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ABSTRACT

The substructure method is adapted and generalized for response

analysis of arch dams subjected to upstream-downstream, cross-stream

and vertical components of ground motion. The arch dam is assumed to

be a segment of a circular cylinder, bounded by vertical, radial banks

of the river valley enclosing a central angle of 90°. The arch dam and

impounded water are treated as two substructures of the total system

and displacements of the dam are represented as a linear combination of

the first few natural modes of vibration of the dam alone. For this

simple geometry of the arch dam and fluid domain, mathematical solutions

of the wave equation are presented to determine the hydrodynamic terms

in the finite element equations for the dam. Responses to arbitrary

ground motion can be obtained by Fourier synthesis procedures applied

to the complex frequency response functions determined by the analysis

procedures developed in this report.

Numerical results are presented for the complex frequency response

functions for hydrodynamic pressures on rigid dams due to each of the

three ground motion components. The variation of these pressures with

excitation frequency, depth below the free surface of water and cir­

cumferential location on the upstream face of the dam is studied, and

compared with the hydrodynamic pressures on straight gravity dams.

The responses of three arch dams, with different radius to

height ratios, are analysed for three conditions: the dam alone with­

out water, and the dam with full reservoir, considering water to be

compressible in one case and neglecting water compressibility in the

other case. The complex frequency response functions for accelerations
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at the dam crest due to the three components of ground motion --

upstream-downstream component, cross-stream component and vertical

component -- are presented. These response results lead to the

following conclusions.

In general, hydrodynamic effects and water compressibility should

be considered in analyzing the dynamic response of arch dams.

Water in the reservoir causes a decrease in the resonant fre-

quencies of the dam; as much as 30 percent reduction was observed in

in the cases analyzed. The decrease in a resonant frequency depends

on the depth of water, mode number, whether the mode is sYmmetric or

anti-symmetric and the radius to height ratio of the dam. Greater

reductions are observed for dams with higher radius to height ratios

and in the lower modes of vibration.

For all three components of ground motion, water compressibility \

has little influence on the response of the dam at excitation fre-

r
quencies W much smaller than WI' the fundamental resonant frequency of

the fluid domain.
r

At excitation frequencies W > WI the response to

upstream-downstream and vertical components of ground motion is reduced

by water compressibility effects. However, these effects may lead to

an increase or decrease in the response to cross-stream ground motion,

depending on the excitation frequency.

Dam-water interaction, considering water compressibility, affects

the radial acceleration response of dams to upstream-downstream and

cross-stream ground motions to a similar degree. However, the response

to vertical ground motion is greatly increased by these effects. Just

as in the case of gravity dams, vertical ground motion causes significant

hydrodynamic pressures, which act in the horizontal plane on a

cylindrical dam face, thus causing significant additional response.
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The additional hydrodynamic forces caused by bank motions in the

upstream-downstream or cross-stream directions may significantly affect

the dynamic response of arch dams at some excitation frequencies.

However, these effects of bank motions are generally smaller than the

effects of dam-water interaction or of water compressibility. The

effects of bank motion on dam response are roughly similar in magnitude

for the two howizontal components of ground motion. In the case of

vertical ground motion, the motion of the vertical banks produces no

additional hydrodynamic forces and hence has no influence on the dam

response.
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1. INTRODUCTION

1.1 Objectives

The dynamic response behavior of concrete arch dams is complicated

because of their three dimensional geometry and the effects of impounded

water. Improved understanding of the effects of the impounded water on

the dynamics of concrete arch dams is essential to develop reliable

procedures for computing the dynamic deformations and stresses in a dam

subjected to prescribed ground motion. The objective of this work is

to study the dynamic structural behavior and response of arch dams to

ground motion, with special emphasis on identifying hydrodynamic effects

in the response behavior.

1.2 Review of Past Work

During the past 25 years the finite element method has become

the standard procedure for analysis of all types of complex civil

engineering structures. Employing three-dimensional solid elements and

thick shell elements, computer programs for finite element analysis of

earthquake response of arch dams have been developed II]. The principal

limitation of computer programs presently available lies in the treat­

ment of the dynamic effects of the impounded water; they have either

been ignored or simplified to an extent that the results may be

unreliable.

Early results of Westergaard's and Zangar's analyses of earth­

quake induced hydrodynamic pressures on rigid, straight dams with

vertical upstream face [2] and sloping upstream face [3] provided a

basis for added mass representation of hydrodynamic effects in analysis

of dams. Because corresponding results for arch dams have not been



2

available in appropriate form, the results for straight gravity dams

have been extrapolated and adapted in analyses of arch dams [4].

Under the assumption that the arch dam is a segment of a rigid

cylinder -- thus having a constant radius bounded by vertical,

radial banks of the river valley enclosing a central angle of 90°, the

wave equation governing the hydrodynamic pressures was solved mathemat­

ically for prescribed harmonic motions of the boundaries [5]. This

result along with Fourier Transform procedures permitted evaluation of

hydrodynamic pressures due to arbitrary earthquake motions [6].

Although the dam was assumed to be rigid and only one direction of

ground motion was considered in these studies, it was shown that water

compressibility as well as curvature of the arch dam in plan has

significant influence on hydrodynamic pressures.

Electrical analogue (7] and finite difference [8,9] procedures

have been employed to model arbitrary, three-dimensional geometry of

the reservior and dam. Neglecting water compressibility, hydrodynamic

pressures due to prescribed accelerations of rigid dams (8] or flexible

dams [9) were determined by these procedures.

The assumption of a rigid dam in the above mentioned analyses of

hydrodynamic pressures omits fundamental features of the problem. The

ground motion and the deformations of the upstream face of the dam will

cause hydrodynamic pressures, and the structural deformations in turn

will be affected by the hydrodynamic pressures on the upstream face of

the dam. To break this closed cycle of cause and effect, the problem

formulation must recognize the dynamic interaction between the dam and

water.

A finite element or finite difference analysis of the complete

dam-water system can account for the interaction effects IIO,II,12].
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However, these approaches appear to require prohibitive computational

effort for problems of practical size. In other approaches to include

hydrodynamic interaction effects, the equations of motion for the dam

are numerically solved in the time domain with the hydrodynamic terms

determined from finite difference solutions of the fluid domain [8].

Methods recently developed for analysis of gravity dams

including hydrodynamic interaction contain two key ideas [13]. Firstly,

the dam and the fluid domain are treated as two substructures of the

total system, with the effects of the fluid expressed as frequency-

dependent terms in the governing equations for the dam. Secondly,

these equations are transformed in terms of the first few modes of

vibration of the dam, thus enabling drastic reduction in the number ot

unknowns leading to highly efficient solutions. The hydrodynamic terms

in the structural equations are determined as solutions of the wave

equation over the fluid domain for appropriate motions of the boundary.

In analysis of gravity dam monoliths, two dimensional solutions for the

wave equation had to be obtained. Explicit mathematical solutions were

possible under the assumption that the upstream face is vertical and

the reservoir extends to infinity in the upstream direction [13,14].

The earliest analyses [14,15] of response of gravity dams

including hydrodynamic effects, a special case of the general procedure

developed later [13], considered only the fundamental mode of vibration

of the dam. Following identical steps, the corresponding one-mode

".~ <

analysis for arch dams subjected to upstream-downstream ground motion

has been developed [16]. In this analysis explicit mathematical

solutions for the fluid domain with the idealized geometry mentioned'

earlier were employed. Results of this analysis indicated that the

earthquake response of arch dams with full reservoir is much larger than



4

the response with no water; and that water compressibility has

significant influence on the hydrodynamic effects in response of dams.

The analysis procedure presented here is a generalization of the

work mentioned above [16], being capable of including any number of

modes of vibration of the dam thus making it possible to obtain results

to any desired degree of accuracy; and considering the responses to all

three -- upstream-downstream, cross-stream and vertical -- components

of ground motion. The substructure method for formulating the govern-

ing equations in the frequency domain and their transformation to modal

coordinates, which has proven to be an effective approach in two-

dimensional analysis of concrete gravity dams, is adapted and

generalized for three dimensional analysis of arch dams.

1.3 Scope

The ground motion assumptions and description of the idealized

geometry of the arch dam and reservoir are described in Chapter 2.

Chapter 3 presents the equations of motion governing the dam

including fluid interaction. These equations are transformed to the

undamped modal coordinates of the dam. Equations of motion governing

the hydrodynamic pressure in the fluid are also presented.

In Chapters 4, 5 and 6 the equations governing the hydrodynamic

pressures on the dam are solved for upstream-downstream, cross-stream

and vertical components of ground motion, respectively. Results are

.
presented and discussed for the special case of hydrodynamic pressures

on rigid arch dams. In each of these chapters the hydrodynamic terms

are then incorporated into the modal equations of motion of the dam.

Versions of these equations are presented for the cases of no fluid,

incompressible fluid and compressible fluid in the reservoir.
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Using the analysis procedures of Chapters 3 thru 6, nondimensional

numerical results for the harmonic response of arch dams having three

different sets of geometric properties are presented in Chapter 7.

Effects of hydrodynamic interaction, compressibility of water and bank

motion on dam response are identified.

The more important conclusions of this investigation are

summarized in Chapter 8.
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numerical results for the harmonic response of arch dams having three

different sets of geometric properties are presented in Chapter 7.

Effects of hydrodynamic interaction, compressibility of water and bank

motion on dam response are identified.

The more important conclusions of this investigation are

summarized in Chapter 8.
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2. SYSTEM AND GROUND MOTION

The arch dam-water system investigated is shown in Fig. 2.1.

The upstream face of the arch dam is a segment of a circular cylinder,

radius R and height H
d

, contained within radially extending banks

enclosing a central angle of 90°. In addition, the geometry and the

mass, stiffness and damping properties of the dam are all assumed to

be sYmmetrical about the x-z (8 = 0) plane. Except for these restric­

tions, the geometry and these properties of the arch dam are arbitrary.

The reservoir, which has a horizontal bottom, is filled to a height H

with water extending to infinity in the x (upstream) direction. The

dam is presumed to be fixed at the base and at the banks.

In analyzing the earthquake response of the system, the dam

material is considered to be linearly elastic and the deformation of

the dam small, resulting in linear force-deformation relations for the

dam. Water is considered to be compressible and inviscid, and only

linear effects are included.

The earthquake ground motion is defined by the upstream­

downstream (x), cross-stream (y) and vertical (z) translational com­

ponents or ground motion; the first two are horizontal and the latter

is vertical. The upstream-downstream component of ground motion is

along the plane of symmetry of the dam. The cross-stream (y) component

is perpendicular to the plane of symmetry (Fig. 2.1). At any instant

of time, the ground motion is identical throughout the reservoir bottom

and banks, but the motion varies with time.
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3. EQUATIONS OF MOTION

3.1 Finite Element Idealization

A finite element idealization for an arch dam must reproduce the

three-dimensional structural behavior of the dam. Many different types

of finite elements have been proposed for analysis of three-dimensional

structures. For arbitrary solids the eight-node isoparametric brick

element with internal incompatible modes has proven to be very

efficient - it provides a good approximation of the stress distribution

with a minimum number of degrees of freedom (DOF). However, for an

arch dam, significantly better performance can be obtained for a given

cost of computation by modeling the dam with higher order elements that

can better represent the complex geometric shape and can more closely

approximate the thick shell structural behavior of the dam. In this

study, the dam is idealized as an assemblage of curved thick shell

elements - 16 node isoparametric brick elements with internal incompatible

modes to improve bending behavior, see Appendix B. This element was

selected from available element types used in ADAP (Arch Dam ~nalysis

!:.rogram) [1].

3.2 Equations of Motion: Dam

The equations of motion for an arch dam, idealized as a thick-

shell finite element system and subjected to earthquake ground motion,

including hydrodynamic effects, are:

mv+cv+kv
z ..z

m e v (t) - Q(t)
g

(3.1)

In this equation, ~ is the vector of nodal point displacement relative

to the ground, and
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T < x vi, z x y z x ;J, z x
V

y zv vI' vI' v 2 ' v 2 ' v 2 '····,vn ' vn'····'vN' v
N

>
n N'

where
x

;J, and
z

respectively,v , v are, the x-, y-, and z-components ofn n n

the displacement of nodal point lin II (Fig. 3.1) and N is the number of

unrestrained nodal points, those above the base and not on the banks,

in the finite element idealization. The nodal point velocity and

.
acceleration vectors are denoted by ~ and ~ and the consistent mass,

damping, and stiffness matrices for the finite element system by ~, ~,

and ~, respectively. Neglected in the effective load terms of Eq. 3.1

is the mass matrix m coupling DOF of the restrained nodal points,
-g

those on the base or on the banks, with the DOF of the unrestrained

nodal points [17]. The pseudo-static influence vectors ~X, ~y, and e Z

associated with three components of ground motion, are defined by:

< 1,0,0,1,0,0, .... 1,0,0, .... 1,0,0 >

< 0,1,0,0,1,0, .... 0,1,0, ...• 0,1,0 >

< 0,0,1,0,0,1, ..•• 0,0,1, .•.• 0,0,1 >

The x-, y-, and z-components of earthquake ground acceleration are

denoted by vX(t), ;J(t), and vZ(t), respectively.
g g g

In Eq. 3.1 get) is the vector of nodal point loads associated

with hydrodynamic pressures. As these pressures act only on the up-

stream face of the dam, the elements in Q(t) corresponding to nodal

points not on the upstream face are zero. The subvector of get)

associated with the DOF of the nodal points on the upstream face, in

f
contact with the water, is denoted by 9 (t). Because the hydrodynamic

pressures act normal to the upstream face, which is a segment of a
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segment of a circular cylinder, the elements of 9f
associated with the

vertical (z) DOF will be zero.

Standard procedures are available to evaluate the mass and stiff-

ness properties of the finite element assemblage [18-20], which need

not be described here; moreover the damping properties are best expressed

in terms of the damping ratios, as will be described later, so that

there is no need to evaluate the damping matrix.

Following procedures presented earlier for analysis of gravity

dams [13] and axisymmetric towers [21], the displacements of the arch

dam, including hydrodynamic interaction effects, are expressed as a

linear combination of the natural modes of vibration ¢. of the dam
-J

(without water) :

v(t)
J

I
j=l

Y,(t) ¢.
J -J

(3.2)

. ( ) . . .th din WhlCh Y. t is the generallzed displacement ln the J mo e.
J

These

natural vibration modes are the solutions of the following eigenvalue

problem

2w. m ¢.
J - -J

(3.3)

h d h · th lff'b' f h dwere W. enotes t e J natura requency 0 Vl ratlon 0 team.
J

The

expansion given in Eq. 3.2 is complete if J is equal to 3N, the total

number of DOF of the finite element system, because the vectors ¢. are
-J

linearly independent and span the space of dimension 3N. All modes

contributing significantly to the response should be included in Eq. 3.2.

Generally, the number of modes necessary is a small fraction of the

total number of DOF.
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Substituting Eq. 3.2 in Eq. 3.1 and utilizing the orthogonality

properties of mode shapes, the equation governing the generalized

displacement Y. in the jth mode is
J

.
M. Y.(t) + c. Y.(t) + K. Y.(t) = P.(t)

J J J J J J J

in which

j 1,2,3, .••. ,J (3.4)

M.
J

C.
J

E;,.
J

,+,T. ,+,
~ m~. is the generalized mass
-J -J

¢: c ¢. = 2~. w. M. is the generalized damping
-J - -J J J J

the damping ratio for the jth natural mode of vibration
of the dam (without water)

K.
J

2w. M. is the generalized stiffness
J J

P. (t)
J

- ¢. m eX vX(t) - ¢. m e Y vY(t) - ¢. m e Z vZ(t)
-J - g -J - - g -J - - g

{ ,+,f.}T Qf(t) . l' did~ 1S the genera 1ze oa
J -

The vector ¢~ is a sub-vector of the jth mode shape ¢. containing
-J -J

elements associated with the DOF on the upstream face of the dam. Two

sub-vectors of ¢~ are introduced for use in section 4.3: ¢~f and ¢~f,
-J -J -J

containing elements associated respectively with the x and Y DOF of the

nodal points on the upstream face.

3.3 Equations of Motion: Fluid Domain

Assuming water to be linearly compressible and inviscid, the

pressures associated with small amplitude irrotational motion are

governed by the wave equation in cylindrical coordinates (Fig. 2.1)

(3.5)
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in which p (r, 8, z, t) is the hydrodynamic pressure (in excess of

hydrostatic pressure) and C is the velocity of sound in water. The

following expressions relate the hydrodynamic pressure and displacements

of any particle of water

",2 rw a V---
g Clt2

",2 8
w a V---
g Clt2

",2 z
w a V---
g Clt2

Clp
or

1 dP
;3"8

dP
~

(3.6)

r 8 z
where V , v , and v are, respectively, the radial, tangential, and

vertical components of water particle displacementi w is the unit

weight of water, and g is the acceleration due to gravity.

Equation 3.5 together with appropriate boundary conditions at

the reservoir boundaries the upstream face of the dam, the reservoir

bottom, the free surface of the water, and the reservoir banks --

defines the problem for the fluid domain.

The nodal force vector gf(t) is the static equivalent of the

hydrodynamic pressures on the upstream face p (8,z,t) =p(R,8,z,t).
c

It may be computed from the pressures using the principle of virtual

work wherein the variation of displacements between the nodal points is

defined by the finite element interpolation functions. Appropriate

coordinate transformations are necessary in carrying out these

computations because the pressures are defined in the cylindrical

coordinate system whereas the nodal loads are in the cartesian

coordinate system.
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4. ANALYSIS OF DAM RESPONSE TO HARMONIC
UPSTREAM-DOWNSTREAM GROUND MOTION

4.1 Equations of Motion

The normal modes of vibration of arch dams with mass, stiffness,

damping and geometric properties symmetric about the x-z (8 = 0) plane

fall into two categories: symmetric and antisymmetric relative to the

same plane. Only the sYmmetric modes will be excited by the upstream-

downstream component of ground motion. For this excitation, the

equations of motion are a special case of Eq. 3.4:

M. Y~(t) + C. y~(t) + K. Y~(t)
J J J J J J

_ ¢~ m eX vX(t) _ {¢~}T Qf(t)
-J g J-

j = 1,2,3, ... ,J (4.1)

in which Y~(t) is the generalized displacement associated with the jth
J

symmetric mode of vibration.

4.2 Fluid Domain: Boundary Conditions

f
As defined in Section 3.2, 9 (t) in Eq. 4.1 is the vector of

nodal forces associated with hydrodynamic pressures on the upstream

face of the dam. These pressures, acting in the radial direction

(normal to the upstream face which is a segment of a circular cylinder)

are governed by the wave equation (Eq. 3.5) together with the following

boundary conditions:

The radial component of fluid motion at the upstream face

of the dam (boundary r = R) is the same as the radial motion

of the upstream face of the dam.

The fluid motion normal to the banks (boundaries 8 = ~ TI/4)

is the same as the normal component of motion of the banks.
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There is no vertical motion of the fluid at the bottom of

the reservoir.

Fluid pressure at the free surface is zero. This implies

that the effects of waves at the free surface are ignored;

the associated errors are known to be small [6,22,23].

Since the system, symmetrical about the x-z (6 = 0) plane, is

excited by the x-component of ground motion, the hydrodynamic

pressures must be symmetric about the same plane.

The radiation boundary condition not permitting any reflected

waves applies at the upstream end (r = 00) of the reservoir.

4.3 Complex Frequency Responses

It is a property of linear time invariant systems that when the

excitation is simple harmonic motion, the steady state response is also

simple harmonic motion at the same frequency. The complex frequency

response function r(w) describes the frequency dependence of the

amplitude and phase of the response r(t). It has the property that

iwt
when the excitation is the real part of e , the response is the real

part of r(w)
iwt

e

In studying the effects of structure-fluid interaction on the

dynamics of arch dams, it is most appropriate and convenient to consider

harmonic ground motion and to develop procedures to determine the com-

plex frequency response functions for various response quantities of

interest.

The response to harmonic ground acceleration in the x-direction,

iwt
e can be expressed as follows:
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(4.2a)

'C;ene'ralized aC:celerad.ons,

··x ..... ~x ..' ;wt
''Y.(t)='Y.(w) eo".'

J J
·,(4;2b)

Rachal accelerations 6f the upstream fade .Qf the damt

Where ¢~f{8 ,z) aria¢~ff8,zrar~ the ccmtinuousfunctionanalbgues! for
J J

the vectors ¢~f and ¢~f, defined in Sedtioh'3~2. ··These functions ate
-J -J

obtained from the vectors and the finite element interpolation functions

(see Appendix D).

4.3.1 Boundary Conditions

Using Eqs. 3.6 and 4.2, the boundary conditions of Section 4.2

can be expressed analytically as follo'Ws~

ap
ar(R,e,z,t)

J

- ~{cose + jI
l

[¢;f (8 ,z) cos8 + ¢~f (8,z) sin8]Y;(U»}.e
iwt

.••..• (4.3a)

ap 'IT
ra8 (r, 4' z, t)

ap
az (r,8,O,t) 0

p (r, &',H;:,:l::) 0

ap
ra8 (r,O,z,t) 0

W 'IT iwt
g sin 4 e (4.3b)

(4.3c)

.(~4. 3d)
. :-'
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In addition to these boundary conditions, no wave reflections are

permitted at the upstream end of the reservoir (r = 00).

Because the governing wave equation as well as the boundary

conditions are linear, the principle of superposition applies. The

complex frequency response function for the hydrodynamic pressures on

the dam face P (8,z,t) can therefore be expressed as:
c

P (8,z,w)
c

-x -x
POD(8,z,w) + POB (8,z,w) +

J

I
j==l

~?(w) r(8,z,w)
J J

(4.4)

-x -x -x .
The complex frequency response functions POD' POB' and Pj 1n Eq. 4.4

x -x iwt .
are defined as follows. POD(8,z,t) POD(8,z,w) e 1S the solution

of the wave equation (Eq. 3.5) at r

the following boundary conditions:

R (upstream face of the dam) for

dP
Clr (R/ 8,z,t)

Clp 1T
rCl8 (r, 4' z, t)

w iwt
cos8 e

g

a

(4.5a)

(4.5b)

and those specified by Eqs. 4.3c to 4.3e.
x -x iwt

POB(8,z,t) = POB(8,z,w) e

is the solution of the wave equation at r == R for the following

boundary conditions:

Clp
Clr (R,8,z,t) a (4.6a)

Clp 1T
rd8 (r, 4' z, t)

1 w iwt
e

IT" g
(4.6b)

and those specified by Eqs. 4.3c to 4.3e.
x -x iwt

p.(8,z,t) == p.(8,z,w) e
J J

is the solution of the wave equation at r == R for the following

boundary conditions:
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dPdr (R,8,z,t)

dP TTrae (r, 4' z, t) a

iwt
e (4. 7a)

(4.7b)

and those specified by Eqs. 4.3c to 4.3e.

and

-x -x
The complex frequency response functions POD(8,z,w), POB(8,z,w),

-x
p. (8,z,w) are for the hydrodynamic pressures on the upstream face

J

of the dam for the following three excitations, respectively: (i)

Acceleration of rigid dam in the x-direction but the reservoir banks

remain stationary, (ii) Acceleration of only the reservoir banks in the

) . nX ( )x-direction, (iii Acceleratlon Y. W
J

. h .th . 1 11 In t e J symmetrlca natura

mode of vibration of the dam (without water) but there is no motion of

the dam base or reservoir banks.

4.3.2 Hydrodynamic Pressures: Analytical Results

The solutions of the wave equation for the three sets of boundary

conditions presented in Section 4.3.1 are derived in Appendix C. The

-x -x -x
final expressions for POD(8,z,w), POB(8,z,w), and Pj(8,z,w)

follows:

are as

-x
poo(8,z,w)

•••••• (4.8)

P~B (6,z,w) ~ 2~./R (1: [E (A Rl + iF n Rl] casa z + *E i: E [u (A R) + iV (A Rl] cas4n8 casu zl
m=l m m m rn m m=l n=O n ron m ron rn m

.•••.. (4.9)
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-x
p.(8,z,w)

J

where

R radius of the upstream face of the dam

H depth of water in the reservoir

C velocity of sound in water (4720 ft/sec)

W = excitation frequency

modified Bessel function of the second kind of order n

Bessel function of the first kind of order n

Bessel function of the second kind of order n

the first resonant frequency of the water in the
reservoir

n 0

n t- 0

TIC
2H

£:
n

J (x)
n

y (x) =
n

K (x)
n

r
WI

a
m

( 2m-UTI
2H

(4.lla)

A R
m

(4.lIb)

1
H

yf IIcos8 + ¢j (8,z) sin~cos4n8 cosamz dzd8

...... (4 .1Ic)

W
the largest integer "m" satisfying the inequality > (2m-I)

r
WI

Expressions for functions C , D , E , F ,U ,and V differ depending
n n m m mn mn

on whether m is smaller or larger than m£. For m ~ m£ they are as

follows:



C (A R)
n m

D (A R)
n m
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(A (A R) J
4

(A R) +
n m n m

A R (A
2 (A R)

m n m

(B (A R) J
4

(A R) -
n m n m

B (A R) Y4 (A R»)n m n m

A (A R) Y
4

(A R)]
n m n m

+ B
2

(A R»)n m

(4.11d)

(4.11e)

E (A R)
(-1) m

{sin (AmR
. ( IT e) ] sin[AmR sin(~ + e)]}(2m-l) A R

Sln - - +
m m 4

m
•••••••• (4.11f)

F (A R)
(-1) m

{cos [AmR
. (IT 8) ] + cos [AmR sin(~ + 8)]}

(2m-l) A R
Sln - -

m m 4
m

••.••••• (4.11g)

m n
(A R) (-1) (-1) {T (A R) (A R)

IT
D (A R)}u C + "4 A (A R)

ron m (2m-I) n m n m n m n m

•••••••• (4.11h)

V (A R)
(_l)m(_l)n {T (A R) D (A R) ~ A (A R) C (A R)}

ron m (2m-l) n m n m n m n m

•.•.••.• (4.11i)

where:

A (A R) J 4n-l CAmR) - J 4n+l (AmR) (4.11j)
n m

B (A R) Y4n- l (AmR) - Y4n+l (AmR) (4.11k)
n m

2 2 2 2
(16n -4k -4k-l) (16n -4k +4k+l)

•••••..• (4.11J1,)

T (A R)
n m

00 2 2
(16n +4k -1)

For m > mJl, the above listed functions are as follows:
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- K
4

(I.. R)
n m

C (A R)
n m

D (A R)
n m

E (A R)
m m

F (A R)
m m

A R [K
4

l(A R) + K
4

l(A R)]
m n- m n+ m

o.

- (_l)m [-AmR sin(TI/4-8) -AmR
(2m-I) A R e + e

m

o.

(4.11m)

(4.11n)

sin (TI/4+8)]

.•••••. (4.110)

(4.11p)

where:

U (A R) =
ron m

v (A R)
ron m

m
- (-1)

(2m-I)

o.

G (A R)
n m

C (A R)
n m (4.11q)

(4.11r)

G (A R)
n m

TI/4

= f [Sin (~ -8)

o

-AmR sin(TI/4-8) TI
e + sin (4+8) e -AmR sin (TT/4t-8)]cos4n8 d8

....•.. (4.11s)

In the above equations the Bessel functions are grouped so that

the expressions for C (A R) and D (A R), Eqs. 4.11d,e and m, are well
n m n m

behaved functions (Appendix D).

The above solutions of the wave equation for the three sets of

boundary conditions presented in Section 4.3.1 are for fluid domains

described by Fig. 2.1. The fluid is bounded by the upstream face of

the dam, which is a segment of a circular cylinder of radius R, and by

radially extending banks enclosing a central angle of 90°. For

arbitrary central angles standard analytical procedures are able to

-x
provide solutions of the wave equation for POD(8,z,w) but not for

P~B(8,z,w) [5].
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As the central angle approaches 180 0 and R + 00, representing a

straight dam in the limit, p~D(e,Z,W) approaches the previously

obtained [22) two-dimensional solution of the wave equation for a

straight gravity dam (Appendix E) •

An eigen-frequency of the wave equation in the particular fluid

domain under consideration corresponds to each pair of functions

cos4ne, n = 0, 1, 2 , ...... and cosamz, m = 1, 2, 3, ...... The hydro-

-x -x
p~(e,z,w)dynamic pressures POD(e,z,w) , POB(e,z,w) , and are unbounded

J

at the eigen-frequencies corresponding to n = 0 with m = 1, 2, 3 , ......

At all the other eigen-frequencies, the pressures are bounded and, as

will be seen later, do not resonate. The resonant frequencies, the

eigen-frequencies corresponding to n = 0 and m = 1, 2, 3, are

r
W = (2m-l) TIC/2H. They are the same as the resonant frequencies

m

obtained for two-dimensional fluid domains (22).

4.3.3 Hydrodynamic Pressures and Forces on Rigid Dams: Numerical
Results

-x
The complex valued frequency response functions POD(8,z,w) and

P~B (8 ,z ,w) are for thE hydrodynamic pressures on a rigid dam due to

separate accelerations of the dam and of the banks, respectively, in

the upstream-downstream direction. The response function for the total

-xpressure POT(8,z,w) is the sum of the two functions. Numerical results

for the absolute value (or modulus) of these frequency response functions

are presented for the arch dam-water system of Fig. 2.1 with R/H = 1.5.

For several values of the normalized excitation frequency, these

functions are plotted over the upstream face at the base of the dam and

over the depth valiable z at two selected values of the angular

coordinate e = 0 (crown) and 8 = 45 0 (bank). Because the pressures are
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symmetric about the x-z (8 = 0) plane, pressures over only half of the

base arch are presented. Each of Figs. 4.1 - 4.3 contains results for

a particular normalized excitation frequency.

The complex-valued frequency response functions for hydrodynamic

forces, acting in the radial direction, per unit length of circumference

are:

H

f p~t(8,z,W) dz

o

t = D,B,T (4.12)

Variation of the absolute value (or modulus) of the complex-valued

hydrodynamic forces (Eq. 4.12) with excitation frequency is presented

in Fig. 4.4 for the arch dam-water system with R/H = 1.5 at e = 0°

(crown), 8 = 22~0 and 8 = 45 0 (banks).

In Figs. 4.1 to 4.4 hydrodynamic pressures and forces have been

normalized with respect to hydrostatic pressure at the base of the darn

2
and hydrostatic force per unit of circumferential length F = WH /2,

s

respectively. The excitation frequency is normalized with respect to

the fundamental resonant frequency of the fluid domain, w~. When

presented in this form, the results apply to all arch darn-fluid systems

with the particular value of R/H; in this case R/H = 1.5.

Figures 4.1 to 4.4 also show the complex frequency response

functions for hydrodynamic forces and pressures on rigid straight

gravity darns due to ground motion acceleration transverse to the dam

axis. These results were obtained for gravity dams with vertical

upstream face [22].

The hydrodynamic forces (and pressures) on arch darns depend

strongly on the excitation frequency: they increase as the excitation

frequency approaches from above or below a resonant frequency wr
of them
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fluid domain. The forces are unbounded at these resonant frequencies.

The response amplification becomes increasingly sharp and narrow banded

at higher resonant frequencies. But for these very localized

amplifications at the higher resonant frequencies, the response tends

to decrease as the excitation frequency increases beyond the funda­

mental resonant frequency.

By comparing with results for straight gravity dams, it is

apparent that the resonant frequencies are the same (see Section 4.3.2)

but the hydrodynamic forces due to motion of the dam alone are

influenced by the curvature of the dam. The forces are reduced at most

excitation frequencies in a manner that the variation of forces with

excitation frequency are affected little by curvature, at least for

dams with R/H = 1.5.

The motion of banks modifies the hydrodynamic forces, increasing

them for some excitation frequencies, decreasing them for others. The

curvature of the dam influences the total -- due to motion of the dam

and banks hydrodynamic force, resulting in larger forces at most

excitation frequencies. At some frequencies, however, the forces are

greatly reduced.

The variation of hydrodynamic pressures with depth and position

along the arch depends on the excitation frequency (Figs. 4.1 to 4.3).

The following observations are based on these results for arch dam-water

systems shown in Fig. 2.1 with RIH = 1.5.

The hydrodynamic pressures due to motion of the dam alone vary

little with 8, decreasing slightly from the crown to the banks. However,

the pressures due to motion of the dam and banks vary significantly with

8, increasing from crown to banks for smaller excitation frequencies but

decreasing for the higher frequencies.
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At the crown and banks of arch dams, the pressures due to

motion of the dam alone, and motion of both dam and banks at smaller

excitation frequencies (w/w~ < 1.2), vary with depth in a manner

similar to the pressure-depth curve for straight gravity dams. The

pressures on arch dams due to motion of the dam alone vary with depth

similarly to pressures on straight dams even at higher excitation

frequencies (w/w~ > 1.2). At higher excitation frequencies (W/W~ > 2),

the pressures at all depths on the crown due to motion of the dam only

are virtually identical to those on straight gravity dams.

r
At excitation frequencies W < wI' the contributions of the

motion of the banks lead to increases in hydrodynamic pressures on the

dam.
r

However, at W > W
l

' there is no apparent systematic trend in the

contribution of the motion of the banks to the hydrodynamic pressures.

For a particular excitation frequency, and fixed 8, the pressures may

increase at some depths and decrease at others; for a fixed depth

below the water surface, the pressures may increase for some e values

and decrease for others.

4.3.4 Dam Response

As mentioned earlier gf(t) is the vector of loads at the nodal

points on the upstream face of the dam associated with hydrodynamic

pressures p (8,2,t). These hydrodynamic loads due to harmonic ground
c

. f -f iwt
acceleratlon are of the form Q (t) = Q (w) e . The complex frequency

response function for this load vector can, from Eq. 4.4, be expressed

as:

-fQ (w)
J

I Y~(W) Q~(W)
k=l

(4.13)
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-x -x
where the force vectors 9

0D
(w), QOB(W),

of the corresponding pressure functions

-x
and Qk(W) are static equivalents

-x -x
POD(8,z,w), POB(8,z,w), and

-x
Pk(8,z,w) and may be computed by applying the principle of virtual

work, wherein the finite element interpolation functions describe the

variation of displacement between nodal points. In Eq. 4.14 the hydro-

dynamic forces on the dam have been expressed in terms of the unknown

generalized coordinate responses Y~(W).

··x iwtFor excitation v (t) = e , Eq. 4.1, after substitution of
g

Eq. 4.13, becomes:

J
2 -x T x { f T{-X -x 2 \' -x -x }[-w M.+iwC.+K.]Y. (w)=- cp.me - ep.1 QOD(w)+QO (w)-w L Yk(W)Qk(W)

J J J J -J- - J - - B -
k=l

....... (4.14)

This set of equations may be expressed in matrix form as:

-x
Y

2
(w)

(4.15a)

SJl (w)

or

where,

-x
S (w) Y (w)

x
L (w) (4.15b)
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2 f T -x
S jk (w) w {cpJ Qk(W) j '! k

J -

2 2 f}T -xS .. (w) W M. + iwC. + K. W {cp. Q.(w) (4.16)
JJ J J J J -J

j ::: 1 , 2 , 3 , '.' . , J
x cp~ x {q/}T -x

+ 2~B (w) }L. (w) m e {QOD (w) k 1,2,3, ... ,J
J -J -J

The frequency dependent matrix sew) in Eq. 4.15 relates the generalized

displacement vector yX Cw ) to the corresponding generalized loads ~x(W).

Unlike in classical modal analysis the matrix Sew) is not diagonal

because the vectors cp. are not the normal modes of the dam-fluid
-J

system; they are the modes of the dam alone (without water). It can be

shown that Sew) is a SYmmetric matrix (see Appendix F).

solutions of Eq. 4.15 for a range of values of the excitation

frequency w would provide the complex frequency response functions for

all the generalized displacements y~CW), j = 1,2, .... ,J. The frequency
J

responses for generalized accelerations may be obtained from:

::x
Y. (w)

J
(4.17)

The complex frequency responses for acceleration at the nodal points of

the dam are

;;x
v (w)

J
\' ~~(w)
L -J

j=l
(4.18)

The contribution of the jth vibration mode of the dam to these

accelerations is

;;x
Y. (w) cp.

J -J
(4.19)
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4.4 ~ingularities of the Solution

resonant frequency of the fluid contained in

-x -x
The hydrodynamic pressure functions P~D(8,z,w), POB(8,z,w),

r r
at W = W , where W = (2m-l)TICj2H,

m ill

-x
p.(8,z,w) are unbounded

J
th

m = 1,2,3, .... is the m

the reservoir.
x

Consequently, the elements of ~(w) and L (w) defined

in Eq. 4.16 are unbounded at these frequencies.

When J 1, i.e. only the first vibration mode is included in

the analysis, Eq. 4.16 reduces to one equation and the response at a

resonant frequency can be obtained through a limiting process. If the

excitation is only the motion of the base of the dam and the banks are

-x -x
stationary (i.e. POB(8,z,w) = 0 and 9

0B
(W) 0), the result of the

limiting process is (see Appendix E)

Lim
r

~w
m

1
TI(2m-l) ImO

(4.20)

1
where ImO was defined in Section 4.3.2. However, the limiting process

leads to unbounded response when the excitation includes the

simultaneous motion of the dam base and reservoir banks.

When more than one vibration mode is included in the analysis,

the limiting process leads to a system of equations such that §(W) is

singular -- in particular all the J equations become identical -- and

r
no solution can be obtained at frequencies w. However, numerical

m

solutions to the equations can be obtained for values of w arbitrarily

near these frequencies.

The set of governing equations, corresponding to Eq. 4.15, for

concrete gravity dams were also singular at the resonant frequencies

of the undamped fluid domain [13). As discussed therein, such
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singularities are characteristic of the results from a substructure

method of analysis applied to a system with no damping in one of the

substructures, in this case the fluid domain.

4.5 Analysis Neglecting Compressibility of Water

Only the hydrodynamic terms are altered in Eq. 4.15 if water

is assumed as incompressible. In this case the hydrodynamic pressure

-x -x -x
functions PO (8,z,w), Po (8,z,w) and p. (8,z,w) are independent of

o B J

frequency and they may be obtained by taking limits of these functions

(Eq. 4.8 - 4.10) as C + 00 or as values of these functions at w = 0:

00

16/2 WR
2

gTI

00 (_l)m
I I

m=l n=O (2m-I)

n
E (-1)

n
2

(1-16n )
C (a R)cos4n8 cosa z

n m m

....... (4.21)

-x
POB(8,z,0) 2/2 WR ~ ~ 53_ ~L E (a R)cosa z + ~ L

gTI m=l m m m TI m=l
I E U (a R)cos4n8 cosa zt

n=O n mn m m \

....... (4.22)

00 00

-x
p. (8,z,O) :;=:

J

l6WR
TIg I I

m=l n=O
C (a R)cos4n8 cosa z

n m m
(4.23)

where all quantities except the following are defined in Section 4.3.2:

C (a R)
n m

E (a R)
m m

- K
4

(a R)
n m

(4.24a)

(4.24b)

U (a R)
ron m.

m
- (-1)

(2m-l)
G (a R) C (a R)

n m n m
(4.24c)
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IT/4

J [sin(~-8)
o

35

-ex, R sin(lT/4 -8) IT -ex, R
e m + sin ("4 +8) e m sin(lT/4 +8)]cos4n8 d8

....... (4. 24d)

-x -x -x
In general, the functions POD' POB and P

j
are complex valued

and depend on the excitation frequency (Eqs. 4.8, 4.9 and 4.10) , but

they are real valued and independent of frequency if compressibility

of water is neglected. Equation 4.15 then becomes

LOX + Lax (4.25)

where ~, ~ and ~ are generalized mass, generalized damping and

generalized stiffness matrices respectively; each is a diagonal matrix.

LOX ¢~m eX M
a

is an "added mass" matrix defined by
-J-

j,k 1,2,3, .... ,J (4.26a)

Lax is an "added load" vector defined by

ax
L.

J
l,2, .... ,J (4.26b)

When water is assumed to be incompressible, the hydrodynamic

effects are thus equivalent to frequency independent added mass and

load terms. Consequently, unlike the case including water com-

pressibility and involving hydrodynamic terms that depend on frequency

(Eqs. 4.15 - 4.16), Eq. 4.25 can be written directly in the time domain

as:

(4.27)
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4.6 Dam With Empty Reservoir

Equations for complex frequency responses of the dam with no

water in the reservoir may be obtained as a special case from Eqs. 4.16

-x -x
and 4.17 simply by setting to zero the hydrodynamic loads QOD' QOB'

-x
and Q.. The coefficients of Eq. 4.15 will then be:

J

Sjk (w) 0 j f k

S .. (w)
2

iwc. (4.28)w M. + + K.
JJ J J J

x q? x Ox
L. (w) m e L. (w)

J -J J

The matrix Sew) is now diagonal since the natural modes of

vibration of the dam, in terms of which Eq. 4.16 is developed, are also

the natural modes of the system considered. Comparing Eqs. 4.16 and

4.28, it is apparent that the presence of water introduces added load

x
terms in L (w) and modifies S(w). The diagonal terms in §(w) are

modified by an additive quantity and off-diagonal terms appear.

Because the natural modes of vibration of the dam are not the normal

coordinates of the dam-fluid system, the equations in terms of y~
J

(Eq. 4.15) are coupled.

4.7 Computer Program

Based on the analytical procedures described in this Chapter and

Chapters 5 and 6, a computer program (Appendices H and I) has been

written in FORTRAN IV to numerically evaluate the response of arch dams

including reservoir interaction effects to horizontal and vertical

components of harmonic ground motion. As the program is capable of

including any number of modes of vibration of the dam, results can be
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obtained to any desired degree of accuracy_ Analysis with compressibility

of water neglected or with the reservoir water absent are included in the

program as special cases. This program generated the results in

Chapter 7.
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5. ANALYSIS OF DAM RESPONSE TO HARMONIC CROSS-STREAM
GROUND MOTION

5.1 Equations of Motion

The analytical procedures and results developed in this Chapter

for response of the dam to the cross-stream component of ground motion

closely parallel those of Chapter 4. At the expense of some duplication,

the presentation in this Chapter is self-contained.

Only the antisymmetric natural modes of vibration of the dam

(see Section 4.1) will be excited by the y-component of ground motion.

For this excitation, the equations of motion are a special case of

Eq. 3.4:

M. y~(t) + C. y~(t) + K. Y~(t)
J J J J J J

j == 1,2,3, .... ,J (5.1)

Y .th
in which Y.(t) is the generalized displacement associated with the J

J

antisymmetric mode of vibration.

5.2 Fluid Domain: Boundary Conditions

f
As defined in Section 3.2, g (t) in Eq. 5.1 is the vector of

nodal forces associated with hydrodynamic pressures on the upstream

face of the dam. These pressures, acting in the radial direction

(normal to the upstream face) are governed by the wave equation

(Eq. 3.5) together with the following boundary conditions.

The radial component of fluid motion at the upstream face of

the dam (boundary r == R) is the same as the radial motion of

the upstream face of the dam.
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The fluid motion normal to the banks (boundaries 8 = ~ TI/4)

is the same as the normal component of motion of the banks.

There is no vertical motion of the fluid at the bottom of the

reservoir.

Fluid pressure at the free surface is zero.

Since the system, symmetrical about the x - z (8 = 0) plane,

is excited by the y-component of ground motion, the hydro-

dynamic pressures must be antisymmetric about the same plane.

The radiation boundary condition not permitting any reflected

wave applies at the upstream end (r = 00) of the reservoir.

5.3 Complex Frequency Response

The response to harmonic ground acceleration in the y-direction,

y iwtv (t) = e , can be expressed as follows:
g

Hydrodynamic pressures on the dam face,

p (8,z,t)
c

P (8,z,t)
c

iwt
e (5.2a)

Generalized accelerations,

y~ (t)
J

~~ (w)
J

iwt
e (5.2b)

Radial accelerations of the upstream face of the dam,

vr
(R,8,z,t) = ~sin8 + I ~~f(8,z) cos8 +I j=l LJ

yf¢. (8,z)
J

s in8J ~~ (w) ~ e iwt

.•••.•• (5.2c)

xf yf
where ¢. (8,z) and ¢. (8,z) are the continuous function analogues

J J

(Section 4.2) for the vectors ¢~f and ¢~f defined in Section 3.2.
-j -J
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5.3.1 Boundary Conditions

Using Eqs. 3.6 and 5.2, the boundary conditions of Section 5.2

can be expressed analytically as follows:

dP
dr(R,8,z,t) w \ ~ txf . yf- - sin8 + L <p. (8,z) cos8 + <p. (8,z)

g j~l J J
. e~::y ( ) l iwt

Sl.n j Y j W ~e

••••••• (5. 3a)

dP 'IT
rde{r, 4' z, t)

dPa-z{ r , e,0 , t) 0

p{r,8,H,t) 0

p{r,O,z,t) 0

iwt
e (5.3b)

(5.3c)

(5.3d)

(5.3e)

In addition to these boundary conditions, no wave reflections at the

upstream end of the reservoir (r = 00) are permitted.

Because the governing wave equation as well as the boundary

conditions are linear, the principle of superposition applies. The

complex frequency response function for the hydrodynamic pressures on

the dam face p (8,z,t) can therefore be expressed as:
c

P (8,z,w)
c

J

P~D{8,z,W) + p~B(e,z,W) + L ~~(W) p~(8,z,w)
j~l J J

(5.4)

-y -y -y .
The complex frequency response functions POD' POB' and Pj l.n Eq. 5.4

Y -y iwt
are defined as follows. P

OD
{8,z,t) POD(8,z,w) e is the solution

of the wave equation (Eq. 3.5) at r

the following boundary conditions:

R (upstream face of the dam) for
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dP w iwt
~(R, e,z , t ) == - - sine e
or g

(5.5a)

dP 1T
rd8 (r, 4' z, t) o (5.5b)

and those specified by Eqs. 5.3c to 5.3e.

is the solution of the wave equation at r == R for the following boundary

conditions:

dP
dr(R,8,z,t) o (5.6a)

dP 1T
rae(r, 4' z, t) =

1 w iwt
e

12 g
(5.6b)

and those specified by Eqs. 5.3c to 5.3e. The solution of the wave

equation at r == R is p~(e,z,t)
J

boundary conditions:

-y iwt
p.(8,z,w) e for the following

J

dP
dr(R,8,z,t)

dP 1T
rd8(r, 4' z, t)

w [Xf yf ] iwtg ¢j (8,z) cos8 + ¢j (8,z) sin8 e

o

(5.7a)

(5.7b)

and those specified by Eqs. 5.3c to 5.3e.

-y -y
The complex frequency response functions POD(8,z,w), POB(8,z,w),

and p~(8,z,w) are for the hydrodynamic pressures on the upstream face
J

of the dam for the following three excitations, respectively: (i)

accelerations of the rigid dam in the y-direction but the banks remain

stationary, (ii) acceleration of only the reservoir banks in the

y-direction, (iii) acceleration Y~(w) == 1 in the jth antisymmetric
J

natural mode of vibration of the dam (without water) but there is no

motion of the dam base or reservoir banks.
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5.3.2 Hydrodynamic Pressures: Analytical Results

The solution of the wave equation for the three sets of boundary

conditions presented in Section 5.3.1 are derived in Appendix C. The

-y -y -y
final expression for POD(8,z,w), POB(8,z,w) and Pj(8,z,w)

follows:

are as

-y
p oo (8,z,w)

[ c (A R) + iO (A R)] sinw 8 casa zn m n m n m

•••••• (5.8)

pYOB(e,z,W) = 2!2~wR 'I t rE (I< R) + iF (I< RlJcoseY. z + 16 I: ;. ru (I< R) + iV (I< R») .sinll e coseY. zl
gil m=l Lm m rn In m Tf m=l ~o Lmn m ron m. n In

..•••. (5.9)

-y
p,(8,z,w)

J

where:

32wR- --g7T

(Xl (Xl

I I r j rc (A R) + iD (A R)l sin].l 8
m=l n=O ron l n m n m J n

cosa z
m

....... (5.10)

R radius of the upstream face of the dam

H depth of water in the reservoir

C velocity of sound in water (4720 ft/sec)

w excitation frequency

= I: k 0

k t- 0

Bessel function of the first kind of order ].l
n

Bessel function of the second find of order ].l
n

modified Bessel function of the second kind of order ].ln

TIC
2H

the first eigen-frequency of the water in the
reservoir
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(2m-l)TI
2H

(S.Ha)

A R
m

TIR /1 (2m-I) 2 _ (~) 2
2H r

WI
(5.11b)

TI/4 H

!H f f [A,X
J
,f(8,Z) 8 A-yf(6 ) '8J. ~' cos + ~j ,Z Sln

o a

11 = 4n + 2I-'n

sin~ e cosex z dzd8
n m

••••••• (5.11c)

(S .lld)

m£ = the largest integer "m" satisfying the inequality W
r

> (2m-I)

wI

Expressions for functions C , D , E , F , U , and V differ depending
n n m m ron ron

on whether m is smaller or larger than m£. For m ~ m£ they are as

follows:

C (A R)
n m

[
A (A R) J (A R) +

n m ~ m
n

A R fA
2

(A R)
m n m'

B (A R) Y (A R)Jn m ~ m
n

(5.11e)

D (A R)
n m

E (A R)
m m

F (A R)
m m

[
B (A R) J (A R) - A (A R) Y (A R)]
nm ~ m nm ~ m

n n
=-"=-------;;:,...---------..-~--=

A R [A2
(A R) + B

2
(A R)1

m nm nmj

( -1) m 1cos [1mR . (TI 8) ] [1 R(2m-I) A R A Sln 4 + - cos Am
m

(S.llf)

Sin(~ - 8) l}
••••••• (5.11g)

sin (~ - 8)]1
....... (5.llh)

u (A R)
ron m

( - ~ ~m (~ ~ ) n 1T (A R) C (A R) + ~4 A (A R) D (A R) l
m- n m n m n m n m f (5.11i)



v (A R)
mn m

where:

m n
- (-1) (-1)

(2m-l)
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{ T (A R) D (A R)
n m n m ~4 A (A R) C (A R)}

n m n m
(5.11j)

A (A R)
n m

B (A R)
n m

J 1 (A R) - J 1 (A R)
~ - m ~ + mn n

y 1 (A. R) - Y 1 (A R)
~ - m ~ + mn n

(5.11k)

(5.119,)

T (A R)
n m

00
2 2

(~ +4k -1)
n

2 2 2 2
(~ -4k -4k-l) (~ -4k +4k-l)

n n

(5.11m)

For m > m9, the above listed functions are as follows:

C (A R)
n m

D (A R)
n m

E (A R)
m m

- K (A R)
~ mn

A R rK 1 (A R) + K +1 (A R)]m ~- m ~ m
n n

o.

_(_l)m r. -AmR sin(TI/4+S) e-AmR Sin(TI/4-S)]
(2m-l)A R Le -

m

(S.11n)

(5.110)

••••.•• (5.11p)

F (A R) O.
m m

(5.11q)

U (A R)
mn m

v (A R) = O.
mn m

where:

(5.11r)

G (A R)
n m

TI/4

f[Sin(~ +S)

o

e- AmR sin (TI/4+S) -sin (~-S) e -AmR sin (TI/4-S)] sin~nS dS

••••••. (5.11s)



46

For ground motion in the "y" direction and for the particular

fluid domain under consideration an eigen-frequency of the wave

equation corresponds to each pair of functions sin~ 8, n
n

0,1,2,3, .•.. ,

and cosa z, m = 1,2,3, .... ,.
m

-y
The hydrodynamic pressures POD (8,z ,w) ,

-y -y
POB(8,z,w), and Pj(8,z,w) are bounded at all eigen-frequencies. This

contrasts with the results for ground motion in the "x" direction in

which case the pressure functions are unbounded at eigen-frequencies

corresponding to n = 0, ill = 1,2,3, .... ,.

The eigenfunctions cos4n8 and cosa z define the distribution of
m

hydrodynamic pressures on the face of the dam due to the x-component of

ground motion. For n = 0 and m = 1,2,3, .... , the pressures are

unbounded and independent of angular coordinate. The eigenfunctions

sin~ 8 defines the angular distribution of pressures due to the
n

y-component of ground motion. Because this antisymmetric excitation

produces antisymmetric eigenfunctions there are no eigenfunctions that

are independent of angular coordinate and resonance (unbounded response)

does not occur at any eigen-frequency. Furthermore, the antisYmmetric

excitation of the banks causes a canceling of pressures due to motion

of the banks e = + n/4 with the pressures due to motion of the bank

-y
8 = - n/4. 'Because of this canceling effect POB(8,z,w) remains bounded

at all eigen-frequencies.

