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Several transverse noise sources, such as power supply ripple, can potentially act as an important
limiting mechanism for the luminosity production of the Large Hadron Collider (LHC) and its future
High-Luminosity upgrade (HL-LHC) [High Luminosity Large Hadron Collider (HL-LHC): Technical
Design Report V0.1, CERN-2017-007-M [http://cds.cern.ch/record/782076?ln=en]]. In the presence of
non-linearities, depending on the spectral components of the power supply ripple spectrum and the
nature of the source, such a mechanism can increase the tune diffusion of the particles in the
distribution through the excitation of sideband resonances in the vicinity of the resonances driven by the
lattice nonlinearities. For the HL-LHC, due to the reduction of the beam size in the interaction points
(IP) of the high luminosity experiments (IP1 and 5), increased sensitivity to power supply ripple is
anticipated for the quadrupoles of the inner triplets. The modulation that may arise from the power
supply ripple will be combined with the tune modulation that intrinsically emerges from the coupling of
the transverse and longitudinal plane for off-momentum particles through chromaticity. This paper aims
to study the impact of tune modulation effects on the transverse beam motion resulting from the
interplay between quadrupolar power supply ripple and synchro-betatron coupling in the presence of
strong head-on and long-range beam-beam interactions. A power supply ripple threshold for acceptable
performance is estimated with single-particle tracking simulations by investigating the impact of
different modulation frequencies and amplitudes on the dynamic aperture. The excitation of sideband
resonances due to the tune modulation is demonstrated with frequency maps and the higher sensitivity
to specific modulation frequencies is explained. Finally, a power supply ripple spectrum consisting of
several tones is considered to determine whether their presence will limit the luminosity production in
the HL-LHC era.
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I. INTRODUCTION

In order to optimize the performance of a high-energy
particle collider such as the Large Hadron Collider (LHC)
[1] and its future High-Luminosity upgrade (HL-LHC) [2],
a thorough understanding of all the phenomena that can
degrade the luminosity is required. A major concern for the
transverse single-particle beam dynamics is the presence
of power supply ripple, i.e., a periodic perturbation in the
strengths of the lattice magnets, a mechanism that can
impact the long term stability of the circulating particles
and prove detrimental to the beam lifetime.

Harmonics of the mains power frequency (50 Hz) in
the power supply voltage result in magnetic field pertur-
bations through the magnet’s transfer function that is
expressed as [3]:

ΔBðfÞ ¼ TBm→Bb
× TI→Bm

× TV→I × VðfÞ; ð1Þ

where f is the frequency, VðfÞ the voltage ripple,
TV→I the magnet’s circuit impedance, TI→Bm

the transfer
function from the current to the magnetic field and TBm→Bb

the magnetic field seen by the beam including the shielding
effect of the vacuum chamber and the beam screen.
The present paper investigates the implications of

power supply ripple in the quadrupoles located at the
high β-function regions of the accelerator. These magnetic
field fluctuations ΔB induce a modulation in the normal-
ized focusing strength of the quadrupoles Δk. These
gradient errors lead to a modulation of the betatron tune
that is equal to:
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ΔQ ¼ 1

4π

X
i

βiΔkil; ð2Þ

where βi is the β-function at the location of the ith
perturbation and Δkil ¼ ΔBi

Bρ with Bρ representing the
beam rigidity. The modulation depth is defined as the
maximum variation of the tune from its unperturbed
value in the absence of a tune modulation. If present,
this effect is combined with the tune modulation that
intrinsically emerges for off-momentum particles from
the coupling of the longitudinal and transverse plane
through chromaticity [4].
Tune modulation effects have been reported in the past

from several hadron synchrotrons and colliders including
the Tevatron [5–7], the Super Proton Synchrotron (SPS)
[8–10], the Relativistic Heavy Ion Collider (RHIC) [11–13]
and the Hadron-Electron Ring Accelerator (HERA)
[14–18]. In the SPS, the combined effect of two modulation
frequencies was experimentally proven to be more severe
compared to a single frequency with an equivalent
modulation depth [8,9]. The increase of losses and emit-
tance growth was correlated with the overlap of multiple
resonances [10].
In HERA, a dependence of the particles’ diffusion on the

modulation frequency was shown [18]. In particular, a loss
rate increase by one order of magnitude was reported when
a tune modulation in the frequency range of 600 Hz to
1.2 kHz was applied, an effect that was not observed for
other modulation frequencies. A tune ripple feedback was
successfully employed for the compensation of the power
supply ripple [15,16].
Previous HL-LHC studies have revealed a sensitivity of

the dynamic aperture (DA) on the modulation frequency.
Specifically, a DA reduction was reported for a modulation
frequency at 300 Hz and 600 Hz and a modulation depth of
10−4, an effect that was not observed with other modulation
frequencies. Table I summarizes the maximum modulation
depth to avoid an impact on the beam performance for
various accelerators as reported from previous studies.
A detailed discussion on experimental observations of
power supply ripple in the LHC is presented in [19].
In the presence of nonlinearities such as sextupoles,

octupoles and beam-beam interactions, tune modulation
effects may lead to the excitation of sideband resonances.
Depending on the modulation frequency, the resonances
can either overlap, leading to chaotic trajectories [23–26],

or reach the tune footprint, thereby acting as a diffusion
mechanism for the particles in the distribution in addition to
the resonances driven by the lattice nonlinearities [15]. In
the latter case, the existence of such resonances critically
limits the available space in frequency domain for an
optimized, resonance-free working point.
Subsequently, it is important to investigate whether the

combination of the tune modulation induced by power
supply ripple and synchro-betatron coupling will pose a
limitation to the luminosity production of the HL-LHC, as
well as other present and future hadron colliders such
as RHIC, the Electron-Ion Collider (EIC) [27] and the
Future Circular Collider (FCC) [28]. Single-particle
tracking simulations are performed in the element-by-
element HL-LHC lattice including chromatic sextupoles,
Landau octupoles and both head-on and long-range beam-
beam interactions. The two tune modulation sources
considered in the present paper, power supply ripple and
chromatic tune modulation, are first, studied individually
and then, their combined impact is estimated.

II. A SIMPLIFIED FORMALISM OF TUNE
MODULATION EFFECTS

In the presence of a tune modulation, the variation of the
tune, referred to as the instantaneous tune, as a function of
the turn number n is

QinstðnÞ ¼ Q0 þ ΔQ · cosð2πQmnÞ; ð3Þ

where Q0 is the unperturbed tune in the absence of the tune
modulation and ΔQ and Qm are the modulation depth
and modulation tune, respectively. In the case of a tune
modulation induced by power supply ripple in quadrupole
magnets, the modulation depth is the maximum value of
Eq. (2). In the presence of synchro-betatron coupling, the
modulation tune is the synchrotron tune (Qm ¼ Qs) and the
modulation depth is [29]:

ΔQ ¼ Q0 Δp
p

; ð4Þ

whereQ0 is the chromaticity and Δp
p the relative momentum

deviation of the particle. The modulation index is
defined as:

βm ¼ ΔQ
Qm

: ð5Þ

By integrating Eq. (3), the linear betatron oscillation of a
particle with an action J is

xðnÞ ¼
ffiffiffiffiffiffiffiffi
2Jβ

p
cos ð2πQ0nþ βm sinð2πQmÞnÞ; ð6Þ

where β is the β-function. As in every frequency modulated
signal, considering the betatron motion as the carrier and

TABLE I. The critical modulation depth ΔQ as reported from
previous studies in several accelerators [11,14,20–22].

