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calculatioa of tke poud atate energy o! pbTaical at•. 
The Yariational aethocl etatea t t the e~tation Yalue of the 

~ l tolli betweea trial W&Yefu~tctiou is greater tbaJl or equal 

to the tNe en ·~, and oDJ.7 equal whe the trial QYetuaction 

ia the .xact ground state w Yetwlct1on1• '!Ma ·'D7 be expl"8 aecl u 

wbve! ta the trial vaYelunetion, the BalliltoldaA of the at•• 

d £
0 

is the groua4 atate enet"Q. 

BJr· picld.Dg wa•ef'Wtct:lou Ol'thogoJSal to tm. ground state, 

it is possible to appl.J the abo•• priD.Ci.ple to the calc lation of the 

vaYefwlctioaa of excited atatn1• The. 'f'al"iatioaal pri.Aci le the 

states that the be t app.ros:i~~atioll to the corNet .,._.e:!wlcttoa ta 

one that abiaizea the expectatiOD •aluu of the Bamilto.niall. 'ftte 

principle can be applied to calculat1oa of :YefuDetiou b7 chDos1.11& 

trial waYetullctiou which are linear c.ollbi.natiou of a ..t ot 'aai• 

1 
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'to ahov the ·~- of thie nthod, a calculatio of the 

hight ft ill the albli aetala was tmdertakaa. • ht 

· ft 1a th line shift of t e lear 

ill aetal.a u coapared to non-<:ondu.ctcws. 1'hia 

• coaduet1oa electro vi th t e aucl •· tiCOlld«r7 etfecte •&7 

art tio of the a con lectrona bJ' the conductiaa 

electrou. 

electrona also contribute to the KD.ight Shift. lloveTer• previoua 

calculations ot thia line shift for 11thiwa1 and sodiua8 'by the 

to the •ppoe!:tioa that the contact interaotioa of the cleu.e d the 

a nve condllction electl'oa 1a wtt1cient to explaia t • 11ae shift 

ill these aetala. The phaent calculatioa hae appl1ecl tat. v-ariatioual 

aethod to imprOYem.ent of th• calculati01l ot the lille ift in tu 
higher slkaUe 'by inclucli.ng bi.ghG' .l eta~ee tha.1l then coll81dered bJ 

Callavq. 

Wb.ile the preeeat calculation neglects core polariza:tioll, 

a I!/IUZ"Yf!IJ' is gi.Yell ill Chapter n which describes the ethod.e ll8CHSaJ7 

to calculate this effect. 1'he aethoda cU.aC\Iased are tlle tJarestncte4 

Bartree-Jbck aethod aad the p-oe ... of contiguratioa illte ctioa. 



• blght Shift 1• DaMd f< r W. D. llrl.g , who obeene4 

that the· re80JUU'lC.e of copper clel 1 aetala occve at b1Sher 

trequeac1ee t ill the 4iallagllet1c elt - nprou chloride lit. 

'!he preaeat diec:uesioa is 1iai ted to cubic Q'&t-.a. Bl.o.•bergea 

lS and Bow-lu4 ha•e pointe out that the •tfect .of DOll-cubic .,_.tr¥ 

1• to induce line broa48D1Jas and a~etric line aha.pe. 

eri.autal re lta Ye ~ tabulated 1a a reri.ev article 

b,- lll.tgh\16• e baa poi ted out that the line shift baa the follow-

Us 4epea4enciaet 

(1) 'the reeonance frequenct iD a ••tal ie h1ghel' thaa 1a 

a r.aoa-aetal for a giTen exterDal field (with the exceptioa ·Of 

11ltel"'letall1c o pow!UlS) ;c 

(2) !he floe<tu · q ehift 1a d1rectl1 proportio~~a.~e to the 

applied f1el4; 

(3) !he tl'equency shift 1ec.reaeee vi th atold.c AUilber; 

(4) e treqgenq *itt le al.ao•t t.-perature independent; 

(5) The f~"eqUeDCJ' shift is r.ducecl ill aetala who .. 

coacbaction electrons are r.aot ot e-waTe character. 



conaiaten theoJ7 to uplain the above facts hae bee 

giYen b7 Townes, Herriag an t 17• It ie sed oa the 

contact illteractlOD of the JaJcleu• dth tbe polarized conactio 

electro s at the Feni tao.. ee collductioll electJ'IOU 

•• a high p%10 b111 t7 d t7 t the poaitioa of' the D.lcl 

e spatial d.epen ce of the interaction between the s el.ctroa 

tateracti011 between hisher .t-stat•• would haYe electJOO» 

aacleon 11011ents with character; 

18 aer-o in the cubic SJst• • 

cb AD iJlt ctiOD averages to 

Acco.rcl.ia8 to T'ownea-et a1..17 the :f.D.crUM 1n t ti.eld 

B due to the polar1z.e4 OOIM'IIIcti.oll electrou, for th• ca.ee of 

cubie q.aetey • 1a S./3 tU..e the mAD d sitJ of spin aoaeat.a 

at the IDIClft&. 1fhe spin 

vritten u 

cn-1> 

where is the aagnetic field strength,, xp is the spill contribution 

to the croscop1o 1!1U8Ceptibilit7 per unit aa.a, M is the u.aa of 

on• atoll 8Jld { I Yp(o) I 2> AV is the aYerf18• probabillt;r clesit;r at 

the mtcleu• of all th• el.ectroaic states oa the Ferai aurtace. 

Therefore• tor the line sb1ft, 

.&s 
T • <n.2> 
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by UP of 1tll'lli1'• expresaioa for tbe ~rfiae erieJ'87 splitting ot 

the a tem b7 the nucleus19• equation XI.~ he~ l1 la the 

hJpertine apU ttiltg 1a eru~rQ units. f' e the hJ" magneto , )l I 

the nuclear -.gnetic IIOllftt, I the nuclear spin ancl j Ya(o)J 
2 

the probab:ili t7 dell81 't7 ot the electl!'On at the nucleus of a f~>ee 

atoll. · f'ol1owiag f.olm.8 • the followt.ng abbl"e'fiatiou will be used 

f'" the probabUity 4«UJit1ea in the ••tal and the free atoa16 

P.r • < J "r<o) > Avt 

'

2 

ID the interest ot completeness,. a claseical derivation fd IX.2 

18 will be given in Appendi:x A, u 101Ul4 in Slichter • 

liqaatioa n., l'laa the correct d.ependenee to explain the 

••tal tlwl the di....,_etic referece. Second, 1t is directl1 

pJ"OJOrtioDal to the applied field. Third, it indicates that PJ' 

bcreaeea aa the atOid.c llUllber illC'I'eaaes,. e!Dce there· is a greater 

~• ~ anct PF are l.uge]J' illclepodet ot taperatve. ftDal]¥ 

it 1adicates that the line .ehitt is a.aller in aetale with conduction 

el~trons w1 tb U .ttle a character because the P F d-epenct. upon the a 

character ot the conduction electrons. 



1 

Aa tioned ia the 1ati'Oduet1o • there is a MC:Oa4 

•• · ani• in o hie cr;ratala wbi:cb c giYe riee to a line sbitt. 

!hia aechaD1• ia polarisati ot tbe cor• eleetrone by the 

• 
• --.11 ta all calculaUOJ:ts of t • bis t for t e alk•l:t. 

aeta1•79 8,9.l.O,U.l2. JloveYer, cb. ti woul4 t be 

"t'alid• ill thtt cue of trarud.tioa etala, w!utre core · lariMti 

5 s been abo to coAtribate at Ualll to the t S ft • 

I t.he iat re of CG~~Pletea.e s, a ri.ef 4iacuasion follows, which 

deRri.bes two •etboct ot calcule:U the co trt Uon to the bt 

f't e to polarization ot the core eleoti"'u. 

e effect of th condu.ct1on electrons OD the cere statu 

can be calculated 1D two dltfeJ"ellt vtqa. t. a aingle deterai.Dantal 

va"t'et\:mct1o can be ed, a11d the effect of cor. polarlatlOD calculated 

ao,2l,22. 
• Seco.uct. 

a aet of aterai tal. va•efwlettou eaa be used, vi th coef'fi.cienta 

aelecte4 b)' perturbatio t ~ OZ' b7 a riat1onal Mtho~. e 

use or a set o~ datermi tal wa:ret\mctiou ia referr~ to aa tlla 

proceN of conti.guration inte ctioa'. 

••thod ar. r~st:rictecl 1a the aenae that vaYetv.ncti u 

whose anplar part co be connected bJ the raisiJla and lowerbc 

opera tara for the total aagul.ar llOIIeJtt ha•e the _. radial depeDdaace. 

1bia re trietio.a at be relued in the case of a polariHd' coaductl.oa 

eleeti'Oil of a ainale, detel'lliJlaJltal wa•efunetloa ie to suftioe. 
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With a rl.z.e4 conduction electJ'On tbere la a ditterencre in 

the tential seen h7 core .,l.,troDB with epb p and witb spia 

do • Tbts difference aria s 1a the •xc:haDge tea of tb 

Sa:rtree-Fock tioa. '1'h • e 
2' 

approxiu.tion to the Slater 3 aT 

Hllli(~) • [ ~ •2 5 
• k •(Zz)tJk:(%a) 

l'l2 

where ~ is the tdaettc. · 4 potential et1ers7 tor the electron a-t 

;,, including the potentW due to the ·coutact 1ater•ct1on. ~ 

achuc• tea 1ft t e above equatioll n . 4 will contribute Olll7 betweea 

el~tJ"On:e with parallel spina. because of the ortho.gonality of the 

eptn laddar operatoJ" 1• to change the aeha:Dge tel'll to 

... 3-2 f l; (·~:~ ) f_ uk*(~) Vk(~)} Us.(.&).} 
k-1 

(11.5) 

••• ~ ts the fractioa of $le<:trone With :t spin a t a rad1ue r 

trca the auclew.s21.. lor equal nwabera of electrons of spin ap 

and splc. 4oVD, the exchange t.era returu.s to 1ts original fora u 

found 1Jl equatioa n .. 4. Witb M. ~ o., howeTer. the exchange teftl 
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giMe ria• to a at polarisatioa of the apias at the leu• 

the relatlYe spl.i ·t . of each of' the a vayefuactiou at the 

22 
or:f..gt.D • 

Since a single deter'lli.Jwltal v: YeAu:action ia sed for 

tl!d.a t1P• of ·caleulatioll, a parattetric epedece on pin 1a used 

ia place of solv the spill ctegeneraq pro ln. Thia •eazus that 

24 vner. Iorringa 

baa ahovll that Ulportot COilBequenee follow traa th• fact that 

er i.D. the plqsi~ probl•. Be baa 

ahowa that there is an •pproxblate relati.ouhip which holds betveea 

the ht Shift ad the rel.amtion t1 ... 

6B 2 
1' C-) • 

B 

ni&Cleal' L&Dde factor and k ia Bolt-.-• a constant. 

(II.6) 

The -.pr .. llion 1• approxlaate, 1a the • e that excha.Dge 

ud other correlatiou are neglected,. ao diaC'repanc,. betveeo the 

theoretical and e.X,peri.llental Yaluea t!II:J' be expected. lo~ • • 

18 relaxati.oa t!ae ia iA fact,. shorter than t e obserYed tiaea • 

!h1a ob.Mned diecrepanq is e to the neglect of ezcbarage con-elatiou. 

Ot 1aeediate i terest to this diacu.asion is the fact that 

rise to t~ relaxation tiae• while the diagoaal ele.ents accouat 

for the l.ill.e ahift. The uin co tribution to the relu:ation t1Jae 



n , the Ua.reetricted 

calculation of t pol isati.oe of the • waYe .core •l•ct 

a eiJlgle detemia tal va"f'efwlc-ttoa. 

