CLASSICALLY FORBIDDEN REGIONS IN THE CHIRAL MODEL
OF TWISTED BILAYER GRAPHENE

MICHAEL HITRIK AND MACIEJ ZWORSKI

WITH AN APPENDIX BY ZHONGKAI TAO AND MACIEJ ZWORSKI

ABSTRACT. We establish exponential decay, as the angle of twisting goes to 0, of
eigenstates in a model of twisted bilayer graphene (TBG) [TKV19], near the hexagon
connecting stacking points. That is done by adapting microlocal methods [KaKa79,
Sj82, HiSj15] used to establish analytic hypoellipticity [Tr84, Hi84]. We also discuss
numerical evidence of exponential decay in other regions (the center of the hexagon)
and analytic complications involved in establishing that decay.

1. INTRODUCTION

Twisted bilayer graphene (TBG) is described by the Bistritzer-MacDonald Hamil-
tonian [BiMall] which was used to predict existence of flat bands and special prop-
erties at a magical angle of twisting of TBG [Ca*18] — see [CGG22] and [Wa22] for
mathematical derivations of the model. Its chiral limit is obtained by removing certain
tunneling interactions and it was very successfully analysed by Tarnopolsky—Kruchkov—
Vishwanath [TKV19] who explained a mechanism for the existence of perfectly flat
bands.

In coordinates used in [BHZ22b] the Hamiltonian is given by

Q) e 0 D(a)* Q) e 2D: aU(z)
Ha) = (D(a) 0 ) » Dla): (aU(—z) 2D; ) ’ (1.1)
2D, = Y(0,, +1i0,,), 2=z +izy € C,

2

where U(z) is the Bistritzer—MacDonald potential,

w

2
U(z) = _%mzweei<z’le>7 K =171 w:=e"/" (2 w):=Re(zw). (1.2)
=0

The coupling constant « is a dimensionless parameter which, after suitable rescaling,
corresponds to 6 ~ 1/«, the angle of twisting of the two sheets.

The potential U is periodic with respect to the lattice I',

A
=3\, A=wZ®Z, AN =—F7A. 1.3
g 13
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FIGURE 1. Left: the vertices of the hexagon in a fundamental domain
of A are given by the stacking points +zg, zg = i/+/3. They are non-zero
points of high symmetry in the sense that twzg = £25 mod A. Center:
plot of log |uk (a)| where ug is the protected state in the kernel of D(«)
on H'(C/T) and o = 11.345. Dark blue corresponds to |ug| ~ 1077 and
yellow to |ux| ~ 1: we see exponential decay e~®% near the hexagon
and near its center. (This figure is borrowed from [Be*22].) Right:
the contour plot of [{q,q},-1(0)| for ¢ given by the determinant of the
semiclassical symbol of D(«) (see (1.1) and (1.2)), a = 1/h; the set
where {¢, ¢}4-10) = 0 is in red. We should stress that the structure of
that set becomes more complicated for other potentials U satisfying the
required symmetries - see §2.1 and [Be™22, Figure 6].

with finer periodicity properties with respect A (here A* is the dual lattice to A).
The remarkable property of H(«) is the existence of perfectly flat bands at 0. The
a’s for which flat bands occur are known as magical — see Becker et al [Be*22] for
a mathematical presentation, Watson—Luskin [WaLa21] for the existence of the first
real magic «, and [BHZ22a] for a different proof establishing also its simplicity. As
emphasised in [Be*22] (see §2.1 for a brief review) having a flat band is equivalent to

SpeCLz(C/p;cg) D(Oé) =C. (14)

It is then interesting to understand the structure of the corresponding eigenstates,
as well as those in the protected two dimensional kernel of D(a) on H'(C/T) - see
[TKV19], [Be*22, Theorem 1] and §2.1.
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The natural asymptotic parameter is a — oo, which, corresponds to the small
twisting angle limit (the angle is essentially given by 1/«). The operator D(«) is
then a semiclassical operator with h = 1/a — 0 playing the role of the semiclassical
parameter.

A fascinating numerical observation about the asymptotic behaviour of real magic
a’s was made in [TKV19]: if oy < ap < ---a; < --- is the sequence of all real a’s for
which (1.4) holds, then

g1 — a3 (1.5)
This was based on a rough computation of a; for j < 8. The spectral characterization
of @’s in [Be*22] allowed a finer computation, reliable for j < 13, and that suggested
aji1 — a; =~ 1.515 (this is so for the exact potential (1.2) with more complicated

behaviour for potentials satisfying same symmetries but containing more Fourier terms
—see §2.1).

Although it is not clear if the model (1.1) is physically relevant for larger o’s (or, for
that matter, if more magic angles exist experimentally) establishing (1.5) remains a
puzzling mathematical problem. It also remains of interest in physics [Re™21],[NaNa23]
but the arguments and the proposed replacements to % are not clear.

One of the difficulties in establishing (1.5) is the “exponential squeezing” of bands
proved in [Be*22, Theorem 4]: for any & € C and o > 1, there exist u € C*(C/I)
such that

[(D(a) + E)ul|2c/ry < e, Jullr2ery = 1,
that is, we have an almost eigenvalue at every k. This (and a much more precise

statement) follows from the semiclassical version of Hormander’s bracket condition -
see Dencker—Sjostrand—Zworski [DSZ04, Theorem 1.2'] and references given there.

Consequently it is interesting to understand the precise behaviour of the exact so-
lutions to the eigenvalue problem (D(a) + k)u = 0 as « gets large (within or without
the magic set). As recalled in §2.1 that is equivalent to the study of the kernel of
D(«) on H'(C/T). Numerical simulations — see [Be*22, Figure 5] and the animation
https://math.berkeley.edu/~zworski/magic.mp4 — suggest the presence of regions
of exponential decay, e=l®l| ¢y > 0, of the elements of that kernel. Although there is
no classically forbidden region in the standard sense, some regions are forbidden in an
infinitesimal way explained in Theorem 2 below. Our main result is

Theorem 1. The hexagon spanned by the stacking points (see Figure 1) has an a-
independent neighbourhood ) such that, for some constants Cy,co > 0 any solution
of

(D(a) + k)Ju=0, we H(C/T;C?, |lullrzcmce =1, (1.6)
satisfies

lu(z)| < Coe ™%, =z e (1.7)


https://math.berkeley.edu/~zworski/magic.mp4
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Remarks. 1. Near the interior of the edges of the hexagon, the theorem is based on
a semiclassical Theorem 2 below and calculations involving the specific potential. At
the corners a more direct argument is used in the Appedix, though the strategy and
method are the same. A much stronger estimate than (1.7), valid with all derivatives
holds — see (1.10). It should also be stressed that the result is local and we only need
(1.6) to be valid in a neighbourhood of the hexagon.

2. The situation is more complicated at the center, zg, of the hexagon, where again we
see exponential decay; there the operator is not even of principal type. In the notation
of Theorem 2, dq|q—1(0)nr—1(z0) = 0. This suggests that lower order terms in (1.8) below
are important. That is confirmed by the numerical study of a scalar model based on
the leading term in (1.8): the principal terms agree but the absence of the lower order
term produces no exponential decay at the center - see [GaZw23].

The crucial classical (or symplectic geometry) object in the formulation of the main
result is the Poisson bracket: for f,g € C(R2 x RZ), where we think of z as position
and £ as momentum, the Poisson bracket is defined as

2
{f.9} = 0, f0u,9— 0,90, f.

j=1
Its significance comes from its appearance as the classical observable corresponding to
the commutator of quantizations of f and g - see [Zw12, (4.3.11)].

The manifold R? x R? (or U x R? for U C R? open) is identified with the (more
invariant) cotangent bundle of R?* T*R? (or T*U). We denote by 7 : T*U — U the
natural projection, w(z,§) = x.

Theorem 2. Suppose that

Ri1 Rio
Ro1 Rao
18 a principally scalar system of semiclassical differential operators with analytic coef-
ficients in U, Q = q(x,hD,) is classically elliptic of order 2, and Ryy = Rye(x, hD,)
are of order 1. Suppose that for xo € U, we have

P_Q®]Cz+h( ) reUCR? (1.8)

{Q7 Q}|q*1(0)ﬂﬂ*1(mo) = 07 {Q7 {Qa Cj}|q*1(0)ﬂ7r*1(zo) 7& O) (19)

and that Hgeq and Hyy, are linearly independent on ¢ 1 (0) N7~ (zo). If Pu=0in U
and ||u|| 2@y = 1, then there exists a neighbourhood Q2 of xy and Cy,co > 0 such that
for all 0 < h <1 we have,

10%u(z)] < Co(|8]Cy)Ple=0/h 2 €Q, BeN (1.10)

Theorem 1 follows from 2 by considering the operator

P:=a?*(D(—a) +k)(D(a+k), a=1/h.
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The semiclassical principal symbol of P is given by the determinant of the symbol of
a 'D(a):

q(z,6) = (40)? —U(2,2)U(~2,—2), z=x +izy, (= %(51 + i&s),

where we now stress the real analyticity of U by writing it as the restriction to the
totally real submanifold C ~ {(z,2) : 2 € C} C C? of a function holomorphic in C?.
For any fixed z, the range of ¢(x,&) is C as £ varies, that is there is no classically
forbidden region in the standard sense. Similarly, if we consider Floquet theory (see
§2.1) and look at the eigenfunctions of Hy(a) := e~**2) H(a)e'®#) in H'(C/I'; C*), we
see that the range of eigenvalues of the symbol on each fiber T (C/T") is R.

The exponential decay near the hexagon is a consequence of classical condition (1.9)
which effectively determines a classically forbidden region for the eigenfunctions away
from the vertices of the hexagon. The behaviour of |{q, ¢}|;-1(0)| is shown in Figure 1
— it can be considered as function of z. As we already mentioned, [Be*22, Theorem 4]
shows that near points where the bracket does not vanish we can construct localized
pseudo-modes, (D(a)+k)u = O(e~%), ||u||zz = 1, and this is indeed where the actual
eigenfunctions concentrate (see the animation link above). For the animation showing
log |ug ()|, where uy is the protected state satisfying (D(a) + K)ug = 0, a = 82,
|ur | z2(c/ay = 1, and of the corresponding [{q, ¢}|4-1(0) see https://math.berkeley.
edu/~zworski/psycho_bracket2.mp4.

Recently, Sjostrand and Vogel [SjVo23] have also investigated semiclassical proper-
ties of operators for which (1.9) holds and obtained delicate tunneling estimates in a
model case in which separation of variables was possible. An extension of those results
would likely have consequences for the operators we consider.

Theorem 2 is a consequence of the microlocal Theorem 3 in §6 and of the classical
ellipticity of the operator () (see Proposition 6.4). Theorem 3 is in turn a semiclassical
version of a theorem of Trépreau [Tr84] whose proof relied on ideas and methods intro-
duced by Kashiwara and Kawai [[KaKa79]. Himonas [Hi84] provided proofs of some of
the results of Trépreau using Sjostrand’s approach to analytic microlocal theory [S)82],
see also [HiSj15]. The results in [Tr84], [Hi84] were proved in the more complicated
setting of analytic hypoellipticity but only for scalar operators. Here we are interested
in a purely semiclassical statement which is valid for principally scalar systems. We
specialize to dimension two but the statement and the methods of proof remain valid
in all dimensions. We follow some aspects of [Hi84] but depart from that paper by
using the full strength of [Sj82, Theorem 7.9] (see also Trépreau [Tr84]; the idea of
using plurisubharmonic minorants is attributed to Kashiwara). We also avoid real an-
alytic pseudodifferential operators and Egorov’s theorem for them, absorbing the real
canonical transformation into an FBI transform.


https://math.berkeley.edu/~zworski/psycho_bracket2.mp4
https://math.berkeley.edu/~zworski/psycho_bracket2.mp4
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We conclude this introduction by reviewing organization of the paper and outlining
some aspects of the proof. In §2 we study the chiral model starting with a review
of the flat band theory in §2.1 — this adds to the motivational discussion above. We
then show how Theorem 1 follows from Theorem 2. In particular we find an explicit
formula for {q,{q,q}}|41(0) on the edges of the hexagon for the potential given by
(1.2). At the corners of the hexagon {q¢,{q,{¢,{¢,q}}}}|s-1(0) does not vanish but
all shorter iterations of Poisson brackets are vanishing. The semiclassical analogue of
[Tr84, Théoreme 2] does not apply as the inequalities between “Egorov-Hormander
numbers” are not satisfied. By more ad hoc methods based on the specific structure
of the symbol ¢ near the vertices that case is covered in the appendix.

