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ABSTRACT

Methods for calculating the opacity of materials at high tempera=-
tures ere discussed in this report.s Minor improvements are outlined for
the treatment of continuous absorption processes, and a small errer usually
made in treating the scattering process is ocorrected, In contrast te all
previous caloulations of opacity, the effect of line absorption is ecarefully
exsmined, for it may well be the dominant process under ocertain eonditions
of temperature and density, Detailed methods for calculating the line
absorption contribution are, therefore, developed, To illustrate the
principlee invelved, the opacity of pure iren at a tempersture of 1000
volts and normal}donsity is worked out in detail, For this ocase, the opacity
is 202 onz/gram, corresponding to a mean free path for radiation of ml.‘?!.x l.o-scn.
The matio of the epaecity including line effects to the opacity without Iines

is 3.2-.



I1

III

111,

TABLE OF CONTENTS

A-BSTRACT L] L] L] L] . L L] . L . - . L] L . . . L . .

IHTRODUCTION . L] L] - L L] L] L ] L - - . L] L . L] L L

THE PROCESSES CONTRIBUTING TO THE OPACITY . . .

1,
24
Se
4.

Se

Line AbSorpbion « o ¢ ¢« ¢ o ¢ ¢ ¢ ¢ o ¢ o o
Photo=electric Absorption o« « ¢ o« o ¢ o « &
Free=Free Absorption ¢ ¢« o ¢ ¢ o ¢ ¢ o ¢ ¢ o«
Pair Production « ¢« o s 6 o 6.9 06 06 0 0 0 o

Soattering.......-.......o-

MOPACITchFFICIEET ® & @& & ° 9 & @ e & @ *

STATISTICAL MECHANICS OF IONIZED ATMOSPHERES . .

1.
2.

Se

&
Se
6o

Te

EFFECT OF LINES ON OPACITY,

Introductory « « « o« ¢ ¢ ¢ o ¢ o ¢ 0 ¢ ¢ ¢ o

Quantum Meohanieal Description of the System

Statistical Mechanics - Independent Electron Approxima-

BIOM o 66 eia 0 0T 8 6 0 e e e e
Statistiocal Mechanies = Dependent Electrons

JToniec Ocoupation Numbers « « ¢ ¢ o o o o ¢ o
The Influence of Nuclear Motion . ¢ o o o o

F luo-h‘Et iom L - L] L L L L] L) * @ L] L] L] * ® L ]

METHODS FOR TREATING LINE

CONTRBUTION.-........'....'.....

T
2e
5o
#e

Se

e

7o

Separation of Line Contribution ¢+ ¢ ¢ o o &«
Effect of a Single Line o ¢ ¢ ¢ ¢ ¢ ¢ 0 0 o
Effeot of Two Lines o« o o ¢ ¢ ¢ ¢ o ¢ ¢ o »

Effect of Mhny Line Speotrum « o ¢ ¢ o ¢ o o«

Gensral Statistleal Features of Lines, Statistiocal

Troatment of the Effect of Line Spectra o« ¢ ¢ ¢ o »

Statistical Treatment of Absorption Edges o« ¢ « « &

Simplified Practical Troatment of Lines 4 ¢ ¢ o ¢ «

11
13
15
16
19
25
25

25

31
38
42

48

47
47
48
55

60

65

74



Iv,.

TABLE OF CONTENTS (Continued)

Chapter Page

Vi SUHHARY OF FORMULAE FOR COEPUTING OPAC;T;ES e o o o 8 o o o 81
1, Ocoupation Numbers o+ o o o o ¢ « ¢ ¢ ¢ ¢ ¢« s ¢ ¢« o« ¢ o B8l
2¢ Thermodynamic Funotions ¢ « o « ¢ ¢« ¢« ¢ o ¢ o ¢ ¢ ¢« ¢ & 83
3s Continuous Opacity o« o ¢ ¢ ¢« ¢ ¢ ¢ ¢ ¢ » ... s s a4 - B
4, Line Absorption Contribution «+ ¢« ¢« o ¢ ¢ ¢ ¢ ¢ s o &« . 86
Vil SIMILARITY PROPERTIES AND LIMITING FORMS FOR THE OPACITY , 89
le Similarity Troansformations o+ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ o 89
2o Limiting Values for the Opacity ¢ « o ¢ ¢ 0 0 o o ¢ o s 91

3¢ Variation of Opacity with Temperature, Density, and
Atomic Numnboer « ¢ ¢ ¢ ¢ ¢ o ¢ s ¢ ¢ ¢ ¢ 0 0 0 0 0 0 0 @ 94

WIET TR OPAOTYT OF T S S e e W A s e
l¢ Occupation Mumbers o+ « ¢« s ¢« ¢ ¢ ¢ ¢ % 00 06 000069 97
2¢ Thermodynamie Properties + ¢ o« ¢« o« ¢ o o 0 0 ¢ ¢ o o o 100
3e Continul;usOPaoity..................101
4, Contrlbubion of Lines « ¢« o ¢ ¢ o ¢ ¢ ¢ o o 0 0 ¢ s o & 104

B¢ PoSition .e.e.0-0-¢ ¢ ¢ ¢ s ¢ ¢ ¢ 0 0 00 0 00 ¢ 0 -104

be Deppler Breadth ¢ s ¢ ¢ o ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ 5 ¢ o ¢« o 108

Co Natural Breadth « ¢« « ¢« ¢ ¢ ¢ ¢ 6 ¢ ¢ ¢ s ¢ 0o o o ¢ 108

de Collision Breadth ¢ « o ¢ o« ¢« ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ o o 111

8¢ Stark Breadth o o ¢ o s ¢ s ¢ ¢ ¢ ¢ ¢ ¢ 060 0 0 0 o 114

fo Treatment and Effect of Lines . o o« ¢ ¢ o ¢ ¢ o ¢ & 118
APPENDIX I

Thermodynamic Functions and Pressure « « ¢ ¢ o o ¢ ¢ » - 121
APPENDIX II

Treatment of Non-Uniform Free Electron Distribution , o 127
APPENDIX III

Formulae end Tables of Gaunt Factors « o o o « o o o o o 129

LIST@TABIESAHDFIGURES...O.CDl..-oc.--t V
GLOSSARY m‘ NOTATION * & @ o o ® & o o e & ° o @ L * @ ¢ @ ® VII



Tables
Number

Ia
i

III

<

Vi1

Il

Ve

LIST OF TABLES

Title

FORMULAE FOR DIPOLE OSCILLATOR STREKGTHB ° o
DIPOLE OSCILLATOR STRENGTHS o ¢ ¢ ¢ ¢ ¢ o o o

NON-RELATIVISTIC SCREENING CONSTANTS O‘_;L
?

ONE ELECTRON ENERGY IEVELS 4 ¢ o ¢ ¢ o ¢ o ¢ o

AVERAGE SQUARE RADIUS OF ELECTRON ORBITS -1.52 .

THE FREQUENCY FACTOR F(a,u)/F(a,2©) FOR.LINES.OF EQUAL

STRENGTH

THE WEIGHTING FUNCTION W(u) AND THE STROMGR FU'HCTIONI

u
W(x)dx

FORMULAE FOR THE NON~RELATIVISTIC ONE EIECTRON GAUNT FACTORS

VALUES OF THE GAUNT FACTORS

(- »]
1 -5 =X
THE INTEGRAL = | x = e 1mx dx
VT J:

LIST OF TABLES FOR CALCULATION

OF THE OPACITY OF IRON

03 C‘U PAT I ON m}.{BERS 05‘ IRON L ] L] L L) L] . L L) L L] L L L]

JONIC OCCUPATIORS OF IRONe o o ¢ o ¢ ¢ ¢ 0o 0 0 ¢ ¢ o

NUMBER OF K ELECTRONS PER ATOM IN VARIOUS ION TYPES

ENERGY AND PRESSTURE 4 o o o o o s ¢ o ¢ ¢ = s o o &

COI‘TINU'WS OPACITY ® @& @& & ® & @ ° & o * e & & & & o »

CONTRIBUTION TO CONTINUOUS OPACITY OF REGION NEAR THE K

IONIZ.A.TION LMT ® ® @& & @» & B 0 & @& & & @ & @ © » & & @

FREQUENCY OF LINES IN FREE ELECTRON ATMOSPHERE . ¢« « o &

CONTRIBUTION OF ADDITION BOUND ELECTRONS TO LINE POSITION

SPECTRUM OF K ELECTRON LINES ¢ o « ¢ ¢ ¢ ¢ o o

CONTRIBUTIONS TO NATHUHAL AND COLLISION BREADTHS

BREADTHS OF LINES o o o o o o ¢ ¢ o o ¢ o o o
DATAFORLIHEGROUPS....-.---o-.-
RESULTS OF OPACITY CALCULATIONS s ¢ o o ¢ o o &

e

131
132
133
134=5
136
137=8

139-140

141-2

143=5

146

99
100

104

105
107
108
109
113

117
119



Figure
Wumber

b & 5

I1la,b

Vi,

LIST OF FIGURES

Ti%le Pagze

BOUND-FREE GAUNT FACTORS AVERAGED OVER A COMPLETE SHELL , o 147
AVERAGE DISPLACEMENT OF AN ION FRONM LATTICE POSITION o . 148

NOMOGRAPH OF THE FREQUENCY FACTOR g(x,y) FOR LINES WITH
EXPONENTIAL STRENGTH DISTRIBUTION o v o o o « « o o « « o 149-150

THE FREQUENCY PACTOR g2(0,7) ¢ ¢ o ¢ ¢ ¢ ¢ ¢ ¢ 0 s 0 0 o o 151



-Vll=-

GLOSSARY OF NOTATION

A Reciprooal length, defined by (6.21).
A Helmholz free emergy, (Al.4),

a, Bohr radius ® 5291 x 107° cm,

a8yt radius of ionic sphere, (4.24)

B= Me® in (5.33)

2kTu
o

2hY/® @ =Y o5 defined by (3.8)
T Teg-u

c

byo (¥) dispersion factor for line absorptions (2.6)
b' (u) dispersion factor for line absorption (5.11a)

¢ velocity of light

c@Bf) density of states of the free eleotron per unit emergy interval (2,29)
ojp  degemeracy of the ith ioniec level

ep density of initial state per df (2,26)

3

D= WAMe  rsguced absorption coefficient (6420)
A

E, energy of quantum state a of an ion (2.4)

E; energy of quantum steate J of entire system (4,11)
e positive electronic charge

fpg,f; electron number defined by (2.3)

F(¥,w) function defined by (2.34)

By (¥) Gaunt factor for bound-free transitions (2.22)

gff(J) Gaunt fector for free=free transitions
Epp Average Caunt factor defined by (6.27)
Epy (u) Frequency factor (5082)

7' n(u)  Frequency factor (5.71)
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Glossary of Notation (continued)

h  Planels eonstant

-1

2

I(;q Specific intensity of radiation aee (2.2)

E Ionization energy of an electron bound in the n shell, (2.21)
K  Mean opacity coefficient per unit mass om?/mm.

k Boltzmenn's constant

%X  Wave number vector in direction of propagation, (2:1)
£y Mean free path for radiation of i‘requenoyz{(l’:.lﬁ)

M Mass of absorbing atomsJ(Z.IG)

M, Grem atomic weight, (641)

¥, Number lines in Kth olass, (6444 )

m Mass of electron, (2.,3)

Ry, = 6,023 x 1025 Avogadro's Number

XD Number of atoms in initial state b (2,9)

¥, Number of bound electrons

ns Number of free electrons

n 2By +ne Total number of electrons in system (4.8)

¥ Total number of atoms in system (4.6)

Nz Number of nucleii of atomic number Z in systqm (2429)

n, Initial state of the scattering particle (2,32)

(2]
f  Unit vector (3.17)

Y, Aversge number of quante in each radiation oscillator (2.1)

n(€r) a(fg) Number of states of free electron in energy interval d( €f)

n(¥) df Nurmber of electron with velocity vector betweenv andv + dv (3.3

Pe 1 (5.5).
“T+r :
P Pressure , (6417)
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Glossary of Notation {continued)

2
J

Q

Probability given by (4,13)
Electronic partition function of the system (AI,1)

Availability of final state (2,29)

ML = ratio of line absorption to continuous background (5. 5)
Mo

Valus of r° averaged over the bound wave functions (4.,27)

r - _e 2 (lassieal electrons radius (2.34)

me

Rydberg energy = 13,607 volts (2.25)

S(u) Stromgrem function Tabulated in Table VI (6,30)

w -
ws
ab
wi
ab
z'

z*

Eq. (5.11a)
Entropy (AI.11)
Absolute temperature (2.16)
h?Y as defined by (3.82)
7% i
Volume of system (2,9)
Sum of Couloumb and exchange electron intersctions (4.12)
Transition probability as defined by (2.,1)
Cos @ (2,34)
() Trensition probability for spontaneous emission (2,10)
(z) Probability for induced emission (2,11)
Effective muclemr change (2,25)
Effective nuclear charge (6,7)

Effective nuclear charge (AI,15)

4
ol % Bz/hc = 1/137,03 fine structure constant
d/

aclf

See (4,13)

See (4,17)

o -xTo® is free energy of electrons (4.41a)

A,
J

Dirae velocity matrix for jth electren (2.1)
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Glossary of Notation ‘(continued)

et

~ kT

il .4 Dimensionless half breadth, defined in (5,21)
A xT

¥ Breadth of spectral line (2,15)

2r
Y - h7 (2.3¢)
mne?

€ Direction of polarizatipn (2.1)
€ (r) Potential energy (4,49)
€ ; Energy of free electron

Ionization energy of the ith electron (4.22)

3

g Average energy of electron in ith state (A1,10)

& Scattering angle (2.32)
/A Rosseland mean=free path (3.18)

IXC Mean free path ignoring lines (5,7)

Ay Contribution of lines te Rosseland mean free path (5,8)
A Absorption coefficient, as defined in (5.3)
AU. Absorption due to continuous processes alone (5.4)
'“,E Absorption due %o lines (B9}, (5:4)
s Scattering coefficlent, i.e., inverse mean free path for scattering. (2.33)
Frequency

P Demsity (3.25) .
G} 3 Soreening constants,,defined by (423) Tabulated in Table II

AT Surface element (3.1)

2
% - Bﬂie_z E - .6!:':5@:1:1()'zﬂr cm, Thomson cross-section (6.24)
me

3

ﬁﬂ}’g Absorption cross-section., Egq, (2.8)
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Glossary of Notation (continued)

?& Electrostatic potential, defined by (4.26)
ﬂ' Differential scattering cross-section (2.52)
2

" Electron wave function (4.2)

{l; Density of states, defined by (4.14)
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I, INTRODUCTION

The opacity of materials at extresely high vefpsratures is important G the
stuly of stellar imberiors, As Mwoh, it has engelud the inderdsy #F dutrefiiye
olsts for the last thirty years, ™he mos¥ recent study of Wiy Webled &s by
Morse(1); Pollowing the wradition im the Pield, Meres odiSSlvE only Shedé  fundde
mewbal processes ms dentributing to the qpaciy - phobomeleutrie ahsrpilos (Deumie
:a.. transitions), eollision abserption (fyee-free tramsitiont) and Seupbon ssetinie
ing. T¢ was poimbed out by Edward Teller that o fourtk Drovesty 1his EMGANIOG
might of'ben prove to be the determining eme in Wie opsciiys A% his sugoesiians
therefore, the problem was investigated anew,

Previous workers(?) had reeognized thas suffisient absorphion strength das
present in the 1ine spectrun to increase the opaocity by fastors of 2 ¢o &5 'H
was argued, however, that Lmdividual 1lines are extremely sharp, and alfleugh ‘Shey
are very stronmg oampared to the econtimuous absorption processas, they wewld almply
fake & very small reglon of the spectrum opequs 06 radiatism. ‘Sinee. i aden P
path for radiatisn (vreciprocal of the opagity) is a weighted Srequency aweigs -
of the reoiprecal absorption coeffieient, the blaokneas of Whess mmall reyfons Wil
ot apprecisbly alber the maan free path, Teller peinted oub Swe-Pestells’ Por vl
peoting these ocomelusions: 1) Individual lines were apt to be weory midl VNN

under the extreme temperature and density conditions of mbellar Snberies thaw
under normel terrestrial &8nditions 2) There would be an enormous Mubew,
lines arising fros the complicated eleotrostatic interactions st fhase tambéraiiivies.
The reasoning behind these suspicione is géalikatively wery simple, AL Bk
temperatures, an ¢lement wlll.h- found in many states of ienfzgtion, L he rmore

each ion type will exist in s number of execited states, For emsaple, caloulations
show that iron at temperatures of 1000 volts and densitiss 5 tiwik nermal, ie, 39,8
(1)

Astrophysieal Journals $2 pp. 27-49, 1940,

(2) tonsel and Perkoris: Momthly Notices of ¥he Beysl Astronowical Soutety, Ve 96,
Pe 77, (1938)3 S, Rosseland, Handbuoh der Astrophysik, V, 3' 3 tail,
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zyams/om°, (conditions available in stellar imbteriors) will havs on the average 2 |
sleotrons, 1,24 L eleotrons, 1l.10 M alactrous, etc. = in all a total average of 4,3
bound electrons. We may expﬁcf a.pprocia&:le numbers of ions with frou 2 :to ¥ bound
alectrons “Moreover of the ions with say 6 bound electrons there will be some with 2K,
4L, others with ZK, SL, 1M, still others with 2K, 2L, 2if, and 80 on. Faoh oconfigura=-
tion of thess ions gives a rather complex line sqe'utrum - the total number of lines
from the assemblage will be snormous, UMixtures of elements will give even a richer
lins spacirun,

Among the causes for line broadening are 1) Natural breadth; 2) Coellision
breadth; 3) Stark breadth; 4) Doppler-'nréadth. Each of these is much more important
at high temperatures and densgities tfmn at ordinﬁry conditions, Because many electrons
ars in excited orbitals a large number of emission transitions can degtroy the initial
etats of an ion. 1In addition the irtense temperature radiation pressat can induce
absorption transitions, Botn effects ennhance the natural breadth. At high tampenturéa
collisions with free eleotron: will frequently occcur - a process almost enptirely
exc luded u'ndor ordinary conditions, Norsover tho high veloci‘:.y of the iong crautes
an appreciable Doppler broadening. It also enables relatively high aharggd ions %o
aprroach 8o close that 'onormous fields ars available to cause Stark 'b.rondeni.ng.

In many cases the lines wiil be so blroadenad as &5 form a virtually combinuous absorp-
tion band, very effective im producing hizh opacity.

It will be realized that it is the high exoitation of the material, combined witk
the pervading olitotras':nt;o 1:;t:eract ions that makes line absorption so inportint a
feature in opacity calculations, Previous treatments of the problem essentially
neglected all thess interactisng except those between a moleus and its own bound
elsotrone It was felt worthwhile to include these interactions in some moderasely
satisfactory forn in order to insure the accuracy éf‘ the oaleulations of the lim'

absorption. This problém is treata2d a%t some length ia Chapter IV of this papers
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in iamediate byproduct of the statistieal mschanioal ealoulation whish is there por-
formed, is the thermodymamic prbptﬂiu and tht equation of state of materials ﬁ' ia
generally assumed in nﬂ on nolhr interiors that the material obeys a porreﬂ s
equation of state with an sttect{ve mither of partioles equal to the sum of all the
electrons and nuolel in tho system. In Lygsna,’a I, the appropriase nodifm’b‘:ton‘ of

aqudiml ‘bﬂ:lug lutu amn!: the presence of bound &lectrons, electrostatio 1m
,mw. ’ltd & mli cnruotién for i-ahﬂvity effacts is ginn.

s ‘hv Wlmty of the line spactm precludes aw straightforward attdok on the
pr%hlau- ﬁ‘lhr, however, when he proppnd oonsidering the line absorption, alse
suggostad tfn use of a wtatistiocal method of finding the-eutri‘hution to th. :-'dh‘t‘ﬁy-
The wethod 1: dlnlopd in detail in Chptnr V whioh oonst!tms the eignifinnt new
wntribhﬁci to %he study of opmeity.

During our reexamination of the ~opaeity problem, Dr. Naria Mayer Mimﬁ tht the
mﬁaring esmvribution has always beu.trgq{cd by analogy with the absorption- -
smission conkribution. This proves to be ivnpormat, nl'fhnugh the mumerical error is
small, The difference between the two types of process lies in the effects él'lindnced
emipsion and induced scastering. The presence of induced o'uj__.uion strengthans a beam
in 4%e passage through mttqr,‘ thus tending to reduce the opacity. In the scattering
process, oo the othar hand, the induced soattering out of a deam compensatss for the
izﬂmad mtﬁoring into the beam. The correct mmhtion of opaeity dus to mttou ‘
ing thersfare gives s resnlt greatar (actually S i greater) than the conventional one s

Although there are many features in common, the treatment of the epmoity of
heavy elements, ip differemt in many detaile from the treatmemt for light elements.
This results because the relativistic ;mois completely change the nature of the
14w spectrum of heavy compared to light elementse A companmion papsr fo this by

Boris Jacobsohn , gives spsoific avtention %o the ocalculation of ppacities for the

“)Dhurtntiou. University of Chiocago, Dept, of Physiocs, 1947,




heavy elementse.

The author wishes to thank Dr. Maria Maysr and Dr, Ecinrd Teller for suggesting
the problem and for wuch valuable assistance in attacking it. It is a siocere
pleasure, moreover, to acknowledge my indebtedness to Dye Boris Jacobsoha for many

iscussions on every phase of this provlem, and to Mr., Rudy Sternheimer for his
valuable work on lin® broadening without which this paper would have little practical
gignificance,
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11, THE PROCESSES CONTRIBUTING TO THE OPACITY

Any proocess ecapable of removing quante from an inocident beam, or emitting
quanta into that beam must be sonsidered in the opacity problem, The moet
important of these processes is simple absorption and its inverse, In this
case a quantum is absorbed by an atomic system, its energy being tramsferred to
exoltation of the eleotrons. We may distinguish with prefit three diffispent
types of abserption, In the first an electron in a bound state of the atom -
excited to another bound state, This is the familiar lime absorption., In the
second the bound state eleotron is removed from the atom, going into ome of the
continuum of free statoes available, the usual phoiﬁl.ﬂrlo-offm. ‘In oontrest
to line absorption, this proocess is pessible for any omrgy.of the imeldent quantum
grester than the ionisation emergy of the electrom, lastly, an elsetren in a free
state may absorb energy by‘wt $ransition to another free state, Any amoumé of ewergy
whatever my be absorbed in this processs The inverse processes to the ﬂm‘o E
tioned are, in order: line emission, electron cepture, and mmluﬁ.

A secomd Ah-_erptio-n process is pair produstion with its inverse process
annihilation.

The last group of proossses is scattering, Here an ineident quantum is
doviated from its original peth by an atom or elestron. If the atom n-iu
in its initial state after the soatbering, we have ordipary ocherent scatbering;
if it does mot, the phenomenon is imown as Raman noctht:lng. A special case
ccours if the frequenmey of incidemt radiation is equal to the frequensy of sm
abserption line of the atom, Scattering by free electrons is termed Ouspben
soattering, .

The remainder of this chapter gives the transition probabilities for these

processes,
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le Line Absorption
The three types of simple absorption - line absorpbion, photoelectrio absorpsion,

and absorption due to free«free tramsitions differ only in the nature of the
initial and final states of the atom, It is therefere possible to develop the
treatment of all three at omoe up to an advanced point and there introduce the
differences,

The transition probability for the absorption of a quantum of energy hv/

from an inoident bean is
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In this fm'mle.o-—bs ie the Dirse veloolty matrix for the jth electron, € s the
direction of polarization of the inoident light beam which has the wave mmber
veotor ¥ in the direscticn of prupagaﬁion. Tha matrix element oomnecte the ini-
tial state of the nto.m b with the final state a and is averaged over all directions
of polaritation and orientetions of the atom - which latter is the same as the
average over directions of propagation of the light. The inocident beam has om tﬁo
average n- quapta in eaoch radiation osoillator, that is the intensity of the beam
direoted within a selid angle al) is
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It is eonvenient to introduce the eleotron number defined by
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(2-4) h]}&b = (E‘ oy Bb).
This definition reduces to the usual ome for one electron a in nonerelativistie

approximation, when ¢¥*T 45 replaced by unity - the convembiomai dipole spproxi-

mation, Combining (1), (2), and (3) we get the transition provcability as
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Tn smy actual physical system tha sabsorption is net confiped to a linhm-
quenay, but 1%t is pessible for a range of frequencies in the neighborhood d"'vd?‘.
We shall therefors imtroduce the dispersiom factor for line absorptioms b, () by
the definition that the probability of absoring light of frequsney between 2/ and
/% 42/ by the transition bra is
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The dispersion factor will have a sharp maximm at 2/ g 2/, and furthermore

(2.7) f, b(y) dvg 1,

The absorption oross-seetion of this transition per atom for light of m b7

is then

(8a8) ﬁh(ﬂ) gw.z rh hh(y)'

m we have put Vg 2y in the slowly varying i'\metton of Mﬂﬂpw
b(2)s From the eress-seation we get immediately the absorption seeffiolent or in-
verse mean free path for line absorption
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where NP is the number of atoms in imitial state p, and the summation extends ower
all tramitions which may absord the frequency 2/,

The inverse process, line emission, is the sum of two tewme ﬂln lm
and ame for indeced emission, The transition prodability for the m oahuon
of & quantum h1) vithin & selid sngle df}dwe %o an stomic trantition from stede b to
A is

(z.:o} * (zz)we.ﬂ.ﬁf v? '!‘“‘-b‘b(.v)dvdﬂ,
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while the probability for Ihdwced emission is

(2.11) ’:‘ @)V ﬁ'ﬂ.é‘ , f.J Eg b,y (Ve all,

The quantwm theory moreover gives the gemeral result required by thermodynamics
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An adequate discussion of the sleotron numbers is given by Jecobsohn'l/, Fe
considers an ion with only one oleotrin and treats different order terms arising
from the expansion of the facter o’j‘."' in (2.5)s The leading term gives the major
froction of the elesctrie dipole strength. Numerical caloculations for this term
in the nonerelativistic ease which extend and correst similar ocaloulations by

(2) are presented im Table 1 of Jaoobsohn's paper and are rqrodm here
ln Table 1, It should be noted that the £ mmber in these badlés is the aAverage
from a level (nf) to a level (n'./ ) found by suming over all states in the fimal
level, In order %o 4ivide the f mmber properly bebween the Srensitions

n,fj —>utl'3" wo use the relations

folxon'l i ® fnlondt o

(2.14) :gpk-m'j'h-l . % tnlew/

ol (x) ® x(2 E-U rnf—tnl ‘e
where k| g j#% and h,Z or -Lfl-l), k being the qmntul pumber whish rcphonjin
the Dirac theory, Jacocbsohm alse presents some formula and tables for the relativistie

electric dipole and non=relativistic eleoctric quadripole uellhtd' lfrongth. :

17 op. cit.

(2) 5, Bothe, Handbush der Physik (2nd Ed.) .2 ¥, Part 1, pps 443,
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For approximate caleulations, and to preserve the amalogy between trsstments
of line absorption and continuous absorption, we may use an asymptotic expensiom
for the dipole £ mmber (energy of transition h2/) of a hydregenis atom a‘nr@
over all initial states in a shell of the prineipal quantum mumber n, This h(s)

(z 14“) }- o _Zf___ b - L .8 1 *""P'
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where m is the principal quantum number of the fimal, n of the initial state, amd

(2,14b) &.’Vl - Oolm {;}‘ ] $ cesence

This e:pumion begomes better as both n and m inorease,

_lm dispersion is due to the finite breadth of the adsmio-states In the sysbey
osused by the interactions with light and with other partieles, This preblem hes
been treated im a thorough going fashion in an unpublished paper W’ R, Shnlnhoh
For dispersion caused by the imterastions with the ndh;ﬁm rield, the 11- has ¢

natural breadth B‘é and a dispersion
Tom _

;!'
We note that when 27 ( 3/= J/) 'T o the eross-seotion has fallen off %o half i%s

(2415) bh(y) s

maximun value, Interactions with fast electrons will cause oo}lhiu broesdening
of the lines with the same dispersion form as (2,15), However, imteraotions with
slow moving particles like neighboring muclei are best srested by an adiababio
approximation and the dispersion curve then falls off upnmiﬂa.lh with distanes
Sres the 13w sdubiesd,. ANcthar satine 4f siponenttal Waive MiDA tih A Ve Bibatii
Effeet which gives
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i boéhug the mass of the absorbing atoms and T the absolube h-pon'kire.

{3) Menzel and Perkeris, Op, Cit,
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2¢ Photo=electric absorption.

