -“_t1me of (? min 6 sec) for the Helijum case for one va]ue of the
incident energy._ In th1s case the add1t10na1 tlme is pr1mar11y

‘ ffﬁedue to the eValuat1on of the Cou]omb wave funct1on
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L ‘SOME SAMPLE RESULTS FOR EKCITATION

’ In th1s chapter some resu]ts of the excitation cross- sect1on calcu—
-]at1ons w111 be presented Recat] (Page 3) that for asse551ng the N
| accuracy of various calcu1at1ons the only methods ava1!ab1e are those of a
. comparing the cross—sect1ons obtained in the-var1ous calcuTat1ons w1th“”
ohe another and W1th the 11m1ted exper1menta1 data ava11ab1e -

- The tables presented w11] 1nc]ude reference data from other ca]cu—
1at10ns and exper1menta1 work S0 that a comparlson can be made The two'
families of e]ements selected for presentat1on here were chosen to demon~ |
strate what I expect to be- the best and worst cases for the caIeu]at1on
The A]ka11 famt]y, which is an exce]lent approx1mat1on to the one- e]ectronide'
"'model, and the Inert fam11y, where the inert- core-act1ve eiectron assump~
t1on s weakest. ‘ | o -

| 15- Tables |

o The two ‘sets of tab1es w111 now be presented and a dlscus51onr

of the resu?ts w111 fo]]ow. |

“a) Aikal1 Exc1tat1on Tabtes
| To establish a stra1ght forward comparlson of the resu]ts
‘of th1s ca]cu]atlon w1th the 11terature I chose to ca]culate | hr,
: Cross- sect1ons for the Alkali elements us1ng the energy r
Ava]ues of Valnshteln (1964). Vainshtein and his co—workers ;ff .
- carried outla study of the Alkali famity ustng the'Born
aporoxination that was reprinted in the classic work of
Moiseiwitsch and Smith (1968). The organization of the g
. Vainshtein tables has been used here. First the resonance |

{ns-np) transitions of the Alkalis ane:examtned;



T

Then for each of the elements of the Alkald famiiy, the
first few transitions are ca1cujated; |
" The Vainshfein* values are desighatEd Born (1) 1in the
‘tables that follow. The Born calculation of the ﬁrééent
- work is_designated Born (2}. |
R The energy range N ig.given in threshold Unité; the
”._transifioﬁ ehgfgy EPSIL is in units of twice the Rydberg;

“and the cross-sections are measured in units of naBZ.

#Vainshtein, L. A., V Opykht1n, and L Presnyakov, 1964& P. N. Lebedev‘

Inst1tute of Phys1cs Report A-53.

Vainshfein, L. A., V. Opykhtin, and L. Presnyakov 1964k, Zh. Eksperim.
Teor. Fiz 47, 2306 Eng]xsh Transla: Soviet Physics. - JETP 18, 1383
(1964} as repr1nted in Moiseiwitsch and Smlth (1968}.



ALKALI ELEMENT  C-SECTION TABLES

Li: 2s-2p - Born( Born(2),  Ochkur, ~ Bethe,  Mod. Bethe .’

1),
Na: 3s-3p Born{1), Born(2), = Ochkur, Bethe, . Mod. Bethe*
~K: 4s-4p . Born(1), Born(2}, Ochkur,  Bethe, Mod. Bethe .
Rb: 5s-5p Born(1)}, Born{(2), Ochkur, . Bethe,  Mod. Bethe .
Cs: 6s-6p Born(1),

Born(2), Ochkur, -  Bethe, Mod. Bethe

Li: 2s-3p Born(

1}, Barn{2}, Bethe,., Ochkur "
2s-4p Born{1), Born{2}, . Bethe, ' Ochkur’
. 2s-5p . Born{1), Born(2), Bethe,-  Ochkur
.. 2s=-3s " Born(1), Born{2), Bethe, Ochkur
. 2545 Born(1), Born{(2),  Bethe, - Ochkur
2s-5s . Born(1), Born(2), Bethe,  Ochkur
2s-3d - Born{1), Born(2}, - Bethe, Ochkur
.. 2s-4d “Born{(1), Born(2), Bethe, Ochkuir
25-5d Born(1}, Born(2),  Bethe, "Dchkur'”

p For the rema1n1ng trans1t1ons Born(]) Bethe, and Dchkur resu]ts are -
- given: - ; ‘ : :

'-'N63 .j:_3s—4p o  35543' © 3s-3d 3s-7d - o
L . 3s-5p 3s-5s  3s-4d- B '
- W3s-bp . 35265 . 3s-5d
-+ 3s-7p - 3s-7s 7. 3s-6d .
K: o 4s-5p - 4s-5s 4s-3d 45-6d
o ~4s-6p - As-6s ‘4s-4d - '
' As-Tp . 4s-7s 4s5-5d _
Rb:  Bs-6p  5s<6s  5s-4d 5se7d -
- 5s-7p " Bs-7s 5s-5d -
-55-8p 25-8s - 5s-6d. .
Cs: - 65-7p B 6s-7s° - 6s5-5d 6s-8d
- bs-8p  6s5-8s 65-6d

. 6s-9p - 6s-9s . 6s-7d

" Note (1): The use of the cut-off parameter in the Bethe calculation can
' lead to negative cross-section when Kmax<Km1n for low values
0f the incident energy. These non- physical values
have been set equal to zero. ' ,

- *Note (2): S1nce the well-known sodium 3s- 3p'trans1t1on was recently the
Co subject.of a careful experlmental studys the data from that
study is given.



LITHIUM A S . SODIUM

e L s |
o EsI= e (-2 B o ERSIL = 7.73 (7). o

N BORN(1)  BORN(2) - OCHKUR - BETHE MODBETHE _BORN(]) BORN(2) OCHKUR | ;BETHE_ . MODBETHE
.02 3 4}14(1) 4.07(1) 3.99(1)"-.6296§0} w 'o}b. | '3!07(1) 3.08(1) 3¢db(1j 0.0 0.0
o 57101 . 5.62(1) 5.54(1) .2.43(1)'_'.0;0 - -:'4;26(1) 4.27(1)  4.7401) d{b'u 0.0

.08 7.7101) 7.58(1) 7.55(1) 4Qsa(1)';"o;o';- 5.78(1) 5.79(1)  C5.62(1) 0.0 0.0
16 9.e8(1) 9.81(1) 0.55(1)  7.36(1) 0.0 C7.56(1) 7.58(1)  7.07(1)  2.50(1) 0.0 -
.32 1.20(2)  1.18(2)  1.14(2) 1.00(2) 0.0 9.32(1) 9.32(1) 8.45(1)  5.87(1) 0.0
66 1LA@) Tes(z) 109(2) 108(2) 5.550) 0 1.00(2) 1.042) 99400 8.56(1) 1.80(1)
28 T.28(2)  22(2)  1.00(2) 118(2) 6.38(1)  1.02(2) 1.03(2)  9.08(1)  9.56(1) 3.76(1)
.56 1.03(2)  1.01(2)  9.47(1) 9.98(1) 6.14(1) ©  8.84(1) 8.85(1) 8.07(1)  8.66(1) 4.43(1)
a2 . 7.0 7.3501) 6.92(1)  7.38(1) 5.06(1) 6.66(1). 6.66(1)  6.33(1) . 6.67(1) 4.11(i)
.24 ‘s.oi(i)r 4.89(1)  4.74(7) 4f93(1)_3.66(1). o 4.54(1) 4.83(1)  4.42(%)  4.57(1) 3.a7(7)
48 3(12(1) 3.04(1)  3.0001) 13.07(1)’2.40(]) B 2.87(1)?-2.87(1) 2.84(1)  2.90(1) 2.1701)
96 1.86(1) 1.8 80(1) . 1.83(1) 1.48( () 1.7301) 1.7501) 1.37(1)

.86(1) 1.81(1)  1.80(1) 31) 1.48(1).  1.73 1.72(1)

% Linear I'n,trerlpo]étidn From "Enemark, E. A., and A. QaHagh_et, '(1972)' Phys. Rev. A, 6, 192".‘
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1
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5
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0.0
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0.0 -
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.53(2)
.86(2)
.76(2)
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9.67(1)
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,3 76(] .
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0.0
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.64
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.96

- BORN(T)
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»

.50(1)

.04(2)
41(2)
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.30(2)
.60(2)
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.26(2)
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7

g
]
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L CESIUM .
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EPSIL = 5.21 (-2)

.06(1)
.82(1)
.35(2)
79(2)
.26(2)
62(2)
69(2)
.39(2)
85(2)
.28(2)
.21(1)
.00(1)

B
9
1
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0.0
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0.0

8.78(1).
1.88(2)
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2.31(2)

1.84(2)
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5.05(1)

OCHKUR  BETHE  MODBETHE
| 0.0

0.0

0.0
0.0
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3.0

3.84(-1)
.49(-1)
67(~1)

2.84(-1)
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LITHIUM.

i o 'f _“_l-f' | .:.. o P
- EPSIL ;_1.60{-1) S - o EPSIL = 1.75 (1)
BORN(1)  BORN(2) BETHE  OCHKUR BORN(1)  BORN(2) . BETHE  OCHKUR
2.13(-1)  2.17(-1) 443(<1) 27(-1)  7.81(-2) 7.89(-2)  1.83(-1) 7.65(-2)
2.91(-1)  2.96(-1) 5.31(-1) 2.86(-1) 1.07(-1)  1.08(-1)  2.10(-1) 1.04{-1)
3.86(-1)  3.91(-1). 6.24(-1) 3.76(-1J_' N 1.41(-1) 1.a2(-1) 2;35(-1) 1.36(-1).
4.84(-1)  4.88(-1) 7. 00(-1) 4.47(-1) " o 1.#6(;1) ' 1.76{-1) 2.59(-1) 1.60(;1)
5.55(-1)  5.56(-1) 7.24(- 1)"4.86(-!) - 2.01(-1)  2.00(-1) 2.62(-1) 1.73(-1)

D BSB(-T) 5.56(-1) 6.64(-1) 4.64(-1)  2.00(1)  1.98(-1)  2.37(-1) 1.65(-1)
4.76(-1)  4.71(-1) 5.25(-1) 3.96(-1) 1.60(-1)  1.67(-1)  1.85(-1) 1.40(-1)
3.420-1) BANEENA) 2.97-1) - L2(1) 18 1.25(-1) 1.08(-1)
203(-1) 2.09(-1) 2.15(-1) 1.93(-1) .  7.50(-2) - 7.32(-2)  7.52(-2) 6.76(-2)

C1.20(-1) 138(-1) 1.8(-1) 13(-1) 4.23(-2)  4.12(-2)  4.17(-2) 3.94(-2)
6.43(-2)  6.30(-2) 6.31(<2) 6.15(-2) 2.25(-2)  2.19(-2)  2.20(-2) 2.14(-2)

2) 3 | ' 1.33(-2) 1.13(-2) 1.32(-2)

3.32(-2)  3.25(-2) 3.25(-2) 3.22(-2) 1.16(-2)
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5.08(-2)
1.84(-1)
1.84(-1)
1.30

GLL
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21
-4

.02'-'
.04
.08
16
.32
.64
.28
.56
12
24
.48
.96

s

- 2.60(-1)
- 2.27(-1)

5s-7d

~EPSIL =1.38 (1)

~ BORN(1)

1,23(-1)
1.66(-1)
2.12(-1)

2.61(-1)

1.38(-1)
1.10(-1)

6.68(-2)

3.66(-2)
1.93(-2)
9.97(-3)

BETHE
0.0
0.0
0.0

0.0

. 0.0

7.54(-3)

9.14(-2) 1.
9.68(-2)

7.01(-2)
4.24(-2)
2:34(-2)

1.23(-2)

5.
9.