§3 is devoted to microlocal preliminaries: definition of the semiclassical (analytic)
wave front set of a distribution u, denoted WF},(u) here, introduction of general FBI
transforms, and a review of the invariance of the definition of the wave front set.
The only slightly nonstandard fact is Proposition 3.3 which shows how to obtain FBI
transform phase functions compatible with analytic canonical transformations. In §4
we follow [Hi84] and obtain a real analytic symplectic reduction of the symbol to an
approximation of a model case & + i(23 + &). This follows a long tradition in the
subject - see [H03, §21.3]. §5 provides a solution of the complex eikonal equation
associated to the approximate model symbol. That involves a rescaling similar to that
in [Hi84]. It also provides the analysis of the associated weights — see (1.13) below.

The proof of a microlocal version of Theorem 2 is given in §6 and relies on the
analysis in §5. The goal is to show that

a(p) =0, dq ffdg, {q.q}(p) =0,

For that we use the phase function from §5 to construct an FBI transform 7}, (incorpo-

} — p¢ WFp(u). (1.11)

rating the canonical transformation from §4 using Proposition 3.3) such that, for our
system P,

(The equivalence here is formulated using weighted spaces of holomorphic function,
see (3.3).) This is done for systems such as (1.8).

The phase of this new FBI transform satisfies the (holomorphic) eikonal equation

O 0(x,y) = qly, —0yp(z,y)), @(z):= sup —Ime(z,y), (1.13)
y€Eneighpa (yo)

where ¢ is the principal symbol of @ in (1.8) and p = (yo,7m0) € T*R? satisfies the
condition in (1.11). We have, for all, € > 0,

|Thu(z)| < Coexp((P(2) +€)/h), =z € neighea(20), 20 = m(Ky(p)). (1.14)
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The key fact is that the wave front set is independent of the choice of ¢ - see [HiSj15,
Proposition 2.6.4] and Proposition 3.2 below. Hence to obtain (1.11) we need to show
that we have an exponential improvement over (1.14), that is, that for some § > 0,

|Thu(z)| < Cexp((P(z) —9)/h), =z € neighe2(20), 20 = m(Ky(p)), (1.15)

where k,, is the complex symplectomorphism associated to ¢ - see (3.10).

Assuming for simplicity that Pu = 0 and that zp = 0, (1.12) shows that Tju(z)
is essentially independent of z;. This means that the weight ®(z) in (1.14) can be
replaced by its minimum over z; € neigh(0), The key idea, attributed to Kashiwara
in [Tr84] (though implemented there using different technology), is to prove that for
some fixed § > 0

U(z9) < min ®(z) and ¥(z3) is subharmonic = ¥(0) < &(0) — 0. (1.16)

|21]<e

That is done in Lemma 5.2. Applying (1.16) to ¥(22) := hlog |Thu(0, z2)| gives (1.15).

Finally, we pass from the microlocal statement (1.11) (Theorem 3) to an exponential
decay statement (1.10). That relies on the standard ellipticity of the operator P
and is given in Proposition 6.4. Although seemingly standard we could not find a
reference for the semiclassical case and relied on recent work by Galkowski—Zworski
(GaZw21],[GaZw22] (based on [HeSj86],[Sj96]) to give a short proof.

The appendix treats the case of the corners of the hexagon, that is, in physical
nomenclature, neighbourhoods of stacking points — see Figure 1. We follow the same
procedure but use the special structure of ¢ = (2()? — U(2)U(—z) near z = zg. That
allows an explicit analysis of a solution to (1.13) without taking a preparatory canonical
transformation. We obtain (1.16) for the corresponding weight and the same method
applies.

ACKNOWLEDGEMENTS. We would like to thank Johannes Sjostrand for helpful con-
versations and in particular for directing us to the work of Trépreau [Tr84] and to
[Sj82, Theorem 7.9]. We are also grateful to Mark Embree for help with Figure 1 and
to Simon Becker for the linked movies. This work has been partially supported by the
Simons Targeted Grant Award No. 896630, “Moiré Materials Magic” .

2. REDUCTION TO THEOREM 2

We first review some basic facts about symmetries of D(«) and flat bands for the
model (1.1). We then discuss the reduction to an operator of the type appearing in
Theorem 2. Finally, we show that the bracket condition (1.9) holds at the interior
points of the edges of the hexagon spanned by stacking points (see Figure 1) and
discussed the properties of Poisson bracket at the corners.
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2.1. Flat bands and protected states. The potential U in (1.2) enjoys the following
symmetries with respect to the lattice in (1.3), the rotation by 27/3, and complex
conjugation:

Uz +7) =80 ((2), ye A, Uwz) =wlU(z), UZ)=-U(-2). (2.1)
The operator D(«) (and the self-adjoint Hamiltonian H(«)) are periodic with respect

to I' = 3A and assumptions (2.1) are enough to guaranteed that there exists a discrete
set A C C such that for D(«) with the domain given by H'(C/TI),

I «ad¢A,
SpeCLz(C/F) D(O[) :{ C o i A

see [Be™22, Theorem 2] and for a finer version using the lattice A, [BHZ22b, Proposition
2.2]. For a ¢ A,
dim kel"Hl((C/F) D(Oé) = 27

and the spectrum of D(«) is periodic with respect to I'* — [Be*22, Theorem 1] or
[BHZ22b, Proposition 2.1].

The bands of the Hamiltonian H(«) are defined as the eigenvalues of Hy(a) :=
e "BR H(a)e!®k) | (2, k) := Re zk, with the domain H'(C/T") (for a finer description
see [BHZ22b]). Since these eigenvalues are symmetric with respect to 0 and at k = 0,
the protected states give a multiplicity four eigenvalue at 0, we can write the spectrum
as

SpeCLQ((C/F;(C‘l) Hk(a) = {Ej (av k)}jGZ\{U}’ Eij (av O) =0, ] =1,2.
Bloch-Floquet theory shows that if we consider H () with domain given by H*(C; C?),
then
SPeCL2(<C) H(a) = U {Ej(a, k) }jezfoy-
keC/T*

A flat band at 0 corresponds to

Eij(a,k)=0 forall ke C, j=1,2. (2.2)

The definition of Hy(a) above shows that this is equivalent to Specja )y D(a) = C
and the eigenfunctions are given by

(1) € cxemen

(D(a) + k)u(k) =0, (D(a)* +k)u*(k) =0, u(k),u*(k) € C=(C/T;C?).

The functions u(k) and u* (k) are easily related to each other (see for instance [BHZ22b,
(2.10)]) and in addition the functions z — |u(k, z)| are periodic with respect to the
the small lattice A (see (1.3)). Hence when looking for “classically forbidden” regions
for u(k) (as o — oo0) we can consider the fundamental domain of A shown in Figure 1.
Using the “theta function argument” (see [BHZ22b, §3]) u(k) can be obtained from the
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u(0). Hence, we are effectively looking for classically forbidden regions of the protected
elements of the kernel of D(«) — see https://math.berkeley.edu/~zworski/magic.
mp4.

2.2. Reduction to the principally scalar case. We start by noting that D(—a) is
the (formal) adjugate matrix of D(«) and

(D(—a) + k)(D(a) + k) = Qo) @ Ie2 + aRy(a) =: P(a),
Qr(a) = (2D:)* — *U(2)U(~2),
_ (+kaT'4D; + E*a™! 2D:U(z)
Ri(a) = < —(2D;U)(—=) ka='4D; + k%fl) '
In particular if u € kerpzc/r(D(a) + k) then (Qr(a) ® Iz + aRy(a))u = 0.

Remark. We recall from [Be*22] that o is magical if and only if ker 2 (¢ r (D(a) +k) #
{0} for some k ¢ T'* = $A*. That is equivalent to kerzz2(c/r) Py(c) # {0}, for some
k ¢ %A*. In fact, if u € kerp2c/r)(D(a) 4 k) then obviously P(a)u = 0. On the other
hand if Py(o)u = 0 and v := (D(«a) + k))u # 0 then (D(—a) + k))v = 0. Since
)
)

D(—a) = —-#D()%Z, % @)( ) = ( E j)

we have Zv € kerzc/ry(D() + k), —k ¢ $A*, that is, a is magical. O

(2.3)

We now take a semiclassical point of view, put h := 1/«, and define
P =h*Py(a) = Q ® Ic2 + hR,
Q = (2hD:)* = U(=2)U(2) = q(x, hD,),
¢(,8) = (& +i&)? = V(z), V(&) =URU(=2), z=u1+iz, (24

k2hD: + hk*  2D:U(z)
R= )
—(2D:U)(=2)  k2hDs + hk

which is the form of the operator in Theorem 2, provided that k € C is confined to a
fixed bounded set. We now verify that the assumption (1.9) is satisfied for zy on the
open edges of the hexagon in Figure 1.

2.3. Bracket computations. It is convenient to use the complex notation { = %(51 —
&), Oc = O¢, + 10k, 2 = 1 + 122, S0 the real symplectic form on T*R? is given by

2Red( Adz = d¢ Adz+ dC A dz. (2.5)
Consequently, the Poisson bracket is given by

2
{a,0} = 0c,a0,b— 0,0y 0 = 0ca0:b — Ocbda + 0padsb — Ogbdza. (2.6

j=1


https://math.berkeley.edu/~zworski/magic.mp4
https://math.berkeley.edu/~zworski/magic.mp4
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FIGURE 2. Plots of |{q, ¢}| and of (rescaled) {q¢, {q, ¢} above the inter-
section of the imaginary axis and the fundamental domain in Figure 1.
The edges of the hexagon emanate right of zg and left of —zg.

We then have (strictly speaking we should write V' = V(z, 2)),
2
g=AC-V(2), V(2)=URU(-2), Uz)=NY w27
=0

where K = %71’, and we introduced a general coupling constant. If A € R (which is the
case for (1.2)) then,

U(z) = -U(=2), V(z)=V()=V(-2). (2.8)

In particular, when ¢ € R, then ImV (it) = 0, ReU(it) = 0. Also, 0,U(z) =
—LRAY, e ) 5o

(0:U)(2) = (0:U)(=2), 08.V(2) = —=(9:V)(—2), (2.9)
and in particular Re 9,V (it) = 0 for t € R.

The next two lemmas show that the conditions in Theorem 2 are satisfied for the
principal symbol of the operator P in (2.4). They are illustrated numerically in Fig-
ure 2.

Lemma 2.1. Let
H = Uy Uy (1 + ¥ [0, 1])i/V3 + A,

be the hexagon spanned by the stacking points +zs + A, zg = i/\/3 (see Figure 1).
Then q given in (2.7) with A € R satisfies

{0.q}(p) =0 if z€ H, pen'(z)Nng ' (0), (2.10)
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where m : T*(C/A) — C/A is the natural projection, 7(z,() = z.