5.3.3 Hydrodynamic Pressures and Forces on Rigid Dams: Numerical Results

The complex frequency response functions for hydrodynamic

pressures and forces on rigid arch dams with R/H = 1.5 due to cross-

stream (y) acceleration of the dam alone as well as of dam and banks

are presented in Figs. 5.1 - 5.4. These results are presented in a

manner parallel to those for the upstream-downstream motion (Section

4.3.3 and Figs. 4.1 - 4.4). The pressures are now antisymmetric about
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the x-z (8 = 0) plane, being zero on that plane. The pressures on

straight gravity dams due to cross-stream motion are also zero.

The hydrodynamic forces (and pressures) associated with cross-

stream motion depend significantly on the excitation frequency. How-

ever, in contrast to the results for upstream-downstream motion, the

hydrodynamic forces due to cross-stream motion are bounded at all

r
excitation frequencies with maximum response at or near w/w

l
= 1.0.

The forces due to cross-stream motion are considerably smaller than

those due to upstream-downstream motion. The motion of banks modifies

the hydrodynamic forces -- increasing them for some ~xcitation fre-

quencies, decreasing them for others.

The hydrodynamic pressures at the base of the darn due to motion

of the dam alone increase from zero at the crown to a maximum value at

the banks. The pressures due to motion of the dam and banks also attain

their maximum value at the banks for smaller excitation frequencies but

close to the mid-angle between the crown and the banks for the higher

frequencies.

r
At excitation frequencies W < WI' the contributions of the motion

of the banks lead to reduction in hydrodynamic pressures on the darn.

However, at W > W~ there is no apparent systematic trend in the con-

tribution of the bank motion to the hydrodynamic pressures. For a

particular excitation frequency and fixed e, the pressures may increase

at some depths and decrease at others. For a fixed depth below the

water surface, the pressures may increase for some 8 values and

decrease for others.

5.3.4 Dam Response

The vector of nodal point loads gf(t) on the upstream face of

the darn are associated with the hydrodynamic pressure p (8,z,t). Thesec
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hydrodynamic loads due to harmonic ground acceleration are of the form

f -f iwt2 (t) = Q (w) e . The complex frequency response function for this

load vector can, from Eq. 5.4, be expressed as:

-f2 (w) (5.12)

where the force vectors gY (W), gY (w), and gYk(W) are static equivalents
-OD -OB -

-Y
(see Section 4.3.4) of the corresponding pressure functions POD(8,z,w) ,

-Y -Y
POB{8,z,w), and Pk{8,z,w).

For excitation vY(t)
g

iwt:= e Eq. 5.1, after substitution of

Eq. 5.12, becomes

J }- T f T - - 2 - -y[-w2M.+iwC.+K.]y~{W):=-<D. meY - {cp.} {QYOD(W)+QYOB(W)-W L YYk(W)Qk(W)
J J J J -J- - J - k=l

••••••• (5.13)

This set of equations may be expressed in matrix form as

S(W) yY(w) (5.14)

where:

j t k
_

W
2 {rf,f.}T -Y

'f'J Qk (w)

S .. (W)
2 2 f T -Y (5.1S)W M. + iwc. + K. W {cp.} Q.(w)

JJ J J J J -J

j 1,2,3, .... ,J

L~ (w) CP: eY { f} T -y + Q~B (w) } k 1,2,3, .... ,Jm CPj {QOD(W)
J -J

The frequency dependent matrix §(w) in Eq. 5.14 relates the generalized

displacement vector yY(w) to the corresponding generalized load vector

~y(W). For reasons mentioned in Section 4.3.4 the matrix S(w) is not

diagonal. It can be shown that S(w) is a sYmmetric matrix (see

Appendix F) .
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solutions of Eq. 5.14 for a range of values of the excitation

frequency, w, would provide the complex frequency response functions

for all the generalized displacements Y~(w), j = 1,2,3, •.•. ,J. The
J

frequency responses for generalized accelerations may be obtained from

~~(w)
J

(5.16)

The complex frequency responses for acceleration at the nodal points

of the dam are

;7(w)
J

I ~~(w)
-Jj=l

(5.17)

h 'b' f th . th 'b' d f h d hwhere t e contr1 ut10n 0 e J-- V1 ratlon mo e 0 team to t e

acceleration is

(5.18)

5.4 Analysis Neglecting Compressibility of Water

Only the hydrodynamic terms are altered in Eq. 5.14 and 5.15 if

water 1S assumed as incompressible. In this case, the hydrodynamic

pressure functions p~D(e,z,W), p~B(e,Z,W) and p~(e,Z,W) are independent

of frequency and they may be obtained by taking limits of these

functions (Eqs. 5.8 - 5.10) as C ~ 00 or as these functions at w O.

(_l)n

2
(11 -1)

n

c (a R) sinll e cosa z
n m n m

....... (5.19)

-y
POB(8,z,O) 212 wRI~ 16 ~L E (a R)cosa z + -- L

g7T m=1 m m m 7T m=1
I u (a R)sinll e cosa zJ

n=O mn m n m

.....•. (5.20)
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-y
p.(8,z,0)

J

32wR---
gn

00 00

I I
m=l n=O

I
j

C (a R) sin~ 8 cosa z
mn n m n m (5.21)

where all quantities except the following are defined in Section 5.3.2

c (a R)
n m

E (a R)
m m

u (a R)
mn m

where:

- K (a R)
~ m

n

a RrK 1 (a R) + K +1 (a R) ]m ~- m ~ m
n n

_(_l)m [e-amR sin(n/4+8) _ e-amR Sin(n/4-8)]
(2m-l)a R

m

(5.22a)

(5.22b)

(5.22c)

G (a R)
n m

7T/4

f[sin (i +8)

o

-amR sin(n/4 +8)
e - sin(~-8)

4
sin (n/4 -8)]sin~n8 d8

....... (5.22d)

In general, the functions P~D' P~B and P~ are complex valued

and depend on the excitation frequency (Eqs. 5.8, 5.9 and 5.10) , but

they are real valued and independent of frequency if compressibility

of water is neglected. Equation 5.16 then becomes

(5.23)

where M, C, and K are generalized mass, generalized damping and

generalized stiffness matrices respectively; each is a diagonal matrix.

Oy
L M

a
is an "added mass" matrix defined by

j ,k 1,2,3, .... ,J (5.24a)
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and Lay is an "added load" vector defined by

j 1,2,3, .... ,J (5.24b)

When water is assumed to be incompressible the hydrodynamic

effects are thus equivalent to frequency independent added mass and load

terms. Consequently, unlike the case including water compressibility

and involving hydrodynamic terms that depend on frequency (Eqs. 5.14 and

5.15), Eq. 5.23 can be written directly in the time domain as

(5.25)
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6. ANALYSIS OF DAM RESPONSE TO HARMONIC VERTICAL
GROUND MOTION

6.1 Equations of Motion

The analytical procedures and results developed in this chapter

for response of the dam to the vertical (z-) component of ground motion

closely parallel those of Chapters 4 and 5. Although at the expense of

some repetition, the presentation in this chapter is self-contained.

Only the symmetric natural modes of vibration of the dam (see

Section 4.1) will be excited by the z-component of ground motion. For

this excitation, the equation of motion (Eq. 3.4) specializes to:

M. y~(t) + c. Y~(t) + K. y~(t)
] ] ] ] ] ]

j = 1,2,3, .... ,J (6.1)

where y~(t) is the generalized displacement associated with the jth
J

symmetric mode of vibration.

6.2 Fluid Domain: Boundary Conditions

In Eq. 6.1 gf(t) is the vector of nodal forces associated with

hydrodynamic pressures on the upstream face of the dam. These pressures

acting in the radial direction are governed by the wave equation (Eq. 3.5)

together with the following boundary conditions:

The radial component of fluid motion at the upstream face of

the dam (boundary r = R) is the same as the radial motion of

the upstream face of the dam.

There is no fluid motion normal to the banks (boundaries

e = + 1T/4)
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The vertical motion of the fluid at the bottom of the

reservoir (boundary z = 0) is prescribed by the vertical

component of ground acceleration.

Fluid pressure at the free surface is zero.

Since the system, symmetrical about the x-z (8 = 0) plane, is

excited by the z-component of ground motion the hydrodynamic

pressures must be symmetric about 8 = o.

The radiation boundary condition not permitting any reflected

waves applies at the upstream end (r = 00) of the reservoir.

6.3 Complex Frequency Response

The response to harmonic ground acceleration in the vertical

.. z iwt
direction, v (t) = e , can be expressed as follows:

g

Hydrodynamic pressures at the dam face,

P (8,z,t)
c

P (8,z,w)
c

iwt
e (6.2a)

Generalized accelerations,

..z
y. (t)

J
::z( )y. w

J

iwt
e (6.2b)

Radial accelerations on the upstream face of the dam

{

J
··r xf
v (R,8,z,t) = L [¢. (8,z) cos8 +

j=l J

iwt
e (6.2c)

where ¢~f(8,z) and ¢~f(8,z) are the continuous analogue functions (see
J J

Section 4.2) for the vectors ¢~f and ¢~f defined in Section 3.2.
-J -J
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6.3.1 Boundary Conditions

Using Eqs. 3.6 and 6.2; the boundary conditions of Section 6.2

can be expressed analytically as follows:

op
ar(R,8,z,t)

\

J
w xf- - I [¢. (8,z) cos8 +
g j=l J

yf
¢. (8,z)

J
. 8 ;;y ( I iwtSln ] Y

j
w) e (6.3a)

op 1T
ra8(r, 4' z, t) = a (6.3b)

~az(r,8,a,t)

p(r,e,H,t) a

w iwt
e

g
(6.3c)

(6.3d)

op
raeCr,a,z,t) a C6. 3e)

In addition to these boundary conditions, no wave reflections at the

upstream end of the reservoir (r = 00) are permitted.

Because the governing wave equation as well as the boundary

conditions are linear, the principle of superposition applies. The

complex frequency response function for the hydrodynamic pressures on

the dam face p (e,z,t) can therefore be expressed as:
c

p (e,z,t)
c

J

= p~(e,z,t) + I y~(w) p~(e,z,w)
j=l J J

(6.4)

The complex frequency response functions Pa and Pj in Eq. 6.4 are

defined as follows. The solution of the wave equation (Eq. 3.5) at

r = R Cupstream face of the dam)

following boundary conditions:

z
is Pa(e,z,t)

-z iwt
PaC8,z,t) e for the

ap
ar(R,8,z,t) a C6.5)
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and those specified by Eqs. 6.3b to 6.3e. The solution of the wave

z
equation at r = R is p.(S,z,t)

J

boundary conditions:

-z iwt
p.(S,z,t) e for the following

J

dP
~(r ,S,O ,t) a (6.6)

and those specified by Eqs. 6.3a, 6.3b, 6.3d and 6.3e.

-z -z
The complex frequency response functions po(8,z,w) and Pj(8,z,w)

are for hydrodynamic pressures on the upstream face of the dam due to

two excitations.
-z
po(8,z,w) corresponds to vertical, rigid-body

accelerations of dam, the reservoir bottom and the banks. Because the

banks and the upstream face of the dam are vertical, these pressures

result only from excitation of the reservoir bottom.

::z
corresponds to acceleration Y. (w) =' 1 in

J

-z
p. (S,z,w)

]

h .th . d ft e ] symmetrlc mo e 0

vibration of the dam (without water) but there is no motion of the dam

base, banks or reservoir bottom.

6.3.2 Hydrodynamic Pressures: Analytical Results

The boundary conditions in
-z

Section 6.3.1 for which p.(8,z,w) is
J

the solution of the wave equation also arose in the analysis for the

x-component of ground motion (Section 4.3.1). The solution has been

presented in Eq. 4.10.

The solution of the wave equation for the first set of boundary

conditions in Section 6.3.1 is derived in Appendix C. The final

-z
expression for PO(S,z,w) is:

sin
'IT w (1 - ~)
2 r H

-z 2wH
w

l (6.7)PO(8,z,w) --
cos[ ~ :dg'IT W

r
w

l
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-z
This result for PO(8,z,w) was obtained with the assumption that

the reservoir bottom is rigid, resulting in complete reflection of the

hydrodynamic waves at that boundary. This result is identical to the

two-dimensional solution obtained for hydrodynamic pressures on gravity

dams due to vertical ground motion [22,24]. The hydrodynamic pressures

r
are unbounded at frequencies W = w

m
' m = 1,2,3, .... where

r TIc
wm '= (2m-l) 2H .

Analytical studies [22,24] indicated that the hydrodynamic

pressures on rigid gravity dams due to earthquake motions when computed

using Eq. 6.7 are unrealistically large. Thus Eq. 6.7 was modified to

account for the deformability of the reservoir bottom and the partial

reflection and refraction of the hydrodynamic waves at that boundary.

The modification to p~(8,z,w) was accomplished by solving a one-

dimensional problem in which the rock under the reservoir was assumed

to be an elastic, isotropic homogeneous half space [25J. The resulting

complex frequency response function for the pressure is:

(6.8)

where a is a reflection constant given by a = (k-l)/(k+l), where

k = e w Ie with w being the unit weight of rock and e the P-waver r w r r

velocity in rock. For the case of rigid rock at the reservoir bottom

a '= 1 and Eq. 6.8 reduces to the earlier result (Eq. 6.7). In contrast

to Eq. 6.7, the pressures given by Eq. 6.8 are bounded at all excitation

frequencies. This investigation employs Eq. 6.8, thereby accounting

for the influence of deformability of the foundation rock on the hydro-

dynamic pressures.
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The solutions given in Eqs. 6.7 and 6.8 are independent of the

angular coordinate, e, and of the upstream radius of the dam, R. For

a particular excitation frequency, the hydrodynamic pressures thus vary

only with the z (depth) coordinate.

6.3.3 Hydrodynamic Pressures and Forces on Rigid Dams: Numerical Results

The complex valued frequency response function p~(e,Z,W) is for

the hydrodynamic pressures on a rigid dam due to vertical ground motion.

-
The hydrodynamic force, F

O
' acting per unit length of circumference is

the integral of p~ over the depth of water. As noted earlier, P~ is

independent of the angular coordinate e and the radius R of the upstream

face of the dam. Hence, F
O

also is independent of e and R. Thus the

results shown in Figs. 6.1 and 6.2 apply to all values of e and all

dam-water systems of Fig. 2.1. The results have been appropriately

normalized so that they also apply to all arch dam-water systems

independent of water depth H. The pressures and forces of Figs. 6.1 and

6.2 were computed from Eq. 6.8 with a = 0.85, an appropriate value for

the reflection constant.

The hydrodynamic forces (and pressures) depend strongly on the

excitation frequency. Starting with the hydrodynamic value at very low

excitation frequencies, the force is amplified several times at the

fundamental resonant frequency. Because the partial refraction of

hydrodynamic waves at the bottom of the reservoir has been considered,

resonant response is finite. The hydrodynamic force at higher resonant

frequencies is also finite, and much smaller than at the fundamental

resonant frequency. Except for the local amplification near the higher

resonant frequencies, the hydrodynamic force decreases as the excitation

frequency increases beyond the fundamental resonant frequency.
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The variation of hydrodynamic pressure over depth depends

strongly on the excitation frequency. At zero excitation frequency the

hydrostatic pressure distribution is a straight line varying from zero

at the free surface to a maximum value at the reservoir bottom. Starting

with this straight line variation at zero frequency, the pressure

distribution becomes increasingly complex with increasing excitation

frequency.

6.3.4 Dam Response

The vector of nodal point loads, 9f
(t), on the upstream face of

the dam are associated with the hydrodynamic pressures p (8,z,t).
c

These hydrodynamic loads due to harmonic ground acceleration are of the

f -f iwt
form 9 (t) = 9 (w) e

this load vector can, from Eq. 6.4, by expressed as:

-f9 (w)
-z90 (w) +

J

I y~(w) g~(W)
k=l

(6.9)

-z -z
where the force vectors 9

0
(w) and 9

k
(w) are static equivalents (see

-z
Section 4.3.4) of the corresponding pressure functions PO(z,w) and

-z
Pk(8,z,w) .

For excitation vZ(t)
g

Eq. 6.9, becomes:

iwt
e Eq. 6.1, after substitution of

2 -z
[- w M. + iwc. + K.) Y . (w)

J J J J

T z
cP. m e

J -
.f f}T{-ZccP. Q

O
(w)

J -

J

w
2 I y~(W) Q~(W)}
k=l

••..... (6.10)

This set of equations can be expressed in matrix form as:

-z
S (w) Y (w)

z
L (w) (6.11)
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where:

j f k
2 { f}T -zw cp. Qk(W)

J -

2 2 { f T -zS .. (W) - W M. + iwc. + k. W ¢,} Q.(w) (6.12)
JJ J J J J -J

j 1,2,3, .... ,J
z

¢~
z f T -z

L. (w) m e {cp.} QO(W) k 1,2,3, .. .. , J
J -J J -

This coefficient matrix sew) is identical to the matrix in Eq. 4.16 for

the x-component of ground motion but different than the matrix in

Eq. 5.15 for the y-component of ground motion.

The frequency dependent matrix ~(w) in Eq. 6.11 relates the

generalized displacement vector ~z(W) to the corresponding generalized

z
loads L (W). For reasons mentioned in Section 4.3.4, Sew) is not

diagonal. It can be shown that §(W) is a symmetric matrix (Appendix F) •

solutions of Eq. 6.11 for a range of values of the excitation

frequency, W, would provide the complex frequency response function for

all the generalized displacements y~(w), j = 1,2,3, .•.. ,J. The frequency
J

responses for generalized accelerations may be obtained from:

~z

Y. (w)
J

(6.13)

The complex frequency responses for acceleration at the nodal points of

the dam are

~z (w)
J

I ~~ (w)
-J

j=l
(6.14)

where the contribution of the jth vibration mode of the dam to the

acceleration is

::z
v. (w)
-J

~~(W) cp.
J -J

(6.15)
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6.4 Analysis Neglecting Compressibility of Water

Only the hydrodynamic terms are altered in Eqs. 6.11 and 6.12 if

water is assumed to be incompressible. In this case, the hydrodynamic

-z
pressure functions are obtained by taking the limits of PO(z,w) and

-z
p.(8,z,w) as C ~ 00 or as these functions at w = 0:

J

-z
po(z,O) wH (l _ ~)

g H (6.16)

-z
and p.(8,z,o) is given by Eq. 4.23.

J
-z -z

In general, the functions PO(z,w) and Pj(8,z,w) are complex

valued and depend on the excitation frequency, but they are real valued

and independent of frequency if compressibility of water is neglected.

Equation 6.11 them becomes:

L
OZ az

+ L (6.17)

where M, C, and K are generalized mass, generalized damping and

generalized stiffness matrices respectivelYi each is a diagonal matrix.

z
m e M

a
is an "added mass" matrix defined by:

f T -z
{¢.} Qk( 0)

J -

Laz
is an "added load" vector defined by:

j,k 1,2,3, .... ,J (6.18a)

az
L.

J
j 1,2,3, ... . ,J (6.18b)

When water is assumed to be incompressible the hydrodynamic

effects are thus equivalent to frequency independent added mass and load

terms. Consequently, Eq. 6.17 can be written directly in the time domain as:

a .. z ·z z
(M + M )y (t) + C Y (t) + K y (t)

Oz az .. z
(L + L )v (t)

- g
(6.19)
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7. HYDRODYNAMIC INTERACTION EFFECTS

7.1 Scope of Chapter

Using the analysis procedures developed in Chapters 3 - 6,

numerical results for response of three arch dams with different radius

to height ratios are presented in this chapter. Acceleration responses

to harmonic ground motion applied separately in the x (upstream-down-

stream), y (cross-stream), and z (vertical) directions are presented.

Based on these results, the effects of hydrodynamic interaction, com-

pressibility of water and bank motion on dam response are identified.

7.2 Fundamental Parameters

The analysis procedure developed in Chapters 4 - 6 is for the

idealized arch dams described in Chapter 2. The upstream face of the

arch dam is a segment of a circular cylinder, radius R and height H
d

,

contained within radially extending banks enclosing a central angle of

90 0
• In addition, the geometry as well as mass, stiffness, and damping

properties of the dam are all assumed to be SYmmetrical about the x-z

(8=0) plane. But for these restrictions, the geometric and material

properties of the arch dam are arbitrary. Results presented in this

chapter are for arch dams with trapezoidal radial section, the radial

thickness varying linearly from B
l

at the crest to B
2

at the base.

AS shown in Appendix G the frequency w. and mode shape ~. of the
J -J

jth natural mode of vibration of the dam without water and the complex

frequency response for generalized acceleration ~. in the jth mode can
J

be expressed in terms of dimensionless parameters as follows:



W.
J

Y.
J
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l~ f (V.
B

l
B

2 H:)H
d

w
d

H' H'
d d

cp. (:d' 8, r
B

l
B

2 R V)H' H' H' H'-J
d d d d

B
l

B
2

r

0Y. (",-, v, R
l; . , w

W
l H

H' H' H' , w' H'J W
l d d d J w

d 1 d

(7.1)

(7.2)

(7.3)

where

f

E

g

H

R

r,8,z

w

symbol for "a function of"

radial thickness of dam at the crest

radial thickness of dam at the base

modulus of elasticity of the dam concrete

acceleration of gravity

depth of water

height of the dam

radius of upstream face of the dam

cylindrical coordinates of points on the dam

unit weight of dam concrete

unit weight of water

reflection constant at reservoir bottom for hydrodynamic
pressure waves defined in section 6.3.2; pertinent only for
vertical ground motion

v Poisson's ratio

l;. damping ratio for the j th mode of vibration of the dam
J

excitation frequency
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WI = fundamental frequency of the dam

r
WI = fundamental eigen-frequency of the fluid domain

Unlike gravity dams [13], the fundamental mode of vibration for

thin arch dams does not necessarily provide the most significant

response. Thus when studying thin arch dam response, several vibration

modes that contribute significantly to the response should be considered.

This combined response is

-
v

z r B1 B 2 R w
H' e, H' H' H' H' i;j' w

dd d d d d

H

H'
d

The parameters of Eqs. 7.3 and 7.4 -- not all are mutually

independent -- are selected to be useful for interpreting response

results and hydrodynamic interaction effects.

be expressed in terms of other parameters as

H:) (7.5)

7.3 Systems Analyzed

7.3.1 System Properties

The results presented in this chapter are Obtained from specific

numerical values of the parameters given in Section 7.2. Based on a

survey of geometry of thin arch dams, the crest and base widths are

fixed at Bl/H
d

= 0.035 and B
2

/H
d

= 0.200 but three different values of

R/H
d

= 0.5, 1.5, and 2.5 are selected. The properties chosen for mass

concrete of the dam are E = 5 x 10
6

psi, V = 0.17, and w
d

= 150 pcf.

For water in the reservoir, C 4720 fps and w 62.5 pcf. The damping
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ratio ~. for all normal modes of vibration of the dam are assumed to
J

be the same and equal to 0.05. In the analysis of response to vertical

ground motion, the reflection constant a = 0.85. Results are presented

for two values of the height parameter; for a full reservoir H/H
d

= 1.0,

for an empty reservoir H/H
d

= 0.0. The normalized excitation frequency

W/W
l

is varied from 0.0 to 4.0.

Because the dam properties are symmetrical about the x-z (8=0)

plane, only one-half of the dam with appropriate boundary conditions on

the plane of symmetry is considered in the analysis. Half of the dam

is idealized as an assemblage of 36 three-dimensional elements as shown

in Fig. 7.1. Every element has a height of H
d
/6, and an included angle

of 7.5 0 which extends throughout the thickness of the dam. The finite

element system is analyzed by the procedures presented in Chapters 4 - 6

including 10 natural modes of vibration of the dam.

7.3.2 Natural Frequencies and Mode Shapes of Vibration

Because the geometry and material properties of the dam are

symmetric about the x-z (8=0) plane, the natural modes of vibration can

be separated into two categories: symmetric or antisymmetric about the

same plane. As mentioned earlier, the symmetric modes are excited by

ground motions in the upstream-downstream and vertical directions:

whereas the antisymmetric modes are excited by cross stream ground

motion. The first six symmetric and first six antisymmetric mode shapes

and natural frequencies of vibration for the three dams -- R/H
d

= 0.5,

1.5, and 2.5 -- under consideration are presented in Figs. 7.2 - 7.7.

These are vibration properties of the dam without water.

In Figs. 7.2 to 7.7, mode shapes are plotted along the upstream

face of the dam at the crest (Z/H
d

= 1.0) and the radial component is
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z

y

x

FIG. 7.1 FINITE ELEMENT IDEALIZATION OF HALF THE DAM USING SHELL ELEMENTS
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plotted over the depth at the particular value of 8 where the mode shape

attains its maximum value. Because the mode shapes are either symmetric

or antisYmmetric about the x-z (8=0) plane, they are displayed over

only half the dam. Similar to Eq. 7.1, the natural frequencies

associated with each mode are shown in dimensionless form. The mode

shapes apply to a dam of any height, modulus of elasticity and density,

provided it has the same idealized geometry, same value of R/H
d

, and

same Poisson's ratio for which the results have been presented.

It is seen from Figs. 7.2 - 7.7 that the vibration frequencies

and mode shapes change significantly with R/H
d

. In particular, the

fundamental frequency decreases as R/H
d

increases. The vibration mode

shapes may be visualized as a combination of vibration modes of the

crest arch and of vertical cantilevers fixed at the base of the dam.

For example, the sixth SYmmetric mode for dams with R/Hd = 0.5 (Fig. 7.2)

can be described as a combination of the first arch mode and the fourth

cantilever mode.

Dams with the smallest R/H
d

are relatively stiff in the arch

direction compared to the cantilever direction. Thus, the first arch

mode combines with three cantilever modes to produce the first three

vibration modes of the dam (Figs. 7.2 and 7.5). In contrast, dams with

the largest R/H
d

are relatively flexible in the arch direction compared

to the cantilever direction. As a result, the first cantilever mode

combines with three arch modes to produce the first three vibration

modes of the dam (Figs. 7.4 and 7.7).

7.4 Presentation of Response Results

In order to identify the effects of the impounded water on the

dynamic response of dams, each of the three dams (Section 7.3.1) is
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analyzed for three conditions: the dam alone without water (H/H
d

= 0) ,

and the dam with water at a depth equal to the dam height (H/H
d

= 1)

considering water as compressible in one case and neglecting water

compressibility effects in another case. The response of the dam to

the three components of ground motion -- upstream-downstream component,

cross-stream component, and vertical component -- was analyzed by the

procedures of Chapters 4, 5, and 6, respectively.

For the symmetric dam-reservoir systems considered in this work,

the natural modes of symmetric vibration of the dam are excited by

ground motions in the upstream-downstream and vertical directions;

whereas the antisymmetric modes are excited by cross stream ground

motion. Considering the first ten natural modes of vibration, symmetric

or antisymmetric as appropriate, the response of the three arch dams

described in Section 7.3.1 to harmonic ground acceleration in each of

the three directions, applied individually, was computed.

The acceleration response at selected locations on the crest of

the three dams are presented in Figs. 7.8 to 7.31. The responses to

upstream-downstream ground motion are presented in Figs. 7.8 to 7.16,

to cross-stream ground motion in Figs. 7.17 to 7.25, and to vertical

ground motion in Figs. 7.26 to 7.31. In each figure, the absolute value

or modulus of the complex frequency response function for crest accelera-

tion is plotted against the excitation frequency normalized relative to

the fundamental natural frequency of the dam, in symmetric or anti-

sYmmetric vibration as appropriate. When presented in this form, the

plots apply to dams of any height with the properties specified in

Section 7.3.1. Furthermore, the response results excluding hydrodynamic

effects or neglecting compressibility of water are independent of the
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FIG. 7.19 COMPLEX FREQUENCY RESPONSES
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modulus of elasticity of mass concrete of the darn. Also included to

assist in interpretation of the results are two additional frequency

scales, one identifying the natural frequencies of the vibration modes,

symmetric or antisymmetric as appropriate, of the dam alone; the other

locating the resonant frequencies of the fluid domain.

The absolute value or modulus of the complex frequency response

functions in the modal (generalized) coordinates (Eqs. 4.17, 5.16 and

6.13) for the first six (j ~ 1, 2, .... , 6) of the ten modes included in

the analysis is plotted against normalized excitation frequency. Such

plots are presented in Figs. 7.8, 7.9, and 7.10 for darns with R/H
d

~ 0.5,

1.5, and 2.5, respectively, subjected to upstream-downstream ground

motion. Similar plots corresponding to cross-stream ground motion are

presented in Figs. 7.17 to 7.20, those associated with vertical ground

motion in Figs. 7.26 to 7.28. The modal coordinate is defined at the

location on the dam where the radial component of the mode shape attains

its maximum value. For all of the dams investigated, this maximum mode

shape value occurs at the crest of the dam at a location defined by the

value of e given in Figs. 7.2 to 7.4 for the SYmmetric modes and in

Figs. 7.5 to 7.7 for the antisYmmetric modes. Thus, the various modal

responses are not defined at the same location on the crest and there­

fore are not directly comparable. However, the response at any location

associated with any particular mode is simply the product of the modal

coordinate and the value of the normalized mode shape -- maximum value

of the radial component of the normalized mode shape is unity -- at that

location (Eqs. 4.18, 5.17 and 6.14).

The complex frequency response functions for the accelerations

at any nodal point on the darn can be determined from the corresponding
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functions for the generalized modal accelerations y~(w), y~(w) or y~(w)
J J J

and Eqs. 4.19, 5.18 or 6.15, respectively. The radial component of

acceleration at several locations around the circumference -- 8 = 0°,

7.5°, 15°, 22.5°, 30°, and 37.5° measured from the crown -- of the up-

stream edge of the crest of the dam were computed by combining the

contributions of the first 10 modes. The responses due to upstream-

downstream ground motion are presented in Figs. 7.11 to 7.13 and those

due to vertical ground motion in Fig. 7.29 to 7.31. In both cases, the

response is symmetric about the x-z (8=0) plane. The responses due to

cross-stream ground motion, which are antisymmetric ~)out the x-z plane,

are presented in Figs. 7.20 to 7.22.

7.5 Discussion of Response Results

7.5.1 Modal Responses

The modal responses of the dam without water (H/H
d

= 0) are

representative of a multidegree of freedom system with constant mass,

stiffness, and damping parameters. Each modal response curve is

similar to the response behavior of a single-degree-of-freedom (SDOF)

system, with resonance at the natural vibration frequency (the effect of

d~nping, ~. = 0.05, on the resonant frequency is negligible) of the
J

particular mode.

Whereas the responses in the natural modes of vibration of the

dam are uncoupled when effects of water on the response of the dam are

excluded, the modal responses become coupled when hydrodynamic effects

are included (see sections 4.3.4, 5.3.4 and 6.3.4). Such coupling is

apparent in both cases -- with or without water compressibility from

the response curve for any mode, wherein the primary response is at the

resonant frequency of that mode but secondary, smaller peaks appear at
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the resonant frequencies of the other modes (Figs. 7.8 to 7.10, 7.17 to

7.19,7.26 to 7.28).

Similar to many structures, the response of arch dams to earth­

quake ground motion indicates some tendency for larger response in the

lower modes of vibration. The peak modal response of arch dams with

R/H
d

= 0.5 and 1.5 to upstream-downstream ground motion (Figs. 7.8 and

7.9) generally decreases with mode number; however, the response of the

more flexible arch dams with R/H
d

= 2.5 (Fig. 7.10) without water or

including hydrodynamic effects but ignoring water compressibility, is

especially significant in the fifth vibration mode. In the case of

cross-stream ground motion, the peak modal responses of arch dams with

R/H
d

= 0.5 and 2.5 generally decrease, although not monotonically, with

mode number; however, the response of arch dams with R/H
d

= 1.5 is

rather large in the fifth and sixth modes of vibration (Figs. 7.17 to

7.19). The peak modal responses of arch dams, including hydrodynamic

effects and water compressibility, to vertical ground motion similarly

do not display any simple trends. For dams with R/H
d

0.5, the peak

response in the fifth mode is almost as large as in the first mode; for

dams with R/H
d

= 1.5, the response in the second mode is larger than in

the first mode; and for dams with R/H
d

= 2.5, the response in the fifth

mode is much larger than in any other mode (Figs 7.26 to 7.28). That

the largest modal response does not appear until the fifth or sixth mode

in some cases illustrates the complicated response behavior of arch dams.

Thus, although only the first few modes -- compared to the total number

of DOF -- will generally suffice for predicting the response, the

analysis must include all the modes having significant contributions to

the response. In general, many more modes need to be included in pre­

dicting the response of arch dams compared to concrete gravity dams or
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multistory buildings. The number of modes that need to be included

depends on the response quantity of interest. Typically, fewer modes

suffice for displacements, more modes are generally necessary for

accelerations and for stresses.

Since the total response at any nodal point on the dam (Figs. 7.11

to 7.13, 7.20 to 7.22, 7.29 to 7.31) is a linear combination of the

responses Y.(w) in the first ten modes of vibration, it exhibits many
]

characteristics of the individual modal responses. For example, the

first two resonant peaks in the response, including hydrodynamic and

water compressibility effects at the crown, e = 0° (Fig. 7.12), arise

from the contributions of the first and second modes (Fig. 7.9),

respectively. The response, including hydrodynamic and water com-

pressibility effects at the fundamental resonant frequency, which is

dominated by the first mode, can be seen to vary around the crest-arch

(Fig. 7.12) similar to the first mode shape (Fig. 7.3). This variation

depends on the excitation frequency. At any other excitation frequency

this variation is more complicated, depending on the contributions of

the various modes to the response at that frequency. Because the modal

contributions vary with e and each modal contribution varies differently,

when they are all combined the distribution of acceleration around the

arch is rather irregular, varying strongly with e.

7.5.2 Hydrodynamic Effects

When water compressibility is neglected the effects of structure-

fluid interaction are frequency-independent and are equivalent to an

added mass matrix and an added load vector in the modal equations

(Eqs. 4.27, 5.25 and 6.19). Because of the added mass effects, the

resonant frequencies of arch dams are reduced (Tables 7.1 and 7.2) and



TABLE 7.1: REDUCTION IN RESONANT FREQUENCIES OF SYMMETRIC VIBRATION MODES DUE
TO HYDRODYNAMIC EFFECTS

R/H
d

= 0.5 R/H
d

= 1.5 R/H
d

= 2.5

MODE
j PERCENT REDUCTION PERCENT REDUCTION PERCENT REDUCTION

W/W1 W/W1 Wj/Wl
Incompressible Compressible Incompressible Compressible Incompressible Compressible

Water Water Water Water Water Water

1 1.00 24 25 1.00 30 30 1.00 30 31

2 1.299 23 26 1.272 28 31 1.125 31 31

3 1.660 17 16 1.848 24 26 1.506 26 27

4 1 .. 765 16 17 2.069 21 22 2.245 24 24

5 1.857 1 1 2.324 20 22 2.270 25 38

6 2.220 14 13 3.302 17 18 2.506 22 27

I-'
I-'
o



TABLE 7.2: REDUCTION IN RESONANT FREQUENCIES OF ANTISYMMETRIC VIBRATION MODES DUE
TO HYDRODYNAMIC EFFECTS

R/H
d

= 0.5 R/H
d

= 1.5 R/H
d

= 2.5

MODE
j PERCENT REDUCTION PERCENT REDUCTION PERCENT REDUCTION

W/Wl W/Wl W/Wl
Incompressible Compressible Incompressible Compressible Incompressible Compressible

Water Water Water Water Water Water

1 1.000 18 18 1.000 28 28 1.000 30 30

2 10669 15 13 1.861 23 25 1. 338 27 29

3 1.816 1 0 2.318 21 23 1.989 24 21

4 2.193 12 20 3.132 19 19 2.530 24 34

5 2.584 9 12 3.352 0 0 2.935 22 22

6 2.755 8 15 3.539 5 6 2.972 22 25

I-'
I-'
I-'
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the apparent-damping ratios are also reduced. Similar results were

obtained earlier for concrete gravity dams [14,15,26]. The added loads

are associated with hydrodynamic pressures in the radial direction on

the cylindrical upstream face of the dam due to rigid body motion of

the dam and banks. Motions in the upstream-downstream direction and

the vertical direction cause large pressures compared to those due to

cross stream motions (compare the pressures in Figs. 4.1, 5.1 and 6.1

at w = 0). As a result, when water compressibility is neglected, the

resonant response to upstream-downstream or vertical ground motion is

increased considerably (Figs. 7.8 - 7.10 and 7.26 - 7.28) whereas the

resonant response to cross-stream ground motion is influenced little by

hydrodynamic effects (Figs. 7.17 - 7.19).

When the compressibility of water is included, dam-water inter-

action introduces frequency-dependent terms in the equations of motion

of the dam (Sections 4.3.4, 5.3.4 and 6.3.4). This frequency dependence

accounts for the complicated shape of the response curves compared to

the curves in which the hydrodynamic effects have been neglected or

water is assumed to be incompressible. The behavior of the response to

upstream-downstream ground motion is especially complicated at

r
excitation frequencies in the neighborhood of W , where the hydrodynamicm

terms become unbounded. This, in contrast to gravity dams [26], results

in unbounded response at these frequencies (see Section 4.4 and

Appendix E). This response amplification is detectable over only an

extremely narrow bandwidth in the neighborhood of wr
(Figs. 7.8 to 7.13).m

In contrast, the hydrodynamic forces due to cross-stream and vertical

ground motions are bounded at the eigen-frequencies wr
of the fluid

m

domain (Sections 5.3.3 and 6.3.3), resulting in bounded response at

these excitation frequencies (Figs. 7.17 to 7.22 and 7.26 to 7.31).
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D t · . d h .th fam-wa er lnteractlon re uces t e J resonant requency of the

dam from w. to W.. The following observations can be made from the
J J

percentage decrease in resonant frequencies summarized in Tables 7.1

and 7.2. The decrease in a resonant frequency depends on the mode

number, whether the mode is symmetric or antisymmetric, and the R/H
d

value for the dam. Greater reductions are observed for dams with higher

R/H
d

values and in the lower modes of vibration. But for a few excep-

tions, the reduction in resonant frequency is about the same whether

compressibility is considered or not.

The resonant response in any vibration mode is influenced by

whether W., the resonant frequency of that mode including the effects
J

r
of compressible water, is less than or greater than WI' the fundamental

resonant frequency of the fluid domain. At excitation frequencies

r
W < WI the frequency dependent terms in the equations of motion for

upstream-downstream and cross-stream ground motions are real valued;

the effect of water is equivalent to an added mass and load with their

magnitude depending on the excitation frequency. In the equations of

motion for vertical ground motion, the added mass term is real valued

but the added load term is complex valued for a ~ 1. This added mass,

in addition to reducing the fundamental resonant frequency of the dam,

has the indirect effect of reducing the apparent damping ratio. The

reduced damping and added load results in narrower bandwidth and larger

response at resonance. Such are the characteristics of response to

upstream-downstream or vertical ground motions exhibited by those

r
vibration modes of an arch dam with resonant frequency W

j
< WI (modes 1

and 2 in Figs. 7.9 and 7.27; modes 1, 2, and 3 in Figs. 7.10 and 7.28).

The total responses display similar behavior at frequencies where these
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modes have the more important contributions (Figs. 7.12, 7.13, 7.30

and 7.31). In the case of cross stream ground motion, the added mass

reduces the resonant frequency. However, the added load is relatively

small compared to the case of upstream-downstream ground motion (compare

Figs. 4.1 to 4.3 with 5.1 to 5.3), leading to hardly any increase in

resonant response over the value for the dam alone. Such is the response

characteristic exhibited by those antisymmetric vibration modes of an

~ r .
arch dam with resonant frequency W

j
< W

l
(mode 1 ln Fig. 7.18 and modes

1 and 2 in Fig. 7.19). The total responses display similar behavior at

frequencies where these modes have the more important contributions

(Figs. 7.21 and 7.22).

r
At excitation frequencies W > W

l
the additional hydrodynamic

terms in the equations of motion of the dam are complex valued for each

of the three components of ground motion (Sections 4.3.2, 5.3.2 and

6.3.2). Thus, the effect of water is equivalent to frequency dependent

additional mass, damping and load. The added mass is relatively small,

and therefore the higher resonant frequencies are not reduced as much

as the lower resonant frequencies (Tables 7.1, 7.2). In the case of

upstream-downstream ground motion, the added damping is however

significant, resulting in decreased resonant response for dams with

R/H = 0.5 and 1.5 in those modes with resonant frequencies w. > r
d J

w
l

(all modes in Fig. 7.8, modes 3-6 in Fig. 7.9) . Thus, the

total response is also reduced in the frequency range including the

higher resonant frequencies (Figs. 7.11,7.12). The trends are not

clear for arch dams with R/H
d

= 2.5 but the influence of additional load

appears to dominate the effect of additional damping, resulting in

slightly increased resonant response (Fig. 7.10). The two competing

effects of hydrodynamic interaction, additional damping and load, are



and 7.26 to 7.31).

mass
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also present in the case of cross-stream or vertical ground motions.

In the response of some modes to cross-stream ground motions the

additional load effect is more significant resulting in larger resonant

response (mode 1 in Fig. 7.17; modes 2 and 6 in Fig. 7.18; modes 3 and

4 in Fig. 7.19). For other modes the additional damping effect is

dominant resulting in smaller resonant response (modes 2, 4, 5 and 6 in

Fig. 7.17; modes 3,4 and 5 in Fig. 7.18; modes 5 and 6 in Fig. 7.19).

The additional load effect is dominant in the response of most vibration

modes to vertical ground motion (Figs. 7.26 to 7.28).

The effects of compressibility of water on the dynamic response

of an arch dam are also controlled by the values of w., the resonant
]

frequencies of the dam, relative to W~, the fundamental resonant fre-

quency of the fluid domain. At excitation frequencies w much smaller

than W~, the compressibility of water has little influence on the hydro-

dynamic terms in the equations of motion (Section 4.5, 5.4 and 6.4) and

thus also on the response of the dam (Figs. 7.8 to 7.13, 7.17 to 7.22

~ r
If the resonant frequency of any mode W

j
« WI'

water compressibility will have little influence on the response in that

r
mode, except in the neighborhood of w

l
(modes 1 and 2 in Fig. 7.10,

mode 1 in Fig. 7.18, modes 1 and 2 in Fig. 7.19).

The effect of water is equivalent to an added mass and load,

independent of excitation frequency, when water compressibility is

ignored (Section 4.5, 5.4 and 6.4). However, when water compressibility

is included, this effect is equivalent to a frequency dependent added

and load for W < wr
but to added mass, load and damping at W > w

r
1 1

with damping increasing with w. . > rThus, at excitation frequencles W w
l

'

the response is reduced when water compressibility is included (Figs.

7.8 to 7.13). At excitation frequencies beyond a certain W > W~, except
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r
in the neighborhood of W , the hydrodynamic forces on rigid dams due to

m

upstream-downstream and vertical ground motion (Figs. 4.4 and 6.2), and

hence added loads in the equations of motions, are smaller than their

values at W = 0, i.e. values corresponding to incompressible water. At

these excitation frequencies, the combined effect of reduced load and in-

creased damping associated with water compressibility effects reduces the

response of the dam (Figs. 7.8 to 7.13 and 7.26 to 7.31). The response

at these excitations frequencies is thus overestimated if water com-

pressibility is neglected. At the above-mentioned excitation fre-

quencies, the hydrodynamic forces due to cross-stream ground motion may

be larger or smaller than the forces at w = 0, which also corresponds

to incompressible water, depending on the value of e and excitation fre-

quency (Figs. 5.1 to 5.4). Thus, water compressibility may lead to an

increase or decrease in the response at a particular location depending

on the excitation frequency (Figs. 7.17 to 7.22).

7.5.3 Comparison of Response to Various Ground Motion Components

The relative significance of the three components of ground

motion in the response of arch dams can be studied by comparing Figs.

7.11, 7.20 and 7.29 for dams with R/H
d

= 0.5; Figs. 7.12, 7.21 and 7.30

for dams with R/H
d

= 1.5; and Figs. 7.13, 7.22 and 7.31 for dams with

R/H
d

= 2.5. The radial acceleration response of dams without water is

largest due to upstream-downstream ground motion, smaller due to cross-

stream ground motion and smallest due to vertical ground motion. Dam-

water interaction and water compressibility similarly affect dam response

to upstream-downstream and cross-stream ground motions. However, the

response to vertical ground motion is greatly increased by these effects,

becoming larger than the response to upstream-downstream ground motion
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for some parameter values. Just as in the case of gravity dams [24),

vertical ground motion causes significant hydrodynamic pressures acting

in the horizontal plane on a cylindrical dam face, thus causing

significant additional response.

7.5.4 Effects of Bank Motion

In all the preceding results, the excitation was simultaneous,

identical motions of the ground and reservoir banks. Because it may not

be reasonable to assume that the motion of ground and banks is identical,

it is of interest to examine the influence of bank motions on the

response. The response of arch dams with three different values of

R/H
d

= 0.5, 1.5, and 2.5, computed from two separate analyses are

presented. The hydrodynamic effects included are due to motion of the

ground only in one case, but due to motion of ground and banks in the

other case. Ten modes of vibration and effects of water compressibility

were included in the analysis. Results of response due to upstream-

downstream ground motion are presented in Figs. 7.14 to 7.16 and those

due to cross-stream ground motion in Figs. 7.23 to 7.25.

The hydrodynamic forces due to bank motions may cause an increase

or decrease in the response at a particular location on the dam,

depending on the direction of ground motion, the excitation frequency w

and the R/H
d

value for the dam.
r

At W < w
l

' the response at all locations

on the dam increases in the case of upstream-downstream ground motion

but decreases for cross-stream ground motion. At W > W~ no systematic

trend is apparent; depending on the excitation frequency the response of

the dam at a particular location may increase or decrease. Even for a

particular excitation frequency, the response may decrease at some

locations and increase at others. The above-observed effects of bank
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motions on dam response are closely related to the influence of the

bank motions on hydrodynamic pressures and forces on rigid dams (Figs.

4.1 to 4.4 and 5.1 to 5.4). The response to upstream-downstream ground

motion at excitation frequencies w = wr
is infinite if the effects of

m

bank motions are included but finite otherwise. This is consistent with

the analytical results of Section 4.4.

Although the effects of bank motion may be significant on the

response at some excitation frequencies, they are generally smaller than

the effects of dam-water interaction or of water compressibility. The

effects of bank motion on dam response are roughly similar in magnitude

for the two horizontal components of ground motion, and they increase

as R/H
d

increases.

In the case of vertical ground motion, the motion of the vertical

banks produces no additional hydrodynamic pressures and hence no

influence on the dam response (see Section 6.3.1).
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8. CONCLUSIONS

The substructure method has been adapted and generalized for

response analysis of arch dams subjected to upstream-downstream, cross­

stream and vertical components of ground motion. The arch dam and

impounded water are treated as two substructures of the total system and

displacements of the dam are represented as a linear combination of the

first few natural modes of vibration of the dam alone. Responses to

arbitrary ground motion can be obtained by Fourier synthesis procedures

applied to the complex frequency response functions cetermined by the

analysis procedures presented in this paper.

structure-fluid interaction introduces additional terms -- which

depend on excitation frequency when water compressibility is considered

but are frequency-independent if water is assumed to be incompressible -­

in the equations of motion for a finite element idealization of the dam.

These hydrodynamic terms in the structural equations are determined as

solutions of the wave equation over the fluid domain for appropriate

motions of the boundary. Mathematical solutions were possible for the

simple geometry of the arch dam and fluid domain assumed in this paper.

For pratical problems, numerical solutions of the wave equation would be

necessary and are being developed [27].

The analysis procedure presented in this report permits the effects

of structure-fluid interaction to be included rationally in dynamic

response of arch dams. The simple geometry assumed for the arch dam and

fluid domain would not be appropriate for analysis of practical problems

but is useful in developing basic understanding of the hydrodynamic

effects in the dynamic response of arch dams. The following conclusions

are based on the response results presented in Chapter 7.
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In general, hydrodynamic effects and water compressibility should

be considered in analyzing the dynamic response of arch dams.

Water in the reservoir causes a decrease in the resonant frequencies

of the dam; as much as 30 percent reduction was observed in the cases

analyzed. The decrease in a resonant frequency depends on the depth of

water, mode number, whether the mode is symmetric or anti-symmetric, and

the radius to height ratio of the dam. Greater reductions are observed

for dams with higher radius to height ratios and in the lower modes of

vibration.

When water compressibility is considered, the hydrodynamic terms

in the equations of motion are functions of W, the excitation frequency.

r
At W < WI' the fundamental resonant frequency of the fluid domain, these

hydrodynamic terms are real valued for upstream-downstream and cross-

stream ground motions, and the effect of water is equivalent to an added

mass and load; for vertical ground motion, the added mass term is real

valued but the added load term is complex valued if the reflection con-

stant a ~ 1. At W > W~ the hydrodynamic terms are complex valued for

each of the three components of motion, and the effect of water is

equivalent to frequency-dependent additional mass, damping and load. As

a result, the hydrodynamic effects in dam response depend on whether W

r
is less than or greater than WI' and on the ground motion component.

These effects were discussed in some detail in Chapter 7.

For all three components of ground motion, water compressibility

has little influence on the response of the dam at excitation frequencies

r
W much smaller than WI.

r
At excitation frequencies W > WI the response

to upstream-downstream and vertical components of ground motion is

reduced if water compressibility is included. However, water compress-

ibility effects may lead to an increase or decrease in the response to
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cross-stream ground motion, depending on the excitation frequency.

Dam-water interaction, considering water compressibility, affects

the radial acceleration response of dams to upstream-downstream and

cross-stream ground motions to a similar degree. However, the response

to vertical ground motion is greatly increased by these effects. Just

as in the case of gravity dams, vertical ground motion causes significant

hydrodynamic pressures. These pressures act in the horizontal plane on

a cylindrical dam face, thus causing significant additional response.

