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ABSTRACT
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Doctor of Philosophy

by |Christian Bengs

Any physical quantum system is in thermal contact with its environment and if left
undisturbed, will always come to thermal equilibrium with its surroundings. Nuclear
magnetic resonance techniques however displace the system from its thermal equilibrium
position. The amount of time a system may be displaced from its thermal equilibrium
position is inherently time limited due to constant information exchange between the
system and the environment. This fundamental process is known as quantum relaxation

or quantum decoherence.

In this thesis we focus our attention on the relaxation dynamics of nuclear spin ensembles.
Particular spin configurations may display surprisingly long relaxation time constants
and surprising dynamical behaviour as the system deviates further from its thermal
equilibrium position. A simple framework for the description of nuclear spin systems far
from thermal equilibrium is described and its necessity is experimentally demonstrated
by consideration of simple model systems. The presented framework aims to advance
recent developments in the storage of hyperpolarised materials, which ideally posses

exceptionally long relaxation times and highly ordered spin configurations.
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Chapter 1

Introduction

The humble beginnings of Nuclear Magnetic Resonance (NMR) can be tracked back
all the way to the 1940s. Following Rabi’s description of the magnetic resonance effect
Purcell, Torrey, Pound and Bloch, Hansen, Packard almost simultaneously (24th of De-
cember, 1945 and 29th of January, 1946) reported the observation of nuclear induction
for the first time [IH3].

Since then, it is probably fair to say that NMR has grown into something much bigger
than the founding fathers could have hoped for. The applicability of NMR, is seemingly
endless and ranges from elementary physics to quantum computation, material science,
organic chemistry, medical science, biology and many other fields of active research.
Major landmarks in the field of NMR include the development of magnetic resonance
imagining, two-dimensional NMR and its extension to protein structure elucidation [4-
7]. For obvious reasons these developments continue to influence our every day life by
guiding biomedical and pharmaceutical research.

Nowadays NMR is considered a standard tool in many areas of active research. Nonethe-
less, it seems that whenever the community is convinced to have reached the stories end,
a new idea magically appears and opens up a new chapter. In recent years this has cer-
tainly been the development of hyerpolarisation techniques [SHI9].

Despite a great number of benefits, NMR suffers from a weak magnetic response of the
sample. Hyperpolarisation techniques try to address this problem by displacing the sys-
tem from its equilibrium position to a highly non-equilibrium state. The non-equilibrium
state often displays a much stronger magnetic response than the thermal state under
identical conditions. In practical applications this leads to a tremendous reduction in
experimental time.

It will be the aim of this thesis to explore some properties of equilibrium and non-
equilibrium systems with focus on their theoretical description. Surprisingly, the stan-
dard description of NMR experiments can lead to non-physical predictions in the case
of strongly perturbed spin systems. A new approach for the treatment of highly non-

equilibrium systems will be discussed in order to clarify and remedy the situation.
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1.1 Nuclear magnetism

1.1.1 The NMR setup

For conventional high-field NMR experiments the sample is initially placed inside the
center of a magnet. As illustrated in figure it is NMR convention to assume that

the main magnetic field B is aligned with the z-axis of the laboratory frame

0
B°=Bl%.=1| 0 |. (1.1)
BO

z

The magnetic field strength along the z-axis B is specified in units of Tesla [T].

FIGURE 1.1: a) Schematic representation of a modern high-field NMR magnet. The
main magnetic field BY is by convention along the z-axis. The sample is located in the
center of the magnet and surrounded by RF coils. b) A closer look at the sample region
of the magnet. The solenoid RF coil generates a field Bgrp that is perpendicular to the
main magnetic field. Note: In modern NMR spectrometers the RF coil is usually given
by a saddle coil.

The potential energy E.e arising from the interaction of a magnetic material and a

magnetic field is given by the following expression
Emag(e) =~ B’ = — el HBOH cos(6), (12)

where 6 represents the angle between the magnetic field and the magnetic moment g,

and the norm of a vector ||v|| is defined by

[v]| = Vv - v (1.3)
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Equation [1.2/implies that the (bulk) magnetic moment of the sample tends to align itself
with the main magnetic field. This leads to a net polarisation of the sample along the
z-axis and the sample becomes magnetised. The build up of the magnetisation follows

an exponential law (a more thorough discussion follows later)

0 0
p(t) = 0 and p(o0) = 0 . (1.4)
ng(l — €Xp (_t/Tl)) ng

The equilibrium magnetisation or net polarisation of the sample is denoted by ng (see
figure|1.2)). The characteristic time constant 77 with which the magnetisation builds up

is called longitudinal relaxation time constant.

Bz(t) ,'l’z (t) ng

BOl’l Bon

FIGURE 1.2: After the sample is exposed to a magnetic field along the z-axis (left) the
magnetisation p, slowly starts to build up (right). The build up follows an exponential
law and eventually reaches its equilibrium value ng.

1.1.2 Precession and relaxation

The magnetic moment may be perturbed from its equilibrium position by the applica-
tion of an oscillating radio frequency (RF) field. As indicated in figure the radio
frequency field is generated by a coil perpendicular to the main magnetic field. If the
perturbation is sufficiently strong and quick (a so-called RF pulse) the magnetic mo-
ment may be completely rotated into the zy-plane of the laboratory system. Being in

the xy-plane the main field exerts a torque onto the magnetic moment
T =px B (1.5)

Following the original description by Bloch, both the magnetic moment and the torque

may be related to the angular momentum of an object [3]

d
—L=7, p=9L and ~ =27 X (1.6)

ig
dt om”
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where ¢ denotes the charge of the object in Coulomb [C] and m its mass in kilogram
[kg]. The dimensionless constant g is the classical g-factor. The overall proportionality
constant  relating a magnetic moment to its angular momentum is the gyromagnetic
ratio and usually specified in [rad T—! s71].

Substitution of the relations above into equation [L1.5]leads to the so-called Bloch equation

d
Th=—7Bxup,
(1.7)
d “x(t) _I‘Ly(t)
p(t) 0

where the minus sign follows from the anti-commutativity of the cross product. For a

conventional NMR setup the Bloch equations are readily solved and yield the following

expressions
po (1) cos(w't) 1
p,(t) | = | —sin(w’) for p0)=10 1. (1.8)
p(t) 0 0

The equations above indicate a rotation of the magnetic moment in the zy-plane with
angular frequency w® = —yBY. The angular frequency w® is called Larmor frequency
and the motion of the magnetic moment Larmor precession.

The velocity of the Larmor precession is determined by the magnitude of the Larmor
frequency, but the sense of rotation depends upon the sign of the gyromagnetic ratio.
Figure illustrates that the magnetic moment precesses clockwise for positive gyro-

magnetic ratios (v > 0) and counter-clockwise for negative gyromagnetic ratios (y < 0).

€, €.
v >0 ) 4 v <0

Cx

I

FIGURE 1.3: Sense of rotation for a magnetic moment p depending on the sign of the
gyromagnetic ratio y. For positive v the sense of rotation is clockwise, whereas for
negative v the sense of rotation is anti-clockwise.
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The Bloch equations in their current form are slightly flawed. Not only do they indicate
that the magnetic moment rotates in xy-plane, but it does so for all time. This cannot be
the case, as experiments indicate a decay of the transverse magnetisation and a recovery
of the longitudinal magnetisation with increasing time. A more realistic description of

the NMR experiments is therefore given by the modified expressions below [20]:

(1) cos(w't) exp (—t/T3)
py,(t) | = | —sin(w')exp (—t/Ts) for p0)=10 1. (1.9)
22 (t) ng(l — €Xp (_t/Tl))

where Ty represents the transverse relaxation time constant. A graphical representation
of the modified Bloch equation is shown in figure (left panel). The magnetic moment

slowly spirals its way up again until it is fully aligned with the z-axis.

Re{s(t)} Im{s(t)}

©2 detection WHH t WHHW t

~

€y

W
wo wo

FIGURE 1.4: left panel) Representation of the modified Bloch equations on a unit
sphere. If the initial position of the magnetic moment p lies in the xy-plane the
magnetic moment starts precessing around the z-axis of the laboratory frame. Due
to relaxation the magnetic moment slowly spirals its way upwards. The transverse
components can be seen to die out whereas the longitudinal magnetisation recovers.
right panel) The oscillation of the transverse magnetisation is picked up by a detector.
The resulting complex FID is illustrated at the top. The Fourier transform F converts
the FID into a complex spectrum. The real part of the spectrum (left) is the absorption
Lorentzian and the imaginary part (right) is the dispersive Lorentzian. Oscillating
components of the time-domain signal appear at a frequency w®. The whole process
may be reversed by applying the inverse Fourier transform F~! to S(w).



6 Chapter 1 Introduction

1.1.3 The NMR signal

It is exactly this precession motion that an NMR experiment aims to observe. According
to Maxwell’s equations (Faradays induction law) a time-varying magnetic field is capable

of inducing an electric current [21]

0
E=-—"B. 1.10
V x ot ( )

As a consequence, the transverse component of the rotating magnetic moment generates
an oscillating electric current in the RF coil. This current may be picked up by a suitable
detector [22]. The resulting NMR signal is called a free induction decay (FID). For
technical reasons it is conventional to combine the z- and y-component of the oscillation

into a single signal object known as complex FID

s(t) = Moq (b () + ipy (1))
= ng (cos(wot) — i sin(w’)) exp(—t/T3)) (1.11)
= ng exp(—iw’t) exp(—t/Ty).

While the complex FID contains all the necessary information, its interpretation by eye
is difficult. For this reason, NMR data is usually presented in form of a spectrum. The
NMR spectrum is generated by applying a Fourier transform to the signal s(t). The
Fourier transform is a mathematical tool that helps to identify the frequency components
of a given signal. This is achieved by converting a function of time into a function of

frequency. The formal definition of the (one-sided) Fourier transform is given below:

S(w) =F{s(t)} = /000 s(t) exp(—iwt)dt, (1.12)

with S(w) denoting the resulting spectrum. Application of the Fourier transform to the

prototype signal of equation [I.11] results in a so-called complex Lorentzian

MO T MO (T5)2 (w0 —w
S(w) = ]—“{ng exp(—iwot) exp(—t/T»)} = 1+ (Ty (63}02— w))? ! 1 j—qETz)(W(O - w));
(1.13)

The Lorentzian decomposes into a real and an imaginary part. The real part represents
an absorption and the imaginary part a dispersion Lorentzian.

The complex FID of equation [L.9 with its corresponding complex Lorentzian are shown
in figure (right panel). The interpretation of the signal is now considerably easier.
Whenever the signal contains a frequency component w the resulting spectrum shows a

spectral peak at that particular position, otherwise it is zero.
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1.1.4 Microscopic nuclear magnetism

The description above constitutes the classical description of NMR. The magnetic mo-
ment is treated as a bulk property of the sample and the dynamics are governed by
classical equations. From a microscopic point of view however, the question ”what gen-
erates nuclear magnetism?” still remains.
A partial resolution to this problem was given by the famous double slit experiment
by Otto Stern and Walther Gerlach [23]. Consider the following thought experiment:
”What happens to a particle with no angular momentum moving through an inhomo-
geneous magnetic field?”
According to equation the magnetic energy of the particle depends on its magnetic
moment. The exerted magnetic force on the particle may be deduced by differentiating
the potential energy

dB.(2)

Frnag =V(p-B) = NZTG,Z, (1.14)
where it is assumed (for simplicity) that the magnetic field varies along the z-axis only.
This is an obvious oversimplification as this would contradict Gauss’s flux theorem [21].
The force above indicates a deflection of the particles path along the z-axis. The mag-
nitude of the deflection depends upon its magnetic moment.

Since equation [L.6) relates the magnetic moment of a particle to its angular momentum,
an angular momentum-less particle would not experience a deflection force (F'ag = 0)
and continue its linear motion.

It is exactly this experiment that Stern and Gerlach realised. The angular momentum-
less particles were provided by a silver atom beam. The electronic configuration of a
silver atom is given by: [Kr]4d!'%5s'. The unpaired 5s! electron occupies the necessary

orbital angular momentum ground state (J = 0).

/[ AN
silVer collimator screen
atoms magnet

FIGURE 1.5: Brief sketch of the double slit experiment. The whole setup is under a
strong vacuum. A small electric oven provides a beam of silver atoms which is focused by
a collimator. On their way to the screen the silver atoms experience an in-homogeneous
magnetic field provided by an electromagnet.

An outline of the double slit experiment can be seen in figure Surprisingly, the
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results indicated a clear deflection pattern with the beam being split into two distinct
rays. This observation was not in agreement with physical laws at the time.

A full resolution to this problem was later given by Goudsmit and Uhlenbeck [24]. Within
the framework of the newly developed quantum physics, they proposed the existence of
intrinsic angular momentum carried by the electron. Similar to the classical case, it had

to be proportional to the magnetic moment of the electron

>

8

>

~ q =~
m="l, Ye=57-9e and I=

1.1
S, (1.15)

S

0

Here . dengtes the gyromagnetic ratio of the electron, m. its mass and g, its g-factor.
The object I indicates a quantum mechanical (vector) operator and measures spin angu-
lar momentum along the {x,y, z}-axis. An arrow is used to distinguish classifal vectors
and vector operators. It is however common to loosely write I instead of I whenever
there is no cause for confusion.

This new type of angular momentum later came to be known as spin angular momen-
tum, so that I represents a spin angular momentum operator.

Being a quantum mechanical object means that spin angular momentum is quantised.
Quantisation implies that a particular degree of freedom stores energy in discrete pack-
ages proportional to i &~ 1.054 x 10734J s. The discrete states a system may occupy
are then labelled by quantum numbers. In the case of spin angular momentum one may
classify the state by its (ground state) spin I and a projection quantum number m;. The
projection number refers to the spin angular component along the z-axis (by conven-
tion). A spin angular momentum state is then identified with a collection of quantum

numbers as indicated below:
physical state — |I,mp) . (1.16)

The collection of quantum numbers |I,m) is called a state vector or ket vector (more
on ket vectors follows later).

For the double slit experiment two discrete states are identified: ”"up” for the top beam
of atoms and ”"down” for the lower beam of atoms. The electron may then occupy two
different spin states. From the quantum theory of angular momentum it follows that
the spin quantum number has to equal I = 1/2 [25]. The projection number m; may
then either be m; = 4+1/2 for "up” or my = —1/2 for "down”. This may be visualised
as shown in figure

The double slit experiment indisputably identified spin angular momentum for electrons.
Similar considerations later showed that nuclei (in fact all elementary particles) posses
spin angular momentum as well. In this case one speaks of nuclear spin angular mo-

mentum. The existence of nuclear spin is what enables NMR, experiments. If nuclear
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mr| +1/2 —1/2 +1/2 —1/2

FIGURE 1.6: Relative orientation of the magnetic moment and spin angular momentum
depending on the sign of the gyromagnetic ratio and its projection number m;. The
spin angular momentum is indicated by solid arrows and the magnetic moment by
hollow arrows. According to equation [I.15] the spin angular momentum and magnetic
moment are parallel for positive v and anti-parallel for negative «y. Strictly speaking
this applies to systems that occupy a spin +1/2 state. The relative orientation of the
spin angular momentum is inverted if the system occupies a spin —1/2 state.

spins are visualised as vectors being ”attached” to the nuclei of a sample, macroscopic
magnetism may be understood as a summation of contributions from all the individual

spin angular momenta (see figure [1.7]).

z
B’ / %‘& M

&Q‘@a i eq

FIGURE 1.7: In zero magnetic field the spin angular momentum vector of a particle may
point into any spatial direction. There is no preferential axis since space is isotropic.
The isotropy of space is broken through the application of a static magnetic field. The
magnetic potential energy depends upon the relative orientation of the magnetic field
and the spin angular momentum through equation The thermodynamic principle
of minimum energy then implies that the particles preferably occupy the lower energy
spin state. For v > 0 this is the m; = +1/2 spin state. As a result there is a slight net
polarisation along the positive z-axis at thermal equilibrium.

It is worthwhile to stress that the term ”spin” might be misleading. It suggests a phys-

ical rotation of the particle, but this is not true. The necessary velocities to generate
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such large magnetic moments for small charge distributions (like the electron) would
greatly exceed the speed of light. This was already recognised by Uhlenbeck [24]. Spin
angular momentum therefore has nothing to do with the particle undergoing a rotation.

Spin is simply an intrinsic property of particles very much like mass, charge, etc.

1.1.5 Nuclear Zeeman effect

In the absence of a magnetic field the net magnetic moment vanishes. This does not
mean that spin angular momentum vanishes (similar to how a person does not suddenly
disappear as one enters zero gravity). It simply means that the interaction between
the spins and the magnetic field got weaker. At zero magnetic field the spin states
[1/2,41/2) and |1/2,—1/2) have identical energy and are said to be degenerate. In
general the projection number mj for a particle with spin I may take one of the values
from the set {—1,—T +1,...,1 — 1,1}. It follows that a spin state is (21 + 1)-fold
degenerate at zero magnetic field [22].

If the sample is subjected to a magnetic field (by convention along the z-axis), the
energies start to split. The energy level splitting due to the interaction with a static
magnetic field is called Zeeman effect. In the case of nuclei one discusses the nuclear
Zeeman effect. Figure illustrates the nuclear Zeeman effect for protons (I = 1/2)
and deuterons (I = 1).

ijagA 1H Emag 2H
I=1/2 I=1

> >
0 0
Bz Bz

FIGURE 1.8: Nuclear Zeeman effect for protons with I = 1/2 and deuterons with
I =1. At zero magnetic field the spin states are (21 + 1)-degenerate. This leads to two
degenerate states for protons and three degenerate states for deuterons. Application
of a static magnetic field leads to a splitting of the energy levels and the degeneracy is
completely lifted. The difference in energy between two adjacent energy levels equals
the Larmor frequency of the nuclei for that particular field.

According to equation the magnetic moment of the sample g may be expressed in
terms of a spin angular momentum vector I. The quantum mechanical version for the

magnetic energy of the sample (see equation |1.2]) may then be expressed shown below:

Emag = —HK- -B0 = —’)/Z'f . BO, (117)
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where ~; is the gyromagnetic ratio of nuclei ¢. Since the only non-vanishing magnetic

field component is along the z-axis, equation reduces to the following:
Emag = _’YiBBIz = WOIz~ (1.18)

The presence of the z-angular momentum operator I, indicates that the magnetic energy
of a state |I,my) is given by
Ernag(mr) = myw”. (1.19)

The energy difference between any two adjacent energy levels (see figure(1.8]) then reduces

to the Larmor frequency w®
Ermag(mr) — Emag(mp — 1) = mw® — (my — 1w’ = °. (1.20)

As described earlier, typical NMR. experiments measure the frequency of the oscillating
transverse component of the magnetisation vector. But this frequency is identical to
the Larmor frequency of the sample. It therefore follows, that NMR experiments are

sensitive to transitions between adjacent energy levels.
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1.2 Mathematical framework

The discussion in the previous section illustrated the quantum mechanical origins of
nuclear magnetism. The next several chapters introduce these concepts in a more formal
way to facilitate the quantum description of NMR. For NMR purposes the system may
only occupy a finite number of spin states. This has some implications for the underlying
structure of the state space. Much of the following discussion will be written from this

point of view.

1.2.1 State vectors

In quantum mechanics the physical state of the system is described by a so-called ket [1)).
A ket is an element of some Hilbert space H. For finite systems H possesses dimension-
ality dim(#H) = Ny and [¢) may be considered a vector in H. It is therefore custom to
call |¢) a ket vector.
In analogy to the Hilbert space H, one may define its dual space H* through the adjoint
map (f)

(clp))! = e* (W] € H7, (1.21)

here ¢ € C is some complex number and (x) denotes complex conjugation. The adjoint
of a ket (1| is called a bra or bra vector. The dual space H* therefore has the same
dimensionality as H.

The scalar product of any two vectors (|¢),|¢)) is defined by the bra-ket operation (¢[1)).

The norm of a vector |¢) is then given by the following expression

I = V(@) (1.22)

For a finite dimensional Hilbert space one may always choose an orthonormal basis
{|bn)} of ket vectors

where 0,,, denotes the Kronecker delta with the property é,, = 1 and dé,,, = 0 for
m # n. A representation for a state |¢)) is constructed by making use of a basis vector

expansion
Ny Ny Ny
) = " Ibn) (bult)) =D " [ba) e, > [bn) (bn| = 1. (1.24)

The scalars ¢, € C are the expansion coefficients and 1 denotes the identity on H. An

explicit form of the inner product may then be given as follows

Ny

Ny Ny
(@lv) =Y (Dlbm) (bmlbn) (bult)) = Smndiycn =Y diycn. (1.25)

n,m
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1.2.2 Operators

In quantum mechanics transformations of states are represented by linear operators. In

general, the application of an operator Q) onto a state |1) leads to a new state |¢)

W)y =Qv). (1.26)

To simplify notation for the rest of the discussion the "hat” of an operator is omitted
Q = Q. Once a basis has been fixed (linear) operators may be represented by Ny, x Ny~
dimensional matrices. The matrix elements are determined by their action on the basis

elements

(@, = (b |Q1br) - (1.27)

The action of any operator ) onto some state |¢)) may then be calculated according to

standard matrix-vector multiplication

W) = Q)
Ny
= b)) (b, b,) (by,
;\ ) (bm| @ [bn) (bn| %) (1.28)
Ny Ny
The transformation of bra vectors follow in similar fashion
Ny
(W) =WQ =" cn (bl Q
Ny ' T
= (Z QT ’bn> c;)
§ ; (1.29)

Ny

Ny f

- (Zyw (b | QT |bs) c;;> :< |bm) [QT]mnqi)
N;{ t Ny |

= (Z bn) [@]zmc,t) =2 cnlQum] (b -

m,n

The relations above indicate that ket vectors may be represented by column vectors and
bra vectors by row wvectors.

Associated to each operator ) there exists a special set of ket vectors {|¢,)}. The
members of the set {|gy)} are called eigenstates or eigenvectors of the operator Q). When

@ acts on one of its eigenstates, () returns the same ket vector up to some constant

Q ‘Qn> = dqn ‘Qn> . (1.30)
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The constant g, is an eigenvalue of @) corresponding to the eigenstate |g,). The set of
all eigenvalues {g,} is also called the spectrum of the operator Q.
The eigenvalues of an operator are in general complex. But for self-adjoint or hermitian

operators A all eigenvalues are real
Alan) = ap |an), ap € R. (1.31)
As the name suggests self-adjoint operators equal their adjoint
Al = A, (1.32)
Self-adjoint operators additionally possess a complete set of orthogonal eigenstates

(amlan) = Omn. (1.33)

The eigenstates of an operator O may therefore be chosen as an orthogonal basis for the
Hilbert space H.
Hermitian operators are central to quantum mechanics. The postulates of quantum
mechanics assume that every physical observable of the system may be represented by
a linear self-adjoint operator [25]. The eigenvalues {a,} of a hermitian operator A
may then be understood as the possible measurement outcomes of the observable A.
If a measurement results in a, the system is certainly occupying one of the possible
eigenstates |a,) associated with a,, [26]. This process is often referred to as the wave-
function collapse [25].
Once the system has collapsed into a particular state of A it is natural consider if there
exist any additional observables B that may be measured without further disturbing the
system. The operators A and B are then said to be compatible and may be measured
”simultaneously”.
Such observables may be found by considering the order in which A and B are measured.
In general, the measurement of an observable A followed by the measurement of an
observable B is different than the reversed measurement. To ”quantify” the discrepancy
between the two measurement sequences one introduces the commutator [A, B] of A and
B

[A, B] = AB — BA. (1.34)

It follows that two observables A and B may only be measured simultaneously if they

commaute

[A, B] = 0. (1.35)

From a mathematical point of view commuting operators share a common set of eigen-
states {|an,bm)}, so that each eigenstate may be characterised by the eigenvalues of A
and B

Alan, bn) = an|an, by) and  Blan, by) = by |an, b)) - (1.36)
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1.2.3 State and operator representations

As discussed earlier, for a spin with spin quantum number I the projection quantum

number m; may take one of the values within the set {my}
(mpy={-I,~T+1,....,1—1,1}. (1.37)

The projection quantum number represents the number of independent spin states. In

general there are (2] 4+ 1) independent spin states for a spin [
{I,mpn}={I,-1),|I,-T1+1),....|[,I—1),|I,I)}. (1.38)

The set of spin states {|I, m)} spans the Hilbert space H of the spin. The dimension

of H for a single spin [ is therefore given by the following:
Ny =dim(H) =21 + 1. (1.39)

A representation may be constructed by mapping each of the independent spin states
onto one of the standard basis vectors of CV*. For a spin I = 1/2 particle for example
there are two independent spins states. A vector representation may be constructed as

shown below:
11/2,-1/2) s [(1)] and  [1/2,41/2) [(1)] | (1.40)

The same reasoning applies to spin systems with several spins. For a system of N spins
with spin quantum numbers {I;, > ... Ix} the first spin may occupy one of its possible
(211 4 1) states, the second spin one of its (2/3 + 1) possible states, etc. The number of

independent spin states is therefore by the following:

Ny =[] @5 +1). (1.41)

Mathematically the composite space is constructed by forming tensor products (®) with

the individual spin spaces H;

H=H1QH2®--- Q@ HN. (1.42)
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Having chosen a representation for the individual members, the tensor product for two

matrices A and B may be carried out as follows:

[A];, B [A],B ... [A]1NHB
Al,,B Al,,B A B
g | B Ak (A, "
For two spins with I = 1/2 for example the formula above leads to the following:
ah o
|—1/2,-1/2) = o |—1/2,+1/2) = N
212 el/2-12) o e-yeiey o
L 0 - - 0 -
o o
|+1/2,—-1/2) = 0 |+1/2,4+1/2) = 0
11/2,+1/2) ® [1/2,-1/2) 1|7 (1/2,+1/2) @ [1/2,+1/2) 0
- 0 - 1 -
(1.44)

Note that whenever all spins share the same spin number [ it is common to only use
the projection quantum numbers m; to label a specific spin state.