'US1ag 

& correct wa'\'ef'tmetio•• vhic ie a fd«. ll1'1ulct.io of 

a2 • ~ be obtaiaed b7 the addi.tioa of differ-eAt excited coa.ftgv: ttou 

adllixtu:res will be the salle for both spiJLe it 'there te , exterual 

polarize:ti.oa. Rovner .. wheu. the conduction electroa ia polarized. 

the adld.xture of configuration vi th parallel spin orbital will 'be 

taYO!"ttd e to the excbaage tere ia the Hartree-Foek ec:tuation. 

T.bls fa'.f'OJ"iDg occve because the exchange terwa lowers t • uteractioa 

enegy fer puallel apia. B.r the •dditto of enou b conf!ipr.ationa, 

ODce the eorr.ct waYef\mctio• is kllo , the laight hi.f't contl"ibutioB 

• to core polarization B~q be oalculated and the connect1o betweea 

the ID!ght Shift and r•laxatioa tiae r~~q be del'iv d. 4fh1• has be• 

Olle b7 Tafet 8Jld JaCfluirt05• 25.• !bq baTe abcnrn t t a Iorrbga t1P• 

relatiouhip holela for core polarisation in the tnnaitioa aetal• 

pro'rtded. that o.Dl.J those configvatiOBS whi.ob keep the exei ted care 



u 

tnteraotio · • • 

eq tioJ18.. and appl.7i tbe etq d eqQ1vale ce reatr!ctia 

ot R 
... 

t • tiou 

whoae enerQ tiff FenC"e froa the gl"'U.ml state wae of the order of 

tb• exchange int~ral. In particula.l' tafe't and Jaccartrto5 report 

that tor a transi.tion cet the lCaight Sbitt is 

~ • ~ ( 6' 8)2 ({'f•2 (o)) ... f~'cp(o~ 2/{> ~ 

(II.?) 

. .-.e· the COM polarization effect l'f.(o)l a ls different 1Jl 

a1gD t.-oe tbe co.Suctioa tera (Y 8
2(o)).. I( is the t~~eneracy Gf 

the 4 •tate tn the tra.Dsi tton ••tal attd IJ 1s the d ai t7 of the 

statu for one direction ot the spill e.t t e FeJ'Id t!UJ!'fa'C.e. fh.,-

aleo reported that a Ko~ t~ relat1onah1p does bolA• Md that 

the iapo.rtant contrlbutiOJUS tor> the re1Uat1oa tt•• coae froa the· 

JIOD-diagooal terms. · Howwer., the ltorri!lga type relatioa8hi.p tot" 

t:he core pola:ri&ation in the. transitioa metals is redu-ced by a factor 

which depende upon the degener.aey oJ the d state. This relatiomsbip 

is 

' c~:/ (f>z !<a~ {! ?- + l (:t.-tl2} 

(II .• 8) 

where f is the fractional cbaracter of the r' d orbital a.! the 

feJ'IIi eurta.ee. 
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the adYaatage of cal.eulati the collftp t1oa iater

actioa 1s the good qualit)- of' th• waYettmctio.a. It ia a utt 

approxiati01'l than the UIU"eetri :t.cl Bartree-!'ock wethod. 

J"eaal ta taiud by calculat111C confipratioa iateractioa -"• 

th_...fore, aore reliable. 



Cll.lftD Ill 

Sc~'• atioa for Tarioua p)Q'sical a1 t - tiou .. 

••eloped. a qat• for applying this powerful aethod to peri~c 

latt.iq ... 

Followistg to 6 tbe preaqt tiiiCIUisiOil in'f•tiS tea tile 

OAe 41aenaional Cfl•• and gener.Usu the realt to tbr .. diaeaaiou. 

• ~ Yalue probl.• for the ou dilleaaioa.al lattice can be 

a:prease4 aa 

(IU.2b) 

. d2 
where the Haatltoldaa I • - 2 + Y·(x). lk is the energr et.sen-

dZ 
val.ue tor t.he state "k• and k is the va•e 11..-ber. defined ill tile 

atandard ...,. wid._. chare.cteriaee the at te !'k. 

ltohn • s Yariation.al aethod 1• sed on the stud.J of 

fUnc.tionala ot the fora 



fb.e.se twt.ctionals haYe been ueed to ealcul.at e s : tie values 

tor th• energy levela of the oUAd state as vell as p e slU.f'ta 

for eeatteri probl 26,2?~ 

1'he f"irst uriation of 111.} can be written aa 

+a • [s- J yk 
... [ ... ] &I • ~ (tf~k) X + L \fk 6Yk 4x ... 

... • 6.2 d2. Y:) • I (-'fk - 6~ + (6!k) -:2 dx, u.2 dS 
-a 

(III.4) 

where the N ction haa b.&en ace pliehe:4 using th fact that botlk 

• Yk and Yk we eigenfunctions of H tor the eigenval. e • 

int of III.4 c 'b vritten aa th-e deri tive of a ftmction G, 

detined b;r 

(III • .5)' 

t 
wh•• t'lt ia the z.o.deriY. ttve of Yk. G• is then t.atcrand of 

III.4 aa c 'b chec::k•d b7 differentati.O!l of G. The illtegratioe 

ean the r eadil;r • accClllplished, yieldiag 

6I • G(a) .. G(- a). (III.6) 
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la order to construct a Yar1at1o 1 principle UGiDg 

&I, it is ecessar7 to construct quantitJ wm:)Be first Yal'iatioll 

is equal to 61, which, prefer l.J., -containe onl7 't _ 

their deri t1Yes, evaluated at the wu:lar1-es. 

is 

• • ilta ( ( ) •ika ( ) ika) 
·• .yk (a) • "tt a • - k -a • + 

{III..?} 

lt can be sh that -& • 61 b~ si the boun art co ditio 

IIl.2a d tti.lb. A Yariat.io l principle can_ t erefore, be 

construated, 8inoe the ftrst varia,io of the quantity I + ~ ie 

ro. However. for purposes of ~et17, it ia conYeniexat to 

IL_ .,•• ( ) •ik -z • -~k •a - • 

It ~an be shown t t -6 2 • 61 , n the eaae 

It 

<xn.s> 

(III.9) 

• 

the lt 1 tS:ible to vrite a Tariational pr.:tnciple for t e qua.xati 't7 

defilled .. 

K • 1 + ll. cnz.lo) 
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K ta atatiolliU")" b,- conatruction. 

'!he Udtit1 K 1s also :real, aa can be aeen froll the 

IIEJ£UIIlents. fuat, the~ part of l i.e slY 

(III.ll) 

(III.l2) 

ot In.u bliehes the reeli ty of «. 
A ai~~plifiu fora of the "f'ari.ational priaciple can. therefore~ 

be vri.ttea. n.amel7·1 

X • lie [ I 'f: r~ l'~~: dx • (I'll.(-) , ;· ( ) .2ika 

21ka] -Y (a). .- ) • atati oDU'7 

The eQ.UiYaleDt fwletiOllal to n1.3 for the thJoee d1JMneicmal 

lattice is 

(III.l4) 

where indicates the enclo ed vol e of the po~hedral. Dit cell. 

The bou.adal7 'falue probl tor the three dimensional lattice Call 



apr• e4 u 

for all r and r• . the 

if (r•) 
.. k 

tor &11 r and r• 

. -

17 

<ni.15) 

(III.l6a) 

(Ill.l61t) 

I all th abo"fe Upreaai:OJUS a/ ' is the differentiatioa 

7 
- r t tr slatio vector r • - r. - -

r are ill oppo t :e d1rectto •• 

1a the ftaJlcttollal III.lft eo. be writt·en u 

(IU.l7) 

to uimplift the re lt. 

&I e • ta analoa7 with the one diaensi nal cue, • revritt u 

t • aartae1t illteshl 

&I • 
• &&Yk 

," a ; > cua. 

(ni.l8) 
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lt :le poeaible to repeat the argumenta of the 

one. diaensional ease, vriUng the right side ot III.l8 u the 

firet Yari tio of a tun.et-ional Q .. consider tio of 

the o e dill onal c it is ueible 

varlattonal pJ'iJ:I.ciple can be derive for the tbr .. d:1a ona1 

case b7 eo · derl. Ollly the real part of III .18. 

the q\lanti tJ' of' :lnt reet will be 

j 
s 

• • 

( f(r') 
) & ., 

• 6f (r') u, 

vbicb b~ III .16a t• 

( aYik(r) 
) - 0 )) w &Y (r' > exg, U. !r! r) cts. 
s 

(UI.19a) 

t ot lii.l8 ea be ahowD to be 

j • t6Yk(p) 
Be - .,k . (r) 

t ' s 

Re J- a&'fk(r) 
• & I) 

• Y (r•) exp {ts:!r) u. 
s 

.(:UI.l9b) 
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tag the e last two r · lta gi¥e 

( el) • -6 ( • J 
s 

which 1 a t e Yar ttoual rinciple tor t • three diaensio 

lattice to • wri. tten as 

J • R• [J ': [ v 2 
+ (r) - :]'a. 

f If\~) Y:(ri - (~·! r) cia J 

+ 

• statioM!'1'. <nx.ao> 

>. 



• application of the Yariational p.rincipl.e deriY.S 1ft 

the precadi~ •ptn {Eq tioa II1.20) tD th calcalatioa ol Pp tor the 
? 8 

c.ontaot ~Jti&ht Sbltt s first • de r ' ,. J'Cil.Lowil\s th• eta 

ot 'Koba? .. the unit cell 1s a;pproldaa:ted by the ivaleat Wigner-Seitz 

s here of radi s r
8

.-

.au8 coa 
• 

. 

2.S.Ja!'· ·COS • ... 

(IV.l} 

(IV.2a) 

r•r 
• • (IV.2b) 

The waYetuACti..oa 11Udcte the .apllel"e <Jan b.e •xpreaud as the ft:.Patl810D 



p ~ the .8tb l.egendre pol~al. The a.t are ·DOl"'Ull.1aed ch 

that for aU 4 Rl(~e) • 1 • 

. nee the abo~ solutio tv., aatiafiee Scuaedi:ager•e 

eqW.J.tio " t • YarlattoDal e t1on I:rx.ao r ee to 

s 

•2iltr' coa a • 

(IV.4) 

Whea lV .; ia I!JUbstituted io'to lV. 4,, the etatioJl&J7 condition allow• 

detfl.'lfinat!.o of the ct'· Eq ttoa IV.4 beco •• 

aa1<r~ 
ar 

21kr cos Q 
P( ·. ) • 8 aiat _. 

j 

• f 
t 

l . 

~3 • 0 • 2 f l;t tj CAt ll.t (r) JRtp) P.t (.-e) 

,t 

au. ooa 
•• (IV.6) 



'l'hie ta a set of h<lllogeneoue · t1on for the eo:eft'iei t C 4• 

tione ha't'e a solution it 

2lnlao <~t> • ~) uo1 (~ + ~) 1oz • • • 

(l.o + ~) 1101 ~Iu <t.... ... 1.2) 1 Iu . • 

(~ + t2) 120 <~ + ~) 1121 2Lzi22 .. • • • 

• • • 

• • • 

UV.7) 

whee the norwalitsation oondi.tion R.e(r 
8

) • 1 is used in ed.mpllf71ag the 

! 4eperr c•· of lV.?. e 

t lj • J 
-1 

t (r} 
;e fa (r) 
II' 'l 

(IV.8a) 

-2ikJo eoa 
• • 

J'aJ"' • 

P1(eoa e) P~(eoa i) a(coa ) 

(IV. ) 

It. ta obaerYed that Iij 1·• 1MgirL!!117 or real dependiac o~ whether 

f
1 

(coe ) s PI (ooa ). is u o4 or • f\uletio • It follova that 

the deteJ:'ItiDant is ltnQ" reala 



With ~ coetf'ieieata C .l kilo , the q ;titJ P-, ea tHt 

cal.®la~ troa 

fp • 'Yp(o) I 21 J y• f tl • 

SiAce a4( ) • D S.t l peater thaD 0 

• f4 .. • • J 
0 

(lV.lO) 

2 2 a, (r) r dr .• 

r · • 

(IV.ll) 

J ~ 2(Jr) .,.2 dr.) 