In thp oase of line absorption we found & non-sero probability for absorption
of ﬁ‘wnen%in differing slightly from that of the atomic transitions due to the
eplitting of the atomic states into & continuum by interections with, for example,
the radiation field, For boundfree sbierption (photoelectric absorption) the
final state is already & member of a continuum, and we will therefore have a
finite absorption probability for & continuum of incident frequencies, The

probability of absorbing light with frequency between 2/ and 2¢ A2/ 18 from
(25)
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The oross section may therefore be written as

_,&”
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where by "épg we mean
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The absorption éoeftici_olt is, wnen
(2.20) 10 = O ; @e &
b

where the sumation is oxﬁon.dod over all states b which ocan absord the frequency 2/,
Naturally precisely the same expression (2,1%) as in line absorpticn relates the
probability of the inverse process of electron cepture with photoelectron absorption,
We shall follow historical precedent in transforming (2.18) and (2,20), When
Eramere first attacked_the problem of the photoelectric effect using the machinery
of the old Bohr theory, he found the oross=section for e complete shell of principal

quantum number n to be
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where I is the ionisgation emergy of an electron bound in the n shell, Later
workers, Gnmt( $) and Btobﬂ(a), computing the eross section with the new wave
mechanics, expressed their result in terms of Kramer's formula (2.21), eorrected
by a factor, the so=called Gaunt factor go It is useful to retaim this motation,
since Mensel & Poksris') have shown that the Gaumt factor g per electron is close
to unity when averaged over a complete shell for transitions %o free states near
the iomizatienm limit (she region of imterest in oé.eity ealcu;atiom). To rewrite
our oross=-sestion (2,18) in terms of this notation, we define the Gaunt factor by

b %
R T
Thus (2,20) beoomes

e’
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As d-ﬁmd horo, the £ pumber, and henoe the Gaunt factor refer to atemic transitions
and lb 1- the atomio ocecupation mmber. It is frequently more convenient to use f
mambers and henoe Gaunt tw;torl per electron, The atamic occupation ¥ mst then be
replaced by ny, the number of eleetroms in the initial state capable of absorbing
the frequency 3/ The transition probabilities must then be multiplied by « factor
q, the probability that the final state will be anihl.sle. For non=degenerate free
slectrons this 1s practically unity, |

A discussion of the Gaunt factors ﬁﬂx’mriul tables is given by Jacobschn,
He shows that for absorption by L eleotrons, the dipole Gaunt facters for individual
transitioms varies oconsiderably from transition to transition and moreover wary with

frequenoy, especially in the region geu- the ionization edges The average Gaunt

(:)J, A, Gaunt, Phil Trams, A 229 pp. 168 (1930)
(6)

M, Stobbe, Amm, d., Phys, 1 PPe 661 (450)
®op. cit.
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faetor per eleoctron is, however, clese t.o‘ unitye. Moreover using relativistic wave
functions, while it drastically effects the results for individusl transitions,
has little effect on the average, even for the very heavy elaments, The Gaunt
faoctors for quadrupole transitions are smaller than thoese for dipole transitions
by the factor .13(Z®)2 for the L .ghell at the ionlsation limit (d..-. 1%? = fine
structure constent), and even smaller for the higher shells. For mamy cases,

therefore, it will be a suffieient approximation to replace g per electron by

unitry.

3. Free-Free Absorption.
The ability of an eleotron to absorb light depends on its binding to a mucleus,

for a free electron cannot conserve momentum in absorption, Hence we expect a
tightly bound eleotron to have a much larger photoelecotric cross-section than a
loosely bound one, and therefore the free-free transitions should be = small effect,
There are two factors which mvertheleals meke it worthwhile to oconsider the process,
In ou; highly ionized lﬁadim a great portion of the electrons are free--in extreme
oceses there may be no bound electrons at all, Furthermore, absorption by a bound-
free transition can only take place for frequencies higher than the ionization
potential for removal of the olootro;x in question., For low frequencies the free-
free transition may be the only possible one, or at least can compete favorably
with a boundefree transition of a very loosely held bound electron.

The transition probability from one definite initial free state f to a

range of final free states with the absorption of light of fregusnoy between

2and V4AYV is of courge the aﬁm a.i (2,16) for the bound-free transitions,
However, the same frequency can be absorbed by starting from amy initial free
state, ﬁcm, %o find the absorption coefficient, we must multiply the oross section

(2417) by the mumber of #lectrons per unit volume n(gf) dSr ooccupying a range
v

of free states between Ef and Ef ¢ df.r and integrating over all energies, keeping

P constant,
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Menzel and Pohrh(” derive an asymptotio expression for d:f_;' whose leading term
is thet given by the Kramer's formula, We oan see heuristically what the result

must be by amalogy with their asymptotio expansion (2,14a,b) for bound=bound transi-
tions, If the initial free state is specified by a quantum mmber f, and the final

free state after absorption of light emergy hz’ is specified by k, then
2
, |

2
RheZ' RheZ
(v) & 2 < ek, (0) € = 2

where Z' is the effective puolear echarge, The f number for this transition is ob=

(228) (0) ny/e €, = Ep 3

tained from (2.14a) by replacing n by if, m by ik, the degeneraey 2n” by o,, the
density of initial states per df, and the bound Gaunt faetor g, by & free-free factor

Using the relations (2.25) we obtain

Bape
o
3/2
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(2.26) ¢ -_Ef..... /23. _E_f.'.._.. E.E.f;

fk = s/3m (hv e £
where
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It might be thought at first that a faetor of 2 is lacking from the above equation,
since the number of states within a froque:::cy dV is 2 % d‘J{, since eash level k ey
have an electron with either of two epins, But for a dipoh.ono electron trensition,
the rn would be gero for a change of spin direction, so we need count only the
a‘tatea of one spin,

We now subsbitute (2,28) imto (2.24), We shall later show (see Chapter IV) that

A ol ¢
B(E‘) = a(Ef) {00“ G‘f&,‘,l; s where o( £,) is the density of states of the free

(") fpia.
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slectron p-r unit omrg interval and,fg 1/x?, We obtain from (3425b)
o(€e)/op & - o aEp/a 2 o el 2 e S e N, is the mamber of muclei of atomie
mwber 2 in our system and the factor 2 takes eare of sleotron spin, Gathering

togotwbor the be n
™ms glve 85'!!151-

(0a9) ) oL Gy 00 By % f (2%,)

where a fastor g fer the availability of the fimal state has been added, For non-

degenerate free eleotrons we may safely meglest the term 1 in the denomimator and

put qzl, Then the integral gives é ’-qv so that
v
(2430)_spe) = ?‘f;]g L2 Z Cae o

where

' (' :f' 2T |-
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and &' 1s given by (4,41a) below,

Just as with photoelectric abserption we have the relation (2,18) for the

probability of the inverse prooess,

4, Pair Production,

To préduce a free eleotron-positron pair requires incident quanta of energy
at least Zmez » While even the production of a bound electron and a positrem re-
quires Mg"ion greater than me®. In all our discussions the temperature will
be so lew that the amount of radiatiom of such high energies is negligible, We
may, therefore, safely negleet pair production, Moreover there will dbe praotiotllly
no positroms in oqdlibriﬁm at these temperatures and so we may neglaet the inverse

process of annihilation,
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6, Soetktering.

The oross-sections for scattering - cohorent, Raman, and Compton - may be
found, for example, in Heitler(s). Thers, however, the case in which initially
only ome quantum is in the radiation oscillator of the incident beam and nons a%
all in the scattered bean is considered, In order %o find the transition probability

.

we ;ﬂt multiply these cross-seotions by the incident intensity and by a factor
(1% i;_b), ﬁ"b being the average number of gquanta in the radiation oscillator of the
soattered beam, The term in my, is the induced scattering.

Cbmider then an incident beam in the direction speocified by the vootor/!;
having specifie intensity Iy QS- The probability that a transition will %ake
plage, scatterine a quantum of energy 2" {n a direction specifisd byf within cLO.‘

is

A |

2 i
I(- c ]
(2.32) ' w tva0an z ad( g, 0) —L‘-é:y dd0h + % egilh )6
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where n, specifies the initial state of the soattering particle, Ois seattering
angle and d 4’ ies the usual differential scattering cross section, The scattering
coefficient, i,e,, the inverse mean free path for scattering is then
» :
(2.33) 4 () =§- 5 (n,) Wy 'n a’ % '
e '
where the sum extends over all states which can scatter this freguency.

For Compton scattering from free electrons 1n1t1a11y at rest, the dirferential

oross section is
r 2 '
(2.34)  aP (3,0,0) =z =5~ 42 F(yom),

2
Py ¢ — M2 o 13 4 L Gem)
e (35 (1) (14 ) (14 [1-w])

we oocO,-

!ui/nlz, and r, s 02/3 = olassioal electron radius,

o
"

() W, Heitlsr, Quantum Theory of Radiation, pp. 129-157,
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So-bires ovder In )y, this reduces to
' 2
(2.85)  &P(2,0,0) éfg.. a)' (1) [1-3 ﬁ_;..)]

whish is sufficiently acourabe for owr purpeses. To get the oross section for
sesttering from en elsetron uﬂ.r.g with wluity 2, we simply apply e Loreln

transformabiony he ruult, to the same wd& as (2.36) 45 - \é\‘s.}j §
Y g AL y o7
(2,88) f0ie) - - 4% (1-"2>i& - 24(2uar)] 4V

¢ 2 “‘ & 4 (78/02)[(30!2£.+ 2) ¢ (ovscl = vosd’ )2(1..2)-]]} k
Avather r-htion we shall nnod 41s the oconnection bYetween inecident and scattered

frequenciss

(2,87) §- g-}—y ty S T ¢ Y = hd/me?

The xnng:'l-ﬂ.innhorg formuls fer coherent or Ramen scattering gives s crosse
seotion whish, except for frequencies near s resomance line ef the atom, -1: of the
sems order of magnitude as (2,55), This formula gives the scattering comtribution
of bound elestrons, Now there are usually many more free eleetrons thas bowsd
8o uut the mejor part of the sosttering will be of the form (2.55)5 wmm.
the Mring orsssessakion for bound eleotrons {s gemerslly small ¢ompared to the
photo-electrio oross-seotion, We will, therefore, wever coumit a serious error if
wé use the gross=section (2.38) as if it held for 2ll the olutro‘u. ‘bound and free,

The Miol of resomance scattering must neow be disposed of, for tho oross~
sections then beseme exoeedinmgly large and it would be improper to use the simple
formule (z.ﬂ)fﬁ-'hitlor disousses just this question anmd he semcluded that if
the atom is irpadiated by a ocomtinuous speetrum “the resomance fludressence behaves
with regard %o the shape of the linme sdsorbed and reemitted cx;euy as 1f two in-
dependent processes, an ab‘orp’tion apd & subsequent o-iu:la'n. tuk plm;" Wo must
not regard xbgerption and resomance soattering as two independent fates ik
overtake an uﬁn, but rather c?ulﬁcr that an atom mmy be excited to an intermediary
state, and plther remain there, in which case we have true absorpbion, or else re-

tures to a lower state in whieh oase we have resonance fluorescence, In caleulate
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ing the total oross-section for all processes, we see that resonance fluorescence

has been inesluded in the %erm for line absorption.
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IIX. TEE OPACITY CUBFFICIENT

The opacity coefficient is a partiocular weighted average of the absorption
coefficient disocussed in the previous chapter, This (ralation results from a
consideration of the eqtation for energy transport by radiation, A very oomplete
treatment of this equation of radiative transfer and the selution appropriate %o
stellar interiors is given in Ghandraukhu(l). Chandresekhar's discussion, how-
ever, is rntrlotoci %o simple absorption and emission processes, Other .worl:eu(z)
in the fleld of stellar opaeities have, by amalegy, used the same relations far the
scatbtering process, or combimations of scattering and absorption, It was pointed
out by Dr. Maris G, Mayer that this is only approximately trus: for pure scatber-
ing, the error made overestimates the mean fyee path for radiation by 534, Although
the difference is small, it is necessary to see how it arises, We shall, therefore,
ropeatr,:onwntinml derivation of the opacity oocefficient, ineluding the leattoriné
terms, |

We shall first write the equation of radiative transfer in terms of the
quantun mechanieal sross=seotions or transition prodbabilities diseussed in
Chapter II, We conslider a beam of photons having eny dy allao quante of
frequency between 2’ and V4 dy/ travelling within the solid angde 412 of a
specifio direstion, and normally incident per unit time upon a surfesce element dor,
The specific imtensity of the beam is then I(v) 2z hz/o ny e+ In traversing a length
ds 11‘1 the direotion of propo.gatibn some photons will be absorbed or imocked out of
the beam, while others will be added to the beam by emission or scattering. The

nunber absorbed from the beam in wnit time is

'

(Se1) Absorbed 3 [ v, ) &wal g ds don
' be 7

The sum is over all transitions, bound-bound, bound=free, or rree=free, which can
abaord the frequency 2/, The nmumber emitted into the beam per unit time is

(1) 5, Chandraselhar, Stellar Structure, pp, 19821%

[\

¢ Morsa ssiroshysieal Jeuarmael, 92, pe 30, 1940,
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(s.2) Emitted g E way(2) av a2 ;: ds do- o

The mmmber per unit time secattered out of the beam 1is

(343)  Socattered out 3 ff _El dV-y ‘3 dy andn’ das do-,
vy
s MTY BT+ Gk S e ot aShokrdi Wikl welitkly Teaber Nobieen ¥ it

¥ # d¥, The number seattered into the beam is

- 1
(344¢)  Soattered in 3 ff e (FH¥w _p , 3d¥ d) d() de ac,

Adding up the 4 contributions (8,1) %o (3,4) with the proper signs gives the ned
gain in mmber of photons d idyﬂvdﬂdo’] in the beam as it traverses ds in the

steady ahto. Then

(8.5) e;— Z 'h(u);b[-lq.;'; w (:/)J

f-?)-d'f (wyu p3 """"":uv '3 an’

We now introduwse the assumption that,at each peint in our medium loocal

thermodynamie equilibrium exists, Then

BB _hugy
(3.8)-:;:. =e H’ zeo 8b

Furthermore introdusing the relatien (2.13), the terms inmvolving atsorpbion pro-
; lb g b : ."ug,b ’
%M‘”)T{' -li'i‘? m}

d’h(y)llb ““abd o "ab
S e ’{5’;%’3*;;:1,'”‘”

cesses give

- be

Sinoe sﬁu(y)ma sharp maximm at s J).b, it 1is paruiuﬁi‘topﬁ\b.nin
rll places in the sum except in 4)17‘(2)).
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With the use of definitions like (2,9), (2.20), we then get

(3.1) = (absorption) = @) € = o) (Bie In),

abs

whére 3 _=u
Z2hv/ (]

(3452) u gﬁ'}' .

The terms involving scattering may now be simplified by replacing the transi~

tion probabilities by (2,52)e This gives

(3.9) -%?- (scattering) = L Esfldi'f dﬁ 2y% O") Iu'(z?)
v oy e ¥ok

[ ERT ; 2h S

. i 2 ¢
2970 1, (L) (uil"-g—’ a2’
Sy i

It is worthwhile to note that sinece the oross-seotions involve O only in the form

L
w = oos O, and sinee O = -0, 1%t is permissible to replace O by O, For the
simple case of Thomson scattering from electrons at rest = the most important

case in practice, we get

. 2 ‘ '-’ 2
(3.10) fg— (seattering) = ¥ -E—r f (1¢+)1,L") (l + "“T“;if)o )
ﬂ_‘

g 7' )62
+ (1f) Ty (9) (u B ) an),

Zna
It oan be geen immediately that the terms in induced seattering cancel exastly,

leaving

(3.11) .d.;.i’.(mt.),v E.;"sl ro’ Iy u’)&..!... f ‘(mﬁ)zvcz')aﬂ'} .
N

The gne'c solution to the equation of transfer for absorption alone may be

worked out, The result ean $hen be expanded, the tero order term giving isotropie
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radiation, and the first order term giving the diffusion theory type of approxime-
tion, It is onl;,"in this typo' of approximation thet the Rosseland mean opeaoity
appears = liwlrewr, the epproximation is an excellent one in systems we shall oom~

sider, We, therefere, employ this expansion te solve the sombined oqutidn (3,70

(3.11), by putting

(3.22) Iy -I?,: -/, -c% g Epﬁjp

Substituting this expansion in (5,7) and (3,11), and colleeting terms not oomiliu

-3‘;? 13, gives

L

-u °
0=z w, (1w NBy = Iy ),
since the seatterinc terms oancel to this order, Nence we mmst have

(s.i.'.)‘ I3, =By,

The terms n%- z?, give
o 3l o1y »
(3024) -5--( - | A @)=y ( -2 y)

8

P g
f/gl’ ay (1 --éa;jv) % _3{[_ roa L
8

since the comtribution of the imtegral in (5,11) 4s negligible to this opder, In
arder to satisfy (3.14) 2 must be

() o >
. YT @)1= ()

whare

(3.18) M @) =$ §ﬂo $ @32? "oz

Thus we ses that in this approximation socattering and ablcrpt}on mst be treated in

different fashion. The physical reason for this is that the stimulated scattering

tending to weaken the beam is exactly compensated by stﬁnhhd soattering tending
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to strengthen the beam, OCn the othér hand the stimuleted emission strengthens
the beam and nothing can compensate for this, The effective absorption ecefficient
must, therefore, be reduced by the factor (l-e™Y),
Using the zero and first order terms in (3,12) we can compate the flux of

energy of frequencies between 2/ and 2/ ¢ dz/

o = A 4m
(3417) n-F(v)dzJ;-/n-I(y)dvdfzg 2 T,/:Jn-gmd By d ¥
L0 :
- 41’. /21} .‘di-f B;,'dﬂﬁogmd T.

where n is a unit vector mormal to the surface over whieh the flux is desired, and
we have assumed that the spatial variations in the conditions of the system are

oo

solely due to & temperature gradient, The integreted flux is then ?: f Flv) dv.
; (-]
By inmtroducing a mean free path properly averaged over all frequencies--the szo=-called

Rosseland mean

54
L,Zy'd-,' By 4/

o
L HBydv

the integrated flux cen be written

i 4 4B
(5‘19,). Fa --Tg-r- /\grad Tﬁ’

where
- o0 4 *
L 1,4
- B 1)- L ]
(3420) B_I P& gy
o

The energy density may be found from (3,12) since

1 By | ;
(1) wyz [ 2 an: Dap...oom o,
0
o0
(3.22) u = f uy d%’ti} Be
[+

whenge
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The first order term in jyin both these equations vanishes identiecally, so that
(3.21) and (3.22) are eorrect to the sams order as (3,19). Combining (3.22) with

(8,19), we have

(3.28) F - -3 Agredu,
" By introducing the expression (3.8) for By and (2,20) fer B, the expression
($.18) simplifies %o
i 2
(8424) A:—]*FT f /gy ut oV (e%-1) au,
AT o :
The effeotive mean free path for radiation may be albernatively expressed in terms

of the mean opacity ecoefficient per unit mass K by the relation

*

(3.28) K l?‘k‘ ’

e_being the density. It is this quantity which is usually used in astronomical dis-
cussions,

The effect of the present treatwment of soattering, cempared %o the wswel practice
in opacity disoussions is now clear, If there is no absorpéion, our treat—=sut gives

o0 -2
15 v 4 v 1
ER. e fﬂ: NN e b R
. : © '

while the conventional treatmemt gives
/ o0

e
(3426a) Az -‘-}’-TET [?}; u4oz“(o‘-1) du = -1% .
o :

In most esses of astrophysical interest, scattering is nmot the most important process
invelved and the error is ocorrespondingly much less,

~ We ocan now see im outline the steps needed %o carry out the caleoulation of the
opecity coefficlent, We must first determine the absorption snd sosbéering ‘coetti-
cients, This requires a knowledge of the Frou-uc‘alom listed in Chapter II and

the oocupation number = the subjest of the next chapter., The averaging process

indieated by (3.24) must then be carried out,
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I¥. STATISTICAL MECHANICS OF TONIZED ATMOSPHERES

1. Introdwctory,

The methods of statistical mechanics will furnish the ooccupation mumbers
meded in the calculation of the absarption oceefficlemt, The succeeding sectioms
develop 2 convenlent method for perforiming this caloculation to good appraximation,
In addition, statistieal mechanies gives a description of phenomena related to
the breadth and dispersion of spestfal lines, This angle is discussed in sec-
tions 6 and 7, Llastly, it is a simple matter to caloulate the thermodymnie
fmotions of owr material omce the ocoupation numbers have been tru.tad, While
this is not actually meeded in a caloulation of the opacity ooeffiocient, it is
an extremoly usefwl Wy-produot, We oarry out this treatment in the Appendix I,

2o Quanbwn Nechanioal Deaeription of %he System.

. We mesww Wint the systen we déxl ¥ith is ‘in thermodymamic eqiiliibriun at &
temperature T gnd miu & volume V, Although owr -i:tira system is not in suoh
an equilibrimm, the gradients of the thermodynamic variables are so small, that we
my eom:lde!" that at each point such a local thermodymsmie-equilibrium does exist.
Furthernore, the temperatures we disonss will be so low that we may completely
ignore nuslear reactions and pair production, Then we may desoribe our system
a8 oomposed of ¥ nwclei of which ¥; have atomic number Z, assooiated with n

electrons just sufficient in mumber $0 make N neutral atems, That is
(441) n=2;nz, n,§znz.

Clearly we have a system of many particles with strong interactions, Following
the usual method of separating out the effeets of the nuelear motions, we then
express the slestronic wave funotion of the system as a properly antisymmetrized
produst of one eleotron funotions obeying the Hartree=Fock Eqmtiam(l).

I¢))

Fq 8eitz, Modern Theory of Solids, pp. 243 ff.
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The essential features of the oms eleotron wave functions are apparent
from physical eonsiderations, and may also bs derived by inspeckiom of the
Foock Hamiltonian, For largs energles, the kinetie energy term in the
Hamiltonian dominates, and the wave functions approach those of a free
elsetron, They are, therefore, independent of the pesitions of the nuelei,
For low energies, on the other hand, the imberaction term with the mlear
potential becomes of equal importancs %o the kinetic energy terms Beeause
of the singularity in the potential at the poaition of each muelews, the bew
“havior of the wave funetion at any position is largely sondivlonsd Y-t {¥sld
of the nearest nucleus, secondarily by the nou""t neighbors, and Slhﬂ'ﬂw
affected by more distant nuclei, We, therefore, expest that near a mucleus,
the one slectron function will approximate the ilhapo of the ua_lio wave Funte
tion of ﬁhe isolated ion. In this extreme the wave rMid. depend only onm
the distance from the mearest nuoleus - and are indspendesli.of the relative
position of the nuclei, just as for the free electron extremes,
A model whieh embodies thoso essential features is the orystalline s»iid,
At first sight this appears to be a violent distortioﬁ of the actwal state of
the system, since we should not expect any long -Tange orystalline erder at the
high temperatures with whioh we deals The model will, however, provide the
proper quallh.tin features of the wave functions for a system of many nucled
throughout which the electroms are free to roam, Naturally, any features
characteristie of the striet periodisity of the lattiee lrv—limpl; ln#rnﬁpnaﬂ
artificially by owr model, Those featurss of the orystal medel, hoewever, whish
depend on near neighbors only should apply to ouwr system, for there will bs o
local ordoringleffoo'.&. sorresponding to that present in erdinery liqd.ﬁ.,
Preslsely, as in the usual theory of metals, we oo.ﬁ use the Bleok approxi-
mation of periodic wave functions for the eléctrons. In the low energy uﬁo

the energy levels will correspond closely to those in the isolated ion, exgept

that a single ionic state is Nz fold degenerate, This results because we can
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construct Nz independent periodie BEloch funetions from the N; zaro order
funotion, each of which corresponds to the elsctron being on any one of Hz
different ions, This degeneracy is remcved by interactions with meighboring
nuclei, so that finally we shall-have in our crystal a narrow band of ¥, states
in the neighborhood of each state of the isolated ion, The wave funotions are
of the form

gy - 5 Lo 2
(442) oy ; 5 o2 ikt u(rer,) ,

B n=l
where u(i";n) is an atomic wave funotion with origin at the rmcieus located at
?n- As the energy 13'1mreased, the atonic wave functions of neighborinz ions
overlap more and more, thus widening the band, Eventually, the band widths will
exceed the distanoe between atomic levels, and we shall have a gquasiesontinuum
of states, At about this energy the approximation of“ loo-e.lized atomic type wave
funotions breaks down, for the funotions owerlap several nuclei, Morgmr, atomic
funoctions from several levels muat be considered in building up a good approxima=
tion from (442)s The transition stage of the onset of the continuum leads naturally
into the stage when the atomic wave funotions become constant throughout the corystal,
For high enough energies the funotions (4,2), &2'9'.01' the free-electron type.

The nature of the elgenfunctions in the transition region is complisated, We
are fortunate, therefore, that in our system (in contrast to the usual metallic’
state)_only a very small fraction of the electrons will populate states in this
reglons  This results because the Boltzmann fastor in the probability.of ocouptla-
tion of these states is rather smell compared to that of the closely bound low
epergy states, while the a priori probadbility factor is not yet so large as in
the hirh energy free states, The contribution of these transition states to the
partition function of the systen is, therefore, small, and for the thermodymamie
properties of the system we my treat them roughly, The approximation we shall

use in our statistioal mechanies is %o ignore the details of these transition

statee ocomplately, For the low energy states, we shall use atonic wave functions
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and henoe. term them bound utato?. For energies greater than a certain limit
which we term the eut=off energy, we snall use the eigenfunctions for'rroe
electrons, Since the transition states are statistically unimportant, the
exact position of the ouk off emergy s not oriticals We shall return later
to the question of fixing the eut off energy.

The oireumstance that the transition states do not affect the thermodymsmiec
properties of our system is no guarantee that thof will not ler'imlr affect
the optical propertiess We shall see later that the most oritieal element inm
the Rosseland mean opacity is the presence or absence of absorption in certain
frequeney regions, We must, therefore, examine whether the onset of a combimmnm
of ome electron energy states will lead to a continuous absorption spectrm,

In the Bloeh schems an Mm&ion of the transition probadilitiss proves this
t§ be the case, This 1s not nunfu.rily trues in other approximation schemes,
fhe irregularities in our lattice, however, will undoubtedly provide the cen-
tinuocus dnwriion WO ASSWNe,

There is still another and more serious short-coming of our one=elsobren
spproximation, This is the negleot of correlations between elsetroms positions,
exoept for that dictated by ¥he Paull primeiple, These correlation energies are
se small that they de not affect the oocupation mmbers of the one elestron states,
They are, however, deoisive in determining the line absorption contribution to the
o;:uoity, 1'!'113 is so becauss the mmber of bound energy levels in our complicated
orystal, is, in the one electron fumotion spproximstion exmotly the same as im an
isolated ome eleotron atoms The spestrum would hhonl appear %o oonsist; of just a
very few very stronz lines, Taking omohti;m into acoount would split these
inte wry meny lines of the same total absorption strength, The next chapter
shows that having the absorption strength distributed among wary lines very much
enhances their effest on the opaoitye The treatment of these correlations by
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the "ionic” method is the topic of section 5,

Another feature of owr approximation whieh bears watching igs the "missin:"”
bound states which have been axplnded by the out off, Of course, these are not
missing at all but have been merged with the continm. The absorption strength
of the out off bound states should be distributed at the beginning of tha free
staten,

With this quantum mechanical approximation, we now proceed to examine the

statistiocal mechanios of “our idealized model,

3+ Statistical Mechanics - Independemt Electrcr_x Approximation,

The object of this section is to use the methods of statistical mechsnics to
£find the mmber of electrons in each electronic state in equilibriun at the
tonperature T, We shall here assume for simpllcity that the electrons ere completely
independent of- eash other, The next seotion will treat the electronic 1n€erﬁcticns,
but the final results oan be thrown into essentially the same form as for inde-
pendent sleotroens,

The nature of the énergy lemels and the density of states lims been disouseed
in the previous sections. If ¢y, 1s the degenerscy of the 1tb ionio level, enerpy
&iZ' of & mucleus of charge Z, there will te a band of N4~ states at this enerey
in the systen. Such bands will persist for all energies 6;2 < ﬁc less than the
cut ¢ffy Since electroms cbey the FermiePirac stastistios, the mmber of electrons

in the 1z§h level will ther be

N o
z°12
- ] éiz <E' ¥
(4.'?) Dis = .
i gd"ﬂeiz $1
where ‘f’: _%-r and <X is the normelization constant with the physical interpretaticsn
£

that sz «kT <L is the frees energy of the electrons,
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For energies greater than &, the density of state will be that of s free

electron with kinetic energy &= £ o This is, in the relativistic case

%
T 2
(408)  oplE) = %:3)', {z(&-e,,)m?‘ : (a-ec)] i(a-gc);,.,z)?,

or expanding for kinetic energies small oompared to mz

E_.i
(4.4.) Of(E) ] an!'fm [Z(E E )IF {‘ '.'g' s ‘ o( LI f .

