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1. INTRODUCTION

The evaluation of pore pressure generation in soils due to earth-

quakes or other types of cyclic loading conditions has been given con-

siderable attention in recent years.

Laboratory test procedures have been developed to obtain quantita-

tive measures of the stress conditions which lead to soil pore pressure

development. In addition, analytical methods which use these test re-

suIts have been developed to evaluate the liquefaction or cyclic mobility

potential of soil deposits in the field (Seed and Idriss, 1967, 1971).

The improved understanding of the mechanisms involved in pore pres-

sure generation under cyclic loading conditions has also led to advances

in the analysis of ground response taking into account the effects of

pore water pressure generation under dynamic loading conditions (Finn

et. al., 1977; Ghaboussi and Dikmen, 1978; Liou et. al., 1977; Zienkiewicz

et. al., 1978; Martin and Seed, 1978), and on the significance of dissi-

pation and internal redistribution of pore water pressures in a soil mass

subjected to dynamic loading (Seed and Lee, 1966; Ambraseys and Sarma,

1969; Yoshimi and Kuwabara, 1973; Seed et. al., 1975).

Effective stress ground response analyses can only be performed with

the knowledge of the pore pressure distribution in the soil and its vari-

ation with time
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Several methods of expressing the rate of build-up of pore water

pressures in a sand deposit subjected to earthquake shaking have been

developed in recent years. They generally fall into one of two cate-

gories:

1. By referring to the fundamentals of the behavior of granular

materials under cyclic shear stress applications, it has been

possible to isolate the factors and the soil properties which

determine the rate of pore water pressure generation. Then

these data and mechanisms have been incorporated into methods

of effective stress ground response analysis (Finn et. al.,

1977, 1978). Yet, unless these soil characteristics can be

measured with the required degree of accuracy, predicted pore

pressures may be somewhat in error.

2. Use can be made of actual measurements of pore water pressure

build-up in cyclic loading tests. The only criteria then re-

quired to evaluate pore pressure development in any soil ele-

ment is the evaluation of the number of uniform stress cycles

(N 0 ) which will produce a condition of initial liquefaction
!.

under undrained conditions. This can readily be determined

from undrained cyclic simple shear tests or other appropriate

tests on representative samples.

A method of liquefaction analysis of horizontal sand deposits

using these principles has been developed by Seed et. ale (1975).

This report describes the computer program APOLLO in which the

method has been incorporated and gives a typical example of its

application.



3

2. Derivation of the Basic Equation

The basic assumption involved in a pore pressure generation and

dissipation analysis is that the excess pore water pressure change, 6u,

in a soil element is the sum of the pore pressure increment generated

by the dynamic excitation, 6u , and of the pore pressure change due to
. g

the flow of pore water in and out of the soil element, 6u
d

:

(1)

The pore water flow is related to the volume change of the element. As-

suming vertical flow and constrained soil deformations in the horizontal

direction:

= -6cr' =
1--M:.

m v
v

(2)

where m is the coefficient of volume compressibility. Darcy's law re
v

lates the volume change, 6E , occurring in the time 6t to the vertical
v

gradient of excess pore water pressures:

M: = - ~ (~ dU) • 6t
v dZ Y dZ

w
( 3)

where k is the soil permeability and y the unit weight of water. Usingw

equations 1 through 3, the basic differential equation of the simultane-

ous generation and redistribution of pore pressures within a deposit may

be written:

dU
dt

aud(k aU) + gaz az at (4 )

3. Soil Properties and Liquefaction Characteristics

The solution of equation (4)

rate of pore pressure generation,

requires the knowledge of the undrained

dUg
at' the coefficient of volume compres-
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sibility, m
v

' and the coefficient of permeability, k.

