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ABSTRACT

This is Part Ii of '•A Comprehensive Report on Nineteen-Condensation
Nuclei," which contains tabulations of the growth times of these nuclei
under various assured supersaturations. The growth time of each
nucleus at a given supersaturation is oktained from a newly developed
groith rate equation which utilizes a single parameter to denote tht
hygroscopicity of the nucleus and which includes an additional term
to reflect the inefficiency of the -condensation process. This volume
anJ its predecessGr serve as a valuab;e reference fcr ihe experimental
cloud physicist in his study of the growth behaviors of condensation
nuclei and for the field cloud physicist in his selection of the
proper artificial nuclei for warm fog or cloud modification..
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I NT RODUT I ON

This is the second part of a two-part report on the study of 19 eýec-
trolytic condensation nuclei. Part I [1] deals with their equili-
brium droplet radii versus saturation at 20C and one atmosphere.
Utilizing the values of Part I, this portion extends the study to
their growth tinvjs, an important parameter for determining their rel-
ative efficiencies in warm fog or cloud modification.

To compute the growth rate (from which the growth time can be obtained),
an expression *s developed on a more physically consistent basis than
heretofore presented. This expression formally takes int3 account
the hygroscopicity of a nucleus in terms of its water activity as well
as the condensation process in a thin hypothetical layer [2]1-hat
envelops the nucleus. The growth times of each of these 19 corden-
sation nuclei are presented in seven tables, corresponding to nucleus
i, ses between 10-12 and 10-6 grams, and each table contains six
supersaturations-between 0.01% and 5%. It is expected that these
tables, covering nearly all the possible combinations of nucleus sizes

-and humidity conditions, wiil find practical application in warm fog
or cloud seeding experiments.

GROWTH RATE EQUATIONS

There are a number of steady-state versions of the growth rate equation
[3-131. These versions are all derived from the same sel of classical
transport equations, with varying degrees of mathematical :sd physical

S, approximations. Most of them are used in connection with numerical
modeling, and they serve this-purpose reasonably well in simulating the
growth of a population of droplets.

In theoretical work on the growth of a single particle, such approxi-
mations should be avoided and the physical processes involved fully
accounted for. Two processes of major importance which have not been

k handled adequately in the growth of an isolated solution droplet in
a stationary medium of moist air are hygroscopicity and condensation.

ki the past, hygroscopicity has been represented by either the van't
HQff factor [5] or the molal osmotic coefficient [14]. Both require
additional parameters to form the solute term. In accord with modern
practice in physica- chemistry, the term can now be completely described
by a single parameter; namely, the water activity [15]. Condensation,
on t• other hand, has generally been lumped with diffusion of water



'I
vapor in air to make up the so-called modified [16]* or compensated [3J*"

-diffusiod coefficient and has not been recognized as a distinct process
as it should have. As a result, the physical process of condensation
becomes intractable in the usual growth rate equation. Moreover, in
the case of electrolytes, we suspect that how efficiently water mole-
cules will condense on a liquid solution droplet inay depend upon the
ionic propert- and concentration of solution at a given temperature and
pressuce.

THE LAYER CONCEPT

To render the conuensation process tractable mathematically and phys-
ically, we employ the concept of boundary layer over a solution drop-
let. Lanamiur{2] used this approach in his study of hydrogen dis-
sociation in a Light bulb. Borovikov, et al. Ell] called i-t the
parietal layer and came up witb a modified coefficient. Fukuta arid
Walter [17] introduced the ide-a of Knudsen flow in the layer and de-
rived separate correction factors to the diffusion coefficient and
thermal conductivity. Since the layer concept has been well accepted,
it is proposed to freat diffusion and condensation as two distinct
processes.

Outside the boundary, the transport of water molecules, being caused
by an imbalance of partial vapor pressures between the ambient air
and the layer, is governed by diffusion theory in gas kinetics. As
is obvious, this imbalance is brought about by the hygroscopic property.
of electrolytic solution. Inside the layer, to the author's knowledge,
there is yet no adequate iheory to deal with the interface problem
of condensation, except for the use of i nondimensional "fudge fac-
tor, called condensation coefficient, to denote the inefficiency of
the condensaticn process [18]. Under the circumstances, the exisling
theory of gas kinetics'will be utilized to formulate a condensation
term to be included in the growth rate equation.

