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Abstract We investigate the electromagnetic properties of
possible charm-strange pentaquarks in the framework of the
light-cone QCD sum rule using the photon distribution ampli-
tudes. In particular, by calculating the corresponding electro-
magnetic form factors defining the radiative transitions under
consideration we estimate the magnetic dipole and electric
quadrupole moments of the pentaquark systems of a charm,
an anti-strange and three light quarks. We observe that the
values of magnetic dipole moments are considerably large,
however, the quadrupole moments are very small. Any future
measurements of the electromagnetic parameters under con-
sideration and comparison of the obtained data with the the-
oretical predictions can shed light on the quark—gluon orga-
nization as well as the nature of the pentaquarks.

1 Introduction

Although the existence of the exotic states was predicted
many decades ago by Jaffe [1], this subject has experienced
two revolutions in the last two decades. The first one was the
discovery of the famous X(3872) tetraquark state by Belle
experiment [2] in 2003. The second revolution was in 2015
when the LHCb Collaboration announced the observation of
the hidden-charmed P (4380) and P (4450) pentaquarks
with the spin-parities J¥ = %7 and %+, respectively [3].
Now we have many exotic states discovered via different
experiments. For more information on the experimental and
theoretical progresses on the features of these new particles
see for instance Refs. [4—16]. Despite a lot of the exper-
imental and theoretical efforts, since the discovery of the
first exotic state in 2003, on the physical properties of the
non-conventional or exotic states, their internal quark—gluon
organization, nature and quantum numbers are not well-

2 e-mail: kazizi@dogus.edu.tr

b e-mail: uozdem @dogus.edu.tr

established and there are many questions to be answered. The
spectroscopic parameters of these states have been widely
investigated both in theory and experiment. Many sugges-
tions on the internal quark structure of the exotic states give
consistent mass results with the experimental data. This pre-
vents us to have exact assignments on the internal structure,
nature and quantum numbers of the exotic states [17-20].
Hence, we need move investigations on the fundamental
interactions of these states with each other and other known
particles. Among these interactions are the electromagnetic
interactions of these states and their radiative decays. Anal-
ysis of the electromagnetic and multipole moments of the
exotic states can help us get valuable knowledge about the
electromagnetic properties of these states, the charge distri-
butions inside them, their charge radius and geometric shapes
and finally their internal substructure.

As we mentioned above, the electromagnetic multipole
moments are straight-forwardly connected with the charge
and current distributions in the particles and these observ-
ables contain important information on the internal spatial
quarks and gluons distributions of the particles. Their sign
and magnitude encode valuable information on shape, struc-
ture and size of hadrons. There exist a lot of studies in the liter-
ature in which the electromagnetic properties of conventional
hadrons are studied and electromagnetic multipole moments
are obtained, but unluckily our knowledge on the electromag-
netic multipole moments of the non-conventional hadrons
are very limited. There exist only few studies in the litera-
ture devoted to the study of the electromagnetic multipole
moments of the exotic states [21-34]. Theoretical works can
play important roles in this respect since direct experimental
information about the electromagnetic multipole moments
of exotic particles is very limited. In this study, the elec-
tromagnetic multipole moments of the charm-strange pen-
taquark states (hereafter we will denote these states as Pcs)
are extracted by using the diquark—diquark—antiquark picture
in the framework of the light-cone QCD sum rule (LCSR)
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(for more about this method see, e.g., [35-37] and refer-
ences therein). This method has already been successfully
applied to investigate the dynamical and statical properties
of hadrons for many years such as, coupling constants, form
factors, masses and electromagnetic multipole moments. In
the LCSR, the features of the particles under investigations
are defined based on the light-cone distribution amplitudes
(DAs) that determine the matrix elements of the nonlocal
operators between vacuum and corresponding particle states.
Therefore, any uncertainty in these parameters affects the
predictions on the electromagnetic multipole moments.

The rest part of the paper is coordinated in the follow-
ing way: In Sect. 2, we present the result for the P.; pen-
taquarks electromagnetic multipole moments in the LCSR
method. Section 3 is devoted to the numerical analysis of
the obtained sum rules. Section 4 includes our concluding
remarks. The QCD sum rules of the electromagnetic form
factors entering the expressions of the magnetic dipole and
electric quadrupole moments are collected in the Appendix.

2 Formalism

In order to determine the electromagnetic multipole moments
in the framework of the LCSR, we take into consideration the
following two-point correlation function:

Muw(g) =i /d4xeip'x (01T {7, (x) 1, (0)}10) ., ey

where y means the external electromagnetic field, J, is the
interpolating current of P.; pentaquark with spin-%. In the
diquark—diquark—antiquark picture, it can be written as [38]

JM (x) — gahcgadeehfg

dT e fr g =T
x[qf ()Cy5q5(x) g5 (X)Cyucd(x) C5¢ (x)],
)

where g1, g2, g3 are u, d and/or s-quark, C is the charge
conjugation operator; and a, b . . . represent color indices.

