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Abstract 
The formalism realised according to the Generalised Approach to Electrolytic Systems (GATES) is 
presented and applied to typical redox systems known from the laboratory practice. In any redox 
system, the Generalized Electron Balance (GEB), perceived as the law of the matter conservation, 
is derivable from linear combination 2·f(O) – f(H) of elemental balances: f(O) for oxygen and f(H) 
for hydrogen. It is an equation linearly independent from other (charge and concentration) balances 
referred to an electrolytic redox system (aqueous media) of any degree of complexity, and named as 
the primary form of GEB and then denoted as pr-GEB. A compact equation for GEB is obtained from 
linear combination of 2·f(O) – f(H) with other (charge and concentration) balances. For a non-redox 
electrolytic system, of any degree of complexity, the balance 2·f(O) – f(H) is not an independent 
equation. In the derivation of GEB, all known components (species) of the system tested, taken in 
their real (i.e., hydrated) form, are involved in the balances, and none simplifying assumptions are 
needed. The redox systems are simulated with use of an iterative computer program. 
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1. Introduction 
Redox systems are considered as the most important and the most complex electrolytic systems. The possibility  
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of correct mathematical formulation of redox systems of any degree of complexity was possible only after for- 
mulation of the Generalized Electron Balance (GEB) that is fully compatible with charge and concentration ba- 
lances. 

As were stated in [1]-[6], the linear combination 2·f(O) – f(H) of elemental balances: f(H) for H and f(O) for 
O, when referred to any redox (static or dynamic) system, is an equation independent on charge and concentra- 
tion balances; the related formulation, termed later as the Approach II to GEB, is equivalent to one obtained ac-
cording to the Approach I, based on the principle of common pool of electrons introduced by electron-active 
elements named—in convention of “card game”—as “players”. The electron-non-active elements are named as 
“fans”, and electrons are considered as “money”, transferred between “players”; the “fans” accounts are intact, 
in this convention. The Approach I to GEB, named also as the “short” version of GEB, needs a knowledge of 
oxidation degrees for all elements in the species participating the system considered. The great advantage of the 
Approach II, called also as the “long” version of GEB, is that none prior knowledge on oxidation degrees of all 
elements in complex species of definite composition and charge is needed. Both approaches are valid for aqueous 
and mixed-solvent media, with amphiprotic co-solvents involved. 

Both Approaches (I, II) were discovered (1992, 2007) by Michałowski, and presented also in [7]-[16]. When 
referred to a non-redox system, 2·f(O) – f(H) is a linear combination of other (charge and concentration) bal-
ances related to this system, i.e., it is not an independent balance. Concentration balances are referred to other 
elements X (≠H, O) or groups of elements named as cores. Assuming k as a number of concentration balances, 
we have k+2 independent balances for a redox system, and k+1 balances for a non-redox system. It also clearly 
explains why the concentration balances are formulated in non-redox systems only for elements different from H 
and O. Some species in the balances are involved in expressions for the related equilibrium constants. The com-
plete set of independent equilibrium constants is required for this purpose. The equilibrium constants for redox 
systems are: standard potentials (E0i), dissociation constants, stability constants of complexes, etc. This way, any 
redox (or non-redox) system can be formulated, provided that the related equilibrium constants for the complex 
species involved in the balances are known beforehand. However, GEB and—consequently—other balances, 
can be formulated on different levels of prior/pre-assumed knowledge of the system considered. The basic re- 
quirement put in these balances is their consistency (non-contradiction) that enables to carry out the calculations, 
made according to iterative computer programs. 

From the very beginning, GEB was perceived as the missing balance needed for quantitative description 
of redox systems. GEB is fully compatible with other (charge and concentration) balances related to the sys-
tem in question. This viewpoint was expressed also in the titles of successive papers: “Formulation of Ge-
neralized Equations for Redox Titration Curves” [9] and “A Unified Quantitative Approach to Electrolytic 
Systems” [10]. The term “Generalized Approach to Electrolytic Systems”, designated by acronym GATES, 
was used explicitly in [15] [16] and later. The GATES is perceived as the holistic, thermodynamic approach 
to redox and non-redox, mono- and polyphase, equilibrium metastable and non-equilibrium electrolytic sys-
tems of any degree of complexity [2]. The acronym GATES/GEB means GATES referred to redox systems. 
The fundamental advantage of the Approach II to GEB is that none prior knowledge on oxidation degree of 
elements in complex species of definite elemental composition and external charge is needed. The GEB is 
perceived as the general law of conservation, as a law of Nature, related to electrolytic redox systems in 
aqueous, non-aqueous and mixed solvent media, with amphiprotic (co)solvents involved. 

The present article provides typical examples of formulation of the balances according to both Approaches (I, 
II) for dynamic redox systems, realized within GATES in titrimetric methods of analysis [5] [6]. For this pur-
pose, we consider V0 mL of FeSO4 (C0) + H2SO4 (C01) solution as titrand (D) titrated with V mL of KMnO4 (C) 
(in the System A) or Ce(SO4)2 (C) + H2SO4 (C1) (in the System B); the admixtures of CO2 in D and the titrant (T) 
were also included. The species in the related systems are considered in their natural forms, i.e., as hydrates in  
aqueous media [5] [6]. For the species of i-th kind, 2X H Oiz

i in⋅ , we apply the notation 

( )X ,iz
i i iN n                                         (1) 

where ni ≥ 0, Ni is a number of these entities. For example, N19 ions ( ) 1
4 19 22Fe SO H On− ⋅  contain 2N19n19 atoms  

of H, N19(8 + n19) atoms of O, N19 atoms of Fe, and 2N19 atoms of S. 
In this paper, all concentrations are expressed in mol/L, and all volumes in mL. 
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2. The Principle of Formulation of the Approach I to GEB 
The Approach I can be considered on the card game principle, with electrons as money (cash), electron-active 
elements as players, and electron-non-active elements as fans. 