3.1. Undrained Rate of Pore Pressure Build-up

This method of analysis is based on the empirical finding that the

development of pore water pressure in granular soils under cyclic loading

conditions is of the form:

u
g

(5)

where 0' is the effective overburden pressure, N is the number of uni
o

form stress cycles undergone by the soil sample and Nt ' the accumula-

tive number of cycles at the same stress level required to reach initial

liquefaction under undrained conditions.

For many soils, the function F may be expressed as

2 arc sin (.E...\ 2
1
a

'IT NQ, )
(6)

where a is an empirical constant which depends on the soil type and test

conditions. The relationship given in equation (6) is plotted in Figure 1

for different values of a. A value of a = 0.7 has been found to repre-

sent the average curve for many soils.

The undrained rate of pore water pressure build-up may then be ex-

pressed as
dU dU dN~ = ~.
dt dN dt

and equation (7) becomes according to equation (5)

dU 0'
dF ( N . dN-3.. 0

dN Nt)'
= .

dt NQ, dt

(7)

(8)
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It may then be noted that the only criterion required to evaluate

the rate of pore water pressure build-up per applied uniform stress cycle,

dUg
~, is the determination of the value of N~.

This can readily be obtained from undrained cyclic simple shear tests

or any other appropriate test providing curves of the type shown in Fig

ure 2. In a cyclic loading test, the cyclic loading frequency ~~ is a

selected constant of the test. In the case 6f irregular dynamic loading

patterns, the number of uniform stress cycles over which an equivalent

shear stress amplitude is applied, may be evaluated either by adopting

a representative number of cycles from studies of different magnitude

earthquakes as shown in Table 1 or by using an appropriate weighting pro-

cedure as shown in Figure 3.

Whenever cyclic stresses are applied consistently at an equivalent

level throughout the earthquake duration, t D, the rate of uniform cyclic

dN
loading, dt' may be taken as a constant determined by

dN
dt = (9)

However when a specified earthquake motion induces phases of high stress

intensity followed by significant phases of little activity, it may be

desirable to evaluate the number of stress CYCles, N , over which the
eqi

uniform equivalent cyclic stress is applied for each phase (see Figure 4).

If there are k phases in the earthquake motion, then

Neq

k

=2:
i=l

(10)
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(I) Dynamic Stress Analysis (2) Stress Level and Cycles
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Table 1. Approximate Relationships between Earthquake
Magnitude, strong Shaking duration and
Equivalent Number of Uniform Cycles

Earthquake
Neq Duration Rate of

Number of Uniform of Strong Uniform
MagnitUde

Stress Cycles @ 0.65 Lmax Shaking Cycling

5 1/2-6 5 8 sec 0.6 cy/sec

6 1/2 8 14 sec 0.6 cy/sec

7 12 20 sec 0.6 cy/sec

7 1/2 20 40 sec 0.5 cy/sec

8 30 60 sec 0.5 cy/sec

10
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3.2. Coefficient of Volume Compressibility

For low values of the pore pressure ratio, r = u/0', it is found
u 0

that neither grain size nor relative density have a large influence on

the coefficient of volume compressibility m (Figure 5). For such low
v

pore pressure ratios, values of

grain sizes of sandy soils.

m typically range between 1 X 10- 6 and
v

X 10-5 m2/kN) for average densities and

However for pore pressure ratios larger than about 60%, the values

of compressibility have been found to be influenced by both relative

density and pore pressure ratio. Seed et. al. (1975) found that the

. variation of m could be expressed by
v

m
v

m
vo

=
1 + Y + ~y2

(11)

where m is the compressibility for low pore pressure,
vo

y

A = 5(1.5 - D )
r

B 3(2)-2Dr

and D is the relative density. Expression (11) is shown in graphical
r

form in Figure 6 for different values of the relative density D •
r

Cyclic tests performed by Lee and Albeisa (1974) beyond the point

where the cyclic pore pressure ratio (r ) reached a value of 100% de
u

veloped volumetric strains which were much larger than the strains mea-

sured on samples which were merely loaded to the point where r = 100%
u

was first developed. These findings were included in a qualitative form

in the analysis by assuming that under a decrease in pore pressure, the

value of m would remain constant and equal to the maximum value reached
v

during pore pressure build-up.
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3.3. Permeability Characteristics

Permeability is a soil characteristic which covers a wide range of

values. The best available means to evaluate the permeability coeffi-

cient for a soil mass is by means of a pumping test in the field but they

may also be estimated from a knowledge of the grain size characteristics

of the soil. It is considered that the range of values shown in Figure 7

provide a reasonable guide to the range of permeabilities which might be

expected for granular materials of different grain sizes.

