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Abstract: Results of a study of fully cavitating hydrofoil sections are
reported. All calculations are based upon the linearized theory
of cavity flow in two dimensions. This report is the first
detailed exploration of the consequences of the general inverse
theory which permits the designer to specify the design values
of the lift coefficient, cavitation number and the thickness of
the upper surface of the cavity at the profile trailing edge as
well as the shape of the pressure distribution on the wetted
surface. The ordinates of the upper cavity contour and the
wetted surface contour are calculated. The design angle of
attack, the cavity length, the drag coefficient and the moment
coefficient are also calculated. It is found for almost any
cavitation number and any design lift coefficient that if the
center of pressure is placed as closely as possible to the
profile leading edge the resulting profile will have the most
favorable lift-to-drag ratio. The study also includes off-design
calculations, in accordance with the direct theory of cavity
flows, to determine cavity interference with the upper nonwetted
surface of the profile and the hydrodynamic forces of particular
designs.
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Nomenclature

Roman Symbols

a - cavity parameter

CL - lift coefficient

- drag coefficient
SCD

CM - moment coefficient

K - cavitation number

L cavity length, a2 +1

""R L/D - lift-to-drag ratio

m - pressure amplification factor used in the second design
, .method

p - nondimensionalized perturbation pressure

SP - cavity pressurek

P- free stream pressure

. - peak pressure location, measured from the nose

t(x) - upper (non-wetted) surface of the hydrofoil

T - cavity thickness at the trailing edge

, U - free stream velocity

W(a) - function used to compute the angle of attack corresponding
to the cavity-foil interference in the off-design calcu-
lations

- absissa, taken as positive downstream, with the origin at

the nose

•oi) x - distance of the center of pressure from the nose

Yu( - cavity contour (upper surface)

-Yc(x) - cavity thickness due to the complementary function (not
total thickness)

M.
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Greek Symbols

01- angle of attack of the chord line with respect to the

free stream

-Cavity parameter, 1.
/1+K

fl(x) - 'etted surface shape

p- density

E2(a,x) -functions used to compute the cavity contour in the off-
design calculation~s

Superscript

-prime indicates differentiation with respect tj x

IU
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INTRODUCTION

General:

In 1964, a method for calculating the shape of a fully-cavitating

hydrofoil section with prescribed pressure distribution was published

[1, 2, 3). This work, which is bat.ed upon the linearized theory of

.avity flows in two dinmesior.s, resulted in three profile design pro-

tiedures. In all three, the shape of tue pressure distribution on the

wetted surface of the profile is given, and the cavitation nu.mber, the

caiv.ty thickness at the profile trailing edge, and the total section

lift coefficient are prescribed, Then the shape of the wetted surface

is calculated along with the cavity length, the drag coefficient, and

the moment coefficient about the profile nose. The lift-to-drag ratio

then follows. The three design procedures differ in the way that the

cavity thickness requirement is satisfied. Because of this difference,

the design attack angle is an outcome of the calculations in the first

and second procedures. In the third method, the attack angle is

prescribed from the outset.

In the first design procedure, the cavity thickness is obtained by

use of the complementary function for the problem. This complementary

function is commonly called the "point-drag-solution" 141 of cavity flow

theory. In our procedure, the profile is taken to be at the attack

angle for "shockless entry" so that the prescribed pressure distribution

defines completely the pressure distribution on the wetted surface.

Thus, profile design at the ideal attack angle provides the designer with

*Numbers in brackets refer to citations in the list of references.
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the greatest control over every detail of the pressure distribution;

and for this reason we might be justified in regarding the first design

procedure as the proper embodiment of the linearized inverse hydrofoil

problem. The analogous method of thin airfoil theory is given in [5,

6, 7], for example. The fact that the designer can now control the

cavity thickness allows him to make sure that the upper surface of the

eiavity does not interfere with the hydrofoil, and thereby to make some

provision for the strictural adequacy of his design from the start.

The second design procedure accounts for the fact that interference

between the hydrofoii and the cavity can also be eliminated by increasing

the attack angle of the p.ofile abov,. the ideal angle, instead of by

means of the complementary function. In this case, one prescribes the

value of CL as before. However, now one cannot control all details of

the pressure distribution. Oaly the shape of that part of the pressure

distribution whichi is associated w4 th the wetted-surface camber is

subject to the designer's pleasure. Tha pressure distribution now has

two parts: the first part which is due to the nose Pingularity (or

incremental attack angle), and the second part whiCh if due to camber

of the wettcd surface. The shape of the first part is fixed, but we

can vary its magnitude by chanAing the angle of attack. Once the sbape

of the second part is specifiedi one can adjust its amplitude so that

the value of the lift coefficient originally specified is met ay the

sum of contributions from the f•xst ai the seconO parts of the pressure

distribution,

TLe third der'gn pzocedure is more general thar the first and

4. . . . .1. ' ' >••, .'. • : " " •••', • . . '• , • , . ••''• , , . , • " . . ,- . .



-13- June 30, 1975
BRP:RFD:JF:jep

second procedures, because the complementary function and the incremental

attack angle are both used to meet prescribed cavity-thickness require-

ments. Now, one specifies the value of attack angle along with the lift

coefficient, cavitation number, cavity thickness at the trailing edge,

and the shape of that part of the pressure distribution due to camber.

Then, the remaining properties of the profile can be determined. The

third design procedure has not been worked out in detail, so that no

calculatiors have been made in with this procedure.

I. On the other hand, some calculations have previously been made with

the first two design procedures. However, those calculations were carried

out only to illustrate the efficacy of the theory (2, 3]. No attempt has

yet been made to put forward specific profile designs or to use these

two procedures to explore the outcome of various design philosophies.I The purpose of the present study is to remedy this deficiency. In order

to update the numerical procedures of References 2 and 3 so that the

computer program is compatible with the IBM 370 computer, the entire

program, as described in Reference 3, has been reviewed, all vece&ia-y

corrections and modifications have been made, and all analytical results

of Reference 2 have been checked to be sure that the calculated results

are accurate. This work has been carried out by R. F. Davis and J.

Fernandez. They have documented their work in a companion report [8].

It should be emphasized that the present study explores only the

(9/ consequences of various hydrodynamic design strategies on profile

performance and geometry. The only consideration relating to profile

structural requirements is expressed in terms of the cavity thickness.

'4 ~ ~~1 _____
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This hydrodynamic variable is treated parametrically in order to show

systems and structural engineers possible hydrodynamic consequences of

structural or other systems requirements. The important design inter-

actions between detailed structural and hydrodynamic requirements are

outside the scope of this study.

Flow Geometry and Nomenclature:

Before turning to the study of numerical results from the first an

second design procedures, we will define the flow geometry and the maj r

parameters which are basic to our considerations with the help of Fig re 1.

Although this schematic illustrates the way one might load a profile 'or

calculations in accordance with the first design procedure, the esse :ial

geometric aspects of the hydrofoil, the cavity and the free-stream f 3w

apply to both the first and the second design procedures, In the cz e of

the second design procedure the region of secondary perturbation pr ssure

between the primary peak and the trailing edge, shown in Figure 2, would

be deleted. As we have already noted, the second procedure make use of

an angle of attack increment above that needed for shockless ey .ry to

provide for the prescribed cavity thickness T. In this case ae complete

pressure distribution consists of two parts and the first pE t, due to

the nose singularity resulting from the incremental attack 4ngle above

that for shockless entry, provides automatically that the 1 'ofile wetted

surface will have a non-zero perturbation pressure everywh.: 'e, except at

( the trailing edge where it must be zero. Thus, one needs prescribe
N

only the primary pressure peak of the second part in order to determine

the shape of the wetted surface when the second design prcedure is used.

,." ,'**g***. . , -.. " "7.
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As Figure 1 shows, the free-stream velocity and static pressure are

U and P.0, respectively. The cavity pressure is Pk' a constant, and if

the density of the liquid is p the cavitation number for the flow is

PWo- Pk
•.K 2 (1)

1/2 p U

If the static pressure at any point in the flow is P(x,y), we shall

define the perturbation pressure as

P(x,y) -Pk

1/2pU2  (2)

with the understanding that at points on the wetted surface of the

. hydrofoil we have p(x,o) p(x), where now 0 < x 1 1. On the upper

and lower surfaces of the cavity, p(x,y) 0. The angle of attack is

La, the cavity length is and the peak pressure location, measured from

the nose of the foil is s. Note also that the hydrofoil has a unit chord

and that the cavity thickness, T, is defined at the point x1l only.

Figure 1 also shows the positive senses of the lift, cavity drag and

the pitching moment referred to the nose of the hydrofoil. The term

cavity drag is used to emphasize that skin friction on the profile

wetted surface is excluded from the present considerations. If the

Reynolds number for the flow is known this added drag can be estimated

f "separately. It is much smaller than the cavity drag. The three hydro-

dynamic coefficients assume their customary definitions for two dimen-

sional flow:

, ......
•5, 1':• •".' i,•"••i'',:., 'ii• ,:••,:. ..::' .,..•;•:!i !••,•,:•- • •.'s '
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L L

L 2 (3)
1/2 P U

D(4

D 21/2PU
and

C U2(5)
M 2

1/2 PU

provided the chord length is unity. In this study the upper contour of

the cavity is denoted by y (x), the wetted surface contour (or camber

function by fl(x); and the strength of the nose singularity corresponding

to an attack angle above shockless entry by A. The relationship between

the strength of the point drag singularity E, and the incremental cavity

thickness provided by the complementary function, yc(1), is

I E y I (6)

where R is the cavity length as illustrated in Figure 1. This notation

is consistant with that used in References [1], [2] and [3]. Additional

information on this and rel ted theoretical topics are given in those

sources.

FIRST DESIGN PROCEDURE-SUMMARY OF RESULTS

Preliminary Remarks:

In order to explore design trends to be obtained with the first

(9 design procedure a series of inverse calculations have been made which

use the pressure distribution of Figure 2. In these first calculations

the location of the peak pressure is restricted mostly to values of s between
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.1 and .5 chord. For the present this limitation will not impose any

essential drawback to this preliminary investigation. More complete

correlations, corresponding to the range . are discussed later

in this report, and a tabulation of coefficients for the entire range is

given in Appendix A. The range of CL values in this tabulation has been'

chosen to correspond to those likely to be encountered in the design of

cavitated foils for a high speed hydrofoil boat.

Figure 2 shows a double ellipse pressure distribution having a

peak pressure magnitude of h and a secondary peak of Xh where O<X<<l.

The secondary ellipse is used simply to insure that the disturbance

N pressure on the profile will exceed zero everywhere on the wetted surface

of the profile except at the nose and at the trailing edge. The ellip-

tical distribution has the form p(x)~/l-x near x4l in accordance with

function-theoretical requirements appropriate to the boundary value problem

[2]. For this pressure distribution the primary semi-ellipse always

starts at the point x-0 for all values s of the horizontal semi-axis for

which Os-.5 as indicated in Figure 2. In those cases for which .5s&l.,

the semi-axis of the primary elliptical distribution is (l-s) and this

loading is anchored to the trailing edge for all values of s corresponding

to this rearward loading of the profile. Thus, the primary semi-ellipse

occupies the interval (2s-l)Sx-l and the quarter ellipse of the secondary

loading would occupy the interval 0xe(s2-1). That is, if we reflect the

contours of Figure 2 in the vertical axis so that the positions of nose

and trailing edge are reversed we will have the loading configuration for

tail-loaded profiles. If CL, a and X are prescribed, it follows at
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~ once that

I2C
h i[s + L O<s<-/2 . (7)

When I/2's<l one has the case of aft loading on the foil and

2CI Lah[l-s + X(2s-l)] (8)

Equation (7) determines the value of h for the various lift coefficients

considered in the initial phases of our study of nose-loaded

profiles.