2.1. System A 
Let us consider V0 mL of D composed of N10 molecules of FeSO4∙7H2O (melanterite), N20 molecules of CO2, N30 
molecules of H2SO4 and N40 molecules of H2O titrated with V mL of T composed of KMnO4 (N50), CO2 (N60), 
H2O (N70). In the D+T mixture, the following species are formed: 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

2
2 1 2 2 3 3 4 4 4 5 5 4 6 6

2 2
2 3 7 7 3 8 8 3 9 9 11 11 12 12 4 13 13

43 2
14 14 15 15 16 16 2 17 17 42 2

H O ;  H , ,  OH , ,  K , ,  HSO , ,  SO , ,

H CO , ,  HCO , ;  CO , ,  Fe , ,  FeOH , ,  FeSO , ,

Fe , ,  FeOH , ,  Fe OH , ,  Fe OH , ,  FeSO

N N n N n N n N n N n

N n N n N n N n N n N n

N n N n N n N n

+ − + − −

− − + +

+ ++ + + ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

18 18

2 3 2
4 19 19 4 21 21 4 22 22 23 23 24 242

2
25 25 26 26 4 27 27

, ,

Fe SO , ,  MnO , ,  MnO , ,  Mn , ,  MnOH , ,

Mn , ,  MnOH , ,  MnSO , .

N n

N n N n N n N n N n

N n N n N n

− − − + +

+ +

   (2) 

In this system, Mn and Fe are considered as players, and other elements (K, S, O, H) as fans. The transmis-
sion of electrons occurs between different species formed in the system by Fe and Mn, whereas such transmis-
sion does not occur between fans (the fans’ accounts are intact). Player and fans can be involved in the same  
species; e.g., ( )4 2Fe SO −  involves Fe (player) and S and O (fans). 

Let V mL be a total volume of T added from the start up to a given point of the titration. A common pool of 
electrons introduced by players is ( ) ( )Fe 10 Mn 502 7Z N Z N− ⋅ + − ⋅ , where ZFe = 26 and ZMn = 25 are the atomic 
numbers for Fe and Mn, resp. These electrons are dissipated between different species formed in the mixture, 
namely: ( )Fe 112Z N−  electrons in Fe2+·n11H2O, ( )Fe 122Z N−  electrons in FeOH+·n12H2O, ···, ( )Fe 172 3Z N−   
electrons in ( )4

2 17 22Fe OH H On+ ⋅ , ···, ( )Mn 217Z N−  electrons in 4 21 2MnO H On− ⋅ , ···, ( )Mn 277Z N−  electrons 
in MnSO4·n27H2O. Then the electron balance is as follows: 

( )( ) ( )( ) ( ) ( )
( )( ) ( )( ) ( ) ( )

Fe 11 12 13 Fe 14 15 16 17 18 19 Mn 21 Mn 22

Mn 23 24 Mn 25 26 27 Fe 10 Mn 50

2 3 2 7 6

3 2 2 7

Z N N N Z N N N N N N Z N Z N

Z N N Z N N N Z N Z N

− + + + − + + + + + + − + −

+ − + + − + + = − ⋅ + − ⋅
 (3) 

The number Ni of the species 2X H Oiz
i in⋅  in V0 + V [mL] of the dynamic D+T system, is involved with its 

molar concentration 

( )
3

0

X 10iz i
i

A

N
N V V

  = ⋅  ⋅ +
                                (4) 

Moreover, we have: 

3 310 50
0 0 10 , 10

A A

N N
C V C V

N N
⋅ = ⋅ ⋅ = ⋅                           (5) 

where NA – Avogadro’s number; concentrations are expressed in mol/L, and volumes in mL. Applying (4) and 
(5) in (3), we obtain the equation for GEB written in terms of concentrations 

( ) [ ]( ) ( ) ( ) ( )(
( ) ) ( ) ( ) ( )( )

( ) [ ]( ) ( ) ( )

42 3 2
Fe 4 Fe 22 2

2 3 2
4 4 Mn 4 Mn 4 Mn2

2
Mn 4 Fe 0 0 Mn

2 Fe FeOH FeSO 3 Fe FeOH Fe OH Fe OH

FeSO Fe SO 7 MnO 6 MnO 3 Mn MnOH

2 Mn MnOH MnSO 2 7

Z Z

Z Z Z

Z Z C V Z

+ ++ + + +

−+ − − + +

+ +

          − + + + − + + +           

        + + + − + − + − +        

   + − + + = − ⋅ + −    ( ) ( )0CV V V⋅ +

  (6) 

2.2. System B 
Let us consider V0 mL of D composed of N10 molecules of FeSO4∙7H2O (melanterite), N20 molecules of CO2, N30 
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molecules of H2SO4 and N40 molecules of H2O, titrated with V mL of T composed of Ce(SO4)2 (N50), H2SO4 
(N60), H2O (N70) and CO2 (N80). In the D+T mixture, the following species are formed: 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

2
2 1 2 2 3 3 4 5 5 4 6 6

2 2
2 3 7 7 3 8 8 3 9 9 11 11 12 12 4 13 13

43 2
14 14 15 15 16 16 2 17 17 4 18 182 2

H O ;  H , ,  OH , ,  HSO , ,  SO , ;

H CO , ;  HCO , ;  CO , ;  Fe , ,  FeOH , ,  FeSO , ;

Fe , ,  FeOH , ,  Fe OH , ;  Fe OH , ;  FeSO , ,

F

N N n N n N n N n

N n N n N n N n N n N n

N n N n N n N n N n

+ − − −

− − + +

+ ++ + +

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

5 44 3
4 19 19 21 21 22 22 2 23 23 2 24 242 3 4

22 3 2
4 25 25 4 26 26 4 27 27 28 28 29 292 3

3
4 31 31 4 32 32 4 33 332 3

e SO , ,  Ce , ,  CeOH , ,Ce OH , ,Ce OH , ,

CeSO ,  n ,Ce SO , ,Ce SO , ,Ce , ,CeOH , ,

CeSO , ,Ce SO , ,Ce SO , .

