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Preface

Crystallizations (and more generally, gems) have been around for almost two decades.
Personally I rediscovered them in 1979. Since this time I have been playing with
these objects. Gems (Graph encoded manifolds) encode closed manifolds by means
of colored graphs. The prototype for realizing this encoding arises by taking the dual
of the barycentric subdivision of a cell complex whose underlying topological space
is a closed n-manifold. The 1-skeleton of such an object is an (n + 1)-regular graph
whose edges can be properly colored with n + 1 colors.

The construction is simple, but by itself has a serious drawback. The size of
the gems become unecessarily big. This may cause concern among combinatorial
and geometric topologists. Why care about objects that seem to carry an intrinsic
redundancy? Why care about objects which are difficult to manipulate and hard to
remember?

In this book, I try to show that 3-gems are worthwhile objects. In the first
place, gems are very easy to manipulate with a computer because they are purely
combinatorial and not topological objects. However, they do encode the relevant
topology. From the data structure viewpoint they are (basically) graphs, one of the
simplest of such structures. The isomorphism problem between gems can be efficiently
solved (see Section 2.6) and, thus, computers "remember" them very well. By far the
most important of their properties is that they have a rich internal simplification
theory and a companion horizontal set of moves (which do not change the size of
the gem) providing a combinatorial dynamics that makes them ideal for the explicit
recognition of 3-manifolds.

In this respect they have been accomplishing what no other theory of 3-manifolds
has been able to do: a successful computational classification theory. Indeed, the
homeomorphism problem for orientable 3-manifolds induced by 3-gems up to 30 ver-
tices has been solved. The techniques employed seem to work further and suggest a
possible necessary and sufficient condition for two closed 3-manifolds to be homeo-
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vi Preface

morphic : if any two 3-gems inducing them are linked by a u;-move . There is a finite
number of such moves and one can try them all. See Section 0.5.

The 3-gems also behaves as bridges among other combinatorial presentations of
3-manifolds: Heegaard diagrams, facial identifications schemes, surgery descriptions,
etc. These presentations can be comfortably transformed into a 3-gem whose rich
combinatorial dynamics has so far provided us via computer (the TS°-algorithm of
Chapter 4) with one of the smallest possible 3-gems inducing the same 3-manifold.
The 3-manifold is recognized at once, if it is in the realm of our tables or if it comes
from a known topological construction.

The attractor for M3 is defined as the set of all minimum 3-gems inducing M3.
My main discovery along these years is that the attractors seem to have the following
nice computational properties : (i) if a 3-gem is not in an attractor , it can be sim-
plified to one inducing the same 3-manifold ; (ii) if two 3-gems are in an attractor,
they are linked by moves which can be effectively found. Unfortunately, up to now,
these properties seem difficult to prove in general. However, evidence from the data
gathered so far has motivated me to state (i) and (ii) as the Strong Conjecture on
3-Gems (Section 0.5).

Many well-known 3-manifolds have an attractor formed only by a single 3-gem.
In this case the 3-gem is named the superattractor for the 3-manifold. In Section 6.7
I conjecture that each "plane manifold " arising from a 3-connected plane graph has a
superattractor (Conjecture 7). The set of such manifolds constitutes an infinite and
highly structured class of closed oriented 3-manifolds: the 2-fold branched coverings
over S3 whose branch set is an alternating link. Another infinite family of manifolds
whose members seem to have superattractors is the one formed by the Cartesian
products of a circle by an orientable surface of genus n (Fig. 46, Conjecture 3).

Being grounded in such a small number of postulates and having such an easily
implementable flavor the theory that is presented in this book suits well for further
computer explorations. I do believe that it has something new to say most of which
was not yet found. I also hope that it sparks the interest of some young topologists
or combinatorialists who are computer oriented. They can quickly learn this material
and be enchanted, as I was, by the mistery of why 3-manifolds are so complicated.
This book puts a definite order in the simplest orientable closed 3-manifolds (from
the point of view of 3-gems ): it classifies them! However , a general solution seems
out of reach by this simple minded approach. Nevertheless, the good behavior of the
big (and complete) chunk of data that have been dealt with cannot be disregarded.
Maybe , in an effort of extending the computations to disprove the Strong Conjecture
some of those young people may find theoretical ways to deal with the general Weak
Conjecture on 3-Gems (stated in Section 0.5).

Acknowledgements : It gives me great pleasure to acknowledge the following people
who helped me on various aspects related to the research and the production of this
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book . They appear , approximately, in chronological order of interaction.
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Chapter 0

Introduction

This chapter discusses the motivations and provides an overview of the central issues
treated in the book.

An (n+1)-graph is an edge-colored finite graph, regular of degree n+1, such that
the edges incident to each vertex receive distinct colors and where the total number
of colors painting the edges is also n + 1. The colors are named 0, 1, ... , n and are
depicted by the corresponding number of marks in the figures.

The (n + 1)-graphs are our basic data structure. In spite of their simplicity, they
permit the construction and convenient manipulation of PL n-manifolds. We restrict
our focus to dimensions n = 2 and n = 3.

D
(i) (iii) (iv)

Fig. 1: Examples of (2 + 1)-graphs

The (2+1)-graphs are also named 2-dimensional graph-encoded manifolds or 2-gems.
We shall see how these objects encode closed compact surfaces (Section 1.1) and how
they enable a topological classification of them (Section 3.1).

1
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(i)

0. Introduction

(iii)

Fig. 2: Examples of (3 + 1)-graphs

A subclass of the (3 + 1)-graphs encoding closed compact 3-manifolds named
3-gems (defined in the next section) is our central object of study. All the above
examples of (3 + 1)-graphs are 3-gems and they induce , respectively, S3, S3, RP3 and
Si X S2.

0.1 Motivations and Objectives

In this book we provide a combinatorial approach to the theory of 3-manifolds, focused
on solving the homeomorphism problem for the manifolds formed by pasting a small
number of "colored" tetrahedra. The choice of using only combinatorial techniques
may seem an anacronism : 3-manifolds are too complicated to be dealt by these simple-
minded techniques . However , now there is a factor that justifies such point of view:
namely, the widespread use of computers.

We treat each homeomorphic class of 3 -manifold as an equivalence class of edge-
colored graphs named 3-gems. An n-residue (0 < n < 3) in a (3 + 1)-graph G is a
connected component of a subgraph of G induced by all the edges of n chosen colors.
Thus the 2-residues are bicolored polygons in G, also called bigons . A 3-residue which
does not use color k is also called a k-residue . A 3-gem is a (3 + 1)-graph G in which
v + t = b, where v is the number of vertices , b is the number of 2-residues and t is
the number of 3-residues , all relative to G. It follows easily from the Triangulation
Theorem for 3-manifolds of Moise [Moi52] that every closed compact 3-manifold can
be induced by a 3-gem . See Theorem 2.

The equivalence classes (which are the combinatorial counterpart of homeo-
morphism among 3-manifolds) are generated by two simple moves due to Ferri and
Gagliardi [FG82]:
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LL

r- -- I

L_ _J

Fig. 3: 1-Dipole and 2-Dipole Moves

We suppose , in the first picture , that the two vertices are in distinct 0-residues and in
the third one that they are in distinct 12-gons. Under this hypothesis , the configura-
tions are called an 1-dipole involving color 0 and a 2-dipole involving colors 0 and 3,
respectively. There are , of course, four types of 1-dipoles and six types of 2-dipoles.
The involved colors are the colors of the i edges linking the two vertices which form
an i-dipole.

After the Ferri-Gagliardi Theorem , the problem of deciding whether two given
3-manifolds are homeomorphic becomes the one of deciding whether two 3-gems in-
ducing them are linked (i.e. transformable one into the other ) by a finite number of
cancellations and creations of 1- and 2-dipoles . Of course this is, still, an exceedingly
difficult problem, which is not satisfactorily solved even if one of the manifolds is the
3-sphere.

The central points of this book are to develop the theory of 3-gems from scratch,
to show that it has enough internal structure to provide a topologically complete
catalogue of the simplest 3-manifolds and to accomplish the corresponding topological
classification.

In dual form 3-gems are just colored triangulations , i.e., the 3-manifold is dis-
sected into a collection of tetrahedra whose vertices are painted with four colors such
that each tetrahedron has four differently colored vertices. Indeed, given a 3-gem G
with n vertices , to form the corresponding 3-manifold start with n disjoint tetrahedra
in 1-1 correspondence with the vertices of G. The four vertices of each tetrahedron
are labelled with colors 0 , 1, 2, 3. If vertices v and w of G are linked by an edge of
color i, identify the boundaries of the tetrahedra corresponding to v and to along the
face that misses color i such as to match the other three colors . If G is a 3-gem,
the resulting quotient space is a 3-manifold. This is what we name dual construction.
There is a primal construction yielding the same manifold . We treat this construction
in Chapter 1.

Orientable 3-manifolds induced by 3-gems up to 28 vertices are generated, dis-
played and classified in this book . Except for computing time and memory require-
ment , the methods developed could go on. Recently, in a joint work with C. Durand
and S . Sidki , we have extended the classification of the 3-gems with 30 vertices. A
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general question arises : do the techniques employed break down at some level? If
they never break, this would imply a general algorithm to classify closed compact 3-
manifolds.

The classification was achieved by the computational possibility of identifying
the attractor for each of the 3-manifolds involved. We define the attractor of M3
as the set of all 3 -gems inducing M3 and having the minimum number of vertices.
Clearly, the attractor exists and is unique, being formed by a finite number of 3-gems.

One nice structural property of the attractors which was observed for the man-

ifolds that we have studied so far is the following : given two 3-gems in one of these
attractors they are linked by a few types of moves which do not increase the number

of vertices . This implies that the whole set of 3-gems in the attractor can be obtained
from one of its members . The fact that the size of the objects (in the case the number
of vertices) do not increase is in contrast with the unlimited need of refinements in
combinatorial topology. These refinements increase the size of the objects in an ex-
plosive way. This is unimportant for classical combinatorial topology. However, not
increasing these sizes is our main issue in 3-gem theory because we aim at a monotone
simplification theory.

0.2 Attractor at Work: the Case of Poincare's
Homology Sphere S'/(5,3,2)

The reason for the terminology attractor for M3 is the empirical fact that this set
is the output of a combinatorial simplifying dynamics that starts with any 3-gem
inducing M3. This was observed for all the manifolds induced by 3-gems in the realm
of our catalogue and for many others. Often the attractor is formed by a unique
3-gem , which in this case is called the superattractor for the associated 3-manifold.
Poincare's original homology sphere, the spherical dodecahedral space, S3/(5, 3, 2),
has a superattractor . This notation is used because this space is the quotient of the
tridimensional sphere S3 (seen as the topological group of unit quaternions) by the
the binary dodecahedral group (5, 3, 2) = (a , b, c I a5 = b3 = c2 = abc). S3 admits
an action based on a subgroup isomorphic to (5,3 , 2). This group is the fundamental
group of the space and has 120 elements . It is the only finite perfect group known.
A group is perfect if it is generated by its commutators. Hence the 3-manifold has
the same homology as S3 and is called a homology sphere . It was the first homology
sphere to be discovered.

All sort of interesting manifestations of S3/(5, 3, 2) are easily transformed into a
3-gem inducing the same 3-manifold. By feeding these 3-gems to the simplification
algorithm (named TS, -algorithm), it invariably converges to this superattractor. It
follows a list of examples of the phenomenon . The first description is given by the

r
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quotient of a solid dodecahedron by pasting pairs of opposite faces as indicated below
by small lines with a distinguished end (a small black circle).

Fig. 4: Description of S3/(5, 3, 2) as a facial identification scheme

The opposite faces are identified so as to match these lines and their corresponding
black-circle ends. From this scheme it is possible to obtain, in a natural way, a 3-gem
with 120 vertices also inducing S3/(5,3,2). See Section 1.3 for a general construction
of this type.

Fig. 5: S/(5,3,2) given by a framed link and by a charged string

Surgery instructions over a framed link (link with a rational coefficient attached
to each of its components - see [Rol76]) in S3 is one of the most elegant and useful
ways to describe a 3-manifold. The description on the left is taken from page 310 of
[Ro176] and it induces S3/(5,3,2). From it we get in a straightforward way a 3-gem
with 336 vertices inducing the same space which is absorbed by the superattractor.
See Section 2.9 for the general construction of 3-gem from a framed link.

The description on the right is named a (charged) string presentation. It is a
coded form of some K4-symmetric 3-gems, named a-gems, which we discuss in Section
2.5. The above charged string is in fact a 3-gem with 32 vertices absorbed by the
superattractor for S/(5,3,2).
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Fig. 6: Genus 2 Heegaard diagram inducing S3/(5, 3, 2)

Above we show a Heegaard diagram inducing S3/(5, 3, 2) that was taken from page 19
of [Hem76]. A 3-gem with 40 vertices H also inducing S3/(5, 3, 2) is easily obtained
from this diagram (see the next section). H is absorbed by the superattractor for
S3/(5, 3, 2).

r44o79 -

Fig. 7: The smallest a-gem inducing S3/(5,3,2)

This 3-gem is the 40791h rigid 3-gem (see Section 0.4) with 28 vertices in the catalogue
at the Appendix A. In general, the i - th rigid 3-gem with n vertices is denoted r; .
See Tables 4A - 4F in Section 5.1. We note that for the 3-gems presented, as above,
with labels in the vertices and without edges of color 0, these are implicitly given by
a pair of labels of type xX.
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Fig. 8: A a-gem with 30 vertices in the family S(b, 1, t, c)

This 30-vertex 3-gem also induces S3/(5,3,2) since it is absorbed by r24. See
Section 2.2, where we introduce the family S(b, 1, t, c).

S(3, 5, 4,1)

rum

Fig. 9 : Another a-gem with 30 vertices in the family S(b, 1, t, c)

Once more, the above 3-gem induces S3/(5, 3, 2): it gets absorbed by r224.

Fig. 10: Blackboard framed link and blinks inducing S31(5, 3, 2)



8 0. Introduction

The left picture is a description of S3/(5,3,2) as surgery instructions over a
blackboard framed link in S3 (and associated blink). This description is the simplest
possible. There is an associated 3-gem with 60 vertices that gets attracted by the
superattractor. See the next section to get a 3-gem from a blackboard framed link.
A blink is a plane graph with a bipartite coloration of its edges. These objects are in
1-1 correspondence with blackboard framed links - see Section 2.9. From the second
blink we get an associated 3-gem with 84 vertices that gets attracted by r24.

cab f deighl j k
ikdcbgfjlhea
jhgliakbe f cd

Fig. 11: Superattractor and respective code for $3/(5,3,2)

This 24-vertex 3-gem r24 absorbs, under the simplification TS,-algorithm given
in Chapter 4, all the manifestations of S3/(5,3,2) that have been tested.

We finish this section by emphasizing that there is nothing special about the 3-
manifold S3/(5,3,2). Indeed, to illustrate the point of this section, it could have been
replaced by any one of the 100 orientable 3-manifolds which are induced by 3-gems
up to 28 vertices. That is, the attractors for all these 3-manifolds really attract them!
This is a useful empirical phenomenon which deserves and awaits an appropriate
theoretical explanation.

0.3 Translating from Other Presentations into 3-

Gems

We discuss the way to get a 3-gem from a facial identification scheme in Section 1.3
and to get the 3-gem associated with a string presentation in Section 2.5. Here we
briefly discuss how to get a 3-gem from a Heegaard diagram and from a blackboard
framed link. These discussions are resumed in more detailed form latter on. See
Sections 2.7 and 2.9.

We examplify one way to get a 3-gem from Heegaard diagram (in a canonically
embedded genus n handlebody) using the example on Fig. 6. Start by drawing the

T
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(n + 1) canonical meridian curves:

Fig. 12: First step in obtaining a 3-gem from a Heegaard diagram

Note that cutting along these meridian disks one splits the handlebody into an upper
and a lower balls having (n + 1) disks in common. Draw, in the surface, a parallel
to each of the original curves. After that, each meridian curve meets the original
curves in an even number of crossings. Color alternately with 1 and 2 the segments
of the meridian curves between crossings in such a way that a 1-colored segment links
two parallel curves. Color with 3 the segments of the original curves in the upper
part of the handlebody and with 0 the ones in the lower part. The (3 + 1)-graph
whose vertices are the crossings and whose edges are the colored segments is a 3-
gem inducing the same manifold as the Heegaard diagram. In the above example,
before the doubling of the curves there are 6 + 7 + 7 = 20 crossings. Thus the 3-gem
formed has 40 vertices. See Section 2.7 for more details on this and an alternative
construction in the complementary handlebody. This construction is more natural but
it only applies to handlebodies embedded in S3 such that its complement is also a
handlebody.

Now we provide a general recipe to go from a blackboard framed link with n
crossings to a 3-gem with 12n vertices inducing the same 3-manifold. Each crossing
is replaced by a fixed partial 3-gem, as shown below. To get the corresponding
replacement for the other crossing rotate the crossing and the partial 3-gem of 90
degrees or, alternatively, reflect the whole picture in a vertical (or horizontal) mirror,
keeping the colors of the partial 3-gem.
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---4

Fig. 13: From blackboard framed link to 3-gem

This is an essential construction because it provides an immediate bridge between
blackboard framed links and 3-gems. The construction embodied by the above figure
has been implemented and is crucial for the recognition of manifolds from blinks given
in Section 7.2.

0.4 The Elements of the Simplifying Dynamics

We give a brief presentation of all the operations that we employ to achieve the
simplifying dynamics . These operations are discussed with details in Section 4.1.

0.4.1 1-Dipole Cancellation, p-Pair Switching and p-Move

Beyond looking for 1-dipoles in order to cancel them , our simplifying dynamics look
for p-pairs . A p-pair in a (3 + 1)-graph is a pair of equaly colored edges that appear
together in exactly 2 or 3 bigons . The switching of a p-pair is the passage from a
gem G to a (3 + 1)-graph G' obtained by replacing {a,, a2} by new edges {al, 4}
having the same ends and preserving the (o, •)-bipartition (this coloring can be locally
defined even if G is not bipartite - see Subsection 2.3.2):

41

I

Fig. 14: Switching a p-pair
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A p-pair which is in i bigons , (i = 2, 3), is called a pt pair . The result of switch-
ing a p-pair {a , b} in a gem G is another 3-gem, denoted Gab . The switching of a
p-pair causes the appearance of 1-dipoles and so, smaller 3-gems inducing the same
manifolds (up to connected sums with S' x S2 , in the case of p3-pairs - see Propo-
sition 20). Thus we may suppose 3 -gems with dipoles or with p-pairs as irrelevant
and concentrate in 3-gems without them . These are named rigid 3-gems . A p-move
is either the cancellation of a 1 -dipole or else the switching of a p-pair (which creates
1-dipoles) followed by the cancellation of a 1 -dipole.

0.4.2 The TS-Configurations and the TS-Moves

If a 3-gem is rigid our simplifying dynamics starts looking for the availability of TS-
moves . These moves are based on the configurations below:

quasi-cluster

Fig. 15: The TS-configurations

The first three TS-moves, TS1, TS2 and TS3 , are available when the first
configuration of three squares occurs. The configuration is named a quasi-cube.

Fig. 16A: Definition of TS1-move up to edge-color permutation



12 0. Introduction

H

Fig. 16B: Definition of TS2-move up to edge-color permutation

Fig. 16C: Definition of TS3-move up to edge-color permutation

The fourth TS-move, TS4, is available whenever three squares meet as in Fig.
15b. The configuration is called a quasi-cluster and the corresponding move is defined
below:

Fig. 16D : Definition of TS4-move up to edge-color permutation

The fifth TS-move, TS5, is available whenever three squares meet as in Fig. 15c.
The configuration is named a ladder and the corresponding move is defined below:

T
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Fig. 16E: Definition of TS5-move up to edge-color permutation

The sixth TS-move , TS6, is available whenever three squares meet as in Fig. 15d.
The configuration is called a 3-page and the corresponding move is defined below:

Fig. 16F : Definition of TS6-move up to edge-color permutation

Starting with a (rigid) 3-gem G we form a finite graph denoted FTS. The vertices
of this graph are in 1-1 correspondence with the 3-gems that are obtained from G by
a finite number of TS-moves. An edge in this graph corresponds to a single TS-move.
All the vertices of r ' are 3-gems with the same number of vertices inducing the same
3-manifold: the one induced by G. If there is a vertex H in r^s which is not a rigid
3-gem, a smaller 3-gem inducing the same manifold is easily produced from H. See
Subsections 2.3.2 and 3.2.5.

0.4.3 The U-Move

The last element in our simplifying dynamics is a move, named U-move , which in-
creases the number of vertices (!). Whenever two bigons of complementary colors meet
in a single vertex v, a U-move can be applied. The vertex v is called a monopole.
Below we present how a U-move looks in the 0-residue. Vertex v is the single meeting
of a 01-gon of 6 edges and a 23-gon of 6 edges. The 0-colored edges are presented in
a dashed form:
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1 I I I I
I

I I I ^ I I

I I I I I I I
I I Ill

I I

I I I I

Fig. 17: An example of a U-move at a single meeting v of two hexagonal bigons

The U-move is the counterpart in 3-gem theory of the Reidemeister-Singer stabi-
lization move in the theory of Heegaard decompositions (Section 2.7). It corresponds
to the cancellation of a pair of complementary handles.

The force of this move is that it induces many TS-configurations which in turn
may provide various simplifications. In conjunction with the p-moves and the TS-
moves, the U-moves achieve the complete topological classification of 3-gems up to 30
vertices. In particular, we have concretely obtained all the attractors for the orientable
3-manifolds induced by 3-gems up to 30 vertices. In this book we provide in Section
5.1 and in the Appendix of Section 8.1 a complete catalogue of all rigid bipartite
3-gems up to 28 vertices . From this catalogue and the classification performed in
Chapter 5 one can explicitly display all the attractors up to this level.

0.5 Main Theorem and Main Conjectures

The U-moves form a nice computational counterpart of the TS and p-moves. As we
show in Chapter 5, the uncertainties remaining with the TS. -algorithm were resolved
when we put a single U-move into scene.

A u°-move on a 3-gem is either a p-move or a TS-move, whereas a u°,-move is
the identity or a finite sequence of u°-moves. A ul-move is a move of type Uu° which
may decrease but does not increase the number of vertices. A u.1-move on a 3-gem is a
finite sequence of u1- and u°-moves. In general , let a u"-move be a move of the type
Uu;'1, which may decrease but does not increase the number of vertices. Let finally
a u. -move be a finite sequence of um's moves with m < n.
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A 3-gem is u"-essential if it cannot reach another with less vertices by u"-moves.
Otherwise the 3-gem is called u"-reducible. A u"-class is a maximal set of 3-gems
such that given any ordered pair in the set the second 3-gem is obtained from the
first by a u;-move . Note that all the 3-gems in a u"-class have the same number of
vertices and induce the same 3 -manifold.

An u"-class is essential if each of its members is u"-essential. In general, for a
given n , the attractor of a 3 -manifold is the union of some essential u"-classes.

The u" -classification of the set of all u"-essential 3-gems of a given number of
vertices is the process of partitioning the set into u"-classes . Theorem 12 and other
issues contained in this book provide a definite finite procedure to achieve the u"-
classification for a given n . See Subsection 4.1.9 where we describe the U"-algorithm.
The graphs generated by this algorithm perform , in particular , the u"-classification.

We conclude this section by stating the Main Theorem which this book proves
and with two Main Conjectures suggested by the Main Theorem . A horizontal move
on 3-gems is one that maintains the induced 3-manifold and does not change the
number of vertices.

Theorem 1 Two bipartite 8-gems with at most 28 vertices induce the same orientable
3-manifold if and only if they are linked by a u;-move . In particular any two 3-gems
belonging to an attractor for a 3-manifold induced by a ?-gem up to 28 vertices are
linked by a horizontal u;-move.

This Theorem can be rephrased simply as : For orientable 3-manifolds induced
by 3-gems up to 28 vertices the attractor is formed by a single essential u'-class. The
Theorem has been extended to all the bipartite 3-gems up to 30 vertices.

Conjecture 1 (Weak Conjecture on 3-Gems ) There exists a computable func-
tion f : BV x BV -* IN (which might be constant - maybe always 1) so that two
3-gems having m and n vertices respectively induce the same 3-manifold if and only
if they are linked by a u;-move where k=f(m,n).

We remark that the number of relevant u;-moves is finite . Therefore, if true, the
Conjecture implies a finite algorithm to decide homeomorphism among 3-manifolds.

The most optimistic result that is suggested by the theory and data gathered so
far would rephrase the above conjecture into a stronger form:

Conjecture 2 (Strong Conjecture on 3-Gems ) (i) A 3-gem which is not in the
attractor of its induced 3-manifold is ul-reducible . (ii) The attractor of any 3-manifold
is formed by a single essential u1-class.



Chapter 1

Graph-Encoded Manifolds

In this chapter we provide the basic constructions to get surfaces and 3 -manifolds from

2- and 3-gems . We establish a general construction to go from a facial identification
scheme on the boundary of a solid 3-ball to a 3-gem inducing the same 3 -manifold.
Since every 3-manifold is formed as such a scheme , we use this construction to show
that every closed compact 3-manifold admits a 3-gem inducing it. This is adequate

computationally. However a much simpler proof of the universality of the 3-gem
model is possible and is given at the end of the chapter.

1.1 Surfaces from (2 + 1)-Graphs

There is a natural construction which associates to each (2 + 1)-graph a compact

closed surface . The surfaces corresponding to the (2 + 1)-graphs given in Fig. 1

are, respectively : S2, S2, RP2 and S' x S' (or 2-torus). Here is the construction:

start with the (2 + 1 )-graph and a disjoint collection of 2-disks in 1-1 correspondence
with the components of the (2 + 1)-graph induced by 2 colors. Attach each 2-disk
in the collection to its corresponding component induced by 2 colors. Indeed, each
such component , named a bigon (for bicolored polygon) is (topologically) an S' and
can become the boundary of the corresponding disk. Unless where the distinction
is important , we let the term "bigon" mean either the polygon (an S') or the disk

which it bounds . Note that an edge of color 0, for instance , appears in the boundary

of two disks : one bounded by bigon in colors 0 and 1 (01-gon ) and another bounded

by a 02-gon. Thus, each edge e has two ocurrences and we paste the two bigons
containing e along e. Here are these constructions for the surfaces associated to the
(2 + 1)-graphs of Fig. 1:

16



1.1. Surfaces from (2 + 1) -Graphs

52

e f g h

RP2

Fig. 18: The surfaces induced by the 2-gems of Fig 1

17

From (2+1)-graph, we can get at once the Euler characteristic of its surface and
whether the surface is orientable or not. This means that we can topologically decide
which is the surface (without constructing it explicitly).

Proposition 1 The Euler characteristic of the surface S associated with a (2 + 1)-
graph G with v vertices and b bigons is X = b - v/2. Moreover, this surface is
orientable if and only if G has no odd polygon (it is a bipartite graph).

Proof: In general X = v + f - e is the Euler characteristic of a colored surface S
where v, e are the numbers of vertices and edges of a graph G embedded into S so
that S\G is a collection of f open disks named faces. Here, f = b, e = 3v/2 and
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any component of S - G is an open disk. (In fact , the closure of such component is
always a closed disk in our context .) Thus, X = b - v/2.

Assume that the surface S is orientable. Consider disjoint disks in the plane
bounded by the bigons of G, as for example:

Fig. 19: Bipartiteness and global orientation

By the orientability of S we can globally choose orientations for these embeddings
so that given any oriented edge e of G we can slide one disk containing one ocurrence
of e so as to glue with the other ocurrence of e without the need of turning over one
of the disks. Note that after identification,

o --p clockwise

1-0%1 11^ • --+ counterclockwise

Fig. 20 : Bipartition of vertices from an orientable surface

edge e has an end in which the cyclic sequence of colors of edges around it is 0-1-2
clockwise and an end which is 0-1-2 anticlockwise. Thus the vertices of G are of two
types clockwise and anticlockwise and every edge has ends of distinct type. Thus G
is bipartite.

Conversely assume that G is bipartite. Orient the edges consistently from one
class of the bipartition to the other (from black to white).
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Fig. 21: Orientable embedding from the bipartition

Embed the 01-gons so that the oriented 0-colored edges (0-darts) point clockwise;
embed the 12-gons so that the 1-darts point clockwise; finally, embed the 20-gons
so that the 2-darts point clockwise. In this way each edge has its two occurrences
pointing in distinct clock directions, proving that S is orientable. n

Remark 1 A good understanding for the orientable issue above is obtained if one
tries to follow the proof with the (2 + 1) -graph of Fig. 1(iii), which is non-bipartite.

Recall that we have defined a 2-gem for 2-dimensional graph encoded manifold
simply as a (2 + 1)-graph : there are no further restrictions since each of such graphs
induces a 2-manifold.

1.2 3-Manifolds from 3-Gems

We want to move one dimension up in the ideas leading from (2 + 1)-graphs to closed
surfaces. Unfortunately, not all (3 + 1)-graphs will induce 3-manifolds. We need to
restrict the class of (3 + 1)-graphs.

Recall that a k-residue (0 < k < n + 1 ) in an (n + 1)-graph is a connected
component of a subgraph induced by k colors. In the tridimensional case the difficulty
which we get is that whereas the 2-residues (the bigons ) are always topologically 1-
dimensional spheres and can bound 2-disks , the 3-residues induce surfaces which are
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not always 2-spheres. For the generalization we need each 3-residue of a (3 + 1)-graph
to induce the only surface capable of bounding a 3-ball: namely, the 2-sphere.

We define a 3-gem (for 3-dimensional graph encoded manifold) to be a (3 + 1)-
graph in which each one of its 3-residues induces an S2. With this restriction, the
ideas generalize for getting a 3-manifold from a (3+1)-graph. Indeed, we attach a
3-ball for each 3-residue and there is a topologically unique way to do the pasting of
these 3-balls, named triballs, so as to form a 3-manifold: there are two ocurrences
of each bigon. For example, one 12-gon appears once in the boundary of a triball
induced by a 3-residue involving colors 0,1,2 and once in the boundary of a triball
induced by a 3-residue involving colors 1,2,3. These two occurrences of the same bigon
bound disks in distinct triballs and must be identified. If we put auxiliary labels we
know exactly how:

Fig. 22: Primal construction of a 3-manifold from a 3-gem

By effecting all the identifications above we produce a compact closed 3-manifold.
In the case above, the real projective space RP3, as we shall show. In general, after
the pairwise identifications of the faces in the triballs of a 3-gem G, we get a quotient
space IGI = M3 which is a closed 3-manifold, since it has no singularities: each point
has a neighborhood homeomorphic to a 3-ball. This is obvious if the point is in the
interior of a triball. A point in the interior of a bigon (here bigon means the disk)
has a ball neighborhood in M3 formed by two half 3-balls, each contained in one of
the 2 triballs sharing the bigon. A point in the interior of an edge e of G has a ball
neighborhood in M3 formed by 3 third balls. Each one of such third balls is contained
in one of the 3 triballs sharing e. Finally, a point which is also a vertex of G is in M3



1.3. Constructing 3-Gems from Facial Identifications 21

is the center of a small tetrahedron formed by four tetrahedra. Each one of these is
contained in only one of the four triballs which share the vertex.

inside a triball inside a bigon inside an edge

Fig. 23: Types of points a 3-gem induces in the associated 3-manifold

Note that these 4 types of points constitute a partition of the 3-manifold iQJ.

Whereas in the bidimensional case it is fairly easy to recognize which 2-manifold
a 2-gem induces , in the tridimensional case this is difficult. A surprise of using 3-gems
is that the attractors could be effectively computed (for 3-manifolds induced by up to
30 vertices). After the attractor has been computed , we have been able to effectively
recognize the induced 3-manifolds by applying our simplification dynamics to 3-gems
arising directly from classical topological descriptions.

1.3 Constructing 3-Gems from Facial Identifica-

tions

There are a profusion of ways to describe a 3-manifold. Some of these directly trans-
late into 3-gems. Here we study a general construction. Let G be a graph embedded
into the boundary S2 of a 3-ball B3 so that S2\G is a collection of open disks each
named a face of the cellular embedding (G, S2). Any 3-manifold M3 arises from B3 by
the pairwise identification of the faces of an appropriate cellular embedding (G, S2):
see the second proof of Theorem 2.

We follow the theory with two examples. The tridimensional torus S' X Sl X Sl
is obtained by identifying the opposite faces of a solid cube by translations parallel
to the sides of the cube. A simpler case is the real projective space RP3 which arises
from a solid ball B3 by the identifications of the pairs of antipodal points in its surface
S2. To put this under our scheme in the most economical way, we consider the graph
G formed by two edges linking two vertices embedded into the boundary S2 of a 3-ball
B3, so as to separate it into two disks.
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40

Fig. 24: S x S x S and Ryas facial identification schemes

Henceforth in the pictures we use the plane of the paper as if it were an S2.
(Mentally, do the inverse of a stereographical projection to fix the situation.) The
cellular embedding (G, S2) is a 2-dimensional ball complex and can be refined and
dualized in the usual way. Take the barycentric subdivision (G', S2) of (G, S2). Con-
sider the dual of (G', S2), naming it (H, 82). In the second (simplest) case above we
get:

r44
G

7
Fig. 25A: Taking the dual H of barycentric subdivision G'

H

Given any cellular embedding (G, S2), the vertices of G' can be colored with three
colors in such a way that each triangle has vertices of distinct colors: use color 0 to
paint the original vertices, the 0-cells of the complex; use color 1 to paint the vertices
corresponding to the edges of G, the 1-cells of the complex; use color 2 to paint the
vertices corresponding to the faces of (G, S2). This coloration makes the graph H of
the dual complex (H, S2) a (2 + 1)-graph in a natural way: paint an edge with color
i if the dual edge misses color i in its ends.

To enable a combinatorial description, which paves the way to a computer im-
plementation , we attach labels for the i-cells of (G, S2), that is, for the vertices of G'.
In our example, here is a possible such labelling:
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Fig. 25B: Labelling the previous situation
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2bY

1bY

H

Let a vertex of H be labelled by the three labels of the vertices of the triangular region
to which it corresponds. We order the three labels by dimensions, so that a vertex
(x, y, z) has 0-cell of (G, S2), x, is incident to 1-cell y, which is incident to 2-cell z.
Observe that, in H, an edge is colored i if the labels of their ends differ exactly in
the (i + 1)-entry-

Here is the basic observation: if a pseudo 3-manifold M3 arises from B3 by
pairwise identifications of the 2-cells of (G, S2), then for each vertex (a, b, c) of H,
there is exactly another vertex (a', b', c') such that the individual i-cells of (G, S2) differ
at least in the third entry , i. e., c 0 c' before the identifications , but become identified,
a - a', b - b' , c - c' after them.

This means that the identifications in (G, S2) induce a perfect matching of
the vertices of H. In the above example: {lbX,2aY}, {lbY,2aX}, {laY,2bX},
{laX, 2bY}. Add new edges, of color 3 to H linking these mates , naming the result-
ing graph H. In the example at hand, H' is isomorphic, up to a switching of colors
0 and 3, to

Fig. 26: The superattractor for RP3

We prove, in Lemma 1 of next section , that this general construction produces in
this case a 3-gem inducing RP3. Since there are no other 3-gems with eight or less
vertices inducing RP3, the above 3-gem is the superattractor for RP3.
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In practice we can do the construction to get H* over the complex (G, S2) itself,
without the need of building (G', S2) or (H, S2). Instead of using a triple label (v, e, f )
we use only one, x , positioned near vertex v, towards edge e and inside of face f . The
perfect matching of the labels providing the third color of H* is given by a pair (x, X)
of lower-upper case equal letters . Here is how to get a 3-gem H* for the 3-torus by
identifying opposite faces of a solid cube.

Fig. 27: A 3-gem for the 3-torus obtained from the facial identification scheme

The justification that this construction provides a 3-gem inducing the same 3-manifold
is given in the next section.

This drawing/labelling approach is easier to work by hand and for understanding.
However, the defining construction , using triple labels and a matching, enables an
easy general machine implementation, since it leads to a combinatorial approach not
depending on proximity.

1.4 3-Gems from 3-Manifolds

We start the section by providing a useful arithmetic characterization of 3-gems.
After that , we use the construction of the previous section to prove in Lemma 1
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that it provides an economical way to get a 3-gem for a 3-manifold given by facial
identifications on the boundary of a solid 3-ball.

1.4.1 Arithmetic Characterization of 3-Gems

Before we give the proof of Lemma 1, we pause to provide a counting based charac-
terization of 3-gems and an easy corollary.

Proposition 2 Let G be a (3 + 1)-graph having bG 2-residues, tG 3-residues and vG
vertices. Then G is a 3-gem if and only if

vG + tG = bG .

Proof: If G is a 3-gem , then for each 3-residue T we have bT - vT/2 = 2. Note that
ET VT = 4vG, since each vertex appears in 4 distinct triballs. Also, ET br = 2bG,
because each bigon appears in two distinct triballs . Thus, 2tG = ET(bT - vT/2) _
2bG - 2vG , or VG + tG = bG.

Conversely, suppose that G is not a 3 -gem. Then some 3-residue T' induces a
surface ST, which is not a 2-sphere. Therefore, (Sr')X = bT, - vT,/2 is less than 2.
Since for each 3-residue T , br - vT/2 < 2, it follows that ET(br - vT/2) < 2tG. As
the sum on the left is 2bG - 2vG , we get bG < VG + tG. n

Corollary 1 Let G be a (3 + 1)-graph having bG 2-residues, to 3-residues and vG
vertices. Then,

VG + tG > bG.

Proof: A direct consequence of the proof of the previous proposition. n

1.4.2 A Basic Lemma

Since the construction of the H* below is easily implementable , the next lemma pro-
vides a useful decision tool for testing whether a given identification scheme produces
a 3-manifold.

Lemma 1 Suppose that a pseudo-manifold M3 arises from B3 by a pairwise identi-
fication of the faces of the cellular embedding (G, S2). Let H* be the (3 + 1) -graph

as constructed in the previous section. Then M3 is a manifold if and only if H* is a

3-gem inducing it.
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Proof. We follow the proof with the example of the (3 + 1)-graph for the 3-torus,
as given above.

M3 is a 3-manifold if its Euler characteristic is 0, [ST801. The Euler character-
istic can be obtained from the quotient 3-ball complex Q, obtained from B3 by the
identifications in the cellular embedding (G, S2). Let v', f', and e' be the number of
0-cells, 2-cells and 1-cells of Q, respectively. Note that Q has only one 3-cell. Thus,
to say that M3 has Euler characteristic 0 means the same as v' + f' = e' + 1. We
need to show that this equality is equivalent to the one which characterizes 3-gems
for H*: vH. + tH. = bH. (see Proposition 2).

Let b;5 be the number of ij-gons of H. Let tk be the number of 3-residues of
H* which do not use color k. Recall that such a 3-residue is named a k-residue.
From the construction we obtain enough relations among these parameters to show
the equivalence. Note first that to = v': the vertices of Q are in 1-1 correspondence
with the ,residue's of H*. In our example this corresponds to the unique triball

Fig. 28 : Unique 0-residue of 3-gem of Fig . 27 inducing the 3-torus

The construction also implies that every 02-gon , every 03-gon and every 13-gon
has four edges. Thus, vH. = 4bo = 4bo3 = 4b13. These four-edge-bigons imply that
each 1-residue and each 2-residue is the 1-skeleton of a prism. Thus, t1 = e' = b3,y/2
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and t2 = f = bol /2.

Here is a typical 1-residue (all of them are isomorphic) in our ongoing example.
The associated triball, when embedded in IQJ is a prism which we draw elongated,
since it corresponds to a 1 -cell of Q:

Fig. 29: A typical 1-residue

Here is also a typical 2-residue and its associated triball , which is also a prism
when embedded in JQI. This time we draw it flat, since it corresponds to a 2-cell of
Q:

Fig. 30: A typical 2-residue

Finally, observe that t3 = 1. The unique triball is the one of Fig. 27.
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From these relations we get the following set of equivalent identities:

vH. + tH. = bH.

4b02+(v'+e'+ f'+1) = 3bo2 + bol + b12 + b23
v'+ f'+e'+1 = -2b02+(602+boi)+b12+b23

v'+ f'+ e'+ 1 = -vH./2 + (vH./2 + 2 - b12) + b12 + 2e'

v'+f'+e'+1=2+2e'

v'+f'=e'+1

From the third to the fourth row we have used that the Euler characteristic of the
surface induced by the 3-residue is 2, since it induces a 2-sphere. The other passages
are straightforward from the above discussion. This proves that the M3 = IQI is a
manifold if and only if H* is a 3-gem.

In the case of a manifold M3 we show now that the 3-manifold induced by
H* is JQI. Let IH*I be dissected by the cells obtained from the 3-gem H*. Start
by contracting to points the triballs associated to the 0-residues. Since these balls
are disjoint, no singularity arises. Only edges of color 0 and bigons involving color 0
survive. Also, at this point, an elongated prism associated to a 1-residue has their two
bases contracted to points. Retract each such pinched prism to its medial line. Again,
no singularities arise since the interiors are disjoint. The only disks corresponding to
the original bigons which survive are those of the 01-gons. The space bounded by
each original flat prism corresponding to the 2-residues is now bounded by a pair of
2-cells, having an S1 in common. Retract these disjoint lens shaped open 3-cells to
their medial 2-cells. The resulting complex is Q. Since the 3-manifold did not change,
the proposition is established. n

The above method, to produce a 3-gem from a planar description of a facial
identification scheme, is useful and it has been extensively used due to its simplicity.

We use the Basic Lemma to show the universality of the 3-Gem Model.

Theorem 2 Given any 3-manifold M3 there is a 3-gem H* which induces it.

Proof: By Moise's Theorem [Moi52], there exists a triangulation T of M3. Start
by deleting triangular 2-cells of T as long as these 2-cells separates distinct 3-cells.
At the end of this process we get to a ball complex having a unique 3-cell B3. The 2-
skeleton of the complex obtained by cutting along each remaining 2-cell is a 2-sphere
denoted S2 bounding B3. The 1-skeleton is a graph G embedded on S2. Use the
construction of Proposition 1 on (G, S2) to get H*. n

Only in rare occasions the 3-gem H* which we obtain with this construction
leads to the smallest possible one inducing M3. The main force of the above theorem
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is that it provides a more or less economical and computationally simple way to get
3-gems for arbitrary 3-manifolds. Indeed, the number of vertices of H* is just four
times the number of edges of the graph G. This is a linear increase and can be dealt
easily via computers. If we do not care about number of vertices, then there is much

simpler proof of this theorem, which does not use the construction of Proposition 1.

Another proof of Theorem 2: This is a straightforward consequence of Moise's
triangulation theorem for 3-manifolds [Moi77]. Let T be a triangulation for M3 and

T' its barycentric subdivision. The vertices (0-cells) of T' are naturally partitioned
into four classes Vo, V1, V2, V3. The class Vo is formed by the original vertices of T. For
i = 1, 2, 3, the class Vi is formed by those vertices which are in 1-1 correspondence
with the i-cells of T, situated in the barycentre of an i-cell. Note that each tetrahedron

of ' has the four vertices in distinct classes . This 4-partition of the vertices of T'
induces a 4-coloration of its triangular 2-cells: color with i the face of a tetrahedron
in T' whose opposite vertex is in Vi.

Let G be the 1-skeleton of the cell decomposition dual to T'. The 4-coloration
of the 2-cells of ' is inherited, under geometric duality, by the edges (1-cells) of G.
Graph G with the edges so colored is a 3-gem and satisfies IGJ M3. n

1.4.3 The Superattractor for S1 x S1 x S1

The size (i.e. number of vertices) of the 3-gem obtained from the construction of
Section 1 .3 is unecessarily large . This bring again to consider our main issue: to
reach the smallest possible 3-gem which induces a given 3 -manifold. As a further
instance on how 3-gems simplify, consider the 48-vertex 3-gem inducing S1 x S1 x S1
of Fig. 27. It is absorbed under the TS, -algorithm, by the 24-vertex 3-gem

cab f deighl jk
i jdclg f kabhe
keg j halbdi f c

Fig. 31 : Superattractor, string and code for S x SI x SI
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The above 3-gem (where, as always , when we do not draw them , the 0-colored
edges are given by a lower/upper case pair of equal letters ) is the unique minimum
gem, denoted al x 31 x 31, inducing S' x S' x S'. Therefore it is the superattractor
for this 3-manifold . This is a fact which follows from our catalogue of rigid 3-gems,
treated in Chapter 5.

The small diagram on the center is called a string presentation for the 3-gem on
its left . Under some implicit symmetries we can recover the 3-gem from its string
presentation (see Section 2.5). By using the idea of code of a 8 -gem (see Section 2.6),
even the specific vertex labelling can be recovered from the string presentation. The
literal matrix on the right is the code itself . This is an instance on how the computer
stores a 3-gem . The specific vertex labelling associated to the code is recoverable
from a vertex unlabelled (3 + 1)-graph (see Section 2.6).

T



Chapter 2

Elements of the Theory of 3-Gems

In this chapter we provide ways to get families of 3-manifolds directly from 3-gems.
We start with the lens spaces (Section 2 . 1) and generalize them to a 4-parametric
family of 3-manifolds (defined by 4 integers - Section 2 . 2) which contains many
interesting examples of 3-manifolds . We present with details the elementary simpli-
fication techniques based on cancellation of dipoles and on the switching of p-pairs
(Sections 2.3 and 2.4).

We consider a Kleinian K4-symmetry which appear often in 3-gems . This kind
of symmetry yields a contract presentation named string presentation (Section 2.5).
The computationally essential concept of the code of a 8-gem is dealt with in Section
2.6.

Sections 2.7, 2.8 , 2.9 provide connections among 3-gems , Heegaard diagrams,
framed links and blinks . Algorithms to get presentations of the fundamental group
and of the homology group of a 3-manifold from 3-gems are discussed . Sections 2.10
and 2 . 11 are formed by examples which we feel are interesting to mention.

2.1 Lens Spaces

The construction to get RP3 (which is the lens space L2 ,1), given in the previous
chapter generalizes to provide a standard 3-gem for the lens space Lp ,q. For natural
numbers p, q > 0, consider the following description of the lens space Lp,q. Take a 3-
cell B3 bounded by two 2-cells with a polygon of p sides as common boundary . Identify
the two faces in such a way that an edge of its boundary is mapped onto the qth edge
after it and in the same direction along the polygon . These facial identification
schemes are denoted by L(p, q) and they induce , under the construction of Section
1.3, the lens spaces Lp,q. The corresponding 3-gem H* given by the construction is
denoted ep,q.

31
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L(2,1) L(3,1)

Fig. 32A: Some lens spaces, given by stereographical identification schemes

4,1 £5,3

Fig. 32B : Respective 3-gems H', under color permutation (0123) H (3210)

There are easy ways for a computer program to produce a cell decomposition
of the lens space Lp ,q. Here is one which provides the 3-gem 2p,q inducing it. The
method that follows is important because it generalizes providing 3-gems inducing
more complex 3-manifolds . See the next section . Let Z. denote the set of integers
mod n . The vertices of Bp,q are the elements of the group Z2 x Z2p. Let x' = 1 - x
in Z2 . An involution is a map of a set into itself so that its square is the identity.
Consider the following four involutions, free of fixed points , defined on Z2 x Z2p:

Eo(i, j) _ (i',1 - j + 2q)

E1(i,7) _ (i,7 - (-1)i)

E2(i,j) _ (i,j + (-1)i)

E3(i, j) _ (i',1

These involutions induce the edges of Bp ,q in the sense that, for 0 < k _< 3, we
define an edge of color k between (i, j) and fk (i, j). (Note that E2(i, j) = (i , j).) By
implementing this construction we get an easy way to input arbitrary lens spaces
on a computer . As an example , the above description for 83 , 1 is the following 3-gem
with the auxiliary labels , which permit the input for computers. These labels are,
otherwise , irrelevant:
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(1,4) (1,3)

(1,2)

Fig. 33: Combinatorial labelling of P3,,: just an input for computers

2.2 A 4-Parametric Family of 3-Manifolds

Generalizing the construction used for the lens spaces in the previous section we
describe a 4-regular 4-edge-colored graph denoted S(b, 1, t, c).

2.2.1 Defining the Family

The vertices of this graph are the elements of Zb x Z21. Let p be a function from
Z2ionto{-1,+1}: p(j)=lif1 < j <eandp(j)=-1if2< j <2€. We
let the argument j of p be normalized to the range 1 < j < 22. To define the
edges of the graph we consider four fixed point-free involutions on the set of vertices.
The arithmetic below is mod b in the first coordinates and mod 21 in the second
coordinates.

eo(i,j) _ (i+cp(j-t),1-j+2t)

E1(i',^) _ (2,J - (-1)p)

E2(i, j) _ (i , j + (-l)i)

f3(i,7) _ (i+p(j),1 - j) .

As before, these involutions induce the edges of S(b, f, t, c), in the sense that, for
0 < k < 3, we define an edge of color k between (i, j) and ek(i, j).

When c = 1 the geometrical shape of S(b,1, t, c) can be informally described as
follows. It consists of b 12-gons cyclically set on the plane and numbered 1, 2,. . ., b.
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There are t links colored 3 between two adjacent 12-gons . Given (i, j) its neighbor
by color 0 is obtained by going t edges counter -clockwise around its 12-gon , jumping
to the next or previous 12-gon by using the edge colored 3 and finally going t edges
clockwise around the new 12 -gon. The generalization for arbitrary c is that we jump,
instead of one , c 12-gons forward or backward to obtain the 0-neighbor of a vertex.

Below we present (with most of the 0-colored edges missing) 8(3,3, 2, 1), one of
the simplest members of this 4-parametric family. It is a 3-gem inducing a 3-manifold
known as the quaternionic space , since its fundamental group is the 8-element discrete
group of quaternions

Q8 = {±1, ±i, ±j, ±k}.

Indeed , this manifold is homeomorphic to the quotient S3/Q8, if we consider S3 as
the set of all quaternions of norm 1 . We shall prove that this space can be obtained
from a solid cube by identifying opposite faces, where each identification is preceded
of a it/2-rotation of one of its faces (the one which incides to a fixed vertex v of the
cube).

Fig. 34: 6(3, 3, 2, 1) induces the same 3-manifold as a 90-degree twisted solid cube

How do we know that the 3-gem on the right figure above induces the 3-manifold
described by the identification scheme given in the left figure ? How do we know
that its fundamental group is Qs? We discuss the recognition issue latter in the next
section . We show how to get , from a 3-gem , a presentation for the fundamental group
of the induced 3-manifold in Section 2.8.

__y
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2.2.2 1-Dipoles

Recall that a k-colored edge a in a 3-gem is called a 1-dipole if the ends of a belong to
distinct k-residues. A 3-gem which has a 1-dipole directly simplifies to one which has
less vertices and induces the same 3-manifold. Indeed, the operation shown below,
named cancellation of a 1-dipole, creates a triangular tunnel connecting the 2 triballs
associated to the distinct k-residues. These triballs coalesce into one but the topology
of the 3-manifold remains intact.

2I

I Fig. 35: Cancellation of a 1 -dipole

The creation of a 1-dipole is the inverse operation. The cancellation or creation of
a 1-dipole maintains the induced 3-manifold. Therefore, 3-gems with 1-dipoles can
be easily simplified . Thus, it is of interest to have constructions yielding families of
3-gems without them.

2.2.3 Crystallizations in S(b, £, t, c)

Our next Theorem provides an easy such construction. If a 3-gem is free of 1-dipoles it
is called a 3-crystallization and have been extensively studied. See the survey article
[FGG86]. As with gems, crystallizations can be defined in every dimension. They are
always gems without 1-dipoles.

Theorem 3 Suppose that b, 1, t, c are non-negative integers satisfying gcd(b, c) = 1,
gcd(t, t) = 1 and that t is odd, implies c = (-1)1. Then S(b, t, t, c) is a crystallization
inducing an orientable 3-manifold.

We need to establish two simple lemmas before the proof of this Theorem. But
first we deal with the orientability of the manifolds which is transparent from a 3-
gem inducing it. Indeed the equivalence between orientability and bipartiteness goes
through the dimensions. It is not only for dimension 2. We leave to the reader the
proof of this fact in dimension 3.
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Proposition 3 The 3-manifold induced by a 3-gem G is orientable if and only if G
is bipartite.

Note that the second coordinates of the ends of any edge of S(b,e,t,c) have
distinct parity. Therefore this graph is bipartite and if it is a 3-gem it induces an
orientable 3-manifold.

Lemma 2 Assume the conditions of Theorem 3. Then (eoe3)t = Id, the identity
permutation, but (coe3)1 # Id, if m < f.

Proof: We have

E0E3 (i, j) = (i + µ(j) + cµ(1 - j - t), j + 2t) = (i cp(j + t), j + 2t),

because , in general , µ(1 - k) = -µ(k). Now, it is a simple matter to establish by
induction that, for n > 1,

n-1

(E0E3 )n (i, j) = (i + E [µ(j + 2t) - c t(j + t + 2kt)], j + 2nt).
k=0

Since gcd(P,t) = 1, the second coordinates of (EOE3)h(i, j), 0 < h < f - 1, assume
all the a distinct values of the same parity as j in the interval [1, 21]. In this way,
(E0E3)m(i, j) # Id if m < 1. Observe that the second coordinate of (E0E3)t(i, j) is j.
Its first coordinate is i if and only if

t-1 1-1

E 1,(j + 2kt) = c E µ(j + t + 2kt).
k=0 k=0

If 2 is even, both summands are zero. Suppose that C is odd and thus c = (-1)t. If t
is odd, the two summands differ in sign. If t is even, they are equal. Therefore, the
equality holds in every case, concluding the proof. n

Lemma 3 Assume the conditions of Theorem 3. Then for 0 < k < 3, there is only
one k -residue.

Proof: The lemma is straighforward for k = 0 and is implied by gcd(b, c) = 1 for k =
3. To prove that there is only one 1-residue note initially that vertex representatives
for the 03-gons can be chosen to be: (1, 1), (2,1), ... , (b, 1). We show that (i, 1) and
(i + 1, 1) are in the same 1-residue:

E2E3 (i,1) = E2(i + 1, 22) = (i + 1, 1).

T
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Thus, there is a unique 1-residue. In order to prove that there is also a unique 2-
residue, we consider two cases. First suppose f to be odd. Take (1, 1), (2, f).... , (b, t)
as representatives of the 03-gons. Note that

E 1 E3 (2, 1) = E 1(2 + 1, 1 + f) = (i + 1, 1),

which implies that there is just one 2-residue. Suppose now that 2 is even. Since
gcd(1, t) = 1 this implies that t is odd. This time take (1, t), (2, t), ... , (b, t) as repre-
sentatives of the 03-gons. Consider

EOEI(i ,1) =EO(i,t+1) = (i+C,t).

Since gcd(b, c) = 1, there is a unique 2-residue and the proof is complete. n

Proof of Theorem 3 The first lemma says that permutation Eoe3 has b cycles of
length f, and so there are b 03-gons (each with 2e edges). By construction, the same
is true for the 12-gons. The construction also implies that the unique 0-residue and
3-residue are triballs, i.e., induce each an S2. Therefore b12 + b13 + b23 = v/2 + 2
and bol + b02 + b12 = v/2 + 2. Since b03 = b12 = b, the addition of these two
equalities gives that the total number of bigons is the number of vertices plus 4. By
the second lemma, 4 is the total number of 3-residues. According to Proposition 2,
this proves that S(b,1, t, c) is a crystallization. Since the graph is bipartite, it induces
an orientable 3-manifold. n

The family S(b, t, t, c) has been extensively studied by M. Mulazzani. In his Dis-
sertation [Mu194] he extends it with a fifth parameter and topologically characterizes
the induced spaces. In particular, he gets complete arithmetical conditions on the
five parameters which ensure we shall get a 3-gem.

2.3 2-Dipoles and p2-Pairs

In this section we prepare the stage to present the detailed example of attraction in
the next one. We show that, as with the 1-dipole, the cancellation of 2-dipoles and
the switching of p2-pairs in a 3-gem maintain the induced 3-manifold. It is easier to
observe the invariance under 2-dipole cancellation in the dual construction. Therefore,
in what follows, we detail this construction.

2.3.1 Dipoles in the Dual Construction

Two edges of colors i, j E {0, 1, 2, 3} form a 2-dipole if they have the same ends and
these ends are in distinct kP-gons, where {k, 8} is the complement of {i, j} in the set
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of colors. The colors i and j are said to be involved in the 2-dipole. The presence of
a 2-dipole enables a trivial simplification. The cancellation of a 2-dipole with ends
v, w is defined as follows: remove vertices v and w together with the two edges that
form the dipole and weld the free ends along edges of the same colors. For instance, if
the black and white vertices below are in distinct 13-gons, then they form a 2-dipole
which can be cancelled as shown.

Fig. 36: Cancellation of a 2-dipole

The creation of a 2-dipole is the inverse operation. The cancellation (or cre-
ation) of a 2-dipole maintains the associated 3-manifold. We leave as an exercise
for the reader to convince himself of this basic fact, given our primal construction
of the induced 3-manifold. However, there is a dual construction to get the mani-
fold IGI associated to a 3-gem G. Under this construction, the invariance of 2-dipole
cancellation or creation becomes straightforward.

Consider a collection of tetrahedra, each with the colors {0, 1, 2,31 labelling its
four vertices. These tetrahedra are in 1-1 correspondence with the vertices of G. For
each i-colored edge of G we glue the pair of tetrahedra corresponding to its ends via
the triangular face not containing i so as to match the other 3 colors, 1j, k,1}. Do this
for every edge of G and the result is a manifold IGI if G is a 3-gem, see [Gag79a]. This
tridimensional dual complex associated to a 3-gem G is denoted D. This construction
produces the same manifold in the case of a 3-gem G, but it asssociates a topological
space to every subgraph of G, contrary to the primal construction, where the space is
only defined for the whole G and only in the case that it is a 3-gem. Nevertheless, the
graphic nature of the primal model makes it substantially better for computations.
Triangulations which admit a (n + 1)-coloration of the vertices of its tetrahedra are
called colored triangulations.

Both constructions are important for the topological interpretation of the fun-
damental objects and operations in the theory. In fact, it is convenient to consider
the primal and the dual complexes at hand. Observe the following correspondence
between dual cells:

• a vertex in v in G a solid tetrahedron T„ in D whose vertices are labelled
0, 1, 2,3;
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• an i-colored edge e ; in G ^ a triangular 2-cell E; in D whose vertices are labelled
with the 3 colors distinct from i;

• a bigon B;j using colors i, j in G V an edge bi, in D whose ends are labelled
h, k, where (h, i, j, k) is a permutation of (0, 1, 2, 3);

• a i-residue V in G - a vertex of D labelled i.

Here is what happens, in dual language , when a 2-dipole is created:

C

I Fig. 37: 2-Dipole creation in the dual : the pillow move

Two triangular regions a , b, c and a , b, d (edges in the 3-gem) sharing a common edge
ab (bigon in the 3-gem) are inflated into a pillow: two curved tetrahedra sharing
two faces situated in the plane of the paper. One tetrahedron is below the plane
of the paper and the other above it. Both have the same four vertices. This dual
manifestation of 2-dipole creation/cancellation is called a pillow move and it clearly
does not change the 3-manifold associated to the complex.

In the case of a 1 -dipole creation , in dual language , we have:

C

d2

Fig. 38: 1-Dipole creation in the dual : the baloon move

Three triangular regions a, b, d and a, c, d and b, c, d (differently colored edges in the 3-
gem) sharing a common point d (triball in the 3-gem) are inflated into two tetrahedra
sharing a face (an edge of the fourth color in the 3-gem). This configuration is named
a baloon . Note that a baloon has five distinct vertices.
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Dipoles are important in the theory of 3-gems. The Fundamental Theorem of
this theory is:

Theorem 4 (Ferri and Gagliardi [FG82]) Two 3-gems induce the same 3-manifold
if and only if there is a finite number of h-dipole creations/cancellations h = 1, 2 which
transforms one 3-gem in the other. n

We do not prove the theorem in this book. The proof is rather technical and relies
implicitly on fundamental ideas of Alexander in the 20's [A1e30]. In [FG82] the proof
is given in terms of crystallizations and is general for the dimensions n > 2.

2.3.2 The Switching of p2-Pairs

Recall that a p-pair in a (3 + 1)-graph G is a pair of equally colored edges {al, a2}
which are contained in exactly two or three bigons. Assume that G is a 3-gem. Even
if G is not bipartite, we can partition the vertices of one of the bigons of a p-pair by
labelling them alternatively °vertex and 'vertex. This labels the four vertices of the
p-pair. This labelling can be consistently extended to all the vertices of the other(s)
bigon(s) associated to the p-pair: if not we would detect an odd polygon in a 3-
residue contrary to the hypothesis that G is a 3-gem. Fig. 14 displays the operation
of switching a p-pair.

If a p2-pair is in the same ij-gon, in the same ik-gon and in distinct ie gons,
then it can be checked that its switching produces a (3 + 1)-graph which has one
more l-residue. Moreover, as we prove next, if the starting point is a 3-gem, the
result of switching a p2-pair is also a 3 -gem (containing 1-dipoles) inducing the same
3-manifold. In this way, since it does not change the induced 3-manifold nor the
number of vertices and it produces 1-dipoles, which can be cancelled, a p2-pair is as
good as a 1- or 2-dipole regarding simplifying the 3-gem. Note also that a pair of
edges of color k incident to the vertices of a 2-dipole involving colors i and j is a
p2-pair. Thus a 2-dipole induces p2-pairs.

We denote by t,(G) the number of c-residues of a (3 + 1)-graph G.

Lemma 4 (Lemma 8 of [FL91]) Let G be a 3-gem and (h, i, j, k) a permutation
of its edge colors (0,1,2,3). Suppose that jai, a2} is a p2 -pair of color h appearing
together in the same hi-gon, in the same hj-gon and belonging to distinct hk-gons.
Let G' be the resulting (3 + 1)-graph after switching the pair. Then G' is a connected
3-gem, P1 IGI, tk(G') = tk(G) + 1 and t,. (G') = te(G) for c 0 k.

Proof: For this proof we have fixed (h, i, j, k) to be the identity. Because a1, a2 are
in the same 03-gon of G', this is a connected (3 + 1)-graph. Note that { al, a2} when

7
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deleted from G increases the number of components of its 3-residue: embed the 3-
residue of G containing a, and a2 in the plane so that the bigons are the boundaries of
the faces. Let be the region bounded by the Oc-gon containing (a,, a2), c E {1, 2}.
It follows that there is a closed path it in the plane contained in Qi U 132 and crossing
once only the edges a, and a2. Thus, their removal disconnects that 3-residue. A small
perturbation in the closed path above, so as to miss a, and cross a4 and a3 instead,
shows that the removal of {a2, a3, a4} also disconnects the 3-residue containing these
edges.

Fig. 39A: 3-Gem G before and (3 + 1)-graph G' after the switching

Therefore, we can create a 1-dipole D of color 3 by subdividing these three edges
of G, as shown in graph H below.

Fig. 39B : An intermediary 3-Gem H

This process also induces a 2-dipole D ' involving colors 1 and 2 . Cancellation of
D' also produces the graph G. Since G' is linked to G by dipole moves, G' is a 3-gem
and IG'l jGJ.
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Note that G' has the same number of 8-residues for c E {O , 1, 2,31 as H: the
cancellation of a 2-dipole does not change the number of C-residues . The comparison
between the 3-residues of G and H is easy, since the first is obtained from the last by
a cancellation of a 1 -dipole of color 3. n

2.4 A Detailed Example of Attraction

This section is a very detailed account of some basic aspects of the simplification
theory for 3-gems. The reader has to have in mind that the procedures here presented
are to be carried out by a computer. With a usual PC it would take only a few seconds.
After the presentation of this case study we will feel free to display the output of the
TSp-algorithm without further explanations.

We have claimed that 8(3,3,2, 1) induces the manifold Ss/Qs, given by the
identification scheme on the left.

B

C

a

F

H

9

Fig. 40A: A 3-gem for the space of the 90-degree twisted solid cube

To prove this claim we use the construction of Section 1.3 to get a 3-gem on the
right which induces the same 3-manifold as the one of the scheme . The reduced
adjacency matrix of this 3-gem is given below . What characterizes these matrices are
the bipartiteness of the 3-gem and that all the edges of one of the colors (in the case
color 3) link vertices labelled with the same letter, lower and upper case, as x and X.
A reduced adjacency matrix informs the neighbors of the capital labelled vertices by
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the four colors, thus the bipartite 3-gem can be recovered from such a matrix.

A B C D E F G H I J K L
Oi b a d c f e h g j i 1 k
1 h c b e d g f a p k j m
2 x k o q u n j t h s to a
3 a b c d e f g h i j k l

M N O P Q R S T U V W X
0 n m p o r q t s v u x to
1 I o n i x s r u t w v q
2 e v r d p c g i m f b l
3 m n o p q r s t u v to x

2.4.1 Cancelling 1-Dipoles

This 3-gem has two 0-residues, depicted below. Consequently, we can eliminate a
1-dipole to coalesce these 3-residues into one. As a matter of fact, each 0-colored
edge is a 1-dipole and we can cancel any of them. Let us choose 0-edge uV.

Fig. 40B: The two 0-residues of the 3-gem of Fig. 40A

After the cancellation, which is realized by the following local modification,
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E

T \Q/IOU

0-11I111^
W • VI-4U

f

Fig. 40C: Cancelling the first 1-dipole

the vertices u and V disappear. To keep the lower/upper case compatibility associated
with color 3, we rename v by u. Thus, the new adjacency matrix is

0
1
2
3

A B C D E F G H I J K
b a d c f e h g j i l
h c b e d g f a p k j
x k o q f n j t h s w
a b c d e f g h i j k

L M N 0 P Q R S T U W X
k n m p o r q t s u x w
m l o n i x s r w t u q
a e u r d p c g i m b 1
1 m n o p q r s t u w x

The new 3-gem, G46, has four 1-residues:

Fig. 40D: The four 1-residues of G46
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After the cancellation of 1-colored 1-dipoles eD, uW and f G, and the relabelling
d ti e, w H u and g H f we get a unique 1-residue of a 3-gem Goo:

Fig. 40E: The unique 1-residue of C40

The corresponding adjacency matrix is

Oj
1

2
3

A B C E F H I J K L M N 0 P Q R S T U X
b a e h c f j i l k n m p o r q t s x u
h c b e f a p k j m l o n i x s r u t q
x k o j n t h s u a q b r e p c f i m 1
a b c e f h i j k l m n o p g r s t u x

The new 3-gem Goo still has three 2-residues:

Fig. 40F: The three 2-residues of Goo
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After the cancellation of 2-colored 1-dipoles uK and nF, and the relabelling k H u
and f H n we get a 3-gem G36

Fig. 40G: The unique 2-residue of G36

The adjacency matrix now is

A B C E H I J L M N O P Q R S T U X
b a e h n j i u c m p o r g t s x l
h c b e a p u m l o n i x a r j t q
x u o j t h a a q b r e p c n i m i
a b c e h i j i m n o p g r a t u x

This 3-gem is a crystallization : there are no further 1-dipoles . However , 2-dipoles are
present , and the simplification continues.

2.4.2 Cancelling 2-Dipoles

From the last adjacency matrix in our ongoing example we see that vertices X and l
are common ends of edges of colors 0 and 2. Moreover they are in distinct 13-gons.
Therefore, they form a 2-dipole which can be cancelled:

Fig. 40H: Cancelling the first 2-dipole producing G34

T
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The adjacency matrix for G3, becomes

JA B C E H I J L M N O P Q R S T U
0
1
2
3

b a e h n j i u c m p o r q t a 1
h c b e a p u m q o n i l a r j t
I u o j t h a a q b r e p c n i m
a b c e h i j 1 m n o p g r s t u

Now vertices e and E form a 2-dipole, which can be cancelled as shown below:

h

I

j P

0

Fig. 401: Cancelling the second 2-dipole producing G32

Adjacency matrix for G32:

A B C H I J L M N O P Q R S T U
0 b a h n j i u c m p o r g t s I
1 h c b a p u m g o n i 1 s r j t
2 l u o t h a a q b r j p c n i m
3 a b c h i j l m n o p g r a t u

See that vertices q and M form a 2-dipole , which can be cancelled as shown below:

Fig. 40J: Cancelling the third 2-dipole producing G36

Adjacency matrix for G30:

A B C H I J L N O P Q R S T U
0 b a h n j i u q p o r c t a l
1 h c b a p u g o n i l s r j t
2 l u o t h s a b r j p c n i q
3 a b, c h i j l n o p g r a t u

Cancelling the 2-dipole formed by vertices c and R:
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S

r C

Fig. 40K: Cancelling the fourth 2-dipole producing G2s

Adjacency matrix for G2s:

A B C H I J L N O P Q S T U
0 b a h n j i u g p o c t a l
1 h s b a p u g o n i l c j t
2 l u o t h s a b c j p n i q
3 a b c h i j.l n o p q s t u

This 3-gem is a crystallization and, as can be seen from the adjacency matrix, it
does not have 2-dipoles.

2.4.3 Switching a p2-Pair

Our current crystallization do have p2-pairs. This can be better appreciated if we
present its 1-residue:

Fig. 40L: Switching a p-pair in G28

Indeed, pairs of edges {bN, qU} of color 2 and {nN, qQ} of color 3 are p2-pairs.
We have chosen to switch the 2-colored one to continue our simplification towards
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S(3, 3, 2, 1). After the switching , we cancel the 1-dipole uJ, making as usual the
substitution j '--r u, to arrive at G26 which has the adjacency matrix:

A B C H I L N O P Q S T U
0 T a h n u i q p o c t s l
1 h s b a p g o n i l c u t
2 I s o t h a g c u p n i b
3 a b c h i l n o p g s t u

Now vertices q and N form a 2-dipole involving colors 0 and 2 whose elimination
produces G24, with adjacency matrix (after the relabelling n H q):

A B C H I L 0 P Q S T U
0 b a h q u i p o c t s l
1 h s b a p o g i l c u t
2 1 s o t h a c u p g i b
3 a b c h i t o p g s t u

Fig. 40M: Eliminating a fifth 2-dipole and obtaining G24

Vertices s and B are the ends of a 2-dipole involving colors 1 and 2. Its cancel-
lation provides (under b H s) a smaller crystallization given by the matrix below:

A C H I L O P Q S T U
0 s h q u i p o c t a t
I h s a p o q i i c u t
2 1 o t h a c u p g i s
3 a c h i t o p g s t o

Fig. 40N: Eliminating a sixth 2-dipole and obtaining G22

2.4.4 Final Simplifications to Get 8(3,3,2, 1)

Now there are no dipoles nor p2-pairs. However we can create a 1-dipole of color 3,
and after cancelling another 1-dipole, a 2-dipole that arises can be cancelled. The net
effect is that the number of vertices goes down by 2.
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Here is how this program is performed in our current crystallization, which is
given by the last adjacency matrix. A drawing of its 3-residue is depicted below.

Fig. 400: The unique 3-residue of G22

Note that we can create a 1-dipole by subdividing the edges ul of color 0, aH of color
1 and oC of color 2. Let the new vertices of the 1-dipole which we create be denoted
by z and Z and the new 3-gem be denoted by H24. Here are two 3-residues of H24:

Fig. 40P: After the creation of zZ G22 becomes H24

Now cancel the 1-dipole oO, obtaining the crystallization H22 given by the following
matrix. Note that p and P become vertices of a 2-dipole.
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A C H I L P Q S T U Z
0 s h q z i p c t a 1 u
l h s z p g i l c u t a
2 1 z t h a u p g i s c
3 a c h i I p q s t u z

Fig. 40Q: Cancelling a seventh 2-dipole and obtaining H2O

Here is the resulting matrix, after the elimination of this 2-dipole. Note also that i
and I are vertices of another 2-dipole:

A C H I L Q S T U Z
0 s h q z i c t o 1 u
1 h s z i g 1 c u t a
2 1 z t h a u g i s c
3 a c h i I g s t u z

Fig. 40R: Cancelling an eighth 2-dipole and obtaining rr

After the elimination of this final 2-dipole and exchanging colors 0 and 3 we get to
the adjacency matrix which corresponds, to precisely the crystallization S(3, 3, 2, 1),
up to vertex relabelling.

A C H L Q S T U Z
0 a c h I g a t u z
l h s z q I c u t a

2 1 z t a u g h s c

3 s h q z c t a l u

Fig. 40S: Finally arriving at S(3, 3, 2, 1)

This finishes our proof that S(3,3,2, 1) induces the same 3-manifold as the solid cube
under opposite face identifications preceded of 90-degree twists. As a matter of fact
S(3,3,2, 1) is also identified as the first rigid 3-gem with 18 vertices in our catalogue
of Chapter 5. We summarize the process of attraction by
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TSo

Fig. 40T: S(3, 3, 2, 1): the superattractor rl for S3 1Q8

In Chapter 4 we describe an algorithm, named TS, ,-algorithm, which incorporates
the essence of the method here presented. This algorithm is the computational basis
of the topological classification of 3-gems.

S(3, 3, 2, 1) is indeed the superattractor for S3/Q8 . The complete catalogue of
bipartite rigid 3-gems up to 30 vertices proves this fact since there are no other 3-gems
up to 18 vertices inducing S3/Q8.

We next deal with a special kind of symmetry that often arises on superattractors.

2.5 K4-Symmetry and Strings Presenting 3-Mani-
folds

We isolate a type of symmetry that arises frequently in a number of gems, particularly
in superattractors. From this symmetry we get a contracted presentation named
string presentation.

2.5.1 Identifying a Special K4-Symmetry

The four 3-residues of S(3,3,2, 1) look precisely the same:

i
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Fig. 41: The four 3-residues of S(3, 3, 2, 1)

The reader can see that the symmetries come not only from automorphic 3-
residues but are indeed involutory automorphisms of the full 3-gem (involving the
four colors). These automorphisms commute and each of them interchanges two pairs
of colors. We identify a first involutory automorphism, a+, which interchanges pairs
of colors (0,1) and (2,3); a second a-, which interchanges pairs of colors (0,2) and
(1,3). These automorphisms are obtained by translations which maps the 0-residue
over the 1-residue (a+) and the 0-residue over the 2-residue (a-). They commute
and their product, also an involution, is denoted a". Note that a" is obtained by
a translation which maps the 0-residue over the 3-residue. In this way the identity
automorphism, a+, Cr and a" form a Kleinian group of automorphisms which permit
the simplification of the presentation of the 3-gem, as we now discuss.

The topological notion of preserving the orientation means, in terms of graphs,
to preserve the bipartition. In general, a 3-gem G is a a-gem if there are orientation
preserving commuting involutions a+ and a- acting on the vertices of G and inducing
automorphisms of G which satisfy:

a+ interchanges the pairs of colors (0,1) and (2, 3);
a- interchanges the pairs of colors (0, 2) and (1, 3).

As a consequence of the definition, the composition

ax =a+oa-=a-oa+

denoted by justaposition, a+ar, is again an automorphic involution of G, now in-
terchanging the pairs of colors (0, 3) and (1, 2). The orientation preserving pairwise
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commuting involutions a+, a- and aX are called a-symmetries. Suppose that we have
a triple (G, a+, a- ), where the a+ and a are a-symmetries of a 3-gem G. To derive
the string presentation, 7G, associated to this triple we first define the expanded gist
rG for (G, a+, c ). This is the (combinatorial) graph whose vertices are those of G
and whose edges are of four types:

• the original 0-colored edges;

• +labelled edges which link vertices v and a+(v) for each vertex v of G;

• -labelled edges which link vertices v and a -(v) for each vertex v of G;

• 'labelled edges which link vertices v and a' (v) for each vertex v of G.

Note that the signed labelled edges can be loops, since the corresponding involutions
can have fixed points.

From the expanded gist it is easy to recover the 3-gem. Observe that the colors

of a 3-gem may be thought as fixed point free involutions { CO, fl , f2, f3} acting on their

vertices. Note also that co is the only present in rG. Of course, any e{ can take the

place of eo in the definition of expanded gist, in what concerns the recoverability -

see the proof of Proposition 4. Also we can drop edges of type +, of type -, or of

type x, since a a-symmetry equals the (commuting) product of the other two.

Proposition 4 A 3-gem is recoverable from any of its expanded gist.

Proof: To recover a 3-gem G from one of its expanded gist (G, a+, a-) just note that
the color exchanging symmetries means a+el = f0a+, a'e2 = fox- and aXf3 = f0aX.
Since all of the permutations are involutions these equations are equivalent to

fl =a + f0e, f2 = a f0a , f3 = aXf0aX.