Study ΔQ Study ΔQ

RHIC <10−3 LHC <5 × 10−4

SPS <10−3 HL-LHC <10−4

HERA <10−4
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the power supply ripple as the modulator, the particle’s
trajectory is represented in time domain by a sum of
sinusoidal signals, weighted by the Bessel functions of
the first kind [30]. The frequency-domain representation
of the betatron motion, after normalizing by the maximum
amplitude, is:

jX̃ðQÞj ¼
X∞
p¼−∞

JkðβmÞ½δðQ −Q0 − p ·QmÞ

þ δðQþQ0 þ p ·QmÞ�; ð7Þ

where p is an integer, Jk are the Bessel functions of the first
kind and δ is the Dirac function. The spectrum consists of
infinite harmonics atQ0 � p ·Qm with a relative amplitude
that depends on the modulation index. In particular, the
k-order Bessel function for a modulation index βm deter-
mines the amplitude of the k sideband, with J0 representing
the betatron tune. Decreasing the modulation frequency for
a constant modulation depth leads to the appearance of
higher-order sidebands with larger amplitudes in the
spectrum. For a critical value of the modulation index βcm:

J0ðβcmÞ ¼ J1ðβcmÞ → βcm ¼ 1.41; ð8Þ

the amplitude of the first sideband is equal to the one of the
betatron tune. For βm ¼ 2.4, the amplitude of the betatron
peak is suppressed as J0ð2.4Þ ≈ 0.
Non-linear fields are an important aspect of the accel-

erator’s lattice, introduced for the correction or enhance-
ment of the chromatic aberrations and the action-dependent
detuning of the particles. A detailed discussion on the
trapping of the particles while crossing high-order non-
linear resonances, which is a mechanism that can lead to
particle losses, can be found in [31]. The effect of a tune
modulation in a one-dimensional nonlinear Hamiltonian
system has been extensively studied in the past [17,32–34].
These studies have shown that the impact of a tune
modulation on the transverse motion varies, depending
on the modulation tune, Qm, the modulation depth, ΔQ,
and the island tune that is defined as:

QI ¼
N
2π

JN=4
R

ffiffiffiffiffiffiffiffiffiffiffiffi
2αVN

p
; ð9Þ

where JR is the resonance action, N is the resonance order,
α is the amplitude detuning coefficient and VN is the
resonance strength. Therefore, the island tune is a repre-
sentation of the resonance strength [7,35].
Through an analytical formalism, four regimes of interest

were identified in the tune modulation ðQm;ΔQÞ parameter
space [17,32–34]. Figure 1 illustrates the four regimes in
the tune modulation parameter space for the sixth-order
resonance (N ¼ 6).
First, a modulation at low amplitude and low frequency

causes a time variation of the particles’ actions, without

affecting their stability (amplitude modulation regime).
Second, increasing the frequency leads to the appearance
of sideband islands around the resonance, spaced by the
modulation tune at k ·Qþm ·Qm ¼ n with k, m, n
integers. For small modulation depths, the islands occupy
a limited portion of the phase space (frequency modula-
tion). As the modulation depth increases, high-order
sideband islands become significant (strong sidebands).
The combination of a strong modulation in terms of
amplitude and a frequency below a critical value, results
in the overlap of the resonance islands, hence leading to
chaotic motion (chaos). The limits of the four regimes are
computed as [34]:

�
ΔQ
QI

��
Qm

QI

�
¼ 1

6
; ð10aÞ

�
ΔQ
QI

��
Qm

QI

�
−1

¼ 1

6
; ð10bÞ

�
ΔQ
QI

�1
4

�
Qm

QI

�3
4 ¼ 4

ð6πÞ14 : ð10cÞ

The limits defined by Eq. (10a), (10b), (10c) are indicated
with blue, red, and green, respectively, in Fig. 1.
Figure 1 shows that the transition to a chaotic state occurs

when crossing the boundaries either from the amplitude
modulation regime or through the excitation of side-
bands (frequency modulation, strong sidebands regimes).

FIG. 1. The four regimes in the tune modulation parameter
space for a modulation tune Qm, a modulation depth ΔQ, an
island tune QI [Eq. (9)] and the sixth-order resonance (N ¼ 6)
[17,32–34]. The blue, red, and green limits are computed from
Eq. (10a), (10b), (10c), respectively.
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The present paper investigates the effect of power supply
ripple in a frequency range from 50 Hz to 10 kHz.
Subsequently, the regimes of interest in the aforementioned
parameter space are the frequency modulation, strong side-
bands, and chaos, where emittance growth and particle
losses occur through the excitation of sideband islands. For
this reason, the present paper relies on the investigation of
the sidebands and their impact on the beam performance,
while the transition to chaos from the amplitude modulation
regime is not discussed as it mainly refers to low-frequency
tune modulation.
In two degrees of freedom and in the presence of a tune

modulation Qm, the resonance diagram is computed as:

k ·Qx þ l ·Qy þm ·Qm ¼ n; ð11Þ

where k, l, m, n are integers, N ¼ jkj þ jlj is the resonance
order and m the sideband order. Figure 2 indicates the
working point (black star-shaped marker) and illustrates
Eq. (11) for a modulation at 100 Hz (left) and 800 Hz
(right). The gray lines represent the nominal resonances
in the absence of a tune modulation. The first sideband
(m ¼ 1) of the linear coupling resonance (N ¼ 2, blue) and
the third (N ¼ 3, cyan), fourth (N ¼ 4, green), fifth
(N ¼ 5, orange), and sixth (N ¼ 6, red) order resonance
is also depicted. The solid and dashed lines illustrate the
normal (l is an even number) and skew (l is an odd number)
resonances, respectively.
The sidebands are always parallel to the main resonances

and they are located at a distance that is proportional to the
modulation tune, an effect that is clearly shown in Fig. 2
(left) with the m ¼ 1 and N ¼ 2 resonance (blue). As the
modulation frequency increases, the sidebands, such as
m ¼ 1 and N ¼ 2, are driven further away from the
working point. At the same time, sidebands of excited
resonances that are not in the vicinity of the working point

reach the betatron tune spread, such as the sideband of the
N ¼ 3 resonance (cyan) in Fig. 2 (right). Consequently,
depending on the selected working point, the resonance
strengths and the modulation frequency, the sidebands of
lower or higher-order resonances might reach the betatron
tune spread.