Hydrodynamic Performance:

The best value of X to be used for foil design is somewhat uncertain

because the designer needs only enough positive pressure in the secondary

ellipse to provide him some assurance that premature wetted surface

cavitation will not occur within some range of attack angles less than

the ideal design value in any particular case. On the other hand if '

is too large then it becomes less convenient for one to shift the center

of pressure location to whatever value may be desired. Clearly, A-O is

the beat choice in this latter respect. In order to examine the effect

of the value of A a series of calculations were made at zero cavitation

number and fixed cavity thickness, T-0.15, for X-, .025 and .05. Values

I ) of s were selected at s-.3, .4 and .5. Values of CL were chosen to be

at C - .08, .10, .12, .15. The important parameter for performance

considerations is the lift-to-drag ratio. The result of these calcula-
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tions is shown in Figure 3 in which L/D versus s curves are given for

X=O and A=.05. The curves for X=.025 lie between the curves for X=O

and X=.05 and they were omitted for the sake of clarity. For future

reference this illustration also shows a curve obtained from calculations

made with the second design procedure. The first point to be noticed

from this illustration is that a value of X as large as .05 does not

affect the value of L/D too drastically and yet it should provide some

y" imargin for error in the operating attack angle. Therefore, the value

A-.05 has been selected as the standard value for use in subsequent

calculations by the first design procedure.

Another trend shown by Figure 3 is the increase in L/D as the peak

pressure moves toward the nose for all C values. This is an important
L

point to note because in the past, designers have often tried to place

. the peak pressure as near to the trailing edge as possible in order to

obtain foils of low drag. This design philosophy originated with Tulin

[9] and it was further reinforced by the more general considerations

of Reference [2]. giowever, those recommendations ignore the fact that

the upper surface of the cavity must clear the wetted surface of the

hydrofoil. In the present calculations this fact is explicitly accounted

for in the design procedure and it results in a trend with respect to

the location of the peak loading which is directly contradictory to the

previous result - but at the cost of less favorable lift-to-drag ratios.

A further exploration of these preliminary trends shows the effect

* f of cavitation number on lift-to-drag ratio when the cavitation nuaber

varies from 0 to 0.2. The cavity thickness, T-.15, and location of peak
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pressure at s-.3 were held fixed. The same values of CL were selected

as before. The result of these calculations is shown in Figure 4.

T Evidently the lift-to-drag ratio is strongly affected by cavitation

number with the most favorable values being found at K=0.

Figure 5 shows the lift-to-drag ratio as a function of peak pressure

location for various lift coefficients at a cavitation number, K-.2.

Note that the cavity thickness for this case is T-.l so that for s-.3

one can compare this illustration with Figure 4 and see that increasing

T at K-.2 increases the cavity drag. This trend is obviously true at

all K values. Moreover, we see from these curves that when K-.2 and

T-.10 the best position for the peak pressure varies with CL. For

example at CL .15 the best value of s appears to be at s4.42 and that

it apparently moves toward the trailing edge as decreases.

In Figure 6 the lift-to-drag ratio has been plotted against peak

pressure location, s, at a constant CL-.l5 and at constant T-.15 for

various cavitation numbers between K-0 and .2,, One can compare the

curve for K-.2 with the curve for CL-.15 of the preceding fisure to

ser again how increasing the cavity thickness from T-;10 to T-.15

decreases the lift-to-drag ratio from about 8.5 to about 6. For the

thicker cavity considered in Figure 6 it appears that the most favorable

location for the peak pressure is near the profile nose.

The foregoing tesults from the first design procedure have revealed

the following trends. For most cases one will obtain more favorable

lift-to-drag ratios if he concentrates the pr:ssure loading as near to

the leading edge of the profile as he can. The cavitation number has a
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large effect on the lift-to-drag ratio. The larger the value of K

becomes, the less favorable is the resulting lift to drag ratio. This

is a direct consequence of the fact that one requires a fixed value of

cavity thickness, T, at the design point regardless of the cavitation

number. But as the cavitation number increases the cavity length

decreases and if left to itself the cavity thickness would tend to

decrease too. However, our design method requires a constant cavity

thickness at the trailing edge. Therefore, it is necessary that we

increase the strength of the point drag function to meet this require-

me•t. Accordingly, the lift-to-drag ratio must decrease because the

cavity drag is increased while we hold the lift constant. This situation

should be true for all locations of the peak pressure. The preceding

examples also show that the design lift coefficient has an appreciable

effect on the lift-to-drag ratio. For nose-loaded profiles the lift-to-

drag ratio increases with increasing values of lift coefficient. This

effect seems to become stronger as the peak pressure location is moved

toward the nose. Now it is known for a delta function pressure at the

j? trailing edge (2, 1] that

I) CL (L-2),

where

j~ C2 C
M450 + (10)and .

l •: I
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"As K-O, • and equation (9) reduces to Tulin's result [9] in

which L/D W8rrCL. The important thing to note is that these formulae
L

4 indicate that the lift-to-drag ratio should decrease as CL increases

which is opposite to the trend found by means of the first design

procedure. Thus, if structural limitations allow it, the present study

"suggests that the designer should use heavily loaded foils in order to

secure the most favorable values of L/D at the design condition. The

"delta function rule" suggests that lightly loaded foils are preferred.

We have already noted that the delta function rule does not control the

position of the cavity upper surface with respect to the wetted surface

of the profile. Evidently, the control of the cavity location incor-

porated into the present design procedure changes the direction of tte

trend of L/D with respect to desitn CL in a most significaut way. lfawever,

we will see that as the location of the reak pressure moves nearer to

the trailing edge the increase of L/D with increasing L becomes less,

although this trend Is not reversed for profiles defined by the first

design procedure. Another general trend resulting from the foregoing

calcuIA-tions is that ss the cavitation number increases, changes in the

peak pressure location have less effect on the value of L/D. For example,

Figure 6 shows that the lift-to-drag ratio of nose loaded profiles iii

the range .lsS.5 is hardly changed by the location of the peak pressure

when K-.2, although the change is appreciable when K-O.
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Hydrodynamic Equivalence and Performance Sunmary:

All of the preceding analysis of trends have been made for various

peak pressure locations, denoted by the parameter s of the double ellipse

pressure distribution. While this has been a convenient procedure, the

foil lopding quantity of fundamental interest is x, the chordwise distance

from the hydrofoil nose to the center of pressure. Values of x for all

cases calculated for the double ellipse pressure distribution are tabulated

in Appendix A. Now, o., . has considerable freedom in the specification

of the pressure diSLA:ibution for calculations in accordance with the

first design p ..cedure. It is certainly possible to prescribe several

distributions which will have the same value of x even though their

s.apes may differ in detail. One would anticipate that as long as all

of these distributions have the same value of x, CL, T and K at the

design point, the remaining hydrodynamic performance design parameters

should differ very little from one another. In order to test this con-

I jecture a series of calculations have been made with tle first design

procedure for a modified three-term [2] and a reversed three-term pressure

distribution at a CL .12, as shown in Figure 7. The reversed three-

term distribution has x = .3647, corresponding to a nose-loaded design.

The modified three-term distribution has x - .6685, corresponding to a

I tail-loaded design. Hydrodynamic performance data from these two distri-

butions are compared with data from equivalent double-ellipse distributions

in Tables I and II. It can be seen that differences in performance

between equivalent proZiles are very small indeed. In fact we believe

that part nf the differences shown may be due to the fact that data for
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*the elliptical distributiuns were obtained from those of Appendix A

S-, by linear interpolation.

ap The foregoing is a useful result because it permits one to summarize
alL of the hydrodynamic trends considered above for the double ellipse

family of rressure diatributions with the understanding that this summary

will also be valid for other distributions having different shapes. All

that we require is that the pressure distributions are hydrodynamically

equivalent in the sense that the value of x be the same for each and that

the same design point (CL, T and K) applies to all of them. As a result

of these considerations a series of "performance maps" have been prepared

I from the data of Appendix A. These are given in Figuc:es 8, 9, 10, 11

and 12, which show plots of L/D vs CD with contours of constant C andD L

s. Each one of these maps shows three designs, corresponding to three

values of T, and each map is valid for the value of K noted on it.

Evidently, all CL contours are equilateral hyperbolas. Note that the

plot for T-.10 shows intersecting contours for certain values of s.

This occurrance is a consequence of the trends shown already in Figure

5. As we have seen, when the cavitation number is high enough and T is

SUffiL..ently small, the best location for the peak pressure moves from
the nose toward the trailing edge. Evidently the nose location is not

always the best location. However, this is the only case found so far

in which the nese location is not the best choice. The chart of Figure

13 is a plot of CM vs x, with contours of constant CL and s as before.

This chart provides the connection between x and s so that if the design

CL and x are known, the resulting value of s can be used to enter the

SI+'• Ii' •'• • • .:•,,•, • ;;-•?,,', ",.. . . . . . . . . . . . . . . . . . . . . . . . . .... . . . . ..... . . .-........
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I charts of Figures 8 through 12 to find the design L/D, etc. for distri-
"butions having other than the double ellipse shape. Note that Figure

13 applies to all values of K and T so that only one such chart is needed.

The value X, the secondary quarter-elliipse parameter, for these charts

is .05.

Profile Geometry:

I iThe foregoing paragraphs give a fairly comprehensive overview of

the hydrodynamic performance of fully cavitating hydrofoil sections

designed by the first procedure. It is now necessary to explore the

geometric properties of the profiles as the design point and the peak

pressure location are varied. The graphs of Figures 14 through 23 show

- to scale the profile wetted surfaces and the upper cavity contours in

accordance with the nomenclature defined in Figure 1. In these figures

* the chord lines of all profiles are on the x-axis from x-0 to x-1.0,

The y-axis shows contour ordinates to the same scale as the abscissa of

each point. Note that only that portion of the cavity upper surface

which lies directly above the wetted surface of the profile is plotted

in these graphs. The trailing edge of the wetted surface is located at

the point x-l.0 on all plots and the lower surface of the cavity, which

I* would extend beyond the trailing edge Is not shown at all, The cavity

Lueirkness, T. for each design can be measured directly from the graphs

{Sa •, * vertical d~stance from tte trailing edge of the profile (1.0, 0)

to the upper surface of the cavity (1.0, T). The spaca between these

two contours from the profile nose at (0, 0), and on into the cavity

beyond the trailing edge of the wetted surface if need be, is available

. . ..$. , .
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for the hydrofoil structure. We have not drawn in any foil structure

in these plots, preferring to restrict our attention to the hydrodynamics

of these flows. Of course, we assume that there would be some clearance

space between the upper surface of the cavity and the uppermost parts of

the profile structure.