4. Boundary Conditions

Since the problem under consideration is one-dimensional and the

water table is the only drainage boundary, it is to be expected that the

consolidation of the layers in the soil profile will lead to an upward

flow of pore water resulting in a rise in the water table.

The quantity, Q, of water flowing upward per unit area through the

water table elevation, d, in a time interval 6t is

Q =

Two situations may occur:

_k(dU) . ~t
dZ z=d

(12)

a) The saturation line is at the water table elevation.

If the saturation line is at the water table elevation it is

necessary to adopt the concepD of an effective porosity, n ,
e

for the overlying soil, i.e. the fraction of a unit volume

of unsaturated soil which is filled by air, to determine the

change in water table elevation. The volume filled by the

flow of water crossing the water table during the interval ~t

may be expressed as
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(13)

and the corresponding rise in water table over the time interval lit will

be equal to liB.

b) The saturation line is above the water table.

Let B be the height of saturated soil above the water table.

Then

H = s - d

where s is the saturation line elevation.

(14)

The flow of water, Q, through the water table induces a volume

change, lIB, of the saturated zOne such as

liB • 1 = Q (15)

The resulting change of effective stress, lIcr', occurring in the

saturated soil above the water table may be expressed as

1 lIH
= ---m H

R

where m
R

is the coefficient of volume rebound. Finally, the

resultjng rise in water table over the time interval lit is

lid =

( 16)

(17)

Experience gained from several case studies indicates that the

rise of the water table through the saturated zone is very

rapid. It was therefore concluded that the coefficient of

volume compressibility, mv ' could be substituted for mR in

equation (16) without affecting the nature of the phenomenon.

5. Solution of Basic Equation

The computer program APOLLO (~a1ysis of ~otential ~iquefaction of

~ayers for One-Dimensional Flow) has been written to solve the basic
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equation with the appropriate boundary conditions through a finite dif-

ference scheme using an implicit formulation.

5.1. Discretized Equations

The pore pressures, u
i

' are computed at line levels i, separating

layer i above from layer i+l below. The finite difference equations are

obtained by the usual techniques, with the assumption that pore pressures

are continuous throughout the profile and that there is continuity of

flow through the interface separating two layers.

The basic equations of the algorithm are

U. A
~,t + ut

(18)

where e is a convergence parameter, usually set equal to 0.5 (Crank-

Nicholsen Method).

CI..
~

=
k.
~

!:':,z.
~

permeability of layer i
thickness of layer i

s. =
1.

!:':,t
CI.. A

1. m . y uz.
v~ w ~

m . being the coefficient of volume compressibility of layer i, y the
V1. w

unit weight of water and !:':,t the time increment chosen in the analysis.

The expression of b. is
~

Cl. i +l
- -Q---] U. t + q.

I-'i+l 1., ~
(19)
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b. is completely determined at time t, q. refers to the source term in
1. 1.

equation (18) . Its expression is

0.. 0.i +l ) 0.. 0.'+11. 1. _1._)q. = a .(F.S + F i +l - u. t (- + (20)
1. 01. 1.. 8i +l 1., B. Bi +l1. 1.

where a . is the hydrostatic vertical effective stress at level i. F.
01. 1.

and F. 1 are the excess pore pressure ratios just above level i and just
1.+

below, respectively, which would exist at time t =t + ~t if the system

were undrained.