III. BEAM-BEAM INTERACTION WITH
POWER SUPPLY RIPPLE AND

SYNCHROTRON OSCILLATIONS

In the HL-LHC, luminosity leveling techniques are
required to achieve a constant luminosity of 5×1034 cm−2s−
as envisaged in the nominal scenario [2,36]. The luminosity
degradation resulting from the intensity reduction from 2.2 ×
1011 to 1.2 × 1011 protons per bunch due to the proton-proton
collisions, will be compensated by reducing the β-functions
at the interaction points (IPs) of the high luminosity experi-
ments (IP1 and 5) from β� ¼ 64 cm to the unprecedented
value of 15 cm with the achromatic telescopic squeezing
(ATS) scheme [37].
To reach an integrated luminosity of 250 fb−1 per year,

the HL-LHC will also operate with low beam emittances,
high intensities and strong beam-beam interactions. In
addition to the incoherent effects, the mitigation of collec-
tive instabilities requires the operation of the accelerator in
a high chromatic and octupolar current regime. A chro-
maticity of Q0 ¼ 15 in both transverse planes is currently
considered, controlled by the chromatic arc sextupoles, and
strong Landau octupoles that result in amplitude detuning
coefficients αn1n2 ¼ ∂Qn1=∂ð2Jn2Þ with n1; n2 ∈ fx; yg
equal to αxx ¼ −20.5 × 104 m−1, αxy ¼ 6.8 × 104 m−1,
αyy ¼ −20.6 × 104 m−1 as computed from the PTC-normal
module of the MAD-X code [38]. As an alternated horizontal
and vertical crossing scheme is used for the two
high-luminosity experiments, the tune spread induced by

FIG. 2. An illustration of Eq. (11) for the nominal resonances (gray) and the first sideband (m ¼ 1) of the linear coupling resonance
(N ¼ jkj þ jlj ¼ 2, blue), the third (N ¼ 3, cyan), fourth (N ¼ 4, green), fifth (N ¼ 5, orange), and sixth (N ¼ 6, red) order resonance
for a tune modulation at 100 Hz (left) and 800 Hz (right). The working point is also illustrated (black). The solid and dashed lines
illustrate the normal (even value of l) and skew (odd value of l) resonances, respectively.
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long-range beam-beam interactions is similar to the one
induced by an octupole [39]. The amplitude detuning
coefficients due to long-range beam-beam encounters
are equal to αxx¼22×104m−1, αxy ¼ −34.6 × 104 m−1,
αyy ¼ 24.9 × 104 m−1. This configuration results in sig-
nificant nonlinearities.
Furthermore, a key component in the HL-LHC project is

the upgrade of the interaction regions (IRs) around IP1 and
5. An important modification concerns the inner triplet
layout, which provides the final focusing of the beam in
the two high-luminosity experiments. Reducing the β� ¼
15 cm at the two IPs results in a maximum β-function of
21 km at the quadrupoles of the inner triplet, rendering the
beam more sensitive to magnetic field fluctuations at this
location. Due to the combined effect of the significant
nonlinearities that arise from this configuration and the
higher β-functions, a larger sensitivity to power supply
ripple is anticipated.
The unprecedented high-values of the maximum

β-functions at these locations, in combination with the
next triplet generation based on niobium-tin technology
that is currently being developed, motivates the need to
perform a complete analysis on the beam performance
implications of a modulation in the quadrupole gradients.
Therefore, our investigation focuses on the four quadru-
poles, namely Q1, Q3 (MQXFA magnets) and Q2a, Q2b
(MQXFB magnets) and the three trim circuits, which are
electrically powered in series. Simulations with power
supply ripple in these circuits left and right of the two
IPs are conducted for the simulated parameters shown in
Table II. These parameters correspond to the end of
the luminosity leveling during collisions in the nominal
operational scenario [36].
The simulations are performed using the single-particle

symplectic tracking code, SIXTRACK [40,41]. Only one
beam is tracked around the element-by-element HL-LHC
lattice, corresponding to Beam 1, and the weak-strong
approximation is used for the beam-beam effects, as the
charge distribution of the strong beam is not varied. Both
head-on and long-range interactions are considered, as well
as other important nonlinear fields such as the chromatic
sextupoles and Landau octupoles. Studies with both the
nominal and the optimized working point are performed,
the values of which are presented in Table II. The optimized
betatron tunes have been derived from DA studies without
power supply ripple, which have shown that operating
with such a working point can improve the DA and thus,
the beam lifetime [42].
To simulate power supply ripple with a single tone

resulting in a tune modulation described by Eq. (3), the
normalized strengths ofQ1,Q2a,Q2b, andQ3 in the IRs left
and right of IP1 and 5 are modulated with a sinusoidal
function:

ΔkðtÞ ¼ Ar cos ð2πfmtþ ϕmÞ; ð12Þ

where t is the time, Ar the amplitude, ϕm the phase, fm ¼
Qm · frev the modulation frequency and frev the revolution
frequency listed in Table II. The amplitude of the function
Ar defines the maximum variation of the strength Δk while
the polarity of each magnet is preserved (e.g., focusing or
defocusing in the horizontal plane). The absolute value of
Ar is assumed to be equal for all the quadrupoles, without
however leading to the same modulation depth ΔQ due
to variations of the β-functions. The horizontal and vertical
β-functions of the inner triplet quadrupoles left and right of
IP1 are presented in Table III, annotated with L1 and R1,
respectively. These values are similar to the ones of IP5.
The phase of the injected ripple ϕm is considered equal to

zero for all the circuits. This approximation does not
correspond to a realistic scenario, as the switching clocks
of the power supplies are not synchronized. Nevertheless,
such a configuration is selected as it maximizes the overall
impact of the power supply ripple. The modulation of the
circuits accumulates when equal phases are considered, due
to the anti-symmetric powering of the triplets left and right
of each of the IPs. The relationship between the total
modulation depth ΔQ induced by the four triplets and the
amplitude of the excitation Ar for ϕm ¼ 0 can be approxi-
mated with ΔQ ≈ 5480. Ar as computed with MAD-X.
The quadrupoles in the inner triplet are powered by

switch-mode power supplies [43]. In contrast to thyristor
commutated technology, the voltage tones that are antici-
pated in the ripple spectrum are the switching frequencies
of the power supplies and their harmonics, as well as a
few low-order 50 Hz harmonics, namely 50, 150, 300, and

TABLE II. The simulation parameters of the HL-LHC lattice at
the end of the luminosity levelling during collisions based on the
nominal operational scenario [36].

Parameters (unit) HL-LHC (values)

Beam energy (TeV) 7
Bunch population (protons) 1.2 × 1011

Bunch spacing (ns) 25
RMS bunch length (cm) 7.5
RMS energy spread 1.1 × 10−4

Beam-beam parameter ξx;y 5.8 × 10−3

Nominal betatron tunes (Qx, Qy) (0.31, 0.32)
Optimized betatron tunes (Qopt

x ; Qopt
y ) (0.315, 0.32)

Normalised emittance (μm rad) 2.5
Chromaticity Q0

x;y 15
Landau octupoles (A) −300
IP1/5 half crossing angle (μrad) 250
IP1/5 β�x;y (cm) 15
Total rf voltage (MV) 16
Synchrotron frequency (Hz) 23.8
Revolution frequency (kHz) 11.245
Harmonic number 35640
Bucket half height 3.43 × 10−4

Relative momentum deviation δp=p 27 × 10−5

Maximum β-functions βmax
x , βmax

y (km) 21.58, 21.12
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600 Hz [44]. A summary of the switching frequencies fsw
along with the inductances L and the nominal currents Irated
of the circuits under investigation are depicted in Table IV.
Although it is anticipated that the switching frequencies
and their harmonics will act as the main contributors to the
ripple spectrum, such high frequencies are not expected to
perturb the beam motion as they will be strongly attenuated
by the shielding effect of the beam screen [3,45].
As a realistic voltage spectrum is not presently available,

the results of the simulations are compared to the power
supply specifications, which are summarized as a function
of the frequency in Table V. The specifications provide the
maximum tolerated output voltage for an extended fre-
quency bandwidth, without defining the actual amplitude
and the voltage tones in the power supply ripple spectrum
of the triplet. These values and the parameters of Table IV,
are used to compute the maximum possible modulation
depths of the four quadrupoles and the three trims left
and right of the two IPs. Table VI presents these values
for the horizontal plane and for two frequencies, 50 Hz
and 600 Hz.
In Eq. (1), the transfer function TV→I is approximated by

a simple RL circuit, VðfÞ are the power supply specifica-
tions of Table V, TI→Bm

¼ 1 and TBm→Bb
¼ 1 as the beam

screen attenuation is not included. This approach leads to

the overestimation of the maximum possible modulation
depths from the power supply specifications as the low-
pass filtering of the beam screen is not considered [3,45].