As co, a+, o• and aX are present in the expanded gist, the result follows. n

2.5.2 Getting a String Presentation from the a-Symmetries

The expanded gist associated to the a-symmetries which we displayed for S(3,3,2, 1)
is shown below, on the left:
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Fig. 42: From gist to string presentation

0-

55

The small figure on the right is a string presentation the 3-gem 8(3, 3, 2, 1). By means
of the generic local conventions:

x x

Q x

H
Q9

H p.

Fig. 43: Getting from the gist to the string presentation ... and back

it holds all the information for obtaining the gist, and hence the 3-gem. Note that the
+angle in the gist corresponds, in the string presentation, to the angle swept by the
overpass under an anticlockwise rotation to coincide with the underpass. The main
use of the string presentation in this book is its great convenience in presenting or-gems
(which appears frequently). The (finite) set of all string presentations associated with
a 3-gem are said to be equivalent. A string presentation is also said to be equivalent
to the associated 3-gem.

A theory of these charged strings presenting 3-manifold appears in [Lin951. In
particular, from such an object inducing an M3 some decompositions of M3 along
2-spheres and tori are transparent.
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To have isomorphic 3-residues is not enough to qualify a 3-gem as a a-gem. For
instance, the superattractor r24 for S3/(5, 3, 2) has isomorphic 3-residues:

Fig. 44: The four 3-residues of r2 , superattractor for S'1(5, 3, 2)

However , these automorphisms are not involutions ; so r24 is not a a-gem and it does
not admit a string presentation . The Poincare sphere is also induced by S(5, 3, 2, 1)
r300. and this is a a-gem:
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Fig. 45A: The four 3-residues of S(5,3, 2, 1) =r24555

The string presentation associated to the above v-symmetries is simply:

Fig. 45B : A string presentation equivalent to ra 5455

As we have seen in the introduction Poincare 's homology sphere , the spherical
dodecahedral space , is also induced by 8(3, 5,4, 1) = r54666 because it is absorbed by
rj4. This gem is also a v-gem having the string presentation shown in Fig. 9.

2.5.3 An Example of Montesinos and Boileau -Zieschang

One of the important findings of last decade was the discovery that the Heegaard
genus of a 3-manifold can be greater than the minimum number of generators of its
fundamental group . In [BZ84] Boileau and Zieschang displayed an infinite family of
3-manifolds (Seifert spaces) having Heegaard genus 3 whose fundamental group is
2-generated.



58 2. Elements of the Theory of 3-Gems

The simplest of these manifolds is depicted in the Heegaard diagram (which we
discuss in more details in Section 2.7) below. This diagram of genus 3 has been
obtained by Montesinos, see Fig. 6 of [Mon891:

Fig. 45C: An important Heegaard diagram

A presentation for the fundamental group of the 3-manifold can be directly read from
the Heegaard diagram. It is

(a, b, c I a2 = (ba'1)2, a = cac, (ba-lc)3 = (ab-1)2)

As it can be seen , even the first example of the Boileau-Zieschang family is very
complicated. As it happen, a simplified 3-gem inducing the above 3-manifold admits
a string presentation.

Given a Heegaard diagram in a solid ball with handles as above, it is straightfor-
ward to obtain a 3-gem inducing the same 3-manifold: double all the edges between
the handles; these edges are of colour 1; there exists now an even number of edges
through each handle; let the boundary of the disks of the handles to be the 23-gons; the
edges of color 0 realize the passage through the handles. The resulting (3 + 1)-graph
is a 3-gem. It is not difficult to show that this 3-gem induces the same 3-manifold
as the one given by the Heegaard diagram. See Section 2.7. This algorithm applied
to the above diagram produces a 3-gem with 92 vertices. By using the simplification
algorithm TS,, of Chapter 4, this 3-gem produces a u°-class of sixteen 3-gems each
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with 32 vertices, and each inducing the same 3-manifold. The fourteenth 3-gem in
this set is a a-gem whose string presentation we reproduce below:

Fig. 45D: A string presentation for the same 3-manifold

We have included this example here to show that the string presentation, when avail-
able, provides a much more compact presentation than Heegaard diagrams. Indeed, it
is the internal theory of 3-gems which provides the string presentation: by squeezing
as much as we can the 3-gems inducing a certain 3-manifold, usually we get highly
symmetric objects. The a-symmetries (which are not uncommon) produce the string
presentation.

It is easy to read a presentation of the fundamental group of a 3-manifold from
a string presentation for it using the 01-algorithm of Subsection 2.8.1 for the corre-
sponding crystallization.

2.5.4 A Conjecture on S' x Orientable Surfaces

We finish this section with a conjecture motivated by the regular shape of the following
string presentations and the fact that it holds for n = 1 and seems to hold for small
n's. By r,, we mean the orientable surface homeomorphic to the connected sum of n
copies of Ta = S' x S1.

Fig. 46: String presentations for 2 n x S1 , n = 1, 2,3

Conjecture 3 The family of string presentations
to

x sl, above depicted for n =
1, 2, 3, are the superattractors for the spaces Tn x S1.
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We next deal on how to recover a distinguished vertex labelling from a vertex-
unlabelled 3-gem.

2.6 A Recoverable Vertex Labelling: The Code

Usually the specific vertex labelling of a 3-gem (or more generally of an (n + 1)-
graph) is irrelevant . Beyond being used for reference purposes in a explanation, its
main use is to permit the input of the object into a computer. It is a very important
property of the (n + 1)-graphs the possibility of providing a distinguished labelling,
i.e., one which is quickly recoverable solely from the topology of the edge colored
graph . The importance of this property is that it solves the isomorphism problem for
(n + 1)-graphs, objects that includes the 3-gems.

2.6.1 DFS-Numbering Algorithms

Let An = {0, 1, 2, ... , n} be the set of colors attached to the edges of an (n+ 1)-graph
G. Given a permutation it of An and a vertex r of G we define a bijection:

N.R : V(G) -a 11,2,..., JV(G)j}

by a standard algorithm , which is a slight variation of the well known technique to
explore a graph named depthfirst search (DFS) , [Go180]. In fact we need only a
simplified DFS, because we only need to number the vertices in the order that DFS
finds them . The important point for us is that the list of adjacent vertices to v,
Adj(v) is ordered according to r: the first neighbor of v is c,,, (v), its second neighbor
is e,,, (v), and so one ... the i + 1-th neighbor is e,; (v).

In DFS we start at a root vertex r and then visit the first neighbor of r which was
not yet visited , say a . Then we proceed with the same idea: visit the first neighbor b
of a which was not yet visited ; then repeat with b and the next ones . As we go deeper
into the graph we will eventually come to a vertex z which has no unvisited neighbors.
At this point we return to the vertex y immediately preceding z and revisit y, trying
for not yet visited neighbors of y. Note that if the graph is connected , then each
vertex will be visited . This algorithm has complexity proportional to the number
of edges of the graph . Its main subroutine , DFSEARCH(v), fits very well for a
recursive approach , in which the compiler takes care of the backtracking by means
of an internal stack. Since we only work with connected graphs , a single call to
DFSEARCH(r) will produce the DFS-numbering.

I
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Algorithm 1 (DFS-Numbering in General Connected Graphs) .

procedure DFSEARCH(v):
begin

Mark v "visited"; i (--- i + 1; DFSNUMBER (v) E-- i;
for each w E Adj(v) do

if w is marked "unvisited" do
DFSEARCH(w);

end;
begin

i t--- 0;
Mark all vertices "unvisited";
DFSEARCH(r);

end.

Here is the numbering of the a-rooted DFS with 7r = Id when applied to the
crystallization for S(3, 3, 2, 1) (with the final vertex labelling after the simplification)
and the adjacency matrix based on the numbering:

13 10

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0 2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 18 17
1 6 3 2 5 4 1 10 9 8 7 14 13 12 11 18 17 16 15

2 14 13 17 18 8 7 6 5 15 11 10 16 2 1 9 12 3 4

3 17 9 8 11 14 16 12 3 2 18 4 7 15 5 13 6 1 10

Fig. 47A: Example of DFS-numbering and respective matrix

Note that the matrix depends only on the root vertex and on the permutation ir,
which orders the neighbors.

Since we deal only with bipartite (n + 1)-graphs , we are going to use a small
conceptual modification of the DFS-approach. We want the (odd/even)-numbering
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to respect the bipartition. This is not the case with the general approach: note that
vertices 13 and 15 are neighbors. One simple solution, is in the backtracking, to look
only for even numbered vertices. A single parity test added to the previous algorithm
provides the convenient approach.

Algorithm 2 (Bipartite DFS-Numbering in Bipartite Connected Graphs)

procedure DFSEARCH(v):
begin

Mark v "visited"; i +- i + 1; Nx(v) +- i;
for each w E Adj(v) do

if w is marked "unvisited"
and i , NN(v) have the same parity do

DFSEARCH(w);
end;
begin

is t-- . 0;
Mark all vertices "unvisited";
DFSEARCH(r);

end.

The bipartite numbering corresponding to our example and respective reduced
adjacency matrix are:

13

1 3 5 7 9 11 13 15 17
1 6 2 4 10 8 14 12 18 16

10 2 14 18 8 6 16 10 2 12 4
3 18 8 14 12 2 4 16 6 10

Fig. 47B : Bipartite DFS-numbering on the same example
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2.6.2 The Code of a Connected Bipartite (n + 1)-Graph

The easiest way to present a (n+1)-graph G, is to use a (n+1) x IV(G)1)-matrix, also
denoted G , where G(c, v) is the c-colored neighbor of v. The IV; -code of a connected
bipartite (n + 1)-graph G is the (n x z jV(G)j)-matrix whose (i, j)-entry is

I N, (G(r(i), (N,)-1(2j - 1))).

Here , 1 < i < n and 1 < j < !IV(G)I. Thus, the neighbors by color ir(O) are not
explicitly given by the code. However , we know that the number of the ir(O)-neighbor
of vertex number i is i + 1 if i is odd and i - 1 if i is even . Also we take advantage
of the bipartiteness and present explicitly only the neighbors of the odd numbered
vertices . These are even numbers and we use such numbers divided by two in the
codes . In the above example we get for the Nid-code:

3 1 2 5 4 7 6 9 8 cabedgfih

7 9 4 3 8 5 1 6 2 gidcheafb
9 4 7 6 1 2 8 3 5 idgfabhce

We may also replace the numerical labellings given by the bipartite DFS algorithm
by the literal ones: 1, 2, 3, 4, 5, 6.... becomes a, A, b, B, c, C,.... Instead of dividing
by two we replace the upper letters by the corresponding lower case ones.

Observe that from any of its N,,-codes, we can recover G up to color permutation.
In fact, the permutation sr is lost and we canonically color the edges by assuming the
permutation to be the identity.

The code for a connected bipartite (n+1)-graph G is the lexicographic maximum
among the NN-codes for G, where we write the rows in sequence and consider each

,N-code as a single vector with ZnjV(G)j coordinates.

Henceforth all the vertex labellings of the diagrams presenting 3-gems by its 0-
residues and an lower/upper case implicitly given 0-colored edges are the ones which
attain the code. A diagram like this is called canonical presentation of the 3-gem.
Thus the code of the 3-gem inducing S3/Q8 (and for any other 3-gem) is read directly
from its canonical presentation:
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cab! deigh
ihdcbgfea
g f haibdce

Fig. 48: Bijection between canonical presentation of a 3 -gem and its code

Theorem 5 Two connected bipartite (n + 1) -graphs are isomorphic up to color per-
mutation if and only if their codes coincide.

Proof: This is a straighforward consequence of the bipartite DFS-algorithm which
permits defining the NRcodes and from the definition of the code as the lexicographic
maximum. n

2.6.3 The Code of Non-Bipartite Gems

The code of a bipartite disconnected (n + 1)-graph G is obtained as follows . Take the
code of each component and order them first by non -decreasing number of vertices
and then by their codes (thinking of them as a single number on base jVGI + 1). Add
to the code-number of each vertex of component i the total number of vertices of
the previous i - 1 components . These code numbers so modified form an adjacency
matrix which is, by definition , the code of the bipartite non-connected (n + 1)-graph
G.

Recall that n-Gems are characterized by the property that their n-residues induce
the sphere S"'. Therefore these residues are bipartite. The code of a non-bipartite
n-gem is obtained as follows . Take the codes of their k-residues for all the colors
k. Choose the greatest of them, say the one corresponding to the missing color i
inducing the bipartite (in general disconnected) n-graph Gi. The code of G is the
code of Gi followed by a permutation of the numbers 1, 2, ... , I VG I . The m -entry of
this permutation is the code-number of the neighbor of the vertex with code-number
m by the last color n. Clearly G is recoverable from its code and G and H are
isomorphic if and only if their codes coincide.

Note that, in particular, the code of a non-bipartite 3-gem with n vertices has
n/2 + n/2 + n = 2n entries. The first and second group of n/2 entries f o r m permu-
tations of 1, 2,. . ., I VG/21 and the last n entries f o r m a permutation of 1, 2, .. . , I VG 1.
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Our implemented routines do not include facilities to deal with non-orientable
3-manifolds. Therefore we only consider bipartite 3-gems.

2.7 Heegaard Splittings of 3-Manifolds

At this point is convenient to recall and discuss in the context of 3-gems the well
known Heegaard splittings of 3-manifolds [Hem76],[Sti80]. From them it is easy to
get a presentation for the fundamental group of the associated 3-manifold. The best
way we get a similar presentation from a 3-gem owes its justification to Heegaard
diagrams. However, before discussing these we first derive a few useful arithmetic
properties.

2.7.1 Arithmetic Properties of (3 +1)-Graphs

The connectivity of a closed connected surface is defined as 2 minus its Euler char-
acteristic. If the surface is not connected, its connectivity is the sum of those of its
components. Given a (3 + 1)-graph G, let l;(G) = f be the sum of the connectivi-
ties of the surfaces associated to the 3-residues. As before, t,, denotes the number of
6-residues. Let b5 denote the number of bigons not using color c and let & be the
sum of the connectivities of the surfaces associated with the 6-residues. Finally, let
v = $V(G)I, b and t the total number 2- and 3-residues of G.

Proposition 5 For each (3 + 1)-graph G and each color c we have

1. G = v/2 + 2tc - br

2. v+t=b+l;'/2.

Proof: Let R be a 6 -residue. By definition, l;R equals eR + 2 - vR - b,.. By adding
these expressions for all 6-residues we obtain

1;,=3v/2+2t,-v-bc,

which yields the first part. To obtain the second just add the equality for all colors
c. n

In the next proposition, by denotes the total number xy-gons.

Proposition 6 For each (3 + 1) -graph G and every permutation (i, j, k, h) of the
colors we have

bij+ti+tj- bi
/2-

tj /2 =bkh+tk+th- Sk/2- th/2-
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Proof: Consider the four equations obtained from the first part of previous propo-
sition by using i, j, k, h. By subtracting the sum of the last two from the sum of the
first two and simplifying we obtain the above equality. n

Corollary 2 For each crystallization G and every color permutation (i, j, k, h), we
have

bi, = bkh

Proof: In a 3-gem all the connectivities are 0, moreover , in a crystallization, t, = 1
for every color . The result then follows from the previous proposition. n

2.7.2 Heegaard Splittings

A handlebody is a tubular neigborhood of a graph , i. e., the topological product of
a (small) disk with a graph . A Heegaard splitting of a closed connected compact
3-manifold is a partition of it into two open handlebodies and a surface . This surface
is the common boundary of the two handlebodies ; if the manifold is oriented , it is an
orientable surface of genus g , called the genus of the splitting.

Proposition 7 Each closed, compact, connected 3-manifold M3 has a Heegaard split-

ting.

Proof: We know already that there are 3-gems G so that IGI '= M3. By eliminating
1-dipoles we may suppose that G is a crystallization . Therefore, we may suppose that
M3 is the union of the four triballs of G. Note that the union of any two of these
triballs is a handlebody. Let (i, j, k, h) be any permutation of colors. Chosen any
pair of triballs , say the ones B; associated with the ti-residue and B, associated to
the 3-residue , the handlebody associated with the complementary pair Bk U Bh has
the same genus : the first has genus bkh - 1 and the second genus b,, - 1. Ftom the
above corollary, b;? = bkh. In this way, associated to a crystallization there are three
natural Heegaard splittings:

(H23 = Bo U B1, fl01 = B2 U B3, X01)

( 'H13 = BO U B2, fl02 = B1 U B3, O02)

(l12=BoUB3,Wo3=B1UB2,O^W03),

establishing the proposition. a

An economical way to present a Heegaard splitting is to use the so called Hee-
gaard diagram . It consists in a drawing of a handlebody of genus g together with g

r
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disjoint closed curves in its boundary. The convention is that each one of these curves
is going to be pasted against a distinct meridian of a canonical genus g complementary
handlebody. It is easy to prove (proof left to the reader) that up to homeomorphism
this scheme completely defines the mapping between the surfaces of the two handle-
bodies and so, the diagram defines the 3-manifold. In the discussion associated to Fig.
12 we have described a way to get a 3-gem from a Heegaard diagram in a canonically
embedded handlebody. Now we consider the Heegaard diagram in the complement
in S3 of an embedded handlebody provided this complement is also a handlebody.
The reason for this shift is because that is the way that we get Heegaard diagrams in
Section 2.8, when deriving 3-gems from blackboard framed links.

For instance, RP3 is defined by the Heegaard diagram in the complementary
handlebody below on the left.

paste

Toroidal hole Solid torus

Fig. 49 : A 3-manifold from a Hegaard diagram in the complementary handlebody

To get a 3-gem from a Heegaard diagram in a complementary handlebody in
such a way that the induced 3-manifolds coincide proceed as follows:

Algorithm 3 (Heegaard diagram, complementary handlebody e-* 3-gem) :

1. Draw a parallel to each curve in the diagram.
2. By effecting isotopies in the curves make sure that each one of them has
transition points between the upper and the lower level of the diagram of the
handlebody . Label these transition points which become the vertices of the
3-gem.
3. Since we doubled each curve , the boundary of the diagram are circles which
have an even number of labels . Color with 1 the arcs of these circles which
are between two parallel curves and with 2 the other arcs . Color with 3 the
arcs of the curves which are above and with color 0 the ones which are below
(dotted arcs in the above example ). This coloring produces a (3 + 1)-graph. If
this graph is not connected , make further isotopies in step 2 which will ensure
a connected graph.
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The result is not only a connected (3 + 1)-graph, but a 3-gem inducing the same
3-manifold as the original Heegaard diagram. The simplicity of this construction is an
evidence on the naturality of our primal construction for 3- gems. Indeed, it realizes
the pasting instructions in a straightforward way:

Justification: The handlebody is formed by Bo and B3, 3-balls corresponding to the
0-residue and to the 3-residue. There are as many 2-residues's as there are curves in
the Heegaard diagram. The 3-balls corresponding to those are prisms whose lateral
surfaces are to be pasted to the strips between the doubled curves. Finally, there is
an extra 3-ball, B1, induced by the unique 1-residue. Note that this justification is
the same for the algorithm associated to Fig. 12.

In the above example we get a crystallization, since there is only one curve,

Fig. 50: A 3-gem from a Heegaard diagram in the complementary handlebody

which we recognize as the superattractor for RP3. In general this construction pro-
vides a 3-gem but not a crystallization.

From a crystallization it is easy to reverse the process getting a Heegaard dia-
gram . We can choose any one of the 6 handlebodies f;,'s to obtain such a diagram.
Let (i , j, k, f) be a permutation of (0, 1, 2, 3).

Algorithm 4 (Getting a Heegaard diagram from a crystallization G)

1. Consider the handlebody 31;j = Bk U Bt where G is naturally embedded.
2. Drop all the edges of color i and of color j.
3. Drop all the edges of a kf-gon (any of them). The remaining kf-gons in
O'Hij are the curves which defines the Heegaard diagram.

Justification: Let g be the genus of the handlebody 34,. A system of meridian
disks in a handlebody of genus g is a set of g disks, each properly embedded (i.e.
exactly the boundary of the disk is in the boundary of the handlebody) so that the
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closure of the handlebody minus the set of disks is a 3-ball. The justification of the
algorithm is straightforward, since the remaining curves are the boundary of a system
of meridian disks in the complementary handlebody. Thus, the instructions to get
the 3-manifold from the Heegaard splitting matches with those to get the 3-manifold

from the crystallization. n

Example: For the 3-gem below we get the Heegaard splitting depicted on the right.
The Heegaard diagram is to be considered on the complementary handlebody. In
particular, the two holes are in fact solid cylinders.

Fig. 51: From a 3-gem to a Heegaard diagram

We have used the two curves corresponding to the two 01-gons containing f
and g, leaving out the one which contains a. The above 16-vertex 3-gem is, as a
matter of fact, the superattractor for the lens space L5,2. In Chapter 5 we justify this
claim. This attractor shows that, in general, the minimum Heegaard genus (L5,2 has
it one) does not coincide with the minimum 3-gem (whose associated three Heegaard
splittings have genus at least 2).

2.8 3-Gems and 1r1, the Fundamental Group

In this section we discuss a number of ways to get a presentation for the fundamental
group 7rl (M3) from a 3-gem inducing M3.

2.8.1 Getting 01-Presentation for ir1

From a crystallization G it is rather easy to obtain a presentation for the fundamental
group of the induced 3-manifold based on a bipartition of the four colors into two sets
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of two colors. In what follows we use the partition 110, 1}, {2, 3}}, but any of the
six possibilities produces the same group. This approach was introduced in [Gag79b]
and independently in [Lin88]. For groups given by generators and relators we refer
to [MKS76].

Algorithm 5 [01-Presentation for 1r1(IGI) from a crystallization G].-

1. Label the rrl 01-gons with the symbols £1 , P2, ... , £, . These are the gener-
ators.
2. Go around each 23-gon ( in any sense) writing for each vertex v the symbol

e, 1 where 1i is the symbol of the 01 gon to which v belongs . The exponent is
+1 if v is the transition between an edge of color 2 followed by an edge of color
3, according to the choice of the sense of traversal. Otherwise the exponent is
-1. These sequences of symbols are to be considered cyclic words and form
the relators.
3. Choose one symbol (any symbol ) ei and make it equal to the identity.
(Otherwise the group would have a free extra factor.)
4. Choose one relator (any relator) and drop it. (It is implied by the others.)

We exemplify this procedure in r24. The generators correspond to the 01-gons:

e1:aAbBcC
£2:dDeEfF
t3 : gGhHiI
14 : jJkKIL

Fig. 52: Starting to get the 01-presentation for al(jr2 24j)

The relators are given by the 23-gons, where each vertex is replaced by the
symbol of the 01-gon it belongs to with the adequate exponent:

bKgFjH .4

cDIAfG N

eBhJaI H

kEiLdC i-►

ti 1(4(3
1'2e41e3

el 1e2P41e1e2 1(3

4 11413'12e4 1P3

t 1121 1141 1f1
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We must make one of the generators equal to the identity , say, £3 = Id. Moreover
any relator is implied by the others . So we may drop any one of them , say, the fourth
relator . Let then x = 11-1, /y = f21 , t3 = Id and z = f 1. We then get

ir1(ra) _ (x, y, z I xz lylz, xylzxly, yxlz lx)

Using the third relator we get z = xyx-1 . We can therefore eliminate the generator
z, obtaining

?r124 ) = (x, y I xxy-lx ly lxyx 1 , xy lxyx lx-ly)

_ (x, y ylxy = xyx1, x2 = yxylxy)

_ (x, y ylxy = xyx-1 , x3 = yx2y)•

The last relation is obtained with the replacement of ylxy by xyx-1 in the second
relation and multiplying by x to the right . Now introduce a new generator w = xy,
and use it to eliminate y:

irt (ri4) = (x, y, w w = xy, ylxy = xyx-1 , x3 = yx2y)

(x, w I w-lxw = wx -1,x3 = x-lwxw)

(x, w I xwx = w2, x5 = (xw)2)

= (x, w I (xw )
2 = 'w3

= x5)

This is the binary dodecahedral group (5,3,2) and it has 120 elements , [CM72b].
This was expected , since it is known that this group is the fundamental group of the
Poincare homology sphere , S3/(5, 3, 2).

Justification for the Above Algorithm : It is a simple consequence of getting a
presentation for irl from a Heegaard diagram . Indeed, consider 7{o, and all but one
23-gons in its surface . We know that these curves form a Heegaard diagram for the
3-manifold and the generators for ir1 are given by rol -based loops tj in the interior
or 3io1 as shown below . Loop P; crosses transversally the 23-gons b23 and 0b23. The
base point rol is in the interior of disk b23 . The symbol which is made equal to the
identity is, here , to the one that corresponds to 6023.

£2

rot

Gol

Fig. 53A: Handlebody Wo1 and its deformation retract
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It is straightforward to note that each surviving 23-gon is isotopic to a word in the
ti's which coincides with the words given by the algorithm (in which we make to equal
to the identity).

The fact that the word corresponding to one (any one) of the 23-gons is redundant
can be seen in the complementary handlebody:

Fig. 53B : Complementary handlebody explains redundancy

The set of 23-gons corresponds to one more disk than a system of meridians. As a
consequence, one of the 23-gons (any one) may not be used, since its associated word
is implied by the others. This is a geometric reason of this redundancy.

2.8.2 Combinatorial Explanations

There is also a simple combinatorial explanation for the above redundancy based on
planar graphs. Let M be a connected graph embedded into the surface of a 2-sphere.
Consider the edges of M oriented arbitrarily. The group rM is defined as follows: the
generators are symbols in 1 - 1 correspondence with the edges of M. The relators are
in 1 - 1 correspondence with the vertices of M. To obtain a relator from a vertex we
list in clockwise order (starting at any edge) the symbols for edges around the vertex.
A generator receives a negative exponent if the edge is directed towards the vertex
and +1 (no exponent), otherwise. For instance, if M is the graph below (considered
embedded into an S2)
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rM = (a, b, c, d, e, f, g I a-'gg 'b , b-led-l c, ac-1f - 1, de 1f)

Fig. 54: A group rM from a graph M in S

Lemma 5 Let M be any connected graph embedded into an S2. Then each relator of

rM is implied by the others.

Proof: Note that if M has a unique vertex, then the unique relator is redundant:
it freely reduces to the identity. (A free reduction is the replacement of a pair like
xx1 by the identity.) We proceed by induction. Let M have n + 1 vertices. Choose
an edge x linking two distinct vertices of M. Symbol x appears twice in two distinct
relators. We can take its value in terms of the other symbols in one of the relators
and use it in the other to accomplish the complete elimination of x. The geometric
manifestation of this elimination is the contraction of edge x, producing a graph M'
having n vertices. Let r be the vertex which we want to prove redundant. If it is
possible to choose x not incident to r, then since the relator r in rM is still a relator
in rM' we are done by induction.

Otherwise, every non-loop is incident to r, as in the example below.

M

Fig. 55 : Geometric manifestation of free reduction

Observe that the loops incident to a t # r, as well as those incident to r which do
not enclose any other t, freely reduces in the corresponding relators and behave as if
did not existed. Now, the product of the edge-symbols corresponding to each t # r is
the identity and this fact can be used to simplify the relator r up to the point where
it comes from a single vertex (while, except for free reduction, maintaining all the
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other relators intact). As we already have point out, a relator coming from a graph
N with a single vertex is redundant. n

Proposition 8 Let 7r1(G) be the group obtained from a crystallization by Algorithm
5, in which we do not drop any of the relators corresponding to the 23-gons (step 4).
Then each one of the relators is implied by the others.

Proof: Consider the 0-residue Go embedded into an S2. Let M be the embedded
graph obtained from Go by contracting to a single vertex each disk bounded by a
23-gon. Observe that rl (G) is a quotient of the group I'M, above defined: indeed, we
must make the symbol of each 1-colored edge (a generator of FM) equal to the symbol
of the 01-gon to which it belongs (a 01-gon is a generator for 7r1(G)). After that make
one of the symbol for one 01-gon equal to the identity. Since, by the previous lemma,
any relator is implied by the others in I'M it clearly will be so in 7r1(G), a quotient. n

We now present a simple combinatorial proposition which explains the fact that
the quotient group obtained by making one generator equal to the identity in Step 3
of Algorithm 5 is independent of the generator chosen. A presentation for a group is
called an alternating presentation if in all the relators the generators have alternatively
+1 and -1 as exponents.

Proposition 9 (Lemma 5 of [Lin891) If P = (X I R) is an alternating presen-
tation for a group P and a, b E X, then the quotient groups (X I R U {a}) and
(X I R U {b}) are isomorphic.

Proof: Let X be a set disjoint form G in bijective correspondence with it via g H g.
Note that

(X I R U {a}) __ (X U.9 I A U {a} U {ibx-1 I x E X }).

Since R is alternating, R and A, obtained by replacing x H i for each x E X, are
equivalent. By using the relator fiba_1 to eliminate a we obtain the isomorphic group

(XUX-{a} I RU{ab}U{ibx-1 I xEX-{a}).

Now use the relator db to eliminate b, obtaining

(,Y U X- {a, b} I A U {aa-1x'1 I x E X- {a, b}} U {b}).

Note that each symbol in X - {a, b} appears isolated in one relator. By using these
relators we can eliminate all the symbols in X - {a, b}. We get simply,

(XIRU{b})_ (XIRU{b}),

T
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proving the proposition. n

Now we show that a from group having an alternating presentation we can extract
a free factor. This is a combinatorial explanation on why we must make one generator
equal to the identity in Algorithm 5.

Proposition 10 If P = (X I R) is an alternating presentation for a group P and
a E X. Let R. be the set of relators obtained from R by making a = Id. Then (X I R)
and (a) * (X - {a} I Re) are isomorphic.

Proof: Let k be a disjoint copy of X - {a}, via x H 1. Then,

(X I R) - (X U X I R U {iax-' I x E X- {a}}).

Note that x = ia, relation derived from the new relators . By using these relations, we
eliminate all the symbols in X- {a}. Note that by free substitutions and conjugations
the relators in R become simply Ra (i.e. make a = Id and put a hat at each symbol
of R). We get

(XU{a} Ra)=(a)*(XjRa)=(a)*(X-{a}1 Re),

establishing the proposition. n

2.8.3 Getting a 0-Presentation for irl

We now treat an alternative way to get 7ri(IGI) from a crystallization G. It is based
on the choice of one of the colors in {0, 1, 2, 3}. We choose color 0, but the group
would be isomorphic with any other choice.

Algorithm 6 [0-Presentation for ir1( IGI) from a crystallization G].-

1. For i = 1, 2, ... ,1 V(G) I orient the i-th 0-colored edge from vertex 2i - 1
to vertex 2i, assigning to it the symbol a;; these are the generators.
2. For each c E {1, 2, 3}, starting at each odd labeled vertex , go around the
(0, c)-colored bigons recording the symbol a; for each 0-colored edge traversed.
The cyclic words so obtained are the relators of the presentation.

Justification of the algorithm: Contract to a point the unique 3-cell bounded
by the sphere of the 3-residue not involving color 0. In the new cell complex the 0-
colored edges are the only edges and become loops. The new 2-skeleton has pinched
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disks bounded by loops in the same order as they are found in step 2. Since the
fundamental group depends only on the 2-skeleton of a cell decomposition, the proof
is complete. n

The above algorithm yields less compact presentations than others based on two
colors. However, it is useful not only because it is very simple to justify but mainly,
because it relates nicely with the algorithm for constructing covering 3-gems, which
is treated in Subsection 5.4.5.

We exemplify the above presentation in the 3-gem for S3/Q8; the fundamental
group is generated by {al, a2, a3, a4, a5, a6, a7, a8, a9} with the 11 relators given on the
right:

ala2a3i a4a5a6 , a7asa9 (from 01-gons)
alas , a2a5a8 , a3a4, a6a7 (from 02-gons)
ala4a7i a2a6, a3as, a5a9 (from 03-gons)

Fig. 56: Obtaining the 0-presentation for 7rl

Of course, the 0-presentation that we get can be considerably simplified. We
illustrate the algorithm and its typical simplifications in the above 3-gem, r18.

Start by listing the 01-relators, then the 02-relators, then the 03-relators, each in

lexicographical order, as above. As long as there is a relator r = ua;v with a generator
a; appearing once (isolated generator), we use the Tietze substitution a; -+ u-2 v-1

into the other relators to eliminate the generator a, from the presentation. To ensure

an orderly way, we have chosen the first such relator, and in it, the isolated generator

which has the highest index. After the substitution of all the occurrences of the iso-
lated generator, we effect free simplifications as well as the ones coming from conjuga-

tion. This procedure yields the presentation < al, a2laia2, a2 lala2a1, a2'ai lag laj 3 >

for the above example. The last relator is redundant, as we show in the following

Proposition.

Proposition 11 In the 0-presentation of Irl of a rigid 3-gem G, any two relations

produced from differently colored bigons are implied by the rest of the relators in the
presentation.

i
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Proof: Let (i, j, k) be any permutation of (1, 2, 3). For h E {i, j, k} let Rh be the
set of all relators coming from the (0, h)-colored bigons. The relators in A. U Rk can
be read from the faces of a graph embedded into a 2-sphere. Namely, consider the
2-complex formed by the 2-disks attached to the (i, k)-, the (0, i)- and (0, k)-colored
bigons. This forms a 2-sphere where the subgraph of G not involving color j embeds
with its bigons being the faces. Now contract to points the disks bounding by (i, k)-
bigons. Only the 0-colored edges remain and each member of R. U Rk is read from the
boundary of a face in the order and sense of traversal in which the corresponding edges
appear in the embedding. In this situation the relator coming from any such face is
(because we are in the 2-sphere) implied by the others. (See the dual form of Lemma
1 of [Lin88] for a detailed proof.) Thus, any r; in Ri is implied by (Ri\{r;}) U Rk.
Replacing i by j, any r3 is implied by (R,\{r;}) U Rk. Therefore, both r; and r3 are
implied by (R;\{r;}) U (Rj\{rj}) U Rk. n

At the end of the simplification, the relator originated by the last 02-gon becomes
empty and is deleted. The other relator which is deleted is the longest one which is
originated by a 03-bigon.

To complete the explanation of the implemented simplifications routines, which
yield Tables 9A and 9B of Section 5.3, we "tidy" the numbering of the remaining
generators: for instance, if only generators a3, aio and a19 have survived, we rename
them a, b and c. Finally, we invert a relator, if doing so the number of negative
exponents decreases. This is the justification for the presentations given in those
Tables.

2.9 Framed Links, Blinks and 3-Gems

One of the most interesting and important presentations of a 3-manifold is the one
that produces it from a framed link. This was put at our disposal by Lickorish
as consequence of his fundamental work [Lic62]. Further, Kirby [Kir78] discovered
moves on these objects which are enough to replace homeomorphism of 3-manifolds
by a simple calculus on framed links . Our quicky review of the moves below follows
the presentation of Rolfsen [Rol76].

A framed link is a link in S3 with an irreducible fraction attached to each com-
ponent . These objects encode 3-manifolds via a standard construction. Below we
exemplify this construction in the case of one unknotted component with framing
-3/2.
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K=L

homology basis toroidal hole

Fig. 57: 3-manifold associated to unknot with framing -3/2

In general , given a framed link L with n components, consider a tubular neigh-
borhood of L in S3. Each component K of the link is enlarged to a thin solid torus
TK. The fraction p/q associated to K is now used to specify an S' in the boundary
of TK: it is the curve of type homology type p' = plc + qA, where p is the bound-
ary of a meridian of TK and A is a curve parallel to K in the surface of TK so that
Pkn(K, p) = +1. The curves p1 are to become identified with the meridians of n new
disjoint solid tori: one for each component. The 3-manifold is formed by the exterior
of the tubular neighborhood of L together with the new Lori with pasting specified
by the µ'-curves. See [Rol76] for more details.

It is possible to get, in a straightforward way, a 3-gem inducing the same 3-
manifold as a framed link if the framings are integers . Therefore we briefly review
how it is possible to modify the link so as to get integer framings without changing
the 3-manifold. The modification of the link and of the surgery coefficients below are
justified in Chapter 9 of [Rol76J. Here are the two permissible operations that we can
do on L:

• Create or cancell a component with framing ±oo.

• Effect a ±t-twist about an unknotted component changing judiciously the link
and the framings rk's.

The framings change as follows:

Component Li of the twist: ri' = 1/(t + (1/ri))

Other components L3: r'r = rj + t(Bkn(Li, J.,,))2.

The link changes as follows:
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Effect t full twists in the cable of parallel lines encircled by Li (a left
handed twist is a (-1)-twist).

2.9.1 The Smallest Known Hyperbolic 3-Manifold

This example is due to Jeffrey Weeks . It appears in [HW94] . Consider the 3-manifold
given by the following framed link which induces the hyperbolic 3-manifold H0.94 of
smallest known volume (which is 0 .942707362776928...):

Fig. 58A: Ho 94:a hyperbolic 3-manifold of volume 0.94...

Our immediate objective is to get an equivalent framed link which has integer coeffi-
cients.

-3/2 3/2 -1/2 1/2

00 -3/2 \ ^o = 1/0 00 \Q -3/2 ^^bo = 1/0

Fig. 58B: Create oo-components ; do a 1-twist about the upper one to switch a crossing
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1

1/2 ^---J 1/2

1/2

^ 1 1
`
\^1 U12

1/2

Fig. 58C: Repeat 1-twists about bottom oo-components getting a special 6-ring

1
1

2

Fig. 58D: Do a (-2)-twist about the lower (1/2)-component

-3

Fig. 58E : Result after effecting (-2)-twists about the remaining (1/2)-components

We have achieved our goal to produce an equivalent link having only integers
framings . Now we introduce some curls in the link so that the (integer) framing of
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component each equals the algebraic sum of self-crossings of the component. Thus the
mention to the framing becomes redundant but the drawing in the plane (particularly
the curls) becomes important. This is what is called a blackboard framed link.

A more condensed form of a blackboard framed link is a blink. To form such
an object, note that the faces of a diagram of a link can be bicolored, the exterior
face being white its neighbors sharing a segment between 2 crossings being black and
so one. The blink associated to a blackboard framed link is a plane graph with a

bicoloration of its edges. The vertices correspond to the black faces and are fixed
arbitrary interior points on them. These points are said to represent its black face.
The edges correspond to the crossings: there is an edge contained in the black faces
and across a crossing starting and ending at the vertices (which may coincide) repre-
senting the two black faces incident to the crossing. An edge of the blink is plain if
in going along the edge the overpass of the crossing is from northeast to southwest.
It is dotted otherwise. In our example there are only plain edges.

Fig. 58F: Blackboard framed link and associated blink inducing Ho sa

2.9.2 From Blinks to 3-Gems

Suppose we are given a blink. Draw the associated blackboard framed link. Then it
is rather easy to construct a Heegaard diagram (in the complementary handlebody)
yielding the same manifold as the one given by the surgery presentation. Consider
each component in the surface of a thin solid torus. At each crossing make a bridge
linking upper and lower tori with a solid cylinder, as shown in the picture below.
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Fig. 59: Getting Heegaard diagram in the complementary handlebody

After the addition of one cylinder for each crossing we get a handlebody. An easy, but
important fact about the situation is that this handlebody considered naturally em-
bedded into S3 has a complement which is, clearly, also a handlebody. Our diagrams
will be considered in this complementary handlebody. It is a tricky fact, but a same
system of curves considered as Heegaard diagrams in the common boundary of two
complementary handlebodies in S3 usually induces two distinct 3-manifolds. The fol-
lowing proposition provides a bridge between blackboard framed links and Heegaard
diagrams in the complementary handlebody. Since we already know (Algorithm 3)
how to go from such a diagram to a 3-gem, this proposition is the missing link to
achieve our objective.

Proposition 12 The complementary handlebody above constructed and the original
link components embedded on its boundary together with the meridian curves of the
added cylinders form a Heegaard diagram for the same manifold given by the link with
blackboard framing.

Proof: The proof is straightforward from the definitions of surgery on framed links
and of Heegaard diagrams. n

We can produce the passage from the projection of a blackboard framed link to
a Heegaard diagram in the complementary handlebody inducing the same 3 -manifold
by repeating at each crossing the local substitution depicted below:
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Fig. 60: Blackboard framed link f-4 Heegaard diagram in complementary handlebody

Here is an example for S3. We get a genus two Heegaard diagram of S3 in the
complementary handlebody.

CIO

Fig. 61: The simplest example of the above situation

We have seen in Algorithm 3 how to obtain a 3-gem inducing the same 3-manifold as
the one induced by a Heegaard diagram in a complementary handlebody . We briefly
recall this algorithm : start by drawing a parallel curve to each curve in the Heegaard
diagram . Each vertex of the 3-gem is defined from a transition of a curve from an arc
behind to one in front . Let the behind arcs be edges of color 3 and frontal arcs be
edges of color 0. There are now an even number of vertices around each hole. Color
the boundary of each such hole alternatively with colors 1 and 2 , in such a way that
the 3-residue not involving color 3 has bicolored boundaries of faces.

It is straightforward to prove that the resulting (3+1)-graph is a 3-gem inducing
the same 3-manifold as the one given by the Heegaard diagram . See the justification
of Algorithm 3. In the above example, after the doubling we get
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Fig. 62 : Getting 3-gem from doubled Heegaard diagram

A sequence of dipole cancellations gets us to the superattractor for S3: the 3-gem s3
with two vertices.

From the above discussion it is straightforward, in general, to go from a black-
board framed link with n crossings to a 3-gem with 12n vertices inducing the same
3-manifold. Each crossing is replaced by a fixed partial 3-gem, as shown below:

Fig. 63: Local generic modification: from blink to 3-gem

The algorithm realizing the transformation blink H 3-gem has been imple-
mented and is used to recognize the 3-manifolds induced by simple blinks. The 3-gems
have a richer simplification theory implying that it is easier to recognize 3-manifolds
given by small 3-gems than by small blinks. Therefore, the above "multiplication by
12" pays off.

There are two observations about the above transformation: (i) blinks can only
induce connected 3-manifolds. A disconnected blink induces the 3-manifold given by
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the connected sum of the disjoint 3-manifolds given by each connected component
of the blink . Thus, we need to ambient isotope the link inducing the blink so it
becomes connected . (ii) if the blink is a single vertex , there is no way to perform the
above transformation . We need to deform the inducing circle to get crossings in the
projection . Indeed , from the second blackboard framed link below we get a 3-gem for
S1 X S2.

O - c^ti
Fig. 64: Forcing crossings to permit the construction

2.10 From Blinks to Superattractors : Examples

We say that a blink gets absorbed by an attractor if the 3-gem associated to the blink,
as constructed in the previous section simplifies, under algorithm TSP (detailed in
Chapter 4 ) to a member of the attractor.

In this subsection we provide some examples of simple blinks getting absorbed
by superattractors . The last example is an attractor having four 3-gems.

2.10.1 The Closed Hyperbolic 3-Manifold: oH.

The first example is the hyperbolic manifold of smallest known volume H94.

Fig. 65: Blinks getting absorbed by the superattractor r24481 for Ho_94
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The second blink is the one that we have obtained in Subsection 2.8.1. The less
symmetric first blink for Ho 94 was the first obtained for this manifold. We got it with
the help of D. Rolfsen and J. Weeks.

There are no other 3-gems up to 30 vertices inducing Ho 94. Therefore, r2".1 is
the superattractor for this space. This is a o-gem. Here are the v-symmetries:

Fig. 66A: or-Symmetries on 944.1

The string presentation associated with the above a-symmetries is
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30
x24481

Fig. 66B: String presentation induced by a-symmetries above

Note that the lower crossing is a "crossing corresponding to the usual crossing of two
0-colored edges . It is not a _

crossing and it has no underpass (and no overpass).

2.10.2 Square-Blink and Tetrahedron-Blink

The quaternionic 3-manifold S3/Q8, whose superattractor is 8(3,3,2, 1), admits a
surprisingly simple blink which induces it:

Fig. 67: Square-blink getting absorbed by the superattractor for S 31Q8

The 3-torus S' x S' x S' has the 1-skeleton of a tetrahedron as its simplest
inducing blink. All edges are plain edges. Indeed, this blink corresponds to the
Borromean rings with 0 as framings . They produce a 3-gem with 72 vertices which
gets absorbed by x14, the superattractor for the 3- torus.
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Fig. 68: Tetrahedron-blink getting absorbed by the superattractor for S ' x S ' x'

2.10.3 Another Closed Hyperbolic 3-Manifold

The closed orientable hyperbolic 3-manifold H%ol of third lowest known volume which
is

Vol(H13.01) = 1.014941606409654...

See #3 of [HW94], where it appears induced by a specific framed link . By effecting
the admissible manipulations of the last section over this link we find that Hi.01 is
induced by the following equivalent blink:

Fig. 69A: Blink inducing the hyperbolic 3-manifold Hl.01

The 3-gem associated to this blink gets absorbed by an attractor (as our catalogue
and the various invariants that we applied prove) having four 3-gems : r6, ris°o2, rsie
and r18°57 . These are depicted below.
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30
r1857

Fig. 69B: The attractor for the hyperbolic 3-manifold Hl

89

The 3-gems r °6 and r1802 are linked by one TS-move and r9°6 and ris°57 are also
linked by one TS-move. These pairs of 3-gems form two u°- classes . There is a ul-
move from the first to second class and another in the opposite direction. Therefore,
any two of these 3-gems in the attractor are linked by a single u;-move.

An attractor so that each one of its n 3-gems is linked to any other by a u;-move
is called an u;,-attractor. Thus, the above one is a u4-attractor . The ui - attractor is
the 3-gem with the smallest code belonging to a ul,-attractor. Therefore, r646 is the
u4-attractor for Hi.01.
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2.11 Interesting 3-Manifolds Induced by the Fam-
ily S(b, f, t, c)

In this section we give a few more examples of 3-manifolds induced by crystallizations
in S(b,1 , t, c)'s, establish a proposition on isomorphisms on this family and finally give
the homologies of its smallest members.

We have seen that some members of S(b,1, t , c) induce quotients of S3, like
S(3,3,2, 1) which induces S3/Qs and 8(5,3,2, 1 ) or 8(3,5,4, 1) both of which induce
S3/(5,3, 2). We also have quotients of the Euclidean space R3 and of the hyperbolic
space H3.

2.11.1 EUCLID, an Euclidean Orientable 3-Manifold

8(3,5,2, 1) induces EUCLID,, one of the six orientable Euclidean closed 3-manifolds.

Fig. 70A: 8(3,5,2, 1) getting absorbed by rs , the superattractor for EUCLID,

The superattractor is the o-gem r524. A string presentation equivalent to it is
given below:
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Fig. 70B: String presentation equivalent to the superattractor for EUCLID,

More information about EUCLID , is given in Section 4.2, where we get it as an
identification of the faces of a solid cube.

2.11.2 The Hyperbolic 3-Manifold Ha 94

The hyperbolic 3-manifold H0.a, which we have seen in previous section is induced by
S(3, 7, 4, 1). Indeed, x24481 is the attractor for Hh4 and it absorbs 8(3,7,4, 1).

TS,

Fig. 71: S(3, 7, 4, 1) getting absorbed by the superattractor for Hu.s4
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2.11.3 The Hyperbolic Dodecahedral Space

As one last example, consider the hyperbolic dodecahedral space Ham, also known as
the Seifert-Weber 3-manifold, obtained from the antipodal facial identification in a
solid dodecahedron, as shown below, see [ST80]. This is a very interesting 3-manifold
having a lot of unusual properties. For instance, it is a hyperbolic 3-manifold which
is not sufficiently large in the sense of Hacken. This means that it does not contain
an embedded essential orientable surface. Such a surface is characterized by the fact
that its fundamental group injects into the fundamental group of the 3-manifold. In
particular, the homology group of the 3-manifold has to be infinite to exist such a
surface. The homology group of the Seifert-Weber space has Betti number 0 and
three torsion coefficients equal to 5.

Fig. 72: Antipodal facial identifications yielding
the Seifert-Weber 3-manifold also known as

the hyperbolic dodecahedral space Hand

By feeding TSP with the 120-vertex 3-gem associated to the facial identification
scheme above we get to the left 3-gem below. No TS-moves are available on it.
This 3-gem is also the output of TSP when we give as input either S(5, 8, 3, 2) or

S(5, 8, 3, 3). The 3-gem on the right is the output when TSP is fed with S(5, 8, 3, 1)
or 8(5,8,3,4). The 3-manifolds induced by these 3-gems have been very difficult to
discriminate. They have the same homology groups, and the same linking sequence,
as studied in Chapter 6. Also their fundamental groups may coincide. In conjunction
with S. Sidki we have made tests which did not decide the isomorphism question.
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3 -3Fig. 73A: A 3-gem inducing Hdod and a cousin inducing H

93

Conjecture 4 The 3-manifolds Hasa and Haoa are non-homeomorphic . The above
50-vertex 3-gems are the superattractors for them.

It is conceivably that the new quantum invariants [KL94] distinguish these 3-manifolds.
However in order to compute these invariants we would need blinks inducing them.
And at the present, these are not available. The first 3-gem above is not a or-gem,
but the second is.

Fig. 73B: A string presentation for the image of S (5, 8, 3, 1) under TS,



94 2. Elements of the Theory of 3-Gems

2.11.4 Homology Tables and Isomorphisms in S(b, t, t, c)

We provide tables of the first homology groups of the smallest (S(b, t, t, c) I's. Before
that is convenient to identify some isomorphic objects among the inducing (3 + 1)-
graphs.

Proposition 13 The graphs S(b, t, t, c), S(b, t, 21 - t, c) and S(b, t, t - t, b - c) are
isomorphic.

Proof: The isomorphism between the first and the third of these graphs is in fact
the identity. To show it note that el, e2 and C3 depend only on b and t. Let e0 be the
first involution on the third graph. By definition,

eo (i, j) = (i + (b- c).p(j - t+t),1- j + 2t - 21) = (i+cp(j - t),1- j +2t) = eo(i, j).

Now we prove that (i, j) '-+ /3(i, j) = (i, 1 +t - j ) is an isomorphism between the

first and the second graphs . Let co , e1i e2 and e3 refer to the first graph and do, el, e'2

and e3 refer to the second graph . Note that , except for i = 0 , e; = e;. It is also clear
that /3 is a bijection . We have the following relations:

Qe3(i,j) _ /3(i+µ(j),1-j) _ (i+µ(j),t+j) = 63 (i,1+t-j)
e3/3(i,j) = 40(i,j)

/3eo(i , j) = /3(i + c.µ(j - t),1 - j + 2t) = (i + c.µ(j - t), t + j - 2t)

= eo(i,l+t-j) = ero/3(i,j)

Therefore Nei = e3,6 and /3eo = do/3. To continue, let us suppose that t is even.

Qh(i,j) = f3(i,j - (-l)i) = (i, 1 + t - j + (-1)i)
(i,1+t-j-(-1)1+t-i ) = e1(i,1+t-j) = 4 /3(i,j)

Qe20, j ) _ /3(i, j + (-1)i) = (i, l + t - j - (-1)i)
(i,1+t-j+ (- 1)1+t-i ) = C2(2,1+t-j) = 4/3(i,j)

Thus if t is even , 3 is an isomorphism that preserves the colors . Suppose now that t
is odd.

/je1(i, j) = Q(i, j - (-1)i) _ (i, l + t - j + (-l)i)
(i,l+t-j+(-1)1+t-j) = e2(2,l+t -j) = 4/3(i,j)

/3e2(0 j) = N(i, j + (-1)i) _ (i, l + t - j - (-1)i)
(i,1 + t - j - (-1)1+t-i) = e1(i, l + t - j) = e11001j)

Therefore , in the case t odd , /3 is an isomorphism that preserves colors 0 and 3 and
interchanges colors 1 and 2. This concludes the proof. n
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In order to present a glimpse of the richness of the family S(b, e, t, c) we display
tables of the first Z-homology group for the smallest members of this family. We use
the fact that, as proved above,

S(b,P,t,c) 5Y S(b,1,2€-t,c) ^S(b,1,B-t,b-c).

We present tables in the range

Hl(IS(b,B,t,c)I),3<b<9,3<e<9,1<t«,1<c<b

The number in parenthesis is the Betti number. Follow the torsion coefficients in a
multiplicative notation.

b=3

3321(0)2 3611(0)3.9 3761(Hom.sphere) 3832(0)3.9
3411(0)2.6 3612(2)(Tors.free) 3811(0)4.12 3921(0)72
3412(0)3 3712(Hom.sphere) 3812(0)3 3941(0)72
3521(0)42 3741(0)52 3831(0)3.9 3921(0)22
3541(Hom.sphere)

Table 1A: Homologies of the first S(3, B, t, c)'s

b=4
4321(0)3 4611(0)3 .12 4761(0)7 4833(0)2 .16
4411(0)22.8 4613(0)12 4811(0)42.16 4921(0)5.45
4413(2)2 4721(0)3.21 4813(2)4 4941(0)5.45
4521(0)3.15 4741(0)3.21 4831(0)22.16 4981(0)9
4541(0)5

Table 1B: Homologies of the first S(4, e, t, b)'s

b=5

5321(Hom.sphere) 5611(0)3.15 5761(Hom.sphere) 5832(0)5
5411(0)23.10 5612(0)5 5811(0)43.20 5833(0)53
5412(0)5 5613(0)5 5812(0)5 5834(0)53
5413(0)5 5614(0)5 5813(0)5 5921(0)312
5414(0)5 5721(0) 112 5814(0)5 5941(0)312
5521(0) 112 5741(0)112 5831(0)53 5981(Hom.sphere)
5541(0)24

Table 1C: Homologies of the first S(5, f, t, c)'s
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b=6
6321(Tors.free) 6611(0)3.18 6761(0)7 6835(0)3.72
6411(0)24.12 6615(4)2 6811(0)44.24 6921(0)21.189
6415(0)12 6721(0)5.35 6815(0)24 6941(0)21.189
6521(0)8.40 6741(0)5.35 6831(0)3.72 6981(2)3
6541(0)5

Table 1D: Homologies of the first S(6, f, t, c)'s

b=7
7321(Hom.sphere) 7611(0)3 21 7761(0)26 7832(0)7
7411(0)25.14 7612(0)7 7811(0)45.28 7833(0)73
7412(0)7 7613(0)7 7812(0)7 7834(0)7
7413(0)7 7614(0)7 7813(0)7 7835(0)73
7414(0)7 7615(0)7 7814(0)7 7836(0)73

7415(0)7 7616(0)7 7815(0)7 7921(0)1272
7416(0)7 7721(0)132 7816(0)7 7941(0)1272
7521(0)292
7541(Hom.sphere)

7741(0)132 7831(0)73 7981(Hom.sphere)

Table 1E: Homologies of the first S(7,1, t, c)'s

b=8
8321(0)2 8611(0)3 .24 8761(0)7 8833(0)47.-32-
8411(0)2 6. 16 8613(0)24 8811(0)46.32 8835(0)42.32
8413(2)4 8615(0)32.24 8813(6)2 8837(0)42.32
8415(4)4 8617(0)24 8815(4)22.8 8921(0)85.765
8417(2)4 8721(0)3.21 8817(6)2 8941(0)85.765
8521(0)21.105 8741(0)3.21 8831(0)42.32 8981(0)9
8541(0)5

Table 1F: Homologies of the first S(8, P, t, c)'s

b=9
9321(0)2 9611(0)3 .27 9761 (Hom.sphere) 9832(0)3.9.27
9411(0)27.18 9612(2)3 9811(0)47.36 9834(0)3.9.27
9412(0)9 9614(6)3 9812(0)9 9835(0)3.9.27
9414(0)2.18 9615(2)3 9814(0)4.36 9837(0)3.9.27
9415(0)9 9617(6)3 9815(0)9 9838(0)3.9.27
9417(0)2.18 9618(2)3 9817(0)4.36 9921(0)5112
9418(0)9 9721(0)52 9818(0)9 9941(0)5112
9521(0)762
9541 (Hom.sphere)

9741(0)52 9831(0)3.9.27 9981(0)28

Table 1G: Homologies of the first S(9, f, t, c)'s

T



Chapter 3

Decomposition Theory: Handles

In this chapter we study combinatorial manifestations of handles in dimensions 2
and 3 . We show that these combinatorial handles induce a standard decomposition
theory at the topological level. This theory is strong enough to provide a gem based
classification of the closed compact surfaces (orientable and non -orientable). This
follows because there are only two building pieces , the superattractors si x si and
p2, inducing the only two irreducible 2-manifolds : the 2-torus , Si x Si, and the real
projective plane , RP2. In contrast, starting in dimension 3, the theory becomes very
weak because the irreducible 3-manifolds are very complicated. For this reason we
switch , in the next chapter , to a different approach that seems not to need , in practice,
the decomposition induced by handles (which nevertheless is useful).

3.1 A Gem-Based Classification of Surfaces

In this section we provide a gem-based topological classification of closed compact
surfaces. It reflects the sort of thing we might naively hope for in the case of 3-
manifolds.

3.1.1 Basic Properties and the Classification Theorem

Recall that a 2-gem is simply a (2 + 1)-graph and that the way to get a surface from
a 2-gem G is as follows. Consider (i, j, k) as a permutation of the colors (0, 1, 2) of
the edges of a 2-gem. We let each bigon of a 2-gem G be the boundary of an attached
disk. Then, clearly, the resulting topological space is a closed surface: note that each
i-colored edge appears in an ij-gon and in an ikgon. The disks attached to these
bigons are identified along the edge and so, globally, a closed surface, SG, is formed.
We say that G induces the surface Sc. For the simplest 2-gem, s2, inducing the

97
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2-sphere S2 we have:

Fig. 74: s2 inducing

A 1-dipole in an 2-gem is an edge of color i so that their ends are in distinct
jk-gons. Here, The cancellation of an 1-dipole consists of deleting the i-colored edge
and its two ends; following that the four free ends are pairwise pasted along edges of
the same color j and k . The creation of a 1-dipole is the inverse operation.

Fig. 75: Cancellation /creation of a 1-dipole in a 2-gem

The resulting graph is a 2-gem . The inverse operation is named 1-dipole creation.

From the definition of 1-dipole and the construction of SG follows at once the
following proposition:

Proposition 14 If G' is obtained from G by the cancellation of a 1 -dipole, then SG
and SGT are homeomorphic surfaces, SG = SG,.

Proof: Consider Figure 75. It shows the unique local changes from the embedding
of G in SC to the embedding of G' in the same surface : the two distinct jk-gons
coalesce into one. n

Remark 2 Observe that the above proposition is just not true if the edge is not a
1-dipole.
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Each closed compact is induced by some 2-gem. We have the following easy
consequence of the triangulation Theorem.

Proposition 15 Let S be a connected closed surface. Then there is a 2-gem G in-
ducing S.

Proof: Let T be a triangulation for S. From T we construct G as follows: its
vertices are triples of the form (v, e, f) where vertex v is a vertex of T incident to an
edge e (of T) in turn incident to a face f . Each vertex (v, e, f) of G is embedded into
S with the following instructions: choose a small distance e; start at v go a in the
direction of e and after that a towards the interior of f.

Fig. 76: Constructing 2-gem G from triangulation T

Two vertices of G are linked if they differ in precisely one of the three coordinates. If
they differ in the i - th coordinate the linking edge has color i - 1. Edges of color 0
are parallel to the original edges ; those of color 1 corresponds to an angle at a face of
T; finally, those of color 2 crosses transversally the original edge e . This embedded
G clearly induces S. Note that if we keep the colors, we do not need the embedding.
It can be recovered , since the faces are just disks bounded by the bigons of G. n

Remark 3 Note that the 2-complex defined by the 2-gem G of the above proof is
simply the dual of the barycentric division of T.

Motivated by Proposition 14 we introduce the following definition: two 2-gem
are equivalent if one is obtained from the other by means of a finite number of 1-dipole
moves, i.e., cancellations and creations of 1-dipoles . The remaining of this section is
devoted to provide an algorithmic proof of the following Theorem:

Theorem 6 (Classification Theorem) Let S1 and S2 be closed connected surfaces,
Gl and G2 be 2-gems such that Sc, Si, i = 1, 2. Then G1 = G2 if and only if
S1^S2.

By the Proposition 14, equivalent 2-gems imply homeomorphic surfaces. Thus,
only the converse implication needs to be established.
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3.1.2 The 2-Dimensional Walking Lemma

The notation v1 =ij v2 means that vertices v1 and v2 are in the same ij-gon. In the
case that edges el and e2 have distinct colors, we use el e2 to mean that they are
in the same bigon. The two colors of this bigon are specified by the two colors of the
edges. If edges el and e2 of the same color i appear in the same ij-gon, we use the
notation e1 = e2. Suppose (i, j, k) is an arbitrary permutation of the colors (0, 1, 2)
of a 2-gem G and that a, b, x are vertices of G satisfying the conditions:

• a is linked to b by an ij-path: an i-colored edge followed by a j-colored edge;

• a {k x, a Oik x, b Oik x, b Ojk x

In this situation, we name (a, b; x) an ij-walking triplet of G. 1

Let p, q be vertices of a 2-gem G. We denote by Gf y" the 2-gem obtained from
G by the p, q-fusion, operation defined as follows: the vertices of Gf a are those of G
except p and q; two vertices of Ga a are linked by an i-colored edge if they are so in
G or if one is linked to p and the other to q by i-colored edges. The edges linking p
to q (if there are any) disappear in the p, q-fusion. Note that this operation includes
the 1-dipole cancellation when p, q are the ends of a 1-dipole. The following Lemma
is central in the proof of Theorem 6 and also for the combinatorial handle theory of
3-manifolds.

Lemma 6 (2-Dim Walking Lemma) If (a, b; x) is an ij -walking triplet in a 2-gem
G, then Gay - G6 y°.

Proof: We take (i, j, k) to be the identity (0,1,2). The proof is easily followable in
the figures below:

Fig. 77A: 2-Gem G: the initial situation

' The definition of walking triplet in dimension 2 is slightly more complex than in dimension 3
(given in the next section ) because while 2-gems may be non-bipartite every 3-residue in a 3-gem
induces the 2-sphere and so is bipartite.

7
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Let G, = Gas' and G2 = G6 z':

Fig. 77B: 2-Gems G, and G2
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Consider Gi and G2 given below. From Gl to G2 and from Gi to G2 we have
created 1-dipoles. It follows from the hypothesis that (a, b; x) is an 01-walking triplet
in G that the two leftmost edges in the first figure above and the two rightmost edges
in the second figure above are in the same bigons.

Fig. 77C: 2-Gems Gi and G2

Denote by
Gi and G2 the two 2-gems below . The fact that (a, b, x) is a walking

triplet also implies that the vertical (horizontal) 0-colored edge and the horizontal
(vertical) 1-colored edge in the first (second) figures are in the same bigons. Therefore
we get

Gi and G2 by 1-dipole creations from (71 and G2.

Note that the 0-colored (1-colored) edge incident to the lowest left (right) vertex is a
1-dipole. By cancelling these 1-dipoles in 2-gems G'I' and G2 produce, both, the same
gem H.



102 3. Decomposition Theory: Handles

Fig. 77E: A symmetric final equivalent 2-gem H

This establishes the 2-dimensional Walking Lemma. n

An important special case of the Walking Lemma occurs when vertex x is in a
distinct component of the one of vertices a and b. In the case that p and q are in
different components of a gem we also denote Gfu by G1#QG2, where G1, G2 is a
partition of G with p in G1 and q in G2. This notation should be read as the connected
sum of G1 and G2 along p, q.

Let Gl and G2 be connected bipartite 2-gems . The classes of the bipartition are
labelled 'class and °class . Then, from the Walking Lemma , we have at most four
classes of connected sums , denoted G;#•G2i Gi#°G2, Gi#'G2 and Gi#°G2: we
replace the labels of the vertices by their classes . The following proposition divides
by 2 these 4 possibilities.

Proposition 16 Let Gl and G2 be disjoint 2-gems. Then

G;#•G2 = G'#°G2

G1#°G2 = G1#*G2

Proof: In view of the Walking Lemma , it is enough to show that for arbitrary
vertices , a, b (resp. c, d) ends of an i-colored edge of Gl (of G2) then Gi#°G2 and
Gi#d G2 are equivalent . This follows because the fourth 2-gem below is obtained from
either the second or the third one by the creation of one 1-dipole.

c I I I I a
I I I I I I

:_^ k - I- b d I I

Fig. 78: Coalescing two classes of connected sums
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This establishes the proposition. n

So, we might expect at most two classes of connected sums . However, by the
symmetry of the unique minimum 2-gem inducing the unique orientable prime 2-
manifold, the torus, we shall prove that there is in dimension two a unique connected
sum. In fact this simplicity occurs only in dimension 2. As we shall see, for bipartite
3-gems Gl and G2 it might be the case that the two classes of possibly inequivalent
connected sums G, #+G2 and Gi #-G2 are indeed inequivalent. In fact, the 3-
manifolds induced by such classes are topologically distinct. Specific examples are
given in Chapter 6 about linking invariants for 3-manifolds.

A polygon in a graph is a non-null connected subgraph in which each vertex has
degree 2. An easy fact is that a graph is bipartite if and only if there are no odd
polygons. As a consequence of the Walking Lemma and of the previous proposition
we show now that the existence of an odd polygon simplifies the situation.

Corollary 3 If at least one of the connected gems G1, G2 has an odd polygon, then
for arbitrary vertices a,b of G1 and c,d of G2, holds

Gi#`G2 = Gi#dG2.

Proof: Assume that G1 has an odd polygon. Initially we claim that G,'#yG2
Gl #yG2 for w,x ends of an arbitrary i-colored edge of Gl and an arbitrary vertex y
of G2. From the existence of an odd polygon in G1 it follows that there is a sequence
of vertices w = vo, vl, . . . , v„ = x such that vi and v;+1 are ends of a path with 2 edges
in graph G1. This 2 by 2 connection , is exemplified below:

V2
v1 --W4

Fig. 79: An odd polygon provides parity changing

The claim follows by n applications of Lemma 6. Now let z be so that y,z are the
ends of an i-colored edge in G2. By the previous proposition, G' #,G2 - Gi#yG2.
Together with the claim this implies Gl #yG2 - G1#sG2. The claim permits the
"walking" along G1 edge by edge. The last equivalence does the same in graph G2.
Therefore, by using a path in G1 between a and b and a path in G2 between c and d,

J#dG2. nwe get Gi#eG2 - Gi#°G2 G1
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The (unique) common class of 2-gems given by the class of connected sums of
2-gems of Corollary 3 is denoted simply by G1#G2, since a, b, c, d are irrelevant to
define the class.

3.1.3 Special Sequences of 2-Gems Inducing the Closed Sur-

faces

We let the terminology attractor to apply also for the surfaces: the attractor of a
surface is the set of 2-gems with minimum vertices inducing the surface. There are
only three superattractors in dimension 2. They are important in the classification of
closed surfaces and appear quite naturally in the theory. They are named s2, p2 and
t2 = sl x a', inducing respectively the 2-sphere S2, the real projective plane RP2 = P2
and the 2-dimensional torus, T2 = S' x S'. The superattractors are depicted below:

Fig. 80: The only superattractors in dimension 2: S2, and P

Even being bipartite the 2-gem t2 admits a color preserving automorphism which
reverses the classes: simply take the reflection along the vertical axis passing through
the center of t2 in the way it is described above. This fact is explored later to show
that there is only one class of connected sums in dimension two.

When we feel relevant, in the figures vertices in the *class and the °-class shown
explicitly. From the above reversion we get,

Corollary 4 Let G be any connected 2-gem. Then any gem in G'#'T2 is equivalent
to any other in G•#°T2. Therefore the two classes coincide.

As before, the unique class of 2-gems defined by the connected sums of Corollary 4

is denoted by G#T2. More generally, the above corollaries enable us to define the

classes of 2-gems
t2#t2#... #t2 = to

0

#p2# ... #p2 = pn,

M
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as the unique classes obtained by connected sums along arbitrary vertices of the n
(resp. m) summands. Representative of these two sequences of classes are depicted
below:

Fig. 81A: Sequence of 2-gems inducing the orientable surfaces

Fig. 81B: Sequence of 2-gems inducing the non-orientable surfaces

The first sequence induces the 2-sphere, the usual torus, the torus with two holes,
the torus with n holes, ... As for the second, it induces the real projective plane,

the Klein bottle (connected sum of two projective planes), ..., connected sum of m
projective planes ... The Euler characteristic of a 2-gem G , denoted by X(G), is the
number v + b - e = b - 2, where v, b and e stand for the number of vertices , bigons
and edges of G. The bipartiteness character of a graph G, denoted ,6(G), is a boolean
value which is true or false accordingly.

It is rather easy to show that the Euler characteristic and the bipartiteness
character of a 2-gem are preserved under 1-dipole creation . In this way we define
X(tn) and X(p2,n) as the Euler characteristic of any member of these classes . Follows
that, X(tn) = (2+4n)+3-(3+6n) = 2-2n and X(p,2n) = (2+2m)+3-(3+3m) = 2-m.

We also observe that the classes to and p2,n are proper subsets of the attractors
for Tn and Pm. For instance, two 2-gems form the attractor for T22. However, t2 is
formed by a single 2-gem, the one shown below on the left.

Fig. 82 : The attractor for T22: tz is only part of it

The following result is a stronger reformulation of Theorem 6. It shows that x
and ,6 are complete invariants.
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Theorem 7 (Classification Theorem ) Let G, and G2 be connected 2-gems. Then
G, = G2 if and only if X(GI) = X(G2) and,6(Gl) = P(G2)-

The necessity part is trivial. The proof of the suficiency is postponed to the final
subsection of the section.

3.1.4 Completeness of the Special Sequences

Consider an arbitrary orientation of the edges of a graph G with m vertices and n
edges , making it a digraph. The incidence matrix of G is an m x n matrix whose rows
are indexed by its vertices and whose columns are indexed by its edges . Each column
has (at most ) two non-zero entries . If e is not a loop , i.e., its origin and terminus do
not coincide , then the column indexed by e has a -1 in the row corresponding to the
origin of e, a +1 in the row corresponding to the terminus of e, and zeros in the other
rows . If the e is a loop the terminus and origin coincide , and the common row gets a
zero . The column corresponding to a loop e has only null entries.

The real vector space of lR ' generated by the rows of the incidence matrix of a
digraph G is named the bond space of G, denoted BS(G). The dimension of BS(G)
is m - p, where p is the number of components of G. See chapter 12 of [BM76].
The orthogonal complement of BS(G) is named the cycle space of G and is denoted
CS(G). The dimension of CS(G) is therefore n-m+p. The cycle space of G can be
also described by the subspace generated by the characteristic vectors of the polygons
of G. For more details see [BM76].

The next two lemmas are tools to show that the two lists of 2-gems presented
are indeed complete sets of representatives for the closed surfaces.

Lemma 7 Let G be a connected 2-gem. Then X(G) < 2. Moreover, if equality is
attained, then G is bipartite.

Proof: Since G is connected , the dimension of CS(G) is, in the usual notation for
2-gems, e - v + 1. The subspace generated by the characteristic vectors of the bigons
is a subspace of CS(G) of dimension b - 1. This follows because this space coincides
with BS (H), where H is the geometric dual of G embedded in SG : we consider a
vertex of H for and inside each face . We link two vertices of H if the correponding
bigons share an edge . This is a dual edge, crossing transversally once each primal
one. From this discussion we get b - 1 = dimBS(H) < dimCS(G) = e - v + 1: This
inequality translates into X (G) = v + b - e < 2.

If equality is attained , then BS(H) = CS(G). Therefore , all polygons of G have
an even number of edges since their characteristic vectors are sum of those of the
bigons. Thus, G is bipartite. n
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Lemma 8 Let G be a connected bipartite 2-gem , with v = 2k vertices and b bigons.
Then k and b have the same parity and so, X(G) = b - k is even.

Proof: Denote the colors of G by 0, 1, and 2. Let {V+, V-} be the bipartition
of G. Consider the permutations 7rij on V+ given by 7ri1 (v) = terminus of a length
2 (i, j)-path starting at v. Observe that b is the sum of the number of cycles of the
permutations 7rol, 7x12 and 7r2o . The composition 7rOl o7r12o7r20 is the identity, therefore
an even permutation. This implies that the total number of even cycles in the three
permutations is even . (Recall that an even cycle is an odd parity permutation and
vice-versa.) Thus the parity of the total number of cycles is the parity of the total
number of odd cycles. Make three copies of V+ and use each copy to represent the
cycles of each permutation as disjoint polygons. The even polygons use an even
number of the 3k vertices. Therefore, b has the same parity as the total number of
odd polygons, which has the same parity as 3k, or simply the one of k. n

If a 2-gem G is equivalent to some member of to or pm we write, by abuse of
language , that G = to or G =_ pm.

Corollary 5 (Completion & no duplicates in the special sequences ) LetG be
a connected 2-gem and assume Theorem 7 holds. Then there exists a unique n such
that G = tn, or there exists a unique m such that G = p2m. (Recall that we consider
To as S2.)

Proof: Recall that 1-dipole creations and cancellations do not change X or ,0. Since
X(tn) = 2 - 2n and X(pm) = 2 - m, all the members in the same list are inequivalent.
Members of distinct lists are distinguished by ,0. Therefore G might be equivalent to
at most one member of one list. No bipartite 2-gem can have odd X, by Lemma 8.
No connected 2-gem can have X > 2, by Lemma 7. Together with Theorem 7 these
facts imply that either there is an n > 0 with X(t2) = X(G) or else an m > 0 with
X(p,) = x(G). Therefore, the lists are complete and contain once a representative of
a class of homeomorphism of closed surfaces. n

3.1.5 The Classification Theorem

Three edges (eo, el, e2) of a gem G is a trio if ei is i-colored and ei =_ ei+l, i mod 3.
For the sort of 2-gems which are relevant for the proof of Theorem 7, namely those
with exactly only three bigons, any three edges with distinct colors form a trio.

The crucial operation which heads towards the proof of Theorem 7 is the breaking
of a trio which we now describe. Let the ends of ei be ui, vi, i = 0, 1, 2. The notation
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can be adjusted so that for i=0 and i=1 we have: between ui and ui+l (whence
between v1 and vi+1) along their (i, i + 1)-gon there is an even number of edges. To
break the trio each edge e; of the trio is subdivided into two: ei and ei; two new
vertices p incident to ei and q incident to ei are created (i = 0, 1, 2). Note that fusion
at the new vertices reproduces the original gem, before breaking the trio:

eo eo OO

el
el e q

-f-d v1 , u1 D---^--0 VI

p i12 P
e2 e2 ea e2

e2 U2 ^u2'
-
e2 _N2,'

02"`'

i

Fig. 83: Breaking of trios

Trios are of three types according to how they break:

• A type 0 trio is one whose breaking increases the number of components of the

gem;

• A type 1 trio is one such that in the gem after the breaking p =20 q;

• A type 2 trio is one which is not of type 0 and is such that in the gem after its

breaking, p 02o q.

On the left part of the above figure we may have a type 0 or type 2 trio. On the
right part we depict a type 1 trio.

Lemma 9 (Type 1 trios) Let G be a 2-gem containing a type 1 trio . The breaking
of the type 1 trio produces a 2-gem G' satisfying G =_ G'#p2. (This operation is the
combinatorial manifestation of the removal of a cross cap.)

Proof: Observe that in graph G', the (0, 2)-path between p and q must have an
even number of edges : so, we arrive at q by a 2-colored edge.

The graph H shown below is to be considered as obtained from G' by creating
two 1-dipoles along the 2-colored edge incident to p, so four new vertices arise: a, b,
c and d.
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Fig. 84: 2-Gems H and Hfl b'
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Since p $ol q and p 012 q and the same is true with b in place of p, it follows that
(p, b; q) is a 20-walking triplet. By Lemma 6, Hn° Hf"'. Note that (q, yn_1; b),P9 b,4
(Yn-1, Yn-2; b), ... (y2i yl; b) and (yl, p; b) are also 20-walking triplets. Therefore,

G =_ GP,f4 P,ba' Hfua H#p2 =_ G'#p
2

concluding the proof. n

As a consequence of the above Lemma we establish, in the following corollary, a
fact needed to finish the proof of the Classification Theorem.

Corollary 6 The classes p2#t2 and p3 are the same.

Proof: Consider the type 1 trio {eo, el , e2} shown on the left figure below, which is
the unique member G of the class p2#t2:

e2

t2#P2 G' P2#P2

Fig. 85: Breaking a trio and cancelling two 1-dipoles
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The breaking of the trio produces G', and this 2-gem is equivalent to p2#p2. By
Lemma 9 we get

G = p2#t2 = Gffus = G'#p2 = pa- p,q

establishing the corollary. n

Lemma 10 (Type 2 trios) Let G be a 2-gem and containing a type 2 trio and let
p, q be the two new vertices of the 2-gem G' obtained by breaking the trio. If there is

a path in G' with an odd number of edges between p and q, then G = G'#t2. If there
2.is a path with an even number of edges between those two vertices , then G #p2

(The two cases are combinatorial manifestations of the removal of orientable and

non-orientable handles and are not exclusive: both can occur.)

