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Comparative Test Results for
Two ODE Solvers --
EPISODE and GEAR

by

George D. Byrne, Alan C, Hindmarsh, Kenneth R. Jackson, H. Gordon Brown

ABSTRACT

This is a sequel (o the paper "A comparison of two ODE codes:
GEAR and EPISODE," and is concerned with the testing of two super-
ficfally similar ODE packages GEAR and EPISODE. Fourteen basic
test problems, some with several cases, are the basis for the test-
ing. These problems represent several types -- nonlinear systems
with real and complex eigenvalues, liriear systems with varied
diagonal dominance, linear scalar problems, stiff and nonstiff
problems, chemical kinetics with and without diurnal effect, and
systems arising from the use of the numerical method of lines.
Some problems are included in order to examine the options and
error returns. The test results are presented in two forms: raw
output and a comparative display of operation counts and of timingse
for the best method in the GEAR package and the best method in the
EPISODE package. This allows a comparison of the consequ:nces of
the fixed-atep interpolate strategy (GEAR) for changing step size
againat the truly variable step nize strategy (EPISODE).

We conclude that EPISODE is generally faster than GEAR for
problems involving wave fronts or transiex's on the interior of
the interval of integration. For linear or simply decaying prob-
lems, these roles are usually reversed.



1, INTRODUCTION

This report is concerned with the testing and comparison of two software
-+
packages, GEAR and EPISODE, for the numerical sclution of the initial value

problem for systems of ocdinary differential equations (ODE's) of the form

(1.1) y = f(y,t), t, St<t

0 f

(1.2) y(ty) = vy,

where § = ilx y= [yl,yz,....yN]T, and f = [fl,fz....,fN]T

de *

In the companion paper [6], we gave a detailed comparison and descrip-
tion of GEAR and EPISODE from several aspects, such as appearance to the user,
members of the package, features of software engineering, and the underlying
algorithms. There, we also pointed out that a timing comparison of the two
codes could best be made by timing the segments of the codes which perform
similar functions or roles, Here we report on the testing carried out in this

manner.

In Section 2, we give a brief introduction to the testing, which is
followed by the test results, Of the fourteen basic test problems, thirteen
are based on the original test files for GEAR [14)] and EPISODE (16!, These
test problems are briefly described in Table 1,1. We have attempted to
include problems representative of those we have seen in practice, problems
others have used, and problems that truly exercise the codes. At the same

time we have attempted to keep the size of the set within reason.

A sumnary of the results appears in Section 3.

+EPISODE is an acronym for an Efficient Package for the Integration of
Systems of Ordinary Differential Equations. Formerly, the E represented
Experimental.



PROBLEM

1

10

11

12

13

14

TABLE 1.1. The Test Problems

BRIEF DESCRIPTION

Small to moderate systems with variable stiffness and full
Jacobian with real eigenvalues.

Swmall system, moderately stiff, and full Jacobilan with complex
eigenvalues,

Scalar mockup of a diurnal chemical kinetics problem, stiff
and non-stiff cases.

Calculation of the zeros of the solution of Van der Pol's
equation with relaxation factors of 100 and 3.

A solution of a minor variation on the method of lines equi-
valent of Burgers' equation with four different spatial
discretizations.

Small to moderate linear systems of ODE's with variable diagonal
dominance.

Gcalar problems with f(y,t) in (1.1) replaced by f(}), a piece-
wise polynomial possessing jump discontinuities in f or in f.
Various degrees of polynomials are included.

A moderately gized linear system obtained from the method of
lines treatment of a aimple diffusion-convection problem.

A otiff, nonlinear system »f three equatione from chemical
kinetics solved over a very long time interval to insure

integration to steady state and reasonable resolution along
the wvay.

A stiff nonlinear system of two eq ~tions arising from a mock-
up of a three-species diurnal chem. al kinetics model.

A small linear system with various actions taken by the user
80 as to exercise various code options.

A linear scalar problem to demonstrate that the codes can use
positive or negative stepeize with equal results.

A test of asssorted improper inputs.

The mathemstical model of the Field-Noyes oregonator, an
oscillating chemical system. A small, stiff nonlinear system.



2. TESTING

2.0 Introduction

The procedures for the testing were fully described in |[6] and are sunma-
rized here for completeness, For all but problems 11, 12, 13, the compariscns
are given in tables containing the parameters listed in Table 2.0.1. The out-
put values for IX are given in Table 2,0,2, The timings involved a very fast
machine with cache memory, the IBM 370/195 at Argonne National Laboratory, in
double precision in a time-sharing environment and were carried out as follows.
The subroutines DIFFUN, PEDERV, DEC, PSET (PSET1 denutes PSET with MF = 11 or
21, while PSET2 denotes PSET with MF = 12 or 22, together with the subroutlnes
called by PSET1 or PSET2), and SOL were timed by running the problem well into
the interval of integration, outputting the required data there and then using
these data as foilows. The timer was turned on, the data were used in 1000
calls to the segment being timed in a DO loop, the timer was turned off, the
time was then recorded and divided by 1000, These times and all times In the
raw data tables are given In microseconds, (This procedure acrounts for some
minor timing discrepancies i{n the tables.) The subroutines are brlefly des-
cribed in Table 2,0.3, and the timing statistics appear in Tables 2.0.4.1 and
2,0.4,2,

The computer ocutput of the testing can be overwhelming, Consequently,
for all problems save 11, 12, and 13, tables of comparative results are given,
There, quotients of corresponding output parameters are presented for the
“best" MF choices of the two ODE solvers. For example, under a heading
GR12/EP2]1 the TOTAL T quotient would involve the TOTAL T for GEAR with MF = 12
divided by TOTAL T for EPISODE with MF = 21, The meanings of the efevht possi-
ble MF settings are tabulated in Table 2.0.,5.

The reason for presenting data in this way is that ft shows clearly the
relative time spent by each code In solving a problem by the best MF cholce,
By best we mean fastest within constraints of acceptable ERO, Thus, onc is
able to see at a glance the relative merits of a varlable step solver
(EPISODE) and a fixed step-intcrpolate rolver (GEAR). Further, the data show
why one solver i{s better or faster than the other, Next, we point out that
the best MF choice for cae package need not be the best MF cholce for another.
We slso point out that variations in EPS can and do lead to changen in the
bust MF settings for a solver and a given problem.

Various inputs used by the codes are given in Table 2.0.6, Complete



METH

PROB

EPS

IX

LAST T

NSTEP

NFE

NJE

ERO

TOTAL T

J SETUP

DER TIME

PD TIME

SOL TIM

STEP TIME

TABLE 2.0.1. Description of Qutput Values

Method designation. EP denotes EPISODE, GR denotes GEAR. The
two digits denote MF. (See text,)

Problem solved. Problem number followed by case number.

Specified error tolerance, usually 10-3, 10-6. 10—9, given by

-log10 EPS,

Last value of INDEX returned by DRIVE,
Last value of t returned by DRIVE,
Total number of steps taken,

Total number of function evaluations excluding any required in
finite difference approximations to the Jacobian.

Total number of Jacobian evaluations.

Error run over., ERO = (EPS)-lmax{|Y(tn)-yn”RHS: tn = output
point}. If the true solution Y(tn) is un-
known, then Y(t_ ) is obtained with EPISODE
with EPS = 10712, The approximate solution
at tn is denoted by Yo'

Total time required to solve the problem,
Total time required by PSET and all subroutines it calls. If
METH = 0,3, JSETUP = 0. 1If METH = 1, J SETUP times PSET aund

its calls to PEDERV and DEC. 1If METH = 2, it times PSET and
fts calls to DIFFUN and DEC.

Total time spent in DIFFUN excluding calls by PEDERV.

Total time spent evaluating partial derivatives or finite
differences for the Jacobians or their approximants.

Total time spent in SOL, SOL TIME = 0 for MITER = 0,3,

Total time epent in TSTEP (EPISODE) or STIFF (GEAR) and all
subroutines it calls. A measure of the step-by-step integra-
tion process, exclusive of time spent in DRIVE,
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TABLE 2.0.2. Table of Values of IX

0 normal rcturn

-1 error return - error test failed after reducing h by 1010 from its
initial value

-2 repeated erior test failures or EPS too small for the machine and problem

-3 corrector convergence tect failed after reducing h by 1010 from its
initial value

-4 1invalid input; EPS < 0.0; N < 0; TOUT not beyond T; input value of INDEX
was invalid; or for, EFISODE only, N was too large

-5 if INDEX = -1 on input and TOUT not beyond T

~6  (EPISODE only) if INDEX = 2 on input, but TOUT was nut beyond T
-9  for test problem 9 only, ]iglyi - 1| > EPS

DIFFUN
PEDERY

DRIVE

INTERP

TABLE 2.0.3. Package Subroutines Timed

USER SUPPLIED SUBROUTINES
Computes y = f{y,t). Called by TSTEP (EPISODE) or by STIFF (GEAR).
Computes the Jacoblian matrix [Sfi(y,t)/WyJ] when MF = 11 or 21,

MEMBERS Ot THE INTEGRATINN PACKAUGES

The driver. Manages the step-by-step integration process and prints
error messages, Calls TSTEP (EPISODE) or STIFF (GEAR) and INTERP,

The interpolation routine, provides output values at t = TOUT.

TSTEP (EPISODE)
STIFF (GEAR) } Performs single step of integration and controls local error,

COSET

ADJUST

PSET

DEC
SOL

Provides coerficients needed. In GEAR table lookup is used, In
EPISODE variable step necessitates calculation, Called by TSTEP or
STIFF,

(EPISODE only) Called by TSTEP. Adjusts history array to order
q-l when order of integration drops from q to q-1.

Called by TSTEP or STIFF when MF = 11, 12, 21 or 22, Sets up the
matrix P = I-hB.J, where I is the identity and J is the Jacobian, B
is formula dependent and h is the step size at gsome t <t,. P {8 then
processed for later solution of linear algebraic systems as part of
the chord (modified Newton) corrector methods.

Called by PSET. Performs LU decompositions of P,

Called by TSTEP or STIFF when MF = 11, 12, 21 or 22. Solves linear
syatems with P processed previously by DEC,



TABLE 2.0.4.1

TIMING 3TRTISTIC: 1N MICkG-ZECOND:

PROB (ASE DIFFun FPEDERV DEC F3ET 1 PIET = oL
1 1 5¢ 155 95 e&¢ 3E3 45
1 ¢ = 153 =73 2k 3E3 4%
1 > =Y/ 33 98 2tz 36> 45
1 4 1£7 1215 £71 1865 e497? 15¢
1 & L35 834 2189 1176¢€ 144553 347
P4 1 £3 358 96 S28 371 45
3 £3 12 15 43 184 13
3 55 1z 1t 43 184 15
- 1 1z 14 s< &7 1@+ cH
£ 1 356 cBE 1247 171¢ 12556 383

£Q 1 £45 Ecy 2657 3589 2995y 55
g 1 79 735 4455 £325 53182 léte
S 1 879 1127 6377 9cc ] ey 1 1Eze
& 1 14 23 35 77 11z ck
& 14 16 51 98 154 £33 47
& 3 28 7z 551 e S 138
& 4 € 186 3147 343€ 4129 387
& 8 14 23 35 7 112 Z58
£ 6 18 31 98 154 233 47
6 7 c& 72 £51 76E S64q 155
& 8 cb 188 3147 3485 4129 38¢
I3 3 14 23 35 77 112 S
& 18 16 31 98 154 233 47
6 11 cd ?¢ £31 785 964 135
& 12 26 159 3147 3485 4129 3¢
& 13 14 25 35 77 112 25
6 14 18 31 g8 154 233 47
& 15 2 72 £81 788 Se4 138
6 16 26 189 3147 3485 4129 3&:
6 17 14 23 35 77 112 28
& 18 16 31 95 184 233 47
™) 19 2 72 581 708 56+ 155
6 el 26 189 3147 3485 4129 3582
6 21 14 23 35 77 112 cS
6 22 16 31 98 184 233 47
8 23 20 72 881 708 b4 13E
é 249 26 189 3147 3485 4129 352



TABLE 2.0.4.2

PROB CASE CIFFUN PELDERV DEC PSET FSET ¢ o
? | 13 13 15 “)> 6% 15
7 Z P 1> 15 4 e 14
7 > ¢l 13 i5 oy le¢ 14
7 <4 cl 15 15 o 2c 14
? 5 13 ') 15 o) [2%9] 1>
? 6 < 13 : e ¢ 14
? ? 21 15 15 4 7 14
7 b cl 13 15 dd 7 14
? 9 13 13 15 a4 6> 14
? 18 ce 13 15 44 73 I
? 11 ec 15 15 e 7) 14
? 12 2 13 15 - 73 14
? 13 13 153 1€ dd 63 14
? 14 € 15 15 e 75 14
? 15 £ 1> 15 4 75 14
7 16 cc 135 15 ] 75 14
8 1 s 231 1466 1799 cba? 246
9 1 12 18 &¢ 182 156 3?7

18 1 NS 4% 3% 185 152 ch
14 1 15 16 6 108 164 kYA
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11

12

13

20

21

22

2)

TABLE 2.0.5

Nonst iff integrations formulas, functional (simple)
{teration for the corrector.

Nonetif{{ integration formulas, chord (or modified
Newton) method with analytic (closed form)
Jacoblan for corrector iteration.

Nonsciff integration formulas, chord method with
finite diffarence approximation to the Jacobian
for corrector iterations.

Noastiff integration (crmulas, chord method with
a finite difference diagonal approximstion to the
Jacobian for corrector iteration.

Stif( integration formulas, correctiun as in 10,
Stiff integration formula, correction as in 11.
Stiff integration formsula, correction as in 12.

Sciff integration formula, correction as in 13.

13
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Yé

EPS

IERROR

TABLE 2.0.6. lnputs to the ODE Packages

Number of ODE's {n the system.
Initial value of T, the iniependent variable,

Inictial step size to be attempted. When INDEX = 3 on input, H$ is
the maximum of |h| to he attempted, where h is the step size.

Dependent variable Y.
The next output value of T. If INDEX = 3, TOUT {s ignored.

Local error tolerance parameter. Tne solvars attempt "o keep the
RMS (root maan square) of the local error (relative, absolute, or
semi-relative) below EPS.

(EPISODE omly) error control indicator

IERRCR = 1, absolute error comtrol.

IERROR = 2, relative error control.

