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ABSTRACT

A comparative study is made of various methods for computing the free E

- vibration modes and natural frequencies of thin plates with clamped and rota-

:‘}: tional supports and cylindrical curvature. The methods include closed form

, analytical, digital computer, nomographic, and graphical computations. Based

g) on the results, preferred methods of computation are recommended. These

‘" methods—Option 2—are of particular value in extending previously formulated ;
‘;ﬂ@ digital computer programs for obtaining the vibroacoustic response to turbu- .
g; lence excitation of a plate. Computer results for a particular case provide a )
X comparison of the effect of clamped-clamped and simply supported boundaries

Fj - on the vibratory response of a plate subject to turbulence excitation.

=
S ADMINISTRATIVE INFORMATION

g
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This study was conducted at the Naval Ship Research and Development Center (NSRDC)
and supported by the Naval Ships Systems Commasd (NAVSHIPS) Code 0311. Funding was
provided by NAVSHIPS 0311 under Subprojects S-F1453 21 06 and R00303, Task 15326.
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% INTRODUCTION

%s . Reference 1* documents four available computer programs for determining the vibratory
response and associated acoustic radiation of a finite rectangular plate to fully developed
::j turbulence excitation. Reference 2 treats a modification of these computations to include the
g effects of pressure pickup dimensions and boundary layer thickness (Option 1). These pro-
: grams include the response of simple and clamped plates in air and in water. Several compu-
i'.. tational frameworks are provided which can be modified and extended through additional re-
e search to furnish more accurate programs capable of meeting naval needs in an increasingly
g realistic manner. The chief objective of the original study was to furnish a base for future

‘? development.

;2 Reference 1 contains vibroacoustic solutions for all programs using simply supported
f plate boundaries and for the following programs using clamped plate boundaries:

e 1. Boeing P:ogram I {Maestrello)

;: . 2. Boeing Program II — Finite Element (Jacobs and Lagerquist)

r 3. Electric Boat Program (Izzo et al.)

@ Boeing Program I uses the Warburton method for computing the modes and natural fre-
( quencies; it may not be adequately accurate for square plates or preferable with respect to

& = accuracy, computer running time, computer cost, and ease of computation etc. compared to
>

*References are listed on page 149.
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other methods of computation. The finite elemeat method of Boeing Program II yields results
whose accuracy decreases with mode number. Finally, the particular aspect of the Electric
Boat Program which deals with the normal modes and frequencies of clamped plates is con-
sidered proprietary by General Dynamics Corporation; hence although their numerical results
for a particular clamped plate computation are accessible, the associated program is not
available to NSRDC. Nor are other programs for obtaining the response of clamped-clamped
plates presently available at XNSRDC. Thus, there is a need for evaluating methods for ob-
taining the normal modes and natural frequencies of clamped plates in order (1) to select a
method or methods which are relatively accurate, simple to apply, and inexpensive to run on
a computer (if necessary) and (2) to extend the applicability of those programs in Reference 1
which are presently limited to the case of simply supported boundaries.

Accordingly, the present report presents a modification (Option 2) of any of the pro-
grams of Reference 1 for continuous thin plates. The modification is an attempt to incorpo-
rate into the programs accurate methods for computing the normal modes and n«tural frequen-
cies of plates with clamped and rotational supports. A method is also presented fcr including
the effects of clamped thin plates with cylindrical curvature in the modified programs. The
selected methods for the clamped-ciamped finite rectangular plate are based on a comparison
of experimental results to results of closed form analvtical, digital computer, nomographic,
and graphical computations.

The following titles identify the methods treated in the comparative study and their

location in the report; notations relevant to each method are also included in the Appendixes.

Appendix A — Warburton Method

Appendix B — Young Method

Appendix C — Ballentine-Plumblee Method

Appendix D — Greenspon Method

Appendix E — White Method

Appendix F — Crocker Method

Appendix G — Sun Method

Appendix H — Claassen-Thorne Method
The corresponding computer programs and flow charts are given in Appendix I.

Fer the convenience of the reader, the Appendixes include an adequate amount of
mathematical development underlying these methods. An understanding of the development
will assist the reader to appreciate the merits and shortcomings of a particular method and to
compare and apply the various methods. Relevant figures and tables are adapted from the
basic references.

In addition to the references, a bibliography of other pertinent published papers is
given for background information.
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DISCUSSION

All of the computer programs in Reference 1 include a treatment for determining the
vibroacoustic response for simply supported plates subject to turbulence excitation. How-
ever, both theory and experiment suggest that when properly interpreted, these programs can
also be used directly to obtain the response for clamped plates. The interpretation is based
on the following considerations.

As discussed in Appendix C of Reference 1, Izzo compared the computed sound pres-
sure level for a clamped-clamped plate with that of a simply supported plate, The compari-
son suggests that a simplified and realistic approach to the investigation of plates with
nonsimple supports would be to calculate the modal frequencies considering the true
(clamped-clamped) end conditions but to use the mode shapes considering the end conditions
to be simple supports. This approach requires much less ccmputation and its results are in
very good agreement with those of the exact approach (clamped-clamped frequencies and mode
shapes).

Snovwsdon® lends further theoretical confirmation to these findings. He discusses the
first few modes of a clamped-clamped beam* harmonically driven at its miapoint. When this
beam vibrates in its first four resonart and first four antiresonant modes, 1ts displacement
curves are closely similar in appearance to those of a simply supported beam. At the ends
of the clamped-clamped beam, however, the slope as well as the displacement of the beam is
constrained to zero. The results for the simply supported and clamped-clamped beams differ
principally in the frequencies at which the resonant and antiresonant modes of beam vibration
occur.

Other investigators have found that nodal lines on plates may be equivalent to simple
supports, i.e., a plate with any boundary conditions oscillating in one of its higher modes
thus behaves virtually like a slightly smaller plate on simple supports. Moreover, the effect
of boundary conditions on the natural frequencies of a plate diminishes with increasing fre-
quency (or node number); see Figure 1.

Recent measurements made by Smith et al.* on the fundamental and higher modes of
vibration of clamped stiffened plates show that the different clamp arrangements used did not
2"fect the mode shapes but did affect the frequencies.

Thus to obtain a reasonable approximation to the vibroacoustic response for a clamped
plate, we need merely determine the frequencies for the freely vibrating c'amped plate and in-
sert these predetermined eigenvalues as input dat.. t» the appropriate programs of Reference 1.

In view of the above, we seek to devise optionu! methods (including programs) for de-
termining the frequencies of freely vibrating clamped plates. The establishment of accurate
methods of calculation of the frequencies for all modes requires comparing the theoretical
frequencies as computed by various methods to the experimental frequencies and using the

*The modes for a plate are usually treated in terms of products of the modes for a beam (see Appendixes A~G).

]
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SINPLY SUPPORTED
SIMPLY SUPPORTED
WiTH EQUAL BENDING
WAVELENGTH CLAMPED

SIMPLY SUPPORTED

\ CLAMPED

m=5

Figure 1 ~ Examples of Mode Shapes

NOTE. The analysis in Reference 5 suggests that a clamped edge panel has approximately the same transverse

vibrational behavior as a simply supported panel whose orthogonal dimensions and bending wavelengths are smaller
1.05 1.05

by the ratios é‘;" = -I-—W-s—m- and fn = T+_0—5; respectively; m, n are node numbers (number of half wavelengths in

the plate in the x- and y-coordinate directions). Here, m = n. Thus, fm and fn can be termed, “be'ndmg wavelength
a

equivalency factors.’” The physical significance of these ratios is clear from the figure where T = é:m'

PV
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fesuits of this compari<on to select the best methods. The modes which are intrinsically
2sssciated with the fregzencies car also be computed using the methods or programs recom-
mended; the modes may be of value to users interested in making modal comparisons and in
2ppiving the reseults preserted here tc other problems.

CALCULATION AND RESULTS

Table 1 compares compated and experimental results obtained for the natural frequen-
cies of 2 cla=mped-cla=ped steel plate. The metkods and programs used in the computations
are vespectively describad in Appezdixes A—H and Appendix I.

The frequeacies versus mode numbers giver in Tsable 1a for each method are plotted
2s Figere 2. The frequescies versus method given in Table 1b for each mode number are
plotted 25 Figere 2b. Experimeatal results cited by Izzo are also ineluded in Table 1a.

Figme 3 cozpares tke effect of clamped-clamped and simply supported boundaries on
the vibratory respoase of 2 plate sabject to turbuleuce excitation. The results were obtained
by wsicg tke Warborton methed for computing the naturzl frequencies of clamped-clamped
plates (see Apperdixes A 2ad I) and the average of the natural frequencies obtained from

2 2

the sizple frequency expression o__ = x¢p [(—?) + (fbi) ] and from Warburtons
metbod for sicply sapported plates in the Maestrello program for vibratory response. Note
k=t ¢be comzpuier program foc the Warburton method given in Appendix I, yields resuits for
botk the cla=ped-cla=ped ard the simoly supported plates (see pages 97 and 103).

Table 2 sexmarizes key features associated with the basic references. Some of these
featres caceed those invesiigated in this paper. They may, however, be of interest to users
2rd jovestigators whko wish to exterd the work of the present study.

EVALUATION

A cozparison cf the computed nutural frequencies obtained by several methods (see
Table 1 and Figures 2a and 2b) shows that all of these methods yield frequency results which
are in good agreement with each other. Hence on purely theoretical grounds, any method can
be used if the percentzge deviation (obtained from the results of Table 1) between the mini-
sum {or maximum)* frequency valve and the value computed by the specific method is accept-
able for 2 particular mode.

However, a comparison of the computed and exzperimental natural frequencies given in
Tzble 12 and Figures 2a and 2b as well as an appreciation of the significant features involved
in camrying out a computation lead to a preference for the Warburton method. Using Izzo’s ex-
perimental results as a standard the data in the table and figures show that for the modes
treated, the maximum error attributable to the Warburton method is less than 3.0 percent for

*The deviation from the minimum or maximum is takea according to which one produces the greater deviation
for a pacticular codal frequency.
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Wity Bollenti a 1

nn (Expe:i?emd) Hearmon® | Worburton | Young** Plo:ll:l':: Greeaspon white? | Crocker | Sun** Tm
11 541 585 5119 - 1.0 517.4 8L1 .6 - 5170
1,2 137 1439 1402 - 1394 1402 1395 1433 - 1398
L3 2498 7% 24 - 236 29 246 04 - %8
2,1 833 904 Nzs - 907.2 9122 902.1 941.0 - 933
2,2 1567 1720 pratl - 1703 174 7 s - w
2,3 24 00 254 - 837 54 262 009 - I8
31 1351 143 74 - 1465 1473 1509 1502 - 1499
3,2 p.i ] y77.} 248 - 7. ys0 ] 226 27 - 2%
33 - 348 3461 - U 3460 3462 5% - -

41 x04a 2186 2471 - pr514 25 - 2273 - 220
4,2 245 2939 286 - D69 285 - 00 - 22

*Results obtained from Reference 11. Wilby's experimental results were found 10 lie between the simply supported ond fully fixed
edge conditions :n this cef e. Hence, comparison bet Jreory ond experiment is of limited valve.
**Not computed for this plate but computed for plate in Toble lo.
T See third footnote to Table lo.
1 See lost foomote to Toble Ta (120~ Wilby).
Table 1b -~ Computed Natural Frequencies for Plate 2 (Wilby) with
Dimensions 4.6 % 2.75 X 0.G15 Inches (see Appendix I)
Wilby* Bellenti Cloassan- T

m,n (Em:,i:y ental) | Heomon® Wacburton | Young** l;lu:;);:: Greenspon Wiite! | Crocker | Sun** T;:m:‘-
1,1 1058 925 935.1 - 935.2 9346 9358 | 9540 - 935
1,2 495 2409 433 - 439 1432 435 464 - 434
2,1 1265 1215 1214 - 7l 1214 1236 1209 - m
22 2742 2539 2708 - 2706 2709 2781 7% - 2704
31 723 un m - 1704 m 1731 1751 - 1703
3,2 3140 3165 3174 - 3173 3175 3332 30 - 3168
4,1 2403 256 423 - pZ3]| 2423 - 2465 - 409
51 KxY)] 3392 3341 - 332 3341 - 3382 - -

*See first fostnote to Table 1b.

**Not computed for this plate but computed for plate in Table la.
¥See third footnote to Toble lo.

11 See last footnote to Table Ta {Iz20- Wilby)

Table 1c — Computed Natural Frequencies for Plate 3 (Wilby) with
Dimensions 4.0 X 2,0 X 0.015 Inches (see Appendix I)

7

Preceding page blank

¥

b

W s e o nd)

ol

e oY

SN,

LI

D

o

LI Y T

N L

[EURNR L NN T R R R

e

bty

o

o

b diecsiitenc

T —




bt

s e mam e o WY AT o S

ap alqpl, 908 uoufl pros I A pajudipuy
BpUNOC Jomo] pun daddn ot} UM Buik] B[N0 plajd vopmInduwod jo spotpow |1y

uopmndwion Jo poIow tousg 30 JoqUINN PO BhIoA Lduanbolyg juamuN [mudwpodxs pus payndwon ~ vz asndig

YAAWNN F00W

9y €' Z'9 1" L't 9'C 9T 9'L §'s 'S £'s 25 st V'S ST oy Ef e Ty S L ple £ ol ' OET 1'E e T 1T T
T T T T T 11
nns)
ONNOA
L~ ANYOHL'NRSSYYTD oorl
3279WN 1" ANILNG 1TV | NOILYLNWODmmrmmn
NOdSNaauo 40 QOHLaW
ALIHA
T ¥ANI0¥D 0091
NOL¥NAYYA
0z2))
— 8l
{0221) WLINAWINAAXE @ oo
0002
0022
002
0052
0082
000¢
002€
00rE

sotouonboay juamuN [wuowodssy puu [voposoayf jo uosudwoy — g oandi g

o0t

(1[4

00¢

ooy

00§

009

002

008

006

000L

ootl

ZL1¥3H NI ADN3ND3NL

e
E e




g

TR AT e

7 e o -y

T s, B g
LR 7 ﬁqnu.fdila. :4! %aq_f.f&;&(‘ MY S o N s g 2 1 T R R Y Y T ST ML oA,

Y

PO Yoryl 40) UORMINGWIOD O POYIALY HiMIBA £oUDNLAL] {RaMBN Touawpadea pun payndeion —~ qp aindyyg

NOILYLNAHOD 4O QOHLAW
3378874
9NN .
NRS INILNTTVE ALIHA NOLYNGLYA N0 on NIV 211HA NOLYNGHYA
ONNOA NOdSNIAND ¥RNIO0HD yoi ML L 3 NOdSNIZ¥D ¥INDOYD ozz1
: o 2
(UG P == (L'P)
y : 001
gy M
e whe R L el edabals Saaiad ST e 1L
e 0091 (1't) 00z
(§'2)
- ®)
00t
WOILIYOIHL @ dost )
WINIWHIAXD o A“on_vv _ Y S S U I YO
(55 “32 oor
Y I a2
(9'z) o2z 00
— ©'s)
0002 g e e e e e e 2 g9
' g e e~ — e T T Y T T T A
T 0'e) v
1y 002 00
—— v's)
(t'9)
oy 0082 L 'g) 008
(29)
(' =T= R T Te— - —= - -
J 5 T ) C S ey mympeepey syl SR Gy
(97 0008 006
€9 .
5'5) ISt I PSSR SRR SN R DR R T
ooze (1) 0001
oLt

s : q A

w :r.i.. o .LL i~ ‘.M__:c‘

W PR

L

oz Ry T IS S T W e e
IR R - % é.:..;i-,.t.:...vuwi.w AR R LT S R 4 TR ST e

ZL¥3K NI ADNINDIYA

5:«-5?.

Fob roaer M
t:.,?{. byt




——yr-

A i

-l

(PO

a=30FT
5054166 FT
& A=004M.
1 - —
x0¢ R it Ll .
=968 xWFT =3 "~ 02088 FT
R 2
€ = 17,000 FI/SEC ("")-o.as (_li)
Aoea n!
= L8 \?2
] - nm(——)
§ F1?
o SWPLY o=033
= " G0 SUPPORTED E=0x W L/m?
= w? =10, 0 PLATE owzsLa3
el 2l p=
z 9346 L/SEC?
l’i il a |«x U_(F1/SEQ| O(SEO
{ - A=) awspanen [1] 15|00 20 | sxwd
P J——, |\ PLATE 2] 72|30 20 10 x 63
-
: 7 7 3120 fuo 20 |07 xw?
, Ve
" =, Jog ¢ (RAD/SEQ) § 20y o {RAD/SEC |
, xws 51 991 1560
i mw o m 71 un CE)
; U, IN FEET PER SECOND

Figure 3 — Modal Mean Square Plate Displacement for Clamped-Clamped
and Simply Supported Aluminum Plate
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all modes. Thus it is acceptably accurate for many (probably most) applications. In addition,
the Warburton program is relatively easy to run on a computer and requires little running time
per mode (1.1 minutes for 50 modal frequencies on the IBM 7090); this makes for a relatively
inexpensive computatior for each frequency.

The error of 3 percent may be exceeded for square plates (see Appendix A), and hence
an zlternative method of computation may be desirable for this case.

If a computer is not available, calculation of the natural frequencies for a finite rec-
tangular clamped-clamped plate can be performed manually by any of several methods present-
ed, using closed form analytical or nomographic or graphical computations (see Appendixes
A-F, Appendix H, and Table 2).

The frequencies of clamped-clamped thin plates with cylindrical curvature can be ob-
tained by use of the Balleatine-Plumblee method.

The frequencies of thin plates with clamped and rotational supports can be obtained
by use of the White method (Appendix E) or by an extension of the Greenspon method (Appen-
dix D) given in Reference 12.

Figure 3 shows that at the convection velocities considered, the value of the modal
mean square displacement for any mode of clamped plates subject to turbulence excitation is
less than the corresponding value for simply supported plates. The difference in the plate
response corresponding to the two boundary conditions increases with convection velocity for
any mode, but. the difference is relatively constant at higher convection velocities in the

region of maximum response.

The nature of the curves in Figure 3 suggests that at low convection velocitics (U <
300 fu'sec), the difference between the response of a clamped-clamped and a simply supperted
plate is significantly greater for the lower mode (m, n = 5,1) than for the higher mode (m, n =
7, 1). It appears from this result that the statement previously made, namely, that the effect
of the boundary conditions on the %atural frequencies of a plate diminishes with increasing
frequency (or mode number), can be extended to include a diminishing influence of boundaries

on the Aigher mode response to turbulence at low convection velocities. For very low convec-
tion velocities, the trend of the curves suggests that the concept is also applicable to the
lowest modes.

The magnitude of the curves indicates that the contribution of the higher mode to the
total response is not negligible for either boundary condition, i.e., the contributicn of the
(7, 1) mode to the total response is of the same order of magnitude as that of the (5, 1) mode
for a given boundary condition. Thus, determination of the total response requires that the

computations include the contribution of the several modes of vibration deemed to be
significant.
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CONCLUSIONS AND RECOMMENDATIONS

The following conclusions and recommendations are based on the results of the
present investigation.

1. For computing the vibroacoustic response! of thin clamped-clamped rectangular
plates, the modes and natural fregaencies are adequately represented when the modal frequen-
cies are calculated by considering the true (clamped-clamped) end conditions but using the
mode shapes considering the end conditions to be simplv supports.

2. For a thin, finite, rectangular clamped-clamped plate, the Warburton method of compu-
tation (including computer program) of the natural frequencies is acceptably accurate. For
this reason as well as for its relative simplicity, short running time, and inexpensiveness in
computer application, it is preferred to the other computer methods.

3. If a computer is unavailable, any of the manual methods of computation presented in
Appendixes A—F and H can be used. The results shown in Table 1a indicate the degree of
accuracy to be expected from a particular method. Moreover, as shown in the tables and dis-
cussed in the Appendixes, because of the limited data available, certain methods are appli-
cable for only a limited range of mode numbers.

4. For clamped thin plates with cylindrical curvature, the Ballentine-Plumblee method
(Appendix C) should be used to obtain the natural frequencies.

5. For thin rectangular plates with clamped and rotational supports, the White method
(Appendix E) or the extension of the Greenspon method (Appendix D) given in Reference 12
should be used to obtain the natural frequencies.

6. The effect of the boundary conditions on the natural frequencies of a plate and on the
response of a plate subject to turbulence excitation at low convection velocities diminishes
with increasing frequency (or mode number).
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NOTATION
4

a, b

z, Y
Y €

0, ¢

APPENDIX A

THE WARBURTON METHOD

Amplitude

Length and width of sides of rectanguiar plate along
- and y-directions respectively

Ratios in expression for displacement
Young’s modulus

Frequency, modal frequency

Functions of m in frequency expression
Functions of 7 in frequency expression
Acceleration due to gravity

Thickness of plate

Mode numbers ia 2- and y-directions, respectively
Kinetic energy

Time

Potential or strain energy

Waveform defined by Equation (A2) or amplitude of
displacement w, i.e., w = W sin w¢

Transverse displacement of a point on the plate

Coordinate distances in plane of plate

Factors in amplitude expression defining modal pattern

Functions of # and y, respectively, defining waveform

Nondimensional frequency factor defined by Equation (A8)

Weight per unit volume of plate
Poisson’s ratio
Circular frequency, equal to 27 f
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DESCRIPTION

Usiag thin pizte thecry, Werburton!3 derived an approximate frequency formulation for
2)] oodes of vibeztion by applving the Rayleigh method and by a2ssuming that the waveforms
of wansversely vibrating rectzagnler plates and beams ere similar. For a fully clamped
plzie, the wavefom is xssumed (o be the product of the characteristic functions (discussed
below) for two bearms with fixed ends. The plates are assumed to be isotropic, elastic, free
froo 2pplied loeds, 2od witk = thickness that is both uniform and small compared to the
wavelepgik. Tke frequency is expressed in terms of boundary conditions, the modal pattern,
tke dimensioss of the plate, =2nd the coastants of the material. Because of the imposition of
additio=2] consiraints oa the system required by the Rayleigh method, the resulting frequen-
cies zre bigher than (hose givea by 2a exact a2nalysis. To use this methad, the modal pat-
tesms mest coxsist of lines spproximately parellel to the sides of the plate. This reguire-
soerst is sztisfied for clamzped reciznguler plates, 2nd the errors are small. The exceptions
and thedr effect on fregruency 2ssociated with some modes of squere plates are discussed in
Referecce 13.

DERIYATION

Tee komogerneous equation for 2 freely vibrating thin plate is1?

F EX e i2p(1-0%) 92
=, =, Léxp( o“) 7% o (A1)
ax* aray®  ay* Egh? a2

Tke solation of Equation (A1) is assumed to have the form of a product of separable
sofotioas.

w(z,y,8) = sin ot = 4 8(z) $(y) sin ot (A2)
(Tke wotion in each mode is w_ (7,y,) =W sino_ =4 0 (2) é.(y) sin o, ¢ where

tke 2cinal 4 may ke obtained from measurements.) Here 6(2), &(), the characteristic
beam foactions or mode shapes whichk satisfy the boundary conditions for plates with fixed

d 0w
edges (v = ;:0 atz=0,aand = 33;- =0 at y = 0, b) are assumed as follows (m and n
r

are pode numbers and correspond to m-1 and n—1 modes respectively; see footnote at end
of this Appeadix).

9 ud 1)-1: sh (x 1)- 2,4,6 A3
(z) = COS y(; - :2— + CcOs ¥ ‘; - ; ym= y Xy (‘ 8.)
] x 1 . z 1
8(2) = sin y’(—- - —) + k’-sinh y'(— - --); m=3,57 (A3b)
a 2 a 2
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sin —
where* k£ = and tan R4 + tanh -%- =0 in Equation (A3a)
" Y
sinh —
2
.Y
sin — R ,
. 2 Y ¥ . i
and k°=- ————— and tan - tanh i 0 in Equation (A3b).
. Y-
sink —
ik >
, The corresponding expressions for ¢(y) are obtained by substituting y, b, €, and ¢ for z, g,
y, and %, respectively.
For a rectangular plate, the potential aad kinetic energies are respectively given by!®
b 2 2
: ER® (0% AN 32w
U= + +2% — ~— +2(1-9) 3 dzdy
o Yo 12(1-0?) L\Iz? dy? / 9z2 ady? 20y
(A3c)
a pb 2
1 pk fow
T-= - — | = dz dy (Ad)
2 g \d¢
o o
and the maximum values of these quantities are
b 2 2
1 ER (O [fo%w 9% %W 9%
Umax=—-———— + ¢ + 20 —
2 1201-0% J, J, L\os? dy? 322 Ay?
(a2w 2
2(1 - dzd A5
+2(1-0) azay>] y (A5)
1 phw
T oax = j J W2 dz dy (AS)
. Y Yy . Y
The equation tan < + tanh =5 5 = 0 is transcendental and may be solved by plotting ~ tanh 5 and tan 7
and looking for the serxes of intersections. Then m = 1 corresponds to the value of y for the first intersection,
m = 3 for the second, etc.
17
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Equating T . and U_,_ as required by the Rayleigh method, we have

U

max

«'1)2=
A a 5
%"J J W2 dz dy
9 Jo Jo

By the Rayleigh principle, if a suitable waveform W = 4 6(z) ¢ (y) is assumed and
approximately satisfies the boundary conditions, the resulting frequency value 1s slightly

higher than the true value because the assumpiion of an incorrect waveform is equivalent to
the introduction of constraints in the system.

