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TROCEDURES FOR OBTAINING BINOMIAL PROBABILITIES

WITHIN THREE DECIMAL ACCURACY UNIVERSALLY

ABSTRACT

. This self-contained report includes methods, graphs and tables by
which binomial probabilities can be evaluated with errors that are al-
ways less than substantially 0,001,







SUMMARY OF RECOMMENDED PROCEDURES FOR OBTAINING
VALUES OF THE CUMULATIVE BINOMIAL PROBABILITY
- WITHIN 3-DECIMAL ACCURACY UNIVERSALLY

In evaluating the cumulative Binomial probability B or B(c;n,p) =
R ’ p:d ; X \ ] '

nt p (1-p)~ for any point (c,n,p) in the domain: ~DOgpsl,
= X Wn-x) ¢ - ‘
l¢n< o, Og¢cen, the whole domain is divided (see Fige 1) into six regions
in which respective recommended procedures give values of B within .OOl.

In region 1, values of B can be found directly from a table (C5) of
cunulative Binomial probabilities for 1l<ng20, If a table of B is avail-
able for other values of n and p, it will of course be used; otherwise
the following approximations to B are available for use in the- other
regions as stated below. Before computing any values of these approxi-
mations, one can refer to graphs of percentage points for .00l and .999,
see Figs. 14 and 13 of the report, to see whether it is necessary to com-
pute such values. e

. . s D M

In region 2, one can use the Foisson approximation P(c,a) = T
by entering a cumulative Poisson term table (C7) with values of the pair.
(c,a). Molina has published convenient tables of Foisson terms for
a=np<l00 which is accordingly taken as the upper limit of region 2. For a
given n, the maximum error decreases as p approaches zero, from .00l at
the righthand boundary of this region at p¥.0®8 for n>20,

In region 3, one can use the approximation

Fg(c,a) = P(c,a) -%ﬁ Pc,a) - 2F(c-1,a) * P(c-z,a):‘where P(O,a)= K-1l,0) =

P(-2,a) = 1, by entering the cumulative Poisson table with (c,a), (c-1,a)
and (c-2,a). This approximation is a 2-term modification of the Grem-
Charlier series, type B. The maximum error of this approximation decreases
from about 001 at p=.l, for na20, to a much lower value at the stated
righthand boundary of region 2. While Fg(c,a) can be used to the left of

the last named boundary with less than .00l error, this is not necessary
since the first term,-P(c,a), alone provides this accuracy there.

In regibn 4, one can use the Normal approximation

. - (D : ot
N(ty) =| g(t)at = .5 | @(t) dt where tc=(c-a-.5)/s, a=p, & = /Hpd,
't',c.v R 5 e ' . )
_tZ/Q )
q=1-p and F(t)= L. © , by entering a Normal integral table (C6) of
values of #(t)at with values of t,. The maximum error of this approxi-
0

mation decreases as n increases and as p approaches «5, being about .001
at p=.5 and n=£8 at the lower end of the lefthand boundary of region 4.
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In region 5, one can use the following approximation which com-
prises the Normel Approximation, N(tc), and the second term of the Gram~
Charlier series, type A:

NAﬂtc) = N(tc) - p=q ﬂ62>(tc) where the second derivative
. 60

2 2. ’ |
¢( ?(tc) =v(tc =1) ¢(tc)° One uses t, in entering tables (C6) of the.
Normal integral, density and/or second derivative of the density. The
error of the approximation NA(tc)does not exceed substantially .00l at

the lefthand boundary of region 5. This error decreases as n increases,
for a given p, and as p approaches .5, for a given n, While this approxi-
mation can be used in region 4 with much less than .00l error, the

second term is of course not needed there to have the error less than .00l.

In region 6, one can use the following "remainder"” modificetion of
the NA(tc5 approximation with:less than .0Olerror for plural values of c*:

Npp =I;T(t(;) + a;zf(z)(tc) + r(t,)/np where o = ,351 (.5-p)°87

S SRR (np) *53

and r(t,) can be obtained from Fig. 9 of the report. Alternatively, X

can be obtained from Fige 8. As long as .l<ps.5 and a=np22, this approxi-
mation (N,.) can also be used with less than .00l error for values of n
outside region 6, but this is not recommended since it is simpler to use
tables of B for lower n and the respective approximation Ny or N for higher
ne The approximation N,,. is the only one recommended for cumulative Bi-
nomial probabilities in the report, which involves empirical coefficients
or curve-fitting.

*For ¢=0, use B(O,n,p)= 1 and, for c=l and 2<a<205, use B(l,n,p):leqn.
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IREFACE

In many fields utilizing probability theory or mathematical
statistics, both individual and cumulative Binomial probabilities
must be readily available with up to three-decimal accuracy for in-
creasingly large numbers of trials. This report systematically
treats a number of practical procedures for obtaining such proba-
bilities, including an indication of respective Normal or Poisson
approximations used in the various mapped regions and the accuracy
attained. '

The report contains graphs and formulas for readily obtain-
ing cumulative Binomial probabilities* within three-decimal accuracy
everywhere. For instance, Gram-Charlier Series of types A and B are
found to be useful in the regions in which the Normal end Poisson _
cunulative approximations, respectively, are the more accurate. For
convenient reference by one already familiar with the recommended .
procedures, a summary of these is provided, including a map (Fig. E-1),
of the respective regions in which their error is less than .00l. -
Since for large numbers of trials, the direct computation of an in-
dividual Binomial probability is much less tedious than for a cumu-
lative value which involves the computation of many individual terms,
no corresponding effort has been made toward developing like means for
obtaining individual probabilitiess

Appended are alternative methods, typical examples of commonly
useful procedurss, tables used, and a list of references, Other
points of related interest are also covered in the appendices, in-
c¢luding interpolation procedures., This report is intended to in-
clude enough background and introductory material for its field use
with a minimum of other materisl needed. '

nt _p (1-p)
x=¢ X n-x) 1!, -

n-x is the cumulative Binomial probability
or chance of obtaining at least ¢ '
successes in n trials for probability

- - T p of success in a single triala.

11



. NOMEXC LATURE

| ' B(c,n,p) cunulative Binomial probability, or B, is the chance
of obtaining . .
c ~ or more successes (0fc¢n) in
n - trials, for the probability
P . of success in a single trial. -
qQ =1-p probabiiitybafﬁfailurg in a single trial.
(;) ) number of combinations of n things takeﬁ x at a time

ni=|n=(n-1)...3°2°1 "n factorial®

a = np expectéd number of successes in n trials.
6 = vVnpg "sigma" or standard deviation of the number of successess
t = c-a étandafd deviate, or deviation from the expected number
: o in units of the standard deviation.
to=c-a-e5 standard deviate including continuity correction of .5 _
0‘ 3 »
tp=c-a=-1 Poisson deviate including fitting constent of 1.
'N(tc) or N cunulative Normal probability gB. - ' o
glt) =1 e stendard Normal density function, tabulated for o'=l -
yamr .
de)(tc) second derivative of Normel density, used in Grem-Charlier
. ' Series, Type A, evaluated at tc'
Ny(t,) ' cumulative probability for GCA series for t,e
Nyr cumulative probability for GCA series including a "remainder"

correction term.

&= f(np, +5-p) coefficient for ¢(2) term of GCAr series, ed. 22,

r(tc) coefficient of GCAr remainder, r(tc)/np. A !
Kc,a) cumulative Poisson probability =B.
Pg(c,a) cumulative Gram-Charlier Series,'Typé B, probability ,

12




Ny = #(8) for
P. (x,2)
Phr(c,a)

MT

Normal approximation to Bi; Ns; = N(c=x)..- N(c=x+1)

individual FPoisson term.

cumilative probability of GCBr series, eq. AZ.

(16]

deviate for a recent approximation o
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INTRODIC TION

Meny fields of endeavor need to have reasonably acourate values
of cumulative Binomigl probabilities B(c,n,p) or B readily available
for currently large numbers n of trials, B\c,n,p) is the chance of
obtaining at least ¢ successes in n trials, where_p is the probability

of success in a 51ngle trial, Tables[} g] of cumulative Binomial
probabilities are available for n through 150, Since for larger n,
the direct computation of B(c,n,p) is rather involved and tedious,
various approximetions aré used in practice. Different approximations
are requlred for a glven accuracy 1n different n,p reglons. '

Maps- of these reglons are especlally needed by only occas1ona1
-users since the respectlve regions of applicability of the several
methods are tod numerous ‘to be kept readily in mind. A systematic
mapping treatment was needed so that, for a given n,p point, or
combination of sample .size n and chance p of a single success, one
can select an approximation giving the necessary accuracy. Since
such a treatment was not found in the literature,.it is a main pur-
pose of this work to fill that need.

It is also intended that this report complement tables of B
for large n since such tables are so extensive that they are not
likely to be available to one having .only occasional need for values
of B, Hence there appears to be a need for a treatment which is brief
enough for field or occasional use and yet sufficiently accurate end
neerly enough complete to serve many purposesa

In addition to the material required for field use, enough'in—
troductory material has been included to facilitate general use of
this report, with only occas1qna1 reference to sources. The aim is
to make it useful to,englneers, mathematicians, or others, without
requiring previous training in statistics. ©Since the present treat-
ment may also serve as en introduction to the subject of probabilities
for many readers, a partial, cursory review is included of some of the
basic or elementary concepts to facilitate a grasp of the notation of
probability by those previously unfamiliar with it. This is desirable
because such concepts enable meny short cuts to be taken in the compu-
tation of cumulatlve Blnomlal probabilitiess

An effort has been‘made to permit such a mathemstician or engineer
to handle the simpler cases in a routine msmner. But complicated or
difficult cases are more readily end efficiently handled by one who is
femiliar with this specialized field and its conventions, definitions
and terminology. The following four paragraphs, A-D, illustrate
elementary relations occurring in the field of probability,

* Reference numbers are 1n brackets, and the references listed 1n
Appendix Do

-15




A, It is well lmown in this field that the number of combinations
of n things taken x at a time is
n!

(%) =x{nx)t S (1)
where nl=n(n-1)(n-2)...1, and 11=01=1, -

B. Three basic rules of probability may be moted: (1) If P(A) is
the probability that event A will occur end P(B) is the probability
_ that event B will occur, then the probability that either A or B will
occur is .

P = H4) + P(B) | (2)

provided that A and B.are mutually exclusive events, €eZ., A = suécéss and
= failure. (II) If P(A,B) denotes the probability that both A end B
w111 occur and PA(B) denotes the conditional probability that event

B will occur when A is known to have occurred, then the probability that
both A and B will occur is

FaE) = 24) Fy(o) D - (3)

(III) If the events A and B are independent, eq. 3 reduces to
F4,B) = p(4) H(B) (4)
These three rﬁies afe-pOWe;fuI tools, Withlmany applicationse o
C. The probebility of obtaining n successes in n trials is
B(c=n;n,p) =pn ‘ (5)
The chancee of_faiiure and success are complemental, or
q =1-p | (e

Hence q is the probability of n failures (or the chance of O suceeés)
in n trials, and the probability of at least one success in n trials
is 1 minus the chance of 0 successes or

B((’:l’nap) = 1'qn ' (7)
Hence Fig. 2 may also be used to find B(c = 1, n, p)e Fig. 2 shows
the usefulness of 3-decimal accuracy, i.e., no error larger than
- +001, in dealing with large n. '

*Follo: It may be parenthetically noted that

.2 3 . ~
"'(P+£ +_§+o-o) 5 .
2 and 1n qa = "(P"'P +p +ooo)
23

qQ =1-p = e

16,



"2 PROBABILITY OF n SUCGESSES IN n TRIALS

WHERE p *CHANCE OF SUCCESS IN SINGLE TRIAL.
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Do The expected number of successes in n trials is a = np. On Fig.'3
values of a are plotted as contours on an isogram having p and n, respect-
ively, as abscissa and ordinate. Significantly large values of By, i.e.,

individual Binomial probabilities, occur for c's in the vicinity of ae.
Likewise* the meximum individual "Poisson probabilities occur at x=a and
X=g-1 for x21, and at x=0 for a<l.

The Normal and Poisson distributions#** can be used to approximate
both Binomial probabilities, comparisons being made for the cumulative
case on Figs. 4 and S.*%** Fig, 4 shows that the approximation to the
cunulative Binomial by the Normal is the better for p near .5 and by the
Poisson for p near O, Fig. 5 shows that the accuracy of the approxima-
tion is much better for . the Normal as n alone increases from 50 to 100,
and that this is not true for the Poisson. lige 5 also shows the dif-
ficulty of using the Normal at small n as an_approximation to the Bi-
nomial. From the comparisons on Figs. 4 and 5, it appears that no
single, gereral method of usefully approximating the Binomial is likely
to be found, and that the raw Normal and Poisson distributions can be
only a start toward the attainment of three-decimal accuracy in meny
régionse -

Difficulties involved.

Several noteworthy difficulties are involved in attaining & com-
pact treatment of Binomial probabilities of adequate accuracy. One
arises in compressing the rather bulky tables into compact isograms, or
contour graphs. This compression depends upon success in finding a
basis for correlation good enough to reduce the number of parameters
from four (the number in the Byc,msp tables) to three which can of
course be mapped on a single sheet.

A second difficulty arises 'from the stubbornness of integers when
the approximation is bound to a continuous relation, or vice versa.

~ A third is that the aid of keeping the meximum error within, e.g.,

»001 necessitates that a fairly large number of points must be checked
in various ranges for each approximation finally used. A fourth is
that the carrying of this accuracy down to low n, i.e., of the order
of less than n = 10, involves the loss of direct help from relatlons
‘theoretically obtained from the assumption that either n or a product
including n approaches infinity, in other words, the approximations
may have considerable error for low n.

* See TaEIe IT later herein,

** Defined later for those who are not already acquainted with -them,

**% Figs, 4 and 5 are on "probability" paper, i.e., graph paper - hav1ng
the ordinate spacing for the Normal cumulative probability with

v the result that such a dlstrlbutlon funetion glves a straight line
when graphed on this paper.

18
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To obtain high accuracy at such low n involved extensive curve
fitbting as a basis for making useful modifications of such theoretically
derived relations. These modifications include the insertion of empiri-
cal values into the theoretical relations and the graphing of any remainder
(or "error") term against an appropriate parameter, thus taking full ad-
vantage of the flexibility of isograms.

Needless to say, no general method was found to apply to all regions;
instead, different regions require different approximations. Even the
present reconnaissence required considerable work which can only be justi-
fied by a considerable saving of time of others who, if this work had not
been done, would have had to attack problems piecemeal in the different
regionses .