As condensation takes place and the latent heat of condensation is
jiberated, the droplet becomes warmer than the ambient air and so does
tiie layer due to heat conduction, both convection and radiation being

Rooth's formula for determining the thickness of an air layer is at
variance with that given by Mordy [8]. The Mordy version appears to
be correct.

Fukuta and Wulter [17] consider the use of the Cunningham factor as
unjustified.

2
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negligible in the present case [19]. Following the scheme-outlined
by Langmuir [2], it is possible to derive a separate term for neat
transfer in the layer, but according to his calculations the t.,.pera-
ture at the outer boundary of the layer is not significantly different
from the droplet temperature under normal atmospheric pressures.
Thus, we may dispense with the heat transfer term in droplet growth
and assume that both the droplet ind:layer are at the same temperature.

DERIVAT"ON OF THE EQUATION

The underlying assumptions leadicg to the use of the classical laws
of diffusion and thermal conduc-7vity have been discussed in some de-
tail in the literature [19, 10, 14] and will not be repeated. We
may now proceed to develop the new griwth rate equation.

Condensation

By the kinetic theory of gas [ VI on effusive flow, we may formilate
an expression for the amount of material condensed per unit time onto

a spherical surface as follows:

d 2 R T 1/2
dm = 4 y(-•r• ) ()dt dPw r

where m is the mass of the solution droplet, rd its radius, T_ its
tem.perature, t the time, Rv the gas constant of water vapor, p, the
vapor density of the parietal lever whose thickness is A at Tr, Pr
-the equilibrium vapor density at Tr over the droplet, and a the con-
densation coefficient (which Keener [18] called the evaporation coef-
ficient) thae denotes the fracl'on of impinging water molecules that
do condense. There are some e:,,:erimertal data on this coefficient
for pure water [17], but none for electrolytic solution. Unlike the
diffusion coefficient, it cannot be calculated as no pertinent theory
has been developed. For numerical computation in this paper, a value
of 0.045 is used for no other reason, than that it is given for 20C.

The above equation of condensa1loni can •e expressed in terms of the
droplet radius

drd B RvTr 1/2
= • yr• (P (2)Sdt T(2n A Pr

where pd is the density of the droplet.

3i,-
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vr. b - 2) does not hold vhen a saturate3

has a Sh.wius ccvya-eaMIe ic or less than atle laver
th~c.-es;; tence, sc.ub-e Aitker. -c!ei are excluded. Diffusiona!

and c rcwth Cf this type of nuclei may be handled by
..e t-eV,--v ¢evt;ooed by Crisch ani, Cctiins [20].

Li f f sio~n

-. Isize the laver, Fick's !•a et diffusion is given by

Cr(4

where r=(r 4 11) is the r3dius of The layer, p;, the cc..ined denSity

.of the iayer ern drople, 0 the diffusivity of waier vapor in air,
and p the vapor density at rhe aroient temperature T. Since we deal
only with large and giant nuclei, it is easily seen that r t rd and -

"S--bs':tutlion of (3) into (4) gives:

or D d . 2 t 1 dr

r r

This eaýiatiop expresses the continuity of vapor diffus on and conden-

satior.. FRwever, 1the layer together with the droplet, being at a
nigher tefr.peratf-re than the atbient due to tnie release of the larent

heat of condensz-ion, resists the diffusive flow of vapor toward the
--layer due to Tne :-ýalance of vapor pressures. To incorcorate this
effect, we divide and multiply the right-hand side of (5) by po(T ro
t.+e saturation vapor uiensiy at the droplet temperature,

dr D o (Tr P d 2 -q1/2ddr 2 -o(T r) d 2-dr (6)rt- (T T-,o (T ) dr (T
o r o v r d o r

This equation takes into account the fact that the droplet together
with the layer experiences a slight reduction of the vapor gradient.

It may be observed that the last term in the bracket den-otes the

equi!lbrium saturation ratio over the droplet at the droplet temper-

4



ature. I f this teswerature .s known, (6) can be solved for +he rate
of droplel grow.h. Usually, neither the d-eplet tenerature nor the
derived quantity, p^(Tr), is knora, and then ii is necessaryý to
estetlish relationsg ips betwee~n tte known quantities and +he unknowns.