O (IV.12) 

· • ·cal.cul.ation or· tfw no allsfJA wa•etullcti·o». ia ~ 

• eD fl'Ofl I .u.. !he ', Oftlaltzed s.t 1a relat" to the ;(t;,t at•u. b7 the 

hoiJloseneoua eq_ · tioa u 

• " 1 [ ,· Y a~ 
(IV.l3) 

It ie DW possible to check th• aati·afa-etioa of tlle 

~- coJlditioa IV._2a.. 



) + • • • ) - i(~P1(eoa · ) 

+ C , !,. (cos Q) ••. • ) .. ~ .' 

(c1t1(co~ &) + ~{;<coe. ) + _• •• ) I 

(C
0

P
0
(na ) + C2P2 (.coa e) + • • .) 

2:S.1cr coa ... a . " 

. ( r •• 

(IV.14} 

e) • 1 • 

-(lV.l.5} 

Equation IV .15 pNTide a check on th• waY.t\mctioa for all Yaluee of e. 

It le to be DOted. tbat aatisfaoti.o •Gf the 'bow1cl:ar7 condttiou r qui.rw 

the mixiq of even ud o d pariq states. 

the d<litio:n of ld.g-her ~ waatuat staotee, eyen tbougb their pe.J"centas• 

ot ·the total va.~etuaotion oa the bowad'fll"Y 1• ••rt sttal.l.. 'l'bia baa beea 

cel.U..ted b)-· reno!'llalid.ng th wavefmotion ch bhat 

(IV .1:6) 

wh:ill'"• f# 4 ia the va-,efwlctton correap·OIIlcllJI! to the angular 11011eata. atate• .t, 

urealiMd. to. lmitr such tbat 

~ 2 
L •6 • 1. " ~ 



DISCUSSl 

• re lts of the cal.culati of tb.e aetalio w. Ye-

fwlction tor the alkali eetals are re o ted ta Appeadi.x B u 

the p e d..,.eloped for th1 calculation. are gi"f'en iJ1 A pendix o. 

The potctial.s ed are those found in the liter ture. e Se1..ts? 

d Pl"'lmflev'B,9pote ttala •• heen included aince the waYefunctions, 

caleulat b7 t e Yariatio et d, for these pot tials, haYe not 

pr vi.oual1 · en r o-rtecl. ~.,q and cowork.ers haYe tabul tea 

potentials for potaaa:l.: 28, mbiftua11 · c• 12• The Rb alld 

C potentials are adaptatio of t e poteDtiala of' Ba:rtree and tree29 

for tho nbidi · ion and St d.aer' 6S cftium pot tial3o. !be 

potast.a potetial ia const..uoted that the exchange poteatial. f4r a 

gi,.. L ia t-ou:ad fro. an appt'O 

state of that L. The pre eat calculation ba:a used aD electron potential 

which ba the ucha13&e potential. calculateCI froa . pproxiaate S waY ... 

• bation of Scbroedi.ng-e.r' a equatioa vaut 

the choice of atollic Jd.ta a.e de.fi.ned b,- Slat~. '!he erical 

i.Dtegl'ation of tb:e radial equa.tioa wa done b7 the ethod of .-

Kutta- strola32 on th• 70ltO cottputer installation a t cllaater t1DiYVs1t1. 

25 



e stcrtiag eq t1 

~3. 

ft . 1: tioiUt or the .. iatio equation were to cl 

which did ot o q the. proper boWl co diU • rora or 

IV.lt ia sue It 

'l'(r) i notWalised to one at the bou go to zel"' 

by IV •. 2a d IY .Zb. 

ner 1 the Yariatio 1 tiOll w1U e ti.sfi.ed it 

Yh•) eqaal.s aero at e Ull4ary. e &it tio 

dar;r co di t.tona. It will, 1D tact. 

eattat;r boundarf c;ollClitiou 1A which the role · of the deri'fatiYe ud 

aYef'uncti are excha.Dgect. 

H d Sldllua~ ha•• calculated appro te pot tiala 

for all o-t the allc•li io aaiJ:lg the ~1 ter quatiou. 

w1 tten the ionic 

potential i t tom 

V(r) I - .2Z/r 

atOIIic 

• (V._l) 

· vaYetaactiQJS.S for 

these potentiale aNt· aot reported, but the P1. Yalues are giTeu: to ahow 

the effect t clitfereat potentials ban 01i the Knight ft. The 

d PI' T-al ea 

coworker 9,10,11,12 

1A 'table 1. 

e coapared to those reported bJ' Cal.lawQ' aJaCI 

d t ·e npe~ Dtal Bults reported b7 ght16 



Pre ell' ealculatio is tor a.D8\llal' ._ent states Q to l • 9. 

has gm1e t l • 6.1•8 

XOD PUSUII CAIUWAJ 

p •trP A 
p•J.03 F Pp•toJ P-,•1rP 

.J!!'88Jl : Slril~aa .lCfl .48o 
14 

22.31 - ts . . .110· .~ .• lee • Jtat. 

B ' & u- .569 .831 
lfa 

.68,89 hokotln .555 .81 .557 813 .5()6. • 826 • 

'eraaD & til.lllaa •• 766 1. 039· 
X 

.?'+~ CaUa.wq .5?6 .71'5· .862 1.16 

Benaa ' 11.-a 1.512 .800 

Cal.lavq 1.96su l.~lft .120 2.162 1..10 

BWMil & Sklllllaa 1.966 ··" Ca 
2..tl2 } •. o 1.2 Oal.lawa;r 2.0-12 .11 2.89+ 1.11. 

•· 
•• lp troa theoreti.Clill. :calculat1oa of -_ ea. 

Rerise4 c . eulati.oll bJ Call..avql2a. 

It ·ta o'baened t:h&t P 'I taer -ea •e expeet414 fol: th• btgher 

atold.c: IIUIIbws. f!Mre f.s a 'batanti.al d1ecrep.eney he'twe• th• two 

theo.retieal •a.Uotee ot P7 for Rb,. &, d c... Ctil.av.,-•e r•aul.w 

;cree 110r-. clos 11 wUb the expuiaental -.al.qea. ~ ftJ"iatloaal 

DPERD!ft' 

• 
·'*"' -

• .·n 

.. 
1.00 

•• 1 •. 3 



wo • 

1'h spheri.cal approldaatioJl has bee used: to . all of the alkali 

aa ehotm 1A l.e z.. indtcatea that this appronutio . .shoul ha't'e 

l"OQghly equal 't'al.1dit,. for all of the alkali eetal • 

l.atttce Constat lotd.c Ba& tJ.o 
in Angstl'N* ,3'J 1. Anatroa • .'!P 

ld. 3.50 .78 .624 

Jla 4.28 .98 .45? 

X 5.33 1.~3 .499 

5.62 1.49 .530· 

e. 6.0~ 1.65 _,., 

'!he @:l'eerent th experiJimt ac.hie't'ecS :lJl the ·case Gf Uth11a? aad 

eod1\UI 111188• ts that thi• approxJ.aaticoO is Ya.Ud tor U.eee cases and 

s effect i.a 

negligible iD the case o~ ac>cH.Q ·d U tbi , ova by the ar~eat 

? . s. 
with •xpen..•t of the calculations ot KohD. · and lchD 4 Kjeldau • 



but ita size in the case ot t higher alkal'ls haa t HA 

iJl~e tigatecl. 

- e cal.culatio ot Cal.lawqlO,U,l2 1183' be bought to be 

a partial Yer:tftcatioJ1 ot the neglect o~ core pola.riaatc!on, since 

he a.s also sed the erical app-roxillation. Callavq' a V&'Mtwletioa 

is e eel 1J.l power ot k accordi.D& to the aethocl ot Si1Yel'U.Jl13. 

• waYefuacttoa 'f 1a wrltta 

tk.r 
Y. . • • "'t• 

ere k · exp decl by Sil.Yu.lnlll._l3 as 

Callaw_,9-,lO,U .. lZ, 28 has rewritten the results o! SilYe:nnan aa 

wh re 1
0 

is the s part of the 112 as given by Sil•ei'JiaD13 mmas a 

co ant tfl'll which has be-en neglected. The a part of v2 baa bee 

giYen b7 Sil~ - aa 

+ c tr t 
0 • 0 

whil• Callaw~ quotes the 8811e as 



The eigDiticance of this conat t teN 0 U
0 

8 bUD 
liS · 

giY bJ Bro~. !bia tft'll is uces88Z7 1D order to raalise the· 

wave~ction iadep~d t of k~ 

A se-con <1. t to • COJUSiclered in Callaw.a7'e culatio: ia 

the eft<eet of hi er order t s. Callawa)" hae. expanded thl periocllc 

of the Bloch wa•etuncti.oa ~o s*Co order ia k. A e:x:pans!Oil 

of the Bloch va.-etu:a.c.t:l 1a pow: a of k baa een developed b¥ R. ~lor~ 
(Pri Yat.-e c.o._. .......... catio ) to accolDlt for the effect of the high or4er 

tertia. Hie r aulte for rubidiua (Pp • 1. 451) are aillil to those 

of the present v tio ca~culati (PI' • 1.41'+). 1'hie seems to 

iadicat"e t · t t e effect of the hi er oriu- teras. 1 to lower the P r 

value are t . t CaUaw.,-• e calcul: tiona do not tutceasa:ri17 rlndieate. 

the approXI.aatioa of eglectir.g core polar:lMtion. C&leulationa ot 

eore polarisation in tranai tioa aetal·.-5• 2.5 indicate that the effect 

r cea the Pp 

tr .... Foc.k eq tioa illdicates that a polarized co1tcluct1on electroa 

will rfJ)>el a reore ele-ctro o.t parallu ap1n less than it will on 

electx-on of anti allel Sptn. gests that the polarised 

d c ductio electrons in the tranaitio aetal use a splitting of 

the e core electrons which faYor redtlctio iD P/'25. <U..t-ectiOD 

of the eff t of polari.zacl .s ·COJid.uotio .electi'OU is. bowever. aot clear .. 

therefore th-e cal.culat1otl of the Ka1ght Sbift for the ld.ghe 

erical es t1.11ate of· the COl"& l.arisat1on. 

It •••s fro. the present work that the contact tera 1 in fficient 

to e e the total ltnigbt Shift. 



Slichter ha gi"f · the tollowiag clasaioal derivati 

of equa.t10A II .2 in hie "Principles of 18 , etic Reec)Daill,oe". 

ichte:r l"epreseftta the e~piJ:dDg cleua as a charge q going arouad 

circular p th of radius a w1 th $peed •. This ia affecti ••17 . 

cvr t loop ot curl"! t q/CT vhere 1' 1a the period of 110tion. 

It ia n"8Ce&asa:J7 to find t e magJ1etic 1'1el.cl due to the n cleua 

ill the d1rect1o perpendicular to e ca.rr nt loop (q direction). 

&Yereged o•er the' lectron probabllity desit7. s,..etJ"7 indicates 

that oru.,. the z co.po ent is il.apo:r t. ·rue eoaspone.».t 1s 

-
H • · • A.l 

A sphere of radius a. c tered at the c ter of the nucleus,. di videa 

space into tvo regio a. i.D each ot vhich can be· found a the negat1Ye 

gradient of a acal · aagnetie potential. 

!he integration of A.l oYer angles lead.e to a coutant tielct 

0 
illeide the sphere nd a dipole field outside th sphere . 1'he 

dipole field outside th sphere cannot contribute to the av r e 

in4icated in equation A.l. !herefore 

• 
• • j 

0 



ere, 1a pa-t~ t • iategr tioa, the appro 

that V(r) Yari U.ttl.e oYe.r the cleua. e eo at t 

ted at th cent r-. I ia giYen 

J'XY - -• • 'Y k 
2-a 

w ere k 1 the UD1 t ..-.ctor .ia t a directio ,. e neti 

11011 of t e .· cl -.gnitud• lu2, v re 1 is t e cun t. 

