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Abstract We investigate the electromagnetic properties of
possible charm-strange pentaquarks in the framework of the
light-cone QCD sum rule using the photon distribution ampli-
tudes. In particular, by calculating the corresponding electro-
magnetic form factors defining the radiative transitions under
consideration we estimate the magnetic dipole and electric
quadrupole moments of the pentaquark systems of a charm,
an anti-strange and three light quarks. We observe that the
values of magnetic dipole moments are considerably large,
however, the quadrupole moments are very small. Any future
measurements of the electromagnetic parameters under con-
sideration and comparison of the obtained data with the the-
oretical predictions can shed light on the quark–gluon orga-
nization as well as the nature of the pentaquarks.

1 Introduction

Although the existence of the exotic states was predicted
many decades ago by Jaffe [1], this subject has experienced
two revolutions in the last two decades. The first one was the
discovery of the famous X(3872) tetraquark state by Belle
experiment [2] in 2003. The second revolution was in 2015
when the LHCb Collaboration announced the observation of
the hidden-charmed P+

c (4380) and P+
c (4450) pentaquarks

with the spin-parities J P = 3
2
−

and 5
2
+

, respectively [3].
Now we have many exotic states discovered via different
experiments. For more information on the experimental and
theoretical progresses on the features of these new particles
see for instance Refs. [4–16]. Despite a lot of the exper-
imental and theoretical efforts, since the discovery of the
first exotic state in 2003, on the physical properties of the
non-conventional or exotic states, their internal quark–gluon
organization, nature and quantum numbers are not well-
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established and there are many questions to be answered. The
spectroscopic parameters of these states have been widely
investigated both in theory and experiment. Many sugges-
tions on the internal quark structure of the exotic states give
consistent mass results with the experimental data. This pre-
vents us to have exact assignments on the internal structure,
nature and quantum numbers of the exotic states [17–20].
Hence, we need move investigations on the fundamental
interactions of these states with each other and other known
particles. Among these interactions are the electromagnetic
interactions of these states and their radiative decays. Anal-
ysis of the electromagnetic and multipole moments of the
exotic states can help us get valuable knowledge about the
electromagnetic properties of these states, the charge distri-
butions inside them, their charge radius and geometric shapes
and finally their internal substructure.

As we mentioned above, the electromagnetic multipole
moments are straight-forwardly connected with the charge
and current distributions in the particles and these observ-
ables contain important information on the internal spatial
quarks and gluons distributions of the particles. Their sign
and magnitude encode valuable information on shape, struc-
ture and size of hadrons. There exist a lot of studies in the liter-
ature in which the electromagnetic properties of conventional
hadrons are studied and electromagnetic multipole moments
are obtained, but unluckily our knowledge on the electromag-
netic multipole moments of the non-conventional hadrons
are very limited. There exist only few studies in the litera-
ture devoted to the study of the electromagnetic multipole
moments of the exotic states [21–34]. Theoretical works can
play important roles in this respect since direct experimental
information about the electromagnetic multipole moments
of exotic particles is very limited. In this study, the elec-
tromagnetic multipole moments of the charm-strange pen-
taquark states (hereafter we will denote these states as Pcs̄)
are extracted by using the diquark–diquark–antiquark picture
in the framework of the light-cone QCD sum rule (LCSR)
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(for more about this method see, e.g., [35–37] and refer-
ences therein). This method has already been successfully
applied to investigate the dynamical and statical properties
of hadrons for many years such as, coupling constants, form
factors, masses and electromagnetic multipole moments. In
the LCSR, the features of the particles under investigations
are defined based on the light-cone distribution amplitudes
(DAs) that determine the matrix elements of the nonlocal
operators between vacuum and corresponding particle states.
Therefore, any uncertainty in these parameters affects the
predictions on the electromagnetic multipole moments.

The rest part of the paper is coordinated in the follow-
ing way: In Sect. 2, we present the result for the Pcs̄ pen-
taquarks electromagnetic multipole moments in the LCSR
method. Section 3 is devoted to the numerical analysis of
the obtained sum rules. Section 4 includes our concluding
remarks. The QCD sum rules of the electromagnetic form
factors entering the expressions of the magnetic dipole and
electric quadrupole moments are collected in the Appendix.

2 Formalism

In order to determine the electromagnetic multipole moments
in the framework of the LCSR, we take into consideration the
following two-point correlation function:

�μν(q) = i
∫

d4xeip·x 〈0|T {Jμ(x) J̄ν(0)}|0〉γ , (1)

where γ means the external electromagnetic field, Jμ is the
interpolating current of Pcs̄ pentaquark with spin- 3

2 . In the
diquark–diquark–antiquark picture, it can be written as [38]

Jμ(x) = εabcεadeεb f g

×[
qd

T

1 (x)Cγ5q
e
2(x) q f T

3 (x)Cγμc
g(x)Cs̄c

T
(x)

]
,

(2)

where q1, q2, q3 are u, d and/or s-quark, C is the charge
conjugation operator; and a, b . . . represent color indices.

According to the philosophy of the QCD sum rules, the
correlator, given in Eq. (1), can be calculated in two ways: (1)
In terms of hadron parameters such as the masses, residues
and the coupling constants, known as hadronic representa-
tion; (2) in terms of the quark–gluon parameters and using
the photon DAs which include all nonperturbative dynam-
ics, known as QCD representation. Then equating these two
different representations of the correlation function to each
other by the help of the quark–hadron duality assumption
gives us the desired sum rules. In order to suppress the con-
tributions of the higher states and continuum we apply Borel
transformation, and continuum subtraction to both sides of
the acquired QCD sum rules.