BINOMIAL FROBABILITIES . . ' :

Individual Binomial probabilities are given by the various terms
of the Binomial or Bermoulli distribution, and Binomial cumulative
probabilities by the sum of such terms. For purposes of the present
work, the Normal and Poisson distributions are used in obtaining closely
approximate values of the Binomial probabilities, especially the cumula-
tive. However, Normal arid Poisson distributions are the correct ones,
instead of the Binomial, to use in . certain cases not treated herein.
Maps provide an indication of where the unmodified Normal and Poisson
distributions are useful approximations to the Binomial. The fact that
modifications of these basic approximations enable one to obtain sub-
stantially 3-decimal accuracy everywhere (for n » 20) of values of Bi- ’
nomial Probabilities, is not to be taken as an indication that lower
accuracy is not often adequate. Strictly 3-decimal accuracy is not
guaranteed everywhere since the attainment.of this accuracy at each
point would have required e thorough survey with the expenditure of
much more time than for the present reconnsissancee ;

With the Binomial distribution, the individual probability, or
general term, is given by

B, =B,(x,m,0) 5(2) p" " F = n1 p* g . (8)x
* + . "x, Xt (n-x) % o

and represents the probability of an event's happening exactly x times

in n triaels if the probability of the event's happening in a single trial
is pe This follows since p, the probability of a single trial “success"
is complemental to that, q, of a single trial "failure", or ¢ =.l-p (6),
sucoess and failure being mutually exclusive as is necessary for eq. 8's
evaluation of a Binomial or Bernoulli individual probability., While the
same result can be obtained by counting the success probabilities taken
in the different possible gays, g%. g is the more convenient basis, es=
pecially with a large n. L9+ PP+59=39) py 514505 aual Binomial probability

- % See Table C1 for a ten-place table of logarithms handy for obtaining
the power terms of eq. 8.

22
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is readily computed by use of eq. 8 for any given n, p and x. Hence
there is less need, than in the corresponding cumulative case, of
devoting much space or effort to its approximations,.

For 0¢n<100 and 0% x<¢n, the values, or their logarithms, of .

. (g)or . nt are tabulated [4’5] for convenient use in eq. 8, see
X in-x$

table C3. Tables [ ] of factorials or their logarithms are avail-~
able for values of n from 1 through 1200, see table C2. For larger
values of n, it is convenient to use either Stirling's formula for
factorials: ' . -

nt=n"e (2m)*® (1+ 1 +_1  +..) (9)

on
- oeen?® - -

or Stirling's formula for logarithms of factorials:

log nt % (n+.5)(log n) -n(lpg e) f‘log(a#§°5 (105*

For the Binomial distribution, the cumulative probability, or that
of obtaining at least ¢ success in n trials, is

B = Plesn,p) = i nt cpat (11)
. , x¥n-x)! . ’
X=C . b
Eq. 11 can be conveniently used only for small values of n with manual
computation. But the results of using Eq. 11 can also be obtained, for
n-¢c from 1 through 50 and p from 1Ol through -.99, from 7-deci?él tables
. of the Incomplete Beta Functi on.l Likewise 6-decimal tablesl3) exist
for cumulative Binomial probabilities for n from 50 in intervals of
n=5 through 100 for p from_ o0l through .99, using the relation p + q =l.
A similer 7-decimal tablel?3 is in preparation for n from 1 by integers
through 150 and ,001 € p(.001) = ,010 and .01< p(.01) < .50 and hence for
250( 401) .99(.001) .999 because of the nature of the Binomial function.
Outside .of the n,p regions covered by these tables, one can use suitable
approximations including, notably, the Normal and Poisson distributions
and the Gram-Charlier Series derived therefrom.,.

 NORMAL PROBABILITIES. .

The Normal apﬁrox1mat10n applies adequately for present purposes .
throughout region "N" of Fig. 1. That region extends from large n and

P = o5 to the bounding line which has a straight portion for which

% 4000, The Normal is symmetrical but the Binomial is 1ncrea51ng1y
skewed as p departs from .5, as is shown on Fig. 4.

* For n®170, the error in the factorial approximation is of the ordPr of
.0025 and has a rough variation or dispersion with n of at least ¥ ,001,
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- A Normal approxlmatlon to the 1nd1v1dua1 Binomial probablll'by is
given by

. 2 2
' L -(x-a) /20
N, = Ni(x,n,p) = 1 e

(12)

where ¢ = VEpd  and & = Hp. The Normal distribution is a function of a

continuous variable. . More str:.c'bly, the approximation should be obtained

by 1n'begra.'b1ng Eq. 12 between limits x = .5 and x + .5; however, this

extra work does not seem to the writer to be justified since the individual
Binomial probability term itself can be generally obtained directly with

less bothers Eq.: 12 1s for wha'b is commonly called the Normal density

di strlbutl ONe

The Normal probablllty :mtegra.l, used as an approximetion to the

cumulative Blnomal probablllty, is

-

S , . : 2, 2
N = N('o,ﬁ',?)' = g [ "e-(X-a.) /2a- i

(13)

which is not directly integrable but which may be found from tables of
the Normal distribution, which were generally prepared from series ex-

pan51ons of Eq. 13,

v These tables[g 1]. are commonly made up on the basis of a zero
mean (a = O) .and unl‘b stendard deviation (c’ 1). They are entered

" with, the dev:.a'l:e

'b‘=_1_c::£

-4

For fhis ‘procedure, 'e<'1s'.'~ 12 and 13 become, respectively,

Ny =1g(8) =1 | 1 0P /2
"

. - t ;t )
. . o
wd W= At s - / Ae) at
R
where t, is given by Eq_;'.lg below.

* A short teble oiﬂd-{c, g and g (2) 44 appended as table C6.

j24

( 14:)

(15)

(16)




The first and second derlvatlves of eq. 15 are

(1)

(t) = 4 #(t) = =N (%), -an
7 g
and Ni(Z)(t-) =1 (- D)p) =(+%- 1y ‘ . (18)*
e - ' . -

which- respectively indicate that the maximum value of the density Ni
‘,6ccﬁrs at t = 0 and that the p01nts of inflection are-at x = g t¢y.

The Normal N generally gives a closer approximation to the cumu-
lative Binomial probability B when & continuity correction of .5 is
used in computing the Normal deviate

t, = c-np-.5 ; - (19)
— , .

At very large n ( >1000), the effect of the .5 adjustment becomes negli-
gibles PFigso. 6 and 7 respectively show the maximum errors of the Normal
approximations, on  this tc basis, to the individual and cumulative
Binomial probabilitiese.

The individual approximation term N; cen be taken as the difference
between consecutive values of the Normal integral term, or

b N, = N(e=x) - N(.Cq+l) _ : (20)- -

For example, for x =0, n - 10 and p = .1:

| N;(x=0) = N(c = 0) - N(e=1) ‘= N('tc= - 1.581135) - N(t, = -.527645)

44419 - ,20090 = 24329,

c o
the N(tc) values being obtained from tables of -é( #(t)dt for the .
stated values of té. - o

However thls difference can be more conveniently, though more
roughly, approximated simply by taking the decremental area as the
product of the central ordinate @ by At - 1. the central ordinate
for the simple deviate t being obtained fr8m a table of #(t).. Thus,
for x =0 in the immediately preceding example, t=0-1=-1.05409,

g = .22889,0°= /9 and g .24127#% which is .00202 smaller than

the earlier obtalned value of .24329., Since the value of the individ-
ual Binomial probability for x = O is .34868, the Normal approximation
is .10539 too low and the corresponding value oflg is +10741 too low.

——e (3) . = o
* Similarly, Ny £1) = (3h-t ).-,g(j_ (3t-t> W,

*k An 1dent1ca1 value is obtainedoby using eds; 15,

RS
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It may be noted that, if one were to mistakenly use the +5 continuity

correction in obtaining g, then t,= 0-l. 5—-1 5811 and g .11430=.12048
o o .

which is ¢22819 too low, or still further off. Also 1t mgy be noted

that the maximum difference between the Normal and Binomial individual

"terms" occurs between t+ = ¥ 1, The simple deviate was used in com-

puting the maximum error of individual Normel values g:which are
o

plotted on Fig, 6. Since the individual Binomial B; is readily calcu-
lated, its Normal approximation is calculated as the simpler g,instead

of by the difference Nj, the expedient ¢ becoming more accurate as n
increases.

GRAM-CHARLIER SERIES, TYFE A

For at least 3-decimal aécuracy throughout the region in which

npl°24 >12.7, one can use the first two terms of the Grem-Charlier

Series, Iype A, for approximating cumulative Binomial probabilities:

_ [ (2)
Ny = {c p(£)at - pa (%) - 1;zpq A3 ) - ... (21)
o
whore #2)(t ) = (42-1) #(s ) (22)
end ¢ = Ve ’ ’ : .-

For reasons earlier discussed, the addition of the third and
higher terms does not always lead to increased accuracy over the two-
term series when the .5 adjustment is used in computing values of tc.

However, the addition of the second term materially increases the
accuracy over that of the first term which is of course the Normal
cunulative probability itself. ‘

The GCAr "remeinder" method.

The Gram-Charlier type A series does not give values within
the .00l limit for low values of both p and n., The following, related
method extends this limit down to np =2 for .12 p2,5 and plural c.
This modification uses the approx1mat10n

=u(e) * o flBe) + xie) (23)
) - o
o87
in whlch the coefficient x = ,351 (. 5-p) . (23a)
253
) -

(np
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.

and is graphed against «5-p on log-log paper in Fig. 8%, while the re-
mainder coefficient r is plotted ageinst the deviate t, for different
values of p on Fig, 9. In effect, this use of the r tc diagram amounts

to determining the difference BAN-Cxﬂ' and applying this as a cor-
rection, with a resultant error that is of the order of errors resulting
from the graphical interpolation generally involved,

X is seen to correspond loosely with

a4, = 1 __ (.5-p) ’ _ (24)
% (ap)*%(1-p)°®

the coefficient for ﬂ (2) in the GCA series, values of Alﬂ(z) andtxﬁ(z)
for n = 50 and ¢(z) ax 39894 being as follows:

TABIE I
p . ,10 25 | .40 | .49 +50
2) ) ) -
Alﬂ( ,02689 %% ,01086 ,003839 ,0003762 | 0
max
o« gt?) 02508 .01099 ', 003861 ,0004677 | 0O
max e s e Pttt alon —— -—
A 1 .oo181 ,00013 .000022 .0000915 | O
Ayfec - | 1.0722 -9878 29943 8044 0

* The vaiues of np shown on Fig. 8 are those which were used in comput-
ing the values of & shown by the solid lines. The righthand ends of"
these lines are shown for n = 150, In using this graph, these solid
lines give one the slope of the line one sketches in for the pertinent

-npy while the last-named line is put through a value of X at pTe5-p=.25

which is found from the dash line and the np scale at the top edge of
this graph. Example 9 in Appendix B illustrates the use of this graph
which is both more accurate 'and handier than eq. 23a for anyone who
computes many values of X , However, ed. 232 can be used ingtead by
anyone who prefers formulas to graphs or considers Fige 8 complicated.

Fig. 8 also has A, plotted on the same scale as o against .5-p as
a dot-dash line for comparlson of this theoretical coefficient with
the actual & .

*% The n and p for this point are far below the respective n and p .
recomnended herein for the GCA series itself,
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Since for a given p, the difference A decreases as n increases, there
is no need to use the remainder method for np »>22, There the GCA
series is preferable as it enables one more directly to obtain reliable
values for p <.l. :

r, the remainder.

The GCA ¢(3) term, like that of the other odd derivatives of.this
series, has true odd* symmetry only for p = .5. However, the r,t, graph

flexibly takes care of this lack of true odd symmetry for all other
values of p, due to the excellent correlation, as to np for np >2, of

gn.r,t, curve for a given p. For example, the values of r for np=l.5. .~

do not®epart much from the cupve for p' .5, , . .
Fige. 9 shows that the "inboard" swings are smaller than the "outboard"

swings for any given p, whereas the opposite is true for the.third
derivative of &, '

For the even symmetry components (mostly ¢<2)max) less than .001; -

-7 10
it is found from the em}figical formulda (23a) for o¢ that np >11,200(5-p)

or that nq >_11,200(.5-p)

the 001 curve plotted on Fige. 5 since this curve has only even components
appreciable at the higher values of n. Thus, for the odd et com-
pIo)Eents (r/np)less thg.n 2001, np >12.'7/p’24 or n >12.."l'/plj;!‘j:Im A?sro, for
comparison, it may be repeated that the remainder method is within .00l
for all values of non-trivial difficulty (i.e. excluding ¢=0 and ¢=1),
for np>2 or_n>2/p as long as .1£p£,5, One can refer to example 9 in
Appendix B for the use of this GCAr method. :

/Pe This latter relation provides a check on

- FOISSON. FROBABILITIES

The expected number of successes in n trials is a=np \'Nhen‘p repre-~
sents the probability of success in a single trial. This relation is
used in the Poisson distribution. :

The individual Poisson term approximating “bhe corresponding Binomial
term of eq. 8 is

P, = Hx,8) Zao " | (25)
’ x! . .

with maxime as in Tabi‘e II values for Poisson Molina table [II].
3

- The cumulative Poisson probability which approximates tﬁe Binomial
. of eq. 11 is ‘ ' ' ‘ :

m . ) ) o ——
Pc,a) = Z ae o , : - (26)
o . . X=C x! .

* Using the symmetry nomenclature familiar in Fourier series analysis,
"even" symmetry has the righthand and lefthend sides like mirror images,

- while "odd" symmetry requires also that the opposite sides have opposite .
signs, i.e., have the images inverted in addition to being reversed. ,
For @, the even and 0dd derivatives have even and odd symmetry when graphed
against the appropriate deviate.

32
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TABIE I1

- e
The Max1mum Ind1v1dua1 Poisson P?obablllty I(x,a)
for the 'abulated Values of a = np.
8 Pi(x,a) ; a Fi(x,e)
001 +999001 0 o7 0496585
2002 998002 0 o8 0449329
| -003 997005 0 o9 +406570
004 +996008 41 «367879
'~ ,005 2995013 2 270671
006 .994018 3 0224042
-007 993024 4 195367
+008 992032 '5 0175467
009 0991040 | 6. 2160623
201 +990050 w 7 ©.149003
002 2980199 s 8 -139587
003 .970446 o 9 0131756
204 4960789 g 10 0125110
205 2951229 o 15 »102436
-06 941765 ? 20 ',088835
.07 932394 N 25 .079523
208 2923116 | 30 2072635
-09 913932 35 067273
»10 2904837 40 4062947
.15 .860708 . a5 ¢ 5059361
+20 »818731 50 056325 |
© 025 778801 80 051432 .
30 © 0740818 70 0047626
+40 670320 80 0044557
+50 6606531 90 2042013 *
60 548812 \ 100 5039861

- [11]
From the Molina Tables o




For the Poisson distribution terms of eqs. 25 and 26, 6-decimal

tables [11] are available for a=np from 001 through 100 and for x and
¢, respectively, from O through 150, In general, values of x and ¢
giving significant values of By occur in the neighborhood of a=np

which is graphed in a convenlent form on Flg. 3o

Alternatlvely, 1dentlca1 cumulative Poisson values can be obtained

less convenlently frqm 7-decimal tables [l J of- the Incomplete I'(Gamma)
Function, for integer values of ¢ and n for values Up= & from O.through

13,8 and for Pp= c~1 from O through 50.0, where up and PT are used in

entering the tebles, the subscript T belng used to identify table-entry
termso . L

Poisson individual term errors.