Proof. We note some basic symmetries relevant to the hexagon. We define the following
symplectomorphism (for the standard real symplectic form (2.5); it also preserves the
complex one d¢ A dz):

R:(2s+2,25+72,(,0) — (25 + wz, Zs + 0z, 0, w(). (2.11)
Then,
Rq=wq R{¢.¢}={¢.q}, R'{¢{e.¢}} =w{e {a.a}}. (2.12)
Hence it is enough to check (2.10) for z € zg[1, 3]. Since
Hy = 8(0: + 0.V, + 9:V O, (2.13)
we have, when ¢ = 0,

(4,3} =8¢0,V — 8COV = 16i Im(CH.V) = +8i Im ((W)%azwz)) . (2.14)

where + depends on ¢ = F(V(2))2 (so that ¢ = 0). From (2.8) and (2.9) we see
that V' is real and 0.V imaginary on iR, and it remains to show that V(it) < 0 for
1/4/3 < £t < v/3/2. For that we calculate

2
U(it) =i\ Y wle 0= = Ni(1 + 2 cos(2m(1V3 + 1) /3)).
/=0

This means that we need
(1 +2cos (27r(1 + t\/§)/3)) (1 +2cos (27r(1 . t\/ﬁ)/?,)) >0, (2.15)
for 1/v/3 <t < /3/2. Writing 27(1+tv3)/3 =7 +0, n/3 < 6 < 27/3, it follows that
1+ 2cos <27T(1 +t\/§)/3> =1—2cosf > 0.
Similarly, with 27(1 — tv/3)/3 =0, —7/3 < # < 0, we obtain
1+ 2cos <27r(1 — t\/g)/?)) =1+2cosf >0,
and (2.15) follows. O

Lemma 2.2. For the potential given in (1.2) and for z € +(zg + w*(0, 325)), 25 =
i/v/3, 0 <k <2 (open edges of the hexagon), Hgey(p), Himq(p) are linearly indepen-
dent for p € 7= (2) N q~*(0). Furthermore,

W {g, {0, 3}}(p) >0, per'(z)Ng " (0). (2.16)
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Proof. As in the proof of Lemma 2.1, we use (2.12) so that it is enough to consider
z = it, 1//3 < £t < /3/2. First, the linear independence of the Hamilton vector
fields Hgeq(p), Himq(p) follows from (2.13), combined with the fact that V' (it) < 0 for
1/4/3 < 4+t < 1/3/2, established in the proof of Lemma 2.1. Next, from (2.13) we see
that, at points € ¢~*(0) N7~ (it),
{0 {¢.a}} = (8C0: + 0.V + 0:V 0¢) (8¢0.V — 8(0.V)

= 64(|¢[*0.0:V — (?02V) + 8((0.V)* — 9:Va.V).

=16(|V]0,0;V — V32V) + 8((9.V)* — 9:V9.V)

= —16V(0,0;V + 02V) + 8((0,V)? — 9:V3.V).

(2.17)

where we again used that V(it) < 0 for 1/v/3 < +t < v/3/2. A computation based on
(2.7) shows that

0:U(z) = LiKU(2), 0:U(z) = —1K?U(z). (2.18)
Hence, using also 0, (U(z)) = (0:U)(2) and 0, (U(—2)) = —(0:U)(—Z), we obtain
9.V(z) = 9.U(2)U(=2) = (9:U)(=2)U(2),

(0:
0:V (2) = 0:U(2)U(=2) — (0:U)(=2)U (2) = 5iK (U(2)U(~2) — U(=2)U(2)),
02V (2) = 31K ((0:U)(2)U(=2) = U(2)(0:U)(~2) + (8:U)(=2)U(2) — U(~2)3.U(2))
(z

—5KPU(2)U(=2) — 5iK ((0.U)(~ Z) )+ 0.U(2)U(=2)),
aﬁV() 02U (2)U(=2) + (02U)(—2)U(2) — 20.U(2)(0:U)(~=)

—3 K (U(2)U(=2) + U(=2)U(2)) = 20.U(2)(0:U)(~2).
We now put

f@):=U(@t), g(t):=0.U@t), f(t)=—f(t), g(t)=9g(t), 9(t)=g(=1)
)

F(t) =M1+ 2cos(2m(tvV/3+1)/3)), g(t) = —%K/\(l +2cos(27tV/3/3)). (2.19)

To simplify notation further we take (as we may) A = 1 and denote ¢ := cos(27t\/3/3)
and s := v/3sin(27t/3/3), so that

g(t) = —3K(1+2¢), f(t)=i(l—c—s), f(-t)=i(l—c+s).
Then, using the fact that s> = 3(1 — ¢?), a lengthy computation gives
sKEHaAe, @3} = (e = 1)*(2c +1)(2¢ - 9).

For 1/v3 <t <v/3/2, —1 < ¢ = cos(2mV/3t/3) < —%. Hence ¢ — 1,2c+1,2c — 9 < 0,
and {q,{q,q}} > 0, as claimed. O
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We conclude this section by recording the behaviour of the Poisson brackets at the
vertices of the hexagon, where Theorem 2 does not apply. We note first that

U(zs) =0, 0,U(zg) =0, 0:U(zg) = §7r2,

2.20
U(—Zs) = —47Ti, @U(—zs) = 0, 85U<—Zs) = 0. ( )
Hence,
7 (F25) N g H(0) = {(£25,0)},  dg(F2s,0) = £5 7% dz # 0.
Lemma 2.3. We have
th T Hq]-pCY(j:ZSaO) =0, p<4, Vi€ {172}7 G =4q, 2= ¢, (221)
and
Hyq(+25,0) = {q.{¢. {¢. {¢. T} }} } (£25,0) # 0. (2.22)

Proof. Since ¢ is even in z it is enough to consider zg. Using (2.18) and (2.20) we see
that that V(z + zs) = U(—2s5)0:U(25)z + U (—25)02U (2s)2* + O(]z]?), so that

p(z,() = %q(zs +2,() = %52 —az — %bz2 +0(z]*), a= —%7r3z', b= §W4. (2.23)
Consequently,
H, = (0 + ad; + bz0; + O(|2") 0 + O(|z]*) 0.

Then H,p = —bz( + bz¢ + O(|2]?[¢]), and

Hyp = —bC* — abz + O(|2|I¢* + |2,

Hyp = —3ab¢ + O(|2|[¢| + [¢]* + |2[),

Hyp=—=3a’b+ O(¢| +]z2]) #0, 0< |z, [¢] < L.
This proves (2.22) and part of (2.21). Since H,p is purely imaginary, we have,

H;H,p=—H2p, H!H,p=—H3p, H,H;H,p=—H;Hp

so the only remaining case to check is Hﬁng, and that is again straightforward. [

3. MICROLOCAL PRELIMINARIES

We review aspects of microlocal analysis needed in the proof of Theorem 2.

3.1. Analytic symbols. In the semiclassical setting we work locally and consider
functions defined in open sets (typically neighbourhoods of fixed points) Q@ c C¥.
For a continuous function ¢ : Q@ — R (typically plurisubharmonic), Sjostrand spaces
(following terminology of Lebeau [Leb85]), He(€2), are defined as spaces of functions
u:Q x (0,1] — C, satisfying

u(e,h) € 0(Q), VK €Q, e>03CVhe(0,1]VzeK |u(zh)| < Ce®@Fe/h,
(3.1)
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For zp € Q and ® € C(Q2) we also define the space of germs at zy:

Hg ., = U Hg (). (3.2)

¥ =neighn (20)C
The equivalence relations on these spaces are given as follows:

U=He(Q) V < 3@060(9), Py < U—UEHq)O(Q),

P : (3:3)
U=p,. v < FQ =neighen(20) CQ, u,v € He(Q) and u =gy () v-

When the context is clear we may drop e in =, or write = in e.

Analytic symbols in  are defined using ® = 0: they are given by the space Hy((2).
A (formal) classical analytic symbol in €2 is a (formal) expression

a(z,h) = thak(z), ap € 0(92),

- (3.4)
VK €Q3C =C(K) |ap(z)| < C*"'kF 2 € K, k=0,1,2,....

For open Q; € Q we have a realization of a(z,h) given by the following holomorphic
function:

[(eC(Q1)R)~1]
ag,(z.h) = > al)h, QT EN = ag, =ag, in Hy().  (3.5)
k=0

We refer to [Sj82, §1] or [HiSj15, §2.2] for a detailed account. We recall however the
following fundamental result of Boutet de Monvel-Krée. The composition of symbols
defined there is motivated by the composition formula for pseudodifferential operators.

Proposition 3.1. For a = a(x,&,h) and b = b(z,&, h), formal classical analytic sym-
bols in © C C; x C¢ we define

a#b(x, & h) = éaga(x,g, h)(hD,)b(z, &, B). (3.6)

aeN”?

Then a#b is a classical analytic symbol in Q. If a # 0 on Q and Qy € 2 is an open
set, then the formal classical symbol b defined by

a#tb =1 (3.7)

1s a formal classical analytic symbol in €.

The condition that a # 0 in € is referred to as the ellipticity of a in 2.
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3.2. Analytic semiclassical wave front sets. Let U be an open set in R”, and sup-
pose that (0, hg| 5h — u(h) € 2'(U;CP) is a family of vector-valued h-tempered dis-
tributions in the sense that for every K € U there exists IV such that ||u(h)| g-~x) =
O(h™N). We follow [Ma02, Definition 3.2.1] and define the semiclassical analytic wave
front set, WFy,(u) C T*U, as follows:

36> 0,C >0, Q=neighen(yo — ino)

(vo, m0) & WE(u) = { Thu(z)| < Ce®@-9/ 27c Q0 < h< hy,

Thw(x) ;:/ w(y)x(y)e Ty, po(z,y) =iz —y)?/2, Po(z) = 3|Imal?,

(3.8)
where xy € C°(U), x(y) = 1 in a neighbourhood of yy. (We should note that for h-
independent distributions u this gives the analytic wave front set WF,(u), [HOI, §8.4];
for the C' version in the semiclassical setting see [Zw12, §8.4].)

3.3. FBI transforms. We follow [Sj82], [HiSj15, Chapter II] to define generalized
FBI transforms and prove an essentially well known result about the composition of
complex canonical transformations associated to FBI transforms with real canonical
transformations.

Generalized FBI transforms are defined using phase functions generalizing
po(,y) = i(z —y)*/2,

as follows. We assume that ¢(x,y) is holomorphic in a neighbourhood of (zg, o) €
C™ x R™, and that

- 90;(350, Yo) =m0 € R", det SOZy(-fo,yo) #0, Im @Zy(iﬂo, Yo) > 0. (3.9)
This phase function defines a complex canonical transformation:
Ky : neigheon (Yo, 70) — neighean (20, o), o = ¢ (2o, o),
Ko o (Y, =, (7,9) = (2, 0,(2, ).
The image of a real neighbourhood of (yo,m), Ao := Ky (neighgen (yo, 7)), is given by
A = {(#,20,9(2)) ;x € neighea(z9)} € T*C", ®(z) :=sup(—Imp(z,y)), (3.11)
y

(3.10)

where the supremum is taken over a small real neighbourhood of 1. The real analytic
function @ is strictly plurisubharmonic in a neighbourhood of zy and the manifold
Ag is I-Lagrangian and R-symplectic. This means that the restriction of the complex
symplectic (2,0)-form o = 77 d&; A drj, on T*C" to Ag is real non-degenerate.
Letting og = Z?Zl dn;Ady; be the standard symplectic form on T*R} and writing g =
0|ay, We obtain that the map k., in (3.10) can be viewed as a canonical transformation
between real symplectic manifolds,

Ky @ (neighpegn (Yo, m0), or) = (Ae, 00). (3.12)
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We recall the key result [Sj82, Proposition 7.4, [HiSj15, Proposition 2.6.4] which
shows that the definition (3.8) of WF,(u) is independent of the choice of an FBI
transform:

Proposition 3.2. Suppose that u(h) € 2'(U;CP) is an h-tempered family of vector-
valued distributions in the sense of §3.2 and that for (zo,yo) € C" x U, ¢(x,y) satisfies
(3.9). Then (yo,m0) ¢ WE(u) if and only if (3.8) holds with € = neighea(xg), Po(x)
replaced by ®(x), and T}, given by

Tyw(z) = / xwl)ate, g ey, (3.13)

where a(x,y;h) is an elliptic (matriz-valued) classical analytic symbol defined in a
neighbourhood of (xo, o), and x € C(U) satisfies X |neighgn (yo) = 1-

We now consider a real analytic canonical transformation,

% : neighgen (0,0) — neighgan (Yo, 70),  £(0,0) = (Yo, 70)- (3.14)

We will need the following essentially known result — see [Sj83, Section 1] for a related
discussion in the linear case (that is the case in which ¢(z,y) is quadratic).