We start to compute the correlation function in terms of
hadronic degrees of freedom including the physical proper-
ties of the particles under consideration. For this purpose, we
insert an intermediate set of Pcs̄ pentaquark into the correla-
tion function. Consequently, we get

�Had
μν (p, q) = 〈0 | Jμ | Pcs̄(p)〉

[p2 − m2
Pcs̄

] 〈Pcs̄(p) | Pcs̄(p + q)〉γ

×〈Pcs̄(p + q) | J̄ν | 0〉
[(p + q)2 − m2

Pcs̄
] , (3)

The matrix elements in Eq. (3) are described as [39,40],

〈0 | Jμ | Pcs̄(p, s)〉 = λPcs̄ uμ(p, s),

〈Pcs̄(p) | Pcs̄(p + q)〉γ
= −eūμ(p)

{
F1(q

2)gμνε/

− 1

2mPcs̄

[
F2(q

2)gμν + F4(q
2)

qμqν

(2mPcs̄ )
2

]
ε/q/

+ F3(q
2)

1

(2mPcs̄ )
2 qμqνε/

}
uν(p + q), (4)

where ε and q are the polarization vector and momentum
of the photon, respectively, λPcs̄ denotes the residue and
uμ(p, s) is the Rarita–Schwinger spinor of Pcs̄ pentaquarks.
Summation on spins of Pcs̄ pentaquark is performed as:
∑
s

uμ(p, s)ūν(p, s) = −
(
p/ + mPcs̄

)

×
[
gμν − 1

3
γμγν − 2 pμ pν

3m2
Pcs̄

+ pμγν − pνγμ

3mPcs̄

]
. (5)

In principle, it is possible to acquire the final form of the
hadronic representation of the correlator using the above
equations, but we encounter with two problems: not all
Lorentz structures are independent and the correlator can
include not only the spin-3/2 contributions but also the contri-
butions from the spin-1/2 particles, which must be removed.
To eliminate the spin-1/2 contributions and acquire only inde-
pendent structures in the correlator, we order the Dirac matri-
ces as γμ p/ε/q/γν and remove terms starting with γμ, and end-
ing with γν and those which are proportional to pμ and pν

[41]. This procedure eliminates the spin- 1
2 pollutions. Con-

sequently, using Eqs. (3) and (4) for hadronic side we get,

�Had
μν (p, q) = −

λ2
Pcs̄

[(p + q)2 − m2
Pcs̄

][p2 − m2
Pcs̄

]

×
[

− gμν p/ε/q/ F1(q2) + mPcs̄ gμνε/q/ F2(q2) + F3(q2)

4mPcs̄
qμqνε/q/

+ F4(q2)

4m3
Pcs̄

(ε.p)qμqν p/q/ + other independent structures

]
. (6)
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The magnetic dipole (GM (q2)), electric quadrupole
(GQ(q2)), and magnetic octupole (GO(q2)), form factors
are described in terms of the form factors Fi (q2) as [39,40]:

GM (q2) = [F1(q
2) + F2(q

2)]
(

1 + 4

5
λ

)

−2

5
[F3(q

2) + F4(q
2)]λ(1 + λ),

GQ(q2) = [F1(q
2) − λF2(q

2)]
−1

2
[F3(q

2) − λF4(q
2)](1 + λ).

GO(q2) = [F1(q
2) + F2(q

2)]
−1

2
[F3(q

2) + F4(q
2)](1 + λ), (7)

where λ = − q2

4m2
Pcs̄

. At q2 = 0, the electromagnetic multi-

pole form factors are acquired in terms of the functions Fi (0)

as:

GM (0) = F1(0) + F2(0),

GQ(0) = F1(0) − 1

2
F3(0),

GO(0) = F1(0) + F2(0) − 1

2
[F3(0) + F4(0)]. (8)

The magnetic dipole, (μPcs̄ ), electric quadrupole (QPcs̄ ) and
magnetic octupole moments (OPcs̄ ) are described as follows,

μPcs̄ = e

2mPcs̄
GM (0),

QPcs̄ = e

m2
Pcs̄

GQ(0),

OPcs̄ = e

2m3
Pcs̄

GO(0). (9)

In present work we derive sum rules for the form factors
Fi (q2) then in numerical analyses we will use the above
relations to extract the values of the multipole moments using
the sum rules for the form factors. The final form of the
hadronic side in terms of the selected structures in momentum
space is:

�Had
μν (p, q) = �Had

1 gμν p/ε/q/ + �Had
2 gμνε/q/ + �Had

3 qμqνε/q/

+�Had
4 (ε.p)qμqν p/q/ + · · · , (10)

where �Had
i are functions of the form factors Fi (q2) and

other hadronic parameters; and . . . represents other inde-
pendent structures.