ID t of t • DUclear Charse, th , 

s giYe the co tio et e the field a cent a-

of the sph re and the net.1c 11011e t of the · ucleus se 

21.:. 
• -·c a3 -

ltB • a~ u2(o) 
- s 3 - A.6 

Bt uae of equatio A.6, the e!ll rg of 1 t ctio with the 

lectron .ament can be vritte 

E • .;.. )-'- .B -- ·-
w Ch will gi.Ye t e fll · ve .erg¥ caa 

· e tto, with t , e aid of the Dirac delta fUnction, 1a teHus ot 

the DUel 

ratJ.os ~ • 

and electi'On spine l -
~ •. -r. s 

s. U ug the Qt'OIIagJletic 

A.8 



t e Bailto c · e written u 

11 e ahift. If:_£ ia the r d:lus 'fRtor to t e .tth J.~tl'i 

~ ie the we to the jth leue, the S.U toDiu tor all 

eleotroons ill tbe pres ce of all nuclei can be vritt a.s 

2 • -
• • .-.. •• of th-e . . tact blt--eractio enable · 1t to be 

tre .ted b1 pezoturbatton theory with reep~t to th states of the 

el.ectroaa d the · l. ar sph. For l · rg proc t t do 

not excite the pla..,.,39 mdes, the electron U7 be dnecl weat.x,-

• !he -aYe tu.c~io tor the clei and the electro 

can e writte 1n the to 

'f • 'f Y A.ll 
• D 

The tl'8J11Sit1ons of interest OA the traneitio of tb.e Jn.Lclear 
I 

syet• fro• ~n to ~a'• These trarud.t1one of the clear syst• lMYe 

the el . tron s te ua 

tor th . c~ei, u•' can be de4necl b7 

a• • Jf• B! 41' 
e • • 

where the prime signifi•s that the nucle part of the BaldltoAi 



at1ll co tainB o eratora r• i d!catea iDt~atto o~er the 

elec'Uon C c:ial aptn) eoordi tee 

lj 
IL (1) yk a (2) • • • f 

J. 22. 
!' • -

c.,_ ta.t and spi ant ers ot 

the ith el tro • e o ~ator P ie the permutation ope~ator, t t 

Pauli's exclusion principle will hol4., ~. one electron states are 

Bloch tunctio with appropriate eptn eigen cti · 

ik.r 
• --d 

.• , t 
8 

where Uk(r) ia a p odic function 

Th• .ettecti•e 

If' • 8a j 

A,.l4 

' 8 1a a spiD function. 

y the jth nuclear spin, 

L s &(rc) Y 
.l _'/, _.iC .• 

s .t 6(1" .,> " [ !f~ "l (1) '~tz"z (2) • • • ] ..,. 1 1' 2' 

A..l5 

where the cetlter ot coordina.t s has been taken at the._jth a: clear aite. 

Sere the pltf'teation is possibl ei ce S,e 6(~.tJ bvolTea 

onl7 oae electro and there are no co11tributiq excban&e tel"'ls. 



The electrou e quanti& along the &- .r etion by the ext 

s, the only co11tributio · to A.l5 co a f 

A. 15 an be rewritt 

~ 'l • ~a · 
2 I~ L. l•k (o) I 2 

•. P(k ~ •l A.16 

•• 
where P(k,a) is a.D oc rpation factor which. baa the Yal e o•• 1f t 

state is occupied ·· o if' the state la t occup1 • • is the 

eiaen u:e -of •s tor the state Yka. lt the cx:eup tion fuDction that 

u appropriate to theraaU.z electi'O a, .16 can • l'ewri tt · 

. where t( , ) is the ermi oti 

t(k,a) • t.k ( ) • •• 
A ei le te of the in A.l? 1 

2 
•a t(k,a), 1..17 

l A.l8 

t l n h xs.1 [ ¥ :e fl()2) t(k,~) + i5 • <-~> .t(k,~) ]I (o)J 
2 

A.l9 

w ere, apart f~ the negatl va · sincc.P • - 1 the tel'll -· . _, 
in the bracket is the aY age- ntribu.tio of s tate It to the s 

caapoa t of the elactroD. ~etizati.011 of t e -..ple., !his caa 

be denot'4KI b7 • • The total of etizatio of th electro e la 



A to ~ spin suaceptibili t,-.. X• @it c be detiaed 

-;;. 

x• • • 

where X k• is the spin cepti ilit," at the electron in state k. 

Uei:ag A.l.? tor th tot!!U. -etf"ecti'f inter etion to~ apl:a J Ci••• 

operator s< t .t) c that the to-tal. er of states b twe 

• s 
• 

Sq tio A.~a and A.24'b e sufftci· t to define the 4enaitJ' 

functioas a( 

!he · tioa 1a A..23 ts nov writt• 



It 1• rea ODable to llalte Uoa. that 'tt • clePftcl oal7 a 

the eure ' (I.( ') • i'< ' ) lis cero tor Q'Si.. ' tsi .• a ..u 

tmW«7 regio» t dcltb ~ around e Feral e,a. lor .all ftl ea 

of 11ft87 th t•o ap1n ata>tes ar ftlU,. ~ · lated to: tars• val.uea 

2 
ne1theJ> s te ta po,pu-la.t • f Uk(o) j · 't'arie e'l.OW!l1 OY r this 

~ ot tBterest .eo that thi q · tt t)' caa be taken outside the 

Finall.7 the Ute ction with e jtb cl 

- ~ . 'h 1 ( h ( I U. {o l f 2 ) x• 8
0
.] 

.a aj ' k ~ • 

A.28 

the tQ inside the bracket is e:qui;valent to an extra magnetic tield., 

B which retaro:rc 

.0 . 

-r· 
0 

tion of the Wght SMft and is idtm.tical wit Il.,2 

X • e 
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o. oooooo 
o. 0 0 
o. oo 000 
o. oooooo 
. ooo 05 

0 . 0036 
0 . 000144 

. 000425 
0 . 001024 
0 . 002152 
0 . 00408 7 

. 007191 
0 . 011913 
0 . 028462 
0 . 0594 10 
0 . 112160 
0 . 196256 
0 . 323483 
o. so 69 

• 76 909 
1 . 11 931 
1 . 590433 
2 . 2 05472 
2 . 294040 
2.385370 
2.479605 
2 . 57675 1 
2 . 67692.3 
2 . 780161 
2 . a 6551 
2. . 99616 7 
3 . 103504 
3 . 2.03251 
3 . 2.28828 



N-ORMALIZ.ED COEFFICIENTS L = 5 TO 9 
-. 0 33113 -. 12232 1 . u66-421 . oo7535 . ooa., ss 

WAVEFUNC TION R (L) AT POSITION X 
X = 

o. oo-oo 
O.l2 SO 
0 · 2500 
0•3750 
0 .5 00 
0 · 60:00 
0 .7 00 
o. sooo 
0 .90 0 
1. 0000 
1.200 
1·'+00 
le6000 
l•S 0. 
z. o 
2·20 0 
2.4 . 0 
2. .600 
z.eooo 
3. {) 0 
3. 0 120 
~h0240 

3.0360 
3.0480 
3.0600 
3. 0 72 0 
3.0 40 
3a 0 960 
3.1vau 
3·12 0 
3.1320 
3.14-i+O 
3.156 
3.1680 
3.1800 
3.1920 
3.,2040 
3e216U 
3•228U 
3.240 
3 . Zf>66 

L~ 5 6 7 8 
-o. oooooo - o. oooooo . oooooo -o. oooooo 
o. oooooo . oo ~00 o. oooooo o. oooooo 
o . OOOOO l OeOOOOl}O 0 . 000000 o . OOOOOO 
Q. OOOO ll 0 . 0 000 1 o. 00000 O. OOOCOO 
o. ouoo6o o. ooooot o. ooooo 1 o. o oooo 
o. oo 175 o. oooo31 o. ooooo5 o •. o ooo1 
o. o 0432 o. ooooaq o. oooo1a o. oooo4 
o . o·o94J o. ooozzz o .o~ 53 o. oo 11 
o . 001874 o . ou0498 o . oo013·4 o. aoo036 
o . 00 3464 o. oo tozs o .. ooo3 6 o. ooo092 
o . o 100 11 o . 003572 o .. 00 1ZB6 o. o .046-5 
0 .. 024521 0 . 0 102 53 0 . 004320 . 001829 
0 . 0 53221 o. 25537 0 . 0123 33 o. ,981 
0 .1 s:37 • 57 12 o . o3 1 92 o . DI6998 
o .l930a2 o .11111 9 o . 011 72 o . 0 4J254 
0 .336529 0 .2 24318 0 .15 89 0 .1 0655 
o . s5656Q 0 .4 S930 0.29692 1 0 . 2115 4 
0 .8S4 0 85 0 .7U 4 5 0 . 556204 · •4'42243 
1. 3571 72 1.16 9 7 0 . 99458 . 852796 
2.023473 1 . 5-S976 la.7 91 7 0 1 . 5722 0 
2. 0 70826 1.91 357 le76J620 1 . 628912 
2 .11 91 15 1.9629 79 1. 1962 1.6 74 96 
2.168309 2. 16792 1·817113 1.747810 
2 a.21 41 0 z. 71798 1.93608 4 1 . 8 9976 
2 •269476 Zel ZQ098 le99 6692 laS74091 
2.321 583 2 .185 11 2 . 0~9117 1.940448 
2 . 374658 2.244 21 2 . 123183 2.00880 1 
2e42$7~u 2 . 30512 7 2 el8 89 2 . 079148 
2.483721 2 .36674! 2 . 256261 2 .1 51523 
2.53988 \.i 2.42-9951 2 . 325721 2 . 22£,536 
2.597 074 2 .4 4565 2. 396995 . 303791 
2.6553 2 2•560588 2 .4700 2 2 . 3&3289 
2 . 714 5-64 2 . 628 19 z .S-44982 z .-465029 
2 .714984 2.697 74 2 .622032 2 .549501 
z. 36~49 2 .7677 26 2 .7 1193 2 .636650 
2 . 0992 16 Ze8 39907 2 e7B2254 2 a7 263 14 
2.962987 2 ·91 361 2·86 551 6 z. 18494 
3 . 026 U20 2 .98671 8 2 . 948268 2 a9l 525 
3 . U ~4 13 3 . 055846 3 . 26 11 2 . 9 20 7 
3 .143 7]9 3.1 23985 3 .10 4515 3 . 0852 65 
3 . 2 22667 3 • .216 639 3 .2 0 649 3- . 20469 7 

9 
- o.oooooo 

o. oooooo 
o. oooooo 
o. oooooo 
o. oooooo 
o. oo-oooo 
o. ooooo1 
o. ooo f)3 

• 001)10 
0 . ()0(}028 
0 . 000169 
o. ooo111 
0 . 0'02909 
0 . 009315 

. 026376 
0 . 067-610 
0 .159614·2 
0 . 35 1955 

.731669 
1. 4~t6b 8 l 
1.504 68 
1.565438 
1.(>2.7960 
1·692535 
1.7'59455 
l. 82 058 
1. 90 0 13 
1.975320 
2 . 052 24 
2 .13195.6 
2 .21 (+578 
2 . 299 s 
2 .38 7888 
2 .479'2'5 7 
2 . 573 91 6 
2 · 6 71 644 
2 . 712438 
2 . a 7·34 5 
2 . 9699 75 
3 .066200 
3.19 776 



~E. ETA 0 
.4439 . 4544 
t; t..IZ C 
-. 0 30 S 5 

X • l~~~t 
o. oooo o. 000 0 

0 . 219 1 
. 391 2 0 
. 920497 

Oa 61.2 96 

O. :t O 
o. 20 
o. o3c 
0 . 0 4 0 
0 . 0 :50() 
o. oaoo 
0 . 0 70 
o. oa o 
o. o o· 
0 . 1 0 
0 .• 2 0 
0 . ) 0 0 
0 .40 ' 
o •. sooo 
0 . 6 
o. 1 

l a O 
l a 2 
l a40 
l a 6 
l eB 
2 . 
2. 2 
2. . 40.0 
2 a 6 
z. 
3 . 0 ·0 
3 · 99 
3 . 196 
3 a 294 
3> . 392 ' 
3 . 490 
3 . 583 
3-. 6 6 
3 .7940 
3 . z 
3 . 9800 
3.9824 

• 7260 2 
0 . 705~6) 
0 . ?14831 
o. 45: '3 
c. 11 

. 637 96 
- o. ll4'- a 
- 0 . 8&4136 
... l . j2o 64 
- 1· '• - 968 
- 1 . 41518$ 
•1.11,:,2 1 
-v. 261~2 
_ , . 42.2166 

0 . 0045'8 
. 84 6.81 

l a -613 t 77 
2. . 2'7 9 4 
2 a 83 14 
3 . 29 21 

4 . 3 1 j]() 

4 aZ -9 . v5 
4 a 24 Sll 
4 . 2 .. , 20 
4 . 63 0 14 
4 . 1 9 18 
4 a 049b39 
:h9 . 91 
:3.98 53 

-~ . o.z ' 
.... u. . 12: 7 
- 0 . 069 57 
-o. 95227 
- 0 . 1 2754 

· 15191.1 
• 1 2 l. 