N n N n N n N n N n

N N n N n N n N n

N n N n N n

− + ++ +

−+ + +

− −+

   (7) 

A common pool of electrons, introduced by Fe and Ce as the players, is ( ) ( )Fe 10 Ce 502 4Z N Z N− ⋅ + − ⋅ , 
where ZFe = 26 and ZCe = 58 are the atomic numbers for Fe and Ce, resp. These electrons are dissipated between 
different species formed in the mixture, namely: ( )Fe 112Z N−  electrons of Fe2+, ···, ( )Ce 214Z N−  electrons of  

Ce4+, ···, ( )Ce 232 4Z N−  electrons of ( )5
2 3Ce OH + , ···, ( )Ce 333Z N−  electrons of ( )3

4 3Ce SO − . Then the elec- 
tron balance is as follows: 

( )( ) ( )( )
( )( ) ( )( )
( ) ( )

Fe 11 12 13 Fe 14 15 16 17 18 19

Ce 21 22 23 24 25 26 27 Ce 28 29 31 33 33

Fe 10 Ce 50

2 3 2

4 2 2 3     

2 4

Z N N N Z N N N N N N

Z N N N N N N N Z N N N N N

Z N Z N

− + + + − + + + + +

+ − + + + + + + + − + + + +

= − ⋅ + − ⋅

    (8) 

Applying (4) and (5) in (8), we obtain the equation for GEB written in terms of concentrations 

( ) [ ]( ) ( ) ( ) ( )(
( ) ) ( ) ( ) ( )(

( ) ( ) ) ( )

42 3 2
Fe 4 Fe 22 2

5 44 3 2
4 4 Ce 2 2 42 3 4

2 3
4 4 Ce2 3

2 Fe FeOH FeSO 3 Fe FeOH Fe OH 2 Fe OH

FeSO Fe SO 4 Ce CeOH 2 Ce OH 2 Ce OH CeSO

Ce SO Ce SO Z 3 Ce

Z Z

Z

+ ++ + + +

− + ++ + + +

−

          − + + + − + + +           

            + + + − + + + +            

  + + + −    ( ) ( )( )
( ) ( )( ) ( )

32
4 4 42 3

Fe 0 0 Ce 0

CeOH CeSO Ce SO Ce SO

2 4Z C V Z CV V V

− −+ + +         + + + +         

= − ⋅ + − ⋅ +

(9) 

3. The Principle of Formulation of the Approach II to GEB 
3.1. System A 
Let us refer to the system presented in section 2.1. The species in the closed system are involved in the follow-
ing elemental balances: 
• f(H): 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( )

1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9 9

11 11 12 12 13 13 14 14 15 15 16 16 17 17 18 18

19 19 21 21 22 22 23 23 24 24 25 25 26 26 27

2 1 2 1  2 2 1 2 2 2 2 1 2 2

2 1 2 2 1 2 2 2 2 2 2

2 2 2 2 1 2 2 1 2 2

N N n N n N n N n N n N n N n N n

N n N n N n N n N n N n N n N n

N n N n N n N n N n N n N n N n

+ + + + + + + + + + + + +

+ + + + + + + + + + + +

+ + + + + + + + + + 27

10 30 40 7014 2 2 2N N N N= + + +

  (10) 

• f(O): 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 2 12 3 3 4 4 5 5 6 6 7 7 8 8 9 9

11 11 12 12 13 13 14 14 15 15 16 16 17 17 18 18

19 19 21 21 22 22 23 23 24 24 25 25 26 26 27 27

10

1 4 4 3 3 3

1 4 1 2 2 4

8 4 4 1 1 4
11 2

N N n N n N n N n N n N n N n N n

N n N n N n N n N n N n N n N n

N n N n N n N n N n N n N n N n
N N

+ + + + + + + + + + + + + +

+ + + + + + + + + + + + + +

+ + + + + + + + + + + + + +

= + 20 30 40 50 60 704 4 2N N N N N+ + + + +

 (11) 

• f(Fe): 
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11 12 13 14 15 16 17 18 19 102N N N N N N N N N N+ + + + + + + + =                    (12) 

• f(C): 

7 8 9 20 60N N N N N+ + = +                               (13) 

• f(S): 

5 6 13 18 19 27 10 302N N N N N N N N+ + + + + = +                      (14) 

• f(K): 

4 50N N=                                     (15) 

• f(Mn): 

21 22 23 24 25 26 27 50N N N N N N N N+ + + + + + =                      (16) 

• charge balance: 

2 3 4 5 6 8 9 11 12 14 15 16

17 18 19 21 22 23 24 25 26

2 2 2 3 2
4 2 3 2 2 0

N N N N N N N N N N N N
N N N N N N N N N
− + − − − − + + + + +

+ + − − − + + + + =
         (17) 

Then from (2) and (3) we get pr-GEB = 2f(O) – f(H) 

2 3 5 6 7 8 9 12 13 15 16 17 18

19 21 22 24 26 27 10 20 30 50 60

– 7 8 4 5 6 8 2 2 8
16 8 8 8 8 4 6 8 4
N N N N N N N N N N N N N

N N N N N N N N N N N
+ + + + + + + + + + + +

+ + + + + + = + + + +
     (18) 

Combination of (18) with (17), 4·f(C) (13), 6·f(S) (14), and f(K) (15) gives: 

( ) ( )
( ) ( )

11 12 13 14 15 16 17 18 19 21

22 23 24 25 26 27 10 50

2 3 2 7

6 3 2 2 7

N N N N N N N N N N

N N N N N N N N

+ + + + + + + + +

+ + + + + + = +
          (19) 

Subtraction of (19) from ZFe·f(Fe) + ZMn·f(Mn) gives Equation (3) and then Equation (6). The equivalency of 
Approaches I and II in this system is thus proved. 

Combination of (19), 3·f(Fe) (12) and 2·f(Mn) (16) gives 
( )11 12 13 21 22 23 24 10 505 4 5N N N N N N N N N+ + − + + + = −             (20) 

Applying (4) and (5) in (20) we get 

[ ] ( ) ( ) ( )2 2 3 2
4 4 4 0 0 0Fe FeOH FeSO 5 MnO 4 MnO Mn MnOH 5C V CV V V+ + − − + +           + + − + + + = − +            (21) 

It is the simplest form of GEB for this system. 