The meximum correction for N;~F; is mapped on the n,p graph of Fige 10,

The ¢urves are somewhat smoothed, especially near the line np =1 for
02¢p«e5, the smoothing being such that the corrections are generally within

-the limits- shown.

The correction curve for n =1 is continuous, since the maximum cor-
rection occurs throughout for x =1, and is nearly linear on log—log
paper:between corrections .00l and 0196735 respectively for p s »032

a.nd 959 FOI"IJ.EXEI, -

By =~ Py = p(1% e1)e (27)

The correction curve for n = 2 is also continuous with the meximum cor-
rection likewise at x = 1, the curve's higher-p end being strongly curved.
But the curve for n = 3 is not continuous everywhere 31nce the maX1mum
correctlon oceurs at x £1 for low values of p, at x & O for p™= .4, and
atbx 22 for p 059 A smoothed curve has been sketched through relatively
few points for n ® 3 since a more thorough exploration would take more time
than is justified for these individual Poisson probability corrections in
view of the fact that the exact wvalues of the individual Binomial probab:.l:.-
tles are readily found from éq. 8. -

The departures of the actual correctlons from the smoothed curves
become less as n increases. Thus for n 220, e.g., the maximum correction
occurs for x at the expected number a # np when this is an integer, and
at the next higher integer when a is halfway between integers., To il-
lustrate the use of Fige 10, this shows that, at n =10 and p = .1,

B, = P 2 0,02, which closely checks the computed value of .01954,

L

Poisson cumulative berm errors.

'The Poisson cumulative values are within the 3-decimal limit throughout
region "P' of Flgo 5o :Fige 11 shows values of the maximum error on an
n,p Mape - R S '
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: In a.n.earller work " [1 J by Ferris, the correction (B~ P) weas taken
as 1ndependent of n for the ‘region: n »50, p<.25 and np <100. The
meximun valpes (B- P) of this correction are also shown on Fige 1le

A heavy dash .line on F:.g. 11 graphs, against p as abscissa, (B-P>m'a.x

- for the scale along the righthand edge of the grid. Appendix A of
the present work includes a discussion of the Ferris method and other
alternatives to the methods recommended herein.

-~ GRAM-CHARLIER SERIES, TYFE B
The Type B Series (first three terms) is : »’

Py(c,a) = Hc,a) = np’ [Ho,a) - 28(o-1.a) + B(c-2,0) ]
2 -

_'Egi '[P(G,a) - 3Kc-1,a) +3Kc-2,a) - P(c—3,a.)] —.ee (ggl)i

where we put P(0,a) = P(-l,a) = P(-2,a) = P(=3,a) = .ee =1,

The second and third terms of this series are seen to be the second and’
third backward differences, respectively., The two leading terms are
readily calculated and provide 3-decimal a.écura.cy throughout the region
"GCB" in Fig. 1, i.00, to the left of the p = .1 line for n’lO., As a
practical matber, one is limited for an gvailable table L ] to values
of np €100 for the Poisson cunulative terms and hence also for those of
the Type B Series which depends on the Poisson.

MAP_QF"; FROCEDURES FOR OBTAINING CUMULATIVE BINCMIAL FROBABFLITIES

Fig; 12 is an n,p map for this purpose, accompanied by & dursory
identificetion of several recommended approximations and proceduress

Earlier-mentioned tables[1’2] are available giving the values of B for
n<150, Appendix B to this report contains a table of B for 1£n% 20,

The Normal approximation is seen-to be within .00l for n=28 at
p=+5, and from p=.5 to the left to the .001 bound having a stralght
portion for which np®t000 for high n. The Poisson epproximetion is
likewise seen to have this accuracy from p=0 up to epproximately .0l
for n larger than 10, A dot-dash line shows where the errors of these
two approximations are equal, with a maximum error of .08 ocourring
at the bottom of this line, i.ee, at n = 1 and p = .43, The pos1'b10n
of the top of this line at the intersection of the .00l bounds of the
Normel end Poisson was obtained by ex‘brapolation. ’

The Gra.m-Charlier Series, Typeswd and B, (two terms) are reospectively
based. on the Normal end Foisson.distributions and tend to have minimum
errors on the respective sides of the dot-dash line. In other words,
the error of either & series is roughly proportional to the error of’
its legdﬁg torm. The GCA gseries (two terms) is seen to be within 001
for np 212,7 while the 2-term GCB series.is similarly acourate for
p less then .1 for n 210,
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TO OBTAIN VALUES WITHIN .0Q1 OF THE
CUMULATIVE BINOMIAL PROBABILITY, B.’

The maximum correction required for
Normal or Polsson distribution is
given by Fig. 7 or 11, respectively.

For J-decimal accuracy:
t. Proceed only if case 1s non-trivial,
l.e. 1f .001£B4£.,999, for given value of
c. See Figs. 12 & 13. . ’
2. Use avalilable tables for B in region
14n<20, .ct;ps.SC, see appended table C5,
In region n>20 & 1¢n-c<50, .014ps<.50, -

one can less convenﬁﬁptly use Incomplete
Beta Function table s, Ex. 4,

3. In region "N", enter the Normal
table C6 with t.=(c-a-.5)/c (19)
where aznp, o = #npq and q=1~p, to

t .
obtain L°¢(t)dt. Then
t
N(tg) 2 .5 - J£“°¢(t)dt (16), Ex. 17.

4. 'In reglon "GCA", likewlse obtain

value of ﬂ(z)(tc) from table C6. Then
use 2-term Gram-Charlier Series, Type A:

Nalte) = N(to) - p=a #3)(t) (21),Ex.8.
a

5. In region "GCAr", use equation 23Ry o>k

Nap(te) = Nlte) + @3 (1)) + r(t,)
np

with oCfrom Fig. 8 for np, .5-p and
r(ts) from Fig. 9. Usge B(O,n,p)=1 and

' B(1,n,p)=1-q™ for 2<a<2.5.

+ In region "P", use P(c,a) fro% ble
C7 or the Polsson-iolina table II 1, Ex.9
Less conveniently, o e,fan use Incomplete
Gamma Function table L2 , Bx. 10,

7. In region "GCB", use 2-term Gram-
Charlier Series, Type B, equation 28:

Pg(c,a) = P(c,a) - ggf F(c,a) - 2P(c-1,a)
4+ P(c-2,a)] where

P(O,a) = P(-l,a) = P(-2,a) = 1, Ex. 11,

MAP OF n,p REGICNS IN WHICH THE STATEL
PRCCEDURES GIVE 3-DECIMAL ACGCURACY.
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The recommended reglons of use of the GCA and GCB Series. dlffer

_slightly as follows from the 1imits just stated, _Within the upper

limit, np%100, of the Poisson-Moline tables*, EllJ'kﬁé'fblgson ap=

. proximation-and the - GCB-Series are handier +to use than- the - Norm&l

approx1mat10n,and the GCA Serigs. « The first twa terma of the GCA
series are. used for npzloo and ‘also for .pZ 1cand np’ZZ, q

A three-~term modification designated herein as "GCAr Series"
gives 3=-decimal accuracy for plural c**x ,1€p<,5 and 24np<22 by
including the remainder term of the two-term GCA series. At p 2.1,
this GCAr modification overlaps the appended table C5 of B, with
the result that 3-~decimal accuracy is obtainable everywhere by the
use of this repory alonee :

GENFRAL

Limits of significant values.

There is obviously no advantage in comparing values of B smaller
than the error of the approximation involved in the latter'®s. computa-
tion. In the present work, the maximum error of the approximstions
was set at .00l, Hence Figs., 13 and 14 are included to show respect-
ively, least values of ¢ for the ,999 bound of B and largest values
of ¢ for the .00l bound of B, These values of Figs, 13 and 14 are
respectively related with .00l and .999 percentage points of c'=c -1
as followss: - : ' -

: n c-1 '
Bom,p) = ), (B FaF=1- 3 @ FF = Lt
x=0 - ' x=0 -

3 . [2]

These values of ¢ were obtained from a table of cumulative Binomial
probabilities by the use of (Normal) "probability paper" for making
nearly linear interpolation possible.. No attempt was made to obtain
fractional values of ¢ with high accuracy since integers only are
generally used in actual work,

Percentage point tables and graphs.

Pergentage point tables [14] and graphsu[lé] can be ufed for check-

ing values computed by the different methods, although percentage points*#**

are ordinarily used for other purposes. Since the use of the graphs is
more direct then that of the percentage point tables, the graphs are use-
ful for present checking purposes mainly in providing approximate values
of o,n and p for use in the 5 significant figure Eercentage point tables
which require interpolation. The set of tables

* & drastically condensed table of cumulative Poisson probabllltles for
n;>6100‘1s 1nc1uded as Appendix C7 for field uses :

*% Use B(O, n,p) = 1 everywhere and B(l,n,p) 1-q® for 2<a<2,5
skk A percentage point is commonly glven by the value of P hav1ng the

stated (') percentage chance of obtalnlng not more than ¢' successes
in n ‘rials,
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Blc,np) *.999

100

¢ for

Blc,n,p}.999

10 -

F16.13
VALUES OF ¢ ;11 AND P FOR THE HIGHEST
VALUE (.999) OF B(¢,n,p) TO BE
CALCULATED. ’ .
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tables for the 50, 25, 10, 5, 2.5, 1 and 0.5 percent points of the cu-
mulative Binomial distribution. (It mey be again noted that Figs. 13-
and 14 herein provide 0.l percent points, i.e., for .00l and .999, an
extension of the values of percentage points for the tables L1417 o)
The body of each table contains the values of the single trial prob-
abilities which correspond with the given value, e.ge, 0l, of the
cumulative Binomial probability, B or B(c,n,p), for column and row
headings respectively of ¥V, =2(n-c +1) and V g=2c. The tables,are

entered with values of ¥ and V5. The tables also apply to values of
P(c,n,p) >.5, or > 50% since

Pc,n,p) = P(Vl,Vz) = 1l - P(VZ,UI) ) (29)
) . o . .
B
The earlier mentioned relations B(c = n,n,p) = p° (5) and

n
B(e¢ =1,n,p) =1 =a (7) can be used for checking cumulgtive Binomial
probabilities for any wvalues of n and p in the cases of c=n and c=1,

The main point here is that both the percentage point tables and pn can
be used for checking approximations to the cumulative Binomial probabil-
ities with at least 5-decimal accuracy in an n,p region for which other,
more convenient tables are not available, and in which the maximum
correction exceeds .00l., Figs., 1 and 12 show that this n,p region is
roughly a parallelogram within the sides: np = 100, p = 007, np¥ 4000
end p = .37 (this side curved). Within this region, the maximum cor-
rection is only ,0065 to either the Normal or Poisson when the more
acourate approximation of the two is usede. .

The .001 bound (having a portion for which np = 4000) for the
Normal correction on Figs. 1 and 12 was determined from the 001 value
of the second term of the Gram-Charlier Series, Type 4, ed. 2lo It was
checked by means of the .00l value of the second term of the "remainder"
equation 22, ) . -

'CONUIUSION

1, Mep. Mainly for use by engineers and mathematicians who need
to obtain cumuletive Binomial probabilities only occasionally, there is
presented a comprehensive map (Figs. 1 and 12) which shows the regions
of application of different computational procedures or tools, and the
eccuracies of the approximations, However, this map should also prove
convenient for reference by statisticians. » '

2e Accuracy of the Normal and Poigson approximations. The maximum
error of these approximations is about .08 if one uses the smaller of the
uncorrected Normal or Foisson values, and this is for the readily computed
case of ¢ =1lo The maximum error, thus taken, is only .030 for n=L0 and
about .027 for n=20. Since the Appendices contain Table C5 of wvalues of
the cumulative Binomial probebility for 1€n <20, the maximum error of
the Normal and Poisson approximations for higher values of n is only abiﬁt
027, At n=85, where a portion of the Incomplete Beta Function Table L
stops, the meximum error is only ,020., At the n=150 limit of the cumula-
tive Binomial table L » the maximum error is, only about .015, or one
and one-half percente. , . ‘
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3. TIwo=decimal accuracy.is had with the uncorrected Poisson and
Normal cumulative probebilities (see Figs. 7 and 11) respectively for
p €.07 and np >37 (and also close to p=.5 for n down to 3), where
Binomial probability tables are available for n through 50, the only
untabulated region in which the maximum correction exceeds o0l is the
small, roughly triangular region (shaded and marked "1%' on Fige 7)
having (n,p) apexes (50, .07), (500, .07) and (50, 027)

4. At least 3-decimal accuracy is obtainable everywhere by the
use of tables*, formulas and graphs which are available herein for
conveniently obteining values of the cumulative Binomial -probability
B(c,n,p) either directly from tables or from algebraically additive
(two) terms of the Gram-Charlier series and three terms of the re-
mainder modification (eqo. 22) of the Gram-Charlier, type A, seriese
Alternative procedures;, soms of which are noted in the appendices,
mey be preferable for use in partlcular regions where many values
are to be computed.

5. For checking values of B(c,n,p), percentage point tables

[Lﬂ and graphs [IBJ, and values of p~ can be used., Normal prob-
ability paper can be conveniently used for interpolation between
tabulated percentage points: 50, 25, 10, 5, 2,5, 1 and .5 per cent,
where an accuracy of only two significant figures is required.

6. Appended are notes on alternative methods, examples--
including some on interpolation,. tables, and a list of references.

1}
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In view of the earlier, piecemeal release of portions of the
material herein, a brief history of this work is 1ncludéd° In the summer
of 1948, the author entered a field involving many computations of the
cumulatlve Binomial probability. While, as an engineer, he was already
acquainted with the Normal and Poisson approximations to the Binomial,
he was without knowledge of the accuracy:of these approxlmatlons in
different n,p regions. Consequently he set about "tooling up" by
preparing a short "handbook™ treatment for his own working notes, so

that 3-decimal accuracy could readily be obtained for-any desired values
" of ¢, n and p.

