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Abstract. FutureForge is a strategic programme in the University of Strathclyde
Advanced Forming Research Centre (AFRC) to deliver a 2,000 Tonne hydraulic
press acting in three forging modes; open die, closed die and isothermal mode. A
key element of FutureForge relates to the development of a digital environment
and simulation capability. The forging environment has been designed, and the
principal aim of this research is to develop a nonlinear mathematical model of the
manipulator dynamics. The manipulator is used to carry the metal ingots/bars from
storage to the furnaces and then feed them to the hydraulic press to undergo the
forging operation. This model is required for developing a VR capability which
can be used to train operators and engineers who will be required to use the system
in practice. It is also forming the basis of a new nonlinear control strategy for the
machine.

Keywords: Kinematics - Nonlinear - Constraints - Dynamics - Control - Digital
environment

1 Introduction

The manipulator design is based upon three coupled parallelogram linkage sub-systems
fitted with two independent hydraulic cylinders that are configured to provide decoupled
vertical and horizontal motions of the manipulator end-effector. The modelling is based
upon classical Lagrangian mechanics in which the mechanism is split into two separate
operational phases which physically share the three parallelogram linkages, operating
appropriately to drive the end-effector vertically or horizontally, as required. It is shown
that any combination of two-dimensional motion of the end-effector can be achieved,
from any starting point to any end point location within the allowable configuration space
of the manipulator. The two-dimensional kinematics of the system are described in terms
of two generalised angular coordinates referred to an Earth fixed frame of reference, with
associated generalised forces that originate physically from the hydraulic cylinders, and
the system geometry. It is found that certain kinematic constraints imposed by the design
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are required to preserve the uniformity of the parallelogram linkage geometry during all
aspects of operation, and that some simplification of the mathematical expression of this
aspect of the kinematics is required for efficient computation.

2 Analysis of the Vertical Actuation Phase

From Fig. 1 it can be noted that there are three angles, o, 8, y required to specify fully
the position and orientation of the machine. This system has some of the kinematic
properties of a parallel robot, requiring careful geometrical analysis [1].
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Fig. 1. Schematic side elevation of the FutureForge manipulator with reference to an Earth-fixed
frame of reference.

As the vertical and horizontal operations have been designed to be completely sep-
arate it can be seen that during any vertical motion 8 and y are constants and o = «(?),
where this is the generalised co-ordinate required to specify the motion of the machine
under vertical actuation. On that basis the vertical position of the end-effector is defined

by,

Yee = hg + ha + lay sina(t) + lyy sin B + lgg sina(t) — lgw cosy (1)
and the horizontal position of the end-effector is given by,

Xee = XT + X714 + lpy cOs a(2) + Ly cos B + Iy cos a(t) + lgw sin y 2)

So, we can calculate the two-dimensional position of the end-effector, considered
here to be at a selectable and arbitrary location on W. By referring to Fig. 1, the linkages
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which move during vertical actuations are seen to be: AJK, DG, EF, TU, HJ, FGM, GW,
MN, and NW. We now need to evaluate the vertical positions above the OX datum of all
these linkages associated with vertical actuations. Link AJK is triangular so the centroid
of this link is located at

1 1
Cajk = (g(xA + x5 + xk), §(YA +ys +y1<)>' 3)

We can assume direct knowledge of (x4, y4) from Fig. 1, so from Fig. 2(a), we see
that the relative angular positions of A, J, and K are defined by means of «, 1, u, where
n(t) = u — a(t), leading to,

Xj = xA + lagcosa(t) xxg = xg + lag cosn(t)

Y7 =ya +lassina(t) yg = ya — lag sinn(?). 4
E
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Fig. 2. (a) The relationships between angles «, 1, 1 onlink AJK. The argument ¢ has been dropped
from «(¢) and 7 () for clarity. (b) Location of position p below E, and centroid, on link CDE. (c)
Links CDE and DT and angles v and v.

Also, we note from Fig. 1 that x4 = x7 + x74 and y4 = ha + hy, so the absolute
two-dimensional location of Cajx (Where here ‘absolute’ means with reference to the
origin of the Earth-fixed frame OXY) is given by,

l
" Ink ha + hg + % sin a (1)
Cajx = (xT + x4 + ? cosa(t) + T cos n(t)),

lak .
P — t
sin n(t)

(&)

Substituting for 1 (¢) gives the centroidal position in terms of «(¢) and w, and we just
take the vertical part of this,

I I
Yeux = ha + ha + % sin a(f) — % sin(u — a(1). (6)

Link DG rotates around D and its centroid is at Cpg. Link DG orientates through
a(t) irrespective of the instantaneous positions of 8 and y, confirmed by the animated
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CAD. We note also that AD//JH. So, from Fig. 1, we have the following, on the basis
that the centroid is located half-way along the length of the link,

. l :
Yepe = ha +ha + lapsin p + % sina(t). (7)