- 0 . 2.1.345 
- .. $~1391 
- . 75 1 9 
- ·0.6970·6 
.... • 4 . 34 
...... . . 915.217 

2. · 
l . 119 
1 . 942:345 
2 . 230574 
a .• s 76:>:! 
2 . 11 ~l 
2. . 9 15 

• 27 61 
:; . 513 9 
.3 . 2132 2 
3 . 39369!) 
;, . s 2762 
'.3-.6 11. '7 
3. 7476 5 
3 . 86~9 5 
, . 915 37 
3 . 976 9 

o •. 
o • 

f Y t.. : 0 TO 4 

.... 06 
ITlO ·· 

4 

0 . 0.06.:;.~5-4 
. ()149 7 

o. o-3- 4 -G l 
o. os .379 

•. 0914-lS 
v . J.5905u 
0 . 247892 

. 3ll 13 

. 54 0 46 
u . 76~2lo 
l a O!J 521 
1. 22443 
1 · 416:>66 
1 . 6.:H 16 
l . 121 4 

· l . 6 
2 • .36996 

. 76.6146 
3 • 12'J6'94 
3 . 530496 
3 . 95 <no 
.3 • M>018 



.MALIZ DC FFICI T L ~ 5 0 9 
00 59 -. 001759 . 000469 0 98 •• o 

X = 
o. ooo.o 
0 . 1250 
o. zsoo 
o . 37~o 
o. s 00 
Q. 6 00 
0 .7000 
o. aooo 
o . 9 ooo 
1 · 0000 
1 • 2000 
l e4 0 
le 60 
1 · 00 
2 · 0 00 
2 e200 
2 .400 
2 . 6 0 0 
2 · 8 0 
3 . 0000 
3 . 0 4 9 
3 . 0980 
3 . 11+7 0 
3 .1960 
3 . 245 0 
3 . 2940 
3 . 3-43 0 
3 . 3920 
3 . 4 4 10 
3 . 4900 
3 . 5 .J90 
3 .5 080 
3 e 63 70 
3 .686 
3 . 7350 
3 .784 
3 . 8330 
3 . 8'820 
3 . 93 1 
3 . 980 
3 . 9824 

JA V FU CTIO i (Ll T PO 
7 L ~ 5 6 

- o. oooooo - o. ooooo 
o. ooo 0 o. ooo 0 
o. oovCO l o. o·oooo 
0 . 000006 . ooo 00 
o. oooo3l o. o ooo3 
o. ooooas o. 00 12 
o. o 0 2 2 0 . 000032 
0 . 000 427 o. 00079 
0 . 000 824 o. o 01 73 
o . o 14aa o . ooo3so 
o . o 41 s 0 · 00 1185 
o. oo 64 o. o 345 

. 0 21339 . o 241 

. 041 37 . 018278 

. 0 76442 . 0)7264 
0 . 1319 2 0 . 0 71 0 71 

. 217 v 7 7 u . 12 9 v 
0 . 34~388 0 . 220292 
0 . 52513 7 0 . 3 3967 
0 . 780108 · 5 1009 
0 . 856137 . 64849~ 

0 . 93018 . 7 253~ 
1 . 026~0 o. s 3660 
1 . 121930 . 892546 
1 . 224433 0 . 9 9663 
1 . 334~5 • 95625 
1 . 452731 1 . 21 1 9 
1 . 579532 1 . 3369, 2 
1 . 715391 1 . 473 773 
1. 86 11 1 . 622365 
2 • . 162 8 1. 78 548 
2 .1 82299 1 . 958263 
2 . 3~~685 2 .1 47558 
2 . 543 4 4 2 . 352213 
2 . 75 4 10 2 . 573282 
2 . 65 0 48 2 . 811 18 
3 . 191576 3 . 069392 
3 . 436549 3 . 346789 
3 . 694686 3 . 645319 
3 . 948765 3 . 9425 9 
3 . 95484 0 ') . 949696 

- o. oooooo 
o. cooooo 
o. oaoooo 
o. ooooo 
o. 00000 
o .. 0000 2 
o. ooooo s 
o. 000 15 

. 0000 37 
o. coooo4 
o . o00343 
o. o 11 a 
o. 03 19 

• 63 
0 . 01 337 
o. o 566 
0 . 076 3 7 
0 . 14203 7 
0 . 2533 s 
0.434148 

. 4 92 734 
o. s 8 6 
0 . 630821 
0 . 711856 
o. eu11 a 
0 . 90 1'~ 2 7 
1 . 11 77 
1 .. . 6 7 
1 · 26 289 
1 . 41662 
1 . 579 63 
1 . 759 277 
1 · 956493 
2 .. 172637 
2 . 409.2 4 
2 . 68 122 
2 . 951296 
3 . 26031:> 
3 . 59 7147 
3 . 936444 
3 . 944548 

.ooo 0 1 
IT I ON X. 

0 
- o. oooooo 
o. oooooo 

. oo ooo 
o. oooo 0 
. oooo 0 

o .• oooo 0 
o. ooooo1 

• 0.00 03 
o. o 0 8 
o. o 00 2 0 
o. o 01 0 
OeUU 39U 
o . <XH 266 

• 357 
o.. 0 65 
o. 21 21 
0 . 045306 
o . 091 10. 
o. 1 76746 
0 . 325076 
0 . 375>11 1 
0 . 431820 

. 495986 
o. 56864 1 
0 . 650534 
0 . 742656 

• 46132 
o. 2353 

. 09258 
1 . 23 123 
1 . 4 .0541 
1 . 581658 
1 . 783564 
2 . 0 7864 
2 . 25 749 
2 . 53 603 
2 . 83 8:> s 
3 . 176660 
3 . 5-49953 
s . 30297 
3. 93937.8 

9 
- o. ooo oo 

. oooooo 
o. ooo 0 
o. oooooo 
o. ooo 0 
o. o 00'0 
o. oooooo 
0 . 0 00001 
Oe000002 
o. ooooos 
o. oooo3o 
o . ooul35 

• 0 5 0 0 
u . ool594 
0. 0044 1 
u . Oll492 

. 027064 
0 . 059548 

· 123540 
Ue 243742 
0 • .2 5937 

. 3 4537 

. 390409 
0 . 454 71 9 

• 528334 
u . f:>l24U6 

• 708.26 1 
0 . 81 7 5 70 
0 . 94 1 85 
1 . 0 27'98 
1 . 242287 
1 . 4220.60 
1 • 6266 19 
1 . 8562 71 
2 . 1 14509 
2. 404528 
2 . 73052 1 
3 . 095544 
3 . 5036 16 
3 . 92i• l 4 1 
3 . 9341 77 



POT ASS I U~ 
PERCENTAG-E OF WAV FUNCTION AT B U D RY l = 0 TO '+ 
. 3862 . 475 ' . 1301 • 079 . 0005 
'0 Al lZEO CO FFICI NTS l ~ 0 TO 4 
. 022954 . 0 6 08 56 -. 044268 -. 0 16977 • 5510 

AVEFUNC TI ON R ( L ) AT POSITIO X 
X = L: 

o. oooo - o. oooooo 
o . 100 -~. 272 065 

o. ozoo - . 44364 9 
0 . 03 0 - 0 . 535941 
0 . 04(0 - . 566349 
Oe0500 - 0 . 549174 
o. o6oo - 0 . 496115 
o.o1oo - 0 . 416762 
o. oaoo - 0 . 318947 
0 . 090 - 0 . 209020 
0 ·1 000 ... 0 . 092159 
0 . 2 0 0 • 65541 
0 . 30 0 0 . 973988 
0 . 4000 0 . 4 813 7 
0 . 5000 .... . 204197 

- o. 8554 '53 
... 1 . 35183 7 
- 1 . 67634{) 
- 1.. 159 8 
- l e 8Ull6 
... 1 . 431285 
- 0 . 7871 5 
- 0 . 028556 

0 . 7382 1 8 
1 · 4 4952 
2 . 133737 
2 . 7338 10 
3 . 26v 7 3 
3 . 711920 
4, 091557 
4 . 395 62 
4 . 639441 
4 . 826985 
4. 63284 
5 . 053 6 7 
5 .1 01 47 
5 . 111 45 
5 . 897 1 
5 . 39 Ul4 
4 . 96 529 

1 2 3 
- • oooo ~o . oooooo - o. oooooo 

o. 10820 o. 000 28 o. oooo 0 
OeO 9397 Oe0002l3 0 . 000000 
o. oa 1 a o. ov 676 o . oooo o 
Ue 130802 O. 0 1511 0 . 00000 1 
0 . 106328 0 . 0027 4 o . oo0002 

· 244689 o. 4543 o. ooo 03 
· 3 3783 0 . 006819 o. o 0006 

0 . 361935 o.o 9628 o . oooo 9 
0 . 417784 o. 1297 7 . o 0014 
o . 4702S4 o. o 6861 o . ooooz1 

. 738534 o . os221e o . oooz37 

. 57 590 0 . 179959 u. 00d96 
0 .1 86269 0 . ?-8 547 o. 02197 

e 260695 0 . 3920Sl 0 . 004276 
- . 66526 0 . 4 8 6642 0 . 007284 
~ . 9 8569 0 . 574 07 o. 11399 
- 1 . 2172 0 0.653123 0 . 016736 
- 1 . 35 651 0 . 72305 0 . 023410 
- 1. 4 6277 0 . 7 84945 0 . 031559 
- 1 . 325713 o. 8998 0 . 052895 
- 1 . 065458 0.975648 0 . 081891 
- . 699 40 1 . 045608 0 .1 19631 
• 0 . 286318 1.1 5516 0 . 1687 1 

~ 137595 1 . 2029 9 0 . 233022 
• 55921 1 e 3l 076 0 . 315951 
. 9 7 2116 1. 4 7791 0 . 419980 

1 . 3 72278 l e 60259 Oe 547628 
1 . 75 357 1 . 777641 0 . 701637 
2 •1 26186 l e972481 . 8 4 42 
2 . 469199 2 . 18 1351 1 . 094 50 
2 .797703 2 . 408836 1 . 33 57 7 
3 •1 1 348 2 e655 57 l e 192 4 
3 e 40839 2 . 92 232 1. 940328 
3 . 692646 3 . 2046 3 2 . 305162 
3 . 964 1 55 3 . 50892 2 . 717522 
4 . 224108 3 · ~3625 . 1 1435 
4 .4738 2 4 . 179 34 3 . 701 98 
4e 714691 4 . 547 77 4 e2Sll7b 
4 . 948310 4 . 939952 4 . 926698 