3.2. System B 
Let us refer to the system presented in section 2.2. The species in the closed system are involved in the follow-
ing, elemental balances: 
• f(H): 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9 9

11 11 12 12 13 13 14 14 15 15 16 16 17 17 18 18

19 19 21 21 22 22 23 23 24 24 25 25 26 26 27

2 1 2 1 2 2 1 2 2 2 2 1 2 2

2 1 2 2 1 2 2 2 2 2 2

2 2 1 2 3 2 4 2 2 2 2

N N n N n N n N n N n N n N n N n

N n N n N n N n N n N n N n N n

N n N n N n N n N n N n N n N n

+ + + + + + + + + + + + +

+ + + + + + + + + + + +

+ + + + + + + + + + +

( )
27

28 28 29 29 31 31 32 32 33 33 10 30 40 60 702 1 2 2 2 2 14 2 2 2 2N n N n N n N n N n N N N N N+ + + + + + = + + + +

  (22) 

• f(O): 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( )

1 2 12 3 3 4 4 5 5 6 6 7 7 8 8 9 9

11 11 12 12 13 13 14 14 15 15 16 16 17 17 18 18

19 19 21 21 22 22 23 23 24 24 25 25 26 26

27 27 28 2

1 4 4 3 3 3

1 4 1 2 2 4

8 1 3 4 4 8

12

N N n N n N n N n N n N n N n N n

N n N n N n N n N n N n N n N n

N n N n N n N n N n N n N n

N n N n

+ + + + + + + + + + + + + +

+ + + + + + + + + + + + + +

+ + + + + + + + + + + + +

+ + + ( ) ( ) ( ) ( )8 29 29 31 31 32 32 33 33

10 20 30 40 50 60 70

1 4 8 12
11 2 4 8 4

N n N n N n N n
N N N N N N N

+ + + + + + + +

= + + + + + +

 (23) 
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• f(Fe)—as Equation (12) 
• f(C)—as Equation (13) 
• f(S): 

5 6 13 18 19 25 26 27 31 32 33 10 30 50 602 2 3 2 3 2N N N N N N N N N N N N N N N+ + + + + + + + + + = + + +     (24) 

• f(Ce): 

21 22 23 24 25 26 27 28 29 31 32 33 502 2N N N N N N N N N N N N N+ + + + + + + + + + + =         (25) 

• charge balance: 

2 3 5 6 8 9 11 12 14 15 16 17 18 19

21 22 23 24 25 27 28 29 31 32 33

2 2 2 3 2 4
4 3 5 4 2 2 3 2 3 0

N N N N N N N N N N N N N N
N N N N N N N N N N N
− − − − − + + + + + + + −

+ + + + + − + + + − − =
      (26) 

Then from (22) and (23) we get pr-GEB = 2·f(O) – f(H) 

2 3 5 6 7 8 9 12 13 15 16 17 18 19 22 23

24 25 26 27 29 31 32 33 10 30 50 60

– 7 8 4 3 6 8 2 2 8 16 3
4 8 16 24 8 16 24 8 6 16 6
N N N N N N N N N N N N N N N N
N N N N N N N N N N N N
+ + + + + + + + + + + + + + +

+ + + + + + + + = + + +
 (27) 

From combination of (26), (27), 4·f(C) (13), 6·f(S) (24) we have: 

( ) ( ) (
) ( )

11 12 13 14 15 16 17 18 19 21 22 23

24 25 26 27 28 29 31 32 33 10 50

2 3 2 4 2

2 3 2 4

N N N N N N N N N N N N

N N N N N N N N N N N

+ + + + + + + + + + +

+ + + + + + + + + = +
       (28) 

Subtraction of (28) from ZFe·f(Fe) + ZMn·f(Ce) gives Equation (8) and then Equation (9). The equivalency of 
Approaches I and II in this system is thus proved. Combination of (28), 3·f(Fe) (12) and 2·f(Ce) (25) gives 

( )11 12 13 21 22 23 24 25 26 27 10 502 2N N N N N N N N N N N N+ + − + + + + + + = −          (29) 

Applying (4) and (5) in (29) we get 

[ ] ( ) ( )(
( ) ( ) ) ( ) ( )

5 42 4 3
4 2 23 4

22
4 4 4 0 0 02 3

Fe FeOH FeSO Ce CeOH 2 Ce OH 2 Ce OH

CeSO Ce SO Ce SO C V CV V V

+ ++ + + +

−+

          + + − + + +           

    + + + = − +    

   (30) 

It is the simplest form of GEB for this system. 

4. Completing the Balances 
The GEB are completed by concentration and charge balances. All the balances should be specified in the molar 
concentration unit, because the molar concentrations are present in the expressions for the corresponding equili-
brium constants. 

4.1. System A 
The concentration balances are defined on the basis of equations (12) - (14), (16) and relations (4), (5): 

[ ] ( )

( ) ( ) ( )

2 3 2
4 2

4
2 4 4 0 0 02 2

Fe FeOH FeSO Fe FeOH Fe OH

2 Fe OH FeSO Fe SO C V V V

++ + + +

+ −+

        + + + + +         
    + + + = +    

           (12a) 

[ ] ( ) ( )2
2 3 3 3 02 0 2 0H CO HCO CO C V C V V V− −   + + = + +                    (13a) 

[ ] ( ) [ ] ( )2
4 4 4 4 4 4 01 0 02HSO SO FeSO FeSO 2 Fe SO MnSO C V V V−− − +       + + + + + = +           (14a) 

[ ] ( )2 3 2 2
4 4 4 0MnO MnO Mn MnOH Mn MnOH MnSO CV V V− − + + + +           + + + + + + = +            (16a) 

where: 

3 3 320 20 60
01 0 02 0 210 ; 10 ; 10

A A A

N N N
C V C V C V

N N N
⋅ = ⋅ ⋅ = ⋅ ⋅ = ⋅                (31) 
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The relation [K+] = CV/(V0+V) resulting from (15) is not considered as a balance, in principle; it enters as a 
number (at a particular V value) the related charge balance 

( ) ( ) ( )

2 2 2
4 4 3 3

43 2
2 4 4 42 2 2

2 3 2
4

H OH K HSO 2 SO HCO 2 CO 2 Fe FeOH

3 Fe 2 FeOH Fe OH 4 Fe OH FeSO Fe SO MnO

2 MnO 3 Mn 2 MnOH 2 M

+ − + − − − − + +

+ + −+ + + −

− + +

                 − + − − − − + +                 
            + + + + + − −            

     − + + +     
2n MnOH 0+ +   + =   

 (17a) 

4.2. System B 
The concentration balances are defined on the basis of equations (12a), (13a), (24a) - (26a), see relations (4), (5). 