(AT)

Substituting the expressioas for the characteristic beam functions 6, and é, given by
Equations (A3a) uad (A3L) which satisfy the boundary conditions for the clamped plate, into
Equations (A2) and (A7), the following expression for the approximate frequency is obtained

‘e r n4E'/12g

] (A8)
V4 72 pat12(1-c?)

4 2
where ogtigt I, ?G_E:H H +(1-0)J J] (A9)
x b4 B 52 x %y x%y

Here coefficients G, Gy, E,H ¥ and Jy depend on the modal pattern and boundary
conditions.* Values of these coefficients are

¢ 1.056 form=1
*Im-1/2 form=234...
1.056 forn =1
Y In-1/2 forn=2384...
1.248 form=1
Hx=‘]x= [ 9 i
(m-1/2)% |1 ~ ——ur form=2,8,4,...
| (m-1/2)7 |
H o< 1.248 forn =1
y= y= — 2 -
(n - 1/2)? forn =23,4,...

1o —m—
| (v - 1/2)7 |

*In Reference 13, m refers to the number of nodes along the plate length and hence to m — 1 modes. In the .
present paper, however, m refers to the mcde number. The lztter notation is more common and is consistent with
the notation used by Maestrello and other investigators. This definition for m is now reflected in the numerical
values of m used in computing the coefficients Gx' Hx' ]x whereas the values vz m uscd previcusiy (Equations

(A3a) and (A3b)) correspcnd to the Warburton definition in Reference 13. A similar situation holds for n.

18
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a
Hence for a given m, n mode and 3 ratio, we obtain the appropriate value of the co-

efficients for use in determining 2 from Equation {A9). For a given ratio a/b, the corre-

sponding approximate frequency is found from Equation (A8) to be

Aha Eg 172
fe —|—— (A10)
a® |48p(1-0?)

e w4

For mode numbers mn, A=A and f=f_  ando= O .= 2af .- The corresponding mode

PRIpro
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APPENDIX B

THE YOUNG METHOD

Coefficient used in series representation of deflection

Length and width of plate along z- and y-directjons,
respectively

Coefficients
Bending stiffness of a plate equal to £33/ 12(1 - p?)

Modulus of elasticity

Definite integrals

Frequency
Poisson’s ratio

Thickness of plate

Positive integers

Length of beam

Elastic strain energy of bending of a plate
Lateral deflection of piate

Function of z alone

Rectangular coordinates

Function of y alone

Parameter in expressions for b,
Kronecker delta

Parameter in expressions for é,

21
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o2 pha3d

Characteristic value equal to >

Poisson’s ratio
Mass density of plate material

Characteristic function of a vibrating Seam

Angular frequency equal to 2= f

22
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DESCRIPTION

Young!® uses the Ritz method to obtain approximate solutions for the frequencies and
modes of vibeation of thin, homogeneous plates of uniform thickness; the frequencies calcu-
iated by the Ritz procedure are always higher than the exact values. To represeat the plate
deflection, Young treats combinations of the characteristic functions which define the notmal
modes of vibration for a uniforra beam. He computes and tabelates values of thecz runctions
as well as associated integrals and derivatives of the functions. Witk we 1id of these tables,
the user can set up and solve the necessary equations witk reasonable effort. A simple iter-
ation procedure is used to solve the equations.

DERIVATION

The maximam potential and kinetic energies for 2 harmonically vibrating uniform plate
are, respectively (see Appendix A),

. DH a2 2+(82w)2 ,, Pv Pu " )(a% )2]
2 [(Bz‘ 3y? Y2 ap " \azdy ’

(B1a)
-2 J' J‘ w? dzdy (B1b)
Equating these exprossions, we obtain
w? 2 y (B2)

Pb [fu?dzdy

The Ritz method consists of assuming the deflection w(z, y) as a linear series of
‘‘admissible’’ functions and adjusting the coefficients in the series so as to minimize Equa-
tion (B2). For rectangular plates with edges parallel to the z- and y-axes, Young represents
w by the following approximate series:

4 q
vz, )= £ = A4, X3P ym (B3)

m=1 n=1

Each function X, ¥, must be admissible, i.e., it must satisfy the so-called arfificial bound-
ary conditions which are the prescribed values for the deflection and for the slope. It need

’ 23
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pot satisfyv any natural bocndary conditions which require that second or third deqivatives or
combinations thereof vanish at the boandary. Satisfaction of these latter conditions, if pos-
sible, is desirable however in accr.cdance with practical consideration of the rate of
~onvergence.

Substituting for w(z,y) in 1Iquation (B2) using Equation (B3) and minimizing the
right-hand side by taking the partial derivative with respect to each coefficient 4 and
equating to zero, we obtain a set ol unear homogeneous equations in the arknown 4, esch
of which }as the form

oy o® ph
04, 2 d4,

J[f©? dzdy =0 (BY)

where 4;; is any one of the coefficients 4_ . The natursl frequercies o,, o, are determined
from the condition that the determinant of the system must vanish.

For 8 clamped-clamped beam, the infinite set of characterielic functions is given by

€z €z €z €z
_6,=00$h —-t—-cos T—ar (sinh -!—-sin T -...r=123...., (B5)

05z=<¢
(The method for determining the set of characteristic functions whick define the normal modes
is given in References 15 and 17.)

The numericai values of a_ and €, for each set of functions is given in Tuble 3. Ref-
erence 8 tabulates values of these functions to five decimal places at intervals of the

z
argument i 0.02.

The function ¢, given by Equation (B5) satisfies both the boundary (i.e., end) condi-

dg
tions for the clamped-clamped beam ¢, = —_ 0 at z =0, £ and the differential equation for
. dz
a ¢r €, ¢r
the beam = Also any set of functions ¢, and & are orthogonel for
dz (4

<. <p :
0=z2¢, 1e.,

14
J ¢, b, dz=1¢ (forr=8)}
o

=0 (forr £ 5) (26)

The second derivatives of the functions of the set are also orthogonal and satisfy the
relations
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£ dzé, 42 é, e}
I 0,32 2 dx = -?- (for r= 3)
d= £
° (B7)
=0 (for r £ 3)

Numerical values of 6: are given in Table 3. In addition to the integrals defined by Equa-
tions (B6) and (BY7), the Ritz method 2lso requires evaluation of the integrals

j’f P, r ds, ds,
o) dz and —_ — dz
d dz2 o dz dz

(1}

Table 4 gives the values of these integrals computed by Young.

The characteristic functions are those that are used for X and ¥_ in Equation (B3).
Consider a rectangular plate bounded by the lines z=0, z=a, y =0, y = b. When the func-
tion is used for X, we take £ = g; if used for ¥,, we take £ = J and replace z by y. Appro-
priate changes of the subscripts 7 and s to either = and 7 or to 1 and % are to be made in the
set of functions.

It is convenient to introduce the following notation:

o° d? % ¢ r¢ a? &;
En=a| X; —— dz, E_;=al| X, dz (BS)
J0 dz' L ) d22
R4 d2 Yn Wb d2 y,
Fra=b| Li—>dy, F,=3| 1, dy (89)
Jo dy Y0 dy
b b
dX, dx_ dy, dy,
Him=a , -d? -—dz—dc, Kknzb -Ey_ -d—- dy (BIO)
0

Since the appropriate ¢-functions are to be used for X_ and Y,, the numerical value of these
integrals can be obtained directly from the data given in Table 4.

From Equations (Bla) and (B3) and the orthogonality relations (Equationc {B6) and
(BT7)), the set of Equations (B4) can be reduced to the form

p 9
ik
Jz, Z feld _ s, 14, =0 (B11)

n=1 mn mn

ma




TABLE 3

Values of «_and e,

Type of 1

;’;:’ r a, €, €
Clawped| 1 | 098250222 | 47300 408 50.564
Clomped | 5 | 100077731 | 7.85%2046 | 3803537
3 | 099996645 | 10.9955078 | 14617.6%
4 | 100000145 | 141371655 | 39943799
5 | 099599994 | 17.7787 96 | 89 135.407
6 § 1.00000000 | 2.4203522 | 173881.316

r>6f 10 (2r + 1):/2
TABLE ¢

Integrals of Characteristic Functions of Clamped-Clamped Beam

0

Eag, ag,
Values of — =
alues of ¢ = £
0
. i 2 3 4 5 6
r
1 1230262 0 - 9.72079 0 - 7.61544 0
2 0 46.05012 0 - 17.1892 o ~ 15.19457
3 | -o9797m 0 98.90480 0 ~ 24.34987 0
4 0 ~17.12892 0 171.58566 0 — 31.27645
5 |~ 761544 0 ~24.34987 0 263.99798 0
6 0 —15,19457 0 - 31.27645 0 376.15008
b2y, toag, dg,
NOTE: | &, — de=-| — —Zdo
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s,

where

w?phadd
A= — (B12)

8mn =1 formn=1k
=0 formn ik

and

m

. a e

which is valid for ma # k. For mn = ik, the coefficient is

3
i P e T a0, kR oo H. K, (B
ik“ai+b Kt 28 7 Byl v 2(1-p) 5+ Hy Ky, (BlYy

In Equation (B14), ¢, is to be taken from the dsta in Table 3 corresponding to the ¢-function
that represents X, whereas ¢, is to be taken from data for the ¢-function that represents
Y.
There will be one equation of the type (B11) for each of the p. ¢ combinations of ¢&.
In general,* an iterative procedure!? is used to find the characteristic values of A from the
condition that the determinant of this system of equations must vanish. Results for a

clamped square plate are given in Reference 16.

*A manual computation can be performed for systems with no more than three or four equations.
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APPENDIX C

THE BALLENTINE-PLUMBLEE METHGD

Simple panel aspect ratio; ratic of arc length to straight
edge length

Midplane radius of simple panel
Panel arc length
Young’s modulus for isotropic material
Simple panel thickness
Panel length (for simple and sandwich panel)
Generalized coordinate
Kinetic energy
Length to thickness ratio for simple panel
Strain energy
Generalized coordinate
Strain energy density
Midplane displacement in z-direction
Generalized coordinate
Midplane displacement in y-direction
Midplane displacement in radial, z-direction
Mode shape for 2-coordinate
Shell midplane coordinate
Mode shape for y-coordinate
{uell midplane coordinate, y = a ¢
Shell midplane coordinate through thickness

Constant appearing in clamped mode function

29
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FJ

Constant eppearing in mode function
Constant sppearing in mode function

Strein

Constant appearing in clamped mode function
Nondimensicnal frequency

Poisson’s ratio for isotropiz material

M=ss density

Stress

Angle which defines cylindrical coordinate y
{generalized coordinate)

Circular frequency
Row matrix
Column matrix
Rectangular matrix

Diagonal mstrix
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DESCRIPTION

Bsllentine? uses the Rayleigh-Ritz energy method for finding the frequencies and
normal modes of a cylindrically curved panel with clamped edge conditions?; the results in-
clude those for the flat plate. For clamped edges, inexact mode functions which satisfy only
the geometric boundary but not the differential equations are used. The analysis assumes
that the material is linearly elastic and orthotropic and that the panel thickness is much less
than the major panel dimensions, i.e., the elasticity theory of thin shells is applicable. Only
the main analytical steps and chief results are discussed here. The reader interested in
studying the associated details of matrix manipulation is referred to Reference 19.

DERIVATION

The total strain energy U of the curved plate (Figure 4) obtained by integrating the
strain energy deasity U, over the volume of the plate

is
N
5 ¢ .2
U=jJ- J Uodadzdy (C1)
0 0 k
-7
where
1

o; is expressed in terms of strain ¢; and :hen the strain in terms of displacements which are
represented by

ue 32 U, @G
1
ve 35— Vo K@ %)\ (03)

n

w=3IZW X (2) 7, ()

*Results for simply supported conditions are alsc presented in this reference.
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which can be expressed in matrix form. The boundary conditions for a curved plate with (
clamped edges are ‘
w(os y) = w(eay) = w(z,O) =w(z, b) =0
wx(o: Y= wx(zs y) = wy(z, 0) = wy(z, b) =0 (C8) i

2(0,y) = v(C,y) = v(2,0) = v(z,8) =0 1
u(0,9) = u(l, ) = u(z,0) = u(2,8) =0 b
. The assumed mode shapes for a plate with clamped edges are {
..
8 X_.(2) = Cosh B, 2~Cos B,z ~a, (Sinh B,z - sin B 2)
3 (C5)
\ Y, (y) = Coshy,y -Cosyy -0, (Sinhyy - sinyy) 1
;}' where 1
4 Cosh B8, ¢ - cos B!
X e, = -
N ™ Sinh B, f-sin B¢
= Cosh y,b ~cos y, b 1
'.‘ 6 =
,i *  Sinh y,b -sin y,b
g and B, and y, are determined from
B Cosh 8,2 cos B, l=1
i (C6)
%; Cosh y, b cos v b =1
&
g-g, Thne kinetic energy of the vibrating plate obtained by integrating the product of mass
g and one-half velocity squared over the volume of the plate is
=
i L2
2 b € 2
5 v 12 + 52 4 ?) dz dy d c1
{%‘i =3 (u® + 2° + w*) dz dy de (C7) ‘
éj, 0 o h
L 2 4
§§; . L4 A4
g, where u, v, w can be expressed in matrix form using Equation (C3). 1
B . . .
Rt U and T are now substituted in the Lagrange equation of motion to obtain an equation
{ for the natural modes of vibration which can be written in the form
i
: [”(] - w? ph [J]] {g1=0 (C8)
fw where the terms in the [K] and [J] matrices are given in Reference 19. This equation can be
}: solved for the modal frequencies.
&5




-~

Reference 19 indicates that inasmuch as the integrals of XX, &S Xpand X, X7
(which were used in deriving the terms in [X] [J}) for clamped edge conditions are nonzero
when p # m then the analysis does not display the desired orthogonality between the modes.
However, a numerical analysis for one of the test panels used in the reference program
showed insignificant differences when compared to a numerical analysis which assumed
orthogonality. A complete investigation of the effects of including this nonorthogonality
relationship has not been evaluated because of computer time requirements. Finally a simpli-
fication of considerable interest to the orthotropic curved panel frequency analysis occurs,
provided the modal integrations are taken to be orthogonal and the material is isotropic. In
this case the modes are uncoupled, and assuming that

22
—<x<1 (C9)

a2

we find that the determinant of the coefficients is

[ta1-22[L]|=0

3
- 2% 1
£2(1-2?) (C10)
L) = eiL]

and
2o pl38 (1 - »?)
ER?

w2

where the terms in [G] and [L] are given in Reference 19. Equation (C10) can be solved for
the modal frequencies.

b
If @ = « (flat plate, ¢ = — = 0), then the 3 x3 matrix is reduced to a 2x 2 matrix and cne
a

equation in terms of A? in the 3, 3 position. The equation resulting from the 3, 3 element
yields the flat plate flexural modes, whereas the 2x 2 matrix gives the in-plane or longitu-
dinal vibration modes.

Some important simplifications can be made in the frequency theory if the angle which
the panel subtends is small. For angles ¢ less than 0.2 radians, the frequency of fiexural
vibration can be approximated by the following equation when all edges are clamped:

25.2 417 £? ¢

M=41TA4+ -+ e + — ; ¢ <0.2 radians (C11)

b b 4
where 4= —, ¢=—, and =~ .
£ a h
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It follows from the foregoing equations that the ratio of the curved panel frequency to that of
the infinite panel for the 1, 1 mode of vibration is

2
(e’llc ) C (4tg)?
=1+
91100 A%+ 0.614%2+1

where the theoretical value of € is 0.024 for clamped edges.

The frequency analysis for isotropic curved panels with no coupled modes, Equation
(C10), has been programmed in Fortran Ianguage for solution on the iBM 360/91 at the
Applied Physics Laboratory of Johns Hopkins University. The equations are nondimension-
alized in terms of three independent variables 4, ¢, ¢ and the dependent variable which is
nondimensional frequency. Calculation of the frequency for clamped platcs was made over

the following range of variables:

b

05 —=-¢%314
a

<t <

20 < — = ¢ 1000
A
b

0.5 =% : =4%290

For particular values of aspect ratio 4, nondimensional frequency is plotted for six
modes and six values of length-to-thickness ratio. Figures 5 to 9 give clamped edge frequen-
cies.* Once nondimensional frequency is found, the actual frequency can be determined from

the nomogram shown in Figure 10.
As an example, the natural frequencies of a clamped, curved panel calculated in Refer-

ence 19 are presented. The panel dimensions are
Radius ¢ = 100 in.
Arc length & = 10 in.
Length,? =20 in.
Thickness & = 0.05 in.

The nondimensional ratios are:

A=0.5
¢ =0.1
¢t =400

*Similar results are presented in Reference 19 for simply supported edges.
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Mode Number Sebtended
Straight | Curved ubte
Code | Edge,m | Edge,n | Code| Angle, ¢
c 1 1 36
d 1 2 by
e 1 3 %
f 2 4 *
g 2 5
h 3 6
is
es
cS
1000 o
— €5
400
j4
4
c4
4
- d4
4
g3
c3 e3 33
// “l// 233 e2
]00 — 2 gl
- £2
a2j2
- _/// ::
= 2
40 -
jt
.
— cl
10+
| ] | I | | ] L1 1
10 40 100 400 1000

LENGTH TO THICKNESS RATIO, V/h

Figure 5 — Nondimensional Frequency Solutions, Clamped Edges, 4 = 0.50
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Mode Number
Straight | Curved Subtended
Code | Edge, m | Edge, n| Code| Angle, &
c 1 1 1 0 i
d 1 2 2 0. 05 <6
. e ] 3 3 0.1 b
f 2 1 4 0.2 ]
g 2 2 5 1.0
h 3 1 é 3.14
S
1000 |- pie
_ s
a5
eS
400
j4
4
- c4
/ o4 14
4
I} / 3
e3
c3
]00 - % 233(3
} / / / / ¢
gl
— / 32
40 | l’-——r’% 1
/ )
= / ct
10 }-
_l ] . 1 1 1 ] L1 1
10 40 100 400 1000

LENGTH TO THICKNESS RATIO, 1/h

Figure 6 — Nondimensional Frequency Solutions, Clamped Edges, 4 = 0.67
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Mode Number
Stmight Curved Subtended
Code |[Ldge, m | Edge, n| Code| Angle;, ¢
c i 1 1 0 }
d 1 2 21 0.05 s
e 1 3 3 0.1 ”
f 2 ] 4| o s
g 2 2 5 1.0 o
h 3 1 61 3.14
1000 |—
400 |
[ |
3
A
] 100 —
4
B - o - dl el
1
10 3
} | ! [ { 1 1 | ;
N “ 100 400 1000

LENGTH TO THICKNESS RATIO, 1/h
Figure 7 — Nondimensional Frequency Solutions, Clamped Edges, 4 = 1.00
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Mode Number

Straight | Curved Subtended
Code | Edge,m | Edge,n | Code! Angle, £
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Figure 9 — Nondimensional Frequency Solutions, Clamped Edges, 4 = 2.00
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Table 5 shows values of A for the different combinations of mode number. These values were

taken from Figure 5 for 4 = 0.50. The frequencies converted through the use of the nomogram
are also displayed in Table 5.

TABLE 5

Natural Frequencies for Sample Problem

mi|n A /

111 31| 300
1] 2 65 | 382
113101 594
211 4138
212 1| 418
31 J 61 ] 3%9

£2
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APPENDIX D

THE GREENSPON METHOD

Ares of plate
Width of plate
Length of plate

Aspect ratio

-

ERr>
Plate modulus = ———
12 (1 - v?)
Differential elemexrt of area
Modulus of elasticity of plate material
Thickness of plate

Distance in direction normal to boundary of a flat plate of
arbitrary shape (has dimensions of length); 2 lies in plane
of plate

Circular frequency of rth mode of vibration
Circular frequency of ¢jth mode of vibration
A function of time such that w = w__ ¢ satisfies the homo-

2

geneous plate equation DV*w + ph =0

a2

Distance in Jirection of boundary of a flat plate of arbitrary
shape (has Jimensions of length)

Time variable

Laterz} deflection

Deflection function in rth mode of vibration

Normzl mode funciions for the mades of vibration of 2 beam
Factors defining modes of vibration ¢f 2 beam

Frequency numbers of the modes of vibration of 2 bezaa
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Poisson’s ratio

Mass per unit volume of plate material

d
Differential operator (

rectangular coordipates

Slope of plate boundary
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DESCRIPTION

Using the general theory of small vibrations of plates, Greenspon’+ 12 20 presents a
method for calculating the frequency and deflection response of a clamped rectangular plate.*
The calculation is based on a knowledge of the normal modes of vibrations which are approxi-
mated by the product of two beam functions (or characteristic functions) identical to that
used by Young (see Appendix B).

DERIVATION

The homogeneous equation for a freely vibrating thin plate is given by”» 12, 20

4 9w
DV'w + ph — =0 (D)
a2
For a clamped boundary
w =0 along 3
dw (D2)
— =0 along s
an
The deflection of the plate is taken to be the sum of the normal modes.
W(z, Y t) = ’_51 wr(z’ Z/) g(t) (D3)
Substitution of Equation (D2) into Equation (D1) yields
> . 3 e 0 D4
E v r=1 Yrdr* r= Y - ( )

1 dt2

Integration of the product of Equation (A3) and one of the normal mode functions w

over the plate area £ gives

D -
ok wm[v r‘z’l r q{ldA«r—J
A

A
4 P

r

o g,
v, [rf.l w Y ] d4=0 (D3)

O‘Reml:s for isotropic plates are given in Reference 7 a=d for othotropic (Le., stiffened) plates in Refervaces
12 2q4 20.
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As shown in Reference 12, the first term in this equation which contains integrals of
the form [, ¥* w, dA is zero if r #m and the second term in this equation which contains

integrals of the form & w, w, dA is also zero if r £ m and the plate is clamped. Thus if the

P
plate is vibrating freely in one of its modes w=w_sin p ¢, Equation (D5) can be written

D
= ] enviuda=p f w_w_ dA (D6)
A

P p

ard since the integrals have a value only for r=m, the circular frequency of the mth mode of

vibration is

-4
. &pwmv w,_ dA
ph [ w?2dA
P

(D7)

Py =

To calculate the frequency and deflection response, the normal modes of the clamped
plate are approximated by the product of two beam (or characteristic) functions, i.e.,
w, =X; Yi’ which depend on the boundary conditions of the plate.* (For the first mode
i=1, j = 1; for the second mode 7 = 1, j = 2, etc.) (For the clamped plate, the values of X;
and Y) used by Greenspon are identical to those used by Young; see Appendix B.)

Bi2 B[m ‘Biz Bix
X;=cosh — -~cos — - a; {sinh — -sin —
e e a a
(D8)
By By By By
Yi = cosh —b-— - cos —5— -a; sinh —b- - sin -b—

Substituting the value of w_ = X; YI into Equation (D7) using Equation (D8), we find
(see page 30 of Reference 12 for details).

e b (&4 ’,
VD '\/(Bi)“ @)t 24 LAY dzdy
7" Yoh * * DS
Pl] Pb -4 a4 64 a sz Y-z de dy ( )
00 L |

d? X, a*y,
and Yi” = .

where X ;=
dz? dy2

*The product of the beaxn functions is not an exact expression for the modes of 2 clax=ped plate because it
geaerally does not satisfy the plate equation.
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The values of B and a as well as the integrals {)" X, X[ dz, };" Xiz dz and the values

of X; and X;” which are contained in References 8, 9, and 16 were used by Greenspon’ to

compute Table 6.
For purposes of the present report, the final expression for the deflection response

derived in References 7, 12, and 2) is omitted here.

Following » similar procedure, Reference 12 presents a frequency equation for a
fluid-loaded, cross-stiffened plate, i.e., orthotropic plate. It also gives the procedure for
determining the orthotropic constants and other data. The beam functicns X; Yl are writter
for a beam with rotational constraint which includes simply supported and clamped
constraints. Thus Equation (D9) is a special case of the more general frequency equation

given in this reference.

TABLE 6

Function Values for a Clamped-Clamped Beam

(Here a or b is the length of the beam, and the origin x =0 is located at one end.

The tsbulations will remain valid if X; is replaced by Y’-.)