Proof: Assume the existence of an odd path between p and q. Consider the 2-
gem H as depicted below, obtained from G' by introducing three 1-dipoles along the
0-colored edge incident to p, therefore creating six new vertices a, b, c, d, e and f.

yo
X1

Fig. 86 : Case of path of odd lenght : 2-Gems H and HT°d

Since we have broken a type 2 trio , in 2-gem H, p 0-ij q, for any pair of colors

i, j. Note that (p, b; q) is a 02-walking triplet and (b, d; q) is a 12-walking triplet.

Therefore Hf" = Hf" Hf°'. Also (q, y,,; d) is an ij-walking triplet and thus
p,q b,q d,q

Hd q' Hyn d There are also colors ik, jk such that (yk, yk-1; d) is an ik jk-walking
triplet, for k = n, n - 1, ... ,1. In this way,

G = G''fus Hfusp, q = Hyfo d = H#t2 = G'#t2,

establishing the first part.
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Suppose now there is an even path between p and q in C. This time we subdivide,
with three 1-dipoles, the 0-colored edge incident to p to get 2-gem H, as shown below:

Ill

Fig. 87: Case of path of even Ienght : 2-Gems H and H bus

By the same sort of arguments this time we get

G G'fus Hfus = Hfus
p,q p,q b,q

Hfus Hfus Elf"d,q x,,,d x,,d

Ho a`H#=G'#+

finishing the proof.

Proof of the Classification Theorem : Let G be a 2-gem. It is enough to prove
that there is either an n > 0 with G = to or else an m > 0 with G = p2,,,. We may
suppose that G is a 2-gem with three bigons and with more than six vertices. If it
has more than three bigons , then we may cancell 1-dipoles.

We claim, and prove by induction on the number of vertices, that if a connected
2-gem G has three bigons, then there are non-negative integers r and s so that G =_
tr#p;. For this matter we consider to = 82 = pp . It is situp o list he 2-gem having
three bigons and at most six vertices : if it has two vertices , it is s2 . If it has four
vertices is p2. If it has six vertices it is either t2 or p2. Note that this proves the claim
if the 2-gem has less than 8 vertices , and establishes the basis of the induction.

Let the above claim be true for all 2-gems with less vertices than G. Choose three
differently colored edges (ea, el, e2 ) in G which are not all incident to a vertex. Since
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G has three bigons this triple is a trio. Let G' be the 2-gem obtained by breaking the
trio.

If we have a type 0 trio, then G' has two components G1 and G2 both having
three bigons and less vertices than G (since both have at least four vertices). By

induction there are non-negative integers rk, sk, k = 1, 2, such that Gk = trk#p;. It
follows that G = tr,+ra#p;,+s2.

Now suppose the trio is of type 1. Then G' has two 01-gons, two 12-gons and
one 20-gon. We may cancel two 1-dipoles from G' therefore arriving to a 2-gem H
equivalent to G' having two less vertices than G. Thus there are r and s so that
H t2 2By Lemma 9, G = G'#p2 =_ H#pl. It follows that G = tr#p;+1.

Finally suppose the trio is of type 2. Then G' has six bigons, two of each type
and we can eliminate three 1-dipoles to get a 2-gem H equivalent to G' with four less
vertices than G. By induction, there are r and $ so that H - t2,.#p!. By Lemma 10

we might have G = G' #t2 or G =_ G'#p2. We then get accordingly, G = t2+1#0.2 or

G = tr #pa+2'

Observe that if s > 0, then from repeated use of Corollary 6 we get t'2
.#p2 = p2r+,

This fact enables us to conclude: there is an integer n, n > 0, so that G =_ to or there
is an integer m, m > 0, so that G =_ pm. n

A cut-and-glue move in 2-gems which are crystallizations is the breaking of a
trio, followed by cancellations of enough 1-dipoles to provide a crystallization again,
followed by the connected sum with pi, p2 or ti so as not to change Q, X nor the
number of vertices.

We conclude this section with the following very simple characterization of bidi-
mensional attractors.

Theorem 8 Two gems belong to the attractor for T,2, (for Pm) if they are bipartite
(non-bipartite) crystallizations having 2 + 4n (2 + 2m) vertices . Moreover any two
2-gems in an attractor are linked by a finite number of cut -and-glue moves.

Proof: The proof has been given in the preceding discussion. n

We finish this section by tracing a parallel on what happens in dimensions 2 and
3. In both cases we have a finite number of vertex-increasing moves, followed by a
sequence of vertex-decreasing ones so that gems at the minimum level are linked by
these moves. The vertex increasing moves in dimension 2 are the breaking of trios.
The vertex-decreasing ones the cancellation of 1-dipoles. In dimension 3 we have
the correspondence to the breaking of trios, namely breaking of quartets (which are
always handles - see next section). However these moves are rather weak. What
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seems best is to consider the U-moves as the vertex-increasing moves . The vertex-
non-increasing ones are the p-moves and the TS-moves . This strategy works to the
level of 3-gems up to 30 vertices . When does it break down?

3.2 Handles in Dimension 3

In this section we develop a combinatorial theory of 1 -handles in 3-manifolds . Essen-
tially this theory is about connected sums with S2-bundles over Sl.

3.2.1 The 3-Dimensional Walking Lemma

Two vertices in an (n + 1)-graph are n-separated if any path between them has edges
of all the n + 1 colors. Vertices in disjoint components are automatically n-separated.
Note that in the dual the simplexes corresponding to n-separated vertices are entirely
disjoint.

In dimension n > 3, the definition of a ij-walking triplet is simpler. A triple of
vertices (u, v; x) in an (n + 1)-graph is a ij-walking triplet if u and v are linked by an
i-colored edge followed by a j-colored edge; moreover vertex x is n-separated from u
(and from v).

A 3-manifold M3 is prime if M3 = M1 3#M21 implies that either Mi = M3 and
M2 = S3 or that M2 = M3 and Mi = S3.

The following Lemma is central for our combinatorial theory of 3-dimensional
handles. In practice the theory behaves well by identifying places where connected
sums occur. However, on the contrary of the 2-dimensional case, it is rather useless
to help in the general homeomorphism problem . Its weakness is due to the fact that
the prime 3-manifolds are not just two as in dimension 2, but form an infinite set
which has been , so far , defying any sensible classification.

Lemma 11 (3-Dim Walking Lemma) If (v, u; x) is an i , j-walking triplet in a 3-
gem G, then Gv z = Gu s'

Proof. The proof follows the steps of the bidimensional case taken care in the pre-
vious section . In fact it generalizes easily for all dimensions n > 2. For completeness
we do it again, with details , for the case n=3. Let Gl = Gfu' and G2 = G. WeV'X
present all the needed passages in the single figure below:
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Fig. 88: Proving the 3-dimensional Walking Lemma

G2

G',

From G1 to G2 and from G; to G2 we have created 1-dipoles, which follow from
the hypothesis that (v, u; x) is an i, j-walking triplet: whence v and x as well as u and
x are 3-separated. These facts also imply that io and jl are in a same bigon of G2
and that it and jo are in a same bigon of G2. Therefore we get G3 and G3 by 2-dipole
creations. The ends of edge ko of G3 are in distinct 0-residue's because so are v and
x in G. Analogously the ends of edge k1 are in distinct i-residues. The cancellation
of 1-dipole ko in G3 and of 1-dipole k1 in G3 produce, both, the same gem H. n

An important special case of the Walking Lemma occurs when vertex x is in a
distinct component of the component of vertices v and u. In the case that p and q
are in different components of a gem we also denote Gp,Q by (71#4G2, where G1, G2
is a partition of G with p in Gl and q in G2. As with 2-gems, this notation should
be read as the connected sum of Gl and G2 along p, q.
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Let G1 and G2 be connected bipartite gems. The classes of the bipartition
are labelled °class and 'class . Then , from the Walking Lemma, we have at most
four classes of connected sums , denoted Gi#°G2, Gi#•G2, Gi#°G2 and Gi#•G2.
However , below we show that Gi#°G2 Gi#'G2, and that Gi#•G2 = Gi#°G2.

Proposition 17 Let G1 and G2 be disjoint gems, a,b (resp . c,d) ends of an i-colored
edge of G1 (of G2). Then Gi#`G2 and Gi#dG2 are equivalent.

Proof: Consider the situation below:

a c

L^^k d - ! b d

F 7-n

L^ b d I

L - - - - - - I - - - - - -

Fig. 89 : Coalescing the four classes of connected sums into two

The second and third gems are equivalent to the fourth one, estabilishing the
proof. n

So, we might expect at most two classes of connected sums. And, on the contrary
of dimension 2, they do occur in dimension 3: there are two non-homeomorphic classes
of connected sums of the lens space L3,1 with itself. In Chapters 6 and 7 we deal with

invariants that distinguish these connected sums: the self-linking sequence and the
new quantum invariants.

As a consequence of the Walking Lemma and of the above proposition we show
that the existence of odd polygons again simplifies the situation.

Corollary 7 If at least one of the connected gems G1, G2 has an odd polygon, then
for arbitrary vertices a,b of G1 and c,d of G2, holds

Gi#`G2 m Gi#dG2.

Proof: The proof is exactly the same as in the 2-dimensional case of the same
corollary, given in the previous section. n
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3.2.2 The Superattractors for S1 X S2 and Sl x S2

We present the smallest 3-gems inducing (the attractors for) S' X S2 (and Sl x S2-
the non-orientable S2 - bundle over S'). These specific 3-gems play a distinguished
role in our combinatorial theory of handles.

Two vertices in a 3-gem are 3-separated if any path between them involves edges
of the four colors. In particular, vertices in distinct components are 3-separated.

The manifold S' X S2 is obtained from S3 by removing two disjoint tetrahedra
and identifying their boundary with distinct orientations. This is easily achievable in
terms of small gems. Start with the 2-vertex gem for S3 and create 1-dipoles to get
3-separated vertices v and w (w'), as shown below:

0 --+ R --+

Fig. 90: Obtaining 3-separated vertices fro-s3--

In the dual interpretation vertices v and w correspond to tetrahedra which are
entirely disjoint. Moreover, their boundary have distinct orientations, since the ver-
tices are in different classes of the bipartition. Therefore, to obtain a gem for S' X S2
we just have to effect fusion along v and w in the last gem above. This fusion corre-
sponds to the identifications along the boundaries of the tetrahedra. Note that the
interior of the tetrahedra are no longer present since v and w disappear:

K

32

s

Fig. 91 : s x 8 : Superattractor for S x
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The above gem is named s1 x s2 and is the superattractor for S1 x S2. It is a a-gem
and on the right we display a string presentation for it.

To obtain a 8-vertex gem inducing S1 xS2 we just have to effect the fusion along
v and w. These vertices are in the same class . Accordingly we get:

: s1XS2

Fig. 92: s1 x s2: Superattractor for S1 x S2

This gem , named s1 x S2, is the superattrator for S 1 x S2.

An automorphism of a bipartite gem is said to be orientation reversing if the col-
ors of its edges are permuted by an even permutation and there is a (o, •) interchange
of the vertex classes or if there is no such interchange but the edge color permutation
is of odd class. Note that this definition accords to the topological notion of ori-
entability of the induced manifold : this follows straightforward from the construction
of the manifold from the gem.

The next proposition shows that the class of Ga#b(s1 X S2) and the class of
Ga#b(s1 xs2) are independent of a and b. So there is no ambiguity in denoting these
classes simply by G#(s1 x s2) and G#(s1 xs2).

Proposition 18 Let G be a 3-gem, a and b vertices on it . Let c and d be vertices of
either s1 x 32 or s1x32. Then

• IG°#,(Sl x 82 )1 - I Gb
#d(s1 X 82 )1;

• IGa#c(SlXS2 )I = IGb#d(S1xs2 )I•

Proof. The second fact follows from Proposition 7, since s1 x s2 has odd polygons.
The first follows from the fact that s1 x s2 admits an orientation reversing automor-
phism. Indeed, the bijection which sends vertex i onto vertex 9-i, as numbered below,
is an automorphism that preserves the colors but interchanges the (o, •)- classes.
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s1 x s2 :

Fig. 93: A color preserving , (., o)-reversing
automorphism in sl x s2

This establishes the independence of a, b, c, d. n

Note that having an orientation reversing automorphism implies a symmetric
space, that is, a 3-manifold which cannot be distinguished from itself with opposite
orientation . The simplest example of non-symmetric space is the lens space L3,1,
whose superattractor is seen below:

£3,1 :

Fig. 94: The superattractor £3,1 for L3,1,
a non-symmetric 3-manifold

The fact that this space is non-symmetric implies that not only its superattractor,
but any gem inducing it has no orientation reversing automorphism . This fact is
easily proved by means of the linking invariants of Chapter 6.

3.2.3 3-Separation , s1 x s2 and s1 x s2

We can now state and prove, solely by combinatorial means, our main tool to deal
with 3-dimensional handles. A similar theorem holds for all dimensions n and the
proof is a straightforward generalization of the cases n = 2 and n = 3.

Theorem 9 Let a and b be 3-separated vertices in a connected 3-gem G. Then,

r
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• if there is a path 7r with an odd number of vertices between a and b,

1Gn6"1 IG#(s' x 32)1

• if there is a path Tr with an even number of vertices between a and b,

jGfu"1 L 1G#(31 X32)1

Proof: Consider the 3-gem H obtained from G by creating four 1-dipoles in distinct
colors along one of the edges incident to a, as depicted below:

H

Fig. 95: Inducing 3-separation to form superattractors s1 x s2 and s1XS2

Observe that G H, and so G.6" = Ha n". By two applications of the Walking
Lemma , Hab" Heu" Hj ". If 7r has an odd number of edges , the Walking Lemma

implies Hj b" = H j ^" H9 a", the last equivalence following from Proposition 17. The
gem H91' is equal to Gn#x(sl x s2 ), for some vertex x as shown below:

Fig. 96: Case it odd: extracting an s x s -summand
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Therefore Gat G#(sl x s2).

To establish the second part , note that if x has an even number of edges, by

various applications of the Walking Lemma along 7r, Hj b' H j a". The gem Hf a' is
equal to Ga#x (s1XS2), for some vertex x, as indicated below:

Fig. 97: Case it even : extracting an s1XS2-summand

Therefore Gas G#(s' s2), establishing the theorem.

3.2.4 Quartets and Handles

A quartet in a (3 + 1)-graph is a set of 4 distinctly colored edges {eo, e1, e2 , e3} which

are pairwise in the same bigon. Let the ends of e, be ui and vi, i = 0, 1, 2, 3. The

notation can be adjusted so that, for i = 0, 1, 2, between ui and ui+1 there is an even

number of edges along the (i, i + 1)-gon. In general (3 + 1)-graphs we might have 8
types of quartets depending on

• whether the path ir02 between vo and v2 along the 02-gon not including uo
includes vertex u2 or not;

• whether the paths 713 between v1 and v3 along the 13-gon not including u1
includes vertex u3 or not;

• whether the paths 7r03 between v0 and v3 along the 03-gon not including uo
includes vertex u3 or not.

In the case that these three paths do not include u1, i = 2, 3, the quartet is called
a handle . In a handle the paths 7r;j's connect as shown below:
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uo eo

----^•^ :7102

17112 f103
{1L2 e2 v2 b* I

:7123
e3 V3M3

Fig. 98: Connections in a quartet that yields a handle

121

Of course in a generic (3 + 1)-graph the eight types of quartets are possible.

However in 3-gems we have:

Proposition 19 Any quartet {eo, el, e2, e3} in a gem is a handle.

Proof: Assume one of the paths 7r02, 7r13, or 1r03 is of the wrong type. These wrong
connections are shown below:

102 ..................

7101

uo e0 vo

7101
u1 e1 V1

'u1 e1 V1 i :7112
e- I - b

;712
:t2 e2 v2

713 e3 v3

:7123
;U3 e3 V3

------®

X13

7113

U0 eo vo

ir01

:W2s

e2
0

Vi

v2i9-

u3 e3 V3

703

Fig. 99: Impossible connections in a 3-gem : the only quartet is a handle

Observe that each dotted path in these figures has an even number of edges. If
7r02 is as shown , then 7r02 followed by path 7r12 , by path 7r&' and by edge e0 is an
odd polygon in a 3-residue. This contradicts the fact that each 3-residue is a 2-gem
for a 2-sphere, which is bipartite. If path 7r13 is as shown , then consider the odd
polygon: X13, 7G1, X121, e1. This odd polygon is in a 0-residue, contradicting the fact
that this residue is bipartite. Therefore, we might suppose that the path 7r13 has
the type of connection shown in the third figure. Finally, if path 7r03 has the type of
connection shown, then the odd polygon 7r03, 7ria1, 1011, e0 is in a 2-residue. A similar
contradiction arises , establishing the proposition. n

u2H

1123

Handles are nice configurations because they induce a natural partition of the
gem and associated manifold. To recover the manifold, we just have to do connected
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sums with the pieces. In the orientable case, it is enough to keep track of the orienta-
tion of the components by a (o, *)-partition of their vertices. Do the connected sums
always along a °vertex and a "vertex. To get the partition we just have to break the
handle, similarly as we have done in dimension 2:

uo eo vo

7ro1
l el vi E7r02 •.

t7r12 1r03
tut e2 V2

-® ills .

723
i:'LL3 e3 V3

breaking
--1
a handle

Fig. 100 : The operation of breaking a handle

Even if the breaking of a handle does not disconnects the 3-gem, we have a non-trivial
partition at the topological level.

Theorem 10 (Breaking Handle Theorem) Let G be a connected 3-gem having a
handle {eo , el, e2, e3}. Let H be the (3 + 1)-graph obtained by breaking this handle,

x and y the new vertices . Then H is a 3-gem and vertices x and y are 3-separated.

Moreover, if H is connected then IGI IH#(sl x 82)1 or IGI IH#(s'xs2)I. If H

has two components, Hl and H2 then G = Hz v =Hl#vH2.

Proof: Denote by v', b' and t' the number of vertices, bigons and 3-residues of H,
and by v, b and t the same numbers for G. We have v' = v + 2 and b' = b + 6. Since
b' < v' + t', by Corollary 1, we must have t' > t + 4. On the other hand, as the fusion
along x, y (which transforms H back into G) can only decrease by at most one the
number of i-residues (0 < i < 3) we also conclude that t' < t + 4. Thus equality holds
implying that b' = v' + t', showing that H is a 3-gem.

Observe that x and y are 3-separated in H, because they belong to distinct 1-
residues for each color i. Note that GV ^' H. If H is connected the result follows
at once when applying to it Theorem 17 with x, y in place of a, b. If H has two
components Hl and H2, then clearly , G = Hs v = Hi #vH2. n

If after breaking a handle , the number of connected pieces increase , the original
manifold is expressible as a connected sum of manifolds induced by smaller gems, and
this is desirable . If the resulting gem H is connected , then we can cancell at least
four 1-dipoles in it. This gives us a gem with six less vertices than the original one.
To recover the manifold we just have to effect connected sum of the final gem with
s1 x s2 or s1XS2 , according to Theorem 9. These are constant 3-gems and we may
keep track of just the number of these summands.
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3.2.5 p3-Pairs and Handles

We now study another operation which implies a handle , whence a connected sum
partition . Recall that a p3-pair in a (3 + 1)-graph G is a pair of edges {al , a2} equally
colored which is contained in three bigons . For the switching of a pi-pair , i = 2, 3,
we refer to Fig. 14 . Assume that G is a 3-gem . As mentioned in Section 2.3.2 even
if G is not bipartite, we can partition the vertices of one of the bigons of a p3-pair by
labeling them alternatively °vertex and 'vertex. This labels the four vertices of the
p-pair. This labeling can be consistently extended to all the vertices of the other(s)
bigon (s) associated to the p3-pair : if not we would detect an odd polygon in a 3-
residue contrary to the hypothesis that G is a 3-gem. Recall that Gaw,2 denotes the
(3 + 1)-graph obtained from 3-gem G by switching a p3-pair {ai, a2}.

Proposition 20 (Lemma 9 of [FL91] ) Let G be a connected 3-gem, (h, i, j, k) a
permutation of (0, 1, 2, 3), {ai , a2} a p3-pair of color h. Then , if G' = Ga;;a, is a
connected 3-gem, IGI L JG'#(si x s2)1 or IGI 9.1 IG'#(sixs2 ) j. If G' has components
Gi and G2, then IGI IGi#G2! . Moreover, th(G') = th(G) and te (G') = te(G) + 1,
forc36 h.

Proof: We prove the proposition for (h, i, j, k) the identity. Let a3, a4, a5 be the
non 0-colored edges incident to one of the ends of ai. Observe that 1a2, a3, a4, a5} is
a handle. Let H be the (3 + 1)-graph obtained by breaking this handle.

breaking

a handle

'*NK *

ai a2

a'i
pa-pair

switching

G'

I I I I

L-------J L-------J

Fig. 101: Breaking a handle , switching a p3-pair

The result follows trivially from the comparison between H and G' and from the
Breaking Handle Theorem. n
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Corollary 8 Let G be a crystallization and G' obtained from G by a p3-pair switching.
G' is a connected 3-gem and we can cancell three 1-dipoles on it. Moreover, IGI -

IG'#(s' x 32)1 or IGI - IG'#(s' X82) 1.

Proof: This is an easy consequence of previous proposition because if the switching
disconnects G, it would have at least two h-residue, where h is the color of the p2-pair.
This contradicts the fact that G is a crystallization. n

In virtue of this corollary, the existence of p3-pairs in crystallizations means that
the 3-manifold is induced by a connected sum in which the summands are induced
by smaller 3-gems.

3.2.6 Double Diagonals and Handles

A pair of edges of colors h, i having the same ends v, w is called a double diagonal if
these ends are vertices of the same jk-gon and the distance between v and w along the
jk-gon is at least 3. Here (h, i, j, k ) is a permutation of (0, 1 , 2, 3). The cancellation
of a double diagonal with end points v and w is defined to be the fusion along v and
w.

cancelling

double diagonal

Fig. 102: Cancelling a double diagonal

We can now establish a proposition which show that except in s' x s2 and s' x s2
double diagonals are unecessary . This means that , in the presence of double diagonals,
we get a smaller 3-gem and a number of copies of connected sums with s' x s2 and
s' -X8 2 inducing the same 3-manifold.

Proposition 21 Let G be a connected 3-gem having a double diagonal with end points
v and w. Cancelling the double diagonal produces a 3-gem Gf w . If Gf l is connected,
then I Gv W I IG#(s' X 82)1 or IGvti I IG#(s' x s2)1. If Gv w has two components
Gl and G2 , then G Gi#hG2, for some vertices x of Gl and y of G2.
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Proof: Note that {eo, el, e2, e3} as shown in the central figure below is a handle.
Consider the (3 + 1)-graph H obtained from G by breaking the handle. Note that

fua
G,b = .Ha

Fig. 103: Switching a p3-pair , breaking a handle

The result follows from the Breaking Handle Theorem, if we note that the final graph
Gf w is obtained from H by cancelling two 1-dipoles.

This result also follows from Proposition 20, because el, ei is a p3-pair. Its
switching produces gem G' from which we get G' ti by cancelling a 1-dipole.

Just to be precise with the vertices x and y: if Gf ti has two components Gl and
G2, let H1 and H2 be the corresponding components of H. Then with a, b, x, y as
shown in the above figure,

G=Ha a'=Hi#bH2mHi#yH2Gi#vGz,

proving the proposition.

We finish this chapter with a conjecture motivated by all the examples so far.
An irreducible 3-manifold is one in which every 2-sphere is the boundary of a 3-ball
in the 3-manifold. A reducible 3-manifold is one which is not irreducible. The only
reducible prime 3-manifolds are S1 x S2 and S1xS2 ([Hem76], Lemma 3.13).

Conjecture 5 Let G be a rigid 3-gem inducing a reducible 3-manifold . Then there
are in G four differently colored edges in G which form a handle.

Thus, if true, the Conjecture implies that the topological connected sum could be
detected at the combinatorial level, as discussed on Theorem 10.



Chapter 4

Simplifying Dynamics: the
TSp-Algorithm

In this chapter we give detailed proofs that the TS-moves and that the U-move
maintain the induced 3-manifold. We give some other reducing configurations (like the
clusters of four squares ) and discuss in detail a specific algorithm , the TSp-algorithm.
This algorithm has been implemented by Cassiano Durand and is the basis for the
topological classification of the bipartite 3-gems up to 30 vertices . In the final section,
illustrating the capability of the TSPalgorithm, we use it to recognize all orientable
3-manifolds which are formed by pairwise identifications of the six faces of a solid
cube . This is achieved because the TSPalgorithm in all but one case produces the
attractors for these 3-manifolds. The exception is the lens space L12,5, for which we
need to introduce one U-move in order to obtain the attractor.

4.1 p-Move, TS-Moves and U-Move

In this section we discuss the p-algorithm, and show that the TS-moves and the
U-move do not alter the 3 -manifold because they are factorable as dipole moves.
We restrict the discussion for the bipartite case , but the generalization to the non-
orientable case is straightforward.

4.1.1 The p-Algorithm

We describe a basic simplification algorithm that takes any bipartite 3-gem G and a
non-negative integer n as input and produces a rigid crystallization H and another
integer m, so that m > n as output . The crucial property of the algorithm is that

126
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the input induces the 3-manifold IGI#(S1 X S2)n and the output induces the homeo-
morphic 3-manifold IHI#(S' x S2),n or IHj#(S1xS2),n. We have the first possibility
if and only if G is bipartite.

A rigid 3-gem is a crystallization free of p-pairs. Let 9 denote the set of all
3-gems and Rg the set of the rigid 3-gems. The p-algorithm defines a function
p.: G x IN -a RG x IN. This function depends on the code. Consider a 3-gem G
with code-numbered vertices and code-colored edges. This means that the numbering
and the coloring is given by the bipartite DFS-numbering which attains the code.
Thus the vertices are numbered from 1 to vG and the edge colors from 0 to 3. The
edge of color c incident to odd numbered vertex 2i - 1 gets the number cvG/2 + i.
We consider the set of dipoles, if non-empty, ordered by the number of their edges.
We also consider the set of p-pairs, if non-empty, by the lexicographical order of the
pairs of numbers associated to their two edges . We are assuming , in particular, that
each time a 3-gem is modified , its code is immediately computed to have these orders
at hand . Also, in describing the algorithm which defines p. we do not distinguish
between a vertex , an edge and their canonical numbers. Recall that a p-move is either
the cancellation of a 1-dipole or the switching of a p-pair (which creates 1-dipoles)
followed by the cancellation of a 1-dipole. We note that a 2-dipole is never cancelled
directly : its cancellation is factored as a p2 -pair (2 edges of a same color not involved
in the 2-dipole but incident to it) switching followed by a 1-dipole cancellation.

Algorithm 7 (p-algorithm , getting function p. (G, n) = (H, m)) :

1m4-n;
2H4-G;

3 repeat
4 repeat

5 if H has 1-dipoles then begin
6 {p, q} 4- pair of numbers of ends of smallest 1-dipole;
7 H4-H91 ;
8 end;
9 until H has no 1-dipoles;
10 if H has p-pairs then begin
11 {e, f } 4- pair of numbers of edges in the smallest p-pair;
12 H4-Heft;
13 if {e, f } is a p3-pair then m 4- m + 1;
14 end;
15 until H has no p-moves available.

In the output of the above algorithm we have a pair (H, m), with H a connected
crystallization so that if G is bipartite,

G E H # ((s1 x s2) # (s1 x s2) # ... # (s1 x s2)),

m-n
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and if G is not bipartite,

G=-H# ((31X32) # (31X32) # ... # (s1Xs2)) I

m-n

This is because each time we switch a p3-pair in a crystallization we get a con-
nected gem and a summand s1 x s2 or s1xs2, arises according to Corollary 8.

We define p. (G, n) to be (H, m), given as the output of Algorithm 7. In case

that m = n, then we may write only p. (G) = H. If n = 0, by a further abuse of

language, we write p.(G)=(H,m).

If G induces S3 there is a good chance that H be s3, the 3-gem with two vertices.
Note that this gem is rigid, according to our definition. Indeed, s3 is the only rigid 3-
gem which has the same pair of vertices linked by more than one edge. Unfortunately
there are other rigid 3-gems inducing S3. The smallest of them has 24 vertices. In
fact there are 3 rigid 3-gems with 24 vertices inducing S3. They are rte , r2 and r ^.
Of these only the first is a a-gem with corresponding string presentation given below.
The 0-colored edges link the vertices 2i - 1 and 2i. Some are indicated in a dashed
way.

24
r2

Fig. 104: A rigid a-gem inducing S

X x +

b

Every rigid 3-gem G satisfies p. (G) = G, being a fixed point for p.. We shall now

introduce more elements in the theory, which cause, in particular , the above 3-gem

to collapse into s3.
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4.1.2 The TS-Moves

Let G be a 3-gem and B(G) the set of its bigons. For a E B(G) let sa denote the
number of edges in the bigon a, or the size of a. Let also tG be the number of
3-residues of G.

Proposition 22 (Lemma 2 of [Lin86]) For any 3-gem G the following equality
holds:

(3 - 2sa) = 3 x tG.
aEB(G)

Proof. The sum is 3bG - 3eG/2, where bG and eG are respectively the number of
bigons and edges of G. This follows because the sum of the sizes of the bigons is
equal to 3 times the number of edges. As eG = 2vG and bG = VG + tG we get

3bG - 3eG/2 = 3bG - 3vG = 3tG,

establishing the claim. •

The above proposition implies that a 3-gem without multiple edges with the
same ends, must contain at least 12 square bigons. If there are bigons a with sa > 6,
the number of square bigons increases to compensate for the negative summands
that arise. Thus, a rigid 3-gem must have many square bigons. This explains the
frequent appearance of the configurations below formed by three square bigons which
are called, for this reason, TS-configurations:

quasi-cluster

Fig. 105: Rooted TS-configurations

In the above configurations a root vertex r (given by the code-number of the
vertex) and a sequence of colors named color specification are used to specify the
configuration and, latter , the TS-moves acting on them.

The root vertex of a quasi-cube is the code-number r of the vertex incident to
its three squares . The color specification of a quasi-cube is formed by a single color:
the one which is missing in the configuration. In the above example , the quasi-cube
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is specified by 0,.: 0 is its color specification and the integer r is the root vertex. We
emphasize that r is the number that the code algorithm attaches to the vertex.

The root vertex of a quasi-cluster is the code-number r of the vertex incident
to its three squares. The color specification of a quasi-cluster is an ordered pair of
colors ij. These two are the colors of the central square-bigon. Let {h, k} be the
complement of {i, j} in {0, 1 , 2, 3}. In principle there are two alternatives for the
colors of the lateral square-bigons : hi and kj or hj and ik. If ij is decreasing we take
the alternative that 0 and the greatest color in the other set are the colors of a lateral
square-bigon. If ij is increasing we take the other possibility. In the above figure, the
quasi-cluster is specified by 23w.

The root vertex of a ladder is the smallest code-number r of the four vertices
incident to two of the square-bigons of the ladder. The color specification of a ladder
is a sequence of three colors ijk, where i is the color of the rungs of the ladder, j is
such that the central bigon is an ij-gon and k is the third color incident to r in the
ladder. The above ladder is specified by 312,..

The root vertex of a 3-page is the smallest code-number r of the two vertices
incident to the edge a belonging to the three square-bigons .The color specification of
a 3-page is a single color i which is the color of a. The above 3-page is specified by
01.

The TS-configurations imply six involutions named TS-moves . These moves are
factorable into dipole moves. This was first proved in [LD91] . Below we reproduce
this proof. Therefore the TS-moves maintain the induced 3-manifold and do not
change the number of vertices . Moves like these which are defined at local specific
configurations are highly important for us . This is so because they are computation-
ally easy to find and provide ways to get 3 -gems of the same size inducing the same
manifold . Last but not least they may cause the appearance of p-pairs which yields
smaller 3-gems. The TS-moves provide the basis for our simplifying dynamics on
3-gems.

In order to describe the TS-moves as geometrical involutions, we draw the out-
going edges of a TS-configuration in an adequate way.

The first configuration, the quasi-cube, provides three TS-moves, which we define
below , up to color permutation . The first TS-move consists of a local 1802-rotation
and a (o, *)-exchange of the vertices in the quasi-cube. Observe that even refering to
vertices in 1 - 1 correspondence , the numbers r and s are code dependent and are
usually different.
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Fig. 106: Examples of TSl-moves, first parts of A-moves

In the implemented applications a TS,-move is always followed by the p-algorithm.
The composite move p. oTSI is named an A-move . The specification of an A-move is
given as A;, where i,. is the specification of the TSl-move . The A-moves corresponding
to the above two TSl-moves are A° and A;.

The second TS-move consists of a local reflection in the horizontal diameter of
a quasi-cube:

TS2

0,.

TS2

0.

Fig. 107: Examples of TS2-moves, first parts of B-moves

The composite move p. o TS2 is named a B-move. The specification of a B-move is
given as Br, where it is the specification of the TS2-move. The B-moves corresponding
to the above two TS2-moves are B° and B.

The third TS-move consists of a local reflection in the horizontal diameter and
a local (o, •)-vertex reversal in the quasi-cube:
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TSs

Or

TS3

0.

Fig. 108: Examples of TS3-moves, first parts of C-moves

The composite move p. o TS3 is named a C-move. The specification of a C-move is
given as C,, where i, is the specification of the TS3-move. The C-moves corresponding
to the above two TS3-moves are CO and C,.

The fourth TS-move consists of a local reflection in the horizontal diameter, a
local (o, •)-vertex exchange and a local exchange of edge -colors 0 and 1 in the quasi-
cluster:

TS4
-1
23.

TS4
4--
32.

Fig. 109: Examples of TS4-moves , first parts of D-moves

The composite move p. o TS4 is named a D-move . The specification of a D-move
is given as D?, where ij, is the specification of the TS4-move . The D-moves corre-
sponding to the above two TS4-moves are p,23 and D;2.

The fifth TS-move is a local 1802-rotation of the ladder:
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TSB

312.

TS5

310.

Fig. 110: Examples of TS5-moves, first parts of E-moves

The composite move p. o TS5 is named an E-move. The specification of an E-move
is given as Erik, where ijk, is the specification of the TS5-move. The E-moves
corresponding to the above two TS5- moves are E* 12 and E,10

The sixth TS-moves is a local 1800-rotation of the crossing cluster:

TSB
-►
or

Fig. 111: Examples of TS6-moves , first parts of F-moves

The composite move p. o TS6 is named an F-move . The specification of an F-move is
given as F, , where i, is the specification of the TS6-move . The F-moves corresponding
to the above two TS6-moves are F0 and F.

4.1.3 Factoring the TS-Moves into Dipole Moves

The objective of this subsection is to establish the following Theorem:

Theorem 11 Two 3-gems which differ by a TS-move induce the same 3-manifold.

Proof: To get the proof we factor each TS-move into dipole moves.
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r----1----1 r---7i-7---1 r --- - I-1----1

i i

i

Fig. 112 : Factoring TSI into dipole moves

TS-move of type 1 , TSI: The first and last configurations are obtained from the
central one by the cancellation of 1-dipoles a and b , respectively. The passage from
the first to the third is, by definition , a TS1-move.

Fig. 113: Factoring TS2 into dipole moves

TS-move of type 2 , TS2: From the first to the second configuration above we create
a 1-dipole a by breaking the trio x , y and z. The third is obtained from the second by
the cancellation of 1-dipole b. The third and fourth configurations are isomorphic up
to a left-right flipping . The global passage from the first to the fourth configurations
constitutes a generic TS2-move.
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I I I

I I

I / I Jr \ I I I I

I

Fig. 114: Factoring TS3 into dipole moves

135

TS-move of type 3 , TS3: The first and third configurations above are obtained
from the central one by the cancellation of 1-dipoles a and b , respectively. The passage
from the first to the third is a TS3-move.

I

Fig. 115: Factoring TS4 into dipole moves

TS-move of type 4, TS4: We first create a 2-dipole formed by edges a and b by
subdividing the 03-gon containing x and y. Next, we create a 1-dipole c, by breaking
the trio u, b and v. The fourth configuration is obtained from the third by the
cancellation of 1-dipole d, and the fifth from the fourth by the cancellation of 2-
dipole formed by e and f . Finally , the sixth configuration is just a proper redrawing
of the fifth . The passage from the first to the sixth is, by definition , a TS4-move.
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I
I

Fig. 116: Factoring TS5 into dipole moves

I

Fig. 117: Factoring TS6 into dipole moves
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TS-move of type 5, TS5: The passages are similar to the ones of the previous
move. We first create a 2-dipole formed by edges a and b by subdividing the 01-gon
containing x and y. Next, we create a 1-dipole c, by breaking the trio b, u and v. The
fourth configuration is obtained from the third by the cancellation of 1-dipole d, and
the fifth from the fourth by the cancellation of 2-dipole formed by e and f. Finally,
the sixth configuration is just a proper redrawing of the fifth. The passage from the
first to the sixth is, by definition, a TS5-move.

TS-move of type 6, TS6: The passages here are a bit simpler than the ones of the
previous two moves. We first create a 2-dipole formed by edges a and b by subdividing
the 23-gon containing x and y. Next, we create a 1-dipole c, by breaking the trio
v, b and u. The fourth configuration is obtained from the third by the cancellation
of 1-dipole d. The fifth from the fourth by the cancellation of 2-dipole formed by e
and f. Note that the passage from the first configuration to the fifth is, up to color
permutation, a generic TS6-move. n

4.1.4 Clusters of Four Squares

If a vertex is incident to four square bigons, then as we show next, a straightforward
simplification is available . These configurations often occur and are useful reduction
tools. However, as shown below in the proof of the simplification moves, the reduc-
tions are easy consequences of the TS-moves and are only treated indirectly in our
algorithms. As an explanation of why so often there are vertices incident to clusters of
squares we establish the following characterization of a 3-gem. Let b, be the number
of edges of the ij-gon incident to v.

Proposition 23 Let G be an (3 + 1 )-graph . Then G is a 3-gem if and only if

E (1/but + 1/but + 1 /b03 + 1/b12 + 1 /b13 + 1/b23 - 1) = tG.
vE VG

Proof: The above sum equals bG - VG. This number is tG if and only if G is a
3-gem. n

Call the contribution of a vertex v the number

1/but + 1/bu2 + 1 /b03 + 1/b12 + 1 /b13 + 1 /b23 -1.

The proposition says that the sum of these contributions is tG, at least 4. Vertices
which are not incident to bigons of sizes 2 or 4 have non-positive contribution. The
above proposition says that a 3-gem ought to have many squares to compensate for
the vertices with negative contribution . If the gem has no bigons of size two, then
the appearance of squares is forced to yield positive contribution.
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Proposition 24 If at least four of the six bigons incident to a vertex v of a 3-gem
G are squares, then there exists a smaller gem H inducing the same 3-manifold.

Proof: There are essentially two cases: the two bigons incident to v which are
possibly not squares have one color in common or none. If they have , then up to
color permutation , we may suppose the possibly non-square bigons are the 01- and
the 03-gons . Then we have:

Fig. 118: Simplification in the first case

The proof that the final configuration is obtainable from the first by dipole moves
follows from the TS1 move applied to part of the configurations:

T S,

move

Fig. 119: A proof for the first case using a TS1-move

Note that the configuration on the left is the same as the initial configuration, and
that by cancelling the 2-dipole of the one on the right, yields the final configuration.

The other possibility, up to color permutation, is to have the 03- and 12-gons
incident to v as the ones which are possibly not squares . Then we can draw the
configuration as shown on the left. We get

T
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I

Fig. 120: Simplification in the second case

To prove the above passage note that we can use TS4 to switch part of the
configuration and what remains is to cancell a 2-dipole:

TS4
-0
moue

Fig. 121: A proof for the second case using a TS4-move

This proves the proposition.

A better way to depict the second move of the previous proposition is

dipole

moves

i
L____ J_J

Fig. 122: Simplification of a cluster of four square bigons
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As an application of this move, consider the standard 3-gem £5,2 inducing the lens
space L5,2, as constructed in Section 2.1. There are no dipoles no p-pairs. However
it has a 9-vertex cluster of four squares implying the fact that the standard gem for
L5,2 can be reduced.

I

Li1LI

Trr'

h 1I I

L - - - - - - - - J

Fig. 123: Identifying a cluster of four square bigons in 85,2

Fig. 124A: 3-residues of the superattractor6 for L5,2
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After applying the move of Fig. 122 to £5,2 we get a 2-dipole in the resulting
3-gem. Cancelling this 2-dipole we arrive to the superattractor for the lens space L5,2.
This is a a-gem and we display above the a-symmetries among its 3-residues. The
gist of these symmetries is shown below with the corresponding string presentation:

Fig. 124B: Gist and string presentation relative to the above a-symmetries

The simplification given by clusters of four square-bigons in Proposition 24 ap-
plies frequently. However, in the TS,,-algorithm discussed below we only use it in-
directly: clusters of four square-bigons have clusters of three square-bigons as sub-
configurations and these are the ones which we deal with in the TS,,-algorithm. The
simplification will eventually occur, because 2-dipoles are formed by the TS-moves

which involve four square-bigons, as in the proof of Proposition 24.

4.1.5 The TS,,-Algorithm

Let G be a 3-gem. The TS-graph of G, denoted r TI' is the digraph in whose vertices
are in 1 - 1 correspondence with gems reachable from G by a finite number of TS-
moves . There is a directed edge from GI to G2 if G2 is obtained from GI by a single
TS-move. Note that this is a symmetric digraph , since each TS-move is an involution.

We go forming r TS in breadth first [Go180] fashion . To this end we order the
TS-moves , first by type of move : TSI, ..., TS6 . Second by the code-number of the
root vertex and last by the lexicographical order of the sequence of color specification.
With this convention , an order to draw the edges of rGS is fixed and is used to define
a function tso, : 4 x IN -+ Rg x IN, based on the TS, ,-algorithm below . We denote
by A(FH) the 3-gem of smallest code which is a vertex of 171
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Algorithm 8 (TSpalgorithm , getting function tsp. (G, n) = (H, m)) :

1m<--n;
2Ht-G;
3 repeat
4 go forming 1'N in a breadth first search;
5 if a non-rigid vertex of rT is found begin
6 H f- the first non-rigid 3-gem found;
7 (H, n) 4--- p(H, 0);
8 mt- m+n;
9 end;
10 until ris is complete and all its vertices are uo-essential;
11 H <-- A(rTfs);

In an actual implementation we do not need to keep all edges of r . A spanning
tree is enough . The final gem H , is a rigid gem and is called the uo -representative of
G. As before we have in the output of the above algorithm a pair (H, m), with H a

connected crystallization so that if G is bipartite,

G=H# ((31X82)#(31X 32)# ... #(61X82)),

m-n

and if G is not bipartite,

G = H # ((31X32) # (31X32) # ... # (31X32))

m-n

Let us define ts,. (G, n) = (H, m). If m = n then we may write simply tsp. (G) = H

and if n = 0 then we may write tsp. (G) = (H, m).

In Section 5.2 and Appendix B (Section 8.2) we present tables of the function
tsp. for the rigid bipartite 3-gems up to 28 vertices. These tables form a crucial part
of the Classification Theorem.

4.1.6 Invariance under the U-Move

A monopole in a (3+1)-graph is a vextex which is the only intersection of an hi-gon and
a jk-gon , (h, i, j, k) a permutation of (0, 1 , 2, 3). This defines a configuration which
induces a fundamental move in the classification algorithm of the next chapter. A U-
move is defined on a monopole , by making the hi-gon of size 2m and the jk -gon of size

2n disappear , being replaced by a U-shaped cluster of squares with (2m-1) x (2n-1)
vertices:
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U-move

DEF

Fig. 125: Definition of U-move
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Proposition 25 A U-move in a 3-gem is factorable as dipole moves . Thus it main-
tains the induced 3-manifold.

Proof: We suppose the permutation (h, i, j, k ) associated to the monopole m at
which the U-move is performed is the identity. If the 23-gon incident to m has 2n
edges , then by creating 2n - 2 2-dipoles we get a trio a, b, c.

creating

2-dipoles

Fig. 126A: Creating 2n - 2 2-dipoles to get a trio a, b, c

Breaking the trio {a, b, c} produces a 0-colored 1-dipole d. By cancelling d we repro-
duce the initial situation : a monopole m, but now the 01-gon incident to m has two
fewer edges . The new vertices form the bottom layer of square bigons.
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repeating

along 01-gon

Fig. 126B: Breaking the trio and repeating m - 1 times

If the initial 01-gon has 2m edges, repeating the whole process m - 1 times, yields
the situation below, in which appears a 01-gon with two edges:

cancelling
--i
2-dipole

Fig. 126C: Cancelling a final 2-dipole

This 01-gon defines a 2-dipole and its cancellation produces the final configuration of
the U-move. n

Below we exemplify how a U-move on a monopole m can give birth to new TS-
configurations . This is a reason why the composition of U-moves and TS-moves work
well in practice reaching gems in the attractor.

T
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Fig. 127: U-move giving birth to new quasi-cube,
new quasi-cluster, new ladder and new 3-page

In the next subsection we deal with a detailed example of this more sophisticated
attraction where a U-move is necessary.

4.1.7 A ul-Move on r26: A Detailed Example

A ul-move is a u;-move which decreases the number of vertices . A U-move on a
monopole with code-number m of a 3-gem G which is the single meeting of a Oi-
gon and a complementary bigon is completely characterized and we refer to it as the
Um-move on G. Here we show how a ui-move can simplify the 3-gem r', which is
u°-essential , forming by itself a u°-class . This shows that r326 is not ul-essential. The
example is needed to resolve one of the 12 uncertainties left by the u°-classification.
What follows is a very detailed account intended to simulate the steps in the order
that the implementation of TS. -algorithm finds them.
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r2 •3

26Fig. 128A: Initial 26-vertex 3-gem, r3

Consider the U3-move on r2

d

Fig. 128B : U3-move on r3

After the U-move appears a 2-dipole {b, P}, which can be cancelled producing a rigid
3-gem G1.
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d

Fig. 128C: Partial 30-vertex 3-gem G1

A tidy matrix for a (3+1)-graph is an incidence matrix in which the vertex labels
are a , A, b, B,.... Color 0 is given by a pair x, X and every edge links a lower case
labelled vertex to an upper case labelled one. We have the following tidy incidence
matrix for G1:

Tidy Incidence Matrix for a 30-Vertex p-Free Gem G1
(which induces 3-manifold jrn1)

a b c d e f g h i j k l m n o

1 C M B F D E I G N K J A L O H
2 0 I N M J F E B H L K D C A
3 OO G A C I E K L B H F N M J

In order to follow the computer steps, we must compute the code for G1. This
is attained from the above matrix by the identity edge -color permutation (0123) H
(0123) and vertex relabelling as follows:

a-+C AHc b -E Bi+e c'-D C^-► d d'--*M D-*m
e'-L E- 1 fHK F- k g'-J G^-*j h*-I HHi
iHF I - f je-+N JHn k-+O Kiao IHB LHb

mF- ► A M l-► a n HG NF-► g o HH OHh

Computing the code and comparing with our catalogue tell us that G1 is rte.
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Code for G1 = x54348

eabcdjfghimklon
mohgfedcnkjialb
gfminkaeodbjchi

Fig. 128D: Code- labelled G = x54348

A TSl-move which induces a 2-dipole is available in G1:

Fig. 128E: First part of the A30-move on Gl = r54s48

The A-move effects the TSi-move and cancels the 2-dipole {b, B} yielding 28-

vertex 3-gem G2. By replacing {o, O} by {b, B} we get a tidy incidence matrix for

G2:
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Tidy Incidence Matrix for a 28-Vertex p-Free Gem G2
(which induces 3-manifold 1rfs1)

c d e f g h i j k l m n

J

N C D J F G B H M K L A
M H B G F E D C N K J I A L

M L H K A E F D I J C B

We must now compute the code for G2. This is attained from the above matrix
by the identity edge-color permutation (0123) H (0123 ) and vertex relabelling as
follows:

a-*a AHA bHm BHM cHc CF-+C d"d HD

e-+e EF-iE f i--+ f F - F gHg G H G hHh HHH

i'n IHN j-i JHI kij KHJ 1Hk LHK
m-l MHL nHb NHB

Computing the code enable us to identify G2 as rsi75.

Code for G2 = rs
28
77s

eabcdifghljknm
lkmgfedcjinahb
gmlkhjaednicbf

Fig. 128F: Code- labelled G2 = sL7s

A TS4-move which induces a 2-dipole is available in G2:
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-4

Fig. 128G: First part of the D9 - move on GZ = r6775

The D-move effects the TS4-move and cancels the 2-dipole If, F} yielding a rigid
26-vertex 3-gem G3 . By replacing In, N} by If, F} we get a tidy incidence matrix
for G3:

Tidy Incidence Matrix for a 26-Vertex p-Free Gem G3
(which induces 3-manifold jr36I)

a b c d e f g h i j k l m

1 D A B C H M I E G L J K F

2 L K M G J B D C E I F A H

3 G M L K A H E J D F I C B

The code for G3 is attained from the above matrix by the edge-color permutation
(0123) H (1023) and vertex relabelling as follows:

aHC AHd bHD Bt-+a cHA CHb dHB DHc
e-+J EHk f-*I FHh gHL GHm h-*K HHj
iHM IHl jHF JHg kHG KHe 1HE LH f
mHH MHi

Gem G3 is recognized as r4 in our catalogue.
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Code for G3 = r43
dabcgefihkjml
ikledcjgahmfb
hemjbakgdilgc

Fig. 128H: Code-labelled G3 = x4433

Again there exists , in G3, a TS4-move inducing a 2-dipole:

--a

Fig. 128E First part of the D1o31 -move on G3 = r4

The D-move effects the TS4-move and follows by cancelling the 2-dipole {d, D},
yielding 24-vertex 3-gem G4. By replacing {m, M} by {d, D} we get a tidy incidence
matrix for G4:

Tidy Incidence Matrix for a 24-Vertex p-Free Gem G4
(which induces 3-manifold jr1)

a b c d e f g h i j k 1
1

J

C E A L B G F I H K J D
2 I K L B A C J G E H D F
3 H J D E C A K F B I L G
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The code for G4 is attained from the above matrix by the edge-color permutation
(0123) H (0213) and vertex relabelling as follows:

ai-4A Ai-+a bHD B-+d cHl C^-► i dHF D-*fT
eyC EHc f HH FHh gNJ GHj h^--> L Hal
iHB Ii-+b jHK Jyk kHETKHê l HrG L

Computing the code permits us the recognition of G4 as r54

Code for for G4 = r5
cabfdeighljk
ildckgfjaheb
hkfbjielcgda

Fig. 128J : Code-labelled G4-= rs24

Summarizing,
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Uy A30

-> G, =r54348
30

-^ G2 = r6775

Dye Dio

-1 G3 = r4326 -0 G

Fig. 128K: From r3 to T524 by a ul-move

4.1.8 The TSU-Algorithm

Below we present the TSU-algorithm , which is enough to achieve the topological
classification of the bipartite 3-gems up to 28 vertices , as we show in Chapter 5.
Recently, this classification , using the same algorithm, was extended to 3-gems with
30 vertices in a joint work with C. Durand and S. Sidki.

Recall that vG denotes the number of vertices of a graph G and that the code of
a 3-gem is ordered first by the number of vertices and then , lexicographically among
the 3-gems with the same number of vertices.
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Algorithm 9 (TS°-algorithm, getting function tss(G, n) = (H, m)) :

1 For each J; obtained from a U-move on G let (Hi, ni) E- tsp, (Ji, n)
2 Let io be such that H,, has smallest code among the He's.
3 If vy;o > vG, then (H, m) F (G, n) else (H, m) +- (Hi,,, nio)

Define ts, (G, n) = (H, m). If m = n then we may write simply ts, (G) = H and if
n = 0 then we may write , by abuse of language, ts,, (G) = (H, m).

Of course , the interesting inputs for the above algorithm are the u° -essential
3-gems, because the TSP-algorithm is only used when the u°-class of the output of
the TS, ,-algorithm seems not to coincide with the attractor . For the bipartite rigid
3-gems up to 28 vertices there are only 12 such uncertainties (see the next chapter).

Consider the bipartite 3-gems up to n = 30 vertices . The function tsp maps each
one of these in the 3-gem of smallest code belonging to the attractor of the induced
manifold . We have empirical reasons to suspect that this fact goes on for at least a
few higher values of n . Checking beyond n = 30 awaits a better implementation of
the techniques discussed . It is an interesting problem to find at which n the TSP-
algorithm fails to identify the attractor , if it ever fails.

4.1.9 Sketching the Ui-Algorithms

There is a sense in which the sequence of algorithms p-, TS.- and TSP- are weak.
Namely, they choose a specific path for the simplification and attains a single 3-
gem. This is artificial but it was a time-space compromise to attain the topological
classification.

The hierarchical Ui-algorithms which we now outline are of more theoretical fla-
vor. They are simpler conceptually, potentially more powerful but rather time/space
consuming for actual implementation . We include them here as a guide for a fu-
ture implementation of this kind , which nevertheless can be done since machines are
becoming more and more powerful , and parallelism can be explored.

Let us recall some definitions given in Section 0.5. A u°-move on a 3-gem is
either a p-move or a TS-move, whereas a u°-move is the identity or a finite sequence
of u°-moves . A ul-move is a move of type Uu° which may decrease but does not
increase the number of vertices . A u;-move is a finite sequence of u1- and u°-moves.
In general , let a u"-move be a move of the type Uu;-1, which may decrease but does
not increase the number of vertices . Let finally a u; -move be a finite sequence of urn
moves with m < n.

The basic property of the Ui -algorithms should be that they provide concretely
all the 3-gems which are linked to an input 3-gem by u`,-moves. Note that there are

T
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only finitely of these, since an u;-move does not increase the number of vertices. We
use some data structure to hide all but the highest level of a hierarchy of moves.

The input of the U'-algorithm is a 3-gem G and the output is a finite directed
graph UU, which is acyclic, that is, has no directed polygon.

The vertices of UGO are the TS-classes which contain 3-gems linked to G by u°-
moves. A directed edge of UU links TS-class A to TS-class B if there is a member
of B which is reached from a member of A by a single p-move. This finishes the
description of UGO.

The vertices of an auxiliary graph UG are the TS-classes which contain 3-gems
reachable from G by u;-moves. A directed edge of US G" links TS-class A to TS-class B
if there is a member of B which is reached from a member of A by a single u°-move
or by a single ul-move. Graph UU may have directed cycles. A strong component of
a directed graph is a maximal set of vertices so that there is a directed path joining
any ordered pair of them. To define Ugl, simply take the quotient of UG by its strong
components , that is , each strong component is replaced by a single vertex , which is a
ul-class , and the graph becomes acyclic. Therefore, the vertices of Uc are ul-classes
of 3-gems reachable from G by a single u;-move.

Having defined Ut', to form UU form first 03 as follows. The vertices of UU are
the un-1-classes reachable from G by u;-moves. A directed edge of Ua links ui -1-class
A to un-1-class B if there is a member of B which is reached from a member of A by
a single u'-move, m < n. Define UU, as the quotient of UG by its strong components.
The vertices of UU are the un-classes of 3-gems reachable from G by a single u;-move.

The U'-algorithm is an algorithm which implements the construction of graph
UU providing book-keeping mechanisms to recover all the 3-gems reachable from G
by a u;-move. We do not elaborate more on this topic.

A stronger form of Conjecture 1, equivalent to Conjecture 2, can be stated as
follows:

Conjecture 6 For every 3-gem G, UU has a single sink whose associated u1-class is
the attractor for 3-manifold JGJ.

4.2 All Oriented Identifications of a Solid Cube

As an application of the TS, -algorithm and of the TS'-algorithm we present below
all the orientable 3-manifolds obtainable as an orientable identification scheme of the
faces of a solid cube . It is not difficult to write a computer program which exhausts all
these possibilities. We have done this and by applying TS,, to each 3-gem obtained as
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in Section 1.3, we get many duplicates and exactly 17 distinct orientable 3-manifolds.
All of these manifolds are easily recognizable, because TS° sends the 3-gems into the
attractor for the respective manifolds. We need the full power of TS° only in the
case of the lens space L12,5. In the other cases TSP suffice. One can be surprised by
the facts that lens spaces such as L14,3 or non-trivial connected sums are obtainable
by identifying properly the faces of a solid cube.

The 17 possibilities are naturally grouped into families. First we have all but
one of the Euclidean orientable 3-manifolds:

3-Torus=EUCLID0 EUCLID, EUCLID2 EUCLID3 EUCLID,

Fig. 129 : The orientable Euclidean 3-manifolds obtained from a solid cube

Next comes the lens spaces that are obtained by identifying the faces of a solid cube.
We consider S1 x S2 as the lens space Lo,1 and S3 as the lens space L1,1.

Fig. 130: The lens spaces obtained from a solid cube

We have two non-trivial connected sums:
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Fig. 131: Non-trivial connected sums of 3-manifolds
obtained from a solid cube

Finally we have two manifolds which are finite non-cyclic quotients of S3.

Q8 = S3/(2,2,2) Q12 = S3/(3,2,2)

Fig. 132: Non-cyclic quotients of S3 from a solid cube

4.2.1 The Orientable Euclidean 3-Manifolds

Clearly, the first cube identification induces the 3-dimensional torus. This manifold,
S' x S' x S', has the superattractor which we display below together with one of the
string presentations inducing it. From the method discussed in Section 1.3 we may
consider the facial identification schemes as 3-gems. Hence we are saying by the first
arrow below that the image of the gem on the left under TS, is the gem in the center
(with h, the second element of the image, being 0).
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Fig. 133: Identification scheme absorbed by the superattractor r24 for S x Six SI

Here and in the other examples , the way we know the subsets of gems to be
attractors is justified by the material presented in Chapter 5. All rigid orientable
3-gems up to 30 vertices have been generated . Thus, we know that no 3-gem with
fewer than 24 vertices induces S ' x S' x S'. Moreover , s' x s' x s' = r24 , is the only
vertex of r T1 .

The manifold EUCLID , has fundamental group given by

ir, (EUCLID,) = ( a, b I a = b2ab2 , b = a2ba2 ).

This group is faithfully represented by the subgroup of translation matrices generated
by:

1 0 0 1 -1 0 0 0
0 -1 0 0 0 1 0 -1

a H
0 0 -1 -1

b H
0 0 -1 1

0 0 0 1 0 0 0 1

Therefore, the manifold is the quotient of R3, identified by the group of transla-
tions generated by the above matrices , [LS95]. It also can be obtained from a facial
identification scheme on a polyhedron formed by a triangular prism at whose bases
we grow two triangular pyramides, as shown below.
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TS,

r
S
24

Fig. 134: Identification schemes absorbed by the superattractor r524 for EUCLID,
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The first identification scheme above is provided in [HKM89]. By using TSP we
discover that EUCLID , can also be obtained by the much simpler facial identifica -
tion in a solid cube according to above scheme . The 3-gems associated to the two
identification schemes have the same attractor, r54.

The other four orientable Euclidean manifolds are given by rather simple identi-
fications schemes on a 4-prism (cube) and a 6-prism . Each lateral face of the prism is
identified with its opposite by a translation along the common normal to the planes
containing the faces . The superior and inferior bases are identified in this way but
only after a twist indicated in the superior faces:

EUCLID2
EUCLID3

EUCLID4
EUCLID5

Fig. 135: Identification schemes for the other four orientable Euclidean 3 -manifolds

The alternative description of EUCLID2 given by identifications on a solid cube
instead of a solid hexagonal prism was a surprise provided by TSP. The superattractor
r 4 is a a-gem and admits a string presentation , also depicted.
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r24
7

TS,

Fig. 136: Identification schemes absorbed by the superattractor r7 for EUCLID2

The image of EUCLID3 given by the identification scheme below (considered as a

3-gem ) is r64 , the superattractor for the manifold . It admits a curiously simple string

presentation.

r24
6

-1
TSo

Fig. 137: Identification scheme absorbed by the superattractor r6 for EUCLID3
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26
r31

26
r697

Fig. 138: Identification scheme absorbed by the u2-attractor IT for EUCLID4

26
r 98

Fig. 139: Identification scheme absorbed by the aattractor r for EUCLID5

161
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EUCLID4 is the only orientable Euclidean manifold which is not formed by
identifying the faces of a cube. The image under TSP of the gem associated with
its identification scheme is the u2 -attractor formed by r3 and r897 . None of these is
a o-gem.

EUCLID5 also has an attractor formed by 3-gems, r2 and rB98 , which are de-
picted above. Again, none of these is a u-gem.

4.2.2 The Lens Spaces

We present below the lens spaces that appear as an identification scheme in a solid
cube. The first is Sl X S2 which is the lens space L0,1.

sl x 32

TS,
, _ +O+

Fig. 140: Identification scheme absorbed by the superattractor for S x S

The 3-sphere S3, which is also the lens space L1,l, can be realized as an identifi-
cation scheme in a solid cube:

TS,

Fig. 141: Identification scheme absorbed by the superattractor for -S3

Next comes the real projective space RP3, which equals the lens space L2,,:
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TS,

£2,1 = rl
D

Fig. 142: Identification scheme absorbed by the superattractor rl-for I.2,1

The lens space L4,1 also appears as an identification scheme on the faces of a
solid cube . The attractor for this lens space has two 3-gems : r26 and r316 .

£4,1
d

TSp

r16
2

Fig. 143 : Identification scheme absorbed by the u2-attractor r216 for L4,1

The next lens space to appear is L6,1. It has an attractor formed by twenty

3-gems . The 4-attractor is rte.
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24
r33

U2

J
24

e6,1 = r262

Fig. 144: Identification scheme absorbed by the u^-attractor for L6,1

The lens space L8,3 appears by the identification of a solid cube, as shown below.

The attractor for this 3-manifold is formed by three 3-gems at the level of 20 vertices:
20 20 20rl , r6 and r1T*

r20
1

- 4
TSp

TSp

Fig. 145: Identification scheme absorbed by r1 , the u3-attractor for L8,3
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Next comes the lens space L12,5. The attractor for this space has nine 3-gems.
This is a very special case, because it is the smallest case where we need u1 -moves.
The u°-classification does not attain the topological classification . Indeed, the graph
r'214 has six vertices , the 3-gems: r24 r24 r24 r24 r24 and r24 The graph 171
as 32^ 37+ 115 121 133 165 .a4

has three vertices , the 3-gems: r34, r44 and r82. However , as we show with details in
Proposition 27 (Chapter 5), starting with the U1-move on r32 we can get by a few
u°-moves to

r34.
24 Reciprocally, starting with the U21 -move on r34 we reach r-3221 by a

few u°-moves . This implies that each member of the attractor can be reached from
any other member by means of a single u,-move.

24
r32

Fig. 146: Identification scheme absorbed by r34, the u9-attractor for L12,5

The last lens space which arises by identifying the faces of a solid cube is L14,3.
It has an attractor formed by fifty two 3-gems at the level of 28 vertices.
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28
rn

Fig. 147: Identification scheme absorbed by r71, the u52-attractor for L14,3

4.2.3 Non-Trivial Connected Sums

Here are the attractors for the two non-trivial connected sums that appear by iden-
tifying faces in a solid cube . The first is the connected sum of two copies of L2,1.
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TS,

44

14Fig. 148: Identification scheme absorbed by r11 , the superattractor for L2,1#L2,1
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The other 3-manifold is the connected sum of L2 , 1 and L4 ,1. This manifold has
an attractor formed by five 3-gems at the level of 22 vertices.

e2,1#e4,1 = rf
3

T5,

0-

xU+

Fig. 149: Identification scheme absorbed by r3 , the us-attractor for L2,1#L4,1

4.2.4 Non-Cyclic Quotients of S3

Now we prove that the quaternionic space , S3/(2,2,2 ) and the space S3/(3,2,2) arise
by identifying faces in a solid cube.
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r18
i

TSv

Fig. 150: Identification scheme absorbed by rl , the superattractor for S31(2, 2, 2)

Here is the proof that S3/(3,2,2) is obtained from an identification of the faces

of a solid cube.

r20
4

TS,

Fig. 151: Identification scheme absorbed by r4 , the superattractor for S'1(3, 2, 2)

These spaces complete the list of all the orientable 3-manifolds which arise by
identifying the faces of a solid cube.

4.2.5 A Remarkably Symmetric 3-Gem

The last superattractor of the previous subsection , r0, has a remarkable group of

symmetries . For each permutation of the colors of the edges there is precisely one
symmetry realizing it. We cannot help in displaying all these symmetries. The pic-

tures below are 24 snapshots of the same vertex labelled (3 + 1)-graph.

Here are the symmetries on the 0-residue and on the 1-residue of r°:
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302

Fig. 152A: Symmetries on the 0-residue and on the 1-residue of r4°

Now we depict the symmetries on the 2-residue and on the 3-residue of rj:

169
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E

G

Fig. 152B: Symmetries on the 2-residue and on the the 3-residue of rr

We note that r420 is the smallest 3-gem having the above kind of symmetry.
Another 3-gem which has this property is r226, which induces the 3-torus S' x Sl x S1.



Chapter 5

The Generation and Classification
of 3-Manifolds

In the first part of this chapter we provide a method for generating a catalogue of all
the rigid 3-gems of 2n vertices, n > 1. This theory was implemented for the orientable

case and we have obtained in this way all the bipartite rigid 3-gems up to 30 vertices.
Complete tables up to 28 vertices of our computations are provided, to illustrate the
general approach.

Next we consider the problem of the topological classification of the objects in
our catalogue up to 28 vertices . The u°-classification leaves 11 topological uncertain-
ties which are resolved with the ul-classification , in the sense that each attractor is
formed by a single essential u'-class . Therefore , the ul-classification coincides with
the topological classification . The same result holds for the rigid bipartite 3-gems
with 30 vertices. However, in this book we do not list nor classify these 3-gems here
by lack of space to do so.

We leave open the question : what is the first counter-example for the observed
fact that the minimal u'-classes of 3-gems coincide with the homeomorphism classes
of 3-manifolds?

5.1 A Catalogue of 3-Manifolds

In this section we develop a theory that generates recursively all the rigid 3-gems. It
is an easy fact that each 3-manifold which is not a connected sum with S' x S2 or
with S' X -S' is induced by a rigid 3-gem.

In the implementation we restrict ourselves to the orientable case , just to go
further in practice . The theory is easily extended to the non-bipartite gems and the

171
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non-orientable manifolds could be generated as well.

5.1.1 Constructing the Rigid S2-Gems.

Let G be a 2-gem inducing S2 free of p2-pairs . We call these 2-gems rigid S2-gems. The

1-skeletons of the even prisms whose base polygons have an even number, 2n, n > 2,
of sides , form a simple family of S2-gems, denoted by Pen.

Fig. 153: Family of even prisms : all edges non-fusible

Our strategy to produce all rigid orientable 3-gems is to start with a rigid S2-
gem and try for all the possibilities of introducing edges of the fourth color, keeping
those (3 + 1)-graphs that yield rigid orientable 3-gems. In this way, to get the rigid
orientable 3-gems with 2n vertices, the first step is to be able to generate all rigid
S2-gems with 2n vertices.

An edge with ends v and u in a rigid S2-gem G is called fusible if Guy is another
rigid S2-gem. Note that no edge of Pen is fusible. However, the following theorem
holds and it provides a recursive generation of all S2-gems with 2n + 2 vertices from
the ones with 2n vertices.

Theorem 12 (Lins [Lin84 ]) A rigid S2 -gem G with 2n vertices has a fusible edge

or else n > 4 is even and G is isomorphic to Pn.

The proof follows from three simple lemmas.

Lemma 12 Let G P2rn , m > 2, be a rigid S2 -gem. There exists in G an edge
which is not part of a square bigon.

Proof: If every bigon of G is a square, then G is P4, a contradiction. Suppose /3 is
a bigon of G with more than 4 edges, say 2n, n > 3. For each edge of G there are two
bigons containing it. For a in /3, denote by /. the bigon distinct of /3 containing a.
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If the lemma is not true for G then each Qa is a square . Since G is cubic , this implies
G = P2ti, again a contradiction. n

Lemma 13 Let G be a rigid S2-gem and a be an edge not contained in a square
bigon . If a is not fusible, then at least one of its ends is not a vertex of a square
bigon.

Proof: Suppose the lemma is not true.

Fig. 154: If both ends of a incide to square faces ...

Since edge a is not fusible, the pair {a2, b2} is in the same 12-gon or else the
pair {a3, b3} is in the same 13-gon. Up to symmetry we may assume that the last
possibility holds. It follows that the pair {al, b1} is in the same 12-gon and in the

same 13-gon, and so is a p2-pair. This is a contradiction with the fact that G is a
rigid S2-gem. n

Proof of Theorem 12: Assume that G is a rigid S2-gem , has no fusible edge and
that is not a P2r, , for some n . We will produce a contradiction . From the two previous
lemmas we may assume that G has a vertex v so that its three incident bigons have
more than four edges . Denote by H1, H2 , H3 the bigons incident to v and by J1, J2,
J3 the third bigons incident to the other ends of the 3 edges a1, a2, a3 , incident to v,
as depicted below.

Fig. 155: Vertex v not incident to a square face
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If H1 = J1, then {a2, d2} is a p2-pair, a contradiction. Thus H1 J1, and
similarly, H; Ji, for i = 2, 3.

Since ai is not fusible , there are edges b; in J, and edges ci in Hi so that {bi, ci}
becomes a p2-pair after the fusion of a,. In particular , bi and ci have the same color.
Thus bi and ci are in a same bigon Xi of G. We claim that X1 = X2 X3.

cl clx1

Fig. 156: The structure of a counter-example

To prove this consider the closed paths 1r1 and 7r3:

• xrl is in the surface of S2; it visits the interior of X1, of H2, of H1 and back to

X1 crossing G only at the interior of 4 edges, as indicated above.

• 7r3 is in the surface of S2; it visits the interior of X3, of H3, of H1 and back to
X3 crossing G at the interior of 4 edges, as indicated above.

Paths ir1 and r3 must cross in the interior of H1 . They must therefore cross another
time and the only possibility left is to have Xl = X3 . In an analogous way, we could
define a path a2 and show that X2 = X3. Therefore , the six edges {b1, b2, b3, c1, c2, c3}
are in a same bigon , which above bounds the exterior face.

Now we have to consider the six dotted triangular regions . These regions have
necessarily an internal structure to take into account the bipartiteness of the whole
embedded graph . The true number of vertices in the boundary of this triangular
region is even (there is no odd polygon in G). We distinguish two types of these
regions : a homogeneous region is one in which the three vertices that constitute the
corners of the region are all in the same class of the bipartition. The other type of
region , a non-homogeneous region is one which has two comers in one class and one
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comer in the other. However, the lemma below shows that this type of region is
impossible . Assuming the lemma , it follows that the three comers of the triangular
regions above are, say, •vertices . So, there is an even number of edges along the
dotted paths of the boundary of the triangular regions . The case of zero edges may
occur and, in this case , the triangular region collapses to a unique vertex. The dotted
paths having an even number of edges imply that the boundaries of the Hi's and
the J;'s have an odd number of edges. Contradiction, because these are bigons. The
theorem is proved modulo the lemma below. n

Lemma 14 Non-homogeneous triangular regions, `
4? , do not occur.

Proof: A non-homogeneous triangular region is dissected by a bipartite graph H
(the restriction of G to the interior of the region and its boundary). Assume that
H has p 'vertices and q °vertices. Assume also that there are two 'corners and one
°corner. By counting total number of edges in H, considering edges incident to the
'class and to the °class we have: 3p - 2 + 2 x 2 = 3(q -1) + 2 x 1. This is equivalent
to 3(p - q) = 1, a contradiction, since p and q are natural numbers . A similar
contradiction is obtained if there is one 'corner and two °comers. n

5.1.2 Generation of the Bipartite Rigid 3-gems

The generation process consists of two phases : (i) the generation of all rigid S2-gems;
(ii) for each S2-gem, the insertion of the edges of the fourth colour in all possible
ways.

Let a duet in a (n + 1)-graph be a pair of edges of distinct colors which are
members of a same bigon . The breaking of a duet is the inverse operation of the
fusion of two vertices linked by (n - 1) edges. For (2 + 1)-graphs, the breaking of a
duet is the creation of a 1-dipole.

To generate all rigid S2-gems with 2n vertices : We--use the one with 2n - 2
vertices to effect breaking of duets in all possible ways . In 2-gems, this is simply the
inverse of the fusion of a 1-dipole. In Ps we have essentially a unique way to apply
the operation:
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breaking

a duet

Fig. 157: The unique (up to symmetry ) breaking of a duet in P6

We must be careful in two aspects: (i) it is easily seen that the operation may
produce p2-pairs ; (ii) is each such triball obtainable from a smaller one by breaking
duets? The first aspect we tackle explicitly: once an S2-gem is generated we only
consider it if it has no p2 -pairs . As for the second , the answer is no . The 1-skeletons
of the prisms with 2n edges in the base provide counter-examples. Fortunately, the
theorem proved in the last subsection shows that those are the only possible ones.

From Theorem 12 we can extract an algorithm to produce all the rigid triballs
with 2n vertices by breaking duets on rigid S2-gems with 2n - 2 vertices. In our im-
plementation, we took advantage of the symmetry and considered only those pairs of
duets which are distinct under the automorphism group of the S2-gem. A completely
independent algorithm was used to generate the same class of graphs in [HMM85].
Our numbers agree with the ones published in that paper:

No. No. Rigid 11 No. No. Rigid No. No. Rigid

Vertices S'-gems Vertices S -gems Vertices 11 S'-gems

2 1 14 1 24 32

4 0 16 2 26 57

6 0 18 2 28 185

8 1 20 8 30 466

10 0 22 8 32 1543

12 1

Table 2: Number of rigid S -gems

To obtain the bipartite rigid 3-gems from a rigid S2-gem: We use a simple
minded back-tracking procedure which tries to insert edges of the fourth colour se-
quentially and in all possible ways. During this process we make three time saving
restrictions: (i) avoid inserting an edge connecting vertices in the same class of the
bipartition; (ii) avoid connections between vertices of the same bigon; (iii) avoid con-
nections which destroy planarity of some 3-residue. When we get all vertices incident
to the fourth colour, we check whether all the 3-residues are in the catalogue of rigid
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S2-gems. If it is the case, we compute the code and check whether the 3-gem was
already generated. If not, we keep it. Restriction (i) is justified because we want to
generate only bipartite 3-gems; the second because those connections would create p-
pairs; the third restriction because those connections would generate non-gems. The
actual implementation of this method was done by Cassiano Durand [Dur92].

We display a summary of the catalogue and of the combinatorial and topological
classifications . There are exactly 100 non-homeomorphic closed orientable
3-manifolds induced by 3-gems up to 28 vertices . Of these 93 are handle free
and 7 are not. A 3-manifold is handlefree if it is not a connected sum of some other
3-manifold and S' X S2 or S' x S2.

No.
vertices

Bipart.
rigid

3-gems

Bipart.
u°-

classes

Bipart.
u'-

classes

Handle-free
topological

classes

2 1 1 1 1
4 0 0 0 0
6 0 0 0 0
8 1 1 1 1
10 0 0 0 0
12 1 1 1 1
14 1 1 1 1

16 3 2 2 2
18 4 2 2 2
20 23 5 5 5
22 44 6 6 6
24 262 18 17 17
26 1252 20 18 18
28 7760 50 39 39
30 56912

Table 3: Summary of the catalogue and classifications

The manifolds which are not handle-free are not induced, at the lowest level, by
rigid 3-gems. For instance there is only one rigid bipartite 3-gem with 8 vertices,
but there are two distinct classes of homeomorphic orientable 3-manifolds which have
complexity 3: L2,, and S' x S2. We consider the rigid representative of S' x S2 to be
the pair (s3,1), meaning the connected sum of s3 and one copy of s' x s2. Note that
s3 is a rigid 3-gem. There are seven non-handle-free orientable 3-manifolds induced
by 3-gems up to 28 vertices. These are listed in Table 10C.



178 5. The Generation and Classification of 3-Manifolds

5.1.3 Codes for Rigid Bipartite 3-Gems

Below we present the codes for all rigid bipartite 3-gems up to 24 vertices. Up to 14
vertices there is only one entry at the levels of 2, 8, 12 and 14 vertices:

r $ a a
i

r8 back cd a cdab

rig ca fde fedcba edfbac
ri4 cabed dcbea fgebcad

Table 4A : Rigid bipartite 3-gems up to 14 vertices

In the above table and subsequent ones, the first row of a code appears under
and overlined ; the second row appears only underlined ; the third row is unmarked,
i.e., has no under nor overline . For the next tables we avoid repeating the first and
second lines of a code as long as this is possible . For instance, to get r41 we start at
the line headed by 39 in the gems with 22 vertices (Table 4E). The first unmarked
entry in this row is the third row of the code for r39. From this entry, starting with
39, we go counting skipping marked lines up to 41 arriving at jikhgcedbaf . This is the
third row of r4. To get the second recede until the first underlined entry , in the case,
kjigfedchba . Finally, to get the first keep receding until finding the first under and
overlined entry, namely, eabcdhfgkij.