According to the philosophy of the QCD sum rules, the
correlator, given in Eq. (1), can be calculated in two ways: (1)
In terms of hadron parameters such as the masses, residues
and the coupling constants, known as hadronic representa-
tion; (2) in terms of the quark—gluon parameters and using
the photon DAs which include all nonperturbative dynam-
ics, known as QCD representation. Then equating these two
different representations of the correlation function to each
other by the help of the quark—hadron duality assumption
gives us the desired sum rules. In order to suppress the con-
tributions of the higher states and continuum we apply Borel
transformation, and continuum subtraction to both sides of
the acquired QCD sum rules.

@ Springer

We start to compute the correlation function in terms of
hadronic degrees of freedom including the physical proper-
ties of the particles under consideration. For this purpose, we
insert an intermediate set of P.; pentaquark into the correla-
tion function. Consequently, we get

O] Jyu | Ps(p))
[p? —mp, ]
(Ps(p+q) | Jy 1 0)

X :

[(p+q)? —mp_]

/e (p.q) = (Ps(p) | Ps(p+ )y

3

The matrix elements in Eq. (3) are described as [39,40],

O Jyu | Pes(p,s)) = Apsuu(p,s),
(Pes(p) | Pes(p +‘I)>y

= —ei, (p) {Fl (‘]2)glw¢

|:F2(612)gw+F4(6]2) udv }M

szcS (2mPr§)2

1
+ Fa(qz)mququ¢} uy(p+q), 4

where ¢ and q are the polarization vector and momentum
of the photon, respectively, Ap. denotes the residue and
u, (p, s) is the Rarita—Schwinger spinor of P.; pentaquarks.
Summation on spins of P.3 pentaquark is performed as:

Zuﬂ(p, $)iy(p, s) = _(¢+ mP‘““)

1 2 pupy
X | 8uv — gyu)/v -

+ PuVv — PUV;/.] ) (5)

2
3 mP(rS' 3 m Pes

In principle, it is possible to acquire the final form of the
hadronic representation of the correlator using the above
equations, but we encounter with two problems: not all
Lorentz structures are independent and the correlator can
include not only the spin-3/2 contributions but also the contri-
butions from the spin-1/2 particles, which must be removed.
To eliminate the spin-1/2 contributions and acquire only inde-
pendent structures in the correlator, we order the Dirac matri-
ces as ¥, p#dy» and remove terms starting with y,,, and end-
ing with y, and those which are proportional to p, and p,
[41]. This procedure eliminates the spin—% pollutions. Con-
sequently, using Eqs. (3) and (4) for hadronic side we get,

)"2
Had (P q) Pes
n q) = —
" [(p+q)* —m? 1p? —m? ]
F3(¢%)
X |: - g,uvpr‘fﬁ F (qz) + MchguuM F2(q2) + dmp. q;dh;«‘%
F 2
+ 4;(;1 ) (e.p)quqv Ppd + other independent structures]. (6)

Pes
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The magnetic dipole (G M(qz)), electric quadrupole
(GQ(qz)), and magnetic octupole (Go(qz)), form factors
are described in terms of the form factors F; (qz) as [39,40]:

2 2 2 4
Gu(g”) =[Fi(q”) + F2(q7)] (1 + g)»)

2 2 2
~<IF3(g%) + Fag)Ir(1 + 1),
Go(g?) = [Fi(g®) — »F2(g?)]
1
—E[Fa(qz) — AF4(gH)]( + ).
Go(g?) = [Fi(¢?) + Fa(¢g?))
1
—5[F3<q2) + Fa(g®)1( + 1), ©)

2
where A = —4qu At g?

Pes
pole form factors are acquired in terms of the functions F; (0)

as:

= 0, the electromagnetic multi-

Gu(0) = F1(0) + F2(0),
1
Gp0) = F1(0) - §F3(0),
1
Go(0) = F1(0) + F2(0) — §[F3(0) + F4(0)]. ®)

The magnetic dipole, (i p,; ), electric quadrupole (Q p..) and
magnetic octupole moments (O p,; ) are described as follows,

MPs =3 Gu(0),
sz‘E
QP«:E =
PL‘E
Op. = Go(0). 9
Pes m3_ 0(0) 9)

In present work we derive sum rules for the form factors
F;(g?) then in numerical analyses we will use the above
relations to extract the values of the multipole moments using
the sum rules for the form factors. The final form of the
hadronic side in terms of the selected structures in momentum
space is:

M (p, q) = {1, ppd + Hﬁ”dg,wm + 159, q0 ¢4
+ 10y ad(e Pauqv g +- (10
where I"IlH ad are functions of the form factors F; (q2) and

other hadronic parameters; and ...
pendent structures.