The operators for the composite space are constructed in similar fashion. An operator
@ solely acting on the ’th spin is constructed by a sequence of N unity operators with

the i’th unity operator being replaced by @
Qi=11® - ®1; 180Q®@1;11®--® 1y, (1.45)

where 1; represents the unity operator for the j’th spin. Many-body interactions are
constructed by simple composition of single-body operators. Some matrix examples for

two spins with I = 1/2 are given below:

0 0 0 3 0 0 0
0+ 0 0 0 -2 0 0
— 2 — 2
Ilz—Iz®]l2'_> 0 0 _% 0 ) IQz—ﬂl(@Iz'_> 0 0 % 0 )
00 0 -% 0 0 0 -3
1
10 0 0
0 -2 0 0
I I, =1, 1, — 0 0 —i 0 )
o 0 0 -1

(1.46)
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where I;, measures the spin angular momentum along the z-axis of the #’th spin and

I;.I;, measures the correlation between the z-angular momentum of spins ¢ and j.

1.2.4 Time evolution of states

The time evolution of a generic state vector |¢) is governed by the (time-dependent)

Schrodinger equation p
7 (@) = =12 (@) [(t)) (1.47)

where the operator 7 is the Hamiltonian of the system. Explicit expressions for the
Hamiltonian of a spin system will be given in section [1.3] The Hamiltonian is always
hermitian

H(t) = A (2). (1.48)

Physically the Hamiltonian describes the total energy of the system. The eigenstates of
the Hamiltonian are called energy eigenstates and the eigenvalues are the energy levels
of the system

H(t)|In) = E,|n). (1.49)

The energies E, are specified in Joule [J]. It is however NMR convention to work in

natural units. For this purpose the Hamiltonian is redefined as follows:
H(t) = htor(t). (1.50)

The eigenstates remain unchanged but the eigenenergies are now specified in angular
frequencies [rad s~!]. The term eigenfrequencies of the Hamiltonian is then more appro-
priate

H(t) |n) = wy|n) . (1.51)

For a time-dependent Hamiltonian the eigenstates and eigenvalues are in general func-
tions of time. Their explicit time-dependence has been suppressed for simplicity.
The solution to the Schrédinger equation may be specified in terms of a time ordered

exponential

[%(t)) = T exp {—1/0 H(S)dS} [¥(0)) = U(Z,0) [4(0)) - (1.52)

Time ordering is indicated by the Dyson time ordering operator T [25]. Formally the
Dyson time ordering operator acts on the series expansion of the exponential. A time
ordered exponential resulting from the solution of the Schrédinger equation is often ab-
breviated by U(t,0). The operator U(¢,0) is called the system propagator as it translates
the system forwards in time. It is common practice to suppress the initial time point
U(t,0) = U(t) if the evolution starts at time ¢ = 0.
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1.2.5 Unitary transformations

Another special class of linear operators are unitary operators. Unitary operators are
defined by the requirement that the corresponding inverse operation is given by their
adjoint

vvi=viv =1. (1.53)

A physical motivation may be given as follows. For closed quantum systems (systems
that are not in contact with a thermal environment) dynamics are in principle reversible
because the energy of the system is a constant. Any unitary transformation V' should

therefore leave the inner product of a state vector invariant
W) = (Vo[ve), (VylVe) = @IViVIy), = VIV=1 (1.54)
A particular simple example of a unitary transformation is the propagator of the system
UrtU(t) = 1. (1.55)

In general the (time-ordered) exponential of an operator iQ(t), where @ is hermitian,

always leads to a unitary transformation.

A small subtlety arises when working with transformations of this kind. The transfor-
mation V' and the state |¢)) are geometric objects and coordinate independent. In other

words the choice of coordinates should not matter.

When working with coordinates however the transformation of a state [¢)) may be un-
derstood in two distinct ways. To see this the state |1) is first expanded in terms of a

given basis
Ny
W}> = <Z Cn ’bn>> . (1'56)
n=1

The transformation V' may now act either on the vector coordinates ¢, or the basis
vectors |by,). In the first case one speaks of active transformations whereas in the latter

case one speaks of passive transformations.

Geometrically an active transformation ”physically” moves the state vector leaving the
basis vectors invariant. A passive transformation leaves the state vector invariant but

moves the basis vectors. This is simply a matter of convention.

If the passive point of view is chosen the new basis vectors may be expressed in terms

of the old basis vectors as follows:

) = D 1om) V] (1.57)
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The transformed state |1/~)) in terms of the new basis is then given by the expression

below:

[0) = cnlbn). (1.58)

The coordinates c¢,, of the state ]1/3) are unchanged and only the basis elements have been

moved.

If the active point of view is chosen the new wvector components may be expressed in

terms of the old vector components as shown below:

En = [V]me (1.59)

nm -1

For the active point of view the new state [¢)) then reads as follows:

~ N
[0) = &nlbn). (1.60)

Here the basis vectors remain the same but the vector coordinates have changed.

In agreement with most physics literature the active point of view is chosen. So whenever
an expression like V'[1) is encountered it should be interpreted as the corresponding

matrix-vector multiplication

Vit Ve ... Ving, c1
V21 ‘/22 e VQN Co

Vig)=| ] S - S| (1.61)
Vgt Vg2 oo Vg g CNy

With this convention it is straightforward to show that the vector coordinates ¢, with
respect to the transformed basis ]5n> are calculated by the adjoint operation V1 |1).
As a consequence of the observation above the physical evolution of the system may

equally well be described by an unitarily equivalent state vector ’1/~J>

() = V() [e(2), (1.62)

where VT (t) takes the state |¢)) to a new (time-dependent) reference frame or non-inertial

frame.
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The Schrodinger equation satisfied by the transformed state vector |1ﬂ(t)> may be derived

by considering its time derivative

G900 = 5 (Vo) = (V16 ) wen +vie (g ve)

- (&viw -viwme) we)

_ (jtvw) - m(omt)) VOV (t) (1) (1.63)
- (vT(t)H(t)V(t) +i (CZVT(t)> V<t)> (1))
— LHO$ ).

The dynamics of the system are now governed by the transformed Hamiltonian H. The
first contribution to H corresponds to the Hamiltonian as experienced by an observer
within the new reference frame. The second contribution to H is an inertial term and

describes the relative movement of the two frames.

1.3 Nuclear spin interactions

The dynamics of any quantum system are determined by the Schrédinger equation and
require careful construction of the appropriate Hamiltonian. The interaction of nuclear
spins with their environment and other spins is described by the nuclear spin Hamilto-
nian.

In general nuclear spins may interact with magnetic and electric fields. These may orig-
inate from external or internal perturbations. External perturbations refer to electric or
magnetic fields that are applied by an apparatus, whereas internal perturbations arise
from the sample itself. As illustrated in figure [1.9] spin interactions may therefore be

divided into external spin interactions and internal spin interactions.

While the zoo of spin interactions is certainly large, it is useful to note that every spin

interaction reduces to the same recipe
HA:CAIi-WA'Ij or Hp=Cp\I,-Wj- K, (1.64)

where Wy represents a 3 x 3 Cartesian tensor or simply an interaction tensor and Cy
an interaction specific constant. The interaction tensor is contracted with the Cartesian
vector operators (I;,I;) or a Cartesian (classical) vector K.

Tensors are generalisations of vectors. As such they may be represented by tensor

components with respect to a particular coordinate system. Cartesian tensors are in
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@

F1GURE 1.9: Overview of the most common nuclear spin interactions. The spin Hamil-
tonian is roughly separated into internal and external interactions. External interac-
tions refer to the coupling of the spin angular momenta to external magnetic fields.
Internal interactions refer to the coupling of spin angular momenta to their molecular
environment. The spin angular momenta are represented by small spheres with an
arrow. An interaction tensor is represented by shaded areas around the spin. External
magnetic fields are represented by hollow arrows and dipolar magnetic fields are rep-
resented by their field lines. A detailed discussion of these interactions is given in the
main text.

ko

general specified by 9 coefficients that are conveniently collected in terms of a matrix

Wz ny Wy
Wa=| Wye W,, W. |. (1.65)
Wee Wzy W,

The notation W, for the tensor components indicates the tensor’s extension into that

particular Cartesian direction.
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Wi Wi Wis
War Waa Was
Wiz Was  Wiss

F1GURE 1.10: Graphical representation of a Cartesian interaction tensor with its cor-
responding matrix elements. The laboratory coordinate frame axes are indicated by
{ez,ey,e.}. A Cartesian tensor may in general be specified by the extension of an
ellipsoid and its orientation with respect to the laboratory coordinate frame. A suit-
able rotation R(PAS — lab) may align the tensor and the laboratory frame axes. In
this case the matrix representation of the tensor appears to be diagonal to an observer
within the laboratory frame.

For (most) spin interaction tensors there exists a special coordinate system that diago-
nalises the interaction matrix. This coordinate system is called the principal azes system
(PAS) and the corresponding eigenvalues are the principal values of the tensor.

As figure indicates a tensor may then be visualised as an ellipsoid in space by

making use of its principal values.

If the axes of the laboratory frame and the PAS are aligned the interaction tensor appears
to be diagonal with respect to the laboratory frame. The rotation R(PAS — lab) relating
the two frames is only unique up to permutation of the diagonal elements. To ensure
uniqueness of the rotation the diagonal elements are sorted according to the following

convention

. 1
‘)\3 - VViso| > ‘)\1 - VViso| > ‘)\2 - VViso| with Wige = gTr(W) (1~66)
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1.3.1 External spin Hamiltonian
1.3.1.1 Static magnetic field

The application of a static magnetic field leads to the Zeeman effect. The Zeeman effect
describes the coupling between the spin angular momentum vector I and the main

magnetic field B?
H; =Cy1;-1-B° = C}BL, = W1, Cf = —". (1.67)

Here —y;BY = w? is the Larmor frequency of the i’th spin. It can be seen that the
principal axes of the Zeeman interaction tensor coincide with the laboratory frame axes

and the principal values are all 1.

1.3.1.2 Radio-frequency field

In order to manipulate the spin angular momentum a transverse radio-frequency field is
applied to the sample. The transverse field is usually only applied for a short amount
of time and one speaks of an RF pulse. During the RF pulse the magnetic field may be

expressed as shown below:
Brr(t) = Brr cos(wreft + ¢p)ey. (1.68)

The transverse magnetic field oscillates at a reference frequency wyes along the z-axis
of the laboratory frame with maximum amplitude Brr. Some additional flexibility is
provided by the reference phase ¢,. The interaction tensor and orientation is the same

as for the static Hamiltonian so that the resulting Hamiltonian Hyrp has the form

Hyp(t) = Chp L - 1-Bgrp(t) with Chp = —9
= Chy Brr cos(wrert + ¢p) Liz (1.69)

= WRF €OS(Wreft + Pp) iz

The Hamiltonian above is complicated, but if wyer =~ w? the transverse field may be

decomposed into a resonant
HISS (1) = %WRF(cos(wreft o) in + sin(wrett + o) ) (1.70)
and off-resonant part
HEE™(t) = %WRF(COS(wreft + ¢p) Liz — sin(wyett + ¢p) Liy)- (1.71)

For conventional high-field NMR experiments the off-resonant term of the RF Hamil-

tonian may be neglected so that the effective RF Hamiltonian simply reduces to the
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resonant part

Hgp(t) = Hip(t) = wnut(cos(wrest + @p) Liz + sin(wrest + ¢p)Liy), (1.72)

where wpyt = %wRF refers to the nutation frequency of the RF pulse. The reasoning to
introduce the term ”nutation frequency” may be understood by looking at the dynamics
from within a second frame rotating with frequency wy..s with respect to the laboratory

frame. This issue will be discussed in section [[.4]

1.3.2 Internal spin Hamiltonian
1.3.2.1 Chemical shift

The chemical shift Hamiltonian lies at the intersection of internal and external inter-
actions. A nucleus is in general surrounded by electrons which may be understood as
a local charge distribution. The static magnetic field exerts a torque onto the electron
charge distribution causing the distribution to reorient in space. The resulting current
induces a local magnetic field. The induced magnetic field By,q at spin site ¢ is to a good
approximation given by

B, = Wi - BY, (1.73)

where Wl is the chemical shift tensor. The induced magnetic field is capable of in-
teracting with the nuclear spins in a similar fashion to the static magnetic field. The

chemical shift Hamiltonian therefore takes the form
Hos = Cig I - Wig-BY  with  Chg = —;. (1.74)

The chemical shift tensor is in general orientation dependent. It is convenient to de-
compose the interaction tensor into an isotropic part (orientation independent) and an

anisotropic part (orientation dependent)

Hcs = Cg Ii - (Wgt + Wisa) - B,
: 1 . , . , (1.75)
Wegr = ng(Wés)ﬂa Wega = Wes — Wegr

In isotropic solutions the anisotropic part vanishes due to molecular averaging effects

Hes ~ Hest = 641, (1.76)

180

where the isotropic chemical shift is usually denoted by §'%° = %Tr(WéS). It can be seen

that the isotropic chemical shift interaction influences the apparent Larmor frequency
of the spins. This determines the relative peak positions in the spectrum. It is therefore
common to absorb the isotropic chemical shift into the Zeeman Hamiltonian: Hy =
Hyz + Hcsr-
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1.3.2.2 J-coupling

J-coupling interactions refer to indirect dipole-dipole interactions of nuclear spins me-
diated by surrounding bonding electrons. This type of interaction reflects the local
electronic environment of the spins and may only be observed if the spins are separated
by a small number of chemical bonds. The corresponding Hamiltonian may again be

separated into an isotropic and anisotropic part

Hy=C{ L-Wy -1;=Cf Li- Wyl + W) - 1,

cii _ i _ L i T ij (1.77)
¥ =2m, Wj =3 (WL, Wy =Wy —Wy.
Only the isotropic part survives for conventional liquids
- 1 g
HJ ~ HJI = 27TIZ' . W}{ . Ij = 27TJZ'in . Ij, Jij = gTI‘(W;]), (178)

where J;; is the isotropic J-coupling between spins 7 and j.

1.3.2.3 Dipolar coupling

Dipolar interactions or dipole-dipole interactions represent the direct coupling of a pair
of spins through space. As illustrated in figure each spin can be visualised as a
magnetic dipole creating a local magnetic field. If two spins are sufficiently close they
will experience the local dipolar fields produced of each other. The dipolar interaction

Hamiltonian is constructed in analogy to the classical case

Hpp = Ciip, 3(L; - e))(L; - eyj) — LLy) = Cip L - Wiy - 1,
(1.79)

ij o Yivih ij t
C]gD = —— , Wpp =3e,. ®e;; — 1,
4 rg’j K

where 7;; denotes the distance and e;; a unit vector between the spins ¢ and j. The
prefactor pg = 47 x 10~ [Hm™!] is the magnetic constant.

From the definition of the dipolar interaction tensor W]éjD it is straightforward to show
that this tensor is traceless. This has the important consequence that dipolar interactions

do not contribute to the liquid-state NMR spectrum.

1.3.2.4 Spin-rotation coupling

The spin-rotation interaction is somewhat similar to the chemical shift interaction. In
case of the chemical shift interaction the static magnetic field sets the electron density
into motion leading to an induced local magnetic field. For the spin-rotation case the
movement of the molecule itself sets the charge distribution into motion (electrons and

nuclei). As a consequence the molecular motion induces a local magnetic field. The
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local magnetic field may be expressed in terms of a spin-rotation tensor I/VsiR and the

angular momentum vector J of the molecule
Bl = Wig - J. (1.80)
The interaction Hamiltonian may be defined as shown below:
Hsg = Cig I - Wig - I with Chg = —;. (1.81)

The spin-rotation tensor is in general not traceless and does not vanish in isotropic
liquids. But since the distribution of molecular angular momenta J is isotropic in solution
spin-rotation interactions do not lead to an observable resonance shift of the nuclear

Larmor frequency.

1.3.2.5 Quadrupole coupling

For spins with I > 1/2 the positive charge distribution of the nucleus is not spherical (the
nucleus cannot be visualised as a spherical object). This means that the nucleus displays
a nuclear quadrupole moment. The nucleus itself is constrained by the electric potential
generated by the electrons. The potential may be characterised by its spatial derivatives,
the first being the electric field and the second being the electric field gradient. The
nuclear quadrupole moment is capable of interacting with the electric field gradient of

the electron cloud. This interaction is called quadrupole coupling

eQ;

Hq=CHT; - W, -I; with Ch=-—
QT rQE e W MO T o en, — Dk

(1.82)
where @; is the nuclear quadrupole moment of the ¢’th spin. The quadrupole tensor
Wé is by definition traceless and unlike other nuclear spin interactions the quadrupole
coupling is bilinear in the spin operators. The quadrupole interactions is therefore

somewhat similar to a dipole-dipole interaction ”with itself.”

1.4 Interaction-frame Hamiltonian

In most practical situations it is difficult to solve the Schrédinger equation with a generic
Hamiltonian H(t) and approximate schemes are necessary. A commonly employed tech-
nique is the interaction frame formalism. Here the Hamiltonian of the system is first

separated into a "dominant” contribution Hy(t) and a ”secondary” contribution Hj(t)

H(t) = Ho(t) + Hy(t). (1.83)
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In a second step the total propagator of the system U(t) is expressed as a product of

the dominant term Uy(t) and the secondary term U, ()

U(t) = Up(t)T1(2). (1.84)

The necessity for the tilde in the expressions above will be explained shortly. The idea is
that both Uy(t) and Uy (t) may be calculated by considering two Schrodinger equations
separately. The calculation of the overall propagator has therefore been split into two

subproblems. The Schrédinger equation for the Hy(t) problem takes the form

S Un(t) = ~iHo(t)Uo(1) (1.85)

and the solution is given by a time-ordered exponential

Uo(t) = T exp {—i /Ot Ho(s)ds}. (1.86)

The general strategy is to choose Hy(t) as simple as possible so that an exact solution
to the time-ordered exponential is available.

Naively one might expect that the U (t) term may be calculated by solving the Hj(t)
problem, but this is false. The Uy (t) term obeys a Schrédinger equation with a trans-
formed Hamiltonian H;(t). The transformed Hamiltonian may be calculated by consid-
ering the time evolution of the transformed state vector |i(t)) = U(J)r(t) |1(t)). According
to section this transformation amounts to a time-dependent change of basis. Sub-
stitution of H;(t) and Up(t) into equation leads to the following:

d

G90) = <O, i@ = (vomou +i(500)6o).

= L0n(t) = i (00 (1)

(1.87)
The term ”interaction frame” is justified because the Hamiltonian H;(t) represents the
secondary contribution as viewed from within a coordinate system whose movement is
determined by H(t).
So far the complexity of the problem has not been reduced, but shifted to the H;(t)
problem. Since H(t) represents the dominant part of the motion, the contribution of
the H; (t) part is often greatly suppressed inside the interaction frame of Hy(t). This
provides a reasonable starting point for further approximations.
In NMR a commonly encountered interaction frame is the rotating-frame generated by

the Zeeman Hamiltonian Hy. The idea of the rotating-frame is illustrated in figure
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FIGURE 1.11: Geometrical interpretation of a rotating frame transformation with Lar-
mor frequency w® > 0. Laboratory frame axes are labelled by {e,,e,, e} and rotating

frame axes by {e}*, e}, e;°'}. For an observer like Bob that lives inside the rotating

frame the magnetic moment appears to be static and there is no indication for the
presence of a magnetic field. But an observer like Alice that lives in the laboratory
frame knows that Bob is in reality rotating in synchrony with the magnetic moment
restoring faith in the laws of physics.

An observer in the laboratory frame will conclude that the spin magnetic moment is
rotating rapidly in the xy-plane. A second observer however, in a non-inertial frame
that is rotating at the same angular frequency as the Larmor frequency w®, will conclude
that the spin magnetic moment is not rotating at all. From the second observer’s point
of view the Zeeman interaction has been "removed”. This is the geometric idea of an
interaction frame transformation.

The Zeeman interaction frame is commonly used to justify the absence of the off-resonant

part HR®(t) of the radio-frequency Hamiltonian. For this setup one may identify

Hy(t) = WL, Hi(t) = 2wnut cos(wrett + ¢p) I,  and  V(t) = exp {—iwyertl.},
(1.88)

so that the interaction frame Hamiltonian H,(t) takes the form

H(t) = VIO HOV () — wet L

(1.89)
= (wo — Wref )L + 2wnut co8(wrest + Pp ) (cOS(Wrett) Ly — sin(wrert)1y).

If the reference frequency wyer is sufficiently close to the Larmor frequency w® ~ MHz
of the spins, the interaction frame Hamiltonian oscillates rapidly in time. A sufficient

approximation of the interaction frame Hamiltonian is then provided by its time-average
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over one evolution period T = 27 /wyef

27

et ﬁl(s)ds = (W — wyer) L. + Wnut (cos(Pp) Lz + sin(¢p)Iy). (1.90)

2 0

The interaction Hamiltonian lEIRF is a contribution of two terms. The first term repre-
sents the residual Larmor precession and is called frequency off-set. The second term
can be identified as the resonant part Hamiltonian of the RF Hamiltonian (see equation
viewed from within a rotating-frame.

In the case of additional interactions the same approximations are imposed on the indi-
vidual contributions leading to the so-called rotating-frame Hamiltonian H,o, instead of
just the RF Hamiltonian.

Since most spin dynamical calculations are performed within the rotating frame it is

common to simply drop the tilde Hyot = Hyot and refer to Hyot as the Hamiltonian of

the system.

1.5 Quantum measurements

A quantum measurement describes the process of extracting information from a quan-
tum system. Quantum systems are funny in the sense that the evolution of the system
is deterministic and governed by the Schrédinger equation, but the measurement pro-
cess is inherently indeterministic. It is impossible to predict the exact outcome of a
measurement. It is only possible to predict the probability of a certain outcome. This

constitutes the probabilistic interpretation of quantum mechanics.

1.5.1 Single spin systems

In NMR a single spin system usually refers to the spin system of a single molecule. In
this case the system may be described by a state vector [¢)). The evolution of |¢) is
described by equation [1.47]

The measurement of a physical observable A of the system [i)) may result in one of the
eigenvalues a;. Assuming that the measurement returned the eigenvalue a; the wave
function collapses into the corresponding eigenstate |a;). Any subsequent measurement
of the observable A will then always lead to the same result a;. No more information
regarding A may be obtained. If on the other hand the system is restored to its original
state |¢), a second measurement of A may in general lead to observation of a different
eigenvalue a;. Continuing in this fashion allows sampling of the spectrum of the observ-
able A.

If the measurement on the restored state [i) is performed N times and the eigenvalue
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tlar) =t A tlar)

FIGURE 1.12: Quantum measurement on a single quantum system. The system is
initially prepared in some state |¢)). The measurement of an observable A returns
one of its eigenvalues a; determined by the probability distribution Py(a;). If another
measurement of the observable A follows immediately no further information can be
extracted as the wave function has collapsed. To extract new information from the
system it has to be restored to its original state before performing the measurement.

a; has been measured n; times, it is possible to define the relative frequency of a mea-

surement event

Fan) = ™). (1.91)

For large N the frequency may be equated with the corresponding probability

lim f(a;) = p(a;), (1.92)

N—oo

where p(a;) is the probability of measuring the eigenvalue a;.

This simple example illustrates the idea that the measurement of an observable A is
characterised by a probability distribution. The measurement process for a single quan-
tum system is illustrated in figure [I.12l The probability distribution is denoted by
Py(a;) emphasizing that it depends on the current state of the system. An explicit

representation for Py(a;) may be constructed by making use of the eigenvectors of A

Ny,

Py(as) = ($lag) {aily) = | (ai|) [? pr (a:) = Y ($las) (ailep) = (lep) = 1.
=1
(1.93)

The state of the system and its probability distribution after measurement of an eigen-

value a; may be expressed as follows:

a]\1/1> N an N\ —
= W)= oyl md (W) =1

Py (ai) <¢ ‘al> <al|¢ > (ajla;) (ailaj) = dij,

(1.94)
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where the updated probability distribution Py (a;) indicates that subsequent measure-
ments of A return the value a; with a probability p(a;) = 1.
A useful quantity is the expectation value (A) of an observable A. The expectation value

of an operator is given by the statistical average of its eigenvalues.

Ny Ny
(A) = aiPya) = a; (Ylas) (aslyp) = (W] Aly). (1.95)
=1 =1

1.5.2 Spin ensemble

Conventional NMR experiments are not performed on single spin systems, but on a
collection of identical (but distinguishable) spin systems. Such a collection is called a
spin ensemble £. In contrast to the previous section the NMR signal represents a global
measurement. This means all spins are observed simultaneously.

Measurements on ensembles display some subtle differences compared to measurements
on single quantum systems. In order to deal with ensembles one has to make a big
assumption. Individual members of the ensemble are non-interacting and can be treated
separately (this assumption is not true and interactions within the ensemble are the
origin of spin relaxation).