Here are the codes for the rigid bipartite 3-gems from 16 up to 24 vertices. The
complexity of a 3-gem is defined to be half of the number of vertices minus one. The
complexity of a closed 3-manifold is the complexity of a 3 -gem in its attractor. In
Appendix A we display similar tables for the 3-gems with 26 and 28 vertices.

01 cabfdehg hedcb a gdfbahec gfeahbdc dabcche hgfedcba

03 11 gfehcbad

Table 4B: Rigid bipartite 3-gems with 16 vertices - Complexity 7 - Three 3-gems
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01 11 cabfdei h 1 ihdcb ea gfhaibdce dab ihfedcbga fehibadcg

03 11 hegibacfd higfbdcae

Table 4C: Rigid bipartite 3-gems with 18 vertices - Complexity 8 - Four 3-gems

01 cabfde^gii heicjgfadb gifjahecbd hjdcbifage gfeicbjdha ifeahbjcdg

04 ifgahbjedc jheicbafdg jhfbicadeg jhibgaedcf hjicagfedb digacjebhf

09 jingbcdfea dabcfehgji higedcfjba gjhfcdieab hjgedcfiab gfhiabejdc

12 ghjibdaefc jhegcbifda ji cfbha gfjhabidec ijhfcdbeag dabcgefjhi

16 jifedchgba ifejhbacgd ihegcbjfad ihgfbjcead dabchef 'i j edcbiha

19 gfjhciadbe ifehcbajgd ingfajcbed eabcdjfghi jih edcba hgfjjicbaed

23 11 ingfjdcbae

Table 4D: Rigid bipartite 3-gems with 20 vertices - Complexity 9 - 23 3-gems

01 cabfdeighkj ikdc' eahb jehkiadcbfg kdigahbfjce dabc efih '

03 ihjedkbgacf hiejkbdafgc ihkedjbgafc fjhibkdcgea higkbdjaecf

06 hkjfaicedgb kihgcajebdf ikfedcjgahb hegjbakfdic kfeihbacjdg

10 kfijchabedg kigfbjcaedh kjghbdifcea khfedcbgjia hegkbajfdci

14 hekfjicadbg hfkgcjiadbe hkegcbdjfai jiegcbdakhf jigfbdcakhe

19 jingcakebfd kjfedchgbia egihadkjcfb fejkhadbeci fhekjidbacg

23 hegfbkcjdai hegkbajfdci hegkbijadcf hfegcbkjdai hgjfaikedcb

28 jegkbaifchd jeikhacbgfd jhifakcbged jhigcakbefd jkegcbifdah

33 jkeihbdcgaf jkgfbicedah jkifhdcbgae jkigchdbeaf abche g ij

37 kjfedcbinga ihgjakcbedf eabcd 'j k'i edchba ikfhjcbdaeg

39 jgfikcbadhe jikfhdcebag jikhgcedbaf eabcdif kj kjhgfedcbia

42 hgjkidbaecf jfihkbadcge jkihgbedcaf

Table 4E: Rigid bipartite 3-gems with 22 vertices - Complexity 10 - 44 3-gems
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001 cab d^ei hl'k i'dcl bhe kegjhalbdifc ikdcb lhea jhgliakbefcd

003 ikjch eldba kjigchlebad ildcbkfjahge kfhaibjlegdc ildckgOaheb

005 hkfbjielcgda jifbhkaldgce kegjhalbdifc ilkcj eahdb dglackbfjihe

009 dkgaclebjihf gdfbijalkceh gehlijkcbfad hdfbkijlcgea kiljbhafedgc

014 lkigbadfjcea abcffehgh jilk hjledkfagbic kfgiahjblced hljedifakcgb

016 1 1 kigfclebhajd abcge ►ljk lkjedch ba fjegchdklbai kfegcbijlhad

019 abc^ gefjbilk gjfedclakbih jegfbkcdlahi jihldkcgbafe ihljbckeadgf

021 jikedchglafb kjigchdlebaf jikedcl bafh ehlfidkbagjc ejlfhdkagbic

024 fhlgkidbaejc khjfldcbagie khjgcldbaeif jiledchgkabf ijgfbdckleha

028 kfhjibacelgd jiledckgbahf egihakblcfjd egikadjlcbfh ekihadlfcbjg

032 hjekcbladfig hjgfkdcaelib ihegckdlafjb ihekcblfadjg ihgfkdclaejb

037 ikegcbjladfh ljifkdcagbeh ljigckdaebfh jkfedchgblia fekjbaicldhg

041 hfelcbjadkgi hjelcbkadfgi hjlfbikadegc hlegcbiadkjf hleicbjkdgaf

046 ifelhbacgkjd ihefkjlbadcg ihegcblfakjd ihelkjdbafcg ihjkcdlbaefg

051 ihlfkdcbaejg kfejhblcgdai kfjihbaelcgd kfjilbaedcgh khegcbjfldai

056 khgfbjceldai kjegcbildfah kjifhdclgbae kjigchdlebaf kjihldafcbge

061 jkiedch ba flegchdabkji jliedchgfkab efjilhkbdcga egjiakbflchd

064 hegkbjcadlif hjegcblakfid hjgfblcakeid hjgkblcadeif ifejhbkcldga

069 lehjikdcbgfa lfhjkbacedig lheicbjfkgda lhgibjcekfda ljehcbikgfda

074 lhfedcbgakji eilfadckbghj hkegcbdaflij hkgfbdcaelij hljgcidkfeab

078 hlki.cajfdgeb kehjbaicglfd kfighjlecbad lifedchgbkja hjglbikadecf

082 hlegcbikdfaj ilgfbjcekdah kfejhbacglid kgihaljfcbed khegcbjfalid

087 khgfbjcealid lkiedchgfbja egjfadiklchb ehjfkdcblgai eigfhdckblaj

091 eilkadjfbghc fhjgckdbleai fhjikadblceg fhkliadbegcj fiegchdkblaj

096 flhjiadckgeb fljgcadbkeih hegiblckdfaj hgjialbkdcef hgkiajbedlcf

101 ieklbhjfadcg ighjaklcedfb igljakbcedfh igljhkbcadfe ihelkjdbafcg

106 kegfbjcaldhi kfegcbjaldhi klgibjcedfah klhjibdcegaf dabchefgjilk

110 edcbkhlia gfjhckadlebi gjehcladfkbi ifehcbalgkjd jgkedclihafb

113 fkhjblicgdea ihlfajkbedgc ikehclajgdbf jgledckihabf ehgiakcblfjd

117 elgiadjkfchb iekgljdcafhb ihgfkdcbleja jgledkbihafc ekgildjbfcha

121 ifkhclajgdeb khifalcjgbed lejgiakcbhdf jjgedklbhafc egjildbkfcha

125 egklidbjahcf ifehcbalgkjd ifhjklacgdeb lfihcjkdebga jigedlkbhacf

Table 4F1: Rigid bipartite 3-gems with 24 vertices - Complexity 11 - 262 3-gems
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129 egjildbkfcha gelkbjidafhc gfejlbadkhic ijeglbdkafhc jkfedcblhagi

133 elgfidckahjb ingkalcbedjf ilhgbkdcafje jkfedclihgba elifkdcjghab
137 fleickdjghab iekgljdcafhb ijeglbdkafhc ilehcbkjadgf jlfedcbkhaig

141 ehgkadjblcfi ekgiadjlfcbh fjkgbidlaech fjlgiadcekbh iehkbjdlafgc

146 ingfkdcbleja ihlfajkbedgc ikgfajcledbh kfehcbajldgi kfelibajchgd

151 kfhlijacebgd kfjhibalecgd khgfajcbldei khgiajcblfed khifaljbcged

156 khigaldjcbef kjehcialfbgd lehjbaicgkdf lfjgibkcehda Ijehcbkdafgi

161 Ijekcbiagfdh ljgfkdcbahei jlfedckihagb ihgkajlbedfc ihlfajckedbg

165 ikehcbljgdfa kjgfilcbahed ljehcbikafdg jlfedckingab ehgjakcbflid

669 ejlfidckabhg feikbaljghdc fhjikldbgcea fjelcidkabhg flgkadcebih

174 fkjgladcbhie ihgkajlbefdc Ijehcbikgfda ljgfikcbehda ljhgikdcabfe

179 jlkedcaihgfb ehlfadcjkbig eilfadckbhjg ekgfadcjblih ekifadclgbjh

183 felgiadcbkjh fhgjklibcdea fihgbldcekja fkhgiadclbje iehgbjkcaldf

188 igehclkjadbf ijhfbdklaegc kgjfldiabche kgjildbafche khigaldjcbef

193 khjfalibeced khjialdbgcef lehjbaicgkdf ljehcikdabgf ljgkiacbehdf

198 lkifbdcjghea lkjhcibdfega 1 edcbihkja kfehcbajglid khgfajcbelid

202 khgialjbfced khifalcjgbed lkfedcbingja iehlbjdkafcg ihgjalcbkdef

206 ihkfajlbedcg klhgbjdcefai kljgibdcehaf dabchefglijk lkfedcjihgba

209 ihgjalkbedcf kjehcbilgfad kjgfilcbehad eabcdhfgjilk jigkfelbhadc

212 ifkhjladgecb ijhlgbekafcd lfijgbkdchea lgijhdbkcfea jiglfekbhacd

216 lgjihdbkfcea jikgfedlhacb ijlhgkedafbc jilgfedkhabc ijfhkcblaged

219 ljingckdfbea jilkfedbhagc ijflkcbeaghd ijklhdbeagcf kfhijblcdgae

223 klijhdbecfag ljihkcadfbeg lkijgbedchfa jkigfedchlba fhgjialbkdec

227 glfijckedhab ilfhjckdgeab iljhgcedkfab jligfedchkab fhgjialbkdec

231 gijlkcaebfhd igfhjcbkleda ihgfjkcbleda ihgjkacbfled ijlkgbedafhc

236 ijkkhdbeagfc lgjihdbkfcea ljfhicbdkgea ljgfidcbkhea Iki edchbja

240 fhljiaebkdgc gifklcjebadh glkijcaedhfb ifklgbjdaech igklhdbjaecf

245 ihgljacbkefd ilkhjcadgefb klfhjcbdgeai klfijcbedhag kljhgcedbfai

250 kljihdbefcag eabcdifghljk lkhgfedcjiba 'hgfjjlkbaedci jlgfidcbkaeh

253 khgfljcbadie kjgfidcblhae kjihgbldcfae eabcdjfghilk lingfedcbkja

256 hgkjiclaedfb ihlfjdckaebg kfjihbaldcge kgfjicbaldhe khgfjdcbalie

26111 kjingaldcbfe fabcdelghijk lkjih edcba kjihgledcbaf

Table 4F2: Rigid bipartite 3-gems with 24 vertices - Complexity 11 - 262 3-gems
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5.2 Understanding Data in the Catalogue

In this section we discuss various issues related to the better comprehension of the
catalogue . The codes seen in the previous section are raw combinatorial data, and
by themselves rather useless . Their importance are in their conciseness and their
completion . To make them useful we need to employ them as inputs in various
computations . These will enable us to achieve the topological classification of the
bipartite 3-gems up to 28 vertices.

5.2.1 Displaying the u°-Forests

The first step in a classification is to form the u° -forests of the rigid bipartite 3-gems
with n vertices . These are formed by the tree edges in a breadth first search ([Go180])
on the various r GI. We need to consider only the G 's which have the smallest code
among the vertices of r1s. Clearly, the point to consider these forests is that the
3-gems which are vertices of a tree in such forests induce the same 3-manifold.

Follow the u°-forests for the rigid bipartite gems up to 24 vertices . We label the
edges by the six moves A , ..., F, specifying them as in Subsection 4.1.2. Recall that
these six moves are defined as

A=p.oTS1, B=p.oTS2, C=p.oTS3,

D= p. o T S4, E= p o T S5, F= p o T S6.

In the actual entries below , the superscript on the move symbol is the color specifi-
cation and its subscript is the root of the TS-move . See Subsection 4.1.2.

The u°-forests of the rigid bipartite 3-gems of 2, 8, 12 and 14 are isolated vertices.
The first such forest which deserves attention is the one relative to 16 vertices. Let
. be the u°-forest of the rigid bipartite 3-gems with n vertices. Here is how we
displays:

01 I 2Do501root root

Table 5A: Compressed tabular form of Y016

The three entries correspond to the three 3-gems in 1.BCQ16 . The table says that
the first and second 3-gems are roots of trees in Ff6. The third entry specifies that
if we apply the move Dos to r36 we get r26 . This is read as the prefix 02 before the
move (in such entries there are no change in the number of vertices , i.e. the TS-move



5.E. Understanding Data in the Catalogue 183

produces a rigid 3-gem - see second entry of J8). The suffix 01 following the move
symbol is the height in the tree , i.e. the distance in edges to the root of the tree, of
the corresponding entry. In the case , it says that r36 is at height 1 (from the root).
Follows Ff8, in a similar form:

10111 root 14/1.0B17 16/1.0B17 root

Table 5B: Compressed tabular form of Y',Oe

01 root root 02E01 root root

06 17D3 02 18/01.0B14 18/04.0A14 02/01.1A14 root

11 08/011A 10 16/02.0A0 12C1001 12C0701 103901
16 07DO01 01DO36001 05D1101 02D1101 05D300112
21 02D 01 18/03.0D03 1 21D1102

Table 5C: Compressed tabular form of .x'00

01 root root root 20/08.0B17 root
06 20/21.037 20/06.037 07D2101 10DO2301 20/04.0B19
11 20/18.0A' 23B2102 23D1102 15D0702 04A00101
16 root root 16D1801 23C0702 16/02.0A21
21 04D^ 01 06C1601 11 C2101 15A2102 22CO602
26 29CZ103 18/01.0A21 23DIZ02 31C2102 23C11602
31 07B2101 053901 36A2102 03D029301 32A0302
36 033901 09Dj02 31D 02 20D23101 16D 01
41 17D 01 15D 02 11D1601 03D1101

Table 5D: Compressed tabular form of X0

The first and fourth 3-gems in RB918 are roots of trees in 018. Whenever a
slash bar "/" appears in an entry this means the move specified by the final part
of the entry is followed by an effective p-algorithm which decreases the number of
vertices . For instance , the second entry above specifies that the move B17 applied
to rzs becomes r14 with handle number 0 . Similarly, the third entry means that r38
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under the move B17 becomes rls with handle number 0. This discussion finishes all
the types of entries in the compressed tabular forms of the forests .'s.

001 root root root root root

006 root root 181D08101 179D08101 22/22.OD31
011 067D601 22/02.ODD root root 100DO103
016 096D0101 12/01.OAis 20/13.0A16 22/05.ODa1 02/01.0A22
021 root root 086D2403 22/10.OB°2 059D1102
026 022D601 208C2102 root 066D1002 024D09001
031 098D02003 root root root 013D601

036 057D 02 032D211801 087D2202 055D07102 22/42.0A21
041 250B1603 057E°202 134Ei802 034D1001 228A1302
046 11 024D1o01 22/33.OAz3 087Di802 141D11602 047D1501

051 142D 02 065D0261 02 22/13.0D035 194Di102 003D^01

056 087D2302 014Do801 022Di901 021D026101 024D1901

061 020D0701 156B2102 053D09001 024D1001 096B2401
066 024Do701 22/01.0A24 053D1i01 096A2401 102A2.403
071 22/07.OA24 09602401 20/16.OA24 090D1104 root

076 075Do501 062D2 0 3120 138D210312 138C2203 190C2204
081 043D04303 044D2102 021D1o01 065D1202 024D 01
086 30055D06 022D0122 08/01.OA23 0710233301 062C2303
091 06302302 07302301 151B2202 102Dp 03 18902'303
096 11 22/02.OA$7 089D312 102 016Di102 102C1403 011D1402

101 0890 902 156A2102 064B1802 187B2203 054A0603
106 099Di104 193C°602 root 108A0101 051D1403
111 047D601 056D3o503 126D3o503 014D'16 01 165D2103
116 147E2002 033D0101 20/10.0A07 146D 02 191Do203
121 115D2322 04 134D02 194D02 18/02.0A19 20/09.OA19

126 128E02 22/30 .0A19 071B0701 20/11.OA19 129B1501

131 053D1401 118BO501 032D12001 033D1201 118E2'2001

Table 5E1: First part of compressed tabular form of Y204
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136 217Ai803 217A2403 089BO1802 151C0802 071D 0001
141 033E,3001 014D0101 123D°903 113E°404 227C°0402
146 033D1Z01 033Di901 036Di921 03 021101 193B2302
151 053101 157102 146E1602 root 154101
156 O10Do^01 047101 096101 183A2404 022Di901
161 024A1801 014101 117D2302 057DIO02 133D2002
166 057D1302 161D2302 186Do202 12/01.1A18 227A1602
171 16/01.0A18 12/01.1A18 151B1802 237C2403 12/01.0A18
176 073D,2101 237C1803 129B9301 22/ 17.0A18 181D30 01
181 22/16.0A18 179Do201 258103 178A2102 053Do801
186 053F1201 092Do302 20/13.0A18 151A2302 222C2003
191 060Do7102 040D10 01 053D03001 040D0001 138A1803
196 222C2303 040D07001 250A18303 020D07001 149D20302
201 146D1302 117D°802 117Do402 241C°0403 092C°0302
206 064D0302 135A0402 019A2101 10OD3003 035D1802
211 065D1.°002 22/026.0A19 137A2404 131Ai702 171A2401

216 139C2403 249A0302 170A1903 246C0803 208A1702
221 217A0303 156A1702 169101 138B1903 241CO903
226 124C1901 118C1701 019D1 °01 075Do901 129A33,401
231 192C2402 089D06102 092D1302 088D1401 196C2404
236 186A1702 128AO0902 190C2404 150C2403 226C°0302
241 192C2302 197A1702 099D07104 185A2302 205D1403
246 128B2302 208A2102 227A0302 075A2301 208A2102
251 156D2202 059D1402 161D222'02 087D0102 057D21
256 185102 146102 128De02 151D02 114D14°02

261 146D0002 261D2303

Table 5E2: Final part of compressed tabular form of 4

As an example of the use of the above tables we can get the u°-tree of all the
3-gems up to 24 vertices inducing L5,2#L2,1. Indeed, for this 3-manifold and at the
level considered, the u°-class coincides with the homeomorphism class.
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DO
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Fig. 157B: u°-tree of all the rigid bipartite
3-gems up to 24 vertices inducing L5,2#L2,1

5.2.2 Tables of the tsp,-Function

Below we present tables of the tsofunction for each gem in RB9n, n < 24 . The rigid
bipartite 3-gems G up to 14 vertices satisfy t3p(G, 0) = (G, 0). Note that the value of
the tsa-function on (G, n) is simply the root of the ts,,-tree in the tsa,-forest which
contains G. We display the values in a tabular form . The second argument of the
function is implicitly considered to be 0. One can see, from Table 6E, for instance,
that rte, r81i r24 all have as image , 02/001 .0. This is the 3-gem with 2 vertices, s3.
The suffix .0 means that the handle number is zero . Thus, those three gems induce
the 3-sphere . In the same way r? 24 , rl24

, r17
24 8, rl 24 , rM, have as representative r8 with

handle number 1. Since r8 induces RP3, the five gems induce the connected sum of
RP3 with S1 x S2.

101 1116/01.0 16/02.0 16/02.0

Table 6A: Values of ts,, on RB916

1 01 11 18/01.0 14/01.0 16/657[f8/04.0

rie

Table 6B: Values of ts,, on RB91s
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01 20/01.0 20/02.0 20/02.0 20/04.0 20/05.0 20/01.0 18/01.0
08 18/04.0 02/01.1 20/10.0 08/01.1 16/02.0 16/02.0 16/02.0
15 20/10.0 18/01.0 20/01.0 20/05.0 20/02.0 20/05.0 20/02.0
22 16/01.0 20/02.0

Table 6C: Values of ts,,, on RB92o

01 22/01.0 22/02.0 22/03.0 18/04.0 22/05.0 20/02.0 20/01.0
08 20/01.0 20/04.0 20/04.0 20/05.0 20/05.0 20/05.0 18/04.0
15 18/04.0 22/16.0 22/17.0 22/16.0 20/05.0 16/02.0 18/04.0
22 20/02.0 20/05.0 18/04.0 20/02.0 20/01.0 18/01.0 20/05.0
29 20/01.0 20/05.0 20/01.0 22/05.0 22/03.0 22/03.0 22/05.0
36 22/03.0 20/04.0 20/01.0 16/02.0 22/16.0 22/17.0 1 11-8/0-4.10
43 20/05.0 22/03.0

Table 6D: Values of tsp, on RBGn

01 24/001.0 24/002.0 24/003.0 24/004.0 24/005.0 24/006.0
07 24/007.0 22/016.0 22/017.0 20/002.0 22/001.0 22/002.0
13 24/013.0 24/014.0 22/001.0 22/002.0 12/001.0 16/002.0
19 22/005.0 02/001.0 24/021.0 24/022.0 24/003.0 20/004.0
25 24/021.0 24/022.0 22/005.0 24/028.0 20/004.0 20/004.0
31 22/002.0 24/032.0 24/033.0 24/034.0 24/013.0 24/014.0
37 24/032.0 24/022.0 24/003.0 18/004.0 22/005.0 24/014.0
43 24/033.0 24/034.0 22/005.0 20/004.0 22/003.0 24/022.0
49 24/033.0 22/003.0 24/014.0 22/002.0 20/005.0 18/004.0
55 24/003.0 24/022.0 24/014.0 24/022.0 24/021.0 20/004.0
61 02/001.0 20/002.0 20/005.0 20/004.0 22/002 .0 20/004.0
67 22/001.0 20/005.0 22/002.0 20/002.0 20/001.0 22/002.0

73 18/001.0 20/002.0 24/075.0 24/075.0 20/002.0 20/001.0

Table 6E1: First part of tsp, on RBCa9



188 5. The Generation and Classification of 3-Manifolds

79 20/001.0 20/002.0 24/033.0 24/034.0 24/021.0 22/002.0
85 20/004.0 24/003.0 24/022.0 08/001.0 20/001.0 20/002.0
91 20/005.0 18/001.0 20/005.0 20/002.0 20/005.0 22/002.0

97 20/001.0 22/002.0 20/002.0 22/001.0 20/001.0 20/002.0
103 20/004.0 18/001.0 18/004.0 20/002.0 20/005.0 24/108.0
109 24/108.0 24/014.0 22/003.0 24/022.0 20/001.0 24/014.0
115 24/032.0 24/033.0 24/033.0 20/010.0 24/033.0 20/004.0
121 24/032.0 24/033.0 18/004.0 14/001.0 02/001.1 20/001.0
127 20/005.0 20/001.0 08/001.1 08/001.1 20/005.0 20/010.0
133 24/032.0 24/033.0 20/010.0 24/075.0 24/075.0 20/001.0
139 20/005.0 20/001.0 24/033.0 24/014.0 18/004.0 20/001.0
145 20/010.0 24/033.0 24/033.0 24/014.0 24/021.0 20/005.0
151 20/005.0 22/003.0 24/033.0 24/154.0 24/154.0 20/002.0
157 22/003.0 22/002.0 20/001.0 24/022.0 20/004.0 24/014.0

163 24/033.0 24/014.0 24/032.0 24/014.0 20/004.0 20/005.0
169 12/001.1 20/010.0 16/001.0 12/001.1 20/005.0 20/001.0
175 12/001.0 18/001.0 20/001.0 08/001.1 22/017.0 22/016.0
181 22/016.0 22/017.0 20/001.0 08/001.1 20/005.0 20/005.0
187 18/001.0 16/002.0 20/005.0 20/002.0 20/004.0 18/004.0
193 20/005.0 18/004.0 20/001.0 20/002.0 18/004.0 22/005.0

199 02/001.0 24/021.0 24/033.0 24/033.0 24/033.0 18/004.0
205 18/001.0 20/004.0 20/010.0 22/005.0 22/001.0 24/013.0
211 22/002.0 20/001.0 24/075.0 20/005.0 16/001.0 20/005.0
217 24/075.0 20/010.0 20/001.0 22/005.0 24/075.0 20/002.0
223 12/001.1 20/001.0 18/004.0 14/001.0 20/010.0 22/005.0
229 24/075.0 08/001.1 18/004.0 20/001.0 18/001.0 08/001.0
235 20/002.0 20/005.0 20/001.0 20/002.0 20/005.0 14/001.0
241 18/004.0 18/004.0 20/002.0 20/005.0 18/001.0 20/001.0
247 22/005.0 20/010.0 24/075.0 22/005.0 20/002.0 24/021.0
253 20/004.0 24/022.0 24/014.0 20/005.0 24/033.0 20/001.0
259 20/005.0 24/014.0 24/033.0 24/033.0

Table 6E2: Final part of tsp, on RB924

Similar tables for 7RBCJ26 and RB928 appear in the Appendix B, Section 8.2.
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5.2.3 TSp-Classes Ordered by Homology

In the following tables, we number and list the TSP-classes. A TS,-class is a partial
u°-class given by the TSoalgorithm as follows. When TS, builds a tree of I T (G a
3-gem of smallest code) in a breadth first search [Go180] and it finds a non-rigid 3-gem,
the set of nodes of the tree so far is considered a TS, -class. In general it corresponds
to a partial u°-class. It coincides with a full u°-class if all their 3- gems are u°-essential.
Note that the TS, -classes have all its members with the same number of vertices.

The order in which we list the TS,-classes is by the first homology group of

the 3-manifold associated to the class in the following way: make a vector whose
first entry is the Betti number, the second the number of torsion coefficients and the
following these coefficients in increasing order. The classification is by lexicographic
ordering of these vectors. The ties are broken by the codes of the representatives
of each TS-class (which is taken as the gem with smaller code in the class). The

homology groups associated to the TS,-classes are given in the next subsection.

In the tables, each TS,-class is preceded by a blank entry and has the prefix C
before its number. A TS,-class which is under and overlined is u°-essential. Only
these are relevant for the topological classification. If a TSPclass is only underlined
we can produce by TS-moves a 3-gem with p-pairs which is equivalent up to handles
to a 3-gem with less vertices. After the entry heading, each TSPclass has a number
preceded by an "M". This number is the mutability of the TSPclass, defined as its
cardinality. The subsequent entries in a TS,,-class are the indices of the codes of its
members. There is a single TS,-class at the levels 2, 8, 12 and 14 vertices. Thus, we
start our tabulations with 16 vertices. At this level there are two TSPclasses, both
u°-essential.

C1ftI M2 I o2 I 03 I C2 M1 01

Table 7A: TSP-classes on RBG16

With 18 vertices there are four TS.-classes, two of which are u°-essential.

M1 03 C: I M1 04 Ml 01 S'4 Ml 02

Table 7B: TSP-classes on RBGIs

With 20 vertices there are eleven TS,-classes, five of which are u°-essential.
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,I MI 04 Q M3 12 13 14 M5 02 03 19
21 23 CA M1 22 Q Ml 08 a M3 05 18
20 M3 01 06 17 _$ M2 07 16 M2

10 15 C,Q M1 09 11 M1 11

Table 7C : TS, ,-classes on RB92o

With 22 vertices there are thirteen TS. classes , six of which are u°-essential.

M1 01 C2 M3 09 10 37 M2 20 39

-CA M3 06 22 25 M6 04 14 15 21 24 42
M8 11 12 13 19 23 28 30 43

-
C7 M1 02

M6 07 08 26 29 31 38 ff M 05 32 35
Q Ml 27, M5 03 33 34 36 44 12 M3 16

18 40 M2 17 41

Table 7D: TSP-classes on RB922

With 24 vertices there are forty TSpclasses, eighteen of which are u°-essential.
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MOl 002 C02 M03 020 061 199 MOl

028 M02 088 234 M05 011 015 067

100 209 CC06 M02 017 175 C07 M02 018 188

CO M15 024 029 030 046 060 064 066 085 103

120 161 167 191 206 253 CC9 M19 010 062 070

074 077 080 090 094 099 102 106 156 190 196 222

235 238 243 251 J0 M02 171 215 11 M20

033 043 049 081 116 117 119 122 134 141 146 147

153 163 201 202 203 257 261 262 C12 M13 040

054 105 123 143 192 194 197 204 225 231 241 242

CC1 M25 053 063 068 091 093 095 107 127 131

139 150 151 168 173 185 186 189 193 214 216 236

239 244 256 259 M01 004 Q a M12 012

016 031 052 065 069 072 084 096 098 158 211

^fl M24 071 078 079 089 097 101 113 126 128 138

140 144 159 174 177 183 195 212 219 224 232 237

246 258 = M14 014 036 042 051 057 110 114

142 148 162 164 166 255 260 M10 019 027

041 045 198 208 220 228 247 250 MQ M07 021

025 059 083 149 200 252 M10 022 026 038

048 056 058 087 112 160 254 21 M06 032 037

115 121 133 6-157 M M03 034 044 082 =2

M05 003 023 039 055 086 CC2 M08 073 092 104

176 187 205 233 245 Q M03 124 226 240

M02 154 155 M05 047 050 111 152 157

M03 013 035 210 M09 075 076 136

137 213 217 221 229 249 C30 M03 008 180 181

M03 009 179 182 2 M01 005

M02 108 109 4 M09 118 132 135 145 170 207

218 227 248 1 MOl 125 M05 129 130

178 184 230 M01 007 M03 169 172

223 MOl 0069Q MOl 001

Table 7E: TSoclasses on RB924

Similar tables for RBQ26 and RBCg28 appear in the Appendix C. There are 50
TSR-classes on RBC26 , 20 of which u°-essential . There are 109 TSPclasses on RBQ28i
50 of which u°-essential.
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5.2.4 Tabulating the Homology Groups

The tables are indexed by the TS,-classes in the order given by the previous sub-

section . Up to 14 vertices we have S3, RP3, L3,, and RP3#RP3. The homology
groups are respectively Z,, Z2, Z3 and Z2 + Z2. For the next tables, the number
in parenthesis means the Betti number ; it is followed by the torsion coefficients in a
multiplicative notation.

01 11 (0)41 (0)51

Table 8A: Homology of TS,,-classes in 1 B916

01 (0)51 (0)61 (0 )22 T (0)22

Table 8B: Homology of TS, ,-classes in RBQ16

1 01 11 (0)41 (0)41 (0)51 (0)51 (0)61 (0)71 (0)81 (0)22

09 11 (0)23 (1) (1)21

Table 8C: Homology of TSPclasses in RB926

01 (0)31 (0)41 (0)4' (0)51 (0)61 (0)71 (0)81 (0)81

09 (0)101 (0)22 (0)2141 (0)32 (0)32

Table 8D: Homology of TS,,-classes in 1 B922

01 (0) (0) (0)2' (0)21 (0)3' (0)3' (0)41 (0)41

09 (0)51 (0)51 (0)61 (0)61 (0)71 (0)81 (0)81 (0)81

17 (0)91 (0)101 (0)10' (0)11' (0)121 (0)121 (0)131 (0)22

25 (0)22 (0)22 (0)2141 (0)2161 (0)2161 (0)32 (0)32 (0)42

33 (0)23 (0)23 (1) (1)21 (1)31 (1)31 (1)22 (3)

Table 8E: Homology of TS,,-classes in IZB924
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01 
09 
17 
25 
33 
41 
49 
57 

(0) 
(0)5' 
(0)8' 

(0)12' 
(0)22 

(0)2 ,81 

(0)24 

(1)22 

(0) 
(0)5' 
(0)9' 

(0)12' 
(0)22 

(0)32 

(1) 
(1)22 

(0)2' 
(0)6' 
(0)9' 
(0)12' 
(0)22 

(0)32 

(1) 
(2) 

(0)2' 
(0)6' 

(0)10' 
(0)13' 
(0)2'4' 
(0)42 

(1)2' 
(2) 

(0)3' 
(0)7' 
(0)10' 
(0)14' 
(0)2'4' 
(0)42 

(1)2' 
(3) 

(0)3' 
(0)7' 
(0)10' 
(0)15' 
(0)2'6' 
(0)42 

(1)3' 

(0)4' 
(0)8' 

(0)11' 
(0)15' 
(0)2'6' 
(0)23 

(1)3' 

(0)4' 
(0)8' 

(0)12' 
(0)15' 
(0)2'6' 
(0)23 

(1)4' 

Table 8F: Homology of TSp-classes in 715026 

001 
008 
015 
022 
029 
036 
043 
050 
057 
064 
071 
078 
085 
092 
099 
106 

(0) 
(0)3' 
(0)5' 
(0)7' 
(0)10' 
(0)12' 
(0)15' 
(0)17' 
(0)21' 
(0)2'4' 
(0)2'8' 

(0)32 

(0)42 

(0)224' 
(1)3' 
(1)22 

(0) 
(0)3' 
(0)5' 
(0)8' 
(0)10' 
(0)12' 
(0)15' 
(0)18' 
(0)24' 
(0)2'6' 
(0)2'8' 
(0)3'6' 
(0)42 

(1) 
(1)4' 
(2) 

(0) 
(0)3' 
(0)6' 
(0)8' 

(O)IO' 
(0)12' 
(0)15' 
(0)19' 
(0)22 

(0)2'6' 
(0)2'10' 
(0)3'6' 
(0)42 

(1) 
(1)4' 
(2)2' 

(0)2' 
(0)4' 
(0)6' 
(0)8' 
(O)H' 
(0)13' 
(0)16' 
(0)19' 
(0)22 

(0)2'6' 
(0)2'10' 
(0)3'6' 
(0)42 

(1) 
(1)5' 
(3) 

(0)2' 
(0)4' 
(0)6' 
(0)8' 

(0)11' 
(0)13' 
(0)16' 
(0)20' 
(0)22 

(0)2'6' 
(0)2'10' 
(0)3'6' 
(0)23 

(1)2' 
(1)5' 

(0)2' 
(0)4' 
(0)7' 
(0)9' 

(0)12' 
(0)14' 
(0)16' 
(0)21' 
(0)22 

(0)2'6' 
(0)32 

(0)3'6' 
(0)23 

(1)2' 
(1)22 

(0)3' 
(0)5' 
(0)7' 
(0)9' 
(0)12' 
(0)14' 
(0)17' 
(0)21' 
(0)2'4' 
(0)2'6' 
(0)32 

(0)3'6' 
(0)224' 
(1)3' 
(1)22 

Table 8G: Homology of TS,-classes in KBGTB 
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5.3 The Fundamental Groups of 3-Manifolds JGI,
ic(G) < 13

This section appears originally in the article [LS95] and the group computations are
due to Said Sidki.

5.3.1 An Overview of the Tables

In the next tables we give simplified 0-presentations for the fundamental groups of
the closed orientable 3-manifolds M3 of complexity up to 13, which are neither cyclic
nor nontrivial free products . All the M3 's which have cyclic fundamental groups were
proven to be lens spaces, by the ul-classification. All the M3is whose fundamental
groups are nontrivial free products were found to have explicit non-trivial connected
sum decompositions at the level of 3-gems . Thus we omit these classes of spaces from
our list . With these omissions the space of smallest complexity is the quaternionic
space S3 /Q8, of complexity 8.

The manifolds are indexed by the u°-classes of rigid 3-gems [LD89] which induce
them . An entry like CC (m) refers to the m-th 0°-class with n vertices. We only
consider essential u°-classes . They are ordered by their homology groups in basically
a lexicographic ordering [LD891.

The entry rn in the column headed by "Rep." refers to the m-th rigid 3-gem
with n vertices in the catalogue . The listed 3-gems are the representatives of their
u°-classes . This means that they are the ones with minimal code . (The codes of are
ordered lexicographically.)

The presentations come from the 0-presentation given in Subsection 2.8.3. The
simplifications performed are also explained in this subsection and we arrive at the
presentations displayed.

Finally, we describe the entries under "Mnemonic for Groups", explaining the
notation used for the various families of groups which appear.

1. Cn is the cyclic group of order n.

2. H )4 t K is the semi-direct product of the group H by the group K, with K
inducing an automorphism group of order t on H. When H = Cn, K = C2in
and t = 2 we write the group as Cn x i C2,n.

3. Q2m+i = (a, b I a2- = b2, b-lab = a-') is the quaternion group of order 21+1

4. Let m, n,k>0.
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(m, n, k) = (a, b, c am = b" = ck = e) is the orientation preserving trans-
formations of a triangle with angles 7r/m, 7r/n, 7r/q in the Euclidean, spherical or
hyperbolic plane P, depending upon 1/m+1/n+1/k being equal to 1, greater
than 1 or less than 1.

(m, n, k)+ _ (a, b, c am = bn = Ck).

(m, n, k) _ (a, b, c am = b" = ck = abc) is the polyhedral group which
is known to be the fundamental group of the 3-manifold G/(m, n, k), where G
is the connected Lie group of orientation preserving isometries of the plane P
[Mi175]. We note the coincidence (m, n, 2)' = (m, n, 2).

(m, n, k) t indicates that the group has a normal subgroup isomorphic to
(m, n, k) of index t.

5. Let g, r > 1.

9

S9 = (a1, ... , age bl . ... bg, c I [c, ai] = e = IC, bi] (1 < i < g), Cr = [ai+ bi])
i=1

which is the fundamental group of a Seifert manifold over a surface of genus g
[Orl72].

6. The euclidi (0 < i < 5) are the fundamental groups of the six Euclidean closed
connected orientable 3-manifolds. Four of them appear in RB924 and the other
two in RB926.

7. Z M, where M is a 2 x 2 matrix over the integers, indicates the semi-direct
product group

(ZxZ)xM Z=Hx(a)

with a acting on the canonical basis of H as the matrix M.

8. E2(i, .7) = (a, b I (a2)b = b-2ia-2, (b2 )a = a-21b-2).

9. [H1,. .. , H,; G(')] denotes factors of the derived series of the group G, where
G/G' = Ht, ... Gi'-1l/Gl'1 H,. Since Hi is abelian, we denote it by its
numerical invariants.
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5.3.2 Tables of Fundamental Groups

u u- Rep. Presentation Mnemonic
class for Group
18 3 rl (a, b b a , b- aba Q8

(2,2,2)
20 1- r4 a, b b- aba, a b , 23, -2,2T-

C3)'iC4

C22 ( 1 ) rl a, b a- ba b, a ab- (T,13-,2 -
C22 (7) r22 (a , blab- lab, a- 'baba-'b2) C3 xiC8

(3,2,-2)
24 1 r2 (a, b ba- bab- a, b- a ba - 5, 3, 2

C24(3) r24 (a, bla2b-lab-1, ab-lab3) (4,3,2)
C24(14) r4 (a,blb-lalba-1,ba-lba2b2a2) C5 xiC8
C24 (26) x154 (a, blabab-1, a 2ba2b) Q16

/
C24(28) r23

54

(a, blb2a2, a5ba3b)
1

2 2 l -l 2

C3 X Q8

C24(32) r , a(a, blb b)ab a b a euclidl

E2(1,1)
C24(37) r24 (a,blba-lb2a-lbab-la,b-lab-la-2b-la) euclid2

(3, 3, 3)(3
C24 (3 r624 (a, b, clbaba- 1, abc2ab, bcbc-1) euclid3

10Z6- 1
O -1

C24(40)
r24 (a, b, clbc-lb-lc, b-lalc labc, aba-lb-1) Z x Z X Z

euclido
C26 (13) x90 a, b - , a baba- - (5,3,2) x Cr
C26 (18) rs (a, bla2ba-lba2b, a2bab-lab) Q8 >43 C9

(3,2,-3)
C26(24) r6 (a, blb2a2, abab-laba3bab-1) C5 xi C12
C26(30) Tog (a , blb3a2 , a3ba3bab) Q8 A 3 C15

(3,3,4)*
C26(32) rs9s (a, blbab2a3b2a , blab- lab2a4) Qs x 3 C15

C26 (39) x826,5 (a, blababab-lab, a 2bl) C3 X Q16

(2,2,4)*
C26(44) r26 (a, blba2b- lag, b2ab2a 1) euclidl
C26(45) r5 (a , blb-la2ba2 , b2aba

-2ba) (
142, S ^

E2(0,2)
C26(50) r' (a, bla 2bab-lab, abab-la 2b-1) euclid4

(6,3,2)
C26(52) r26 (a, blab-lab3, a3ba-lb) euclid5

(4,4,2)
C26(56) r2 613 (a, bla2b3a2b, ab-la 2b-lab2) E2(2,1)
C26(59) x2614 (a , blab2ab- la-2b-1, ab-la lbaba- lb-l) Zl o

Table 9A: Presentations for 7rl of complexity < 12
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u°-
class 

C28(3) 

<?28(6) 

C28(7) 

C28(8) 

C28(13) 
C28(15) 
C28(26) 
C28(38) 
C28(47) 
C28(54) 
C28(58) 
C28(59) 
C28(66) 
C28(73) 
C28(74) 
C28(76) 

C28(86) 

C28(87) 
C28(91) 
C28(93) 
C728(102) 
C28(104) 
C*28(108) 

Rep. 

-.28 
' 1 7 2 

r 2 S 
' 2 0 2 

_28 
' 2 

- 2 8 
' 9 

- 2 8 
'2418 
_28 
' 2 0 3 

- 2 8 r 2314 
_28 
' 4 0 2 
- 2 8 
' 2 7 
rg 
r? 
r 2 8 
r 3 

rU 
rf 
_28 
r 5 9 
- 2 8 
r 3 4 

_28 
r 1 9 

_28 
r 2 5 
rf 
r f 
- 2 8 
' 1 0 
- 2 8 
M2 

r 2 8 
r 2 8 0 

Presentation 

(o,6|a-I5a6-'a-26-1a6, 
a2b-la-lbababa-lb-1) 
(a, 6|a_16a6~1a~26~1a6, 
a6a_16-1a62a6-1a_1o) 

(a.bl^aft-'oft-'a, 
ab~1aba~1bab~1a2b~1aba~1b) 

(a, tyb^aPatfa, a^ba^b^a^b) 

(a,6|a6-1a64,a63a6-2) 
(a, 6|62o-'62a6-2o, J r ' a " 1 ^ 2 ^ 1 ) 

(a,6|a-26a56,o36o-46) 
( M l f t a - V a W o W ) 

(a, 6|6-5a63a363a, &-2a&3a263a) 
(a, 6|62a6a6a62a, a6a26a6~l) 

(a, 6|o36a36-', a-26a-'6a-26a-46) 
(a, 6, c|a263, a6c_1o6c, c^3) 

(a, b\bab~lab~1abab~1aba"lbab~la, 6~2a2) 
fabla-Wab^tfa-Wa-1) 

(a.&lirV'&a-'.a^ao4) 
(a, b\a2ba-lba-\ b^aba^bab^a2) 

(o,b|o-1b2a62,a63o263ar2) 

(a,6|a-26a62o6,o26-1a26) 
(a, 6, c\ab~xab, b~xa~lcabc, bclPc) 

(a, b^ab^a-H^a, a^ba^b^ab^a^b) 
(a, 6|aoa_26a63,62a6a_16a_16a) 

(a, 6, c|a26c6c_1, c-16_1a6co, a-1o-1a&) 
(a, 6, cl^c-^bco-^-1 , cbc-'fe-1, ooca-1^-1) 

Mnemonic 
for Group 

(7,3,2) 

(5,5,2)2 

[3,52,S|] 
(4,3,3) 

[3,42,5|] 
CnXiCt 
(7,3,2)5 
C? *i C8 
Cj X i Cl2 
C3*iC16 
Cs Xj C20 

[24,5^] 
[22,32.6,S?0] 

C$ x Q$2 
ftxft 
C S x Q 8 
[32,S?] 

(3,3,3)' 
[42,5f] 
B2(4,0) 
[42,5?] 

[22.4,S4] 
7 0 1 
■̂ -1 3 
7 0 1 
6-1-3 
7-1 0 
^-2-1 
7 1 - 2 
^ 0 1 

Table £ IB: Presentations for TT^G), \G\ of complexity = = 13 

Next we provide a thorough identification for the fundamental groups of the in
essential classes listed above. This analysis of the fundamental groups is important to 
discover the u°-classes which are either u'-reducible or else only part of an attractor. 
There are four such cases up to 28 vertices (discounting cyclic groups and non-trivial 
free products). The members of these u°-classes with smallest codes are: rf4 and rf, 
rf and r2^, r f and rg, rf and rg. 
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5.3.3 Manifolds of Complexity < 10

The computations presented in the remaining of this section appear in [LS95] and are
due to S. Sidki.

Homology: Z2 + Z2

r1s E C18(3) -+ (a,bIb2a2 , b-laba).
r1 : a2 = b-2, r2 : b-lab = a- ' ;

a presentation for Q8,
which is easily expressed as (2,2,2).
By GDV and TS, the manifold is a
quotient of S3 by this group of order 8.G

Fig. 158: 7r1(S /(2, 2, 2)), induced by its superattractor

Homology: Z4

r420 E C2o(1) -1 (a, bIb-1aba , a3b2).
r1 : b-lab = a1, r2 : a3 = b-2 (central)
=t, b-'a3b=a 3=a3=* a6=e= b4;

al := a2 b-1alb = al 1, a3 = e = b4;

a presentation for C3 x 2C4. The original
presentation easily transforms to (3,2,2).
By GDV and TS, the manifold is a
quotient of S3 by this group of order 12.

Fig. 159: 7rj (S (3, 2, 2) , induced by its superattractor
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Homology: Z3 

i H 

1 I "l 
/ 'Wv 1 

a J 

Fig. 160: 

Sf > o 

r \ 

h G 

T I ( 5 3 / ( 3 , : 

.A 

y) 

rf € Cn{\) -+ {a,b\a-^ba2b,aJt?ab-x). 
r, : b-la-2b~la 

=► a-2b-lab-1 =► o-^oft-1)2 

={► a3 = (oft-1)2 

r2 : a62o6"1 =*• (a62)2fc-3 => 
ft3 = (aft2)2 (central) =>• 
63 = (oft"1*3)2 = (ab-l)2b* =* 
6"3 = (aft"1)2; 

h := fr-i =► a3 = 63 = (abx)2, 
which is the definition of (3,3,2). 
By GDV and TS„ the manifold 
is a quotient of S3 by this group 
of order 24. 

t, 2)), induced by its superattractor 

Homology: Z% 

a I 

A^^cV^VC^Vff 

I I M r \ 
A*«v \ I •? 

i J / J B 

Fig. 161: MS3/(C3 

*J? 

p?h 

rf e ^ ( 7 ) -> 
(o,6|o6-1o6,a-16o6a-162). 
n : a6_1a6 =>■ 6_1o6 = a - 1 

=*• fr2 central, 
r2 :6_ 2a6_ 1a_ 16_ 1a 

=>n 6-4a3 =»■ a3 = ft4, 
6_1a3b = a3 = a - 3 =*• a6 = e = ft8; 
aj := a2 =>• a3 = e = ft8^-1^ = oj"1; 
a presentation for C3 x ,C8. 
By GDV and T5P the manifold is a 
quotient of S3 by this group 
of order 24. 

XiCg)), induced by its superattractor 
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5.3.4 Manifolds of Complexity 11 

Homology: 

F • 

3 K /"""*-

L \ \ ^ - * - -

i • 

Fig 

Trivial 

9 I 

\K ?y 

•%T\L*>* 

■ — / , \ — - • * * 
E f 

162: 7r1(S3/(5,3 

, e 

a 

\ B 

y c 

rf € CM(1) -► 
(a,6|6a 'fraft 'a, 
fc-^-^fia-1). 

ri : 6a_16o6_1a 
=> 6a_16a = a_1ft 
=* (ab'1)2 = b-lab-2 

=^ r i (a6- 1 ) 3 =(a6- 2 ) 2 , 
r2 : 6 2a '6a6a * 

=* ft-^a-1)2 

=> (a6-2)2 = 6-5, 
ai—ab-^h — b-1 

=* a? = (ajft,)2 = 6?, 
the definition of (5,3,2). 
The manifold is the original 
Poincare sphere. 

2)), induced by its superattractor 

Homology: Z<i 
e G 

H i 

r | 8
4 e C M ( 3 ) ^ 
( a .& la -V 1 ^ - 1 , ^ - 1 ^ 3 ) . 

ri : a-26"1o6-1 => a3 = (ab"1)2, 
r2 : tri"1*^3 => (aft"1)2 = 6~4, 
6, := 6-i =► a3 = (a602 = 6f; 
the definition of (4,3,2). 
By GDV and TS„ the manifold 
is a quotient of S3 by this group, 
the binary octahedral group of 
order 48. 

Fig. 163: ffl(S3/(4,3,2)), induced by its superattractor 
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Homology: Zg 

K 

r f € CM(14) -> 
(o, 6|*-1o-16a-1, ba-WPa?). 

n : ft-'a-^-1 

=*• ab = a-1, ft2 central, 
r? : 6a_16a262a2 

=>,. a5 = 6-4, 

j The group is isomorphic to 
C8 x A - By GDV and TSP 
the manifold is a quotient of S3 

by this group of order 40. 

Fig. 164: 7ri(S3/C5 XjCg), induced by its superattractor 

Homology: 

JJ 
hi<zX~ 

L * ' \ . 

IS 
fcV ■ ( 

d 

Z2 

A/ 

+ z2 

e 
~f^**~^D 

>i ^S<* " 

fT̂ f-— 

c 

^ j 

i/ G 

h 

-"fl 

rUi € CM(26) -► 
(o,6|o6a6 ' .a 2ba?b). 

ri : abab'1 

=>• o6 = a-1, fc2 central, 
r2 : a_26a2& 

a4 = 62,o6 = a-1. 
This is a presentation for Qi6. 
By GDV and TS„ the 
manifold is a quotient of S3 

by this group of order 16. 

Fig. 165: JTi(53/Qi6). induced by its u!j-attractor 
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Homology: 

ft-—" 

E 

f 

H~~-

Z2 + Zs 

F d 

w 
-Arr\^" 

A><r /5*\ 
^ / , \ ^ * r 

1 ' L 

The group is C$ x Q 8 . 
By GDV and TS„ the 
manifold is a quotient of S3 

by this group of order 24. 

Fig. 166: iti(S3/C3 x 

C 

*~~~iiy 
- " c 

\l 

?K 

r24 
r 1 3 

ri 

r2 

QB), induced by 

€ C24(28) -> 
(a.&lftV.a'Wft). 

=» a2 = 6 - 2 central, 
: 6r»a-»|r*a-» 

=»ri(a6)2 = a-6, 
0* = 6_2.6o6a.a_1 

= o2 .a_ 6 .o - 1 = a - 5 , 
a 2 = 6 - 1 a 2 6 = o-1 0 

=». a12 = e = &12, 
03 := a4, a4 := a - 3 , 
6 3:=6<,6 4:=r 3 

=>• a = 0304,6 = 6364, 
o» = a1 5 . a3 = 04-' 
=*■ of = at1 

=*• {04,64) S Q , . 

its u'-attractor 

Homology: Z4 + Z4 
ft J 

r f € C24(32) -> (a,6|62o62o-1,a26-1a26>. 
r, : ft^o-1 =► (ft2)" = 6"2, 
r2 : 6-1a-26a-2 =» (a2)6 = a'2. 
The manifold is EUCLIDi. 
We name this group euclid^ 

Fig. 167: 7Ti(EUCLIDi), induced by its superattractor 



5.3. The Fundamental Groups of 3-Manifolds IGI, k(G) < 13

ri4 E C24(37) -+
(a,b1ba-lb2a lbab-la, b-lab-la2b-1a).

Homology: Z + Z3 r1 : ba-lb 2a-lbab-la

(ba- 1b)2ab-l a ,A i
D r2 :b-lab-1a-2b-la

(b-1a)3 = a3, a3 central,

b-lab-1 = a-'ba- '.a 3, ab-1a
= ba-1b.a3,

substitute into r1,
(ba- lb)3 = a-3, (a-lb2)3 = a 3,
(a-lb)3 = (a-lb2)3 = a-3

;

a1 := a-1, b1 := alb, c := al 1bi =

ai = bl = c3 = alcb1, the definition of
(3,3,3). The manifold is EUCLID2.

We name this group euclid2.

Fig. 168: irl (EUCLID2 ), induced by its superattractor

Homology: Z + Z2 + Z2
rs4 E C24(39) -4

(a, b, cjbaba-1, abc2ab , bcbc-1).
rl baba-1 b° = b-',
r2 : b-la-lc 2b-lal (b-la-I )2C 2

(ab)2=c C- 1a2=c 2,

r3 : cb- lc 1b-1 = be = b-1;
al:=ac= b°' = ball =c 1ac2=

clay 2 = a11;
we have: alb = bal, ac = a11, be = b-1,
which is a definition of (Z x Z) xiZ.
The manifold is EUCLID3.
We name this group euclid3.

Fig. 169: irl(EUCLID3), induced by its superattractor
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Homology: Z+Z+Z

D r24 E C24(40) -a
(a, b, clbc-1b-lc, b-1a lc labc, aba-lb-1).

r1 be-16-1c => be = cb,
r2 : b-1a 1c labs

fir, b-1a 'c1acb = ac = ca,

r3 aba-lb-1 ab = ba.
This is a presentation of Z x Z x Z.
The manifold is the 3-torus.

Fig. 170: 7r1(S x S' x S I), induced by its superattractor
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5.3.5 Manifolds of Complexity 12

Homology: Z7

By GDV and TSP this manifold
is a quotient of Ir24I by the
monodromy group of order 7.

r6EC26(13)-►10
(a,bJba3ba-2,a-2baba-2b-1).

rlba3ba-2

(ba-2) 2 = a-5, central
r2 : a-2baba-2b-1

=:^'rl a-2ba.a2b-la5 b- 1

a-2ba-2a5b-1a-5b-1

(a-1b)2b-3 Sri a-5b-3 ;

b1 b-1 = a5 = bi = (a2b1)2;
by SPAS and [GAP], this
group has order 840 and is
isomorphic to (5,3,2) x C7,
where (5,3, 2) is the
fundamental group of the
original Poincare sphere jr241.

Fig 171: 7r1(S ((5, X2) x C7 )), induced by its superattractor

Homology: Z9

r8 E C26(18) -3
(a,bla2ba-1ba2b,
a2bab-lab).

b1:=ab=
r1 abja2blab1 = a 3(ab1)3,
r2 : ablabi 1ab1 = bi2(ab1)3,
b2 := ab1 =:^.

a3 = b23 = (a-1b2)2.
By SPAS this is a
presentation of Q8 X 3 C9.
By GDV and TSP
the manifold is a quotient
of S3 by this group

of order 72.

205

Fig. 172: 7r1(S /Q8 X3 C9). induced by its u11-attractor
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Homology: Z12

rs E C26(24) -*
(a, bIb2a2 , abab-'aba3bab-1).

rl b2a2 b2 = a-2 central,
r2 abab-'aba 3 bab-1

Sri (ab)5a6;
b, := ab bi = a-6, abla' _

a2ba-1 = bl 1 = bl = e = a12.

we have:

b1 =bIs 1,
a6=bi,a12=e=blo

which is a presentation of
C5iaiC12.
By GDV and TSP the
manifold is a quotient of S3
by this group of order 60.

Fig. 173: 7r,(S /C5 )1 C12), induced by its u4-attractor

Homology: Z15 rah E C26(30) -*

(a,bjb3a2 , a3ba3bab).

rl b3a2 a2 = b-3 central,

r2 : a3ba3bab *rt (ab)3 = a-4i

By SPAS and GAP this is a
presentation of
(Q8 X 3C3) X C5.

By GDV and TSP this
manifold is a quotient of
S3 by this group of order 120.

Fig. 174: 7r1 (S /((Q8 )4 3C3) X C5), induced by its u2-attractor

I
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Homology: Z15
rs9s E Cgs (32) -4

(a,bIbab2a3b2a , b2ab-1ab2a4).
By SPAS and GAP this is a
presentation of (Q8 )4 3C3) X C5.

By GDV and TSP this manifold is a
quotient of S3 by this group of
order 120. The previous 3-gem
and the current one define
the same manifold although they
are in distinct u°-classes.

Fig. 175: 1r1(S3/((Q8 x 3C3) X C5), induced by the other u2-attractor

Homology: Z2 + Z6
r6256 E C25(39) -+

(a, blababab-lab, a -2 b2).
rl ababab-lab

= b2 = (ab)4, central,
r2a2b2 =a2=b2.

We have a2 = b2 = (ab)4.

By SPAS and GAP the
c group is isomorphic to

Q16 x C3. By GDV
and TSP this manifold
is a quotient of S3 by
this group of order 48.

Fig. 176: 71 (S /Q16 X C3), induced by its u3-attractor
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Homology: Z4 + Z4

r6EC26(44)-+
(a, blba2b-1a2, b2ab2a-1).

r, ba2b
_,

a2 = (a2 )b = a-2,

r2 b2ab2a-1 * (b2)° = b-2.
Another instance of EUCLID,.

Fig. 177: 7r, (EUCLID,), induced by a u -irreducible but u -reducible 3-gem

Homology: Z4 + Z4

r56 E C26(45) -^
(a, blb"'a2ba2, b2aba-2ba).

r, b-'a 2ba2
4. (a 2)b = a-2 ,

r2 b2aba-2ba
= (b2)° = a 4b-2.

H := (a2, b2) is a commutative
normal subgroup.
G/H L C2 * C2, G is soluble.
By SPAS GIG' =C4, G' =Sl'.
We note that G' is a
3-generated nilpotent group
of class 2 . The group is
E2(0,2). We also denote it
by [42, Sl].

Fig. 178: lri(lrs j) = 4 , S,] induced by its superattractor
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Homology: Z

The manifold is EUCLID4,
see Section 4.2.1.

r31 E C26(50) -*
(a,bfa-2bab-lab,
abab-la-2b-1).

rl a-2bab-'ab
. b° ' = bb-°,

r2 : abab-'a2b-'

= (b-')° ' = b-'b°,
. H := (b, b°)

is a commutative normal
subgroup, on which a induces
a : b +b°, b°Hb-'b°.
This is a presentation
for the group

(Z x Z) x m Z, where

M=( 1 1 `.

We note that on letting
x:=a2b-1, y := a,

the presentation becomes:

x3 = (xy)2 = y6,
which is (6, 3, 2).

Fig. 179: ir1tUCUDJ, induced by its aattractor

Homology: Z + Z2

f

The manifold is EUCLID5,
see Section 4.2.1.

r1216 E C26(52) -+
(a, blab-'W, a3ba-1b)•

r1 ab-'ab3
= (ba-')2 = b4, central,

r2 : a3ba-'b
. (ba-1)2 = a-4

,

a1 := a-1 a4l = b4 = (alb)2,

which is (4,4,2).
We note that on letting
vl := [a, b], v2 := vi, we have

that H := (v1, v2)
is a normal commutative
subgroup. Follows that
the group is (Z x Z) x,M Z,

where M = ( 0 1 )
to

Wig 180: irl EU LI 5 , induced by its u2-attractor
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Homology: Z + Z4

The group is soluble:
modulo H it is the
infinite dihedral group C2 * C2.
The group is E2(2, 1).

r26 E C26(56) -4
(a, bla2b3a2b,
ab-'a2b-'ab2).

rl : a2b3a2b
(a2)' = b-4az

(a2b)2 = b-2, central,
L r2 : ab-la-2b-l62
I.

a(a2b.b2)b-'ab2
a3b2ab2 a4.a' b2a.b2 =

(b2)a
= a4b-2, (ab2)2 = a 2•

We have that H = (a2, b2)
is a commutative
normal subgroup, on which
a and b have the
following actions:
(a2)b = a 2b-4, (b2)a = a 4b-2

Fig. 181: al(Ir13D) = E2(2,1), induced by its u3-attractor

Homology: Z + Z

rj E C26(59) -4

(a,blab2ab-la 2b-1,

ab-'a-'baba-'b-').

rl : ab2ab-'a2 b-' aab-
2(a 2)b-i

ab' = (a2)bal
,

r2 : ab-'a 'baba-'b-' . aabaab-'

aba b2aba ' fir, aab = aba.
We have that H = (a, ab) is a
commutative normal subgroup. With
a proper choice of a Z-basis for H, b

can be represented on it as C 10).
11

This is a presentation of the nilpotent
group (Z x Z)) x M Z, where

M = (1 0 I . We have denoted

this manifold by Z i o

Fig. 182: Try Z , ,, ), induced by its u attractor
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5.3.6 Manifolds of Complexity 13

Homology: Trivial

E

rim E C28(3) -a

(a,bla-'bab-la-2b''ab,

azb-la-'bababa -'b-1).
r' : a-'bab-'a zb-'ab

b-'ab = azba-'b-'a,

[b, a] = a-'[b-la-1] _
a-1[a-' b]b-'

r2 : azb-'a-'bababa-'b-'
=:^- a 2[b, a]b[a-1, b-']
[b, a] = a-2[a-1, b]b-1b_1;

c := [b,a],d :=[b,a']
into r1 and r2

*db' =c'a-1,
db1 = b-1c 'a-z

*a=cb-'c'*
db-'=bc-'*b=cd
* a = c(d-'c')c' _
cd-'c z.
Thus, a = cd-'cz, b = cd.

Fig. 183: 7r1(Irl1) = (7, 3, 2), induced by its us-attractor

Complement of analysis:
Relations for c, d:
c = [b, a] = d-'c '.czdc-'.cd.cd-'c z,
c3 = d-'cdzcd-' * dc3d = cd&c, d = [b, a-'] = d-'c '.cd-'c 2.cd.czdc '

d3 = c 'dczdc ' * cd3c = dc2d.

211

Thus, dc3d = cdzc, cd3c = dc2d. Rewrite: c3 = d-'cdacd-', c2 = d-'cd3cd-'
cd-'c = d-'cd-',d3 = c `dczdc `. Rewrite cd-'c = d-'cd-'as(d-'c)3 = (d-zc)z,
central ; d3 = c 'dczdc ' * d5 = (dc 'd)cz(dc `d) = c 'dzc 1 * dT = (&c')2.

Thus, for f := dc', we have the presentation : d7 = (df)2 = f 3, the definition of
(7,3,2).
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Homology: Z?. 

by^ AAr~**~~ 
/ L/~~~*~ 

il / 
/ k / 

I\~X\ 
\ \*§ 

c N ' 

Fig. 184 

F 

is 

e\ 

1 

m 

: 7T! 

n 

4~-~^Ka 
/f-—x\ v \x x y® 
) \ ^ X J 
' \ '" d E 

( | i f t | ) - {5,5,2)2, 

/ ' 

»ft € C28(6) -> 
(a, 6|o-16a*-1a-26-1a6, 
o6o-16-1a62a6-1o-16). 

r i : a_16o6_1o_26""1a6 => 
o - ' a T ' o - V =» 
a6"1 = aa_fco2 =*• 
o*2 = ( o ^ o - V , 

r 2 : o6o~1fc_1o62o6_1a_16 =>■ 
aV-'r 'a-W =n fr2 = (o-'J'ao'a-1; 

ai := o, 02 := a , if := (ai, 02) 
=> <*2 = n a i a r l a 2 , ^ =r , 
a j Oi020j" =>• 
H is a normal subgroup. 

induced by its superattractor 

Complement of analysis: 
From 05 = ( a^a j ' o j , we have 

c% = aia2
 lal '02.O2.O2 '01020!' = (ojOi 1a,2)2a2

1(a%ai 1(12) 
ai02"1a71a2ai020j"1 = o2aj"1a|of1o^aj"102. 

The last relation implies 

of 102af1O2aia2"1aJ"1(=: u) = a^aiO^Oiaj 'af^ . 

From (aj)*"2 = a6,~ = 01, we have 

Oi = oj Oi020j" .a2a[ a2.aio2" af 02 = aj O1O2UO2, 

which implies u = aj 'af ^ a i a ^ 1 . From the definition of u we get 

aj of 020102 = oj (oiaj aioj af )o2, 
(a22aia21)°1 = Ojof 1a2a1aJ2 = aJJ1"2 , 

(a1o2-3)°K1 = a?a>'-

Define v := Oia^2, then a% = uaj'.t)5 = (02V2)2. Define w := aiOj1, then ai 
u/t/_1w, 02 = v~lw. Thus, / / = (v,w), and we note that 

vb = a\ of2 a= aio^1 = to 
62 = O2"10l020f' = W~lVWV~l 
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Note that v5 = (wv)2 =: z is central in H. Now,

wb 1 = ai 'a1 1 = ala2la1 = w2v-lw =

w2(v-Iw-I)w2 = w3vw2z-1 = w5.w-2vw2.z-1 = w-2vw2.

Define b1 := web, then wb' = v, vb, = w, v5 = w5 = (vw)2(= z).

We also have

(w2b)2 = w2(w2 )b-'b2 = w2 (v2)_2b2 = v2w2 .w-IVwv-1,

b2 = v2 (wv)2v-2 = Z.

Therefore, we get v5 = w5 = (vw)2 = b, . That is the group is an extension of
(5,5,2) by an infinite cyclic group generated by b1, which interchanges v and w and

b, = (vw)2.

Homology: Z3

k N

r28 E C28(7) --)

(a,blb2ab-lab-'a,

ab-'aba- 'bab-'a2b-labs-1b).

r1 : b2ab'1ab-1a . b3 = ( a-'b)3 := z,
z central,

r2 : ab-'aba -' bab-'a 2b-'aba-1b

a-2b = (b-1aba-1ba)2

a-2 b = (b-' a.ab- 1 az.a)2
(a-2b)5 = z2.

al := alb a3 = b3 = z, (alb-1)5 = z2,

and the presentation can be written as
3 3 5 - 9al = b ,(alb) - al.

The derived series of the group
has the following form:
GIG' = C3, G'/G" C5 and G" = Ss
This information was obtained by SPAS

B and independently by GDV and TSP.

Fig. 185: 7rl(lr2 I) = [3,5 , Ss), induced by its superattractor
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r9 E C2s (8) -+
(a,bIb-lab2a62a , a3ba-lb-2a lb).

rl b-lab2ab2a * (alb-2)3 = b-3,
r2 : a3ba- lb-2a- lb a3b(alb-2)2b3 ^rl

a3b3a = a4 = b-3; bl := b-1 =0-
a' = 631 =(a-l' )3 ,
which is equivalent to the definition of

A (4,3, 3).The derived series of this group
has the following form:
G/G'?'C3iG'/G"cl^ C42 andG"Q^ S.
This information was obtained by SPAS
and independently by GDV and TSP.

Fig. 186: 7rl(Ir9 1) = [3, 4, Si] , induced by its u3-attractor

Homology: Z4

a

r224418 E C28(13) -3
(a, blab- lab4 , ab3ab-2).

,r.l ab-lab4
b-5 = (ab-1)2,

r2 b-5 = (b-3 a1)2;
,

al := ab3
=> b5 = a2 = (alb)2,

which is the definition of
(5,2,2). By SPAS and
GAP this is a presentation

for CS xiC4•
By GDV and TSP the
manifold is a quotient
of S3 by this group
of order 20.

Fig. 187: rl(S-3-/(5, 2, 2)), induced by its u°s-attractor
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Homology: Z5

e

r203 E C28(15) -1

(a, blb2a-'b2ab-2a,

b -'a 'b2ab2a ').

Ti : b2a''b2ab-2a

. (b2)a = (a')",

r2 b- 'a- 'b2ab2a-'
b-'(b2 )ab2a '

=*rl b-3a-'bas '

b-7(b4a ')2
(b4a-')2 = b7, central,

*ri b'4 = a7, central.
GIG' is isomorphic to C5.
By using GDV we get a
140-vertex 3-gem whose

C 7rl is G' . It gets
attracted under TS,
to ri72 whose x' is (7,3,2).

-d A long hand computation
shows that this group is
isomorphic to (7,3,2) x (c)
with c5 amalgamated with
an element of the center
of the first group.

Fig. 188: ri (Ir203I) = (7, 3, 2)5, induced by its superattractor

Homology: Z8

x2$14 E C28(26) -►
(a, bra-2ba5b, a3ba-4b).

rl a2ba5b * a7 = (alb-')2,
r2 a3ba -4b * a7 = (b-'a4 )2;

bl := a 2 b-'
* a7 = bi = (a2b')2•
This is a presentation for
C7 x;C8. By GDV and TSP
the manifold is a quotient of
S3 by this group of order 56.

Fig. !Mr, (S11C7 x jCe), induced by its us attractor
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Homology: Z12

n

r E C23 (38) -328

(a, blba-1ba,
a2 b2 a2 b2 a2b3).

rl : ba = b-1, a2 is central,
r2: a2b2a2b2a2b3

b = (b-2a-2)3

b7=a 6.

This group is isomorphic
C to C7 X iC12. By GDV

and TSP the manifold is
a quotient of S3 by this
group of order 84.

Fig. 190 : 7r1(S /Cr xiC12), induced by its u2-attractor

Homology: Z16 r27 E C, (47) -1

(a,blb-5ab3a3b3a,
b-2ab3a2b3a).

ri : b-5ab3a3b3a

b3ab-3 = a 3b-3a 1 b2,
r2 : b-2ab3a2b3a

a ib3a = a 3b-3a 1b2

=r, a 1b3a = b3ab-3.

By SPAS and GAP, the group is
isomorphic to C3 i iC16.
By GDV and TSP the manifold
is a quotient of S3 by this
group of order 48.

Fig. 191: 7ri(S /C3 )4 iC18), induced by its u18-attractor

1
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Homology: Z20

r298 E C28(54) -a
(a,blb2ababab2a,aba2bab-1).

r1 : b2ababab2a =
(a-lb-1)2 = (b2a)2,

N r2 : aba2bab-1 = b = (aba)2.
By SPAS and GAP, the group is
isomorphic to C3 x;C20.
By GDV and TS, the manifold
is a quotient of S3 by this group
of order 60.

Fig. 192: 1x /C3 x ;C2o), induced by its u14-attractor

Homology: Z24

M b

rib E C28(58) -4
(a, bJa3ba3b-1, a2ba-1ba-2ba-4b).

r1 a3ba3b-1 (a3)b = a-3,

r2 a-2ba-1ba-2ba-4b

^r1 a3 = (
aba_1b)2i

b1 := ab (a3)b' = a 3
, a3 = (alb1)2.

By SPASG/G' C24iG'L" SZ
Using GDV and TS, we arrive
to a 46-vertex 3-gem with 7r1 G'
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Fig. 193: 7r1(Irl 1) = [24,S 21j , induced by its u2-attractor
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Homology: Z2 + Z2

N k
r38 E C28(59) -4

(a, b,cia2b3,abc-labc,c2b3).
rl :a 2b3 = a2 = b-3,
r2 : abc-labs (abc)2 = c2,

r3c2b3=o- c2=b-3.

By SPAS GIG' - C2, G'/G" - C3 x C6,
G"-S9S .

By using GDV and TSP we get a
40-vertex 3-gem with 7r1 G,'
and also one with 74 vertices

whose 7r1 L G".

,3 x 6, 51,01, induced by its u2-attractorFig. 194: 7rl(Ir3 I) _ [2 2

Homology: Z2 + Z6
r E C28(66) -►568

(a, bjb-2a2,
bab-lab- labab- laba-lbab-la,).

rl : b-2a2 a2 = b2, central,
into r2 (ab)8 = a';

By SPAS and GAP,
the group is
isomorphic to Q32 x C3.

By GDV and TSP the
manifold is a quotient
of S3 by this group
of order 96.

Fig. 195: 7r1(S /Q32 X C3), induced by its t4-attractor
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Homology: Z2 + Z10 

M e 

n^"^ T \ 

AJC-~\ y~~~~ /JL \ / / f--—-#---— 1/ / X/ / V A « f ^ \ / \ 
\ XiT~~~~7!K/® 
\ ^ ,. A , » L h J 

Fig. 196: JTI (SY0, 

\£ 
~HK° 

Jd 

* 

V 

E 

>g 

if € C28(73) -» 
(C i l a -Vo^ .^o -Vo- 1 ) . 

r, : o - ^ 5 ^ =► (ft5)0 = ft"5, 
r2 : fc^o-Wa-1 

=► (ftV"1)2 = ft2, central. 
This group is isomorphic to 
Q8 x C5. By GDV and 
TSP the manifold is a 
quotient of S3 by this 
group of order 40. 

x C5), induced by its uj0-attractor 

Homology: Z2 + ZK, 
m 

L/ /T 

11 J -

i 
Fig. 197: 7r,(S3/Q8 x 

>v C 

\ a * 

" D / 

\ d 

7E 

C5), induced by another 

r% € CM(74) -► 
(a.ftlftV^fta-^aft4). 

ri : ft^-'fto"1 

=>■ (fta-1)2 = ft"2, central, 
r2 : aft2^4 =► (ft"2a-1)2 = ft2 

^ r , b 6 = a-J; 
This group is isomorphic to 
Qi x C5. This 3-gem also 
induces the previous 
manifold. See next section. 

i!0-attractor (in other u°-class) 



220 5. The Generation and Classification of 3-Manifolds

Homology: Z3 + Z3

E

We note that G' is a
3-generated nilpotent group

of class 2, therefore solvable.
From r28 using GDV and

TS, we get a 30-vertex 3-gem

with 1r1 = G'.

r34 E C28(76) -^
(a, bla2ba-lba-lb,
b-laba-lbab-la2).

r1 : a2ba-lba-lb

= a3 = (ab-1)3, central,
r2 : b-laba-lbab-'a2

=> b-1a2(a'b)2ab-1a2
= b-1a 2.a 3b'1a.ab-la2

= a3 = (b- la2)3.

b1 := ab-1 = a3 = bl = (abl)3,
the definition of (3,3,3)*.

B By SPAS G IG' t--' C32,G'G--Sj3.

Fig. 198: irl (Ir34 I) = [32 , S3]), induced by its u5-attractor

Homology: Z4 + Z4

r19 E C28(86) -*
(a,bla 1b2ab2 , ab3a2b3ab-2).

rl a lb2ab2

(b2)a = b-2,
r2 : ab3a2b3ab-2

ab.b2a2b.b2ab-2
Sri ba2b = a2b-6

(a2)b = a2b-8.

H : (a2, b2) is a
commutative normal sub-

B group. Therefore,
G/H^='C2*C2,
and G is soluble.
By SPAS GIG' ^ C42
and G' = R.

Fig. 199: ir1(Ir1s I) = [41 , S1 ], induced by its superattractor
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Homology: Z4 + Z4

H

D

r25
28

E C28 (87) -+
(a, bla2bab2ab , a2 b-'a2b).

This is another instance
of group euclid, and
of the manifold EUCLID, L jrs28I
See next section.

Fig. 200 : 7r,(jr2581) _ 7r,(jr51) = ]42 ,S14 1, induced by a u -reducible 3-gem

Homology : Z2 + Z2 + Z4

d

r68EC28(91)-4
(a, b, clab-lab,
b-'a 'cabc, bcb3c).

r, ab-' ab
= a'

= a1,

r2 : b-' a-' cabc
=* cab = C-1,

r3 bcb3c

* (b-'c-1 )2 = b2;,
therefore b2 is central,
and from r3
we derive [c, a] = V.
The subgroup
H := (a, c) is nilpotent
and normal ; therefore
G is a solvable group.
By SPAS,

G/G''C2 xC4,
G' ?' S, .

Fig. 201: r621 ^) _ [2 x 4, SI], induced by its u3-attractor
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Homology: Z

rs8 E C,.8(93) -4
(a, blb2ab-la-3b-la,
a2ba-'b-lab-'a-'b).

rl : blab-'a 3b-'a
. ab-1 = (al)ba3 ,

r2 : a2ba- 'b-'ab-lalb
a2(a1)b-la(m)b

* ab = a
l
la-l\ba2

Sri [a , ab] = e;

H := (a, ab ) is a commutative
normal subgroup ; the group is
isomorphic to (Z x Z) >4 M Z,

where M = 0 1
1 3\

We have denoted this
manifold by Z

Fig. 202: irl( Z °,', ), induced by its ue-attractor

Homology: Z + ZS

C

r10 E C28(102) -4
(a, blaba-2bab3,
b2aba-1 ba-' ba).

rl : aba-2bab3
= b° ' = b-3 (b-')°,

r2 b2aba-' ba-' ba
. b2b°-'bb°

=n [b, b° ] = e; H := (b, b°)
is a normal commutative
subgroup ; the group is
isomorphic to Z x Z) x m Z,

where M = ( 0
1

1
3

We have denoted this
manifold by Z -01,

Fig. 203: 7rl( Z 3 ), induced by its u8 attractor
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Homology : Z + Z2 + Z2

K 9

r EC28 (104)-+
(a, b, cla 2 bcbc-1,
c 1b-labca , a lb-lab).