* OCHKUR
3.

_RUBIDIUM

911



. CESIUM

765-7p _ - : A N 6s-8p P o o ‘ 65-9?

" EPSIL = 9.96 -2y EPSIL = 1.17 - CEPSTL = 1.26 (-1)
BORN(1) ~ BETHE  OCHKUR  BORN(T). BETHE - OCHKR CBORN(I)  BETHE  OCHKUR |
2.88(0)  1.69(+1) 2.75(0) "7.64(f1j a0 7.23(-1) 3.26(-1) 1.67(0) 3.06(-1) -
©3.95(0)  1.68(+1) 3.72(0) 1.04(0) -~ 4.05(0) 9.73(-1)  4.44(1) 1.68(0)  4.11(-1)
5.25(0)  1.63(+1) 4.88(0)  1.38(0) - 3.92(0) 1.26(0)  5.84(-1)  1.58(0) 5.31(-1)
C6.66(0)  1.54(+1) 5.83(0)  1.74(0)  3.67(0) 1.49(0)  7.25(-1)  1.48(0) 6.21(-1)
7.78(0)  1.39(+1) 6.50(0) 2.0o(oj 3.26(0)  1.62(0) 8.20(-1) Loy 6.72(-1j
8.04(0)  1.15(+1) 6.56(0) 2.03(0) 2.66(0) . 1.66(0)  8.13(-1) "'1.06(0) 6.54(-1)
70200 8.52(0) 5.90(0)  1.75(0) '1;94(0) 1.38(0) . 6.84(-1) 7.70(-1) 5.60(-1) -
5.36(0)  5.66(0) 4.56(0)  1.28(0)  1.26(0) 1.03(0)  4.88(-1)  4.99(-1) 4.11(-1)
3.53(0) . - 3.42(0) 3.05(0) . 8.24(-1) 7;47(-j) 6.70(-1) ’3.06(-1) 2.94(-1} 2.64(-1)
2.12(0)  1.94(0) 1.83(0) " 4.84(-1)  4.15(-1) 3.92(-1)  1.76(-1) © 1.62(-1) 1.53(-1)
1,2100)  1.05(0) 1.03(0)  2.70(-1) 2.21(-1) 2.76(-1)  9.65(-2) - 8.58(-2) 8.36(-2)
6.66(-1) | ) 5.04(-2)  4.45(-2) 4.40(-2)

oo

60(-1) 5.55(-1) 1.46(-1)  1.15(-1) 1.42(-1

AR
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'. 21

41

.02
04
.08
16
.32
.64
.28
56
a2
.24

.96

1
2.
3

48 8.

o

65;75

EPSIL = 8.44 (-2)

BORN(1)

.83(0)
54(0)
46(0)

BETHE

OCHKUR

2

-2
3.

4

ch

7(0)
.96(0)

96{0)

.92(0)

- o ~f

CESIUM

EPSIL = 1.1 (-1)

BORN(1)

2.93(-1) .
4.08(-1)
5;60(;1) 

43(-1)
21(-1)
1.01(0)

© BETHE
3.19(-1)
6.99(-1)
1.]3(0)
1:53(0)

—

.78(0)
.76(0)

—_— )

.45(0)
1.02(0)

w

L47(-1)

9.50(-2)

6.20(-1)

-1.84(-1)

* OCHKUR
3.54(-1)
4.81(-1)

6.44(-1)
8.04(-1)
9.81(-1)

1.10(0)

1.07(0)
8.44(-1)
5.62(-1)
3.31(-1)
1.80(-1)
9.44(-2)

' Bs-9s

EPSIL =

BORN(1)*
1.02(-1) -

1.43(-1)

1.98(-1) -
' 2.68(-1

3.29( -1
3.59(-

2.40(-1)

)
)
1)
3.24(-1)
)
)

1.52(-1

8.69(-2)

4.69(-2)

2.41(-2)

1.23 (-1)

.BETHE'

2

3
4

36(-1)
52(-1) 1.
79(-1)
,95(-1)

59(-1)
32(-1)

13(-1)

.55(-1)
16(-1)
20(-1)

37(-2)
28(-2)

~ OCHKUR

8LL
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N W W b

-
o

CESIUM .

65_-_5C|j_ o o -_ 6s-6d E | S 65-7d .

*EPSIL = 6.63 (-2) . EPSIL = 1.03 S o EPSIL = 1.19 (1)
_BORN(I) | BETHE  OCHKUR  BORN(I) éETHE' OCHKUR - BORN(1) BETHE ~ OCHKUR
62(1)  1.28(+1) T.52(+1)  3.44(-1) 0.0 1.67(-1)  2.76(-2) 0.0 1.17(-
) 1.93(+1) 2f13(+1) 4;78(-11J 0.0 2.80(-1)  4.83(-2) 0.0 1.76(-
21)  2.71(+1) 2.90(+1)  6.53(-1) 0.0  5.39(-1)  8.98(-2) 0.0 2.88(-
A1) 3.42(41) 3.66(41)  8.53(-1) - 0.0 1.02(0) . 1.64(-1) 0.0 - 4.67(-1)
09(1) 3.82041) 4.23(41)  1.010) 0.0 1.91(0)  2.67(-1) 0.0  7.71(-
97(1)  3.68(+1) 3.96(+1)  1.04(0) 0.0  2.88(0)  3.54(-1)  5.95(-1) 1.07(0
22(1)  3.00(+1) 2.92(+1)  9.12(-1)  2.15(0) 3.29(0)  3.70(-1)  1.10(0) 1.14(0)
22(1)  2.08(+1) 1.85(+1)  6.83(-1)  2.80(0) 2.93(0) . 3.08(-1)  1.00{0) 9.62(
5(1)  1.27(+1) 113(+1) _ 4.55(-1)  2.14(0) 2.11(0)  2.31(-1)  6.90(-1) 6.65(-
2000 7.06(0) 6.54(0)  2.68(<1)  1.32(0) 1.30(0)  1.26(-1)  4.08(-1) -3.99(-
3.98(0)  3.74(0) 3.58(0)  1.47(-1)  7.35(-1) 7.22(-1)  6.93(-2)  2.23(-1) 2.20(-
.05(0)  1.93(0) 1.88(0)  7.70(-2)  3.88(-1) 3.85(-1)  3.64(-2) '51,17(~1)l,1.16(f

6Ll
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21

- 4]

.02
04
.08
.16
.32
.64 .
.28
.56
12
.24
48
.96

: 65;8d

EPSIL = 1.27 (-1)

‘.BORN(1)
2.18(-2)

3.38(-2)

| 5.46(-2)

8.74(-2)
1.28(-1)
1.58(-1)

- 1.57(-1)
Cy.8(-1)
8.69(-2)
5.17(-2)
2.83(-2)
1.48(-2)

BETHE
0.0
0.0
0.0
0.0

0.0

4.04(-1)
5.39(-1)
4.56(-1)
3.05(-1)
1.78(-1)
9.67(-2)

5.04(-2) |

OCHKUR
6.56(-2) -
9.61(=2)
1.52(-1)

2.37(-1)

 CESIUM

3.74(-1)

5.00(-1)
5.20(-1)

4.29(-1)
2.92(<1)

—

74(-1)
.54(-2)

(52 IR U a )

.00(-2)

0zl
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) b) Inerf Gas Excitatioﬁ Tables
An Ihert-gas study such as theréinshtein work for the AlkaTi"

.fam11y has hot been done until the present work.

| ~ Furtherinore with the exception of Helium, the literature does

not reveal much daﬁa eithér éxperimenta1 or theoretica]. However,

since the uSefu}hess of éuch‘a study is clear, a systematic cﬁ]L |
' .culation of cfosé—éection-data fornthe‘ineft elements 1is preéentéd
here, and c0mpar1§0n7w1th data from thé ]itefature is'presented:

where such data has beenrfouhd.' .



He:

Ne:

Ar:

Kr:

Xe:

_RN:

25
- 3s

3p

4s

43 
4p
- 3d
- s

5p.

4d

o
6p .
4d

7s

- 6d

 INERT ELEMENT C-SECTION TABLES

Born,

.Born,
Born,

- Born,

Born,
Born,
Born,
Born,
Born,

Born,

Born,
* Born,

-~ Born,

Born,'

~ Born,

Born,

Born,

Born,

Ochkur, Bethe, Mod,

Ochkur
Ochkur

Ochkur, Bethe, Mod.

Ochkur
Ochkur

Ochkur, Bethe, Mod.

Ochkur
Ochkur
0chkur, Bethe, Mod
Ochkur
Ochkur

Ochkur, Bethe, Mod.

Ochkur
Ochkur

Ochkur, Bethe, Mod,

Ochkur
Ochkur

Bethe

Bethe
Bethe .
. Bethe
Befhg'

Bethe

122



HELIUM ©

R T T P
EPSIL ='7.74(-1) L “:_  .EPSIL-= 7}38(;1) - © EPSIL = 8.37(-1)

N BORN_. OCHKUR  BETHE  MODBETHE  LIT(1) BORN  OCHKWR  LIT(2) BORN - OCHKUR LI
1,05 3.22(-2)  2.98(-2) 0.0 0 0.0 0.0 2.48(-2) 2.48(-2)  2.60(-2) 4.63(-3) 4.65(-3)
1.70 4.52(-2) ’ 4.06(-2) 0.0 0.0 0.0 - 3.24(-2) 3.24(-2)_ 3.40(-2) 6.03(-3)  6.04(-3)
1.20 6.26(~2) 5.37(;2j 'o.o_ ' 0.0 0.0 3.95(-2)  4.04(-2)  3.20(-2) 7.33(-3) 7.49(-3)
1.80  1.02(-1) 8.63(-2) 4.14(-2) -2.72(-1)  1.05(-1) 4.10(-2) 3.97(-2) 0.0  7.43(-3) 7.16(-3)
2.50 - 1.08(-1) 9.60(-2) 8.16(-2) 2.00(-1)' 1.33(;1) 3.35(-2) 5.08(-2) . 0.0 6.00(-3) 5.48(-3)
5.00  9.20(-2) 8.78(-2)  8.78(-2) 1.43(-1) 1.28(-1) 1.88(-2)  1.70(-2) 0.0 3.33(-3) 3.00(-3)
10,00 6.54(-2) 6.41(-2) 6.53(-2) 9.10(-2) - 9.70(-2) 9.87(-3) 9.23(-3) 0.0  1.74(-3) 1.52(-3)
15.00 5.12(-2)  5.06(-2)  5.16(-2) 6.83(-2) 7.70(-2) 6.68(-3) - 6.36(3) 0 17(-3)  1.12(-3)
20,00 4.25(-2)  4.22(-2) © 4.29(-2) 5.52(-2)" 6.43(-2) 5.04(-3) 4.86(-3) 0.0 8.85(44) 8.53(-4)
30.00 3.22(-2)  3.20(-2)  3.25(-2) 4;06i42) 0.0 3.39(-3)  3.30(-3) 0.0 5.95(-4)  5.79(-4)
50, 00 2.22(-2) 2.12(-2) 2.25(-2) 2.72(-2) 0.0 2.04(-3) 2.01(-3) :o;o 3.58(-4)  3.53(-4)
30,00 1.56(-2) 1.55(-2)  1.57(-2) 1.87(-2) 0.0  1.28(-3) 1.27(-3) 0.0 2.25(-4)  2.22(-4)

(1) Linear Interpolation From "Ochkur, V.I. and V.F. Bfatsev, (1965) Gpt Spectry - USSR 19 274"; Ochkur Approximation

{2} Linear . Interpo?étIdn From "Marrigt, R. in Atomic Collision Processes, M R.C. McDowe?T Ed., Pub. by North-Holland
Publ. Co. ¥ Amersterdam“, Close- coup11ng Calculation . - _ S

g2l



1.05

1.20

1.80 .