In the case of link EF we see again from Fig. 1 that EF//DG//TU. We also confirmed
from the designer’s animated CAD that CD remains horizontal throughout any vertical
motion, So,

Ya =Yc =ha+hg +lgcsinB, xp =xc+lcp =xr —xrg+IpccosB+Ilcp (8)

In order to deal with point E we consider the geometry of the triangular link CDE,
Fig. 2(b), where Ep 1 CD, so,

Xg = xc +lcp = x7 — x8 + Ipc cos B + Icp )
and from Fig. 2(b) we also get,
YE = ha + hg + Ipc sin B + Igp. (10

Now we know the coordinates of E we calculate the height of the centroid (taken
half-way along EF) from the OX datum,

. l .
YCgr = ha +hg + lpcsin B+ lgp + % sin a (). (11D

Next, we take link TU and we see from the animated CAD that DT remains in a fixed
orientation during any vertical motion. Figure 2(c), shows the geometry of links CDE
and DT within the kinematically constraining rear-rocker. Proceeding on the basis that

v =~ vy, implied by the animated CAD, then trigonometry leads to, v = sin~! (Z—Z) >~ .
So, as Ip; = Iprcos (sin_l (;‘;—Z)) then we get the following for the vertical height of T
above the OX datum, yrr,

l
yrr = ha + hg + Ipcsin B — Ipr cos(sinl (;_D)) (12)
ED
This is a very minor approximation and has been substantiated by a general obser-
vation from the animated CAD that v >~ v;. Knowing yrr allows us to find the height
of the centroid Cyy above the OX datum, as follows,

l [
YCry = ha + ha + Ipc sin B — Ipr cos<sin—1 (l”—D>> + % sin (7). (13)
ED
From this we move on to link JH and note that as we have dealt with link AJK we
already know yc, . But we also need y; to be able to specify yc,,. We can obtain y,
directly from Fig. 1, therefore,

Y =ha+hg + lag sina(r) (14)
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from which we can write,

. L .
Ye = ha +hg + gy sina(r) + % sin B. (15)

Link FGM is another triangular component and the two-dimensional centroidal
location is defined by,

1 1
Crom = <§(XF + xG +XM)a§(yF +y6 +)’M))~ (16)

We already have yp and yg so we can immediately obtain yg and yF, respectively,
from Fig. 1, as follows,

Y6 = ha + hq +lgc sin B+ IpG, yr = ha + hg + Ipc sin B + lgp + lgp sina(2).
(17)

Link FGM does not rotate during vertical motion so MG//OX and hence yy = yg,
for all vertical motion cases. So,

yym = ha + hg + Ipc sin B + Ipg sin «(1). (18)

We also need the x-coordinates for points F, G, and M, and these can be calculated
from the following. First of all, xg can be obtained directly from x,, given in Eq. (2), up
to joint G, so,

xGg = x7 + x4 + lay cosa(t) + [jg cos B + lgg cos a(t). (19)
Given that MG//OX then xpy = xg — lgm
Xy = xt +x74 + lag cosa(t) + Ly cos B+ Iy cos a(t) — gy (20)
And then, as xp = xg + [gF cos a(r) we get,
xXp = xr — x7B + lpc cos B + lcp + lgF cos a(?). 21

Finally, we can put the centroidal y-coordinate together for FGM using Eqgs. (17)
and (18) to obtain,

2lpG

l . l . .
YCrey = ha +hq + ? + Ipcsin B + % sin (1) + sin (). (22)

We can also compute the centroidal x-coordinate for FGM, using Egs. (19)—(21),

/ l [ 2, 21
XCroy = XT — )% % + %cosﬁ + %cosa(l) + % + %cosa(l)
21 21 l
+%cosﬁ+$cosa(l)—%. (23)

Moving on now to link GW. This link moves with a fixed orientation throughout
any vertical motion due to the geometry of the parallelogram linkage MGWN, but as
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G moves along a circular locus with respect to D then W also moves along this locus.
So, we can find (xw, yw) by considering the orientation defined by y . Proceeding from
G and using Eqgs. (17) and (19) and from Fig. 1, we see that xy = xg + lgw sin y and
yw = Y6 — lgw cos y from which we get,

Xw = X1 4+ X714 + lag cosa(t) + Ljy cos B + lyg cosa(t) + lgw sin y 24)

yw = hg + hg + lpc sin B + Ipg sina(t) — lgw cos y. 25)

It is a simple step from here to find the centroidal coordinates for GW,

l
XCow = XT + X7 + lag cosa(t) + Iy cos B + Iy cos a(t) + % sin y (26)