T1 a2bCbC-1

* cbc-1 = b-1a2,

r3 : alb- lab [a, b] = e,
into r2 mac=a-1;

H := (a, b) is a commutative
C normal subgroup. The group is

isomorphic to (Z x Z) x M Z,

where M = \ -1 0
\2 -

1 We have denoted this
manifold by Z _z'_°, .

Fig. 204: 7r,( Z --2'-'l ), induced by its U80-attractor

Homology : Z + Z + Z2

b M

r280 E C2s(108) i
(a, b, cjb2c labcb-1a1,
cbc-lb-1, abca-lbc-1).

r2 : cbc-lb-1 [c, b] = e,
r3 : abca-' be-'

=*r2 ba-1b = c talc;

r2 into r1
c 1a-'c = a' b2

=^-,., [a, b] = e, b is central.
H := (a, b) is a commutative
normal subgroup. The group
is isomorphic to

(ZxZ)MMZ,

where M = 1 -2
0 1\

We have denoted this
manifold by Z'0-1' .

Fig. 205: 7r1( Z 'o 1 ' ), induced by its us-attractor

223
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5.4 Topological Classification

In this section we provide the topological classification for the closed orientable 3-

manifolds which are induced by gems with less than 30 vertices.

In our analysis we divide the 3-manifolds into the following families:

1. Manifolds with cyclic finite fundamental groups (24 manifolds).

2. Manifolds which are non-trivial connected sums (25 manifolds).

3. Manifolds with handle number greater than zero (7 manifolds).

4. Manifolds with finite non-cyclic fundamental groups (21 manifolds).

5. Euclidean manifolds (6 manifolds).

6. Other 3-manifolds (17 manifolds).

There is a total of exactly 24+25+7+21+6+17 = 100 non-homeomorphic ori-
entable 3-manifolds induced by orientable 3-gems up to 28 vertices. We show that
in all these families the ul-classification coincides with the topological classification.
The next and subsequent tables are a summary of the u°-classification performed by
the TS, -algorithm on these families. This classification relies on the tsp,-function
displayed in the appendix B of Section 8.2.

Our strategy to complete the classification was first to isolate the uncertainties
by identifying the fundamental groups . When the fundamental groups coincide in
two distinct u°-classes , we tried , with success , the TS°-algorithm . This enabled us
to prove that from the 12 uncertainties 11 were indeed homeomorphic. The only
remaining case,

S3/(2,2,2)#L3,1 and S3/(2,2,2)#L3,2

can proved to be non-homeomorphic by the, so called, quantum invariants, see Sub-

section 7.1.4.

In the tables of u°-classification we also display the self-linking sequences, which
are discussed in Chapter 6.
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5.4.1 Manifolds with Cyclic Finite Fundamental Groups

is Manifold Rep. u -class i Non-null self-linking sequence: a
0 S r1 C2(1) 1

3 L2,1 r1 C8(1) 1 ±1
5 L31 r 12 C12(1) 1 +1

7 L4,1 r2 C16(1) 2 +1 2

L5,2
r16

C16(2) 1
+22-22

9 L5,1 r220 C20(3) 5 +1 2 _12

L7,2 r50 C20(6) 3
+12+22-32

L6 3 r1° C2o(7) 3 +34 ±42
11 L6,1 r33 C24 (11) 20 +1 f3 -2

L9,2 r14 C24(17) 14 +12+42 -22
L10,3

r21

24 C24 (19) 7 +22 +32 ±51 -32 -22
L1 1,3 r22

24 C24 ( 20) 10 +12 +32 +42 +52 -22
L12,5 r32 4 C24(21) 6 +32+44 _54

L12 5 r34 C24(22) 3 x-32+44-54,

L13,5 r34 C24 (23) 5 +22 +52 +62 -62 -52 -22
13 L7,1 r230 C28 (22) 119 +12 +2 -32 -

L11,5 r49 C28(32) 95 +12 +32 +42 +52 -22

L13,3 r33 C28(39) 67 +12 +32 +42 -42 -32 -12
L14,3

r28 C28(41) 52 +12 +22 +42 ±71 +32 -52 __32

L151 5,4 r70 C28(44) 28 +14 4 +52 -62 -52

L16 7 r14 C28(46) 22 +14 +4 -74

L16,7 r113 C28(48) 19 +14+44-74

L17,5 r65
28 C28(49) 26 +32 +52 +62 +72 -72 -62 -52 -32

L17,5 r106 C28 (50) 20 +32 +52 +62 +72 -72 -62 -52 -32
L18,5 r54 C28(51) 33 +12 +42 +72 ±93 -82 _552 _22

L19 7 r41 C28(52) 20 +12 +42 +52 +62 +72 +92 -82 -32 _22
L19,7 r8281 C28(53) 16 +12 +42 +52 +62 +72 +92 -82 -32 _22

L21,8 r13 C28 (55) 6 2+24
+84 +92 -104 -72 -62 -32

L21,8 r31 C28(56) 8 +24 +84 +92 -104 _72 +32 -32

L21 8 r60 C28 (57) 3 +24 +84 +92 -104 -72 __62 -32

Table 1OA: Manifolds with cyclic fundamental groups

225

Proposition 26 The manifolds in RBG„ (n < 28) which have finite cyclic funda-
mental group, as listed in the above table, are lens spaces.

Proof. S3 = L1,1 is clearly induced by rs.

L2,1 is induced by ri: S(2,2, 1, 1) = G0 = r8
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L3,1 is induced by rig: S(2,3, 1, 1) = Go = rig

We use the notation described in Subsection 4.1.2.
D31

L4,1 is induced by r, 6: S(2, 4, 1, 1) = rag = Go -I )G1 = r216

D31 Ds1

L5,1 is induced by r220 : S(2,5, 1, 1) = r23 = Go I) Gl^G2 = r20

DS1
L5,2 is induced by rig: S(2, 5, 2, 1) =Go I )Gl

A 13
7 )G2 = rig

L6,1 is induced by r33:
Di1 D21 D 1

S(2,6, 1, 1) = T262 = Go---+G1- ►G2---+G3 = r33

L7,1 is induced by r2328 .
o: D31 D21 D31 D21

S(2,7, 1, 1) = Tiigo = Go--*G1---4G2--4G3- -- G4 = TZ^Io

L7,2 is induced by r20:
D31 A D31 A2

8(2,7,2, 1) = Go-:14G1 - --*G24G3- +G4 = rs

L8,3 is induced by rig:
D31 As As D13 As D31 D21

S(2, 8, 3, 1) = Go-` ►G1 ^►G2-28G3 44G4-'b►G5'►G6-'4G7 = rio

Lg,2 is induced by r24:
D31 As D31 As D31 A2

S(2,9,2, 1) = Go `►G133 ) G24 ) G3--G4-`-4G5-22

G6 )G7)G8 = r
24

Llo,3 is induced by r21:
D31 As As D31 A225 Bs23

S(2,10,3, 1) = Go)GI)G2)G3)G4 CGS->
D621

G6--*G7 = r2
24

1

L11,3 is induced by r22:
D31 As As As D31 Ax A

223
S(2,11,3,1) = Go I )GI ►G2)G3--->G4 D4 )GS>Gg-->

G71G8 ►G9 = T22

1
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L11,5 is induced by ras:
Der A43, D4' Aa3 D31 A320 D,ar B 7

S(2,11,5, 1) = GoaG,)G2aG3)G4)G5)Go )G7--^

Ass Bsa D21 E312

Ga---)G9>Glo-►GII-->G12 = roe

L12,5 is induced by ras:
Dig Aia Ail A337 Asa

----------
DiA

25 )S(2,12,5, 1) = G0)G1 ►G2)G3 )G4 )G5 ) Go G7

G81G9)G10 = r32

L13,3 is induced by rj:
D31 31 A,23 21A43, A 43.

S(2,13 , 3,1) = Go I )GlaG2 ►G3---)G4)G5---)Go D3

A,2 BU2
AG7-)G8--+G9 ---)G10-)G11 +G12 = r28

L13,5 is induced by r34:
D31 3

S(2,13,5, 1) = Go I )GI
A3,,

)G2
A43,

)G3
A43,

)G4
A33,

)G5
D41

)Go
A3,3

Asa Deg Dia Aia D2 32 Dsi Deg
G7-)G8-+G9)G10- *G11- +G12-)G13-')G14 = r34

L14,3 is induced by r71:

38
I A3, A34, A345 A34, D431 A2

S(2,14,3, 1) = Go--)G1---)G2)G3-*G4-4G5-*Ga- ►
0123

A, A324
YG8 G9 )G10-^G11 -21G12 24

G13

Er'

)G14

Do

)G15 = r71

:L15,4 is induced by r70
D31 A3 D314 A34, A43,

S(2,15,4,1)= Go-)G 1 Aa-^G2 A-->G3-->G4--4G5----)Go-4

-^ *G8 0169 --^Glo2
BI A

G7 1G11 a YG12 '-°+G13-"-1

Dal D24 Ds' De
614--)G15--►G16--)617--)GIs = r77028

L15,7 is induced by r28:
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Di1 As1 A57 Asa A49 Ass Ast
S(2,16,7, 1) = G0 )G,)G2 )G3- G4 3G5 )G6

31

G7-4-+G83)G9-+Dfl G10 . )Gil -?,G12) G13- 1-*

Dis Dis Dii D2 D2,,'

G14'-*G15- *G16- *G17-TG18-)Gig = r14

L17,5 is induced by rss:

S(2,17,5, 1) = G0 )GI )G2 6
A3 A3^7

1)G3 G4 )G5 )G6 43

D431 Air A337 D,301 B° Dal Big
G7--)G8-3G9-iG10--1G11--*G12--YG13--*

Ds1 Aos E81

G14--)G15--4G16-+G17 = r65

L18,5 is induced by r524:
I A639D31 A,3^ A63, A s., A,3, A43,
)G1---+G2- )G3---G4-rG5----*G6-aS(2,18 , 5, 1) = G0--

D31 As As A3 9
G7-4G8^G9 371G10- *G11 +G12-+G13 4

F° 1 B33 Die D23 Del D722 28
G14-)G15-)G16-)G17-)G18-+G19-TG2o = 7-524

L19,7 is induced by r46:
D31 Ai3 As9 Ass As1 As7 Ass

S(2,19,7, 1) = Go-- -+G, '3)G2 69)G3 ")G4)G5 3G6- - ►
Ai9 Di1 Al, Ail Di1 Aie Bi,

G7-)G8-+G9--)G10--)Gil-4G12-)G13-)

Dii Dii Biz Dii D21 Dii
G14->G15- )G16-;G17->Gl8-')G19--*G20 = 7-448

L21,8 is induced by r28:
D31 A3 A3 A3 A369 A,3, A63^81 77 73

S(2,21 , 8, 1) = Go I )Gl--4G2--aG3---*G4-aG5--*G6---+

,457 D31 Ai9 Ai5 A435 Ail D531
G7-- *G8-)G9--4 G10-^G11--*G12-) G13-3

A D31

G14 J8.G15 C )G16^G17 B )G18)

D20 D20 A2

G19 91G20 30Y

Di1
D3s Dio

G21-" ?G22->G23`+G24 = 7-328

This concludes the proof that all manifolds in the above table are indeed lens
spaces. n

We now treat the cases of manifolds with finite cyclic fundamental groups let

T
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unresolved by the u0- classification.

Proposition 27 (a) L12,5 = Ir241 and Li2,5 = Ir241 are homeomorphic. (b) L 16,7 =32 34

6 are
Ir1a

21 I and L'16,7 = Ir113I are homeomorphic. (c) L17 ,5 = Irssl and L'17,, = Ir,0
28 1

homeomorphic. (d) L19,7 = Ir41 I and L19,7 = I r81I are homeomorphic. (e) L21,8 =

jr ,
31

I L21,8 = 281 and L21,8 = Irsol are homeomorphic. Moreover, any two 3-gems in
the attractor of these five lens spaces are linked by a single u;-move.

Proof:
Ul D31 As A3 X21 D23 021

30 21
o

24r32 = Go- *G1--+G2- )G3--)G4-*G5- )G6- )G7 = r44 =x34
P

U21
D31 As D21
6 25 10

r34 = Go^)G1-+G2-)G3-)G4 = r1
24 - 24
15 =x32

P

In this way, both 3-manifolds in (a) are the lens space L12,5. The attractor for this
manifold is formed by the 9 gems obtained as the union of its two u°-classes.

Uz Del AO Ass D31 D3,, _
r1q = G°-)G1-)G2-+G3--)G4-+G5-^G6 = x7323 =x113

29 25z s s
r113 = Go --)Gl ^G2G3---)G4 ►G5 KG6 )G7---^8

P
D13 D21 D21 D21

G8-)G9-)G10-^G11-)G12 =r
28 r28
131 14

Therefore, both 3-manifolds in (b) are the lens space L16,7. The attractor for this
manifold is formed by the 41 gems obtained as the union of its two u°-classes.

2 31 1 2 31 -

r = G°---3G1)G2aG3---)G4 ?G5 )G6 )G7--^

28 - 28
^'8=x7069=x106

Via Al, D31 Ass A324 D371 Bsa Ee 1

x10
28 6 = G°-- )G1-)G2--)G3-)G4- +G5-- G6 -)G7 - -)

P

G8 - r626'92 -= x65
28

It follows that both 3-manifolds in (c) are the lens space L17,5. The attractor for this
manifold is formed by the 46 gems obtained as the union of its two u°-classes.

Vie D31 A32, B225 D3 Asa D2131 Del
x28 = G0- *G1-*G2-)G3-1G4-+G5G6-3G7-41 1

P

Dio D31 2
G8-')G9-)G10 =

28
1355 = x81

3 3Die D2Del BVi Di' A2 As
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U1 Del A9s A2 A3 Dal D3' B23934
4 r8i = Go--aG1--*G2--4G3- )G4->G5-->G6---4G7-►

P
D2'
10 28 - 28G8-iGg=r86=r41

In this way, both 3-manifolds in (d) are the lens space L19,7. The attractor for

this manifold is formed by the 36 gems obtained as the union of its two u°-classes.
U61 D7 A^ D531 Deg A, D32 DJ24

r18 = Go-)G1-)G2-- G3- )G4-)G5-+G6--+G7-3.
P

A223
Glo = rBo

U31 Ds' Any D12 D10 A^ D721 D2322

r6o = Go- -
P

+G1---+G2--->G3--+G4--)G5---)G6---)G7--a

io 28 - 28
Go ^C9 = r1673 = r31

U' Dig D11 DJ BIa Di DI' D61

r3218 = Go--+G1-aG2-->G3---►G4-- )G5--+G6-?G7-->G8 = r53 - r13
P

The 3-manifolds in (e) are , therefore , the lens space L21,8 . The attractor for this
manifold is formed by the 17 gems obtained as the union of its three u°-classes. This
concludes the proof of the proposition. n

T
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5.4.2 Non-Trivial Connected Sums

We list now the orientable 3-manifolds induced by 3-gems with less than 30 vertices
which are non-trivial connected sums, i.e., those which have summands distinct from
S3 and from S' x S2.

K Manifold Rep. u-class p Hom sequence: a
6 L2,,#L2, 1 r1 C14(1) 1 (0)2 d2
8 L2,1#L3,1 r4 C,8(2) 1 (0)6 +12 ±3 72

9 #3L2,1 r1o C2o(9) 2 (0)2
10 Lz,l#L5,z rs C22(9) 3 (0)10 +12 +4 f5 :741

L2,1#L4,1 r32 C22(11) 5 (0)2'4' 22 ±42 -22
L3,1#L31 r16 022(12) 3 (0)32 +34 -34

L3 1 #L3 1 r17 C22(13) 2 (0)32 +32 -32

11 L2, 1 #L2, I #L3,1 r7524 C24(29) 9 (0)2161 +2 f6 -4
L2,1#QUAT 4r108 C24(33) 2 (0)23 4±4

12 L2,1#L5,1 r49 C26(22) 2 (0)10 +22 +3 ±5 -3 -2
L31 #L41 r2254 C26(26) 15 (0)121 +14 x„44 -32

L31 #L4, 1 r256 C26(27) 15 (0)121 +32 +4 _54

L2,1#L7,2 r4216 C26 (29) 29 (0)14' +12 +22 +42

±71 -62 _52 -32
L3,1#L5,2 r2227 C26(31) 15 (0)15' +14 +44 -F462--62--52

L2,1#0304 r 97 C26(37) 2 (0)2'4' +22 ±42 -22

L2,1#L8,3 r25 C26(41) 14 (0)2'8' +24 ±4 -4

#4L2,1 r22 C26(49) 7 (0)24 ±88
13 L2,1#BINTET r453 C26(19) 6 (0)6 +12 f3 -2

L31#QUAT 28
1473 C28(69) 6 (0)2'6' +48

Ls,l#QUAT ri474 C26(70) 6 (0)2'61 +48
L2,,#0308 r17

28
7 C28(72) 10 (0)2'8' +24 ±84 __64

L2,,#L2,1#L5,2 r47
28

3 C28(75) 27 (0)21101 -24+24 4 ±102 __84

L2,1#(L3,#La,l) r52814 C28(79) 6 (0)3'6' +32 +62 ±95 -62
L2,t#(L31#L31) r5117 C28(80) 6 (0)3161 +34 +64 ±91 -4 _34

L2,1#(L31#Ls,1) rLs C28(81) 15 (0)3'6' +32 +62 ±95 X2 2

L2,1 #(L3,#L3, 1) r3661 C28 (82) 15 (0)3'6' }34 X64 ±91 X4 _34

L2,#(L31#L31) r6372 C28(83) 3 (0)3'6' +34 +64 Al -4 _34

L2,1#(L31#L3,1) r6378 C28(84) 2 (0)3'6' +32 +62 ±95 -62 X32
Lz,l#L2 t#La,1 r495 C28(92) 55 (0)2241 +4 ±84 _44

Table 1OB: Manifolds which are non-trivial connected sums
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The uo-classification leaves open the homeomorphism decision for the following

connected sums:

1. L2,1 #(I'31#L31) - I r
51

4I , L2,111' 31#L91) - I r3659I and L2,1#(L91#L31) _

I
z

r68378I

6 1I and L2,1#(L31#L3,1) _
2. L2,1#(L91#L3,1) = I r

51
7I, L2,1 #(L31#La,1) = Ir

36

28

Ir6283721

By using the Walking Lemma is not difficult to prove that the manifolds in (1)

and (2) are homeomorphic . However , we can also prove this only by single u;-moves,

providing a uniform classification.

Proposition 28 (a) The three 3-manifolds given in (1) are homeomorphic. (b) The

three 3-manifolds given in (2) are homeomorphic. Any two gems in the attractor of

these two 3-manifolds are linked by a single u;-move.

Proof:
Ul D31 A3

rsi4 = Go -*G1-'+G2- G3 = rs's78
P

U9 D35 30 281 A38 B32 D31 _ 2
28

r6378
= G0- *G1-+G2-8G3G4-CGS = r4814 = r514

P

Uls D31 Ass B31 Ala Al7 D31 _3 28 28

r514
28= (7i0YGl^G2)G3)G4/G5)G6)G7 = r5018 = r3659

P

Us7 D31 Al4 Biz A°a Bz Bl, Bp

r5s59 - r 3 2 6 8 2 = G0__P
_+G1--4G2--+G3-->G4--->GS --->G6--^G7--^

D31

Gg )Gg = r4814
28 -

= r
28
514

This proves part (a) of the proposition.

U,e D31 Al, B31 Ala Ail D3'3 3 3

r517 = G0-- +G1---->GZ--)G3- 1)G4-23)G5 27 G6--*G7 = r25ooos = r3661
P

1 ssUz7 D31 A^4 Bit Al Bs 311 B
3

r5661 = r5681 = Go^
P

GI-^G2---*G3-►G4--aG5-►G6->G7--►

G8-+G9- 1G10 = r6372

Uz D31 A3 A29 B90 D,1

28
_3 38

r 72 = Go P GI-)G2-►G3-)G4)G5-)G6 = r4813 = r517
63

Proving part (b) and establishing the proposition. n
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Proposition 29 La 1#QUAT and La 1#QUAT are non-homeomorphic.

At first, the invariants at our disposal were insuficient for differentiate them and the
uo-classification is uncapable of proving that they are equal . However new quantum
invariants prove them to be different. See Subsection 7.1.5, where these spaces are
denoted L3,1#S3/(2,2, 2) and L3,2#S3/(2, 2, 2). n

5.4.3 Manifolds with Handle Number Greater than 0

Manifold Rep. O -class µ Self-linking sequence: or
9 S' x

S1 x S2#L2,1

r.920

r20
11

C2a(10)

C20(11)
1
1 ±11

11 S X S #L3,1 r169 C24 (38) 3 +12

12 S x S #L2,1#L2,,
S X S2#S' X S2

r29
rs9

C26(57)
C26(60)

6
5

:L22

*
13 S x S#L4,,

S1 X S2#Ls,2

r

46

C28( 101)
C26(103)

16
10

+1 2

+22 -22

Table 1OC: Manifolds with handle number greater than 0

As we have mentioned these manifolds are the only ones in which the smallest
rigid 3-gems inducing them have more vertices than the members of the attractors
for the corresponding 3-manifold. This is because connected sums with s1 x s2 are
adequately described just by the number of summands: by the Walking Lemma and
the fact that s1 x s2 admits an orientation reversing automorphism, follow that all
the connected sums are independent of where they occur.
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5.4.4 Manifolds with Finite Non-Cyclic Fundamental Groups

r. Manifold Rep. u -class µ Horn sequence: a
8 QUAT rl Clg(3) 1 (0)2

S3/(2,2,2)
9 S/(3, 2, 2) r4 C20(1) 1 (0)4 +12

10 BINTET r1 C22(1) 1 (0)3 +12

S3/(3,3,2)
S3 /(C3 )4

, C8) r222 C22(7) 1 (0)81 +14 f 42

11 BINDOD 24r2 C24(1) 1 (0)
S3/(5,3,2)
BINOCT r24 C24(3) 1 (0)21 f1'
S3/(4,3,2)

S3/(C5 xi C8)
r224

C24( 14) 1
(0)81 +14 ±42

S3/Q16 r24
C24(26) 2 (0)22 ±.22

S3 /(C3 X Q8) r13
24

C24(28) 2 (0)2161 +48

12 S /(C7 x (5,3,2)) r26 C26(13) 1 (0)7 2+1 +22 _3
S3/(Q8 )43 C9) r826 C26(18) 11 (0)91 +12 +42 -22

S3/(C5 Xi C12) r6 C26(24) 4 (0)121 +14+44--32

Q8 x 3 C15)(S3/ r4 26 C26(30) 1 (0)15' +24+32+62 -74 -32
/
/

S3/\Q8 x 3 C15) rM
26

C26(32) 1 (0)15' +24 +32 +J2 _74 -32

S3/(C3 X Q16) r^ C26(39) 3 (0)2'6' +24 ±62 -44
13 S /(C5 xi C4) r2418 C26(13) 18 (0)4 +12

S3/(C7 xi C8) r2314 C28(26) 6 (0)8' +34 f42
S3/(C7 xi C12) r402 C26(38) 2 (0)12' +14+44 -32

(C3 xi C,6)S3/ r27 C28(47) 18 (0)16' +34 X54 --44
/

S3/(C3 xi C20) r2298 C28(54) 14 (0)20' +34 +74 +84 -84 -52
S3 /(C3 X Q32) r56 C28(66) 2 (0)2'6' +24 ±62 -44

S3/(C5 x Q8) r28 C28 (73) 6 (0)2110' +88-88

S3/(C5 x' Q8) r59 C28(74) 4 (0)2110' +88 -88

Table 10D: Manifolds with finite non-cyclic fundamental groups

We show that the two primed ' manifolds above are indeed duplicates.

Proposition 30 (a) S3
/(Q8 )43 C15) = Ir l and S3/(Qg )43 C,5 ) = Ir6^96I are homeo-

morphic. (b) S3/(C5 x Qg) = Ir28 I and S3 /(C5 x'Q8) = Ir59I are homeomorphic. Any

two gems in the attractor of these two 3-manifolds are linked by a single u;-move.

Proof:
U', Ai De' Ass B235 Del D2'20 D1233 A326

r426 = G0-
p
-3G1-->G2-►G3-►G4-►G5--sG6--3G7--*G8---->G9 = re96

i
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26 U12 D33 1 A2 B32 B2 D31 A7 26
x696 = Go Z G1-)G2---1G3--*G4 --->G5-*G6 - *G7 = r4 .

From the above two lines we get a ul-move between r46 and rsa6, which proves (a).

U16
De , A33 Al, A23, Ds D41 _28 28

r78 = Go-
P

)G1- *G2-?G3-4G4-)G5-4G6- )G7 = r1373 = r59

U14 A3, D371 AO, Al Die Dii Dei
r59 = Go ---)G1--)G2-)G3)G4- -)G5--)G6 ---)G7----)Gs = r2 = r-78

P

From the above two lines we get a u1 -move between r78 and r9 , which proves (b). n

Before proving that the above 3-manifolds are quotients of S3 we need to intro-
duce the concept of derived 3-gem.

5.4.5 Covering 3-Gems, Derived 3-Gems

This subsection originally appears in [LS95] . In the tables of the previous subsections
the groups are finite and so one would expect them to correspond to spaces which
are elliptic 3-manifolds; i.e., quotients of the 3-sphere S3. Since we are dealing with a
catalogue without omissions , an exotic 3-manifold could show up . From the 3-gems
themselves , we cannot be certain, for their generating process was completely blind
to geometrical descriptions . However, up to the present level examined , te < 13, the
universal covering of the 3 -manifolds with finite 7r1 have been verified to be S3, by a
combination of two computer packages , named GDV and TSP . In this subsection we
explain the algorithm GDV.

Let J be a normal subgroup of finite index n of 1r1 (M3) for some closed 3-manifold
M3. It is well known that there exists a covering space N3 such that 7r1(N3) is J,
[ST80]. Thus , the manifold M3 is a quotient of N3. The GDV algorithm applies to
the case where J is the derived subgroup in the case where it is of finite index in 7r1i
that is , when 7r1 has finite homology.

In the general case the procedure starts with a permutation representation of 7r1
on the n left cosets of J in 7r1. The output is an n-covering 3-gem H so that JHI N3
and 7r1 (JHI) = J. The number of vertices of H will be n times that of G. However,
by using TSP H usually simplifies a lot.

The group ` (G) has order n. By using the Todd-Coxeter algorithm , [CM72a], as
implemented in [SPA] or [CAY], one can obtain a transitive permutation group Q, on
the set of left cosets of J in 7r1, which is isomorphic to the quotient "1(0) * The group
Q is normally called the monodromy group of the pair of complexes (G3, H3) [ST80].

The construction which we give next is based on the 0-presentation algorithm and
it works for general 3-gems . Each generator ai related to the i-th 0-colored oriented
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(from odd to even) edge of G is mapped, by the quotient map, into a permutation qi
of Q. These permutations are the only data we need to construct H.

The construction of H is as follows. Make n copies of the 0-missing 3-residues of

G. Let (vi, k) denote the vertex of H which arises as the k-th copy of the i-th vertex
vk of G. We are assuming that the 0-colored edges of G connect vertices v2i_1 and

v2i. To complete the definition of H link vertex (v2i_1i k) to vertex (v2i, qi(k)) by a

0-colored edge.

Proposition 31 Let G be a rigid 3-gem and let J be a normal subgroup of index n
of 7rl(IGI). Suppose that Q is the image of the representation of irl(IGI) on the left
cosets of J in 7r1(IGI). Then the (3 + 1)-graph H described above is a 3-gem and

xl(IHI) " ' J.

Proof. Consider the covering mapping from the vertices of H onto the vertices of
G, (v, k) H v. This mapping when restricted to a bigon of H is an isomorphism
of colored graphs. This is clear if the bigon does not involve color 0 and it follows
from the fact that, the 0-colored edges around a (0, c)-bigon define a relator (see the
0-presentation algorithm). So the product of the permutations qi along the (0, c)-
bigons is the identity, and the isomorphism follows. Therefore, not only the number
of vertices, but also the number of bigons of H is n times those of G. We have for
general (3 + 1)-graphs the inequality v + t > b, see Corollary 1. These facts imply
that the number of 3-residues of H is at least n times that of G.

Note that the pre-image of any 3-residue of G is a set of at most n 3-residues of H:
if more than n 3-residues of H go to the same 3-residue of G, then some vertex would
be covered more than n times . If some 3-residue of G has less than n 3-residues of H
in its pre-image , some other would have more than n to compensate for. This would
be a contradiction. Whence it follows that each pre-image of a 3-residue is formed
by n disjoint isomorphic 3-residues of H. The result follows from the construction of
the manifolds IGI and IHI and from the usual topological theory [ST80]. n

We have implemented this construction for the case where J is the derived sub-
group of 7r1. Whence, when the first Z-homology of a 3-manifold is finite, we can
get at once a 3-gem whose fundamental group is its derived subgroup (generated by
all commutators). The 3-gem H in this case is called the derived 3-gem of G. This
package is named GDV, for derived gems. The simplification package , also named
TSR, implements the TS, -algorithm and ends by producing a u°-essential TS-class.
Both packages run under Turbo Pascal for DOS. The second one was implemented
by Cassiano Durand at UFPE. To get general finite index normal subgroups and the
permutation representations of the group on their cosets we have used the package
SPAS installed at UNB and running on a VAX.

r
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Theorem 13 (Quotients of S3 ) The universal covering of all the closed orientable
3-manifolds with complexity at most 13 having finite fundamental groups is S3.

Proof: The proof consists in taking each one of these manifolds and getting a 3-gem
which covers a 3-gem inducing it and which has smaller fundamental group, iterating
the process. This was done with the help of the GDV, ad-hoc extensions of it (for
the non-solvable groups) and TSP. In all but two cases (related to Poincare sphere)
the iterations ended at a 3-gem which collapses to ri. n

5.4.6 Quotients of S3

Proposition 32 Each of the 3-manifolds in RBG,, n < 30, which have finite fun-
damental group is a quotient of S3.

Proof: The manifolds in R3Gn, n < 30, which have cyclic fundamental group are
the lens spaces of table 10A and the ones in Table 10D. For the those lens space we
have, in all cases: h

my ignh )
s3,

der P.

where rnn is the gem with minimum code in the attractor, h is the order of the
fundamental group and gnh is a specific 3-gem with nh vertices, which is the derived
3-gem of r nn. As for the other manifolds, listed above, we have:

4 2
)9712 ►r8 >g216)s3S3/(2,2,2): r18

der P. der P•

4 3
S31(3, 2, 2) : r420 X980r12)926 as3

der P. der P.

S31 (3, 3, 2) : rig ^g166-►r7 19280 ) r8^g36 is3
der P. der P• der

S31(C3 i C8 ) r22 8 9176
P r12 3 926)s3

d-r

Since (5, 3, 2) is a perfect group (trivial homology), the derived gem of r24 is itself.
To identify Poincare sphere as Ir24I we use Poincare original identification scheme in
conjunction with tsp, . The scheme below identifies opposite faces.
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S3/(5,3,2) =
As

)T1993 --1r242
P•

Fig. 206 : An identification scheme for S'/(5,3,2) being attracted by r224

S3/(4, 3, 2) : r28 ^9iea9z89a°--^9a89s52 >ri>926>s3
der P. der P. der P. der P.

The space S3/(4, 3, 2) also appears as an identification scheme in the truncated

cube . Pairs of opposite faces are identified , as indicated below:

S3/(4,3,2) =

Fig. 207: An identification scheme for S3/(4,3,2) being attracted by r28

S3/(CS )4{ C8) : x44^9i92r^^92^)33
der P. der P.

S3/Q16: x154

4
-X918Yr28

4
i(f^-)33

der P• der P.

S3/(C3 X Q8)
x14 12 288 1x8 2X926)33

der P. der P.

T

S3/(CT x (5,3,2)): rio eerw9i82 rr24 (induces Poincare sphere)

S3/(Q8 )43 C9) : r826 _I+92134r 620 -+92 )r8-1936i83
der P• der P. der P.
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S3I(C5 xi C12) : r86)9112)r^3)g2oo)s3
12

der P. der P.

2S31 (Q8
3 Cis) : N

' 15
-)gi90T )gZ12 ) r8)936)33

^1 der P. der P. der p.

12 312 4
S3I (C3 X Q16) 765 91 P. 9z 9280 P. s3

der der

S3/(C5 )4i C4) : 72418 dyer
9112_1832_19360 P 33

I P. der .

S31 (C7 )4 i C8) : 72314
8 7

g1229 P.
X93 P. )s3

der der

S3/(C7 xi C12) :
der

r42082
r) 91

P
. 36 . x7313

der P.

12 28 7
912 P. s3

S3I (C3 x i C,6) : 728 16 448-1712 3 g36 s327 91
der P. der P.

S3/(C3 x i C20) : 72.1 20 60--112-3 361-)391
der P. 7der g P. s

S3/(C3 X Q32) :
728

12
1 3361 32

8
) 256_183

56
der

91
P.
92 93

P.der

S+3 /(G5 X Q8) : 728 *
20 2

1g160 P. d 826
P.

, establishing the proposition..

5.4.7 The Euclidean Manifolds

K

Manifold
and its 1r1 Rep. u°-class Iq Hom

Non-null self-linking
sequence: or

11 EU LIDI r5 2a 32 1 4 f6
E2(1,1)

EUCLID2 *24 C24(37) 1 (1)31 +12
(3,3,3)

EUCLID3 r64 C24(39) 1 (1)22
40,

EUCLID° r24 C24(40) 1 (3)
Z+Z+Z

12 EU LIDI r
1

C26(44) 1 (0)4'
EUCLID4 6r31 C26(50) 2 (1) *

<6,3,2)
EUCLID5 711 C26(52) 2 (1)2' 1

(4,4,2)

Table 10 The euclidean manifolds
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Proposition 33 EUCLID, = Ir541 and EUCLID', = Ir261 are homeomorphic.

Proof:
Us Aao D9' Dio

r36 = Go-)G,-0G2->G3-*G4 = r54, establishing the proposition. n
P•

This reduction was given in detail in Subsection 4.1.7.

5.4.8 The Other 3-Manifolds

r ic
7r, of

Manifold Rep. u°-class µ Hom
Non-null self-linking

sequence: a
12 [4 , Sl] r5 26 C26(45) 1 (0)4 2 +4 ±8 4

E2(0, 2)
E2(2,1)

r13
C26(56) 3 (1)4' +12

zi ° r14 C26(59) 2 (2) *

13 (7,3,2) r172 C2s(3) 6 (0) *
(5, 5, 2)2 r'2 C28(6) 1 (0)21 1

[3,5 2, S65 ] r28 C28(7) 1 (0)3' +12
[3,4 2, S3] r98 C28(8) 3 (0)31 +12
(4,3,3)

(7, 3, 2)5 r22083 C28(15) 1 (0) 51 +22-22

[24, S2] ri8 C28(58) 2 (0) 241 +34 +84 +118 ±122 _44

[22,32x6,°] rss C28(59) 2 (0)22

[32, Si] r34 C28(76) 5 (0) 32 +32-32
(3,3,3)*
[4 2, S18] r19

28
C28(86) 1

(0)42 ^4

E2(4,0)

[42, Si]' r2s C28(87) 7 (0)42 +48 ±84
[22 x 4, Si] r628 C28(91) 3 (0)2241 +48

Z2 31 r58 C28(93) 6 (1) *

43 rio C28(102) 8 (1)51 12 -12
z=1° r42 C28(104) 8 (1)22 ±22

zo 1 r2so G28(108) 5 (2)21 ±1

Table 1OF: The Other 3-manifolds

Proposition 34 [42 , Si] = Ir261 and [42, Si]r = Ir2sl are homeomorphic.

Proof:
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U1 !)31 A3 A3 D31

r25 = Go
10

G^- +G2
32

G3-^ZG4-+G5 = r5 26, the nP.
s proving proposition.

5.4.9 Summary of the uo-Uncertainties

Theorem 14 (Classification Theorem) The u1-dassification coincides with the
topological classification for 11BG,,, n < 30.

Proof: The uo-classification let unresolved the following cases:

1. L2,1#(L31#L31) = Ir5141, L2,1 #(L3 1 #L31) = I rss59l and L2,1#(L31#L31) _

Irs378 1
2. L2,1#(L31#L3,1) = Ir517I, L2,1#(L31#L3 ,1) = Ir6811 and L2,1#(L31#L3,1) _

Ir63za721

3. L12,5 = Irazl and Li2,5 = Ir3141

4. L16,7 = Ir
14I

and L16,7 = Ir113I
5. L17,5=IrJ I andLi7 ,5 =1x06 1
6. L19,7 = Ir41 1 and L19,7 = Ir28 18 1
7. L21,8 = I r311, L21,8 = Iris21 1 and L21,8 = Irsol

8. EUCLID, = Ir524I and EUCLID, = Jr261

9. S3/(Q8 )4 3 C15) = Ir416I and S3/ (Q8 k 3 C15) = ,x62961
10. S3/(C5 x Q8) = I r28I and S3/(C5 x i Q8 ) = Ir59I

11. [42, Sf ] = Irs6I and [42 , Sf ], = Ir251

12. L31 #QUAT = I ri473 1 and L3,1 #QUAT = Ir074

We have seen above that in all but the last case the 3-manifolds are homeomor-
phic. As for the last pair of 3-manifolds, we prove them to be non-homeomorphic in
Subsection 7.1.4. In this way, in RBGn, n < 30, the u1-classification coincides with
the topological classification. n

Remark 4 Recently, in a joint work with C. Durand and S. Sidki we have extended
this Theorem for n = 30.



Chapter 6

Getting Linking Numbers of
3-Manifolds

In the tables of the previous chapter we have listed for the 3-manifolds which appear
their sequence of non-null linking numbers . In this chapter we define and develop an
easily implementable algorithm to obtain these invariants. Indeed, from the combi-
natorics of a 3-gem inducing M3 we provide a simple recipe to get a special kind of
intersection matrix M ; from this matrix and from the torsion coefficents of the first
Z-homology group of M3 we provide a formula which yields its linking numbers.

6.1 Introduction

The linking numbers of a 3-manifold M3 are defined for any pair of division null
homologous 1-chains. Easily presented invariants for 3-manifolds are very rare. The
full sequence of self-linking numbers for a closed orientable 3-manifold, denoted a(M3)
and defined in the next section is such an invariant . Different sequences are, of course,
easily distinguishable and provide a simple proof that the corresponding manifolds
are not homeomorphic.

Effectively obtaining these simple-looking sequences is rather laborious . Unless
the manifolds are very simply structured , as the lens spaces , it is impossible to get the
sequences "by hand ". In this chapter we give an algorithm which efficiently does the
job. We get, in polynomial time complexity on the number of vertices of a 3-gem G, a
matrix ,M (G). The self-linking sequence is derived from ,M (G) and from the torsion
coefficients of the first homology group of the manifold IGI M3. The amount of
work to get the sequence from these data depends linearly on the order of the torsion
subgroup of the homology group of IGI.

In Section 6.2 we give the basic definitions and properties of linking numbers.

242
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These are taken from [ST80 ]. These revisions are intended to make our exposition
self-contained . In Section 6.3 we present a dual pair of open cell decompositions for
a closed orientable 3-manifold IGI. In Section 6.4 we recall how to obtain a presen-
tation of the fundamental group and how to get a basis for the torsion subgroup. In
Section 6.5 appears the crucial point which characterize our approach : the possibility
of efficiently presenting , for each generator of the fundamental group , a pair of homo-
topically equivalent dual words. From this fact, in Section 6.6 we obtain a formula for
the linking numbers. Finally, in Section 6.7 we discuss a class of 3-manifolds, present
a conjecture related with planar 3-connected graphs . We also provide the self-linking
sequences of two not so small examples in this class of graphs . These examples are
intended as control cases for checking independent implementations of our algorithm.

6.2 Linking Numbers and Self-Linking Sequences

Let K be a cell complex which decomposes an orientable closed connected 3-dimen-
sional manifold M3. The dual cell complex is denoted by K*. Suppose that the
first torsion subgroup of M3 has order t > 1. Given a pair x, y' of division-null
homologous 1-chains (over Z) in K and K*, respectively we can define an integer
number A(x, y') satisfying the following property : if x and x' are homologous then
.A(x, y*) __ A (x', y') mod t.

This property is invariant by refinements of K and therefore , by the Triangulation
Theorem and the Hauptvermutung of Moise [Moi77], the number A(x, y*) depends
only on the homology classes of x and y' . Thus , they are truly topological invariants
for 3-manifolds . Our issue is to provide an easily implementable effective way to
compute A (x, y*).

We now restrict the definitions to n = 3 and recall some of the basic facts given
in [ST80]. The fundamental property is the following formula about the intersection
numbers , S(X, y')'s , between a 2-chain X and a 1-chain y' in the dual complex. See
page 256 of [ST80].

Proposition 35 Let X and Y* be arbitrary 2-chains in K and K*. Then we have
%X' .9y.) _ !a(aX, sY*).

This property follows from the generalization of the geometric situation depicted
below for elementary 2-chains:
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Fig. 208: Geometric explanation for the proposition

From the above basic fact , it is easy to derive the three lemmas that follow (see pages
289-290 of [ST80]).

Lemma 15 If X is a closed 2-chain and y' is a division-null homologous 1-chain,
then

Y.(X, y*) = 0.

Proof. Let Y* be such that 8Y' = cy' for some integer c. Then

(X, y') = 1 (X, cy*) = 1a(X, ay.).

By property (*) the latter expression is 1 (OX,Y*). Since X is closed, 8X 0 and
the Lemma is established. n

Suppose that x, y' are division-null homologous 1-chains and that X is a 2-chain
satisfying OX = cx for some integer c. We define

A(x, y*) = tS°(X, y*)•

Next we show that A(x, y*) is a well defined integer which is invariant mod t of the
homology classes of x and y'.

Lemma 16 The definition of A(x, y') does not depend on the choice of the pair (X, c)
with 8X = cx.

Proof: Let (X', c') be such that OX' = c'x. We have that

c.c'[1 %X, Y*) - e (X1, y`)] _

`£(c X, y*) - a(cX, y) = £(dX - cX', y').

However , c'X -cX' is closed: 8(c'X -cX') = c'cx-cc'x = 0 . Therefore the expression
in square brackets is null, proving the Lemma. n

Recall that t > 1 is the order of the torsion subgroup of the first Z-homology
group of M3.
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Lemma 17 Assume that x1 and z2 are homologous division-null homologous 1-chains
in K and y' is a division-null homologous 1-chain in K*. Then .\(x1, y*), A(X2i y*)
are integers and congruent mod t.

Proof: Let (Xi, ci) be such that aXi = cixi , i = 1, 2. We get

A(xi, y') - A(X2, y') = ti(X i, y') -
t i(X2, y') = t (c2X1 - c1X2, y*)•

Cl c2 C1 C2

Since x1 and x2 are homologous , we have a 2-chain X such that x1 - X2 = aX.
We want to replace c2X1 - c1X2 by c1c2X in the above expression . To justify the
replacement is enough , by Lemma 1 , to show that c2X1 - c1X2 - c1c2X is closed:
a(c2Xi - c1X2 - cic2X) = c2c1x1 - cjc2x2 - c1c2aX = cjc2 (Xi - X2 - OX) = 0.
Therefore the difference is

t ` (cic2X, y*) = t.$ (X, y*).
c1 C2

Since £(X, y') E 71, .\(x1, y' ) _ A (X2, y*)mod t. Now choose (X1, c1) so that Ic1I is
the smallest possible . Since OXl = clxli it follows that c1 It, because x1 generates a
subgroup of order c1 of the first torsion subgroup. Then

A(xl, z3') = t `3(X1, y*) E 71.Cl

The above Lemmas , the Triangulation Theorem and the Hauptvermutung for
3-manifolds show that .\(x, y*) mod t depend only on the homology classes of x and
y* and so , is a topological invariant . However, in order to have an easily presented
invariant it is usual [ST80) to restrict to the diagonal A(x, x*), naming them self-
linking numbers . We need to consider the whole set of self-linking numbers and so
let x run over a set of representatives of the homology classes in the first torsion
subgroup . We normalize the numbers in the interval [ [ 2J, [2J) and order them in
the following way: the positive ones in non - decreasing order followed by the negative
ones in non-increasing order , letting out the zeros . If t is even and z appears, then
we may consider it positive or negative and indicate this by writing f2. By o(M3)
we indicate the sequence of self-linking numbers normalized in the way explained and
written in a multiplicative form where exponents indicate number of repetitions. For
instance,

a(L2,1#L5,2) = (+12 +4 2 ± 5' - 42 - 12).

The (+/-, left-right)-symmetry is a necessary condition for the space to be symmetric,
i.e., to admit an orientation preserving homeomorphism onto itself which reverses the
orientation . This property motivated the above normalizations . The fact that

a(L3,1#L5,2) = (+14 +4 4 + 62 - 62 - 52)

proves that L3,,#L5,2 is not symmetric.
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6.3 An Adequate Pair of Dual Decompositions

Given a closed orientable 3-manifold M3, we can get a 3-gem G inducing M3, see
Section 1.4. Cancelling 1-dipoles we may suppose that G is a crystallization. There-
fore, the graph G. (i = 0, 1, 2,3) obtained from crystallization G by deleting all the
edges of color i, is connected.

Below we present a drawing for the crystallization g = 8(4,5, 2, 1), see Section
2.2. It induces a 3-manifold whose torsion coefficients are 3 and 15 . Indeed, its
homology group is Z3 + Z15. We will use 4 throughout to illustrate the algorithm to
get the linking numbers, refering to it as g-example.

Fig. 209: Ongoing example to illustrate algorithm for linking numbers

Let b , b ^, ... , b denote the {i, j}-colored bigons. The manifold M3 is formed
by the union of four 3-balls . The 3-ball B; is bounded by a 2-sphere where the
graph G; is embedded so that the polygons induced by 2 colors (the bigons ) are the
boundaries of the faces . Each bigon appears in two of the four 3-balls and we identify
the disks bounded by these twin bigons. After we effect the identifications in BB and
Bb we have a handlebody WO, of genus N01 - 1 (,Q;, is the number of bigons in colors
i, j). For the above 3-gem the two balls with dissected boundaries forming It01 are:
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Fig. 210: 3-balls forming 7101 in the c-example

Analogously, from B6 and Bi we get a handlebody 7{23 of genus /323 - 1.

Bo Bi:

Fig. 211: 3-balls forming 7{23 in the c-example

In a crystallization, /3,, =,3hk for every partition {i, j}, {h, k} of {0, 1, 2,31. See
the Corollary 2 in Subsection 2.7.1. Therefore the boundaries of 7{0l and 7123 are in
general homeomorphic. If the two handlebodies are identified by their boundaries, as
prescribed by the crystallization, the common boundary becomes a Heegaard surface
for the induced 3-manifold M3.

We use the Heegaard splitting (7L01, W23, On01) to get an adequate dual pair of
decompositions by open cells. Let Goi be a bouquet of m = /301-1 loops ei, 1 < i < m,
based at a point rol, which is contained in the interior of W01. More specifically, let rol
be inside the 2-cell bounded by 601 (see cross section below). Suppose, for 1 < i < m,
that loop 1i starting at rol proceeds internally to B3, crosses transversally once the
disk bounded by b01 and then comes back to rol by an arc inside B1.
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Fig. 212 : Forming graph Go,

rot

Go,

The graph Go, is a deformation retract of 3101. If this retraction is in conjunction
with the corresponding expansion of the complement 3123 , at the end of the process
3123 becomes M3\Go1 which is denoted by J23. Let B23,1 < j < in, be the open cell
in J23 which is the expansion of the 2-cell bounded by the 2-residue b23.

We also define a graph G23, as a bouquet of m = ,Ool - 1 loops £, 1 < j < m,
based at a point r23i which is contained in the interior of 3123, inside the 2-cell bounded
by b°2,3. Suppose, for 1 < i < m, that loop £ starting at r23 proceeds internally to Bb,
crosses transversally once the disk bounded by b23 and then comes back to r23 by an
arc internal to Bi.

Similarly, graph G23 is a deformation retract of 3123. If this retraction is in
conjunction with the corresponding expansion of the complement 31o1, at the end of
the process 1i becomes M3\G23 which is denoted by J 1. Let B01,1 < i < in, be
the open cell in Jul which is the expansion of the 2-cell bounded by the 2-residue boil.

3123 :

Fig. 213: Forming graph G23

r23

G23

From this analysis we can derive two dual cellular decompositions K, K* of M3,
whose cells are open balls . They have a single 0-cell, m 1-cells, m 2-cells and a single

r
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3-cell and are defined as follows:

K = (rol, Um 1t \rol, Uj 1B23, J23\B 3),

K* = (r3, Uj'!1t \r23, Um 1Bo1, Jo1\Bo1)•

Note that each 1i pierces once B01 and no other B. Also that each ej* pierces once
B23 and no other B. This dual pair of decompositions is used to produce all the data
we need: a basis for the torsion subgroup, the torsion coefficients and the intersection
matrix M.

6.4 The Fundamental Group and a Basis for the

Torsion Subgroup

From a crystallization G it is rather easy to obtain a presentation for the fundamental
group of the induced 3-manifold.

We write a word w i in terms of the f s for the boundary curve (which lies on
the graph Gol) of the open disk B23 , as follows: label each vertex of G with t, if it
belongs to the j-th 01-gon ; go around the vertices of 623 writing the label of each
vertex with the exponent of ±1 according to the class to which the vertex belongs:
lower case -1, upper case +1. In this process , to is to be taken equal to the identity.
In fact the set of relators

8B23 = W1(Q1,...,tm) = 1

P 9B23 = W2(tl, ... , em)

t 8B23 = Wm(el, ... , Pm) = 1

is a presentation P of the fundamental group 7rl (M3) in terms of et, ... , Pm. We note
that OB23 = 1 is obtained as a consequence of the above relations, see Algorithm
5 in Section 2.8 and also [Lin88]. This follows because these curves on Got are the
meridians of the complementary open handlebody J. Thus, our technique is a
combinatorial manifestation of the standard procedure to get a presentation of the
fundamental group of a 3-manifold from a Heegaard diagram for it, [Hem76].

Exemplifying this procedure in our example 4 we get

2
P2 1 = 1, L121t3L2 1L2 3214L21 = 1P12e2e11e2e3 1e2e1 1x-2 - 1 , L1L3L1

By abelianizing the presentation P, and using an additive notation we obtain
the homology relations among the ti's via the matrix equation At = 0, where a is a
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column vector of the ei's . In the case at hand, we get

1 -4 4 -1

A= 4 -1 1
1 -4 4

There are unimodular matrices R and C such that RAC = S, where S is the
Smith normal form of A : S is a diagonal matrix and each non-null term t, = sii
divides the next ti+1. Note that if

0 0 1 1 4 -4
R= 1 1 0 andC= 0 1 0,

5 4 4 0 0 1

then we get
1 0 0

RAC = 0 3 0 = S.
0 0 15

The number of 0's in the diagonal is the Betti number of M3 and each ti ¢ {0, 1} is a
torsion coefficient . The general process to get R , C and S from A is algorithmically
efficient [NW88]. Also note that t, the order of the first torsion subgroup, is the
product of the non-null tis in the diagonal of S. Consider the equation

RA = SC-'.

The row i of RA is a linear combination of the rows of A, i.e., (RA)i = Ej 1 rijOB23•

(Here we interpret OB23 as the image under the boundary operator of the 2-chain B23.)
On the other side (SC-')i = Ej=1 sij(C-')1 = ti(C-')i. Let hi = E 1 c'//, where
cif is the (i, j)-entry of C-'. It follows that the his corresponding to ti ¢ {0, 1} with
the relations tihi = 0 form a presentation of the first torsion subgroup of M3. Also,
let Hi be the 2-chain ET , rijB23. From the above equation and from the definitions
of Hi and hi we get 8Hi = tihi. Note that the set of hi's such that ti V {0, 1} is a
basis for the torsion subgroup.

6.5 Getting Loop Words from Paths in a 3-Gem

Since our basic 2-chains are combinations of the B23's, a way to compute the intersec-
tion numbers , is to replace the his by homologous h;'s, written in terms of the Bb's.
The justification is that t,* cross transversally once the disk bounded by b'3 (whence
also B23 ) and no other similar disks.

The possibility of the above replacement is the crucial point where the 3-gem
approach is adequate . Indeed , consider any closed path p based at a point a of the
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gem. We assume without loss of generality, that point a is a common point in b$1
and b23. Recall that the gem G is naturally embedded into 87101 = 87{23. In the
expansion of N23 to produce J23 path p is deformed into a well determined path p' of
Go,, which is defined, up to homotopy, by a sequence of loops ei. In particular, the
base point a is deformed into rol. Analogously, in the expansion of Not to produce
Jot path p is deformed into a well determined path p" of G23, which is r23-based and
is defined, up to homotopy, by a sequence of loops tj.

The well determined sequence of loops forming p' and p" are easily obtained at
the combinatorial level. Suppose, the a-based counterclockwise closed paths pi, p2, p3
depicted below. They are paths in the crystallization g and are relevant to proceed
with our example.

Fig. 214: Paths pi , i = 1, 2,3 , in the 9-example

In general , to obtain p'k start at a and proceed traversing pk. A vertex v in this
traversal is called a positive transition at v if pk leaves B5 and enters B. It is a
negative transition if the roles of 2 and 3 are interchanged. Mark a transition vertex
with ei if it is a positive transition in bol . Mark a transition vertex with (1i)-1 if it is
a negative transition in bigon bol . The path p'k is defined in Go, by the sequence of
loops corresponding to these markers . The procedure to get the presentation of the
fundamental group by reading in Go, the boundary of the B23 is a special case of this
method. In it all the vertices are transitions . The justification is straighforward: to
check it in general , just think of a path parallel to pk in the interior of No1. Such a
path is clearly deformed into p'k. For the three paths above, displaying the root and
the transition vertices in black , we get:
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Fig. 215: Paths p;, i = 1, 2,3, in the 9-example

Note that indeed, pk(1 < k < 3) is homotopically equivalent up to conjugation to the
loop fk. We must define to as the identity.

Now we get the paths p'k for the same paths pk's. It is enough to consider this
time the transition vertices between Bo and Bi. Mark a transition vertex with if it

is a transition vertex from Bo to Bi and it belongs to bigon b23. A similar transition
in the other direction is marked with (I)-1. The path p'k is defined in Gal by the
sequence of loops corresponding to these markers. In the 9-example we get:

Fig. 216: Paths p;', i = 1, 2, 3, in the G- example

and therefore, since to* is the identity, 1Y,' = £ t 1 , p'2' = £(€)-'t, p'3 = f3(t*1)-11*3 .

Since in general we can read the paths p' and p" from an a-based closed gem path
p, it remains to discuss how we can find a path pt which is homotopic up to conjugation
to ek, for 1 < k < m. Choose a vertex vk for each bul k = 0 , 1, ... , m. Define Pk to
be any closed path in G that goes from vo to vk without using 3-colored edges and
after comes back to vo without using 2-colored edges . Observe that there exists such
a path , since G is a crystallization and that it is homotopic up to conjugation to 1k-

We have used this method to obtain these paths pl, pz, p3 in our illustrative
g-example. Our choices were : a in boll , f in boll , k in b01i p in boll . The above analysis
constitutes the essence of the proof of the following Lemma.

I
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Lemma 18 We can obtain, directly from the gem G, an m x m matrix IQ = (qji)
such that ti is homologous to Ej 1 gjiej*.

Proof: Take tQ be the matrix defined by the paths p'i': row i of the matrix tQ is
the abelianized form of the path p'i'. n

A' = e2e;e3 0 2 1
In the g-example , we have p2 = e;(e2) e;e3 = tQ = 2 -1 1

A' = eg(ei )-' e3e3 -1 0 3

6.6 Obtaining the Linking Numbers

Let tgji be qij. From the previous Lemma we get that hi is homologous to

hi c', (tgjkek) _
( (citqik)) e= (C't`

v;)ik•
j=1 1 k=1 1'[=11 k=1

Thus, the i-th row of (C-1)(tQ) are the coordinates of h, in terms of the £'s.

It is rather easy to get a(Hi, h;): it is just the internal product of the coordinate
vectors of Hi in terms of the B23 's and of hh in terms of the ek's . We are not interested
in the indices i, for which ti E 10 , 1}. Therefore let f be the first i with ti # 1 and
let g be the last i for which ti is non-null. Since we assumed that t > 1, it follows
that 1 < f < g < m . The positive integer n = g - f + 1 is the number of torsion
coefficients.

Given a matrix X, let Xq (p < q) be the submatrix of X formed by rows from p to
q. Let also Xp,q denote the submatrix of X formed by columns from p to q. Our main
result provides a well determined matrix M which ' yields the relevant intersection
numbers.

Theorem 15 Let M be the n x n matrix whose (i,j)-entry is (Hi+f-11 hi+f-1)•
Then, M = R9.Q.(tC-')f,9•

Proof: Let M' be the m x m matrix whose (i, j)-entry is % Hi, hj*). It follows that
M' = R.t(C-'.Q) = R.Q.tC-1. The restriction to the relevant rows and columns
f, ... , g are accomplished by similar restrictions in R and in IC-1. n

'P. Cristofori in her thesis (under A. Costa, [Cos921) in LINED, Spain , has used our matrix M
and the dipole moves on 3-gems to define a topologically invariant matrix equivalence. This class of
matrices is a 3-manifold invariant which holds more information than the self-linking numbers.
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Note that for the g-example

1 0 0 0 0
tC-1 = -4 1 0 R3 = (5 1 4 ) tc_i = 1 0

4 0 1 0 1

and M(G) _ (
1 -1) .

10 7

An element of the first torsion subgroup of M3 is conveniently described by
a vector p = (pl,... , pn), with 0 < pi < ti+f-1: we make the association P ++

E 1 pihi+f_1 or, since hj* is homologous to hj, p ++ E"=1 pjhj+f-1. As a Corollary,
we state a formula for the linking number between two 1-chains belonging to dual cell
decompositions:

Corollary 9 Let p and p' be elements of the first torsion subgroup of M3. Then

t
A(p, P) = Pi(E Pjmi j) mod t,

i=1 ti+f -1 j=1

where mi ,f is the (i, j)-entry of the intersection matrix M.

Proof.

Observe that

A(P, P') = A ( rnhi+i_i Ph;+i_i) .
^ ,

t

81 t PiHi+f-1) _ E t pit H 1..1 =
i=1 ti+f-1 i=1 ti+f-1

t
E Pi•ti+f-i.hi+f-1=t>Pihi+f-i
i=1 4.+f-1 i=1

Therefore , from the definition of A,

1\1(p, P') = t`3` L
t

pi -1, L Pjhj+f-1
t i=1 ti+f-1 j=1 =

n t n n

t
piPi E pj'!a(Hi+f-1, hj+f-1) _ pi pjmii

i=1 ti+f-1 j=1 i=1 ti+f-1 j=1

finishing the proof. n

By applying this formula to our G-example we obtain, after the proper ordering,

o(g)=(+68+92+154+218-218-154-92-68)

I
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and there is only 45 - 2 x (8 + 2 + 4 + 8) = 1 null self-linking number. The (+/-,
left/right)-symmetry of a(g) suggests that 18(4,5,2, 1)1 could be symmetric . A proof
that this is so is provided by the picture below:

Fig. 216: Proving that 18(4,5,2 , 1)1 is symmetric

Indeed, with regard to the first drawing of 9 (Fig. 209) the above picture defines
an automorphism which permutes the edge-colors as the 4-cycle (0,3, 1, 2), while
preserving the bipartition of the vertices. Thus it induces a reversal of orientation,
proving that the 3-manifold is symmetric.

6.7 Remarks on a Class of 3-Manifolds

We want to finish this chapter by mentioning the class of planar 3-manifolds of [Lin88].
They constitute a highly structured class of 3 -manifolds in which the order of the first
homology group is the number of trees of a generating planar graph . In this way, small
graphs give rise to a rich amount of linking invariants.

Given a graph G embedded in the plane , we can proceed to get a crystallization
11(G) as follows. Take the dual of the baricentric subdivision of the 2-cell complex
induced by the plane embedding of G. This dual is a cubic bipartite plane graph
which is naturally 3-edge colored. Indeed , the original edges correspond to square
2-residues which we paint with colors 1 and 2 . We use color 3 to paint the other
edges which correspond to adjacent pairs of the original edges . To get the associated
bipartite crystallization introduce the 0 -colored edges, as follows: the other end of a
black vertex by a 0-colored edge , is the terminus of a 3-edge path which starting at
the vertex uses a 1-colored edge, followed by a 2-colored edge, followed by a 3-colored
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edge . The (3 + 1)-graph so obtained is a crystallization ([Lin88] ) which we denote by
T(G).

G

Fig. 217: Obtaining crystallization 1Ii(G)

As mentioned, this construction has the property that the first homology group of the
IW(G)I is finite and its order equals the number of spanning trees of the originating,
plane graph G, 5 in the above case. This property is proved in [Lin88]. We also have
the following

Conjecture 7 If G is 3-connected, then W (G) is the superattractor for JT(G)J.

The associated class of 3-manifolds has been recognized by M. Ferri [Fer85] by
using the central idea in [Fer79] as composed of 2-fold branched coverings of S3
branched along the alternating links, L(G), defined by the medial of the plane graphs,
G.

Fig. 218: Alternating link from the medial of plane graphs

Thus, the 3-manifold induced by the above %F(G) is homeomorphic to the 2-fold

branched covering over the figure 8 knot . In this case , the manifold is the lens space

L5,2-

I
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Two random examples of self linking sequences on 3-manifolds given by the T-
construction follow. They are intended as control cases for checking independent
implementations of the algorithm we have presented.

GI:

Fig. 219: Plane graph G1

The number of trees of G1 is equal to the order of torsion subgroup of I '(G1)1, namely
585. The number of its null self-linking numbers is 3. The self-linking sequence of
I'(G1)l follows:

+28 +54 +88 +1812 +204 +328 +456 +478
+504 +3612 +652 +7212 +804 +838 +988 +1104

+1176 +1228 +1254 +1288 +1356 +1378 +1434 +1588
+ 16212 + 1678 +1806 +1824 +1886 +1976 +2004 +2038

+2154 +2278 +2428 +2454 +25212 +2602 +2754 +2788
+28812 -2928 -28812 -2804 - 2688 -2654 -2628 -2538
-25212 -2474 - 2328 -2238 -2084 -2028 -1938 -1904
-1878 -1806 -1754 -1638 -16212 -1488 -1454 -1356
-1302 1176 -1154 -1128 -978 -854 -738 _7212

-704 -678 -6312 -588 -524 :E -378 -288
-1812 -134 -78

Table 11: Self-linking sequence of 1 (G1) j

In the above example , there is a unique torsion coefficient : 585. The matrix M(T(G1))
is a 1 x 1 matrix defined by the single entry 323. Therefore, I'Y(G1)I and the lens
space L585 ,323 have the same self-linking sequence . The manifolds have distinct al's.



258 6. Getting Linking Numbers of 3-Manifolds

G2:

Fig. 220: Plane graph G2

The number of trees of G2 is equal to the order of torsion subgroup of l111(G2)I,
namely 644. The number of its null self-linking numbers is 2. The self-linking sequence
of IWY(G2)I follows:

+28 +48 +88 +168 +188 +328 +368 +464

+508 +588 +648 +704 +728 +788 +924 +984

+1008 +1168 +1288 +1404 +1428 +1448 +1544 +1568

+1628 +1708 +1844 +1868 +1908 +1964 +2008 +2104

+2328 +2384 +2428 +2468 +2548 +2568 +2664 +2804

+2828 +2848 +2888 +2944 +3028 +3084 +3128 ±3222

-3208 -3188 -3148 -3068 -3048 -2908 -2868 -2764

-2728 -2648 -2588 -2524 -2508 -2448 -2304 -2244

-2228 -2068 -1948 - 1824 - 1808 -1788 - 1684 -1668

-1608 - 1528 - 1384 -13681 -13281 - 126 4 -1228 -1124

-908 -844 -808 -768 -688 -668 -564 -424

-408 -384 -348 -284 -208 -144 -108

Table 12: Self- linking sequence of I%F(G2)I

In the above example , there are two torsion coefficients : 2 and 322 . The matrix
M (T (GO) is

M(W (G2))
57 8 1 .
0 177

In the case of an M3 given induced by a 111(G) for an arbitrary plane graph G, the
one row one column extension of the matrix A , from which we derive the presentation
of the first homology group (see Section 6.4), is the product A'(G) = I(G).°Z(G) of the

1
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incidence matrix of G by its transpose. This leads to the natural graph-theoretical
question , which does not seem to be yet considered: what are, in terms of G, the
interpretations of the the number of torsion coefficients and of these coefficients in
matrix A'(G)?



Chapter 7

Computing the Quantum
Invariants from Blinks

In this chapter we provide a recipe on how to compute the Witten-Reshetikhin-Turaev
invariants. The computation is effected over a blink by means of a partition function.
The full theory which justifies the formulas that we use appear in [KL94].

7.1 A Partition Function

We describe the partition function associated with the combinatorial definition and
computation of the Witten-Reshetikhin-Turaev invariants for 3-manifolds. See [Wit89]
and [RT91]. The recoupling theory developed in [KL94] which supports the invariant
formulas here presented is a direct analog of the corresponding theory for q-deformed
angular momentum recoupling using the quantum group SL(2)q, [KR88].

7.1.1 Algebraic Ingredients

Let A be a primitive 4r-th root of unity, r > 3, and I = 10, 1, ..., r - 2}. For n in I,
let

A2n+2 - A-2n-2

An = (-1)n A2 _ A-2

A2n - A-2n

[n] A2 - A-2

Letting q = A2, for reasons inherited from the physics we call [n] the q-deformed
quantum integer and

[n]! _ ]a [m]
O<m<n

260
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the q-deformed quantum factorial. Note that even though A is complex, On and [n]
assume only real values.

Three numbers a, b, c E.T form an r-admissible triple if a+b+c < 2r-4 and the
three numbers a + b - c, b + c - a, c+ a - b are non-negative and even. Let 0 : 23 H 1R,
defined on the r-admissible triples by means of

9(a, b, c) = (_1)
m+n+P[m + n + p + 1]![nJ![m]![p}!

where[m+n]![n + p]![p +m]! '

m = (a + b - c)/2, n = (b + c - a)/2, p = (c + a - b)/2. We define 9(a, b, c) = 0 if
(a, b, c) fails to be r-admissible.

Let a : Z3 y (, be defined on the r-admissible triples by

A(a, b, c) _ \,b = (-1)(a+b-c)/2A[a(a+2)+b(b+2)-c(c+2)]/2

We define a',b = 0 if (a, b, c) fails to be r-admissible.

Finally, define Tet : Z6 '-+ 1R, as follows. If (A, B, F), (A, D, E), (C, D, F),
(B, C, E) are r-admissible, define

F) = Tet A
B

C DTet(A B E [ E _Znt! (-1)'[s+1]!

] =
,, , , , C D F Pxt! m<,<M jji[s - ai]! rjj[bi _ s]!

where,
Int! = fI,,,[bi - ail!
tixt! = [A]![B]![C]![D]![E]![F']!

al = 2(A+D+E) b1 = 2(B+D+E+F)

a2 = 2(B+C+E) b2 = 2(A+C+E+F)

a3 = 2(A+B+F) b3 = 2(A+B+C+D)

a4 = 1(C+D+F) m=max{ai} M=min{bj}

If one of the four triples above fails to be r-admissible , define the value of Tet as null.

These are all the algebraic ingredients we need to define a partition function on
a shaded blackboard framed link. The partition function turns out to be an invariant
of the oriented 3-manifold induced by the blackboard framed link . The outer face is
not shaded , their neighboors by a segment between two crossings are shaded and so
on, in a way to form a bicoloration of the link diagram. This shading is unique and
could be disregarded , except that it is convenient to encode the partition function to
be defined . Specifically, the al's part of the algebraic data associated to the crossings
need the shading.

Suppose that we label the faces of the link diagram and their components with
elements of I in all possible ways , except that the outer face always gets a zero. Such
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a choice is named an state. From each such state we produce a complex number and
the value of the partition function is the sum of all the r-admissible states. A state
is r-admissible if all the triples of numbers associated to a black face, a neighboring
white face and to a component separating them are r-admissible.

7.1.2 An Example for L3,1 and the General Case

We display an example of the partition function in the case of a 17-labelled shaded
blackboard framed link inducing L3,1,

Fig. 221: Blackboard framed link for L3,1, shading
and variables for computing quantum invariants

Here is the (raw) partition function that we associate to the above diagram. 1 The
sum is over all the r-admissible states. The bar over a ) indicates its multiplicative
inverse.

Tet [0 d e] A tTet [0 d e] A tTet
[0 d t]A AoA .AbAeAdA1

a, t 0(0, d, e).0(0, d,1).0(0, d,1).0(0, a,1).0(0, b, e).0(0, c, t)

The state is r-admissible if 0(0, d, t), 0(0, a, t), 0(0, b, t) and 9(0, c, t) are r-admissible.
Note that this implies a = b = c = d = t.

The summation simplifies to

Tet 10 t
t] )4f Tet [0 t e] A tTet

[0 e A of
0(0, e, e)e

It happens that Tet [ 0 Q Q ] = 0(0, t, t) and that 0(0, t, t) = A,. Thus we have the

summation assuming the simple form

A0 At 6'Al a A2

'Indeed to have an invariant this partition function has to be multiplied by a normalization factor
which we discuss briefly.
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Fig. 222: Blinks and blackboard framed links for L3,1 and L3,2
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In a way explained in the next subsection, from the blink inducing a 3-manifold
we get a recipe on how to compute the quantum invariants. For the 3-star blink
inducing L3,1 we get, according to the above formula, conveniently normalized:

C , 486 r-
r S l x S2 - normalization S3 - normalization time states

3 -0.70710678i -1.00000000i 0.003sec 2
4 -0.35355339 - 0.35355339i -0.70710678 - 0.70710678i 0.0023ec 3
5 -0.57206140 + 0.18587402i -1.53884177 + 0.50000000i 0.003sec 4
6 +0.50000000i +1.73205081i 0.003sec 5
7 +0.32673246 + 0.260560441 +1.40881165 + 1.12348980i 0.004sec 6

Table 13A: Values of the quantum invariants at A = e'Or for L3,1

As for L3,2 we get the following table:

C++, 486 r-
r S1 X S2 - normalization S3 - normalization time states

3 +0.70710678i +1.00000000i 0.003sec 2
4 -0.35355339 + 0.35355339i -0.70710678 + 0.70710678i 0.002sec 3
5 -0.57206140 - 0.18587402i -1.53884177 - 0.50000000i 0.003sec 4
6 -0.50000000i -1.73205081i 0.003sec 5
7 +0.32673246 - 0.26056044i +1.40881165 - 1.12348980i 0.004sec 6

Table 13B: Values of the quantum invariants at A = e*' for L3,2

Have in mind that L3,2 is L3,1 with opposite orientation . The effect of changing
the orientation is to conjugate the invariants (which are complex numbers). This is
due to the a06 factors, which conjugate under the reversal of crossings . The tables
appear with two normalizations . The S' X S2-normalization assigns 1 to all the
invariants of S' x S2. The S3 -normalization assigns 1 to all the invariants of S3.
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Given a blackboard framed link L, the S3-normalization factor is

(alb')-n(L)

and the S' x S2-normalization factor is

AI LI+1a-n(L)

where2
^µ = sin (ir/r) 2/r, a = (_i )r

-2e3ia (r-2)/4r

ILI is the number of components of the link L, and n(L) is the number of positive
eigenvalues minus the number of negative eigenvalues of a symmetric matrix, named
the linking matrix of L, N = N(L). To get this matrix , choose an orientation for the
components K1, K2, ..., Kk and define

link(Ki, K,), for i 0 j
N`^ t writhe(Ki), for i = j

Here link(Ki, K,,) is half of the algebraic sum of the crossing between components Ki
and K3 and writhe(Ki) is the algebraic sum of the self-crossings of the component
Ki. Each crossing contributes with a ±1 according to the rule:

Fig. 223 : Positive and negative crossings

Indeed, the effect on N of changing orientation of a component Ki is to multiply the
corresponding row and the column by -1. This has no effect on the eigenvalues of N.
Therefore, the precise orientation that we use does not matter.

We consider now how to obtain the partition function from a.T-labelled shaded
blackboard framed link.

To each slash crossing as shown below we associate the product of a Tet by two

A's. There are two possibilities for the A-terms.

'These values of µ and a only are valid for A = ei*/2r . For other primitive 4r-roots of unity a

similar complicated computation of section 12.8 of [KL94 1 has to be performed.
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a b i a,- di r a b i cj-^j
a c

H Tet [ c d j, ab ac or Tet I c d j, ^b A.

Fig. 224A : Algebraic factors from a slash crossing

For the backslash crossings we simply invert the A-factors:

a b i -"; a b i c
a c H Tet [ a d j ] .1b .' or Tet [ c d j, )'b

j
c .^^

Fig. 224B: Algebraic factors from a backslash crossing
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One of the various "miracles " which make this partition function work is that
its value does not depend on the choices for the A-terms.

We associate the inverse of a 0-term to each line segment between two crossings
(which may coincide). The parameters of the 0-function are the labels of the white
face, the black face and the link component which supports the segment:

L

Fig. 225: Algebraic factor from a segment between crossings

Finally we associate a i a to each face or link component labelled with an a. In
the example inducing L3,1 we get:
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H AOA.AbAcAdAt

Fig. 226: Algebraic factors from the faces and link components

7.1.3 An Example for S3 /(2,2,2)

From the square blink inducing S3/(2,2,2 ) we get at once from the associated black-
board framed link all that we need to compute the quantum invariants.

0

7

Fig. 227 : All data needed to yield the quantum
invariants for S3/(2,2,2)

The matrix N is ( 2 2 I. The eigenvalues are ±2 , therefore n(L) = 0. There are

two components , and so the factor of the Sl X S2-normalization is simply µ3a° = µ3.
As for the S3-normalization , it is simpler yet, (a /p)° = 1.

The partition function assumes the form

E TET.A.O/B,

a,b,c,d,e, f,g E Z
and r-admissible

where the four crossings yield

TET=Tet[0 6 f]Tet b f]Tet [ o e c g]Tet[0 e a d fg
]e
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The four crossings (which are slash crossings ) also yield

A = (.169.)i9).(,\°J.r').(AO9.ae9).(aaf.r

The eight segments between crossings give us

0 = 0(0, f, a).0(a, g , e).0(0, g , b).0(b, f, e).0(0, f , c).0(c, g, e).0(0, g , d).8(d, g, e).

Finally, the four black faces , the two white faces and the two components yield

Implementing the above formulas we get
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C++, 486 r-
r Sl X S2 - normalization S3 - normalization time states
3 +1.41421356 +2.00000000 0.008sec 4
4 +1.50000000 + 0.50000000i +3.00000000 + 1.00000000i 0.012sec 10
5 +1.11524410 + 1.14412281i +3.00000000 + 3.07768354i 0.025sec 20
6 +0.28867513 + 1.50000000i +1.00000000 + 5.19615242i 0.044sec 35
7 -0.66117206 + 1.26706919i -2.85085508 + 5.46337461i 0.070sec 56
8 -1.27373392 + 0.46193977i -6.65685425 + 2.41421356i 0.105sec 84
9 -1.21205194 - 0.55851656i -7.51754097 - 3.46410162i 0.190sec 120

10 -0.47983739 - 1.27597621i -3.47213595 - 9.23305061i 0.257sec 165

Table 14: Values of the quantum invariants at A = &1"' for (2, 2, 2)

7.1.4 Distinguishing S3/(2,2,2)#L3,1 and S3/(2, 2, 2)#L3,2

As it can be seen from the last table , since the invariants are not real numbers , that the
space S3/(2,2,2) is not symmetric . It follows from Milnor 's Unique Decomposition
Theorem for 3-manifolds [Mil62] that

L3,1 #S3/(2,2,2) and L3,2#S3/(2,2,2)

are not homeomorphic , because this theorem applies to oriented 3-manifolds: since
L3,1 is not symmetric , the only way that the above 3-manifolds could be home-
omorphic would be through an orientation reversing homeomorphism if the piece
S3/(2,2 , 2) were symmetric . We know that this is not the case since there are values
of the previous table which are not real . Recall that change of orientation conjugates
the invariants and if such an invariant has non-zero imaginary part , it distinguishes
the oriented forms of the 3-manifold.