2.50

5.00
10,00
15.00
20.00

30.00

50.00
80.00

BORN

3.07(-3)
1.74(-3)
7.46(-3)
1.58(-2)
1.83(-2)
1.68(-2)
1.23(-2)
77(-3)
16(-3)
.23(-3)
.33(—3)

w ~ o 0 v

.05(-3)

2p - 3s

EPSIL = 6.12(-1)

OCHKUR

 2.60(~3)

3.87{-3)
5.78(-3)
1.39(-2)
1.70(-2)
1.63(-2)
1.21(-2)
.67{-3)
.10(-3)
.20(-3)
.32(-3)

2 o 00 W

3.05(-3)

BETHE
0.0
0.0
0.0

2.09(-3)

1.22(-2)
1.57(-2)
1.23(-2)
9.83(-3)
8.24(-3)
6.31(-3)
4.39(-3)
3.09(-3)

NEON

MODBETHE |

0.0
0.0
0.0

2.27(-1)
1.73(-1)
9.54(-2)
5.18(-2)
3.61(-2)

2.79(-2)
1.94(-2)
1.22(-2)

7.97(-3)

LIT

EPSIL = 6.83(-1)

BORN

.06(-3)
.45(-3)
.91(-3)
.54(-3)
.33(-3)
.48(-3)
14(-4)
.59(-4)
,25(-4)
.87(-4)
.74({-4)
.10(-4)

2p - 3p

OCHKUR

9.

.
1

60(-4)

27(-3)
57(-3)
18(-3)
19(-3)
48(-3)
.01{-4)
48(-4)
17(-4)
83(-4)
.73(-4)

.09(-4)

o 3p - 4s

EPSIL = 7.24(-1)

BORN

4.

6

[ T NS

1
8

5.

16(-4)

.61(-4)
.07(-3)
.34(-3)
.68(-3)
41(-3)
.74(-3)
.37(-3)
.14(-3)
.67(-4)

99(-4)

8.21(-4)

OCHKUR
3.45(-4)
5.31(-4)
8.31(-4)
2.10(-3)
2.52(-3)
2.34(-3)
1.71(-3)
1.36(-3)
1.13(-3)
8.63(-4)
5.98(-4)
4.21(-4)

LIT

Yel



BORN

6.20(-3)
1.07(-2)
1.91(-2)
4.85(-2)
5.89(-2)
5.69(-2)
4.30(-2)
3.45(-2)
2.90(-2)
2.23(-2)
1.56(-2)
1.10(-2)

EPSIL = 4.26{-1)

OCHKUR

4.96(-3)
8.46(-3)
1.49(-2)

4.37(-2}

5.49(-2)
5.50(-2)
4.24(~2)
3.42(-2)
2.88(-2)
2.22(-2)
1.55(-2)

1.10(—21

3p - 4s

BETHE
0.0 |
0.0
0.0

. 0.0

3.16(-2)

5.22(-2)

4.26(-2)

3.47(-2)

2.93(-2)

2.26(-2)

1.58(-2)

1.12(-2)

ARGON

MODBETHE -
0.0
0.0
0.0

3.08(-1)

2.58(-1)

1.62(-1)

9.62(-2)

7.00(-2)

5.56(-2)

4.00{-2)

2.62(~2)

1.77(-2)

LIT

EPSIL = 4.82(-1)

BORN

- —

[ T~ T

.81(-3)

.79({-3)

.30(-3)

.60(-3)

.43(-3)
.90(-3)
.73(-3)
.89(~3)
A4(-3)
75(-4)

.93(-4)

74(-4)

3p - 4p

OCHKUR

1.50(-3)}
2.24(-3)
3.41(-3)
7.60(-3)
7.71(-3)
4.79(-3)

2.64(-3)

1.83(-3)
1.41(-3)
9.59(-4)
5.87(-4)

3.71(-3)

LIT

EPSIL = 5.16(-1)

BORN
2.66(-3)
3.42(-3)
4.10(-3)
3.91(-3)

©3.04(-3})

—

.59(-3)
8.01(-4)

. 5.35(-4)

4,01(-4)
2.67(-4})
61(-4)

md emal

.01(-4)

3p - 3d

OCHKUR

2.68(-3)

3.47(-3)
4.29(-3)
3.96(-3)
2.89(-3)

1.42(-3)
7.34(44)‘

5.01(-4)
3.81(-4)

2.58(-4)

1.58(-4) .

9.99(-5)

LIT

el .



BORN

.14(-2)
.95(-2)
.43(-2)
.58(-2)
04(-1)
.00(-1}
.55(-2)
.05(-2)
.08(-2})
.90(-2)
.73(-2}
.93(-2}

4p - bs

EPSIL = 3.66(-1)

OCHKUR
9.19(-3)
1.54(-2}

2.66(-2) .

7.63(-2)

9.57(-2)

9.65(-2)
7.43(-2)
5.99(-2)

5.05(-2)

3.89(-2)
2.72(-2)
1.93(-2)

BETHE
0.0
0.0
0.0

0.0

5.66(-2)

9.19(-2)

7,49(~2)

6.08(-2)

5.13(~2)

3.95(-2)

2.77(-2)

1.96(-2)

KRYPTON

MODBETHE
0.0
0.0
0.0

3.49(-1)

3.15(-1)

2.15(-1)

1.34(-1)

9.98(-2)

'8.02(-2)

5.86(-2)
3.90(-2)
2.66(-2)

LIT

EPSIL = 4.22(-1)

BORN

2.04(-3}
3.39(-3)
5.65(-3)
1.10{-2)
1.09(-2)
7.22(-3)
4.05(-3)
2.80(-3)
2.14(-3)

1.45(-3) .
- 8.74(-4)

8.83(-4)

5}57(f4)

dp - 5p

OCHKUR

1.64(-3)

2.70(-3)
4.67(-3)

1.16(-2) -

1.14(-2)
6.96(-3)
3.90(-3)
2.72(-3)
2.09(-3)
1.43(-3)

5.53(-4)

LIT

4p - 4d

EPSIL = 4.48(-1)

BORN

6.
.19(-3)
J7(-3)
.21(-3)
.10(-3)
.69(-3)
.86(-3)
.25(-3)
.48(-4)

-~ WO W

35(-3)

.72(-4)
77(-4)
A7(=3)

OCHKUR

6.44(-3)
8.33(-3)
.03(-2)
:24(-3)
61(-3)
.25(-3)
.70(-3)
17(-3)
.02(-4)
6.51(-4)
3.69(-4)
46(-3)

— o w0~

Y )

—

LIT
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1.05

1.20
1.80
2.50
5.00
" 10.00

15.00.

20.00

30.00

50.00
80.00

BORN

1.26(-2)
2.34(-2)
4.,42(-2)
1.21(-1)
1.50(-1)
1.48(-1)
1.13(-1)
9.09(-2)

7.66(-2)
5.90(-2)

4.14(-2)
2.94(-2)

5p -~ 6s

EPSIL = 3.06(-1)

OCHKUR

9.86(-3)
1.84(-2)
3.50(-2)
1.09(-1)

1.38(-1)

1.43(-1)
1.11{-1)
9.01(-2)
7.61(-2)

5.88(-2)

4713(-2)

2.93(-2)

BETHE
-0.0
0.0
0.0
. 0.0
7.19(-2)
1.38(-1)
1.12(-1)
9.13(-2)

7.73(-2).

5.98(-2)
4.20(-2)
2.98(-2)

~ XENON

MODBETHE

0.0
0.0
- 0.0

3.85(-1)

3.76(-1)
2.77(-1}

1.80(-1)

1.36(-1)
1.10(-1)
8.13(-2)

5.48(-2)
3.77(-2)

LIT

EPSIL = 3.58(-1)

BORN
2.30(-3)

4.31(-2)

7.94(-3)

- 1.68(-2)

1.68{-2)

- 1.13(-2)

6.35(-3)

4.40(-3)

3.36(-3)
2.28(-3)
1.39(-3)
8.77(-4)

5p - 6p

OCHXUR

1.82(-3)
3.52(-3)
7.13(-3)
1.85(-2)
1.74(-2)

1.07(-2)

6.11(=3)
4.27(-3)
3.29(-3)
2.25(-3)

1.38(-3)
8.72(-8)

LIT

EPSIL = 3.70(-1)

BORN
2.36(-2)

13.03(-2)

3.61(-2)
3.35(-2)

2.56(-2)

1.32(-2)
6.74(-3)
4.63(-3}

'3.80(-3)

3.22(-3)
1.18(-3)
3.92(-3)

5p - &d

OCHKUR

2.42(-2)
3.14(-2)
3.93(-2)
3.50(-2)
2.42(-2)
1.15(-2)
6.12(-3)
4.33(-3)
3.62(-3)
3.14(-3)
1.15(-3)

3.91(-3)'

LIT

L



10.

15

20.
30.
50,
80.

.05
.10
20
.80
.50
.00

00

.00

00
00
00
00

BORN

[ B o B B~ T AV ]

E- T = I ¢ <]

.56(~2)
.42(-2)
.83(-2)
.96(~1)
.35(-1)
.25(-1)
.69(-1)
.35(~1)
.14(-1)
72(-2)
.09(-2)
.31(-2)

EPSIL = 2.51(-1)

OCHKUR

2.
3.
6.
.75(-1)
17(-1)
J17(-1)
.67(-1)
.34(-1)
13(-1)
.69(-2)
.08(-2)

1

2.