'The profiles of Figures 14, 15, 16, 17 and 18 have all been designed

for T=.15, K=0, CL=.15. Values of s vary from s-.2 to s=.8. (Note that

s should be listed as an input quantity in these figures.) This sequence

of profiles shows how the maximum camber of the profile moves toward the

trailing edge as the peak pressure point moves toward the trailing edge.

Moreover, at the peak pressure point moves to the rear, the rounding of

the profile nose increases, corresponding to an increase of the point-

drag singularity at the nose. This increase is required in order to

maintain the value T=.15 as s increases, thereby shifting the peak

pressure to the rear. It can be seen that the cavity drag almost doubles

as a increases from .2 to .8. In the following graphs we will explore

the effect on profile geometry when s is held fixed and the design point

is varied.

The effect of varying cavity thickness, T, when s=.5, K-0 and

C u.15 is shown by Figures 17, 19 and 20 for T-.10, .15 and .20 respec-L

tively. Notice that the cavity drag nearly triples and that the profile

-nose becomes more rounded as T increases over this range.

Comparison of Figures 17 and 21 shows the effect of increasing the

( Icavitation number from 0.0 to 0.2 at the fixed values of T-.15, CL=.I5

and s-.5. We see that the shorter cavity, denoted by L in the figures,

J ...
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corresponding to the higher value of cavitation number requires an

S..... increase of the point-drag function to maintain a thick cavity and this

results in greater rounding of the profile nose.

Figures 17 and 22 show the effect of reducing C from .15 to .08L
respectively. Notice that as CL decreases the amount of undercamber

decreases and the nose curvature seems only slightly affected. In this

comparison the fixed parameters are T-.15, K-0.0 and s=.5.

Figure 23 illustrates the kind of a design one produces when he

specifies a thick cavity, fairly high CL, forward loading and high cavi-

tation number. As also indicated from the performance map, the lift-.1
to-drag ratio is not very good. As a general comment, it has beeD

found in this series of calculations that profiles having a far-foward

loading or a far-rearward loading such as s=.l or s=.9 require a higher

point density over the pressure distribution so that the profile wetted

surface will be accurately calculated. This behavior results from the

sharp pressure peaks which require fairly dense point distribution for

an adequate number of points in the steep regions of the distribution.

Less "tpeakytb pressure distributions can be defined with fairly good

precision by 50 equal intervals between x-O and x=l. The contours

shown in this report generally result from this spacing and close

inspection of Figures 14, 19 and 23 which have s-values of .2, .5 and

.8 respectively, show the onset of the behavior noted above when only

50 points are used.

I IFinally, we note that the region of undercamber on the wetted

surface of all designs illustrated is quite dependent on the position
P.
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of the peak pressure. For example, if one consic rs a nose-loaded

profile and o-a studies the region between x-0 and x=2s, he will note

that the undercamber is concentrated in this re ion. Of course, the

nose rounding required by the point-drag funct .on modifies this behavior

in the vicinity of the nose. However, near t[ point x=2s the curvature

of the wetted surface reverses and beyond this point the wetted surface

shows no undercamber. In the case of tail-1 laded profiles the situation

is the same except that the influence of th point-drag function is

farther away and one can now make the same ;eneral observations if he

replaces the interval, 0<x•2s by 2(l-2s)e:1. It appears therefore,

that while the hydrodynamic performance o. the profile depends primarily

on the location of the center of pressu -,, the geometry of the wetted

surface is sensitive to the peak pressu. a location and other details of

the pressure distribution shape.

SECOND DESIGN PROCEDURE - SUMMARY OF RESULTS

Preliminary Remarks:

The exploration of design trenec derived from the second design

procedure start with the modified p assure distribution shown in Figure

24. These pressure distributions re obtained from those defined by

Equations (7) and (8) simply by p "ting X=O. As we have already

explained, the secondary pressurt distribution which is used in the

first design procedure to insur, that p(x)>O except at the leading edge

and trailing edges of the profi e is not needed for this case. In the

second design procedure, this 'equirement is automatically satisfied by

the added pressure distributl a resulting from the departure of the

M'.

!i &,.
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attack angle from the ideal angle.

Hydrodynamic Performance:

As before, the important performance parameter for design purposes

is the lift-to-drag ratio. A series of calculations made in accordance

with the second design procedure has given the results plotted in Figure

25. This figure shows the effect of peak pressure location on lift-to-

drag ratio at K=0 for a range of section lift coefficients and for two

cavity thicknesses. Note the similarities between the trends shown in

this graph and those obtained from analogous calculations by the first

design procedure in Figure 3. Note also that the range of C and T

values in Figure 25 is somewhat narrower than those used in our explor-

ation of the first-design-procedureo This narrowed scope is caused by

the fact that CL and T cannot always be specified independently. Reasons

for this behavior have been discussed in a more quantitative but somewhat

* different way in Reference 1. For the present discussion, it is suffi-

cient to note that if C is fixed and T is also prescribed, then situations

can occur in which the value of a required to meet the required cavity

thickness will cause higher lift than the CL specified. The use of the

point drag function as in the third design procedure is needed to over-

come this difficulty. Thus, Figure 25 shows that the lowest CL value

which could be attained when T=.l is about .12 and when T=.15 the lowest

CL is about .15. When T=.20 it was found that the lowest value of CL

L 

I

exceeds .16.

In spite of the limitations discussed above, one can still draw

useful conclusions about the trends produced by the second design

T, . . . "
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* procedure and these trends can also be compared with corresponding results

S ~ from the first procedure. Of course we have already seen in the case

of the first design procedure that profile performance relates primarily

to center of pressure and that while the center of pressure is related

to peak pressure location, s, this parameter tends to have an important

influence on wetted surface geometry. Therefore comparisons of perfor-

mance trends from the two design procedures in terms of s are suggestive

only. It remains to be seen how they compare on the basis of center of

pressure location.

For example, let us compare the curve for CL=.l5 and T=.15 from Figure

25 with corresponding curves of the first design method in Figure 3 above.

This comparison suggests that for nose loaded foils (s<.3) the first design
procedure provides profiles having more favorable lift-to-drag ratios. On

the otherhand, when the peak pressure moves toward the trailing edge, the

second design procedure is better. In fact, F~gare 8, the first design

procedure performance map for K--0, shows that L/D=7.09 when s=.9, T=.I5

and C =.15. This is only about 60% of the corresponding L/D value at

s=.9 in Figure 25. Thus, when location of the peak pressure is the chief

concern and a tail-loaded profile must be used (s<.4) the second design

procedure is probably the better design procedure. However, if securing

the most favorable, L/D is one's primary goal then it would seem that

nose loading is to be preferred and the first design procedure should be
( .

employed. In order to reinforce this point, Figure 26 compares L/D for

nose-loaded profiles for s=.2, with T=.10 and .15, for a range of CL values.

The curves for s-.3 are included in Figure 25 simply for reference.

If for some reason one needs to design a tail-loaded profile
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I in spite of the L/D penalties noted here, the elliptical pressure

distribution may not be the best choice. For sufficiently high values

of CL and s, turbulent separation could be produced. A means of avoiding

this occurrence for profiles which use the first design method is given

in Appendix C. We note in passing that Appendix C illustrates how one

can avoid separation but still have the steepest possible pressure rise.

Should it be needed, this approach aims to prescribe appropriate pressue

distributions without requiring extensive turbulent boundary layer

calculations and a turbulent separation model, thus avoiding the sort of

calculations described in Reference 11, for example.

The foregoing comparisons summarize the chief design factors to

be observed in connection with prescribed peak pressure locations for

the second design procedure. Other performance trends parallel those

of the first procedure at least qualitatively. This fact is illustrated

within the parameter-range limitations of the second procedure by the

performance map of this method of profile design. But first, the matter

of hydrodynamic equivalence in the sense defined above for the first

foil will be examined for the present case of the second design procedure.

STwo-Term Profiles, Hydrodynamic Equivalence and Performance Maps:

As a preliminary to the main body of the theory, Reference 1 contains

a discussion of hydrofoils at zero cavitation number and related airfoils

which extends the ideas originated by Tulin [9]. As an example of optimum

design, a "two-term' profile is found which has the most favorable lift-

to-drag ratio and which has a cavity which clears the wetted surface.

p. 24.

K' *. •
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The cavity clears the wetted surface because the pressure distribution

on the foil contains an angle of attack term besides the two terms due

to camber. Moreover, there is no complementary function in the solution

so that the example treated resembles the more general second design

procedure. As a matter of' fact we can put the "optimum'! results from

Example 3 of Reference 1 in a form which permits comparison with the

present results. In order to facilitate this comparison and to make this

document more nearly self-contained, Appendix D gives an excerpt form

Reference 1 which contains these preliminary considerations. For

example, we find from Equations (16) and (36) of Reference 1 that

337T

.C -- •ct (12)Mi 160

and from Equations (16) that

C -a~ and C a(13)D 2 L 10

at the condition for most favorable lift-to-drag ratio. Siuce xCL CM

it follows for this foil that x .2946. Moreover, at a prescribed

value of CL we can write the lift-to-drag ratio as
%L

L T 24•,,i•• - • (I + •)(14)

LL
.• !• T~~he corresponding result for a flat plate is L/D = •/2CL eanls

use Equations (39) and (40) of Reference 1 to write the cavity thickness

• /...
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at the trailing edge (x=l) as

T=1. 5764c (15)

which permits one to determine CL, CD and CM for any desired cavity

thickness. Table III shows two-term profile performance for three

values of cavity thickness.

From this example one sees that the designer has more freedom if

he uses the more general second design procedure because the "optimum"

condition selected in Reference I results in a fixed portion of the total

lift which is carried by that part of the pressure distribution due to

camber. For example, in the second design procedure we express that

fraction of CL which is carried by the prescribed pressure distribution

as

CtmmC . (16)

Then that part of CL carried by the extra angle of attack, or the effect

of a in Example 3 of Reference 1, is (l-m)C We can make use of Equa-
o L

tions (36) and (27) from Reference 1 to determine that

m 6/7 , (17)

which holds for all values of m. That is to say, m is fixed once and

for all and this result is consistant with the fact that x is also

.. ... .. ." . .. '? i "i. ,
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independent of a for this particular example of an "optimum" profile.

This is not the case for the second design procedure as can be seen

from the data of Appendix B. In the second design procedure, we

specify CL, T and K as well as the shape of the pressure distribution

due to camber. As a result the parameter m shows considerable variation

within its permissible range, OUme1.

In spite of the differences just discussed, it seems useful to

compare the performance of a two-term profile with an equivalent profile
til

obtained from the second design procedure. To do this we compare the

results of Table III with C and T values in Appendix B for K=0. We
L

see that if T is greater than .10, the values of CL~ in Table III are

outside the range of cases studied in Appendix B. However, when T-.l0

the two-term foil has CL .1395. But CL .14 is one of the lift

coefficients tabulated in Appendix B. These C values differ by 1.1%

and if one considers the effect of this CL variation on the data of

Appendix B for sz.3, he will conclude that L/D would suffer a corresponding

variation of about 0.5%. Therefore, it seems reasonable to interpolate

for that value of s corresponding to x ..2946. This corresponding value

is s-.2834. Other quantities relating to both two-term and elliptical

pressure distributions are compared in Table IV. Prom this table one

can conclude for K=O, at least, that shape variations among hydrodynami-

cally equivalent pressure distributions will have little effect on the

hydrodynamic performance of the resulting profiles. Note that the

value of m for the two cases shows a significant difference.