5.2. Structure of the Program

The program APOLLO consists of a main program, 18 subroutines and

3 function subprograms.

APOLLO, the main program, includes the user's manual in the form of

comment cards. Also, it fixes arbitrarily the values of the following

constants:

THETA convergence parameter of the implicit formulation

(set as 8 = 0.5),

PCT = the termination criterion for the iterations within one

time interval, set 0.001% error on the excess pore

pressures,

ITMAX maximum number of iterations in the solution procedure

(Implicit Finite Difference), set as ITMAX = 100

MASTER reads the constants of the problem necessary to set up the

dynamic storage.

ADJUST contains the calls to the system dependent routines, e.g.

LOCF and r~M, which return the memory location of a variable and allocate

the required amount of central memory within the limits of the system.
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EQKDIV reads the information concerning the phases at different

stress intensity within an earthquake motion.

SETTIN reads the information concerning each time period of analysis.

Indeed, the analysis may be performed with a sequence of increasing time

steps. Shorter time steps should be affected to the period of pore pres

sure build-up, longer time steps to the period of pressure dissipation.

INPT is the tree of the program. It calls the different operations

in sequence.

UNIT reads the system of units in which the data are input and in

which the results are given. The computations within the program are

done in dimensionless units.

PROPXL reads the soil properties of the profile.

OPTIONL reads the output options selected for each period of

analysis.

INITL performs the initializations at the start of each period of

analysis.

SOLVER is the tree of the solution block.

PROUTL prints out the maxima of pore pressures and the minima of

effective stresses at the bottom of each layer for each of the time

periods of analysis.

OUTPTL treats the optional output.

PLT and PLOTL are used for printer-plotting optional output.

PCH is used to punch optional output on cards.

ITR is part of the solution block; it performs the iterations of the

implicit formulation for each time step.

MOBILE is part of the solution block; it computes the water table

rise within each time step.
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NVA is part of the solution block; it computes at the end of each

time step the new values of the variable coefficients of the discretized

equations, i.e., b. and q. of equations (19) and (20).
~ ~

FUNCTION F is the normalized function which expresses the undrained

excess pore pressure ratio as a function of the cycle ratio (see equation

6) •

FUNCTION FINV is the inverse function of F; that is, it expresses

the cycle ratio as a function of pore pressure ratio.

FUNCTION CHANGE is the normalized function which expresses the com-

pressibility ratio, mv/mvo ' as a function of pore pressure ratio and re-

lative density (see equation 11).

The subprograms of APOLLO are listed in Table 2 with the relation-

ship between the programs.

5.3. User's Manual

Input Data

1. Job card (315, F5.0, 10A6)

1-8

6-10

NTS

NTL

Number of soils with different properties

Number of layers (and of lines within the pro-

file where excess pore pressures are computed)

11-15 NUM Number of different time periods of analysis

(maximum "of 7). The shortest periods (genera-

tion) with the shorter time step, the largest

periods (diffusion) with the larger time step.

Note: The maximum of 7 periods can be waived

by adding disk storage on the program card,

e.g. TAPE 8 for period no. 8, etc.
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23

Parameter for the pore water pressure generation

function. Mean a-value = 0.7

Job identification

2. Earthquake motion card (F10.0, F5.0, IS)

1-10 EQK

11-15 NCYC

16-20 NDiv

Earthquake motion duration in seconds

Number of equivalent stress cycles for the entire

duration of the motion (required if NDiv = 1)

Number of phases within the earthquake motion at

different constant rate of cycling. If NDiV = 1,

leave blank

3. Earthquake motion phases cards (only if NDiv is greater than 1)

Two cards

8FlO.0 EQKP(NDiV) - Durations of all the phases in the motion

defined by a constant rate of cycling

8F10.0 NCYCP(NDiV) - Numbers of equivalent stress cycles for

each one of the phases in the motion

4. Time Periods of analysis cards (Three cards)

8FlO.O DURATN(NUM) - Durations of each period of analysis

starting from the beginning of the earthquake motion

8FIO.O DT(NUM) - Time steps to be used in each period of

analysis. Restriction = the time step value for a

given period of analysis must not be smaller than the

one used in the previous period
.