. . l
Yceow = ha + hg + lgc sin B + Ipg sina(t) — % cos y. 27
A similar procedure can be undertaken to obtain the coordinates for points M and N,
and then the centroidal coordinates for MN. We start from the premise that MG//NW//OX
during all vertical motions, so yyy = yg and yy = yw. Also, xpy = xg — Iyg and

xy = xw — Iyw, so the following constructions emerge,

Xy = X7 +x74 + lag cosa(t) + lgg cosa(t) + Ly cos B — lgm (28)
Xy = x7 +x74 + lag cosa(t) + lgg cosa(t) + [y cos B+ lgwsiny — Iyw ~ (29)
ym = ha + hg + Ipc sin B + Ipg sin «(¢) 30)

yN = ha + hg + Ipc sin B + Ipg sina(t) — lgw cos y. 31

The centroidal coordinates for MN are therefore,

l .
XCyn = XT + X174 + lag cosa(t) + lpg cosa(t) + Ly cos B — lgm + % siny (32)

. . l
Yeyun = ha +hg +Ipc sin B + Ipg sin o (1) — % cos y. (33)

The last link to be considered is NW and as we already have calculated yy and we
know that because MG//NW//OX then yy = yw, so the height of the centroid of NW
above OX is therefore yc,,, = yv = yw, which s,

Yewyw = ha + hg + Ipcsin B + Ipg sina(t) — Igw cos y. (34)
The x-coordinate of the centroid of NW is given by xy — INTW, hence,

. l
XCyw = XT + X174 + laj cosa(t) + ljg cos B + Igg cosa(t) + lgw siny — % 35
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We can write down the remaining centroidal x-coordinates, starting with link AJK
and returning to Eq. (5) to get,

l l
XCyx = X7 + X784 + % cosa(t) + % cos(i — a(r)). (36)

In the case of link HJ we know x; from Eqgs. (4) so we can refer to Fig. 1, to complete
the expression for xcy;,

I
XCyy = X7+ X7a + Loy cosa(t) + % cos B. (37)

For link EF we get the centroidal x-coordinate by referring to E first from Eq. (9) and
then referring to Fig. 1,

l
XCgr = X7 — X7B + IBCc COS B + Icp + % cosa(t). (38)

In the case of link DG the simplest approach is to take x4 then extend to D and then
on to the centroid of DG, therefore,

l
XCpg = X1 + X7 + lap COS B + % cosa(t). 39)
Finally, the rear-rocker configuration in Fig. 2c, provides the basis for an approx-

imation for the x-coordinate of T, building on from xp again to get xc,. So, we can
write,

l [
XCry = X1 + X714 + lap COS B + IpT sin(sin_1 </)—D>> + % cosa(t). 40)
ED

(xz,Y¢)

® /r"
J \ 4 /
o ® a(t) A
A ’a T A ‘ C(xc,ye)
L — \
ne ot K 1'(t) K \“
\
F F o\
(xz,¥s) S(xs, ¥s)
(a) (b)

Fig. 3. (a) Virtual work done by force F), as link AKL rotates through virtual angular displacement
Sa. Note that the primes here specifically denote the displaced angular positions. (b) Rear-rocker
assembly geometry (coordinates relative to OXY in Fig. 1, and where xg > xz > x¢ and

YZ > yc > Ys)-
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In order to derive the equations of motion we need the generalised force due to
the action of the vertical hydraulic cylinder. The virtual work done by this force as it
moves because of a virtual displacement of the generalised co-ordinate is obtained from
Fig. 3(a), from which a(¢) + n(f) = 1 where u is a constant, so if &’ (f) = a(t) + S (¢)
then n’(#) = n(t) — da(r) in order to maintain constant x. The heavy orange line is
a grounded horizontal line taken through AB in Fig. 1 and simply extended to the
right. The heavy green line is a grounded horizontal line taken through the pin at the
bottom end of the cylinder. From this geometry we see that as link AK moves round
through 8 (7)), so a(t) — o' (¢) where &' () = a(t) +8a (), then the virtual work done is
8W = F,lagda(t) and so the generalised force is O, = Flak. This term appears within
the equation of motion by applying Lagrange’s equation, adding a suitable dissipation
term later,

ddT 9T U

— = 41
di9e 9o 9 Ca @1

The potential energy is entirely gravitational and the principal masses in the machine
for vertical motions are contained in nine components, so from Egs. 6, 7, 11, 13, 15, 22,
27, 33, 34, the potential energy is,

U = (majkycux +mMiayc,y + MEFYCgr + MDGYCpg + MTUYCry + MEGM YCrgu
+ MMNYCyy + MGWYCqy + MNWYCrw )8 - (42)

The kinetic energy terms contain all the two-dimensional translational velocities and
also the angular velocities,

1
2 2 2 ) 2 2
T = E(mAJKch i T MAIKYC, T MDGXCy . + MDGY ey, + MEFXCy, + MEFYC,,

.2 ) %) %) ) )

+ MFGM Xy T MFGM Y Crgyy T MGW Xy, T MGWY gy, T MUHXC,, + MJHYC,,
2 %) 2 2 ) 2

T MYNXE,, T MNY Gy T INW X T MNWY Oy T MTUX Gy, T MTUY

+ Ik @* + Ipga* + Igra® + Ity d®). (43)