' Sets 6f the author's working notes,- which Wé:
Jis associstes 1n ‘late 1948 prov1ded S-declma',l 401

This was partly through the usé of different emplrlcalrrelatigps‘ =
found applicable in different n,p regions in which n >50, These 1948

*Also one can use other tables [l,Z,Q] if available,
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noteg also included the Gram-Charlier series as alternative procedures
for certain regions. The author had modified the type B series from the
customary form, which includes 1nd1v1dua1 Poisson terms, to that of eq. 28
which involves only cumulative Poisson’ terms. In January 1949, there was
a limited distribution of a brief memorandum excerpting the minimum ma-
terial from,the 1948 notes to cover all regions with 3-decimal accuracye.
To reduce the number of procedures mentioned in the memorandum, it relied
updn the:@ram-Charlier series:of:two” terms’; aver. as>large.. reglons as ™
Ppossiblea -

The instant report additionally includés (1) maps of accuracy of
Normal and Poisson approximations to the individpal Binomial probability,
and (2) a remainder modification (GCAr) of the Gram-Charlier series, type
A, which enables the entire n,p domain to be filled with 3-decimal
accuracy Dby: an accompanying table of the cumulative Binomial probability
for 1%n520, the Normal and Poisson approximations, the two-term Gram-
Charlier series of both types and the stated GCAr modification.

This GCAr modification makes it possible for this report to be

compact and self-contained.

Ed Se Smlth
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APFENDIX A ,

Alternative Methods

This appendix mentions a few of the many possible alternative meth-
ods to those recommended in the body of this work, and some reasons why
the alternatives are not as generally useful for present purposes. Some
of the alternatives are doubtless better for particular regions, but
their imclusion in the body of this report would have complicated the
mapping by adding to the number of methods already there.

-Theoretical formulas of various sorts were investigated and, except
for the Gram-Charlier series, found to be of little or no value for
readily obtaining 3-decimal accuracy. The difficulty usually is that
the rejected method is too complicated for infrequent use,

Tho Forris mothod L13 was useful at the start of this work in that
it filled a region, tor p%.25, of n higher than the upper limit of an
available published table[i] of the Incomplete Beta Function. In the
Ferris method, the correction (B~P) of the Poisson approximation was :
graphed directly against the.appropriate deviate

ty=c~a-1 _ (41)
-~ O _ _

in which wmity is the fitting constant. Ferris used four graphs to
cover the four swings of B=P, i.e., two positive and two negative por-
tions, although a single graph could have been used if desired, as in
Fige A-l herein, The Ferris method failed to be useful for n down to 20,
since the graphed remainder is not nearly enough independent of n.  For
this reason, a like method for the Normal failed to be useful for n down
to 20 whether B-N was graphed against the uncorrected deviate t.(c-a)ﬁr
or £, = (c-a=.5)/0" o

GCB remainder. A type B series modification was made in which one
graph, Fig, A~l, was used with values of C/(-Cmax) of eq. &-2 plotted

against the Poisson deviate tb’ for different values of p-from .1

through .5. The negative value in - the denominator was included so that
. the proper sense, or algebraic sign, of the remainder would be.retained,
in spite of the apparent clumsiness of this expedient. Fig. A-1, based
on n=50, is used in commection with the formula

Py, = Pglc,a) + C(ty) | (A2)

where

C(ty) = 3 - Pp= -(=CC ) (qmax)‘is the remainder for the
) mex’ -

- ~

GCB Series having two terms. This makes the relation C(tp) nearly
enough independent of n for use with 3-decimal accuracy down through
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n = 20 fof P< o4, ‘Higher difference interpolation, by use of Binomial
coefficients, smoothed out the relation Of'cmax to p and (n,p) so that,

for 20< n< 150, substantially S-decimal accuracy is obtainable with the

relation ) ' .
Cnex * Cmax(pa) #Cm,p) » (23)

where p, = p + 001156
534 -p

c_ (p) = =.10862 p 2*1%%  gitnin't o002

max-"“a . [N - ) S

: for n = 50

or log C_..(p,) =2.1406 log Pé" .96407 for n = 50, and

C(n,p) = -00115 .07 * (log n = 1.7)

557-p o -~
=.,0000805 log n - 1,7 | (%)
057 - p } . 7 o~ -~

This GCB remainder method is not recommended in the body of this work since
the GCA remainder method extended with 3-decimal accuracy to such low
values of p, for n220, that no gap was left. Another reason is that a
question arose as to the propriety of using negative values of Fb which
occur near the upper limit of tb for this GCBr method.

The use of the Gram-Charlier Series with more than two terms proved
disappointing, as compared with the remainder methods, for reasons given
in the section in the body on 'The GCA "remainder" method!. The writer
- found that, for these reasons, . the use of different derivatives of the
Normal distribution with fitted coefficients failed to be generally
useful, although excellent fits were had in particular limited regions.

The deviate coefficients of ,5 for the Normal and uniby for the
Poisson were also slightly adjusted, agein with excellent local fits
“but without general usefulness. There remains of course the problem
of eliminating the "fourth dimension", i.e., any of B,c,n,p, with this
expedient as with others, by finding suitable correlations. This ex-
pedient may well be promising if this be done.

. A recently proposed approximation, as understood, involves entry
of the Normal tables with the deviate ,

- ~

in present notation, and is in error by, .0688 at c¢=5, n=50, p=.l, .5,
as compared with.an error at this point of less than .001 for any of the
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methods recommended'hefeigeWiThis‘was uiexpected since, according to

that reference R ""The;éedefai conclusion is that the approximation
is extraordinarily good near the 17 to 5% points, and remarkably good
in general;"

. Thq.use‘of bthefﬁbﬁéﬁ“ﬁhé Normal and Poisson apprbximations‘was _
considefed briefIY§ tudent's distribution and the use of sin x

%frejected ‘as involving less commonly
.ng in needless complications in curve
4. sufficiently accurate, was N(t) =
flttlng constantso

Wthh is tabulatedﬂl
avallable tables ‘and as
fitting, -~ 4lso regected, B85

A * BapsCt 'where*A:BE

.methods recommended in the body of
_ble compromise between simpliéity and
-declmal accuracy is the goal. It is

sed. in the present reconnalssanceo If this
: ‘ precision would be obtained in the location
of the bounderies of ! th, 1m1ts of 3-decimal accuracy for the several
methods, but probably wi b much increase in the accoracy of the
values of the - cumulatlve Binomial probablllty obtained by the use of
the hereln reoommended methadse

Bctlon for future work on any short, self-
oonta;ned ‘treatment: of ,he'gumulatlve Binomial probability seems to
1lie in flndlng better. ;elatlons gnd also handier and better
methods of interpolation ginoe ‘the abbreviated tables and graphs all
require 1nterpolat10ng Such ‘e treatment of 1nterpolatlon must neces-
sarlly go cons1derab1y further than the cursory treatment in Appendix

Be

A more pron)ismg

Speclflc suggest;f ok, further work are: (1) to plot the 3-
dec1ma1 acouracy limit fAr'the Normal distribution and both types of
the Gram-Charlier series for plural values of ¢ and using B(O,n,p)=l -
end B(1,h,p)=l-q™ for the, others, (2) to plot the contours. of equal
meximm error for the. reglgns 1n'wh1ch the GramFCharller series are
used, and (5) to compu 8 few values of B(o,n,p) with less than ,0001
error as gheck polntsa 'ery high n and.- low p ‘in the region in which
the 'Gram-Charlier” seriess type 4, is useda It may be noted that a
check at 15000 and p~ pshowed that the errors of the several
recommended approxlmat Were Well within the expected values.




== APPENDIX B

Exemples of Probability Computations

- p* . (Example 1): For n = 200, p = 996, find the probability of
.6 = 200 ‘successes in 200 triss. ~The probability of desired successes
is B(c=n, n,p) = p® (5) when the desired number of successes equals

the. sample size, .

= 996200 _ .4486

And when n = 200, p = 997 and ¢ = 200
B = ,997200 _ 5483
Thus a difference of 001 in the single-trial probability causes

the desired probability to vary by as much as 22% when the sample size
is as large as 200,

Cumulative Binomial Probability, B(c,n,p) .(Exemple 2) For n= 3,
p = o067, f£ind the probability of ¢ = 1 or more successes in 3 tries,.
From eq. (11)4 '

R - 3

Blc = 1, 3, -67) =\ 31 (675) (.33)3% = 2189 + 44444
. — X 3( 3=X

x=1 _ .. - +.3008 = ,9641

(Example 3): In certain cases the relationship g=1 - p
simplifies the procedures for finding the desired probability. Using
the same constants as in Ex, 2 we again look for the probability of ome
or more successes. The probability of 1 or more successes equals’ unlty
minus the probability of zero successes., From eq. (8,

B(x = 0,3,067) = 31 (.67)0 (.33)3 =q® = (,33)% = 0359,
01 31

B(1,3,.67) = 1-B(x = 0,3,.,67) = ,9641 which is identical with the result
of example 2, : o

Incomplete Bota-function tables; (Example 4): For n = 50 and p = .01,
find The probability of 2 or more successes, or.B(c.= 2,50,.,01). While the
use of the Betaif ction tables is less simple than of the cumulative
Binomial tables |2 U?j the use of either involves only a very small part
of the labor 1nvolved in computing and summing the individual Binomial
terms, Alternative methods of using the Beta-function taebles apply
respectively to the cases of n + 1 >2c and n +.1<2¢c, These tables are
usable for values of n-¢c from 1 through 50 and for all walues of p and q
from 001 through .99 by steps of .Ol.

We use the subscript "t" for tabular quantities. In the presentvex-
ample, n + 1 »2c, A=, pt?ntl-qt=50+1~2=49 and xt=;=099. Referring to the
Incomplete Beta-function tables, page 57, for qt=2, Pt=49 and xt=.99,
Ix(Pt’qt)=I°99(49’z)=°9105647° The probability of 2 or more successes
= B(¢=2,50,,01)=1-I (p_t,qt)=l- 9105647=,0894353., These tables are usable

for values of n from 1 to at least 50 and for all Values of p and q from
zero to unity.

(Exemple 5): For the case of n+l <2c: n=50, p=.40, c=30, and n+l< 2c.
In this case qi'= py= n+l-c=21, pif=q4=c=30, xt'=1-xh=i—q=p=.4 and
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B(c=50,50,,40)=Ixt'(p%,q%) Referring to p. 350 of thé:lﬁéompiete Beto-

function tables; I (p%, q} ;1-1 (p,.»4,)s The probability of c¢ or more
Xy /=l (Pl

(p', q )—I (so 21)=,0033604,

successes is B-B(5O 50,.4)_1-1 (pt,qt)_ x,

This flsrre is checde exactly by one cumulatlve Blnomlal probability
tablel2J and closely by anotherl8] which gives B=1-.996637=,003365,

Cumulative Binomial ‘Probability Tables. One set of tables!?] s for
1£n <150, consists of a table for each .0l value of p or q from .01 to
+99. . Each table is for a particular single trial probability p', is en-
tered with ¢ and n, and its body directly gives values of B=B(c ;n,p’ Yo
No example is needed for this set of tables for p<.5, For.p».5, one.can
use the relation B(c,n,p)_l-B(n-c+l,n,q) and enter the tables with q
instead of p. .. - .

~ Another set Of tablesBﬂ for 50£n <100, likewise consists of a
separete table for each o0l value of p or 4 over the same range. However,

‘each teble is entered with ¢ = 1 and n and its body contains values of

PT = 1= B(c,n,p) since each table sums individual Binomial terms for

=0 to cs Sinse the probability of ¢! or more successes is 1 minus
the probablllty of from O to ¢ - 1 successes, B or B(c,n,p)=1 = Pre
) (Example 6): Use the latter set of tables, for the condltlons and
problem of example 4. To find the probability of 2 or more successes, we
find 1 minus the probability of from O to 2 = 1 = 1 success. Referring
to the first page of the tables, forn = 50, p = 01 and-x_, = c¢c=-1-=1,..

the tabulated probebility is Pp = .910565; Hence B(c,n,p) =1 - .910565

= ,089435, which agrees with the value found- in example 4- by using the
Incomplete Beta-function- tables, : R

Uncorrected Normal Cumulative Probabilities (Example 7): For: A
n =100, p = «3 and ¢ = 25, to find the probability of 25 or more successes
in 100 trials. Eduation 13 can be used to obtain this probablllty. Values
of this integral are tabulated in Normal tables. A table in which this in-
tegral is supmed from the mean, is entered with t = c-a-5 =25 = 30 - .5
. T ° 3 Z.583
-1,200, where a = np and ¢ = JFTE. From such a table, e,g», Glover's,

page 398, B(25, 100, #3) 2N = .5 '4{ ¢(t)dt = o5 + ,38493 = .88493.

"With a table 1n'wh10h the 1ntegra1 is summed from c to ©,.8080, Burlng-

ton's tables[la}, page 258, the answer is found directly as 08?43
This numeric is checked by a set of cumulative Binomial tables giving
B = 8864298, or B-N = ,0015 which is less than ‘the maximum correctlon
for n = 100, p = 43 on Figs 7o O

“Gram-Charlier Series,Type A, (Example 8): For n ="1300, p'= 05
and ¢ = 66, the Gram-Charlier Series, Type A, (ed. 21) can be used to
find the probability of 66 or more successes.

To use this, we have. _
t = C =05 -8 =66 =65 =652 of = ,0636
G 0° . . T.8581 . 17,8581
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Using equation (21) and Glover's Normal tables, p.394, B(66,100,.03) =

NA(SG,IOO,.OS) = .50000 - 002555 - 905 - 095 E.59652]
o | (6)(7.8581) :

. _}-,47465 - .00757 = +46708

_ Remalntiler for Gramq-Charller Series, Type A, (Example 9) To find
Bf‘orc——Z,n-Zlandp—-oZQ np = 21x29—6.09

B fc‘é =2 = 6»09 < .5--.:-4.59 = ~2.2074,

(<s.,os;::.s71)“‘5 2.0794
o 551 Ls-p)"87 = ,351 x .21°87 = ,03466  or can be obtained
: : i, 8.%
(np) 053 L 6..09 D3 . fI:Dm Flg 8
From t, & =2,2074, N .5948'636 +'.5 . .= .98636
(2) _ ( ) )
and g = (%)) = ,13515, 80 thatac;z! ) = ,00468
From Fige 9, ;,‘:’ 901140, '
so that r(t,) = ;01140/6,,09 = 200187
np . o
Ny ) = «99291
" Butabuler = 99279 |
B¥ror = 00012, which is

well wi‘bhin the 001 limit, -

This value of ¢ was selected as prov1d1ng large values of both the cor-

rection and the slope of r with respect to 'b e Also, the corresponding

value of a = np is- nearer to an integer 'bhan to the (integer + .5)
values of np used in plotting Figs, 9. In other words, this is not a
par’c1cularly favorable case .for .this approximetion,

Po1sson Cumulatlve Probab1l1'b1es (Molina taebles D']]

(Bxample 9): For n:lOO, p-.:;,OOAL, c=l, 'bo find the probability of 1 or
more successes in 100 'br.ials. .Eq. (26) can be used in ob'baining this.
‘ ! :‘\ -

* 7o find- & from F1g¢ 8' For np‘-“‘o «09 on the top scale, the dash line

gives O =,040 at ;5=p=425.. A line carried to the left from that point-

parallel with adjacent lines to .5-p=.21 for the given value of p=.29
gives O( =.0347 theres .