IERROR = ), semi-relative error control, 1i.e,

E (ernor? |/{vmax? )]

£ EPS, vhere
i i
. -a:lIYv|: gLt 2 t“} for ¥, ¢4 0
g 1,
-nx{lel. ey <t < :n} for Y, = 0

[vtl denotes a vector v = [vl.vz.....vulr.
Y. the approximate solution at t.o

t, is the initial time,

ty 18 the current time, and

EKROR! 1s o measure of the local error in Y‘.
Metnod (lag. See Table 2.0.5.

Indicates the type of call to DRIVE., It has the following values
and meanings:

1 first call for the problems
¢ call other than first -- normal continuation

-1 call other than firet -- user has reset N, EPS, and/or NF
2 call other than firet — integrator is to hit TOUT exactly,

with no interpolation to vutput value of ¢

k| call other than first — control is to be returned to user's
calling program after sach step
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descriptions of the codes and motivation for timing by role or function are
given in {4], [6], [14], (16], and [17). Finally, the legend for the graphi-
cal data is as follows:

Yo ie the solution vector (dependent variable)
T is the time (independent variable)

and unless noted otherwise in tha graphs,

Y#(1) 1e denoted by ——

Y@(2) 1s denoted by °* * °

Y9(3) is denoted by - - -

YP(4) is denoted by — « — ¢+ —
and Y#(5) 1s denoted by — = ~— - —

The remainder of this chapter is devoted to s trestment of the test
problems, one by one.

2.1 Test Problem 1

This test p-oblem is & variant of problems 12 in [18) and can be des-
cribed as followe: For N > 1, define the NxN symmetric unitary satrix
Ue [uij] by

2/ -1 if 1=}
|

(2.1.1) a0,
ST Py 143,

N

Note that f uu =1, let B = 4103(51.62.....ﬂ.) be a real natrizx. Then the
e]

system of Goz'. can be giver by

(2.1.2) y = Uz - Ubw
with
(2.1.3) velys= l'll' g - [31]. " J: .

Wa take the initial conditions to be
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(2.1.4) yt(0) = -1,

so that the solution can be shown to be

(2.1.5) y = Uw
with
(2.1.6) v, =81 - (1+Bi)exp(ﬂit)]-1 :

This system involves the time constants IBIII and it can be made arbitrarily
stiff by forcing the condition 0 < '1°|31| << naxlﬁll. The Jacobian matrix
for the system, J = [ayilayil. ie giécn by 4

ST
‘2-1.7) L (2' -B ) .

2y kel T Ak i e ¥

The five cases for which this test problem was run are described in

Table 2.1.1. There, we have noted that the sigenvalues ll of the Jacobian
matrix satisfy A - '|31| as t - = and hence the stiffness ratio

TABLE 2.1.1. The Five Cases for Problem 1

ASYMPTOTIC

STIFFNESS
casE N (8, BATIO
1 8 (10°, 800, ~10, .001) 10°
2 & {10°, 800, -10, .001) 10%
3 4 (107, 800, -10, .001) 1010
G 10 za0Y, 2¢-10%, 200, 1, -1, 20003 10°
st 20 (6q10%), 6c-10%), 200), 2(-10), 108

20103, 2¢-10"%)

*Tbc notation n(m) here denotes that the value m is repested n
timees in the set of 8's.

l:alln(ll)l / linlln(lt)l is asymptotically IIIISII / nlnlall. The output
i i i
points for this example wvere taken to be at t = 10‘. ke =2,-1,...,3. The



maximum number of allowable function caii.s, NFEMAX, was set at 5000 and a run
wae terminated when this value was exceeded. The time interval was
0 < t < 1000,

In Fig. 2.1, the solution for Case 1 is plotted. In this graph yl and
y2 are superimposed, since the particular scale selected does not give suffi-
cient resolution between them, The stiffness of the problem would lead us to
expect that the METH = 1 and MITER = O options would often fnil.* Further,
the fullness of the Jacobian matrix indicates that the MITER = 3 would not be
a good choice for either GEAR or EPISODE, Because EPISODE uses variable step
size wethods, as opposed to the GEAR fixed step size-interpolate methods, we
would expect to see the following results for a smooth probles like this.
EPISODE will take fewer steps than GEAR in solving the problem at the cost of
more Jacoblan evaluations, more LU decompositions, and computation of the
coefficients of the integration formulas as opposed to table look-up as in
GEAR. Sees [6] for a detailed comparison. The rav data in Tables 2.1.2,1 -
2,1.2.5 support these claims and demonstrate that when GEAR begins to evaluats
the Jacobian fairly often, the step size strategy tips the running time advan-
tage avay from GEAR, Also, note the corroborstion of Krogh's warning (18]
that failure to keep the error tolerance smaller than llnlﬁll can lead to
trouble. FPlease see Tables 2.1.3.1 - 2.1.).9 for a comparison of the best
runs vith GEAR and the best runs of EPISODE for each of the five cases.

'Mare and alsewhere, we use the notstion NF = 10METN + MITER as in the codes.

This interpretation of METH and that of Table 2.0.1 can be distinguished by
context.

17
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TABLE 2.1.3.1.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

A Comparison of the Best Runs with GEAR and the

Best Runs with EFISODE for Test Problem 1, Case 1

EPS = 1073
GR21/EP21
e

-'.%% - .835
-1
Tox = 973
% - 467
R
AL . 973
220218 - 466
s = .M
3% - Lenl

EPS = 107°
GR21/EP21
% - .866
2o 178
% 1.33
32 . 1.0
:_11. - .66l
gi-g-;l - .636
2288 - 1,05
024 - 640
f%%%% - 1.06
:i—;é- .854

EPS = 1070
GR22/EP21
—:—gﬁ = .860
T
% 1.26
L. 9m2

-;—g - 634

:—g% - .911
22 - L9n2
% - .951
'g%- .972
2280 o ga3



TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

TABLE 2.1.3.2.

A Comparison of the Best Runs with GEAR and the

Best Runs with EPISODE for Test Prcblem 1, Case 2

EPS = 1072
GR21/EP21

0627

- C
o666~ WL

1.10

TS = 2.47

151
103 1.47

204
157 1.30

31
S6 = _554

00782
0141

= .555

.0101

00778 = 130

.00411

-00742  *24

.00918

00705 ~ :+30

L0545 _
~0597 ~ 013

EPS = 10°°

GR22/EP21

.158

166 .992

- = 1.07

—== - 969

EPS = 10°°
GR21/EP21
BT - 478
%f%% - 946
%%% - 1.25
R
I%l - .698
f%%%% - .696
f%%%% - 1.03
f%%%% - .694
f%%%% - 1.03
368 | oo
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TOTAL T

e

J SEZTUP

DER TIME

PD TDG

sOoL TD®

STEP T

TABLE 2.1.3.3. A Comparison of the Best Runs with GEAR and the
Best Runs with EPISODE for Test Problem 1, Case 3

EPS = 10'3
GR21/EP22
2
e - 2
322 = 1.0
L ERRY!
%% - .507
0883 .
0198« 1.3
f%%%%ﬂ - .39
:%%;%% - 1.32
S - 18

“eP21 fatled with INDEX = -1.

“lr!l gave very similar results.

EpS = 10°°
CR21/EP21

=5 = .352

.0121

~0220 = *>°0

.0224

0253 -~ ‘886

00636

ons - >3

.0204 _

0231 - 883

= ,762

EPS = 10':.
GR21/EP22
e 037
434+
BB .oy
%%g% - 1.14
1% - .8ss
<3232 . 594
f%%%% - 1.15
33 . 57
s e 114
28 . 926



TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

TABLE 2.1.3.4.

A Comparison of the Best Runs with GEAR and the

Best Runs with EPISODE for Tesat Problem 1, Case 4

EPS = 1073
GR21/EP21
-5
%%ig . 41.5
1% -9
%%% - 1.66
28 - 619
2L - 618
3334 - 1,65
2312 - L618
2228 - 1.66
f%%% =1.15

EPS = 1070
GR21/EP21
Pla1s
2. - 3.8
388 - 2,19
%%% - 1.52
%%-- .692
B0 - 69
288 - 1.52
2348 - 692
2088 o 1.52
233 - 1.2

EPS = 1070

GR21/EP21

1.01

320 - 1.40

= = 37.3

= 2.19
aass w 1,58
— = .896

179 " .894
— = 1439
—:—-— =- ,897

- 1.58

=== 1.39
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TABLE 2.1.3.5.

TOTAL T

ERO

NSTEP

NJE

J SETUP

PER TIME

PD TIME

SOL TIME

STEP T

A Comparison of the Best Runs with GEAR and the

Best Runs with EPISODE for Test Problem 1, Case 5

EPS = 1073
GR21/EP11
f%%% - 1.07
%%j% - 260.
L ERRE
%g%-- 2.33
%% - .667
2328 . ¢e7
f%%%I - 2.34
f%%% = .668
f%%%% - 2.35
=83% < 1.07

EPS = 1070
GR21/EP21
%f%% - 1.19
%%%g - 42.9
3 = 2.37
%%% 1.70
o= 797
f%%% - .796
2. 170
f%%% - .796
f%%% = 1.70
#5119

EPS = 1070
GR21/EP2)
i3 " 1!
%%%é - 138.
1%%% - 2,27
195 . 160
i%% - .891
195+
f%%% - 1.60
f%%% - .890
LI
3.06 L) 3
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2,2 Test Problem 2

A variation of problem 1, also described by Krogh (18], is the

following:
(2.2.1) y = Uv - By ,

T
2.2.2) Y(O) = (0,-2,-1,-1) »

U i8 defined by (2.1.1),

(
B1 -ﬂz 0 0
B, B, 0 O
2.2.3 Beu/ 2 1 v
( ) 0 0 8, 0 '
o o o 8
(2.2.4) ve (222212, 2,2, 22 22]T
e ) Wi A G A L R
and
(2.2.5) zZ=1Uy,
The Jacobian matrix for the system is
(2.-8, 8,2, O 0o
2178, Bty
Z.,-8 Z, -8 0 0
(2.2.6) J=uy| 272 11 v,
0 0 2z,-8, O
1 0 0 0 zzb-aal

and usymptotically, the eigenvalues are 8 8.1, —|83|. and -IB“I. The exact
solution for this example is

(2.2.7) y = UZ,
vhere

T
(2.2,8) Z= [21'22’23'26]
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2...2
(2.2.9) z, = 2(61H1-32W2)I(W1+“2)
2
(2.2.10) 2, = 2(8,8 +8,W,)/ (WoAH2)
-1
(2.2.11) zj aj[l-(1+aj)exp(ejt)] y 3= 3,4
and
W, = l-exp(B,t)[(1+8, )cosB, t-B,8inB t)
(2.2.12) 1 1 1 2 2 2
Hz - exp(Blt)[Bzconﬁzt+(1+81)51n82t| .

For this problem,

g, = -10, B, = 10, 8., = 1000, 8, = .001 ,

1 2 3 4

go that the stiffness ratio is 106. asymptotically. The output points were

t = 10k, k= -2,-1,...,3. The results in Table 2.2.1 indicate that the non-
stiff and mildly stiff options in EPISODE do not perform as well as those in
GEAR. Again MITER = 0,3 are poor choicea (the problem i» stiff and the
Jacobian matrix is full). The total running times for EPISODE and GEAR are
within about 10X of one another. In Fig. 2.2.1, we see that the solution has
a transient at about t = .3 and hence expect that EPISODE would handle that
situation with less difficulty than GEAR. A comparison of the best runs with
GEAR and the best runs with EPISODE for problem 2 i{s given in Table 2.2.2.
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TABLE 2.2.2,

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

. 00588

. 0600

A Comparison of the Best Runs with GEAR and the

Best Runs with EPISODE for Test Problem 2

EPS = 10>

GR22/EP22

.0668

o688 ~ 0!

224

163 = 1,37

28
e 583

.0104

o178 = 384

+0118

~ 00856 - 1.38

ot r°82

=00999 _

~00726 = 1:38

0626 .958

EPS = 10°°
GR22/EP22
28 . 1.09
233 o Laus

332 - 160
zg; 1.20
33 - 909
=382 - 907
= 1.20
“gite = +909
20838 < 1.20
‘11 = 1.06

EPS = 107
GR22/EP22
'::: 1.12
331 . e
li%% - 1.58
122 - 1.30
8- 105
=333 - 1.05
=L < 130
<g17g © 108
f%%%% . 1.30
.438 _

~%02 - 1.09

1
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2.3 Jest Problem 3

This test problem was motivated by a study of concentrations of minor
chemical species in the sarth's atmosphere. Some of these concentrations are
governed by photochemical reactions which vary diurnally (with the sunlight
present), as a square vave with a 24-hour (86,400 second) period. The reac-
tion rate increases from its minimm to its maximum value very rapidly, holds
thy maxisum valus for about twelve hours, them quickly assumes its minisum
value for about twelve hours, and the cycle is repeated. The siwple one-
dimensional model described below is a mockup of such a chemical process. For
further remarke about such problems, see §2.10 and (4),[6]),[7),[91,([16]),(17].
Tha ODE can be given by:

exp(~Cu/sin wt), eoin wt > 0

(2.10.1) B(t) =
o, sin wt < 0,
(2.10.2) H(t) = [D+AE(c))/B ,
(2.10.3) y(t) = H(t) - B[y(t)-H(t)) ,
and
(2.10.4) y(0) = H(O) .

By inspection, the exact solution of the problom is seen to be
(2.10.5) y(t) = H(e) .

The Jacobian is the 1x1 matrix

(2.10.6) J=-B,

Por the data in Tables 2.3.1.1 - 2.3.1.2,

(2.10.7) A=102% cau, D101, e e/a3,200

and the interval of iutegration was 432,000 seconds (or 3 days). Output was
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generated every 43,200 seconds (twelve hours). Two cases were run:

Case 1, B = 10B

Case 2, B = 1072

See Figs. 2.3.1 and 2.3.2 for graphs depicting the nature of the solutions.

For Case 1, the time constant 1 = 1/B = 10-8 is very small in comparison with
the length of the interval of integration, 432,000 seconds. Hence, the problem
is very stiff, Case 2 is the non-stiff variant of Case 1, 1.,e. 7 = 1/B = 105

is of the same order of magnitude as the length of the interval of integration.