Applying Eq. (41) by using Eqgs. (42) and (43) and the generalised force defined
above, leads to a nonlinear ordinary differential equation expressed in terms of the gen-
eralised coordinate « (¢). The Lagrangian derivation, and the formulation of the resulting
differential equation were performed symbolically within code written in Mathemat-
ica™ to guarantee algebraic accuracy. Note that J in Eq. (44) replaces I in Eq. (43) to
denote the mass moment of inertia quantities (in order to avoid confusions between /
and «/—1). There is a manually inserted classical linear viscous damping term of the
form Cya(t) which operates as an aggregated dissipation term for the viscous joint
friction and aerodynamic drag for the machine. Equation of motion (44) is numerically
integrated using the Mathematica" package NDSolve [2]. We can calculate the trans-
lational responses of virtually any point in the machine, as long as the transformational
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kinematics for that part are known in terms of «(¢). Eq. (44) is as follows,

L@ Ugrmromlne (3 — § cosQa(t)) + 125 (3 — 3 cosQa(t)))

mrGm + 7mew + 7N + 7w + gmAJKliK + 6Jajx + IpGlEFmMEGM

4 et 4
5005( a(t)) + 5)

+13.(3mpg + (% cos(2a(t)) + %)(mFGM + 2maw + Jmyn + Smyw))
+6Jpc +1§F(%mEF + %mFGM) + 6Jgr +6J7y + %I%UmTU)

Hlag (@) (3masklak cos(u) + (sin(a(1)))*(@(®))
(%lEFmFGM + lHG(l_o,_6mFGM + 2mgw + 12myy + 12myw)))
+g(2mask + 6myp) cos(a (1)) + (1) sin(Ra (1))
(%ZEFmFGM + lHG(ngGM + 6mGw + 6myy + 6myw)))
+13, (@@ (5masx+ cosQa(n)(—5mrem — 3mew — 3muy — 3myw)
+ %mFGM + 3maw + 6myy + 3myn + 3myw)

+6(1)? Sin(za(t))(%mFGM + 3mew + 3mun + 3myw))
+2gmayklak cos(u — a(t)) + 6Cya(t)
_%ZDGZEFmFGMd(t)Z sin(2a (1)) + 4glpcmrm cos(a(t))
—3lpgmram & (1) sina (1) + 6glpemaw cos(@ (1) + 6glpgmun cos(a (1))
+6glpGmaw cos(e (1)) + 3glpgmpg cos(a(t)) — 313 mawa(t)* sin(2a (1))

=313 cmyn (1) sinQa (1)) — 313 ;mywa (£)* sinRa (1)) + 2glgrmpam cos(a(t))

+3lErmpGy lnGé (1) sina(0)) + 3glgrmer cos(a(1))
+3mrGu g6 (1)? sine(t)) + 3glrymyy cos(a (1) + 3maw [356.(1)* sin(2a(t))

+312muna ()% sinQa (1) + 31 mawa (1)? sinQa (1)) = 614k Fy.
(44)

3 Analysis of Horizontal Actuation Defined by 2 Degrees
of Freedom

We refer once again to Fig. 1, to analysis the system in detail. In the horizontal scenario
the machine traverses left to right or vice versa. Assuming a left to right motion to
start with the animated CAD showed that once it reaches the far right position the
machine must then either move up or down. The actual choice depends on whether the
machine has just traversed in the upper horizontal configuration (UHC), which would
have occurred because of a previous vertical lift operation, or the other case where the
machine has traversed in the lower horizontal configuration (LHC) which would have
occurred because of a previous vertical descent. During UHC and LHC motions the
machine is orientated so that « is constant during this phase, and therefore o # «/(¢). In
the case of UHC we find from the system geometry, available from the animated CAD,
that « = 17.5°. This is the case for both the left-to-right and right-to-left variants. We
initially take the case of UHC left-to-right motion, as this can easily be generalised to
all other forms of horizontal motion (noting that « = —17.5° for LHC motions). There
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are essentially two angular coordinates associated with the UHC and LHC motions, and
these are B(¢) and y (¢). Therefore, Egs. (1) and (2) now take the following forms,

Yee = hg + ha + lag sina + [y sin B(t) + Iy sina — lgw cos y (¢) (45)

Xee = XT + X174 + lgy cOs ¢ 4 Ly cos B(t) + lgg cos o + lgw sin y (7). (46)

The kinematic relationships for horizontal motions have partly been established
previously, with further ones summarised in the following analysis. We note that the
equations that we need for this part of the analysis that have previously been estab-
lished require the revised generalised co-ordinates for the horizontal motion cases to be
implemented. These equations relate to the following links: EF (Egs. (11) and (38)), DG
(Egs. (7) and (39)), TU (Egs. (13) and (40)), JH (Egs. (15) and (37)), MN (Egs. (32) and
(33)), GW (Egs. (26) and (27)), and FGM (Egs. (22) and (23)). Starting with link EF,