The additional hydrodynamic forces caused by bank motions in the

upstream-downstream or cross-stream directions may significantly affect

the dynamic response of arch dams at some excitation frequencies. How­

ever, these effects of bank motions are generally smaller than the

effects of dam-water interaction or of water compressibility. The

effects of bank motion on dam response are roughly similar in magnitude

for the two horizontal compontents of ground motion. In the case of

vertical ground motion, the motion of the vertical banks produces no

additional hydrodynamic forces and hence has no influence on the dam

response.
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APPENDIX A - NOTATION

quantities defined in Eq. 4.11 for upstream-downstream
ground motion or in Eq. 5.11 for cross stream ground
motion

radial thickness of the dam at the crest

radial thickness of the dam at the base

damping matrix for the dam

velocity of sound in water

generalized damping in the jth mode of vibration of
the dam (without water)

P-wave velocity in rock

modulus of elasticity for dam material

< 1,0,0,1,0,0.... 1,0,0, .... 1,0,0 >

< 0,1,0,0,1,0 .... 0,1,0, .... 0,1,0 >

< 0,0,1,0,0,1 .... 0,0,1, .... 0,0,1 >

hydrodynamic force acting per unit circumferential
length corresponding to Po

complex frequency response function for F
O

hydrodynamic force per unit circumferential length
acting in the radial direction on the upstream face
of the dam as defined in Eq. 4.12

complex frequency response function for FO~

hydrostatic force per unit circumferential length at
the base of the dam



g

H

H
d

i

j ,k,Q"m,n

J

J (x)
n

k

k

K.
J

K (x)
n

LX

LY ==

L
Z

==

Lax
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acceleration of gravity

depth of water in the reservoir

height of the dam

integer counters in summations

number of generalized DOF included in an analysis

Bessel function of the first kind of order n

stiffness matrix for the dam

e w Ie wr r

generalized stiffness in jth mode of vibration of the
dam (without water)

modified Bessel function of the second kind of order n

generalized load vector defined by Eq. 4.15 and 4.16

generalized load vector defined by Eq. 5.14 and 5.15

generalized load vector defined by Eq. 6.11 and 6.12

generalized "added load" vector for incompressible
water due to upstream-downstream ground motion

generalized "added load" vector for incompressible
water due to cross stream ground motion

L
az

== generalized "added load" vector for incompressible
water due to vertical ground motion

== generalized load vector associated with the mass of
the dam due to upstream-downstream ground motion

:= generalized load vector associated with the mass of
the dam due to cross-stream ground motion
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p

p.
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p.
J

129

generalized load vector associated with the mass of
the dam due to vertical ground motion

consistent mass matrix for the dam

the largest integer "m" satisfying the inequality
rw/w
l

> (2m-l), m == 1,2,3, ....

generalized "added mass" for incompressible water

generalized mass for the jth natural mode of vibration
of the dam (without water)

number of nodal points on the dam

hydrodynamic pressure in excess of hydrostatic

hydrodynamic pressure on the upstream face of the dam

complex frequency response function for p
c

hydrodynamic pressure on the upstream face of the dam
due to acceleration of the dam in its jth natural mode
of vibration

complex frequence response function for p.
J

hydrodynamic pressure on the upstream face of the dam
due to vertical, rigid-body accelerations of the dam,
reservoir bottom and the banks

z
complex frequency response function for PO

hydrodynamic pressure on the upstream face of the dam
due to acceleration of only the reservoir banks in the
upstream-downstream direction.

x
complex frequency response function for POB

hydrodynamic pressure on the upstream face of the dam
due to acceleration of only the reservoir banks in the
cross-stream direction

complex frequency response function for P~B
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hydrodynamic pressure on the upstream face of the dam
due to acceleration of the rigid dam in the upstream­
downstream direction but the banks remain stationary

complex frequency response function for pXaD

= hydrodynamic pressure on the upstream face of the dam
due to acceleration of the rigid dam in the cross­
stream direction but the banks remain stationary.

complex frequency response function for P~D

hydrodynamic pressure on the upstream face of the dam
due to acceleration of the rigid dam and reservoir

banks (POB + POD)

complex frequency response function for POT

vector of nodal point loads associated with hydro­
dynamic pressures

complex frequency response function for Q

subvector of Q(t) associated with the DOF of the nodal
points, on the upstream face of the dam, in contact
with the water

f
complex frequency response function for g

hydrodynamic load vector defined as the static
-x _y -2

equivalent of the pressure function p., p., or p.
J J Jrespectively

hydrodynamic load vector defined as the static
-x -y

equivalent of the pressure function POB or POB
respectively

hydrodynamic load vector defined as the static
-x _y

equivalent of the pressure function POD or POD
respectively

radial coordinate of reservoir - dam system (see
Fig. 2.1)
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~ radius of upstream face of the dam

coefficient matrix given in Eq. 4.16 for upstream­
downstream ground motion or by Eq. 5.15 for cross
stream ground motion

~ time variable

vector of nodal point displacements relative to the
ground

complex frequency response vector for total acceleration
of the dam due to upstream-downstream ground motion
(Eq. 4.19)

complex frequency response vector for total acceleration
of the dam due to cross-stream grounc motion (Eq. 5.18)

= complex frequency response vector for total acceleration
of the dam due to vertical ground motion (Eq. 6.15)

upstream-downstream component of earthquake ground
acceleration

~ cross-stream component of earthquake ground acceleration

~ vectical component of earthquake ground acceleration

~ complex frequency response vector for acceleration of
the dam in the jth symmetric mode due to upstream­
downstream ground motion (Eq. 4.18)

complex frequenct response vector for
the dam in the j h anti symmetric mode
stream ground motion (Eq. 5.17)

acceleration of
due to cross-

complex frequenct response vector
the dam in the j h symmetric mode
dam due to vertical ground motion

for acceleration of
of vibration of the
(Eq. 6.14)

r
v

e
v

z
v

the radial component of water partical displacements

~ the tangential component of water partical displacements

the vertical component of water partical displacements
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x- component of the displacement of nodal point "nil
(Fig. 3.1)

y- component of the displacement of nodal point "n"
(Fig. 3.1)

= z- component of the displacement of nodal point lin"
(Fig. 3.1)

= unit weight of water

unit weight of ground rock

orthogonal cartesian coordinates (Fig. 2.1)

jth generalized displacement of the dam

complex frequency response of Y.
J

Bessel function of the second kind of order n

generalized displacement of the dam associated with the
jth symmetric mode of vibration due to upstream­
downstream ground motion

generalized displacement of the dam associated with the
jth atisymmetric mode of vibration due to cross-stream
ground motion

generalized displacement of the dam associated with the
jth symmetric mode of vibration due to vertical ground
motion

complex frequency response for Y~
J

complex frequency response for y
y
j

z= complex frequency response for Y.
J

reflection constant for the reservoir bottom associated
wi~h vertical ground motion a = (k - l)/(k + 1)

quantity defined in Eq. 4.11a or S.lla



~.
J

133

viscous damping ratio for the jth natural mode of
vibration of the dam (without water)

E
n

A
m

cp.
J

numerical multiplier equal to 1 when n
to 2 when n of a

quantity defined in Eq. 4.llb or 5.llb

Poisson's ratio

continuous function analogue of cp.
-J

a but equal

e

w

w.
J

r
w

m

]..In

jth mode shape vector of the dam (without water in the
reservoir)

sub-vector of the jth mode shape ~j containing elements
associatiated with the DOF on the upstream face of the
dam

sub-vector of CP3 containing elements associated with
the x- DOF of the nodal points on the upstream face of
the dam

sub-vector of p; containing elements associated with
the y- DOF of the nodal points on the upstream face of
the dam

angular coordinate of reservoir-dam system (Fig. 2.1)

circular frequency of harmonic ground motion

jth natural frequency of vibration of the dam (without
water in the reservoir)

TIC th
2H (2m - 1) , m = 1,2,3,.... the m

eigen-frequency of the water in the reservoir

summation index defined in Eq. 5.11
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APPENDIX B - FINITE ELEMENT PROPERTIES

B.l Introduction

A general form of the stiffness matrix k for any finite element

is given by

k= f
Vol

T
a c a dV (B.l)

where ~ is the strain-displacement relationship and c is the stress-

strain law, i.e.

a v

a = c C

(B.2)

(B.3)

where ~ is the nodal displacements, £ and a are the element strains and

corresponding stresses respectively.

B.2 Coordinate System

The shell-element used to descritize the dam is a 16-node curved

solid element (see Fig. Bl). The locations of the nodes are defined by

the right-handed rectangular Cartesian coordinate system (x, y, z) which

is referred to as a global system. Within each element a local coordin-

ate system (~, n, s) is defined such that ~, n and ~ vary from -1 to

1; (0,0,0) is located at the centroid of the element (see Fig. Bl).

The global coordinates are given in terms of the local coordinate sys-

tern by
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16

x = '"" h.x.L..J l l

i=l

16

Y = '"" h.y.L..J l l

i=l

16

z = '"" h.z.L..J l l

i=l

where the interpolation functions h. are given by
l

h
1

1 t,:) (1 + n) (1 + 1:;) (t,: + n - 1)= -(1 +
8

h
2

= 1:.(1 - t,:) (1 + n) (1 + 1:;) (-t,: + n - 1)
8

h
3

= 1:.(1 - t,:) (1 - n) (1 + 1:;) (-I; - n - 1)
S

h
4

= 1:.(1 + t,:) (1 - n) (1 + 1:;) (I; - n - 1)
S

1
h

S
= 8(1 + t,:) (1 + n) (1 - 1:;) (I; + n - 1)

h
6

= ~(1 - 1;) (1 + n) (1 - 1:;) (-I; + n - 1)

h
7

= ~(1 - t,:) (1 - n) (1 - 1:;) (-I; - n - 1)

1
h

S
= 8(1 + t,:) (1 - n) (1 - 1:;) (I; - n - 1)

(B.4)
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1
t;:)(l

2
h

12
= -(1 + - n ) (1 + l;;)

4

h13
= 1:.(1 - t;:2) (1 + n) (1 - l;;)

4

= 1:.(1 - t;:) (1
2

h14 4 - n ) (1 - l;;)

= 1:.(1 2
- l;;)h

lS 4
- t;: ) (1 - n) (1

1 2
h16 4"(1 + ~) (1 - n ) (1 - l;;)

B.3 Strain-Displacement Equations

The x, y and z components of displacements within an element

(yX, yY, yZ) are assumed to be of the following form:

(B. S)

16
x =2: h.y~

x x x x xy + h17Cil + h lSCi2 + h
19

Ci
3 + h 20Ci4 + h

21
Ci

Sl l

i=l

16

yY =2: h.y~ + Y Y Y Y Y
l l

h17Cil + h
lS

Ci
2

+ h19Ci
3

+ h
20

Ci
4

+ h
21

Ci
S

i=l

16
z =2: h.y~

z z Z Z z
(B.6)y + h

17
Ci

l
+ h

lS
Ci

2
+ h

19
Ci

3
+ h

20
Ci

4
+ h

21
Ci

Sl l

i=l

where

h
17

t;:(l _ t;:2)

2
h

lS n (1 - n )

h
19

(1 - l;;2)

h
20 ~n(l

_ l;;2)

2
h 21 n~ (1 - n ) (B.7)
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v~ and v~ are the x, y and Z displacements of nodal point i.
l l

The

fifteen degrees of freedom a~, a~ and a~, i = 1,5, are introduced in
l l l

the element in addition to the nodal point displacements to impart bet-

ter bending characteristics.* These additional degrees of freedom will

be condensed out at the element level.

The strain-displacement equations are

xx
E

zz
E

IxIa x va: =<~,x> ~x

I
zla Z v

a~ =<~,z) ~z

~:z ~<~,z>I~:1+<~,x>1
Z

1
av

X vxz
E --+

dZ Za

yz dVY av
Z

~<~.z>{ ~: }+<~,y>{~: } (B.8)E --+
aydZ

*E.L. Wilson, R.L. Taylor, W. Doherty, and J. Ghaboussi, "Incompatible
Displacement Models," Numerical and Computer Methods in Structural Mechanics
(S.J. Fenves, N. Perrone, J. Robinson, and W.C. Schnobrich, eds.), Academic
Press, Inc., New York, 1973, pp. 43-57.
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where

(~,x == (hl,x h h21 ,x)2,x

(~'Y == (h1,y h h2l ,y)2,y

(~,z (h1,z h h21 ,z) (B.9)2,z

{~x}T ~~
x

v~6)v2

T

<vi vi6){~} == vY
2

{~z}T ~~
z

v~6) (B.1O)v2

{~}T <a~
x x x

a~)== a 2 a 3 a
4

{~y}T ~i a Y a Y a Y a~)2 3 4

{~z} T == <a~ z z z
a~> (B.ll)a 2 a 3 a

4

The "," denotes partial derivative. Equation B.8 can be written in

matrix form as

where

E: == [; I ~] (B.12)

T
v

Ta

=({~X}T {~y}T {~z}T

=({~r {~}T, {~z}T (B.13 )
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~ and ~ are matrices in terms of the derivatives of the interpolation

functions. The sizes of a and a are 6 x 48 and 6 x 15 respectively.
-v ---et

Since the functions h. are in terms of ~, nand s the chain rule
1

is applied in order to compute the derivatives with respect to the x,

y, z system,

h. h. ~ ~ + h. n + h. s l;
1,X 1, ,x l,n ,x 1, ,x

h. h. ~ ~ + h. n,y + h. l; l;
l,y 1, ,y l,n 1, ,y

h. h. l; ~ + h. n + h. l; s (B.14)
1,Z 1, ,Z l,n ,Z 1, ,z

In general, the chain rule can be written as

a a a
~ x,~ y,~ Z,t; ax ax

a a
(J I a

an
x y,n Z

dY
= dy,n ,n

d d a
(B .15)

~ x,s y,s z,c; ~ ~

The matrix [J] is known as the Jacobian matrix. The elements of the

Jacobian matrix can easily be found using Eq. B.4. The derivatives

required in Eq. B.15 are obtained using the inverse of Eq. B.16 as

h. h. S1.,X 1,

h. [J] -1 h. (B.16)
l,y l,n

h. h. r;1,Z 1,

For given numerical values of ~, nand l; the derivatives of the interpo-

lation function can be computed. Then from Eq. B.17 and B.16, all deriv-

atives required for the numerical evaluation of the strain-displacement

matrix, Eq. B.13, can be obtained.
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B.4 Static Condensation

The standard static condensation procedure is applied to condense

out the additional degrees of freedom a ..
l

From Eq. B.13 and B.l, the element stiffness matrix can be written

as

c /a
-\~

{

T
a

'V ! ~k~ Vol a~}
In partitioned form

~ dV (B .17)

where

'V
k [

'~
~v

'V
k
-av

(B.18)

Lv / ~ £; dV

Vol

'V
k
~a

'V
k
-av

'V
k
-aa ! ~ £~ dV

Vol

(B.19)

Nodal forces Q and Q are related to the nodal displacements as
=v =a

'V
k
~v

'V
k
-av

'V
k-va

'V
k
-aa

(B.20)
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The work done by the nodal forces in deforming the element is

1 TtV TtV 1 TtV
"2 Y.. .!svv v + a ~v v + "2 a ~a a (B.2l)

Minimizing W with respect to the additional degrees of freedom, i.e.

leads to

aw
--=

xaa.
l.

aw
--=

aa~
l.

aw = 0
z

da.
l.

i=l,2,3,4,5 (B.22)

Therefore

a = ~-av v (B.23)

[
tV tV [tV ]-1 tV ]= k - k k k v

~ --vv -va -aa -av (B.24)

The condensed stiffness matrix of the element with respect to the nodal

displacement amplitudes v is

tV
k = k

--vv
tV [tV ]-1- k k-va -aa k-av

(B. 25)

Similarly the condensed form of the strain-displacement transformation

matrix is

a = a - a [~ ]-1 k tV
-v -a -aa -av

(B.26)
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B.5 Numerical Integration of Element Stiffness Matrix

The element stiffness is given by Eq. B.26. The numerical inte-

'\;
gration necessary to form k is briefly discussed. Similar computa­

~v

tions are involved in obtaining other matrices in Eq. B.26.

'\;

The expression for k in the local coordinate system (~, n, s)
~

is

'\;
k
~v

T
a c a
~-~

(B. 27)

where J is the determinant of the Jacobian matrix (E~. B.16). The di-

rect application of one-dimensional integration formulas yields

'\;

k
~v

i=l j=l m=l

J (~ . , n .,s )[a (~., n . , 1;; ) IT c[a (~., n . ,s )]
l J m ~ l J m - ~ l J m

....... (B.28)

where (~. ,n.,s ) are the integration points and W. , W. , Ware approx-
l J m l J m

imate weight functions.

B.6 Consistent Mass Matrix

The mass matrix formulation for any element is based on the same

displacement assumptions as those used to formulate the element stiff-

ness matrix (Eq. B.6). The element displacements can be written is the

form

x
v

(B.29)

z
v



144

where v is defined in Eq. B.14 and!!. is a matrix of interpolation func-

tions. The mass matrix for the element~, is

m = I P H
T

H dV

Vol

(B.30)

The volume integration is carried out analogous to the integration des-

cribed for the stiffness matrix (Sec. B.5).



x

NODE GLOBAL LOCAL
NUMBER COORDINATE COORDINATE

~ 1 (xl' Y1, zl) (1, 1, 1)

2 (x2' Y2, z2) (-1, 1, 1)

3 (x3' Y3, z3) (-1, -1, 1)

4 (x4' Y4' z4) (1, -1, 1)

5 (x 5' Y5, z5) (1, 1,-1)
)( 6 (x6 ' Y6, z61 (-1, 1, -1)I

I 7 (x 7' Y7' z7) (-1, -1, -1)

~ a (xa' Ya' za) 11, -1,-0

41'\
r ./ ..................

9 (x g Y9' Zg) (0, 1, 1),
12/./ "-

10 (x lO' YlO' zlO) (-1,0, 1)

11 (x 11 ' Y11' z11) (0, -1,1)

8~ y~ 12 (x 12' Y12' z12) (1,0, -1)
t-'Z

13 (x 13' Y13' z13) (0, 1, -1) ~

U1
14 (x 14' Y14' z14) (·1,0, -1)

5 15 (x 15' Y15, z15) (0, .1,.1)

16 (x 16' Y16, z16) /1,0,1)

; .v

FIG. Bl. 16 NODE SHELL ELEMENT
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APPENDIX C - DERIVATIONS OF THE COMPLEX FREQUENCY RESPONSE
FUNCTIONS FOR HYDRODYNAMIC PRESSURE

C.l Preliminaries

C.2 Ground Motion In upstream-Downstream Direction

-x
C.2.l Derivation of POD C8 ,z,w)

-x
C.2.2 Derivation of POB(8,z,w)

-x
C.2.3 Derivation of p. C8, z ,w)

J

C.3 Ground Motion In Cross-stream Direction

C.3.l Derivation of
-y
POD C8 ,z,w)

C. 3.2 Derivation of
-y
PoB C8,z,w)

C.3.3
-y

Derivation of p.C8,z,w)
J

C.4 Vertical Ground Motion

C.4.1
-z

Derivation of PO(z,w)
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C.l preliminaries

Appendix C presents the solution of the wave equation for the

complex frequency response function for hydrodynamic pressures acting

on the upstream face of the idealized arch darn. In cylindrical coor-

dinates the governing equation for hydrodynamic pressure p is

(C .1)

where C is the velocity of sound in water, t is time and r, 8 and z

are the radial, angular and depth coordinates respectively (see Fig. 2.1).

. d . v·' (t) iwt h h d d .For harmonlc groun acceleratlon = e , t e y ro ynarnlc pressures
g

p(r,8,z,t) can be expressed as

p(r,8,z,t) - 8 ) iwtp(r, ,z e (C.2)

where w is the excitation frequency and p(r,8,z) is the complex frequency

response function for hydrodynamic pressure. In terms of p the govern-

ing equation becomes

(C.3)

Letting

follows

p(r)8(8)c;:(z), Eq. c.3 separates into three equations as

2
C;:" (z) + ex c;: (z)

2
8"(8) + l.l 8(8)

a

a

(C.4a)

(C.4b)

1
p"(r) +

r
pI (r) + (W

2

c2
2

ex a (C.4c)
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where ( )' and ( )" signify the first and second derivative of ( ) with

respect to its independent variable. a and ~ are separation constants

that will be determined from boundary conditions.

The following sections of Appendix C determine expressions for

p on the upstream face of the dam (r = R) by solving Eq. C.4a to C.4c

for boundary conditions associated with horizontal ground motion in the

upstream-downstream direction (Sec. C.2), horizontal ground motion in

the cross-stream direction (Sec. C.3) and vertical ground motion

(Sec. C. 4) .

C.2 Ground Motion In Upstream-Downstream Direction

C.2.1 Derivation of p~D(e,z,W)

P~D is the complex frequency response function for the hydrody-

namic pressures on the upstream face of the dam when the excitation is

the acceleration of the rigid dam in the x direction but the banks re-

main stationary. From Chapter 4, Eq. 4.3 and 4.5 the boundary conditions

for the governing equation (Eq. C.3) are

op
(R,e,z)

w
e

or
cos

g

op
(r,1T/4,z) =: 0

rae

op
(r,e,o) 0az

p(r,e,H) 0

op
(r,o,z) 0roe

(C.5a)

(C.5b)

(C. 5c)

(C.5d)

(C.5e)
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where w is the unit weight of water and g is the acceleration due to

gravity. In addition to these boundary conditions, no wave reflections

at the upstream end of the reservoir (r = B) are permitted.

The solution of Eq. C.4a together with the boundary conditions

given in Eq. C.5c and C.5d yield

1:;(z) A cos a z
m m m 1,2, ..• 00 (C.6a)

where a is the value of a satisfying
m

a
m

(2m-i) 1T
2H (C.6b)

and A are constants.
m

The solution of Eq. C.4b together with the boundary conditions

given in Eq. C.5b and C.5e result in

8 (8) B cos jl 8
n n

n 0,1,2,3, ... (C.7a)

where jl is the value of jl satisfying
n

4n

and B are constants.
n

(C.7b)

Recognizing Eq. C.4c as a form of Bessel's equation, the solution

2 2
involves the relationship between a and W

m C2

2 2
If W . hlS greater t an a

c2 m

Hankel functions of the first and second kind of order jl H(l) (A r) and
n' jl m

n

H(2) (A r), characterize the solution
jl m

n

per) C H (1) (A r) + D
mnjl m mn

n

H(2) (A r)
jl m

n
(C.8a)
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where

A
m

(C.8b)

and C and D are constants.
ron mn

H(l) (A r) is associated with a con-
lJn m

verging wave traveling toward the dam, which can be regarded as a wave

reflected from an upstream boundary. Since there is no upstream boun-

dary and thus no reflected waves permitted C = O. Therefore, Eg. C.8a
ron

becomes

p(r) D
ron

H(2) (A r)
lJ mn

for (C.9)

w2
2

If > a , modified Bessel functions of the first and second
C2 m

kind of order lJ I (A r) and K (A r), characterize the solution
n' lJ m lJ m

n n

p(r) E I (A r) + F K (A r)
ron lJ

n
m ron lJ

n
m

(C.lO)

where E and F are coefficients determined by the boundary conditions.
ron mn

I (A r) becomes infinite as r approaches infinity, thus setting E = 0
lJ m mn

n

eliminates I (A r) from the solution. Thus,
11 mn

p (r) F K (A r)
mn lJ

n
m

for (C.lI)
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Combining Eq. C.6a, C.7a, C.7b, C.8b, C.9b and C.ll, the expression for

_x b
POD ecomes

D
mn

H(2) (A r) cos 4n8 cos ex Z
4n m m

m=l n=O

00 00

+ L LFmn
m=mJl,+l n=O

K
4

(A r) cos 4n8 cos ex Z
n m m

(C.12)

wwhere mo is the largest integer "m" satisfying the inequality - > ex
JV C m

The constants Dmn and Fmn are determined such that P~D satisfies

the boundary condition given in Eq. C.5a.

mJl, 00

L L Dmn ~R [H~~) (AmR)] cos 4n8 cos exmz

m=l n=O

00 00

+ L L Fmn ~R [K4n (AmR)] cos 4n8 cos exmz

m=mJl,+l n=O

w cos e
g

Because the set of eigenfunctions cos 4n8 cos ex z, n = 0,
m

(C.l3)

1,2, .•. ,

m = 1, 2, 3, ••. are an orthogonal set of functions on the interval

(0 ~ e ~ TI/4) (O~ Z ~ H), D and F can be found by classical eigen-
mn mn

function expansion techniques as



IS3

TI/4 H
w i 8 cos 4n8 d8

~
dzcos cos a z

g m

D
TI/4

(C .14)
mn H

d [H (2) cA. R)J

~
2

4n8 d8

~
2- cos cos a z dz

dR 4n m m

TI/4 H
w

~
cos 8 cos 4n8 d8

~
dzcos a z

g m

(C.IS)F
TI/4mn H

d
r4n (AmR)] ~

2
4n8 d8

~
2

- cos cos a z dz
dR m

Evaluation of the integrals in Eq. C.14 and C.IS yields

H

[
H

~

cos a z dz
m

2
cos a z dz

m

(_l)m+l

a
m

H
2

m

m

1,2,3, ...

1,2,3, .•.

(C.16a)

(C.16b)

TI/4f cos 8 cos 4ne de

a

V2
2

(_l)n

2
(1-16n )

n == 0,1,2, ... (C .16c)

where

2
cos 4n8 d8

TI
4 E:

n
n == 0,1,2, ..• (C.16d)

E:
n

n == 0

n == 1,2,3, ...
(C .16e)
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The Hankel function can be expressed In terms of Bessel functions J
4n

and Y4n and differentiated to obtain

d fH(2) (A R)l
dR ~ 4n m J

A
m

2
fA (A R) - iB (A R)lL'n m n mJ (C.17a)

where i ~ and

A (A R) = J 4 1(1.. R) - J 4 1(1.. R)n m n- m n+ m

B (A R) Y4 1(1.. R) - Y4 1(1.. R)n m n- m n+ m

(C.17b)

(C.17c)

The derivative of the Modified Bessel function K4 (A R) can be ex­
n m

pressed as

A
m

2
(C .18)

The expressions for D and F can be rewritten by substituting
mn mn

Eq. C.16 and C.17 into Eq. C.14 for D and Eq. C.16 and C.18 intomn

Eq. C.15 for F
mn

After some simplification,

8 V2 w E ( -1) n (-1) m+1 [A (A Rl + iB (A Rl]
D

n n m n m
(C.19a)

mn 2
A A

2
(A R) + B

2
(A R)gTIH(l-16n ) a

m m n m n m

sV2 w E (_l)n (_l)m+l

[K4n_1 (AmRI ~ K4n+l(V>]n
(C.19b)F +

mn 2
AgTfH(l-16n ) a

m m

The complex frequency response function for pressure on the upstream

face (r = R) of the dam, P~D(8,z,w), is obtained by substituting the

above expressions for D and F into Eq. C.12. Noting that
mn mn
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4n m
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J
4

(A r) - iY4 (A r)n m n m
(C.20)

and rearranging terms, Eq. C.12 becomes

16'\[2 w
2

gn

00 00

m==l n=O

(-1) m

(2m-l)

E:: (_l)n
n• 2

(1-16n )
rC (A R) + iD (A R)J cos 4n8 cos a z
In m n m m

(C.2l)

Expressions for C and D differ depending on whether m is smaller or
n n

larger than m£. For m < m£ they are as follows

C (A R)
n m

D (A R)
n m

[ A (A R) J
4

(A R) +
n m n m

[ B (A R) J
4

(A R) -
n m n m

A R rA
2

(A R)
m t n m

B (A R) Y
4

(A R)Jn m n m

+ B2 (A R),---­
n m J

A C\ R) Y
4

(A R)Jn m n m

(C.22a)

(C.22b)

where A (A R) and B (A R) are given in Eq. C.17b and C.17c, respectively.
n m n m

For m > m£ the above listed functions are as follows:

C (\ R)
n m

D (A R)
n m

K
4

(\ R)
n m

- A R[K4 1(11. R) + K4 (\ R)fm n- m n+l m

o

(C.22c)

(C.22d)

Kotsubo [5J obtained the pressure on the face of rigid arch dams

for excitation vX(t) = -ag sin wt. Taking the imaginary part of the
g

pressure (Eq. C.2, C.2l, and C.22) and multiplying by -ag, the result

given for P~D specializes to Kotsubo's.
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C.2.2 Derivation of p~B(e,z,W)

pX (e,z,w) is the complex frequency response function for the
OB

hydrodynamic pressures on the upstream face of the dam when the excita-

tion is the acceleration of the reservoir banks in the upstream-

downstream direction but the dam remains stationary. From Chapter 4,

Eq. 4.3c to 4.3e, 4.6a and 4.6b, the boundary conditions for the govern

ing equation (Eq. C.3) are

all (R,e,z) a
ar

ap
(r,TI/4,z)

1 w
rae

---
v-2 g

Clp
(r,e,o) == aa;

p(r,e,H) a

ap
(r,o,z) a

rae

(C.23a)

(C.23b)

(C.23c)

(C.23d)

(C.23e)

In addition to these boundary conditions, no wave reflections at the

upstream end of the reservoir (r == 00) are permitted.

Because the governing equation as well as the boundary conditions

are linear, the principle of superposition applies. The complex fre-

quency response function, P~B' can therefore be expressed as:

_xl d _x2 . 24 d'POB an POB In Eq. C. are eflned as follows.

(C.24)

_xl.
POB lS the solution

of Eq. C.3 for motion of the banks with the dam removed. Thus, boundary
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conditions C.23b to C.23e are satisfied but the boundary condition on

the upstream face of the dam, Eq. C.23a, is not satisfied. p~~ is the

solution of Eq. C.3 for the following boundary conditions:

C)_xl
dP (R,e,z)

POB
(R,e,z)

dr ~

dp
(r,TI/4,z) 0

de

(C.25a)

(C.25b)

and those specified in Eq. C.23c to C.23e.

The complex frequency response function for hydrodynamic pres­

sure due to motion of the banks with the dam removed pXl can be obtained
OB

by superposing the response due to excitation of each of the two banks

acting separately

(C.26)

Consider the rectangular coordinate system X, y, z where x is directed

along the bank e = -TI/4, yalong the bank e = TI/4 and z is the vertical

coordinate (see Fig. 2.1). The x and y coordinates are rotated 45° from

the x and y coordinates shown in Fig. 2.1. Expressed in the rectangular

coordinates X, y, z, the pressure function P~B associated with excita­

tion of only the bank x = 0 is governed by the two-dimensional equivalent

of the equation of motion, Eq. C.3, and the boundary conditions given in

Eq. C.23b to C.23d.

,,2_ _ )
o p(x,z

dx2
2

w _(_ ):2 p x,z
C

(C.27)
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dP (0, z)
1 w

dX = - ---Vi.g

dP
(x,o) 0az

p(x,H) = 0

(C.28a)

(C.28b)

(C.28c)

In addition to these boundary conditions, no wave reflections at the

upstream end of the reservoir are permitted.

The application of standard separation of variable techniques

yields the following expression

t m£ i(_l)m+l -iA x_1 2V2 w

-~
m

POB (2m-I) A
cos a z e

g1T m
m

()()

e -AmxI+ L (-1) m+l
cos a z

(2m-I) A m
m=mJl,+l

m
(C.29)

where Am and mJl, have been defined previously.

The complex frequency response for hydrodynamic pressure P~B due

to similar excitation of only the bank y = 0 is obtained by exchanging

y for x in the above equations (Eq. C.2? to C.29). Transforming x and

y into the cylindrical coordinates, rand 8, the pressure function p~~

due to excitation of both banks (without dam) is obtained from Eq. C.26

as
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xl
POB(r,8,z)

~
-iAmr sin (TI/4-8) e-iAmr Sin(TI/4+8)]

• cos a z e +
m

sin (n/ 4+8J]I
+ e

00

-A r
m

(_l)m+l

(2m-I) A
m

cos a z
m

sin (TI/4-8)

(C.30)

P~~ is obtained from the solution of Eq. C.3 and the boundary

conditions given by Eq. C.23c to C.23e and C.25a to C.25b. The general

form of the solution for P~D given in Eq. C.12 also applies to P~~ since

all boundary conditions except C.25a are satisfied by Eq. C.12.

_x2 6
POB(r, ,z,w) D

mn
H (2) (A r) cos 4n6 cos a z

4n m m
m=l n=O

00 00

F K
4

(A r) cos 4n8 cos a z
mn n m m

(C.3l)

m=m +1 n=OR,

The complete solution for P~~ is obtained when the coefficients

D and F are determined so that the remaining boundary condition
ron ron

(Eq. C.25a) is satisfied. Using Eq. C.17a to C.17c, C.18, C.30 and C.31,

the boundary condition given in Eq. C.25a becomes
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mJl, CX)

~~ _Dmn_
2

_Am_ [A (A R) - iB (A R)l cos 4n8 cos ex z
LJLJ n m n m J m
m=l n=O

[

-iA R sin(TI/4-8)
sin (TI/4-8) e m

-A R
m

CX)

-iAmR sin (TI/4+8)] + ~
+ sin (TI/4+8) e LJ

r -A R sin (TI/4+8)
• cos cxmz Ls i n(TI/4-8) e m

+ sin(TI/4+8) e

(_l)m+l

(2m-I)

(C.32)

Because the set of eigenfunctions cos 4n8, n = 0, 1, 2, 3, .•. form an

orthogonal set of functions on the interval 0 ~ 8 ~ TI/4, D and F can
mn mn

be found by standard eigenfunction expansion techniques.

D
mn

l6V2 w (_l)m+l E[A (A R) + iB (A R)J
_______--.=--n-=-_n__m n-=-_m----''''-- L (A R)

1T
2g(2m-1)A rA2 (A R) + B2 (A R~ n fifit n m n m J

(C.33)

F
mn

16'V2 w (-1) m+1

TI
2

g(2m-1)A rK4 1(1.. R) +
mt n- m

E
n

G (A R)
n m

(C.34)
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where

G (A R)
n m

1T/4

{
r -A R sin (1T/4-8)
Ls i n(1T/4-8) e m

-A R sin (1T/4+8>l
+ sin (1T/4+8) e m J cos 4n8 d8 (C.35)

L (A R)
n m

1T/4

{
r -iA R sin(1T/4-8)Lin (1T/4-8) e m

-iA R sin(1T/4+e~
+ sin (1T/4+e) e m J cos 4n8 de (C.36)

A simplified form for the integral L (A R) is obtained by expressing the
n m

exponential terms of Eq. C.36 as a series of Bessel functions and eval-

uating the resulting integrals. L (A R) becomes
n m

L (A R)
n m

(-1) n

00

-L E2k J 2k (AmR )

k=O

(C.37)

_x2. ..
Thus, POB is glven by Eq. C.3l wlth coefflcients D

rnn
and F

rnn
defined in

Eq. C.33 to C.35 and C.37.

The complex frequency response function for hydrodynamic pressures

on the upstream face of the dam (r = R) when the excitation is the accel-

eration of the reservoir banks in the upstream-downstream direction but

the dam remains stationary, P~B (e , z ,w) ,

see Eq. C.24 -- the expressions forp~~

is obtained by superposing

( 3 ) _x2 (
Eq. C. 0 and POB Eq. C.31,
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C.33 to C.35 and C.37). After rearranging terms, the expression for

_x b
POB ecomes

2V2 wR

gTI
a z

m

00 00

+ ~""' , s ru (A R)TIL..JL..J nLmn m
m=l n=O

+ iV (A R)l cos 4n8 cos a z}
mn m J m

(C.38)

where a ,A and E are given by Eg. C.6b, C.8b and C.16e respectively.
m m n

Expressions for functions E , F ,U ,and V differ depending on
m m ron mn

whether m is smaller or larger than mR,; mR, is the largest integer "m"

satisfying the inequality ~ > am" For m < mR, they are as follows:

E (A R)
m m (2m-l)A R

m

(C.39a)

F (A. R)
m m (2m-l)A. R

m

(C.39b)

u (A. R)
ron m

m nl(-1) (-1) T (A. R)
(2m-i) n m

C (A. R)
n m

TI
+ -4 A (A R)n m

D(A R)]
n m

(C.39c)



v (A R)
mn m

(_l)m(_l)n

(2m-l)
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fT (A R) D (A R)
~ n m n m

where

00

(C.39d)

Tn (AmR) = .L €2k J 2k (AmR)

k=O

(16n
2 + 4k

2
- 1)

.--~---=---'-------_--':'-_--,------

(16n
2

- 4k
2

- 4k - 1) (16n
2

- 4k
2 + 4k - 1)

(C.3ge)

C (A R), D (A R), A (A R) and B (A R) are defined in Eg. C.22a, C.22b,
n m n m n m n m

C.17a and C.17b respectively. For m > m~ the above listed functions are

as follows:

E (A R)
m m

_(_l)m [e-AmR sin(TI/4-8)

(2m-l) A R
m

-AmR sin(TI/4+8)1
+ e J (C.39f)

F (A R)
m m

U (A R)
mn m

v (). R)
mn m

o

o

(C.39g)

(C.39h)

(C.39i)

where C (A R) and G (A R) are defined in Eg. C.22c and C.35 respectively.
n m n m

Taking the imaginary part of the pressure (Eg. C.2, C.38 and C.39)

x
and multiplying by -ag, the result given for POB specializes to results

obtained by Kotsubo [5] for excitation vY(t) = -ag sin wt.
g
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C.2.3 Derivation of p~(8,z,w)
]

p~ is the complex frequency response function for the hydrodynamic
]

pressures on the upstream face of the dam when the excitation is the ac-

celeration ~~(w) = 1 (see Chapter 4, Eq. 4.4) in the jth symmetric nat­
]

ural mode of vibration of the dam (without water). From Chapter 4,

Eq. 4.3 and 4.7, the boundary conditions for the governing equation

(Eq. C.3) are

ap
(R,8,z) _ ~~~f(8,Z) cos 8 + yf

sin 8Jar
cp. (8,z)

g J J

ap
(r,1T/4,z) 0

ra8

ap
(r,8,o) 0az

p(r,e,H) 0

ap
ra8 (r,o,z) 0

(C.40a)

(C.40b)

(C.40c)

(C.40d)

(C.40e)

xf yf th
where cp. and cp. are the x and y components, respectively, of the j--

] ]

mode shape evaluated on the upstream face of the dam. In addition to

these boundary conditions, no wave reflections are permitted at the up-

stream end of the reservoir (r = 00) •

The general form of the solution for P~D given in Eq. C.12 also

applies to p~ since all boundary conditions except Eq. C.40a are satisfied
J

by Eq. C.12. Thus,



p~ (r, 8, z ,w)
J

m.Q, DO

=2:2:
m=l n=O

D
ron
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H(2) (A r) cos 4n8 cos a z
4n m m

DO DO

+

m=m +1 n=O.Q,

F K
4

(A r) cos 4n8 cos a z
ron n m m

(C.4l)

The complete solution for p~ is obtained when the coefficients
J

D and F are determined so that the remaining boundary condition
mn ron

(Eq. C.40a) is satisfied. Using Eq. C.17a to C.17c, C.lS and C.41, the

boundary condition becomes

m=l n=O
fA (A R) - iB (A R~
[n m n mJ cos 4n8 cos a z

m

DO DO

m=m +1 n=O.Q,

F A
ron m

2

(C.42)

Since the set of eigenfunctions cos 4n8 cos a z, n = 0, 1 , 2, 3, ... ,
m

m = 1, 2, 3 ... form an orthogonal set of functions on the interval

(0 ~ 8 ~ 'IT/4) (0 ~ z ~ H), D and F can be found by standard eigenfunc-
mn ron

tion expansion techniques.

D
ron

16 w E:
n

'ITgA
m

A (A R) + iB (A R)
_n__m --,-_n'--..::..m'--_ I j

A
2

(A R) + B
2

(A R) mn
n m n m

(C.43a)
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TIgA [K4 1 (A R) + K4 1 (A R}Jm n- m n+ m

TI/4 H

1 f f [ep;f (8 ,z) cos 8 + ep~f sin 8]
H a a

• cos 4n8 cos a z dz d8
m

(C.43b)

(C.43c)

Thus, p~ is given by Eq. C.41 with coefficients D an~ F defined in
J mn mn

Eq. C.43a and C.43b. After rearranging terms, the expression for p~
J

becomes:

00 00

p~ (8,z ,w)
J m=l n=O

+ iD (A R0 cos 4n8 cos a z
n m J m

(C.44)

where a , A , E , and I
j

are given by Eq. C.6b, C.8b, C.16e and C.43c
m m n Iill1

respectively. Expressions for functions C (A R) and D (A R) differ de-
n m n m

pending on whether m is smaller or larger than m£. For m~ m£ they are

given by Eq. C.22a and C.22b.

and D (A R) = O.
n m

C (A R) is given by Eq. C.22c
n m

C.3 Ground Motion In Cross-stream Direction

C.3.1 Derivation of P;D(8,z,W}

-yPOD is the complex frequency response function for the hydrodynamic

pressures on the upstream face of the dam when the excitation is the accel-

eration of the rigid dam in the y direction (cross-stream, Fig. 2.1) but
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the banks remain stationary. From Chapter 5, Eq. 5.3c to 5.3e, 5.5a and

5.5b, the boundary conditions for the governing equation (Eq. C.3) are

OJ? (R,e ,z)
w

sin e
or g

oJ? (r,'IT/4,z) 0
rae

oj)
(r,e,o) 0

~

p(r,e,H) 0

p(r,o,z) 0

(C.45a)

(C.45b)

(C.45c)

(C.45d)

(C.45e)

In addition to these boundary conditions, no wave reflections are per-

mitted at the upstream end of the reservoir (r = 00) •

The expression characterizing P~D is obtained by following the

same steps given in Section C.2.1 for determining P~D. The general form

of P~D satisfying all boundary conditions except C.45a is

where

a
m

m=l n=O

00 00

m=m +1 n=O
5/,

(2m-I) 'IT
2H

H(2) (Ie r) sin II e cos a z
II m n m

n

K (Ie r) sin II e cos a z
II m n m

n
(C.46a)

(C.46b)
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A.
m

4n + 2
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(C.46c)

(C.46d)

and mJl, is the largest integer "m" satisfying the

The coefficients D and F are determined such
mn mn

inequality w/C > a .
m

that P~D satisfies the

boundary condition given in Eq. C.45a. Substituting Eq. C.46 into

Eq. C.45a, the boundary condition becomes

00

m=l n=O

00 00

w sin e
g

sin 11 e cos a z
n m

(C.47)

The set of eigenfunctions sin 11 e cos a z, n = 0, 1, 2, ... , m = 1, 2,
n m

3, ... form an orthogonal set of functions on the intervals (0< e ~ TI/4),

(O~ z ~ H). Thus, D and F can be found by classical eigenfunction
mn mn

expansion techniques as

D
ron

16 V2 w
2

9TIH(11n
- 1) a A.

m m
[

A (A. R)
n m

A
2 (A. R)
n m

(C.48a)
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(C.48b)
fl + mn

1K 1(A R)]16 V2 w (_l)m+l(_l)n [

2 Klln_l(AmR)gTIH(fl - 1) a A t-<
n m m

F =:=
ron

where

A (A R)
n m J (A R) - J leA R)

fl -1 m fl + m
n n

(C.48e)

B (A R)
n m Y (A R) - Y 1 (A R)

fl -1 m fl + m
n n

(C.48d)

After substituting the above expressions for D and F into Eq. C.46a
mn ron

and rearranging terms, the pressure on the upstream face (r =:= R) of the

dam, p~D(e,z,W), becomes:

• [C (A R) + iD (A R)] sin fl e cos a z
n m n m n m

(C.49)

where am' fl
n

and Am are given by Eq. C.46b to C.46d respectively. Ex-

pressions for C (A R) and D (A R) differ depending on whether m is
n m n m

smaller or larger than "mQ,'" For m~ mQ, they are as follows:

C (A R)
n m

[
A (A R) J (A R) + B (A R) Y (A R)~
nm fl m nm fl m

n n
(C.S0a)

D (A R)
n m

rB (A Rj J (A R) - A (A R) Y (A R)J
nm fl m nm fl m

n n
(C. SOb)
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where A (A. R) and B (A. R) are given by Eq. C.48c and C.48d. For m > mnn m n m Yv

the above functions are as follows:

C (A. R)
n m

D (A R)
n m a

K (A R)
]1 m

n

A R[K 1(1.. R) + K 1(1.. R)Jm ]1- m ]1+ m
n n

(C. Sac)

(C.SOd)

Kotsubo [S] obtained the pressure on the face of rigid arch dams

for excitation vY(t) = -ag sin wt. Taking the imaginary part of the
g

pressure (Eq. C.2, C.49 and C.SO) and multiplying by -ag, the result

given for P~D specializes to Kotsubo's.

C.3.2 Derivation of p~B(e,z,W)

p~B(e,z,W) is the complex frequency response function for hydro-

dynamic pressures on the upstream face of the dam when the excitation

is the acceleration of the reservoir banks in the cross-stream direction

but the dam remains stationary. From Chapter S, Eq. S.3c to 5.3e, 5.6a

and S.6b the boundary conditions for the governing equation (Eq. C.3)

are

oj?
(R,e,z) a

or

op
(r,n/4,z)

1 w
roe

- ---
¥2g

oj?
(r,e,o) = aoz

p(r,e,H) a

j?(r,o,z) = a

(C.Sla)

(C. Slb)

(C.Slc)

(C.Sld)

(C. Sle)
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In addition to these boundary conditions, no wave reflections are per-

mitted at the upstream end of the reservoir (r = 00) •

. -y
Followlng the procedure of Section C.2.2, POE is expressed as

the superposition of two functions

The functions P~~ and P~~ are defined as follows.

(C.52)

_pYl is the solution
OB

of Eq. C.3 for motion of the banks in the cross-stream direction with

the dam removed. Thus r boundary conditions C.5lb to C.5le are satisfied

but the boundary condition on the upstream face of the dam, Eq. C.5la,

is not satisfied. P~~ is the solution of Eq. C.3 for the following boun-

dary conditions:

o-Yl.
oj?

(R,e,z)
POB

(R,e,z)Or "3"8

op
(r, 'IT/4 ,z) 0

rae

(C.53a)

(C.53b)

and those specified in Eq. C.51c to C.51e.

_yl . .
POE can be obtained by combinlng the response due to excitatlon

of each of the banks acting independently (with the dam removed). As

. d' _1 d-2 1ln Appendlx C.2.2, eflne POB an POB as the comp ex frequency response

functions for excitation of the banks x = 0 and y = 0 respectively (x

and yare defined in Appendix C.2.2). For cross-stream excitation

(C.54)

where P~B is given by Eq. C.29. P~B is obtained by exchanging y for x
in Eq. C.29. Transforming x and y into cylindrical coordinates rand e,
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the pressure function FS~ due to excitation of both banks (with dam re-

moved) is obtained from Eq. C.54 and C.29 as

I
mQ,

_yl _ 2 V2 w i(_l)m+l
pOB(r,e,z,w) - g7f - 2: (2m-l)A

m
m=l

[

-iAmr sin(n/4-e) -iAmr Sin(7f/4+e)]
• cos a z e - e

m

- e

00

-A rm

(-1) m+l
(2m-I) A

m
[

-Amr sin(n/4-e)
cos ex z e

m

(C.55)

p~~ is obtained from the solution of Eq. C.3 and the boundary con-

ditions given by Eq. C.51c to C.51e, C.53a and C.53b. The genral form

of the solution for P~D given in Eq. C.46 also applies to P~~ since all

boundary except C.53a are satisfied by Eq. C.46.

m=l n=O

t.

H(2) (A r) sin 1-1 e cos ex z
1-1 m n mn

00 00

+
K (A r)

11 m
n

sin 11 e
n

cos ex z
m

(C.56)

The complete solution for p~~ is obtained when the coefficients

D and F are determined so that the remaining boundary condition
ron ron

(Eq. C.53a) is satisfied. Substituting Eq. C.55 and C.56 into Eq. C.53a,

the boundary condition becomes



m~ 00

LLD~ Am

m=l n=O
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[
A (A R) - iB (A R~

n m n m J sin II 8 cos a z
n m

00 00

L LF~ Am

m=m~+l n=O
[

K I(A R) + K I(A R)]II - m II + mn n
sin II 8 cos a z

n m

(-1) m+l [ -iAmR sin (n/4-8)
(2m-I) cos amz sin(n/4-8) e

-iAmR sin(7T/4+8~ + ~
- sin(n/4+8) e J L..J

m=m~+l

(_l)m+1

(2m-i)

• cos a z
m

r -A R sin(n/4-8)
Lsin (n/4-8) e m

-A R
m

- sin (n/4+8) e (C.57)

where Eq. C.46c, C.48c and C.48d define II , A (A R) and B (A R). Be-
n n m n m

cause the set of eigenfunctions sin II 8, n = 0, 1, 2, ... form an ortho­
n

gonal set of functions on the interval a ~ 8 ~ 7T/4, D and F can bemn mn

found by standard eigenfunction expansion techniques as

D
mn

F
mn

32 V2 w (-1) m+
1

[A (A R) + iB (A R)]
______--,;--->_n__m n~·=---m_,,- L (A R)

n 2g(2m-l) [A2
(A R) + B2 (A R)] n m

n m n m

32 V2 w (_l)m+l
------"-----'----'------- G (A R)

7T
2
g(2m-l) [K I(A R) + K I(A R)] n m

II - m II + mn n

(c. 58)

(C.59)
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G (A R)
n m f

1T/4 [ -A R sin (1T/4+8)
sin (1T/4+8) e m

o

-AmR sin (1T/4-8)] .
- sin (1T/4-8) e Sln ~ 8 d8

n
(C.60)

L (A R)
n m

r -iA R sin (1T/4+8)
Lsin (1T/4+8) e m

-iAmR sin (1T/4-8)] .
- sin (1T/4-8) e Sln ~ 8 d8

n
(C.6l)

A simplified form for the integral L (A R) is obtained by expressing
n m

the exponential terms as a series of Bessel functions and evaluating

the resulting integrals. L (A R) becomes
n m

L (A R)
n m

_ i1T A (A R) t
4 n m J

where

(C.62)

o

1,2,3, ...
(C.63)



175

Thus, P~~ is given by Eq. C.56 with coefficients D
mn

and F
mn

defined in

Eq. C.5S to C.60 and C.62.

P~B is obtained by superposing -- see Eq. C.S2 -- the expressions

for py1
(Eq. C.SS) and py2

(Eq. C.SS to C.60 and C.62). After rearranging
OB OB

terms, the expression for p~B(e,z,W) on the upstream face of the dam

(r = R) becomes

2 V2 w R {~ [E (Ie R) + iF (Ie R)] cos a z
grr ~ m m m m m

m=l

00 00

+ ~6 LL [Umn (lemR) + iVmn (lemR)] sin].1ne
m=l n-O

••••••• (C. 64)

where a , ].1 , Ie and € are given by Eq. C.46b, c, d and C.63 respec-
m n m n

tive1y. Expressions for functions E , F , U and V differ depending
m m mn mn

on whether m is smaller or larger than m£. For m ~ m£ they are as

follows

E (Ie R)
m m (2m-l)A R

m

(C.6Sa)

F (Ie R)
m m (2m-I) A R

m

(C.6Sb)
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U (A R)
ron m

+ ~4 A (A R) D (A R)}
n m n m

(C.65c)

v (A R)
mn m

where

- ~ A (A R) C (A R)}
4 n m n m

00

Tn (AmR) =~ €2k J 2k (AmR)

k=O

2 2
(]J + 4k - 1)

n•
(]J~ - 4k

2
- 4k - 1) (]J~ - 4k

2
+ 4k - 1)

(C.65d)

(C.65e)

A (A R), B (A R), C (A R) and D (A R) are defined in Eq. C.48a, C.48b,
n m n m n m n m

C.50a and C.50b respectively. For m > m~ the above listed functions are

as follows:

E (A R)
m m

(_l)m fe-A R sin(TI/4-8)

(2m-I) A R ~
m

-AmR sin (TI/4-8)1
- e J (C.65f)

F (A R)
m m

o (C.65g)



U (\ R)
Inn m

v (\ R)
mn m

o
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(C.6Sh)

(C.6Si)

where C (\ R) and G (\ R) are defined in Eq. C.SOc and C.60 respectively.n m n m

Taking the imaginary part of the pressure (Eq. C.2, C.64 and C.6S)

and multiplying by -ag, the result given for P~B specializes to results

obtained by Kotsubo [S] for excitation vY(t) = -ag sin wt.
g

C.3.3 Derivation of p~(8,z,w)
J

p~ is the complex frequency response function for the hydrodynamic
J

pressures on the upstream face of the dam when the excitation is the ac-

. -:-;y () 1 ( h 5 5 4)' h .th. .celeratlon Y. W = see C apter , Eq. . In t e J-- antlsymmetrlc
J

natural mode of vibration of the dam (without water). From Chapter 5,

Eq. S.3c to 5.3e, 5.7a and 5.7b, the boundary conditions for the govern-

ing equation (Eq. C.3) are

dP
(R,B ,z) _ ~[cp~f(8,z) cos 8 + yf

sin 8]cp. (8,z)
dr g J J

dP (r,TI/4,z) 0
ra8

dP (r,8,o) 0oz

(C.66a)

(C.66b)

(C.66c)

p(r,8,H)

p(r,o,z)

o

o

(C.66d)

(C.66e)
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where ¢~f and ¢~f are the x and y components, respectively, of the jth
J J

anti sYmmetric mode shape evaluated on the upstream face of the dam. In

addition to these boundary conditions, no wave reflections are permitted

at the upstream end of the reservoir (r 00) •

The general form of the solution for P~B given in Eq. C.46 also

applies to p~ since all boundary conditions except Eq. C.67a are satis­
J

fied by Eq. C.46. Thus

m=l n=O

00 00

D H(2) (A r) sin ~ e cos a z
ron V m n m

n

+ F
ron

K (A r)
V m

n

sin ~ en
cos a z

m
(C.67)

The complete solution for p~ is obtained when the coefficients
J

D and F are determined so that the remaining boundary condition
mn ron

(Eq. C.66a) is satisfied. Using Eq. C.67 and Bessel function equalities,

the boundary condition becomes

mJ(, 00

LL_D~_Am
m=l n=O

[A (A R) - iB (A R)]n m n m
sin jl 8 cos a zn m

00 00

L L
F A

ron m tK 1 (A R)+
2 ~ - m

m=m +1 n=O
n

J(,

+ K 1 (A R)] sin ~ 8 cos a z
~+ m n m

n

w [ xf cos 8 +
yf

8]¢j (8,z) ¢. (8,z) sin
g J

(C.68)
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Since the set of eigenfunctions sin ~ 8 cos a z, n = 0, 1, 2, .•. form an
n m

orthogonal set of functions on the interval (0 ~ 8 ~ TI/4) (0 ~. z ~ H), D
ron

and F can be found by standard eigenfunction expansion techniques as
ron

D
ron

32 w
- TIgA.

m

A (A. R)
n m

A
2

(A. R)
n m

+ iB (A. R)
n m r j

+ B 2 (A. R) mn
n m

(C.69a)

where

F
ron

32 w
TIgA. K 1 (A. R)

m ~n- m
+ K 1 (A. R)

~ + mn

(C.69b)

fn/4 H

r j 1

~
~Xf- <p j (8, z) co s 8

ron H

0

yf
sin e] sin ~ 8 cos dz d8+ <po (8,z) a z

J n m
(C.69c)

_y 0

Thus, po lS given by Eq. C.67 with coefficients D and F defined in
J mn ron

Eq. C.69a and C.69b. After rearranging terms, the expression for p~ on
J

the upstream face of the dam becomes:

-y 8p. ( , z ,w)
J

+ iD (A. R)] sin ~ 8 cos a z
n m n m

(C.70)

where a , ~ , A. , A (A. R), B (A. R) and r j
are given by Eq. C.46b to

m n m n m n m mn

C.46d, C.48c, C.48d and C.69c respectively. Expressions for C (A. R)
n m

and D (A. R) differ depending on whether m is smaller or larger than mn.
n m x.,

they are given by Eq. C.50a and C.50b. C (A. R)
n m

is given by Eq. C.50c and D (A. R) = O.
n ill
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C.4 Vertical Ground Motion

C.4.1 Derivation of pZ(z,w)
o

-zP (z,w) is the complex frequency response function for the hydro­
o

dynamic pressures on the upstream face of the dam when the excitation is

the vertical, rigid-body accelerations of the dam, the reservoir bottom

and the banks. From Chapter 6, Eq. 6.3b to 6.3e and 6.4, the boundary

conditions for the governing equation (Eq. C.3) are

315 (R,8,z) a
3r

315 (r,n/4,z) a
ra8

315 (r,8,o)
w

3z g

15(r,8,H) a

3p
(r,o,z) 0

r38

(C.71a)

(C.71b)

(C.71c)

(C.71d)

(C.71e)

In addition to these boundary conditions, no wave reflections at the up-

stream end of the reservoir (r = 00) are permitted.