. . by
b {)b ); );"dy = {’b }}2 Y or Yalve of F::;:’::::':: {, ’I i or
ford | % .i B ﬂi . b = Value of P':f"'v“]“ic:' a o 5 B
af®X X"dr : '$ Yolve 0  or X
oot {‘a Xiz & X, X, Occurs ‘3_2 X —B? ‘ ]: X dr
a ‘ Occurs a
1 0.9825 | 4.7300 - 1232 1 1.5882 r=05a 2 r=0 0.8309
2 1.0008 { 7.8532 ~ 46.0501 1 0 =050 2 r=0 0
3 1.0000 | 10.995%6 ~ 98.9048 1 -1.4060 r=0.5a 2 z=90 0.3638
5 1.0000 { 17.2788 ~263.9980 i 14146 r=05¢a 2 r=0 0.2315
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APPENDIX E

THE WHITE METHOD

Beam width

Coefficients used in series representation of deflection
A constant which determines the amplitude of response

for the m th and nth modes respectively of a beam; beam
nondimensional frequency parameters

Beam length

Rotational spring stiffness per unit length along the ith
edge

Quantity defined by Equation (E16)

ER3
Plate bending stiffness equal to E7 =
12(1 - v?)
Young’s modulus of elasticity
Gravity acceleration

Plate thickness

Moment of inertia of cross section of the beam about
the neutral axis

Mass moment of inertia per unit length along the ¢th
edge

Plate mass

Mode numbers, i.e., number of elastic half-waves parallel
to the z- and y-axes, respectively

Edge mass per unit of length along the ¢th edge

Kinetic energy

Equal to

; defined by Equation (E7)
w? i,

Potential energy

49
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Equal to Do ; defined by Equation (E11)

Plate deflection

Rectangular coordinates

Beam nondimensional frequency parameters

Plate nondimensional frequency parameters
Nondimensional frequency parameters for the nth mode
of a symmetrically constrained beam which has springs
of stiffness C;, and C; , respectively, at both ends of
the beam

Defined by Equation (E17)

Beam mode shapes (functions of y only)

Nondimensional plate frequency parameters defined by
Equations (E13) and (E19), respectively

Plate mass per unit of area

Poisson’s ratio

Nondimensional rotational stiffness parameter

Mass density

Beam mode shapes (functions of z or y only)

Plate mode shape, approximately equal to ¢, () 6 ()
Beam functions defined by Equation (E19)

Circular frequency and circular resonance frequency
of plate, respectively

Designates a nondimensional integral
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DESCRIPTION

Using the Rayleigh-Ritz technique, White?! derives a set of simultaneous algebraic
equations for computing the resonance frequencies and modes of a rectangular flat plate hav-
ing a uniform dis‘ribution of elastic and inertial edge fixities. These fixities are equivalent
to a uniform C’stribution of independent masses, translational springs, and rotational springs
along each edge of the plate; the various edges of the plate can have equal or different elas-
tic constraints and inertial loadings. The only coupling between the individual inasses along
an edge is the coupling provided by the deflection of the plate. Certain integrals of products
of beam mode shapes and derivatives of these mode shapes are expanded in terms of modal
displacements and derivatives of these displacements at the ends of the beam. These inte-
grals are used to develop expressions for plate frequencies. All effects of rotary inertia and
shear deformation of the beam are neglected.

Once the masses and springs along the four edges of the plate are known, the frequen-
cies and modes can be numericaily evaluated. Solutions of the simultancous set of algebraic
equations can be obtained by iteration using standard digital computer techniques.

Reference 21 treats the special case in which the edges of the plate are translation-
ally fixed, elastically constrained in rotation by a uniform distribution of rotational springs,
and not loaded by edge masses. In this special case, each edge of the plate can have a fix-
ity arbitrarily between a pinned and clamped support and the four edges can have different
elastic constraints. The special case is further specialized in the present report to treat
only the completely clamped case. Although exact solutions of the corresponding set of si-
multaneous frequency equations require an iteration of the Ritz type, it was found that rea-

sonably accurate estimates of the plate resonance frequencies c=n be obtained by using a
single term from the appropriate equation in the set. The resulting approximate frequency
equation is given as well as nomographs for quick computation of these frequencies.* The
White method as applied to the completely clamped plate follows.

DERIVATION

The partial differential equation which defines the undamped resonant vibration of a

thin, uniform rectangular plate is

a4 94 %, ph _
_— +2 + — w° — | W(z,y)=0 (E1)
dz? 0z dy® oyt 4

Using the Rayleigh-Ritz technique, the approximate solution W (z, y) of Equation (E1) is ex-
pressed as a doubly infinite series of products of normalized uniform beam modes.

*The nomographs yield results for the special case cited above which includes the clamped plate.

ot
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W (2, 3) = m§1 n§1 4, .2 6_(z) (E2)

where the mode shapes ¢, () and 6, (y) are associated with the mode shapes of uniform

beams having ead fixities which are the same as the corresponding edges of the plate; the

particular form of these beam modes for particular boundary conditions can be obtained from

Reference 21. These forms are not required for the present analysis.

The kinetic energy T of the clamped plate is*

2
T %‘ ph [ {)b W2 (2, y) dz dy (E3)

Substituting Equation (E2) into Equation (E3), we obtain

2
T= 7 mfrs Crup Ops My S5 B, 6,0, (E4)
From the condition of orthogonality of beam modes
6, 0, =0 ifn#s
(E5)
Sy by =0 ifmfr
writing
r-lon T ES
=5 @ (E6)
we have
r= % a0, ¢,¢ 0,0 (ET)

is**

The integral expression for the potential energy V of a flat rectangular clamped plate

*Assuming no edge masses, all Mi =0 in Reference 21. With no mass moments of inertia at the boundaries,

all]i=

0 in Reference 21.

**For the clamped plate, we assume infinite stiffness in the translational and rotational springs along the

edges o

f the plate so that no potential energy is associated with these springs. The spring energies are, how-

ever, included in the potential energy term in Reference 21.
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a b
. D 5
V-3 I j W2+ W2 +2u W, W, +2(1-2) W2l dedy

0o o

or (E8)
a b a b
D 2 { 2
V= Y [Wxx+Wyy] dzdy+ (1-v)D | [ny -V, Wyy] dzdy k
- o 0 [ ,;

[N W

Substituting Equation (E2) in Equation (E8), we get

D a 5 4 2y 4 rr 7”9’
V=-2- -;3. m%rs %mn %rs (-(;) ¢m¢r ones + ¢m¢r en 08 =

2
Q) T i )

D —m
=19 2 e, 0 (6 4/0,6] - $76,0,6]

mnrs

This equation can be simplifiea by use of the integral relationships between ¢ ¢,
. b by b, and 6, 0,070, 6, 6. given by Equation (42) of Reference 21. The steps

A T T R A Y R R o

: involve a lengthy integration by parts. The resulting expression for the potential energy
3 becomes.

4

£ D e =

¥e V E o V (E].O)
§§ 2 63

i

E where

% = 4 b\* 4 1

jg::. V = m%rs amn ars am (-a_) ¢m ¢f 6!1 es + an en 08 ¢m ¢TJ

4

i b \2

*‘ 4 4 tsd »*?

i:; * m%rs Unn %rs (2) [¢’m ¢r Gn 05 + ¢m ¢r en es]

G > {2 !(b)z[é' * (0 67)

%‘_\4 + mars amn ars (1 - V) -a" (. m ¢r)0 ( n 3)0

~(Bn ) 0,0~ (6,6) &8 (E11)

e g
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Applying the Rayleigh-Ritz method, we set T = V and minimize the plate frequency o
with respect to each of the coefficients a, . It follows from Equations (E6), (E7), (E10),
and (E11) that

AT =V (E19)

where the resonance frequency and A are related by the equation

D
@ = \/—/\_ — (E 13)
phd*
o : L dA
Minimizing the frequency w with respect to ¢,  implies that 3 =0 and hence
rs
s aT v 18
aars B aars
Performing this operation gives the final result
RIS (crs ~x8la, =0 (E15)

where, noting that the beam modes ¢_, ¢, 0,, and 0_ are equal to zero at the plate bound-
aries,

4
Ccrs = [(ﬁ) a4+a4] 6 ¢ 0 0
mn a m nJ m r n s

(E16)
b\? —
+ (;) Lo, e, 6,027 + ¢, ¢ 6.76]
and
Bn = bm b 0, 0, (E17)
and where (see Equation 42 of Reference 17)
¢, ¢, =0 if m#r
(E18)

6, 6, =0 if n#s

Equation (E15) represents a set of linear simultaneous equations in @, , where there
is one equation for each combination of 7 and s.
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All the expressions necessary to evaluate the derivatives and integrals of mode shape
appearing in Equations (ET7), (E11), (E16), and (E17) have beea developed in Reference 21
and are also used in Appendix F. Hence the quantities €% and 5.} can be numerically
evaluated for a clamped plate. Solation of the set of Equations (E15) can be obtained by
iteration using standard digital techaiques. These methods are briefly discussed in Refer-
ences 16, 21, and 22 for certain special cases.

In Reference 21 numerical evaluation of Equation (E15) showed that accurate estimates
of the plate frequencies can be obtained by using a single term from the appropriate equation
out of the set of Equations (E15). To obtain the approximate frequency equation, set rs = mn

in Equation (E15) and equate to zero the coefficient of @, giving

1 i
@ = (A )? [D/(ph*)12 )

where
Apn = (8/a)* G; ¥ C: + 2(b/a)2 Y ¥
(E19)

V= bdm [ 82

’r 2
¢n = on 'en en y

Actually Equation (E19) and the quantity ¢, (or ,) was numericaily evaluated for the
beam having translationally fixed ends and rotational spring ends. Thus Equation (E19) is
the approximate solution to an equation somewhat more comprehensive than Equation (E15),
given by Equations (66) in Reference 21. For a clamped platc, the rotational spring has infi-
nite stiffness. The results are presented in Figures 11—13 for the first three beam modes.
Thus approximate frequencies can be obtained for the first nine modes of the plate for any
aspect ratio b/a by using the above equation and the data presented in Figures 11-13 for
¥, (and ¢ ) and Figures 14~16 for @, (and a,). For symmetric edge fixity in which oppo-
site edges are equally constrained, the numerical results obtained agree within 2 or 3 percent
with those computed in Reference 22 using a 36-term series. The approximation is increas-
ingly more accurate the smaller the plate aspect ratio and has the greatest error for the square
plate, particularly in the fourth and fifth modes when equally constrained on all four edges.
Approximate mode shapes ¢ (,y) = ¢, (2) 0, (y), locaticns of peak deflections, locations
of node lines, etc. can be obtained from the data presented in Figures 19—53 of Reference 21.

A nomograph constructed by White is presented in the present report to aid in evaluating the
approximate resonance frequencies of ihe plate, Equation (E19), corresponding to the firs¢
nine modes for any aspect ratio b/a. The opposite edges can have equal or different elastic
constraints. Note that graphical techniques can account.for only the most significant term or

terms in a mathematical solution which may involve a large number of terms.
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Figure 11 — Parameter ¥, versusa,, and o,y . First Mode

7.8 T T '\\I\S
:____"‘"" -44.;§
7.6 x _4;4:.0\

7.4 L '42.5
-42,0
-415
‘ -41.0
7.2 |-
-40.5 - (’;2

1 11 | 1 |
6.6 6.3 7.0 7.2 7.4 7.6 7.8
BEAM FREQUENCY PARAMETER &

Figure 12 — Parameter ¢, versus a,, and a,,; . Second Mode

BEAM FREQUENCY PARAMETER a3y

56

]




AT R T

o

SEoah i it s e A L Bt

SRR DT

ey

I TR

™

o

A

R B XA TIY T BT D e A SR

ns

.6

1.4

W.2

10.0

BEAK FREQUENCY PARAMETER aty,

9.8

9.6

3=

| l

| 1 ] |

3z 9.6

9.8 10.0 10.2 10.4 10.6 10.8

BEAM FREQUENCY PARAMETER at;

Figure 13 — Parameter y; versus @, and ¢, . Third Mode

4.6

4.4

4.2

4.0

38

BEAM FREQUENCY PARAMETER oy

3.6

3.4

3.2

T 232

34

3.6 22 4. 4.2 4.4 4
BEAM FREQUENCY PARAMETER o,
Figure 14 ~ Frequency Parameter a; versus a,, and a,; . First Mode

57

R B L T T R A U Y

ot sk oo

vy




G S

v

BEAM FREQUENCY PARAKEVER ot5q

6.6

6.8 7.0 7.2 7.4 7.6
BEAM FREQUENCY PARAMETERG 5

7.8

Figure 15 — Frequency Parameter a, versus a,, and a,, , Second Mode

10.8

10.6

10.4

0.2

10.0

BEAM FREQUENCY PARAMETER ot

9.8

9.6

3

1 | 1

9.8

|
1.8

10.0 10.2 0.4 10.6
BEAM FREQUENCY PARAMETEROr 3

Figure 16 ~ Frequency Parameter a5 versus a,, and @3, , Third Mode

58




e

N ﬂ“.«%n

ik o

R s ke

B e YL
. R

o

|
BRSO i

eI

R MR A

Figure 17 presents nomographs developed by Dr. White for nine modes of a rectangular
plate. These permit the graphical computation of resonance frequencies of a plate of arbi-
trary aspect ratio when the four edges of the plate are translationally fixed but elastically
restrained against rotation. The compliances of the rotational supports are assumed to be
uniform along each edge, but the compliances may be different for all four edges. The
clamped plate is represented by rotational springs of infinite stiffness along all edges. Each
nomograph contains a sample calculation which is indicated by arrows and which is tabulated
on the nomograph. Note that it is necessary to transfer numerical values from certain scales
to other scales; these transfers are indicated by arrows at the bottom of each nomograph. If
opposite edges of the plate have different rotational elastic constraints, the ¢, and a, scales
should be used instead of the £ scales. Values of a, are obtained from Figure 14 for unsym-

metric edge fixities. In the nomographs V2, is replaced by @ _ . Symbols used in the

mn
nomographs correspond to those used in Reference 21.
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Figure 17 — Nomograph for Plate Nondimensional Frequency Parameters

- pn

i M T ‘M4 \3‘1 T T ’ / '

R (€ = —Uv\ ¥ ’l3 ‘siojoweieg SSOUHNS 1BUONEI0Y JEUOISUIWIPUON

&mm..m 83 2 2 - 3 * 3 s ar e w N\ 4 - 4 o
S~ s - " - o - » o~ " € @ 4
ﬂ ¢ “ * M * » * * “ t/ L3 u A & & Ak

(€ w15 50 €5 = l5) Lo “ajewesey Aousnbasy jeuoisuswipuoy weag

5/q ‘opey yoadsy ajeld
e e N “ * " h y
[(FRY BTUE FUTTE FUNTE WA AT U CWUWY FWWWH Ul IPUT ST W ST Yy W S W N }
-— L4 —-«-—11 <l<—<<<<—<- -q—- L] <<— L v oy 4#4
: s e . a—
(€ = ln) €3 ‘ly ‘siejaweiey ssauyns [2UONEIOY [BUOISUBWIPUON
umm 3 $3 823 s b s % : b T 2 wne Y e

(1o
10.9
s
w7
10.6
s
1oy
10.3
103
101
100
i

0 €5 = l5) lp ‘uonoung wesg

(YD =2n) ¥y Ty ‘siopwerey SSUKNS BUCHRIOY [BUOISUIWIPUON

- - - [ * ” L - o
3 M - .ﬂ. z ® M 2 M 23z 0 o @ M o M © o 6 © «&
4 8 4 = 2 2 2 2 £ 2 £ 2 2 € ¢ € ©°© ¢ o e 9 8 2
(YD w2 0 3 = 25) Ly ‘uopoung weag

(TYPICAL NUMERICAL
TRANSFER BETWEEN
SCALES)

Nomograph for Plate Nondimensional Frequency Parameterall
60

Figure 17a ~




Vii

M aaan e e e e e -

(PO 82> 0 73 aly) lo “510werey Aouonbasy |euoisustupuoy wesg

® - ] Lt - - o = “ “ = - « »
. 4 . “° “ . a % & & & 3 ¥ £ & s bm
P-——b -F _-—L--b—-..bh»-p——--u-b-»-tP—-—-.—-tbhbh-—--.—--.—b»-—--
¥ ¥ L4 ¥ LRI BB S
° . " ’ J ‘ 7 l/ k B d 3 3 2 %
Aiu = ly) vw T § ‘s1ojauweleg SSOUHHIIS |BUOREIOY JBUOISUSWIPUON n
B8 ., 8% ¢
<« % @ |m €3
oo o=t 2 3
O wT o 2~ s
-3 e O A R D B -
» -l .
— = g ° a8
/ 0y 02.1 .031 041 fond m m ~N ~- w " __.I
~ U w Oijw Ulw o lw s nwon Ky v & =
(8] - s h ]
" " " " " ..H. Eﬂﬂ AT
N e S ' N
™ - 3 m.
m Y CI x
")
A
8/q ‘oney oadsy aely
X o e - - ~ - ,n. -
a\//o V—P».»—F--—;L-FP-F--»P- adidddan s ol o
- L s «
$ ¢ 8 H t2er s 3 ¢ 3 3 2
[P ARETIVTY IVUVI FYUUY PUN N INW DU T TN DU U0 T DU SPE OV TPy tanaadazaaboaai s da PN " - |
»
-|<\<< ﬂd‘ ¥ GCJ- v LA <|ﬂ< LA ] - L LR S dw—d‘ LA v - v
- |
m. - 3 ]

\o “19j19weiRd Aduanbald Jeuo|SUWIPUON 33e]d

<

(€ - —UV nw 13 ‘s19j0weieg SSAUYNS [BUOKEIOY [BUOISUAWIPUON
kmmmm m“ “ ' I\‘ ‘ ﬂ .

e T &Ny M e m A =~ 4 g

a0
11
[ 4

\
§% ¢ ¢ ¥ 2 & 2 2T 3 % o5 2% §23»
(€% 1D 10 € = 15) lo “ojowesey Aousnboesy jeuoisuawipuoy weeg

S

1
_.___.//




7

|
| <
| Q| -Q < 5
~ ™ — = —
Y OVijw U jw yU|w C4E ] un .c§2W
“ " " " " " .m.
— ~ ™ " < E
l uf uf ol s = S
] 3 3
O
N
o 4 ° a o ° ° o ° o o
g g S 3 2 s g g 3 S s -
rrr—::..:._.::...._:..:..._.._..:.._.....___._..._...:_.._.._..______.__:___._C.. [FETTNNTENI FRANTRNTRTY
»
o/q ‘oney oadsy aje|y
R L ) * " 4 <
r-._..._...._...._.._.__._._...._...._.._._._.._._ T ) 2 : ]

Ll LA B S e

100 <

3 2y ‘s19aweIey SSOUHNS |eUONEI0Y (euoisuaipudy

A Wi A Ml i Wi Mdasasa sy Tanaas i _._iL
hd

~

" o
mm ] 3 L) ] ] b Q LI T R )
1 1 1 y 1 ] 1 (] 1 1 J J 1 L1 11 til
E}iﬂj——qu-————-— -—-—ﬁ——-———-——-—~—-—-—~—-u—-~——-—-—-————-«————_-————-—-———— ——.—- -——-—_——_-_\,_\—Hl
[} =~ 0 & - e - © ~ w9~ - “w C - a - ) %
2344z 232322232 888 38§ el os o §oud
("5 % %5 10 75 = %) L4 ‘vonouny ueeg
(&5 = lo) &3 by ‘sioeweiey ssouyns revoneion jeuosuauipuon
m s 9 “ Q s o o b I 9 o o
8 3 3 ¢ S = S * 3 q ] b R L L R
[ - l 1 1 1 1 | Il 1 -— i i1

& ? : 2 2 z
(82 % 15 10 & = 1) 24 wopoung wesg

._::._.-.1_._.-—.—._._._:-:1—__.___._.—_-_._.—._:_—._.—.__—._._.—.:-—__.“.—._._. 143 .0 L8 AN B LI T .._. _-_.._ ._._.._..—

Figure 17b — Nomograph for Plate Nondimensional Frequency Parameter aj,
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APPENDIX F

THE CROCKER METHOD

NOTATION
i 4 Modal constant
. a Panel length in - direction
B Modal constant
[ Panel width in y-direction
c Modal constant
ER3
D Modal constant; also equal to EI =
12(1 - v?)
E Young’s modulus
3 e Base of natural logarithms = 2.716
. f, Normalized rth mode shape of panel
B
é h Panel thickness
£ I Second moment of area of cross section a.-out neutral
E: axis through its centroia
E £ Length of equivalent beam
& m Mode number in 2-direction
# n Mede number in y-direction
é" R Frequancy parameter
5:5 X Modal function of 2 or ¥
£ | X] Maximum value of X
:- z,y Distance measured along and perpendicular to the
4 undeflected equivalent beam, respectively
A G Frequency parameter
fl A, 8 Small quantities
A Frequency parameter
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Subscripts
m,n

n

Density of material

Poisson’s ratio

Normalized mode shape
Resonant freque-cy parameter

Circular frequency

Refer to m th and » th modes, respectively
Refers to direction normal to certain direction
Refers to rth mode

Refers to z-direction

Refers to y-direction
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DESCRIPTION

Crocker?3 preseats an analysis for computing the normal modes and frequencies of a
uniform flat panel with fully fixed edge conditions. The method involves an approximate

solution of the frogiuncy equations.

DERIVATION

The mode shapes of a clamped-clamped panel are approximately

Xm(::) any) 1
X_@0 X, X1

£

-';(.z: .1/) =

]

z .
[Am cosh e, = + B, sinha,,

(%2

?'i z . z

é +Cmcosamz+0msmam—‘;]

1 : _ y

g [An cosh &, % + B, sint o, 3

vﬁ? #Cyc05a, ¥ . p gina -!’L]

3 5 " g

7]

(F1)
2

% where the quantities in brackets or X, X represent the mode shapes of vibrating unifcrm
J;Z beams lying along the z- and y-axes, respectively, and |X_| and |X | are their respective
;2 values. Applying the boundary conditions for a clamped-clamped plate, i.e., for either
'l oX z=0, y=0

r‘:; .Xm Ol'Xn,X=~é;- =0 at {z:a, y=b

5 Then

:, A= -C

d B=-D (F2)
an <
E 0= Acosh a+Bsinha +Ccosa+Dsina

0= Asinha+Bcosha -Csina+Dcosa

“ Equations (F2) may be solved in order to obtain the frequency equations for a clamped-
g; - c'amped plate:

J . cosh ¢, cos a,, =1

X (F3)
g cosha cosa, =1

d 5

Nty

)
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Solution of Frequency Equations

The solution of Equations (¥3) may be shown to be of the form:

-
)
—

a, =(2m=:1). )

+A: m=1,2,8...,

where A+0 as m+. Now

cosh a,, = [cosh Cm+1)-

wly

= [sinh Cm + 1) - ] [cosh A + sinh A]

<

[ Y

and from Equation (F4)

k12
cosa, =- [sin (Cm+1)- -9—] sin A, [since cos (2m = 1) - -
= —(~ l)m sin A

Thus from Equations (F3), (F5), and (F6):

- (-1)”

(cosh A + sinh A) sin A =
sinh (2m + 1) 3

But A = 0. Thus for small values of A,

1 1
_ 2 i,A =Y
coshA—2[e +e ]-9

sin A= A
Thus substituting Equations (F8), (F9), and (F19) into Equation (F7) gives:

2 n
(1+A+-A——)A= -1
2

sinh (2m + 1) - -27:

=2(m + 1)

=2(-D™ e

72

(F9)

] cosh A + [sinh (2n+1)- -:l] sinh A

(F3)

wla
"
o
S

(F6)

(F7)

A2 A2 A2
1:8+ — 4+ 1-As — =1+ 2
2 2 2 2

1 1 A? A2
sinh A==l _ -8 2 1+A+ — —14+A+ — ] -A
2 2 2 2

(F9)

(F10)

2 (F11)
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and neglecting terms of order greater than A, then:
. -(25:1) - =
A=2(-=*1., @=+1 -3 (F12)
Using Equations (F4) and (F12), values of @, lo a,, were calculated in Reference 23 and

are presented in Table 7. It was found that for the higher frequency parameters, the value of
A became negligible and Equation (F4) was sufficiently accurate., For example, A, = - 1.43¢
x 10719 and was thus negligible. Equations (F3) may also be solved by assuming a solutiot
such as Equation (F$) with A = 0 2nd using the Newton method to refine the original 2pproxi-
mate solution.

Determination of the Modal Constonts

Arbitrarily putting one of the medal constants J_ = 1, the other moda! constants may
be determined from Equations (F2).
Thus B=-D =-1and A sinh a_ - cosh a_ +4_sina_ +cos a=0.

cosh a.,-cosa,

A = F13
= sinh a_ +sin a, ( )

But using Equations (F3) and (F9),

(2m +1) 3
e
cosham= -2- =smham
Thus:

cos a_

. 1- —
4 sinh a, -cosa,_ sinh a_

m = - . - = -
snnham?sm a sin a
1+ —ouoo
sinh a

58
n

cos a sin a_
m 1- = N R
sinh a sinh a,

. (sina, +cos a,.)