In the deep Euclidean region, the correlation function can
also be computed in terms of quark—gluon fields as well as the
photon DAs. Using expressions of interpolating currents and
contracting all quark pairs, we get the following expression
for the correlation function:

represents other inde-

HQCD(p q) = abc a/b/c’ ade a’d’t/ bfg b/f/g’
v

/d4xe”’x(0|S”( x){Tr[ysSgg () ysSL: (x)]
X Tr[ 755 (puSg 0] = Tr [ 1538 st )]
x Tr[yﬁqfqz St (x)] — Tr[y5§§g ()5 S )
xyﬁ“’ ()7 Siln (0] = Tr[ysSE <x)ysS~J;i,; (x)
xS0 (078l 0|+ Tr [ 1538 s 0

X S0 7Sl 0|+ Tr [ 1538 s S0

Nd !
< 1St i) o, (1n
where géj( q)(x) = ?J) (x)C and S, 4, exists wheng; = q;

but it vanishes when g; # g;.
The quark propagators S, (x) and S.(x) are given as [42]

. free_‘i_q _.m_qx _C}U-GCI 2 _.m_qx
Sa(0) =5 12< l4> 192’C<1 ’6)
igs wv
33202 GH*(x) |:15caw —l—o,wk:|, (12)
and
1
Se(x) = s/ — —f;mg f dv G (vx)
|:(O'MV-X+-XO-MV) 1(,:1;— ) +2(7MUK0(ch —X )]
—x2
(13)
where
ree x m
Sf (x) _12712 4 4712q 2’
Sfree(x) _ mc |:Kl(mc\/_x ) +i Jsz(mcv—x )]
¢ 2 J—x2 (V—=x2)? ’
(14)

with K; being the modified Bessel functions of the second
kind.

The correlation function includes short distance (pertur-
bative), and long distance (nonperturbative) contributions. In
the first part, the propagator of the quark interacting with the
photon perturbatively is replaced by

§Tree(x) — / d*y §7Te¢(x — A(y) ST (y), (15)

and the remaining four propagators in Eq. (11) are replaced
with the full quark propagators including the perturbative and
nonperturbative parts. Here we use A, (y) = —5 Fj () y"
where the electromagnetic field strength tensor is written as

@ Springer
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Fuv(y) = —i(euqv—evqu) ¢'9"Y The total perturbative con-
tribution is acquired by performing the replacement men-
tioned above for the perturbatively interacting quark propa-
gator with the photon and making use of the replacement of
the remaining propagators by their free parts.

In the next part, one of the light quark propagators in
Eq. (11), defining the photon emission at large distances, is
substitute by

1
Sap () = =7 [0 OTig" @ ](T) o (16)

and the rest propagators are substituted with the full quark
propagators. Here, I'; represent the full set of Dirac matri-
ces. Once Eq. (16) is plugged into Eq. (11), there appear
matrix elements of (y(¢) |g(x)I"ig(0)|0) and (y(q) |7(x)
i Gepq (0)| 0) kinds, representing the nonperturbative con-
tributions. To calculate the nonperturbative contributions, we
need these matrix elements which are parameterized in terms
of photon wave functions with definite twists. The explicit
expressions of the photon DAs are presented in Ref. [43]. The
QCD side of the correlation function can be acquired in terms
of quark—gluon parameters as well as the DAs of the photon
using Eqgs. (11)—(16) and after performing the Fourier trans-
formation to remove the calculations to the momentum space.
As aresult of above procedures the QCD side of the correla-
tion function in terms of the selected structures in momentum
space is obtained as

CD CD
2P (p, q) = %P g, ppd + NP g0d
CD
+ H3Q quavéd
+ 02 E.p)auquitd +--- (17)

where I1 iQCD are functions of the QCD degrees of freedom
and photon DAs parameters.

The sum rules are obtained by equating the hadronic and
QCD representations of the correlation function. The next
step is to perform double Borel transformation (53) over the
p? and (p + ¢)? on the both sides of the sum rules in order to
stamp down the contributions of higher states and continuum.
To further suppress the contributions of the higher states and
continuum we apply the continuum subtraction and use the
quark-hadron duality assumption. Hence,

B (p, q) = BIZCP (p, g), (18)
which leads to

prifed = pn2c?  pnied = pnec’,

Brijed = pn’, pry« =g’ (19)

corresponding to the structures g, pé¢d, guvéd, quqvéd and
(&.p)quqv P4. By this way we obtain the sum rules for the
form factors Fp, F», F3 and F4, whose explicit expressions
are presented in the Appendix.