£
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probebility. The results of eq. (26) are tabulated in the Poisson- -

Moline tebles, From the P-M Table II, for a = .4 and ¢ =1, PFlc,a)

P(1,04)=,3296800, The same answer in this case can be gotten from

values, obtained by using eq.(25), tabulated in the P-M Table I

for the "individual term Poisson probability" and the fact that the

probability of one or more successes equals 1 - (probablllty of zero

successes)oe For x =0 and a = .4 from Table I, Hx, a)—06705200

From this, the cumulative Poisson term P(o—l,.4)_1 Hx=c-1, a)—l-I(O,.é)
= 1. = 6703200 = ,3296800, - B -

Incomplete Gama (T)-"unction Tables. (Example lO): For
n=100,p=,1 and c=4;, to find the probability.of 4 or more successes.

If the Poisson-Molina tables [11 are available, they are preferably
used for this purpose. As a poor alternative, incomplete Gamma-
function tables can be used, the subscript "t" being used for tabular
quantities. .-

u  =np = (1oo)(,1)=5,p£;c-1=4=1;5;iﬁn
Ve . 4 W '~ i . .

Referring to page 15 of Pearson's tables of the incomplete Gamma-
function B2 | for ug = 5 and py = 3, I(u,p) = I(5,3) = probability

of 4 or more successes = 09896639, This_value is _chegked by the P-M
Table II which gives a value F(4,10). = 989664, - .

This Pearson's table 112] (I) has .1 steps of uy and ‘pto Hence

oxtensive interpolation is involved in most cases. This table includes
second and fourth differences to facilitate accurate.interpolation,
along with instructions for the use of such differences, ppe X = Xiv.
Alternatively, one can use Everett's formula for interpolation £19] o

. Gram-Charlier Series, Type B, (Example 11): For this Type B
series (eg. 28), consider the problem of example 8 _for wh10h.c—66 and
2z (1300)(, O5)—65v Hence .

P (c a) = o467076 - (1300)( 05)2 [467076 - (2)(.516496) * ,5659151
2. .
«467076 - 0 = °467076

which agrees with the result of example 8 for the Type A series. While
the simple Poisson turns out to be sufficiently accurate for this case
of low p, this would not be true for a much higher p.

Remainder for Gram-Charlier Series Type B, (Example 12):
To find B, by this. alternative method for ¢ = 19, n & 100, p = .2,

a£100x.2=20 and tp=19-20-1 =w23=,5,
(20x.8) °°
The first term of eq. A2 is, from eq., 28,

Py(19,20)%,61858-.01686=,63546.
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end the second term is C(-e5) = _ ¢ (C_..)
G

mex

From t, = - .5 and p= .2 on Fig, Al, _C .= .685 or C = - -685 Cax
L ox :

From eq. A3, Cmax

¢ (B) * C(n,p)

Pg = 2 * ,001156 .20346

0534-02 . -
o(P,) = ~.10862 x .203462 1406 = _ 00359 which is within A-.oooz

of values for n = 50, The correction for the given value of n is

¢(100, .2) = ,0000805 10g100 - 1,7 = 0000070
057-p ’

Hence'eq. A3 becomes C ;x = -.,00359 + ,00007 = - 00352

from,which c (- .685) (-.00352) = .00241 and r% -.63546+ 00241=.63787.

Since B=,63791, the error of thls approximetion at this p01nt is only
P «B=-,00004,
Br _

Percentage Points. Alternative methods,of using the percentage~,
point tables in checking values of cumulative Binomial proba.blll'lsles“"k
epply to the two cases B(c,n,p) €.5 and B(c,n,P) Z 456

In the first case (Example 13): For n=50, ¢=20.5 and B(c,n,p)=.01 .
to find the single~trial probability which gives .0l as cumulative.
probability for 20.5 or more successes*, To enter the percentage point

table i ", use z/l = 2(n~c+1) = 2(50220.5+1) =61 and'b% =26 =2(20.5)=41,

In using these tables, page 179, harmonic interpolation is used for 7/ 1

and linear interpolation for 2/ ,. The result is p=.247 which closely

checks the Binomial probability line p=.25 on Fig. 3, where this line
passes through the point ¢=20.5 and p=.,0l.

In the second case, (Example 14): For B(e,n,p) Z.5: for n=9,
c=5 and B{c,n,p)=.9 to find the initial probability p so that the flﬁal
probability of 5 or more successes is P=.9. To enter the tables L
for this case,? —2(5)-10 and 2/ —2(9 5+1)—10.< Since Il (n=c*l,c) =

1-I (c ,n-c*1), then the table of percentage points (.005, .01, .025,
05, .10, .25, .50) also can be used to give values of p = 1= py for

various values of . = 2¢ and %/ 2-2(n-c+1) for which Pc,n,p)=.995,.
99, «F75, .90 and %5 respectively. _Referring to these_tables, p.l73,

¥ In general, of course only integer wvalues of ¢ are used.
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PT¥530.: The desired value p=1-,30=,70, This checks with the results
derived from the incomplete Beta-function tables,

In this reference Elé] s these percentage point tables are followed
by 5-significant-figure tables of Lagrangian coefficients for both linear
and harmonic interpolation which are required for accurate use of the
above-mentioned tables of said percentage points. Harmonic interpolation
is "applicable to any table of percentage points (depending on a paresmeter
n with an infinite range) in which the statistic can be adequately repre-
“sented as a polynomial in 1/n, a property of any 'studentized' statistic.
Incidentally, the percentage points can be used to obtain other values of
B(c,n,p) within a few percent by plotting the tabulated percentage point
values on probability paper where they lie on smooth, nearly linear curves™.
INTERFOLATION
_ Extensive 1nterpolat10n is requlred in obtaining probabilities with
the requlred accuracy from the several tables, Hence 1nterpolat10n pro-
cedures form an essential part of the “examples" portion of a work on
methods of obtaining values of probabilities within ,001. ) .

Using tables, it generally saves time to plot a few tabular valﬂ;s
from adjacent rows and columms, transforming entry parameters if necessary
to a basis which gives lines that are nearly straight -- so that linear
numericel interpolation can be used. Often the interpolation can be
made on graphs by eye alone;w1th sufficient accuracy, although occasion-
ally a "cross plot" or "section" graph may be required.

Experience in mapping contours permits one to save considerable time-
in interpolating with the necessary accuracy. And this may be the only
practical way of proceeding where a family of curves is involved, each
of which is based on too few points for accurate interpolation but with
enough points altogether so that reliable curves can.be drawn. It may
seem unscientific to use a set of freehand curves, but this mey be the
only reasonably rapid method. For example, it was used in drawing the
"contours" on Fig. 9,

Some methods EzO"zﬂgive different slopes on opposite sides of
evenly. spaced ordinatess Osculatory interpolation, i.e., giving a
continuous derivative, requires more points than are commonly avail-
able or convenient, especially near the ends of tables. And this is partl—
cularly true where one or more points of inflection are involved.

A knowledge of the curve type or form usually reduces the number of
points below that otherwise needed. For example, if one knows that a
curve. is a circle, only three points are needed to determine it. If it
is known only that it is one of the second degree equations, or that the
curve is a conic of some sort, five points are required. And higher
numbers of points are needed of course for the higher degree polynomials.
The use of logarithm paper is occasionally helpful where an exponential
can be put through a base point* where two others are known on the same
side of the base point, proceeding in the direction consistent with the ® .

" *Using departures from the tangent to the base point,
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type of curve, i.e., toward a portion of less curvature. WMethods of
interpolation also furnish enough knowledge of relations to facilitate
both extrapolation and integration. The literature is so extensive
that a question sometimes exists as to whether it is not less time-
consuming to proceed from fundamental considerations than to go into
the literature. So much for generalities.

Linear interpolation is commonly adequate, the adequacy being
readily checked by taking second end adjacent higher differences
which can be used in taking care of the non-linearities. -

Higher-Difference Interpolation. \A convenient and adequate
formula for non-linear interpolation in a table of y as a function
of x, for x tabulated with equal intervals, is

Y =¥ + ( ? )y'Dr + ( 2 )y Dre o+ ( g YDrte + ..+ ( ; y b

=y *tmD* *m(m-1) D' *m(m - 1) (m - 2) Drev 4 .
R 3L S

where x=x,*md, values-&l and yo respecti%ely are tabulated for xq and
Xgs the constant tabular difference-is d=x2-x1, and DY, Dtt, DV¥Y, .,
are the successive differences in the‘serieS~qf y's starting with ¥is

and higher-order differences can be neglected.

The Binomial coefficients (2) are tabulatedtzd]for proper fraction-
al values of m and the lower orders of differences. 'Of course X, may be

at either end of the séries of tabulated wvalues of xo

Central Interpolation,zégl is useful where a value of y must be
found near the center of a tabulated series of a relatively few values,

Harmonic Intervolation, as noted earlier herein, is useful with

pércentage point tables Elé] o (Example 15: ,For the case of example
12, the percentage point tables are entered with¥/;=61 and V o=41.

Using harmonic interpolation: For 7/1=60 and 2/2=.40, P = 024819,

From this:

60) U

P@J1‘= = 61 T
- L 32 3 24819 =~ 61
plWy =61) "V =60 B =61) &0

and p(y1=61)=.24412, For¥=%=60, p=.35258,

p(7/1=6_0) _7/1:61, «35258 =31,p(z/1=31),=.,3467o
N7 v=m Rl ® S
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At 2/, = 61, these results .24412 and .34680 are respectively
for Yy = 40 and 60, Using linear interpolation p = 024412 +

" (034680=,24412) = ,2466 or .,247 for V 1= = 61 and 7/ 2= 41, which

41 :
.7 (.
0247 is close to the actual value of .250. The actual value.is closely. ¥
approximated by the use of either non-linear.interpolation methods .
noted above or the Lagrangian coefficients following these percentage

point tables [142

Interpolation by use of auxiliary teble, (Example 16):
For exemple, to find the cumulative Poisson probability P(11,20)
from Table C7, using the Normal Table C6 as the auxiliary. table:
From Teble C7, P(10,20) = 99501 and F(12,20) = .97861l. From
Table C6, the corresponding deviates are 2.5764 snd 2,0259, respec-
tively; from which +(11) % 2,30115, and by re-entering table C6,

e

P.nt(ll, 20) £ .98931

P11, 20) - ,98919 from the Poisson-Molina tableso

i

‘Error = ,00012

This tabular method of interpolation directly corresponds with the

graphical method illustrated by Figs. 3 and 4, which is useful where -
only 2-decimal accuracy is adequate.

Of course this msthod of interpolation can be used whenever s 7
‘values of a fasb-moving variable, such as Fc,a), can be transformed
into those of a finely tabulated variable, such as +,N, in which a
nearly linear relation exists between the parameters, ¢ and t in this
example, For further example, the Normal Table, or even an extensive
table of cosines; can be thus used as the auxiliary table in inter-

polating in aécumulative Binomial table. Also appended are several
on
references of related interest.

\

t
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APPENDIX C

Tables
log n, n = 1(.01)10, 10~plecese
"n'lend lognt n = 0(1)200, 10-places.
= (n) .
x’ and log'x’, n =1(1)50, 5-placess

%, x '=0(+001)1(1)100,

B(c,n,p), 1 = 1(1)20 and p = +01(.01).5.

Normal tebles: integral, density #(t) and 2nd derivetive
2 . : :

F3)Nt), + = o(.01)4.

Hc,a), ¢ =1(1)2é, a

and o/a = .1(.1)2.2, a = 10(10)100.

.901(.003,01(.01).1(.{i1(1)1o
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13793
63618
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n

0

1

2

3

L

5

6

7

8

9 3
10 36
11 399
12 4790
13 62270
14 87178
15 13076
16 20922
17 35568
18 . 64023
19 12164
20 24329
21 51090
22 11240
23 25852
24 620
25 15511
26 40329
27 10888
28 30488
29 88417
30 26525
31 82228
32 26313
33 86833
34 29523
35 10333
36 37199
37 13763
38 52302
39 20397
40 81591
41 33452
42 14050
43 60415
44 26582
45 11962
46 55026
47 285862
48 12413
49 60828

22209
22160
32415
91559
18840

Table €2, nt and log nl, n=0(1)200.

log n!
]

0,00000 00000
- 0.,00000 00000
= 0.30102 99957
0.77815 12504
1.38021 12417

2,07918 12460
2,65733 24964
3,70243 05364
4,60552 05234
5.55976 30329

6.55976 30329
7.60115 57130
8,68033 69641
9,79428 03164
10,94040 83521

12,11649 96111
13.32061 95938
14.55106 85152
15,80634 10203
17.08509 46212

18.38612 46159
19,70834 39116
21.05076 65924
22,41249 414285
23.79270 56702

25,19064 56788
26.60561 90268
28.03698 27910
29,45414 08223
30.94553 88202

32.42366 00749
33.91502 17688
35.42017 17471
36.93888 56870
38,47016 46040

40.01423 26484
41.57053 51431
43,13873 68732
44,71852 04698
46.30958 50768

47.91164 50682
49,52442 89249
51.14767 82153
52,78114 66709
5442459 93473

56.,07781 18611
57.74056 96928
59.41266 75507
61.09390 87881
62.78410 48681

nl

30414 09320
15511 18753
80658 17517
42748 83284
23084 36973

12696 40335
71099 85878
40526 91950
23525 81331
138

83209 87113
50758 02139
31469 97326
19826 08315
12688 ‘69322

82476 50592
54434 19391
36471 11092
24800. 35542
17112 24524

11978 57167
85047 85886
61234 45838
44701 15462

33078 85442

24809 14081
18854 94702
14518 30920
11324 28118
89461 2131

71569 45705
57971 26021
47536 43337
39455 23970
33142 40135

28171 04114
24227 09538
21077 57298
18548 26423
16507 95516

14857 15964
13520 01528
12438 41405
11567 72507
10873 66157

10329 97849
99157 79349
96192 75968
94268 90449
933226 21544

31185

log n!

64.48307
66.19064
67490664
69.63092
71.36331

73.10368
74.85186
76.507T4
78.37117
80.14202

81,92017
83.70550
85.49789
87.29723
89.10341

90.91633
92,73587
94.56194
96.39445
98.23330

100.07840
101.92966
103.78699
105.65031
107.51955

109. 39461
111,.27542

113.15191 &

115.05401
116.95163

118.35472
120.76321
122,67702
124,.55610
126.52038

128, 44980

130,.38430.

132,32382
134,26830
136.21769

138,17193
140.13097
142.09476
144,06324
146.03637

148,01409
149.,99637
151.98314
153.97436
155.97000

48725
0486
83922

42618
80216

o

07111

38543
55502

80479
11749
17272
25563
38089

log n!