I
Yegr = ha + hg + Isc sin B(1) + Iy + % sin o (47)

I
Xegp = X7 — X784 I3c cos B(1) + lcp + % cos . (48)

Then moving on to link DG,

l
Yepg = ha +ha + lap sin B (1) + % sina (49)
Ipc
XCpg = X1 + X7 + lap cOs B(t) + > cosa. (50)
The next link is TU,

I !
Yery = ha + hg + lpc sin B(1) — Ipr cos<sin—1 (;’—D>> + % sina (51)
ED

l I
XCpy = XT + X714 + lap CcOs B(2) + Ipr sin (sin1 (lp—D)) + % cos . (52)
ED

Then we consider link JH,

. g .
Yo = ha +hg + lay sina + % sin (1) (53)
lig
XCpy = XT + X714 + [ag cOsa + TCOSﬂ(l‘). (G2
For link MN we have,
. . Iun
Yeuy = ha + hg + Ipc sin B(t) + Ipg sino — EN cos y (1) (55)

l .
XCyy = XT + X784 + lag cosa + IyG cos o + Iy cos B(t) — lgm + % siny (t). (56)
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In the case of link GW the equations are,
. . low
Yeow = ha + hg + lgc sin B(t) + IpG sina — - cos y (1) 67

I
XCow = XT + X7 + lag cos o + Iy cos B(t) + Iyg cosa + % sin y (t). (58)

Then, we have link FGM for which we apply an identical procedure to that used for
link AJK, to locate the centroid,

l ) IeF . 21 .
YCroy = ha +ha + ? + Ipc sin B(t) + % sina + DG Gina (59)
l l l 2 21
XCroum =xr—%+%—i—BTCcosﬂ(t)—{—%cosa—i—%—i-%cosa
21 21 l
+%cosﬁ(t)+%(;cosa—%. (60)

Finally, we analyse link CDE using one more application of the general procedure
for triangular linkages, leading to,

I} I
XCepp = XT — XTB + % + Tp + Ipc cos B(t) 61)
lEp .
YCepr = ha +hg + 3 + Ipc sin B(¢). (62)

Moving to the links that are associated just with horizontal motions, starting with BC.
This link rotates about B when the machine undergoes horizontal motions. Therefore,

I
Vese = ha + ha + % sin B (1) (63)

I
XCpe = XT — XTB + % cos B(1). (64)

The next new link is AD, for which we have,

l .
Yeup = ha + ha + % sin B(t) (65)

lap
XCup = XT —+ x4 + TCOSﬂ(t). (66)

Finally, we have to consider link ST, noting that the upper end S (refer to Fig. 1)
moves by means of the partially hidden rear-rocker assembly. This assembly is based
on the coupled links CZ and ZS, interacting with link ST, as shown in Fig. 3(b). The
objective is to obtain results for the centroids defined by (xcc,. Ycr,) and (xcyg, Yeys)-
By examining Fig. 3(b) we see that the knowns are Icz, Izs, (xc, yc), and (xs, ys), and
from that information we can get the unknown position (xz, yz), using the following,

127 = Oz —ye)* + (62 —x¢)? (67)
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e = vz — ys)* + (xs —x2)%. (68)

From this we finally have sufficient information to calculate (xc,,yc,) and
(szs’ yCzs) respectively, again from the geometries of Fig. 1, and Fig. 3(b),

i _
XCe, = XT — X7B + IBC COS B(1) + 2 cos <sin_1 M) (69)
2 lcz
I _
Yoo, = ha + ha + Igc sin B() + ~<Z sin <sin—1 M) (70)
2 lcz
XCzg = XT + X7 + lAp €08 B(1) + IpG cos & + Iy sin y (1)
i _
— Ity cosa — IsT sin ¢(¢t) — z cos( sin~! M 71
VCzs = ha 4+ hg + lap sin B(t) + Ipg sina — lgy cos y () — Iy sina
I _
+ IsT cos (1) + z sin( sin™! M . (72)
2 Izs

-y (t)max ) (t)

@) (b) ©

Fig. 4. Local geometry of rear-rocker link ST and the definition of angle ¢ (¢). (a) y () =
—30°,¢() =0.(b) y (1) = 0, ¢(t) = 30°. (c) y (1) = 30°, ¢(r) = 60°.