LIS
i

sinh a m
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TABLE 7

Parameters for a Clamped-Clamped Mode Shape

Frequency Porameter Freq::::::ueter Di::lnr Moda! Coefficient

morn a_oa, 8, ord, X_orX, 4 ord,

1 473004 12302 161628 1.017804

2 7.8530 4030 1.50805 0.999224

3 10.99560 98.905 1L.512% 1.000034

4 1413710 171.590 1.5128 £.999998552

5 17.27880 241376 1.5125 1.0000000627

6 2.420352 376.1092 1.5125 0.99299999729

7 23.561945 5058633 L5125 1.0000000001175

8 26.703537 6594048 1.5125 0.99999999999491

9 2845130 83).7431 1.5125 1.000000000000220

10 32986722 - 15125 0.99999999999999046

Note The modal coefficients Cm=—:§mx 2d B =-D _=—1 More significact Sgzres ave
given whese they are required for accurate calculatioas.
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Buot from Equation (¥6)
cosa_ =—(-1)"sin A

and from Equation (F4)

sina, = [sin(21+1)- ;:-] cos 4; |siance cos (2= + 1) - ; =0] =(-1)®cos A
Thus
1 -1 [{-1)® - cos A — (- 1)® - sin A}
= sina_,
4 -1- (- 1)® - [cos A ~sin Al

sinh a,_

-

—2a:1) 3

A, =-Co=~1-(-1)-i1-4)-2¢ {F19)

Thus using Equation (F14), values of 4_ and C_ were czlculated for z=1 through 10; see
Table T
Determination of Resonant Frequency Parameters
ER3
From Equations (E19) of Appendix E with A _-R__ 2nd D=El= ———— | the

12(1-5%)
undamped resonant circular frequency of the mnth mode of the plate is:

A E
©2n=VBo — VY — (F13)
b 12p(1-0%)

AR AR
Rmn= ; .a;+0:+2 ; .E’la g‘bn (Flﬁ)

where

a was derived above in this appendix and values are given in Table 7. Also the following

relations were derived in Reference 21 and used in Appendix E.

én’z{' ¢m
v, = —— (F17)
S

-3
ot

s o e o sukome

e iy W,

.

N

=
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where
1 I 7 ]
. ) - z -a_7 z\ . z
Op =TX:T .(An’Bn)““h"m"{*"’n (e = -cosam--f- ?5'“"3'?_
; ar | z —a_ % . z z
(_Sn = lX | (AmeBn)cosba&-t—+An —-e + Sin an-T +00$.¢--T
=1 L
2 - X -
~or a; - = -an .t— < - z
Sz =|—g -(An+8n)smbaa-7+.4n e +cosac--t— —smam-?d
Xl d a: -(A B ) h z A ( —aa % 1 z) cCOS z-
S = + - — = —-e £ sl T -
O o x| L ot Bg) coshe 7 = Dea, 7 a_ T
(F18)
and where
Zero
1 4 1 2 .3 s nm
TS, = [‘_5;55(_5;5.] s — [.;5” S -— i82-42:02-D])
4 4 21X |2
(F19)
Zero zero
[
=_ 3 /t 1 ‘s /" 1 2_p2,.p2.p2
O’; = -6n 6;:” = O -ém = [-4:—35-.‘0“-{—0‘5]
tag o tair Jy 21X
(F20)

Tke terms shown zero in Equations (F19) and (F20) are zero due to the boundary conditions

S, =9, =0atz=0 and z =1 for a clamped-c:amped mode.
Substitul'ng Equations {(F19) and (F20) into Equation (F17) and utilizing Equations
(F18) zives, after simplification,

a -
g, = [—23{ {(4, + B,) cosha, +A(-e ™ -sina,)-cosa,)[(4, +B,)sinha_

A "% i =24 B 2[(B2_42.02:D?2]
+4_ (e +cosa, ) -sina,_}+24 (1-B )} -a |BS-4°+C2+D}

{42-B2:C2:D2 (F21)

Equation (F21) was evaluated for m=1 through 9; the values are presented in Table 7.
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Yaiue of Position of Maximum Displacement for Each Mode

In order to simplify the computer program for the respoase of a clamped-clamped panel,
it was necessary to determine the maximum value X_ , denoted |X ], for each mode. In fact,
the simplest and most accurste method founé was to calculate the mode shepe:

= . T z . z']
X, (@)= [Am cosha_ - ;—éBn sinhe_ - - +C cosa_ - = +D_ sina_ - 71
(F22)

by means of a computer. The computer program written by Crocker is given in Figure 18.
Both numerical values and computer plots were obtained for m = 1 through 10, aund the computer
plots sre given in Figures 19—23. In this manner, both values of {X_| and X forz = a/2
were obtained. Since the whole mode shape was calculated, the response of any point of the
panel could be computed by using the appropriate values of X_ () and X_(y). It is interesting
to notice that Figures 19—23 indicate that the maximum displacement |X_| does not occur at
the center of the span except for the first mode, but two maxima |X_| occur for the higher
modes, one nesrest to each support. The other maxima are found to be slightly smaller, to be
of approximately constant value for the higher modes, and to lie between positions of the
maxima [X_|.
An 2pproximate method is given below for determining the velue and position of the
maximum displacement |X_| for the higher modes. Aithough approximate, [X | calculated by
this method is seen to be only 0.66 percent smaller than when calculated by the more exact

computer progranm.
The mode shape as given by Equation (F22) may be rewritten:

x -a x <« T .z
A.=(_+B.)sinha_- = +4_ (e B _ cos + sin (F23)
a G
but for 2 maximum or minimum value of X,
. -a_x
a, (dz\m) a,z ( = ama:) a, z
— =0=(4_+B —_— - % :sipn — _—
2 7 (4, =) cosh " A4, e sin - + COS "
(F24)
Since for the higher modes:
m
(F25)
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Figure 18— Program to Calculate and Plot Clamped-Clamped Mode Shapes

This program is not the one used at NSRDC to obtain the “requencies.
The NSRDC program is given in Appendix I,
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3
am--—=-4- 7+ 08 (F26)
where 8 is a small number.
Thus making the approximations then cosh = 1 and cos = 1,
L z , 87 5 sinh w
cos - ; = COsh —4:' + O SIn T
= -3
e_am e_(1-8)e 4
(F27)
si .2 -y
}¢] ¢ — e -
Um g V2
-1 .
cosa, - — = T_é-(1+ 8
Then substituting Equations (F27) into Equation (F24):
-3
3 3 =7 A 1
(4,+B,,) cosh =+ 8(d,+B,) sich — -~ (1-9) 4 e ¥ +— (1-8) - 75 (1+8)=C
and thus
-3n
3w —a
~(4,, + B,)) cosh < A4 e +(1- Am)/\/@
8= (F28)
-37
- =
(4 +By) sinh == + 4, ¢ 414, )V2

Using the approximations in Equations (F25), Equation (F28) reduces to:

5 e~3m/4 0.0948
T em3wa_\fg o 0.0948 - 1.4142
0.0948
&= = 0.0719
1.8194
82
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Again using the approximations of Equations (F25) and (F27), Equation (F23) reduces to:

4
- - - 4 z
[X,l=e Y "—cosam._‘;-&sinam-;
27 1
=(1-8)e *+ —=1+8)+ —=(1-5)

E)

= (0.9281) (0.0948) + V2

‘/§'

= 0.G88 + 1.414

1X,,] = 1.502 (F29)

The position of this first maximum will be located at:
z 3=
-a— = am T + 0.0719 (F30)

The value of {X | obtained by the above approximate method and presented in Equation (F29)
compares well with the computed values (presented in Figures 19~23) and, in fact, is only
about 0.66 percent smaller. The position of the maximum displacement as given by Equation
(F30) is also in good agreement.
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APPENDIX G

THE SUN METHOD

Symmetric square matrix or order n whose elements are
defined by Equation (G14b)

Coefficient in equation for displacement surface function
Coefficient in equation for displacement surface function
Length of rectangular plate

Symmetric real matrix defined by Equation (Bi3)

Width of rectangular plate

Symmetric square matrices of order n whose elements are
defined by Equation (G14a)

. Ex3
Flexural rigidity of plate equal to
12(1 -02)

Function satisfying the boundary condition for clamped plate
Polynomial in equation for displacement surface function
Acceleration due to gravity

Plate thickness

Defined by Equations (G15a) and (G18), respectively

Mode numbers

Equal to R=B - (-é) ?

-\a

i 1, /9D gD
Circular natural frequency; p; = — /== =o; |/ — where
i=1, 2 n SARL vh
t=1,2.....

b
Equal to —
a
Kinetic energy
Time
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Potentizal energy

Surface displacement function of plate in direction perpen-
dicular to plate; sebscript ¢ indicates a time derivative

z
Equal to — and A , respectively

a a
Column matrix containing elements of X where X = L% -
Variables in cartesian coordinate system

Exponent

Exponent

Plate mass per unit of surface area where y is the weight
per unit volume of plate

a2 a2
Equal to 3+ —

P '
Nronecker delta

1
Equal to —

2

Poisson’s ratio

Transverse displacement of plate in free vibration;
subscript ¢ signified a time derivative

Column matrix of 4;, A, ....... F: A_ defining

the eigenvector of the specific natural mode concerned, i.e.,
nodal pattern of Zth vibration mode

/ A
Eigenvalue defined by o =p Lj
g
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DESCRIPTION

Sun>* preseats 2 method for compoting the normal modes and frequencies for a clemped
thin rectangular plaie undergoing transverse vibrations. Vertical shear and rotery inertiz
effects zre ignored. The method uses the Ravxleigh-Ritz procedure, but the deflection of the
plate is represeated by 2 series of polyromizls rather than the product of beam normzl mode

functions.

DERIVATION

The transverse displacement for 2 freely vibrating thin plate is

¢(z,y,t) = W(-‘-’:B’) cos P‘ (Gl)

The potential energy of the plate is
g av b 2-2-°¢¢-° <b dzd G2
= =5 JJ@L 0 200, (1-0) @) dzdy (G2)
The kinetic energy of the plate is
T— — fqﬂdzdy (G3)

Substituting Equation (G1) into (G2) and (G2) and setting cosine and sine values equal
to 1 in Equations (G2) and (G3), respectively, tke maximum potential and kinetic energies are

Vo= I (P W) -2(1-9) [0 B - 5;27] } dzdy (GY)
" ax -_prZdzdy (G5)
§ Equating Equations (G4) and (G5) as required by the Rayleigh principle
: 14
- 2 _ ‘)g max (GG)
b b [fW2 dz dy
E
} Now there is a class of plate geometries governed by the equation
4 .1 v B
’ ——— <+ e = 1 G7
: 7 - [5] @
2
5
¥ 37
b
A
?




U

Equation (G7) includes the approxinated rectengle. Dividing through Equation (GY) by ¢ 2nd
letting X = =/0, Y = y/a, R = b/a, P - P‘B, the resultant normalized egustion replacing
Equation (G7) is

x“.pyB-1 (G8)

Then to determine the natural frequency p of the clamped rectangular plate in terms of
a, B, and P, let the displacement surface functior be expressed as

F(X,T,P,a,B)=F(X,Y,P,e.p) T £ 4 _x=7"
2=0 ==0
=F(X,Y,P,a,B) (4, +d,08+4,, Y4, , 8T+ .. (G9)
-F % 4,¢
i=1
where for 2 clamped plate
2
F-(1-Xx%-pyB) (G10)
oW oF i
satisfies the requirement Fraair T K =0 along the boundaries.

Following the Rayleigh-Ritz procedure, the A’s in Equation (G9) have values obtained
from 2 minimization of Equation (G4).

2 PPyh .
2 < 7 A3 _ r2 _Fr 2 }
aAi[ﬂ{(Vzm -2(1~-o)[F__H_ nz)J 7 W} Xdy  {G11)

i=1,2,...n

For the clamped plate, satisfaction of the natural boundary conditions?>® (also see Appendix
B) reduces Equation (G11) to the simpler form

d 2 2 P2 yb 2
P Uﬂ(v )2 - a ¥ } dXdY] =0 (G12)

t=1,2,...n

*There are no natural boundary conditions for the clamped plate and therefore they need not be satisfied.
However, as discussed in Appendix B, practical consideration of the rate of convergence makes such satisfaction
desirable.
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Sabstitating Equation (G9) wiis & = (1 - x%- PYB)- into the above equstion, 2
metrix eguation resuolts as

iC)isl-o2(Nis)=0 (G13)

where [4) 2nd [C] 2re square mairices of order n whose elements zre respectively defined 2s

1
1 RA-XHP ” .
C(1.J7) = {) {’ v (FE) v2 (FGY) dXdy (G14a)
1
X
A(1,J) = ;a’ f (a-xHF (F&" (FE') dxdy (G14b)

where F = (1 - xXe- P)'ﬁ)z.

Matrices [€} 2ad [4] zre therefore symmetric square matrices with 21l real number
elements.

The column marrix U} of d,, A, 4 ... d_ defines the eigenvector of the
specific natural mode concerned and, in turn, yields the modzal patterns of the corresponding

vibration mode.

The eigenvalues of Equaticn (Gi3) are o> = p> (y4/¢D) where p is the natural
frequency.

In order to reduce Equation (G13) to standard maurix pencil,?® let € = LL”, A = Vo2,
and X = L°¢. Equation {G13) then becomes

LTYALY X=X (G15a)
or [B] X} = AlXj (G13b)
where [B] is symmetric and real and thus 1X} is orthogonal with respect to each natural mode,
that is?’
X[ X; =8 (G16)

where Bil- is Kronecker delta. Tne natural frequencies can then be expressed as

1_/eD . ”
A L @)

and the corresponding eigenvectors {¥;} can then be obtained through the following trans-
formation:

Wwil=( 1 X4 (G18)
The modal pattern of the i th vibration mode is given by vl
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To achieve a good approximation to the fundamental and higher mode frequencies, Sun
used an zy (or XY) polynomial consisting of 21 terms. The computational methods include
both a beta function evaluetion and a Gaussian quadrature integration technique.* The latter
has no restriction as to the values of @ and 8 but requires approximately twice the computa-
tional time of the former. The method of reduction (i.e., iteration) is used to find the
eigenvalues and the corresponding eigenvectors are obtained from Equatios (G15b).
Polynomial expressions for the fundamental and higher modes as well as other details
relevant to the computsatiosal methods are given in Reference 24. The reference also
includes computed results which were carried out on an IBM 7094.

*Whea O and ﬁ values are less than or equal to 1.5, the beta function is not properly defined. Hence, a
numerical integration using the Gaussian quadrature rile of order 64 was used in the range below g =5 = L6.
A Gaussian quadrature double integration formula is given in Appendix B of Reference 24.
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APPENDIX H

THE CLAASSEN-THORNE METHOD

Plate length lying along z-axis

Coefficient of doubly-infinite Fourier series defined by
Equation (HS6)

Plate width lying along y-axis

Coefficients of Fourier series defined by Equation (Hv)

Young’s modulus
Frequency
Half-thickness

02
Equal to Y K,

r
K
k2

3p(1-v2) (2nf)?
Equal to{p(l v7) 271)
ER?

Equal to

Equal to —
dio &
qu >

1
Equal to —
qu %

Harmonic order for sine waves along z and y, respectively;

see Equation (H5)

Time

Amplitude

Rectangular coordinates

Equal to il X and % Y, respectivcly
a
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Poisson’s ratio
Mass density of plate

Phase angle
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DESCRIPTION

Cleessen-Thorne?® present 2 Fourier series method for computing the frequencies
2nd modes of free ransverse vibrations of thin, rectangular, isotropic, fully clamped plates.*
Carves zre given for determining the first ten frequencies and their modal patterns as a

fonction of the aspect ratio.
DERIVATION
The governing differential equation for sinusoidal free vibrations of a thin rectangular

isotropic plste is

841 a4 34 3 1_,2 32
€ + 32 v + v = - p( J) ad (Hl)

axs dX29y2 Y4 ER? a2

For sinusoidal vibrations, w(X, r, &) = ¥ {X, Y) sin (277¢ + &) Equation (H1) becomes

M W W
_ 2 + =K2W (H2)

ax? aX29yY2  3xX29y2

3 -v?) (2=f)?
chore 2. 3P0 @D

EX?

For a clamped plate tF= boundary conditions are

W (X,Y)= o}
- (H3)
¥ (X,Y)=0
where the subscript n denotes the normal derivative.
The origin of the reciangular coordinate system is taken at one corner of the plate,
with one side of iength a iying along the X-axis and the other of width & along the Y-axis.
Thus, Equation (H1) is valid for 0 <X <gand 0 <Y < b,

7 7 a
It is useful to transform the coordinate system. Letz= — X, y = 5 Y, k= 7 and
a

2
a
K= >y K. Then Equation (H1} becomes

7

%W W 0<z<
242 + - K2W, e (H4)

art awZ 33/2 ay4 0< y<nm

N

——

*The frequencies and modes are also computed for plates with two edges clamped and two edges free.
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A solution for # is assumed to be in the form of a doubly infinite Fourier series

0<z<n ‘

W(z,y) = £ £ a__ sin az sin my, (H5) N
mn

O<y<nm

where 2 denotes E and 3 denotes °E° .
TS n

m=1 n=1
Further Fourier series that are assumed to exist for0 <z <7 or0 <y <z (i.e., the
boundary conditions) are:

-

W(z,y)= 2 b sinmy W(0,y)= X ¢, sinmy 1

m m

W(z,n)= 2 f  sinnz W(z,0)= = ¢, sinnz
n n
(H6)
Wxx(rr,y)=§ d_ sin my Wxx:(},y)=§; e, sinmy |
|
Wyy(a:, m) = % hk, sin nz Wyy (2,0) = § i, sinnz :
where W = — | etc. i
dz?

The authors apply an available tezhnique to Equations (H5) and (H6) to obtain formulas \
for the higher derivatives and cross derivatives of the Fourier series. These rgsults are then ]
used to obtain a solution for each ¢, of Equation (H5) in terms of the coefficients in Equa- ‘

tion (H6). Higher derivatives and cross derivatives required by Equation (H4) are then ob-
tained from Equation (H5) using the solution obtained for each ¢, . Moreover, since the de-
flection on all edges and corners is zero for the case of a clamped-clamped plate,
bp=Cp=f,=9,=W(0,0) =W (7,0) =W (0,7) = W(m,7) = 0. Also the normal derivatives at all
four edges are zero so that Wy (z,0) = Wy (z,m) =W_(0,y) =W, (m,y) = 0. Finally, applying to
Equation (H4) these boundary conditions as well as the higher derivatives and cross deriva-
tives previously obtained, an infirnite set of homogeneous equations is obtained. The authors

then present a method for the approximate determination of K satisfying these equations.

1 .
For the completely clamped plate, K ’s are graphed only for 0 < 2 < 1. Setting £’ = 7 ‘

1 {
and K = = a value of K can be found for & > 1 by locating the value of X for -~ and multi- ‘
k °

plying by k2. Appendix I gives the method for determining the frequency from these quantities {
as well as a sample computation. |

The frequency and mode data computed in Reference 10 are presented there in both tab- . 4
ular and graphical form. Interpretation of the results are given as well as computer times in-

volved in obtaining the results. A copy of this reference is available in the computer files

associated with this investigation at the Computation and Mathematics Department.
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APPENDIX |

COMPUTER PROGRAMS

Appendixes A—~H have presented several methods for computing the natural frequencies
of vibration of clamped-clamped plates. The corresponding computer programs including flow
charts are given here; computer program decks are now available at the Computation and
Mathematics Department of NSRDC. Table 1 gives the results of these programs for particular
plate input data representing the plate geometry and mass-elastic properties. Figures 2 and 3
are plots of the data in Table 1a only. Thus, the first set of results shown in Table 1a con-
tains the computed frequencies for a plate with geometry and properties identical to those
used by Izzo (Electric Boat)!; experimental results cited by Izzo are also included. The
second and third sets of results shown in Tables 1b and 1c, respectively, are the computed
and experimentally* obtained frequencies for two plates used by Wilby.!! The corresponding

input data for the three sets of results are:

Plate 1 Plate 2 Plate 3

Data (Izz0-Electric Boct) (Wilby) (Wilby)
Dimension in z-direction 20 ft 4.0 in. 4.0 in.
Dimension in y-direction 2.33 ft 2.75 in. 2.0 in.
Plate thickness & 0.0313 ft 0.015 in. 0.015 in.
Young's modulus E 4175 x10° /62 | 337 x10°1b/in2 | 310 x 10° Ib/in.2
Poisson’s ratio 0 0.33 0.3 0.3
Weight density p,, 466.56 i/ | 0.27 /i3 | 0.27 Ib/in.3
Gravitational constant ¢ 32.2 ft/sec® | 386.4 in./sec?| 386.4 in./sec?

Five sets of computer programs and one manual method of computation are presented.
Their designations and the computers used in making the calculation are:

1. WCGFRE on the IBM 7090 of NSRDC: This program includes the methods of Warburton
(Appendix A), Crocker (Appendix F), and Greenspon (Appendix D). Figure 24 presents a flow
chart of this program.

2. WHITE on the IBM 7090: This program treats the conversion of the White numographic
values (Appendix E) to dimensional frequencies. Figure 25 presents a flow chart of this

program.

*The measured frequencies were obtained by Wilby in Reference 11.
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3. PLFREQ on the IBM 360/91 of the Applied Physics Laboratory, Johns Hopkins
University: This program treats the Ballentine-Plumblee method (Appendix C). Figure 26
presents a flow chart of the program.

4. SUNFRE on the IBM 360/91: This program treats the Sun method (Appendix G).
Figure 27 presents a flow chart of this program.

5. YNGFRE on the IBM 360/91: This program treats the Young method (Appendix B).
Figure 29 presents a flow chart of this program.

6. Claassen-Thorne manual method of computation.

In all computations, the frequency f (in hertz) is obtained as the product of the fre-

quency parameter A,  (or "m,n) and a factor. For particular computations, the factors are:

Warburton:

I R
So

b48pm(1 o2
Crocker: V
roexer onb? Y125 (1-22)

Greenspon:
12p (1-0
= @
Plumblee:
236(1-—0 Pm

k
2 Y1z, b3a(1—-¢72)

k E
White:
2na® 12p, (1~-0%)
Sun:
12y(1 - o2
k21m
Claassen-Thorne:
3p, (1-0?

NOTE: The user submits w2ight density p, which is converted by the program to mass

Puw
density p,, where p = —

1]

Young:
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WCGFRE (see Table 8 and Figure 24)

This combined program yields separate solutions corresponding to the Warburton,
Crocker, and Greenspon methods. The program card IOPT contains data input to the program
which permit the user to compute the natural frequency for either one or all of these methods,
i.e., IOPT = 1 + Warburton method, ICPT = 2 » Crocker method, IOPT = 3 + Greenspon method,
IOPT = 4 + all of these methods.

Warburton!3 treats the frequency parameter subscripts m,n as the number of nodal
poinis along the plate length and width, respectively; see Appendix A. However, most other
authors treat m,n as the mode numbers along these dimensions (or define it for the opposite

dimensions). Thus (m=2, means the 1, 2 mode containing 2 nodes along z and

7= 8) yarburton
3 along y whereas (m=2, n=3),,, . means the 2,3 mode containing either 3 nodes along z
and 1 along y or 4 nodes along z and 3 along ¥ deperding on the definition of m,n with re-
spect to the z,y coordinates. To avoid confusion ard for compatibility with most investi-

gators, the program assigns the modal (not nodal) meaning to m,n for all computations.

WCGFRE Restrictions

For IOPT = 3, ¥ <5, N 5. That is, the Greenspon option computes the frequencies
for ¥ <5 and N < 5. However, for this option, if the nser requires higher modes he may change
the Greenspon subroutine to read in the values of the integrals discussed in Appendix D.

The integrals are given in References 7, §, and 9.

The simply-supported frequencies may be comvuted by the Warburton method. In
this case, the value of SPEC must be 1.0. Clamped frequenzies are computed with any
value of SPEC not equal to 1.0.