Thermal Conduc;-ivity

ThG law of thermal condicti-i.ty, as applied to nmist air, is g;%en by

dr K (T- T), (7)

where K is the thermal conductivity of water vapor, L the latent heat
of condensation, and T the acbient temperature. The droplet temper-
ature can now be expressed in terms of the ambient temperature,

SrLPd rLPor
r~~pd rrdr

T - dr + T= Tl + ) (8)r K dt d t

Let C = rLPd /KTidr/•t), and we have

T = T + E). (9)
r

The magnitude of { unoer a given supersaturation and temperature can
be sstimated. For instance, at 1% supersaturation and 20C, rdr/dt is
approximately of the order of p-7 in the early state of growth, L
about 6 x l0 , K about 4 x 10 , and T about 3 x 102. Then, & is at
least of the order of-l0-3_ However, as the droplet grows larger,
will become proportionally smaller.

The Clapeyror-Clausius Equation

To convert the saturation vapor density over a plane surface of pure
water at the droplet ieniperature to that at the ambient, we make use
of the Clapeyron-Clausius equation in the following form:

rTV '(10)

k- where V is the specific volume of water vapor, the volume occupied by
liquid water droplets being negligible. With the aid of the perfect
"gas law, we may integrate (10) '.n the same manner as shown in the
literatur6 [7] to the saturation vapor pressure over a plare surface

5
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of pu-e water at the droplet Tempe7ature, po(Tr), as a funct;on of
t'hat a-. the &nbient, po(T). From (9) and the perfect gas law, an ex-
press.•nr in tern-s of saturation vapor densities is obtained. Dropping
the parenthesized ambient temperature notations, we have

po(Tr) - 0 exp EL E/R T(I + 4)]
or Il+ PO V

(I - ) Po exp(L ,/RvT). (II)

Substitution of (11) into -(6) results in a term, p/po, which is equi-
valent to the ambient sa-uration ratio, usually denoted by S0 , The
other simi~ar term, pr/po(Tr), is the equilibrium saturation ratio
at the droplet temperature, Sr(Tr), which will be dealt with in the
next section. With the new notation (6) becomes

Dr p Pd 1/2dr Do d 2w 7 dr

r- - -[S (I 2) (r)
dt p o o Rp T dTT

Pd ov

p c I - E) Sr(Tr) exp(L E/RvT). (12)

Hyg9roscop icity

According to modern practice in physical chemistry, the proper para-
meter to represent the hygroscopicity of a substance is its water
activity, a, which varies with concentration but which remains sen-
sibly constant under moderate temperature variations. The water
activities of the 19 condensation nuclei are tabulated at different
molalities in Part I [I] of this report. The equilibrium saturation
ratio at the droplet temperature expressed in terms of the cuirvature
and solute effects is, according to Low [21],

S (T) = a.exp (2 a'/rpdRvTr)
r r

= a*exp [2a'(l - E)/rpdRvT]

a.exp (2a'/rPdRVT)exp(- 20' E/rpdRvT), (13)

where a' is the surface tension of the solution droplet, assumed con-
stant with moderate temperature variations.

6



The first two factors on the right-hand side of (13) are soen to de-

no~e the equilibriim saturation ratio at the ambient temperature, S rThe above expr'ession then becomesr

Sr(Tr) = Srexp(-2' /rPdRvT). (14)

The New Growth Rate Equation

The desired equation for the growth rate of a single isolated solution
droplet in a stationary-medium of humid air follows upon substitution
of (14) into (12),

dr Dp o 1d2 /2
r-- L {SO- (I - /2)-d- 2o dr
d~t P Spo R7) -F

L 2-1'

(I - E)Srexp[(RT rPdRvi4)I]}. (T5)

This equation now takes into account all the important physical pro-
cesses contributin9 to ,he.growth of a solution droplet. Being more
physically comp!ete, it can be reduced to the various versions in the
literature. Silverman and Kunkel's version [13] will result if we
drop the (I - E/2), (I - E), and (2a'/rpdRvT) terms and use instead
their approximate expression for the solute effect. Neiburger and
Chien's version [9] wil; be obtained if we furthe-r neglect the con-
densation term and replace the solute effect with their consolidated

* hygroscopic term. Others will follow readily if we further expand
the exponential factor in series and discard the higher-order terins.
However, it wil! be well to remember the implications resulting -rom
these approximations, since we are dealing wi+h rather small numerical
quantities in the growth rate equation. After all, the supersatura-
tions which are normally e countered in a natural fog or cloud are
in the neighborhood of 10- . For this reason, quantities of the order
of 10- or greater should be retained.