Proposition 3.3. There exists a holomorphic function 1(x, z) near (x9,0) € C* x R"™,
satisfying

— ! (20,0) =0, det) (z0,0) #0, Ime? (z0,0) >0, (3.15)
such that, in the notation of (3.10), Ky 0 K = Ky,

Ky neighean (0,0) — neigheon (20, &), Ky @ (2, —UL(, 2)) = (2,9 (x,2)).  (3.16)
Proof. The holomorphic canonical transformation
K1 1= Ky 0 K : neighee, (0,0) — neigheen (20, &), (3.17)

is a diffeomorphism from a real neighbourhood of (0,0) to a neighbourhood of (zg, &)

in Ag, #1(neighg.(0,0)) = neigh,, (70,%). Writing 1(z,¢) = (z(z,(),&(2,()), we
claim first that

det 0cx(0,0) # 0. (3.18)

When verifying (3.18), it suffices to check that the complex linear canonical transfor-
mation dr1(0,0) satisfies

dr1(0,0)(0,¢) = (9:2(0,0)¢, 9:£(0,0)¢) = (0,&) = ¢ = 0. (3.19)
We first note that
51 (0,0) (B") = Ty Ao = { (07, 6) € C50 = 2 (@, (20)3, + (o)) )
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Let 1o = ta(xg) : C* — C?" be the unique anti-linear involution which is equal to the
identity on the maximally totally real linear space T{, ) Ao C C*" (see [HiSj15, §1.2]
for a review of these concepts). It is given by, writing ®” = ®"(z),

L(I)(l', 6) = <_((Dgx)7lq)ga’c:z - %(q)g:(;)*lg’ (%(I)Z:E - %q)gx(q)gx)ilq)gi/‘)j: - (I)/z/‘x(q)/i/‘x)il 7)'
The strict plurisubharmonicity of ® (that is, the strict positivity of ®”.) shows that

30((0,8),10(0,8)) = 0((0,), (—5(P%,) '€, =, (27,) 7€)
= —5((25:)76,6) <0, 0#£eC,

(Here, and elsewhere, if w, 2 € C", (w,z) := 7 w;Z;.) We also have dr;(0,0) o' =
ta(z0) 0 dr1(0,0), where T' : C** — C*" is the complex conjugation map. Combining
(3.20) with the fact that 1o((0,¢),'(0,¢)) = 25((0,¢), (0,¢)) = 0, ¢ € C", we conclude
that (3.19) holds, and therefore we obtain (3.18). From that, the holomorphic implicit
function theorem, and the fact that x; is a canonical transformation we obtain the

(3.20)

existence of a holomorphic function ¥(z, z) in a neighbourhood of (xg,0) such that
K1 = Ky in (3.16).

The first two conditions in (3.15) hold since ky is a canonical transformation. It only
remains to check the third condition in (3.15). For that we observe that the differential
of ky at (0,0) is given by

d"’f'w(ov 0) : ((52’ _ngéﬁ - wgde) = (5x> ngdx + w,w/zdz)7 wll = @D//(l’o, 0)> (3'21)
We then consider the complex Lagrangian plane

V =V, i=1{(0., —¢".0.); 5. € C"} = dry(0,0)"H(T;C"),

(3.22)
TyC" ={(0,¢) : € € C"} C Tiap.) (C™)
and note that for £ := ¢ ¢,, (3.20) shows that
$0((02, —2.6.), (8, —¢7.02)) = §0(dry(0,0)71(0,€), driyy(0,0)""1a(0,6)) (3.23)
= 25((0,£),10(0,8)) < —col€]* < —c4]d.]%.
The left hand side of (3.23) equals —2((Im )., d,) and hence Im ¢)”, > 0. O

Remark. The statement (3.20) means that TC" is strictly negative with respect to
Tzo.c0)No. Similarly, (3.23) means that the Lagrangian plane V' in (3.22) is strictly
negative with respect to R*" (or simply strictly negative, [Ho3, Definition 21.5.5]).
For a detailed presentation of such concepts we refer to [Sj82, Chapter 11|, see also
[CoHiSj19].
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4. ANALYSIS OF THE PRINCIPAL SYMBOL

Here we essentially follow the arguments of [Hi84, Section 3], specializing them to the
setting of Theorem 2. Let ¢(y,n) be a real analytic function defined in a neighbourhood
of (yo,m0) € T*R?, such that

q(yo,m0) = 0. (4.1)

Assume also that

Hge¢(yo,m0) # 0. (4.2)

Arguing as in [H63, Theorem 21.3.6], [Hi84], using Darboux’s theorem together with
the implicit function theorem for holomorphic functions, we conclude that there exists
a real analytic canonical transformation

K : neighp.p2 (Yo, Mo) — neighs.g2(0,0),  K(yo,n0) = (0,0), (4.3)

and a real analytic function a defined in a neighbourhood of (yo, 70), with a(yo, n9) # 0,
such that

(ag) o k™" =m1 +if(y,m). (4.4)

Here f is real analytic and real valued in a neighbourhood of (0,0) € R? x R. We shall
now strengthen the assumption (4.2) by assuming that

Hgreq(Y0,m0)s  Himq(Yo,m0) are linearly independent, (4.5)
and we shall also assume that

{4, @} (yo,m0) = —2i{Re ¢, Im g} (o, m0) = 0. (4.6)

Writing ¢ = ¢1 + iq2, a = a1 + iag, with g¢;, a; real, and observing that

HRc(aq)<y07 770) = al(ym 770)qu (yo,ﬁo) - az(yo, Uo)qu(yoaﬁo), (4-7)
HIm(aq) (y0> 770) = @2(y0> 770>Hq1(3/07 770) + &1(?/0, 770)qu (3/07 770)7 (4-8)
we conclude that
Hge (ag)(Y0,M0),  Him (ag)(Y0,Mm0) are linearly independent. (4.9)
We also have
{CLQ7 a’_q}(y(]? 770) = |CL‘2 {Q7 q_}(y07 7]0) = O (410)
It then follows from (4.4), (4.10) that
{m, £}(0,0) = f,,(0) = 0. (4.11)

Furthermore, (4.4), (4.9), (4.11), and Jacobi’s theorem, show that

Hm(ov O) = ayl’ Hf(07 0) = f’rl]g (O)ayz - fgl;g (O)aﬂz (4'12)
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are linearly independent. The real valued real analytic function (ya,72) — f(0,y2, 72)
has therefore a non-vanishing differential at (0,0), and an application of Darboux’s

theorem allows us to conclude that there exists a real analytic canonical transformation
neighy.g2(0,0)(y1,71; Y2, 72) — neighp.g:(0,0) (4.13)
(Y1, 115 Y2, m2) — (Y1, M1 Y2, M2) = (Y1, M5 K(ya, M), K(0,0) = (0,0) '

such that in these new coordinates, f(0,ys,12) = 7j2. Since

fly,m2) = F(0,y2,m2) + y19(y, m2), (4.14)

we can compose the symbol in (4.4) with an additional real analytic canonical trans-
formation of the form (4.13), to obtain a reduction to a symbol of the form

M+ (02 + 19y, m2)) | (4.15)
where we know thanks to (4.11) that g(0) = 0.
We summarize this in the following proposition:
Proposition 4.1. Let g be a real analytic function in a neighbourhood of (yo,m0) €

T*R?, such that q(yo,m0) = 0. Assume that Hgrey(Yo,M0), Himge(Yo,m0) are linearly
independent, and

{4, @} (yo,m0) = 0. (4.16)

There exists a real analytic canonical transformation

k& : neighy.gs (Yo, 7o) — neighr.g2(0,0),  K(yo,no) = (0,0), (4.17)
and a real analytic function a defined in a neighbourhood of (yo,no), with a(yo,no) # 0,
such that
(aq) o ™" = @iy, m) == m +i (2 + yi9(y, m)) - (4.18)
Here g is real valued real analytic and g(0) = 0.

We now add an assumption involving the second Poisson bracket:

{a.{a. @} }(yo,m0) # O, (4.19)

and seek a stronger analogue of Proposition 4.1 in this case.

A simple computation using (4.1), (4.6) gives then that

{GQ7 {GQ7 &_q}}(yov 770) = ’a‘Q Cl{q, {q7 q_}}(y[)a 770) 7& 07 (420)
and therefore, in view of (4.18), we have
{a1,{a1, @1}}(0,0) # 0. (4.21)

Here we have, in view of (4.18)

{a. @}y m) = 2.2+ 19} = 2 (9(ym2) + 1195, (. m2)) (4.22)
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and combining (4.22) with the fact that
Hy, = 0y, +1i0y, + O((y,n))(9y, Oy), (4.23)

we get
{a1: {1, @}}(0,0) = % (29, (0) +igy, (0)) # 0. (4.24)

The next step in the normal form construction is a reduction to the case when we
have g; (0) # 0, g,,(0) = 0 in (4.24), and when carrying out this step we proceed as
in [Hi84, Lemma 3.3]. Let us set A := 2g, (0) —ig,,(0) # 0, so that in view of (4.18),

(Aag) o k71 = Aai(y,n) = a2(y, 7). (4.25)
Here (4.24) gives that
{a2, {22, @}}(0,0) = |A* Mar, {1, @} }(0,0) = =2 |A[*i € iR\{0}. (4.26)
Writing A = a + ib, a,b € R, we get using (4.18),
@2(y,n) = (a+ib) (m + inx + iyrg) = (am — by — byrg) +i (b + anz + ayrg) . (4.27)

We shall now simplify g2 by means of a real linear canonical transformation. To this
end, let

ko T'R* € (y,m) = ((C") 'y, Cn) € T'R, (4.28)
where the invertible real 2 x 2 matrix C' is given by
a —b
= : 4.2
c ( b ) (4.29)

We get using (4.27), (4.28),
¢ (ko' (y.m)) =m +in2 + G(y.n),  G(y,n) = O((y,n)?), (4.30)

and therefore, incorporating the non-vanishing factor A into the function a in (4.18)
and replacing the canonical transformation  in (4.17) by kg o k, we conclude that

(ag) o k™" =@y, n) :==m +in+G(y.m),  Gy,n) =O(y,n)*), (4.31)
where
{g2. {42, 32}}(0,0) € iR\{0}. (4.32)

Taking advantage of (4.32), we can therefore proceed with the reduction of ¢, to a
normal form, essentially by repeating the arguments above. We have

¢2(0,0) =0, 0,,¢2(0,0) =1, (4.33)
and using the implicit function theorem, we obtain the factorization,

@y, n) = cily,n)(m + 7y, m)), (4.34)

where ¢; and r are real analytic, with 7(0,0) = 0, ¢;(0,0) # 0. Comparing the Taylor
expansions of both sides of (4.34) and using (4.31), we conclude that ¢;(0,0) = 1. We
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rewrite (4.34) as follows: caqo = 11 +7(y,m2) , ¢2 := ¢;*. Using the Darboux theorem,
applied to the system yi, 71 + Rer(y, n2), satisfying

{771 + Re?”(yﬂh),yl} = ]-7

we next obtain a real analytic canonical transformation giving a reduction of cogs to a
real analytic function of the form 7, +if(y,n2), where f is real valued — indeed, this is
essentially a repetition of the arguments in the beginning of the discussion. Continuing
in the same vein and repeating the arguments leading to Proposition 4.1 we conclude
that there exists a real analytic canonical transformation

K1 : neighp.pe(0,0) — neighg.z2(0,0), £1(0,0) = (0,0), (4.35)
such that

(cog2) o k1" = q3(y,m) :=m + 1 (2 + y193(y,m2)) . g3(0) = 0. (4.36)

Here we know, thanks to (4.32) and the fact that ¢(0,0) = 1, that

{c2q2, {c2g2, 232} }(0,0) € iR\{0}, (4.37)
and it follows therefore, similarly to (4.24), that
{43, {4s,33}}(0,0) = =21 (29,,95(0) +i9y,95(0)) € iR\{0}. (4.38)

We obtain therefore that 9y, g5(0) # 0, 9,,93(0) = 0.