[ ] ( ) ( ) ( )

( ) ( ) ( ) ( )

22 2
4 4 4 4 4 4 4 42 2 3

3
4 4 4 0 0 01 0 1 02 3

HSO SO FeSO FeSO 2 Fe SO CeSO 2 Ce SO 3 Ce SO

CeSO 2 Ce SO 3 Ce SO 2C V C V CV C V V V

− −− − + +

− −+

            + + + + + + +           
    + + + = + + + +     

(24a) 

( ) ( ) ( ) ( )

( ) ( ) ( )

5 4 24 3 2
2 2 4 4 43 4 2 3

33 2
4 4 4 02 3

Ce CeOH 2 Ce OH 2 Ce OH CeSO Ce SO Ce SO

Ce CeOH CeSO Ce SO Ce SO CV V V

+ + −+ + +

− −+ + +

            + + + + + +           
        + + + + + = +         

   (25a) 

( ) ( ) ( )

( ) ( )

2 2 2 3
4 4 3 3

  42 4 3
2 4 42 2 2

5 4
2 23 4

H OH HSO 2 SO HCO 2 CO 2 Fe FeOH 3 Fe

2 FeOH Fe OH 4 Fe OH FeSO Fe SO 4 Ce 3 CeOH

5 Ce OH 4 Ce OH 2 C

+ − − − − − + + +

+ + −+ + + +

+ +

                 − − − − − + + +                 

            + + + + − + +            
   + + +    ( )

( ) ( )

22 3 2
4 4 3

3
4 4 42 3

eSO 2 Ce SO 3 Ce 2 CeOH

CeSO Ce SO 3 Ce SO 0

−+ + +

− −+

      − + +      
    + − − =     

    (26a) 

5. Equilibrium Constants 
The equilibrium constants related to both Systems (A and B) [17] [18] are collected in Table 1 (stability con-
stants of complexes) and Table 2 (standard potentials). 
 
Table 1. Values of logKi of stability constants Ki for indicated complex species applied in the simulations of the redox titrations.  

Complex logKi Complex logKi Complex logKi 

FeOH+ 4.5 MnOH+ 3.4 4CeSO+  1.63 

FeOH2+ 11.0 MnOH2+ 14.2 ( )4 2
Ce SO −  2.34 

( )2
Fe OH +  21.7 MnSO4 2.28 ( )3

4 3
Ce SO −  3.08 

( )4

2 2
Fe OH +  25.1 CeOH2+ 5.0 2

4CeSO +  3.5 

FeSO4 2.3 CeOH3+ 13.3 Ce(SO4)2 8.0 

4FeSO+  4.18 ( )5

2 3
Ce OH +  40.3 ( )2

4 3
Ce SO −  10.4 

( )4 2
Fe SO −  7.4 ( )4

2 4
Ce OH +  53.7 4HSO−  1.8 

 
Table 2. Standard potentials applied in the simulations of the redox titrations.                                        

Redox system Standard potential E0 [V] 

4MnO− , H+/Mn2+ 1.507 
2
4MnO − , H+/Mn2+ 1.743 

Mn3+/Mn2+ 1.509 
Fe3+/Fe2+ 0.771 
Ce4+/Ce3+ 1.70 
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The equilibrium constants for non-redox reactions are defined immediately on the basis of mass action law. In 
the case of redox systems, where standard potentials, E0 [V], are the equilibrium constants specified in the re-
lated tables of equilibrium data, a two-step procedure is applied [11]. 

The species of the same element with different oxidation degrees are interrelated in expressions, defined on 
the basis of the reaction notation. In particular, the redox potential E [V] for the reaction 

( )2
4 2 0MnO 8H 5e Mn 4H O 1.51 VE− + − ++ + = + =                  (32) 

is defined by equation 
8

4
0 10 2

MnO Hln10 log
5 Mn

RTE E
F

− +

+

   ⋅    = + ⋅
  

                     (33) 

Denoting: 
8

4

2

MnO H

Mn
Q

− +

+

      =
  

                               (34) 

0
ln10 1RT

F A
ϑ ⋅

= =                                 (35) 

we get 

( )10 0log 5Q A E E= ⋅ ⋅ −                               (36) 

At T = 298.15 K, 0 0.0591 Vϑ = , A = 16.92 V–1. Applying the mass action law to Equation (32) we get, by 
turns 

2

8 5

4

Mn

MnO H
eK

e

+

− + −

  =
          

                            (37) 

5

1

e

Q
e K−

=
  ⋅ 

                                  (38) 

10 10 10log 5 log log eQ e K− = − ⋅ −                          (38a) 

Generalizing, we refer to redox reaction, written correctly according to the scheme  

( )0i iz e E−+ =                                (39) 

where zi > 0. Then we get: 

i
i

i Q
Az

EE 100 log1
⋅

⋅
+=                              (40) 

( )
0

10 0
10log
10

i i

i

z A E

i i i i z A EQ z A E E Q
− ⋅ ⋅

− ⋅ ⋅= ⋅ ⋅ − → =                      (41) 

10 10 10log log logi i eiQ z e K− = − ⋅ −                           (42) 

The standard potentials: E0 in (33) and E0i in (40) are referred to standard hydrogen electrode (SHE); [e–] de-
note molar concentration of electrons in the solution. The choice of SHE is arbitrary, however, and it is natural 
to look for an absolute standard such as the vacuum level, commonly used in other branches of physics and che-  
mistry. Applying the identity ( ) ( )0 0