04(-2)
48(-2)
1(-2)

.31(-2) -

6p - 7s

~ BETHE

0.0
0.0
0.0
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~2) Discussion

A comparisdn of the Born_ca1eu1ations for the A1kaiis of
-ﬁainshteﬁnrwith the results of the present work reveals agreement
in-all cases between the two calculations is within 5%. |

As expected the incofporation of the exchange'effect (by use
© of ‘the Ochkur approximation) Towers the value of the eross-sectjqn.
yThis is shown fof a targer number of cases then previouély con-
‘ sidered with the OehkUP approximation; Furthermore, as expected,
Vagreemeet betweee the Ochkur and Born calculations for large values
.of 1nc1dent energy is conf1rmed | '
Likewise, the M0d1f1ed Bethe ca]cu1at10ns decrease the peak
value of the cross-section as expected. . ‘

A]though'the agreement between the Born'aﬁd Bethe caicu]etions‘
in fhe hidh energy‘region is to be.expECted, since this agreement
- is ferced by .use efethe'Bethe cut—eff;_the‘ZO% agreementiin the
Iuppek energy fegion of the‘peak va1ue (appfoximate1y 4 ‘threshold
units) confirms.fhat Bethe'eppﬁoxfmations can be of siqn{ficant T
use whéh‘caIcu]ations‘muét be "quick". (The Bethe ca]culat1on
.15 about 10 times faster than the Born caTcuTat1on )
For the Alkdli tab]es two serious d1sagreements w1th the o ;
Vainshtein data were found. For the Li(2s-3s) case thé Vainshte{n
values (as.reprinted fn Moiseiwitsch (1968)) for the last three
'energy va1ues are too Iarge by a factor of 10, This appearé to
be a typograph1ca1 error s1nce these values wouId give a "second"
',peak to the cross sect1on at 11 threshold energy units. Further—'

"more, d1v1s10n by 10 brings the Va1nshte1n values 1nto agreement



WIth the present Born calculation. _ _
~ The second descrepancy is of a more seraous nature Fanthe ;
‘lPotass1um'(45*4d) (45-5d), (45 Gd) the Va1nshte1n data s in
'h'ser10us d1sagreement with the present ca1culat1on The d1fference
of a factor of two between the Va1nshte1n Born calculation and my. |
fOchkur calcu]atlon led me to perferm a. Born calcu]atxon for the

i ‘4s-4d case. The results of this caleu]at1on are:

e . 1.02 .08 - T.68 - 2.28°
Born{1)  1.36(0)  2.39(0)  3.11(0)  2.23(0) -
Born(2)  5.77(-1).  1.00(0)  1.1H{0)  8.31(-1).

E- 612 11.24 - 21.48 41.96 :
Born(1)  8.86(-1) C4.88(-1) © 2.57(-1)  1:32(-1)

CBorn(2) - 3.28(-1)  183(-1) - 9.70(-2)  5.11(-2)

¢

This.disagreement.is peculiar beEause“ngreement betneen the

presenf calculation and other series of_fhe form ns~{n-1)d, ns—ne; 
‘ns?(n+1)d exiets‘ Since other data for this transition was not
found ‘a def1n1t1ve resolution of the descrepancy does not seen
' poss1b1e. Further, the wave functlons used by Vainshtein are
nof readiiy ava11ab1e. They are to be found in Vainshtein (1957)
- which is‘e journal reference before the A.P.S. began reprinting _

Russian articles. Howe#er,.the Sodium paper Vainéhtein L. A.
7(1965) Opt. ‘Spectry. USSR 18, 538‘indicates‘that the wave fuﬁc-.

~ tions used were found using the “sem1 emp1r1ca1 method taking -
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account of-exchaﬁgeﬂ as discussed in the 1957 reference. The
sfatement of semi-empirical wave functions suggests that perhaps
the data Vainshtein used for the K{4d) (Sd).(ﬁd) wave functions
ﬁas'erdneoqs; hence the_présent wqﬁk may be more accurate, since
the'wave-functions used amérstfaight—forward so]utﬁons‘of the
HFS- equation | |

Returning to the tab1es the amount of Inert -gas data avail-
b]e from the 11terature for comparlson with the present work
was d1§appo1nt1ng1y small.. The goal was to-clearly establish
thé Boﬁndaries of accuracy for the present wark’ by the criteria.
.of compar1son w1th the Titerature for the two extreme cases of
4the “1nert—c0re actlve electron assumptlon A1though an
"exhaustive comparlson of the Inert—gas study w1th the T1tera-
;ture was.not.poss1b1e, the few cases of comparison Wlth the -
_1iféfature do show reasonable agreement. |

| Therefore, the cred1b111ty of th1s calculat1on is - f1rm1y
estab1lshed by the detaﬂedcomparlson with the 11terature for the
Alkali study and the few cases avallab1e for the Inert study,

i Thé-con;]ﬁsioh,is‘that order of magnitﬁde validity for all
- cases of e1ectron.impact‘excitation of atoms can be expected from
this calculation. The results will tend to be in better égree--
mént With'experimént for Alkali-like elements, and for elements
of sma11 charge That is; sincé our assumptions for the cross-
sect1on express1ons assume Hydrogen 11ke behav1or for all

e1ements,‘e1ements more Hydrogen like w1T1_g1ve.better resufts.



VII.. SAMPLE RESULTS FOR IONIZATION

In this chapter some results of the ionization calculations will be

presented. As indicated in earlier discussion the fonization cross-
‘sections are computed by calculating the first six partial-wave Cross-

éections.and adding them together to obtain the total C-section:. The

tables, ahd'the normal output of the program IONCST, include the partié]

Céseﬁtions“ahd theftota] C-section.fqr the given incident energyf The
1imitation5'pf this‘calcu1afioh wil?_bé T?Tgsfrated”hy somelgf thé,fé—
sqltsAaﬁdfhis1im{tation examined'in'the QiSCUSSiQn:that'f01}OWS the
tables. | | | | ’

0 1) Tables

As in earlier tables, the energy range N-is given in threshold
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'Dnits; the transitidn energy‘Epsii is infunits of twice the Rydberg;_i .

| . and'the-cross-sections (partial and total) are Measuned in units of

‘ ﬂéB" Ionization Cross-Section Tables'

'Hydrogen' (js:» Continuum)

Helium  ~ {1s » Continuum)
Lithium (25 + Continuum)
‘ Sodfuh | (3s » Continuum)

“Potassium . (4s -~ Continuum)
Rubidiqm (5s ~ Cantinuum)
_ Cesium <(6$ > Cdntinﬂum)
The literature (Lit} data aré referenced as fo]loﬁs; '

: Lit(;): Peach, G. {1965) Prqé. Fhys. Soc. 85, 709
' Lit( ): Peach, G. (1966) Proc. Phys. Soc. 87, 375

.The data-given from these sources is graphically interpolated.
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2) Discussion
From earlier discussion recall the following:
The Born-Coulomb - approximation used in this-caléu]ation:uses the
coulomb wave final state wave function.
In this ca]cu1at1on the coulomb wave-function is abtained by
use of a series that was 11m1ted to 30 terms, |
As indicated by the tabTess the ca]cu]at1on is valid for a
certain range"of barameteks! Beyoﬁd‘thé range of pérémeters the
AParffaIICPOSSQSéctions, and henée the total ckoss-sectioné are
invalid. The reason for the ]1m1tat10n to a range of parameters 15
the computatlona] d1ff1cu1ty in obta1n1ng couTomb wave funct1ons
_for a wide range of the var1ab1es Kes 1F’ r. A review of thgse
‘;computatlonal dlff1cu1t1es was glven-by.Froberg (1955)*in.Re§} of
_ Mbd. Physics 27, 399. Heisﬁggésted that humericaiﬂtab1éswéhould _'”'
' be generatedffor:a;intermediafé-fange of‘variab1e$tf This éugges-,
tion jed to the-tam'_es'of'camomb wave functio‘ns: published by
N.B.S. in Abramowitz (1964). Thié is mentioned-to emphasize the
"'d1ff1cu1t1es assoc1ated with cou]omb wave functlon ca]cu]ations
| over targe ranges of the varlables
This computational problem is isolated by the usé -of theléubf
routine FLNR and 5ati§factqry values of the wave functions are
prqducéd for, stall va1hes of the arguments les 1y kF. The validity.
of the calculation in this'fsma11 value" range is established by
comparison with the literature. The computational problem of
the coulomb wave function can be overcome by use of different

series expansions to obtain values in other regions of the function -
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Vakiabjes._ When the subroutine FLNR is modified in this manner,

the program will compute ionization cross-sections in a “general®

' manner.

Let us éxamine.the nature of the "breakdown" of %he calcula-
tion. The first "$purious“ partial‘cross—section ié for 1ithium
Qo (2.75). For this energy‘(2.75); the hi§her'partia1 Cross- |
sections éppeaf to be va]id.' | o '

" The next dramatic change 1sl£hejsodium Qo. {2.50) partial
- cross-section. All cross;section beyond this‘appéaF fn éfror;
As w{n be indicatgd"furthér, this problem should be over- -

come in future research.
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| VIII. CONCLUSIONS AND FUTURElRESEARCH

The intent of the present.research was to provide 1nexact but rea-
“sonab}e excitation cross—eectien va]ues‘fer all e]ements This has‘heen
| achteved The usefu]ness of these ca]cu]attons should be to prov1de
order of: magn1tude Cross- sect1ons for all cases to astrophysicists who,
in some cases, have been fqrced to use waB? (which can be within four
orders of magnitude ef the actual cross~sections). By sefecting the

Alkali (best case) and Inert e]emehts (worst case) as exaﬁples of the

~ data ava11ab1e from the ca‘lcu]atmns it has been shown that the expected

range of validity for other cases u51ng this program is an order of
!magnttude accuracy.. |
| As ment10ned 1n the 1ntroduct1on precise ‘statements as to the
accuracy of the cross- sect1on va]ues are d1ff1cu1t s1nce no “bench mark”'
seems to’ ex1st However, we wou]d expect that the cross-sections here
| 'are quite good (w1th1h 10%) in the Born ta11 (threshold energies greatet
‘ than 30) and coqu be used by exper1menta115ts for norma]1zat1on of
their relative date. | | ) |

For this Eeason, the pOSSTbT1Ity of pub?lshtng standard h1gh energy
cross-seption tables for the ftrst several transitions for elements
~ below z = 50 wtl] be pursued.”
| ‘Furthermore; the use of th1s technique to compute electron- exc1tat10n ‘
cross< sect1ons for ions w11] be 1nvest1gated It is clear that s1nce
these calculations will involve use of cou]omb'wave functions for the
Scattering electhoh, the probTem'encduntered in the ionizdtion ;alcu]a-

tion of this research will have to be overcome.



The solution of that problem appears, at this stage, to be the use

of an integral expression for the coulomb wave function. This will

result in a six-fold integration for the final ¢ross~section'and such a

numerical calculation would be pursued using Monte-Carlo integration .
techniques.
“The calculation of these cross—éegtions would be motivated by the

active interest of the astrophysicists. in in#estigatjng the same

phenomena (nebulae, aurorae, and Sotar corona, see Page 1) that moti- .

vated the present work. Furthermore, these cross-sections are of

“interest to people doing ste]]ar.mode1ing.'](5e¢ Athay (1972.))

Since a set of atomic wave functions for a general calculation is -

readily available, general caTculation‘pf othér'atomic parametérs_(e:gl

* oscillator strengths, transition prdbabilitieé) may be attempted, and

this may prove useful to the "beam-foil" group at The Univeré{ty of

To}edo;‘

q4s
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APPENDIX I

cross-section
.th

position vector of i~ electron

set of quantum numbers for total atom

set of quantum numbers for a particular orbital

= total wave function (inc]uding spin) - for atom with'

il

atom with i

é1ectrons in a state A

total wave fuhction (neglecting spin) for atom with

“electrons in a state A

single orbital wave fuhction (intiuding-Spin),for.atom'n h

with 1th electron {n,an orbital state

single orbital wave function (neg]ecting spin) for

th etectron in an orbital state

this is reserved for the incident electron position

vector n the scattering problem. .

this is reserved for the emitted electron (secondary.

