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ABST~C'1' 

James E. Grabenstette~ 

ONE-CENTER CALCULATIONS Or HCl: 

'J;UE ~LECTRIC MELO GRADIENT 

-
Chemistry 

A 29-orbital besia has been c;1eveloped for 

ab-initio One Center Expansio -Self Consistent Field (OCE-Sep) 
, 

calculations of HCl. and several one-

eleetron properties (includin9'the electric iield gradient 

·(EFG) at the Cl nucleus) agreed better with experiIœnt t:han 

rcsults in a 7l-orbital OCE basis published previously. The 

ealculated EFG was compared with results from two-center cal-

culations, and analysed as a funetion of d~stance from ~a Cl~ 

nucleus. The first and second derivatives of the EFG vith ~ 

rC,spec.t to internuclear distance were calculated in the 29-

and 7l-orbital OCE bases and compared with experiment; resulta 

in the 7l-orbital basis were bet~er than those in the 29-orbital 

basis, but for the second derivative bath aqreed poorly vith 

, experiment. The la molecular orbital EFG was atudied, in-
~ 

cludinq polarization both by,the quadrupolar nucleus and by 

the proton and valence electrons. 
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RESUME 

Ph.D. James E. ,Grabenstetter D'parte_nt de 
Chimie 

CALCULS CENTRE-UNIQUE DE HCl: ' 

LE' GRADIENT DU'CHAMP ELECTRIQUE 

Une bas~ de 29 orbitales a été developp6. pour 

des calculs Centre Unique-Champ Auto-Coh6rent de HC1. L"

nergie et le gradient du champ 61actriqua au noyau Cl cal

culAs dans cette ba.e sont en meilleur accord avec le • 

r6sultats exp6rimentaux que ceux dans une baBe de 71 orbitales 

antArieurement publiAe. Le gradient du champ êlectrique cal

culA da~ la base de 29 orbitales a 6tA comparê aux r6sultats 

dans des bases comprenant des orbitales sur le~ deux noyaux,' 

et a êtA analysa comme fonction de la distance du noyau,Cl. 

La premilr. et deuxi!me derivle. du gradient du champ 6lectri

que par rapport l la distance internucl6aire ont 6t6 calculAes 

:, dans les ba ••• de 29 et de 71 orbitales, les r6sultat. dan. 

la base de 71, orbitales sont meilleurs que ceux dan. la ba •• 

de 
'1 

29 orbitales, mai. pour -la deuxilme derivh le. deux ba ••• . -.... 

ne s'accordent pas avec l'expérience. Le gradient du champ 

61ectrique de l'orbitale mo16culaire la a 6tê 6tudi6, comprenant 
, 
la polarisation due d'une part _au noyau quadripolaire et d'autre 

. 
part au proton et aux couches 61ectroniqu.. de valence. 
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CHAPTER I: Introduction 

v 
The nuclear quadrupole coupling constant is of !nter-

est to speetroseopists beeAuse it can be determined rather ae-. 
curately for atoms and molscules by ft ~ariety of methods1 • This 

coupllng constant, denoted eQq, la the product of a nuel.ar 

property Q, the eleetric quadrupole moment, and an eleotronie 

property q, the eleotric field gradient (EPG) at the quadru

polar nucleus. For moat eommen quadrupolar nuelei (l4N ex· 

copted2) Q is ,known to about 3 siqnificant figures l , mea.ure

ment of eQq allow8 determination of q to the sema accuracy • 

. Ptêaictions of q can be made from approximate electronie wav.· 

funetions; comparison with the experimental value allows one 

to decide wheth«t the approxima te vavelunction reproduce. ae-

ceptably weIl those details of the electranie structure which 

determine q. 

In particular, q i8 highly dependant upon th. elec

tron distribution çlo.e to the quadrupolar nucleu' (Chapt.r V), 

in calculatinq an el.ctranie wavefunction for prediction of q 

one seeks to allow a8 much flexibility as pos.ible in thi. re

gion. A technique which accomplishe. thi. ia the One-center 

Expansion-Self Consistent Field (OCS-SCF)method4,s, which yi.ld. 

a Hartree-Fock-Roothaan6 wavefunction in a basia .et who.e ...-

bers are all centerad (in thi. ca.e) on the quadrupolar nucleua. 

A molecule which sU9g •• ta it •• lf for .tuay of q by thia .. thod 

is IICl, ain~ for ~th 35 Cl and 37 Cl Q ia rather accurately 

l 

.. 

) ., ., 



.. 

known3 and ainee the eleetronic atructure o! HCl ia weIl 

suited for oaleulation by the OCE-BCF technique (Chapter II). 

In addition a very precise m.asurement of ~Qq for HCl has 

bean made7• This theais reporta caleulations of OCE-Scr waye-
• 

funetions for HCl and the q caleulated from th.m. -Before 

reporting the caleulationa we give a survay~of th. theory of 

electronie vav.funetion caleulatione, and brie! descriptiona , 
of the techniques for deterndnation of Q and eQq. 

\ 
1. El.etronie vav.funetion. and their calculation 

a) Sehroedinger egu.tion for a many-particle syate. 

The Hamiltonian operator for an N-partiele syatem 

(n electrons, N-n nuelei) will be takan as 

(1) 

with mi the ma •• and qi th. charge of the ith~particle. (1) i. 

"writteri in atomie ~lnita8, the unite of maa. and charge are th. 

el.ctronie mas. me and the proton charge e. The Bohr radiua a O .. 

of the hydroqen le orbital is the unit of length (the bohr), 

the unit of energy (the hartree> is e2/ao' whieh ia rdnus the 

potential eneren' of the H atom. The unit of angular .,_ntua 
) 

is~. v: ia the Laplacian in the coordinate. of partiel. l, 

whicb in CArtesian coordinat.. l. 

(2) 

• 
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The Hami~tonian the non-relativistic kinetic 

energy and that part of the potential energy due to electro

static interactions between point charges; relativistic effects 

and those due to the finite size of the particles are neglected. , 

(1) is ealled the non-relativistic or spin-free Hamiltonian. 

The exaet Hamiltonian involves addition of several terms (usual-, 
ly small in magnitude and difficult to calculate) to (1)9. One 

, 
sueh term, due to the nuclear quadrupole moment, ia con.iderad 

in Chapter VII. 

The wavefunetion. ~ for the system satisfie. the 

Schroedinger equation 
~ \ 

H~ .. E~. (3) 

In most cases infinitely many pairs (E,~) satisfy (3), the t 

corresponding to the lowest E (lowest total energy) is the 

ground state wavefunction for the system. The variable-depend

enee of t ia 

(4) 

The xi are 4-coordinate vectors consisting of the thr.. .patial 

coordinatea of partiele i and a spin coordinate. The apatial 

CQOrdinates take a conttnuous range of valuea, the apin co-
p 

ordinate takes 2s +1 discrete valuea, vith a the .pin nWllber 

of the particle (section 2). Even for the 8pin-fr •• Hudltonian 

the spin coordinate entera the wavefunction bec.ua. of .~try 

.' 
, • 1"· 

/ 
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requirementslO ~ 
, " 

,-~ff 

• ia assum&d nor~lized, 

• • vith t the comp1ex oonjugate and dT! an,infinitesimal space 

and spin volume element centered at xi' The probabiiity that 

partiele 1 ls in d't1', partic1e'-2° in dT 2 , etc., ia1l 

(6 ) 

, 
b) Separatiôn pf electronic and nuc1ear coordinates 

• 

Solution of (3) is considerably simpler if ~e elec-

tronie and nuclear coordinates can he separatad. Born and Op

~nheimer12 partitioned the Hamiltonian (1) into two parts: 
, 

(i) the electronie kinetic energy and total potential energy 

of the ayst;em, and (i~) the nuclear kin'etic energy. Th. nu

clear kinetic enerqy WAS treated as a'perturbation, 

~- t Lv2 
2m (J' a a 

" 
vith a ranging over aIl nuclei, but ~ was vritten 

) .. te" V2 
~. --1: 11(J 2m. (J o.' 

(1) 

vith as th .... electron ma •• , 

\~: 

, . 
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l' 

wi th the constant M an average nueiear ma.. (M can be defined 

in aeveral way.) and 

# 

M must be d.fined 80 that all the ~ are roughly of the arder 
.! 0 

of 1. A eommen choie. i. the average of the nuclear ma ••••• 

(7) express •• the pertur~in9 "aadltonian as a small constant 
4 ;' 

(1<: ) times a tara th ..... arder of magnitude a. th •• leetronic 

kinetic energy. Born and Oppenhei..r ahowed that • eould b. 

written as a BUll of products o~ thr •• funetion., 
;:>'~ 

(8) 

-where th. xi are electronic and th. Xi nuelear coordinate •• 

P is the number of independent nuelear coordinat •• , P-3(N-n)-S 

for a li~r ~lecu1e and 3 (N-n) -6 otherwise. 

of angular coordinat. •• which _asur • .,leeular 
) 

ë tnotes a .et 

rota tion • 'l'he 

three fun~tions correspond to e~.etronic motion, nuelear vibra

tion, and molecular rotation re.pectively. In partic:ular, Born 
,1 

and Oppenheimer .howed that, exeept in ca ••• of ground stat. 

electronie degeneraCy .uch a. give ri.e ta the Renn.r 'and Jahn-
1 Y 13 

Taller effeets , the first tera of (8), 

(9) 

: . 1 " ._ * .... t~~_. ~-~~"M_~_"!.',><_~.~:~ . '" \; ~~. ,Ail.. , "' 

~ ., 

J
,il 

,"'~ 
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qivea the enerqy E of (li through fourtb order in K, with the 

first and third'orders vanlshlng, 

... , 
~ 

with EO correaponding to the eleotronie, K
2E2 the vibration~l, 

4 and K E4 the rotational energy. The firat neg1eoted non-

van iahing term ia of order K 
6 • Since K 

4 < m lm CI. 0005, wi th 
i e p 

m the proton ma •• , the negleoted term 11 <.00001 tlmea tn. p 1 

eleotronic, .0005 tlme. the vibrational, and .02 timea the 

rotational energy. The effect of the negleoted ter .. i. 

observable speetroseopieallyl4,l5; however it i8 difficult to 

calculate (8)obeyond the fitst term, though Attempt. have 

been made for amali systemal6 • The wAvefunetions reported 

in this theaia are the éleotronic funotions .0 of (9); the 

nuclear coordinates enter only a8 ,fixed parameters. Some af

fects of breakdawn. af the Born-oppenheimer approximation are 

examinad in Chapter VI. 

e) The eleetranie wavefunctian 

In what follow. attention ia confined to the el.c-, 

tronie Schroedinger equation 

(10) 

vith 

(11}. 

, , 

... 
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where i and j range ~ver eleetrons and a over nuelei. la 18 

the atomiç number of nucleus a; the variables in. are the 
e 

n 4-coordin4te electron position and spin vectg~8, vith the 

3-coordinate nuclear position vectors entering only as pa-
• 

rameters. 41 e is assumed normalized. Ee i8 the electronic 

energy of the system; it ineludes the 'electronic kinetie 

energy, the electron repulsion energy, and the energy of a t

traction between the electrons and nuclei. The -total- mo-

lecular energy as calculated from ~e is 

(12) 

with Enuc the point-charge repulsion energy of the nuclei. 

Etat doea not include the nuclear kinetic energy, and ia 

thus not the total energy of any real molecular statei it is 

rather the potential energy for motion of the nuelei. 

d) One-electron properties 

Many IDÇ)lecular properties, such as the alactric 
1 

7 

dipole moment and the EFG, are expeetation value. of one

electro",~operators, which dapend upon averages over the poai

tians of the electrona but not their distances fram aach other. 

The expectation value of a one-electron operator ô over the 

electronic wavefunction ia 

<8 > -e 
n 

- <+el t 8i 'te>' 
i-l --

" . . '. 
• r 

\ 

, 
f' 



\ 

" 

• 

, "'...,.--, t(- ~ .. ~ - ::: Of :..-

, , 

" '.' 
~ -!'" 

8 ~ 
~ 

where Ôi i8 in the ooordinatea of electron i; since the n 

electrona are indiatinguiah~l., 

• 
(13) 

, 

.. 
Analoqously to (12), the total axpectation value of & over 

~e ia 

<O>t t - <0> + <tb o e nue 

with <0> nuc calculatec1 con.id.ring the nuelei as fixed point 

charges. Specifie forma for <O>e are given below as forms ~ 

for ~e are developed. 

e) Orbitals, the Hartree-Foek eguations 

An orbital ia a normalized funetion of th. coordinat •• 

of a single electron. The square of the abaolute valu. of an 

orbital at any point givea th. relative probability·of finding 

the electron at that point. An orbit&l. can he a functiqn .ither 

of the 3-coordilWlte poaition vector or the '4~-coordin.ate space

spin vector. An orbital in the 3-di.naional apace (a spatial. 

orbital) 1. denoted: 

(14) 

---// 
the arguments denote any spattal coordinat •• , DOt ~.arily 

Cart •• ian. An orbital in th. 4~i..n.ioft.l poaitioD--.p1ft 

,1 • t ~ 

., 
"; 

,1 

f~ 
~ 

-i, 
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.pace (a aplnorbit&117) ia norma11y the product of a apatial 

orbital and a spin functlon, 

(15) 

1> 

vith n the .pln functlon and ai the apin coordinate. n ia 

unit y for one of the tvo (for the el.ctron) allowed value. of 

-1 and z.ro for the oth.r10 , the two el.ctronic apin functi~na 
. . 

are 0(-1 for ai-i, 0 for 8!--i) and 8(-1 for a1--I, 0 for a 1-+I). 
a and 8 are orthonormal. 

A ua.ful approximate fora for ~e ia an ant1aymmatriaa4 

(ainee te change. 8iqn upon exchange of two electron coordi

natealB ) produet of n apinorbltala, 

(16) 

vith 

Det(Xl(i1)···xn(in» - X1(i1~···Xn(~1) 

Xl (x2) • •• Xn (x2) 

• • • 

" . 
" 

(16) ia e&llad a d.t.nù.n~t&l wav.function, and the 4etaral

nant a Slater d.taradnant1'. The i 1"above are 4-dt.an.10ftAl 

1-
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. 
ooordlnat. v.otoca lnol\M11'1\I Ip.lft. A det.raL"."t.al _ .. -

tW\otl~~. l, o\oa-' ah_11 lf the " Xl ".n he '10_ '1\. ft/à 
patr •• bath ~r. ot • ~lr havin, the .a.. .,.tla1 'aolOr. 

but o,n. vith il and on. vlt.h •• pln. De~.r.lftant.l v"ver",",-
'\ 'J , • tlQn. ft9t a.tl.fylno thl. oon41tlon Ar. oalled o,.n .hell • 

• 1lO.pt ln 4" t." o •••• a aln,l. open-.hél ~ "eter,alnant 1. not. 

.'v004 .pproMl .. tlon tQ Iny r •• l .ol.o~l.r .tat.J O, ln wbat 

followi ~ oono.ntrat. on th. olo.ed-.h.ll o.... NCl Oaft ~ 

ralrly well .pproal .. ted by • aln,L. oloe"-ahel1 d.t.~-'nant. 

Th ... ~tr .. -rook CH-') waYe'Uftot~Oft for •• yat .. l. 

th. "Averunotlon _of lhe to~ (1.) "l~h th. l~.t po •• lal • 

•• ~ct.tlon value for the .1.otranl0 anervy', 

• , . , 

"no. th. "avetunotloft la now ap~o.l .. t. ~ .n.r,y 1. not 

An el .. " .. hea •• ln (l0). 

/ 

la ~~n .. "l.nt to .. k •• notational Ob~~ ... 

an 
or do@lv ooou,le4 .patlal orblt.a1 ... The oloa" .... 11 ..... -

funet ton Il. r,th.n 

~ t.· ~ Det 'f1 (UCI (l).1 (a), 12' •••• " ta",. tJA». 
.. 

.' 
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or atoalo orbital. (AO·.) depencSing on th. ayate.. FOck21 

ahowed tb.t the n .patial orbital. aatiafy the ayat •• of n 

one-eleotron equatlon. (p •• udoeigenvaiu. equatlon.) 

(8) 

vith, the Foak operator in ,th. CJ!>Ordlnat •• of electron 1 9i ven 

by 

2 1 n 
rel) --IV1 - J: ..JI... + t (2J j (1,2)-X

j 
(1,2», 

a r lel j-1 
(9) 

vith th. coulo~ operator J and exchange operator Je 9iven by 

(20) 

(21) 

T~e .y.te. "(18) li aouplecl, all t j appe.rlng ln th •• quatlon 

for. i. It i. becaui. of th1Jl couplJ.ng that the Iyatea la 

t.r.ed paeudoei~nval .. lnlt.ad ol eigen~a1u., aine. the oper-, 

Itor rel) i. not defined until a11 th •• 1 are knOWft. T~. ayat •• 

cu be lolved by initially gu •• aing all èhe .i' con.t.ruèt1ng 

th. Fock operator, ,olvin, for a n.., .et of .1' and repeat1ng un-
, 

tU th •• i re.ln .... ntl.lly \inchangeeS between .uce ••• lve iter-

ation.. MMn thi. oocur:. tM el.ctron diltrj.butlon ia a&14 to 

venerete a Hlf-oon.latent field CSCI'). Th. eleouonlo en_v 

(j 
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fra. ~ clo.e4-.hell .1n9le 4eterminant wavefunction i • 

(22) • 

where th. aummAtion. are ovJr .pat1al orbital. and 

vith the vol~ .le .. nt. and int.gration. for .pattal co

ordinat •• only. Tb. one-el.ctron proparty (13) beoo ... , for 
\ 

the vav.function (18),. 

n 
<8> - 2 t <.jl&ll~j>. 

• j-l 
(23) 

~h •• i for. an ortbonO~1 •• t vith r •• peet to Integration 

over the .paUal coordinat ••• 

Tb. ay.t •• (18) can be .olved numerieally22, howev.r 

Jtoothaan' obuined a .olution by expan4ing th.-.1 •• lin.ar 

co_in.tion. of baaia. ,funetio".. The.1 al: •• xpan4e4 1n teru 

of k ba.ia fUDetiona .j' 

(24) 

1. 
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The equationa wb~ch aria. fra. aubatitutlnq (24) lnto (18) 

(Roothaanta equation.) are, in .. trix form, 

PC • SCB, (25) 

• 

13 

vith F a kxk hermitian .. trlx (th. rock matrix), C a kxn .iven

vector matrix, S a kxk her,ut.ian .. trix (the overlap .. ~rlx), 
~ 

and E an nxn dlagonal matrix of the eiVeftvaluea (the cl of (18)'. 

The el.menta of rand Sare 

(2" 

(21' 

vith 

(28' 

and 

(ij l'.) 

'l'he, ele.nta Pl. of the one-eleotron den.ity .. trix are, for 

the a1ngle-deter.inant cloaed-ahell ca.e, 

(21' 

;J 
'~ 

\ 

1 

~" :,~~ 
.... , 

• .A' ~ ,_. l'O; .... ~ ~ !.oi.., ,: ~" 
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\ 
oceupying ~j (for thla CAae aIl Nj are either two or zero). 

If aIl integrala in (26) And (27) are rigoroualy caleulated, 

the resulting wavefunetlon la referred to as ab-initiol if 

14 

the integrala are approximated or 80me are neglected the wave

funetion la cailed an approxima te MO wavefunction, if the ap· 

proiimations uae experimantal data other than the fundamental 

conatanta, th. wavefunetion ia cailed semiempiriba12l • It 

ahould be empha.il.d, hovavar , that aIl MO vav.functions, 

whether ab-initio or aemi-empirioal, are approximate ainee the 

form (16) cannot be the exact wavelunetion for a aystala with 

more th an one .lectron, beeau •• of electron correlation ( •• c-

tion 19). Only the ab-initio wavefunction aati.fie. th. 

variation th.oreml i.e. for an ab-init~ the expectation 
e 

value <~eIHel~e> of the electronic energy ia certain to lie 
58 above the true el.ctronie energy of the system The wave-

funetions calculated in thia work are ab-initio. 

A comaon form for the basia funetions .j is 

with N a normalization constant and S1m a spherical ~nic 

(Appendix 1). r i. mea.u.red in a .ph.rieal .yste. centered 

on one of th. nuclei. This type of basi. funetion is callecl 

a Slater-type orbital (S'1'O) 24 • The ba.is funetiona usee! in 

this work are STO' 8. 

The vavefunctlon (17) vith the .paU&! factors 



• 

• 

l 

conatraine4 to be ld.ntloal for th. Q and,~ apin pair. 1 • 

known aa th. R •• trlote4 Hartr •• -Poak (RHF) funotion. The 
.. 

caloulationa report.cS her. Ar. of thi. type. ~hia con.traint 
l 

can be relax.d (yl.1ding th. Unr •• trict.c1 lIartr.e-rock (Uar, 
wavefunotlon), but for cloa.d ah.ll ay.t.m. th. UHr wavefunotion 

'la ic1entical to the RHr25 • 

f) On.-el.otron er0R!rti •• trom !Hl MO wa,.functlon, 

From (24) it follow. that the expre •• lon (23) for the 

exp.atation value of a one-eleatron operator beco ... 

(30) 

with 

and the Pij of (li). It i. often convenient to anal y .. a 

one-eleotron property in terma of contribution. tro. th. in4i-
\ . 

vidual MO'., the firat .xpr ••• ion in (30) vivea thi.-partl-

tioning. 

g) Configuration int,raction 

(16) oannpt be th. exact wavefunct~on for a .Y.~ 

of more than one eleëtron, aine. the inatantaneoua (a. oppoaed 

to average) elecuon repul.lona cannot be account.e4 for. 

ev.r a lin.ar combiD&tion of Slater c1.t.~n&qt., 

-\ 
( ·fi 

;~ . j!; 
" 

d'!' 
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(31) 

with each t k of the form, (16), can approach the exact vave

function in the limit of an infinite SWD. t
oCI 

is a configu

ration interaction (CI) wayefunction. ~CI can account for the 

effects of instantaneaus electron interactions (alectron cor~ 

relation) becauae an arbitrary function of n variables (e.g~ 

the exaet eleetranie wavefunetion) can be expanded aa a sua 

of products of n functions, each of a single variable26 • If 

.CI repreaents the ground stata and one of the .k in (31) ia 

the H-F determinant, it usually has the largest coefficient. 

A natural question is how mueh eleetronie properties are af-

fected aa (31) ia extended beyond the H-F determinant. Moller 
" 

and Plesset27 treated the difference between the H-F Haudltonian 

and the true Hamiltonian as a perturbation; they shoved that 

to first arder the one-eleetran denaity matrix (given for 

the H-F wavefunction by (29), but this form must be extended 

for .el) ia unchanqed. Thua to first-order the expectation 

value of a one-electron operator (30) ia unchanged by incluaion 

of CI. Thua if one is interestad in one-elactron propertie. 

it ia rea.onable to perform an B-F calculation without ci. 
) 

~ingle determinant ab-initio wavefunctiona conatructed by'the 

Roothaan procedure approacb the H-P wavefunction as th. ba.la 

appraachea completen.ss). This is an important simplification 

since the number of po.sible detarminanta ri... rapidly vith 

ba.ia siae and it ia difficult to predict vbich d.~ta 

-~ , 
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(after the H-F) contribute heavily to the CI wavefunetion. 

Non-negligible changea in one-electron propertiea upon in

clusion of CI 'have been observed28 , but 

the EFG of Hel et 

the Cl nucleus is not such a case; therefore CI was not don. 

in the calculations reported in this thesis. 

2. Experimental meaaurement of eQg 

, 17 

Electronic wavefunctions are uaually calculated for 

isolated moleculesJ resulta of such calculationa are direct1y 

comparable only with molecular properties in the ga8 pha... We 

therefore confine discussion to measurement of eOq in the ga. 

phase, althouqh a larqe body of eOq data has been accumulated 

for solid compounds by ~ure nuclear quadrupole resonance1 , For 
'" 

atoms in the ga8 phase there are two common technique. l : meas-

urement of hyperfine splitting in atomic emission spectra29 , and 

atomic beam magnetic resonance 8pectroacopy30. For mol.cule. 

there are three common techniques: microwave rotational spec

troscopy3l, and molecular beam electric and magn.tia r •• onanee 

Sp8ctroscopy30. 
1 

Atomic amission spectroscopy waa the method 

by which the nuclear quadrupol. moment was first experimentally 

detected32 , but it has not been used in the determination of Q 

for 35Cl or 37Cl and ia not discussed here. Moleaular be .. 

maqnetic reaonance ia important oniy for homonuclear dia tamia 

1OO1ecule.1 , 80 it tao will not he discu •• ect. Atoaic an.4 1II01ec

ular maa.ure_nt. are bath of inter •• t aine. atomic ••• ure_nt.-, 

-' 

" .. , 

- , 
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provide the Q valuel for 35Cl and 3'Cl. 

a) Definition. (conv.ntion. of Bardeen and Town •• 33 ) 
, 

(1) (32) 

with perl the nuelear charge denaity in th •• tate mI-I (.e. 

b.low). 6 ia the an91. b.tw •• n r and tn. nuel.ar .pii} quan

ti.ation axia. Q ha. dimanlion. L2 (with M ma •• , L len~th, and 

C oherp). 

(ii) (33) 

with V the elletro.tetie potenti&l at the nualear center of 

ma •• due to ell partiale. in the .y.tem exclpt tho.e within a 

~m&ll .phere aurroundlng the nual.ua (Chapter III). V ha. 

dimenliona C/L1 hene. q ha. dimenaion. C/Ll. Som. a~or. take 

V .1 IlL, q .a I/L3, and the nual.ar quadrupole aoutlinv aon.t_nt 

aa e2aql4. q i •• oompanent of • tenlorr analogou.ly ta (33) 

the othera are a2v/axay, et~. The .-axil in (33) i. the prin

cipal axia of thil tenaor, th. direction of the latge.t aompo

nent of th. tenlor in the .xi. Iylt.m in which it ~. diavonal 

(Chapter III). 

(iii) ~l fra. (i) and (11) the dimenliona of .gq are 

C2/L, whioh le ener9Y. 

(iv) Quantwa nWlber. charaetez: 1.1nv the .y.te .. , 
1 

1 a nucleu .pin quantUll aWlber. The nuel.ar aDplU' 
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lIO_ntum vector Ï has _gnitude 1 (I+l) ~2 and is allowad pro

jections on the spin quantization axis of mI~' DJ taking 

values 1,1-1, ••• , -1. 1 can he integral (nuclei with even 

mess numbers) or half-integral (odd ma~s numbers)3S • 
• 

J: total anCJUlar lDOmentum quantum number excluding 

19 

nuclear spin. For ato_ the anqular mo_ntum vector j.L+S vith 

Land 5 the electronie orbital and spin anqular momantum vector8. 

For lE molecules, wi.th- Land S vanishinq (e.9. HCl in the ground 

\.(ate), j ia due to rotation of the whole molecu.le. The pro-

jections on the quantization axis .J~ take values analoqously 

to ~...fi. J can he integral or half-inteqral. 

F: quantum number for total anCJU!ar momentWD vector 

- - -F-I+J. ~ is allowed values analogou.ly to IDx and mJ" F takes 

values I+J, •.• ,IJ-11. 

b) Interaction of nucleu.. vith external potential 

'the enerCJY of a nuelear charge distribution p (m) (r) 

in nuel.ar state -x-- in a potential field Ver) due to charg •• 

external to p(m) i.36 
. -

(3.) 

here ve take r-(x,y,z). v(r) can he expanded a. a Taylor •• ri •• 

in z,y, and z about the nuc:leÀr center of .... ro: 

" 



: 1 

(35) 

the Integral in th. firat term ia th. nuelear charge Ze, it. 

product vith VerO) ia th. point charge interaction energy, 

which i8 independent of m. Th. tntegral in the .econd term 1. 

th. xi - campement of the nuele.r ele!=tric dipole m..nt ln the 

atate mx-m. Becaua. of 8ymmetry requirement. th ••• and all 

sindlar integra18 contalning the produet of an odd nWllber of 

~he xi vaniah for all nucle134 • For th. third term, we 8witch 

to a more standard form. The tenaor O(m) with component. 

ia not tracel ••• since Q-(m)+o-(m)+Q(m).!/p(m)(r)r2dT~O A trace-11 22 33 • r .. 

les8 ten.or i. de.irable .inee it ha. one 1... lodependent 

compan.nt. A standard vay to con.truct a tracele •• tan.or OCm) 

tram Q (m) is31 

Th. third tara in (35)~~ 



~. 
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Since v ia due to charges outside the nucleus, ~aplace's 

• equation hold., 

!. E E O\m)q _!. E E 0i(mj)Q10j' (36) 
2 i j 1j ij 6 1 j 

a convenient form for the third term of (35). The fourt:b tarm 

of (35) (electric octupole tent) involves the product of an 

odd number of the xi and vaniah.. bll-_ the aame argumanta •• for 

the second terme For a nucle~ with I-i (e~9. 35Cl and 37C~), 

the order 3 (-21) mo_nt (octupole mo_nt) ,i. the hig.st po.
sible non-zero mo_nt34 , thu. for r-i (35) beco .. a 

with the O(m) given explicitly by 
ij 

" 



\ • t .. ," 
\ 

\ , 

the z~axis coincides with the nuclear spin quantization axis 

(Chapter VII) • 

c) eQq from atome beam magnetic resonance sp!ctra , 
The apparatus for this method (Figure 1) consiats of 

an atome source and two separated inho1llOgeneoua magnetic 

fields directed oppo,ite to each other and perpendicular to 
• 

the beam. Between them the beam passes aimultaneoualy through 

a homogeneous mAqnetic field and an electromagnetic field30 • 

The first inhomoqeneous maqnetic field deflecta the he.. (if 

the atoms have a non-zero magnetic moment); the homoqeneous 

magnetie field causes a splittinq of enerqy levela by ibter-

action with the nuelear and electronic magnetie moments, but 

produces no further deflection. The levels are further split 

by the magnetic and nuclear quadrupole hyperfine interactions. 

The electromaqnetic field May produce tranaitions between levels 

if it 15 at a re80nant frequency. The second inhomogeneoua 

field th en redeflects the beam. If the electromaqnetic field 

has induced a transition, the interaction vith the .econd in-

homoqeneous field ia different from that with the first; th. 

second field ia adjuated ta redeflect onto a detector ei~r tbo .. 

atoms ~ich have not undergone transition or tho •• vhich have 

undergone a particular transition. Correlation of deteetor 

current with electromaqnetic field frequency yie14s th. anergie. 

of the allowed transition.. The .. combine4 vith the 4.pen4enc. 

of the nuelear quadrupol. interaction on l,J, and p3. yi.14 eQq. 

t 
-~ 
~ 

~~ 
~-~ 

'J 

d ~. 

,~..: 



r 
~~ , 

• 
i 
t' 
t 

/ ~" 

; 
i, -

~ 
~ 
t , 

• 

, -

," 

i~. 

i· - -
'"" ~~~.,..' ..... 

/ 

'",
"-

..... ~":", "~r....,,-; "'--~I l' -~ "r " ~ 

Q 

PIGURB 1: ScbAtJalltic d~am of an atomc beam magnet.ic 
"" 

resonance apparatwa. ' 
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The allowed tran.ition. are (hF-O, Â~.~,!l) for a w.ak 

. horÀogeneou. field and' (AmJ-il, AmI-Or or (àmJ-O, Amx-:tl) for 

a .trong field l , the.e tran.ition. Ar. in 'tha,radio-frequency .. 

ragion. .. 

The maa.urement by Jaccarino and' 1(1ng38 ~f eQq for 

the Cl atom in the 2P3 .tate (109;746t.OlO "Hz), which i. th. 
,. , 35 37 39,40 

bali. of al1 lub.equ.nt e.timat •• of Q for Cl and Cl , 

u.ed thi. method. with a ~.ak homogeneou. field.. The weak

field. ca.e allow. determdnation of th •• ign of eQq while the 
l high-field ca.e do.. not • 

cl) !Qg trom molecular be •• electr!c re.onance IR!ctEa 

Thil method i. 11mil.r to the above except that the 
r .. 

applied field. are elactric rather than magnetie. Electric 

r~nance cannat be u.ed for atome ~r homonuclear di.tomie 

ra~.~:l.. ainee ~h.y have no permanent àlac~rie diPol~ mo .. n~ 
and are ~ot deflectecS by an in~ompgeneou. alectric field. 

MoleCular eLectric dipole moment. are much larger than atomia 

m4gnetiq moment., greater aeflection. are produced an4 more 
o ' 

pracise mea.urem.nt. of the r~.onance trequency can be made. 
,ç. 

o 

Tranaition. arG ob.erve4 betwe'.n levela 'with clifferent angular, 

mo~ntum orien,tati9n. «AF,lun,) or (AmI,AmJ ) d.pendi~ on the 

homogen.oui field .trength). Th •• e oceur at radio '!kequencie •• 

, , 
~ , 

" 
" 

, f 

Bec.uae the interaction vith the electrie field beoome. 00'-

plfcated for non-11near moleculel vith permanent dipole mo .. nt.l. 

j 

"j ... . ~_.î._i'liJ 

v 

thi. method ia largely limited to diatomic •• Be.ide. eQq, for 
, .. ' 

.. 
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which thi. method yield •• ign and magnitude, the equilibrium 
f < 

internuolear di.tanoe R. and the permanent electrie dipole 

moment ~ oan b. mea.ure4. ~a1 •• r7 hal determined eaq, R., 

and ~ for HlSCl and olSCl by thi. method, eQq and ~ vere 
• 

determin.d to five .ignifieant figure., Re to .ix. Xai •• r t • 

me •• urement. are tho.e with whioh th. quantlti •• oalculated 

in thi. the.i. are oompared. Kal •• r reported an .Qq of 

-67.6189lt.00047 MHI for Hl5Cl and -67.39ll81.00009 NHa for 

ol5C1 in th. v-O, J-l .tate vlth v th. vlbrat~onal quantum 

nwnber. Ta{. J-O atate. cannat he ... a.w:ed beoau •• q averap. 

to zero over random mol.oular motion in the abaence of rota-

tion (eq. (l7». Kai.er al.o did a vibratlonal-rotatlonal 

analy.ia to obtain eQq for IIlSCl ln the hypoth.tioal v--t, 

J·0~8tato ~.tationary nuel.i), thi. valu. ahould he ind.

pendent of the H-iaotop. (and wa •• 0 tound by Xal.er to withln 
\ 

the experim.ntal uneertainty). Th. vAlu. ob~ained wa. 

-66.77511.00l0 MHz, u.inq Q(lSC1)_-.0782xlO- 24 ca2 ( ... bel~) 
j 

thi. corr •• pond. to q-3.6Jlgt.000l atomie unita (au)~ .ub-
~ ~ 

tracting the q due ta, the proton at R.-2.4087 a~4l, thia cor-

r •• pond. to an electronio q of l.4908t.OOOl au. 

e) _Qg fram microwav. rotation .Pletra 

The nuel.ar quadrupole interaction energy for a 

diatomic molecul. 1.34 

Ba- - !Qg UC(C+l)-l(I+l)J(J+l»), 
2I(2I-l) (2J-l) (2J+l) . 

(l7) 



, 

wlth 

C - F(F+l)~I(I+l)-J(J+l). 

This equation inclUd •• the averaginq of q (measured in a 
, 

~i~ molecular axis system) over the rotational motion of 

the molecule, note that for J-O, CaO since F-X (saction 2a(iv)), 

and ~hua EQ-O from (l7). In micro~ave apectroscopy the tran

sition. ob.erved, becaua. of the frequency ua.d, are àJ-tl, 

AF-O,tl. (37) give. tha dependence of the splittinqs of the 

AJ-tl line. on J, F, and IJ the int.naiti •• also depend on 

these !lWllbers42
.• Frqm ~e frequency ~nd intensity data eQq 

can be deduced. Microwave &neaaurements of eOq are inherently 

le88 precise than molecular beam electric resonanca measure

ments ainee in microwave apaetroBcopy one measuies the rola-

tively amall differences in AJ-tl transitions for different 

AF valuea; in moleculer beam electric resonance the àF tran-

sitions ere meaaured directly. However microwave apectroacopy 

la the most accurate available method for determin1nq aaq in 

polyatamic Bllecule.l • 1 A mlacule must have a permanent dipole 

mo_nt to ab!lOrb microva"... Both 81911 and maqni tude of eQq 

are determined by thi. method. Gordy and coworkara have made 

two aierowave atudie. af HCl and OCI: an early aeriea (in

cluding TCl)43-45, ~d • recent study46, the early work gave 

eQq ta about two .ignificant figure. (-68.0t2.8 MHz for H35Cl, 

-67.3t.7 MHz for D35CI, -67.0t.6 MHz for r 35Cl), the later to 
!" 

about the .. (-67.800t.095 MHa for H35Cl,,-67.4l7t.098lKHz for 

D35Cl) • 
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3. Deterainatian af the nuel.Ar quadrUfOle molD8nt. 

Koster47 has diacua.ed a.veral methods for obtaininq 

o from experi_ntal data or colibinations of experimental data 

and theoretically calcul.~ quantities, three of wbich have 

been applied to HClz 

(i) Ratio of _9ftetic and quadrupola hyperfine 

constants 

The ato~c magnetic hyperfine interaction energy i. 

47-
with C aa in (31) and 

AE - aC/2, 

(38) 

wlth \.1. 0 the Bohr magneton, L the total èlectronic orbital 

anqular mo_ntum, IJ the nuel.ar "qnetic DIOlD8J\t, <r-3> the 

-3 1. expectation value of r ,l;or the unpaired electron 91 ving r 1 •• 
48 to q, and Fr a relativlatle correction factor given by ca.~r • 

a ean be mea.ured by atomie bau agnetic reaonanc;.e. The nuc:lear 

quadrupole hyperfine interaction energy 1. (for atoma)34 

EQ- 2~I_lSJ(2J_l)(C(C+l)-I(I+l)J(J+l)1 
1 

b ' = I(2I-lSJ(2J-l) [C(C+l)-I(I+l)J(J+l») 

(39) 

/ 

, 
h 

, 
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where Rr i. another relativiatic correction qiven by caat.ir48 • 

It la then po.aible to calcula te Q without a value for <r-1>, 

which would hàve to be calculated from an atomic wavefunction, 

by the following formula 49 

2 (1J1J 0/e2I) (L+l) (2L+l) Fr 
Q ( ) (2) i 

• J(J+l) Rr a 
(40) 

b and a are bQth m.aaurabl. by 

Davi. et al. 49 have queationed 

for large nucl.i, and Xoater41 

atoaic beam magnetic re.onance. 
... -l' 

the reliability of the Fr factor. 

ha. examined th. po.aibl1ity 

that more than on. Slater d.terminant 18 nece •• ary to 91ve Q 

accuratelYJ (38), and th.refore (40), are alterad upon incluaion 

ot CI (aeetion 19). Thu. although (40) la attractive beeau •• 

it circwmventa calculation of <r- 3
>, it i8 of doubtful relia

bility. 
35C1 in 

2 cm • 

Jaccarino and Klng38 used (40) and their eQq valu. tor 
the 2P3 etata to calculate Q(35C1 )_(-.07894t.00002)KIO-24 

2' 

(il) Ratio of fine atructure eplitting t~.quadrupol. 

hyperfine interaction. 
, 

The fin •• tructure aplitting 4 (en.rgy •• paration 

between the two allowed J valu •• for an atom vith Set) can he 

expre •• ed41 

(41) 

vith Zi an eff.~tive nuelear charge deflned by cast.irSO , and 
, 48 

H; ~ relativiatic correction (ml) given by Ca.i.tr • (41' and 

(39) 9ive 
( 

Q - (~/6) (llJ~/.l) «2L+l)/2L) (Hr/Rr) li- (42) 

'':7 _ 



Again <r~3> 18 not nead.d, but Zi must be 8ati .. ted. xoater48 

has qiven a method for eatimAtinq li for Cl, and alBo shown that 

the cancellation of <r-3> in (42) ia to a first approximation 

unchanqed by inclusion of CI, unlike (40). Usinq the data of 
• 

Jaccarino and Kinq39, Kaster recalculated Q(3SC1 ) by (42) and 

obtained -.0792xl~-2~ em2 (no uneertainty qiven, but ~.y3 

qlveB ±.0002xlO-24 cm2). 

(ili) Direct calculation af <r-3>. 

-3 If one can calculate <r > for the unpaired ~lectron 

in Cl, it can be used in (39) wit~ the experiment.l valua of 

b to qive Q directly. Korolkov and MakhanekSl have calculated 

<r- 3> for p-electrons in aeveral atoms by a modified~oma.

Fermi methodS2 ; their <r-3> and the b of Jaccarino and Kinq 

qive OC 3SCl)_-.0793xlO-24 cm2 : 

Note that methoda (ii) and (iii), which abould be 

more accurate than (i), qive O(35C1 ) lowe~ and higher in 

absolute value, resp8ctively, than (i)1 thus the exact valu. 

of Q(3SC1 ) ia still an open queation. However Methode (1)-(11i) 

all assume that q ia due only to a 8ingle electron'or hole 

outslde apherical cl08ad ahell., these shella not contributing 

to q (Chaptera III and VII). However Sternheimer53 pointed out 

,that the a.pherieal electron distribution outside the cloaed 

ahella distorts them so that they too contribute to q (Cbapter 

VII). Sternheimer40 ,SS,56 ha. calculated faetor'. by whieh 

values of Q calculated neglact1ng th1. affect should be aul-



• - .;l 

tipliedl the mo.t recent1y cal~u1ated value for thi. factor 

for Cl i8 1.04540 • U81ng thi. factor Sternheimer40 obtained' 

a corrected Q(35C1 ) of (-.OB249t.00002)xI0-24 c.2 , Sternhei .. r 

uaed the Jaccar1no and King value of (-.07894t.00002)xIO-24 c.2 
• 

(method (i)) a. the uncorreoted Q. The uncorrected Q'. of 
"'-

,I~ Koster and of J<orolkov and Hakhanek (methoc1a (i1) and (ii1» 

give corrected values of -.0817xIO-24 cm2 and -.0829x~O-24 ca2 

reapectively. 

It i. not the place here to·propo.e valuea for Q(l5CI), 

for compar1aon with experiIMntal ICoster' ft method (ii) value of 

-.0782x10-24 cm2 i8 uaed without the Sternheimer correction 

throughout this thesis. This value was recommended by Ramaey3 

and used in the major fj'xperimenta17 and theoretical54 atUdi •• of 

HCI. However the 4.5' change in Q induced by the Sternhei .. r 

,-bffect should be kept in mind as another uncertainty added to 

the published uncertaintie. in q a. calcu1ated trom eQq meas

urements by Kaiser7, who purpos.1y did not include the un

certa1nty in Q in hi. uncertainty eatimatea. 

4. Previous investigations of a .imilar nature 

Only one prev10us deta1led ab-initio atudy of the 

EFG at th. Cl nucleus in HCI has appeared, a bIo-center double

aeta ~TO (two STOl. of different t for each (n,t,m) combination) 

57 atudy by Sc roc co and To ... i Their analy.1. wa. in terms of 

bonding between H and Cl atoma and atudied the deqree of par-
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t1'o.tpat1on 1n the HO'. ot ba.i. orbJ.tala telntere4 on H, 1n 

the aaloulatian. of th1. th •• i. al1 b •• i. o~bital. are a.n-. 
t.r.d on Cl and the Hel mol.oul. 1. vi.wed more n •• ~ly a. a 

-Cl ion'perturbed by the proton. Thui th~, WO~k, do •• not ••• k, 

to ravi •• th. pr.viou. work, but .tudi •• th •• am. p~obl •• by 

diff.rtnt teohniqu ••• 

. 
All oaloulation. ~.port.d in th1. th •• il wert don. 

in double pr.ei.lon (-li .lvnif1eant figure.) on th. lIN 310/75 

computer at the Meal11 Univ.r.lty Computin9 Centre. 
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58. l'or Any wavefW\ctJ.on 'ta' < •• )R.'t.> .1., vith 1. the 

tru. electron10 energt, but if • a ia an approxiMte 

"avefunot1on Obta1ne4 fro. an approxl .. te alectronlc 

Kamiltonlan Ka (a. i. the o... ln .,.t -approxi_t.-

t 

• 
MO m8.thod.), th.re ,1. no vuarant .. tbat <+.IHal+.>. 
whlch 1. u.ually tak.n •• the axpectatlon value of th. 

eleotronle .nergy, li •• above B._ 
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CHAPTER II; One Center Expansion - Self Consiatent Pield 

Calculations of HCI 

• 
Solution of the Hartree-Pock-Roothaan (HFR) equa-

, 
tions (Chapter 1) ia considerably simplified (cf. section 2) 

if the basis orbitaIs ~i are centered on the aam8 point. 

Wavefunctions in such ba... are One Center Expansion (OCE) 

wavefunctions. An OCE basis is appropriate either when the 

molecule has hiqh symmetry about a point and no inner-ahell 

electrons except at that point (e.g. CH4
1 or NH3

2), or when 

one ia interested in a molecular property highly depandant on 

the electron distribution near one point. The calculations 

reported here fall into the latter class. As an OCE 'basls i. 

increased, it can approach a complete set3 ,4 (one able ta ap-

proximate any spatial function arbitrarily closely); thU8 the 

OCE wavefunction can in principle approach the Hartree-Pock 

(H-F) wavefunction, although in practice OCE bases are of 

limited size and far from complete. 

The property of interest bere is the EFG at the Cl 
2 l nucleus in HCI, the oparator for which is (3008 8a-l)/ra ' 

with r the distance from the Cl nucleu8 and 8 the angle froa 
~ Cl 0 

the princ\pal axis of the EFG tensor (Chapter III). This oper-

ator is large for small values of ra' so electron denaity near 

tne Cl nucleus iB expected to dom.inate the contributions to 
~ 

fhis property (Chapter V). Thus it 18 1ike1y that an OCE ~.i. 

for Hel centered on Cl could approximate thi. property weIl, 
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• ince a large OCE basla ia very flexible near lt. center. 

An OC! calculation of Hcl in a ba.ia incluc1inq 71 Slater

;yp8 orbital. (STO's) ha. been done by Moccia5, and indeed 

the reported EFG aqreed with th. be.t experimental value 

available at that time6 to within the expe~imental uncer-

tainty. It wa. decided to repeat th!. calculation to atudy 

the relation of th. eleetron di.tribution to the EFG. 

However, becau •• in the Moceia calculation the 

elactron repulalon lnteqrall ~ere .tored only to 6 liqnifi-
~Ii! 

i 7 i i .. J;;":lJ. h cAnt f qur •• , wh le no,,",. t ey were stored to 16, the oc-

cupied MO's with hiqher aigenvalu •• , which ara th. mo.t •• n

sitive to chang •• in the integrals (section 5c), differed 

enough in the two calculation. to qiva a differance in the 

EFG of 6'. A 6' differenca trom the experimental valu. i. 

les8 than that from the two-center double-t STO calculation 

of Sc roc co (8' error)8, but greater than that trom the ex

ten.ive two-centar ab-initia STO calculation. of HCl (1'-2' 
" 1 

error) 9, O. Thu. the problem becomea one of detarminlng why 

Moceia' s basia giv •• a la •• accurate EFG than tva-center 

\j 

" , , . 

ba ••• whieh inclueS. fever orbital. on Cl, and of conltructin9 " 

an OCE basis more Acourete for thi. property. The.e que.tion. 
,\1 

are examined in J.oter cha~ter., thi. chapt.r da.erihe. OC!! ..... 
. 

wavefunctions and prelents tho •• calculated in thi. \rork. 

. 
1 

!. 
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1. Types of OCE wavefunctions 

o 

Most OCE wavefunctions fall into one of two clas-

ses: (1) configuration interaction wavefunctions ... ~OCE-CI), , 

which are ~inear combinations of Slater determinants formed 

from orthogonalized atomic basis orbitals, or (ii) molecular 

orbital self-consistent field (OCE-SCF) wavefunctions, which 

are RFR wavefunctions in an OCE basis\~ There is current work 

'both with OCE-cXll and OCE-Scr2 wavefunctions. S01l8 cal-
, 12' 

culati~ns use both procedures , vith a single deteradnant 

optindzed by the HFa procedure ana other deterDdnanta cons truc

ted with the unoccupied HFR orbi tala. For reason. d •• cribed 

in Chapter l, the OCE-SCF method was chosen over OCE-ÇI for 

this work. 

2. 
r 

Character;stics of the OCE-SCP method and wavafunctions 

a) Computation.l 'advantaqe. 

Only if OCE-SCF calculations are simpler or quicker 

than many-center calculations of comparable accuracy ia tbeir 

use justified. However all electron repulsion int.grals in an 

OCE-SCF calculation can be evaluated quicklTcompared ta the 

multicenter integrals which arise otherwisê. In a two-center 

STO basis for a diatomic'molecûle, for example, if the orbital • 

• p' +q' tr' and +s in the electron repulslon integral 

[pqlral 

Â:i;.~iir.-.1I.' 01 1. .... _1... 

i , 
'" 

~1 
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J 
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are nat cent.red at th. aame point, the praduct. of th. O~-
-1 bital. and r 12 .mu.t be expand.d either in an elliptical eo-

ordinate ay.tam1l ,14 or a .ph.rieal .y.tem on on. 'of the 

cénteralS • The expan.ion ia integrate4 teFm-by-t.rm, the proe

o.s ia lengthy becauae th •• erie. oonverge. ~ly. 

In an aCE-SeF calculatian, the orbital product. and 
-1 t , 

r 12 are .xpr •••• d a. finite combinatians or produet. of apher-
; 

ical harmonica on th. .~panaion cent.r~ bec~ua. ~f th. proper-

ti •• of int.gral. aver producta of .pherieal harmonic.16 many 
~ 

tora. vaniah upon integration over the angular coordinate., thu. 

the.. integrala are evaluated much more rapidly in aft OCE ba.i •• 

The number of non-zero .l.ctron repulaion tnt.gral. i. al.o 

subatantially reducedl becau •• of th •• ymmetry of th. apher

ical harmonics, about 85' of the possible lntegrals vanLah, for 

typlcal many-cent.r calculationa thls fraction i. l •• s than 

So,,17. 

Another advantage ari.ea in calculating OCE-SCr 

wavefunctiona at a .eri •• of int.rnuclear di.tanc... Sinee 

[pqlra) ia ind.pendent of int.rnuel.Ar distane. if all orbitala 

are on th. same cent.r. a chang. in lntemuel.ar diatance vith

out a change of basi. require~ no racaleulation of th. [pqlra). 

Soma nuelear attraction integrala muat ~. recalculated, but 

thea. are fev compar.d to th. (pq 1 ra ) • In a two-eentar ba.ia 

all [pqlraJ involving both cent.ra must ha recalculatad at 

each internucl.ar distanc •• 

r 
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• b) L,station. 9< th, ,pcs:'scr \tIaD'MotlaR" 

~he e.aot wolecular'.lectron10, aati.fi.a the 

Schr0e41nver equatLon, 

(1) 

vLth 1, j labelLn9 electrona and CI labellog nuole1 (Chapter I). 

At nuol.u. CI, vh8re r iCi vani.hea, '" 1. multiplied. by ai, inU,nJ.,te 

faotor on the left of (1). lt ha. b .. n .hown18 ,19 that if the 

rat.io N.I. (18) ~1. to reuin fLnite at r 1«-0, • mu.t .ati.fy 

(2) 

-vit.h • the Avera,_ of .. ov.r A .ph.re of rad1u. ria- (2) i. 

called the cuap'oon41tlon on ,20, for non-•• rO ,(ria-O), (2) 

lmplle. a dl.continuity in dlreetional derlvatLve. of • thro~gh 

21 
the point rLCI-O • 

Con.l4er an OCE b •• ~. eompo.ed of 8TO·. 

vith N(n,,) a nor.ali.ation factor and S'm(e,.) a .pherie.l 
-' . 

. ;). har.,nic (a .. belov). If the ba.i. ineluc1e. STO·. vith n-l, 

th. OCE va"funetion can .atLafy (2) if a i. the expanaion 

center, .inee for n-l, (a.1,3r)r_O • -CN(n,C)Slm(O,O)~O. If CI 

ia not the .xpan.lon center, (2) cannot he •• tlafie4, ainae 

( 



/ 
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• 

directional derivatives o~ (3) are continuoua everywhere but 

r-O. lIowever if enoucjb basia functiona are includad the OCI 

wavefunction can approximate a cusped funetion arbitrarily 

closely at an off-center u. 
• 

Another queation ia how vell an OCS-SCP wavefunction 

accounts for the energy of attraction between the .nuclei and 

electrons and the energy of repul.ion between electrona. The 

potential at a point r-(r,8,.) due to a nucleus u is 

(4) 

wlth Z ... the nuclear charge and r the distance of r frca u. ...,- u 
( 

Va (r) can he expanded (Appendix 1), 

(5) 

with (r<,r».the (lesser, greater) of (ru,r), and Ga,ta the 

angular coordinatea 'of a. 'rhe attraction betveen the electrona 

and nucleus a in the H-P approxt.&tion ls 

(6) 

by Ch~pter l, equation (23). ~ach t k ia expanded in ter_ of 

the basia orbitais, ~ 

'. 
~ ., 
"; 
~~ 

.~ 

< " .. ~_:~~.é.i.J 
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.~ith .1 9ivèn by (3). Th.n (6' can be expr ••• ..s ln t,ru of . 

'inte9l'all of ... the form 

('7) 

wh.ra St m (0,.) and S, • (8,.) are trom balie orbitale and 
i i j j 

S'm(O,.) from (5). The exact fora of the radial lntevrand. 

9(r) i. not important. The an9ular intevrai in (7' 1, •• ro 

unle •• l ' 

Ind (a) 

Thue ln an OCE b.li. terma in (7) vith 1. larg'er than t.,ioe 

th. larqe.t '-valu. ln tha ba.i. vanilh. Il orbital. are 

inoluded on another eenter, thair expan.ion in tor .. of .ph.r

iOll harmoniel on the fir.t cent.r i. lnfinit., th.re would 

th.n b. no larva.t 'i or 'j in (7). Thu •• two-oenter ba.i. 

·do •• not re.ult in n'V1ect of hi9h.r l-ter .. ln (~), .0 re-
, ." 

.trlctlng th. ba.i. to • finita •• t on one center cau ••• trun
) 

cation ol th. off-center nucl.ar attraction .nergy. Bi.hop ha. 

dileu ••• d th!.·. 

Similarly, the electron repul.ion operator rï~ can be 

expanded 
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with (r< ' r» now the (le ••• r, gre.ter) of (rl ,r2). in eval-

uatinq (pqlrB] terms ariae containing the factors 
\ 

" 
and 

the product of th ••• vaniah.s unle •• 1 +1 ).> t and .. +1. }o 1, 
P q r 8 

sa there 18 a180 truncation of the eleetron repu18ioD energy 

in a finite OCE baaia. In a given baaia the.e error. can he 

redueed by adding orbitals of hiqher 1. 

Despite the.e limitations the OCE-SeF mathod vas 

chosen for this work becauae of the computational advantag •• 

and becauae the OCE-SCF wavefunction has the proper bebavior 

near the expansion cen ter. 

3. Choie. of basis 

The general form (3) of the STO contain. the apher

ical harmonie S lm (a , ~). A spherical harmbnic is the procluct 

of a a-dependent and a t-dependent factorJ normalized a •• o-
" 

eiated Legendre polynoDdals are chos.n aa the 8-depeDdent 

partl3 • For the t-dependent factor thera are two c~n 

choiee.: the eomplex functiona exp U"lt22, or th. real func-. , 

tions sinlmlt and coalml.13 ,23. For thia work th. ra.l func-

tians vere cho •• n becaua. they lead to Fock .. trice. (Cbap-



l' , 

ter 1) wi~ real elementsl with complex orbitala the Pock 

matr~x i& in 'general o'omplex. Complex matrices hava two 

-
disadvantagea: they require twice as much oomputer ...ory 

1 

as the correspondinq real matrix, and many matrix diago-, , 

nalization methods24 are reatricted ta real matrice.. Por-

mula. for the real spherical harmonics are given in Ap· 

pendix 1. 

Yet to he determined are'the number of ba_i. or-

bitaIs and thair n,t,m, and C parametera. For an SCP ealeu

la tian of HCl the necessary m-value. can he determ1ned ex

actly. Consider HCllwith Cl at the origin and the proton on 

the +z-axis. The MO structure of HCl is25 (lSO)2 (2.0)2 

(2po)2 (2pw)4 (380)2 (3po)2 (3pw)4. AlI MO's are .itber of 

the a or, à w type. T,he a MO' 8 depend upon the angle • abqut .. 

the z-axis in the same way a8 doe. the +-factor of a' .phar-

1cal harmonie with m-Ol the w MO'. have the +-dependenae~Qf 

a. apherical harmonic with m-:tl. Thua the +-dependeJice of aIl 

MO's of HCl i8 qiven eorreetly.by A basis incl~in9 STO'. vith 
') 

only the three m-values -1,0, and +1. 

No limit can he plaeed on the n- or l-valu •• needed. 

The n-value~etermine. the sharpnes& of the radial peaking 

and the 1-value'the sharpne •• of the angular peaking"higber 

values implyi n9 sharper peaking for bath. For n > l, th. ra

dial faetOlt of an STO, 

.. (9) 

". 
~~ 

~
::. 
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vaniahes for r-O and approachea 0 as r + fIG, with a IllAximum 

at a point rmax·in between. A rneasure of the aharp-

ness of this maximum i. the width at half-height of (9), i.e., 

the distance in au between the points less than and greater 

than r max at which (9) has half its maximum value. Dif

ferentiation of (9) qives 

r max • (n-l)/~, (10) 

with r max given in au. Table l lista the widtha at half 

height of the radial function (9) for values of n from 4 ta 

• 20 and r max.2.4l au (ta 2 decimal places the èquilibrium 

internuclear distance R for Hel). These values are ta be e ~ 

compared with a similar value for the la orbital of H, sinee 

one adds orbitals to an OCE basia for Hel ta approxima te 

electron density at the proton. The radial part of ~~e H 

la orbital is r 

!ii(r) • exp(-r), 

which falls ta half its maximum value (rmax·O) ar r-.69'au, 

and the quantity correaponding ta width at ~alf haight of 

the STOls on Cl ia twice this, 1.38 au. Table l shows that 
-

this sharpnes8 i8 attained only for n ~18. Even thi. peakinq 

ia illusory, for it ooeurs i~ aIl directions, thou9h needed 

only at the proton26 

" 
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·n width IAU~ 
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c4 3.32 
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Il 

',,;, '0 

5 2.87 

6 ~'56 

7 2.N 
, ' 

, . .. 8 2.15 ----. 

'. 9 2.00 '* t;' 

'. . -
10 1aiO' 

11 11 • 1.80 . 
, . 12 1 • .:72 

,-

, e 13 1.'. , 
4-

14 1.57 
.. 

~ 

" 
~ 15 1.52 

• , 
16 1.47 

17 1.42 

- 18 1.37 
~ 

l' 1,34 ... 
"-

20 1.JO 
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In practice orbitaIs vith n-18 are not used in OCE 
l bases1 in one approach n- and t-values are aelected by con-

h7 

- structing normalizèd OCE-MO's to IMximiz~verlap vith "MO's 

from existing tva-center caiculations,. and determininq the n-
l'' 

and t-values necesaary to give an overlap close ta one, selec

tion of the exgbnenta t is then don. by minimizinq the molec-

ular energy in a series of calculations. 

Another approach (that of the preâënt vork) la ta 

staJ:t (in the ca •• of HCI) vith an accurate publiahed basia 
, '27 

for Cl in a tva-center calculation of Cl2 and add orbitaIs 

.' ,. to approximate the elactron distribution near the proton. The 

basis enlarqamant procass is ~ported in Chapter III, .ection 

4. A rather small basis con.tructed. in ~.is vay yielde<! a 

lover molecular enargy and several molecular prope~ti •• closer 

to the H-F limit for BCI than the 71-STO basis of MocciaS • 

Properties calcu~at~ in this basls are preaented latar in th!e 

chapter. 

Moccia developed a very large OCE basis for Hel by 

the firet approach over a nu.ber of year. l ,5; this ba.l. is 

listed in Table II, vith n,t,.,t, and r max vÂlues. Th. b •• ia 

includes 71 orbitaIs, but only 51 are lieted bacaus. for each 
"-

orbital vith .... 1 there is another vitb identical n,t, and t 

but vith m- -1. A ailllilar convention is' foliowed later in 

listing 11' J«)' a. 

OrbitaIs 1 through 9 are assentially a triple-( eet 

of ls, 2a, and 3. orbitaIs (3 t-values for every n,t,. oo.,i-

/ 

o 





r' .. ,... -;" ~ ~--~ ~":J :r,.. 
"'- "C,""",<"' '~~ ,', • '1. ~....... ..~'\ 

" ' . .c, ~ ~~ 

~~ "1 

~. 1 , 
t~ TABLE II: (cont 'd.) l ï 
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~, a orbitals n m ~ r .... x(·u) 
:: 

'. " , • 
, 

22 4\ 3 0 1.675 . . 1.791. , 

23 . 4 ". 3 0 2.125 1.41:2 

~ 24 3 0 3.419 2.340 

" 25 5 4 0 2.000 2.000 

" 26 9 .. 4 0 3.419 2.340 

27 6 5 0 2.136 2.341 

28 g-. 5 0 3.419 ~2 .340 

29 7 .6 0 2.564 2.34C) 

30 9 6 0 --a. 419 2.340 

31 9 7 0 3.419 2.340 • 
11' orbitals n 1 Dl ç r ... xSau) 

32 2 1 ,1 8.990 0.111 

33 2 l 1 5.720 0.175 

34 3 1 1 4.330 0.462 

35 3 1 1 2.340 0 .. 855 

~6 3 1 1 1.270 1.575 

37 6 1 1 2.137 24340 
.' > 

~ 

38 9 1 1 3.419 2.340 

39 3 2 1 1.700 1.176 

40 3 2 1 1.100 1.818 

' . 41 4 2 1 ~1.200 1.667-
(" • '. .~ oontiniaMI . 

..~ i.:. 

l 
<# 

.J ' , . . '...., 
.. n , ' "' l" !;.. , '!..' .. ' , 

... _," -"~ .... • ~ •• ~""" ....... ,.~-:10 _~.u~ 



TABLB II: (cont 'd~) 

• " orbitals n 

42 7 

43 " 
44 " 
46 7 

46 5 ., '. ." ~~ 

47 9 
.: 

.J 
, 
, 

6 

.' 

~ 
48 6 

r 

~' 49 9 

\ 50 8 
~ 

',-.. .. 51 . 9 
'f • - •• 

.t. 

- . 

-
o 

1. 11\ t 

2 l ,2.564 
, 

3 1 1.600 

3 1 1'.100 

3 l 2.564 

" 1 1.500 

" 1 3~419 

t 1 2.136 

5 1 3.~19 

6 l ) 2.990 

7 1 3.419 

~ 

.. 

ruxt.au) 

2.3~0 . 

1.875 

2.727 , 

2.340 

2.667 

2.3~0 

2.341 

2.340 

2.341 

2."3~0 

, J 

,~ 

, , 

, 

. " 

.; 

Q 

1 
-, 

.' - ., 
~, 
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nation). A 9s orbital vith r max·2.34 au (orbital 10) i. added ~ 

1 
for electron density near the proton. The pa orbitals 11-17 fol- -,, 

low a similar pattern, but vith two 2pa and four 3pa orbitals 

included28 • Beyond this point the a-orbital pattern ls le .. 

simple; for 1 ~ 1" 3 two orbitaIs of the minimum n (-1+1) and 

at least one of a higher n for density at the proton are 'ad-

. ded. For 4 ~ 1 -{6, there is one orbital vith n-t+l and one vith 

n=91 for 1=7, the highest included, there is only the n-9 or

bital. The n orbitaIs follow a similar pattern (8 orbitals 

are excluded from the w set by symmetry) vith one less t-6 

orbital. 

The w set is almost as radiaIIy flexible as the a l 

set; although there are 31 a-orbitaIs and only 20 w-orbitals 

for each œrvalue, 10 of the a-orbitals are s-orbitais «(nO). 

For t )rI there are 21 a-orbitaIs and 20 w-orbitals, and the 

orbital of largest r max (orbital 44, r max.2.727.au) ia a w

orbital. 

Tvo major criticisms can he ~e of Moceia's basis. 

It vas too costly"to enerqy-optimize the t of the whol. 71-STO 

set, so 43 orbitals vere first seleoted and the enerqy mini

mized vith respeet to the C of these orbitalsS: then several 

unimportant orbitals vere disearded and orbitals vith hiqh.r 

n and t added vith exponents chosen to put r max near the proton. 

No reoptimization of exponents vas dQne after addition of th ••• 

orbitals. Sinee saveral of the MO's involve the high-n basis 

orbitaIs heaviIy (Table V), it i. likely that the rol. of 80me 

, 
'~ 

411
', .. 

, 
!~ . ..!. 
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orbitale of Uhe 43-orbital let with low expon.ntl (i.e. 

higher r max) il now tak.n by orbitala with higher n, and that 

th. charge diltribution would ba batte) àpproxim~t.d if the 

axponent. of lome lower-n orbital. wer.·inoroa.ed to provi4. 

flexibility in the intermediato region of .paoe. 
, 

How.ver, 

adju.tinq the orbital exponentl would r.quir. much computer 

time, 80 the rGoptimization "of th. 7l-STO •• t wa. not under

takean in thi. work. 

A aeoond oritioi.m of Moooia'. b •• i. i. the large 

numbar of n orbital.. Sine. mo.t of th. bonding in HCl in

volvel a orbital. (in a minimal two-center baai. for Hel, for 
., 

example, no n orbitala are included on Il), lt .e.ma more af-

ficient to leav~ th.'n baBia at roughly the .ia. n.c •••• ry for 

an accur4te calculation of the Cl- 10n and mat. moat of th. 

otbital addition. ta the 0 .et. Allo in order ~~ induee 
" 

arti~ficial teviation. from .ph.rioal ayrnmetry in 11)'. de.crib-
~ f 

in9 inner Qlectron Ihell. (Chapter. III and VII) it i. ~.-

portant ta have the .xponent. of, for ex.mpl.~ ,th. ipw ba.i. 

o'l"bitals equ.il or very. n •• rly .qual to tho •• of th. corr •• pond

ing 2pa set and allow th •• mall polariaation ta be, produced by 

diff~rence •. in the MO aoeffici.nts, whioh is po •• ible •• long 

a8 there la more th an o'n. 2p orbi tal of aach .ynimetry. The 

basia of Table II, however,haa c1ifferencèa of up to .1 betWHft 
t 

correlponding 2pa and 2pw exponent.. A calculation of Cl- in 
~ 

th!. basi. (Chapter III) produoec1 a charg. diatribution vbich 

c1eviated aiqnifieantly from .pherical .ymmetry. ' " 

1, 
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The bases developed in thi. ,work 1 (Cbapter III, 

section 4) were constructed by addinq orbitals vith n-' and 

r max·2.4087 au to the Gilbert-Wahl (GW) basis for C12
27 , 

vhich vas developed frOID the basia for Cl of ~gua2'. The 

largest basis uaed (29 STOls) is given in Table III. 