NUMERICAL SOLUTION

An analytical solution of (15) appears to be an insurmountable problem.
An iterative techrnque is used to calculate growth rates (from which
growth times are derived), utilizing the equilibrium radii at differ-
ent saturation ratios of the various electrolytic nuclei from Part I [I].

7



The coefficients and constants used in numerical integration at one
dtmosphere are listed below:

-5 -3o I1.73 x glcm

Rv = 4.615 x 106 ergs/g *K

T = 293'K

m2e
D = 0.257 cm /sec

-5K = 4.132 x 10 cal/cm sec PK (in water vaopr)

L 586.0 cal/g

= 0.045

Both droplet density and surface tension are allowed to vary with con-
centration.

On the basis of the numerical quantities listed above, it is possible
to redu-c the algebraic complexities in numerical computation by
making some approximations. The-curvature correction term due to
heating, 2o'/rPdRvT, in the exponenl is at least four orders of mag-
nitude lower than the first term in the exponent, L/RvT, aad can, there-
fore, be dropped. The heating term, ý, in (I - •), is of the order
of 10-3 during the early stage of growth under moderate supersatura-
tion, but will decrease to 10-5, as claimed by Neiburger and Chien [9]
and by Silverman and Kunkel [13], only when a solution droplet be-
comes sufficiently large and, hence, rather dilute. Since we are
interested in the detailed life history of droplet growth, it would
not be reasonable to discard a term which is only three orders of
magnitude lower than unity.

In contrast, the (I - C/2) factor in the condensation term may be
approximated by unity in view of the smaller magnitudes of The other
factors, when compared with natural supersaturations. However, it
may be noted that the smaller the condensation coefficient is, the
more significant the condensation term becomes. With the approxima-
tions discussed above, (15) is rewritten as:

r~r aE. L[ Pd - (21t) 1/2dr
dt -pd 0 sp0 RT dT

- (I - ) Srexp(L '/RvT)] (16)

8



which can be further manipulated to yield

ES- (I - )S exp + -- (17)

dt Pd Rr R vT

To facilitate numerical computation of the growth rates, it is neces-
sary to transform (17) into a form amenable to iteration. Upon re-placing • with Lr~d/KT(dr/dt) and letting

4

Pd +D• ,v
A = --- 7(r + )

Dp0 v

B rPdS L/KT

2 2
C = KRT /rp dJL

u = dr/dt,

a deceptively simple expression.follows

S - Au
u = C In(S Bu) (18)

With the values of S and r as given in Part I [I] and an assumed
value of SO,, successive approximation can be applied to (18) to
obtaip u at each discrete r, from which the growth times are computed
for the intermediate values between the sitccessive r's, the initial
r being that of a saturated droplet for a given nucleus mass. Except
for the initial growth time which is calculated at the initial growth
rate for a half interval, the subsequent values are for full intervals.
At the initial size, the growth time is taken to be zero; this im-
plies that it takes negligible time for a dry particle to become a
saturated droplet.

ILLUSTRATIONS AND COMPARISONS

Having developed a more rigorous expression for the growth rate of
a liquid solution droplet, it seems apropos to present a few examples

Sto illustrate --he use ef the equation and to compare the data so gen-
erated. Two figures are presented for the illustrative purposes.

9



Figure I is a study of lithium chloride (LiCI) at 1% supersaturation
and 20C. LiCI is illustrated in four dIfferent nucleus masses of
10-7, 10-9, 10-Il, and I0-13 grams whose crystal qizes in microns are
shown as blck dots along the radius axis. A graph suc,' as this is
valuable to weather modification as It enables a field cloud physicist
to select, in a given time frame, what optimum size of nucleus to use
under a giver humidity and updraft condition. It is quite obvious
that larger nuclei enjoy the advantage of being able to grow into
larjer droplets in a relatively shorter time. However, when residence
time is not a factor, all growth curves eventually join together one
after the other.