Then the nmumber of free electroms with energles between ¢ end & ¢ 1

(45)  m(ENE = 1}(%— ,
#

The totel number of bound electrons is found from (4,.3)
(46) n, = Z;: Ei nyz

w#hile the total number of free electrons is from (4.5)

(447) D, = f nr(E)dE .
¢

Es €

Of course, the total number of electrons im the system is the sum of bound and free

(4.8) 'n =m ¢ np
and it 1s this eondition which determines the nermslization constant o of (4.3)
and (445)e

To use these oecoupation muibers (4,3) and (4,5) we must determine oL , We
note that (4,7) is the equation for a free electron gas, except for the ome faot
that n, is not e eonstent given by the physicel nature of the system, but instead
varies with the bmpauturo and volume, np may, however, be e rather insensitive
funetion, and we ny then employ the follewing uhona of successive appreximations

to determine oL , Assume a trial Ry ;j usually we may start by taking np s n tho
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total mmber of electrons, Then use (4,7) to caloulate oL , For the case in whigh
relativistic and degenerecy effects are small corrections = the region of greatest

interest - a suitable expansion of (4,7) gives

> S
. v (zrmer)¥ vz -
(4.2) o = £n ry h2 ;:2' ";’EW ®

where
(410) o = B, o

Fnowing o, the sum in (4.6) must be carried out explioitly, giving n, and by
(448) & second approximﬂén %o nye The cyele is very repidly convergent.

If a long series of computations must be mede, it 1s more conveniemt to fix
oL %o start. Then using (4,6) we find n /N while (4.7) gives ng/V, (Here ¥ is
the total number of atoms in the system), Then we may find out to what value of

n/V; 1.e., to what density; the value of & corresponds,

4. Statistiecal Mechanies - Dependent Electrons.

Ve now treat owr system ineluding the eledtronic interactions by the method
of the canonical ensemble, A state of the entire system, symbolized by J, will
be determined if we know the mumber of electrons in each oneselsciron orbital ef
the Hertree~Fook set of equwmtions, Although,uoh of these non-dogomrt_h orbitals
may have either one eleestrom pr none at all, we find 1t more convenient to group
degenerate or mearly degemerate orbitels together and sush groups we will desigmte
by small subseript 4 or J ur/Z. The mumber of sueh orbitals in the lg energy

groupj ise. the degeneracy; we denote by o, The energy sf the state J is

(4e11) EJ # E nJi EJl * % Z. ﬂJJ 'Jij ¢ % (an_—].) VJ!J.} p
1 hE

nJl is the number of eleotrons ocoupying orbitals in the energy interval when the
system 4s in the state J, Now the partition function will inveolve sums over all
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states J of she system, but only states near the equilitrium value will contri-
bute heavilye, Since the dependence on J of the interections é’Ji and inj ie

not rronouriced, we may insert scme averaze value 51 and V,, independernt of J

13
instead, Morecver, we introduce the set of numbers -Ej’ at presemt wholely
arbitrary but later destined tc represent some average occupation of the regiom,

Ther (4,11) becomes

(4e12) Ej 2 ?—E“Ji {[Ei b5 Jzéi Vs & (51"1)"—'11J

&[1 & (nygBy Wy, # 3 (nJi-aiJvu} ,
Il ;

The first term in square brackets in (4,12) is independent of the ocoupations and
ey be regerded as the zero order approximetiorn to the effective energy of the ‘
electrcn, The second term in square brackets gives the difference between the
deteiled interaction between elsctrons and the average interaction, We mey expect
this to_be small and hence treat it as a perturbe.tiion.l

Now according to the canonmical ensemble treatment, the péobabizity of finding

our entire system in an energy level batv;aen E;and E; § dEJ is

7 |

~—r

' 4B
P"QJQ /th

(1ol 3%

where
(4414) £l

‘ﬂ' o3

J

is the number of states in the energy imterval AE; ando( 18 the normelization

constent determined so that

Hence in equilibrium in our system the number of electrons in the ft—h region will

he
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(4.13) l}[:E_’, n P_o
J

Substitute in (4,16) the appropriate expressions from (4.12),(4,13), (4.24),

introduce the qmnti’cyd-u by the relation
" L]
(4.17) d-' = no - ot Z nJi
i

and carry out the indicated operations to first order terms in the VU. The treat-
ment is charscteristic of the grand ensemble method, The mamipulatioms are tedious
and samewhat trieky but the result is comparstively simple, namely

(4.18) Ry = cp Bf [1 - ﬁ;j E[(&—:H(%-l)eg] I,!J;,_Z

‘ éz‘ivﬁ "Z 4Py vil} ’
1¥2 s

where

(4,19) 9.2 1"-% ¢
: -1

(4420) By [1 $ exp {og' ;/5’ [621. 3 %’J ij ‘ifj ¢ _ﬁ{if-l)?) }f 5

We now choose the arbitrary parameters so that the first order terms in (4.18)

vanish identically, This giwes

— /7

EYERE z(%'-x) B/

Although the two equations in (4.21) seem econtradictory, this really is net u;
for there is absolutely nothing whioh forbids us to use a different set ;j for
each n/ 1in (4,16). Substituting (4.21) into (4.18) and (4.20) gives our
answer '

°% L
" & -1
f1vo " 8 Ep)f

(4420a) J)



“lle

_r -' E £ >
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Comparing our results of the last three equations with thcse of the incependent

electron treatmeut, (4,3) for example, shows them to be of the same form, exoept
the energy é:iz of the in&apend?nt electron case is replaced by an effective
enearey ‘55 of {4,22), We have, therefors, justified using an inderendert electr:n
arprroximaticn with each electron subject to some averaged poterntial of its neigh=
bors, and we have found that potential correct %o first order,
e can crnsiderably simrlify the result (4,22 Sﬁppose.Af represents a
hound level, Then the interaction tfj between the twc bound levels can he shown
to be exactly the same as that calculated using atomic wave functions which loecalize

both the £ and j orbitals on one partiocular ion. The terms in (4,22) due to the

interaction of a bound eleetron with the other bounds is, therefors,

J

exchange interactions of atomic theory. By far, the largest oon‘ribution comes from

n ‘gf 7
jx Z : & rerk ‘
e 4 VZ;J ’—ﬁ; (egy =1) Y\;}TZ, where ncw the V's are the ordinary aoulomt and

the spheriocally symmetric part of the ocoulomb integral, usually denoted by ?o(l,j)
in theoretical spectroscopy. It is more convenient, however, to use screening

constants Oy g instead of the FO's, defined by
s

*°(4,3)

e S S e S R

o
(4.23) O 4}
"'ETZ
The intersction emergy of a bound electron with the frees can likewise be ap=-
proxirated by the 1nteraqtion of an atomic wave function with the charge density
of the free eleotrons in the neightorhood of one particular ion, Suppose, there-

fore, we break up our orystal into polyhedra, each containing a nucleus and of suffi=

clewt size to enclose a negative charge Z'o where 2' =z Z -,EEE is the averege
Nz

charge of the nucleus and its bound electrons, Approximate the polyhedras by spheres

of the sarme wolume, with radius a,', Ws then have
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(4024) E; 7T ap Kz

If the electrons are really ocomplstely free, the charge density will be uniform

throughout the crystal, and therofore

(4425) ‘z' = """‘ .

2l Lt
(426)  Jp 25y :zsj"

within sach sphere due %o the free eleotrons, and we obtain for the l'mumzl,éJ to

fres interaoction energy

3

(f‘

2
7 r
wer < f|paf g B 3 - E)
s 2 7
where r is the value of r avoragod over the_ < bound wave function, For a

bound state ;g. then, the enerzy 52 becomea

L 850 4 i
(4,28) &z-.' Eﬁz -%J' %: % 3,3 'z (gg -1) o‘jl
2 bound electron

& (@

To first order in de L s this is the same as

Z
£

. Lot Ly cidhe
(4.29) &g f); (Zz) 3 2&20 '(lzv)

whare

{4,30) 2} -2 - Jfﬁé_ OZJ--?Z- (l-éz-) oj’,,f

Wo now must rewrite (4,.,22) for the ocase that ,Z r'opresonta s free sleotron,
For this purvose, wo assume the bound electirons are localized at the nuoleus, This

is generally an excellent approximation. The fres slectrons move in the potantial
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field, whish is in each ionio sphere

) g Z e 203! 7- 3% rz s
(4031) -?’: !.Z' r :z:

This is due to the nucleus andl bound electrons, and the fross, The energy &2
of (4422) in this case includes the kinetic energy 51, and the interaetion with
the nuolei, while the other terms in (4.22) give the interactions with other
bound and free electrons, All these interaoctions are Jjust 4@,? being averaged

over the volume of the ion, Hence, for a free electron

T K Z"oz
(4.32) Ef;Zf--éZz. o e

We note that the interactions have raised the energies of the bound olo?trom
fron the zero order approximation of inmteraction with the nucleus aloms, while
for free electrons the energy has been lowered from the differsnt zefo order
a~rroximation of no interactions, We now ’sh'i{r{: the zero of energy, so that a free

electron with zero kinetie energy has zero total energy, by addinz the constant

o .
B2t o2
320 = 3= « This will have the advantage that the density of states for the

free slectrons takes the simple form oL )4l s o(&, )€, and hemse (4.23)
begome s

°(E~r)“£r :

HOE L b

(4a23) n(E,)aE, =

Of oourse, changing the gero of emergy has no effeoct on the occupation numbers,

"
since it merely replaces o by another normalization constanmt

2.2
Al |
11 :5 w
“- - /5%, S T ith this change in zero of emergy, (4.29)
heoomas

: y
2 S 'S
(4434) 6,{2 '-'EZ (Q)ir';{c? -("5';':; *% ;% 5{;‘:‘? B
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Now \n‘ shall somewhat arbitrarily place our aivision into bound and free statss
at the uro‘in our new emergy scale, This means that whenever E.,ZZ of (4,34)
ies positive, that state is not bound, In most cases the higher states of an
ion have thoir Jotrom rather uniformly distributed in the ions sphere and,
therefore (:z% ~ 3/6s We can, therefore, generally "out off™ the bound states

at about
Z'o2
(4.35) = £5(2)) =330y

The relevant oquations for ealoulating the occupation mmbers will now be

summarized in final form,
8/2
n z A I Smtim s T
("056) : ® £’ ]
. zE & ’/55,[3 #

s 3
(4437) E',é’z - E’g (z/g) $ Ta v ‘z 3'

(4.38).- -t,?":'-.ﬁ- ;Zg :L o)% ‘4" . azz- ) 02.,3'

(4.39) na;).lff, °”:" (2m Z;,') i: {'i- -- ¢ ...}
- ﬂcwtﬂ; , .

$1

(4440) n, = Ez: LA § Ly - sun for all E}z‘ 0;

(8,41) Sy :-é' n(gf).dg'f
30

(‘di) nzmybne,

(4.43)-4;- a;' =§-n-§ ; (4443a) v._.i“f—"._.zz_ .2. N,
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(4044)  2' g2 -g
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and as an explicitly equivalent eof (4.41)
L i
! g,,- 32 15w _1s KT
(4e41a) aaunnr V% ey W\ D

-Cf.

-H ‘mﬂ" -
_ﬂ_zs (1-% fﬁ') 4 e (ts_;i -]%-)’ooo

This set of equations ie somewhat deceptively simple in form, for it must
ertmlly ‘bti solved by a somewhat lengthy uriet‘l of sucocessive approxiutionnf
If we are given the temperature T nt;d volume V, we must assume a set of n /.
o.naL‘, and a set of &y satisfying (4443). (The latter is, of course, trivial if
our system has only ope element.) We them caloulate %z by (4,38) and by inter-
;;olatlon in a table of energy levels find 5}(2’2). Meanwhile, by (4,4—4‘ caloulste
z'. e can then immediately get E.Zz-'nd by (4436) & new set of n gze By (4.40)
we zet n, which with (4,42) gives n,e Employing n, in (4.41a) we arrive at s new
g Moreover, using (4.43as) gives a new set of 8,1, Continuing this qyole,
we can establish our final cooupation numbers. The tables of sereening oons bauts
Oi;j‘ energy levels, and—r? ‘needed for the caloulation are presented here as
Tadble 2, 5,‘;::6. 4 respectively,.

One approximation made in the foregoing set of equation is the nuﬁpﬁon
of the unﬂ'ém charge distribution of the free eleotrsns, An improvement en this
approximation,which also dnomfr&t&a the range of its wvalidity, is given im

Appendix IT,

5¢ lonie Odouation Naabers.
A somewhat different model for our system was mentioned driefly in the last

section = thL ionic model, We shall now describe the basis for thi.l model somewhat
more fully, show its relevansy to the opacity problem, and indiocate how our previous

results may Lo epplised in this ocase,
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We know that if an electron is in a state of suffieiently low energy, it
will be temporarily bound to one nusleus, Bscause of the high coulemb barrier
between neighboring nuclei, it will remain bound for a considerable time - indeeu
it would be improper to use atomie wave funetions for the olsctron unless it re-
mainsd bound for times long compared to the time of revolution of its Bohr orbit,
Natﬁrally, several eleotrons may be bound to the same nucleus at the seme time,
The interactions between the electrons will not be expressible in terms of the
treatment we have hitherto used, for the corrslations which were neglected are
now of decisive importance, For omla, a nucleus with two bound K eleotroms
will behave much differently, particularly with regard to its speetrum, than
one with 2K and four bound L electrons, We can take these correlations into
socount by abasdoning our siimple "product of ome elsotron functions” approxi-
mation and using instead functions which depend upon nll‘ the soordinates of
the bound elesotrons of each 'l-:moleul. This 4s equivalent to describing our system
as oonposed of many difrox:eut' ions in a dynamioc equilibrium in a ses of free
elsotrons, Applying_tho statistieal meohanic? appropriate for systems undergoing
"ohemical” reactions, we can get, for example, the mmber of ions of each type
in our system, and the dlstribution of the ions among iomlc quantum states,
Essentially the same result is obtained by the use of the eanonical ensemble
treatment for dependent particle systems !.f we appropriately express the energy
of the system as the sum of ionioc emergies, free electron emergies, and inter-
action energl.e‘s between these oomponents, The latter method has the adv‘anba.gl
that we are able to take into sccount, to first order at any ra.i:-; fhe inter-
actions 01: the free electrons and ions, This model, which is certainly to be
preferred to that of the previous seotion, gives the spectrum of our system as
the superposition of the many different ionic spectra. It is precisely this very

rich line spectrum which causes the lines to be so important in the opeacity problem,
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Despite the apparent dissinmilarity of the ionie and "one-eleetron fumetion"
models, we can show an intimate relationship between the two, In our ionic medel
we may use for each ion the conventional treatment of many electron '1ons..'1'hia
consists in expressing the wawve funciion o the ion as antisymmetrized products
of one-electron fumti-om and then carrying out perturbation caleulations - usually
enly to first order, Suppose we then neglect all but the sphe_rioa.lly symmotrie
aoulomd interaction, This makes many of the ionic lavels degenerate, of course,
but the energy ehanges are so slight as not to changs f;ho ionic oeoupations,
If we then *take the average number of elsctrons in a partioular orbdbital through=
out all the ions in owr system, we get, to fipst order, the results of section 4,
The useful point about this relationship is that wo can use the occupation numbers
of section 4, giving the average oeccupation, Yo find the ioniec oocouvetions to
good asouracy without the need of st.u'ting of f nf:;eah in'a laborious caloulation
from the ionic model, Thus the work of the previcus sestion gave the number of

electrons ¥Z 1in the LM level of an ion of nuclear change Z, or alternatively

9 W
Ppg = —0%5 the probability of occupation of the states of that level, From this
42 ’

we cealoulate the probability of finding:n ion in owr system with several bound
electrons arranged to give some partiouls;r quanmbum state of tha ion, For example,
the probability of having an ion with electron configuration (1ls)” (253) (3pg )

Pl - / .

in the K, L and ¥ shells, whatever the configuration of the higher shells may be, is

: gt 2 4 2 2 3 " &
(4448) py, X 2Py,9p4 X T 2pL * Ypp3 /o ¥ U3¢ X U3pl * P3p3o%ps/2 X 3a5 X U554
where
(4446) 9 2 (1=py )e
In general the probability of having an ion with 2/ elestrons in the /2 level
regardless of the occupation of the other lewels is given by the binomial distrie

bution
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0’8‘ % cj-y’g
(4.47) PJ,’g =z 28 (e g =28 Py Y, '

As is well known, for large ey and smll P/ , (which is the case for the highsr
bound levels of an ion) this reduces to the Podsson distribution

J__;%';} Lo g ;
o : .t B

(4448) P,:Z‘V

The ionic model gives a simple physieal interpretation to the rather surpris-

ing looking formulae of section 4, Consider, for example, the term

TdE

E ‘ . ) ’Z
- ‘4 2 in (4,28) the energy 5,2. The factor - Y- ?Z.j is the inter=-

oy
T o3
th h ‘
action between the j— and the /2 bound electron levels in an ion. Averaging
over all the ions of ::ha system;, some having no electrons in the J'—‘—h- level, others
having ome, others having two, etec, gives procisely the term wo are considering,
Again oconsider the iocns which definitely have eme electron in the LB, level, The
average oceupation among these ions of the other o /-1 states in the level is

p‘&(oﬁz-l). The average imteraction energy between one particular £ sleetron

and the others them is just py;(opy=1) o'j.j(%) e This is precisely the

third term in (4,28), We see that the energies involved in the dependent eleectron
tﬂntﬁsni are averages over the ions of the system, Going a little further, we
oan show that (4,28) is actually the average ionization energy of an 28 10vel
electron in our ionie system., To prowve this, we note that if an ion has x4

elébtrons in the jg level, its emergy to first order is approximately
E(x,jmpesexyos) By %, £ # 3 G 00 xpx, P2(1,9) # Lo (x4-1) P(1,1)
so that the icnization energy of the £ glectron is

E(;l,xz...x’t o.) - E(Il..xzocoxf‘-l c--)
2 30 b Syxy UL ¢ (gL F(A D)
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Averaging this ionizetion energy over all the ions having at least ome bound L.
electren gives (4.28) exdept for the terms involving the imtersctions with the
free electrons.
This complebes our discussion of the ocoupation numbers in our sysbem, which

are needed to get the absorption coefficient,

€. The Influemce of Nuolear Motion,

Thus far we havs ecomsidered the nuclel as fixed in & lattise position.

This is justified, simee Yeither the bound nor free wave functions depends
appreciably on’the relative pesition of nuclei., All our cooupation numbers

are, therefore, correct, There are two rhenomena, however, which depend en

the nmuclear moticn: 1) the totel energy of the system has a contributicn from
the . kinetic o.nd‘po‘hntitl energiee of the nuolei; 2) in their motion, muelel
will exert varyling electriec fields upon the bound electrons of neighbors, thus
causing Stark effeet shifts and splittings of the upntui lines, The first
effeet is of some small importance in the thermedymamie -propl‘r‘hhl of our system,
while the second may be very importent in influenocing the effeet of limes om the
opacity.

The result of separating the wave equation for our emtire systen se as %o give
the electronis anargf separately, desoribes the motion of the nuclei as if procesd-
ing in a potentisl determined by the electronic enmergy. This potential is in our
ocase approximabely the olassical potential of an asaexgbly of positive ioms moving
Ih o indtesn chinge denatty dns b0 the Fiwe electiotbe: Ko Arent shis potential in
two limiting csses, Assume first that the nuolel are at lattiee positions, which
oconfiguretion represemts the zero of potential energy. For small deviations from
this position the potential inereases, For example, the change in potential energy ,
if a single ion of effective oharge z' is at a small distance r from its equilibrium

peoeition is
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1c 2
] L__e_ — a(:‘) »

(4049) 2 e[@r(r) -@,(UJ] 2 gt 877
where 901-' glven by (4.26), is the electrostatic potential of the free eleetrons,
So long as (4,49) holds, the nuelei will perform simple harmomic vibrations about
their pesition of equilibrium, The heavy mass of the nuclei will make the frequency
so low that the contribution to the energy of the system is oclassical

(4550) E SHET

nuclei =

Continuing the treatment of this approximtion, we eonsider the Stark effect

due to this motion, The number of ions with displacement r to ridr is

' xp(= € )
(4451) N(r)ar = X, ":;2' exp(= &(r)/icr)ar .

J‘ 4R expel&(r) AN dr
°

where C(r) 1s given by (4.49)s Carrying out the imtegration gives

e ] )

ﬂ% v?_'- erf s = (3/2)exp - 82

where

X
‘ 2
(4452a) erf x = %J‘ o7 ay,
-]

and

2
L] .2

: Z
(4458) o £ 2kTa ¢ o
One importent result of this formula is obviows: the Stark effect dispersion will
fall off exponentially with distance from the line oenter,
To examine the reange of applieability of this approximation, we calculate the

average displacement
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2 r N(r)r Ty (lzi'l}?

(488) TV =y z 2 g
Rye. ol | 3
ve -'/-;-F- erf s =(s/2)e™"

For 8 >>1 this Tecomes

T 2

r
(4.,548) =—— —~ — ,
QZ' bfﬂ—:s

while for a8 <<1
3 52

(44540b) :-27 g (l-05 )e
The expansion shows that for s <<1, that is high temperature, low densit;; (hfge
az'} or small muelear charge, the average displacement of the nuclei will be 3/8
of*-the average internuclear distence, This is the result‘ if the muelsus oould be
with equal probability at emy point in the -spheye, In this case we cotild scarcely
speal: of hamonio‘vibmtiom and the methoc} of treatment is not appliceble, For
large s . \owever, thet is low temperature, high density, and /ar high nucleer
charge, (4.,54a) shows our nppro;imtion to be s,dequate.l Figure 2 shows the behevior
of the F/a.zt as a function of s,

For the eages where the avproximation is walid, the electric field on a

muoleus situated at r is direoted toward the lattice point and has magnitvde

i 2l _d . A L

The distribution of nuclear positions will lead to a distribution of eleetrie
fi6ld magnitudes, and hence a continuous dispersion of the observed lp;cﬁral lines

of the assembly of ions, The fraction of lons of effective charge z! which will be

subject to a field of botirgfe( and [EhE) 1s

b X ( ) By délexp[- . () IEFJ
(4056) B o (60 alel 7 \2'e z O
.iiz' ¢ ‘/--;-TF erf s = 8/2 o=t?
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Fermula (4,55), while sorrect in order of marritude, does nc® tell the whole story,
pesition

for neighboring ions will be displaced from their equilitrium,ani give rise toc a
dipole field, The resultant of all dipoles vill give a field of the same order as
(4455)s Moreover, in applications to Stark sffeet, it should be remembered that
the fleld (4,55) is radial, not linear as in the usual consicerations.

We pow turn to the case where S<<1 and harmonic vibretions dc not deseribe
the motion, Here the nuclel may wander rather freely about, except when one nucleus

makes e very close aprproach to another, The energy contribution will be essentially

that of a porfect gas

f4.5%) - 3/2 NkT
4e57)  Epiolet T /2 v

The spatial distribution of the ions will be determined by their ruiual

potential energy for close approeches, To goo! epproximution this is sirply

"
Z‘Z .2 s, 14arn
) e onte 2 Yol
(4.58} 6(:-12) = 2 for 1"12<_..._‘£....._

E(rlz) =0 elsewhere,
Then £ /&T
-&(ry,)
(4459) H(:-12 Jary, = L A 12 47rr§2 dry, o

The eleotrio rield felt by th» ion I as it approachec 2' is

"
L 4

(4‘60) \E‘Z';—"‘z' »
12

g0 tha*t the number of ions in fislds tetween || and ;';SH d!al is

! 3R et 13/2
(4461) 3 i dii."%’? 4 e), At exp - —-—‘aﬁ i »
I;zu ra"

Here again we ocan see that the Sterk sffect dispersion will fall off exponentially, .
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The quantum mechanical treatment we have used did net actwlly find the
stationary emergy levels of our system. The uppminﬁt;ons whioh we were foreed
%o fntroduce had the result that we treated the foms es if they were independent
systems, and then we intreduced interactions between other ioms and the fru
electrons ss perturbations, The true statiomary states, of course, will resemble
the gsero order approximation execept that interactioms will have remeved sce of
the degenmeracy, This splitting is very igportant as a sourse of line breadth,

To imelude this splitting we oan cohsider the inbemt‘ionlk s time dependent
werturbations or fluoctuations.. :

One of thess fluskuations is caused by the nuclear metions just discussed
in section 6, The ml;i being sdﬂvmaﬁl oma be ¥hought of classically. Simee
they have 1n equilibriwmu the same omergy ss ‘the eTWUWPEns, their velocity will be
a fmofE'MJ.l“'- (M is the muclear ms, r. the electronic mass), The mebien
will be 8o slow cquod to that of the olootruns that we may use the adiabatis
epproximeation for the interactions, The result 1s‘thnt eleotronio levels are
shifted by a Stark effect when two nuclel epproach, but no electronie transitions
are indueed,

If we thought of the free electrons classically, ¥hey would be randomly
distribuwted in space, We would then obtain oonsiderable density flm?tiom in
the meighborhood of each ion and it might be imagined these offoe‘bs-m‘t be
considered, Our quanium mechanioal treatmemt of the free slectrons, howsver, is
mach: oloser te the truthe, We must really consider the wave function of a free
electron Yo extend throughout the solid, Tl}h eliminates the density flustuations,
But, boculue we have peglected correlations, there is another effeet we have missed.
This 1s the eollision of free olactn'on- with the ions, "Sinu this is a fest proocess,
it will tﬂuq transitions from one lonio state %o anot!nr, giving the states a
aolliﬂ.al Breadth, Tt is well known that sush breadth gives the usm form of dise

persion as the natural breadth,
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V. EFFECT OF LINES CN OPACITY,

METEODE FOR TREATINC LINE CCNTRIBUTION.

le Separation of Line Contribution

" The Rosseland mear opaeity ¥ as is shown in Chapter III (3,24) and (3,15)

is a weizhted average abscrption coefficient given by

1 Mu)aw
(81) Az o%e J/:F;j“,

(843) /“ = _“abs ¢ /“ul.tt (1_0'“)
It is usually convaniant %o consider the absorption coefflslient reesclved Into o
rorms

(5e4) SLm !'/,b‘:g s

iy being the absorption due to continucus processes alone, nnd/uj, the ebsorption
due to the lines, The reason for this division is that/uo is & moderaﬁely s-nooth
function of frequency except at the locatlon of an absorption edge, while//u/e is

e very ragged function with sharp m.ti..m at the frecuency of each shsorption line,

Substituting (4) in (1) and introducing the notation

g
(545) : "'/"?" H P = "L »
= Mg 1¢r
we pet for the mean fres path

(54¢) A s e /FM- A =Np o

¥ = -
!.O ] )4‘,“3 "



where
%0 .
wia) f_{f’u
(547) ’/\c . o e “§2 »
and
LR W da
(548) /h . Jc, /+N e o 3

The latter form of(5e5)shows how the lines reduce the mean free path from

the value /. obtained by considering continuous processes alone., The contri-
bution Ac of the continuous processes has been treated by all workers in the
field of stellar opaclties with varying degrges of completeness, but the con=-

tribution of lines has hitherto been ignored,

2e Effect of a single line
To understand the effect lines make on the opacity, and %o help in develop=-
ing methods of treating lines, we start by considering the simplest case of a

spectrum with only one line, The line absorption coefficient in that case is

(cefe equation (2.9))
(5.9) MU, (z) = "= T T Z.T

wherse éf% the dispersion factor shows the frequency dependence of the absorpe

tion, A4 (@) nas a sharp maximum at 22, , the frequency of the cembter of the

absorption line, and is so normalized that
' ;00 i
(5.20) [ Ala)dY = 1,
(o}

Without considering further details, we can see qualitatively what is the contri-
bution of this single line to the opecity. Droopine the subseripts for the moment,

we have

(5411) ol SR T -
/4T 74 Sl
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(5o11a) Sva T -rr_:“ Y/Ho H b {u, = 5 ..

The frequency varietion of this function for a typical ocsse is shown in the ac-

‘companying figure. It is seen *hat this funetion

j2r - 71“|

aprroaches unity when r is a maximum at the frecuency of the center of @he line,
deoreases slowly with displacement from the center until it becomes 2 when the
line absorption is equal to the oorrfinuou absorption backrrounde The variation
of the function in the neighborhood of % is rapid, the trensition from values nesr
unity to values mear zeroc occurrins within a small frejusney range, For greater
displacements the function falls off rapidly, soon beheving sirply as r. The oo_f.—-
trast between the ﬂ:.'uncg&?:x r whick one mirht naively expect to detesrmine the line
effect and r/lpr is marked, Whereas r drope to % its value ab (u-uc)= F. we

find that r,’l}r_ drops %o half 145 value only at (u=u  ~3 te -

The inmtegral (5,8) giving the contributisn of the line 1s approximately

: ‘ =)
e f
2} R S
(5412 ) AZ-Lm du >4 t

usu,

since the integrand is neglicible exeert for frequencies noer 2= 2/0. Thet is
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important then is fc;r# du, The greatest ‘par'l: of the eontribution to this
integral comes in the range where r/(lr)=£l; praetiecally nothing is epmtribubed
by regioms where r/(lér)< 3, 'l'!mnlif w is the distanee between u g ha/ /AT and
the frequeney u=hi/kT at which r=1, the integrel is approximately

(5,13) A, = 5‘4

2 _qu

x 2w,

gty
The quantity 2w we shall term the wingspread of the line upon its somtinuous back-

ground, It is this quantity, as is shown by (5,15), rather than the dispersion
breadth of the line which determines the contribution of the line to the opacity.
o may t@lly think of the line, aecording to (5,13), as leaving the transmission
of light umaffected throughout the spestrum exdept in the reglon of its wingspread,
Wire 1% scapletsly bloaks the tranemiseton.