Units

All length units are shown in feet. However, if al’ length data are converted to inches,
this is acceptable to the program, and is actually preferasble in the case of a very small plate

because of simpler handling and greater accuracy.
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TABLE 8
Program Listing for WCGFRE Computer Program

COV,MEHT XEF PROGRAN KCGFRF p o222 22222232222 3% 3
COMMON MoNyaAsBsHeFsSIGMAIRHN PTG
tIZ2222 2232223222222 2% 2 BRUERFSSZVESEAFERFQGREEFRFFF R PSR R E RS TS FERFT HES
M - MODES IN X DIRECTION
— MODFS 1M Y DIRFCTION
LENGTH IN X DIRFCTION
LENGTH IN Y DIRECTION
PLATE THICKNFSS
=~ YOUNGS MODULUS
SIGMA -~ POISSOMS RATIO
RHO - PLATE DENSITY
G ~ ACCELERATION DUE TO GRAVITY
ili!il«l!“{!i{i&*!l;iil—iiii#;i{il!!-}lll“{l-‘i-}{’:ilit!5’1!'!*!“'!{’*'!
PI1=341415977
READ(S54+2) I0PTs NCASF
DO 500 L=1,MCASE
READ(592) M ;N
REAN(533) AsBsH
READ{594) E+sSIGMASRHO 96
2 FORMAT(215})
3 FORMAT(3F1246)
& FORMAT(E16.893F1246)
RHO=RHO/G
GO TO (10+20930,10), IOPT
10 CALL VARB
IF{IOPT+LE.1) GO TO 500
20 CALL CROCK
IF{IOPT4LE2Y GO TO 500
30 CALL GRFEN
500 CONTINUE
sToP
FND
SIBFTC WARBER
SUBROUTINE WARSR
REAL LAMADASJIX9JY 9K 9KP
DIMENSION OMFGA(20,10)
DIMENSION FREQ(25510)s GX{120)sHX{100)9IX(100)sGY {100} sHY(100} s
1 JY(100)
COMMON M9MsAsBsHIE9SIGMAsRHO P I $G
READ(599979) SPfC
9979 FORMAT(F10.0}
A2=A*A
B2=R*B
AL=A2%A2
B4=B2*R2
MP1=M+1
NP1=N+1
IF(SPECeEQs 140) GO TO 510
GX{11=1.
HX{1)=1,
JX(1’=10
6Y{1)=1.
HY{(1)=1,
JY{1i=1e
GX(2)=14506
HX(2)=14248
JX(2)=14248
Gr(2)1=14506
HY(2)=1:248
JY(2)=14248

a¥aXaXaXaXaXa¥aXaXaXal
mMIo>»z
[ I
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TABLE 8 (Continued)

E: DO 100 Ml=34KP1 . 4
4 GX{M41)=FLOAT(M1)~s5
HX{MY)=( (FLOAT{M1)=eS5)EX2) ¥ [ 1e=24 /L [FLOAT{M1}=e5)¥PI))
JIX{(MIYy=HX(M1)
100 ZOMTINUE R
DO 150 N1=3sKP1 :
. GY(N1)=FLOAT(K1)=e5 4
HY(N1Y=((FLOATI{N] )=eS5) ¥%21 % (1e=2 /( (FLOAT(N]1)=~e5)*P1}]
JY(N1}=HYIN1)
150 CONTINUE
GO TO 590
510 DO 500 Ml = 14MP} .
GX{31) = FLOAT(¥1) = 149 i
HX{M1) GX(M1) *%2
500 Jx{m1}) HX(*1) 1
NO 550 N1 = 1,1P]
GY(N1) FLOAT(N1)=140
HY(MN1) GY(M])=%2
550 1Y{N1) HY{N1)
590 WRITE(S9ZO3A2ReHEsSIGMASPHO
20 FORMAT(1H193H A=9sFTe293H B=3F732+3H HeeFTebe3H E=sFllebs7H SIGMA=, 1
1 F7e295H RHO=»E1144) -
WRITE(6919)
19 FORMAT(//23Xs 22H WARBURTON FREQUENCIFS)
I = 1
D0 400 N2=2+NP1
N21=N2-~1
YRITE(H69211NM21
21 FORMATI(3H N=912)
YWRITE(6222)
22 FORMAT(9Xs1HMs 15Xs6HLAMRDAS16Xs5H FREQ) -
DO 300 M2=2,MP1 j
#421=M2~-1
XLAMSO=GX(M2)*GX(MZ)*GX(MZ)*GX(MZ)+(GY(NZI*GY(NZ)*GY(NZ)*GY(NZ)
1 *A43/B4+(2.%A2/R2) % (STGMARHX (M2} #HY IN2) +{1e=SIGMA) %IX {M2) ¥JY(N2))
LAMADA=SORT { XLAMSQ)
FREQ{MZsN2)={ {LAMBDA*HXP T ) /A2 ) ¥SQRT(F /(48 %RHO¥ (1e~STGMA¥%2) 1)) *
URITE(6322)IM2Y 3 AMBDASFREQ(M2 ¢M?) .
23 FORMAT{(5X91595X9FE154895X951548) ;
OMEGA(M29N2) = 2¢ ¥ PI * FRFO(MZ24N?)
WRITE(6930) OMFGA(M2sN2)s 1w
WRITE(8s301 OMFGA(M2sN2])s W
30 FORMAT(F1044965X915)
IWw = 1w + 1
- 300 CONTINUE
c - 400 CONTINUE
4 RETURN
END

W ou

L]
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TABLE 8 (Continued)

$IBFTC CRCKER - 3
SUBROUTINE CROCK
DIMENSIO! FREQ(20+10)
COMMON MsNsA9sBrsHITsSIGMAIRHOIPISG .
REAL LAMBDA 1
WRITE(694)A9sBsHsE s SIGMA »RHO
& FORMAT(1H193H A=9FT7e233H B=9FTe293H Ha9FTe493H ExyElleb497TH SIGMA=y
1 F7¢295H RHO=9F742)
¥RITE(6+19)
19 FORMAT(//23X920H CROCKER FREQUENCIES)
DO 40 J=xzlsN
GAMN=(2+*FLOAT(J)+1e)¥P1/2¢
AN={COSH{GAMN } ~COS{GAMN} } 7/ (SINH(GAMN)+SIN{GAMN))
WRITE(6513)J {
13 FORMAT(3H N=912)
WRITE(6314) ]
14 FORMAT(9X91HM915X96HLAMBDA916X95H FREQ)
ZIN=(GAMN/2+%({ { (AN=1¢ ) ¥COSH{GAMN}+AN¥ (~EXP (~GAMN}~-SIN(GAMN)) {
1 —~COS{GAVN} ) ¥( (AN—1¢ ) ¥SINH{GAMN)}+AN¥{EXP (~GAMN)+COS{GAMN) }~
2 SIN(GAMN) ) +4 e ®AN) =24 XGAMNE%2 ] ; 2 ¢ *AN¥AN
DO 30 I=1sM
GAMM=(2+*FLOAT(I) +1e)%P1/2s 1
AM=(COSH(GAMM)~COS(GAMM) } /{SINH(GAMM)~SIN({GAMM} )
ZIM=(GAMM/2+%*( { (AM«~14 ) ¥*COSH{GAMM}+AM¥* {~EXP (~-GAMM)}~SIN(GAMM})
1 ~COS{GAMM) )% ( (AM=1¢ ) XSINH{GAMM}+AM* { EXP (~GAMM)+COS(GAMM) } ~
2 SIN(GAMM) 446 RAM) =2 ¢ SGAMMEED ) /2 ¢ RAMEAM
LAMBDAx (BRGAMM/A ) ¥#¥4+GAMNR® 442 (¥ IMEZINR{ 5/ A} %2
FREQ(IsJ)=SQRT(LAMBDA®E/ (12 %RHO¥ (1e~SIGMAX¥X2} )} %XH/BX%2
FREQ(I 9 JI=FREQ(I9J}/{2%*P])
WRITE(697) IsLAMBDASFREQ(I4J)
7 FORMAT(5X91595X9E15¢895X3E15.8)
30 CONTINUE
40 CONTINUE
50 CONTINUE
RETURN
END
$IBFTC GRNSP
SUBROUTINE GREEN
DIMENSION FREQ(53»5) sP(5)9X(5)sY(5)9XSQ(5)92YSQ(5)
COMMON MsNsAsBsHIESSIGMASRHOIPING
Pll)=6eT3
P(2)=T7.8532
P{3)=109956
Pl4)=14e1372 .
P(5)=1742788 4
X(1)==-1243026/A
X{2)==4640501/A
X(3)=~98¢9048/A

100
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TABLE 8 {Continued)

S X(5)==~1712560/A
X{5)=~263+9980/A
- Y{(1)==-1263026/B
x Y{2)==4640501/8B
Y(3)=~989048/8
Y{4)==171+2560/8B
- Y(51==263+9980/B
. DO 1 I=145
< XSQ(I)=A
g YSQ(I)=8B
1 CONTINUE
] A4=A*%,
. B4=B¥*¥*4
. H3=H*%3
WRITE(698)AsBsHYE»SIGMASRHO
8 FORMAT(1H193H A=9FT7¢293H B=3FT7¢293H H=9FT7e493H E=9Elle497H SIGMA=»
1 FT74295H RHO=9F742)
D=E®XH3/(12*(1e-SIGMAX%2]})
F=SQRT(D/ (RHO*H} )
IF (M oGTe 5) M=5
IF(N «GTe 5) N=5
WRITE(6919}
19 FORMAT(//23Xs22H GREENSPON FREQUENCIES)
DO 20 J=1sN
WRITE(634) J
& FORMAT(///3H N=,12)
WRITE(695)
- 5 FORMAT(9Xs1HMs15).95H FREQ)
== DO 10 I=leM
FREQ(IsJ)=F%SQRF((P(I)*¥%4/A4)+(P(J)%%4/B4)+{2%X(1)%Y(J) )/
1 (XSGIIt*YSQlJUl))
FREQUIsJI=FREQ(Ieii/12%P])
WRITE(G6+6) I1eFREQ(I9J)
6 FORMAT(5X91595X9E1548)
10 CONTINUE
20 CONTINUE
30 CONTINUE
RETURN
END
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COMPUTE LAMBDA, ; AND
FREQUENCIES FREQ,,

BY WARBURTON
WRITE LAMBDA, FREQ

>1

I0PT

-
COMPUTE LAMBDA,, \, AND

FREQUENCIES FREQ,,

BY CROCKER
WRITE LAMBDA, FREQ

COMPUTE & WRITE
GREENSPON
FREQUENCIES
FREQy, y

Figure 24 — Flow Chart for WCGFRE, Computer Program for Computing Natural Frequencies
of a Plate by Warburton, Crocker, and Greenspon Methods

The printed output of the program contains FREQ (¥, N). However the value FREQ (M,N) X 27 may be used

as the input OMEGA (M, V) to Subprogram A in Appendix B of Reference 1.
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Input Deszription

The input uescription is as follows.

Cad Program Theory .. )
No. Symgl:ol Symbol Description Units Format
1 10PT OPTION for methods: I5

1 ~ Warburton only;
2 — Cocker only;
3 ~ Greenspon only;
4 -~ all methods

1 NéASE Number of plates to compute 15
frequencies for
2 M m Number of modes in z- I5
direction
2 N n Number of nodes in y- 15
direction
2 A a Plate dimensions, z- ft F12.6
\ direction
2 B b Plate dimensions, y- ft F12.6
direction
3 H A Plate thickness ft F12.6
Y 4 E E Young’s modulus 1b/ft2 E16.8
4 SIGMA gorv Poisson’s ratio F12.6
4 RHO Py Weight density of plate 1b/fe3 F12.6
4 G g Gravitational constant ft/sec? F12.6
5 SPEC OPTION for Warburton ¥10.0

simply-supported frequencies.
Used :if IOPT =1 or =4;
SPEC = 1.0 means simply-
supported case.

Cards 2—4 are repeated NCASE number of times.

Output Description

The input data and results are labelled and printed out for each plate (or each value of
NCASE]). The first printout is Warburton, foilowed by Crocker, and finally Greenspon. The
mode numbers (m,n), nondimensional frequency A, and final frequency f (in hertz) are given.

A sampie problem using all subroutines to compute 25 modes each for two plates took a

total of 1.1 minutes on the 7090,

WHITE (see Tcble 9 and Figure 25)

White has provided a set of nomographs that permit manual computation of the frequency
parametersa . =V for the first nine modes. A short subroutine handles the conversion
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9
8
10

20

30
40

TABLE 9
Program Listing for WHITE Computer Program

DIMENSION FREQ(2047)sALPHA(20+7)
PI=3,1415927

WRITE(601)

FORMAT (1H1418H WHITE FREQUENCIFS)
RFAD{542) NCASE

FORMAT(1S5)

FORMAT(215)

FORMAT(4F1246)
FORMAT{E164802F1246)

FORMAT{//3H A=9FB8e¢333H B2sFB8e393H HxoFBe393H E=9FE11e4s7H SIGMA=?
1 F7e295H RHO=9F8e3)

FORMAT (OX91HM9 15X s 4HALPHA 916Xe5H FREQ)
FORMAT (2H N=9.12)

FORMAT(5Xs1595X 9E15e895X9E1548)
M= 3

Ns 3

PO 40 L=l9NCASE

READ(593) ((ALPHA(TI9J)slx193)sJu=193)
FORMAT(3F12e6)

RFAD(5458) AgReH 4G

READ(S96) FoSIGMARHO

WRITE(6sT7) AsRsHIESSIGMAIRHO

AL = A%®Y4

R4sBA%Y4

H3zH#%3

D=E#H3/(12e%(1e=SIGMAR#2})
F=SORT((DXG) / (RHO*H#AL))

DO 30 N2=1¢N

WRITF(608) N2

WRITF(&99)

NO 20 M2miM
FREQ{M2oN2)=ALPHA(M2 N2 Y RF/(24#PT)
WRITE(6+10) M2sALPHA sFRFQ(M29N2)
CONTINUE

CONTIMUE

CONTINUF

STOP

END
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L

‘ START ’

READ /
NCASE

DO4) | L=1,NCASE

READ
ALPHA (4 N)
A B ,GHE

SIGMA, RHO

COMPUTE
ALPHA {(M,N)
FREQUENCY,,

=

WRITE
ALPHA (M, N)
FREQUENCY,,

‘ 40 CONTINUE
{ STOP ’

Figure 25 — Flow Chart for WHITE. Computer Program for Converting Nomograph
Frequency Parameters a_ _ to Frequencies J,

m,n

The printed output incledes FREQ (Y, V). Howeve:, the value 27 » FREQ(H,Y) cay be used
as the mput OMEGA (J,.N) 10 Subprogra= A in Appendix B of Reference 1.
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of these frequercy parameters to hertz using a formula given by White (Appendix E). The
b
nomographs are read for various aspect ratios — < 1. Thus the user must make adjustments
b3 a
for ihe case — > 1, e.g., interchanging m and n. The nomographs are applicable to nine
a

combinationsof m =1, 2,3 andn =1, 2, 3.

Input Description

The input description is as follows.

-

(;a:i I;;c:ng;z;n g;rﬁf)?l, Description Units Format
1 NCASE Number of plates I5
(There are NCASE sets of remaining cards.)
2—4 {ALPHA) (1,J), @, Modsl frequency 3F12.6
(I=1,3), parameter, found
(J=1,3) from nomographs
5 - A a Dimension, z-direction ft F12.6
5 B b Dimension, y-direction ft F12.6
5 H A Plate thickness ft F12.6
5 G g Gravitational constant | ft/sec? F12.6
6 E E Young’s modulus 1b/ft? E16.8
6 SIGMA o Poisson’s ratio F12.6
6 RHO Pw Plate weight density 1b/£t3 F12.6

Output Description

Both ALPHA and FREQ {f,, ,) are given according to mode. The 7090 computer time
is about 30 seconds.

PLFREQ (see Tabie 10 and Figure 26)

PLFREQ is a computer program developed by Plumblee®® and Ballentine!? to yield
the natural frequencies of vibration of either a simply supported or clamped thin plate, flat or
curved. The origina! program was in sondimensional form. However, for the comparison pur-
poses of this report, the program was modified so that additional input in units permitted the
frequency to also be computed in hertz.

The mathematical subroutines needed from the IBM SHARE library are EIGEN, LOC,
and MINV. The sample problems for 36 modes were run on the IBM 360/21 and took 18 sec-
onds per plate.
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46
47
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TABLE 10

Program Listing for PLFREQ Computer Program

REAL BETAL(20)},M1(20,20),M2020,20) +&K(27)4ML,NU
DOUBLE PRECISION L{378)sVECTOR(72Gi,VEC(27)4XX

DOUBLE PRECISIONM FR(5)

INTEGER LR(45)},LM(45),P;Q,PP»,QQ,QQQ+S,T,PQ.Q1

READ{5,415) RHO,AL,B+G,E
FORMAT(4F12.64E16.8)
READ(5,1)THETA,TL,A,NU

READ (5352144 NN4 1MV, LL s LBOUND
FORMAT(4E10.4)

FORMAT (512)
WRITE{6415)THETA,TL,A4NU

WRITE(6,16)MM o NN,i4V,LL,LBOUND

5 FORMAT(4Xs'THETA=? gF10e49 ' TL="3F10.45 %A=y F10.4,*NU=",F10.4)

FORMAT (4X 43 MM=",12, *NN=23 12, 'MV=*,12,%LL=%,12,'LBOUND=",12)

R(1)}=LBOUND

CALL BETA{MM¢NN,R,BETAL.FM2,M1)
IF(MM-MNN) 41,441,442

KK=2:3%NN

GO TO 43

KK=2%MH

HRITE(6446)

DO 44 I=1,KK

WRITE{6448) (M1{14J)9J=14KK)
CONT INUE

HWRITE(6447)

DO 45 I=14KK

WRITE(6448) (M2(14J)4J=1,4KK)
CONT INUE
FORMAT(1H1 44X "MATRIX MY(I,4J),//)
FORMAT{1H1 34Xy YMATRIX M2(1,4J)%,//)
FORMAT(5X49E12.5)

MN=MM:=:NN

MNS=3=MN

P=1

GO T0 11

107

.4 wae, r

oy '

3
]

B L R

A s

P SE—')

e bk e

-




p—y

—~—-

PR

TABLE 10 (Continued)

1G P=P+1
11 CALL SUBSCP(PsMNsNNLLL,PPS,T)
Q=P
GO TO 13
12 0=Q+1
12 CALL SUBSCP{Q,MN,NN,LL,QQ,MsN)
CALL LOC(P,Q4PQsMN5,MN5,1)
GO TO (101,102,1(3),P®
101 GO 70 (1011,1012,1013),0QQ
1013 LI{PO)=AZBETAL(M)}#%:3:xM1{S,MIZML(TJN)/BETAL(S)+(1.-NUIEM2{S,M)
1M2(T4N) /7 {BETAL(M)=BETAL(S)%2.%*A)
IF(P-Q) 12,10111,12
10111 R(P)I=M2(S4i4}=MI(T+N)/(BETAL(S)=BETAL(M)})
GO T0 12
1012 L{PQ)={1.+NU}=M2{S;M)}=M2(T,N)/(BETAL{S)=BETAL(N]}*2,0)
GO TO 12
1013 L{PQ} = —NUXTHETAXM2(S,M)I=M1(T,N)/BETAL(S)
IF{3%MFH*NN-Q}10,10,12
102 0QQ=QQ-1
G0 TO (1022,1023},QQ0
1022 LEPQ)=MYLSyMIZMICT 4NI=BETAL ()53 {1+ THETAXR2/ (12,2 (TL=AYE%2))
1 JOA%BETAL(T) )Y +{1 ., ~NU)HA%M2(S 4M)3=M2(TyN) (L +{{THETA/A/TLY*%2/3,0)
2 V/(2.*BETAL{T)*BETAL(N))
IF(P-Q)12,10222,12
10222 R(P)=MI(SsM)=M2IT4N)/(BETAL(T)*BETAL(N))
60 TO 12
1023 LI{PQ)=THETAMI (SaM)I=M2 (T4 N} /(ARBETALIT) )+THETAXMZ (S, M)=M2( T4 N)
IRNUZ (12 o *A%TLHTLBETAL(N) ) +THETAXML( Sy MI*=ML(TyN)=BETAL(N)**4/12.
2/ {TLETLHA¥%3%BETAL(T Y (1 =NUIETHSTARM2 (S M) #M2( T4 N) /{6 #AXTLETL)
3/8ETAL(T)
IF{MN5-Q)10410,12
103 LIFQI=THETA%X2Z2%XMI (S M)FML(T 4N} /A+AFHI{SyMI=BETAL{M)=3:4%M1(T,N)
1/(12%TLXTL)HM1I(S M)IFMYI(Ty! "FBETALIN}®**4/ (2.5 TL*TLXA®*3)+
2M2(S M) =M2(T4N)Y/ (6 *TL*TL*A)
1F(P-Q)1033,1G333,1033
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TABLE 10 (Continued)

10333 R(P)=ML{S,M)=ML(T,N)

1033 IF{MN5-Q) 1034,1034,12
1034 IF{(MN5-P}100,100,10
106 D0 110 I=1,MNS
110 R{1)=SQRT(R(I)}
DO 120 I=1,MNS
DO 120 J=I,MNS
CALL LOC(I4Js1JsMN5:MNS,1)
LEIJ)=L{IJI/(R{TI=R(I))
120 CONTINUE
DFACT=1.
140 DNORM=1.
00 150 I=1,MN5
CALL LOC(I,I,11,MN5,MNS,1)
DNORM=DNORM*=L{II)/DFACT
IF (DNORM~1,D+70)145,155,155
145 IF(DNCRM-1.0-70)160,160,150
150 CONT INUE
GO TO 165
155 DFACT=10.*DFACT
GO TO 140
160 DFACT =0,1%DFACT
GO T0O 140
165 OMNORM=(ABS{DNORM))I*=(1/MN5)}
DO 170 I=1,4MN5
DO 170 J=14MN5S
CALL LOCEI43391J4MNS54MNS,1}
170 L{1J)=L(1J)/ (DNORM*DFACT)
D0 125 I=1,MN5
DO 125 J=1,MN5
CALL LOC(I,;Jy1KsMNS54MNS,0)
CALL LOC(I4Js1J9MN54MNS541)
125 VECTOR(IK)=L{1J)
MN52=MN5*MN5

CALL MINV(VECTOR,MNS +XXsLM4LR)
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130

135

20

21
22
23
241
24
242
245
251
25
26
27
28

29
32

TABLE 10 (Continued)

WRITE(64130) XX

FORHAT(*0","THE DETERMINANT IS?', E12.5)

DO 135 I=1,MNS

D0 135 J=1,MNS

CALL LOC(I+4J391J4MNS54MNS,1)

CALL LOC(1,J4IK,MN5,4MN5,0)

LEIS)=VECTOR(IK)

CALL EIGEN{L,VECTOR MN5,MV)

FORMAT{*1%,8X; *OIMENSIONLESS FREQUENTZIES ARE NORMALIZED®,
1 2X,*EIGENVECTORS?)

HRITE(&420)

FORMAT (33X, 'FOR?)

HRITE(6,421)

FORMAT{21X,'A CYLINDRICALLY CURVED PANEL?')
HRITE(6,22)

FORMAT{32X, *WITH!)

HRITE{64,23)

G0 TO (241,242),L30UND

WRITE(6,24)

FORMAT (28X 4 'CLAMPED EDGES!)

G0 TO 251

HRITE(6,245)

FORMAT (23X, 'SIVPLY SUPPORTED EDGES?)

WRITE(6,25)

FORMAT (10" 329X t sk 1)

FORMAT( 0" 419X, 'NONDIMENSIONAL INPUT PARAMETERS?)
WRITE(64,26)

FORMAT{ 0%, t*SUBTENDED ANGLE=' F7.,4,10Xs 'ASPECT RATIO=!,F7.4)
WRITE(6,2T)THETA,A

FORMAT{ 0% , SLENGTH/SKXIN THICKNESS=%,F7.2)
WRITE(&6428) TL

HRITE(6,29) NU

FORMAT (0%, "POISSONS RATIO=%,F4.3)
FORMAT( 0%, *NUMBER OF SERIES TERMS ALONG STRAIGHT EDGE=%,1].
11 ,ALONG CURVED EDGE=',11}

&
-

110




33

179
180

50
51

520
522
523
532
533

53
531

521

5521

5522
54

TABLE 10 (Continued)

WRITE(6432)MM,yNN

FORMAT {100 429Xy Ik 3 //, 1TX*COMPUTED FREQUENCIES AND®,
1*MODE SHAPES?!)

