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INTRODUCTION

Spherical Bessel functions of complex argument find application
in scientific computations ranging from electronic circuit analysis
to the understanding of nuclear and Mle scattering. Yet tables of
Bessel functions are presently lI mited to spherical Bessel functions
of real argurrment and to nonspherical Bessel functions of complex
argument of 0 and I order Tables of the former may be found In
Abramowitz EI], and tables of the latter In Lowan E2]. The
generation of spherical Bessel functions of complex argument is not
a trivial problem, even with modern high-speed computers, because
of difficulties associated with each of the methods used for their
generat ion,

To surmount these difficulties, It bezame necess'ry Ic develop a
method which would be simple and accurate for rachine computation,
and which would incorporate a terminating condition. "he result was
a method based on a continued fraction representation of the ratio of
Bessel functions of consecutive order.

The purpose of this report Is primarl ly to present the new method
of calculating continued fractions, and secondarily to present
tables of spherical Bessel functions of complex argument against
which this method and others may be checked. The development
Is placed In perspective by reviewing the advantages and dis-
advantages of the o'her methods and algorithms which might be used.
SuggesTlons are made relative to the extension of the method to
other functions of complex argument.

RECURSION RELATIONS

Recursion relations are the simplest and mst common method of
generating Bessel functions. The fundamental recursion relation Is

j v+l(X + ( Jv-1IW = 2v/x J v(x) ()

where J is the Bessel function of order v and complex argument x
and v = m+I/2 where n is an integer. This relation may be used with
two consecutive orders to generate all the necessary orders by starting
at Io%; order and recurring upward or starting at an approximate high
order and recurring downward.

Unfortunately both of these methods have ser~lous limitations. Lowan
E2] has noted that the upward recursions are unstable when 2v/x Is
greater than unity, because the values of consecutive orders of
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Bessel functions have common initial digits. Gautchl [3] has shown
that the upward recursion has no digit accuracy after only seven
recirsions with 32-bit capacity for x = 1.0. Therefore, even using
double precision ari+hmetlc, the procedure will not work for more
than a very few consecutive orders.

Millerts downward recursion scheme [4] has solved the problem of
accuracy at the expanse of machine time and storage. By startling
with an approximate value for high orders, one can recur downward
with only roundoff error. Since downward recursiurts start at a very
high order for moderate arguments, this method is impractical
when only a few orders are needed. This technique also suffers
from the same problem that the forward recursion has - once
accuracy Is lost in a term, all the following terms have lost the
same amount of accuracy. In this case, roundoff error may accumulate
so that the more significant smaller orders are very much more
Inaccurate than the approximate initial high order.

INFINITE SERIES

The infinite series for Bessel functions Is seldom used because the
series Is coMpLtatlonal ly divergent for moderate x and small orders.
When the serie.s does converge, it converges slowly, and it is difficult
to program. lifinite series represenieations of Bessel functions are
therefore mathematically interesting but not very practical for
computat Ion.

CONTINUED FRACT IONS

Continued fractions have the advantage of being sinple, easy to program,
and accurate for machine computation. Unfortunately, they have been
neglected In favor of recursion relations because oi difficulties in
determining the accuracy of a given number of terms in a continued
fraction. The following development of continued fractions is Intended
to review their basic properties, point out the weaknesses in available
alqorithms, and to develop a method of generating Bessel functions which
is free of these weaknesses.

Basic Properties

A continued fraction may be written ,s

f= aO +

c I + b2

C.2 + b3

2 3 ... (2)I3
~4



which can be rewritten as

f= a + ~ ~

'KThe n thapproximate convergent to the continued fraction representation
Of f is written as

f =a + bbnn 0 c .. + n(4

Continued fractions my be generated from a three-term recursion
relation in a simrple way:

SV1 2v j v+i 2v

J x J x 2(v+l) Jv-

x

42v I

x 2(vY±l 2(v+2) (5

x x ..

So

V-1 2v 1
= ______ (6)Iv 2(v+i)x 2v2x

This form is one of a simrple continued fraction which may bet defined as

f~)= a+ +a + a + + + (7)
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where a # 0 and the a's my be negative.