@ Springer

3 Numerical analysis

This section is devoted to the numerical analysis of the elec-
tromagnetic multipole moments of the charm-strange Ps
pentaquarks. We use m, = myg = 0, my (2 GeV) =
0.09670% GeV, mc(m:) = (1.28 + 0.03)GeV (in MS
scheme) [44], f3,(u = 1 GeV) = —0.0039 GeV? [43],
(@u)(p = 1 GeV) = (dd)(n = 1 GeV) = (—0.24 +
0.01)3 GeV? [45], 5s)(n = 1 GeV) = 0.8(au)(n =
1 GeV), m3 (u = 1 GeV) = 0.8 £0.1 GeV?, (g2G?) =
0.88 GeV*[12] and x(u = 1 GeV) = —2.85 £ 0.5 GeV 2
[46]. To obtain a numerical values for the electromagnetic
form factors, we need to determine the values of the mass
and residue of the P.; pentaquarks. The mass and residue of
the P.5 pentaquarks are borrowed from [38]. The parameters
entering the photon DAs are presented in Ref. [43].

The estimations for the electromagnetic multipole
moments of the charm-strange P.; pentaquarks depend on
two auxiliary parameters; the continuum threshold s and
Borel mass parameter M2. In order to obtain reliable values
of the electromagnetic multipole moments from QCD sum
rules, we should find the working regions of 5o and M 2insuch
a way that the results are insensitive to the variation of these
parameters. To obtain a working region for M2, we require
the pole dominance over the contributions of higher states and
continuum. And also the results coming from higher dimen-
sional operators should contribute less than the lower dimen-
sional ones, since operator product expansion (OPE) should
be convergent. The above requirements restrict the working
region of the Borel parameter to 3 GeV? < M? < 5 GeVZ2,
The continuum threshold sg is not totally arbitrary and it is
relevant to the energy of the first corresponding excited state.
Inits fixing we again consider the OPE convergence and pole
dominance. Our numerical calculations lead to the interval
[11-13] GeV? for this parameter. In Fig. 1, as example, we
plot the dependencies of the magnetic dipole moments of
the possible pentaquarks on M? at several fixed values of
the continuum threshold s¢. From these graphics we observe
that the corresponding magnetic dipole moments seem to
be almost independent of M? for different choices of so.
However, the dependencies of the obtained results on the
continuum threshold are considerable eventhough they are
within the limits allowed by the standard prescriptions of the
method. We include these variations in the errors of our final
results.

Our results for the magnetic dipole and electric quadrupole
moments are shown in Table 1. The magnetic octupole
moments of the charm-strange P.; pentaquarks have also
been calculated but they are not presented here because their
values are very close to zero. The errors in the results are
due to the uncertainties carried by the input parameters and
photon DAs as well as those coming from the working win-
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Fig. 1 The magnetic dipole moments for P.; pentaquarks versus M2 at various fixed values of the sg

dows for auxiliary parameters. We should note that the pri-
mary source of uncertainties is because of the variations of
the results with respect to sp. It is worth mentioning that in

Table 1 and Fig. 1, the absolute values of the quantities are
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shown since it is not possible to define the sign of the residue
from the mass sum rules. Hence, we cannot predict the signs
of the electromagnetic multipole moments.
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Table 1 Numerical values of the magnetic dipole and electric em%’g/ M2 es

quadrupole moments of P.; pentaquarks F1 =— k%) ) { 1228800 m% 28

State lps L] |Qrsllfm (<107 x [m3(—m! 1[=8, 5]+ Smgym!0 1[~7, 4]
uddcs 0.36 £0.14 0.21 £0.03 + 10mZ(—5mq1qu 1[—6, 4] + I[—6, 5])
duucs 0.36+£0.14 0.21 +£0.03

+50mg, mS (4 mg, mg, I[-5,3] — I[-5, 4])

suucs 0.36 £0.14 0.21 £0.03

sddcs 0.36+0.14 0.21 +0.03 +10m3 (15mq, mg, 1[=5,4] +21[-5,5))
wiucs 0.39+0.15 0.22 +0.03 +100m3 mk (6mg,mg, x 1[4, 3]

dddcs 0.40 £0.15 0.23 +£0.04 +1[—4,4]) + 15 mg

555C5 0.40 £ 0.15 0.23 £ 0.04 X (—10mg, mgy I1—4, 41+ I[—4, 51) + 75 mq, m2
udscs 0.42+0.16 0.23 £ 0.04 X (Smgyigy 113,31 — 13, 4]

UsScs 043 £0.16 0.23 £+ 0.04

dsscs 0.43+0.16 0.23 +0.04 +me (50 Mg, Mgy 1[=3,4] + 413, 5])

+20mgy (10mg, mg, 11—2, 3] + 1[—2, 4]))

+ 1600 my, mg, mgy me 110, 3] + 48 10, 5]]