Case 1 (the stiff case) is the type of stiff problem for which we might
expect EPISODE to outperform GEAR, except possibly for MF = 23. We would also
expect METH = 1 and MF = 20 opticns not to perform well for either code. The
reason for the latter statement is clear -- the problem is very stiff. The
former remark bears explanation. In solving the nonlinear system for the
correction in both GEAR and EPISODE, an approximation to the Frechét derivative
F' (¥ sty ) =P = 1-(h, /B S Vs v' < n is used. When MITER = 3, K,
is a diagonal approximation to J - [By (O)IBV ] and in both codes v' = n,
i.e. the scalar coefficlent of F'\J is updated at each step. Since .‘.'\J is 1x1,
then Pv is also a full 1x]1 matrix and is simply a finite difference approxi-
mation to a directional derivative involviny the Jacobian matrix. In this
problem, some of the real distinctions between EPISODE and GEAR are again
clearly observed -- EPISODE i8 a truly variable step size code, while GEAR
changes step size by interpolation [4],[6] and the codes use distinctly dif-
ferent error analyses. These are manifested by the data for MF = 21,22 for
which v' = v and Kv - Jv. or KU is a finite difference approximation to Jv'
respectively. Note that GEAR only succeeded with MF = 23 and failed with
INDEX = =1 o1 -2 for all other MF choices.

For Case 2 (the non-stiff case), both codes gave substantial error run
over (ERO), but it remains at about the same order of magnitude for all values
of EPS for both codes (a'.lO2 or 103). Further, for EPS = 10-6.10-9. the non~
stiff options of GEAR are up to 30 faster than those in EPISODE, while the
stiff options in EPISODE perform better than those in GEAR. This example
also shows how stiffness (via the selection of values for B) can affect the
perfornance of ODE codes. See Tables 2.3.2.1 - 2.3.2.2 for a comparison of

the fastest runs with GEAR and the fastest runs with EPISODE,
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TABLE 2.3.2.1.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

A Comparison of the Best Runa with GEAR and the Best

Runs with EPISODE for Test Problem 3, Case 1 (Stiff)

EPS = 1070

GR23/EP23

b4s

302 1.47

0230 _

.0524 439

1452 _

312 1.79

2691 _

1307 2,06

384

%56 . 842

9
0

142

~0692 203

.0203

0241 - 842

EPS = 10°°

GR23/EP23

1.02 _

836 1.22

.000391

245 = ,000879

3400 _

1924 1.77

5839

3526 = 170

592
356 .783

olo

.309

181 - 1.71

.0313

~0400 ~ * 82

olo

2222 - 1,19

EPS = 107

GR23/EP23

2.17

2.00 " 1.08

.132D-02 _

.561D-04 i

7573
4767 = 137

10172 _
8148

1.25

685 _

916 .748

oo

.538

431 123

0362 _

~0485 ~ 748

olo

1.90

1.8 - 1-03
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A Comparison of the Best Runs with GEAR and the Best

Runs with EPISODE for Test Problem 3, Case 2 (Nonstiff)

EPS = 1072

GR10/EP10

285
111

n

2.57

.163

3.81

1578
436

3.62

oo

olo

,0835
.0231

= 3.61

olo

ojo

. 247

100 - 2.47

EPS = 100

GR10/EP10

. 587

662 - .B87

77.1
773 1.07

2109

474 = 1-43

2617

39296 1.18

olo

olo
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oo

oo

«315

610 a 844
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GR13/EFP13
1.28

1.73 +740
136

181 <251
4091

5675 1.56
4624

4525 102
551

376 .629
0

0

* 245

539 1.03
.0292 _
J0465 - 928
9

0

1.14 695
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2.4 Test Problem 4

The Van der Pol oscillator [1] is the basis for this example and can be

given by
(2.4.1) - n(l~x)x +x =0,
(2.4.2) x(0) = 2,

and

(2.4.3) x(0) =0 .

For Case 1, n = 100 and for Case 2, n = 3. This problem requires that the
second order problem be replaced by a system of two first order ordinary

differential equations by setting

yl(t)

y2(t)

x(t)
(2.4.4)

x(t)
so that

(51(t) = y2(t)
y2(t) = 0~y e 1y - vl

yl(O) =2

(2.4.5) <,
y“(0) = 0

0 1 1
I = 1,..2 1,12
=1 = 2ny (t)y (t) n(1-[y (£} ]%)
1 2 T T
The point [y (0),y“(0)] = [2,0] 1lies on the limit cycle of the initial
value problem (2.4.5) regardless of the choice of n. The object of thie prob-
lem was to find the zeros of yl(t). which sounds deceptively simple. If t*

1

denotes a zerc of y and tout denotes an output time near t*, then we used

Newton's formula and took



_ _ 1
(2.4.6) £, = Cout (y™(t

2,
)y \to )]

out ut

to be the approximate value of the zero t*, The relative phase shift was then

measured by setting
(2.4.7) R = (tz—t*)/t*

and it is this error that is to be indirectly controlled by the integrator.

This problem is comprised of two cases:

Case 1, n = 100
Case 2, n=13,

For both cases, appropriate values of t* were found by using EPISODE with
EPS = 10-12, locating the zeros very accurately, and retaining values obtained

from the right hand side of (2.4.6)., Values for t* are given in Table 2,4.1.

TABLE 2.4.1. Values of t*

CASE 1 CASE 2

n = 100 ne=3
81.1723778705497 3.60761267698567
162.590913432667 8.03716042148430
244.,009448787067 12.4667081698911
25.427984460614 16.8962559182921

The tactics for finding tout and thus tz in (2.4.6) varied with the
choice of value of n. The reason that different tactics were used is a prag-
matic one —- the tactics work., A more thoughtful explanation can be obtained
after examining Figs. 2.4.1 - 2.4.6. Figures 2.4,1 and 2.4.2 give the phase
plane plots for Case 1 (n = 100) and Case 2 (n = 3) where the comparison of
ascales 1s quite dramatic. In particular, th~ values of y2 (or YO(2) in the
graphs) and the rate of change of y2 in comparison with yl {or YO(1)) are
quite different. The graphs of the solutions (Figs. 2.4.3 - 2.4.6) further
indicate the difference between the two cases and in the regions of validity
of the Newton iteration. They also indicate that this problem is not so easy
as it might first seem.
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In Case 1, EPISODE and GEAR were allowed to select their own step size
from the initial time until an intermediate time tI < t* by using INDEX = 1
initially and INDEX = 0 thereafter, Then the integrator was required to
return to the main program after each step until yl(tout)*yl(tl) < 0, then
that value of tout i8 used in (2.4.6). New values are assigned to t* and tI

and the process is repeated.

In Case 2, both GEAR and EPISODE were required to try to hit the output

times t* in Table 2.4.1 via the use of INDEX = 2 after the initial steps with
INDEX = 1,

In both cases, computation was terminated near the last listed values of

t* in Table 2.4.1 and data were gathered at or near the several t* listed
there.

For Case 1, GEAR suffers much larger ERO than EPISODE. However, this

could be attributable in part to the manner in which the t*® were obtained.

The options MF = 10,20 wvere always unsuccessful. For Case 1, NFEMAX was 3500

for EPS = 10'3. 7000 for EPS = 10"’, and 14000 for EPS = 10°°.

In Case 2, all MF settings worked and EPISODE generally ran more slowly
than GEAR. Please see Tables 2.4.2.1 and 2.4.2,2 for the raw data and
Tables 2.4.3.1 and 2.4.3.2 for s comparison of the best runs with GEAR and
the best runs with EPISODE.
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.&Lal
. 1480
L1450
. 1480
141D
L1570
1840
.181h
. 186D
.316D
.3120
. 324D
. 3320
. 395D
L4710
.4 78D
L4190

&5
g3
&5
ge
&5
&5
gs
&5
&b
[
&6
133
&6
BE
&6
BE
&6
g&
6
&6
ot
513
&b
gk

&5
&5
5
a5
gs
5
=5
s
TS
(3
(1)
1)
1
26
(13
&a
&6
&6
&6
s
g6
&6
&6
g

J SETUP

&
. 396D
. 626D
&
&
. 3560
.626D
B
&
.637D
. 9590
&
&
.8350
.1510
N
8
.1170
. 156D
.8
L&
.879D0
.158D
.G

&4
z4

By
24

&4
&4

&4
&5

25
25

&4
&5

&4
Z4

78]
&4

B4
B4

24
24

&4
&

&4
&5

DER TIME

. 368D
.297Dh
.289L
. 3480
L4230
.4180
LHEBD
423D
.9380
. 7975
.e230
. 926D
.5180
L1870
. 186D
.18ED
. 1980
. 1650
.162D
. 1850
. 1780
.258b
.258D
. 2640

.5230
. 3790
. 3820
L4740
,6360
LS&3D
498D
.&4zD
L1810
. 7280
. 7560
L1830
.9639L
. 9580
.95¢D
.1BED
L1640
.ig2ao
.125h
. 1880
.2esD
.232h
L2270
L2560

&4
B4
24
B4
B4
&4
&4
&4
&4
&4
&4
&4
&4
&5
g5
g5
25
&5
ac
&5
&5
5
s
s

&4
24
&4
&4
a4
&4
)
&
&5
&4
&4
&5
&
&4
&
&5
&5
&5
@5
&5
&5
25
25
&5

PD TIME

&

.B38D
. 144D
.862D0
.&

. 7450
144D
. 7430
&

.134D
. 228D

121D

.8

L1870
. 347D
.1258D
&

.246D
.3588L
L1950
&

.1a3D
L3640
.181L

/]

.534D
.1@15
LE710
.

.66iD
L1150
. &880
N/

L 731D
L1170
.B15D
L&

.954aD
.18&L
.9z2h
B

.1180
.1a84p
L1280
&

.18&l
.2ES[
.1630

&3
&4
&3

(/K]
24
&3

B4
g4
g4

24
&4
B4

z4
a4
&4

@
B4
&

&3
&4
&3

&5
&4
&3

&5
@+
23

8-
B4
83

g4
g4
&4

&4
a4
&4

S0L TIME

]
.6820
.B&7D
L&
&
.B4BD
.812D
]
)
L1620
L1670
L@
&
.2170
L2150
B
N
.336D
. 3280
&
&
.5zah
. 5830
]

&
. 768D
. 7750

122D
121D

. 14860
L1820

. 1950
=g A

.2510
.25580

.4710
. 4620

&4
a4

&4
24

&5
&5

65
&5

25
&5

&5
85

&4
&4

g5
&5

s
&5

Z5
£s

25
&5

STEP

. 5240
.5255
. 5520
.5370
.6210
.6410
. 6640
. 5870
.218D
.1820
. 1880
.164D
.161D

198D
185D

.158D

£38D
437D

. 483D
. 391D
. 3810
. 469D
L4760
.4320

.432D
L2640
.E25D
. 4490
.5280
.631D
.622D
.892D
.1270
. 1280
.1280D
.121b
L1310
. 16&D
. 1880
. 1420
. 2780
.2?80h
.2910D
.285D
. 335D
488D
. 486D
.3570

T

a5
&5
a5
@5
a5
&5

&5
86
&6
@6
&6

Bs
g6
26
&6
&6
g6
&6
1%
&
&6

gc
s
&5
&5
g5
25
s
25
&6
&6
&6

26
26
&6
g6

&5

&t
&6
&8
&6

T1avl

[ A A

[49



TABLE 2.4.3.1.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

A Comparison of the Best Runs with GEAR and the Best

Runs of EPISODE for Test Problem 4, Case 1 (Stiff)

EPS = 107>

GR23/EP11

.183
.119

1.54

55.8

.00986

.0166

00636 ~ 29!

.00222

00207 = 197

e
L0129

+145

104 = 1-39

EPS = 10"2
GR23/EP23
.591

ﬁg 1.15
205

22 - 357
2325

1364 = 173
3918

2 17
456

28 - L6su
0

0

0469

0320 -~ 1-47
00546
~00835 - 634
]

0

491 _

429 - 1-14

EPS = 102

GR13/EP21

— = 1.29

4340

358 - 12-1

4896

2204 2.13

8037

363 - 184

681

363 = 2,23

0
. 0205

. 0963

0523 - 184

.00816

-00430 - 190

-
.106

1.12 _

.877 L.28

*
Please see raw data in Table 2.4.2.1 for other possible choices.
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TABLE 2.4, 3. 2.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

A Comparison of the Best Runs with GEAR and the Best

Runs of EPISODE for Test Problem 4, Case 1 (Nonstiff)

EPS = 1073

GR10/EP11

L0519 _

0586 _ 586

00523 _

" 00297 - L-76

0 __
.000830

. 00602

.0432

T05025 - 9-23

EPS = 1070

GR12/EP113

.146

182 WA

454
395

626

768 .485

49

101 = _485

.00511

.00750 _
.00920

.815

00117 _

.00121 A3

£PS = 1070
GR11/EP12
22 = 719
L5 - Lase
S22 =18
1932 - 76
18 = 520
28383 - 335
B2 - 765
s o
“SBL - 763
<219 692



2.5 Test Problem 5

The numerical method of lines (MOL) is a powerful tool for the approxi-
mate solution of parabolic partial differential equations at least in one
spatial dimension. The basic idea of this procedure is to carry out a spatial
discretization via Galerkin's procedure, collocation, finite differences, or
finite elements and to thereby obtain a system of ordinary differential equa-
tions. This system of ODE's is then solved by an ODE code which selects time
steps of appropriate length and the correct order to efficiently solve the
system of ODE's for a specified error tolerance, It is this automatic selec-
tion of step size and order which makes MOL such a powerful tool. {(See [7],
{201, [21], 23], [24].)

With this in mind, we now describe the underlying partial differential

equation. Burgers' equation (2] for u = u(x,t) is
(2.5.1) u, + ue = vu 0<x<1, >0

with subscripts denoting partial differentiation. An exact solution can be
shown to be

-1
3 x _t
(2.5.2) u(x,t) = [:1 + exp 2 —!4\)_]

The initial and Dirichlet boundary conditions are taken directly from (2.5.2).
Note that the solution is a travelling wave whose speed is dx/dt = 1/Z.

The simplest method of spatial discretization is to discretize along the
x—-axls with a uniform mesh and to replace all spatial derivatives in (2.5.1)

by (say) centered finite difference analogues. Thus, if we take

{2.5.3)

.

ui(t) s u(ia,t), 1=0,1,...,N+1
then one system of ODE's for the MOL approach to solving (2.5.1) is

. _ 2 .
(2.5.4) uy (ui/ZA)(ui+1 ui—l) + (v/A )(u1+1-2ui+ui_1), 1=1,2,...,N
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(2.5.5) u, 0) = [1+ exp(18/20) 1%, 1=1,2,...,N
(2.5.6) ug(t) = [1+ exp-t/iy It

1 e1171
(257 Uy (8 = [1 + el = R]

where (2.5.5)-{2.5.7) are taken directly from (2.5.2) and where u, = ui(t).
Although the problem (2.5.4)-(2.5.7) 1is of the desired form, the exact solu-
tion is not known. Consequently, we now modify the system to obtain one which
has an exact solution. This modification is not usual in the comnstruction of
method of lines solutions, since the solution of the parabolic problem 1is

certainly unknown unless one 1s testing.
Let fl(u), u = [ul,uz,...,uN]T be defined by the right hand side of
{2.5.4). Next define

-1
1At
E_+ expEE;-ERﬂ] , i=0,1,...,N+1

gi(t)
(2.5.8)
g(t) = [gl(t).gz(t),---,gm(t)]T .