In the deep Euclidean region, the correlation function can
also be computed in terms of quark–gluon fields as well as the
photon DAs. Using expressions of interpolating currents and
contracting all quark pairs, we get the following expression
for the correlation function:

�QCD
μν (p, q) = i εabcεa

′b′c′
εadeεa

′d ′e′
εb f gεb

′ f ′g′

×
∫

d4xeip·x 〈0|S̃c′c
s (−x)

{
Tr

[
γ5 S̃

gg′
c (x)γ5S

f f ′
q3 (x)

]

× Tr
[
γν S̃

ee′
q2

(x)γμS
dd ′
q1

(x)
]

− Tr
[
γ5 S̃

gg′
c (x)γ5S

f f ′
q3 (x)

]

× Tr
[
γν S̃

de′
q1q2

(x)γμS
ed ′
q2q1

(x)
]

− Tr
[
γ5 S̃

gg′
c (x)γ5S

f d ′
q3q1(x)

×γν S̃
ee′
q2

(x)γμ S̃
d f ′
q1q3(x)

]
− Tr

[
γ5 S̃

gg′
c (x)γ5S

f e′
q3q2(x)

× γν S̃
dd ′
q1

(x)γμ S̃
e f ′
q2q3(x)

]
+ Tr

[
γ5 S̃

gg′
c (x)γ5S

f d ′
q3q1(x)

× γν S̃
de′
q1q2

(x)γμ S̃
e f ′
q3q2(x)

]
+ Tr

[
γ5 S̃

gg′
c (x)γ5S

f e′
q3q2(x)

× γν S̃
ed ′
q2q1

(x)γμ S̃
d f ′
q1q3(x)

]}
|0〉γ , (11)

where S̃i jc(q)(x) = CSi jTc(q)(x)C and Sqi q j exists when qi = q j

but it vanishes when qi �= q j .
The quark propagators Sq(x) and Sc(x) are given as [42]

Sq(x) = S f ree
q − q̄q

12

(
1 − i

mq x/

4

)
− q̄σ.Gq

192
x2

(
1 − i

mq x/

6

)

− igs
32π2x2 Gμν(x)

[
/xσμν + σμν /x

]
, (12)

and

Sc(x) = S f ree
c − gsmc

16π2

∫ 1

0
dv Gμν(vx)

×
[
(σμνx/ + x/σμν)

K1(mc
√−x2)√−x2

+ 2σμνK0(mc

√
−x2)

]
,

(13)

where

S f ree
q (x) = i

x/

2π2x4 − mq

4π2x2 ,

S f ree
c (x) = m2

c

4π2

[
K1(mc

√−x2)√−x2
+ i

x/ K2(mc
√−x2)

(
√−x2)2

]
,

(14)

with Ki being the modified Bessel functions of the second
kind.

The correlation function includes short distance (pertur-
bative), and long distance (nonperturbative) contributions. In
the first part, the propagator of the quark interacting with the
photon perturbatively is replaced by

S f ree(x) →
∫

d4y S f ree(x − y) /A(y) S f ree(y) , (15)

and the remaining four propagators in Eq. (11) are replaced
with the full quark propagators including the perturbative and
nonperturbative parts. Here we use Aμ(y) = − 1

2 Fμν(y) yν

where the electromagnetic field strength tensor is written as
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Fμν(y) = −i(εμqν −ενqμ) eiq.y . The total perturbative con-
tribution is acquired by performing the replacement men-
tioned above for the perturbatively interacting quark propa-
gator with the photon and making use of the replacement of
the remaining propagators by their free parts.

In the next part, one of the light quark propagators in
Eq. (11), defining the photon emission at large distances, is
substitute by

Sabαβ(x) → −1

4

[
q̄a(x)�i q

b(x)
](

�i
)
αβ

, (16)

and the rest propagators are substituted with the full quark
propagators. Here, �i represent the full set of Dirac matri-
ces. Once Eq. (16) is plugged into Eq. (11), there appear
matrix elements of 〈γ (q) |q̄(x)�i q(0)| 0〉 and 〈γ (q) |q̄(x)
�i Gαβq(0)

∣∣ 0〉 kinds, representing the nonperturbative con-
tributions. To calculate the nonperturbative contributions, we
need these matrix elements which are parameterized in terms
of photon wave functions with definite twists. The explicit
expressions of the photon DAs are presented in Ref. [43]. The
QCD side of the correlation function can be acquired in terms
of quark–gluon parameters as well as the DAs of the photon
using Eqs. (11)–(16) and after performing the Fourier trans-
formation to remove the calculations to the momentum space.
As a result of above procedures the QCD side of the correla-
tion function in terms of the selected structures in momentum
space is obtained as

�QCD
μν (p, q) = �

QCD
1 gμν p/ε/q/ + �

QCD
2 gμνε/q/

+�
QCD
3 qμqνε/q/

+�
QCD
4 (ε.p)qμqν p/q/ + · · · , (17)

where �
QCD
i are functions of the QCD degrees of freedom

and photon DAs parameters.
The sum rules are obtained by equating the hadronic and

QCD representations of the correlation function. The next
step is to perform double Borel transformation (B) over the
p2 and (p+q)2 on the both sides of the sum rules in order to
stamp down the contributions of higher states and continuum.
To further suppress the contributions of the higher states and
continuum we apply the continuum subtraction and use the
quark–hadron duality assumption. Hence,

B�Had
μν (p, q) = B�QCD

μν (p, q), (18)

which leads to

B�Had
1 = B�

QCD
1 , B�Had

2 = B�
QCD
2 ,

B�Had
3 = B�

QCD
3 , B�Had

4 = B�
QCD
4 , (19)

corresponding to the structures gμν p/ε/q/, gμνε/q/, qμqνε/q/ and
(ε.p)qμqν p/q/. By this way we obtain the sum rules for the
form factors F1, F2, F3 and F4, whose explicit expressions
are presented in the Appendix.