_ ecMe (8302)
4718592 78

—2mgI[=3,2] + 112, 2) + mg, (m] 1[5, 2]

—3m3 I[-3,2] + 2m I1[-2,2])

4 Discussion and concluding remarks [6mc Mgy (g, — mgp,)(mEI[—4, 2]

The electromagnetic multipole moments of the charm-
strange P.; pentaquarks have been investigated by assum-

ing that these states are represented in diquark—diquark— —I—m(zm (mz I[-5,2] — 3m2 I[-3,2]1+2mc I[-2,2])
antiquark picture with quantum numbers J© = 5 . Their —2mgyy me(3 (mgy — qu)(m‘ct 1[-4,2] — 2m2 11-3,2]

magnetic dipole and electric quadrupole moments have been
extracted in the framework of light-cone QCD sum rule. The
electromagnetic multipole moments of the charm-strange P; +21[-2,2])) — 2 (mg, —2mg,, +m qz)(mg I[—4,2]
pentaquarks are essential dynamical observables, which can
contain valuable information of their substructure, charge
distribution inside them and their geometric shapes. The eq, (2G?) 3 ) 6

numerical values obtained for the magnetic dipole moments 84934656 m2 78 Ime (me e (31me 11=6, 3]
are large enough to be measured in future experiments. How-

+ 1[=2,2]) + mgy, 8 1[-5,2] — 3m? 1[-3,2]

—3mtI[-3,2]1+3m2 1[-2,2] — I[-1,2])]

—6md (6m2,, +9mgy, me + 8mgy me) 1[5, 2]

ever we got very small results for the electric quadrupole 923

moments of charm-strange P.; pentaquarks indicating a non- — 102 mg x I[—4,3]1+36(3 mszz + 6mgy; me
spherical charge distribution. As we mentioned above, the Fdmgy me) 11-3,2] — 80 1[—3, 3])

values of magnetic octupole moments are obtained to be very )

close to zero. —24Q m§23 +9mgyy me +4mgy me)

X I1[=2,2] = 91I[-2, 3]) + 54mg,; I[-1,2])
Acknowledgements The support of TUBITAK through the Grant no. 5
115F183 is appreciated. 16010, 3]] + eq, (g5G*)

o , 84934656 m2 8
Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm X [m3 (m (m2 (31 ml I [—6,3]1—6 m* 6 m2
. . . . .. . c c c c ) c q13
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution, 5
and reproduction in any medium, provided you give appropriate credit +9 Mgy Me + 8 Mg, mc) I11-5,2] —102m x I[—4, 3]

to the original author(s) and the source, provide a link to the Creative 2
Commons license, and indicate if changes were made. +36(3 my., + 6mg;; me +4mgyme) 1[-3,2]

Funded by SCOAP®. —807[~3,3]) — 243 m2 +9mg, me+4mg,me)

x [[=2,2] = 91[=2,3]) + 54mg,, I[-1,2])

eqs (§2G?)

— 160110, 3]] + [m!% 16, 3]

Appendix: QCD sum rules for the electromagnetic form 5308416 m? m®
factors F; —6my (3(m, +mg, mg,)[[—4,2] + 1[4, 3])
L : : 4m? 2 1[-3,2] - 21[—
The explicit expressions for the electromagnetic form factors Hdme (9 (my, + mgymgy) x 11=3, 2] [=3.3D
F; are given as: — 3mf. (6 (mg12 +mg mg,)1[—-2,2]+ 1[-2,3])
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€q12 <g52G2)
42467328 m2 8

x [m3(me(m2m® 11—6, 31 + 3mt(12my,, my,,

— 16110, 3]] +

+9mgyme +9my,y me — 16mgy me)
x I[—5,2] + 6m§ 1[—4,3] =36 ((3myy, —4my; ) me
+3myy (Mg, +me))I[-3,2] + 16 1[-3, 3])
+12(6mg 3 mgyy +9mgyyme +9mgyy me — 8mgy me)
X I[=2,2]14+91[=2,3]) = 27 (g5 + mgy) I[—1,2])
€q13 Mc (gSzG2>

4718592 78
X [3 (Mgyy — Mgpy) mS 1[=5,2] 4 2m> (6mg,, my,

432110, 3]] +

—O6mg, Mgy — Smg, me+5Smg, me)

X I[—4, 2]+ 12m2 ((—2mg, + mgy,) me — mg,,

X (2mgy, +me) +2mg,, (mgy, +me)) 1[-3, 2]

+6me (= 2mgy, Mgyy — 3 mgy, me + 3mg, me

—2mgyme + 2mgy (Mg, +me)) 1[-2,2] 4+ (dmyg,,

Cq e (87G7)
4718592 78

X [3(=mg; +mgy) m§ I[-5,2] - 2m2 (6mg, myys

_3m‘713 - 4qu + 3qu3) 1[_11 2]] +

—6my myy; — Smg me +S5my,, me)
X I[—4, 2]+ 12m> ((mgyy — mgy) me
+2mg,, (mg;y +me) —2mg, (mgy; +me)) 1[-3,2]
—6me (2mgy, Mgy —2mg, mgy; — 3mg, me + 3mg,, me
+2mgyme —2mgyyme) 1[-2,2] — (dmyg,
—dmg, —3mgy, +3mgy) I[—1,2]]
es (87G?)