1.2 
1. 4000 
1 ~ 600 
l e8000 
z . ouo 
2 . 2 
2 ·4 0 · 
2 . 60 0 
2. aoo 
3 . 0 
3 .1 950' 
3 . 39 00 
3 . 5850 
3 .7800 
3 . 9 75 
4.1 700 
4. 365 
4 . 5~ 0 
4.7550 
4 . 9500 
4e9593 4 . 959928 4 e 9S791 G 4 . 9 ... 6761 4 . CJ54 44 

4 
- o. oooooo 
o. ou o 
o. oo 0 0 

• 00000 
o. ooo 00 
o. oa ooo 
Ue{) 'O U 0 
o. oooo 0 
u. oooooo 
u. oo 00 
o. oooooo 
0 . 0000.04 
u . OOU026 
o. 00092 
o. oooZ36 
o. o 0509 
o. ooo974 
o. 01703 
o . oo2782 

. 004312 
o. 92 11 
0 . 0 175 10 
u . 030562 

. 05031 2 
u . u79760 
t • 12.1942 . 
O. l8U37 1 

. 259007 
0 . 362414 
0 . 495 792 

. 66029 5 
0 . 86.49 18 
1 ·116382 
l e422 122 
1 . 790298 
2 . 22'9902 
2 . 750951 
3 . 36411 0 
4 . 0 1452 
4 . 910206 
4 . 953460 



NO ALIZEO C FFIC{ENTS L = 5 TO 9 
. 002104 -. 000878 -. 0361 . o . 08 4 . 0000 55 

X = 
o. o 0 
o . 12so 
0 . 25 00 
0·3750 
o. sooo 
o . 6o o 

00 

le O uO 
le2000 
1 · 4 000 
1 . 6 00 
1.80 
z. oooo 
2 . 20 
2 .4000 
2 . 60 
2.aooo 
) . 00 
3 . 970 
3 . 1940 
3 . 29 1 0 
3 . 38 
3 . 4850 
.3 . 5820 
3 . 6790 
3 .7760 
3 . 8730 
3 . 9700 
4. 0670 
4 . 164 
4. 2610 
4 . 3580 
4 . 455 
4 . 552 
4 . 6490 
4.746 0 
4 · 6430 
4 . 940 

WAVEFVN(TION R(L) AT POSITION X 
L~ 5 6 7 8 
- o. oooo o - . ouoooo - o. ovoooo - o. oooooo 
o. o 0000 . o 0 00 . ooo 00 o. 0000 
O. OUOO 0 0 . 0 000 OeOGO 00 . 0000 0 
o. 00 4 o. 0 000 o. oooou o. oooouo 
().000017 0 . 000001 0 . 000000 0 . 000...,0 
o. o 0046 o. ooooos o. oooooo o. oooooo 
o . oO Ol 0 5 u. o 0 - 13 o. oooo 2 . oooo o 
o. o 0215 o. o oo 3o o. oooo4 o. ooooot 
.00040 4 O. OC0064 OeOOOO l O Oa00000 2 
. o 0 70 a o . o 0 12s o . o 00 23 o . ooooo4 

u. 1875 0 . 0004 7 u. 000 91 o. o 0021 
. o0 4271 o . 0 1099 o . ooo 291 o . oooo 7a 

o . ou8723 o. 0260 4 o . ooo 796 o . o 0247 
. 0 16498 o . 005611 o. 0 1946 o . uoo683 

o. 29489 u . Oll252 o . 004365 o. o 1111 
0.0502 6 o. 21231 0 . 009106 . o 3940 
o . oe1 15 o . o37972 o . ol7842 o . oo8446 
0 . 128334 0 . 06486 . 033133 . 01 7037 
0 . 1947 8 O.}U6505 • 58780 0 . 032628 

.287365 · 169 47 0 . 10 254 0 . 059753 
0 . 343858 0.2 9215 0 . 128259 0 . 07 995 
o.409226 o . zs7zss o . 162864 o . 1u3553 
0 . 484521 0 . 314394 0. 205337 0 . 1346~9 

. 57 897 0 . 3 2004 0 .257156 0 . 173756 

. 6.696 9 . 461633 .320 26 0 . 222617 
u . 7820 13 Oe555 0 0 . 395 U 0 . 283296 

• 9578 . 6 4 26 0 . 4 7026 . 3J8232 
1 · 5388 0 0 . 790826 0 . 59 5949 0 . 450268 
1 . 216601 U. 937718 0 .7 5533 Oe562685 
1 . 399563 1 . 1072£0 0 . 879 - 42 .699323 
1 . 604725 1 . 302348 1 . 060162 o. 64628 
1 . 834186 1 . 526037 1.273041 1 . 063729 
2 . 090326 1 . 781972 1 . 522630 1 . 302903 
2. 375352 2 . 0735 4 1 · 13727 1 . 5 8381 
2.691827 2. 4 49 9 2 . 15212 l . 2783 
3 . 42561 2 . 78 588 2 . 544451 2 . 330230 
3 . 430486 3 . 2 0 5383 2 . 99794 2 . 805592 
3.858728 3. 6 4605 3 . 520619 3 . 365271 
4.33 0 777 4 . 224262 4 . 121827 4 . 022765 
4 . 85 0040 4. 830348 4. 11071 4 . 79210 

4 . 9593 4 . 952U23 4 t 95 596 4 . 949165 4 . 47722 

9 
- o .oooooo 

o . oo 000 
o. 000 0 
u. ouoooo 
o. oooooo 
.oooooo 
. o 000 

o . oooooo 
. oooo 0 

o. 00 ,QQ} 

. oo 005 
Oe 00002 1 
o. ooo 77 
u. 00242 

. 000675 
0. 001714 
o . oo4018 
0 . 008799 

• 18180 
Ue'35732 
0 . 048803 
0.066030 
0 . 088532 
0 . 117693 
0.155209 
u . 2ull42 
0 . 263999 
Oe 340787 
0 . 43 70 71 
0 . 557126 
0 . 706 32 
0.889794 
1 . 115956 
1 . 392 180 
1 . 728083 
2.135188 
2 . 626628 
3 . 217625 
3.926669 
4 . 773406 
4 . 946265 



UBI HUt-1 
PERCENT AGE OF AV FUNCT I Or~ AT DOU DARY L • 0 TO 4 
.4300 . 3992 ·1585 . 0 107 . 0011 
N ALIZED CO FFICI NTS l = TO 4 

aU21446 aU5193 -. 41 76 -• l OU 4 .o 7631 

X = 
o. ooo 
0.01 0 0 
0.0200 
0.0300 
0 . 0400 
o.osoo 
0 . 0600 
0 . 0 700 
o. oao 
0 . 0 900 
OalOOO 
o.z 
0 .3000 
0.40 
o.s 0 
0.6000 
0 .7000 
o.aoo 
0.9 00 
1.0000 
1.200 
1.4000 
1.6u 
1·8 
2 . 000 0 
2·2 0 
2a4000 
2.6 0 
z.eooo 
3. 00 
3 .222 
3.4440 
3.6660 
3.8880 
4all 
4.3320 
4.5540 
4.776 · 
4e998 
5.2200 
5.2292 

AVEFUNCTIO R(L) AT P05ITIOP X 
l= 

o. ouo-> o 
0 . 374993 
0 .480 943 
0 .420869 
Oa267 222 
o. o1o 67 

- 0 .136386 
- 0 .330332 
- .49 l 9 
- 0 .632 326 
- 0 .729731 
- 0 .16492 0 

0 .969253 
1.257737 

. 81 0 456 
0 . 034220 

- 0 .763965 
-1.421 652 
-1.877747 
-2.125 006 
-2. 0 76 0 7 
-1.517137 

. 69 428 
-. zz "70 

1.1307.34 
1.960 274 
2.697667 
3.337986 
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NOIMALIZED CO EFFICIENTS L = 5 TO 9 
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o. ooo 
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0·3750 
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3.7770 
3 . 8880 
3 .. 9 9 
4ell 0 
4 . 2210 
4.3320 
4 . 4430 
4. 5540 
4.665 0 
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4. 574801 4 e464 76 4e 59L7 7 4 . 25696 
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5 ·1142'68 
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N R ALIZED CO FFICI NTS L = TO 4 
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le8 0 -1.594176 -1.996157 le70 7859 
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2.6 0 1.616271 - 0 . 327156 2 . 504515 
2 . 0 2 . 349822 0 .1 7 57 2 ·659 
3.0 ' 00 3 . 010 14 .6 1& 8 7 2 . 813 46 
3 . 2620 3.75961 5 le322422 . 019537 
3.5240 4 .375416 1.933640 3 . 234728 
3.7860 4.863 0 33 2.5 9 7 27 3 .4 2155 
4.0460 ~.231623 3~04 5 5 3 .704178 
4e3l 0 5.492982 3 .550464 3e963345 
4.5720 5.659925 4 . 77 9 4.242262 
4.6340 5.7454 l 4.453614 4.543763 
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5.3580 5.721049 5.24 398 5 . 226837 
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0 . 279745 
0 . 3 278 7 
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. o 1 22 7 '+-
0 . 0 1 8565 
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AP J ND I X C 

00v l 9 VANDERHOFF I S F I ISHEu 
N DECK 

NI 2 
F M TC35 H- V LU E OF LEGEt ORE I TEG RATI ON 
FORMAT l lH t lUF13 . 8 ) 
FORMA T CI 2 t r20.8 ) 
FOf'( ~AT C 12} 
FORMAT ClH-, 13 
-oRM T C3vH- POT ENTI AL E • ///) 
FOR·1AT ( 1Hl t 2 HVALU· OF - SSP · RE. R;: DIUS , F20 . 8 ///) 
FOr AT(f 2J . 8 l 
FOf MATC 3UH- · NERG Y VALUE EQ . 
FORMAT ll H , 2 . 8 111111 
F R•i A T(3 0H- t<\ ATfHCS LE. E N T~ 
FORMAT Cl H t l Fl3.8 ) 
FORMA T~l H-, l BH DETE MI NATE: 
FORMAT t lHOt 8HPF VA LUE 
FORMAT ( lHUt 4JHNO, MAL IZ ED WAVE 
FOF~ ,AT Cl H tl 0F l3. 8 J 

, E20 . 8 l 
' . 2 0 .8 ) 

F NC TI ON CO EFFI IENT 

II/) 

FOR AT (l H t l4X , F8 . 3 t 9X t F8 . 3 , 16H OHN t S SE OND l 
F RdAT ClH t l4X , F8 . :h9X , Fe . 3 d6H RA = 1 I 
FORMAT I 15H0 ACCURAC Y CHLCK , p .3 , 9HFOR ANGL E , 8.3 l 
FQR;4A T(4 UHO/.d ll = CCLl*SGR TNCLl b LO\-J (L) S(.) 
D 114 NS I o, P C 2 , 2 J 
DI MENSION EI BV C5 l, VTC(5} 
D I MEN I t- A,. ( 2 0 l 
DI Mt NSI Or A<2u , 2U l 
DI MENSI N Ar l 40l) t COF L( 20 l 
DII"'' · J~S I OI~ VV ( t+) , GG {4} 

DI MENS I ON f~A C 2 l 
DIMEN I ONH (l 0 ltRC40 llt VI40 1 J, C CZ Ol, DP I 2 0 lt B I 40l l 
DH~ E SlO f~ PP I 20 l tZ XY<4 J 
DI MEN ION C OLC2 0 l 

COI'4MO T, ( , Hl 
co 1. or NUt•1 

C FORM I S A LAG ANG IA N I NTER OL ATI ON 0 0 DE~ 3 

,.////) 

, I I I) 

OFORM (X, XO , Xl t X2,X3 ,F 0 ,Fl,F2 , F3 l=C X- Xl l*( X- X2 }* ( X- X3 l *F0 / ( ( X0-Xl 
l l C XO-X 2 l *fX U- X3 ll +CX- XO l * l X-X 2 ) * C X- X3 ) *Fl/C C Xl ~XO l * C Xl - X2l*LXl-

2X3 Jl+ CX- XJ )* CX- Xl l*CX- X3 l *F2 / I IX2- XO l•C X2 - Xl l *(X2- X3 l)+( X- XO J* 
3 ( X- Xl l * CX- X2 l *F3/((X3-X UJ*(X3- Xl ) * ( X3- X2 l l 

C READ H !::GENDRE I ; TEGRAL 
WR IT E {6,335 ) 
DO 41 I= l t 2 0 
REA[ ( 5 JI P Clt Nl,N=l, 20 l 
WR I "E ( 6 , 3 ll ( t ), ·=ld.u 
vJ I • E C6 t 31 ) ( (I , N)' 1 =llt 2 0 J 

41 CONT l NUI::. 
C VA KFt N t OUI B Af VA L :f'CE NUM8C~ t A10 f•1IC N ;v,BE t Al LATTICE. CO ST NT 

READ <5 t 4 lll VAK 
READ ( 5,1965 ) NZ , DUM 

=1 000 . 