The top panel of figure illustrates a global measurement of an ensemble where every
member is in the same quantum state |1)). Such an ensemble is called a pure state since
it can be described by a single state vector. Upon measurement of the observable A
each member of the ensemble returns one of the possible eigenvalues a; according to the
probability distribution Py(a;). In general there are ny systems returning the eigenvalue
a1, ng systems returning the eigenvalue ag, etc. The global measurement (A)., is the

result of all individual contributions

N
(A)g = Zniai ~ Z 4 Py, (a;)a;

N N (196)
= (WlAlgr) =D (P|AJy) = N(A),

k=1 k=1

where [1y) represents the state vector of the k’th member of the ensemble. The last
equality follows from the assumption that all members occupy the same quantum state.
A more convenient way to evaluate expectation values when working with ensembles
is the density operator formalism. The density operator p of an ensemble is defined as

follows:

N N
p=N" ") (Wl = NV 0w, (1.97)
k=1 k=1
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FIGURE 1.13: Global quantum measurements on a pure state (top) and a mixed state
(bottom) with N particles. In a pure state £ all members of the ensemble £ are pre-
pared in the same quantum state |¢)). The measurement on each individual member
is performed simultaneously but may be treated according to a single quantum sys-
tem. The measurement result then returns n; times the eigenvalue a;. The individual
contributions combine to give the overall measurement result N(A). A mixed state £
consists of a statistical mixture of M pure states £. When a measurement is performed
on a mixed state each subensemble is treated according to the pure state case. The
pure state measurement results M;(A); are then combined according to their statistical

weights to give the overall measurement result N(A). The measurement process on a
mixed state therefore involves two different averaging procedures.

where o} is the density operator for a single member of the ensemble. The calculation

of a global expectation value may then be calculated as shown below:

Ny

(A)g =N Tr(Afp) with Tr(Q)=>_(ilQli), (1.98)

=1

where the trace of an operator Tr(Q) is defined as the sum of its diagonal elements. In
physical experiments it is rare to find a pure state. The system is usually in a statistical
mazture or mized state. A statistical mixture is constructed by mixing several pure
states together. The resulting ensemble & = {&1,&,...,E} is characterised by M
subensembles &; with M; members. A measurement of the observable A for a mixed
state is illustrated at the bottom of figure For a mixed state the measurement

result is made up of contributions from all subensembles. The subensembles may again
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be evaluated according to the pure state case

M M
(A =D M4 = M; Tr(Alo)
j=1 j=1
M M (1.99)
= Nij Tr(A'o;) = N Tr(AT ijaj)
j=1 j=1
= N Tr(A'p),

where the mixed state density operator p is a weighted combination of pure state density

operators with statistical weights w;

M M
p=)Y wioj, w; >0V and Y w;=L1 (1.100)
Jj=1 Jj=1
Although the final results of equation and look similar, they represent very
different things. Equation [1.99] involves two different averages. The first average is
performed on each subensemble and represents a quantum mechanical average. The
second average is a classical ensemble average. It represents the probability of finding
a randomly selected ensemble member in state |¢;). To distinguish these two cases
the term ”weight” is chosen rather than ”probability” and an ”overbar” rather than
”angular brackets”.
Having said all of that, it is NMR convention to forget about these things and simply

work with the quantities defined below:

p=N"'5 and (A)=N"1{A),. (1.101)

1.6 Time evolution of the ensemble

The equation of motion for the ensemble may be derived by considering the time deriva-

tive of the density operator

d > d
ap(t) =Nt Z it Uk () (Vr ()]
k=1

S (1.102)

=N Y (e ) 0]+ oy (5 o)

k=1
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The individual members obey the Schrédinger equation (and its adjoint version for bra

vectors)

N
9oty = NV Hy [ (1)) (D) — [ (6)) ((0)| Hg
k=1

dt
- (1.103)
= NV [Hi [0 (0) (i (1)
k=1

The assumption that all members of the ensemble are identical implies that they expe-

rience the same Hamiltonian H, = H

Ao Ny
Pt = —iN ;I[H7|wk<t>><wk<t>u w100
= —i[H, p(1)]

The resulting equation of motion is the so-called Liouville-von-Neumann equation (LvN
equation). The solution to the Liouville-von-Neumann equation may be constructed
by sandwiching the initial density operator p(0) between the forward and backward

propagator of the system

N

p(t) = U0)p(OUT(t) = N1 YU ) [w(0)) (41(0)| UT (1) (1.105)

k=1

The matrix elements [p],., of a density operator p have a simply interpretation in the

rs

eigenbasis of the Hamiltonian H. The diagonal elements [p],,. are given by

(rlo@)lr) = (rl Up(O)UT (1) |r)
— exp (—iwrt) (] p(0) |r) exp (itwrt)

N
= (r| p(0) |r) = N™" ) (r[th(0)) (wx(0)|r) (1.106)
N k=1
=N " pF0) = p,(0)
k=1

They represent the initial fraction of ensemble members in the eigenstate |r) and are

therefore also called spin populations.
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The diagonal elements [p], . are given by

(rlo()ls) = (1| U()p0)UT (1) 5)
— exp (—iwrt) (] p(0) |s) exp (iwst)
— (7] p(0) ) exp (—i(wr — wy)t)

N
= N> (rlye(0)) (r(0)]s) exp (—i (wy — ws)t) (1.107)
k=

N
=Nk (0)ck(0) exp (—i(wr — ws)t)

They represent the presence of superpositions between states (|r) ,|s)) across the ensem-
ble. Superpositions indicate that two states (|r),|s)) may interfere with or talk to each
other. In particular they evolve in unison with time as indicated by the exponential
factor. The off-diagonal elements are therefore often called spin coherences.

All of this would not be very useful if there was no way to determine the initial values

for spin populations and coherences. The next section addresses this issue.

1.7 Thermal equilibrium

In typical NMR experiments the system is in a mixed state. Equation however
does not indicate how to choose the weights or states of the mixture. From a physical
point of view it reasonable to assume that the sample will reach a thermal equilibrium
with its environment if it is left unperturbed for a sufficient amount of time. The term
environment is vague and refers to anything that is not the sample.

Thermodynamical arguments then assure that the system obeys the Boltzmann distri-
bution. The corresponding thermal equilibrium density operator peq for a generic spin

system may then be specified as follows:

[pec]... = exp(—Low;)
N exp(—Bowr)

and  [peql,s = 0, (1.108)

where the energies w; refer to the energy levels of the system and the temperature
parameter is given by By = kBLT. A more compact form for the thermal equilibrium
density operator may be stated by making use of the Hamiltonian H of the system

= PR G () =1 (1.109)

Pea = Ty(exp{—GoH})

The Boltzmann distribution indicates that energy levels with higher energies are less
likely to be occupied. This follows from the principle of entropy mazximisation. By first

occupying the lower energy states the ensemble will simply be found in more distinct
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configurations.
The absence of coherences may be rationalised by a uniform distribution of phase angles

at thermal equilibrium so that the ensemble average vanishes.
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Far from thermal equilibrium

The following material is based on reference [27.

NMR experiments are usually performed on samples which are allowed to reach thermal
equilibrium in a large magnetic field, perturbed by radio-frequency pulses resonant with
the Zeeman transitions in order to induce an observable electromagnetic response, and
allowed to return to thermal equilibrium before the process is repeated. Under most
circumstances, the behaviour of the spin system is described by a differential equation
which is usually known as the inhomogeneous master equation (IME) and is given by [22]
28-38]

(1) = —ilHoan (1), p(1)] + D(0(0) ~ ). (21)
The term Hcop, is the coherent part of the spin Hamiltonian, which is uniform for all
spin ensemble members. The relaxation of the spin system is described by a relaxation
superoperator, denoted I. The relaxation superoperator is constructed from the fluc-
tuating part of the spin Hamiltonian, which is in general different for each member of
the ensemble at a given point in time. The fluctuating part represents the interaction
between ensemble members and their environment.
The last term in equation depends on the deviation of the spin density operator
from its thermal equilibrium value, and causes the density operator to reach thermal
equilibrium when left unperturbed for a long time. This is situation is similar to the
modified Bloch equation
Equation has been a fixture in spin dynamical theory for a long time and its limi-
tations have remained unnoticed for almost the same time period. In the derivation in
his 1957 paper [29], Redfield used the following phrase at a key step of the derivation:
“unless the system is prepared in an unusual way”.
So what is “a system prepared in an unusual way”? The discussion in the Redfield paper
makes it clear that the term implies a large deviation of the density operator from ther-

mal equilibrium, such that the density operator ventures outside the high-temperature

37
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and weak-order approximation (see reference 30, page 288)
|hHeon/kpT|| <1 and |p—N7'1|| <1, (2.2)

where the Frobenius norm of an operator is defined by [[A|| =3_,  [(r| A Bl

In other words, equation [2.1| only applies in the high-temperature limit for spin systems
which remain close to equilibrium at all times, and this restriction was well-known at
the time this equation was first developed.

There is great current interest in the preparation of nuclear spin systems “in an un-
usual way”, i.e. far from equilibrium. Such preparations include hyperpolarised spin
systems with a large level of Zeeman polarisation, enhanced with respect to thermal
equilibrium polarisation by many orders of magnitude [8§-19]. Typical hyperpolarisa-
tion methods include dynamic nuclear polarisation (DNP) [8H11] [39] and optical pump-
ing [12HI5]. In addition, nuclear spin systems may be prepared in states corresponding
to non-equilibrium spin isomer distributions, such as hydrogen enriched in the para spin
isomer and rapidly rotating methyl groups prepared with non-equilibrium distributions
of populations between the spin isomers of the three equivalent protons [40-42]. In some
circumstances these different modes of non-equilibrium spin order interconvert, leading
for example to the phenomena of parahydrogen-induced hyperpolarisation, in which the
non-equilibrium singlet spin order of para-enriched hydrogen gives rise to large magne-
tization components after a chemical reaction [16H19, 43], and quantum-rotor-induced
polarisation (QRIP) in which non-equilibrium methyl rotor order also gives rise to en-
hanced NMR signals [40-H42].

The IME suffers from (at least) two distinct sets of problems. For spin dynamical cal-

culations
e the inhomogeneous character of the IME is awkward to deal with.
From a thermodynamic point of view

e the IME is restricted to the high-temperature and weak-order regime.

e the IME does not correctly predict the observed build-up of longitudinal magne-

tization for spin systems that are far from equilibrium.

e the IME does not handle the relaxation of coherences correctly.

To overcome at least some of these issues several alternative master equations have been

proposed, each of which have the form of a homogeneous differential equation, of the

type:

d , ~

3P0 = —ilHeon (), p(t)] + Lp(1), (2.3)
where I'? is a “thermalised” variant of the relaxation superoperator f, adjusted in such

a way that the spin density operator p tends to the correct thermal equilibrium value
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Peq in thermal equilibrium with the environment [44-47].

However as shown below the proposed solutions are not able to resolve all the raised
issues. The aim of this chapter is to discuss the construction of an alternative HME
which does not suffer from these restrictions and most importantly retains validity for
spin systems far from equilibrium. In order to achieve this, a departure from the semi-
classical approach to relaxation theory, which is almost universal in standard texts on

magnetic resonance, is considered [22), 33H37].

2.1 Theoretical Background

The theoretical background of NMR, relaxation theory is reviewed briefly in order to

establish the notation and to resolve ambiguities in some of the key terms.

2.1.1 Liouville space

While the state 1) of a system is an element of a Hilbert space #, the density operator
p is an element of the space of linear operators on H denoted by £ and referred to as
Liouville space. The description of NMR relaxation phenomena is most easily carried out
within Liouville space. The dimension of the corresponding Liouville space is Ny = N%[.
An operator O may then be then regarded as a vector of length N, in this space and is
denoted |O). The inner product between any two operators (called the Liouville bracket)
is defined as follows:

(M|N) = Tr{M'N}. (2.4)

One may always choose a set of orthonormal N, basis operators {|O,)} with p €
{1,2... N}
(Op|Oq) = dpg- (2.5)

Such a set of operators constitutes a basis for L.

2.1.1.1 Superoperators

In analogy to operators a superoperator A transforms an operator |@) into a different
operator |Q’) [44, 48]. The following superoperators play a particular important role in

relaxation theory:

1. The left-multiplication superoperator is denoted here by Me, where the bullet sym-
bol e is a placeholder for an operator argument. The superoperator Me multiplies

its operand by an operator from the left, as follows:

(Me)|O)=|MO,). (2.6)
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2. The right-multiplication superoperator is denoted here by eM, and multiplies its

operand by an operator from the right, as follows:
(eM)[0) = |OM). (2.7)

3. The commutation superoperator is defined as follows:

M = (Me) — (e M) (2.8)
such that
M|N) = |[M,N]) = |MN — NM). (2.9)

In the following discussion, a symbol of the form M implies a general superoperator of
unspecified type, unless M is already defined as the symbol for an operator, in which

case M implies the commutation superoperator of the operator M.

The matrix representation of a superoperator in a particular operator basis has matrix

elements defined as follows:

[M]rs = (OT‘M|OS) = Tr[O;[MOs] (2'10)

2.1.2 Spin Hamiltonian

Section [I.3] discussed some of the more relevant nuclear spin interactions. For the pur-
poses of NMR relaxation theory these interactions are organised as shown in figure [2.1
The spin Hamiltonian is then expressed as a sum of coherent and fluctuating contribu-

tions:

H(t) = Hcoh(t) + Hﬂuc(t)- (2.11)

The coherent part is assumed to be the same for each member of the ensemble, whereas
the fluctuating part may differ for ensemble members at a given point in time, and is
responsible for the relaxation of the system. For typical solution-state NMR experiments

the coherent part consists of Zeeman, chemical shift and scalar coupling interactions.

2.1.2.1 Coherent Hamiltonian

The discussion below makes extensive use of a division of the coherent Hamiltonian into

three parts, called H4, Hg and H¢, as follows:
Heon(t) =Ha+ Hp + He(t). (2.12)

The properties of these three terms are as follows:
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v

Hﬂuc(t)

FIGURE 2.1: The organisation of spin Hamiltonian terms used in this article. The
Hamiltonian H(t) consists of a coherent term Hon(t) and a fluctuating term Heyc(t).
The coherent term contains a dominant part Ha, a static (or quasi-static) perturba-
tion Hp, and a time-dependent perturbation Ho(t). The static perturbation may be

decomposed into a secular part H ]\\3 which commutes with H 4, and a non-secular part
H#, which does not. The time-dependent perturbation He may be divided into a res-
onant part Hj® and an off-resonant part Hgff res - Standard approximations lead to a
corrected perturbation Hj which commutes with H4. The main coherent Hamiltonian
Hy is constructed by adding Hy and Hp.

o The dominant Hamiltonian Ha. The term H 4 is much larger than the Hg, H¢

and Hg,e terms:
[ Hall > [ Hg |He |l || Heuell - (2.13)

The operators Hp and Ho may therefore be regarded as perturbations to the dom-
inant Hamiltonian H 4. To proceed with the discussion the eigenvalues of H4 are
assumed to be either degenerate or widely spaced compared to the corresponding
matrix elements of the perturbations Hp and H¢ in the eigenbasis of Hy (see
figure . This strong constraint on the eigenvalue spectrum of H4 is very im-

portant and underpins much of the theory described below. The eigenvalues and



42

Chapter 2 Far from thermal equilibrium

H A H 0

Energy

FIGURE 2.2: Schematic eigenvalue spectra of the coherent Hamiltonian terms H 4
and Hp. Degenerate eigenvalues are indicated by square brackets. The eigenvalue
spectrum of H,4 consists of degenerate or widely-spaced eigenvalues, such that the
eigenvalue spacing is large compared to ||Hg||, and also ||H¢|| and || Haye|| (not shown).
Degeneracy is broken when H is constructed by combining H 4 and Hp, after correction
for non-secular and off-resonant contributions (equation .

eigenstates of the dominant term H, are denoted by w? and \r)A respectively

Hy Yt = wh |r)t. (2.14)
The perturbations Hp and H¢ are both assumed to fulfill the following condition
([ Hplsy', (r Ho()|s)* < |wit — wit| ¥V wd # Wi, (2.15)

Equation [2.15|implies that the matrix representations of Hg and H¢, expressed in
the eigenbasis of H4, has off-diagonal terms which are either between degenerate
states of H4, or which are always small in magnitude compared to the correspond-
ing separation of non-degenerate H 4 eigenvalues.

In typical high-field NMR experiments, H4 represents the dominant Zeeman in-
teraction with a strong external magnetic field. However in some cases, a different

Hamiltonian, such as an exchange interaction, is assigned to the H4 term.
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e The (quasi)static perturbation term Hp. The term Hp is assumed to be small
in magnitude with respect to H4 (equation [2.13)) and either time-independent or
with a slow time-dependence. The latter condition may be written as follows:

d
e r* Hp |s)| < ’wf - w?| Vwd #£ wh (2.16)

In typical high-field NMR applications, the term Hp contains spin-spin couplings,
chemical shift terms, and interactions with time-varying fields such as magnetic
field gradient pulses. In solid-state NMR, anisotropic spin interactions such as
chemical shift anisotropies, quadrupolar interactions, and dipole-dipole couplings
are also included. These terms may acquire a slow time-dependence satisfying
equation through sample rotation. Since the eigenvalues of H4 are combina-
tions of the Larmor frequencies for the nuclides in the spin system, equation [2.15

implies the validity of a high-field approximation for the nuclear spin Hamiltonian.

The Hp term may be further subdivided into a “secular” term H yg and a “non-

secular” term H ]éz

Hp = H), + HE, (2.17)
where H g commutes with H 4
[Ha, H}) =0, (2.18)
while H ﬁ does not
[Ha, Hg) # 0. (2.19)

e The time-dependent perturbation term Hc(t). The term He is also small in mag-
nitude with respect to H4 (equation [2.13) but has a rapid time-dependence such

that the following condition is satisfied
d
S Holt) 3] £ o — ] ¥ wf # wfh (220)

In typical NMR experiments, H¢c(t) includes the interaction of the spin system
with a radio-frequency field. The H¢(t) term may be further divided into the

resonant term H*(t) and the off-resonant term H2Tres(¢).

Since equation is assumed to be satisfied, the “non-secular” term H ﬁ may either
be ignored, or treated approximately by a small correction to the eigenvalues of H Jy_lg.
The off-resonant term H, gf 5(t) also gives rise to small shifts which may be taken into
account through a small correction to Hp. For simplicity it is assumed that any non-
secular corrections induced by H ﬁ, and any off-resonance shifts induced by H, gf res (for

example, Bloch-Siegert shifts [49]), are incorporated into a corrected version of Hp,
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denoted H;, which commutes with H 4
[H 4, Hly) = 0. (2.21)

The main part of the coherent Hamiltonian, denoted here Hy, is now constructed by

combining the H4 and H; terms
Ho=Ha+ Hp. (2.22)
Since the operators H, and Hy commute
[Ha, Hy)l =0, (2.23)

it is possible to define a set of states that form a simultaneous eigenbasis of both op-
erators. The states which form this simultaneous eigenbasis are denoted {|1)...|Ny)},

where Ny is the dimension of H. The corresponding eigenequations are as follows:
olr) =wrlr), Halr) =wi|r). :

Note that although the eigenvalues w;fl of Hy are the same as in equation m the set
of eigenstates |r) may not be identical to the set of eigenstates \7‘>A, since eigenstates

belonging to degenerate subspaces of H4 may be mixed by the Hp term.

The Hj eigenstates may be used to define a set of transition operators (or shift operators)

X,s, as follows:
Xrs = |r)(s]|, (2.25)

where the states |r) satisfy equation The operator X, converts the state |s) into
the state |r). There are Nz = N3, transition operators since the indices r and s both

run from 1 to Ny.

The set of all eigenstate transition operators { X} forms an orthonormal operator basis

of Liouville space, being orthonormal in both indices

(er|Xk:l) = 5rk55l- (226)

The eigenstate transition operators X, are eigenoperators of the commutation super-
operator of Hy
Hy|X,s) = wyrs | Xrs) (2.27)

and the transition frequencies are given by

Wrs = Wy — Ws. (2.28)
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The eigenstate transition operators X,; are also eigenoperators of the commutation

superoperator of H,4, but with different eigenvalues
HalX,) = wi X)), (2.29)

where

)

@

(2.30)

In the case that H4 is chosen to be the Zeeman Hamiltonian for the spin system, the
A

. are given by linear combinations of the nuclear Larmor frequencies of

eigenvalues w

the relevant nuclides.

The transition operators X,.s have inconvenient rotational properties which derive from
the complexity and low rotational symmetry of the operator Hg. It proves convenient
to define a new orthonormal eigenoperator basis for H 4, with operators |Ay) satisfying

the eigenequation

HplAy) = witAy). (2.31)
The eigenvalues are denoted w2 with a € {0,1... N:}. Each eigenvalue w’ corresponds

A
TS

to one of the frequencies w; in equation and each eigenoperator may be expressed

as a linear superposition of transition operators with the same eigenvalue of H 4

N3y Ny

|Aa) = Z Z | Xrs) (Xrs|Aa) x 5(‘*’?}9 - wé), (2.32)

r=1 s=1
where 6(x) =1 for x = 0 and 0 otherwise.

It is desirable to choose eigenoperators {|A1) ...} which have convenient properties un-
der three-dimensional rotations of the nuclear spin angular momenta. Whether this is

possible depends on the commutation properties of the dominant Hamiltonian H 4.

In high-field NMR, the dominant Hamiltonian H 4 is usually identified with the Zeeman

Hamiltonian, ignoring any chemical shifts or other perturbations:

high-field NMR: ~ Hy = Hy, (2.33)
N

Hy = Y Wil (2.34)
=1

The commutation properties of H4 are different for homonuclear and heteronuclear

systems:

e In homonuclear systems (all nuclides of the same type), all Larmor frequency terms
0

w; are identical, and hence H4 is proportional to the total angular momentum

operator along the z-axis, I, = Z,fil I;». In this case Hs commutes with the
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total spin angular momentum along the field, and also the total square angular
momentum of all nuclei

[Hy, L] = [Ha, 1! =0, (2.35)

where 12 = [§+]5+[ZQ and I, = Zf\il Iy; v € {x,y, z}. Hence, each eigenoperator
|Aq) may be identified with an irreducible spherical tensor operator (ISTO) ‘Tf‘u>

|Aa) = Cq ‘T)C\MM) (2'36)

obeying the following standard eigenequations:

12 IT5,) = Aa(Xa + 1) |T5,)
fz ’T/{Iu) = Ha }T)(\lp) ) (237)
12 = (L)% + (I,)* + (1)~

Here I, is the commutation superoperator of the total angular momentum along
the z-axis, I, = SV | I, and similarly for the x and y-operators [44]. Note that

(I.)? is not the same superoperator as Zf\i L I2,. The rotational rank and azimuthal
quantum number of the eigenoperator |4, ) are denoted A, and p, respectively.

The normalization factor ¢, in equation ensures that (4,]Ay) = 1.

In heteronuclear systems, the Zeeman Hamiltonian does not commute with the
total square angular momentum operator of all spins but with the total square
angular momentum operators of individual groups of spins, organized by their
isotopic types {I, S, ... }. If the numbers of spins of the different isotopic types are
denoted {Ny, Ng...}, the relevant z- angular momentum operators are denoted
I, = Zf\gl izy S, = Zi\f:sl Ss», etc. and the total-square angular momentum

operators by:

Ny Ns
P=) (+I+1), S7=) (S5, +52,+52). (2.38)
=1 s=1

The following commutation relationships apply:

[HAvIZ] = [HA’IQ] = [HAaSz] = [HAaSQ] =0 ...

[1.,5.] =[I?,5%] =0 (2.39)

An appropriate set of Hy eigenoperators is given by the tensor product of the

individual spherical tensor operator sets

(Ao} ={T\ {1}, }®... (2.40)
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Each eigenoperator has the form

[Aa) = Ca

Lams,
rlorse ) (2.41)

A

with a set of rotational ranks {\., A5 ...} and azimuthal quantum numbers {z%, 5 ...

for the spin species {I,S...}.

2.1.2.2 Fluctuating Hamiltonian

The fluctuating Hamiltonian Hgy,., which is responsible for spin relaxation, typically
contains contributions from several different nuclear spin interactions

Hpno(t) = HM

fluc

(t) + Hpy

fluc

() +... (2.42)

The interactions {A1,Ag ...} typically include nuclear dipole-dipole interactions, chem-
ical shift anisotropies, etc. The random fluctuations of these interactions, due to molec-
ular motion, are responsible for nuclear spin relaxation. In general, the fluctuations of

different interactions are correlated with each other.

Each fluctuating Hamiltonian term may be expressed as a superposition of Hy eigenop-

erators, as follows:

Hﬂuc t) = F,(t a) s 2.43
[Hitu) (1) = Y Fa'(£) [ 4a) (2.43)

where the coefficients are defined as follows:
FMt) = (AalHi\ (1)) (2.44)

and have the following correlation functions:

GAN (1) = FA(t + m)FN (1) (2.45)

The overbar indicates the ensemble average. The correlation functions Ggé},l (1) are
assumed to be independent of ¢ (stationary assumption)
AN AN AN : AN
Gao/ ('T) = Gao/ (O)QQO/ (’7') with [P (0) =1 (246)
and to decay monotonically with increasing 7. For most physical situations the corre-
lation functions become vanishingly small for 7 larger than an interval called the cor-

relation time denoted 7.. In general the correlation time may be different for different

mechanisms, but this complication will be overlooked, for the sake of simplicity.
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In the case of rotational diffusion, the correlation functions may be shown to decay

approximately exponentially [50], with the following form
M (1) ~ exp{—|7| /7e} with 7. > 0. (2.47)

For simplicity we assume that the correlation time is independent of the interaction and

eigenoperator indices.

The spectral density functions is defined as the Fourier transform of the correlation

functions -
]é}é\/ (w) = / 922,/(7') exp{iwT }dT. (2.48)
—0o0

For an exponential correlation function (equation , the real part of the spectral

density has the simple form of an absorption-mode Lorentzian

27,
1+ w?r?’