The wingspread of the line is determined by the condition

(5,14) ¥ b (wuy) = 13
thus 4t depends on the ratio of 1ine strength Nf to comtinuous background, ana
!Ilfi dispersion, Even a line whish has very small dispersive broadth may have a
esonsiderable wingspreed if it is ;trong enough, On the other hand, a broad line
may have very small or zero wingspread if it is weak compered to its backgreund,
Argmntl'for naglaci‘:ing line eontributions becauvse of the small '.“"’.”1“ breulthc
alone are, therefore, incorrect, Another important eonclusion we may draw is the
following, S8ince the wingspread does net depend on the position of the line, the
m contribution in the case of an isolated line is not sensitive %o position,

Suppose we oomsider first an artifioial example of a line with a rectangular
shaped dispersion

b(1) ;'5'1337 for 3/=AYV< WU A2

(8415) B{3) = 0  otherwise.,
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Then

&Au
(5e16) j *,— du g S%_M 'il‘;"é"" B m .

If the line abserption is very stromr. compared to the ﬂwwiﬁnh

obtain the obwvious result that
) L(C T
5417 - Ou
(5417) @y—cﬁ;}_ x 2 04,
wm,

that 1-, the line eliminetes the entire h‘tnnuoton of the m l.m
2An. It soems at% first sigh‘h e little amasing th‘f th rull! “ ﬂ }.“
on. Nf, tholinomn,rarthilinplhsthatanmlﬂthc*ﬂhn

another will have just the same effect on opaoitys But & 1% i, raffaot;
that if a line ocompletely absorbs the nditzn in tu im!. !l 4
maximm effeet im reduoing the trimsmission, h &npr un- pah o
On the other hand, 1f the 1ime absarption cceffieient is woak ‘wiagaed at\_%

conbinuous background, that is

(5.18) 77w << 1o

we get

N
(5,19) /\l =/.:-L3 A GO
o :
e,

Here we got the impartant result (in comtrast to (6.17) abeve) that Yhe effect

of the line is direockly proportiomal teo its integrated m:&u t Duk ﬂ m-n
pendent of the dispersion interval 2A Ve As an immediste unnquud' w, o
have that Ay ts independent of the dispersion sr-p Whatover that w u, s h.g:
as the analogue to (5418) is fulfilled, This is a very inpu'tm :7
linesy that is, imes for whish Nf ') (u)/h«: slways give M ! ‘
and 1t is umnecessary to inguire imbo the doh.ill d’ the ihpﬂlm S‘I.lﬂt n.i
of the lines im a speotrum are of this mature, (5,],9)_3011'“ a gna,tm of. the

problem,
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Proceeding now to the actual types of dispersion we shall sncounter, the

spesifie esse of matural amd/or cellision breadth has the dimpersion formila
(d.fo (2615)0

(8,20) »(?) :‘T—L?-—r- 3 b (u) ---
- s (V= )40 /8 (M.)ff'

where 3/4m 1is the half breadth, and

(821) Mz RLL

The wingspread w is obtaimed from (5414) giving

(5.22) -:i%'ref%=w}a;

the latter appreximation being valid if

(5;23) % <<1,

o0, if r'«., s oonditdon which is frequently the oase, The wingspread is
proportional tort and to the square root of the line strength (ll')i lhn'y!.l& I*
the integration of (5,12), we get

3
(5.24) Npe B-} n(%ﬁ—) En —ﬂ%}% B

Au
e,

In the case where TSI /(NF)<<1 we miy put the last faster equal %o 1o I Just 3his

casa the nngspreui is given \ry the simplified rom of (5,22) and ﬂn rmli is

¥iu)
(5425) A,f-". -F % 27/—%-;3-

i

The faot that the line blacks m s frequency w /2 thn ﬁ ﬂmm
{s & confirmation of the general qualitative result in (s.ll). The rgum the

mamerioal fastor is so different (1,57 instead of 1) s that the natural Wreadth
dispersion gives appreciable absorption even rather far frem iﬁo‘iﬁn ocenter,
We shall gemerally speak of the extra. conbribution te the epacity of regions
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beyond the wing spread as a "tail" effect, bacause it is due to the tail ends of
the dispersion curve,

Tn the other extreme case of woak lines (5424) reduces o

(5026) /\1:1‘!} %f_ g
A
LN
This result is precisely the same as (5418) for the case of step-like dispg;_qion,
and is & special illustration of the genmoral validity of the week line formula,
regardless of type of dispersion or hreadth.
Turning next to the case of Doppler broadening, the dispersion is

Ty w? ()

(5.27) b(>) :% m oxp = | ByuA T .
0

The half breadth is given by the walue ) which makes
e .

(5428)  d(y=34) = ¥ 0l(2,)s

We see from (5,28) and (5.27) that

(5:29) Tzy n,{%'- An 2] ‘

The wingspread, however, is given by the condition that

? # Mo® 3
N 1
= —5——-2- exp = —-fy T

27 ¥Tn,* 2Tu,
whenoe

| it i i
fope). wig | y™ [T(m :

o | . 2
{Ba31l) w gF {1.443 /gn[ «4896 5]'} »
hﬂh!‘rw the hwi't!:nio factor, the exprcssions for the wingsproad (5450) and
the dispersion breadth agree. This 1s, of course, due to the exponantially fall-

ing off of the dispersion curve with distance from the line centor; as a oonse-
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quence, the line has effeotive absorption only in %the region of its dispersion
Sreadth,

The actual comtribution of the line with Donpler breadth to the opacity is
from (5.11), (5412), and (5427)

e du

W!u% ’
5.32 = 2 ~
oy 5 PR 14 LT 575 SH3(u=u )

= usu

o

where

a2
-

Yo
(6033) ' B T ———y
2kt

We can express the integral as nel

; O 8 1 (B3] 1 vITS
(5434) AL-.:/N = & (1) (T) = Gl o
]

uzu

which for small values of B%/a develons as

ay B
(5.85) Ai’_u' M. 1- % _L(,___;‘ée:_) T £

’.-l

J2m \2kru 2

-

The leading %erms of this expansion is the weak line rosult (5,19) as should indeed

oe expected, for the ocondition
2

o wf N\ A
(5436) —.'--g- PR i <
means that the lines ars weak,
1
For large wvaluee o 2°/a, the analytic form (5,34) is inconvenient for calsula-
ticn. We then davalon the integral fron (5, 32) as

f L d: d’,f i
° % ° -gf-( I) :(1* "-‘)

i
The leading term in the development is 2(5/3%‘3 A@x B2/a
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whence

(5.57) /\pﬂa, = tw,
P

The h!.;h.r' order terms constitube a tail effect.

Tt 4s instructive %o ogupere the effest of two Iines haﬂu ﬁu m- Sotal
strength and the same half breadth. altheush the diapmton in om .“..l umd by
patural and/or collision breadth, while in the other it is caused Yy hwhr
breadth, For weak limes (5.19) tolls us the result ik identical. Por atrong

lines, W have

; Ay Y |
o), T 1'“{"!8;7‘} i

AL Doppler

For the ease of strong lines $his ratio is always mush greater than mity. W
oan, therefere, sonclude that the matural bresdth dispersion s always es effestive
as or m effeotive than Deppler Mspenlo;l in imereoasing the apn.city.

o Effooy of Two Lipes,

Now that we mﬁaoﬂrﬁuﬂandnllhghub%thmuty,h
ean immu th effect of & lire spectrwm. It is oumﬁrﬁﬂq of this predlem
that the amrpuition priﬁi:lp&o does not hold in gnanl. de0, the oﬂm of 1lines
is not eimply additive. Imstesd, it y?ouia upon the rélative pnitiuu of the
lines, To illustrate this most $lewrly, we shall consider the conjribuwbion of
ilo '.Linu to the mﬂw. The line thorptim coofficlent will then be
(l-.ﬂ_) v | En -ﬂ- -.;ﬁ "3_(’))
where j denmotes thq_ h‘mbcr of the lime, Suppose Pirst, that the lines are very
far sray from uohl oﬂnr compared 'l!o-tholf wingspread (\ﬂ their bresdth), ‘ﬁwn
the funotion yfz in Wie integrand of (5,8) will have 4we widely separated humps,
ne 11lustrated in the Acedhpanying figure.
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Since the imdividusl line abserption coefficients in the regions outside th

wirgspread of a line are very small compared to the contimuous absorption, we

will have, as suggested by (5,19) and demonstrated later on, that the eontributions
to the integral of this region m almost precisely additive, Horeover, .they are
srall, so it is not necessary to worry about the very slight deviations from addi=
tivity, Within the wingspread of each line, the contribution to r of the neighbore
ing 1line is small; the retio r/(1lér) is almost unitys Inereasing réalightly ;vrill
have ewﬁ less effeot on r/(14r)e Thus, within the wingspread each line makes the
same eon&ibuﬁon to the opacity whether its neighbor ls present or mot, Hence,
the overall effect of the twoe lines 1s very nearly addltive,

The additivity feature breaks down as soon as the wingspread of the lines
mrl&p"appnﬁ?bly. Going to the extreme case eof o_wrlappin,g, we consider two
Mntiu.l I@u at the sa;:n frequency. The line absorption seefficient will then be
e i A3y,

‘where ® i /zl » indicates the line absorption coefficient of the single line,
The ratio r/(1#r) = 2ry/(142ry)e Now within the wingspread of the line (if the line
1f strong ,ri» 1) we have that Bri/(lizrl)*vl ~r1(1§r1). Hence, the two lines together
have no mere effect on the transmission than the single line, This result was again
rérnha&m'd by (6.17)a The tails of the two lines go as 2ry oempared to ry for Q
single line, tud_{udFi‘bivity will qhmctarl‘.‘.ze their contribution, However, the
tall effect 1s'us\€),1y small, 8o roughly we have the result that two strongly over-
thIng lines do not inerease the opacity much beyond that resulting from the stronger
of the two lines, |

Naturally for oases of intermediary overlapping we shall have the situation
between the extremes of striot additivity for no overlapping, snd mo added offact

for oomplete overlapping, Thus, we conclude that the relakive vesition of the



-
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two lines is oritieal, although their absolute position is not,.

We shall mow reinferce these gqualitative conclusions with examples for the
case of stepwise dispersion, matural breadth dispersion, and Deppler ﬁilporiioa.
For the oase of stepwise dispersion we take
(6edl) (b,(3) = !%-J-J for 2 =43¢ Vg 24 idii,;.

5@ =0 othmiu
and similarly with b,(z/). Then

co

“ % $ LI du
s o[, Mol [ oS
7 Pryje)

If the two ste aom ovorhp,. that 1s Ypm)) > A2)482, we ean bresk up the
futegral fm r where ' is any frequeney 3 #4334 < 2'< :Jz-,.az& ’botncn
the steps, In each intagt'll.‘. the integrand is exactly the sames as for the case

of each line taken alone, Thus

° My i
(5448) 50 e “Zj -~ j: o% yrbi
3 fjhls 1l

where we have extended the upper limit from u' te oo be;awe the 1nto;n-‘.l is gerc
4n that region, We thus obtain exaot audisivity for the no overlapping ﬂu-
Suppose mow there is seme overlapving, Then Z nJr h (?/) will behave as

el
follows:
2
&l o _
il fJ bj(v) =03 < ’jl - Ali‘or
hmé SR TR SY A VPR
e e, ‘
(5444) a—;‘_w: ; g 2 < be
:lirz’ bV Y, b A:{r

20 ; izzc-m;svsoé.
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The funofion ‘im $llugtrated in the aecompanying figures

]

2
T , y*‘; ,Maf)

{ J=r

-
L.

; Tar & 4e% by FvA% | 2
(8448)
~  wld) | ‘(J'_b‘-(‘l-(a' ‘-MJ .r (”(t“"“’l) -(‘(2‘"5"4) Uz +plly - l;‘fugb“"t)_,’j P
aee mla::ﬁ 7 4;'57;, oot P e SRS )
: T T Sl |
DU dpiy

where:u* 1s same mesn frequenoy ‘of the two lines whose value is ‘not oriticpl?
Iu the gage where tm lipes arg. wask cmnred to the background, we can n-g!nv
the paity in nch of the ‘three ﬂbnomimson. ‘We then get

(M A A !{u_)/ {”&’ ﬂ-?-f,_(
L R e T - g7 D W

thek* is the emimaiﬁin exaculy aaditive despite tha'overlaping.
Im@nﬂx{,thh shows thRS the gomtributions of amy set of weak abtor;ﬂoju‘
upon A stromg ooptimwols Begkground are :ddiﬂw,ror tm} lite absorphion soeffisient
oan b approximatsd by & perisy of mbey funotioms. In peicioular the conbribuben
of overlappiog 1Lie Sails are ysuaily anditive,

If the n*o ars ltrrong m?gd to the backgrind we may negléct §he sesond
Yo™m in each hnoﬂ.htir &lm

(5e47) A5 “ézllm’ { ﬂﬁw_,*w, au\(
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Here we can definitely ses the non aaditivity of the line comtribution but i{ is
e
even more striking if the lines exactly overlap, Then we get

._5' 8 ~ W( ) 4
" %ea®

which is préuia;ly the same as the effect of either line alone,

The general conolusions aboﬁt additivity _hold for the ocape of natural
and/or collision breadth dispersison, 'but are somewhav influsnced by the pronbunged
tail in this type of dispersion. For the case of two ldentical lines when the
wings spreads do no% overlap the contribution to the opacity is Ag=< Aey
where ' /4, 4is the contribubion of each line individually, But suppose the lines

are pxactly superposed., Then frem (5.24) we get

A e g8

G ) ¥ o peapen

Ei { N é

For ssrang lioes the last faetor ie unity and we ocan iu tm{AE‘L_Mb o The
hq’tg_ﬁ; Vi  is emsy to understand, since the conﬁrib\:’tion of the region inside
Qh; nnguprua is the vame 4n the cuse of twu lines as with ome, -M..rlo the tail
rq_ﬂ;t 1§ additive. Referring to (5.25) we see that the tail comtributes (% -/ )
$1me Vb8 convrilmetlon Withim the wingapread. Thas

A Tk ad )il qw Wl

(6450) -
07173/ .

/368Ny, .

The mhmerioal faodor 1,564 is quite olose to Vi 3 1,44,
For weak lines, on the other hand we my"u;het ! oompared te 7° ’"A-?NH
and we got

(8,61) 4, . LV’:%L vi“:‘ g AR,
8 4 ~
=u



and thuw the contributions are additive,

Sffact of many line speotrum

From the préceding dlacusslm:: of the ocomtribution of two lines, the
festures and diffiealties of the treatment of mauy lines appsars. The most
eritical faotor is whether or not vhe wingepread of the lines overlap. If there
if'n overlapping the eontridbutions are additive, The case of weak lines which
m always aadivive is really .‘.ncluded in %the category of nou-overlapping wlngsprnad
becauss the nngsproad of a weak line is Zero, When overlapping exists no sinple
treatmant le readily awvailable, byt we may say the contribution of the lines is
Jess than in the non-overlapping case,

In general, even if the contributions of the lipes are additive, the result
is #till not simple enough to permit ready caleulation for a complicaved lina.
lptetm, becauge the effect of thousands of individuas lines has to be computed
‘and then summed., This requires knowing the strengths, p;sitions'and dispersions
of every line. Such a calculavion ie practicai only for a very simple spectrum
1ike thi-charaoterilth of a one-slectron ion, However, such cases are of some.
practioal importance for often we shall have an asssmblage of‘ions having either
po bound electrons at all, or only 1 t;ound X electrons Even the case of 2 bound
K electrone is simple enough, as is aiso the case of a single bound eieotron out-
side a olosed shells The weak linm cawe, however, is much more readily adapted
to computation, We cau ses by .our consideration of the step type dispersion that
the Mri‘bntion of. the line is independent of the dispersion imtervali. Gemn-aluin;j
limlaq dispersion curve may be made up by superposing steps, we conclude that
the effect of weak limes is independent or the dispersion shape and breadth as well,
This i confirmed by the specific results for nmatural b!-eadth dispersiosnu and

Doppler dispersion. Henoe the jth weak line gives a contribution (5419) and if



wo tae a group of limes in the nelchtorhnod of & particular frequency u®, we ez

LICHI W,
(5452) ANp=ZA :J-} s .
\ 48 fj /«ou ™ 3 o

since the contributions are additive and the ecniinuous absorption «  and She
weirhting factors W(u)/u3 do not alter much frcm one menmher of the rroup te another,

! 4
The important poinmt about this formula is that only the total sirensth E H*’f‘j
' J

of the group of lines enters, Thus, we noed not omloulate strengzths »f individual
Iines, for cften $he total strength ls glven directly by *he theory of the spectmui,
There is also no meed to calculate the dispersion, The resulting simplification
of osloulation is enormous, Since most of the lines are weak, equation (8,52)
solves & great deal of our problem in a simple ranner.

Because of its mportance,‘ we shall present another derivation of (5,52) which
emphasizes & different aspeot of its physical intepretation, Consider a group
of many lines with centers im the intervsl u' =au to u*} Au, pone 3: which 1;;7
much exceeds the average in strength, Assume alsoc that the lines are distributed
fairly uniformly and thickly over the region, Then the absorption coefﬂcilent
for all these limes will mo longer be & very jagred function; for, although it
still may have many mexima and minima, and even more inflections, the variations

from a smoothed average ourvé will be small, This is illustrated in the accompanye

ing figure
Few lines in region Many weak
lines in
region,
A
] T/“;
w— u —

Since the ocontribution to the opacity is determined by an imtee¥al, 1%t is only some
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sort of tﬂw mh il wum. The average absorption coefficient may be
Pbtained by mnﬁdoriag the mu strofigth of the group of lises Z ¥’ 4
unttomly 'mnd uﬂ:' ever *!:ha interval <AL centered et L7, Then

: ; ? g 3
(506%). 4, - re'l; SR

T ®

-
e 1ind mug 1 thén ptven in aimlogy with (Bel€) as
(s.u) ;

W A
/Lg, = -~——~—n} i DU HAJ.
u

If the mxu tblorption due to the group of lines is weak thie reduces to (5+52)¢
If we nmpare the contribution of continuous processes in the same ipterval we

got . fm (‘6 7) simply WIu)

/“, "Jd DU o Comparing with (5.54) wo pee that a
rrpctiun /"M*) of £he contimous tranemission of the regien nminl.

Becguse of thit urivntion we shnll eall (5.54) the "smearing out®™ approximation.

Yo ahoudh ehphus;u some of the limitations of this approximation. First,all the
absorption ot_r!n‘gth has ﬁoan artificially confined to the regien U¥-o4 T AR TN
Ee&uurap;rgt ‘the dispersion, there iz a tall effect of some absorption ocutside thie
regiohe 1f the region within whlsh the gtrengthe were smeared out has been made very
black, the tuclusion of some extra absorpl:.ion which should properly go into the talls
ﬂil not change the contribution of this x'egioh. The absenge of absorption in the
teils, may, however, cﬁnsidmbly over estimate the transmission there, The tail
offaot l';-a thus 'e:pused us to underestimate the opacity; Badancing this is the fact
that smearing out overestimates the opacity due to the eOntr;i:ut-ion of lines in

the smeared out regions. Furthermore when the totel abBorption coefficient due

t0 lines is swgll compared to the background, the contributions are strictly
uéditiv.w, and vot inoluding fha tails is exactly compensated by putting the extre

strength into the interval 24U , We conclude that it is generally betser fo for-
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get about the tail effect, unless something is aleo dome to improve she smearing
Sut approxinitinno

A second limitation of this lpproxiﬁtion oceure if gme or a few liney
carry the bulk 6f the strength, While mmearing out is valid for the m nepeY
of lines, the few strong lines should not ba smeared outy A posvidls pregsedure
to follow in this case is %0 omear ouwt the weak lines and saloulikhkdy thelie
aontributio;x to the line absorption boooff‘iciqtrt My '+ A3 Shis bo'the Son-
tinvum . toa form a new background, and superimposed the strong limew Mpon THiss
The strong lipe ecomtribution will be given by (5.8) except thad ' & now Dagl tha

Al Jﬁ
significance A = ey g

The oppoaing' extreme to the smearing out approximatfion eocure wheg Wty lives
wory clearly overlap. This case is alese extremely rmﬁt becsuse practioally.
every lime in & speotrum is accompanied by many close skadows <« Ity rins girietute
oomponents for example. Ib general it will be sufficient to debersind. the wingr
gpread of the group of closely spaced lines and asmme that the #raneilsafen is
fere within the wingspread, Fir matural breadth dispersica Shis est{mabe must
Ve ipsressed by the fastor 7°/2 to acuohnk FOF the ProswmcAlBeNEREEMDG
Fe may contrast the resulés in the case of natural breadth for the fwo sigiiEiom
1) the total strength Z M{  of the lipes is equally distribubed amony "M+
non-overlapring lines giving a strength #f to eash z) tne W. TSnes AEPFsARELET
dente In 1) the comtributions are additive and

(5455) Al 5 MU

while in 2) we find

(5456) 0 /‘fﬁ"m, i

Intermediary ceses will lie betwsen the two éxtremesy
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While we eanuot sarry out the treatment for the inmtermediary ceses in detail
except by a devise, soon to be discussed, which frests the lines statistically,
we can meke an aplroxini:vb:atmrb correct to first order terms, Suppose we
‘have & group of several lines all with about the same dilpﬁim and all at
almost the samo frequency. Then 1if we conaidor. the line absorption sembrldution
to the opseity and expand the result in pewers of the deviations of the lines frem
some average position, we get the result that the zero order term is precisely the
same as would result if we had a single line with the total strength of the gremp
lsoated et the aversge pesition, The first order term mey be mede to vanish by
.Wth choulu this average position, Caleulations show that the proper
method of averagimg is to weight eech lime i:oaitiun and breadth by Kf [, the
product of ltrong.‘bﬁ and breadth of the line., Indeed the prinoiple of a strength-
breadth mighto’ average is general,

The t‘on;oin; sonsiderations will enable us to make rough estimmtes of the
contribution of lipes to the opacity., In meany cases this will suffice, since the
line comtribution 1¥ smell, or else mey be of the typs given by the extremes
censidered hers, But we should examine the more gemerasl problem ef an arbitrary
arrey of lines, The line absorption ecoefficient is then

' f
(587) itz -;_'I-'-’- . ii b5()
and we norily need urn out the operetions indicated in (5.6). But let us note
what this requires. We need the foiﬁ:awing data for each individual lime., 1)
position, 2) cméth, 3) dispersion, Then we have to perform s very eamplicated
numerical integration, In prineiple all this mey be done, = in preotice the comm
plexity of the caleoulations mekes the job prohibitively long unless we wish to

treat & small spectral region with few lines,



6=

B, General Statistiocal Features of Lines,

Statisticel Treatment of Line Spectra.

The very oomplexity of a line spectrum mey be the means of providing a
simple method of caloulating its effeot on opacities, For, if the enormous
nunber of lines precludes an individual treatment, it makes poc#iblc & statistieal
approach, This approach will be developed in general in the succeeding paragraphs
and then applied later in the special cases of. interest,

Now the line absorption coelfieient iy and comsequently r is the sum of
contriButions from every line in the zpectrume The ith line gzives an absorption
amarfics.’un't;/:,/(z1 which has a sharp maximm at the frequency u = uy of the center

of the lime and approaches zerc for frequencies far from the center, The sum

& ry = Z .ﬁ’.ﬁ therefore appears as a very irregular funotion of w with
i 1 o 5

many mexima, which it is praoticelly hopeless to, oalcuinto. We see, howover, that
in order to caloulate the mean opacity, it is not strictly neoessary %o lmow all
the details of the 1line absorption uoeffioio}:t itself as a funoction of w,
but it would suffice to kmow the average value, At first sight, however, the
caloulation of the proper average would seem to imvolve evaluation of the vary
seme imtegral (5.,6) as meded.to find the opacity, Here it is that the statistie
cal approach proves useful, Suppose in (5,6) instead of the actual valwe of é,
we insert a statistical average T’-, averaged over certain distributions of line
position, strength, and breadth, It may turn out that this average is rether
easily susoceptible to ealoulation compared to P itself, While the two funotions
may not have the same detailed dependence on Mquenq, we mey hope ‘that, if o
sensible statistical average is used, the imtegral (5.6) itself will mat be very

nuch altered by the substitution of P for P,
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To understand the physical basis for the stetistiecs we shall use, let us
eomsider the very ideslized case of a line spectrum having just two lines,
separated sufficiently so that there is very little overlap of the dispersion
ourves of each linme, Of course, in thls case we can calculate P and, therefore,
"4the opacity K, We csn also caloulate the opacity if the two lines were a little
further apert or a little oloser together, and we would get substantially the
seme result, sinoe the integrsal is insensitive to the peosition of each line, except
for tl:- mrllp whioh is assumsd small, We can indeed pick a mumber of different
distributions of the positions of the two lines, whioh will not give very differert
values of 1/(9 K}, ocalculate these values, and average tﬁem. The aversge will
mturally sgree rather clesely with the true value, since every member of the
group averaged agreed rather closely by itself, It will not affeot the average
'N‘ry mach even if we include a few distributions (for example, one in which the
cenbers of both limes coineide), whose resultant opacity is guite different frem
the true value, Now, Hl:wh immaterial whether we calculate P for each distribution,
imtegrate each one, and then aversge, or inmvert the order of averaging and inmtegre-
&9 ’m‘-rimﬂ.m the average -I?for all the distributions and them integrating to
!'in! the averaged opecity.

The quntion now arises as 4o what distribution should be included in our
sw. To answer this, we look at a lins spectrum composed of smrnl_ groups
of two lines, each group in a slightly different frequenoy range so that lines
in different kroupu de not overlap to any extemt, Some of these groups undoubtedly
will have the two lines ra.r apart and others will have them closer toguth&.
We can treat each group separately by the aversging procedure beceuse of the
Mhp bc‘hun‘gréupl. If in the distributions we aversged, we never
inoluded any in whieh the two lipew strongly overlap, we would estimate the
opecity due t;i the groups with overlap too high, while we would be aut;ii{:‘agutinl-
Iy eerrect for all the groups without overlap, It is better to make compensating

arrvers by including in our average some distributions with strong overlap, For
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treny; while we would estimave the opaocity of a group having liztle overlagp

too low, wo would on the other hand estimate tod hizh for the groups with shrong
overlare If the proportion of strong to weak owerlap distriducions included ir
our averazes is the sawe as the proporvion of strong to weak overlay grours in %the
astual speotrum, the errors will exactly vompensats, This principle ie o° course
aprlicabls to the general case of a line spectrum, as well as %o *he spacifis
example discussed hera.

Now thers aré laws which tell, in any actual syectrum, exastly whers =azh
line must be, These are extremely complicaved, and bacauss of tras fact the
distribution of line positions in the groups of a complica.ed epectrum is very
nearly random, thav 18 considaring all groups,a line has about =qual prodadility
of oocuriqg anywhere within the frequenpy range covered by %he group, It is jush
this distribution ofliina positious then which we whall use in our statightiocal
average, Now if the ith 1line or a spectrum can with equal probability lie
anywhere in vhe region W' -op to Ui s by , the expectea awerage of

Py 4, Uy W ) = //(/“’-) over ail dinribu*:ion‘a of line -

positions consisvent wivh this probabllity is
ulrb, i vy

G5B
) ¥ " f f P(‘l 4 ) 4({(.) ot Y
5(&) ".(‘1.” l‘(“ -..’- b‘ "‘[:)“'- ;
’

This iterated integral is sven more hopelessly complicated than (5.8) but it

: ) :
yields its value to any desired degree of approximation by the nuse of an ax reme ly
ingenious device suggested by Dr. Fdward Teller, Develop the fumotion F = . 228

as an exponantial series

(5459)
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By properly choosing the 4, and 4., , it is possible to get good numerical
agresment (2 or 3%) betwsen the series 2 2w e and the
function I/U*"-} in the range ©O=.k = /0o _ taking only four terms, This
range of /U will usually be sufficient; in any case the contributions to the

opacity of regions where st> 100 will be neglizible, The series we shall uge is

5460
( * ) "/-70‘)“" * HIBSN "'1/0}(.1 _.0,5'}()

L.+ .4%70 C 370 € 4 /0 C )
Py +.370, + + .0%0 €

Inserving (5459) into (5,58) refluces the iterated integral to a product of single

integrals each of the same type.

(5.61) “ire
5461 .
¢ i Y W
p- Za. IT 75, j c du: .
M’ L a"'ﬂ“

' 4

Although the eseential simplifisation has Dow been made, (5.61) can be transformed

into more convenisnt form, as follows:

(5462) ‘
e \Jﬂ' - i ' . J Ll
Pz aul § - %) - g v {3 Lt s ),
whaere ' aliey o
(6488) dmd | 5. f,- e 7" { du;
2b¢ M,_?"b‘:
Further defining :
=% o md
(5464) L= ‘g,_LM “ A (4 .u:.g))
equavion (5.62) becomes
-—/‘l"ﬂ Eﬂ,g
(5465) Pz % £.C .