157,97000
153.97432
161,98292
163.99576
166.01279

168,03398
170.05929
172,08867
174,12209
176.15952

178.20091
180.24624

184,34853
186, 40544

188,46613
19G.53059
192,59678
194,67066
196, 74621

198,82539
200,90817
202,99453
205.08444
207.17786

209, 27477
211,37514
213,47895
215,58616
217.59574

219.81069
221.92756
224,04853
226,17239
228,29949

230.42982
232,56336
234,70008
236.83996
238,98298

241,12910
243,27832
245, 43061

247.58595 3

249,74431

251.90568
254.57°73
25625735
258.,40761
260.58080

36547
50265
52003
24250
57543

50633
09286
47063
84618
49597

76449
06237
86463
70898
19411

97815

26012

38472
92175
90482
41597
58448

58578
64023
01239
0093
9803

31561
44518
83830
00240
48223

85908
74992
80664
71528
19530

99887

59753

39775

68333
41681
58835
21513

S

57133
86272
13113
20063
30897

47891
74710
11729
18532
29467
47147

12296

78865

83956
09774
35E86
43905
69614

42901°

62926
56379
71869
02272

22675
41631
67931
38108
78993

99036
22111
84056
52432
89337

78674

log n!

262,75689
264.93507
267.11771
269.30240
271.48992

273.56025
275.687338
278.06926
280.26793
282,46933

284, 67345
286.88028
289.08979
291.30196
293.51682

295.73431
297.95442
300.17713
302.40244
304.63033

306,86078

309.09377 &

311.32930
313.56735
315.80790

318.05093

324.79484
327.04769

329.30297
331,55054
333.82072
336.08317
338.34739

340,61516
342,88467
345,15651
347.43067
349,70713

351,98588
354.263%92
356.55022
358.83578
361.12358

363.41361
365.70587
368.00034
370.29700
372.59585

374.89688

34109
03562
39452
53770
6037

77550
23943
20458
91337
52580

62407
211¢E7
71313
47557
5837

25279
CE150

14248
93997
13376
24774
03004

2c2€E8
49730
65795
44235
62330

96339
32012
Z4250
17369
34538

80802
41515
03777
55660
86444

86400
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Table €3, x’ and log x’, n=1(1)50.
n n n n n n
() los(x) () 1og(x) (x) los(x)
1 2 3

1% 0.00000 1 0.00000 1 0.00000
1 0.00000 2 0.30103 3 0.47712
------------ 1 0.00000 3 0.47712
------------ 1 0.00000

11 . 12 13
11 1.04133 12 1.07918 13 1.11394
55 1.74036 65 1.81954 178 - 1.89209
165 2,21748 220 - 2.34242 286  2.45637
330 2. 51851 495 2.69461 715 2,8543)
162 2.56h64 792 2.89873 1287 3.10958
462 2.66464 924 2,96567 1716 3.23452
1716 3.23452

21 22" 23
21 1.32222 22 1.34242 23 1.36173
210 .22222 231 2,3636)1 253 2.40312
1330 3.12385 1540 3.18752 1771 3.24822
59¢ 3 77706 7315 3.86421 8855 3.94719
203 9 .30854 26334 4.42052 3364y 4.52697
5 o4 5,73451 T4613 4.87281 10095 5.00409
1;62b 5,06551 17054 5.,23184 24516 5.38944
20345 5.,30854 31977 £.50484 49031 5.60047
20393 5.44824 L9742 5.69672 81719 5.91232
35272 5.54T43 64665 5.,81067 11441 6,05845
272 5.5474 0543 5.84846 13521 6.13100
35272 5.54743 70593 13521 6.13100

™ n

#(0)=1 ana 1050020 throughout these “tables.

n
log(x)
4

0.00000
0.6C206

(x)

14

1,14€13
1.95904
2.56110
3.00043
3.30146

3.47756
3453555

14

1001
2002

3003
3432

24

24 1.38021
2,44091
3.30621
4,02637
4,62843

512903
5. 53921

5.66657
5.11624
6429253

6.39727
6.432C3

@) 3 og)
5

1 0.00000
5 0.69€97
10 1.00000
1.00000
5 0.69897
1 0.00000

15

2,02119
2,65801
3.13513
3003 3.47756

e
3.808

25

1. 39794
2,47712
3.36173
%,10209
4,72534

5.24522

6.51438

6.64908
6.71603
6.71603

1.17609 |

(N

n
(x> log'x
6
1 000000
6 0.77815
15 1.17609
20 1.30103
15 1.17609
6 0.77815
1 0.00000
16"
16 1.20412
120 2,07918
560 2,74819
1820 -3.26007
4368 3.64028
- 8008  3.90
11440 4, 05843

12870 4,10958

26

1,41497
2,51188
3.41497
4.17464
4,81809

5.36215
6.49479
6,72524
6.88796

6.98487
7.01706

ny’ - n
) log(x)
7T .
1 0.00000
7 0.84510
21 | 1.32222
35 1.54407
35 1.54407
21 1,32222
7 0.84510
1 0.00000*
17
17 1.23045
136 2,13354
680 2.83251
2380 3,37658
6188 3.79155

12376 4,09258
19448 4,.28887
24310 4,38579
24310 4.38579

27 1
351 2
2925 3
17550 4
80730 4
29601 5
88803 5
22201
46868
84363 6,92615
13036 7.11521
17354 7,24015
20058 7.30229
20058 7.30223

7

n n
(x) log(x)
8 N
1 0.00000
8  '0.90309
28 144716
56 ‘1. 74819
70 1.84510
56 1.74819
28 144716
8 0.90309
1 0.00000
18
18 1,25527
153 2,18469
816 2,91169
3060 3.48572

8568 3,93288

18564 4,26867
31324 4,50275
43758 4,64106

48620 4.68681
28

28 1.44716

378  2.57749

3276  3.51534
20475 4.31122
98280 4.99247

37674 5.57504
11840 6 07337
31081 6.49250

69069 6.83928
13123 7.11604

21474 7,37192
30422 7,48318
37442 7.57336
40117 7.60332

n nv
() 10g'x’
9
1 0.00000
9 0.95424
36 1.55630
84 1.92428
126 2,10037
126  2.10037
84 . 1,92428
36 1.55630
9 0.95424
1 0,00000
19
19 1.27875
171 2.23300
969  2,98632

3876 3,58838
11628 4.06551

27132 4,43348
50388 4.70233
75582 4,87842
92378 4.96557
92378 4.96557

29

29 1.46240
406  2,60853
3654  3.56277
23751 4.37568
11875 5.07465

Y1308 23050
£.,1933
42921 6,53 22
10015 7. 00065
20030 7.30166

34597 7.53904
51896 7.71513
67864 7.83164
77559 7.86963
77559 7.88963

n n
(x) log(x)
10 n
1 0.00000
10 1.00000
45 1.65321
120 2.07918
210 2.32222
252  2,40140
210 - 2.32222
120 2.07918
45 1.65321
10 1.00000
1 0.00000
20
20 1.30103
190 . 2,27875
1140 3,05690
4845 3,68529
15504 4,19044
38760 4.588
77520 4.88941

30 1.47712
435  2,63849
4060 3.90853
27405 4.43783
14251 5,15383

59377 5.77362

15512 £.19066
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g9

8.47790
8.47790

41

1.61278
2,91381
4,02776
5.00548
5.87471

6.65286
7.35183
7.98022
8,.54449
9.04964

9.49961

10.50231

11.01316
11.18065
11.30559
11,.38E57
11.42996

11,42996

() )

n
log'x
32

1,50515
2.69548
3.59548
4.55582
5.30401

5.95722
6.52710
7.02195
7.44731
7.50954

32
496
4960
35960
20138

90519
33659
15518
28049
64512

12902 &
22579 8.3
34737 8.54
L7ikk 8
55572 5.75260

50108 8.77893

42

42
861
11480
11193
85067

52458
26978
e
14714

1.82325
2,93500
4,05994
5.04895
5.92976

6.,71981
7.43101
8.07199
8.64923
9.16774

42806 9.63150
11058 10.04368
25519 10.40686
52860 10.72313
93672 10.99420

16651 11.22144
25456
35370
44678
51379

53826

11.54863
11.65009
11.71079

11.73099

11,40596 &

@ o™
‘33

1.51851

43

1.63347
2,95569
4.09135

5.98345

6.78508
7.50818
8,.16139
8.75122
9.28270

9.75982
10.18579
10.56321
9 10.89420
11.18051

11.42364
11.62446
11.78416
11.90335
11.98253

12.02204
12,02204

5.09135 1

n
() log
34

1.53148
2.74896

%.66629
5. 44441

6.12869
6.73075
7.25903
T.7T1976
8.11770

8.45651

1.64345
2.97589
4,12202
5.13274
6.03583

6.84875
7.58343
8,24854
8.85060
9.39467

9,88476
10.32409
10.71530
11.06053
11.36156

11.61984
11.83655
12.01264
12,14866
12.24577

20126 12.30376
21041 12.32307

G) -

3.77699 6

n
@ 105

35

1.54407
2.77452
545  3.81591
4,71900
5.51139

6.21036

45

1.65321
2,99564
4.,15198
5.17317
© 6.08699

6.91089
7.€5686
8.33355
8.94751
9.50362

10.00849
10.45279
10.86336
11,22238
11.53755

11,81065
12.04260
12,23449
12,38710
12,50104

12,57675
12, 61455
12,61455

()

log(i)

36

1.55630
2,79934
3.85370
4.77015
5.57633

46

46
1035
15180
16319
13708

93668
53525
26093
11017
4or6h

13341
36911
10177
23988
51174

99149
17497
28190
41542
56062

69435
78904
82334

1.66276
3.01494
4,18127
5.21268
6.13696

6.97159
7.72855
8.415653
9.04207
9.£1027

10.12518
10,59007
11,00760
11.37999
11,.70905

11.99629
12,24296
12.45009
12,61849
12,74883

12.84158
12,89710
12,91558

) )

ba log'x
37

1.56820
2.,62347
3.89042
4,87984
5.53936

23248 6,36638
10295 7.01265
38608 T7.56668
12440 8

34833

85499 -8,93196
18525 9.,26775
35625 9,55175
61071 9.78583
93642 9.97147

12876 10.10977
15905 10.20154
17673 10.24730
17673 10,24730

37
666
7770
66045
43590

47

47 1.€7210

1081 o

16215

17836 5.25131

15339 6.18551
7

10738 .03091
62891 T7.79859
31446 8.49756
13626 9.13438
51781 9,71417

17417 10.24098
52251 10.71810
14068 11,14822
34164 11.53357
75162 11.87600

15032 12,17703
27412 12,43794
45686 12,65979
69732 12.84343
97625 12.98956

12552 13.09870
14834 13.17126
16124 13.20747
16124 13.20747

)

n
log(x)

38

38

8436
73815
50194

27607
12620
48903
16301
47273

12033
27075
54150
96696
15471

22240
22781
33578
35345

1.57978
2.54696
3.92614
1.86514
5.70065

6.44102
7.10107
7.68934
8.21222
8.67462

9,08038
9.43255
9.73359
9.98541
10.16353

10.34713
10.45911
10.52405
10.54E33

48

48
1128
17225
19458
17123

12272
73529
37735
16771
65407

22595
69669
19293
48232
10933

22548
4a4h4
73098
11542
16736

22314
27386
30958
32248

1.58124
3,05231
4,23795
5.22910
€.23358

7.08690
766705
8.57474
9.22456
9.81563

10.35402
10.84304
11.28540
11.88334
12,03872

12,35312
12,62782
12,86391
13.06228
13,22364

13.34858
13.43752
13,4977
13.50850

®)

n
log x)

39

29
T4l
9139
62251
57576

32626
15381
61524
21192
63575

16761
39108
81224
15065
25141

37711
51021
£2359
68923
63923

1.59106
2,869E2
3.96090
4.,91514
5.76024

6451357

6.80328

9.22429
9.59227
9,90969
10.17853
10.40033

10.57647
10.76775
10.79490
10.83837
10.83837

49

49
1176
15424

21188

15069

13984
65901
45098
20545
82178

29136
92264
26260
67525
15756

28278
39050

9.351270
9.91476

10.46443
10.96503
11,41929
11.82946
12,19744

12.52480
12,81286
13.06274
13.2753
13.451

13.59162
13.69636
13,76599
13.80075
13.80075

78905

n
1og(x)

)
40 n

40
TE0
9880
91390
65601

32384
16344

1.60206
2,£9209
3.92476
4,9209C
5.,21623

6.50415
7+27053
7.58595
8.435C5
8.92822

27344
£4766

23118
55669
12033
25207
40225

9.3253%5
9.T4T1T
10.06038
10.35552
10.30450

A2852

8732
11338
13128
15765

10, 79632
10.94802
11.05454
11.11:21
11.13940

50

50 1
1225 3
19500 4
23030 5
21188 6
7
7
8

10272 10.01167
27354
12140
35466
93785
22508

49237
98474
16054
30406
47129

67327
88750
10804
12155
12641

10,57273
11.08422
11.55005
11,97213
12,35234

12. 39220
12,99332
13.25556
13,48226
13.67329

13.82819
13,94617
14,03360
14,08475
14,10178
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Table C4, e ¥, x=0(.001)1 and 1(1)100.