Of course, the foregoing results apply strictly to the second design

procedure at zero cavitation number. These findings need to be extended

,q :4. . • .'• '."• •.',..•.'.'• .2• .;-- • .- .•-• ..• -_._____._____':...._-.-.-".. ......._....___.. ..___.. . ..____.•___
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to other values of the cavitation number such as K=.05 and K=,10 and to

- other cavity thicknesses, such as T=.10 and T=.15. A convenient choice

for the lift coefficient is CL .16 because Appendix B shows a good

range of x at both values of K. For the comparison calculations, we

will use the modified three-term and reversed three-term pressure

distributions of Figure 7 except that the ordinates of that illustration

must be scaled in the ratio 16/12 in order to give the design C in the

event that m-l. The results of all calculations are given in Tables

V and VI. As in previous comparisons, the performance of the equivalent

elliptic pressure distribution is obtained by linear interpolation from

values in Appendix B.

Tables V and VI show again that the performance of hydrodynamically

equivalent profiles is insensitive to detailed variations of pressure

distribution shape. An interesting aspect shown by these tabulations

and Table IV also is that the m-values for the ellipticdt distribution

are always somewhat smaller than those for the three-term or the two-term

profiles. As was found in the case of the first design procedure, it

also appears in the case of the second design procedure that profile

performance estimates can be based on da-a from the elliptic pressure

eistribution as long as the pressure distributions are hydrodfulmically

equivalent. The practical problem for the application of this rule to

the second design procedure, is that one ncw needs to carry out the

design calculation for the new profile in order to establish the

equivalence between it and one having an elliptic pressure distribution.

This situation is caused by the fact that tow the pressure distribution

'• " " :' • L '. " . ".., , - . ".:.: .:. . ... •"
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has two parts and we can specify only that part which affects the camber

of Lhe profile whereas the center of pressure coordinate depends upon

the relative magvitude of both parts. This fact prevents us from using

a summary of results, such as that presanted for the first design pro-

cedure in the charts of Figures 8 through 13, as rather precise guides

for profile design performance.

On the other hand, performance maps which summarize the properties

of profiles having elliptic pressure distributions do provide a convenient

overview of trends to be expected from the second design procedure and they

can give the designer qualitative guidance. Figures 27, 28 show the forces

and Figures 29, 30 and !I show the pitching motuent. These figures illustrate

the results tabulated in Appendix B, except that moment data for T-.15 have

not been plotted in order to simplify these illustrations. As discussed

* previously, the range of parameters for the second design procedure is not

as extensive as it is for the first design procedure and so there are fewer

charts of L/D versus in this case. Houover, there are more charts of

CH versus T because now these contours depend upon K and T.

Center of Pressure Location and Comparison of First and Second in
Procedures:

All of the preceding comparisons have used, a, the position of the

peak prescribod pressure on the wetted surface as the primary foil dosigu

paramter. This has been a convenient choice because it can he prescribId

quite independently of the final performance parameters; and, as we have

seen in the case of foils derived from the first design procedure, it is

important with respect to the wetted surface geometry. However, the

hydrodynamic performance of profiles designed by both procedures has
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been found to depend on x, the location of the center of pressure. This

parameter is certainly related to the value of s, but for the second

design procedure the added pressure distribution caused by the increase

in attack angle above the ideal angle makes this relationship somewhat

indirect. It remains, therefcre, to see how the idea of hydrodynamic

equivalence applies to comparisons between the first and second design

procedures.

Figures 32, 33 and 34 present plots of L/D against x for profiles

* obtained from the two design procedures. The points on the curves show

-various s-values given in Appendices A and B. In Figure 32, those

points nearest the L/D axis on the curves for the first design procedure

correspond to s=.l and on the curves for the second design procedure,

the points plotted nearest to the L/D axis are for s=.2 when CL=.I 2 and

s=.3when C.15. This situation is also true for Figures 33 and 34,

except that now the C L=.5 curves for the second design procedure start

at s-.2 also. These figures show that the use of x for comparing first-

and second-foil performance only exhibit rather small L/D differences

over the range of x for which they are comparable. Of course these

differences are much larger than those displayed in Tablev I through "I

above. But those data compare foil designs within a given procedure so

that relatively minor variations of pressure distribution shape are

considered. When we compare a profile from the first design procedure

with an equivalent profile from the second design procedures the pressure

distributions for the two cases d~ffer significantly. Therefore, we

expect to see more of a difference for the present comparisons than we

i .
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A found above. The fact that these differences are as small as they are

is noteworthy. Finally, we note that if one accepts the differences shown

as being significant, we can state that theoretically the first design

procedure generally leads to profiles having the lower drag. The practi-

cal importance of this slight advantage is questionable.

The limited range of center of pressure travel of the second design

k• procedure compared to the first design procedure is another feature

which dese.rves comment. For example, when K-O, it is known that x = 5/16

for the flat-plate hydrofoil at all angles of attack. But the added

pressure distribution due to attack angle found in the second design

procedure is the flat-plate distribution. Therefore, its presence

inhibits the degree by which the designer can vary x by changing the

value of s. Thus, we see that all of the x values for the second design

procedure are less than .5 even though a values as large as .9 are

included in Figures 32, 33 and 34. We also see that the forward travel

of x available to the designer is similarly limited although this

restriction is not as severe as it is for rearward travel. This behavior

explains the apparent superiority of the second procedure compared to

the first procedure for large values of a noted in Figure 3.

Geometric Properties:

Discussion of performance trends for the first and second procedures

are now complete. The rewaining aspect of the second design procedure

requiring discussion is the profile geometry obtained by this method.

The necessary results ar.e contained in Figures 35, 36, 37 and 38 which

show wetted surface and upper cavity contours for four representative

* Ix

... ".. . . . ..,

• -... " " -•' ,, " • ' • ,: ,' • , . " , .. .. - . . . : > . ,.. . . .. .,.• .. .. .. ....• - •
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flows at zero cavitation number. These plots conform to the same rules

(given previously for the first design procedure. Figures 35 and 36 show

how the undercamber of the uetted surface is increased as the design CL

r• increases from .12 to .15. This trend was also observed in the case of

foils resulting from the first design procedure. Figures 36 and 37 show

how the region of undercamber moves toward the profile trailing edge as

the peak pressure location is changed from s=.3 to s=.7. This trend

has also been observed for contours derived from the first design method.

Finally, a comparison of Figures 37 and 38 illustrates how the wetted

surface changes for s-.3 when CL increases from .15 to .16 and at the

same time T increases from .10 to .15. It does not seem necessary to

show the effect on wetted surface shape of increasing K above zero while

other parameters are fixed because this trend is essentially the same

as that illustrated for the first design method. In fact, the essential

difference between the two procedures as far as foil geometry is con-

cerned is that the leading edge of profiles obtained from the second

design procedure will be sharp instead of rounded. This can cause some

problems structurally, particularly for a situation as illustrated in

Figure 36. In fact if one selects s-.l or .2 and does not require a

large enough value of T the cavity surface will intersect the wetted

surface contour. This occurrence is not as likely with the first

design method. However, in either case one will not always produce

acceptable designs if the peak prescure is moved too far forward. More-

over, previous remarks concerning computational accuracy needed to define

the wetted surface for peak pressure locations very close to the leading

.. . . . . . . . ..`,4, , - , - ", . ., " - . .
.~i~v½:.;It~t>:~~~2t&..4k A. 4
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edge or very close to the trailing edge also apply to the second design

procedure.

OFF-DESIGN CALCULATIONS

Suppose the wetted surface and upper cavity contours have been

determined from inverse calculations by means of the first or second design

procedure. The next step is to examine the off-design performance and

critical flow geometries of the candidate hydrofoil section. In this

study, we shall carry out such calculations by means of the linearized

direct theory of cavity flows [10]. Of course, we Tnow that linearized

theory lacks the precision of the nonlinear theory. Nevertheless, since

the present inverse theory is linearized it is consistant to use the

linearized direct theory with it. In this way, one obtains a consistant

set of preliminary results for both design and off-design flow states.

Once a few promising candidates for a particular application have been

found from the linearized theory, one can complete the design process

by recourse to nonlinearized cavity-flow calculations.

Linearized calculations for hydrofoil-cavity interference can be

carried out if one uses the direct theory of Reference 8 to determine

the upper cavity contour at any attack angle c±. In these calculations,

the slope of the wetted surface, n'(x), resulting from an inverse

calculation will be tabulated numerically over the interval O~xUl.1 This slope function, the cavity length, Z, and the attack angle, a, will

be inputs to the calculation. In the direct theory, the cavitation

number follows from the cavity closure condition. We can express this

condition as

. .. .' ..- -i
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K a a+ w(a) ,(18)

where a VT- and g is defined by Equation (11). The precise form of

all terms in this equation is given in Reference 2. This reference also

shows that the upper cavity contour at any off-design condition can be

expressed as

Y(x) 1 (x,a) + E2 (x,a) , (19)

where the functions _Q and 2 are obtained from y(x) in Reference 2 by

grouping its terms so that 8 is a coefficient of 1 as shown.

Suppose next that one selects a contour t(x) which lies within the area

bounded by the wetted surface of the profile and the upper cavity contour

at the design flow state. The contour t(x) is the upper surface of the

foil structure will simply be given by table of ordinates over the interval

Oýx~l. Then a critical off-design flow state will exist when the cavity

contour y(x) is tangent to t(x). This flow state can be found if one puts

y(x)=t(x) in the off-design cavity contour equation above and solves for 8:

t(x) (x,a)

-1
7: •= ,• " E2(20)

ili. E1 (xsa)

Then if one chooses a value of a, he can calculate a value of 8 for

-( ieach x in (o,x). He can select the largest value of 0 from among these

values. Then, he can use this same value of a and this greatest value

of 8 in the closure equation to find the corresponding a. One can then

(i

•?. *,.

•i••.. . '> i ' i - "i'i &•--• • • • •• :' - . ,<>.-'•. '•>- <'•" :' • ...- ' ......... . .. ... . .... ... ....... ...



-42- June 30, 1975
BRP:RFD:JF: jep

calculate g from Equation 11. The three values (a, K and a) define an

off-design flow state at which the cavity is just tangent to the upper

(non-wetted) surface of the hydrofoil. This calculation can be repeated

for a sequence of a-values which divides an O-K plane into two regions,

in the region above this curve the flow will be at a permissible state.

Points on or below this curve correspond to states having interference

between the foil and the cavity. The actual equations employed and the

numberical methods used in these calculations are given in Reference 3.