A. Power supply ripple spectrum with a single tone

1. Frequency map analysis with power supply ripple

The existence and the impact of the sideband resonances
described in Eq. (11) is validated with tracking simulations
in the HL-LHC lattice in the presence of a single-tone
power supply ripple in the inner triplets. The particles are
tracked for 104 turns at the nominal working point and with
the simulation parameters of Table II. The initial conditions
form a polar grid up to 6.1σ in the configuration space,
which in the present paper refers to the initial horizontal x
and vertical y displacements of the particles, and with zero
initial transverse momenta.
To disentangle the contribution from the power supply

ripple and the synchro-betatron coupling, the synchrotron
oscillations are not considered in this section. Nevertheless,
to include the chromatic tune shift, the particles are placed
off-momentum with a relative momentum deviation shown
in Table II.
The turn-by-turn transverse displacements and momenta

are retrieved and used for the frequency map analysis
(FMA) [47–50]. In particular, the tune of each particle is
computed for the first and last 3000 turns with the
numerical analysis of fundamental frequencies (NAFF)
algorithm [51–53]. The variation of the transverse tunes
between the two time intervals Qj1 ; Qj2 with j ∈ fx; yg
defines the tune diffusion rate D:

D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðQx1 −Qx2Þ2 þ ðQy1 −Qy2Þ2

q
: ð13Þ

Figure 3 depicts the tune determination in the second
time span color-coded with the logarithm of D for four
studies: in the absence of a tune modulation [Fig. 3(a)],
which is used as a reference, and in the presence of a tune
modulation with a modulation depth of ΔQ ¼ 5.5 × 10−5

TABLE III. The horizontal and vertical β-functions for the
inner triplet quadrupoles left (L1) and right (R1) of IP1 at the end
of the luminosity leveling (Table II).

Quadrupole βx (km) βy (km) Quadrupole βx (km) βy (km)

QL1
1 5.76 4.56 QR1

1 4.73 9.46
QL1

2a 14.40 4.43 QR1
2a 5.21 21.08

QL1
2b 21.64 5.85 QR1

2b 10.81 17.28
QL1

3 9.34 20.50 QR1
3 21.58 8.21

TABLE IV. The inductance L, the nominal current Irated and the
switching frequency fsw of the inner triplet circuits under
consideration [44,46].

Circuit L (mH) Irated (kA) fsw (kHz)

Q1; Q2a; Q2b; Q3 255 18 20–200
Trim Q1 69 2 50
Trim Q1a 34.5 0.06 45–200
Trim Q3 69 2 50

TABLE V. The power supply specifications as a function of the
frequency [44,46].

Frequency Vrms (mV) Frequency Vrms (mV)

50 Hz 3.2 300 Hz-60 kHz 10
500 kHz 1 30 MHz 1

TABLE VI. The horizontal modulation depth of each circuit left
(L1) and right (R1) of IP1 for 50 Hz and 600 Hz as computed
from Eq. (1) and the parameters of Tables IV and V.

Circuit ΔQð50 HzÞ (×10−7) ΔQð600 HzÞ (×10−7)
QL

1 ; Q
L
2a; Q

L
2b; Q

L
3 1.79 0.47

Trim QL
1 1.99 0.52

Trim QL
1a 2.96 0.77

Trim QL
3 3.31 0.86

QR
1 ; Q

R
2a; Q

R
2b; Q

R
3 1.39 0.36

Trim QR
1 1.48 0.39

Trim QR
1a 2.95 0.77

Trim QR
3 6.69 1.74
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at 100 Hz [Fig. 3(b)], 350 Hz [Fig. 3(c)], and 600 Hz
[Fig. 3(d)]. The typical values of the tune diffusion rate D
extend from 10−7 (blue) to 10−3 (red). The gray lines
represent the nominal resonances, while the colored lines
illustrate the first sideband (m ¼ 1) of the N ¼ 2 (blue),
N ¼ 3 (cyan), N ¼ 4 (green), N ¼ 5 (orange), and N ¼ 6
(red) resonance. The ðk; l; m; nÞ parameters of Eq. (11)
are also illustrated for each resonance with the same
color code.
The review of the frequency maps shows that there is a

good agreement between Eq. (11) and the tracking results.
For a tune modulation at 100 Hz [Fig. 3(b)] the first
sideband of the linear coupling resonance (blue) has a clear
impact on the tune diffusion of the particles. A modulation
at 350 Hz [Fig. 3(c)] leads to rapid losses due to the fact that
the first sideband of the N ¼ 3 resonance (cyan) reaches
high-amplitude particles and overlaps with the nominal
resonances (gray lines), as well as with the m ¼ 1 and
N ¼ 4 resonance (green). Finally, for a modulation at
600 Hz [Fig. 3(d)] the excitation of the m ¼ 1 and
N ¼ 3 resonance (cyan) is visible. As this resonance affects
a large portion of the phase space, a more critical impact is
observed compared to the modulations at 50 or 100 Hz.
This explains why previous studies [22] report that the
HL-LHC lattice is more sensitive to the higher frequency
harmonics of 300 and 600 Hz than to the lower frequency
harmonics anticipated at 50 and 150 Hz.

Overall, in the presence of a tune modulation, the
impact on the particles’ tune diffusion rate depends on
the resonance strengths, the position of the sidebands, the
sideband and resonance order (lower orders have a more
critical impact), the working point, and the actions of the
affected particles. If the sidebands reach high amplitude
particles rapid losses are observed in a limited amount of
turns. The strong increase of the tune diffusion rate and
eventually, of the beam losses depending on the proximity
of a resonance has been shown in the past [54]. Tune
modulation effects introduce a frequency-dependent dif-
fusion mechanism, the impact of which significantly
depends on the selected working point and the resonance
strengths. Some modulation frequencies are more critical
for the beam performance than others for the selected
working point. Power supply ripple in the quadrupoles can
affect the distribution even if the modulation frequency is
not in the vicinity of the working point.