4. Evaluation of electronie integrals 

Sl 

Ln Chaptar 1 the types of electronie integrala over 

the basis orbitals which arise in HFR calculations vere de-

fined. Techniques for evaluation of all the integrala wbich 

oceur in an OCE-SCF calculation are well-known because they 
22 arise in atomic calculations except for the off-center 

nuclear attraction integrala30 • The Integral routines used 

in thia work were written independently and vere de.igned ta 

be completely general; tbera i8 no limit to the size of the 

n,t,m, or t parameters which the routines can handle except 

the large.t number wnich the computer can repreaent. 

\ It is important that one who write. routin •• for the . 
avaluatior of electronic integrala prove the accuracy of the .. 

routines, ainee the molecular energy and MOis are seriously 

affected if thera are errora in Integral evaluation31 • To 

this end derivations of the Integral formulas are given in 

Appendix 1 vith comparisons- between tntegrals evaluated by 
, i 

these routine. and publiahed values. 

") 
-j 
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TABLE III: GW+9 OCE basla for Hel. 29 ST<>' 8 , 19 U' "orbi tala, 
i es. pairs. Bas.l. developed fX:01ll C12 bas!s of Gilbert and Wah137 • 

A 

/' 

_o_o~r~b_1~ta~1=a ____ n ________ t ________ <m~ ________ ç~ _______ r~max~ 

1 

2 

3 

4 

5 

6 

7 ~ 

8 

9 

10 

11 

12 

13 

loi 

15 

16 

17 

18 

19 

1 

2 

2 

3 

3 
2 _ 

2 

3 

3 

3 

9 

9 

9 

9 

9 

9 

9 , 
g 

o 

o 

o 

o 
o 

1 

1 

1 

1 

2 

o 

1 

2 

l 

4 

5 

6 

7 

8 

o 

0, 

o 

o 

o 

o 

o 

o 

o 

o 

G 

o 

o 

o 

o 
o 

o 
o 

o 

18.424 

16.187 

6.092 

2.608 

~' 1.597 

10.267 

5.608 

2.608 

1.463 

1.943 
- ' 
3-.32129 

3.32129 

3.32129 

3.32129-

3.32129 

3.32129 

3.32129 

3.32129 

3.32129 

.' 

contlnued 

0.000 

0.062 • 

0.164 

0.767 

1.252 

0.097 

0.178 

0.767 

1.367 

1.029 
. 
2.4087 

2.4081 

2.4087 

2.4087 

2.4081 

2.4087 

2.4087 

2.4087 

2.4Ô87 

>, 

.', 
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5. Orqani •• tlon of th. ser caloul.tion 

Th. 90mput.r program. u •• d ta portorm th. aalou

lation. ar. liited in Appendlx Il. In th. pr ••• nt •• ction 

.ame gQneral probl.ma whiah ari •• in pertormin9 clole4-lh.ll 

" seF calcul_tion. _re 4i.cu •• ed. 

a) Orthonormalil.tion ot b.ii. 

nootha.n t •
l2 aaaptation of th. n.rtr •• -l"ook equa

tion. r •• ultl in the mat~ix .quation (Chapter 1), 

FC • SCE, (l1) 

with F the Fock matrlx, eth. co.ffici.nt matrix ot the MO'" 

S the overlap matrix of th.:bali ••• t, and B th. di_iOn.1 

aigenvalu. matrlx (Chapt.r I)~ 

Eaoh it.ration of the scr proe.a. lnYo1v •• on. aolu

tiOK of (11), findlng C and E glven F and S. (11) oaanot he 

aolv.cS direotlYI how.v.r if th. ilxn matrix A ha. an inver •• , 

(11) can be rewrltten 

t multip1ylng bo~h .~de. on th. 1eft by A , 

A i. complex) OOnj~9at. tranapol. ot A, 
, 

"1 

Suppo.e A has been chos.n 10 that 

J 
th. tran.poa. or (if 

(12) 

(il) 

with 1 the nxn identity matrix. 'Th.n, d.fin1n, P'-AtpA and 

, , 
~, 

,.~J 
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, -1 
C -A C, (12) beoome. 

., , 
F C • C B, -,. 

or 

C '-IFe' • E. (14) 

• Sinee F ia symmetrio, C oan be found .uoh that E i8 diagonal 

and real and C' i. unitary (i.e. c-l.c~)JJ. Efficient oom

puter routines exist whioh find C' and $ in (14)24. 

Thu8 the problam ln aolving (11) i. fi~4ing A auch 

that (13) is aatislied, whloh 18 equivalent ta ~ran.formin9 

the qiven basia to an orthonormal set (?ne;who.e ovarlap ma

trix i8 the identity matrix). Thera are sever al ways to do 

this 34 , the method uaed here ia the Lowdin Orthoqonalized A

tomie Orbital (OAO) method35 , which consists in taking as A 
. 

the matrix 

, 1 

(15), 
~ 

/ 

with U a unitary matrlx satiafying 

(16) 

with D diagonal. D- j i. a diagonal matrix who •• non-zero 

elements are th. reciprocal square roota of ~h. èorr •• pond1ng 

elamenta of D. Substituting on the 1eft of (llJ, 

. ", 

~ .. 



RO (11) i. Rfttiafiad. • The cmly pOlsIbl. problem with thi. 

method 1. that if the baui. 1. or-il néArly lin.arly d.pend.nt, 

tha diaqonalllatlon (16) giv •• An ln.oour.ta matrlK U. Prob. 

loma of thl. kind w.r~ not enoountered ln thi. work • 
• 

b) !nlt~at.lon.. o.f.. \:h~t. ~\:!Sl\t~v- R!:9011!! 

8ino. th.·.lem.nt. of th. rook matr1x (Chapt.r l' 

d.pend upon the MO oo.trioient., th ••• oo.ffioient. NUit b. 

qUQa.~ to atart the iterativ. proo.... ln thl. york th. 

publiahed MO cO.ffioient. of Moool.5 wera uaed to initlat. 

th. l\-S'1'O caloulatian., aaloul.tion. ln th. QW ba.i.21 "'ere 

inltiatad with the MO coefficienta ot the Cl- ion ln th!. 

balia, .wltien it •• lf wa. initiat.d by .imple qu ••••.• of orbit

al oocupanoi •• in th. ion. Calouletion. in the enlarte4 ON 

ba ••• (Chaptar III) w.re Initiated with th. oo.fflo~.nt ma

tricee of the previou. mamber of the .erie.. Ono •• n initial 

C 1. provid.d, th. lterativ. prooal. Invo\ve. con.truatin9 r" 
, 

from C by the formula. of Chapter l, tran.forming to the ortho-
• • normal .et ta qlve F , dla9Qneli.lng to Vet C t tr.n.tor~n9 

back to C, conltruct1nq a new r, and continulnv the proc ••• 

unt!l it converqe •• 

c) Convergence cr1~erion for the iterat1va prooe •• 

ln the iterativ. proe ••• on. record. chang •• in a 

relavant quantlty from one iteration to the n.xt, aoceptinQ 

the proce.. a. convar984 when the ahan98 falla baient • choa.n 

limit. For an.SeF aalculetion one can ch.ck chan98. in the 
" . 
, 
, < 

~ 

,J 
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• 1ectronlc enerqy, 

fCcalg(j ... t ~ ~ l' lj (Hij ... r ij) , (17 ) 

\IIlth r ij' Hij , and li' ij .leunllnt, ol t.h .. fir,.t-order denaH.y, 

one-eleotron Ila.mi.ltonian. and rock ",atr1.(! •• ra.paoti vely 

(Chaptor t). Th. Rum. rang. oYat ba.i. orbit.al.. Th. fir.t 

convergence criterion u •• d in thi. work: wa. that the l'el." 

t:.iw change tn Esleo batwa.n the i-t:h allcS th. i.l-It it.ara

liona b. 1 ••• then .5xl0·1l , i.e. thftt 

\ 

AE1/Ei - IEi+l - Eit/~l < .5X10-l~, 

,'h1. 18 4i\qulvillent to raqulring U lionifieant fiqur •• ln the 

~loclronic ~nerqy. 

It wa. found that Iven when th1. orit.rion wa •• a-

t i.llfiad. thé eiqenvalue and co.rU,oient. ot the hi9h •• t 00-
, 

cupied MO still chang,d in th. fitth fioure. Storinq a whol. 

ooèfficient matrix from it.ration to it.ration i. oOltly of 

computer m.rnory, '0 the followlno proo_dure 'lia. u •• d. 'l'he 

enarqy criterion of .5xlO-1l wa. chegk_d un~ll .at1.f1ed. 

Thar.alter the relative change 'in th. eigenvalu. of the hi9he.t 

occupiad MO wa. checked until it fell below .SxiO·'. Bxp.

riono8 hal shown that the MO ooaffioient.,ara acour.te to the 
".. . 

• ~me number of decimal plaoe ••• the oorr •• pondlnq .l;env.lu •• 

The coefficient. of the hlgh •• t ocoupled MO tend to be th. mo.t' 

mobilo trom it.ration to tteration fo~ th. followin9 re •• ona the 
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BUdoe •• ive U:erftted "o~k mat::.rl~e8 08n be t10tualdered ".t .... 
turbatiunà of the final FOdk ~atri~, the n~th elqenvedt~~ at 

any ite.ratlon ~an then be 8stlMted ~o firRt urder from thé 

corr8.pondin~ converqed eigenveotor by Rayle1gh-8ohroldinqsr 

perturb"{iOn thaoryl6. 

. ... .n ft 'n + r. 
m,ln 

+ ••• , (18) 

.' 

wlth .: the converqed n-th eigenvector of rand r!!) th. dlf~ 
e 

ference between Fmn at aelf-~onaistenoy and Fmn et a parei~ul.r 
" . 

lteration. En And gm are eig.nvA1u.s of the oonverl1ed .1g.n" 

vectoca. For IICl the loweat eiqenvalue hl much iower th en 

the next lowe.t, and 8uCJceaaive eiyenvaluea ol oooupiad orbit ... 

Als OCl!Ur inctoaalnql y l1el18e ly9, 10, thu~ the oC~UPied eio.n .. 

veotor wlth the hlqhe.t el~nvalu. haB many smali denominat.or. 

in the summation ln (18) and hence relatlvely large oorr.~tion. 
1 

• lo 'n' '\:he elqe"vector ~lth the lowe .. t eigenvàlue, however, 

alwaya ha. relatlv.ly large denominator., and relatively .mall 
~ 

correction. ta its eivenvector. 

The firet-order density matrix P, wlth .l ..... nt. 

(19) 

, wlth the aum over the Ml'. ~k anet, Nk the oooupatJ,on numbel' of 

.k' i.'intermediata ln eocuraay b.t~ •• n the .1.otronla en.r9Y 

and the coeffici.nt.. It w •• ob •• rve4 in oOlllparin9 prelJ.mJ.-

, \ 
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, . 
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nary ca1culationa u.ing an enerqy convergence criterion of 

.5xlO-9 with latar on.a u.inCJ .SxlO-12 that the .-5xlO-9 

criterion gave about six aignificant figure. in the den.ity 

matrix. Roughly, one exPect. that if 9 figure. in th. energy 

give 6 in th. denaity matrix, then 12 in the enerqy give 8 in 

the denaity matrix. Thi. could he te.ted by uBinCJ a .till 

smaller energy criterlon, but thia va. not done ainee it might 

exeeed th. aecuracy limit. of the lntegra.l routine.. We •• -
'" 

timate that the larq •• t den.ity matrix element. (œl) have 8 

signifieant figure., and the rast are .ecurate to the .am. 

number of deci .. l place •• 

6. OCE-SCF calculations of HCl 

HoceiaS published OCE-SCF MO's for HCl in th. baai. 
31 : 

of Table II for R-2.424 au (R -2.4087 au ); th.a. MO coef-e 1 

fieienta are listed in Table IV. Thi. calcula~o~ w.. re-, ~ 

peated vith the proqraa de.cribed above at the .a~ int.rnuel •• r 
1 

distance; the K>'s obtained are liated in Table V~ 
[', 

The eigenvalue. differ by about .001 aUt with Mocci.'. 

lower; the electronie energie. differ by about th. sam. amount. 

ln the hiqher enerqy HO'., .uch •• Sa and 2., there are rather 

large difference. in th. coefficients (e.g. ba.i. orbital 15 in 

.50, orbital 36 in 2.). The inteqral routine. de.cribed inoAp

pendix 1 were thoroughly te.ted, the apparent source of the Ail

ferenc •• ia the differance in integral atoraqe length .nt1oned 
• 1 

above. In order to test vhether th1 •• uffice. to e.xpla1n the 
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TABLE IVI Moce!a'. OCB-SCF MO'. for HC15, R-2.424 au.- a •• ia 

orbital nwmber. rafer to Table II. 

Eelec • -467.07130 a~. Btot - -460.0581~ au 
, 

a to coefficients 

basis orb. la 2a 30 4a Sa 

1 .09166 .00189 -.00003 -.02578 .00897 
(fj,«'J 

, 

1.07967 -.20587 .00098 .27135 -.09095 

3 -.22474 -.22100 .00074 -.24859 .09151 

4 .11990, .11231 .00017 .56940 -..,.19886 

5 -.06529 .93843 -.00566 -1.18487 .38862 

6 .01551 _ .11949- .00130 .57420 -.19952 

1 -.02284 -.00110 .00050 1.02584 -,.24753 

8 -.00159 -.00508 -.00005 .17500 -.OlUi'Ol 
~ 

9 .00013 .00233 .00000 -.10227 .06199 

10 .00264 .00803 -.00012 -.32499 .. 20646 

Il .00021 .00059 .31653 -.01056 -.04967 

12 -.00022 .00249 .63112 -.01773 -.19011 

13 .00011 .00082 .11804 -.00486 .08679 

14 -.00004 .00011 , -.02183 .12564 .54599 

15 .00001 -.00024 -.02286 -.00885 .61500 

16 .00004 .00007 .00622 .00370 -.17441 
• 

1, .. .00001 .00022 '.02737 .05752 -.0~456 

18 .00004 .00423 .00311 - .00019 .06836 

19 ' .00001 -.00117 -.00580 .07935 .05115 

1 continued 
/. 

;1 
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-TABLI l~L (uont -d.) • 'Id f 

" .fJ 

'" 

o MO coeffioi.nt. (oont.·cS. ) 

.,,,.1. orb. 1" 2u .30 40 ' ·s" 

20 -.00002 .00332 .00210 - .OSt3. .024QS 

21 .00001 .00011 .00076 .07764 .ll177 

22 .00000 -.00001 .00018 -.04105 -.01511 

23 .00000 .00024 .00070 .03780 .03310 . 
24 .00000 .00001 -.00059 .0175' .11942 

iS , .00000 .00020 .00023 -.00101 -.01311 

26v .00000 -.00011 -.00008 .04053 .093.9 

27 .00000 -.00004 -.00006 -.02174 -.01729 

28 .0'000 .00010 .00015 .04760 .08541' • 29 .00000 -.00004 -.00002 -.03322 -.OS?lS 
, 

JO .00000 .00007 - .00008 .04Î77 .08771 ' " ' 

li .00000 .00002 .00004 .01113' .0~175 
-

F. i 9«tn- -104.85153 -10.5776' -8.01'15 -1.12047 , -.62171 . 
value (AU) 

~ 

1 MO oo.ft~ol.nt. 
., 

~ :::.. 1 

bali. orb. 1.- , ·21 k\ '\ c. 

32 .30703 
'\ . 
'-.07154 

, -
33 >, .64523 -.1'524 

• 
34 .12233 .01423 

, 
, . • ,- 35 -.05300 .67714 .. 

-~ con tin'*' 

~k .. 
l' . 
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TABLE V: 71-STO OCE-SC~MO'. for HCl, R-2.424 au, th!. work. 

Baaia orbital numbers refer to Table II. 

basi. orb. 

1 

2 

3 

4 

5 

6 

1 

8 

9 

10 

Il 

12 

13 

14 

15 

16 

11 

18 

19 

Ee1ec - -.467.06581 au, Etot • -460.05261 au 

la 

• 091670 

1.019626 

-.224681 

.119841 

-.065240 

.015554 

-.002838 

-.001574 

.000121 

.002628 

.000204 

-.000214 

.000105 

-.000035 

-.000036 

.000011 

.000039 

.000015 

-.000019 

.' 

a MO coefficient. 

2a 

.001182 

-.205252 

-.221808 

.113155 

.931814 

.119670 

-.001751 

-.004814 

.0022~0 

.007966 

.000537 

.002290 

.000832 

• 
30 

-.000030 

.000910 

.000722 

.000170 

-.005461 

.001370 

.000493 

-.000.Q72 

.000014 

-.000107 

.316378 

.631979 

.117847 

'.000151 -.022316 

-.000226 -.020702 

.000066 .005376 

.000219 .026378 

.004l40 .003376 

-.,00735~ -.005226 

4a 50 

-.030236 .010533 

,305130 -.1030'1 

-.296716 .108246 

.636724 -.223144 

-1.258011 .417160 

.608137 -~212826 

1.054873 ~ -.26349a 
lt 

-.017368 -.023937 

-.008657 .02622t 
" 

-.238332 .178162 

-.010524 -.050023 

-.017689 -.187~87 

-.005791 .073906 

.137986 

-.046728 

.019222 

.073751 

-.007574 

.094545 

.685915 

.18924" 

.0087" 

.074352 

.062203 

.06519' 
-'. , 

contlnue4 
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.; TABLE V: (cont,'d. ) 

• 1 .1 

~ 

a MO coefficients (cont 'd.) 

basts oIjb. la 2a 3a 40 Sa 
i" 20 .000013 .003489 • 002400' -.076911 .005896 

21 -.000005 .000734 .000637 .086517 .141916 . ., . 
·22 '. oobooo . -.00008.6 , .000146 -.042512 -.018089 

23 1.00000.4 .. • 000238 ~ .000727 .038534 .034955 . 
... 

24 .000002 .000037 '-.000575 .• 069297 .121588 
, 

25 -.000002 .000206 .000275 .000138 -.008866 

26 .000001 -.000112 -.000116 .040025 .090390 

27 . r-rt001 - ~.000042 •• 000051 '- .025685 -.040732 
, \ 

i 
~ \ ., ~8 ..,.000001 .000097 '.000153 .049849 .089026 

" 
~ 

\ 

e 29 .• 000Q,Ol -.0'00057 -.000081 -.037J,79 -.064425 
.r' 

,30 "';.000001 .000092 .000142 .052879 .094983 

" 
31 .000000 .000019 1000039 .011335 .021975 

\} • 
Eigen- -104.845293 -10.571650 -8.033114 ';'1.109645 -.614132 

valu~ (-au) 

, 

n MO coefficients 
1. . . , 

11l ..... , hasis orb . 2n . 
,,32 .307736 -.073836 

33 .643627 -.190227 , 

34 • LiS505 -.005041 
~, 

35 -.062738 .771225 

'. 36 .085110 .186711 
~ 

". continued 
~ 

" 
, ·Il 
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TABLB VI 
, 

(cont 'd·.) 

• , . 
- .... .. 

" 

.- f' _f . n MO o~tfici.nt. (oant'd. ) .. 'tE YI 

b •• ia orb. 111 2", 0 

cl 

37 -.103622 .171809 

38 .049498 ".010326 

39 .019308 .05957,8 
~ 

40 -.065216 .... 131750 
" 

41 .043036 .092~76 
0 . . 

42 .007474 .026113 

43 . • Op1155 .023257 

44 -.00p103 -.005019 -
'. 

r 45 -.001021 \. .0035S~ 

• 46 ' -.000026 .000685 

41 ...... 000060 .009799 
. "" , 

48 -.000006 ..!.000930 
~ 

49 .000029 .007160 

50 '\ '.000015 ~03831 

51 • (lOOOlO ~OO2349 
Il • , 

~ 

Eigenva1ue ' (4\1, -8.0,32160 ~-. 474829 
.;-

i, 
f' i 

/ ~ / 
1 ~, 

r t'''':: 

" \-~. 

~ 
,0 

, , 

•• 
, " 

i 
., '1 

,', ,) l, 

-
) .. ,01 

Q 

• • 1 .. .. \, 
• .. .. or. 

.' . 
1_ ' l , 



" 

" 

, f 

di.crepancya teat calcul_tion'was done truncating our int.

graIs ta 6 significant fiqur •• ~pp.ndix II)38, thia aaleu· 

lotion agroed wall with re.ulta publiahed by Mocci'a. SincG 

the difference. in thea. calculations produce important dif-
, '--

" 

ferences in the caleulated EFG, aIl discus.ion be'1ow o,~ re-

sults in ~he 7l-STO ~.la·rj'era to caléulat!ona pertormed ' 

in thi. laboratory with inteqrai. ato~ed to 16 figur... Th. 

basie waa taken unchanqed trom Macci.5 . Calculatio~. in the 

basis serie. con.tructed trom the GW Cl2 ba.ie27 (seotion 3 

and Chapter III) are also pre •• nt.d. 