AN
Re{jaa’ (w)} = (249)
An alternative approach is to expand the fluctuating Hamiltonian in transition operators

as follows:

| Hie) (1) = (r| Hio(8)]) [ Xrs) - (2.50)

T8

The correlation functions of the fluctuating matrix elements are defined as follows:

Gl () = (L HR, (¢ + 7)) (k] His (1)10) (2.51)

which are again assumed to be independent of ¢ due to stationarity. The spectral density

functions of the transition matrix elements are defined as follows:

A/
Jiji(w A (2.52)
A

from which the contributions of the individual correlation functions are given by
T () / G (1) expliwr}dr. (2.53)

Their real parts are again proportional to absorption-mode Lorentzians, as in equa-

tion [2.49

2.1.3 Equation of Motion

The time evolution for a single member of the ensemble in Liouville space may be

expressed as follows:

d

Slo(t) = i (®)]0(t), H(t) = Ho+ HE + Hyuelt) (2.54)
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and the solution is given by a time-ordered exponential superoperator

lo(t)) = U(t) |o(0)), U(t):TeXp{—i /0 ﬁ(s)ds}. (2.55)

The evolution of the ensemble may be determined by performing an ensemble average.
After the ensemble average the evolution of the system may be approximated by an

equation of the type [51]
(1)) = V() 1(0)), (2.56)

but the propagation superoperator V is in general not unitary. The primary aim of
relaxation theory is the systematic construction of V valid within appropriate limits. [28-
30, H1H58]

2.2 Semi-classical relaxation theory

The semi-classical relaxation theory of nuclear spin systems is widely covered in the
standard literature [28] 30}, 32H37]. To underpin the later discussion however a concise

overview of the basic concepts and key approximations is necessary.

2.2.1 Semi-classical relaxation superoperator

In order to prepare for the application of second-order perturbation theory, the spin
Hamiltonian is expressed in the interaction frame of the dominant part of the coherent
Hamiltonian H 4

H(t) = exp{+iHat} H(t). (2.57)

In the case that H4 is identified with the Zeeman Hamiltonian the interaction frame is

the usual rotating frame.

The LvN equation, in the interaction frame, is given by

S50 = ~H(0)5(1)), F(t) = Heon + Hnucl?), (259)

with the interaction-frame fluctuating Hamiltonian
Hpye(t) = exp{+iH at} Hyye(t) (2.59)

and the interaction-frame coherent Hamiltonian

Heon(t) = Hy — Hy + HSS(t). (2.60)
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The solution to the LvIN equation for the time evolution of individual ensemble members
may be approximated by time-dependent perturbation theory [26] 30, B32H37, 59]. The

following standard approximations and assumptions are made:

e The density operator and the fluctuating contributions are statistically indepen-

dent (uncorrelated).
e The ensemble average of the fluctuating contributions vanishes.

e The fluctuating contributions represent a weakly stationary process, so that two-

time correlations only depend on their time difference t' —t = 7.

e There exists a correlation time 7¢ such that the ensemble average of the random

fluctuations becomes negligible for time differences 7 > 7¢.

e The terms Hp, Ho and Hg, are all sufficiently small that |Hpro|| < 1, |[Hool| <
1 and ||Hgu7co|| < 1, so that the interaction frame density operator does not

change significantly over the timescale of 7¢.

It is important to note that the set of assumptions above do not include the spin system
being close to equilibrium. So even if the spin system is far from equilibrium the evolution
of the ensemble-average density operator in the interaction frame may be approximated
by

d . & ~

3 1P) = Lsc() A1), (2.61)

where the semi-classical Liouvillian superoperator, in the interaction frame, is given by
Lso = —iHeon + UL (OTERUA(t) (2.62)

and the relaxation superoperator in the laboratory frame is as follows [28], 29]:

0 = 2
FlSaClJ) - _/ Hﬂuc<0)HﬁuC(7—)d7—- (263)
—0o0
If small dynamic frequency shifts are neglected [26] 28H30, 59], this may be written as

F§8 = -3 > Ja (wi) Aa Al (2.64)

AN a0

follows:

An alternative expression, making use of the transition operators between the eigenstates

of the Hamiltonian Hj, is as follows:

rlab S %
P68 = =3 Jijmlwn) Xi; X, (2.65)
2'7j7k7l

where the spectral densities are given in equation and the differences w,fl between

eigenvalues of the dominant Hamiltonian H4 are defined in equation [2.30



Chapter 2 Far from thermal equilibrium 51

The interaction-frame Liouvillian given in equation [2.62]is difficult to use, because of the
time-dependent terms U4 (¢). This problem is avoided by making another approximation.

The laboratory frame relaxation superoperator is expanded in eigenoperators of Hy

flsaé) = Z |[Aa) (Aw| % (Aql IAdsa(kj) [Aar) - (2.66)

This allows the second term in equation to be written as follows:

Qwﬁ%m@:EJMHMWM%W%MMwMMMWMQ. (2.67)

The rapidly oscillating terms in this equation may be ignored under the assumption
that the relaxation rate constants are small compared to the eigenvalue separation of
the dominant Hamiltonian H 4. This approximation is reasonable since the eigenvalues
of Hy are assumed to be either degenerate or widely spaced. The omission of rapidly
oscillating components in equation [2.67] allows use of the following secularized relaxation

superoperator in the interaction frame

T8 =~ ) [4a) (Aw| % (Aal TEE |Aw) 6(aq — aw), (2.68)

where 6(x) =1 if z = 0 and §(z) = 0 otherwise. The Liouvillian superoperator in the

interaction frame of H 4 is therefore given, to a very good approximation, by
Lsc ~ —iHeon + TS, (2.69)

where fss%c is time-independent. Spin dynamical calculations may therefore be conducted
in the interaction frame of the dominant Hamiltonian H 4, using the interaction-frame
coherent Hamiltonian ﬁcoh and the secularized semi-classical relaxation superoperator

' sec

S¢v of equation [2.68

For homonuclear spin systems in liquid-state high field NMR experiments, H4 may be
chosen to equal the dominant Zeeman interaction. In this case, selection rules on the
rotational correlation functions [60] render the secularization procedure in equation m
unnecessary, since the matrix elements (A4,| flsag |Ay/) vanish in any case for a, # aq.
However, this is not always true for heteronuclear spin systems. An example of the
relaxation superoperator secularization in heteronuclear systems may be found in refer-

ence 61l

For simplicity, the secularized relaxation superoperator in the interaction frame is now
denoted as T’
=T (2.70)
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From the definition of fss‘éc, this superoperator is identical when expressed in the labo-

ratory frame
[Ha,T1=0 = 1@ =0,00) =1. (2.71)

2.2.2 Transition probabilities

The transition probability per unit time from an eigenstate |r) of Hy to a different eigen-

state |s) may be derived from the secularized relaxation superoperator as follows [32]:
Wys = _(Xss|f‘|er) = Jsmr(wsr)- (272)

The semi-classical approach leads to identical rate coefficients for forward and backward
transitions, as sketched in figure [2.3(a):

WT—)S - WS%’I" (273)

As is well-known, symmetrical transition probabilities are incompatible with the estab-

lishment of thermal equilibrium at a finite temperature [22], 28-38].

&

b

S—T

FIGURE 2.3: A section of the energy level structure of an arbitrary quantum system.
Relaxation phenomena induce transitions between the states |r) and |s). Transitions
that cause the system to gain energy are indicated in green, transitions that cause the
system to lose energy are indicated in red. (a) Semi-classical transition probabilities.
The “upwards” and “downwards” transition probabilities W, _,, and W,_,,. are equal.
(b) After thermalisation, the “downwards” transition probability W?_,  (thick arrow)
is larger than the “upwards” transition probability W?_, . (thin arrow).
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2.2.3 Coherence decay rate constants

The decay rate constant for a coherence between the eigenstates |r) and |s) of the

coherent Hamiltonian Hy may be expressed as
)\rs - —(er‘f“er), (2'74)

which may be written as the sum of an ”adiabatic” and ”non-adiabatic” contribu-
tions [30}, 32-36]

Aps = A2 4 \na (2.75)
with
d 0 7 T i fad
Avs = ((r[ Haue (0) |r) = (s| Hauc(0) [8)) ((r] Haue(7) [7) — (| Haue(7) |5)) d7
1 - AN AN AN AA (2.76)
-3 Z <J7"7“r7“ (O) - Jrrss(o) - Jssrr(o) + Jssss(0)>
AN
and

)\?2 = % <Z Wk + Z Ws%k) . (2.77)

kA ks
The adiabatic contributions are due to random fluctuations of the energy levels. The
non-adiabatic contributions arise from the finite lifetimes of the spin states, due to
transitions to other states. As an illustrative example, the non-adiabatic contribution
for an arbitrary three-level system is illustrated in figure (a). The coherence between
states |2) and |3) is indicated by a wavy line. The non-adiabatic contribution to the

decay of this coherence is due to all transitions out of the states |2) and |3).

2.2.4 Semi-classical equation of motion

The master equation for the dynamics of the spin density operator within the semi-

classical approach is therefore given by

d ~
— =L 2.78
10y = Esclo). (275)
where the Liouvillian is
Lsc ~ —i{Ho+ HE (1)} + Tsc (2.79)

and the secularized semi-classical relaxation superoperator is given by equation [2.68

Since the semi-classical relaxation superoperator predicts equal probabilities for transi-
tions gaining and losing energy (equation [2.73)), the true thermal equilibrium state of
the spin density operator is not correctly predicted by equations and This
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FIGURE 2.4: Energy levels of a three-level quantum system. A coherence between the
states |2) and |3) is indicated by a blue wavy line. The non-adiabatic contribution
to the coherence decay process is given by the summed transition probability for all
transitions out of the states |2) and |3) as indicated by the arrows. (a) In the semi-
classical treatment, “upwards” and “downwards” transition probabilities are equal. (b)
At finite temperature the non-adiabatic contributions to the coherence decay rate must
be adjusted to reflect the different transition probabilities in the two directions.

problem is often addressed by arbitrarily introducing a thermal equilibrium term in the
relaxation part, leading to the widely used inhomogeneous master equation (IME) of
the form [22] 28-38]

S 1p) = ~i(Ho + B (1)) 10) + Psc(19) ~ lpea)) (2.80)

Strictly speaking the introduction of the thermal equilibrium term may be justified
within the high-temperature and weak-order approximation so that equation [2.80] nec-

essarily gives incorrect results for spin systems which are far from equilibrium.

2.3 Thermalisation

The semi-classical relaxation superoperator of equation fails to predict the correct
thermal equilibrium state, since the transition probabilities are symmetric, as in eq.
Instead the state of complete disorder represents the stationary distribution of I'sc
and lies in its null-space

P [1) = 10). (2.81)
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The semi-classical relaxation superoperator I'sc therefore drives the system to the un-
physical state of infinite temperature. In the following several of the existing techniques

to account for this problem will be examined with an emphasis on their weaknesses.

2.3.1 Thermal Corrections

The correct thermal equilibrium state may be forced into the null-space of I'sc by
adjusting the semi-classical relaxation superoperator using a procedure known as “ther-
malisation”. Most techniques [44H47] achieve this by multiplying the SC-relaxation

superoperator by a thermal correction superoperator 6
I =T3¢0, (2.82)

with the resulting property
| peq) = |0). (2.83)

Here, the state |0) represents the zero element of £. The thermalised equation of motion

for the density operator is then given by
d - 0
1) = (~ifan + %) |p). (2:84)

where fICOh is the commutation superoperator of the coherent Hamiltonian Hqp.

Any thermalised relaxation superoperator should have the following properties:

e preserves the trace: This condition captures the fact that the sum of all pop-
ulations should be a constant of motion. Populations are free to be redistributed

among each other, but there is no ”loss” of populations

d

S o) = (115 plt)) = (F]p(1)) = 0. (2.85)

e preserves hermiticity: The density matrix must remain hermitian at all points
in time to be in agreement with the statistical interpretation of quantum mechanics

d d
—prs(t) = —
=g

P (t): (2.86)

e obeys detailed balance: At thermal equilibrium the detailed balance condi-
tion applies [20], [59]. The transition probabilities of 'Y should therefore fulfill the
following condition:

SS o 0
peq _ Fssrr _ Wr—>s

- 0
Ws—)r

o T

rrss

= exp(Bowrs). (2.87)
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The detailed balance condition indicates that transitions from higher energy states
to lower energy states are slightly more likely than vice versa. It follows that |peq)

is a stationary distribution and lies in the null-space of IV [62].

e predict consistent coherence decay rates: The thermalised coherence decay

rate constants are composed of adiabatic and non-adiabatic contributions
Alg = N029 4+ A0 (2.88)

The adiabatic contributions to the coherence decay rate constants should be inde-

pendent of the thermal correction
Adad — yad (2.89)

The non-adiabatic contributions, on the other hand, depend on the transition

probabilities and should be adjusted according to the detailed balance condition,

ﬁsna:§ r€—>k sg—>k . .
A 1 ZW +ZW 2.90

k#r k+#s

as follows

A variety of methods have been proposed for the thermalisation of the relaxation super-

operator. Their properties and limitations are summarized in table

TABLE 2.1: The methods for treating nuclear spin relaxation discussed in this pa-
per, and their properties in the context of a finite-temperature molecular environment.
The following abbreviations are used: SC = semi-classical relaxation theory; IME =
inhomogeneous Master equation; Jeener = Jeener’s thermalised relaxation superoper-
ator [44]; LdB = Levitt-di Bari method for thermalising the relaxation superoperator
[45H47); sLdB = simplified Levitt-di Bari method as implemented in SpinDynamica 3.2
software [63]; LB = Lindblad method.

SC IME Jeener LdB sLdB LB
correct thermal equilibrium X v v v v v
valid outside X X v v X v
high-temperature regime
valid outside weak-order X X v v X v
regime
transition probabilities fulfil X X v v X v
detailed balance
coherence decay rates: v v X v v v
correct adiabatic
contributions
coherence decay rates: X X X X X v
correct non-adiabatic
contributions
equation number .68 [ [2.12.80]| [2.92] | [2.103 [ [2.109] | [2.125
references 28, 129 28H30 44 45l 146 45H47 this
work
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2.3.1.1 Jeener’s Method

Jeener’s seminal article on superoperators in magnetic resonance [44] contains a pro-
posed thermalisation method for relaxation superoperators. This is based on the energy

superoperator & defined as follows:
O = exp(Bpé), €= %(HO o+ o Hy). (2.91)
The thermally corrected relaxation superoperator is given by
Y = T'scOy = I'sc exp(BeE). (2.92)

The method works by transforming the thermal equilibrium density operator |peq) into
|1). This may be seen as follows: The action of the energy superoperator on a population

operator of the coherent Hamiltonian is given by

The thermal equilibrium density operator may be expressed in terms of the population

operators

|peq) = Z71 Zexp(—ﬁewk) | Xek), Z= Zexp(—59Wk)- (2.94)
B k

According to equations and the result of applying the total energy superop-

erator to the thermal equilibrium density operator is given by

Elpeq) = Z71 wi exp(—Bowr) [ Xia) - (2.95)
k

It is then straightforward to show that Jeener’s thermal correction superoperator trans-

forms the thermal equilibrium state into the state of total disorder

Oslpea) = 271 exp(—Bowr) Y W | Xkk)
k

n

=771 exp(—Bowr) exp(Bowr) | Xrx) (2.96)
P

=z 11).

Since the state of total disorder lies within the null-space of the SC-relaxation superop-

erator, peq lies in the null-space of f‘g

Plpeq) = 27T [1) = 0). (2.97)
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The transition probabilities per unit time are modified in the following way:
Wf’—J)s = (X38|fg|er) = (Xss\f‘exp(ﬁgéﬂXw) = exp(Bpwr)Wr—ss (2.98)

and the ratio between forward and backwards transition probabilities is given by

0,J
TS = exp(Bowrs), (2.99)

S—T

showing that the thermalised transition probabilities obey the detailed balance condition
(equation [2.87)).

However, Jeener’s method does not handle the coherence decay rate constants correctly.

The thermalised decay rate constants of a particular coherence are given by

)\Q’SJ = (er|f‘§|er) = exp(ﬁﬁ(wT + ws)))\rs,

- 5 (2.100)
Agr = (XST|FJ|XS7”) = exp(ﬂg(wr + Ws)))\sr

The equality )\Q’J = ‘3;9 follows from A,; = Ay and maintains the hermiticity of the
density operator. However, there is still a problem. The adiabatic and non-adiabatic

contributions to the coherence decay rate constants are given in Jeener’s method by

1
L

2 (2.101)
)‘g’sna’J = exp(ﬁﬁg(wT + ws))Are,s

where the adiabatic and non-adiabatic rate constants are given by equations and
m respectively. The terms )\f
of equations and In particular, Jeener’s method adjusts the adiabatic con-

tributions to the coherence decay rates, which does not make physical sense, since the

’sad“] and )\f;na’J are both in conflict with the requirements

adiabatic contributions are not related to state transitions and are energy-preserving.

The properties of the Jeener method are summarized in table The Jeener method
fulfils most of the required conditions of a thermalisation method, but does not treat

the coherence decay rate constants correctly.

2.3.1.2 Levitt-di Bari and Levante-Ernst method

An alternative thermalisation technique was proposed by Levitt and di Bari [45, [46]
and further developed by Levante and Ernst [47]. This method is termed here the
LdB method and uses projection superoperators onto the population operators of the

coherent Hamiltonian, weighted by the eigenvalue of the associated eigenstate

&= wk | Xpk) (Xaa - (2.102)
k
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The superoperator w is therefore simply the projection of £ onto the population subspace

of Hy. Similarly to equation the thermal correction superoperator is then given by

Orap = exp(—fBpk) (2.103)

and the action of @ onto the thermal equilibrium density operator is identical to the
action of & (compare with equation [2.95)

Olpeq) = 271 wr exp(—Bowi) [ Xuk) - (2.104)
k

As a result Opqp transforms the thermal equilibrium density operator into the state of
total disorder
OLaB|peq) = Z71|1) (2.105)

and peq lies in the null-space of f‘i 4B

I 4slpeq) = 10). (2.106)
The modification of the transition probabilities is identical to Jeener’s method
WfiJSB = (X58|f‘idB|er) = (X85|fSC exp(Bow)| Xyr) = exp(Bowr ) Wi—ss, (2.107)

so that the transition probabilities of f‘de obey the detailed balance condition.

A defect of the LdB method is that the coherence decay rates are not adjusted at all,

since the coherence operators lie in the null-space of @.

W|X;ps) = [0) = exp(Bow) | Xrs) = [Xrs)

. . (2.108)
)\?«ZngB = (er|FSC eXp(ﬂ@"D”er) = (XT‘S|FSC‘XT‘S) = /\rs-

Hence the Levitt-di Bari method obeys the condition of equation for the adiabatic
decay rate contribution, but not that of for the non-adiabatic contribution.

A simplified version of the LdB method (sLdB), which employs the high-temperature
and weak-order approximations, is currently implemented in version 3.3.2 of the SpinDy-

namica software package [63]. This method uses the following thermalisation correction:
Ostap = 1 — |peq) (L. (2.109)
The thermally adjusted transition probabilities are given by

WskaB = w,_,, — Z Wiss (7l peali) (2.110)
J
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whereas the coherence decay rates remain unchanged
AOsLAB — )\ (2.111)

The sL.dB method generates the correct thermal equilibrium density operator in the
high-temperature approximation but does not obey detailed balance in general, and

fails to handle coherence decay rate constants correctly.

The sLdB method is in fact the IME in superoperator form. This is easy to see by
applying f‘ngB to an arbitrary density operator |p)

I ap 1p) = T'OsLas )
=T {1~ Ipea)(1D)} Ip)
=1{|p) = Tr{p} |pea)}
=1{|p) = 1pea)}

(2.112)

where the last equality follows from the fact that Tr{p} = 1 for a valid density operator.
This shows that the sLdB method has the same defects as the IME, most notably
the requirement that the density operator |p) has to fulfill the weak-order and high-

temperature approximation.

2.4 Lindblad thermalisation

Here an alternative thermalisation method, called the Lindblad (LB) method, is sug-
gested [28] [64H66]. The method is fundamentally different to existing techniques as it
requires quantum mechanical corrections to the spectral densities to account for the fi-
nite sample temperature. As a consequence the LB method does not lead to a relaxation
superoperator which may be expressed as the product of the semi-classical relaxation
superoperator and a thermal correction superoperator, as in equation Instead
one has to perform thermal corrections to the individual components of the relaxation

superoperator.

The Lindbladian formulation of relaxation processes has been extensively used in quan-
tum optics, quantum computing, laser physics and quantum information theory [56} [58].
In the field of quantum information theory the Lindblad formulation takes a central
role in the characterisation of dissipative processes. In particular, the characterisation
of Markovian and non-Markovian completely positive and trace preserving (CPTP) dy-
namics is of fundamental importance. Roughly speaking, a CPTP process indicates
evolution of a valid density operator into another valid density operator, and hence cap-
tures all physically reasonable evolutions [26]. Recently, it has been shown that any
evolution generated by a CPTP Markovian process may be obtained by application of
some time-dependent Lindblad generator [67, [68].
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The above implies that if a given relaxation process may not be described in terms of
a Lindblad formulation it can not be considered a valid Markovian quantum process.
One could therefore argue that the reformulation of the NMR master equation in terms
of Lindblad generators is not simply a mathematical exercise, but rather a necessary
criterion to ensure that the resulting dynamics do indeed describe a valid Markovian

process.

Nevertheless, it might be for such reasons that the NMR community has mainly consid-
ered the Lindblad formulation an over-elaborate tool and disregarded its fundamental
physical importance. As a consequence its application to magnetic resonance relaxation

phenomena is rarely found within the NMR literature [69] [70].

2.4.1 Quantum-Mechanical Spectral Densities

The starting point of the Lindblad method is to treat both the environment and the
spin system quantum mechanically [26], 28, 81, 59]. The fluctuating contributions are

replaced by a Hamiltonian of the following type
A A
Hiye = > Aa ® BY, (2.113)
[0

where individual eigenoperators A, of the system are being coupled (represented by ®)

to environmental ("bath”) operators BX.

The environment represents a thermal reservoir with sufficient heat capacity to always
remain close to thermal equilibrium due to its size and complexity, and is described by a

density operator p]gg

th Tt is not necessary to assume that the spin system remains close
to equilibrium. The combined density operator of the spin system and the environment

is assumed to be of the form:

prot(t) = p(t) ® pes™. (2.114)

The “quantum-mechanical” relaxation superoperator may be derived by substituting the
expression for Hgu. from equation [2.113] into equation [2.63] and taking the trace over
the environmental degrees of freedom [26], 30} [59]. Following Hubbard [31], the quantum

mechanical relaxation superoperator is obtained:
0
A A/ .
flab = 3% / (Aa s A, — oAl 4BV (r)BA(0)) exp(icoiir)
AA aaf ¥ TR

0
-2 Z/_ (AL @ Ao — Ao AL o) (B (0) By (7)) exp(iw)y 7).

AN a,af

(2.115)
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Here <BA T( )BA(0)) are quantum-mechanical correlation functions, defined as follows:

(B2 (7)BA(0) = Trvaan {Uban (1) B W0 () BA RS | = (BT (0)BA(—7).
(2.116)

Since the system-bath interaction is hermitian it is permissible to replace the second

part of equation [2.115| by its hermitian conjugate

Pl = 3 % / oo Al — oAl 4,) (B (1) BA(0)) expliwdir)

AN a0

- Z Z/ o @ Al — ALAa"MBQT(O)Bé};(T)) exp(—iw 7).

AN a0

(2.117)

The sum is invariant under the exchange of the labels (« +» o/) and (A <> A’) which we

perform on the second part

fla = 3% / oo Al — oAl 4,) (BN (7)BA(0)) expliwi)
AN a,0f ¥
(2.118)

0 /
- Z 2/_ (Aq @ AL’ - AL'Aa‘ﬂBS/T(—T)BS(O)) exp(—iwiT).

A simple transformation of variables (7 — —7) in the second sum leads to the following

expression:

Pl = 3% / oo Al — oAl 4,) (B (1) BA(0)) expliwdi)

AN a0

Ty / oo AL, — A1, A,0)(BNT(7)BA(0)) expliwdiT).

AN a0

(2.119)

By considering only the secular contributions w, = w, and neglecting dynamical fre-

quency shifts, the two sums may be combined to form a complete Fourier transform (see

Appendix [A.1))

fsec AN (A A A
QM = AZA/OgD a A K o (W) (wy —wi), (2.120)

where the quantum-mechanical spectral densities are given by

KM () = / (BN (1) BA0)) expliwr)dr (2.121)

—00

and D defines the so-called Lindbladian dissipator [26, 59]

D[A, B] :AoB—%(BAo—koBA). (2.122)
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In contrast to the classical correlation functions, the quantum mechanical correlation
functions are not symmetric with respect to frequency, i.e. K(w) # K(—w). In thermal
equilibrium they obey the Kubo-Martin-Schwinger(KMS)-condition [26], 59

Ko (w) = Kl (—w) exp(w). (2.123)

Detailed knowledge of the quantum mechanical spectral densities is rarely available.
Nevertheless they may be approximated by classical spectral densities by invoking an
appropriate quantum mechanical correction [71]. One possibility is given by the Schofield
method [72]

Ko (W) = T (w) exp(— 4 Bow). (2.124)

Corrections of this form have been previously used in the description of vibrational

relaxation effects [73].

This leads to the following expression for the secularized relaxation superoperator

e =D Dlda, ALY (w8) exp(— 8w 0w — wov), (2.125)
AN a,f

where J 201},/ (w) are the classical spectral densities defined in equation m

Equation [2.125] is the central result of this section. It has a clear relationship with
the semiclassical form of equation [2.64] The double commutation superoperator is re-
placed by a Lindbladian dissipator (multiplied by -1/2), and thermal correction factors

exp(3Bpwy) are introduced.