WRITE(6,433)

00 180 I=1,MN5

CALL LOC{I4I41I,MN54MN5,1)
IF(L(11))180,180,179

LII)=0.159154%SQRT (DNORM*=DFACT)/DSQRT(L{II))
CONTINUE

11=1

G0 T0O 51

1I=11+1

MI=5%(11~-1)+1

NI=56%11

IF{(MN-4)520,520,523

GO TO (521,5214522,523)4MN

GO TC (521,531,521),11

IF(11-1)521,4521,533

FORMAT( XY /////77777)

WRITE(6,532)

GO TO 521

FORMAT( 1)

WRITE(6,53)

FORMAT(*0%, 'FREQUENCY=%45(1X4E11.4))
WRITE(6452) (L{1),I=MI4NI)

Jd =1

DO 5521 I = MI4NI

FR{J) = L{I}I*x SQRTI(E=G)/{RHO®AL®=B%:(1.~-NU%%x2)))
J=Jd+1

WRITE(645522) (FR{1)41 = 1,5)
FORMAT(10X,5(1X,E11.4))

FORMAT('0','GEN COORD',3X,5(2Xy "MODE SHAPE'})
WRITE{6,5%)

Q=1

GO 70O 61
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60
61

7110
711

7210

721

7310

731

76
11
80

71
72
73
74

78

TABLE 10 (Continued)

Q=Q+1

CALL SUBSCP(QsMN4NN,yLL,QQsM,N)

GO 70 (7110,7210,7310),QQ

DO 711 I=MI,NI

CALL LOC(QsI,5QI4MN54MN5,0)

VEC(I)=VECTOR(QI)

HRITE(6471)MyNy (VEC(I)},I=MI,NI)

GO TO 60

D0 721 I=MI,NI

CALL LOC(Qs1,Q1,404NS 4MN5,0)

VEC(I)=VECTOR(QI)

URITE(6472)MyNy (VEC(I1),I=MI,NT)

GO0 7O 60

DO 731 I=MI4NI

CALL LOC(Qs1,QI,MN5,MN5,0)

VEC({I)=VECTORI(QI)

HRITE(G,73)MyN, (VEC(T),I=1I,NI)
IF(IMN5-Q)76476,60

IF(MN5-NI)T77,77,50

WRITE{6,53)

CONT INUE

IF(LL-4) 3,74,74
FORMAT(ZX,‘U(',Il,"',ll,')'14X,5(1X,E11.4))
FORMAT(ZX,'V(‘yll,',',Ily')',4Xy5(lX1Ell.4))
FORMAT(ZX,’W(',II:',',Ils')'94X75(1X,E11.4))
CONTINUE
APL=SQRT(41.7*A+25.2/A+41.7/A**3+(TL*THETA)**2/A)
WRITE{6,78) APL

FORMAT(E11.4)

ST0P

END

SUBROUT INE BETA(MyNyA4B4GysH)

DIMENS ION A{1),B(1),G(20,20)4H(20,20)
IF(M-N)1,1,20

KK=2%N
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TABLE 10 (Continued)

GO 710 2

KK=2%M

IF(A(1)-1.519,9,10

DO 5 I=5,KK

IF(I-5)444,3

3 A(l)=1.0
B(I)=(2%1+1)%1.5707963
GO TO 5

4 A(1)=.,9825022158
A{2)=1.000777311
A(3)=,9999664501
A{4)=1.00000145
A(5)=.9999999373
B{(1)=4,.7300408
B(2)=7.8532046
B(3)=10,9956078
B(4)=14.1371655
B(5)=17.2787596

5 CONTINUE
DO 8 I=1,4KK
DO 8 J=1,KK
IF(I-J)T746,7

[\
O NNO

6 G(I4J)=AL1)+B(I}=(A(I)*B(]I)=-2.0)

H(IyJ)'—‘-l.O
GO T0 8

T GlIgJd)==4 4B(I)=423B(J)5x25 (AT )%B(I)-A(J)*B(J))=%
1 (Lo (=1a )k (I4d) )/ (B (1)%%4-B(J)%%4)

H{I,J)=0.0
8 CONTINUE
RETURN
10 DO 11 I=1,KK
B(I)=1I%341415927
DO 11 J=1,KK
IF(1I-J)12,13,12
12 G(I,44})=0.0
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TABLE 10 (Continued)

H(I,J)=0.0

GO TO 11
G(I,Jd)=BlI)=%*
H{1,J)=1.0
CGNT 1NUE
RETURN

END

)

—_—

SUBROUT INE SUBSCP{NRyMN,NNKK4NP,JsK)

NP=( (NR-1)/MN)+1
I=NR-{NP-1):=HN
I1=(I-1}/NN

GO TO (142,3,4),KK
J=2%11+1
K=241-2%11#NN-1
RETURN

J=2%11+2
K=2%I-2%1T#NN-1
RETURN

J=2%11+1
K=2%T-23T I%NN
RETURN

J=2%1142
K=24[-2%T 1NN
RETURN

END
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Input Description

The input description is as follows.

Card | Program Theo
No. S;(:ng;ol Symb?l, Description Units Format
1 RHO Pw Plate weight density F12.6
1 AL acrt Panel length ft F12.6
1 B b Panel arc length ft F12.6
1 G g Gravitational constant ft/sec? F12.6
1 E E Young’s modulus 1b/ft? E16.8
For each value of LL, there is a set of the following cards:
b
2 THETA 6 Subtended angle 3 (0 for flat plate) E10.4
¢ .
2 TL - If curved panel, E =panel midplane E10.4
radius, ratio of panel length to
thickness
b
2 A 7 Aspect ratio E10.4
2 NU v Poisson’s ratio E10.4
3 MM m Modes, z-direction 12
3 NN n Modes, y-direction 12
3 MV 0 eigenvalues and eigenvectors i2
1 eigenvalue only
3 LL 1 odd-odd modes 12
2 even-odd
3 odd-even
4 even-even
3 LBOUND 1 clamped edges 12
2 simply supported edges

Output Description

The frequencies are printed out in ascerding order for each set of subscripts (odd-odd,

even-odd, odd-even, even-even). The nondimensional frequency is given first, with frequency

in hertz on the next line. The generalized coordinates and mode shapes are also given in the

same column as the frequencies they represent.

SUNFRE (see Table 11 and Figure 27)

SUNFRE is a computer program developed by Sun®# to obtain the natural frequencies

of vibration of a class of thin plates, including such special cases as the circle, square, and

rectangle.
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TABLE 11

Program Listing for SUNFRE Computer Program
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C FREQUENCIES OF GENERAL PLATE BY RITZ METHOD
DOUBLE PRECISION XMA(2121)9XMB(21221)9XMCI21922)sXI14B) Y1 (48) 06190
DOUBLE SHECISIGN WI{48)sHORI21)s>VER(21)sAREA(462)9AREAU(SE2) 0020
R DOUBLE PRECISION AREAVI(462) sXWK(462) 3¢
¥ DIMENSION XP(213s YP(21) 40
: DOUBLE PRECISION XU{21921)sXMD(21922)sA(21)9B(21)sC(21) 0050
N DOUBLE PRECISIOR VALsbI1GyASSDsP»CORVAMPLTDSE IGENS 0060
DCUBLE PRECISICH VXP(21)sVYP(21) 70
s COMMON XMAs XMBs XMCs XIs YIs Wls HORy VERs AREAs AREAUs AREAVS 0080
: 1 XtWsP s BrALPHASBETASRATIOONK sNROWIXP s YP 9 AM1 o BI]1 » 0090
2 SHITCHs VXPs VYP 100
. READ (59 999 ) KKy (XICI)s I= 1s NK )9 (WICI)s I = 1s NK ) 0110
: 999 FORMAT(I10 / (4E20410)) 120
i DO 2 I = 1, NK 130
; 2 YLt = XItDhH 140
i SHITCH = Qe 150
¢ 10 READ (55 1000) ALPHAs BETA, RATIO, MODEs NOITs NPy LIMITs CONV 0160
. 1000 FORMAT ( 3F5e2s 415y F10e7 ) 0170
LAST =0 i80
. C MODE = 1 Xs Y TAKE EVEN POWER 0190
3 C MODE = 2 X» Y TAKE ODD POWER 0200
C MODE = 3 X TAKE EVEN POWERs ¥ TAKE ODD POWER 0210
¥ C MODE = 4 Y TAKE EVEN POWERs X TAKE ODD POWER 0220
“ C NOIT = NUMBER OF EIGENVALUES DESIRED 0230
: C NP = 0 NO PGINTS FOR NODAL LINES 0240
‘ C NP = 20 20 POINTS FOR NODAL LINES PLOT 0250
! C LIMIT = 800 (RECOMMENDED) CYCLES OF ITERATICN 0260
“ C CONV = 0400001 IS RECOMMENDED 0270
< CALL XPYP (XPsYP sKROWsMODE) 0280
: WRITE (69105U) ALPHAy BETAs RATIOs NROWs MODE 0290
- 1050 FORMAT(/ 2Xs THALPHA =» F632s8H BETA =» F6e299H RATIO =y Fge2y 0300
1 4X» 25HNOe OF TERMS IN X AND Y = 914s 8H MODE = » 13 ) V310
WRITE (691052) ((XP(I)s YP(I)})s I = 14 NROY } 0320
1052 FORMAT (  T7(2H (s F340» F3¢0s 2H) ) ) 0330
P = le / (RATIO %** BETA } V34u
A1 = ALPHA = 1s 350
8H1 = BETA = 1 360
CALL DUBINT 370
. 1CCT =1 380
DO 12 I = 1s NROW 390
: 0O 12 J =1 » NROW 400
XMC(IsJ) = AREA(ICCT) 410
i XMC(JsI) = AREA(ICCT) 420
12 ICCT = ICCT + 1 430
DO 13 1 = 1y NROW 440
13 WRITE (69 1054) (XMCUlIsJ)s J = 19 MROW ) 0450
1054 FORMAT (//(1Xs 5D25416 }) 460
DO 14 I = 1s NROW 470
DO 14 ' = Iy NROW 480
XMA(Isc = AREACICCT) 490
XMAlJsI: = AREA(ICCT) 500
14 ICCT = ICCT + 1 510
. DO 15 I = 1s NROW 520
) 15 WRITE (69 1054) (XMA(IsJ)s J = 1s NROW ) 0530
IF ( NROW =~ 1 ) 16 16 18 540
16 AMPLTD = XMC(1s1)/ XMA(1s1) 550
. EIGENS = DSQRT( AMPLTD) 560
WRITE (69 1060) EIGENS 570
1060 FORMAT (// 3Xs 15HEIGEN VALUE = s D25416 77} 0580
GO TO 10 590
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TABLE 11 (Continued)

CALL SMTRX ( XMCe XMAs NROHs XMBs XU )

RRITE (69 1070) ((XMB(IsJ)e J = 19 NROW )9 I = 1 NROW }

DO 20 I = 1s NROW

DO 20 J = Is NROW

XMB(IsJ) = (XMB(I9J) + XMB(JI91))/2e

XMB(JsI) = XMB(IsJ}

HRITE (63 1070) (I{XMB(IsJ)s J = 19 NROW)s I = 19 NROW )

FORMAT (1Xs 5D25¢16 )

CALL EIGEN { XMBs NROWs NOITs As XtDs LIMITs CONVs TELL» NUMCYC )
A - COLUMN MATRIX OF EIGENVALUES

XMD - SQUARE MATRIX OF CALCULATED EIGENVECTORS FOR MATRIX PENCIL

WRITE (69 1072) TELLs CONVs LIMIT » NUMCYC

FORMAT{/ 2Xs6HTELL =9 F5e2s 3Xs 20HCONVERGENCE FACTOR = s FlUeBs

1 3Xs 1ISHLIMITED CYCLE = s I5 /7 3Xs 19HNUMBER OF CYCLE =
2 s 16 )

30
40
1076

44
1078

46
48
1080

52
53

56

60
1090

66
70

100
300

IF ¢ TELL ) 10s 10y 30

CONTINUE

DO 40 I = 1y NOIT

A(l) =DSQRT ( 1le / A(I)} * 40

WRITE (69 1076) (A({I}s I = 1 NOIT )

FORMAT (1Xs 16HEIGENVALUES ARE s / (5D25416}) )

DO 44 I = 1s NOIT

WRITE (69 1078) Is (XMD(IsL}s L = 19 NRCW !}

FORMAT (3Xs I3» 31HTH EIGENVECTORS FROM ITERATION /7( 5D25e16 1)
NM1 = NOIT - 1

DO 48 I = 1s NM1

IP1 =1+1

DO 48 J = IP1ls NOIT

VAL = Oe

DO 46 K = 1 NROW

VAL = VAL + XMD(IsK) * XMD(JsK)

WRITE (69 3580) 1Is J» VAL

FORMAT ( 2Xs I4 s 25HTH EIGENVECTORS MULTIPY #I4s 25HTH EIGEN V

1ECTORS EQUAL TO sy D25e16 )

DO 70 I = 1s NOIT

DO 53 J = 1s NROW

ClJ) = XMD(Isd )

CALL TRAVEC { XUs C» Bs NROW )
B8 - ORIGINAL COLUMN MATRIX
BIG = Qe

DO 56 J = 1s NROW

ABSB = DABS(B{J) )

IF ( BIG = ABSB } 549 569 56
BIG = ABSB

CONTINUE .

DO 60 J = 1s NROW

B(J) = B(J) / BIG

WRITE (69 1090) Iy AlI)s (B(J)s J = 19 NROW )
FORMAT { 2Xs 12» 15HTH EIGEN VALUE » D25416 /( /5D25e16 )}
IF ( NP ) 669+ 70 66

CALL PLNODE ( NP )

CONTINUE

LAST = LAST+ 1

IF ( LAST -~ 1 ) 10s 300s 300
CONT INUE

STOP

END

SUBROUTINE XPYP (XP»s YPs NROWs MODE )
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0590
0600
610
620
0630
640
0650
660
0670
0680
0690
0700
0710
0720
73¢
740
750
760
0770
0780
0790
8GO0
0810
0820
830
840
850
860
870
880
0890
900
0910
0920
930
940
950
960
970
980
990
100C
1¢10
1620
1030
1040
1050
1060
1070
1080
1690
1100
1110
1120
1130
1140
1130

1160
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TABLE 11 (Continued)

DIMENSION XP(21)sYP(21)
READ(551000) NROW
1000 FORMAT {I110)
00 1110 II= 1,MODE
1110 READ(551100} {(XP(I)eYP(I))s I = 1»NROW}
1100 FORMAT (16F5e2)
RETURKR
END

SUBROUTINE DUBINT
DOUBLE PRECISION XMA(21921) 9XMB(21921)9XMC(21921)eX1{48)sYI(48)
DOUBLE PRECISION WI(48)sHOR(21)sVER(21)9AREA(462)9AREAULGE2}
DOUBLE PRECISION AREAV(462) sXWW(462)
DIMENSION XP(21)s YP(21)

DOUBLE PRECISION HXX(21)sHYY(21)sHXY(21)sB)21%
COUBLE PRECISION BOQeWilsUIrYIsDUsDVeiIJsYPSeYNHSIYUPsYUMsYVP
DOUBLE PRECISION YVMeXW1JyP
COMMON XMAs XMBs XMCs XIs YIs Wis HORe VERs AREAs AREAUs AREAVY

1 XWsP o BsALPHA9BETASsRATIOsNK 9 NROW s XP 9 YP 9AM] 9 BM1
SKR1 = «667

NO = NROW¥ (NROW + 1)

BOQ = le /7 BETA

DO 1 K=1sMO

AREAU(K) = Oe
AREAV(K) = Oe
1 AREA(K) = Os
DO 20 I=1sNK
WRITE ( 6+ 1000) I
1000 FORMAT ( 3Xs 3HI =4 I3 )

Wil = will)

Ul = 0e5%(1e+XI(I))

VI = 0e5%(1le=XI(I))

DU = RATIO¥{ (1le=UI**XALPHA)**B0OQ)
DV = RATIOH({(1le=VIX®ALPHA)*%B0Q)
DO 14 J=1leiK

Wid = wity)

YPS = Qe5¥(1le+YI(J))

YMS = 0e5%(1le-YI(J))

YUP = DU¥YPS

YUM = DU¥YMS

YVP = DV¥*YPS

YVM = DV#YMS

CALL ALL (UIsYUPs HXXs HYYs HXY }
Ic =1

DO 4 KJ=1sNROW

DO 4 KI=KJsNRGY

XWW(IC) = HOR(KJ) * HOR(KI) = SM1 * (HYY{KI} * HXX(KJ)

1 + HXX{KI) * HYY(KJ) = 2¢ * HXY(KI)} * HXY(KJ) )
4 IC = IC+1

DO 5 KJ = 1» NROV

DO 5 KI = KJsNROW

XWW(IC) = VER(KJ) * VERIKI)
5 IC = IC+1

CALL ALL ( Uls YUMs HXXs HYYs HXY )

Ic=1

DO 6 KJ=1sNROW

DO 6 KI=KJsNROV

Xwiy = WIJ * (XWW(IC) + HOR(KI) # HOR(KJ) =

1 SM1 ¥ { HYY(KJ) * HXX(KLl) 4 HXX(KJ) * HYY(KI) = 2¢ * HXY(KI) #*
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1300
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1400
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1420
1430
1440
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1490
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1540
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TABLE 11 (Continued)

2 HXY{KJY )} )
AREAU(IC) = AREAUCICI+XwIJ
6 IC = IC+l

DO 7 KJ = 19 NROW

DO 7 KI = KJ» NROW

XW1J = WiJ # (XWW{IC) + VERIKII®VER(KJ))
AREAU(IC) = AREAULIC)+XWIJ

T IC = IC+1
CALL ALL ( VI3 YVPs HXXs HiVs HXY )
IC=1

DO 8 KJ=2sNROW

DO 8 KI=KJsNROW

XWw{IC) = HOR(KJ) * HOR(KI) = SM1 * (HYY{KJ] % HXX{XI)
1+ HXX(KJ) * HYY(KI} = 2e * HXY(KI) # HXY{KJ} )
8 IC = IC+1

DO 9 KJ = 1s NROW

DO 9 KI = KJs NROW

XWW{IC) = VER(KI) * VER(KJ}

9 IC = IC+]
CALL ALL ( VIs YVils HXXs HYYs HXY )
IC = 1

DO 10 KJ=1»NROY
DO 10 Ki=KJsNROW
XWiJ = ylJd * (XWW(IC) + HOR(KI) * HCR(KJ)} =~
1 SM1 * ( HYY(KJ) * HXX({KI) + HXX(KJ) * HYY(KI) = 2 * HXY(KI) *
2 HXY(KJS ) )
AREAVIIC) = AREAV(IC)+XWIU
10 IC = IC+1
DO 11 KJ = 1» NROW
DO 11 KI = KJs HROW
XWIJ = WIJ * ( XWW(IC) + VER(KII*VER(KJ))
AREAV(IC) = AREAV(IC)+X\1J
11 IC = IC+1
I4 CONTINUE
DO 16 K=13NO
AREA(K) = AREA(K)+WII*(DU*AREAU(K)+DV*#AREAV(K))/24
AREAU(K) = Qe
16 AREAV(K) = Qe
20 CONTINUE
DO 30 K=1sMNO
30 AREA(K) = «5%AREA(K)
RETURN
END

SUBROUTINE ALL ( Xs Ys HXXs HYYs HXY ) \
DOUBLE PRECISION XMA(21521)9XMB(21921)eXMC(21921)9X1(48)9Y1(48)
DOUBLE PRECISION WI(48)sHOR{21)sVER(21)9AREA{462)9AREAU(L62)
DOUBLE PRECISION AREAV(462) eXWW(462)
DIMENSION XP(21)e YP(21)
DIMENSION NXP{21)s NYP(21)

DOUBLE PRECISION HXX(21)oHYY(Z1)sHXY(21)sB)21%
DOUBLE PRECISION XsYsFoFXoFYsFXXsFYYsFXY
DOUBLE PRECISION DFsXIPsYJP 9GsGXsGY sGXX9GYYGXYsDGIPsAIsAJ
COMMON XMAs XMBs XMCoe XIs YIs wle HORy VERs AREAs AREAUs AREAV

1 XUitdsP9B2ALPHASBETASRATIOsNK s NROWeXP s YP s AM1 9 BM1
969630 6 3036 36363636 3696 963606 3006 0606 996 30 9636 30 0T 363636 36 36 96 2606 30 36 3628 963 I3 36 3600 I3 T 10 0 IR
CALL VECTOR (XoYosFosFXoFYsFXXoFYYsFXYsALPHAYBETAsP sAM]1 9BM1 }

3636 3 36 36 36 36 36 36 3 I 3 I I 36 3 3 3 36 36 I 6 I I I I I I I3 I 26 I M F 3E I I I K I I I I T I I I I W3 I I I 3 W
DF = FXX + FYY
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1880
1890
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1910
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2600
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2020
2030
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2120
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2140
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TABLE 11 (Continued)

DO 20 KK = 1y NROW 2330
NXP(KK) = XP(KK) 2340
NYP(XK) = YP{KK) 235C
XIP = X #ENXP(KK) 236G
YJP = Y #IYP(KK) 2370 b
Al = XP(KK) 238G
AJ = YP(KK) 2399
G = XIP # YJP 24Ly 4
GX = Al ¥ G / X 2410 é
GY = ARG/ Y 2420 3
GXX = (Al = 1+7 * GX 7 X 243C |
GYY = (AJ = le) * GY /7 Y 2445 k|
GXY = AR *GX /Y 245 3
DG = GXX + GYY 246u ;
HOR(KK) = G * DF + F % DG + 2+%{(FX*GX + FY*GY ) 2470
HOR(KK) = HOR(KK)%100CUUCIUGe 2480 :
VER(KK) = F * G 2494 5
VER(KK)} = VER(KK)*10G0000000Cs 2560
HXX(KK) = FXX*G + F¥*GXX + 2e*FX*GX 251C 4
HXX(KK)} = HXX{KK)*10000000000 252¢
HYY(KK) = FYY*G + F¥GYY + 2e*FY¥GY 253C 3
HYY(KK) = HYY(KK)%*10006600600s 2540 3
HXY(KK) = FXY®G + FRGXY + FX*GY + FY®GX 2550
HXY (KK} = HXY{KK)}*10005000000 2560 §
CONT IMUE 257C
RETURN 2586¢
£ND 2590
SUBROUTINE VECTOR(XsYsFsFAsFYsFAKosFYY oFXYsALPHAPUITAs PoAMLeUM1 ) 2600 k.
DOUBLE PRECISION XsYsFsFXsFYsFXXsFYYsFXY 2610 3
DOUBLE PRECISION XAsPYSsFRR1sFR25DXsDYsP 262C 3
NALPH = IFIX(ALPHA) 2630 :
NBETA = IFIX(GETA) 2640 :
XA = X#%NALPH 2A50 3
PYB = P * YRENBETA 2660 :
FR1 = 1. -~ XA ~ PYB 267v
FR2 = FR1 * FR1 2689 :
F = FR2 269U 5
DX = = ALPHA * XA / X 2765 §
oY = - BETA * PYB / Y 2710 :
FX = 24 * FR1 * DX 2720 3
FY = 24 * FR1 * DY 2734 8
FXY = 2e¢ * DX * DY 2740 3
FXX = 2¢ *# FR1 % DX % AMl / X + 2e% DX * DX 2756 2
FYY-= 2¢ * FR1 # DY % BM1 / Y + 2 * DY # DY 2760 g
RETURN 2770 ¥
END 2786 5
§
SUBROUTINE SMTRX( As Cs N» Es XU ) 2793 %
. d TO TRANSFORM (C~W2A)X = G INTO BX=u2X 280¢ 2
. DOUBLE PRECISION A(212119C621921)9XL (21521} 9XU(21921)9D(21521) 2810 .
% DOUBLE PRECISION E(21521) 2820 1
. CALL SMTRX1(A» XLs XUs & ) 2830 3
3 CR.L SMTRX2 ( XLsCs Ds N ) 2845 g
% CALL SMTRX3 ( XUs Ds E» N 2350 1
., RETURN 2860 %
3 END 287u <
% SUBROUTINE SMTRX1( As XLs XUs K ) 28680 }
» 3
9 i
|
g 121 ;
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TABLE 11 {Continued)

TG FIND L AND L's TO STORE IN XL AND XU
DOUBLE PRECISION A(21921)9XL{21921)9XU(21921)
DOUBLE PRECISION S
DO 51 =1y N
DO 5 J = 1s N
XU (1sJ) = 0o
XL (IsJ) = Oe
XU(1s1) = DSQRT(A(1l91))
XL{1ls1l) = XU{1ls1)

DO 15 IC = 29 N
XU{ls IC) = Alls IC)/ XU(1ls1l)

XL{ICs1) = XU(1,IC)

DG 100 I = 23 N

IP1 = I + 1

M1 =11

S = Qe

DO 20 K = 19 IM]

S = S + XU{KeI) * XU(KsI)
XU(I»I) = DSGRT(A(IsI}) -~ S )
XLCIsIs = XU(IsI)

IF ( I ~N ) 23 1009 1CO

DC 30 J = IP1s N

S = Oe

DO 25 K = 1y IM]

S = S + XUlKel) ¥ XU(KseJ)
XU(IsJ) = (A{leJd) = S)/XULL91)
Xel(JsolI} = XU(Isd)

CONTINUE

RETURN

END

SUBROUTINE SMTRX2 (XLs» Cs» Ds N }
TRANSFORM TG (L)=1C AMD STORE IN D
DOUBLE PRECISION XL (21921)9C(21521)9D(21521)
DOUBLE PRECISION S

vV D 3 = 19 N

Dizsl) > Cilasl) /7 anrvers)