C NUM IS THE DI MENS ION OF TH 1AT IX 
REA ( 5 , 5105 ) NUM 
WRITE {6 ,1 33 11 NUM 
PI ::~ 3.14159265 
K £:::4 0 
191 =4 0 1 
H( l l=. U0 25 
DO 29 K= 2t10 

29 H<K> =H< K-ll*l·B ~ 

Z=Nl 
AMU =. 88534138 1Z** • 33333333 

C READ I , PO ITION A D P T TIAL F - LE1·iEN T DE T ED 
~EAD I Sl <RCKJ, V( K), K=l ,I 9l l 
~\IRITE (6, 88~) > 

19=191-1 
C PR I ' TS OUT VALUES OF V AND R 

CALL SNAFU < V, R ) 
V U.:; ( V < l > - V ( 2 ) ) I ( R < 2 l - < 1 l l 

(l)= u . Ovuo 
D027 I= 2 d 91 
B<I> =VI I ) 

21 vc I >= u. ov· u 
l2 = Z*Z 
R2 =R ( 2l*R C2 ) 
R3 zR2*R < 2 ). 
GG (ll = o. o 
GG ( 2 ) = 0 .4 
GG ( 3 ) = ( 2 . I 3. l 
GG (4) = • 
DD =< DUMB /. 529172 )*( 3 . 0 /( 8 .*Pll)** • 33333333 
W I TE < tll> D 
READ <S,4l ll l EIB (1) 
REA0 ( 5 ,41 111 EI~V ( 2 ) 

READ <S•4lll) I BV( 3 ) 
READ C5 ,4l ll ) E I BV C4) 
DO 886 KI LL = 1,5 
E = EI BV <KI LL) 
WR I T E ( 6 , 8 7 ) 
WR IT E ( 6 , 86 ) E 
CA B. Cl) = 0 . 0 
APVE = E 
DO 20 L= l, NUM 
IJ K = U 
T:L-l 
LL= T 
E = APVE 



ALP= 12. * Z2-! T+I .l * C2 .*V0- Ell/( 2 .*( 2 . *T+3•> * l T+l.ll 
B T= Z* l 2•* Z2- <3 . *T +4.l* C2. V0- E)J/(6.*<T+l.l * (T+2.J * C2.*T+3.l l 
CCLI=F* CRC2 J**!T+l.ll * Cl.-< Z*R I2))/(T+l.J+ LP*R2- BE T* 3l 
VC2 l = CCL) 
CA B< ) = C CL I *C t l l 
DP <Ll= *<T+l.l*( <21* >+F* <RCZl**CT+ .) l* C-t Z*tT+2 .) l/tT+1.) 

1 + LP*~(2)*(T+3. l-B~ T *R2* CT+4.}) 

E=-E 
KJ = KI 
= l 

DO 16J=l,1 0 
Hl =H(Jl *AMU 

0 76 JJ=l, KJ 
" =K+1 
I F CR<K+ U. -T. 0 TO 2888 
G TO 2777 

2888 IJK = IJK +1 
IF IJJK. GT.lJ GO TO 999 
' B= CK+U 

BR = I ( K+l) 
0 B < +ll =FORM < D • R <K-1)t <K ltR C +Ut R ( ' +2I; B ! K- lJ, t:I CK l, 8 CK+ lJ; 
1 BCK+2 lt 

Hl =DD- CK l 
R <K+l) = R CK l +Hl 

2 777 CONTINUE 
DO 10 76 KA T = l t 4 
XXX = R CK J + GG CKA Tl*C R<K+l>-R<K>> 

0 VV CKAT l= FO dXXX t R .C K- 1hR CK ), f ( K+l),R <K+2l,o ( K-l), b ( K ), lHK+l), 
1 B { K+2 J) 

VV (KA T) = VV ( KAT l/ XXX 
1 0 76 CONTINUE 

VA = VV( l) 
VB = VV {2l 
VC = VV ( 3) 
VD = VV ( 4) 
TV P I A f,UNG. KU TA NY TR r SUBR I , E FOR DIFF. E • 
CALL TVP<C<L l t DP CLl t RC J ,vA,V B , VC , VD , w, o ·H 
V<K+l l= W 
CA B< K+l l = J*W 
KKK =K+l 

<Ll= DvJ 
( L l = 

RA TI O %DW / W 
IFCIJ t . NE . lJ GO TO 1057 
B (. +1) = BBB 
f (K+l) = Bf·W 

1 05 7 CO TI NUE 
IF( KKK . EQ .41) G TO 16 

7 6 CON TI NU E 
16 CON TI NUE 
999 RA (ll=( 1' .I DD l*( OD* RA TI 0-1.) 



IAK = v 
DO 202 IY UP = 1 , 401 
I AK = IAK +1 
IFI R(lYUP J. GT. DD l GO TO 2 3 
CABI IAK I = CAB CIAK l *DC*D /I W*W l 
V ( I A ) = C V C I K l *D / ~J l 

202 CONT I E 
21 3 CAB i iAK l = CAB <I ~K l *DD*DU/C W*J l 

V(I AK J=( V( l l * / W) 
I F CL. E . 1 > S= F* I DD / ~ l 

C SUB OUT I NE S I MP IS A SIMPSON IN TEGRA TI ON 
AANN !L) = << 4 . *Pl }/(C 2 . *T l+ l .)) ·)t $H1P CCAB, ' DD l 

C PR I NTS 0 T AL 'ES OF V AND 
ALL SNAFU ( V, Rl 

20 CONTINUE 
DO 72 l =l t UM 
DO 72 J=l, NUM 
ACI,Jl = P CltJl * <RA II> + !Jll 
JT = I +J 
J2 T = JT/ 2 
J 3T =2*J 2T 
IF IJ 3 T. NE •J TJ GO TO 71 
IT= I I 2 
I 2T= 2*1 
IF Cf 2T . EQ . I l GO TO 71 

0 TO 7 2 
71 AlltJl=-A<I,J) 

7 2 CON TI N E 
C A I S COEFF I I ·.N T OF H01· 0 - ·US EQU T I Or'S 

rJ R l T E < 6 , 3 3 6 ) 
DO 7 6 1 I= lt Ut-1 
WR I TE f 6 t 6 l) C {I,J), J =ltl l 
o'JR IT E ( 6 , 6 1 ) ( A C 1 , J) t J= l t 'Ut· ) 

76 1 CO• TI NU 
NUiviB = NW-1 

C DE T I S A SUBROU TI NE WH I Crl GI Vt TH DETER~ I TE VA LUE 
COO = DE TC A t NUMB ) 
DVT CKILL) = COD 
~JR IT - < 6 , 8 l CO 

C e UTI NE M OL VES H ~'4EOUS LQU T I 1 S 
ALL CRAM ( A t CO Ll 

TU = 0 . 0 
DO 1776 I ~U = lt NU 
TUM = TU M + COFL<I PUP l* AANN I IPUP l * OFL(I ~UP l 

1776 CON I NU_ 
FANS = ! COF L(ll *C FL(ll *S*S I/ TUM 

R TE ( 6 ,1 861 ) FANS 
C I NTERPOL AT IOI OF t['IJ ENLRG Y VPLU-

v I F <KILL. EQ .4) EI V( 5 l = FCRM Cu., DV TC( l ) , DV TCI2 J t DVTC ( 3 l t DV TC 
1 (4) t El Vlll t EI BV ( 2 } t E UV ( ) ' E! V(4)l 

DO 188 7 J AC =lt NU~ 

COFL<JACK l = CO FL< JACK J/ S RT C UM J 
188 7 CON TI E 

.'H IT E ( 6 ,1 888 > 
W I £ ( 6 , 1889 ) CC FLIJ K)tJ J K=l tlOJ 
WR l E <6 tl 889 l CC OFL\JOCl<. )tJOCK= llt l U.1 ) 
IF< NUM.LT· 2 > GO TO 6004 



C CHECK OF BOU1 DR Y CO. DITIO. S 
ZXY(l) = 3u . 
ZXY(2) = 6 U. 
ZXY ( 3 l = 75 • 
ZXY C4l = u. o 
DO 60U6 IZY =lt4 
XYZ = ZXYCIZY l*PI/180. 
XYZ <=CO~dXYZ> 

PP(ll =1• 
PP(2 ). =XYZ 
~0 600 1 IY =3t NUM 
A1Y = IY - 1 

52 

PP CI Y)=( < 2.*AI Y-l.)*XYZ*PP < IY-ll-C A IY-l·>~PP(IY -2ll/ IY 
6001 CONTi t-.U £ 

~~U -11\1 = NU'1 + 1 
DO 6UU IY = t Ur1M ,zu 
PP (I Y l = J • v 

6002 ONT If UE 
(.) Cl E l = CCOFL<2 l*PP<2 \.J ) +COFL<l8l*PP(18i+CO L(lb)*PPI16l+COFL<l4)* 
1 PP ( l4 l +COFLC121*PPCl2 )+ FL<l v l* PP C1 0 )+COFLC8l*PP<8)+COFLC6l* 
2 P ( 6 l+ l(4l* PC4)+COFLC2 l *PP (2l~ 

CHE2 = 
1 CC FLC19)*PP C19l+COFL <l7l*PP C17 l +C FL ( l5l*P ~1 5 ) + OFL C13l*PPC13 ) 
2 +COFL <ll)*PP <ll i+COFL C9 1* P(9)+COFL<7 J*PP C7}+COFL ! 5 l*PP{ 5 l + 
3 COFL ( 3 l *P ( 3 )+( FL Cl l *PP Clll 
0 CCHEl =( OFL C2 UI*PPC2 0 }* Al 2 J COFLClB I* P <lBI* (l 8 l+CO L C16 l * 
1PP C16 l *RA ( l6 l+COFL(l4l*PPC14l* RA <l4 l +COFL <l2l*PP C12l* AC12l+ 
2 C0FL < l 0 1 *~P C1 U l *RAC1 0 t+C0F LC 8l*PP(8 J* AC8)+COFL I6l*PP <61* RA {6 )+ 
3 0 LI41*PP C4J*RA C4J+COFL ( 2 l * P C21*RA I2)1 
0 CHf2:((0FLCl9 )*PP C19 J*R 119l+COFLC17 )*PP I1 7l*RA I 17)+ 
l C FL I1 5 >*PP I15J*RA (l5l+C0 FLC1 3 )*PP (l 3 J*R (l ?. l +C~FLClll*P 1111* 
2 RA CllJ +C OFL l 9 l *PPI9J*RA<9l+ 0 L(7l*PPC7J*RAI7J+COFLI5J* P IS) 
3 *RAI 5J+COFLI3l* (31* {3 J+C0fL ( ll PP i ll* All}) 

VAND E= (( • *PI*VAKF / 4. ) **•33333333 ) XYZ 
WAAM = <CHEl/CHE2 J/T AN CVAN 1 EJ 

AAM1= 1CHE1/CHE2 >*T AN CV AND ) 
/A AM2 =CCO-!E l / CCH - 2l*TA, (V ANDE) 