The Lindblad dissipators have a clear relationship with the physical picture of figure
They may be understood as inducing forward and backward transition processes as
illustrated below:

(Xss‘ﬁ[Xz]anj”X'rr) = 6i35j7'7 (Xss’f)[XT

Terms ﬁ[Xij7X;rj] and ﬁ[XJj,Xij] are associated with relaxation processes across the
same pair of Hy eigenstates but in opposite directions. The transition probabilities per

unit time are given by
WILB = (X | DY 5| Xor) = exp(—2 Bowsr ) Wiss. (2.127)

Hence the transition probabilities for the forward and backwards processes are related
as follows

WL — WOLB exp(—Bpwsr), (2.128)

T—S S—T

in agreement with the detailed balance condition and the physical picture in figure [2.3
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The Lindbladian formalism also handles the coherence decay rate constants correctly.
The adiabatic contributions to the coherence decay rates are unaffected by thermalisa-
tion, as should be the case:

Adad — ad (2.129)

The non-adiabatic contributions to the coherence decay rate constants are sums of ther-

malised transition probabilities. This is also physically reasonable (see figure

1
A0ma 3 < > exp(—3Bowrr) Womsk + > eXp(_é/BGWks)Ws%k>
k#r k#s
1 0.LB 0.LB
(T wr).

k#r k+#s

(2.130)

To summarise, the thermalised Lindblad representation of equation [2.125| preserves the
trace and hermiticity of the density operator, obeys the detailed balance condition, and

handles coherence decay processes correctly.

2.5 Defect of Double Commutators

It is important to note that the double-commutator form of the relaxation superoperator
which results from semi-classical relaxation theory (equation does not provide
a clear separation of the forward and backwards transition probabilities and hence is
incompatible with detailed balance at finite temperature, even after the inclusion of
thermal corrections. It is only at infinite temperature that the Lindblad formalism and

double commutator formalism coincide.

This may be demonstrated by making use of the eigenoperator formulation of the relax-
ation superoperator as presented in equation An attempt at thermally adjusting

the secularized double-commutation form of the relaxation superoperator is as follows:

A 1 A oA
0
=-2> exp(—§ Bowis) Jijij (wig) Xis X ;. (2.131)
ij
The transition probability per unit time Wj_,; from the eigenstate |k) to the eigenstate

|I) of the Hamiltonian H4 may be identified with the following matrix element

A 1
Wi = (Xu|T% Xpp) = ~5 ZeXp(—%5awz‘j)Jijij(wij)(5u5ki — 81i0kj — 0150k + 010k;)-
ij
(2.132)
The collection of Kronecker deltas above indicate that a double-commutator mixes for-

ward and backward processes. Similarly one may calculate the transition probability for
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the reverse process

. 1
Wik = (Xul L) Xn) = —3 > exp(—3Bowis) Jijij (i) (Gkidli — Okidty — kg0 + Or1y)-
i
(2.133)

Clearly these two transition probabilities are equal
Wi = Wik, (2.134)

so that forward and backward transitions are equally likely. This violates the detailed
balance condition. It follows that thermal correction of the spectral density functions
within the double commutator formalism cannot lead to a valid thermalised relaxation

superoperator, at finite temperature.

It is only at infinite temperature that the Lindblad formalism and the double commutator
formalism coincide. This is simply because the spectral densities become temperature-
independent. The relaxation superoperator in the double-commutator formalism at

infinite temperature may be written as shown below:

=—3 Z Jz]z] wz] % XZ]XJ] + inXiTj)}’ (2.135)

since exp(—% Bowij) = 1 for T'— oo. To proceed the following identity is employed
Xy X[+ X X)) = (DX, X[ + DX, X)) (2.136)

The relaxation superoperator in the double-commutator formalism is then readily ex-

pressed in Lindblad form
= 2 Z Jijij (wij)( XszXT] +ﬁ[inaX}Li])
=2 Z Jijij(wij)D XZJ’XT] + Jijij(wij)f)[XJwXT]
T ) T (2.137)
=3 ZJW wij)DIXij, X[] + Jjigi(wii) P[X i, X ]

= ZJ'LJZ] wz] X’LjaX }

by noticing that Jiji;(wij) = Jjiji(wji) at infinite temperature.
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2.6 Case Studies

In this section the Lindblad approach is applied to three simple cases. The first two
cases concern “ordinary” high-field NMR in the high-temperature and weak-order ap-
proximation, where the LB formulation reproduces well-known results which may also
be derived using the inhomogeneous master equation. In the last example we consider

a spin system far from equilibrium, where the conventional IME equation breaks down.

2.6.1 Homonuclear spin-1/2 pairs

Consider an ensemble of rigid molecules undergoing rotational diffusion, with each
molecule containing a homonuclear spin-1/2 pair. The electronic environments of the
two spins are distinct (chemical inequivalence). The nuclear spin relaxation is assumed
to be dominated by dipole-dipole relaxation where the rotational correlation time is

denoted by 7¢.

In the presence of resonant radiofrequency irradiation, the coherent Hamiltonian is given

in the laboratory frame, by
H..,.=Hs+ Hp + He. (2.138)

The dominant part of the Hamiltonian (see section [2.1.2.1)) in the laboratory frame is
given by
Hy = w(1+ drer) (N2 + I22), (2.139)

while the terms Hp and H¢ are given in the interaction frame of H4 (rotating frame)
by

Hp = Qlllz + QQI2Z + 2w J10I4 - 12, HC = wnut(lx COS(@[) + Iy sin(qu)). (2140)

Here the chemical shift offsets are given by Q; = w%(8%,, — &rer), where {41,302} are the
chemical shifts of the two sites and e is the chemical shift position of the carrier

frequency of the radio-frequency irradiation.

These choices of Hy, Hp and H¢ fulfil the constraints in section [2.1.2.1f The eigen-
values of H 4 are either degenerate or spaced by multiples of the spectrometer reference

frequency ‘wo(l + 5ref)|, which is much larger than the matrix elements of Hg and H¢.

Following equation m the eigenoperators of the commutation superoperator Hy are
proportional to the irreducible spherical tensor operators, as in equation [2.37 The

corresponding eigenvalues of Hy are given by

wi = pau®. (2.141)
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The fluctuating part of the spin Hamiltonian, which is responsible for the dipole-dipole

relaxation, takes the form [32]

2m

+2
Hye(t) = Y F2HQ0D (£)T5),) (2.142)

m=-—2

where Té}j ) indicates a component of the second-rank irreducible spherical tensor oper-
ator for the coupling of spins I1 and I as defined in Appendix [A1] The spatial compo-
nents Fb,, depend on the Euler angles ng)(t) that relate the principal axis system of the
dipole-dipole coupling to the laboratory frame. This transformation is time-dependent
due to rotational diffusion of the molecule. Assuming a single exponential decay for the
corresponding correlation functions as indicated by equation the spectral densities

are given by Lorentzians.

Following the recipe of equation [2.125] and assuming isotropic rotational diffusion, the

secular and thermalised relaxation superoperator may be expressed as follows

+2
g = 80t Z DTS 12170 (mu?), (2.143)
m=—2

where the thermally corrected spectral density functions are given by

J(w) = exp(—3Bow)J (w) (2.144)
and )
J(w) = ﬁ (2.145)

The thermalised relaxation superoperator may be represented as a 16 x 16 matrix in a
basis of orthogonal operators. One possible basis involves all ket-bra products for the

singlet and triplet states of the 2-spin-1/2 system, defined as follows:

[S0) = 272(|a) — |Be),  |T1) = |aa),

2.146
[ To) =271 2(jaB) +|Ba)), |T-1) = 165). (210
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The 4 x 4 block involving the population operators for these states is as follows:

~0 _ 62
[P, = Stk

[ 150) (50 ) (T | To) (T T (T |
0 0 0 0
0 |7 (0) — L7 (~2u) LI (u) Ly (2)
0 LI () LI () + T W) LI(w)
0 L1?(2u) LI?(~) L0 (w0) — L7(2u0)
(2.147)

The row and column of zeros indicate that the singlet population is disconnected from
the triplet populations under dipole-dipole relaxation processes. The population of the
singlet state is therefore a long-lived state [74H80], in the case that coherent Hamiltonian
terms mixing the singlet and triplet states are suppressed. In the current example,
the relevant singlet-triplet mixing term is proportional to the chemical shift frequency
difference |23 — Q2|. The long-lived nature of the singlet population is revealed by
suppressing this mixing term, either by transporting the sample to a region of low

magnetic field [74], or by applying a resonant radiofrequency field [78].

The thermalised relaxation superoperator fiB may also be used to treat well-known
relaxation phenomena such as the transient and steady-state nuclear Overhauser (NOE)
effects [22, 37]. The simulations shown in Figure were performed by integrating
the homogeneous equation of motion in the interaction frame (equation using
SpinDynamica software [63].

Figure (a) shows a transient NOE effect in which inversion of the magnetization of
one set of spins induces a transient increase in the magnetization of the second set of
spins through dipole-dipole cross-relaxation. Figure b) shows a steady-state NOE
effect. Saturation of the longitudinal magnetization of one set of spins by a continuous
resonant rf field establishes a steady state in which the magnetization of the second set

of spins is enhanced with respect to thermal equilibrium.

These phenomena are well understood and the simulated trajectories using the Lindblad
method agree with the literature [45],146]. For the steady-state NOE it is straightforward
to show that within the fast motion limit (w%7¢ < 1) and high-temperature approxima-
tion the maximal achievable polarisation enhancement on the passive spin is given by
extp = 5 which is in agreement with figure (b) [22, 137].
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FIGURE 2.5: Simulations of nuclear Overhauser effects (NOE) in a system of homonu-
clear proton pairs at a temperature of 300 K and a magnetic field of 11.75 T using the
Lindbladian form of the relaxation superoperator (equation . The vertical scales
correspond to the ratio of the longitudinal spin magnetization M, to its thermal equi-
librium value Mcq. (a) Simulation of the transient NOE. Starting from thermal equilib-
rium, a selective m-rotation is applied to one set of spins at time point t = 5, and the
expectation values of the z-magnetization components tracked in the subsequent inter-
val. No resonant rf field is applied (wput = 0). (b) Simulation of the steady-state NOE.
Starting at ¢ = 5, a continuous rf irradiation with nutation frequency wp,t = 27 X 2.5
Hz is applied to a thermal equilibrium state. The simulation parameters are as follows:
Ql = 0, QQ = 27 x 200 HZ, J12 =15 HZ, b12 = —271 x 30 kHZ, and TC = 10 ps. The
resulting 77 time constant is 5.64 s.

2.6.2 Heteronuclear spin-1/2 pairs
In the case of heteronuclear spin pairs (one I-spin coupled to one S-spin, with magneto-

gyric ratios v and 7g), the dominant part of the coherent Hamiltonian, in the laboratory

frame, is given by

Hy = w1+ L)L + wd(1+65)8S., (2.148)
where w? = —~7BY and wg = —~gBY are the Larmor frequencies of the two species, and

{6%;,0%.} are the chemical shifts of the two spectrometer reference frequencies.

The Hg and He components of the coherent spin Hamiltonian have the following form

in the interaction frame of H4

Hp =Q71, + QgS, +2nJ751,S,

(2.149)
He = wly (I cos g1 + I, sin ¢r) 4 wi (S cos ¢ + Sy sin dg).

The chemical shift offset frequencies for the two isotopes are given by €y = w?(é; —
6f.) and Qg = wl(ds — 65;), where §; and dg are the chemical shifts of the two spin
species. Resonant radiofrequency fields applied to the two spin species have amplitudes

corresponding to the nutation frequencies {w! ;,w> .}, and phases {¢7, ¢s}.
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According to Equation [2.40] the eigenoperators of Hy4 are given in the heteronuclear case
by products of spherical tensor operators. These may be labelled by their individual total
and z-angular momentum (T,gijklml m,)- The relevant eigenoperators for heteronuclear

dipolar relaxation are given by column (k1,k2) = (1,1) of table The thermalised

relaxation superoperator for the heteronuclear case may be expressed as follows:

+2 +2
Fﬁgng%z Z Z D[T(12) el 17w Vo(wd L —wh ).

11mimse’ ~11mime mimso mimsa mymy

/ / —
— mi,mo=—2
my,my=—2 ’

(2.150)
The relaxation dynamics of the Zeeman spin state populations are governed by the

following matrix:

o _ 612
[FLB} 4x4 N gblzx

laa) (aa |Ba) (B ) (o] 188) (B8]
— 15" (—wl)
— 15" (=) 167" () 167 () 30 (wh +wg)
—1/7 (= (] +wg))
— 16" (w})
167" (—w) — 15" (~w5) 217 (e} +w§) 167°(w8)
— 37" (W] — wg)
— 16" (—])
167" (-w5) /(W —wg) | ) (W) 16" ()
—57J" (—wf +w§)
— 157" (w))
77 (— (@) +w))) 16 (—w$) 1677 (—w) — 16" (w5)
i —1J7(w] +w§)
(2.151)

Simulations of the z-magnetisation dynamics during heteronuclear transient-NOE and
steady-state-NOE experiments [22, 37] involving pairs of 13C and 'H spins are shown
in figure The trajectories were generated by SpinDynamica software [63] using
equation The maximum achievable enhancement of the 3C magnetization for
a coupled 3C-'H pair in the steady-state NOE experiment is given by € ~ 3. The
numerical simulations of figure [2.6(b) confirm that this well-known result [22, 37] may

be reproduced by using the Lindbladian relaxation superoperator.

2.6.3 Singlet-Triplet conversion

As a concluding example the build-up of longitudinal magnetization in a system of mag-

netically equivalent (or near-equivalent) spin-1/2 pairs fully populated in their singlet
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FIGURE 2.6: Simulations of heteronuclear Overhauser effects (NOE) in a system of
'H-13C pairs at a temperature of 300 K and a magnetic field of 11.75 T using the
Lindbladian form of the relaxation superoperator (equation . The black curves
show the ratio of the *H (I-spin) magnetization M/ to its thermal equilibrium value
MCIq. The red curves show the ratio of the !3C (S-spin) magnetization M2 to its thermal
equilibrium value Mcsq. (a) Simulation of the transient NOE. Starting from thermal
equilibrium, a selective m-rotation is applied to the 'H spins at time point ¢t = 5s and
the expectation values of the z-angular momentum components of both spin species
tracked in the subsequent interval. No resonant rf field is applied (wf,, = w3 = 0).
(b) Simulation of the steady-state NOE. Starting from a thermal equilibrium state,
continuous rf irradiation with nutation frequency wl , = 27 x 100 Hz is applied to
the 'H spins, starting at time point ¢ = 5s. No rf field is applied to the '*C spins
(w3 = 0). The dipolar relaxation was treated using equation The simulation
parameters are as follows: Q; = Qg = 0, 7¢ = 10 ps, bys = —27 x 30kHz. For this
choice of parameters the 'H and 3C T time constants are T{ = T = 5.62 s.

state is considered. Under normal conditions this represents a system that has been pre-
pared “in an unusual way” (the experimental verification will be given in the following

section).

The dominant and perturbative parts of the coherent Hamiltonian in the absence of

resonance rf fields are given by:
Hp=u(I, + Ir.), Hp=2nJol; - I, (2.152)

so that spherical tensor operators may be used as the eigenoperators of Hy.

The relaxation of the system may be modelled as a superposition of the dipole-dipole
(DD) and fluctuating random field (ran) mechanisms [39]. The fluctuating random
field mechanism may include spin-rotation interactions as well as external random fields
deriving from, for example, paramagnetic species in solution. The DD mechanism does
not induce spin-isomer conversion, which is entirely driven by uncorrelated random fields.

The relaxation superoperator in the Lindblad formalism is therefore written as

[0y =DVRP + Y5, (2.153)
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The DD Lindbladian relaxation superoperator f‘%g D is given by equation [2.143] A suit-

able relaxation superoperator for the fluctuating random fields is given by the following

expression
+1
0, ran ; f
FL,Ba - Z ’%Z rms rms Z [ 1(7—y)pT( 2 ]Jrean( 0)7 (2154)
7.7 1 m=—1
where
T8 (@) = Jran(w) exp(—1 Bow) (2.155)
and )
Tran
Jran(W) = [ (2.156)

ran
Here Jyan(w) represents the spectral density for the external random field fluctuations,

wﬁfgs is the root-mean-square amplitude of the local field fluctuations, assumed to be

isotropic and the same for the two sites (wyms = wﬁlln)s = wﬁs) The coefficient —1 <
k12 < 1 describes the correlation between random field fluctuations at spin sites (i) and
(7). By definition, k11 = k92 = 1. Perfectly correlated random fields are described by

k12 = 1 while uncorrelated random fields have k15 = 0.

In the extreme narrowing limit, the spectral density functions are frequency-independent

(J(w) =~ 27¢). The relaxation rate constant R is given by
Ry = RYP + RP™, (2.157)
where the individual contributions to R; are given by the following matrix elements

(LTI
RDD (I ’I
(L TP L)
(L|L)

3

= Eb%ﬂc (cosh (%ﬁgwo) + 4 cosh (ngo)) ,

(2.158)
R = = 2w2  Tran cosh (% Bow?).
In the Lindblad formalism, the temperature-dependence of the spin-lattice relaxation
rate constants derives not only from the temperature-dependence of the correlation
time 7o and Tyan, but also from the explicit temperature dependence of the hyperbolic
functions in equation [2.158

The relaxation rate constant for singlet order (the mean population difference between
the singlet and triplet states) is given by the following matrix element
(L TPE" L T) 4,

Rg = R§" = — van (1 — 1+ 2cosh ($8pw?)) .
° 5 (I - Io|I; - In) = 3ms (1= rr2) ( cosh (3p"))
(2.159)
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In the high-temperature limit, which is applicable to NMR at ordinary temperatures,

these expressions are given by:
3
RPP ~ ib%QTC, R ~ 202 Tran, REM o~ 4w Tran(1 — Ki2). (2.160)

The relaxation rate constant for singlet order Rg vanishes for perfectly correlated random
fields (Iﬁlg = 1)

As shown in Appendix the trajectory of the z-magnetisation is well approximated

within the fast-motion and high-temperature limit by the following expression
<Iz(t)>/<Iz>eq ~1— Ajexp(—Rit) — Agexp(—Rgt), (2.161)

where the coefficients are

Rg _ —2R1 + Rg

Ay = S
"7 2(Ri—Rs)’ 7 2(R, - Ry)

(2.162)

The first exponential in equation represents the fast equilibration of the outer
triplet states due to 717 processes. The second exponential represents the singlet-triplet
conversion process. The coefficients approach A; — 0 and Ag — —1 in the limit
Ry > Rg, in which case the recovery of z-magnetization is dominated by the small rate

constant Rg for the singlet-triplet conversion.

A numerical comparison between the IME and the Lindblad approach is shown figure[2.7]
As figure shows there is great disagreement between the IME and the Lindblad
approach. This may be rationalised as follows. Because the singlet and triplet states
are approximately eigenstates of the dominant Hamiltonian, the conversion between the
I = 0 and I = 1 manifold is rather inefficient. The corresponding time scale of the
process is described by a time constant Tg = Rgl (see figure top). However, the
triplet manifold rapidly magnetizes in the magnetic field due to spin-lattice relaxation,
leading to the establishment of a Boltzmann distribution between its Zeeman-split energy
levels (see figure middle). The spin-lattice relaxation time constant 7} is therefore
much smaller than the time constant Ts for singlet-to-triplet conversion. It is therefore
reasonable to assume that the rate of magnetization build-up is limited by the slowest
process, which is the singlet-to-triplet conversion. Hence, the magnetization should build

up along the field with the slow time constant of the order of Tg rather than T; (see

figure bottom).

The IME however predicts a recovery of the z-magnetisation with a time constant 77.
It follows that the IME completely fails to capture the physical picture. This is a direct
consequence of the initial density operator being far from equilibrium. The IME is

simply not suited to treat these cases.
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FIGURE 2.7: A particular example which illustrates the failure of the IME for spin sys-

tems far from equilibrium. The horizontal lines represent the Hamiltonian eigenvalues

(energy levels) and the balls represent state populations. (a) An ensemble of spin-1/2

pairs is prepared so that only the non-magnetic (I = 0) singlet state is populated. Con-
version from the singlet state to the magnetic triplet states (I = 1) occurs with a time
constant Ts. The triplet manifold reaches thermal equilibrium in a magnetic field with
time constant 77, such that 77 < Ts. (b) Trajectories of the spin magnetization along
the field M., normalized to the thermal equilibrium value. The IME predicts recovery
of M, with time constant T} (dashed line), which is physically unreasonable. The Lind-
blad trajectory (solid line) has been simulated using equations and The

simulations were performed using the parameters: wyms = 27 X 10 kHz, 7pan = 60.31
ps, k12 = 0.955, 7¢ = 107 fs and b;o = —27 x 34.88 kHz, resulting in relaxation time

20 40 60 80 100
time /s

constants: 77 = 2 s and Ts = 22.5 s.

The Lindblad method on the other correctly captures the physical picture and describes
the recovery of the longitudinal magnetization with the long time constant Ts > T}, as
indicated by the (approximate) analytic solution of equation [2.161
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2.7 Fullerene-encapsulated water (H,OQCg))

The following discussion is based on references [39 and 81

Modern NMR techniques routinely generate far from equilibrium systems. Many of these
systems may not be adequately described within a semi-classical approach. Instead more
sophisticated thermalisation techniques such as the Lindblad method become relevant. A
particular example where this is true, is given by fullerene-encapsulated water molecules
(H,0@Cgp) as shown in figure [2.8h.

a) b) — para — ortho

eq. fraction
o
(6]

0 20 40 60 80 100
temperature [K]

FIGURE 2.8: a) Schematic representation of a fullerene-encapsulated water molecule
(not to scale). b) The two protons of the HyOQCgy molecules may occupy either
a nuclear singlet or one of its triplet states. The fractional population of these two
spin-states depends significantly on the temperature of the environment.

The Cgo framework acts as an isolating cage for the water molecule reducing the effect
of external influences, most notably proton exchange. Inside the fullerene cage the
water molecule undergoes unhindered rotation and behaves like a molecular quantum
rotor. The rotational motion of the water molecule is therefore quantised and may be

characterised by the corresponding quantum numbers. In a rigid rotor approximation
the energy levels (see figure [2.9)) are given by [82], 83]

2
g, = /U7 (2.163)
21\
where each energy level is (2J + 1)—times degenerate and Iy denotes the moment of in-
ertia of the water molecule. In some way the encapsulated water molecule thus behaves

similarly to water in the gas phase.

The HoO@Cgy molecules exhibit interesting magnetic properties due to Pauli princi-
ple [84]. The overall wave function of a molecule may be denoted by (7, §) with 7

describing all spatial degrees of freedom and § describing all spin degrees of freedom.
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FIGURE 2.9: Rotational energy levels of a quantum rigid rotor (left) and the particle
exchange symmetry of the associated eigenstate (right).

For the HoO@Cgp molecules the vector 7 describes rotational degrees of freedom. The
Pauli principle states that the total wave function (for fermions) has to remain anti-

symmetric under exchange of any two particles

(Pij)(7,5) = —(PyT, Pij3), (2.164)

where Pj; represents the exchange operator for the particles 7 and j. A common simpli-
fication assumes that the total wave function may be decomposed into a direct product
82]

of spatial and spin degrees of freedom

P(7,8) = ¢(r)x(5). (2.165)

It follows that the Pauli principle may only be fulfilled if either the spatial part or the
spin part is anti-symmetric under particle exchange, but never both. The ladder in figure
indicates that rotational wave functions described by an even rotational quantum
number J = 2n are symmetric, whereas rotational wave functions characterised by odd
rotational quantum number J = 2n 4+ 1 are anti-symmetric under particle exchange.
This suggests the following pattern for the combination of rotational and spin wave

functions:

o(7) | x(8)
P(7,§) | even | odd
Y(7,5) | odd | even

TABLE 2.2: Possible permutation symmetries of spatial and spin wave functions under
the exchange of any two particles in order to fulfill the Pauli Principle.
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Symmetric rotational states may therefore only combine with anti-symmetric spin states

and anti-symmetric rotational states may only combine with symmetric spin states.

This leads to the concept of spin isomerism describing the idea that encapsulated
H20O molecules may exclusively exist in a para-state (I=0) or ortho-state (I=1). To
a good approximation the populations of the ortho- and para-states are governed by a
rotational Boltzmann-distribution. Experimental observations indicate that the equilib-
rium fraction of ortho and para HoOQ@Cgq follow the Boltzmann-distribution indicated in
figure [85, 86]. At low temperatures only the non-magnetic para state is accessible
as it couples to the rotational ground state with J = 0. Sample cooling below T < 10 K

therefore provides an experimental way to prepare the system in a pure para-state.

The following discussion will be based on Hy'%0@QCgy and Hy'"O@Cg molecules. Both
isotopologues behave as quantum rotors at low temperatures. The Hy'O@Cgqq molecules
represent an easy model system to study, whereas Hy!"O@Cq; molecules are slightly
more interesting from an NMR point of view. The Hy'7O@QCg, molecules display sur-
prisingly rich spectral properties even if the system is initially prepared in a thermal
equilibrium state. The spectral discussion will be followed up by a description of the
spin isomer conversion phenomenon at room temperature for both the Hy'0@QCg, and
the Hy'"O@QCg, molecules.

2.7.1 Proton line shape factors

The HoO@Cgy molecules have been synthesised by molecular surgery techniques, a de-
tailed description of the synthesis can be found in references87H89. The starting material
may either consist of Hy'0 or Hy'7O molecules leading to Hy'00@QCg, or Hy"OQCyy,

respectively.