A system of N ODE's whose solution 1s g(t) can then be given by

£(y(t)) + g(t) - £(g(t)), 0 <t <4

y(t)
(2.5.9)

y(0) = g(0)
The vector é(t) - f(g(t)) can be regarded as the spatial discretization error
assoclated with the function g. For large N, we would expect this error to be

small, The Jacobian matrix is the tridiagonal matrix defined by

‘. y
aytroyi™l = (yi728) + via? , 1=2,...,N
(2.5.10) Loytrayt = M - y Yy 2s - 2uis® ) 1e1,2,... W
sy Loyt = —ylr28) + v/a? 1=1,2,...,N-~1

“
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0

where it 1s understood that y =g kL

and y = By, 28 defined in (2.5.8).

0
In generating the raw data in Tables 2.5.1.1 - 2.5.1.4, we took v = .05,
and for Case 1, N = 20; Case 2, N = 30; Case 3, N = 40; and Case 4, N = 50,
For purposes of keeping track of function evaluations, we note that the system
has a tridiagonal Jacobian matrix and so for MITER = 1 (or 2), each Jacobian
evaluation can be equated to 3 (orN) £ evaluations. The data in Tables 2.5.1.1-
2.5.1.4 show the effect of increasing N on various statistics including running
times, error run over, and number of steps. Please note that the eigenvalues
of the Jacobian matrix are altered when N is changed [22],[25]. Even so, we
note that this problem is apparently mildly stiff, since all MF settings work,
while MF = 21 ig generally the best. The surfaces graphed i{n Figs. 2.5.1 and
2.5.2 represent a solution surface (with N = 20) obtained by treating y(t) as
though it were u(t), the approximate solutica to (2.5.1). In all cases EPISODE
outperforms GEAR, often by a substantial margin, with respect to both error
run over and total time. This may be attributed to the wave front (transient)
which must be negotiated in the midst of relatively flat stretches of the so-

lution curves. Output peints were t, = .53, j=1,2,...,8 and ERO was determined

]

from

mﬂX{ll[{yi—gi(tj)}/{mi(tj)-EPs}]IIRHS= 1=1,2,...,8}

where yj is the approximate solution at tj’ t, 1s the j-th output point, and

J
YMAX is defined in Table 2.0.6. A summary of the best runs with GEAR and

EPISODE is given in Tables 2,5.2.,1 - 2.5.2.4.

Finally we remark that this 1s a test problem and that such banded sys-
tems as this could be solved more cheaply with GEARB [15] or EPISODEB [5].
Indeed, this is done in packages such as PDEONE [23] and DISPL [20].
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METH

EP12
EP11
EP12
EP13
EP2&
EP21
EP22
EP2s
EP18
EP11
EP12
EP13
EP2@

Ep22
EP25
EP1D
EP11
o2
EP13
EP28
EP21
EPz2
EP23

GR1&
GR11
GRi12
GR13
GR2B
GRE1
SR22
SR23
8R18
GR11
GR12
GR13
GRER
GRE1
BRE2
GR23
GR1&
GR11
GR12
GR13
GR2&
oR21
oRE2
GR23

PROB EPS 1Ix

nnnnunnunununhnununnnununnny i nnnhnnn

B b db b b b b b b b b b b b b b D R B Rk ik b R R

Ll i e i R e N L i T

VPUVOLLELVOVLOOOOOODDIDWWWWELWWW

DOLOLLOLLLOLOLONODOOR O WU WY WW

t

AR NEOENAOREERES SHOANAANEAEARRIRIEROENOEHG®R

1
-

LAST

-HGa0
- 488D
. H&ED
LSS0
.HEED
- 48D
. 488D
. 488D
- 48D
- 488D
- 4&ED
. 488D
. 4880
- HB8D
. 488D
. HGEGD
. 488D
. 4880
. 488D
. 488D
. 4@&D
. 488D
. BB
. 498D

. 488D
. 488D
. SGED
. 488D
. S88D
. 4880
. HGE8D
. 4880
. 488D
. 488D
. HB&D
. 4B&D
. HE&D
. 488D
. H&&D
. 486D
. 488D
. 486&D
- 486D
.291D
. 486D
. H8ED
. HEEBD
.277D

T

&1
&1
&1
&1
&1
&1
&1
&1
g1
g1
&1
&1
&1
&1
&1
&1
&1
&1
&1
&1
&1
&1
a1
&1

&1
&1
g1
&1
&1
&l
&1
a1
&1
&1
&1
&1
&1
o1
&1
&1
&1
&1
&1
&1
g1
&1
g1
&:

NSTEP

314
161
48
48
321
888
251
251
E64
984
142
142
761
1455
477
S&7
1283
984
415
415
1318

1238
178
176
S8

1141
i32
132

1181

1842
388
482

1473

1&82
362
362

1721

1248
786
738

1954

1266

1874

1874

1958

NFE

1588
177
177
711

1786

&4
84
768

1529
418
418

1545

1773
261
281

1835

818
658
857

3663

14856
H465
465

3168

1889
262
262

2@82

1761
285
285

2699

1947
S48
576

3522

1858
426
428

39E5

2364
B84
944

4451

2187

1139

1139

4438

NJE

24
24
283

18
18

313

£
&
477

18
i8
611

44
48
852

57
37
745

16
486

1&
i@
831

37
36
593

23
23
699

55
59
581

61
61
583

E R

.645D
.H&2h
4@l
.588D
.8550
L1370
.137D
.141D
.167D
.885D
. 6890
.134D
.251D
.8150
.9150
. 3830
. 358D
.ga80
.429D
.1810
.181D
.537D
.537D
L4820

534D
L1670
-1687D
. 3670
.117D
.8B5D
-885L0
L1820
563D
.375D
- 375D
.638D
.138D
.115D
.1150
.6720
. 1880
.5810
.577D
. 355D
.567D
174D
.174D
.121D

(v}

TGTAL T

. 1580
T
.B68D
.8630
.174D
L1880
. 382D
.914p
.163D
.892D
.1510
.187D
.1870
462D
.632D
.233D
.247D
. 158D
.254D
.366D
.181D
L1160
.1890
. 3850

.177D
.5&5D
. 799D
.2130D
.167D
L4810
.586D
276D
L1840
.112D
. 188D
. 354D
.187D
.B88D
.152D
. SHE4D
.2390

1960

.321D
. 4750
.231Db
.251D
.361D
L4780

&v
86
&6
6
g7
&5
(133
&6
&7
&6
87
&7
&7
&6
86
g7
&7
&7
e7
&7
&7
&7
a?
&7

&7
&6
&6
&7
&7
&6
&6
a7
&7
&7
g7
&7

-
r

&6
&7
&7
&7
&7
&7
&7
g7
a7
g7
g7

» SETUP

.8
.861D
.888D
N/
G
. 358D
.2910
-8
B
. 1880
.B73D
B
.8
. 6480
.524D
.6
B
L1580
.1340
&
.8
.133D
L1880
&

.8
574D
. 465D
]
]
. 359D
.281D
]
]
.133D
. 185D
&
&
. 8260
.869D
B
&
.197D
.172D0
]
B
.2180
L1770
.B

45
(1S

85
&6

(73]
(513

&5
86

&L
&7

a6
&7

&5
&b

&s
28

&6
g7

a5
26

&6
&7

26
et

DER TIME

.182D
L1140
-114D
L4570
.1158D
.S4&8D
.548D
L HEBD
.8953D
L2640
.2&4D
.1820
.114D
.129D
-1z380D
.11ED
138D
L4230
422D
L1850
.96.D
.299D
.299D
.199D

.121D
.168D
.168D
.154D
.113D
.132D
.132D
.173D
.1250
.3470
. 378D
.226D
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Figure 2.5.2
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TABLE 2.5.2.1.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SCL TIME

STEP T

A Comparison of the Best Runs with GEAR and the Best

Runs with EPISODE for Problem 3, Case 1 (N = 20)

EPS = 107>
GR21/EP21
2222 = 1.7
287 - 6.4
22 = 2.47
22 - 2.10
T = 727
2
280
L
20808 < 2.11
209 - 1.78

EPS = 10°°

GR11/EP21

.515

302 - 1.71

3.42

1.93

1.88

= 1,10

= 1.88

.00604 _
.00547

1.10

.133

0703 - 189

4~
o
w

=1.73

.
[y ]
oo
(Ve

EPS = 1077

GR11/EP20

——= = 1,31

22:2 2 934

— = 963

== = .755

(W)
o~

.0633

«254

335 - . 756



TABLE 2.5.2.2.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

65

A Comparison of the Best Runs with GEAR and the Best

Runs of EPISODE for Problem 5, Case 2 (N = 30)

EPS = 107°

GR21/EP21

= 2.75

2.44

£0359 _
.0359

.132
.0540

= 2.44

.00524 _
.00524

134

0543 2.47

.390 _
1p1 - 213

EPS = 1070

GR21/EP2]

.888
462

115
9..15

12.6

362
142

n

2.55

426

201 2.12

= 1.27

= 2.12

.863

Bhg - 92

EPS = 107
GR11/EP21
222 = 1.69
%%;i., 10.8
122 - 1.6
%%§-= 1.90
%% = 1.49
f%%% = 1.48
5 100
f%%%% = 1.48
f%%% = 1.90
191 _, 5,
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TABLE 2.5.2.3.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

A Comparison of the Best Runs with GEAR and the Best

Runs with EPISQODE for Problem 5, Case 3 (N = 40)

EPS = 107>
GR21/EP21

.385

74 2.14

6.74

=== .35

= = .909

.0591

~0650 - 709

+152

L0648~ 230

.00785 _

~008e3 ~ o010

. 205

0863 = 2r38

I574

265 = 217

EPS = 100
GR21/EP21
2:38 - 1,89
S - 12.3
%%% = 2.61
%%% = 2.23
22 - 1.20
=292 = 190
2231 - 5,23
=288 = 1.20
f%%% = 2.24
%g%% = 1.92

EPS = 107°
GRZ1/EP21
%f%% = 2.24
- 31
5%%% = 2.60
1%%% = 2.50
2168
2328 - 1.67
f%%% = 2.50
o
lj%% = 2.49
3.60 _ 5 28



TABLE 2.5.2.4.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

S0L TIME

STEP T

67

A Comparison of the Best Runs with GEAR and the Best

Runs with EPISODE for Problem 5, Case 4 (N = 50)

EPS = 107~
GR21/EP21
25 - 1.9
2222 - 6.58
12 = 2.62
20 - 2.7
= = .750
22223 - 752
2B = 247
95
ST
222 - 1.95

EPS = 1070
GR21/EP21
222 = 2.25
F17 = 1214
%%% = 2.70
%%% = 2.31
%g-= 1.44
28 -1
=283 2 230
2293 - 144
=38 = 2.32
2.00 _ 5 5

876

EPS = 10

GR21/EP21

232 - 2.2
222 - s
28 - 2,60
228 < 2.7
32 - 1.68

273 = 1.68
= 2 2.4
2889 - 1.68
3= 2.8
282 . 5.



2.6 Test Problem 6

This is a relatively simple system of ordinary differential equations
which can be given by

y=-Ay, 0 <

<t <100
y(0) = [1,2,...,N]

t
(2.6.1) T

with A = I + €U, T the NxN identity matrix, € = -d/N, and U the NxN matrix
with each element equal to 1. The exact solution to (2.6.1) is

(2.6.2) y(t) = exp(-t){I + N [exp(-etN) - 1]u}y(0).

In terms of d, we have

N
(2.6.3) gh= -yt + @m § ¥
1 i=1
(2.6.4) y (0) =i
(2.6.5) ') = (1 - Bexp-0) + () expl-(1-a)t]

for 1=1,2,...,N, as the system of ODE's, the initial data, and the exact solu-
tion, respectively. The oripinal idea was to vary the diagonal dominance of

the Jacobian matrix -A and to study the merits of MITER = 3,

The twenty-four cases for this problem are described in Table 2.6.1 and
the corresponding raw data are presented in Tables 2.6.2.1 - 2.6.2.24. To
keep the number of cases reasonable, only EPS = 10_6 was used for Problem 6.
For d = 0, the Jacoblan matrix 1s diagonally dominant and the dominance de-
creases until |d| = 1 and the system is not diagonally dominant. The eigen-
values of the Jacobian matrix -A are seen to be -1 and d-1, with the latter
of multiplicity N-1. Because the length of the time interval is 1000, the
problem may be considered to be mildly stiff. The graph of the solution of
Case 10 is given in Fig. 2.6.1. The data indicate that GEAR performs
generally better than EPISODE, but this is no surprise since the Jacobilan
matrix is a constant. Also, as we would expect, MITER = 3 becomes less
effective as |d| increases from 0. However, as far as total time is con-
cerned, MITER = 3 18 a good choice in GEAR for all cases. In EPISODE, MF = 13
is not as effective as one might expect. Output was taken at t = 10k,
k=-2,-1,.,..,3. A comparison of the best runs with GEAR and the best ruas

with EPISODE is given in Tables 2.6.3.1 - 2.6.3.6.



TABLE 2.6.1.

Case

10
11
12
13
14
15
16
17
18
19
20
21
22
23

24

Values of N and

d for 24 Cases in Test Problem 6

=

10

20

10

20

10

20

10

20

10

20

10

20

[=9

0.0
0.0
0.0

0.0

0.5
0.5
0.5
0.5
0.8
0.8
0.8
0.8
0.9
0.9
0.9
0.9
1.0
1.0
1.0

1.0

69
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623 A ©& .128D B4 176 234 44 .2ZBD g% 153D @5 3110 85 489D B4 3190 g4 3190 &5
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TABLE 2.6.3.1.

TOTAL T

ER"

NSTEP

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

Test Problem 6, Cases 1,2,3,4, EPS = 10 .