3 Numerical analysis

This section is devoted to the numerical analysis of the elec-
tromagnetic multipole moments of the charm-strange Pcs̄
pentaquarks. We use mu = md = 0, ms (2 GeV) =
0.096+0.08

−0.04 GeV, mc(mc) = (1.28 ± 0.03) GeV (in MS
scheme) [44], f3γ (μ = 1 GeV) = −0.0039 GeV2 [43],
〈ūu〉(μ = 1 GeV) = 〈d̄d〉(μ = 1 GeV) = (−0.24 ±
0.01)3 GeV3 [45], 〈s̄s〉(μ = 1 GeV) = 0.8〈ūu〉(μ =
1 GeV), m2

0 (μ = 1 GeV) = 0.8 ± 0.1 GeV2, 〈g2
s G

2〉 =
0.88 GeV4 [12] and χ(μ = 1 GeV) = −2.85 ± 0.5 GeV−2

[46]. To obtain a numerical values for the electromagnetic
form factors, we need to determine the values of the mass
and residue of the Pcs̄ pentaquarks. The mass and residue of
the Pcs̄ pentaquarks are borrowed from [38]. The parameters
entering the photon DAs are presented in Ref. [43].

The estimations for the electromagnetic multipole
moments of the charm-strange Pcs̄ pentaquarks depend on
two auxiliary parameters; the continuum threshold s0 and
Borel mass parameter M2. In order to obtain reliable values
of the electromagnetic multipole moments from QCD sum
rules, we should find the working regions of s0 and M2 in such
a way that the results are insensitive to the variation of these
parameters. To obtain a working region for M2, we require
the pole dominance over the contributions of higher states and
continuum. And also the results coming from higher dimen-
sional operators should contribute less than the lower dimen-
sional ones, since operator product expansion (OPE) should
be convergent. The above requirements restrict the working
region of the Borel parameter to 3 GeV2 ≤ M2 ≤ 5 GeV2.
The continuum threshold s0 is not totally arbitrary and it is
relevant to the energy of the first corresponding excited state.
In its fixing we again consider the OPE convergence and pole
dominance. Our numerical calculations lead to the interval
[11–13] GeV2 for this parameter. In Fig. 1, as example, we
plot the dependencies of the magnetic dipole moments of
the possible pentaquarks on M2 at several fixed values of
the continuum threshold s0. From these graphics we observe
that the corresponding magnetic dipole moments seem to
be almost independent of M2 for different choices of s0.
However, the dependencies of the obtained results on the
continuum threshold are considerable eventhough they are
within the limits allowed by the standard prescriptions of the
method. We include these variations in the errors of our final
results.

Our results for the magnetic dipole and electric quadrupole
moments are shown in Table 1. The magnetic octupole
moments of the charm-strange Pcs̄ pentaquarks have also
been calculated but they are not presented here because their
values are very close to zero. The errors in the results are
due to the uncertainties carried by the input parameters and
photon DAs as well as those coming from the working win-
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Fig. 1 The magnetic dipole moments for Pcs̄ pentaquarks versus M2 at various fixed values of the s0

dows for auxiliary parameters. We should note that the pri-
mary source of uncertainties is because of the variations of
the results with respect to s0. It is worth mentioning that in
Table 1 and Fig. 1, the absolute values of the quantities are

shown since it is not possible to define the sign of the residue
from the mass sum rules. Hence, we cannot predict the signs
of the electromagnetic multipole moments.
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Table 1 Numerical values of the magnetic dipole and electric
quadrupole moments of Pcs̄ pentaquarks

State |μPcs̄ |[μN ] |QPcs̄ |[ f m2](×10−3)

uddcs̄ 0.36 ± 0.14 0.21 ± 0.03

duucs̄ 0.36 ± 0.14 0.21 ± 0.03

suucs̄ 0.36 ± 0.14 0.21 ± 0.03

sddcs̄ 0.36 ± 0.14 0.21 ± 0.03

uuucs̄ 0.39 ± 0.15 0.22 ± 0.03

dddcs̄ 0.40 ± 0.15 0.23 ± 0.04

ssscs̄ 0.40 ± 0.15 0.23 ± 0.04

udscs̄ 0.42 ± 0.16 0.23 ± 0.04

usscs̄ 0.43 ± 0.16 0.23 ± 0.04

dsscs̄ 0.43 ± 0.16 0.23 ± 0.04

4 Discussion and concluding remarks

The electromagnetic multipole moments of the charm-
strange Pcs̄ pentaquarks have been investigated by assum-
ing that these states are represented in diquark–diquark–
antiquark picture with quantum numbers J P = 3

2
−

. Their
magnetic dipole and electric quadrupole moments have been
extracted in the framework of light-cone QCD sum rule. The
electromagnetic multipole moments of the charm-strange Pcs̄
pentaquarks are essential dynamical observables, which can
contain valuable information of their substructure, charge
distribution inside them and their geometric shapes. The
numerical values obtained for the magnetic dipole moments
are large enough to be measured in future experiments. How-
ever we got very small results for the electric quadrupole
moments of charm-strange Pcs̄ pentaquarks indicating a non-
spherical charge distribution. As we mentioned above, the
values of magnetic octupole moments are obtained to be very
close to zero.
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Appendix: QCD sum rules for the electromagnetic form
factors Fi

The explicit expressions for the electromagnetic form factors
Fi are given as:

F1 = − e
m2

Pcs̄
/M2

λ2
Pcs̄

{
es

1228800m2
c π8

×[m5
c(−m11

c I [−8, 5] + 5mq3m
10
c I [−7, 4]

+ 10m7
c(−5mq1mq2 I [−6, 4] + I [−6, 5])

+ 50mq3 m
6
c (4mq1 mq2 I [−5, 3] − I [−5, 4])

+ 10m5
c (15mq1 mq2 I [−5, 4] + 2 I [−5, 5])

+ 100m3 m
4
c (6mq1mq2 × I [−4, 3]