Spectral properties of the Hy'7"O@Cgp molecules have been analysed by dissolving 26.77
mg of the material in 1 mL of ortho-dichlorobenzene-d4 (ODCB-d4). Before acquisition
the sample has been thoroughly degassed by several standard freeze-pump-cycles to
reduce the content of dissolved molecular oxygen. The determination of the line shapes
proceeded by simple pulse excitation of equilibrium spin-order. The relevant portion of
the resulting Hy'"O@Cgq proton spectrum is shown in figure

The proton spectrum shows a clear sextet structure with a small Hy'00@QCqq impurity
at its center. The sextet structure follows from the non-zero scalar coupling of the two
protons to the 7O nucleus. The 170 nucleus possesses spin S = 5/2 with (2x5/2+1 = 6)
different 17O spin states. These split the proton signal of the 'H, into a sextet. Clearly
by symmetry the signal of the second proton 'H, is also split into a sextet in exactly

the same fashion. The resonance frequencies for the 'H, and 'H, are thus identical and
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FIGURE 2.10: Relevant region of the Hy'"O@Cgo proton spectrum after simple pulse
excitation. Sample was dissolved in ODCB-d4 with a final concentration of 36.2 mM.
The proton resonances are split into a sextet structure. Individual peaks may be asso-
ciated with the z-angular momentum quantum number mg of the 17O. The assignment
assumes a negative scalar coupling constant. The central resonance (indicated by a
star) may be attributed to Hy'9O@Cg, impurities. Spectral integration indicates that
88% of the fullerenes are occupied by Hy'7O molecules and the remaining 12% with
H3'%0. The peak linewidths of the sextet display the ratios (15:23:18:18:23:15).

overlap with each other. The individual peaks of the sextet may therefore be associated

with one of the projection quantum numbers mg of the 17O spin (see figure top).

The laboratory frame coherent Hamiltonian for this system may be expressed as follows:

HED = 01, 4 In.) 4+ wiS. + 2715 (11,5, 4 12.S,) = W1, +wiS, + 2w Sig .S,
(2.166)
where w? represents the Larmor frequency of the protons, w(s) the Larmor frequency of
the oxygen and Jig their mutual scalar coupling constant. The z-angular momentum
operators I, refer to the z-angular momentum of the protons and the z-angular momen-
tum operator S, refers to the z-angular momentum of the oxygen. The scalar coupling
between the protons has been omitted as these do not contribute to the NMR signal [22].

The resulting rotating frame Hamiltonian is given by a single scalar coupling interaction

Heop = 2100151 S.. (2.167)
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The splitting of the proton lines is rather unremarkable and may be explained by stan-
dard NMR theory. But the linewidth behaviour of the proton resonances is surprising
and requires more careful analysis. The proton peaks highlighted in figure [2.10] display
identical peak areas, but rather different proton linewidths (here defined as the full width
at a peaks half maximum height). The linewidths for the proton peaks are 9.1 + 0.3 Hz
(mg = £5/2), 13.2 £ 0.3 Hz (mg = £3/2) and 10.7 £ 0.1 Hz (mg = £1/2) leading
to ratios (15:23:18:18:23:15). In general the linewidth of a Lorentzian is related to its
relaxation rate constant \;. The real part of a complex Lorentzian (see equation

takes the form
Aj

Re{S;(w)} = Mgq X 57—
I TN (w0 —wy)?

(2.168)

where \; and w; represent generic relaxation rate constants and resonance frequencies.

The half maximum peak height of a real Lorentzian occurs at (w; £ A;)

1 1
Re{S;(wj — Aj)} = Re{S;(w; + A\j)} = MO = x =, (2.169)
2\;  2)
so that the peak linewidth is proportional to twice relaxation rate constant (o< 2A;).
This means that the resonances of the 'H spectrum with mg = +5/2, mg = +3/2 and

mg = £1/2 all relax at different rates.

In general there are several relaxation mechanisms that may contribute to the spectral
line shape. Common relaxation mechanisms for smalls molecules, such as the encapsu-
lated HoO molecules, are fluctuating dipolar fields, external random fields and chemical
shift anisotropy modulation [36]. These however are incapable of explaining the peculiar
peak linewidth pattern of figure Instead numerical simulations suggest that the
proton line shape is completely dominated by the quadrupolar relaxation of the oxygen
spin. A comparison between the experimental spectrum (figure and a SpinDynam-
ica simulation including only quadrupolar relaxation of the oxygen is shown in figure
2.11] [63].

The spectral simulation assumed a semi-classical expression for the quadrupolar relax-
ation superoperator and the coherent Hamiltonian given by equation [2.166] Within the

fast motion limit the quadrupolar relaxation superoperators takes the following form [36]

) 3)||2 3 3 3
with HAEQ)H = (P W w).

2
3 T || (3] ~(3) (3
& == > o i,

=—2

(2.170)

Explicit expressions for the quadrupolar ISTO are given in appendix Good agree-
ment between the experimental and simulated spectrum was found for Jig = —77.9 Hz,
7¢c = 107 fs. The norm of the quadrupole tensor HAS’)H/QW = 0.675 MHz has been

calculated previously using quantum chemistry techniques [90].
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FIGURE 2.11: Comparison between the experimental (black) and simulated (blue)
proton spectrum of the Hy'"O@Cgo molecules after simple pulse excitation. The proton
line shape is completely dominated by quadrupolar relaxation of the oxygen and other
relaxation mechanisms have been neglected. The simulation parameters are Jig =

~77.9 Hz, ¢ = 107 fs and HAS') H/% — 0.675 MHz.

For the line shape determination it is not necessary to employ the Lindblad formalism
since the initial state of the system represents equilibrium spin order. Instead it is

sufficient to consider the following Liouvillian
L~ —iHep+TE, (2.171)

with Heopn representing the commutation superoperator of the coherent Hamiltonian
given by equation[2.167] Choosing a particular set of basis operators the Liouvillian may
be represented by a (N%[ X N72-[) dimensional matrix. The dimensionality of the problem
quickly grows with an increasing number of spins and larger spin angular momenta. For
the line shape problem however it is not necessary to consider the complete matrix of
the Liouvillian. The subspace spanned by the following set of orthogonal spin operators

contains all the necessary information
{I; +1;)®|S,ms)(ms, S|}, mge{-5,-S+1,...,+5+1,+5}. (2.172)

For the Hy'"O@Cgg case with S = 5/2 the line shape information is contained within a

(6 x 6) dimensional subspace. The projected matrix block takes the following form:
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2
with 7 = HAS’)H C.
(2.173)

For sufficiently slow proton relaxation, which is usually the case in such systems, the
condition 1/Tx < 27Jig is well satisfied. In this regime the off-diagonal matrix elements
become negligible in the sense of first order perturbation theory [25]. The line widths

of the proton peaks are then given by the real part of the diagonal elements.

Since similar setups are frequently encountered in the context of nuclear long-lived spin
states one may generalise the considerations above to a generic third spin S. To deter-
mine the line shape factors for a generic spin .S one may first observe that the quadrupolar
relaxation superoperator only acts on spin S. The required matrix elements indicated

by equation [2.172] are then fully determined by a set of single spin commutators

3 3 S
Ty | P, m [ Poims) = 755, Py mals (2.174)
where the operators PT,SQ1 m, are defined as follows:
Py, ny = 1S, m1)(S, mal. (2.175)

As indicated in appendix |A.2| the spherical tensor operators T. 2(3% may be expressed

in terms of shift and z-angular momentum operators. Their action onto an angular

momentum state for the quadrupolar spin is given by the following expressions:

STIS,mi) = C&,, 1S mi + 1) =V/S(S + 1) — mi(mi + 1)|S,m; + 1),
S7I8,mi) = Cg,, 1S, mi — 1) =/S(S + 1) = mi(m; — 1)|S,m; — 1), (2.176)
§z|5a mi> = mi|57mi>'
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The relations above may be used to determine the general expression for the commuta-
tors in equation [2.174]

(3) ps _ 1 s — e s
[T22 7Pm1 mz} - +§(C§m1 C;,mlJrlP 1+2,m2 CS,mzcs,m271Pm15m2*2)7

1
T 2(1)7PS ] = _i(mlcs P — (mg — 1)CS pS

m1,ms2 myT mi1+1,me sma® m1,ma—1

s (2.177)
+ (m1 + 1)05 Pm1+1 ma mQCSmQ mi,ma— 1)

;1M1
3 3
[T2(0)7 Pﬂil,mg} = +\/;(m1 mQ) Pﬂil,mg

Within the projected subspace of equation [2.172 the spherical tensor operators of oppo-
site projections additionally commute

¥ 1 =0, (2.178)

2m>

so that a matrix element for a generic spin S reduces to the sum of three contributions

Tc ® 2
1,m1 2,M2 { 1,m1 2 2 22 2,Mm32 (2.179)

+2( ml,ml‘TZ 1 ‘ ma, mz) ( ml,m1|T20 20’ 77”L2,m2)}

The commutator relations of equation may then be substituted into equation
If the projection quantum numbers are restricted to m; < mg the symbolic soft-
ware package Mathematica may be used to reduce the matrix elements to the following
algebraic expressions [91]

]F

( mi,mi | mgmg)_

- HA“”)H { = 0 ma(S(S +1)(S + 82 — 1) + 25(S + 1)m? — 3m?)
; (2.180)
+T05m1’m2+1(5 —m2)(S +mz +1)((2m2 + 1))

1
+E5m1’m2+2(1 — 2m2)2(S — mo + 1)(S + mg)}

And since the semi-classical relaxation superoperator is symmetric, the remaining matrix
elements for m; > mg are simply obtained by interchanging the projection numbers my

and mso.

As argued earlier for slow proton relaxation the line shape factors may be determined by
considering the diagonal elements with m; = mg. The relaxation rate constant A(m;)
of the proton peak associated with the projection quantum number m; of the .S spin is

then simply given by the expression below:

)‘(ml) ( ml,ml‘r ‘ ma, m1

2
- %CHAS’)H (3m? + 8 — 2m2S(S + 1) — S3(S +2)).
(2.181)
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For the case that S = 5/2 the following ratios for the peak linewidths are obtained

23

m{k(ﬁ/% A(£3/2), A(£1/2)} = {15,23,18}, (2.182)

which matches the peak linewidths of the experimental spectrum shown in figure [2.10

exactly.

2.7.2 H,0QC( g, spin isomer conversion

The observation of para-to-ortho conversion for the HoOQ@Cgy molecules at room tem-
perature is enabled by a technique known as bullet DNP [II]. A schematic overview of
the bullet DNP setup is given in figure 2.12]

F1GURE 2.12: The bullet DNP setup makes use of two NMR magnets. The first magnet
is equilibrated at low temperatures (T < 10 K), the second magnet is a conventional
high-field NMR magnet at room temperature. The two magnets are connected via a
transfer tube. Initially a bullet casing is loaded with a frozen sample solution and placed
inside the cooling magnet. The bullet may be transferred to the room temperature
magnet via the transfer tubing. The rapid transfer process is driven by pressurised
Helium gas. On its way to the detection magnet the bullet hits a receiver before it
reaches the sample region. On impact the frozen sample solution is released from the
bullet casing and drops into hot solvent of a conventional NMR tube. This leads to a
quick dissolution process. After the dissolution process the sample may be manipulated
by means of standard high-field NMR techniques.

The para-to-ortho conversion dynamics for both Hy'00@Cgy and Ha'"O@Cgg have been
observed in separate experiments but under identical conditions. Initially a 17 mM so-
lution of HoO@QCgp in ODCB-d4 has been prepared. The bullet casing was loaded with
50 puL of the 17 mM solution. The freezing process has been performed by exposing
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the loaded bullet to liquid nitrogen. Spin isomer enrichment proceeded by keeping the
bullet inside the cooling magnet (~ 4K) for approximately 15 hours. After equilibration
pressurised Helium gas at 8 bar has been used for a rapid transport of the sample to the
detection magnet. The transfer time was estimated to be around ~ 100 ms. Acquisition
of the FID started several seconds before arrival of the sample. After arrival relaxation
dynamics of the sample have been monitored by acquisition of a 'H-spectra time series

via application of 30° flip angle pulses every 250 ms.

To increase the signal-to-noise ratio the Hy'®0O@Cgo 'H-spectra have been multiplied
by a Lorentzian mask (see figure [2.13n). The processed spectra were subsequently inte-
grated to obtain the proton signal intensity as a function of time. The resulting recovery

of the z-magnetisation is shown in figure [2.13p.
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FIGURE 2.13: a) Hy'®0@Cs; thermal equilibrium proton spectrum in black.
Lorentzian mask is indicated in blue. Experimental spectrum has been obtained 8
minutes after the dissolution process and is averaged over 8 transients. b) Normalised
proton signal as a function of time. The time origin has been chosen to coincide with
the arrival of the sample (¢t = 0). Relaxation dynamics have been monitored by a series
of 'H-spectra acquired every 250 ms by simple 30° pulse excitation. Resulting spectra
have been integrated after multiplication by a Lorentzian mask and normalised with
respect to the steady-state equilibrium magnetisation.

The z-magnetisation trajectory shows a sharp peak at the start of the recovery process.
This peak results from observable Zeeman polarisation and is related to a residual mag-
netic ortho-Ho'00@Cg fraction. It is therefore likely that the equilibration process was
not fully completed even after a 15 hour cooling period at ~ 4K. The Zeeman polarisation
however quickly decays with a longitudinal relaxation time constant 77 of approximately
800 ms and the proton signal intensity drastically decreases below its thermal equilib-
rium value. This indicates the presence of a persistent non-magnetic para-Hy'50@QCq
fraction. After approximately 100 seconds the proton signal intensity has fully recov-
ered to its thermal equilibrium value. The slow recovery of the proton intensity may

be attributed to the relatively inefficient para-to-ortho spin isomer conversion process.
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This process occurs on a much longer time scale than ordinary 77 processes. Since the
spin isomer conversion process is closely related to singlet order decay the recovery of
the z-magnetisation may be described by a singlet order relaxation time constant T
of approximately 30 s. The para-to-ortho conversion process is much slower since the
transition from a para to ortho spin state is necessarily accompanied by a change in
the permutation symmetry of the spin wave function. Many of the very efficient relax-
ation mechanisms at high magnetic fields (intra-pair dipolar relaxation for example) are
incapable of inducing such transitions and are symmetry-forbidden [74H80]. The only ef-
fective relaxation mechanism driving the para-to-ortho conversion process are randomly

fluctuating fields experienced by the fullerene-encapsulated water molecules [39, [74].

Similar observations have been made for the Hy'"O@QCgo molecules. A time series of indi-
vidual 'H-spectra for the Hy'"O@Cgy molecules is shown in figure . Each spectrum
has been weighted by a Lorentzian mask (see figure bottom) and additionally
time-averaged over an acquisition time of 5 seconds for further improvements to the

signal-to-noise ratio.

Most notably the line shapes of the spectrum undergo substantial changes during the
recovery process. This may be further appreciated by the sign changes in the proton
magnetisation as indicated in figure 2.14p. The peculiar anti-phase pattern displayed by
the first proton spectra is characteristic for quantum rotor induced polarisation (QRIP)
effects. A full discussion of this effect goes beyond the scope of this work and a detailed

explanation may be found in references (61} [92] and 93l

In contrast to the Hy'%0O@Cqq sample the z-trajectories for the Hy'7O@Cgy molecules
do not display any pronounced intensity spikes at the start of the recovery process. The
substitution of 0O by 7O introduces additional dipolar and quadrupolar relaxation
pathways. This causes the Hy'"OQCgy para-to-ortho equilibration process to proceed
faster, and the residual Zeeman polarisation to relax quicker as the sample is being
transported to the detection region [39) [86]. It is therefore not too surprising that the
H,'"0@Cgy molecules display a faster spin isomer conversion rate than the Hy'50@Cg
molecules (compare figures and [2.14b). For the Hy'"O@Cgy molecules the spin
isomer conversion process is characterised by a time constant T's of 16 s. So after a period
of approximately 50 seconds after dissolution the conversion process is fully completed
and the Hy'"O@Cgy molecules have reached thermal equilibrium. The resulting thermal
proton spectrum at the bottom of figure can be seen to agree with the thermal

spectrum shown in figure [2.11

The observations above indicate that the state of the protons immediately after disso-

lution may be approximated by the following density operator pg(a, b)

pr(a,b) ~ (1 +2(1 — a)bl, — 4al, - Ip). (2.183)
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FIGURE 2.14: a) Hy'7"O@QCg spectral time series after dissolution. A thermal spectrum
with small Hy'%0@Cgq impurities is indicated at the bottom. The Lorentzian mask is
indicated in blue. Time series spectra have been averaged over 5 seconds acquisition
time and multiplied by the Lorentzian mask. The initial anti-phase pattern is a result
of a QRIP effect displayed by the Hy!7O@Cgo molecules. b) Normalised Hy'"O@Cg
proton signal as a function of time after the dissolution process (¢t = 0). The spectral
time series has been acquired 30° pulse excitation every 250 ms and resulting spectra
have been integrated after multiplication by a Lorentzian mask. Signal intensity of
the individual peaks has been normalised with respect to their steady-state equilibrium
value.

Strictly speaking this operator represents the state of the Hy'°0@Cqq protons, for the
H2'70@Cg case one should use the density operator py(a,b) ® po(0). The degree of
singlet polarisation is given by a € [0, 1] and the degree of residual Zeeman polarisation is
characterised by b € [0, 1]. For the limiting cases (a,b) = (1,0) and (a,b) = (0, —3Bpw°)
the density operator py(a,b) reduces to a fully polarised singlet state and a thermally

polarised Zeeman state, respectively:

pu(1,0) = [So) (Sol s

1 (2.184)
pu (0, —3Bpu’) = 1= Bow"L,).

To avoid confusion it should be noted that for the remainder of this section whenever
we compare a system to its thermal equilibrium state, we refer to a thermally polarised

Zeeman state at ~ 300 K with thermal equilibrium proton magnetisation Mg] defined
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by
(L|pu (0, — 3 Bow?))
(1:|12)

For high degrees of singlet polarisation the density operator given by equation [2.183

H
ML = (2.185)

represents a state far from thermal equilibrium . It is exactly this situation that the bullet
DNP experiments aims to create. It should therefore be expected that the relaxation
dynamics of the system may not be appropriately described by the IME or related

techniques but should employ the Lindblad formulation described in section [2.4

For the simulations of the relaxation dynamics it has been found that chemical shift
contributions are negligible compared to random field, dipolar and quadrupolar (for
the H2'70) contributions. The focus will therefore be on these three mechanisms. For
consistency reasons the interactions are first expressed in a common reference frame. It
is convenient to choose a frame with the oxygen atom placed at its origin as the common

frame. A schematic representation of the reference frame of choice is shown in figure

2.10]

r 3

=

FIGURE 2.15: Molecular reference frame for the HoO@Cgg molecules. The z-axis is
aligned with the symmetry axis of the water molecule. The hydrogen atoms are placed
along the x-axis. The distance between the oxygen and a proton atom is indicated by
ron. The angle between the z-axis and the proton-oxygen bond is given by %GHOH,
where 6oy represents the angle enclosed by both proton-oxygen bonds.

The resulting coordinates for the individual atoms are summarised below:

r; = [ —sin(30non) 0 — cos(36uom) }TOHa
ro = [ —i—sin(%@HOH) 0 —COS(%HHOH) i|7“OH, (2.186)

ry = [0 0 0},
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where the indices {1,2,3} refer to the atoms {'H,,"Hy,'%/170}. The proton-oxygen
distance is represented by ron and Oop describes the angle enclosed by the two proton-

oxygen bonds.

As the HoO@QCgy molecules enter the hot solvent bath inside the detection magnet a
majority of the previously inaccessible rotational states become accessible. Since rota-
tional transitions are much faster than nuclear transitions we assume a quick equilibra-
tion of the rotational states on the NMR timescale [94]. The relaxation process of the
fullerene-encapsulated molecules may then be described according to an isotropic diffu-
sion model [50]. It is further reasonable to assume that the rotational diffusion of the
cage and the encapsulated water molecules are uncorrelated since the reorientation speed
of the water molecules exceeds the reorientation speed of the cage. Experimental obser-
vations indicate that the two diffusion constants are separated by approximately three
orders of magnitude. This may be established by analysing the relaxation behaviour of

single 13C of the Cgo framework, for example [S1].

The diffusion frame of the HoO may then be assumed to be aligned with the coordinate
frame indicated in figure and the rotational diffusion process is described by a single

diffusion constant 7¢.

The dipolar interaction tensors may then be calculated by making use of equation [1.79

and the atomic coordinates of equation [2.180|

2 0 0 (1 = 3cos(fuon)) O 3 sin(Ouon)
WhP=10 -1 o |, WRP= 0 —1 0 ,
0 0 -1 3 sin(fnon) 0  3(1+43cos(fuon))
[ $(1 —3cos(fuon)) 0 —3 sin(fuon)
WP = 0 -1 0 :
i —% sin(fgon) 0 %(1 + 3 cos(fon))
(2.187)

so that the dipolar relaxation superoperator (in the fast motion limit) may be expressed

as shown below [36]:

DD DDT
§ cPeyP E T3 75" (2.188)
1<J m*—2
k<l

A thermalised version of the dipolar relaxation superoperator is obtained by streamlining
the Lindblad thermalisation method presented in section [2.4] To do so we make use of

the following thermalisation superoperator

Orp = exp(— 1By HED), (2.189)
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where H éoh is given by equatlon 2.166 Additionally we define a projection superoperator
73” with the property of projecting out any part of Q that commutes with H'2P

coh

[HED, Py(Q)] = 0. (2.190)

The projection superoperator 75H may be realised by first transforming a superoperator
Q into the eigenbasis of Hé?)]ﬁ followed by deletion of all matrix elements connecting
non-degenerate states. The thermalised dipolar relaxation superoperator in Lindblad

form may then be expressed as shown below:

e
pODD _ ZCDDC DDT Z Py(D O[Ty, Ors(Tym' ). (2.191)
i<j m==2
k<1

Similar expressions are obtained for the thermalised random field relaxation superoper-

ator

flaan _ Z kijwlD W) Z PUDIT, Orp(TIN)). (2.192)

1,j=1 m=—1

For the Hy'"O@Cgqq molecules we additionally introduce a thermalised quadrupolar re-
laxation superoperator. With the current choice of reference frame the semi-classical
quadrupolar relaxation superoperator coincides with the expression given in equation
Its thermalised counterpart takes the following form

i = Z Py (DTS, Oua(T)). (2.193)

The total relaxation superoperator for the Hy'80@QCq, and Hy'7"O@Cg cases are then

given by the expressions below
05(100) = TPPP 4 T0rn [0 (170) = 1PPP 4 10 4 100 (2.194)

Evaluation of the corresponding matrix elements shows that the singlet decay constants

Ty Lin the fast motion and high-temperature regime is given by the following expressions:

_ I, - L)Y, (*%0) |I; - I)
TllGO:_(l 2111B = 47van (1 — K12)wM @)
S ( ) (Il '12’11 12) T ( 12) rms“*rms
I - LT .(70) |1, - I
T§1(170):_( 1 DT (70 [T - 1) = 357¢ CPCRP sin (Onon)® + T5 1 (*°0).

I, - IL - Ip)
(2.195)

Agreement between the experimentally observed relaxation rates and the expressions

given in equation [2.195 may be obtained by utilising the parameters indicated in table
23l

A comparison between the simulated and experimental z-magnetisation recovery for the
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T BY TOH Ouon TC
300 K 11.75 T 1.00 x 1079 m | 109.64° 107 fs
3
Jis HAEJH jom | CRD/2n CRB j2r | OB /2r
-77.9 Hz | 0.675 MHz -27.48 kHz 16.28 kHz | 16.28 kHz
Wgrlrzs/277 w1§r2r3s/27r WE?IZS/27T Tran
13 kHz 13 kHz 2 kHz 100 ps
K12 K13 K23
0.986 0.4 0.4

TABLE 2.3: NMR parameters for the HoOQCg simulations. Parameters agree with
references [39), [811 [90] and 95l

H,'0@Cg and Hy!'"O@Cgy molecules is shown in figure All simulations have

been performed using SpinDynamica [63].
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FIGURE 2.16: Comparison between experimental (black) and simulated (red) HoO@QCg
spin-isomer conversion at 300 K. a) Proton magnetisation recovery dynamics for
H,'%0@Cg; molecules. The simulations indicate an initial para fraction of 45% and a
residual Zeeman enhancement of 20x Mglq@iiOOK. b) Proton magnetisation recovery dy-
namics for the Ho'"O@Cgo molecules. Individual proton transitions are associated with
the projection number mg of the '7O. Each resonance displays a different relaxation
behaviour due to a small QRIP effect. A rough estimate on the initial para fraction and
Zeeman enhancement are 30% and 4 x MEQ@SOOK, respectively. Deviations between
experimental data and simulated trajectories are likely due to a combination of post
processing (application of a moving time average and Lorentzian mask) and the poor
quality of the unprocessed experimental data. Simulation parameters are summarised

in table
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The simulations allowed for a rough estimate of the initial para and ortho fractions.
For the Hy'®0@Cg molecules the experimental data was well matched for a = 0.45,
b = 048 x 1073 ~ 20 x ME @300K, indicating an initial para fraction of 45% and
slight Zeeman enhancement. The Hy!"O@QCgq molecules displayed a smaller initial para
fraction and Zeeman polarisation. Reasonable agreement was achieved by assuming
a=03,b=0.01 x 1072 =~ 4 x ML @300K, indicating an initial para fraction of 30%.

d
This is probably due to the presence of the quadrupolar 7O nucleus.

Overall there is excellent agreement between the simulations and the experimental data
for the Hy'0@Cgq case. The simulations for the Hy'"O@QCg only agree on a qualitative
basis. This might be due to the challenging quality of the raw data. As mentioned
previously extraction of the slow conversion process required filtering via a Lorentzian

mask and a moving time average of 5 seconds.






Chapter 3
Close to thermal equilibrium

Conventional NMR experiments are performed by coherently manipulating thermally
equilibrated systems. For typical high-field NMR setups the thermally equilibrated
state is given by a slightly magnetised sample. The extent of magnetisation depends
explicitly on the magnetic field strength and the temperature. Following arguments
from the previous section, at ordinary temperatures one may safely invoke the high-

temperature approximation and represent the high-field density operator as follows:
peq ~ Nyt (1 — hw®/(kpT)1,). (3.1)

Since the magnetic energy of the sample is relatively small compared to the average
thermal energy (hw®/(kgT) ~ 1075) the system is only slightly polarised. The applica-
tion of RF pulses may only influence whatever little Zeeman polarisation is present. For
this reason we refer to such systems as being close to thermal equilibrium even under

coherent manipulation.