2. Frequency map analysis with synchrotron oscillations

The coupling of the synchrotron and the betatron motion
in the presence of a nonvanishing chromaticity leads to a
tune modulation with a modulation frequency equal to the
synchrotron frequency. As the synchrotron frequency in the
LHC (Table II) is lower than the ripple frequencies under
consideration, the tracking is extended to 2 × 104 turns to

FIG. 3. Frequency map analysis without including synchrotron oscillations (a) in the nominal configuration and in the presence of a
tune modulation with a modulation frequency of (b) 100 Hz, (c) 350 Hz, and (d) 600 Hz and a modulation depth ofΔQ ¼ 5.5 × 10−5. A
color code is assigned to the logarithm of the tune diffusion rate [Eq. (13)]. The nominal (gray) lines are illustrated along with them ¼ 1
and N ¼ 2 (blue), N ¼ 3 (cyan), N ¼ 4 (green), N ¼ 5 (orange), and N ¼ 6 (red) resonances, annotated with the ðk; l; m; nÞ parameters
of Eq. (11). The simulation parameters are listed in Table II.
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average over several modulation periods. The same dis-
tribution of particles is tracked including synchrotron
oscillations in the nominal HL-LHC lattice without power
supply ripple in the triplet.
The modulation index βm ¼ 1.9, as computed from

Eq. (4) and (5) with the parameters of Table II, exceeds
the critical value of 1.41 [Eq. (8)]. Due to the appearance of
strong sidebands, the NAFF algorithm returns the fre-
quency determination of the sideband and not the one of
the betatron tune. Therefore, to illustrate the frequency map
including synchrotron oscillation the chromaticity is
reduced to Q0 ¼ 5 in both transverse planes (βm ¼ 0.64).
Figure 4 demonstrates the FMA (left) and the initial

configuration space (right) color-coded logarithm ofD. The
frequency map shows that high-order synchrotron side-
bands (m ≤ 8) of the linear coupling resonance (blue) are
excited. This underlines that, for the selected parameters,
the chromatic tune modulation is in the strong sidebands
regime of Fig. 1.
Although considering a constant relative momentum

deviation δp=p for all the particles in the distribution is
essential to compute frequency maps, experimentally the
initial longitudinal distribution extends over the whole
bucket area. As the particles have different relative momen-
tum deviations, the variation of the modulation index in the
distribution leads to the reduction of the average modula-
tion. The next section focuses on the investigation of the
intensity evolution in a more realistic configuration.

3. Intensity evolution simulations

Intensity evolution studies require tracking with a
realistic distribution of synchrotron oscillation amplitudes
that spans the whole bucket height. Due to the excitation of
additional resonances from the slow (synchrotron motion)
and fast (power supply ripple) modulation, particles at the
tails of the distribution diffuse and will eventually be lost.
A detailed representation of the high amplitude particles is

achieved by first, overpopulating the tails and then,
assigning weights to the particles according to their initial
amplitudes.
Specifically, the initial conditions form a 4D round

distribution that extends up to 6σ by sampling from a
uniform distribution both in the initial configuration space
and also in phase space. Longitudinally, the particles are
uniformly placed in the bucket height extending up to its
limit. The required number of particles for these simula-
tions is derived from convergence studies (Appendix B).
Overall, 9 × 104 particles are tracked for 106 turns and the
turn-by-turn transverse displacements and momenta are
retrieved every 103 turns.
Depending on the initial amplitudes of the particles in

the transverse and longitudinal plane, a weight is assigned
to each particle in the post-processing analysis. The weight
defines the importance of each particle in the computa-
tions of the intensity. It is determined from the probability
density function (PDF) of the simulated distribution.
To simulate a Gaussian distribution in the horizontal and
vertical plane, as well as in the longitudinal, the weight of a
particle is computed as:

w ¼
Q

3
j¼1

1ffiffiffiffi
2π

p
σj
e
−ðx2

j
þp2

j
Þ

2σj

P
iwi

; ð14Þ

where j iterates over the three planes, xj, pj are the initial
normalized position and momentum coordinates and the
denominator denotes the normalization with the sum of
the weights of all the particles. A mechanical aperture is
defined in the post-processing at 5σ to simulate the impact
of the primary collimators. Particles reaching this limit are
considered lost and the corresponding weights are set
to zero.
Although Gaussian distributions are considered in the

present paper, experimental observations show that the
transverse bunch profiles in the LHC have overpopulated
tails compared to the ones of a normal distribution [55,56].
The impact of non-Gaussian bunch profiles on the intensity
evolution is treated in Appendix C.
Figure 5 depicts the intensity evolution as computed

from the weighted distributions. First, the chromaticity and
thus, the modulation depth is increased in steps [Fig. 5(a)]
from 0 to 15. The intensity evolution shows that the
intensity degradation scales roughly linearly with the
chromaticity increase. The instantaneous lifetime τ is
computed from the intensity evolution I as a function of
time t:

IðtÞ ¼ I0ðtÞ · e−
t

τðtÞ; ð15Þ

where I0 denotes the initial intensity. It is estimated using a
sliding window in the intensity with a few thousand turns
in each step. The fit is illustrated for a few cases in Fig. 5

FIG. 4. Frequency map analysis (left) and initial configuration
space (right) including synchrotron oscillations with chromaticity
Q0 ¼ 5 in both transverse planes, relative momentum deviation
δp=p ¼ 27 × 10−5, modulation depth ΔQ ¼ 1.35 × 10−3 and
modulation index βm ¼ 0.64. The blue lines depict the sidebands
(m ≤ 8) of the linear coupling resonance.
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(light green). The first few thousand turns are discarded
from the computation of the lifetime as fast losses of
particles close to the aperture limit occur. Increasing the
chromaticity from 0 to 15, the average instantaneous
lifetime reduces from approximately 1600 h to 1100 h.
The fact that the instantaneous lifetime is not estimated
with a simple single exponential fit but with a sliding
window to obtain a more accurate representation of its
evolution is illustrated in Fig. 15 of Appendix C.
For a constant chromaticity of Q0 ¼ 15 in both planes,

the frequency of the tune modulation induced by power
supply ripple is varied for a constant modulation depth
ΔQ ¼ 5.5 × 10−5 [Fig. 5(b)]. Although for a constant
modulation depth the modulation index βm decreases with
increasing frequency, the impact on the intensity is much
more severe for 600 Hz (red) compared to 50 (cyan), 150
(blue), and 300 Hz (green). A reduction of the average
lifetime from ≈1100 h to ≈750 h is computed by increas-
ing the modulation frequency from 50 Hz to 300 Hz and to
≈130 h for 600 Hz.

4. Power supply ripple thresholds with parametric
dynamic aperture scans

Parametric simulations are performed to explore the
impact of various modulation frequencies and depths on
the DA and to compare the tracking results to the power
supply specifications. The duration of the tracking is 106

turns, which corresponds to ≈90 seconds of beam colli-
sions. For each study, a different combination of the
modulation frequency and depth is selected in order to
conduct a scan in the tune modulation parameter space. The
frequency range spans over all 50 Hz harmonics up to
10 kHz. For each frequency, the amplitude of the excitation
Ar is increased and the total modulation depth ΔQ due to

the contribution of all the circuits is computed. In these
simulations, the chromatic tune modulation is also included
with ΔQ ¼ 4 × 10−3 as computed from the values of
chromaticity and relative momentum deviation presented
in Table II. The minimum DA across all the angles in the
initial configuration space is computed.
Figure 6 presents the modulation frequency as a function

of the modulation depth in a color plot of the minimumDA.
The parametric scan defines the modulation depth threshold
for each modulation frequency beyond which a significant
DA reduction is foreseen (white to red). As an average,

FIG. 5. (a) Intensity evolution in the HL-LHC lattice, including beam-beam interactions and with the simulation parameters of
Table II, for a horizontal and vertical chromaticity of Q0 ¼ 0 (black), Q0 ¼ 5 (green), Q0 ¼ 10 (blue), and Q0 ¼ 15 (red). (b) Intensity
evolution for Q0 ¼ 15 without power supply ripple (black) and in the presence of a tune modulation with ΔQ ¼ 5.5 × 10−5 at 50 Hz
(cyan), 150 Hz (blue), 300 Hz (green), and 600 Hz (red). An important impact is observed at 600 Hz due to the excitation of the m ¼ 1
and N ¼ 3 resonance. The fits for the estimation of the instantaneous lifetime [Eq. (15)] are also illustrated (light green).