83

6

Comparison of the Fastest Runs of EPISODE and

the Fastest Runs of GEAR for Test Problem 6

CASE 1
GR13/EP23

.0204 _
.0326

626

o|o

.00153 _

.00186 S22

.000214 _

.000457 ~ 468

0
0

0177
.0278

= ,637

CASE 2
GR23/EP23

.0279

~0380 - 734

1.85
3.38

= .547

98
93 1.05

131 _
155 ™ 101

15
32 .469

0
0

.00207 _

.00206 1.0

.000238 _

~000507 - “469

g
0

.0233

~0328 ~ 110

CASE 3
GR13/EP23

L0344 _

L0493 -638

107 _

130 .823

15
32 469

9
0

.00211 _

.00256 x84

.000295 _

~000630 ~ 498

o
0

.0292 _

0427 684

CASE 4
GR13/EP23

00275

.00334 - 823

.000386 _

.000823 469

9
0

.0438

~0588 ~ 745
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TABLE 2.6.3.2. Test Problem 6, Cases 5,6,7,8, EPS = 10”°,
A Comparison of the Fastest Runs of EPISODE and
the Fastest Runs of GEAR for Test Problem 6

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

CASE 5
GR11/EP21

0274 _
.0384  °

714

1941

—= = .880

.00178 _
00203 ~ ‘277

.000370

-000786 _ ‘71

.00314 _

.00357 s

.0230 _

.0338 680

CASE 6
GR13/EP23

.0281 _
0518 ~ 242

.598
5.00

= .1196

94

Tﬁ = ,718

13

197 - .680

olo

.00212 _

o312 _ 879

.000269 _

.000697 200

9
0

.0245

0450 © %4

CASE 7
GR13/EP23

L0443 _
.0603

.735

= ,907

= ,908

oo

.00331 _

00364 ~ 709

.000413 _
~000827 ~ *4%°

Y
0

L0390 _
0530 ~ 736

CASE 8
GR23/EP23

oo

00494

.00520 - "0

.000566

0oLl - 488

olo



Test Problem 6, Cases 9,10,11,12, EPS = 10 °,

85

6

A Comparison of the Fastest Runs of EPISODE

and GEAR for Test Problem 6

TABLE 2.6.3.3.
CASE 9
CR13/EP21
TOTAL T <32T2 = 730
ERO 5%%% = 214
NSTEP 5%% = 1.20
NFE %%% = 1.16
NJE %% = .500
<+ AbE .ogzaz
DER TIME f%%%%% = 1.16
PD TIME f%%%%%% = .308
SOL TIME 0
00362
STEP T :gg;i 640

CASE 10
GR11/EP21

.0391 _

0596 ~ 86

.818

203 - +403

96
57 = 842

.00261 _

.00445 287

00193

.00260 - 742

.000531

-000906 ~ *°86

.00572

- el
00771 -~ 742

.0351

~0535 - 66

CASE 11
GR13/EP23

0441 _
.106

.416

944
3.2 1291

L~

113

129 - .926

189 _

180 1.05

23
1 742

0
.0219

.00372 _

00354 -~ 1+93

.000453 _

00224 = 202

0
.0241

0334

~0080 - *°02

CASE 12
GR13/EP23

.0835
.0978

= 854

olo

.00599 _

00574 hatls

000746 _

ootz - 817

oo

.0755

~0857 . ‘881
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TABLE 2.6.3.4.

TOTAL T

ERO

NSTEP

NJE

J SETUP

DER TIME

FD TIME

50L TIME

STEP T

Test Problem 6, Cases 13,14,15,16, EPS = 10 °,

6

A Comparison of the Fastest Runs of EPISODE

and GEAR for Test Problem 6

CASE 13
GR11/EP21

.0249

~0426 ~ 98

90

109 = 826

us

163 - .706

15
33 469

.00116 _

T00247 ~ 470

-00164

,00233 - *104

.000347 _

~0007640 769

.00289

~00410 ~ 703

.0220

L0381 7

CASE 14
GR13/EP23

.0417
.0567

= C735

L33 473

13,

138 .971

226 _

246 919

38
&4 594

9
0

.00358 _

~00390 - 918

.000602

00101 - 296

olo

.0362

~0504 = 718

CASE 15
GR11/EP13

.0685 _

_ogse . 800

1.02
<144

= 7.08

102 _

133 767

0641

0768 = 8%

CASE 16
GR23/EP23

.106

3 - .938

3.85

2.00 - 192

192

158 - 1+2°

318 _

4
3% = 579

oo

.00818
.00684

= 1.20

.00113

.00196 ~ 77

. 0954

~0988 266



TABLE 2.6.3.5.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

Test Problem 6, Cases 17,18,19,20, EPS = 10 °,

6

A Comparison of the Fastest Runs of EPTSODE

and GEAR for Test Problem 6

CASE 17
GR11/EP21

.0307 _

0447 - 987

.00131 _

.00239 e

.00208
.00238

= 874

.000393

000717 ~ 248

.00367 _

.00420 874

.0266

-0395 ~ 973

CASE 18
GR11/EP21

.0581 _

0690 ~ 842

.00307 _

-00445 ~ 990

-00318 _

.00309 103

.000625

-000006 ~ 890

.00946 _

.00917 1.03

0526

L0622 ~ 546

CASE 19
GR21/EP21

= 944

oy T 018

164

124 = 1.32

204

185 1.10

L0142 _
.0219 ‘

.00402
.00364

= 1.10

.00145

~o022; - %47

0274

0248 ~ 10

L0941 _

100 .941

CASE 20
GR13/EP23

.125

145 - 862

5.08

1.32 3.85

221

196 1.13

409
370

76

165 = ,724

LY
0

0105 _
.00952

1.10

.00196 _

.00270 B

kY
0

115

127 - .906
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TABLE 2.6.3.6.

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

FD TIME

SOL TIME

STEP T

Test Problem 6, Cases 21,22,23,24, EPS = 10,

6

A Comparison of the Best Runs of EPISODE

and GEAR for Test Problem 6

CASE 21
GR23/EP23

.0239 _

0271 882

olo

.00190 _

00163 _ 117

.000214 _

000414 -~ 07

olo

L0194 _

L0234 829

CASE 22
GR23/EP23

L0280 _
0373~ 77t

olo

.00207 _

.00200 %

.000238 _

.000507 7462

Qo

0234 _

.0320 731

CASE 23
GR13/EP23

.0356 _

L0443 ~ -804

11.4 _
3.70 - 3.08

92 _
= =1.08

128 _
57 = 1.06

22 = 645

olo

.00252 _
.00238

.000394 _

.000610 -646

oo

.0308 _
.o3gz - 306

1.06.

CASE 24
GR23/EP23

.0618 _

.0636 L

3.84
17.3

a 222

114 _
57 = 1.31

156 _
117 - 1.33

16
4 471

9
0

.00401 _

.00301 1433

.000412 _

.000875 vl

9
0

+0553 _

.0549 1.01



2.7 Test Problem 7

This is a scalar problem of quadrature type and was meant to test EPISODE
and GEAR for effectiveness in handling discontinuities. The problems are of
two types: those with jump discontinuities in f and those with Jump discon-
tinuities in £, 7The initial value problems can then be given by

(
y = f(t) =

=
ot
v
H
| A
"t
| A
o

(2.7.1) {

Ly(O) = =1

wheret0=lforalIOit__<_2,dil, and 82>0.

Define By = BZ/d and By = By - 1 - 32/(d+1) so that the solution to
(2.7.1) can be given as

Bltd = ; 0<t=<1
(2.7.2) y(t) =
d+1
Thus, the solution is a polynomial of degree d for 0 < t < 1 and degree d+1
for 1 <t < 2. Further, at t =1, f has a jump discontinuity of height 82.

The problem involving a jump discontinuity in f can be given by

‘. a8 et o<ecn
y(t) = £(t) =
dBl+82. l<t <2
(2.7.3) 9
y(0) = -1
\,

where d > 1, 62 > 0, Bl = 1, and to = 1 for all t. The solution to (2.7.3) is

B]td-l 0<t<1

(2.7.4) y(t) =
(dBl+82)t + 83 s 1l =t i 2

with 83 = Bl -1- dﬁl - 82. Note that f has a jump of height B2 at t = 1 and

that the solution is a polynomial of degree d for 0 < t < 1 and a polynomial

89
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of degree 1 for 1 < t < 2,

Table 2.7.1 illustrates the 16 cases used to generate the raw data in
Tables 2.7.2.1 - 2,7.2.16. The output points were taken to be t = 0.5, 1.Q,
1.5, and 2.0 aad only MF = 10 was used. For consistency, these data are
reproduced in the quotient form for comparison in Tables 2.7.3.1 - 2.7.3.16.

This example 1s interesting since it clearly demonstrates that even if
EPISODE requires fewer function evaluations and/or fewer steps than GEAR,
EPISODE may require more solution time, and that time is evidently spent in
subroutines COSET and ADJUST.



Case

10
11

12

13
14
15
16

TABLE 2.7.1.

Problem

(2.7.1)
(2.7.1)
(2.7.1)

(2.7.1)

(2.7.1)
(2.7.1)
(2.7.1)

(2.7.1)

(2.7.3)
(2.7.3)
(2.7.3)

(2.7.3)

(2.7.3)
(2.7.3)
(2.7.3)
(2.7.3)

The Cases for Test Problem 7

10

10

10

10

10

10

10

10

B, /2
8,/d
B, /4

B,/d

8, /d
B, /d

B,/4

e

91



METH

EPI1&
EP1E
EPLD

GR1E
GR1D
GR1&

METH

EP18
EP1D
EP18

CR1&
GRi1&
GR1O

HETH

EPi1D
eEPi@
EP12

GR12
oR1&
BR1&

METH

EP1&
EP1S
EP:@

GRI1G
GR18
CR1©

PROB EPS 1Ix

NANSN NN
N

L ]

PROB

NSNS NN

PRl RN

~N -~
W

~ ~ =
W W

PROB

~ = ~N oy
L

[ DO

3 &
& &
-] &
3 &
8 &
-] &
EPS Ix
3 &
& &
9 1
3 &
[ [/
9 &
EPS Ix
3 &
8 &
g &
3 ]
) [
9 /]
EPS Ix
3 (]
-3 G
L} &
3 &
[ &
g &

LAST

.28eD
. 2880
-2eD

. 288D
. 2G8D
. 288D

LAST

288D
. 2D
. 286D

.2&ah
. 284D
L2880

LAST

.2e&D
. 2080
. 268D

. 2880
.2B80
. 2880

LAST

. 266D
.28&D
. 288D

. 288D
. 288D
. 268D

T

&1
o1

1
@i
@1

a1
o1
&1

&1
&1
@1

NSTEF
ze

37

S6

21
&g
113

NSTEP

15

24
EL)

1?7

57
S5

NSTEP
18
43
61
21

1e2

NSTEP
186
48
&6
21

14

NFE

36
54
75

27
75

133

NFE

35
63
as

45
=19
145

NFE

g2
78
=1/

€2
142
154

NJE

aEHEe oem

NJE

R 8K

NJE

nEan Se%

NJE

meR Qhgn

ER

.6@10D
. 256D
.28&D

.B86D
. 378D
.2270

ER

.1510
. 9880
.973D

L1660
.412D
.1270

£E R

. 344D
L2450
.2880

.9E5D
.1280
. 188D

ER

. 3940
. 1490
.2580

.89580
. 188D
.1&6D

&1
&g
&1
&1

&1

g1
&1
g1

g2
&2

TOTAL T

.583D
L9170
L1410

. 354D
.9270
.168D

&4
B4
&5

4
&4
g5

TOTAL T

566D
. 185D
L1430
L4860

.126D
.1830

&4
&5
85

24
&5
és

TOTAL T

.B5ED
L1410
L1980

L5880
L1280
.1986D

B4
a5
5

B4
Bs
g5

TOTAL T

.51&D0
.176&D
.243D &5

&4
s

.H790 &4
L1860
.231D

5
&5

J
"/
.@
& L1810
[
4]
[

amE N

. 48&D
. 728D

. 3680
- 1680
L1770

3ETUP

J

.8 .574D
& L1840
LB .128D0
] . 658D
&

.1e2D
B 244D

J

& . 744D
] L1340
.8 .181D
4] .9560
e .egeDh
g . 38D

J SETUFR

467D
. 149D

.893D
. 3@eD
L3270

LER TIME

g3
&5
&4

@s
&4
&4

DER TIME

&3
&4
&4

@3
&:
24

DER TIME

3
&4
B

&3
&4
24

LDER TIME

63
B4

.1910 &4

&3
B4
Z4

PD TIME

sNE New

PD TIME

sEmE S8S

FD TIME

NS §Eee

FD TIME

/]
&
&

]
.8
-6

50L TIME STEP

BN B8®

498D
. 768D
.118D

.261D
. 746L
.1230

50L TIME  STEP

@

Ree 6%

L4170
.8980
L1230

. 382D
. 1&3D
. 148D

30L TIME STEP

FEE BE®

SuC

&S® Sn§

.5210
-124D
L1740

. 386D
. 184D
.1£1D

TIME  STEP

. 396D
. 146D
.2130

. 286D
.158D
.1930D

T

&4
&4
es

G4
&4
(1)

24
&4
&5

&4
&5
&5

o4
&5
&5

&4
g5
&5

[
&5
&5

&4
gs
&5

£'2'L'C Ayl ¢'¢'L'T 318yl 1'2°L'C Nyl

UAVATAEE ]
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METH

EP1E
EP1&
EPLE

GR1B
GR1&
GR1E

METH

EP1@
EP1&
EP18

GR18
GR1&
SR1&

METH

EP18
EP1&
EPi1E

SR1E
BR1G
CR1&

METH

EP1&
EP1E
EP1&

GR1G
GR1G
GRI1G

PROB EPS Ix

~ LY RN
vt n vn
whwe WOHhw
mmEyg maRN

PROB EPS Ix

~ ~~
Ohohd
vonw
[N )

RV NN
[N
0 o;mw
[N

PROB EPS Ix

~N W EVREYRN
~ o~ ~!

LoOw VWOhw
aERER ae®

PROB EPS 1IX

~N
m to o
0w
BEER a8

~
o
oo

LAST

. 28D
. 288D
. 2880

.2eBh
. 2880
. 2eeh

LAST

. 288D
. 268D
. 206D

.288D
. 2E8D
. 2860

LAST

208D
. 2860
.2E8h

. 2880
.28eD
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TABLE 2.7.3.1. A Comparison of GR10 and EP10 for Test Problem 7, Case 1

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

TABLE 2.7.3.2.