For ease in satisfying the boundary conditions, the separated

equations of motion (Eq. C.4a to C.4c) are rewritten as

o (C.72a)

28"(8) + 11 8(8) o (C.72b)
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p" Cr) + ~ p' (r) + (A 2
- ~~) pCr)

where A and ~ are separation constants.

o (C.72c)

The solution of Eq. C.72b together with the boundary conditions

given in Eq. C.71b and C.71e yields

8 (8) B cos ~ 8
n n

(C.73a)

where ~ is the value of ~ satisfying
n

~n 4n n 0,1,2, .•. (C.73b)

and B are undetermined coefficients.
n

The solution of Eq. C.72c that satisfies boundary condition C.71a

and the condition assuring no wave reflections at the upstream end of

the reservoir depends on the form of A. If A is an imaginary number, a

solution does not exist. When A = 0 Eq. C.72c reduces to an equation

of the Euler type. The general solution is

t +

B Inr ~n 0, A 0
0 0

p (r)
~n -~

(C.74)
n

~ ~ 0, A 0AIr + Blr n

where Ao ' Bo ' Al and Bl are constants and ~n are the values of ~ defined

in Eq. C.73b. Evaluating the constants such that per) satisfies the ap-

propriate boundary condition results in Al BO = B
l

= O. Thus when

A = 0 there is a solution only in the case n = 0,

per) A
o

for A o (C.75)
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When A is a real number Eq. C.72c is a form of Bessel's equation.

Hankel functions of the first and second kind of order ~ ,
n

H(l)(Ar) and
~n

H(2~Ar), characterize the sol~tion. However, as explained in Sec­
~n

tion C.2.1, H(l~Ar) is omitted from the solution because it can be re­
l1n

garded as a wave reflected from the upstream boundary (r

solution is

00). The

per) D
ron

H(2) (A r)
11 ronn

n
ro

0,1,2 .•. ;
1,2,3 .•.

(C.76)

where D is a constant and A are the values of A that satisfy the
ron ron

boundary condition given by Eq. C.71a.

The solution of Eq. C.72a involves the relationship between A
2
ron

and w
2/c2

. If w
2

/C
2

is greater than A
2

(including \ = 0) the solution
ron mn

of Eq. C.72a that satisfies boundary condition Eq. C.71d is

(C.77)

where E is a constant. If w
2

/C
2

is less than \2 the solution that
ron ron

satisfies the boundary condition is

1;";(z) (C.78)

Combining Eq. C.73, C.75, C.76, C.77 and C.78 the expression for

pZ(r,z,w) becomes
o
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pZ (r, z ,w)
o

m=l n=O

D
mn

H(2) (A- r)
4n ron

• cos 4ne sin [H - z) ~~~ - A~ ]

co co

+

m=m +1 n=O
Q,

E H(2) (A- r)
ron 4n ron

• cos 4ne sinh [H - (C.79)

w
where mn is the largest value of m such that - > A-

N C mn

remaining boundary condition if the constants are

w 1
A - .

(~H)0 g w
C cos

D = E 0
ron ron

p~ satisfies the

(C.80a)

(C.80b)

After substituting Eq. C.80 into Eq. C.79 and rearranging terms, the

complex frequency response for pressure pZ(z,w) becomes
o

p (z ,w)
o

2 w H
gTI

(C.81a)
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where

TIC
2H

(C.81b)

Kotsubo [5J obtained the pressure on the face of rigid arch dams

for excitation vZ(t) = -ag sin wt. Taking the imaginary part of the
g

pressure (Eq. C.2 and C.81) and multiplying by -ag, the result given for

pZ specializes to Kotsubo's.
o
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APPENDIX D - COMPUTATION OF HYDRODYNAMIC TERMS

This appendix presents the method used in the computer program

(Appendix H) to compute the hydrodynamic loads on the darn due to hori-

zontal excitation of the arch darn - reservoir system.

D.l Ground Motion in the Upstream-Downstream Direction

The vector of nodal point loads associated with hydrodynamic

pressures on the upstream face of the darn due to harmonic ground motion

in the upstream-downstream direction (see Chapter 4, Section 4.3.4) is

-f
Q (w)

-x -x
2aD(w) + 2aB(w)

J

+L:
k=l

·-·x
Y

k
(w) 2..

k
(w) (D.l)

-x -x -x
where the force vectors 2aD' 2aB and 2k are static equivalents of the

-x -x -x
corresponding pressure functions POD' POB ' and Pk (Chapter 4, Eq. 4.8

to 4.10). Taking advantage of the symmetry of the mode shapes, darn geom-

etry and pressure functions and applying the principle of virtual work,

the generalized hydrodynamic loads can be expressed in integral form as

H (4{ f}T_ x i fr -x R d8 dz (D.2a)
<P j 2aD 2 <p. (8,z) POD(8,z,w)

J

H TI/4

{ f}T_ X 11 fr -x R d8 dz (D.2b)tP j 2aB 2 <p. (8,z) POB(8,z,w)
J

H TI/4

f £ £ frf -x -x
{<p j 2k 2 <p. (8,z) Pk(8,z,w) R d8 dz (D.2c)

J
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h ,j, f . b h .th. ,j,w ere ~. lS a su -vector of t e J-- symmetrlc mode shape ~o of the dam
-J -J

(without water in the reservoir) containing elements associated with DOF

on the upstream face of the dam. <p
fr

{8,z) is the continuous function

f
analogue for the radial component of <po. Since the pressure acts normal

-J

to the upstream face of the dam, only the radial component of the mode

shape (i.e., the component normal to the upstream face) is required for

determining the generalized hydrodynamic loads. Note that in Chapter 4,

fr
<po (8,z) is expressed in terms of its x and y components (see Fig. 2.1)

J

as

fr
<po (8,z)

J

fx fy
<p 0 (8,z) cos 8 + <p 0 (8,z) sin 8

J J
(D.3)

Substitution of the expressions for pressure from Chapter 4 (Eq. 4.8 to

4.11) into Eq. D.2 and interchanging integration and summation gives

{
f}T_x

<P j 20B

00 00

32..[2 w R2H~~ (_l)m

2 ~~(2m-l)
g1T m=l n=O

€ (-1)
_n r j

2 mn
(1-16n )

(D.4)

{ }

T
f -x

<P j 20B
fr

<p 0 (8, z)
J

• [~[E (;\ R) + iF (;\ R)] cos a z] d8 dz
~mm mm· m
m=l

(D.5)
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00 00

32 ~TIR

2

H L:L: Enl ~A ~[c AA ~) + iD AA ~)]
m=l n=O

(D.6)

where C (A R), D (A R), E (A R), F (A R), U (A R), V (A R), a , A ,
n m n m m m m m mn m mn m m m

En' and l
j

are given in Eq. 4.11. l
j

can be rewritten using Eq. 4.11c
mn mn

and D.3 as

1
H

fr
~. (8,z) cos 4n8 cos a z d8 dz

J m
(D.7)

The expressions C , D ,U and V needed to compute the general-
n n mn mn

ized loads (Eq. D.4 to D.6) can be obtained using standard Bessel func-

tion evaluation techniques. The functions C and D are discussed fur-
n n

ther in Appendix E. However, the procedure for determining r j
and the

ron

integral portion of Eq. D.S require additional explanation.

Using the finite element descritization of the dam, the mode

shapes on the upstream face of the dam, ¢~r, are obtained at the upstream
-J

face nodal points. Each sixteen node shell element (Fig. H2 and H3) used

in the descritization of the dam is oriented such that one of the eight

node surfaces coincides with the upstream face. Since the upstream face

is a segment of a circular cylinder of radius R, it is convenient to

descritize the dam so that the eight node surface associated with ele-

ment e is defined in cylindrical coordinates (Fig. 2.1) by two values

of the height coordinate (z~, z~) and two values of the angular coordin­

e eate (8
1

, 8
2
); the value of the radial coordinate is the constant upstream

radius R. Thus, the location of the nodes on the upstream surface are

defined by the global coordinate system (8,z). Within this surface ele-

ment a local coordinate system (~,n) is defined such that ~ and n vary
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from -1 to 1 (see Fig. Dl). The global coordinates are given in terms

of the local coordinates as

e
z

(D.8a)

(D.8b)

rf
For a particular element e, the values of the mode shape vectors cp.

-J

are given at the eight nodal points on the upstream face of the dam.

cp~f can be expressed as a continuous function within element e as
-J

8

L fre
= N.(t;;,n)CP ..

J Jl
i=l

(D.9)

h ~fre. h 1 ~f.r h .th d 1 . fItw ere ~.. lS t e va ue of ~ at t e l-- no a pOlnt 0 e emen e.
Jl -J

interpolation functions N. are
l

The

N
l

!(l - 1;) (1 - n) (-I; - n - 1)
4

N
2

!(l - 1;) (1 - n) (I; - n - 1)
4

N
3

!(l + i;) (1 + n) (I; + n - 1)
4

N
4

!(l - 1;) (1 + n) (-I; + n - 1)
4

!(l 2
N

S 2
- I; ) (1 - n)

!(l + 1;)(1
2

N
6 2

- n )

N
7

!(1 - 1;2) (1 + n)
2

1 2
N

8
-(1 - i;) (1 - n ) (D .10)
2
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The integral r j
(Eq. D.7) can be written as the sum of contribu­

mn

tions from each eight node element on the upstream face of the dam within

the region acted upon by the hydrodynamic forces (0 ~ 6 ~ TI/4) , (0 ~ z S H) .

Letting NEL represent the number of elements within the integration re-

gion and substituting Eq. D.8, D.9, and D.IO into Eq. D.7, the integral

becomes

[

8 ]• freLN.(Cn)cp ..
i=l l Jl

cos

cos (D.ll)

In the computer program described in Appendix H the above integral

(Eq. D.ll) is computed by direct integration within each element e.

Although numerical integration schemes (such as Gaussian quadrature)

could be used to compute I~n' the oscillating nature of cos 4n6 and

cos a z for large values of m and n is difficult to capture with low
m

order polynomial approximations.

The integral in Eq. D.5, I
j

, can be written as

H TI/4

£ £ frcp. (6,z) lj!(z) d6 dz
J

(D .12)



190

where

00

tjJ (z) = '"" [E (A R)L..J mn m
m=l

+ iF (A RJ] cos a z
m m m

(D .13)

I
j

can be written as the sum of contributions from each eight node ele-

ment on the upstream face of the dam within the region acted upon by the

hydrodynamic forces (0 ~ 8 ~ rr/4) (0 ~ z ~ H). For a particular eight

node element e, tjJ(z) can be expressed as

(D.14)

where N. is the interpolation functions given in Eq. D.IO and tjJ~ is the
l l

values of tjJ (z) at nodal point i associated with element e. {~} and {~jt}

are column vectors with elements N. and tjJ.. Substituting Eq. D.8, D.9
l l

and D.14 into Eq. D.12, I
j

can be written as

(D.15)

The direct application of one-dimensional numerical integration formulas

yields the value of the integral in Eq. D.15 as
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3 3

I"-H"-IT di; dn ~~~Wi Wk{,,-li;i,nkl}{,,-li;i,nky (D.16)

where (~i,nk) are the integration points and Wi' W
k

are appropriate

weight functions.

D.2 Ground Motion in the Cross-Stream Direction

The vector of nodal point loads associated with hydrodynamic

pressures on the upstream face of the dam due to harmonic ground motion

in the cross-stream direction (see Chapter 5, Section 5.3.4) is

-f2. (w)

J

~D (w) + ~B (w) +LY~ (w) 2.k (w)

k=l

(D.17)

where the force vectors ~D' ~B and ~ are static equivalents of the

corresponding pressure functions P~D' P~B and P~ respectively (Chapter 5,

Eq. 5.8 to 5.10). The generalized hydrodynamic loads can be expressed

in integral form as

{
f}T_y

¢j 20D

2

H 1T/4

2 f f
o 0

H 1T/4

2 I f
o 0

H 1T/4

Ifo 0

fr -y
¢j (8,z) POD(8,z,w) R d8 dz

fr -y
¢j (8,z) POB (8,z,w) R d8 dz

fr -y
¢j (8,z) Pk(8,z,w) R de dz

(D.18a)

(D.18b)

(D.18c)
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rh f . ub f· th. . h rh hwhere ~. lS a s -vector 0 the J-- antlsymmetrlc mode s ape ~. of t e
-J -J

dam (without water) containing elements associated with DOF on the up­

stream face of the dam. <p~r(8,z) is the continuous function analogue
J

f
of <p .. Substitution of the expressions for pressure from Chapter 5

-J

(Eq. 5.8 to 5.11) into Eq. D.18 and interchanging integration and sum-

mation gives

00 00

{ }

T
f -y

<P j 20D
m=l n=O

(-1) m

(2m-l)

(-1) n

2
(lJ -1)

n

•[c (A R) + iD (A R)]
n m n m

(D.19)

{ }

T
f -y

<P j 20B
fr

<p. (8,z)
J

00 00

+ 16~~ rj [u (A R)
1T L....i L....i ron mn m

m=l n=O

(D.20)

m=l n=O

.[C (A R) + iD (A R)]
n m n m

(D.21)
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where C , D , E , F , U , v , a , A , and r j
are given in Eq. 5.11.

n n m m mn mn m m mn

r j
can be rewritten as

mn

H rr/4

~ f f
o 0

fr
¢. (8,z) sin ~ 8 cos a z d8 dz

J n m
(D.22)

The expressions C , D , U , and V can be obtained using stan-
n n mn mn

dard Bessel function evaluation techniques. The procedures for deter­

mining r j
and the integral portion of Eq. D.20 parallel those already

mn

discussed in the previous section (D.l).

D.3 Vertical Ground Motion

The vector of nodal point loads associated with hydrodynamic

pressures on the upstrea~ face of the dam due to harmonic vertical ground

motion (see Chapter 6, Section 6.3.4) lS

-z
Q (W)
=0

J

+L:
k=l

·-·z -z
Yk(W) ~(W) (D.23)

-z -z _2
where the force vectors 2a(W) and ~(W) are static equivalents of po(W)

and p~(W). Since P~ is identical to the corresponding function, p~,

associated with upstream-downstream ground motion (see Chapter 6), the

generalized hydrodynamic load is given by Eq. D.6. Applying the princi-

ple of virtual work, the generalized load associated with ~ can be ex-

pressed in the integral form as

o 0

fr 8 -z¢. ( ,z) p (8,z,w) R d8 dz
J 0

(D.24)
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-z
where Po is given by Eq. 6.8 in Chapter 6. The procedures for determining

the above integral follow those already presented in Section D.l for

evaluating the integral portion of Eq~ D.S.
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APPENDIX E - LIMIT ANALYSIS

E.l Bessel Function Behavior

The analytical expressions for hydrodynamic pressures on arch dams

given in Chapters 4, 5 and 6 involve Bessel functions of the first kind

J (x), Bessel functions of the second kind Y (x) and modified Bessel
n n

functions of the second kind K (x) where n is an integer and the argu­
n

ment x is a real number greater than zero. In the expressions for pres-

sures on the dam (Eq. 4.8 to 4.11 and 5.8 to 5.11), the Bessel functions

occur in the following form. For m ~ m~

c (x)
n

A (x) J
4

(x) +
n n

B (x) Y
4

(x)
n n

n =: 0,1,2, .•• (E .1)

B (x) J
4n

(x) - A (x) Y
4n

(x)
(x)

n n
0,1,2, ... (E. 2)D

X[A~(X) B~ (x)]

n
n

+

where

A (x) J 4n- l (x) - J 4n+l (x) (E.3)
n

B (x) Y4n- l (x) - Y4n+l (x) (E.4)
n

For m > m~

K
4n

(x)
C (x)

X[K4n_ l (x) + K4n+l (X)]
n 0,1,2, ... (E.5)

n

D (x) 0 n 0,1,2, .•.
n
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the function given in Eq. E.l, E.2 and E.5 are plotted in Fig. El to

E3. Although the individual Bessel functions J (x) and Y (x) oscillate
n n

about their null values, and Y (x) and K (x) are unbounded at x = 0, the
n n

composite functions C (x) and D (x) are very well behaved (Fig. El to
n n

E3) • As shown in the figures, as x approaches zero C (x) and D (x)
n n

n 1,2,3 •..

n 0, m ~ mR,

have limiting values of

Lim C (x)
1

x-rO n 8n

Lim D (x) 1:
/4

x-rO n

n

n

0,1,2, ••• (E.6)

(E. 7)

Notice that as x approaches zero C (x) is the only unbounded function
o

(Eq. E.6 and E.7). In the expressions for hydrodynamic pressures on the

dam (Eq. 4.8 to 4.11 and 5.8 to 5.11) the argument x, of the functions

C (x) and D (x) approaches zero as the frequency of excitation approaches
n n

the resonant frequencies of the water in the reservoir.

E.2 Gravity Dam Pressures as Limits of Arch Dam Pressures

This section of Appendix E shows that as the central angle of the

dam approaches 1800 and R -r 00, representing a straight dam in the limit,

P~D(8,z,w) approaches the previously obtained [22J two-dimensional solu-

tion of the wave equation for a straight gravity dam. For an arch dam

-x
with central angle 28

a
, POD(8,z,w) can be found as a generalization of

Eq. 4.8.
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sin 8a~~ (_l)n

8 ~~2m-l
a m=l n=O

2
(l-ll )

n

where

•[c (A R) + iD (A R)] cos II 8 cos a zn m n m n m
(E.8)

n = 0,1,2, •.• (E.9a)

and mo , w, E , A , a are given in Eq. 4.11. Expressions for C and
IV n m m n

Dn differ depending on whether m is smaller than mR, or larger than mR,'

For m ~ mR, they are as follows

C (A R)
n m

[
A (A R) J (A R) + B (A R) Y (A R)]

n m lln m n m lln m
(E.9b)

B (A R) J (A R) - A (A R) Y (A R)
n m II m nm II m

D (A R)
n n

(E.9c)
n m

A R[A
2

(A R) + B
2

(A R1m n m n m

where

A (A R) J 1 (A R) - J 1 (A R) (E.9d)
n m II - m II + mn n

B (A R) Y 1 (A R) - Y 1 (A R) (E.ge)
n m II - m II + mn n
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For m > m
t

the above functions are as follows:

C (:\ R)
n m

D (\ R)
n m

o

K (\ R)
)J m

n

:\ R[K 1(:\ R) + K 1(:\ R)]m )J - m )J + m
n n

(E.9f)

(E.9g)

The above expressions specialize to those given in Eq. 4.8 and 4.11 for

dams with 8 = TI/4 (90 0 included angle from bank to bank) .
a

In order to extract the gravity dam pressure expression, p (z,w),
g

from the above expression for arch dams let 8
a

TI/2 (giving)J = 2n),
n

R + 00 and 8 = O. In addition multiply the numerator and denominator

of Eq. E.8 by:\ and rearrange terms.
m

-x
POD(o,z,W) can now be written as

-x
POD(o,z,w)

32 w H
3

gTI {
~ (_l)m cos a zft__m-

(2m-l) -V1(2m-l) 2 - (:}

00 n.LE (-1)• Llm n----
R-+oo (1-4n2)

m=O

where, from Eq. 4.11b,

:\ R[C (:\ R) + iD (:\ R)] }m n m n m
(E.IO)

:\ R
m

TIR
2H

(E.ll)

The limit of :\ RC (:\ R) and :\ RD (:\ R) as R+oo can be obtained from
m n m m n m

Eq. E.9 by replacing the Bessel functions by their asymptotic expansions

and taking the limit of the resulting expression. For m ~ m
t

the limit-

ing process gives



n = 0,1,2, ...

n = 0,1,2 ...

n = 0,1,2, ...Lim ARC (A R) 0
m n mR-?OO

Lim A R D (A R) 1/2
m n mR-?OO

For m > m
t

the limits are

Lim ARC (x) -1/2
m nR-?OO

Lim A R D (x) 0
m n

R-'=
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n 0,1,2, ..•

(E .12a)

(E .12b)

(E.12c)

(E .12d)

Substituting the limiting values from Eq. E.12 into Eq. E.IO and taking

x
the limit within the summation term by term. POD(o,z,w) can be written

as follows:

16 w
3

gTI

00 m
(-1) cos a z

m
(E .13)

Removing the absolute value sign and noting that

TI

2
(E .14)

The expression given in Eq. E.13 can be written as



-x
POD(O,Z,W)

200

00

~ m-l
8 w2H~ (-1)

g1f m-l VI 2- (2m-l) (2m-l)

cos a z
m

(E .15)

The above equation is identical to the corresponding expression, p (z,w),
g

for straight gravity dams [22J.

E.3 Dam Response at Resonant Frequencies of Fluid Domain

If only the fundamental vibration mode of the dam is included, the

response at a resonant frequency of the fluid domain can be obtained

through a limiting process. If the excitation is only the motion of the

base of the dam in the upstream-downstream direction and the banks are

-x -x
stationary (i.e., POB(8,z,w) = 2oB(8,z,w) = 0), the response of the dam

(from Chapter 4, Eq. 4.14 and 4.17) can be written as follows:

(E .16)

where

Generalized force due to the mass of the dam

Generalized mass of the dam in its fundamental mode of
vibration

Damping ratio of the dam in its fundamental mode of
vibration

Complex frequency response function for generalized accel­
eration of the dam in its fundamental mode of vibration

w Excitation frequency

Fundamental natural frequency of the dam
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The functions due to hydrodynamic loads on the dam, B
l

(W) and B
2

(W),

are given in Appendix D (Eq. D.4 and D.6 respectively) as

co 00

32..;2 w R2H~~ (_l)m
2 L.JL..J (2m-I)

gTr m=l n=O

E: (_l)n

n II (c <A. R) + iD (A R)]
(1-16n2) mn n m n m

••••••• (E.17)

Ic (A R) + iD (A R)]
n m n m

(E .18)

1
where Iron' Sn' Cn and D

n
are given in Chapter 4, Eq. 4.11. Restating

Eq. 4.Ub,

A R
m

TIR

2H
(E .19)

th
where the m-- resonant frequency of the fluid domain is

r TIC
W

m
= (2m-I) 2H m 1,2,3, ... (E.20)

th r
When the excitation frequency W equals the M-- resonant frequency W

M
'

{

0

A R = 2 2
m Vi {2m-l} - {2M-l} I

m M

m t- M

(E.21)

that

The investigation into Bessel function behavior (Section E.l) shows

Lim C (A R)
r n m

~M {
~1

8n

n 0

n = 1,2,3, •••
(E.22)
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0 n 1,2,3, •••

Lim D (A R) TI/4
r +

n 0 ur-r(W
M

) (E. 23)
r n m

Ll)-7WM
0

r -
n 0 ur-r(w

M
)

where W+(W~)- signifies that W < W~ in the limiting process and con-

r + r
versely ur-r(w

M
) signifies that W > w

M
in the limiting process. C (A R)

n m

and D (A R) are smooth functions and are bounded for all values of A R
n m m

except when n However, the Lim C (A R)
r n m

Ll)-7WM

and Lim D (A R) exist for all m
r n m

Ll)-7W
m

1,2,3, •.. and for n 1,2,3, ...

However, Lim C (A R) does not exist (i.e., Lim C (A R)+ _00). Thus,
rom rom

Ll)-7WM Ll)-7WM

both the functions B
l

(w) and B
2

(W), Eq. E.17 and E.18 and consequently the

numerator and denominator of Eq. E.16 contain terms that become unbounded

r
as W+w

M
"

The limit of Eq. E.16 as w+w~ can be obtained by factoring out

the term that becomes unbounded, C (A R). Dividing both numerator ando m

denominator by C (A R) and taking the limit, Eq. E.16 can be rewritten
o m

as

OX
B

l
(w)L

l
C (,\ R)

+
C (,\ R)

Lim
"x o m o m

(E. 24)r Y1 (w)

+ (:,nLl)-7WM
Ml[-l + 2i~1(:1) B

2
(w)

C (A R) C (A R)
o m o m
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Referring to Eq. E.17 and E.18, all terms in the numerator and denomin-

ator of Eq. E.24 approach zero as w+w: except the term in B
l

(w) and

B
2

(W) associated with m = M, n = o. Thus, the limiting value of Eq. E.21

is

v; (1) M

TI(2Ml) II
MO

(E.25)
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APPENDIX F - SYMMETRY OF g(W)

F.l Ground Motion In The Upstream-Downstream Direction

It can be shown that the matrix Sew) is symmetric. This is most

conveniently demonstrated by expressing Sjk' for j ~ k (Eq. 4.16)

integral form.

in

H

f ¢~(8,z) p~(8,z,w) dz d8

o

(F .1)

f
The symmetric (with respect to 8) model vector ¢. has been replaced by

-J

its continuous analogue ¢~(8,z) and the continuous pressure distribution
J

-x -x xPk(8,z,w) replaces the load vector 2k(w). Using expressions for P
k

given in Eq. 4.10, Eq. F.l may be expressed as

2 32 w R
-w

g1T

• (c (A R)
n m + iD (A R)} cos 4n8 cos a zj

n m m

f
¢ . (8 ,z) dz d8

J

where s , a , A R, I
ron
k

, C and
n ill m n

I
k

(Eq. 4.11c) is an integral
ron

that

D are defined in Eq. 4.11.
n

involving the mode shape ¢~.

(F. 2)

The term

Recognizing

xf yf= ¢k (8,z) cos 8 + ¢k (8,z) sin 8 (F. 3)
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xf yf f k
where ¢k (8,z) and ¢k (8,z) are the x and y components of ¢k(8,z), I

mn

can be written as

Substituting Eq. F.4 into F.2 and rearranging,

(F .4)

2 32 w-w
gTIH

H

~
• [c C\ R)n m

+ iD (A R)] cos 4n8 cos a z l
n m m J

f
¢.(8,z) dz d8

J

Interchanging the integral and summation signs and rearranging,

(F. 5)

2 32 w-w
gTIH

H

~
f

¢.(0,T) cos 4n0 cos a T dT d0
J m

[c (A R)
n m + iD (A R)] cos 4n8 cos a zl

n m m J

(F.6)
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H

f ~~(8,z) p;(8,z,w) dz d8

o

(F. 7)

Thus, the matrix Sew) is symmetric.

F.2 Ground Motion In The Cross-Stream Direction

Express Sjk for j I k (Eq. 5.15) in integral form.

(F.8)

(F.9)

f
in which the anti symmetric (with respect to 8) modal vector ~. has been

-J

replaced by its continuous analogue

distribution p~(e,Z,w) replaces the

f
~. (8,z) and the continuous pressure

J

load vector g~(W). Using expres-

sions for p~ given in Eq. 5.10 and the mode shape relationship of Eq. F.3,

sew) may be expressed

• [c (A R) + iD (A R)]
n m n m

f
~ . (e, z) dz de

J

sin 11 8 cos ex zln m

(F.IO)
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where ~ , a , A , C and D are defined in Eg. 5.11. Interchanging the
n m m n n

integral and summation signs and rearranging,

f
¢.(a,T) sin ~ a cos a T dT da

J n m

• [c (A R) + iD (A R)]
n m n m sin ]J e cos a z}n m

(F .11)

Thus, the matrix Sew) is symmetric.

(F .12)

(F.l3)
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APPENDIX G - DIMENSIONAL ANALYSIS

In this appendix dimensionless variables will be found for three

quantities: h f d d h ~ f h .th 1 dt e requency W. an mo e s ape ~. 0 t e J-- natura mo e
J -J

of vibration of the dam without water and the complex frequency response

function for generalized acceleration of the dam--including hydrodynamic

interaction effects--in the jth mode of vibration of the dame, Y ..
J

The TI theorem assures that any physical quantity can be expressed

in terms of dimensionless combinations of variables. This theorem may

be stated as follows:

"Any function of N variables

may be expressed in terms of (N-K) TI products

(G.l)

o (G. 2)

where each TI product is a dimensionless combination of an arbitrary

selected set of K variables and one other; that is,

TIl f(P l' P
2
,·· .PK, PK+l )

TI
2

f (pl' P
2
,·· .PK, PK+2 )

TI
N

_
K f(P l , P 2 ,···PK, PN) (G. 3)

K is equal to the number of fundamental dimensions required to describe

the variables P. If the problem is one in mechanics, all quantities P

may be expressed in terms of mass, length and time, and K 3. In

thermodynamics, all quantities may be expressed in terms of mass, length,



time and temperature, and K = 4.

variables may contain any of the
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The arbitrarily selected set of K

)

quantities P. with the restriction
l

that the K set itself may not form a dimensionless combination."*

A set of dimensionless parameters characterizing w., ~. and Y.
J J J

will be obtained using the TI theorem from a set of variables for the

specialized arch dam-water system described in Section 7.2. Denoting

dimensions M, Land T as mass, length and time respectively, the vari-

ablee that describe the system along with their dimensions are:

SYmbol

E

H

r

e

z

Y.
J

~.
J

Name

radial thickness of dam at the crest

radial thickness of dam at the base

velocity of sound in water

modulus of elasticity of the dam concrete

depth of water in the reservoir

height of dam

radius of upstream face of the dam

radial coordinate of points on the dam

angular coordinate of points on the dam

vertical coordinate of points on the dam

complex frequency response function for
generalized acceleration of the dam in­
cluding hydrodynamic interaction effects

reflection constant at reservoir bottom for
hydrodynamic pressure waves defined in
Section 6.3.2; pertinent only for vertical
ground motion

d · . h .th ..amplng ratlo for t e J--mode of vlbratlon
of the dam

Dimensions

L

L

-2
LT

-1 -2
ML T

L

L

L

L

Dimensionless

L

Dimensionless

Dimensionless

Dimensionless

*A.M. Kuethe and J.D. Schetzer, Foundations of Aerodynamics,
John Wiley and Sons, Inc., New York, second edition, 1959.
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w

w.
J
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,th
mode shape vector of J-- natural mode of
vibration of the dam

mass density of dam concrete

mass density of water

Poisson's ratio

excitation frequency

.th 1 f fJ-- natura requency 0 the dam

Dimensionless

-3
ML

-3
ML

Dimensionless

-1
T

-1
T

Dimensionless Parameters for w.
J

.th f f ( . .The J-- natural requency 0 the dam wlthout water ln the reser-

voir) is a function of the following variables:

w.
J

(G.4)

write Eq. G.4 in the form of Eq. G.l:

o (G.5)

There are eight variables and three fundamental dimensions. Thus, there

are five ~ products. If E, H
d

and P
d

are chosen as the K set denoted in

the ~ theorem, the ~ products are

~. f(W. , E, H
d

, Pd )
1 J

~2 = f(B
l

, E, H
d

, Pd )

~3 f(B
2

, E, H
d

, Pd )

~4 = f(R, E, H
d

, P
d

)

~5 f(V, E, H
d

, Pd ) (G.6)
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The TI theorem guarantees that the TI products above can be made dimension-

less. As an example, a dimensionless combination of the variables in TIl

abc
can be found in the form WjE HdP

d
, where a, band c are constants.

abc
terms of its dimensions the quantity WjE HdP

d
becomes

In

(G.7)

For TIl to be dimensionless the exponents of M, Land T must be zero.

Thus,

M: a + c = 0

L: -a + b - 3c o (G.8)

T: -1 - 2a = D

Solving the above set of simultaneous equations gives a -1/2, b 1

and c 1/2. The TI product becomes

Jf: (G.9)TIl = w, H -
] d E

Following the same procedure, the other TI products are

B
l

TI
2

-
Hd

B2
TI

3
-
H

d

R
TI

4
-
H

d

TIS \) (G.1D)

In terms of the dimensionless TI products given above, Eq. G.S can be

written
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a (G.l1)

An expression for W. is obtained from Eq. G.ll as
J

w.
J

(G.12)

Dimensionless Parameters for ¢.
-J

For small damping, the mode shape vector, ¢., is a function of
-J

the following variables

write Eq. G.13 in the form of Eq. G.l:

a

(G.13)

(G.14)

There are eleven variables, three fundamental dimensions and, thus,

eight rr products. Choosing E, H
d

and P
d

as the K set denoted in the

rr theorem and following the same procedures as used above for w., Eq. G.14
J

can be written in terms of the eight rr products (see Eq. G.2) as

f (~,
B

I
B

2 R r
8,

z , V) a- 'H 'H - , -
-J H

d d d
H

d
H

d

An expression for ¢. is obtained from Eq. G.15 as
-J

( (B1 B
2 R r z , V)¢. == f H

d
' - 'If , - , 8,

-J H
d d

H
d

H
d

(G .15)

(G.16)
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Dimensionless Procedures for Y.
J

Y. is a function of the following variables
J

Y.
J

(G.l7)

write Eq. G.17 in the form of Eq. G.l:

E;, . ,
J

(G.18)

There are fourteen variables, three fundamental dimensions and, thus,

eleven TI products. Choosing E, H
d

and P
d

as the K set denoted in the

TI theorem and following the procedures used above for w., Eq. G.18 can
J

be written in terms of the eleven TI products (see Eq. G.2) as

o

R L
H ' E;,.,

d J Pd

(G.19)

An alternate form of the above equation can be obtained by sub-

stituting the expression for the fundamental natural frequency of the

dam W
l

' from Eq. G.12 into Eq. G.19.

-~cV-i-, o (G.20)

The fundamental resonant frequency of the water in the reservoir,

r TIC
wl 2H' normalized with respect to wI (Eq. G.12) can be written as
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Vf:dHd (Bl
C --f-

E H H'
d

(G.2l)

Using Eq. G.2l in place of the TI product c~ in Eq. G.20 and re-

arranging terms, Eq. G.20 yields the following expression for Y.:
J

Y.
J

(G.22)
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APPENDIX H - USER'S GUIDE 'ill COMPU'IER PIDGRAM

Identification

RADHI : Response of Arch Dams Including Hydrodynamic Interaction
To Hannonic Ground M:>tion

Programmed: Craig Porter, University of California, Berkeley, 1978.

General Description of the Program

The FDRl'RAN IV computer program RADHI was written for the purpose

of investigating the effects of hydrodynamic interaction on the dynamic

structural behavior and response of arch dams. The program calculates

the modal response of arch dams including hydrodynamic interaction to

any of the three oornponents of hannonic ground motion: horizontal

ground motion in the upstream-dONI1Stream direction, horizontal ground

motion in the cross-stream direction and vertical ground motion. The

response roth including and neglecting the hydrodynamic effects due to

motion of the reservoir banks is calculated for the horizontal oornponents

of ground motion excitation. The water in the reservoir can be treated

as either compressible or incanpressible. The response of the dam alone

(without water in the reservoir) can also be obtained.

The oornputer program is based on the sub-structure analysis pro-

cedure developed in Chapters 3, 4, 5 and 6 in which the dam-reservoir

system is restricted to the special geometries and conditions described

in Chapter 2 and Fig. 2 .1. Briefly, the upstream face of the dam is

a segment of a circular cylinder oontained within radially extending banks

enclosing a central angle of 90°. The reservoir, which is filled with

water of oonstant depth, extends to infinity in the radial direction.

The dam properties are treated as syrrmetrical aOOut the x - z (e = 0)

plane. The dam is fixed at the base and at the banks.



220

The overlay feature available for use with COC computers has

been used in the program. The program is carq:x::>sed of several portions

which are treated as overlays. Each overlay is loaded into the rnerrory

when needed; it is rerroved fran m6TIOry when its oPerations are completed.

This feature has resulted in a significant reduction of the storage re­

quirements of the program.

Description of the Overlays

The program is canposed of a main overlay, three pr.i.mary overlays,

and three secondary overlays. The functions of the different overlays

are described below:

O.L. (0,0) reads in the main control parameters of the problem and

directs the control to different primary overlays depending

upon t.~e problem type. This main overlay remains in the

memory during the entire execution ti..TTIe.

O.L. (1,0) reads in nodal point and element data for the arch dam and

forms the element stiffness and consistent mass matrices.

The element mass and stiffness matrices are written on tape.

This infonnation is later used in fonning the global mass

and stiffness matrices for the arch dam. The element sub­

routines utilized in this overlay were taken fran the pro­

gram ADAP [1].

O.L. (2,0) assembles the global mass and stiffness matrices for the

dam fran the element matrices and solves an eigenvalue prob­

lem to compute natural frequencies and m:xle shapes of the

dam (without water in the reservoir). This overlay was

taken fran the program ADAP [lJ.
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O.L. (3,0) computes the hydrodynamic loads, the inertia loads of the

dam due to ground motion excitation, and solves for the

complex frequency response for acceleration of the dam in

its nodal coordinates. Secondary overlays (3, 1), (3 ,2), and

(3,3) compute the canplex frequency response functions due

to excitation in the upstream-downstream, cross-stream, and

vertical directions respectively. Note that the response to

ground rrotions in the upstream-downstream and vertical

directions require synmetrical rrode shapes, while the re­

sponse to cross-stream ground motion requires anti-syrrmetric

mode shapes.

Saving ~e Shapes and Frequencies

In the dynamic analysis of arch dams, evaluation of the natural

frequencies and rrode shapes consumes a significant part of the excitation

time. Thus, the possibility of using previously evaluated and stored

mode shapes and frequencies was built into the program. To utilize this

option, the program should be run first to conpute the mode shapes and

frequencies of the dam (without water in the reservoir). At the end of

this job, the data on logical units 1, 8, 9, and 10 should be copied on

physical tape(s) and be supplied to the program in subsequent runs for

computing the response to ha.rrronic ground motion. The physical tape (s)

transfers the following infonnation:

Logical Unit 1 Element data

8 Nodal point data

9 Structure mass matrix

10 ~e shapes and frequencies
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Subsequent runs require no element and nodal point data cards. Assuming

the program exists in binary fonn, the deck setup and control cards (as

required for the COC 6400 canputer at the University of California,

Berkeley) for the first and subsequent jobs are shown below:

1. First job

Job card

LGO,INPUT.

REWIND, TAPEl, TAPE2, TAPE3

REQUEST,SAVE,HI,I,B. (tape number) ,WRITE, (output user name)

CDPYBF ,TAPEl, SAVE

CDPYBF ,TAPE8 , SAVE

CDPYBF ,TAPE9 , SA'\lE

CDPYBF ,TAPEIO , SAVE

7-8-9

Program in binary fonn

7-8-9

Data cards

6-7-8-9

2. Subsequent jobs

Job card

REQUEST , SAVE,HI, I,B. (tape number)

COPYBF , SAVE, Tl\..PEl

CDPYBF , SAVE f TAPES

COPYBF, SAVE, TAPE9

COPYBF, SAVE, TAPEIO

REWIND, TAPEl,TAPE8 ,TAPE9 , TAPEIO



223

LGO,INPUI'

7-8-9

Program in binary form

7-8-9

Data Cards

6-7-8-9

Input Data

A. HEADING CARD (12A6)

This card contains information to be printed as heading

for the output

B. MASTER CONI'ROL CARDS

Two or three of the following cards will re required

depending on the type of problem:

Card 1. This card is required for all problems (615).

Columns 1-5 NUMNP Number of nodal points in the system.

6-10 MI'OI' Size of available blank oorrmon (see note

below) .

11-15 NF Number of rocxie shapes of the dam to be

included in the analysis

16-20 NDYN Parameter identifying type of analysis

to be performed.

=1 If mode shapes and frequencies are

to be computed only.

=2 For including the hydrodynamic analysis

21-25 IM)DE =1 If mode shapes and frequencies are

to be stored on tape or read from

tape.
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=0 Otherwise

=1 If printout of mcx:le shapes is to be

surpressed

=0 otherwise

Note: The smallest size of the blank comnon which is required

by the program is

MI'OI' = 7* NUMNP + 4* NMAT + 3970

where NUMNP = Number of nodal points

NMAT = Number of different materials for elements

of the dam.

It should be emphasized that the value of MIDI' as computed

by the above equation, in cases of large structural systems

(many degrees of freedom) , may be quite inadequate to use.

This is because a large number of blocks of equations may

be formed and result in excessive exection time. In any

problem, the number of blocks of equations (NB~K) will

be determined from the value of MIDT and other prescribed

parameters. In general, larger values of MI'OT will result

in smaller values of NBIOCK.

In rrost cases of practical interest (arch dam

analysis using a fine mesh) the maximum. storage capacity

of the computer should be used and the size of blank

cC>ITlITDn (MI'OT) should be computed accordingly. This will

result in the smallest value of NBIOCK for a particular

case. When analyzing small structural systems, partial

storage of the computer, and hence a smaller value of

MIDT, may be used as long as NBLOCK = 1. In short, the
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value of NBLCX:J< should be selected in such a way that the

smallest value for NBIOCK is obtained without any waste of

computer storage. The user will be able to prescribe MI'OT

properly after some experience.

Card 2. This card is required for all problems (2Fl0) .

Colurrms 1-10 RADIUS Radius of upstream face of dam measured in

feet.

11-20 RADHT Radius divided by the height of the dam

(non-dimensional number) .

Card 3. This card is required only when previously computed mode

shapes are to be read from tape (315).

Colurrms 1-5 MBAND Bandwidth of the system of equilibrium

equations as computed in the previous run.

6-10 NUMEL Total number of elements in the dam.

11-15 NEQ Number of equations (degrees of freedom)

of the system as computed in the previous

run.

C. NODAL POINT COJRDINATES AND BOUNDARY CONDITION CARDS (IS, 3F10, 315)

No cards are required when mode shapes are to be read from tape.

In any other case, one card per nodal point is required unless sone

nodal points are to be generated.

Columns 1-5 NODE Nodal point number

6-15 ANGLE Angle measured in radians from the center

of the dam. The maximum angle occurs at

the banks where ANGLE = 'IT/4.

16-25 HEIGHT Vertical coordinate measured in feet



fixity code: zero or blank for

free component, one for fixed oom­

oomponent.
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26-35 THICK Radial distance from the vertical upstream

face of the dam to the nodal point measured

in feet (always a positive mnnber).

36-40 vX-displacement

41-45 vY-displacement

46-50 vZ-displacement

Note 1: These cards must be in increasing nodal point numbering sequence.

However 1 if a set of cards is amitted, the corresponding nodal

points are generated at eq:ual intervals on a straight line

connecting two nodal points for which coordinates are supplied.

Note 2: Due to the syrrmetry of the problem only half the dam is

descritized (see Fig. HI). Input for ground motion in the

x direction (upstream-downstream direction) and in the z di­

rection (vertical direction) req:uires syrrmetrical roundary oon­

dilions for nodal points on the plane of syrnnetry of the dam.

That is, the vY-displacement for nodal points on the plane of

symnetry must be fixed (a one in card oolurrm 41-45). Input

for ground motion in the Y direction (cross-stream direction)

requires anti-syrrmetrical roundary conditions for nodal points

on the plane of syrrmetry of the dam. That is, the V
X
-displace­

ment for nodal points on the plane of syrrmetry must be fixed

(a one in card column 36-40).

Note 3: The dam must be descritized such that all elements have the

same included angle and the same height on the upstream surface.

Hydrodynamic considerations impose this requirement.

Note 4: The dam is only one element thick.
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D. THREE-DIMENSIONAL THICK SHELL ELEr-1ENT DATA

No cards are required if mode shapes are to be read fran tape.

Otherwise supply the following cards:

1. Control Card (315)

Colurrms 5 The number 2

6-10 Total number of elements

11-15 Number of different materials (NMAT)

2. Material Properties Cards (IS, 3F10)

One card is required for each material type:

Columns 1-5 Ivlaterial identification ntmJ:Jer ($ NMAT)

6-15 I'Ibdulus of elasticity (pounds/(foot) 2)

16-25 Poisson's ratio

26-35 Weight density of material (pounds/(foot) 3)

3. Acceleration of Gravity Card (FlO)

One card is required

Columns 1-10 Acceleration due to gravity (ft/sec
2

)

4. Element cards

Arch dam elements are numbered from one to the total number

of elements. Element cards must be in ascending order. Two

cards are required for each element:

Card 1. (315)

Columns 1-5 Element number

10 The number 3 (integration order)

11-15 Material number (if left blank material

number equals 1).
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Card 2. (1615)

Colurms 1-5 1

6-10 2

11-15 3

16-20 4

21-25 5

26-30 6

31-35 Global nodal point 7

36-40 numbers of nodes 8

41-45 (See Fig. H2) 9

46-50 10

51-55 11

56-60 12

61-65 13

66-70 14

71-75 15

76-80 16

Note 1: A typical 20 element mesh is shown in Fig. HI. Element

number one must be adjacent to the base and plane of symnetry

of the dam. Elements in the z direction must be numbered in

ascending order. After reaching the top element in a colurm

of elements the next element numbered must be the base element

of the next column of elements associated with an increase in

8.

Note 2: Due to the way that the hydrodynamic terms couple to the arch

dam nodal points, the global nodal points correspond to the

local element nodal points in a specific manner. The element
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surface containing the local element nodal points 5, 6, 7, 8,

13, 14, 15, and 16 corresponds to the upstream face of the dam

(Le., the face of the darn in contact with the water in the

reservoir). Local nodal point 5 has the largest ANGLE (angle

from the center of the darn) and the largest HEIGHT (vertical

coordinate) of any nodal point associated with a particular

element. lDosely speaking, the axis (Fig. H2) of each

element must be lined up approximately with the vertical, z,

axis of the arch dam (Fig. HI).

E. HYDRODYNAMIC 0'illDS

The following cards are required only if hydrodynamic loads

are included in the analysis.

Number of 'cerms associated with the s

direction in the series solution for

21-30 ZW

31-40 HWATER

41-45 NTERM

Card 1. (215, 3FI0, 315)

Column 1-5 NUMELZ Number of elements in z direction

6-10 NUMELT Nurt1b2r of elements in e direction

11-20 'IW Half the included angle of the element

(radians)

Element half height (ft)

Depth of the reservoir (ft)

46-50 MI'ERM

hydrodynamic loads (see Eq. 4. 8 to

4.10 and 5.8 to 5.10)

Number of terms associated with the

z direction in the series solution for

hydrodynamic loads (see Eq. 4. 8 to

4.10 and 5.8 to 5.10)
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Parameter identifying the direction of

ground motion

=1 Horizontal ground motion in upstream-

downstream direction (along x axis in

Fig. 2.1)

=2 Horizontal ground motion in cross-stream

direction (along y axis in Fig. 2.1)

=3 Ground motion in vertical direction

Note 1: (NUMELZ)*(NUMELT) = Total number of elements

(NUMELZ) * (zw + zw) = Height of dam

(NUMELT) * (tw + tw) = TI/4 radians (dam half angle)

Note 2: The number of terms, NTERM aDd MI'ERM, required to approximate

the infinite series solution varies with the reservoir natural

frequency, the radius of the dam, and the frequency of excitation.

For most earthquake excitation problems NTERM = MI'ERN = 10 is

adequate.

CARD 2. (2FlO, 215)

Columns 1-10 DAMP Damping factor to be applied to all modes

11-20 ALPHA Coefficient of refraction beuveen water and

ground rock telow reservoir. This may be

computed as ALPHA = (k-l) / (k+1) I where k =

C w /o'v with w and w being the unit weights
rr' r

of rock and water respectively I C the P-wave
r

velocity in rock and C tlle velocity of sound

in water (4720 ft/sec). ALPHA < 1. Used only

for vertical excitations.
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-25 IN"CDMP Parameter for incorrpressible water solution

=0 Water treated as compressible

=1 Water assumed to be incorrpressible

- 30 NPUNCH Parameter for punching complex frequency

response results (see note below)

=0 Loes not punch results

>1 Punches results

Note: If NPUNCH ,=::,,1, a set of corrplex frequency response results

are punched for each excitation frequency. For horizontal

ground rrotion in the upstream-downstream direction and in

the cross-stream direction, two cards are punched for

every rn::x1e shape included in the analysis. Thus, if

10 modes are included (NF = 10) and if results are required

for 50 excitations, the total number of punched cards equals

1000. Punched results for vertical ground rrotion have

only one card per mode shape per excitation frequency"

F. EXCITATION FREQUENCY CARDS

One card with fonnat FlO is required for each excitation frequency.

A negative frequency card tenninates the program.

Output

Column 1~10 vwJIDAM Excitation Frequency, w, nonnalized with

respect to the fundamental natural fre­

d
quency of the dam, WI"

The following is printed by the program:

1. Program control infonnation

2" Coordinates of nodal points on the dam

3" Material property parameters
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4. Nodal point - shell elEment connectivity information

5. Natural frequencies and mode shapes of the dam (without water

in the reservoir) unless surpressed according to the options

provided in Card B.

6. Hydrodynamic input parameters

7. The real and imaginary components together with the absolute

value of the complex frequency response function for modal

acceleration (Y, (w), J' = 1, 2, ... NF) of the dam in eachJ .

mode for each input excitation frequency.

EXAMPLE

The response of an arch dam-reservoir system to vertical ground

motion with 58 nodal points descritizing half the dam illustrates the

preparation of input data for this program. Figure H3 shows the nodal

point numbering scheme for the example. The input data is obtained from

the following parameters.

Radius to upstream face = 450 ft.

Height of dam = 300 ft.

Depth of water in the reservoir = 300 ft.

6Modulus of elasticity of darn = 720 x 10 psf

Poisson's ratio of darn = .17

Weight density of dam = 150 psf

Acceleration due to gravity = 32.2 ft/sec2

Modal damping ratio = 5%

Coefficient of refraction between water and ground rock = 0.85

Size of available blank cammon = 12,000

Number of frequencies for modal analysis = 1
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Radial width of the dam at the crest = 12. 6 ft.

Radial width of the dam at the base = 50.0 ft.

The dam has a constant cross-section no:r:mal to the radial

coordinate

Excitation frequencies are w/wl = 0.100 and 0.500

Half the dam is divided into six elements

Ten terms for each summation are used to approximate the in­

finite series for the hydrodynamic loads.

The input data required for the dynamic response analysis of the dam

is presented on the following page.