+ I [−4, 4]) + 15m3
c

× (−10mq1 mq2 I [−4, 4] + I [−4, 5]) + 75mq3 m
2
c

× (8mq1mq2 I [−3, 3] − I [−3, 4])
+mc

(
50mq1 mq2 I [−3, 4] + 4 I [−3, 5]

)

+ 20mq3 (10mq1 mq2 I [−2, 3] + I [−2, 4]))
+ 1600mq1 mq2 mq3 mc I [0, 3] + 48 I [0, 5]]

− ec mc 〈g2
s G

2〉
4718592 π8 [6mc mq23(mq1 − mq12 )(m

4
c I [−4, 2]

− 2m2
c I [−3, 2] + I [−2, 2]) + m2

q13
(m7

c I [−5, 2]
− 3m3

c I [−3, 2] + 2mc I [−2, 2])
+m2

q23
(m7

c I [−5, 2] − 3m3
c I [−3, 2] + 2mc I [−2, 2])

− 2mq13 mc(3 (mq12 − mq2 )(m
4
c I [−4, 2] − 2m2

c I [−3, 2]
+ I [−2, 2]) + mq23(m

6
c I [−5, 2] − 3m2

c I [−3, 2]
+ 2 I [−2, 2])) − 2 (mq1 − 2mq12 + mq2 )(m

6
c I [−4, 2]

− 3m4
c I [−3, 2] + 3m2

c I [−2, 2] − I [−1, 2])]

+ eq1 〈g2
s G

2〉
84934656m2

c π8
[m3

c (mc (m2
c ( 31m6

c I [−6, 3]

− 6m4
c (6m2

q23
+ 9mq23 mc + 8mq3 mc) I [−5, 2]

− 102m2
c × I [−4, 3] + 36 (3m2

q23
+ 6mq23 mc

+ 4mq3 mc) I [−3, 2] − 80 I [−3, 3])
− 24 (3m2

q23
+ 9mq23 mc + 4mq3 mc)

× I [−2, 2] − 9I [−2, 3]) + 54mq23 I [−1, 2])

− 160 I [0, 3]] + eq2 〈g2
s G

2〉
84934656m2

c π8

×[m3
c (mc (m2

c ( 31m6
c I [−6, 3] − 6m4

c (6m2
q13

+ 9mq13 mc + 8mq3 mc
)
I [−5, 2] − 102m2

c × I [−4, 3]
+ 36 (3m2

q13
+ 6mq13 mc + 4mq3 mc) I [−3, 2]

− 80 I [−3, 3]) − 24 (3m2
q13

+ 9mq13 mc + 4mq3 mc)

× I [−2, 2] − 9I [−2, 3]) + 54mq13 I [−1, 2])
− 160 I [0, 3]] + eq3 〈g2

s G
2〉

5308416m2
c π8 [m12

c I [−6, 3]
− 6m8

c ( 3 (m2
q12

+ mq1 mq2)I [−4, 2] + I [−4, 3])
+ 4m6

c ( 9 (m2
q12

+ mq1 mq2) × I [−3, 2] − 2 I [−3, 3])
− 3m4

c ( 6 (m2
q12

+ mq1 mq2)I [−2, 2] + I [−2, 3])

123
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− 16 I [0, 3]] + eq12 〈g2
s G

2〉
42467328m2

c π8

×[m3
c(mc(m

2
c(m

6
c I [−6, 3] + 3m4

c(12mq13 mq13

+ 9mq13 mc + 9mq23 mc − 16mq3 mc)

× I [−5, 2] + 6m2
c I [−4, 3] − 36 ( (3mq23 − 4mq3 )mc

+ 3mq13 (mq23 + mc))I [−3, 2] + 16 I [−3, 3])
+ 12(6mq13 mq23 + 9mq13 mc + 9mq23 mc − 8mq3 mc)

× I [−2, 2] + 9 I [−2, 3]) − 27 (mq13 + mq23) I [−1, 2])
+ 32 I [0, 3]] + eq13 mc 〈g2

s G
2〉

4718592 π8

×[3 (mq13 − mq23)m
8
c I [−5, 2] + 2m5

c (6mq13 mq2

− 6mq12 mq23 − 5mq12 mc + 5mq2 mc)

× I [−4, 2] + 12m3
c ( (− 2mq2 + mq23)mc − mq13

× ( 2mq2 + mc) + 2mq12 (mq23 + mc)) I [−3, 2]
+ 6mc(− 2mq12 mq23 − 3mq12 mc + 3mq2 mc

− 2mq23 mc + 2mq23 (mq2 + mc)) I [−2, 2] + (4mq12

− 3mq13 − 4mq2 + 3mq23) I [−1, 2]] + eq23 mc 〈g2
s G

2〉
4718592 π8

×[3 (−mq13 + mq23)m
8
c I [−5, 2] − 2m5

c (6mq12 mq13

− 6mq1 mq23 − 5mq1 mc + 5mq12 mc)

× I [−4, 2] + 12m3
c ((mq13 − mq23)mc

+ 2mq12 (mq13 + mc) − 2mq1 (mq23 + mc)) I [−3, 2]
− 6mc (2mq12 mq13 − 2mq1 mq23 − 3mq1 mc + 3mq12 mc

+ 2mq13 mc − 2mq23 mc) I [−2, 2] − (4mq1

− 4mq12 − 3mq13 + 3mq23) I [−1, 2]]
+ es 〈g2

s G
2〉

21233664 π8 [−4m8
c (3 (mq13 − mq23)

2 I [−5, 2]
+ 32 I [−5, 3] + 76 f3γ π2 I [−5, 2] ψa[u0])
+ 4m7

c (3 (mq13 − mq23)
2 I [−5, 2]