_ e]égtrbn) posifioh vector in the ionization pfob]em,

Levi-Chivita symbol (see Landau (1957))
Kroneker -delta (see. Landau (1957))



APPENDIX II

' Atomic Uni ts

There are two sets of atomic un1ts in common use. They are s1mp1y :

re1ated and are based in the attempt to make parameters of 1nterest

‘ d1mens1on1ess Recall the Schroed1nger Equation in cgs units,

T: h/{rm) ?7 ' ——‘E«r ] @T =0 . o ('i4é)

Let B“% and M*?—R = meXys

VMuItip]y equation (‘tﬂ' by ﬁjﬁﬁ;' 4

RN S (3EEE) w) Eﬂ @

Then . may be wr1tten : 149);

‘[&5 ag27V72 - J;// :}Q} ‘ - ' N (150 -

“Hence,:if-we measure 1ength in units ag and energy in un1ts R (1 e.

tw1ce the Rydberg) ‘the wave equatTOn is-

151

‘In these umtse-'—*ﬁ“""‘-"?z (see'Landau Pg. 116 (1957)) for reterehde . .

ca11 these atom1c unlts I (AU T ) '
 Alternatively we mlght mu1t1p1y equat1on (148 hy 2/R and write.

-sthe wave equat1on _ , _
l“ﬁte‘/‘. v - ‘gjp“ ~ WE_—]@ ' ' {(152)
Then measur1ng energy in Rydbergs and 1ength in. Bohr rad11, the wave

~equation is

-these are the atomic units (for reference<ithI ) ‘used by some authors

. Notice in (auI) k = f?_ E but 1n‘(au I1) k.= /f.ﬂ - S



For all discussions in this paper atomic units [ are used. That
is

.529 R

Bohr Radius

Unit of. length = R2/me2
Unit of energy = me“/hZ? = 2 Rydberg = 27.2 eV

m= 1.

14
1
=1
Il

Formulae may be obtdined by e’
A convention of referring to units A.U.I_as "Hartfee Units" and

"units‘A:U. IT as "Atomic'Units?‘appears fo bé emerging in Eecent

Iiterathré. Howevér, many feferences to ﬁHartree Units" as "Atomic

Units" already exist. - .
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APPENDIX III

3-j Symboi Identity

A standard text for discussions of angular momentum in quantum
~mechanics is the work of Edmonds (1960). The necessary relationship

requ1red will use results c1ted w1thout proof from this work

Cons1der
i S A0 N T €) Ke (€2) Vigmy (£2) jm g m_)/m (] Y,,:,m)
- (158)
Mg% <,@nF!Aijn:><(1fmIA o}jfm{> I(j 1fgx)

' Edmonds (pg. 63)!gives-the fo]]owing integra] in terms of the 3+j '

symbol. Nt ot 18 A0l \ (b s B
CI‘Q yi’ e, (—(2) /jzmz (:()-)yf; E£ .A;TTHMMFDIZ ( . j ) m:m,_ mi)
(185)
But - - |
‘}ﬁaﬁYJEJiﬂJ)m Y@-ma =e .
| | ‘ > Nase Le A LN 2e N g
. <l;.m{ } ?\(D.?,ﬂ;m‘lx> - (""Yr'?T ﬂ%lﬁ‘(‘zl l) (0; oo )l("”}:orﬁ] ’
(1567

“then the sum of interest may be wrltten

L) Bghosh G ] @34) (43)

| (157)
‘ ) M4+ m . : JE :
X m_Zmr .(—c) foGad) & @;‘j@) »
The 3-j symbol is zero unless my+m, g = 0. ‘Hence, for'the Sum

(—1)m1+m_ = 1. Consider

T @ vy

o, fYr



'TWO‘symmetry'properties of the 3-j symbol Fromlpg. 47 are useful.

L ‘ ven
_Prdperty'l' An‘ Eodd permutation of the columns is equ1va1ent to

{+1)
mu1t1p]1cat10n by (- 1)31+32+J%]

'Property II | , o _ ‘ |
Wokhods ) 2 opndekes, [dddsy 159
(ml My MZ)_ ( 2) ? J. (-m,.— r'\"iz-l-rv'&3 | | : ( )

-~ Using Property I:

o [ e -(x;x,e - | .
J-_m{‘?'n W 0) —m;O_mg ' (]59)
ﬂ A el (4B AN (LA
Za (SO (”."*'mﬁ O) m “‘\ffé

USIng Property II

)QJFA*"Q'F ( ’Ef‘" ) (‘ﬁ ¢ A) l)i;"’ﬂ-(-";?\,
’“x"'f i - Te +o P ‘

A M. «pp O

-

But pg. 47 of Edmonds gives

m M,

where A(jljzjs) 1nd1pates'the triang]e rule must be satisfied.

.So o Uy
. jczw ijzs.(,ﬂl{}) - (163)

and

I= (sz)_ (M *') KO ch A) O(AA A(,é' ,Q A) (164-)'.

T (k) (BER)= (e L, s088)

'(162):“
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. APPENDIX. IV -

ggyiva1ent'sethe‘Apbroximation

In the Modified Bethe discussion 1t is asserted that the first non-
zero term of the series

nw-km){jh i Z?zif)]Wu) GHZfWJ”ﬁ%

) £+ 0
is 1dent1ca1 to the first non-zero term in the ser1es (165)

) ‘ |
Ay - (QWXJJ exP(1KY) (?l;i %Mjﬂﬂ (cos [T r])i])
Let us prove this assertion by reduc1ng £q. (165) to Eq. (166). '
Reca11 the addition theorem (Jackson (1962} pg 63) .
b (ot = (F50 2 Y (00 Yon GV g

Applying thls 1dent1ty to Eq. (16&) we may write

' Re
= - " --ﬂ. >/ -i.\ + (r)
$(JU ;T;: (Qiél jA"y %fmt r"“’(r“)“z”‘ |
« exp (7k F) 57) i - (168)
Choose thé‘integratiOn axis such that K is a]ong the z-axis and K'r'=
Kr'. cose' then’

s 225 < (45)
2 -

~ O

\_j , : ;"/Z-
° (]69)

Jkpseiexp(akrcose)

<y

o

Rewrite the integral over ¢ in Eq. (169) using,(Jackson (1962) pg. Gq)

| ‘ | oy . L~ T2
y (V) = .expi‘ 1h’lj&?5")P {cos 8-’) .L(Dﬁ;rl) (%:;i\]

/z (170)

ﬂ37 +
X (32 40 s (3

(o7 )
‘J d¢ Tf 437 fan!

_ Summ1ng over m,Eq. (16?) can’ then be. wr1tten,
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o

s ot der
i - Cam)am) <fl g5z (0 ‘io“*ﬁ L.
. rresBiR any
J de [y to exp ik roy) fQ%%) i )

_The integra1 over dx may be done by use of the following identity

. (Abramowitz (1964) pg. 438) o |

: 3%/ exp TR ) Poxs dx (172)
JE(KTJ) = Fq_—‘) /2]) XP ',-I ) PE ‘ ‘
where je(r)- is the -spherical Bes§é1 function. |

Applying Eq. (172) to Eq (171) we find

{(m \J ( ) ]}/ () (r)j 1(7—?“) Kr)“)

L (773) |
J Let y = Kr', dv = Kdr‘ then : ' - ' -
| 7 t ' . 2 & o By,
$ (EHE 4r (L) (ikr)f = B
. ( é’} ?‘n«?% 1<4I};0 : -, }/’?'J‘J)\(Y)J )
From (Abramom tz (1964) pg. 186 we obtam o ‘ k “74)

~

For ‘the case u = -(z %)9 3= 2,+5f This is

uu/z) | ~(R:4) F(i)"' 71
ft Iy(t)df (2) el L et

176
where {Abramowitz (1964) Pg. 256) ( )

T lhenys (20-1yn 5 Ty = 278 2= T

Then smce 3 (x)_l;l; th/ (x) Jackson (1964), Eq. (176) may bg used

" to write,

de v T A T I
f e JR“C) ‘?,J Vi Tf;r“i "‘ 75}2‘“"1)‘” (_178) o

- App]ymg Eq. (178 to Eq. (174) we write,

= ,Z)Zxxﬁl 2,!1+L };b( )?2';0 152> arey



‘But recall (Jackson (1962) pg. 66)

Y.Qn (f\_} =“ )25;1 ?j éco's 63) | (18{3') ‘

* then f'(2) is |
‘g - P {cog 8)
| -(Ja_); %1 <F) (i f_ﬁ__)____mwu . (181)

By choos1ng our ax1s of quant1zat1on a1ong K so that f r = Kr cosp we’

| may wr1te Eq. (155) as,

R ) <fr*m<r;*<c0fe>iu~n> ."'(1‘82)'4.

To continue,'reca1}ﬂ(Abramow1tz, 1964} pg. 798)

Potessey=>" a,(cos ) - s

Sco
. Since we are -interested in comparing only the fTPSt noti- zero term in

Eq. (181) and Eq. (182) we need only a, in ser1es.
From Magnus‘ahdlﬂbErhetﬁignef pg. 66 the ggneralizéd'Legendre”

Polynomial Ps(z)-has the behavior

5_.F3(i) [1 P(a#?i Zﬁ . (j(zd ?J[i+ O(Z ﬂj];

& e (4 m&+1) (184)
>theref0re, recalling Eg. (]85) ‘ .
R [ —awrw S

Then since r(a+1) , EQ. 183) 1s of the form

_‘Q l

S1nce the matrix elements of a]] 1ower powers of cose are zero by -

| assumption, (181) becomes:

(211 1)”‘. cos ) | vy
wm w§<+|m<r>t Geon 552

which agrees w1th Eg. (182) to within a factor (-1). Since the object

to be measured is Q= Jdn]f(ﬂ)|29_the Eqs. (187) and (182) are equiva—f

Tent for,dur purpose.

s SRR
(«tmez Z (cos @) + UQ.?T?\ (Cos®) - (186)
- S=xe '

187)
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APPENDIX V-

 Partial Wave Analysis

The decompbsition of the Born cross-section Qborn in terms of
partia1 wave cross-section Qﬁorn,‘where 2 refers to components of the
incident wave with angu?ar momentum V2 (2+T) proceeds as follows.

B The Born scatter1ng amp11tude is

foul = =2 i e [ (K- R Vg e
where To! is the pos1t1on vector of the 1nc1dent e1ectron, and where .

Chaos1ng the coord1nate system such that k is along the z-axis we

write the expans1ons (Jackson (1962) pg. 567),

e Xt L (am )\ (- Jj,,(k K) Yy ,,(IL,,P) }/ ((1 ) 190)_'
and o | Im ' .
SR <3>€jf-( ) J"e?%r"?i}éw 4 Y (ﬂh ' (191)

£
'App1y1ng Eq (190) and Fq. (191) to Eq (188) we wr1te

ﬁumrx_ (“2W2/ dr\/ (r> (+n)> (ﬂ bv ;r?rwzQul)

,L?ﬁmf : (192),
: Y; e-(ﬂ‘*») Y (ﬂr’JfYr (‘ﬂ‘ri) Jj (Kz'r;’).J (K¢ rl)
The wave functions used in the present caTcu]at1on can be wr1tten

'LV-( (ﬂY),, Csbed 5 L()(rw?m ()
™y

and use can be made of expaﬁsion (Jackson (1962) pg. 69),

- t.! ‘ +. . :
“F ; 4w> (zpu [,Eﬁilﬁlﬁng)nsﬂd - e U%)

.o . Fom

to rewrite Eq, (189) as -

(193)



——
ol
"
e
n

w—"l- ' | . + ‘ -
ﬂ:ri (2} +1) t ij(_ﬂ_n,f 1 f [w...._.m J R (,—}F{r)

A (195)

/Adn UHY )Y ()

F e Am ! my

Let us define the two integrals in Eq. (195) as

13
and

1 J

Homg Vi fym> ifdm fem 1, U”Y Cited Q)
" Then applying Eq. (195)‘t6 Eq. ]92) we may write

¢ (- (-M>F @t e ot ey

Earn
Born

<f;m{iﬂm ,@\’ﬂ‘) \/ﬁ" u(-ﬂ-x,;)./‘ dr ﬁ (T’)jﬂ
, J},,(.k,,r.,..zjg,ﬂm FAPKIN

~where our last term is defined in a manner analagous to Eq. (197)”

(198)

To s1mp11fy the a]gebra that foTTows we define the quant1t1es

up simmm it ...—xu«

C(ﬁ.,ﬂ,ﬁ”)s(r) ‘3)* 'fif*i) /47?'(2/7'*1) | ] (19_9).