a), Calculation. of Hel at è9.,ui1ibrium separation 

~~~n~e tne EFG at th~ Cl nucleus contain. &,nucl~ar 

contribution dependant on the internuclear distance, for com-
' .. 

pariaon with experiment the OCE-SCF'wavefunction mu.t be 041-

oulatod at the experimentai equilibrium internuc1aar distance, 
1 

2.4087 a~ (corrections for,vibration~l motion are diacu •• ad 

in Chaptor VI). Th& OCE~ScF wavefunction in the 71-STO basia 
. 

for R-2.4087 au i8 pre •• nted in Table VI, that in the GW+9 

basia (larqest of the GW series), of :t'able III la pre •• nted in 

Table VII. 

b) Parti,tioning of the electronic energy 

The electronic eneIgy (1,7) can be .partitioned 

1 
(20) 

.,' 

0 

.'" 4 

'" 

" 
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'rAilLE VII 7l-STO OCE-fieF MO'. for tlCl, R-2 •• 087 au (equillb

e rium di.stanoe), thi. work. BAsie orbital numbera reter to 

'r(.\bh .. Il. 

) • , 
E ... -467.110343555 au, Etot - -460.052594562 au elec 

o MO ceeffioients 

ha.i. orb. la 20 (. la 4a Sa 

1 .091670 .001181 -.000032 -.030112 .010761 

2 1.079625 -.aOS248 .000924 .304084 -.1050-32 

3 
. 

- .224686 -.221809 .0007,01 -.295321 .110723 

4 .11'9841 .113158 .000199 .634410 -.227399-

"" 5 -.065241) .937791 ,-.0054'0 -1.254130 • 423561, 

6 .01555~ .119689 .001382 .606324 -.21fi195 

7 -.002838 -.007143 .000509 1.055546 -.263282 , 

8 -.001S1" .... 004874 ~'.000068 -.~·.028528 
l 

9 .000721 .002220 . .000012 -.008023 • Q.~7585 

10 ' .002628 .007961 -.000118 -.238212 .178306 
, 

11 .000203 .000531 .316318 -.010921 -.050463 

12 -.0002.14 .00228" .631975 -.017860 -.186765 

13 .000105 .000831 .111845 -~006l35 .012664 

14 - .000035 .• 000161 -.022299 ~ .1424~9 ~ .691212 .. 
-'. 

lS -.000036 -.0,00221 -.020691 -.048699 ,,182983 " " 

16 .000011 .000064 .005313 .019741 .009618 
" 

17 .000039 .000211 .026363 .073848 .• 074437 

18 .. 000015 .004311 .003356' -.0-09365 .058740 

... 

, con.tinued ..... 
J " 

~lÏ 
.~ '~ , td . , . 

" . ' 
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TAilLa: VII ...... ." J .... _ ... _ (uont 'd.) 

e 
",'" a MO'co.tfloi.ntl (cont 'd.) .. - . ,. 

!Jilli. orb. . 10 au 30 4<J 50 , , -19 ~.00OO19 -.007286 -.00~162 .100752 .0754'. 
fi 

20 .000013 .003459 .002174 .... 081124 -.003191 

21' -.OOOOO~ . .000723 .0006;rO .081095 .142130 ," 

22 .000000 -.000084 .000149 -,·.04.176 -.022354 
l-

II -.000004 .000244 .000719 .040167 .Ol8526 
• -

24 .000002 .000031 -.000585 .069751 --~~~ , 
25 -.000002 .000215 .000296 .00129" -.00'17a 

, 2'6 ·.000001 -.000121 -.0001J5 .• 039217 .088204' 

21 .000001 -.000042 -.0000S6 -.026198 -.041544 

ta 26 -.000001' .000091 .000152 .050529 .OU9604 

:.t9 .000001 -.000057 -.00008~ -.037890 -.065301 

30 -.000001 .000092 .000141 .053697 .095705\ 

31 .000000 .000020 .000039 .011423 .021891 

t::igon- -104 ;'845-043 -10.571612 -8.033151' -1.111257 -.6159l7 

---
, 

va l,ua (l'lU ) 
"i 

. ,;'f, 

W MO coeffioient. III 

( "" 
baBil orb. II - 2. 

32 .307732 -.073810 

33 .'4l622 -.190175 
• 

34 .125519 -.005163 

• 3S -.062740 .771408 

/1, 
continueeS ' }J 
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.' 
'l'ABLE ,vtt (~'d.) 2ft a • 

• "''' n MO oo.ffidi.nt. (Clont • (J. ) 

bali, orb. l'If 2 'If 
• 

36 ',085112 .1'86757 

31 -.103625 - .171217 
v 

38 .049-499 -.009'63 

39. .019249 .059531 
~ 

40 ... 065004 -.130000 
; 

41 .04~897 ,,091644 

42 .007447 .025875 

43 
'; 

. • 00).160 .023808 

• -44 .... 000104 - .OO~289· 

•• 45 -.001024 .. .003289 
J 

• ~J ... .. 

1 46 -.000027 '.000534" 

47 • 000061 .. .009963 

48 -.000006 . - .001024 

49 .000028 .007217 
\, 

1f 

" 
~ 

50 " .00'0015 ."'003848 
r 

51 .QOO010 .002359 
... 

Eigenvalu" (au) -8.032113 -:475190 
". 

<:, 
~ 

.... ~ .,. ~ 

--. " fil 
:Î 

\, 
cr' :\ 

" . , , 
1 

.~ -.\ 

~ 
-1 • c" " 
. , 

J i,~~~ , . ::;-1 

J;- -~ 
.~ 'J , , ,~ ~ 

"'. 
o ' .. .f 

r- ~ .. 
~! ' " . .. . . -

" 1 
. . . 
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TABLE VIIl OCE-seF MO'B for Hel, R-2.4087 au (th. aquilibrium 

di.tance), ln the GW+9 basi. of Table III. 

E elau - -467.-126687373 .u, Etot • -460.068938380 au , 

, 
a MO coefficients • 

basla orb. 10 20 30 40 5<J 
d 

1 -.86l215 .241176 .001031 -.068740 -.020113 
" 

2 -.164576 .140574 .00058~ -.050338 - .. 01518' 

l -.001581 -1. 079872 -.004792 .376436 .1125" 

4 .000243' -.031949 .0023:) -.771859 -.274708 

5 
, 

-.000171 .• 025517 -.00216 -.285324 .01896t , 

6 -.000117 -:-.000328 .205165 .005950 -.041914" 

7 .000070 \-.003269 .821186 .028664 -.189712 

8 -.000055 -.000961 
~ 

, • 023040 -.050990 .42384' 

9 .000081 .0007S"2 -.01022S -.105968 .521532 

Ij) -.000007 -.000è78 .000864 -.052502 .120225 
1 

1(, 

11 .000069 -.011499 .001186 -.026842 .057587 

12 -.000049 -.000511 .003157 -.025759 .084182, 

13 .000005 .000394 -.000322 -.057651 ! 160,'45. 1 

14 .000Q02 -.000159 .000209 -.062789 .1388" ' 

15 .000001 -.000,098' .000167 -.040680 .0842" 

16 .000001 -.000063 .000114 -.026350 .0532S2 

17 .000000' -.000042 .000078 -.017425 .034550 

18 .000000 -.000028 " / .000054 -.011753 .02294' ' 
\ / 

continueeS 
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TA8LI vtI.- (cunt'd.) 
.... ,.. r • 

a MO aOlttthül!mt.1 
-----------------~-------------.-_._.-._--'---------------~)------.. 

bQ~l. orb. lu 2~ 4" 
-------'----_.--------------------__ ------_1_-___ '~.--__ -_.--__ -----__ ------__ .. 

1 

1'J .000000 -.000017 
...... ___ --.._~ F ._ • 

-104.S46S77 -10.571981 

V4t l U. ( li U ) 

'1. MO - , 
bail!» orb. l'If \ , 

_te 

20 .206048 

21 . ,.821462 

22 • 018728 

2J -.00~18'1 

24 .0002J~ 

t:i\lftnvt11uQ (ou) -8.037564 

. 
, ,) 

1-

~ \ '. 

1 I, 

. 

.000Q37 -.008023 .015821 
*- -

-8.041414 .. "1.115449 

c:1oetticl1 .• ncl 

.. 21T 
--~-------- ) 

.... 0!Ul.77 

-.228703 

.540581 . 

.564570 
'. 
i .027335 

... ·.476228 

.,? 

, .... 
, 

\, " 

f .' 

1) 

-.621317 

' . 

/ 1 

<: 1 . 
1 

., 

1 

\ 
, 1 

,1 

l ' \ 1" • 
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' .. 

with F.k,Kn' and Er repr •• entin9 k~n.tio, nucl •• r attraotion, 

,and elootron rapuL.l<ln onurgy re.,n.ot! valy. 'J .. ho t ir.t two 
# 

terni" ann ba d1.rootly partitioned into MO contribution., 
,,'- / 

(21) 

and 

E • 2: J::
j

, 
n j n 

(22) 

14 

a ~4n9inq over nue1.i and j over ~O'I. For elol.d-ahell mole-, 

cula., th •• l.~ron repullion enerqy con be written l2 , 

OCC occ 
~r • ): t (2J R.m .. 1( R.m) t 

.. m , 
(23) . 

with J tm 4n4 KR.m dftlinud ln Chaptot 1. (23) c~n b. partlt~on.d, J 

- 1 

l" .. 'r 

occ 
t 1::1. 

r' l 

Table VIII givea the partltioninq of Ek,En , and gr into MO 

oontributions for the w4Yefunctioni of Tabl •• VI and VII. En 
, 

10 r0801 ved into contr ibutiona from tlle proton and the èl 

nucleus. 

, " 
c) Virial th_a rem 1 calculated R.' 

The exact wAv.tunetion for HCl at R. a.tia~i •• the 

virial theoro~)9 ,40 }" 1 -,," 

t \ (25) 

, . 
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TABLE VIII: OCE-sa en!r<Jy partitionL"lg, 71-STO and GW+9 bases" R-2.408' au (equilibriœa 

distance), this work. E., E , and Er defined below equat~on (20-). 
~ n \ 

A. . 71-STO (vavefunction of Table VI). 

)1) 
. ~- E .n,to.t 

"la 274.285943' -563.872979 

-2a 43.560534 -113.479046 

Jo 41.136374 -109.549221 

4a 5.599702 -29.24.5521 

Sa 3'.876404 -23.827384 

'1. 41.248925 ' -109.682513 

~. 4.426839 -25.154384 

-rotal. ' 459.810485 :-1109.647945 

E.9lerqies in au. 

En Cl 1 ___ 

-563.042652 

-112.648083 

-.108.707555 

-28.218354 

-22.577841 

-108.851984 

-----24.419729 

-0 

-1101.'''9911 

En,a 

-.830326 

-.830963 -, 

-.841666 

-1.021167' 

-1.249543 

~.824529 
-.734655 

-.7.898033 

eontinued 

Er 

39.948"75, 

24.387644 

26.173264 

10.111652 

. 9.359553, 

26.18468.1 

9.888583: 
, 

1 

i82.727118 l' 
i 

~ 
\."\. 

, 

: 

.. 
~ 

~ 
~ 
\ 

j 
l 
• 
t 

" 

f 
If 

of 
;" 
( 

t; 
\, 

f' 
t 
~ 

c 

., 
!:J 
.l1 
~j 
f'j 
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. TABLE V11t: (cont'd.) 

B. GH+9 (wavefunction of Table VII). Energies in au. r -, . ::> , . - Én,tGt 
, 

t Hl ." Ek __ !:nJ~l_' _~ ____ ~ __ En-,-f1~ ~ ____ ~~_~ . , 
_ .. - - --- ; ..... , 

i 

! 
la s 274.261578 -563.848572 -563.018246 -.830326 39.946920 . .. , i 
20 43.421407 7113.311.710 -112.48Q691 -.831018 24.373170 • 

,3a 41.219572 -109.635223 -108.793710 -.841513 26.166412 

40 5.712308 -29.392261 -2e.375288 -1.016973 10.724528 

Sa' 3.85'888 -23. ~'63926 --22.4183a3 -1.245623 9.282152 

/' 

1. 41.327.918 -109.766012 -108.94150.3 -.824509 26.181483 

211' " 4.441651 -25.215903 '-24.488405 -.727498 9.910898 

r -
Total. 460.010891 -1109.815522 -,.101.9460~4 -7.869467 -182.-6179« 

~ 

" 

.. 
./ 

.. ~ 

~_~>-~~. __ - _,.C _ 

fJ 



\ 
with Epot the total potential energy and Ek the kinetic en-

ergy of the electrons, which ia the total kinetic energy' 

assuming atationery nuc1ei. A.t R=2. 4097 au, 'the 71-STO 
• 

77 

basis gave -2.000526 for the ratio (25); the GW+9 basis gave 

-2.000126. (25) holds for the exact and H-F wavefunctions if 

the nuclei are at the calcu1ated equi1ibrium position. AI

t~o~gh Re=~.4097 au for HCl experimentally, It Is not the Re 

calculatod in the,OCE bases, sa the virial theorem la not 

expected ta hald in tnese bases for R-2.4087 au. In arder to 

locate the OCE-SCF Re values, a series of calculations vas 

do ne at R~2.3887, '2.3987; 2.4087, 2.4187, and 2.4287 au for 

the 71-STO basis and'at the additional points R-2.l787 and 

2.4387 au for the,l GW+9 basls (see Chapter VI for sel~ion of 

these points); a polynomial was fitted41 ta the total energies 

and the dtE-SCF R calculated by differentiating and setting .... e 

ta zero. This gave R =2.4181 au for the 7l-STO basia and c 

2.5,098 au for the GW+9 basis, which indicates the more ac-
'r ' 

Â 

curato R-dependènce of the 71-STO wavefunction (Chapter VI). 

Polynomial interpolation of virial ratios in the 71-STO basis 

gave a ratio of -2. OOdS4 at R""2. 4181 au; no similar calcu-, 

lation was done for thè GW+9 basis sinee, the calculated Re 

lay outside~the range of caleulations. The deviation of 

these ratios from -2 m~asures the limitations of the OCE 

bases; a·near H-F two-center ealculation of HCl·at R-2.4087 

au gives the ratio -2.000031°. r-
1 

t .. '-
.. ~ . 

( ,. 
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d) cuma condition. 

In section 2 the cusp condition (2) was intro-

duced. Since the H-P equation for eaoh orbital has the samenuclear 

sinqularities as the total Hamiltonian (Chapter I), each H-F 

orbital ~i must (if ~i(ria-O)~O) satisfy (2). The case 

~i(ria~O)~~, which ariaes for n MO's, was ,treated by Pack 

and Brown42 • Any MO can be expandéd about nucleus a, 
l' ,,' 

(26) 

the exact form of the flm(ra ) is not impor~ant. Pack an4 

B't:o~n showed thllt for H~ ta remain finite lit r -0, the relation a 

(i + 1) (d f A (r ) 1 dr ) - - Z f - ( 0 ) 
~m Q, Q r -0 Q lm 

a 

(27) 

must hold, where l is the lowest .. in (26) for which ftm(O)~O. 

The ratio of the'left side to flm(O) i. called the cuap ratio 
1 

here, although the term i~ strictly correct only if ~(ra-O)~O. 

Fot OCE-SCF,MO'~ if a is the expansion center the f. (r) are' Atm • 

linear combinations of radial portions (9) of STO's. Cus~ 

ratios for the occupied MO's of Hel in the 71-STO and GW+9 n 

bases at R-2.4087 au are presented in Tabla IX. JNote that the 
• 

cusp ratios of higher enerqy MO's (aIl cusp ratios - -17 tor 
/ 

the H-F orbitaIs) deteriorate 1n the 71-STO basis, but that 

fair adcurâcy ia retained in the GW+9 basis. 

. . 
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TABLE IX' Test of cuap condition, aCE-seF MO'a for HC1, 

R-2.4087 au (equilibrium distance), GW+9 and 71-STO bas •• , 

this work. 

, . 
A .. 11-STO (wavefunction of Table VI) 

MO 
' a 
fEm (0) dflm(r)/dr)~.O ., cuap ratiob 

l-b -38.53566 c 657.46495 -17.06121 

2a 10.77286 -182.27271 -16.91962 

3a l -.04162 .70227 -16.8~191 

4a -3.00834 '47.48094 -15.78311 

Sa .85974 -1'3.31622 -15.48811 

'" 
111' 144.2fi299 -2196.50257 -15.22568 

211' -37.8365'8 580.29930 \~ -15.33699 

li 
r.> 

B. GW+9 (wavefunction of Table VII) 
~ 

~o Tf_ (0) a - , dflm(r)/dr)~o cuap ratiob 
lm 

la -~8.46951 652.20231 -16.95315 
.. 

2a 
J 

10.76057 -182.20243 -16.93242 

3a .04598 -.79021 -17.18585 

0 
40 -3.06696 50.45245 -16.45030 

5a -.89737 14.6768.6 -1~.35545 

continued 
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'.rABLE IX: .(cont1d.) ...,.. 
1 
1 

)1) fI.(O)· 
o a 

(dfI. (r) /dr) r-O cuap ratlob 

~ .. # 

1. 151.00611 -2~2.06206 -16.17194 

2. -39.62862 64'5.33162 -16.28448 

, 

Aoefined in equation -(27) 'of texte por a 1«)1., 1 - 0, for" 
.' 

--bFor exact Bartree-Pock orbi tala, th. cuap ratio - -17. 

" 
, \- .cA '. .~: ... ~~ :_. ~! ~~ .... _ ~,~"~ .. (t", 

" 

" 

; 
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e) 01201. mo_nt 

For HCl ~ith the proton on the +I-axia, the elac-
.:; 

, tronic contribution to th. dipo1e moment ~ ia 

with the sum over MO' s. Table X givea the MO analysia of 

~elec for the GW+.9 and 71-STO OCE-SCr calculationa at Re-2.4087 

au, as well as ~elec in debyea (0) and au. Th. total dipole 

"'... moment ls a1ao listed, 

~he nuclear contribution ia the proton c~arge timea ita 

distance from the Cl nucleus. The conversion factor l au-

2.54158010 was used. The 7i-STO and GW+9 MO contributiona to 

~elec are simdlar, the relult in th. 7l-STO baals being sllght

ly closer to the experlmental val (1.l085D43 ). Both OCE 
, 

bases underestimate the magnitude ~.l.c' becaua. th.y place 

too little eleet~n denaity near t proton. Thi. ia eXpected, 

sinee STO's cent.rad on e to produce a aharp peak / 

in the eleetron denaity at the proton. The OCE calculatee! \' a 

differ trom expertm.nt by about 20'. 

f) Molecular quadrupole IIIOment 

The molecular qua4rupol. ".nt in au 1. defined hy 

2 3, 2 il 2 e - t Z r - r' <1 > + J <r >; 
CI Cl Cl 

(28) 

, . 

... 
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TA8LE~ XI .,OCB-seF diPole lDO_nt., 71-8TO and GW+9 vavefunction. 
~ 

for Hel, R-2.4087 au (equilibriua di.tance), thi. work. 

"elee (au) 

MO 71-8TO (Table VI) !!!:!:!. (Table VII) -
la -.000016 -.000017. ! 

20 -.003564 Cj -.003956 

3a .002420 .002988 

40 -.772231 -.784781 

Sa -.838568 ~ -.910279 

" 

1w -.000335 -.000016 

2w .135995 -.088381 

Total (au) -1.884619 -1.872958 
1 f ~. 

Total (0) -4.789910 -4.760213 

llnuc (au) 2.408700 2.408700·, 

Pnuc (0) 6.121904 6.121904 

• 
lltot (au) .524081 .535142 

Ptot (0) 1.331994 1~361'31 

-"-
Experi_nUl

43 "tot - 1.1085 D • 

{j 

""-1 . 
,~ 

't;' 
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~z2> and <r2> are expeetatian vAlues of the indioated one

electron operators (Chapter 1). (28) transforma under a . 

change of origin, 
~ 

, 
e - 8-2).16, 

8) 

with ~ defined above and 6 the distance of the orlgln ahift 

Along the molecular axialO. For compariaon with expert.8nt, 

the ori9in muai' coincide with the molecular center of ... a, 

which lies .06753 au from the Cl nucleu.10~ On the baaia 

of several exparimental meaaurements, the recomm.nded ex

periment~l value 44 for e of HCl ia 3.8xlO-26 eau-cm2• At 

Ru 2.4087 au the 71-STO basi~ givea 3.9SxlO-26 eau-c.2, the 

CW+~ 3.80xIO-26 esu-cm2• Bath agree well with experiment, 
. ' 2 l 2 

the GW+9 particularly wall, even though <z > and <r > de pend 

strongly on ragions of space far fram the Cl nucleua. Dow

ever 0 is a meaaure of the deviatian of the oharge diatri

bution fram spherical symmetrYJ it ia a •• n in later chaptera 

that the GW+9 basis reproducea these deviatioDs extr ... ly 

weIl. Calculations of e in the two ba ••• are a" .. 8rized in 

Table XI. 

9) EIect~o.tatic force on the Cl nucleus 

At the eq~ilibrium internucle.r diatance thare i. 

no net force on either nucleus in HCl. Sinee th. expert.en-

1 

() 

1 

tal Re do •• not coincide with the OCE-SCP calculated Re' the ~ 

-" OCE-SCF wavefunction. at the experi.nul Re 91.". • nœ .... ro ',.; 

.....J
:.~ 

--------------......... ' .. 
1:'" 

",.,"t"_ 

.. :.t~ 
l':' 
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TABLE XI: Molecular quadrupole moment and re1ated quantit1eà, 
. 

71-sro and GW+9 OCE-SCF wavefunctions, R-2.4087 au (equ~librium 

distance), this work. 

Ml 

la 

2a 

3a 

4a 

Sa 

1 .. 

211' 

Total 

<z2> 

71-STOa 

, 

.007467 

.154533 

• 246423 

2.744387 

6.361377 

.081895 

1.798804 

13.275585 

(au) 
a 

GW+9b 

.007468 

.1544S2 

.245301 

2.831999 

6.695791-

.081425 

1.663878 

13.425616 

-i' 

, 

.022400 

.462924 

.410569 

6.253550 

9.378785 

.409296 

8.425603 

34.198027 

.022405 

.462971 

.408828 .. 

6.348369 

,',9.754053 

.407124 

8.313055 

34~36985 " 

- 2.919932 au (GW+9) 

- 5.801836 au 

- 3.7966xlO-26 (~9) 

, 
~ 
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-TABLE XI: (cont'd.) 

'rable VI. 

b.rable VII. 

.. , 

CCOntribution from a proton 2.4087 au fram the coordinate 

center, on ,the +z-axia. 

8S 

d1n molecu1ar center-of-ma.s.c~rdinatà.: éonvaraion faêtor 
, -26 l " 43 la 1 au· 1. 3449xlO ~sU-C1ll i'. Experimental dipol. moment 

uaed in conversion. • 

.' 

• ? 

.. 
\ 

" 
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force o~bo~h nuclei. The difference o~ this quantity from 

zero qi/ves an indication of the devi~tion of the approximate 

wavefunction froDl the. exact wavefunction. For the exact 

wave~unction, forces on the nuclei arc eqqal to the average .. 

. -.. 

86 

eleç'troSbatic forces (Hellman-Feynman theorem45 ): the operator 

for the electrostatlc force in the z-direction on nucleus a ia 
, ~ 

Za(Za/r ;), with Za the atomic number and za the distance Along 
1 
the z-axis from nucleus Q. Calculations of this qQantity with 

a the Cl nucleus for the OCE-SCF.wavefunctions:in the 7l-STO 

and GW+9 bases are summarized in Table XII. The'dw+9 basi. 

gives a sma~er force than the 7l-STO basis although the 11-STO 

calculated Re is much closer to the experimental value than 

that in the ÇN+9 basis (section c). This illustratel 'the ap

proximate nature of the Hellman-Feynman theorem when applied 
45 to approximate wavefunctions 

1 

h) EXpectation values of r- l and r-2 

Expectation values of these operators ara 9ive~in 

Table XIII. <r-l > ia compared with values from near H-F two

center calculations in the next section. No comparilon ia 

available for <r-2>. Note that for <r-l~ the 71-STO and GW+9 

values are identical through ~e third figure, and for <r-2> 

through the fourth • 

. , 

1 
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TABLE XII: Hellman-Feynman force on the Cl nucleus# 71-~ 

and GW+9 OCE-seF wavefubctions, R-2.4087 au (equilibrium 

distance) , this ~rk. 

MO 71-Sroa 

la .014931 

2a .024491 

3a -.018271 

4a .152157 

Sa -.063156 

11f .002362 

211 
" .01~936 

Total # .150754 

<z/r3> c 
~c 

a .172359 

Hellman-Feynman for,?, 

&.rable VI. 

bTab1e VII. 

t 

, 

<2/'r~> (au) 

GW+9b -
.015939 

.027064 

-.Q20608· 
. , .151849 

-.054857 

'.000280 

.018085 

.156117 

on CId • -.367289 au (7l-Sry) 

• -.276114 au (~9) 

Coue ta proton 2.4087 au fram cootcU.nate center on +a-axia. 

d.Equal to -17 «~/r3>nuc-<z/r3> .lec). The 8elJ-n n-PeynMn 

force for the exact vavefuDctioD ia •• zo. 
, ' 

" .. , .. ' 
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TABLE XIII: <r -1> and <r -2>, 71-8'1'0 and GW+9 OCE-SCP vava-

e fWlctions, R:w2.4087 au (equi1ibrium distanèe), this work. No 

experimenta1 values availah1e. 

<r-1> 

MO 71-5TOa 

la 33.120156 

2a tf6. 626358 

3a 

4a 

5a 

111' 

Total 

a,.able VI. 

6.394562 

1.659903 

1.328108 

6.403411 

1.436455 

64.808818 

bTab1e VII. 

(au) , 

GW+9b 

33.118720 

6.616511 

6.399630 

1.669135 

1.318724 

,6.408324 

1.440494 

54.820356 

, 
<r-2>' (~~~ 

71-STOa 

1106.373872 

90.2991QO 

28.327213 

7.850022 

2.323223 

28.414347 

2.286048 

1296.574218 

. 

) GW+9b 

1105.520522 

90.060466 

28.S08806 

8.050258 

2.354455 

28.577817 

2.300540 

'. 

1296.251221 

.' 
" 
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7. Comparison with e~ten6ive tva-center ab-ihitio,calcu

lations of HCl 

There are two near-H-F two-center SCF (TeE-SCP) 

calculations of HCl at R-2.4087 au: one by Çade and HU09 in 

a 32-STO basis, and one by MeLean and Yoshimine46 in a 49-STO 

basis. McLean and Yoshimine10 have published a number of ona

electron properties calculated fram bath these wavafunctionaJ 

a number are compared vith the corresponding quantit!ea in 

the 7I-STO and GW+9 bases in Table XIV. It is'vith thes. TCE-

SCF properties that the OCE-SCF values ahould be compared for 

judqinq the suitability of the basis, sinee the.a TeE-Ser wave

functions approximate closely the best possible single-deter

minant molecular wavefunction (Chapter '1). Note that for ex

pectation values of properties dependinq on regiona far from 
J 2 2 

the Cl nucleus (e.g. <z >, <r », the 7l-STO basia ia eloser 

to the TCE-seF results; for those dependant on regions closer 

to the Cl nucleus (e.g. <r-l >, <z/r3», the GW+9 bas!a givea 
{ 

better agreement. Reasons for this are examined in th~ext 

chapter. 

. 
" 

1 

,~ ... , 
"1 
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TABLE XIV: Comparison of propertie~ calculated from the 71-STO and GW+9 OCE-SCP wave

functions for HCl vith th~ tvo-center results of McLean and Yoshimine10 and Cade and 

HU09 • A11 vavefunctions for R=2.4087 au (equilibrium distance). Except as noted, aIl 

tva-center properties from the compilation of McLean and Yoshimine10 • ' 

Propertl! 

Electronic energy (au) 

Total energy (au) 

Potential energy (au) 

Kinetic enerqy (au) 

Virial ratio (Epot/~in) 

Orbital eigenvalues (au) 

la 

2c1 

la 

40 

sa 

McL-Yosh10 

-467.1696 
f 

-400.1119 

-920.2110 

460.0991 

-2.00003 

-104.8479 

-10.5732 

- 8.0405 

-1.1164 

-.6254 

Cade-Huo 

-467.1680 

-460.1103 

,-920.2049 

460.0946 -

-2.00003 
--. 

-104.8485 

-10.5741 

-8.0420 

-1.1168 

-.6262 

~ 

GW+9b 7l-STOa 

-467.1267 -467.1103 

-460.0689 . -460.0526 

-920.0798 -919.8631 

460.0109 459.8105 

-2.00013 -2.00053 

.. 

-104.8466 -104.8450 

-10.5120 -10.5716 

-8.0414 -8.0332 

-1.1154 -1.1113 

-.6214 -.6159 
,,) 

continuee! .. " ....... . Vf~18_iz:.i .. J.,; ... "..é.M\j" : .... ,.,. .... 'p," ~ 
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TABLE XXV: (cont'd.) 

prope;ty McL-YoahlO cade-Buc GW+9b 71-STOa 

Orbital eigen~alues (au) (cont~d.) 

1~ -8.0387 -8.0394 -8.0376 -8.032~ 

, 2- -.4763 -.4762 -.4762 -.4752 . 
. , 

~ .,..~ 

" .... ~ d 1 ~ 

<r-
1

>c (au) 64.8218 64.8209 64.8204 64.8088 ~ l 

<r
2

>c (au) 34.2597 34.2639 34.4370': 34.1980 
~ 
1 

<z>c (au) 1.9307' 1.937947 1.8730 1.8846 .': 

<z2>c (au) 13.3887 13.3622 13.4256 . 13.2756 i 
.", 

Dipo1e -=-eut (D) 1.215 1.19747 1.362 1.332 _ :~~ 
• 

11i~ 
.:i .Nolecu1~ quadrupole .~~ 

___ nt (xl.0-
26 

eau-aa2) 3.74 ..,. 3.80 3.80 3.95 :~ 
. : 

Porce on Cl nucleus l ~ 

(Be1~-Peynman) (au) -.0682 -.1821 -.2761 -.3673 

"rable VI. 

b.rable Vil. 0 .. 

'0 " C i-' . . JJeaaurecl fJ:o. Cl nucleus. 
~\O { 

~. ".~~-,'~. -.. .. - .. ' i' %$i7~~~_ .... _., . .'~ •. "- '!J .',', • ,~.,,; .... :~.w,...". • fil 
~ 5 . {t 4< l: .. ~ . i -



" . 

a if' G 

REFERENCES 

1. D.M. Bishop, Mol. Phys. 6, 305 (1963). - ' 

2. P. Grigolini and R. Moccia, J. Cham. Phys. 57, 1369 

3. 

4. 

5. 

6. 

1. 

8. 

(1972) .. 

R. Moccia, J. Chem. Phys. 40, 2164,2186 (1964). 

D.M. Bishop, Adv. Quant. Chem. l, 25 (1967). 

R. Moccia, Theoret. Chim. Acta !, 8 (1961).' 

M. Cavan and W. Gordy, Phys. Rev. !!!,,209 (1958). 

R.'Moccia, private communication, January,1973. 
, 

E. Scrocco and J. Tomasi, Theoret. Chim. Acta' 2, 386 

(1964). 

9. P.E. Cade and W.M. Huo, J. 'Chem. Phys. 47, 649 (1967). 

10. A.D,. McLean and H. Yoshimine, J. Chem. Phys. !r, 3256 

(1961) • 

Il. R.F. Borkman, J. Chem. Phys. 53, 3153 (1910). 

12. ' A.L.H. Chung, J. Chem. Phys. 46', 3144 (1961) .. 

13. C.C.J.~oothaan, J. Chem. Phys. ~, 1445 (1951). 

14. 1.1. Guseinov, J. Phys. B, !, 1399 (1970). 

92 
.i 

, ~ 
l 

15. H.P. Bamett and C.A. Coulson, Phil. Trans. Roy. Soc. !1!!, D,: 
,"li, 

221 (1951). 
\ 
\ 

16. E.U. Condo~ and G.R. Shortley, The Theory of Atomic Spectra, 

Cambridge, 1935. p. 176. 
'" 11. N.W. Winter, w.C. Ermler, and R.M. Pitzer, Ch .. ~ Phya. 

Lett. 19, 119 (1973). 

18. T. Kato, Collllll. Pure Appl." MatJt. !,!, 151 (1957). 
; 



" 

i . 

'. 

" 

•• 0 

26. 

Q at r ~ t, .. 3-, l4i.4f!';,MPW 1. ~ 
• 1\.) 0' 'e :::f 

. ~ ~ 

E. Steiner, J. Cbe •• Phy •• 1!, 2365 (1963). 

c.e.J. Roottfaan and A.N. Weiss, Revs. Mod. Pbys. B., 

194 (1960). 

W.A. Dingel, Theoret. Chi •• Acta 8, 54 (1967) • 
• 

C.C.J. Roothaan and P.s. Bagua, Math. ·Comp. Phys. 2, 

47 (1967). 

R.M. Pitzer, C.W. Kern, and W.M. Lipsca.b, J. Ch ... Phye. 

E, 267 (1962). 

~.w. Stewart, Co_. Assoc. comp. ~ch. l~, 369 (1970). 

G. Herzberg, Molecu1ar Spectra ana Molecu1ar Structure: 
'. 

1. Spectra of Diatomic Molecules, 2nd edit~on, Van Noatran4, 

N.Y., 1950. p. 341. 

P.E. Cade, R.F.W. Bader, W.H. Henneker, and 1. Keaveny, 

J. Chem. Phys. 50, 5313 (1969). 
Cl -

'27. T.L. Gilbert and A.C. Wahl, J. Che •• Phys. ~, 5247 (1971). 

,,28." R.S. Mulliken, J. Che •• Phye. 36, 3428 (1962) • 7, ..fi' ~ .. p' \ .--. 

2~. P:S. Bagua, Pbye. Rev. ~39, A6l9 (1965) • 
.. 

30...,>< '"Ja-.t>. Joahi', J~" Chelll. Phye. !!, S40 (1965). 
". ~ /' 

, . 
31.. C. F. Bender and s. RDtbenberCJ, J. Ch_. Pby.. ~, 2000 

,3l. \ 

(1971) ~ 

€.C.J. Bootbaan, ,Revs. Mod. Phy •• ll, '9 (1951). 

H. ~r r~u ~t.G. J MUr~~, The Ma~~ic. of CheII1atry 

and P si~a,- v. , ~nd edition, Van .ostr~, M.Y. 1956. 
- 0' 

f' • 

p. "3l1. :; 

34. P.O~ LOwdin~ Adv. Quant. Cbea. !, 185 (1970). 
o , .. 

35. ,P.O .. t.owèl~n, J. CbeII. Phy.~ '!!, 365 (1950). 

J 
-- j 
""L 

o 



• 

.... 

•• 

• 

36 • H. syring, J. W.l ter, #n4 G. E • Itillball, Qu_n tua 

Ch.al.try, Wll.y. N.Y. 1 1944. p. '94. 

37. P.R. Bunker, ,J. Nol • .spec. 1!, 90 (1971). 

38. Thi. calcul.tion va. aU9geated by Dr. J.M. Siohel. 
• 

,39. J.C. Slater, J. Ch ••• Ph~. i. 687 (1933). 

40. ,P.O. Lowdin, J. Mol. Spec. !. 46 (1959) • 
. 

41. Subroutlne cuavrr, MeCill univer.ity COllputlng centre. 

94 

42. R.T. Pack and W.8. Brown, J. Ch ... Phy •• 45, 556 (1166'. -
43. B.W. Kai.er, J. Che •• Phy •• 53, 1686 (1970). -
44 • D.B. StovrYft and A.P. St.09ryn" Mol. Phy •• !:!, 371 (1966)'. 

45. F.L. Pilar, Il'Plotary g'MntWl Cb,."try, MeGr.w-Hill, 

N.Y., 1968. p. 475. 

46. A.D. McLe.n and M. Ya.hlaine, Tabl •• of Linear Molecule 
.t 
\ 

Nave Funetion., suppl.ment ta, IBM Journal of R •••• rch 

and Develop.nt, 1967. 

47. P.E. Cade and W.N. Hua, J. Che •• Phy •• !!, 1063 (1'66' • 



CHAPTER III: Electric Field Gradient at the Cl nucleus from 

OCE-SCF wavefunctions 

The oparator in atoRde unit. for thë electrostatic 

'" potential V.at a point due to a unit positive charge i. V-l/r, 

whera r meaBure. the distance from the point. The circumflex 

on V identifies it as an operator. (-The partial derivativas 

of V with respect to the three cartesian variables form th. 

negatives of the oparators for the campanents of the eleetric 

field vector. The explicit forma for th ••• oparato!;s ar.: 

... 3 -E -x/r x 

- ... 
" Ir

3 (1) -E - av/ay y 

-. ... 
-z/r3 -E -av/ôz -z 

Each compan.nt May in turn b. differentiated w th respect to 

the thIïe. carte.ian variables. Taking the three partial de

rivatives of a companent ia equivalent to applying th. gradient 

oparator l 

(3.3.3) i"'3 "'j3 k- a 
V· rx ry -li - li + 1Y + rz 

'" A A 1 

to that companent. The i, j, and k bere are unit vectors, not 

operatora. As the tarm i. usually uaed, th. gradient opar.tor 

1. applied t~ a .calar-valuea fonction and yields • ".ctor

valued funetion, th. CJradient2• Hovever, the. il an altenate 

1 • fll .:.. 
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uaage l ,4 in which the gradient operate. in the fora of a 

tenaor product upon a Vector, 

3/3x (av/ax,~,av/aa) 

a/ly 

a/az 

32v/axay a2v/axaz 

a2v/ay3x a2y/ay2 ~2v/ayaz 

a2Y/3z3y a2v/aa2 

, (2) 

a2v/ax2 i. the expectation value of a2V/3x2• The tenaor on the 

right of (2). ia calleeS the el.ctric field gradient (EFG) tenaor 

and will be ao referred to her., although vith th •. oomponent. of 

~the electric field a. defined in (1) it i. atrictly apeaking 

the negative of ,the EFG ten.or. Thi. reveraal of .ign ia firmly 

establiahed in the literatureS• The EFG ténaor aa d.fined in 

(~ 18 not nec •• aarily tracele •• : by Poia.on'. equation', 

whera P i. the charge density at the point f~. vhich r i ..... -

ured in (1). However it can be .hawn that ~h. part of V which 

is due to the electron den.lty at r-O doe. not affect .pacin9 

of energy levela in interaction vith a nucleu.', lt 1. more 

convenient ta con.ider the gradient of the field produced by the 

electron denaity excluding that at r-O. The trac. of thl. ten80r 

ia .ero, it i. for.-d fro. th. ori9inal EFG ten.or by a44in9 

4wp/3 to each diagonal ele .. nt. A tracel ••• tenaor 1. d •• ira

ble becauae thera la one 1... incl.pendent el-..t in a trace-
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less tensor than in one o(:iarbitrary trace. It ia this 

traceless tenaor that will from now on he referred ta as 

the EFG tensor, i.e. that of (2) with 4wp/3 added to'aach 

of the diagonal elernents. Alternatively, (2) may be taken 
1 

to define the EFG tensor directly if V la deflned aa.;'the 
l 

electrostatic potential from the charge distribution vith 

the density at r-O deleted. The standard notationS 

a2v a2v a2 v 
ax2 axay axaz 

qxx qxy qxz 

2 a2v/ay~_. a2v/ayaz (3' a v/ayax - ~x ~ Clyz 

a2v/azax a2v/a"zay a2v/az 2 
qzx qzy qzz 

will be used for convenience. The dimensions of the EFG are 

ch~rge/(length)~ 

Thus the definition of the EFG runs counter to nor-

mal terminology in three ways: the gradient is a ten.or ratber 

than a vector, it refera ta the negative of the electric field .. ~ 
1 

rather than the electrlc field itself, and its trace i. zero 

and not -4wp as expected from poisson's equation. 

1. Operator for the Integrai over basis orbital. 

Only a single element of the EFG tenaor viii ~ 

treated here. This suffie •• beca\l.e the tenaor ia ~tr1c 

- , 

(ainee 3 (3V/ax)/3y ·-a(3V/3y)/3x), thua the axis .y.te. c.n be 

rotated 80 that the'tensor 'i8 diagonal in the nev axis ~t.a'. 

.. 
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\ 

/ 

The axis systea in which the tensor ia diagonal ia known as 

the principal axia system of the tensor. This rotation doea 

not chanqe the trace of ~e tensor (sinee it underqoea a 

unitary transformation), 50 the sum of the three non-zero 

elements of the tensor is zero, 

, 
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sa that any one and the difference of the otheT two determine 

aIl three ele.-nts. By convention the diagonal elament of 

largest absolute value is labeled q and ia ehosen as th. zz 
single element, the abaolute value of the difference of the 

other two ele_nta, Iqxx -qyyl, la chasen as 'the other quan

tity, wi}h Iqxx l < Iqyyl- This absolute value, when divided by 

1 qzz 1, ia known as the aSytnmetry parameter n. AIl phyalcal 

information containad in the ErG tensar is knawn if qzz and n 

are known. In the case af HCl, which possesses cylindrical 

symmatry, qzz lies along the internuelear axiSI qxx and qyy 

are eqUAl becauae of the cylindrical symmetry, and ra i. zero. 

For this molecula, tben, attention may ~ confined to qzs. 

Then the only oparator whieh need he evàluated ovar 

the basis orbitals is 

(4) 

provided that the proton is place4 on tbe +a axi. in the 140 

.. • ,. 'A' ~ 

• 



calculation of HCl. For the moment the 4np/3 correction i., 

ignoredJ it viII he treated later. 

The matrix el.ment of q~ between basia orbitals zz 

a2 1 2 3 <.il~ (r) '+j" - /dT l • i (rI) [(3eo8 a-I)/r 14>j Cr 1) , (5) 

\ 
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vith rI = (xl'Yl,zl) the position vector of an electron in an 

arbitrary,coordlnate aysteml r measures the distance of th. 

electron fro. the point at vhlch th. EFG ia calculatad and a 

_aaures the angle between the line fram the EFG center to the 

electron and the principal axis of the EFG tensar. (5) i. a 

special case of 

for a. 0,1 the Integral converges ta a unique value, for a. 2 

(asauming r cannat he fac~ored from 4>i or~4>j) the Integral 

converges ta difterent values depending on the limiting proc •• s 

uaed to exclud. th. sinqular point (conditional convergence), 

for a') 2 the integral divergeslO. -rhus in (5) on. must choo •• 

of the liaiting procass vhich qives the most convenient result. 

e-

In the last section it vas mentioned that)electron den.ity witb

in a ... 11 sphere surrounding the EFG center can be deleted 

vithout aftecting the apacinq ot enerqy levels in interaction 

vith a nucleUa' th. cor;ect lillÙ.tlnq proc ••• tor thi. i., in a 
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'? 

spferiC41 ayat~ on the EFG center, 

CIO 2 11' 21f - 2 3 -lim 1 dr r 1 d6sin6 10 d+ ti(rl ) [(3cos 6-1)/r ]t j (rl ). 
&+0 E 0 

Il 2 ' Since 3cos 6-1 - (4/n/IS)S20(8.t), and sinee in the OCE-SCF 

calculations the tare STOls on the EFG center (Chapter ZI, 

equation (3», (5) becomas ~ 
n.+n -3 

l im K 1 f10 dr r 1. j exp ( - ( t . + r;; j ) r) 
E+O E 1. 

(6) 

with K the product of the orbital normalization constants and 

4/_/15. For ni+n j ~3, which ia the case unleas ni-nj-l, the 

radial Integral becomea. as E: + 0, an Integral of the typa of 

Appendix l, equation (8), which la finite and easily evaluated. 

(6) la the produet of this quantity and the anqular Integral, 

given by Appandix 1. equation (7). If ni-nj-l, the radial 

Integral di verges for t - 0, hovever for any E > 0, the radi~l 
, \ 

Integral is finite, the anqular Integral is zero sinee Li+Lj-

0+0 <2 (Chapter II, equation (8». Thus the limit a8 & + 0 in \ 

(6) ls zero for this case. It has been ahown12- 15 that if (5) 
r 

ia evaluated in coordinate systems: in which the convenient 
, 

limiting procestr ia other than exdlusion of a sphere, the 
1 1 

value of (5) ia that obtained by ~e proce.. (6) minus 

Tbua the i~tegral as evaluated in (6) 
1 

already haa (C./3).i (r-G)t j (r-O) iadded to it, relative te Il 

! f • "' <.~ < .. 

f 
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general c99rdinate system. • 
5~ ~ver the ~lO's and lI)ulti-

'-

pliétl by the occupation numbers this added term is the cor-

rection (4n/3)p(r=O) necessary to make the EFG tensor trace

less. Thus evaluation of the q~z integrals in the OcE basis 

by (6) gives the traceless EFG tenso~ automatically. 

Thus the integrals (5) can be easily ~valuated if 

~. and ~. are centered on the point at which the EFG is beinq 
1., ] 

evaluated; if niRnj-l the Integral is zero; otherwise it can 

'be evaluated as a product of integra1s of types' (7)· and (8), 

Appendix l. The tensor evaluated from these matrix elemants 

and a molecular wavefunction will be traceless. 

2. Evaluation of qzz from an aCE-SeF wavefunction 

For convenience in subsc,ripting, éizz wi,ll from now 

on be referred to simply as q. The expectati9n, value of this 

operator, including electronic and nuclear contributions, ia 

denoted q. That part of q due to the electrons is denoted 

qelec. No confusion can result since qzz is the only n.08a

sary element of the EFG tensor. ~'develôped in Chapter l, 

)'1 " 
q - -1: Nk <.k' a~/az21'k> elec k 

with·~ the occupation nUDtHtr of the MO t k and en the coef

ficient of basia orbital .i in t k • Xndex k rangea through the 

,] 

,~ 

r ~~ 
~,,' 
.J 

_J'~ c\' 

.', .. 
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MO'. whilo i and i rang_ throu9h th. ba.i. orbi t:al.. Th. 

minui 819n i. du. to th. negatlve charge on th. electron. 

For the OCg-SCF calcul.tion of HCl at r-2.4087 au in th. 71-

orbital Moccia ba.i. r.ported in Chapt.r Il, the al fro. • .. eC 

the individual MO'. and th. total q.lec by (1) are 9iven in 

Table I.r Compariton vith th •• xperlm.ntal valu. l6 , 41.0 

l1ated in Tabl. l, .how. that the total q, 

, ia about 6.5' tao hiqh. Th. nue1 •• r contribution q ia nue 
alao li.te4 th.r., thi. i. aiaply 

~ (300.2e -l)/r l • 
a (G G 2/ (2 .4081) l, 

.ine. the proton (1
0
.1) lié. on th. z-axi. (00aSo.1) a diatanoe 

~) 2.4087 au fra. th. Cl nuel.ua. 

The convergence criterion uaed in thi. work guaran-

te •• aix .ignifieant figur •• in th. coeffici.nt. of th. 00-

cupied MO of high •• t enerqy (Chaptar Il), al10ther MO coaf-
i 

fieient. ara .xpaeted to have thi ... ny or more .ivnificant 

figurea. Th",. a con.ervative •• tllMte i. that •• ch II) q ha. 

fi''''- aignifie.nt fi9ur... However the HCI MO vith the CI of 

larq •• t magnitud., tha 30 MO vith q --160 aU (Tabla 1), ha. 

only two dacimal place. acouracf vith five .19ftlficant fl9UC •• ' 

. our axperience in ehugin9 convergence criteria (Ch .. pter II, 

_etion 50) indie.t •• , hovever, that ~lee' the .1a of the MO 

• 



\' 

• 

10) 

. 
TABLE 1: q for MO'. fram OCE-SC, calculations of HC1, ,Moccia 

~ 
, . 

and modified GW,ba ••• , for compari.on of 3. and 1. q. Agree-
/ , 

ment ia not 8~eted for 40, Sa, and 2w ainee only the 3d or-

bital of the modified GW basia has r max near the proton. 

# 

l«) Moeeia bali.b Modified GW basisa 

la -.00010 -.00001 

" 20 -.01230 - .01752 ~ 

30 , -.1.56.23061 -159.73185 

40 -.21302 -.34254 

50 -6.92658 -~ .89900 

o ln 78.56465 80.10303 
" 

2n 4.99300 4.99912 
t 

Total qelec 3.73268 2.21339 

qtot 3.87579 2.35650 

exp.rimenta~ qelee - 3.4908 au16
, experimental qtot • 3.6339 aul '. 

qnuc - 2/(2.40~7)3 •• 14311 au. 

aBasia of Table VI but vith C of orbitals 10 and 15 decreaeed 

ta .83032 (page 118 ). 

bChapter II, Table II • 

1 ... 

. . , 
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qls, is accurata to four decimal places and the individual 

MO q's to five places. This implies that the 3a MO q is ac

cur~e to 8 significant figures, whieh i8 reasonable sinee 

it is~xpected to be accurate to more figures than the q of 

the highest MO (Chapter II). In the tables both the MO q and 

qelec are given to five
l 
places, so qelec is quoted to one more 

place than i8 significant. 

3. Analysis by MO's of the'EFG; eomparisons with the Cl- ion 

Roughly, the la, 20, 30, ln, 4a, 50, and 2w orbitals 

of HCl correspond to the Is, 2s, 2pz' 2px and 2py' 3s, 3pz' 

and 3px and 3py orbitals of the Cl- ion respectively. Roughly, 

again, the ls, 2a, and three 2p orbitals are not involved in 

the bonding of the proton in HCl, being too low in energy and 

too close to the Cl nucleus, so as a first approximation the ~ 

la, 20, 3a, and ln MO'S of HCl are unehanged from the Is, 2s, 

and 2p orbitals of Cl-. The EFG ean indieate how clo •• to 

true this ls for a given wavefunction for HC1. Sinee q fbr a 

sPheri~~harge distribution ia zero (because then the anqular 

part of t~ charge distribution is SOo(e,~), which i. ortho

gonal tb 3cos2e-l in (4», and ainee a closed'(fully oceupied) 

shell or subshell of eleetrons ia a spherieally sy.mmatric 

distribution of charge, the q of the la and 2a orbitals and 

the swn of the q' s of the 30 and two ln orbitals should be 

zero if theae orbitals corre.pond exactly ta the ionie orbital •• 

The total q of the la MO of the 71-orbital wavefunction for 

'.il 
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HCl (corresponding to the firs't er~O~t'()tf' sliëll' of the Cl- ion), 
'\ "'" 

the SUIn of the q' s of the 2<1, 30, and the two 111' MO' s (cor-

.. -responding to the second electron shall o~'~~ ), and the sum 

of the q' s of the 4a, Sa, and two 21f MO' s (corresponding on1y , 
100se1y to the third shell of Cl- because of the bondinq of 

the proton) are listed in Table II, co1umn 1. The q from the 

second shall of the 71-orbital wavefunction for HCl is quite 

large, near1y 25' of the total qelec. This could mean either 

of two thinqs: the inner electrona of HCl are indeed quite 

distorted in the Hartree-Fock approximation from their spheri-
co 

cal distribution in the ion, or else the Moccia 71-orbital 

basis (Chapter II, Table II) ls poorly ~hosen in the region 

of spaee occupied by the second shell electrons and qives an 

electron distribution far different from that whieh a good 

basis would qive. 

If the latter is true, it should appear in a cal

culation of the Cl- ion as well as the HCl mleeule, because 

if the basis 

vavefunetion 

s~s defieient in an inner shall req10n the Cl

w'J necessarily be of paor quality. To thi. end 

a calculation of the Cl- ion was performed with the same 71-

orbital hasis set . ., The OCE-SCF orbitaIs for Cl- ,.,ra 9iven in 
1 

Table III, vith the correct deaiqnations of the Cl- orbitals 
1.. 

(ls, 2a, 2p, 3s, and lp) and also the designations correapond-

inq to the HCl MO's (la, etc.). Because the lI-orbital basi. 

dees not include a and 'Ir basi.a orbitaIs in squal numb.ra or 
J" 

vith equal exponenta, it i5 not: po •• ible in thi. basta ta 
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TABLE II: Electron shell analysis of q for BCl and Cl-" elec 
in sevaral OCE basis sets. 

, 
shell contr~tion ta <lelec (au) 

ahell Bel, 7l-orbital 

1 -.00010 

'2 .88639 

3 2.84640 

shall èl- « 71-orbiJ:al. 

(MOCcia)c 

1 .00000 

2 .46814 

3 .27836 

(Mocci~)c, 
) 

HCl. 

- BaCJUsl8 Cl « 
- ----. and Clementil1 

.00000 

.00000 
~ 

.00000 

KOdifiod 

-.00001 

.45669 

1.75670 

.00000 

.00000 

.00000 

, 

ml: 

aBatis of Table VI but vith t of orbitals lO and l~' decrea8eèl 
. 1 

ta .83032 (page 118 ),~ 1 

. ! 
b.rable VI. d-orbitala are exclua,ad froa ace upiéd, orbital. of 

/ 
1 
1 

cCbapter II, Table II. 1 

• , .. 

, , 
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.. .. / - -, e TABLE III: CoeHicienta of SCF orbital. of Cl . ion, 71-or-- , ' 

bita1 ~8i.a. 
-\ .. 

" , .. 
~-

~ a-orbita1s. - coefficients 
~ 
~ 

b~is orb. 1. (lo) 2.(20) 2pz (3cJ) 38(40) 3pz(So) ~~~ 
, 

• ~ 
f 
" · J- .• 091667 ' -.001801 .000000 .032553 .000000 
!.~ 

" 
r' 

2- 1.079649 .205396 .ÔOOOOO -.326118 .000000 

~ 3 -.224114 .221636 .000000 .322189 .000000 
t 
• .. " .119858 -.112909 .000000 -.684036 .000001 

5 -.065253 ,-,.938178 .000000 1.335364 -.000001 
, 

6·< .015558 -.119491 .000000 -.651123 .000001 

7 -.002837 .007888 .000000 -1.042062 .000000 

( • 8 -.001578 .004804 .000000 -.085866 .000005 
< 

. 
~ .000722 -.002218 .000000 • 038911 -.000007 

10 .002629 ..... 008009 .000000 .291567 -.000001 

11 .000000 .OOQDOO 
, 

• 3~6789 .000000 .051868 

12 .000000 .000000 

'" 
,.632752 .000000 .223082 

13 .000000 .000000 .116331 .0001l00 -.1073]2 
.) , 

14 .000000 .000elOO ;.022586 .000001 -.705221 
, 

15 .000000 .000000 -.020570 .000000 -.279"8 
«) 

16 .000000 .000000 .005324 .000000 -.141212 

17 .000'00 .000000 .026339 .000000 .091027 
l' 

'. 
.000'04 -.000002 18 .000000 -.000246 .000000 ~ 1 ; 

" : • i -
" , 19 ",' .000002 " .000427 .000000 -.001108 .000001 l,' 

t-
~- ~ 20 .000000 -.000220 .000000 -.000081 -.000003 
~: • ft 

f .. ~ 
~' oontiaoed 
,:: 
~ 

... 
~ 

. ; .. , .• ,.1.,.:. 5;, _ 
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TABLE III: (cont 'd.) e 
1r-orbita1s - coefficients 

basia orb. 2Px,2p (l1r) 3Px, 3pX (2'1) 
I , 

37 /-.105056 -.064939 

38 .049995 .083743 

39 .000001 -, 
.000005 j 

40 -.000003 ,.,. -.000014 

41 .000002 .000011 

42 .000000 .000001 

43 .000058 .... 000455 

44 -.000003 -.000109 

e ~ -.000054 .000438 

46 .000000 .000000 

47 .000000 .000000 

, 48 .000000 .000001 " 

• 
" 49 .000000 -.000001 ., 

" , 
~OOOOOO 50 .000000 ... 

'. , 
51 .000000 .000000 

Kigenvalue (au) -7.689198 -.147681 

·Chapter II, Tabl., XI. 

>'''' ~, .:' 
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conatruct a 0 ionie orbital which is exactly deg.narate witb 

a u orbital pair, thua the 2p and lp orbitals are not triply 

daganerate aa they would be in a calculation with a aymmetric 

basla, they are instead an exactly dagen.rate pair (corre

sponding to an HCl w pair) and another orbital (eorr •• ponding 

,to an HCl a orbital) with nearly, but not exactly, the .&me 

eig_nvalue. The ql. for the._ Cl- orbitaIs are given in 

Table IV. 

There are in the literature two accurate (near 

Hartree-rock) waYefunction. for the Cl- ion in b •••• of STO'al 

one by Clemantil7 uaing • 25-orbital ba.ia and one by Bagual8 

using a 28-orbital baa~s. The Ba~ aet-qives • aliqhtly 

lowar energy and ia thua cloaer to th. Hertree-Pock limite 

These basi ••• t. are qiven in Table V. The q'. for the or

bitals of Cl- calculated from the publiahed coefficiants (th. 

Clementi calculation was repeated in thi. labor.tory; the 

coefficient. agreed exactly vith the published value.) u.lnq 

the integrala de.eribed in section lare liated in Tabl. IV, 

and the analyai. by electron ahell. i. qiven in Tabla II. The 

only serious di.agr .... nt betv .. n th. 7l-orbital Cl- .n~ th. 

ne Br Hartree-Pock Cl- w.vefunctions is in th. 2p orbitals. Tb. 

7l-orbital b •• i. qivea q of -156.5 .u for the 2pz and 78.5 au 

for the 2px .nd 2py orbi~la, Wh~ the n •• r Hartr .. -pock 

function. both 9i ve q' a of -l~ au for 2pz and 80.4 au for 

2px and 2py. Tbua it .ppeara that the Mocci. baai. i. poorly 

choa.n for the .acene! el.ctron aball, aine. it 9ift8 orbital 

~, -, 
~, 

! 
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TABLE IV: ~lec by orbital.s for Cl-, several basis sets. All val.p!s in au. 

orbital. 
71-orbita1a (corresp. to SC1) 

1. (la) .00000 

2. (20) -.00061 

. 2Pz(3a) -156.54762 

38(40) -.00008 

3pz (Sa) -8.70673 

2Px,2py(lY) 78.50819 

3px' 3py (2W) 4.49258 

-
'fatal .74650 

~Z' II, 'fabla II. 

~ t;.able VI. 

Clementi 17 Baqus18 c;wb 

o. o. o. 

o. 0 0 

-160.71315 -160.72161 -160.19510 

o. o. o. 

-9.19287 -9.17898 -9.14711 

80.35~ 80.36081 80.09755 
~ 

4.59643 4.58949 4.57355 

o. o. o. 

c_1• of 'fable VI vith orbital. 6 and 7 deletact aD4 the fOllow.iDg orbital. actded 1 

............ ~~",i"':.~,ap.~ ".,.535, _.' ' .... ·3.5' 4P., ,.7.200. , 

,."" - ~ r<\ • 

• 

c G1f-Bagus 

o. 

o. 

-155.41731 

-.00005 

-9.36622 

80.09464 

4.58016 

4.56602 ' 

~ , 

,,' 

"", 

t 

" , , 

" 
1 , 

... ~~>l 

J
J 

~ 
. h~ 

. . 
!. _ '1 ~ \i ' -. ~ 



" 

112 

• TABLE V: BaCJUa18 and Clementi 17 basea for C1-. 

Bagua 1 Clementi 

orb. 1; r max orb. 1; rmax 

a CI \\ 

la 19.955 .000 la 17.2875 .000 

2a 14.545 .069 la 28.4472 .000 

3a 16.000 .125 2a 6.8172 .147 

3a 9.951 .201 2a 15.3682 .065 

2s 5'.748 .174 3a 2.8669 .698 
~ 

3s 2.823 .708 38 1.6723 1.196 

3a 1.651 1.211 38 5.9503 .336 

:. 2pz 15.380 .065 2pz 7.6419 .131 

2pz 7.S~5 .133 2pz 13.9763 .072 

2pz 4.385 .228 3pz 2.8985 .690 

4pz 7.200 .417 3pz 1.0374 1.928 

3pz 2.612 .766 3P. 5.9321 • 337 -. 
4pz 1.826 1.643 3pz 1.8615 1.074 

3Pa .92d 2.174 4 . 
1r 1r " 

. 2Px,2py 15.380 .065 '2Px,2py 7.6419 .131 "J 

2Px,2py 7.535 .133 2Px,2py 13.9763 .072 • 
~'Î'. 

.228 3Px,3py 2.8985 • 690 
~ . 

2Px,2py 4.385 ,~ 

. ~ 
4Px,4py 7.200 .417 3Px ,3py 1.0374 1.928 's . 

~ 
,," 

2.612 .766 3Px,3py 5.9321 .. 337 'i 

lPx,lpy :~ 
., 

e 4Px,4py 1.8~6 
, 

1.643 3Px,3py "fJ. .8615 1.07. 

lPx,lpy .920 2.174 
0 

~ - .. .:L 



• q'. for the .hell ln Cl- very dlfforent from the •• of the 

near Hartre.-Fock .avefunctlonl. ltowever bator. th!1 can 
'\ 

he concluded one furth.r polnt mUlt be oheckeda it la POI-
l 

11) ~ 

sible that while the Moocia balil la poerly Ruited to de

scribe the •• con4 .hell in Cl-, it i. well luitad to de.oribe 

thi. ah.ll in HCl. Thi. i. unlikely, sina. thi. impli •• a 

large 4ifference in th. .tructura ot the non-valence ahelll 

of Cl- and HC1, indeed, compariaen with two·canter c~lcula

tions in Chapter VII .ho.a that the 71-STO ba.ia 1. allo 

poor for the q of th. 30 and Itt MO'. of HCl. 

It appear. falrly certain, th.n, that th. Moocia 

ba.ia could be improved upon by Itarting with the Baqu.~~ 

basi. for Cl and adding orbitall to minin4-za th. lIel enargyl 

it 1. temptlng to thlnk that the Moccia ba.i. miqht b •• ub.tan

tially improved by .imple replacament of th. orbitall which 

oontribute h.avily to th. 30 and Itt MO'. by the correlpondinq 

orbital. of th. Bagu. ba.i.. Recalculation of" th •• lectron 

repul.lon Integral. in tha 7l-STO ba.ia r •• ulting from thil 

replac ... nt would b. co.tly of computar tim. and wa. not 40na 

in thi. work. Havever a te.t wal ma4a of Ruch a replacement 

in • __ 11er b •• i.. The b •• i •• at wal tak'en trom • calcula

tion of Cl2 by Gilbert and Wahl19 (aH). Thi. b.li. wa. cho.en 

because of it .... 11 .ize, however it wa. caretully opt1mi.ed 

by Cilbert and Wahl and experience in thi. labor.tory ha. 

shawn that for in"..ti9atlng th. effect. of basl •• et chanve 

ln ocs-scr wa..,.functions of Hel it 1. a. effective a. the 
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Clementi Cl- balil and 5 orbita,l. smaller, givlng a large 

saving in computer time. The OW 20 orbital basi. (100 or

bitala, 5. paira) ia listed in!Table VI. If it were true 

114 

that mere inclu.ion of the thrè. appropriate 0 orbitaIs from 

the Bagua basia C2pz with expohent 7.535, 2pz with exponant 

4.385, and 4pz vith expon.nt 7.200) quarant •• d an accurata 

30 MO, then a calculation ol Cl- with the GW 2p orbitale z 
replaced by the •• thr ••• hould give a 2pz Cl- orbital with 

q c10.8 to th. Hartr •• -Fock value; this was tried (Table IV) 

vith the result that the q trom 2pz orbital was even lower 
1 

than that lram th. Meceia ba.ia and lar from the Hartr •• -

Fock value. Thua while th. Bagus basia produc •• a q of 

-160.7 au for the 2pz orbital of Cl-, and whi1. on1y thr.e 

orbitals of the basi. contribute heavily ta thi. ionic or

bital CTab1e~VII), the insertion of the •• orbitaIs in'th. 

CH basis resulta in a q of -155.4 au for the 2pz orbital, 

.ven though again only the •• thr~e orbitala contribute h.avi

ly (Table VII). Thu. it il not likely that merely raplacinq 

the orbitals of the Moceia ba.i. vhich ~ontribute to the 3a 

and 11r MOs by the corre.ponding orbi tals in the Bagua basia 

would improve the quality ot the •• orbitals. The concluaion, 

then, ia that the Mocaia 71-orbita1 basis is not aUfliaiently 

flexible in the second ahe1l règion, but that th.re ia no 

simple vay t9 improve th!. by changing a lew orbital ex~ 

nents. A complete rebuilding of the ba.t. would be nec.a.ary, 
4 

preferably uaing th. Bagua CI- basi ••• a startinq point. 

" .. ' 
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TABLE VII: Coefficients of the 2pz (la) orbital of Cl-c in s.verAl bases 

Bagua18 basi. ~9 basia 

orb. e coeff. orb. e coaff. orb. 

2pz 15.380 .01990 2pz 10.261 .205835 2pz 

2P. 7.535 .68.564 2pz 5.608 .821569 2pz 

2p ~ 
z 4.385 .19201 -3pz 2.608 .018959 "Pz 

.Pa 7.200 .16481 3pz 1.463 -.005252 )Pz 

3pz 2.612 .00296 3pz • 

(pz 1.826 "'-.00058 

3P. .920 .00024 

.... DOte C, ~ab1e IV. 

.... 

• lIiliiill~~~~M~-r;;;' .~~'>~"4~", 1-..~ ~ ;.Jr.~1t;.r .... _ ..... 

.' ' 
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This was not undertaken in the present work becau.. of the 

prohibitive expenae; instead further investigation. of ba.t. 

set effects were made using the GW basis. Even vith thi. 

rather limited star~n9 point a basis was obtained which 

yielded an energy lower than that from the Moccia 71-orbital 

basis and which in add~tion yielded a q much closer to the 

experimental value. These investigations are reported in the 

next section. 

4. The 4a and Sa MQ'.:basis Bet effecta 

Table II, eolumn 1 indicates that the mo.t important 

MO's in determininq qelee are those of the third electron shell' 

of HCI, i.e. the 4a, Sa, and 2n orbitals. Sinee the 3px and 

3py orbitals are, in the simple bondinq pictura, unchanqed 

from their form in Cl- (since the ra are in this pieture no w 

orbitals on H), we here make the assumption that the important 

effeets to he observed upon inereasing the basic Cl- ba.i. will 

be in the 4a and Sa orbitals, whieh meanB that th. effect. can 

be observed by adding only a orbitals to the basia. Table. 1 

and IV support thi. as.umption, Binee they show ~.t for HCl 

and Cl- there iB littla difference in the q of the 2. MO in 
1 

very different base •• 

A serles of calculations waB done starting vith the 

GN basls and Bucce.sively addinq 9s, 9p, 94, etc. orbitals 

vith .-0 and r .. x.2.4087 au, i.e. vith the radial .. xiaa at 
~ 

the proton. The exponent for the •• orbi tals is 3.32129. 
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f In calculatlnq TablaR l , II- the GW bali. we. modiflQd .0 

that tho 3d orbit.l. had thelr radial maxima at th. protolt, 

in th. ca1culationl of thi. ..ction th. 3d, oxponent i. that 

ot the Gilbert-Wahl caloulation of C12
19 al it app.ari in 

Tabla VI. Thi, i. b.caui. th. oalculation.'of Table. 1 and 

Il involved inn.r Ih.ll orbital. and it wa. n.c •••• ry to 

have aom. d.n.1ty n.ar th. proton for a gen.rally oorr.ct 

d •• cript1on of th •• lectron d1.trihution, in thil •• ction 

the den.ity n •• r th. proton i, de.oribed by th. n-9 orbital., 

the 3d expon.nt 1. returned to i t. moleeular calcula tion 

valu. to qiv. more flexibility in int.rmedlat. ragion. between 

the Cl nucleus and th. proton. Th. ba.ia .eri •• i. label.d 

in thi, ways GW+l denote. the ~l orbital ba.i. conli.tinq of 

the GW basi. plu. a 9a orbital with C-3.32l29, GW+2 d.not •• 

the 22 orbital ba.i. con.iltinq of GW plu. 9. and 9p with 

C-3.32l29, and 80 on with GW+9 th. 29 orbital ba,i. inc1udinq 

ft 9k orbital. The GW+9 bali. i. li.ted in Chapt.r II, Table III. 

Th. qeleo and individuel MO q valu •• for thil •• ri •• 

of basi ••• t, il qiven in Table VIII. rh. proe ••• we. helted 

with the addition of the 9k (1-8) orbital ainoe thi. value of .. 
1 i. the larq.-t allowed valu. for n-9. The ba.i ••• t .n-

-
largement could have b.en continu.d with hiqh.r n and hiqher 

1, but it wa. de01d.d thât the trend. wer. clear with the &d-

diti9na throuqh 9k. Comp.ri.on of th. value of Qe1èc for th. 

basi. inc1udinq through th. 9k orbital (3.49418 au) with 

~ai.er·.l6 exp.riment.l valu. (3.4908 au) Ihow. v.ry clo.e 
C) 

,Ii 

.,. 

".. 
.j 
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TABLE VIII: HCl MO q for OCE-SCF wavefunotions in th. b •• ). 

aeries formed by aucce.aively addinq to the GW ba8i.~of Table " 

VI 9a, 9p, etc. orbital. with '-3.32129. 

q (au) 

MO GW GW+l GW+2 GW+3 GW+4 - - - - ,-

la -.-00002 -.00002 -.00002 -.00003 -.00004-

2a -.00214 -.00211 -.00213 -.00479 .-.00.55 , 

3a '-159.81711 -159.83041 -159.82821 -159.18359 -159.77342 

4a -.21932 -.27894 -.27928 -.25108 -.23098 

Sa -8.21412 -8.20252 -8.23215 -7.86197 -7.48301 

\ 

1. 80.09098 80.09895 80.09529 8Q.11365 80.12693 
-

2. 4.94887 4.95051 4~95234 5.01231 5.0615t-....: 

Total 1.76700 1.18493 1.75288 2.35045 2.88505 
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'1'ABLBeQVIII: (cont:'d. ) 

.., 
" 

..... 

o~ 

'(au) 1 q , 
1 

• 
le) GW+9 -
10 r -.00005 

20 -.00463 
~' 

-15~.14818 >' 30 
~. 

1" 40 -.21670 
!: 
1 

r 50 -7.04966 ,. 

r 
!,. 

1. 80.14581 
't 2. 5.11089 

ta ., .. 
..: 

~tal 3.49418 .-~ 

1 
/ 

( 
.,., 

.... 

"' , 

.~ 
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agreement; the agree_nt is illusory however because the who le 

.series of calculations indicates that addition of higher t

values would raise Clel~c AboYe 3.5 au~ the series of 'CJelec 

values appears ta he cQnverginq to rouqhly 3.6 au. 

The greatest changes in MO q upon addition ~f higher 

1 orbitais with r.u:-2.C087 au occurs in the .ta (-.28 au ta 

-.22 au) and 5a (-8.20 au to -7.05 au) MO's. The 3a MO ex

perience. a change of about the same size as the change in q 

~f the Ca (-159.83 au to -159.75 au) but this change i. much 

s .. ller relative ta the q of the)«). In both the .ta" aDd 5a 

11)'. t.he change, to a lover ab80lu~. value of q, corresponds . . 
to tran.fer of e"lectron density fro. closer ta the Cl nucleus 

(wbere l/r] is larger) to farther'from the Cl nucleUs (vbere 

1/r3 ia .maller). Thi. ia as expected for addition of basi. 

orbitaIs vith r llax far froa the Cl nucleus. 

Addition' of the orbitals of higher anqular momentua 

(

_ .•. --., qu&ntUJI nUlllber allows a, greater anqular concentration of 

chlrge becaua. the. iilterval between nodes of the 8-dependent 

, factor'of the ~ spberical harmonic decreases vith increasinq 

12 9 . ~ince the pro~n i. placed at 0-0 and the angular part 

"2 of the q operator is lcos 9-1, vhich attaina its high .. t abaa-
Q ~ 

... 
lute value at cos8-l, allowing greater concentration of chàrqe 

\ 

close to 6-0 flllows an increase in the .. gnitude ~f <lelec. 
• 1 

~ the radial and angular effects work in ~ppo.ita direction., 

froa -rable VIII. ~ radiaL affect domi oates strongly after the 

firat fev additions. A qualiqtive description of thia balance 

, 
.', 

". 
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1 

up of oharte R.ar the proton to b. produce4 by orbital. with 
( " .. ~ 

the appropriat. 1' .. '." thi. produc •• a .ub~t.nti.l enern' 

love ring which en.ure. that the.e orbital. contribute to th • 
• 

40- and 50 MO", the ra4ial effect 4alDinat •• ln cle t.radn ln; , th. 

chan98 ift q •• the orbital. are a44ed. , 

5. AnalXli. of ~lec bx orbital-pair tx;e 

Dy ~uation (7). the total ~l.c ~ and th. q of eaoh 

of the1 indl vidu.l 1«)'., 1. • ._ of ter... vblob co~ tain an 

lntevra1 of the for. <+ila2v/a.21+j>. One po •• ible vay of 

cl ••• ifyl'9 th. ter.. 1. by the pair of an9Ul.~ mo"ntum 

quantua nu.bera '11 and lj belonv1ng ta .1 and +j. Slnoe the 

int.gral 1 •• ~tric ln ,+1 and +j the or4er of +1 'and +j t. 
.. 1 

not igportant in the cl ••• ifleation. 8y (5), th. inte9ral 

<.1Ia2V/a.~I.j> ha. a. a factor the angular lnte9ral 

(9) 

fro. condition. introduce4 .arlier (Chapt.r II, equatlon (8» 

th1. int.gral vani.be. unle •• 

(10) 

'1 

and 

(11) 

.' 
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An a4ditional i4entity for th ••• integral.ll implie • 

that (9) vani.he. ùnle •• li-1j i •• ven. U.1n9 thi. condition 

and (10) and (11), it i. ea.y, ta ••• that ~he only po •• lbl. 

orbital pair. ihat c.n ~. non-•• ro contribution. to q.l.c 

wh.n th. h19h •• ~ 1-valua.in th. ba.i. i. 8' (a k-orbltal) Ar • 

(orbital type. ta 1.ft, 1-value. ln par.nth •••• )z 

.-d, (0-2) 

p-p (1-1) 
p-f (1-3) 

4-d (2-2) 
4-9 (2-4) , 

~ f-f (3-3) 
f-h (3-5) (12) 

9-9 (4-4) 
9-i (4-6) 

h-h (5-5) 
h-j (5-7) 

i-i (6-6) 
i-k (6-8) 

j-j (7-7) 

k-k (8-8) 

In.Tabl~ IX the total ~l.c·. of (7) for tbe 10 

ba.i. .et. of Tabl. VIII are brok.n down Into contribution. 

trom th. orbital paira of (12). Th. conclu.ion tb be dr.wu 

from Table IX ia that wh!le a44ition of orbital. vith bJ.fber 

t qr.atly affecta qelec' it doea th!. in4ir.ct1y by .llovlng 

a more important contribution froa the 9p o~ital to tb. 50 MD 

rether then directly tbrougb orbital pair contributiona to 
\ 
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"MLI lK' Orb1tal p.l~ analYll" OW ., •• 1 ••• tenclecl vith ftII' 
orbital •• r max.a.40.? au. 

, 
q (au) 

pt'" t.u. D.t1 !lti1 iti1 

Id -.OlS14 -.034" • -.0349' -.Oll2' 

pp 1.lalS4 1.13'32 6 1.10727 2."721, 

pt 
,~ 

J 

clet -.019.0 -.01'42 -.01'43 -.01'47 

" ptir tva OW+4 - i!t1 
. 

ad -.Oa"2 -.Oal.3 -.02127 

pp 2.t5t52 3.24075 3.'97'0 

pt -.02'13 \ -.030"3 -.03211 

deS -.01415 -.01524 -.01'" 

cSv -.004'2 -.00534 
, 

ff -.00107 -.0012' -.00137 .. 
-.00143 fh ""'i ~ 

99 -.00042 -.00041 

hh -.00011 

conti",*, 

f, 

- " 

~ 
~ 

; 

l, 
J 

1 
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• TABLE IXI (cont 'd.) 

.. 

q (au)' , 

pair type GW+7 GW+8 GW+9 . - - -
ad -.02797 -.02780 -.02770 

pp 3.48981 3.54642 3.58210' 

pl -.03271 -.03307 -.03330 

'dd -.01577 -.01590 -.01599 

dg -.00560 -.00574 -.00584 

ff -.00142 -.00146 -.00148 

• fh '-.00154 -.00161 -.00165 
't 

qq -.00051 -.00053 -.00055 

9 i -.00059 -.00063 -.0006' 

hh -.00020 -.00021 -.00022 

hj -.00026 -.00028 

ii -.00008 -.00009 -.00009 

ik -.00012 
,.'J 

jj -.00004 -.00004 ~~ 

kJc -.00002 

, 

~ .• 
'. ",,' 
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fIelec ,involving the higher 1. quantum numbers. The coef

ficients of the 9p basis orbital tO the 50 MO for the variou8 

basis séta are given in Table X to illustrate this. Note that 

the .agnitude of the 9p coefficient steadily increases as the 

higher-I. n-9 orbitaIs are added. 

6. Contribution to qelec of inner shall. 

Although this effect will be examined in more detail 

in Cbapter VII, attention should be called at this point to 

the non-zero contributions ~f the la, 20, and lw MO's,which 

correspond ta the inner shells of the Cl- ion. Tni. effect 

ia usually referred to as the Sternheimer effect22 ,23. Table 

XI gives the shell contributions to the total <Ielec for the 

series of calculations described in section 4, analogoualy 

to Table II. For the 29torbital set including 1-8, the con-

tributions from shells 1 and 2 total .53876 au compared to a 

total q 1 of 3.49418 au, or 15'. This is considerably les. e ec 
than the 25' which was predicted by Moccia's 71-orbi~al basia 

(section 3), and ls in qualitative agreeme~t vith the reault 
- , 24 

of the early calculation by Scrocco and Tomas1 • It will he 

camparad vith the accurate twd-center calculations of cade and 

HU0
2S and of McLean and Yoahimine26 in Chapter VII. 

\ 

1 

.; . 

. , 
" 
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TABLE XI Coefficient. ~f 50 JI) of HC1, GW •• ri •• of ba ••• 
~ 

vith n-g, r .. x.2.4087 orbitals added. 

coefficient 

~ GW 2!±! GW+2 GW+3 - - -
lit 

1. 18.424 -.01.8548 .018241 .018248 .018620 ....... 

2.
1 16.187 -.01.4398 .013830 .013831 .014080 

2. 6.092 .105325 -.102304 - .102324 -.104287 
, 

3. 2.608 -.276551 .252747 .252516 .255651 

3. 1.597 .071. 784 -.026342 -.025579 -.021046 

2pa 10.267 -.046900 .046899 .045809 .044693 

2pa 5.608 -.201134 .200903 .204820 .200323 

3po 2.608 .434062 -.433388 -.457893 -.447645 
of' 

3pa 1.463 .625434 -.625729 -.571120 -.556738 

lda 1.943 .161t26 -.161214 - .161281 -.108753 

9. 3.32129 -.032493 -.033424 -.043202 

9pa 3.32129 -.041130 -.055217 

9da 3.32129 -.125341 

r continue4 

, .' 
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l'AlLI X. (oont 'd.) ~ 

• • 
ooeflLCli.nt 

AC 

2[à. 5. i!t! 9l!.t1 
. -• • 

• 
1 1. 11.424 .01.1.4 -.018555 -.01t114 

"-
2. 11.111 .014503 -.014171 -.014150 

2. '.012 -.107464 .109468 .11071. 

3. 2.10' .262171 -/217513 ".27051. 

3. 1.5'7 -.011142 .011500 • 01.252 

2po 10.261 .04343' ".042781 -.042411 

2po !S.IOI .1'526' -.112780 -.111310 
.. 

lpo 2.608 -.43'142 .430615- .427518 

lpo 1 .. 463 -.540786 .532298 .527426 

• ~do 1.943. -.11S371 .117557 .118'00 

,. 3.32121 -.050240 .053561 .05539' . 
'.07"74 'po 3.32121 -.011481 .075911 

• .,. 9do 3.32121 -.142362 .151168 .155433 

'fa 3.32121 -.117173 .127512 .13317' 

. '90 .. 3.32121 .07J848. .07.735 

Iho 3.32121 .041203 

_.! 

contlnued 

. ," 

" 
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TABLE X: (cont 'd.) 
'. 

~ . ~~ 

coefficient ~ -, 

.... 
GW+' orb. ~ GW+8 G1f+9 .... - S' f , è 

18 18.424 -.019948 .020048 -,.020113 

28 16.187 -.015064 loJ,~138 -.015187 

2a 6.092 .111653 -.112205 .i1256~ 
, 1 

38 2.608 -.272581 .273866 -.274708 
/ , 

38 1.597 .019110 -.019024 , .018969 

2pa 10.267 -.042197 .042061 ;-.041974 
.: , 

2pa 5.608 -.190547 .190036 -.189712 

3pa 2.608 .425682 -.424557 .423846 

• 3pa 1.463 .524498 -.522684~ .521532 

3da 1.943 .119450 -.119922 .120225 
, , 

98 , , 
3.32129 .056485 . -.057158 .057587 ~ 1 ~ t 

.,' 

9pa 3.32129 .. 081897 -.083288 .084182 
;:. 

9da 3.32129 .157972 -.159543 .160545 

" 9fa 3.32129 .136021 -.137776 . .138888 

9qa 3 .. 32129 ' .081741 -.083309 .084296 

9ha 3.32129 .050764 -.052389 .053252 
'\ 

9ia 3.32129 .032270 -.033651 .034550 

9ja 3."32129 , -.022175 .022946 

9ka 3.32129 .015628 
1 

'. 
., 

~f . 
.;~ ;- J, 

• J i:f ~? , j --:' 
w!( ;~ 
~-: ~ 

.~ <>, 

I~ " 
" 

. ~ 

L~. 
• ~l 

'. 
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'l'yLl XI t' Silell analyai. of Cieleo' Hel, CW ba.t ••• rie •• ' 

All quan~itl.. ln au. 

.hell 

1 

~ 

3 ' 

.h.ll 

1 

2 

3 

.hell 

1 

2 

3 

QI -
-.00002 

.3'271 

1.40430 

CM+4 

-.00004 

.41589 

2.40919 

G1f+7 -
-.00005 

.52889 

2.87459 

" 

r 

CM+l 

-.00002 

.3653' 

1.41956 

\ CW+2 OW+l , 
, 

-.~02 -.00003 
~ .36024 , .438'2 
~ 

1.3'265 ,*:'1157 
',-

" ". 

CM+5 GIf+' 

-.00004 -.00005 

.50298 ' .5190' 

2.65622 2.79353 

GW+8 GW+t 

-.00005 -.00005 

.534'5 .53881 

2.92418 2.'5S4~ 

{ 

. 
_ Î!! ",';; :'., ~.,:.:.. 

~ 

~ 

~1 

' ' 
" 

> 1"._ 
~ 

'~~. 
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(j CHAPTER IV: Campariaon of the EFG from two-center and one

center calcul.tians of Hel 

• 
An ab-initio OCE-SCF calculation on a diatomic 

, 
molecule is of intereat only if it can economie,ally approach 

the result which a more t1me-consuminq two-eenter calculation 

would yield. As either a one-center or two-center basi. ia 

increased toward completen •• s, the molecular wavefunction 

calculated ln thi. basla approach.s the Hartree-Fock (H-F) 

wavefunctlan, whlch ia that single determinant wavefunction 

which qives the lowest possible energy (Chapter 1). The 

physical propartiea calculated from the wavefunction alao ap-. 

proaeh the H-F limit, although this convergence is not n8C •• -

sarily monotonie; that ia, while addition of an orbital to the , 
basis always lowets the enerqy and brlnqs it closer ta the H-F 

value, for a property like the dipole moment addition of an 

orbital may take the expectation value of that property farther 

from the H-F valuel • Goodisman2 ha. shown that one-electron 

properties are expected to converge to the H-F limit upon ad

dition of basia orbitaIs much more slowly than the energy. In 

asseasinq the utility of an OCE-Sep prediction of a particular 

property, then, th.re are two points t9 be investigated: a) 

whether the property convergea with addition of basis orbital. 

lo a limit in a small enough basia that the OCE-SeF oalculat1on 

is still economical, and b) whether this lilllit 18 the H-P liJlL1t 

or an artificial one caused by the limitation. of the finit. 
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one~center basis. \In this cbapter the series of OCE-SCP cal

culations startinq vith the GW bas!a3 and addinq succe.aively 
" 

9s, 9p, etc. orbitals vith r -2.4087 au (Chapter III, secmax 

tion 4) is exalllined for convergence of the q values of the 

individual MO's and compared vith the results of accurate 

two-center (TCE-SCF) calculations by Cade and HuO· and by 

McLean and Yoshiain.5 ,6, which are close to the B-F limit7• 

i 
1. Evaluation"~ q in a two-center basis of STO 1 s 

The wavefunctions·,5 and the total ~leQ value.6 for 

the Cade-Huo and McLean-Yoshimine calculations of Hel have been 

published; the,individual MO q expectation values have note 

In order to make the comparison vith the OCE-SCF MO's, the MO q 

expectation values for the TeE-SCF vavefunctions had to he 

computed in this laboratory. Calculations of the expectation 

value of this operator over wavefunctions in two-center ba ••• 

of STOls vere first published by Richardson8 ; however thi. 

early treatmant empl.oyed 50_ approximations of uncertain ac

curacy. Later Kolker and Karplus9 gave some formulas ua.ful 

for evaluation of certain of the necessary inteqrals and Steph.n 

and AUffraylO( outlined a IDethod, used by lCabalas and Na.bat for 

LiBll , for evaluating the integrals by numerical integration, 

McLean and Yoshimine12 have also given a method involving 

numerical Integration. MOre recently interest in formula. for 

these integrals over STO' s bas waned vith the develo~nt of 

Gaussian transfom technique.13-15, in which the STO ia ap-

.,' 

" 

... . 

» ; 
'" . 
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, . . 

prox~te4 •• an ~ntevr.l ~an.for8 of • Gau •• lan functlonl 

th. inteqral. ov.r th. q operator are th.ft dORe over ,the ~ua

aian f~ctlona, whicb 1. a relatively .i~l. prObl •• 1S-16 , and 
• 0 

.. . . 

the re.ult for the ~'. found by inver •• tran.formation. Tbi. , 
_ttaod, ha. the gr •• t actvan~ge over a dir.ct for_la for STO·. 

tbat the Gau •• ian ~ran.for. technique qan handle thr .. -center 

integral., which ari .. in .valuation of q for polyatoaic mole-' 
'" 

~ule.l5a. The 4iaa4vantap of th~ Gau •• ian tran.fora technique, 

if on. i. intere.tad only in diatoaic .al.cul •• , ia that th. 

1 aecuracy is lia1ted~auae of th. integral truafora approxi

mation of the ST014,-and the_initial progr..-ing i.-~l.x 

comparaS to that involved for a direct foraula. Thu. a gueral 

formula for the inte9ral. of the q operator (Chapter III, equa

tion (4)) over STOl. vith no re.triction on the n, l, or _ 

quantum numbera i. de.trable, however none exi.ta in the litera-

ture. 

The fora of an STO on a glven center a i. 

wh.ra ,CHi(nl,ti) ia a normallzation con.tant and St • (8a '.a) 
1 i 

la a re.l _pberleal hara;lOnic (Appenclix 1). The coorcU.nate. 

ra' 0., and •• are .. a.ure4 ln a .pherical .yst .. eentered at 

a. An expr ••• lon a1a1.lar to (1) appli •• for an S1'O 

c • . 
, 
" '. 
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.j(Dj'''j'.j'~:i,rb,eb'.+b) centered on b vith the coordinat •• 

•• sured in a apberic::al .ys~ centerad at b., In a diatomic ., 

.,lecule the apherica1 ay.t:... on a and b can he' cho.en 80 that 

they ha. a co n -n z-axi. (the axia about which +a and +b ua . 
.. a.ured) J thia choice ia _de bere. Ne fdrther aeau. that 

b lies upon the po.itive z-axi. as _asured frOID a And that & 

lie. on the neCj&tive z-axia _a.ured froa b. 'rhi. d1ftara froa 

the convention of lllU\y authors,,17 ,18 .. who pick the z-axis so 
t 

that b li •• on tba positive a-axis of a right-handed ay.te. 

centered on a and a lie. on tha po.itive a-axia of a left

handed ay.ta. canbked OD bJ it va. decided for thi. work ta 

keep ~ fixed positive dtrection and handedne •• for both center •• 

This le purely -a .. tter of taste and the re.ulta are the .... 

èither vaYI it 1IUIIt bowever be cleu "which co~ventiôn i. usee!. , 

A CO.-Dn vay ta bandle probl... involving two center. is to 

introduce elliptical coordinate.17 ,19, 

" 

(2) . . 

• - +a - +b 

-

(' 

vith d't the volu.. .l~t for int8Cjrationa ovar all .pace &Dd 

.J .. asurad froa the xz plane. R i. the distance betveen a a114, 

b. UsiDCJ a fora of ~ intraduced in Chaptar III, 

, 
" 

~ 
~ 

" '~ 
.ï I,J 

..... _. ____ . ___ ~ __ ~______:...........:_ __ ~_;Î 
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(3) 

wh.ra the IrG i. caloulated at a, th. intevral of Q'be~we.n 

orbital. ~i and .j b.com.. 

(4 ) 

wh.re Ri (r., atan4a for the radl.l part of +1 ln (1). Defor. 

the intogrotion oan he p.rformed it 1. n.o •••• ry to oxpr ••• 

ftll funotiona of r a ,rb ,8., .nd Ob in t.r .. of ~,v, .nd R. The 
1 

~a- an4 .b- dependant parta ara unohanve4. T~la fact effect. 

a aigniflcant aimpllf1eatlon. Sinee S'm(O,.) i •• produot of 
.~ 

normalizod 8- And +- aependent part. (Chapter II and Appendlx 1), 

(5) 

with the t m(+) orthogonal for 41ff.rent m, the into9ratlon 

ovar • in (4) becomo. (.inee 820 (8,.) 1. indep.ndent ~f .20)~ 

Thu8 the integral <+iIQ1.j> vani.he. unl ••• mt -_j , and thon 

, equal. the int.gral ovet ~ and v~alon •• rull detail. are 91ven 

in Appendlx Il the crucial point in obtalnin9 a g.neral .xprea

.ion for (4) i. obtaining a 9.neral expan.lon ln the el11ptlc.l 

( 
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ooordinat.. (2) for the produot , 

, 
of ,the O-depancSent part. of the .ph.riaal harlIOnica on the eUf-

foront o.nter.. Qu •• !nov18 ha. publllhad a veneral formula for 

thi. _xpan.ion, thi., oouple4 vith certaln teohnique. of ma

n~pul~tion du. ta ~olk.r and xarplu.' and 10 .. lnt_vra1 tor~l.a 
due t.o Ru.clenberlil et. al. 21 en.bled the author to oon.tcuot • 

computer provram to .valuate <+1 IG1 .j) for Any STOt •• 1 and .j 

oont.rad on a And b re.peotively. An .xt.n.ion of Qu .. inov'. 

formula t.o the ca •• where +1 and .j are both on b enabled th. 

~alcul.tion of <.il~l.j> vith +1 and .j on b. The mathe .. t1oal 

(tata!l. and th. oomputer pro9ram, a10n9 vith documentation 

oqainat intogral value. in th. literature, i. 9iven in Appen41x 1. 

~ 2. MO gt. trom the TeE-scr wavafunation. for HCl 

The total q.leo and the contribution. of in4ividual 

MOt. for tha Cade-Hua and MoLean-Yo.himine TeE-SCr wav.funatlon. 

for HCl are glven ln Tabl. 1. lt ahould b. not~ that th. 

v41ue. for the total q~l.c ar. in the oa •• of the McLean-Yo.h1m1n. 

wavafunotion .li9htly, and in the c ••• of th. Cad.-Hua wave

function rather gr.atiy, diff.rent from thoae oaloulate4 by MoLaan 

dnd Yoahimin.6 for th ••• me ~aV.funotion., whlch are al.o 91ven 

in Table 1. Th. q int.gral routine. wrltten by the author were 

car.fully ahecke4 a9ainat valu •• ln the lit.rature ta ln.~. 



that thia was not the source of the discrepancy. The dia-
1 

agreement with the McLean-Yoshimine value is ea8i1y explaiDed. 

This wavefunction was publishedS with coefficients to five 

decimal places; in moat cases this is also five algnificant 

figures. The individual MO q expectation v~lues calculated 

from these published coefficients akould then a180 have about 

five significant figu:e.; in the case of the MO with the ) 

larqest q value (30) this means an accuracy of two decimal 

places or an absolute uncertainty of t.005 au. The tvo 1w 

orbitals have q values vith about half the magnitude of tbat 

of the 3a MO, so the abaolute error of this ~10 q la about half 

that of the 3a MO q.. 'l'he se are the largeat MO q' s and thua 

contribute the largest part of the absolute uncertainty of 

the sum over the 9 MO's. The absolute uncertainty fram th ••• 

MO's i8 about 2(±.OOS)-± .. Ol au; the disagreement between ~lec 

calculated in this laboratary from the publlshed wavefunction 

and that calculated by McLean and Yoshlmine la .001 au, vhich 

18 wlthln the above estimate. The McLean-Yoshimdne qelec ia 

more aeeurate than oura ainee it vas ealculated vith coef-

ficients to the full computer word-length. 

The diaagreement between qelee calculated by ,~e 

author from the published Cade-Huo wavefunction and that 

calculated for this function by McLean and Yoahimin.6 ia .0& au 

and cannat be explained by the above reasoning. However MêLean 

and Yoshimine did not use the coefficients publiahed br cade 

and RUOl they independently ealculated an SCF wavefunction for 
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TABLE la MO q expectation valu.1 for SC,'calculations of Hel in •• veral ba •••• LiDdt of the 

GW b •• i. enlargemerit leriel i. allo given. 

MO McL-YoahS 
.. C-H

4 

-
la -.00214 ~.00013 

2a -.01200 -.00615 

3a -160.37392 -160.30674 

"a -.20523 -.19098 

sa -7.05643 -7.02929 

111' :80.41931 80.41716 

2w 5.11146 5.11595 

q (au) 

wavefunction 
71-orb. a 

-.00010 

-.01230 

-156.23061 

-.21302 

-6.92658 

78.56465 

4.99300 

:' 

• GW+9b 

-.00005 

-.00463 

-159.74818 

-.21670 

-7.04966 

80.14581 

5.1108'9 

" " 

GW limitC 

-.00005 C-l) 
• 

-.00465 (2) 

-159.743 (2) 

-.215 (1) 

-7.02 (2) 

80.150 (3) 

5.112 ' (1)' 

" 

.' 
" \ 
~ 

·3 

"" ,; 

".; 'q 

totald 3.41182 3.53293 - 3.73268 3.49418 ~ 3.58 (5) ',~ 
~------- --~ --------- -------

total (calc. by 

MeLean-Yoahiain.6) 

3.4192 3.4694 ~ 
EXPElUMENTAL31 z 3.4908 a.u. 

cont,1nu.ed 
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TABLB Il (cont 'd.)' ~ 

-ChApt.r Il, Table V. Bas1.· froa r~fÙenc. 32. 

,bCbapter III, 'rable VIII. 
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Bel with the same basis and internuclear distance used by 

Cade and Hoo. They report 6 • complete agreement· vi th the 

Cade-Huo wavefunction, however the fact that distinct computer 

programs vere used to qenerate the two vavefunctions means 
, 

that there must he soma liait to the number of decimal places 

to which the MO coefficients aqree. There,fs no way to obtain 

this information fram the coefficients themaelves, aince they 

were not publisbed by McLean and Yoshimine; bowever i t la pos

sible to estimate these differences from differences in one

electron properties. Cade and Huo22 published the dipole 

moment expectation value from their Hel wavefunction; they ~, 

report <lJ1I1:Qk 1t> =-19.7404 au. The summation ls over aIl 
k 

electrons. Cade and Hua did not report what coordinate system 
~ 

this refers tOi hovever comparison with values published for 

HF by Bender and Davidson23 indicates that Cade and Huo'used 

the same convention as Bender and Davi4son, which waa that 

the oriqin vas the midpoint of the internuclear line, with the' 

proton on the positive and the heavy atom on the neqative z-axi •• 

McLean and Yoshimine6 take the oriqin at the heavy atom and the 

proton on the positive Z-4xis. thus 
• 

zeN-Y) - z(C-H) + R/2 

and 
-

<.JI~kJ'> (M-Y) == <~dt~kl.> (C-H) +n 1 x R/2, 
k k e ec 

where nelec is the number of electrons in the syat9l1l. 'l'hen, 

r' 
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uaing the publishe4 Cade-Huo value22 , 

<~It~kl~> . (M-Y) --19.1404 + 18X224081 - 1.9319 au. _ k 
J. 

MeLean and Yoshlminé report 1.9381 au~ The difference Q~ 

.0002 au ls amali and s6bject to a 50\ probable error~ 'however .. 
the difference-ls signifieant ainee the a "value of 2.4087 au 

weB used by bath sets of authora as an exact number subjeet , ' 

only to the word-length errors of the computer and not to the 

,\ -full experimental urieertainty-. To .st1Jllate the nWDber of 

signifieant figures agreement for the individual .MO q which 

this implies, 80ml knowledge of the ... individual 1«) <9> ia 

necessary. Thoae calculated for the OCE-,SCF wavefunction in 

Chapter II, Table VIII give thia in~ormation, sinee they should 

be roughly the same as for the TeE-SCF calculatio~.. Thi. 

table indicates that the net <~> 1 ia principally du. to e ee 

four MO'~ (40, 50, and the 2w pair) each o~_vhich bas <~> of 

rough1y .5 aUl aIl are of the "'aa_ sign. Than the abaolute 
,.. 

uncertainty in <z> 1 is about fqur ti •• the uncertainty in e ec 
any one of the •• orbital <z>r if the discrepancy betveen th. 

Mctean-Yoshimine and Cade-Huo <~> 1 (.0002 au) is taken a. • ec -
A 

the absolute uncertainty in <z> e1ec' thia impliea an uncertainty 

" of .00005 au in each of the dominant JI) <z>, or four aignificant 

'" figures. If each MO q i. then also &asumed to agr •• vith the 

corresponding quantity calculated by McLean and Yoabiaine to 

four eiqnificant figures, an arCJWD8nt sia11ar to that uaed abo". 

J 
1 
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to estimate the uncertainty in q 1 from the McLean-Yoshlmine 
e sc ... 

wavefunction qives an expected di8Agreement between the cal

culation of ~lec from the publ!shed Cade-Hua coefficients· and 

-that calculated by Mc~an and Yo~himine6 for the Cade-Huo vave

funetion of 2 x. 05 -.1 au. 'l'he discrepaney ol)served (.06 au) 

is within thls réUlge. Thus the a le values calcu1a.ted by the 
,:1 ~ c a 

author from the published MO coefficients of Cade and Huo aqree 

with that calculllted in the same bas!s by McLean and Yoshi1lline 
..:-

as weIl aa can he expected i there ia no stronq reason to auapact 

either a q Integral error or 'a aisprint in the Cade-Buo MO coet

ficients. Given the rather large dif~ference betveen ~lec in 

the Cade-Huo and McLean-Yosbt.ine bases (Table 1), the H-P 

" , limit for this p~operty ean be placeci no more accurately tban 

3.5 ± .1 au. 
( 

The MO q values from the 7I-orbital Moceia basla 

(Chapter Il) and the 29-orbital GW+9 basis (Cbapter II, Table 
, -

Ill) OCE-SCF calculations of Rel are also qiven in Table 1 for , 

comparison vith the TCE-SC!" values. Also liated are •• tu.ated 

limits for the MO q valu~. for continued addition o~ orbital. 

with higher 1 values and r~2 •• 087 au. Tbe •• estimat •• vere 

made by inspection from Chapter III, Table VIII. Since the 

GW+9 basis includes an 1-8 orbital, and sinee th!s 1. the 

maximum allowed 1 for na 9, further ~j.,t.ions of n-9 orbital. 

cannat be made; however the radia1 functions for nalO, Il etc. 

do not differ importantly frolD" that for n-9 (cf. Chapur II, 

Table I), so the series fo~ by adding lOt, 11., etc. or-

/ 
. . , 

--~-"'-,r""""" ... \, .. ...,.<~ ...... ~ .. ~>- ..... ....,... .... -...... ---~-
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bitals with r max·2 :4087 au, ahould converge to roughly.the lilllit 

indicated by the aeriea ending with the GW+9 ba.i •• 

The table shows that the GW+9 wavefunction agr ••• 

- ' approximately with all the MO q of the TCE-SCF wavefunction. 

~xcept for the la and 2a MO'., "";ho.. q vllua. are very .mall. -

The 3a and ln MO's show a slight disagreement, ~hia i. proba

bly due to difference. in the basis set choice for the .econd 

electron shell (Chapte,r III, Table IV). However the difference. 

are balanced 80 that the sum of the q of the 3a and lw pair 

from the GW+9 wavefunction ia about the sarna aa the correaponding 

sum for the TCE-SC!' wavefunction.. The Mocci. ba.i. gi ve. 

large disaqreement. in the 3a and ln orbitals. The q of the 

40 MO of the GW+9 ba.ia also disagrees slightly with the TCE-Scr 

wavefunctions; this could only be improved by incre •• ing th. 

flexibility of the OCE basi. in the intermedi.te reglon between 

the proton and the Cl nucleua. 

3. Convergence of OCE-SC!' propertie. wi~h b •• ia en largement 

Chapter III, Table IV show. that the OCE-SCP ~lec 
1 

has not completely converqed upon addition of basia orbital. 

through 9k with r -2.4087 aUi addition of, the làst ba.is or-max 
bital induced a change of .045 au or 1.3\ of· the tot.l value. 

Table 1 of the present chapter,ahows that the value to which 

qelec converges is within the rather broad uncertainty boundA 

upon the H-F lil'lÙ.t. Since the ba.i. orbitals added in thi. 

series were chosen to de.cribe the electron den.ity near the 



, ; 

proton, one expects that the density far from the Cl nucleus 

changes more with basis en1argement than tfie density near the 

Cl nucleus, and that therefore a property such as <~> 1 whicb e ee 
• depends heavily on density far from the Cl nucleus would converge 

, 

with basis enlarqement more slowly than q,.which is weighted 
t 

near the Cl nucleus. This ié not true, however, as ia shown ~ 

in Table II. The change in <2>"-"'1 upon addition of the last e ec 
(9k) orbital ia only 0.64' of the total value, 011 about half th.\~ 

cha~ge observed in q. 

The reason for this unexpectedly slow convergence of 

q lies in the large cancellation of the individual MO q valu •• 

in the summation for the total qelec. The individual MO <~> 

values are aIl (save one unimportant exception) of th •• ame 

siqn; <2> 1 ia then 1arger in magnitude than the larg •• t MO e ec 
contribution rather than smaller, as la the ease for q. Thus 

convergence of the individual MO expectation valu •• to a given 

number of significant figures yields convergence ta a amaller 

number of figures in the case of Qe1ec' but the same number of 

figures in the case of <~>elec. A property whieh ha. spatial ~ 
weighting similar to that of q but no cancellation ia <~-l>, 

with r measured from tbe Cl nucleus, Table II show. that thi. 

converges quickly and to a value in excellent agreement with 
, 

the near H-F values. The individual MO expeetation valu •• for 

these three properties are also given in Table II for the GW+9 
-' > 

basia. Note that little change in the elect~onic properti •• ' 

takes place until addition of the 9d orbital (GW+3 b •• ia), th!. 

,'" ~ -.. - """,, ..... ~ " . . , , 



TABLE II: Conver~nce of <Q> <A> and <~-1> 
~- 81ee 1 q e1ec'. e1eo 

w~th basla enlarq ... nt, alao individua1 MO value. for ona 

basis. Atomie unit •• 

~ 
# 

~ GW+2 -'\ . , , 

A 1.13458 1.14532 1.14765 <z> 1 e ee 
A <q> ( 1.76700 1.78493 1.75288 

l .1ee 
A-1 6'4.86707 64.86346 64.86428 <r >elee 

'i 

..j Q!!!! GW+4 GW+5 -
~ ( ." 

A 
, 

<z>e1ec 1.44161 1.64673 1.75489 
J 

1 <~>e1ee 2.35045. 2.88505 3.15916 

•• A-1 '1 .• 

~r > elec 64.84972 '4.83614 64.82900 

~ 
~ GW+7 GW+8 -

<Q>e1ec 1.81104 1 1.84274 1.86146 -. 

<~>elec 3.31257 3.40343 3.45908 

.~ <~"'1> . e1ec 6".82500 64.82266 64.82124 

, 
limitb McL-YoahS Cade-HOO" GW+9 

" -
.d • 

1.9307° 1.93814-. <,> e1ee ',' 1.87296 1.91t.02 

<~>elec 3.49418 3.58t.05 3."192° 3.53293-
~ 

<~-i> eleo 64.82036 64.81~:!:.OOS 64.8218° 64.820,4 

e .i -
~1n,* '. 

1:.\ 

J c ,. .,. 
,. ,,\:'1 

~. 
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.. ~ lIa (collt'4.) 

Indivlclua1 II) valu •• " GW+9 

<Q> <~> • 1'-1 <r ) 

la .00002 -.00005 33.11'72 

2a ,.., .003.6 -.00~6l 6.61651 

la -.002" '" -15'.74818 '.3"'3 

4a .78478 -.21670 1.6"13 

50 .91028 -1.04'6' 1.31172 

1.' .00008 80.14581 6.40832 

2. .08838 5.1108' 1.4404' . 

o!> 

- ~ 

-Baai ••• rie. defi~ Chapter III, aection 4. 

~atbated fra. Prec:edin9 value •• 

CProperty reported in refeAllee ,. 

dproperty report~ in refennee 6 for vavefUDCtion COIIpute4. 

by McLean and yoab1a1.ne' uaing CAde-Buo bU.t.a 4 • 

--
8prOperty calculab.ct in thia labor.tory fra.' aoefficiuU 

of refer.nce •. J .r 

l 

i) 

" 

" 

, 
J 

f • '! 

,~ 

• j -
, ~ Y" ' . .... 

ft ~ 't.. .. -.. ~r - 'l> 
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" . 
is apparently becau.e vith only • and'p orbital. ~f r.ax-2.4087 

au .ufficiently aharp Angular peaklng of the elecu:on denaity . 
'. 

cannot be achieved ta produce aignificant energy low.ring and 
~" 

ai.-Zow lup contributions of the n.9~baais .,orbital. to the MO's 

(cf. Chapter III, section ~). . 

" ."j. 
Another quantity of interest is the value ta which 

, 

the total IIIOlecular energy of HCl converges as th. ba.ia i. 

enlarged. Table III show. the aeq .. nce of total energy --Vlue. 
c 

and._An eati_te of th. liait to which the sequence converg •• , , 

-460. 075t. 005 au. Thi. is to be cOllpU'ed with th. HcLean

Yoahimine re.ult of -460.1119 au. Part of the diff.r.~ce 

between the.e two value., .037t.005 au, is due to th. inade

guaey of the GW ba.ia for the Cl- ion. The Bagu.24
p 

near ft-V 

value for the, enerRY of Cl- i. -459.5768 au, whi1e the ca1-

eulation of Cl- done in thi. laboratory vith the GW ba.i • 

. (Chapter III) qav! -459.5546 au. The difference betveen the.e 

two, .0222 au:' leave •• Ol~.OOS au in the HCl~r9Y difference 

unaccounted for. Thi. i. not the error due to .fin t'te maxlJaU111 

1 value discu •• ad in Chapter II, section 2b, since the above 

limit la ~a lmax approachea Inflnity. Thu. thi. difference 

." 

of ;015t.005 au repre.ent. the energy that could'be gained by .•. 

careful1y choos1ng the exponents of the orbitaIs ta he added 

ta the GW set inatead of alwaya chaoaing r max·2.4087 au as va. 

done in thi. aerie •• 
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'l'MY III' CPI\ftl'p". of toul ."'1''' of· Hel ,,1~ .,,1.~ ... 

• lient of OCl baala. Atoalo \IAlta. 

~ ~ , . B+a 
toi' 

" -total -.51.'41154 -451.'42174 
1 

-45t~142'47 

~ 
~! ~ 

OW+, . ON+4 .+1 

Etota1 -"S'.""3' -4'0.010'21 -410.035'42 , 

GW+6 GW+1 GW+I 

• -460.0S0933 -460,059142 

GW+' 

-4'0.0"'" - ... 0.075t.00S -4'O~11i, -410.1103 

\ 
, 

a .. li• aar! •• 4efine4 Cbapter III, aeoUoft_ 4 • 

• 

• • 1 

), 

. - ' .. 
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4. Ovol'lap of oclS-scr MO'. wlth Tel-scr MO'! 

Th. cvel'lep ot • normall •• d Approxi~to vav.lunotion 

• wlth a krtown norma1i •• d exaot wavefunotion ;, 

i. often u.ed a ...... ure of how well • approximate •• 2'-28. 
, , 

Clo •• ne •• of <.t~) to unit y imp11 •• olo •• n ••• of • to.. The 
y 

overlap i. directly related to the 1nt.vral over all .paoe of 

th •• quared dlfferenc. of the two ~unotion., .inoe 

with an overlap of unlty lmplyin; identlty of the wavefunotion. 

over all espace ~ 

ln order to 4et.rmine how aocurately th. ocl~scr 
" t«)'. for lIel oalcul.teeS 1n the .nl.r~d QW ba ••• approxiaute 

the n.ar H-r MO'. calcul.ted by MoL.an .nd Yo.hLmine', the 

ov.rlap integral. (6) w.r. calcul.ted b.tw •• n oorr •• pon4inv 

MO'. for th •• eri •• of 10 b •••• intl'oduoe4 in Chaptel' III, 

•• ction 4, and are li.ted in Table IV, alon9 with the overl.p. 

betw •• n the OCE-SCr MO'. in th. 71-orbltal Mocoi. b •• i •• n4 the 

MoLean-Yoahimlne MO'.. Slnee the MeLe.n-Yolhimln. MO ooef

ficient. were publiahe4 only to live decimal plaoe., _the fittb 

daoimal piao. ln th. table l~~certaln by about two unit., al 

evid.nced by th. impe •• ibl. value~ of 1.00001 which appear in 
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• TABLE IV: Over1apa of OCB-SCF .,'. of 10-basla •• ri •• vith 

corre.ponding MO's of ~Lean-Yo8himin. wavefunctlonS• 

MO ~ ~ G!t2 GW+3 - -
<" 

la 1.00000 1.00000 1.00000 1.00000 

20 .99998 .99998 ."998 .99998 

30 Q ,1.00000 1.0'0000 1.00000 1.00001 

40 .99470 .99472 .99472 .99560 
• , 

Sa .97191 .97207 .97221 .98040 

o 111' .99999 .99999 .99999 .99999 

211' .99931 .99937 .99937 .99947 

!!Q. GW+4 m!±! GW+6 GW+7 - -
la 1.00009 1.00000 1.00000 1.00000 

~ 

20 .99998 .99998 .99998 .99998 

30 1.00001 1.00001 , .. 1'.00001 1.00001 

40 .99766 .99850 .99888 .99906 

Sa .99153 ,~ 
.99566 .99734 .99805 

" 
111' .99999 ,. .99999 .99999 .99999 

2 'If .99953 .99953 .99952 • 999~2 

cont1nu.cl 

" ....... -- ,~~ .., ...... ~ ",.. ... ...,_,or .. __ -........ ... .... ~ ',.~ _ "'0 ___ #. __ ............ ~ __ t-~_ 

, 
t ., 
1 

'1. 
I~ 

4:< 
, 

.it , 
'~:1: 

'"' _ ... .; 
'i 
;,li 

(.,~ 

. 



TABLE IV: (oont ',d • ) 

~ GW+8 GW+9 71-orbitalb - - , 

la 1.00000, 1.00000 1.00000 

2a .9999S, .99'98 .9t999 

3a 1.00001 1.00001 .99997 
, 

4a .99914 .99918 .99955, 

. Sa .99837 .99852 .99898 

111' .99999 .99999 .9'996 

211' .99952 ~, .99952 .99995 
... 

e 

.. 

aB&sla serie. ~efined Chapter III, section c. 0 

... • t. 

bcalcu1ation in th!. laboratory, bas!s of ref.rence 32. 

'''; • 
.. 

; 

, ~J ., 
. -.. - . 

'; ~ ,..'fi. 
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the table. Two-center overlap integral. betw.en STOl. w.re 

needed to calculate the MO av.rlapa becaua. ol the orbital. on 

the proton in the MeLean-Yoshimine basi., beeau •• of th. high 

t-valu •• occurring in the Moccia and enlarged GW ba ••• th~ 

usual table. of overlap lormula. were not aüttioientl7 ,29,30, \ 

inst.ad a general overlap routine able to handl. STOl. of 

arbitrary n,l, and m valu •• wa. written u.ing Gus.inov'sll 
, .. 

for.ula for the expansion ot a •• ociat~d Legendre polynomial. 

on diff.rent cent.r. in elliptical coordinat ••• 

Table IV .how. that only the 4a and Sa MO'. are 

8ignificantly affected by th •• nlarg.ment of the GW ba.i., 

aa i. expected since the added ba.i. orbital. have radial 

maxima at th. proton and contribute hèavt.LY'only to the v.

lonce-ahell MO'.. The lower a MO'. and all n MO'. in th. GN 

serie. have overlap. with th. corresponding McLean-Yoahimin* 

MO close to unit y for all ba ••• in ~e .erie.. Th. 7l-orbital 

basls OCE-SCF MO'. all have .qual or higher overlap. vith the 

McLean-YoahilÛne MO' s than do the GW+9 loI>' s exc.pt for th. 30 ,. 

and 1. 1'«)' 8, th •• e MO' 8 are poor for q iq. thi. wavefunctlon 

becau.e of poor basia choie. (Chapter III). The tact that th. 

30 and 1. overlap. are .0 clos. to unit y, while the q'. differ 

greatly tram th. McLean-Yoahlmin. valu •• , 11lustr.t •• th. in-~ 

8ensltivity of overlap comparad to q. 

Convergence of the 4a and 50 MO'. to the H-r MO'. vith 

ba.ls enlarg_nt 1. slow; ,-lr9_ the table it is apparent tbat 

.any additional orbitals would have to he added to bring the Sa 
<. 

. . 
,", . " 

• >}~ 
--~ 

" ..Ji <"MW 
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overlap abova • 't' Ol:' tha 40 ov.rlap Above • ", 9. ' Overl.-p. 
l" 

vith tbe èac1.-HU04 MO' • . for Hel wer •• 1.0 ~.loul.t.4, wi~ " 

•••• nt1.l1y the .... re.ulta . 

• r 
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CHAPTER V: Radial analysis of the EFG 

The preceding cbapters have reated beavily on the 

assumption that qelec i. due principally to electron density , . 
close to the Cl nucleus. In the preaent chapter thia assuap-

tion is tested by integrating over nestad spberieal abells 

the product of charge den ait y and the q operator, wh1cb give. 

Clalec when integrated over aIl space. The _thod. uaed involvea 

separating tbe integral over all apace into the procluct of a 
~ 

radial and an angular integral, perforaing the full angular 

" -inteqration, and then performng the radial integrat.ion ovar 

a number of finite intervals, bence the tera radial analysia 

of the EFG. 

An OCE-SCF wavefunetion ia expeeted to CJive the 

expeetation value of a one-electron pro~rty close ta the 

Hartree-Fock value,only if the oparater oorrespondiD9 ta tbat 

property is heavily weigbted in regions of space clo.. to tbe 

expansion center, where the OCE basia is aufficiently flexible 

to yield an electron density clos. to that of the B-P vava

funetion. The operator for the EFG at the expansion center, 

(1) 

where all coordinat.s are in a spherical syat .. on tbe expanaioD 

center and e ia meaaured froa the principal fielc:l gradient 

axis (Chapter IIX), appears to fulfill this canditiOD,' aince 

158 . 
-j 
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l/r l i. very large n.ar the expan.ion ceqter and very .mall 

far from it. 

However if p(r) i. a .ph.rioally .ymmetr1c oharg. 

distribution du. to an,al_otronie wavetunGtion ." th.nl 

wi)9 f an arbitrary function ol r only. Th.n the .,.xpectation 

value of ~ over • ia 

• 0, (2) 

by the orthogottalLty ol the .pheric~l harm9nio.. Thua no 

matter how heavily f(r) i. concentratediat iow valu •• of r, 

qalea vaniahe. if the diltribution i. Iph.rieally, Iymmatrid. 

Thua for Hel th.re ara two oppoait. tend.nci ••• th. 

radial faotor of ~ tend. to make th. property principally 

dependent on den.ity alo.~ to th. Cl nuel.uI, but th. anqular 

factor tends to maka lmall t~lum of th. contributions of th. 

la, 20, 30, and lw MOIs (Chapter III, Table XI), wh1ch cor

respond elo.aly to the .ph.rically .ymmetric inner Ih.ll. of~ 

the Cl- ion, although it il to preci •• ly th ••• MO'. that maat of 

the electron denlity clol. to the Cl nueleul'il due. In thi. 

chaptar the balanc. between th... two tend.nei.. i. eu.t'nad 

,j 

J • 

. " 
-~ 

~ 
~ .J 
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by ,integratian over'amAll ranges of r. 

1. Qualitative consider!tions 

'2 3 The aign of (3008 e-l)/r ia de~ermined completely, 

by the angular factor; it ia positive for 0 < e < 54° 44 1 , nega

tive for 54 0 44 < 6 <; 125 0 16', and positive for 125 0 16' < 6 < 180·. 

Because of the negative charge of the alectr~n, the .~gn o~ 

the co~tribution to qelec from the electron denaity at a point 

with a given e ia oppo.ite to the above pattern; the •• ragions . 
of space are labelled with the aigu of the contribution,to 

qelec in Figure 1. The four regions of the plane in Figure 1 

are only two distinct ragions in" three-dimenaional space becaua. 

regions 1 and 3 form a single cone, and regions 2 and 4 the 

complement to thia cone •. Since the n MO's of HC1 (assentialiy 
) 

Px and Py atomic orbitals) are contained mostly in ragions 2 and 

4 of ~igure l,·.where the contribution to qe1ec, ia po.itiv.~ the 

q values of theae MO's are expected to,be ra~er large and 

positiye, as oonfirmed by Chapter "III, Table VIII. Siadlarly 

the 3a and 5a 'MO's of HCl corraspond to Pz atomic orbitâl. which 

are contained mostly i~ regions land 3 of F~gure l, wher~ the 

contribytions ta q 1 c are nègàtive; theae 
e e > ' '\" 

to make rathqr large n~gative'contribution. 
, -

again confi~med by Chapter III, T~ble VIII. 

MO'. are then axpected . -

to qelec' which i~, 

" , 

The la an4 20 MO's have high)density in all four 

regions, since they correspond closely to la and 2~ AO' 8;' 

however in the molecule 8 AO'. are of the sama ay.mmetry (a) 

• 
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Figur~ 1. Regions ot ~o8itive and negative contribution. 

~ to q at the ci nucleus fram the electron d.~ity. 
.. 
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aa the Pz AQ's; the adaixture of Pz AQ'. and other a AD'. of 

higber .. to the (1 AO's in the la and 20 MO' a givea th_ a __ 11 

ne gat ive q. The 40 1«), vhich ia abdlar to the la and 2a but 

'vith greater adaixture of higher 1 AO'., give. a negative 
• ~ 

contribution to q inter-.d.iate betveen the •• of 10 or 2~ and 

the 30 or 50 MO's. 

In analysing the changes in ~lec upon enlarg ... nt 

of the OCE basis one .uat exaaine how a ia affectad by --alee 

shitts in the electron density. Since the 'shape. of the 1«)'. 

do not change greatly aa the basis is enlarqed, the important, 

changes are the radial density sbitta (cf. Chapter III, sec

tion 4). Shifting eleetron denaity from a ragion near the 

Cl nucleus to a region far fro. the nucleus decreas.. the 

value of I/r3 • thus for a CJiven e such a shift in electron l> 

density results in a decrease of the absolute value of the 

contribution to a In regions 1 and 3 of Figure 1 a "'aIec· 

deerease in the absolute value of the contribution la an 

/ 

increase in the nWll8r 1eal value; in ragion. 2 and 4. a decre ••• 
" 

in the absolute value la also a decrea •• in the numerical value. 

Thus as Cl AO's vith r..ax near the proton are added t:o the GW 

asis~ (Chapter III, Table IV) for OCE-SCF calculations of 

l, electron ~sity in the 0 1«)'., and particularly the 

valence MO's 40 and Sa, la shlfted farther ,from the Cl nucleus, 

sinee ~ese IO'S lDi!llte negative contributions b> qelec
' 

the 

decreas~absolute value of thes. contributions re.ults'in 

arise' in the nwaerical v~ue of <lelec. However, Clelec is, . 

.. 

--1 
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positive, sinee the negative'contributions of the ,a MO's are 

more than cancéll~ by the positive contributions Qf the • 

K)' S J thus the '"absol.ute value of q 1 rises as the basis la 
1 e ec 

enlarged in the manner of Chapter III, section 4. Thia re,ult 
1 • 

t~ken alone may seem paradoxical, since\shift8 in electron 
, . '/~~ 

distribution in a direction which makes the contributions to 

the propérty dacrease in absolute value,re.ult in an expectation 
,f t • 1 .. r 

value for the property of g~eater absolute value; however 

when qelec la ~a.l}C8ed as a Slla of- fi) cont~ibutiona th.re' la no 

par~o,. Chapter lll~ Table VIII illustrates the •• point~. 

2. Spatial and radial weighting • 

Welghting is defined bere-with reference ta ~te
\ 

~ 
gration of a funetion ~ver an interval. If fer) Is 

r- . ' 
function of r;, then 

'" 

/: 
lb f (r)w(r)dr' 

a 
il 
'. 

an arbitrary 

(3) 

la the integral of f over r on the interval (a,b) vith th. 
~ '. 3 4 
weight function w ' •• It is usua'l in rigorous definitiona of 

r, 

wéighting to require that w he positive in the~interval ùnder 

consideration: it la ala~,usual to consider only wei8ht functians 
3 4 5 \ 

of a single vari~b~e ' • Kern and Karplus bave introduced 

a broàder concept of' weiCJht:ing. l'f p (r) ia the charge density 
, ' 

from 'a~ etect~on distribution, at point rand OCr) a one-electron 

mul~i.plic~tiv~ operator evaluated at point r, then ,the expec· 

, , 

. ' ... 1. .. , 

'~ 
- r1 

'A,j 
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tation value • 

(4 ) 

may be considered th. int89r~l over all s~ce of a weighted 

cha~~ density p(r)8(r). ~he fora (~) difter. from (3) in 

that p and 6 are nov 'functiona of three spatial vâriabl •• , and 

it may not he pos.ible to decompo.e p or ô intq a proéhict of 

three factors each depandant" on a single variable. .AlBo 0 (r) 
~ 

may he negative in sa.. ragions of apace, as ia the ca •• if 

Ô la taken to be q • 
/ 

The weigbted charge densit~ising from an operator 

and a given elect~on distribution ia us.ful in weighted den.itY 

~ps, whicb 9iv~ a visual indication of what region.' of space 

are important in deter.dning the expectation value (4) of the 

operatorS• Chen and coworkers6 ,7,8 have developed technique. 
, , 

for judging the suit~ility of approxima~e wavefun~tion. usinq 

'the spatial veighting of operators correspondin9 to one-electron 

properties. 

A concept related bô'spatial weighting ia that of 
'). D 

radial weighting. Expandlng p (·r)ôJr) aa a SUII ove'r contri-

butions from real MO's +k' 

vith N~ the occupation nomber of t k • The neqative '8ign en'ters 

, 

~ .. 

. ' 



\ . 'l6S., 

-
bec.~I. of the charqe of the elactron. Expanding the MO', 

e .. al lin •• r oombination. of'reàl AO'. ji' 

.' 

(5) 

• 
wnere i and j r.nge over the b •• ia orbital •• · TAkin9 •• ab AO .. . 
to be th., product or • radial'and an anqular factor, 

(5) beoomea 

~ 

°5 (O,~)Sl m (O,.)6(r) t6) 
1 i l11i j j 

Finally, it 18 a •• umed that 8(r) i. the p~oduot of a radial \ 

,and a~ anqular factor, 

(7) 

g AS is the CAse for most one-elactron propertlea of intere.t. 

Then (6) becom8s 

• 

, 
. l' 

:- 1. 

" 

(8) ,1 

, 



" .. v· , 

• 

.~ 

: 

Integrating (8) over all .pace •• in (4), And u.ing 

dt • r 2.in9drdOd+, 

Inspection of the radial in~.9ral. in (9), 
(. 

" 
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(9) 

show. -..that by (3) thi. 1. the integral of ,the product fi (r) fj (r) 

over r with'weight funetion Ro (r)r2, if Ro(r) i. po.itive for 

aIl values of r. Not~ that ev~n if ft i. the ident1ty oparator 

(in which case <5> la the overlap), the radial inr.q~al. in (9) 

still have the weight factor r 2 , ariaing from th., valu.. elament. 

ny (9~, if Ro(r) ia positive, the expectation value of .on.-
, 

electron oparator ia a aum of w.i9~t.d radial integrala .~n the 
1 

rigorou. Benae of (3). 

Khrenson and coworker.9 ,lO have ~i.cu •• ed u •• of 

radial weight facto;. in determinlng ~ea.t-.quari. fitting 
~ 

of GTO' 8 ta .STO' 8 in order to impfove the property corr •• pondJ.nq 
~ 

to th. weight fa'ctor calculated in a basi. of mol. contraoted 

to approxlmate STOls. 

, 

, 

,i 

'~" 
.' 

:1 
.~ 



) , 

• 

• 

, -, 
" , 
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3. Radial an~ly.i. pt t~. Ira 

For the Era oparator ~ ot (1), the radial and 

angular faotors of (7) are 

, -
1 

... 

In th1. ca.e (9) .beaome. 

1 

(10) 

1<, 

(11) 

EvaluAtion of the radial and angular int.gra1. 1n (11) wa. 

discu88ed ln Chaptar III, .action 1. However (11) can b. re

writtan in the form 
., 

(12' 

. 
'lwith Ch~r) introduced a. a notationa1 convenience. ~Th.n an 

'intervai silla h may be cho.en for rand (12) writt.en a. an 

~ 
/ . 

,./ 1 
~ . 

t 

Il 

. , 



. '''~ .. 

• ) 
, 

, . 

" 

. ' 

infinite .ùa of integral. OVar an intGcval in r of lenqth h • 

(ll) 

• 
Thua qel~c oan be expre •• ed •• 8 oonv.rgent •• ri.. the nth 

ter .. of wh-ich i. a •• ooiated vith A .ph.ri".1 ahall (n-1lh<'r<nh. 

Explicitly th. nth term of (13) ia 
~ 

:B20(O,.)~lnQdOd •• 
\ 

(4) 

" 
. 

The anqular lnteqral in (14) la' that of Appendix .J'l, equation 
J' 

(7). How@var beaaua. of the non-zero lower limlt, the radial 
\ 

1~tG9r~1 la not that of Appendix l, equ~tion (8). Sinee lot 

f;:ro·. (Chapter .. 1), 
l 

.) 

, /' th .. 

n -1 
fi (r') - r 1 exp (- ~ 1 r ~ , 

... 

(15) .. 
,f" 1" 

.,.~ 

. 
~;i 
", 



"" \ - " $ 4 
$ ,tt2, 

'~ '. 

" 

negat!Vé, ni - n j .. 1, need, not be Con.id.rad bÎlcau •• the flhgular 

lnteqral vanlshe. (Chapter III, ... otion 1).' Than (15) oan ba 

rewrittcn 

b m ' .... In <, tilt m 
I.r exp(-tt')dr Blat' Qxp(-tr)dr -/bt' Gxp(-~r)dt' (16) 

'\,. 

or 

• 
l b ta .oh m a m _ a r exp(-tr)dr -lOt' o~p(-tr)dr .. / Or e)(gC-tr). (17) 

Sinee aUbtraotion la involved in (16) and (17), for a and b 

sufficiently 0'10 •• , and for oertain valu •• of 11\ and t, th ••• 

fprmulaa are 8ubject to large numerieal errora. The qraph 

uf rmexp(-tr) lu qualltatively (Cor m> 0) a curve whiah i. 

() aé r""' 0, rlues ta a maximum at r "rn/t, and then fallu baok 

toward zQro as r increaae. (Fiqure ~). Conàlder the pair of , 
potntu A, " to tha loft of the maximum in the figura. If the 

Integral (15) betw •• n the .. pointa ia ovaluated by (16), both 

lnteqra1s on the rlght-hand sida inolude the large ar •• undar 

the maximum, and their dtrrerence rnay be very small, qiving 

'numerical error in the aubtrac:tion. Evaluation of the lIame 

integral by (17) has a 1.8. aerious numerical crror, .in~. the ~ 

dlCferonce between the inte~rals 18 the sarne as in (16) but 

both integral. are much .ma11er. Similarly, the integral' (15) 

between the pointa E and F 'in Figura 2 ia more aocurately 

ovaluated by' (16). For a pair of pointa 8uch aR C, 0 whioh 

atraddle the max'irawa either J-r6) or' (17) ia appropriat., (tb) 
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• rlqura 2. 
, . 

Craph of typlcal rm.exp(-tr) to 111uatrata ,-. , 
nwft~tI:loal., pta~letft(J. ln int .. qrat.ionl over 

lnt.rval,. in r/ ' 
, . 
~ . .,. . 

• ~i""" .,. ~ ~ 



.' , 

wal \" ... <1 in th!. work bea.u •• it il QOIIput,Àtionally qulok.r. 

Whilo thi. il not ft ri90rou. anAlvail of numerio.l error 1n 

th. av~ludtion ot (15), it giva. ft pr •• criptlon whloh can be , 
l,a.tad .eut' nccurGcy, th. above ..... thOca prowc1 Aocur.te to nt 
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lOdDt olght ai9nitloont figure. for ft ran9. of m, t, and (b-a) 

vdluc .. 1 Ruch Cl. occurrod in Gvaluation of 0.3). 'rh. lnt.9rall' 

on the rlght-hand aid •• of (16) and (17) can be reduced ta 

intClqr41R ut the type of. App.ndix l, oqudtion. (9) and (10). 
, 

... ·or m - 0, (15) con be tntagrated directly. For ft -0, (15) 

can ba roduced direotly to the form or Appendix l, equatlan (10). 

Thui nl1 int.vrall in (13) for an OCE ba.i. oan be 

ovaluatod relatively aimply. For a tw-center ba~1 the ba.i. 

orbitals on tho non-}o;FG oonter nucl.ul would havit to he ox-
, 

'lMndoù nbout the l~[o'G con tor by, for GXL\mplo, th. Barn.tt-Coullon 

methodlli12, which ia complicated and time-conauming, or the 

l"L\dial intoqration in (4) could be don. numerically ~v.r Cl 

number ot lIub-intorvalcs, but thi. \lould be time-con.WR1ng and 

. of Qu •• tionabld accur~cy. Thu. qulok Rnd .imple radial &nalYli. 

o! one-electron propertio8 by' (il) .eema limited ta OCE-SCP 

wnvefunctlonl. To our knowledge thia(m.thod of anely.i. ha. .. . 
~ • 

not provioualy ba.n applied. , ''1 
~4. ·R •• ulta of radial .nalx.ia al ErG 

for OCE-SCr wav~function. 

A co~v.nien~. atep.ize~h ol (13) for a~Alyai. of the 
\ 

E~'G in HCl WAil found to he .1 au, aince thil broùa tl)e ,inter-

\ 

, 1 

.~ 
. " .', 



,. . ~, 

• 
( 

. : 

" ~ 

nual •• r di.tana. (2.4087 au) into a rath.r larv. n~r of 

lnt.rval.. In the o •••• t •• ted thl. etap.l •• oau • .a no 

num.rioal difflcultl... For pr ••• ntatlQn or thl. ana1y.l., 

t~. followlnv quantiti •• Ar. d.tin.da 

q .. 
n 

UI, 
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with CA(r) al ln (12). Table 1 pre •• nt. th. Cn and'qn value. 
. , 

ror th ••• ri •• of ten GW+N o b •• l. CCE-scr calculation. of HCl 
- 1 

(Chapter Ill, .ection 4) for n.- 1 to ~O. "Nota that for ail 

b •••• Q50 difrer. by no more ~h.n .00002 au from th. liait •• 

n -+00 (Chapt..r 'I Il, Table VIII), th!. cOl)f lrma th. acCU&'aby 6f 
\>, 

th. tMtthod of evaluation of (1$) outlinad abov., 1 and ahow. th4lt ' 
~ 

oa •• ntially al1 of qolec 1. due to el.ctron den.ity withln 5 au 
, ' 

of th. Cl nucl.ua. \ ' 

Thara .ra .averal ganaral f~tur.~ of Tabla 1 to he 
, , 

notedl 

(a) Th. larg •• t ,c~ i. for n .. l, th., i~t.ry.l olo.a.t 

t.o th, Cl,nuclau •• 

(b) 1he gr.ata.t chang •• jupon b •• l. ·.nl~r~nt 
take placa for 10'41 n. \1 

1 

(e) ln all b~.a. qn ha8 convarged ta within .02 au 

of it. limiting valu. wlth r ..... ll.r than the 
, 

"int.rnuel.ar di.tance (2.4087 .u). 

! 

, . , .~ 

, é~ 
. "": 'MAil ...... c <!JI, 
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TABLE Il Integral._ over intervala in r of oharg. denaity' 

weighted by q. O~lntitiea defined in (18). 

n 

.' 
J 
4_ 

, 
'\ 
~ 

10 
1 1 
I..! 
1 1 
1 <\ 

l~ 

If\ 
l , 

lit 
1 'l 

24 
., P" . ) 

bi 
2') 
3'C 

1 1 
] ~) 

3 .• 

.~. 

i~ 

... ~t, 

31 
J~ 

.J~ 

4 ., 

41 
.? 

" , 
•• 4 

45 
4f1 

4~ 

4g . ) 
b'" 

r (nu) 

• .0 -( " 1 
.;.t-O • ..? 
J , ~ -( • ~ 

~) 
0:' , 1- ().,. 

".4-1 .• ~ 
r) .. !,\-I'.tJ 

)J6-C .. ' 
1.1-0.U 
::,t'_r.~ 

),C;-t .. o 
I.C-l.1 

~ 

I.I-l,,? 
1.2-I,J 
',,1-\.4 
t.lt-l.a'( 

l ,~-I., 6 
l,tl-l.7 

I."-l.~t 

l .H-I,~ 

1 • ..,; -.' .. c 
'.0-.'.1 

.! • 1 -.. " .. ~? 

, ,2 -,', t 

" ... 1 - ' •• \ 

.... 1 J ,4 - " • '1 

, , ~ -.'" f, 
) 'f (, _;J • , 

... '. t! - ~. ~ 
f',(_- '1" 

1 
t.û-"1.t 
• • 1 - .'1. l. 
\.~-_'"J 

~.1-~ .. 4 

!.4- '.5 
J.5- ~."i 

• , ~ - _~ • 1 
~,1-3,"! 

e 
-, • ~ - •• <; 

• , .. - 4. \~ 

4,O-4~1 

' •• 1-4.;! 

,..:?-"'" 
1!.J-4,4 

... 4-4.'5 
4,5-4.1"1 
., 1 e -.~ . 7 
... 1-~.t4 
4.f!-4.<; 

(o,~-·.,~O 

aw 

". 1) ft ", 1 
J."ll'<l'1 
C.~).:!'.! 

O. l' r,1~', 
ù. "'Ol'i'i.,) 

-O. ,),; , 1 ,., 

- o. ')',10 ) 
l.1.ù':Q4~ 

o. c) CI' 2 
O"'JGI)~9 

0.0')(')0\ J 
- C • f) ,. 'L' '5 
-1).ùO()\~ 

-O.'),.),.!'" 

-0.vr.l~7 

:- 0 ~ 1) QI'" ' , 

-o. ';') 1 '1" 
- C • .; ~ lo.! 
- 1) .. f) ': 1 ~,~ 
-ç. !] - 1 j,~ 

- o. c ) 1 1 ., 
-O.(j,'I",) 
-O. 1')Q'1 r 
-o.) il" 

-1) •. ), ,,1 "'1 

·U. ('r:"'';1 
- 0,. '1 C ~ 4.' 

-O.\iO"l~ 

-('I.c)~o-?tJ 
" -c .. ,)no.2' 

- a •. ) C ') 1 ~ 
--0.Où01'$ 

-0'. f)'),) l.! 

-C.('I'lOOq 

:- o. ': JO C ., 
-o. )Cr1C'l 

- o. Ù 'JO .:l') 
- (' .. ')l~ 0 J ~ 
- o. ù ,:'; Î l 
-O.,;JCi>} 
-1). G OO'-:.-! 
... O.·Jr~"t 
~ r:;. ,) CO,) , 

- o. :; '1 ') " 1 

- O. Ù C·) " 1 
-O. C'-: J (11 
-O.("f'O(\~ 

-o. ,:r.:'1'11') 
-o.oh(lC'n 
-0 .. ('C'J00 

1" n ~~. fI'., 1 1 
1. 4')l'!44 

\. "ltl1~ 
1 .. '1 '1",'0 
1 • , H ,:.1"" 

1. ':~_N'J 
1.1~é!')f) 

1.7""54 

1 • "' f\446 
1 711~4!'i 

1 .. 7'i~R'7 
1. 7111\t'lJ 
, .. 1"41'J 
1 • 1H "\41'\ 

1. 'H I·J.! 1 
1,7HO?J 
1. 7711''\1 

1 • 716'H 1 
1 • ,7~\4;' 

1.,7/H'!.II, 
1. 'l;>'~,) 
1 • "t ,\., 

,.,"
t1 1 

l , ,r ," ,\ ~I 
1 .' l''<..l,, , 

1 • 7 (, 'Ji "\ 
l .. 'OH''; 

1 • '" ~\ ~ ,) 1 
1. 7 (, 'i 1 1 

1. '''''7'JO, 1.7""';' 
1. 7(')7<)7 

1.7"'14"1 
1. ''''''lr,' 
l.1'J7':'C)i 

t • 7 ·• ... 7;> 11 

1.7b71ttl 
1 .. rr)~141 

1.""'11 
1 • 7', " r; Q 

1", '1) 7 1) 7 
1 • 7f,1f'.. 6: 

1.7"'7')t} 
1 <) 7 '17r 4 
1. Tf) 71;1: 

1. ".) 11,,);0' 

,_ ',,702 

1 .. 7',7vl 
1.7 r,70t 
J • 7,) 7 \.II 

n 

l ' 

.i 

'J 

7 
u 
.} 

1 (.1 

1 1 
12 
t J 
, 4 

1~ 
1 ,., 

1 7 

\ " t ., 
? ,) 

21 
I? 

42 
43 
44 

r (au) 

';.O-().l 
C.l-(,2 

'l ,:!.-~ ~ 1 
J,)-C.4 
') ... -f! • 5 

r:,~-r .. " 
'1,t:-C.1 
').1-C.O 
1'~,~-l.Q 

~.q-I.1.1 

1.r:-l.1 
1 tl -1., 2 
1.,2-I .. j 

l.~-t •• 
1~4-1.5 

1.;-1.~ 

Id~-t.,l 

\,'-1.') 
l .. e-t.~ 
l ,,* -,' .. ) 

.'.0-;'.1 

·'·t-.!.?'-
,~ 12 - l' 13 

.'.~-".4 

.J , 4t-?'J 

" • ~ -,! • tl 
.!,(')-,'.7 

..!.7-;' .. ~ 
r • e - .' ... 
.:!,Q-'.l 
~.t)-L,l 

·.1-~.2 

.!.2-J.J 
1,J-JJ4 
',4-_~.5 

~.~-~.~ 

Jd~-3 .. 1 
' .. 7-J .. 8 
J.~-J.'.f 

l".CI-I •• C 
4,ù-4.1 
4 • 1 -t\. 2 
4,,:!-4.3 
4.J-4.4 
4,,,-4,-. 
4,5- 1 •• 6 
4,~-4.1 

4,I-4JB 
I,.t!-ca.Q 
4,',-:;.,) 

GW+l 

en (au) 

c. 'U' " .. ;
'le ".,,;!Q 
0" ~~;t 0\1\9 
1,). t': .. ~JO 
c • () 08'~ 1 

-O. Où 12(} 
-O.I)Gl1~ 

O.OO'lJC' 
O"QOIO~ 
1..t)C"Oq." 

O.CCO ..... 
-C.Otl(}l6 
-0.00074 
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-0.01) 14" 
-O. Cl r.1 60 
-O .. OO\f'>;! 

-O.C';Ll)n 
-0.C<:14,", 

-O,,'lCI J2 
-~.rHllt't 

-1).qfJ\Ol 
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-(1.0~(l14 

-".~I)OC'l.z 

-O.'~O!)!:)1 

-O.O~}O")' 

-C~Ot03' 
-0.0002" 
-C.CCI')2~ 

-C.JOOl1 
-C.OC01~ 
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·-C.~1006 

-0.~,)O"~ 

- .':1. ')r; 1) 1)4 

-().OCOOJ 
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-O .. OOOOl 
-C • .)~nOl 
-C.'JC')Ot 
-t'.C'·)f)'::"l 
-0.,1)/)00 t 

-O. ')000 \ 
·'0. '') ,)0 00 
-1),,0(1000 

-o.<..ccca 
-O. ~ Oc.:)('t' 

qn (au) 

r.l fl'Ott4J! 
l. '.H07C· 

1.1'~60 

1. "1 .~C 1 
1. 13.' 2d 1. 
l''''·~l''l 
t "dO 0 ll\ 
1.tJ006J, 

1. tlG 1681 
1.1"1026& 

1. ie 3'.' 
1. 8\l.lQ"!' 
1.A()22~ 

1" '1" lC6 
- 1. 19QtlO 1\ 

1. 1r)"O t 
1 .. 79639 ~ 
f. 794''1, 

1.1'l"" 
11I1Q~CI\. 

1. 1Q"OH<,l' 
1. 1~}~fl\" 
loiltiQ('1 

1 .. fI"i2 '7 
1.,7""~5 
1 • 7,j 714 

1. 7~"'11 . 
1 0 1~oJ.6 

1. 'Iit()!']"', 
J.18!"18~ 

1. 7~6~6 

,., .7"'551. 
1.7tJ5J9 
1 tl '7R!52'~ 
l.78~22 

1. 7fl~1"'. 
1.1'511, 
1. 1R~O 7 
1. 7R~O. 
1.7f'~C'1 

, • 70500 
1 0 .,,'i.~~ , 
1. '"4Q7 
1.1~4~" 

1 .. 7.!,!.Q~ 

1.7q.Q~ 

1.7t4.Qt\ 
1. 70~q4 
1.1"'.Q4 
1. 7!\49l 

" . 



n 

'! 
1 
4 

5 
h ., 
~, 

Q 

t 0 
t 1 
12 
13 
1 .. 

1~ 

10 
1 7 
l .:-1 

1 ~ 
20 
21 
.22-

2J 
24 
23 
?':> 
27 
2ti 
2 ) 

30 
31 

32 
33 
34 
3'3 

3~ 

37 
3d 
39 
40 
41 

4:1 
44 

45 
46 
4 , 

4'3 
4) 

5.> 

r(au) 

0.C-(1.1 
"),1-0.2 

'''.2-C o 1 
n~ J-C. 4 
),4-(.5 
"),'3-G~6 

C.n-C.1 
1) • 7 -t~ , ~3 

J J fJ-r.(J Q 

C.,C;-lsC 

1.\J-I.l 
1 .. 1-1 0 2 
\.2-103 
1.~-1.4 

1.4-1.5 

1.~-1.6 

1,(;-1,7 

1.7-1.9 
1 .8-1 .. ç 
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2.1-;>,2 
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~~~-2.5 

2.5-2.:,(' 
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;~ .. 1- ~. ~ 
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.!~2-3.3 

3)J-3.4 
3~4-='.5 

3a5-j.6 
1~6-3,7 

J.7-:3.a 
1.e-J.co 
L<;-400 
4.C-401 
4.1- /htl 
4 .. 2 - 4'.3 

4.3-4.,. 
4.4-4.5 

".5-4."} 
~2é-4.1 

4,7-4~8 

4.E-4.<; 
.... <;-0:;.0 

GW+2 -.-

Cn (au) 

0_0 "i!>t:i4 ~ 
O.b~9"iC 

0 • .211'\02 

o. C '.>0 \~4 
0.00901 

-OoO"14J 
-0 .. 00176 
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I),,0004Q 
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-o.cne1) 
-0000011 
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-O.OCOo'Jl) 

-OoOCI)·')o 
-0.(,:;00" 
- t). 0 I~ C (1 0 

'2 

qn (au) 
(.8~H42 

1.~d1'~1 

1 0 7C~'4 
1 .. 7~?H6 
1. 77lH'~ 
1 r' 77046 
lIJ71'1A70 
1. 7f)tJ25 
1.7fl805 
1. 7~9ZJ 
1. 7tl950 

1. 76946 
1.'61-19] . ! 
1 • 7n~04 1 

1 • 7l)hd~ 

1. 7,.,,,;,,>7 
1 .. h,4l9 

J .7"."HH 
1 0 7rl14'l 
lu.,':>r.~5 

1.'7')913 
1. 7r.:;IH j 

1 0 75725 

1 • 75""4'~ 
1.75=-9~ 

1 • 75~ 2" 
1 .. 7'54'3.~ 
1. 15444 , 

1.7'3412 
1. 7538'" 
1. 7SJ06 
1 • 7534'~ 
1 • 7 <;13 j '::J 

1 0 75325 
1 .753 t 0, 

1. 7531') 
1) 75105 
1.15~OI 

1.75298 
1.7~2Q5 

1" 75?93 
1.1S2Q2 

1.7"i?91 
1. 75?)(' 

1 co 7529') 
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3 .. 3-"'!.4 

1. 4-'~. 5 
J.!5-3o" 
3.0-1.7 
i.7-.J.8 
1.8-3"Q 
),G-4.0 
~.::!-4.1 

4 .. 1-4.2 
4.2- 4. ~'" 
~.J-4.c\ 

4.4-4.5 
1\.~-4.6 

4.6-_.7 
4.7-4.1J 
4.8-4.9 
~ .. Ç-5.,C 

OoOI0~t\ 

O .. \.H31Q 

(..JI35" 
o • ,) 1 20 1 
o.v';Qô_l 

O.00oQY 
:) .-0,: 447 
0.01; 22'5 
J.~f)043 

-C.OJIOO 

-CoO~2)5 

-00)027fl 

-O.~C122 

-0'9.:1344 
-0.1'\2144 

-o.C".j3') 
-o. ~Oj ~r-
-O..,~(\2\)") 

-o.}(~o" 
-o. ~,)2J5 
-0.)(::':'3 
-,).enI7'5 
-O.'~:)14d 
-J. ,)~ 12 ~ 
-O.()~t-"2 

-O.,OCC~ l 
-O.OC~~7 

-O.Ût..053 
-O.>C~')4;:» 

-C.'JOOJj 
-C.QJI)2~ 

-C Q f1';O 20 
-J.')~,)It> 

-'C. Ù~C 1 1 
-Coocooq 
-~.1:~C" 
- 0 • J,' 1) (' cc; 
-v.'FOO~ 

-.).COJOJ 

- o. 'l,JOO 2 
-o. ')-')001 

-".vJOOl 
- c. 000'> 1 
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GW+9 

qn (au) 

1.01:H'14 
2,,905Jd 

3. lt647 
3. 41426 
3. ~2S()4 
3.4~44v 

3.42e41 
3.43849 
'.451t-Q 
3.40519 
3.47720 
~.4f'S6~3 

.3.4QlQ2 
:3. 4QA~t) 

3 .. 5('C 54 
-:!::> SOC97 
:3.49qQ7 

~" 4-J792 
304~515 

3.4'111Q3 

3 •• tH~~" 
3" 4~4Q9 

~. 4"'160 
3. 47H4.) 

J.41545 
).47~7q 

3.47(\43 
J. 4b Ji3'~ 
3.4bt;bl 
3,., 4()~ 15 

3.463Q2 

• 

.:" •• "290 
3~ 402t: 7 
:'1.40141 
~.46ca7 

30 46045 

.Je 46C 12 
3.45981 
3" 4591')1 
'.45 Q 52 
3.45941 
1.4")(')32 -i 
J.4S<>2t-
3. -S()21 
.3. 4~~1 7 
3.45915 
3,.4~913 ' 
J.45911 
_'1.45910 
.3~ _~(n 0 

n r(au) 

1 )_O-,~.1 

2 -:',1-(' .. 2 
j ':'.2- 'Je J 
4 J,3-lh4 
5 .) ,l <\ ~ (1. 5 
Cl o.5~~6 
7 ~.t-C.7 

" 0.7-0.8 
Q ~.8-0Q" 

10 (h9-leO 
11 \.0-1.1 
12 l,i-l.>2 
13 t.2-1.3 
14 1.3-1.4 
15 1.l4-1.,5 
16 b .. 5-1Q6 
17 l_f-le7 
1~ 1,7-1,d 
1) 1 .t~-t.q 

20 1 .. 'i-2.C 
21 2.0-2~1 

22 2.1-2.2. 
23 2.2-2.~ 

24 2 • .3-2.4 
25 ~.4-2,,5 

2 b .! , 5 -.? ,.) 6 
27 "~6-2.1 

2d ~,7-?.8 

29 2,8-2<)9 
.JC 2.Q-3.0 
31 3.0-J.l 
3 .. Z »1-3.)2 
33 ~,2-3.J 
34 
35 
36 
37 
3ii 
3Y 

4" 
41 
4.? 
43 .
_5 

46 
47 
4d 
4') 

s/, 

J.J-~.4 

3.4-.,3~5 