EXAMPLE PROBLEM - 58 NODE ARCH DAM MESH - MARCH 1978
5812000 1 2

450 . 1 .5
1 . 0 0.0 0.0
5 .0 300.0 0.0
6 .0 0.0 50.0

10 .0 300.0 12.6
1 1 .1309 0,0 0.0
13 .1309 300.0 0.0
14 .1309 0.0 50.0
16 .1309 300,0 12.6
17 .2618 0.0 0.0
21 .2618 300.0 0.0
22 .2618 0,0 50.0
26 .2618 300.0 12.6
27 .3927 0.0 0.0
29 .3927 300.0 0.0
30 .3927 0,0 50.0
32 .3927 300.0 12.6
33 ,5236 0.0 0.0
37 .5236 300,0 0.0
38 .5236 0.0 50.0 1 1 1 N

w
42 .5236 300.0 12.6 >l::>

43 ,3645 0.0 0.0
45 .6545 300,0 0.0
46 .6545 0,0 50,0
48 , C~:545 300.0 12.6
49 , ~'8540 0,0 0.0
53 ."78540 300.0 0.0
54 .?8540 0.0 50.0
58 . 705cl0 300,0 12.6

2 6 1
1720000000. ,17 150.0

3:2,2
1 3

24 22 6 8 19 17 1 3 23 14 7 15 18 11 2 12
2 3

26 24 8 10 21 19 3 5 25 15 9 16 20 12 4 13
3 3

40 38 22 24 35 33 17 19 39 30 23 31 34 27 18 28
4 :3

42 40 24 26 37 35 19 21 41 31 25 32 36 28 20 29
;;; 3

56 54 38 40 51 49 33 35 55 46 39 47 50 43 34 44
6 3

58 56 40 42 "'" 51 35 37 57 47 41 48 52 44 36 45vv
2 :3 .1309 75. 300, 10 10 :3

0,05 0.85
.100
.500
-1 .
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ELEMENT NUMBER 12

PLANE OF SYMMETRY

FIG. Hl. ElEMENT NUMBERJNG OF AN AID! DAM
DEM)NSTRATED WITH A 20 ELEMENT MESH
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5

FIG. H2. lOCAL ELEMENT NUMBERING - THREE
DIMENSIONAL THICK SHELL

6
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13 5

10

I
I .4

t20
I

I I
II

9

I -13

t\'36
28 .......... .,.- \

1\
I \

53 I 41~ 1 \ I \15

1/ 1,8 \
8

~5 I
/ I" I I

52 ~ "I ". I I
.•34 I 23 11

_~1..- - 7

~-f--47 \27

51 .................. \ \
I /"'i \ \

/ 39
\ \1/

/4" \ \
14 6

50 "-"-
"-

54 NODES 1 THROUGH 10 ARE LOCATED ON THE PLANE OF SYMMETRY.
NODES 49 THROUGH 52 ARE LOCATED ON THE BANK.

FIG. H3. EXAMPLE PROBLEM - IDDAL POINT NUMBERING OF
5B NODE, 6 ELEMENT ARCH DAM
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3,- 7+- ....,4

LOCAL NODAL

POINT NUMBER

2

3

4

5

6

7

8

6

2 5

GLOBAL COORDINATES

lee, ze)

Iff"~ z~1

(0;, z~1

(0;, Z;I

ce~, Z;I

(
oe + Oe )_1__2 Ze

2 ' 1

Ie Z~+Z;)
\02, 2

(
oe + ee )-T3,z;

(ee Z~ + z;)
l' 2

8

LOCAL COORDINATES

<t 111

(-1, -11

(1, -1 )

(1, 11

(-1, 11

(0, -11

(1,0)

(0,11

(-1,0)

FIG. Dl. Local Global Corrdinates of Eight Node Surface
Element on Upstream Face of the Dam
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APPENDIX I - COMPUTER PROGRAM LISTING
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EXAMPLE PROSlEri, - 5 ,\0 DE ARCH DArt, MESH - "ARCH 1978
58120('0 1

45 c. 1 •
• 0 G.O C.O

5 ~ 300.0 O.C.w
6 .0 0.0 50.0

10 ~ 3JO.0 12.6
11 .1309 C.O 0.0
13 .1309 300.0 0.0
14 .1309 n n 50.0........ u

16 .1309 3J~.'J 12.6
17 .2618 Q.O 8.C
21 .2618 300.0 0.0
22 .2618 C.O 50.0
26 .2618 ~GO.O 12 • ~

27 • :'-927 0.0 0.0
29 .3927 300.0 C.O
30 .3927 C.O 50.0
32 .3927 300.0 12.6
33 .5236 O.C 0.0
37 .52'6 300.0 0.0
38 .5236 'J .0 50.0
42 .~2'6 30C.0 12.6
43 .6545 0.0 0.0
45 .6545 3CO.0 0.0
46 .6545 C.O 50.0
48 .6545 "00.0 1 2 .6
4° .7il540 C.O Q.D
53 .76540 'OC.D 0.0
54 .7254': C.O 50.C
58 .73540 300.0 12.6

2 6 1
172COOOOOO. .17 150.G

32.2
1 3

24 22 t 0 19 17 3 23 14 7 15 18 11 2 12
2 3

26 24 10 21 19 3 5 25 1 5 9 16 20 12 4 13
3 3

40 38 22 24 35 33 17 19 39 30 23 31 34 27 18 28
4 3

42 40 24 26 3 7 35 19 21 41 31 25 32 36 28 20 29
5 3

56 54 38 40 51 49 33 35 55 46 39 47 50 43 34 44
6 3

58 56 40 42 53 51 35 37 57 47 41 48 52 44 36 45
2 3 • 1309 75 • 300. 10 10 3

0.05 0.85
.100.
• 500
-1.



SUBROUTINl PK1.~TO(IU.O.B,NEQ8.NUMNPfllL.NBlOCK,NEQ.NTtNF. PRIN I
o IMENSION ~INEQ8.LL I,DI5,LLI , I D ( NUMN PF , :)) PRIN ?
REwrNO Nr PKIN 3
REAOINTI PAIN 4
REWIND B PklN 5
READ 181 10 PAIN 6
M=NEQ PO I N 1
NN=NEQB'NHlUCK PMIN 8
WRLrEl6,iOO51 ?klN q
N=NUMNPF PM I N 10

C PRI,' II
00 500 KK=I,NUMNPF PRIN I?
1=3 P~IN LI
0025011=1.3 PA I,~ 14
00 lUO L=I,LL PR 1 ~~ 15

100 DIl,L1=D. PR(N 16 N
IFIH.Gr.NNI 6L TO 150 PRIN 17 ol::>
IF IM.EQ.OI GU TU 150 PKIN Itl l-'
READ (NT I B p" I ~~ 19
Nfio'NN-NE UH ~RIN 20

150 IFIIOIN.JI.U.II GO TO 250 PRIN n
K=M-NN 1'R, IN 22
M=H- I PAIN 23

C PRJ 1"-4 24
DO 200 L=I.LL P'k.IN 25

200 Dlr.LI=BIK,LI PAI~ 26
250 I=r-I Pk I ~ 21

C PRJ'\! ZH
00 251 K=I, J PAIN 2q
IFIIOIN,KI.NE.OI GO TO 252 ~RIN 30

251 LONTINUE PklN 31
GO ru l5J PRIN 32

252 WRITEI6.iD041 N,(L,(D(I,ll,I,q,3I,l'=1,LLt Pi{lN 33
253 CUNrlNUE P? I ~ :!4
500 N=N-I PKIN 35

RETURN PP IN 36
200lt FORMATUHO,13,15,7X,1?3Ell.3/(19 .. 7X,,3E12.3J) PRIN 37
2005 FORMArulHI ••••• MOOE SHAPESIII,5H NODE,IIX,IHX.llX.IHY,ltX,lHll Pk IN 3-1

END Pf<'lN 39

RAOH 62
OVERlAYIXfllt,O,OI RAm,
PROGRAM RAUHIIINPor.oorpOT.PUNCH.rAPE5=INPUT.rAPE6=ourpUT.TAPcI. RADri

TAPE2, TAPE>, TAPE4, TAPE I, TAPEB, TAPE9, TAPE 10, TAPE ll, TAP E~91 RADI1
CCHMON/JUNK/HEUI12I,DUMI3881 RAOrl
COMMON I MISC I NBLOCK,NEQB.LL.Nf.LB .NOYN 'AD"
COMMON IElPARI NPARC14}.NUMNP,MBANO,NElTYP,Nl,N2.N3,N4,N5,MTLT,NcUKAOH &

,N6. NUHNPf ,.l.PRINT ,NLH ,NUMEl.WATL. IMASStlVOL.NEQESTtlloiUDl RAOH 7
,1PR~ ,HtSH ,MESHFN ,lSYM,WDEN.f(lO) RADIi d

COHMON/RAOOD/RADIUS. RAOHT RAOI1 9
C RAOH to
C PROGRAH CONTRUL OAr A RAD" I I
C RAOH 12

REAO(!hlOOJ HED,NUMNP."'UOT,NF,NDYN, IMODE, IPR~ kADIi LJ
NELTYP= I RADH 14
ll"O RAl)H 15
NlM=O rl.Alll1 10
NEQE sr=o RAUH I I
ESTVOl= 0.0 RAuri IH
MESH-O RADH 19
MESHFN=O RAOI1 20
WATl-O.O "ADH 21
WOEN=O.O KAUti 22
WRIIElb,2001HEU,NUMNP.MTOT.NF RAOI1 n
READ 15DO,RAOIOS,RADHT RAOI1 24
PRINT IbOO,RADIO~,RAOHT N'OH 25
TVOL=O.O kAUH ?()
NUHNPF=NUMNP RADH 21
IFIIHODE.LE.O.UR.NOYN.LE.II GO TO 3 .ODH 2M
REAO(5,400JMBANu,I\'UMEL,NEQ KAOH zq
WRITEI6.iOIIMHANO,NUMEL,NEQ RAOH 3J
I MASS: I HADH .<1
IFllMOUE.Gr.O.ONO.NOYN.GT.LI GO TO 4 ROOH 32

C RAOH :n
C INPUT JUINT DArA AND ELEMENT DArA KAUri 34
C FORM ELEMENT 5T IHNESSES--SIIFF. ON TAPE 2 - RAOd 35
C FORM CONSISTANT MASS MATRIX RAO,' 30
C KADd l'

CALL OVEKLAYI5HXHLE,L.0.6HRECALL) KAOH 10
C KA(.)j-j ,'1
C SULVE FUR NArURAL FREQUENCIES AND MODE SHAPES DIRECTLY BY SU.SPACLRAUH 40
C ITERATION...... RADH 41
C kAuH 4?

4 CALL OVEkLAYI 5HXHlE. 2. O. 6HRECALL) KAD" 4;
IFINOYN.lE.llsrop RAud 44

C RAD,i 4S
C SOLVE FOR HYURUUYNAMIC FREQUENCY RESPONSE fUNCTIC'I5 RADH 40
C KA[)H (t r

CALL OVE:RlAV(5HXt-llE,3,O,&HKECAlLI RAOH 4~1

KADr1 4'1
STOP i<.ALJrl rj,l

100 FORMAII12A6/6151 NAUI1 5[
200 FORMATIIHI. li06/11 RAOH 52

28H NUHBEk uf i·~OUAl POINTS = ,15// ~\AUli 53
i8H RtQU. "LANK COMM. SIDRAGE= .1511 UGH ,.

I 28H NUMHER Uf FREQUENCIES = ,1511111 "AOI1 55
201 FOtlMAII31HOHALF BANiJwruTH ,1~1I R.\ON "(,

31H IUrAl NO. OF ELEMENTS ,1411 N,\Oli 57
:llH NU. uf E~UArlONS ,14111 .0Uri 58

400 FORMATIJI51 'ADH 5.
1500 FORMATliFIO.OI .AUri .0
160)0 FORMATI/f9H kA"IUS =.fIO,J,IOX,8H RADHr =,flO.41111 KA,)H 61

END

SU8ROUTINE ERROKINI
WRIIElb.2DOOIN

2000 FORMATlilHsrOkAGE EXCEEDED BY ,lSI
SlOP
END

ERRJ
ERRll
EKKO
tARO
EkRU

I
2
3
4
5



OVERLAYIXflLE,l,OI MA1~ 1
PROGRAM MAIl'll "API ?
COMMON A' I J M, I " 3
COMMON/RAOOO/RADluS ,RAOHT '<AI" 4
COMMON lE.lPAkl NPAR(14),NUMNP,MbAND.NELTYP.Nl,N2,N3.N4.N5,MTGT.,IJE0"1AI.~ ')

.N6. NUMNPf ,IPRINf ,NlM ,NUMEL,wATl,OUM(2),NEQf.ST, U-1COE ,..... AII.J 6
,HASTlf,MESH.M~SHFN ,ISYM,WDEN MAI~J 7

COMMON IJUNKI MM,L,K.NTAG,SIG(31BJ MAPJ 9

NI=I 'IAL" "
N2=Nl+3.NUMNP ~A[N 10
N3=N2+NUMNP "A I N I I
Nft.=N3+NUMNP MAI~ II
N5=N4+NUMNP ,MA I', I',
N6:;:N~"'NUMNi> ,'\A rN l't
IfIN6.GT.MTOrJ CALL ERRORIN6-MTuflMAIN 15
CALL INPUTNSIAINll, AlN2', NUMNP, NUMNPF, NE~, NEQESTI :<AI~ II.
MBAND=O ,MA I,~ 17
NUMEL=O "A 1', In
REWINO 1 '<AIN Ie)
REWINO 2 MAIN 20
READ 15,lOOlJ NPAR '1;\Ie< 21
WRIlE III NPAR I<A 1N 22
NUMEL=NUMEl +NPAR121 /'A I N 2 J
Nl=Not-NPARLH .:-1 A r "J ,)Ii-

N8=N7+NPARlJJ MAJ." h
N9=N6~NPAR(3J "1AIN 26
NIO=N9 +NPARIJI <A1N 27
Nll=NI0+b3*63 1AI.N 2"
IFINll.;'T.MTOfI CALL ERRORINII-MTOT) MAIN 2<)
CALL ELSTJOIAHHOI,NPARI21. NPARI3). NPARI41. AINII, AlN21, AINJI,'1AIN 3']

A(N41, AIN6J, A(N7), AfN8), A{N9), NUMNPF-, A(N5l1 .\1AII\J 31
RETURN f>1AIN 32

1001 FORMAT 11~15) "AIN Jl
END ,MA IN J4

00 10 l=l,INT INPU 21
NODG= NODG + I INPU 23
00 9 J=I 03 I~PU 24
COOROINJDG.JI= CLOROINOO,JI + OXYIlJI INPU 20

9 IOINOOG.JI: IUINLDE.JI [NPU 20
10 NOD= NOD + I INPU 21

IFINOOE.LT.NUMNPI GDTU 5 INPU 28
11 DO 20 l=l.NUMNP INPu zq

COoROII,41= 0.0 INPU 30
ZO CONTINUE I NPU 31

PRINT 35.(NODE:..(COlJRDINODE.J).J=1.4J,{ID'NUOE,KJ,K=l,3J,t-lCDc=l,NUINPJ 32
IMNPI !NPU 33

C INPU 34
C NUM8ER UNKNO"NS If.PU 35

1~4 NEQ = 0 INPU 36
DO 140 1 :: l,~UMNPF INPU 37
DO 140 J -= 1,3 INPU 38
IfIID(J,JI-1l 137,l3d,l3B INPU 30

137 NEQ = NEQ + I INPU 40
1011.JJ = NE~ INPU 41
GO TO 140 INPU 42

138 1011.JI = 0 INPU 43
140 CONTINUE INPU 44

IF(NE~EST.E~.UI Gu TO 160 INPU 45
IF!NEQESI.E~.NE~1 GO TO 160 INPU ~6

WRITE(6.1utJuJ NEW,NEQEST INPU 47
STOP INPU 48

160 CONTlNUE INPU 49
REWINO 8 INPU 50
..RITE 181 10 INPU 51
"RllEIS) COORD INPU 52
RETURN INPU 53

35 FORMATlIIIIII18H NODAL COORDINATES It INPU 54
1 5H NODE ax, IHX,11X,lHy,11X.lHl,llX,lHT,5X,13HIOX ray rUll INPU 55
2(15.4()X.f9.3J,315)} INPU 50

1000 fORMATIZ,H ~AlCULATEO NO. OF EQNS.=151 INPU 57
• 25H OTIMATEQ NO. Of EQNS.=I51 INPU 5A

ZOOO FORMATI15,3rIO.0.3I51 [NPU 59
ENO INPU 60

tv
01::>
tv

SUBROUII Nt INPU TNSI [O;COORD,NUMNP, NU,MNPF, NU.i, NEQES T I
C

COMMON/RADDD/RADIUS.RADHT
COHMON AI II
DIMENSION 10lNUMNP d). COOROINUMNP,41, DXYll31

C
C RE~D COORDINATE ARRAY
C

NODE=I
NGD=NODE
IF!NODE.E~.NUMNPjGUTD II
READ 2000 ,NOOt, ANGL E .HE I GHT, TH I CK .. (I O( NUDE t K) ,K= 1. 3)
COORDINUDE,II= IRADIUS - THICKI*COSIANGLEI
COORDINUOE.21= IkADIUS - IHICKI*SINIANGLEI
CODROINOUE.31= HEIGHT
IFINOOE - NUO.lE.Il GOTD
INT= NuJE - NUil -I
STEP ~ INT+I
006 J=l,3

6 DXYlIJI= ICOORDINUOE.JI - COORUINOO,JJ I/SIEP
NOOG= NUO

INPU
I"PU
INPU
INPU
II",PJ
INPJ
INPU
Ii',PU
I,~PU

I NP U
I (\~ r> U
INPu
H:P)
I ~,P ,J
II\PJ
I~PU

I ~~PU
INPU
I ,<P,)
INPU
INP,)

5
6

7
3

"10
II
12
I)

14
1 ?
10
17

1 "
19
2')
21

C
C
C
C
C
C

SUBROUTINE ElST3U (S,N3JEl,NMAT,NlD,Iu,X,Y,I,Ec,E~U,RHU,AlPT,

NUl'tNP. IEMRJ

STIFNESS SUHRUUTINE FOR 48 D.F. ISUPARAMETklCJD THICK SHELL ELtM.
LINEAR ELASTiC ISOTROPIC MATERIAL
NINT*NINT*ININT-IJ GAUSSIAN INTEGRATION RULE USED
NINT=l,2,3.4

OIMENSION SI63,63J
DIMENSION XINUMNPI.YINUMNPI.lINUMNPI.IOINUMNP.3J ,TEI<RINUMNPJ
OIMENSIuN HI!l ,ENUI ll,RHOIIl,ALPT (ll
OIMENSION STPTSllO,J) ,NDIRII01, IPP(6,2J
COMMON/EM/lM'48J.NU.NS,S5(~8,48j,RF(48t4),XM(48,48J,SA140,481,

SF! 4il,4)
COMMON tGASSt XKI4.41'''GTI4.41.IPERMIJI
CCMHON I JUNK/ E:L, E2, E3, OET, MlD( 4), KLO(41. MUl T{41, ~JP( 161, ll\iP( 161,

A(j t3) ,P ( 3,21 J ,Be 3,3) ,x x ( 16 t 4) , Q( 1 q ) ,DLI 16) ,

EL ST
ELST
EL S T
ELST
"LST
US T
ELST
EL ST
ELS 1
EL S T
EL S T
ELSI
[LST
[LST
ElST
El ST
Ll ST

I
2
3
~,
6
7
8
q

1,1

It
12
I'l
L'.
15
1&
17



ITl481.XLFI4I,YLFI41,lLFI4I,TLFl4I,PLFI4I, LlST 18
KtfT,lNEl,ININT,IMAT,IINC,TTEMP,NEl,ML,N.lNT,MAT, lLSr 19
IN(.,TAG,TEMP,SKlf>,I.J,K,L,FAC,CCl,CC2,CC3.CL4.G. f..:LST 2,)
DEN,FACT,Gl,GG,Cl,C2,C3,C,Kl,K2 ,TR(4),THICK(8J cLSr 21

COMMON IElPARI NPAR(14),NW'1N ,MBANO,NELTYP,Nl,N2,N3,N4,N5,'HlIT,rJI::.(,;FlSr 22
,N6,NllMNPf ,IPRINT .NL'" ,NUMf.L,WATL.IMASS.TVOL,DMMltJl.",DlN I-lSi 2.3

C tLST 24
DATA XK / 0., 0., 0.. IL, [LSi 2:>

L -.5113~02b<j189b•• 51735026918Q6. 0., 0., clsr 2f)
2 -.1745966692415, .0000000000000, .1745966692415, 0., lLS T 27
3 -.8611363l1594I,-.3399810435849, .3399810435849, .86113031159411 UST 2,J

DATA WGI I 2.000, 0., 0., f)., ELST 2.q
I 1.0000000000000,1.0000000000000, D., 0., [lST 30
2 .5555555555556•• 8888888888889•• 5555555555556. 0., ELST JI
3 .347854845137;, .6521451548625, .6521451548625, .34785484513/5/ ElST 32

OA TA I PE RM / 2 oJ, I / "L S 1 H
DATA 5TPJS I 1., L. ,-I .. ,-1 •• O•• o•• O. o. 0... O. , flST 3 /,

o. , o. , O. , 0 .. , L. , 1. ,-I. ,-I. , O. ,0. !-_LST 31)
1. ,-1. , 1. ,-1. , 1. ,-1. , 1. ,-1. , 1. ,-i. / [LST 36

DATA lPP/1.,.l,3,1,2,3.1,2,3.2,3,l/ [LSI 31
C "lSI 38
C ELS T Y}

DO 9 1~1, 6~30 EL5T 40
9 LMUtD=O EISr 41

1 TP=] ElS 1 't,?
WRITE(6,3002l N30cL,NMAf [LSI 43

C [LSI 44

C MATERIAL PROPlKT1"S [1ST 4>
WRIfE 16,13001 ElST '.1
DO I 1=I,NMAT ELS T 47
READ 15,10011 N,EEINl.ENUINI,RHOINl ElST 40
ALPT IN'; 0.0 ELS 1 4"
WRITE 16,20011 N.EEINI,ENUINI,RHOINl ElSI 50
REA015.10031 ~KAV LlST 51
REFT~ u.O "LS I 57
IFIGRAV.c~.O.1 ~RAV;386.0 [LST 53
WRlTElb,20031 GRAV [LST 54

C [LSI S5
WRITE 16,13011 ELST 56
NEl=O lLS1 5/

30 READ {5,lOOO~ INEldNINT,IMATtlINC,MLLJtlG,IGG,INP ELST 53
DO 39 1= 1,4 I:LSI 59

39 MULTIII;1 ElST 60
IFIIINC.toQ.OJ IINC;L ElSI 61
IFIIMAT.cQ.Ol IMAI;I EIST 62

40 NEl=NELH fLST 63
Ml=INEL-NEl [lS164
IF(ML) 50,55,60 ELsr 65

50 WRITE 16.40031 INcL ElST 61>
srup UST 67

55 00 56 I=L.16 ELSI 6"
56 NP1Il=INPlll EIST 6')

NINT=ININT flSI I'J
MAT=IMAI ElST 71
INC=IINC aST 72
TAG= IHI ELS T n
SKIP=999. elST 74
IF1NINTl 33,33,57 EIST 75

33 NINI=IA851N1NTI "LST /6
SKIP=I. [LST 77
IFININT.EQ.OI SKIP;O. "LST 78

57 CONTINUE [lST 79

00 59 1=1,4
KLOIII=IAtlSIMLlJllll
IF1MLOIlII 58,58,;9

58 MULT1I);0
59 CONT+NUE

GO TO 62
e

60 DO 61 1;1016
61 NPIII=NPIII+INe

TAG=IH
DO 64 J=1., ..

64 KLOI I I=KlUI!I*MULT I I I
62 WRITc(6.2000' NEl,NP,N[NT,MAT

e
00 10 I = 1,16
K=NPII!
XXI [.!I=X1KI
XXIl.21=YIK.1
XXI (d)=IIKl
XXII.41; ItMRI Kl

10 CONT INUE
K=I4AT
FAC; EEIKI/III.-2.*ENUIKlI-II.+ENUIKIII
CeTT=FAL*II.+ENU1KII
IFISKIPl 70,70,63

63 SKIP=SKIP-I.
CCI=I.-ENUIKJ
ee2=ENlJI Kl
eO=.5-ENUI KI
DEN; R,WIKI

C
L3=63*63
UO 100 1=1. U

100 SIII=O.
DO 110 1=1.48

110 TTlll=O.
lJO 120 1;1.16

120 Ollll= O.
l3=48-4d
00 121 1=1. 13

121 XMIII=O.U
00 123 1=1. 160

123 SFII1=0.0
VOl=O.O

C
C LOOP OV"R NINT**3 INTEGRAIION POINTS
C

MINT=NINT-I
00 300 LX = I,NINT
El;XKILX,NINTI
E2=XK(LY,f'Ht\iTl
00 300 LI; I,~INT

E3;XKILI.MINTI
e

CAll FlJNCTII,SAI
e

G = WGTllX.NINl '-.GTILY,NINTI*WGTllI,MINTI
GV=G-OET
GI;G
GG=G-OEf *OtN
GGG=GG/GRA~

G=G-FAC/iJtI

ELST 80
ELST 81
EI S I 82
[LST 8J
I:.LS T 8't
flST as
IL S I 86
EL S I 87
llSf RH
[LST fl9
IlST 90
~LST 91
[lST qz
lLST 93
EL ST 94
cl.ST 95
ELST 9(­

lL STY'
[ l ST 9lj

l::LST Y9
[I S I 100
[L SIlO I
UST 10Z
"L SIlO J
lIST 104
I.LSI 105
[LSI 106
i:LST 1~17

lLSI 108
ILST Ill'!
[L 5 T 11 (.1
l'l STilI
fLST 112
aST 113
[LST 114
t.:LS T 115
tLST 116
El. S T Il7
LLST 118
El S I 119
tLST l20
fLST 121
fLST IZZ
EL 5 T 12.J
ElS J l24
ELSI 125
'LS 1 126
"LST 127
ELST 12iJ
El S 1 1~9
Ft S I 130
EL ST 131
f:LST 132
tlS 1 []3
ElS r 13't
USI 135
t:lS T t 11-1
tlST 137
llS1 130
ELST 134
tlS T 14l,)
ELS r 141

tv
ol::>
W



Cl~G~'! fLST 142 Mll#MN-1 't ELST 204
C2~G*CC2 f,L ST 143 C ELST 205
C:PG~CJ LLS T 144 C STIFFNE~~ MATKIX - S ELST 206

C LLST 14, C nST 201
C CONSISTENT MASS MATRIX ELST 146 SP~SIMN,MNI ElST 208
C fl 5 T 147 D06501-I,MO ELST 209

00 130 I~lo 10 ELST 148 65e SIMN,II'SII,MNl/SP ELST 210
1I-II-U*3 EUT 149 DO 700 K-I,MO ELST 211

DO 130 J-I, 16 EL S T 150 SP"SIMN, KI HST 212
JJ-l J-Il*l EL S T 151 DO 700 J"I,K ELST 213
Htt-Q 111* Ql J I'GGG EL 5 T 152 700 SIJ,KI-SIJ,KI - SP'SIJ.MNl ElST 214
DO 130 X-I,3 ElS T 153 710 CONTINue nST 215
XI~Il+X EL ST 154 C fL 5 T n 6
KJ-JJ+X EI S T 15 ~) 711 DO 760 1-1,48 ELST 217
XMIKI,KJI-XMCKI,KJ1.HH LLST 1~6 DO 760 J-I,48 ELST 218

130 XMCKJ,XI1'XMIKI,XJI ELST t 57 SSII,Jl·Sll,JI ElST 219
C EL S T 158 760 SSIJ,II'SSII,JI ELS T 220
C ADO CONTRI8UTION TO STIffNESS MATRIX ELST 159 C LLS T 221
C EL S T 160 C SAve ELASTIC PROPERTIES ELST 222

311 VOL~VOL'GV EIST 161 C ELST 223
003001-1,21 ELST 162 SAlI7,1I-"1 ELST 224
K3 - 3*1 £'lST 1"3 SAl17,21 -CC2 ELST 225
X2 " K3 - I ELST l6 /+ SA117,31·CC3 ELST 226
KI - X2 - I LLST 165 SAI17,41-FAC ElST 221
UI-SAC I,ll ELS T 166 DO 505 1-1,7 aST 228
VI-SAII,21 LLST 167 505 SAIII-SFII) ELST 229
WI-SAII,31 U.ST 168 70 CONTINue ELST 230
DO 300 J~I,21 [LS T 169 C ElST 231
L3 - l*J HST 170 C DISTRI8uree LDAO ELS T 232
L2 _ L3 - I lLST III C ElST 233
Ll - L2 - I ElST 172 DO 410 J-I,48 HST 234
UJ"SAIJ,11 EL S T 173 DO 410 1-1,4 ELS T 235
VJaSAI J,n lLS T 174 410 RFIJ,I'-O, ELST 236
WJ-SACJ,31 ELSr 175 C ELsr 231

tvUU-UI*UJ nST 176 468 IJ"O ELsr 238
vv-v I*VJ ELS T 177 DO 551 I-I, 16 ELST 239 ~

WW-WI*WJ ELST 178 II-NPlll ELST 240 ~

UV-UI*VJ EL S T 179 DO 550 J'I,3 ELST 241
VU-V I*UJ lLST 180 IJ-IJ+I ELST 242
UW-UI*WJ ELsr 181 LMIIJI-IOIII,JI ELS T 243
WUaWI*UJ (LST 187 550 CONTINUE ELS T 244
VW-VI*WJ ELST 183 551 CONTINUE nST 245
WV=WI*VJ <LST 1~4 NS-l ELSf 246
SIKI,LlI = SIK1,I1I • Cl*UU • C3*CVV+WWI ELS T 185 NO-48 ELST 247
SCX2,L21 = S4K2,L21 + Cl*VV + C3*(WW+UUl LLST 186 C ELST 248
SIKl,LJI - SIX3,Ul • CI*WW • C3*CUU.VVI ELST 187 701 CONTINUE ELST 249
S(KI,L21 - SlXt,L21 + C2*UV + C3*VU EL S T 18H CALL WRIT ET IMtiANO.NOIFI EL ST 250
SIKl,131 - S CXI, 131 • C2*UW • C3*WU LLST 189 C fLsr 251
SlK2,L31 - SIK2,L31 • C2*VW • C3*WV <LST 190 C CHECK IF LAST ELeMENT fLST 252
IF lI.eQ.Jl GO TO 300 ELS T 191 C ELST 253
SIK2.L 11 - Sl K.2.LlI • C2*VU • C3*UV EL ST 192 IFINlOEI-Nfll 50,600,590 ELST 254
SlK3,LlI ~ ~IX3,Ll) + C2*WU + C3*UW ELST 193 590 IFIMLI 30,30,40 ELST 255
S IXl,L21 - SI K3 ,L21 + C2*WV + G3*VW ELST 194 C ELST 256

300 CONTINUE EL S T 195 60e RETURN LLST 257
TVOL=TVOL+VOL EL S T 19" C ELS T 258

3000 FORMATI14H ELEM. VUL. = E 15. 7l LIST 197 1000 FORMAT 1415,412,2 K. 40X ,215/16151 EL S T 259
PRINT 3000, VOL EL ST 198 1001 FORMAT 115,3FIo.Ol ns T 260

C ELSI 199 1003 FORMATl~10.21 ELST 261
C SIATIC CONDENSATION LLST 200 2000 FORMATI16,X,815/7X,815,I9,TI2/1 ELST 262
C ELST 20 I 2001 FORMAT I Kol5,3E15.41 ELST 263

406 DO 710 '1-1, 15 ELST 202 200l FORMATCII135H ••••• ACCELERArION QUE TO GRAVITY =,FIO.21111 ElST 26'+
MN-64-M ELST 203 1300 FORMAT 19H!MATEKIAL lOX IHE 12X 2HNU lOX 3HKHO,I6H NUMB<R,/ I fLST 26"



1301 FORMAT ~30HI ••• lb NOOE SULlO ELEMENT DATA III
• BH ELEMENT lUX 15HCONNECTEO NODES 17X 21HlNTEGRATION MATERIALI
• BH NUM~ER 3X,36Hl 2 3 4 5 6 7 8 6X,5HLRJER
• 7X. 3HNU.1
.11X.36H9 10 II 12 13 14 15 16 II 1

4003 FORMAT I 36HUELEMENT CARD ERROR, ELEMENT NUMBER· [61
3002 FORMAT 1 3lHl ••••• 16 - NODE SOLID ELEMENTS III

• 24H NUMBER OF ELEMENTS •••• ,15 II
• Z4H NUMBER OF MATERIALS ••• ,15 II1I

END

SUBROUTINE FUNCT IKK,DI
C

DIMENSION U(40,1I,BBI31
COHMON IGASSI XKI4.4I,WGTI4.41,lPERMO)
COMMON IJUNK' R ,S ,T ,OET,MLO(4),KlO(4),MUlT(4l,NPC161,lNP{161,

A(3,3) ,P ( 3.211 t B{ 3.3» t Xl ( 16.4- J ,Q{ 19 J .0 U 16)
C

R2=2.011.-IR00211
S2=2.011.-IS00211
RN=.lZ5011.-RI
SP=l.·S
SN=I.-S
TP=l.+T
TN=l.-T
RPSP= R'S-I.
RPSN= R- S-l.
RNSP=-R>S-l.
KN~N-=-R-~-l..

XPP= 2.*R+S
XPN= 2.*k-S
XNP=-2 .CilR+'>
XNN=-Z.oR-S
YPP= R>'~.OSI

YPN= R-IZ.OSI
YNN=-R-12.0S1
XX=.125

C
C SHAPE fUNCIIONS
C

Q( II=RpoSPolpORPSP
QI 21=RNOSP*TP*RNSP
Ql 31=RNoSN*TPORNSN
QI 41=RP*SNOTP*RPSN
QI 51=RpoSP*TN*RPSP
QI 61=RNOSP*TNoRNSP
Ql 71=RNOSN*T~*R"SN

QI BI=RP*SN*TN*RPSN
Q( 9)=~2.SP.TPoXX

Q 110 I=RN*S201P
Qllll=RzoSN*TPoxX
QI121=RP*S2*TP
QI131=RZ*SP*TN*XX
QIHI=RN*S2*TN
QI151=RZ*SNOTN*XX
QIl61=RP*S20TN

C

Elsr 2&b
ELST 267
ELST 16k
ELST 269
ELST 270
ELST 271
ELST 172
aST 273
ElST 274
ELST 27'

fUNC I
FUNC 2
FUNC 3
FUNC 4
FUNC 5
F UNC 6
FUNC 7
FUNC A
HJNC q
FUNC 10
fUi"IIC 11
FUNC 12
FUNe 13
[-UNC 14
f- UNC 15
fUNC 16
'uNC 1 r
FUNC 1R
FUNC 19
FUNC 20
FUNC 21
FU~C 22
FUNC 23
FUNC 24
fUNC 25
FUNC 26
FUNC 27
fUNC 28
FUNC 29
fUNC 30
FUNe 31
FUN C 32
fUNC B
FUNC 34
fUNC 3"
FUNC 36
f UNC 37
FUNC 38
r UNC 39
FUl\i.C 40
'UNC 41
FUNC 47
fUNC 43
FUNC (tt­

FUNC 45
'UNC 46

C
C

C

c

DERIVATIVES OF SHAPE FUNCTIONS

100 XR=-.5*R
XS=-4.*S
Pli,1l= XxoSpoTPoXPP
Pll.2J=-xx*sP*rp*x~~

Pll,31--XX*SN*TpoXNN
Pll,41= XX'SN*TP*XPN
Pll,5)= XX*SP*JN*XPP
P(1,61 =- xx* ~P.TN*XNP

Pll,71=-XX*SN*TN*XNN
Pll,BI= XXOSN*TN*XPN
PC 1,9)= XR*.sP*TP
Pll,101·-XX*S2*TP
PII.111= XR*SNOrp
Pll.121· XX*SzoTP
Pll.131= XR*SPOTN
Pll.14)=-XX*S2*TN
Pll,151= XR*SN*TN
Pll.161= XX'520TN
Pll.171=1.-13. oROR)
Pll.lBI=O.
Pllol91=0.
Pll.201=S*ll.D-13.0 0R'RII
Pll.211=S*11.D-IS*SI)

P(Z.1'= RP*TP*VPP
P12,21= HN*TP*vNP
PI2.31=-RNOTP*VNN
PIZ.41=-RP*TP*VPN
PI2.5)= RPoTN.VPP
P12,61= RN*TN*VNP
PI2,71·-RN*TN*VNN
P IZ, BI=-RPo TN*VPN
Pl2,91; R2*TP*XX
Pl2.10J= XS.TP*RN
PI2.111=-RZ*TPoXX
PI2.121= XS*TpoRP
PIZ.131- RZ*TN*XX
PI2.141. XS*TNoHN
P(Z,151=-R2*1~*XX

PIZ.161= XS*TN*RP
PI2,171=U.
PI2.1BI=1.-13.0S*SI
PIZ,191=0.
PI2.201·H*ll.Q-IH*RII
PI2,211=R*ll.0-13.0*S*SII

P13,ll= RPOSpoRPSP
PI3,Z)= RN*SP*RNSP
PI3.31= RN*SN*RNSN
P(3,4)= RP*SN*RP,)t'i
PI3.51=-RPOSP*HPSP
Pl3,6J=-RN*SP*RNSP
PI3.71·-RN*SN*RNSN
PI3,BI=-HP*SN*RPSN
P13,91= H2*SP*XX
P13ol01- HN*S2
P13.11I= R2*SN*XX
P13,1ZI= RP*S2
Pl3.13)=-RZ*SP.XX
P13,141=-RN'S2

FUNC
FUNe
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
fUNC
FUNC
FUNG
fUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNG
fUNG
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
fUNC
FUNC
FUNC
FUNC
fUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNC
FUNG
FUNC
FUNC
fUNC
FUNC

41
48
49
50
51
57
53
54
55
56
57
5A
59
60
61
6>
63
64
65
66
67
6B
69
71
71
72
73
74
75
76
77
7H
79
80
Al
B2
B3
B4
~5

B6
B7
BB
B9
90
91
92
93
94
95
96
97
98
99

100
101
l02
103
104
105
106
In
108

tv
~

U1



C
C iNVERT JACOBIAN
C

C
C MATRIX UF X-Y-l DERIVATIVES
C

c
C JACOBIAN MAIRIX A
C

PI3.151=-R2*SN*XX
Pl3.161=-RP*S2
P13olll=O.
Pl3olBI=O.
Pl3.191=-2.*T
PO.201=0.0
PI30211=0.0

N..,.
()I

II
I R
14
2J
21
22
2 _J

24

I
2,
4,
"I
8

10
11
12
13
14
l'
16
17
18
Ig
20
21
22
23
2:'
25
20
21
23
2Y
30
31
32
3,
34
35
'6
3 I
38
10
40
41
42
43
44
4>
46
47
4R

~RIT

~R IT
oR IT
,;R IT
~td T
"p IT
"RIT
wR IT

OVERLAYlXFILE.Z.Ol
PROGRAM EIG»P

DO I 1=1, 4B
IFI XMI loll.LI.O.ol STOP
CONIINUe
wRITE (1) NS,ND,lM,ST,TT,XM
WRITE e21 lM.~D,NS,S,P, XM
RETURN
END

ElGS
EIGS
EIGS
E IG j

EIGS
ElGS
EIGS
[IGS

COMMON IELPARI NPARI141.NUMNP.~BANO.NELTYP.Nl.N2.N3.N4.N5.MTOT.~LQLIG5

,N6, NUHNPf ,IPRINT ,NLM ,NUMEL,WATL, IMASS,TVOl,NEQEST,IMOQE fiGS
,1PRH ,MESH ,MtSHFN ,[ SYM,WDEN E: IGS

COMMON IJUNKI HcOl121 EIGS
COMMON I MISC I N~LOCK,NEQB,LL,NF,LB,NOVN fIGS

COMMON ITAPES/NSTIF,NREO,NL,NR.NT,NMASS fiGS
COMMON A1l6000) flGS

L I GS
UGS
Ll G5
EIGS
UGS
E IG S
t-. IGS
tiC;;
UGS
tlGS
tlGS
ElGS
lIGS
ElGS
EIGS
EIGS
E lG S
UGS
erGS
EIGS
[IGS
EIG5
ElGS
EIG:>
tlGS
ElGS
UGS
EIG S
tlGS
UGS
ElGS
ElGS
EIGS

MTEMP=HIOT
IfIMTOT.E~.OI MTOT=MTEMP
NSllf=4
NMASS=9
NREO= 10
NL=2
NR=3
NT=7

LL=O
1(=0

NV=Z*Nf
IF INf.GT.81 NV=NF.12

NEQB=MIO I II Z>M8ANLlH I
NBLOCK=INEO-II/NEQB.1
II=IIH
IFl 11.(;1. 1001 SlOP
IFINEOB. GT .NEOI NEQB=NEO

NWA=NEUB>MBANO
NWV=NV*NEOB
NTB=IM~ANO-21/NEUB.1

IF INI8.GE.N8LOCKI NTB·~BLOCK-I

NWVV=N~V*I~(B.IJ

N2=NWV.NEOb.NV
IfIN2.lE.HTUTJ GU TO 10
NEOB=IHTUT-NVI/II.NVJ
GU 10 5
N3=N~A+NwV+N~~V+NEQB+2~~V

IFIN3.LE.MIUTI GU TO 20
NEOB=111l UT -2>NV 1I1 MBANO.NV>NV >' I.NT BI.II
GU 10 5
N4=NV*(3·NV+2*NEQB.3}+NEOB*~BAND

PROGRAM TO COMPUIE .HALLEST EIGENVALUES AND ASSOC(ATED VECTURS IN
THE GENERALIZED EIGENVALUE PROBLEM

A*V=RT*B*V lA pas OEF.B OIAG NONNEG OEFI

10

20

C
C
C
C
C
C

C
C

CFUNC 109
FUNC 11)
FUNC III
FUNe III
FUNC 113
FUNC 114
FUNC liS
fUNC 116
FUNC III
FUNC 110
FUNC II g
fUNC 120
FUNC 121
FUNC 122
FUNC 123
FUNC 124
FUNC U5
FUNC 126
FUNC 127
FUNC 128
lUNC 12q
FUNC 130
FuNC 131
FUNC 132
FUNC 133
FU~C 13 1..

FUNC 135
fUNC 13u
FUNC 131
fUNC I1Il
rUNe l3g
fUNC 140
FUNC 141
FUNC 142
FUNC 143
FUNC 144
FU,<C 145
FUNC 146
FUNC 141
FUNC 148

WR I T 1
~k [ T 2
WR I T 3
wRIT 4
~j{IT S
WPI T b

I'IR I r 7
~~R I T 8
.,;RIT g
.RI T 10
WR 1 T 11
riP I T 12
.R 1T 13
wRIT 14
wR 1T 15
wR 1 T 16

END

00 400 1=1,3
00400 J=I,22
CoO.
OU 350 K=I.3

350 C=C.81I,KI*PIK,J)
400DIJoll=C

600 RETURN

DO 200 1=103
DO 200 J=I03
C·O.
DO 150 K=I.16

150 C·C+Pli.KI*XZIK.JI
200 AII,JI·C

IF IKK.EO.31 GU TO 600

SUBROUTINE WRITETlMBANO.NOIFI
COMMON/EM/LM(48J,NO,NS,S(48,48),P(48,4J,XM{48,481,ST(4O,4dl,

I TTt40.41
C
C CALCULAIION OF BAND WIDTH AND WRITES ELEMENT MATRICES ON TAPES

MIN'IOOOOD
MAX=O
DO 450 L=I.NO
IF ILMILI.E~.OI GO TO 450
IF ILMILI.GT.MAXI HAX=LMILJ
IF lLHILI.LT.MINI MIN=LMll)

450 CONT I NUE
NOIF=MAX-Ml N.I
If lNOlf.GT.MBANVI HBANO=NOIF
PRINI 2. NDIF

2 FORMATIIH HBANO=151

C

C

DO 300 1=103
J=IPERMlll
K=IPERMI JI
811.II·AIJ,J'*AIK.KI-AIK,JI·AIJ.KI
a4I,JJ=AtK.Jl*A(1,KJ-A11.Jl*AIK.Kt

3008IJ,II=AIJ,KIOAIK,II-AIJ,II'AIK,KI
OET=AI 1,1I'!lII.II.AI 1,21>812.11.AII,JI*BI3,1I



SUBROUTINE SSPACEB (NEQ,MBA~D,NBLOCK,NEQB,Nf,NV,NWA,NWV,N~VV.NTBISSPA

C SSPA
COMMON /TAPES/NSTIF,NRED.NL,NR,NT,NMASS SSP.
COMMON Alii SSPA

COMMON IELPARI NPARI141,NUMNP,MB tNELTYP,Nl,N2tN3,N4,NS,MTLTrrl~~SSPA

• ,N6, NUMNPf ,IPRINT, INOD,NUMEL, DUM{S) rIPKM S$PA
C SSPA

NITEM=IO SSPA
C FACTORllE STiffNESS MATRIX SSP,

NZ-I+NWA SSP A
N3=N2+NftA SSPA
CALL SEI.OND I TIl'll! SSPA
CAL L DECOMP (A (l j. A(N2 J. A I N3 •• NEClB ,MBANO. lilBlOL K, NjojA ,NT 8. N SCH ,N lO) SSPA
CALL SECUND IIIM21 SSPA

C SSP A
C ESTABLISH STARliNG IRANSFORMATIO~ VECTORS ON TAPE NR SSPA

N2=I+NWV SSPA
N3-N2+NEQB SSPA
CALL INVECT IAIII,AINZI,AIN31.NBLOCK,NEQB.NVI S,PA
CALL SELUNO tllM31 SSPA
TIMI=TIMZ-IIMI SSPA
T1M2=1I Mj-Ji ML SSP.
PRINT IOOO,TIMI SSPA
PRINT 1010,TIM2 SSPA

C SSPA
C PERfORM SUBSPACE ITERN SSP'

00 100 I-I,NV SSP A
100 All 1=0. 0 SSPA

NITE=O SSP\
200 NI7E=NITE+~ SSPA

PRINT I020,NITE SSP.
CALL SECUND 1111'111 SSPA
NI-I+2'NV SSP,
N2=NI+NwA SSPA
N3=N2+i'4wV 5SPA
N4=N3+N .. VV SSPA
CALL REu~AK (AtklJ,AfN21.A(N31 ,A(N4I,NEQBtNv,~WA,NwV,NwVV,NTH, SSPA

IN6LOCKI SSPA
C SSPA

REAOl1l IAI II, 1=1. NFl
WRHEIITPI IAIIl. 1"1, NFl
00 600 N=I, NdLOLK
REAOl1l (AlII, 1=1. NQF I

600 WRITEIIlPI lAllI, I=t. NQFI

IFIN4.LE.MI0I1 GU TO 40
NEQB=IMTOI-NV*13+3*NVII/IMBANO+Z*NVI
GO 10 5

40 NEZB=Z*NEQB
PRINT lOOO.NE~.MBANO,NBLOCK.NEQB.Nf

IFIIMOUE.GT.O.ANO.NDYN.GT.II GO TO 50
45 NZ=NI+MBANU'NE2B

CALL A~MBLBIA'~lJ.AIN21,NUMEL.NHLOCK,NE2H,LL,MBANO.NEO,MASwAT)

50 IFIIMOOE.E".O.UR.NOYN.EQ.II GO TO 300
IMOOE=IO
REWIND 1
REWIND IMuOE
READIIMUUfJ N8TP,NEQBTP,NEQTP,NFTP,MBTP
IFINBTP.NE.NBLGLKI GO TO 2
IflNEQdTP.NE.NE"BI GO TU Z
IFINEQTP.NE.NLQI GO TO Z
IF(NFTP.NEoNFJ GO TO Z
(F(M8T~.NE.MHANUjvOTO 2
REAOllMUOEI IAII,. 1=1. NFl
WRlTElll IAl11. 1"1. NFl
WRITE(6,lOOl.l 1(i,ACItI, 1=1, NFl
NQF' NE QB *NF
DO I 1=1. NBLULK
I{EAOCIMUOI:) 'A'K.I, K=i, NQF)
WRI TElll IAIKI. K"I, NQFJ
NI=I
N2=Nl+5*NUMNP
N3=NZ+ 5* Nf
IFIIPRM .NE.UI GU TO J
CALL PKINTOIAINIJ,AIN21,A(N31,NEQ8,NUMNP,NF,NBlUCK,NtQ t7,~Fl

3 LONTINuE
RETURN
wRITE(6,lOOu) NE~TPt~BT?,N8rp,NEYBTP,NFTP

STOP
C

300 NwA=NEQBoMBANO
NkV=NII*NEl,JB
NTB-IMBANO-21/NEQB+I
IF (NIB.GE.NBLdLKI NTB"NBLOCK-I
NWVV=NwV*'NTb+lJ
N-=2IQr.NwA+NEl.JB
NZ=NwV+NEQd+NV
N3=N~A"NWV+NhVV+NEQ8+2*NV

N4=NV·(3.NV+2~NI:~B+31+Nt~8·MAAND

N5=NwA+b*~V+Nl~b

C
IF IN2.GI.NI N=~2

IF IN3. GT.N I ,,-~3

IF IN4.GT.NI N=N4
If IN'.GI.NI N-~5

IF (HTUT-Nj 4UO,~OQ.500

400 PRINT 10lU,N
SlOP

C
500 CALL ~~PACEB (NEQ,~BANQ.NBLOCKrNEQB,NFtNV,NwA,~WV,N~VV,NT~)

I TP= 0
IfOMOiJE.NE.UJ IIP-IO
IfIITP."".OI Gu TO 100
REWIND 1
REW INO liP

550 WRIIEITTPI NBLOCK.NEQB,NEQ.NF ,MBANO
NQF=NEQB *Nf

[IGS 49
E I GS ,1
EI G > 51
lIGS 5,
E1GS 53
UGS 54
EI GS 55
t IG s SO
EI GS 51
lIGS 5,
[IGS ,'/
tiG> 60
ElGS 61
EIGS 62
El GS 63
UG> ""UGS 65
E I r;s hi,
l::.IGS b 7
[, IGS 61l
E1GS 6y

t: I GS 7u
UGS 1l
EI G> 72
fIGS n
E1GS 74
f: IG.:) 'IS
L IG S 70
II GS 77
i: I GS 7"
rIGS 7"
EIGS B0
cIG5 01
[IGS qZ
tl G> oj

E res R4

E1GS 85
fIG S 86
l:::it>:) 87
E1G> 8d
EIe. > 8~

LlGS 91
EIGS 91
t~ I GS 92
[IGS 9'
EI GS 9'.
[[GS 95
E1GS 90
EIGS qr
EIGS 9,
C IGS 9'1
ElG S IJJ
EI GS 10 I
E1GS 102
E1G S IUJ
E: I GS 104
E1GS 105
fiGS 1 ()h

EIG' 107
01 GS Do
E1GS tO'l
E1GS ill)

C
700 REIURN

C
1000 FORMA7

I
Z
3
4
5

100 l FORMATI
1010 FORMAI'

END

llHl.20HPROBlEM lNFORMATION II
130H NU OF EQUATIUNS •••••••••••••
/30H 112 BANDWIDTH Of A ••••••••••
130H NU UF BLOCKS ••••••••••••••••
130H NU UF EONS PER BLOCK ••••••••
/30H NO OF FREQUENCIES REQD ••••••

9H FRE"S. 1115,F12.611
140tlOfOR EXECUIlON NEED TO I,NCPEASE

14
14
14
14
14

MTUT TO 161

i.l crGS
EIGS
E1GS
EI GS
fIGS
EIGS
[IGS
[IGS
EIGS
crGS
crGS
EIGS
ElGS
E IG S
[lGS
F:IGS
EIGS

111
lIZ
ID
114
115
tt6
117
liB
llQ
lZ0
IZI
122
12 :.
IZ4
125
120
1Z I

I
2
3
4
5
6
7
B
9

[0
11
IZ
13
14
15
16
II
1 ~

I,
ZO
21
22
Z3
24
25
n
21
ZR
2'1
,\0
31
32
B
34
35
36
37
36
39

N
~
-..J



SUBROUIINE E[G~uL CDl,RTOlV,AK,8R,VEC,VL,VR,D,XM,NF~NV,N8LOLK, EIG
INEQB,NITE,Mlll LIG

C [IG
COMMON IrAPES/NST1F,NRED,NL,NR,NT,NMASS EIG
DIIlENSION ARIN V ,NV) ,BRI NV, NV I, VEC I NV ,NV I, VL I NE<.lB, NV I, VRI ~EQd, '~V JUG
OIMENSION O(NVI,OLINVI,RTOLVI~V!.XMINEQB,MB) EIG

COMMON IflPAHI NPAR(14jrNUMNP,MBAND,NELTYP,Nl,N2,N3,N4,N5,~TOT,NEUclG

• ,N6, NUHNPF dPRINT ,NlM ,NUMEl,WATl dMASS,TVOL tiG
C t I G

N..,.
CXl

10
II
12
lJ
I.
I'
16
11
18
19
20
21
2Z
n
24
25
26
27
2B
29
30
31
32
:n
34
35
36
37
38
3Y
40
41
42
43
44
45
4'
4)

48
49
50
51
52
53
54
55
5"
57
5R
59
60
61
62
61
6'0
65
66
67
68
6'J
1)

71

EIG
ElG
EIG
EIG
tIG
E I G
fIG
EI G
ElG
EI G
EIG
Ell,;
EIG
EIG
EIG
ElG
[lG
EIG
[lG
fIG
ElG
EIG
ElG
E I G
EI G
[lG
E I G
ElG
EIG
EIG
EIG
lIG
tlG
EI G
E1G
[IG
ElG
EIG
EIG
ElG
[lG
ElG
EI G
EIG
EI G
UG
ElG
E I G
tlG
ElG
fIG
E1G
[ IG
ElG
elG
EIG
ErG
EIG
E I G
ClG
ElG
FIe.