Here are the first quantum invariants of the above connected sums . The invari-
ants confirm that the 3-manifolds are not homeomorphic:
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r S1 x S2 - normalization
3 -1.41421356i
4 -0.70710678 - 1.414213561
5 -2.28824561 - 1.20300191i
6 -2.59807621 + 0.500000001
7 -2.35500622 + 1.04224178i
8 - 2.41421356 + 2.20710678i

C++, 486 r-
S3 - normalization time states

-2.00000000i 0.016sec 8
-1.41421356 - 2.828427121 0.065sec 34
-6.15536707 - 3.23606798i 0.211sec 104
-9.00000000 + 1.73205081i 0.547sec 259

-10.15436351 + 4.49395921i 1.226sec 560
-12.61728812 + 11.534895921 2.501sec 1092

Table 15A: Values of the quantum invariants at A = e"/ 2r for S (2, 2, 2)#L3,1

C++, 486 r-
r S1 x S2 - normalization S3 - normalization time states
3 +1.41421356i +2.000000001 0.016sec 8
4 -1.41421356 + 0.70710678i -2.82842712 + 1.41421356i 0.065sec 34
5 -1.14412281 - 2.31824601i -3.07768354 - 6.23606798i 0.211sec 104
6 +2.59807621 - 0.50000000i +9.00000000 - 1.73205081i 0.547sec 259
7 +0.49207242 + 2.527881911 +2.12172782 + 10.89977241i 1.226sec 560
8 -3.26776695 - 0.14644661i -17.07817311 - 0.76536686i 2.452sec 1092

Table 15B: Values of the quantum invariants at A = e*` f for S3-/-(2,2,2)#L3,2

The first of the above tables is derived from the partition function given by
the following blackboard framed link (we display the relevant variables but not the
shading, which is implicit):
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Fig. 228: Blackboard framed link for S3 /(2,2,2)#L3,1
and variables for computing its quantum invariants

7.1.5 A Brief Explanation for the Invariance
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We briefly display diagramatic moves on blackboard framed links so that the invari-
ance at those imply invariance at the 3-manifold level, according to basic Theorems of
Lickorish [Lic62] and Kirby [Kir78]. That is what the normalized partition function
of the previous subsection accomplishes [KL94J.

By a Theorem of Reidemeister, ambient isotopy of links can be generated by the
following three moves:

I.

II.

Fig. 229: Ambient and regular isotopy

To our purposes, move I should not be considered at all, since blackboard framed links
differing by curls, induce distinct 3-manifolds. The equivalence relation generated by
moves II and III on link diagrams is named regular isotopy. The equivalence generated
by all the three moves is called ambient isotopy.
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Blackboard framed links differing by regular isotopy induce the same 3-manifold.
Another move to which any invariant should be blind is the ribbon move defined below:

Fig. 230: Ribbon move

The reason for the name and to impose the invariance under the ribbon move is
because the framings corresponding to these two curls are ambient isotopic. (They
are not regularly isotopic because have distinct winding number in the plane.)

Fig. 231: Why to impose ribbon move invariance

The crucial move to which any such invariant must be blind to is named handle slide
and is exemplified below.

K"

Fig. 232 : An example of handle slide

The above move is the manifestation at a link level of the sliding of handles in
a 4-manifold induced by the framed link. See Section 12.1 of [KL94]. In this move
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(at link level ) one component (K) is replaced by a new component (K") obtained
by taking a connected sum of K with a parallel push-off (in the blackboard framing)
of another component K'. The operation is reversible, in the sense that another
adequate handle slide can bring back the original situation . The connected sum is
obtained by moving the diagrams by regular isotopy so that an arc of K is contiguous
with an arc of K' as shown in the left figure below. Thus, we can indicate a general
handle slide symbolically via the hieroglyph:

K' AS K" K'

Fig. 233: The general handle slide

The addition of a disjoint component of type shown below corresponds to ef-
fecting the connected sum of the 3-manifold induced by the rest of the link with S3.
Therefore , it is possible to add or subtract disjoint components of this type.

Fig. 234: S2-separated components that can be added or subtracted

We have the following central results.

Theorem 16 [Lickorish [Lic62]J. Every compact orientable 3-manifold can be in-
duced as surgery on a blackboard framed link L C S3.

By M3(L) we denote the 3-manifold induced by a blackboard framed link L.

Theorem 17 [Kirby [Kir78]J. M3(L) is homeomorphic to M3 (L') if and only if L'
can be obtained from L by combinations of

1) regular isotopy,

2) ribbon moves,

3) handle slides,

4) addition or subtraction of S2-separated components of the form( orr
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The original statements and proofs of these Theorems did not use blackboard
framed links . This specialization is straighforward and resulted crucial for our combi-
natorial approach of the quantum invariants in [KL94]. Also, the direct construction
of a 3-gem inducing the same 3-manifold as the one of a framed link (Figure 13) is
possible due to the use of blackboard framing.

7.2 Tables of Quantum Invariants

In this section we provide blinks and quantum invariants for some of the 3-manifolds.
Our purposes are (i ) to provide a glimpse of these new and interesting invariants; (ii)
to present blinks (as much as we could ) inducing 3-manifolds in our catalogue. It is
a computationally interesting open problem to obtain an implementable algorithm
which produces a blink inducing the same 3 -manifold as a given 3-gem.

In the following tables a blank entry in a row headed by r means that the
invariants vanish at that level. We also include the number of r-states and the time
it took for each computation (in a PC-486 at 50 Mhz).



7.2. Tables of Quantum Invariants 273

c B

^1 = (2, 2, 2)

0

b

O

l

;i:
aF

d c

C++, 486 r-
r S' x S2 - normalization S3 - normalization time states

3 +1.41421356 +2.00000000 0.008sec 4
4 +1.50000000 + 0.50000000i +3.00000000 + 1.00000000i 0.012sec 10
5 +1.11524410 + 1.14412281i +3.00000000 + 3.07768354i 0.025sec 20
6 +0.28867513 + 1.50000000i +1.00000000 + 5.19615242i 0.044sec 35
7 -0.66117206 + 1.26706919i -2.85085508 + 5.46337461i 0.070sec 56
8 -1.27373392 + 0.46193977i -6.65685425 + 2.41421356i 0.105sec 84
9 -1.21205194 - 0.55851656i -7.51754097 - 3.46410162i 0.190sec 120

10 -0.47983739 - 1.27597621i -3.47213595 - 9.23305061i 0.257sec 165
11 +0.54864472 - 1.30064086i +4.56704736 - 10.82683953i 0.280sec 220
12 +1.31698730 - 0.60566243i +12.46410162 - 5.73205081i 0.363sec 286
13 +1.39389429 + 0.43709222i +14.84962173 + 4.65648949i 0.465sec 364
14 +0.72362901 + 1.25143152i +8.60387547 + 14.87939376i 0.582sec 455
15 -0.33004844 + 1.37759673i -4.34739800 + 18.14570407i 0.716sec 560
16 -1.18011531 + 0.73694061i -17.10935797 + 10.68419374i 0.867sec 680
17 -1.34643031 - 0.31525559i -21.36324070 - 5.00202729i 1.045sec 816
18 -0.73197896 - 1.18531940i -12.64589651 - 20.47794707i 1.240sec 969
19 +0.31603521 - 1.37761916i +5.91809212 - 25.79736918i 1.462sec 1140
20 +1.19986899 - 0.77996840i +24.25500606 - 15.76683657i 1.704sec 1330
21 +1.41193001 + 0.26799755i +30.69717235 + 5.82661111i 1.977sec 1540
22 +0.82747903 + 1.16619329i +19.28426777 + 27.17795011i 2.274sec 1771
23 -0.22067076 + 1.39770880i -5.49569930 + 34.80926625i 2.600sec 2024
24 -1.13109425 + 0.82740158i -30.01869094 + 21.95883521i 2.948sec 2300
25 -1.37942070 - 0.21792867i -38.91217463 - 6.14756501i 3.343sec 2600
26 -0.82173517 - 1.13608224i -24.58013857 - 33.98303963i 3.762sec 2925
27 +0.22049987 - 1.39655149i +6.97861918 - 44.19957801i 4.216sec 3276
28 +1.14470151 - 0.84789570i +38.25392652 - 28.33519461i 4.698sec 3654
29 +1.41525872 + 0.19320608i +49.84455775 + 6.80460156i 5.232sec 4060
30 +0.87423073 + 1.12407384i +32.39195304 + 41.64912732i 5.789sec 4495

Table 16: Values of the quantum invariants at A = e*' for S /(2, 2, 2)
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7rl = (3, 3, 2)
Binary

tetrahedral
group

C , 486 r-
r S' x S2 - normalization S3 - normalization time states
3 +0.70710678i +1.00000000i 0.004sec 2
4 +0.35355339 - 0.35355339i +0.70710678 - 0.70710678i 0.004sec 4
5 -0.21850801 + 0.90225143i -0.58778525 + 2.42705098i 0.006sec 6
6 -0.50000000i -1.73205081i 0.009sec 9
7 -0.50805530 + 0.53386681i -2.19064313 + 2.30193774i 0.012sec 12
8 +0.32322330 - 0.78033009i +1.68924640 - 4.07820156i 0.015sec 16
9 -0.35355339 + 0.34590729i -2.19285330 + 2.14542968i 0.019sec 20

10 +0.76631190 - 0.39429833i +5.54508497 - 2.85316955i 0.024sec 25
11 -0.56088532 + 0.45576490i -4.66894094 + 3.79389393i 0.029sec 30
12 +0.61237244 +5.79555496 0.034sec 36
13 -0.88793114 + 0.01176234i -9.45942723 + 0.12530814i 0.046sec 42
14 +0.60899921 + 0.02025142i +7.24093881 + 0.24078731i 0.054sec 49
15 -0.58835672 - 0.45271780i -7.74983465 - 5.96319882i 0.054sec 56
16 +0.71509707 + 0.42546890i +10.36750525 + 6.16846475i 0.061sec 64
17 -0.34952089 - 0.44947463i -5.54570031 - 7.13162409i 0.069sec 72
18 +0.25000000 + 0.78712518i +4.31907786 + 13.59861971i 0.077sec 81
19 -0.27176891 - 0.67277595i -5.08915893 - 12.59843795i 0.086sec 90
20 -0.13110234 + 0.60923960i -2.65019609 + 12.31560305i 0.096sec 100
21 +0.24789667 - 0.80524083i +5.38959200 - 17.506970191 0.105sec 110
22 -0.24163484 + 0.571310971 -5.63126173 + 13.31431167i 0.116sec 121
23 +0.59467394 - 0.40121973i +14.81006873 - 9.99218475i 0.126sec 132
24 -0.64145656 + 0.47091587i -17.02394497 + 12.497878091 0.138sec 144
25 +0.55934839 - 0.15204332i +15.77869769 - 4.289000451 0.150sec 156

Table 17: Values of the quantum invariants at A = e-' for Irl 221 = S3/(3,3,2)

Other blink inducing the same oriented 3-manifold:
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e G
h

Dk

I
in = (4, 3, 2)

b
24

r

L a C
Space of

Ts 28 truncated
A ! f d cube

c

E
H i

C++, 486 r-
r S' X S2 - normalization S3 - normalization time states
3 0.005sec 2
4 +0.92387953i +1.84775907i 0.005sec 4
5 0.007sec 6
6 -0.28867513 - 0.86602540i -1.00000000 - 3.00000000i 0.0118ec 9
7 0.014sec 12
8 +0.31015268 + 0.86572292i +1.62093605 + 4.52448601i 0.019sec 16
9 0.024sec 20

10 -0.23229208 - 0.90311247i -1.68088129 - 6.53498326i 0.030sec 25
11 0.037sec 30
12 +0.09904576 + 0.94205477i +0.93737914 + 8.91570205i 0.044sec 36
13 0.050sec 42
14 +0.06946844 - 0.95931590i +0.82597275 - 11.40616859i 0.058sec 49
15 0.067sec 56
16 -0.25780158 + 0.94054485i -3.73761739 + 13.63605600i 0.0768ec 64
17 0.086sec 72
18 +0.45110530 - 0.87781652i +7.79343563 - 15.16543162i 0.096sec 81
19 0.107sec 90
20 -0.63463263 + 0.76853006i -12.82891579 + 15.53561380i 0.1183ec 100
21 0.130sec 110
22 +0.79426308 - 0.61478742i +18.51017542 - 14.32752358i 0.143sec 121
23 0.157sec 132
24 -0.91732847 + 0.42283990i -24.34545122 + 11.22196504i 0.1718ec 144
25 0.185sec 156

Table 18: Values of the quantum invariants at A = e*` for jrj = S/(4,3,2)

Other blinks inducing the same oriented 3-manifold:
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c D

B
ir1 = (3, 2, 2)
Non-abelian

20 f
r

J group of

Ts 4

G

order 12
3-manifold:

b S3/(3 2 2), ,

F

C d

C++, 486 r-
r S1 x S2 - normalization S3 - normalization time states
3 +0.70710678 + 0.70710678i +1.00000000 + 1.00000000i 0.005sec 2
4 -0.65328148 + 0.27059805i -1.30656296 + 0.54119610i 0.005sec 4
5 -0.01443935 - 1.12968345i -0.03884177 - 3.03884177i 0.007sec 6
6 +1.15470054 +4.00000000 0.011sec 9
7 -0.40843813 + 0.76906498i -1.76111181 + 3.31606994i 0.014sec 12
8 -0.55368450 - 0.97130504i -2.89369463 - 5.07628477i 0.019sec 16
9 +1.07791490 - 0.37080812i +6.68557934 - 2.29987274i 0.024sec 20

10 -0.17082039 + 0.85065081i -1.23606798 + 6.15536707i 0.030sec 25
11 -0.70274421 - 0.78095730i -5.84980763 - 6.50087175i 0.037sec 30
12 +0.96574120 - 0.48374643i +9.13987282 - 4.57822536i 0.044sec 36
13 -0.08661209 + 0.84632810i -0.92270758 + 9.01621614i 0.050sec 42
14 -0.74851543 - 0.70449548i -8.89977241 - 8.37637968i 0.058sec 49
15 +0.93234396 - 0.52296927i +12.28083457 - 6.88855126i 0.067sec 56
16 -0.04958464 + 0.87691959i -0.71888002 + 12.71361459i 0.076sec 64
17 -0.80735362 - 0.66456400i -12.80993866 - 10.54435615i 0.086sec 72
18 +0.91959016 - 0.57735027i +15.88712603 - 9.97448307i 0.096sec 81
19 +0.00567097 + 0.90666400i +0.10619484 + 16.97823809i 0.107sec 90
20 -0.85510915 - 0.60727946i -17.28578518 - 12.27597942i 0.119sec 100
21 +0.88425814 - 0.62233291i +19.22490812 - 13.53031708i 0.130sec 110
22 +0.05331135 + 0.90434040i +1.24241256 + 21.07550999i 0.143sec 121
23 -0.86738023 - 0.55732947i -21.60168809 - 13.88002266i 0.157sec 132
24 +0.85151984 - 0.63474837i +22.59892222 - 16.84591270i 0.171sec 144
25 +0.07082544 + 0.89722193i +1.99791990 + 25.30979574i 0.185sec 156

Table 19: Values of the quantum invariants at A = e*` "* for jr41 1 = S /(3, 2,2)

Other blinks inducing the same oriented 3-manifold:
I .0- , \
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9 I
F e

Ca

i d C ( l B 71 = (5, 3, 2)
r24 = Poincare

TS
P

L b e sphere

A

= G
E f

C++, ,486 r-
r S' X S2 - normalization S3 - normalization time states
3 +0.70710678 +1.00000000 0.006sec 2
4 -0.50000000 -1.00000000 0.006sec 4
5 -0.30075048 + 0.92561479i -0.80901699 + 2.48989828i 0.009sec 6
6 +0.28867513 +1.00000000 0.014sec 9
7 -0.84603445 + 0.04478304i -3.64794847 + 0.19309643i 0.018sec 12
8 +0.73253782i +3.82842712i 0.024sec 16
9 -0.17612688 - 0.40204608i - 1.09239627 - 2.49362077i 0.030sec 20

10 -0.76631190 + 0.55675818i -5.54508497 + 4.02874005i 0.038sec 25
11 +0.29986112 + 0.15573689i +2.49611427 + 1.29639039i 0.047sec 30
12 -0.78867513 - 0.18301270i -7.46410162 - 1.73205081i 0.0568ec 36
13 -0.11486097 + 0.74265244i - 1.22365232 + 7.91172464i 0.0643ec 42
14 -0.10744239 - 0.39775226i - 1.27747907 - 4.72923401i 0.0748ec 49
15 -0.77709557 + 0.53440395i - 10.23590284 + 7.03916882i 0.085sec 56
16 +0.31417116 + 0.17622148i +4.55486585 + 2.55486585i 0.097sec 64
17 -0.78042634 - 0.14285305i -12.38269491 - 2.26658898i 0.109sec 72
18 -0.05909505 + 0.76366977i -1.02094453 + 13.19339680i 0.123sec 81
19 -0.13018472 - 0.37301190i -2.43784591 - 6.98504059i 0.137sec 90
20 -0.70858278 + 0.62543139i -14.32379682 + 12.64291553i 0.152sec 100
21 +0.34104884 + 0.14952903i +7.41483989 + 3.25095320i 0.167sec 110
22 -0.78546018 - 0.02481144i -18.30502518 - 0.57822665i 0.184sec 121
23 +0.06003894 + 0.77496127i +1.49524085 + 19.30003825i 0.201sec 132
24 -0.18144700 - 0.33767686i -4.81551515 - 8.96177952i 0.219sec 144
25 -0.58950598 + 0.74415703i - 16.62941518 + 20.99197757i 0.237sec 156

Table 20 : Values of the quantum invariants at A = e*' r for H = S /(5, 3, 2)

Other blink inducing the same oriented 3-manifold:
400
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H
a

C eG

D B
7r1=Z5

s
rz = d

c Lens space

• °
g

L5 1,

I
A E

6

C++, 486 r-
r S' X S2 - normalization S3 - normalization time states
3 +0.70710678 +1.00000000 0.005sec 2
4 +0.50000000i +1.00000000i 0.006sec 4
5 -0.41562694 + 0.57206140i -1.11803399 + 1.53884177i 0.009sec 6
6 -0.28867513 -1.00000000 0.013sec 9
7 +0.11596031 - 0.50805530i +0.50000000 - 2.19064313i 0.017sec 12
8 +0.32664074 - 0.32664074i +1.70710678 - 1.70710678i 0.023sec 16
9 +0.15150649 + 0.26241694i +0.93969262 + 1.62759536i 0.028sec 20

10 -0.15450850 + 0.47552826i -1.11803399 + 3.44095480i 0.035sec 25
11 -0.22119193 + 0.06494781i -1.84125353 + 0.54064082i 0.044sec 30
12 -0.39433757i -3.73205081i 0.052sec 36
13 +0.20833408 - 0.30182402i +2.21945257 - 3.21543215i 0.059sec 42
14 +0.14692973 + 0.18424406i +1.74697960 + 2.19064313i 0.069sec 49
15 -0.08487959 + 0.39932709i -1.11803399 + 5.25993637i 0.079sec 56
16 -0.18147187 + 0.07516811i -2.63098631 + 1.08979021i 0.090sec 64
17 -0.03043965 - 0.32849616i -0.48297310 - 5.21210981i 0.102sec 72
18 +0.15661544 - 0.27126589i +2.70573706 - 4.68647407i 0.114sec 81
19 +0.13496658 + 0.14661279i +2.52739140 + 2.74547893i 0.127sec 90
20 -0.05530794 + 0.34920056i -1.11803399 + 7.05898879i 0.141sec 100
21 -0.15662834 + 0.07542823i -3.40530138 + 1.63990671i 0.155sec 110
22 -0.04117140 - 0.28635338i -0.95949297 - 6.67342021i 0.170sec 121
23 +0.12783256 - 0.246705641 +3.18360854 - 6.14408558i 0.186sec 132
24 +0.12426291 + 0.12426291i +3.29787706 + 3.29787706i 0.203sec 144
25 -0.03963385 + 0.31373422i -1.11803399 + 8.85015032i 0.220sec 156

Table 21: Values of the quantum invariants at A = e*' ' for jr2 I = L5,1

Other blink inducing the same oriented 3-manifold:
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i
U C G

e
H h iri =

-^ r24

Ts '

b E SI x S'
3-mani

x S1
fold:,

k K 3-torus
J l

F d C a

C++, 486 r-
r S' x S2 - normalization S3 - normalization time states
3 +2.00000000 +2.82842712 0.019sec 8
4 +3.00000000 +6.00000000 0.106sec 40
5 +4.00000000 +10.75997619 0.462sec 152
6 +5.00000000 +17.32050808 1.563sec 475
7 +6.00000000 +25.87092151 4.395sec 1280
8 +7.00000000 +36.58376302 10.707sec 3072
9 +8.00000000 +49.61860604 23.417sec 6720

10 +9.00000000 +65.12461180 47.095sec 13629
11 +10.00000000 +83.24234537 88.351sec 25960
12 +11.00000000 +104.10511777 156.477sec 46904
13 +12.00000000 +127.84001069 265.411sec 81016
14 +13.00000000 +154.56868004 431.670sec 134615
15 +14.00000000 +184.40799974 678.699sec 216256
16 +15.00000000 +217.47058712 1036.553sec 337280
17 +16.00000000 +253.86523847 1542.887sec 512448
18 +17.00000000 +293.69729464 2240.732sec 760665
19 +18.00000000 +337.06895185 3197.289sec 1105800
20 +19.00000000 +384.07952830 4062.767sec 1577608

Table 22: Values of the quantum invariants at A = e*' for S x S x S

We have shown in [KL94] that the invariants for the 3-torus and EUCLID3 coincide for
all the primitive 4r-root of unity. This is a rather curious fact because the homology
suffices to distinguish these 3-manifolds.
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A i
f '-^ D

6

-> r24 = B

D

e
7r1= zo-1

3-manifold:
Ts, EUCLID3

k K

F
d C

C++, 486 r-
r S1 X S2 - normalizat ion S3 - normalization time states
3 +2.00000000 +2.82842712 0.022sec 8
4 +3.00000000 +6.00000000 0.088sec 34
5 +4.00000000 +10.75997619 0.286sec 104
6 +5.00000000 +17.32050808 0.744sec 259
7 +6.00000000 +25.87092151 1.668sec 560
8 +7.00000000 +36.58376302 3.336sec 1092
9 +8.00000000 +49.61860604 6.166sec 1968

10 +9.00000000 +65.12461180 10.633sec 3333
11 +10.00000000 +83.24234537 17.410sec 5368
12 +11.00000000 +104.10511777 27.229sec 8294
13 +12.00000000 +127.84001069 41.172sec 12376
14 +13.00000000 +154.56868004 60.227sec 17927
15 +14.00000000 +184.40799974 85.847sec 25312
16 +15.00000000 +217.47058712 119.348sec 34952
17 +16.00000000 +253.86523847 163.003sec 47328
18 +17.00000000 +293.69729464 218.227sec 62985
19 +18.00000000 +337.06895185 287.746sec 82536
20 +19.00000000 +384.07952830 373.536sec 106666
21 +20.00000000 +434.82569506 479.430sec 136136
22 +21.00000000 +489.40167759 607.487sec 171787
23 +22.00000000 +547.89943286 761.888sec 214544
24 +23.00000000 +610.40880603 945.156sec 265420
25 +24.00000000 +677.01766985

--

1164.446sec 325520

Table 23: Values of the quantum invariants it A = e"` for EUCLID3
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A

E e
^t = (3, 3, 3)

T r7a =

(B

3-manifold:
° EUCLID2

k K

d a

C++, 486 r-
r S' x S2 - normalization S3 - normalization time states
3 -1.00000000i -1.41421356i 0.012sec 4
4 0.046sec 18
5 -0.58778525 - 0.80901699i -1.58113883 - 2.17625090i 0.150sec 52
6 -0.50000000 + 0.86602540i -1.73205081 + 3.00000000i 0.416sec 141
7 0.971sec 320
8 +0.38268343 + 0.92387953i +2.00000000 + 4.82842712i 2.049sec 680
9 +0.64278761 - 0.76604444i +3.98677815 - 4.75125718i 3.934sec 1312
10 7.092sec 2405
11 -0.28173256 - 0.95949297i -2.34520788 - 7.98704455i 12.037sec 4148
12 -0.70710678 + 0.70710678i -6.69213043 + 6.69213043i 19.551sec 6882

Table 24: Values of the quantum invariants at A = e*' r for EUCLID2
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9 A
K d

TS, r36 L

h f ^1 = (6, 3, 2)
c 3-manifold:

EUCLID4
k B

h

a D e
G

C++, 486 r-
r S' x S2 - normalization S3 - normalization time states

3 +1.00000000 +1.41421356 0.006sec 2
4 0.007sec 4

5 -0.30901699 - 0.95105652i -0.83125388 - 2.55833637i 0.010sec 6
6 +0.50000000 - 0.86602540i +1.73205081 - 3.00000000i 0.015sec 9
7 0.020sec 12

8 -0.70710678 - 0.70710678i -3.69551813 - 3.69551813i 0.026sec 16

9 +0.17364818 - 0.98480775i +1.07702256 - 6.10809849i 0.033sec 20
10 0.041sec 25

11 -0.84125353 - 0.54064082i -7.00279171 - 4.50042096i 0.049sec 30
12 -1.00000000i -9.46410162i 0.059sec 36

13 0.069sec 42

14 -0.90096887 - 0.43388374i -10.71242836 - 5.15883360i 0.080sec 49

15 -0.10452846 - 0.99452190i -1.37684892 - 13.09984239i 0.092sec 56

16 0.105sec 64

17 -0.93247223 - 0.36124167i -14.79514281 - 5.73166886i 0.118sec 72

18 -0.17364818 - 0.98480775i -3.00000000 - 17.01384546i 0.132sec 81
19 0.147sec 90

20 -0.95105652 - 0.30901699i -19.22533359 - 6.24668955i 0.164sec 100
21 -0.22252093 - 0.97492791i -4.83789099 - 21.19618535i 0.180sec 110
22 0.198sec 121

23 -0.96291729 - 0.26979677i -23.98099253 - 6.71915900i 0.216sec 132
24 -0.25881905 - 0.96592583i -6.86893149 - 25.63520132i 0.235sec 144
25 0.255sec 156

Table 25: Values of the quantum invariants at A = ea' r for I r31 I = EUCLID4

Other blink inducing the same oriented 3-manifold: <T>
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H1
K c

--^ r2 =
Ts 11 L

i e (4, 4, 2)
3-manifold

kp
M. EUCLID,

A b J

I 9
a

C
G

d hF

C++, 486 r-
r S1 X S2 - normalization S3 - normalization time states
3 0.011sec 4
4 -0.38268343 + 0.92387953i -0.76536686 + 1.84775907i 0.022sec 10
5 0.044sec 20
6 -1.00000000i -3.46410162i 0.076sec 35
7 0.122sec 56
8 +0.19509032 + 0.98078528i +1.01959116 + 5.12583090i 0.183sec 84
9 0.263sec 120

10 -0.30901699 - 0.95105652i -2.23606798 - 6.88190960i 0.361sec 165
11 0.481sec 220
12 +0.38268343 + 0.92387953i +3.62175489 + 8.74368978i 0.625sec 286
13 0.797sec 364
14 -0.43388374 - 0.90096887i -5.15883360 - 10.71242836i 0.995sec 455
15 1.225sec 560
16 +0.47139674 + 0.88192126i +6.83432834 + 12.78612901i 1.486sec 680
17 1.786sec 816
18 -0.50000000 - 0.86602540i -8.63815572 - 14.96172460i 2.120sec 969
19 2.495sec 1140
20 +0.52249856 + 0.85264016i +10.56215801 + 17.23587538i 2.910sec 1330
21 3.371sec 1540
22 -0.54064082 - 0.84125353i -12.59954872 - 19.60528049i 3.875sec 1771
23 4.430sec 2024
24 +0.55557023 + 0.83146961i +14.74456359 + 22.06679884i 5.030sec 2300
25 5.692sec 2600

Table 26: Values of the quantum invariants at A = e*' '' for EUCLID5



284 7. Computing the Quantum Invariants from Blinks

Another blink inducing the same orientable 3-manifold:

G
B c h

7r1=Z2* Z3

Q S 4g

a

b L2 1#L3 1, ,

C d
E

C++ , 486 r-

r S1 x S2 - normalization S3 - normalization time states
3 0.006sec 2

4 +0.27059805 + 0.27059805i +0.54119610 + 0.54119610i 0.007sec 4
5 0.010sec 6

6 +0.36602540i +1.26794919i 0.015sec 9
7 0.020sec 12

8 -0.30768885 + 0.12744889i -1.60805943 + 0.66608002i 0.026sec 16
9 0.033sec 20

10 -0.20955371 - 0.15224969i -1.51634492 - 1.10168907i 0.041sec 25

11 0.049sec 30

12 -0.25215724i -2.38644174i 0.059sec 36

13 0.069sec 42

14 +0.21832071 - 0.10513771i +2.59581102 - 1.25007670i 0.080sec 49

15 0.091sec 56

16 +0.17367171 + 0.11604372i +2.51789919 + 1.68240645i 0.105sec 64

17 0.118sec 72

18 +0.20490387i +3.53998301i 0.132sec 81
19 0.147sec 90

20 -0.17806871 + 0.09073054i -3.59960778 + 1.83409177i 0.163sec 100

21 0.180sec 110

22 -0.15126916 - 0.09721479i -3.52530393 - 2.26557527i 0.198sec 121
23 0.216sec 132

24 -0.17715600i -4.70163402i 0.235sec 144

25 0.256sec 156

Table 27: Values of the quantum invariants at A = e'n' for jr4181 = L2,1#L3,1
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X^.

285

ir1 = (7,3,2)
homology

sphere

E

C++, 486 r-
r Sl x S2 - normalization S3 - normalization time states
3 +0.70710678 +1.00000000 0.006sec 2
4 -0.50000000 -1.00000000 0.008sec 4
5 -0.71637742 - 0.35355339i -1.92705098 - 0.95105652 i 0.011sec 6
6 +0.28867513 +1.00000000 0.017sec 9
7 +0.58547400 + 0.73416118i +2.52445867 + 3.16557105i 0.022sec 12

8 +0.19134172i +1.00000000i 0.030sec 16
9 +0.09888884 - 0.87838728i +0.61334080 - 5.44804403i 0.037sec 20

10 +0.38819660 - 0.50655533i +2.80901699 - 3.66546879i 0.046sec 25
11 -0.36522184 + 0.40677809i -3.04019223 + 3.38611619i 0.056sec 30
12 -0.78867513 + 0.18301270i -7.46410162 + 1.73205081 i 0.067sec 36
13 +0.24724342 - 0.10586787i +2.63396677 - 1.12784583i 0.078sec 42
14 +0.85966457 + 0.41399264i +10.22132448 + 4.92233044i 0.090sec 49
15 +0.08219527 + 0.20412415i +1.08267606 + 2.68872324i 0.103sec 56
16 -0.26138010 - 0.81695034i -3.78949898 - 11.84417797i 0.118sec 64
17 +0.16713092 - 0.59182253i +2.65179560 - 9.39019802i 0.133sec 72
18 -0.19211727 + 0.53326852i -3.31907786 + 9.21291311 i 0.149sec 81
19 -0.67439974 + 0.46666858i -12.62884527 + 8.73886052 i 0.166sec 90
20 +0.19737596 - 0.16561496i +3.98989828 - 3.34785876i 0.184sec 100
21 +0.94865073 + 0.12384016i +20.62488555 + 2.69244420 i 0.203sec 110
22 +0.14411067 + 0.18165006i +3.35847636 + 4.23332596 i 0.223sec 121
23 -0.50508391 - 0.67914673i -12.57887210 - 16.91382302i 0.243sec 132
24 -0.02388795 - 0.60181010i -0.63397460 - 15.97174719i 0.265sec 144
25 -0.01964222 + 0.57823771i -0.55408868 + 16.31154775i 0.287sec 156

Table 28: Values of the quantum invariants at A = evi for Irbil

Other blinks inducing the same oriented 3-manifold:
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F I
d

g h

A 7r1 = Z7E
^ C

D

Lens space,
Ts, H L7,z

6 a

J D

C++, 486 r-

r S' X S2 - normalization S3 - normalization time states

3 +0.70710678i +1.00000000i 0.006sec 2

4 -0.35355339 - 0.35355339i -0.70710678 - 0.70710678i 0.008sec 4

5 +0.35355339 - 0.48662449i +0.95105652 - 1.30901699i 0.011sec 6
6 +0.28867513 +1.00000000 0.017sec 9
7 0.023sec 12

8 -0.17677670 + 0.07322330i -0.92387953 + 0.38268343i 0.030sec 16

9 -0.40204608 - 0.23212141i -2.49362077 - 1.43969262i 0.037sec 20

10 +0.11180340 - 0.34409548i +0.80901699 - 2.48989828i 0.046sec 25

11 +0.17422296 + 0.27109622i +1.45027281 + 2.25666855i 0.056sec 30

12 -0.27883877 + 0.27883877i -2.63895843 + 2.63895843i 0.067sec 36

13 -0.18095040 - 0.02197136i -1.92772512 - 0.23406821i 0.078sec 42

14 0.090sec 49

15 +0.14125017 - 0.04589496i +1.86054730 - 0.60452846i 0.103sec 56

16 +0.28832037 + 0.19264951i +4.18008002 + 2.79304017i 0.118sec 64
17 -0.09887822 + 0.25523411i -1.56885894 + 4.04969173i 0.133sec 72
18 -0.12767407 - 0.22113798i -2.20573706 - 3.82044866i 0.149sec 81
19 +0.23139619 - 0.21301520i +4.33313728 - 3.98893387i 0.166sec 90
20 +0.14179689 + 0.02245842i +2.86638321 + 0.45399050i 0.184sec 100
21 0.203sec 110

22 -0.12017874 + 0.03528766i -2.80074651 + 0.82237337i 0.223sec 121

23 -0.23587240 - 0.16649692i -5.87428880 - 4.14652583i 0.243sec 132
24 +0.08764269 - 0.21158817i +2.32599430 - 5.61544699i 0.265sec 144
25 +0.10499053 + 0.19097707i +2.96168522 + 5.38728542i 0.287sec 156

Table 29: Values of the quantum invariants at A = e'ri for Irb = L7 z
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r 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

\ l / NfC^ 

5 ' x S 2 - normalization 

-0.70710678t 
+0.35355339 - 0.35355339* 

-0.60150096t 
+0.28867513 
+0.55283834 - 0.44087387* 
+0.07322330 - 0.17677670* 
+0.40204608 + 0.23212141* 
+0.36180340 
+0.09078908 + 0.30919920i 
+0.27883877 + 0.27883877* 
-0.15001303 + 0.10354652i 
-0.21694187 + 0.45048443t 

+0.14851922* 
-0.34009707 - 0.06764951* 
-0.26326866 + 0.07490639* 
-0.12767407 - 0.22113798i 
-0.26330140 - 0.17202339* 
+0.10151536 - 0.10151536* 
+0.12033330 - 0.39011096* 
-0.01782527 - 0.12397745* 
+0.28804308 + 0.01970269* 
+0.21158817 - 0.08764269t 
+0.12809842 + 0.17631235i 

771 £ 

b 

S3 — normalization 

-1.00000000* 
+0.70710678 - 0.70710678t 

-1.61803399* 
+1.00000000 
+2.38373956 - 1.90096887* 
+0.38268343 - 0.92387953i 
+2.49362077+ 1.43969262i 
+2.61803399 
+0.75574957 + 2.57384668* 
+2.63895843 + 2.63895843*' 
-1.59813890 + 1.10311564* 
-2.57941680 + 5.35621418* 

+1.95629520* 
-4.93074057 - 0.98078528* 
-4.17717250 +1.18850805* 
-2.20573706 - 3.82044866* 
-4.93059587 - 3.22131905* 
+2.05210381 - 2.05210381* 
+2.61620045 - 8.48151356*' 
-0.41541501 - 2.88927488* 
+7.17357461 + 0.49068595* 
+5.61544699 - 2.32599430* 
+3.61353735 + 4.97360748* 

I 

e 
C++, 486 

time 

0.004see 
0.004sec 
0.005sec 
0.006sec 
0.007sec 
0.009sec 
O.OlOsec 
0.011 sec 
0.012sec 
0.014sec 
0.015sec 
0.016sec 
0.017sec 
0.019sec 
0.020sec 
0.021sec 
0.022sec 
0.024sec 
0.025sec 
0.026sec 
0.027sec 
0.029sec 
0.030sec 

v _ E 

1— 
states 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

Table 30: Values of the quantum invariants at A = en/2r for i7 , i 
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a

b ir1=Z3xiZ 8
r2 =

Z

3-manifold:
TSp S3/7r1

A h

JE

C++ 486 r-

r SI X S2 - normalization S3 - normalization time states

3 +0.70710678 + 0.70710678i +1.00000000 + 1.00000000i 0.007sec 2

4 -0.38268343 + 0.92387953i -0.76536686 + 1.84775907i 0.008sec 4

5 -1.12075944 + 0.68374342i -3.01483624 + 1.83926573i 0.013sec 6

6 -1.15470054 -4.00000000 0.019sec 9

7 -0.80125141 - 0.89081749i -3.45485204 - 3.84104490i 0.025sec 12

8 -0.27589938 - 1.38703985i -1.44191964 - 7.24901957i 0.033sec 16

9 +0.45659672 - 1.16370351i +2.83196163 - 7.21766823i 0.042sec 20

10 +1.17082039 - 0.52573111i +8.47213595 - 3.80422607i 0.052sec 25

11 +1.36673518 + 0.12326067i +11.37702419 + 1.02605077i 0.062sec 30

12 +0.91608553 + 0.70293715i +8.66992654 + 6.65266861i 0.074sec 36

13 +0.23851182 + 1.14228866i +2.54094609 + 12.16918282i 0.087sec 42

14 -0.29898978 + 1.16399264i -3.55495813 + 13.83975429i 0.101sec 49

15 -0.70774332 + 0.69631236i -9.32239493 + 9.17182644i 0.116sec 56

16 -0.99518473 + 0.09801714i -14.42822712 + 1.42105634i 0.132sec 64

17 -0.95812101 - 0.30791397i -15.20210114 - 4.88554082i 0.149sec 72

18 -0.56486424 - 0.57735027i -9.75877048 - 9.97448307i 0.167sec 81

19 -0.12038497 - 0.80850144i -2.25433538 - 15.14004066i 0.186sec 90

20 +0.16771251 - 0.85126901i +3.39026001 - 17.20815780i 0.206sec 100

21 +0.42535821 - 0.60556782i +9.24783398 - 13.16582244i 0.227sec 110

22 +0.73390466 - 0.25826673i +17.10353195 - 6.01886530i 0.250sec 121

23 +0.88783335 + 0.03093762i +22.11106303 + 0.77048656i 0.272sec 132

24 +0.73229353 + 0.36112720i +19.43471380 + 9.58414022i 0.297sec 144

25 +0.40314014 + 0.77349759i +11.37220816 + 21.81964732i 0.322sec 156

Table 31: Values of the quantum invariants at A = e"` r for S /(Z3 x; Z8)
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m H Di

k
c A

ir1=Q8 X3Z9

r26 = 3-manifold:
TS, h 7r, - S3171

b
g

G
d d C a j

C++, 486 r-
r S1 X S2 - normalization S3 - normalization time states
3 +0.70710678 +1.00000000 0.007sec 2
4 +0.50000000 +1.00000000 0.009sec 4
5 +0.55762205 - 0.57206140i +1.50000000 - 1.53884177i 0.014sec 6
6 -0.50000000i -1.73205081i 0.021sec 9
7 -0.23759308 - 0.22610588i -1.02445867 - 0.97492791i 0.028sec 12
8 -0.73253782 -3.82842712 0.037sec 16
9 -0.45451948 + 0.54167522i -2.81907786 + 3.35964617i 0.046sec 20

10 -0.01631190 + 0.63798811i -0.11803399 + 4.61652531i 0.058sec 25
11 +0.42528742 + 0.82454339i +3.54019223 + 6.86369258i 0.069sec 30
12 +0.75000000 + 0.25000000i +7.09807621 + 2.36602540i 0.082sec 36
13 +0.54755931 - 0.24768552i +5.83333237 - 2.63867661i 0.096sec 42
14 +0.37220062 - 0.67122029i +4.42542754 - 7.98074105i 0.112sec 49
15 -0.31622777 - 0.60150096i -4.16535213 - 7.92297057i 0.128sec 56
16 -0.62454508 - 0.09754516i -9.05467898 - 1.41421356i 0.147sec 64
17 -0.78334078 + 0.30632948i -12.42893717 + 4.86040035i 0.165sec 72
18 -0.29619813 + 0.81379768i -5.11721119 + 14.05942220i 0.185sec 81
19 +0.33228574 + 0.73207401i +6.22240040 + 13.70885654i 0.206sec 90
20 +0.71173789 + 0.54104636i +14.38757654 + 10.93709629i 0.229sec 100
21 +0.80016926 - 0.16756750i +17.39670765 - 3.64313270i 0.251sec 110
22 +0.31632111 - 0.62931365i +7.37181345 - 14.66605512i 0.277sec 121
23 -0.09314593 - 0.74612841i -2.31975475 - 18.58196973i 0.302sec 132
24 -0.69290965 - 0.36626891i -18.38948486 - 9.72059856i 0.329sec 144
25 -0.74124332 + 0.31864771i -20.90978428 + 8.98875537i 0.357sec 156

Table 32: Values of the quantum invariants at A = e"' r for S /(Q8 >i 3 Z9)
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V -/ rb =
TSo

3-manifold:

Z-
o
t
f
3

C++, 486 r-
r S' X S2 - normalization S3 - normalization time states
3 +1.00000000 +1.41421356 0.005sec 2
4 0.008sec 6

5 -0.61803399 -1.66250775 0.014sec 10
6 0.027sec 19

7 +1.00000000 +4.31182025 0.042sec 28
8 +1.00000000 +5.22625186 0.065sec 44
9 0.091sec 60

10 -0.61803399 -4.47213595 0.129sec 85
11 0.171sec 110

12 +1.00000000 +9.46410162 0.226sec 146
13 +1.00000000 +10.65333422 0.285sec 182
14 0.362sec 231

15 -0.61803399 -8.14074369 0.444sec 280

16 0.546sec 344

17 +1.00000000 +15.86657740 0.653sec 408
18 +1.00000000 +17.27631145 0.783sec 489
19 0.920sec 570
20 -0.61803399 -12.49337910 1.081sec 670
21 1.250sec 770
22 +1.00000000 +23.30484179 1.448sec 891

23 +1.00000000 +24.90451968 1.654sec 1012
24 1.889sec 1156

25 -0.61803399 -17.43416379 2.134sec 1300

Table 33: Values of the quantum invariants at A = e"` for Z 013

Other blinks inducing the same oriented 3-manifold: ^^ , `. ,
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F n

A
9 D a

7r1 = (5 , 5, 2)2
4

28
r202

TS
e

j

t
^1 /7ri

7r'1/7r"

= Z2

= Z5,

c 7rrr 7rrrr = Z2
f

c N m K d E

C++, 486 r-
r S' x S2 - normalization S3 - normalization time states
3 0.006sec 2

4 +0.92387953i +1.84775907i 0.011sec 6
5 0.019sec 10
6 -0.78867513 -2.73205081 0.037sec 19

7 0.055sec 28

8 -0.02288733 - 0.80858229i -0.11961494 - 4.22585467i 0.086sec 44
9 0.120sec 60

10 +0.88122428 + 0.09409548i +6.37659882 + 0.68088129i 0.170sec 85
11 0.223sec 110
12 -0.27059805 + 0.84300901i -2.56096744 + 7.97832291i 0.296sec 146
13 0.373sec 182
14 -0.74645259 - 0.36848811i -8.87524547 - 4.38128627i 0.474sec 231
15 0.579sec 280

16 +0.42852736 - 0.70122874i +6.21280645 - 10.16644168i 0.712sec 344
17 0.850sec 408
18 +0.66819110 + 0.54060056i +11.54387757 + 9.33958364i 1.020sec 489
19 1.196sec 570

20 -0.66610546 + 0.56747261i -13.46512996 + 11.47129529i 1.404sec 670
21 1.624sec 770
22 -0.43273130 - 0.73122858i -10.08473452 - 17.04116648i 1.878sec 891
23 2.141sec 1012

24 +0.76267264 - 0.32903797i +20.24096074 - 8.73250747i 2.448sec 1156
25 2.762sec 1300

Table 34: Values of the quantum invariants atA = e*' for 41
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L i

l

F n N l 7r1 = (4, 3, 3)
= 28 --r

d
B 6 7r1/7r1 = Z3

n1 zS,,
TS,

gy A =/
^1 7r Z4
n nr 4

7r1 /7C1 = S3

C e
1 f

a k G

J h

C++, 486 r-

r Sl x Sz - normalization S3 - normalization time states

3 +0.70710678i +1.00000000i 0.007sec 2

4 +0.35355339 - 0.35355339i +0.70710678 - 0.70710678i 0.012sec 6
5 +0.35355339 + 0.48662449i +0.95105652 + 1.30901699i 0.021sec 10
6 -0.50000000i -1.73205081i 0.040sec 19

7 +0.91548402 + 0.02296736i +3.94740253 + 0.09903113i 0.061sec 28
8 -0.03033009 + 0.07322330i -0.15851267 + 0.38268343i 0.095sec 44
9 +0.66446302 - 0.38362791i +4.12121613 - 2.37938524i 0.132sec 60

10 +0.11180340 + 0.34409548i +0.80901699 + 2.48989828i 0.187sec 85
11 +0.04958903 - 0.73276764i +0.41279068 - 6.09972967i 0.245sec 110

12 +0.61237244 +5.79555496 0.325sec 146

13 -0.21008981 - 0.44423541i -2.23815698 - 4.73258825i 0.409sec 182
14 +0.73721382 - 0.40998160i +8.76539748 - 4.87463956i 0.520sec 231

15 -0.22473227 + 0.11387792i -2.96017343 + 1.50000000i 0.635sec 280
16 +0.15748644 - 0.79173781i +2.28324459 - 11.47864572i 0.781sec 344

17 +0.10339902 + 0.10059154i +1.64058852 + 1.59604352i 0.932sec 408
18 -0.35286853 - 0.78107901i -6.09626666 - 13.49416426i 1.117sec 489
19 +0.48809268 - 0.25653424i +9.14004929 - 4.80387381i 1.309sec 570
20 -0.50908292 - 0.17912251i -10.29096452 - 3.62090996i 1.540sec 670
21 +0.20895325 - 0.61140173i +4.54291217 - 13.29265917i 1.778sec 770

22 -0.35484862 + 0.20922635i -8.26969084 + 4.87598694i 2.059sec 891

23 -0.41066396 - 0.78948595i -10.22738859 - 19.66176842i 2.347sec 1012
24 +0.10854344 + 0.03790317i +2.88069001 + 1.00593173i 2.681sec 1156
25 -0.71809015 - 0.36973436i -20.25665494 - 10.42986231i 3.025sec 1300

Table 35: Values of the quantum invariants at A = e"/"* for Ir
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In G
7r1

d (5, 3, 2) x Z7

26 - E
r -

7r1/7r1 = Z7
10

TS,, f K B 7r" -1 - 7r'1

e 3-manifold:
9 S3/7r1

A
c

H M b D

C +, 486 r-
r Sl X S2 - normalization S3 - normalization time states

3 +0.70710678i +1.00000000i 0.006sec 2
4 -0.35355339 - 0.35355339i -0.70710678 - 0.70710678i 0.008sec 4
5 -0.21850801 - 0.07099756i -0.58778525 - 0.19098301i 0.011sec 6
6 +0.28867513 +1.00000000 0.017sec 9
7 -0.68937814 + 0.15734606i -2.97247462 + 0.67844793i 0.022sec 12
8 +0.67677670 - 0.28033009i +3.53700546 - 1.46507563i 0.030sec 16
9 -0.26241694 + 0.55975478i -1.62759536 + 3.47178151i 0.037sec 20

10 -0.04270510 + 0.03102707i -0.30901699 + 0.22451399i 0.046sec 25
11 +0.06494781 - 0.48892915i +0.54064082 - 4.06996095i 0.056sec 30
12 +0.33353367 + 0.63239216i +3.15659652 + 5.98502365i 0.067sec 36
13 -0.30327274 - 0.62336697i -3.23086585 - 6.64093665i 0.078sec 42
14 +0.39091574 + 0.31174490i +4.64794847 + 3.70661522i 0.090sec 49
15 -0.14320045 - 0.06445060i -1.88623634 - 0.84894331i 0.103sec 56
16 -0.44606695 - 0.21509707i -6.46709609 - 3.11848568i 0.118sec 64
17 +0.73481939 - 0.14051572i +11.65906874 - 2.22950356i 0.133sec 72
18 -0.71449816 + 0.37152172i -12.34389279 + 6.41852487i 0.149sec 81
19 +0.27090101 - 0.28224845i +5.07290656 - 5.28539933i 0.166sec 90
20 -0.08618550 + 0.08998111i -1.74221509 + 1.81894222i 0.184sec 100
21 -0.17713229 + 0.36781900i -3.85108366 + 7.99685762i 0.203sec 110
22 +0.14342329 - 0.67722979i +3.34245703 - 15.78273311i 0.223sec 121
23 +0.21375515 + 0.85898038i +5.32346941 + 21.39249379i 0.243sec 132
24 -0.28481147 - 0.39892058i -7.55875786 - 10.58715816i 0.265sec 144
25 +0.10429884 - 0.03567316i +2.94217335 - 1.00630676i 0.288sec 156

Table 36: Values of the quantum invariants at A = e*' ' for S3/((5,3,2) x Z7)
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9 I
J

ir1= Z5 xi Z8
h

! r24
g

7r1/7r1 = Z8

Tso 4

§)

3-manifold:
G S3/(Z5 >4i Z8)

E
H

C++^ 486 r-
r S1 X S2 - normalization S3 - normalization time states
3 +0.70710678 + 0.70710678i +1.00000000 + 1.00000000i 0.007sec 2
4 -0.38268343 + 0.92387953i -0.76536686 + 1.84775907i 0.008sec 4
5 -0.22975292 + 0.22975292i -0.61803399 + 0.61803399i 0.013sec 6
6 -0.28867513 + 0.50000000i -1.00000000 + 1.73205081i 0.019sec 9
7 -1.34746553 - 0.16996242i -5.81002915 - 0.73284740i 0.025sec 12
8 -0.27589938 - 1.38703985i -1.44191964 - 7.24901957i 0.033sec 16
9 +1.03939610 - 0.51456222i +6.44667323 - 3.19148250i 0.042sec 20

10 +0.55278640 +4.00000000 0.052sec 25
11 +0.82933635 + 0.17212458i +6.90359028 + 1.43280537i 0.062sec 30
12 +0.30732410 + 1.49629049i +2.90854651 + 14.16104524i 0.075sec 36
13 -1.30928196 + 0.75415770i -13.94821831 + 8.03429404i 0.087sec 42
14 -0.81184821- 0.75500169i -9.65279281 - 8.97689340i 0.101sec 49
15 -0.28686458 - 0.51661750i -3.77858026 - 6.80488572i 0.116sec 56
16 -0.09801714 - 0.99518473i -1.42105634 - 14.42822712i 0.132sec 64
17 +1.43385083 - 0.66988891i +22.75030515 - 10.62884417i 0.149sec 72
18 +0.99757535 + 1.09881447i +17.23442238 + 18.98346096i 0.167sec 81
19 -0.49989842 + 0.85457535i -9.36112418 + 16.00282312i 0.186sec 90
20 -0.35900605 + 0.42034208i -7.25720394 + 8.49709409i 0.206sec 100
21 -0.96299110 + 0.32391336i -20.93666366 + 7.04229257i 0.227sec 110
22 -0.83897085 - 1.24533599i - 19.55208302 - 29.02235823i 0.250sec 121
23 +0.88512569 - 1.01185801i +22.04363028 - 25.19983775i 0.272sec 132
24 +0.73229353 + 0.36112720i +19.43471380 + 9.58414022i 0.297sec 144
25 +0.40030708 + 0.17570712i +11.29229040 + 4.95653442i 0.322sec 156

Table 37: Values of the quantum invariants at A = e*i "* for jr,241 = S /(Z5 >4 i Z8)
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9 I
c

h K al = Zs
r14 =

W)

3-manifold:
TSo

G Ls,z

A
H

C++, 486 r-
r Sl x S2 - normalization S3 - normalization time states
3 +0.70710678 +1.00000000 0.007sec 2
4 +0.50000000 +1.00000000 0.009sec 4
5 -0.11487646 - 0.35355339i -0.30901699 - 0.95105652i 0.014sec 6
6 -0.50000000i -1.73205081i 0.021sec 9
7 +0.11596031 - 0.50805530i +0.50000000 - 2.19064313i 0.028sec 12
8 +0.19134172 +1.00000000 0.037sec 16
9 0.046sec 20

10 -0.11180340 - 0.08122992i -0.80901699 - 0.58778525i 0.058sec 25
11 +0.17533059 - 0.38392045i +1.45949297 - 3.19584383i 0.0698ec 30
12 +0.25000000 - 0.25000000i +2.36602540 - 2.36602540i 0.083sec 36
13 +0.23030543 - 0.12087362i +2.45352077 - 1.28770704i 0.096sec 42
14 -0.14692973 - 0.18424406i -1.74697960 - 2.19064313i 0.112sec 49
15 -0.09771975 - 0.30075048i -1.28716460 - 3.96148528i 0.128sec 56
16 -0.34675996i -5.02733949i 0.147sec 64
17 +0.12179515 - 0.02276746i +1.93247223 - 0.36124167i 0.165sec 72
18 0.185sec 81
19 -0.09264941 - 0.05013935i -1.73495775 - 0.93891218i 0.206sec 90
20 +0.09651666 - 0.29704774i +1.95105652 - 6.00473452i 0.229sec 100
21 +0.16663466 - 0.20895325i +3.62285157 - 4.54291217i 0.252sec 110
22 +0.16610378 - 0.10674842i +3.87102225 - 2.48775494i 0.277sec 121
23 -0.12702156 - 0.13600688i -3.16341089 - 3.38718599i 0.302sec 132
24 -0.09567086 - 0.23096988i -2.53905801 - 6.12982829i 0.329sec 144
25 -0.01744527 - 0.27728455i -0.49211470 - 7.82193919i 0.357sec 156

Table 38: Values of the quantum invariants at A = e*' r for Irial = Las
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ir1=Zg
3-manifold:

L9,1

C++, 486 r-
r Sl x SZ - normalization S3 - normalization time states

3 +0.70710678 +1.00000000 0.007sec 2
4 -0.50000000 -1.00000000 0.007sec 3
5 -0.11487646 - 0.35355339i -0.30901699 - 0.95105652i 0.010sec 4
6 +0.500000001 +1.73205081i 0.012sec 5
7 -0.52112089 -2.24697960 0.014sec 6
8 +0.19134172i +1.000000001 0.017sec 7
9 -0.61237244 + 0.35355339i -3.79813333 + 2.19285330i 0.019sec 8

10 -0.11180340 - 0.08122992i -0.80901699 - 0.58778525i 0.021sec 9
11 -0.27639136 + 0.318972631 -2.30074651 + 2.655203011 0.024sec 10
12 -0.25000000 - 0.250000001 -2.36602540 - 2.36602540i 0.026sec 11
13 +0.03135136 + 0.25820170i +0.33399654 + 2.75070898i 0.029sec 12
14 -0.23565699 -2.80193774 0.031sec 13
15 +0.25583364 + 0.18587402i +3.36984066 + 2.448332551 0.033sec 14
16 -0.24519632 + 0.245196321 -3.55486585 + 3.55486585i 0.036sec 15
17 +0.07466937 + 0.09887822i +1.18474727 + 1.56885894i 0.038sec 16
18 -0.25000000 + 0.433012701 -4.31907786 + 7.480862301 0.040sec 17
19 -0.10390963 - 0.017339451 -1.94581724 - 0.32469947i 0.043sec 18
20 -0.09651666 + 0.297047741 -1.95105652 + 6.00473452i 0.045sec 19
21 -0.24079406 - 0.115960311 -5.23517219 - 2.52112605i 0.047sec 20
22 +0.08202284 + 0.17960496i +1.91152928 + 4.18566527i 0.050sec 21
23 -0.17919668 + 0.05020855i -4.46280712 + 1.25041991i 0.052sec 22
24 +0.23096988 + 0.09567086i +6.12982829 + 2.53905801i 0.055sec 23
25 -0.14887025 + 0.23458198i -4.19949134 + 6.61733950i 0.057sec 24
26 +0.07361581 + 0.06521791i +2.20203152 + 1.95082970i 0.060sec 25
27 -0.13962914 + 0.38362791i -4.41913461 + 12.141472561 0.062sec 26

2 49855 2 0640 2728 -0.08827079 .9- 8 sec.
29 -0.04192634 + 0.25573939i -1.47662056 + 9.00698693i 0.067sec 28
30 -0.21266270 - 0.06909830i -7.87956771 - 2.56022675i 0.069sec 29

Table 39: Values of the quantum invariants at A = e*` for L9,1
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d c

A E 9

T rs 4 c k 5,2#L2,1

q

v G F

J

a D e B
9

C++, 486 r-
r S1 X S2 - normalization S3 - normalization time states

3 0.008sec 2
4 -0.38268343 -0.76536686 0.010sec 4
5 0.015sec 6
6 -0.21132487 -0.73205081 0.023sec 9
7 0.031sec 12
8 +0.33304001 +1.74055098 0.041sec 16
9 0.051sec 20
10 0.063sec 25
11 0.076sec 30
12 -0.28124486 -2.66172990 0.091sec 36
13 0.106sec 42
14 +0.16768905 +1.99380581 0.124sec 49
15 0.141sec 56
16 +0.13956460 +2.02341303 0.161sec 64
17 0.182sec 72
18 -0.22233372 -3.84110662 0.204sec 81
19 0.227sec 90
20 0.251sec 100
21 0.277sec 110
22 +0.20508713 +4.77952307 0.305sec 121
23 0.333sec 132
24 -0.12452953 -3.30495321 0.362sec 144
25 0.392sec 156

Table 40: Values of the quantum invariants at A = e'" for Irs I = L5,2#L2,1
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L

c

h B
F

7r1 = Z11

---> r24 =

C

C 3-manifold:
TS,

L11,3

d A

E

eD
f

b

C++, 486 r-
r S1 x S2 - normalization S3 - normalization time states
3 +0.70710678i + 1.00000000i 0.008sec 2

4 -0.35355339 + 0.35355339i -0.70710678 + 0.70710678i 0.011sec 4
5 -0.21850801 + 0.30075048i -0.58778525 + 0.80901699i 0.017sec 6
6 -0.28867513 - 1.00000000 0.025sec 9
7 -0.40742872 + 0.09299295i - 1.75675939 + 0.40096887i 0.033sec 12
8 -0.42677670 - 0.17677670i -2.23044250 - 0.92387953i 0.044sec 16
9 -0.46424283i -2.87938524i 0.055sec 20

10 +0.04270510 - 0.13143278i +0.30901699 - 0.95105652i 0.069sec 25

11 0.083sec 30

12 -0.07471462 - 0.07471462i -0.70710678 - 0.70710678i 0.099sec 36

13 -0.18095040 - 0.34477219i - 1.92772512 - 3.67297334i 0.116sec 42
14 +0.21231962 - 0.26624038i +2.52445867 - 3.16557105i 0.134sec 49
15 +0.25807691 - 0.08385427i +3.39938907 - 1.10452846i 0.154sec 56
16 +0.16332037 - 0.10912718i +2.36782513 - 1.58213017i 0.176sec 64
17 +0.17367180 + 0.04941389i +2.75557705 + 0.78402927i 0.197sec 72
18 +0.25534815 +4.41147413 0.222sec 81
19 +0.24873564 + 0.16250710i +4.65783675 + 3.04311663i 0.247sec 90
20 -0.04885988 + 0.30848912i -0.98768834 + 6.23601876i 0.274sec 100
21 -0.03946755 + 0.08195521i -0.85807523 + 1.78181158i 0.301sec 110
22 0.331sec 121

23 +0.05020855 + 0.06171460i +1.25041991 + 1.53697255i 0.361sec 132
24 +0. 10952609 + 0.26441938i +2.90676926 + 7.01756176i 0.394sec 144
25 -0.17519185 + 0.18656038i -4.94199920 + 5.26269462i 0.427sec 156

Table 41: Values of the quantum invariants at A = e*• . for Ir22I = L11,3
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7ri=Zii
3-manifold:

Lii,1

C++, 486 r-
r Sl x S2 - normalization S3 - normalization time states
3 -0.70710678i -1.00000000i 0.008sec 2
4 +0.35355339 + 0.35355339i +0.70710678 + 0.70710678i 0.009sec 3
5 +0.37174803i +1.00000000i 0.011sec 4
6 -0.28867513 -1.00000000 0.014sec 5
7 -0.18132284 - 0.37652075i -0.78183148 - 1.62348980i 0.017sec 6
8 +0.17677670 + 0.42677670i +0.92387953 + 2.23044250i 0.020sec 7
9 +0.46424283i +2.87938524i 0.023sec 8

10 +0.13819660 +1.00000000 0.026sec 9
11 +0.64320695 - 0.29374277i +5.35420553 - 2.44518373i 0.028sec 10
12 +0.07471462 - 0.07471462i +0.70710678 - 0.70710678i 0.031sec 11
13 -0.25820170 - 0.29144947i -2.75070898 - 3.10490859i 0.034sec 12
14 -0.07577599 - 0.33199632i -0.90096887 - 3.94740253i 0.037sec 13
15 +0.27135812i +3.57432919i 0.040sec 14
16 -0.19264951 + 0.03832037i -2.79304017 + 0.55557023i 0.043sec 15
17 +0.03317868 - 0.17749028i +0.52643216 - 2.81616334i 0.046sec 16
18 +0.25534815 +4.41147413 0.048sec 17
19 -0.28802443 - 0.07293769i -5.39356066 - 1.36583505i 0.051sec 18
20 -0.22085383 - 0.22085383i -4.46449651 - 4.46449651i 0.054sec 19
21 -0.07111807 + 0.05671477i -1.54619814 + 1.23305187i 0.057sec 20
22 -0.27032041 + 0.42062677i -6.29977436 + 9.80264024i 0.060sec 21
23 -0.02146469 + 0.07660847i -0.53456774 + 1.90789725i 0.063sec 22
24 +0.26441938 + 0.10952609i +7.01756176 + 2.90676926i 0.066sec 23
25 +0.15042820 + 0.20704665i +4.24343953 + 5.840593451 0.069sec 24
26 -0.07361581 - 0.194108931 -2.20203152 - 5.806279931 0.072sec 25
27 +0.12952051 - 0.07477870i +4.09920569 - 2.366677511 0.074sec 26
28 +0.01592040 + 0.14129748i +0.53203208 + 4.721915281 0.077sec 27
29 -0.19285796 + 0.05354675i -6.79234101 + 1.88588420i 0.080sec 28
30 +0.23587642 +8.73968132 0.083sec 29

Table 42: Values of the quantum invariants at A = e"` for L11,1
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1u i k

T 26

^1

Z5 )4 i Z12

Ts, s D

O

i 3-manifold:
L S3/7r1

hG
K

a

C++, 486 r-

r Sl X S2 - normalization S3 - normalization time states

3 +0.70710678 + 0.70710678i +1.00000000 + 1.00000000i 0.009sec 2

4 +0.27059805 + 0.65328148i +0.54119610 + 1.30656296i 0.012sec 4

5 -0.14751046 - 0.28950557i -0.39680225 - 0.77876826i 0.018sec 6

6 -1.00000000i -3.46410162i 0.027sec 9

7 +0.10047727 - 1.45741117i +0.43323994 - 6.28409501i 0.036sec 12

8 +0.13983543 - 1.10925473i +0.73081516 - 5.79724459i 0.048sec 16

9 -0.14942925 - 0.55767754i -0.92680886 - 3.45889774i 0.060sec 20

10 -0.44721360 + 0.32491970i -3.23606798 + 2.35114101i 0.075sec 25

11 -0.66952203 + 0.87164357i -5.57325842 + 7.25576549i 0.090sec 30

12 -0.54119610 + 1.30656296i -5.12193489 + 12.36544467i 0.107sec 36

13 -0.21207665 + 1.19662730i -2.25932341 + 12.74807052i 0.125sec 42

14 +0.23565699 + 0.88651357i +2.80193774 + 10.54055637i 0.146sec 49

15 +0.54598069 + 0.08647485i +7.19165759 + 1.13904666i 0.167sec 56

16 +0.72624364 - 0.67165733i +10.52910870 - 9.73771425i 0.190sec 64

17 +0.69474126 - 1.38634844i +11.02316602 - 21.99660476i 0214sec 72

18 +0.50000000 - 1.44337567i +8.63815572 - 24.93620766i 0240sec 81

19 +0.08054409 - 1.06656254i +1.50827288 - 19.97250661i 0.267sec 90

20 -0.42856110 - 0.14801415i -8.66323932 - 2.99206340i 0.297sec 100

21 -0.89127685 + 0.65935624i -19.37750378 + 14.33525167i 0.327sec 110

22 -1.04298146 + 1.29452487i -24.30651798 + 30.16869738i 0.359sec 121

23 -0.80246532 + 1.29945912i -19.98501336 + 32.36240531i 0.392sec 132

24 -0.19509032 + 0.98078528i -5.17760220 + 26.02956400i 0.427sec 144

25 +0.49367554 + 0.25495612i +13.92612771 + 7.19207490i 0.463sec 156

Table 43: Values of the quantum invariants at A = ell'/2r for Irs I = S /(Z5 is i Z12)
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k N

d
^1 =

f3,52 , SB5 1

r28 =
7r' /7rZ3

H
TSo

h

a

, 1/7r =
n rrr 5

7f1 /7r1 = .5'8

e G

B

C++, 486 r-
r S1 x S2 - normalization S3 - normalization time states
3 -0.70710678i -1.00000000i 0.007sec 2
4 -0.35355339 - 0.35355339i -0.70710678 - 0.70710678i 0.012sec 6
5 +0.13504538 + 0.18587402i +0.36327126 + 0.50000000i 0.020sec 10
6 +0.50000000i +1.73205081i 0.038sec 19
7 -0.10062658 - 0.73007414i -0.43388374 - 3.14794847i 0.0588ec 28
8 -0.42677670 + 0.17677670i -2.23044250 + 0.92387953i 0.090sec 44
9 +0.66446302 + 0.38362791i +4.12121613 + 2.37938524i 0.125sec 60

10 +0.01631190 + 0.05020285i +0.11803399 + 0.36327126i 0.177sec 85
11 -0.45323982 - 0.53732629i -3.77287459 - 4.47283007i 0.232sec 110
12 +0.35355339i +3.34606521i 0.3088ec 146
13 +0.66385087 - 0.28872185i +7.07222514 - 3.07585041i 0.388sec 182
14 -0.55747609 + 0.24598896i -6.62833414 + 2.92478374i 0.492sec 231
15 -0.27673476 + 0.13077456i -3.64515022 + 1.72256245i 0.600sec 280
16 +0.48996111 - 0.02617184i +7.10347538 - 0.37944039i 0.738sec 344
17 +0.15243122 - 0.63539756i +2.41856172 - 10.08158459i 0.881sec 408
18 -0.35286853 + 0.78107901i -6.09626666 + 13.49416426i 1.057sec 489
19 +0.08353579 - 0.13115072i +1.56429571 - 2.45593527i 1.237sec 570
20 -0.06138127 - 0.38754606i -1.24080462 - 7.83413206i 1.455sec 670
21 -0.14719050 - 0.05137243i -3.20011056 - 1.11690264i 1.679sec 770
22 +0.51457322 + 0.78507066i +11.99204758 + 18.29594764i 1.944sec 891
23 -0.18670214 - 0.60057694i -4.64972720 - 14.95708028i 2.215sec 1012
24 -0.43301270 -11.49194636 2.530sec 1156
25 +0.25740336 - 0.00013030i +7.26110917 - 0.00367576i 2.857sec 1300

Table 44: Values of the quantum invariants at A = e'r for I r2
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2z=
S

r17 -

7r1 =Zi3*Zi3

3-manifold
L3,1#L3,2

C++, 486 r-

r S1 X S2 - normalization S3 - normalization time states

3 +0.70710678 +1.00000000 0.012sec 4

4 +0.50000000 +1.00000000 0.024sec 10

5 +0.97324899 +2.61803399 0.048sec 20

6 +0.86602540 +3.00000000 0.084sec 35

7 +0.75304150 +3.24697960 0.135sec 56

8 +1.11522125 +5.82842712 0.203sec 84

9 +1.03372096 +6.41147413 0.290sec 120

10 +0.94721360 +6.85410197 0.399sec 165

11 +1.25231353 +10.42455157 0.532sec 220

12 +1.18301270 +11.19615242 0.690sec 286

13 +1.11008143 +11.82606850 0.880sec 364

14 +1.37879492 +16.39373162 1.100sec 455

15 +1.31720000 +17.35015835 1.353sec 560

16 +1.25288741 +18.16441068 1.643sec 680

17 +1.49578391 +23.73297122 1.974sec 816

18 +1.43969262 +24.87257811 2.342sec 969

19 +1.38148540 +25.86976870 2.757sec 1140

20 +1.60483108 +32.44119814 3.215sec 1330

21 +1.55294891 +33.76310448 3.723sec 1540

22 +1.49936468 +34.94245664 4.284sec 1771

23 +1.70723766 +42.51793381 4.896sec 2024

24 +1.65871958 +44.02161041 5.556sec 2300

25 +1.60879629 +45.38264647 6.290sec 2600

Table 45: Values of the quantum invariants at A = em/1 for L3,1#L3,2

The manifold is homeomorphic to the connected sum L3,1#L3,2. Note that since
the summands are homeomorphic with distinct orientations, the space is symmetric,
hence, the values of the invariant are real. Another blink inducing the same orientable
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3-manifold:

2

N m

L
k

j
a

h 3-manifold:

'r1474 = n L3,1#
Ts, G C S3/(2, 2, 2)

fiI

H B
c

C++, 486 r-
r S1 X S2 - normalization S3 - normalization time states
3 -1.41421356i -2.00000000i 0.016sec 8
4 -0.70710678 - 1.41421356i -1.41421356 - 2.82842712i 0.065sec 34
5 -2.28824561 - 1.20300191i -6.15536707 - 3.23606798i 0.211sec 104
6 -2.59807621 + 0.50000000i -9.00000000 + 1.73205081i 0.547sec 259
7 -2.35500622 + 1.04224178i -10.15436351 + 4.49395921i 1.226sec 560
8 -2.41421356 + 2.20710678i -12.61728812 + 11.53489592i 2.501sec 1092
9 -1.41421356 + 3.06902325i -8.77141320 + 19.03508193i 4.523sec 1968

10 -0.94721360 + 3.44095480i -6.85410197 + 24.89898285i 7.799sec 3333
11 +0.13315494 + 4.55577007i +1.10841293 + 37.92329853i 12.757sec 5368
12 +2.02658600 + 4.40672539i +19.17981582 + 41.70569685i 19.953sec 8294

Table 46: Values of the quantum invariants at A = e"` r for S /(2,2,2)#L3,1
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b
N

A

k

♦ L
f

K
3-manifold:

r14
28

73 -
T C g a

L3,2#
S0 S3/(2,2,2)

E

d D
F

e

1

c B

C++, 486 r-
r S1 x S2 - normalization S3 - normalization time states

3 +1.41421356i +2.00000000i 0.016sec 8
4 -1.41421356 + 0.70710678i -2.82842712 + 1.41421356i 0.065sec 34
5 -1.14412281 - 2.31824601i -3.07768354 - 6.23606798i 0.211sec 104
6 +2.59807621 - 0.50000000i +9.00000000 - 1.73205081i 0.547sec 259

7 +0.49207242 + 2.52788191i +2.12172782 + 10.89977241i 1.226sec 560
8 -3.26776695 - 0.14644661i -17.07817311 - 0.76536686i 2.452sec 1092

9 +1.41421356 - 3.06902325i +8.77141320 - 19.03508193i 4.523sec 1968
10 +2.97983739 + 1.96416717i +21.56230590 + 14.21284718i 7.800sec 3333

11 -3.35582335 + 3.08402672i -27.93466061 + 25.67216170i 12.757sec 5368

Table 47: Values of the quantum invariants at A = e"'/2r for S3 1 (2, 2, 2)#L3 2



Chapter 8

Appendices

In this chapter we provide three appendices which are needed in the Classification
Theorem (Theorem 14). They are (a) the codes for the rigid bipartite 3-gems, (b)
tables of the function tsp, and (c) the TS-classes. These appendices are given for the
rigid bipartite 3-gems of 26 and 28 vertices.

The programs which generated these tables were implemented by Cassiano Du-
rand in the context of his Master Thesis [Dur92].

The purpose of these tables are the following:

• To make the proof of the Classification Theorem meaningful, by presenting, in
the first place, what we are classifying and providing ways to verify the u°-
classification (function tsp, ), which leads to the 11 uncertainties resolved in
Section 5.4.

• To permit a quick and exact topological identification of any orientable 3-
manifold induced by a 3-gem up to 28 vertices.

• To act as control data for independent implementations of our algorithms.

The fact that there are no missing 3-gems in the first Appendix is assured, at
a theoretical level, by Theorem 12 . At an implementational level the routines are
simple minded and have been independently checked in various aspects.

To perform the identification of a rigid 3-gem , the reader has to obtain its code
(which is easy to implement ). If the gem is not rigid , simplifications must be per-
formed.

Detailed information on how to read the tables which follow are given in Sections
5.1 and 5.2 where we display the similar tables for 3- gems up to 24 vertices. The tables
are available from the author as Pascal or Tex files.