~~~-3.6 

3.E-~.1 

3.7-3.8 
I~ .. a-J .. Q 

1.C;-4.C 
4.1)-4.1 
4~1-4.2 

4,2-4.3 
4 • .]-4.4 
4.4-4.5 
4.15-4.6 
4.6-4.7 
4.1-4.8 
~)e-_.q 

4.'»-5.0 

en (au) 

1.~q761 

1.21684 
0.41'510 
o. 0 q~6>9 
o.:) 1 t 45 

-0 .. .:)CI2S 
C.0040Q 
0.01026 
0.01341 
0.01373 
0.1)1222 
0.00981 
~.')0713 

O.C~45~ 

O~00233 
o. ,)(,048 

-0.00097 
-(' .. 00204 
-O.OC27=t 
-).00324 
-0.00347 
-0). OC 152 
-0.JC34) 

1.69761 
~2 • ..:)3446 

3.34955 
.3.44823 
3.45968 

3., 45843 \ 
~.46253 

.3.47278 
304~619 

1 ~.49992 

3.51214 
3 0 52194 
3.529('8 
3.53365 
3.53598 
3.53646 ' 
~3. 53549 
3.53345 
3. 53C66 
3.52742 
.3. ~2J9!5 
3. ~2043 
.3.'>1700 

-C.C0324 ~.S1376 

-O.JC2Q? ~.51C77 

-CoOC26~ 3.5C808 
-0.OJ23~ ~ 3.5C510 
-0.00207 3.50362 
-G.0017~ 3~501a-

-0.00150 3.50C34 
-~.0012S 3.49909 
-IJ. oc 1 0 J 3. -.9806 
-0.00084 3.49722 
-O.0006S 
-('ovOOS4 
-0.00043 
-O.OCO)'1 
-0.00026 
-ù.on02C 
-0.00015 
-0.00012 
-0.001)1)9 
-('oC0007 
- O. JOO"S 
-a.cooo-
-O.OOOOl 
-0.00002 
-o.eooe 1 
-0.00001 
-o.ooot) 1 

3.49654 
3.49600 
3.49557 1 

3 •• 9524 
3.49_98 
3.49_78 

3.4Q463 • 
3.49451 
3.49_43 
3.49436 J ' 

~ 3. 49431 
3.49428 ' 
3.49-25 
3.49423 
3. 494.2a 

-1 3.49_20 
3.494ao 
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(d) Cn 1. large and pl.itive for ~. l, dropa 
1 

" quickly vith increaslng n, 1 .... 11 and 

negative for r -.5 au, incrèas •• and 1. 

positlve but ... ller than the fir.t positive 

range until r cr1.S au (for bas •• ew+l and 

larger, cf: Chapter IV, section 3), and than 

beco.. ne4J&ti ve for the reat ~f th. range 

(2 po.itive range., 2 n.9ative rang ••• 3 

nod •• ) • 

Points (b) and (c) do IlOt require furtb.r corlnt., 

attention will be turzrct to (a) and (d). i'he quantlty Ct. (r) , 

defined ln (12), la graphed for the GW+9 ba.is HCIOCB-SCF 
r, 

wavefunction in Pigure l to illustrate th •• e point.. CA(r) 

includes the radial volu.e factor r 2 , 80 that Clale<: 1. aillply 

the inte<jral over r of CA (r). The 4p'aph _kes cleu the 

oriqins of the positive and negative raCJions of Cn. However \ t 

the rea.ona for the r-dependent behavior of CA (r) requ1re SOM 

study. RouCJhly, by' the ar~ts of section l, CA (r) i. 

neqa.t!ve wh.n the electron den.i,ty alonCJ the z-axis for the 

given r (ragions l and J of Flgure 1) i. greater ~ the cor

responding density along'the x-axis (ragions 2 and 4 of Pigure 1), 
~ 

and positive when the reverse is true. Dy ele_ntary bonding 

theory, forlllAtion of the HCl aolecule froua the Cl- ioft vith 

the proton on the +z-axia !n'VOl ves ahifting electron dansity 

frOID raglona clo.. ta the Duel.ua on tbe a-axia ta reg1.olU1 

farther froa the nucleus along the a-axi., while le.,,1ng the 

'-

., 
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distribution along th. x-axis largely unchang,d. This make. 

"the z-axis denaity smaller than the x-axia denaity ~ear the 

nucleus and larger farthar Away. Thi. simple picture predicta · 

a CAer) which is positive for lbw values of r, decrea.ea mono-
Il \. • ( 

tonically, becomes neqative, and romaini n,g&tive';" 'l'wo char-
, . 

acteristics of Figure 3 contradict thi. predictionl th. van-, 
( 0 . 

ishinq Ca (r) for r - 0 and th~ .mall neqative reqion betw.en 

.5 and .6 au. The firlt affect ia trivial; by (12) cà(r) 

vanishes at r - 0 if the product fi (r) fj (r) containe as a fact r 

r n with n >1, in all ~as8~'when this is not true <+i and +j 
'\ 

both la or one la and the other 2. or 2p) the anqular factor 

Is zero. Explanation of the second effect requir •• an 

examinatlon of the electron,denaity along the x- and z-axe •. 

The electron den.lty difference between the z- and x-ax •• , 

(20) 

0( 

Is graphed for x· z - -2 au to +2.5 au in Figure 4. 'l'he figure 

shows that Pà(z-x) ia different in 'several respecta from the 

qualitative description qiven above. Very clos. to th. nucleua " 

there ia an increase on the +z-axis and a decrea •• on the -s-axis 

of the electron denaity relative to the x-axis, with the de

crease larger than the increasa. 'l'huI z-axis dapletion domi

nates, qiving a positive Cà fr) in thi. reqion. ~rom r III .1 au 

to r ~ .35 au bath sidas of the z-axis show a den~itY decrea •• 

relative to the x-axia, and Cô (r) remains positiVe. At r III .35 
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au the -z-axis shifts from decrease to increase relative to 

the x-axis densitYi th~s shi ft ~oes not occur on the +z-axis 

until r ~ .5 au. For most of this reglon (.35 to .5 au) the 

d~rease is largsr than th~increase, 50 Câ(r) remain, positive • 

For a very short interval n~r r =.5 au bath the +z and -z-axes 

show increased density relative ta the x-axis, and Câ(r) 

becomes negative. The -z-axis very quickly shifts to decreased 

density, but for the interval r ~ .5 au to .6 au the increased 

density on the +z-axis dominates and CA(r) is negative. The 

rest of the sign changes of Câ(r) in Figure 3' can siDdlarly 

be related to Figure 4. The important paLnt is that theré is 

a region relatively close ta the nucleus (r ~ .5 to .6 au) in 

which the z-axis density in HCl is larger than that alonq the 

x-axis, which is enclosed on both sides by regions where the 

x-axis density i5 higher. There is a similar region in the 

density différence along the z-axis between the GW+9 OCE-SCF 
t 

wavefunction' for HCI and the GW basi~ wavefunction for Cl-, 

(21) 

whlch ls graphed in Figure 5. Such regions have been observed 

and discussed before13 ,14, and Feinberg and Ruedenberg15~16 ' 

have examined the reasons for increases in electron denslty 

in regions reiatively close to the nucleus during molecu1e 

formation in terms of balancing the decrease in potential 

energy resulting fram the clo.er approach of the electrons 

r ' 
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l\ . 
ta the nucle! with the in~reaaed kinetic ~ner9Y from the 

same effect in order to satisfy the viFial theor.m~ How.ver 

the existence of this reglon does not alter the oDservation , 
that the ~ajor source of the EFG at the Cl nuèleu8 in HCl ia 

• 
the sphare of radius QI. 3 au centered on the Cl nucleu., and 

that the contributions ta qelec within th!s sphere are due to 

a depletion of electron denlity Along th~ z-axia relative to 

the x-axis (or egually the y-axis, because of the cylindrical 
" 

symmetry of the mol.cule) • 

5. Radial analysis of the ErG ip 

terma of electron shells 

In Table II the qn for n· l ta 5 of Table l for 

the GW+9 basis aCE-seF wavefunctlon for HCl are partitioned 

into contributions from the three electron shella (Chapter III, 

section 3). The table show. that the third &hell dominat •• 

stronqly in the sphare r c; .3 au, cU i t must sinee thi. ahell 

accounts for about 85' of qelec (Chapter III, Table XI)qY 

However it 19 precisely thi. third shell which la axpected to 

have the smalleat electron density of the three ahelll within 
V 
t.h!s sphere. 

density 

In order to test. thia, the unweighted electron 
" 

- 2 -P (r) • ENk"'k (r) 1 

k 
(22) 

was integrated over intervall of r analoqoualy to the inte-

\' 

.. 

, , 
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TABLE II: Partitioning of the qn of Table l into oontributions from the three 

( 
e1ectron &he11s"for n-1 to 5; ~ 1s defined in (18). GW+9 basis. 

n_ r(au) ~(~u) lst shell- 200 shell 3rd shell 

.. 
1 0.0-0.1 1.69761 -.00003 • 29437 1.40326 

\ 

2 0.1-0.2 2.93446 -.00004 .48155 , 2.45295 

3 0.2-0.3 <à' -3.34955 -.00005 .53496 2.81464 

... ~~:::-
0.3-0.4 3.44823 -.00005 .54499 2.90329 ___ ~~",-J--~ ~. 

'11'" -..,:;- .., t.' ... ) . , 
.... ..~ . 

7 

5 0.4-0.5 3.45968 -.00005 .54454 2.91519 
. 
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gratioh of the chargJdensity we!gLted by the 4operator - , 

over intervals of r in (1.). Note tbat the p(r) of (22) is 

the electron density, while the perl of (.)-(9), fro. which 

(14) was developed, vas the charge denaity; t+ two differ in 

sign. Thua the fonula of this .ection an=~o~u. to (14) wou14 

lack the leading .tnua signe The anqular integrala of (14) are' 

replaceci by the product of Kronecker delta. 41 1 4... becaua. 
i j i j 

of the orthonorMlity of the spheri~al harw;,nica. The radial 
o 

Integral for thi. calculation is of th ..... fora as (15), but 

nov lB - ni + n j instead of Ri + n j - l, as in (15). Me dafine . 

• lxn .. 2. 
B - I.lx(n_l)dr 10.in8d8/0 d+ perl n 

n 
., (23) 

Pn D l Bi. 
1 .. 1 

In Table III Bn and Pn are presented for the GW+9 b.aia OCE-SCF 

wavefunction for OCl ana.loCjOusly ta Cn ,and qn in Table 1. Note 

that Pn approacbes the nu.ber of electrons in the IIOlecule. 

~he partitloning into ahell contributions is given in Table IV. 

The table shows tbat indeed the third shell contributea the 

loast density te) -the r < .3 au .pIlera of the thtee sheIla, ac

counting f~~ about 3' of the den.ity, althouqh frOll Tabl~ II 

this ahell accounts for 84' ,Of th. contribution ta Clelec vithin 

th!s .phere. \ 

The radial factor of the ., operator, the, JMk.. the 
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TMItE III: Inteqrals.over intervals in r o~ unweiqhted~elec-o 

tron density. Ouantities defined in (23). f J 

e GW+9a 

r (au) ,-n Bn (au) Pn (au) 
1 ') .. 0 -f ') 1 1,4 'i2Q" 1. ~ 32Q91 
2 o d-C' 2 1 4('1"\2 ? ~-8\220, 

3 0.2-'- .. 1 1.75~54 4 .. 60('74, 
4 €.3-r.,,4 1.-\1,,7f1 (,.4i7~C i , 

5 - 4-1; .5 1-4e5~3 7·9'53C3: . , 
6 0", 5-C·, '6 0., ::)0210 , ~)95522i 
7 ".6-C'.7 O.626~1 9.563831 

/.' 8" O~7-0,8 (' 4336C H n 17,43! 
9 "1'8-~~9 0·364QQ lr:',3624~1 

1 0 ').9-1.0 ~ .. . v,'" ° 1 IC. 7C;C'4~ 
11 J ~ 0-1. 1 f),~C"F,'3 1 i 15le4 
12 1.1-1 .. 2 0"q,1715 Il.,5~~21 

13 1.2-1" 3 0.46482 1::>.053(;'3; 
14 1-3-1 4 0 47AQQ 12.~32t:'31 
15 lQ4-1,5 ",,4 7 9"1 1 :3 .. ,j 1 1 6,4 
t·6 1.5-1.6 ').Af,874 13. 4~(, 38 
17 1 6-1c7 0.4"QI7 13.92t)55 
1 8 1.7-1'., 3 ".,~~31)C) 14 .. 3'332:1 \ 
19 1.8-1.'; 0.3-')4':;7 14. 7477,.. 
20 1· q--2 0 1'). V1390 1:> e t 1 1 C;I') i 
21 2~'-24'1 ""J~~74 lc..,,4443C 1 

1 e 22 2 .. 1-;> .. 2 0.,3:2'6" 1<=;.74666 1 

~ 0'3 2,2-l 3 (L 27327 1"-,f\1Q::)3 1 

24 2,3-2,,4 C, ~45~4 tf-~26'37'3 

25 2.4-~.; 0.~?('I26 16.486""4 
26 2 5-2 6 C,,106o;Q 1~.6q262 

27 2 .. 6-?,'7 0 .. 1748: 1",,,R5742 , 
-2 C} 2 .. 7-2.R ('" \ '54-\'5 17.~1226 1 

29 2.8-2.9 C' .. 136~~ t7,,14SQZ 
31) 2.9-300 0 .. 12014 17 .. 2(,906 
31 3.0-J.l 0,,1~52C 17,37425 

~ 32 3 .. 1-3,2 o. 1Q,t 75 1?4f.~t.:'O 

33 3.2-"!$3 o. :79.7~ 17. 54157C 
3~ 3,3-~1)4 O.>r:6C395 17.6146~ 

3'5 ... 4-::h 5 IJ.)S<l4t 17.674C6 
36, 3.,5-'3 .. 6 ,., 0 ') '\-1 ~ r- 17. 725f'6 
37 1·'6-3 ... 7 0,.1)4361 17,76867 " 

\ ~ 
3~ J.7-".,8 O.~37t6 17,,~('5~4 \ ,l 

39 Oe':<315~ 17.83740 
\ \, 3,8-3.,9 

3,9-4~O C.(l2672 17.g'6412 ~ 
4C ? , 
41 4.,0-4.·1 0.':'2255 17. 'R667 
42 ~ .. 1-4,2 O .. Ol~q~ 17. 9(15~~ 
43 4,2-4·3 0"1('1'594 17 .. 92158 

~ 

44 4"J-4.4 O. 'H 3'S 17.934Q3 
45 4,. 4-4.5 O .. l)ltt5 17. q~6t:'q 
46 4,5-4" 6 J 0., ",:Q .... '" 17,95539 

,- - 47 ·4.6-4.7 O~C")775 17 .. 96314 .. 
48 4.7-4.8 Il., ')f::' 644 17. 9~95~ 
49 •• 8-4 3 9 0-, ')rS34 17~9"4Q2 " 

~ 50 4.9-5 .. 0 o.')r443 \7.97935: 

{ cont1nUted 
" 

.,. 
L~. ," --' ,,,. ,, __ ,,~~"'~' ... _"- ~_i l;~~ 
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Note' to TABLE III: 

a8 a.la set deflned in Chapter III, .ection 4 • 
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\ TABLE IV: Parti tioning of th~ Pn of Table III into con~ibutions from the three 

electron shells) for n-l to 5. Pn is defined ~ (23). GW+9 basis. 

n r(au) 2n(au) lst sbe11a 2nd shel1~ 3rd she11b 
..,. 

1 '0.0-0.1 1.43298 1.27911 .14333 .01054 

4- 2 0.1-0.2 2.84220 1.91446 .81400 .OS374 

3 0.2-0.3 4.60074 1.99260 2.46777 .14038 ~ 

'4 0.3-0.4 6.47750 1.99942 4.26940 J20868 
• 1 

5 0.4-0.5 7.96303 1.99995 5.73280 - .23028 

.. 

-lat sbell i. occupied by two electron.. 

b 2D4 aa4 3rc! aba11s are occup1ed by e1ght e1ectron. _ach. 

0;-

g' 
~ il " / ~J. 
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larges~ contributions to this property come from very close 
17 

to the nucleus; the angular factor makes small the contributions 

from the neaf~Y spherically symmetric inner shella. The rather 
. -, 

small density pf the 4a, Sa, and 21f t«>"s for r < .3 au accounts 
, 

largely for qelec. This explains why an OCE basiq considerably 

larger than that necessary for a good calculatlon of the Cl- ion 

ia needed to give a wavefunctlon for HCl whlch y~eld. a ~lec 

close to the H-F ll~t (Chapter III, Table VIII), even though 

the total electron density of HCI in the r <.3 au regian is 

not greatly different from that in Cl-. This last assertion 

may seem surprising i view of .Fl~e 5; however the denaitiea 
t 

along the z-~xis for HC the GW+9 basls and Cl- in the GN 

basis, Table V, show that e differences are small for small 

r compared to the magnitude the density itself. 

-
.. 
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1'ABLE V: Electron deDsiti .. of the GW C1- vavef1mctioD and 

e, the Glf+9 lEI ... ".fuDction .loa\g the a-axis. Baala •• ta 
4 

\ 

definecl in Chapbtr XIX. section 4. - , . 

/1 

z(au) 
_. 

p(Cl ) p(E1)· , 
.)ô 

-.5 3.90845- 3.'l649 

-.4 8.60379 •. '2"5 
-.3 17.06'58 11.0.119 

-.2 29.7991' 29.71.456 

. ,.- -.1 130.1019' 129.'1"7 

0.0 3211.25841 3211.81'322 . 
.1 130.101" ~29.85713 

.2 29.79914 29.34254 
'\:.D 

.3 11.06658 16.83383 
~. 

f 

.4 8.~Ol79 8.53341 

.5 3.90." 3.90557 

, 

r 

• 
- , 

.. 
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Chapter VI: R-dependence of q: Vibration.l Averaqinq of eQq 

Conventional MO wavefunetions ~re completely deter-
• 

IlÙ.ned by the atome numbers and molecular qeometry, and thus 

do not distinquish bebween isotopically substituted molecules, 
, .. 

sucb as HCI and oci. Bovever· M) va_funetions can be uaed to 

esti.ate the differences in electronic properties in an iso-
• 

topically substituted series (due to different vibrational 

and rotational wavefunctions, and bence different average 

JlX)lecu1ar geo .. try) in two ways: (i' 1«) wavefunctions may be 

calculated for a s_ll range of values of the internuclear 

distance about Re' and spectroscopie constants used to take the 

vibrational-rotational average of the electronic propertyl,2; 

or (ii) the variation of calculated aolecular enerqy vith inter-

nuclear distance ca!l he used to conatruet an approxilD&te vi-

brational-rotational wavafunction, and this used to average 

the electronic propertyl-S. 

The f!rat method i. uaed bere for vibration&! aver-
#> 

aginq of q, sinee in thi. _thod errors in the vibrationally 

averageèl quanti ty are due &Olely ta errora in the R-dependence 

of q' in _thod Cii) errora are due to errora in R-c:lependenee ~ 

of both q and E • .. 

1. Tbe general Foblua 

Folloving Dtmb •• •• tteat.ant of the rotating vibra

tor', the vibrational.-rotational " ... fonction i. denoted 

196 

,., , ~ 
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r 
( 

) (1) 

with R the internuclear distance and Re the'internuc1ear 

distance at the minimum of the potential energy. The integers 

v and J are the vibrationa1 and rotational quantum numbera, 

respectively. ~VJ(t) ia assumed
l 
real-va1ued and normalizad, 

(2) 

An approximation has bean introdueed in setting the lower limit 

of integration at -~ r~ther th an -l, sinee R)O impli •• t~-l, 
\ , 

and R i9 inherently positive. However the extended integration 

interval introduees negligib1e error sinee ~VJ caleu1ated fo~ 

the extend~d range is small for arguments <_17• If the system 

(whieh here is a diatomic molecule) has vibrational quantum 

number v and rotational quantum number J, then .!J «() dt i. the 

probability that t is in the range (t-~, t~), in the liDdt 

as dt approaches zero. 

Let q(t) be the expectation value of q (including 

both electronic and nuclear contributions) over an elactronic 

wavefunction caleulated for R-R t+R. This definition of q(t) e e 
ia ba.ad on the a •• waption that the total wavefunctiol'l for the 

'" molecule can he approximated "ell by a produet of one function 

;. 

.,:'l 
~ ') 

1 , 
,.;j 
" ., 

in the elactronic coordinata. vith R .nt.ring only as a paramet.r, l 
, 

\~ 



and ona function 'in the ~~~ear coordinate. only. ~hl. i. 

the Born-Oppenheimer apprO~i~tion8 (Çhapter 1), Vbich in-
ci ç 

198 .' 

volves neglecting terma ot order 6 and higher in the para .. ter 

(rne/M)i in a power aeries expa~.lon of the energy, vith me 

the uleotronie mas. and M the average n~alcAr ..... The 

vibrational energy i. of order (me/M)l, ao the ratio of the 

tirlt negleoted term (œ(m./M)3/ 2) to the vibrational energy 

il (for Hel) œ2.SXlO·S , whioh i. within the range ot e~ri

mental detectability9,lO. However th.re ia ~o praetical vay 

to circumvent the Born-oppenheimer approximation1 it i. uaed 

,in the calculation. reported her. and' an •• timat, made in , 

section 5 ot the error introduced.· 

We a8~ume that q(t) ia analytic in a ragion about 

t-O (i.e. about R-Re ). Than q(C) can ba expanded a. a power 

series in t in thi. raglon, 

(3) 

wh.re the qi are related to the i-th order derivativea at 

(-0 by the usual Taylor .eri •• formula. "'rhe vlbrational 

average of q, whlch 1. the expectatlon value of q(() over 

lJIVJ ' 18 

(4) 

Subatituting (3) lnto (4) and integratin, tera by tara, 

, . 
.... _, ---- ~ 

, . 
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2 
~J - qo + qi < t > vJ + q2 < ( > vJ + ••• , (5) 

with <ti'VJ the ~ectation values of t i defined analogoU81y 

ta (4). Thus qvJcçan be ca1culated if enough of the qi and 

<ti>VJ can he calculated that negiect of higher ter .. in (5) 

gives an acceptably small truncation error. 
,r 

2. POlynomial fit of q 

To determine the OCE-SCF qi in (3) two aerie. of 

calculation. of Hel at different-R were don.: one in the 
) 1 

11-STO baa!s of Mocciall , and one in the 29-STO GW+9 basla 

(Chapter III). The qi were obtained for each serie. by a 

'{east-squares polynomial fit of the expectation values of 

q (including nuel.ar contrib~ionS). 

The ab.cissas (t V~1ues at which the OCE-Ser ca1-

culationa are don.) had to be cho •• n carefully. We re.trict 

" th~.~i.sa .et to an odd number of points evenly placeeS about. 

taO, i.e., the 2n+l point. 

i 
-nh, (-n+l)h, ... , 0, h, ••• , M, (6) 

with n Integral and h the increment in t. Thi. restriction 
,l'" 

·i. impoaad becaua. the calculation of expected errora in the 

'q~12 i. simple only for abaci •• a •• t. of thi. type. Tbi. 

re.triction po... no praetical p~bl.m, ainee we are ihter-

~. 

\ ' 
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ested in the region about ~=O. 

In choosing the number of points economy is an 

important factor, espeeially for the 71-STO basia, since the 

Iterative SCF procedure with a large basis is costly of computer 

time. It 15 seen below that qi through i=2 are necessary for 

acceptable accuracy in (5), so the fitting polynomial must be 

at least of degree 2, which requires at least 3 points in the 

abscissa set. 

However 4a polynomial fitted to the minimum number of 

points is' not reliablel~; because the ordinates, in this case 

the calculated q, are not exact numbersi in Chapter III they 

were estimated to have 5 significant figures, or a relative 

error of about IxiO-5 . If the minimum number of abscissas ia 

choSén, this noise in the q is reproduced by the fitted poly

nomial sinee it passes through aIl the ordinates. If a larger 

number i5 ehosen, the fitted polynomial tends to average the 

e~rors in the data and approxima te the Ideal noise-free ordinate. 

better than the data points themselves dol2 • - Thus in order to, 

obtain this smoothing effect with an odd number of abacia.as 

-~ 

. \ 

for a second deqree polynomial at least five abscissas are needed. 

por the 7l-STO basis five calculations were done, expected er

rora in the qi were calculated and were sufficiently small that 

an increase to sevan or IOOre points was not needed. For the 

less costly GW+9 basis a se ven-point abscissa set was uaed in 

order to determine how much accuracy in the qi ia gained by 

the increa,s8 from 5 to 7 points. 

.' -',\ 



The range of the abscissas (detarmined by h in (,» 
must also be choaen. Tva effects argue for a small range: 

.' 
(i) The~qi in (3) are related to the i-th deriva-

tives of q at taO by the Taylor series formula. Sinee we 
• 

seek these coefficients, rather than approximate values of 

q for given values of t, it lis important that the polynomial 

reproduce q and as many of ita deri~ativas as possibl~ at 

the single point taO. Values of q and its derivatives for 

large Itl do not enter (3), and for a fitting polynomial of 

low degree inclusion of such points may worsen the values of 

'the derivatives at taO. 
J 

• 
(ii) Closed-shell SCF wavefunctions bahava badly 

at large internuclear distances; e.g., the y dis8ociate'to 

ions in~tead of atoms for diatomic molecules13 ,14, so values 

of q for large tare not reliable. 

We illustrate (i) with an example. The Taylor 

series for exp(x) is 

2 3 
exp (x) - 1 + x + r +: + 

A fitting polynomial 

... (7) 

which reproduC8s vell the derivative. of exp (x) at x-O aboJ11d 

then have 

• 

/ 

) 
" 
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.' 
, The function va. fitted for tvo fi .. ~point ab.cl •••• et •• 

Set 1: x ~-2, -l, 0, l, 2 

Set II: x • -.2, -.1, 0, .1, .2 • • 
f 

Tb. coefficient. for l.a.t-aquare. fitting bf a •• con4-d.gr .. 

polynoaial to the_ •• t •• re15 

Set 1. Po - .89888 

Pl - 1.68578 (8) 

P2 - .71162 

Set II: Po • .99999 

Pl • 1.00568 (9L 

P2 - .50184. 

Thu8 although Set 1 shou14 fit th. ourve better for larqer 

x, Set II give. th. d.rlvatlve. at x-O IIIOre acc:urat.ly. 

,.hus a ._11 range of t value. about 0 .boul4 he 

cho_n for th. OCE-sCF calculationa. Bowever one effect 

argue. against choa.ing tao •• 11 a range. As recalle4 &bav., ) 

the q have a lillitecl accuracy, ao if th. t are choa.n '80 cIo •• 

toqether that the 41fferance. in q are le •• the or barely 

greater than th. accuracyof th. q, th. fittin~ coeffici.nt. 

are _aningl •••• 

"he que.tion ari ••• of bov one can .sti_te errer. 

ln the qi inducecl by noi .. in the q. Ral.ton12 ha. 91ven a 

_th~ u.iDg the variance of the ordiDate., 

• 
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, 0 

1 • 

-- ~". ~ -

with Ym the ordinate calculated from the fitting polynomial 

and Ym the true ordinate'at xm' As a t~st of thi. method, 

the fitting of exp(x) with the Set II abscissas was repeated, 

addinq or subt~acting small amounts randomly from the ordinate. 
# 

to p~oduce chang.. in the second deci~l place and si~ulate 
L 

noise in the data. The fittinq coefficients this yields are 

j , 

Po - .99668 

Pl - 1.02000 

P2· • 68571, 

2 -5 with a -J.25xlO .' Ralston's formula qive. expected 
;-

errora of 

Po - .9967 ~ .0040 

Pl - 1.020 ~ .018 

P2 - .69" t .15.' 
" 

Comparison with (9) shows that the actual errora for Pl and P2 

are somewhat greater than the expectad errora qiven by Ral.ton'. 

formula; however in all cases the expected errora are of th. 

riqht order of magnitude, and thi. suffie •• to indicate how 
~ 

Many figures of the coefficients are,significant. 