The quantity ?.' a function of frequency .U, may now be inserted into (5.6) in
place of P, with the expeotation that the integral itself will not be very much

altersd. A straightforward numerical integration will then give the opacisy,
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We now examina the quantity w , vne esgential faouor in T, more ci088lye.
It involves a sum over all lines in *he entire speotrum. It appears then that

we are up against the same difficulty which provented he catoulation of 2 = 2 &
itgelf, befors we introduced the statistica. approash, uwmmery too many 1i;ma to
calculate individually., Bu% closer examinavion shows we have made some progressa,.
firgt, £ .. does not ragquire knowiadge of the exact position of evary line, bu%
only the limiting frequencies of the region within whieh it may be found in the
statistical treatment, Many lines have these same limits, aud we thus have
eliminated very much of the data required for the opeoity caloulation, Second,
it is generally possibie to group lines into classes suaoh that the sum over the
lines in a class is simple, As one important example of sush a case, suppose the

/'/,(,J lines (,, Czo Yoo Cﬁ;b whieh both fall into the same frequency

region and have the same walue for the iategra. Jul are trea.sa togeuher,

Then f_;:& l o ‘ . L
- ) Jae =5 e TR . S [ s B Rl
- ! g ML N fe Lo (7 e e RS =
(54686) Lo é'._, e ( o L3¢ ! - 2 Lok ? “h,

and part of the sum occuring in ¥, has been performed by reducing it to one term.

Dther ways of grouping lines into classes may also be used, the common feature of

all such devices being the reductisn of the sum over all lines Ep to a sum over

g%
classes of lines E Eﬂ;., , the sum over the lines iu each class being alrsady
performed, Thus we no longer treat individual lines, bu%t classes with tens,
hundrads or thousands of lines. Furthermore, it may be possible to use overail
propersies of & class, for exampls the total absorption.strength of all the lines
in the class, or again the avorage breadth, inwiead of reguiring detailed ecalcula-
tion of this data for each line, Looking further ahead we may even find features
among the classeg which facilitate sumning over thems For the moment we pause to

congidar the spacial cases with which we ghall be mainly concerpned in our applioa-

tionse
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We first consider the case in which natural and/or collision breadth are the
determining factore in dispersion. In that case the abscrption coefficlent for the
ith 1line is given by (2.15) and (2.¢)s Inserting the value of -ty =»"(t'/‘/c into

(5462 we obtain:

v
4+ &5

(5467) J ) { S 5 ’\':_.L."‘l- (¢
1} i “’ < ]
AR S TR Y et gy S
o O U'_"‘&C {_LI-{,{L-\J' 4 {'('--'1'
RS - f ¢ - d(_l—q
Changing variable of integration in i.o.ﬁ'i’), X = - s Eivee
[
d(-'.q+b¢'
) ‘ / ,}“ﬁ_ .(- 3
(5468) V,, Lo [ [ - o ";“_ﬂ?
ST p (- lyp . 0 L ) ey .
Eoh ¢ J’ . é X2 44
[((- —{J’-l:),_
o

The result is a definite integrel which depends on one parameter and the limits of

ictegration. By defining

W
(5069) N - Q_v 3 b AL - Q:...
Fla,u}= ra, jo 2! ‘#( /+x“) & Xy 4
we can write (5.68) as
: o
) £
g o Am Y F (G, ) g o,
(5470) Lo ks IO
where
71 / a’ -ur b @t ~uw-n0
(5471) sl =R S (@y 4o _}_._L)
i 22 L s =
02. F(dﬂ'fg',w)
and
(5472) T R b
aﬁ’fr,. 7 - °

75
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Values of the integral Fla,u) are presented in Table V; so that it is a
comparatively simple matter to compute Ya( o
E
&
If, in a certain frequency interval an‘% b Uyt S , there are

many lines M, having the seame value of Jm; s 8uch a set of lines oan be con-
gidered as a class and formula (5,66) applies. This will occur for example if all
lines had the same strength, breadth and dlspersion., As pointed out previously thie
means a great simplification., If in addition the Ju, /dop <</ , we can

expand the logarithm obtaining

' . ” NJ'_"_ F (LL)
Be7 - ~Mr Sk \ o M ek . PR N F(a, o)
(6473) £ Mie g (1 5"_‘,5 3 E 5 i, ) s ',

The first set of factors & NJ{S /(‘?%5) is independent of n, the term number in
the series development of //(H o) » and dérends only slightly on frequency
through the factor * §,also M w3 ‘FJ is the total absorption strength of

all lines in the group. The second factor F(&,;,%° ) is less than unity, approaching
unity as a limit as 4, >0 o« In a great many cases this limiting velue cen be insert-
ed, if not for all values of n , at least for the higher values. The strong fre-
quency dependence of Eﬂly is exhibited in the factor 3;& (4) which is olose to
unity within the region Ki" bp U= di t Q. and is close to zero
outside this region., Similar to the factor F ( dui, %@ ), the factor 3:.#,/“») depends
upon n only through the appearence of Ao and if Lok S= i s, the depen-
dence on n disappears éntirely, Thus if 4,.,& e/ » £mé is independent of
n and we have the interesting result that

(5.74) J -l T By de, /
P = 4M & X« = W B -
74 z £

204

We shall later give an important physical interpretation to this result after we have
geen it appear in other connections. 2

It may hapren that in a region there are lipes which have the seme breadth, but



not the same strength. | While the simplification (5.73) does not apply,"an even

simpler result can be dbtained in one important case by use of a treatment due to
Boris Jaocbaohn.(l)bet the number of lines of the group we are treating as a class
which have a strength times breadth # ‘% (i betwsen Q. ad Q.7 SRy be

Wy () D&, « Then

A . :
(5476) y e ‘ ;
= - b (i~ ek N < -2 Nely) By b1~ Snas
fae-d EMIESEYC L 7 RN L,

or, if one may expand the logaritim,

(5476)

l]?

E . At
E/‘!_k A QZ P (Ql)bqa 5—5;} s

If there are very mitny lines they will form a practically continuous distribution
in Q‘)‘ g 8and the}}sum over all Q)‘ in (5.76) may be replaced by an integral,
Referring to (5.68); however, we see that ‘JI"‘S,,' is also an integral, but the
variable of integrg}tion ie related to the frequenoy ¥: of the cenmter of the line,.

The order of the hio integrations may be reversed and we obtain

(577) g "“ oA
. Al 7
Lok = J”"J 404 f%“) M) yp - (L s f'::» ;%:'Bidqd‘/'
‘(.,p b~ 0}1 Q

Now the essential !point: of the method is to find a distribution of strengths
which occurs frequ‘ntly in practice, and which enables both integrations in (5.77)

to be performed armalyticallye. Such a distribution is

Mel) = 2o - (Y )
| @Rn

(5e78)

il

. i o
where My is the %total number of lines in the kth class and Q4 is the average N[

of the elasse Although it is physioally impossible to have any lines of infinite

L) o oiba



atren*th, the upper limit of the integral over ( may well be extended to infinity,
since because of the exponential neture of the distribution (5,78) the contribution

of thé very large Q is negligible, The integrating over Q from 0 to ©° gives

' (“E"“" Sk p We/(msT) &
n 24k J . Me 14° b NE/(mS ) ’
u lc-u-q{

M

Integrating now over x, we have

~ R gyl

Enk = 3
COR I I Gy

(5,80)

where

WEK
Se b i it
(5ati) fnk ® °n s Fk

is exactly the same quantity previsusly defined in comnnection with a distribution
of lines of equal strength and

* *
1 44 " =te Ak
1 tan=l Uplig® <y 1 Y

(5482) B (W) = = —— - fan | e L,
T Me/ Toag, Mef13an,

To facilitate computations of this function, nemographs have been prepared,
(Fige 3a, Fige 3b, Fipe 4)e A comparison of (5480) and (5,73) shows the extreme
similarity of the results for these two differsnt distributions, The first set

—

of factors ]gntk giving the essential magnitude of E
2Ak

i is identicel, The second

factor F(“'nkf"’) or (li-ank)-% je lese thap uwnity and independent of 8 85 &, >0,
The last factor in both cases contains the importent frequency dependence, and has
the same qualitative features., In the limit B) —>0 the two formulee become identi-
cel as considerations of the properties of F(a,u) shows, In that case equation
(574) applies to this type of distribution also.

To explain why the results are identical in the limit a , — 0, and what the

simple form (5,74 means, we return to the smearing out approximation (5¢57)e
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£ we,
Using fhis approximation gives r = S 8 Au and
g -—1“
(5s85). Pg : Exle..
P J
S2Aw

The only difference between (548%) and (5,74) is the fact that in the latter

oese £, is not quite zero outside the interval uﬁ- 4, to u; + Oy, and it

is not quite equal to ros differing by the factor Byl wh.ich may be <8 to .98
in typical cases, within the interval, The first difference mentioned, the so=

called tail effect, is the more importent, Now it is Jjust under the assumptions

Ink

used in making this derivation that the quantity a,, <<l and ¥
&

<<l, The ap=

proximation (5474) is thus essertially equivalent to occntinuously smearing out

the absorption strength of the linss in the regions where they occur,

6o Statistical Treatment of Absorption Edpes.

- The very same type of statistical treatment appropriate for lines should
also be used to trealt the bound=-free (photoelectric) absorptions, for there
will be a very large number of absorstion edges, In this section we shall
develop this me_thod, and also discuss some rather less acourate approximetions,

The bound=free absorption cross-secticn given by (2.23) may be rewritten as
4 2 o : o 1
: 2 he L i (e
(5484 ) /ubf(:/) S ¥Tne 0 E vV = (H) Bye (V)

In thse neighborjhood of the ionization pohont'ial of an electron shell, say the L
shell, the function us/xbf will have a large number of small steps due to the
appearance of a nmew term in the sum at each absorptior edge, It may well have

somewhat the shape indicated by Lthe accompanying figure



T 0(3/6(54‘ (2)

L

Between such groups of edgaa,/;&bf and oonsequently//xc, the continuous absorption,

is a smoothly varying funetion,

By means of a statistical treatment completely analogous to our treatment of
lines, the function 1%, jagzed near sach group of edges, is replaced by a smoothly
varving average ocshosen so tha%t the final opacity is not falsified, To do this, we

artifieially divided ths absorption coefficlent intoc three contributions:

p = e
(5e84a) =z A+ (i) 4y
where/_fo is some average function approximetely representing the zross aspeots of

/“c- Thﬂn

(585) Mz By (142" )(1$r),

where
(5486 ) r .-./-L—(_‘i—ﬁ 3 r =/_;<% H
e A

and in%roducing

(5¢87) P =l P o 4
i T’ S

the opacity formula becomes



oo
(548%) A= L. :f PP A(u) du,
Fe ou!/o

We shall endeavor to replace P by P' its statisticel average, Then sinoce
1//:40 = P'ﬁfo we have approximately

(5489) 3—:-11_—_- 3
HFo M

{6490) r = —ﬁgf—%‘—" .
A "
The entire statistieal treatment of lines of the last section oan be carried throuch
unaltered but we now imterpret r by (65.90) which involves only the statistical
average of A4, not its small details, ‘
Supposs now that the ith absorption edge mizht with equal probability fall
anywhers in the interwel from uI- 4, to u;l- A4 Then by following similar steps

to those in the statistioal treatment of lines which lead to (5.51), we get

*
ﬂ— uiﬁéi 2
(5691) P'(u) = Z oo™l 4,
1 2‘31 ,
ug= 4y
where r, is the contribution to r  of the ith term in the sum (5454)e We thus
sea that
r; - 0. for u < wy,
(5492)

r; =f; foruxu,

and (-’i is a slowly varying funotion of frequency. Now consider the edges arw
ranged in order of ascending lonization frequency. For the particular frequency
u at which -};'(u) is to be evaluated, assume that the edges 1, 2 ... j(u) all
certainly 1lis below u, that is

(6493) ug $4, <u  for 144 5(u),

Also assume that the regions in which edges j (u) $ 1,...k (&) fall inelude u,

that is
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- e

(5694) w, =4, cugu} $4ay for (n) b1<iglul,

Tastly, the other edges will all esrtainly lie abowe u, tha< is

{5 _05
\Ce-

) u-’-u’; -4y for k{u)< i,

For the edges of (5,95) the integral in (5.91) is iuss Eéli, for those of (5,94)

- ‘7'
it 1is [ U-{“;-lli)] o Pof + (u;¥ 4;=u), while for those of (5,93 3) it is HATL w1

#e, therefors, have for (5,91)

jiu) r ki{uj di! L : .
(5.56) F(u) 2l » T e Tl’ et iy T
i=l fm3{u)#l 1 $lu)$d

The absorption sdpges occur in groups with leng freguency interwvals bebtwsen zroups,
At us follﬁw the variation o® P'(u) with u from a frequensy uzu,, which is below
a varticular group of edges==for conoreteness say below the L shell ionization
edges,==to a frequency usu, above the group odges. A% uzuy, there will be a0

terms in the second product, so that

‘u) 3(u)
'F‘ (ul) _E & -bnfi Z: a 5’*’4%2, (qi ’

i-l §=1

whenee by (5.59)
o 1

(6097) P (uy) == g

1 2 A4

i=l

Likewise for u = u,, there will be no terms in second product of (5,96) but there

will be additional terms in the first product giving

- 3
(5498)  Pl(u) 2 (o7 -
1% EZ G
iml
The form (5,97) will hold as u inereases from u1 until u becomes egual to the 1limit
of the region available to the lowest edge, Then some terms in the sesond product

begin to appear and F'(u) decroase until after u has passed through the rezion of

the edpges, it takes the form (5.,98)s The wariation through the region of the sdges



takes a very simple form in the oase where there are very many, M, edges all
having the same Fi,:f)and the same region in which they may fall, Then the

seocond product becomes

M * b M
(= A =b e e

Yow assume that the total strenrth of the edges remains fixed but M increases ap=

. . A
proachinzo®, Then the second product approaches exp = !—@2—3——)- bn H(hnd (5.96)

itself becomes

1
(5499) P (u) = ( (n'=4) .
14 :}5‘:1) €, ¢ u-z‘::s P
i=l

A reasomable choloe ror/‘i; would be to make /I'z'/uo betwean the groups of edges,
but to have /'-_g jump in one step from its value before the group to its velue
after the group at the frequenocy of the highest edge in the gr;:up. The behavior

of usfac, “an and/z‘i, usﬁ' in the neighborhood of a group of edges are illusirated

schematically in the acoampanying figure,

As & orude approximetion, one oan simply use a single absorption edge to re-
place a whole group of edges, Whenever this is legitimate, the position of the
edge 1s not critieal, and we may place it at the ionization energy of the lon
with average ocoupation, that is at the ioniza“ion energies E'lz of (4;5?). The
reason the positi.on of the edge is not critical is that there are always a great

mmber of lines near the edges, Their high absorption eocefficient hides any small
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alteration in edze absorption, Jacobeohn has worked out a refinmemsnt of this
treatment plaoinz the effeotive edge of a group so as to make the average of },/;‘(c

correct throughout the group but it is rerely necessary to use this treatment,

7o Simplified Practieal Treatment of Lines,

Ve have thus far discussed two detailed methods of treating limes, The
shraightforward approach is exact but impossibly complliecated except for a small
froguenoy region, The statistical approach brings the preoblem within the limits
o human computation and should be nearly as accurate ;.B ﬁhe exact treatment,
However, even the shtiaticai appreach involves as much as 6 qompwtar-nontha work
to get & single wvalue of the opacity. When flexible rapid electroniec computing
machines become available, the statistical method will come into its owm as a
good method of treating the lines., Until such time, we shall have fko content
ourselves with rougher approximations, It is these rougher treatments which we
investigate here,

The elue %o the problem is the smearing out‘approximation, Instead of using

the full statistical treatment to give P, we may use the approximate formula.

(5.94) P a O
1‘%1‘3'“]; ilsk:rk ’

where

(50“) rk - Z Hd,krdk

. Jk s 24ax
Tn the most detailed troatment of this type, we may eonsider a class as compesed of
all the lines from a particular ion type arising from the eame one electronie transi-
tion, Ve would also incorporate three featuros which will very much enhanoce the
acouracy of owr result; namely, 1) Treat strongest lines individually by superw
imposing them upon the background absorptisn of the continuwum plus the wedk smeared
out lines; 2) Incorporate an empirieal oorreohion factor to reduce the contribution

of c2ach group of lines, sinos the smearins out treatment overemphagizes lim‘ affects,



B0~

This “motor must be determined by comparing the genuine statistical troatment

v

with the smearins nui treatment in several representautive cases, 3) Take inmso
agecount the tail efrfect nezlactad by sma.rinr out treatment. Corrections 2 & 3

are ol oprosite sirn and experience may show that it is sufficiently accurate

%o narlect hothe

It may even prove possible to do a much less detailed smearinz out treatmsnt
2y considering a class of lir;as as oonoosed of all lines from e siitgle or small
groud of one elesctron transitions, This treatment should also include an empiriecal
fanctor desifned to foree its results to agree with the detailed statiati:nal troat=
aent, 3y this method the work for ocomputinz the line effeot oould be reduced to
2 camﬁuter WOEE .

An entirely different approach in modifyinz the detniled statistiocal troat-
ment is %o uss the so~valled pattern treatment, This treatment is based on the fact
that relative positions of classes of lines are the same fnrrtwo groups of one
alsotron transitions differing only in the prineipal quantum number n of the
final atat;. Moreover, the ratio of strength of each line in one group to that
in another is a constant for ail lines, Then ths wvalue on: E:ﬂc at one frequency

k
can be o-tained from that at another, by the so=-called pattern transfdmation

‘e ) E 'i":nk(u) - sanst.z T . {ubsonst, ).
X Rt “OF
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Vi. SUMMARY OF FORMULAE FOR COMPUTING OPACITIES,

In this Chapter all the formulae essential for epacity ealoulatians are
collected in form for computation, Energies are expressed in terms of the Rydberg
epnerzy Rho = 13,61 electron volts and lengths in terms of the first Bohr radius

for Hydrozen a, = .5291::10'8 o, *

1 Formulae for Occupation Numbers:

The volune V is related %o the density @ by
N

y LM 2
(Bel) —wu2z T My 3 gram atomic weight
Pho % . >
Y8, N, = 64023x10°3 = Avogadro's mumbers,

The radius of the ion spheres is from (4,43),

. 1/5
y ! 3 ] v _N;_
(842) f:z-;=[tF iy 5~ G
o
where
, ' Rlz
(6e%) Z =2 a z
%

The number of bound electrons n, is from (4,40)

> ™, N 5 By
{°'4)'T'%‘T§ Z’

and the mumber of frees n, from (4.42) is

(6.8) 4 2B- .

The fres enargy «%To of the electrons is given by (4.4la)
7 * v e nf /2
(6e6) oL - = 53,1054 ¢ In ;;}- fnT 3 fn (kT/Rho]

2
15 .2 X 15 4(kr
T s TEm s,

= & .
-e35355 o™ (1 2 o2 XL 4 112008 4"
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where o= 1,/177,03 is the fine structure constant,

From (4435) we et

s i A

Table II ¢ives ths screening constants <?2 «o Then from {(4,37)
t 2V}

= Q Zt —f 2 2
N ‘3'(5“)2(%‘-’.—)?-3/52 e
' Z

- ha - Rhae a, a_ ) 7 n,. B.Zl

Mtle 11l zives the oms elsctron jfarrv levels = Ql (%g )/Phe and table IV cives

__-———

the awerare square radius fr;ao, o Finally, the occuration numbers are (4,36)

i b

o b Z = 1

e R e (_ £z .
7 oL & TTwm ?FE- *1

8 <A

The ionic occuratinne ars found from (4,47}, The probability of havinz an ion
with J/Z alectrons in thezg level is

2, i
(6410 Tpf ; cﬁl %,ﬁ j‘f Xy /g.

4 (% '7//[;"1

where

-“".11‘} r} n/& "O’g »

These formulae mus®t be modified if

y L] a
(5,18) X&' Bl e BEC o g

and the aprropriste chance is discussed in Appendix I,
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2. Formulae for Thermodynamic Functions c.fs Appendix I,

The total energy of the system E is obtained from (AI 18, 17, 18) and follow=

ing discussion,

E (Z ) Nz Y
(6414) Z Z 1z R;o 5 % Z"ﬁ' & (32")

Z 7 7.8
2 ‘“*
“kT B 2xT _ 5 _4/(k? 150(,1:1'__
3 kT
¢lor The ’
3/

where o,fs AI,15

e D:z njz 1 ; .
gy 7,23 LB o3 (sl S

The zero of energy is taken as the state in which all the nuclel and electrons are

infinitely separated and at rest. We should use the upper wvalue 3 in the last term

when
d a
(8416) z' ._0.'. E]Z-% > 11,6

and the lower value 3/2 in other cases,

The pressure P is obtained from (AI.20), It is

N,
PV i 15 2 T Rhu 8o
(Eo17) -N—k-f:-nnf 14 .17678 e (1 e c)- 3/52 oo
3/2
| or| ,
1

where the condition (6,12) requires the use of upper valus 3/2 in square bracket

when fulfilled, and the lower wvalues when violated,

3¢ Continuous Opacity Formulaes

The continuous transmission 1\0 is def'ined by (6,7) as being the value of

the mean free path found by neglecting line absorption, We write this in the form

- oo
(6.18) Al g 2 fﬁr-%‘;}
-]



“fig-

where the weishting function

’ ar f 7 2 "3
(6.218) wW{u) = -‘}—}g—u e“" (e"-1)

is recorded in Table V], and the reduced absorption D is

3
(6.2‘:_") b = up(‘- S

The reciprocal lengt: A is introduced to give tre quantities in t'e intepral (6,1f )

simple coefficients and meke them dimensionless. Tt 'ms tre value
4 2
he 1

2
i SJE— me kT

Rle P

2 b

(6.21) A - 4.762 x 108

< |=

where c.Z2.8. units ere used for ¥ erd V_ . The ccntiniuous absorption coefficient

pA

arnd conseauently D is the sum of 3 terms, Ds from scattering, fo from free-free

trensition and Dbf from bound=free transitiens

(6-22) D = D! * Df‘f 4+ nbf .

The scattering term is

(6423) Dg = = _%. v {T .3 = kT w @

hij 1~"~Y 8 X "Rhe

where the scattering cross section is

(6,24 ) CCPP (1-'1a2_§TW)[ +“(—-§-E§-) 2] ;

o)

Ugre, of course, a1 is tte fine structure cconstent - 1/13?.’\3 nnd(?o tre Thompson

8n ) .
eroes sec*ion@o b s (32//(\“0"‘ )2 = 6654 x 1072%cm?, The free-free atsorption

term follows from (2.320),

7 L ® - I
(6 D& ‘ Rhe T, 2 8
Ve S ) Trr = -ﬁ:— A _-l.; e P’ffﬁ.

'

1f we neglect small correction terms in 1%, we obtein from (4.41s )

3/2 n vg 3 5 /9 o0 j
/ \3/2
(6,260 ) =% o Lo L) sy e ) A 1 £ fenc)”
2 N v kT/ 1.0075 ™y S KT
—-— v L)
where M =3 U, 2 , ard putting this with (6.2 ) intc (6.25) we pet
E: D g .



(€,26) D

where

(6427) . Eep

"

~1c

Py o]

- [ ] u < /0 ®

The bound free absorption tern (2,23) zives simply,

¥ (Iu :
(e28) Dbf.= Z I O \T Ebf(u‘) »
b N

the Caupt factors being defined by (2,22), They are discussed further in Appendix
117, Fige I is a graph of these factors,

In most cases the function D{(u) veries rather slowly with frequency exospt
in the neighborhood of an absorption edge, where Dbf is diacontinu;ts. It is the
usual prectice among astrophysicists to break up the integration runge into inter=

vals within which D(u) may bLe comsidered constant, and thus

Uikl s( ) = S(w)
1 Yl b
(6429) AL\ = Z Tloas) W(u)du = Z. *
Ao X \Ml " D(uu,é}
u,
where S{u) is the Stromgren funetion
u
(6430) S(u)gS W{x)dx,
°
Values of this function are given in Table VI, Formula (6.,29) is valuable for
quickly obtaining approximate resuvlts, if we approximate all the absorption edges
essoclated with & one electron lonization by a single edges
‘For mors accurate results, we should use the statistical treatment of absorpe

ticn edges disoussed in Ve, In this treatment D(u) of (6,18) is replaced by

D(u)/P' (u) where from (5,99)

20 o) )14 + - :

In this result, the kth group of M, edges lies tetween u; - &y and u; 66&. Each

edre has a relative Jwmp, fron (5.92), (5486)
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_ Aot -/'-‘_ci
PSR

and /Z% is & function such that

(6432) &

(6433) J}E(u) :d;Ac(u) between groups of edges

/Tc(u) e /40(“; -ak_) fOI" u; - dk‘u‘u; * dk.

The reduced absorption D(u) is

T

(6.34) -5(1}} - u%ﬁ ™
A

4, Line Absorption Contribution,

The line absorption coefficient is defined by (5.8) as the reduction in the

continuous mean free path, due to the effect of the lines, It is

oo .
-t
r P (uli{u) du
where

(6436) r-_-/u/g//ﬁc'

is the ratio of the line absorption ceoeffieient to the contiruous backecround =
statistically averaged in regione of absorption edges, For e line of natural and/or

collision breadth dispersion this is c.f. (5.24)

-t 7
P (u)W(u) vie, M\~ 1
(6‘57) A-A/g - D(u:} : TS ( "‘Fi )_% [
Usl. ;i | + —n e
wipd
where
s hri 2 hri
.. —— 1is the energy half breadth
4 5-(\,1) . D { 3y
(6439) sz 2 A2 . o.9m01s Dla)
3[:5-11 P (u) u’Pr (4 )

i is the number of ions in the initial state, and fi is the elsoiron numbar for

the transition,
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If the atsorption strength mey be smeared out over the intervel u =Ate

uw't A , We ret from (5454 )

N
‘ e
(e.40) Afy=) 3 24uS $)s(u4a) - s(u*-4Q)
SWr | B )/r (u*)
Gy ey

When ree~urse is made to the statistical treatment of lines, the feollowing

formulae should be used:

) Az Ly fau)_;(f;::- W

-bnEn(u)

—~~
Ta
S
)
S
vl
=
pa—
[}
®»
o]
@

10E «g 0155
$ Jie T "% J040 o0t

1
»
o
~3
]

.37 e

o]

(F.‘;-'") En - § Eni = Z:s Z Enjk - % ETﬂ: °

k i
all lines all all lines
classes in a ecless

My J M Jnk
r - — e g—— TS l\

where k, is the number of lines in the “th class,
For natural breadtl type dispersion, if & line may with equal probability fell
- *
anywhere in the reglion uy -di to ug "di

i
jni by N fi

. L]
(6445) 78, *7Ta; 7% Flapie®) & pelul,

where

(6046) & - n _.._1

ni - ’ .
?’i S
S . y
+ wmld A / ) N ,(u -u-ﬁ ) r
\ F(a’ni’\ul U 1)/ f';; F(aniv i i / 3/

*
gni(u’ = . :
ZF(ani,oo,

(6e47)

and the function F(a,u) 1is recorded in Table V,
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If 4t is wvalid to use an exponential distribution of stremgth within a group

b oK
(e4S) a,y =_.E§[_§£‘_ 5
L ¥

A pomogreph of the function

( 1 e, (“;'“‘Ak) -1 "1:"“'61: ?
(6450) g, W) = L {tanTt ———F - tan = )
™ ['] ’jl‘ank rk\hhnk)

ig given in Flg, III to0 facilitate oaloulations,
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VII_ Similarity Froparties apnd Limitilqg Torms of the Opacity

le Similarity transfsrmtions for opacliy calculations,

Since the oaleculation of sven a siagle opacity coeffieient is laborious, it
is dcairable to have approximate gimilarity transformations, whioh, if given wmluas
of the opacity coafficleat {or one alement a% one %emparature a;; density, will
predlzt walias for other slements under related conditionse. This can be done
approximatsly if line abssrptlion l1s nctAtoo important a faoctor,
| We refar Lo our summery of farmulae, Chapter VII, specialized for the casa of

a 2inzle 2lement., From (6.9) w® can ses that the occupation numbers will be the

same Jor two oasss (subsoripts (1) and (2) ) pravided that @* ig the same and

1

'\? .1) F“-z -(:1 = é-';Zl?.‘
&7, le T,

The wejor contribution ¢5 these ensrgies is just the interaction with the muolef,
g0 that (7.1) is essantially squiwmldnt to

(742) %5 RHE - g7 Fhe

T, kT,

{ 1 ) :
Hngea\ )has suggestad a refinement which partially talms into account the screening
of the nuclel dy the bou:d electrons. .He raguires that

(7.2)

Y = (F-a) Rhe (4.7 Rbe
"kTI A’T,_

wiave £ i the soresning of the lsvel with probability of cccupation 1/2, This
forces Lthe ocoupations of the hall filled lavels to be the sane; the lower ensrgy
lev=ls will 52 completely filled anyway, while the higher ones will have so small

an ocosuration as nok to affoct the opaolty.