0 0i iE E E E E E− ≡ + − +  in (40), we get 

( ) ( )0 0
10 0log i i i iQ z A E E z A E E= ⋅ ⋅ + − ⋅ ⋅ +                     (41a) 

Comparing the related terms in (42) and (41a), we get: 
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( ) ( )0
0

10log 10
A E E

e A E E e
− ⋅ +− −   = − ⋅ + → =                        (43) 

( ) ( )0
00

10 0log 10 i iz A E E
ei i i eiK z A E E K

⋅ ⋅ +
= ⋅ ⋅ + → =                    (44) 

where E0 is the correction involved with absolute electrode potential. The value E0 = 4.44 ± 0.02 V at 298.15 K  
is recommended by IUPAC [19]), and then 0 0

0 0i iE E E= +  relates to a universal reference system [20] [21]. In 
the formulae for Qi 

( )010 i iz A E E
iQ ⋅ ⋅ −=                                    (45) 

(see Equation (41)) there is always the difference E – E0i, i.e., the ratio of concentrations of any oxidized and 
reduced forms of an element does not depend on the E-scale applied. 

6. Graphical Presentation of the Data 
It is advised to present the graphs on the planes, with the fraction titrated Φ [22] [23]  

0 0

C V
C V

⋅
Φ =

⋅
                                     (46) 

on the abscissa. Putting Φ instead of V on the abscissa provides a kind of normalization on the related plots ob-
tained on the stage of graphical presentation of the results obtained from iterative calculations [6]. It should also 
be noted that Φ plays a key role in formulation of the Generalized Equivalence Mass (GEM) concept [24] [25]. 

6.1. System A 
The speciation curves for Fe and Mn species during titration of V0 = 100 mL of FeSO4 (C0 = 0.01 mol/L) + 
H2SO4 (C01 = 1.0 mol/L) with V mL of KMnO4 (C = 0.02 mol/L) are presented in Figure 1(a) & Figure 1(b); 
C02 = C2 = 0. The E vs. Φ relationship is presented in Figure 2 and, in more a detailed manner, in Figure 3(a) & 
Figure 3(b). The E vs. Φ relationship is presented in Figure 4. It should be noted, among others, that concentra-
tions of sulfate complexes of ferric ions exceed significantly the concentration of Fe3+ ions. Concentrations of  
Mn3+ and MnOH2+ exceed the concentration of 4MnO− . 

High buffer capacity of the titrand, resulting from presence of H2SO4 (C01) in it, causes rather small growth in  
pH value of the system considered (Figure 4); the pH changes result from acid-base properties of 4MnO−  ions  
that act like “octopus” [26] in reaction with H+ ions (Equation (32)). 

6.2. System B 
The speciation curves for Fe and Ce species during titration of V0 = 100 mL of FeSO4 (C0 = 0.01 mol/L) + 
H2SO4 (C01 = 1.0 mol/L) with V mL of Ce(SO4)2 (C = 0.1 mol/L) + H2SO4 (C1 = 0.5 mol/L); C02 = C2 = 0, are 
presented in Figure 5. The E vs. Φ relationship is presented in Figure 6 and, in more a detailed manner, in Fig-
ure 7(a) & Figure 7(b). The E vs. Φ relationship is presented in Figure 8. 

The changes in slope of the curves presented in Figure 8 resulted mainly from differences between C01 and C1 
values; the solution of Ce(SO4)2 is prepared by dissolution of this salt in H2SO4. Note that the plot obtained at 
C01 = C1 = 0.5 is not exactly parallel to Φ axis; small changes in pH value result there from other effects in-
volved with this titration. 

7. Discussion 
Two equivalent approaches (Approach I and Approach II) to Generalized Electron balance (GEB) in electrolytic 
redox systems are presented. The Approach I is based on the principle of common pool of electrons, whereas the 
Approach II originates from the linear combination 2·f(O) – f(H) of elemental balances f(O) and f(H) for O and 
H, formulated for a redox system. For non-redox systems, 2·f(O) – f(H) is a linear combination of other (charge 
and concentration) balances, i.e., it is not an independent equation. In all instances, the balances are ultimately 
expressed in terms of molar concentrations [mol/L] of compounds and species, Equations (4) and (5). 
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(a)                                    (b) 

Figure 1. Speciation curves for (1a) Fe-species and (1b) Mn-species in the System A, 
where V0 = 100 mL of FeSO4 (C0 = 0.01 mol/L) + H2SO4 (C01 = 1.0 mol/L) is titrated 
with V mL of KMnO4 (C = 0.02 mol/L); Φ (Equation (46)).                       

 

 
Figure 2. The E = E (Φ) curves plotted for the System A, at V0 = 100, C0 = 0.01, C = 
0.02, and different C01 values, indicated in Figure 3.                             

 

 
(a)                                    (b) 

Figure 3. Enlarged fragments of the curves in Figure 2: a) before, b) after the equiva-
lence point; the numbers at the lines indicate C01 values.                          
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Figure 4. The pH = pH (Φ) relationship for the System A at V0 = 100, C0 = 0.01, C = 
0.02, and C01 values indicated at the corresponding lines.                         

 

 
(a)                                   (b) 

Figure 5. Speciation curves for (a) Fe-species and (b) Ce-species in the System B, 
where V0 = 100 mL of FeSO4 (C0 = 0.01 mol/L) + H2SO4 (C01 mol/L) is titrated with 
V mL of Ce(SO4)2 (C = 0.1 mol/L) + H2SO4 (C1 = 0.5 mol/L); Φ (Equation (46)).      

 

 
Figure 6. The E = E(Φ) curves plotted for the System B, at V0 = 100, C0 = 0.01, C = 
0.1, and different C01 values, indicated in Figure 7.                               
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(a)                                     (b) 

Figure 7. Enlarged fragments: (7a) before and (7b) after the equivalence point of the 
curves in Figure 6; the numbers at the lines indicate C01 values.                     

 

 
Figure 8. The pH = pH (Φ) relationship for the System B at V0 = 100, C0 = 0.01, C = 
0.1, C1 = 0.5 and C01 values indicated at the corresponding lines.                    