From the above considerations it va. deci4ed to 

chaose for the 71-8TO basie a set of S R valu •• about R. W'ith 

a step,lengtb of .01 au. Bunker'. value of Re-2.t087 au f~r 
~ , 

. ~~tel_16 wa. uaed to calculilte t by (1). The •• van"'point •• t for . 
, . '. 

, ' 
:':i! 

'\ : 

• 1 

1/ ,,' 
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" 
the GW+9 basis was_formed trom the five-point set byaddition 

\ 

of a higher and a lover' point vith t.he same inere.nt. The 

, R, (, q, and total anergies for the se two sets are pre.ented in 
o 

Table 1. The increment .01 au vaa chosen becau.e -.001 au would 

~ave produc~ too little change in q and .1 au would have 
~ 

~ba.ized regions avay from t-O. Bad tJ:le eXpeeted errora 

been tQO larqe, the 8tep~iz. could have been changed or the 
, . 

number of poiats incr.asad: this proved unneceasary. No claim 

Is made tbat .01 au i9 a superior stepsize to, say, .005 au 

or .02 au. 

Polynomials in t vere fitted ta the q of Tabl. 1 

by the least-squares method1S • The fitting vas started vith 

deqree land continued until no signifieant decrea.. in a 2 

vas observed. Table II presents the coEffficlent.&nd variance. 

for polynomials of degrees l throuqR 3 fitting q in au to the 
1 

dimensionle •• parameter t.' The coefficients qi are thua in 

atome unit. of EFG. 
~ 

The polynomials of degr.. 3 produce a much aDal1er 
, 

relative decrease in 0
2 compared #0 degr •• 2 than deqr •• 2 

pr~uc:ea comparee! to degree l, the drop in a2 betw .. n-cl.qr ... 
{) 

2 arid 3 beinq 1:ea. than a factor of 10, while the drop beb .. n 

degreea l and 2 i8 several orders of magnitude. This near 
1 Il 

indePtDdence of (J2/ upon de~e i. charaetui.tic of fitting 

polynoaiala when inerea.. in degree bagins ta repr04uce noia. 

in the data12 ; thus further analysi. ia confiD-.1'to"the fit-

ting polynomial of degree 2. 

" 
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TABLI,I. 
, , 

q an4 total energ,y from OCI-SC~ w.vefunctlonl. 

Experimental R.-2,4087 aul ,,17. 

71-STO b.,i.ll • 
" 

A. 
• 

R(au) C q'au) 1 (au) 

2.3887 -.00830323 3.83201 

2.3987 -.00415162 3.85411 

2.4087 0.0 3.8757' 

2.4187 .00415162 l~89695 -4'0.052120 
0 

2.4281 .00830323 3.91772 -4'0.05258.1 

8. OW+9 b •• i. (Chapter III). 
• .. ~. + 

R (au) t q(au) leau) , 

2.3787 -.Ol245485 3.57755 -460.0"45' , 

2.3887 -.00830323 3.5'812 -.'0.067355 
0 

2.3987 -.00415162. 3.61805 -460.068183 

2.4087 0.0 3.63729, -460.018'38 

2.4187 .0041516,2 3.6558' -4'0.06"23 

2.4287 .00830323 3,_ 67380 "'4'0.070237 .. 
,(l- I 

2.4387 .01245485 3.1'102 -4'0.070180 ' , 
j 

'" 
" ; 

1-;, 

a 
" 

, ' . ~ 
' . . \ 
,J 

\ '~ 
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~-r-.F. ~ 1~!"", 1 ''''~..;rt -le .. 



'. 

'. 

'-

" 

, , 
tl''';' 
, . , 

4' 

t 

, .. 
!if.'. 

• 

• 
E.:, . 
~Jr~l< 

4 

, 

.> ",,' 

TABLE III ErG fittlng coefficients and varianc •• for fitting 
. . 

polynomiale of degr... l, 2, and 3. Coe!,fioiants are 4efine4 

in equation (3). Coefficients in au of ErG. 

, . 
- 1 • 

degr.e 
coefficient l 2 3 

3.875336 3.875782 3.875782 

5.157278 5.157278 5.15186' 

-12.96715 -12.96715 

92.31618 .,J 

variance .233xlO-6 .l61Xl'O-g • 939xlO-10 

B. GW+9 ba.ia (Chapter III). 

degre. 
coefficient 1 2 3 

3.635960 3.637299 3.637299 , 
4.556008 4.556007 4.55"28 

-19.429SS -19.42J55 

-15.'2623 

variance .188xIO·S .8l4xIO·1G 

• 
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Expected errors for the degree 2 polyno~al vere 

calculated by the Ralston for.ula and are presented in 

Tabl.e Ill. In order to decide if these expected errors are 

acceptably SJDa~I, one .ost compare the accuracy of the cor-

• 17 
responding experimental deterainations. ~aiser ~formed 

a vibrational-rotational analysia of his molecular beaa 

electric resonance eQq measura.enta for BCl and OCl and 

obtained a-isotope independent values for q and its firat 

and second derivatives vith respect to ( at (aO. The qi 

deduced froll these values are presented in Table III for 

comparison vith the OCE-SCP qi. por bath the five-point 

fittinCJ of the 11-SlO q and the seven-point fittinq of the 

GW+9 q the expected errors in the qi are IDUch slialler than 

the experimental Wlcertainties reported by Kaiser; increaainq 

the abscissa set from 5 for the 71-STO basls to 7 for the 

GW+9 basis reduced the expected errors by a factor of between 

.15 and .l. 

The calculated qo fro. the GW+9 basis dif~er. fro. 

the experimental value by about 1', which is outside the ex

peri .. ntal error but still very good agreement; qo fra. the 

7l-STO basls di~fers tro. the experl .. ntal value by about 7', , 

and i8 in only fair agr..-nt vith th~xpert.an~ value. 

The reasona for this vere diaCUSaed;fi' Cbaptars III and IV. 

Bowever the calculabed qL value for the GN+9 basia differa fra. 

the expert.ental value by about 12' and i. outaide the exper

benul error, while the- 71-51:'0 ql agr ... vith the expert.ntal 

"-
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polynomial f1tt1nv or q rro. cci-scr wlvefunotlon.. laL.ar'l 

.kperl .. ntal valu •• 17 are lt.tad for oomparilon. All value. 

in au. 

t~ oca baiL. 

. . 

coeffioient 71-STe aN+1 exptl. 

; ., 

3.8157.2t.000013 3.13721It.000005 3.'33't.0002 

ql 5.1S'1lt.OO1. •• SSaOlt.OOO.l 5.32t.22 

./ 
q2 -12,g'1t.lO -1'. 430~. 057 .. t. OOt .15 

, 
, .. . .. 
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vatue t;a wlthin lh •• Kp.ri_ntal .rror. 'Nua tla vAlu •• troM 

btlt:h bail ••• ra 0 r th. C20rr.ttt. (nCll9tlt:.J..va) 119n, but quit. pOOl' 

i" ma9n1.t.ud., th. '11 ... n'ro '1al",o bO!l\g 100l tua J "rv- 11\ ma" .. 

nitud., lh. QW+t valu. 300'. "_.lotU. rdr t:.hi. b.havlor are 
f 

11\ OW\ham'. notation' the lahrot<Unv.l' .~\latlon for 

~ tur ft ~1.toml0 mol.aoul. i. 
~vJ 

(10) 

\ 

v(i, • hOftot2(t + al' + a3,2 + ••• ), Cll) 

oonv.rqent for Itl< 140, and thu •• aoura~. only for lev y41. 

'1'h .. vibration.l con.tant w. ln clI-1 1 •• 1-.ply relatN to AO" 

~h. maat Bcourate m.thod currantly aVAil.blt for caloul.tin, 

th.' <ti>vJ for. di.tomia 1II01.oul. i. to oon.~l'\lct a Ilyd.be~.,. 
Kl..il\~R.e. (RKR) Po~~~tial fto .. the apec~l"o.oop1c oonatant.1t- 22 

and int8grate the 'ah~oe4inver .quation numer10.11yl,. Ka1 •• 1"17 

• mo4if1.c1 th1. _thocl an4 .pp11ecl lt for t.bt Y-O, .1':0 atate to 

, .. 

L. ". 
fi ~ ~ • ~ 

~, .l;~ 



the infrared data for BC12" and DC125 of Rank et al. However '. 
\ 

q cannat be lIIB~ured in the qas phase in astate with J_026
1 

no RlCR <ti > vJ va1ues have been published for J"O. SChlier27 

deriVed expressions tbr <ti>VJ by treatinq the rotational and 

anharmonic vibrational teraa of (10) as perturbations to the 

baI'D)nic tera of the vibrational potentia1; alterinq his nota-

tion so..mat, 

\ 

",-, 

\. 
(12) 

(13) 

(14) 

(15) 

.. 

;. 
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All hiqhar <ti>yJ contain no tarm. lover than third ot4.r 

in (Ba/we ). For HC1, (D./W.)~l.6XIO-3, .0 the maqnitu4e or 
the fir.t neglected term i. roughly lxlO-5 timel the magni

tude of <t>YJ and <t2>YJ' 10 th ••• quantitiea arG giyen to 

about 5 signifie.nt figur... <t3>VJ and ~44>VJ are qiven 

only to l figure •• inoe the le.ding terma are •• cond order 

in (B./w.). Hiqher arder terma in (B./w.) could not be in

cluded becaua. of l.ck of lame nec ••• ary spectro.copie oon-

Itant •• 

and 

rad 

Rank et a125 have d.t.rm~ned &1' 4 2 , 4 l , and &4 

the conatantl ~. and B. for HlSCl and 035C1 from infra

data24 • Th ••• , alonn with w and B for T3SC1 28 are 
~ .. ' 

pre.ented in Table IV. In the Born-oppenh.imer approxl~tlon 
2 the ai are th. lame for HCl, DCI, and TCl. <t>Ol and <t >01 

for H3SC1, 035c1 , and TlSCl oalculatad by (12) and (13) wlth 

the conatanta of Tabl. IV are given in Table V. <t3>Ol and .. 
4 <t >01 were not calculated, aine. th. Qorr •• pondlng ql ln (5) 

are not given by the •• cond degre. fittinq po1ynom1a1, whloh 

i~ the highe.t deqre. that do.. not b.gin to reproduce noi •• 

in th. data. 

The error introduced in (5) by'negl.cting terma in 

<t3>yJ and h19her can b ••• timated'by co~rin9 th. expr •• -

.iona for <t3>yd and <t4>VJ with th o •• for <t>YJ an4 <C 2
>yJ. 

tri_ a.lwne that all of th_ qi Ar. of the .au. order of _9I\i

tude, from ~abl. II thi. 1. true throuvb i-3 for th. OW+9 

b.li. and probably wou14 he true for th. 71-STO ba.1a lf more 

~, 

• 

, 1 
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lAI'I,lX! ',aotroIOop1e oon.t.n'.'~d dtm.nllonl ••• pot.n

ti61'Obefflo1entl &i for M~SC1, 03SC1 , ~d T'Sel, tn the 

~otn-opp.nh.i .. r approximation th. &1 are th. .... fol' al1 

t.hr.. mol.o\,lle •• 
, 

A. Sp.ctto.oopl0 conltantl (oaM1 ) 

H35Cl(l.f.24) 03'Cl(l.f.Z4) 

2 •• 1.0.04 

10.S'3553 

2145.1"3 

5.44".11 

177i.81 

3.73" 

B • Potent.iel coeffioientl (equation (11))25 

8 1 -2.364511» 

8 2 3.66470 

Al -4 .. "83 Î r 

&. 4.9" 

~ 

.... 

~~ 
"\ 

J , ,. 
1 

, :~ 

·1 

'- "'. , ~ 
: .. . ~ 
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ab.ei •••• weta ~.e4. qvJ i. of the order of l (.e. b~lOW), and 

aine. Ql<t 3>VJ and Q4<C4>VJ ar. on the order of 10 (D./we)2.10·4 • 

truneating (5) alter Q2<C 2>VJ limita the .ccuracy of qvJ to' 

four .ignifieant fiVUr... The OCE-SCF qo havI .ix li9nificant 

fi9ure., .0 trunc.tion alter q2<(2)~J cau ••• lOI' ol two' .i9-
~ 

nifieant fi9ur .. ,however the oxp.rimental qo ha. only f1ve 

aiqnif1cant ti9ure.~ .0 only one llqure oompArable with ex

periment ia lo.t by trunoation • 

'0191( and aolef29 havI 9 i ven an expre •• lon for qVJ 

ln .n 1nve.t19atlon of i.otopo effeota upon eQqI 

a w 
+ ( 3ql (B.lwo ) (1 + 6: 2) + ~2 (D.,/W.) ] (v+t) 

• 
(16) 

Q. i. a .tandard lpectroaeopio oonltant18 • The coefficient. 

ol ql and q2 muat be <t>VJ and <t2>VJ' ,re.peot1vely, by co__ " 

parilon with (5), whioh impli •• from (16), 
• J 

(8) 

" , 
J 



-tt 
Comparison of (18) vith (12) and (17) with (13) shows that 

2 -2 <t >vJ(Z-B) neglects terme of order (Be/we)~.5xlO , so only 

two-figure accuracy can be expected. <~>VJ(Z-B) does not 

truncate consistently in (Be/we ) 1 only one of the four mem

bers of the Schlier (Be/~e)2 term beinq ~etained in <C>VJ(Z-B). 

The case for the use of the,Schlier expr,essions 

over those of Zeiger and Bolef is not as clear as it seems 

tram the abova, ainee the ai are not tabulated for ~y mol

ecules, althouqh approximate expressions for them have been 

given in tèrms of the traditional spectroscopie constants6 ,30. 

But for molecules sueh as Hel for which the ai are available, 

the Schlier expressions are clearly more accurate and con-
\ 

• 
sistent. 2 <t>Ol(Z-B) in <~ ~Ol(Z-B) are listed in Tablé V for 

comparison with the values from the Schlier expressions. 

4. Calcula tian of qvJ 

Usinq 

(19) 

vith the qi of Table III and Schlier's <ti>Ol from Tabla V, 

gOl vas calculated in au for a3SC1, 035c1 , and T35Cl, for the 
t qi of bath the 71-STO and GW+9 ba.... The qOl are qiven in 

Table VI.' Also g1 ven are the changes from qo caused by the 

vibrational averag1ng, 

-

t 
" 
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'rABLB V: <t>Ol and l<t
2

"Ol ~or al5
cl, D

l5
Cl, and T

35
C1 frœa Sch1iei27 and leiger

Bol.r2' foDlUla •• 

1 B35Cl D35Cl .,35C1" 

Schl1er Z-B Schlier I-B Sch11er Z-B -
«>01 .0127854 - .012"20 .0091240 -.0090605 .0075422 .00749.6 

<,2"01 .00378t5 .0035417' .Ob26675 .0025400 .0021917 .0021042 
4 
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TABLE VI: calcul.ated and experbantal vibrationally ava~a9'ed 

q for Bel in the ".0, Ja:l state. AlI quantities in au. 

c 
-qOl 3.8926:t .0015 

.01681:.0012 
• 

3.8883:t.0012 

.01251:.0009 

3.8863:t.0009 

.0105:t.0006 

1 

AocB basia of ref. 11. 

3. 6185:t .0006 

.... 01538:t .00024 

Glf+9b -
3.62361:.0005 

-.01026:t.00018 

3.62571:.0004 

-.008221:.00012 

bOCB baaia describecl iD Cbapter Ill. 

Table III. 

, , 

... 

expt1. l7 

3.679847:t.000025 

.0459:t.0003 

3.6675721:.000005 

.03371:.0003 

exptl.. 39 

3.651:.03 

.021:.03 

.. 

, 
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The e~~rimental qOl were obtained directly from Kaiser's 
" 

observations of eQq (u$ing the con~rsion factors Q(3SCI ) • 
-24 2 31 -11' -.0782xlO· cm and 1 hartree = 4.35942xlO erq, l bohr -

5.29167xlO-9 cm, h k 6.62559xlO-27 erg-sec32 ). The experi~ 

mental âqOl were obtained by subtracting ~ai8ert8 experi

mental qo from the experimental qOI. The table show. that 

the 7l-STO âqOl are correctly ordered and of the riqht aign 

'but too smaii by a factor of about 3. The GW+9 Aq are of the 

wrong sign and in reverse order to the observed quantitiea, 

the magnitudes being smaller than the observed magnitudes 

by a factor of about 3. j 

Table III shows that the OCE-SCF ql values are in 

fair (in the 71-STQ case, good) agreement with experimentJ 

the q2 values are of correct (negative) sign but twice (in 

the GW+9 case, three times) the observed magnitude. Thua 
2 the OCE-seF q2« >01 term ia more negative than the cor-

responding experimental ~erm and more nearly cancels (in the 

71-STO case) or more than cancela (in the GW+9 ca.e) the po.~ 

itive ql<t>Ol term, which is nearly the same for bath the 

OCE-SCF and experimental ql' and resulta in a lower AQOl. 

The incorrect ordering of the GW+9 AgOl ia also a consequence 

of the large negative q2. 

5. Error introducec:l by Born-Oppenheimer fallure 

schlier27 h~a, esUmatect (and it has been confirmee! 

by more exact stuaiesg,IO ) that an expectation value such ., 

.... 
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qOl oalaulate4 by (5) vith the hypothetieal exaot value. of 

qi and <Ci>Ol for the lE .1~otro~10 9round atate of • dla

tomia moleoule h •• a relatl~ error wlth re.paot to the ob

•• rved value of the order of (B./6Ie)' where AB. i. an aver

ag. el.otronie exoit.tlo~ .n.r9f- ~hi. artor 1. due to tarma 
• , " 

in tha exaot wavefunotlon nevleated in th. IOrn-Oppenhelm.r 

approximation vhioh involve an el.otronio tar. other than 

th. ground atate. For Hel B -10 c.-l from Table IV and a . 18 
AE.-100,OOO 0.-1 ,'0 (Be/6E.).lO-~. Thua qOl of (5) i. 

l1naited to , ai9ftlficant fivura. by the Born-Oppehhe1Jler ap

proxiMtion, aino. th. OCI-scr, ca'laulated. qOl of Tabl.e VI 

agr.e vith the aXperi .. ntal value. to at molt tvo-.ignifieant 
• 

figur •• , Born-oppenheimer fal1ur. cannot be an important 
... 

'.ouree of th. (H.erapancy • 
..) 

6. AnalXll. of th. R-dependenee of 9 

F
~~ ln thi. ..ction .o~ qu.ationa vhleh aroae ln a.e

tio tJ are .xa.dned. Fra. Table III th. 71-STO calaulated 

qo' ql' end q2 are " too high, n .. rly r19ht, and 100\ law, 

Z' •• ~tively, coa.pared to ~ •• xperJ..ental valu., in th. GW+9 

... 1. qo' ql' and q2 Ar. n •• rly rlght, 10' law, and 200t low~ 
Q 

relpaotively. Th. explenation of tha 41ff.ranc •• in qo (vhich ., , 

.xc.pt tor ... 11 change. du. to tha polyno~.l fittinv i. 

ld.ntical to the q of .arller chapterl) val 9iven ln Chapte~ 
, 

JIll. poor b •• ia cboie. for th. 71-$TO •• t eau.ed the oon-

" 
.~ 

\ , 
jJ 
, 'i 
'j( 
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.-~ 
:J 

~
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i 
f ~, ~ 
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,trlbution to ~l.c fra. th. ..001\4 el.ctron .h.ll to be con-
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siderably larger than that ol the GW+9 ba.ia or the exten-, 

Bive TCE-SCF éalculations33 ,34 • 

In order to e~plain the better quality of the 71-STO 

ql than the GW+9 ql wa advance th. following hypothe.l.: th. 
, 

chang.. in q upon change of R (which determine ql ainee it ia 

the first derivativa of q with respect to t at taO) Ar. due 

mainly to changes in the contribution to qelec of the third 

(outer) electron shell, for which the 7l-STO basia i. well 

ch08en (cf. c~Pter IV); aince the 7l-STO basia ia larger an~ 

more flexible than th. GW+9 set for the third ahell it can 

reproduce thes. chang.s upon small changes in R b.tter than 

can the GW+9 set, and thua gives a more accurate ql. 

In Table VII the partitioning of the total q at 
• 

the various R trom Table II into qelec and qnuc is given, ~ith 

qelec further partitioned into contributions fram the thre. 0 

electron shalla (Chapter III). In Table VIII a firat diffar-

ence table ia constructed from Table VII (e.9. row l, col~ 

2 of the upper halt of Table VIII i. q l (R-2.39B7 àU) -e ec \ 
q 1 (R-2.3887 au». From Table VIII it ia claar that chang •• e ee , 

in q 1 dominate the total chang.. in q, ând that change. in e ee 

.the third shell dominate the chang •• in qelec. Thus the above 

hypothssis ls supported, aince the poor bahavior of th. 7l-STO 

balis in reproducing the .econd ahell electron distribution 

introduces negligible err,or into the change. in ~lec' although 

it introducea considerable error into th. value of ~lec it •• lf. 

It is alao t:.o he expected that the GW+9 basis woul4 not give 

" ' 

l' 

"\ 

J , 
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TABLE VII: Analyaia by electron ahell of the. OCE-SCF ealcu-

lated qalea for a 8.~iea of internuclear distance •• 

tities in au. Re-2.4087 aul6 • 

Al1 quan-

. 
l A. 71-STO basi'~l • 

qel'.~n~c' 
she11 contributions to ~l.c 

R lat ah.ll 2nd ib.II Jrd .6.11 

2.3887 3.6853Z .14674 -.00010 .88319 2.80223 

2.3987 3.70924 .14.491 -.00010 .88480 2.82453 

2.4087 3.73268 .14311 -.00010 .88639 2.84640 
, ' 

2.4187 3.75561 .14135 - .. 00010 .88792 2.86779 

2.428Î 3.77812 .13961 -.00010 .88945 2.88878 . 

B. GW+9 basia CChapter III) 

shell contribution. to ~lec 
R Clelec qnuc lat ah.ll 2nd .hell 3d aheU , 

2.3787 3.42895 .14860 -.00005 .53710 2.8918' 

2.3887 3.45139 .14674 -.00005 .53772 2.91372 

2.3987 3.47314 .14491 -.00005 .53828 2.93491 

2.4087 3.49418 , .14311 -.00005 .53881 2.95542 

2.4187 3.51454 .14135 -.00005 .53930 2.91529 

2.4287 3.53419 .13961 -.00005 .53975 2.99450 

2.4387 3.55312 .13790 -.00005 .54011 3.013'05 
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'1'ABLI VIlla Di rrerence table oonet.ruote4 rl'Oll ,.ULB VII. 

Differenoe. ln au. 

A. 7l-STO baalall 

ahe11 contributlona to q.leo ' 

Cleleo qnuc lat abell 2nd abell lr4 ebe11 

1 .02392 -.00183 .00000 .00161 .02230 

2 .0234" -.00180 .00000 • 0015' .02117 . 

3 .02293 -.00176 .OOO~O .00153 .02189 

4 .02251 -.00174 .00000 .00153 .020t' 

B. GW+9 baal. (Chapur III) 

ahe1l contributiona to '-112 

A q.lec qnuc lat ahell 2n4 ahe11 3re! .... 11 

l .02244 -.00186 .00000 .00062 .02183 

2 .02175 -.00183 \ .00000 .0005' .02119 

3 .02104 -.00180 .00000 .00053 .02051 

4 .0203' -.00176 .00000 .0004t .01t., 

5 .01965 -.00174 .00000 .00045 .01921 

6 .01893 -.00171 .00000 .00036 .01155 

• 
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\ 
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re 
the R-depend.ne. of q well aven for rGlatively ,mall chanq., 

in internuolear di.t.nc., aince the GW+9 ba,ia wa, oho •• n 

(Chapter I~I) to concentra te charqa at 2.4087 AU trom the Cl 

nucleus. 

Poor bahavior tor q2 ••• ma to b, .n intrinlio f.il

inq of OCE b..... Aa Hel ia di •• ociatad by increa.inq the 

internuele.r,diatance to infinity, th. exact wavef~nction 

changea trom that for Hel to that for th. ,.parat.d n.utral 
, 

Cl and H atoma. The OCE-SCF and TeE-SeF c.loulation., however, 

yiold a Cl- ion .nd • bare proton at infinite .epara~on33. 

Thua qal.c from the exaot wavefunction tend., a, R appro.obe, 

infinlty, to qelec of the Cl atom (mS.6 au35 ), while the 

OCE-SCF and TCE-SCF qeleo tend to qeleo of th. Cl- ion (-0 

becau •• of spherieal aymmetry). ThuB the tru. q.lec k.ep, 

increasing as R la lncro •• ed, while the MO calculated valu •• 

At some point beqln a decre •• e to zero. Therafore, th. OCE-SCr 

and TCE-SCF qi mUlt for some 1 be lower th an the corr •• pondinq 

exact qi in arder that the exact q<t) be, for lome values of 

C, greater th.n the SCF q(t) in (3). Thu, one expect' that 

a set of OCE-SCF or TeE-SCP calculations could give accurately 

only the tirat .everal Qi' atter which one (or ,.veral) qi 

aignificantly lower than ~he corr •• ponding experimental quan

tity would follow. Por OCE-SCr calculation, of HCl lt appe.rl 

that ql i. the lait qi that i. given aecurate1y, ,inee q2 aven 
42 

in the extensive 71-STO let i. 100" tao low. For a .erie. ot 
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Q2--S.S0 au. vCompariaon with Tabla III .how. that th1. q2 
-

agr ••• well vith experiment, a TCS-~F baaia, then, 1. liV-

nificantly bettèr than OCB-SCF b.aia for a-dependent affect., 

'aa on. expeota 81nce the TeE-SCr wav.funotion retain. more 

charg. near the proton a. R changea. Hi9~er qi fram the TeR

seF calculatian. cannot b. comp.rad, ainee Kai •• r t
• exper1-

mental value. ar~ ca1eulated only through ~2 • 

. In concluaion, OCE-SCF calculationa repr04uc. the 

R-dependenee of th. ErG for Hel rather poorly, and 1.-4 to 

inaceurate vibrat1ona1ly averaged propert1.a. For vibration.l 

ItOd •• of polyatomie mol.cule. which do not involve a-ohangea 
t 

Cauch &8 the ayaaetric benc11ng of NH3 3,38), however, OCI-SCP 

wavefunction. have b .. n reported to giv. aoour.te vibra~lonal 

average •• 
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CHAPTER VII: EFG of the la MO 

" 
It was observed in Chapter III that the first and 

second electron shells of Cl-, which in a first approximation 

remain sphérically symmetric in the HCl molécule, account for 

about 15% of the molecular q 1 from the OCE-SCF wavefunction e ec 
in the GW+9 basls. Table 1 shows that this Agrees well vith 

the two-center calculations of McLean and Yoshindnel and Cade 
2 and Hua. The q1s of the second shell also Agree welle 'l'he 

first shell (10 MO), however, warrants closer investigation 

for three reasons: (a) there is a large relative difference 

between the la !«) q of the OCE-SeF and those of the TCE-SCF 

wavefunctions, though the absolute difference ia small, and 

the two TCE-SCF calculations do not Agree weIl; (b) aIl basis 

adjustment in the GW+N basls series of Chapter III, section 4, 
• 

ibvolved orbitals which emphasized the region near the proton, 

with no additions of orbitaIs concentrated close to the Cl 

nucleus; (c) the Cl nucleus is not spherical and CaR distort 
4 ~ 

the inner shells from spherical symmetry , but this interaction 

- 1 was not included in the Hamiltonian in the OCE-sa calculations 

of this work (Chapter II) nor in the TCE-SCF calculation.1 , 2. 
l 

Point (e) will he examined first. 

1. The Sternheimer effect 

The distortion of inher shells by the quadrupolar 

nucleus and the distortion of spherically syaaetric sbella b7 

227 
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'l'ABLE 1: bAlysla by eleotron .hella of HCl qeleo from the 

McLean-YoshillÛne and Cade-Hua two-center and GW+9 one-center 
./ 

bases. All calculations at r e-2.4087 au. All quantiti •• in 

atonde unit •. 

shell c-If' 

'1 

1 -.00214 -.00013 -.00005 

2 .45270 .52143 .53881 

3 2.96126 3.01163 2.95542 

total qe1ee 3.41182 3.53293 3.49418 

, fram she1la 1+2 13\ 151 15' 

,\ 

experimen~al value of '1elec
29 : 3.4908 au. 

·Calculated in thl. labo.ratory from wavefunetion of ref. 3. 
_'f 

bCalculated in thi. laboratory froa "avefunetioR of ref. 2. ~ 

°Sasia defined Chaptar III, .ection 4. 



external electric fields were first studied by Sternheimer,,5,6, 

the phenomenon of an EFG induced in a nominally spherical shell 

is usually referred to as the Sternheimer effect7 • It has been 

pointed out8,9 that confusion exists in the 1iterature on this 

effect; for this reason a simple descrip~ion will be qiven here. 

The HC1 MOlecule provides a convenient example. Consider the 

molecule as a CI- ion perturbed by a proton. As a first ap

proximation the electron shel1s of CI- do not distort in the 

presence of the proton (this i8 more nearly true if the proton 

la farther away than the equilibrium distance; alternately, 

the proton could he replaced by a positive ion in a crystal 

lattice)J in this assomption the EFG at the Cl nucleus is just 

that due to the proton, or, assUDÙ.ng the equilibriUlll inter

nuclear distance of Hel, (3cos2a-I)/r3=2/(2.4087)3 •• 14311 au. 

'However, from Chapter III, Table VIII, the electrons (in the 

GW+9 OCE-SCF wavefunction) produce an EFG of 3.49418 au, so 

that the total EFG at the nucleus is .14311+3.49418-3.63729 au • • 
Thus the calculated EFG allowinq for e1ectronic distortion is 

of the same sign but larger than that in the assumpUon of 

spherical electrQn sheIls: this i8 an example of antiabieiding 

of the nucleus by the electron shells, sinee the ind~ced gradient 

is of the same sign as the gradient of the perturbing fieldS. 

In some cases the perturbing field Induces a gradient of op-

posite siqn in the closed sheils, giving rise to a ahialding .. 
of the nucleus10 • 

50 far the distortion of the ahella by direct inter-



• 

• 

• 
::w.' . 

.' 
act.ion vith the qua4rupolar Duel.ua ha. bHn 19nored. ftl • 

di.tortion 1 .... 11 ... vill he ... n later ln th1. chapt.r. 

uow.ver, th~ diatortion uy he Wied to calcul.te the eneJ:9Y 

of interaction bew..D the &PC induce4 by the external f ia14 
# 

(in the abo". .... 18 the field 4ue ta th. proton) a.nc1 the 

quadrupolar nuélewa. ,.hi. fact ba. probably cauaec1 IlUch of 

the confuaion about the SternbeiMr effect. It va. lir.t 

ahown by St.rnhe ..... r and Poleyll, Wlin9 _thoda speoifie ta 
, 1 

the nuelear quadrupole-external field proble., Lucken has 

91 ven a .ore C)enaral c1.-,natration, pr •• ented bere con.l4erably 

.a4ifled. 

COn.l~r two perturbation. of the (hera1.tlan) 

Hallil tonian 8 0 , 

• 
D • Ho + Hl 

with perturbing Baailtoniana Hl and H2 -

be 8uch that 

(1) 

(2' 

(3) 

(4' 

"' 
I~ 
<,' , 
~ 

1 
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• 

Sohr~1nver p.rturbat1on ~h.ory12 ta ~O for th. p.~turbe4 

Hamiltonlanl "0+"1 _net "0+H2 r •• pectivaly. '1 an4~ 

taken to be orthogonal to, ~O to pr ••• rve normal~lon t~ 

fir.t-ordor of the perturbed waverunction13 , multiplylnv (3) 

and (4) on th. 18ft by ~O and inteqratinq'oivei 11·<~oIH11~o> 

and E2·<'oIH21~o>. Multiplyin; (l) by ~2 and (4) bY'l on 

th. 18ft and integr.ting glv •• 

whioh yi.ld direotiy 

(7) 

(7) i. known •• DalVarno'. Int.roh.n9. Theorem12 , lntro4uca4 

by Dal~arno and Stewart14 • Note that (7) followi d1r.e~ly 

from (3) and (4) and th. orthogonallty ol .1 and .• 2 to .0' lt 

i. not ct.pendent on the forll of Hl or H2• 

In nuelear quadrupole inter.ctlon., th. 4iftaranc. 

in .narqy of two .tat •• wlth 41ft.rant nuel •• r III (.pin .n9Ul.~ 
. 

.,mentua) nw.trr., (Chapter 1) 1. ot lntar •• t.. 'l'he lMtrtube4 ~, 

H~ltonian for the .yat.. 1. ~ 

CI) . , , 



• 
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, . 

• 1 

. --
wh.r. HO 1. the IWI1ltonlan of tile .ph.rieally .~~ric 

.y.te., H. i~ th. H&II1ltonia~ for the e~ternal field, and 

~ '1. the ~ltonlan for th. interaction of th. quadrupolâr 

nuel.ua in the .tat. IBI-. "ith th.- IrG. 'ln th. eXUlpl. abc" 

of, th. _Hel IDOl~ule, HO 1. the 1IaII11tonian for. the Cl- ion and 

He i. tli/ria' wha~e iranv-. ov.r al1 char9e4 partiele. ln 
i L 

the .yat •• , li 1. th. charte of the lth partiel., and riQ 1_ 

the di.tance between the ith paztibl. and th. proton. Th. for. 
" 

of ~ for thi. caa. will he giv.n l~t.r. Becau •• H. ia in 

thia ca •• rath.r large, Hel can not. aceurately be t.r.ated by 

flrat-ord.r Pert.UZ:b~ theory. te and'.~ Ar. cSef1!,ed by 
, f' ~ 

r , . 
. ~ . ~ 

, 

(9) .. '. , 

(10) 

analogoualy to (3) and (4). B. and E~ corre.pond to El and 
l' 

FrOil (7), 

(11) 

(9) and (10) vive 

10 that .0 .•. +.~ ia th. firat-or4er "."lunetion of th. pu:tUl'becl " 
<, 

.yat... .~ wll1 he •• aUM4 negl19ible .,compara4 to- f.' thi. wl11' 

he inwatigated lat.r in th. chapter., Thua the "avefunct.lon 

'. 

, , 

1 

1 .' t 
J 
" 
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for the .yate. vith Hamiltonian (8) will he teken to be .0+'.' 
• whioh i. ind.pen4en~ of m. avaluat1ng the differe~ce A~ 

, . 
between the energie. of the atate. with mI-m and DI-. , 

• 

• • -<, 0 1 H~ l '0> - <, 0 1 H~ 1'0> + 2 ( < ~ e t ~~ t ; 0> - < ez, .1 ~ 1. 0> ) 

• .Dl m' 
1 + < '" .' nO ". > - < •• 1 HO , •• > • (12) 

• 
ASm- m in (12) i. correct~to 3rd order (.ine. wav.functlon cor-

-
rection.' through nth order V1 va energy correction. through 

, . -

2n+l order1S), if AEm-mJl' required onl~ to 2nd order (neg-

1ect~9, for .xample, < etH~I"'.»' thi. beco". _ 

i , 

6E
m

"'
m 

-<"'0 1 ~I "'0> - <"'oJ H~ 1'0> 

(13) 

• 
Ualng (11). for Ha "anel ~ , and th. tact that <.0 1 ~I.o> • O. for " 

a 8pherleall~ .~trle, "'0 (equatlona (29) and (30) below), 

(14) 

Thu. th. energy 4ifference can be ca1culated to .eoon4 order , ... ,-

without calculatin~ '. (aaa~nv that .~ and ;Q cu ~ oalc~-
lat.d) even though the eleotronie vavefunetion for both .tat •• , 

f .~ _ 

la ••• WDllcl tp be .0+;.. 'l'hua.~ ean be u.ed to cal~late 
cf' 

i ' 

. 
~-.... ............ ' _ ... ." .. "... ... ~ ...... ~"'"""' .... ~~_.,....,N~~ ~ ...... 4i ........... ~ __ ............. ' .. L -~~ ~- *. 



'nuclear quadrupola traneition energies due ta the ErG, aven 

though IP~ may not be an important correction to .0. Thia i~ 

a consequence of the interohang. theorem (7)1 the utl1ity of 

(14) is that if one i. interested, for examp1e, in th. Duelear 

quadrupole-EFG interaction of a Cl- ion pe~turbed byexternal 

chargea in several different arrangementa, one naad only oal-. , 
culate ~~ and ~~ and evaluate <~~IHel~o> and <.~ l"el.O> for 

the difterent He' if (13) were uaed directly a nev .e would 

have to be calculated for each arrangement of external chargea. 

Thus Sternheimer4,S,6 calculated the distortion .~ due ta the 

nonsphericity of the nucleua even though the phy.ical affect 

beinq eoneid.red wa. the diatortion by the external field. 

This fact has probably b.en the cause of the confusion in the 

literature on the effect, although it was explained by Stern

heimer and Foleyll (in eonsiderab1y different terma) and furtber 
8 clarified by Abraqam • 

For an SCF calcula tian, (14) ia of little u .. , becauae 

an SCF calculation yielda ~O+'e without an explicit perturbation , 
treatment, and AEm-m can be evaluated directly fro. (12). Al80, 

becauae ,~ ls small comparad ta ~O and ~e (section 2), it 1. 

not qlven accurately by includinq ~ in the Hamiltonian of the 

systeml Sternheim.r4,5,6 calculate •• ~ by a power-.erie. aolu-
16 tion of (10) usinq'a modified Thomas-FerDd Hamiltonian as HO' 

exe.pt for inaceuracies due t.o thia choice of BO' .~ i. CJiven 

fairly accurately de.pite ita amall lize relative to .0. on 

the other hand perturbation tre.tmenta of the coupled Hartree-



• 

•• J f - ' 

l'ock equatlon. qulak1y beoo_ unvle14y a. ba.l. .i.e l, in-

cr ••• ed17• Thu. a1though (14) 1.-appropriate for St.rnhal .. r t • 

\ 

caloulationa it 1. of no prac~10.l u •• for CCI-SCP calculatlona. 

Thu. to .tudy th. Sternh.i_r .ffect by HO ca1ou1a-
, 

tlona. one atudie. the deviation from .ph.rieal 'r--atry of 

th. inner electron ah.ll. a. caleulat.d trom a nor .. l SCP vave

f\&natlon. Initia11y, however, it i. n.e .... ry to verlfy th • 

• "WIIp~ion that und.rlie. the ~ve arqua.nt 1 that ~ 1. a 

... 11 perturbation and produc.a a n.gliglbl. chang. ln ~. 

vavelunetion. 

2. Inclualon of th. nuel.ar quadrupol. interaotion 

in th. sep ~ltoni.n 

In Chapt.r 1 the total interaotion .nargy of an .x-

tornal charge dl.tribution vith a non-apherical Dualaua va. 

developed •• a .... ltipol •• xpanaion18 , 19 J ~e only two nOft

zero ter .. for th. Cl nuoleu. (bath 3SC1 ~4 37 Cl i.otopea) 

. , 
(15) 

where p (r., i. th. char .. denaity due to all cbarte4 partiel •• 

• xc.pt th. quadrupolar nucl.ua in the volu.. el ... nt dTe cen-
~ 

tered at ra' re i •• a.ureeS in a .pbe!'ical .ya~ centerecl at 

the nuel.ar cent.r of ·_ •• 18. 1 i. ~ atoalc nUilber of ~ 
1 
~ 

, :~ 

~ , 
• ~ f_ = .. ~ d. '" ~ "" _~, '> 



.. 
quadrupo1ar nucleus. Electron density within a sma11 sphere 

centered at the nuc1ear center of mass and enclosing the nucleus 

i5 exc1uded in the integrations (hence the subscript e for ex

ternaI): the density within this sphere adds only a constant 
, 

amount to the energy independent of the nuclear spin quantum 

number m-20 • The cartesian coordinates x are numbered so 
~ _ e i 

that xe -xe,xe ""ye,xe =ze' with z the axis of quantization Jf 
1 2 3 

the nuc1ear anqular IOOmentum (in the HCI molecule in the absence 

of external magnetic fields this coincides with the principal 

axis of the EFG, 50 this choice of z is consistent with that 

of Chapter III). Note that the operator by which p (re ) i. 

weigbted in the inteqration in the second term of (15) is the 

q of the introduction to Chapter III. The first term of x.x. 1 

1. l 
(15) i5 already inc1uded in the nuclear attraction inteqrals of 

the OCE-SCF calculations (Appendix l, sectiol 2). ThuB modifyinq 

an SCF calculation ta include the effects of the quadrupole 

moment of the Cl nucleus involves simply adding the second term 

of (15) to the nuclear attraction integrals with the quadrupolar 

nucleus. 

Q~~) in (15) is defined as20 
1.] 

o~~) :Ze<mIQ· .Im> :s/p(m) (r ) [lx xn -~ijrn2]dtn' (16) 
~l l.J n ni j 

where p (m) (r n ) ia the nuclear charge denaity for the etate lm> 
. (1 . 

(with ~"m)- in the volume element d~n centered at rn • Tbe proton 

charge ia e. The a110wed values for ~ are l, X-l, ••• , -l, 



\ 

" 

wh.ra 1 ia ~he nuel •• r apin. A more formal but oompaot nota· 

tion ia 

Attention can b. conlined to Qij ten.or. diagonal in ml auoh 

aa (17) on1y il the BrG ia cylindrically .ymm.tric, i ••• if 

in (15). If thi. i. not true, the interaction between th. 

nuelear quadrupole moment and th. ErG ha. non-.ero matrix 

elem.nta between .tate. vith dilferent /~2l, ml ia then no 

longer a good quantum number for the .y.te. and (15) doe. not 

applYI the treatment ia then more complicatad21 • Howev.r HCl 

ia cylindrically aymm.tric, .0 attention can be r •• tricted to 
r 

01j ten.ora diagonaL in ~. 

It i. a familier relul't al group th.ory (a oor011ary 

to the Wigner-Eckart theor.m19 ,22,2l) that aIl tho ••• y ... tric, 

'tracel... ten.ora are proportiona1 which are conatruated in a 

limilar manner trom vector. who.e companent •• atialy the ...... 

. colIIIINtation relation. vith re.pact ~o the operator. for th. 

Cart •• ian compenent. of th. an9ular momentum .ati.fied by the 

companent. of the angular momentum themaelv... The x, y, and 

z companenta of an ordinary Carte.ian veetor co_ute vith the 

companenta of th. angular momentum in the .ame way tbat th. 

angular momentwn componenta thema.lve. d024 , thU8 tM abow 

.' 

" 
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r •• ult a.n be applle4 to (11). 
r . < 

It 1~ convanl."t ta expre •• olj) a •• con.tant. ti._ 

a tenaor côn.tructed fra •. th. oolllPOnent. of the nuol .. r .pln 

vector i, 

II +11 • 
o (a) • 1tK:<all 1 j j 1 -, Ï • Ï III> 
1j ,2 1j , (18) 

bec.u.e .~le rul •• exl.t for 4ete~nin9 ILia>. Not. tbat 

J~1nj ln (17) bec-l (11 Ij + Ij11' bec.uae wbll. x1x j i •• ya- . 

• tria in 1 and j, I l Ij 1. Rot .inee Il aNS 1 j 40 not CO_llt.e. 

Tb. rul •• for d.te~Rln9 I11~ arel~ 

It :: 1 t il x y 

11 1 .-> - ( (Ili.) (It ... 1) 1 t 'atl> 

\ 

Qlf - 0 if '1"j 

a Ca) _ g(a).leCltl(I+l).l.21 11.. 22 1-

Q~;) • leC(J.2 - J (1+1) 1. 

Tbe nuo1ear quaclrupole ., •• nt Q 1. 4.fiDecl by20 
• 

(l') 

(20) 
. " 

? 

,~ 
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I! .. ~ .. _ ~It'" t"~!J'!",,";;rA .. r"-lfI";r;I~~/Y~~-~t.'l"-:"'~~~~~~~ .. ~ 
~~ l" .... ~ ... ~ ...... ,'"'''" ~\ ,,~ .. ~ , .,. :'.~ ...... :. _, ~I"~ ~ ~ ,!~;~ !'~ 

. , 

(21) 

mx-I i. th. nuel •• r atat. vith maximum .pin projection on the 

uia of quanti.ation. Tban by (20), . 

.0 

zee -.0/1 (21-1) 

and the final' formula. for th. O(a) are ij 

(m) 0ij -.0, l;j 

, 

O~~) - 04;) - (eO/I (21-1) ) U~ (1:+1) - l.2 ] 
Q~~) • (~O/I (21-1» [3af~1 (I+l)J. -

'\ 

o ,'" 

(22) 

For 3,SCl and 37cl , x-î ~ .thu. 'for the Cl nueleu. in Rel (22) 

beco ... 
, 

Qlit ) -Q~;t) - eQ/2 

3 3 off';) · oJ;I) --.0/2 

3 
o~iI) •• Q 

O
(il) __ -ft 
33 -v e 

(23) 

'. j. 
_.;,_ ..... _ ~ _ ' .... ~ -., 'e"'..... ' 

<' . , 
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Then, takJ.nV 

'" - a a 1 
. qij • Ip h:.) (Ii:" 'Si""'" r lat., 

" "~i .,. 
P"< 

a. in Chapter _111, (~5) beco ... 

... 

.' (24) 

• 'J . .. 
. . 

1(0)+1(2) -I/p (r' )/r dT +1.("(eQ/2)q , +(eQ/~).Q .. :'eQq 1, 
e •• -. xx, 0-yy •• 

(25) 

... 

B (0) +1'(2) -_ i/p (r~) Ir~dTe+t(- (eQ/2)qxic- (e.Q/2)qyy+eQq •• J. 

(26) , 

, 

Uaing qxx-qyy~ -tq~1 (Chapter III, aeation 1), 
• 

, (27) 
!.,I 

-
The operator wbich yield. q •• upon ·lnt.9ratlon over the· 

• 

.,...,'" .. 

.' 

charge d,naity in (24) 1. the Q Q~ Chapter III,' aeo~1~ 1 f 
and 2. Then the opera tari whlch oorrelpond to the energy ) 

correction ter .. s(2) ln (27) and (28) are 

(2') 

(30) 

, , 
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~hU8 to correct the nualear attraction inte9r~ with the Cl 

nucleus for the inter~cti6n betweèn the nuclear~quadrupol. 

and the electron distribution, it suffices to add the tera 

-leO<~il~lfj> or +leO<.il~l.j> to the te~~ Z<.il}l. j > in 

evaluatinq the nuelear attraction integral batween basia 

orbitaIs ~i:land .j" We use Koster' .25 value for O(lSCl) 

(Chapter I), -.0782xlO-24 cm2 • -2. 793xlO-9 au (for 0, l au -

l bohr2 ). ~ 

Several comments on the OCE-SCF calculation of'HCl 

includinq (29) or (30) in the Hamiltonian, can be made before 

performinq the calculation. H(m) can be regarded âa a per
O 

turbinq Hamiltonian, 

H - H . -t H rm), ~ 
, 0:, 0 (31) 

'. 

o 

with HO now the normal SCF Hamiltonian (note the diff_rance 

between this ~efinition of HO and that of (8), where HO refer

, red to a spherically symmatric system). III and'" (m) are 
0, Q 

defined analoqOusly to (2) and (3), the firat-order enerqy cor-

rection ig13 

(32) 

with .p 0 the normal OCE-SCP wavefunction.,,. The eleetronie part 

of q i8 tabulated in Chapter III, Table VIII. From this table, 

qelec for the OCE-SCF calculation of HCl in ~e GW+9 ba.i. ia 

3.49418 aUI adding the contribution from the proton at Re-2.4087 . . 
au, the ~otal q at the Cl nucleus in thi. basis ia 3.6372' au. 

/ 

. , 

" " \ , 
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sJtt) • -1 (l. 793X10-9l.,(3.637lt). 2,5.0xlO-g au (33) 

3 . ~ ~ 
EJ1I) .. 1 (-2 .. 793xlO ·9) (3.63729) • -2. 540xlO"9 au. (3.) 

Tho total onergy of the mol.oule in thi. oa~qu1.tiQn i. 

-460.06893838015 au, .0 the total en.rqy for (33) and (3.) 

i., to tir.t-order, 

B~!~!1--460.0'893838016 + .0000000~2S4 

• -460.06893837762 au 

3 . 
B(iI) --460.0'893838016 + .00000000254 
total 

- -.60.06893838270 au 

J 

(35) 

(36 ) 

Note that th. fir.b-order oorrection. (33) and (34) are very 

.mal1 relative to the total energy. The total energy i. oar

ried to 14 .ignifieant tl~e. here becau.e, although energy 

convergence va. oarrie4 in the iterat1ve prooe •• only to 12 , 
aivnificant figure., th. high •• t oceupied MO eiqenvalue .a. 

in th1. c •• e .till ehanging in exce •• of 1tl convergenoe 1 , , 
" 

cr1terion when the energy hacS converqec:1 to 12 fiqur •• , wh.n 

the eigenvalue hac! eonver98~ ta 6 fiVure., the el.otron1e 

e"ergy haê1 c.a.et! ta chanve in th. 14th figure. On. expecta 
l 

the • .cone! arder change 1n ener91 ta he III\a11er thaft (33) and 

1 ' 

• j 

.1 
'~l 

J
~" 

. ' 

.. . "\ ," 
" ,~ ~,,~~, .... r!r",~ ' .... fl..<J,_~,.' .Ii!',1. 
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(34) by a faetor of about Q (in au), and thua opt of th. 

ranq. of aignifieanee of the aaloulatian. Sinee the tir.t

ordor wavefunetion correction tirat appearo in calcul.tion 

of th •• econcl ord.r enerty correction, lt ap~ar. that oa~

culation of .Jm) 1. out.ld. th ••• naltivlty of th. OCE-SCr 

caloulation_. Thua on. exp.ct., upoA addlng th. terme (29) 

and (30) to th. OCE-SCF H •• iltonlan, ta ••• no chang. in 

the MO'coeffioi.nt. vlthln th. rani. of .ignifieanoe (6 d.o-

ima1 plaae.) and .nergy ohanq •• glv.n by (l3) and (34). Th... J, 

calculations vere carrled 'out for the GW+9 basl., .~otly 

the expected re.ult va. obtainec1. The MO q value. and th. 

total q.1ec wer. al.o unehanged to live cI.clmal plac •• tram 

their valu •• in Chapter III, Tabl. VIII. 

lIowever it i. po •• lble that th. amalln ••• of the 

chanqe induce4 in the HCl wavefunction ln the 0"+9 ba.l. 1. 

due to the laek of orbital. in thi. ba,l. luitable tor de

.crlbinq polariaation of th. 10 MO. Sinee th. H~m) oparator. 

(29) and (30) oontain 4' •• ~. factor, the matrl~ al.ment. 

<+ IH(m)l+ > betveen ba.l. orbitala ara non-a. ra only if 
i Q j 

<+1 141 +j> 1. non-aero, thi. 1. true only for th. li-tj pairs 

of Chapter III, equatloft (12). In particular. If .1 1. an 

a-orbital, <.iIH~·)I.j> 1. non-.. ro, ~nly if +j i •• 4-orbltal. 

Sinee 10 MO in th. unperturbe4 ".velunetion 1. cOIlpO • .s .11lO~t 

entlrely of .-orbital. (Cupt.r II, Table VI), on. 40 •• n'ot . 

expeet •• 1gniflc:ant chanv. ln the ".velunotlon to be in4uce4 . ' 

by HJa, unI ••• th. ba.la contain. a d-orbital vith r ... 010 •• 
'\. 
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to the nucleus «.1 au, cf. Chapter V, Table IV). 'rhe GIf 

basis does not contain such a d-orbital; Chapter III, Table VI 

shows that the non-s-orbital of lovest r in thi. basia has max 
r aax·.09! au, and this is a p- rather than d-orbita1. To 

investigate the effect of addinq a d-orbit:al of lov r , max 
OCE-SCP calculations of Bal vere done vith the llalliltonian 

corrections (29) and (lO) included for a 22-orbital basi. , 

consisting of. the ~ basi. plus a 2pa and a lda orbital vith 

r.ax-.025 au~(detai1. of this choice are qiven in the next 

section). ~qain the anergies vere exa.ct1y those given br th. 

analog. of (15) and (36). "l"he le) coefficients vere unchanged 

" 
to six deci_l places. The EFG, bowever, vas chanqed vithin 

the range of siqnif~cance br inclusion of the nuelear quadrupole 

. interaction. For thi. basis vithout the nuclear quadrUpole 

interaction, a 1 ia 1.00552 au; with~O(!I) included ~lec-
~ ec 3 ",là.'" 

(:1-) \ 
1.00486 au; for HQ 2 , ~lec-1.00619 au. Sinee qelec ia 

estilMted ta have four significant deciJl&l places (Chapter III)', 

this rapresents a change of t 7 in the last significant place, 

,which appears too large to he an artifact of the convergence 
,t. 

criteria. Note that th ... ~1ec are far fra. the H-F and GW+9 

values; the a_11er baala "a. used ta reduoe the collputation 

ti..a for bas\s set exper~ntAtion and la badly Buttee! to 
~ 

deacrtbe the'4a and 50 1«)'.. Bere, bovever, only the 10 MO is 

of interest, and the _11er basls i. as vell .uited to describe 

this HO as would he the ll-orbltal baaia fo~ by addlng the 

2pa and 3d~rbital •. vith rll&X-.025 au ta the GIf+' baais. The 

'}. 

:~ 

J 
,~ ... __ W_k.." " _, ~ ............ _ .. _ ..... ~ ...... \1Jiii:e""" __ .. .,_._ •• ___ ....;toU-
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r-
calculation. including the nuclear quadrupole interaction in 

both the GW+9 and 22-orbital ba.e. are .ummari.ed in Table II. 

Ta our knowledge this i. the firat report of an scr c.l~u

lation directly includinq Hcim) in the Ha~ltonian. The ap

paarance of thi. effect i. probably due to the fact that 

saveral (~S) iteration. beyond l2-fiqure enerqy convergence 

are needed to attain '-figure eigenvalue convergence, an ef

fect too amall to be re.olved by the enerqy converqence may 

be re.olved by the eigenvalue converqence. 

In addition the induced qelec aqree. rou9hly with 

an order-of-magnitude e.timate by firat-order perturbation 

theory. The coefficient Cld of the 3do AO with rmàx •• 02S in 

the perturbed 10 MO (i.e. the la MO with H~ included in th~ 

lIamiitonian) ia, by firat-order theory, <~laIH~I.3d>/(El.-E3d)' 

sinee the 18 AO of the GW ba.ls ia approxi~t.ly the unper

turbed la MO. The methoda of Chapter III glve <.1.lql.3d>~ 

5Xi03, then <.laIH~I.3d> 1:1 'xlO:-6 , with all valuea in au. In 

the unperturbed ocs-seF wavefunction, one of the unoccupied 

,MO,' 8 is almoat exactly the 3do AO wi th r max·' 025 au, the dif

ference of the eigenvalue of thia MO and the la MO i •• 7xl02 

-9 au. Thua C3d :2:t 5 xlO • Then the contribution of ~he 1.-3d 
c. 

interaction to the q of thi. MO i. ~ - 4C1aC3d <t1.11i1+3d>, 

with the neqative .iqn from the el.ctronie charge and the 

factor of 4 from the orbital occupancy (2) and the fa ct that 

the interaction ia off-diagonal and appeara twice in th •• um-

mation for tHe MO q. Thua the induced changtt in' q ahouleS be 

. ; 
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T.AlLB lIa Zff.ct of including 35cl 'quadrupele interaction in Bamiltonian ,. 

•• 

upon calcula,tec! Clalec ln HCl in two OC! ba.... All calculation. at r e-2.4087 - . 
au. All valu •• in atomic unite. .. 

", 
• 

~ GW+9a 

qontribution. to Qe1ec 
.hell.. NQD JIIII:t t .- ;;-:tf -~ -

1 -.00005 -.00005 -.000.05 

2 < .53881 .53881 .53882 

. 3 2.95542 2.95542 2.95542' . . 

total Qe1ec 3.49418 3.49418 
, > 

3.49~ . 

Clnuc ·~~11 .14311 .143.1 
tl 

• . tota1q 3.63729 3.63729 3.'63730 

J. contiDue4 t.: 

," 

J • 
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~ II: (CODt'd.) 

-
elec. energy 

DUC. point-cbarge rep. 
~ 

JlQC. qoad. ÎJlteract. 

vith' proton fielde 

togû eaergy 

-' 

-
:'\ 

GN+9 (cont' d. ) .. 
-4f1.12668737338 -467.12668737094 -467.1266.737582 

1.05174899322 7.05774899322 7.05774899322 

.00000000010 -.00000000010 

-460.06893838016 -460.06893837762 -460.06893838270 

ln order energy correction, "'1:1: .25%2.793xlO-9x3.6l729 - 2.540xl.0-9 

.. '-- . 
lst arder energy correction, .. %~: -.2S111. 793sl.0-9x3.63729" -2.S40XlO-9 .. 

, 
.' 

~ 
!' 

total eDergy ~ Ist order, ~i: -460.06893838016 + • 00000000254 ~ -460. 06893837762 ~ . 

, 3 
total eDerCJY te lat orcWr, "~I: -460.06'93838016 - .00000000254 - -460.0&893838210 

i"", . CGDtiDaed 

~.~ ... " .'-- . ~.l, ." '0% . <·;'!k~i.\.\~~tt·< .. ~ .. ·c·.·_. _ ... .......~' .:Jtb. 

. \ 
". "j 

9 ~~ 
... '" ..,~ 

~
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.. ,&' ...... 

~
.~ 
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~ ~t ... ';:" ~+ ,../< ... 
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~ XX: (cont'd.) ~ 

22-or.bi~ basisd !' 

. contri.h1ltions ta 'lelec 

shell .f;f---- - ----- JIP:t:j .. ~J 

.. 
'(. 

1 -.0171
0
5 -.01776 -.01654 

~ 2 -.36216 -.36221 -.36211 

3 1.3'483 1.38482 1.31.'3 

tota1 ~ec 1.00552 1.00486 1.00619 .. 

t" ., 
Clauc .143ll .14311 .14311 

0 '. 
total q 1.141'3 1.14'" 1.14'30 

" • .I! .. .. : 
ca ..... :~ 

~; ". 
.> 

~ 

~. ~ .~ 1t ~, ,.J , " 
J~fo.::.rw.o:; ,A'" t ~ f 1 

' .. ' ..... - ~ 
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TABLE II. (eont'4.' 
22-orbital baaiad (eont'd.) 

~ 

elee. enerqy -467.00009206644 

nue. point-eharg6 rep. 7.05774899322 

nuc. quad. intèraet. - - - -
vith proton fie1dc 

-
total energy -4Sj.94234307~22 

-467.00009206574 

7.0577489932' 

.00000000010 

-459.94214307242 

• 
-467.00009206714 

7.05774899322 

-.00000000010 

o 

~459.94234307402 

lat,order energy correction, m-±jr .2Sx2.793xlO-9~1.14863 •• 8020xlO-9 
~ 

lat order .ne~9Y correction, m-±fr -.2Sx2.193xlO-9xl,148&3 .·,8020xlO-9 

total energy to lat order, m-±t. -459.94234307322 + .00000000080 • -45',94234307242 

, total energy te lat order, ~±il -45',94234307322 - :00000000080 • -45'.'4234307402 ' 

• 

.... i. 4eflned Chapter- ZII, aection 4. ,., 
bwucle.r quadrupo1a interaction ne91aoted (normal H-P Hamiltonian). 

c±l~uc' vith o--2.713xlO-' au and qnuo •• 143l1 au. 

daw haai. of Cha~ter III, Table VI vith 2pa and 340 orbitala 444.4 vith r max-.025 au • 
(j 
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Il .t 4xl'x5xlO-9x5xl03 
Il .tlxlO-4 au. The observed induced ~hange 

-4 was tir .t 7xlO ,since the above eatimate is_ very rough th. 

agreeu.nt is reaaonable. 

Note that the 22-orbital basia qive. a negative , 

con~ribution'to ~lec from the 2nd electron shell (20,30, and 

1. MO's) in contradiction to all calculations in Table Il this 
• is becau •• the a-ba.is wa. incre .. ed without a correapondinq 

\ 

.-basis increase to preserve. the balance betw.en the 3a and 1 Tf 

MO's. A calculation in a 26-orbital basis including 2pw and 

3d. orbitals with r max •• 025 wa. dona to verify this (without 

uJm) included), the 2nd ahell in thia caaa contributed .34039 

au to ~l.c' in good agre.ment with the comParable (GW) basis 

in ~hapter III, Table XI. 
. 

The la MO q waa unchanged. The 22 .. 
\ 

orbital calc~lationa are analyaed in terms of orbital pair con-, 

tributions in Table 1II1 note that e8sentially all the q of the 

la MO ia due to s-d paira, and the changea with ml 'are concan

trated..in thi. pair type. 

Defora acceptinq th/e above chanqea in qelec" a. beinq 

effects of th. nuclear quadrupole interaction rather than arti

facts of the convergence criteria it ia important ta verity 

that thea. changea are of the sign expected for thia interaction. 

Since the quadrupole moment of Cl (for both 35Cl and 37 Cl) ia 

negative25 , the nuèleus ia flattened Along the spin axis ("like 

a Gouda chees."26), with ~harge more concentrated in the plane 

perpendicular ta the spin axia than along it. Sine. the spin 

number I.~ for both isotopes, the nuclear angular mo_ntum ha. .\ 

# 

" , 
Li' 
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TABLB lIta Orbital pair type analy.i. of.total q.leo and q 

of th. 10 MO for OCB-SC~ caloula~ion. of HCl in 22~rb1t.l 

b •• i.a inclu4inq nual •• r quadrupol. interactlon. 

titi •• in .tonde unit •• 

All quan-

contribution to ~.l.c from 10 MO 

pair type NQb • .tt ] ... .tr -

.-d -.01715 -.01776 -.01154 

p-p .00000 .00000 .00000 

d-4 .00000 .00000 .00000 

to~.1 10 q -.01715 -.0177' , -.01654 

~ot.1 Q.leo 

pair type NQb mat i .... .tJ 

.-4 -.05714 -.05780 -.05148 

p-p 1.08201 ... 1.08206 1.08201 

--d-4 -.01140 -.01940 -.01940 

total q.lec 1.00552 1.00486 1.0011' 

-

,aaw ba.i. of Chapt.r III, Tabl •. VI, w~~ 2po and 3do orbital. 
" 

, a4de4 wl~ rmax •• 025 au. 

~* 

($1' 

. 
bNuc1 •• r qua4rupo1. interaction ~è91.ote4 (normal 11-1' HUIlltoidu). ,~ . , . . 

J', • 

. . 

. ' 
~. ,,,' ... 



• tha .. gnltude Ji,} +1) 1\ • (ln/a)1\, the projection ~n th. 

axi. of 8pin quanti •• tian 1. lI'" for MI-l i and t ,-ft for 

"'1- ii· A 8i~1. trigono_tric oalculation aho". that the 
.. 3 

ml- II ca •• corr •• pond. cla •• ioally to th. ,pin axis inoline4" 

at an an91e of about 39-14' to th •• pin quanti.Ation axi., the 

ml - 11 ca •• corr •• pon4. ta an inclination of about 75-3Z' to 

th. quanti •• tion axi.. Th •• pin .-ctar pr.ce •••• about th. 

quanti •• tion axi. .0 that oylin4rioal .y ... trV abo_t thi. 

axi. i. pr ••• rwd~8 . (Pigur. 1). 
~ 1 

ft' 

'l'he r.ault 1.. that for -1- t 1 

thera i. a r.lative inor •••• of poaitive charve alon~ th •• pin 

quantization axia (in Hel th. principal BFG axia) and a rela

tive depletion of poaitive charve in th. plane perpendioul.r 

to thia axi8, for MI- 1 J the oppoaite i. ~U.. In a cla.-

e .ical electrostatic view, th. -1- 1 t ca •• would tend to oau •• a 

rolative increas. in alectron 4enaity alon9 the a-axis and a 

depletion Along th. x- and y-a ... , th. oppo.ite hold. for 

.-

mI - li-. The field of th. proton produc ••• relative d.p\.tion 

of charge elo.. ta the nucl.". on th. a-axia and an iner .... 
3 along th. x- and y-axe. (Chapt.r V), thu. the -I-t, nuclear 

orientation Ihou14 reintora. the polari •• tion by th. proton and 
, . 

incre ••• the abaolut. valllll of <leleo ovar the value oalculate4 

vi thout tbe nuel.ar quadrupol. interaction, while th. -X- t t 

orientation ahou14 9ive a ~lec d.cre •• e4 in abaolut. v.~u.. 
"-

This i. in fac~ what v., ob.erw4 aboft (Tabl. II), vhich aup· ,..., 
porta the hypoth •• ia that the Change. ob •• rYed in q.leo Ar. 

indeed due to pol.ri.ation by ~ quadrupolar nual.u •• 

, 
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SPIN VECTOR 
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AXIS OF 
SPIN ~ 

QUANTIZATION 
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AXIS OF 
SPI" ' 

QUANTIZATIOM 

CL NUCLEUS 

F\igure 1. Po.sible orientation. of ~e Cl nucleua (I-l,· 
, 

T~e nuclear .pin veator pr.ce.... about the axis of spin 

q~.ntiz.tion. " ' . ~I 
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Sinee the oalculatod chan~ in q induoed by th • 

nuelear qua4rupol. in~r.ctlon 1. about .0007 au, and the 

to~al q i. about 3.6 au, th. rolative change i. about .02'. 