TYT John Yersn: Similarity law for Opaoity of Light Tlements. Unpublished,
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Wo next exanine the combinnous opacity of 4wo differsnt slemente under
sonditions such that ~f and ¥ ars the same for sach. From (8.25) we oan see that

the frea-free absorptions Dy will nawe the same contribution to A Ncin each case

‘Jf

ginca (7.4) &~ xE

Dy

-
Tre sanme rasult is also evidant for the bound=-fraa traneitions, since from {8.23)

’ b -
D‘&"F A 4 —-—h H5 s

(745)

(The sum sxtsnding ovsr all states with -m /%7 © Sl < a ) and n‘)’n, the
oocupation numbers are .’a;nc_ztiona of 4 and ¥ alone. The soattering coamtribution
(8423), however, oanuot be wriitan as & universsl function of ¥’ and ¥ , and hence
spoils the similarity transformetion, If there are any bound elsctrons at all,
howe rar, scatteriag will play only a minor roll, while in the absence of bound
elaotrons, the calculation of tho opaci%y coefficient is simple ‘enough so that no
resort need be had to similarity traneformations, We can say therefore that in
mogt oases AA. of (6,13) is a functiosn of «"and Y alone.

Fron (6425a) we 388 that 1f ~* is the same in two ocases then we mast have

approximataly

(746) Ly Gl g e A
\‘ -Ml T’M ’/} ‘T :5:‘/;.

or sinos 4./AM. " i /My - & for lizht elements except hydrogen

¢ . . )
\7"'?" f’i = T, .:/““

D0 kTyd . ®

-

But 1 Y 48 the Bame in toe two cages

(743} (ARNERE
T T
52 *hat
(7e9) ,')’ L e s
2 e
2 <,



aQle

Usiag (7e3) and (7.9) we oan find the terﬁpemtum and densities fat which two
differeut elemonts will have the same values of AAc o Moreover sinece from
(8.21) A < pp fi2? M) we get that, under these conditions,

: kfr o (Z°H, A A()”
{7.10)

e TN
ke, Z" M, <.
The lioe absorption contribution does not land itself to a similarity treatment,
The mest important single factor in the effect of lines is the spread of sach group.
Tbig gpread, being due %o elactrostatic and exchange interaction, is proportional
o 2, It we kwep 2"k T) conatant, them, on the frequency scale 4 : 42 fder)
the spread of the groups will be invereely proportional to‘“k' « Hence the lipe
contribution will be more important for light elements than for heavwy ‘ihnanti
under a:;m;itiom of similarity for the oontinuous opaoitye it

RVIAELYISY S2Poo%s Nid A PN order proportisml $o: F 7 Pris uindd wpoits
the similarity transformation, even when lines are unimpor¥ant, Tt nig‘o spoils any
attempt %o scale the line adntributi‘on gseparately., This ig just tmﬂwlr sxanple
of the qualitative differenca in opacity calculations between the light and heavy
elemorts,
2y Limiting Values for the opaocity.

At wery hizh temperatures, all the slectrons will be ionizad so that the only

proocessas contributing to the bpacity ars the free-free transitions and the scatter-
inge Sirme scattering is proportional to the number of electrons per unit volume,
while the frec~free transitions ars proportional to the square of the electron
deneity, the foruer will be donipant at low denpities, the latter at high,

Wo examine the results to be expected under these extreme conditions,



AL
If there ares 40 be no bound electrons, ths quantity K%+ 813 must ve
much greater than unity for all states, Futting £/, ~ -2 RAC  and using (6.8)
for A%, +his condi%ion gives approximately

(7ail) L (Jef. )Va

2 Rhe
e \phe 4

AT

- I..

This result clearly indisates that increasing temperature favors incresaged joniza-

“ione But it also predicts that increasing the density always deoreases the ioniza-
tion, This 1s not altogether ¢rue; the reason our result ie misleading is our

iy :
neglact of the iptaraction terme in €;; . These give a pressure ionizajion ifm-

hizh densitiaewm, {

In the low density, high temperaturs lini%, where the only process soutribubing
to the opscity s scabtiering we get .

e R
BERRY g oL R TR Tl XL
wt * ok T gy ) £ A
‘% % (/— Z“JE‘-)( & e B T a)

The denominator is indapendent of freyuency except for the correction faoctor

IT 7
(7-7% 5et)e We may replace 4 by H.,,¥ the value maximizing the integraad
in1 (7e12) without fear of serious erraor, Then

. - 3 s, e 4
(7.13) A.dc‘_f = V(_ ¢; [ S _&_T‘-
1 v Mic

' Z
(7018) HMice? ;4:

where
ik i z 2 = 24”3_
I.Z Xz ¥ = ave molecular weight 27 <% & z averags atomic opumber
Z

¢, = Thomgon cross-ssction = #5654 x 10-24 mz,

No = Avogadro's numoer 6.023 x 1023



In this linit the epccity I8 Iudependent of density and virtually independent
of teapsrature. Moraover for the licht alamenis Zﬁda z 1/2 a0 tha% except for
hydrogenous ma%erial the opacity is independent of ocomposition,

In th3 aigh density high temperature ragiom fres-free transitions beocone the

loninant rrocess. Then using (6,13) and (3,25)
R -

{7615] AAC - fw W’!‘u)_rd‘_'{.
° Rice Ny o, %" a
b %' e B A His

The orly frequency dependeat faector in the denominator is the slowly varying gep «

P '
We replace u by uy, "7 in this factor. Then we san use | w(wdu- 5/%) giging,

(718) A - /96,5
RAC %7 - 22 (s4 35 BT ’/:.) >
kT s oA {Ehe g™

or puttizg in the value of X% fron (6.25a) we get

7017) L B, 3 2/ ;
T e e A A L ekl s s s
e 19¢.c M 4T R Zhe 4*) )

or iunsarting the walue of Ak from {6.21), we hAve in c.Ze%. units

(7:18)
w

\;.: -

: A 7
= MBSl o p’“) 2 sel o
Khre?) )

M a% g
FrEs »T f f 4 Jt

In contragt to the scattering, the fraz«freos opacity ie proportional to the daneity,
a7 2 .
varies almost as T /2 and is also apcroximataly proportional to 2. It is
vecsauss of this limitinz forn that astronomers have used the femperature deposndeace
/
Lol

of the opacity mas T2 , Lut the limitations of this law should be claariy

undarastcod.
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3. Varietion of (Opacity with Temperature, Pensity and Atomic Wunber.

The qualitetive veriation of the opmcity with verious factors is evident to
s considersble extent by a consideretion of the equations, although the quentitestive
evalustion requires en immense amount of computation. Consider first tte varilstion
of opacity with density. At the lowest density the only importent process is
scattering. So long es this is true the opectiy is independent of density. Rut
as tre density incresses, the K electrons become bound with espprecaible probability,
unless the temperature is too high. For temperatures et wrich the K electrons can
become bound ano(%T to lfi) Zzﬂhc, the ionizeticn limit eof the ¥ electrons is low
encuph so that thei} photoelectric alsorption will occur in & region where there
is ccnsiderable redistion. Their absorption will, therefore, be very importent
‘n reducing thte trarsmission. “or low densitiez the ¥ occeupation will increase
oroportionally to the density; then Af\c ap=l and ¥KaP. CSuperimposed upon this
lirear verieticn of tle contiruous opecity is the effect of lines. 3So long es only
K electroneg ere bound, this is usuelly = small effect, sirce the line spectrum is
simple., #As the density further increases, the ¥ shell becomes full, The increase
ir density then csn cause no further increase in ¥ occupation. Tor a short while,
therefore, tre opmcity is esrain independent of tre densjity. But then thre 1 shell
begins to fille Tnitially the cccupetion of this shell apair varies as P and it
may well be thet considerstle rediatlion is in the freguencies which they will
absorb photoelectrically. Tor awhile, therefore, we again have the continuous
opacity K, aP. Fowever, eventually tre L shell will be filled and then K, will
be independent of P. In this cese, in contrast to the filling of the ¥ shell,
the lires are very often of decisive importence. The line spectrum will be very
simple for a prectically empty 1 shell, increase tc s maximum complexity as 4 or
£ electrons tecome bound, and then decresase in complexity as the shell fills up
full. Thre interplay of tre line and continuous process is shown schematically

in the fifpure,



'__SOpauity' 'l_rlth lipes

conbinuowus processes

Full
L Shell
mo
—_—

T™he ratio rj&nn have a broad maximus near the density a% whioh tho! L shell
is half fulls :éhil pattera of behavior is ropstcd but mueh less digtinctly as
the higher shpn- £411 in., Fimally, ho-inr, 1mreaaiug density "euts off" mors and
moTe bound states E-nntually all the ohetruu are pressure ionized .nd the defer=
_nlniug pruna is n-«-em soatterings The opaeity then increases proportioml
to the dsnsﬁ'y. It is doubtful, however, that the methods outlined in this pq'!'
- are ldequh %o cope in tmn with the fres-free absorpticns at cueh high densities,
since ’ihﬁw based am Wogsniq wave fumctions for the electronse
ﬂn nrhtion with tomponture is much more ocomplicated than vii:h densitr,
bemn, ‘not only do the oscupation mrl shange, but the freguency mg‘lon in whieh
the nx_im rediation iu ‘prsuai also change®e A usual densities a shell will -
begia %o 7111 upat a tempsrature frem 1/10 %o 1/3 times its ionization evergyy .
‘AS3 thus the absorption from the Iatest bound shell is always of decisive imper=

tdnoe in determining the. opuity. The occupations vary as £44F - (I“/,kr) s the

bound free absorption coeffiolent as Dsp ~ (I ar)* typ -Eauter) and hence
.. z s ‘ ; LaRhe  Fufir
AA ~ (J”Zr_,b LAl { “4:1‘) Y ?1‘113‘ K L kT € y

1,8 Ke o T'sw (et /1) s Thipwmitation is quite a bit more rapid than the

A z s N
| / law for frec~-free prepesses, In addition the line contribution must be super-

posed upon this.



The variation with atomio mmbers is related to that with temperature -
indead we discussed a similarity transformation with the parameter <'PAC/4T
Hense roughly A, o 27 aypt cen 2°) | The line effects are important but
too varied to dischse in brisf, As was mentioped previously the lipes cunange
their qualitative behavior when rolltivitf‘effaotl become important, Chat is for

high % > 6070, A comprehensive discussion of the high £ phenomena is given

by Jacobwsohne
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VIII Opacity of Irnn_

To illustrate the principles of the preceding charters, the calcuiaticn 2f the
cpacity of pure iron, Z = 26, at normal dens 1t3 ©C = 7Tu85 grame , /5“3 and at a tempera=-
ture of kT = 1 kilovelt will now be discussed in delail,

le OQccupatiocn Numbers

Tre data for the cslculation are

Z =28 i
(8.1) € = 7485 grams /om'
I = 55485 grams z molar weight

_kE - 73049

Usicy the above date and (€.2) we determire the radius of the ion spheres = a rarticularly

Q

simpie job_in the case of a pure elemsnt, From (6.2) .
9 " ] ]/'
V= 47 wal, . A 1 3 v s
—— Z I il - B e
3 Ao 47 Nﬁg
butk
SR 7 . e
el - 158 - = T 4~ T o fe v " 3
- = §,75 ¥ = Avogadrole runmu
ar 'E b fas- ¢ o= g
L-a.. Kg o
Tence

sive approximaticn proeecure must now be used teo find the sotuul occupstion

b=

nusbers The last cycle of the spproximetion is surrarized 1s the accompanying table,
Tatle Ae Column {1) gives the crtital (specified by ), colum (2) the degeneracy Cpp

aad colume {3) the assumed values for the occoupetion. The sum S Pel _ oy 2 oo
¢ TR e = YT
colunn zives the pumber of bound siectrone, and hence nf4' n=nh = 27,075,

S - g

EE (2*) cen be determined by thre use of (6.7) and icterpoletion in Table II1I, tte table

[#1]

at

'S
372
-]
¢

=]
t
(&}
Fy
Y
4]

aene

of energy levelse Thiz is rasorded in column (4)e With a knowledge of @, gng

1”’- - NpZ ~ - i 1 : 3
izl i; L4 2 20 =~ 72,9251 & 23,075 we can compute the sorrection terms in (€.8),




and the final value of Efz' is recorded in wsolumn (&)

-93-

Whenever *his srergy

positive we know that the bound state has been cut of'fy, and merged with the

m

This ‘lzap;ens for levels with n >4,

by tha use of (6.8) & final set of ccouyation
Tte value of "/ = 2.924 ‘is in close

»

tha

indicating

ncted

o
dL’

egreement with Pt/

deteinined by (G.S)Qhas the value 4,6026

numbers, 1

F

that only the K shell is substantially oecupied under

m

is*ed

N

thepe

2
“ e

the successive arrroximations havs satisfachorily convers 224

e

44

in column (€), is

conditions.

becomes

ree states,

2

Lte

It-will

ine

‘g0 that

de

1

The ionie ccoupation numbers ney now be founde The fracticn of ions having slechrons
in the fth shell is reccrded in Table B followinge Mors important for our later caloulations
3]
is Ythe numbter of ¥ slectrons In ions of a given configuration, This number is ziven in
Tat'.lB ":.
Table A Ocecupation MNumbers of Irop Z = 28
P 1 1
€ z 7.85 rrams fom” KT = 1 ddliovol
o A e, & R . y
Level Telight Jesupaticn lopnization Ceocupation
2rersy
% 2 - —
b : Gl 207
/gl- - E‘e( ) = 8 2z n‘PZ
o Rho Ehe N
: lg 2 1a8541 €47 A% 6512422 1,2540
oy 2 28 115409 114,07 9214
2vs 2 035326 141 463 110, 61 e ZE1E 48541
21 i « 17403 140460 106456 ITE8
s 2 oOZ113 682,520 T1.934% «03110
3ps 2 #5089 8le384& 204051 « 08085
3p3 4 «06112 814280 50.547 " WNB108 2741
3a %% 4 JOE0RT 504784 294574 06055
3452 6 +08iE2 304086 29,378 9071
4 Z2 w4216 } 334907 T 18 #3215
L —pyyeveny
Soyried T ek mes 7 T iantywn i
sound Tlectrons z LYy o G260 Bound Tlesctronsg LY 2.924
5. s B SRl fuu




¢ = 7.85 grams/cm®

Table B

Jonic Occupations of Iron

-99=-

Z =

26

kT=1 kilovolt

©=a 7.85 grams/cm3

Fraction of lons with the following number
Shell of electrons in the shell
0 1 2 o) 4 5
K 000529 | .04494| .95453
L 69616 .25794|.041808.003873|.000224 neg.
M . 75864 .21117(.027759 10022894 .050135 neg.
N « 70922 .24509(.041025|.004431|.000347 neg.
Table O Tonic Occupation of Iron Z=26

S,

kT = 1 kilovolt

Number of K electrons per

Shell atom in ions having the follo:-
ing number of electrons in th¢ shell.
0 1 2
K 0 04494 1,909])
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2+ Thermodynamic Properties

Using the occupation numbars found in the preceding section and the formulae of

Appendix I it is a simple matter to compute the enerpgy and the pressure,

terms are given in the following table,

Tabls D Energy and Fressure for Iron

© 27.85 gn/omd KT = 1 kilovols

Binding
anargy of ions Fv  (a1.17) = 138146
N Rhe
Potential energy PEe (AI.17) = 15,58
N Rhe
Kinetic energy
of free alectrons K.E., (AI.18) 255041
Fnergy of nucleil E nuclei g 3 kT 11042
N Rhe 2 Rhe
@
Total Energy E 126%.1
¥ Rho
Free elactrons FV_ (AI.20) Kinetic enmergy term 169540
T Rho Potential energy term =5419
Nuclei PV - xT
' Rhe Ehe 73.49
Total preasure PV 1764 ,3
N Rho
PV , 8897

(ZFT)Wer

The various



For this calculation the nuclel were treatad as free, because § =z 2'® 5 1.,65<<3.4
VZkTu"

(cefs Appendix 1)s We note that the material does not behave 1like a perfect gas of

(Z+ 1)V particles, but instead behaves as if only 89% of the particles wers completely
fr:ae. Furthermore this percentage will vary rapidly with temperature and somewhat mors
slowly with density. With regard to the energy, we can see that the potential energy
and nuclear-' energy terms are small corrections; it is not necegsary to further refine our
treatment of theme. To the other terms we may attach a high degree of raliability,.

It is also worthy of note that the kinetic energy is almost btwice the total ionization

energy of the remaining bound electrons,

3. The Continuous Opacity

The caloulation of the scattering and. free-free absorption contributions is a
straightfomﬁrd application of (6423) and (6.25), The bound-free contridution raquires
some care, however, We lirst make a preliminary calculation which assumes that all the
ions have the same ionization potentials for a particular one electron %ransition. This
is the average ionization potem:i:nl -& recorded in Tables A column 5, We notice that
the subshells 2s, 2p3, 2p5/2 have very nearly the same ionization pétential and for
simplicity we talke an occupation weighted average value—E'z = 111.0 Rhe. Similarly for
the n = 3 shell, we use-é; s 30,36 Rhes Table D summarizes the continuous opacity |
results., In column 1 the frequency u = _%g!for which the reduced absorption coafficient
D(u) is to be calculated is given., Entries with an asterisk ars the ionization frequencies.
The contribution of the various absorptizm processes is given in e¢~’amns 2 to 7 and ths
total D(u) in column 8. Column 9 gives the difference AS = S(uk;_1) -S(uk) of the
Stromgren functions for the interval betwesn the t'm; frequencies, This is a measure of
how important the contribution of the region may bees In the final column is given
AYS/D(E), thé contribution to the reduced mean free path AA, of 'ti'\e region,

: For the very lowest frequencies, the only important process is free-free absorption.

It is only above the ionization potential of the L elsctrons that the bound-free abssrp-

tions become -of dominant importance. Even hera the free-free contribution is 187 while
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the soattering contribution is ~~» 10% of D(u). Since it is the region between the ¥ and
L ionization limite which,aecording to the last column,contributea practically 16&% to
the mean free path, it is not possible to dismiss scattering and free=free abaorptign
lightlye. Above the K ionization'linmit, however, the bound=-frae absorpiion of the K
elactrons alone is sufficient to black out thé region, so the other prﬁcesaes nead
hardly be considered,

In the X to L window the Gaunt factor for the L electron absorption varies from
«3%5 at the L edge to 1,06 at the. K edge. The error made by putting the Gaunt faoctor
exactly equal %o unity, tha* is, by using the old Xranmer's formula is not -large.

The neighborhood of the K edge is one in which the weighting function W(u) is particu-
larly large, and in which D{u) tal® a very large junp. The details of the absorption
in this region will therefore have a considerable effect on the final transmission.
We therefore return to our lonic picture for an accurate treatment of this rsgion. The
rosults are summarized in Table ¥, The first column gives the ion type, that is the
number of eleetrons in each of the K, L, ¥, and N sﬁélls. The second cﬁlumn gives the
number of K electrons per atom of the system, which are in the warious lons. The fourth
column gives the eontriﬁution_to the absorption coefficient of each ion type at the
ionization freguency which is given by column 3, Since the Gaunt factor varies slowly
with frequency, we may assume these contributions do not change within the region occupied
by the K edges of the various ions. The next column (5) gives the absorption coefficiant
and the final colum A S/ D{(U) the contribution of the rsgion %o A A,, the reduced
mean freé path, Whersas this region gave a contribution 15.37 in the rough treatment of
Table D, we now get .939, reducing the total transmission to Alﬂc = 186431 a c@ange of
7e7%« Such a large change is only to be expected for even the few lons which have small
ionization potantial etill have sufficient strength in their X absorption %o wipe out most

of the tranemission left by the weak L absorptions,
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To avoid all the labor of this detailed calculation we could use a statistical

rd

treatment of the edges. This gives a transmission in the region of the adges as (565

instead of the acouratas result 306, The agreement within the region of the edges cannot

be considered too good, but this is unimportant for the error in the total transmission

is only 0.13%,
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CONTINUOUS OPACITY OF IRON Zg26
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CONTRIBUTION TC THE CONTINUOUS OPACITY NEAR THE ¥ EDGEd

TABIE

ik

Ion Types Eleetron in Ion I /%T or u Contribution Qs
K L M N Occupation to Dbf D(u) bICY)
940 10943 +05076
1 2 x x « (44394 8,7630 2,7514 108,456 +08138
2 0 0 © ?7151 3?4145 40,367 105,50
g 0 0 -1 «24T1 8_.3713 13 ?307 65443 «01772
2 9 1 @ 91990 843358 13,312 51533 «01691
2 0 0.2 ?0414 } «02761
2 0 31 3 ,OCE"Q 8,2950 3eTT3 33931 «02456
2 8 2 0 +02617 842€10 1.424 34,53 +0C900
24 @0 «2649 82508 14,379 33411 #0Z85C
et ool o918 8,2083 4,9?9 18’73 «0EE2Z
2 1 3.0 +OTETE Be1747 3928 134809 YT
2 2 @8 B 04295 8.,0881 | 2?240 94875 035354
Remainder 013836 Te9873 7038 Te635
29360
e N SRS e
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4, Contribution of Lines

From our rosults on the continuous opaclty, we seo that th;! only important spectral
ropion ia that botweon the I fonlzation limit u = 1,510 or h?/= 111.0 Phe and the lownst
lving adpe of the K ionization 1imit u~ 7.987, h?/~587,0 Rho. The only linms in thip
rapion will be thoas in which a ls alacfiron Is raiand fto an axcited alate, and we may

raatrict our conplderations to thisg rather simpla portion of the speotrum,

a. Tosition of the Linng

At Tivst wo axamine the ;:;='nat=' struature of tha line sapaoblrum by connidering only
the spharically symmatric part of the elnotrostatic interactionn. latsar we ahall nen
that the splittings of the linesa are uninmportante. In ordor to get the positlions of the
Iinea In the corvect ralative poattionas to the absorpltion ~dpas, 1L in saslosl Lo conmpule
tha linan by the diffearonca In 1onlzation polenlinle of Lthe alactron involved in %he
trangition. 1In an fon with *y aleotrons in the jth Javel, thae ionlzation potantial of

an oleotron in tho Lth level ia approcimately

'
0 ;
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The frequency of the line rasulting {roa the oms eleactron transition k > Rin
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The first two terms are the fraquency of the one electron line in the 1solated lon; the

noxt term is the lowerinpg of the frequancy oaused by the eleetrostatic shieldiag of the



free elactrons., This latter term is a constant for all ions with the same nueclesar charge,
The next set of terms in (845) give the interaction with electrons in the same shall as
the initial and final shells of the traunsition elactron., The final set gives the alactro=
stati: screening of the remaining bound electrons., This last contribution is additive

for the electrons of any ion undergoing a partizular transition., 1In Table F are recorded
the first two sets of terms of (2.5), that is the frequency of a one =lectron line in the

free slactron atmosphers.

Table {_

Frequency of Line in Screening of Frees Frequency of Line
T ¥
Isclated Ion in free eslectron

¢ —4
o o] ' i
Transition h’,ihc = O Z %o ) r’}%w ¥ atmosphere
/E{ e ( ag’ \ 8o k’o

The 1Y Rhe

ls » 2p3 511,25 2048 511,20
1s = 2p°/s 512,81 ‘ 048 512,76
ls » 3p% 606 ¢39 o317 806 407
1s - 3p%/, 606 435 317 606 453
s »4p3 639463 +941 638459
1s -+ 4p3/, 839,432 .941 - 638438

If we neglect the small differences in scroening of ns, np, nd etc, electrons we can
readily express the contributions of the last two sets of terms to the line frequency.
The following Table G gives the energy in units of 2Z Rhe which must be subtracted from
the values in Table F for each bound electron in the ion in addition to the transition

®lectrone.
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Table G Contribution of Additional Bound Electron (Units of 2Z Rhe)

Shall of Additional Bound Electron
Transition ne="1 n =2 na=d n a4
1s 92p 3822 0578 .0080 .0029
ls 4 3p «3182 1415 0347 0086
1s ? 4p 5533 «1758 .0559 0177

As mentioned above the contributions of the additional bound electrons in the ion are
additivo.

With the use of Tables F and G, we prepare a list, Table H, of the stronger
1s = nps lines and their freguencias, The ls—-np3/s line will be split from their
1s —» np’4 coun“erpart by just the splitting of Table F. We can see that for each transi-
tion the lines form into 2 groups, one formed from ions with a single K electron, the
other from ions with 2K electronse. The p3, p®/o splitting, and also the electrostatic
splitting will not change the group to which a line belongs, but will simply increase the
number of lines in each groupe. The differences within each group are so small that we
may well expect them to be smaller than the wingspread of the lines. In that event it
is no lonmer necessary 4o consider all the details of each line. We therafore stop to

consider the dispersion of the lines,

be The Doppler Breadth.

The energy half breadth for Doppler broadening is given by (5.29). The calculation
for iron at kT = 1000 volts gives to lines of frequency ~ TkT (the K electron lines) a

half breadth of ,0836 Rydberg units, or /> = h¥ = 1,138 x 1072,

ce The Natural Breadth:

In opacity calculations, the natural breadth phenomenon differs in two important
respects from the ordinary case encountsrsd in optical spectra. First the radiation density
is so high that absorption and induced emission processes as well as spontaneous emission

sontribute to the breadth of the levels, Second the atoms are so hizhly ionized that
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TABLE H

Spectrum of K Electron Lines

(Rhe units)

D

Ion Type K Elesctron in Ion 1 ~ 1
S Rtton 13 2p_. | 1s 3pz ls 4p3
1000 «01683 511,29 606,07 638469
10 00 « 00605 511,05 605462 St i
300 a0 + 00468 8IC73 604,27 625478
p i B e ) 00624 505 616 S98.T0 SPAZIR L)
Remainder «01114 505,18
2 00 0 PRran o | 491,23 | 579423 602,40
2 0.8 2471 431,17 i 578,78 508 .48
20 w0 «1990 490,85 | 577 .42 806 .40
2100 +2649 430,22 | 571.87 600,26
2 0.0 2 <0414 401,02 570423 607 .56
2 020 +02617 450429 575462 603 .58
2 2070 « 04208 4E£5 .71 564,50 581,12
2 &1 1 +O6ETH 480,71 576 +2F 509 R4
23 0 1 <9156 4285417 57).42 o0V e2E
inder 2300 « 1384 402,21 057,14




many transitions contribute to the breadth.
In reneral the enerpv half breadth at half maximum is Z¥/2, and this breadth is
the sum of the breadths of the initial and final states of the transition. The half

breadth nf a level ( is

e a2y 3 .
3 e

|"S

DNl A
Je

=)

hc
j =

whare uij = Aﬁfﬁ and hvij ie the energy of the transition (%o j. We note that uij and

fij are both nezative for downward transitions. The sum g..includes all possible transi-

tion which shift the frequency of the line in question by mors than its breadthe

. L]
While (846) is very convenisnt for transitions between discrete states, we can put it
into simpler form for %transitions to and from the continuume For transitions from a bound

to a fres gtate

oo
2 u
un ,° £ df
(847) 2 tJ o goes over lnko g du
¢ ShEa ¥ . e-“'1

whers u;. is the ionization potential in units of kT of the Lth level., Imtroducing

the result of (2.22) into (8.,7) we getao
4
Ei continuum = j‘ g;(u) du
J r%; g m n,_ u{ U(Qu-l)

The maximum value of the intezrand occurs at u z u; and we may replace the slowly varying

funetion golu) by gilui)e Then the integra) may be expressed in terms of the exponential
irtegral - E;(-x) tabuleted, for example, in Jahnke und Emde, pp. 6 ff. The contribution

of “he bound-free transitions tec the breacdth is thus

(o8 3 . 2
\Bial) fiye = z. o o ot 1 (ug gp (ug) 2 -E(=Av) .
* al)l bound ¢ TRhe zVRf ng Az )
ele?grons

In eddition to the bound free transitions, the process of free electron capture
contribtutes to the bresdth of a lewvel, In this case we must multiply the contribution

from & free toc a bound state transition by the probability that the free state is occupiad,

e ai-"..@&f. . e—dj-u + Ul

(<>

P and sum over all free states. We get exactly the same

b
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interral as in (647) so the resultinp contrituticn of these processes is
¢
-~

- _ 3 1o a\+!\lr2 1 2 -F 2
(£e8) r‘-f—rb 'Z‘QLE“ e l }?— L ou gl ;‘Z’ (=2 v )'

r'\

all empty

bound states k

(not levels )
The contritutions (8.8) and (8.9) are generally small compared to that of the bound-tound
transitionss In Table I are recorded the natural breadth contributions of the wvarious
trensitions for the case of iron 2 z 26, kT = 1000 volts and normal density. The natural
treadths of the strorger K electron lires is given irn teble Jo The natural breadth is much
smp 1ler than the Doppler breadth and the collision breadth (see next secticn) and may

therefore be neclected,

6.‘ﬂThe'Colli sion Zreadth:

]
The probtlem of collision broadening has teen analyzed by R. Sternheimers TWe guote

hie results without vroef. The energy half breadth at half maximum is analogous to the
natural btreadth 4{,@%. The breadt) is the sum of the initial and final breadths of the
stetes involved ir the transitione In turn the breadih of a state is the sum of contribu-

tiong from all the transiticns which the ion can undergo whick shift the line more than the

breadth o A trancitisn of an electron from an initial state to a fipal state j , both

diecrete gtates, rives the contributicn te the energy half breadth on an icnic level