Where angle ¢ (¢) is defined between link ST and the local vertical, shown in Fig. 4.
The last centroid we require is (xCST, yCST), and this is represented by,

l
Xcgy = X1 + X714 + lap c0s B(t) + IpG cosa + lgy siny (1) — Ity cosa — % sin ¢ (1)
(73)
. . . l
Yoy = ha + hg + lap sin B(t) + Ipg sina — lgy cos y (1) — Iy sina + % cos ¢ (1)
(714)

Analysis of the three principal geometries of Fig. 4, reveals that ¢(f) = y(f) +
30°, and this can be substituted into Eqs. (71-74) inclusive. It is straightforward in
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principle to evaluate (xz, yz) analytically but a problem arises in the complexity of the
expressions that evolve through the process of solving Eqgs. (67) and (68), and even
symbolic computation using Mathematica'" is impractical as the code rapidly reaches
its recursion limit. The solution to this difficulty is to evaluate (xz, yz) numerically
and then to proceed symbolically with the remaining derivation. This overcomes that
problem, but we once again find that recursion limits are approached during the full
derivation of the differential equations of motion when they include rear-rocker links
CZ,ZS, and ST, with the result that computation terminates. Fortunately, the significance
of the rear-rocker to the system energies is minimal so its dynamic presence will only
emerge strongly through specific resonances, and the machine operates non-resonantly
as designed. A numerical evaluation of the mass moments of inertia of the rear-rocker
components shows that the rear-rocker contains 1.136% of the overall mass and 0.143%
of the total mass moment of inertia of the moving parts of the machine. So the contribution
of the rear-rocker to the non-resonant dynamics of the machine is very small, but the
rear-rocker is still important because it provides the necessary kinematic constraint for
maintaining the upper parallelogram geometry. The generalised force for horizontal
cylinder action is obtained from the virtual work done by this force moving through a
virtual displacement B(¢). We see from Fig. 5 that the virtual work done in this case is
givenby 6W = FylpaB(2), and so the generalised force is given by Qg = Fylps. There
is no generalised force associated with the generalised co-ordinate y (#), so Q), = 0.

Fy P
F, ¥ P
\ 4 /
//
Y Ve

Q o Q )
L\ s© /N B
*— ®
A A
Fig. 5. Virtual work done by force Fjy as link length PA rotates through virtual angular displace-
ment 58 where 68 = B(t) — B/(z). Note that the primes here denote the displaced angular position
of link PA.

Now we are able to state the Lagrange equations for the two generalised coordinates
defining horizontal motion,

LI L A LU 35)
dtaf g ap P T A

d oT oT U
S _ 49, =0 (76)

From this point onwards the kinetic and potential energies are constructed symboli-
cally and then two nonlinear ordinary differential equations emerge by applyingEqgs. (75)
and (76). This stage of the derivation has been explored in detail but the two differential
equations are unwieldy and long, and numerical solution has not been generally possible.
The relationship between B(¢) and y (¢) can be exploited to reduce the horizontal model



Modelling the Dynamics of a Large-Scale 311

down to one generalised co-ordinate. The logical choice is B(f) because this is directly
actuated by Fy which enters via the generalised force Qg.

4 Analysis of Horizontal Actuation Defined by 1 Degree of Freedom

Figure 1, shows one of many discrete positions that can be examined for the manipulator
in the upper horizontal configuration (UHC) as it moves left-to-right. It can be deduced
from these configurations that in general y (t) = % — B(¢) (radians) and hence y (1) =
—A(1), for both UHC and LHC. The potential energy is given by the following, noting
that we require Eqgs. (34), (47), (49), (51), (53), (55), (57), (59), (62), (63), (65), (74),
where the last equation is modified appropriately so that « is constant and B(¢) and y (¢)
are time variant,

U = (mpcycge + MADYCapy + MCDEYCepr + MEFYCrr + MDGYCpg + MSTYCr

+ mruycry + MJHYCjy + MFGM YCroy + MMNYCyn + MGwYCeow + MNW YCnw )g
(77)

The kinetic energy requires Eqgs. (64), (66), (61), (48), (50), (60), (52), (53), (56),
(58), (35), (73), (63), (65), (62), (47), (49), (59), (51), (53), (55), (57), (34), and (74),
respectively, where Eqs. (34) and (35) are modified appropriately so that « is constant
and B(¢) and y (¢) are time variant. Therefore, the kinetic energy is as follows,

1
T=-
2

2 .2 2 2 2
+ MEFXCy, + MEFYC,,. + MDGXcy . +MDGYC). T MFGMXCyy,

2 2 ) 2 2 2
(mpcXgy,. +mMBCYc,,. + mADXc,,, + MADYC,,, + MCDEXC,,,, + MCDEYC

F MEGM Iy + MTUSEyyy + MTUSEyy, + MitiXe,, + Mide,,
+ MUNIE,y F MMNT Gy + MGW Gy + MGW Iy + MNW G,
+ MNW ey F AmsTRG, + msTYE, + I8 B’
+ LB+ LB+ Iuny? + Iowy? + Isty?). (78)
We apply Eq. (75) using Eqgs. (77) and (78) and the expression for the generalised
force Qp. Then the nonlinear ordinary differential equation in B(¢) representing all
horizontal motions is obtained. Another classical linear viscous damping term is added

in the governing equation, of the form Cy B(¢). The equation of motion (79) is strongly
nonlinear,