305



306 8. Apendices (26 vertices)

8.1 Appendix A - Codes of Rigid Bipartite 3-
Gems

8.1.1 3-Gems with 26 Vertices

0001 cab dew hkjml fidclkjemgahb jhmkclfbaidge fmkchabljide

0002 hjlmbkfacegid ildc' emhbka dmgacieklbhfj jmhagiekldcfb

0005 imdcbgflkhaje gdfblhmcjieka gfmaibdklchej mdiglhbfjceka

0008 imdcbjfkaglhe mgkjlcbadifeh imdcbkfjalghe gfmakbdcjileh

0010 1 1 ldfbjhmceiakg lgkajhbfeimdc ljhmkadcbiefg lkfjhmaedibgc

0014 imdck elbhaj ehgjalmbdifkc imhck'fdl eab hfiklbejcamgd

0016 imlcakfjehgdb hljgkbdmciefa lehgkadmjibfc miehkbldfgcja

0019 mifhljadbcekg mikbhlaedfcjg mlijbcdkfghea dabc efihkjml

0022 ihjkdlmgacefb hikjbmlaegcdf ihkedlb afm'c fjhibmdcgelka

0024 1 1 fklmbhdajiecg higkbdlaemfcj kihgcalebmfdj ihledjbgamckf

0027 leimkacjghbfd ihledkb acmjf fkmlbhdajiegc ihmld'k afbec

0029 lmhibkjcgdfae ijledck amhfb mehkbajcgildf ijmedck alhbf

0031 lfhkjbaceimgd ijmldbkgafhec hmljakcedifgb ikfldmjgahbec

0033 liemckafjbhgd mekijldcgbhfa ikfmdljgahbce flijcmkbedgha

0036 kimfbjlaedhgc klejciabmdghf lekgjidambchf ikhedmlgjabcf

0039 ejihmdbfcglka ikhmdlc 'abfe mhkibcjelgfda ikledcj ahmfb

0041 fiemjhdabclkg heglbjckmiadf hemjbakfdilgc jimglakebfdhc

0045 jlghmaikcfdbe kiglbjcaemhdf mghjaibkflcde iklmdbj ahfce

0048 hemlbjdkfiagc hgmljdbkeiafc kimlbjdaefhgc ikmedcjgahlbf

0051 eikmhlbagfcjd ikm'dah elbc hflgkbiadcmje ikmldbjgahfec

0053 jgikacmlfedhb jlfkacibmedhg jlikacmbfedhg jmkhcdifgleab

0057 kmlihcaejdgfb likmchafjbegd lmgjbdikcfhae lmjhbdkfcigae

0061 ilfedcj mhbka eiglhkcabdmjf eilfjdckbamgh fielchkabdmjg

0064 fieljhdabcmgk filgcjdkbameh hegmbakflicjd helfbikadcmjg

0068 hiemkbdaflcjg higmbdkaelcjf himgjbdaflcek jemfbkicladgh

0072 jghfalicbemdk jihgcalebfmdk keilhjmbcdafg khemliabfdgcj

0076 legibkcfdamjh lekijmdcgbhaf lfeihbmcjdgak lfigkbmejchad

0080 lfigkhmbjcead lfijchmbedgak lfimcjakebhgd lhikajcbgfined

0084

j

ligfbjcmedhak ligjhmkabdcef lingjmdkbacef ilfedc bh'a

0087 hkgmjdlaeibcf ilhedj fcba hilgkbdafcmje ilhkdjc feba

0089 jhklbiaefgmdc il'edch fbka fmhkjadcligeb jghmkdilbaecf
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0092 kmifhdclgeajb iljedcm afbkh fjmglkdebiahc hgljakbedimcf

0095 iljkdbhgmcefa ehlfadjmgickb hikfbdlaegmjc likjbhdmegcaf

0098 Ijigckdbehmaf ilkedch bfja hklmjdbaeigcf ilkedcjgmhfba

0100 emgjldikcfhab kmifjdclgehab kmigcjdlefhab ilkedcm abfjh

0103 fklginhdaeibcj ilkjdbhgmecfa egjhamklcibdf eklmhdbajigcf

0106 ekmfhdcalibjg emhkadjclifgb fmlhcajkgideb hmlkcaifjgdeb

0110 lkhmacifjgbed ilkmdahgfbcje mfikjbaechldg ilmedkh cabj

0112 emlhjdifgackb imfedclgkhajb ehjladikgmbfc femiladkgchbj

0115 fimjchkaldgbe fkeiljdmgabch heglbamfjidkc hemflikadcgbj

0119 hieklbdafmgcj hijglbdafmekc hijlbdkaemgfc hkgimacfdelbj

0123 megibkcflahdj mfeihbacjdlkg mhklcjabfiedg imfjdkl aechb

0126 egjhalkmcibfd femkladcjigbh imfkdjlgacehb mekfhljbgicda

0129 imhedjkglfcab fijglhdakmbec hgilakjembfdc jgfhkibmcaled

0132 mhikcalbegdjf imhjdkc lefab eimlkdbjghafc ejimadlbchgkf

0135 ekmlhdbajigfc eljhadmfcibkg fkmlbhdajiegc jiemcbkafhlgd

0139 imhkdjcglfeab fhmlbkdejiagc hkilabjemgfdc jemlbidakhfgc

0142 mijgchdlkebfa mijhckblgefda mikhbcjlegfda imjedchgkflab

0145 fkmlbhdajiegc hekgjlimdbcfa higkbdmaelfjc hikjblmaegcfd

0149 jimhclbkgadfe jimlhdbkgaefc jkhlbdimgaefc mikgchdljbefa

0153 imjedck aflhb mekfhljbgicda mfklchabjiedg imjedck fhab

0155 elkfadjbmichg im'kdbh lceaf fjmlhkdebiagc jimgcldabhfke

0158 imjkdblgacehf eghmalbkficjd heljbakfdimcg imkedch 'Ifab

0160 ejmikhbldgafc mijfhdclkgbea imkedch lbfaj eljimhcfdgbka

0163 imkedcj alfhb eghlajbmfidkc fjglhamkbiedc imkedc' hfab

0165 hkmilacfdebjg hkmjclbadigfe hkmljdbaeigfc jiegcbmkfalhd

0169 jigfbmckealhd jiglbmckeadhf kgihldbfcemja mijfhdklgcbea
0173 mijgkhdlecbfa imkedcl abfhj eghlajbmfidkc flhgcmdejibka

0176 imkedjlgabchf hlmgcakfjidbe lgjhakbmcifed im 'dbh lecaf

0178 fkmlbhdajiegc im 'dbl aechf eghkalbcfimjd eghlajbmfidkc

0181 egjhalbmcifkd egjladkmcibfh elghmjckfidba elhkadmcbifjg

0185 eljhadmfcibkg fjhgladmbiekc fkmgchdajilbe flhkmadcbigje

0189 ljgmhackbiefd imkldah cej lgfhjcbmeiakd imledjh ackb

0191 eimlhdjakgbfc ejilkmcbghadf himfkdlaegbjc lfikjbaechmgd

0195 lfimckajehbgd migfblcjehadk imledkh cajb egilajbfmhdkc

0198 hikjblmaegcfd hlegcjimdfbka hlgfjdcmeibka lfeikbajmhcgd

0202 lkhfamicjgbed mlifhjcegdbka mligchjfedbka khfldmb 'iaec
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0205 ekgmjlifcabad ekifmdcjglbha elgimdkjfhcba elhfadickbmjg

0209 elhfmdickbgja fiejchlabmgkd fijmcalekhbgd fikgjldmbhcae

0213 fkhgcadjlemib fkhmcjlebaigd fkhmjadcbelig fmjgchdakelib

0217 hegjbicalmfkd helfbijadmckg heljbidafmckg hfejcbialmgkd

0221 1 1 hfkgmjiadblce hfkmcjialbegd hflkjbiadmgce hkemcjiflabgd

0225 hkgfjicldmbae hkjgcamflebid hklgmbdjfaice hmjgckdafelib

0229 hmjkbldafcgie jegibkcfmalhd jiegchklbmdfa jihmcakebflgd

0233 jilgmbdakhfce jlgimacfkhdbe jmigchdleafkb legjbicakmfhd

0237 lfejcbiakmghd lfikjbaechmgd lfikjbmechgad lfimckajehbgd

0241 lkehcbijgmfad lkehcjamgfbid lkghbicjfmead megkbljfdciha

0245 mehkbldjgcifa miegcbklfhdja khfmdlbgjiace emjiadkcfhlgb

0248 fejibadlkmghc fikljadebhmgc fimklajebcdhg fkhibmdcgleja

0252 hemfjiladbgkc hkgljamfdebic hkmfbdljeaigc hmgkldjaecfib

0256 jimfbdlakhegc jmhfakicledgb legfbkcmdaijh lehibkdcgamjf

0260 lfegcbkmdaijh lijkbmdaecghf kjfedcl miahb egmladkjfhbic

0263 1 1 hfjgmkiadlbce jkeilbdmgafch jkgfmicedalbh jkigmbdelafch

0267 jlifakcmgedbh leghbkcmfaijd lfehcbkmgaijd lhegcbmfkaijd

0271 megjbicaklfdh meijhlkbcfgda mfejcbiaklgdh mfjlchabkeidg

0275 mligjbdekhcfa kjfedcmgliabh hmgiljcfdaekb hmlgjidefackb

0278 kjfldm biaec egimalkjcfbad egjhadlfmcbki elghmdjfkciba

0281 11 elijadkbcfmhg elimajkbcfdhg eljfadicmhbkg eljfmdkbeciha

0285 emlf3dicgahkb fhejcilbamgkd fhkgjidlamcbe flegcidjambkh

0289 flkghadjcmibe fmegcjdblaikh fmeihjdcgalkb hegiblkjdmcfa

0293 hfemcbkjlaigd hfjgckmalebid hflgmbkjdaice jegfbicldmhka

0297 jegiblcfdmhka jeimhacbgflkd jelibamcdfhkg jfegcbiamhlkd

0301 jhegcikblmdfa jhimcakbeflgd jkegclimdahfb jkemhbdclafig

0305 jkighldmcafbe jkimhlcbgaefd jklgmbifdahce jklihbdmgafce

0309 jlgkmaifchdbe jlikmacbgfdhe jmgibkcfdlhae legmbkifcahjd

0313 leimhkcbgafjd lfehcbkmgaijd lgihmdkjcfbae lhemcbjfkaigd

0317 lhimckjbeafgd lkemcjifahbgd lkgjbhifcmead lkimcjabefhgd

0321 lkjfmdicahbge lmgkbhjfdciae megfbkclahdji megkblifchdja

0325 megkbljfdciha meikhlcbgfdja mejkhldbgcifa mhifakcbgldje

0329 mhikalcbgfdje mkgibjcfdleha mklibjacdfehg mlighkdjcebfa

0333 kjfmdlhgbiace egihajmlcfdkb egjhadmfkclib ehgfldcmkaijb

0336 ehijadmbgflkc emjfadickhlgb fhmkbijealdgc fhmklajbecdig

0340 1 fmkgcidjalehb1 hegkbamfdlijc hemfbkljdaigc hgjfldkmecbia
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0344 hmgfldcjeaikb hmgkldjaecfib jhilamcbgedkf jkegcidbmalhf

0348 jkghbdmflaeic jkglbhmfdaeic jkigcmdleafhb jkilhbdemafgc

0352 jkmfhdlbgaeic legfbkcmdaijh legibkcfdamjh lhekjmdbacgif

0356 lhgkbmjeacdif mejkbaildcghf kjhldmcgbiaef fkmgcidlahbje

0359 jlikacmbfedhg lefmhkibgacjd mgfiakbjdlche kjhmdlcgbiafe

0362 egilamkjfhbdc egmiadkjfhlbc ehmjadkbgflic emjhadifkclgb

0366 fhjgcmdbleika fkegcidbmlhja flegcjdamhbki fljgchdmkeiba

0370 fmigcjdleahkb fmkgcidjalehb fmlgcidjahekb hemkbijadlfgc

0374 hgkjldbmefcia hlfiacjedmbkg hmkjaideflcgb hmklcjbadfeig

0378 hmlgckdjfaieb jhflamibgedkc jkfihclegamdb jkmibcledahgf

0382 jligckdmehfba jmikablechdgf mejkbaildcghf melkbhifacdjg

0386 melkhaibgcdjf mfikjblechgda mgfkhcbjleida mgfklcbjdeiha

0390 mgkhldbjcfiea mkfjhcibgleda mkfjhibeclgda kjledchgmiafb

0393 11 elgkmdijchfba jemkhacblfdig jkemhbdclafig jkhglbdmeafic

0397 jkhmlbdceafig jkmfhdcblaeig jkmihbdlgafec lfehcbkmgaijd

0401 lkjihmdcgebaf mfghjkilcebda mgihakbfcldje mgjhaiblkcfde

0405 kjledcmgbiafh egklahbjdfmic ehimadkbglcjf fejlbadcmhgki

0408 fejmhalbgcikd fhemjilbacgkd fkigcmdbelhja fkmglideahbjc

0412 hegmbijadclkf hejmbiladcgkf hmgkbjcadflie jfegcbildmhka

0416 jfighblecmdka jhilamcbgedkf jhmfaklbgedic jkemhblcgafid

0420 jkglbmcedahif jkmfhdlbgaeic jkmglhdbeafic lgkmajbcefhid

0424 lgkmhjbcafeid Ihmjcdkbafgie lkjgcmdeahbif megfbkclahdji

0428 meifhkcbgldja mgihakbfcldje mhifakcbgldje mhigcakbeldjf

0432 kjlmdbhgfiace fegibamlkhdjc feikhadbmlgjc jkigcmdbealhf

0435 mgfklcbjdeiha kjmedchgliabf egihalbjcmfkd fmjkbidlacghe

0438 hmjfaikedclgb jklfmicbdahge jklimhcfdaegb lfkijbacmehgd

0442 lgjmaibekcfhd mgkiajbcdflhe kjmedclgbiahf egiladkjcmbfh

0445 ehgfldcmkaijb ehijalcbgmfkd ehljadmbgfcki emjklhbfdciag

0449 fhegcldmkaijb fhlgmjdekaicb fhlkmidbacgje flgkbijmacdeh

0453 fmjkbhdalcgie fmjkladbgcieh fmjklhdaecgib hegkblcmdfija

0457 hejmlidafcbkg helfbkmjdaicg helgmkdjfaicb helkbimadcfjg

0461 helkmidafcgjb hgjilkbmdefca hgjmaibelcfkd hkegcbimdlfja

0465 hkgfbicmdleja hlgkbjcmdfiea hmegcldjfaikb hmgfldcjeaikb

0469 hmjklabfdcieg hmlgjidefackb jelkbamfchdig jhifldcbgmeka

0473 jhigcldbemfka jkegcbimdalfh jkegcldmfahib jkelcbmfdahig

0477 jkemlidbfahcg jkgfbicmdaleh jkgfldcmeahib jkghbicmfaled
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0481 jkghblcmfaeid jkglbdimcaefh jkifldcbgameh jkigcldbeamfh

0485 jkighbmecalfd jkilchbfeamdg jkimhlcbgaefd jklfbimedahcg

0489 jklhbdmfcaeig jklhcdifgameb jlighbkecmdfa jmkhcdifgleab

0493 legfbkcmdaijh leghbkcmfaijd legkbijmfchad lejmbakcfhgid

0497 1 1 lejmhakbecifd lfegcbkmdaijh lfighbkecamjd lfkijbmcgehad

0501 lgjfaikmdcbeh lgjhaibmkcfed lgjhaikmfcbed lhgmbikefacjd

0505 lhijakcbgmfed lkighbjecmfad lmgibhkjdfcae mejkbidalcgfh

0509 mfkihbajlecdg mfkljbiacegdh mgkhldbjcfiea mgkiahbjlfcde

0513 mgkiajbclfhde mhekjiabfcldg mhekliabfcdjg mhkijbcflegda

0517 11 mhkljbifaecdg mkjhcdifglbea mkjlchifaebdg mlkijbdcgehfa

0521 k'mldbhgfiaec fehimadcklgjb felibajckmdhg hegkbalfmcdji

0524 hgfimkbjdlcae hgjiakbmdlfce hgkiacmedlfjb jeighldbcmfka

0528 jhfkaclmgedib jhigclkbemdfa jkfgmlibdahce jkigchdleamfb

0532 jklfbdicmaehg jklhbdmfcaeig jklihcdegamfb lgfkhcbjaemid

0536 lgfkhcbjmeiad lgjkhdbmacfie lhijcakbemgfd lkhjbcifgmead

0540 lkijchbfemgad lkjmcaifgebhd lmjfbdickhgae mehibakcgldjf

0544 mgfiacbekldjh mgfiahbckldje mkjgcaildebhf klfedch bimja

0547 fkelhjdcmabgi jfelhbmcgadki jflimbkcgadhe jgkialmcdehfb

0551 jmeihbdcgalkf lfkijbmcgehad lkeihbdcgmfaj lkeihjacmfbgd

0555 lkeimjacdfbgh lkmibjacdfegh kljedchgfimba jikmcdlabhegf

0558 jmkiablcdehgf kmfedcbgliajh efkmhjiagblcd eigjhlcabmfkd

0561 eigkhdlabmfcj ekgmhlcjbaifd ekgmjlifcabad ekhmjdilgabcf

0565 ekmfhdljbaigc elgkmhjfdciba elkfjdcamhgbi fejibadlgmhkc

0569 fejlbadcmhgki felibadckmghj femkbadjchlgi femkbadlgcihj

0573 fiejchlabmgkd fieklhdabmgcj fijgladebmhkc fijglhdabmekc

0577 fikgcldabmehj fikmjhlabegcd filgcadekmbhj filkbadaemgcj

0581 fkemchljbaigd fkmgjideahlbc fkmglhdjbaiec fkmgljdebaihc

0585 fkmibjdlgaehc fkmlbidjahegc flekjhdamcgbi fljgcademhbki

0589 fljkbadamcgei flkgcjdamhebi hejmbiladcgkf hekljicambgdf

0593 hemfbkljdaigc hemlbkdjfaigc hfmgljiadbekc hfmklbiadcgej

0597 hilkjbdafmgce hlgkmajfdcibe hlgkmijadcfbe hlmkjidafcgbe

0601 jegiblcfdmhka jeglbacfmhdki jegmbklfdahci jehibldcgmfka

0605 jfighblecmdka jiegchlfbmdka jigmhklabefcd jingcldebmfka

0609 jlegcbdamhfki jlgfbdcamheki jlhgcakemfdbi jlighmkecfdba

0613 legibacfkmdhj lejkbidamcghf lekmjicafbghd lfemjbiakcghd

0617 lfkihbajmecgd liefjmkabcghd liegcbdakmfhj liejchkabmgfd
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0621 ligfbdcakmehj Iigjhakebmcfd ligjhkcabmfed lingcakebmdfj
0625 lijfhmkabcged lijkbmdaecghf lijmchafkebgd likmjbcafeghd
0629 limjcdkabfghe Ikeihjacmfbgd lkgijacfmebhd lkimchajefbgd
0633 megkbhjfacldi megkbijlfchda mehljaickbgdf mejkbhdlacgfi
0637 mekfjlicgbada mfekjbilgchda mfkgjilebhcda mfkhcjilgbeda
0641 mkefhlicgabdj mkegcbdjahlfi mkegchlfbaidj mkegcjlfahbdi
0645 mkegclifdabhj mkehcjilgabdf mkgfbdcjahlei mkgfbdcleaihj
0649 mkgfhlcebaidj mkgfjlceahbdi mkgflicedabhj mkghjaclfebdi
0653 mkghjiclfabde mkghldifcabej mkgiblcfdaehj mkglbjcfahedi
0657 mkhfjlicgabde mkhgcldebaifj mkhibldcgaefj mkighblecafdj
0661 mkilhbcegafdj mklhcdifgabej kmjedchgfilab egkjalimbhcfd

0664 eikjhlbagmcfd fghilmjckbdea fjmlbhdakeigc flegchdakbmji
0668 flhimajckbdge hegiblkjdmcfa heglbkcjdamif hfegcbkjlamid
0672 hgkfldjmebcia higjbkcalmfed hkegcbmjlafid hkgfbmcjlaeid
0676 hkglbmcjdaeif jfhglbkmeadic jfhmlbkceadig jfkimblcdehga
0680 jheklbifgmdca jihgclkebmdfa jkemhbdclafig jkmfhdcblaeig
0684 jkmgchdblafie jkmihbdlgafec jkmlbdifgaehc jlhgcmkebadif

0688 megkbacjdlihf mfejcbilkhgda mfhilbackedjg mhgibkcjlefda
0692 mkegcbijlhfda mkejcbifglhda mkgfhdcjbliea dabc efjhimkl
0695 jkmedchglabif lfihkbamcejgd jmledchgkaifb hlegckimdfjba

0697 kfihmjalcbgde kfilmjaecbgdh kjglbicamehdf lfihkbamcejgd
0701 lkifhdcmgbjae jmledkh aicb hgkmajledfcbi hgmlajkedfbic
0704 hlegcbimdkjfa lfihkbamcejgd Ikigchmfebjad mlejhbicgkdfa
0708 mliedch jba ekjfldibmchag fjlgchdakmieb hjgmblkadecfi
0711 kjegcblamfhdi liemkhjfbacgd lkgibjcemfhad mlkedih cjba
0714 fjmgcldakbihe hgmlajkedfbic hjflkmbadgeic hjflkmiadbegc
0718 hjgkblcadmife hjmgclkadbife hkegcmildfbaj hmegclikdfajb
0722 igljahmkedfcb ihmjlkcfadbeg imgjblcfkdahe kjigcmlaebhdf
0726 kjilhmcagbedf kmelibjfcgadh kmlfhjcegdaib kmljhdicgfaeb

0730 lfegcbikmahjd liegchmkbafjd lkihbmjfcgead lkmfhjcegdbai
0734 lkmjhdicgfbae dabchef ki'ml kj ldmcihbaef lgkjmdiabfche
0736 kjgmdlcihbafe imfjakbledchg jilhcmbkgadef jmekiblachdgf
0739 lhjiamdkgcbef mfkgjilcbehda kjledcmihgafb ihmjaklbedfgc
0742 lkjgimdcehbaf kjmedclih abf jegkmiclfadhb kjmedlbingafc
0744L eljimdkbfcgha jmlfikcaehdgb mkjgialcehbdf klfedcmingabj

0747 ehljadimgfckb gfimljadcbekh klmedcjingabf lkhmbjicafegd
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0750 kmfedcbihlajg ehiladkjmbgfc gfljibadmhcke gljhciadmebkf

0753 ifehcbljmdgka ihgmakcbedlfj ikhfbjlmadegc jihfbklmeadgc

0757 jlmhcaikgfdbe lfikjbamcehgd lhifamkjcbged mekfilcjbhgda

0761 kmfedclihgajb egjimdklfcbha ehmiadklfcgbj ekjlidmcahbfg

076411 elkfindcjbhgia gfmkjladcehbi giklmjadbfehc glikjbmdcehfa

0768 1 1 glkhcjmdbfeia jehlbaimgfdkc jihfbkmleadcg jlekibmachdfg

0772 jlhkbmicgfdea leikjamdcbhfg lgjimdkafcbhe lhjfamikgcbed

0776 lkgfjmcbaehid mfekibajchldg mfkhjialbecdg mgkhcjilbfeda

0780 mgklcjiabfedh miehcbklfagdj mlhjbdikgfcea kmledcjingafb

0783 ehjfadlkgmbic eimfjdclbahkg fhiklmdjcbgea flmkiadjchgbe

078711 ilmhcakjfdgbe jemlbaikgfdhc jgekimlachdbf jimfbkcleadhg

0791 jlgfikcbemdha lhjfamikgcbed meikbaljchgdf meikjaldcbhgf

0795 mgfedcbihalkj ehgmadjblcfik ehgmadkbflcji ehjiadklfcmbg

0798 ehliadkmfcgjb ehmfadcjlbgik f3mlikdbehagc fmlkiadjchgeb

0802 gflhciadbemjk gfmkjladcehbi glehcbidafmjk ifehcbalgdmjk

0806 ihmjakcledfbg ikgfjmcbalhed ikgljdmbaehfc ikhmbjdlafecg

0810 1 1 lekmiacjbhgfd lfekibajchmgd lfkhjiambecgd lkjhcimdaebfg

0814 mjfedcbihglka ehjiadklfcmbg ehjladkbfmgic eikmjdlcbahgf

0817 ekgfldcjambih ekjlidmcahbfg emhildkjfcgab emhjldikgfcab

0821 felibadkgcmjh fmikbldjchgae fmjibldkgchae fmjiladkgcbeh

0825 gfekibadclmjh gfikjladcmhbe gfimjbadlehck gfkhciadblmje

0829 gfkmliadbecjh gimhcjadlfebk gkehcbidalmjf gkemljidafbch

0833 ihgjaklbedmcf ihmjakcledfbg ikhmbjdlafecg imehclkjfdgab

0837 jehmbailgfdck jfemlbikgadch jfmhclikgadbe jihfbklmeadgc

0841 jihgbmdclafek jmehclikgfdab jmgfikclehdab lhgjakcbemfid

0845 lhjiamkbfcged lkhgbjdcameif lkjgiamcehbfd lkjhcimdaebfg

0849 mlfedcjingbka ehgiadkbflmjc ehkjadimlfcgb ehli adkbfcmjg

0852 ejiladmkgbhfc emlfjdckgahib felmiadjbhgck felmjadkgbhci

0856 gfmkjbadclhei iehmbaklfdgcj ifehcbmjldgak ingjaklbedmcf

0860 ihgjamkbldcef ihglakcbedmjf jfehcbimladgk jgekilmachdfb

0864 jhgkalmbcedfi jhgkamcbfldei jhlkaicmfedgb jiehcblmfadgk

0868 11 jihfbklmeadgc lehmbaikgfcjd leimjackgbhfd lfemjbakgchid

0872 lfikjbamcehgd likhcjambfegd ljifamckgbhed lmehcbikgfdaj

0876 lmehcbkjfdgai lmekibdjchgaf lmgfikcbehdaj lmkfidcjbhgae

0880 lmkhcjidbfeag eabcd hkjml ilhjkec dfba jfkihbaldgmec

0882 ilmhfed kcabj hmligdejfackb imh'kec ldfab jfkihbaldgmec



8.1. Appendix A - Codes of Rigid Bipartite 3-Gems (26 vertices) 313

0884 imhkjecglfdab hgijkabfmdlec kgfjilbdehmca kgjihabldmfec
0887 imlhfedgkcajb fghliakmjebdc mlif idcjgebka kjlmfedgbfach
0889 jkmlgdebfahic lgkimabcdfhje kjmlfedgbiahc jkgihbcmdalfe
0892 lfgjkbimcdhae Ikjmgdecahbif lmjkgdebfciah mkjilhacdfbeg

0895 kljhfedgcimba fjkmlaecgbhid fjlikaemdhgcb hikjgdeamlcfb

0899 hjlkgdeafmicb hmfjkcbaedlig jmkigdecflhab ljkimacfdbghe
0903 ljkmgdecabhif lkhjmdacbfige klmhfedgciabj jmligdecfahkb
0906 kmjhfedgcilab figlkhmabdejc hfgkibljemdca higkjbcalmdfe
0909 hikjmdbalfcge hjkmlciaebfgd jgkihabldfmec jgkilabcmfhed

0913 jgkliabmefhdc jihkgdelbmfca jiklgdeabhmfc jikmlceabhfgd

0917 jkhmlbecgafid jkmfldcbeahig jkmlgdebfahic mhgkibcjlfdea

0921 mkgijbcfdlhea mkhjgdecblifa kmlhfedgciajb figjkhmabdlec

0924 lifjkcmabdghe likjgdeabmchf likjmdbagfche mhklgdejabcfi

0928 mkgilbcfdahej mkhfldjcbaieg mlfjkcibedgha mljhfedgcibka

0931 higmkblafdecj jgmikabldhefc jiflmckabhedg lmgkibcjefdah

0935 lmkigdecfbhaj eabcdhfgjimkl mlkgfedihcjba gkmlhdieafbjc

0937 eabcdhfgkijml hikgfedmblcja kjfhgcldemaib hjigfedmcblka

0938 fikhgledbamjc fkjhgledambic gikfhdlebamjc gkjfhdleambic

0942 hkjgfedlambic kgfhicbmelajd kjmgfedlhbaic ikfhlcbmaegjd

0944 imgfjlcbaedkh jgfmklbadheci jifhgcldmaekb jifhlcbmgaekd

0948 jmgfkicbdleah mgfiklbadcejh mhgkjaibcldef kligfedchmabj

0951 giljhdaemfckb jgfilcbamhekd jifhlcbmgaekd klmgfedihcabj

0954 fmljgiedahckb gmljhdieafckb kmigfedchlajb fhjilaekmcbgd

0957 11 fhkjiaelmdcbg fhkmiaebgdlcj fkjhmielacbdg fkjmgledacbih

0961 gfjihlaemcbkd gfjimlaedcbkh gfjlkbaedmhic gfmiklaedchbj

0965 gikmhdjebalcf gkjfmlieacbdh gkjmhdleacbif glkjhdaebmcif

0969 igfhjcblmedka ihgkjalbmedcf ihgkmacbfeldj ikfhmcblaegdj

0973 ikfmgljdaebch iljfhdcemgbka iljhgcedmfbka jgflkcbadmeih

0977 11 jgmikcladhebf jifmglkdbaech jigmhdlkbaecf jlkfhdcebmgia

0981 jlkhgcedbmfia lhgjiakbmdcfe lhjigamkdcbfe lkfhjcbdamgie

0985 lkgfjdcbamhie lkjfhdceambig lkjhgcedambif lkjihdamfcbge

0989 mgfikjbadcleh kmjgfedihclab fhgkjalbcmdie flkjgaedbmcih

0992 gfkjliaebmchd glkjhdaebmcif ifhjlbakgmced jhgfklcbdmeia

0996 kmlgfedihcajb fhkjiaelmdcbg fiklgmedbachj flmkgjedcahbi
0999 11 gfmlkjaedbhic gikflmjebachd giklhdmebacfj inglmakbfecdj

100311 ikfhmcblaegdj ikgfhdcmaelbj ilgfhdcjmebka jimfhdclbaekg
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1007 jimhgcldbaekf jlmfkicadhebg lhgkjaibcmdfe lkfhmcbjadgie

1011 mfhjibakldceg mfikgjldcbhea mgikhdjlcbfea mgikldjacbfeh

1015 mlkfhdcjbegia mlkhgcjdbefia mjigfedchblka fiklgaedbhmjc

1018 fikmgledbacjh fkjmgledacbih fmkjgledbhcai gfjimbaelchdk

1022 gfkjmlaebdcih gflikbaedcmjh gikfmljebacdh giklhdaebfmjc

1026 giklmcjebafdh gikmhdlebacjf gkjfmlieacbdh gkjlhdaefmbic

1030 11 gmjikbledchaf gmkjhdlebfcai ikfhlcbdaemjg ikfhmcjlaebdg

1034 11 ikfmgljdaebch ikgmhdljaebcf iklfhdceagmjb iklhgcedafmjb

1038 11 iklmhdbjaegcf imfhjcbdlegak imjfhdcelgbak imjhgcedlfbak

1042 jifhmcblgaedk jifhmcklbaedg jifmglkdbaech jigfmlckbaedh

1046 jigmhdlkbaecf jimfhdcelagbk jimhgcedlafbk jimhkcldgaebf

1050 jmkfhdceblgai jmkhgcedblfai lgfikcbadhmje lhgkjacbfmdie

1054 lhkjiambgdcfe likfhdcebamjg likhgcedbamjf likjhdambfcge

1058 lkjfhdceambig lkjhgcedambif lkjihdamfcbge mljgfedihcbka

1061 fhikjaemcldgb fhkjiaemldcgb fhkliaebgdmjc fhmkjaebcldgi

1065 fikjlaembhcgd fikmgledbacjh filmgjedbahck fjiklaemcbhgd

1069 gfilmjaecbadk gfklmiaebhcdj gikfmljebacdh gilmhdjebafck

1073 gjifmlkecbadh ingkjambledfc ingklacbfemjd jhgfmicblaedk

1077 jhgmkacbdlefi jhgmkaiblfecd jhgmkalbdfeci jhgmkilbdaecf

1081 jmlfhdckgaeib jmlfkicadhegb jmlhgckdfaeib lfhjmbakgdcie

1085 lfikmjadcbhge lfkjmiadbhcge likfhdcmbagje likhgcmdbafje

1089 likjgamdbhcfe likjhdambfcge ljikgamdcbhfe ljikhdamcbfge

1093 1 1 lmgfkicbdheaj Imhjibekgdcaf lmifhdckgbeaj lmingckdfbeaj

1097 1 1 Imikhdjecbfag lmkfhdcjbegai Imkjgiedbhcaf lmkjhdiebfcag

1101 ea cdifghkjml kjhlfemcbiadg gkjilcaemfbhd lgjkidbamcfhe

1103 kjhmfedlbiac jfmhkbadlgeic kjhmfelcbiagd glijkbmecdhfa

1105 hmfjkcblediag jflhkmadcgeib jglikcmadhefb jkglidmbeahfc

1109 lgjimckadfbhe lgjkidbamcfhe mfjkhbaldcieg kjlgfedmbiach

1112 11 jgflkmbadheic jkgflmcbeahid lhgkmdjbacfie kjmgfedlbiahc

1115 11 fmlhjaekcgdib gfljkmaecdhib glihkbmjcdefa gmjkhbledciaf

1119 11 hgljkcmaedifb hljkidbmecfga jfimkbadlgech jfihkmadcgeib

1123 jkgmidlbeahcf jkihlbemcafgd jkimgbedlafch jmlhgakdcfeib

1127 jmlihcakdgefb lkjihcamdfbge mhgkidjblcfea mkjfidcalgbeh

1131 klm edcjiabh fmlhjaekcgdib fmljgaedkhcib hgjflmkaecbid

1134 jgfmlcbakheid kmhgfedcliajb hlfjkcbmediga jfihlbamcgekd

1137 jgmikcladhebf lgfijcbakmdhe lgjkidbamcfhe mfijlbadkhceg
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1141 mfkhgjldcbiea mfkihjaldbceg mhgfkjcbadlei mhgkldjbacfei
1145 mhkfldcjabgei mkihgbldcafej mlihjbekcgdfa mlijgbedkhcfa
1149 kmlgfedcjiahb fijhlaemkcbgd glihkbmjcdefa glijhbmekdcfa
1152 hgjimckalfbde hgmlkjbaedifc hlmfkjcaedibg hlmkidjaecfbg
1156 jgmlidbakhefc jlihgbkdcmefa jlmfidcakhebg lijhgamdkcbfe
1160 mfihkbajcdleg mgjkidbalcfeh mkihlbjdcafeg mlkhgjedcbifa
1164 mjhgfedcbilka fmihjlekcgdab fmijgledkhcab gfijmbaeclhdk
1167 gfilkbaecdmjh gfmjhlaekdcbi gkilmbjecafdh gmijkblecdhaf
1171 hgjfmlkaecbdi hgjmidbaelfck hgjmilkaefbcd hglkidbaecmjf
1175 hkgfmlcjeabdi hkgmidljeabcf hklfidcaegmjb hklmidbjeagcf
1179 hmjfidclegbak hmjkidblecfag jfihmbalcgedk jfihmbklcaedg
1183 jfimgbkdlaech jfmhglkdcaebi jgfmilbakhecd jhgfmlcbkaedi
1187 jhgmidlbkaecf jhmfidclkaebg jmgfidcbelhak jmgfidclkheab
1191 jmihgbedclfak jmihglkdcfeab jmihkbldcgeaf lfihkbadcgmje
1195 lkgfidcbeamjh Ikihgbedcamjf lkjfidcamgbhe mlhgfedcjibka
1198 fikjgaedmlchb filhjaekmgdcb fjkhlaemcbigd gfijhbaemlcdk
1202 gfilmbaekhcdj gfklmjaecbidh gjilhbkemfadc hglmidjaebfck
1206 hglmkjbaedicf hjgfmlckebadi hjgmidlkebacf hmlfkjcaedigb
1210 hmlkidjaecfgb jfihgbmdcleak jfihmbalcgedk jfihmbklcaedg
1214 jfilhbakmgedc jfimgbkdlaech jgfikcbamlehd jglikcmadhefb
1218 jhgfidcbmleak jilhgakdmfecb lfihmbakcgdje lfijmbadkhcge
1222 lfkhmjadcbige lgfjkcbamdihe lgkjidbamfche ljkfidcambghe
1226 ljkhgamdcbife lmgfidcbkheaj lmgfkjcbediah lmgkidjbecfah
1230 lmingbkdcfeaj mmihjbekcgdaf lmijgbedkhcaf lmkfidcjebgah
1234 lmkhgjedcbiaf eabcdif hmjkl mlk edcjihba lhgjmkcbadfie
1236 eabcdjfghimkl mlhgfedcbkjia ihkmjdlbaecgf kgfjlcbamdhei
1238 kjihlamdcbfeg fabcdejghimkl mlkihgfedcjba gjimlkafcbhed
1240 kjihmladcbgfe kmgjilcbedafh lhgjkmcbadeif lkgjimcbedhaf
1244 lkmhgjedcfbai Ikmjihcfedbag fabcdekghijml mljihgfedcbka
1246 jihglmdcbafek jilmgkedbafch lgkjimbaedchf lhgkjmcbaedif
1250 lihgkmdcbaejf Imhgkjdcbfeai lmkjihbfedcag
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8.1.2 3-Gems with 28 Vertices

0001 cabfdeighljknm imdckgfjnhebla milgcknfjbhead imdclgfkabnejh

0002 gnejhblcdimakf hnjgkalfcimdeb imkcjgfenhdbla jehmilncbagfdk

0005 imlck enbadja kenmbjlcfiagdh indcmgfjlheakb dmgnciekjfhbla

0007 dmgncielkbfhja hlfnjieacgdmbk jeingabdkfcmlh jifbhklndacmge

0011 1 1 ndiglkbfmahecj indcmgflkeahjb negmhalbjidckf injchgfeldmakb

0013 kmigchlfebndja inkchgfejadmlb kinjgaedmhfcbl inlchgfekmadjb

0015 nhkjiadlegmbcf inlck amedhb dkgnclebjihmfa dingckafjihmbe

0018 gfkalmdcjihnbe gfnkjmlceidabh gkfbjmlneidach mdjkanlfcibgeh

0022 inlckjfbmgedah hdkbamnejicflg dabcgefihljknm iknedcmglhbajf

0023 1 ehkmadilgncbfj1 khemcbnfjiadlg kmehcbilgnadfj dabcgefjhilknm

0026 gkiedmlfnbjahc eilfndkgbmhcja eimfkdngblajch filgkndebmhcja

0029 fimgnkdeblajch ihgkmjcnaldfeb gkimdhlfnbjaec fihgnkdmblajce

0032 nhkglidbmecjfa gkimdnlfcbjaeh milfndkgbahcje gkindhlfmbjace

0034 ngkimjbedlcfha mhedknlbfjcia feinkamgclbjhd gmhldiacnkjebf

0036 keminalgdcfhjb gnhldiacmkjefb ikemnblgadfhjc gnhldmacbkjefi

0038 emikndhglbfcja ikemnbhgldfajc jihldncgbamekf ihljbcneadgmfk

0041 jikedchgnafmlb kjifhdcngbmeal jikedcngmafblh hgmialbedkjncf

0043 jiledckgnamfhb fmhjnadckgible jimedckglahnfb hjegcnlakmidbf

0045 nglimjbedkfcha jinedcmgkabhlf hlemcknadfbig mgkinlbedcjfah

0048 jinedcmglahbkf njigcmdlebahfk jkfedchgbnimla hjnfbikademcgl

0050 kemjbalcndfihg kfejhbncgdmial kfimbaencgdhl khegcbjfndmial

0054 1 1 khgfbjcendmial jkfedcmglanihb ifekmbalgdjnch nhegcblfamjdki

0057 jkfedcmgnliahb elifmdcngkjbah eljfndckmghbia emjfkdcnlgaibh

0060 hlegcbnamkjfid ifelmbangkjdch imegcnlfakjdbh kfejhbncmdailg

0064 kjegcbnlmfahid kjifhdnlmbaecg kjifmdcngbaelh jkfmdnhgbliaec

0067 kfmjhblngdaice khmgnbjfldaice mgkhndjflbciae mjkfndcalbgihe

0071 jkfndmhgbliace fligcndmekjbha igejhnlcadmbkf ilegcnjmadhbkf

0074 kjnfhdmlgbaeic jkiednmgclbahf nheikblfmcjgda jkledchgnabmfi

0076 ifnmhbalgdjekc nfihmbalcejdkg jkmedchgnliafb elnfhdcamkjbig

0079 elnhadjfmkgbic flngchdamkjbie hlegcniadkjmbf ifnlhbamgkjdec

0083 ihegcnlmakjdbf kfnjhblmgdaiec khngmbjfldaiec kjnfhdclmbaeig

0087 kjngchdlmbafie kmejhnlcgdaibf ngljmkbcedfhia jkmedcngbliafh

0090 ejnfhdmalbgikc elnfhdmagkjbic feijbadlngmhkc ihlfndcbamjgke

0094 kjnfhdmlgbaeic ngljmkbcedfhia jknedchglamibf mfhnkiacbejgld
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0097 jknedchgmabilf emihnkblcfjdga feihnaklcmjdgb jknedchgmliabf
0099 enkhadjflmcigb jknedcmgbliahf egkmadjnlbcifh ejknhmcalbgifd
0102 elimadjnckgbfh elinhmcagkjbfd hgknalbemcjfid hjilcdnaebmfkg
0106 ihegcmdnakjflb ihemcbnfakjdlg ihgfmdcnakjelb ilegckjnadmbfh
0110 ilgfkjcnadmbeh ilmfkjneadhbcg imegcbinakjdfh kjemcbnldfahig
0114 kjifmdclgbaneh kjinhmclgbaefd kmegcbjnldaifh mlegcbindkjfah
0118 njkfmdcalbgieh njkgcmdalbeifh nlifmdcagkjbeh nligcmdaekjbfh
0122 jknedmhgfabilc ihmfndclaejbgk mfhknbaledjcgi mfihnbalcejdgk
0125 mfkinbaldcjegh jlfedchgbnmika egkiahnldcjmfb egnhakmlcfjdbi
0128 hkincdmlebjagf mkifhdcngbjale jlfedcmgkainhb ejilhdkambnfcg
0131 ekjfndcblghmia hjefmikadbnclg hjegcbkamfnild hjgfbkcamenild
0135 hjimcdkaebnflg hjknmldafbeicg kfhjnbacemgdli kjegcbnalfhmid
0139 kjenmidalbhfcg kjgfbncalehmid kjnfmdcalbheig kjngcmdalbhfie
0143 nfkjibaclmhedg ngjiahklmcbfde jlfedcngkaimbh hegnbalfdmjck
0146 lfjmkbaednhgic jlhmdncgkaibef hmjlnabfdkcige mhljbckeangfid
0149 mjlhndafckbige mkfjhcbeingaid jlhndmcgkaibfe hkjmlabfdngeic
0152 hnjlabmedkcigf kemhbajlcnfdig kgihmdjfcbnela kjmgcidalnhfeb
0156 Ihnjbcmeakdigf jliednhgmkabcf hjgfmkcadnielb jliednmgckabhf
0158 enhjmkbcflidag lenjmakcgdifbh jlmedchgkainfb fmkjbnicldhgea
0161 kfhjnbacemgdli kjencbialfhmgd lhencbjfakmigd mfihkbancejgld
0165 jlmedchgnaibfk ejnfhdcamkbilg fenjkadcmgbilh fjngchdamkbile
0168 kgimanjfcbedlh mkifhdcngbjale mkigchdnebjalf nfihmjakcbdelg
0172 nfikmjaecbdhlg jlmednhgfaibck nfihmjakcbdelg nfikmjaecbdhlg
0175 jlmednhgkaifcb emlhndjfckgiba fkjmiadblnhegc hgnlajmedkfibc
0178 imlgckjfndheba khjfidcbmgnela kjnfmdcalbheig nkifhmclgbjeda
0182 jlmndbhgkaifce ikfjmcbeldnahg lnfjmcbeakding jlnedchgkaimbf
0184 hjgnbmladefcki hngibmjldcfake jlnedchgmaibkf egjnahkldmbfci
0187 ehjnilcbagdmfk enlhadjfcmbigk fnhjbmlcgkdiae helnbajfdkgmci
0191 hemlnjcadkfigb ihjmcdkbaenflg ikejhmacgdnflb imegcbjnldhafk
0195 kjemcbianfhdlg kjifhdcmgbnela kjigchdmebnfla leihnajkcmdfgb
0199 lfmjibacnkdghe lhgnbjceamdifk ljgfbicndehmak mfikljaecbnhgd
0203 mglhajkncfbied mjgnbikalecfhd mjigkanelbhcfd nfihkbalcejmdg
0207 ngejhlkcambfdi jlnedmh aibkc leihnajkcmdfgb mgikahjflbnced
0210 mkgibhjfnceald mkjfincbeghald jlnedmhgkaifbc ejlnhdmagkbcif
0213 mghkajilbfnced mglhajbnckfied jlnmdbhgkaifec fhjlcimbaegnkd
0216 fkjihmdlgcbnae hkjgcinlmebafd ikfgnmjbldhace kgmhajnlcfedib



318 8. Apendices (28 vertices)

0220 khjgimlbncfdae jmfedck lnhbia mhegcblfnkjdai jmfedckgnahbli

0222 hkegcinlmbjafd hkgmidnlebjafc hknfmdclebjaig inlfkdcbmejgah

0226 inlgckdbmfjeah meghbailcnjdfk mhegcblfanjdik mhgfblceanjdik

0230 mhlgckdbanjeif jmfedclgknbhia hlenckmadfjbgi jmfedclgnabhki

0232 nfhlkiacbejmdg jmfedcngkliabh eghnadilbmjckf jmfkdlhgbnecia

0234 megibkcndfjalh mekibalndcjgfh jmfldkh bnceia ehlfidnbamjckg

0237 enlfidkmagjchb hlgmkicanejbdf hlnfidcaemjbkg ihlfkdnbaejmcg

0241 ingkmlceadjfhb mhgkblcendjfai jmhkdlcgbnefia hlemckianfjbdg

0244 mekibnlfdcjgah jmhldkcgbnfeia hlemcbiankjfdg hlfmicbankjgde

0247 hnfikcbadejmlg ignkhlbeadjmfc mfeicbkndgjalh jmhldkcgnafebi

0250 hnfimcbldejakg jmfedck lnhfba ilejnkamgdfbhc jmiedcl knfhba

0252 fehliancbmjdkg fihgkadnbejmlc jmiedkhglnfcba ehmjldinkfgacb

0255 eimhldjfnkgacb fhmjildnkgeacb flhjiadcmgenkb heglbajfmcinkd

0259 hjmglbiadfcnke igflahbcemjnkd inhgcjkemldfab lfmjknacedighb

0263 lhgibjnekmdafc ligjbhnmekdafc ljfhinbkmgdaec ljghbinkmedafc

0267 mehjildcbgankf jmiedlhgkncfba egjiaknmlchdfb fehniadlbmjckg

0270 hjlfbimadegnkc hlgfbncadmjeki hngfbicldmjake inejhbmcldgakf

0274 inlfkjcemdhgab mijfancklghbed jmiedlkgcnhfba eghjakncmlidfb

0277 ehmjkdlnafigcb elmjkincfdaghb limfakjcngdehb jmkedch lafnbi

0280 mfihkbancejgld jmkedch lnfbia fkemcinlabjhdg mfhlibncekjgad

0283 jmkedchgnafbli fhlgcmdbanjeik fhlnmidbaejckg jmkedclgbnfhia

0285 ehlfadnbgkjmci ehlfidnbakjmcg ehlfmdkbngjcai enlfidkmagjchb

0289 fhlgkmdbnejcai fhlmcinbakjedg fnlgkidmaejchb hleicbnadmjfkg

0293 hlencbmadkjfgi igelhmncakjdfb ignlambcekjdfh ingkmlceadjfhb

029711 mhgkblcendjfai jmkedlhgfacnbi feihkamncbjgld jmkldbhgnacefi

0299 ehmfidknagjclb jmledch kanfbi nfihmbalcejdkg jmledchgknbfia

0301 elmfhdcankjbgi flmgchdankjbei jmledchgknifba elmhadjfnkgicb

0304 hlmgckiadfjneb ilmgnkjfadhecb kjelnbiamfhdgc kjghbinlmeadfc

0308 jmledch nabfki enkfadilmcjbgh ifnkhbalgdjmec nfhlkiacbejmdg

0311 nfihkbalcejmdg jmledckgbnhfia ekmhadlfnbjgci enihadlfcmjgkb

0314 hlemckianfjbdg hlnfidcaemjbkg iemlbancfkjdhg inekcmlfadjghb

0318 mhekcblfndjgai jmlkdbhgnaecfi ekihadmncbjglf jnfedchgblmaki

0320 fhmgnidlaejbck hlegcbmadnjfik meihbanlcgjdfk mhegcblfanjdik

0324 mhgfblceanjdik mhgfknclaejbid mhlfkncbaejgid jnfedcmgkliahb

0327 elhmkdjnbgaifc eljfkdcnmgaibh fjnklhdaemgibc hginajlemkfbcd

0331 ifenmbalgkjdch kfihljancbgmed kinfaljcmgedbh kmghbjilcfndea
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0335 jnhkdlcgbmefai hkegcidnfbjmla igfmhcbnakjdle jnhkdlc aefib
0337 neihbamlcgjdkf jnhldkcgbmfeai hgfikcbndejmla jnhldkcgmafei
0339 egihamkncbjfld egknahbldmjfci emkinhbldcjfga fkinmldecbjahg
0343 hgfialbedmjnkc hgfnkmbldejaci hlfnkmbadejgci nfkimlaedcjbhg
0347 jniedckglmhcab eljinhbfdcmgka nehjlmdckgibfa nheicblfmkjgda
0350 njehcblmkfigda nkeicbjlmgfhda jniedclgkmfhab fihlkamcbejngd
0353 hingmbiadkjfec nhgiblcemkjfda jniedkhglmfcab hjgmkdnaelibfc
0356 hjkgcinamlebfd hjkmidnaelgbfc ifjmhlakgnebdc igejhlmcadbnkf
0360 nhgibjkemlcfda jniedklgcmfhab lhegcbjfmdinka nhgiblkemcjfda
0363 jniedlhgkmcfab ekjiadmbnchglf fhgmkinlaejbdc hgfmknbldejaic
0366 nheilbjfmkgcda jniedlkgcmhfab ekhjadmcbniglf fekmiadlbnjhgc
0369 fknjiadcmgbelh hgfmknbldejaic hjeklbiamfncgd imhknablfdjcge
0373 imlfnjceadbgkh kejmhaibgnfdlc nehjiamcbkdglf jnkedch lafmib
0376 fehniadlbmjckg fkenmidlabjhcg mleicbkangjfhd nfihmbalcejdkg
0380 jnkedch lmfbai ekgfidcnabjmlh jnkedlhgmacbif feimbaklngjdhc
0382 imlfkdcbnejgha mgfhkibncejald jnkldbhgmaceif eghnamilbfjckd
0385 eknfidclamjhbg felihadbgmjnkc mgfhkibncejald mlfnkibacejghd
0389 jnledchgkamfib eghmakinbfjdlc egnhakmlcfjdbi ehkmadnlgcjbfi
0392 fkimhadlnbjegc hfeikbmndcjgla hgnfaimldkjebc hgnfkimldejabc
0396 hkegciminbjadf hkgnidmlebjacf hkincdmlebjagf mfhlkiacbejngd
0400 mfihkbancejgld mkifhdcngbjale mkigchdnebjalf nmegckildfjbha
0404 jnledchgkmifab ehkjadmlgncbif hekmljcadngbif hjegcbnamkfild
0407 hjgfbncamkeild kjghbnmlceadif kjgmbicanehdlf kjgmbiclneadhf
0411 lmjkciabnedghf nfkjmbacldheig nheicbjfmkgida nhglbjcemkfida
0415 11 njehcblmgkfida njekcbimlfhgda nlejhkmcgdabif jnledchgmabfik
0418 fmkihadngcjble jnledkhgfamcib mfihkbalcejngd mfkinlaedcjbgh
0421 mgkiahlfncjbed mkigchnfebjald jnlkdbhgmaecif eghlamicbfjnkd
0424 eghmakinbfjdlc egnmakilbfjdhc ehkgimnlacjbfd emflnhbcdkjiga
0428 emginhkldcjfba emihnkblcfjdga emkinhbldcjfga fkimhadlnbjegc
0432 fkngcidlamjhbe fmkgiadlncjbhe fmkihadngcjble hlnimkcadfjebg
0436 mhkgianlecjbfd mkinchalebjfgd nehlimkcbgjfda jnmedch kaiflb
0439 hmngckildfjabe kfihljamcbgnde kfjilhabmcgnde kfjmlhabecgndi
0443 mfihkbalcejngd mfihnbalcejdgk nejmhalbgcfidk nkihljbmcfgade
0447 jnmedchglafikb emnfidklagjcbh nfhmkialbejcdg nfihkbalcejmdg
0450 jnmedkhglafcib ehfminklagjbdc jnmedlhgkacfib hkgfimclnbjade

0452 hmgfkicndejbla hmnfkicldejabg lfinednh akjicb eghlamikbfcnjd
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0455 egilamjfkbcnhd einhadlkmgfjbc elfmkibncdagjh eljfndcbkgmhia

0459 emglndikcfhjba emglndjfkcihba emjkadibnlfchg emjkndibglfcha

0463 emjlndkbgcifha fejlhadbknmgic fkemnhdablijgc flehikmncgabjd

0467 flihbkmncgaejd fljmiadbknehgc fmlihadngcbjke fmljiadcngbhke

0471 hegibmkndlcfja hegkbmindficja hengmakfdlijbc hjglbikamecnfd

0475 hmefkilndbcgja kejihmdbecnfla kgfiajbmdcnhle kghjalicbnemfd

0479 kgjmalbfdnehic klghbmincfaejd ngliamkfdcbjhe njgfilcambedkh

0483 njifmlcagbedkh njkihmdaglcbfe lfmndbhgakjice fknmbadaelijgc

0486 fmljindcegbhka mjkgcidanlebhf lfnedm akjibc eklnhdmagcbjif

0489 fljgindbkcmhea helgkanfdmbcji kemjbaicnlfdhg kgflmibncehdja

0493 knfimibacehdjg mgfkilbneahcjd mgihalbkcfnjed mgikaljfcbnhed

0497 milfhncekabgjd niljhkbcgmfeda Ifnmdbhgakjiec ejikhmcagbnfld

0500 fljgimdbncahke flmghadkcnejib flmgikdnecahjb fmilhadnkbcgje

0504 hemibalkdcfnjg hgliaknedcmjfb hjkgcinamlebfd kginaljfcbemhd

0508 miklhdbngacfje mjghbilnkefcad mjglbikanecdhf mljfidckngabhe

0512 mnglbdjfkcihae lhfedcbgamjnki hfelnbjamgcdik hkgfbdcaenimlj

0515 hldgimnaecbjfd hmegcbdaflnjik hmgfbdcaelnjik hmgjnacfklidbe

0519 kehjbaicgnfmld mehfbnikglcjad mehibndkglcjaf mfighkneclbjad

0523 miegchkfblnjad mignhackblejfd lhfedcbgmkjnia eihmadlkbgnjfc

0526 eilfadckngmjhb englmdikcfhjab feijbadmkgnhlc feinbadmkgchlj

0530 fimnbjdklahecg fjlnkhdaebimcg flhjikdcngambe fnigckdmebahlj

0534 heilnajfkmcdgb hflnckjadmbegi hljgcimkneabdf iegnbakmfdchlj

0538 ifehcbakgmnjld ifkjhbamgdnelc ingfmjcekdahlb kfehcbanglimjd

0542 kfhgcnlebmadji kfigmjlenbadhc kjelmbianfhdcg kjmfnlcaebadgi

0546 kjnfidcalmhebg kjngcidalmhfbe mehfinlkbgcjad mejfincklghbad

0550 mfehiblkcgnjad mfehkbinlacgjd migfkncelahbjd mihfanlkbgcjed

0554 mjhgcaneklibfd lhfedcbgnkjmai eilfndcmbahgkj fehliamkbgcnjd

0557 heilbamnkgcdjf heilmanfkbcdjg hlgfmickdeanjb hlgimajfdcenkb

0561 kfigcminebadjh kmifhlcngbadje nfjimbaelchdkg njihmlafcbedkg

0565 lhfmdnb akjiec eikhadjfngcmlb eilnamckbghjfd ekhjadmcnfbgli

0568 elmjkincfdabhg emhfadjckniblg emhjainckdfblg emjfadiknchblg

0572 filncamkbehjgd fjlgkhdambncie fklhcaingmbejd flhniadckmebjg

0576 fmljnadkbghcie hegjbacfknimld hfmlibjakgndce hkmgnbdaflijce

058011 hlgnkajfmcebid hljgnidkfmabce kegjblcfmnahid kehjbmicglndfa

058411 kienchjfblamgd kigjnhcfmladbe kjencilafbhmgd meklbidnfacgjh

058811 mjekcilnfbhgad mjenclafkbingd mklfndiagcbjhe mlhfndjckaibge
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0592 nehkbmdcglijfa njegckimdlfbha nkejhlacmdbfig nkejhlmcgdbfia

0596 lhfndmbgakjice ekhjadlcmfngib ekliahcndmbgjf eknfadjcmlbgih

0599 ekniahjfdmbglc enkjailcfdhmgb fkimanedlcbhg fjlgkndmebicha

0603 hknfbdmaelijgc hlegcidnfbmjka hlgfkdcnemibja hlgikanfdmebjc

0607 kigmhncebladjf megjblcfndahki miglhnkebacdjf lifedcmgnkjahb

0610 fenmkaibldhgjc hjgfbncamliekd hjgnbikamecfld hjlfkncambiged

0614 hlegcbnkmfajid hlgfbnckmeajid ieglbaknfmchjd ifljhmangdbcke

0618 iflmckangdbejh ihegcbkfamnjld ihgfbkceamnjld ilegcbnfkmahjd

0622 ilegckjfmdnbah ilgfbncekmahjd ilgfnjcekdambh iingcmdbkfahje

0626 imejhblcadfnkg kegjbacflnhmid khegcbnfalimjd khgfbncealimjd

0630 khjgnilbamfdce khnfmdcbaliejg khngcmdbalifje kjilhmcngbfdae

0634 mgkjailcfnhbed nfeicblkmgajdh ngikaljfcbmhde ngljaikcfmbhde

0638 nhjmcikbleafdg njekcbialfmgdh njgmbikalecfdh njgmblkaceifdh

0642 nmejibdklghcfa lifedcngmkjabh ehjlimcbagfnkd ehlfidmkagbnjc

0645 fhlgmidkaebnjc fnmgikdalchejb hjgfmkcadnielb hngfmickdeajlb

0649 ieglbacmfdhnkj iegnbalmfdhckj ilhjbmacgdfnke kgihmdjfcbnela

0653 mginaljfcbehkd mhjfincblgaekd mhjliacbegfnkd nhjfmlcbagedki

0657 njigchlmebfdka lifmdnhgbkjaec egihadmfclbnkj ehlnimckagbjfd

0660 ejkfhdnagmcbli eljfndcbkgmhia emgjndiklfhcba fekhbamncligjd

0664 femlhadnkcigjb fhljimdkngbcae fhlncimkaebjgd fhminidbaecgkj

0668 fjkghmdnclibae fjmlnhdaebcgki flihbkmncgaejd fnkihmdbglcjae

0672 hgkfailndmcbje hjgkbmcadnifle hjgnbmkadecfli hlmgnbikdfajce

0675 hmegcilnkbfdja hmjgcilnkefdba hngibmkadlcfje hngkbjlmdficae

0680 iegfbjcmkdnhla iemgkhjfadnclb ifljkmacgdnhbe ihegclnkambjfd

0684 ihgkbjleamncfd ilmgnbjfkdahce ilmjnkacgdfehb ingjblcfkdmhae

0688 kemjbaicnlfdhg kemjnaicglfdhb khencbjfalimgd khmgnbjfalidce

0692 kjegcinalbhmfd kjgfbicmdenhla kngfbjcmalidhe kngjbmcfalidhe

0696 knjgcidbmeaflh megnblikcfajhd meihbalkcgnjfd mfjkhbaenlicgd

0700 mfjlkhabecingd mhekcbjfnligad mjencbialfhgkd mjgnblkaceifhd

0704 mjilhacegbfnkd mlgikajfncebhd mljikanbgcehfd njigchlmebfdka

0708 lifndmhgbkjace egimakjfnbhdlc egkfadjclnhmib egkjadnclfhmib

0711 emjfidckagnblh fjkgcndmelibha flimhkdenbajgc fmkgcidbnlejha

0715 hegmbjkadlnfic hegmblnkdfajic hgjmaklednfbic hjglmdkaencfib

0719 hjkimbcadfnelg hmjfidckegnbla ifljhkmcndbega ihnfmdckaebjlg

0723 ilejhbkcndmfga ilgmbhnfkdaejc imejhlkcndbfga imkgcldbnfejha

0727 kejmhldbgnafic kgihmdjfcbnela kgimanjfcbedlh kgnfaljcmbedih
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0731 khglbjceanmdif khjlmacbenfdig kjilmacenbfdhg kjnfmdcalbheig

0735 kmegcjdbnliflia kmgfidcnlbheja mfegcbjaldhnki mhegcldkanbjif

0739 neifkjcamdbgih nfjkmbaedlichg nfjlmhabecidkg nhlfkjcemdbgia

0743 njglbdkamecfih nljimbkedcafhg lihedmn bkjafc ehjkndmbfficga

0746 ehjnadkbglimcf ehmnidlkagbjcf elihkdjfcmangb eljnkdibgmahcf

0750 1 1 enkhadjfclimgb hglfajkemnbcid hjkgcnmaelibdf hjlgckmadnfeib

0754 hligcnmkebajdf ieklhnmbgdcjaf ifknhbamgdcelj ihlgcnmkaebjdf

0758 khjgcnmbaliedf kjehcbimgfndla kjigcnmalbhedf mfjikbaelchngd

0762 mheicbjflgankd mhjfankbgliced mhjnckabfliegd mjekcbialfnghd

0766 mjikcnlaebfghd mnejibdklghcaf lihednm bk'acf eglhaikncmbfjd

0769 fekmhaibgdnjlc fhngmidkaebjlc fjigmkdanbhelc fjklbadamncgie

0773 fjklmhdaencgib hjelkmdafncgib hjelnbiadfmgkc meihkalncfbgjd

0777 mfighjlecbankd mgkfailndecbjh njihmlafcbedkg lihmdncgbkjaef

0780 egjiadlmfchnkb egniahlmdcfbkj emihadjfclbnkg emihndjfclbgka

0784 fhngcidkambjle fjkgchdalnemib fnmikhdalcegjb hgljackemnbfid

0788 1 1 hjenkbiamfcgld hjmlkcdafnegib ilegcmdnkfahjb khegcmdnalifjb

0792 knigchdmebaflj knjgcidbmeaflh mgflhkbeancjid mhelkjnbafcgid

0796 mjkhndafclibge mlihkabncfegjd mlihndkfcbajge nhelkbjfmdcgia

0800 lihndmc bkjafe egjiakmnlchdbf ehfminlkagbjdc emlkidbnagfcjh

0803 fmigchdaelbnkj fmkgcidbnlejha hgfjacbekmndli hgfmajbekcndli

0807 hjfkmcbadnielg hlmgcidkfnajeb hnfimcbkdeajlg ielgkamnfdbcjh

0811 ifkjhbamgdnelc ihlgcndmafbekj ilnjbcmekdahgf imfgkljbndecha

0815 imkgcldbnfejha inflmkbeadcjhg kgmiahbnlcedjf khnjbcmealidgf
0819 kmegcjdbnlifha mhegcldkanbjif mhjkandbglicef mjegckdanlibhf

0823 mjigcldaebhnkf mlegcidknbajhf mljgcidbneahkf neklhambgdcjif

0827 nfklmhabedcjig nlfikjbedcmgha limedchgnkjafb eginadbmlfhckj

0830 eginadjmlbhckf ehkfidcbamnjlg ejnfhdcamlibkg elnfhdckmbajig

0834 emifhdcaglbnkj emjknhbfdlicga emlinhkfdcbjga fhkjiadmegnblc

0838 fjngchdamlibke flhjbkmcgnaeid fljmhadkgnebic flngchdkmbajie

0842 flnjbkdcmgaeih fmigchdaelbnkj hjnimlcadfebkg hlegcnimdfabkj
0846 hlencbikmfajgd ielmkhcnadbgjf ifenkbamgdchlj ilehcbkngmafjd

0850 ilencbjfkmahgd ilhfnjmekdabgc iingckjfadhmbe ilnginbjfkdahec

0854 kegfbjcalnhmid kfehcbanglimjd kfejhbacmlndig kfnjhbamglidec

0858 kgihanjmcbedlf kgjianmelchdbf kgjmahbflnedic kgnhaljfmbedic

0862 khencbjfalimgd khngmbjfalidec kmejhnacglidbf kmhjbnicglfdea

08 6 1 mghjailcknfbed mjkfhdcnglibae mjkgchdnelibaf mjkhndafclibge
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0870 mlifhdcngbajke mligchdnebajkf mlihndkfcbajge nekjbaiclmhgdf

0874 nelfkjcamdbgih nfjgikmblcheda nfigckjamdbeih nghjaikclmbfde

0878 ngkjaibclmhfde linedchgmkjabf egihamknclbfjd ehmkadinglfcjb

0881 ejmfhdcakniglb elghkmincfabjd enikadjflmhcgb fjmgchdaknielb

0885 flenhkdcgmabji heminjkadlcfgb hjimcdkaebnflg ihgkmdlnaefcjb

0889 ihgnbmleadfckj ihmfbjleadcnkg ihmkcdlnaefgjb ilejhbkcndmfga

0893 ilgfbjcmadhnke ilhjbmacgdfnke ilmfkjceadhngb ilmjnhcfkdaegb

0897 inlgkmjfadbche kemihldngcafjb keminljfdcahgb kemjnhcfalidgb

0901 khmfalingcedjb kjifhdcmgbnela kjigchdmebnfla kjihmdafcbnelg
0905 knifhdcmgbaelj knigchdmebaflj megfbjcaldhnki mfkhibanlgcejd

0909 mgihalkncebfjd mgkiajbenlcfhd mjlikbcanfeghd nelikmjfdcbgha

0913 lkiedcmgnbjahf ehmkadibgnfclj eignhmckblajfd emjhadnfklicbg

0916 fhklnadbmgcjie fnhimadkglcjeb hegnbjkamfcild hekimjnadlcfbg

0920 hflnkbjamcegid ieklbhnfadcmjg ieklbmjnadcgfh imelkjdnafcgbh

0924 inljhmakgdecfb kejlmhnfacidbg klhjnbdcmgafie mehnbalckfigjd

0928 mfhjkbnclgeiad mflhkbingaecjd negfbjcaldmikh negmbjkalfcidh

0932 niegcmdkblajfh niemchkfblajdg nigfmdckblajeh lkiedcn bjafh

0935 hflnmbjadgecki hnglbkcadmfije hnglmkcadefijb igenhklcamfbjd

0939 ihnkcdlbamfgje ilkgcndeamhbjf kegmbncaldhijf khnfalibgmedjc

0943 mghnakbclefijd mghnikbclafejd mhjgcndbleaikf ngjimlbfdcehka

0947 lkiedmhgnb'afc efhlnimkbdcjga ehklndibmfcjga ehmkidlnacfgjb

0950 fehliadmbncgkj fejlhadbmcinkg fghlmnikbdcjea fhklindbmgcjea

0954 flhjiadcmgenkb fljgcadbmeinkh fljihadmgcenkb fmeihndkglcjba

0958 fmejhndckligba fmhjindckgebla fmhlbnikgdcjea fmjgcndbkeihla

0962 fmjihndkgcebla fnhjikdcmgaelb fnjgckdbmeailh hemgnlikdfajcb

0966 hemknjcadlifgb hgmkajbedlincf hnmfajceklidgb igfnakbmedchlj

0970 igfnhkbmadcelj ihlgckmnadfejb ilkgcjmeanhbdf imfjahkcednblg

0974 infmhbckdaelg inhgcklemdfjab inlgckjfmdheab inljhbmkgdecaf

0978 inmgcljfkdaheb kemliacnbgfdjh kfjlhnamgcideb khjgclmbaeindf

0982 khjnmalbecfdig khmgialnecfdjb klhjndicmfaegb kneicbjmlghdaf

0986 knfiajmelchdgb knmgcajfldhieb megnbljfkcahid mflnciakbehjgd
0990 mgfhalbnkeicjd mgjnahlkecfbid mgihaibnkefcjd miegchlkbafnjd

0994 migfhlckbaenjd mlgnbkjfacheid mneihbdkglcjaf negfbicmlahdkj

0998 nfejhbacmlidkg nfjlmhabecidkg nifjkhbclmegda nljgcambkeihdf
1002 lkiednh bjacf enlfkdcabmhgji fehgiadkbmnjlc fejmhadbkniglc

1005M fekihadbgmnjlc fhglmiknaecdjb hegkbacfdmnjli hgfiakbndlcmje
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1009 hgfimkbndlceja hgflmkbndecija hngfmickdeajlb ieklbmjfndcgha

1013 ienmbljfkdahgc ifelkbangmchjd igflhkbnadcmje ighmaklnedfbjc

1017 ihelkmdnafcgjb ihelnbkfadmjgc ihnjmlcfadebkg khngmilbaefdjc

1021 kleinbjfdmahgc klfimjbedcanhg klnfmjcebdaihg kmjgcidblenfha

1025 meghbaknlfcijd meghbiknlacfjd mekhbainlfcgjd mfehkbanlgcijd

1029 mfehkbinlacgjd mfeikbjanlcghd mfhjkiacblengd mfjikhablcengd

1033 mfjlkhabecingd mfkhibanlgcejd mgfhakbnlecijd mgfhikbnlacejd

1037 mgflikbneachjd mgkhaibnlecfjd mhgfbjceldanki mhgibjcelfankd

1041 nfjkmbaedlichg ngfjahbcelmdki nghjamicblfdke nmeikbjfdlcgha

1045 lkimdnh jaec efjikhnbdcamlg egjnamiklchbfd egkiahbmdncflj

1048 eignhmckblajfd eilnamjfbghckd emhfadjckniblg emjfadlbkcinhg

1052 enjfkdimgcahlb fhjgnkdblmaice fhjnckmbleaigd fhjnkadbecimlg

1056 fhjnkadblcemig fienchmkblajgd fimgnhdkblajce hemibjkadfnclg

1060 1 1 ifljnbakgdmche iglhakbnemfcjd igljhkbnadfmce igljnhbkmdfcae

1064 ihegcknbamfjld ihekcjmbafngld ilkfndjcamhbge imegcjdkafnblh

1068 kegibjcmdfnhla kfencbjalmhigd kfmgnbjaldhice klgibjcmdfanhe

1072 klhnibdcemafjg kljfhdnbmcaeig mflikbandgecjh mgjfndiklchbae

1076 mgjhndbfklicae mienclakbfhjgd miencljkbahfgd migfndckblajhe

1080 mihfndkcblajge milkndjfbghcae mlhfndjckaibge nejlhmdbkcigfa

1084 nfgikljmdcebha ngjialbkdcmfhe nhjlkmdbecigfa nhklimdbegcjfa

1088 nlejhkacmdfbig nlhjbkacmdfeig lkindmh jace egjhadbfknimlc

1091 egjiakbmlcndhf enhfadjcklimgb fhegcjdblnmika heglbjnadfmikc

1095 igljhnbcadmekf ihkfmdlbaecnjg ihnlbkmeadfjgc klhfbdingmaejc

1099 klnibjmedfahgc megiblcndfajkh mgkialbndecfjh nfelkbjmdgciha

1103 lkmedchgnbjafi eglmaibnkdfhjc ehkfidmbagnjlc ehnkidlbagfmjc

1106 feglbaimcdhnkj fejlhadbgnmikc fhjgckdbmenila fhkgmidbaenjlc

1110 fihnmadkbecjlg fihnmjdkbacelg flhjmadcbneikg fljihndbgcmeka

1114 flnihadmgcebkj flnjiadcmgebkh ifnjhlamgdebkc ighjakmcednblf

1118 1 1 ignmahlkedfbjc ihgmbkceadnjlf inegcbjmkdahlf khngmilbaefdjc

1122 kihfalmnbgedjc klehibmncgafjd klemibdncgafjh klhfidmnbgaejc

1126 klhgmidnbeafjc klhnmidcbeafjg mglhaibnkefcjd mihgcklebafnjd

1130 mlkfhdcngaibje mlkgchdneaibjf nfhjmiacbledkg lkmednh jaci

1133 mfkhibanlgcejd mgfhakbnlecijd mgfhikbnlacejd mgfjahbclneikd

1137 mgflikbneachjd ngfjahbcmlidke lknedchgmbjaif efhlminkbdcjag

1140 egkhamincfibjd eihkadnmbgfclj enkhmdbfclijag enikadjfbmhcgi

1144 fejmhadbkcngli fhglmiknaecdjb fhmgkadnelicjb fhmjkidnalegcb
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1148 figlbjkmnacdhe fihlnjdkbacmge fihlnjdmbacgke fmjgcadbkenhli

1152 fmkliadbngcjhe fnegchdkbmajli fnekhmdcglijab fnglbmikcdhjae

1156 hegibmlndcfjka heglbjkadmcnfi hegnblckdmajfi heminlckdfajgb

1160 hemlnjkadfcigb hgkfmilndecbja hlegcbkndmifja hlgfbkcndmieja

1164 hnegcmikdfajlb hngfbickdmajle hngfmickdeajlb hngibmlkdcajfe

1168 hnklmibadecfjg iemnbljfkdahcg ifjnklabgmehcd igmjaklcndfbhe

1172 ihgnbmleadfckj ihmfbjleadcnkg ilgfbjcmadhnke ilhjbmacgdfnke

1176 imgfbjckndhela imglbhckndfjea ingjbmlkadfche inkfmjleadcbhg

1180 khegcmlnafidjb khenmjlbafidcg khgfmlcnaeidjb khgnbjleafimcd

1184 khjfilcbngmdae khjgcmlbaendfi klencbjfdmahgi klghbjincfamed

1188 klgnbjcedmahfi klhfmjnebdaicg klmjibdcngafhe kmegcbjnldhifa

1192 kmjfidcblgneha kmjgcidblenfha meghbiknlacfjd meghblincfajkd

1196 megnblikcfajhd meknbaiclfhgjd mfegcbjaldhnki mfhjkiacblengd

1200 mfjikbaelchngd mgkhaibnlecfjd mhjnikcblgaefd mlhjianckgebfd

1204 mljniacbkgehfd mnglbhckedfjai nehkimlcbgfjda nfelibakcmhjdg

1208 nflmciakbehjdg nghjaklcbmfide nihjamlcbgfdke nilfkjcebmhgda

1212 nlkhmdjfcaibeg lknedmhgfbjaic eljfmdibkcnhag emklndibgfcjha

1215 enkfadjclmhbgi enkhmdbfclijag enmfkdialchgjb ifejmbakgdnclh

1219 ifkjmbacndhelg igfnakbmedchlj igfnhkbmadcelj igjkahbfemncld

1223 ihgnbjleadmckf ihjgckmbaendlf imejhkacgdnblf imfjahkcednblg

1227 imglbhkfndcjea imjgcklbnefdha imklbnjfadcgeh infjmhbckdaelg

1231 inmgckjfadhelb klfinjbedcamgh klgnbjmedfahci klhgcnmebdaijf

1235 klmjindcegafhb klmjndicgfaehb kmjfalcbngedhi kmjfalibncedhg

1239 knmjildcagefhb megibljfncahkd mejihldbgcankf mfkicljangebad

1243 mgfhalbnkeicjd mgjiahlkncfbed mlgibkjfnchead mnekhbdcglijaf

1247 mngjbhlkedfcai nehkialcbgmjdf nelgiamkbchjdf nfelibakcmhjdg

1251 ngfiajbelcmdkh nifjkhbclmegda nlkgcjmeafhbdi nlkhmdjfcaibeg

1255 nlkjhaicgmebdf nlkjihacemfbdg lmfedch bkjnia egjhadlknmfbci

1258 egjkahnmdlicfb egmkahnfdlicjb egmladjfkbnhci ehjladkbgmnfci

1262 ehjlidkbamnfcg ehlfmdckngbjai eklfmdiancbjhg eljmincbkgahdf

1266 enifhdckgbamlj enilmhjfkbcdag enilmkjfcbhdag enjkmdibglfcah

1270 enlfidckagmjhb enmlhdkagcifjb fekhbamncligjd fhelkidnamcgjb

1274 fhklmidnaecgjb fjkihmdnglcbae fjlknhdaebmcgi fkigchdaemnjlb

1278 fklgimdancbjhe fkljnadcembhgi fkljnidcambhge flmihkdngcabje
1282 flmjikdcngabhe flmnhadkgbejci fnkgchdaelimjb fnkihmdbglcjae

1286 fnljimdkegbcah hegkbjladmncfi hegnbakfdlmjci hfmnkjledbagci
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1290 hjencbkadlmfgi hjmfnlcakbedgi hjmgcnlakbfdei hjmkndlaebfcgi

1294 hkegcbiadmnjlf hkencbladmfjgi hkmnbliadfejcg hlgnbjmkdfaeci

1298 hljgcimkneabdf hnegcbikdfamlj hnegcbkadlimjf hneicblkdgmjaf

1302 hngibjkmdlcfae hngiblckdfmjae hnmiajkedlcfgb ifekhbacgmnjld

1306 igjnahlkemfbcd igmfhjkeadnclb ignjhmkcadbfle ihefmjkbadnclg

1310 ihegcbkfamnjld ihgnblmkafejcd ihjmcdkbaenflg ihknmldbafejcg

1314 ihlgckjnadmefb ihnlkbjfadmgec ikegcmjfadnhlb ikgfmjceadnhlb

1318 ikgnbljfamehcd ikjnhlabgmefcd inejhbkcgdamlf ingfbjcekdamlh

1322 kejlhanbgmfdci kejmhlnbgcadfi kemjbaicnlfdhg kfejhbncglmdai

1326 kfenhbacglimjd kfjinbaelcmdgh kgmialnfdcehjb khefmjnbalidcg

1330 khegcbnfalimjd khenmjdbalifcg khgfbncealimjd khgnbjmealifcd

1334 khjgnalbemfdci khjialnbgcemfd khjmcdnbaliefg khnfmdcbaliejg

1338 kjefnimalbhdgc kjglbicanemdhf kjglbimanehdcf kjgnidmalbhecf

1342 kjincdmalbhegf klenhbdcgmafji klghbdnfcmaeji knegcmjfalidhb

1346 kngibljfdcmhae knjfmlibgcedah knmihldagcefjb meglbikndacfjh

1351 mflihkaencbjgd mfljibnckgehad mfljikncegbhad mklhajincfbged

1354 mlegcbikdfnjah mlegcbjfkdnhai mlegcbkndaifjh mlejhbkcgdnfai

1358 mlenhbkcgaifjd mlgfbjcekdnhai mlifhdckgbnjae mlinhackgbejfd

1362 mljfincbkgehad mlkgchdneaibjf lmfedch bnjaik egmkadjfnbhcli

1365 11 ehjkadnbgmfcli ejifkdmanbhglc enifhdckgmajlb feknhadbgmcjli

1369 fnigchdkemajlb hegnbakfdmcjli hegnbjkadmcfli hjgnbmkadecfli

1373 hnegcbikdmajlf ignjahkmedbflc ignjamkcedbflh ihngcmdkafbjle

1377 inegcmjfkdahlb kgihanjmcbedlf kngibmjfdcahle knjihmdbgcafle

1381 lmfedcngakjibh egmkahjfdbncli eilfndcmbahgkj ejkfhdmaglnbic

138411 ekihadjfcmnglb eklfhdmagnbjic felgiadmbchnkj feljnadckgmhib

1388 felnhamkgcbjid filgcndmbahekj filgmjdebahnkc fjlgkhdaenmcib

1392 fklgmhdaenbjic fkljhamcgnbeid hgliankedcbmjf hglmajkednbcif

1396 hjglbmkafncdie hkmiajcedfnglb hkmicajfdgnelb hnelibmakgcdjf

1400 kjmghalecnfdib mflnikacegbhjd mlhjibdcegankf mljfincbegahkd

140411 nghjamlckdfbie ningcmlebafdkj lmfedchgfbjnka egjkahbfmcnild

140711 ehjfadmbkniglc ehmfkdnblgaicj eigfhdcmblnjak eilmanjfbghcdk

1411 eimladjfbgnhck einkadjfbghmlc eljmkhbfncagdi enjfadiklchmgb

1415 enjlmhbfkcidag fhjgmadbknielc fhjlkanbecimdg fhklianbegcmdj

1419 fhmliadbegnjck fiegchdmbinjak figlnakmbecdhj flhjnaicmdebgk

1423 flhmikdcenabgj fljikanbmcehdg fnjlhadmkcigeb hegiblcmdfnjak

1427 hegnbjkadfmli hemibjkadfnclg henibjladfcmgk henlbjmadfcigk
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1431 hgkinjbmdlcfae hgmiakbedlnjcf hlgikmcednabfj hljfndmkecabgi