+ 3(9mq1 − 18mq12 + 9mq2 − 64mq3) I [−4, 2]
− 32 f3γ π2 (mq13 + mq23 − 4mq3) I [−4, 1] ψa[u0])
+ 8m6

c(9(8m2
q12

+ 8mq1 mq2 + (mq13 − mq23)
2) I [−4, 2]

+ 2 f3γ π2(3 (mq13 + mq23)
2

× I [−4, 1] − 20 I [−4, 2]) ψa[u0])
− 3m5

c(9 (3 (mq1 − 2mq12 + mq2) − 16mq3)

× I [−3, 2] + 4 f3γ π2 (9mq1 + 18mq12 − 24mq13

+ 9mq2 − 24mq23 + 64mq3) I [−3, 1] ψa[u0])
−m4

c(27(32m2
q12

+ 32mq1 mq2 + 3 (mq13

−mq23)
2) I [−3, 2] − 128 I [−3, 3]

+ 36 f3γ π2 ( 4 (8m2
q12

+ 8mq1 mq2

− (mq13 + mq23)
2)I [−3, 1] + I [−3, 2])

×ψa[u0]) + 3m3
c(( 27 (mq1 − 2mq12 + mq2)

− 128mq3) I [−2, 2] + 24 f3γ ( 3 (mq1 + 2mq12

− 4mq13 + mq2 − 4mq23) + 16 π2 mq3) I [−2, 1] ψa[u0])
+ 36m2

c ((12m2
q12

+ 12mq1 mq2

+ (mq13 − mq23)
2) I [−2, 2]

+ 2 I l[−2, 3] + f3γ π2((−32m2
q12

− 32mq1 mq2

+ 3 (mq13 + mq23)
2) I [−2, 1] − 8 I [−2, 2])ψa[u0])

− 192mc ( f3γ (mq13 + mq23)I [−1, 1] ψa[u0])
+ 192( f3γ (−5(mq13 + mq23) + 4mq3) I [0, 1] ψa[u0])]
+ es 〈q̄1q1〉

18432m2
c π6 [−6mq2 m

5
c(2m

5
c I [−5, 3]

+ 6mq3 m
4
c I [−4, 2] + m3

c (3m2
0 I [−4, 2] + 4 I [−4, 3])

− 6mq3 m
2
c (m2

0 I [−3, 1] + 2 I [−3, 2])
+mc (−3m2

0 I [−3, 2] + 2 I [−3, 3])
+ 6mq3 (I [−2, 2] − m2

0 I [−2, 1]))
− 48mq2 I [0, 3] + mq1(m

5
c (−2m7

c I [−6, 3]
+ 3m2

0 m
5
c I [−5, 2] + 6mq3 m

6
c I [−5, 2]

+ 6m2
0 mq3 m

4
c I [−4, 1] + 6m3

c I [−4, 3]
− 3m2

0 mc I [−3, 2] − 18mq3 m
2
c I [−3, 2]

+ 4mc I [−3, 3] − 6m2
0 mq3 I [−2, 1]

+12mq3 I [−2, 2]) + 24m2
0 mq3 mc I [0, 1] + 8 I [0, 3])

+ 4 f3γ π2(m5
c(mc(mq1(3m

4
c I [−5, 2]

+ 2m2
c(−m2

0 + 3mq3mc) I [−4, 1]
− 3 I [−3, 2]) − 6mq2 (2m2

c I [−4, 2]
+m2

0 I [−3, 1] − 4mq3 mc I [−3, 1] − 2 I [−3, 2]))
− 6 (mq1 − 4mq2)mq3 × I [−2, 1])
− 2m2

0 (mq1 − 3mq2) × mq3 mc I [0, 0]
+ 2 (m2

0(mq1 − 3mq2) + 12mq1 mq3 mc) I [0, 1])ψa[u0]]
− es mq12 〈q̄12q12〉

9216m2
c π6

×[2m12
c I [−6, 3] − 6mq3 m

11
c I [−5, 2]

− 3m10
c (m2

0 I [−5, 2] − 4 I [−5, 3]) − 6mq3 m
9
c(m

2
0

× I [−4, 1] − 6 I [−4, 2]) + 18m8
c (m2

0 I [−4, 2]
+ I [−4, 3]) − 18mq3 m

7
c (2m2

0 I [−3, 1] + 3 I [−3, 2])
+m6

c (−15m2
0 I [−3, 2] + 8 I [−3, 3])

− 6mq3 m
5
c (5m2

0 I [−2, 1] − 4 I [−2, 2])
− 24m2

0 mq3 mc I [0, 1] + 40 I [0, 3] − 4 f3γ π2

× (3m10
c I [−5, 2] + 6mq3 m

9
c I [−4, 1]

− 2m8
c (m2

0 I [−4, 1] + 6 I [−4, 2])
+ 24mq3 m

7
c × I [−3, 1] + m6

c (−6m2
0 I [−3, 1]

+ 9 I [−3, 2]) + 18mq3 m
5
c I [−2, 1] − 4m2

0 I [0, 1]
+ 4mq3 mc (m2

0 I [0, 0] + 6 I [0, 1]))ψa[u0]]
+ es 〈q̄3q3〉

9216m2
c π6 [m5

c(m
8
c I [−6, 3] + 3m2

0 m
6
c I [−5, 2]

− 6m4
c( 3 (m2

q12
+ mq1 mq2) I [−4, 2] + I [−4, 3])