1 2 . 2 3 212
- ZCOS(ﬂ(t))sm (@) sin(B(1)lpgmpe B () Iip
l 2 : 2 50272
+ 7508 (&) cos(B(1)) sin(B(D) pgmpc B Iyp
. . 2 2 1 2 .. 2 1 . 2
=+ cos(B(1)) sin(B(t))my B() Iyp + 708 (B@)mapBt)lsp + 7 5in

(B@O)mapB®)3p, + %cosz(ﬂ(t)) sin (o) 13 smpG B}, + icos%oe) sin’



312 M. P. Cartmell et al.

(B pmpcBOILp + sin® (B(0)mry BOIL, + %g cos(B(1))maplap

+ %g cos(B(1)) sin(@)lpempclap + cos(B(1)) sin(B()) Femer B (1)

- i cos(B(1)) sin* (@) sin(B() pelzplg,mer B(1)?

— cos(B(t)) sin(B(t) lgemrau B + i cos (@) cos(B (1)) sin(B(1)13, Lyymym B (1)
- % cos(B(1)) sin(B1) Fmm f(1)* — cos(B()) sin(B1) gemry (1)

1 1 .
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5 Results

The FutureForge manipulator has been modelled in two dimensions as a system of cou-
pled parallelogram linkages which can move under the action of two independent forces
to be provided in practice by hydraulic cylinders. The machine can operate independently
in its horizontal and vertical modes, so that several different operational sequences can
be accommodated. The mathematical modelling works in the same way, separating the
motion into horizontal and vertical phases. It has been shown that each phase can be
represented by one generalised coordinate, and given the geometrical construction of the
machine, and hence its kinematics, the position of any point on the machine within the
two-dimensional work-space can be calculated. Therefore, two generalised co-ordinates
have been shown to be sufficient to express the full range of operational motions of the
machine as a result of forces applied to it, these forces representing the operations of
the two hydraulic actuators. The full operation of the machine can be simulated under
similar protocols to those on which the designers’ animated CAD operates, namely serial
vertical and horizontal operations, and vice versa. A practical scenario is initially exam-
ined in which the manipulator is initially at the lower left-hand-side so that the machine
can execute a left-to-right sweep (this requires the top beam orientation to be — 17.5°),
and then when the manipulator reaches the end of the sweep at the far right-hand-side
(having travelled horizontally for over 5 m) a vertical lift takes place of ~ 2.3 m. This
is termed combined motion and is one example of the sort of operation that the machine
will undertake in practice. From the computational perspective the two separate models
are run sequentially as separate segments of Mathematica' " code using the NDSolve
package with accuracy controls implemented. The input data and the internal numerical
data of the first segment are all cleared before the second segment is evaluated, with the
exception of the output results from the first segment (as a parametric plot of the end-
effector motion) which are protected and therefore held over. These results are plotted
on the same graph as the results from the second segment. The specific solution data
for the two phases is given in the caption to Fig. 6. The solver code also contains all
the geometrical and mass property data for the machine, extracted at a very high level
of accuracy from the CAD. There is not enough room to list this data in full here, but
the overall height of the machine when link BC is vertical is 4.992 m, which gives some
indication of the size of this machine.

It is interesting to note that there is no discernible vertical lift associated with the
horizontal sweep in Fig. 6, at least at the plot scale of the graph, but this is not true for
the vertical lift for which there is a noticeable curvature, involving some very obvious
horizontal retraction. This occurs because of the kinematics of the design, which imposes
circular motion about a fixed centre as a fundamental constituent of the vertical motion
of the machine. It is also possible to simulate an imposed oscillation onto the constant
forces from either or both hydraulic cylinders, although this obviously has to be of a
peak amplitude similar to the static force to generate any noticeable effect in the motion
of the end-effector.

Figure 7, defines a horizontal return motion in which the machine travels back from
right to left. Figure 7(a), shows the starting orientation from where it begins when going
back to the left-hand-side after the combined motions of Fig. 6, and Fig. 7(b), confirms
that it is a pure horizontal motion, the difference being that the machine is in the upper
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Fig. 6. Combined horizontal and vertical motions plotted in a parametric plot of the motion of
the end-effector in time, xe, and ye. plotted in metres. Horizontal: « = —0.3054 rad (—17.5°),
Fy = —100 kN, C; = 1000 Nms, and 7,451 = 2.5 s. B(0) = 2.0944 rad (120°), B(tpna1) =
1.0472 rad (60°). Vertical: 8 = 1.0472 rad (60°), u© = 0.3490 rad (20°), y = 0.5236 rad (30°),
Fy, =350kN, C; = 1000 Nms, and t,,,45s = 4.1 s, a(tz41) = —0.3054 rad (—17.5°).
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Fig.7. (a) Top, showing starting orientation for horizontal right to left motion, plotted parametri-
cally in (b) below, for: & = 0.3054 rad (17.5°). Fg = 240 kN, Cq = 1000 Nms, and tepg = 1.9
s, B(0) = 1.1042 rad (63.2°), B(tend) = 2.0349 rad (116.6°). x¢e and ye, plotted in metres.

horizontal configuration (UHC) for the return sweep. Once again there is no discernible
vertical motion when the machine travels horizontally. In fact, this simulation predicts
a right-to-left horizontal (UHC) sweep of around 5.0 m, with < 0.01 mm drop.