21233664 78
+321[5,3]1 4 76 f3, n* I[—5, 2] ¥ [u0])
+4m! (3 (mg,y; — mgy)* 11-5,2]
+309my, — 18my, +9my, — 64my,) 1[—4, 2]
—32 f3, 2 (Mgyy + Mgy, — 4mgy) [1—4, 119 [uo])
+8mEO@m, +8my, mg, + (Mg —mgyy)*) 11—4,2]
+2 f3y 123 (mgy5 + mgy)?
x I[—4,1] — 20 I[—4, 2]) ¥“[uo])
—3m39 (3 (myg, —2mg,, +mg,) — 16my,)
x I[-3,2]4+4 f3y7'[2 Omg, +18my, —24my,;,
+9my, — 24mgy, + 64myy) 113, 119 [u])
—mi27(32m} , +32mg, mg, + 3 (my,,
—mgpy)?) 1[-3,2] — 128 1[-3, 3]
+36 f3, w2 (4B mg , + 8my, my,
— (mgys +mg))I[=3, 11+ 1[-3,2])
< Yluol) +3my (27 (mg, — 2mgy, + mygy)
—128myy) I[=2,2] + 24 f3,(3 (mg, +2my,,

[—4m® (3 (mgyy — mgyy)? 1[1-5,2]

—4mgy +mg, —4mg,y) + 162 mgy) 112, 119 [ug])

+36mZ ((12m] | + 12mg, mg,

+ (mﬁhs - mq23)2) 11-2,2]

+211[=2, 3]+ faym>((—=32m, , —32mg, mg,

+3 (mgys +mgpy)?) 11-2, 11— 8 112, 219 [uo])

—192me (f3y (mg,y + mgy)11—1, 119 [uo])

+192(f3y (=5(mqy; + mgy;) + 4mgy) 10, 119 [u0])]
es (q191)

T8432m2 761 0™

+ 6mgy mt [[—4,2] +m> 3md I[—4,2] + 4 1[—4, 3])

—6mgy m> (m§ I[1—3, 11+ 21[-3,2])

+me (=3m3 I[-3,2] 4+ 21[-3, 3])

+6mgy (1[-2,2] — md 1[-2, 1]))

— 48 mg, 110, 3] + mg, (m2 (—2m] 16, 3]

+3mm3 I[-5,2] + 6 mg, mS 1[-5,2]

+6mdmg, md [[—4, 1]+ 6m?> 1[4, 3]

—3mgme [[—3,2] — 18mgy m> 1[-3,2]

+4me I[-3,3] — 6mGmg, 1[-2,1]

+12mg, 1[-2,2]) + 24 m3 mg, me 110, 1] + 8 110, 3])

+4 f3, 7 md (me(mg, 3me 1[-5,2]

+2m2(—md + 3mgyme) [[—4, 1]

—31[-3,2]) — 6mgy, 2m?> I[—4,2]

+md I3, 1] — 4mgyme [[-3,1] — 2 1[-3,2]))

—6(mg, —4my,) myy x I[-2,1])

— Zm(z) (mg, —3my,) x mgyme 10, 0]

+2 (m{(mg, — 3mgy) + 12mg, mg; me) 110, 1)y [uo]]

_ &gy, (q12912)

9216 m2 7
x [2m!2 1[—6,3] — 6mg, m!' 1[-5,2]

—3ml0 md 11-5,21 — 41[-5, 3]) — 6my, m2 (m}
X I[—4, 11 — 6 I[—4,2]) + 18m® (m3 1[4, 2]
+1[—4,3]) — 18mg, m] 2mEI[-3, 1]+ 3 1[-3,2])
+m8 (=15m3 11-3,2]1 + 8 1[-3,3])
—6mgym3 (Sm3 I[-2,1] — 41[-2,2])
—24mEmg, me 110, 114+ 40 1[0, 3] — 4 f3, 72
x 3ml0 115,21+ 6 mg, m) [[—4, 1]
—2md (m 1[—4,114 6 1[—4,2])
+24mgyml x I[-3, 1]+ m® (=6 m} I[-3, 1]
+91[-3,2]) + 18my, m> 1[-2, 1] — 4m} 1[0, 1]
+4mgy me (md 110, 0] + 6 110, 11)¥“[uo]]

es (4393)
9216 m2 7

—6mi(3(m, +mg, mgy) 11—4,2] + I1[—4, 3])