N i R mc:2 ::.[ x R, 4 Y
(8410) 2 T zZ VT , r::ll S gy 'ejl i
ere
e =) S 1
I, :e"‘uah-_ﬂ(?mzl =B () i u i 3 An
Ui 4|f"5«z| &
: 2
4@255] : qpatﬂ
Iis : //71.4'; izl = Ls77216 i fu,.]s e
J - - "J Lk

I():fa)

!+ Unpublished teporte.



and, ha' the plasma energy is given by

e Rl
P o’ - [+ B m, Rhe
¥ 7o Virm ™ TV

1
(8.,12) h& g

while ani‘iiimjfslz is recorded in Tables by Bethaz. We must sum (£.10) over all firal
states j available for the transition ard all initial state 4 occupied by eleektrons in
the iocne. We theun get for the partial enerzy half breadth of the level due to discrete
transitions

(8.1%) 3

i
2 2
ZJ)g - 8, "f No [Rho oy = ohfide . e
Rhe LI v kT) Z! %% “19.:{ l 1JJI i3

Transitions to and from the free states should alse be included as contrituting to

the breadth. For the former we may use the results of Bethe3 quoted by Mott and Mossey,

Pe givea the cross-section for jonizetion which leads to a collision breadth contribution

of o %
AV . .T5/2 e Neo Rhc) n o,
i S o AR e s
(B.14)
erfe |E,. | y 80 kT £ :
5 i = ]—E—.‘T*X(‘é”'} 5
g
where -
g
erfo x g 1-eorf x 3 _2 Sey dy,
\j-_-
(8415) gl B9 L
=2
A= Liv Ir y dy,
VIT “x
and ch ig given in the following table,
Table of cnﬂ
State | 1s 2s 2p | 3s |3p |34 [4s [P [4d | 4f
cng'" 0428 | 0.21J0.17 0,17 [0.14[C.07] 06| 0.13]0.09[0.04

-

2. Handbuch der Fhysie: Seoond Fdition,” Vole 24, 1; p. 442
S. Aonalen der Physic, § (1930) pps 325 He
4, Theory of Atomic Collisions, Oxford 1533, pe 162
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Table I: Contributions to Ene Half Breadth
of Blectronio 'frunafﬁcm~
Electron! Transition |Natural Breadth [Collision Breadth Eleotron | Transition [Natural Breadth | Collision Breadth
108 Ay 106 Ay 108 Ay 10° ¥
o "FRho 2 Rho " Rho
1s ls - 2p 21,01 1,360 3d 3d - 2p 9907 883.1
18 = 3p 1,5624 05395 3d = 3p 0 181500,
ls - 4p 4074 .01163 3d - 4p 4,084 - 467
34 - 4f 37747 43110,
TO“l 1.'- np 22093 1-427 Total 34 - n:& 1372. 256“).
1p -'free 24960 0 3d - fres 121.97 108400,
Grand Total 25,94 1.427 @rand Total 1404, 864400,
28 28 = 2p 0 o1362 4s 4s - 2p 1064, 005938
28 -~ 3p y 28840 «002519 4s = 3p 1060, 707 o7
28 - 4p 69,62 «000233 4s - 4p 0 1910600,
Total gs - ?p ;gi-$ 3543'3410 Total 4s = up 2124, 1911300,
& To:al i & 8546.1 4s - free 22,83 859300,
Tand " Grand Total 2147, 2770600,
L Lt .~ gt ind 4p 4p - 18 1488, 14,16
P . 4p - 28 1104, C.0
2p- 3s 8.999 79.00 4p - S 1067. 1171
2p - 3d 460,83 4049,0 3 ” 108 »
2p - 43 2,058 649 pPes 3e 133.7
25 - 4d 82.52 2703 g £ iy
4p - 44 ) 1018000,
Total :P 'r“ 7:2::2 52:::' Total 4p = n an12, 1655100,
p= ires » 4p - free 22.83 744700,
Grand Total 770142 59865, Grand Total 4735, 2599800,
38 3s - 2p 96,87 1004, 44 4d - 2p 1168, 0
38 = 3p 0 731600, 44 - 3p 1089, 1345,
3s - 4p 18045 21140, 4d - 4p 0 610800,
Total 38 = np 277 o4 753700, 4d - 4f 0 534300,
S8 - frees 126,11 . 263200, Total 4d - n 2257, 1146000,
Grand Tetal 402,5 1016900, 4p = free 22,83 515600,
Grand Total 2280, 16616800,
3p 3p < 18 1851, . 47020
3p - 28 344.4 311.8 4f 4f - 34 1128, 5292,
8p = 38 [ 242900, 4f - 4d 0 0
Sp = 3d 0 330200 i
e b i 4 — ‘W—WWTwmd%WWHW
3p - 4d 230,2 26500, 4f - free 22,83 220330,
Ttal By v n 2438, 601300, Grand Total 1151, 234420,
Sp = free 12343 216770, F Free = 1 251.0
; Grand Total 2561, 818070, e Free - 28 19:?6
Free - 2'9 56.87
m‘ - 3 34.13
Fm -4 7.889
Total Free - Bound ~38%9.7

."r

-] -
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The inte;ral (%e¢15) has been evaluated throush the good 5flices of Mr. Bangt Carlson,
whoso rasults ars contained in Table IX,

Transitions involving the capture of an electron will be relatively unimportant,
and transitions from one free state to another will not appreciably alter the frequency
of the absorption line and hence must not be considered as contributing to the collision
widthe 2

In Table I, the contributions of the wvarious transitions %o the collision breadth
is givens The largest contributions come from those transitions requiring very little
energy changee The contribution of ionizing transitions also is appreciable except for
the most tightly bound electrons. Values of the breadths [or the strong K lines of iron

ars recorded in Table J along with the natural breadths.

Ae Stark Broadening

To adegquately discuss the Stark “ffect broadening of the lines we shall have %o
refine slightly the treatment given in IV 6 %o include affects of shielding by the free
elactrons. As before (cef. 4,59) the aunbar of ions with effective charge Z' at a
distance rjs from a particular ion with effective charge z" is

$.15) Wz'(r1p) dr s '3’ §o~E(r12) ; 2
( ) ¥z'(r12) =_v__§_e /;TI 41‘?1‘12 dr,

b

The mutual potsntial enerzy £ (ry,) is not given, however, by the simple form (4.58)
12 J »

but instead by 2

3
(8ad8) Eulweutn2's" 2% {8 _ 3 & "1 [ ao)ﬁrlagazn
a, Tyo z azn gag \azﬂ

&(1‘12)-\-0)1'12>a3"
The elective field due to the invading ion is
:Z'e{a“ Jug ( 8 >3§
2 2 a a_n
ao rlg (s} A
diracted radially., This field is not uniform as is the case in the laboratory Stark effady,

(Bedh} s

Qw
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However we may exrand the field in spherical harmonicee Keeping only the leadirg term,
we ot the usual uniform field oase. The terms we neglect in the development are of
the same order as effects not considered at all in this crude treatment, for example
the resultant fielcd due tc all neighboring ions and free electrons acting as an assem-
blage of dipoles, and indeed these neglected terms are of about the order of the term
considereds.
15

The electric field & will split and shift the levels of the ion affected, causing

a displacement of the abscrption line of magnitude.

(Be18) - ol s
oz (Cy+Cy") fElr(c n+c g Yel2+ . ..

where the first term gives the linear Stark effect shift, the second term the gquadratic,
-
etce The quantity Cn‘él is the change in energy of the state n caused by the linear
-
Stark effect of the field |§| ; for example, in a one electron ion

(8418) cnlaz-%__;ar nkeu.k:o,tl,*Z...

For the higher levels of an ion where the Stark effect is most important, the lirear Stark
effect may be presents In thie case the number of ions which suffer a shift between

D andO+d4vin a particular line can be approximated by

(Be20) 2 2 T
No" h 1 Z 3/2 A 3/0 z
_'!i:i‘; (D)d( v)‘:}f 2Mag %&?“2_) J= 3 &%l—) (;%'or) +.}‘(41’)
5 X roM = 2 - a 1 3
fen - mge [N ) ()
where
(8421) Cond g (0 05 T
) ne/ = (Cpe+ Cp i%h

This asymptotic development is wvalid for large & , the region in which we are particu-
larly interested,
We carnot use this expression directly to define a half intensity half bregdth, for

it diverges for no shiftA ; O, However, we can compere the number of ions having a shiftqy,
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with the number heving a shift o, provided both shifts are fairly large. Thie gives, with

reglect of the ¢ -rection terms

Y
(Re22)  Np® /? exp - 2z-z [( )_ A;)
Ny» TeT/Rhgl \Can ey

Now a great nut, + T cf ions will be at a dietance 8yt To the same approximation as (8.22)

these will caure a shift

- - 2
(8423) &y - (Cp#Cq') Z'€ = Con’ (ao)
3 Py
B g
z

We can define somewhat arbitrarily a half breadth &,, by requiring that the ratio (8.22)
be % when Ay is given by (8 22). This cives

. L 2
(8.24) Al - (LL/ '.hc) {h 2..‘. 2 Z'Z" 85 / &n al

“nnl 4 T197"¢ (1T/Rhc) nz" 6§ D2

For the case of iron at kT = 1000 volts, (Dg 75 g;m/cms. This gives Az/c 1 = «162 or
nn

by means of (£.21) and (8.15)
(Be25) &, = #4486 (nk+n'k') Rhe
whieh corresponds to a field of intensity

(6.26) [&] = o162 Z'e
8o

We will get the maximum shift and split from the unperturbed line when k = (n-1).

k' = (n=1)s For K eleciron lines this gives a half breadth in Rydberg units as follows
Final state -llafihc
= o 072
oiimeS 2,92
B4 5.E3

To test whether our approximation of the linear Stark shift is correct, we examine the
splittings of the upper states of our ions, For example, we have the following deviations

from the zero order energye.
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Table J
Tnercy Half Breadths of Strong K Tlectron Lines (Rhc Units)

Transition Doppler  Natural 2 x Cog-lis:ilgg Stark Breadth
Areadth Breadth 08
13-’ 2P .034 000835 005‘99 .5
(15)% (18)(2p) | o84 .00466 L0599 o5
(18)2 (25)—(1s)(2s)(2p)| 084 0576 1710 o5
(18)2 (2p)+(1s)(2p)2 .084 00937 .1796 o5
(1s)2~(1s) (3p) 084 L0021 «318 2.9
(18)%,(1s)(4p) 084 0044 2,40 5.3
Contribution of Additional Electrons
to Collision Breadth
r .
Shell of 2 xContribution

Additional Electron

to [ialf Breadth Rhe

2
3
4

0941
1,176
2449




Znergies in Rhe Units

State ZZ
n==2 n =3 n = 4
(1e) (ns) 1g e2716 »1C53 «060
(18) (ns) 3g .1R7C + 093 «0552
(1s) an) lp 089 «1108 L0624
(1) (np) 3p 2267 ' L1068 L0807

For the o 3 4 state the larpest splitting that affects the calculation is o286 Rhe and

for n = T it i8 o8L1 Ehe g0 we are quite safe in using a linear Stark effect.for these

linese For r = 2, however, tie split is 1497 Rhe compared to a linear Stark effect ghift
s s I

of 972 Rhe, sc we must use the formula for the quacdratic Stark effects This will give

a result of aprroximatelyO.€ Rho.

fo Treatment and effect of the Lines.

A glance at Tatles D and E shows that only those lines with energies below 590 Rhe
can affect the transmission apireciably. Referring to Tabla T we find that three groups
of lines = ls = 2p with 1 K electren, 1s 22p and ls -+ 3p with 2K electrons have
arpreciable strenrth below this limit,.

From the table of line breadths, Table J, we see that the lines will be sufficiently
broad so that different componente of a line caused by electrostatic and spin intersctions
will overlap. Furtrermore most of the lines from the different ions will overlap. 3Because
of this extensive overlapping the smearing out formula will aprly. In its most refined
form, this a:jroximaticn is piven by (6.74) which correctly treats the contribution of the
lires outside of their groups. We have, therefore, for the lire contritution

(8.27) s

Aily ' W

1]
(=
LS



where

- Nkf 9.
(8.28) T B, = & 1 g, (u).

k

lere N is the electron in ion occupation number, Table C, f, the one electron f number,
.8

q;. the probability thet the final sta‘e of the transition is uncccupied and 24y the extent

(in units of hz&%T) of the group of lines. The function gy can be obtained from the nomo=

graphs, Fig, IIIa, and b, with

L 4
(8.20) xz lwul y= 8x ,
Mk "

For values of x>y, it is a valid approximation to use

(8430) g(x,y) = ¥ ¢

2
r x-’*-yful

The data for the three rroups of lines is collected in the following table,
Teble K:
Group 1 Group 2 Group &
Group 1= & 2p ls =+ 2p 1s % 3p
1K Electron ZK electrons 2X Electrens
w.  in Rhe 508 o2 4868 568 ¢2
Nk . 04404 1,9091 1,9091
fk «2162 <4162 7810
9K . 9564 2564 3347
24k in Rhe 64,02 .02 22,09
Fk in Rhe +52 ] 1l.00

For the breadths of the lines we have used a strength weighted arerare collision
plus natural breadth for the ions present, Doppler breadth is small enough to nerlect,
The Stark broadening, though larger than the collision breadening rhas an exponential dis-
persion shape, and will not be important much outside the group limits, Within the group
limits, it is the Stark breadth which effectively smears out the 1ine‘strength. The
formulae we have used are appropriate for a smeared out group of lines with the collision
shape dispersisn outside the group limits, We may faotor out the slowly varying funciion

W (u) . Then the interration (8,27) is done numerically in the neizhtorhood of the

H(Ua
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center of the group.

then
ZEme o S Eg w2 Tk 2 [x4x
1L B 2Ax5 T lu"i:-ulz
and o
' X
(3.31) J 2 Eny du ~ 2V N0a, 2 N Ax
*
4, 1+ZE!1k gﬂko r (luk _dl!)

The contribution (8.31), we term the long range tail effect.

The region far from the group center can be done analytically, for

The calculation gives a comtribution t¢ . Ajof group 1 ac lo © ow o &

-~ 33
o el i 0B i Pike @

Table L
Mc = 186 Ke =
AAl = 129, K =
A A_ = 67,6 _]S s
K
A = 6.31x10ca. -

2

The final result for the opacity of iron may now be given.

e ——— e 2 g

6.24 cuf/gm.
20.2 Cfﬂz_/gm,

3.24
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m- ;gpomx eontinmes the Sntighaeal wpeliiatond treatmant g Wn o, 4
Mu tl- latter section merely derived the ocoupation muiders for m qﬂ' -
?i Proceed to caloulate, the th-modyﬂnio functions m the pressure. From the'
$aet we €% the squation of stave,

: Tb ¢leetronis partition function of the sysbem is
(a2.3) Q:_?IZJLJ e-C&r

v!luro Ey 40 given by (4412) and A vy (4.14), We can rewrite this by virtue
g
i) . Q-

()

]
%

N

e
s BT R

Cafryitg out the summetion to first order in V., , the inbersctiona, we ot
NJ} .&.Q: md:_ 2 C"‘t"ﬁ'

?, —e 2 Yo G ,_P (A - !‘Eﬁ"?@') + % ZZ V C‘fl (/K (J'ﬁ'j'

Wo irtroduce the same values for the arditrary parn_otcﬂ 5‘?\,-' u;ﬁ aid ﬂ the
treatment of cocupation numbers (4.21). These wore seleoted to make the nm erder
germ in the oecupition pumbers (4.18) vanish, Such &m then, gave cecupation
mimbers identical im form to an independent electron treatment and ayntn with
1% %0 £4rst erder ¥erms., This choice has no particular advantage besides -auiw
for the yﬁ“ caloulation., Thenm, sinoce the Eem free awrg 1s #- *T,’t“' 4

(ﬂ#).g__: -&T/;cot 4,@7.2( luf, ~9f1 V{,; /H?- /)

~ . 2’ A r’”ﬂ
‘??ef( ‘v

Prom this equation we find the chemieal potential

Lo A ST
/“"3/*.)\41 £ Tol
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By differentiation we can now get the other thermodynamic funstions. I% is easier
in the case of the emergy, however, to return to our general treetment. The
engxgy is e

a1a)  £- Z 4K

The emergy Ej from (4.12) can be written as
TR PR B Ly

]
£

e he
(u.‘) f: = El. -+ Z? ? M- l/‘:_\ o4 {/_.t (,«ﬁ(-f) Vl.- .

5

I B S R ?, (A - A Vg + % (Mg -M) Ve

Thep 4n (AI.§) the sumnation order may be inverted, giving
(A1,8)"

t

£ = 2' ft'. 2 m{]l. P3 4 2 ? /”J(' ‘F\:I': Pj
< J

Wo recognizh in the first term the quambity 1, - 7 My B3 of &sg).
The seocond term cemtying parts all of whish oceurred in the eval;uttiﬁ of %he

partition functign. The result of the opsrations ou (A1.8) is

A A
ULs) £ 3 £7ep f 11 G s} Vel ) - a(eed]
V3 A3 bokn]

r Z {-?i V("g' ((&t‘ (£t:j)t -ﬁl‘ A?l‘) + \12# \ Z’_ V‘J (‘.ﬁ' (r-'&l-'ﬁ\i)?

Again introducing the values of -%; from (4.21) and £° from (AI.8) this veduces to

(A1.10) £ 3 ke &

= T IR L : . Vg
PR T Hl{f (l) _:l} + g{ "y E‘l



We see that for purposes of calculating the total anergy of the system we can assume

that sach electron has the energy ¢ and at’nat the energy of the systom i3 just
the sum of thess anergies of the individual eleotrons, We should contrast this
energy with ¢ of (4.22). The latter givwes the ionization energy of the ( th
alectron, and the sum of the ionization energies is not the %total ensrgy of the
syatom,

The entropy may now be found from (Al.4) and (AI.10) by the eguation

S = (% =A) /Te We obtain

(AI11) 5 = hud - K 2 G 4«;&- 4 ‘% ? e &g |
where
ML12) 2 o e Mol Y 2 T MV

NEL4

is the ionization energy (4.22).
We now =sturn to (AI.10) and introduce the same type of approximations which
lead to (4e%4). Firet we broak up the energy

(AI.13)

ex gmb - Z4 7 "X E,
L t z Kot

into sums of energy of average type ions. We now compute €iz o
For & bound electron, we have the following contributions.
o

1) Einstic energy plus full interaction with the nucleus = ft-z
>

2) 1/2 interaction with all ovher bounds =

.. d&@ ? P M,
=2 "2 { JZ& 4 . z e

gz .JZI-'L' W—Z, "JJ 1t —-——Nz (/ Coz )d; ; g 5

3) 1/2 interaction with frees - 4 z'c’ b i_';af
!?ﬂz’ qz,} »
For a freas alectron, we get
1) Kinetic evergy = &
Ny Z'ze*

2) Full interaction with nucleus 2 a5, "2 2%€
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. N ;
3, 2 -5t
3) 1/2 intersction with bounds 5 2 %r ;:1_‘ 2'(z-2") azvg;—?— )
(congidered at the nucleus) ¥
2 _a
4) 1/2 iteraotion with other frees = & 3 M Z €
= 2 M,j,' 'zdzf

Now the number of bound electrons attached to the average type ion of nucleus
Z 48 My, /Ny = @2-2Z) . Using these relations, we gathsr all the
terms contributing to (AI.13). It is a good approximation to consider the bound
electrons at the nucleus in computing the interaction with the frees - hence A2 .
is put equal to zerce We have finally

VR m. oL
(Al14) £:= 2 M fz "}f e(z) + £ i%;g 2'(2-27)-222"+ % 2'(2-%)
z (8

Z (7 ¢

o0y

]

where

(Al.15)
= ~ ‘ {‘,1'2, L / /”f.:‘z A e o
%= Z- 3 \2{ 7—;—’,;- U:,.) Z) Ny (/ (g )G:JL i

We can rewrite (AI.l4) in a way soon to prove significant.

(A1.6) £ = £, 4+ PE + (KE),
Pl
where

(aram) g . z My Z };‘f €7 (3:)

is the energy of the bound electrons excluding interactions with thi frees

2
= g 2E"

AL.17) Pl Bl S
( = > & J‘?.a;"

is a potential energy termy, and
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Ba
(a1.18) (K.£), = [ & M) dg

BT wd. < 1ol

i s _ ‘
& 2zﬂ4kT§l+ é_ ft_c“-_?(fﬂ"cht) f? / + C‘_’ (,_Q‘f; = B

; /6 ,m—tb 4
jsyL

is the kipnetic energy of the free electrons corrscted for degeneracy and relativity,.
The pressure may be found from the Helmholz free energy A, sinop pe c %)T

This complicated computation can be avoided to the approximation we are werking

here, since all the forces are due %o the coulemb interactions. (We have neglected

exohange energies). Then we may use the virial theorem to find the pressure,

Ir non relativistic theory this gives

(Al.18) PV= % KE 4

/3 Potential Energy -

In relativistic theory as well ae non-relativistio, the bound electrons include
the proper balance of kinetio and potential énergy to make the contribution 4o the
pressure zero. The kinetic of the free el.eotrons; hovevar, does not contribute
the full 2/3 KN, to She pregsure beoauss of the relativity corrsction. This is
nown %o give exactly PV = My LT for the non-degenerats case, and ve

meroly keeop the additional degeneracy oorractions, So, "inally we get

A 15 Vo 4o L
(a7.20) PV = o, kT Ei + . (mtE AT :;f' ~ 5= 2N o LTI
‘QJJII_ " Z °?¢z'

Thus far we have not oconsidsered the nuclear aotion. This contribdbution
g been worked out in Chapter IV, saction 6, Weo gzet the following adiitiwe

contributisons to the energy and the pressure in the two linmiting cases considered:

(S
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Free Huclei Harmonic Vibravions
Zinetic Energy 3/2)mer (3/2) ma
Potantial Emriy 0 3/2) Mk
Total Tnergy (3/2) M 3 My
(PV) Muolet Nkr (3/2) Ner
The nuoiaar conmtribution %o the enargy and the pressure is so small
(since N<r M ) that we ueed not bother refining our tremntment of
them further. We can use a rough oriterion tha¥ when /1/%, of (4.54) is less

than 1/5 we oonsider 4the nuslei to exert pure harmonic vibrations, while if

g, > 73 w
that /a2, |

should use the

uss the approxi

shall oonsider the nuclei as free, Referring to Fig. 2, we ses

/3 when s= 2& .34, For swaller values of B we
VokTd,, = : :

free nuolei approximation, while for larger values of S we ghould

mation of harmonic ¥ibrations,
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Append p 2 % 1

The nssﬁmp‘bion that the free electrons are unirdyely distribubed: Nk meus
thoughout Chapter IV, We oan correct this by the use PELYNE TIASEAUSTINRENIETE Y
approache Within each ionic polyhedron, assume we have “ﬁ'%iﬂéf-ram,'m!r

¢

(AIT41)

e« Then the deusity of electrons in 'Jéhese space will be
MED) s R nghoa- P eE] :
L7 5 o Jﬁw Zr{ ™ W"( ..wmr)" RIS A

The density in configuration spase mig) is found by integiating over

This gives a ocharge density @2 - -€ A (2) , and the pdbmﬂniﬁm
satisfy Poisson's equation with this density. Since we have used the ofpaiiiof
ep-Z =+ f}_f?_fr we eep terms in our result only o AbYS oESry T
potential whioh replaces (4.31) is

(437 2) e [avik x(m /o) - “‘*’“('"-f'ﬁ"')] . A
¢ = o Aenth X - X todh x ‘ £ 4

whore x ie a reot of the transesendental aguatiom
(A11.8) cosk x - Amkox 1

x J
. apd ztet S
m:“) x - /(4zl .k ) v
Fxapnding in powers of
(A13<5) ¥2= 3a -~ 0.935 4+ uxasy }3 , .
.
N R | ] i <
ot - [/ +q.3’), - 0o578¢ X +] 2
The quantity which replaces % g*’g"‘ in (4-32) is "zijé ’ :ﬂ,'f
and on puttiag in our expmasion for #/x*ws get . * 5
(AI1.8) ' [ p ; B
6, - TN T 2eh o sl il
f{ 5 (_r vV % < 3 ;?4:' ( /5 {fa :

The radil 4., mugt Le chogsen so that (4.24) i satisfiedy Towewar, 3.3

w0 longer appropriate to use (4.2%), for the oleg®W distribution is Bot wpifeiise
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Instead we mugt be surs that the free energy of “he elecirons is the same through=

out the system, Thies is so if the guamtily,

-

: T
R U I S W L LR e Y S

L

is' independent of Z . The 4, then are chosen to satisfy (4.24) and (4425)
In most cages the effect of non-uniform {ree 2lectron 2istribution may be
disregarded, The oritarion for this is

sy o @ed

e i
2, k7
Referriog to C-hnphr IV, eeotion 5, w@ find that the c¢ritsrion for the nuclei to
5 z'e .
b8 comsidered as performing harmonie vibrations in a lattice is S= —— e e
. € i e VekTd,.

Cobinddg this with (AZ .3 we find the conditlon for uniformity in the digbridu-

tion of free elsotrons, simulianeously with a lattice structure for the nuclei is

Al1.9) 43" agRe
Z' .}C"‘-ﬂg' .