&0

A

-159

, Born -
ﬁ('”)f:fdrl; JRO RO s

- Barﬂ E
P (e0a7i4) f r J.ru’ﬁ {r, )Jﬂ (klr;)JQQ(r )y (.200)' )

~and rewr1te as,

{B;PE o ] s B
: £ ,
) . . ) »oo, L ’ ‘ ' '
. V(!?,P‘Iﬁ’,’i,f) < Jom) §) Am') ij (fed - (202)

To obtain the cross-section we require

Ly ) < Al by oy
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Y 0
£ m i/ c(m")c*mw <4 m”mlﬁm\(ﬂm}tl‘m
ﬂ{x’m 1;}:’
~ PO i) P4 Le.ﬂ'r’j | (203)

o ut
e By e et e Y, 0y, yi {Q“)

Since we are interested in transitions Q{nz-n's") we can average the
above OVer'mi and sum over mf‘the result of which we indicate by -
| the prime

{J; mi&( “‘Tl)> / L(,?M”)L’?zmP(Jeuﬁ)((ur’ﬁ)

B, o -
apql 2f:\‘1 o A.i!".f
zf.rr.l (¥

X <Q‘m l ,Q'a‘ J(nm;,;){"luma,' N L‘M L'M:)-' . | |
(204)
*Y‘ {Hmp ﬂml? MMQ m; U‘HQ;‘M N

h‘.'m,r

Yu 0. (-ﬂ-k:r_) L (,ILKE) -

Us1ng the results of Appendix III. té sum over My Me

o) (2 R )Z Z L8 T lar wﬁ’{u’:f;f;f’xcamf)
Bern ZQ PP L LAY ) o
fﬂ! P

x <5(rmlﬁfs)/qﬂm”>-(L N"I LoiLM) ‘ | . ’ (205)
¢ Y ) Yo (D) o |
(24848 i)(z% +4) {)Q £ £) 5. gm

‘ 47 a o " .
F1nal1y after summ1ng over L and M, the above can be written

H () (m)(z%i)zz i‘(ff’f”)c%(ft 19 P )

Borr. Vs
%

x Pl < fw/f"ﬂ/f’fw"')«’t"n"i Vol kmy
(zhﬁ f) Y ) Y o (_(“L,;F)

The eross- ~section is then:

s

(206)
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Qe | Jw £ ol - (entalond 5]

{E 3 (P@f?c*{f&z;)7??!!”9&’?7%[11%)

QEM LLM" (207)
: Ak X)
X< /Q\"'\] Q"g! 2”m”>< Lvmni‘ L' el ,Q'!‘ﬂ) ( G 8 b

L[cmx,,}’ Q) Ywm"('{l"* )l : g}m ,f M]

The sums over L"M" and L' can be carrled out explicitly to give the

resu]ts,

<Q&muz'{m“){2ﬂ*i) KE jgji;jC 2??9( Lﬂi) (jé} £)

LFY L’ o o &

: ‘ —
«PLACE 3 Plaveidy [ Renffolg m}{ﬁé” "!Lo]ﬁrﬂ) ”*U(“”*UJ (,QH“)j

e m pad

(l&’T}(l‘%{i i) []\F ]Z’ I C(ﬁgzﬁef)i }?(Q,Q’ﬁ”‘i {_)E
I . (208)
OO N GV Doty (2401

000 ﬂgﬂT

~Recal11ng the def1n1t1ons of 5(22'2") and P(zn 2K, kf)JQborn can be

wr1tten

Qsm (+>(2P;+1)L“*]Z f ”""5’ NEY VIR OV
e 114

‘ " ,E (— a‘ . , 7 Barn e . *
(U (g T o }
- ° _ " (209)

where, as deflned above, k ‘
ﬁ]) ( Fo' Ef r C./r ['_",QM;J R_{, (f‘)? (F)

. Since 3' is defined in Eq. (191) to refer to the incident electron, the :
'partial cross—sect1on corresponding to 1nc1dent e]ectrons W1th angular

momentum #k'(£'+1i and scattered e]ectrons with all possmb1e values of

) angu]ar momentum is,



Lo (fézf)(’zfri)[ } (287 1)(24°% 1) J‘f’rf;f)‘
e LA+ 1) -‘n ae

Mf,),_ | o (210)
X it ¢
. ( d-di') f}r ‘!’ j (f )‘Jj (K r)J ,r(l(gfﬂ)

‘NUTE The presence of a 3j- symbo] 1n an expresswn such as

2 (’Q L )5;(21} 1;) implies the triangle condition and reduces the

Lo I |

'sum range from %3 F 0, to 23 = |23-85],---|21*+22], (Edmonds (1960) :

pg. 45).
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APPENDIX VI

Ochkur Expression of f.(g)

- Recall from our discussion in Chapter I11, Section 5, the Born-
- Oppenheimer approximation to the exchange scattering amplitude for a

HeTium-Tike target is written

R S U, 3 RY R S S NS W U S iR
'1[1:, (1ﬁ?ﬁadrldr; "PF( t’)e [H‘.’-ﬁi f,‘-'lf;-"ill' Yx(rl,g e o)
Let us break this up into three terms .

. ‘{?}“

| “ e ik [ ] BLie
fi+ ()dadnin Sl O el B ey

| LNg e et
= zﬂejdrﬂﬁlﬂ_dr ﬂj(r i‘",?‘.‘i—”{”r1 [“fﬁ"’ﬁ-’“} L]BI U‘»’Y’}-e, (213)|

. 7 L a = " ‘ . ..
‘F (111) dr Clri({\" \P {‘C '( )e "‘ v \ Y, 1 \Yt (rl)‘(,l) e. (214) |

‘Cons1der the f1rst term

' RET A Va s oA RR
h- (gw)jdfodf’df ?(f: Se “K"’"‘[iw-:.—m}?m)me‘“ "

H':,' Jl i .
- (215)
m)J Jrldr ‘P (r,,r)I (r,“m EX?('IK ‘r.l] -
where Ez kp-kp © and |
)ﬂ = e LT K (T 7)) ]
I, (F.7) fdr ‘{J (Fry &P s T (1)
[ Fo A

Let us eva1uate IF IntroduCTng the notation rol = ?0 ?1 1et us change

var1ab1es from rg to r01



e et T

I (8. fr dr, dicosa,) cl<ba 'P <€’F i E

Yo (217).

Kx¥a Ooy -
fﬂ;dl‘: d(CO‘; Bc1) &¢al ‘P (rzx 'f ‘f“l) 61 AN i

" Defining X = cosep,

1Kp Con X o
I (rpi“ [nldnidx EE (611, €, 2) g et (218).

. where

(The use of ? here does not 1mp1y the total wave function 1nc1ud1ng
spin.) Let us 1ntegrate by parts with respect to X and with, respect f
to roy and neg]ect"gaéh‘ t{me terms of higher order.ofjsm511ness."
We obta1n ) |
e (220)
_ Not1ng that .

op o .

we wr1te

© Then since o ,
o ot e e E
B (€60, 5;1) mw (.00 (223}
our resu1t is: S - . T
T (e - [ 5] B _(224)

0chkur.(1964) argues that by a similar calculation it may be shown

that - _ | :
e 0(kY
{3' ' O ( kll ‘_6)

§ ({‘1;‘('1.,f°1,)f) f&fbe; kP ( \5::_""%1) ) (219) :

I (fl T ; z fd"?: I§ (f r:, nili)e1kfﬁl E (1' X 01-1)6 “1Ks n]*___.

§ (r;_,f‘.;m, %) T O )

T (6B kB (RRene B (&8 00 @22
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: Therefore he c1a1ms the exchange amplitude fE’ may be approx1mated

on AW 4 - 1" r, t
12 “ 4,; [a’rcf VA f’r (7.1 (225

_ TR
- %f[dﬁ d7 LPI(Q».&) e’ 9;) (.5 -
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APPENDIX VII

User Manua]_
ThlS sect10n describes the deta1]s of the adm1n1strat10n of the
Computer programs. The three programs used in th1s work are:
R HFSWF; the Herman-5k111man'Hartree»Fock~51atEr Wave
Functioﬂfprogram with the medification discussed
‘earlier. |
EXCST; the excitation‘cross—secfion program with four
optionsA(Born, Bethe, Ochkur, Mod; Bethe).fer the - |
approximation to the Cross-section
IONCST; the ionization cross-section program that uses the
 Born- Coulomb approx1mat1on
" For each of these programs a sample of the,inpU£ deta 1n,the”form‘ep:bei
entered into. the computer is given. Note in theAexemp1es, f611owihg
standard Forfran IV usage,a ”b1ank" data va1ue resu1ts in the ass1gn1ng
of the value zero to the variable be1ng read (e g. Read (IR 10) X,.Y,,u
- Z with data 10 s 15 assigns the values x = 10,.Y =0, 7= TS)‘
The 1nput data are d1scussed in the sequence in wh1ch they appear
on the data cards of the program. For each data card the. format state-
ment number d&s it appears in the program listing is given as fol]ows. |

Data Card #N (Format M}.

, Finally a sample output is'given and brjef]y‘discussed
1) HFSWF? Hartree-Fock-Slater Wave Function

A) Sample Input



JnB ot | 1aMSBLEVEL=(0:0) 167
C FORTRCLG ,PARM=NOMAP | C .

oSYSTH DD » o
© 010

PROGRAM HF SWF(INPUT) TR
Ro% A 020
T IO E NI E NS e TS .S SssEEsSrITarsTooTTSoSISISSSEI <A 030
. , o 5 . A 080 .
. * % & O HFSYF % # % A 050
. . : S S EX A T080.
= N FORTRI\N PROQGRAM T0 rALCUILLATE b-IART_REEPFOCK=SLATER o A D7D
»  NUMERIFAL WAVE FUNCTTONS AS PUNCHED CARD.OUTPUT, s A 080,
o
MR - ' S o o A 531
SURRNUTINFE SCHEQ (7ZuEquAMHUAoNOFtvKKKvMESSoSCFvTHRESH}- B i
END . e - .. B.430-

YSIN Dp-x

TOM= & CASFS : ‘ :

.001 0,00001 52t 1 20 1 O & & 5 7 "1 1.