VO 1UU 1 = Ze R

IM1 s8] -1

DO 100 J = 19 N

S £ Qe

DO 10 K = 1s IM1

S = § + XL{IsK) * D(KsJ)
D(Ied)l = (ClIsJ) = S ) /7 XLUIsI}
RETURN

END

SUBROUTINE SMTRX3 (XUs Ds Es» N )

TRANSFORM TO (L)=1C(L')~1 AND STORE IN &
DOUBLE PRECISION XU(21921)9D(21921)9E(21921}
DOUBLE PRECISION 5§

DO 51 = 1y N

E(Is1) = D(lIsl) /7 XU(]sl)
DO 100 J = 29 N

JM1 s J -]

DO 1C0 1 = 1, N

s = Qs

DO 10 K = 1y JM1

S = S + E{I+K) * XU(KsJs

E(IsJ) = (DUIsJ) = S ) /7 XU(JeJ)
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2890
29G0
2910
2920
2930
2949
2950
2960
2970
2989
2990
3000
3v10
3,20
33
33540
3L50
3060
3670
3u80
3090
31¢6
3110
3120
3130
3140
315¢
3160
317¢C
3180
319¢
32¢0
321.
3228
323°C
3¢43
325¢
3260
327
328¢
329
33C0
3310
3320
3330
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3350
3360
3370
3380
3390
340V
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3420
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RETURN 3470
END 3480
SUBROUTINE EIGEN(AsNRANK sNROOT sANSHER sVECTORsLIMIT»CONVERSTELL s 3490

- 1 NUMCYC ) 3500

C THIS SUBROUTINE FINDS THE EIGENVALUES AND EIGENVECTORS bY AN ITERATIVE S 3510
C USING THE METHOD OF REDUCTIONe 3520
DOUBLE PRECISION A(21221)9ANSWER(21)sVECTOR(21921)9Z(21)sY(21521) 3530

- DOUBLE PRECISION GREATsTRYsRsDIFFsCONVER 3540
DIFF = Oe 3550
DO 24 I=1sNROOT 3560
WRITE (6s 200) 1 3570

200 FORMAT (2H » I3 ) 3580
=+ J=T+NRANK 3590

1 Y(Isd)=1e 3600
NUMCYC=0 3610

2 NUMCYC=NUMCYC+1 3620
_ WRITE (69 300) NUMCYCs DIFF 3630
300 FORMAT ( &4Xs l&4s 5Xs D25e16 » 3X) 3640
IF(NUMCYC~LIMIT)32325 365¢

3 DO & J=IsNRANK 3669
Z(J)=0e 3679

DO 4 K=IsKRANK 3680

4 Z(J)=Z(JI+ACIPKI Y (19K 3690
GREAT = DABS(Z(1)) 3700
INDEX=1 3710
IF{I~NRANK) 59898 3720

5 Kk=1+1 3730
DO 7 J=KsNRANK 3740
TRY = DABS(Z(J)) 3750
IF(GREAT=TRY 165747 3760

6 GREAT=TRY 3770
INDEX=J 3780

7 CONTINUE 3790
8 DIFF=0. 3800
GREAT=2 ( INDEX) 3810

DO 9 J=1sNRANK 3820
Z(J)=2(J)/GREAT 3830

9 DIFF = DIFF + DABS(Z(J) = Y(1sJ}) 3840
DO 10 J=IsNRANK 3850

10 Y(IsJ)=2(J) 3860
IF(DIFF=CONVER)11s11s2 3870

11 ANSWER(I)=GREAT 3880
GREAT=Z1{.) 3890

DO 12 J=IsNRANK 3900
Z(J)1=Z(J)/GREAT 3910

12 Y(Isd)=Z(J) 3920
IF( I=NROOT)13215915 3930

13 L=1+1 3940
DO 14 J=LsNRANK 3950

DO 14 K=LsNRANK 3960

14 A(J9KI=ALJIIKI=Z (J) AL TK) 3970
15 IF(1-1120520916 3980
16 DO 19 J=2s1 3990
L=led+l 4660
M=L+1 4V10
R=0+ 4020

DO 17 K=MsNRANK 4030

17 R=R+A(LoKI*2(K) 4040
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TABLE 11 (Continued)

R=R/ (ANSHER(1)=ANSHER(L))
2{L)=1e

DO 18 K=MaNRANK
ZEKI=Y(LsKI+ZIKI/R
CONTINUE

GREAT = DABS(Z{1})
INDEX=1

DO 22 J=2 sNRANK

TRY = DABS(Z2(J)}
IF{GREAT=TRY 121522922
GREAT=TRY

INDEX=J

CONTINUE

GREAT=Z( INDEX)

DO 23 J=19sNRARK
VECTOR{I1sJ)3Z(J) /GREAT
COMTINUE

TELL=1e

RETURN

TELL=~1»

RETURN

END

SUBROUTINE TRAVEC (XUs Xs PHIs NRO: )
DOUBLE PRECISION XU(21321)sX(21)sPHI(21}
DOUBLE PRECISION SuM

N = NROW

NM1 =N-1

PHI (N} = X{N} /7 XU(HaN)

DO 100 I = 1y NM1

J =N-~1

sy = Qe

DO 80 K = Js N1

KP1 = K+ 1

suht = SUM + XU(Js KP1l) * PHI(KP1)
PHI(J} = (X(J) = SUM )/ XU(J»d)
RETURN

END

SUBROUTINE PLNODE (NP)

DOUBLE PRECISION XMA(21921) oXME{21021)9XMC(21921)sX1(48)9Y](48)
DOUBLE PRECISION WIl48)9HOR(21)sVER(21)9AREA(L6LZ) 9ARTALI462)
DOUBLE PRECISION AREAV(462) oX\::11(462)

DIMENSION XP(21}s YP(21)

DOUBLE PRECISION B{21)»vXP{21)sVYP(21)»R(50)

DOUBLE PRECISION VeXNPsERRGRySTEP P

COMMON XMAs XMBs XMCy Xis YIs wis HOR» VURs AREAs AREAUs AREAVS
1 XWisP e BrALPHASBETAWRATIOSNK s NROV 9 XP s YP s AM1 s bl e
2 SWITCHs VXPy VYP

ERROR = 04,0001

STEP = 0e05

SWITCH = le

XKP = NP

DO 50 1 = 19 NP

Al = 1 =1

\ ® Al / XNP

IF ¢ v ) 20» 105 20

DO 18 IX = ls NROW
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4270
4280
4290
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4310
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4350
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4370
4380
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4440
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4430
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4490
4500
4510
4520
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4560
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TABLE 11 (Continued)

IF ( XP(IX) ) 165 14 16 461G
14 VXP(IX) = 1l 4620
GO TO 18 4630
16 VXP(IX) = Oe - 4640
18 CONTINUE 4650
GO TO 28 4660
- 20 DO 26 IX = 1s NROW 4670
IF ( XPCIX) ) 249 229 24 4680
22 VXP(IX) = 1e 4690
GO TO 26 4760
: 24 VXPUIX) = v #* XP(IX) 4710
26 CONTINUE 4720
28 CALL REGSUN { Oss les STEPs Ry KRs ERROR ) 4730
IF ( NR ) 50 50s 44 4740
46 WRITE {6+ 1400} Vs (R{J)s J = 19 NR ) 4750
1400 FORMAT ({ 1Xs 3HX =9 FbHe39 2Xs 3i:Y =9 19:6e3 /(12X91Yrbes) ) 4760
50 CONTINUE 477¢C
SWITCH = 3 478G
DO 80 I = 19 NP 4799
Al =1-1 48G0
v = Al / XNP 4810
IF L V) 602 529 60 4820
52 DO 58 IY = 1 NROY 483u
IF { YPLLIY) } 569 54 56 N 4840
54 VYP(IY) = 1le = 4850
GO TO 58 4860
56 VYP(IY) = Oe 4870
58 CONTINUE 4880
GO TO 68 4890
60 DO 66 IY = 1s NROW 490G
IF ( YPCLIY) ) 64y 629 64 4910
62 VYPLIY) = 1. 4920
GO TO 66 4930
64 VYP(IY) = v #x YP(IY) 4940
66 CONTINUE 4950
A8 CALL REGSUN ( Oes 1les STEPs Rs NRy ERROR ) 4960
IF ( NR ) 80y 80s 74 4970
74 VURITE (69 1600) Vs (R(J)s J = 1y NR ) 498G
1600 FORMAT ( 1X» 3HY =y F6e3s 2Xs 3HX =9 19F6e3 /{13Xs19F6e3)) 4990
80 CONTINUE 5000
RETURN 5015
END 5,20
SUBROUTINE REGSUN ( As Bs Hs Rs Ny ERROR ) 5430
C TO FIND ALL ROOTS OF EIGENVECTOR 5040
DOUBLE PRECISION R(50) sERRORsXLsXRsYLaYRsXIsoHsYI 5050
N =0 5L6V
XL = A 5570
4 YL = FUNCT{XL) 5U8C
IF { DABS(YL} = 0e1D=10 ) 10s lus 2u 5090
10 N =N+ 1 510
RIN} = XL 5110
XL = XL + H 5120
. IF ( XL = B ) 4 49 16 5130
16 RETURN 514v
20 XR = XL + H 5150
IF ¢ XR = B ) 229 229 16 5160
- 22 YR = FUNCT(XR) 5170
IF { DABS({YR] = 0elD=10 ) 303 3Us 24 5180
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TABLE 11 (Continued)

24 IF ( YR®YL ) 409 309 60
30 N =N+ 1
RIN) = XR
XL = XR + H
IF ¢ XL = B ) 49 4» 16
40 x1 = { XR + XL ) /7 20
IF ( XI = XL ~ ERROR ) 46» 469 48
46 N =N+ 1
R{N) = XI
! XL = XI + H
GO TO 4
48 YI = FUNCT(XI)

IF ( DABS{YI} = 0e1D=10 } 469 469 50

IF { YL®Y] ) 529 469 54
XR " = XI

GO TO 40

XL z X1

GO 1O 40

XL e XR

YL £ YR

GO 1O 20

END

FUNCTION FUNCT(Q)

DOUBLE PRECISION XMA{21921) sXME(21921) 9X4C(21921)9X1(48) ¥ 1(48)

DOUBLE PRECI>ION 41(48)9HOR(21)9VER(21)sAREAL462)9AREAU(462)

DOUBLE PRECISION AREAV(462) sXuiil462)

DIMENSION XP(21)s YP(21)

DIMENSION NXP(21)sNYP(21)

DOUBLE PRECISION 3(21)sVvXP(21)9VYP(21)

DOUBLE PRECISION Qs SUMsQYPsQXPsFUIICT 9P

COMMON XMAs XMUs XMCse XIs Yls tls HORe YeRs ARZAs AREAUS AREAVY
XUWW sP o BoALPHAsSETAIRATIO SRR 91 iRGL 9 XP s YP s Al sl

2 SWITCH» VXPs VYP

DO 500 I = 1sNROW

NYP(I} = YP(I)

NXP(1} = XP(])

CONTINUE

IF ( SVTTCH = 2+ ) 23 20 20
SUM - Os

DO 10 I = 1s NROW

IF ( YPUL) ) 49 3 &

QYP = 1.

GO TO 10

IF (Q) 69 59 6

QyYp = Qe

GO TO 10

Qyp = Q *XNYP(])

SUM = SUM + B(1) # VXP(1) %* QYP
FUNCT = SUM

RETURN

SUM = O

DO 30 I = 1» NROW

IF { XPUI) } 24y 23y 24

QXp = 1le

GO TO 30

IF (Q) 269 259 26

Qxp = 0.

G0 TO 30

QxpP = Q *#NXP(])

SUM = SUM + B(1) * QXP * VYP(I)
FUNCT = SUM

RETURN

END

126

5190
5200
5210
5220
5230
5240
5250
5260
5273
5280
5290
5300
5310
5320
5330
5340
5350
536G
5370
5280
539v
54uy

5410
5420
543¢
5444
5450
546V
5470
5480
5490
5500
551¢

552C
5530

5540
5550
5560
5570
5580
5590
5600
5610
5620
5630

. 5640

5650
5660
5670
5680
5690
5700
5710
5720
5730
5740

5750
5760
5770
5780
5790




—p-

e

E:
E
5
¥
»
§
;
3
3
=
g
£
*
q
3
.

wil -

DERUREN R

tr

oo

3

&*w?‘ -

Bgade ot

.o

W‘\}np A oo AR TR A
'

-

Figure 27 — Flow Chart for SUNFRE, Compuier Program for Computing Natural
Frequencies of a Plate by Sun Method
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INPUT:

NK ELEMENTS OF
AUSSIAN DATA: PLA
DATA: NROW-NUMBER

OF POLYNOMIALS

CALL XPYP
READS INPUT:
NROW SETS OF
POLYNOMIAL

POWERS

CALL DUBINT
COMPUTCS DOUBLE
INTEGRALS BY
GAUSSIAN
INTEGRATION

REARRANGE AREAS
FROM DUBINT:
INTO XMA, XKC
& PRINT THEM

CALL SMTRX
REARRANGES XMC
& XMA INTO XNB

PRINT XMB;

REARRANGE INTO
FORM FOR EIGEN-
SOLUTION; PRINT

CALL EIGEN
SOLVES FOR THE
EIGENVALUES

Figure 27a
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"‘-( CONTINUE )

CONVERTS
EIGENVALUES

ATO 4'/{

PERFORM
ORTHOGONALITY
TEST & WRITE
ANSWERS

CALL TRAVEL
SETS UP EIGCN-
VECTORS FOR
NORMALIZATION

COMPLETES
NORMALIZATION
OF EIGENVECTORS;
PRINTS A’s &
NORMALIZED RESULTS

NP <0
ORMP > 0

RETURN TO
STATEMENT 10: EITHER <0
HITS END OF FILE & STOPS  —
OR READS MORE DATA
2 SOLVES AHOTHER PROBLEM
CALL PLNODE
COMPUTER
6 PRINT NODAL
POINTS FOR
15t-QUADRANT

/

< STOP ’

Figure 27b
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XPYP

7

DATA CARDS

READS POWERS
OF POLYNOMIALS @
IN X-Y PAIRS FROM

DUBINT:

B} 20: OUTER LOOP FOR
OUTER INGRATION;
SET INCREMENTS,

LIMITS, DU, BU

(b o]

14: INNER INTEGRAL
LIMITS & INCREMENTS
ARE SET

{:

EOMETRY EQUATION &
quuoum.s; CORRECT

CALL ALL
SETS UP PLATE

FOR UNDERFLOW

1st PART OF INNER INTEGRAL
| 2nd PART OF INNER INTEGRAL
: 1st PART OF OUTER INTEGRAL
2nd PART OF OUTER IN:1EGRAL

COMPUTE TERMS
OF INTEGRALS TO
ADD UP TO AREA
UNDER CURVE;
AREAU & AREA Y

END OF LOOP 14
COMBINE AREA U &
AREA V TO GIVE
TCTAL AREA
END OF LOOP 20

LLOOP 30

AREA - % AREA
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SMTRX

SETSUP
| MATRICES FROM
INTEGRAL RESULTS

CALL SMTR?

SETS UP MATRICES

XL, XU FROM
XHC

EIGEN COMPUTES

EIGENVALUES:
LOOP 24: 1 70
NROOT ANSWERS

NUMCYC -0

CALL SETR 2
TRANSFORNMS
XNA & XL TO
D MATRIX

CALL SMTR 3
TRANSFORMS
D&XUTO
XMB

NUMCYC
NUNCYC .1

<0

>0 TELL . -1
——] NO COVERGENCE

ITERATIVE SOLUTION
BY REDUCTION
PROCEEDS

CONTINUE SOLUTION
TO GET VECTOR
COMPONENTS
24 SOLVE FOR

NEXT ROOT

TELL = +1
CONVERGENCE ON
ALL ROOTS

Figure 27d
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DW%LCE(%) BY

XU(MN); SET UP
FOR NORMALIZING;
PUT RESULTS INB

7

PLNODE: COMPUTES
AL POINTS
INITIALIZE
YVARIABLES
NP . NUMBER
OF NODAL POINTS

005011, NP
SET UP X-AXIS

IN 15t QUADRANT FOR|

EQUAL INTERVALS

Figure 27e
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CALL REGSUN
TO COMPUTE
Y-NODAL POINTS

WRITE NODAL
POINTS FOR X GRIC IN
EQUAL INTERVALS
VS Y-NODAL POINTS
50 CONTINUE

DO I-1,NP
SAME AS 50, ONLY
Y-AXIS IN EQUAL
INTERVALS

CALL
REGSUN
COMPUTE X-
NODAL POINTS

WRITE NODAL
POINTS: Y-GRID
IN EQUAL INTERVALS
VS X-POINTS

‘ RETURN ’
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The principle used to solve for the natural frequencies is the Rayleigh-Ritz method.
The plate geometry is defined by

F(X,Y,P,a, B)=(1-X%-PYB)y

-

~
1]
Rle >jw a|N

R=—,
P=Rr8,
¢=3=10,

a is the dimension iv z-direction, and

b is the dimension in y-direction for a rectangle with clamped boundaries.

In the computer program, the Rayleigh-Ritz procedure uses a 21-term polynomial in X
and Y to express the displacement B’ (Equation (G9)). The integrals of the Rayleigh-Ritz
equations are then solved by a 64-order Gaussian quadrature technique. Finally, the eigen-
values of Equation (G13) are solved by an iterative method of reduction.

The computer program solves for one set cf frequencies at a time. Four sets of poly-

nomials completely define the plate: even-even, odd-odd, even-odd, odd-even. Manual plotting

of the nodal points for the first quadrant yields the modes shapes from which the modal num-
bers may be assigned to the frequencies.

The eigenvalues resulting from the computer program are actually the dimensionless
frequencies (note: & # 2xf in this program)

2y/,2 (YR
©Opn=6 YPpp (-g-ﬁ) (I1)
where the p, _ represent the natural frequencies. Thus, the program eigenvalues must be
Er3
modified manually to yield frequencies in hertz. Letting p,, = 2sf, A and D = —
12(1 - 0%)

Equation (I1) becomes

©nn® [ E
fo,n= (12)
ona? ¥ 12y(1-02%)

In addition to the eigenvalues, the program computes the points for the nodal lines to
be plotted to give the mode shapes.

A sample problem for eight modes with 32-order Gaussian quadrature required 30 min-
utes on the IBM 7090.
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input Description

The input data are in dimensionless form. Their description is as follows.

Theo
Program Symbol Symb?l' Description Format
N .
NK (card 1) The value 5- where N is th2 order of 110
Gaussian quadrature

Beginning on card 2, start the XI array and end with WI array; last card of this set is

card (1+ §5) '
2
XI Gaussian arguments; NK elements; 4 to a 4D20.10
card
WI Gaussian weights; NK elements; 4 to a card 4D20.10

NK\
Next 8 elements are on the (2 + —2- } card

ALPHA ] Exponent of plate geometry equation: F5.2
ALPHA = 10 for rectangle

BETA B Exponent of plate geometry equation: F5.2
BETA = 10 for rectangle

RATIO R Aspect ratio b/a, where b is dimension in y- F5.2
direction and a2 is dimension in z-direction

MODE The number of sets of modes desired. 15
If MODE =

1 X, Y are even powered: odd-odd modes
2 X, Y are odd powered: even-even modes
3 X even, Y odd: odd-even modes

4 X odd, Y even: even-odd modes

NOIT Number of eigenvalues desired 15

NP Number of nodal points desired: 15

NP =0 means no points

NP =20 means 20 points
for nodal line plot

LIMIT Number of iterations in eigenvalue solution; 15
suggested limit is 800
CONV Convergence criterion: suggested value F10.7
0.00001
NK Lo
NROW ‘(card 3+ ry Number of polynomials in X and Y 110
XP(D), YP () Powers of terms of X - Y polynomial; 16F5.2
NROW*2 note that there must be as many sets as the
next cards value of MODE indicates but that the pre-
for MODE number of gram solves for only one set at a time
times
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Sample input data corresponding to the above description are shown below:

16
0+997263861849481560098561151154526833039547622555875U643U064934956075937735580
G«8963211557660521200.849367613732565970079448379596794240L0473218211874G289630
o.66306&26693021520000557715757240762320005063999089322293950.&2135127613C6353&9
0¢33186860222212764C023928736225212707CC«14644719615827964930+04€357565587738310
0+00701€61000947069C0+0162743947209056722025392065209262052C23427386291252143)
000425355980222266800+0509920592623761700405868409347655554004C65222222776561646
0007234579410E84850CC«C751938957870703000C633119242269457500C87652093034403810
040911738786957626800.09384439903080456C2¢09563872007927485L6056540088514727350
1GeC 1000 14167 4 € 2¢ 202 0.0CCC201

2

000 00 2¢0 060 40 000 640 0e0 BeQ 000 1Ce0 Ce0 007 240 20 2.0 g-—
400 2e¢C 600 260 BoeO 200 De0 440 2¢0 400 G400 400 660 440 02 640 g'

200 600 4o0 640- Ce0 BeO 240 8.0 CoC 1040

le ) Y 3. 1. S5e le Te 1le Ge le 1le 1le ie 3. 3e 3.
Se 3e Te 3. 9. S5 l. Se 3e Se Se Se e Se le Te
3. 7. 50 7' 1' 9. 30 9. 1. 11.

[+ 2} 1le 2e 1. Lo le 6e 1. Be 1le 10 1o Do 3 2e 3.
Le 3. 6o 3. 8. 3e O. Se 2e Se Lo Se 6o Se Ce Te
2e Te 'Ys Te Oe 9 20 9. [+ 19 il.

1e0 000 1e0 20 100 4e0 1e0 6e0 10 8e0 1e0 1060 3¢9 Co0 30 242
3¢0 4e0 3¢0 600 340 Be0 560 060 5060 2¢0 540 400 54C 640 7.0 0.0
Te0 260 70 4e0 90 00 9e0 2.0 1100 00

Output Description

MGDE

=2

MODE

The program yields the eigenvalues and eigenvectors, with nodal points for the first
quadrant and many intermediate results. Unless the user is particularly interested in a pro-
gramming analysis, he will use the first page of output and then skip to the eigenvalue

section.

On the first page are some of the input data, such as «, 8, RATIO, MODE, which are
labelled accordingly. The index I is printed to indicate the step of Gaussian quadrature. An

MODE

underflow message from the system may occur; the program corrects for small numbers in the

underflow in subroutine ALL.

The next several pages have five elements to a row and are the following matrices:

1. C-matrix of Equation (G14a)
2. A-matrix of Equation (G14b)
3. B-matrix of Equation (G15b)
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The output then indicates which eigenvalue is kaing solved for and the number of
iterations needed. The variable TELL indicates convergence: TELL = 1 means con*ergence
but TELL = - 1 means no convergence. The convergence limit and the number of times the
iterations are performed are also printed. The eigenvalues are printed in ascending order,
followed by the eigenvectors. The results of the orthogonality check are shown.

Finally for a given eigenvalue the nodal points for the first quadrant are printed out.
Figure 28 shows, by way of a particular example, how the mode shapes and corresponding

frequencies are matched. The eigenvalues (called EIGENVALUE in the output data) obtained
directly as output from the computer program are multiplied by the frequency factor for .
SUNFRE given in Appendix I. This process yields the natural frequencies which are tabu-
lated in Tsble 1.
Thus for a particular eigenvalue (e.g., EIGENVALUE = 337.0694), & corresponding
nataral frequency can be computed (f = 2179.078 for this case). The corresponding mode
number can be determined by plotting wave shape data available from the computer program.
These data are plotted in the first quadrant (Figure 28a) and then projected into all four
quadrants (Figure 28b). From the latter figure, the mode number is evidently (m,n) = (5, 2).

YNGFRE (see Table 12 and Figure 29)

T.0 steps are needed ¢ find the natural frequencies of vibrations by the Young
method. The first, YOUNG, provides preliminary data. The second, YEIGN, computes the
eigenvalues and converts them to the natural frequencies. Since the results of YOUNG could

o

be used as input for other eigenvalue programs, YOUNS was made more general than YEIGN.