TOTAL T

NSTEP

DER TIME

STEP T

.000659 _

EPS = 1072

GR10/EP10

.00354 _

.00583 6

. 686
— ¥/
601 1.14
21
-2-5 .955

2
3 .750

~d

.000360
-000480 -~ *7°°
00261 _

~00490 - >33

EPS = 10°°
GR10/EP10

00927
— ]
00917 - 0!

3.78
250 1.51

60
37 1.62

75 .
o = 139

,00100

~000720 - 1*3?

.00740 _

.00760 974

EPS = 107

GR10/EP10

.0168 _
L0141

1.19

2.27

2.00 - L4

113 _
s = 2.02

= 1,75

ons - 104

A Comparison of GR10 and EP1l0 for Test Problem 7, Case 2

EPS = 1077

GR10/EP10

.00406 _

00500 - 312

—

6
.51

[« ]

= 1.10

e

7

5" 1.13

W

3

27 " 1.15

~000576 113

00302

00617 - ‘124

EPS = 1070
GR10/EP10

.0126
o109 - 116
4.12
22 - 45

57
ETA 1.68

7
7o = 1.5

.00162 _
~00104 = 136
.0103

00896 ~ !°1°

EPS = 1077

GR10/EF10

L0183

o143 = 128

00244 _
~oo128 -~ 191
0148 _

o1z - 100



TABLE 2.7.3.3. A Comparison of GR10 and EP10 for Test Problem 7, Case 3

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

TABLE 2.7.3.4.

TOTAL T

ERO

NSTEP

DER TIME

STEP T

EPS = 1073

GRIO/EP10

.00500 _

.00656 762

21
18 1.17

45
35 1.29

. 0009506

-000744 - 128

.00396 _

.00521 a0

EPS = 10°°
GR10/EP10

.0129
.0141

= 915

12.8
2.45
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61 ,
43 1.42
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53 1.51
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.0104

o124 839

EPS = 1070

CR10/EP10

.0196
o158 ~ 290

10.8
2.88 3.75

102
1 1.67
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2.1
.00308 .
oo181 - 1*'°
L0161 _

o174 - 9%

A Comparison of GR10 anu EP1C for Test Problem 7, Case 4

EPS = 102

GR10/EP10

L00479 _
~o0510 © %9
9.38

3:32 - 2.38

21
= = 131
42

-2'5 L] 1-91

000893

-000467 = 1%

. 00386

,00396 = 073

EPS = 1070

GR10/EP10

.0186 _

0170 - 1-9?

EPS = 1077

GR10/EP10

f%%%% - .95
%%g% - 4.09
l%% -1,58
l%% -1.71
f%%%%% - 1.7
0193

0213 - 906
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TABLE 2.7.3.5.

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

TABLE 2.7.3.6.

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

A Comparison of GR10 and EP10 for Test Problem 7, Case 5

EPS = 1077

GR10/EP10

.00583
-00625  *°73
2.68 _

“326 8.22

29
25 1.32

42
2= LI2

.000560
000480 = 117
L00469 _
~00500

.938

EPS = 1070

GR10/EP10

.0126
.00990

= 1,27

.00123
.000720

.00948 _

00823 - 113

=1.71

EPS = 1072
GR10/EP10

.0189 _

.0143 1.32

2.58
1.03

= 2.50

125
= =%, 2
145
-2 = 1.9
.00193 _

—oo101 19t

.0139 _
L0124

1.12

A Comparison of GR10 and EPl0 for Test Problem 7, Case 6

EPS = 1073

GR10/EP10

00583
~00646 -~ *92
3.00

209 = 5.40

23 ,
=5 = 1.28

34
3% 1.00

.000723 _
.000723 ~ 1-00
00417

~oos11 © ‘916

EPS = 10°°

GR10/EP10

.00990 _

o124 - 198

2.09 _

993 - 210

EPS = 10~

GR10/EP10

L0161 _
oty - 24
1.75

~ig3 = 3.5

84
54 1.56

97
75 1.29

.00206 _

0015y ~ 1+30



TABLE 2.7.3.7.

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

TABLE 2.7.3.8.

TOTAL T

ERO

NSTEP

DER TIME

STEP T

A Comparison_of GR10 and EP10 for Test Problem 7, Case /

EPS = 1073

GR10/EP10

,0121
-00740 - 194

14,1
1.25 11.28

56
37 2.55

106 _

8 2.79

.00225

~000808 ~ 28

.00969 _

. 00604 Labf

EPS = 10°°
GR10/EP10

L0152 _

.0144 h=llf

5.45
1.93 2.82

77
42 1.83

11

w

=1.79

-

3

.00240 _

oo134 - 79

.0128 _

.0127 A%

EPS = 107

GR10/EP10

.0228
0208

=1.10

161,

85 1.89

.00342 _
-oo1e1 ~ 1%
.0186 _

o182 - 1-92

A Comparison of GR10 and EP10 for Test Problew 7, Case 8

EPS = 1073

GR10/EP10

. 00844
.00875

= .965

EPS = 10°°

GR10/EP10

.0205 _

o170 = -2

-

1.4
.3

= 1.79

o
~

= 1.9

l"lﬂ
LY. A

(]

45
67 2.16

.00308 _
To0142 = 217
0178

L0148 = 1-20

EPS = 1077
GR10/EP10
f%%%% . .844
%f%% - 1.1
1 - 1.29
%%2 -1.36
.
0217 | oo
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TABLE 2.7.3.9.

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

TABLE 2.7.3.10.

TOTAL T

NSTEP

DER TIME

STEP T

A Comparison of GR10 and EP10 for Test Problem 7, Case 9

EPS = 1073

GR10/EP10

.00583 _
00844

.691

.270

831 <325

35
35 1.00

= = .927

.000675 _

.000728 i

.00448 _

.00656 b

A Comparison of GR10 and EP10 for Test Problem 7, Case 10

EpS = 1070
GR10/EP10
255 Lo
23 - 22.8
l%% 1.49
l%% - 1.3
= 1.35
oits - 07

EPS = 1077
GF10/EP10
0 - 1
%é%% = 3.97
19% 1.67
%%% 1.48
05t - 1.

L= 1o

EPS = 107°

GR10/EP10

00479 _
~00760 - 30
1.09

1.38 L l190

.000893 _

00105~ 80

.00417
~00614 ~ 879

EPS = 1070
GR10/EP10

0131 _
0139 — 742
855 _ ,
B3 . 07

71

96 _
e = 1.26

00209
-ootes - 1%
0108

o109 - 791

EPS = 1077

GR10/EP10

f%%%% - 914
%%%% - 1.61
13 - 1.3
Ia = 1.2
f%%%%% - 1.25
20206

~0233 - ‘884



TABLE 2.7.3.11.

TOTAL T

ERO

NSTEFP

NFE

DER TIME

STEP T

TABLE 2.7.3.12.

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

A Comparison of GR10 and EP10 for Test Problem 7, Case 11

EPS = 10™°

GR1Q/EP10

.00781

“00802 - 974

63
47 1.62

.00148
000914 ~ 1-62
L0065 _

.00708 +921

A Comparison of GR10

EPS = 10°°
GR10/EP10
o139 - 877
322 -1
%% - 1.22
-1
f%%%%% - 1.3
2923 . aus

EPS = 1070
GR10/EP10
“Gaes = 781
Lt o
222 = 1
%%% - 1.3
“g029¢ = 1+%
=232 - 766

and EP10 for Test Problem 7, Case 12

EPS = 1077

GR10/EP10

.00729 _

-00896 = 814
8.25 _
32 . 235

3 |
s = 1.46

72
3 1.71

,00157
00914 - 1+72
.00625 _

~00709 .882

gPs = 10°°

GR10/EP10

.0172
0217~ 7193

7.26 LR

EPS = 1070

GR10/EP10

.0258

0301 = 897
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TABLE 2.7.3.13,

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

TABLE 2.7.3.14.

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

A Comparison of GRIO

and EP10 for Test Problem 7, Case 13

EPS = 1072

GR10/EP10

.00900

.00990 - 10

80
67 1.19

.00106

~000886 - 1-20

.00698 _

-00856 - 817

EPS = 100

GR10/EP10

.0148
.0154 <961
497
. 0994 00

96
1 1.35

118
359 1.19

.00156
0131 - +1?
L0107 _

.0125 i

EPS = 1070
GR10/EP10

0417
L0225

1.85

144
.920

.156

281
Tos - 268

331
Al
00438 _
.00185

2,37

L0315 _

0180 -~ 173

A Comparison of CR10 and EP10 for Test Problem 7, Case 14

EPS = 1073

GR10/EP10

.00615
o105 ‘86
1.95 _

ol 4.74

30
% .833

- = 770

.00102 _

~00133 ~ %7

.00417 _

.00917 435

EPS = 10°°

GR10/EP10

L0155 _

o148 - 103

Ta-" 1.98

a7
39 1.47

1
SEBRY
.00242 _
~oores 13!
.0118

o126 Y7

EPS = 107

GRIN/EP10

.0367
L0293

= 1.25




TABLE 2.7.3.15.

TOTAL T

ERO

NSTEP

NFE

DER TIME

STE?P I

TABLE 2.7.3.16.

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

A Comparison of GR10 and EP10 for Test Problem 7, Case 15

EPS = 1072
GR10/EP10

.00719 _

. 00896 w80

5.62
.87

= 1.45

35
0 1.17

69
59 1.33

.00150
o011y - 1-33
.00563 _

00781 = 741

EPS = 107°

GR10/EP10

.0154
.0169 AL

7.36
16.0 . 460

117
59 1,31

123
85 1.45

.00268 _

.oo1a5 - 143

0126
.0148

= ,851

EPS = 107
GR10/EP10
%%%%% - .712
;f%%" .757
22 - 100
Tox = 1.19
f%%%%% -1.18
f%%%% - .663

A Comparison of GR10 and EP10 for Test Problem 7, Case l6

EPS = 102
GR10/EP10

.00750 _

0125 600

9.07
2.97 3.05

37
37 1.00

16
81 1.25

.00165 _
~00133 124

Jo103 - ->86

gps = 107°
GR10/EP10
.2
%f%%-- 2.61
8.1
hT =13
‘026z - 132
3219 = 653

EPS = 10°0

GR10/EP10

.0338 _
0318 = 1-06
11.6

28 - 3,79
158

112 1.41

~00329 162

.0278 _

0273~ 1102
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2.8 Test Problem B

Here we consider a diffusion-convection problem [4],[17] and treat it by
the numerical method of lines. (See the Initial discussion In §2.5.) This
problen differs from Test Problem 5 in several ways: the PDE is linear, the
exact solution of the system of ODE's is unknown, the Jacobian matrix is con-
stant, the problem is not stiff for N = 20, and a no flow condition is imposed
on one boundary. The solution represents a travelling wave whose steepness

and speed are both c.

The parabolic groblem in u = u(x,t) can be given by

U = u - cu 0 <t < 0025, 0 < x <1
t XX x =" = -7 =
(2.8.1) u{0,t) = 1, ux(l't) =0, t>0
ul(x,0) = 0, 0 <x <

Again, we use

A= 1/R
(2.8.2) i .
y (t) = u(ia,t)

and central differences to obtain the system

141 _ , f

. - + -
34 2yt & g8 higa2 cryttt L

(2.8.3) 1?/(2:\). i=1,2,...,N.

The boundary conditions in (2.8.1) are replaced by

S, LN £ %0

(2.8.4) i
y (0) = 0, i=1,2,...,N

The graph in Fig. 2.8 is 1 representation of the approximate solution to
(2.8.1) and was obtained by the rumerical solution of (2.8.3) subject to
(2.8.4) with N = 20, As one might expect, the raw data in Table 2.8,1 and

the comparison in Table 2.8.,2 indicate that for a given value of EPS, the fast-
est GEAR solution i{s about 30X - 40X faster than the fastest solution obtained
by EPISODE, and the ERD values are roughly comparable.
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TABLE 2.8.2.

TOTAL T

ERO

NSTEP

NFE

DER TIME

STEP T

A Comparison of the Fastest Runs with GEAR and the
Fastest Runs with EPISODE for Test Problem 8
EPS = 107 EPS = 1070 EPS = 1077
GRI10O/EP10 GR10/5P20 GR10/EFP10
L0101 L0284 0757
o143 - 706 KT E R N
5.64 3.80 8.01
s = 29 -: -
3,50 el 718 © Al 13.8 = %0
19 49 102
5% . 792 v . 766 138 .739
36 81 154
) 1.16 7 1.12 6L .9139
.00124 .00280 .00543
.00107 L ol .00249 L L3 .00567 1938
00854 0243 .0672
L0116 »1 36 ,0354 6Bb 116 +379
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2.9 7est Problem 9

This nonlinear problem describes a chemical reaction of the type
A~+B~+C

and has been discussed in [10],[17),[19]. The nonlinear system of QODE's

appears deceptively easy to solve and 18 ,iven by

}1 = -.04y1 + 10“y2y3
;2 = .04y1 - 10"y2y3 - 3-107(y2)2
% 2.2
3 = 3107 (55
(2.9.1) 1
y (0) =1
2
y (0) =0
3
0) =0
\y (0)

Here, yi denotes the concentration of the i-th chemical specles.
23 of 3 4
i=17

Note that

* 0 so that Zi_ly = ] for all t. The problem is stiff and the steady
state (asymptotic) values of the solution can be shown to be yl L y2 = 0,
y3 = 1, The Jacoblan matrix is
r 4 5)
-.04 10%y3 10%y*
.04 10 sengly 10
0 6-107y2 0
\ J

vhose steady state (asymptotic) eigenvalues are 0, 0, and —104.