In Figure 2, the growth times of four different nuclei of the same
mass at 1% supersaturation and 2CC are given. Their dry particles
"ýure about the same size, but at 0.1 second in a supersaturated environ-
ment their different hygroscopicities have already set them apart.
Again,-when residence time is not a factor, all nuclei, irrespective
of their initial sizes and hygroscopicities, grbw to the same size.
With the aid of a graph such as this, it is possible to determine
the proper condensation nucleus to use.

The next six figures are offered for comparative purposes. Figures
3 and 4 are comparisons with the previously published theoretical
values, and Figures 5 through 8 with empirical values. As-may be ex-
pected, the new growth rate equation will give a lower rate of growth
and, hence, a longer time:, than the other versions.

As noted earlier, (15) can be made identical to Neiburger and Chien's
[9] version. Figure 3 shows such a comparison in terms of growth
rates at 1% supersaturation and 5C. A NaGI particle of 2.656 x I0-2
gram in mass or I micron in radius is used for thi3 purpose. It is
seen that the new equation predicts a lower rate, about 52%, during
the early stage of growth and less than 1% when the droplet reaches
100 microns. Again, the same statement also applies to a lesser
extent to Figure 4, wh~ch is a comparison with Jiusto's [22] values
in terms of growth times at 0.1% and 1.0% supersaturations and 20C.
The NaCI nucleus used has a mass of 10-11 gram. Although the curves
in Figure 4 do not depart from one another appreciably, about 11% on
the average, it should be noted that such a comparison is by no
means fair since the accumulative e'-fect of successive summations has
completely masked their differences ip, the beginning of grow-h.
Equation (15) approaches Fletcher's [I0•1 which Jiusto [22] utilized
for his computations, as the droplel grows larger. In infinite dilu-
tion, it becomes Mason's [7] or Byers' [14].

In using empirical data, we have to be satisfied with a c~mp-rison
of the growth time despite its drawba:k. Moreover, since +1- e data

I0
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are presented in graphical form, there is the added difficulty of
extracting pertinent values from small graphs. Nonethele.,•, compar-
isons are made with three of Dennis' [23] six figures which illustrate
the growth tfmcs of submillimeter drops of sodium chloriue, ammonium
nitrate, and calcium chloride ai various subsaturations a!.d with one
of Ye's [24], which deals with ioaium chloride, as the others are *too
small to be reproducible.

With the exception of NaCI, th- new Pquation predicts a higher than
actual rate of growth, as is r,;.-dily seen in these figures. To test
whether theory generally overe-'imates other electrolytic nuclei,
Table I is presented, which sht.7s a comparison between droplet sizes
at a fixed length of time (Col:.n 9) and a comparison between equili-
brium droplet sizes regardless .f the length of time (Column II) under
the same subsaturations and ter:,eratures, as specified by Ye [24].
Although the percentage d~ffere,,ces are somewhat disconcerting at
first glance, it should be borqe in mind that the inherent difficulty
in performing this type of experiment, especially in the micron-sized
range, is quite formidable. hcwever, some comfort may be drawn from
the simple analysis that theor, either overestimates or underestimates
half of the time. Near sa+ur&tfon, experiments appear to confirm
theory. If we can assume that their data are reasonably consistent,
a question may be raised as to why theory, if defective, does not con-
sistently overestimate or consistently underestimate. The answer ap-
pears to lie in the use of the appropriate condensation coefficients
for different electrolytic nuclei, a problem yet unexplored in chem-
ical physics.

CC',CLUDING REMARKS

A new expression for the growth rate of a single isolated solution
droplet in a stationary medium of humid air has been presented, which
takes into account the hygrosc-picity of a condensation nucleus in
terms of a single parameter it. ccnsonance with the modern practice of
physical chemistry and which includes an explicit term to reflect
the inefficiency of the condersation process. The expression is then
programmed to compute the growtti times of 19 important condensation
nuclei in seven different sizes under six assumed supersaturations.

The basic properties of the 19 electrolytic nuclei, as depicted in
Parts I and II of this report, qill fill a need for the investigators
of applied cloud physics, not only as a handy reference to the
nuclei considered, but also, for those who desire to use it, as an
illustration of a meaningful method for studying other prospective
seedirg materials.
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