00 98958 ,97892 ,96R19 ,SE7H48 94A88 ,93642 92614 ,91604 ,90613
42 AT756 L B5941 BH19%.,82516 .80902 ,79352 77862 76430 75051
19 ,71184 68796 66536 ,64393 62355 60415 ,58564 ,56796 ,55105°
B6 ,50445 47648 45078 42717 40540 38525 ,36651 . ,34902 ,33266
36 ,28967 26547 24431 22577 .20943 19492 ,18195 ,17029 ,15976
22 13376 ,12024 1090k 09965 09154 08443 07807 07238 06725
53 oN5uB6 04811 .N4268 03811 03424 ,03092 .02805 ,02778 (02778
78 02778 ..02778 02778 02778 02778 02776 02778 02778 02778
TR 02778 02778 02778 02778 02778 02778 .N27748 02778 02778 -
78 ,02778 02778 02778 02778 02778 02778 ,02778 02778 02778
TR 02778 .02778 02778 02778 02778 ,02778 .02778 02778 .02778
8 0 : e o
2-1063N,6 , L ‘ : | , o -
2-135,53 - - :

6-123,25

2-19,728

F*‘*I-Eopq'g .

L0-7,0975 °

2=1.9u45& .

6£-0,9519

1-02109 . | : . EXHIBIT 1
1-.1089 . A B _ o
1-.0561 | o HFSWF SAMPLE INPUT
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KEY:
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Input Data Values

Data Card #1 (Format 138)

This card contains heading information. Any 72
characters of information may be put in by the user
for a title for his output.  In the sample input the
title chosen was "Krypton - 4 cases”.

Data Card #2 (Format 131)

This card contains the program control information.
The parameters are: KEY, TOL, THRESH, IPRATT, MAXIT,
NOCOPY, KUT, IP, IM, IR, ID, DEFOLT, JE. The usual
values of these parameters for the Cross=- -section cal-
culation are denoted by * *,

This determines the nature of the start1ng potent1a1
The allowed values are:

; "The normalized (1) potent1a1 on a 110-point mesh is: read

in and used to construct the 441-point starting poten—
tial. (Suggested normalized potentials are found in .~
Table A at the end of this Manual).

‘The starting potential is givén in the same format as

. the unabridged self-consistent potential that is output

- from the ca1cu1at1on (i.e. 441 points)

The starting potential for Z is obtained by a 11near

" extrapolation of the two unabridged potentials for

TOL:

~atoms ZEZ. and ZE3 where £-ZE3 = ZE3-£E2.° Both un-

abridged potentials must be read into the program.

{Note: The options 1 and 2 for the parameter KEY are
included because they might be used if a series of
elements were to be calculated. In that case the series
would be started for the first element with the option

'KEY = 0, but the self-consistent potential, ali 441

points, might be saved and used as the starting poten-
tial for the next element in the sevries. If this were
done the option KEY = 1 would be used for the start

‘of the second element).

This is. the tolerance for self- consistency def1ned as TOL =
MAX | Vo T(r)-rVoT(r)|. Herman and Skillman (1963) (H.A.S.)
note that since tests of TOL = .001, .000%1, .00001 yijeld
potentials mutually consistent the first value is suggested.

)

The normalized potential U(r) is defined. U(r) = -rV(r)/2z



**o..001;

THRESH:
k% 00007

- MESH:

kR 447,
‘ 481

521
IPRATT:

k% ',;
MAXIT:

L 20:
30:

NOCOPY:

*¥ 0

]
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the value found by trial and error to be preferred by -
H.A.S.

The eigenvalue accuracy cr1ter1on defined by
the value found by H.A.S. to be cons15tent with. TOL = Q01

The number of points used in the 1ntegrat1on mesh for the
Schroedinger equation subroutine. {SCHEQ).

The usual value for the integration mesh.

These va]ues are used for the highly excited conf1gurat1on '
where orbitals extend out to very Targe (radial)
distances.

The number of times an 1mpr0vement scheme due to Pratt (1952)
- should be used.

Normal value found by trial ahd error by H.A.S..

The maximum number of iterations permitted.

‘Recommended value. . . ‘ . a

If for some reason (such as a poor choice of starting
potential) a large number of interactions is expected to

- reach se]f—cons1stency, assign this value.

1:

KUT:

Th1s contro]s the nature of the output

: The act1ve e1ectron wave funct10ns are the output.

The output is the se1f—cons1stent potent1a1 (441~ pD]ﬂtS)

~and a]l radial wave. funct1ons

The analytic form of the potential is selected as either:
a potential computed from the wave functIons for the
entire range of r, or

V (r) €<
. \/(r) =
. -2(%- H‘?‘i)/i" ¢
. where o is the value of r for which V(<) = - 24;1'“'5%/f g

Fk 0’

The_potentia] is ¥{r). (This is a restriction of the
Slater assumption to the interior region).

The potential is Vo(r) for all r.



. IP,IM,IR,ID:
~dnput (IR) and output (IP,IM,ID). The allowed devices

- DEFOLT:

T kk

** 6.,6,5,7;

These parameters control the type of device used for
are:

card reader

printer

card punch

some storage device (unit tape
or disk). ‘

O~ th N

IR is the input control

[P is the online output information

IM is the total wave functions and the potent1a1
control (see NOCOPY)

ID is the actlve electron wave function control.

These are the normal input output devices. That is
input is punched cards. Output is printer and
punched cards.

-Th1s parameter controls whether or not the normal va]ues

(denoted above by **) are to be used.
Set parameters'equa] to norma1_va]ues

AlT parameters are read as 1nput

: .The number of exc1ted states to be ca]cu?ated us1ng the

self-consistent potential.
Normal value
Used to produce a set of N excited state wave funct1ons.

Data Card #3 (Format 124)

This card contains the atomic potential. Eleven of
these cards are used to read in the starting atomic po-
tential RUZ{m) in the normal form -of a 110-point-mesh. -

{See "KEYY discussion above.)

"RUE(m): m values from 1 to 441 by 4's. The suggested

values for RUZ for all atoms are found in Table A.

Data Card #4 (Format 125)

This card contains information about the conf1gura—

tion of the atom.

The atomic number

170



NCORES:
NVALENCE :

ION:

NNLZ:

WIWNL -

EE:

171

The number of core (i.e. filled) orbitals.

The number of valence (i.e. unfilled) orbitals.

" The lonicity (i.e. the net charge) on the atom.

(Note: Although the option of calculating wave func-
tions for ions was not used in the present work the
HFSWF program will compute such wave functions.}

Data Card #5 (Format 127)

This card contains orbital information. A set of

~ (NCORES +-NVALENCE) of these cards are read (see the
sample input). The parameters are: NNLZ, WWML, EE.

The principal and orbital quantum numbers.

(Note: NNLZ = 100n + 101 + ¢, where n is the principal
quantum number, X 15 the angu1ar quantum number and ¢
an integer (0,1,...9) which can be used to distinguish
different conf1gurations from one another at the dis-
cretion of the user. )

The 0ccupat1on number (1 e. the number of eTectrons in
the orb1ta1) :

The start1ng e1genva1ue for the orbital.

Suggested values for NNLZ WWNL, and EE are g1ven for
ground state configuration in Tabie A.

Data Card #6 (Format 127)

This card is a special use of the data card #4. The
vatue -1 is assigned to the atomic charge parameter Z.
The program interprets Z = -1 as s1gn1fy1ng the end of
the ground state confiquration. Control is transferved
to the excited state calculation sect10n of the progranm.

Data Card #7 (Format 127)

This card contains excited state orbital information.
This is a series of JE cards (see Data Card 1) contain-
ing NNLZ, WWNL, EE for the excited states. The value of
E (in Rydbergs) should be obtained from the C. Moore
(1950) table or other reference tables.

The‘positions of the data for these cards may be seen
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from the‘samp1e input or read from the appropr1ate for-
mat statements in program 11st1ng g1ven 1n Chapter v,
Section 1.

Sample Output

For the "normal" values of the parametefs discussed
above, the output frOm program HFSWF is of two types:

I) The printed output which g1ves 1nformat1on ahout
each iteration (see Exhibit 2). The first item is
the "title" as discussed above (Data.Card #1). The
second item is the value of the parameter KEY which |

~indicates the type of starting potential used (as
discussed:above in Data Card #2).

‘Next for-each 1terat10n the following. 15 printed

ITER = 1terat1on number
" % = atomic number,.
DELTA = measure of self- c0n31stency (when DELTA < ‘OOT
~calculation stops) S
, I1(DEL} =-ser1a1 number of mesh point at wh1ch se1f~
consistency is poorest '
X(DEL) = corresponding value of X
I(CUT) = serial- number of mesh po1nt c105est to ro
‘ where roV¥o(ro) = -2(I0N+1)
X(CUT) = corresponding_valﬁe of X

N cards and M cards denote the number. of cards that
would be produced by a punching of A11 wave funct1ons
in the conf1gurat1on : '

2) The punched output which is. decks of about 90 cards for
' each wave function.

For each wave function the first card contains NLZ,’
XL, EE, WWNL, KKK, according to (Format 142).

NLZ - 100n + 10a + c; (1dent1ca] to NNLZ in Data
Card #5 above)
XL = numer1ca1 value of 1 in float1ng po1nt form
EE = energy e1genva1ue

172



73

_WWNL = occupation number
KKK = Tast mesh point for tabu1ar representat1on of
P(n,azr)
Z = atomic charge.

The KKK values of Ppy(r) appear in the next (KKK-1}/5+1
cards. There are & entries per card on the first
(KKK-1)/5 cards of the set, and a single entry (the
KKKth) on the final line in this set. This cycle is
then repeated for each of the remaining orbitals. '

The serial numbers 1 to KKK have the following values
of the true radial distance .r associated with them.

Reéa]] X = riy

. . Yy _ Y
where Aeifgv z" "

The serial numbers refer to the 1ntegrat10n mesh {x-
mesh) used in the radial wave function integration.
It is composed of 11 blocks of 41 points each. . Each
block has 40-equally spaced intervals. :

BLOCK NUMBER INITIAL X INTERVAL AX  FINAL X LAST POINT

1 00 L0025 A
2 © 0.1 1,005 . 3 81
3 3 o7 121
M. 1023 256 2087 441

(Note: Any wave functions may be used with programs
EXCST and IONCST provided they are scaled into this
mesh and arranged into the format of the wave func--
tions output from HFSWF. This was done with the

~analytic wave functions of hydrogen to test the
Cross- sect1on programs. )



KRYPTON 4 CASES

KEY = 0 .
ITER JA - DELTA CI{DEL) X{DEL}
1 36. 2.0038274E 00 405 112.540

.2 36. 1.0018797E 00 402 104.860
-3 36. 2.7208328t-03 .279  12.380

4 . 36. 1.3160706E=03 279 12.380
-5 '36. 4.0054321k=04 270 10.940

NCARDS= 578 MCARDS=14
NCARDS= 578  MCARDS=14

HFSWF SAMPLE OUTPUT

T{CUT) X{CUT)

441~ 204.700 -
270 . 10.940
270 10.940
270 10.940
270 -10.940
EXHIBIT 2

(PRINTED OUTPUT)
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410 1,0000000E
0.
1.6855A426 .03

© 5,6951222E.10
14110089810
500 0.0
o 0s0

TeP121731E-10
510 1,0000000E

-1 .4592094F-07

420 2,0000000¢

175"