WR ITE ( 6,6005 ) WAAM , ZXY (I ZYI 
WR IT E C6,l ) W AM2 , ZXY tllYJ 
WR IT E t6, 2 ) ~AAMl ,lX (IZYl 

60 ~ 6 co I INUC 
6 004 CO, I 

DO 6 v 11 ' A = 1 t N M 
COOL tr<IAN I = CO L ( A•~ ) *COFL I M , ) *AA ~ r' ( M N l 

6Ull CONTINUE 
V.IR lT E ( fn 6 0 1 u J 
vJ R IT E < 6 t 18 8 9 ) < C 00 L ( N M4 J , N Ml: :;: 1 , l 0 ) 
iR I E l 6tl889 l ( OOLI N I'' J, .!A i=lb NU•""•> 

888 COHINU 
TOP 

END 



$ l 8FTC GIJ 
SUBROUTI E SNAFU < Vt Rl 
DIMENS I ON VC40llt RC4 1 ) 
19 1 = J:}O l 
19 = 191 .... 1 
0 01 1 6 J=1d 9 t l U 
J9=J+9 

116 W 1T EC6 t 4 v l R( J ),( VCKlt K=J,J9 ) 
WR I TE C6 t 40 } RCI9l ) ,V (I 9 l) 

40 FO MAT Cl X t F1 J e 6 tl X , l0~1~ . 5 } 

RE TURN 
END 

$! FTC 4 
FUNCTI ON DET CZ! P t NUM ) 
D I ~EN I ON ZI P <20 , 20 J 
D I ~ENS I ON A( 20 J20 ), D( 2Q) , lZ C20 t 2U) , BB I ZUt 2 U) 

DO 1 7 I = 1 , NUtv1 
D 17 J =lt UM 
A(I,JJ = Z I P (J,Jl 

17 CONTI NUE 
Nl : NU 1 -1 

0 6 L=l, Nl 
N= Nl+2 -L 
KK= 
00 1 2 J= 2 , N 
I F CAU CAClt l Jl.LE •• o 000U0 9 } GO TO 10 
IF I A85 { A(l•l ) ). GE.A 5 ( A( J ,ll l J 0 T0 12 

10 KK =KK +l 
DO 2 K=l' J 

ZZCJ, KJ=A(J, KJ 
A(J, Kl= A(l, KJ 
(l, I( ) =.Z (J, Kl 

2 ON TI NUE 
12 CO 'TI NUE 

D ( L l =A ( l _, ll 
DO 3 K=lt N 
AClt Kl= AClt K)/ DCL} 

3 CON TI NUE 
0 4 K=2 ,-

DO Lr M=2 t N 
BI:.HK , M )= A CK t i"' )-A ( lt I ) * ( tl) 

~~ CON I NU E 
DO 5 K=2 t N 
DO 5 1" :;; 2 , N 

5 A (I( - 1 , d-l) = 8 B < K , M ) 
1oeKK / 2 

K2=2 *Kl 
IFC KK . NE. K2 l DCL)=-D{LJ 

6 CON TI NUE 
DO 7 L=l, l 

7 Cltl}= A(l,ll*D<L> 
D T = A(l.l) 
RET UR 
E 



i i BFTCS~BROUTIN E TVP ( Y,OY, , VA t VB t ' t V t Z t DZ l 
D I ~EN I ON V( 4 ), U( 4 ) 

C O!Vit-1 r T , E , H l 
V(ll=VA 
V( 2 l=VB 
VC3 >=V C 
V( 4l=VD 
R2 =f +U. 4*Hl 
R3 =R+<2. 0 1 3 . J )*Hl 
R4:.R+O • 8·"-H 1 

23 U (l)=V < l > +T*(T+l. ~ li< R* )-E 
U( 2 }= VI2 l+T * ( T+l. · }!( R2*l2 l- c:. 
U( 3 l= V<3 J+T * ( T+l . )/( 3*R3 >-E 

Ul 4 l= V(4 )+ T*IT+l. Ol/( R4* 4 )-E 
Al=Hl*Y*U(l) 
Ql=Hl* CDY+Al / 5 . 0 ) 
QZ = i l* CDY+Al / 3 . 0 ) 
A2 =Hl* IY+0 . 4*Ql l *U ( 2 ) 
A3 =Hl*<Y+2• *02 / 3. 0 l*U( 3 ) 
Q3 =Hl*( DY+< Al+A2 l/5. v } 
A4 =Hl * CY+ G• 8* 3 l * UC4 l 
Z=Y+Hl*{DY +( 23 .*A +7 5 .* 2 - 2 • * A3 +25.* A4 >1 192 . 
DZ= DY+! 23 . * A +1 25 · *~2 - 8 l.*A3+1 25 •*A4 l/ 192 . U 
R TUR1 
END 

' I BFTC 3 

2 

3 
1 

SU BROUTI NE C A,HA t ANS ) 
COW~ON T; £ , Hl 

C Q; \t<101 N UM 
DI •·1 ENS 10t AC20 , 2 ) , , N5 ( 2 ) , z ( 20 ) 
NU2 = NU - 1 
D L = u T !lh U2 ) 
DO 1 J = l t U2 
DO 2 I >= lt UM 
Z (!) = A(J,Jl 
A I I ,JJ = - A<I, NUM l 
CON TI NUE 
DE L 2 = £ T( A , , U2 J 
ANS ( J ) = D L 2 / D L 
DO 3 J::::: l , NUfv1 
tdltJ):: l ( J) 

CO TI NUE 
CONTI NUE 
ANS ( NUM ) = 1 . 
RETU RN 
END 

• 



$I8F TC 2 
F NCTI ON Si hP ( v~R, 1) 
DI MENS I ON VC4 U1Jt RC4 ll 

ODORi-1 ( YtYOtYltY2,PGtPlt P2 ) = tY-Yll*CY-Y2l*P0/( (Y0-Y1HHYO-Y2l }+ 

1 (Y-Y0 )*1Y- Y2 l *Pl/{4Yl-YU)*!Yl-Y2l I+<Y-Y )*(Y-Yll*P2/tCY2-YOl 
2 *(Y2-Ylll 

su. = o.u 
IJK. = 
DO 1 K = 1 ,4 · 1 
IFC RCK+l J• GT.Rl. OR . RIK+l J. EQ . Rll GO TO 2 
GO TO 3 

2 CO Ti t Ut:. 
I J K = I JK +1 
I ( I JK. T .1) G TO 4 
I = R( K+l} 
VV = VfK+l) 
VC K+ll= DOR, <Rl t RCKl, R( K+llt RIK+2ltVC KJ, VCK+lt,VCK+2l l 
RCK+l l ~ Rl 

3 = CC RCK+ll-RCKJJ/ 2a l + R CKJ 
FQ= DORM(Q, RCKl , R( K+l ), RCK+2 J,V(K),VtK+ll,V(K+2 ll 
A = ({ C +l l-RCKJl/ 6e)* ( V(K) +4a*FO +V{K+l)J 

SUi"l = -Q+ !:>U 
l CONTINU 
4 SH!,P = SU11 

RCK> = RR 
VI !" ) = VV 
RE TU RN 

$EN TRY 
H3SYS 

END 



JOB 
$ I 8 J 08 
$ l 8FTC 
c 
c 

LEGDf~ 

Uvv l U9 VA, D RHOFf L GENDRE 
NODE CK 

EVA LUATION OF THE I TEGI-<A l OF T IE PRODUCT OF TWO l EGENDRE 
LY NOM I ALS MULT. BY PH SE FACTOR 

D II ENS I ON R ( 8 v 1 ) , H ( 1 u ) , P < 8 0 1 , 2 0 l , V ( 8 0 1 ) , P < 2 0 , 2 
CGr·11' 0 R , H, K I , I 51, C 
151 = 80 1 

KI :: l OJ 
=1 . 

Pl = 3 a l4 59L& 
A =2 • * · . 9192 
H(l) = . 00 125 
D 10 1 =2tl 0 

100 1 H( N) = H( •l l 
R ( l ) = o. 
DO 1002 L= 2 , 8 0 1 

1002 R( L ) • RI L- l ) +H Cl ) 
DO 1 08 L=l t 801 
PP (Ltll = 1. 
PP ( L , 2 ) = R ( L ) 
DO 100 8 IX = 3 t 20 

I Y = IX- 1 
P P ( L ' I X ) = ( ( 2 • *A I Y - 1 • l ' ( L ) * PP < L t I X- ll - ( A I Y -1 • H• P { L , I X- 2 l ) I A l Y 

lt 0 ON T I NUE 
DO 1003 I =l t 20 
DO 1 U03 J =l t 20 
DO 1 09 L=l t 801 
V( L) = PP ILti1 *PP £L,J ) 

1009 C NTI UE 

1 003 

335 

41 

II= l+J 
I J=II / 2 
I2J=2*IJ 
N I = 1 
lF ( 2J . ~Q . II > NI • 2 
CALL IL~ ( V( Llt A, P CitJ l, I ) 
P I I t J) = •*P Ci t J ) 
IF CNI . EQ . 1 ) PIItJ ) =- P l ltJ ) 
CONT I NUE 
IR I TE <6,335 ) 
FORf ATC35H- VAL U OF l tGcNDfE I TEGRA TI ON 
DO 41 I=l t 20 
JR IT£(7 ) I P CI , Nlt N=l t 20 ) 
corn I uE 

TOP 
END 

// / ) 



$IBFTC FI LON 
SUBROUT I N_ FILO C Y,~ ,F, N ) 

C IF N=l , F IS TH E INT EGRA L OF YCSI NIQR )t OTHERW I E F I S THE I N TE~RAL 0 Y*CO 
Di 1'1CN SION Y l 8 0 h H(10hR ( 8iJ l) 

Co· •·'ION R , H ' K I ' I 51 t C 
NH=I5l/KI 
KI2= KI/2 
F= u. 
I= O 
DO 1 J=l , NH 
Fl=Y<I+l)*SI NIO*R (I+l)) 
IF ( N. E e ll Fl=-YCI+ll* QS ( O*RII+l)) 
Cl=O. 
C2 =0 • 
DO 2 K=l , KI2 
I=I+2 
IF IN.EO.lJ GO TO 10 
Cl=C1+Y( I+ll*COS C *f ( I+l)) 
I F <K. EO.U Cl=Cl+YII-lP<-COS < * II-1})/2. 
I CK. Q. 2 l Cl= l-Y C1 +1J*CO I U* II+l)l/2. 
C =CZ+YI I l* C ( *fi{ I l) 
GO TO 2 

10 Cl=Cl+Y CI+l)*SIN I •RCI+lJ l 
I F ( K • E Q . 1 J C 1 = C 1 + Y ( I - 1 ) * S I i I O*R C I -1 ) ) / 2 • 
IF I K.EQ.KI2 t Cl=Cl-YC l+l l *vl IGt*R ( I+l) 11 2 • 
C2= C2+ YII> *SIN C *R il t 

2 CONTl N -
F2=YCI+ll*Sl I Q*R II +l l) 
IF IN. EQ .l) F2=-Y( +ll*COS( * II+lll 
Z=H<Jl* *C 
IF CZ.LT •• 2 l GO TO 3 
W=C OS <Zl 
X= S I NIZJ 
A=IZ*Z+Z*X*W-2.*X*X)/(Z*Z*Zl 
8=2.*(Z*Cl. +W*~ I-2e*X*W l/( Z*Z * Z > 
D=4•*<X~Z*W l/I Z*Z*Zl 
GO TO l 

3 A=Z*Z*Z*C 2 ./ 45 .-2 .*Z*Z* ( l. / 315 .-Z*Z/4725.)) 
B=2.1 3 .+Z*Z* I2.115.+2 . *Z*Z*l-2./1 05 .+Z*Z/567.1) 
D~4. 1 3.+Z*Z* <- 2. /1 5.+Z*L*(l./ l v •-Z*Z/ll340e )l 

1 F= +H<J l*(A*(F2 - Fl >+ *Cl+ )*C )*C 
RE TUR 1 
END 

$(N TRY 
$ l 0 SYS 
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