Equation (7) may be written in the rore convenient notation of

f(x) [al, a2, a3, .. (]
a2, (8)

The nth convergent is written In like manner:

f n (x) [al,, a2, a3, ... , an] 
(

It has been shown by Wall [5] that all continued fractions may be
expressed as simple continued fractions of the above form. In
addition, Watson [6] has shown that the form of the continued fraction
for Bessel functions is unique, requiring that all the nth convergents
of the continued fraction in whatever form have the same numerical
value. For example, all of the following are equivalent in the nth
convergent:

J 2 2v 1/2 x/v 1/4 x /(v[v+l]) 1/4 x /([v+l][v+2])

JI I

v X x X (2
J 2v -2(v+l) -2(v+2) (12
v-I

6.

Jv I I 6

JvI 2xI_2v.~_ _"Ll

-? -~ -



Algorithms

It is now possible to generate the ratio of Bessel functions by starting
with the last value on the right of Eq. (9) and working backwards
to a . However, the minimum necessary value of n must be specified
befoie the computation starts, since adding one term means the re-
computation of the entire fraction. Gautchl [3] has made an estimate
of the value of n for determining Bessel functions to a given accuracy.
This method does not apply In general to continued fractions and is

only an approximate estimate which is difficult to apply. Moreover,
the tail-to-head method suffers somewhat from roundoff error when
the difference between two values is near zero.

Another method of computing J v./Jv follows logically from the
relations

Pn anPn-I + Pn-2

• qn n ann-I +  n-2
(13)

so

Pn
-- , a 2 =.n t (14)

where p Is the nth partial numerator and q the nth partial
denominator of he nth convergent.

Wall [5] has shown that these relations are generally true for any
continued fraction. Starting with the initial values of pl al,
q, = I, p0 = I, and q = 0, one can generate successive approximants
to the exact infiniteoc-ntinued fraction until the desired accuracy is

obtained. This method is illustrated in Teichroew [7] and Abramowitz
[I]. The former has noted that the values of pn and q may grow so
large as to cause overflow in the computer. Moreover, for negative
am an initial number of digits may cancel, causing loss of accuracy
in the mth convergent in exactly the same way as the original
recursion relation (Eq. (I)). This forward ratio method leaves
much to be desired.

By noticing that the relations in Eq. (13) are themselves recursion
relations, one obtains a new method of generating Bessel functions:
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Pnan -2L-2 =[aa ,2 a 1]" - an n n-l' " 'a2 l

Pn-I Pn-I

a n -l' a , ,a n a2] (15)" qn- I q n I
n-nI

Note that the relation for q /q starts with rathe' than a becauseq 0.n n-I .2I

Pn Pnq La n a

Pn-I qn n n-l'
qn Pn-I a, n , aJ (16)
q qn-I qn-I

So the value of pn/q is given by

, Pn Ea n' "" I l [an-l' "' a,] Ca [al
-' (17)

qn [a, a ] [a a I ... [a ]
~n- n 2' n-'" .. I% a,... , a] [an~l, ... , a9..,[ 2 (a7

Eq. (17) gives the value of the nt h approximant to the exact continued
fractions representation for a particular continued fraction. When
the ratio

" ' Pn
~qn

Pn-I8

,, qn-I

8



where P is the aximum allowable errcr, the product can be terminated
since al, subsequent ratios will be unity. Eq. (17) gives a simple
method of computing the ratios of Bessel functions cf successive order
to the number of significant digits in the computer. The specific
formula for the Bessel function is

Jv.i-lII

- 2vx- + ... ,19)
v -2(v+i)x + 2(v+2)x + -2(v+3)x +

Every other a is negative in Eq. (17), but the application is
unchanged. Each numerator and denominator is generated from the
preceding one by taking the reciprocal and adding the next a

n

S[2(v+2m)xl -2(v+2m-l)x ' . 2vx - ... [2vx-l]
.! J - I] x~l]  (20)

v [2(v+2m)x -2(v+2r-l)x - I  -2(v+i)x ... [-2(v+l)x 2

Since both The numerators and denomina+ors alternate in sign, it is
simpler to consider all a positive, and to generate each successive
term by taking the reciprocal and subtracting from the next a . The
nth approximate convergent Is the product of all the preceding
ratios, and the fraction terminates when the nth ratio in Eq. (18)
is unity.

It may be noted that the order of the term in the simple continued
fraction has been reversed between Eqs. (8) and (17). This means that

it is not necessary to decide how many terms are desired before the
compulation, as in Eq. (9). Because the successive numerators and
denominators of Eq. (17) are tending toward the same finite value,
there is no large growth in the numerator and denominator as in the
use of Eq. (13).