FIG. 6. Critical tune modulation depth ΔQ as a function of
modulation frequency fm color-coded with the minimum DA in
the presence of power supply ripple in the inner triplet quadru-
poles. The simulation parameters are listed in Table II and the
tracking is performed in the element-by-element HL-LHC lattice,
including beam-beam interactions and chromatic tune modula-
tion with ΔQ ¼ 4 × 10−3. The red and black lines represent the
sum and the root mean square of the contribution from all the
circuits, respectively, computed from the power supply specifi-
cations of Table VI and Eq. (16).
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a maximum limit in the order of ΔQ ¼ 10−4 in the
modulation depths can be defined; however the strong
dependency on the modulation frequency is evident and, as
expected from the frequency maps, there are regimes with
increased sensitivity to power supply ripple.
Next, the maximum possible modulation depth is com-

puted from the power supply specifications (Table VI).
For each triplet, the contribution of the four main power
supplies and the three trim converters are considered. The
sum ΔQmax and the root mean square ΔQrms modulation
depths from all triplets is computed as:

ΔQmax ¼
X4
a¼1

X4
b¼1

ΔQa;b;

ΔQrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX4
a¼1

X4
b¼1

ΔQ2
a;b

vuut ; ð16Þ

where a, b refer to the four triplets and the four circuits
(Table V), respectively. The sum (red dashed) and the root
mean square (black dashed) are illustrated in Fig. 6.
A comparison shows that the threshold modulation

depths from simulations exceeds the maximum possible
depths from the power supply specifications by approx-
imately two orders of magnitude. Therefore, the much
larger tolerances defined by the DA simulations suggest
that, by considering individual tones, the ripple in the inner
triplet, combined with large chromaticity values, will not
pose a limitation for the beam performance.

5. A review of the high-sensitivity power
supply ripple regimes

Based on the color plot of Fig. 6, a more detailed
analysis is performed around the frequency regimes with
a higher sensitivity to power supply ripple. Two ripple
modulation depths, ΔQ ¼ 10−4 and ΔQ ¼ 10−3, illustrate
the transition from slight to significant DA reduction.

The modulation frequency is 600 Hz in both cases and
the optimized working point is selected (Table II).
Figure 7 depicts the FMA in the reference conditions

(left) and with a tune modulation at 600 Hz for ΔQ ¼ 10−4
(middle), and ΔQ ¼ 10−3 (right). The first sideband of the
N ¼ 3 (cyan), N ¼ 5 (orange), and N ¼ 6 (red) resonance
is depicted. The analysis of the frequency maps demon-
strates that the critical impact on the DA when increasing
the modulation depth is observed due to, first, the increase
of the sideband resonance strength and, second, the
appearance of higher-order sidebands.
Second, a higher sensitivity is observed around the

regime of the betatron frequency (fx ≈ 3.48 kHz) and its
alias, i.e., the folding of the betatron frequency around the
revolution frequency (frev − fx ≈ 7.76 kHz). This obser-
vation is attributed to the dipolar effect of the triplets
through feed-down. In particular, as the particle trajectories
are not aligned to the magnetic center of the quadrupoles,
an orbit modulation is also observed.
This is demonstrated by tracking a single particle in the

HL-LHC lattice under the influence of a tune modulation
at 600 Hz and 3.4 kHz. From the turn-by-turn data the
power spectrum is computed as demonstrated in Fig. 8.
In the former case (top), apart from the sidebands (red)
around the betatron tune (black), a dipolar excitation is
also visible (purple). As the excitation frequency is not
in the vicinity of the betatron tune spread, the dipolar
effect has no impact on the tune diffusion. In the second
case (bottom), the frequency of one of the sidebands
(≈6.89 kHz) exceeds the Nyquist frequency of the turn-
by-turn acquisitions (≈5.62 kHz) and it is aliased into the
spectrum (≈4.36 kHz). The dipolar excitation (purple)
approaches the betatron tune spread and eventually, has
an impact on the betatron motion.
The dipolar effect of the triplet eventually leads to

the excitation of additional resonances for modulation
frequencies close to the tune. For the horizontal plane
these first-order resonances are

FIG. 7. The frequency maps at the optimized working point ðQx;QyÞ ¼ ð0.315; 0.32Þ, without considering synchrotron oscillations,
with the reference conditions (left) and with a tune modulation at 600 Hz with ΔQ ¼ 10−4 (middle), and ΔQ ¼ 10−3 (right). The gray
lines represent the nominal resonances, while the cyan lines the m ¼ 1 and N ¼ 3 resonance.
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Qx ¼ n�m ·Qm: ð17Þ

The N ¼ 1 resonances appear as vertical lines in the tune
diagram. Figure 9 illustrates the FMA (left) and the initial

configuration space (right) for a tune modulation at a
frequency in the vicinity of the working point (3.55 kHz),
which shows that the main contributor to the increase of
the tune diffusion rate is the m ¼ 1 and N ¼ 1 resonance
(purple).

6. A visual tool to predict frequency sensitivity

The parametric scan in the tune modulation parameter
space presented in Fig. 6 is computationally challenging as
it requires performing 6000 DA simulations. Moreover, the
tracking must be repeated if the selected working point is
modified. Although running the simulations up to 106 turns
is essential to determine the minimum modulation depth
that leads to a DA reduction, it is not required to identify, in
a fast way, the safest modulation frequencies for operation.
A computationally simple and visual tool predicts the beam
sensitivity to specific modulation frequencies based on the
position of the sideband resonances. Only the knowledge of
the betatron tune spread is needed for the unperturbed case,
i.e., the reference conditions without power supply ripple.
The working principle of the method is presented in

Fig. 10, which shows the betatron tune spread (left panel)
and the initial configuration space (right panel) in the
absence of power supply ripple (black). Based on the

FIG. 8. Power spectrum of a single particle, which is tracked in
the HL-LHC lattice, in the presence of a tune modulation at
600 Hz (top) and 3.4 kHz (bottom) that depicts the sidebands
(red) around the betatron tune (black) and the dipolar excitation
(purple) due to feed-down.

FIG. 9. Frequency map analysis (left) and initial configuration
space (right) for the simulation parameters in Table II, a tune
modulation at 3.55 kHz and without considering synchrotron
oscillations. The purple line represents the m ¼ 1 and N ¼ 1
resonance [Eq. (17)], which is the dipolar excitation at 3.55 kHz
in the horizontal plane.