+ ,m2(2m3 I[-5,3]

+ [m (m3 11—6, 3] +3m§ml I[-5, 2]
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+m2(18m0 (mq12 +mg mg,) 1[-3, 1]
—9(mf—4 (mq12 + mgy, mg,)) I[-3,2] = 81[-3, 3])
+18m3 (mq12 +mg mg,)I[—2,1]+6 (m3 -3 (mq12

g mg,)) 1[-2,2] —31[-2,3])
— gy (mS@2mS 1[—6,3] — 3mm? 1[5, 2] + 6 m?
X (3(m2 +mg mg,) I[—4,2] — 1[—4,3])

+6m0 (mq12 +mgy mg,)1[-3,1]

+3(m0 6(mq12
x I[=3,2] —41[-3, 3])+6m0(m
+mg, mg,) 110, 11 — 8 110, 3])
—16mc 110,31 +4 f3, 72 (m> (m% 2m? 1[5, 2]
+3mgmI I[—4, 1]+ 12(m] , + mg, my,)

x I[—3, 11— 61[—3,2]) 4+ mg mc(3m? 1[5, 2]
—2mym; I[—4, 1] — 6 (m;,,

+mg mg,) 113, 11 =3 1[-3,2])

-3 (mo 4(mq12
X I[=2,1]14 4 1[—2,2]) + 3m} (m?
+mg, mg,) me 1[0, 0] + 2 (— 3(m

q12

+mg, mg,))

q12

+ mg, mgy,))

q12

q12 + mg, qu)

X Mgy +mg (mqg + 6m)) 110, 1])1ﬂ“[uo]]} , (20)

e "M e ()
2T ,\2 _ 5898240 m2 6

X [160( m3(m] 1[—6,4] — 4my, mS 1[5, 3]
+3m2 (4 (m?

g T Mgy Mg, )

x I[—4,3] — I[—4,4]) + 12my, m;

x (=3 (mg , +mg, mgy) I1-3,2] + I3, 3])
+2m(6 (mq12 +mg, my,) I[-3, 3]

+ 1[=3,4]) + 36 my, (m | + mgmg,) 11-2,2]
+8myy I[-2, 3])—8(3m , F3mg, mg,
+2mgy me)I[0, 3]) Aluo]

+32 x (! 1[-7,51 4 Smg, mP 116, 4]
+8ml? 1[-6,5] — 40my, mi 1[5, 4]
+6ml0(5(m?

q12 + Mg, qu)

x I[—5,4] + 3 1[5, 51) + 30mg, m;

X (4(m}, +mg mgy) I1—4, 3]+ 31[—4, 4])
+4md(— 15(mq12 +mgmg,) I[—4,4] + 4 I[—4, 5])
+80my, m, (3 (mq12 +mg, mg,) 1[-3, 3]

—I[-3,4]) +5mS(6 (m, ,

+m41qu)1[ 3,414 1[-3,5])

+5mg; m; (24(mq12 +mg, mg,) 1[-2, 3]

+51[—2, 4]) + 480 (m? +mg, mg,)

q12
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2 2
4mp, ede/M es (5s)
3 = 2

X mgyme 1[0, 3] + 48 110, 5])¢y, [uo]

+5Tm2 16,41 +2(9my, + 18my, +6my,,
+9my, +6my,; — 32my;)

xm! I1[=5,3] 4+ 6m]°

X ((—qu + lquls Mgy + Iqul Mgy — 2m£I13 Mgys

2
My +

x I[=5,3]+41[-5,4]) + 12m)

X (Bmg +6mg, +8mg;y + 3Imy,

+8mg,y,) 1[—4,3] — 84m§ 1[—4,4] + 12m7

x (9 (mqnqu + 2mg,mgy Mg,y +my, qzs) 11-3,2]
+ (3 (mg, +2mgy, +6mg; +mg, +6mgy,;)
+16mgyy) x 1[-3, 3])+2m6( 9 (m2
+6mgmy, + 6mq1 Mgy

+2myy; Mgy, +m .+ 6my,, (Mg, +mq23))][ 3,3]
+341[-3, 4])+4m( 54(m

10mgy, (mgy5 + mg,3))

q13

q13 Ma>

+2mg,, Mgy3 Mgyy +mg, my,.) [[=2,2] + (9myg,
+ 18my, +48my,,

+ 9m(12 +438 Mgy + 32 mqs) 11-2,3])

—3m2 (8 (mgyy(2mgy, +mg,; + 2qu)