 
The generalised approach to electrolytic systems (GATES) involving GEB concept is based on firm, mathe-

matical (algebraic) foundations, not on an extremely ‘fragile’ chemical notation principle, that is only a faint 
imitation of a true, algebraic notation. It is a new proposal against ones known hitherto, particularly represented 
by Pourbaix diagrams [27], appearing graphically only the predominant species on (pH, E) two-dimensional 
(2-D) plane. The Pourbaix diagram becomes completely destroyed (and then useless) if a new component, e.g. 
strong complexing agent, be introduced. Applying this diagram, the E value must be previously measured. Ac-
cording to GATES/GEB approach, the E value is calculated; it is a great difference. According to GATES, it is 
possible to resolve any system of entrance substances and to obtain any relationships in graphical (2-D or 3-D) 
presentation. 

The Approach I can be applied for the systems where the oxidation numbers of all elements can easily be de-
termined. From the Approach II viewpoint, the term “oxidation number” is not ascribed to any element of the 
species in the system considered; known (or pre-assumed) composition of a species, expressed by its formula 
together with external charge of this species, provides an information sufficient to formulate the related balances. 
This fact is of capital importance, when redox equilibria are involved e.g., with ions and radicals/ion-radicals 
and other complex organic species [6]. Among others, GEB was formulated [2] for batch systems with Fenton 
reagent involved [28], where radicals play a key role [29]-[34]. Approach II offers also special advantages when 
referred to redox systems, where organic species of great complexity, e.g. plant pigments participating redox 
reactions [35]-[40], are considered. 
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Another kind of batch system are the systems where oscillating chemical reactions of Belousov-Zhabotinsky 
(BZ) or Briggs-Rauscher (BR) type occur. For these systems, the principles of a kinetic model were proposed [6] 
[10]. The related model consists of the set of balances and their time derivatives, considered as holonomic con-
straints in the systems. In the redox system similar to one of the BR type, the kinetic effects involved with ma-
lonic acid iodination were lately tested in dynamic (titration) system [23]. 

The species in the redox systems are thus involved in charge, GEB and elemental balances. Moreover, the 
terms: “oxidant” and “reducer” are not ascribed there to particular species. All attainable physicochemical 
knowledge can be involved in the algorithms formulated within GATES/GEB, and none simplifying assump-
tions are needed. 

Some qualitative knowledge on the system tested is also valuable; it is particularly desired in the case of me-
tastable systems [5]. In nearly all more complex systems, one can indicate the species (or a group of species)  
that are in a metastable state, relative to the solvent (e.g., 4MnO−  versus H2O) and/or to other species present in  
the system (e.g., H2SO4 versus H2S). 

The Approaches I and II to redox systems are based on general rules of conservation, namely (1˚) the rule of 
charge conservation, (2˚) the rule of a matter conservation, and (3˚) the chemical rule of mass action. The law of 
matter conservation is perceived from the viewpoint of conservation of particular elements in a closed system. 
This way, the problems involved with isotopic effects/neutrons and abundances of particular elements in the 
system are thus omitted. Although the paper refers to systems with stable isotopes, an extension on the systems 
where (α, β−, β+ or electron capture) radioactive decay occur, is also possible. This approach is justified by the 
fact that the physicochemical knowledge on electrolytic (in general) and redox (in particular) chemical systems 
is related primarily to the matter with natural isotopic composition. Moreover, the isotopic effects manifest 
themselves only slightly (or are rather neglected within the limits of experimental error) with respect to elements 
X of higher atomic numbers ZX. 

The solving of redox systems within the GATES/GEB, established in 1992 [2], is fundamentally innovative 
when compared with earlier approaches to the subject in question [41]-[53], denoted later as EA, for brevity. 

A comprehensive knowledge of the redox systems in terms of their mathematical formalism was practically 
non-existent before 1992. EA were based essentially on the stoichiometric reaction equations and included only 
two pairs {(Oxi, Redi) i=1,2} of components involved in these equations, e.g. [Fe2+] + [Fe3+] = C0V0/(V0 + V) 
and [Ce4+] + [Ce3+] = CV/(V0 + V) for the System B—compare with (12a) and (25a). Concentration balances for 
the accompanying (e.g., sulfate) species were not formulated, compare with (14a), (24a). Even relatively simple 
redox systems, as ones presented in this paper, involve far greater number of components, see (2) and (7). Other 
species are involved, among others, in charge balance. It is obvious that a redox reaction notation does not in-
clude all “players”. What is more, the species involved in redox reactions presented by EA are, generally, the 
constituents of lesser concentration. For example, the Systems A and B were represented by reactions: (32) and 

4 2 3 3Ce Fe Ce Fe+ + + ++ = +                                (47) 

respectively [54] [55], although [FeSO4] exceeds ( )2 3
4 2Fe , Fe Fe SO −+ +            and ( )24

4 3Ce Ce SO −+       ,  

also at equivalence point, see Figure 1(a), Figure 5(a) Figure 5(b). Omission of the sulphate complexes is a falsi-
fication of reality, when referred to the systems considered, where H2SO4 acts, simultaneously, as buffering and  
complexing agent. The notation ( ) ( )2

4 4 4 4 43 2FeSO Ce SO H Fe SO CeSO HSO− −+ + −+ + = + + , involving predomi- 
nating species, stated on the basis of speciation curves presented in Figure 5(a) Figure 5(b), gives better approxi-
mation of the process occurred in the System B than the reaction (47). Similar remark can be referred to the System  
A; e.g., [Mn3+] and [MnOH2+] exceed 4MnO−    after the equivalence point, see Figure 1b. Nonetheless, the equ- 

ation [Fe2+] – [Ce4+] = (C0V0 – CV)/(V0 + V) obtained on the basis of Equation (47), was applied in EA, e.g. in 
[56], to the titration made in the System B; this equation should be compared with exact Equation (30). Similarly, 
the equation ( ) ( )2

4 0 0 0Fe 5 MnO 5C V CV V V+ −   − = − +     formulated on the basis of (32), should be com- 

pared with exact Equation (21). Concluding, the “electron balances” formulated up to 1992 were slavishly re-
lated to the stoichiometric reaction notations. Incomplete form of those balances needs incomplete forms of the 
remaining balances, otherwise the contradictory system of equations is not resolvable. 