An example of results obtained from the calculations described above

has already been given in Reference 2. Nevertheless it is useful to

give further examples which correspond to flow conditions typical of this

study. Accordingly, we have selected the paraieters s=.3, CL=.l2, KfO

and T=.10 for the design flow state for two profiles: one from the firstjand one from the second design procedure. The results of these calcula-

tions are plotted in Figures 39 and 40 in an a-K ilane. The design attack

angle for these profiles is plotted on the u-axis. Points in this plane

3 above the curves are permissible flow conditions. Those which are on

. or below the curves are not permissible flow states. In these figures

"alpha critical" refers to the locus of points defining the couditions

I" of cavity tangency. In these calculations the upper surface of the foil

has been derived from the upper cavity surface in each case by putting

t(x) m ey(x) , 0<0<1 . (21)

"In both examples we have put 06.9 and .8. Thus, the hydrofoil sectiots

have a wedge-like shape.

."M

69 W".
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To continue these examples we have also included the general off-

design calculation method of Reference 8. The two wetted-surface slope

functions WW(x) noted above are also inputs to these calculations which

are carried out for a range of K and a values. They permi.t us to

calculate k, CL, CD, CM and L/D for the prescribet; values of 9 and a.

Results for the two profile designs are shown in the curves of Figures

41 to 48. it will be noticed that we have alsc superimposed the locus

of interference conditions from Figures 39 and 40 when 6=.9 in Figures

41 and 45 to show how interference can cut off the available range of

off-design performance. Aside from the interference data, general trends

shown in these illustrations follow those which have been noted in many

previous investigations of the direct-theory of cavity flows. No

further discussion of those found here seems necessary.

CONCLUSIONS

Perhaps the most important general conclusion to emerge from this

study is that the most favorable lift-to-drag ratios are most often

found when the profile iv desiened to have its center of pressure placed

as near to the leading eeve of the profile as possible. Only one

exceptional combination of T-.10 and K=.^ has been found so far. This

result holds for profiles designed with either the first or the second

design procedure. Of course, this finding must be applied with geometric

and other modifying factors kept in mind. Consequently, this result will

( ) seldom, if ever, be-applied to the fullest extent.

For foils resudLing from either design procedure, it is found that

at the design point (prescribed values of lift coefficient, cavitation

iz

' °, U



-44- June 30, 1975
BRP:RFD: JF:jep

number, and cavity thickness) and with a pressure distribution fixed in

shape but having variable amplitude, the lift-to-drag ratio increases

with increasing lift coefficient. That is, within structural limita-

tions, the profile should be designed to be as heavily loaded as possible.

The cavity thickness at the design point has a powerful effect on

the lift-to-drag ratio. For either design procedure, as the the thick-

ness increases the cavity drag increases.

The cavity thickness at the design point also influences the lift-

to-drag ratio for a given design. Increasing the cavitation number

decreases the lift-to-drag ratio for foils obtained from both design

procedures for most attack angles of practical interest.

Another result found in this study is that the location of the

center of pressure is the most important property of the pressure

distribution as far as hydrodynamic performance is concerned. As long

as the center of pressure is held fixed, variations in the shape of

the pressure distribution have almost no effect on the hydrodynamic

forces on the profile. Of course, fixing the center of pressure does

not allow for very large variations in pressure distribution shape

because this result was found to be true when the design point is also

fixed. When the design point is fixed and two profiles have the same

center of pressure they are said to be hydrodynamically equivalent.

This equivalence is particularly precise when the two profiles result

•(. from the same design procedure but have differing pressure distribution

shapes.

Hydrodynamic equivalence has also been found to be a useful concept

L

N" 
PC.:;2! M
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when one profile designed by the first procedure is compared with a foil

designed by the second procedure. If both have the same design point
and center of pressure the hydrodynamic forces are nearly the same.

While this equivalence is less exact than it is for profiles obtained

by the same design procedure it appears that agreement of the forces is

close enough for many practical purposes. Of course fairly small

differences were found in the forces and if one wishes to attach

importance to them he could say that the first design procedure leads

to slightly more efficient profiles than the second procedure. We do

not believe this to be a very important point.

Finally it was found that the shape of the wetted surface is most

sensitive to the location of the peak pressure. Although the peak

pressure location is related to the center of pressure location, its

influence on the undercamber of the wetted surface appears to be most

direct and its influence on profile forces seems somewhat less direct

than does the center of pressure location.

The limited scope of this study suggests that although we have

established desirable design goals from a purely hydrodynamic. viewpoint,

structural considerations may not always permit their fullest exploitation.

We have seen that enhancement of lift-to-drag ratios is accomplished by

a reduction in the cavity cross-sectional area available for the

"•' profile structure. This is especially true near the leading edge where

chordwise and spanwise bending stresses in a three dimensional hydrofoil

may become too high to meet strength requirements. From this viewpoint

it might be better to compre lift-to-drag ratios against an appropriate
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strength criterion instead of using the parameters of cavity thickness

S~and lift coefficient. Therefore, the present study is not a complete

guide for the use of inverse theory in hydrofoil design. However, we

" hope that the hydrodynamic trends are well enough established to make

the union of hydrodynamic and structural design considerations less

difficult.

I

" * '

'2J
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Table I -Performance Comparison for Nose Loading, First Design Procedure

*K~ .05 K~ 10 Notes: Xc .3647

T C D a0  L/D C D LID C L='1 2, C M =.0 4376

.10 .00704 3.2808 17.0557 .00893 3.2618 13.430 3-TER-1, REVERSED

.00702 3.2266 .1.7 .0944 .00893 3.2'101 13.430 DOUBLE ELLIPSE

.15 .01338 4.7132 8.9672 .01575 4.6942 7.619 13-TERM) REVERSED

.01336 4.6590 8.9841 .01574 4.6425 7.623 DOUBLE ELLIPSE

.20 .02174 6.1456 5.5201 .02461 6.1266 4.8762 3-TERM3 REVERSED

M.02171 6.0914 5.5285 .024591 6.0749 4.880 D~OUBLE ELLIPSE

Table II Performance Comparison for Tail Loading, First Design Procedure

K .05 K .10 Notes: x .6685

T C 0  L/D C a0  L/D C.12,Cr.82
CD D L 2

.10 .00914 2.4476 13.1299 .01063 2.4666 11.2887 3-TERM

.00909 2.4126 13.2019 .01060 2.4331 11.3224 DOUBLE ELLIPSE

.15 .01632 3.8800 7.3529 .01838 3.8990 6.5291 3-TERM

.01026 3.8500 7.3842 .01833 3.8655 6.5481 DOUBLE ELLIPSE

.20 .02551 5.3124 4.707 .02812 5.3313 4.2675 3-~TERM

.02542 5.2774 4.721 .02805 5.2979 4.2788 DOUBLE ELLIPSE

I2
p7
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Table III -"Two-Term" Profile Performance at Zero Cavitation Number

T a0  C C L/DJ I D M

.10 3.6346 .1395 .00632 22.07 *-.04110

.15 5.4519 .2092 .01422 14.71 -.06166

.20 7.2692 .2790 .02528 11.04 -.08221

ITable IV -Performiance Comparison of Equivalent Two-Term and Elliptical
Pressure Dizarl.butions: T-10 K-4)and -i'.2946

L D L/D 01* PRESSURE~ DISTRIBUTION

I.1395 .0063 22.07 3.635 TWO-TERM, rft.857l

.10 0064 21.871 3.602 ELLIPTICAL, m-'.6529

EE,

('t.

j4
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Table V - Performance Comparison for Aft-Loaded Profiles, Second Design
i• Precedure, Design CL=.16

K CM x CD L/D ao m PROFILE

.0085 18.73 3.254 .3331 ELLIPTICAL
.10 -. 0690 .4312

.0086 18.59 3.255 .3407 3-TER1, REVERSED
.0 5 ..... ..

.0142 11.23 5.126 .3630 ELLIPTICAL
S.15 -. 0522 .2263

.0143 11.22 5.126 .3709 3-TERM, REVERSED

I. .0096 16.61 3.487 .1398 ELLIPTICALiiI0.10 -. 0586 .3675
.0096 16.58 3.488 .1434 3-TERM, REVERSED

Table VI - Performance Compirison for Nose-Loaded Profiles, Second Design
Procedure, Design CL.16

- f - - - - L/D [o PROFILESM ...... ....

.0076 20.92 3.544 .5396 'I LLIPTICAL

0.0077 20.74 3.557 .5731 3-T1ERM

-.. 0141 11.33 5.157 .0587 ELLIPTICAL
.15 -. 0506 3162I

.0141 11.32 5.159 .0625 3-TERM

.0093 17.15 3.607 .2247 t ELLIPTICALi!:.10 ,I0i0524 .3275

.: 0093 17.12 3.611 .2390. 3-TEMM

I
BE

d'La ý
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LIFT, LHYDROFO11 WETTED SURFACE

y UPPER SURFACE OF CAVITY

PITCHINGCAVITY THICKNESS,

MOMENT. M ATxI
It RG, CAVITY PRESURýE.,P

P0 ~ ROFI, D RIIG CVT EGh

OFCAVITYLEGH

DOUBLE ELLIPSE PRESSURE DISTRIBUTION

PERTURBATION
PRESSURE. *4plX

Figure I- Schematic Diagram of Two-Dimensional Flow Geometry
and Prescr1ibcr Pressure Distribution for the First
Hlydrofoil Design Process

PRIMARY PRESSURE DISIRIBUtION

h SECONDARY PRESSURE DISTRIBUTION,

0 .5I~ (x-0

NOS Tt TRAIL ING tDGEU

Figure 2 -Double-Ellipse Pressure Dintribution for Use with
the First D~esigon Procedure
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0.25 7 -
REVERSED- THREE TERM

I ~0.20

* ~0-0 + 5 5 7 0

PERCENT CHORD,

F~igure 7 -Three-Term and Reversed Three-Term
Pressure Distributions for Comparison
of Results with Results from Elliptic
Distributions
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APPENDIX A

Tables of Performance Data - First Design Procedure

K

Symbols in the following tables are defined as follows:

CAY = Cavitation number, K. See Equation (1) of text.

LAMDA E Double ellipse pressure distribution parameter defined
in Figure 2 of text.

CL Section lift coefficient. See Equation (3) of text.

TEE Cavity thickness parameter, T, illustrated in
Figure 1 of text.

SS Location of peak pressure, measured from nose of profile.
See Figure 1 of text.

LOD - Lift-to-Drag ratio of profile.

ECAP, B, DINT, CO: These are characteristic parameters appearing in the
calculations which are described in detail in Ref. 2.

CH Pitching moment coefficient. See Equation (5) of text.

CD B Drag coefficient. See Equation (4) of text.

ALPHA Angle of attack in degrees. See Figure 1 of text.

x �Center of pressure location, fraction of chord.
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APPENDIX B

Tables of Performance Data - Second Design Procedure

The symbols in this table are the same as those of Appendix A
except for ACAP and EM. These are defined in Reference 2 as:

ACAP - A, the strength of the leading edge singularity due to
the increase of the design attack angle above the value
for shockless entry.

EM m, the fraction of CL which is carried by the prescribed
pressure distribution. The fraction of L carried by the
angle of attack term is 1-M.

ALPHA 2 Angle of Attack in radians (note that in Appendix A this
quantity is expressed in degrees).