00 291 N=I. NBLOCK
291 READ INLl

CALL TRANSM(XM.Vl,VR.BRrNEQB,M6.NV,N~ASS.NL.Nr.NBlUCKJ

C
C FIND PROJECTIONS Of MASS AND STIFFNESS OPERATORS

00 IOU !=I,NV
DO 100 J=I,Nv
ARII,Jl=O.O

100 llRII,JI=U.O
DO 2UO N=I,NBLOCK
BACKSPACE NL
READ INLl VL
BACKSPAC t NL
READ INRI VR

101 00 220 I=I,NV
00 220 J=I.Nv
ART=O.O
00 23U K=I,NE<.lB

230 ART=ARroVLIK.IIOVRIK.JI
220 AR(ltJ!=AK(l,J).A~J

200 CONTINUE
00 290 1=I,Nv
00 290 J=I d

BRII,JI=6RIJ,ll
290 ARII,JI=ARIJ,11

C

NITEM=IO
RTOL:I.OE-04

TOLJ= •• OE-12
REWINU NMASS
REWINU NT
REwiND Nl<

C
C
C SOLVE EIGENVALUe PROBLE~

289 CONT INUE ,,'
CAll JALOBI (AK,dR,VEC,D,Vl,Nv;1TOlJ)
00 295 J=I,NV
XMM=S~RrIBR(J,Jll

00 295 K=I,NV
295 VEC(K,Jl=VEC!K,JI/XM~

C
C ARRANGE eiGENVALUeS ~

NVI=NV-I '
440 IS=O

00 400 l=I,NVl
IF 101I+lI.Gt.OIIIl GO TO 400
IS= IS'1
BT=BRlloldol!
DT=O! l'll
BRt 1"1, 1 .. 1)-bK( 1, I)
DlI+lI=OIIl
BRIldl=8T
OIII=DT
DO 420 K=I.Nv
TEMP=VcCIK,I'1l
VECIK,loll=VECIK,11

420 VEC1K,II=TcMP
400 CONTINUE

If IIS.~T.OI GU ro 440
c
C CHECK FOR CONVEkGtNCE

4,
?:)

51
52
53
5.
55
56
57
5d
5q
6J
61
62
61
(,.
65
66
67
68
69
70
71
72
73
74
)5

7,
77
7H
7'J
80
61
R2
8)

"4
05
~16

40
41
42
41
44
',5
46
'07
(-t q

F6.21

If INIfE.LT.NIrEM! GO TO 200

FORMAT 134HOTIME FOR STIFFNESS FACTORIZATION F6.2l
FORMAT 142HOTIME FOR GENERATION OF INITIAL TR-VECTORS
FORMAT IIHl,llHNO OF [TERN l4l
FORMAT 124HOTIME USED IN ITERN STEP F6.21
FORMAT 125HOTIME FOR EIGENVALUE SOLN Fb.21
fORMAT IlHI,2bHTHE FINAL EIGENVALUES ARE II

FORMATI37HI fREQUENCIES IN CYCLE PER SECOND ARtl1
FORMATlIOX,15,5H-----FIO.41

FORMAl IIHU,bEl2.141
END

PH=MANI1.IH.
PRINT 1055
DO 210 1=1, Nf
fREQ=A III
fREQ='QRTlfREw!/2./PII
PRINT 105b,I,fREQ
tONT INUE

PRI NT 1050
PRINT 10bO,IAIll ,1=I,Nfl
WNTINUE

IFIIPRM.NE.D! GU TO 310
NI=l
N2=N 10 5*NUMNP
N3=N2050Nf
CALL PRINTDIAINll,AlN2l,AIN31,NEQB,NUMNPF,NF,NBLOCK,NEQ,NP,~f

RETURN

SULVE SUIlSPAtE UGENVALUE PROBLE~ SSPA
N2=loNV SSPA
NJ=N20NV SSPA
N4=NHNV*NV SSPA
N5=N4oNV*NV SSPA
Nb=N50NV*NV SSPA
Nl=N6+NWV SSP A
Nll=Nl+N.V SSP A
N9=NB+NV 5SPA
tAL~ SECUND ITIM2! SSP~

tAU EIGSOL IAlll,AIN21,A(N31,AIN41,AIN5!,AINb"AIN7I,AII~BI.~IN9ISSP,'

1. Nf,NV ,NBLCJCK,NEfJB. Nt TE.MBAND. SSPA
GAlt SEtONU IT 1M3! SSPA
TlMl=TlM3-f1MI SSPA
TlM2=TlM3-TlM2 SSP A
PRI~T 10JO,TIMI SSPA
PRINT i040,TIM2 SSPA

SSP A
'SPA
SSP A
SSPA
SSP A
SSPA
SSP A
SSI>A
~SPA

SSPA
SSPA
SSPA
~SPA

SSPA
SSP A
S$PA
SSP A
~SPA

SSP A
SSPA
SSPA
SSPA
SSPA
SSP,\
SSPA
SSPA
SSP ,\
JSPA
SSP 11
S5PA

310

210

300

t

C
1000
1010
1020
10JO
1040
1050
1055
105b
1060

t

t



DO 300 I:I.NV [lG 12 C TE4'\l

0IF=A8SIDllll-01111 fIG n REWIND NT ("A \J

300 RTOLVI11=DIF/UIII £IG 7. NMAX=M8/NEU8+l T~A,\j

PRINT ID4U E I G 7> IF1NMAX.&T.N8IuLKJ NMAX=NBIDCK 1 i-A.\j 1'1

PRINT liJUO,lRTUIVIII,I=[,NVI £IG 7:1 NEV=NEQU*NV T~- A ~J II

00 320 1=I,Nf fIG 77 ITT=O TkA"~ 12

IF lRTULVlll.GT.RTOU GO TO 3'00 fIG 7" CAll Sc~UN01TIJ TkA\J 1.'
320 CONTINUE fIG 79 DU 400 N=l. NblOLK TKAN 14

PRINT 1050,RTUI L1G 80 REWIND NMASS IRAN 15

NITE=Nll EM E I G 01 00 5 1=1, NEV Tf.: A~J 16

GO TO 350 £IG Ij) 5 C111=0.U TkA ~~ 11

340 IF INIT c.1 T.NIlcMI GO TO 360 ElG (\3 NR=N-NMAX Tio' A\J ld

PRI NT 1060 E I G 84 IflNR.GI.ul GO Te & TK A "-I I 9

350 DO 354 I=I.NV UG q> NF<~O Tf",~'~ 20

Ollll=Dlll [lG 86 GO TO 20 TkA'\I Z I

IFI01II.LE.0.01 , lOP HG 87 6 DO 10 1=1. NR f!.<A\j 2<'
354 D(1)=SU~TIDII)l ErG HR I:iACKSPALc Nu Tw A\l 2 1

M=NT EIG 8Y ITT=lrJ+I T~A \j 24

NT=NL ElG 90 10 READINMA SSI Ti-<.A,\J ?5
NI=M E IG 91 20 READINMASSI XM T f~ A ,'j ':6

M=N~ lIG 92 NR=NR+l TkA \ 27

NR=NL tlG 93 BACKSPALE NiJ Tf-<AN ?B
NL=M E I G 94 READ INDI A TPAj\J 2Y

REWIND NR L1G 95 BACKSPACE NO ThA~ ~l)

WR ITEI Ni< I Will. 1=1, NFl HG Y', lTT=ITT+1 1k A~, 31

PRINT 1055, IlI,UIIII. 10: 1. NF) UG y 7 IFINR.EU.NI GL IQ 100 ThA \j >2

1055 FORMAT17H FRcc"S.1l4H N FREU. 1115,FlO.411 LlG "~ ISTART=IN-NR-II.NEQB +1 1-</1.'" 33

GO TO "30 E I G "9 DO 50 1= I, Ntc"B TRA"I 34

C UG 100 NXM=ISTAKT*NEOd+1 1 1'<. A ') 3"::

C CALCULATE APPROXIMAIE EIGEN OIRECTIONS E1G lOl ISTAKT=ISTART+I 1 f<A.'l 36

360 DO 410 1= I,NV UG 102 NDIF=MB-lSTAR T +1 r I~ i\ r-.J 37

410 Dllll=D III F.IG 10 3 IFINDIF.lI.11 ~U TO 20 J KA:'j 3 ;

REWIND NR t:IG 104 NM=NEQB THA ~~ 3" tv
430 REWINiJ NI E I G 105 IFINDIF.LT.NMI NM=NDIF TRA·'\I 40 .I:::>

DO 460 N~I,NBl.OCK E I G 10" 00401\=0:1, Nt; ff{/I'>J 41 1.0

READ IN T I VR UG 107 NA= I-K TF-A '\t 42
DO 480 J=I,NV UG tOn NC= I-NEO" IRA1\! 4 "i

DO 480 1=I,NcQ8 EIG lOY NXM=NXf'l-l+NE~B lkJ\N 44

TEMP=O.O E I G 110 IF1XMINXMI.EQ.U.DI GO TO 40 TKA.'~ 4;

DO 500 K=I.NV [IG III DO 30 J=I, NV TKA,~ 41,

500 TEMP=TEMP+VR1I,KI*veC1K,JI EIG IU NA=NA+NEUU TkA ~>J 47

480 Vll I.JJ=TcMP E I G 113 NC=NC,+NE 08 1 fi Ailj 4R

460 WRITE INRI VL ErG ll~ 30 CINC)=CINCI+XMINXMI*AINAI TRA ~ 49

C fir. 115 40 CONTINUE T RII :'~ '),)

RETURN ElG 116 50 CONT INuE TRA~ 51

1000 fORMAT llH ,l2HI.41 ElG 117 GO TO 20 TVAi ;2

1040 FORMAT 132HOkEI TOl REACHED ON EIGENVALUES I ElG 118 IDa l.ONTINUE T KA:\j "
1050 FORMAT IlIHOl.DNVERGENCE FOR RTDL EIO.4) cI G I1g C rRAr"j '}/+

1060 fORMAT (3IHO.E ACCEPT CURRENT I TERN VALUES I i:IG 120 DO 150 1=1, NE~B TkA''i '):,

END EIG 12 I NXM=NE"B'I lRAfIj 56
UO 140 K=I, I TRA" 5 7
NXM=NXM+ I-Nt~B TkA;~ oR
11= I +L-K T~.M..j ;Y
IFIII.GI.MBl GU I(j 140 TkAI'~ 6J
IF1XMINXM1.c~.u.01 GU TO 140 1 k A ~~ 61
NA=K-NlOB TPA~ 02

SUBROUTINE TKANSMIX~,A.C.B,NEQB,MB.NV,NMASS,ND,NT,NBLOCKI TRA,~ I NC=I-NEOB TkA~ 63

C TRAN ? DO 130 J=I, NV TRA,~ 64

C THIS SUBROUTINE fORMS 8=AT'XM'A, wRITES C=XM*A ON TAPE NT. TRAN 3 NA=NA+NEU8 TRA,~ &;
c A AND XM ARE REAU fROM TAPES ND AND NMASS. TKA~ 4 NC=NC+NE 08 TRA,~ 66

C TRAN 5 130 C1NC1=CINCJ+XMINXMI'A1NAI 1kA\i 67
DJMENSIUN XM'NEQb,MB),A{NEQ8,NV),B(NV,NV),C(NE~B,NVJ TRAN 6 140 CONTINUE IkAN 6i1



THIS VER,ION A~SEMBLES GLOBAL MASS MATRIX ••

SUBROUIINE ASMBLBIA.SMS.NUMEL.NBLOCK,NE2B.ll,MBANO,NEQ,MAShATI

FORMS GLOBAL EQUlLI8RIUM EQUATIONS IN BLOCKS

DIMENSION AINE2B,MBANOI.Sllfl48501 ,SMSINEQI
COt1MOf'.l/E M/lM( 4ti j ,NO, NS, S( 48,48' • P 148,4) ,XM' 48 ,481, ST (22 ,401,

1 TTl12,41
EQUIVALENCE ISllf,LM)
NEQB=NE28/2
K-NEQB+I
X=NBlOCK
HB=SQRTl Xl
MB-HB/2.1
NEBB-MB*NE2B
MM=1

450 CONTINUE
DO 460 1=1. NV
DO 460 J=I. NV

460 BlJ,I!-BII,JI
CAll SECONDIl2l
T2=T2-1l
PRINT 2000
PRiNT lllOO. T2
RETURN

1000 FORMAT1FIO.41
2000 fuRMATI41H TIMe fOR fORMING GENERALIZED MASS MATRIX)

END

tv
U1
o

I
4
5
6
7
8
')

10
11
12
13
I'.
15
16
17
19
19
20
Z 1
22
2;
24
25
26
27
28
29
30
31
32
33
34
35
36
37
.18
39
40
41
42
43
44

131
132
I :l3
134
135
136
131
138
139
140
141
142

TRAN
TRAN
TRAN
TRAN
TKA,~

TRAI<
TRAN
TRAN
TkAN
TRAN
HAN
THAN

ASMB
ASM8
ASM'!
ASMd
ASM8
ASM8
ASM8
A,MB
ASHB
ASM8
4$~t~

ASMB
ASMa
A5M~

ASMd
:"SMB
ASM8
ASM8
ASM8
ASMB
A5M8
ASMa
ASM B
ASMd
ASMB
I\SMd
ASMB
ASM8
ASM8
A 5MB
<\$1'"13
A>MJ
ASMB
ASMB
ASM8
ASM'l
AS,MB
A$MB
ASMB
ASMB
A5M8
ASM a
A>MB
A5MB

I 2 BLOCKS AT A TIME)fORM EQUAIIONS IN BLOCKS

NSHIFr=O
REwINO 4
RE"IND 9

REWIND 1
REWIND 2
NA=l
NUME=NUM 1
If IMM.Nt.l1 GO TO 75
NA-2
NUME=NLJMEL
NUMI =0

15 DO 100 N-I.NUME
READ INA! STlf
DU 600 I-I.I<U
LMN= I-LM III
II-LMIII-N,HIFr

DO 1000 M=I.I<BLOCK ,2
110 100 1=I.N1028
00 100 J=I,MBANIl

100 AII,JI=D.

C
C
C

C

C

C
C
C
C
C
C

69
70
7l
7Z
73
14
75
76
77
78
7"
80
81
>0\2
83
84
85
R6
87
88
89
go
91
92
93
94
95
';6

97
9·0
"1'1

100
lOI
102
101
l04
105
100
101
lLlg
10'!
llJ
III
ILL
llJ
It'of
115
Ilo
111
II d
119
ILl)
12 I
122
l2J
124
12 C;

126
117
120
12'';'
1"3'.1

TRAN
TRAN
TRAN
TRAN
TRAN
TRAN
fRAN
TRAN
TRAN
TkA~J

TPAN
H·AN
TRAN
TKA,\j
TRAN
TRAN
TRAN
iRA',
TRAN
HAN
TkAt'\l
IRAN
fRAN
IRA\!
TRAN
TRA~

TRA''oI
TKA N
ThAN
IRAN
TRA ~'01

TKA~J

TRA.~
IRAN
Tt<1\\l
Tf..AN
TkA'1
Tr<A\j
TKAN
TFA~

TkAt\J
Tf<MIi
T f<.A \j

iRA 1'1
Tr{Ar-J
TRA .~

IRA\!
TF-A."
TRA,\J
TRAN
i, A~

IRAN
Th.i\\1
TRA,~

TRA\I
TkAN
Tr..A~

TKA,\j
TR AN
TfJA\I
TI-A:\!
TI'\A,\I

IFII.EI.i.NEQBl GU TO 150
II-I +l
00 145 K-II. NEQB
IJ-K-I+l
IFIIJ.GT .M~) GO TO 150
~XM-NXM'NEQ~

IfIXMINXMl.EQ.U.U) GO TO 145
NA=K-NEQ B
NC-I-NE~B

00 155 J=l. NV
NA.:t.:NA+NE QB
NC=NC.NE \.IB
CINCI=C1NC)+XMINXMI*AINAI
CONTINUE
CONrINUE
I B-N
00 300 L=2. NMAX
I B=l~+l
IFlIB.C;I.NBLUCK) GO TQ 350
BACK SI'A~ E NO
REAO I NU) A
BACKSPACE NO
ITJ=ITI>l
I START=l IB-Nl*NEQB '2
00 180 I - I. N EQ B
I START-l STAR 1-1
NOIF-MB-15IARI+1
IFINOlf.L1.11 GO ro IBO
NXM-IISTART-21*NEwB+1
NM=NEQ8
IfINOH.L1.NMl NM=NOIF
00 160 K=l, N~\

NXM= NXM+ NEQB
IFIXM1NXM1.EQ.O.01 GO 10 160
NA=K-NE\.I8
NC=I-NEQU
00 110 J-I. NV
NA-NHNHlB
NC-NC'·NEQ8
CINC1=LINCI.XMINXMl*AINAI
CONT INUE
CONT /NUE
CONrINUE
00 3lO I =I. I TJ
READ INDI
WR I I EI NT I C
I TT=O
NEV=NV*N V
00 410 1=1. Nb'
BI11-0.D
REWINIl N I
DO 450 N=I. NBLOCK
BACKSPACE NO
READIN,,) A
BACKSPACE Nil
REAO INII C
DO 440 I - I, NV
DO 440 J=I. NV
CT=O.O
110 430 K=I, NEQB
CT=CT.A'KtJ)·~(KfJJ

8(lvJ):::;tj(l,Jl+t.f
430
440

400

110
160
180
300
350
310

410

155
145
150



If 111.lE.0.OR.II.GT.NE2BI GO TO 600 AS~ B 45 WRITEl~1 • ( At I f J) t I::: 1, NE Q B) ,J= 1 t MBAND l ASMtl 107

DO 500 J=I.ND .\.:),"11) 46 IfIM.EQ.NBlULKj 00 TO 1001 ASMB lOB

JJ=lMI Jl +lMN ASMU 47 WRITe{9j "A(!,JJ,I=K,NE2BJ,J=1,MBANDJ ASM,] [09

IflJJI 500,500.400 ASMa 4H 1001 N5HlfT=N5HlfT+Nl2B A5MB 110

400 Al 1I.JJI =AIII.JJI+SI 1.J I A5~O 40 RETURN ASMa III

500 CONTINUE ASM l~ 5') END ASMA 112

600 CUNTINUE ASM d 51

C ASMd 5?

C DETERMINe If STiffNESS IS TO 8E PLACED ON TAPE 7 ASMB 53

C A5MB 54

If IMM.~T.lj 00 TO 700 II.SMd 55

00650 I=I,ND ASMB 56

IlslMll1 -N5HlfT AS~t.I 57 SU8ROUT IN< INHCf IVA.X~'[EQ.NBlOCK.N"OB.NVI INVE 1

Iflll.GT.N<2B.ANU.ll.lE.NE881 GO TO 660 AS~O ,,~ C INVE 2

650 CONT INU< AS"'!t3 59 COM~ON /TAPtS/N~TlF,NRED,Nl,NR,NT,N~ASS I NV E 3

GO TO 700 ASM t3 6J OIMENSIUN VAlN<UB.NVI.XMINEOBI.lEOIII l~VE 4

660 WRITE 171 STlf ASM t3 61 C (NVE 5

NUM7=NUM7+1 A5MB 62 NVI=NV-I INV E 6

C AS~ t:' 63 KK= I lNVE 7

700 CONT INUE ASMB 64 INO=O INVE 8

WRITcl41 (tA(I.Jl,[=l,NEQBJ,J=l,MBANO) AS"" l3 6? 90 NBV=KK*llNVI-II/N8l0CK+II INVE 9

IfIM.EQ.N8LOCKI 00 TO 1000 AS,~'1 66 If INBV.~T .Nco/BI NBV=NEOB I NVE 10

WRlfEl41 ((A(l,JJ,l:::K,NEZB),J=l,MBANDJ }\S~8 67 IF 'NBV.E~.NE~aj 1 ND= I INVE 11

If IMM.EQ.HOI HM=O ASMo 61 If IN8V.GI.NcOo) NBV=NEOB INVE 12

MH=MM+l ASM 0 69 IF INbV.EO.N<UBI INO=I INVE 13

1000 N5HlfT=NSHlfhNE2B .lSMd 70 NBVN=O lNVE 14

C ASMB 71 ICOUNT=O INVE I?

MHzl AS "'3 72 1l=0 INVE 16

NSHlfT=O ASM8 73 C lNVE 17

00 1001 H=I,NoLOLK.2 AS..., d 74 REW INO NMASS (NVE 18

DO 101 1=1, NUB ~SM[~ 75 REW INII NS llf I~VE 19

00 101 J=I. MBAND ASMd 7" 60 READ INMA,SI XM lNVE 20

101 AlI.JI=O.O .\5MO 17 READ lN5flfl VA [NVE 21 IV
REWIND 7 '5MB 7Y ICOUNT= ICUuNT>1 INVE 22 U1
REWIND 2 ASMB 79 DO 20 !=1,Nl:CJ8 HJVE 23 'i-'
NA=7 A5M B AO IF (VAIII.EO.O.OI GO TO 20 INVE 24

NUME=NUM 7 A5MB BI VAil j=XMIIII VA III INVE 2?

IflMM.Nc.11 GO TO 76 A 5MB B2 20 CONT I NU E lNVE 26

NA=2 ASMB 83 C INVE 27

NUME=NUMEl ASMt-3 B4 NNV=NEUB/NBV INVE ?8

NUH1=D AS~ 8 B5 00 40 l=I,NBV INVE 29

76 DO 701 N=I. NUMEL ASMB 8'\ RT=O.O INVE 30

REAOINAI STIf A5MB 87 NN=l·NNV INVE 31

DU 601 1=1. NO A$Md 88 DO 34 1 =1 ,NN HiVE 32

LMN= I-LM I II A5M8 89 If lVAIII.U.RTI GO TO 34 u-.v£ 33

II=lMIII-N5HlfT A5MB 90 RT=VAlil INVE 34

If lll.lE.1I.UR.11.GT.NE2BI GO TO 601 ASMd 91 IJ= I I NVE 35

00 501 J= I, ND ASM8 92 34 CONTINU E INVE 36

JJ=lMI J) +LMN ASMtl 93 00 30 I=NN,NEi.iB INVE 37

IflJJI 501.501.401 ASMa 94 If IVAIII.lc.kfl GU TIl 3J I ~~v E 38

401 AIII.JJI =AIII. JJI +XMII oJ I ASM8 9 ~) RT=VAlIl INvt 39

501 CONTINUE AS.~O 96 IJ= I lNVE 40

001 CONTINUE A$MR g7 30 CONTINUE lNVE 41

IfIMM.GT .11 GU IU 701 A~Md ~; d If IVAIIJI.NE.O.OI GO TO 32 INY< 42

00651 1=1, NO ASMt' g9 N8VN=NOVN>1 [NVE 4.\

II=lMl ll-NSHlfT AS~B IOD GU TO 40 INVE 44

Iflll.GT.N<2B.ANO.Il.lE.NE8BI GO TO 661 AS,lolR 101 32 LL=LL+l HiVE 45

651 CONT INUE AS" B 10;> If-QIlLl=IICOUNT-ll·NEQ8>IJ INVE 46

GO TU 701 ~SMB lQ3 If ILL.GE.NVll GO TO 50 INVE 41

661 WRIHIIl 5 T IF ASM(j 104 Vi,! IJI=O.O INVE 4d

NUM7=NUMHl A$"1[3 10') 40 CI:N TlNUE (NVE 49

701 CONT INUt ASMd lOt> If (INiJ.t:~.lj GO TO 45 I NVE 50



IF IINoVN.E~.01.uR.(ICOUNT.EQ.NBLOCK11GO TO 45 INVE 51 READ INRI VA REod IR
NBV=KK*IINVI-LL-II/INBLOCK-ICOUNT1+II INve 52 K=o R£.Jd 19
IF INBV.GT.NE~BI NBV=NEQB I r.VE 53 KK=LL REUd 20
NBVN=O UWE 54 00 20 J=I,NV "EOJ 21

C I "lVE 55 00 30 1=I,NE~B REllA 22
45 IF IICOUNT.LT.NBLOCKI GO TO 60 I NVE 56 K=K+L Ri.L.ld 21

IF IIND.EQ.II Gl> TO 47 I NV [ 57 KK=KK+l RUla 24
KK=2*KK If\VE 58 30 VVI KKI= VAl Kl RLDB 25
GO TO 90 I NVE 59 20 KK=KK+NEB REDo 20

41 PRINT 1000 " VE 00 10 LL=LL+NE~B "tUG 27
sroP INVE 61 ISA=1 HOB 28

C INVE 61 C KEOo 2y
50 REWIND NMASS INVE 61 50C DO 100 I=I,NE~B P lOl\ 30

REWINU NR iNVE 64 lL= I+N£Qd R[i)t} 31
OU 100 L=I,NBLOCK INVC 65 MAX=MAX B I II REDel 32
READ I,NMASSI XM INVC 60 J=O REDB 33
DO 120 1=I,NH,B INVE 67 00 120 11=IL,MAX.NEQB RE013 H
VAll, 11 =XMIII I NVE 68 J=J+l RED" 3"
DO 120 J=2. NV I NVE 69 C=A 1111 REDiJ 36

120 VAII.JI=O.O I~VE 70 IF ICI 1l0.l20,J 10 RfD~ 3 I
DO 140 K=l,NV INV E 71 liD KK=I+J Ki:OJ 3d
Il= IE~I K-ll Ii'lVt 12 JJ= I K~iJ~ 39
NLE=1 L- ll*NE~B lNVE 13 00 140 l:l,NV REOS 40
NRI=L.NE~B I"VE 74 VVIKKJ=VVIKKI-C*VVIJJI i1.[Ot3 41
IF lil-NLEI 140,140.160 INVE I'> KK=KK+NEBT KlOL3 42

160 IF INRI-Ill 140,180,180 INVE 7' 140 JJ=JJ+NEBT RfOd 43
IBO 11= II-NU INVE 77 120 CONTlNU< ,,[D~ 44

VAIII.KI=I. INVE 78 100 CONTINUE kfDn 4'
140 CONTINUE l~vE 79 DO 200 I=I.NEQB REDd 40

WRITE INRI VA INVE 8a C=A I II ~tDB 47
100 CON II NU E I~VE 81 IF ICI 180.200.180 k. EDtl 4(\

PRINT 1010 IJ\;v t- 8? 180 KK=I F<fDB 49
PRINT 1020.lIEOlll.I=(.NVll INVE 83 DO 210 L=I,NV RLJ8 5:) IV

C INV E 84 VVIKKI=VVlKK1/C REo~ ,1 V1
RETURN INVE 95 210 KK=KK+NEaT KEDil 52 IV

1000 fORMAT 142HO.E 00 NOT HAVE ENDUGH FINIrE EIGENVALUES I I NVE 86 200 CONTINUE KlDd 53
1010 FORMAT 120HOPKINT OF VECTOR IE~ I I~VE UI IF IbA.EO.NSLOCKI GO TO 400 k.lOd 54
1020 FORMAT llHO,20161 I NV E 88 READ INREO) A,MAXG I{[OB '):;

END I~VE 8Y I SA=ISA +1 r:E.Ud '>0
C 1·.:I::Llt3 '7
C STORE REOUCEU VEcTLRS ON rAPE NT RlDiJ 5:1

K=O REDll ',q
KK=O RlUt3 60
DO 240 J:l.NV r<,tDJ 61
00 220 I=I,NE~B ,,[D" 62

SUBRour {Nt Rf::DdAK (A,V,~.¥VoMAXB.NEQB,NV.NWA.Wo/V.NWVV.NTd.~.Bl\JCKI;{f:Dd I K.-=K+l Kt-OJ 6'
C Rli)'3 I KK=KK+l REDS 04

COMMON ITAPES/NSTIF,NREU,NL,NR,Nr,NMASS kLDo 1 220 VAIKI=VVIKKI REOo 65
OIMENSION A(N"Al,VAINWVI,VVIN.VVJ.MAX8INE~B) KtU'J 4 240 KK= KK+NEU KLDll "6

C KCOtl 5 wRiTE INT) VA ~ Ej) t~ 67
NEB=NTB*NEOB REDo (, K=l KEOll 6d
NEB T=N< B+NEQB RcD8 7 OD 310 J= I.NV HOB 6"

C ReDel 8 DO 300 I=I.NEB Rli.l(~ Tn
C REDUCE VECTORS ON TAPE NR K.llHi 9 KK=Kf-NE .,.6 !UOU n

REWINLi NR<O REDel 10 VVIKl'VVIKKI Klu :} p

REi/INU NR I-!.i:.D8 Il 300 K=K+l fH:OfJ 71
RE.INO i'lL PUJI1 IL 310 K=K+NE~8 REDJ 14
REwiND NI KlDll II IF IISV.EO.N8LUCKl GO r(l 50J RED,1 75
READ (~RED. A,MAXB Rll)~ I', READ INRI VA Rf-Dr3 7 i )

ISV=NTBvl REOJ I' ISV=I SV+l " EDB 71
LL:O kFUU 16 KK=N<B q[-l)i3 7R
DO 10 L=I,1SV RfOJ II K=O klon 79



00 330 J=l.NV REDB ~O

00 320 l=l.NEOB REDB a1
K=K+l REllB 8Z
KK=KK+l REUO 83

320 VVIKK)=VAIKI REDB 84
330 KK=KK+NE8 REDB 85 SUBROUTINE JAcOBI (A,B,X,EIGV,D,N,RTOlJ JACO 1

GO TO 500 REUB 86 C JACO Z
C REDB 81 01l'4EN:)lON A'I\,Nh8(N,NJ .XINtN) ,EIGVCN),.OHU JACO ,
C BACKSUBSTITUTE VECTURS ON TAPE NT RE08 88 C JACO 4

400 BACKSPAU NRbJ REOB 89 NSMAX= l5 JAClJ 5
ISA=l REO B 90 00 10 l=l.N JACO 6

420 OU 600 l=l.NEOB REOIl 91 0IlJ=A1I,lI/B1I,l1 JACJ 7
J=NEOB+I-I RfDB 92 10 EIGVlll=Ulll JACO 8
MAX=MAXB1JI REOo 93 IF IN.EQ.ll RETURN JAC 0 9
IF lAIJ) I «40.600.440 REOB 94 00 30 l=l.N JACO 10

HO KK=J REDo 95 00 20 J=l.N JACO 11
00 620 L= l.NV RE08 9~ 20 X1I,JI=0. JACO lZ
JJ=KK+l REDB 97 30 Xl 1.11= 1.0 JACU 13
Il=J+NEOB REOd 98 NSWEEP= 0 JACO 14
C=VVI KK I REDB 99 NR=N-l JACO 15
00 640 11~IL,HAX.NEQB REOB 100 C JACD 16
C=C-A1Ill*VVIJJI RID 8 101 C wE START ITERATION JACO 11

640 JJ=JJ+l REOB La? 40 NSWEEP=NSI<EEP+l JACO 18
VVlKKI=C REDB 103 PRINT 1000,NSWEEP JACO 19

620 KK=KK+NEBT KEDB 10 4 EPS=IO.Ol**N5WEEPI**Z JAtO 20
600 CONTINUE REDB 105 DO 50 J=l,NR JACO 21

KK=O RfDd 106 JJ=J+l JAtO 22
K=O REOB 10 7 00 50 K=JJ.N JAto 23
00 660 J=l.NV RtOo 108 TT=AIJ.Kl*AIJ,KI JAtO 24
00670 l=l.NtOB REOB 109 TB=AIJ.Jl*A1K.KI JAClJ 25
K=K+l ((fOB 110 EPTOLA=AB~llTITBJ JACO 26
KK=KK+l REOJ III TT=B1J.KI*SI J.KI JAClJ Z7

610 VA1KI=VVlKKI REOB liZ TS=8(J,J)*B(K.K) JACll 28
660 KK=KK+NEB REOB 113 EPTOLB= IT IlB JACO 2' N

WRITE I NLl VA REDB 114 IF lltPTlJLA.Ll.tPS1.ANO.1EPTOLB.LT.EPSIl GO TO 50 JACO 30 U1
IF I [S~. EQ.I< BLUCK I GO TO BOa REDo U5 AKK=AlK,KI*B(J.KI-BIK.K)*AIJ.KI JAClJ 31 W
BACKSPACE NREO RID5 116 AJJ=AIJ.JI*81J.KI-B1J.JI*A1J.KI JACO 32
READ INKED I A.MAXB RED6 117 AB=AtJ,J)*B(K,K)-AIK,K)*BIJ,J) JACO J3
BACKSPAC~ NRcO REOB UB CHECK=IAB*AB+4.0*AKK*AJJI/4.0 JACO 34
ISA=15A +1 kEDd 119 IF (CHECK) 60.70,70 JACU 35
8ACKSPACE Nl REOB 120 60 PRINT lDO«.CH~CK JAClJ 36
READ IN r I VA RE08 lZI srop JACO 37
BACKSPACE Nr i<E03 lZ2 70 SOCH: S~RTl CHECKJ JACO 3R
K=NEBr REOB lZ 3 Dl=A6/2.0+SQCH JACO 39
DO 700 J=I.NV RWtl lZ4 02=A8/2. 0- S"CH JACU 40
00 720 I=I.NEB REOB lZ 5 DEN=Dl JAtu 41
KK=K-NE ~B REOJ 126 IF IA~51021.Gr.ABS10UI OEN=02 JAClJ 42
VV1Kl=VV1KKI REOIl lZ 7 IF lOENl 90.80,90 JACO 43

720 K=K-l REDB 12 S 80 CA=O. JACO 44
70e K=K +NEd T+NE B KtJB 129 CG=-A1J,K1/AIK.KI JAC~ 45

K=O REDd 130 GU TO 100 JACO 46
KK=O REOB 131 90 CA=AKKI DEN JACO 47
DO 740 J=l.NV REDd 13 2 CG=-AJJ 10EN JACO 48
00 760 l=l.NEQB REOB 133 C JACU 49
K=K+l REOil 134 C WE PERFORM THE GENERALIZED ROT AT [ON JACO 50
KK=KK+l REDS 135 100 IF IN-ZJ 95,180.95 JACO 51

760 VV1KK1=VAlKI REOB 136 95 JPl=J+l JACO 52
74C KK=KK+NEB RCOd 137 JMl=J-l JACO 53

GIl TO 420 REOB 138 KP l=KH JACO 54
800 RETURN REOB 139 KMl=K-l JACO 5<;

ENO RED8 140 C JACO 56
IF IJMl-li 120,lLO,110 JACO 57



110 DO 10!> I=I,JMI JACO 5d DO 260 J= 1."1< ,1 JACO 120
AJ=AII.JI JACO 59 JJ=J~I JACO 121
BJ=BII.JI JACO 60 00 260 K=JJ." JACO 122
AK=Allo KI JACO 61 TT=AIJ.KI*AIJ.KI JACO 123
BK=811.KI JACLl 62 TIl=AIJ,JI*AIK,KI JACO 124
AII.JI=AJ.(;G*AK JACO 63 EP SA=AIl:.1 TT/Till JACO 125
BII.JI=8J+CG*IlK JACO 64 TT=BIJ.KI*BIJ,KJ JACO 126
AII,KI=AK.(;A*AJ JAW 65 TIl=IlIJ,JI*BIK.KI JACO 127

105 BII,KI=8K+CA*IlJ JAW 66 EP SB= TT /Til JACO 128
(; JAW 67 If IIEPSA.LT.EPSI.ANO.IEPSB.LT.EPSII GO TO 260 JACO 129

120 If IKPI-Nl 130.130,140 JACO 68 GO TO 300 JACO 130
130 00 125 I=KPI.N JACO 69 260 WNTINUE JACO 131

AJ=AIJ,II JACO 70 C JACO 132
BJz 8(J •• j JACO 71 DO 310 I=I,N JACO 133
AK=AIK,II JACO 72 DO 310 J=I,N JACO 134
BK=81 K,I1 JACO 73 BIJ,II=811.JI JACO 135
AIJ,II=AJ'(;G*AK JACO 74 310 AIJ,ll=AII,JI JACO 136
81J ,II=8J+CG*BK JACO 7<; RETURN JACO 137
AIK.II=AK+CA*AJ JACO 76 C JACO IlB

125 BIK.II=6K+(;A*IlJ JACO 77 300 DO 320 I=I,N JACO 139
C JACD 78 320 DIII=ElGVIII JACU 140

l'oO If IJPI-KHlJ 150,150.180 JACO 79 IF INS~EEP.lT.NSMAXI GO TO 40 JACO 141
150 DO 160 I=JPI.KMI JACO 80 DO 330 I=I,N JACU 142

AJ=AIJ.II JAW BI DO 330 J=I,N JACO 143
8J=81 J, II JACO 82 8IJ.II=BII.JI JACU 144
AK"ll'All.KJ JACO 83 330 AIJ.II=All.JI JACO 145
llK=BIl, KI JACO 84 RETURN JACO 146
AIJ,II=AJ'CGOAK JAW 85 C JACO 147
BIJ.II=BJ'(;G*BK JACO 86 1000 FORMAT IIHO.14HNO UF SWEE~ = 141 JACO 148
AII,Kl=AK'(;A*AJ JACO 87 1002 FaRHAT IIH ,12EII.41 JACO 149

160 lllI.KI=BK+CA*llJ JACU fiB 1004 fORMAT 18HOCHE(;K = E20.141 JACU 150
180 AK,z:A( K, Kj JACO 89 1005 FORMAT Il4HOCURRENT EIGENVALUES ARE I JACO 151

BK=BIK,Kl JACO 90 END JACO 152
AIK,KI=AK+2*CA*AIJ,KI.CA*CA*AIJ,JI JACU 91 N
BIK.Kl=BK'Z*CA*BIJ,KI.CA*CA*BIJ,JI JACU 92 (Jl
AIJ.JI=AIJ.JI'Z*CG*AIJ.KI+CG*CG*AK JAW 91 .t::>
BIJ.JI=BIJ.JI'2*CG'BIJ.KI·CG*CG*BK JACU 94
AIJ,KI=O.O JACLl 95
BIJ.KI=O.O JACO 96

C JACO 97 SUBROUTlNE OE'OMP lA,B,MAXB.NEQB.MBAND.NBlOCK.NWA.NTB.NSCH.NEQ) DECO 1
C UPDATE EIGENVECTORS JACO 98 C DECO 2

DO 190 l=l.N JACO 9, COMMON ITAPES/NS1IF,NRED.Nl,NR,NT,NMASS DEcCO 3
XJ=XII,JI JACU 100 DIHENSltiN AINWA1.BINWAI.MAXBI~EuBI DECO 4
XK=XII,KI JACO 10 I C DECO 5
XI1.JJ=XJi-CG*XK JACO 102 NEuBI=NEuB-1 DEcCO 6

190 XII,KI=XK'(;A*XJ JAW 103 Nl=Nl OECO 7
C JACO 104 NZ=NR DECO 8

50 (;ONTINUE JACQ 105 REWINO NSTlf DECO 9
C JACO 106 REWIND NREO DECO 10

DO 220 1=1." JACO 107 REWIND NI DECO II
220 EIGVIIl=AII,Il/B( 1.11 JACO 108 REWIND N2 DEcLO 12

PRINT 1005 JAW 109 N$(;H=O DECO 13
PRINT 1002.IUGVIII.I=1.NI JAW 110 C DECO 14

(; JAW III DO 600 N=I,NbLOCK DECO 15
(; (;H6CK FOR CONVERGENCE JACU 112 IF IN.~E.II GO TO 10 DECO 16

DO 240 I=I,N JACQ 113 READ (NSTIfl A OlCO 17
TOL=R TOl*O III JACO 114 GO TO liD Ot:CO IB
OIf=ABS I EIGV 111-01 III JAW 115 10 IF INTB.Eu.1I GO TO 110 OEcCU 19

240 If IDIF.GT.TOLI GO ro 300 JACJ 116 REWINO NI DECO 20
(; JAClJ III REWIND NZ JECO 21
C (;HECK IF ALL OFF-UIAG ELEME~rs ARE SATISFAC10RILY SMAll JACU lid READ IN 11 A DECO 22

EPS=RTOL**Z JAW 114 C OECO 23



3 CALL OVERLAYI5HXflLE,3,3,6HRECALLJ
600 RETURN

1000 FORMATI215,3fIO.O,3[SI
2000 FORMATIII133H NuK8ER ECE~ENTS [N 1 DIRECTION =,[5,

I 1137H NUMBER ELEMENIS IN IHETA OIRECIION =.[5.
2 1129H ELEMENT HALF ANGLE -RADiANS=,FIO.5,
3 1122H ~L<HENT HALF HEIGHT =,FIO.5,
4 1122H DEPTrl OF RESERVOIR" ,F12.6,
5 1128H NUH8ER OF N TERMS - NTERH ",i5,
6 112BH NUM8tR Of H IERMS - MIERM =.iSIIII

END

N
V1
V1

I
2
3
4

66
87
68
89
00
9i
92
93
94
95
96
97
98

22

6
7
8
9

10
II
U
13
14
I'>
16
17

I"
Iq
20
21

23
24
2'>
26
27
28
20
30
31
32
3'
34
35
36
37

lJECU
Oleo
OECll
JECO
OECO
DECO
OECO
DECO
DECO
DEC 0
DECO
DECll
occa

141

AIIl~B( II
GO TO bOO
WRITE I N2 J
CONT INUE
H=NI
NI=N2
N2=M
WRI TE I NREDI A,MAXB
CONTINUE

RETURN
fORMAT 122HOPIVUI is lERO IN RO"

END

VERIICAL <XCITAlluN

HORIZONTAL feXCITATION IN X DIRECTION

OVERLAYIXflLe,3,Ol rlYJR
PROGRAM HYORO rlYDR
COMMON I MIse I NHLOCK,NEQB,Ll,NF,lH ,~DYN riYDI{
COMMON ItLPARI NPAR(14 •• NUMNP.M8ANO.NELTYP.Nl,N2tN3,N4.N5,MTUr,NE~HYOK

,N6, NUMNPf ,£PRINr ,NLM ,NUMEL,WATl, IMASS,TVOL,NEJEST,l~l)UE HVOR
,IPkM ,MESH ,MESHFN ,ISYM,WDlN,T(IOJ HYDR

COMMONJRAOOO/RAUluS,RAOHT HYO"
COMMliN IH '1'01 NUMElI ,NUMEL T,TW. HI, Hh AT ER. NT ERM, MT ERM t I XYl HY DR

HYDR
riYDK
HYJR
rlYDR
HYDR
HYOR
HYOI{
HYDR
HYDR
HYDIo!,
rlYDR.
HYOR
HYDi<
HYOR
HYOK
HYJR
HYDR
IWDR
HYDi<
HYOR
HYDR
HYDK
HYOR
HYDR
HYDR
HYOR
HYOR
HY' OK
HYDR

HORIZUNTAL EXCITATION IN Y DIRECTION

READI5,1000INUMEll,NUMELT,TW,lW,HWATER,NTERM,MTERM,[XY 1
WRITE(6,lODOINUMELl,NUMEll,TW,lW,HWATER,NTERM,MTERM
NrERH· NIERM • 1
GOTOII,2,31 IXYZ

CALL OVERLAYi5HXfllE,3,I,6HRECALlI
GOTO 600

CALL OVERLAYI5HXflLE,3,2,6HRECALli
GOlD 600

500

1000

500

480
400

520
600

C

C
C
C

C

C
C
C

C
C
C

H

24
25
26
27
18
29
30
31
32
3 .~

34
)5

30
J7
)~

)0
40
41
41
43

45
46
47
48
49
50
51
52
53
54

"56
57
58
sg
6J
6 I
62
63
64
05
66
67
68
60
70
71
72
73
74
75
76
77
713
70
80
BI

"2
83
84
d5

DECO
DECO
OlCD
LJlCi..)
DEW
OECO
OlCO
DEC 0
OECO
DECO
DECO
DECO
OECO
UlCJ
OEC 0
DECO
DECO
DlCO
DEC 0
Llf.CJ
DECO
DECO
DECO
DEC 0
JECO
OfeCO
DlCO
DECLl
DEC 0
OEC 0
OlCO
JECO
DECO
DECO
JECO
JECO
..lECa
OICO
UECO
OfeC 0
DECO
OlCO
DECO
OlCO
DfeCO
JICO
DlCO
DECO
DECO
Oi CO
OlCO
DEC U
OlCO
'lECO
DECO
')CCO
iJEeD
O,CO
UECO
UlCJ
DEC 0
lJECJ

C fACTORIZE LEADING 8LOCK
110 DO 300 1=I.NEQ81

PIV=AIIJ
If IPIVI 120.115.130

115 11=IN-II*NEQ8'1
If ((1.Gr.NE'" GO TO 520
PRINT 1000.11
STOP

120 NSCH=NSCHH
130 IH= hNWA-NIoQ8
HO IF IAIIHII 160,150,160
150 IH=IH-NEQ8

GO TO 140
160 HAX8111=IH

Jl= 1'1
11= I
OU 200 J=Jl.NEQ8
11= II.N EQB
IF III-NWAI 110.170,300

170 C=AIIiI
IF ICI IB002000180

180 C=C/PIV
KK=J
HAX=HAX 81 I J
DO 250 JJ;lI,MAX.NEQB
AIKKI=AIKK'-~*AIJJ'

250 KK=KK'NEQ8
200 AIIII=C
300 CONTINUE

If IAIN<QBII 80,60.70
60 II=N*NEQ8

IF 111.Gr.NEQI Gu TO 520
PRINT 1000 ,II
STOP

80 NSCH=NSCH'!
70 DO 50 J=NEQ8,NWA,NEOB
50 IF IAIJI.NE.O.OI MAXOINEOBI=J

C
C CARRY OVER INTO TRAILING BLOCKS

DO 400 NN=I,NI8
If IINN'NI.GI.N8LDCKI GO TO 400
NI=NI
IF IlN.EQ.1I.uR.INN.EO.~T8)1 N[=NSTIF
READ 1Nil 8
DO 420 1=I.NtQ8
1I=ll
llll 440 K=I,NtQ8
IF III-NWAI 41U,410,440

410 C=AIIII
If ICI 430,440.430

430 C=CIAIKI
MAX=HAX 81 KJ
KK·I
DO 460 JJ=II,HAX,NEOB
8IKKI'8IKKI-C*AIJJI

460 KK=KK'NEQ8
AIIII=C

440 11=II-NEQ81
42C Il=ll'NEQ8

IF I NI& .i,E.1l GU TO 4BO
WR1Tt (NREO) A.MAXB
DO 500 I=I,NWA



READ 111 "-: LOAD II
00 50 I=I.NBLCCK LOAD 12

50 READ III LUAO 13
00 100 I=I.Nf LOAD 14

lao GLOAOIII= 0.0 LUAi) IS
NN= -NE~B LOAD Ib
00 500 N=I.NijLOCK LOAD 11
6ACKSPAI.E T LOAU 18
READ 171 B LOAD 19
BACKSPACE 1 LOAD 20
NN= NN + NEQB LUAD 21
DO 250 1=I.Nf LOAi) 22
00 200 L=I.NEQ~ LUAD 23
NNN= NN + L LOAD 24
IFINNN.oI.NEQIGOIO 200 LOAD 2;
GLOAOIII= GLOAOIII + 8IL,II·FFlNNNI LOAD 26

200 CONTINUE LUAD 21
250 CONT INUE LOAD 28
500 CUNT INue LUAD 29

DO baa L~I.Nf LOAD 30
bOO WRITElb.2000IL,GLOADlLI LGAU 31

RETURN LOAi) 32
2000 FORMATllX.ll,BX.fI2.31 LOAD 33

END LOAJ 34

SUBROUTINE GMTNXIGLOAD,FF.ID.IRX.XM,NUMNP.NUMEL.NEQB. GMTX
I MijAND.NF,NBLOCK,NEQ,IXYlI G~TX

DIMENSIUN GLOADINFI,FFlNEQI,IDINUMNP,3I,IRXINEQI.XMINEQB,MBANDI GMTX
C GMTX
C••••••$ •••••*•••••••••••••*••••••••••••••••••••••••••***•••• **.*o~*****GMTX
C THIS SUlIRDUHNE FURMS THE NODAL LO.ADS DUE TO GROUND MOTION GMTX
C EXCITATION UF THE D+M ALONE - FF= lMASSI.lINFLUENCE COEFF IRXI GMT X
C•••••••••••••••••••••••••••••••••••••••••••**•••• q ••• ***.**************GMTX
C GMTX

REWIND 9 GMTX
REWIND B G~TX

READ cal 10 GMTX
00 50 I-I,NEQ GMTX

50 IRXIII= 0 GMTX
00 IDa J=I.NUMNP GMTX
NNN= IOlJ,lXVl1 GMTX
IFINNN.LT.IIGUTO IDa GMTX
IRXINNNI=I GMTX

100 CONTINUE GMT x
00 200 I=I,NEQ GMTX

200 FFIII= 0.0 GMTX
NLOC= 0 GMT X
00 400 ~=I,NBLUCK GMTX
READ 191 XM GMTX
OU 315 I=I,NEQB GMTX
IR= I + NLUC GMT x
IFIIR.GT.NE~IGOTU SOD GMTX
00215 J=I,MBAND GMT X
JJ= IR + J - I GMT X
IFIJJ.GT.NEQIGUTO 300 GMTX
K= IRXIJJI GMTX
IFIK.EQ.OIGOTO 21, GMTX
fFtlR):o:: fFl{R) -XMUtJl G,"nx

215 CONTINUE GMTX
300 K= IRXIIRI GMTX

IFIK.EQ.OIGUTO 350 GMTX
00 325 J=2,MBANO GMTX
IR= IR+I GMT X
IFlIR.GT .NEQIGuTO 350 GMTX

325 FFlIRI= Ff-IIRI - X~I [,Jl GMTX
350 CONTINUE GMT x
375 CONT INUt. G,'-\T x
400 NLOC= NlUC + NEQB G,'TX
500 CONTINUE G~TX

RETURN G.T x
END GMTX

SUBROUTINE LUADIIGLOAD,FF.B,NEQB.NijLOCK,NF,NEQI LOAD
OIMENSIUN GLOAUINFI,FFINEQI,BlNEQB,Nfl L8AO

C LOAD
c•••••••••••••••••••••••••••••••••••*••• **.*.****••••• ******************LLAJ
C THIS SUBROUTINe TRANSfORMS THE NODAL LOADS lSTORED IN Ffl TO LeAD
C MODAL LOADS (STUReD IN GLOADI. THE sE LOADS ARE DUE TO GRJUN~ L(:A,)
C MOTION EXCITAJlOr. OF THE DAM ALONE. LCA·)
c ••••••••••••••••$.$**••• **** ••••**.*******.***.************************LuAJ
C LUAJ

REwlNO 1 LUAD

I
2
3
4
5

"7
R
9

10
II
12
13
141,
16
11
18
19
20
21
22
23
24
25
20
21
2B
29
30
31
32
33
34
35
36
31
38
3q
40
41
42
43
44
45
46

10

C
C
C

SUBROUTINE BEVIPHlR.LLM.B,LMTE~P.NEQBT.NUMEL.Nf.NBLOCK.NEQ~.