Nowever becau.e of the limit.ad ba.i. experiMnt.tion and ~ • 
• 

• mallne.. of th. perturbation thi. ahouleS be taken only a. 

an ord.r-of-~9nitude •• timate, th. 'actual relative chante 

probably li ••• o_wh.re in t.he range .01' - .1'. , Cri901ini 

and Mooci.27 have performe4 a complioatacS pertur~tion oal

culatio,,- of th. ErG induce4 by the quad.rupola llO_nt of 14N 

in RB3 " thay w.ra foroe4 to mak ••• ~ral approximation. of 

unknown aoouraoy., They e.ti .. ted a chanVe in q du. to the 

polariz.tion by th. nual.u. of about. .1'. Thi •• gr ... rouqhly 

with our calculat'ion for HCl. It ahould be ma4a cl •• r har • 

\hat we,~o not propo •• direot inclu.ion qf "Jm) in th. scr 
Hamiltonian a. a meth04 for acourate calculat.ion of th. in-

duoed chanq •• in q, a •• riou. calculation of ~i. effect, auch 

•• that of Grigolini and Mocaia, wou14 have to employa per

turbatioR treatme~. lt i. notevorthy, however, that a ahan,a 

ln 0'1 within the range of .ignifia.nae of the aalculation 1. -a .0 . 

induo.d by direot incluaion of H(m) if .uitabla ba.la orbital. 
" Q 

3. Polarilatioft of th. la~bY the proton 

All ba... in t.h. CW+N • gav. con~1butlofta to 

q.l.o trom th. la MO of about - Chapter,I1I, ~able 

VIII). Th. tvo n •• r H-P TC -scr waverunctl0 

." 
" , 

l .. 
'. 
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~ftth.r 9re.tly on the q for thi. MO, th. Mctean-Yo.h1mlne1 

vAv.funotion 9iving -.00214 au, th. ca4e-Huo2.91vlnv -.00013 

au. None ol th ••• ba ••• (lontaln orbital, with"" ,. 0 wJ.th 

cmax <.1 aU4 whloh, in view ~t Chapter y, Table IV, would be 
li. ' 1 

n.q ••• ary ~ d •• orlbe .oo~at.ly • non-Iph.rical 10 MO. Thu • 

• natural hypoth •• l. for .xp1aJ.nin9 the di •• qr •• ment a.on9 

th. thre. aaloulation. on the q ol th. Id MO i. that ~ll the 

oalculatian. un4ere.ti.-t. th. ablolut. valu. ot thi. quantity, 

• more flexible b •• i. tor law r blin9 n.o •••• ry ta .pproach 

the H-r v.l" •• 

In arder to t •• t thi. hypoth •• i •••• rl~. ot c.l

cul.tion. w •• made with auqment.4 b..... orbital'I w.r. 84de4 

to tha 20-orbital QW ba.l.2a rathar than th. GW+I ba.i. in 
. 

order ta raduc. th. computation time, with the un4.rltan4in9 

that the 40 and Su MO'. in th ••• b •••• would b. unrali.ble. 

In view of th. h •• vy contr,1.bution. ot p-orbitala to the 30, 

40, and 5a MO'" it wou14 •• em by an.lo91 that • p-orbit.l 

with law r max Ihould b. a44.4 to th. ON b •• i.. Hew.ver, •• 

in Chapt.r 111, .quat1on (12~, an '-p orbital pair mak •• no 

contribution to ~l.c' ohanq •• in Q.1eo would b •• xpecta4 ta 

b. du. malnly to .-4 pair.. Thu. for .tudy of q o"t. th. la MO 

it 1. important to ad4 a 4-orbitAl of low r max ' Two·trial 

oCE-SCF caloul.tlon. war. don. in 21-orbital b •••• , on. a44in9 

only a 2po orbital with r -.0' au to the GW b •• i. (Cbapt.r max ' 
III, Tabl. VI), th. other a44in9 only a 340 orbital vith the 

.... r max ' Tb. 2pa orbit,l cau.ad • much larg.r loverin, of 



• th. onQrvy thaft d1d thé 3da orb1t.l, but the 3~u cau •• d • mUdft 

larq.r ~h.n9. in q of t~. ltt MO, tor .ub.oquent ~.laul&t1on' 

bath • 2po And a ldd orbital of th ••• Ma r max w.ro Added te th. 

0" ball~, mAklnv ft 22-orbL~.1 b •• i~. 

Thr •• rmax vAlu •• ",.ro tri.da .O~ au, .025 au, and 

.01 au. The luw •• t en.rqy w •• caloulatud fur .02~, and the 

hiqh •• t for f max-.Ol au. The onervi •• and el.otron .hell q'. 

for l~e ~41oulation. and th. unau;m.ntod aw ba.ia Are qlven 

ln Table lV. Note that the 2nd Ihall q ahanv •• qr •• tly wlth 

rmax ' •• ~ntion.d in .~atlon 3 thi. i, b.o.ua. Addition of 

th. two 0 orbital. cr •• t •• an unbalana. betw •• n th. u and n 

MOt. ut th. 2n4 Ihell. The rm.K •• 03~ AU baeia wa. aho.en lor / 

th~ uJm) c;.lalaul.tionl or "aotion :1 beoau •• it viv •• th. low •• t 

.n .. rqy of th. thr •• , howev.r it i. not ontiroly ~lQar that thi., 

ia ft 9004 orit.rion aine. th. 2po Anc.1 Jda orbltala ct low r max 
do partlcipat. ali9htly ~n th. MO'a of tho 2n~ and lr4 .hell. 

and lt i. po •• ible th,t the ener9Y ia more •• nlltive to th. 

partlcipatlon ln th ••• MO'. th.n in the lu MO, thu~ th. minimum 

of on.rqy with r •• pect to r max rn.y nct b. an indic.tor of 
, 

auitability for d •• eribin9 the l~ MO. How.ver ainea th. p ba.i. 

orbital. for th. 2nd ah.ll ln t~W, McL •• n-Yoahlminl, and 

Cade-Hua b •••• all have r max• .1 au, And linel th. minimum of 

on.rqy wlth r max in Tabl. IV 11 ••• omewher. betwe.n .025 and .05 
• au, we will a.aum. that thia minimum indioat •• ba.ia .uit&b1l-

lty for the firat ah.ll, with th. und.ratanding that more .x

tan.ive orbital addition. aould prove thi. wronv. Th. orbital 
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'l'ABLE IV: Elecucrn .hell an,(Y818 of Clelsc' and anergie., 

for Hel in 22,-orbital ba ••• , ,GW+2pa+3da, rmax·.Ol, .025., , 
, 

.OS au. A1l calculationa at r.-2.4087 au. All quanti~i •• 

in atomie uni ta. 
• 

# 

shell .01 au .025 ,au .05 au GW ,ba.i. 

1 -.00155 -.01715 ·.03496 -.00002 

2 .05693 -.36~16 .00248 .36271 

3 1.39231 1.38483 1.40475 1.44430 

Jo. , 

1.44768 1.00552 1.37227 1.76700 

-466.999944' -467.000092 -466.999985' -466".999903' " 

-459. 94219l -459.942343 -459.942236 -459.94,2154 
,"' ~ 

, . 
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- o. 
pair partitioning of the contributions to a -1 and to the q 
~ ~ ec 

of the la MO -for the_ vavefuncUons is qiven in Table V, note 

that the largeat Absolute cb.anCJ8a vith r are in the p-p 
JlaX 

pairs and in sbells other than the first, ~hos. net q are due 

mainly to the a-w basia t..balance. The larq •• t relative 

changes are for the a;-<l pairs. As in Table III, -t ••• ntially 

all the' la MO q is d,-- to a-cl pair •• 

. Since the enernv ainiaul vith respect to r lie. 
~~ - .. x 

( 

sa.Bwhere between r_x·.025 au and r_x-.OS au, it is expect.e4 

that the la MO q at the ainiaaa energy r lUX is betveen the 

val ua. for the.. tvo ba •• s, or betveen • () 1 au and 

.04 au. The 10 MO ahould bave about the .AIDe q in a mre 

extensive basis Includi'ng the same 2pa and lda orbital pair. 
--- ! 

Sinee the total moleeular q for the GW+9 basis i~ about 3.6 

au, addition of orbitals suitable for describing the distortion 

of the la MO by the field of the proton ca~ae. a relative change 

in q of between .01/3.6 and .04/3.6, of the order of l'. Note 

that this la rougbly ten ti ... aa large as the relative chanie 

produced by tbe incluaion of the nuclear quadrupole interaction 

in the SCF Haailtonian in section 2. 

The implication for TCE-SCF calcula tians of Hel ia 

clear: if suitable p- and d-orbita1a of 10.. r .. x vere added ta 

the basis, the la ., would bave a q of betveen -.01 and -.04 au. 

This would induce iD the total 4lelec a change .1 to .5 the 

.ize of the differenc. betveen t.bè al of the McLean-Yoahilline . ~ ec 

and Cade-Hoo vavefunctioos, bove~ it vould chang. both in th. 

" 

" 
"': .' . ;.'" 

l~~ 



'l'ABLB V: Orbi tal pair type analy .. ia of 'ielec for HCl OCE-SCI' 

wavafunctiona in 22-o~bital ba ••• , GW+2po+3da, rmax-.Ol, .025, 

.05 au. All quantiti •• in atomia unit.. Calculationa at . 

total Clelec J 

pair type .01 au .025 au .05 au GW ba.ta 
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aa. direction aild thua Dot explain 'the 41ff.ranc • .betw.en 

the two, whiph (Table 1) ia clearly due to the third ahall 

(40, 5d, and 21fK>'s). 'rhua the~chanCJe in q induced by ad-

ding orbitals ta deacribe the distortion of the 10 ,MO ia .. 

. important, sinc& it account. for about li' of, the total q, of), 

but cannot ~DK)1(8 the uncertainty of About 6' in th" H"'P 

lillÙlt for ~lec ~n. Hel from exiating TCE-SCF ca-lculationa . 

(Chapter IV, -(section 2). 'Inclusion of the nuc~.ar qwadrupole 
. 

i~teraction with the ëlectron di.tribution in the SCP Hamiitonian 
, . 

,. would' not result in an important change in Clel.c. 
~ 
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APPENDIX Il Inteqral.,valuation 

Two very 4itterent cl ••••• ot inte9ral. were needed 

'tOI' thi. worka th. one-a.nter integralD for the OCE-SCr oal

cul.tian. (Chapter II) and the two-center ErG tnt.gral. (Chap

tel' IV)., '1'tle only point in commen b.twe.n the two type. i. that 

they are bath over S'1'O'.. Th. two are tr.ated in .eparate 

•• otlon~, artel' an intro4ucéory .e~tion detininq the ba.i. 

lunetion.. Di.cu •• lon i. minimal in th. ~nt.r •• t ot brevity. 

1 •. Derlnltion. 

a) "A •• ooi.teeS L.gendr. polynomial l , ' 

1 1 f. si~lml (0) c1f.+/ml 2i. 
pm'(coaO)-(-l) - - ll8in (0) 

1, 21f,~ . d(ooue)l+ m 
(1) , 

; 

~). Normalized a •• ooiated Leqendre pO~ialll 

el"l (~.e) - (~a:I:I! i) !l'lml!co.ol (2) 

'-

c) Normaliaed 1' •• 1 .ph~riQ.l h4rmoni02 • 

• 

~l..lml (9,~) • ~ atml 
(008S) co.lml~ (3) 

ln .~l c •••• Iml~t,t~o. 

264' 
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~ •. 

, c 

• 

, " 

.-
.' 
~.,#'" 

, 

(4) 

, 

. . ('i,n.t;') ... !) 
.. ~t~'O,.)~ J.. l'l' . (Y"m(O,.) .... gn(m)yl_m(B,.», fOt .... O 

\ . 

with sgn(m)-l if 1ft >0 and -1 if m < O. 
<1 

f) Nocma1izéd raal Statec ... type orbital, (8'1'0)3']'1 

fi 

n~'~,O,"~n,,:,l, -t,m,t, a11 'intev.r., t >0. 

normali •• tion con.tant. 

. A) Typel ol integrall 

U) Baai.a Olteaulu int.vral~, 

a) El.otron repul.~onl 

lij/klJ 

, ' 

\ 

'0 
.' 

(5) 

. . . . . 



• 

" 

• 

ct! (1) trLlt j'(l, ~,~ ,
lu 

wlth rio th. di.tanae bet ... n .18ctron 1 and off-~nt.r 

nUèleulo. ln the rock .. trix thl • .u.\ ha aultlpl1e4 by'-~o • 

0) OY8rlap. 

, . 
d) Nual.ar attraotion wl~h central nual.uI. 

4. 'r 1 th. radial C2oo'rdlnât. of "l~u~tron· '1 ln th •• ph.1'10.l 

eyet •• on the oentral nual_u •• , ln tH. rock ... trlk ,thl. 1. 
" 

multi~ied by -1. 

\' 

• 

. . 

. '. 

~ , , 



• (1i) Auxiliary intevral. 1 .' 

.. .. 1It-

a) Int.v~.l ovar p,04uat ot thr.. r.al normali •• d 

aph.r1aal harmonic •• 

'. - , 
t!!:~1./~.ine4e/~1fd.S .. m(O,.)s .... , (e,.)8LM ce,.). (7) . 

\ 

Th •• quare braak.t notation i. not .tan4a~4 lor thi. qùa~tity 

but i. u.e4 bere for oonveni.nce. 

'. b) aadial intevral, Type 1. 

';rkaxPC-ar)4r-k:/ak+l, (8) 

e intag.r k ~ 0, r •• l a> O. Thi. i. r.l.t~ to th. u.ual r-lunc-

tion 4 
• 

c) Th. A-lunetionS!'. 
-' 'J k ( " \ ~(.).(_l)k(d ) axp -al (t) ra a • 

- k~ 0 int.,9r.l~ ,r •• l .,. o. 

~ 

d) Radial int.gral, Type IIi 

" 
ol' 1 k t 

'or exp(-ar).dr, (10) 
" . 

v 

k ~O int.gral, re.l • > O. 
~ \. 0 • , . 

• ,~ 

. l ~ 

~ 

.~ . , ilJ 
.. f , , 

( -

~ . ' 
,'," .,,'.' ') " 

~' . .. 
"0\' " 

Q 
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• 
.... 

u) Kvaluation ot .uxiliary int.,ral. 

(~) Int.,ral oV*r produot 01 thr •• 'r.al- nor .. l1 ... 

• ph.rio.1 harmonica • 

• ) rormul •• 

(11) 

rormul •• have' be.n publi.hed for th. 1nt.9rA1 over ,. 
thr •• compl.x Iph.rieal harmoniea"I. 

. . 
l11' L 1 mm' M) ./~lintd8i~1fd.Y lm (0 f.) y l' m-J O ,.) 'LM (0 , .) 

" 

• ~ 

" . 

• 

, t (-1') t~~~~ ............... p....;...w ____ ...... ~-... .................. _____ , • (12) 
t 

tor m+m,'+M-O 'and Im/+'m' ,.."M, 2;-1+"+L, 9 'an tnt.ver, 
, , 

11-1.' 1 ~ L, 1+", tnt.v.r ... t rant1n9 thrau9h al~ value. (~O, 

o that do not l.acS ta n.9.tl~ arvu-nt. of faota~i.l.. ''l'h. 

int.vra'l i ••• 1'0 unI ••• th.' above condition. Ar. _te A •• UoM 

~hat m~mt,"-.r •• uoh that th. ab.alut. value af the .ua of 

, \, 

. . 
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Any two equal. the ab.olue. valu. or the third (the Lnte,ral 

li •• rc ot.htrwi'.), and that ..... l'.L ia ev.n vith 1 Ir-' 'J~L(l+" e q 

Then it followa trom (5) that. 

- 7f(11'L,-mm' M), 

lfm,m'M>O 

if on. of m,m' ,M ) 0 an4 th. ot.her 

two (Q~c1 m+II'+M .. O 

if on. ot m,m',M) 0 and th. other 

two <0 and -m+m· ... M-O 

iii (tt'L, Iml ,-lm' 1 ,0) 1 if one of m,m' ,M-O, m'l.t have 

Iml-Im' 1. 

• (lt'L,OOO), if m,m' ,M-O 

• 0, ln al1 other ô ••••• (13) 

In .11 ot't,. above a p.rmuta~ion ot the 'am palr~ may be neo •• -

.ary .0 that Iml+lm'I-M. 

b) Documentation 

No tabl ••• xl.t tor th. (!!:~J dir.ctly, but the 

("'L,ma'M) are 81mply r.lated tO,the 3j-aymbol.'. Tabl.I 

4It oOMpAr •• valu •• of (llr'L,mm'M) tor a ranve of ind.x,value. 

. . 
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'l'ABLI Il tnt.vra1. ovet.thr •• compl.x .ph.rioal harmonie., ,~ e ') 
<- " , " 

.quation (12) 1 oomp.ri.o~ betw •• n .ubroutin. DGAUNT ancl , , 
~ 

. tab1 •• ol! Rot.nber9 .t all. 
.. , 

.' 

l. " L m m' 
\'j 

and tabl,· l, t! DGAUNT 

0 0 0 0 0 0 .28201479171388 

1 0 1 0 0 0 .28201471177388 .. 
l 0 1 l 0 -1 .28201479177388 

,1 1 2 l 0 -1 .218509'86118.42 

,1 1 1 2 l -l- 0 - .12615662610101 . ' 

2 2 '2 0 0 O' .18022375157287 ., 
2 3 5 '1 -1 0 -.16943317729351. 

2 8 8 0 -1 1 .152nS9151l0S48 

2 . 8 8 -1 -1 2 .68037933497716~10-1 

-3 3 fi 1 0 .. 1 .22177545476550 

• 6 8 -1 -1 2 : .13277080895316 " 
, 8 8 0 0 0 .,:;..- .lO74~19929·1837 

6 ·8 8 0 ':'1 .1 .7~090578317175x10-1 • l' , 

(~, 

.41022451154285x10-1 ' , 
6 8 8 -1 0 l 

lA, 

6 8 8 -1 -1 2 .1005438674"8407 .?.~ , 

6 8 8 2 -1 -1 • .11007478726157 ~ 

7 1 8 -1- -1 2 .106873'76255394 
,. ~ .. ~--

.10032076135028 8 8 8 0 0 0 
, 

,.50160380675'141xlO·1 
• • 8 8 0 -1 ~ 

":. )' " 
8 8 8, 1 ' 1 -2 .1'0174382195135 

continueeS 

- '. 
r' 

0 
, 

iL ~~ f , 
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TABLE il (cont'd.} 

• 

... 
Ayaiue.'were converted from the power-of-prime. notatian Qf 

. ref. ,9 ta dacimal.repre •• ntation in ,double precision (16 819-

nific~t figure~) on-,te 1814 360 and printec1 to 14 r.ignifi

cant f\qure~. In all ca ••• th. o,tput of D~UNT wa. identical 

.to th~s l~. 

... 

;, 

~ .- 1 -
" 

., \ 

,\ 

------''''' 
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cOllputed by the fauthor'. routine for (12) (aUbroutin. DGIWlft') 

vith value. calculated froa the 3j-.~1 table of Rotenberg 

et a19 • 'the.e tablas are in a pov.r-of-pri .... notati~n 80 the 

only liait to th. nu.ber of figure. accuracy the tabla. yield 
~ 

is that impo.ed by the COIIputer uaed to convert fro_ the power-

of-pr • notation to claci .. l notation. In Tabla 1 the value 

teeS by DGP.Utft' and froa the tabl •• is CJiven to 14 si9-

Only 1_1 value~ ,,2 are tabulated alnee only 

the.. aros in calculaUoDa vith the basi. set. uaed ln thl. 

th •• isJ ot 1_1 value. vere testecl againat the table. and 

11.'L &greed similarly. 80_ [_'M) ver. calculatee! by band to 

insure the accuracy of (13). DGAUNT is accurate to at 1-.st 
. 11.' L ,. 

14 siqnlficant figures~ [_'M] (.ubroutine RETRIP) should bave 

e similar ac~uracy. 

(ii) Radial lntegral, type 1: 

No discuasion nec.ssary sinee thi. i.nteqral ia equal 

J .1 
to a idmp1e quotient. 

) 
(ii1) The A function: 

" .. 
The recuralon for.ula for the A-funètion is,,10 

~(a) (14) 

vith 

AO(a) • asp(-a)/2. 

-
If a > 0 aIl, ter .. in the recursioD pr~s. are positive,J if 

, 

J
l 

" 
, . 
, 

, ~,~ . ,. . 
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213 

• 
a <0 +ey ara a11 n.vativ.. Blth.r vay no oano.11.tion error. 

~ oan a i.e in the applioation of (14)11. Value. trom our routine 

-, 

\ 

) 

.' 

1 

~or thi. lunotion (.ubroutine A) were compared with tho •• ot 

Miller .t al. 12 , they are not tabulated here .inoe thi. i. not 
, 

a numerica11y diltioult tunotion. Agre.ment wa. to 14 .ignifi-, 
~~ 

cant figure., the number tabulat.d by Miller et al. 

(iv) Radial integra1, Type Il 
'r 

a) Formula. 
) 

Thi. inte9ra1 oan be .xpre •• ed 

trom (9) it oan be verified that for a > 0 the •• oond integral 

i. Ak(a)J then 

(15) .. 

How.ver another expre •• ion tor AkCa) i~13 
.. 

(16) 

f 

the finité .um ia the fir.t n+l terma of the .erie. for exp(.). 
') r 

If • ia amall and k large the' aum will nearly converge to exp(.), . ..., 

which would give Ak(a)m~!/.k+l a~~ a large oancellaEi~n error 

would reau1t trom direot applioation of (15). To avoid thi., 

(15) may he written ... 
, 1 • 

. , 
.. 

• 

... 

.. 

. 
r 
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(17) 
, 

M , \ 
vith the sum truneated when th.~terms fall be10w the range 

of aignificance of the calculatien. (17) la most accurate :-

for amall a and large n, since fer theae conditions the sum-. , 
mation convergea in the few •• t term.. More pre~iae1y, (15) , 

should he numerically aceurate if 

'k~/ak+l - "k (a) > h Jd/ak +l , (18) 

r 
1 

sinee then not more than- ana of the 16 siqnificant figure. 

in the machine repr.sentatian is lost through caneellatien. 

In our Îutifte for th'ia function (subroutine ATTSER) (15) WAS 

used if (18) held; if not, (17) was uaed. ) 

h) Documentation 
~. 

The •• inteqtàla are related to Pearson'. incomplet. 

r-functionl4 ,l5 by 

n+l ~ 
l(a,n) _ ~ ~n+l(n+l)~ F(n,a(n+l)i" c 

vith 

-
l 
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and l(a,n) Pearson's incomplete r-funotion. In Table I~ values 

of lCa,n) calculated using our routine ATTSER for F(n,a) are 

compared with the ll-signific~nt figure values tabulated by 

Harter16 • We estimate our int~qrais to hav~ at'leaat 14-si9-

nificant ~i9ur.es. The tabulated va1u~s represent cases of 

both (15) and (17). 

(v) Double radial inteqral 

/ 
Dy the change of variable t-r2/r1 the integral (11) 

~comas: 

.. k 1 CIO k 
'Odr1r} exp(-alr1)!rldr2r2 2exp(-a2r2) 

~~ 
œ kl +k2+1 ' œ k2 

a!Odrlrl exp (-a1r1 ) !ldtt exp (-a2r l t) 

Thus the double radial integral is a case,of17 

œ m 
Sln,m,a1 ,a21 • lodr~ eXPI-a1rIAn I82r(, 

vith real al ,a2 ~'O and integrai n,m such that m-n '> O. By (14),- . 

S(n,m,al ,a2) • S(O,m,al ,a2) 

+ i- S(n-l,m-l,al~ 
2 

(19) , 

t 

, 

,,> 
~' 1 
r 

/ 

'''' \ 



,,~I 

v e ,; e e 
<. 

TABLE II: Pearson'. incomplete r-functionlS as ca1culated usinq ATTSER (see te~t) 
and as tabu1ated16 • 

- bn+1 d .r-- "-

b-a(n+1)~ F (n1 b) c -. P (n,b) ICa/n,e ft a 11- _______ - -
3 .1 .2 .21315090284309 .56840240758157x10-4 .56840xlO-4 

3 • 5 1 • .11392894125692 .18988156876154x10-~ .18988157x10-1 
",.. 

3 2.5 5. _70557512131453x10-2 .73497408476264 .734974085 

3 3 .. 6. .3929~116538118x10-2 .84879611722335 .84879611-'-

7 1.1 3.1 .83185234S7S701xlO-2 .14491626706789xlO-1 .14491627x10-1 

7 1.6 4.5 .2S411796383013x10-2 .88700208272376x10-1 • 88700208,uO-1 

7 5. 14.1 .30579137016009xlO-S .97076625447646 .970766254 

1 6. 17.0 .72853583127830xlO-6 .99446689628512 .994466896 

12 1.7 6.1 .28852005006006xlO-3 .10382616256444xl0-1 .10382616xlO-1 
.. ' 

~ 12 2.3 8.3 .43100477241618xlO-4 • 78929394864303x10-1 r .78929395xlO-1 

12 s. 18.0 .20503347579341x10-7 .90934703762468 .909347038 

12 ,. 21.6 .20692146274928Xla-8 .981'89855458457 .981898555 

continued 

- , 
~~r .. -';:~: ~4~.;;.':.~* . ~ 

~~ .. ~ 
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TABLE II: (cont 'd.) 

nt1 

b-a Cn±J.J! f:.fn,b).o 
'- b P' (n b) d I(a,n}e n a > n! ' - - ------~ ... ~-~ 

18 . 2'.6 11.3 .1369060~67092xlO-S .230S3372691187xlO·1 .23053373xlO·1 
-

18 3.1 13.5 .19370419884404x10-6 .92220910664212xlO·1 .92220911xlO-1 

.10724637600399x10·12 
, 

18 7.5 32.7 .99624193577030 .996241936 
\ 

" , 
" 

.315439648S0JoOSxl0-·13 18 8. 34.9 .99872109593925 .998721096 , 
" < 

.27950855396868xlO·6 .11924488482317x10·2 .1192449xlO·2 '" 2 .. 2.5 12.5 " 
" 

'" " 

24 3.5 17.5 .27699S'42772992X10·S , - .S31763038S3S13xlO·1 .s3176304xlO·1 
ri 

. • S48S98628419s9x10·16 '{ J 
24 8. 40. .99551734343443 .995517343 ~~ 

2 .. 8.5 "'2'.5 .12087675490235x10·16 .99852828918160 .9(852828'9 
.~ 

.. 

'\ 
"} 

CDirectly fram ATTSBR. 
" 

4calculated in IBM 360 4oub1e precision fram previou8 COlumn.\ 

- .. ference 16. ~ 

~ 

l'tt) 

~ 
:i 

Mee:;gW.hri~.~ .... "~ ,_ A';; :;_." '. ' .. ":. ':"_,', 
, ",' lu!.... 
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•• 
vith 

, 

a8 in (14) there are no caneellation difficûltiea. ~hen 

. S(n,m,al '&2) can he oalculated by the procea. (in a brier 

notation) : 

(O,~n+l) + (O,m-n) + " (1 ,.-n+l' .. 
~ 

-tO,~n+2) + (l,.-n+1) + 
, 

(2,.-n+2) 
',: 

••• 

(O,m) + (n-l,m-l) + (n,.'. 

278 
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No tables are available for direct eoçariaon, but no nu.rical 

difficultiea arise in the evaluation of thi. in(9ra1: Ne 

estimate that our routine for the S(n,m,a~,a2) functions (aub

routine ESS) ia ~ccurate to at least 14 significant figure •• q 

, 

Cl, Evaluation of molecular integrala. 

(i) Electron repulaion 

a) Formul.a. 

ï 

The inverae interelectronic distance l/rl2 ,cao he ez-

1 - (20) 

.. 

"î 

.' 

, ~ .,. 
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expansion in th. referenee ia tn terme ot complex .pheriea1 

harmonie., the change to raal aph.riea1 hArmonica i_ atraiqht-
<::I 

forward. Then the electron repu1aion intè~ral become •• 

. -

" 

.'j (n j J lj ,mj , ~j ,rI '0:1 '~l) '~k (.n~q-t..1\1 ~k ,r2 , 62 ,t2)· 

~ 

(21) 

'l'he Ni are radial normalization 9onatanta. The anCJUlar int.~ 

are thos. of (7). The la st pos.ible non-zero" term i. for ~~ 

~mi~U.i+"j-,lk+l .. ). Beoaus. ot th. oecurrence,of (r<,r» tha ' 

ra~ial int.gral must he dona a. a _ua o~.r two ragion. of _.paca~ 

r 1 < r 2 and r 2 < r 1 • 

,4 

~ 

'1 

" J
/J - ~ 

:~:< 

" 

" 
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> 
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(22) 

which ia auxiliary integral (11) if nk+n1-l-1> O. - For a non

zerO angular term l. < lk~tt <nk-l+n1-1-nk+nl -2, 80 nk+n .. -l-1 > O. 

The r 2 < r 1 Clllle i8 lIimJ"lar. 1 

b) Documentation 

1 
since the' ~uxi1iary inteqral (7) wa. shown to be 

1 
accurate to at 1e.st 14 signifieant figures and the.auxillary 

integral (11) shduld be of the Barna accuracy, we estlmate that 

the electron repflaion integrala are aecurate to 13 or 14 fig

ures. This cannot be verified directly since thera are no 

values pub1ished to thia 1éngth. Roney et a1. 19 have given 

the value of two el't'çtton repulsion integra1a to 11 figures: 

• .469687500~0, • 

'-\ <. (2, l , l , 1 • 2 , r r • (2 , 1 , 1 , l • 2 , r 1) 1 r l 1. (2 , 1 , 1 , l • 8 , r J) cil (2 , l , l , 1. 8 l, r 2) > 
12 

• .54925056000. 

The lame in~.gra1. were oaloulated with our routine (.ubroutine 

REP1C) and the .ame number' were obtained, vith the final •• ro. 

oontinuing to th. 14th figure. Sinee the two int.grala are 
p 

iJ 



",1 

- .--

• 
exact ~eci .. l number., wit~ the sera. oontinuing ta an arbitrary 

number of plac •• , on th •• é integrata REPIC is accurate ta at 

lea.t 14 figure., if th. final •• ro. are diacountea the agr •• -

ment vith the valu •• ot Roney et ~l. ~ to 8 figure.. Nd oth.r 
• 

Integral. in the literature vere found repo_rted ta thi. number 

of place.. Pople and 8everidg.20 have publi.h.d to live d80i

-.1 plac •• the electron'repul.ion integrala neca •• ary for a 

adnimal ba.i. calculation of HF, the one-center integrala among 

the.e are compare4 vith REPiC in Tabl. III. Scherr21 h •• pub-

li.hed ta liva decLmal place. some one-oenter electron repul.ion 
, . 

Integral. f~r N;,_the.e ara al.o oomparad with REPIC in Tabl. III. 

The n,t, and m valu •• available for campariaon are unfortunately 

quit. re.tricted, for high n and t valutt., wh'ich are important 

in the OCE-SCF caleulation., there are no publiahed valu •• 

availabl.. The stronge.t documentation for the electron repul

.ion integrala ia the documentation (Table 1. of the anqular 

integral. (1), aine. thi. i. the only part of the Integral oal

culetion complicated enough to be liable ta error. 
, -~ 

(ii) Nuelear attraction integral with non-central nuoleua 

a' Formulas 

Expandin9 l/rlu ' the Integral of seotion 2A(~)b beoome. 

(23l 
< 
.' 

j:~ 
. ~ 

_ ..:_~.i'!' ' 

r ' 
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'fABLE III, CoIIparison of, one-center electron repul.ion integr.l 
1; l ' 

',:' 

",0, routine REPlc vith pub1iahad. values. Integral (ij 1 kt). Valu •• 

in atome unit. of energy. 

• \ Popl. and Be".rid~ a: .i .j .k .1 REPIC Lit.rature-

1 1 1 1 .543~OOOOOOOOOXIO+1 5.43750 

2 1 1 1 .79102719780241 .79103 

2 1 2 1 .14632821330504 .14633 

2 2 1 1 • 12907460654510x101 1. 29075 

2 2 2 1 .29564280233143 .29564 

e 2 2 2 2 .94453125000000 .94453 

.l1039317973791xl0-1 3 1 l 1 .03104 

3 2 l 1 •• 682678694554Sxl0-1 .04683 

l 2 ,3 2 .20876736111111 .20877 

3 3 1 1 .12907460654510xlOI 1.29075 

3 3 2 1 .29564280233143 .29564 

3 3 2 2 .94453125000000 .94453 

f 3 3 3 3 .10176562500000x101 1.01766 

4 3 4 3 .S4a43750000000XIO-1 .05484 

4 4 3 l .90796875000000 .90797 , 
• 'f, 

5 5 5 5 .62500000000000 .62500 " 

" 
.~ 
',1 
/-

e 'continueeS. 
~. 

~ 

'. 
,~ 

,~ 



'" ~,l:t ~ ~' > < , 
.... f''' ... c- .. ~-.~ "....,..,,, .. .,.""I~--;t.,'t~ ~....-t< " 

'; ... ~:, \ ' 

(\ 
J1 

'9 1 

TABLE III: (cont 'd.) l , . 
i ,~ 
l' 

ta 'SCherrb 

"'i "'j "'k ~ R. REPle Literatureb 

1 1 ]., 1 .41'875000000000Xl01 ;r, 4.18750 

2 2 1 1 .96858094469273 .96858 

• 2184346289894Sxl0-1 , . 
2 1 2 1 .02184 • 

2 2 2 2 • 76324218750000 .. 76324 

3 3 1 1 .96858094469273 .96858 

3 1 3 1 .21843462898945xl0-1 .02184 

3 3 2 2 1 .68097656250000 .6809S f . 

3 2 3 2 • 41l328l2500000XlO-1 .04113 
" . 

3 3 3 3 • 76324218750000 • 76324 

• a Ref. 20. The orbitais are: 

n 1 m ~ ~ -
"'1 1 0 0 8.7 la 

'2 2 0 0 2.6 2a 
.? 

"'3 
2 1 0 2.6 2pa 

'4 2 1 1 2.6 2 pli 
,. J 

+S 1 0 0 1.0 ls 

-
bRef. 21. The orbita18.are: " ","',1 

'1 
'. " 

~ 1 m ~ type .1 ., ~ - , 

·1 ~ 0 0 6.7 la }~ 
j .. 

·2 
'-2 1 0 1.95 2po '. e ~ ..~ 

~ 
·3 2 1 1 1.95 2p'l .~ ,. 

" ., 

j f" 

L ( .. ';i' ~ 

• .~ ~:l 
\ 

..' ''''' ' J ii-'~~ i ' -. \ , ... 



• 
~, 
ii.i!:'O(,.".. .... ~~ 

) 

with 0a"a the angular coordinat •• of the off-ç.nter nucleua, ra 

itl radial coordinat., and (r<,r>, the (l •••• r, 9r •• ter) 01 ra,r. 

The anqular intagr.l ia again auxiliary funetion (7). St Co ,. ) 
Il Q CI 

< 

waa evaluated a. in (3), the only po •• ibly eomplicated part of 
'4 

thi. oVllluation i. the •• ·.oci.t.CS Legendre pblynollÛal (1), hov-
J 

ever in all calcul.tion. reported in thia th •• i. 9
0 

- 0, in vhich 

ca •• pl ml (cO,Ba ) -1 if m. 0 and laro otherwi •• 22 • Our off-oent.r 

nuclear attra~tion Integral routine (.ubroutine XNUK2) wa. 4.

aiqn.d to be applicable to any choiee of coordinat •• , .0 a rou

tina to evaluata pl ml (co.O) for Any valu. of 0 va. coded fro.,an 

,algorithm publl.hed bf Herndon23 and t •• tad again.t table.22 , a

groement wae obtainad to a. many figure. (8) a. the tabla li.teeS. 

However thi. ia' not important for the calculationa report-' in 
" 

the thosis. The radial lntegral in (23) 18 done oa th. aua over 

two rcqions, r < rand r a a <r. /For r <ra the radial lntegral ia 

1 ra ni+~j+l 
t+1 '0 dr r exp(-(~i+~j)r) 

ra 

which i. a conatant time. auxiliary intaqral (10). 

the Integral ia 
n +n -1-1 ' 

r!/;adr r i j .xP(-(~i+Cj)r) 

For r < r 
CI 

n +n n +n -t-l 
• rai j/îdt t i l~ exp(-ti+Cj) rat) , 

whieh ia a conatant tilDe. the A-functioft (9) • 

\. 

\ 
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b) Documentation 

For these integra1s compari8on values in the li 

ture are even scarcer than for the electron ~PUl)fion integ alsJ 

Scherr21 has published several to six dec~l pl~es. Theae are 

compared vith XNUK2 in Table IV. The best 

routine is the documentation of DGAUNT and 

II. We estimate XNUK2 to be accurate to at least 14 f 

(iii) Overlap inteqrals 

These integrals reduee ta 

11' 2n -/Osin6d6/ 0 d~ 

product of Kronecker deltas 

mimj by orthonormality of the spherical harmonie., the 

radial integral is auxiliary inteqral (8). No numerical dif-

ficulties arise. 

(iv) Nuelear attraction intégral vith central nucleus , , 

, 

This integral is the overlap integ~al with,ni+nj 

reduced by one; sinee ni +nj ~2, the exponent of r i8 positive and 

and no nev auxiliary functiona are needed. 

(v) Kinetic energy integral o 

In apherical' coordinates V2 ia24 

'1 a 2a lIa a 1 a2 
- ~ ~(r ~) + -:1['[ F (sin81tT) + ---.r-] ; 

r-~ ~r orr --~ sin8 GU GU 2 •. ~ sin 8 a. 

<, 

, 

. , 

, , 
., 

" 

"'" /j 

.' J - ~~_.-
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TABLE IV: Nuclear attraction integral with off-center 

) 

nucleus. COmparison ot" XN~2 with values published by 

'Scherra of inteqral <+il~ I+j>; R-2.0675 au. Values in 
) la 

atomc units of energy-./ " . 

+i tl·j 

1 1 

1 2 

2 2 

3 3 

ARef • 21. 

n -
+1 1. 

+2 2 

+3 2 

l 

XNUK2 

.48367613344782 

.14235438511833xlO-1 

.55084208211614 

.43977910Z48707 

Th. orbi tals are: 

.. m ~ type 

0 0 6.7 18 

1 0 1.95 2po ~ 

l l.- --1-.95 2p" 
" 

.. -, 
/ 

.... ~ ", 

" ' 

" 

Lit.raturea 

\ 
\ 
\ 

.483676 

.014235 

.550842 

' .439779 

----

\.. 
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uaing25 

it fol~owa that2 

J2 - 2 - 2n t -
v" (+(n,l,m,t,r» -t 1+(n,l,m,t,r) - (2n-I) +(n-l,1,m,c,r) 
.. 

... + 4 (n+1) (n-1-1) t(n-2,1,m,c,r»), 
(2n(2n-l) (2n-2) (2n-3»! 

• then -:1 < • i ,,-v 2 1+j > can be expre.aed in 'terms of overlap inte

qrals. If n -1 only 1. - 0 ia allowed, and the coefficient of 

. +(-l,1,m,t,r)is zero, the coefficient of t(O,1,m,t,r) ia non-

. ,zero, but this causes no problem aince the ovarlap of an n - 0 
l . 
STO with another STO can be calculated by the sama foraula as 

IJ 

for the overlap between STOl s vith n> O. No compariaon values 

are tabulated because again there are no numerical diffieulties, 
\ 

altbpugn our kinetic enerqy ~ntegral rbutine (aubroutine SKINHY) 

was ch~cked against vaiue. ~iv~n by Scherr2l • 
, J 

"-
D) program listing" 

ln the next aeveral pagea the f1ovcbart, 8ubroutine 

c~llin9 diagraa, aubroutine descriptions, ,and PORrRAH 1iating 
... ~ l' 

of the prograa O.ad to caléul~te and store on ta~ the electroD 

rep>lsion' in~egrai •. (p';"grt' ~I.) are given: '1'be one- , 

electroD in~e9ra~ .routine. are liated vith tbe progr .. NUaIT 

in Appèndix II ... 

1 

_f 

. " 

tt ., 

.~ .. , 
'-
~ 
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\, 
rlowc~rt 1er pro gram WINI ... 

- Start 

No 

coc1. pqra 

to ainv1e 
intepr label .... - ......... 

<~ , 

R.ac1 balta. 

n,l,m,~ 

èalculate 

[pq 1 ra) 

, 

Loop through 

........;:aa quac1rupl.. pqra 

of b.lta orbi. 

Y •• 

Stop 

.. 

" 



• 

• 

r 

" • 

Subroutine ca11ing diagr'- for program WINZ, calculation 

and storage of one-center electron repulsion integrala 

between STO's. Double arrowa indicate ~ransfer of control, 

single arrows indicate _the~tical function call. Dashed 

arrow indicates referanca to an array. 

, 

CLOCKI~ROLLER CLOCK2 

/" ~RITIT 

lP~XNORM 
RBPROD 

~ 
RE'l'IUP 

'! DGAtnft' 

. . 

XlRAD 

~ 
ES 

,. 

\ 
\ 

• 

FACFIL<-, 
1 

READER 1 
fREITER 1 ., , 

1 
1 

) 
"- 1 

1 
1 
1 
1 
J 

',~ 
~, 

{ 

-
• 
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Subroutine descriptions, pro gram WINZ 

MAIN - initiates and directs calculation. 

FACFIL - fills array vith double precision factorials of , 

integers for ,aceesa by DFAC. 

READER - reads in all input data. 

REITER - prints out input data. 

.. 

ROLLER - loops through aIL distinct electron repulsion integrals, 

calls routines for their calculation, calculates an integer 

~ lab~l for each integral, and directs writing of integràl and l 

label on tape. 

RITIT - does actual writing of intègral and label on tape. 
'" 

REPlC - do es actual computation of electron repulaion integralse 

Essentially a coding of (21). 

REPROO - cal cula tes the product of two triple integrals over 

real normalized spherical harmonies. 

RBTRIP - calculatea the triple Integral over real normalized 

spherical harmonics. 

DGAUNT - calculates triple integral over complax normalized 

8pberical harmonics. " XlRAD - calculatea the radial Integral in (21). 

BSS - calculates the auxiliary Integral (11). 
~ 

f 

XNORM - calculates the radial nor .. lization constant for an STO. 

DFAC - returna double precision factoria~ of an intéger. 

CLOC~l, CLOCKl - ti.Lng routines devisad by NCGill Univ~.ity 

CollputlDv capue. 
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C 
C 

c 
c
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" . 
t:=ROGRAM WIHZ 

MAIN PRllGRAM 

IMPLICIT REAL.~(A-H.a-z' 
CO~MON'ORBS'NORC100).LOR(100~~NORC100).ZOA(lOO).N.~t~T.H2.N3 
C~~ON'FAC'Fl(51 , 
C~~MON'IN1'LAeELC1000 •• XER(100~) 
CALL FACFIL 
CALL READCR 
CALL REITER 
CALL ROLLER 
STOP 
END 

" 1 

RFAL FUNCTION R~Plc*e(N1A.L1A.~IA.Z1A.N1H.L1B.M1B.Z1B.N2A.L2A.N2A. 
Il2A.N?R.L2H.~2B.Z2B' 

c CALCULATc~ A SINGLF CE~TER. TWO ELECTRON INTEGRAL ~ITH 
r I/RI2 AS THe OPtPATOR AND NORMALIZEO NON-CRTHOGONAL $LATER 
r FUNCTIUNS A~ THF ORBITALS. NIA.LtA.~lA. A~D ll~ ARE RESPECTIVELY 
r THr nPINCIPAL QUANTUM NO •• THE O~BtTAL ANG NOM QOAhTL~ NUMBER. 
C THE AII~UTHAL aUANT NO.~ AND THE ORBITAL EXPONENT OF THE FIRST 
(' mm 1 TAL (A) wHOSf A~6U~ENT 15 THE COOROI fi/AlES CF ELECTRON 1 
(' CDE~OTf:r) IPf Tt-;€ 1 IN LIA'. 

I~PLtCtT R~~L.~(A-H~o-t) 
"l1l'-1-::0.DO 

XCllN=:O.DO 
ICI =ll A+L1 R+L2A+L2R 
l'(~ll!>( ICI.?' .NE.O) GO Ta • 
IC1-::MIA.~ln+M?A.~2B 

I~ (~nD( tCI.7) .NE .0) c.o TO 4 
IC1:1 
1'("'11A.LT.O) 
JI"(~l~.LT.O) 

le?-:-:1 
1 F ( .~.: A • L T • () ) 

tt(~2A.LT.O) 

ICI=-ICI 
IC1=-I(1 

1(2=-1 C2 
IC2=-IC2 

11=( IC1.NE.IC2' GO T() • 

PI=~.141~9?~5~5~Q7q3DO 

Irl=TAH~(LJA-LlR' 

1 P-,:tAi'''l(L2A-L2Al. \ 
t(LO.::J,4AJ(O( J Il .1I2~1 
KUP=MINOCL1A+LIH.L2À+L2H'+1 
IF(~Lnw.GT.«UP) GO TO • 
IJ,41=IAHS(MIA)+IARS(~lB) 

IM2=lAHS(tAASCMIA'-JA8S(M1B" 
tll=lAAS(~2A)+IABS(M2R) 

Il?=IA8S(IAQS(M2A'-IARSCM2R)) 
MINAM=MAXO( IM2.112' 
M A X A M = M t NO C 1 Ml. 1 1 1 ) 
IF( (MINAM.EQ.O'.AND.C ICI.LT.O)' MINA"'2· 
IF(KLOW-l.L T .MINA'" KLCW-KLOW+2*C CMI,NA14-KLm,.Z,,2' 
IF(KLOw.GT.KUP) GO Ta ~ 

IF(~JNAM.GT.MAXAN' GO TO • 
IF«JII4I.E().lfI •• o~.II","EO.1I2" GO TO 5 
JF«lM2.EQ.1Il'.OR.CIM2.EQ.112" GO TO 5 
GO TO • ' 

5 Oû 1 I-KLOW.KUP.2 

',,' 
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)( 1 NNf'A-O .OQ 
MIi4.~t NA,.. 

2 .... ' ..... 01.'-1' GO ln 3 
".114,.. •• Cl 
X'N~fR.~'NNtA+AePROOC~'A.~'8.~IA.Ml •• LIA.~~ •• 'A.Mae.l-l,W' 
l'(~M.fU.MA)(AM) GO TO , 
,.MII "'4A)( A "" 
GI' Til l 

.' r IJ~T r ~Ur: 
1 ,." C x 1 N '''U: R • t-' Q • (h 00» GU T 0 , 
l( l( , ,,' • no Ill"L flA TC 2. C 1- 'J +1 , . 
)(~1~X.'.)(IRAOCN'A.~lA.N~A.N'A.IIA.11~./2A.12".I-11 

5U"."'Uf.H)(X'.X INN!H 
("ONf 1 Nur 
If (titJ"'.f Il.O.(lO) GO Tn • 

r 

J( !lt~ ~~J 1. "Nt lIH'" NI A. " A) • 1(f'!O»N' NI n, Il''). X'''IÇPNC N2 ~.l~ A. -XNON'" N'" ,12. 
1 ) '"' " .1' 1) 

.. PI' Il 1 ( .., x\. J,.... 'oliM 

,H T\lt.u., 
( ' ..... n 

ln Al F""'CTI!IN [)"AUNT.~Cl.l.l ... t .• Nl'''''l.MI 
C 4l C Ut A , r '> 1 N T « y ( L t ,N, ). y Cl. ... M 2 • - y 'L • ~ '.' 
..,U<;T HAvr -., .N.?,..O .. m~' 'Hl INtn.wAL Tn P' NC"'-ln~c 
1'" PL 1 (' Il lU, Al. • A C A - H. (1 -1 » 
rrCH .. (iT.CL1.L.J".OR.Cl..lT.rAHc\ClI-Ll' .. GO Tll 1 
1 r ( ( Ml. M-.' • M , • ,.,.t:: .0' GO T n , 
)(lc. Cial / S ûlH C ~! u' 1 , 

~~C •• l~6~.7;~0401.'21DO 
111""Ll.L~.L),2 

111"'11+111 
/ 

HCJrl."'t::.(Ll+Lô'.\.)) (iO '('1 1 
Ll t al t 
lL'>-t 2 
Ll al. 
..,Yll ~J UPiC~I) 
M"'l-» 1 AilS pot?, 
..,,.-. AilS ( "4) 

1 (' HI(-O 

Ir C'41 .(if .0' ICHIC-IC"+, 
Jf-"(-..?Ge-.O, tCHK-rCHK., 
1 f- « -.. • G f- • 0 ) 1 C ... - 1 C HtU 1 
~o Tn (~ ••• ~,.ICHK 

~ IF C "'. {. t: • 0' Ci 0 T 0 '\ 
l~("'l.<.('.O) on TO 12 
1WI"~"'2 
-""4.'? ~ r An Ci C "" , 
LL-L? 
LL?cL 
Gt1 TO !\ 

14? M'ta"'l \ 
NNl a IAt-t'i cAu 
loL-Ll 
lo\. '-l 
GO TO 5 

• IFC~.\.T.OI GO ra 5 
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P~Ot;iAAM _INZ 

[rp41.LT.oa GO Tn la 
~M. u~c; (M2 ) 
M~2::'" 

LL =1..2 
LL2=tL ,f 

GO TF1>':> 
10 ",,,, .. rAI1S( '-1\ l 

MMl::'" 
l.1.. =1.. l 
LL 1 =L 

• 

", IG::(LL1+Ll:"+LLll2 
~IG~=I.OO Î 
1 F (",nI) ( 1 G-Ll.l - ... 042 '.2) ..... r .0» ~ 1 GN=-1 .00 
)(T'),:>= SH.N.nf AC( 2*( IG-LL?') -OFAC( IG. ..., 
J(llnT':"f1FAC( I(,-LLI '.OFAC( IG-LL2 •• 0f"'AC( IG-I..I..J.Of-AC(2. tGU) 
l(~AT=nFlnATt(;·lLI+l).(2·LL2+1'·(2·LL.l». 

1 Dr hC( LL 1 .MM 1 ) "'Of" 4C (Ll-M~ l-M""l'. ()F AC C LL ?""'~2) -DF AC( LL 2-MM1'/ 
1 ('''of AC (LL I-M!',n ) *nFAC (LL. +MMl +MM?).'" .00» 

)( r AC::: n SI) tH C JO) AT) 
)(FAC=l(XC.J(Tnp.l(~AC/XnnT 

lI.'iIJM=O.D\,) , 

" t ( ...... ::: 1 .00 
Il T =0 
III =lL,'-M"4'" 
It.'=LL-"4"'l-II4M" 
1 t- 4 = L l 1 - W-4 1 + fIl 
1 1 4::: L Ll + '-4"'1 - t Il 
J t ~~LL."4Ml+"'M? 

.. 

f, Heclll.LT.o,.rw.( 112.LT.O).[·)~.(l13.LT.O" GO To 7 
l ,- ( JI 4 .. L T • Il) G (") T n A 

I~SlJ"';:SI(ÎN"()FAC( 11-f'.OFAC( 113'/(OFA(.( lt ?'.OFAC( 1 a).OFAC( 1 Il). 
1 PI-' AC ( 1 Ir a » 

'" ,)U',,~ l( ';\JMH\SU~ 

'. 1 t l " liT .. 1 
111=111-1 
rl~-:II?-1 

II ~::tt i-l 
Il'.'''1 [4+-1 
11'>=111)+-1 
~:.r G"l=--SJ,.G"'I 
Ct.) T II (, 

., O'Î"tJ",T'=l(r"c.I(SU~ 

RI: TIJP ..... 

W\J 1 T ( Cf). ? ) 
" ;I)RAAAT(' ','r.AUNT COEFF INDex EHROQ'. 

STflP 

fND 

<;U'l'-lOUTINE FACFIL 
t~PLtr.IT ~EAL~(A.H.Q-l' 

CnM'40 ..... /F AC/F 1 C4S1 ) 
FILL~ UP V~CTC~ ARRAY wlTH FACTORI4lS. PRELrNINARY TO US! OF 
FeN) CONTAINS FACTORIAL (N-l' 
Flel'al.DO 
X=I.00 
1)') 1 1- t • '50 

1 
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PROGRAM WINI 

1[1:1+'''' 
X-)(*I 
Fl(IllJ:.)( ? 
CONTfNUE } J./f:rURN 

fND 

HEAL FUNCTI~N UFAC.~(J) 

l "4PL rel T P f AL." ( A - H, n -1 , 
COM"·HlN/FAC/rJ (0;1 ) 

r '<. krTURN~ F"ACT'WIAL J. APRAY ri MU<;T FIt: FILl.EO OEFC~C JOOUTINE 
r 

(' 

(' 

(' 

(' 

(' 

(' 

"', 

C AN Il r u ~a· o. 
1 F ( ( J • C. T • r, 0 ) • OR • ( J • L T • 0 ») GO T 0 25 

JJ1=J+t 
nrAC::"- 1 C JJ 1 ) 
hlF. TUhI ~ 

W ~ 1 r r: ( ~) • 2 f. ) 

~I, r Hl~ A TC' 0 '')FAC C4LL tNG FPpn~', 
1()(.1 -= ( l • n -., 0 ) ... *''l 
') T 1 If..) 

( "JI) 

'.' U 'l, ~ ~1 U TIN [ Q CL L r: R 

\ 

T'il'> \~\HlTI N~ Lt)()PS TH~C\JGH THE:." NfCFC;SAnv INDICfS FOR TlfO-ELÉClRON 
l'\IFGI.lAI S MW 5TOPJ:S n1f NtlN-llRQ INTFr.RALS wITH AN INTEGER 
P-4')ICATI"Jl. THf- nRAlTA'L INDIces flN rJUTPUf UNIT 10 CTAPE o~ 0ISK,. 
('oo1PLICTT q'·~l.~(A- ... ,O-l) 

(ll'oo1 .... \} .. UilI.'I4S/NO .... ( 1 OO'.LfHH 100) .MO!« 100 •• lnR(100).N.~I .. T.N2 ..... 3 

l' 1'<I"'I,\N/INlILARH.( 1 OOO),Xf'-lC1000) 

t(WIVALI-NC[. (MAI\FL(H.LARfL<I)' 

DIWNSll)N ~~Hf'L(1000' 

C.(LL CLÙCK\ 
Nl~T=() 

1 L. Atl::f) 

l)11 [:I.N 

IIl~l"l 

1'0011:1-1 
n '}-' 1 J; 1 • ~ 
j .... ':J-l 
n1 .., L=J."I 
)()( 1 ::: ~~ t- PIC 1 ~ 1 ) ~ fi) • L C R ( 1 ) • M C ~ ( J ) , /0 P ( , ) , NOR ( J' • L f; R C J ), MO R C J • , lOR C J » • 

IN~N( 1 J .l.'l~( t) .fI1'JR( t ',l('RC 1 "PIIDRlU.LORCl.) ,fI1Qk(L',ZCR(L" 
If ()(X 1 • r (). U • DO) GO ro ~ 

Nl"4T::"It""T+l 

ILAi=IL4tt+l 

lAI,r.:LC lLAR'=lM! fN:.1+JN •• N2+JMl*N+L-l 
/C.-Q(1LAn'=Xlf..t 

1F(ILAi.':I.[1l.1000' CALL ~ITlT(ILAfH 
t:.. C flNT t ~UF 

D'J 1 1(=IIl.N 
~~l=K-l 

DO 1 L:K.N 
)(l( 1 :&PFPl C( N,lRC l' . L CR( 1 • ,MeRe l' • lORe 1 te NORe J' ,L CPCJ,. MOAC J Je ZORC.w., 

1 Nn~(K) .l. r)~( K' .MO~ C K ft ZORCK ),NOR (L "L~(L • ,"ORC L J.ZORCL J, 

1 
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r 

c 
c 

PROGRAf14 wl Nl 

IF()(X I.[Q.O.OO, GO, TO t 
NINTsNINT+. 
ILA'l= IL4lHl 

. 
" 

LAH~L CIL I\R, :: 1"'. *N,J +JM 1 -H2 +K~. *N+L-I 
",-Pt ILAfH=)()(l 
IF(tLAO.Ea.IOOO' CALL f.llTIT(lLAU' 

1 (ONT 1 NUE 
fF(ILAO.NC.O, CALL RITIT(lLAo., 

:3 '''4PFILC" tO 
CALL CLI)(K2 ( fIot\?) 

NCHK= ..... ( N+ •• 
NC HO( ::N(HK* ("'I(HK +2" a 
)(~I=D~LOAT(N'NT)'OFLOAT(N(HK) 

.PIT'(6.2<;' .... CHK.NINT.)()(. 

-', Fi)P."4.A T ( • 0' • .3)(.' POSS 1 ALE 1:' 12 1 NTS' ,1)(,110. S)C. ·N\.~BER ftIo0N-lEPO'. IX, 1 
Il'l.toJll. ''''PACTION NON-ZERO' .1)(.f~.2" 

)(Xl=nFL n AT(N"'I?"60.00 
• ~ 1 r [ ( (, • 2 ~, 1( )( 1 

?f, r )?"4AT(·o·.3)(.'~12 INTE(i~AL CALCULATING TlfolE',IX.F7.2.1X,'SECOM>S. 
1 ) 

!;J=:Ttj..1 .... 

F..," 

<;u';~.)oJTt""t «ITIT(N' 
01):::> n'F ACTUAL U .... FOQ~ATTfC WlQlTING ''lF INT[GPAL AND LAAf:L ON TAPE 
P4PLICIT Qf-"t..~(A-~.ù-Z. 
C w ... n .... 'INZ'LAt"tL(. 000. ,)(fP(tOQO) 
f ~UIVALP,,(' (YA.~(L li ).LIlRfL tl), 
OIM'':~SI(~"" ,.AI~fL(3000. 

1 f'" ( .... E: a • 1 JO 0) \.11 Tel 
1 F" ( '-4. G T • 1 \l 0 J) Gil T ("' ::? 
.ol·TEC 1 J. (Lo\nf-L( ,ct<).Kt<.=I,N', (XER(I$KhKK.:l.N) 
..,)O=-T'JPN 

WJ.ltTF(101 "4A.fV:L 
N:.O 

..,);- T\I'<·" 
::' W .J 1 T E ( h • J, ~ 

~ F )fNATC·OQITIT CALL EQRQR'.lX.1l0) 

<=;,TI1' 

f'llD 

<EAL F~CT l'ON X,,",Or:;"*S(N, ZETA) 
QF.TiJU,NlJ"TH[ NOR~ALllÂTtC"" CONSTANT OF A SLATER ORBITAl.. 
wn ... Pf,fI~CIPAL QUANTUM NUM8ER N ANO E)(PONE"'IT lETA 
JMPLICIT Rf-AL*a(A-H.O-l. 
IÇC~.LT.O) Gr. TO ?5 
/ 
111=N+N 
"P:a( Z("T.+lfTA,.-( 111+1' 
ao T aDF A (( 1 ri' 
X""O~M=osaRT(Trg/AOT' 

RETIJ~"" 

?'S wQITF.:C~.26) 

2t- fOR"AT C • 0 KNOAM CALL ING E.RROP" \ 
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PROGAAM _. Hl 

(NO 

RF ~L FUNer l 'IN WfPAOC.~ CL AI .LA.? M~ 1. r.U2. L~ 1 .l 02 • .,tH .... e2.L, M, 
r PET"~N'i THF PQ(lOUCT S(LA1.L~?L ... ~t ,~A.",M'.5(LP1.L02,L .... el ... a2.hU 
(" .H[l~( hif: .t; rutotCTICNS Af.tE INfEGPALC; tlVrR J NOR..,AL11fD RF.:AL 

r SPH~I.lICAl tlARIII()NICS • 

( 

r 

.... r't.IC 1 T ~r 4L.A(A- ... O-Z' 
1 t:til(:l 
I,("'AI .L T.O, I(:HI(.:-ICHI( 
1 ... , ..... 2 • L , .0' 1 (" ut<. = - 1 o ..... 
IF("'.L T.O, lCt-itC:=-ICHK 

H'C le ..... l' .<>,' (0') TO 2!) 
1. ('4t~I.L'.O' IC"'(S-IC."( 
1 .... ' '4H2.L '.0) I(HK:o:-l(HI( 

P ''''.t.. T .0' IC"'I(::-I("I( 
.. ( 1 (Hf(..l T .0' .. ) TC 2..-
111.;;L'I.l.~.L 

", Il:!''' 1 1 1';> 
It'-Itl-tl.·-II~ 

1.. ( 112 .... ., .0) <.I} lO l~ 

1':11':l'lI.L'.?+l 
.'''-:111'7 
'1>~111-ll"-II~ 

ft (1I:> .... i.O) GI' ln l'5 
1 f" ( ( l • G T ., L .. 1 .L AI' 1 , .Oq • «L • (j f • ( L 0 l "L n:?) ») GO ln 25 
P"'(lL.LT.1A"~)llAl-LA7)).OQ.CL.l T.IA9SCLR1-Lfln») ,"0 T') 25 
J t (( 1 A 6.4 -. ( 14 , • "\1 f • 1 A R "i « '" AI"'" A 2 , •• A NO • ( l "" '> ( ,M , • ~ F:: • 1 A R Ci ( MAI - MA 2) » GO T 

1':F::IA45("".Nt.(AI1SC"Hl .... f\? •• Ar..(t.~S''';.NE.lAe')( ... el-"'82»' GO 1 
1" ?<i 
I~ (( lA""' ...... ». fT.LAI ».r~.( IAl'~( A?' .GT.LA;7 '.rR.crA~S("', .GT.Ln GO 

1 Tf") ?~\ 

I~ (C IfC .... lh» .GT.Lfll ,.(J~.( IAHSC~H2"GT .LAZ" GO TG 7~ 
~~p~o F'~IPCLAt.L.2.L.~.t.~4?.,.).~~TRIP(LRl.LR2.l.~Hl,M~2 • ..,) 
QJ" T J!1 •. 

J.Ji'- T,P'" 
t"'",: ) 

; 

u~ AL F""...,CTlrt"" "::SS • .,CIIIIOEX.INTGFQ.EKPl<4T.AARG' 
r 

r 
~F TtJ·H~<; 1 ~T (0 Til ~ l "'F Je le •• 1 NTGE R.E XI'" -F XPNT ,. A( SUR 

~!-.:iH " 1 S THE FA.,. 1 LIAR A FUNC T 10.,. 
lNOF)(» ( AARG, IOX • ,~ 

1 ~OL 1 (" ~ Ty" 'le to.L.8 'A - .... O-l » 
lF'rCINTC.['U.Lé.INOF..X. GO TO 25 
IF',11\10t-lIC.lT.O' GO TO 2~ 

~ 

J(X"'" .O\l"AA~~ 

X XS-'" J(P ... T •• ,,-RG 

1 1 2:: 1 ... T GF A - 1 "'OC J( 

!;)IFCcslIZ-1 

XSI s1.c»o"C XJtS •• 112. 
XXI.~X •• OFAC'JFC'~XSa 
'IFC .... OEX.EO.OI GO ra 5 
)( lC,.-O.OO 
DO 1 S-I.IIIIOex 

':/ - _ .... 

r 
1 
~ 
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PAOGAAN wlNZ 

IFe- 1 Fe +1 
XiSt·)(SlI'XXC; 
)()(F'" X lCF .. X)CM 

X)(2=XlCM*OFAC (IFe ")(SI 
X)( 1:: X X2 + X)(F • lOCI 
CONTINUF 

... ESC;=)(Xl 
~~[TlJHN 

?5 w~ lTE Cf ... 26) 
.,,, Ff)~4AT C. • 

STOP 
("Nt) 

F~~ C~LLrNG FRRO~' 

(' \ 

(' 

(' 

(' 

(' 

(' 

( 

H~AL fUNCTlnN )(IRAO.~(~1.N2.A.R.K. 
HF HW N5 1 NT ( 'H UN 1. EXP (- A'. (RM 1 N.-KI' R"'AX •• ( K +1 ) ) *R2 •• N2.EXP C -8') 
D!~ 1 ()~:> 

J~nLJCIT RrAL.A(A-~,n-l' 

111"'Nl+N:? 
1 NO"" )( l :: N }- f( - 1 
INllLX2::1\I;-K-l 
X 11~ 1\ D:: r ~ <; ( 1 l'Il [) r )(.' , 1 1 l , A , li ) .. E S 5 CINO [X 1 • lit • P • A ) 

Pr:TI)~N 

r: ',H) 

o 
c;UIHlJUT 1 NF .. f AOFQ 

PTA)-; TH' '''-IPl.,T DATA 
IMPL 1 C [T I,'C I\L tA( A-H. 0-/) 

C (1~~I\"l/ n QW;/ Nnq ( 1 (0) .LOR ( 100» • MOP( 100» • lOR ( 1 00). N. lit 1 NT, N2 ,N3 
r Pt I\} IN Tl TU: CAflO. 

(' 

(' 

r: 
c 

c 
c 

R r- 0\ i) ( "5 , 2 0 ) 

~O Fn fh4AT(' 

w. IJ ITtUl,20) 
1 :: 1 
N~~n(~".rND:~O' NCRtl).LOR(I).~ORCt).lnRCI) 

"' f'l0"4AT(?X. n?~lO.6) 

"'iO 

1 ::::' 1 +l 
C, Il Til 1 
N::l-1 
CALCUL AT r- PI)WF-R<; OF OASIS StT SilE FQR POLLEA 
N2=N*N 
N"hN2*N 
IJFTIJ!.'N 

f:..NO 

j 

Qf:AL nJNCTi()N ~ETAtP.8CLl .L2.L.Nl.~2."" 