Ti.
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APPENDIX C

Pressure Distributions for Fully Cavitating
Hydrofoil Profiles Which Use the

Stratford Pressure Rise

We have seen that fully cavitating hydrofoils have the best L/D

if the center of pressure on the wetted surface is as near to the pro-

file nose as possible when cavity thickness constraints are specifi-

cally accounted for in the design. Even so, there may be some situa-

tions when tail loading may be desired. Then it is necessary to avoid

turbulent separation and to make certain that it will not occur at the

very beginning of the design process.

In particular, if one specifies the cavitation number, the Reynolds

number, and the profile lift coefficient, he needs to know how close to

"the trailing edge he can locate the center of pressure and still main-

tain a prescribed value of the cavity thickness. In order to move the

center of pressure to the rear, one needs to specify adverse pressure

gradients on the wetted surface which become steeper and steeper as the

center of pressure moves aft. At the same time, turbulent separation

must be avoided. It is the avoidance of turbulent separation along with

other design considerations noted above which has led to the following

considerations. For nose-loaded profiles such considerations are not needed.

Fortunately, the problew of turbulent-separation avoidance was solved

by B. S. Stratford in 1959 (12J. In two papers in the Journal of Fluid

Mechanics he has given a solution for the form of pressure rise in a tur-

bulent boundary layer which is just on the verge of separating during the

whole time that a typical boundary-layer fluid particle experiences a

xisiug pressure. Although such a boundary layer flow is a very special

S.4I... . . .- ..;.
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one, it obviously has great technical interest, because it is not possible

to prescribe steeper pressure increases without producing turbulent sepa-

ration. Of equal importance for applications, Stratford was able to pro-

duce such a flow experimentally and to measure the important boundary-

layer flow quantities.

Since Stratford's pioneering efforts, his results have been applied

in this country, principally by engineers at Douglas [13, 14, 15, 161, to

the design of very efficient high-lift airfoils. Moreover, they have

verified the correctness of their methods in a series of wind tunnel tests

which showed excellent agreement between calrulated and measured perfor-

mance. On the basis of these results, there is every reason to believe

that the work of Stratford can be applied to the hydrodynamic design of

certain supercavitating hydrofoils.

On .the other hand, the design considerations appropriate to cavity

flows are somewhat different from those for airfoils. Therefore, it is

necessary for us to adapt sove of the methods of Stratford and of Liebeck

to the present inverse design prodedure 12]. In this note, we consider

only profiles designed in accordance with the first profile design proce-

dure. The use of the Stratford recovery for the second design procedure

will differ from that given below. We will not consider it here because

of its complexity and its limited usefullnoss.

Prescribed Pressure Distribution

Figure C-I shows

schematically the kind

of pressure distribu-

tion under stidy. The

wetted surface of the

Figure C-I
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hydrofoil is of unit chord, and it lies on tbe X-axis as shown. The

dotted contour il.ýustrates the upper surface of the cavity which ori-

ginates at the profile nose. The lower surface of the cavity leaves the

l\ profile trailing edge at X 1. The cavitation number k is

2* 1/2P U2

where P., and U are the steady upstream flow conditions. The cavity

* pressure P is the lowest pressure in the flow field, and p is the liquid, C

* . 2density. The disturbance pressure in Ref. 2 is P(X) - P + p(X).1/2p UC2
c

where P(X) is the static pressure on the foil and the distrubance pressure

is p(X). The pressure coefficient C is
p

P(x) - P
C = = -K + p(X)
P l/2p UO

Note that p(X) 0 on the cavity. Moreover, the velocity magnitude on the

cavity is

qc U + K

and, if all disturbance velocities (u,v) are normalized with respect to

this cavity speed, we have

U(X) - El [ + u(X)

and, to terms of first order,

p(X) m -2 (l+K) u(X)

t" " ,* • •.":-".!' i'.:• ,'',:t .•• . .:i' :'•- • - :o, •.,:r .•:; ;. - "• .,: :, :•, :,..,.,:, '.:, . . , :. . . . .- , - .., , .-
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We can now discuss the pressure distribution shown above in terms

of this notation. Note that this diagram shows three regions:

(i) from X = 0 to X = X at A, where p(Xo) X Xh, X << 1.

Two shapes for this region are considered;

p(X) X- Xh linear rise,x
0

Sor
,!or (C-i)

p(X) Xh X parabolic rise.x

This region of small positive perturbation pressure is required to give

the profiles resulting from the design process some tolerance to angle of

attack variations without wetted surface cavitation occurring.

(ii) from A to B [X • X S (l-S)], "Stratford Recovery" region.

This is considered more fully below.

(iii) from B to C [(l-S) • X S 11. This region of falling pressure

will hoav an elliptic contour:

p(X) - - /(l'-X) (2S-1+X) (C-2)

This particular shape has been chosen to have zero slope at B, where

p h, and to behave like p v/I-X near the trailing edge. This latter

condition characterizes the trailing edge condition of the flows studied

in [2].

Canonical Pressure Distribution:

For boundary layer calculations

in the Stratford region, the so-called

canonical piessure distribution is I

most useful. It is based on the pressure

Figure C-2
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at A, P0  P(X , just at the start of the pressure rise. Note that

this definition varies somewhat from airfoil [13, 14, 15, 16],usage in

which P is taken to be the lowest pressure on the foil. Our definition
is consistent with the requirement that, except for the leading and

trailing edges, the wetted surface of the profile must have a positive

perturbation pressure. The canonical pressure distribution is defined

as follows:

- P(X) -P
0

P 1/2 U
0

We can now translate this quantity into those which we will need for

hydrofoil design. Thus,

P(x)-P P - U.
C = + - [p(X) - Po)

l /2P Uo 2 l/2p UU

where p is the perturbation pressure at X X0.

• 2 IT 2

U• q c]2+U( ) (1 + K) [1 -0 P/2(l + K)]2

o0

2 2

+ K P + Po/4(l + K)00 0

2~PO
But 1 > p > 4-(l-+K) and we can neglect the second order term compared

to 1, Moreover, in the present case p Xh. So, the final result which

we require to translate specifications on perturbation pressure p(X) into

canonical pressure distributions, C (X), is
P

ii' • • ~ ~ ~~ ~ *..'.... .. ... .
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C (X) p(X) - (-
p 1 + K -Xh (C-3)

The perturbation pressure is needed to calculate the lift coeffi-

cient, CL, and the canonical pressure coefficient is needed for boundary

layer calculations.

Now the boundary layer flow state at the start of the Stratford

recovery is characterized by the momentum thickness at point A [10, 11].

Moreover, Stratford's experiments and his theory pertain to a pressure

recovery region which is preceded by flat region of x In the pressure

recovery region normalized coordinates are x/x with origin at x 0.

To start the pressure rise, Stratford gives formulae, based on matching

the momentum thickness at x/xo 1, to account for other than flat pres-
0

sure distributions ahead of X for both laminar and turbulent boundary
0

layers. In the present application, we will assume that the boundary

layer is turbulent from the nose of the foil to the point X Then,.the

"effective" flat region xo is

( 0()0O X rX

X 2 2(1 + YQ - p(X)<! % dX 0 2(1 + K) 'po C4
0 0

For the linear pressure distribution, we get

0 0 [ 1 +0

and for the parabolic nose pressure, we have

()X- X I +i .1 h +3 .] 2
0 0 2 1 2 +K 2(1 + "K

*.. .. ,:~.' , .;'', I ... . . ,. .* . - ." • A.
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In either of these cases, we can write

X 1 (C-5)
0 0

( ) The quantity T is defined by one or the other of the above functions

of Xh/(l + K,.

The Stratford Recovery

The chief result of Stratford's investigation is contained in his

canonical pressure distribution [12]. it is

0.49 {Re 1/5 x )1/5 1]} 13,

p x p 7_ _0 - 4

1 (x/x )+b >
0

x UX

where Re -- --- --
0 V V ¶

and where the constants a and b are chosen to match C and dC /dx whenp p

C =4/7. Now, the above formulae are written for a hydrofoil of unitp

i.. chord. Naturally, we will be dealing with foils of chord c. All we need

to relate Re for this case to the Reynolds niumber based on chord c is
S0

•: to put

ix 0 X o V -1+-K

""whee Ree

Ro "Vj 1"'(C

00
and. where the cosan ts basend b arechsntoa distachs.d xwe

S4/.Now, the aboe f ormleaewitnfr yrfi fui

CoordiNates and Lift Coefficient

As reae hRe feen ther case two th enlset of b cor based: tnhorde w ich

!•.-

topu

?L~~ ~ c • . +r-.- .... x -ý + ..
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measure actual distances along the unit chord of the profile, designated

"by X, X etc., and those which relate to the canonical pressure distribu-
0

j tion, designated by x, x etc. We must determine the relationships be-

") tween these coordinates in order to continue the analysis. We have al-

ready obtained one result in the form of the Equation (C-5) which is

X xxT
0 0

However, this relationship holds only at the point A on the foil. That

is, when X X and x x. But we know that in going from A to B, we
0 ,

follow the Stratford Recovery and, in particular, when we are at B,

X (1 - S). Moreover, at B we know that p(X) h, and so the canonical

pressure coefficient from Equation (3) is

K1 -(,X~h
cp l+K-A • (C-8)

f This value of C can be put into the Stratford Recovery and the cor-

responding value of x/x found. Denote this value of x/xo, corresponding
00

to X 1 - S, by Z. Then, we find that

S- 1 + !-Xc, _-
• (R%)I-7• ~L?4TK• --- YJJI ' l + K-Xh 7

2 (c-9)

- +K " I Ai+K-h 7

We now have two pairs of corresponding points:

at A 1 l, 1; and aXt BI -S
0x d x

Eietll0 0o 0 O

•:• Evidentially, as one traverses the distance ffrom A to B on the wetted
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surface x goes from x to Zx , Therefore, the distance is (Z-l)x
0 0 0

(Z-I)X0/T. But, the profile has unit chord. Hence, the sum of the

distances from 0 to A, A to B and B to C is

1. X 0 + (Z-l)X o/ + S

or

(l-S)t (T + z - l)x 0  (c-00)

This is a fundamental geometrical constraint on the variables of the

problem which we will need later.

In order to consider further the relationship between the boundary

layer coordinate x and the hydrofoil coordinate X, let us take a point

Q in the Stratford Recovery region between A and B. Suppose Q has the

foil coordinate X and the boundary layer coordinate x. Then, it must

Ifo.lUw that
i - "= x-x
•X X° x o

0 0

Now we can divide this relationship by x

10

,x x x
0 0 0

Next, we can apply Eq. (C-5) to this result to obtain

'C ' (

Sx x
o 0

Equation (C-5) relates the boundary layer variable z x/xo, appearing
0

in the Stratford Recovery equations, to the geometric coordinate X on

the profile.