5 6 K¢ 8 9

0 1 2 3 4
.09501 24792 ,99401 T9641 .99302 44429 ,99203 19148 .99104 03788
1.00000 00000 .99900 04998 .99800 19987 .99700 44955 .99600 79893 .98511 19396 .98412 73201 ,98314 36846 ,98216 10324 .98117 93622
.99004 98337 .98906 02788 .99807 17129 .98708 41350 .98609 75443 97530 99120 .9T7433 50896 1537336 12415 .97238 83668 .971h1 k645
30007 96133 (0100 330.0 1915%; 0583 lowves 5306 aboar Toous 96580 Sh153 -0uEh 00933 13000] 7307 199513 57671 159218 11%97
. . . . . . 22 . 1l . Ak 2
-3T04% 25323 135%0% 37535 195388 97806 L9531 13001 05655 33575 195599 74B18 95504 19622 495408 73976 95313 ITOTL .95

JO4648 51480 .94553 91359 J94459 40694 .94364 994T4 94270 67692

.95122 94245 ,95027 86705 94932 88668 “.94838 00125 .94T43 21065 193706 74634 ,93613 08643 .93519 52013 .93426 04736 .93332 66801
35176 45336 .okoB2 32398 ,93088 28868 .93894 34737 93800 49995 ,937 2 %4323 .ggse{ So0e .93?88 98532 192406 44265 .92403 99244
R muln mmeep wmeie mmiof  Glndad i ind e o g gl il B
. i . . 72 . : . .90 061 «90 038 .90574 2
"31353 11853 .91301 77109 01201 51495 .91115 35005 .91028 27622 90937 29345 90846 40161 .90755 J J 5T% 27
) .90032 45226 89942 46481 .89852 56730 .89762 75964 89673 04175
.90483 74180 .90393 30329 ,90302 95517 .9021i2 69735 .90122 52974 ,39126 5%439 .83847 52233 .88928 51932 ,88869 60526 ,88780 78008
.89583 41353 ,89493 87489 ,89404 42575 89315 06601 .89225 79559 .88249 69026 .88161 48468 .88073 36726 .87985 33791 87897 39655
sBlalh dem Shiog die gl ol el did e el TS
. . . . . . o 2 . 2 4 862 11 .8615 1
‘86035 8235k .86848 93117 .86762 12565 .86675 40689 .86588 77481 86502 22931 86415 7703 6329 3977 3 11149 56 91149
JB5641 51775 «85555 91904 85470 40588 85384 97820 .85299 63590
-86070 79764 83984 76987 .0098 82807 .85812 9728 83727 20210 184705 37047 .BL70K &2342 8R619 96113 84535 30347 .8UAS0 BI04
(85214 37890 02129 20711 82044 12043 8959 123% -ghe74 20219 \83045 70208 .83861 79833 .83777 07845 .83634 24235 .83610 58994
.8%4366 18166 ,84282 15735 .84197 91732 .84113 76148 .84029 68977 83110 42839 .83027 35950 .82944 37364 .82861 47072 82778 65067

.83527 02114 .83443 53587 .83360 13404 .83276 81557 .83193 58038

-82595 91339 .82613 25882 .,82530 68685 .82448 19741 ,82365 79043 .82083 46581 .82201 22347 .82119 06333 .82036 98531 .81954 98933

.B81464 73164 .81383 30763 .81301 96500 81220 70367 81139 52356

senonn o ams s o e gweene R SR BN BB el A ub Gk
otk oo leon] dencd mecey AL o ML WS A st mmd Sen s ong maslmn i o
.79453 36025 .79373 94660 .7929% 61233 .79215 35735 79136 18159 78270 45382 .78192 22249 .78114 06935 .78035 99433 .TT95T 99734

.78662 78611 .T78584 16264 .TB505 61776 78427 15138 .T8348 76343
LTT491 64980 .7T4L4 19688 77336 82138 L77259 52321 L77182 30230

77880 07831 77802 23716 L7772 47381 77646 78818 .77560 18020 )
77105 15856 77028 09196 (76951 10237 .7E8TA 18973 18957 35397 -18720 29500 -TOCAD SA2TR (TERSI iewas M0 LI iToiat 3oons
L76337 94943 ,76261 64964 .76185 42611 .76109 27876 .T76033 20753 S75201 42543 ,75126 26159 75051 17288 72976 15922 .74901 22054

J75578 37415 .75502 83355 75427 36845 .75351 97879 .75276 66447

‘70826 35678 .7h751 56780 .7h676 85360 .7h602 21407 .7h527 64914 .7h453 15875 ,TA3T8 T4280 .TA3O4 40124 .TA230 13397 .T4155 94094

J740B1 82207 .TLOOT T7727 .73933 806k 73859 90964 73786 0B66 -73712 33744 73638 66195 73565 06009 73491 53180 73418 07700
7350k Gones .T3901 5Top .73338 19083 1354 99396 7305 9053 R WY G e R E R R R e R S b H
.72614 90371 .72542 32510 .72460 81903 .72397 38544 72325 O2424 -72252 73536 72180 SI8TH .72108 7430 72036 SOUST WT1384 20RST
-71892 37334 171820 51890 .71T48 73229 .71677 01342 .71605 37822 “71533 80864 .71462 31058 71300 88309 .71319 52879 71248 24491
.71177 03228 .71105 BooB2 71034 82047 ,70963 82116 .70892 89280 . «70822 03535 LTOT5L 24871 70680 53283 70609 88762 70539 31303
,T70468 808 .70398 .70328 2 . . L7017 34432 LTOOAT 26202 69977 24977 +69907 30750 69837 43514
(1048 008 Tores aicas :Iozap 32E0 oToZal Ti33a cLoMST 19STA 69K10 86500 169350 28012 60280 06450 69211 71617 60142 5E105
169075 43306 16000k 30418 .GBO35 42hes |GRBAG 52308 GAT97 69316 T eB0T20 92700 L CO0e0 2330 s ST <5055 95007 .S3uzs 2e1aT
.68386 140092 ,68317 78896 68249 50532 ,68181 28093 .68113 14272 J67368 00392 .67300 66959 .67233 40256 67166 20277 67099 O70L4

67705 68745 L67638 01560 L67570 41140 67502 87476 .6T435 40562
66697 68109 66631 01674 66564 41903 66497 88788 66431 42323

.67032 00460 66965 00610 .66898 OT457 ,66831 20993 66764 41213 :

166365 02501 .66298 69316 .66232 42761 66166 22828 66100 09513 -06034 02807 65988 02700 52202 TR SR8 Nihe 12 1232
O o e G 812 ity Rk R ey Bene 68726 L6671 .GAGGL T7250 64597 14314 .6h532 57829 L6hA68 OT796
:64403 64211 :64339 27066 :64274 96355 :64210 72071 :64146 54208 +64082 42760 ,L64018 37721 63954 39083 L63890 46840 .63826 60987

) . 63444 . .

.63762 81516 .63699 08422 ,63635 41697 .63571 81336 ,63508 27332 182813 ok 1875 75060 - Gae8 ggggk '22222 %ﬁ%?? ‘22%%% ?gggg
.63128 36455 63065 26774 L.63002 23399 .62939 26325 ,62876 35545 .62188 50565 ,62126 34822 ,62064 25293 .62002 21970 .61940 24847
.62500 22683 62437 75704 62375 32120 62313 00712 .62250 72526 161560 71068 .61508 18073 .C1446 70525 Ci30s 28750 .£1323 93270
.61878 33918 .61816 49177 61754 70618 .61692 98234 ,61631 32019 50957 09073 .60896 16411 .60835 29838 :60772 493k L60T1L3 TA93T

.61262 63942 .61201 40740 61140 23658 .61079 12691 .61018 07831
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+50 60653 06597
. 60049 55788
.52 «59452 05480
<53 .58860 49697
.5 « 58274 82524
«55 +57694 98104
R «57120 90638
.57 . 56552 54387
. «55989 83666
.59 «55432 72847
60 54881 16361
.61 .54332 08691
.62 « 53794 44376
.63 »53259 18010
.64 «52729 24240
65 .52204 57768
.66 .51685 13345
<67 «51170 85778
.68 « 50661 69924
.69 »50157 60691
.70 49658 53038
.71 49164 41975
.72 48675 22560
T3 48190 89901
T4 ATT11 39155
.75 47236 65527
.76 46766 64270
77 46301 30683
.78 45840 60113
«79 45384 47953
.80 44932 89641
.81 +44485 80662
.82 44043 16545
.83 43604 92863
.84 L43171 05234
«85 L2741 49319
.86 42316 20823
.87 41895 15492
.88 41478 29117
.89 .41065 57528
«90 40656 96597
91 40252 42240
.02 .39851 90411
.93 «39455 37104
.9 .39062 78354
95 38674 10235
.96 .38289 26860
«97 «37908 30381
. «37531 10989
«99 «3TL57 66910

(1,00 « 36787
0

For larger X, multiply values tabulated above by values in table for x=1(1)l0Q

+55933
« 55377

54826
«54280
« 53740
+53205
+52676

52152
«51633
51119
»50611
«50107

49608
.49115
48626
48142
47663

143127
42698

.41436
41024

40616
40212
.39812
39415
«39023

+38635
.38251
- 27870
« 37493
«37120

53023

32933
19010
07212
93539
74028

44757
01845
445
59753
53001

+60531
«59929
.59333

58742
+58158

+57579
+57006
«56439
«55877
«55321

« 50057

+49559
+49066
48577
48094
47616

47142
46673
~46208
45749
45293

44843
~44395
43955
43517
45084

42656
42231
#41811
41395
.40983

40575
240171

« 60471
.59869
«59273
58684
.58100

«57522
«56949
«56383
.55822
«55266

.52571

+52048
«51530
«52017
«50509
. 50007

+49509
«49017
48529
48046

47568

47095
#46626

45703
42;{48

44352
.43911
43474

42613
«42189
41354
« 40942

40535
40131
«39732
«39337
+38945

« 38558
« 38174

«37046
3

60410
+59809
&
5804

«5T464
«56892
«56326
«55766
«55211

« 54662
«54118
+535 g

«50459
«49957

«49460
- 48968
«48480
+47998
47520

47048
«46579
+46116
.45657
.45203

44753
44308
43867
43430
+42998

+42570
42147
41727
141312
+40301

40494
-40091
«39692
«39297
«38906

38519
«38136
«37756
«37381
« 37009

4

93829
83941
72156
52524

2 19151

66206
87912
78551
32453
14043

o742
18066
69577

89
74671

17645
80585

58317
45719
37721

29300
15486
91358
52043
92717

08604
94976

47152
60496
30420

2381
glggl
34466

85729
71304

86870
28148
90902
70939
64106

66293
73430
81488
86478
84449

71492
43735
97346
28529
33529

. 60350
«59750
«59155
«58566
«57984

« 57407
«56836

«52466

«51944
«51427
«50915
«50409
«49907

49410
«48919
48432
«47950
S4THTS

.47001
46533
<46070
45611
#45158

< 44708
44263
«43823
+43387
+42955

42528
42105
41686
41271
.40860

L4045k
40051
+39653
“39258
+38887

«38481
+ 38098
< 37719
37343
+36972

5

.60290
+59690
«59096
+58508
«57926

T4Th25
46954
ez
+4602%

«45566
.45112

JL4664
44219
.ﬁ3779

43344 08

42912

42485
42063
«4L644
41230
40819

23715
33927

41047

39136
22314

40413 75454

.40011

+39613 5

+39219
.38829

. 38442

. 38060
«37681
« 37306
+36935

6

« 52887
« 52361

«51840
51324
250813
»50308
«49807

49312
48821

« 4690
Lhehag
«45978
«45520

44619
48175
43735
«43300
42869

42443
42021
41602
«41188
+40779

.40373 3609

«39971
- 39573
«39180
«38790

»38404
.38022
«37643
. 37269
+36898

7

«60169 77718
«59571 07789
«58978 33576
«58391 49152
.57810 48647

57235 26252
«£6665 76214
56101 92838

- «55543 70487

«54991 03577

oSA443 86582
53902 14031
«53365 80505
«52834 80642
.52309 09131

.51788 60716
«51273 30190
«50763 12403
«50258 02250
#49757 94682

+49262 84698
48772 67346
48287 37725
47806 90982
o47331 22312

46860 26958
«46394 00211
45932 37408
45475, 33932
V45022 85213

JA45T4 86727
044131 33993
43692 22576
+43257 48085
«42827 06172

42400 92534

«41979 029508

«41561 33076
+41147 78861
40738 36127

.38365 94380
« 37984 19629
#37606 24722
.37232 05881
«36861 59363

.60109 63747
«59511 53659
«58919 38690
«58333 12021
«57752 70488

-57178 05586
«56609 12470

6045
.55488 18893
. 54936 07222

« 54389 44917
«53848 26511
53312 46592
52781 99802
»52256 80836

«51736 84443
+51222 05423
«50712 38628
«50207 78960
«49708 21375

«49213 60876
48723 92517
48239 11401
«47759 12681
47283 91556

246613 43273
46

«45429 88671
«44977 85178

44530 31468
~44087 23064
# 43648 55537
~43214 24499
42784 25607

42358 54561
41937 07103
41519 79021
.41106 66139
40697 64328

.40292 69496
«39891 77595
«39494 84614
.39101 86586
.38712 79579

38327 59704
<37946 23107

.37568 65977

« 37194 84536

«36824 75046
9

[e)}
AN
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-X -X

X (-] X e

1 (-1) 3.67879 44117 51 (-23) T.09547 41623
2 (-1) 1.35335 28324 52 (-23) 2,61027 90697
3 (- 2) 4.97870 68368 53 (-24) 9,60268 00545
L (- 2; 1,83156 38889 54 (-24) 3,53262 85722
5 (- 3) 6.73794 69991 55 (~24) 1,29958 14250
6 E- 3) 2,47875 21767 56 5-25 4,78089 28839
7 (- %) 9,11881 96555 57 (=25} 1.75879 22024
8 (- 4) 3.35462 62790 58 (-26) 6,47023 49256
9 E- 4) 1.23409 80409 59 5-26; 2.38026 64087
10 (- 5) 4453999 29762 60 (-27) 8.75651 07627
11 (- 5) 1.67017 00790 61 (-27) 3.22134 02860
12 (- 6) 6.1442) 23533 62 (~27) 1.,18506 48642
13 (-~ 6} 2.26032 94070 63 (-28) 4,35961 00001
14 E- 7; 8,31528 71910 64 5-28; 1,60381 08905
15 (- 7) 3.05502 32050 65 (-29) 5,90009 05416
16 (- 7) 21.12535 17472 66 5-29; 2,17052 20113
17 (- ag 4,13993 77188 67 (=30) 7.98490 42457
18 (- 8) 1,52299 79745 68 (-30) 2,93748 21117
19 (= 9) 5460279 64375 69 (-30) 1.08063 92777
20 (=~ 9) 2,06115 36224 70 (-31) 3.97544 97359
21 (-10) T7.58256 04279 71 (=31) 1.,46248 62273
22 (-10) 2.78946 80929 72 (-32)  5,38018 61600
23 (-10) 1.02618 79632 7 =32) 1,97925 98779
24 (=11} 3.77513 45443 7 -33 7.28129 01783
25 (-11) 1.38879 43865 75 (=33) 2.67863 69618
26 (~12) 5.10908 90281 76 (-34 9.85412 46861
27 (-12) 1.87952 88165 77 (=-34) 3.62514 09191
28 (-13) 6.91440 01069 78 (-34) 1,33361 48155
29 (-13) 2.54366 56474 79 (=35) 4.90609 47306
30 (-14)' 9.35762 29688 80 (-35) 1.80485 13878
31 (-14; 3.44247 71085 81 (-36; 6.63967 71996
32 §-14 1.26641 65549 82 (-36) 2,44260 07377
33 (~15) 4.65888 61451 83 (=37) 8.98582 59440
34 (~15) 1.7139C 84315 84 (-37) 3.30570 06268
35 (=16) 6.30511 67601 85 (=37) 1.21609 92993
-1 +3195 0 - 4 4T3TT 93062

36 (-16) 2,31952 28302 86 (-38) 4.47377 6
37 (-17) 8.53304 76257 87 (-38) 1.64581 14311
38 (-17) 3.13913 27920 88 (=39) 6.05460 18954
C 39 (-17) 1.15482 24173 89 5-39 2,22736 35618
40 (-18) 4.24835 42553 90 (-40) 8,19401 26240
4 2—18 1.5 6288 21893 91 5-40; 3,01440 87851
42 (-19) 5.74 2°643 92 (-40) 1.10893 90133
RE R TRE L
4 (50 Lile 85805 g3 (Tih] 189088 2495T
46 (-20) 1.05306 17358 96 (-42) 2,03109 26627
47 (-21) 3.87399 76287 97 (-43) T.47197 23373
48 (-21) 1.425156 40827 98 (-43) 2,74878 50079
49 (-22) 5.24288 56634 99 (-43) 1.01122 14926
50 (-22; 1.92874 98480 100 (-44) 3,72007 59760

The numbers In parentheses indicate the power of 10 by wh
tabulated values are to be multiplied; el.)s. <] ~20 00000050'2'032536224
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Table €5, B(c,n.p) for n=1(1)20 and p=.01(.01).50.