The following section analyses some aspects of coherent manipulation of thermal spin
order in coupled spin-1/2 pairs. Special attention will be paid to spin pairs displaying
a small difference in their resonance frequency compared to their scalar coupling con-
stant. For such systems, the eigenstates of the coherent Hamiltonian closely resemble
the angular momentum singlet and triplet states and efficient coherent manipulation of

the angular momentum states becomes relevant.

3.1 Coupled spin-1/2 pairs

Before exploring the coherent manipulation of coupled spin-1/2 pairs some useful tools
for the analysis of typical NMR experiments are briefly summarised. The presented

pulse sequences are mainly analysed within this framework.

93
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3.1.1 The coherent Hamiltonian

For a generic two-spin-1/2 system in solution, the laboratory frame Hamiltonian may
be expressed as follows [22]:

Hy :w?llz—i—wgfgz—i—wjh - Io, W? = —QW’yJBg(l—l-éj

] 150)7 CL)J = 27TJ12' (3'2)

Using equation [1.63|it is convenient to move into a reference frame rotating at the mean
frequency (wrer = 2 (w? +w3)) of the two spins. In this reference frame the Hamiltonian

may be expressed as shown below:
_1 _ . — 0 W0 —9xA 3.3
Hy 2wA(I1z Ir.) +wsli - Iz, wa =wj —ws =27A. (3.3)

This particular representation of the Hamiltonian makes it obvious that the differential
chemical shift term is a symmetry breaking contribution and is key in accessing singlet-
order in coupled spin-1/2 systems. A measure for the degree of asymmetry is the mixing

angle of the Hamiltonian defined as follows:
Omix = arctan(|A/J|). (3.4)

The mixing angle ranges over Opix € [0, 7/2] with 0,,ix = 0 representing nearly-equivalent,

Omix = m/4 intermediate and Oyix = 7/2 inequivalent systems.

3.1.2 Single Transition operators

The subsequent treatment of two-spin-1/2 systems makes heavy use of the single transi-
tion operator formalism [96H98]. For any two states (|r),|s)) of the system it is possible

to construct the following set of operators:

1 1
I = =(Ir) (s| +[s) (r]), I, = —=(|r) (s| = |s) (r]),
S (sl + 1) (D), 137 = o=(Ir) (s = 1) {r]) (3.5)

= %(m {r| =1ls) (), 1" =1[r) {r| +s) (s].

satisfying the commutation relations below

175, T7°] = %eijklgs 175, 1% = 0. (3.6)
Single transition operators therefore generate the group SU(2). If the Hamiltonian of
the system allows for such a decomposition it is possible to think of the dynamics as

being broken up into the motion of several “fictitious”-spin-1/2 particles.
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3.1.3 A convenient basis

It is important to note that single transition operators do not only depend on the pair of
states, but also on the particular choice of basis. In that sense, there is some flexibility
in how to choose these operators. Unless otherwise stated the following basis will be

employed for the remainder of this chapter

1 1
V2 V2

This basis has some particular advantages when working with coupled spin-1/2 pairs.

{150),1To) , —= (IT4) +[T2)) s — (I1T4) = |T-))}- (3.7)

Most notably the Hamiltonian of equation decouples into three subspaces

Ho = H}? + H + H}
(3.8)

1 1 1
= {(,UA[%Q — CUJIZ12 — 1&)]112} + {ij]lg} + {ZWJ]14}.

Additionally, the total projection angular momentum operators are contained within

two-dimensional subspaces
Iy =217 I,=-210" I, =2I}" (3.9)

Every possible sequence of free evolution delays and radio frequency pulses may therefore

be visualised by simple operations onto fictitious-spin-1/2 particles.

3.2 Generalised magnetisation-to-singlet transfer

Since the first experimental demonstration of nuclear singlet states, and their surprising
NMR relaxation properties, the problem of converting magnetisation to singlet-order (or
vice versa) has been a topic of great interest [99]. Over the years several methods have
been developed to tackle this problem [99-104]. Most of these methods fall into one of
three categories.

The first category consists of adiabatic transformations [99-102]. Adiabatic transfor-
mations usually transform the eigenstates of the internal Hamiltonian to singlet and
triplet states. This is achieved by application of a suitable time-dependent and ”slowly”
time-varying Hamiltonian. As a consequence, populations of the internal Hamiltonian
are adiabatically transformed into singlet and triplet populations.

The second class of magnetisation to singlet order transformations may be summarised
as low power methods [103, [104]. These methods exploit avoided crossings in the rotat-
ing frame. Application of a low power pulse with a frequency matching the J coupling of
the two spins places the eigenenergies of the ”singlet” and the ”central triplet” state at
the center of the avoided crossing. At this point the energy levels are almost degenerate

leading to efficient singlet and central triplet mixing.



96 Chapter 3 Close to thermal equilibrium

The third category consists of high power methods that employ strong radio frequency
pulses separated by suitable evolution delays [I05H110]. In general, most of these se-
quences haven been developed either for strongly coupled (A < J) or weakly coupled
(A > J) spin systems.

The magnetisation-to-singlet (M2S) sequence (see figure is a popular choice for
strongly coupled spin systems [107]. Its efficiency however quickly drops off in the in-

(90)y - (180)y 4 (90). - (180)y  ~

TM2S TM2S ﬂ T™M2S T™M2S T™M2S

|

2n n

FIGURE 3.1: Schematic representation of the M2S pulse sequence. In the strong cou-
pling limit the evolution delay, Tvas, is given by 1/(4J) and the echo number, n, is
determined by the defining equation: 2ntan=!(wa/wy) = 7.

termediate regime (J ~ A).

While this certainly wasn’t an obstacle in the earlier days of singlet NMR, recent devel-
opments in the field of parahydrogen and field cycling NMR led to the need of sequence in
the intermediate regime [111],[112]. Parahydrogen represents a particular realisation of a
nuclear singlet-state connecting the fields of nuclear long-lived states and parahydrogen
NMR [16], I7]. In practical applications parahydrogen is initially reacted with a precur-
sor molecule resulting in a magnetically inequivalent spin system [16-19] 43| [113]. The
overpopulated singlet-state originating from the parahydrogen pair may then be con-
verted into magnetisation using one of the available singlet NMR sequences. In many
cases this results in substantial signal enhancements. There is however no guarantee
that the resulting spin system can be classified as either a strongly or weakly coupled
spin system. The utilisation of intermediate spin systems is therefore very limited in the
context of parahydrogen NMR.

Recently, the group of Jerschow extended the M2S to the intermediate regime by making
use of a chemical shift scaling (CSS) element [110}, 114]. The CSS element consists of a
spin echo train that modulates the chemical shift difference in an average Hamiltonain
sense [I15]. The CSS element may then replace the free evolution periods of the M2S. If
the scaled chemical shift term falls within the validity range of the M2S magnetisation
to singlet-order transformation becomes possible.

As noted in the original publication introduction of CSS elements increases the number
(m)-pulses of the M2S sequence considerably. To further compensate for error accumu-
lation it is common practice to replace a (7)-pulse by its composite counterpart [116].

In general, this has been known to cause extensive heating of the sample [110].
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The goal of this section is to extend the validity range of the M2S sequence from
nearly equivalent systems to intermediate systems. In similar fashion to the M2S, the
generalised-M2S is a consequence of simple geometric arguments. This avoids the ne-
cessity of introducing an increasing amount refocusing pulses to scale spin interactions

in an average Hamiltonian sense [115].

3.2.1 Transfer scheme

Similar to the M2S, the generalised-magnetisation-to-singlet (gM2S) sequence utilises

evolution blocks of the following type:
Usk(7,y) = Uo(7) — Ry(m) — Up(7), (3.10)

which are generally known as spin-echo (SE) blocks. As a favourable side effect spin-echo

blocks may also compensate for relaxation effects.

The spin-echo block is conveniently analysed within the single transition operator for-
malism. The Hamiltonian of equation may be expressed as follows in terms of single

transition operators

Ho = HY? + HS + H} -
11

1 1 1
= {CUAI;2 — CL)JI;Q — 100J]112} + {ij]l?’} =+ {ZWJ14}

The rotation operator R,(m) may also be decomposed into orthogonal rotations with
respect to the subspaces {1,2} and {3,4}

Ry(m) = iR (m)R¥ (). (3.12)
The echo propagator Usg(7,y) then decouples into two orthogonal transformations
Use(7,y) = Usg (7, y)Usg (T, y), (3.13)
with individual echo propagators given below

1
Ut (T, y) = @12(—§ij) exp{—iT w-T?}RZ (1) exp {—iT w - 1'%}

, 1
U8h(r.y) = 10% (5 r) B2 (m) _

wT:[wA 0 —WJ:|-

The propagators UdZ(7,y) and USA(7,y) may be understood as elements of the group
SU(2). For fixed 7 one may therefore represent an echo propagator as some effective

rotation within the respective subspace. Focusing on the {1, 2} subspace for the moment
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one may be represent UZ(7,y) as indicated below [117]:
1
Uk (1, y) = @12(—57%0])]%,112(9). (3.15)

The rotation axis n and the rotation angle ¢ are defined as follows:

ww, (cos(Twe)—1)
We \/wg—wg sin?(Tw,)

n= 0 ,

w2 +w? cos(Tw,)

We \/wg —w? sin®(Tw,)

(3.16)

6 =2cos? <_wz Sin(ﬂde)) ,
w

e

We = Vw - w = 2wV J2 + AZ.

To keep things compact the parametric dependence of n and 6 on (7,w) is being sup-
pressed.
By virtue of the rotation formula for SU(2) an equivalent representation of the rotation

operator R}2(0) is given by the following expression [117]
R12(0) = cos(0/2)1'% — 2isin(A/2)n - T'2. (3.17)

In the case of the M2S the echo delay 7 is chosen in such a way as to ensure the following
relations
n,=1 and n, =0. (3.18)

The appropriate delay and the resulting rotation angle are given by the expressions

below:

In the limit of small near equivalence (|A| < |J|) the evolution delay reduces to
mmes = 1/(4J) and the resulting echo block is often known as J-Synchronised-Echo
(JSE)[118].

A single JSE of the M2S sequence therefore produces an effective rotation around the
x-axis in the {1,2} subspace. The n-fold application of the M2S-JSE leads to an overall
rotation through an angle (n x fy2g). For the M2S the echo number n is chosen as to
generate effective (7/2)12- and (7)12-rotations. It can be shown that these two rotations

are sufficient to perform full conversion from magnetisation to singlet-order [107, [119].
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The relations of equationmay only be satisfied for strongly coupled systems |A| < |J].
For systems outside the nearly equivalent regime (A/J) > 1 one may only solve for the
inverse-cosine function by allowing myos to take on imaginary values. This of course
does not make much physical sense.

Physically speaking, in these cases a JSE is no longer able to generate pure effective

rotations around the z-axis in the {1,2} subspace (see figure 3.2)).

1.0f 1 1.0}F
a) b)
0.5t 0.8}
0.6}
0.0
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0.8 n
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FicURE 3.2: Graphical representation of the rotation axis components defined via
equation [3.16| as a function of the echo delay. The M2S echo delay is indicated by black
circles, whereas the gM2S echo delay is indicated by diamonds.

a) Rotation axis components for a nearly equivalent spin system (J = 10 Hz and A =1
Hz). In nearly equivalent spin systems it is always possible to choose an echo delay
that generates a pure effective z-rotation (n, = 0). It is also possible to choose an echo
delay that equalises the z and z-components (gM2S delay).

b) Rotation axis components for an intermediate spin system (J = 10 Hz and A =15
Hz). In the intermediate case it is no longer possible to choose echo delays that set the
z component to zero. It is however still possible to find values of 7 that fulfill the gM2S
condition.

c) Rotation axis components for an inequivalent spin system (J = 10 Hz and A = 30
Hz). Roughly speaking when A > 2.J it is no longer possible to find an echo delay that
fulfills the gM28S condition.

To overcome this issue the generalised-M2S (gM2S) modifies the conditions of equation

to the following:
n; =n,. (320)

The geometric reasoning for this particular choice is illustrated in figure [3.3

A (m)-rotation around an axis that is at an angle of 7/4 with respect to the z-axis
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@
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FIGURE 3.3: a) Graphical representation of the spatial rotation R,(7) with n being
at an angle of 7/4 with respect to the z-axis. The Cartesian basis vectors {e;, e, e}
are being mapped to {e,,—e,,e,}. b) Graphical representation of the sequence of
rotations Ry(w/2)R.(m). This sequence of rotations performs the same mapping as
rotation a) and illustrates the relation of equation m

is (almost) equivalent to a (7/2)y-rotation. The formal relation between these two

operations is summarised below:

Ru(r) = Ry(n/2)R.(r), n=]1/v2 0 1/\@]. (3.21)

Instead of trying to generate a pure effective x-rotation the gM2S sequence generates
an effective rotation around the R,(m/4)e,-axis. This single operation is sufficient to
perform conversion from magnetisation to singlet-order for systems classifying as nearly
equivalent to intermediate.

In the case of the gM2S the echo delay is modified to the following relations

TgMas = w, | cos™ (W) = (27 J2 4+ A2)"cos™! <m> . (3.22)

The resulting effective rotation angle fgnos is indicated below:

2 2 2 _ A2
OgMas = 2cos ! (—::\/1 - W) = 2cos™ ! (J\/J J—;(?]J_,_AA)QA ) .
(3.23)
The delay for the gM2S is well defined as long as (J + (1 —+/2)A > 0). If this condition
is met the gM2S is guaranteed to provide a valid effective rotation around the tilted
Ry(m/4)e.-axis.
The gM2S proceeds in similar fashion to the M2S. The first step is to find an echo
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number n = n* satisfying:
" X Ognios = T mod 27, (3.24)

to utilize equation The effective propagator for the n*-fold application of the gM2S

echo is then approximately given by the following expression

Ul (rgnizs, 1) = i7" O12(—n* ragass /2) 0% (n* rgaiaseos [2) RE2(n /2) R () R (n* ).
(3.25)
The effective propagator for an n*-fold gM2S echo is therefore identical (up to some
phase) to an n*-fold M2S echo. The concatenation of elementary gM2S events is however
slightly different to the M2S sequence. An idealised sequence of events for the gM2S is
illustrated in figure

The gM2S sequence starts by exchanging the states 1) and |2). The pulse element block
that achieves this transformation is indicated in figure a). The exact transformation

of block a) is given by the following expression

Udnias = Ud(Temos, y) — Ry(m) — Ugg (Tomas, )

; ’ (3.26)
= Ugp(Temas, y) — i R (m) RS () — Udg (Temas, v).-

Making use of equation the propagator for block a) may be expressed as follows:

Ughios =
i <I>12(—n*TgMQSa)J/2)(1)34(n*TgMgst/2)R;2 (m/2) R (m)R3* (n*n)
iR (m) R (m)

i B2 (—n*roesws/2) 03 (n*TgMgst/Q)R;Z (7/2) R (7)) R¥* (n* 7).

(3.27)

After some manipulation one may express the propagator for block a) in a slightly more
intuitive form as shown below

UgaMQS ~ (1)12(7[')@34(—71’/2)@12(—n*TgMQSwJ)(I)34(n*TgMgst)012R§4 (71'), (3.28)

where the symbol o has been used to indicate a state permutation to avoid confusion
with spin permutation operators (usually denoted by P).

Block a) finishes by a suitable phase evolution step. It is difficult to see the immediate
necessity for this step, but for now the following idealised phase evolution operation will
be inserted

Ubrias = @'2(0)2*(8). (3.29)
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FIGURE 3.4: Illustration of the gM2S pulse sequence with corresponding action onto
the Bloch sphere starting from I, = I23. The gM2S sequence may be analysed by
following the dynamics of the {1,2} and {3,2} Bloch spheres simultaneously. a) The
first part of the gM2S sequence performs an exchange of the states |1) and |2). The
orientation of the top Bloch vector is flipped, whereas the orientation of the bottom
Bloch vector remains unchanged. The exchange is not pure and adds a phase factor to
both states. The phase factor is compensated for by an additional evolution period ey .
b) A (7/2), exchanges the states |2) and |3). ¢) An additional gM2S echo-block rotates
the Bloch vector in the {1,2} subspace. This transformation takes the bottom Bloch
sphere {3,2} to a {1,2} Bloch sphere copy. Assuming a perfect phase compensation in
the free evolution part of a) the two Bloch vectors end up in the transverse plane with
opposite orientation. The resulting density operator in combination with its adjoint
are easily shown to correspond to pure I'? or singlet-order.

Phase evolution is followed up by a single (7/2),-pulse. For the current choice of basis
the propagator for block b) takes a particular simple form

Ugios = 9% (7/2) 023, (3.30)

resulting in the exchange of states |2) and |3) with an additional (7/2) phase shift. The
last block of the gM2S sequence consists of an n*-fold gM2S echo

*

Usaios = 1" B2 (—n*Tomaswy /2) @3 (n* Tanasw J/Q)R;Q(7r/2)R;2(7r)R§4(n*7r). (3.31)
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The idealised propagator for the gM2S sequence is therefore given by the following
expression
ideal
Usiss = UdniasUshiasU. M2SU M2S- (3.32)

The action of the total gM2S propagator onto the initial density operator p(0) = %.Q

reduces to a simple expression

ideal ideal ideal \ 723 (7rideal
PgM2s = (Uéﬁgs) (Uaiss) = (Uéﬁ;s)l (Uaias)!

= —sin(a — B — 2n*wJTgMQS)IZ2 —cos(a— 8 — 2n*wJTgMQS)I;2

(3.33)

An appropriate operator to measure the amount of singlet-order in a two-spin-1/2 system

is given by the following expression

1(1112 — 13, (3.34)

Qso=—11-12:1,§2+4

The amount of singlet-order contained within the density operator pgnas is then calcu-

lated as follows:

qso = (%SOO'%:ZS)) = —g sin(a — B — 2n*w Tem2s).- (3.35)
The necessity for the phase evolution step is now apparent. Without phase compensa-
tion the singlet-order amplitude gso would be limited by the product (4wJn* X Tamos).
There is however no guarantee that this product would maximise/minimise the sine
function.
Assuming perfect phase compensation for the moment the maximum achievable singlet-
amplitude for the gM2S sequence equals the theoretical maximum of ¢§§* = :I:% [120].
In an actual experiment however the ideal phase propagator is replaced by a free-
evolution period

U tos — Uo(7ev) (3.36)

and a suitable evolution delay 7.,. Determination of the correct evolution delay is not
trivial, but may be done under the assumption that the product of the echo number n*

and the gM2S angle 0\ 05 are exactly equal to
n* x QgMgs =T. (3.37)
The singlet amplitude gso under the experimental propagator

Ugnios = UgniasUgniasUo (Ter) Ugios (3.38)

is then given by

2 sin(47rJn*TgMgs)(A2 + J? cos(WeTey)) J cos(4mJn*Tenos) Sin(weTev)
%0 =3 (we/2)2 we/ (27)
(3.39)
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and the optimal evolution delay 7%, may be shown to equal

wot tan ™t (+Jwe/(27) sin(4m I n* Tamas ), +(we /27)% cos(4mIn*Temas)) + 2mm

wy L tan™! (= Jw,/(27) sin(4r I n*Temas ), — (we/27)? cos(4m I n*Tamas)) + 27m.
(3.40)

In practice however, the evolution delay 75, should always be subjected to experimental

optimisation since the condition n* X fg\ves = 7 is rarely fulfilled.

To illustrate the optimality of the gM2S sequence figure shows numerical optimisa-
tions of the transformation efficiency from transverse magnetisation to singlet order and
back to transverse magnetisation ((I, — SO — I,)) as a function of the mixing angle
a.

Omix. Similar to the maximum singlet amplitude g¢g&
(I; — SO — I)max is bounded by :l:%.

* the transformation amplitude

(I = SO — Iy) O ~45° O ~ 67°

W W“’JI"V"M —gMQS
M : l l: — M2S

o
o

o©
[¥)
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o
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FIGURE 3.5: Numerical optimisation of the M2S (red) and gM2S (black) pulse sequence
for transformation of transverse magnetisation to singlet order back to transverse mag-
netisation. The scalar coupling constant of the system was chosen to equal J = 100 Hz
and the mixing angle 6,,;x was discretised in steps of 0.5 degrees. For the M2S sequence
the optimal echo delay was determined with the range 71 € [0.8 X Tmag, 1.2 X Tyvag]. The
optimal echo number was determined by equation[3.19] For the gM2S sequence optimal
delays were determined within the range 71 € [0.8 X Tgmas, 1.2 X Temas], 72 € [0, i—:] The
echo number n was calculated according to equation The dashed lines indicate
the validity range of the M2S (Oyix ~ 47°) and of the gM2S sequence (Oix ~ 67°).

Within the validity range of the gM2S, which is roughly given by Oyix € (0°,67°], the
transformation efficiency (I, — SO — I,) remains reasonably close to the theoretical
maximum. Slight fluctuations are expected due to the constraint of n* being an integer.
For mixing angles exceeding ~ 67° the optimal evolution delay 7g\25 becomes imaginary

and the strategy of the gM2S sequence invalid. Systems with such large mixing angles
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classify as inequivalent spin systems. Singlet excitation in this regime is well covered by
other techniques [100, [105].

3.2.2 A simple example

The efficiency of the M2S sequence drops off with increasing A and reaches the ”worst”
case scenario when the scalar coupling constant equals the chemical shift difference

(J = A). In this regime the M2S parameters are as follows:

1
™2s = —=— and Omoglj=a =T, 3.41
ok | (3.41)
It is thus impossible to choose an echo-number n that generates an effective (m/2).2-
rotation in the {1,2} subspace.
For the gM2S sequence the case of (J = A) represents in some way the ”"best” case

scenario. The effective rotation angle y\2s is given be the expression below:

1
T =_—_  and 6 A =T7/2. 3.42
gM2S 4\/2] gM2S‘J A / ( )

It follows that only two gM2S echoes (n* = 2) are necessary to generate an effective
(m/ 2)?142—r0tation in the {1,2} subspace and the optimal evolution delay 77, takes the

form

- tan—'(v/2 cot(v/27))
v 2V2Jn

Substitution of the expressions above into equation [3.39| shows that efficiency of the

(3.43)

gM2S sequence in the intermediate case is sufficiently close to the theoretical maximum

A graphical representation of the gM2S pulse sequence for J = A is illustrated in figure
In contrast to the conventional M2S sequence the gM2S does have a simple geometric

representation [107].
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FIGURE 3.6: Geometric representation of the gM2S pulse sequence on a unit-sphere.
The scalar coupling and chemical shift difference of the two spins where chosen to be
equal (J = A = 10 Hz). The initial density operator consisted of pure z-magnetisation:
p(0) = 31, = I?3. a) As explained in the main text, the first part of the gM2S sequence
exchanges states |1) and |2). On the Cartesian unit sphere this is noticeable by the
decrease (blue) and increase (red) of the vector norm in the {2,3} and {1, 3} subspace,
respectively. The system eventually arrives at 17 rather than I2® due to the additional
phase evolution step. b) The (7/2),-rotation exchanges states |2) and |3) and adds an
additional phase factor. This takes the operator 153 to —I'2 into a different subspace.
Here the gM2S echoes can be understood as follows. The free evolution period of the
system is interrupted by a (m).-rotation that reflects the projection in the zy-plane of

the unit vector. In this way the unit vector traverses downwards towards —I}2.

3.2.3 Experimental demonstration

To compare the performance of the gM2S and M2S sequence singlet excitation has been
performed for the 13C pair in 13Cs-labeled 1-methoxy-6-ethoxy-hex-3-yne (compound I)
and for the central 'H pair in tert-butyl propyl maleate diester (compound IT). Chemical
structures for I and IT are shown in figure Residual protons have been replaced by

deuterons to reduce dipolar relaxation contributions from nearby protons.

Compound I has been thoroughly studied previously and represents the nearly equiva-
lent case [121]. Its NMR parameters are summarised in table Compound II displays
a higher degree of asymmetry introducing a noticeable difference in the resonance fre-

quency of the two protons. Table indicates that IT displays a mixing angle of ~ 39° at
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OMe

FIGURE 3.7: Chemical structures of 1-methoxy-6-ethoxy-hex-3-yne (I) and tert-butyl
propyl maleate diester (IT). Highlighted atoms for I indicate '*C positions. Protons
not shown have been replaced by deuterons.

a magnetic field strength of 9.4 T and therefore falls into the intermediate regime [110].

compound I | compound II
nucleus 13C 'H
Jis [He 171.0 12.0
A [ppm] 0.14 2.4 x 1072
Omix [deg] ~A4.7 ~38.7

TABLE 3.1: NMR parameters and relaxation time constants for compounds I and IT

at 9.4 T.

The general experimental strategy is indicated in ﬁgure (top). Singlet order is excited

in block A_, via either M2S or gM2S. The arrow indicates chronological application of

the pulses from left to right. Excitation is followed up a singlet filtration step within
Block B. The de-excitation of the singlet order is achieved via block A, . Here the

arrow indicates chronological application of the pulses from right to left. For the inter-

mediate case an additional filtration block C is added to remove any multiple-quantum

coherences generated during the de-excitation step. In contrast to the previous section

the optimal evolution delays 7zn25 and 7o, are being replaced by the delays 71 and 7.