1 NUMEll,NUMcLJ.N!.IWH,l~HTap,lw,TW.HhATER)

DIMENSION PHIRINUMEL,B,NFI,LLMINUMEL.241,8INEQBT,Nfl,LMTEMPI501
DIMeNSION SI.18,21.SHAPEI5.BI,P~ODE(51

REWIND 1
REAOl71
REWIND I
READIII

READ ELEMENJ-~ODE LOCATION MATRIX FOR EACH ELEMENT INTO MATRIX

00 100 (=I,NUHEL
READIli LHHMP
00 90 J=I,3
JI= J
K= 2D+J
LLMI (.JII= LMTEMPIKI
JI= JIH
K= 17+J
LLMII,JlI= LMTEMPIKI
JI= JI+3
K= 14+J
LLMII,JII= LMTEMPIKI
JI= JI+3
K= 23+J
LLMII.JlI= UIHMPIKI
JI= JI+3
K= 4l+J
UMI I.JII= LMfEMPIKI
JI= JIH
K= 38+J
LLMI I,Jll= LMHMPIKI

BEV
BEV
BEV
8EV
BEV
BEV
dEY
BEV
BEV

LLM8EV
REV
BEV
Rev
ijEV
BH
BEV
Bev
BEV
BEV
BEV
BEV
BEV
BEV
BEV
BEV
BEV
BEV
BEV
BEV
B[V
BEV
BEV

I
2
3
4
5
b
7
B
9

10
II
12
13
14
IS
16
11
18
19
20
21
22
23
24
25
2b
21
28
29
30
31
32

N
U1
Q)



Jl= Jl~J

K= 47+J
LLMII,JI)= LMTEM?IKI
JI= Jl+.1
K= 44+J
LLMII,JII= LMTEMPIKI

qO CONT INUL
IGO CONTINUE

C
C READ MODE SHAPE fNUM TAPE 7 INTO MATRIX B
L

NN= INillUCK-lloNE~B • I
00 200 ,=I,NtiLUCK
NNEQB= ~N • NE"B - I
REAO(TJ( (8(N,L' ,N=N~,NNEQB' ,l=l,NfJ

200 NN= NN - NEQB
C
C FORM MUDE SHAPE IN RADIAL DIRECTIUN AT EACH UPSTREAM NODE-
C STORE RADIAL MUOE SHAPE IN MATRIX PHIR
C

NN= a
THETAI= 0.0
THETA2= T.
THET A3= I •• T.
00 90U I=I,NUM"U
5CII.1I= 51NlTrlUAII
5CII,21= CU51THETAII
5C12,ll= SINI THETA31
SCI2.21= C051THETA31
SC(3,lJ= SC(2,U
SCI3.21= SCLL,n
5CI4,ll= SCildl
5CI4.21= SCII,21
SC(5.ll= 5lNlTHETAZI
SCI5.21= COSITHETA21
SC(6,l1= 5C(2,l1
SCI6.ZI= SCl2,21
SC(7,1)= SCl5dl
SC 17,21 = ,C 15,21
SCIB,lI= SClI,!1
SCI8.2J= SCIl,21
DO BOO J=I,NUMELl
K= J + NN
00 700 L=I,NF
Ll= I
L2= Ll • I
DO 550 NNN=I,B
PHIR(K,NNN,li= 0.0
LeX= LLMIK.LlI
LlY= llMIK,l21
IFIlLY.LT.IIGGTU 510
PHIR(K,NNN,ll=b(LLV,ll*SC(NNN,lJ

510 IFIlLX.LI.IIGUfU 5Z0
PHIRIK,NNN,lJ= PHiR(K,NNN,LJ + B(LLX,Ll*SCINNN.21

520 Ll= Ll • 3
L2= Ll • I

550 CONT INUE
100 CONTINUE
BOO CONTINUE

NN= NN • NUMUl
THETAI" THETA3
THE! A2=' THErA I • r.

dEV
<lEV
BE V
ikV
BEV
llt=V
!-H.V

l)tV
Di..: v
dl:.V
dEY
BEV
f3EV
of V
tHY
tH:V

tH:V
tH.V
<lE V
I-JC.V
oEV
Be v
:3LV
BE V
lH:V
oEV
dEV
BEV
I!,[V

f)l·V
BeV
BEV
l~ E V
i:H: V
'ICY
dLV

"eV
f3EV
8lV
lILV
JL V
llEV
3LV
lIEV
dlV
,tV
dtV
BlV
BEV
M~V

iH.V
lltV
[H· V
f:\r.V
dEy
RtV
~lV

tJtV
tHY
~H::V

fl,[V

(H:V

33
34
35
16
37
3 i~

,"
'to
41
42
It]

4',
4',
46
47
4d
49
5,)
, 1

52
51
54
55
'6
? I
5R
5"
60
61
62
61
64

6'
AI>
6 I

6"
6'1
70
7l
7Z
7J
1 ft

75
76
77
78
79
SD
R1
BZ
'H
R4
85
A(,

87
BH
8'/

'0
91
92
93
c.4

THETA3= IHEIA2 • T.
900 CONTINUE

C
C ADJUST RAOIAL MGOE SHAPES TO ACCOUNT FOR DIFFERENCES
C BET.EEN DAM HEIGHf AN~ RESERVOIR HEIGHT
C

HT= O. v
DO 990 1=I,NUMELl
H=HT
HT= H+bri +lW
Nl= I
IWHTUP= lH.ATEK-HI/12.00H.ATERI
Cl= AB5111.H-IWHIUPI/lwHI
IFICI.LT.0.10IoGTU 991
IF(HWArER.lT.HrIGU70 930
Goro 990

930 5Clldl= 1.0
SCI2.1I= -1.v
SC13,11= 1.0
5C14,11= 0.0
5CI5,11= -1.0
SC(I,21= Il.HTuP'Z.HTOP-Z.rllllwH
5CI2.2/= ,LII,21
5C13,21= IZwHrUP-ZwHI/lwH
SC14,21= SCll.21
5CI;,21= SC13.21
DO 940 J-"'l,~

'~5CIJ.ll

T= SCIJ,21
SHA?EIJ,lI= 0.250ll.0-51*11.-1) 0 1-S-T-I.1
SHAPE(J,21= 0.25*11"SI011.-Tl O IS-T-I.1
5HA?EI J, 31 = v.2 50 (1. 'Slo, I. +rIo (S+r-I.)
SHA?EIJ.41= 0.Z5011.-SI*II ••TI'(-S+T-I.1
SHAPEIJ."= 0.,01 1.-5'SIO( I.-TI
SHA? EI J , 61 = 0., *1 I •• S I * ( I • -TO TI
SHAPECJ. 7J= ().5.~ 1.-$4-51«( 1.40TJ
SHA?EIJ,BI= 0.5 0 11.-SI*(I.-T*TI

940 CONT INUe
K~ NI
DO 970 J=I,NUMEtT
DO 960 L=I,NF
DO 950 N=I.;
"MODEINI= 0.0
00 950 M= 1, M
PHOOEIN)= PMUOE(NJ • PHIR(K,M,l'*SHAPEIN,MJ

950 CUNTINUE
PHIRIK03,U= ?MOOE(II
PHIRIK,4,LI= PMOOE(ZI
?HIRIK.6,LI= PMUO,,']I
PHIRlK.7,LI= PMODt(41
PHIRIK,B,ll= PMOOEI51

960 CONTINUe
K= K • NUMELl

970 CONT fNUE
GUru 991

990 CONTINUE
<;91 CONTINUE

RETURN
ENO

,; ~

BEV 95
BEV 96
BEV 97
BEV 9B
BEV 99
BEV 100
BEV 10 I
BEV 10Z
BEV 103
BEV 104
BEV 105
BE V 106
BEV 107
BEV lOB
BEV 109
BEV 110
BEV 111
BEV liZ
BEV 113
BEV 114
BEV liS
BEV 116
BEV 117
BEV 118
HEV 119
BEV 120
BtV 121
BEV 122
BEV IZ3
BEV 124
BEV 125
BEV 126
BEV 127
BEV 128
BEV 129
BEV 130
BEV 131
BEV 132
BEV 133
8EV 134
8EV 135
BEV 136
BEV 137
DE V 138
BEV 1.l9
BEV 140
dEV 141
BLV 142
BEV 14.1
BEV 144
B£V 145
BEV 146
BEV 147
dEV 14R
IJEV 14q
BEV 15J
fi[V 151
JEV 152
BeV 153

tv
V1
--.J



BEJY 60
BEJY 61
BEJ Y 62

SUBROUTINE BESSJVIX.BESJ.BESV,NMAX,NVMAXI
DIMENSION BESJ1200l,BESY12001.TJ12001
EULER-O.511215664901533
Pl-2.0/J.1415926535B98
NU22=20
IFCIO.-Xl 2,2,3

2 HATN=ll.U51*X+25.
GOra 4

3 HATN-35./13.5-AlUGIXII
4 NU=HATN

N=IABSlNMAX)+l
NU2 = NU + 2
00 5 J - NU2. N
TJIJI = O.

5 CONTINUE
TJINU+ll=U.OOOOOI
00 6 J=I,NU
K=NU+!-J
FK=K+K

6 TJ(/(J-=fK+TJ(K+-l)/X-TJ(K-tZ)
SUM=O.O
00 1 J=3,NU.2
SUM=SUM+! J\ Jl
SUM= SUM+ SUM
TK=I./ITJIII+SUMJ
OU B J=I.N
BESJIJI-TK*TJIJI
IFINMAXI98.98.55

55 l=Xf5.U
IFll-IIJOO,300,301

301 X82=1./164.*X*XI
XIl4=X82*X82
POX-I.-4.5*X82+459.375*X84-150011.BI25*X84*X82
X8=.l25fX
X83-X8*X82
QOX--X8+31.5*XB3-1441.875*X83*XB2+3623307.IB75*X83*X84
XP4-X-0. 5/P 1
T1=S~RTl PI/Xl
BESVIII-Tl*IPOX-S1NIXP41+QOX*COSCXP411
Gora 302

3eo ox=x
.JSUM 1=0. 0
DSUM2=0.0
OX2- .25*DX'OX
OXX-I.o
oT=I.O
DO 99 M=1.Nu22
DT=-DT
OHM- M
DFM-I.OfIDFFM*DFfMI
DX3-lJX2* OFM
DXX-OXX*OX3
OSUM2-0SUH2 + l.fOFFH

99 OSUMI=OSUMI+lJT*OXX-OSUM2
BESVIII-PI*IBESJIII*IEUlER+ALOGI.5*OXII-OSUMII

302 BESVI21- IBESJI.!)*BESVlll-(?I/XlIfBESJIII
N= NYMAX + I
00 10 J-3,1'<
FM=1 J+J-41

REJ Y
t"3tJ y
8EJY
Bt.JY
I\U Y
aEJY
tl\cJY
BUY
3UY
ilEJ Y
~EJ Y
BUY
BU Y
BUY
BUY
'1EJ Y
iJUY
BEJ Y

BUY
BUY
BUy
BEJ Y
SUY
au Y
Rl:::J Y
[lfJY
BUY
BUY
BEJ Y
BEJY
BcJY
!H;JY
Bf:J Y
BUY
SEJY
8LJ y
BEJY
BU Y
B[J Y
llF:J Y
BUy
BfJ Y
BE J '(
BUY
GUY
BEJY
B[JY
dtJ Y
BUY
i)[JY

B[J Y
elJ Y
tJEJY
dEJ Y
RE:JY
LH;JY
REJ Y
HI:-J Y
dtJY

3
4
?
6
1
tJ

"10
II
lZ
[j

14
15
16
17
IB
I q

20
21
22
23
24
20
26
21
28
2"
30
"ll
32
·31
}4

35
30
37
38
19
40
41
42
43
44
45
46
47
40
4<;
,J
<; I
'j)

':d
54
55
50
51
5f-!
'jy

10 BESVIJI-FM*SESYlJ-II/X-8ESVlJ-21
98 RETURN

END

SUBROUTINE tlCSNKSIX,KMAX.FKI
DIHENSIUN FII5ul,FKI2001
IF(X-2 .. 1 .l,3.3
T= .. S*X
T=T*T
fK(Ll= t{(t(.00000140*r+.Q00101501*T+.OOZ626qBI*I •• 034~M54(110l.

I .230o~7561*T+.4<2784201*T-.57721566

F K121= I III 1-.000046 S6*' -.00 II a404 I *T-.01919402 I or-. 18156 B q 7l * T­
i .672185191*r+.1S443144.*r.l.
CAll 8t~NlS tx,2,fl)
T2=.5*AlUGI r I
FKI II=FKI l'-T 2*FI I II
FKI21=FKI21IX>TZ*FI121
T=2./X
GO ru I
r=2./X
FKIII= I 1111.0005J20a*!-.002515401*T+.005B78721*T-.OI0624461*r+

I .021B~56HJ*T-.07HJ235BI*T+I.25j31414

FKl2J= 1111(-.OU068245*T+.003256141*T-.007B03531*T+.0150426BI'T­
I .036556201*T>.2349H6191*T+I.25331414

TI-EXP1-XI/5"RTIXI
FKII1=FKI1l*T1
FKI21-fKI21*rl
CaNT INUE
AA: 1.0
lF1X.LE.I.0IAA-I.0E-275
FKlll= AA*FKllJ
fKI21=AA*FKl21
DO 4 N=J,KMAX
DK=N-2

4 FKINI=T*UK*FKIN-ll+FKIN-21
RETURN
END

SUBRUUTINE BE~N!SiXtNMAXtFl I
OIMENSIU~ FlC'iOI, PI12001
SUM= O.
I-x
JHAX= 1+2 I
Tl-2.fX
JM2 -= JHAX + 2
DO 4 J = JM2,NMAX
PllJl ~ O.

4 CONT INUE
PIIJMAx+II-I.c-20
00 1 J.=l t JMAX
K=JMAX+L -J
OK-K-I

t3t.:NK
dLNK
BE~K

sENK
dtNr<
BeNK
DlNK
dLNK
[itt~ K
HENK
dlNK
dLNK
BFNK
~l.''JK

BENK
"E~K

'.1t:NK
BtNK
IH:"oK
lH:NK
<>eNK
l~lNK

[jlNK
,llNK
BlNK
tH:I\;K
f'l,ENK
!:H:NK
dtNK
fll,K
uLNK

'llNK
RlNt<

dlNI
,; t r~ I
"l~ 1
I.)tN 1
dt/\,j I
IJt~ I
::lEr"il
13[,'Jj

[J,tN I
ul:\I1
'J l', I
tlf.N r
dl, I
r_Li-..~ I

I
2
3
4
S
6
7
g
q

10
II
12
13
[4

15
16
17
IH
19
2D
21
22
2j
24
2 ~)

26
2T
2q
2"
30
\l
.12
33

1
2,
4

S

6
7
II
q

I:.}
11
12
13

I"

N
U1
(J)



SUBROUTiNE HiNMlIPHIR,H1NM,CDN,AA,CDM, H1NM 1
1 NUMEllllNUMELr,NZ,lWH,ZWHTOP,hIrNJERM,MTERM,Nf,NUMELJ HINM 2
OIHENSION PHIRINUIIEL.8.NF).HINIIINTERH,MTERM.NFI. rllNM 3

L CUNlNU .... ,ElT,NTERM,3J,AAlNTERM.3',CDMiNUMElI,MTERM.3J HINM 4
DIIIENSION eC13. HINM 5

C HINM 6
C••••••*•••••••••••••••••••••••• *••••••••••••••••••••• ** •••***••••******HINM 7
C THIS SUBROUTINE FORMS THE INTEGRAL IIN,M.lI HINM B
C••••••••••••••••••••••••••••••••••••••••••••••••••••• **.*****.*********HI~M 9
C HINM LO

00 100 N~I,NTEMM HINM IL
DO 100 M=l,MTERM HINM 12
DO 100 L~I.NF HINH 13
HINIIIN,H,LI= 0.0 HINM L4

LOO CUNTINUE HINH 15
r~4= 4.0*r.. HIN."t L&
ANGLE~ TW4 HIN,~ 17
00 200 N~2,NIERH HINM 18
AN=N-L Hl~M L9
CL~ SINIANGLEI HINII 20
C2= COS( ANGLE I rlIN,~ 21
CC(LI~ IC2-CI/ANGLEI/AN HINH 22
CC121= Z.OOCCllI/ANGLE HIN~ 23
eC131= CI/AN rllNM 24
DO L50 1~I,NUMEll HINM 25
DO 150 J=I,3 HINM 26

150 CONII.N.J.= ellJI HINM 27
200 ANGLE= ANGLE + 1~4 HIN~ 28

ANGLEC~ TW4 HIN~ 29
00 300 1~I,NUHElT HINII 30
ANGLE- ANGLEC HINM 3L
DO 250 N=Z.NTERII rllNH 32
CL~ SINIANGLEI HIN~ 33
C2= CUS! ANGLE! HINH 34
CONtl"N"l)=C1Jt~(l,N"LJ.Cl HINM 35
CON(1,N,2)=CD~ll,N,2)*C2 HINM 3&
CON(I,N,3)=CONll,N,3J*C2 HINM 37
ANGlE~ ANGLE' ANGLEC HIN~ 38

250 CONTINUE HIN,~ 39
ANGLEC= ANGLEC • TW4 • TW4 HINH 40

300 CONT INuE HIN~ 41
PI~ 3.1415926536 HINM 42
PIZ~ PTOZWHTUP HINH 43
PLII~ 0.5*PI HINH 44
ANGLE= 0.50P'Z HIN~ 45
DO 350 ~=l,MrERM HINM 46
Cl= SINIANGLEI HINH 47
e2- COSIANGLEI HIN~ 48
COHINZ.~.II~ 'C2 - CI/ANGLEI/PLM HINII 49
CDM1Nl.M.~I~ 2.U*COHINZ.M,II/ANGlE HINM 50
CDHIN2.~.3)~ CI/PLH HINH 5L
ANGLE~ ANGLE' Pll HINH 52
PLII~ PLM • PI H1NM 53

350 CONTINUE HINM 54

PII K-II= UKoflop J( KI'P II K'll
SIJIoI~SUH'PIIKI

SUII~ SUI4' SUII
A~EXPIXI/(PIlll'SUHI

DU 2 *I,NMAX
f11NI~A*PllNI

RETURN
END

SUBROUTINE CS'ME~IA.B,NN,LL)

C
co,",p lE)( AlL 5 v 15) " IH 1 5. 2 )

C
DO 415 N= I, NN
NI~ NH

C
C FORII DIN.ll
C

00 150 L=I,LL
150 BIN.l)= BIN.LI/AIN,NI

C
C CHECK fOR LAST E~UATION

C
IFIN-NN) 200,5U~,200

C
200 DO 450 J~NI.NN

C
C FORH H(~.J)

C
IFICABSIAIN,JII I Z50,450.250

250 A(N"JJ= AtN.J)/A(N.N)
C
C HOOlf' A1I.JI
C

DO 300 1= J , NN
Atl,J):o A(l,J) - A(I.N)*A(t·~.J.

300 AI J ,II =A I I • J I
e
C 1I0Dlf' BII,L)
C

DO 400 L=L,ll
400 BIJ.lI" BIJ.ll - A1J.NI·8IN,Cl
450 CONT lNlIE
415 CONT INUE

C
C BACK-$uBSTIIUTIUN
C

500 Nj=N
N~ N-I
IF(N) 700,100,550

C
550 00 600 l=I.LL

DO 600 J= NI.NN
600 8lN,LJ= BtN,L) - A(N,J)*B(J.lJ

GOTO 500
C

BI::N I 15
aENl 16
"IN I 11
tlEN I 18
1.H.:N J 1 '1
BEN I 20
flf ~ I 2 I
fH.N [ 2?

( ~y..,

CS,~

CSY"1
C SYM
C.SYM
Csy,~

csn
CS,."
e s""
esYl' 10
C .)YM 11

C SY"1 12
C$Y'1 13
C SVr>1 14
C~YI1 1 'i
C5YM lb
csn 17
esO" 18
es,~ 19
C~Y"l 20
CSY'>1 21
C~YI.o\ 22
csn 23
C5Y"I 24
CSY,"1 25
(S.'" 26
CS,~ 21
CS'M 2j

CSY\1 2'1
C::>YM Y)
C SY"1 31
CS'M 32
CSY",\ 33
C,5'1'''''' 3't
CSY"'1 lS
CS'~ 36
(SY,.., 3 (

Cs,~ '"
CSYM 3'}

CSY"1 40
C::-.Y.., 't 1
CSYI" 42
CSy!" 4~

C SY\i 44
C SY"1 4')

CSY,"'I 4&

L~YI>o1 4'
L5Y\1 43

700 RE7URN
END

CS'M 49
eS'M 50

tv
l)l
~



1 AA'N,3)*c.DMeJ,M,Z) .. (AA{N,3) .. AAIN,lJl*COMtJ,M,31 HINM
650 CONTiNUE HINM
700 CONTiNUE " HI NM
800 CONTINUE HIN~

N~ NN + NUMELl HI NM
900 CONTINUE HINM

RETURN HIN~

END HINM

N
(J)

o

I
2
3
4

'>
6
7
B
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
14
25
26
27
28
19
30
31
32
33
34
35
36
37
3B
39
40
41
42
43
4'0
45
46
47
48

117
118
119
120
121
122
123
124

+ 1

FORM THE LLM ARRAY WHICH ASSIGNS A LOCATION TO EACH NOOAL POINT
IN EACH ELEME~T COVERED By WATER

DO 100 K;I,8
DO 200 L=K,H
TNNI K,l, 11= 0.0
00 400 1=1.3
S= STI II
DO 400 J=I.3
T= SflJI

fORM THE TNN ARRAY - 64 ELEMENT ARRAY FORMED BY INTEGRATING
SHAPEIII*SHAPEIJI OVER THE -1. TO 1. RECTANGLE

NN= -NUMElI
NEQI; 0
DO 100 l=l.NUMELT
NN= NN + NUMEll
NEQ1= NEQl + 1
NEQI; NEYI +NL + Nl
NEQ3; ~Ey2 • Nl + 1
DO 100 J=I,NI
K; NN + J
LlMI K,ll = NEQ 1
LlHIK.ll= NEI,/3
LLNIK,3)= NE~3 • 2
LlMIK.41= NEYI + l
llMIK.51= NEI,/2
lUll K. 61 = NEY 3
LLIlI K.ll; NEY~

LlMIK,81= NEQI
NEQ1= NEYI + I
NEQI; NE ~l + I
NEQl; NE Y3 + 2
CONT INUE100

200

C
C
C
C

C
C
C
C

SUBROUTiNE dEV2(PHIR,POB,LlM,TNN,NUMEL,Nf,NUMEll,NUMElT,NI,lWH, ~EV2

1 2WHTUP,TW,NEQW) BEV2
DIMENSION PHIRINUMEL,8.NFI.POBINEQW.Nfl,LLM1NUMEL,BI.TNNIB,8,21 BEV2
DillENSION STl3l,H13J ,SHAPEl81 BEV2

C BEV2
C•••*.*••••••****.*.**.*.*************.************.******.*************BEV2
C THIS SUBROUTINE FUR~S THE INTEGRAL ASSOCIATED W[TH THE PRESSURE BEV2
C DUE TO THE MOVEMENT OF THE RESERVOIR BANKS - POB BEV2
C••••••••*•••***••••****************.*.**** ••***************************BEV2
C BE.V 2

DATA ST/.7745966b9,O.0.-.774596669/ BEV2
DATA H/.555555556,.88B888889 •• 555555556/ BEV2

BEV2
BEV2
BEV2
BEV2
BEV2
BEV2
BEV2
BEV2
BEVI
8EV2
BEV2
BEVI
BEV2
BEV2
BEV2
BEV2
8EV2
BEV2
BEV 2
BEVI
BEV2
BEV2
BEV2
BEV 2
BEVI
BEYI
BEV2
BEV2
8EV2
BEV2
BEV2
BEV2
BEV2
BEVI
BEV2
BEV2

HI N;< 05
HINM Sb
H[N~ 57
HIIH 08
HINM 59
HIN'1 6J
HI N,~ 61
HIN~ 62
HIN~ 63
HIN~ 64
HIN,~ 6'>
HINM 66
HI NM 67
HIN,~ 68
HINM 64
HIN,~ 70
HINM 71
HI N,'1 72
HI NI"l 73
H INM 74
H[NM Fi
HIN,~ 76
HINt< 77
HII\jM 78
HINM n
HINM 80
HIN~ 81
HINt< 82
HINM 83
HIN" 84
HIN~ 05
HIN,~ 86
HI N:·Ji 87
HIN,~ 88
HIN~ 89
HIN,~ 90
H[N~ 91
HIN~ qz
HINM 93
HIN,~ 94
HIN" 95
HIN'" 96
HINI'1 97
HlN~ 98
rllN" 99
H(I\JI'l 100
HIN'< 101
HlN~ 102
HIN~ 103
HINM 104
H (I\M 105
HINM 106
HIN" 107
HIN,~ 108
HIN,~ 109
HIN,~ 110
H1N~ III
HINM 112
HIN~ II'
HINM 114
HIN,~ 115
HIN~ 116

[F[Nl.EQ.IIGDTU 400
NNZ; Nl-1
PIl= PI*lMlH
PLM= 0.5*P[
ANGLE; 0.5*PIZ
DO l15 M=I,MTERM
C1= SINlANGLEI
CI= COSl ANGU I
CC[II= lCI - C1/ANGLEJ/PLM
CClll= l.U*CClll/ANGLE
CCI3I= C1/PLM
00 l10 [;I,NNZ
DO 370 J:l,J

l10 COMII.M.JI= CllJI
ANGLE= ANGLE + P[Z
PLH= PLM + P[

315 CONTINUE
400 Pll; 0.5*P[*ZWH

PIlI= Pil
ANGLEC= -Pll
00 500 1=I,Nl
Ifl[.EQ.NlIPIIl= 0.5*PI*IWHTOP
ANGLEC= ANGLEl + Pll + Pill
ANGLE= ANGLEC
DO 450 M=I,MTERM
C1= SINI ANGLE I
C2= COSI ANGLE I
COH[ [,M,lI; CDMlI.M,1I 0Cl
COMII,H.II= COMl[.M.21*CI
COHlIoH,]I= C0141[,14.3I*C2
ANGLE; ANGLE + ANGLEC + ANGLEC

450 CONT INUE
500 CONTINuE

NN= 0
DO 900 [=I,NUMELT
DO 800 J=I,NI
K=J + NN
00 700 L=I,Nf
Cl= O.l~·(PHlk(K.l.l.~PH[R(K,2.l)+PHIR(K,3,lJ.PHIR(K,4flJ)

C5= Cl
C6= Cl
C1= O.5*tPHIR(K,5,L) f-PHIR(K,b,LJ ... PHIR(K,7,L) t-PHlR(K,B,lJI-CL
CI; 0.5*IPH[RlK.7,ll - PH[RIK,5,U J
C3= 0.50/PH[RIK,6,LI - PH[RlK,8,lIJ
C4= O.l5*lPHIRIK o l,lJ ,- PHHUK,2,L. + PHIR(Kt3~L1 - PHIRIK,4,LII
<:.5= C5 - O.5*lPHIKIK,6,l1 ... PHIR(K,8,L»)
C6= C6 - 0.5*IPHIRIK,5.1I + PH[RIK,7,LlI
C7= O.25*(PHIRlK,3,LJ + PHIR(K,4,LI - PHIR(K,l,L) - PHIR(K,2,LIJ
C7~ C7 ... O.5*(PHIRIK,S,l' - PHIR'K,7,LIJ
C8:::: O.lS*'PH1RlK,2,l) .. PHIRiK,3,LI - PHIRtK, I,Ll - PHIRIK,4,LI)
C8~ C8 + O.5*ePH1R(K,8plt - PHIR(K,6,LII
AAll.ll= TW4*ILl+Cb/3.01
AAll,21= TW4*ICI+ C7/3.01
AAll.31= Tw4*L5
DO 600 N=I.NTERM
AAIN,U= ('61<(.l)N(l,N,21 .. (Cl+C6)*CDNU,N,3) .. C3*CON(J,N,1l
AA(N,2)::r:: C7*CONll,N,2) .. (CZt-C7 ••CON(J,N,3) .. C4*CDN(J.N,l)
AAIN,31= C5*CONll,N,3) + f.8*CDNI!,N,l1

600 CONTiNUE
00 650 N=l~NrERM

00 650 M=l.MTERM
HINH(N,M,L)= HINH(N,M~lJ .. AA(N,21*COM(J,M,1) ..



C
C
C
C
C

300
400

500

600

650
700
150
900

HST: HlIl*HIJI BfV2
SHAPEIIl= 0.25*11.-SI*1 I.-II*I-S-I-I.I HV2
SHAPEI21= 0.25*11.+Sl*II.-II*IS-T-I.1 BEVl
SHAPEIJ): 0.25*11.+SI*1 L.+Tl*IS+T-I.1 SEVl
SHAPEI4l= 0.25*11.-SI*II.+TI*I-S+T-I.1 BEVl
SHAPEI,l: 0.5*11.-S*SI*II.-T1 BEV2
SHAPEI61= 0.5*11.+SI*II.-T*TI ~EVl

SHAPEI71= O.,*Il.-S*SI*II.+T1 BEV2
SHAPEIBI = 0.5*11.-SI*1 L.-TOlI BlV2
00300 K=I,B BEV2
CI= HST*SHAPEIKI BLV2
00 300 L~K.8 UlV2
TNNIK.L.ll= Tr.NIK.L. LI + CL*SHAPEILI BEVl
CONTINUE BEU
CI= lWH*TW BEVl
CI= lWHTOPU. BEV2
00 500 K=I,B BlV2
00 500 L=K.B B[V2
TNNIK,L,ll= Cl*INNIK,L,11 BEVI
rNN'K,L,l.~ Cl*TNN(K,l,l) BEV2
TNNIL,K.ll= Tr.NIK.L.lI ULV2
TNN(l,K,2!= INNIK,l,2) BEV2

BEV 2
FORH POB ARRAY - THIS ARRAY RESULTS FROM MULTIPLYING TNN By THE BEV2
HODE SHAPE~. IHE RESULTS FOR EACH ELEMENT ARE STORED It< POB AT dEV2
LOCATIONS "IVEN BY THE LL~ ARRAY BEV2

BEV2
DO 600 I=I,NEQ. BEV2
DO 600 L:I,NF BEV2
POBII,L)= 0.0 BEV2
NN= -NUHELl BEV2
00 900 1= l, NUHELT BEV 2
NN= NN + NUHELI BEVl
00 900 J=I,Nl BEVI
K= NN + J BEV l
Hz I B[VI
IFIJ.EQ.NIIH=2 BEV2
DO 750 L=I,NF ~EVl

DO 700 KK=I,8 BcV2
NEQI= LLHIK.KKJ BEV2
CI= 0.0 BEV2
00 650 NNN=I.B BfV2
CI= PHIRIK,NNN,LI BEVI
IflCZ.lQ.O.OluUIO 650 BEVl
CI= Cl + C2*TNr.IKK.t<NN.MJ BcV2
CONT INUE 8EV2
POBINEQ1,L1= POBINEQI,lI + CI BEVl
CONT INUE BEV2
CONTINUE BEV 2
RETURN BEV2
END BEV2

OVERlAYlXflLE,3,11 XHYD
PROGRAM XHYDRO XHYD
COMMON I MISe I NBlOCK,NEQB,LL,NF,LB ,NDYN 'HYD
COHMON IELPARI NPARI 14),NUHNP,~BANO,NELTYP,NI,NI.N3,N4,N5,MTOT,NE'XHYJ

.,N6, NUr4NPF ,IPRINT "NLM ,NUMEl,WATl. [MASS,TVOL,NEQES1,I~lJLlE XHYC)

49
50
51
52
53
54
55
56
51
5B
59
6,)
61
62
6J
64
65
66
61
68
69
70
11
12
13
14
15
76
11
78
79
80
81
82
B3
84
85
86
81
88
8q
90
91
qz
93
94
95
q6

97
9a
99

I
2
3
4
?

C

C

C

C

C

C

C

C

C

• ,lPRM ,HESH ,MESHFN .1SY~.WDEN,TILOI

COMMONI RAlJilOI RAOI US. RADtlT
COHHON/HYD/NUMEll,NUMELI,TW.ZW,HWATER,NTERM,MTERM,IXYZ
COMMON All)

NEQBT= NE~B*N~LOCK

NEQW= I
NODEZ= I
NI= I
N2= NI + Nf
N3= N2 • NEQ
N4= N3 + NUMr.P* 3
N5% N4 + NEQ
N6= N5 + NE Q~*~BANO
IFIN6.GT.MTOTICALL ERRORIN6-~TOTI

CALL GMTNX 1Al r.lI, Al N21 ,AI N31, Al N41 ,AI N51 .NUMNP, NUMEL, NhlB,
1 MBANu,NF,N6LJCK,NEQ,IXYll

N4= N3 + NEQ~*NF

(fIN4.GT.MTOfICALl ERRORlN4-~TOTI

WRITEI6,30001

CALL LOADLIAINIJ,AIN2I,AIN3I,NEQB,NBLOCK,NF.NEQI

IFIHWATER.EQ.O.OIGOfO 500
lWH= ZW/HWATH
N3= N2 + 8*NUMEl*NF
N4= r.3 + 24*NUMEL
N5= N4 • NEQ~T*Nf

N6= N5 + 50
IF1N6.GT.MTOTICALL ERRORIN6-~TOTI

CAlL BEV'A(N2~.A(~31.AtN41.A(N5),NEQBT,NUMEL.NF,NBLOCK.NEQB.

1 NU~ElL,NUH~lT.NI,lWH,ZWHTOP,IW,TW,HWATEH)

N4= N3 + HT ERM*NfERM*NF
N5= N4 + NTCRM*NUMEU*3
N6= N5 + NTERM*3
N1= N6 + HTERM*NUMELZ*3
lFIN1.GT.HTOfl~All ERRORIN7-MTOTI

CALL HINMLIAIN21.AIN31.AIN41.A1N51.AIN61.
1 NUMElI,NUMElT,NZ,lWH,lWHTop,rw,NTERM,MTERM,NF.NUMEL)

NEQW=13*NZ+ZJ*NUMElf • NZ +NI + 1
N5= N4 + NE Q.*Nf
N6= N5 + a*NUHEL
N1= N6 + IZ8
IflN1.Gf.MTOTlCALL ERROR1N1-MTOTI

CALL BEV2IAINZ1,A(N4I,AIN51,A(N61,NUMEL,NF,NUMELl,NUMELT,~I,

I I.H,lWHTOP,Tw,NE~WI

NODEZ= Nl + NZ + I
500 KKMAX= NTERM + NTERM + 14

NI% I
N2= Nl + Nf
N3= N2 + 6*NUMEL*NF
N4= N3 .. I'll E:.RH* NT.ERM*Nf
N5= N4 + NE QW*NF
N6= N5 + NT ERM*KKMAX

XHYO
XHYO
XHYO
XHYD
XHYO
XHYIJ
XHYD
XHYO
XHVD
XHYD
XHYO
XHYO
XHYD
XHYD
XHYD
XHYJ
XHYO
XHYO
XHYD
XHYO
XrtYO
XHYO
XHYO
XHY[)
XHYD
'HYO
XHVD
XHYD
XHYO
XHYD
)(HYO
XHYO
XHYD
XHYD
XHYD
x,rlYD
XHYL)
XHYD
XHYD
XHYO
XHYD
XHYD
XHYD
XHYO
XHYO
XHYD
XHYJ
XHYO
XHY;)
XHYD
XHYD
XHYO
XHYO
XHYiJ
XHYO
XHYD
XHYD
XHYD
XHYO
XHYO
XHYD
XHYO

6
7
9
9

La
II
12
13
14
IS
16
17
LB
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
)4
35
36
37
3B
39
40
41
42
43
44
45
46
47
4B
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67

N
0'\
f-'



tv
()I

tv

XHOR 42
XHOR 43
XHDR 44
XHOR 45
XHOR 46
XHOR 47
XHDR 48
XHOK 49
XHOK 50
XHOR 51
XHOR 52
XHOR 53
XHOR 54
XHOR 55
XHO, 56
XHOR 57
XHOR 58
XHOR 59
XHOR 60
XHOr<. 61
XHOR 62
XHOR 63
XHOR 64
XHO R 65
XHOR 66
XHOI{ 67
XHOR 68
XHOR 69
XHOR 10
XHOR 71
XHOK 72
XHO:{ 71
XHOR 74
XHUR 7';
XHOR 16
XHOR 77
XHOR 78
XHOR 7tj
XHO, 80
XHOR 81
XHOR 82
XHOR 83
XHOR 84
XHO, 8'5
XHOk d6
XHOR 87
XHOR 88
XHOR 89
XHOR 90
XHOR 91
XHOR 92
XHOR Q3

XHOR 94
XHOR 95
XHOR 96
XHOR 97
XHOk 9B
XHOR 99
XHOR 100
XHOR 101
XHOR 102
XHOR 103

lH; -l.H
DO IS J-I.NODcZ
CI; -O.'*PI
C2; lloH
IFIJ.GT.INOOEl-2J IC2· ZWHTOP
lH= ZH + C2
C3; 1.0
00 IS M-I.MTcRM
0= CI + PI
C3= -0
EM- M+M-l
COSLAMIJ.MI- lU/EMI*ICOSICI*ZHII

15 CONTINUE

C3; ~2*C I
10 FNKINN.KKI; IAN+~3-I.Ol/IIAN-C3-C2-1.01*IAN-C3+C2-1.011

25 READIS.IOOOIIoIoIUAM

24 WRITEI 6, 40001

IFl WWlOAM.L I .0.0IGOTO 900
iN"" WuAM( l' .~~ lOAM
IFIINCUMP.EU.2IGOTO 860
0; 0.0
C2; 0.0
0040 L-I.NF
FIL.II- CMPlXICI.C21
FIL.21- CMPLXICI.C21
00 40 K.I.NF
SIL.KI= CMPLXiCI.C21

40 CONIINUE
IFIHWAIER.E~.O.OIGOTO 860
IoWI; W/WI
IFIINCUMP.EU.IIW.I·O.O
MAX- 0.501WWI + 1.01
EM= 1.0
DO 100 M-I.MTERM
ARG= ABSIIWWI-EMI*IWWI+EMII
JMRIMI- RCLJNST*SURTI ARGI
IFlJMRIMI.LT.O.QOOOIIJMRIMI- 0.00001

100 EM: EM+l.O
elM; 1.0
00 500 M;I,MTCkM
OM; -CI M
EM; M>M-I
C2M; -CIM/EM
X= JMRIM I
lFIMAX.LT.MIGGTO 300
NBESSY.= 4*( NJt:k.M- LJ + 1
NBESSJ; NBES,Y + 30
IFIX.LT.O.I.ANO.I<IERM.GT.IIINBESSY; 41
CAll BESSJY(X,6JK,BY,NBESSJ,NBESSYJ
CIN: C2M
DO 200 NN.:::l,NTEHM
CIN; -CIN
N= NN-I
Nt,; 4*N
KHAX;;; N+Nt-15
FL- O. 5*BJK (11*FNKI NN,t I
NX- 0.5*11.05*X+2i.l

C
C

C

C

C

5
6
7
R
9

10
11
12
13
14
15
16
11
11!
I"
20
? 1
22
23
24
?:.
26
27
28
29
30
3 I
32
33
34
35
36
37
38
39
ttl)

41

6R
69
70
II
72
13
747.,
7n
17
78
7'
80
81
92

XHYD
XHYO
XHYD
XHYD
XHYD
XHYD
XtiVO
XHYJ
XHYO
XHYQ
XHYD
XHYO

OXHYD
XHYtJ
XHVO

N7= N6 + NOOEZ*MIERM
N8; N7 + MloRM
N9= N8 + HHRM
N10= N9 + NEi.1W
Nll= NlO + NEuw
IFINII.GI.MIOIICAll ERRORlNII-MTOTI

CALL Xtil RIII A(N I !. AI N3 1• Al N41 • Al N51 , AI N61. AI N71 • AI N8 I •AIN 91 •
1 A'NIO.,RADIUS,HWATER,NF,NTERM,MTERM~NODEl,KK~AXtNEQW,NUMELT,

2 ZWH.lWHIUP. IW I

RCONST; 0.5*Pl*RAJIUS/H.ATER
WI; 4120.0*P1I1HIoATER + HWATER)
IFI1NCQMP.GI.01G<,TO 8
WRITEI6.3U001.I
DO 1 M;I.HHRM
WRITEI 6.3>001 H. HI NMI 1. M, 1 I
Gom 'l
WRIIEI 6. 60001
INCOMP; 1

'l 00 10 NN-I.NTERM
N; NN - 1
AN= 16*N*N
KMAX= N + N • 16
00 10 KK= I.KMAX
CI=KK - 1
C2= 4.0*CI

RETURN
3000 FORMATIII178H GENERALIZED LOAD FOR HORIZONTAL GROUND MUTION IN X

llRECTIUN - STRUCTURE ONU,/1X.24H FREQ NUMBER LUADI
END

C

C

C

SUBROUT I NE XHuR II' Gl DAD, HINM, POB, FNK, COSLAM, AB, BB, PBR, P81 , XHOR.
1 RAUIUS~HWAIER,NfpNTERM,MTERM,NOOEZ,KKMAX,NEQW,NUMELT, XHOK
2 lWH.lWHIOP.TWI XHOH

DIMENS IUN HII<MI NIERM ,MTERM.NF I. POB I NEQW. NF I. fNK IN TERM.KKMAX I. XH[)K
2 COSLAMINOOtl,MTERMI.ABIMIERMI.B8IMIERMI.PBRINEQWI.PRIINEJWI. XHDH
3 GLOAOlNi'1 XHOR

DIMENSIDN 8JKI2001.8YI200I,GMNI311.WDAMl101 XHOR
REAL JMRl311 XHOR
COMPLEX "1l5,l51.FI 15,21.SS115,L51.FFI15,z1 XHOK

C XHOR
c*••••*•••**••••$***~ ••*.*****••*~$****.********************************XHOk
~ THIS SUBROUTINe ~AL~ULATES THE ~OMPlEX fREQUENCY RESPONSE XHOR
~ FUNCTIUNS fOR HORIZONTAL GROUND MOTION IN X DIRECTION XHO'<
c••••••**.**•••**•••••**.*******••**••••••••• ******••••• **.************.XfiO~
C XHOR

REWIND 7 XHOt{
READI111 WDAHI Ll ,L;I. NF) XHOK
READ I 5 01 \)0010 AMP. AL PHA.r N~OHP,NPUNCH XHOk
WRITEI6.200010AMP XHO~

PI; 3.141592653 XHDR
RHO!; 9.88540QI9*RAU·lUSORADlUS*H.AfER XHOR
RH02: -.45015BI519*RHOI XHOR
RH03; -.1761766953*RHDI XHDR
lF1HWATER.EU.O.01~010 24 XHOR

XHL"
XHD,
XHOR
XHOt{
XHGK
Xf-l[)k

XHUR
XHQR
XHOr<.
XHOi{
XHQK.
XH()t<

XHUR
XHOK
xHOR
XHOi{
XHUR



DO 125 K:l,KHAX
IFIK.GT.NXIGUTU IjO
KK: K_I

125 FL= FL _ BJKIKK_KI*FNKIN~,KKI

130 FL: fL _ FL

IFIX.LI.O.I.ANU.NN.GT.IIIGOTO 176
IFINN.E".IIGOTO 150
AHN: BJKIN41 - BJKIN4_Z1
8HN¥ 8YIN41 - BYIN4'ZI
C2= Z.O
GOTO 115

150 AHN= -2.00 BJKIZI
BHN= -Z. OOBY121
CZ= 1.0

115 CIIl= AMN/BMN
C2: C2IIIAMNOCIIl • BMN1*JMRIHII
CHN= CZOIClIlOBJKIN4'1l • BYIN4+l11
OHN: C20IBJKIN4+II- CIII'BYIN4-11)
GOTO 177

116 CHN:-I.0/FLOAIIN41
OHN= 0.0
AHN= 0.0

117 C3= CI NOCHN
C4= CINoOMN
C5= 0.lB539BI60 AMN
EB: FLoC3 + L50C4
HB= fLoC4 - C50C3
EO: -ooFNKINN,1I
HD= -C4OfNKINN,1I
DO IBO L=I.NF
FIL.II- FIL.II + HINMINN.M.LI*CMPLXIEB.HBI
FIL.Z)= FIL,ZI _ HINMINN,M.LI'CMPLXIED,HDI
00 IBO K=L,Nf
Cl= HINMINN,M.Lj*HINMlNN,M,KJ
SIL.KI. SIL,XI • CIOCHPLXICMN,DMNI

I BO CONTINUE
ZOO CONT INUE

Gom 500
300 NBESK= 40INTERM-IJ + Z

CALL 8ESNKSIX,NBE,K,BJK)
CALL GIX.NTERM,lOO,GMNI
C IN= -C2M
DO 400 NN=I.NTERM
cIN= -CIN
N4= 40 1NN-1I
IFINN.E~.IIGOTO 350
CHN= -BJKINHll/IIBJKIN41 + BJKIN4+211*JMRIMII
CMN= CMN + LMN
GOTO 355

350 CHN= -6JKIII/((BJKIZI + BJKIZlloJMRIMl1
355 EB= C2HoCMNoGMNINNI

EO" CIN*CHNOFNKINN,11
CI= 0.0
DO 375 L=l,Nf
C2= EBoHINHINN.H,LI
C3= EOOHINHINN.H.LI
fIL,I)= FIL.II + CMPLXIC2,CII
fIL,2): FIL,2) + CMPLXIC3.CII
00 375 K=L. Nf
C2= CMN.HINH(NN.M,ll*HIN~'NN~M,KI

SIL.KI= SIL,XI + CMPLKIC2,CII
315 CONTINUE

XHO~ 104
XHOR 10 5
XHUR 106
XHOR 101
XHUR 109
XHUR 109
XHOK 110
XHOR III
XHO~ liZ
XHO" 113
XHQR 11 <.f.

XHOK 115
XHUR 116
XHOR II 7
XHJR. 118
XHOR Il'i
XHOH. 120

XHOR 121
XHOR In
XHQK 113
XHUt< 124
XHOR lZ5
XHOt< 126
XfiOR 127
XHOR 128
XHQR 12':1
XHOR 130
XHOR 131
XHOR 132
XHOK 133
XHOR 13(-..
XHOK l35
XHOt< 13&
XHOK 137
XHOK 13~

XHOK 13g
XHOR 140
XHOR 141
XHUR 14Z
XHUK 143
XHOt< 144
XHOR 145
XHQR 146
XHQR 141
XHOR 148
XHGK 14q
XHOR 150
XHDR 151
XHOR 1 ':>2
KHOR 153
XHOK 154
XHUR l55
XHQR 156
XHOK 157
XHOR. 15~

XHOt< 159
XHUf.. 1 f,i)

X~'OK l(ll
XHOi{ if-I..
1.:HOK 163
XHOR. 164
)(H(li{ 1 t S

400 CONT INUE XHOR 166
500 CONTINUE KHOR 167

00 600 L=I,Nf XHOR 1&8
fI Loll: RHU20fl Loll XHOR 169

600 Fll.2)= RHU20fll.l) XHOR 110
C XHOR 171
C-----------------------------------------------------------------------KHOR 172
C CALCULATE IHE LUAU ASSUCIATED "ITH IHE I~TEGRAL fERM fOR XHOR 173
C PRESSURE DUE Tt, THE ,~OVEMENI OF THE RESERVOIR RANKS XHOR l74
C XHOR 115

NEQI: a XHOt< 116
ANG= -I" KHOR 177
NOOET= NUHELf • NUMEII + 1 XHOR 178
NNN= 2 XHOR 179
NCONST= I XfI{]R 180
00 150 ~THEIA= I.NUUET XHOR 181
NCONSI= -NCUN,T XHOR 182
NN~ NNN + NLVN,f XHOR 183
ANG: ANG + I" XHUR 184
CI= SINI.18S398163S - ANGI XHOR 185
C2= SINI.1853981635 + ANGI XHOR 18&
DO 710 ~:I.MTcRM XHOR 187
C3= LloJMRIMI KHDR 188
CiF CZOJMRIMI XHOR 18'J
IfIMAX.LT.MIGVIU 100 XHOR 190
ABIHI= ISINIL31 + SlNIC41l/JMRIMl XHOR 191
BBIMI= IWSIL31 + CUSlC411/JMRIMI XtiGR 197.
GOro 110 XHOR 193

700 ABIMI= -IEXPI-O) • EXPI-C411/JMRIMI XHOR 194
BBIH)= 0.0 XHDR 195

710 CONTINUE XHOR 1%
DO 740 1=I.NOOcl,NNN XHOR 191
NEQl= NEQI + I XHOR 196
C3: 0.0 XHOR 199
C4: O. a XHOR 200
DO 130 H=l,MTERM XHOR 20l
C3=C3 • AbIH)*CU~LAMII,~1 XHOR 20Z
IfIHAX.LI.Ml GulO 730 XHOR 203
C4: C4 • b8IMI*COSLA,~II.MI XHOR 204

730 CONTINUE XHOR Z05
PBRINE~II= C3 KHOK Z06
PBIINEQII= C4 XHOR 201

740 CONTINUE XHOR 208
750 CUNT INUE XHOR 209

C XHOR ZIO
00 B50 L:I.Nf XHOR 211
C~ 0.0 XHOR 212
CiF 0.0 XHUt< ZI:\
DO BOO N=I.NEQ" XHOR 214
C3= C3 + PbRINJ*PUBIN.LI XHOR 21;
CiF C4 - PBlIN10P031N,Ll XHOR £16

800 CONT INUE XHOR 217
fIL'!): fIL,!) + RH03*CMPLXIC3.C41 XHOR 218

850 CONTINUE XHOR ZI9
c-----------------------------------------------------------------------XHuR ZZO
C XHOR 221

860 RHUl.= RHOI*WO" XHOR 222
DO 865 L=l,Nf XHeR 223
00 865 K=L,NF XHOR 224
SSIL.Kl= RHDIWOS1L,K} XHOR 225
SS(K,Li= SStl,KJ Xt'O~ 226

665 CONTINUE XtiOK 227

N
()\
w



N
m
>!'>

<1

10
1'1
;~ ')

,
4
5
h

I
I<
9

10
II
12
II
14
I'
16
17

4
5
6
7

d

"10
II
12
IJ
14
15
16
17
I A
19
20
21
22
23
2'.
25
26
27
211
2(/
V)
31
32
J 1

34
3'-,"
31
38

',',

G

G
G

G

(;
G

r,

G

"

G
G
G

e­

"G
G
G

l;

"

G
G
G
G
G

NEQBT= NEQBONBLOCK
NEQW= I
NODEl= I
NI= I
N2~ NI • Nf
N3~ N2 + NEQ
N4= Nl + NUMNPO}
N5= N4 • NEQ
Nb= N5 + Nt:: ...W ..MBAND
IfIN6.GT.MiUTICALl ERRORIN6-MTOTI

OVERLAyeXFILE,3,21 YHYJ
PROGRAM YHYDRO YHYJ
COMMUN I MISe. I f'f'OLOCK,NEQB,LL,NF,LB ,NDYN YHYO
COMMON IElPARI NPAR{L4J,NU~NP,MBANO,NElTYP,Nl,N2,N3,~4,N5.MTOT,NEWYHYJ

,N6, NUMNPf ,IPRINT ,NlM ,NUMEl,WATl., H1ASS,TVOl,Ni::QEST,I"10DE YHYIJ
,IPRM ,MESH ,MtSHFN ,lSVM,WDEN,T(lOI YtiYJ

COMMON/RADDU/KADIUS.RAOHT YHY)
CQMMUN/H YD/NUMElL ,NUMEL T, TW, l 10/, HhATER. NTERM, MTERM, I XYl YHY J
COMMON AliI YHYG

YHYO
YHYJ
VHYO
YHYiJ
YHY\)

YHVl)
YHYl)
YHYJ
YHYl)
YHYlJ
YHYlJ
YHYt)

DIMENSION .MNINTtR~I.AAAI201l

JJ= 11 • 11 • 1
H-= 11'11
Hz O.185lQBI635/f1
ANG= 0.0
DO ZO J=I,JJ
Cl= SINIO.7B539Blb35 - ANGI
C2= SINIO.1B5l9BI6}5 • AN~I

AAAIJI= CIOfXPI-XOCII _ CZ"EXPI-XOC21
20 ANG= ANG + 'I

DO 50 N=l,NIERH
GMNINI= 0.0
IFIN.EQ.I1GOIU J5
HN4= 401 N-II
HN4= HN40H
ANG2= HN4
ANGl= HN4 • HN4
Cl-= AAAI 11
DO lO 1=1,11
J= 1,1-1
CI~ Cl
CZ~ 4.DoAAAIJ'IIOCOSIANG21
G]= AAA(J+2J+CUS(ANG3l
GMNINI= GMNINI + CI'C2_C}
ANG2~ ANG3 • HN4

30 ANGl~ ANG2 • HN4
GOro 4,

35 GO 40 1=1,11
J~ 1+1-1

40 GMNINI= GMNINI • AAAIJI _ 4.00AAAIJ-1I • AAAIJ_21
45 GMNINI= IH/J.O,oGMNINI
50 CaNT INUE

RETURN
END

C

C

C22"
229
230
231
232
23:1
234
235
236
231
231<
239
240
241
?42
24l
244
245
246
241
24;
249
250
2:'1
252
251;
2'54
2'55
Z~b

251
258
259
260
261
262
263
264
265
266
267
26B
269
270
211
272
27:\
274
275
276
271
?7H
n9
280

r,
G
G

XHCR.
XhOk
XHO\{
XHDR
XHUR
XHOK
XHOn.
XHOR
XHUk
XHLk
XHOR
xHOR
XHOK
)(HliK
XHQR.
XHO,
XHOR
XHOR
XHQR
XHCK
XHOk
XHOK
XH[Jt{

XHOR
XHOr<
XHOR
XHOk
XHUK
XHOR
XHOR
XHOR
XHOR
XHOR
XHO,
XHOR.
XHUR

~tF12.6tll//XHOf{

XHOR
XHOr{

HWOR
XHOR
XHDR
XHOi{
XHOR
XHO~

XHDR
XHuK.
XHOR
XHIJI{

X110R
XHUr.<.
XHOr{
xHOR

ABS VALUEI

SU8ROUilNE GIX,NiERM.ll.GMNI

GOTD 25

THIS SU8RUUIINE COMPUTES GMN USING SIMPSONS RULE

PRINT COMPLEX fREQUENCY RESPONSE FUNCTIONS fUR ACCELERATION--­
THE WMPLtx fREQUENCY RESPONSE FOR DISnACEMENT OF DAM ARE STliRfO
IN VECIOR ff AS fDLLOWS-- fffL. 11= DISPLACEMENT DUE TO
HYDROOYNAMIC PRESSURE ON THE DAM C~USEJ OY MOVEMENT OF
RESERVOIR SANKS. FFlL.ZI= DISPLACEMENT DUf TO GPOUND MOTIL~ PLUS
DISPLACEMENT DUE 10 HYDRODYNAMIC PRESSURE CAUSED OY DAM MDVEXFNT.