Changing the notation for convenience (replacing g3 by ¢o and g3 by g), we proved
the main result of this section:

Proposition 4.2. Let q be a real analytic function in a neighbourhood of (yo,m0) €
T*R?, such that q(yo,m0) = 0, and assume that Hgeq(yo,m0) and Himq(yo,m0) are lin-
early independent, and that

{Q7 q_}(y07 7]0) = O? {q7 {Q7 q}}<y07 770) 7£ 0. (439)
Then, there exists a real analytic canonical transformation
K : neighy.g2 (Yo, m0) — neighp.p2(0,0),  £(yo, m) = (0,0), (4.40)

and a real analytic function a defined in a neighbourhood of (0,0), with a(0,0) # 0,
such that

gor "t =aly,mMay,n), qy.n) =m+in+yi9(y,m)), (4.41)

where g is real valued real analytic satisfying g(0) =0, g, (0) # 0, and g,,(0) = 0.
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5. THE COMPLEX EIKONAL EQUATION AND PLURISUBHARMONIC WEIGHTS

Let ¢(y,n) be a real analytic function defined in a neighbourhood of (yg,7y) € T*R?,
and assume that q(yo,nm0) = 0, dq(yo,n0) # 0. It follows from [Sj82, Lemma 7.7
(we will provide a complete proof in our setting) that there exists a holomorphic
function p(x,y) in a neighbourhood of (g, y9) € C* x R?, for a suitable z; of the form
zo = (0, 02), satisfying —90;(5507%) =1 € R?,

Im ¢y, (20, 40) > 0,  det ¢y, (z0,50) # 0, (5.1)

and such that the following complex eikonal equation holds:

(2, 9) = 4y, —¢ (2, ). (52)
As in (3.10) we associate with ¢ a complex canonical transformation x,. The eikonal
equation (5.2) is equivalent to
qor, (z,&) = ¢ (5.3)
We also associate to ¢ the strictly plurisubharmonic function ® as in (3.11).

For ¢ with the special properties of §4 we want to construct a special solution of
(5.2) with ® having favourable properties. For that we follow the approach of [Hi84]
(see also [Hi91]) with some simplification due to our special setting.

Following Proposition 4.2, let a be real analytic in a neighbourhood of (0,0) € T*R?,
a(0) # 0, and put

Qo(y,n) =m +i(n2+y19(y,m2)),  (y,n) € neighy.:(0,0), (5.4)
where ¢ is real valued real analytic, and
9(0) =0, c:=g,(0)#0, g,(»0)=0. (5.5)

We shall be concerned with the model symbol agy constructed in Proposition 4.2, see
(4.41).

Taylor’s formula and (5.5) give

q0(y,m) = m + i +icy; + icyine + iyir(y, n2), (5.6)
where a := g, (0) € R and

1

r(W,m2) = [ (L =190y 0.0 s t02) (Y, 12) - (y,12) dE = O((y,m2)?). (5.7)
0

We also write

a(y,n) = a(0) +b(y,n), by,n) :/0 Vynalty,tn) - (y,n)dt = O((y,n)).  (5.8)

Since the function ¢ in Proposition 4.2 can be multiplied by a non-vanishing constant
factor, we may assume in what follows that a(0) = 1.
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We now introduce a rescaling parameter p € (0,1) and define
y=uy, 0= (5.9)
Eventually, p will be taken sufficiently small but fixed, that is, independent of h.

The transformation (5.9) is not canonical as the symplectic form changes by the
factor of p3, dn A dy = p3dn A dy. On the level of operators, this corresponds to a
rescaling of the semiclassical parameter:

(ago)" (y, hDy) = (aqo)” (u, w*hDy) = (@do)* (. hDy), b :=pu~h, (5.10)

where, in view of (5.6), (5.8),

(. 1) = qo(py, 1°n) = 1 (M + i + icyy) + il agiip + ipgar (g, o), (5.11)

and
a(y.m) = a(py, w’n) = 1+ b(uy, 1°n). (5.12)
Dividing aqy by p? and dropping the tildes, we obtain the following normal form,
(ago)(y,m) = (1 + blpy, %)) (m + inz +dcy? + pro,u(y, m)) (5.13)
where

1
ro,u(Ys N2) = Gayine + iy / (1= )Gy o) (E11y L) (g, pm2) - (y, ) dt, - (5.14)
0

and therefore, we get (aqo)(y,n) = m + ins + icyi + pr,(y,n), where
ruly, 1) = r0,u(y, m2)

1
+ (1 + ins + iy} + prou(y, m2)) / (Vyma) (tpy, tu*n) - (y, pn) dt
0
is holomorphic in (y,n) € neighga, 2(0,0), with C* dependence on p € [0,1). We also
notice that r,(y,n) = O((y,n)?), uniformly in x € [0,1).
The Cauchy—Kowalevski theorem (see for instance [Ni72], [Tre22, Chapter 5]) ap-
plied to (5.2) with ¢ = aqo,
o, (x,y) = (ago)(y, —¢,(x,y))
= _(P;“ ($, y) - ZQP;Q (CL’, y) + ch% + :L““M(ya _¢;(xa y))7

and the initial condition

(5.15)

90(()’ T2, y) = %(1’2 - y2)2 + Zy%? (516)

has a unique holomorphic solution in a small fixed p-independent neighbourhood of
(0,0) € C2 x C2. The Cauchy problem obtained by taking leading (u-independent)
terms only on the right hand side of (5.15),

U (xy) = =, (x,y) — i), (z,y) +icys, (5.17)
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with the same Cauchy data,

¢(0,372, y) = 90(07$2>y) = %(332 - y2)2 + iy%, (5-18)

can be solved exactly:
U(x,y) = $(x2 — yo +iz1)* +i(yr — 1)* + gic (v — (1 — 21)?) . (5.19)

Combining (5.15), (5.16), (5.17), and (5.18), we then see (from the Cauchy—Kowalevski
theorem [Ni72], [Tre22, Chapter 5]) that in the sense of holomorphic functions in a
fixed neighbourhood of the origin in CZ x C?,

o(r,y) = ¥(x,y) + O(p). (5.20)

In view of (5.14), (5.15), and (5.16), »(0) = 0, ¢, ,(0) = 0. The equation also shows
that the O(p) term in (5.20) vanishes to the third order at the origin. In particular,

we have that
/" " .
" p ¢ 2i 0
" (0 :( yiy1 y1y2> 0 :< ) 591
yy( ) S021/2?,11 SOZQyZ ( ) 0 7 ( )
has a positive definite imaginary part, and
/! i .
" SOJ; ('pm _27’ 1
Pay (0 =< A 1”) 0 z( ) 5.22
y( ) g0;22/1 Spgzyz ( ) 0 —i ( )

is invertible, uniformly in p > 0.

The corresponding weight function ® is given by
O(z) = —Imp(z,y(r)), = € neighe2(0), (5.23)

where y(z) € neighy.(0) is the unique point where the function neighg.(0) > y —
—Im p(z,y) achieves its maximum. The function y(z) depends real analytically on
x € neigh2(0) and we have y(0) = 0, so that ®(0) = 0. In what follows, we shall
use the following consequence of the Cauchy-Riemann equations: the function y(z) €
neighg.(0) in (5.23) is the unique point such that

Im (¢, (z,y(x))) = 0. (5.24)

It follows then that

%g—i(x) = Ou(p(z,y(z)) — p(z,y(x)))

= (@, y(2)) + ¢, (2, y(2)) Ozy(x) — ), (2, y(2)) Oy () = ¥, (2, y(x)),
and in particular, 9,®(0) = 0. Here we have used (5.24) and the fact that y(z) is real.

It will be convenient for us to compute the third order Taylor expansion of the weight
function @ in (5.23), regarding the O(u) term in (5.20) as a small perturbation.
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Lemma 5.1. We have for x € neigh2(0) and 0 < p sufficiently small,
®(z) = 1(Imzy + Re 21)” + (Im21)* — 2c(Rex)® + Oz |+ O 2>, (5.25)

Here we recall that ¢ € R is non-vanishing.

Proof. We shall make use of (5.23), (5.24). Let us write, in view of (5.19), (5.20),
%1(%3/) = 2i(y; — x1) +ic(y; — (1 — 21)*) + p O((z,y)?)
= 2i(yy — 1) + ic(2yra1 — x7) + p O((z,y)?),
Py (2,y) = —i(ws — Y2 +i11) + p O((2,9)?).

Here we have also used the observation that the O(u) term in (5.20) vanishes to the
third order at the origin. We see therefore that (5.24) holds precisely when

(2 +2c Rexy)y; = 2Rex; + ¢ Re(27) + p O((z,y)?), (5.26)
and
yo(z) = Rewy — Imay + p O((w,y)?). (5.27)
We get therefore, in view of (5.26), (5.27), and the implicit function theorem,
~ Reny " 9 3 9
D) = et deRe(ed) + Ol ) + Ol
=Rex; — c(Rex;)” + LcRe(2]) + O(|z1*) + O(p) |z|? (5.28)
=Rexy — ge|nf* + O(jaa ') + O(p) |,
yo(x) = Rezy — Imxy 4+ O(p) |z]*. (5.29)

Using (5.23), (5.28), and (5.29), we can now compute the weight. We first observe,

using (5.29), that
—Im (%2(352 —yo(z) + il‘l)z) =1Im <% (Imxg + Re z1 + O(p) |a:\2)2> (5:30)
= I(Imwy + Re 21)2 + O(p) x|

Next we compute, using (5.28), that
—Tm (i(y1(z) — 1)?) = = Re ((n(2) — 1))
— _Re ((—z’ Ima; — ¢ |21 [° + Ol [*) + O(u) |a;|2)2) (5.31)
= (Imz)* + O(|a1|*) + O(u) |z .
Similarly,
— I (—Je(3(2) — 21)*) = Re (be(pa(x) — 21)°)
— 1cRe ((—ilmxl — o+ O [P) + O(u) |x|2)3)

= O(|z1|") + O(u) ||,
(5.32)
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and finally,
—Im (§ey(2)*) = —gen () = e (Rews + O|ar*) + O() o)’
= —Le(Rex)* + O(lm[*) + O(p) [
(

Combining (5.19), (5.20), (5.23), (5.30), (5.31), (5.32), and (5.33), we obtain (5.25),
completing the proof. O

(5.33)

Let rq > 0 be small enough fixed, i.e. independent of yu, so that the weight function
® in (5.25) is defined in a neighborhood of the closure of the open bidisc D(0, 2rg) x
D(0,2ry) C C% Here D(0,2ry) C C is the open disc of radius 27, centered at the
origin. Let 0 < 6 < 1 and let us set

R = inf (0] D(0,2 . .34
5($2) CClEDl{%),Qé’I‘O) ($1,.’L’2), Ty € (Oa (S’l“o) (53 )

In order to apply a semiclassical analogue of [Sj82, Theorem 7.9], we need to make
the following observation.