FIG. 10. The footprint (left panel) and the initial configuration
space (right panel) for the simulation parameters of Table II and
in the absence of power supply ripple (black). The first sideband
(m ¼ 1) of N ¼ 1 (purple), N ¼ 2 (blue) N ¼ 3 (cyan), N ¼ 4
(green), N ¼ 5 (orange) and N ¼ 6 (red) resonance is illustrated
for a modulation at 600 Hz (top) and 3.55 kHz (bottom) in both
tune domain and configuration space.
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modulation tune, the m ¼ 1 and N ≤ 6 resonances are
computed from Eq. (11). Similarly to the previous fre-
quency maps, a different color code is assigned to each
resonance order.
Figure 10 depicts the sideband resonances in the vicinity

of the footprint due to a modulation at 600 Hz (top) and
3.55 kHz (bottom). For the selected working point, the
m ¼ 1 and N ¼ 3 resonance (cyan) reaches the footprint
for modulation at 600 Hz.
Inspection of Fig. 10 (bottom) shows that the m ¼ 1 and

N ¼ 1 resonance (purple), which is the dipolar excitation at
3.55 kHz, affects the footprint. As lower-order resonances
have a more significant impact, a tune modulation at
3.55 kHz (m ¼ 1 and N ¼ 1) is expected to be more
detrimental to the beam performance than the modulation at
600 Hz (m ¼ 1 and N ¼ 3).
Then, depending on tune versus position, a resonance

map is drawn connecting the tune space and the initial
configuration space (Fig. 10 right panel). An example of
the method is presented in the Appendix A. A modulation
at 3.55 kHz mainly affects the tails of the distribution, while
a modulation frequency at 600 Hz has also an impact on the
core. The representation of the resonances in the initial
configuration space rather than in the tune domain allows
for an easier correlation of the DA, which is computed in
configuration space, with the tune diffusion.
A comparison of the predictions of Fig. 10 (bottom) to

Fig. 9, which is computed with tracking simulations, shows
that there is a good agreement between the two. In
particular, the m ¼ 1, N ¼ 1 resonance has a strong impact
on the particles with initial horizontal displacements at 3σ
and up to 5σ in the vertical plane (Fig. 9 right panel), which
is also predicted through the resonance mapping in Fig. 10
(bottom, right panel, purple). Therefore, using Eq. (11),
determining whether the first sideband of the resonances up
to a specific order reaches the footprint and mapping these
sideband resonances in configuration space allows identi-
fying the ones that affect the beam performance depending
on the modulation frequency.
A similar analysis to Fig. 10 is performed for all the

multiples of 50 Hz up to 10 kHz. Figure 11 presents the
modulation frequency as a function of the resonance
order N. For each modulation frequency, the previously
described procedure is repeated to determine whether the
m ¼ 1 or m ¼ 2 sideband up to the N ¼ 6 resonance is
located in the vicinity of the working point. Then, a color-
code is assigned depending on whether the m ¼ 1 (red) or
m ¼ 2 (orange) sideband affects the distribution. The
frequency regimes with a red color, especially for low
order resonances, are the modulation frequencies with the
largest impact on the beam and should, therefore, be
avoided. The orange regimes illustrate them ¼ 2 sidebands
and should be avoided only for large modulation depths.
A blue color is assigned to the study if none of the
resonances under consideration reach the footprint.

A comparison between the predictions (Fig. 11) and the
results of the tracking simulations (Fig. 6) shows a good
agreement between the two. The large impact on DA close
to the betatron tune and its alias is due to the m ¼ 1 and
N ¼ 1 resonance. In the vicinity of the betatron tune
(≈4.05 kHz) and its alias (≈7.05 kHz), there is an addi-
tional high-sensitivity regime due to the m ¼ 1 and N ¼ 2
resonance. The impact on DA for modulation frequencies
around 50–1050 Hz is attributed to them ¼ 1 of the N ¼ 2
and N ¼ 3 resonances that reach the footprint for such
modulation frequencies. For large modulation depths, a DA
reduction is observed in the frequency region close to
(≈2.05 kHz), which is due to the m ¼ 2, N ¼ 1 and N ¼ 2
resonance. Finally, no impact on the DAwas observed from
the tracking simulations around the regime of 6.05 kHz,
which is explained by the fact that no sideband up N ¼ 6
affects the footprint for such modulation frequencies.
In this way, the modulation frequencies with sideband

resonances that do not reach the footprint can be easily
identified and they can be distinguished in a fast way
from the modulation frequencies with a critical impact.
This visual tool can guide the selection of the power supply
switching frequencies with the least possible impact on the
beam dynamics in a fast way, for several working points
and different optics.

B. Including a power supply ripple spectrum
with multiple tones

The combined effect of the several voltage tones that are
anticipated in the power supply ripple spectrum is esti-
mated. The envisaged switching frequencies lie in a high-
frequency regime (Table IV) and, as they are not expected
to perturb the beam motion, they are not considered in the
following analysis. In this context, the power supply ripple
spectrum under consideration consists of the low-order

FIG. 11. The modulation frequency as a function of the
resonance order N ¼ jkj þ jlj as computed with the visual tool
without tracking simulation and for the simulations parameters of
Table II. A color code is assigned depending on whether the
m ¼ 1 (red) or m ¼ 2 (orange) sideband reaches the footprint or
not (blue) for each modulation frequency.
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50 Hz harmonics. Table VII presents the root mean square
ΔQrms and maximum ΔQmax modulation depth for each
frequency as computed from Eq. (16). Three studies are
performed: first, a baseline scenario in the absence of a tune
modulation, second, including a ripple spectrum with
multiple tones and ΔQrms and finally, with ΔQmax.
Figure 12 depicts the initial configuration space color-

coded with the tune diffusion rate in the absence of power
supply ripple (left) and including the maximum modulation
depths ΔQmax (right) at the frequencies listed in Table VII.
The average tune diffusion rate, without considering
synchrotron oscillations, increases from log10 D ¼ −7.78
in the baseline scenario to −7.43 when considering ΔQrms
and −7.18 with ΔQmax. This small increase of the tune
diffusion is mainly due to the tune modulation at 50 Hz
and 600 Hz.
Intensity evolution simulations, including synchrotron

oscillations, are performed to estimate whether this slight
increase in the tune diffusion rate can eventually enhance
the particle losses. The results suggest that the considered
ripple spectrum has an insignificant impact on the intensity
compared to the reference case for both studies. It is
concluded that the combined effect of multiple voltage
tones in the ripple spectrum, with modulation depths that
are extracted from the power supply specifications, will not
affect the beam performance of the HL-LHC.
The tracking simulation studies presented in this paper

include the most important nonlinear fields in the LHC

such as the long-range and head-on beam-beam, sextupoles
and octupoles. Additional effects such as electron-cloud
[57], which have been experimentally observed in the LHC,
can potentially introduce additional nonlinearities and may
enhance the impact of power supply ripple on the beam
performance.