YOUNG

YOUNG is a computer program which calculates the members of the C-array of the
eigensystem, Equation (B11):

p q ‘
ik L
mEl nzl (Con =A85,) 4y =0,

8mn=1form=i and n=k%

S, ,=0form+#i or n¥k

For the computer program,i=1,p; k=1, g; and p, ¢ <10,

The program YOUNG uses its subroutine YINTGR to compute numerical results of -
Young’s closed form solutions of the Rayleigh-Ritz integrals of a clamped beam. Next
YINTGR constructs the arrays necessary for the computation of the C-matrix:
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1ST QUADRANT
0.3
0.6
b4
0.4
0.2
A \_
0.0 0.2 04 06 0.8 1.0
Figure 28a
(~L,+1 a.n
’ L0
ol ofea—~2 3 —H— 4 — 55—
1
\ , \
4 QUADRANTS 4 ‘ ] 4 ‘
2
(-1,-1) A \ @ 1,-1)
Figure 28b

Figure 28 — Procedure for Determining Plate Mode Numbers for a Particular Frequency

The sample illustrates a modal plot for the {5, 2) mode corresponding to f= 2179.078.
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TABLE 12

Program Listing for YNGFRE Computer Program

‘Table 12a — YOUNG
SIRFTC YOUNG
DIMENSION E(10910)9F(210510)9H{20910)9K{10+30)+EPS{103C(10510)
REAL K
RFAD(S5e1) MeN
1 FORMAT{215)
READ{S911) AsB
11 FORMAT(2F1246)
Pl = 3,141%9
CALL YINTGR{MINIEPSHE)
WRITEtS98) (EPS{1)9] = 1oM)
s FORMAT (6% 9551608}
SIGMA =433
A3=ARR3
83sfNNg
WRITE(69310) Ayl
310 FORMAT(S5X92F126)
WRITE(6+320) MsN
220 FORMAT(5Xs218)
NY1 = N/2
NY2 = N/2 + 1
DO & lslsM
DO 2 JsleN
Hiled) = Elle )
Kiled) = Etle )
E(1sd) = =FE(1sd)
FilsJ} = Etlp Y}
3 CONTINUE
& CONTINUE
KOUNT=0
DO 400 IslgM
DO 300 Js1gN
DO 200 MX=1M
DO 100 NYsisN
1F{MXeNEs1) GO TO 3
1F{NYe£QeJ) GO 10 6
8 CIMXINYIRSTOMARA/BR(EIMX s IDNF (JINY I+F{ T oMXIRF (NYsJ )Y
1 +2.%(1e~SIGMAIRA/RRKL T sMX ) BK( JINY)
GO T0 7
6 CONTINUE
CIMXoNY) =B/AREPS (1) ##4+A3/RIREPSLI) #0442, RS IGMARA/BREL T 9 11 #F (J9J)
1¢2e%(1e=SIGMA Y RA/BRH{ 19 112K J0J)

7 CONTINUE
100 CONTINUE
KOUNT=KOUNT+1
COMMENT  KOUNT WAS USED FOR ENDPUNCHINGH#%## NOW 1T USED ONLY
cHasuRIN THE CASF N IS A MULTIPLE OF 2. RRRERRRE

IF{M=(M/525)) 20092500240

260 IF{M=(M/3%3)} 20092109220

220 IF(M={M/292}) 20092229230

210 WRITE(6+20) { CIMXsNY)s  NY =14N)
WRITE{8+20) { CUIMXeNY)s  NY =1sN)}

GO YO 200

222 WRITE(6922) { CIMXeNY)s  NY =1sNY1)e KOUNT
WRITE(8922) { CIMXsNY)s NY sNY29N) # KOUNT
WRITE(B922) § CIMXsNY)s  NY =31sNY1)s KOUNT
WRITE(8922) ( C(MXsNY}s  NY sNY2sN)» KOUNT
G TO 200

250 WRITIE(6924) t CUIMXeNY)s  NY =14NY1)
WRITE(6924) { CIMXINY)s  NY sNYZoN)
WRITE(8924) ( C(MXsNY)}s  NY =3sNY1)
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TABLE 122 (Continued)

WRITE(B8+26) [ CIMXSNY)s NY snNY24N)

200 CONTINUE
300 CONTINUE
400 CONTIME

ENDFILE 8
20 FORMAT(3E16.8)
22 FORMATI&AELIGe8912X 014}
256 FORVAT{SE16.8)

230 StO®

Eno
SIRFTC YINTER
SURROUTINE YINTGR(MNeEPSsAY
DIMENSION ALP(10):EPS{1019AL204101

Pl = 3414159

ALP(1) = 0498250226
ALPI2)= 1400077731
ALPI3) = 0499996645

ALP(&)
ALPLS)
ALris)
EpSi1)
EPSi2)
EPSI3)
EPS(4)
EPS(5)
EPS(6)

100000145
0099999994
120
4973004080
Te85320460
106499560780
14013716550
1727873960
2004235522

DO 10 5 = TeM
ALP(JIY = 140

AS = J

10 EPSIJ) = [[20%AJ) + 1.0)%P1) /2,0
DO 28 K = oM
DN 385 L = 1sM
LKL =X+ L
IF{KsNELL) GO TO 4O
A(KsL) = ALPIK)ZEPS(K) R(ALPIKIREPSIK)=2,0)
GO 10 38

40 A(XsL) = [(AcONEPSILYR®2RFPSIK} 22} #{ALFIL)#FPSIL)

1 <~ALPIK)}®EPS{K))

2 #{1e0i=10188(KL J}) /7 (EPSIKINCE = EPS(LI0N4)

35 CONTINUE
25 CONTINGE

WRITE(6950) ({A(KMIKN)I KM = 1oM) oKN =1sN)
50 FORMAT(2X95E1608)

RETURN
END
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COMAE

110

115

91

410
94

420
430
99

»HO

Lo X ]

12
11

92

13
14

Table 12b — YEIGN

PROGRAM YEIGN({INPUTsOUTPUT s TAPES=INPUT + TAPE6=0UTPUT]

DIMENSICN Bl6&964) sRTR(64)sRTI(64) sU(64364)9IXi(64)9IX2(64)s
X1(64) 3X2(64)9X3(64) 9X4(64) 9 XX1(64964)9XX2(64964) s
XX3{64964) 2EVLRADI64) +EVTRAD(64164) 9X5(64) 9X6(64)
XT7064)9X8(64)9X9(64)9X20(64)9X11t63)

DOUBLE PRECISION BDP(6&4964) sRTRIMP(64)sRTIINP(6%) e XIMP (643964) s

A DPX1(64)2DPX2(54

NT AS OF 11/720/70 LIM MUST BE A MULTIPLE OF 3949 OR 5

READ(59110) LIMsLUP

FORMAT (2110}

N = LIM *% 2

READ(59115) CONST

FORMAT(E1648)

DCONS = DBLE{(CONST}

WRITE(693)

FORMAT (1H1}

WRITE{(6s1)LIMSN

FORMAT (2110}

IF(MOD(LIM»3)eEQe0) GO TO 430

IF(MOD(LIMy5i«EQe0)} GO TO 420

READ(5991) ({BUIAsJA) 9 JA=19N)} s IA=]1eN)

FORMAT (4E1648)

GO TO 99

READ(5994) ((B(IAsJA)»JA=1sN)s1A=]19N)

FORMAT(3E16¢8)

GO TO 99

REAC (594300 ((BIIAsJA) sJA=19M) 91A=1sN)

FORMAT (5E16+8)

WRITE(694) ((BUIAPJA) s JA=1 N} s IA=] o)

CO 10 I=1eN

DO 10 J=1eN

BDOP(19J)=B(19J)

FORMAT (1X96E1Be8)

CALL VARAHL{BsNIRTRIRTIsUs849IX19IX29X19X29X39XGsXALeXX29XX3)

WRITE(693)

WRITE(695) (1sRTRIIISRTI(I) 9 I=1gN}

FORMAT(1592E1748)

WRITE(693)

DO 9 J=1s9N

WRITE(596).79 (U{T9J) 9k=1sN}

FORMAT(//715/7(6E208))

CONTINUE

DO 11 K = 1sLUP

N>

CALL VARAH2(BDP sN92e0%% (=95} sRTRoRTIsUsRTRINPSRTIIMP9EVLRAD#XIMP
EVTRADseTRUE e s 649 IX19X13X29X39X49X59X69XT9X89X9s

X103X119DPX1sDPX29XX19XX%29XX3) s
RETURNS(97)
DO 12 I=lsN
RTREI)=RTRIMP(1)
RTICI)=RTIIMP{I)
DO 12 J=1sN
UlT 9o J)=XIMP (]9 J}
CONTINUE
WRITE(693)
O 14 I3lsN
IF (RTRIMP(I}eGEelse0 D=-12) GO TO 13
DPX1(I)==1,0 DO
GO TO 14
DPX1(I) = DCONS * DSQRT(RTRIMP(I))
CONTINUE

w N =
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TABLE 12b (Continued)

WRITE(69250)

250 FORMAT(1H1s5Xs*THE FOLLOWING IS INTENDED AS A GUIDE IN INTERPRETIN
1G THE OUTPUTe*/ 5Xs* THE SUBSCRIPT PRINTED WETH THE EIGENVALUES AN
2D FREQUENCIES ON THE LAST PAGE*/5Xs#1S THE SUBSCRIPT OF AbS LAMBDA
3( ) IN TRE MAIN SECTION OF OUTPUT-— EACH EIGENVALUE 1S PRINTEDs*/
45X 9 %*FOLLOWED IMMEDIATELY BY ITS EIGENVECTOReTHE SECOND SUBSCRIPT
5 OF THE EIGENVECTOR COMPONENTS AGREE*/S5Xs#WITH THE SUBSCRIPT OF
6LAMBLA*)

VRITE(6240)

2490 FORMAT(SX»>*4HEN READING EIGENVECTORSsLOOK FOR THAT COMPONENT#*/
1¥WHOSE VALUE = 140 oTHE FIRST SUBSCRIPT OF THIS COMPONENT¥*/
2 S5Xs®INDICATES THE MODE NUMBER OF THE FREQUENCYe¥/

3 5Xs*INTERPRETATION SCHEME BELOW WITH MsN BEING THE MODE NUMBER¥*/
4 6X9¥JAF 912K 9 XMESTX 9 ¥N¥)

KOUNT = 1
DO 210 KM = 1sLIM
DO 202 KN = 1sLIM

WRITE(69310) KOUNTsKMsKN
31u FORMATI(5X9I14910X91495X914)
KOUNT = KOUNT + 1
202 CONTINUE
210 CONTINUE
WRITE(69260)
260 FORMAT(5Xs*THUS BY LOOKING AT THE EIGENVECTOR OF EACH LAMBDA®/5X»
1*¥USER MAY ASSIGN MODAL NUMBERS TO THE FREQUENCIES BELOW¥*)
WRITE(69120)
120 FORMAT(6Xs *EIGENVALUES AND CORRESPONDING FREQUENCIES * )
HWRITE(6915) (IsRTRIMP(I)sDPX1(I)9I = 19N)
15 FORMAT(169D2501695X9D25¢16)
STOP
97 WRITE{6+98)
98 FORMAT(5Xs* PROGRAM ABORTS UNNATURALLY * )
RTRINMP(I)=RTRI(I)
RTIIMP(I)=RTI(I}
GO 70 92
END
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Figure 29 — Flow Chart for YNGFRE, Computer Program for Compating
Natural Frequencies of a Plate by Young Method

START

READ IN
MNAB

CALL YINTGR

CONPUTE _G)
INTEGRAL VALUES

REARRANGE A-
ARRAYS FROM
YINTGR INTO

H, K, E, F ARRAYS

od

-

ol

’

S8E8
Z X =
<> 0

IL,N
1N
EC hyJ

MX, NY

COMPUT

|
l 33888

100 CONTINUE

WRITE AND PUNCH
c 1, J

MX, NY

——— 200 CONTINUE
~——— 300 CONTINUE
400 CONTINUE

{ STOP ,

Figure 29a - YOUNG
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AT ICTR ST ENMIC L TRV TR A YA 1T

‘ START ’

READ LiM: NO. OF TERMS
IN ONCE DIiRECTION CONST:

FREQUENCY TONSTANT B-ARRAY:

C-ARAY FROM YOUNG

CALL VARAH1

COMPUTE INITIAL
APPROXIMATE
EIGENSYSTEM

CALL YARAH2
REFINE AND BOUND
APPROXIMATE
EIGENSYSTEM

MULTIPLY EIGEN-

VALUES BY CONST

TO GET NATURAL
FREQUENCIES

WRITE OUT:
SUBSCRIPT SCHEME
FOR MODE NUMBERS;
EIGENVALUES;
FREQUENCIES

‘ STOP ,

Figure 29b — YEIGN

J

143

whew v e

e e e s e ) i,
S Bt v LI T AL Saraie WA Ry | dedinonmi b adliad el - v

N C e
e N d S s 2 Nedvin b s>

ty +
L Ak e -
D ARSI
e VRS R RS

T e——




—— ——————

—

Same as

ik a a
c 0 =y 5 (E_;Fia+E; F ) +2(1-p) 3 HimKia (B13)

for m4i or adk
. .3 a3 a a Same as
k 4
C® = — s = €f +2 £ By Py +201-0) 3 HuKiy  (Bly)

for m=% snd n=#%

Finally the main progtam computes the C-matrix. These dats are punched out on
cards for use in a program for solving the eigensystem.
Only two cards are needed for YOUNG:

Card Symbol Description Format
i M Number of terms in z-direction, M < 10 215
N Number of temms in y-direction, N < 10;

If output of YOUNG is to be used with
YEIGN, M=N
2 A Length in z-direction 2F12.6
B Length in y-direction

The printed output consists of the arra.’ of integral values E (I, J), five elements to a
row. Then comes the EPS-array (values of €;), again five elements to a row. 4, B, ¥, N are
printed next. Finally the array C’;; )J(, Ny is both printed and punched on cards. There are ’
N/2 elements per card, (or N/3 if N is a multiple of three) with the order cycling first through
NY = 1,N, then ¥X = 1M, next J = 1,N, and finally I = 1, .

For C5: 8, YOUNG required 2 minutes on the IBM 7090. =

YEIGN Step

YEIGN is a computer program for the CDC 6600 which uses the eigensystem programs
VARAH1 anéd VARAH2. The latter two NSRDC programs are FORTRAN IV adaptations of
algorithms of J. M. Varah.2?

VARAHI1 computes an initial approximate eigensystem. The eigenvalues are computed
using the QR method of Francis3? after the system is reduced to Hessenberg form.* The
eigenvectors are found by the inverse iteration method of Wielandt.* Finally VARAHZ refines

*See Reference 33,
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and bounds the approximate eigensystem as suggested by Wilkinson.3!- 32 For further infor-
mation about both the mathematical processes and the programs, complete with listings, see
Reference 33.

Because the CDC 6600 has a 60-bit word, the high degree of accuracy needed in the
inverse iteration might not be achieved on smaller word computers. Also, the largest problem
tested was a 64 x 64 matrix, which took 6.85 minutes.

The problem to be solved is Equatioa (B11). However, the double summation is treated
as a single summation for use in YEIGEN. TEt« problem becomes

hy
i, BUAJA-ADA; =0, JA-1N

where ¥ = (LIN)? (LI is the number of temms p of Equation (B11); p must equal ¢ for
YEIGN);
I is the identity matrix to which the Kronecker delta reduces;
A is the single dirensional matrix replacing 4, ;
B is the mairix of two dimensions replacing the C-matrix;
JA is the subscript replacing m and n, cycling through = first, then m; and

14 is the subscript replacing i and &, cycling through £ first, then 7.
An example of the transition from C'i’f, to B(/4,J4) is shown below, with LI¥# = 3;

Cii1=B@, 1D CHE=Bg,1n C€%2-B(3,1) C}=B@O,1

C13=B(1,2)
Ci1=8(1,3)
Cll=B(1, 4
cil1-B(,5)
cll = B(1, 6)
Cil=B(1,7)
Cl1=B(1,8)

cil=B(1,9)

Ci2=B(2,2 : :

C32=B(2,9)
c13=8(3, 1)

C33=B(3,9)
C21=B(4, 1)

21 - B(4, 9)

c22=B(,9)
C33=B(s,9)

C31=B(1, 1)

C32=B(, 1)

C32=B@,1)

P

C33=B(9,9)

A (J4) associates with m,n in a similar manner. The vector 4 does have two sub-
scripts for computer storage purposes; however, the printed output of the eigenvectors has
two subscripts with the first of these referring to JA. The eigenvector yields the frequency
modal number (m,n) from the J4-value of the eigenvector component whose amplitude is equal

to 1.0. The subscripts J4 are related to their respective (m, z) values in the final section of
the printout.
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YEIGN produces many pages of output. The user should look first at the last few
pages of the outpat for the eigenvalues and corresponding natural freqencies and for the
eigenvector subscript scheme. Then the user shor!d go to the main body of the output io
locate eaca eigenvalue, followed immediately by its eigenvector. Now, from the component
with the value of 1.0, he can assign the frequency a modal number, ss directed above.

A sample output for each eigenvalue of YEIGN is giver in Table 13. The eigenvalue
and vector components are given with their error bounds. In the given case, the frequeacy
has modal number (3, 4).

The data cards needed for YEIGXN are zs follows:

Card Symbol Description Format
1 LM Limit on summation of Equation (B11) 2110
Note: N = (LIM)? is number of eigenvalues
LUP Number of iterations for refiring eigen-
system. For engineering purposes LUP
= 1 yields adequate frequencies

y 3 E
2 CONST Value of E18.8
2za® Yi2y(1-0%)

FREQUENCY = CONST * v.EIGENVALUE

3 B(IA, JA) C-array of Equations (B13) and (B14), with 4E16.8
JA changing most rapidly; that is
(JA = 1, N} for each IA value, (JA = 1, N)
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el

. |
.

ABS

ABS{ X
ABS( Xx¢
AuS( A
ADS({ X(
aAvS( XR{
ABS( X¢
AUS( K¢
ABS( X¢
ATS( X{
AoS( A
ABS( X(
ABS( K¢
AoS([ X

ABS{ X(

ASS( A(
ABS [ X¢
ABS( K¢
AbS( K¢
ADS( X(

ReS( A’

ADS{ X(

YUY v

ABS ([ X,

TABY ¢ X(

ABSC(_X(_
ABS{ X
ABS( X(

ABS A(

ABS{ X{

‘ABS( K¢

ABS ([ X{

TABLE 13

Sample Outpat Data for Each Eigenvalue of YEIGN

(LAMBDA (4)—(.7 D4133401370142D:05) )

J* &) -t O, )
2 §) = { o5995n72493005593N-02)
3 &) - ( 0O, b}
& &) = [ =, T21RcAOR3ITR]162290-0])
5 4) - ( O, )
6y &) - ¢ .6693060078781R110-02)
Te R &) -« { 0,

Ry &) = ¢ .l7267£20637311160-02)
9 &) - (0,

100 &) = ( 9,

1l» &) = ( O, ) .
12+ §4) « ( O,

13 4) -~ (_O,

1607 &)
159 - _‘)_-"‘ _0.__ .

16* &) - ( O,

17s__ &) - (. 0,

1897 8 = { =,6876537660978476D~01
19 _ &) = ( O,

200 T %) = ( <10000000000000000+01)

22 &) = ( L42945151707250n2D~01
23y 4} - ( O,

2697 T 4) <7 J13917605146682720-011

?5' ‘)"o.

.LE

.LE.
olte
oLEe
oLEe.
oLEe
oLE.
olLEe
oLEe
oLEe

olLEe
“oLEe
oLEe
oLEe
oLE.
oLE,

.eLEe .
OLE!

oLEe
eLEe
otEe

_»bEe .

oLE.

AuS( X(

ASBS{ X¢

ABSTE X

AdBS( X¢
ABS( X{
ABS [ X(
ABS( X¢(
AUS( X¢
AUS( K¢
ABS( X{

AuS¢ X{

ABS¢ X¢

ABS( X

ABS( X¢

TAUS (X4

AHS( X{(

ABS ¢ X (™

ABS( A(

ABS (X

AUS( X(
ABS( X(
ABS( X¢
ABS( A(
ABS (¢ X{¢
AbS{ A(
LUS( X(
ABS( X¢(
ABS( R

ABS( X(

ABS( X(

ABS (X

ABS( X{

R8BS X(

)
)
)
)
)
)
)
)
)
)
).
)

21y &) - (0, )
)
)
)
)
)
)
)
)
)
)
)
)

]
]
}
}
)
)
)
)
}
)
).
)
)
)
R
)
R}
) JLE.
=
)
)
}
)
)
)
)
)
)
J
)
)
)

202 &) = ( 0. oLEe
27y _ &) - (. 0, _ ____. P, _)_etLEe
289 4) = ( 0, olLEe
29 &) = € O, _ ____ . ... __ ___.. ..oLEe
30 4) - ( 0, oLEe
Ay &)Y - 0, . _)_oLEe_
32 4) - ( O, olLEe
33 &) - (0. )} elEe_
3607 &) = ( =,B5855159039821620-02) } oLE.
35 __4) - ¢ 0, 2. ) otte_
3y TTey S Y .5222?627825326550-01) } oLEe
37 4) - (O, _) oLEs
38 ) = .50366060‘31606750’003 ) oLEe
29 &) = (0, ) ) JLEe
409 &) = ( =,454225480991411300=03) ) LLE.
4l ____‘,__._(_-o._ — e . ____, _’_ _.LE._
LY A 4) - (O, } ) JLE.
430 .- ‘,_f____‘_oo______ - -__________‘__,_ . LE._
&4 4) » { 0, } ) oLt.
459  4) - ( O, . ) oLE._
467 4) = ( 0, )} .LE.
4Ty 4) = (0, _ 1) _eLEe__
4807 &) = (0. !} JLE.
499 ‘) =-(1 ( oo | 3R N LE.
€0 &) = ( '.20597769‘]31‘5560-0 ) ) .LE.
51 4) - (0, 1 ) LLE,.
570 4) = ( 01556?3068680‘0ﬂ10'° ) ) oLE.
53 4) -« ( O, }. ) JLE,
540 &) = ( =,4185A3R6096337130-03) ) L LE.
S5 4) = ( O, ) ) LLE,.
&6 4) = | '.5190906‘6§9220580-0 ) ) JLE.
&7+ &) = ( 0, } ) LLE,
1.3 4) - ( 0, ) ) JLE,
59¢ &) - (.00__~ e ) oLEe
60y &) - (0, ) ) WLE.
61 4) = ( 0o ) eLEe
T62y &) = ( 0, ) ) oLE.
63 4) = ( 0o ) )_elEe.
64 4) = ( 0, ) ) oLE.

1706 1980E-16
«92924537¢~20
o TTARACAROF ~-20
*e90TLBANSE-20
e 76} 462] 3E~20
2 23762565E-1Y
«5111940%E-20
#6056B44YE-20
«17499727E-29
«39RSO09RSE~20
«S0)19974E-21
£82278382E-20
0 16422RR3E-20
oRLIRTYRIE~20
« 1OR1462RTE-20
«109361aT7E<2]
«29353291€~21
» TO0R95ST91E~20
05299281420
.. ¢11693165E~-1%
»11R53756E~20
. «SERYLE6IE-2V
»2415693BE-20

«10056934Z-20

_oLEe__ »97955310£-20.

«77356137E-20
. o 10R&GEH6E~1Y
¢17627156E~20
_ ¢30239793E~-29
«67036259¢~21
_e77401143E-21
«29003447E-21
0346095718£-20
¢97511100F=-20
.eS2494042E~20
«#6230181E-20
.e302229%52£~20
«17176838E~20
«11997536E-20
«86TR6923F~21
_e15290011E~20
«62553R825E~-21
_e177862900F~20
«5R736800E~21
012221567E-29
32236593€~21

+12632940E~21

.#939359T74E~2]

«T0007703E~21
«16363692€~20
«97950083g~21
. «869133R4E~21
«66457120g=21
¢31352843E-21
«26050772E~21
+25239636€-21
«21729957g-21
¢ 392RCANHF =21
+10R65599E=-21
036350041F=21
e 12577677E=22
_ 026360496E-21

¢61120439E~-22

In this table, the eigenvalue represents the frequency with modal number (3, 4).
Notice that the vector component AB3 (X(20, 4)) has bounded value of 1.0.
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Cioassen-Thome Monual Method of Computation

Claassen and Thorne!® give an exact analysis of the problem of sinusoidal free vibra-
tions of a thin rectangular isotropic plate. For comparison with the results of the present

report, the frequency parameter K, was modified manually to frequency f using the formulas
shown below. The results are shown in Table 1.

For % = k=< 1, the corresponding value K 1 is obtained frcm a table in Reference 10.

TLen:*
=h E
f =K 1 2
2 3, (1-o?)

1 Bhe [ E
For = >1,k°= — <1, and Kj-= K /A2 so that f = K, —— .
® k 242 Vs P (1=0?)

Somple Problem

Given:

0.0313

a=2ft; % =233 ft, A (half thickness) = ft,

E = 4175 x 105 1/ fe2, p = 466.56 1b/f2, o= 0.33,
1 - 02 =0.8911, ¢ = 32.2 ft/sec?
Then:

a
k= —=0.
= = 0.858

The corresponding value of X, is obtained from Table II of Reference 10 by interpolation of
values of K, (designeted KX in the reference) corresponding to £ = 0.84 and & = 0.86 given in
the table. The result for the 1, 1 mode* is X, = 3.184783. Then

A E
f11=K,4 — y/————— |=(3.184789) (63.8047) = 203.204
232 ¥ 3p (1-0%)

*The table and therefore interpolation of tabulated values yield different values of K1 for different modes,
i.e., K1 is unique for a particular mode.
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