Lemma 5.2. Let Vs be given in (5.34), and for { € D(0,20r), let
Us(¢) = sup {u(Q); u subharmonic and u < U5 on D(0,20r0)}, (5.35)

be the largest subharmonic minorant of W in the disc D(0,20r). For each § > 0 small
enough and each > 0 small enough, we have

Ts(0) < 0. (5.36)
Proof. In what follows, in order to fix the ideas, we shall assume that ¢ > 0 in (5.25).
We observe first that, in view of (5.25),
Us(xy) < B(—Im sy, 22) = f(x2) + O(|22|) + Op) |22|*, x5 € D(0,20r), (5.37)
where f(z2) := 3c¢(Imas)3. Similarly to (5.35), we introduce for ¢ € D(0,26r)
Us(¢) = sup {u(¢); u subharmonic and u < f on D(0,20r)}. (5.38)

An application of [Gr52, Theorem 2| gives that the functions \ng, Us, defined in
(5.35), (5.38), respectively, are continuous subharmonic on D(0,207(), and we claim
that

U1(0) <0. (5.39)

Indeed, the submean value property for the subharmonic function U; shows that

N 7”"0 // D(0,r0) Lide) < 7T_7b //D(O o) Lide) = 0. (5.40)
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Here L(d() is the Lebesgue measure in C and we have also used that the non-negative
continuous function f — U; > 0 satisfies

I[ t-mrao=o (5.41)
D(0,ro)
since U; is subharmonic in D(0,7y) and f is strictly superharmonic for Im ¢ < 0. We
also note that Us(0) = §3U;(0) < 0.
It follows from (5.37) that
Us(C) < f(Q) + C8" + Cud’,  |¢] < 20r, (5.42)

for some constant C' > 0. Given u subharmonic in D(0,2dry) such that v < W5 on
D(0,207), we get therefore in view of (5.42),

u(¢) = C5* = Cud® < £(Q), I¢| < 261, (5.43)
Here u — C6* — Cp 62 is subharmonic and therefore, recalling (5.38), we get
u(¢) — C6' = Cpd® < Us(¢),  I¢| < 20, (5.44)
It follows, in particular, using also (5.39), that
Us(0) < Us(0) + C8* + Cpé® = (U, (0) + CS + Cp) < 0, (5.45)
provided that 6 > 0 and g > 0 are small enough. The proof is complete. U

The discussion in this section is summarized in the following proposition.

Proposition 5.3. Suppose that a and gy are as in Proposition 4.2. There exists c¢g > 0
such that for each p > 0 sufficiently small, there exists ¢ = ¢, (x,y), a holomorphic
function defined in {(z,y) € C?; |z| < cop, ly| < cop}, with the properties

©(0,0) =0, ¢,,(0,0)=0, dety; (0,0)#0, Imgy/(0,0)>0, (5.46)
such that the associated complex symplectomorphism
satisfies
(ago) 0 K" = &1. (5.48)

Associated to ¢ is the corresponding weight function ® = ®,,, given in (5.23), defined
for |z| < O(u), enjoying the following property: let us set for § € (0,1],
Us,(x2) = inf @ (x1,22), |xa2] <cidp, (5.49)

|z1|<c1dp

where ¢y > 0 1s a constant depending only on a and qo. Then for every 6 > 0 small
enough and every (1 > 0 small enough, the largest subharmonic minorant Vs, of Vs,
in the disk D(0,c10u), defined as in (5.35), satisfies

U;.,.(0) < 0. (5.50)
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Proof. Let 1 be the phase function obtained by solving (5.15) with the initial condition
(5.16). We note that this construction was conducted in the rescaled coordinates (5.9)
and the neighbourhoods in which it was valid were independent of y (this was stressed
after (5.16)). Since we also rescaled h to h = p=3h (see (5.10)), it follows from (5.11),
(5.12), and (5.15) that if we set

eul@,y) = oy (x/p,y/ 1) (5.51)

then ¢, solves the eikonal equation in the original coordinates, in an O(u)-neighborhood
of the origin,

O, (@, y) = (aqo) (y, —Oyu(z, ). (5.52)
Here ¢o and a are given in (5.4) and (5.8), respectively. Using (5.19), (5.20), (5.21),
(5.22), (5.51), and (5.52), we conclude that (5.46) and (5.48) hold.

It follows from (5.23), (5.51) that the weight function associated to ¢, is of the form

O, (x) = sup (—Imgp,(r,y)) = 1°® (x/p), (5.53)

ly|<cop

where @ is given in (5.25), and therefore we get, in view of (5.34), (5.49), (5.53), with
C1 = 27"0,

Us,(C) = 1?5 (C/p),  [¢] < erdp. (5.54)
The largest subharmonic minorant \AIV'M of Wy, in the disk D(0, ¢;6 ) satisfies therefore
Usu(C) = 1*Ws (C/p), [¢] < erdp, (5.55)
where Uy is defined in (5.35), and (5.50) follows from Lemma 5.2. O

In our applications in the next section, we shall choose 6 > 0 and g > 0 sufficiently
small fixed in (5.49), so that the conclusions of Proposition 5.3 would hold.

6. PROOF OF THEOREM 2

In the spirit of [Hi84], we repeat the strategy of the proofs of [Sj82, Theorem 7.8,
7.9]. Since those results are stated in the scalar case, we take care to show that (not
unexpectedly) lower order matricial terms in (1.8) do not affect the argument. The
key is the special solution of the eikonal equation (5.2) produced in §5.

We recall from §3.2 that a family h — u(h) € 2'(U) is h-tempered if for every
K € U there exists N such that |[u|z-~) < O(h™). In what follows, U C R? will
be a fixed open set while the neighbourhoods neighg2(e) may need to be very small
depending on phase functions, cut-offs, amplitudes but not on wu.
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We first consider a general principally scalar system of semiclassical differential op-
erators with analytic coefficients:

P(y7 hDy) = Q + hR7 Q = Q(ya hDy)a R = (R]k(ya hDy))lSj,kS]ﬁ
am) =Y aan® Rulyn) = Y. mira(y)n®, (6.1)
lal<m || <mjige

where a,, and rjg, are real analytic in U. (Here and later we abuse the notation slightly
and, for scalar operators, A, write A rather than A ® Icr, when considering action of
vector valued distributions.)

Proposition 6.1. Let P be given by (6.1) and let (yo,m0) € T*U be such that

q(yo,m0) =0, dq(yo,m0) # 0. (6.2)

Suppose that 1 (x,y) is holomorphic satisfying (5.1) and (5.2) for (x,y) € neighga(z9) ¥
neighez(yo), m0 = —, (z0,%0) € R2. Then there exists a (matriz valued) elliptic clas-
sical analytic symbol a(x,y;h) defined near (xo,y0) and x € CX(U), x = 1 near yo,
such that

Thu(x) = / X(y)u(y)e%w(zyy)a(‘x7yv h)dyv T e neighcz (1’0), (63)
satisfies, for every h-tempered family h — u(h) € 2'(U;CP),
\hD,, Tyu(z) — Ty, Pu(x)| < Cel®@=/M ¢ € neighga (20), (6.4)

where C' depends on u but § > 0 and neighez(zo) do not. Here, as in (3.11), we set
®(z) = sup (~Im ¢ (z,y)), (6.5)
v

the supremum being taken over a small real neighbourhood of 1.

We remark that for any h-tempered family u = wu(h), there exists V' = neighge(zo)
such that

Ve>03C. >0, |Thu(z)| < Ce®@+/h 0 c Vo he (0, hy). (6.6)

The construction of an FBI transform such that (6.4) holds is well known in the scalar
case [5j82, Chapters 7,9] (see also [HiSj15, Theorem 2.9.2]), and our purpose here is
to verify that the construction extends to principally scalar systems of the form (6.1).

Proof of Proposition 6.1. To keep the notation simple, we assume that in (6.1), m = 2,
m;, = 1, and p = 2 (the proof can be easily modified for the general case). Our purpose
is to construct an elliptic classical analytic symbol of order 0 in h, a(z,y;h), defined
in a neighbourhood of (g, o), taking values in Hom(C?, C?), so that for T given by
(6.3), the equation (6.4) holds, for which we use the following shorthand

hD,,Tu=TPu in Hg,,, (6.7)
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for an h-tempered family in 2'(U). Writing @, = Q(y,hD,), R, = R(y,hD,), we
have

/ew(x’y)/ha(m,y; h)x(y) (Quu(y))dy = /Q;(eiw(x’y)/ha(ﬁyy§ h)x(y))u(y)dy, (6.8)

and

/ew(x7y)/ha(a:,y; h)x(y)Ryu(y)dy /(Rt( WDy (y)a (z, y; b)) uly)dy.  (6.9)

Here Q! is the real transpose of @ and R! is defined as

Rt R
R :_< " 21), 6.10
Rly R, (610)

with R;k being the real transpose of R, in (6.1). We are led therefore, in view of (6.1),
(6.3), (6.7), (6.8), and (6.9), to the following system of transport equations,

((hDa, +45,)) (alz,y; h)) = (e 0 Qf 0 VM) (a(x, y; h))
+h((e7ED/h o R o @D gl (2, y: b)) (6.11)
The transpose of () is given by
Q' = q(y, —hD,) + hi(y,hD,) + h*b(y), (6.12)

where ((y,hD,) is a semiclassical first order differential operator with real analytic
coefficients, and b is a real analytic function. It follows that

e~ W(@y)/h 4 QZ o eW@y)/h — q(y, —1%(% y) — hD,)
+hl(y, ¥y (x,y) + hDy) + h*b(y)
= q(y, =¥ (2,9)) = ¢, (y, =¥y (2,y)) - hDy + (h/2i)tr (g by, (2, y))
+qa(y, —hDy) + hi(y, ¥y (2, y)) + h, (y, 4, (z,)) - hDy + h*b(y).
Here, with the notation in (6.1), we have
wy,n) = Y, aaly)n™.
jal=2

Combining (6.13) with the eikonal equation (5.2), we obtain that

(6.13)

hDy, + 1, — (e7 /Mo QL o e mn)/h)
= hDy, + q,(y, =, (x,y)) - hDy + hf(x,y) + h*A(y, D), (6.14)

where f(x,y) is a holomorphic function and A(y, D,) is a second order holomorphic
differential operator, in a complex neighbourhood of (zg,yo). We have next (using
(6.1) with my, = 1),
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where the functions dj;, are real analytic, and therefore,

e—iw(m,y)/h o R§k<y, hDy) o eiw(m,y)/h = Rjk(y, —1%/((1;7 y) — hDy) + hd]k(y)
It follows, in view of (6.10), (6.16), that
he W@/ o R, o V@D — M (2,y) + B*B(x,y, D), (6.17)

where M = (M;j)1<jr<2 is a holomorphic function in a complex neighbourhood of
(z0,v0), with values in Hom(C? C?), and B(z,y,D,) = (Bjs(z,y,D,)) is a 2 x 2
matrix of first order holomorphic differential operators.

Using (6.11), (6.14), (6.17), and viewing the amplitude a as a column vector in C*,
we rewrite (6.11) as follows,

(hL + hE(z,y) + h*C(z,y, D,, Dy)) a(z,y; k) = 0. (6.18)

Here
L = L(x,y, 0, 0y) = Ox, + q,(y, =¥, (2,y)) - 0y, (6.19)
E(z,y) € Hol(neighes (g, yo); Hom(C*, C*)), and

C(l’, Y, D:ta Dy) = (Cjk(xa Y, Da:a Dy))lﬁj,k§4a

is a matrix of second order holomorphic differential operators. When analyzing (6.18),
we may assume, after a translation, that zo = yo = 0, and to simplify the notation, we
shall write z = (z,y) € neighca(0), 1 = 21, 2 = (21, 2').