)1[-2,3]

q23

+2 (g, + mgy, +mgy) may, +mj
+51[=2,4]) +6m}(18 (m; |
+mygy, qua) I[-1,2] + Bmy, +6mgy, +10my,,
+3mgy, + 10myy,) I[—1, 3]) — 48(my 5 2my,,

+mg; + zqu) +2(mg, +mgp, +myg;5)

) x 1[0, 3] + 16(9(mgy, + 2mgy,, + 4mgy,,

q23

Mgy + 2mgy, Mgy 3 Mgy,

X M3 + quz

+my, +4my,,) + 16mg)m 110, 3D 11 [S S

+80(m3 (—ml I[—7,4] — 4mg, mS 1[—6, 3]

+6m (4 (m +mg mg,)1[=5,3]+ I1[-5,4])

an T mg mgy) I1—4, 2]+ 1[—4,3])

o g mg)1[—4,3] — I[—4,4])

+16my, m ( 9 (mqu
+ml ) I[=3,2]+21[=3,3] + 3mc(8 (m])

+mg, mg,)I[=3,3] + 1[-3,4]) + 12my,

x (6 (mqI2 + mgmgy) 11-2, 2] + 1[-2, 3]))

+32(3 m , +3mg, mg,

q12
+24my;m (3(m

+8m (6(m

+ mqn

q12

+2mgy me) 110, 3]) IZ[hy]]} . 1)

and

4A
73728 m2 6 1 ALl

X (mg(mc(mg I1[—6,3] —3my;m
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Table 2 The values of ¢4, ¢4,

my, and my,, related to the Pes €q) €q €q3 €q12 €q13 €3 Mg My Mgy Maa May3 M3

expressions of the . uuucs e, e eu eu eu ey 0 0 0 0 0 0

electromagnetic form factors in B

Egs. (17)~(19) dddcs eq eq eq eq eq ed 0 0 0 0 0 0
ssscs e e e e e es my my my my my my
uddcs ey eq eq 0 0 ed 0 0 0 0 0 0
usscs ey e e 0 0 e 0 0 0 0 0 mg
duucs eq ey ey 0 0 ey 0 0 0 0 0 0
dsscs eq e ey 0 0 e 0 0 0 0 0 mg
SUUCS e ey ey 0 0 ey 0 0 0 0 0 0
sddcs e eq eq 0 0 eq 0 0 0 0 0 0
udscs ey eq e 0 0 0 0 0 0 0 0 0

x I[=5,2] +3mt I[-5,3] +9mg, m>

x I[—4,2]+3m2 I[—4,3] — 9my, m1[-3,2]

+ 113, 3]) + 3my, 1[-2,2]) + 810, 3])

+ x me (mEme(m® x 117,41 + dmg, m] 1[—6, 3]
—4m8 I[—6,4] + 16mg, m> I[—5,3] + 6miI[-5, 4]
+24mg, m3 I[—4,3] — 4m?

X I[—4,4] + 16 mg, m¢ 1[-3, 3] + I[—3, 4])

+4mg, 11-2,31) + 64mg, 110, 31, (o]

—2(m3 (me(m® I11-7, 31 + 3mg, m! 1[—6,2]

+4mS 116,31 — 12mg, m31[-5,2]

+6mt I[-5, 3]+ 18my, m> 1[—4,2] + 4 m?2 [[—4, 3]
—12mgyme 113,21+ 1[-3, 3])

+3mgy I[-2,2]) + 16 1[0, 3])12[hy]]} , (22)

M1
Mi+M3T M* T
# + # with M 12 and M22 being the Borel parameters in

1 2

where s¢ is the continuum threshold, ug =

the initial and final states, respectively and we have not pre-
sented the explicit form of Fy as it gives contributions only to
the magnetic octupole moment, whose value is roughly zero.
Here e, is the electric charge of the corresponding quark; and
(gq) and (gSZG2) are quark and gluon condensates, respec-
tively. We should also remark that, in the above sum rules, for
simplicity we have only presented the terms that give con-
siderable contributions to the numerical values of the quanti-
ties under consideration and ignored to present many higher
dimensional operators although they have been considered
in the numerical analyses. In the presented results terms with
gluon condensate multiply high twist (twist-3) DAs of photon
come from the nonperturbative contributions in QCD side.
Such that one of the quarks interact with the photon non-
perturbatively and two single gluon fields from two different
propagators make gluon condensate and the remaining two

propagators are replaced by their free parts. The values of
€q;» €q;;» Mg; and mg,;, corresponding to different states are
given in Table 2.

The functions I[n, m], I;[A] and I>[A] are defined as:

K m
*S/Mz (S —_ l)
/m% dl e T

50
ds

I[n,m]:/
m?

1
11 [A] :/Da,./ dv Alag, oy, ag)d(ag + vag — ugp),
0

1
DL[A] :/ du A(u).
0
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