6 Reduced Order Modelling for Nonlinear Control Implementation

Recent work has focused on trying to reduce the very lengthy differential equations to a
compact form, suitable for use in a nonlinear control procedure, as follows:

e Collect like-terms and arranging them into standard forms.
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e Evaluate the magnitude (or “significance”) of the constant coefficients of each of
these terms as well as their amplitudes and periods (in the case of trigonometric
nonlinearities).

e Introduce a small perturbation parameter in accordance with each term’s significance.

e Then determine an appropriate analytical solution procedure, noting that this has been
done for the generating problem.

Following this approach, the differential Eqs. (44) and (79) (in (), and B(¢) respec-
tively) can be reduced to the following without loss of generality (removing the time
arguments for simplicity),

a1d + arcosRa)d + aza + a4sin(204)(o'1)2 + ascos(a) + agsin(x) = ay (80)

b1f + by sin2B)f + by cos(2B)f + baf + bs cos(28)(B)’

) .2 , (81)
+be sin(2B)(B)” + b7 cos(B) + bg sin(B) = by

The third and fourth terms in Egs. (80) and (81) respectively are the assumed classical
linear viscous damping terms, representing the main mechanisms of joint friction, noting
that the aerodynamic damping is vanishingly small in practice. It can be seen that the
equations are strongly nonlinear in form. A numerical analysis allows us to see the
relative numerical scaling for the first four coefficients of Eq. (80) as an example, as
shown in tabulated form below.

Coefficient Value

aj 237.45 4 0.370cos(w)
ap 0.0299

as Cy

ay 0.0299

We see that ap and a4 are both (atleast) 100-times smaller than a; and a3, respectively.
Then we introduce a small perturbation parameter, and so insert a; = €a; and a4 = €au
into the vertical equation of motion, noting that we could even argue numerically that
ay = &%, and ay = s%a,. However, for the time being, we persist with ap = ga» and
as = eay. This ordering of terms is consistent with our physical understanding of the
system. So, the O(”) problem becomes,

ard + Ejointd + R(ar) = a7 (82)

where R(«) is the restoring force. If we plot the potential energy, E, = [ R(«)d«, against
the actuation angle, o, then we see the potential is near-linear across the operational range
of a.

We can generalise this to get the following for either the vertical or horizontal
operations of the actuator, to O(&?),

¥+EX+Rx) =0 (83)
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and as {—7/9 < a < 7/9}, U,(«) is approximately linear with no stationary points,
wells, or turning points. This indicates that the system is non-oscillating to (’)(80). The
excitation forces Q can accommodate a suitable static balancing force to counteract the
gravitational restoring force within R(x) and then a further time-variant force on top to
move the manipulator on a desired trajectory. Note that the work of [3] discusses the
possible use of gravity compensators in industrial robots, and that a generalisation of
the stiffness modelling approach through the technique of matrix structural analysis is
advocated in [4]. This relationship between Q and R(x) applies to both the horizontal
and vertical motions. Work continues on expressing the higher order equations correctly,
in reduced form, from which the nonlinear dynamics will be examined numerically for
all operational modes of motion. A nonlinear control strategy will then be synthesised
from that basis.

7 Conclusions

An analytical model of the nonlinear dynamics of a high load capacity manipulator has
been derived for the FutureForge hydraulic press at the Advanced Forming Research
Centre in Inchinnan, Renfrewshire, Scotland, UK. This model is capable of represent-
ing any two-dimensional motion that the machine is capable of and this includes the
small but important coupling inherent between the vertical and horizontal motions of
the end-effector, as seen in Fig. 6. This model is novel in that it preserves the uniformity
of perfect parallelogram motion within the three sub-assemblies of the machine, without
any restrictions on the configuration space that the manipulator is potentially capable of
reaching. This form of modelling could be of interest for other large-scale manipulator
designs for these reasons. One could readily imagine actuation scenarios in which the
horizontal and vertical phases are interspersed in far more complex ways than shown in
Figs. 6 and 7, with specialised trajectories perfectly possible, both physically and mathe-
matically. The equations presented in this paper offer a complete basis for all imaginable
trajectories, and therefore further work is required on writing a fully generalised solution
code which allows any combinations of motion that might be required in practice. In
future the mathematical modelling will be integrated with the 3D animations created by
the digital team in AFRC for FutureForge simulator training within a visually and kine-
matically realistic environment, in which the machine works with specific operational
trajectories. In parallel with that work a nonlinear control investigation has been started
at the University of Strathclyde, based on reduced order modelling, typically as shown
in Egs. (80)—(83) for the initial 0(80) case. This is work in progress and will be reported
on in detail in the future.
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