The holomorphic vector field L = L(z,0,) in (6.19) is transversal to the complex
hyperplane H C C* given by z; = 0, and we may introduce therefore holomorphic flow
out coordinates w = (wy, ..., wys) in a neighbourhood of 0, centered at 0, such that the
hyperplane H is given by the equation w; = 0 and L = 9, (see also [K1.522, Lemma
2.1]). Passing to the flow out coordinates and changing w to z, we may rewrite (6.18)
as follows,

hd.,a(z; h) + (hE(z) + h*’C(z,D.)) a(z; h) = 0. (6.20)

Here E € Hol(neigh(0); Hom(C*, C*)) and C(z, D,) is a 4 x 4 matrix of second order
holomorphic differential operators in a neighbourhood of 0 € C*. We shall solve (6.20)
demanding that a(0, 2; h) = b(2’; h), where b is a C*—valued classical analytic symbol
in a neighbourhood of 0 € C3, and as explained in [KL.S22, Section 2.2], when doing
so it suffices to solve the initial value problem

{ hd.,a(z;h) + (hE(2) + h2C(z, D,)) a(z; h) = hv(z; h),

a(0, 2 1) = 0, (6:21)
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where v(z; h) is a classical analytic symbol in a neighbourhood of 0 € C*, with values in

C*. To eliminate the matrix E(z) from the transport equations (6.21), we introduce a

fundamental matrix, that is an invertible F' € Hol(neighes(0); Hom(C*, C*)) satisfying

0., F(2) + E(2)F(z) = 0. (6.22)

Looking for a solution to (6.21) of the form a(z; h) = F(z)a(z; h), we see that a should
satisfy

ho.,a(z; h) + h2F~1(2) o C(z,D.) o F(z)a(z; h) = hFE~(2)v(z; h),

it (6.23)

a(0,2';h) = 0.

It follows therefore that when solving (6.21), we may assume that E(z) = 0.

The analysis of (6.21), when E(z) = 0, proceeds by means of the method of "nested
neighbourhoods”, developed in [Sj82, Chapter 9] (see also [HiSj15, §2.8]) in the scalar
case. An extension to the present matrix valued case is straightforward, and the
following discussion is given for the completeness and convenience of the reader only
— see also [KLS22], [RoZu02]. Let Q = {z € C*;|21| + |2/| <}, where r > 0 is small
enough so that Qq is a compact subset of the domain of definition  C C* of v and
C(z,D,) in (6.21). We set

Q={zeCh|n|+ || <r—t}, 0<t<r (6.24)

Given p > 0, we say that a € A, if a(z;h) = >0y ar(2)hF, ai, € Hol(Q; C?), is such
that for all ¢t € (0,7), we have

sup |ag| < f(a, kK)K*% k> 0. (6.25)
Q¢

Taking f(a, k) to be the best constant for which (6.25) holds, we then put

lally = fla, k)u* < occ. (6.26)
k=0

Let (07'a)(z1,2') = [ a(y1,2") dyr. We then have the following well known result,
see [5j82, Theorem 9.3], [RoZu02, Lemma 5.5], [KL.S22, Lemma 2.2].

Lemma 6.2. For a € A, of the form a(z;h) = > 2", ar(2)h*, and b = (hd.,) 'a, we
have 5
e
161l < EHQHM' (6.27)

Proof. We write b= >"p, K10 'a, = Y 2| h*by,, where

21 1
be(2) = (02 aps1)(2) = / agy1(y1,2") dyr = zl/ agy1(021,2") do. (6.28)
0 0
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It follows from (6.24) that if z € Qy, we have (021, 2") € Qi (1-0)z), 0 < 0 < 1. Using
this and (6.25), we obtain for z € €,

! do
b(2)] < k+1)(k+1 k+1/
bk (2)] < [21] fla, b+ 1)(k+1) o (t+ (1 =0)|z|)F!
= fla,k + 1)(k + 1)k /Ile _do (6.29)
R o (t+ o)kt '
> do (k4 1)k+1
Thus, for 0 <t <7,
2 kE+1
suplby| < 2L @EED ey sy (6.30)
Q tk
and therefore, f(b, k) < 2ef(a,k+ 1), k=1,2,..., implying that
Ibll = > f (b k)t < 3 2eflak + 1)t = =|lall,, (6.:31)
k=1 k=1 K
which gives (6.27). O
Applying (hd,,)~! to (6.21), we get, recalling that F(z) = 0,
4
aj(z) + Z(h@zl)’liijk(z, D.)ar(z) = 0. vi(z), 1<j<A4 (6.32)
k=1

Next, we have the following result (see [[KXL.S22, Lemma 2.3]):

Lemma 6.3. Let a € A, be scalar valued and let Q = Q(z,D.) be a second order
holomorphic differential operator in Q. Then (hd.,) *h*Q(z, D.)a € A,,, with

1 (h0.) " h*Q(z, D)al, < O(w)llall,. (6.33)

Proof. Writing a(z; h) = >, ax(z)h", we obtain that

h*Q(z,D.)a = i h*Q(z, D.)ag_s.
k=2

For 0 < s <t < r, we get using the Cauchy estimates,

C
sup |Q(z, D;)ag—o| < 5 Sup |ay—2|
Qt (t - S) Qs (6 34)
k—2 k> 2.
Taking s = (k — 2)t/k < t, we get using (6.34),
Cfla,k—2)
tk

sup |Q(z, D,)ag—o| < kF. k> 3.
Qy
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Therefore, in view of (6.25), f(Q(z, D,)ak—2,k) < Cf(a,k —2), and definition (6.26)
gives

1°Q(z, D2)all, < C Yy flak —2) < O()|all,. (6.35)
k=2

Combining Lemma 6.2 with (6.35), we obtain that
1 (h0:,) 7' h*Q(z, D2)all, < Cp || Q2. D:)all, < O(w)all,,

establishing (6.33). O
Rewriting (6.32) in the form
4
1+ L)a=0'v, (La)j:=Y (hd.) 'h*Ciilz, D.)ar(z), 1<j<4,  (6.36)
k=1

we conclude using Lemma 6.3 that || La ||, < O(p)lal|,, and therefore, for > 0 small
enough, the equation (6.36) has a unique solution a such that ||a||, < co. Thus, a is a
classical analytic symbol in a neighbourhood of the origin. Coming back to (6.20) and
demanding that a|,,—¢ should be an elliptic classical analytic symbol near the origin
in C3, we conclude that the classical analytic symbol a(z; h) is elliptic. This completes
the construction of a matrix valued FBI transform of the form (6.3), such that (6.7)
holds. The proof of Proposition 6.1 is complete. ([l

We can now prove a microlocal version of Theorem 2. When u is independent of h,
WF}(u)\ 0 (here 0 denotes the zero section in T*R?) is equal to the standard analytic
wave front set WF,(u) - see [Hol, §8.4,9.6], [Sj82, Chapter 6]. However, the essential
aspect here is h-dependence.

Theorem 3. Suppose that P is given by (6.1) and that u € 2'(U;C?) is an h-tempered
C2-valued distribution. If at some p € T*U we have

q(p) ={a,q}(p) =0, {a,{a,q}}(p) #0, Hy(p) )l Hy(p), p & WE(Pu), (6.37)
then p ¢ WE,(u).

Proof. We put p = (yo,m0). The first step of the proof is to construct a suitable v for
which (5.1), (5.2), with (2o, &) = (0,0), —;,(0,0) = 1o, hold.

We first use Proposition 4.2 to obtain, in the notation of that proposition, a real ana-

1

lytic local canonical transformation s such that gox™" = aqgy. We then use Proposition

5.3 to obtain ¢ = ¢, (for g > 0 fixed but small) such that we have (locally),

(ago) o K, = &1.

Proposition 3.3 then shows that there exists ¢ satisfying (3.15) such that k, 0 k = ky.

Hence

qol@qll =qor ok, = (ag)ok,' =&.
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This shows that the eikonal equation (5.2) holds for ¢. If ¥ is the weight associated
to ¢ as in (3.11) then, in the notation of (3.11),
Ay = ry(neighy.ga (Yo, 0)) = Fiy © r(neigh-g2 (Yo, 70))
= Ky (neigh g2 (0,0)) = Ag.
Since Ay determines ¥ up to an additive constant, we can choose 1 so that ¥ = .

We now apply Proposition 6.1 to our operator to conclude that (6.4) holds with
zo =0,

hD,, Thu(z) = Th(Pu)(z) + O(e®@=0/M) 2| < g, (6.38)

Here 6; > 0, g > 0. Since p ¢ WF(Pu), Proposition 3.2 shows that T},(Pu)(z) =

O(el®@)=02)/h) for some 6, > 0 and |z| < 5. But then we conclude, by integration in
x1, that

Thu(zy, ') = Thu(ys, ') + O (@700 | 1 (yy, )| < eo. (6.39)
Since u was assumed to be h-tempered, (6.6) shows that for every ¢ > 0,
|\ Thu(yy, )| < Cee®Wra+a/h iy 2| < g, (6.40)
Combining (6.39) and (6.40) we obtain for |x| < &,
| Thu(z)| < ‘ inf | Thu(yr, )| + Cel®@=0)/h

Y |<50
< Oy <eo 2W1a)+e)/h 4 0p(@(2)=82)/h,

We can now use (5.49) and (5.50) as described at the end of §1 to see that (recall
®(0) = 0), |Thu(z)| < Ce™%/" for x € neighe2(0) and § > 0. In view of Proposition 3.2
this concludes the proof. O

To deduce Theorem 2 from Theorem 3 we need the following result:

Proposition 6.4. Assume that P is given by (6.1) and that
lg(x,&)| > ClEI™ = C, my; <m. (6.41)
If Pu =0 near xy, u is h-tempered and
WE,(u) N g1 (0)Nna~t(zg) =0, (6.42)
there exists a neighbourhood €2 of xq and Cy, co > 0 such that
10%u(x)] < Co(|B|Co)Ple=/" 2 €Q, BeN (6.43)
Remark. We prove this general result using somewhat advanced methods developed
in [GaZw21],[GaZw22] and based on [HeSj86] and [Sj96]. For the concrete application
in Theorem 1 we could use the fact that the coefficients of D(«) are globally analytic

(in fact, entire in C?) and apply a small modification of [Ma(02, Theorem 4.1.5] proved
using methods well explained in that text.
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To handle estimates away from ¢~ (0) we will use a non-holomorphic FBI transform
adapted to the study of the behaviour as |{| — oo:

Tyou(z,€) = h™% / e VOO e iy (Puly)dy, ue PU),  (6.44)

where y € CX(U), x(z) = 1 in neighg.(x¢). Here, to be consistent with the notation
below, Ag = T*R".

In compact sets, the decay of Ty, and the FBI transform from (3.8), T}, are equiva-
lent. The only reason this is not a special case of Proposition 3.2 comes from the fact
that T, is not a holomorphic FBI transform.

Lemma 6.5. Suppose that u = u(h) € Z'(Uy) is an h-tempered family of distributions,
Trhu is given in (3.8) and Th,u is defined by (6.44). If U is a neighbourhood of zy =
xo — 1€ € C™ such that for some § > 0

|Thu(z)] < Ce®@=0/h - H e, &(z) = 1 Im 2| (6.45)

then there exist V.@ C*", an open complex neighbourhood of (x9,&) € R®*™ and &' >
0,C" > 0 such that

Ty u(z, &) < Ce™/t (2,6) e V. (6.46)

Proof. We write Th,xu = cnh%TAOT;Thxu (here we abuse the notation slightly and
define T}, and T}, without the cut-off x) and describe the operator Tx,T;w(z, ) first.
Here the adjoint is taken with respect to L2(C", e~ 22()/hdm(2)), ¢, # 0 — see [HiSj15,
Theorem 1.3.3].