123
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+m2
c(18m2

0 (m2
q12

+ mq1 mq2) I [−3, 1]
− 9 (m2

0 − 4 (m2
q12

+ mq1 mq2)) I [−3, 2] − 8I [−3, 3])
+ 18m2

0 (m2
q12

+ mq1 mq2)I [−2, 1] + 6 (m2
0 − 3 (m2

q12

+mq1 mq2)) I [−2, 2] − 3 I [−2, 3] )

−mq3(m
6
c(2m

6
c I [−6, 3] − 3m2

0 m
4
c I [−5, 2] + 6m2

c

× ( 3 (m2
q12

+ mq1 mq2) I [−4, 2] − I [−4, 3])
+ 6m2

0 (m2
q12

+ mq1 mq2)I [−3, 1]
+ 3 (m2

0 − 6 (m2
q12

+ mq1 mq2))

× I [−3, 2] − 4 I [−3, 3]) + 6m2
0 (m2

q12

+mq1 mq2) I [0, 1] − 8 I [0, 3])
− 16mc I [0, 3] + 4 f3γ π2(m5

c (m2
c (2m4

c I [−5, 2]
+ 3m2

0 m
2
c I [−4, 1] + 12(m2

q12
+ mq1 mq2)

× I [−3, 1] − 6 I [−3, 2]) + mq3 mc(3m
4
c I [−5, 2]

− 2m2
0 m

2
c I [−4, 1] − 6 (m2

q12

+mq1 mq2) I [−3, 1] − 3 I [−3, 2])
−3 (m2

0 − 4 (m2
q12

+ mq1 mq2))

× I [−2, 1] + 4 I [−2, 2]) + 3m2
0 (m2

q12

+mq1 mq2)mc I [0, 0] + 2 (−3 (m2
q12

+ mq1 mq2)

× mq3 + m2
0 (mq3 + 6mc))I [0, 1])ψa[u0]]

}
, (20)

F2 = mPcs̄ e
m2

Pcs̄
/M2

λ2
Pcs̄

{
es 〈s̄s〉

5898240m2
c π6

×[160 (−m5
c(m

7
c I [−6, 4] − 4mq3 m

6
c I [−5, 3]

+ 3m3
c(4 (m2

q12
+ mq1 mq2)

× I [−4, 3] − I [−4, 4]) + 12mq3 m
2
c

× (−3 (m2
q12

+ mq1 mq2) I [−3, 2] + I [−3, 3])
+ 2mc( 6 (m2

q12
+ mq1 mq2) I [−3, 3]

+ I [−3, 4]) + 36mq3 (m2
q12

+ mq1mq2) I [−2, 2]
+ 8mq3 I [−2, 3]) − 8 (3m2

q12
+ 3mq1 mq2

+ 2mq3 mc)I [0, 3])A[u0]
+ 32 χ (m14

c I [−7, 5] + 5mq3 m
13
c I [−6, 4]

+ 8m12
c I [−6, 5] − 40mq3 m

11
c I [−5, 4]

+ 6m10
c ( 5 (m2

q12
+ mq1 mq2)

× I [−5, 4] + 3 I [−5, 5]) + 30mq3 m
9
c

× ( 4 (m2
q12

+ mq1 mq2) I [−4, 3] + 3 I [−4, 4])
+ 4m8

c(−15 (m2
q12

+ mq1mq2) I [−4, 4] + 4 I [−4, 5])
+ 80mq3 m

7
c( 3 (m2

q12
+ mq1 mq2) I [−3, 3]

− I [−3, 4]) + 5m6
c( 6 (m2

q12

+mq1 mq2) I [−3, 4] + I [−3, 5])
+ 5mq3 m

5
c(24(m2

q12
+ mq1 mq2) I [−2, 3]

+ 5 I [−2, 4]) + 480 (m2
q12

+ mq1 mq2)

×mq3 mc I [0, 3] + 48 I [0, 5])ϕγ [u0]
+ 5 (7m12

c I [−6, 4] + 2 ( 9mq1 + 18mq12 + 6mq13

+ 9mq2 + 6mq23 − 32mq3)

×m11
c I [−5, 3] + 6m10

c

× ((−m2
q13

+ 10mq13 mq2 + 10mq1 mq23 − 2mq13 mq23

−m2
q23

+ 10mq12(mq13 + mq23))

× I [−5, 3] + 4 I [−5, 4]) + 12m9
c

× (3mq1 + 6mq12 + 8mq13 + 3mq2

+ 8mq23) I [−4, 3] − 84m8
c I [−4, 4] + 12m7

c

× (9 (m2
q13

mq2 + 2mq12mq13 mq23 + mq1 m
2
q23

) I [−3, 2]
+ ( 3 (mq1 + 2mq12 + 6mq13 + mq2 + 6mq23)

+ 16mq3) × I [−3, 3]) + 2m6
c(− 9 (m2

q13

+ 6mq13 mq2 + 6mq1 mq23

+2mq13 mq23 + m2
q23

+ 6mq12 (mq13 + mq23)
)
I [−3, 3]

+ 34 I [−3, 4]) + 4m5
c(−54 (m2

q13
mq2

+ 2mq12 mq13 mq23 + mq1 m
2
q23

) I [−2, 2] + (9mq1

+ 18mq12 + 48mq13

+ 9mq2 + 48mq23 + 32mq3) I [−2, 3])
− 3m4

c( 8 (mq13(2mq12 + mq13 + 2mq2)

+ 2 (mq1 + mq12 + mq13)mq23 + m2
q23

) I [−2, 3]
+ 5 I [−2, 4]) + 6m3

c( 18 (m2
q13

mq2 + 2mq12 mq13 mq23

+mq1 m
2
q23

) I [−1, 2] + (3mq1 + 6mq12 + 10mq13

+ 3mq2 + 10mq23) I [−1, 3]) − 48(mq13(2mq12

+mq13 + 2mq2) + 2 (mq1 + mq12 + mq13)