, since y' ¥ .005 for t = 4010°

Alsco, if

|[:_1y1-1| > EPS, at an output point, then the index (IX in the data) was set
to -9 and the next run was begun.
Fige. 2.9.1 and 2.9.2. The rav data given in Table 2.9.1 and the comparison
in Table 2.9.2 point up several items of interest:

We solved this problem for 0 < t < &'1010

i.a. sateady state is achieved unly for very large values of t,
Graphs of the solution are given in
the problem is indeed

stiff and difficult to solve efficiently on the given time interval and with
output at &-lok. k=1,2,...,10; the conservation criterion IZ:_lyi-ll < EPS s
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TABLE 2.9.2,

TOTAL T

ERO

NSTEP

NFE

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T

A Comparison of the Fastest Runs of EPISODE and
the Fastest Runs of GEAR for Test Problem 9
EPS = 107 EPS = 10°° EPS = 1077
GR22/EP21 cR21/EP21 GR21/EP21
.131 107 .266
156 © 831 282 - 379 366 <127
1.57.10'0 2.69 -6 8.15
2200 - 01100 Ao n 581070 2. 6w
. 7.12°10 .
199 359 911
3 = 1.23 o = 604 LR RY:
730 570 1270
767 = 952 T226 ~ *46° leg9 - 833
85 62 91
723 = 378 -22 - 278 2L - 538
.0133 .00633 .00929
0230 ~ 378 L0282 o 224 o173 - Y
.00852 .00665 _ 0148 _
-00895 " 7°¢ 0143 - 465 o174~ -1
.00297 _ .00114 _ .00168 _
~00415 -+ 716 00411 %77 o012 - 78
.0270 .0210 _ L0469 _
~0283 ~ 74 045 T t46s 0550 - 833
113 | .09564 _ 235 _
141 - 801 258 - 370 334 © '704
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a poor one for error control; MITER = 2 can be troublesome; and the integra-
tors both were badly deceived. One reason that the integrators were badly
deceived is that for large t, a minor error in the matrix can switch an
eigenvalue from zero to some positive value. See [17]. Neither EPISODE nor
GEAR wculd be a clear cut chcice for this problem, since EPISODE suffered very
bad errors for EPS = 107> and GEAR did as badly when EPS = 10°°
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2.10 Test Problem 10

The system of equations given here was solved as part of a sensitisity

analysis of the Chapman mechanism [9]. The symbolic representation for the

four reactions is

( M
0o+ 02 + 03 s kl
0+ 03 - 202 . kz
(2.10.1) < i
Y
02 20 , k3
hv
LP3 + 0 + 02 . kh

where ki denotes the reaction rate for i=1,2,3,4; M denotes some molecule re-
quired to carry >tf excess energy, hv indicates a photo-chemical reaction, and
0, 02. and 03 represent the oxygen singlet, oxygen, and ozone, respectively.

In the example, the concentration of 02, denoted by [02]. will be held constant,
the rates ky ang k, are fixed and k3 and k& vary diurnally. If yl = (0],

yz - [03} and y~ = [02]. the system of ordinary differential equations is

1 . J1.3 12
y kly y kzy y

*2 1.3 1.2
y klv y - kzy y

k| 3 2
+ 2k3(t)y + k&(t)y

(2.10.2)

2
- ka(t)y
with

3.7.108

TN
-
(¥
[}

1.63-10°16

"~
]

4.66°10" 18

| 3
[

(2.10.3) § exp[-cilsinmt]. sinut > O
1=3,4

0, sinut < 0

1]
|

22.62, = 7.601,

%%

n/43200

€
1

and



,
(2.10.4) ylo) « 10°, 3 = 10%? .

Graphs of the solution of this problem appear in Figs. 2.10.1 and 2.10.2.
The former is given on a shifted logarithm scale and contrasts the behavior
of yl and yz, while the latter shows how y2 (or I03]) increases slowly. Note
how yl (or [0]) oscillates between large dayl: gn. velues and small nighttime
values. Although this problem only Involves three chemical species and just
two of these have concentrations varying in time, it does have features of
larger problems. The .Jacoblan matrix is not a constant, the diurnal effect
is present, the oscillaticras are fast, and the time Interval used is fairly

long, 0 < t < 8,64 - 105. Data were taken every 6 hours or 2.16 * 10‘ seconds.

In Table 2.10.2 the raw data for this problem are given and a -~umparison
is given in Table 2.10.3. At first, we would Intuitively expect EPISODE with
MF = 21 to perform much better than other EPISODE options or GEAR, on the
basls of results for problem 3. (See §2.3.)

TABLE 2.10.1. Values of NFEMAX for Test Problem 10

NFEMAX
EPS Problem 3 Problem 10
1073 5,000 15,000
1070 10,000 30,000

0 20,000 75,000

115



116

10

PROB.

Q2+ (1)0X)907

Figure 2.10.1

/

i0'
w10’



2'01'Z ®ansyy

l10"

YO(T)

18-0 4

16-0 -

140 4

12:0 4

1&0--————————’/,'f

8-0 4

6-0 4

4-D 4

2:0 4

PROB.

10 - 2ND COMPONENT

0-0

o-0

1-0

2-0

13-0

140

1&-0

»10*

{11



g
g

WM s s - R

WA WD DWW e rwwiiv i il Wie?

2

oy
[YRLANTY T PYT Y

BEY

4
¥

¥

K‘Mh

BB o ne e e o B B0 o e arm on 0w @43 @ate g m e o

YRLS

§
Pl Gl b ot Bk e o B Sk s G P -0 St Gl Dol Puih Bl Pt Pk Pue Pu Sud P Dot ok s Pt o P P Pk Sl Pt o sk P Put G Pt But G Bl b Pk Sl S

&
3

LPRIPA IR VRATRT PR PRTIFEY o BY o g7 o J¥« B o FYo 87 + ¥ « JYPNY PUTVL PATI0Y YT 9T Py

wiltina

¥

X
~i
©
| f |
==
=X
™
(1
(v}
=
—1
%
L1
-—1
™
©

™
™
x
C
-
[ wit}
il
L
(1.2
™
~1
[t
<1
[ ]

NTEP

,_
o
-
—y

¥
-
& &

i~
&

4kt
1= =

|
[ . F1¥8)
in
[ 7RY P9 LT =
Soma
ha
4
4

w
e
&
&
P

By =i UAN D O ~ g tnfolh
[
gi
D Thbn

L)
1l

L)
Wt
=
[RR1T4)
e
[ ] ol ]
SJE'J

th

Tomgm POV Qorga e £

LA L L S L Lo | it Sl Sl ol Lo | il ill Sl ol L Ll i i ol ] sl i

Sem
0
N
[ e
— {110 0y
Ord OO0 d -y

[ AN
[ i |
e

FLARTHATAN)

iy

W

p ? B
WSt IE

&
e
¥

PP L Ly P I T~ o PR Ly L (I

S N e e S S e N T

]

SIREE

o
ot
§

¥
L]

h

W

L= Lt
Ly

[ 3] X]

vhRinm

oy Loy ]

SJG!
1 43

SO, BT
[ S T L e

o Hitn
131 %1
e T

fa
4
o Lol ot V0 V1§ HF SN LY}

[PL VAT SR L PNIVEIUN N, |

TP N
W g

Lerlinslny
T

3
ANgL e

]
1]~
Jaride
lg: L
[

b33

(1
-J0

*

L L S ol Lo Lol ol ol 'l of ool o Lot b, ol g Lol L iy | vt g | g ]

4
L]

LTS P 3
You -
VG & Carb=m

Fy

AN PN ITARTRI PR RS Y AR T { 1Y
aha e Pl e -

BT SRR ol N 1Y oL il ol L L o WL i ] ol oL )

Ba0.0.0,0,0,0,0,0,0, 0,080,000 0,080,00.0.8
sy

4 U
ity
PO I
wrd -4
L Lol il
<
(]
Oy
o
B =
sty
ol

(AT AT L)
F o S

0.@,.-!- »— i?l-l L & ppaii®)

R IR W I TR R T N AT AT LRI T

o,
¥
Cid d B e B A a e 18

B AT AR W ATV B S ] e L]
R N N R S S e RN L Ve VE NS NN

Lo

{2

H 32

CREE ol -3z

> . v 35

H v .2 o ey o

oo | £ .3 sl ETip et . ldey grf 'gz
& IE3 : 7oL el 4130 DAY ; v [}
o 177 £755:2 - .5 g3 ) . ST ot 62l
S 17565 G0 & .5 o 2% o ca%B0 B e R 1
8c 18567 i6%3 1:63 32D wi iz 13ip 6L .le3C of 00 U .31l gt 417
e 16l ib3e:  iiil g E 33 ZSlu 86 LIiwp oL .Li0L 6B Yoo OC 433
e 13875 zigyy UL .2 o .67 & .iCig of L1320 BC  .g 515
& S3235 Sew! 0 .utwl &7 e’ &L LY e -G ;-j?
et S1:iw Mow. TPl itHL o .iwlo B2 .Gew. 8L . 3GCw ©f .2zl et 135 ef  .22Z
@, 44236 ESI17 wi3L L.owb B. .iiel B2 .30 oC L3iIe of  .wiio v il €7 .2dY
O w44y 62337 Gl Llizh el ki &g iy wl .23l et A3
O+ cisll See. | e Lgite k3 idiuoel b Ge €l R 0L Z4d
% SoWiBii Ie€3 el oer L183p 6f IR G fode @i .yiie €% L1E3p €7 13
v 3 SoNlioe lis D cataw eT .witL O Libme ©f  .idle BT ..mdb B 109
'3 3 SLéi: eiee e LiIL & & i7ie Gf LML EL LU idve
e : . . ey gl % B & 1Y
W% S L T & vr iy vl .22ty
P Y o Co o Lrw o, onubio LG T € LMl BG LZDU
e i, g e e et g ot el g o2 3%
o * ) = I ol R P S = )V
e % ey Co iiieowl i o e ©rooetale WG Lty
e L e NI LI ERuy. gt el aeio oo Lzl
et 4 e O e Fe et wi ot et e rAT S
€5z~ “ O e e R e T T =
e v o ol iiogen ©.  ef€p &% il gt WSlig
P L . i sahiw B Gr  wwile owmt oBZie Bt IbEg
e il wen ST e - L sl gl by WG b ..
o L ' :5 o .:_ ke R —- .3 e L2l
ST e T o s - $arp e I
<% 3 : 45, -CT. .. - ik ' - Lle W LI
ot S LEL PR L:f el “ b Y
o ey R ST, wioe .. & Ny 7
2 oo e ol wl ol e ol oo R T Y A £
s TS e P @ Fa &f f  adwh ef adnte ml vethe &1 330
«1bu ot tfiu PRAT 2 G L .e . et o .;;?g
~IF £ tec. c EEK & e ) mh,oL « __ . e
sB~i 6 Se~e oSSR - o . siiodn Wy e wioe? Ll
H 2 L oA Lty o e AN R A 2l O VET AN
e SR -l P e o« ¢ Flgw Lol e cezde

811

1T ) S5O 0 C O B0 O 0 €, 0 O S R e ey
J1eVlL

LERTERT RN BT FT 5 T 5 SR W e e e L i N Ry Lo Ly Lo Ly o N LW L]

¢"01°¢

FL LTSl oL P o O] T T T T ST ST Y LT T T 9T o)

R R R R L R Rl RTINS Sl i ey R YAy i el Sy S ol Sl il I



TOTAL T
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NSTEP

NJE

J SETUP

DER TIME

PD TIME

SOL TIME

STEP T
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TABLE 2.10.3. A Comparison of the Best Runs of
EPISODE and GEAR, Test Problem 10

EPS = 10‘3 EPS = 107° EpS = 10~°
GR21/EP21 GR21/EP2V GR21/EP22

733 - -966 2D . 2l o 977
%:_g% = BBk ;;2 - .577 %‘ﬁ - .485
-;—g%- .874 -}%-1.25 32’__2%.1,41
%%2" -874 :—i—%- 1.25 —:%;-;—- .792
g = 115 f—é%- 1.38 2B .35
—:%’%- .874 %. 1.25 %Z_g_ o
*308 = 1-14 29 -1 %fg—;- 1.35
3 la = 953 22 . 1.0 3223 - 962

&
The times for MF = 21 and MF = 22 are comparable.
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The table above shows several distinctions between the solutions of prob-
lems 3 and '10. The substantial increase in NFEMAX for problem 10 gave fewer
failures for excessive functional evaluations with METH = 2., 7lhe contrast in
statistics also indicates that the system 13 substantlally more expensive to
golve than the single equation, which i{s no surprise. Another important dis-
tinction lies in the way error was controlled. (More about choice of error
control is given in [17] and a forthcoming report.) 1In all previous problems
semi-relative error control (IERROR = 3) was used. However, in problem 10,
we used another type >f error. Here YMAX(I) was set to max(lY(I)[.lOvzo) in
DIFFUN by accessing COMMON/GEAR2/YMAX(1l) or COMMON/EPCOM2/YMAX(l) and insert-
ing the lines

YMAX(1) = DMAX1(DABS(Y(1)),FLOOR(1))
YMAX(2) = DMAX2(DABS(Y(2)),FLOOR(2))

in DIFFUN. Here FLOOR(1) = FLOOR(2) = 10720 and the long (doubls) precision
version is given above. 1In the user's main program, IERROR = 3 for the call
to EPISODE or the usual call is made to GFAP, since the setting of YMAX in
DIFFUN overrides the internal calculation of YMAX. Thia particular type of
error criterion has been found to be useful and effective for solutions that
are widely varying in magnitude. The run times for the codes with MF = 2j 12

are very close for EPS = 10-3,10-9, while MF = 21 is slightly faster for

EPS = 1075,

Note that the number of function evaluations (NFE) for EPISODE {s always
less than the corresponding number for GEAR and that the number of Jacobian
evaluations for EPISODE is less than that for GEAR for EPS = 10—6,10-9. That
is, we can see the interplay among variable step size and {ixed step size-
interpolate code features such as number of steps, number of [unction
evaluations, look-up or calculation of coefficilents, and Jacobian evaluations.
The reason that GEAR performs competitively with EPISODE here, where it did
not for problem 3, case 1, is evidently that the steepness of the diurnal
fronts is not as great in problem 10. By Gershgorin's theorem [25],

max]lillminlki| is about 6 while in problem 3, case 1, |3f/3y| = 103,
i i
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2.11 Test Problem 1)

This problem is of a subucantially different nature than the previous
ten. The purpose 18 to exeicife several options of the two codes. In the

beginning, the problem is

f; = Ay

y(0) = [1,1,1]"

(2.11.1) \ - 4 5
A= -.99 -109 -.99
. 0 0 -10000
The exact solution is
Y o= exp(-t)

¥ = -.0lexp(-t) + 1.010lexp(-100t) - .000lexp(-10000t)

y3 = exp(-10000¢)

At the start (t = 0), MF = 10, EPS = 10-6, HY = 10-B and semi-relative error

is used. At the successive output points, the following actions were taken.

At t = .01, N was reduced from 3 to 2 and INDEX was set to -1. From then

on, was get to O in ;2 and the third equation in the system of ODE's was

Y3
ignored.

At t = 04, EPS was increased from 1.0"'6 to 10-5 and INDEX was reset to -l.

At t = .07, INDEX was set to 2 and the ODE solver was thereby required
to hit t = ,1 exactly and to give data there.

At t = .1, MF was switched from 10 to 21 and INDEX was reset to -1.