We now follow the calculation in the proof of [Ma02, Proposition 3.2.5] and write
the Schwartz kernel of the composition as

K(:Cafa Z) = h7%<£>% / e%(x*y)gfﬁ@)(xfy)?fﬁ(zfy)zdy

= <<§>/h) %eiqjo(xvgvz)e_‘lll(J»’,f,z)/he—q)(z)/h

Wo(z,€,2) =26 —Rezlmz — (E)z + Ifizzgmz — 5)7 (6.47)
1§ —Rez)’ + (£ —Imz)?
Uy (z,8,2) =3 14 (¢) '

Suppose now (x,&) € V a complex neighbourhood of (zg,&y). For any £ > 0 we can
choose V' so that, for some constant, cg, depending only (¢, &), we have for (z,£) € V,
z e Cn,

| Im Wo(z, €, 2)| < e(lmz)(Rez),

Re ¥ > ¢ (Rez — Re2))” + (Re& — Im2)?) — <. (6.48)
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We now take x € C°(U;[0,1]) (with U as in the hypothesis) which is equal to 1 in

Uy = neighgn (zg — i€p) € U. We then choose € so that with § is given in (6.45),
e(Imz)(Rez) <d/4, €U 640
sco (Re& —Rez2)? + (Im& — Im2)?) > e(2)?, 2 ¢ Uy, (2, €V. (6.49)

We decompose Ty, u as follows
Taou(w, €) = A2, + B(2,€), Al,€) = chs Tag(TixThu) (i, €).
From (6.47), (6.48), (6.49), and (6.45) we obtain

Az, §)| < Cn\<§>z|/ X(2)| Ty (z) | ma =@ M ()
< Che ) (v,8) €V,
where C depends only on (g, &).
Since u € Z'(U) is h-tempered and x € C(U),
Thxu(z) < Ch=N(2)Ne®@/h 5 e Cm,

see [HiSj15, (1.3.6)]. We use this together with (6.47), (6.48), and (6.49) to obtain
Cm\Uy

By summing A and B we obtain (6.46) with ¢’ = e. O

Proof of Proposition 6./. In view of (6.42) and (3.8) there exists a (complex) neigh-
bourhood, V', of ¢71(0) N 7! (z¢) € T*R" such that (6.46) holds.

Let I’y C T*R™ be a conic (near infinity) neighbourhood of 7~!(xg) such that I'y N
¢ '(0) € V and let I'y C T'; be another conic neighbourhood of 7~ !(xg), T'y € Ty,
[y N S*R™ € 'y N S*R". Choose ¢ € S°(T*R™) satisfying |, = 1, suppt C I';. We
then choose G € S*(T*R™), supp G C I'y satisfying [GaZw22, (2.4)] and

lq(z —iGe(x,€),§ +iGa(2,§)| = O™, (,§) € 1\ V. (6.50)

We also put Ge(z,§) = xo(e€)G(z,€), where xo € C°(R";[0,1]), xo(§) = 1 when
€l < 1.

As in [GaZw21, (2.5)] we then define
Trg. u(z, &) = Thou(r — i0:G(x,8), € +10,G:(,§)), ue S (R").

We note here that since G, is compactly supported, the space defined in [GaZw?22,
(2.6)] satisfies HY , = Hj(R"), as a set, but the norm on it is dramatically different.
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We now use [GaZw22, Proposition 2.2] (with A" P(x, D,) replaced by xP(x,hD)
given by (6.1) with no changes in the proof), to see that (for x; € C>°(U) equal to one
on the support of x)

0= ||TAGEXP(‘T7 hD)XluHLf\
e
i (6.51)

= <HAGEBEHAGEHAcstHAGETAGEX1u7TAGEX1U>L?\G€ + O(h™)Ixaull by,
where
be(2,€) = dlae. = q(z = i0:G:(x,§),§ +i0:Ge(2,§)) + O(h)sm(ng.)-
We note that
V(@ 8)lalag, (@, O = v(@, )" /C, (2,§) ¢ V. (6.52)
We now use [GaZw21, Proposition 6.3] to see that

HAGEEEHAGSHAGE bEHAGg = HAGE |q|AG5 IQHAGE + O(h’)<5>_2mLiG 12

Ac.
From the fact that u is h tempered we know that for some N,
Ievullfy -~ < CR7Y. (6.53)
Returning to (6.51) we see that
(Wlal3g, (Reag) ™ Ty xau, Tag xau)rs
< C{(1 = )(€) " Tag, xau, Tag, xau)

€

2
LAG

FOM)(Reag)™ Tag xaullzz -

The left hand side can be bounded from below using (6.52) and in the first term on
the right hand side Ag, can be replaced by Ay since G = 0 near the support of 1 — .
We can then bound that term by

lallyy ~ = Iaully -

Hence we obtain (using the definition of the norm on L%GE in [GaZw22, (2.6)])
Pl < Clhaule +C [ g au(@)fe ™ hda. (050
AG, h AG.NV :

Lemma 6.5 shows [Ty, xi1u(a)|?| = O(e™9/") for « € A¢.NV. Hence, if g in [GaZw22,
(2.4)] is chosen sufficiently small (so that H. is small near V'), the last term on the
right hand side is bounded uniformly in ¢ and h. Using (6.53) we obtain

aully, ~ < Ch7Y (6.55)
Ge

with C' independent of ¢.

We now choose yet another conic (near infinity) neighbourhood of 77! (zg), I's C 'y
and such that G(z, &) = €0(£)/2 in I's (note that G is supported in I'y). Since G.(z,§) =
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Xo(e§)G(z,§), and the estimates are uniform in e, the monotone convergence theorem,
(6.55) and [GaZw22, Proposition 2.5] give

/ 65°<§>/2h|TAOX1u(x,f)|2d$d§ < g e0/6h
I's

(We first obtain a bound O(h=2Y) for a weight /3 which then gives the bound
above.)

The inversion formula [GaZw?22, (2.2)], [GaZw21, Proposition 2.2] easily shows that
u can be holomorphically continued to a neighbourhood of xzy in C™ and that it is
bounded by e~%" We then get (6.43) from Cauchy estimates. O

APPENDIX BY ZHONGKAI TAO AND MACIEJ ZWORSKI

In this appendix we show how to solve the eikonal equation (1.13) at the corners of
the hexagon and prove that (1.16) holds for the corresponding weight ®. Once that is
done the proof of exponential decay proceeds the same as that of Theorem 3 (which
applied to points in the interior of the edges) combined with global elliptic estimates of
Proposition 6.4. However, there is no need for a preparatory canonical transformation
of §4 and the analysis of §5 is replaced by this appendix.

We start by recalling (2.23):
p(2,¢) == qlzs + 2,() =4C* +iAz — B2+ O(|z|*), A,B>0.

Making a symplectic change of variables (w, (1) — (2,¢), 2 = —iaw and = ia~1(y,
a = A/B, we obtain

p(z,¢) = pr(w, 1) = —4a™*¢} — aAw + Bow? + O(|w]?)
= —A’B'4B*AG + w — w? + O(|w]?)).

Hence, by a change of variables and by rescaling the semiclasical parameter h by the
fixed constant 4B3A~*, we can assume that the stacking point is given by w = 0 and
that the principal symbol is given by

p(U),C) :p0(w7<.) +O(’w’3)7 pO(w7C) = C_Q—i_w_wQ' (A1>
We consider the eikonal equation (1.13) for (A.1): with z € C? and w,v € C,
82130()(27 w, U) = (&,goo(z, w, U))Q tvu— w? + O(’(Ua w)|3)7 (Az)

©(0, 29, w,v) = iwv + wzy. We note that v = @ corresponds to the real y € R? in
(1.13). The boundary condition guarantees that ¢ satisfies (3.9) with z = x € C?,
ro =0, w = y; +iy2, y € R% (y0,m0) = 0 (corresponding to the characteristic point
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(0,0) for pg), v = W = y; — iys; we check that the equation and the initial condition
0

give at = = (w,) = (0,
83 w 622 v 0 1
<821 :Z a 1 ZKOP) - (l O) ’ Im az[go‘w=y1+iy2,v:u7] = 2[]R2.
Z2w 220

As for (5.15) the solution exists, by the Cauchy—Kovalevski Theorem, for z €
neigh(0) and y € neighg2(0). We then have

(21, 20, w, 0) = wa+Z2w+Z 16J1g0(0 29,0, @) 4+ O(|21|7).
j=1 :

We compute each term:

0.,0(0, 20, w, W) = W — 2w? + O(|w]?).

02,0(0, 22, w, W) = 0;, (0up)” = 205, 90up = 2(1 + O(|w]*)) (iw)
= 2iw + O(|w/?),

092,¢(0, 20, w, @) = & (D) = 205905, 0 + 2(0 4p)°
= 2iwd?, (0pp) + 2(1 + O(Jw|?))?

wWz1

= 2+ 4iwds POy, + O(Jwl?) = 2+ O(|w]),

02,0(0, 22, w, W) = & (0pp)” = 20500, ... + 605, P02 . 50
= 2iwd? _ (0a¢)” + 6(1 4+ O(|w|*))02 4(Oap)”
= 2iw(20; ., 50900 + 402 50902 50) + O(1)02 5090000

= O(|wl) zlww<p+(9(lw| )
= O(|w])05((ap)” + @ — w” + O(Jw]’)) + O(|w[*) = O(|w]?),

92 (0, 20, w, @) = 0, (0pp)? = 205002 . ... + 802 5002 . P + 6(02 . o)
= O(Jwl]) + O(|w]*) = O(|Jw]),

92,(0, 29, w, @) = &, (Dap)® = 200003, 2oy + 1002 5002 .o + 2002, 000 a?
= O(lw]) + O3, ,.,0(9ap)* + O(lw]’)
= O(1),., 0w Oup + O(1)02, ., 50002, 50 + O(1)02 10D, . 50 + O(|w])
OM)3;,., 0w + O(Jw]) = O(1), 4 (Owp)? + O(|w])
= O(1)0%, puww¥Pae + O(|w]) = O(|w]).

In conclusion, we have

P = Wl + 20w + 21 (W — 2w°) +izjw + 127 + O(|zw?| + |25w?| + [2fw| + |1]7).
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To obtain ®(2) := Sup,|<. wec — IM (2, w,w), we find the critical point, w = w(z),
given by solving

0 = O — Opip = 20w + 20 — 21 — dwz + iz} + O(|znw?| + [Zw| + |z1°),  (A.3)

which, by analytic implicit function theorem, gives an analytic solution w = w(z) near
z=0:
w(z) = Li(z1 — ) + O(|2[*). (A4)

We then find
U(z) := inf ®(z2),

|z1|<e

by looking for the critical point, z; = z1(22), solving
0 =2i0., Im ¢ = w — 2w + 2izyw + 27 + O(|w?| + |2Fw?| + |2fw| + |21[° (A.5)

),

2), satisfies
21 = Zp+O(|22]*) and we have w(z1(22), 22) = O(|22]?). Hence we can solve (A.5) up to
fifth order terms. Inserting (A.3) into the first term of (A.5), we get (with w = w(z))

where w = w(z) is given by (A.4). In view of (A.4) the solution, z; = 21(z

—5:(22 — 71 — 4wz + i2?) — 2w? + 2izyw + 27 = O(|z]?),

or (22 — z1) = 327 — 2w? + O(|2[°). It follows that

2= Zy +izs + 252+ O(|2]h), w(z(z),22) = —25 + O(|z|).
We can then compute the fourth order term. However, we observe that O(]z|?) terms

affect the fifth order term of ¢ only in 29w + 23w, and do not affect the imaginary part
of it, so we conclude

W(z2) = g Im(23) + |22 Im(23) + O(|2[").

The first term in the expansion of ¥ is harmonic but the second, |¢|> Im(¢?), is not
subharmonic. For any subharmonic function u(¢) < |¢|* Im(¢?), |¢| < 1, we have

w0) <7 [ u(Qdm(Q) <77 [P m(dm() = 0.
I¢I<1 I¢I<1
Taking u to be the subharmonic minorant of |(|*Im(¢?) in the unit disk (see Lemma

5.2 and its proof) we conclude that

Je¢o >0, u(0) < —¢p <0, for any subharmonic function in {|(]| < 1}

satisfying u(¢) < [¢]* Tm(¢?). (A.6)

Now suppose there is a (continuous) subharmonic function w in {|z| < §} such
that u(z) < U(z). Then (z) = u(z) — 5Im(z?*) is also subharmonic and a(z) <
|2]2Tm(z%) + O(]z|%). After rescaling, 6 °u(dz) is a subharmonic function defined in
the unit disk and

§70a(62) < |2|*Im(2%) + O(9).



42 MICHAEL HITRIK AND MACIEJ ZWORSKI
From (A.6) we have
§Pu(0) = 6°a(0) < —co + O(J) < —co/2 < 0.

for § sufficiently small. This gives (1.16) and the proof of exponential decay proceeds
as in §6.
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