;..1
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It is the coordinate X, along with the perturbation pressure p(X),

which allows us to calculate the lift coefficient. Moreover, since the

quantity x is determined by Eqs. (C-1) or (C-2), we can use it to relate
0

the boundary layer coordinate in the Stratford region to the geometric

coordinate X without ambiguity. In particular, we can write

CL = p(X)dX

Then, with the help of Eqs. (C-1), (C-2), and (C-3), this formula becomes

Tish xE o + -
CL Xh[(I-S) - 2- Xo] + -4- + + K- Xh) - + 1- d) X!•P X"J 0 xO

(c-12)

for the linear nose pressure distribution and for the parabolic case,

CL X[1 - s - j X] + -+-+ (1+K-)h) i | y(_ + - d

00

(C-13)

Note that Eq. (C-1l) and the considerations leading to Eq. (C-10) have

"been used to put the integrals in Eqs. (C-12) and (C-13) in a form suit-

able for direct use of the Stratford Recovery as specified by Lqs. (C-6)

f ,- Further Details of the Solution

The preceding sections provide all esential ingredients nocessary

for the determination of the prescribed pressure distribution on the

profile. However, in order to implement these results,-a number of sub-

sidiary calculations must be completed. For example, we have noted that

Ii
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the Stratford Recovery requires that a joining of profile shapes occurs

at C = 4/7. At this pressure, C (z) and dC /dz are to be continuous.p p p

These two conditions permit us to calculate the constants a and b of Eqs.

(C-6). At the point of joining, let us put

z = z forC
0 p 7

Then, from the first of Eqs. (C-6), we have,

• 1.58

zo 0 - Re1/5j

Then, it follows that

a 1.206 4/5 (l/5 1)2/3
oozRe

6.563 z4/5 (z/ - 1)2/3

Re 1/5
0

Now, we can continue with the determination of the matching of the

Stratford Recovery to other prescribed conditions on the pressure distri-

bution. We require that the lift coefficient be specified in advance.

However, the point X is as yet ,ndeterminrvd, aud the value of h, the
0

maximum pressure on the wetted surface, is also unknown. We know that the

Stratford Recovery allows for the steepest possible pressure rise without

turbulent separation. Thus, we can specify a family of pressure distri-

butions, depending on the parameter S. Members of thia family will all

have the same values of CL, K aad Reynolds number.

The values X and h must be determined by trial and error. We can

use the basic geometrical constraint and either Eqs. (C-12) or (C-13)
hl
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for CL to guide the iteration in a Newton-Raphson procedure. Thus, we can

write Eq. (C-10) as

G (X h) =- Z+o1c0
0 X

and Eq. (C-12), for example, as

CL(Xosh) X[l - S - X + Sh/4 + I
02o

Then, we suppose that, in the process of iteration, we find at some

SI2 step a difference in the calculated value of CL from that specified.

LL• iLet this difference be AC. Then we have

X L aCL
Ah + -- Ax0  ACL

0

and

-•Ah +wAX '0
; 0

&Wv~dentally, one can uolve for Ah aud AX and use them to determine the
0

next value of h and X in the iteration. This is a standard procedure.

It needs no fur-ther discussion here. The calculation of all the partial

derivatives from the formulae of the preceding sections is rather tedious.

We shall, therefore, proceed to the discuGsion of results.

These results are contained in Figure (C-3) which shows the

varlation of LID for a range of peak pressure locations at zero cavita-

tion nu~ba.r. For each value of cavity ýhickness T three values of C are

used. Note that the trends show that the nose loading, corresponding to

large values of S, lead to wore favorable L/D values than the tafl-loa.1e4

•.*. _--.-:....

4, ,,
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profile obtaiaed at small values of S. As we have already explained the

chief value of the Stratford recovery is for tail-loaded profiles which

are not as efficient as those having nose loading. Therefore we have

K-... discarded this kind of pressure distribution in favor of the simple

double elliptical form which has been used in the body of this study.

11

.y;i~ ~ ' .~
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APPENDIX D

U

*Fig. I Schematic diagarn of cavity Raow post a hydrololt

the x-iaxia. Tfho chord nf theo 1molilp i4 il'iwliiedA fii n hlgi!' Of
attllck ar wiLth resinct tot the u ndN1ixt irhci llkw. li d:j.i h

* ~wetted a rfaco, trneasurod f(mi tho x-axis,~ im emdb l'bOt l l fli jne.-
tioiif(x). The cavity extends~ hack tivir tOn tppc~r.-oirfio-o iliah

* f(oil. Generally, the stittie 1)roxmi.re tif the ga tir v.&pmr ii4-sU liath
- ~cavity P, will be lem thfnr the free itretian Hutt i4, pr-i ~r.- P-. tr~d

the cavity will close at a finite diAL-mro of abseips, 1. belkimil Oth
hydrof1i aoto WVhmom I > I L~O le w HOW ISClid fully C~.vm:tm
Partia~l cavitAtion is 4aid to Oexiit W11111% Lik c~ivity V1ham.ti()i ton
Uipper mirfaco of the profile. Only fully cavilat~ingfijlowiw tire ctinf-'

* .~.........idored liithih paper. lat auch flows theo How stato is cmiriactorimt.d
* by the cAvi Oittion number,

Put

In tlkia sactiwn we #hall cmni-ttlr those Pliet-il flows foir which
K - 0. In this limititig ma iuote cavity lpiigtl Icuc uitthillit
and tbm! flow speed on the cavity surface is equal to Utme free himrv.ma
speed. U.

Hydrloll at croCaviatio Nun~erand elaed Arfois A tho flow at tiny pIwnt in the x. Y-plbne We given by the
HydofolS t eroCa~latonNOW andRelte Aifois$ velocit~y vector q(:, v), Nex~t., ms is civilotonary, w~e itomrlumco

Wccker the steady rectiline'ar flow of a liquid of density p p~as the sand y componants of the disttmrhimica VIL11irity C.lmibi.1l by kilo
a fully cavitating hydrofbil of unit chord in two dimensions. As foil. Th"-s m ire u (r, yi) mid ijz, y), rclveetively. Thoe ~rturim-
~tuatrated in Fig. 1, the profile os rims at tho origin of coordinates tiomi voIocitulea am Meated to the vector q by( 'd thoefreevst mvelocityhasm mgntuda U and Rows parallel toq UI+u,.()

INumhixri Jom brmeLit &%witmimto Ilofareutr, fit otld of Imp~or. In acceirdlamto with thme linmarizmitiun ritcmil %' 11111t, ivmivo Imm4m , V 4
11,10 tolm11m ~Int 04f thin. rittia skit dto kmT. V. MVi.a whon himts kindly 1. Wojj Aunltalo A&-¶munmn thiit tilw CIvILy alki-fitrem aml tIi 01- %%etio

pcthttd ta~mi t bemmwl h~mm I~nkanr ~uehmejinul ilsussonOf 'rfaco Of thia hy~drofOil liO Clrm4o'amomghm tO 00m .r-14m6Si OVA Mhz lt10
14011)P h1411Vt, f thai's 14IMmie ist rratotfUhly acintC twllO hininqd.

(2otitribut'il h~y 04A hlytimmihao lDivistinn and jirto~ntlad at the Wnimcr 'rplana (Ia * + t.m) %toe bowtdaaYcntimfcona on 1110 e'ompox
Aimnusi MsectirnR, N'mmmrmium '., Novoinbor 17-22. 1003. of Tumr velocilY,

calved at ASMk E 1119"qusa.tu Ma" M2 I" (3
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Y y

lie 0 u

fig. 3 Geemeit"rkpainfiores for a citcular-ofe hydrofoil

For example, if we ta~ke

/(xz) -ax+ bx'+ cy, +., x•z :

Fig. 2 Boundary conditions in Ili* physical plans fa-piant) and cart.. we find that.
sponding boundaries In the iroaslformed piane (s..plaon) Is ffr toe vilo
"on. clum boir 26, :ie

i cin Ie applied o% Off, x-axia. Tile linoar,7.d boundary conditions a ili~y iiili~lfa dl, t tdIV/z , ~tiij.e
for tile analytic fuinction tt~z) are shown in Fig. 2. 'These condi. j* nilsgerlcuttjoliui 'flOrlidriiid

tions can be summarized as follows:evniiagcofttakwl odfesiLr., huoofheaiiii

U(XO0+) -0 for x >0, ,hydrofoil.

v~z 0) -/'x)for0 ~Correaponding to tile dint~ursutwo velority, we slitill dvi-Gie Life

u~x,0-)- 0(4) parturbation pressure coafficierib p(.r, V) hy

U -v-0M Iu.r.px -0Q

By tieans of the conf~ortnal t~rattiformnaticin, jU

V J 4 is - _a'h, (Ii) where I'(r, 1/) d..noi4 th iutttir ihrt-sti~tiri IL fity liill.ill it, 11- ii W.

tile whole z-pitlnrs is mapped into the lower half ol Life 60iplan -U(;o of tile liftire .11mg, ad Putaointit toiiiwiota Licit )4C
withs the etolid surface lying on tife real Y-axis bekilteen -0 anti

-1. Tite cavity bounda~ries lie along the remnainder of tho real /C\ ,aI \
axis. The v-plaulo and tile tranoformed boutndtlry conditiow r ( 0 ) AX(/() px, 0- ),1
also illustrated in Fig. 2. It isto ho noted tluta we hAvehoii o~n \C f/c/
to be invariant. under tite isnpiing. that. ia

"UO) -U(x. V) - 4<z' Y) - 01~) -W*(P) (Z' j 0))U(Z* 0 -d

UOU 0~s - 46MsV). (0)

We ran otaiind thle related firfoil formiulne by noting that (nif)u,0)d~(t
pArt of the real io-axia u - u*- 0. Thorerooro w*(Y) call bo contiO ..
Owned atitlytictilly into the uppewr half of the Y-plane by the
Ilteicmru~-Schwarts Prillciphi la reflection 161. F~or~ the prwj The expixosion for C,, can beiospitiifici by nictow o4 tho Vviwuin
flow we can writa intagral fomiula 171

W"(P) *-W*(V), (7) U4 - P . U(,0 d

so that u* is odld and v* is even Iin vj. Aftor tho anttlytiet cnn-
titilltion (lhe flow in thle V-plane will W~ reeognicd an tile flow where PSV. starids for tite Cauchky principlo value of Ute ikrl
Imat ant airfoil of tewo thirckneta with w* being the dixturbanco Tlus,
C reAted by the aitfoil in at% otherrriti uniform streaml of velocity 4j 1 ui -

( V U. As it coumqruenie of thle invarsanru indicated by eqipa. O' - PS. I~ t u(,-)dt -V M ( - Q .)id

Coin (G), the sithniti of tile trarniformod solid boundlary in the t 4
Pplinciti, delerrmined by uNQ, 0), will Senterally be different. from

Oto wetted surface slapuos in theeP-plans. L4test Uee~pof the new + ~ I*(,0 +4 v(40.-)i.4*0, )l
rltdairfoil be deotewd by . W

Thien fromi actuationi (0) It. Moows Uhat -2~{ (.O.d} ~

dl(r) 'otds,04 dC fo M~ ' ~ *Nostiont. ara roacitiso ittmitiv ofn mlhr-Y Irm tit itirva., ih.-1':1

of ftitte.. N~OW4W h Use Mosasea Is takti. MIKOitat th aoo 4k4A. 5 h
Uece, tho shpae of the relted aided Is given by

. ~~~~o . .....