These are further subjected to experimental optimisation to compensate for finite pulse

duration and uncertainty in the spin system parameters.
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FIGURE 3.8: top) General pulse sequence scheme consisting of blocks A_,, B, C, A_.
Blocks A_, and A, represent singlet excitation and de-excitation, respectively. Arrows
indicate application of RF pulses from left to right or right to left. Singlet filtration
occurs within B. Block C is reserved for additional signal editing if necessary. A)
Singlet excitation schemes for the M2S and gM2S pulse sequence. B) Singlet filtration
via a sequence of rf and gradient pulses. The angle 6 is given by the magic angle
~ 54.7° [122]. C) Undesired artifacts after the de-excitation step may be filtered by
application of gradient based z-filters [22].
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The synthesis of compound I is described in reference [121. A total amount of 20 mg of
compound I was dissolved in 0.5 mL deuterated methanol to reach a concentration of
200 mM. The resulting sample was subsequently degassed by several freeze-pump-cycles.
Similarly the synthesis of compound II is described in reference 110. Experiments were
performed on a degassed 5 mM solution in deuterated chloroform. The degassing pro-
cedure consisted again of several freeze-pump-cycles. The efficiency for singlet order
excitation in compounds I and IT employing experimentally optimised M2S and gM2S

pulse sequences is shown in (3.9

— g = gM2S = MN2S

| 1 1 1 L

1 1
-15 -75 0 7.5 15 -15 -75 0 7.5 15
13C chemical shift [Hz] 'H chemical shift [Hz]

FIGURE 3.9: Performance comparison between M2S and gM2S for compounds I and
IT. The relevant spectral regions are highlighted, respectively. Pulse acquire spectra
are given as references. Spectra were acquired using a basic two-step phase cycle and
averaged over two transients. compound I) Experimental optimisation suggested the
following evolution delays and echo numbers: Tyes = 1.38 ms, nm2s = 12, Tomos = 1.33
ms, Tey = 1.29 ms and ngmas = 19. compound IT) Experimental optimisation suggested
the following evolution delays and echo numbers: Ty2g = 15.4 ms, namas = 10, Temas =
14.6 ms, Tey = 4.2 ms and ngmos = 2.

Not too surprisingly M2S and gM2S display similar performance in the near-equivalence
regime in which both transfer strategies are applicable. Integration of the resulting
spectra and comparison with the pulse acquire reference indicates that both sequences
preserve approximately Cl{/lzs = C;M2S ~ 42% of the initial magnetisation. This is less
than the theoretical maximum for the passage of transverse magnetisation through sin-
glet order and back to transverse magnetisation: (I — SO — I;)max = % [120]. A
possible explanation are short coherence lifetimes caused by the nearby deuterons. In
that case some of the magnetisation is lost before it may be converted to long-lived

singlet order.

Differences in performance for the M2S and the gM2S should be expected as the system

becomes less equivalent. As figure[3.9shows for compound IT the M2S sequence seems to
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perform poorly and the outer peaks display a 180° phase shift with respect to the inner
transitions. This is possibly due to excitation of unwanted single-quantum coherences
in the reconversion step. Such artifacts could possibly be removed using a conventional
z-filter [22].

To ensure a fair efficiency comparison between M2S and gM2S, the absolute value of
the relevant spectral region was integrated: In this case the M2S sequence preserves
approximately (1{/}25 ~ 23% of the transverse magnetisation whereas the gM2S preserves
roughly CgI1I\42$ ~ 52%. For this particular model system the gM2S therefore performs ap-
proximately twice as well as the M2S sequence and is reasonably close to the theoretical

maximum.

3.3 Singlet mediated double quantum excitation

Double quantum (DQ) excitation has been an integral part of NMR for several decades [97),
123H125]. In general double quantum techniques are used to reduce spectral complexity.
This is achieved by exploiting the rotational properties of multiple quantum coherences.
These transform irreducibly under elements of the rotation group SO(2). As a conse-
quence signal components originating from DQ terms may be selectively filtered out by

phase cycling techniques [117), 126-129].

In the 80s, Ad Bax et al. proposed the so-called INADEQUATE experiment (see figure
3.10)). The INADEQUATE experiment is designed to suppress signals originating from

single spin-species and to observe DQ terms originating from scalar coupled spin-pairs.

This makes the INADEQUATE experiment interesting for singlet NMR applications.
Here one often faces a similar situation. Selective isotope labelling can be complicated
and initial experiments are often performed on natural abundance material [130-H132].
Interpretation of the results is simplified by filtration of signals originating from the
singlet pair and other components. Existing methods to this problem are based on

pulsed field gradients or phase cycling techniques [122} 130, [133], [134].

The idea of pulsed field gradient methods is to construct a physical realisation of the
SO(3) group average. The SO(3) group average projects the system onto the fully
symmetric representation, which for NMR purposes can be equated with the singlet-
state [129]. This is done by insertion of suitable combinations of radio-frequency pulses

and pulsed field gradients into the pulse sequence [122].

Isotropic filtering on the other hand refers to singlet-filtration via phase cycling tech-
niques [133, 134]. Similar to pulsed field gradient methods isotropic filtering requires
modification of the original sequence by insertion of new pulse elements. The phases are
related to the positions of the polyhedra-vertices [134], [135].

In both cases, the original pulse sequence has to be modified by insertion of additional
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pulse elements and the efficiency of the filtration step depends upon pulse performance.
Additionally polyhedral phase cycles tend to take a long time. Even the simplest cycle
requires at least 12 steps to be completed.

This chapter takes inspiration from the INADEQUATE experiment and extends its ap-
plicability to strongly coupled systems. In its original formulation the INADEQUATE
experiment was aimed towards weakly coupled spin systems. In strongly coupled spin
systems however, the DQ excitation time for INADEQUATE sequence becomes im-
practically long. To overcome this problem an alternative DQ excitation scheme is
presented. The excitation time for the presented scheme will be shown to be shorter by
a factor ~ J/A.

(90) 77 (180)24 (90)%4,| (90)%%, | ®c
™Q ™Q ﬂ

i i

FI1GURE 3.10: Schematic representation of the INADEQUATE pulse sequence. The
INADEQUATE pulse sequence is subdivided into three parts (vertical lines). These
blocks constitute the phase cycle. Pulse elements are abbreviated by (9)3;, where 6
represents the flip angle, ¢ the base phase and ® the additional phase shift due to the
phase cycle. The receiver with its phase is indicated by a bold vertical line. A standard
phase cycle for a DQ-filtered INADEQUATE experiment is given by the following set
of phases: &, = {0,0,0,0}, o5 = {0, %71',7n %77}, o =0, %ﬂ,w, %7‘(‘}

3.3.1 Double quantum excitation in equivalent spin systems

Extension of the INADEQUATE experiment to strongly coupled spin systems has re-
ceived little attention within the NMR community [I36]. Reference [136] demonstrated
that the INADEQUATE experiment may be used to fully excite DQ coherences in
strongly coupled spin systems, but they did not provide an optimal evolution delay 775,

that maximises the DQ amplitude.

To discuss limitations of the INADEQUATE experiment it is however useful to derive
Thq- The problem may be stated by considering transformations from the following

initial to target state:

1 7
po =5l =17 py=—I= S Ry(r/2)(hiToy — i Lo). (3.45)
For the INADEQUATE this transformation is realised by a suitable spin echo. The spin
echo may be analysed by considering the propagator at time points T = i—::
2 Wy Wy wJ Wy
Up(—) = ®2(r — =)@ (= =) = ()R (—n —2)RB(—n = 3.46
() = 012 — T EN@H T = 92 R (—r ) RE(<r ), (3.40)
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which indicates the necessary z-rotation in the {2, 3} subspace to transform I2® into I§3.
The INADEQUATE propagator at multiple integers of the period is then given by the

the following expression

2 2w
Upq = Uo(m—)Ra(m)Uo(m—)
We Ve L " (3.47)
= '2(2mm)®% (1) R (—2mr—L) R® (—2mr-2).
We We

A straightforward calculation then shows that the DQ amplitude picks up a sinusoidal

time-dependence

UDQan]T)Q> = sin (27Tm(1 - w)) . (3.48)

qpq(m) = (pb o

For strongly coupled spin systems it is permissible to replace m by w,t/2mw. The optimal

evolution delay for a DQ excitation is then approximately given by the expression below

. JH VIR A2 (3.49)
TDQ ~ —2 . .
4A
The excitation delay 775, indicates that experimental realisation of the INADEQUATE
experiment becomes increasingly difficult for strongly coupled spin systems. As the
difference in chemical shift becomes smaller (or the J-coupling becomes larger) the

optimal delay becomes impractically long (755 ~ é)

This result can be rationalised as follows. In the limit of negligible chemical shift differ-

ence the free evolution propagator may be expressed as follows

§J7TT)¢234(%J7TT). (3.50)

Uola=o = <Z51(—2

States |2) and |3) always remain in-phase and DQ excitation is impossible. For non-
vanishing A <« J any accumulated phase difference originates from second order effects

due to the coupling of states |1) and |2).

Notice however that even in the case of vanishing chemical shift difference states |1) and

|3) run out of phase, where the phase difference builds up on the order of J.

This suggests the following idealised sequence of events for DQ excitation in strongly
coupled systems
3 1
Upq = O'12¢1(7§J7T7')¢234(§J7TT)0'12. (3.51)

The physical realisation of these operations is easily implemented by borrowing results
from singlet NMR. The swap operation o19 is given by the first block of the gM2S
sequence (see figure and the phase propagator may be generated by a suitable free
evolution period. The phase accumulation step relies on the different eigenvalues of the

singlet and triplet states. For the remainder of this chapter we will therefore refer to
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this scheme as singlet-mediated-double-quantum (smDQ) excitation

UstQ = U§M2SUO(TBV)U§M23- (352)

In the strongly coupled limit the smDQ propagator may be expressed as shown below

a 3 1 a
UstQ ~ UgMZS ¢1 (* 5 JWTBV)¢234 ( 5 JWTBV)UgM2S

= (1)12(W)(I)34(—7T/2)CI)12(—n*TgMQSwJ)CI)34 (n*TgMQSWJ)O'12R§4 (71') (3 53)

1
—(;51(—gJTFTev)¢234(§JTFTeV)—
@12 (F)CI)34(—7['/2)(I>12(—TL*TgMQSwJ)(I)34(n*TgMgst)O'12R§4(7T).

Making use of the commutation rules for single transition operators the above expression

may be put into a more concise form:

Usmbq ~ <I)12(27T)<I>12(—Zn*TgMQSWJ)q)M(2n*TgMgst)<I>1234 (wJTev/4)012<I>1 (W Tev)o12

= CI)12(277)@12(72n*TgMgst)<I>34(2n*TgMgst)<I>1234 (WJTev/4.)‘1)2(*w(]Tev).
(3.54)
Since the total propagator has been reduced to a product of phase operations the smDQ

amplitude may be calculated by collecting the accumulated phase of states |2) and |3)

UstQpa USTmDQ>

gsmDQ (Tev) = (Pb

— —g(exp(—z(QTr — 20" TgMaswy — %wﬂ'ev)) exp(i(2n" Temosws + %WJTQV)) —c.c)

= sin((4n” Tgmos + Tev )W)
(3.55)
The extrema of the smDQ amplitude occur at 75, = 22—}'1 — 4n*Te\2s, where the integer

k is chosen to ensure a positive evolution delay.

A qualitative comparison between the duration of the INADEQUATE sequence and
the smDQ sequence may be performed in the limit of nearly equivalent systems. The
evolution delays 7pq, 7Tzm2s and the echo number n* are then approximated by the

expressions below:

1, nJ? . 2k+1—dn*

J
-— N — N 3.56

N

* ~
TDQ ~

The smallest value that ensures positive values for 73, is given by k = 2n* and the phase
evolution delay 7%, then reduces to 1/(4J). It follows that the ratio of the INADE-
QUATE duration and the smDQ duration is on the order of %

(3.57)

~

Tpq _ 2Tq V2
TstQ In* X 27—gM2S + Te*v T

|
|
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For nearly equivalent spin systems the smDQ sequence should thus displays a much
shorter double quantum excitation time than the standard INADEQUATE sequence.

3.3.2 Experimental demonstration

A full implementation of the smDQ and INADEQUATE pulse sequences are indicated
in figure [3.11

(90)7,  @x  (90)7%(90)77 Ty

A A

INADEQUATE

(180),

T T
smDQ)
(180), | (180),[ (180), | [ (180), | (180),[ (120), ]
Za| T1 T M| 72|71 ] 1 T1
- % - % - 7

FIGURE 3.11: top) General refocused DQ excitation scheme. Arrows indicate appli-
cation of RF pulses from left to right or right to left. A) INADEQUATE and smDQ
pulse sequences. For nearly equivalent systems the optimal echo delay for the INAD-
EQUATE scheme is given by equation For the smDQ scheme the optimal values
for 77 and n may be determined from equation and respectively. The delay T,
is approximately given by 1/(4J) in the nearly equivalent case. A sufficient DQ phase
cycle is given by: &5 = {0,0,0,0}, 5 = {0, %71', , %ﬂ'}, o = {0, %ﬂ',ﬂ', %7?}

In the previous section the smDQ sequence has been derived in the context of nearly
equivalent spin systems. As a consequence the identical sample of compound I that has
been used to perform the gM2S experiments has been used to experimentally demon-

strate the smDQ sequence. Experiments were performed at a magnetic field strength of
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16.44 T and a temperature of 300 K. The NMR parameters for compound I at 16.44 T

are summarised in table 3.2

compound I | Jig [Hz] | A [ppm] | Omix [deg] | T1 [s] Ty [s]

171 0.14 ~8.2 6.43 | 293.6 x 1073

TABLE 3.2: NMR parameters for compounds I at a magnetic field strength of 16.44 T.

The relevant spectral region of the double quantum filtered INADEQUATE and smDQ
experiments are shown in figure A pulse acquire spectrum averaged over four tran-

sients is given as reference.

—zg —smDQ — INADEQUATE

| |
-15 =75 0 7.5 15
13C chemical shift [Hz]

FIGURE 3.12: Double quantum filtered carbon spectra for compound I. Double quan-
tum excitation has been performed using the smDQ sequence (blue) and the INADE-
QUATE sequence (red). A pulse acquire spectrum (black) is given as reference. Double
quantum filtered spectra were acquired using the schemes indicated in figure The
pulse acquire spectrum was simply averaged over four transients. The optimal DQ
excitation time for the INADEQUATE was 7pg = 140 ms. The smDQ sequence used
evolution delays of 7y = 1.35, 75 = 1.35 and an echo number of n = 11.

Experimental optimisation indicated an optimal evolution delay of pqg = 140 ms
for the INADEQUATE experiment. The smDQ experiment utilised evolution delays
71 = 79 = 1.35 ms and an echo number of n = 11, which agrees with the gM2S experi-
ments (see figure . The total duration for the DQ excitation blocks are then given
by Tpq ~ 280 ms and Tynpq ~ (8 xn+1)71 ~ 120 ms. As argued previously the smDQ
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sequence is expected to be faster than the INADEQUATE sequence for nearly equiva-
lent spin systems. For compound I the smDQ sequence is approximately 2 times faster.
Additionally the smDQ sequence displays a much higher transformation efficiency than
the INADEQUATE sequence. An integral comparison with the pulse acquire spectrum
shows that the smD(Q sequence preserve 60 % of the total magnetisation, whereas the
INADEQUATE sequence preserves only 30 %. For nearly equivalent spin systems the
INADEQUATE is much more susceptible to relaxation effects due to relatively long
DQ evolution delays. Table indicates that the transverse relaxation time constant
Ty for compound I equals approximately 300 ms. A substantial loss of magnetisation
during the DQ excitation period of 280 ms should be expected. The smDQ sequence on
the other hand achieves DQ excitation via a train refocusing pulses. These compensate
throughout the whole sequence for relaxation effects making the smDQ excitation more

reliable for spin systems with short relaxation time constants.
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Conclusions

This thesis studied particular aspects of dissipative and coherent dynamics of nuclear

spin ensembles.

In chapter 2] we have revisited the description of a spin ensemble in thermal contact with
its environment, which represents one of the oldest problems of magnetic resonance the-
ory. Early considerations on this matter by Bloch, Wangsness, Redfield and Abragam
led to what is nowadays known as semi-classical relaxation theory [28430]. The main
result of their combined efforts was the so-called inhomogeneous master equation (IME)
suitable for the description of thermal experiments at the time. A closer look, how-
ever, shows that the semi-classical approach is only valid for systems remaining close to
thermal equilibrium (weak-order approximation) and therefore fails to describe thermal
equilibration of nuclear spin systems deviating strongly from their thermal equilibrium

position. A restriction which the early founders were fully aware of.

It is remarkable that it took almost 80 years of technical advancement to routinely gener-
ate spin configurations ranging outside the weak-order approximation [SHIT], 16} 19, [43].
For the description of such systems chapter [2| described the reformulation of semi-
classical NMR relaxation theory within the Lindbladian formalism [26], [59]. The Lind-
blad formalism may be understood within a simple state transition picture and thus
provides a straightforward algorithm to correctly thermalise the relaxation superopera-
tor. A detailed comparison between the Lindblad formalism and existing thermalisation
methods revealed, that only the Lindblad formalism is capable of correctly taking the

environmental temperature dependence of the relaxation rate constants into account.

The necessity of the Lindblad formulation has been demonstrated experimentally by
studying the spin-isomer conversion process of fullerene-encapsulated water molecules [39,
811, 87, [88]. A technique known as bullet dynamic nuclear polarisation (DNP) has been

used to generate a highly non-equilibrium para fraction at ordinary temperatures [111, [39].

117
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The spin isomer conversion process involves the reorganisation of the non-magnetic sin-
glet populations and the magnetic triplet populations. This leads to an observable in-
crease in the samples magnetisation over time. It was shown that the IME is incapable of
describing the recovery dynamics appropriately. A reliable description of the relaxation
dynamics was only possible within the presented Lindblad formalism. And while we
have demonstrated the necessity of the Lindblad formalism for fullerene-encapsulated
water molecules, its applicability is by no means restricted to such model systems. Con-
tinuous developments in the field of hyperpolarised NMR have started to generate highly

ordered spin systems leading to significant signal enhancements [8-19].

The generation of hyperpolarised material, in form of parahydrogen for example, would
be rather useless without the necessary tools to transform it into observable magnetisa-
tion. In particular efficient conversion methods for singlet order are of great practical
interest. Singlet order displays remarkable relaxation properties and is often used to
"preserve” highly ordered states. A variety of such techniques has been developed in
the context of nuclear long-lived states [99, 100} 103], 105, 119]. Recently, singlet or-
der excitation in the intermediate regime has experienced increasing attention due to

continuous developments of field NMR cycling techniques [ITTOHIT2].

Existing techniques however do not perform very well in the intermediate regime. Chap-
ter |3| has addressed this issue by providing a generalisation of the magnetisation-to-
singlet (M2S) pulse sequence which was originally developed for nearly equivalent spin
systems. The generalised-magnetisation-to-singlet (gM2S) provides a simple method for
optimal singlet order excitation in spin-1/2 pairs displaying a mixing angle up to ap-
proximately 66°. The gM2S sequence should therefore prove to be useful for the study

of singlet order in intermediate systems.

The elementary building blocks of the gM2S sequence can in some way be understood as
logical gates that exchange particular angular momentum spin states. As such they are
easily visualised and readily incorporated into other pulse sequence schemes. Based on
the gM2S building blocks an efficient method for double quantum excitation in nearly
equivalent spin systems has been discussed in chapter [3| For nearly equivalent systems
the proposed singlet-mediated-double-quantum (smDQ) excitation scheme provides a
much more time efficient solution than conventional methods such as the INADEQUATE
sequence [123] [136]. The performance of the smDQ sequence has been demonstrated
experimentally in combination with a basic double quantum phase cycle. These types
of experiments may prove useful for the study of long-lived nuclear spin order which
often involve isotopic labeling. The smDQ sequence may be used to study natural
abundance material and offers an alternative to gradient based or polyhedral based
filtration schemes [122], 133, [134].
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Appendix

A.1 Lindblad form

First consider the Fourier transformation of the unit-step function

/ ) exp (iwt)dt = /0 " exp (iwt)dt = 70(w) — i PV (i) , (A1)

—0oQ
where h(t) denotes the unit-step function and PV the Cauchy principal value.

The bath correlation functions are related to the spectral densities as follows:
(B (1)B0) = o / KA (w) exp(—iwr)dw. (A.2)
T

The one-sided Fourier transformation of the bath correlation functions in equation [2.119

may then be expressed as shown below:
/ (Ba, (1)BX(0)) exp(iwT)d / / KM (W) expli(w — ') 7)dw'dr
0

/ Koo (@ / exp(i(w — o)7)drde
27r/ KM ){W5(w w)—z’PV(wlwl)}dw/

EKAA//(W)—L. / h KA WPV L)
25 e 2 J_oo @ w—uw '

(A.3)
In a similar manner one can show the following;:
0 A ’ / 1
/ (BAT(7)B2(0)) exp(iwr)dr = fKAA / KM (w <,> dw'.
oo Ww—w
(A.4)
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The above representations of the one-sided Fourier transformation may then be substi-
tuted into equation

The combination of the principal value leads to a commutator that is known as dynamic
frequency shift.

The decaying part is proportional to the spectral density K, (w). The minus sign pre-
ceding the sum of equation and the factor of 1/2 are usually absorbed into the
definition of the Lindbladian resulting in the presented Lindblad equation.

A.2 Eigenoperators

The dipolar eigenoperators in the case of a homonuclear Zeeman interaction are sum-
marised in Table A generic eigenoperator is denoted by TIEZL). Where the superscript
(¢j) indicates angular momentum coupling of spins I; and I; resulting in a spherical ten-

sor operator of total angular momentum k and z-angular momentum m.

m\k 2 L
+2 S -
1 F1 (I Ls + 1.15) Tl

0 |~ (Tl + I —4l.0.) |

TABLE A.1: Eigenoperators of H 4 for a homonuclear coupled spin-1/2 pair.

The dipolar eigenoperators in the case of a heteronuclear Zeeman interaction are sum-
i5)
1kamima

. For the heteronu-

marised in Table |A.2l The eigenoperators are denoted by T,g

clear case the superscript (ij) indicates the direct product of spherical tensor operators
of spins I; and I; with total angular momentum k; and ks and z-angular momentum

m1 and my, respectively.

(mlva)\(klka) (1’1) (170) (071) (070)
(£1,+£1) STy - ;
(F1,+1) —ﬁfﬁf - -
(+1,0) Folil: | F5l0 | - -
OF) | FhIF | - FhE| -
(0,0) Viheho | Ln | b | -

TABLE A.2: Eigenoperators of H 4 for a heteronuclear coupled spin-1/2 pair.

Similarly one may define quadrupolar eigenoperators for the case that the dominant
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interaction is given by Zeeman contributions. The corresponding eigenoperators are
summarised in Table The generic eigenoperator takes the form 7. 2(;,)1

m\k 2

+2 FErE

1 | Fi (LLs + LRI
0 ﬁ (311,15, — 21)

TABLE A.3: Eigenoperators of Hy = w1, for quadrupolar interactions.

A.3 Longitudinal recovery for singlet-triplet-conversion

We briefly outline the derivation of equation [2.161] First we project out the population

block of the relaxation superoperator.

0
{FLB]4><4 o
1S0) (So |T) (T | To) (To| |T-) (T |
-3 %(1 — K)Riané?(—wo) %(1 — k)R %(1 — fé:)Rianﬁ(wO)
LW (2RPP
3(1 — k) RE0(wO) —3 f () (A ZRPPY(2u0)

+5(1+ K)R?™)

%06(—w0)(2R11)D o, %OG(wO)QR?D

T 5(1+ R)RE) +5(1+ k)R
Lo(—w®)(2RYP
+5(1 4+ k) R™)

0(w) = exp (—5w’By),

11— w)Ryp®

(1 — k)R (—w?) 2RPPO(—2w0) M

(A.5)

where YJ; indicates the sum over all the other elements in one column.

To proceed it is advantageous to perform a change of basis. The transformation matrix

is given by the expression below

- 1 s 5
51 5 0 0
Ly _ 1 p_ 1/ 1
= |2 2v/3 V6 V2 (A.6)
Ly _ 1 2 0
2 243 3
Ly _ 1 | _ 1\ 1
L 2 2v3 | V6| vz o
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To simplify notation we denote the transformed population block as follows

0o]olo
) 0 0
X! { [rﬁB] } X = 722 724 (A7)
4x4 0 | 0 |os3|o034
041 | 042 | 043 | 044

P [S0) {Sol
P | T (T (A.8)
Ril 7o) (To|

Py T-) (T-|

To a good approximation the dynamics of P, are decoupled from the dynamics of Py

0 0 0 0 0 0 0 0
0 |o 0 |o 0 |o 0 0
22 2 | 22 ’ (A.9)
0 | 0 |o33|034 O | 0 |o33|034
041 | 042 | 043 | 044 041 | 042 | 043 | 044

leading to the following set of equations

Py (t) 0 0 0 0 Py(t)
d | Pa(t) 0 022 0 0 Ps(t)
pr = : (A.10)
Pg(t) 0 0 033 034 Pg(t)
Py(t) on | Os2 | 043 | om Py(t)
The solutions for P;(t) and P»(t) are easily found
Pi(t) = P1(0), P,(t) = exp (022t) P2(0). (A.11)
The solution for Ps(t) is formally given by
t
P3(t) = exp (o33t) P5(0) + 034/ exp (o33(t — s)) Pa(s)ds. (A.12)
0

We interpret the variable (¢ — s) as a "memory time” and perform a 0-th order Markov

approximation [137]
o
Py(t) = exp (033t) Ps(0) + — Py(t).

A13
a3 (A.13)
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The dynamics for Py(t) then reduce to the following

%P4(t) =041 P1(0) + 042 exp (022t) P>(0)
(A.14)

g
+ 043 {exp (O’ggt)Pg(O) + U;;P;;(t)} + 044P4(t),

which is easily solved.

The solution may then be transformed back into the original representation. Using

the appropriate initial conditions: P;(0) = %, P»(0) = ¥%2, P5(0) = 0 and P4(0) = 0

in combination with the high-temperature and fast-motion approximation results in

equation 2.161]
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