×mq23 + m2
q23

) × I [0, 3] + 16(9(mq1 + 2mq12 + 4mq13

+mq2 + 4mq23) + 16mq3)mc I [0, 3])I1[S̃]
+ 80(m5

c (−m9
c I [−7, 4] − 4mq3 m

8
c I [−6, 3]

+ 6m5
c( 4 (m2

q12
+ mq1 mq2)I [−5, 3] + I [−5, 4])

+ 24mq3 m
4
c(3(m2

q12
+ mq1 mq2) I [−4, 2] + I [−4, 3])

+ 8m3
c(6 (m2

q12
+ mq1 mq2)I [−4, 3] − I [−4, 4])

+ 16mq3 m
2
c(−9 (m2

q12
+ m2

q13

+m2
q23

)) I [−3, 2] + 2 I [−3, 3] + 3mc( 8 (m2
q12

+mq1 mq2)I [−3, 3] + I [−3, 4]) + 12mq3

× (6 (m2
q12

+ mq1mq2) I [−2, 2] + I [−2, 3]))
+ 32(3m2

q12
+ 3mq1 mq2

+ 2mq3 mc) I [0, 3]) I2[hγ ]]
}

, (21)

and

F3 = 4mPcs̄ e
m2

Pcs̄
/M2

λ2
Pcs̄

{
es 〈s̄s〉

73728m2
c π6 [4 A[u0]

× (m5
c(mc(m

6
c I [−6, 3] − 3mq3 m

5
c

123
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Table 2 The values of eqi , eqi j ,
mqi and mqi j related to the
expressions of the
electromagnetic form factors in
Eqs. (17)–(19)

Pcs̄ eq1 eq2 eq3 eq12 eq13 eq23 mq1 mq2 mq3 mq12 mq13 mq23

uuucs̄ eu eu eu eu eu eu 0 0 0 0 0 0

dddcs̄ ed ed ed ed ed ed 0 0 0 0 0 0

ssscs̄ es es es es es es ms ms ms ms ms ms

uddcs̄ eu ed ed 0 0 ed 0 0 0 0 0 0

usscs̄ eu es es 0 0 es 0 0 0 0 0 ms

duucs̄ ed eu eu 0 0 eu 0 0 0 0 0 0

dsscs̄ ed es es 0 0 es 0 0 0 0 0 ms

suucs̄ es eu eu 0 0 eu 0 0 0 0 0 0

sddcs̄ es ed ed 0 0 ed 0 0 0 0 0 0

udscs̄ eu ed es 0 0 0 0 0 0 0 0 0

× I [−5, 2] + 3m4
c I [−5, 3] + 9mq3 m

3
c

× I [−4, 2] + 3m2
c I [−4, 3] − 9mq3 mc I [−3, 2]

+ I [−3, 3]) + 3mq3 I [−2, 2]) + 8 I [0, 3])
+χ mc (m4

c(mc(m
8
c × I [−7, 4] + 4mq3 m

7
c I [−6, 3]

− 4m6
c I [−6, 4] + 16mq3 m

5
c I [−5, 3] + 6m4

c I [−5, 4]
+ 24mq3 m

3
c I [−4, 3] − 4m2

c

× I [−4, 4] + 16mq3 mc I [−3, 3] + I [−3, 4])
+ 4mq3 I [−2, 3]) + 64mq3 I [0, 3])ϕγ [u0]
− 2(m5

c(mc(m
8
c I [−7, 3] + 3mq3 m

7
c I [−6, 2]

+ 4m6
c I [−6, 3] − 12mq3 m

5
c I [−5, 2]

+ 6m4
c I [−5, 3] + 18mq3 m

3
c I [−4, 2] + 4m2

c I [−4, 3]
− 12mq3 mc I [−3, 2] + I [−3, 3])
+ 3mq3 I [−2, 2]) + 16 I [0, 3])I2[hγ ]]

}
, (22)

where s0 is the continuum threshold, u0 = M2
1

M2
1 +M2

2
, 1
M2 =

1
M2

1
+ 1

M2
2

with M2
1 and M2

2 being the Borel parameters in

the initial and final states, respectively and we have not pre-
sented the explicit form of F4 as it gives contributions only to
the magnetic octupole moment, whose value is roughly zero.
Here eq is the electric charge of the corresponding quark; and
〈q̄q〉 and 〈g2

s G
2〉 are quark and gluon condensates, respec-

tively. We should also remark that, in the above sum rules, for
simplicity we have only presented the terms that give con-
siderable contributions to the numerical values of the quanti-
ties under consideration and ignored to present many higher
dimensional operators although they have been considered
in the numerical analyses. In the presented results terms with
gluon condensate multiply high twist (twist-3) DAs of photon
come from the nonperturbative contributions in QCD side.
Such that one of the quarks interact with the photon non-
perturbatively and two single gluon fields from two different
propagators make gluon condensate and the remaining two

propagators are replaced by their free parts. The values of
eqi , eqi j , mqi and mqi j corresponding to different states are
given in Table 2.

The functions I [n,m], I1[A] and I2[A] are defined as:

I [n,m] =
∫ s0

m2
c

ds
∫ s

m2
c

dl e−s/M2 (s − l)m

ln
,

I1[A] =
∫

Dαi

∫ 1

0
dv A(αq̄ , αq , αg)δ(αq̄ + vαg − u0),

I2[A] =
∫ 1

0
du A(u).
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