1615 NA(NUM) - Maximum number of curves to be plotted on a

single graph for each time period of analysis (maximum

of 9). If blank, NA = 9 for each time period
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5. Unit system card (lOA6, 2FlO.0)

71-80 GR

1-60 IDT

61-70 GW

Identification of system of units

Unit Weight of Water in the particular system

of units

Acceleration of Gravity in the particular system

of units

6. Water level card (8FIO.0)

1-20 WT

11-20 SAT

Depth of Water Table

Depth of Line of Saturation

7. Soil cards (total of NTS cards) (IS, 5FIO .0)

1-5 I

26-35 MV

6-15 DY

16-25 K

36-45 DR

46-55 PORES

Soil number

Humid Unit Weight of Soil

Coefficient of Permeability in em/sec

Coefficient of Volume Compressibility

Relative density (fractional)

Air porosity of the soil. By definition, the

air void volume divided by the total volume

8. Layer cards (total of NTL cards) (215, 3FIO.0)

1-5 I

6-10 NS

11-20 NFT

21-30 NFB

31-40 DZ

Layer number

Soil number

Number of equivalent cycles to liquefaction in

an undrained state at top of layer

Number of cycles to liquefaction in an undrained

state at bottom of layer

Thickness of layer

9. Optional output cards

1615 KEY (NUM) - Number of layers for which optional output is
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requested for each time period of analysis

The following information must appear on a set of two cards per time

period for which output is requested =

1615

1615

LINES - Numbers of the layers with output

CODE - Requested output code starting from the righthand

end of a 15 field =

Column 1 Pore Pressures

Column 2 Effective Stress

Code a

1

2

3

No Action Taken

Print-Plot

Punch Only

Print-Plot and Punch

End of Input Data

6. Example Problem

In order to illustrate the use of the program, an analysis of the

generation of pore water pressures in the soil profile shown in Figure 8

was performed for a lO-second earthquake motion scaled to O.lg maximum

acceleration and consisting of the first 10 seconds of the E1 Centro N-S

component record.

The anticipated profile of equivalent stress ratios determined by

say a total stress ground response analyses such as obtained by the

SHAKE program is shown in Figure 8, together with the distribution with

depth of the numbers of cycles required to reach a pore pressure ratio

of 100% under undrained conditions. The profile was divided into 2 soils
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and 13 layers. Soil No. 1 is 4 feet deep; it is a non-saturated super-

ficial sand layer at 45% relative density, with

k = 0.01 em/sec,

n = 0.20
e

air porosity = air volume/total volume

Soil No. 2 consists of a saturated sand at 45% relative density with

k = 0.1 em/sec,

As shown in Figure 9, the stress history computed by a total stress

analysis at a depth of 22.5 feet is very irregular. Accordingly, the

number of uniform stress cycles at 65% of the maximum stress equivalent

to the earthquake motion was computed by the usual procedure and the

rate of cycling was found to vary considerably during that motion.

The motion was thus decomposed into six phases:

0-1 second 0 cycle

1-2 seconds 1 cycle

~3 seconds 5 cycles

3-6 seconds 4~ cycles

6-8 seconds ~ cycle

8-10 seconds l~ cycles

Three time periods of analysis were selected: the first period

covers the earthquake response with a duration of 10 seconds. The

second and third periods analyze the pore water pressure response in

the soil profile during the 10 and 30 minutes following the earthquake,

respectively.

The necessary input data cards and the output data in the form of

pore pressure distribution as a function of time for different depths
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in the profile are shown in Appendix A.

7. Run time

On the CDC 6400 computer, run time is about 5 seconds of central

processor per layer and per thousand time steps.
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