RETURNS INT(S(Ll.Ml •• S(L2.~2'.S'L.M». WHERE'S OENOTES RE~ NQA
M~Lll~D SPHE~IÇAL ~_R~ONIC 

t"4PLtelT REAL.SIA- .... O-Z) f-:" 

JlF.q()·l 
1 F PH .e:a.o) 1 ZEROs. Z~RQ.l 
tF(~2.EQ.O) IZeRO-IZERO+' 
l~(~,EQ.O) IlERO-IZERO+. 
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GO Tn (6.Q.25,~),tlFRn 

2~ RCT~I rhO .00 
flt, TlI~N 

~ ~FTQtP.nGAUNTCLI.l2.L.O.O,O. 
~rrUPN . or 

q .... 1I.q..:l AHo;C'1'l 
M~.?",- t 4~lSC M2) ~ 

"'11\o4~"'-1 "'~S( M) 

~~T~I~:nGAUNT(Ll.l2,L.~Ml.~M2.~M~L 

~F- TURN 

f '~f. r.~ 0 
1'" ( ~ 1 .l T .0) t NE G= 1"" F G+ 1 
rF(~2.lT.O) l~r~%tNFG+t 

JF(INr~.GT.O' GO Ta 10 
<; 1 (IN"" .no 

1 t L L' -:.L 1 
LL''''L? 
'1'1I~r ~HC; ( .... 1) 

-\04"'1"'-14(1<',( 1\04;', 

~,,,,~,,- 'A.f\~( J.1) 

1 F" ( ~M 1 • (;1:. • MM?) <.t1 TI) 7 
,"~<;"V~ :rM1\o41 
~~ 1 ::o:/oi'1? 

~1\o4J.~M<;.Vl 

MS AVt "'ll 1 
l L t ,,\ l, 
lL;"",/>1<;AVf-

7 1t-(IAIIS(M •• i\ . .h(IIiIMI-MM.'" MM2'l!'-MM2 

x r . li'''", t /:j ()~ Tl ,;" 
xr~~:.7071n41P"~6~_1~OO 

. , 
l 

1:1. TflIP:(". 1 (j"'l* XlIlN.OGAUN'T (lll.Ll2.l,r.4Ml.""'1.NM3) 
Pt: T lH1N 

"10 <;tC_\l=l.no 
rr «Ml+'1?+'1'.CIJ.O' SIGNa-<;J(.N 
(,1) Tn 'l 

'If> w • .:tTr(f-.?') 

"'i] r()~~"T(' r.>,'TPtP CAlL II'oiG rRRn~') 
l, TOO 

r "II) 

o;U·HJ()lJTtN,..- PflTr.p 
J'ln",rc; .lUT INPUT DATA 

IMPLI~tT RLAL.~(A-~.O-l' 

(\1M"4tlNI'OJ-lf\<;/NOU( 1 0 0', LOP (100)> ,'MOR Cl OC), .lORe 100». N, NI NT .N2 ,Nl 
W~ 1 Tf 1 f, • 1) . 

'7 f-'Ohtr.4AT(·O·,ZX.·~Ao;IS 5 .. r INFOR"'ATttlN') 
W~ r Tt: ( f, • ~ , 

" F ()~"'A T' ' Q' ,,'\X. ' n~t-i t T "L ' .10 x,, N' .S x. • L' .5 le.' M' .1)C.' E)(~ONENT' ) 
00 <l t" 1 • 1'4 

Q wP1Trlt..10) I.NORCn,LCf"(I"MOf1(I).Z(J1('I' 
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RF:TURN 
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3. Two-center EPG integrals 

'\ 
A) Coordinate system 

lies 

on b 

f 

The EFG is to be evaluated at center ai center b 

at distan~e R from a on the +z-axis: the spherical sy.bem 

has~·~axis vhich coincides vith that of the system on 

a and x,y axes obtained from those on a by translation. If a .~ 
point has coordinate. r a ,9a '+a in the system on a and rb,Ob,th 

in the system on b, then its coordinates P,v,. in an elliptical 

Goordinate system are24 

+ - +a • +b 
R3 2 2 > ' 

dT = 8 (p -v )dpdvd~. 

It follows that 

r • a jR(p+v) 

,,' r b • jR(p-v) 

; l+IJV cosGa - p+v 

cO.9b • l-)Jv 
• v-p 

.. 

~, 

\ 

(24) 

4 
(25) 

. -, 
7' , 

l , 
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B) Definition of the integrals 

The integrals to be evaluated are: 

Type AB: 

Type BB: 

2 
1) 3cos e -1 

< ~. (r
b

) 1 3 a 1 ~ . (r
b

) > 
~ r J 

a 

4'1r -.J + -3~.(R,lT,O)~. (R,1I',O), 
1. J 

where the added term makes the EFG tensor traceless CGhapter 
, 

III). For convenience it is dropped in rhat followa. 

the definition of STO's ~i ~and ~j (6) these become: 

From r 

>, 

" 

C) Eval ua tian 

, 
'"' 
,1 
... 

,1 

• 

1 
-----~--------------~ 

Note that, by the orthonormality of the spherical 

harmonies, bath integrals are zero un~ •• s mi - mj , in which ca_ 

inteqration over • gives a f~tor of one. In what follova ve 

take mi - JIlj • m and assume the in tegration ovar • alrea4y 

" .. 



'. 

• 

" 

~~ .. , 
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. ,f " 
perfor-.d{'wo indioate' tH. volume o1..-nt vith. int.,rated 

, 

out dt', Tbe non-... 4e~ndent part of the Iphorica1,harmonie 

la t~Q nor~1i •• 4 ••• oclate4,L.,endre polynomial el*1 (coa6) of 

(2), Th. int.vraie become 
'\ 

n -1 ft ~1 )eoa2e -1 
Type AUl "lNj/d'f' r. i ' rb j .xp(-Cir.),.xp(~j.cb) (/ r l ·)· 

a 

(26) 

'\) 

n +n -2 laoa28 -1 
Type BBI N1Nj /dt' ri:, i j exp(- (Cl +'cj)rb) ( 'Ja ) 

ra 

Th.,r.dLa1 terme oan b. oxpr ••• '4 in terme of ~,v by diroct 
2 

.pplic.tlo~f (24), al aan 3001 8.-1., Th. prob1 .. whloh romalna 

"l. •• "paRdon of th. pro4uota 01:11 (Co.~a),91; 1 (cc.ob) and 

01:11 (ca~8b'Gl~1 (CO.Ob', It a1;ht appaar pract1cal ta axpand 

Il ' 
the product (]00aZo.-1)el 11 (coae.) a. a .um over ••• ociate4-

1 • i 
1 

L41gendre polynoll1ala i~, oo~8 a tiut th1. ia not done bec.use of 

c.rtain convergence proble" vith tnt.iral. whloh arl •• 2'. AllO 

, 
" . 



l. ' 
L.,~. 

,r ,-, " " -... \,,',,~.'" .. :r"""""l-';""'~-;!.r;;;.,~-~&.IM.§.i4.~ 
,,1\ , ~~. ,. e:. ....,. .~ ,-," ~N'-:v, - """';.ç ,,- ~,,;,.r--1" l' ,~ 

, ~!. . , . 
/"~i 

t. 

~02 1 

a ~um of a •• ociated Legendre polynomiala in coaab , but it'proved 

almpler ta expand the product dirGotly in t.rma of ~,v. 

Gu.einov27 ha. given an expan.ion of olmi 1 (Co.e.)olmjl (po.eb ) 
i j 

• 

in terma of ~,v, hi. coordinat. sy.tem i •• rightly dilf.rent 
J 

tram ours, ainc. he took the +a-axia on b ta ooineide with the 
. 

-a-axia on a. The formula. we ,give her. are adjuat.d trom 

thos. of Gua.inov'. paper'to be conai.tent with the coordinate ~ 

ayate", defined in aection A. Starting trom the expl,1cit form 
• 

of the unnor .. li •• 4 •• aociated Legendre~polynomia128 

plml (x) _ 

\ 
1 

Gu •• inov derived (adjuatad to our coordinat.a). 

1 

with Ill) 0 (no re.triction ainee only 1 ml entera above) and 

9:" (li' lj ,m) - 9:81' q,(a+m, 8-1\\) 
\ 

vith r defined iaplicitly by the a.rie. 

"'- .. '" '. .. '" 
Il ~ • 



\. 
and 

\ . ~ 

m (&l~+~lk)!(k) 
• 1: (-1) k ........ ____ - ____ - ______ ,...;... __ _ 

k-O (1 (li-ca' - .... k) ! (t (l1 +ca) +m-k) ! (~ .. m-2k)! 
, 

r 

aim11ar technique. we were able to der 1 va, for' m} 0, , 

'-

T\ 
vit.h ) 

. )0) 

• 

(28) 

, 
'. ", . , 

, " 
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'''''·' 

" 

,tf< 

'. 
~ 

r' t',' 

~.' ~ • 
. " 

• 
, , 

.' 0 

,', 

1 

• 

The remainln9 anguler and radial factor. are 

with 

, 

,exp(-~lr.-tjrb) • .xp(-a~).ç(-bv), 

~ 

/ 

(21) 

, 



• 

• 

<, 

lOS 1 

. . 

(26) And (27) booome . 

• 

(30) \ 
Type BBr • 

(31) 

with tho volume factor fRl(~+v)(p-v) included. (JO) and (31) 

cannot be inte9rated direotly becou •• powera of (~+v) 9r.àt.r 

than one app.ar in~. denominatorl of 10.. ter •• , at th. point 

~.l. ~·-l. ~+v vani.h •• and 91ve. an und.iined ~t.gral unl ••• 

th. terms con he arran,ad ao that a auitab1y van~n, nu.erator 

appo,arl for •• oh ocourr.noe of ~+v to • power gre~t.r tbaft on. 

in the denominator. Kolker and Karpl
1

u.26 ahowed how to _ka 

thi, arrangement. th.ir .. tbod a~pl~ to (30) and (31) Vive • 

, . 
r. 

'j 
,~ 

i 
$ 
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.. e 

_, .",.n' '~'"~1Il!'T;f'9i'~ 
<. ~ '~ 

~ , ., 

li+1 j 
Type BB: K t 

y·O 

(32) 

1 2q+ni+n -2-y _ ( ) ( ) 
-/ d~ ~ j exp(av)1 d~P ~,~ e:y -ap , (33) 

-1 1 (~+v) -k 

:. ' 

with dk (n
1

,D2,n1) defined implicttly by 

\ 
\ 
l 

n n -n -1 
_ (~+~_~) 1 hl+v-2v) 3 ~ 

'\ 

-

.. 

(34' 

106 

Thus evaluation o~ the ErQ Integrala reduce .. ~ ~:-luatl~ of 

the 9:" H~, ~, and ~~gral. of th. fona 

( 



-,' ~~---, «,.," "", '" Q f,id R1w t4 : lfliqs:;;W, '*' ';' us: , .. ~ ~ .... , j!~ ..... ~ '1. \ ;;;..:., .1 .. 
, " 

.' 
:' , 

~ 301 

D(n1,a,n
2

,b) ./~1dV Vn2eXP(_,bV)/~djJP(}1,V)eX~(-&1). (35) 

(1-I+v) 1 

For Type AB, n1sS-ni+a-k; the ranges of k and a and the res

triction .ti~ n1-1 give S-ni+a-k 0(4, aimilar~y n2-2q+n j -a-k-l) 0; 

for Type BB, nlIl:4-k~4, n 2-2q+ni +n j - Y-2 ~O. The par4,meter a 
. 

is always positive, b may be positive, negative, or zero. The 

o inteqrals (35) can be evaluated in terme of the auxi~~aEY 

integrals26 \ 

(36) 

the A-function (9), and ...... 
\., 

\ 
(37) 

The A-function was discussed in the one-center integral sectionl 

the B-function must be evaluated carefully because of potential 

11 cancellation errors • We used a routine for the B-function 

published by Pople and Beveridge29 slightly modified to be ac

curate to at least 14 figures; it was checked Againat the tables 

12 of Miller et al. • The E-functiona of (36) can be expre •• ed 

(by repeated integratiQn by parts) in terms of 

1 n - eXE! (-Al!) E(n,O,a,b)· '_ldv v exp(-bv)!ldJ1 1JJ+v) (38) 

Ruedenberg, Roothaan, and Jaunzemi.30 have qlven formulas for 



~ #! -

thia Integral (their notation ia considerably~different): 

n a n 
E(n,O,a,b) • (-1) (}b) E(O,O,a,b) 

-. 
, 

E (0, 0, a,b) =AO (a-b) [Ei (-2b) -tn 12b 1 +tn (2a)] 

+AO (b-a)E i (-2a) , 

whero Ei la the exponential Integral, 

t 
Ei (x) • IX !- dt x < 0 

-00 t ' 

.. lim [/-e: et dt + J?' et dt), 
-00 t t t 

t .... o 

.,. 
x> O. 

(39) 

(40) 

(41) 

A routine to calculate Ei(x) to double precision on the IBM 360 

has been published31 ~d documented32 , it VAS used in this work. 

1 It was checked against tàbulated values4 • Evaluation of (39) 

involves, by (40), differentiation of the A-tunctiona, which , 

can be done by (9), and evaluation of 

k 3 k (k> [Ei(-2b)-lnI2bl+ln(2a»):: (lb) F, 

for ,k-O ta n. By (41), for k> 0, 

k d k-l ( 2 ) 1 k 1 k-l (:.r:.) F- ('l"C"~ (exp b b - ) • ( 2) 1 d ( 2b ) dD QD - 0 x.x exp - x. 

The Integral is that of (10), it. accurate evaluation va • 

• 

" .' 



) 

': 'e 

'p 

)09 

. \ 

discua.ed earlier. 

This coaplates di.cussion of the evaluation of the 

two-center ErG lntegrala. The final formulas are 

, 

(42) 

• D(4-k,a:2q+n i +n j - Y-2,-a), (43) 
'"" 

vith D as defin~d in (35). We have not praaedted full dataila, 

.lS the details of expres8ing the 0 func"tiana in ter_ a!t~ 

E functions and of expre •• ing (36) in terma of (38) are tediaua 
, , 

and requf~e much space. 'l'ha dataila cu be deduéed from the 

FORTRAN liating in a latar .action. 

D) Documentation 

Most of the auxiliarj functions for the tva-center 

ErG integrala are not co..on functiona and are not avall~le 

in tablas, vith the exception of Bn(X) and Ei(x), who.e docu

.ntatian has already been _ntioned. 'l'be 9:. (Ii' 'j ,.) vera 
.p 

i 

• 

1 



r 

j 

c 

)10 

"testéd againstGuseinov's tabulations27
1 with allowances made 

for sign Changes induced by the different choice of coordinate 

system agreement vas to at 1east 14 places. There is a very 

accurate source for values of tva-center EFG integrals: Flygare 

et a1. 33 eva1uated a number of inteqrals for the Foster and 

Boys34 basis for forma1dehyde by two different methods: Gaussian 

transform35 , 36, and Ba.rnett-co~son expansion37 about a single 

center. They verified that the two aqreed ta six decimal places 

and pub1ished the numbers to this aceuraey. Bath the above 

aetbods are different froa ours; thus this tabulation provides 

a good test of our routines. In 'l'able V our EFG integrals are 

given to 9 places for oo~arison to the 6-place integrals of 

Flygare et al. Note that in every case agreement is ta the full 

6 places. An ear1ier tabulation of some two-eenter EFG integrals 

for CO by Scrocco38 is compared vith our routines in Table VIi 

Scroceo's values were published to five deeimal places. Agree

ment is ta the full five places in most cases, but for the 

Type BB integrals there is one disaqreement in the fourth 

dec~l place and two in the fifth. Since these integrals are 

siailar to tbose ca~cu1ated by Flygare et al. (the orbital 

exponents are identical., vi th 'the C-O distance changing slight-

1y), ve conc1ude that Scrooco' s proqram. vas inaceurate for 

tbese integrals, wbich is possible sinee the caleulations were 

done at a tL.e (1960) wben no other programs were available for 

comparison.1 Unfortunately neitber the Flygare nor Scrocco 

test hasis contains a d-orbital, however ICahalas And Neabet39 



e ./ TABLE V: Comparison of our two-eenter EFG integral routines 

with valUêS published by Plygare et al~ for H2CO. A11 values 

in atome units. 

• 
1. Type AB: <~i(a)lq(a) I.j(b» (subroutine EFGAB) 

·i ~j EFGAB Literaturea 

1 5 .000232264 .000232 

1 6 .035274869 .0~5275 

1 7 -.067265099 -.067265 

2 5 .008151706 .008152 

2 6 .056658030 .05'658 

• .... 2 7 -.090492184 -.090492 

3 5 .013739810 .013740 

3 6 .200200955 .2002'01 

3 7 -.320260870 -.320261 

4 8 -.034336699 -.034337 

2. Type BB: <.i(b)lq(a) '.j(b» (subroutine EFGBB) 

+i .j EFGBB Litexatur.a 

5 5 .164379056 .164379 

5 6 .036232517 .036233 

5 7 -.014881167 -.014887 
C<. __ --

6 6" .112154123 .112155 

cont1oue4 

-

L 

l 
1 

: 

"j 

,~ . 
f 
~ ," 
> 

J 
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1 
\ , 

• 
/ 

. TABLE V: (cont Id.) , 

+i +j 

6 7 

7 7 

8 8 

,y_.-,:>.-~._","::,.;rô'~-~~~~"'f,~1WfR4!!it~Jlill4t*", 
c «, '..' ." ~~ ~~ p ~ ~ .. ;'; '";.::}'-.1 

, 

)12 "~ 

BFGJB 

-.091607059 

.188215035 

.074124568 

-----

Literature& 

-.091607 

.188215 

.074125 

" 
:. 
1,; 

-

A Ref . 33. The orbita1s are: 

n 1 m ~ type ~ 

q 

+1 1 0 0 7.7 1s0 

+2 2 0 0 2.275 2s0 

+3 2 1 0 2.275 2paO 

+4 2 1 1 2.275 2p'lrO :;, 
.' 
C 

5.7 1sC ,:' 
+5 1 0 0 » 
+6 2 0 ~ 1.625 2aC "" 

+7 2 1 0 1.625 2paC 

+8 2 1 1 1.625 2p'lrC 

r 

Internuc1ear distance: 2.3 au. 

\ 

.. 



t 

, 
TABLE VIl Compari.on of our routine. for two-center BPG 

integrala with values publishad by scrooco&. Ali value. 

in atomic unit.. For the CO moleoule. 

• 1 

1. Type AB: <+i(a) Iq(a) '+j (b» (subroutine EFGAB) 

313 
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" r, , 
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~l 

V:; 
f: 
l, 

• 

• 

~. 
q' 

t: 
~" 

/" 

'. 

.., . 

{} 

TABLB, VIt ~ont·4.) 

+1 .j rjl..~ ErGIB Llt.~.tuz:,· <\ 

6 6 .124502104 .12450 

6 7 -.100387862 -.10039 

7 7 .210769799 \ .21077 , 
< . 

8 8 _081368257 \ .08137 \ · • · • 
\ 

aRet • 38. Th. orbital. arel J 

n .. m ~ type - -
·1 1 0 0 7.7 1.0 

+2 2 0 0 2.275 2.0 

+3 2 1 0 2.275 2p~O 

+. 2 1 l 2.275 2p'll'O 

·5 1 0 0 5.7 1.C 
l, 

+, 2 0 0 1.625 2.C 

_ ., "!( 2 1 0- 1.625 2paC 

t 8 2 1 1 1.625 2pwC 
., ., 

:~ 
Internuc1 •• r di.tance, 2.132 au. .' 1 

1 
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, 
1 
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.. 

Ils 
. . , 

p~ll~hed a wavefunction and the calculated qeleo at the Li 

nucleua for LiH in a ba.i. contalnlng a 3d-orbital centerad 
• 

on Li. Tbe publi.hed value of X_hala. and N •• bat for Clelea 

at 3.02 au internuclear di.tance in thi. ba.i. i. -.105976018 

au, while the value calculated u.i~9 our EFG integral. and 
• 

th.ir a-place "MO coefficient. i, -.105975920 au, the diaagr .. -

ment i. 1 in th ••• venth place, wh~ch 1. within tbe expectad 

error range for 8~plac. coeffici.ftta. Since integrala for 

hi9her n and t value. invqlve the aam. fo~mula. a. tho •• for 

"p, and d orbital., witb diteerenc •• only in indice. and 

para .. ters, we •• timate that IrGAB and ErGSS are acourate tOI 

at Least 1 ,iqnificant figur ••• 

E) program listing. .. .. '- . 
~, 

Th. flowchart, .ubroutin.'~alnn9 diagra., aub- ~.~. Of 

routine dascriptio~nd FORTRAN ,liating of. the pr~9r .. TOOCB~A 
'fhich calculate'. J1l ErG int.grala, bo~h on.- and tvo-c.nter, 

necessary fbr ~ diatomic molecule in a two-c.nt.r ba.is of 

STO'., appear in the f~llowing pave •• 
o 

i'J 

o , 



l' " . 

Start 

Cale. EFG int. 

by EPGAB 

\ 

"" Cale. EFG int. ',. 

by EFGBB 

- Flowchart for program TOOCE 

/ 

Read basis: 
n,t,m,t, 
center 

Punch 

EFG 

int. 

Calc. EFG int. 

by EFGAA. 

~ 
Loop through 

paiis ij 

of basls orba. 

Stop 

~ ... , 'i- ~ 1 

4 - , 

-

.'"I\J"I I-h'Fjt; .. ~ ......... ~ . ~!t·;'}~~~:t'",lJ"·"'.["~~",,i;,.- ... ~, __ 



~f • e· • i': 

Subroutine calling diagram for program TOOCE, calculation of EFG integrals for diatomic mole~ 
,. 

cule in two-center hasia of STO's. Double arrows indicate transfer of control; single arrows 

'7 
indicate ~~thernatical function c~lls. 

'\ f -: - -- - -- - - - -1 

EF~ FACFIL ~ DFAC C' '2 l 

tœr~ ~ MATOUT ~XNORM 
\If ~ l 2 ~ 

DGAONT 
:HERM~ALEG 

& ~ 5 B 

Dashed arrO'-1 indicates 'reference to an array. 

, EFGAB ~/ ~ . ~/i~~ ~ ~E~GBB ORPRDB 

FCOF----~-t 

~JJROO 8) \!) F:i:. ./ ® ~ ~~ 
~ ~ _ HVG 

lAIT 
C§~'~EN~ 

.. 

J\ 

" 

BINOME, 

DEE---' 

cr MEE ' 

~ ~ 6 

~)/EZER 
CY0 FrR 
~ATTSE~ 

~ 

'uJ 
u 
~ 

1"1,. C?3 ;p~ ,,_ "PI 
-----

.. ---~~------------ ... ...* ... ~1.,(~~ 

1 

'1 
1 
i 

l 

t 
[. 

f' 
" 
~:' 
1: 



. . . 

;1 
t , 
JI" '. 

~, °l"'~"'. fl~P"-~"'''T~''q,~~~, ' 
~ ~ • • i, .. '-. - .. : ~l~ "l' 

C, 

0\ 
:-~ 

)18 

Subroutine descriptions, program,TOOCE. 

MAIN - {eads input data, prints out input data, directs cal

culation • . ~ 
FACFIL'- fills an array vith double precision factorials of 

" -·V.:a!' .. 

integers for access by DFAC. • 
-,' 

MATOUT - prints nxn array. 

EFGAA - one-center EFG integrals. 

RETRIP - Integral over three real normalized spherical harmonics. 

DGAUtiT - integral over three complex normalized spherical har;mon-

ics. 

EFGAB - calculates Type AB EFG integral. 

FCNZ - ca1culates two quantities needed for evaluation of (38). 

DEI - exponential integral routine of paciorek31 • 
t 

ORPROD - the product of the values of +i(a) and +j(b) at center a. 

GEE - the Guseinov expansion coefficient (28). 

EFGBB - Type BD two-center EFG integral. / 

ORPRDB - product of values of +i(b) and +j(b) at èentar a. 

HBIG - the H coefficients defined above (29). 

HLIT - the h coefficients of (29). 

THENO - normalization constant for associated Legendre poly-

nomial. 

DFAC - returns double precision factorial of an integer from 

array filled by FACFIL. 

XNORM - radial nOFmalization constant for an STO. 
, . 

SHERM - evaluates real normalized spherical harQOnic at a point 

(8 , +) 

J • 

-, 

" 

;. .1 
.~ 



• ALEG - evaluates associated Legendre polynomial at a point 

-1 < x < l, coded fram algorithm by Herndon23 • 

A - the A-function (9). 
, 

B - the B-function (37). 

FCOF - the coefficients defined implicitly above (28). 

BINOM - binomi41 coefficient. 

OEE - the d coefficients defined implicitly in (34). 

DING - the D integrals of (35). 

BEE - the E.functions (36). 
, 

HEEZER - the E-functions vith second index = 0, (38). 

GNU - function which arises in expressing BEE in terms of 

HEEZER. 

XNÈWSM - funetion which arises in expressing HEE inlterms 

of HEEZER. 

319 

FDER - the iterated differentiation (below (41» in evatuation 

of HÉEZER. 

ATTSER - auxiliary function (10) • 

• 
1 0 

, 

1 

1 
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pqOGRAM TOOCE 

I~PLlel' R[AL.8IA-~.O-1) 

SVM-O.OO 
FA<:-I.OO 
ICOF-l 
INO-N' 
1 T npc M.' 
on , 1 -, • 1 TOP 

"11'1-1 
~lJ"h'50UM.F AC "D'LUI. TC ICO,. •• Hf'E.' lEP« 1 NO. A. A. F. G, 
fAC--FAC 
tCO~~I~-k).t('CF~1 

1....0&1...0.2 

cm .. r' NUl' 
)lNf" ... SM:SU" 
RFTIJR ..... 

f'Nf) 

j./, AL f'U""( T' l~ (NO""." (~'.lf- T At 
IH TII'-",! Tt ... QA!HAL ~!)U"ALIZATION CONST OF A SLATE~ ORIHfAL WITH 
ptn...,CH'AL OlJA""UM NU"'~f~ N ANf) f:XPONf!NT IrTA. 
I~PLI('tT ~~AL.A(A-H.O-l' 

trCN.Ll.O' ~n ln 2~ 
III::N.". 
T, , .... ;: C 1fT A • l' 'A' •• C 1 Il • 1 , 
t\\lT=OrAC,'C l' 1 , 
" .... nj.1M 1:()'lOf.' T ( Tl P~~OT, 
h'f TU .. ..., 

., • • w R 1 r r (, .• 2 # » 
?t, f'(l~"'ATC'O I{M)4M CALLIN<. cmHl"') 

x~;., .. : 0.0(' 

IJJ fUIJ"" 
·.Nr) 

ur II f"U"4CTII)N CiHl-A,ua(t..fIjI,COSTt-T,CFI,SFI' 
Ut TU"l""" 'Hf VALUF OF 1'HE Re AL NtJfU4AL 1lt.0 SPHeq ICAl. HARt.10N le 

r ~tL.WI tVALUATEO AT THf POINT (THETA,F". 
r. (rJ~T"T .~ C')SINt:. 'HETA. Cfl 1.""0 SFf ARE SIM: AI\O CO~SlNE Of!! '1. 

• 

I~PLtrlT ~~ll.R'A-".O-l' 

Ml * 1 ARSUI' ( . 
Irc .... co.o, c..r; '0 1 
CtisCf 1 
~t1~'if 1 
1'" « IiIl • [1}.') GO Tf) , 
('>n ~ Ic?,Ml 
(HS~CH.CFI-SH.SFI 

SHcSH.cr I.C .... !~ 1 
Ct.aC He; 

2 CONTINU!:" 

3 XANG-CH 
1'(N.L1'.O) XA~.SH 

• PI·3.1.1S9265]~8979100 

.FI~I.OO~OSOQ'(PI' 

IFC-.EO.O' XF1NaXF1~SORTC2.00. 
XTH1H.O~LOAT(2.L.I'.O~.CCL-.t"(2.00.0FACtL+.l" 
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PROGRAM TonCE 

XTHIN=DSQRT(XTHIN) 
" SHERMsALEG(L,Ml,COSTHT'*XTHIN*XFIN*XANG 

RETURN 
1 XANG=l.DO 

GO TO • 
END 

REAL FUNCTION ALEG*S(L,M,X' 
~ RETUQNS THE' VALUE OF THE A~SOCIATEO LEGENDRE PCLYNC~IAL P(L.M' 
C EVALUATED AT X=COS(A-' FOR 'SOME AN4,..LE A. CODED FRO~ ALGORITH~ av 
c ~ER~OON. COMM OF THE ACM. APRIL, 1961. 

IMPLICIT RcAL.S(A-~,O-Z) 
Ml:I'ARS(M, 
IrrDA~S(X).GT.l.DO) GO TO 26 
IF«X.EU.l .()O)~AND.OU.NE.O» GO TO 25 
TF (L.L T • Ml) Gr TD 25 

IF(L.EO.O' Ge TO 10 
JF(X.EO.O.OO' GO Tn A 
XX1=1.DO 
IF(L.EQ.Ml) Ge TO 
Xl( 1 :X •• (L-M 1 , 

xX2:-1.00/( X-X) 

GO Ta 2 
" 

P 1I1=(L-~1'/~ 

IF(2111111.NC.(L-Ml» GO TO 25 
t> X X 4 = 0 F A C « L + ... 1 , 1 ( 0 F A C ( 1 1 1 ) * OF A C ( Ml + 1 1 1 ) ) 

IF("'OD(Ill.~).NE.O) XX4=-XX4 
GO TI) 3 

? 111=0 

XX4=O.DO 
4 r F ( ,~ ... 1 1 1 • G T • ( l-Ml)' GO Ta 3 

XX4=XX4+0FAC(?-(L-IIl',-xXl/(OFAC(lll.*OFAC(L-III)*OFAC(L-2*111-Ml 

c 
c 
c 

1 ) ) 
)(Xl=XlI.l'XX'2 
111:111+1 

(,11 TO 4 

3 XX4=XX4/DFLOAT(Z--L' 
)(Xl:f)SO~T(l .L>Q-)(-X' 

IFPoH .I:a.o, Ge TO " 
XX1=X)(J*·~U 

7 XX4=XX4.Xxt 
~ "'L~r.=XX4 

P'=TUR~ 

~ XX1=1.DO 
GO Ta 7 

~5 ALF:G=O.DO 
RF: rup PI/ 

10 ALEG.:: 1 .00 
RETURN 

2t- .R t T F.. ( 6 • ? 7 , 

- 27 F ORI4A T ( • 0 
GO TO 2'5 
END 

ALEG C~LLING ERRQR') 

Il 
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PROGRAM TDOC~ 

REAL FUNCTION OEE*8CIB.IQ.IK,N2' 
RETURNS THE COEFF J CIENT 'OF THE IK-TH POWER OF 'MU + NUI IN 
THE EXPANSION OF ~U •• IQ.CMU - NU) •• CN2-J8-1' 
IMPLICJT REAL*8CA-H.O-Z' 
1 SAVEcN2-1 A-l 
Irl=ISAVE+la-IK 
FAC=l.DO 

, 1 F"( AIIOO( r t 1. Z, .NE. 0) FAC=-1.00 
J PTOP= t SAVE- +1 
)()(M=l.OO 
tf(ISAVE.NE.O' xx~=2.00.*ISAVE 
SUM=O.f)O 

001t::= t • 1 PT OP 
IP=I-l 
)(Xl=OI'NOM( ISA,VE.IP"A~IIoiO~( IO,JK-IP, 
SUM=SlJM+XXt *XX'14 
xXM=xx"'/2.nO 

1 CONTINUr: 
OFE=f-AC*SUM 
"<.-:n.QN 
f"lD 

1) F AL rUNe T t Il NEF G A B * f\ ( toi 1 • LI. Mt. l 1 • N (» • L 2 • III 2 • l2 • ~ ) 
(" HTl,c;'NS THE:- ou FIELD GPAOIENT INTFG~AL BETWEfN TWO SLATEA ORBITAL 
Î. TVPF IlRAITALS--THE FIQST CENTERfCD nN Tl-iE EFG CENTER ANO THE SECOND 
(" n N lit' C ( N Tf j.J .. RAT 0 ~ 1 CU'" 1 T 5 AL 0 NG THE l A le J S • 

IMPLJCIT ~CAL.~(A-~.O-lJ 
lr( ~1 .Nf .M~) GO TO ~") 

M"'~ r Af4S("'1 » 
'-'Ml:-MM 

IF(MOO(Ll-M~.?).N~.O) ~Ml="'Mt+l 

MM?-= ...... 

Ir(MOO(L~-~~.2'.Nf.O) ~~2=MM~.1 

51)"'=0.DO 
<;UM1==0.00 

"P 1 = 3.14 t Stj2 "'~ ~')~Q7q 100 
XC0"'=4 • DO/1 • DO 
X CON= XCJ N$.P 1 

AX: ."iDO·IH ( 1..1 "i2 J 
nX:~5nO·~·(Zl-l?) 

('ALL FC"IllF. G,ll. Z2.R. 
1 AT )P=Ll 
t <1T )P=L2 

rl"'l\4~l 

1 t f1=htM2 
2, IQTOP=IA+IA 

10=0 
!- FlC=GEf'( IAdO.IO.Ll.L?.Jt) 

tF(FAC.(Q.O.oo, GO TO 4 
SU"41=O.OO 
Il<aO 
KTOPa J 0+N2- J FJ-I 
1 NU::I(TOP+ 1 0 
1 MPN=5-Nl +1 A . ...... 

J , 
3 SUM1.SUNl+0EECl~.IO.IK.N2).~I~CJNU.I~PN.IK.AX.8X.F.G) 

IFC II( .EQ.KTOP' GO Ta " 

. " ) 
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r 
r 
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c 
r: 

C 

C 

lK=JK+l 
INU=INu-t 
l ,",PN= rMPN-l 

- GO TO 3 

PAOGAAM 1'ODCE 

• SUM=SUM+FAC*SUMI 
IF(IO.EO.IQTOP, GO TO 6 
Ia=ta+l 
GO TO 5 • 

,., IF{ IfJ.r:U.18TOP' GO TO 7 
Iti=If)+2 
GO TO ? 

7 IF( tA.Fa.lAlOP' GO TO A 

IA=tA+2 
GU Tn 1 

~ su-lot=C:;UM*XNOR"4(Nl.ll'*XNORM(N2.Z2' 
Il 1 =Nl +N2-2 
IF(lIl.F.Q.O) G~ TO q 

SU..,=SUM*(P/?OO'.*III 
~ C;lJM=SU~+ XCON- C~PROC (NI .L 1 • Ml. Il. N2.L?. M2. Z2. R) 

F.Tr.o\n=5UM 
P,": TURN 

?c... rF~AH=O,OO 
PfTURN 
FNn 

~CAL FUNCTI~N FOfQ*A(N.F.AXl 
AUXILIAWY rUNCTIO~ FOR EFG INI--

.. 

(O/~Ax, •• ~(r(A)(». WHFR( THE FC~ F I~ OEFtNEO IN ROUTINE FCNZ. 
IMPLICIT Q\~L.~(A-~.O-Z) 

IF("4.LT.O' (,0 T'1 I!~ 

IF(N,EO.O' GO Tn to 
J~(~x.~a.o.~o) GO T~ l 
leX?.:f1le+HX 
FDL4=(-?UO) •• '-4*ATTSER(N-l.xx2' 
~F TUHN 

~ fOL~=(-2.00)**N/O~LaAT(N) 

tF('4\11)(N,2,.CIJ.O) FOE~=-FDEP 

rw TUHN 
, 0 f-r)(_q:F 

D~ TUP"', 

?'" w'-'tTI-(6.Z"', III 
">" FO~~ATC'O Ff)EQ CALL F:RROR·.lX.110' 

STI10 
E-Nr) 

ReAL FUNCTION ATTSER.8(N.X) 
IMPL1ClT R~AL.~CA-H.O-Z' 
RCTUPNS INTCO TD l' R •• N*EXPC-X-R) Dq 
XAF=X •• ( N+t , 
JOt 1 :1: U F ~ C ( N » / x AE 
XX2:tACN.)() 
XX-'-Xxl-"X2 
XCH*)(X3/XX 1 
CHECK FOR CANC~L~ATION EAAOA" 
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, ,l'1''!! ~'!: ~ oIt"'~ - '~l~ .,......... .., .. 1', i(~~I., 

'-

PAOGAAf14 TOOel! 

IF(XCH.Lt •• 100) GO TO l 
ACCF.PT ~uaT~~Cfl0N IF NO 

Rf-TUrm \ 

CANCELlATION ERReR 

~lRI[S CALf IF CANCELLATION ERPOP 
1,XCONaXX1.OfXP(-X) 
"SU~:)(4t-/DrAC(""+1 ) 

K::~+.? 

TrQ~~XA~·X/nr.C(K) 

C;UM~SUM+Tt:~M 

~ )(CHK:DARS(TCR~/SUM' 

r (HrCK fOQ CONV OF SERIfS 
IF(X(H"'.LT •• 5D-16) GO T'Cl l 
K""I(.+ J 

r 

r 

'-

( 

(" 

( 

r 
(" 

r 

(" 

r 
(" 

C 
(" 

c 
r 

fi- '~~.::Tf J.l~" (lC/r.FLOAT(K) » 
-;U'\1=-~UM+ Tf'PM 
G,1 fn '? 

~ ATT:;r Qt:l(Cl)N.SU~ 

C,lJll.'fIlJl l ". rCp.,l( F.(j.l1.l~.P) 

"f TU~N') rtH- f'C""::' F ANI) G. WH(PEG=f 1 ( .. ( ll+lil).R, ANO 
f-::::' (IO-1l ' ... ·l)-LClG(Anc;C12-l1.P)+LOGC(11.Z2'.R). IF ll-Z2. F-GAMMA 
+LllC. ( ( Il .. l'? , .. rJ , 

1 ... PL t ( 1 t 4 L "l • H ( ,,- h '1- 1 ) 
() " ,·u, :: -( .( 1 .. l? ) • J:1 

G:::: 1,) c: 1 ( Co A,,( G ) 

F .1) <. t := ( !. ? - 1 t ,. ~ 

F 1\1 •• :' =I1A+\<;( r AI-IGt ) 
'"----- -_ ... 

F A I~ r. "' -= - ( • " I,H. 

I-'::::J.OO 

If(~-Ar~Gl.r-(). ).00' (,0 fO 2 
.. -,) ,: 1 ( FA", (11 , + OL.J (j ( F A~ G '1/ f ARC, 2 ) 

'J[ T~ F~ 'i, 
, F :..<;77.::'1 ~~ll,4 ~01c,'.?9nO+()lOG(FA,,"("1) 

Rf-T"~f~ J 

I~ k\ AL FU...,C T 1 flN>L 1 • ~ ( Xl' 

A~ ~XP0""[NTI.L INTEG~Al ROVTIN~ 

~'f 1(. PActnqF.K 1 
FOQ X GI-?t- A n ~ T'''AN O. THE t:XPONENT JAL J NTEGRAL. El. ts OEI'INIO ey 
(1'~'=INTf~~AlCr;XP(T)/l DT), 'ROM T 11: ~I~FINITY TO TaX, 
THr- rllfTCGPAL l~ T'AI<EN AS THE CAUCHY PR,INCIPAL VALUE. 
F)Q X LES"; THA~ no'RO. EI(X)=-fl(-X', WHfqe 
~1(l'.lNTCGPAL(EXP(-T)/T DT' FRO~ TaZ TO TaINFINITV. 
O~)t't-\L4=' ~RfC 1 S tON OE t. J( J, X. XO.'XMXO. y. R, OENIiII.FRA<; .W, A. 8.C.O.e. 
IF.~J.PJ.P~.P].P4.QO.al.Q2,QJ.Q.,PX.QX~T.S~~P.SUWC 

or~NSloN P1C9,.OI(9"P2C9),02(!'.PlllO,.03(9,.PXCIO,.OXCIO'., 
Ip.('O'.Q.(~).POC6'.QO(6) 
OI~ENSION A(6).A(6 •• C(8',OC8"EC8,.Fca, 
O~TA POII.DO.2.2306q937666899T5100.1.702YT059606e092950~., 

15.10.q9219b2l21~OOO-1, •• 8~Oe92Sl7892791a.O-2. 1) 

" 



'$l, ( • . , 

e. 

/ 
; 

" 

PROGRA"" TOOCE 

1 1.6~462224132~684290-4/ 
() ~ T ~ ,lO/l .no .2.7 306Q93 766689975100.2.734 7P.t:9'31 C692583600. 

Il.211659629601515'200.2.288179339905264120-1. 
Il. H 1141511 (aS17706D-2/ 
O~T~ ol/5.~Q5hQ946892370010DQ.-2.50389994~e63513620R. 

1 7. O~Q 21 f> 0959 00")674708. -,3.30899564201'59 t 90106. 
Ih.Q~6~3291h4375eJI306.7.371.719018.65144J04.2.e5446AR181164"01504. 

14.12n2h~~7?"8qllq3q02.1.I06J95472416J9580nl/ 

DAT~ nl/2.~~92~4~7607blb3500q.-2.79671351122qA459109. 

IR.O~H277824"O~5b~010e.-1.449801143910?lH~~0~.1.711~8~0801079988407 

, 1 .-1.40~754~720255Q2IADb.A.5~7710001A074~OQ704.-~.02S2J6A2238227410 
10",,').1251012501/ 

(lATA P~/I').'H"95766b5Ifl5517040-1.5.7:HI670~74450P.OI~O. 
14.1'\lù2"2èr:,(,211':'6h2l00,5.AAbC;~2407'S ,:'/ill11DO.-l.941,-'29,,751443010201 
1 .7. '9472 "002 <144" 722100.2. ~27'02 33Q3903'-l1 «HOI .- ~. b7 7A]1 134 7A 311-S8C 
Il .-.'.~o~40'H~ H4AJb126500/ .. 

DATA ~;/1.14e?C;~~~24901hlQlDO,-I.q914Q6002J12i~164D2. 
1 1 ... t 1(. ~.~ 1 ? C,? " l1~ ~ J '"o?. 'i-? J 165., /, 87 ~45 <;~61 401 • "1. 172794,':"\9254 )f,9",2 802. 

1-", HHh7(Pi41 Q Qo407Q7t10,Q.fl'S40"'i?1742()280 lQm2.2.fJQfU007H 802459300 ( 
1 / 

OATo\ P"1/o.,)'}q<; ~11 Cf1605fP-740-1 .-1 •• H50A"'2~2JQ127P67no. 
1 L'.f, ,,,"'1~Mlo.t4,->?1q9H21)1.?49'54R77JU40~OC;Q4401. 
1- i. "'1 "bl':579J4~'~h22~Dl ,-9 .1.34ff15,)qQ~9"37421)50-1. 
, - ~ • 1 0 ~) 7 4 [) 7 q ) 5 4 A 0 4 0 '" c;n 1 • - 1 • 0001> 4 1 0 1 .n ~ <l 2 A 4 fi 3D l , 
l-l.~h~O~;12172h4375~Ol.-1.h4772117~"'~346J'4001 

( .\ T \ Il ~ / 1 • \) 0 l '" '1 ~ t3 52 045 :3" ? 701) f) • - t ~ 0 Q.3 ")., (, 1 95'39 1 0 4 1 ? 401 • 
1 1.~)t004470~17742470?,1.1~2~3?423q~~~OI0103. 
14.4.'C)41317Hl '7)2A4001,2.~ 'tl81~lI56J070H03D2. 
,.,·.I~')4 lJ," ~?<;t-b74073eOI.t.401R0040~3C;241<;5"Ol. 
l'~. 7 )('40 '''>')<1(> 1 72c)010011 

, ) " T I~ ft 4/ 1 • 0 0 CC\) 000 a ') a JO V 4 H t [) 0 • - ~ • 0000000 ,J 32 0 Q" 1 2 66 00. 
, - .>. ,) 0 f) 0 t, A '" 0" 1 11 1 1 0 0 .? 0 0 • - 7 • 0 1> H 1 0 ç 7 7 H ) 0:;0 2 ~ J '5 90 0 , 
1-1. 5?Q..,':'f,,2 ~',_~f'<}2Q6':1701.-7.ti314770162025="6310(). 

1 -,'. , J 7'~IiS"'~t)24 3 053 HgO 1 .-1 • 81449fo64Q2 9Hf.>\QO,>OI • 

'-,'. ~ \1 ~'7b7\) 77 7h~? 41002.1. 753JHP012t)546<)'~7c?02 / 
l)f,T\ ()4'1 .\.1 )QQ4·J')449~04HIU400.-2.Q90qqH~.0403?6q~OOO. 

1-". ~tP4)c::,'J,)77~J197.ioo.-I.LOl ~77t:l")4715474JOl. 
17.04Al1~471~0424~7b~I.1.1717q2205020~64~5n2. 

Il. H7401QO":' '<J 747~9902. ,.Q7?7710Qlu0414~,1 8110. 

1 .... ')1f\~.>(;771f 1'4147?lD41 

n~T4 A/-5.77Z15~64Q~I~~2P~30-1.7.~41h4~1~~63CI66200-1. 

1 t • :> ) q 4 ') , '3 ? ,; c' 7 3732 14 f)- 1 • 7. • 406 q 1 3..,5 6/i 197 74 1 10- 2 • 
, 1 • \. ~ 0 'i 4 ~ 09 ,? 0 Q é 0 <.1 3 7 1 1) - 3 • 6 • 5 7 73 'f ~ 9 <) 7 c., 1 .? h 0\ C; 0 1 n - '") / 

, ) i\ T t\ rl/ 1 • () v , 4 • 2 Cl B Q 9 1 9 3 Pli c:; fH) 8 2 ? 0- 1 • 7 • 9 7 ., C; " 7 1 e 4 1 0 22 P 2 .lI) - 2 • 
I~~. 'J,?ù/i47r..,O<.l8711,.,770-1.4.8f>427rJH3Q101641l-D-4. 
Il. ~J','->51 Çj5~?2P4tiB7AO-'11 
~MT_ C'~.~774~954A384.37640-8.Q.9q~9~5193013QO~020-1. 

1 1 • 1 i 4 ,n 1 0 ') ~ ") 0\ ~ 4 5 ~ 4" 0 1 ." • 5 5 y 3061+ 42 C; ~ .' 'N ~ 2 } 0 1 • 
1 (, • 0 '? "70" 5 1 ? Q 1 OO.J 0 il JO 1 • " • 252 \).? 0:3 4 7 6 ~ R 0\ 0 7 790 1 • e. Q 3 ~ 7 1 R 08 A 0'" 9439390 0 • 
'4.01 n76tl4Q40664720D-ll 

r) A T 4. ,)/1 .00.1 .21l481 "l ')5'" le; 15665001 ."5. "4.:3 3~6Q'561 e03 t qqOl • '1. "lh" .1 ~31':>OQ1.'R8V12. ~.97.J1109712!,;2Rq~02DI.J.14Ç7IA491704407~OOI. 
1 \ ... 1 hc.,'~0037~212?20\J[)O.G.OHe0456QllitS86921QD-2/ () 

Il ~ T ~ ':" /-~. 49~ <;99999999734140· .... -J .44061995006'6841'9501. 
, -4 •. ?7'->32 6 71 ~O 1 Q'1A '3 ~9D2. -2. )9"01 Q.324 74.Q0"54003. 
1- ,>.1 fd/'i')21 00<:'"';476]5103.-6. 57t,09698 74 -\0 2' 1 790:3. 
1-2.t06077171.?6~~2e903.-I.~8990849Q7~94A16901/ 

nAT~ ~/1 .~O.3.640~1995006.5QA0401._.94'45010209903e4~02. 

.' :JI''i! 
• & 

, 



.. 

PROGR-.M TOOCE 

,~.190272J1.A~5.J30.03.1.033701~30A5A.09110 •• 
Il.6J2414~3~~11RJ50304.1.tt.971~28110966100 •• 
,2.37AtJ~9Ql0216022103~ 

DAT-. XO/.J?2~0141018l3~6~34001 
l(sxt 

1 1 F ( )( .l.. E • 0 • (')~) GOT 0 1 0 0 
tf"(X.r.E.l,!.t1t)1 GO TO 60 
Ir( lt.c,t>.t-.oo, GO TO .0 
)( IN (0.6' 
T=X .. x 
T"T/_~.()O-2 .00 
P)«10,:!:o.no 
0)«10.=0.00 
PK( ,J)~Pt('» 

\Jx(l,,,,,al(<l) 

" 

TliF: RI\TIO~AL S:UNCTtCN 15 FX'pHfS5EO AS A ~ATto CF F"INtTt: SUMS OF 
SrltFT~n (H~~YSHFV pnLY~OMl-'LS AND 15 EV-.l..UATEO SV NOTING '~AT 
T«(l(,~T(2X-l) -'NO'U~ING TH~ Cl..fNSHAW~~rCE Al..GO~'THM FOUND IN 

r 4iFt~~NCE 4. 

Dt) 1 0 L:: 2 • ~~ 

I:l\l-L ~ 
Pl(( r, .. T"'Px( 1"1 ,-px ( 1+2 )+Pt <Il) 

10 1)«( rl.r-ax( t +1)-0)(( 1+2'+01 (h, 
,..h(.C)DO«Tu l X(?'-Px-(3)+Pl (1 'I/( .500.'-OX(2'-OX(),+Q1Cl" 
(l(-l(Ola(l(-)(l.)-X;>. ~HERf Xl=40957b?2958h./2 ••• 0 -,fl.0 
l(~.:-. 7fl7111.~"lO\1<}q3940D-t2. 

X~XQ=(l(-.O~~'h2?95R~.OO.lIOqQ~lt627776.DO)-.7671712bOtQ9]9400-12 

lF(JAOS()(~XO).LT •• O"100) CoU Til 15 
n(t:nLnG(X.lXO)+X~XO·N 

~~,; T IIrnl4 

A. \J~TJt)"AL Ar'J1R(»)(J"'ATJCN TC' Lti('(X~XO).L(lG(l+Y). WHE'AE Y-=C>C--XOJ/XO ... 1ç 

,- ~ ND ().\ 11', « y ) 

1 &'t Y = 1( ... k :J .1 '( 0 
t '-; LF.'ïS l'HAN .1. Tt1AT 15 F"OR OARS« X-XO) LESS THAN .037 . 

<; ~ ~ 0.;: ( ( ( (0 'H (-, , • y .. J') 0 ( cq ) • V + J') 0 ( 4 , ,. V + P 0 ( l) ). V .. P 0 ( 2 ) ) * ... + PO« 1 ) 

.:; l , ... ):r ( ( ( ( 1~,H r~ '.* V +.) 0 (~ • ,. V + 00 ( 4 ) ,. y +0 0 ( 3) ) ...... QO ( 2 ) ) • ""+OO( 1 • 
l" t -::( "'lJ~P/( C,UM.}.)(O )+~) *)(~XO 

~rnm\l 

Î X l'li (h.l;. 
40 ()t:"4"'=P7( 'oi,+)( 

F 10# AC":. I)? ( R) .I!lI: NII.4 

r TH'- l"i\fIOf'4AL rlJ'\ICTtCN 1<; E)l.PRF.SSEO A~ A J..!FRA.CTlO~. 
f) '1 ~ ') J z , •• "\ 

Î 

1 :: ~.J 

nI N"'=P2( 1 +1» +X+FQAC 
? f" 1 ~ AC:: I} 2 ( 1 ) 1') f" .... ~ 

u~- 1 ::.lI l(~)( l(). ( (P.~ (1 H'f- Q AC).1 X) 

0-: "'JR'II 
~o J~(X.~C.?4.00) GO Ta ~Q 

x 1-4 (\:':.24) 

O,:""'4=P~(10)+X 

F'~ "c=a' ( 9) InCNM 

~ . 

T'1~ P~TII)NAL f-Ut.lCTICN IS FXPRFSSfO AS A J-FRACTION. 

I=IO-J 
I>::NIt4:P)(I"l).X+FnAC 

2(' ,. ~ AC=O ~ ( 1 ) 11lt; "NI 
O~I=O~)(P(x)·(,P~Cl)+FAAC"X) 

R:TU~'14 

~ 
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PMOGRAM TOnCE'. 

X GI~ C AT E ~ TH 4 toi 1. ~ • 
th) tr()(.L~.11,..t'1,'OO) GO lCl QO 

.... X 15 là~rATr~ TtiAN '74 .~1~ or 1 
1) LI. 1 • <il 0 ,-. 
...,~" TURN 

'l(' Y"'l.nO.ll< 
l'I-N'''.1''4' t J'+)( 
f'l~ "C21)4 (\) IDr /111\4 

t'5 qf, T Tn HI Gti.., 'S f NlJMAf!R 

TH' ~"TlIlNI\L n."IrTIt:/li It'\ tXP~H;(j[\) ~'" A J-FPACllON. 
D" ~tt Ja.?'l 

1-,,11)-J 
nt. N\4 ~ 1'4 li ., 1· ) .. )( H' nA (" 

~,I f q -.C .n). ( l 'II''' "M 
(H r,. n f l( pel( ) • ( y + v. v • C P4 « 1 ) H" ~ A (. ) ) 
PI Tllt~\j 

lon ""(l(.Nr.n.()o) \.11 tc 101 
(' ft )(-\)1)'1 t:. <.",'1 tnt.4r1·;r NIC.AlnH NtI"4nf~nF S/JtlO 

IHlx-1 •• ·, 

r ' 

'II .. 'ltl (f,.f,()O, 

",nt) f-1)Q04Al('l) nrl {"~lu:n wlTH /1. Ilk'1 AI1UU"4FNT. Rf'5Ut..T 'iFT TO -IN"INI 
1 T Y' , 

~TlNN 

101 y~-l( 

'In w"-t.l)ù/V 
Il"C .... (.T ••• n.}, IjP T" 100 

rr"cv.(,r.l.f)()' GO Tr 20t) 
)( Pol (-1.·» 
l" t ~ I)l OC .. Y ) - ( ( ( ( ( A ( h) • 'H .. C r •• ) .. V. A ( '" ) ). y + A ( la ).·U A ( 2) ,. Vf> AC 1 » ) 1 

1 c « ( ( ( "( h ) .. y ., t \ C .." ) , .. v • n ( 4 » •• y tli ( ~» , • v t Il ( ~ , , • v .. n« 1 ) ,_ 
RI- TlmN 
l( 1-" (-4,-1) 

;" <,,) l' fI': - 1) r )t' l ( - y J • ( ( C ( ( ( ( ( {( " ) • W .. ( ( 7 ) a • w • c ( " ) a • w .. C ( II) ) ) • W .. C ( _ ) ». w. C ( 3 ), II 

1 .. wH ï( J ) , il. H ( t ) ) ,'( ( C C ( C ( n ( 1\ ... W H)« ., ) , • ~H n« 6 » , • w .0 (,,\ » ) nI .. 0 ( .) ) • w .. .>" i 

Illc t"*WHl(.").w+O( 1". .:.~ 

"r )( l l'~'; TliA.N -A 

"1 rw " ! 1 ." - IH' )( P « - y ) • ( .... ( 1 • () 0 • w • ( ( ( ( ( ( ( r ( ~\l .. , .. t:: ( 7 , , • W .. Fe t) ) ) • W • ( « ft) a. w • 
1 t (<\ , » .. W H ( ~) , .W • f ( ;J ) ) • l1li" Fe 1 ) , 1 ( ( ( ( ( « (F ( ~ a • W .. f ( 7) ». W. F'C ~ ) ) .W +F C !)>> • 
1 .. 'fi • r: ( 4 , , .. 'fi .. F ( ,»». w • r- ( 2 , ) .. W. F ( 1 , ) ) » 

,lI TV'';-'''' 
~ "1 ) 

1\4"Llctr ,," AL-·'CA-I1.0-1, 
(' (l\L("ULhTt', H4J.- ~ cntf'"Flrtf.NT'~ IN r.VSE'lNOV'') E)(PANSION OF t>ROOUCT 
C Il' TWf) l\"';11C L~('.C",nQE:. PCLV .... OMtALS ON Orf""F~ENT CENTf'!AS IN 

C fLLtr>:,,'llflU crl1'.otNATES. 
tf't~d()(1.1.1.2).""F.O. GO 10 lO 
If (~[1t)(J.l.,·. ;'l."-IC .ù) (if' TO 10 
X~12~.~Q.·(LI.L?+I) 

)( F 1 ~ OFL 11 A T C ( .?L 1 • 1 ). C l.l :.' + 1 ) ) 
Xr2~~FA(Ll-~'·~FAC(L2-M./Cn~ACCL1.M).OFAC(L2+~)) 

Xrl:::tlSQ~T()("I.xr? , 
x~2.0FAC(LJ+J"COF.C«L2-J)/2)·OfACCCL2+J.'2'.OF.CCJ-M), 

Il'~(Ll-t)'Z+(Ll-J.'Z+L2 

1 F « /.400« 1 Il ,iJ •• NF .0 • 

.1 • 

'1 
j 

. ;, 

~~. 
.. \t'~-.;J 

ïïïiïiiii
" : ,~ 

--------------------------------~---.~ .. _----,--------------------------,------------------~.;~~ ----------...... 
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t" 

e 

( 

r' 

~ r~ ~,~ ~~\.. ~ !~T 

, Uf" -u • tH) 
K~."~ 

te t\ ....... 00 
, IrCK~.rq.~.N' nn '" , 

K '", .. 1( ~,., 

)( ..... ··.SN 
Il '-l' +'+NU'-II('; 
11~~(L'-1)1)·~.K~/' 

1 l 'e t 1 J. 1 • M • ~ .fIt. '" . 
'lo\~I.h\-IC.."\ 

h'" l , : .l. , • U. (ill '" , 

'1. 

1 ,.. CC • Il • l. t • \) •• d l~ • Cil,' • L t ,0 » • nu. C Il 4 • L T • d" Ci Cl l' fJ ;1 

f ',II ...... ~ '\N.ot ~ (' C t t , • -po CU,. C K!;. N. h\», ( flf' A CC t • , • -or AC ( Il :U .0 fil! AC: t , r 4. , 
·"'~-·HIM.t! '.'''4 
\.' l fI \ 1 

,~ .... ,.,. 1( r , • kr .. ' • , UIl4, "k , 
Ir(K.rr,).,)) 1,1) fil ~ 

). JI; l '" )( l( , • r ( 1 H (~. t • M • J-M » 
, ï;n- .. l( lt 1 

IJI 1 \ U~N 

H~ \ Il f ... II • 1 li» 
lf( tll~"" 

1 NO 

urAl.. nlNI fi' .... IlffPNon."(NI.l.l.Mlt/a.N;).l..,M,.I;P .... 
UI'flJtlN'\ TIH PUcH\UCT Of" 'WIJ "'0'" rVALUATfIO AT , .. r· CF.NTt!R Ofr nit:. 
ft"~"T; wtH'o' Ttf'- \{("('H'4U I~ Hl -A[ONf.'''''!! 1 A.ls. 
,~I~L H'" UI Al, ."'C A-H.fl-/) 
l' ~/I\ (l1l (') • Il 0 

" C -41 • NI .,) 1; (1 'i1 1 
)( .. 1 ~ 1( "'" m \1 C , • l , , • te .... 1l MM C "' .... 1" , 
f'1)\l·l.~"H iOM Co. 0.1 .0('" • C\).O .IlO' .f'tH"'~J04Cl 2 ."'.i!.-' ,nO,1 .t,O. O.D O.-A- .(~I 

1-1) 
"IHlllrt'Wlllhl\t )l(1l(-I.'.q'.)()(1 
I.I~ l' lll().I'I~, II' 

IJ • Tt t'~fII 

r~fl 

I~I AL HJIIf(1 (1' .... f·r·{ .. "th"CN,.L'.MI./I.N~.L2'''2.1''.~. 

I~' f\lJ.lN~ T ... ' 1)1' "JJ:,~) '(",RAO If""" .... frG~AL Ot:Twf!r'" TwO 
TlIt~ t"'\, ('UHr .. 1·':;;.r.aIl-~lJ.'l"f,.UNITS Al.I1NG l-A.aS ,.RO" 
[ ~"4"" ~ l " .... ç~!tP:~~.t",t)r Ttif TW('t:tilo4.~'50. 
1 M 1"'. 1 C If 14'''' A' • ""« 4 - t4 • 0 -1 » • ; 
c,.,,,,-*\) .1)0 

1 J «~l • Ni • '4.'. l'tCl '0 1 
rl\LL peN/Cf e(,,(l,nO.l' .l? ... 

1""""'.~2-1' 
AX.,.,I)O.~.( Il.,7>> 
!lJ(e-Al( 

PI·).a.l~02~~J~~Q1Q'DO 

!(CilN-" • 0 O." 1 ,',1)0 
kFAC-!(NnAMC,..' "U •• lINQ .... 'NI • .t2' 
IFC~' + ... 2."".1 •• ,. A(.X~AC.(A'2 .00 •••• U-

'·0 
.. 

5fO'S WH!!N 
TH! COfIIMON 

; ... ~J, ,4 .. t- J l .. ~'\! ,.t' , , 
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~. 

r 
('" 

(' 

ï 

1 fOlhl 1 +L'? 
r~C~OD()tO~,?'.~E.O' t~, 

;. JTCt1i11 
JaO 

• l(Jr A<:-ltl4f1 t<.c t, J.L' ,L.1, M' ) 
1~(~JFAc.~n.o.no' GO Ta ~ 

~tJMt -<hOO 
IJ,lTtlPftJ+111-1 
l'-'~O 

1 NI:'! J + Il' f IlP 
II.(P"I<e4 

'1 "tI"'l~';U"'l+O( r (1 +t--Nl • .J.IP.N2'.OINct( tNl.IIIotPN.IP.AX.fH(.f',<t, 
tf'-IP+l 
lNl'lltNI-l 
l'''P~l2!tM~N''l 

11- ( 1 P .1I: • 11' tell) GOT n ~ 

5\1~'!.lI"H)(J.' AoC -r;UM 1 
..... J"J~1 

~ 
1 F ( .J. LI". J T (Hl) <hl TC' 4 

1 r; t +.' 
lFCI.Lr.tToll' (,l' Tr 2 
o.,tl\4 .. Xf· ~(.Sll~.)((" )N.n~PJlOP(Nl.ll ,." .lt ."42 .L.2,~Z.I'.A' 
,- r- (,'H' JI. '-,tjM 

PI T"~N 

r "'10 

rH~L n'''I("TlnN n~PRnf'.f\(Nl,l'.MJ.ll.N.hL~'''2.12.A) 
l~rTtJUN:i TtW PPIlQUC T Of' TWO S Tf" S F VALUA Tf 0 A T POINT '1"" AU! AI..ONG 

(" Ttir- l Al( 1 <; ~ J~tJ~ THf Cn",,,CN Ct:Nf tA nF THI': CH" S. 
tMr.lLlctT ~I-I\L·HCA-H.C)-l' 

r 
(' 

r 

c 

1()(1~1.00 

Ir("I1H~.!.Nt." XXI .. U •• CNIH.j2-?) 
)OCl ,. )0(1 Wf XNI1 ,~", (~H • lI) .)( Nom", NO' ,l ,. 
l(l('"A')( l!.P(-( llt/i' ,.u, 
X,,4~~'it-t~MClI.Ml .-1 .OO,1.OO.O.OO).Stif:JHUL.2,M2.-1.00.1 .00.0.00) 
1 )'JII'~ tll\:elU(I - )( xc "1()( A 

IH T\I~'4 

f ~tl 

fJU\L f-I/"KT lilN THFNn.f\'L,~) 
qf TUIo?N":- TtI' N!W~ALllATIO" CON!-ilANT nF T'HE L ..... 
" .... " 1( LLG""'OHF ~)()L\'hO"'tAL. 
I\tPl.IC Il ~f- ~L.·H A-t'.O-l) 

)(, K 1:11 • < ,,)0. C ;' .00" r)f" L. (1 AT CL) +1 • (lU ) 
"uo\'" ( AUSe M) 
)(l(l .. or ~C (L- ~~ ,/OF AC tL .~~ t 
tHr~o·ngQ4T()()(I·~)(2) 

RL TUI~N 
( NI) 

Rf~L rUNCTIO~ nINOM*8C~,M) 

~t:TUQNS TtiF 14 1 NO 104 1 AL CCE:FFCNI .... ' 
(MPLlerT ~~AL.A(A-H.O-l' 
1 A-à 
rrC(M.LT.U).OR.CM.GT.~)' GO TO 2 



• 

• 

-. 

(" 

(" 

(" 

t A-l 

H.·~ 
IFtrn+1B.<if ..... ' .B-N-t .. 
'~(IA.fU.O) Gn TO 2 
.-0 

, IA·P~-~l'·IA/'I+" 
'-lU 
1 rc 1 .l t • ~. ',l') f (J 1 

:"' 'il NOMftOf lllA r C r~. 

Il~ fUll,.. 

t' "In 

~U'~IHHIT I .... ~ FUT!L 
I~PLICIT ~r~L.~CA-H.O-l) 

C \l~'4IlN/r- AC IF l C ~1 ) 

\ 

-. 

(' flllS UP YtCTO~ ARAAV wlTti 'AC'ONIA1.'J • .,RCl'.,.,NARv TO USf! OF OPAC. 
c r(N) CUNTAIN<; "ACT,)NIAL CN-I' 

.. t(t,·t.110 

(' 

r 
(' 

{" 

(" 

(" 

(' 

(' 

x .. , _1'0 

Iln 1 1 -1 • '\0 

t,II"'I+' 
1(")("'1 
rl(111.~)( 

(", l''IT t NUI~ 
!JI T\IUN 

iN\) 

~J 4t FUNCTltl .... Il~Ac: .. ·"C") 
I~rLICI' ~tAL.~CA-H.O·/) 

Cll""~fllltn·A("'/,.1 (~I» 

J~.:tlJUN'j FA(TOJ.lI.\l .1. ArH~AY ra -.-UC;l R~' rU.Ll:O K-fPO'U THIS MOUTINE 
('" À N ,\ l li St- n • 
1f·(tJ.(j'.~\H.n~.c".L'.O)) un TO.?~ 
"JI:aJ .. 
(}fAcs:r~ 1 (JJ1) 
~r~ T 1'~N 

~~, .1~ITr(t>.?f'I) .J 

='t, f"\)~"ATt'O'.'O)(.·OFAC CALLIN(. ERRORt, 1)(.110) 

{ ; 

IlF4CIiII.no 
f<lr TtJQ,.. 

"ND l' 

Q~AL FUNCTION FCOF.A(M •• NNI.~N2. 
I~PLI(tf qfAL.~(A-H.O-Z' 

(ALCULATfS coeFFIClfNTS tN THE ~XPAN~IO~ OF C.+.) •• NI.CX-YJ •• NI 
IN POWêRS or x ANO V. 
IF((M.,..LT.O .. UR.C .... GT.fliflil+ ..... Z'" r.o TO 10 
IFC~M.eQ.OJ GO Tn '1 
IFC~N.EQ.NN1+hN2) GO TO 13 
IFCNN1.EQ.NN2, GO TO 12 
IFCNN1.Lt.NN2) GO TO 3 , 



• 

,. 
\ 
(' 

r 
C 
C 

'! -,of,- :': ',' .... \ '. ~ 'fi"-~- '...~C( ~:~~: 1~~,?''''~:-rW'l.·~?~~~.~~~pJ~~~~!!I.~ 
.'. 