DO 885 L=I.Nf
C1= IIWOREAL (FFH,lll
C2= WWOAIMAGlFflL,111
Cl= lI"oR CAll fF I L, 2))
C4= lI"oA (MAGI ff IL,21 I
C5= cI.e l
C6= C2.C4
C1= C50L5 • C60C6
C8= SQRTI C11
WRITEl6.5000,wW1DAM,WDAMtLJ,Cl,C2,C3,C4,L5,C6,(B
IFlNPUNCHeGT.OlPUNCH 7000,WWlDAM,WOAM{L),Cl,C2,C3,C4,CS,C6,Cd
CONT INllE
IFf INCOMP.GI .OJ INCOMP~

Wll= -I/.W
00815 L=I,Nf
ff1L,21= flL,ZI • GLO~Olll

fflL .11= flt,!l
CI= WW • WDAMILloWDAMlll
CZ= W*WDAMILlo'UAMP'DAMPI
SSIL.LI= "IL,LI • CMPlX1CI,CZl
CONT INUE
CALL CSYMEQISS,f',NF,ZI

885

815

<;JOO RETURN
1000 fORMA112f10.O,2151
2000 fORMATlIlIlLZH I1UOAI. DAMPING RATIO =.FlD.4,11l
lODO FORHATllll141H fUNDAMENTAL fREQUENCY OF n'E RESERVOIR

• 139H INIEGRAL ((M.DI FOR CALCULATING LIMITSI
3500 fORMAH/IDX,3H II ,12,4H 01=,E13.61
4000 FORHATIIIIIDX.81H COMPLEX fREQUENCY RESPONSE fOR ACCELERATION

IORllONTAl GRUUND HOT!ON IN X DIREUION,//l6H EXCITATICN FRFQ.
2 1,~ DAM fREQ .Z4H HACCEL - BANK MOTION,
l 24H HAnEL - G~TN'DMTN.

4 }6H -----------HACCEl - TOTAL------.
5 13X,IOH W/WUAMIII,7X,9H RAD/SEC ,
6 24H REAL IMAG
1 24H REAL (MAG
8 }6H RCAL IMAG

5000 fORHATllllfI3.b,2X,1E12.41
6000 fORHATIIII130H INCOMPRESSIBLE WAfER SOLUTION,

I I3DH ------------- ----- --------.111
1000 fORMATIZfll.6,11EII.41

ENO

C
C
C
C
C
C
C
C

C

C

C
C



C

C

(

(

C

(

C

C

C

C

C

CAll GHTNXIAINll.AIN21.AIN31.AIN41.ACN51.NUHNP.NUMEL.NEQB.
I HBANO.Nf.NBlCCK.NEQ.IXVZI

N4= N3 • NEQS*NF
IFIN4.GT.HTOTICALL ERRORCN4-MToTI
WRITEI 6. 30001

(ALL LOAOIIAINII.AIN21.AIN31.NEQB.NBLOCK.NF.NEQI

IFIHWATER.EQ.O.OIGOTO 500
Z11H= 211/HIIAIER
N3. N2 • B*NUHEL*NF
N4= N3 • 24*NUHEI
N5= N4 • NEQB T*NF
N6:1: N5 ... 50
IFIN6.GT.HTOTICALL ERRoRCN6-HToTI

(ALL BEVIAINll.AIN31.ACN41.AIN51.NEQBT,NUMEL.NF,NBLUCK,NEQB.
I NU~ELl.NUHELT,Nl.ZWH.ZWHTOP.lW.TW.HIIATERI

N4z N3 • HTERH*NIERH*NF
N5= N4 • NTERII*NUHEL T* 3
Nb' '15 • NTERII* 3
'17= '16 • HTERH*NUHELl*3
IFIN7.GT.IITOTICALL ERRoRCN7-MIOTI

CALL HYINHLIAINll.AIN31.ACN4I,AIN51.AIN61.
1 NU~Ell,NUHELr9~l.l~H.IWHTDP.Tw.NTERM.MTERM.NF.NUMEl)

NEQW.13*NZ'21*NUHELT • NZ 'NZ • 1
N5' N4 • NEQW*NF
Nt>: '15 • B*NUMEL
N7~ N6 + 126
IF(N7.GT.MTOTI~ALL ERRoR{NI-MloTI

CALL BEVl (A CN2' ,A(N4). At NS) .A( N6) • NUMEL. NF. NJMELI. NUMEL T, NI •
I lWH.lWHTOP. TW, NE~W I

NOOEI' I'll • Nl • 1
500 KKHAX= NTERH • NTERM • 14

'11= I
N2' Nt • NF
'13' '12 • B*NUHEL*NF
N4. N3 • HTERM*NTER~*NF

N5= N4 • NEQW*NF
'16= N5 • NTERM*KKMAX
N7' '16 • NOOEl*IIIERM
'18= '11 • I4TERI4
N9= '18 • HTERH
NIO= N9 • NEQW
Nll= NID • NEQw
IFINtt.GT.HTOTICALL ERRORINlI-MTOTI

CAU YHORIliAINll,AlN31 .AI N41.A IN51.AIN61. AIN7I.A IN81.AIN9I,
1 AiNlOJ,RAOIUS,HWATER,NF,NTERM,MTtRM,NOOEI,KKMAX,NEQW,NUM~LT,

2 IIlH.lIIHTDP.11I1

RETURN
3000 FORHATIIIIIBH GENERALIZED LOAD FOR HOM[lONTAL GROUND MOTION IN Y

IIRECTloM - SIRUCTURE OMLY,/7X.24H FREQ NUMBER LOADI
END

YHYO
YHYil
YHVlJ
YHYO
YHYt)

YHYO
YHYD
VHYiJ
YHYD
YHYO
YHYO
YHYO
YHYD
'tHYD
YHYJ
'(HYt)

YHYD
YHYI)
YHYlJ

YHYD
VHYlJ
YHY0
YHYD
YHYO
YHYD
YHYO
YHYD
YHYLJ
YHYIl
YHY[)
YHYD
YHVD
YHYD
'(HVLJ
YHYO
YHY,J
YHYO
YHYD
YHV;)
YHYD
YHYU
YHYD
YHYl)
YHYl)
YHYD
YHYO
YHYD
YHYD
YHYo
YHYD
YHYO
YHYU
YHYD
YHYO
YHYU
YHYD
YH")
VHVQ

JYHYiJ
YHYD
YHYD

Z2
23
24
25
26
?7
2,1
29
JO
3 [
32
33
34
30
36
37
38
39
40
41
42
43
44
45
40
47
48
49
50
51
52
53
54
55
56
57
0,8
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
7B
79
80
81
8?

SUBROUTrNE HY1NHLlPH1R,HlNM,CDN,AA,COM, HvIN
1 NUMELl,NUMELr,Nl,lWH,lWHTOP,TW,NTERM,MTERM,Nf,NUMELJ HYIN

OIMENSIUN PHIMINUMEL,B.NFI,HINMINTERM,~TERM,NFI. HY[N
1 CD~ I NUMEL I ,NTE RM. 31, AA I NTE RM. 3), COM I NUMELL. MTEMM,31 HY IN

DIMENSION CCI31 HYIN
C HY 1N
C••••••••••••••••••••••••••••••••••••••*••••••••••••••*****************.,fYIN
C THIS SU8MOUIINE FORMS THE INTEGRAL IIN,M.LI FOR Y EXCITAIION HYlN
C•••••••••••••••••• ~* ••••**•••• *•••••••*.*.**•••*••*********************HYIN
C HY[~

DO 100 N=I.NTER~ HYIN
DO lOa M'I,~TEMM HY[N
DO 100 L=I, NF HY [ ~
HINHIN.M.LI= 0.0 HY[N

lao CONIINUE HY[N
TW4= 4.0*IW HYIN
ANGLE= IW • TO HY[N
00 200 N=l.~TER~ HYIN
AN=N-l HY[N
AN = AN + 0.5 HY!N
CI= SINIANGUI rlYIN
C2= Co.lANGLEI HY[N
CCIII= IC2-CL/ANGLEI/AN rlY!N
CCLlI= l.O'CClll/ANGLE rlY IN
CCI31= CI/AN HYIN
00 150 1'I.NU~ELI HYIN
DO 150 J'I,3 HY I,~

150 CONII.NoJl= CCIJI HY[~

200 ANGLE= ANGLE' Th4 HYIN
ANGLEC= Tw HYIN
DO 300 1=I,NUHELI HYIN
DO 250 N=I.NTERM HYIN
AN. N - 1 riY I N
AN' 4.0*AN • l.O HYIN
ANGLE= AN*ANGLEC HY!N
Cl= (OSIANGLEI HY[~

C2= SINIANGLEI HY[N
CON( I,N, lj=CON{ I,N, 11*Cl HYIN
CONCI,N,2)=CONtl,N,2J*C2 HY1~

CDNCl,N,3)=CON(!,N,3J*C2 HYI'J
250 CONTINUE rlY[N
300 ANGLEC= ANGLEL • TW + TW HYI~

PI= 3.1415926536 rlYIN
PIl= Pl*IIlHTOP HYIN
PLM= 0.5*PI HYIN
ANGLE= 0.5*Pll HYIN
DO 350 M'l. HTER~ HY I N
Cl= SIN1ANGLEI HYIN
(2' COSI ANGLE I HY [N
COMINZ.~.ll= IC2 - ClfANGLEI/PLM HYI~

CoMINl.~.21' l.D*CDMINZ"',Il/ANGLE HYIN
COMINl.M.31' CI/PLM HYIN
ANGLE= ANGLE + Pil rlYIN
PL~' PIH • PI HY[~

350 CONTINUE HYIN
IFINl.EQ.IIGOIO 400 HY[N
NNI' Nl-l HY[~

1
2
3
4
5
6
7
8
9

[0
II
12
n
1'0
15
16
II
18
19
/0
21
n
23
24
20
26
27
28
29
3J
3 I
32
33
34
35
36
37
3B
39
40
41
42
43
44
1... 5
46
47
48
49
~,)

51
52
53
54
50
56
57

l'-l
0'l
U1



.. (C1i-C61*CDN!I,N f 31 - C3*CON(!,N, 11
(C2 .. C71*CON(I,N~31 - C4*CDN{I,N.ll
(8 *c ON ( I , N, 1)

SUBROUTINE YHORlZ(GlOAO.HINM.POB.FNK,COSlAM,AB.BB.PBR.PBI. YHOR 1
1 RALHu:),HWATER,NF,NTERM, .... TERM,NODEI,KK,"1AX,NEQw,NUMiLT, YHOR 2
2 lWH,lWHTUP,TW) YHeR 3

DIMENSION HINMINTERM.~TERM.NFI.POBINEQW,NFI,fNKINTERM.KKMAXI. YHOR 4
2 COSLAMINOOEl.MTERMI,ABI~TERMI,B8IMTERM).PBR(NEQW),PB!1NtUhl. YhO~ 5
3 GLOADINFI YHOR 6

DIMENSION BJKILOD).BYI200),GMNI31I,WDA~1151 YHOR 7
REAL JMRlll1 YHOK A
COMPLEX SI15,L5I,F1l5,21.SSI15.L51.ffI15.2) YHOR 9

C YHOR 10
C.···*·**·~·***$*****···*************~*·*.*****.*.**********************YHUR 11
C THIS SU8KOUTIN~ CALCULATES THE COMPLEX FREQUENCY RESPONSE YHOR 12
C fUNCTIONS fOR HORIZONTAL GROUND MOTION IN Y DIRECTION YHCR 13
C#··*·*··***···*··**·*·$·**~·.***** •• **·**••*****.******************~***YHOR 14
C YHOR 15

REWIND 7 YHOK 16
REAOllllWOAM1LI,L-I.Nfl YHOR 17
REAOI5.1000IDAMP.AlPHA.lNCOMP.NPUNCH YHOR 18
wRITEl6,2000lDAMP YHOR 19
PI= 3.141592653 YHOR 20
RHOI= 19.170B0038*RADIUS*RAOIUS*HWATER YHO' 21
RH02= -.4501581519*RHOI YHOR 22
RHOl= -.08B3883416*RHOI YHOR 23
IFIHWATEK.EQ.O.OIGOTO 24 YHOR 24

C YHOK 25
RCONST= 0.5*PI*KADIUSfHWATER YhOR 26
WI- 47,0.O*PI/lHwATER + HWATERI YHOR 21
IfIINCOMP.bT.<)IGUlG 8 YHOR 28
WRITEI6.3000Iw! YHOR 29
GUro 9 YHOR 30
WRITEl6,60UOI YHOR 31
INCOMP= I YHOR 32

9 DO 10 NN=I,NTERM YHOK 33
N= NN - 1 YHOK 34
AN= 16.N*N + lb*N .. 4 YHOR 35
KMAX= N • N +- 16 YHOR 36
DO 10 KK= 1,KMAX YHOR 37
Cl=KK - 1 YHOR 38
C2= 4.0*LI YHOR H
C3= C2*CI YHOR 40

LO FNK1NN,KKI= IAN+13-L.01I1IAN-13-0-L.OI*IAN-13+0-1.01) YHDR 41
C YHOR 42

IH= -IWH YHOR 41
DO 15 J-I,NOOtl YHOR 44
C L- -D.5*PI YflOR 4'>
C2= lWH YHOK 46
IfIJ.GT.INUOtl-2)IC2- lWHTOP YHOR 41
lH= lH + C2 YHOR 4R
C3= 1.0 YHOR (.9
00 15 M=1,MfERM YliU~ 50
CI= Cl + PI YHOR 51
C3- -13 YHOR 52
tM= 11+14-1 YhO~ 53

PIl= P l*lWH
PLM= 0.5 *p I
ANGLE= 0.5'PIl
DO 375 H=I,HTEKM
CI= SINI ANGLE I
C2= CO SI ANGLE I
CClll= lC2 - CI/ANGLEI/PLM
CC121= 2.0'CClll/ANGLE
CC13I= C IfPLM
DO 310 1=I,NNl
DO 370 J=I,3

370 COMII.M,JI= CCIJI
ANGLE= ANGLE + Pil
PU4.= PU4 .. Pi:

375 CONflNUE
400 P12= 0.5*PI'lwH

PIl2= Pil
ANGL EC= - PIl
DO 500 1=I,Nl
If(I.E~.NlIPIl2= 0.5*PI*lWHTOP
ANGLEC- ANGLEC + Pil • P!l2
ANGLE= ANGLoC
DO 450 M=l,MTERN
CI= SINIANGU)
C2= CDSI ANGUI
COMII,M,ll= tDMII,M.ll*CI
COMII,M,2)= COM(!,M.2)*0
CDH(I.H,31= CDM(ltM,3)~C2

ANGLE= ANGLE + ANGLEC + ANGLEC
450 CONTINUl:
500 CONflNUE

NN: 0
00 900 !=I.NUMELT
DO 800 J=I,Nl
K=J + NN
DO 700 L=I,Nf
C1= O.2~~(PHIR(K.L,Ll+PHlRlK,2,l)+PHlR(K,J,l)+PrlIR(K,4,L)I
C5= CI
C6= CI
Cl= O.5*iPHIR(K,5,LJ +PI-H~(K,,6,LJ ... PHIRIK,l,Ll +PHIR{K,8,L))-Cl
Cb: O.S*(PHiR(K .. 7,LI .... PH(R(K.5.L))
C3= Oo5~(PHIRIK,6,L) - PHlRIK,8,lJ)
C4= O.25*tPHlkIK,1,L) - PHIR{K,2,L)'" PHIRtK,3,Ll - PHIR(K,4,L»)
C5= C5 - O.. 5*CPHIRCK,6.LJ .. PHIR(K,8,l))
C6= (6 - O.S*(PHlR(K,5,LI ... PHIR(K,7,U I
CT= O.l5*(PH.lR.(K,3,lJ • PHIR(K,4,LJ - PH1R(K,l,ll - PHlR(K,2,lll
C7= C7 ... O.5*I?H1RIK?5.l) - PHIR(K?l.LI)
C8-= 0.25*tPHIR(K,l..LJ t- PHIR(K,3~l) - PHIR(K. l,L) - PHIR(K,4,LII
C8= (6 .. O.S*(PHl.R1K.B,LJ - PH1R(K,6,U)
00 600 N=l~NTERM

AA(N,U= C6*CDN'I,N,ZJ
AAIN.21= C7*CDNII,N,21
AAIN,3J= C5*CONll,N,3J

60e CONTU1UE
DO 650 .N=I,NTERM
DO 650 M=I,MTtRM
HINMtN,M,lJ= HINM(Nf~,L) .. AA(N,Z)*CJM(J,M,lJ ..

1 AA(N,3J.CDMfJ.M.21 +- lAAIN.3) +- AA{N.IJJ~C0M(J,"1,31

6.50 CONT INUE
100 CONT INUE
800 CONTINUt

NN= NN • NUMtll

dYIN 5B
HY I r.J 59
HY{:1j, 60
HY I ~ 61
HYIN 62
HYI.~ 6]
HY I N 64
HYIN 65
HYIN 66
HY I N 67
HY I \j 68
HY I N 69
HYIN 70
1'1'(1,\1 71
rlY IN 7?..
HY I N 73
dY I N 74
rlY I ilj, 75
HYIN 76
HYI~ on
tWIN 73
HY I ~ 79
HY I N 8 1)

HYIN 81
HYIN B2
HYI N n3
HY I ~ H4
dY I I\J as
Hr PJ 86
HYIN R7
HY[~j 83
HY I N 89
HY[N gf)

HY IN 91
HYIN 9?
HVIN 93
dYIN 94
HY IN 95
HYIN 9t>
HY I.1l q 7
HY 1N 98
t-lY IN '19
dYiN 100
HY UJ 101
HYI N 102
rlYl~ 10,
HYI,\j 104
HY I~ 105
'-!y IN 106
HYIN 107
HY 1~ 100
HY I N 10Q
HYI'~ 111
'W I N III
t1'l' I.\f 112
HY I.\.j i 11
Hr I \j i 14
rlY I'Ij, 11-')
I-1Y 1N 11 f;r

!-lY I N 117
rlYI tJ lUI
'1Y P-l l tel

900 CONT INUE
REruRN
END

HYIN 120
HYI~ 121
HYIN 122

tv
(j'I
(j'I



C CAlCUlATl THt lOAO ASSOCIATED WITH THE INTlGRAl TE~M FO~

C PRESSURE UUE TU THe MOVE~ENT OF THE ReSERVOIR SANKS
C

NEQI= 0
ANG= -h
NODE T= NUHE<.1 + NUMELT + I
NNN= 2
NCONST= 1
DO 750 NTHeTA= I.NODET
NCONST= -NCUNST
NNN= NNN + NCUN,T
ANG= ANG ~ llot
Cl= SINI.7853981635 - ANGI
C2= ,INI. 7B53981635 + ANGI
DO 710 M=I.MTlKH
(.3"" C1 *J MtH M)

176 CHN= -0.5/FlOArIN41
OHN= 0.0
AM* 0.0

177 0= CIN*CHN
CIF CINOOMN
C5= 0.78539816'AMN
EB= Fl*C) + C5*C4
HB= Fl*C~ - ~5.C3

EO= O*FNKINN,ll
NIP C4*F NK INN d)
00 180 l=I.NF
FCl,U= FlL,ll - HINMtNN,~,LJ.CMPLX(EB,HB'

Ftl,2)= FlL,21 • tiINM(NN,~,LJ.CMPLX(ED,HOI

00 IBO (=l.NF
Cl~ HINM(NN,~,L)*HIN~(~N,M,KJ

Sll.KI= Sll,KI + Cl*CMPLXICMN.OMNI
180 CONT lNUE
200 CONTINUl

Goro 500
300 NBESK= 4*INTeRM-II + 4

CAll B~~NKj(X,NBE~K,BJKJ

CAll GV(X,NltKM,lOO,GMN)
C IN= C2H
DO 400 NN=I.NrERM
CIN= -CIN
N4= 4*'NN-l} + 2
CHN= -BJKlN4+11/II~JKIN41 + BJKlN4+211*JMRIMIJ

355 EB= C2M*CMN*GHNINNI
eO= CIN*CMN*FNKINN,11
C 1= 0.0
00 Jl5 l ~ 1. N~
C2= EB*rlINMINN.M.ll
C3= EO*HINMtNN,M,U
Fll.ll= Flldl + CMPLXIC2.Cll
fll,2J= F(L,2} ~ ~MPlX'C3,Cl)

DO 375 K=L.N~

C2= CMN~HINM(NN,M,L)$H[N~(NN.M,K)

SCL,Kl= ~~l.Kl .. CMPlXfC2,CIJ
375 CONT [NUL
400 CONTINUE
500 CONT INUE

DO 600 L:I.Nf
F(l,lI= RH02*HL,U

bOO F(l,2J= RH02*f(l,Z)

C

C
C

C

COSlAHIJ.HI= IC3/lMI*ICOSICl*lHII
15 CONT INUE

24 WRITE16.40001

25 READI5.10001 •• IDAH

lFIW.lD4H.U.D.OJWTO 900
w= WDAMI ll.ww lUAM
IfIINCUMP.E".LIGGTO 860
CI= 0.0
C2= O. il
0040 l=l,Nf
FIl.ll= CMPlXICI.C21
FIL.21= CMPlXlcl.C21
0040K=I,Nf
Sll.Kl= CMPlX1CI.C21

40 CONT INUE
IflH.Alck.e~.O.OI"UTO 860
.wl= W/W l
IFl INCUMP.E~.ll•• I=O.il
MAX= O~5*~wkl ~ I.OJ
EH= 1.0
00 lOO M=l.MTlRM
ARG= ABSIIWWI-tMl*IWWI+EMII
JHRl HI= KCON;I*SQRT I ARGI
[fIJMRI~J.LI.O.OuUOIIJMRIMI= 0.00001

100 EM: EH+2. 0
C IH· 1.0
DO 500 M=I,MIEKM
elM= -CIH
EM= H+H-l
C2M. -CIM/EM
X' JHRIMI
IfIMAX.lT.MI~uTO 300
NBESSY= 4.'I..... rlRM-tt + 3
NBESSJ= NBES,Y + 30
IflX.LI.0.l.ANO.NTEKM.GT.111NBESSY= 43
CAll BES>Jy(x,BJK.BY.NBESSJ,~3ES~Y)

CIN= Cl~

DO lOa NN~I.NrckM

CIN= -C1N
N= NN-l
N4= 4*1'.1 ~ l
KMAX· N+N+15
FL= D. 5'BJKlllOfNKI NN. II
NX'= 00'''( 1.0,*>1.+2.5.1
DO 125 K=I.KMAX
IFIK.GT.NXIGOTU 130
KK; K+ 1

125 Fl= fl • tlJK(KK+K)*FNK(NN,KKI
130 Fl= fl + fl

IfIX.lT.O.l.ANU.NN.GT.llIGUTO 176
AHN= BJKIN_J - BJ'IN4+21
BMN= 8VIN41 - BVIN4+21
C2' 1.0

175 Clll= 4Mt,/BMN
C2' C21( IAHN*Clll + 8~NI*JMK1~11

eM,.,,= C2.(Clll*BJ .... (N4~1I ~ BY(N',+Ul
DMN= C2*IBJKiN4+1)- Clll*BYIN4~1)J

GOTO 177

YHOr{ ,4
YHOF< 5')
YHOK I)f.

Yi-'UK :. 7
YHO R. 5 i
'(HUt{ ",')

YH()K. t,~l

YH']k. !' 1
YrilH, 02
'(HOt{ 63

Y~I[JK tJ4

YHOk bS
yrlCK. flo
YH~Jk 61
YHOR 6d
YHOR 6'1
YHOR 7Q
YHOR 71
YHOl< 12
YHUR 7'~

YH(II{ 74

'I'H(Ji, 75
YHC;R 16
YHOR 17
YHUR 7 '3
YHl1f.< 79
Yhf)R 8D
YHLJr{ d 1
YH()R Ij?
YHOK 80"3
YHUt'. 8 /t
YH[)i{ 8 ')

YHUR >1"

YHOi-( 87
'(HliR sa
YHCH. ::1'1
YHC) K. c,:l
YHOrt (j l
YHO K l)?

YHO,.( 93

YHUk C)4

'(HUI{ 9"
'I'HO R <)f>

YriOk 91
YH~IK Q~)

YHOt{ elY

Y(-jOt<. IJJ
YHUR to I
YHC I

( 102
YHiji<. 10\
nl(J1{ 104
Yt-lC~ 1 U')
vr-~o 'i. 1.Jf:
nlo" 107
YHOK LiJ-j
ltlU:.{, lug
YHOq, 11 (J
YHO~ 111
Y~~J!{ 112
YH(1'<. 11 J
YI-'Cfi 114
YHU~ 115

'(HOI{ 116
YHOK 117
YHOI< liS
'fHCR U q
YH8K 120
YHOR 121
YHO" 122
)'HCR 121
YHOR 124
YHO.:),. 12 f)

YHO~ Il(;
YflLii{ 127
YriCI{ 120
YHOi< 129
YHOK l30
YHO" 131
YH(Jrt. 132
YHOl< 133
YHUK 134
YHOR US
YHJR 130
'{HOR 137
'(HOR 13K
VhOI\ 139
YHO:{ 1411
YHUK 141
Yi-IOI{ 142
YHOi\ 143
YHO~ 144
YHO R. 14C;
YHOR 146
YHOK 141
YY(1R 148
YHQR 149
YHOf? 15J
YHOR. 11)1
YHe:::?, 1 '52
YHOR 153
YHOt<. 1154
YHOK 155
YHDK l56
YHOR 157
YHCR 1:>8
YHOR. t5q

C YHOR 160
______________ ------------ ----------------- -------- -- ----- --------- YH:J R 161

YHUK 162
YHOK 163
YNO" !64
YHCR 16?
YHO, 166
YHOR 167
YHOR 168
YHOR 16g
YNOR 170
YNOR 171
YHOR 172
YHO, 173
YHOR 174
YHOl< 170
YHOR 176
YHOR 177

tv
(}l
-.l



l\..J
0\
(J)

I
2
3
4
5
6
1
3
9

10
11
12
13
14
I'>
10
17
18
19
20
21
22
23
24
25
26
21
28

240
241
242
243
244
245
246
247
248
24q
250
251
252
253
254
255
256
257
258
25q
260
261
262
2bl
264
265
266
267

C6= C2"C4
C7= C5*C5 • C6*Cb
C8- SORIIC71
WR[TEI6,5000IWWIOAM,.DAMILI.CI,Cl.C3.C4,C5,C6,C8
tFtNPUNCH.GT.O)PUNCH 1000.wwIDAM.WDAM(LI.Cl.C2.C3.C4,C5,C6,C8
CONTINUE
IFIINCUMP.GT.OIINCOMP-

GOlD 25

885

SuBROUTINE GYIX.NTERM.[[.GMNI GY
OIMENSION liMNINTERMI ,AAAI2011 GY

GY
THIS SUBRourlNt CALCULATES GMNfASSOCIATED •• TH THE EXCITATION GY
IN THE V OIRHTIUNI USING S[MPSONS RULE GY

GY
JJ=II+[(+l GY
H- 11 .. 11 GY
H= 0.7853~Bl035/H GY
ANG~ 0.0 GY
0020 J=I,JJ GY
Cl= S[NI0.1853~816l5 - ANGI GY
cz- SIN! 0.185H81635 • ANGI GY
AAAIJI= C2*EXPI-X*C21 - CI*EXPI-X*CII GY

20 ANG= ANli + H GY
00 50 N-l,N TERM GY
GMNINI= 0.0 GY
HN4= 4*IN-11 • 2 GY
HN4= HN4 *H GY
ANG2= HN4 GY
ANG3= HN4 • HN4 GY
C3- 0.0 GY
DO 30 1=1.11 GY
.1- .'[-1 GY
0= C3 GY
C2- 4.0*AAAIJ'II*,[NIANG21 GY
C3= AAAIJ+21*SINIANG31 GY
GMNINI= GMNINI • CI'C2'Cl GY

YHoR
YHOR
YHOK
YHOR
YHOR
YHoR
YHOR
YHOR
YHDR
YHOR

900 RETURN YHOR
1000 fORMATllfIO.O,i[51 YHD'
2000 FORMATIIII122H MODAL DAMP[NG RAT[O =.FIO.4.111 YHoR
3000 FORMATIIII141H FUNDAMENTAL FREQUENCY OF THE RESERVOIR =,fI2.6.111 YHoR
4000 FORMATllllIOX,dlH COMPLEX FREQUENCY RESPONSE FOR ACCELERATION -- HYHOR

lORIIONTAL GROUND MOT [ON [N Y DIRECT[DN.1116H EXCITATION FREQ. YHOR
2 12~ OAM FREQ .24~ HACCH - BANK MOT ION, YHJR
3 2411 HACCH - GMTN'D,~TN. YHOR
4 3bH ---------HACCEL - TOrAL------. YHOR
5 IJX,lOH .1.DAMIlI,lX,9H ~AD/SEC , YHOR
6 24H REAL [MAG, YHoR
7 24H REAL [MAG • YHOR
8 J6H REAL IMAG ABS VAlUEI YHDR

5000 FORMATII12FI3.b.2X,lEI2.41 YHOR
6000 FORMATIIII13DH INCOMPRESSI8LE WATER SOLUTION, YHDR

I 130H -------------- ----- --------,111 YHOR
1000 FORMAI(21-13.6,/lEll.41 YHOR

END YHoR

C
C
C
C

C

C

178
179
180
181
182
183
184
185
186
187
188
l89
190
191
192
193
194
195
146
197
198
199
200
211
202
20,
204
205
206
207
208
209
210
21!
212
213
?l4
215
216
217
213
219
220
22l
222
223
224
225
226
227
22B
229
730
231
232
2'-\3
2j4
235
236
237
?3R
239

(.~

PRINT CUMPLEX FRe..lUE,~CY RESPONSE FUNCTIONS FOR ACCELERATION--­
THE COMPlEX FR~~UENCY RESPONSE fOR OISPlACE.ENT Of DAM ARE STOReD
IN VECTOR FF AS FOLLOWS-- FFIL.II= DISPLACEMENT DUE TO
HYDRODYNAMIC PRESSURE ON THE DAM CAUSED BY MUVEMENT UF
RESERVOIR BANKS. FFIL,21= DISPLACEMENT DuE TO GRGUND MOTION PLUS
D[SPlACEMENT DUE TO HYDRODYNAMIC PRESSURE CAUSED By DAM MOVFMENT.

DO 885 L=I,Nf
Cl= W.*~tAL(FFIL,lll
C2= WW*AIMAGI FFll.t1 I
C3~ ~W.REAL'Ff(L.2)J

C4= W.*A IMAulfF IL ,211
C5= C1>C3

C4-' C2*J MROII
IfIMAX.LT.HIGOTO 700
A8(MI= ISINIC41 - SlNIC311/JMRIMI
88(1'1)- ICOSIC41 - COSIC3ll/JMRCMl
GOTO 710
A8IMI- -lcXP!-C~1 - EXPI-C311/JMRCMI
8811'11= 0.0
CONT {NUE
00 740 1-I,NOOEl,NNN
NEQI= NEDI • I
C3' 0.0
C4= 0.0
DO 130 H-I,HlERM
C3=C3 + A8CMI*COSLAMll,MI
IfIMAX.LT.MI GOTO 730
C4= C4 + BBIHI*COSLAMII.MI
CONTINUE
P8RI NEQU' C3
PBI 1NEill I- C4
CONTINUE
CONTINUE

700

130

110

140
150

YHOR
YHO"
YHOR
YHQR
YHOR
YHOR

YHoR
YHoR
YHOR
YHOR
YHoR
YHoK
YHOt{

YHOR
YHOR
YHoR
YHo"
YHOR
YHOR
YHOR
YHOR
YHOK

DO 850 L=I.Nf YHOR
C3s 0 .. 0 YHOR
C4- 0.0 YHoR
DO 800 N=I,NEO. YHOR
C3- C3 • P8R1NI*POBCN.LI YHOR
C4= C4 • PBI1NI*POBIN,U YHDR

800 CONTINUE YHOR
FlL.!I- flL.!1 • RH03*CMPLX1C3,C41 YHOR

850 CONTINUE YHOR
C-----------------------------------------------------------------------YHoR
C YHOR

860 RHOlW= RHOl*.*. YHOR
00 865 L-l.NF YHOR
00 865 K-l,NF YHOR
SSll.KI= RHUI.*Sll.KI YHoR
SSIK,l'= SSCl,KI YHOR

865 CONT INUE YHOR
Plw= -w*w YHOR
DO 815 L-I,NF YHQR
FF(L,2)= F(L,2J • GlOAO(l) YHOR
Ffll.ll= FIl,11 YHOR
Cl= WI< • WOAMIU*.IlAMILl YHOR
C2= W*WDAMIU *1 OAMP.DAMPI YHOR
SSll,1I= SSll,LI • CMPLXIO,C21 YHOR

815 CONT INUE YhOR
CALL CSYMEDISS.FF.NF.21 YHOR

YHOR
YHoR
YHOR
YHoR
YHoR
YHDR
YH[)R
YHOR
Yh[)R
YHO,
YHOR
YHQR
y)-fUR,

YHOR

C

C
C
C
C
C
C
C
C



ANG2= ANG3 • HN4
30 ANG3= ANG2 + HN4

GMNINI= (H/3.01*~MNINI

50 CONT INUE
RETURN
END

GY
(,V
GY
GV
GY
GY

29
30
31
32
33
34

c
lWH,IWHluP,NF,NTERM,MTERM,RADlUS,HWATER)

RETURN
3000 FORMATlll161H ~ENERALIlEu LOAD FOR VERTICAL GROUND MUTION -

lURE UNLY,/7X,24H FREQ NUMBER LUADI
END

;/

lHYD
lHYD
lHYi)

STRUCT lHYu
IHYJ
lHVD

51
52
53
<;4

55
<;6

OVERlAYlXFllE.3.31 ZHYU
PROGRAM lHYDRO !.HYU
COMMON I MISC I NBLOCK,NEQB.lL,NF,LB .NDYN lHYU
CCMMON I tlPARI NPAR ( 14) .NU~NP. '4BANO,NEl TY!> ,N 1 ,N2.N3 ,N4 .NS ,MTGT • :-.JEQl HY 0

,N6, NUHNPF ,IPRlNT .NLM ,NUMEl,WATl. IMAS5,TVOl,NEQEST,U-l(l)[ lHVtJ '}
,IPRM .MESH ,MtSHFN ,ISYM,WOEN.TllDl lHYJ "

COMMON/RADUO/RADIUS. RADHT lHY i) 7
C OMMON/'i VD/NUHELI ,NUMEL T, TW, lW, H.. ATER, NTERM, 1"lTERM t IXY 1 l.HY 0 8
COM/ION A 111 lHV U 9

C lHVD IJ
NEOBT= NEOB*NBLOLK lHYD II
NI= 1 lHYJ 11
N2= Nl + NF lHVO 13
N3=: N2 + NEQ IHYO 14
N4= N3 + NUMNP*3 2HVU IS
N5= N4 + NEO lHYD 16
N6= N5 + NEOB.MBAND lHYD 11
IFIN6.GT.MTOTICAll ERRORIN6-MTOTI lHYJ 18

C 2HYO 19
CAll GHrNXIAtl><1I.AIN2J,A1N3I,A1N41.AINSI.NUMNP.NUMEL.NEQ8. lHYO 20

1 MdANO,Nf,N8LOCK,NEQ, [XYl. lHYLJ 2l
C lHYJ 22

N4= N3 + NEQB*Nf ZHYU 2A
IfIN4.GT .MTOTICAll ERRORIN4-MTOTI !HYO 24
WRITEI6.3DODI lHYJ 2'

lHY 0 26
CALL LOAOltAINlI,AIN2I,AIN3l,NEOB.NBLUCK,NF.NEQI !.tWD 21

C lHVu 28
IFIHWATER.EQ.O.OIGOTO 500 lHY~ 2Y
lWH= ZW/HWATER lHYO 30
N3= N2 • SONUMEl*NF lHY 0 .'1
N4= N3 .. 24*NuMEl lrlY) 32
N5= N4. NEQBhNf ZHYO 33
N6= N5 ... 50 lHYiJ 3/+
IFIN6.GT.MTOIICALl ERROR/N6-MTOII lHYO JO

C lHYJ '6
CALL BEVIAINZI,AIN31.A(N41.A(~5I,NEQBI,NUMEl,NF,NBLOCK,NEQB, lHYJ 31

1 NUMElI.NUMELrrNltlWH,lWHTOPtIW,T~,H~ATERI IHYO 38
C lliYD 39

N4= Nl + MTERM*NTERM*NF 2HYD 4J
N5= N4 + NTERM*NUMELT03 lHYu 41
N6= N5 + NTERM03 leYo 42
N7= No + MTERMONUMELl*3 2"YJ 43
IFIN7.GI.MT~IICALL ERRORIN7-MTOTI lHYU .4

l.HYD 4')

CALL HINML(A(N2),A(N3),A(N4),4(NS),AfN6J,NUMfll,NUMELT,Nl,1WH, LHY0 4~

1 IWHr~p,Tw,NTtR~,MTERM,NftNUMEl) lHYU 47
C lHYJ 40

500 N3= N2 ... a"NUpU:L$:NF ZHYiJ 4-9
CALL VERrIC~4iNIJ.A(N2}rA(NJ"NUMELT,NUMELl,NUMEltNZtTh't nlYJ 50

SUBROUTINE YU"JILIGlOAV,PHIR,HINM,NU~ElT,NUMEll,NU,'ifl,Nl,lh', VERT 1
1 IWH,lWHTuP,NF,~TER~.~TERM.RAD[US,HWATERl VERT 2

DIMENSION BJKIZODI,BYI2001.GMNl3l1,WDAMI 151 VERT 3
DIMENSliJN GlOAO(Nfl ,PHIRCNUr-lEL,B,NFl,HINM{NTERM,MlER,"1,NFt Vl::RT 4
REAL JMR (311 v(n T 5
COMPLEX SCI5,15_,F(15),SS,C15,15J,FF(l5l V[I-{T 6

C VERT 7
c•••••••••••*••••••••••••••*.** ••••••••••••••••• *.*****~*****~*******.**VERT 8
C THI> SuBRUUTlNE CALCULATES THE COMPLE~ FREQUENCY RESPONSE VIRT 9
C FUNCTIONS FUR VERTICAL GRCUN~ MOTIUN VERT 10
c•••••••••••••••••••••••••••••••**.*••••••••• * •••••••*******************VERT 11
C VERT 12

REWINO 7 VEPT 13
READI71I.UAMIU,L=I,Nfl VERT 14
REAU(S,lUUOHlAMP,AlPHA,INCOMJ>,NPUNCH VERr 15
IFIAlPHA.tQ.O.OJAlPHA=1.0 VERT Ib
WRITEI6,2000IUAMP.ALPHA VERT 17
PI= 3.141sn653 VERT IR
RHOI= 9. B8540019*RADIUS*RAOIUS*H"A TER VIRT tq
VRHO= -1.513310304 0RAOIUS*HWATER*H"ATEROTW VERT ZO
IFIHWATER.E".O.OIGOTO 24 VERT 21

C VERT Z2
RCONSI~ 0.5 0PloRADIUS/H.ATER VfRT 23
WI= 4120.0*Pl/(HlJIATER .. HWATER) VERT 24
IFIINCUMP.GT.OlwTO 8 VERT 2S
WRlTEI6,jDOOl.1 VERT 26
GOTa 24 VERT 27

8 "RlTEI6,6UOOI VERT 28
I NCOMP= 1 VE RT zq

C VERT 30
24 WRIIEI6.40UOI VERT Jl

C VERT 3Z
C VERT 13

25 READI5,IOODI •• l0AM VERT 34
C VERT 35

IFIWW10AM.LT.O.OIGUTO qDo VtRT 36
W= WUAMI II*W' lUAM VER T 31
IFIINCOMP.bl.21GuTO 860 VERT 38
Cl= 0.0 VERT 39
C2= 0.0 VER T 40
UO 40 l=I,NF VERT 41
~(LI= LMPLX(Cl,CZ) VERT 42
DO 40 K=I.NF VERT 43

40 S(L.KI~ CMPLXlCI.C21 VERT 44
IFIHWAIER.EU.O.DIGOTO 860 VERT 45
W.l= k/.1 VERT 46
IFIINCUMP.tU.II •• 1=O.0 VERT 47
IfIWWI.L T.l.UE-DSI".I= l.oE-05 vERT 40
MAX= O.S*lk.l • 1.01 VERT 4q
EM~ 1.0 VERT 50

N
0\
'.D



SU8ROUJlNc VlLUADlPHIR,f,NUMELT,NUMEll,NI,lwH,IWHTOP,TW,NUMEL,NF, VllO
l WWl,VRHU,ALPtiAI VllU
OIMLNSION PHlRINUMEL,8,NFl,VLOADl151,V1Bl vlLQ
CUMPLEX F(Nfl V/LO

C VlLO
c•••***.*.**•••••t~*.*•••**••••**••*****.*••**•••*.***.**.**************VlLO
C THIS SUtiRUUTINE fORMS THE GE~ERALIlEO LOAD ASSOCIATED WITH VlLO
C HYDRODYNAMIC PKES>URE DUE TO VERTICAL GROUND MUTION ACTING VlLO
C ON THE RIGIO DAM. VlLO
c•••••••••••••••••*•••**** ••• ******•••••••••••••••• **••••••••***********VllO
C VlLO

00 100 L=I,NF VlLO
100 VLOAOILI= 0.0 VlLO

A= 1.5707963Z1*•• 1 VlLO

N
'-l
o

I
Z
3
4

5
6
1
8
'I

10
II
12
13
14

113
114
liS
116
III
118
lIq
lZ0
121
l22
173
lZ4
IZ5
IZ6
IZ 7
lZ3
lZ9
130
131
I3Z
133
134
13';
136
137
138
139
140
141
142
143
144
145
140
147
14A
149
150
151
15Z
153
154

(,.,

GOTO Z5

CALL CSYME~ISS,Ff.~F,11

00 885 L=I.NF
C1= WW*. LAUH! Ul
CZ= WW*AIMAGIFFILTI
C3= CI*CI > CZ*CZ
C4= SQRTIC31
wRlrE(6,5000)W'R~lOAM,WOAM{L),Cl,C2,C4

IF(NpuNCH.GJ.OJPUNCH 7000,W,wwIDAM,wDAM{ll,Cl,C2,(4
CONTINUE
IF( INCOMP.GT.DI IN(.O~P=

00 865 K=L.NF
SS(L,KI= RHUIW*S'L,KI
SS(K,L)= ~:i'l.,K}

CONTINUE
WOW: -w*w
00 875 L=I,NF
FFILI= FILl> GLUAOILI
Cl= WW • ~OAM(LI*WOAM!LT

CZ= W*WDAMtU*IOAMP > OAMPI
SSIL,L)= SSIL,ll > CMPLX1CI,CZI
CONTINUE

865

885

875

VERT
VERT
VERT
VER T
VER T
VERT
VERT
VERT
VERT
VlRT
VERT
VER T
VERT
VER T
VERT
VER T
VERT
VERT
VERT
VER T
VERT
VIcRT
VER T
VERT
VERT
VERT

900 RETURN VER T
1000 FORMATlZFlO.O,ZI51 VERT
ZOOO fORMATIllllZZH MLOAL OA~PING RATIO =,Fl0.4, VERT

I IIj9H RESERVUIR BOTTOM REFRACTION CONSTANT =,FI0.4,111 VERT
3000 FORMATtlll141H FUNDAMENTAL FREQUENCY OF THE RESERVOIR =,F1Z.6,11) VERT
4000 FORMATlIIIIIX,70H COMPLEX FREQUENCY RESPONSE FOR ACCELERATIO~ -- VVERT

IERTICAL GROUNIl MQI[ON,II16H EXCITATION FREQolZH W(WIOAM veRT
Z IZH DAM FRtQ , VER T
3 45H ----------CDMPLEX FREQ RESPONSE----------, VERT
4 16X,8H RAO/SEC,16X,8H RAO/SEC.8X.5H R£Al,lOX.5H IMAG, VERT
5 1X,lOH ABS VALUEl VERT

5000 FORMATIIIIX,fI3.6,ZFIZ.4,ZX,3EI5.4) VERT
6000 FORMATI(11130H IN~OMPRESSIBLE WATER SOLUTION, VERT

1 /JOH ------------- ----- --------,/11 VER T
1000 FORMATI3fI3.6,3El1.41 VERT

ENO veRT

C

C

C

C

VER T 51
VERT 52
VcRT 53
VE:R T 54
VERT 55
VERT 56
VERT 51
vLRT 58
VER T 54
VERT 60
VIcRT 61
VERT 62
VERT 63
VE RT 64
I/fRT 6'1
VERT 66
VERT 67
VER T 68
VERT h9
VE RT 70
VERT 71
VER T 72
VE RT 13
VERT 74
VERT 75
V[R T 76
Vt:RT 77
V(R T 7 d
VFRT 19
VIcRT "0
Vf-PT 81
VERT ~2

VERT >l1
VfRT 84
VERT 8';
VER T Bh
VER T 8 I
VERT 8>1
VERT d9
VERT 90
VERT 91
VERT 9Z
vERT g3
vue T 94
VERT 95
VERT 'l6
VE k T 97
VERT 98
VER T 99
VER T 100
VERT 101
VER T 102
VERT 103
VER T 104
VERT 105
VERT 100
VER T 10 7
VERT 108
VERT 109
VER T 110
VERT III
VER T liZ

CALL VllOAO(PHIR,f,NUMElT,NUMELl,NI,lnH,ZWHTOP,TW,NUMEl,NF,
1 W¥.il,VRHO,AlPHA)

860 RHOIW% RH01*w*w
00 865 L=I,NF

00 100 M=I,MTERM
ARG= A6;11 •• l-EMI*IWWI>EMII
JMi\IMI= RUlN5T*5QRTlARGI
IFIJMRIMI.lT.O.OOOOIIJMRIMI= 0.00001

100 EM= EM > Z.O
00500 1I=I,MTERM
X= JMRIMI
IFIMAX.LT.MIGuTO 300
N6ESSY= 4*INTERM-11 > I
IFIX.lT.O.I.ANO.NrER~.GT.IIINBESSY= 41
CALL BES~JY(X.~JK,By.N~ESSY.NBE5SY)

00 ZOO NN=I,NTERM
N4= 4*' NN-Il
IFIX.lT.O.I.ANO.NN.GT.IIIGOTO 176
IFINN.EJ.IIGOTu 150
AMN= BJK(N4J - 8JK{N4+2)
BMN= BYlN41 - BYIN4>ZI
CZ= Z. a
G070 175

150 AMN= -Z.O*BJKIZI
BMN= -Z. O*BYIZI
CZ= 1.0

115 CIII= AMN/BMN
CZ= C2IIIAIIN*CHI > BMNI*JMRIMII
CMN= C2*"'Clll+dJK.(N4+l) .. BY(N4+l))
OMN= CZ*IBJKIN4>ll - CIII*BYIN4HI I
GO TO 177

176 CMN= -1.0/FlUATIN41
OMN= 0.0

117 00 180 L=I,NF
DO 180 K=L,Nf
(1= HINM(NN,M,ll*rllNM(NN,M,Ki
SIL,Kl= SIL,KI > CI*CMPLXICMN.OMNI

IBO CONTINUE
zoo CONTINUE

GOTO 500

300 N8ESK= 4*INTERM - II > Z
CALL BE5NK;(X,NBESK,BJKI
00 400 NN=I,NTERM
N4= 4*INN-ll
lFINN.EQ.IIGOTO 350
CMN= -BJKIN4>Il/IIBJKIN41 > BJKIN4+ZI1*JMRIMII
CMN= CMN > CMN
GOTO 355

350 CMN= -BJKIII/IIBJKIZI > BJKIZII*JMRIMII
355 C1= 0.0

00 375 L=I,Nf
00 375 K=l,Nf
C2: CHN*H1NM'NN,Mtl).HINM(NN.~,K)

stl,K)= Sll,K) .. CMPLxtC2,Cl)
315 CONT INUE
400 CONT INUE
500 CONTINUE

C
C

C
C

C



CI= (l.O < ALPHAI-COSIAI
CZ= Il.O - ALPHAI*SINIAI
VRHOl= IVRHO*ll.O<ALPHAllIlWWl*WWI*(Cl-CI < C2-C211
VRfWR= VRHOl*U
VRHO!= -VRHOI*CZ
NN= -NOMI:Ll
00 900 NTHETA= I,NOMI:LT
NN= NN + NUMELl
le= -lwH
DO 900 N= l,NL
NNUMEL= f'..IN .. N
IC= ZC • lWH < lWH
Al= A*Z.H
IfIN.EQ.NLIAl=A*Z.HTOP
IFIN.Ey.NIIIC=LC-I.H<ZWHTOP
AZ= A*U.-ICI
SCl= SINIAll
SCZ= COSIAll
Cl= SCl*SINIA21
CZ= ISCI - SCl/All-COStAZI
C3= lIZ.0/AU*ISC2 - SCl/All < SClI*SINlA21
VII'= C3/Z.0 - Cl/3.0 - C2/6.0
VIZI= Vlll
V131= C3/Z.0 - Cl/3.0 < C2/6.0
V141= Vlll
V(5)= 0.6666666667*ICl - C21
VI6J= Cl - C3
V111= 0.6666666661*ICI < CZI
V(8)= Vl6'
DO 800 L= l, NF
DO 800 1= l, 8
VLOADILl= VLOAOtLl < VIII*PHIRINNUMELoI,LJ

800 CONT INUI:
900 CIINTINOE

00 950 l==l,Nf-
Cl= VRHOR*VLQAOILJ
CZ= VRHOJ*VLOAOlll

950 FIL)= CHPLXlCl,C21
RETURN
END

VlLU 15
VLLO 16
VlLO 17
V2l0 L8
V ZL 0 19
VlLJ 20
VlLJ 21
VlLD 2?
VZLO 23
VlLO 24
VlLO 2~)

V2l0 26
VLLO 27
VZLO 29
VILO Z9
VllO 10
vlLO 31
VlLU 32
VlLO 33
V!LO 34
VlLO 30
VILO 36
VLLU 37
VZLO 38
VlLO 39
VLLU 40
VlLO 41
Vlto 42
VlL'J 43
Vllu 44
VIlC! 45
V1LO 46
VZU) 47
VLL 0 48
V LLO 49
V?LO 50
VLLO 51
V lL [) 52
VIlO 53
VILU 54

t\.J
-...J
I-'
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EERC 75-8 "Seismic Studies of the Articulation for the Dumbarton Bridge Replacement Structure, Vol. I: Description,
Theory and Analytical Modeling of Bridge Components," by F. Baron and R.E. Hamati - 1975 (PB 251 539) A07
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C.K. Chan and H.B. Seed -1975 {Summarized in EERC 75-28}



277

EERC 75-19 "The Seismic Behavior of Critical Regions of Reinforced Concrete Components as Influenced by Moment, Shear
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