]

Thig oan never be true for the very light nuelei, but is fullfilled by the
heaviest muclei, This is anothor reason for the qualitative difference betwean

the opacity of high 4 and low Z-elements,
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Appendix III: Formulae and Tables of Gaunt Factors

This Appendix summarizes the formulae and numerical results for the bound-
free Gaunt factors applicable %o a non-relativisti.c electron in a Coulomb Field,
Only the leading dipole contribution is considered, so that these Gaunt factors
are the appropriate analogue of the electron numbers recorded in Table I, Most
of the results and computations are the worlk of Dr, Boris Jacobsohn,

The Caunt factor is defined by (2.22),

: &
(AI1L1) g , = s-jﬁrm(hv)# dfge
T
24 n

a7

The ionization potential I is, howevery

| 2
(ATIT.2) I = _Z° Rhe,

We can also express the energy of the free slectron after ionization by & quantum
number %, defined so that

(ATIT.3)g, = _zRne .
%

‘We then have for the frequency

. ) hy/ =
(AI1T.4 /2 I 48

whence

Y 3
(AIT1,8) rdf = H akdl = X [1 1 ] ar

dv y a7 dk 2 n? + kz dk g
so that the Gaunt factor reduces to

& S -
- © 2 -
(AI11.6) g = 3B X [1 5 n] AT
25 B e dk

The f numbers for bound=bound transitions have besn computed by many previous
workers. Since it is possible to find the bound-free df rather simply from the
dk
approprietie bound-bound f number, we have included a list of formulas, Table I, for

the latter, The procedurs to be ussed in going from fnff"’ ng to % L1kl is tlo

substitute 1k for n in fiygr o g 2nd multiply the result by i/(l_e"?"lrk)_. To
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illustrase in the simplest case, if

1s =2 B
SR E Tgg-ir \sd ) "

- 2n
(ATXL7) = - fa

then we get

"
afos -3 kp = i 28 (ik)S a4 {3k -1 S
dk PR (1Cel) Ikl .
or
e : 5 -
(ATT.3) ?flﬁ:%“P z . 28 kK 4 exp{=4lc ctn ) .
Dilaebe & dk o5 t-.u:?+ 1) 1= E_‘CP_('_- g.rr.':)

Substitubion in AITIE zives the appropriate bound=-free Jaunt factor, The resulting

formilas for thls and obther cases are sumwmarized in Table VII, TFumerical walues

ars recorded in Table ViII, For n gz 1, 2, 3, ¢4, these values werc caleulated from
1

the formulae of Table VII, For n z@@it is possible to cbtain the asympiotic ex=

pression presanted in Table VII for the Gaunt factor, and the walues are based upon

this expression except for that at k = 1 which was calculated exactly, The

oriula is zood to 08/ a% k = 1, and is aven betiher for larger k,

»
4]
H
0rj
ot
5
g
e
[e]
o]

Values of the Gaunt factor for n =5, 6, 7, 8, 9, 10 werc found by graphical inter=

nslatione In most instances a plob of By Pk V5o 1/n2 for fixed k pave a smootn

curve whish did not deviate markedly from a straicht line, permitting accurate intsr-




Table 1

Formulae for Dipole Osgillatnr Strenzths

For Coulomb Field (Non-Reletivistie)

Transition Electron Number
1s = np 8 5 2n
f = 2 n { !n - 1)
3. 2-1)* (n p1)20
2s 9 np f = 215 nd (n=1) (n-z
s (nPes )® n+2
2p - ns £- 21 a n-2 "
: 33 Zna-éis n+2
2 2
2p < nd s 218 a(n“=1) n-a) 5
s - np £ =28 5% 0 (n2a1) (1® - 27)% (no3)?
(n® = 9)7 (w)ﬂ-""
3p ~3 ns £ =211 5% 47 (p° -3)° j
(0" -°‘7
Zp— nd f-_-zl 3> n’ L-l‘(n -4 ) n-rs“
(- 9)7 (m3)
3d = np f = 212 3% % (nfa1) n-37ﬂ
52 (n2—9)7 n+3
5¢ - nf po 25" n¥(nPet)(n?1) [ me3 j

52 (n%=9)8
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DIPOLE (SCILIATOR STRENGTHS (NONRELATIVISTIC)

TAFPIE I &

FOR COULOVB FIELD

S ~ $be o £ : £ ;
- “1s—np f?.s-—a-np f‘_':p—*ns jr‘Zp—:'nd ! I'C’ss—-:-np “Zp—>ns 3p—nd 3d—np f.'sd—m_{'
i
=4 L G - 13873 —— - - 026367 - —e— - I
2 WA1E20 0 0 R =e040769 | =,14495 — =ed1693 = i
{3 079102 o4 3488 «012590 «89580 0. 0 e ) -— |
[
4 «028991 o 10277 < 003044 212181 048472 032250 618285 «010957 1,01432
5 5 «012938 ,04193 «001213 004437 12102 7,428%10™° 139235 «002210 ¢15649
]
-8 007759 | 402163 64180x102 +02163 «0513904 | 3,032 <056126 84420x10™2 <05380
b7 004814 01274 3461% 201237 027369 | 14579 029009 4,213 02559 ‘
i {
I8 | 4003183 00818 24309 «007757 0016549 ,941 017210 20448 01442
i 9 .002216 «00658 1,570 «005221 «010863 | o612 #011153 1,564 «00003
i 10 «001605 «00359 1,119x10~% #003693 0007554 | L,218x10™8 «003972 .552:10‘4 00314
n>10] 146 n"° | 3,7 n™S 0ol "% 3.3 n~S 662 m"S | o5 p8 el 0" 07 0= | 4.4m=t.
Tiscrete | © ' b -
Spectrum f ¢5641 «838 -.119 6923 #707 =el2l 908 -ed02 14302
Con'b inu 359 .362 .0083_ .2 a3 12 03 '010 .20? sz .098
1.000 -.0111 1.111 1}000 ..11? l:a_lii ‘.400 1.40

=320~



TABLE II

NON-RELATIVISTIC SCREERING OONSTANIS

13 el e
B -
R
S ¢ 2s 2p S8 3p 2d
=1
| 46250 48395 9712 <8954 <9795 +9992
| 62099 <5016 <6484 o 7570 +8101 9322
| .2428. o5484 7266 <7808 +8455 +9570
. «0995 +3365 03470 5977 +6151 8582
| 41088 3600 <3758 .6121 5464 6924
| o1120 04143 4253 #8582 .6924 o 7744
1
3 e !ﬁﬁ 1 2 3 4 5 8 7 8 9 10
J
1 }.6250 0383 29811 .087 0094 «997 2098 1,000 1,000 1,000
3 | ¢1090 ¢3970 JT018 o85 02 <955 97 .98 99 1,00
4 | 408169 «2350 <4781 «705 +83 «90 095 97 +98 099
B | 03576 «1652 03312 «531 72 .83 «90 95 097 «98
b ' ;
6 | 402769 21093 «2388 400 +B854 ¢735 «83 + 990 ©95 97
7 | ;02039 »08082 1782 3102 o155 610 oTAS o83 «90 . @98
8 | 401563 «06250 1378 02425 #371 <506 <835 +750 «33 «90
9 3.01234 04938 +1106 »193¢ +209 431 544 656 +760 o83
10 «01000 «04000 «0900 #1584 o245 o353 <466 o576 «67 o765




TABLE IIX

~

RELATIVISTIC ENERGY LEVELS FOR BLECTRON IN COULONB FIELD
£ )

Valuss tabulated are = —iﬁé—-

et

ns n=?2 n=? n=3 ne3 nz3 nz5 n=6 n=7 n=8 n=9 nz10

z s-é J= 3=3/2 i=% 3=3/2 jas/2
10] 100,13 25,042 25,0083 11,1259} 11,1160 11.1127] 6.2521 4 ,0009 2a7782 20411 1.5826 1.2%47 1,0001
11 121420} 30,311Y 3042622 13,466821 13,4516 13,4488] 75655 4 ,8413 3436817 2 94898 14,8508 1,4540 1,2101
12] 144,28 36,087 36,0173 16 ,0308] 16,0102 16 40034| 9,0043 5,T619 %;0009 269393 22503 1,7780 144401
13| 169438 42,3654] 42,2738 18,3202 18,7918 18,7T825] 10,5684 EeTB26 4 ,6967 34497 2.68411 240887 1,6901
14} 196451 49,181 49,0320 21,8349] 21,7967 21,7841] 12,2580 TeB434 5e4462 4 ,0009 30631 204201 19602
15| 225468] 56844619} 5642922 2560753| 2540250 25,0083] 14,0730 90045 642523 4,5931 Je5164 247732 2 42503
15] 256,838 64,274 64,0546 28¢5420| 28,4768 28445521 16,0136 10,2459 Telldl 5e2261 4,0010 Zel511 2eP804
171 2904121 724500 7263196 32,2355) 32,1523 32612481 1B,07981 11,5675 Be,N316 5,9000 4,5169 365687 28905
18] 325441! 81,441 Bl,0875 36,1565) 36,0518 36,0172] 20,2718 12,9694 900047 646148 50640 44,0010 292406
16| 362,75| 804737 903689 40430568] 40417551 404,1325] 22,5896 1 14,4517 | 10,0336 73705 5,6425 4 4,45680 T46108
20| 402,15{100,67 100,134 44 ,6834) 44,5235 44,4707} 25,0333 1 16,0143 1 11,1183 841572 62523 4,93938 4.,0010
t 21 447,52 111.069 110,413 49429081 49,0981 494,0320] 2T 60301 17,6574 | 122587 90048 6 8934 5ed463 4.,4112
22] 487,16/121,.9%9 121,186 B54,1284]1 53,8936 53,8153] 3042987 1* 19,3810 | 13,4549 9,.8833 7 5659 59775 4,8414
23] 532,78 133,431 | 132,484 59,1971| 58,9162 58,8238 33,1207 21,1851 | 14,7069 10,8028 82697 65330 562917
| 24] 580,48[145440 | 144,277-1 64,4978] 64,1542 | 64,0546 36,0690 23,0697 | 16,0148 | 11,7632 | 09,0048 | Toll42 | 5,7620
i 2D] 630,28]157903 | 156,576 T0eD0313| 69,5378 69,5087] 39,1437 | 25,0350 17,3786 12,7646 9eT713 Te7187 62524
26] 682419{170,94 169,382 T54T285] TE5 43374 TEe1863] 42,3450 | 27,0809 | 18,7982 13,8071 | 10,5692 843499 647828
27 T3E,21]1184,506 | 182,654 81,8005] 8142633 81,0875] 45,6730 29,2076 | 20,2738 14,8906] 11,3984 99,0049 Te2933
28] 792 ,36]158,51 196,514 88,0382] 874158 B762123] 49,1278 31,4150 | 21,8052 16,0150 12,2590 045847 Te3433
29] 8504642134251 | 2104842 04,5127 93,7953 03 ,5608] 52,7096 | 3T,T033 | 23,3927 17,1806 | 13,1510 10,3893 Bed144
30 911,05]228,446 225,678 101,225 [ 100,402 100,133 | 56,4185 T6,0725 ) 25,0362 183872 14,07431 11,1186 90050




RELATIVISTIC ENEE

TABLE III (Continued)

GY IEVELS FOR

ELECTRON IN

COULOMB FIELD

o {
Values tabulated are - & n )
Rho
Z2 jnz=l ng? n=2 ne? ] nm3 nz3 nzt n=A net n=4 n=5 n=7 nz=8 - -
_ ldmi/e |3z | genfe | ogarfe Lss/e | 3s5/2 Ljal/2 | gen/e | das/e | ymv/e o | B
60| 3791,1 960408 911,07 | 421,15 !406556 402,151 234:57 | 208446 | 226,59 | 225659 | 14542 |10045 T35 6.4 | 44,6 36el
61 | 5925,.8 954,54 942,01 436,12 | 420,46 | 415,75 11242,.82 | 236,426 234,27 233429 | 150,00 |104,0 76 03 58,3 46,1 373
62 | 406344 |1030,0 973453 451,40 | 434,50 429,57 | 251,24 | 244,20 242,071 241,02 | 155,1 1107.4 7848 6043 4745 38e5
€3 | 4202,9 ] 1066,1 1005 ,.8 466,00 | 448,99 | 443,52 | 259,82 | 252,28 | 250400 | 248,38 16042 (111D Bled | 62,2 | 49.1 | 39,8
54 | 434745 {1103,1 | 1088,3 482,80 | 463453 | 457491 | 268,57 | 260450 | 258406 | 256486 | 165,3 |114 84,0 | 64,3 | 50,7 | 41,1
85 | 4493,5 11140,3 1071,5 499,12 | 478452 | 472442 | 277,49 | 268,35 | 268425 | 264498 | 17045 |118,2 8647 66 ¢3 23 42 44
66 | 4643,0 | 1179,2 1105,2 515456 | 493456 | 487416 | 286,57 | 277434 | 274457 273423 | 175,9 |121,8 89.4 6843 54,0 | 43,7
67 | 479541 | 121845 113945 532454 | 509,05 | 502414 | 295,83 | 285,97 383,03 2814611 181,4 |125.8 92,1 TOe4 5546 | 4540
68 | 4295043 |1258,5 1174,3 549,76 | 524459 ]| 51734 | 305,26 | 294,74 291452 | 290411 | 18649 |129.4 94 49 T2 65 5763 46 44
69 | 510844 [1299,5 | 1209,7 567431 | 540457 | 53279 | 314,86 | 303,56 | 300635 | 298,73 | 1924 |133,3 | 97e7 | 7467 | 5940 | 4743
70 | 526843 134144 | 1245,5 | 585421 | 556471 | 548445 | 524,55 | 312,71 309421 | 307449 |-19842 137, 100,65 | 769 | €0e7 | 49,1
71 | 5434,0 }1384,0 1282,1 803,45 | 573411 | 564,34 | 334,52 | 321,91 318420 | 316438 ] 203,9 [141,1 | 10345 7941 6245 50,6
72 | 560165 }1427,5 | 1319,2 622403 | 589,76 | 580444 | 344,77 | 331,24 | 32731 ] 325440 | 20943 14542 | 1065 | Bled | 6442 | 5240
T35 Y 577243 147169 135648 640.97I B06457 | 596493 | 355409 | 340,72 | 356654 | 334455 | 2157 14943 109,45 8347 €641 5345
74 | 5946,5 | 151743 1394 ,¢ 660429 | 527,33 | 613,45 | 365451 | 350435 | 345491 | 343,82 22197 1534 | 112,56 8640 879 54,9
75 | 6124,1 |1563,.5 1433 ,5 B79¢98 | 641,20 | 630,29 | 376,33 | 360,12 | 355443 | 353,422 22T 68 1157471 12545 884 69,7 56,4
76 | 6305,1 1161048 1472 49 700405 | 658494 | 547,35 | 387424 | 370404 | 365,11 362676 | 23440 (16149 | 11847 90,7 TLle5 58,0
77 | 648945 ll 55040 15le s 720440 | 676458 | 664,455 | 398,34 | 380,10 | 374491 372642 | 24043 |166,43 | 121,9 932 7365 59,5
78 | 867745 11”08.2 1558 a1 741,31 | 695,00 | 682519 | 409,55 | 390,30 | 384,84 2382420 | 246,47 |17045 | 12541 9545 T5e5 €lel
79 | 6869,0 |1758,45 1594,1 762451 | 713,57 | 69997 | 421415 | 400,54 | 394489 | 392,11 | 25341 [175,1 128,3 98,1 TT7 a4 6247
BO | 7064,3 |1809,7 163545 * TBAo18 | 732,27 | T1B.20 | 432,86 | 411,15 | 405,07 | 402,14 | 25947 17946 131,6 | 10045 7944 6443
81 | 728%,1 |1862,0 | 16777 806,18 | 751,28 | 736423 | 444,75 | 421,30 | 415441 | 412,31 | 26643 (18442 | 13540 | 10342 | 8led | 6549
B2 | 746568 1915.4 172044 828262 | 770,55 | 754,70 456,487 | 432,50 | 425,98 | 422,51 | 273,0 |188, 138,33 |10547 8344 6765
B3] 767245 11962:9 176345 851,52 | 790408 | 773440 | 469421 | 443,55 436,47 | 433,06 | 27948 193,45 | 14148 10843 B545 6942
84 | 7882,1 202545 130744 874,86 | 809,87 { 79233 | 481477 | 454455 | 447418 | 443,64 | 28647 [19842 | 14542 111,0] BT745 7049
5 1 B0O9T.3 1208243 1861,.8 898451 | 829494 | 811,53 | 494,55 | 465490 | 458405 | 454,433 29347 [20340 | 14848 |11347 8947 T2e5
86 | 831645 214042 1896,9 2,79 | 850629 | 830,98 | 507e54 | 47730 | 469,07 | 465,13 30047 12079 | 15243 | 118,44 91.8 74,3
87 § 853947 |2199e3 1042 .4 947446 | 8T0487 | 85053 | 520,76 | 488,79 | 480019 | 476406 | 50749 212.8 | 15509 |11941] 9440 | 7660
88 | 87670 [225947 198846 972453 | 891,76 | 870654 | 534,21 | 500444 | 491446 | 487418 | 31542 (217,83 159,5 | 121,49 96,42 TTe8
89 | 8998,T7 12321,5 203543 008421 | 912,94 | 890,57 | 547,92 | 512431 | 502484 | 408,437 | 322,45 222.5 | 16342 | 124,47 98 o4 79«6
90 | 9235,0 |2384,4 2082,7 1024 .4 934,32 | 911403 | 561,98 | 524,33 | 514,41 | 509,58 | 329,9 [227,9 | 16649 | 12745 100,86 81l.4
91 [ 9476,1 22446;9 213045 | 105140 | 956407 | 931655 | 576405 | 536450 | 526609 | 521417 | 33744 (23361 17067 [ 13064 | 10249 83,2
92 { 972242 {25147 | 21792 | 107842 | 978608 | 952453 | 590,51 | 548,82 l 538,00 | 532,78 | 34540 [23843 | 17445 {13343 | 105,2 | 85,1,
1 L

i




TABIE IV
T A ;
AVERAGE SQUARE RADIUS OF ELECIRON ORBITS

—""Enl - '—?EE
Values of ({';) and ({-o-)

—nl ,

't o e

4
xr < I 1&3—2
(°e) S {- 20

Averaged nver all Apgular Mementa
, Iz -2 Principal ' E__z 2
Orbltal ("n) Quantum fumber n ("o)
1s $abeb0 : 3400
2s 42,000 2 36,00
2p ‘no.ooo 3 171,00
58 207 400 4 528,00
3p 180,00 _ 5 1275,0
34 126,00 6 2628,0
7 485140
2 825549
0 13203,
10 20100,




v ey 2
T Flagu) = 2 ([ 1-6 M2° /)4,
e

TABLE V
e

THE FREQUENCY FACTCR F(a,u)/F(a,e0)
r—————————————— ———

FOR LINES OF EQUAL STRENGTH
e e e ]

a
u 'i;: ~ 0 0.1 0.2 0.3 0.4 0.5 1.0 1.5 2’0
1$u” "
\\F(a.oo) 1,0000 #9761 #9528 +9307 «9096 «8896 80142 | » 73138 «67399
co 0 1,0000 | 1,0000| 1,0000| 1,0000] 1,0000] 1,0000| 1,0000 1,0000 1,0000
|
: 3585 oOF | ,3564 8530 +3496 +8461 8427 #8392 «8225 | 8061 #7305
3 o10 | .7952 $7902 #7855 7808 « 7761 #7714 $7485 | +T2€5 7056
2 3805 15 . | aT4 JT411 7354 7298 +7235 <7187 06918 | JEE62Z <6421
2 «20 07048 «6984 6921 6859 +6796 6735 #5438 I 6157 #5895
1,7321 o25 o6ECT 6597 6529 6482 6395 6325 6011 5 5714 05439
1,5275 B0 «6310 06237 +6165 #6094 6024 +5955 5622 | 5314 5032 J
1.3623 o386 1 5970 05894 +5819 5746 5673 #5602 #5260 | 04946 | 04561 o
142247 40 | 5641 5563 #5487 #5412 «5337 «5265 «4518 | WAE02 | 0317 o
L ! ]
1,1065 o45 5319 05240 +5163 5087 #5012 #4938 4591 | 04276 «3995
10000 50 «5000 02021 04844 4767 #4693 «4619 4274 | «3965 «3670
00045 55 4681 «4603 04526 04450 4376 *4304 3965 | #3663 «3397
08125 60 g 4359 «4282 04207 4133 4080 #3989 03659 | #3368 «3113
o 7071 65 | 43918 «3956 3882 #2810 3740 o3ET2 #3354 +3076 | 02834
€547 o70 | 43690 #3619 #3548 #2480 03413 #3347 02046 $2783 | 2558
. #5774 75 | 43333 03266 #3200 $3135 +3072 «3011 2729 02486 | 2278
o5 e80 | L2952 «2890 +2828 «2769 +2711 <2655 02358 2178 #1590
|
4201 e85 | 42532 o2877 02422 02369 +2318 »2268 2041 | 1848 +1685
e3333 $90 | 42048 2003 «1957 #1913 1870 .1829 <1640 | #1481 1347
02294 96 . | J1436 #1400 +1368 #1335 1305 01275 o1148 | #1026 £0032
0 1,00 i 0 0 0 0 0 0 0 0 0
| |
i ;



TABLE 7 (1;0?1'.:5.1.:-,4!"

dq 5 e Ge Be 1Y 15, %0, ST 0,
— g —“*{,_.. e —_—T ~ e e ot e e Bt B~ e i @ T e i S - TR
<;\\{Ef'ao} «5241 «4770 o442 03880 03473 02864 02451 02234 204D
ot SEE ¥t o = e A S e o b B ) o SR R I (P TR Ll S B U P et _‘2“:'1 e e e e e e s
=4 y 140000 1,0000 1,0000 140040 1,0000 1.7000 1,0000 1,000 1,0000
1
31,8070 + 001 ! - 0592 - —— e 09311 .9208 9114 « 9032
4,.9499 201 R <3635 ——- ——— - o THES +75%0 o T265 JT082
S 03589 o 08 I 1) - 0389% «5511 <5137 -—— - - -
3 o Vo ny 5040 5761 05303 «1929 #4232 03742 e 33TH 3145
|
(: .3‘3:4‘:' .?L 5 ; .5!:'.)5 - .4 9:"7 ."i.}@q .‘i 132 - s - - - o -
: 20 | #5027 1695 4395 3921 03560 2547 2550 2278 2077
Yoy 25 1547 s +2918 3452 03122 - —— Y 2
15275 30 : 4133 3804 3521 2087 2712 2280 1352 J1741 1587
1
1 .3628 .35 l ‘3??(‘ i o .3 181 .2 7"’3 .2402 - - P Pp—
12247 +40 ! #3445 e 3137 02833 «2h03 02236 01815 1565 01398 1272
1,10585 045 1 #3140 e 2619 22885 2021 i i e il

1 50 | o2877 «2505 «2379 «2053 <1829 L1432 Sys e T

#2045 55 i _ |
+8165 o0 | 42382 2146 #1953 #1679 o1495 J1210 ,1043 e hre |
«7071 59 ! 02151 A «1759 <1510 o1343 A e L o

#SHAT o70 1927 01747 <1571 o 1347 1199 <0970 <0837 o076 + 0680

B 7YS 75 | #1705 e « 1387 +1138 1057 L o 3. o
ehel o35 o 1247 - «1010 « 0866 0769 N s e g
3333 90 0992 #0850 0802 ,0688 L0611 0494 R s el =

02294 95 [ #0883 H L0551 0473 L0420 i > e b
0 1,00 0 0 : 0 0 0 : 5 i :

P G i i
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TABLE VI

THE WEIGHTING FUNCTION

'l_..l.-(u) 431 15
T At

+ AND THE STROMGREX FULSTILN

-
u'? eau (gV=l)

3(u) = f " u(x)ax
o

u W(u) S(u) u W(u) s(u)
0.0 0 = o . 345 842003 642881
il 4,0390%10 84015x10™" 348 849572 TeJAED

o2 67T37x10™0 2.669x10™0 3e7 09,7404 840819

o5 3.5314x10~4 2,4108x10~2 348 10,546 940957

oh 1,1801x10™ 94186x10™" | 2.9 11,371 10,1502

o5 2,9948x10™3 2,902x10™ 440 12,211 1148876 - .
o6 6 44396x10™3 T e454x10™% 4,1 13,084 12,6309 .
&7 012339 14660%10™" 442 13,926 13,9808 .
o3 «021726 $o351x107, 143 14,793 . 1544174

o9 «035822 6.170x10" 444 154680 1640400
1.0 056077 1,071x10™2 4.5 184528 1858783
1.l 084108 1,765%10~° 4,6 17,384 20,247

149 012175 2,,787x10™2 4,7 18,232 22,0280
1.3 «17101 | 442141077 4,3 19,067 ‘2348940
lod 23401 64257x107" 449 19,884 | 2548405
1.5 «21308 84981x10™ 5,0 20,681 27,8664
1,8 41042 *1258° 4 5.1 21445653 29,9725
X7 252059 <1724 542 22,199 32,1510
1.8 «57054 +2318 5.3 22,915 34,4014
1.2 «83581 * 3066 5od 234599 36,7225 ,
240 1,0318 #3994 545 24,249 39,1128
By 142564 e5129 546 24,861 41,5688
242 1,5134 #5502 547 254436 44,0895
243 1.7570 8144 548 254970 46,6656
e 241307 1,009 549 26 4463 49,2917 . |
a 2 44940 14238 ) 264913 51e9633 #
? o6 243948 1,505 Eel 274319 54,8755
247 343344 1,815 Ee2 274682 57,4249
249 443302 24582 6o 284273 6840215
340 £ 48857 30048 645 28,502 65,8637
Jel 554791 34568 Co8 23,888 6847225
%42 541087 441483 6o7 28,826 71,5978
Se3 647735 447923 €48 28,923 7444853
%44 744715 5e541 ﬂ Bed 284977 7743810
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IABIE VI {(Continusd)
[ u w(u) S{u) u W) S(u)
il
[7.0 284591 80,2800 1G,.2 17,027 157,1759
17,3 28,98} 8341773 1Cq4 1,168 160.%€24
| 742 284835 86 40698 10,¢ 15,053 16%5,3490
p o 284783 8843546 10,8 | 1% 6815 16641404
T4 28,348 91,8283
75 28,470 34 45858 11,0 | 124550 16347404
78 28,258 9745710 1145 | 1C,787 174 44525
i | 28,013 100,3346 1240 | 344757 179,1535
7.8 274742 103,1223 12,5 | 7,077 167 o3749
7.9 27,430 105.8825 17,0 | 544602 186 ,058%
| 840 29,112 108,5119 17 G5 444377 18R 447653
| Bl 264757 112,3053 1440 | 303745 19C 42846
| Rl 264379 113,9€08 1340 20171 19340267
8o 254981 1165737 16,0 I 1.16290 164 ,5800
3o 254562 113,1587 IL,0 Rtafekela 165 49583
Se5 254126 1216929 2040 | o 10157 15€,3685
342 244573 12441825 i 026787 166 ,4813
BeT 244206 12845251 24e0 | 20066659 19645103
846 234728 129,0212 2640 +0015748 19645174
3¢9 23,254 1312682 £0e0 | 000071419 196,5194
0ol 23,732 | 133,£662 o | 0 196,194
Lol 224222 | 135,01:7
| Je2 21,706 12841127
8e% 21,183 | 140,2571 |
Got 204658 | 142,3489 i
| |
- J3 20,127 | 144,70%1 !
[ Sef 194596 | 146.574°7 i
9.7 15,064 14345068 ;
€ o8 18,535 150,185¢ '
Se9 134007 152,728 !
174480 152 ¢765F
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Table VII Formulae for Sound Fres Caunt Factors

Derine F (k) =z exp(-4k tan™> B/k)
} - exp(=2T k)
{

Y

—

\ 2 :
fls wip & 3”'3‘@‘5._& Fy ()
t

E2i 41y 2 z?-frﬁ‘m_& £, (k)

(144 32
i

RETRD. SR 1) 4 S TSI 11 ¢ 1
L"_P‘_’ﬁf B T (el

- 212 1 (
Bpsrp - & LA ERNER ff)s Fy (k)

g, m[_ iss-rg)_ F, (i)
Dok ® i-sz (I+4/k2)3 2

L, S e
&,y & "'_2517{§_(ls+k2 +k4) P, ()

(Jsg P

25 s*wﬁ"‘n(l-r%g}(?-f-izi)

F. (k)
k2(1+'9/ 3)4 :

Bip 9k = 28 8 ‘{—"IT(1°+ -r::)

(1472 s

F, (k)

(1]

45
2" AVET 1 +Y42 )+ +38)  Fylx)
B (1_'_9/.-.\5

Be 9k
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TABIE VII (Continued)

L -
e “
7 s hs +

78 81
k-
.k S

16 i
28 + 2 ta

J

it

"glk)

2. \3 ;n" . [559 4 5800 + 2078 + 12288
=< (4 4 16 ;5 & 6
( "‘;z) .k k
3152 12056 12284 r (&)
x[l‘.?'? s b salh dn ] 5
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Table VIII Values for 3Bound Free Gaunt Faotors

:L/}:2 e 515 - kp
0 o2 _ e 79730
001 514623 « 79770
.01 10 . 79589
«05 4,4721 . +81001
3 3.1623 82167
.2 2.2361 .84321
5000 1.414 . 89240

1,000 1.000 54226

2,0 «70711 098447

5,0 24721 »98592




Tahle VIII

Values for

s -
“ree :aunt

(Continued)

e < Pos —akp E2p —» ks 2p —»kd op— Xk EZ >k
0 oo +934£0 026961 SB07S 85671 27619
J0625 4, 1.13689 029722 <30845 +CZH18 $212
15155 ZeF 1,32462 D32ETY 17965 «21229 E R R

25 2600 L2600 +026129 72258 e 15571 «9T540
«37180 1,64 1,87276 L037922 87064 « 70856 0539860
« 22510 1,38 2,12688 «038738 ek «B&B52 1 G181
« 743218 14156 2,.,411C4 «DBBL2(C «DA94A ¢S 7790 lie 08 ;

1.000 1,000 2.£642 + 037003 +47383 «21064 14045

1.,5625 < 5605132 032860 o> T16E 20452 l.0632E

2425 LE6E6T 13,28819 «025104 «n2828 32033 1,0623

S -

Lo k ¢ g E3c —p | &3

/1 7 = kp Ip—p b CQ - K 5=k

l,-.—-

O o0 1.0616C 1,09768 « 76259 «90751
=10 A Ba 1.,31070 1,23028 #68433 33501
«IHEEHI 4e2 1,55482 1,33175 «51340 « 06743
«11111 3e0 1,9759 le4544 0 06% « 9854

23338 207 2477863 1,55574 e 34854 1,02095
02333 1,732 35432160 1,55697 226988 1.,03799
o 1444 1,5 3483427 1,52290 2 2L OTZ 1,05073
« 5944 1,2 4,73641 1,4021 1052 1,06767
1,000 1,00G H.52416 1.,24884 + 086625 1,07765

ol 34



Table VII1 Values for Sound Free Gaunt Factors (Concluded)

» a » * ] »
Wil £ 8 Z g & & £
Iyt v Tk B bl e Tk o -, Tk BIET S’
0 (= 92474 #9260 #0438 « 9408 «5545 « 9578 « 3605
»001111 30 2672 % « 9386 « 3470 + 2535 29582 + 9625 96558
«01 10 941> 9500 9722 982 «983E +995 1,00
027778 e «9618* «980 084 11,0085 1,0115 1,0175 L 022
«0EZ5N0 4 «98392 1,0088 1.0210 1.,0280 1,0353 1,0295 10427
1111 3 1,0152* 140280 1.0401 1,047C 1,0618 1,0557 1,0579
« 25000 2400 1,04743 1,0597 1,0668 1.0712 1,0744 1,0767 1,0781
+«2000 1,414 L Q72T* 1.,0807 1,0857 1.0888 1,0909 1,0923 1.0928
1.0000 1,000 1,08874 1,0045 1,0883 1,100¢% 1,10286 1,10%6 1,1044

* Indicates iunterpolated values,
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TABLE IX
o0
The function ’}L(x) " ._lj/(y-% e-y,fh y dy
W X
-1,96386 2.5 0302

.Ol -1.2202 2.6 00276 "

.05 : . 2.7 o252 |

-1 - .4627 2-8 00230

.2 5= -2149 209 .0210

03 =i -0907 5.0 .0191

D + .0241 34 «013]

o6 .0507 346 .0108

o8 «0754 3.0 .00B9
1.0 0807 4,0 <O073
14k 0799 4.2 «0060
1.2 0776 4.4 +0049
1,3 «0744 4.6 .0040
1.4 0707 4,8 0033
1.5 0666 5.0 0027
1.6 0624 545 0016
1-7 .0582 600 .0009
1.8 .0541 6eH 0005
139 «0501 740 0002
2.0 .0462 705 00001
2,1 .0426 8.0
242 0392
2.3 «0359
2.4 «0329
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g (x,y)
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NOMOGRAPH OF
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g(xy) = 5 {tan” (x+y) - tan (x-y)}
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