NI-NNI 
N2-NN2 l' 
)(Ft-t.OO 
GO Tl) • 

3 ""l·.NN2 
N,2-NNl 
XF1=1.OO 
lr(~OD(M~12).NE.O) KF1~-1.OO 

A IF(~M.MM.GT.Nl+N2' GO TO 5 
~.M~ 

Gr} TO 6 

~ ~="'1 .. N2-M'" 
1~(MOO(N2.2'.~E.O' XFlz-KFl 

A X~1=XF1.DFAC(Nl'.OFAC(N2' 
StJ\4=O.DO 

K" '=-1 
x::.N=-} .00 
IF(K5.fU.N?' GO TO 2 
tc.::.::l(cHt 

XSN=-X<;N 

111=M-1(5 

Il'?=N?-K''i 
It'!-::NI-M+KS 

IF(II1.LT.O' (i(1 TO 1 

.. ' 

,.0- ( ( 1 Il • L T. 0' .n~. ( t 12. L T. 0» GO T n 2 
T r-'~~:' X SN / ( 1)F" AC (1( S ) -OF AC ( 1 1 1» -Of AC ( 1 1 2' • OF AC ( Il 3t , 
"'UM~~\Ilo4" T r: QiII\ 
G,) Tt} t 

2 'Fe .1F;;)CF 1 • su~ 
~CTU~~ 

10 Fe: W=O.DO 
'''l':TU~N 

t 1 FC·1F:: 1.00 

r·F: TlJ~ '" 
1.? 1 r p~O () ( M'IIt • 4' ) • ""s: • 0) GO ln 1 0 

IT1="4~/2 

FCrlF:::I)f"Ar C NNI )/(OF~C( 1 Il '*UFAC(NNI-111)) 
If ('-1f10( 1 Il • ~) .ca.l) Fcor=-FCOf 
Kt- TtJIJN 

1" f("',lF=t.()O 
If (~il)(NNc!.2).NE-.O) FCOF:-l.00 
~f': TIJP"I 
E.....,D 

~ t AL FU NC T trI N "iL 1 T. ~ ( rA. 1 e • 1 Q • LI, L 2. "') 

/ 

( 

GIVf~ SûME COtFFS IN EXPA~SlON or P~OOUCT O~ TwO NORM4LJZEO AsSoe 
LE~[NnRr PPLY~O~rALS ON THE SAME CENTfR I~ ~oweRS OP MU-NU AND 
(MU-NU) 
IMPLICIT R~Al.8(A-~.O-Z' 
FAC:::t.OO 
tF(~OO(IO.Z'.NF..O) FAC=-FAC 
F AC;::F A C. (J 1 NOM ( U + 1 A. 1 Q ) 

1 1 1 ::L l - t ~ 
fI ?=L2-,lB 
IFC~OD(tll.2).NE.O) GO TO 25 
If (-"OD ( 112.2) .NE. 0' GO TO 25 

• '. , 
.' 



• 

• 
r 
r 
(" 

( 

r 

'. , . '''j' 

111=111/2 
112= lu/a 
113=111+112-M+Ll+L2 
CONST=l.DO 

PROGRAM TOOCS 

1~(MOD(II3.2,.NE.O' CONSTz-l.OO 
CONST=CONST*OFACCL2+tS)/(OFAC(112).OFACCI12+IB'.OFACCI8-M)' 
XNO=THENO(Ll.~)*THENO(L2.M) 
CONST=CDNST*FAC*XNC 
CIJNST=CONST/(2.00.*(Ll +L2») 
SUM1=O.OO 
1<= 0 
FAC.::1.00 
KTOP=M+~ 

II 1 =1A+KTI1P 
I12==LI+1 1 t 
113=112/2 

1t4-=II3-IIl 
1 IF(114.LT.O) GO Ta 2 

1 F ( ( 1 1 1 • L T • 0 » • Il R • ( II 2 • L T • 0 ) • ('1 R • CI 1 3 • L T • 0 », GOT 0 ... 
)(K f- AC =f- AC" F C OF ( K , M, M) *OFAC CIl 2) 1 ( OF A C( 1 13' .OF AC ( 114' .OFAC ( 1 tl ) • 
5U'41 =SU'11 +XI<FAC 

? 1<=1<+2 
lF(K.GT.KTnp) GO TC 4 
lIl=III-2 
IJ~=112-2 

IIJ=IIJ-l 
lI4=Il4+l 
FAC=-FAC 
GD rD 1 

4 HLIT:::CI)NST*5U~1 

~ETlJP~ 

?") f-iLtT=O.DO 
4f:TUI.<"l 
r~r) • 

, . 
~~AL FUNCTIDN HBtG*~(lGAM.Ia.L).L2.M) 
G1V~~ TH~ COfFF OF (NU*MU)**(Q/(MU-NU) •• IGAM IN EXP+N.ION OF PROO 
OF T~O Na4~ALlltO ASSOC LfGENORE POLYN~MIALS ON SA_E eENTER C8J~ 
1 ~ PL 1 C 1T l.1f AL. >! ( A - ..... 0- Z ) 
su~=o.oO 

t 1 l=L 1 +L2- IGA~ 
1 r (""OD ( 1 Il • ? ) .NF .0 J GO TO 2 
""M=JAtJC;(~' 

1 t'il1T= '1M+l 
ITnp=L2+1 
01) 1 1 1 1 :: 1 ~ UT. P' n P 
1:1t 1-1 
II=IGAM-I 
~lJM=SU""+HL r T ( Il.1, 1 Q.L 1 .L2. M'M J 

1 CO~T 1 ~UF 
? I"1Hl<»=SUM 

~F.TUQN 

(~f) 

" 



• 

~. 

• 

c 
(" 

.• ~ '~~t~Jt" 
> - • 

QEAL ~UHC'ION OGAUhT.8CLI.~2.L •• '.M2.M» 
CALCULAT!S IN".,CLI .... ' "."U .. 2,1iII2, • .,U.,M'. ... 
.U~' HAV~ Ml+MI+N-O ~OA TH~ INTEr.A~ '0 BE NO"-ZERO 
I~PLICIT qFAL-8C~-H.O-l) 

• .,CCL ... Lt.O'.OR.IL2 ..... T.Ol.OA.CL.LT.0" GO TO 1 
,,. CCL. G T • Cl .. 1 .L2 t » • OR. (L • L T • 1 Ab S (1. 1 -L 2' ,. GO Ta ,·1 
J':-(CMI+"2.;".~.O' GO TO' '" 
XKC-l''';fjWT (2."'. 
x l(C". 1..J81l.? fi' RO. 01_4 '11 TOO:, 
"'.C~ltl.'.L '/2 
11I"llitlll 
',.·(lII .... '-.(LI.L2.L" GO TO t 
lLI"'LI 
lL,zsl_J 
lL-L 

"" .... , ~J-t)SC"I' 
........... 1 A'~C;V"'" , 
"'." t A"'H M' 
te', tI<. .:. () 

IqlAt .l,F .ô,.- lCHlc.-IC .. t, 
tr c "',. .6,. • t» 1 CUI(-' Ctil( t 1 
1 t C \4 • <. f .0' • C"'I(" 1 CtiK. 1 
1,1 ro c ..... ct., .ICHI( • 

t 1 r- ( .... t\t .• 0. <.'\ Pl "5 
(t("".C,l',ll) (,l' TI' 11 
I\oIM1I''';> 

"""'>."IA .. ;( .... ' 
LL~L;

Lll-rL 
<.U ff' c:, 

1,' ~M-"'l 

""'1 -.1 At."'« lit, 
U .. t 1 

" LL t -1 
('.11 Ttl .. 

• l'-C'4.,_T.O' c.O 1' .. 1] ") 

... ('''1 .l f • 0' (J (] Hl 1 0 

"' .. " 1 4·' <; C M? , 
'-".,- ... 
l\ -L;-

Ll.':L 
,-,'1 fo ... 

10 ,.. ... If 1 A ti SC., • 
..... t·,.. 
Ll ~ll 

LL 1"1 
" e., '(.~(Ll.." .LL;>.LL.I? 

C;IG'4=I,I)O " 
1 r(''''Ilt:'( IG-LL 1-..... 2.1 •• Nf .0' !.IGN--l.OO 
li{ Tnpt SI GN.rH' AC' 2- ( Hi-lot.. 2' ".OF AC« tG» 

• 

o _ 

.' 

.. . ' 

" 

XU:)TcOFAC( l'~-LLI ).OFAC( IG-t..L? '-OF_CC IG-LL'.OFAC(Z.IG+l' 
x·,u.T-Of'LfhTC (2-LL1+. ).(2.LL2 ••• *(2-LL,+I ••• 

1 OF At. (LL 1 ..... 1 , _0" AC C LL"; " .... ·-MM1 • _OF AC« Ll. 2+114"2 •• OP ~C( Ll. 2-.2'1 
1 COFACCLLI- ... "' ••• OFACCLL+.,~ttM"2'.2.00'· 

JCt-_C-OS\lSH( ~RAT' 
XF_C-XXC-XTOP-XFAC'XROT 

" JlSU~·O.oo 
5 IG,.- •• 00 

" '" 

.. . 

".1 

, 1 

j 
'} 

a '" 
_, h 

• 1&::1':1 



; -=,' 
~ .. . 
, ..... , 

/, 

1': 

~

'. 

· .. 

.,\ 

r 
r. 
c 

r 

IIT=O 
111-U .. 2-.... 2 
1) 2sLL-""1-MfII2 
113-LLI-"''' +111 
114-LLl +""1-111 
1 15JsLL .'UH +114"'2 

PAOGIIt.M TOOCE 

6 IFUIIl.(.T.O'.OR"CII2.LT.0'.OR.(1I1.LT.O)) GO Ta 7 
IF(lt4.LT.O) GO TO 8 
PSU~SIGN.OFAC(JI5 •• 0F.C(lt3'/(DFACC 111'.OFAC(ltTJ*OFAC(112.* 

'OFAC(II." • 
JCSU"4=XSU .... PSUfl' 

f\ lIT: lIT + 1 
111=111-1 
J 12: 1 J 2- 1 ;1 
Il.l:: J J 3-1 
II4~rr4+1 

Il'5=115+1 
SIGN=-SIGN 
GO TO 6 

7 OGA'JHT=~fC.C'X5U"" 

PCTUR ... 
1 WQln:'fl.Z) 
'2 .. -rH"AT(· '.' GAUNT COFFF INDEX ERROR', 

OloAU",T=Q .00 

PF T'Jr:r.., 

F"D 

REAL FU ... CTIO ... RETRIP.fHLI.L2.L.Nl.'I2 .... 

o 

Pf;:T'IP"'S I ... T{S(LI ... I·).S'L2.~2).S'L,'I' J. WHER-E S DENOTES RE ...... NOR
MALIIEO SPHE~ICAL ~AR"CNIC 
I~PLICIT PEAL*S(A-k.O-l' 
IF«LJ.LT.O'.OR.(L2.LT.O •• OR.(L.LT.O,) GO TO 26 
IFCCL .(jT.(U +L)f) ).;JA.(L.LT.IAAS(LI-L2')) GO TO 25 
1(HI(=1 

IF("I.LT.O' lCHK=-ICHK 
I~("?LT.O) lCHK~-ICHK 

JFC".LT.O. tC~=-ICHK 
IF(ICH~.LT.O' GO TO 2'5 
III:L 1 H 2+L 
1 12= 2. ( t l' '2 , - t t 1 
IF(112.~E.O) G~ TO 25 
J~C(JAHS(~l.Nt.IARS(~I+M2.'.ANO.(tARS(""J.~E.JAeS(Mt-~Z.,) GO TO 25 

".. 
ILf~!1=O 

IF(~l.~~.~) IZ~Q02tZfAO+l 

IF("'2."::~.O' l,rt:~:l~IZERC+l 

IF(~."::~.O' IIER0z11E~O+1 

1 GO: Il'E'~O+ 1 
GO ra.(~.Q.25.~,.IGa 

'5 Q~Tq 1 P:O .00 

RF TUA,.. 
sen., :0 

..... 2=0 

...... ..,1:0 
8 AETRIPaOGAUNT(LI.L2.L ••• 1 •• M2.MM31 

PETUAN 
9 fIIIM1-1 AaS C fil 1 , 

, ,. 

" 

, 
;,' 

.~ 
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PROGRAM 

MM2=-1 A85042' 
MM3-=-1.ÀBSCM) 
IF«M~t+MM2'.LT.O) MM3:-MM3 
GO TO 8 

f, INEG=O 
IF(Ml.LT.O) INEG=lNEG+l 
If(M2.LT.0) I~EG"INEG+l 

IF(INEG.GT.O) GO TO 10'" 
5IGN=I.00 

t t LL t =L 1 
LL?;J..2 
MM1=IAeS(Ml) 
M"42=IAA<;(M2' 
MM1~- 1 ARSC M) 
(F(~Ml.GE.MM2' GO TO 7 

~S"Vf:_=M"'l 

MMI =M""2 
~"42=MSAV~ 

MC;AVE=LLI 
LLI=LL2 
LL2=MSAVE '. 7 IF{ l"liSe M) .EO.(M"'I-II4M2» ~"'2=-M"'2 

r XCn~=1'SQRT2 

(" 

(" 

(" 

(' 

(" 

XCQ~=.7071061841865_7SnO 

R~T1lP:SIGN.XrON.DG.UNT(LLl.LL2.L'~"'1.~~2.114"'3' 

pr:TU4114 
10 5 1 GN: 1 • f) 0 

IF«Ml+M2+"4).E~.O) SIGN=-SIGN 
GO TO 11 

\ ?ti WRITECf,.27) 
~7 rOf.l"4AT(' PFT~IP CALLIIIoG ERJ.lm~· J 

I-If-Tqtc>=O.DO 
~FTUR~ ) 
~- Nf) 

QlAL FUNCTION FrGAA$R(Nl.Ll.Nl.Zl,N2.L2._2.l2. 
IMPLlCIT J.lFAL.~(A-~.O-l) 

Ir(Ml.NE.M?') GO TC 25 
IF(Nl+N2.Ea.2) GO TO 2~ 

t~«Ll.~a.O).ANO.(L2 •. EC.O» GO,TO 25 
).Xl::X""nrHoHNl.ll )*x,,"ORM(N2.ZZ) 
'l(XC=4-SURT(PI/S. 
XxC=3.170~6181POR.~09DO 

XXA=RCTRl~C~ltL2,2.~1.~2.0) 

XX~=DF~C(~I+~2-J)/(Zl.l2) •• (Nl+N2-al 
EFG4A=XX1·XXC*XXA*XxR 

co 
~t"_ TUPN 

2<:; fFGA~=O .00 
wf TlJP .... 

F"'D 

1 

S UB IWU l 1 NE '" A TOUT CA. D, ID. te 1 , N • Jill) 

(" PQI"fTS OU,T -'X'" SQUARE ... ATAlx .ITH ROWS AND c..OLUflfNS NUM8EA!O. 

'= 

- .' 

,. 
, . 

l , 
,-
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P.ROr.RAM tOO(I! 

I~ ~At~IX 15 SY~MET~IC A~O STOA~D IN DIAG AND top ~AL~ ONLV. 
1 ~ al. 1 fol .,. AT R t)( 1 S S TOR E 0 1 N W HOL E A AR A Y " 1".0 • 

If' ""TRtx 15 IMP\..ICITL.V ORO~RfD VIA AARAV 10.1"'-& AHD 
~tC.~NVALUF ARqAV 0 ts PRINTFO OUT UND~R TH~ COLUMNS 
JM"LI~J~ RtA\..-"(A-M.O-Z' 
o t Mt. N S' ON A ( KI, 1 » • 0 CI( 1 , • 10 C K' ) 
lrtaO 
Kf#f, 

1 t 1 =MI'O C N-l ,1\ ) 

Il?ftMOO(N-l.1) 
1 r ( r t ~ • i. T • t t 1 • ·GO TOI 

" t r ;>."'00 ( N-l .6' 
1 f' ( 1 1 ~ • f. T • 1 t l' K!Ii ft 
(in TU , 

1(%"7 

'Il~Jl2 

"0 Tn ;.-
,. Ll.f"Iw a K.*lP ... 

lIlP~K'*C fP+l' 
""CLl'''.Car.N) l.UP-N 
w~ITr (t.,.' (1,laLle •• LUP' 

l, F-l1RI4ATC '0' .tOX,12,fI' 10)(,12)) 
Pt) '... tel, N 
If- ( l '" • ,.. \) • l' l' r, T 0 f"I 
Jt'C lM.l T .0) (,0 Tn, 10 
WIn TI (f'. 1) l, C A ( 1 • J ) • J" L L C W ,l U P , 

7 ~ ( H~'" AT Ct, • 1 )( • 1 ;>, 1 1( , ~F Il • ft ) 
(,(1 rn .. 

10 _~)It( ("',7) ltCACl.rOCJn,J-llOW,LUP' 
(,cl TU '" 

,., If cc Ll. 0 W • L T .r , • ANf) • C t. U P • L'- • n) GO T 11 d 
It-CCllow.LT.J'.4NIJ.CLUP.GT.I) GO TI) Q 

W 'J , T r (f, • 1 ) 1. C "c r • J , • J -:: l L r. w .l. li r' ) 
(,d Tf1 'l 

'I "1.) 1 Tf. (t'. 7' 1. (A( J, r t, JaLLCW,l.:'UP' 
GD Tll ~ 

() IIJ"I+I 
Wh' t r ~ «'f •• 1 ) 1. ( A C J • t , t J 1I1, L r. w. 1 ) • ( A ( 1 • J, • .J. 1 r,J .l. lJ~ • 

'" (\lp.,jr INur 
Ir(tM.LT.OI GC" lO 11 

" IF(LUP •• O."4' RETURPw 
IPy IP+I 
(,0 Til .3 

11 wrnrt ,(( .t~' (O(IO(J.!.J~lLOW.LUP' 

12 f"llq'4~T(·0· .. lX.·F.·.1)(,6r12.tH 
GO Tn 13 

r""fl 

.... ' 

.' 

, 

• 1 

N • .. 

• 
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~ 
.1/: 
'" 

.~ 
>, ..... 1 
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This progt'alll, whioh ClaldUlateB a Jt\Uleoulat .ave

funatlon ona~ the alectron ts~ul.ion inte,tala have baan .,. . , 
Btored on tape by program "lNB, ua •• atand.~d teohniqu •• 

for thé iterative aolution of the H.rtree·rodk~Ropth.art 

equati\ln.1 " no di,c\l.~ion b.yond that of Chaptax- t1 will be 

qiven exo.pt docu.ntatlQh, the aubruutine flowchart, _\Ab. 
routine de.cription.; and· the ptogtam l1Btin~ ~prà~t.m WUNIT). 

T·his proqram Wfta u •• d to retJ8at the oalaul.tion of 

- ion by Clemanti 2, tho enerqy end coefficient mattlk 

as many plaoes aB publiahed (5 dec· 

laces in the o09fflciant~, 8 oignificant fiqur •• in ~h. 

~nerqy»). Thi. calculation uatU al1 the t'outines. that fi 00" 

lecular calculation u ••• axe.pt XNUK2, the off-center nuel.sr 

aLtractlon integral routine, 'l'hie ràutine \lia! .dotlumentad in 

Appandix l, howevwr attempta to r.produa~ early ocz·.cr ma· 

leoular calaulatlona by MOdd!.J alw4ya relultfd in lmall dif· 

fArenoea in the 9n,rgy and coeffioientl- As dl.ou ••• ~ in 

Chapter Il, our attempt to repa.t M~~eia'B 7l-orbltal ooa*acr 
calculat.ion of He1 4 qav.t dlfferenoeE' in the enerqy of ~bout. 1 

in the second decimal plaCl." and diff.,reno:8 in rom. of th. da.f

ilaient.. of the Sa MO of about 5 in the second dedlm.l pl.de. 
" u.S 

The ~1.cI8 dlffer.d by about .2 au. Moorüa ha. J.nfol'ma4 

lltct 

, . 
r . 

] 

~ j ~h~ ~ 
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that his ~lectron repulsion integrals were stored on tape only 

to six si9nifi~ant figlrre9, while ours Were stored"to 16 figw 

ureSl it is necessary ta d~cide whet~er these differenoea in 

the electron repulsion integrals are sufficient to explain the . 
difference in the two OCE-BCF calculations of HCl. A test 

calculation waB made at r =2.4081 au using our aCE-BCF program 
e " 

\ 

and rounding the electron repulsion integrals to six signifloant 

figures 6 . The re9ults (q 1 ' energy, and MO coeffioients) are e ec 

prese~ed in Table It they are to be compared with Chapter II, 

Tabfe ~ and Chapter III, Table 1. The energy differs by about 

4 in the second place, and sorne of the coefficients in the 50 MO 

differ by about 5 in the second place. This is of the same order 

as the differences between our repeat of Moccia's r~2.424 oal

culation and his published values. We emphasize that one would 

not expeot to reproduce t-toccia t s results exactly by trunoating 

the integrals (even had we do~e the truncated calculation at 

the 2.424 au internuclear separation for whlch Moccia published 

MO coefficients, we instead used 2.4087 au, at which di.tance 
1 

Moccia indirectly reported q 1 but not the coeffioient.) sinee e ec 

the lruncation in storing his integrals would not have been ta 

exactly six deeimal figures but ta a machine-dependent binary 

word-length. The qelec for our truncated-integral 71-orbital 

calculation was 3.48 au (aompared to an experimental value of 

3.49 au1 ), while the calculation wlth the full l6-figure inte

grals gave (Chapter III, ~able 1) 3.13 au. Maooia did not ra-

pqrt q aOs suah at r-2. 4087 au but did report that hi. total olee 



e 

TAilLE 1. 

electron r,opulslon intogrRlR rounded to 6 slqnif.icant figurel. 

BaBia urbital numberlhg la that of Chapter II, Table II. 

E -olec -467.07666 {lU 
E -tot -460.01892 au 

qoloc e 3.47564 au qtot II! 
3.61876 au 

MO coefficients 

baRtB orb. lu 2a 3u • 40 5<1 

. 
1 -.091852 -.001574 .000049 -.030092 .010257 

2 -1.078612 .20394' -.000957 .304322 -.100444 . 

) • 223407 .223503 . -.000354 -.295388 .105751 

4 -.110629 . -.115058 -.000549 .635446 -.219463 
0 

5 .064211 -.,l5896 .005156 -1.257639 .408454 

(; -.015242 -.120495 -.001434 .607985 -.209891 

7 .,002768 .007865 -.000516 1.055450 -.2S1976 

8 .001510 .004994 .000039 -.013356 -.019853 

9 -.000101 -.002272 .000002'- -.00'895 .024805 

10 -.002558 -.008125 .000157 -.242082 .162983 

11 -.000196 - .00Q418 -.316325 -.010854 -.051664 
"-

12 .000208 .;...001931 -.631672 -.017811 -.192122 

13 -.000102 -.000672 -.118411 -.006225 , .075296 

14 .000034 -.000257 .022566 .1407t5 .706652 

15 .000034 .000179 .0207~8 , -.045261 .197018 , 

16 -.000010 -.000053 -.005382 ,.019026 .006622 

continued 

' 1 

.. 



i6l~1 Il (cont·cS.) 

e 1 

ba,i, orb. 10 

17 -.000038 
" ,18 -.00.4596 

, 19 .008322 

20 ".003861 

21 - ',000998 

l2 .ÔOOOOO 

23 • 000006 

24 --.000003 

25 .000003 

ta 26 -.000002 

27 -.000001 

28 .000002 

~ 
29 -.000001 

30 .000002 ___ J 
31 .000000 

Eigen-
.. 

-104.833549 

value (au) 

basi. orb. 

32 

e. 33 ~ 

o ~~ (conttd.) 
<---

20 lo 

-.000146 -.02648' .071501 

.004222 -.002692 -.073840 

-.009960 .003927 .165583 

,004570 -.001827 -.100791 

. ,,001248 -.000465 .089004 

.000130 .001629 -.039544 

-.000273 .006445 .03227 • 

-.000099 -.007299 .067682 

.000004 -.000086 -.001681 

-.00007-8 -.000070 .039206 

.0000S9 .000002 -.025546 

-.000121 -.000096 .047625 

.000083 .000062 -.036910 

( -.000126 -.000122 .051752 

-.000026 -.0000l9 .010829 

-10.561675 -8~028613 -1.108937 

w MO coafficient. 

111 

- .307652 

-.643798 

. 211 

:-.073177 

-.190421 

50 

.08506S 

.046533 

.006450 

.126421 . , 

""l 

-.Ol38S0 

-.001022 

.125197 

~,022608 

.086212 

-.03823'1 

.078741 

-.059451 

.085645 

.019050 

-.610706 
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'.rABI,B Il (cont 'd.) 

basi. orb. 

34 

35 

36 

37 J-

o. 38 

39 

40 

41 

42 

43 

44 

4S 

46 

47 

48 

49 

50' 

51 
• 

Eigenva1ue (au) 
..... 

, .' - - --;-_ ~. - ,'~ .;",~' .': .. t.~ 
~. 1 ..... '.. .. - - ~ .... ..,~ .. ~ - "!*1'",.. .... 

-
-' 

-
• MO coefficient. (cont'd.) 

1 .. 

-.125394 

.062879 

-.085475 

.104054 

-.049692 

-.01.3990 

.046662 

-.030768 

-.005338 

.015545 

-.001016 

-.014412 

.000045 

-'.000111 

~, 

J 

-.000014 '. 

-.000
0
026 

-.000023 

-.000014 

-8 .. 020966 

2'ir 

-.003256 

.763891 

.193455 

.174536 

-.013732 

... 100427'_ ... > . 
.;" -.236762 ':. 

.166758 

.039293 

-.102340 

.015623 

.079909 

.000779 

.009364' 

.000266 

.007086 

.003948 

.002252 

- •. 465214 

. ~ . 
.< 

'. ~..l 
.~.~'! 

'. 
n 
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q oombine4 with th. aQq valu.· of 67.3·MHI for 35ci in DCl . 
determinGd- by Cowart and Gordy8 oav. Q (35C1 ) •• 0782xlO,-24 cm", 

whiCh Avre •• to 3 figure. vith th. value vivan by Rama.y'. 

Ona oan c1aduoe from th!. t-hat Moccia'. q.lect waa 3.52 au. Thu. 

the aix·plaoe int.qr~l trunoation in our program produc.. a 
, . 

q.lec c1iffaring by .04 au from th.t r.ported by Mocoia, althou9h ' 

tllat caloulated with -th. untruncated inte9ra1a 41ff_rl trom 

Mouoi.'. value by about .2 au., Thi. oonfirm. that th. lnte9ra1 

Itora98 differeno •• ,ind •• d auffl0. to axpla1n th. d1ft.rano •• 

betw •• n our calcul.tion and that of Moccia. 

The flowchart, .ubroutina calling dia9r~, aubroutin • . 
d08criptionll, and FOnTRAN lJ,atinq of WUNtT appear in th. fol-

lowing pages • 

r 

0' 

.. 

. . 

__ "J 

.' j 
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Flowchatt tor pro9ram WUNIT • 

Rflad Raad ba.l., 

\start. 
Atomie nwnb.ra, 

n,f"m,~ art •• ian coord. 

Cale. l,nit!al Calo. overlap, * 

rock mai" trom l-eleo.Ham.mat •• Read initial 

d.naity mat. and cale. transfo to enai ty matrlx ' 

elao. rapt 

Diagonaliz. 
init. Fook mat. 1 

EVo1d"high •• t \ 
occ. eval. 

Eolà-
Enew 

EVald • 
EVne", 

coeft. mat., 
dense mat. 

int •• orthonormal bu 

Cala. init. CAlo. 

enerqy-!old' mat. 
cala. n.", mat. 

denlity mat. J:ep. 

ea 

Stop 

Cale. new 

enerqy • Enew' 
cale. ne", dena. 
mat. 

new Fock 
tram dan •• 
and .l.c., 
inta. 

Diagonaliza 
new Fock mat., 
EVnew • higb.at 

eval. 

. Stop 

. . 
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Subroutlne call1n9 dlagra. for proCJr ... WUNI't; which P4lrforu ...:; 

: .,l.cular OCI-SCl" calculation onoe el.ctron repul.ion lntegral. 

haV* been .tored on tape .by W1NZ. Doubla arrow. indicata tran.

fer of control; .inqle arrow. indicate mathematieal funetion 

- aall.. O •• hecS arrow indie.te. referénce to al) array. 

~1\ 'ST:RT~ 

POLAR < lE 

/ ~. 
f' XNUltl . SKINNY 

Js~ -'-1 
~&;K2 

1I~' 7~ 
DGI\UNT XNUKRA 

ct AJSBR 

~~ ," 

PACPIL <--,,-----------
.< • 

f 

• , , , , 
, 1 
1 
1 
1 
1 
l , , 

, 1 
1 
l 
t 
1 
t 
1 

~DFAC-- ---""1' .... -
Ç) ~SYMQR 

K ~XNORM~ 
~MATOUT 
~CLOCK2. 
~OVER . 

~SH~IU .... I --.~ALEG 

~A 

~F~~ 
BUILD ~ 
/I?~ 

DBCODB 1110 



• 
Subroutin@ descriptiona for WUNtr. 

-.' 

MAtN - beglna timing, directa readlnq and printing of input:. 

data, directs calculation, print. out total prugram time. 

REAUF.R - re.da input dat.a and an inH:lal guesR of den.Hlty. 

mat.rlx. 

REITER - prlnts out input data. 

l>G1\lJNT Integral over three complex normali.ed .pherloal 

harmonicR, Appendix l, equation (l~'. \ 

FACFtL - r 1110 .. rray wLth double pree talon ff\ctor laIs' jf tntftgars 

fOl' J Ah~" accpFtA by DFAC. 

1 
nFJ\C - returno c10uble preclBiun [actorlal of integer from array 

ri lIed by rAC"U .. 

XNURH - radial norMalization conetant of STO, Appendix 1, e'1ua-

tion (6). 

RhTRIP - inteqral ovcù· thr~e real normali.cad sapharical hal'amnl0., 

Appendix l, l'quatlon (1). 

MATOtrl' - print-a an nxn matrlx. 

"OP - 'conatructs density maU-ix for cloaed .hell .yat,-em viwn 

cO~f.(iciGnt matrix. 

LI:nv - conRtruct.. tranAformation IMtrlx botween 8TO basi. and 

orthunormal MO ba.la (Chapter 11),. 

NO - determinea how .. ny di.tinet int.~r, •• ppêar in ttl- quad-

~ ruple I,J,.,LI u.ed ln interpretlnq intG9ral label •• 

OgCOOE - d.ler~ne. the four baal. orbital nudhera r.pr ••• nt.4 
t 

by thA aingle Integral la~linq Inte98r. 

1. 

1 , 

1 . , 
1 



• 
SYMQR - Houaeholder - QR routine for cSia90nali."tion 

aymmetrio matrlxI routirie publiahed by. stewart10 • 

EN~ calculât •• and';rinta total ~1.CU1.~ anorgy 

th. eleotronic energy. 

of Il 

XNUKRA - radial ,int.ClrAl for off-center nuol •• r attraotion 

int.gral.~App.ndix I, equation- (23). 't 

~'.7 

ATTSER - auxiliary integral of Appendix l, .quation (10). 

OVER - l-oenter ov.rlap integral for STO' •. 

)~h 

SKINNY - kinetic onerqy inteqral betwe.n STO'. on same center. 

XNUKl - nucloar attraotion int_gral with central nucleua. 

XNUK2 - nucltinr attraotion with off-center nuclous. 

e BUlI,O - intarpretB the lAbeling intaqers tor Qleotron repul.ion 

in'tograla and adda thé appropriate amount. to Ill.,~nt. of the 

Fock matrix - builds the Fock matrix given tho repul~ion in~ 

t8gral. and density matrix. 

ERG - calculato8 electronic enerqy from density matrlx ancS 

one-eleotron part. of Fock mAtrix. 

EFFIX - reada olectron repulaion int.grala and label. from 

tape - directe construction of Fock~trix by BUILD. 

EPROB - Bolve. eigenvalue problem in non-orthonormal ba.i. 

by tranaforming to OAO bA~i. (Chapter II). Arrangee elgenvalu •• 
• 

and v~ctorB in order of increa.ing energy. 

ITER - dirocte iterative part of calculation, check. convergenc., 

~ prints and punchea out re.ulta~ 

START - directs the preliminarie. to the lterative part of cal

cul.tion. 
• 1 

~ 
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• A .; 
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" s 

• _ BII.IIM - a"duat .. rad norJlyad .phari"al hatllOniC! at 

point 8 ••• 

.. 

-
ALla ~ evaluat •• a •• ociated Lègendte polynom~al (Appen41x l, 

.quet1an (1», ooded from a190tlthm by Herndon, Appendi. l, v 

rererance 23. 

POLAR - returnl .ph.rioal polar coordinat •• of • pbint 9iven 

the Cart •• ian ooordinat ••• 

A - th. A-funetion, App.ndlx l, squation (9). 
- .' 

HAMlE - caloul.t •• and .tore. th •. ona-eleptron part of th. 

rock matr lx. 

CLOCIC1, CLOCK2 - timing routln .. devi •• d by MeOlll Un1ftl'Iity 

Computinv Cantre. 
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MA 1 N PPO<iRAM 
o e. 

IMPLICIT RCAL.8CA-H,O-~' 
CO ... ~/(JH"'i/NIlfH 1'2' ',LO"(.1'2. ,MON 0'2', lnR( "fat t N ... l NT .Nl ... 3.... ' 
(OMMO"" scr 1'" C ., ~ • 12 f. ft ( ?l • ., 2 .. V C 1 ~ • ., 1 Je ... 1:-' • CD C" l'» ,Of" ~ l , ~ C ., ••• 1 oC 

112. 
COr.tlMON/F AC IF' C "Sa )-
CnM~IlN/I NIIL 'lUO] .. « 1 000» .lC.rp Cl OUO ) 
OIPFCT~ .LF CALCULATtON -- MAIN 
(ALL U')(1(1 

(A&"1.. F,A("·rIL 
, CALL ~F Anr~ 

CALL IH- t n,q 
C.ALL ·;rAPT'CLt a 
CALL 1 T r J~ ( N •• -1 • 
CALL ,.. N" In (1 1 » 
(ALL ClOCK;>(NT2 » 
l( l( l '"'0' L t 1 A T C'N T? , 1" Ir') • 1) 0 
W'" (Tf (, •• II 10(1 
"(H'~"T( ·OTHTAl. l'POf.QAM TJMf-'.2)(.tH.?I}(.'SCCOND~" 
C\Tf1IJ 
l'NO 

c;WlI'lfl\lT , Nt I~" Al)r~ 

1 ~ JlL tel 1 I~ ( "L. ~ ( A - ... 0 - l • 
(!l~MON/I)"'II';' l "IOH C 7 ... ,LO rI( 12 ) • ""0'"' ( .,?) • ln Re 12 •• N. NI NT • N 2, N.l. N_ 
e IJII4114n li 1 0; T d~ F" 1 )( ( ;, 0 , • '( ( l 0 ) ,1 ( 70 ) • NA T "M ( 2 0 , • Pli Il'' • Nue c 
( n ,.. ""0 "1 1 Ci ( r 1 p ( 1 2 • ., 2 ) • r « 7~". 7 2 ) • v ( 7 2 • ., ~ •• H C '?J • CO ( 12. ~() ( ., 2 • • E « 12' • 1 0 ( , 

1-72' 
"',Al IN TITLr c.ARn. 
IH .. oc.., • .? 0 • r '""0 .... 0 ) 

~;to ~ (l'B.,,,T ( , 

W I~ 1 Tf ( " • 20 » 
t • '. 

( r~'ArJ IN ~UMAF~ nf' ATO"4!" ANO NO. OF I)Rn(, l"'l OASIS SfT. 
~I" "\)( r), 1) NA T. N 

C 

(" 

C 

(" 

< 

t f-nJ.?~"T(;' 1;'J. 
nL .. n IN NU.,.R( ~ rn: ""rlN-ln"" l'LH' J'f-P INT~G4ALS--OUTPut FRO~ WIHZ 
Pt AO(').4) NINT 

". '-'l"'~AT(rr" 

? 

J 

0;, 

f, 

~o 

f~!-AO IN CA,dl <;'.N (fJofH,'ô AND ATOMIC Nf1!>-r:'JlPANSrnN CFNTt:A MUST fiE 

AT ORIC.fN. 
Pt A tH "). ~, «()( ( 1 , • y « 1 , , 1C t , • NA T UM Cl' ) ,1 li: t • "'AT ) 
.. lIQ,...T()r ...... 'l."\J(.l?' 
):li Al) 1 N HI. ~ 1 S C;l T r Nf /) • 

r~lAO(5.~. ((NOJJCI •• LUJHI"MOH(t,.ZOR(I,).r-'.N, 
FORr.tIAT(~l(. H2.F10.l'd 
JoIEA\") IN INPUT Ol'NSITY "'''lnIX 
00 ~ r -1 • N 

RCAOC~.(',. (f'l(I,J).J-I,N' 
FOR.,.. TC , ( • Je • 021 .1 ••• 
RF:TlI~N 

STOP 
~NO 

-----~- --
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,un~DUTINF Mrlf~" 
r~tNr, OUt tNPUl DAtA ANO QUP~&P'O Of.~~ltv ~A'~I_. 
IM~tftf ~~ÂL."CA·H,n-l' 

t OM"'ON/Of:t"'/NnAC 12' .LllU C 1~ ». MtJ~« 11 •• IIW C ",. N. N INf. flur.~,. fiM ' '.t~ 
CIJMMUN/5fU""'JU ,,10' ,VC.ltH ,lC ~O"NAttlM(1(" .NAt ,NOr.t ~' 
t flNlMtlN/-:\cr IP C 1l • ., ~ • ,t ( 12.1 RI. V C '1 ~ • .,,, , • ,. ( 1 U • tl'l C ., fi) .0 C 1:U • tt'C U, •• 0 

,.,~. '. 
WR t fr« ,. , '\ » 

" r !l'!"" Al ( , 0 • , ,,)( • • At""'1( 

11141 1 '1" 
wn t t FI', • ~ ) 

;. r'l"'MAT('U' .""X,' Aro"", 'K,'.tnMIf N"~"'I·." .lo~ •• X·,PUJ"'Y'.tlO~111'. 
Iln r; 1110

'. NA f "" 
r. W Il t f[ Cf·, ., t. NAt f1 ~ CI , dt( 1 , • y CI» • 1 CI t 
" r: 0'" NI A t.(· '. " )( • l '. IJ')( el " • 1 à)( • r 1 Il • 'li 'l)( ,,'ï ., y", • '1 J( • ri .... ft , 

wUI H (f" 1) 

1 r (H~AoII A le ' \)' • " )( , ' "A" ''i '\ t t 'N"IlIH~ A' 1 'm ') 
will ft ( " • A. 

" 1" 1 JI. "4" 'C • fl' ." Je •• (II~ r-J 1 fA L • • 10)( • • N' .... J( • ' l.' • "Je •• ". • • 1 JI. ' r Je "'ON" NT' t 
t)11 .1 1"1, N 
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All·-4llT~4AL. ~A.h4I~1 'Hf: '/lltAGNFTIC, ANU lA. /u THE fXPI1NENTt;, NATO" l'S ,~ 

< 
HiC Atn""IC NlIMflF'1J Of. rtH: !?'lCPANSH1N C~~NTr,~. 

I~PLICI' ~~4L.~(A-H.n-l' 

,F'(CLA.~F.lIn .(JI~'P"A.Nt.~m)) GO TU ;t'l 

N,)\J~'" NA ."('\ 
l4j,,~1lA+lR 

)(Xl.llrAC(""$tJ~-l '~1.SW ••• (NSUM, . ' 
X 114 UI( ~ ' .. XX •• OFLO AT C 114. tOM' .lCNORM (NA. l A.t .lC NùrH4( NIl.lF~,il C - •• DO) 

" . -...-.-....... y ~ ~_~ .... __ ~ .. "'- ___ -..w.. .. __ , ..... ___ ~ - __ ~ ~~. ~~~~_ .. -..., ... _ ... _____ , _____ ~ - .. ~ •••• ______ ......... __ --_-__ .... 
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, 

c 
"r 

RETUI~N 

2~ XN\llC.t-O.OO 
R~fU~N 

(ff!ND 

... , ... . . 
PRO<.H4AtIt WUN 1 T 

• 

!:I& .. 'tfj 
., ....... ,-

" 

rlf;.AL FUNtTlllN KNIJI(;;!.~(NA.LA.MA./A.N~'.Ln.~~.I~.NATOM.q.COST"'T.CFI. 
J'~FI , 

c TWrJ-CfNfr~ NUCLf-A~ ATn~A(T ION INTr<tJ~AL - TwO SlATF~ OA"11AL~ CENf! 
C ON ON~ CtNTI-I~ WITH ~ NlJ('Lrus Ar IhTt1t:TA.rl Dr- ATo~nc NUIl4Hf!R NATO .... 
e ("flsfUT l'i TIte coo;'''''' Of. TtH"fA ~N() (~I M-IO S,., AND THr' cnSfNP' AND 
(' SINF Of" FI. 

(" ,. 
r: 

c ,. 
C 

1 1\4 PL r c r T Il r ~ L .. ~ ( A ........ 1) - 1 ) 
1 r ( I~ • r:: (~ • 0 • f) Il' f. n T IJ ~ .., 

Pt.'.\41~~}~~'~HQ1q~oo 

)(cn~1I(J.I)O 

LLqW.zJAIlS(1 A-LIi'+l 
LU~.LA *UH J 
"INAI\4-I",I\,( 1 APS(MA'-Pd-l<:,(Mft))· 

'MA x ,,~OCft 1 1\1-3-;( h4" »t-I AH5 (MH" 
1 C 1 ~ 1 
IF(~A.LT.O. IC1~-tC\ 

1 F ( "41 •• L T • 0 , 1 (" 1 .r - rel 
<;UM=O.OO 
1 f- ( ( M t N,. M ... ' r) • 0' • AN n • C 1 ( 1 .,. T • 0 ), "" t N" 1\4 Il ;~ 

lr-C"'P .. A"".(.T.~A'X"M' (,Il ln 4 

1)11 l Ll::LLflW.UJ".2 
t. "L to.I 
IrCL.Lf.~IN""") (,'1 Tn 
j( 1 "1 ....... 1.4:.0 .1)0 

"M="'INA"1 
... IF("'M .r.T.L. (,a TI) , '. 

,. 

1\4:I(l·~M d. 

, " 

t 

JI( 1 N~I ~::: Al NNt- N + C;t1l ~ '" ( ~ /W'. t' 0 <; T tn • CI' 1 • <:, '"' 1 ) • rl rTR 1 P (l ,.. ln. L • "" A • Mfi. M » 
lf- ( MM • .,. t) • M .. )1( AM» ct 1) T IJ J 
MM~MAJI(A"4 

(,tl Tl,' 

1 'P·'W.INN' 1.'.' ).I).IH), t .. () TI) 1 
1 • 

XFJ\C"'CPI/Ilf-L..ll.T(?i-- +u ).j(~ .. IlJKI.'A(NA.lA.N(1.1thP.L' 
~U'<4'*"'lJM.)o-AC.J(I~N ~ ! 

CllNT ,,",,ur: ' 't- ( 'iUM .... f). () • DO) (,n TI) 4 

)(CON== ,rl.dA T( NATO""'.XNor~M~N •• lA).)(Nt.1~"'( NI-1./O,'.("'J .00) 
" XNUl(i ,;:<:;U~.)(l.qN.4 .DO 

•. ,.: TI~"N 
", WIn Tt- (1'>. l' , 

.. ' t FI1R"".' (' KNUf<2 C.LL tNt, t-UU()~' ) 

)(NUI(7~o.no 

ur: TUI~"'4 
rNIJ 

S Uf.,.;c~u T ~ Nt:' Il'' 1 L Il( I\,j TAI( f! ) 

... 

,nus ROUTINE ADOS YliE: RIGHT AMOUNTS TO f:LfMEII.TS OF THE FOCK MATAlie 
UPPEu ~.GH.T HALF, GIVEN THE "'OllR-O~fJlTAL INOICES I.J.K.L AND' THE 
AF.PtlL5Jr)N tNTECiAAL VALUt: XXI. 
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PROGRAM WUN IT 

IMPLICIT REAL.8(4-~,O-Z) 

~
MMON/SCF' /P' 12.12 l'.F ( 72.12' , v ( 72 .72' • He.,?) ,CO ( 72) ,0'( 72' ,e C 12' ,lot 

1 - -. ../*' 

COMM N/INZ/LAAELC1000~,XER(1000) 
C OMMON/ORI1 S/NOR ( 12 , ,LOP ( 72 » ,MO~ (7~) ,ZOH, 72) • N, N 1 NT, N2. Nl. N4' 

00 1 J 1=1 ,NTAKf: 
CALL O(COOf..(LAOFL( tIlt t ,J,K,L) 
)(XI =XER( 1 J , 
IF(Ct.C-.T.J,.or.c.P(.G,T.L» GO TQ 25 

IF(I.Gr.K) GO TO 25 
IF( (I.ft~) ."NO,( J.GT.L» GU Tn 2':> 
IltaNn(r,J,K.L' 

, G:.) Ta (10.11,12.13).111 
lOF ( 1 • 1 )::: F ( l , 1 ) -+p ( 1 • 1 ). x Xl" • 5D 0 

GO TO 1 
11 IF( I,NE.J' Ge TO 1"; 

IF(K.FO.L' G0 T~ 16 
F ( 1 • 1 .:a:" ( 1 • 1 , +P ( 1 • L » ... )( x 1 
F( I.L' =F( I.L '+P( 1,1 ,.}o(} -.'500 
GO Tn 1 

17 F(J,J,=F(J.J,+P(I.J'.XXl 
F( 1.J,:F( t. J,+P(J. J).XXI •• 500, 

f • 

GO TO 1 
If) F( 1;1 ,=f «1.1 )+PIK.K).xXl 

F(K.K,=f(K.KI+P(I.t'*XXl 
F ( 1 .1< ) ~ F ( 1 • K ) -r' 1 • K , * X)( t • .500 
GO TO 1 

1'5 IF(I<.F<).U GU Tn ,7 
AAII,c."l()O.)(-', 
F ( l , 1 • :' F ( t , t l-P« J • J ) .... ,. A 
F • J. J ) = F« J , J ) -p ( 1 • 1 , .. Il A" 

"A .. s" .. A+A"' ..... "'''' 
(", I,J'=F'(I,J'+P(I.-J,-AAA 
GO Tn t 

t " 1 F ( ( ["'1 E ~ • J , • a Q • ( K • E a • L ,) GO T n 1 8 

tFClaFQ.IO r.ù :rO lQ 
M::K+L-J 
F'C~.J.=F(J,J)-P(I.~).XXl 

AAA=.~D()")(Xl 

.F ( (. M .:: F ( t , ~ ) -p ( J • J ) ... Ait. 

A ,,-'= A AA ~ AAA +AAA 
M~=I4AXO( J,M' 

MI:J+I4-~~ . 
F(I,Jl=F(l.J)+PCMl.MM)*AAA 
FCMI.MM.2F(MJ.~I4)+PCI.J).AAA 

GO TO 1 
1 Q -p ~ l ,1 ) zr ( 1 • 1 , -p ( J • L ) *x X 1 

AAA=. 5DQ*,~Xl 
~ C J. L ):: F ( J • L »-P Cl. 1 ). A A A 
~A4.AAA+"AA+AAA 

Fe J.~)="F(I.J)+P(J.L'*AAA 
FC1.L aF(I,L'+P(I.J)*AAA 

_ GO T 1 < • 

18 IFC!.t:Q •• " Ge TO 20 
FCI.J).FC1,JI+P(K,K,*XXl 
AAA·.5DO.Xxt 
"N.~AXO( J,K' 
NlaJ+fC.-N"-

- \ 

., , 

, 
.....J 

,/ 
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. ' 

(" 

(' 

(' 

"NnGNA'" _UN 1 T ' . 

• .J ''''c 1 .1( •• ~, I.K ,-PC MI .'4I1l' -AAA 
'C'4L,~M'·'CMI.~N,~PCI,K'-AAA 
AAA"X)(1 • )OU 
,.. ( 1( • ft »lI r c 1( •• K » +" CI. J •• A AA 
(9U T" 1 

:'10 AAA- ."(lU. ~ Xl 

~CI(.L»."'(I(.L,+P,.,I.-XXI 

"'CI.K'·~CI.K'-~CI,L.·A~A 
,.; CI. L ,. F, l ,t , .n" l ,1( • - A AA 
A~~. )()(ltlCX 1 
rc 1.1 "",i 1.1 ''l'CK.L,-AAA 
(.f, Til 1 

1.t AA~)(")(l( 1 • 
n 4 , J ••• (1 • J' tf',C le, , L .: A ~A 
,. el(, 1 ,., 'K .l , +p, r •• U. A AA 

.. A.A- ,"'!I)\).X X, 
M~",~AJ(OCJ,L) 

MI •. J tl .. '4'4 . 

fe I.K'."C I.K'-~"41."").AAA 
F' .. 1 • MM-).f ( MI. -..M. -p el .... ». AAA 

"\M .... l4AXOC .h" • 
... 1 ... , + 1( - ...... f' I.l 'GI CI.L a-pc MI,II,"4)8'AA 
FI C M J • '4'" , .. r- C '41 ..... , - ~ CI. l •• A A A 
(11NT 1 NUI 

1 •• f\JUN 

~ rI III I~ '" T' (" •• ' rd 
?() rll"'" AT ( • 1) 

.. TIH" 
fNIl 

~~ AL f" ..... C' 1 dN f.: J.l(, ... C N J 

,~ . 

" • 

" 

" . 

, 
... 

C m TIJJ.l...," t-Lt (:Hr)~IC, FNtrPC.V O"'CC I»n0lll..U'()N NAY"'IX HA!I; IlH,N FfJU"'tO. 

r. 
r. 
r. , 

r: 

J"'PL1CJT R'·AL.".A- .... O-l. 
COM"'ON'/ ~C'" /P ( , ~ .12 J .F « 12 • 7~ •• V' 7,. .77 t • t.« ,11» • ('0' 72' .0« , 2 , • e « 12' • 1 U C 

11?' , \ 
NNI.aN-1 
~1J~oh: O.LlO 
011 ) J. , • ~ .... , 

Ill-l+1 
nl).2 J •• ll • ..., 

; ~U~~~U~.P'I.J'·'VC~.I'.r(I.JJ. 
1 C;Ua.1 .. SU .... P( 1.1'· C He r, +1=, 1.1 , ./2.00 

SUN.~UM.O(~.N'·CH'~'.FcN.N.a'2.00 
rRG-«;uM 
Rt: TI.I~N 

END 

SUaqOUTINE F.F'IX 

'. 

CONSTRUCT~ NCW FOCK NATRI. ~f N!W pop MAr. IX HAS a~tN ~OANfP. 
IM~I(IT R~AL.~C,-".O-l' 
CO~~N/SCF'PC12.1".FC12.12'.VC12.72 •• KC12'.(OC12 •• DC12'.~C12,,1 

Ira. :~ , '" ' 
C~MON/I~Z'LAeeLC10OO'.XE.(lOOO' '\ 

~ 

/ 
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r 

(" OMlitON/OP(\ S/NU'-' ta, ,l.OR C 1? , .MO'" t!', • lJ. ... t .,! ...... "'1"''' ..... t .. ~, ... 
OIr.4r.:N,ltJN M"fULl3000t .. 
~~UIVALFNCr: (~_"~L', •. lA"EL(". 
~IRqt put T()P '1F' (U'::~F MAtP,'. JN , .. ntllM f).,. ti, n'A(t OF éf1tFfI' tN COt; 
.~o put l-tL~( ~AM ~LF~tN'S IN tO" A~O 01AG OF F. 
CAU. CLOrfl(~t Nll. 
Nl'If 1 .l'If-' 
DO 1 t.",. N N' 

111-"''' 
1 Hl ~ J '!.:t Il ..... 
P ( J. ta ';H , • J .. ' 

;' r(I.J'".V(J.I," 
c\Je' .tf'"( 1. t. 
r« 1 .. , .,dH 1 • 
(oPH"'F-C"'I."I' 
t= « N ..... , .IH N' 
l'\JT Z-FLrC I~~'~l 
lIt" t ND t 0 ) 
1"",NIN1/10IJIJ 
t'~r"''''NI<~f-1 \)00.'" 
n'" 1::-1,1" 
~t'~I)(I\J. "'."'"l 
( M l qUI' ne l ,)00' l 

.'" 'n" ANl' 01 Ar, nt r. 

I~ F ~ f) ct.). C ,_ " ~, "- ( " " •• "" !<' l ,lu, MI. , II{' l' « "" , • ~ " '" l , 'N f- Ilot • 

f ~LL '1U" Il« 1 '~HH 
t tN~ t ,)Och II«.' 1 aF"f 

wLJ ttr",,4' '1'" 
" '-'1n-...t(' 'tl"K,'P\iu""ru tI, JJl/ 11111", R":4"'."1l.11, 

(ALL t.-lll(M,';'(NTn 

)()(I "tlH·Lll~l« NT;'-"I' l .""J."O 
If'~ 1 T, ( t", • ., lI(" t 

'\ r ( • JJ.., À t (' ',,) )(. • Jo ,. r '1( " ur-' • .? 1{ • t 7.). 1 _ • • c; F ( CI N'Il ~. • 

SU,11~tllJT Ut.,- rf'~I)',C~, 

':>IJLV,,'O r l'tl NVAl"~ f'RUliLfM WltH NON,,"'''lt "'FfRIC. 

\ 
• 

1 f 

, 

AL<;n IN.t)Lf,~ F.lr.r .... VALU(!, ANO VCCTn~c; .IN m~or" or IN(NtAsINr. PNr.-QV. 
''''''LH Il tH AL.'HA- .... fl-l' 
C <jrch10l'\f" 'h'" "I~ ( , le ..,? •• ,. ( 7? • 1; •• v C .., L • .., ~ •• ft C 12 •• (" 0 ( , 2 •• nt" 2' • e« ., ~ •• t D C 1 

1 ,'- , • ' 
( 'l '- C '- ' H'''" ,: ( N Je' • 
rl~C;T ,"",)I~"''-V , .... P. 

...... '·N-' 
/l0 1 r ri. N 

00 t J'!Irl.N 
P t 1 • J • !II 0 , 0 (l 

U--'-' NO li. J) 
litt , ... ::., t 
t'Il l '\ fi( • , • 1 1 

'-' PCI,J.-"- ... J.tFCfI(t "."CK.Jt 
t'CI.EQ.Ja GO Tn 16 
I~ , -l, 1. , 
IFel·l.N.::.n <.;010 1" 
00 ,1\ k-tKI,12 
,-

.. 
," 

1 

~ 
l 

''l 

"1 
~'1 
;) 
«,{J 
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1. 

11 
16 
III 

t~ 

1 

10 

7 

11 
f 

PAOGRAM WUN 1 T· 

P ( 1 t J ) • P ( 1 t J ) +F ( t , 1< , * V ( 1< • J » 
GO TO 16 
00 1A 1<-11<1,12 
P ( 1 • J , .p ( 1 • J , +F C K t 1'~ -y C J • ~ , , 
IFf 12 .F:O.N, GO TO 1 

, 11<1-12+1 
00 15 KltlKl,N 
pel .-'J » • P ( 1 t J » tF ( l ,K ) *y ( J • K » . 
CONTtNUF \ . 
FORM VFY ANlJ STO~F. IN TOP AND I>IAG OF F. 
no 2 1-I.NNl -: .. 
H<l-sJ+l 
00 ? J...: 1. N 

F(l.J)::u.no 
00 10 K:al.1 
nI. J , ::- f ( 1 • J , + y (K , 1 ).P ( 1( • j) 

0[1 2 K.:II<I.N 

F(I.J'=F(I.J)+Y(I,,,,,-P(K.J' 
F(N,N)=O,OO \ 

J 
DI) 1 1 1(= 1 • l'II '-:>1-

" 
F(N.N):r(N.N'+V(I(.~,·P(K.N} / 
o 1 ~(.lJNAL 1 Zf T (ln H "LF Of f • 

'(All. rUKK2( "Ill') '. 
CALL ~VM()R(F ,o .. t-'.O.OO.N.72.l.0-14. ,TI~lJ(., .T~U( ••• F-ALSr .,NER"" 

If(Nccm.Nf .0' Gtl Til 2"> 
C ~LL CL (lCl('.) ( NT?) 

)(Xl=nrUIAT( 1-4T2-NTI '/60.no 
W4 1 N: Cf-,. fi' )( )( 1 .... 

~ F U ~"A T (' • ., 1 0 l< • • E P H n HI) 1 AG T 1 Mf' • ~ )( , r'5 • 2 • 1 X. • C; f (' ON D S" 

" 

MULTIr)LY F !l'( V COLlJMN'fW C.OLUMN ArNO S;TIJQr NON-CRTHOG'cnE.Ff- ""ATRIX 
t "1 F. 
001J-=t.N 

no 4 J"I.NNl 
t:(T,"'ù.no 
JKi::l+l ~ 
(1) ")K=I.1 

rj 1:--(1'=[(I,tV(K.,I,*f(I<;,j, 

00" K.=II(I.N 
'- F( J ,=F( t ,.v, l ,K''''~ (K.J' 

E(N,=O.110 
01) 1? K z 1 • "1 

l;! t ( N ) = E ( N , + V, K', N ) • ~ ( K. J ) 
DI) J 1=I.N 

3 Fil.J,=r(l, 
PUT fVALUfS INPLICtTl'( IN ASCENOING QROFR WITH VFCTOR 10. 
DO f) (: 1 \ "1 N 1 

Ilt=l+l 
DO fl J = t t l ,N . l"-
I F ( 0 ( 1 0 ( 1 , » • G T • r> ( 1 C ( J J ») GO T 0 1 
GO 1'0 (') 

'1 l s- lUC t , 
IDCI'=IO(J' 
tO(J)·I~ 

6 CONTINUF 
CALL CLOCK2(NX2' 
XX1-OFLOA'(NX2-Nxt )'60.00 
wR ifE C 6 t 9. X)( 1 

9 FOR~AT(' ',tOX,lTOTAl EPAOB TIME',2X,F!.2.1X,·SECONOS" 

o . , 
;: 
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"'s'tUJ.I N 
, ... W~ITFC".;J,.,. NFR4 
,,.. ,,[lR'-4AtC'Or-"pROn nfAG trH:lnr~ .. -f\"":~"""tlj(,,1) 

t '1 t rlrY " 
r"'ln " 

0; \l''~II'' l' 1 "'1'" 1 tr:.~ ( N. r l • 
(mV':~NS tTflol6,rtvF fl-.fH Of" !ô(J <:Al(l1\ ATloN. 
llMt'r ON NUto\Uffl or 1ft Hill 1 nN';; li: )0. 1~11"'HC: nut HI tturP-l1(' rlljnH,y, 

'-. "' 
1>t"~llV to\ATI~ t »Ct ANI) etlf f f MAHU ~ Ir ((JN.vrrH"jFC> ..... !- ~r~{.Y ANI! 
1l1-1Ij'ill~ M~n~lx ffNLY IF" Onf-&ôN'T' 

r ~"L 1 (: 1 t 11 f- AL -/)( " - H • () - 1 • 
,,_I1M\411N/'.Cf/l" ( 7~'.1" t.l"( "".1l) .ve 1~'. ,~I) .H' ,,,"; ,('O( 1." ,PC 7,-') ,1-",» .IOC 

17)) ~ . 
, 

r riMM\1 NI'. TUJ r 1)1; U 0 ) • v ( , 0 ) • l C ~ () , • NA t fJM ( .? 0 •• " At. N 1'( C 
(' AU. (l or K " ( Nt l , 

t TT 1 
~~ ("l L r: P ~ fi 11 ( N • 

-"'(AtL PIl~)(N) 

(ALL ! ri t)( 
F-)%f:Pf.(N) 

()"~(H In( N'1r f)) 

" 

~ 

" f "I~~I\T(' ·:tl,»)I.,'I-'LI ctIH'NH rNI' Ff.y "f t TI fut 10N',f;P<.1 ".'\II;,C;I.l ".~.)( 
t 

, .' Hll,lH ',1 'VAlur', 'l<,();' 1.14' 
n',t rNf Il~ ""..0 1-i'(.Ht<;T ~IGrNvALur: rq~ rr:NV'-UlïfNP. 
UH("!fll\"i'q (1 l-r 1'/, ,'" 
( H~ 1 - f) Ml <; ( ()., ... () l , 

, ''''f'' (' 
1) t ... 1):.'" 

tF«(I.I\.Lt •• r,f)-I?' (jO tn IQ 
l~ lr:lf+1 

'f'l'~"'tNAH '" C"ALCULI\TlrN tU,,-NOl (!lNVffH'f'n IN:.>O tTt".TltlN~ 
1 F= ( t 1 • r. l •. ' 0 1 (,n l n 

l ,;, 1 F' ( O\l( t • L f ; • ~ () - f, 1 (j, l) T( ) ? 

(,1) f n 1 H 

" W 1) 1 f f ( t'l • 1\, t T 

('Y 

r. Hu~tN"'TIIlN ',HIUr,Nf'_ If ('~LC\Jl~lION HAt, Cc.;NVUH,lI l 

" JIliN"" ('0' ,1I);I(.',N\lMl1r1f Of' lTnl~TlrJN ... ftl CIlNVf Q G,r',.1..'.J) 
1 Wf~ 1 Tt" ( r, , "1» f- 1 

~) ,.. fH~~ A f ( • 1)' f 1 0)(." f L r cT'" ON t ('" t NF- ~«Y , • ~ 1(. f)? 1 • 14 • l )( .... U' } 

WQ1TrC".Q' , 
iii r\lI~MI\T(' O' ,;")(.'f)(NSITV "'AT~IX'» 

rALL MATOUT(P.D,JO.12.~.1) 
c Pl)N~fi !IUT (lt-NSITY M~rrHJ( ON (;Af.lOS 

r. 

DI) "" 1 -1 , N 
U wRUH7.ltd «(ld,P(l,J".J.I.N, 
\6 "()R~An H?t;;' .o21d t\" 

WR t TE ( 6, 1 () » 
lO FORMAT('O',2x.'CntPFICICNf ~ATRIX·. 

... 
, . 

put CDEr, MAT~tx BACK IN ~ 'OA PRINTtNG 
N .... t·N-l 
00 l ~ 1. l, NN 1 
'11,s1H 
00 li J-III.N 
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• 

( 

If 

té f"tl.Jt=J:'(J.t. 
tt\ t=tt.t"t=C!OCI' 

Ft~.~tmCn(N' • 
(" ~LL t41. t,lU HF', O. t 0.12, N. -, , 
J'I'J+f(H nu t Ft N AL èI1F~t= t ( 1 fN t MA 'tp t • 
on ,., 1 ~ t • N 

1" w 1") t t r C 7 _ , .., t (c t _ J _ Fel • In« J • • • .., ~ 1 'N 1) C (" , 

C~LL CLnCI(;,fN't~. 
" lit , -: l' FL , \ , ,.., "" ,. i' - ~ l' , 1 ~ 0 _ no 
Wr:tt.Ch_I" .)(, 

11 F.,~uAl(-O 1 t r Il ,. 1 M.- •• ' t'" • r 1 • r" • 'li{ • • <, f (' l' NO \';. » 
Uf:t"P .... 
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CLAIMS Ta OrIGINAL RESEARCH 

1. The 7l-orbital OCE-SCF calculation of HCl reported by 

.Moccia (Rel~J:.ence. 5, Chapter II) has been repeated vith 

electron repulsion integrais stored to greater precision; 
." 

for sorne propertiea the resul~s are considerably aitered 

(Chapter 1 II) • 

2. A series ~f OèE bases fo~ HCI has been constructed by 

adding STOls to a basis proposed by Gilbert ànd Wahl 
. . ~ 

3. 

(R~ference 27, Chapter II); in the largest basia of this 
~ 

series (29-orbita.ls), the total ener.gy (-460.068938 au) 

at the equilibrium.internuclear·dista~ce was below that 

in the 71-orbital basis (-460.0S~59S au) (Chapters II 

ànd III). 

Calculations of jÎ - ion wayefunction.s in several OCE 

bases showed th't the paor quality of the EFG in the 71-
• 

orbital basls was due to poor basi's choice for the 2nd 
( 

electron shell (Chapter III). 

4. EFG's have been calcu1ated for the OCE-SCF wavefunctions 

in the basis series of claim 2 above~ for the 29-orbital 

basis the calculated electron!c EFG was 3.4942 au compared 
, 

with an experimental value of 3.4908 au (Kaiser, Reference 
f 

7, Chapter 1) (Chapter 111)\ 

/ 

S. The formula of Guselnov (Reference 14, Chapter II) for the' 

expansion in elliptica1 coordinatea of the product of two 

assoèiated Legendre polynomials on different centers hal 

)82 



e 
/ 

• 

6. 

.. , 

been used to construct a compute~ routine 

uation of two-center integrals over STOls 0 

38) . 

the eval-

EFG 

operator (Chapter IV and Appendix I). J' 
The electronia EFG in the 29-o~ital basis ~~s been 

analysed to determine the spatial origin of 

about 96% of the EFG was found to ..-----::;.. 
-------- ) 

au 
.. 

of the Cl nucleus, and about due to the 

third (outer) electron sheil , 

1. The lst and'2nd derivatives of respect to 

internuc~ear distance have calculated in the 29- and 

1l-orbital bases by fitting and compared with 

experiment (Kaiser, The 11-orbital 

basis for the lst~derivative but in 

error the 2nd. The 29-orbital basis was in 

error % for the, lst and 200% for the 2nd (Chapter VI). 

8. An OCE-SCF calcula tian of lIel has been performed including 

in the Hamiltonian the interaction of the nuclear quadrupole 

_ momen~ with the electrons. Small- effects were observable 

in a basis' sufficiently flexible near the Cl nucleus , 
(Chapter VII) • 

'-

9. A 22-orbital OCE basis has been construç~ed to investigate 

po1arization of the lst shell (la MO) electrons by the 
1 

aspherical distribution of the proton and outer electro~s. 

The 1" MO- was found to con.tribute about l'of thé experi

mental electronic EFG (Chapter VII) • 

. , 
~ ~ 
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