00-9,5209509E-011 &,0000000E 00 401 36,
7-0TE0THEIE<05 2, T7TI96HAO0E-04 6£,2165153E-04 1,091888u4F=03
2.3980788F=-03 X,22481996-03 4,1613765F-03 5,2034073€-03

-]

412420 76E-10 2.9837133E-10 2,1548405E=10 1.5512808E~10

~2.1989995E-n1 1.0000000E. 00 yu1 36,

P.5549H1BE=03 4.9668859E-03 7,2991028E~03 Y,4948038F =03

<
a

9

00-1,0889995E-01 1,0000000E 00 441 36,

o

L

N0-5,6100000F-02 1,0000000F 00 441 36,

a

2209764 AE 052 4344 161E05=109828294E-05-1.4053091E~05-1,2880A14E 05

‘=1,019487NE=05

| 'EXHIBIT 3
HFSWF SAMPLE OUTPUT (PUNCHED OUTPUT)

2 36
Z 36
Z 36

2 36
Z 36
Z 36
Z 36

W R

81

82

89
90 .
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2) EXCST: Excitation Cross-Sections

a) Sample Input



A Jot

L USEA R GE -0

17056 RSEF N8

B 0GUNANTE <0G
. 310 1.0PBpR00E
T De0

eB L 119ERAUE m 151,979 PRAL ~1 201 4 o

=3 06TNZ0TF -1
- ABFTHE
rE- ‘
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vy v MSGLTVEL= (0, 0)
7/ EXFC FORTECLG . PARM=ORCH . MOSAURCE »
FIFOFTSYSIN DO «

1o?aﬂﬁﬂﬂug;oz-1,?q44981ﬁ;02:2,254170?g°

&

a

o

C PEOGRAM EXCrSCT(IMPUT) C
C N C
e C e e e e D e e e R C
* C 4 o * c
c * ¥ ¥ % EXCGT * 4 % ¥ C
&L * ' . * C
c oL FORTEAN PRGEGRAM TO ralCULATE FXCITATION CROSS- & C
C 4 SFCTIOMg FOR THE FLECTHON IMPACT EXCITATION OF ATOMS.¥ €
F i : ) c
sURPaUTTNE PEINT {GRMD sl AN e X) 0
‘ N ‘ I
e
F/GO.SYSIM Un %
12001 1 180T ‘ : , Co
Sd.05 1,10 1.on 1,E0 2,50 5,06 10,00 15,00 20,00 30,00 50,00 80,00
300 0,0 -3.77819128=r1 1.0006000F 00 401 11, . 211
0D 2.04UeN39E W03 £, 0226806E-03 5,7350902f - 1.178263870-02 72 11

02 7.5077760p=02 2-11

1.38M106AE-08 @, 9008725009 7,.364634750 =09 5, 4206950F-09 72 11

- ' ' N 211
. zo11
Ho 7134 THOE=06 1.8791074E-05 4.19%9920E~-0% 7.41809096-0% 2 11

N2, P31A995r =01 1,0000000F 00 441 11,

]
L]

]
L]

139492&-13~7.?215ﬂ0“€—14-5¢97046625f14

EXRIBIT 4

EXCSCT SAMPLE INPUT

RN RGN e

363~

994

89
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NC:

NOTP :
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Input Data Values
Data Card #1 (Format 46)

This card contaTns the program control. 1nformat1on TTQe'~
parameters are:- N, NTC, NC, NOTP, AQ. S

This determines the number of energy va1ues to be read

“into the program.

If th]S value is used a standard set of energy ‘values is

‘assumed (See Data Card #2)

The type of case is 1nd1cated by this parameter

A s1ng]e case {i.e. A cross-section for a s1ngle trans1t1on
in a single approximation is given say Na (3s 3p) in the
Bethe approximation.) . , .

A multiple approximation for a fixed trans1t10n (i.e. fFor
a specific transition Na(3s-3p) the cross-séction is calcu-
lated in more than one approximation, say. the Born and the’

Bethe approx1mat1ons )

A multiple excited state function case. (i.e. For a series

of excited states, the cross-section is calculated for a
specified approximation for each transition say Na(3$ 3p),
Born; Na(3s-4p}, Bethe.)

The number of cases.“This should be in agreement with‘the, ‘
value of NTC. (i.e. NTC =1 NC = 15 if NTC = 2 NC = number . .
of approximations used; if NTC = 3 NC = number of excited

state wave functions. ‘ o s

The type of output format (See sample outputs at end of
this sect10n )

Punched Cards
Single List
Multiple List

The atomic element name -as it will appear in the output. -
This is Tlimited to an 8 character length (e d. potass1um =

g potasium),

Data Card #2 (Format 47)

This is the set of incident energy values. These éner-
gies are in threshold units of energy. As indicated above



CNLZI:

XLI:
EEIL:
WWNLT:

KKKI:

: .PIN(N):
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- a value of N = -1 on Data Card #] assumes a set of 20

energy values. They are (1.2, 1.35, 1.50, 1.75, 2.00, 2.33,
2.67, 3.0, 3.5, 4.0, 5.0, 6.0, 7.0, 8.0, 9.0,.10.0, 12.0,
15.0, 18.0, 21.0, 24.0).

If the N = -1 1s chosen, no Data Cards #2 are included
Tn the deck. .

If N# -1, the number of values on this cakd muét equal
N. .

Data Card #3 (Format 48)

. This iSJthe First atomic wave function Data Card. It
contains information about the ground state wave function
the-pargmeters are NLZI, XLI,.EEI, WWNLI, KKKI, Z

This is the principal and orb1ta1 angular momentum quantum
number. {e.g. 35+30)

This is the orb1ta1‘angular'momentum guantum number. -
This is the eigenenergy of the'orbita1.

This is the occupat1on number (1 e. number of electrons)
for the -orbital.

‘This is the number of paints in the Herman- Sk111man mesh

used to give the wave funct1on

This 1s the atomic number.

Data Card #4 (Format 49)

- This card contains £ of the values of the initial radial
wave function. There aré (KKKI-1)/5+1 of these cards for
the initial state wave function. Notice that since the
radial wave function is the function P{nl;r) and the
boundry condition requires P = 0 at r = 0, then the first

“wave function value is always 0.0.

The values of the ihitial'state radial wave function.

Data Card #5 (Format 48)

This is the first final state wave function Data Card.
The parameters are NLZ2, XLZ2, EE2, WWNL2, KKK2, Z. This"
card is of the same form as Data Card #3 and the parameters

. are described above.
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. Data Card #6 (Format 49)

 PF(N):'

NLB.

 IPROX:

BQ¥‘

~ W N

This card contains 5 values of the fina],staté radial
wave function. These are (KKK2-1)/5+1 of these cards for

‘the final state wave function.

The values of the final state radial wavérfunttion.'

Cards 5 and & are repeated for éach of the final states
for which cross-sections are to be calculated..

Data Card #7 (Format 51)

This is the approximation spec1f1cat1on card. The
parameters are: IPROX, BQ.

The numeric value of the approximation

1, Born Approximation

. Ochkur Approximation
;. Bethe Approximation
: Modified Bethe Approximation

The 8 character abbreviation, of the approx1mat1on as 1t
will be pr1nted 1n the output.

Sample Output

There are three possible forms for the output.. The form s
used is ‘selected by a choice of the parameter NOTP as
discussed above in Sect1on B. Examples for each form -
f0110w -



e

SONTUM

0. T53F-01)

L.210 <405F O2ZBFTHE (i1.) {30-31}(FOSTL= N
ST S0 TN LA TITE OPRETHE T TS T SN IUMTTL 30-3 1Y (EPSIL= 0. 753€-01)
1.570 A.RZ5F OQ2BETHE [ 11.) - SODINM  {30=-31LHLEPSTL="0,753FE-01}
1.750  "0.94%F 028ETHE 7T {11l.)  SODTUM  (30-31)(EPSIL= 0.753F-01) -
2,070 0.990F O2ALTHE |110) SODITUM  (30-31){EPSIL= 0. 753E~01)-
2,230 T D N0 OARETHET T(1L. ) TTSODTUM T 30-31) (FOSTt= 0.753C-01)

: 2,670  0,982F O07AETHE (11°o SONTUM - {30-311{FPSTL= Q.753C-01)
TTTLNUT 0SSR e T OZRETHE . (1.1 SO0 UM (30'1111r0<1L¥”0,?Sa£-0})”“f”
3,870 0.90TF OD2RETHE  {1l.} SODIUM - (30-31){FEPSTL= 0.753E-01)
L 0NDTTTDL8EGE 028FTHE T {117 T SODTUM T {30-31) (EPSTL= 0, 753E6=01)
8,000  0.772C O2RFTHE  (Ll.)  SADIUM  (30-31)(EPSTL= 0, 753E—01)

TR L0007 .99 TA28ETHE T IV TTSOD UM T (30=-3) J{EPSI L= 0. 753E-01)
7,000, 0.639E O2BFETHE  (11.)  SODTUM  (30-21) (FPSIL= 0, 7536-01) .
T FL000 T 0L5EGE OZRETHE  (11.71 - SORTUM (30-31)(EPSIL= 0,753E~01)
10.000 0.511F O28FTHE  (11e)  SODTUM  {30-3LJ(EPSTL= 0.757¢=~01}
PL000 7 70 ASTETO2RETIET LT LYY T TSOD TUM T (30-31)(EPSIL=E 0.753F=01)
15.000 " 0.388F 028ETHE  (11,.)  SODTUM  (30-31Y(EPSIL= 0.753E-01)
185000 0,361E 02RETHE (111 500TUM — (30-31) (EPSIL= 0,753C-01)
21000 . 0.304L O02BETHF . (11.) SODTUM  (30=-31V{EPSIL= 0.753F-01)"
25,000 - 0.276F OZRETHE ~(1t.3 SODIUM T30=-31)(EPSIL= 0.753€-01)
EXHIBIT 5
EXCST SAMPLE OUTPUT (NOTP 1) e
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3) IONCST: TIonization Cross-Sections -

a) Sample Input
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b) Input Data Values

Data Card #1 (Format 17)

This is a heading card. The 8 character abbreviation -
- for the element as it wiil appear in the output.

Data Card #2 (Format 18)

This is the initial (bound) state atomic data card.
The parameters are: NLZI, XLI, EEL, WWNLI, KKKI, #.

CNLZI: . This is the principal and orbital angular momentum quantum
numbers (e g. 1s~>10). : _

XLI: This is the_orbita1 angu]ar'moméntum quantum number.
EEl: This is the eigenenergy of the orbital.

_WWNLI: The occupation number (i.e. number of e1ectrons) for the
- orbital. : .

KKKI: This is the number of points in the H-S mesh used to give
the initial state radial wave function.

£: This is the atomic number.

Data Card #3 (Format 19)

~ This card contains the 5 of the values of the initiaT
radial wave function. There are (KKKI-=1)/5t1 of these
cards for the initial state radial wave function.
PIN(N); The values of the initial state radial wave funct1on

Data Card #4 (Format 21}

This card is the incident energy value {in thrésho]d
units) for which the ionization cross-section will be
calculated. S

¢) Sample Output
The output from this program is a table of partial cross-

sections Q equal the total cross-section Q obtained summing
Qi. A sample output follows. .
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TABLE A

Values for the starting potentials for the HFSWF program are |
'given for each element. Also.the 0ccupation‘number and ‘suggested ‘ "

eigenenergies for each orbital are listed.
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