At t = ,2, INDEX was set to J to force the integrator to return output
after each step. INDEX was reset to ) after each step and vhen t > 1, inte-

gration wvas halted. In Tables 2.11.]1 and 2.11.2 output for both EPISODE and
GEAR are given.

Neither code had any difficulty in performing as requested.
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TEST PROBLEM 11..
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2.12 Test Problem 12

This concerns

;-y l1>¢>-10
(2.12.1)
y(1) = 1

whose exact solution 1is
(2.12.2) y = exp(t-1)

This was solved with GEAR and EPISODE with EPS = 10-6, all eight cholces
of MF and all three values of IERROR. Next,

y=-y -l<t<10
(2.12.3)
y(-1) = 1

whose exact solution is
(2.12.48) v = exp(l+.)

was solved for the same choices of EPS, MF, and IERROR. The object of this
procedure was to verify that integration of (2,12,1) with negative h was
equivalent to integration of (2.12.3) with positive h. The results which
+-re taken at every .l second were ldentical, Both codes performed satis-

factorily.



2.13 Test Problem 13

Here we are concerned with testing various error halts in the two codes

EPISODE and GEAR, The underlying problem 1is

(2.13,1)

; = -y, 0<t=<1l

y(0) = 1.

The following illegal or inappropriate inputs were used:

a)
b)

c)
d)

e)

£)

g)

h)

1)

In each case, the integrator prirted the appropriate message and correct-

N =20,
EPS = O,
Hg = -10"% (with [TOUT-TE] > 0).

INDEX = -4.

20 and HY = 10-8 were input to yield a halt for too

EPS = 10
strict an accuracy requested,

EPS = 10_10, H = 107. and TOUT = 106 were input to force a halt

after 10 reductions of H.

Integration with correct input (EPS = 10-6, HY = 10-8, INDEX = 1)

was performed until TOUT = 0.1. Next, DRIVE was called with
INDEY, = -1 and TOUT = ,100001 to force a return from DRIVE with

A call to DRIVE was then made with INDEX = 2, TOUT = ,100001 to
force a return with INDEX = -6,

Finally, DRIVE was called with INDEX = -1 and TOUT = 1 but for

t > .3, PEDERV returned 1000 for the Jacobian matrix instead of -1.

This caused a termination for excessive function evaluations with
INDEX = -1 at t = ,728 for GEAR and at t = ,603 for EPISODE.

ly set the error flags.

125
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2.14 Test Problem 14

Here we treat a model for an oscillating chemical system described in
[11]. The basic idea is this: a chemical reaction takes place in such a way
that the concentrations of the three chemical species vary periodically in

time. In dimensionless form [11] the system becomes

(5% = sty2-yly2yi-aly'1D
(2.14,1) $ §2 = (y3-y2—yly2)/s
53 = W(Yl-y3)
L
where
(2.14.2) s = 77,27, w=0.1610, q = 8,375-10°% ,

The 1initial data which we used were

y o) = 4
(2.14.3) y2(0) =1,1
y3(0) = 4

and are due to Enright [10].

The problem was solved for 0 < t < 303, since that is the approximate
length of one pericd for the solution. A graph of the solution 1s given in
Fig. 2.14 and vividly 1illustrates the stiffness, oscillations, and range of
the solution. Output was taken at t = 1,2,3,4,49,99,149,199,249,299,300,301
and 303, The error criterion was pure relative error for Iyi] > 1 and pure
absolute error for |yl| < 1. This was achieved by accessing the YMAX array
through GEAR2 (for GEAR) or EPCOM2 (for EPISODE)} and setting

YMAX(I) = DMAX1({DABS(Y(I)),FLOOR(I))

for I=1,2,3 in DIFFUN. This overrides the internally computed value of

YMAX(I) for semi-relative error, which is always used by GEAR and is used by
EPISODE when IERROR = 3, Here, NFEMAX = 5000 for EPS = 10'3, NFEMAX = 10,000

for EPS = 10°°, and NFEMAX = 20,000 for EPS = 10 . The raw data in
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PROB.

0°T+(1)OX

Figure 2.14

135-0 180-0 225-0 270-0 315-0 360-0 405-0

90-0
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Table 2.14.1 indicate that with MF = 21, GEAR required about 75%Z-85% of the
running time used by EPISODE and, for EPS = 10-9, GEAR was much more accurate,
A comparison of the fastest MF settings for GEAR and EPISODE is in Table
2.14,2, The MF = 21,22 cholces were very close in performance. The very
large ERO values for EPISODE with EPS = 10-.9 are attributable to a phase shift
of the numerical solution at one or more of the spikes. Control of such
errors will be discussed elsewhere. The choice of the end point (t = 3)
prevents the second set of spikes in the solution (Fig. 2.14) from being
encountered. This explains in part why EPISODE shows none of the advantage
over GEAR that might be expected from the description of the problem and

Fig. 2.14.
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A Comparison of the Fastest Runs of EPISODE and

the Fastest Runs of CEAR for Test Problem 14

TABLE 2.14.2.

EPS = 10 °

GR21/EP21
TOTAL T 32 . g5
ERO R £
NSTEP %%% - 1.18
NFE %%% = 1.21
NJE T%% - .610
J SETUP f%%%%g - .614
DER TIME 21 - 1.2
PD TIME 20 - 611
SOL TIME f%%%% =1.21
STEP T f%%% - .838

EPS = 107°
CR21/EP21
f%%% = .785
220 o
-1
132 - 958
333 = -S4
f%%%g - 544
f%%%% = .958
29233 . 544
f%%%% = .957
2323 - 768

EPS = 102
CR21/EP21
2.2
3%%%3 = .00872
B3 - 16
%%g% - .898
2. 3
LB« 3
=22 - 900
f%%%%% - .73
4%%% - .898
82 . g5
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3. SUMMARY

In 52, the problems solved in this comparison were described, raw data
were glven, and comparative results were presented. The comparative results
were constituted of tables showling quotients of the numbers of certain opera-
tlons for GEAR divided by the number of similar operrcions for EPISODE; and
quotients of certain timings of GEAR functions divided by the corresponding
timings of EPISODE, These comparative results then give figures for the best
performing MF settings for the two ODE packages for each choice of EPS and for
each case of each problem where such comparisons make sense, (They do not
make sense for problems 11, 12, and 13.,) These comparative tables still re-
quire that 128 cases be e¢xamined! In Table 3.1 we summarize the comparative

results by simply calling the ODE packages even for
(3.1) .90 < (TOTAL T QUOTIENT) < 1.11 ,

GEAR the winner for TOTAL T QUOTLENT < .9 and EPISODE the winner for TOTAL T
QUOTIENT > 1.11. This procedure gives 37 cases to GEAR, 35 are even and
EPISODE wins 36 time.. Several observations can be made. GEAR performance
on the linear systems in problems 6 and B was superior to that of EPISODE and
together with the quadrature-type problem 7, accounted for 41 of GEAR's 57
successes. Problem 7 clearly demonstrates the cost of the overhead of a var-
iable step method, as in EPISODE, as opposed to a fixed step-interpolate
method, as in GEAR, especially when the variable step method requires fewer
function evaluations and steps. On .he other hand, there were some surprises.
One reason for running problem 5 with N = 20,30,40,50 was toc find a crossover
point of the TOTAL T quotient from EP1SODE's favor to GEAR's -- we did not
find 1t., Other surprises were the evenness of the two packages for problem

10 and GEAR's comparative success with 14.

We again caution the reader that :10% may be as close as we could get to
£n accurate timing. Thus, we provide another summary in Table 3.2 where the
inequality (3.1) has been replaced by

(3.2) .75 < (TOTAL T QUOTIENT) < 1.33

and the thresholds for success for GEAR and EPISODE have been correspondingly
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Tabulation of Better Choice of Code Based on TOTAL T

QUOTLENT and EVEN for .00 < ‘OIAL T -~ ) 4 ¢

TABLE 3.1.

— QUOTIENT

EPISODE
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Selected on basis of ERO.

The entry n-m denotes problem n, case m,
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EPISODE
3-1

< 1.33+

o8 i N Y T K

[ N R A L I -

1 ~F U Y

hoice of Code Based on TOTAL T,
< TOTAL
— QUOTIENT
7-5

.75
EVEN

g
1-2

GEAR

Tabulation of Better
QUOTIENT and EVEN for

2.

o

TITINYT ST
1

DD WD WO WD DD WD DO WD

i
—

EPS

TABLE 3.

10

10

6=-14
6-17
7-16

10
The entry n-m denotes problem n, case m.

Selected on the basis of ERQ.

+
*
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altered. GEAR was the winner in 29 cases, 79 cases were even, and EPISODE

won 18 times.

The smallest TOTAL T quotient was .416 for problem 6, case 1l1; second
smallest was .542 for problem 6, case 6; second largest for problem 5, case 4,
EPS = 10-6, with a value of 2.25, and largest for problem 3, case 2,

EPS = 103 was 2.57.

The gist of all these results is that GEAR outperforms EPISODE on most
simply decaying or linear problems where the cost of function evaluations is
low and/or where step size adjustment is not cri~ical to success. EPISODE
performs better than GEAR on most problems involv!'ng wave fronts and/or non-
linearities. Although many questions have been ancwered by this testing,
there are anomalies: The two Integrators could not control the error for
problem 9, but for different values of EPS! Some problems move from column

to column in Table 3.1 as EPS decreases!

Now we turn to a different type of summary of the results. In Tables
3.3.1 - 3.3.3, the differences in time for the two packages are given in the
form [TOTAL T(EPISODE) - TOTAL T(GEAR)]. The values used to form these differ-
ences are from the values for the best runs used in the compariscen tables of
the test problems. Inspection of Tables 3.3.1 - 3.3.3 leads to the following:
the largest positive differences in the tables are ,45 and .4 for problem 3,
case 2, and problem 10, respectively; these values both exceed the sum
of all the differences for all EPS and all cases for problems 6 and 7;
1f the differences are summed over all problems and all cases they are
~1.18 for EPS = 107>, -2.80 for EPS = 100, -5.80 for EPS = 1077, and -9.77
for the sum over all cases, and all EPS. That is, for most problems involving
fair amounts of execution time (stiff problems of moderately large size with
waves or fronts) EPISODE outperforms GEAR by a substantial enough margin that
the advantag. gained by GEAR on inexpensive and small, non-stiff or simply
decaying stiff problems is offset.

To the user, our advice i1s now a bit complicated. If he is doing
parameter studies in modeling and simulation and these studies include reason-
ably large problems with waves or fronts on the interior, he can probably save
human time and machine time by using EPISODE. If he is running production

Jobs with probleme which are inexpensive and simply decaying, linear, or



PROB  CASE
1 1
1 2
1 3
1 4
1 5
SUB TOTALS
(PROBLEM 1)
2 1
3 1
3 2
SUB TOTALS
(PROBLEM 3)
4 1
4 2
SUB TOTALS
(PROBLEM 4)
5 1
5 2
5 3
5 4
SUB TOTALS
(PROBLEM 5)
8
9
10
14

TABLE 3.3.1.

[TOTAL T(EPISODE) - TOTAL T(GEAR)]
-3 - -9
EPS = 10 EPS = 10 EPS = 10
.0197 .019 .051
. 0039 .008 .054
.0168 .039 .028
-.022 -.079 -.29
-, 044 -.21 -. 74
-.0256 -.223 -.897
.002 -.015 -.051
-.142 -.184 -.17
-.174 .075 .45
-.316 -.109 .28
-.064 -.075 -.30
.067 .036 _ .122
003 -.039 -.178
-.089 -.213 -.211
-,213 -.426 -.80
-.311 -.642 -2.04
-.381 -1,126 -2.72
-.994 =2.407 -5.7171
. 0042 .0139 .0573
* T
.023 1752 .100
-Oa -l67 o&
.025 «100 276

“GEAR suffered serious ERO, see Table 2.9.2 and [17].

1-

EPISODE suffered serious ERO, see Table 2.9.2 and [L7].

SUM OVER

ALL EPS

.0897

.0659

.0838
-.391
-.994

1.1456
-.064
-.496
.351
-.145
--439
225
= 21‘.
-.513

—1.439
-2.993

=4.227

=9.172

.0754

.2982

-019

401
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TABLE 3.3.2. [TOTAL T(EPISODE) - TOTAL T{GEAR)] PROB 6 EPS = lO-6

CASE 1 CASE 2 CASE 3 CASE 4 CASE 5 CASE 6 CASE 7 CASE 8
.0122 .0101 .0149 .0186 .0110 .0237 016 0231

CASE 9 CASE 10 CASE 11 CASE 12 CASE 13 CASE 14 CASE 15 CASE 16
.0100 .0205 .0619 L0143 L0177 .0150 L0171 . 007

CASE 17 CASE 18 CASE 19 CASE 20 CASE 21 CASE 22 CASE 23 CASE 24
.0140 .0109 .006 .020 .0032 .0093 .0087 .0018

SUB TOTAL, PROBLEM 6, ALL CASES: .367

TABLE 3.3.3. [TOTAL T(EPISODE) - TOTAL T(GEAR)] PROB 7
SUB TOTAL

CASE EPS = 107> EPS = 10°° EPS = 107> OVER ALL EPS
1 .00229 -.0001 .0027 . 00489
2 .00094 -.0017 -.004 -.00476
3 .00156 .0012 .0002 .00296
4 .60031 ~.0016 .0012 -.00009
5 .00042 -.0027 -.0046 -.00688
6 .00063 .0025 .0010 .00413
7 -.0047 -.0008 -.0020 ~.0075
8 .00031 -.0035 .0048 .00161
9 .00261 .0012 -.0033 .00051

1C .00281 .0008 .0024 .00601
11 .00021 .0031 .0063 .00961
12 00167 .0045 .0043 .01047
13 .00084 .0006 -.0192 -.01776
14 .00435 -.0007 -.0074 -.00375
15 .00177 .0015 .0083 .01157
16 .005 .0072 -.0020 .0102
TOTAL

propLEM 7 02102 0115 -.0113 ,02122



non-stiff, he should use GEAR. If the runs are with problems with intermittent
transients, he should use EPISODE. These recommendations are based in part
on three years of use of EPISODE for diurnal chemical kinetics problems [8],
where GEAR did not function as well, and on comments from several sophisticated

users, including Dr. R. P. Dickinson and Professor J., V. Wait.

Finally, test results by Bushard and Thompson [3] have led to their
recommendatior: that EPISODE be used at Babcock and Wilecox for the kinds of
stiff systems whick they solve. Enright and Hull [10] on the other hand
recommend that GEAR be used for the simple chemical kinetics problems they
tested, including variants of problem 9 and 1l4.
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