IV. CONCLUSIONS

The increase of the β-functions in the HL-LHC inner
triplets, resulting from the decrease of the beam size at the
two IPs, and the presence of strong nonlinearities, com-
bined with the new hardware that is currently being
developed, motivates the need to perform a complete
analysis on the repercussions of power supply ripple in
future operation. These are based on simulations with
parameters that correspond to the end of the luminosity
leveling, a scenario that is the most critical in terms of
power supply ripple. The tracking was performed in the
element-by-element HL-LHC lattice, including head-on
and long-range beam-beam interactions, arc sextupoles
and octupoles. The modulation from the power supply
ripple was combined with the chromatic tune modulation.
By individually scanning several modulation fre-

quencies and depths the impact of the power supply ripple
on the DA was computed. A comparison with the
power supply specifications, without considering the
shielding effects of the magnets that lead to a further
attenuation of the ripple, showed that the maximum
possible ripple level is approximately two orders of
magnitude lower than the minimum modulation depths
which reduce the DA.
The sensitivity of the beam performance to particular

modulation frequencies stems from the excitation of side-
band resonances that affect the particles’ tune diffusion
rate, a mechanism that strongly depends on the working
point and the non-linear magnet strengths. This is the
first time that FMAs have been used to demonstrate the
excitation of sideband resonances, although their concept
has been introduced in the past. Based on the position of the
sideband resonances, a visual tool to determine in a fast
way the safest modulation frequencies for operation such as
the power supply switching frequencies in the inner triplet
has been derived.
Including in the simulations the simultaneous effect of

several voltage tones that are anticipated in the ripple
spectrum, with modulation depths computed from the
power supply specifications, it was concluded that the
impact on the tune diffusion and eventually, on the lifetime
is expected to be negligible.
The DA tolerances defined by the simulations must be

experimentally verified in future operation through con-
trolled quadrupolar excitations and experimental tune
scans. Finally, to improve the validity of the simulations,
a realistic power supply ripple spectrum must be included,
in combination with a more accurate representation of the

TABLE VII. The maximum and root mean square modulation
depths of the low order 50 Hz harmonics included in the
simulations as computed from the power supply specifications
(Table VI) and Eq. (16).

Frequency (Hz) ΔQrmsð×10−6Þ ΔQmaxð×10−6Þ
50 1.3 4.5
150 0.8 2.8
300 0.7 2.4
600 0.3 1.2

FIG. 12. The initial configuration space for the simulation
parameters of Table II in the absence of power supply ripple (left)
and including a tune modulation (right) with spectral components
at 50, 150, 300, and 600 Hz with the maximum modulation
depths ΔQmax (Table VII).
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transfer function of the ripple spectrum from the voltage to
the magnetic field.
A general analysis framework of simulation data has

been developed. In particular, this paper demonstrated the
importance of FMA in the investigation of power supply
ripple, illustrated methods to define power supply ripple
thresholds through DA scans and presented tools to
determine the intensity evolution with weighted distribu-
tions. The methods can be applied to studies of several
other types of power supply ripple and noise effects, as well
as other present and future accelerators such as RHIC, EIC,
and FCC.
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APPENDIX A: RESONANCE MAP FROM TUNE
DOMAIN TO INITIAL CONFIGURATION SPACE

The tune of a particle with initial transverse displace-
ments ðx0; y0Þ can be expressed in vector form as:

v⃗p ¼ Qxν⃗x þQyν⃗y; ðA1Þ

where Qx and Qy denote the horizontal and vertical tune,
respectively. Assuming two distinct points of the resonance
line v⃗ra ¼ Qxa ν⃗x þQya ν⃗y and v⃗rb ¼ Qxb ν⃗x þQyb ν⃗y, the
resonance line is expressed as:

v⃗r ¼ v⃗rb − v⃗ra : ðA2Þ

In tune domain, the perpendicular distance of the particle’s
tune from the resonance line is

d ¼ jðv⃗p − v⃗raÞ × v⃗rj
jv⃗rj

: ðA3Þ

To determine whether the particle is affected by the
resonance, a distance tolerance ϵ is defined:

d < ϵ: ðA4Þ

A good agreement between this method and tracking
simulations has been found for ϵ ¼ 10−4. If the condition
of Eq. (A4) is satisfied, the initial transverse positions of the
particle are retrieved and the procedure is repeated for all
the particles in the distribution. The method is then iterated
for all the sideband resonances that reach the footprint.
For instance, in the presence of a tune modulation

at fm ¼ 600 Hz, a sideband resonance that reaches the
footprint is 2Qx þQy þQm ¼ 1. In this case, v⃗ra ¼
0.31632ν⃗x þ 0.314ν⃗y and v⃗rb ¼ 0.31032ν⃗x þ 0.326ν⃗y.

Considering a particle with initial horizontal and vertical
displacements ðx0; y0Þ ¼ ð0.93σx; 4.52σyÞ with v⃗p ¼
0.31266ν⃗x þ 0.32120ν⃗y, Eq. (A3) yields d ¼ 0.5 × 10−4.
As Eq. (A4) is satisfied, the particle is affected by the
resonance and its initial conditions are used for the
mapping. Iterating over all particles results in the projection
of the resonance from the tune domain to the initial
configuration space.

APPENDIX B: CONVERGENCE STUDIES FOR
INTENSITY EVOLUTION SIMULATIONS

Convergence studies are performed to determine the
suitable number of particles in the tracking simula-
tions with weighted distributions that offers sufficient
statistical significance for the intensity evolution estima-
tions. Figure 13 depicts the intensity evolution for an
increasing number of particles starting from 20 × 103

(blue) and extending up to 250 × 103 particles (purple).
Based on the convergence tests, a minimum sample size of
80 × 103 (green) particles is sufficient to converge to an
accurate intensity evolution estimation.

APPENDIX C: NON-GAUSSIAN
BUNCH PROFILES

Studies of the LHC bunch profiles have shown that their
tails are overpopulated in the transverse plane and under-
populated in the longitudinal plane compared to the ones
of a Gaussian distribution [55]. To include non-Gaussian
bunch profiles in the intensity evolution simulations, the
PDF of a generalized Gaussian distribution is employed,
the q-Gaussian distribution [56]. The parameter q of the
q-Gaussian distribution represents the weight of the tails.
The normal distribution is retrieved as q → 1, while q > 1
describes a distribution with overpopulated or “heavier”
tails compared to ones of the normal Gaussian distribution.

FIG. 13. Intensity evolution computed with 20 × 103 (blue),
40 × 103 (orange), 80 × 103 (green), 125 × 103 (red), and
250 × 103 (purple) particles and the weights from Eq. (14).
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Figure 14 depicts the probability density of the hori-
zontal initial positions (blue) normalized with the beam
size. The weights of Eq. (14) are computed with the
q-Gaussian PDF and q ¼ 1.5 for both transverse planes,
while a normal distribution is used for the longitudinal
plane. The PDF of the normal (q ¼ 1, black dashed line)
and the q-Gaussian distribution (q ¼ 1.5, red dashed line)
are also illustrated. The comparison between the two
clearly shows the overpopulation of the tails in the q ¼
1.5 case. The gray vertical lines represent the physical
position of the primary collimators during the LHC physics
operation in 2018 (6.7σ, ϵn ¼ 2 μm rad).
Bunch profiles like the one of Fig. 14 are used as initial

conditions for the intensity evolution simulations. To study
the impact of tail population on the beam lifetime, a series

of studies are performed for different q-parameters in the
transverse plane. The instantaneous beam lifetime is
estimated by applying the fit of Eq. (15) with a sliding
window in each case. Figure 15 presents the evolution of
the instantaneous lifetime as a function of time for a
q-parameter that spans from 1 (blue) to 1.3 (brown).
The instantaneous lifetime strongly depends on the tail
overpopulation. In particular, a reduction of the average
instantaneous lifetime from 3200 h (q ¼ 1) to 3.7 h
(q ¼ 1.3) is observed. This observation highlights the
importance of including realistic bunch profiles in the
simulations for an accurate estimation of the beam lifetime.
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