The correct resolution of the problem within GATES/GEB is based on a solution of a system of algebraic eq-
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uations, not on a (pre-assumed) chemical reaction notation, as were done in EA. The formulation of reaction no-
tations on the basis of the related speciation plots (Figure 1(a), Figure 1(b) and Figure 4(a), Figure 4(b)) is a 
next, facultative (not obligatory) step made after calculations made according to GATES/GEB and graphical 
presentation of the results thus obtained. This way, one can compare effectivities of competitive reactions. This 
viewpoint is a complete reversal to EA. 

For example, it were stated [5] [8], on the basis of GATES/GEB, that the efficiency of reaction (i)  

2 2I 2OH IO I H O− − −+ = + +  is 2.5 × 109 times smaller than efficiency of the reaction (ii)  

2 3 23I 6OH IO 5I 3H O− − −+ = + + . Similarly, the efficiency of reaction (iii) – –
2 2Br 2OH BrO Br H O−+ = + +  is  

ca. 104 times smaller than for the reaction (iv) 2 3 23Br 6OH BrO 5Br 3H O− − −+ = + + . Nonetheless, the reactions  
(i) and (iii) are cited in all handbooks referred to the problem in question; both pairs of reactions appear the 
same stoichiometry, 3:6 = 1:2. 

Within GATES, one can use all the available quantitative knowledge provided by tables of equilibrium con-
stants. According to earlier approaches, only two “formal” potentials (as substitutes of standard potentials) were 
considered and used for determination of the equilibrium constant for total (summary) reaction. Within GATES, 
every complex species is involved in the balances, together with the related equilibrium constant value. Within 
GATES, also a qualitative knowledge is applied, mainly in the context of the metastable systems; this way, dif-
ferent reaction paths can be studied [5] [6]. 

In EA, the charge balance has not been involved in calculations, although this concept was known before. To 
avoid a formulation of contradictory equations, pH = const during the titration was assumed in EA. However, 
such an assumption is not acceptable, for example, in (1) Br2 with NaOH; (2) I2 with NaOH in presence of (2a) 
KI, (2b) H2CO3, (2c) CCl4 (liquid-liquid extraction system), (2d) KI + H2CO3 + CCl4; an interesting case where 
(3) MgSO4 is added into I2 + KI + NaOH was also considered. In all these systems, described in [7], the dispro-
portionation reactions were accompanied by other effects. 

The assumption pH = const is only approximately valid in buffered systems, such as System A and System B 
considered in this paper, where an excess of strong acid is added into D or/and T. However, in these cases, the 
changes in pH are distinct/noticeable, see Figure 4, Figure 8. 

The results obtained from simulated titrations can always be considered as a reference to real behaviour of the 
system tested, frequently corrupted by kinetic phenomena. It enables also to demonstrate limitations of some 
analytical methods, e.g. ones concerning accuracy and precision of the pH-static titration [57]. 

The simulating procedure applied for resolution of redox systems of different degree of complexity enables to 
choose the best conditions of analysis (optimisation a priori). Another advantage is the possibility to follow 
some details invisible in an experiment; it particularly refers to dynamic speciation analysis, realised only in 
simulated titrations. 

Resolution of equilibria in redox dynamic (titration) systems is justly considered among the most difficult 
topics of interest, but the reasons of these difficulties were not put rightly. The main difficulties in the right de-
scription of redox systems arise on the line of junction between thermodynamics and kinetics; this line is not 
precisely defined in many metastable systems. This remark refers also to some kinetic systems, e.g. the titration 
of ferricyanide with ascorbic acid [58] [59]. 

In EA, titration curves were discussed in piecemeal fashion: one approximate description for the part before 
the equivalence point, a different approximation for the part beyond this point and, finally, yet another formula 
for the equivalence (eq) point [53]. As refers to the System B, the equality [Ce3+] = [Fe3+] was applied at the eq  

point. This equality is invalid, however, owing to the fact that ( )3
4 2Fe Fe SO −+       ,  

( )33
4 3Ce Ce SO −+       , also at equivalence point. Within GATES/GEB, one equation for titration curve, ex- 

pressed by the related GEB, is obligatory. On this basis, one can find the points (Φ, E) also in close vicinity of 
the equivalence point, see Table 3. 

The value Eeq = (0.771 + 1.70)/2 = 1.236 V, calculated according to EA, is different from 1.034 V (see Table 
2 and Table 3). Analogous tables referred to other, also more complex redox systems presented in [5] [6] [10] 
[11], give similar discrepancies; it particularly refers to more complex formulae for Eeq, presented in [41] [43] 
[44] [53]. For comparison, the GATES/GEB applied to redox systems enables to calculate the coordinates re-
ferred to any point (Φ, E), considered as the end (e) point (Φe, Ee), not only for equivalence (eq) point(s). 



A. M. Michałowska-Kaczmarczyk et al. 
 

 
875 

Table 3. The (Φ, E) values related to the System A (C0 = 0.01; C01 = 1.0, C = 0.02); E calcu-
lated vs. NHE.                                                                  

Φ E [V] 

0.19800 0.701 

0.19900 0.719 

0.19980 0.761 

0.19990 0.778 

0.19998 0.820 

0.20000 1.034 

0.20002 1.323 

0.20010 1.365 

0.20020 1.382 

0.20200 1.442 

8. Conclusion 
The GATES/GEB based on physical (charge conservation), physico-chemical (elements conservation) and che- 
mical (mass action) laws, expressed—as a whole—in the system of algebraic (not chemical) equations, is the 
great step towards reductionism of sciences. Despite the fact that chemistry, as a whole, cannot be considered in 
terms of physical sciences [60], the discovery of GEB enabled to avoid a reasoning based on a chemical reaction 
notation principle, that provided only a superficial/deceptive and descriptive knowledge on the systems consi-
dered. This way, GATES confirms the Kant opinion, expressed in his Critique of Pure Reason (1781), that the 
real knowledge inherent in every branch of natural science is involved in mathematics contained therein. 
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