Shacivanfage that is not Immediately apparent Is that a particular
n convergernt being neff zero or very lare is no disadvantage.
Although the computed n thapproxlmant will deviate slightly from the
theoretical vdiue, the n convergent~lill converge back to the
correct value. In other words, the n approximant is slightly self-
correcting.

The ct',itinued fraction converges very quickly and does not require
si§nificant storage. This first ratio usually requires the largest
number of terms, and for x = 1.0 and v = 1.5 with 64-bit capacity,
only nine terms are needed. A sample calculation follows:
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x 1 .0 v= 9.5

~v-I 1 (19) (20.94736842) (22.95226131) (24.95643131) (26.35993017)
j(21) (22.95238095) (24.95643154) (26.95993017)

18.95228198 (21)

This value Is identical to the handbook value [Ell

The development has made no restrictions on the form of the argument
or order, so they can both be comiplex and positive or neqative.
Near zeros of the Bessel functions it should be noted that theI ; accuracy may drop to ten places rather than ten significant digits.
The actual spherical Bessel functions rather than -their ratios as
In Eq. (19) are found from

2Li~x j ()= -J () -cos(x)
0 Fix 1/2 x o 2x -1/2 x

jn+1/2 __n-1/2

,~-1/2 jn-.3/ 2  12,2

(x -- I2 2 ... 1- (22)

~-n+1/ 2  -n+3/2**

ACCURACY

A comparison between'the accuracy of a double precision 64-bit and
single precision 32-bit program was made for the real values of
argume~nt tabulated in Abramowitz [13, The agreement between the

7" ~double precision rouiitiu drld the harndboo'K was exact11 for 10 s~gn1f-I c a MI

digits for all arguments. By comrparing the single precision
version to the double precision version, It Is os+irnated that the
last tour of the 16 digits would be su.:e"l ri rac;flne roundoff.
Therefore, the table is reproduced to 10 1,c diow for the
additional possibility of roundofaf err ,I, xi arguments.

OTHER FUNCTIONiS

Many known functions have been exprest.ti n i. r, of cont inued
fractions, and they may be evaluatai )y Eq.. 17). Abrarrowitz [l3 has
I sted one form of a- continued tiction rej resentation for most of the
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functions In his handbook. The form of any continued fraction may
be changed to ;nat of Eq. (7) by the following transformations:

bI 2 d b d d2b2  d2d3b3
f(x) =a + - ... = a + - ... (23)0 c I  + c2  0o dC I  + d2 c2  + d3c3

The only requirement is that a be nonzero; if a is zero, this
requirement may be ret by takig the reciprocal 8f the continued
fraction.

The continued fraction technique wi II converge with fewer terms
than any other current method and Is specifically adapted to machine
computation. Although mathematically equivalent to recursion
relations, the continued fraction technique gains accuracy from the
fact that the product of two numbers in the -omputer does not lose
accuracy, as does the difference of two numbers.
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APPENDIX A

USE OF THE TABLES

The following tables contain 100 orders of spherical Bessel functions
of the first and second Kind for the same argument on the same page.
The real and imaginary parts of the spherical Bessel functions of
the first kind n (x) = /XJ n+ (x) are presented on the left side

with the apprcpriate order n and the spherical Bessel functions of
the second kin, yn x) = X Yn+ (x)=(-)n+lhxJ +)(x) are in

like manner on the right side of the page.

Beyond the 20th order, the missing orders can be found by a down-
ward recursion for i (z) and by an upward recursion for Y x).
The spherical Bessel nfunctions of the complex conjugate oY the
argument presented here can be found by raking the complex conjugate
of the results in the Table. Since these Tables are intended as
check values, Interpolation should not be attempted between values
of argument.

In those fJ cases where the value o the spherical Bessel functions
exceed lO±-300 a scale factor of 10+3

00 was multiplIed by the jn(X)
and 10-300 was multiplied by the yn X). These scale factors are
indicated by a sudden break in the order of magnitude with increasing
n since the initial values never exceeded the scale factor.

Many of the ore useful relations among the spherical Bessel functions
may be found in Abramowi+z El]. If these relations are used to.
check the table, It should be noted that the Initial values of Jo
and y 0are given by Eq. (22) and that the last or highest order being
correct depends on all the lower orders being correct.
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