(II Itho III her ham!il, Clio lift, monient, and timethird ~oi,,nwgm (it tile ity. iiit,ril. Ni-N'. ft, Mo.~w (its- 1,.o-lm -f % .d.* il wil itil

o'ttdaifolan limiy fit virmia~r it, , livibid-iii-i. l'r~I I va tsIll 1ot,itj:irl

oil) Iitimi it I (1o4tgiiI jmr.i.!'*oI feir fuIIY ,:tvifI It I,u, FyI of',i a I I i'/

Example 1. FlaI.Pl"Its Hyd#.g1olI. I'or it flitt *paimlydrofoili

-, z (1) 0-) - ,m(0, +)ii Alglumof ttitek, a, wo lmatvef(f) -' f faaind

- -40  K)u'~.O)Ii (1) From equations (I1) itL followN thatd

Thereforo, by ronilarisori with equations (l11 and (12) we rind as 2ty, a. - 0, nt 1, 2,

C, tom ON'. CM. - -Come, C,. - 0C,*/2w. (14) 11ence, from equations (H4) anti (111) wo tldainif

1*11 hiCA601ion of tho remitter IIf prjmwiro, oxpreimad IUw a, fralction of CL 7

the Chmord from tho hydrofoil none, in

C.P. - -C. 1,e/ - -r1,*C* (1aol CP

Thetic equivatletire relittionshipsa hctwe --. to hyd! -)oil And thore- 'ieerx~~imwtlol~~ ur~ ntm ul au4tmi h

latedl airfoil are (lite to Dt'.in anti lurkart (1, 2]. Teerumtlo f ia oc nOnfil aiaii l

From the direct. problem of thin airfoil theory 181, it is known to he normal to thio p;dmle-, na im -'. hould It(. A~miC%(~II.,tbnoa'

tha OL1 m*,fid Cmecan be Oxy ;-ceaod intm fteFuir of the ecenter of pressumre, in 1/14 eihord froin Ib Il~ ~eadim
tha CL. C,',an C,' I temsof he ourer These values for the cofielcie~ntmmi will lie reenrit.aizmi- ws itlil

*coofficieritsof v"(t, 0*). Write form of 1(irchofftma exact, soimiiion [91 fomr noial~l vadmmmes (it X.
Example 2. Cirtular-Art: Hydrofoil. Them circtilar-are

-v'(t, 0:k) ex o., coo ng, (15) which subtends a total anglo, of 2 -y at the. cenitcr (if Ot- ir,

- 2 +which is at an anglo of attack a. is deinklied for sinall valties

where fi)--z+ yl-x)

f 0 + toeO0/3, -r < <; *. Then wohave

and where VV~,0 - '.uv(0- 'Y - at - 2i'z *., - a 2-2y

a.V* -O 'v 0) coo 0s AG (15a) 4 a

It, Isalso hown hat 'where 8 is defined in oquatioitn (14ý) Froom egitumt~imms 1
tAiR

,' ('Q. -) - 20 t -a ( ,0-) -as trfl a# M 2o - . , a, - y, a, y/4
22

-2 E a. sin nO, -r<0<%, (lob) 1 04.. (

- I Fr= equations (14) and (10) it fo lown that.

and hence, from~ cmti~tloi (13) that ( )w

U. and

'llmotpfmmrul, (r'm 'jitit5(4 nI10), tho 1my~hrilyimu~d ie rftIý 11 2

tin. it on ilha ).ylrntitmi tire dhitte'rninmmem by a1 mmrsmrn
It in importml, (t itonto that for vajmmmromms favitatioin thn cavity Mreo h emios'ttaa Ihmmiu ld

~ritroAIt it .14 lie the lowcoit Pti'nuro in like flhiw. 'flereumre, on

tile uette'! foltIre oif 010 fail, tlia diaturhatrie lire~sllro, jl(z, 0-)4
- p(Q. 0 -), tmmmmnt lie Illintegmitivo. Accordingly, thme rmdmi~
. 11111"m't lie piacitht thu righut-hAisd itite (if c~litation (I Noi) in w111in. h emma st ievld hn-nti eimltini n

negntive. Olihwrwiso thn flow etinfigimtrtioil will not ctmrrA-Ivm4ummd w titat aI. t agiven vnlmmn mid e, no Inervitolwin'm fmosmiiv.
to 1 i-lmir %%I lmavnmo~itamtd (Ii rmIrei em-iiment ill titleO ranintr nlwayn Inirren"e th himI(I, dr i int! mmmmnitivt-t tilt

whirln ,lotmlmil IN! mm'3lt Iit tiwo tlms intmmitittrilted III ciqinmtimmt (4).) In ;mumv" tImi milem~r tof litrin'~tiro forthipr lit ilia wAr (riiiilto tIi

litaritirmlimr, it In 1c.-timnmmry that 0# ý 11. Thim merwl l-im iot liatter- . atm.I
IliOluGri tlt-* Ittre'inmgIt It1,114, ithuift" aiimgtohirity. Whlent it vaitidinmwr, 010o

IlA,w iii fthiol Ito exhiilmiit mottiotlm or "Piliorkh's-s" imtry. it (a4 were to be 7T V

l ,eeoltt!ltKtivil Ilha cavity would Changeo %IdUs at lesat neanr 010~ ~ 4\ 4 0Y

TImlaIepreedimg doveinopumcnt ofi th4 linecartitod theory far K -0 A point of tinterest lot lto faitrivrlmit hirru'am' intl I',, 4111 141 11

pe-mriniltm tin to etin~mmisler itrm optecific evimnmphm. Virst, In order to -y for ftially eavill~tiIlg llydrtdofla. VkW lim'd it, Uwik liftal

give a bsaoin far atiummemluetit rompfArieen we will tmet Lila flat plate toa A maimuruin at.
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Riving and (33

17) cf <:17) 1. .101(20) I
4L *04 '

This value of LID is a 22.5 percent. increase over the flat-plato eqfalty shows chif~tht C1,ali aH caI t(Iivit ho l~f4iphld pi-ciis"1 uritit

euarlty. Wihenths f i~t, condition im Fti~fiifetl l~the wmeot;4'it ill'(11I1alhExornpi* 3. Optimum Pronil. Design. From the results of the pro- taiy hnti nt riii nrbifeltenvc i'la

ceding examplo we are led to consider the design of tho optimum iygvntelret tauhevleo L opo.' iht
* profile. To do this one attempts to det~ermine that profile shape analysis lot. us write

which, for prescribed drag coefficient and attack anglo ot, will

14)produce the higheet lift.. From the- general formulas we have 8C,~~L 3

C m (a*+2at at) (27) and *(34

and .

-- (aa a0)% ~ where o I and 0 < A <, 1. Fitt n fixed vithin (if. 6, it. ix 6mi
*8that Cj,/Cj, in a maximum when t -' 41/. Thei hinil. 6 -, I lvaiý

)file' t a 0, which corremponfm tW the nutoonth enttry ui ii tig- a:timn
and A Y'hcn the value of a in prescribed we must havefA0) 0, Alf) - It, practice it may he denirnhie to re-tain the lcettifili ;ilgi. Ringi
by -a which constrains the form, of the Fourier toofficionat no larity sinc~e smooth entry in diffinult to mainintainl or ;!vent

follows:relr.Trtintenesiulrtweiml lo''5siht
(I r)"1 km than unity.

f()--a - t(x, 0- )dz -2J vs(t, 0- )tdt, For instance if wotakoee 4/3, 6 1 4/15, then forcenginceritn
* ~~purpose we have the following op~t~imin values:

or upon using equation (16) we rind after term by term ;ntegration

10.that
20 .2

oIt (20) and2
ri. nlit'4n'- -I 1(2n l~r- 3) (

Moreover, since p(x, 0-.) must be nonnegative si, every point en C L0
0oefoil we have from equation (15b), that(w ýs 0, and thatITite ratio CL,./C,. e- 7/(5a) is greater thafn tho flat tplit im Ias

I ~t~ + o* ma ~ 0for40 percent and it surpasses the maxitmum LID of the rtireuhir
2~ .en o 0 < 0 < w.(30) by 14.4 percent. Now from equtations (35) and (3,21) we olituil

2 28

It is clear on physical grounds that if the whole underside of the M - 0, a, No,. a and at P t* (
profile In to be wetted, from the nose to the trailing edge, we must
have v(1) :5 0, or by equation (15) that Finally, the pressure condition, equat~ion (30), boentnes

+ (31) 'tPAi+ aBin 0+a, sin 20
a ~2 2

(4)since C,, And C") depend uponm tho firmt. three coomelents only. the 1o 0( C44O + 8 40
probhlcnm of findtinig a uttiqoln net (if vaidnie of the *as' eorrciipintinK
to Ohn hight-it Cf. for pri-hrrihedl C,, R111 (Y. aid whiph Also saittilifie
cenditiotis (30) and (3 1 ) iiiriot as ttinliý111a prohhoin. for 0 < 0 < ir, no that. this cimulition Im filfijllhal. Thitn corrv~iilkn

For pructical, enginix-ring purposes we shall confine ourseolves ing shape of the wetted ekrfauo Is futind toi Lit
to the special chute of profiles for which as - as V. ( Then 4
e4quatioto (27) through (29) can be solved for as, at, and G.Tito j(s) 2 + oaZ(I - V) x(3 -Ia 1/x + 1'

.. 0olutio. ios

os-~-~-5 Ilia camber function of the wetted surfaciN, mcatmurwil fromt I
BI r~cn

pand A(S) I(z) + ax on lootx(l - NrV)t' 0 < r < I. (

Viit .r Tite last point to check Is to wec whelther (ir 11111 hews is hin

ference between tbe uppier surfoce of tOw foil tiidu the A'anik imtb

Itoe conditien that at ;ý 0 and coaditons (30) and (31) lead to kro 01e "oerso uton,

644 /DeCtMapp I V64 A Teansacionlt of Wth. Aý
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0.6O

0.20.9'

160

'0.1 )
0.5 0.03654

YI

-0. • + ..

-0.2

Fl9. 4 front* end tavity contomt *1 a low-4r.g hydrofoil of K m0.
Not*.e mogn~tfle varlitel stel*.

* I

in which tho branchea are chosen to make /(v' -" 1)/ly -,o 1 and
, -' V as ae- H * We find the upper and lower,

boundarica of the cavity from

. +( -o for z > 0,

Sh-(x) -a + "v(,O-d for '"'* 1.

When the valucea of o. for this examplo are put In the general
solution and when the valuen for v(x, 0::) are eubetituted In the
integraln rb-", tho final reaull, is

A4(W) - i ((7 - - 48x - 32'/ V 7

+ -7 (+'x'11 + + 22z + 04z/ + 3201, (30)

h-4) - + ( (7 + 2 \/j - 48x + 32z -),\/I

+ 7 lg (N// -I + x'/) - 22(z - 1)
". + 64(z' - 1) - 32(,,.- 1). (40).

The p•vfilo and the upper surface of the cavity calculated from"
equatiotw (38) and (39) are shown to scale in Fig. 4. It Is emen
tiAt tho cAvity does colar the lower surface of the hydrotoil'

( )I

* .
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