01
1,00
0100

11,00

0199
0001

s Unity val

02970
00030
00000

03940
00059
00000

" 04901
00098
00001
00000

05852
00146
00002
00000

06793
00203
00003
00000

07726
00269
00005
00000

08648
00344
00003
00000

o2

1.00
0200

1.00
0336
0004

00118
00001

07763
00234
00003
00000

09608
00384
00008
00000

11416
00559
00015
00000

13187

00026
00001
00000

14924
01034
00042
00001
00000

03

1.00
0300

1.00
0591
0009

Jues for ¢=0
05881

08733
00265
00003

11471
00519
00011
00000

14127
00847
00026
00000

16703
01246
00050
00001
00000

19202
01709
00086
00003
00000

21626
02234
00135
00005
00000

23977
02816

001.98.

00009
00000

o4

1,00
0400

1.00

0016

onitted
11526
00467
00006

15065
00910
00025
* 00000

18463
01476
00060
00001
00000

21724
02155
00117
00004
00000

24855
02938
0Q198
00008
00000

27861
03815
00308
00016
00001

00000

30747
04777
00448
00027
00001

00000

05

1.00
0500

1.00
0975
0025

from here on.)
16942

14263
00725
00013

18549
01402
00048

‘00001

22622
02259
00116
00003
00000

26491
03277
00223
00009
00000

30166
04438
00376
00019
00001

33658
05724
00579
00037
00002

00000

36975
07121
00836
00003

00000

06

1.00
0600

1.00
1164
0036

01037
00022

21925
01991
00083

00001
26610

03187
00197
00006

00000

31013
04592
00376

00018.

00000

42701
09784
01380
00128
00008

00000

07

1.00
0700

1.00
1351
5ok
19564

01401
00034

25195
02673
00130
00002

30431
04249
00308
00011

00000 .

35301
06082
00584
00032
00001

39830

08127
00969
00071
00003

44042
10347
01470
00134
00008

00000

47959
12705
02091
00227
00017

00001

o8

52784
15832
02979
00372
00031

000c2

09

1.00
0900

1.00

1719
0081

24643
02284
00073

31425
04296
00272

00007 .

37597
06738

- 00634

00030

00001

43213
09515
01183

00003

48324

01933
00184
00011

5297
02889

00341,
00026

00001

57207
19117
04048
00570
00055

00004

n [ o=

W

Not,

3

PO HOO

VOO MPLRKFE O MBPWRDHE 1w MBUWRFE v MTEWDE BV U W

10

1.00
1000

1.00
1900
0100

15

1.00
1500
1.00
775
0225

87

20

1.00
2000

1.00
3600
0

10400
00800

59040
18080
02720
00160

67232
26272
05792
00672
00032

73786
34464
09888
01696
00160
00006

79028

a5

1,00
2500

1.00

040
¢ Unity values for ¢=0 omitled
38 48800

57812
15625
01562

30

1.00
3000

1.00
5100
0900

65700
21600
02700

75990
34830
08370
00810

83193
47178
16308
03078
00243

35

1.00
3500

1.00

. 5775
1225
from hepe on.)
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[~

12

13

~on vnsnpHO

@I U\ B ow

[ PR T T S WS

O M-

0l

09562
00k27
00011
00000

11362
00817
00021
00000

12248
00725
00027
00001
00000

02

18293
01618

00003
00000

21528
02311
00154
00007
00000

03

26258
03451
00276
00015
00001

32697
05637
00616
00003

00000

04
33517
58

00621
00044
00002

00000

36176
06923
29

00004
00000

38729
08094
01073
00098
00006

00000

41180
09319
01354
00137
00010

00001
00000

05

40126
08614
01150
00103
00006

00000

43120
10189
01524
00155
00011

00001
00000

45964
11836
01957
00224
00018

00001
00000

48666
13542
02451
00310
00029

00002
00000

06

46138
11759
01884
00203

00015

00001
00000

49370
13822
02476
00304
00026

00002
00000

52408
15955
03157
00434
00043

00003
00000

58140
20332
04680
00753
00088

00008
00000

61071
22978
05775
01028
00134

00013
00001
00000

56561
18788
04008
00580
00059

00004
00000

60036
21810
05190
00854
00100

00009
00001
00000

63233
248

06520
01201
00161

00016
00001
00000

00000 ’

09

61058
22545
05404

oolol

00008
00000

64563
26011
06947
01290
00171

00016
00001
00000

70655
32925
10536
02417
00410

00052
00005
00000

11

12

13

5\002\10\ U1=I>Un)l-'0'°

OV M+

=
=

Vo~ MLl

10

74581
372%6
13388

03416
00646

00092
00010
00001
00000

87909
60172

11800
03416

00753
00127
00016
00002

00000

09913

03004
00700
00125
00017
00002

00000

45

99747
97674
90044
73396
49560

26156
10199
02739
00450
00034

99861

9860

- 82885

60286
36688
17380
06096
01480
00221

00015



0L

15

16

WOy VUi

WoNoy Vi o

WOIN MU H

0l
13125

00034
00001
00000

13994
00963
00042
00001
00000

14854
01093
00051
00002
00000

o2

24636
03103
00247
00014
00001

00000

26143
03534
00304
00018
00001

00000

27620
03986
00369

00024

00001
00000

00006

38575
08179
01128
00110
00008

00000

43533
10593
01672
00185
00015

00001
00000

45791
11911
02029
00245
00022

00001
00000

47960
13266
02424
00316
00031

00002
00000

55987
18924
04294
00700
00086

00008
00001
00000

60471
22624
05713
01036
00140

00015
00001
00000

62843
24895
06728
0131
0019

00022
00002
00000

66330
28315

01753
00278

00034
00003
00000

71370

00497
00070

00001
00000

73661
37015
13115
03417
00676

00104
00013
00001
00000

73296
36321
12551
03148
00590

00084
00009
00001
00000

77686

42893

16937
04957
01106
00192

00026
00003

* 00000

15 -

i6

ko]

WO BMIPupFo

79411
45096
18406
05556
01272

00225
00031,
00003
00000

81470
48527
21075
06841
01700

00330
00050
00006
00001
00000

92575
71610
43862
21011
07905

02354
00559
00106
00016
00002

00000




1L

18

(v

O O~ O\ mbumHOw

OV V-

@]

15706
01231
00061
00002
00000

16549
01376
00073
00003
00000

30486
04951
00521
00039
00002

00000

03

40417
09090
01339
00141
00011

00001
00000

42205
10030

01572

00177
00015

00001
00000

60279

05813
01087

00155

00017
00002

00000

07

70879
33616
11178
02734
00509

00074

00001
00000

72917
36224
12749
03325
00665

00105
00013
00001
00000

08

75768
e
et
00895

00149
00020
00002
00000

81688

21682
07226
01865

00380
00062
00008
00001
00000 *

18

k-]

WOy MTHVWDHO

10

83323
51821
23820

02214

00467
00078
00011
00001
00000

15

93689
TAT55
48024

24439
09871

03187
00828
00174
00030
00004

00000

94635
77595
52034
27976
12056

04190
01182
00272
00051
00008

00001
00000

98199

90092
72866
49897
28365

13292
05127
01628
00425
00091

00016
00002
00000

25

99248
94989
83630
64698
42611

23469

04024
01238
00310

00063
00010
00001
00000

30

99767
98072
92261
61131

40318

99983

87400
73607




OV WL O'd

o

gL
8

OWVONON ViU

=y

0l

17383
01527
008

00003
00000

o

43939
10996
01826
00219

00020

00001
00000

45621
11984

02101 -

00267
00026

00002
00000

62265
24529
06652
0132

00201

00024
00002
00000

06

69138
31709
10207
02430
00444

00064
00007
00001
00000

o7

T4813
38793
14392
03985
00851

001244 °

00020
00002
00000

Z6576
1314
16100
04713
01071

0019
0002
00003
00000

81131
48314
21205
07062
01834

00380
00064
00009
00001

00000

09

83336
52022
e

7
02347

00514
00091
00013
00002
00000

=
oD
e

=
OV NN VIHWPRN

10

86491
57974
29456
11500

03519 -

00859
00170
00027
00004
00000

40

99994
99917
99454
97704
93039

83708
69193

50

1.000
92996
99964
SST79
93039

96822
91647
82036
57520
50000

32380
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. (2
g%%%&Ig%ébles, integral, density @#(t), 2nd derivative § )(t);'t=o(.ol)4.
7 2 t (2) t (2) t (2)
t£¢HMt #t) 9 (%) t£¢th g(e) g (%) t£¢th #(t)y B (t) téﬁumt g(t) 8 (v)

.00 .00000 .39894 -.39894 .50 19146 .35207 -.2640
L0l .00399 ,39892 -,.39888 .51 19497 .35029 -.2591
.02 ,00798 .39886 -.39870 o52 L19847 ,34849 -,25426
.03 .01197 .39876 -.39840 <53 20194 (34667 -.24929
.04 .01595 .39862 -.39799 .54 ,20540 34482 -,24427

W05 L01994 .39844  -,39745 .55 .20884 ,34204 -,23920
.06 .02392 ,39822 -,.39679 .56 +21226 ,34105 -,23409
.07 02790 39797 -.39602 #57 21565 .33912 -,22894
.08 .03188 ,39767 -.39512 .58 21904 ,33718 =-.22375
09 .03586 .39733 =-.39411 259 22240 ,33521 ~,21853

210 403983 .39695 -.39298 «60 .22575 .33322 ~.21326
.11 04380 39654 -.39174 .61 ,22907 .33121 -,20797
.12 04776 .39608 -.39038 .62 ,23237 ,32918 -,20265
13 L05172 439559 -.38890. .63 ,23565 ,32713 -,19729
1L ,O05567 39505 -.38731 - .64 ,23891 .32506 ~.19192

15 .05962 39448 ~,38560 .65- 24215 ,32297 -.18652
.12 .02326 .39387 =.38379 .66 24537 ,32086 =-.18110
.17 06729 39322 -.38186 .67 .24857 ,31874 -,17566
.18 L07142 ,39253 -.37981 .68 ,25175 ,31659 -,17020
.19 .07535 .39181 -.37766 #69 25490 31443 - L6473

.20 .07926 .391C4 -.37540 .70 .25804 - .31225 -,15925
.21 .0%%17 39024 =,37303 .71 .2611 +31006 -,15376
08

34134 ,24197  .00000 1.50 .43319 .12952 ,16190
34375 .23955  .00482 43448 12758 16332
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able C7, Cumulative Poisson Probability, P(c,a).
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«+00200

.02

.01980
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+00300

003
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3

+25018
«03694
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«00793
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«23782
«13337
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«01370
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+00002
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+00000

. 006
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.00336
00039
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.50341
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.00575
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09852
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00797
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200303
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+ 55067
.19121
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68663

o
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.18411
11192
+06380
.03418
.01726

.00823
.00372
.00159
» 00065
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+ 00009
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.00896
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.08607
.00381
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«59343
.22752
.06286
.01346
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I

.88431
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.67610
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+29401

«00106

00044
+00018
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a 10 20 30 40 50 60 70 80 90 100

97075 99501 99908 99982 99997 99999 1.000 1,000 1,000 1.000

93291 97861 99273 99745 99908 99967 99988 99996 99998 99999
86986 93387 96471 98066 98922 99392 99654 99802 99886 99934
77978 84349 88535 91448 93543 95082 96230 97095 97752 98255
66718 70297 73266 T5759 77896 79759 81403 82867 84181 85365
54207 652974 52428 52103 51881 51717 51589 51487 51402 51330

41696 35630 31546 28378 25769 23551 21623 19925 18413 17056
30322 21271 15738 11958 09227 07193 05650 04464 03543 02823

20844 11219 06484 03874 02360 01457 00908 00570 00360 00228
135 05248 02211 00968 00433 00197 00091 00042 00020 00009

Footnote: TFor values of P(c,a) from the above ¢ ative Polsson
table, one can linearly interpolate, by using Normal tzable C6
with the fitting t, within .CO1 for a<40 and within .092 for
a<€100.
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APPENDIX E

SUMi{ARY OF RICOMMENDED PRCCEDURES FOR CBTAINING VALUES OF THE CUMULATIVE
6 BINOMIAL PROBABILITY B WITHIN 3-DECIMAL ACCURACY UNIVERSALLY.
'o TT 1% ] [| L lIll'I : ' T L) n . _
N - - B = 5; ___nl .p* q"* 1s the chance
= : X=c x!{n-x)1 of obtalrming
at least c suc-
cesses in n trials for probability p of
NORMAL "N" 1 success 1ln a single trial, where qz1-p
- .and B 1s the sum of chances of obtalning
.¢, c=1, ..., n succesges in n trials.

o From percentage point values, see iIf the
\G® value of ¢ is such that .COI<B<.?99. If
- 80, Droceed as follows:

10;

In region "B" and adjoining regions for
% 1 which a table of B is avallable, use the

‘ ! table as far as 1t goes. For other sig-
) nificant regions, use approximations to B,

(2Ll

“ In region "N", use Normal probability ta-
ble to obtaln the Normal approximation

t
\ N{ty) = .5 = jg cﬁ(t)dt where
be ‘ 'u LA \\ ] t‘c"(c'a"S)/o’ , amnp, o =¥npq and
Z 2 Is
NI ! -15/2
o o B(L) = e
A2

S,

001 BOUND FOR POISSON

4

In region "GCA", use Normal tables to ob-
taln the 2-term Gram-Charlier series,
type A, approximation:

o
P4
y -

O
l

L4
L1

0‘
2]
o
]
FOR GGB

t . (2)

4 N {(t,) = N(t,) - p-q @ (t.) where the
: A'7c c Yo ¢

(2)

(tg) = (tc2—1)¢(tc).

In region "GCAr) use the remainder modi-
fication of the preceding equatlon:for c>1:

Nip = N(to) + oc@®) e ) 4 r(e )/mp

where o¢? .351 (.5- -87 anrd r(t;) can

2nd derivative ¢

150 ~-fom e m e =
100 -

BOUND

50 -

{001

{

)¢5 .
be obtalned from'hPraph (Fig. 9). Use
B(O,n,p)=1 and B(1,n,p)=1-q® for 2<a<2.5.
In region "P", use a table of cumulative
Polsson probabilities o0 :
P or P{c,a) ;Z aX e-8 |

Po:ssqg;?'
ad

20

- USRS
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