1435 hlnibjmkdfaegc hnkibjlmdfcgae ieknbhjfadcmlg iemlbhkfadnjcg

1439 ifhmkblcenagdj igkfnjlmadcbhe igknhjbeadcmlf igljakbnedfmch

1443 igljhmbcadnefk ihelkjnbafemdg ihmkcdlbanfgej ilemckjfanhbdg

1447 ilmgnkjfadhbce inelkjdmafcghb inkfbjlmadcghe inljahmkedfcgb

1451 inljakmcedfhgb inljhmakgdecfb kegfbjcandhmli kegibncmdfahlj

1455 kehfblimgnadcj kemihldbgnafcj kfegcbjandhmli kfhjnblcmgadie

1459 kfhmibncegadlj kfjgmblencadhi kfngiblmecadhj kfnlibjamghdec

1463 kgjianbmdcehlf khgibmcelnadfj khgnbmceldaifj khjfmdcbngaeli

1467 khjgcmdbneafli khmjalingdefcb kiegchdmbnaflj kigfhdcmbnaelj

1471 kimjaldnbgefch kingmjlebfadhc kngibjcedfamlh knhjibdcegamlf

1475 knjlmhbfacideg meglbhckndfjai meglbjkndfciah meglbkcandfjhi

1479 mejlhndbkcigaf meklbhjfndcgai meklbjindfcgah mfhjkbnclgeiad

1483 mfjgkbnelchiad mheicklbngfjad mhkfbjlendcgai mhkfinlbegcjad

1487 milgkjnebfhcad miljkhcfbnegad miljndakbfhcge milkndjfbghcae

1491 mlgibjcedfnhak mlgikjcenfhbad mlhjbkacndfegi mlhjibdcegnfak

1495 mlhjikacenfbgd mlhjindckgebaf mlhjnkacedfbgi mljfndikachbge

1499 lmkedingfcjnba egmladjkcnhfib ehifkdcnlmagjb ehlkidjnagmcfb

1502 eihkmdlnbafgjc eilfmdcnkabgjh elgmidnkabhjfc elimkdbncfagjh

1506 fehkiamcbgnjld feihkamnclbgjd felhiamnkgbcjd feljnadckgmhib

1510 fhigckdnlmaejb fihlkjdnbamgec filgcmdnkabejh fjilnhkaebmdgc

1514 fkhjmadcbgneli fkmlihdaegnjcb fnhjikdcbgamle hemknjcadlifgb

1518 hemknjladficgb hglfajkemnbcid hglmajkednbcif hjflinbakgmdec

1522 hjflknbadgmiec hjfminbakgedlc hjfmklbadnecig hjfmknbadgeilc

1526 hjgkbmladnicfe hkemiblangfjdc hkmgcliadfnjeb hnegcbikdfamlj

1530 hnegclikdfmjab hngkmjcedlifab ifekhbacgmnjld iflnhkacgmbejd

1534 igfkahbcemnjld igfkalbnemhcjd igmjhlnkadecfb ihemcbkfadnjlg

1538 ihlgckjnadmefb ikegcbjmadnhlf ikfmahlnedbgjc iklfhmcnadbgje

1542 inegcblkadmjhf inegchlkmdfjab ingfblckadmjhe ingjmhlkedfcab

1546 inlgckjmadbehf kehnialcbgfmjd kemlnajfcghdib kgfjahbclnemid

1550 kgihaljncbemfd khelnbjfagmdic kjelnbiagfmdhc kjflinbaegmdhc

1554 kjhgcalemnfdib kjifnlcagbmdhe knlfhjcegdmiab knljhdicgfmeab

1558 melkiajnbghcfd miegclnfkabhjd mkhjablcenfgid mklfhncegabijd

1562 mklgcaindfbejh mklgchnfeabijd mklgcjneafbhid mklhanjfcgbied

1566 mkljanicgfbhed mkljiancegbhfd mlehcbkngaifjd mlfjkhbcanegid

1570 mlhjndkcbfaige lmnedih cjabk fnhjmkdcbgaeli inegcbjmkdahlf
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1573 kghjanicbmedlf lnfedch bkjmai ehjlidnbagmfkc ehlfidmkagbnjc

1576 eklfidmnagbhjc elnfidmbkgahjc emihkdlncbagjf emlfhdcnkbigja

1580 fhlgmidkaebnjc fklgmidnaebhjc fklhiamncgbejd fklnmidcaebhjg

1584 flngmidbkeahjc finihadmgcebkj flnjiadcmgebkh fmlgchdnkbieja

1588 fmljiadcegbnkh heilmanfkbcdjg hgkfmilndecbja hmefkilndbcgja

1592 hmikcdlnebfgja hmkfbilndecgja iegmbinfkdahjc ielgkhmnadbcjf

1596 ielmkhcnadbgjf ienmhlkbgdafjc igemhlknadbfjc iglfhmknadbcje

1600 igljahmnedbckf igljanmcedbhkf ihlmknceadbgjf neglbajfmcidkh

1604 nejlhambecidkf Infedchgbmjaki egimadjnlbhcfk egkhadlmcnibfj

1607 egnhadmfklicbj ehjlincbagfmdk ehlfidmkanbjgc ejkfhdcambnilg

1611 ejkmhdiaglnbfc ejmfhdcaglnbik elnfhdckmbajig emikadjflnhcbg

1615 emkfhdcagniblj fenlbaikmdcjgh fhlgmidkanbjec fhlncimkaebjgd

1619 fjkgchdambnile fjklhndmgbciea fjklindambcgeh fjkmihdaebnglc

1623 fjmgchdaelnbik flngchdkmbajie flnihadkgcembj flnjbkicmdaegh

1627 flnjiadckgembh flnjmkicgdaebh flnmihdkebajgc fmkgchdaeniblj

1631 fmlihndkgcejba hegmblckdnajif hfemcblkdnajig hgjmaklednfbic

1635 hgkfailmdncbej hgkmajledncbif hjefmikadbnclg hjemcbkadfnilg

1639 hjglinkambcfed hjimcdkaebnflg hjmfbikadenclg hlefminkdbajcg

1643 hlemcbnkdfajig hlgmidnkebajfc hlimcdnkebajfg hlkicanmdgebfj

1647 hlmfbinkdeajcg hmglbikadncfej hmjfilcnkgedba hmjfklcndgeiba

1651 iegjbalkmdncfh iegmbljfknahdc iejmhlkbgnafdc igljahknedbmcf

1655 igljankcedbmhf igljanmckdehbf ihemnldkafbjgc ihlgkjmeanbcdf

1659 imkfnjleadcbgh kegmbljfdnahic keihbanmcgfdlj kejmhldbgnafic

1663 kenfmjcaldhibg kfejhbmcgdnila kfemhbacgnidlj kfenmbjaldhicg

1667 kfjgihmbecndla kfngcmjaldhibe kgjiahmnlcedbf kgnhaljfmbedic

1671 kgniahmflcedbj khegcbjfmdnila khegcbmfanidlj khgfbjcemdnila

1675 1 1 khgfbmceanidlj khglbncmafidej khgmbjneafidlc khjfalmbgnedic

1679 khjfincbagemld khjlincbmgfdea kjegcbimdfnhla kjifhdcmgbnela

1683 kjigchdmebnfla kjihmdafcbnelg kjimchafebndlg kjngcalembfdih

1687 kmglbnjfacideh kmihaljfcnedbg kmjginlbecfdha mfejhbacglndik

1691 mfljihakenbcgd mfljikacenbhgd mgihajknclbfed mginajkeclbfhd

1695 mgkfanjclbhied mglhajkncfbied mglnajkecfbihd mhefkjlbancgid

1699 mhegcbjfalndik mhelkjnbafcgid mhgfbjcealndik mhjfkncbalegid

1703

-

mhjkcdlbanfgie mhlgkjneafbcid mjgfikcalbnehd mjglinkaebcfhd

i-7-07 1 mjifkdcalbnghe mjigckdalbnehf mjigkanelbhcfd mjkfhniaglcbed

1711 mjkgcanelbhifd mjkihndaglcbef mjlnkbiacfeghd mlegckjfanhbid
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1715 mlgfkjceanhbid mljnciabkefhgd mlkjhaicgnebfd neghbalmkficdj
1719 neglbajfkcimdh neglbjkamdcfih neilbajmkgchdf nejlhaibecfmdk
1723 nejlhakbgcimdf nejlhmkbgcifda nejmhakbglicdf neklhambgdcjif
1727 nfelibjacghmdk nfelmbakcdhjig nfljmhakedbcig nfljmkacedbhig
1731 nhjgkambelicdf nlegcbimdfajhk nlegcbjfmdahik nlegcbmfkaihdj
1735 nlejhbmcgdafik nlemhbkcgaifdj nlgfbjcemdahik nlgfbmcekaihdj
1739 nlghkaimcfebdj nlghkjimcfabde nlifhdcmgbajek nligchdmebajfk
1743 nlihbkamcgfedj nlihmdkfcbajeg nlimchkfebajdg nljihbkemcafdg
1747 nljimbkedcafhg nlkfhdcmgaibej nlkjhamcgdebif nmekhbdcglijfa
1751 nmghbdkfclijea lnfedcm akjihb eghkadinblfmjc eghladinbfmjkc

1754 eghlamikbncjfd eghmailnkdfbjc egilamjnkbchfd egjmahlkdnfbic

1758 egkmadlncfibjh egkmailnfdhbjc eglkaminbfhcjd egnhadjfclmbki
1762 egnhadkfcmbjli eihmadlkbgnjfc eilfadckmgnjbh eilfmdcnkabgjh
1766 ejlkhmiagfncbd ejnkhdiaglfmbc eknlhdiagfmjbc elgnkdjfmcabih

1770 elinkhjfmbagcd elnfmdcbkaihjg emkhadjfcgnbli emlfhdiagcbnkj
1774 emlfndckbghjia fehjiakcbmndlg fehjmadckgnbli fehniadkbgcmlj
1778 felnkadcgmbhji fenlkadbcmhgji fielkhdnbmcgja fielkjdnmacgbh
1782 fihgckdebmnjla fihjmkdcbgnela fihnmjdkbacelg filgcmdnkabejh
1786 filnmjdkbahecg fjkgmhdaelnbic fjkimndaglcbeh fjlgmhdaebinkc

1790 fkhjindcbgemla fkhjmadcbnielg flngcmdbkaihje flnjiadckgembh
1794 flnjikdcegambh fmlgcndekbihja fmlgihdaecbnkj hegkbajfdnimlc

1798 hegmbajfkcndli hegmbanfdlijkc hgliajkedmbnfc hgliamkndcbjfe
1802 hglkamjndbicfe hjgmbikafendlc hkgibnjfdcemla hkliajnedmbgfc

1806 hmgikajfdcnble hmgkbncfdlijea hmkicajfdgnble hmliabnkdcejfg
1810 hmlkajnedbicfg kegibljfmcandh kehgialnbmfdjc kehnialcbmfdjg
1814 kejlhacbmnfdig kenjmaicglfdbh kfejhbacmlndig kfjmihabecndlg
1818 kghjanicbfemld kghjmnicblfdea kglnajiebfhmcd kgnmaljfdbehic
1822 kiegcnjfmladbh kigfnjcemladbh kihgcnlebmfdja kjelmbiagfndch

1826 kjlnhbiagfemcd kjngihlaemfdbc klghbdjfmnaeic klhjmbdcenafig
1830 kljfmdcbenahig kljgcmdbfnahie kmgibljfdcnhea mfighjlecbankd

1834 mfihkjlncbaged mgehiklncafbjd miefkhlnbacgjd miekcblnfahgjd
1838 migkblcneahfjd mihfanlkbgcjed mihkcdlnbafgje mikfbhlneacgjd

1842 mkhjailcbnfged mlegcbnfkaihjd mlgfbncekaihjd mlhjianckgebfd
1846 neglbajfkcimdh nejkhmibglfcda nejlhmkbgcifda nfkmchabelijdg

1850 nflihbakmcejdg nfljibackmehdg nflkhjaembicdg nkejhbicglfmda

1854 11 nkgfbmcaelijdh nleicbjkmgafdh nlekhbicgfmjda nlekibjfcgmhda
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1858 nlgfbjcekdmhia nlgibjckmfaedh nlgikhjfmcabde nlgmbjikcfaedh

1862 nlhjibkcemafdg nlhjmbkcedafig nlihmdakcbfjeg nlikchjfebmgda

1866 nlimchakebfjdg nljfimcbkgehda nljimdkbfcaheg nljmcikbfeahdg

1870 nmhgcklebdfjia nmihbdlkcgfjea lniedchgfmjakb egjhadmnklicbf

1873 fejmkaiblnhgdc fekhianmlgcbdj fjgmbknalehidc hjgfbkcamenild

1877 hlegcbnkmfajid hlgfbnckmeajid ienlmhjfadcgbk ifelhbmkndcjga

1881 ifelkbamgnchdj ifelnbakmdhjgc iflhckamgnbedj ifljhkmcndbega

1885 ifljnkacmdbhge igljanbcedfmhk igljankcedbmhf igljanmckdehbf

1889 iglnahkfedbmcj ihelkbmfancgdj ihelkjmbancgdf ihelmbjfadngck

1893 ihelnbmkadfjgc ihlfnjmkadbegc ihlgckmfanbedj ilhgcmnekdabfj

1897 ilnfmjcbkdaheg ilnfmjckadhebg ilngcmjbkdahfe iingmbjfkdahec

1901 ilngmkjfadhebc ilnjmhcfkdaebg imljhbnkgdecfa imljnhbkedfcga

1905 imljnkbcedfhga kegibmjnlchdfa kghfalimbnedcj kgjiahmnlcedbf

1909 kgniambelchdfj kheicbjfmgndla khgibjcemfiidla khnjalimgfedbc

1913 kihfalnmbgedcj kinhaljfmgedbc kjehcbimgfndla kjgfbdcamenilh

1917 1 , kjgmbdnalehifc kmeicbjnlghdfa kmhgcalebnfdij mfejhbacnlidgk

1921 mfjknbaedlicgh mfjknhabdlicge mfkinjaedlcbgh mghfanjcklibed

1925 mgkhajinlfcbed mgkiahjfnlcbed mhegcbnkalfjid mhekcbjfalngid

1929 mhgfbnckalejid mjegcbkalfnihd mjekcbialfnghd mjencbkaglifhd

1933 mjgfbkcalenihd mjglbkcanefihd mlegcbjkanhfid mlgfbjckanheid

1937 mlhjkaicbnegfd neglbjkamfcidh nehmkajcbligdf nejfkmiblchgda

1941 nejlhakbgcimdf nejlhmkbgcifda nejmhakbglicdf neklhambgdcjif

1945 nekliajmbgchdf nfehkbamlgcidj nfehkbimlacgdj nfjikhablcemdg

1949 nfjlkhmbecigda nfjmckablehidg nfkhibamlgcedj nfkjmbacldheig

1953 nielkhjfbacmdg nihgcklebafmdj nihkcdlmbafgej nilfhdcmkabgej

1957 nilfhmkegabcdj nilgkhmfeabcdj niljamdckgbhfe nilmckjfbahedg

1961 1 1 nilmkjcebahgdf nlehcbimgfajdk nleicbjfmgahdk nlgibjcemfahdk

1965 nlhfkmjcbgaide nlhjimdcbgaefk nlhjmbkcedafig nljikambecehdf

1969 nmeihbdkglcjfa nmejhbdckligfa nmgibjkedlcfha lnkedih c'mab

1972 egifadjmlbhnkc egiladjfnbmhkc egiladjmcbhnkf egnladikbfmjhc

1976 egnladjfkbmhic eilkndjfbmhcga ejlkidbmngfcha elfnkhbcdmagji

1980 1 1 elhnkdicbmagjf elifkdjmnbaghc elinkdjmcbaghf emifkdcnlbagjh

1984 emihkdlncbagjf emlkadjfbnhcig feglbaikndmjhc felnmadckbihjg

1988 flimhadknbejgc fmljnadckgbhie hegkbalndmicjf hfnmkjledbagic

1992 hjgfbncamliekd hjgmbkcadlneif hknmbliadfejgc hlgfbjckmnaeid

1996 hlgmbjckdnaeif hlgmbjnkdfaeic hmegcliadfbnkj iegmbhlkadfnjc
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2000 iegmblnfkdahjc iflmckangdbejh igf3mlbkndecha ihegclmkadbnjf

2004 ihgkbnleamfcjd ilfjhnbmkdagec ilfmhnbekdagjc ilgfbncekmahjd

2008 ilgmbhnfkdaejc ilnmbkjfadhegc kehjimlcbgndfa keifmlcngbadjh

2012 kelmiajfbghndc kfelmbjacnhdig kglmajiebfhndc kihgcjlebmndfa

2016 kjelmbnacfhdig kjfgmnialbhdec kjifhlmanbedgc klngcmibdfahje

2020 klngcmjfbdaihe kmhgcjlebnadif kmhjnalcbgfdie neglbamkcdhjif

2024 nhgkbjcemlifda nhgkbjlemficda nifhlbkgmecda nigjbhlkemfcda

2028 nigjblcfkmehda nihjmlacbfedkg nklgcajfmdbeih nkljimdcagbhfe

2032 nlegcbikdfmjha nlegcbjfkdmhia nlekibjfcgmhda nlgfbjckmdaeih

2036 nlgkbjiecfmhda nlhjikdcbgmefa nligchkfebmjda lnmedih c'akb

2039 egikadjfnbhmlc eglmadicknbhfj eglmahkcdnbfij eilhndmfkabcgj

2043 ejgkidlmnbfcha ejikhdmacbnglf ejikhmcagbnfld ejlmhnkagbifdc

2047 elgnkdimcfabhj elinhdmkcbajgf elinhmckgbajfd elnmhdikgbajfc

2051 elnmidjbkgahfc fehjmadckgnbli feihkanmclbgdj feljiadcmgnhbk

2055 fiegcndmkabhlj figmkjnelahbdc fjgmiknalbhedc fjikchmaebngld

2059 flgjbkimndaehc flhjmkdcngaebi fligmhdknbajec flinchmkebajgd

2063 flnjbkdcmgaeih henmblikdfajgc hflgckmadnbeij hflknjmedbicga

2067 hjemcbkadfnilg hjfkmlbadgncei hjgmbkcadlneif hjigcmkaebnfld

2071 hjlgckmadbneif hlemcbnkdfajig hlfgmnikdbajec hligcmnkebajfd

2075 hmgfbjcnklidea hmgkbjcndlifea hmngclikdfajbe hmnkajcedlifbg

2079 igljamkfndbche ihegckjmadnblf ihegcnlmadfjbk ihlfkmceanbgdj

2083 ihlgcmjfadnebk ilegchnmkdabfj ilegcnjmkdahbf ilgfhncmkdabej

2087 ilgjbhnmkdaefc ilngcmjbkdahfe imnjahlkedfcbg kehjimdcbgnfla

2091 kehmiancbgfdlj kenmiajfbghdlc kfemhbacgnidlj kgfmahbcenidlj

2095 kgihanjmcbedlf kgnhaljfmbedic kgnjalimbfedhc kgnmajiebfhdlc

2099 khegcbjfmdnila khgmbjceanidlf kjegcbimdfnhla kjgmidnalbhefc

2103 kjifmdcagbnelh kjigchmfebndla kjigcmnalbhefd kjigmalenbfdhc

2107 kjihmdafcbnelg kmegcbjnldhifa kmglbjincfhdea kmhjalncbfedig

2111 kmnhaljfcgedbi kmnjialcegfdbh mehjialcbgndfk mfelibakcnhjgd

2115 mfinclakebhjgd mflknjaedbicgh mghjaklcenfbid mglfajkendbchi

2119 mgljakbcenfhid mgljhkbcanfeid mhljkbcfanegid mhljndikafbcge

2123 mjigclkaebnfhd mjikhlcagbnfed mjlfhncakbiged mjlgchnakbiefd

2127 mjlgckianbfehd mjlkidbangfche mjlkihbaegncfd neglbjiacfhmdk

2131 nelmkaicgfbhdj nelmkajfcgbidh nfegcbjaldhmik nfhmikaclgbedj

1213511 nflgckjamdbeih nhgmbjcealifdk nhgmbjleaficdk nhlgkjmeafbcdi
2139 11 niegcldmkabhfj niemhlkcgabfdj nifhklbmgaecdj nifmkhlceabgdj
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2143 nihjaldcbgemfk nilfhmkegabcdj niljamdckgbhfe nlegcbimdfajhk

2147 nlegcbjfmdahik nlegcbkmdaifhj nlemhbkcgaifdj nlemibjfcgahdk

2151 nlfmkhbceaigdj nlgmbjiecfahdk nlhjimdcbgaefk nlifmdckgbajeh

2155 nlihbmjfcgaedk nlihkajmcbegdf nlihmdkfcbajeg dabchefgjilknm

2158 jgfedcbmhlinka ifehcbangkjmld jgmedcnkhliafb fjhlbnkcmegdia

2160 flhjkadnmgebic ifnhmbalgkjdec imehcnalgkjdbf mhifndclgkjbae

2164 jgnedcmkhliabf engiadlmfkjchb fnhjbkicgdamle gjemcialfbdnkh

2167 1 1 nfkhlbajmdceig jgnedmbkhliafc emgindlbfkjcha emgjndkblfciha

2170 ifmhcnalgkjdeb khjfalcnmgedib khmfaljbcnedig mfelkbjdanchig

2174 mfjhckanlebigd mflhcianbkjegd mhifankblgjced mhjfanlbgkcied

2178 nejgialcbhmdkf jkfmdnlingbaec ilmhnbkjadgfce nfihkbmdlejcga

2181 jkfndmlihgbace engiakcmlfjdhb jknedmblhagifc elgnidmkahjbcf

2183 emkindlbfcjgha iemknalcfdjghb jlfedckihnmbga gfikljadmbhnce

2186 jlfedcmkhaingb kmgfalcjbnedih mflhckjdanbeig jlfedcnkhaimbg

2188 nelgkajcmdbhif jlfmdnkihagbec ikmhnbljgdface ljmhnbikafdgce

2191 melgiancbkjhfd jlfmdnkingabec ejlnimckabhgfd nfikljmdcbhega

2194 nflhcjmdkbiega nkehcjldbfimga jlgmdnckhaibef iemgnkdclfjahb

2197 ljmgnbkcafdihe jlgndmckhaibfe gnihkbmdlejcaf kemgbaljcnfdih

2200 jlmedcnihagbfk ejnfidmkahbglc kjgmincbahedlf jlmedcnkhaibfg

2202 mejgikdcbhnalf mgjklibafenchd jlmedcnkhaigfb mhkfndcjlbgiae

2205 nhgfajcbldmike jlmednaihgfbck ignhcmkjadbfle kjemnbiagfhdlc

2208 mkjhcibnfegald jlmednbkhaigcf ifemnbkdlgjahc ikemnljdfgbahc

2211 ljemnbkdafgihc jlmednkihagfcb iknhcmljgdbafe jlnedcmihagbkf

2213 ejgmidlbahncfk feminadkchjgib fkihclnmebjadg gkejimadchnflb

2217 1 1 gmelibndckjhfa gnljimadchbefk ikehcmajgdnflb ikmhnlajgdefcb

2221 jlnedcmkhaibgf gfilkjadmbnhce jlnedmaihgfbkc emjildbnfchagk

2223 fihnbldmekjacg lnjgibkcehdmaf mifkalbjghnced mkifbncjgheald

2227 1 1 mkjhcibnfegald jlnedmbihkagfc emgjnkcbflidha jlnedmbkhaigfc

2229 1 1 ehmiakcnlfjdgb ejglikmbahndcf emgknljbfcdiha emljndkbcfgiha

2233 fmkibndlgcjhea gnljkbmdcheiaf ifmhcnkdlgjaeb ifmkcnalgdjheb

2237 ingnkdmblejacf kfmhcnajldgieb kfmlinajchgdeb kmgildjbfcneha

2241 kmjfalcnbgedih knelibmjchgdaf knmgaljcfdeihb ljgnkdmbaheicf

2245 ljmgnikcfedahb ljmhcnkdafgieb Inejibmackdhgf mhkfancjlbgied

2249 jlnedmkingabfc ejlnidmkabhgcf mjlfinckabhged jlnmdbkihgafec

2251 nijklcmdbfhega jlnmdkaihgfbec iglhnmkjadbfce igmhklnjadecfb

2254 Inikbmcjghdfae mhgjkdibcfnale jmfedcbkhlinga ehgianlbmkjcdf
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2257 ehnkalcjmbdfig ifehcbnlmkjdag khgnldjbmcaeif khnfldcjmbaeig

2261 jmfedcknhagbli gneicbmklhjdaf gnihkbmdlejcaf jmfedclihabnkg

2263 ingnkdmblejacf mfjhkbanelicgd mjehckanflibgd jmfedclihnbgka

2266 ihgnkdmblejacf jmfedclnhabgki ifmhcnkdlgjaeb jmfedcnihlgabk

2268 gfmjinadkheclb inehcbmjkdaglf jmfedcnkhliabg nhigamkjcbdfle

2271 jmfkdlbihnecga ginhmbldfkjaec gnelimadckjhfb gnjlciakmehdfb

2274 inelcmajgkhdfb lehjbknmfdiacg mekgbndjclihaf jmfkdlnihgecba

2277 enilmkcjghfdab fkinlamjcbhegd fkjnlamcbhiegd leminkdjghfacb

2281 lfihmjkdnbgaec jmfldkbihncega eilgamnkbhjcfd gnjkimadelhcfb

2284 mfjkibndelhcag mjlfndkagbiche mjlgbidknehcaf jmfldknihacebg

2287 ehgmaicbldjnkf jmfldkningceba fjmgnidkabhcle ilhnkdmcaejbgf

2290 mkencjlabfighd jmkedclihafnbg gfimnjakebhdlc jmkedcnihafblg

2292 ielmbajnfdhcgk ikmglajnfdhecb mflnkiacbejhgd mjelcbinafhdgk

2296 jmkedcningfbla kgjhniblfmadce khjnldibgmaecf lnjhcimdfegakb

2300 jmkedlaingcnbf kjemnbiagfhdlc jmkedlbihncfga femknailgdjchb

2301 ifeklbnjmdhcag kjmgnblcafidhe mjeklbidnfhcag jmkedlbnhacfgi

2304 feinbadmlhjckg jmkedlnihacbfg gkemnildfbjahc iemknalcfdjghb

2307 jmkedlnihgcfba ineklbmjadhcgf jmledckihnbfga eigmlncjbkhadf

2309 inelcmjkadhgfb jmledcknhagfbi inhgbmdclfjake jmledcnihabfkg

2311 elmiadjnfchbgk femlnadkchjgib glmhnkidafjecb ifnklbajgdhmec

2315 jmledcningbfka ejimlnckgbhadf kemnbjldafigch jmledkaihgncbf

2317 ehkjadlncfimgb elmjadikcfhngb ihmfkdcnlejagb ilmfkdcnaejhgb

2321 jmledkbihnfcga ejimldnkgbhafc ekgjlnibcmhadf ekmjldibnfhacg

2324 femlnakjgcidhb fkignldmebjahc flmnkidbaejhcg fnkgbmdjclihae

2328 ienjlacmfdhbkg ilkgnmjcfdhbae lemjnakcgdifhb jmledkbnhafcgi

2331 elnfidcmahjbkg ihgmalcbedjnkf ihgmalnbedjfkc jmledkningfcba

2334 ekmjldingfhacb enilmdkjghcfab fkminldjgheacb ilmhcnkjadgfeb

2338 knifmlcjghedab Injgimkcehdfab jmlkdnaihgecbf ingfljcmedhakb

2341 jmnedckihlgabf kejmiancbhfdlg nhifalcjgbmdke jmnkdlcihaefbg

2343 gkimncldfbjahe jnfedcbihlmakg imkglbjcndhefa jnfedcbkhaimlg

2345 ehkmadjlncgbfi gfmhljadebcnki mhgkajlbndfcei mhkfajclndgbei

2349 nkhgbjdclmeafi jnfedcbkhlimag fljgmadcnhebki kehjbldnmgafic

2352 khgnldjbmcaeif jnfedcblhamikg ehniadlbfcjmgk ingnalcbedjmfk

2355 ilhmbkdnafjegc melniackbhjgfd mflhkianbejcgd mhilankbcgjfed

2359 jnfedcbmhlakg ehgmakjbncfdli ehlmadjbnkgcfi ehmfadkjnbgcli

2362 eigmadljbhncfk eijkamlcbhngfd eikmadljbhngfc eimfadcjlhnbgk
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2366 ejgnkmcblhaifd ejnfkdmblhaigc elhjknicgmabdf emgiadlnfkjcbh

2370 emgiakcnlfjdbh emgjalcnfkdibh emgkaljnfcdibh emifadcngkjblh

2374 fenjkaicgdbmlh fjenkimlabchgd fjngiadcekbmlh fljgikdnemabch

2378 fljgkadcnhembi flmhnkijgdabce gfmhnladekjbci gfnlmbadckjhei

2382 gielmjadbfnhck iegmkjclanbhdf ifemcbangkjdlh ifenkbjlamchgd

2386 ifnhmkjdagbelc ihknajlbemcgfd ihknajmbefcgld ilgnkmcbaejhfd

2390 ilnfkdmbaejhgc imhjnaklfdgcbe khnfljmbedaigc kmgfljcnedaibh

2394 mfeicbajlhndgk mflikbajnhecgd mhglajcbnkfdei mhilanjbcgfdek

2398 mikfanljbhcged nehjbaicgkdmlf neimbakjlhgcdf njhgiakcebdmlf

2402 njkhlamdebcigf njkhlimdabcegf 'nfedcmihka lb ejnfidcmalhbkg

2405 fjngmadcelibkh gkjnmladbeifch ienfljcmadhbkg ifeklbjmanhcdg

2409 mglnckjafbiehd nfjhclamkeibdg njehckamflibdg jnfedcmihlgakb

2412 eigfadcnlhjmbk elhikdjmfnabcg emgfndcklhjbia emifndcjgkhbla

2416 1 1 gflnkiadbejmch gfnhkmadlejcbi gfnlkmadcejhbi gilmnkadbfjehc

2420 gjkhmbidafnelc glejinadchfmbk gljhciadnefmbk gmjhcindkefbla

2424 gmlhckndbfjeia gmljibndkhecfa iflhnbajgdemck iflhnkajgdbmce

2428 ifnhckajgdbmle ifnhcmljkdagbe ifnlcmajgkhdbe ingmajnbekfdlc

2432 ihlnajdkefbmcg ilehckjmfnabdg ilehcnajgdfmbk ilhgbjnckmaefd

2436 1 1 mhgianjblcfdek mjiglankebhcfd mjklianbehcgfd mjlhcindakbefg

2440 mlgianjkfchbed nglhckimbfjeda nglmckiabfjedh njehcbimlfagdk

2444 njgfimcblhaedk njlfimckehbgda jnfedcmkhaiglb ifenmbkdlgjach

2447 ihnfajkmedgcbl ikgfajcnedmhbl imekcbnlgdjhfa khngaljmfdeibc

2451 kmelibnjchgdfa lehmbanjgcdfki lhgjknibcfmaed lhgjmnibckdfea

2455 mhglajcbnkfied mhglanibckjfed mhkfajclndgbei mhlfanjbckgied

2459 mklgianjchbefd nfjhlbamekcidg nfjmkialbechdg njehclamfkbidg

2463 njeklbiagfmcdh nkifbmcjgheadl nkliamdjgcbhfe jnfedcmkhlia b

2466 ehgiaknblmjdfc ehgjalnbmkdifc ehikadnjmbfclg ehimadjlnkgbfc

2470 ehjfadlmnkcibg ehkjadnlmfgbic ejnfidclakmhbg fjngkidlamchbe

2474 fljgikdcnhambe flkinadjgmebhc fmkhlnijgdcbea gfilkjadmbnhce

2478 gfnlkjadmbchie gmehckndlfjbia gmihkbndlejcfa gmjhckndlebifa

2482 gmjhlbndekcifa gmjhlindbkcefa gmlhckndbfjeia ifnhcmalgkjdbe

2486 ingmalnbekjdfc ihnfalcmekjdbg ijhlbdkmaenfcg ilehcbkmanjfdg

2490 ilgfkncbamjhed imehcbnlgkjdfa kehibmljgcndfa keimbanjghfdlc

2494 kfnhcmljgdaibe kfnicmajlhgdbe khgmljnbedaifc khnfljcmedaibg

2498 kihgbjlcemndfa klhibdjmfnaecg kmeicbnjlhgdfa kmhfblijgcndea

2502 mflhckjdanbeig mhifanjlckgbed mjekcbnlafghid mjgfinclakbhed
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2506 mjgfkncblhaied mjkfbnclaeghid mjlgkbncafehid mjlhckndafbeig
2510 nfjmikaclhbedg njehcbkmlfaidg njhgbmkcaedfli njhgimkcabdfle
2514 nmhibdjlfkgcea jnfedcmlhagikb ehniadlmfcjgbk elgfidcnahjmbk

2517 gflmniadbejchk glhmbkinafjedc gmelibnkchjdfa imhkbnlcfdjgea

2521 nglmckiabfjedh jnfkdlbihmecag einfadmkbhjglc eknfadmlgbjhic

2524 fmkjnaicgdhble imgjnackfdhble jnfkdlbmhaecig ehkiamlbncjgfd
2527 ifnhmbkdlgjaec nekibmdlgcjhfa jnfkdlmihaecgb ehnlakjmfcidbg

2530 ekgmldnjbhiafc eknfadcjmlihbg eknfldcjmhiabg fekjlaimndhbcg

2534 gmjlcinkbehdfa kjnfldcmahiebg lhgjaknbmdiefc lhnfajcmkdiebg
2538 mjkgiancelhbfd mlgianjkfchbed mlifanjkcbhged jnfkdlmih ecab
2541 einfadckbhjmlg eknfadclmbjhig elgfndcbmkjhia fmignadjckhble

2545 fmjgnadckhible ihkgmjdlnfcbea ijhlbmkcaegnfd khgjlicbfnamed

2549 nigfldcjbkhmea njkhlbimgfceda nkhjldicgfbmea jnfldkbihmceag

2552 lfmjnbkcgdiahe jnfldkbmhaceig ehgmadlbnkjcfi ehinamkblgjcfd

2555 ehmfadclnkjbgi elgminckahjbdf elgnimckahjbfd emgiadlnfkjcbh

2559 11 emifadcngkjblh ifmhnbkdlgjace ihnfkdmblejagc imgkalcnedjfbh

2563 mhgkalcbndjfei neigbmdklhjcfa jnfldkmihacegb ekifndclgbjmha

2566 elnfidckahjmbg emlfndkjgbicha fkjncldmbeiahg gmehcjndblifka

2570 gmjhclndkeibfa gmjkibndelhcfa ihgkalnbedjmfc ihgmkdnblejafc

2574 ihnfkdcmlejabg ihnkalcmedjfbg ilgmajnkedhbfc ilgmkdnbaejhfc

2578 ilnfajckedhmbg ilnfkdcmaejhbg imlfbjckndhgea kfnhcmjdaligbe

2582 lmhjbnkcgdifea mfehcbjdalinkg mhlfancjkbiged mjhgblncaeifkd

2586 mjlgbinkaehcfd mjlgkancebihfd mkifanclgbjhed mkifndclgbjahe

2590 nmlfidckbhjgea jnfldkmingceab fjlniadmebhckg fjngiadmelhbkc
2593 ilgmajnkefhbdc njgfidckmlhbea nlgjmdikcfhbea jngedklmhafcib

2596 fhkimndlgcjbea gkihclndebjmfa imehcbnlgkjdfa jngedlkmhacfib

2599 fmhibndlgkjcea fmhkbnilgdjcea jngkdlcmhaefib ehknadilgmjbcf

2602 feimbadklhjngc gkenmildfbjach gkinmcldfbjaeh nehgbkmclfjadi

2606 nelgiamcbkjhdf jngldkcmhafeib elfminbkahjgdc elfnimbkahjgcd

2609 fkimcldnebjagh flngmidcaejbkh gfnhkmadlejcbi glenmbidakjfch

2613 gmehcindlbjfka imfkalbnedjcgh mfihkbanlejcgd nflgkimcbejhda
2617 ngfkilbaemjcdh jnkedclihafm b ehjladkmncifbg imeklnajgdhcbf

2620 imlgbnjkfdhcea jnkedclihmfbag fenkbailgdjmhc gieknjadbfhmlc

2623 jnkedclmhafbig fkmgildnebjach imgkalcnedjfbh mhgkalcbndjfei

2626 jnkedclmhaf ib gkenmiadlbjfch jnkedlaih cmfb eignldmjbkhacf
2628 ejgnldmbkhiacf ekjnldmcbhiagf emgjnkcbflidha fmjgladcbhinke
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2632 iehgbkmclnjadf iehmbalcfdjnkg ienkbalmfdjchg ijeklbmnafhcgd

2636 imhgbkdclfjnea kgjnldiabmhecf lhgnkjmbediacf lmgfkjcbedinha

2640 nehjbailkmgcdf njeklimdabhcgf njlgbimkaehcdf jnkedlbihmcfag

2643 gfimkbadlejnhc gflmkiadbejnhc giemnbldfkjahc gilmnkadbfjehc

2647 glnmbkidafehc ifeknbajgdhmlc ifemnbajgkhdlc lhgfmjcbedinka

2651 jnkedlbmhacfig fenkmailgdjcbh fmhibndlgkjcea gflhmiadbejnkc

2654 iehmbkdnlfjagc jnkedlmihacbgf feinbadklhjmcg iknglajmfdhebc

2657 mjeklindabhcfg jnkedlmihgcfab njeklbimgfhcda jnkldbmihacegf

2659 gknhcjadmlifbe gknhcjldmfiabe mjlkbindaehcfg mljnacikbfhged

2663 jnkldmaingcefb emgindlbfkjcha fehkbamclnjgid fejgiadmblhnkc

2666 fmhibndlgkjcea fmigbndklhjcea iehmbalcfdjnkg lgnjkcmaedihbf

2670 lmfjkcbnedihga nehibamlgkjcdf neigbamklhjcdf jnledckihamfgb

2673 ehkiadlmfcjnbg ehniakcmlfjdbg ekifndclgbjmha ekimadnlgbjhfc

2677 elnfidckahjmbg elniadjkfchmbg fjkglidcamhnbe gfikljadmbhnce

2681 ihnfkdcmlejabg ilnfajckedhmbg ilnfkdcmaejhbg imkgljdcnfhbea

2685 mkifanclgbjhed nkgiljcbmfhade jnledckihmbfag gieknjadbfhmlc

2688 1 1 lmgjnkcbfdiahe jnledckmhabfig ehkmadlbncjgfi elnfidmkahjbgc

2691 emgiakcnlfjdbh emkfadingcjblh emkiadlnfcjgbh flmgkidnaejbch

2695 ifmhnbalgkjdce imgfkdcnlejabh jnledckmhagfib fehkbanclmjgdi

2698 fehmbainldjgkc fkhgnadclmjebi fmhgindclbjeka fmhkbnicldjgea

2702 iehmbkdnlfjagc nehgbkmclfjadi jnledcmihabfgk gfjmniakbehdlc

2705 jnledkaihgmcfb ejgnidmkalhbcf ekgjndibcfhmla eknjldibmfhagc

2708 fkgjlnibcdhmea iegnljmkadhbcf ihkfmjclndgbea ikfhmnbjldgaec

2712 imgfljckndhbea kehmbjlnafidgc kgfiljbamchnde mhifanclgkjbed

2716 migfancklhjbed mlgfincbakjhed mlgfkdcbanjhie nehibakjlcgmdf

2720 nehjbakcglimdf njhgblmckeiadf njkfidclmhgbea nkgiljcbmfhade

2724 nmflkibdcejhga jnledkbihmfcag ekgindjbfchmla ekgjndibcfhmla

2727 ekifndclgbjmha emifndclgkjbha femlbadkcnjgih fkngmldcebjaih

2731 imgfnjckedhbla imkgnajcfdhble kfemnbjdalighc jnledkbmhafcig

2734 fkngildcemjabh flngkidcaejmbh fmelindkchjgba fmilbndkchjgea

2738 fmkibndlgcjhea gmihcladebjnkf ilenmbkdagjfch imehcbkdlgjnfa

2742 mfelibanckjhgd mfkhilanecjbgd jnledkmihabcgf elnmidbkahjgfc

2745 gmflkindcejhba ihgmalnbedjfkc jnledkmingfcab kjgfincblhamed

2748 njkhclimgfebda jnikdbmihaecgf ilkmajncedhbfg nkgjlicbfmhade

2751 jnikdbmingecaf ehgladnbmkjfic jnlkdmaihgecfb ehinadmlgkjbcf

2753 ehknadmblcjgif eignadmklhjbcf ekgnadmjblihcf emgfndcjblihka
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2757 emgfndcklhjbia emglndibckjfha emifndclgkjbha emkfndiblcjgha

2761 fehibamjlcgnkd fehjbamcglinkd fmhlbndjkcigea fmilbndkchjgea

2765 fmkgbndjclihea fmkibndlgcjhea ignjlcmkedhabf kgnjlimacdhebf

2769 lknjicmdehgabf nehlbamjkcigdf neilbamkchjgdf nekgbamjclihdf

2773 nekibamlgcjhdf njhlbikcaegmdf 'nmedckihl afb ehgmakcbinjdif

2776 ehimakcjgbndlf fhljmnikcdbgea fihmkadnlejbgc flhikndjgcmbea

2780 flkimndjgchbea flnmkidbaejhgc gjkhmbidafnelc gjlhckidamnebf

2784 ihlfmjckndbgea ihnmajlbekfdgc ijhkbdlnaefmgc ilehcnmjkdagbf

2788 ilhgbjmcknaedf imehckljndfbga imgfljckndhbea imhgbjlcnkfdea

2792 kehibajnlmfdgc kgiflnjacbhmed kgjlcimanehdbf khifalmjnbedgc

2796 kielcbjnfmhdga klejinmdchagbf kljhcimdneagbf kmhfblijgcndea

2800 mlgfkdcbanjhie nehjbaiklmcgdf neigbamklhjcdf nelibamjgkhcdf

2804 njehcbikafdmlg njgmikcblhaedf njhkbilcaemgdf njiglamkebhcdf

2808 njihcamkebdglf njkliambehcgdf njlfidckmhbgea njlhcimdakbegf

2812 nmejikldchfbga nmifldcjgkhbea nmjhcildkefbga jnmedclihka

2815 ejknidmcalhbgf emgjnkcbflidha emglnkjbfcidha gjeklnidamhcbf

2819 gjelcbimafhnkd gjnklbidafhmec ieknljmcadhbgf ijnfldcmaehbkg

2823 lmgfkjcbedinha mglnckjafbiehd mkjflnibgchaed nehjbakcglimdf

2827 njlgkamcebihdf jnmedklihafc b ekjildnmfchabg fkignldmebjahc

2830 fmkgbndjclihea gmnlkiadcejhbf kmhgbjdcnlifea lmhgbnjckdifea

2834 nfeicbamlhjdkg nkjilmdbgchafe jnmedlkihacfg b fkiglndjcbhmea

2837 fkjglndcbhimea fmlgindkbhjcea imlgbnjkfdhcea imnglajkfdhcbe

2841 kmehcbjdnligfa kmhgbjlcnfidea lmhgbkjcfdinea mkiglanjcbhefd

2845 njemlbikafhcdg jnmkdlaingecfb ehknadlbmcjgif elgfndckmhjbia

2848 ilgjmnckfdhbea ilhnbkmcafjegd kjelcniagmhdbf lenjbkcmfdiahg

2852 Ikihmjbdnfgaec lmgjnkcbfdiahe mgjlnkbafcidhe mkencilafbjghd

2856 nekmbailgcjhdf njelcimkabhdgf jnmkdlcihaefgb ehkiadlmfcjnbg

2859 feigbadmlhjnkc fjlgbidmaehnkc fmhgindclbjeka gfilcjamebhnkd

2863 gfimnjakebhdlc gfkhimadlcjnbe mljianbkfchged nmkjldicgfhbea

2867 jnmldkaingcefb ekjfndibechmla fmgjnaikcdhble ielmbjckanhgdf

2870 ilnmajdkefhbec imgfnjckadhble kjehcnldamigbf kmnhcjldafigbe

2874 mkjfndibgchale mljiandkgchbef njlmiakbehgcdf nkehcjldbfimga

2878 jnmldkcihafe b elnmidbkahjgfc fkjncldmbeiahg fmkibndlgcjhea

2881 ihfkalnmedjcbg ilnmajbkedhgfc mejkiandblhcfg melibanjgkhcfd

2885 nfihkbamlejcdg 1 edcbmhkjnia fimhnjkleagdcb gflhcmadkenjbi

2888 ginhcmjdkabfle ginhmkjdfabelc gknhcmadblifje gknhcmidalfjbe
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2892 glnhcmjdkaifbe glnhmkjdfaiebc iehnbamkfdcglj iehnbjmkadcglf

2896 ifhlmnakgdcjeb iknhcmldagfjbe ilhfkjmnedabec ilhmbjdnkfaegc

2900 inelkmajgdchfb inhgmkjcfdaelb inhjbmkcgdafle inhlmajkfdcgeb

2904 kfehcbanglimjd kfnhcmjdaligbe khgfancbelimjd khjialnbgcemfd

2908 khmialdngcefjb kjihcalnebfmgd kjmhnbilafgdce knehcbmdaligjf

2912 megikajlncbhfd mehjbnilkfgcad mejfinklbhgcad mfeicbalkhnjgd

2916 mfinkjalebchgd mfjgilnckhebad mfjkcinlbeghad mhgiajkbnlcfed

2920 mhgialcbkfnjed mhgiankbflcjed mhgjanlbkficed mhifanckglbjed

2924 mhifanjkclbged mhifanlbkgcjed mhjfanclkgibed mhkjanlbcfiged

2928 mhliajcknfbged miegkjnlbachfd mienkbjlfachgd migfanclkhbjed

2932 mihfbnkleagcjd mihgklncfaebjd mihkbjalefncgd mijkcanlbeghfd

2936 1 1 mjgkinlbehfcad mjkfinclehgbad mkgjanilcfbhed mkjfanclbgihed

2940 mngikdjlfcbhae lgfedcbnhkjmai ejglidnbahmfkc ejglimcbahfnkd

2943 ejgnimlbahfckd ejlfidmbahgnkc ejnfidmlahgbkc elgfndcbmaihkj

2947 elmikdnbfcahjg flinbkdmchaejg fmlgkndcebihja geminijdfachkb

2951 gflhcnadmbiekj gflhmjadebinkc gflnikamchbejd gilhcnjdmabekf

2955 gimlnbjdfachke glehcmjdfainkb glenibkmchafjd glihcmadebfnkj

2959 ilgmkncbedahjf neijbamlchgdkf niehcbmlfagdkj lgmedcnihkjafb

2962 ffihckmnebajgd fmhlbnkjgcidea gfkhciadbmnjle glnhcikdbmafe

2966 glnhcikdfmajbe ijhkbdlnaefmgc kfnhmbajglidec khgiancbmfedlj

2970 khgnaljbmcedif khimancjgbedlf khjnalmbgcedif khnfajmbelidgc

2974 1 1 khnfalmjgbedic kmehcnajglidbf kmhinldjgcefba kmhjbnicglfdea

2978 mhkfndcjglibae mjlhckinabfegd nehjbailkmgcdf nekjbailcmghdf

2982 nhgfalcbmeidkj nhgiajkbmlcfde nhifalcjgbmdke nhikalcjgbmfde

2986 njhlbikcaegmdf 1 edcmihkjabf ehgkamcbnlifjd ehikamcjgbnfld

2989 ehmkadinglfcjb ehmkadnjgbfcli engkadjmflichb flenikdmchabjg

2993 1 1 glehcbjdknmfia gljhcindbemfka iflmckangdbejh khgfmdcbnlieja

2997 khifmdcjgbnela khmfalingcedjb khmialnbfcedjg kngialjmfcedhb

3001 melgkjncafbhid mfejibldchankg mfjhcildbeankg mjlgkbncafehid

3005 nflhckajmdbeig li edmnbhkjafc egilndbmkfcjha egjkndbmflicha

3008 egmnidblkhajcf elhiknmjgcabdf elmikdjcfganhb fehjbamcglinkd

3012 1 1 fejgnadcmlihkb felikamjncbhgd feminadjglchkb femlnadjkhcgib

3016 fjhgmadcelinkb fjhkbimcaengld fjihcamlebgnkd fjkhcamnelibgd

3020 fjlgkidcanmheb fmkbidnaegclh flhgmkdcenajib flhjbkmcgnaeid

3024 ffihckmnebajgd fljgnkdcmhaeib flmjbkdncgaeih fmhlbnikgdcjea

3028 fmjgindckhebla fmjkindlehgcba fnjgikdcmhaelb gekjbnmdclihaf
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3032 gelnkjimafbhcd gfelmbadkcinjh gfihckademnjlb gfkhcnadelimjb
3036 gfknmbadcliejh gflhcnadkemjib gflnmbadkcejih gfmhcladkeinjb
3040 gjlhckidamnebf gjlnkbimafehcd gjlnmbidafeckh gjmhckadflineb
3044 gleicbkmnhafjd glihcjkdenambf glihcnkdemafjb glinmbkdceafjh
3048 11 glmhcikdfnajeb gmelkiadnbchjf gnelkbidamchjf iehlbnmkgdcjaf
3052 iemlnakcfdgjhb iemlnjkcadgfhb ifehcbakgmnjld ifekmbjdagnclh
3056 ifhjmkacgdnelb iflhckjnambegd ifmhckjdagnelb igelknmjadchbf
3060 iglfnjkmedbcha ilehcbkngmafjd ilhgknjcfdmbea ilhgmkjcfdaneb
3064 ilhnbkjcfmaegd ilmhckjdfganeb imehclajgdbnkf kehjbalcgnfmid
3068 kfehcbanglimjd kfejmbldcnagih kfhjmnacglideb kfihcjlnebamgd
3072 kfihcjmlebndga kgihcjbmefndla kjhgmalcenfdib kjihcalnebfmgd
3076 kjihcnmlebgdaf kjmlniacfegdhb kmehcijlfbndga kmhjbnicglfdea
3080 knhgmajcflideb mfehcbakglnjid mfehcbalkginjd mfehcblnkgajid
3084 mfeicbalkhnjgd mfihckanelbjgd mfjhclankeibgd mflhckjnagbeid
3088 mgjhckbnfliead mglhcibnkefjad mjehckanflibgd mjekcbilafnhgd
3092 mjhkbnlcaefgid mjlhckbnagfeid mlehciknfbajgd mlhfknijgcabed
3096 mlhjbnicgfaekd mljhciankefbgd mljhcibnfeagkd mljncibkfeaghd
3100 mnjkibdlehgcaf nehibalckgmjdf nehjbakcglimdf nfjgilmckhebda
3104 ngihcjkmelbfda njhkbilcaemgdf nlhjbkicgmaedf nmjhcildkefbga
3108 ligednmbhkjacf egjkndbmflicha eglindbmkcfjha fehibadkgmnjlc
3111 feigbadmkhnjlc fekjnadlcgimhb felmkaicndbhjg fenikadjgmbhlc
3115 fkgbidmaenhlc fmhliadknbcgje fnhlbidkamcgje fnlgkidcambhje
3119 genmblidkfajhc gfelnbadkhmjic gfelnbadmcihkj gfkjilamcnebad
312311 gfnjmladchebki gjelnbidafmhkc gjlmnkadfbiehc glihcjndebmfka
3127 11 glihcmadebfnkj gmelkindfbchja gnelkmidafchjb iehlbankfdcmjg
3131 ielgkajmfdbnhc ienlbajkfdmghc ilegnbdmkfajhc ilegnkjmfdabhc
3135 ilehcbnjgdmfka ilehcmajgdfnkb ilhmbkangdfejc ilkmnajdfgebhc
3139 ilnmbkjdfgaehc kehibalngmfdjc kehmbainglfdjc keignaljcmfdhb
3143 kfejibalcngmhd kfjhmbalengdic kfnhmjalebgdic kjegnbdmalifhc
3147 mfehcbljgdanki mfejiblkcnaghd mfejiblnchagkd mfihcjldebankg
3151 mgihcjblefankd mjegkbnlafchid ngjimlbafcedkh li dncbhkjaef
3154 emliadjcfgbnkh emlindjcfgbhka fejknadlmhgcib felnkadjmcbhig
3158 femjnaklchgdib fjekcidmabnhlg fjekcmdlanghib fjhgbkdcanimle
3162 fkncadmelibhg flhgbmdcneajki flinckdmebajhg fmhikadjgcnble
3166 fmkicadjghnble fnhgbidckmajle geijbmkdchnfla gfejnbadclmhki
3170 gfkhcjadminbie gfnhcladmeibkj gjenkbimafchld gjminbidafchke
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3174 gmilkcndfbehja gnehcikdmbaflj iehnbajkfdcmlg iemgbajkfdnclh

3178 iemkbajdfgnclh iengkajcfdbmlh ifmhkbajgdncle igljnckmedbfha

3182 ilehcbndmgafkj ilmgnkjcfdabhe kehgbmdcnlifja kfehcbajmlndig

3186 kfnhcjalmbgdie kjhgbidcmenfla mehlbjnkafcgid melgkjncafbhid

3190 mfelkbjdanchig mfhkijalebncgd mfhlijakebcngd mfjnilackhebgd

319411 mgflikbaencjhd mgjkndbafliche mglindkafcbjhe mjelkbiagfcnhd

3198 mjflkcbnagehid mjlgkbncafehid mljindbkfcaghe nehlbmjkfdcgia

3202 nelgkmjcfdbhia nfehcbalmgidkj nmelkijdfbchga ligndmcbhkjafe

3205 egfminblkhajdc ejhkmdlcanfgib enhimdjkflcgab enhimdlckgfjab

3209 enmiadjkflcghb feljkainmdbhgc fjemcidkabnglh fjhgbndcmlieka

3213 flemckdjgnabih flhgbjdcknmeia fineicndlkhgjba fmhgbidcalenkj

3217 fmhgbidcnlejka fmhgbjdckniela fmhikndjgcebla fmkicndjghebla

3221 fnhimkdjgcaelb geklbjmdanchif gekmbjidafnhlc gelmkjinafbhdc

3225 genmblidkfajhc gfimcjakebndlh gfkhmbadnliejc gfiilkjadebmhic

3229 gjlhmbidafenkc gjlmkbinafehdc gjmlknidabchef glihmbkdneafjc

3233 1 1 glijbkmdchneaf gmkhciadnlebjf ifhjmkacgdnelb ifmhknajgdeclb

3237 ifngmkjcadbelh ifnhmkajgdbelc ignlkcmjadehbf ilehcbkjndmfga

3241 ilemcbkngdafjh ilhgbndcmfaekj ilhmkajnfdebgc ilmgkajcfdenhb

3245 ilmhcnkjgdabef ilnhmkajgdfebc imehclkjndbfga imhlbnakgdcjef

3249 imhlbnjkadcgef imkhclbdngefja imnhklajgdecbf inelkbmjadchgf

3253 1 1 kfehcbmdnligja kfjhcnalmegdib kjngmalcebfdih kmehcialnbgdjf

3257 kmhgbjdcnlifea kmhjbnacglidef knfjacbmelidhg knhimaljgcfdeb

3261 mehgbldcknajif mjhgbldcaeinkf mlhikndjgcabef nehlbajkmdcgif

3265 nehlbamkgdcjif neilbamdkhcjgf nelgkajcmdbhif nfhlijmkebcgda

3269 nfilkjmdebchga nflgibmckhejda nflgikmjchbeda ngflmkbaedcjih

3273 njelkimdabchgf njklbimdaechgf nmflkjbdecihga nmlgkijcfdbhea

3277 edmnihbjafc egklidbmnhcfja egklndimbfcjha eglkidbmnhfcja

3280 eglkmdbjanfcih egmnkdbjalihcf ehjnadilkmgbcf emhfndkjglicba

3284 emhlndkjgcifba emjfndklbhgcia emjindklfcgbha emjlndkcbhgfia

3288 1 1 fehlbadmgncikj fehlbamjgcinkd fejliamcbhgnkd femkbadlcngjih

3292 femknadlchgjib femliadnbhcgkj fhjimndlkcgbea fhlkijdneamcgb

3296 fhmkijdneagclb fijhcamlbegnkd flhgbjdcenmika flhimadjgcenkb

3300 fljgmadcbhenki flkhcjmneaibgd finegkndjclihba finehckijgdnbla

3304 fmhikndjgcebla fmhlbnikgdcjea fmhlbnkjgcidea fmjgkndcbheila

3308 fmjhcnklbegdia fmjlinkcbhgdea fnhimkdjgcaelb fnjgmkdcbhaeli

3312 fnmhcjkleagdib geklinmdbhcjaf gfkjinadchemlb gilhknjdfamceb
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3316 glknmiadcefbjh gimjikadchfneb gmkjiladchenbf gmljikadchnebf

3320 gnelkbidamchjf gnljikmdchfeab ifehcbakgmnjld ihfjalmnkdecgb

3324 ihmnajkledgbcf inmfajkledgchb inmhcaklfdgjeb kehnbaljgcfmid

3328 kejnialcbhfmgd kfehcbajgnimld kfehcbjdamngli kfejibancmgdlh

3332 kfhlmnajgcideb kfjhcianbegmld kiehcbjlfmndga kijhcalnbefmgd

3336 kijhcnmlbegdaf kimhnjalefgdcb klegmbdjcnafih klejinmdchagbf

3340 klfnmibdceagjh klhibnmjgcaedf kljginmcbhaedf kljhcimnbeafgd

3344 kmhfblijgcndea kmhgbljcfdniea kmhinldjgcefba kmjgnldcbhefia

3348 knhimaljgcfdeb knmjialdchfgeb mehfblijgcankd mehgbldcknajif

3352 mehkbijlfancgd mehkbnljgcfiad mejkinlcbhfgad mfehcbakglnjid

3356 mfehcbjnaligkd mfekcbajnlihgd mfjhcilnbeagkd mfkiclajnhebgd

3360 mgfjilbaknechd mglhckbjanfeid mhjfanilkcgbed miehcbknflajgd

3364 mijgaldcbhenkf mlehckajgnfbid mlehckjnfaibgd mljhckanbefigd

3368 mljnikacbhfegd mnegkbdjclihaf nehgbalckdmjif nehkbaljgcmidf

3372 nejkialcbhmgdf nfhiklmjgcebda nfhcimlbegdka nfkjilmdchebga

3376 ngf mibacledkh ngkhcjbmelifda nihgbjlceamdkf nijhcaklbegmdf

3380 nijhcalkbemgdf nlejmbkacdgfih nljhcikmbegfda nmejikldchfbga

3384 nmhibkljgcfdea nmjgiklcbhfdea lkgednmihbjacf egklmdbjancfih

3387 fehibadkgmnjlc fejmiaknbhgdlc fekgiadmbhnjlc fekgnadjclimhb

3391 fhkgijdmeanblc fiegkjdmbanhlc fihlmadknecgjb fmhgkjdceanbli

3395 fnhgbkdcemajli fnhlbidkamcgje fnhlmidkaecgjb genmilkdbhafjc

3399 gfelibadkmcnjh gfelibadnhmjkc gfelkbanmhcijd gflmibadknejhc

3403 gfnjiladmhebkc gielkbndfmchja gielkmadnfchjb gielnbjkfaindhc

3407 gilmkbjdfaenhc ginhcljdfambke ginmkljdfaebhc glkmnijdfaebhc

3411 iehgbanckdfmlj iehgbmjckdnfla iehlbankfdcmjg iehmbakcfdnjlg

3415 iehmblkngdafjc iekgmjdcafnblh ienlbajkfdmghc ifegnblmkdajhc

3419 ilhmbkangdfejc inhgbkjcfdamle inhjbmkcgdafle kehmbalngdfijc

3423 kfjlnmacbhgdie kihgbjdcemnfla klegibdmnhaf c klegnbjmfdaihc

3427 klhmbdjcfnaeig kljmnibdfeaghc kmjgnalcbhfdie knjfalimbcedhg

3431 mehgbalckfinjd mehgblnckfajid mekgbailnfchjd mfegkbilnachjd
3435 mfjhcilnbeagkd mgf kibaclenhd mijhcaldbefnkg mlejibkacngfhd

3439 ngfjmlbakdecih nihgbmlceafdkj nijgamlcbhfdke lkgmdncihbjaef

3442 ehljadkncfmigb ehljaikncdmfgb ehmjadkncfgilb emjkndlcbhfgia

3446 fiekcjdmbanhlg fihgkjdcmanble fmjkcadlbnghie fnhibkdjgcamle

3450 fnjgikdcbhamle gemlnijdfachkb gfenibadkmcjlh gfnjiladchmbke

3454 gienkbjdfacmlh gimlkcadnfehjb gimlnbjkfacdhe glejibndchmfka
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3458 gnkhclidafemjb iehnbajkfdcmlg ifmgnblckdajhe ilfjncbkedmgha

3462 imkgnajlfdcbhe kehgbancmdfilj kehibmdjgcnfla kejgimdcbhnfla

3466 kiehcmalnfgdjb klhibdnmfcaejg kljncidmbeafhg klmgnbjcfdaihe

3470 mehlbjnkafcgid mfelkbajnhcigd mfelkbijgacnhd mfhnklajgcebid

3474 mfjlkianbcehgd mfnklacbheigd mflgkbicnaehjd mflgkbjcanehid

3478 mgflkjbaecinhd mgklndiabfcjhe mihkbjalefncgd mihlbjakefcngd

3482 nehgbilcmafdkj nehlbmjkfdcgia nfehcbajmlidkg nfkhclajmdebig

3486 nielkbjdfmchga lkgndmcihbjafe egfmknbjalihdc ehjmanilkfgbdc

3489 ehkiadjnflcmgb ehmiadjnflcgkb ehmiaklngcfdjb eijgakmcbhndlf

349311 eijkadlnbhfmgc enhimdjkflcgab enhkmdjcfligab enhkmdljgcfiab

3497 enlkidbmahfcjg enmgakjcflidhb enmiadjkflcghb fenhmakjglidbc

3501 fihmbjkceandlg fimgbjdkeanclh fimkbjdneagclh flhibndjgcmeka

3505 fljgindcbhmeka finekcndjglihba fmjkcndlbeghia fnmkcjdleaghib

3509 genmilkdbhafjc gfkjibadmhnelc gfmhcladbneikj gifmknjdbaehlc

3513 gilmkbjdfaenhc gimlknjdbachef ginlkcmdbaehjf ginmkljdfaebhc

3517 1 1 gmejikadchnblf gmfjickdehnbla gnehcbidkmajlf gnlhibmdkcejaf

3521 iehgbalcndmjkf iehlbaknfdmjgc iehlbjknadmfgc iehmblkngdafjc

3525 iemgbajlfdcnkh iemlbajnfdcgkh igkhclbmndefja ihfmankledgbjc

3529 ihngaljmkdefbc ihnjacmledgbkf inmkajdlefgchb kehmbaingdfijc

3533 kenmialdbhfgjc kfeicbanmhgdlj kfejibmdchngla kfjhcnalmegdib

3537 kfjmcianbegdlh kihgmalcnefdjb kimhcjalnfgdeb kingmalcbefdjh

3541 klemcbdjgnafih klfhmibdneagjc klfminbdehagjc klhibdjnfmaegc

3545 klhmbijnfdaegc kljhcimdneagbf klmhcnbjgdaief klngmidcbeafjh

3549 klnjicmdehagbf kmhibldjgcnfea kmjgildcbhnfea kmjhcialnegdbf

3553 knflajbmecidhg knjlacimbfedhg mehibldjgcankf mejgildcbhankf

3557 mfelkbjdanchig mhjiandlkcgbef mifhklbdnaecjg mlhibkdjgcneaf

3561 mljgikdcbhneaf nehlbajkmdcgif nehlbamkgdcjif nekliamdbhcjgf

3565 ngflkjbmecihda nielkjmdbachgf nihlbjmkeacdgf nihlbjmkefcgda

3569 lkmednbihgjacf fmhgbjdckaneli gfjhcladknmbie gihlbmaknfcdje

3572 gihmbjakefndlc iehlbmdknfcgja ihgfmjcbkdnela ihkgamdlnfcbje

3576 ihkmajdlefnbgc inhgbmdckfajle mflikbajncehgd nhgjamibclfdke

3580 lknedmbihgjafc emklndibgfcjha fehnbadlkcmjig fihnbjdleamckg

3583 flhgbjdcenmika flhgbndcmaiekj fmhlbndjkcigea fmkgbndjclihea

3587 fmkicndjghebla fmklbndjghciea gfilnbadmechkj gfjhcnadblmeki

3591 ihgkajlbenmcdf ingkanlbemfcjd ihknajlbedmgcf ihlfajcnedmgkb

3595 ilehckamndfbjg ilgfnjckedmbha inlfajckedmghb kfjgibmcehndla
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3599 kigfalcmnhedjb klhibdmjncaegf klhjbdmcgnaeif kljgibmcehandf
3603 kmgjnlcbfdeiha kmgjnlibcdefha kmifblcjghndea knmfalcjghedib
3607 meifblcjghankd mfejibldchankg mfjgiblcehankd mhgjailbknfced
3611 mhkgaidlnecbjf mlifbkcjghnead nlkicamjghebdf nikjiamdchebgf
3615 lmfedcbihnjagk gnjhcikdmeaflb khgianjbmcedlf lmfedcbnhkja
3617 ienfkjcmadbhlg ifenkbjmadchlg khgiancbmfedlj khgmancbelidjf
3621 mlenibkachgfjd mlhjbnicgfaekd mlkfincaehgbjd lmfedckih 'nba
3624 enlfkdcjghmiab. filgkjdcnamheb fnlgkjdcmabhie gfinmjadkbcelh
3628 gfjknladbcmihe gljmnkadbefihc ikehcbmladnjgf kejgnalcmhfdib

3632 kemfnlcjghadib kemgnjlcafidhb kfmhcildneagjb kfmjinldchageb
3636 khgialcbnfemjd kjgfnlcmaeidhb kjmgialnehfdcb kljnidmcbhaegf

3640 kneicmljghfdab kngfmlcbaeidjh knifmlcjghedab mflhckidnabejg
3644 mflikbajncehgd mfljkbancheigd mflnckajghbeid miegkbdlnachjf
3648 mkgjanilcfbhed mkjncilabefghd mlgfkdcbnaihje lmfedcningjabk

3651 gfinkjamebchld gfinmjadkbcelh ingfmdcbkeajlh lmfedcnihkjgba

3654 ehgkamcbnlifjd ehkiadjlfmnbgc ehkiamclnfgbjd ejmlidkcangfhb

3658 engikdjlfcmhab enifmdclkhgjab enjlidkcmhgfab enkfmdcjglihab
3662 feiknadlcmgjhb fekgnadjclimhb felgkadjcnbmih felgnadckhmjib

3666 felgnadcmbihkj felinadjgcmhkb felnkamjgcbhid filgnjdceamhkb

3670 filhcamnkebjgd filhkjmneabcgd fimgnjdleachkb fjiknadlebgmhc
3674 fjkhcamnelibgd fjlgkadcenmhib fjlknmdbahgcie fklhcamjgnbeid

3678 fkmgnidcalejhb flkinadjgmebhc flminkdjgcabhe fneicmdlkhgjab

3682 fnekcmdjglihab fnlhckijgdmeab fnlkmjdbeagcih ieglnjkmadcfhb

3686 iehnbjmladgckf iemfnjkladgchb iemhnaklfdgjcb iemknjdlafgchb

3690 ifmhcnkladgjeb ihgfancbkmejld ihgkajcbemnfld ihkmancledgbjf

3694 ijeknbdlafgmhc ijhkbdmlaencgf ijkfndclaegmhb ikgfmjcbadnelh

3698 ikmgnldcafejhb inegkmjlfdchab inhfmjkledgcab inhkmjdlefgcab
3702 kemgnjdcalifhb khgialmbncefjd khifancjgbemld kihfbjmneladgc

3706 kjegnbdmalifhc knehcbmjalidgf kngfmdcbaliejh knhimldjgcefab

3710 mflhckingabejd migfkncleabhjd mkljanicgfbhed mlejibkacngfhd

3714 mlgfkncbeaihjd mlgnkajbfcehid mljgindcbhaekf mljncikabegfhd

3718 mlkfincaehgbjd Imnedcaihkjgbf ehifadcnkmgjlb ehjladknmcifgb

3721 ehkfadcjgnimlb ehmfadclnbgjki ehmladkbncifjg eigfadcmkhnjlb

3725 eihlmdkcnagfjb ekifadcjgmnhlb elgikdjmfcanhb engikdjbfcamlh
3729 enmikdjlfcahgb enmladickfgjhb enmladkjgcifhb enmlidkcahgfjb

3733 fjglnmkbahcdie fkjgiadcmhnelb fnmhckijgdaelb iekgnajlfdcmhb
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3737 iekjnaclfdgmhb iemgbajlfdcnkh ikgjmacbfdnelh ilgfkjcmedanhb

3741 ingfkjcbedamlh inmfajkledgchb inmgaldckfejhb keginljmfcadhb

3745 kegjnacmflidhb khigamdjcbnfle khjialdnmcefgb khmialdbncefjg

3749 knmialdjgcefhb megikaclnfbhjd meklbajdfnchig melnkaicgfbhjd

3753 mlgfkdcbnaihje mlgikacbnfehjd mlhfbdijgcanke mlhgkaicnfebjd

3757 mljhcindbeafkg mlkfidcanhgbje ngelmijafbcdkh ngelmjiabfcdkh

3761 hnnedckih jabf feinkadmclbhjg fjenkidmabchlg fnhlbjdkmacgie

3764 fnmickdjghaelb khifalcngmedjb kjifnlcagbmdhe mljhcibdfeankg

3768 ngkfmjlaedcbih lnfedcbihmjakg ehgmadjbnlicfk ehimadjknlbgfc

3771 ehkmadjbnligfc ehmfadcjnlibgk emjkidlcnhfgba emjlidkcnhgfba

3775 11 finhcaklmegdbj finhmjkleagdbc fjihcamkebngld fjlhckmnabiegd

3779 flihckmnebajgd fmnhcakjglidbe gfinjiladnhebck gjhmblknaeifdc

3783 iehnbamkfdcglj iehnbjmkadcglf ienhmaklfdgjbc ingnajkbedcmlf

3787 ihknajmledcbgf ihlgamjkndbcfe ihnfajkledgmbc ihnfajlbedcmgk

3791 ilhjbkmnfdaegc imhfnjkledgcba imhfnjlkedcgba imhkbjdlnfgcea

3795 11 imhlbjdknfcgea kehibmdjgcnfla kfjhcimdbengla kfnhcildmeagbj

3799 kfnhcmljgdaibe kfnhmjalebgdic khifalmjnbedgc kigfalcnmhedbj

3803 kigfamcjbhndle kignalmjbhedcf kihmbjanefgdlc ldjganmcbhedlf

3807 kjehcbidmfngla kjgfidcbmhnela kjhgiamcebndlf kjhmbldnaeifgc

3811 kmejinldchfgba kmhlbnajgcidef kmjgialcnhfdbe megnkacjblihfd

381511 mehlbjdkancgif melnkjicafbhgd mfehcbajnlidgk mfenkbajclihgd

3819 mfhiklajncebgd mfhnkjacelibgd mfihckanelbjgd mfjhkbanelicgd

3823 mfjnkiacblehgd mhgfajcbnlidek mhgiajkbnlcfed mhgkajcbnlifed

3827 mhifanjkclbged mhiganljcbfdek mhikanljcbfged mhkfanjbcliged

3831 mhkgandjclibef mhliajcknfbged mhlnajckefbgid mielkjanbfchgd

3835 milhkjanefbcgd mjehckanflibgd mjhlbndkaecgif mjihcalkebngfd

3839 mjlnkbicafehgd mlgjkaibcnehfd negikajlmcbhdf negikmjlfcbhda

3843 negmkacjblihdf nehibmdlkcgjfa nehlbakjgcimdf nehlbamkgdcjif

3847 nehlbmkjgcifda nekliamdbhcjgf nelfkmijgcbada nfigkjmlebchda

3851 nflgkbicmaehdj nflgkjmcebihda nflikbmjgcehda niegkjmlbachdf

3855 nihfbmkleagcdj ningbldckaemf3 nihkbmdleagcfj nikfbdclmaghej

3859 nlehcbidmfajgk nleicbkamhgfdj nlejibmdchafgk nlgfidcbmhajek

3863 nlgfkmcjbhaide nlgfmjckedabih nlgikajbmcehdf nlgimdjkfcabeh

3867 nlhfkmijgcabde nlhgikmcebajdf nlhgkaicmfebdj nlhgkjmceaibdf

3871 nlhibmdjgcaefk nlhikamjgcebdf nlhjbkmcgdaeif nlifkmcjgbehda

3875 11 nlifindckgbajeh nljgikmcbhfeda nljgkamcbheidf nljhcimdbeafgk



8.1. Appendix A - Codes of Rigid Bipartite 9-Gems (28 vertices) 345

3879 nmekcbdjglihfa lnfedcbmhkjaig ehgkamcbnlifjd ehimadjknlbgfc
3882 ehkmadlbnfigjc ehliamjkncbgfd ehmkadljnbfcgi elgnimcbkhajfd
3886 elhmkijnfdabgc fhljmnikcdbgea fjemkidlabnhgc flnhckijgdambe
3890 fmelknijgdchba fmlhckijgdneba gehmblinkfajdc gejmilknbhafdc
3894 gfjhcmadkenbli gjhlbnakfmcdei gjmlkbidafnhce iegjmackfdnblh
3898 iehmbaknfdgjlc iehmbldnkfajgc iehnbjmkadcglf ielnkjmcadbhgf
3902 iemnblkjgdafch ienfmjlkadcgbh ifmhkbajgdncle ifngmkjcadbelh
3906 ifnhckajgdbmle ifnlmbakgdcjeh ihglmjkbndcfea ihlfmjckndbgea
3910 ijemcbdkafnglh ijhlbndkamcgef imehckajgdnblf imhlbnkcfdgjea
3914 kfehcbajnlmdgi kfemcbanglidjh kfnhcmjdaligbe khgfajcbnlmdei
3918 khgfmdcbnlieja khgmaljbncedfi khifalmbngedjc khiganljcbmdef
3922 khimaljbngedfc khmfalcjnbedgi khnfajmbelidgc kjelmbiagfndch
3926 kjhlbianfemdgc kjifmlcagbndeh kjihcamlebndgf kmgfajcnelidbh
3930 kmgialjnfcedbh kmhibldjgcnfea kmhjbnacglidef kmifalcngbedjh
3934 kmnhcaijglfdbe megnkailcfbhjd mejnkaclbgihfd mfenibalkhcjgd
3938 mfenkbalcgihjd mfjkcialbenhgd mfjnilackhebgd mfljibankhecgd
3942 mhgkalcbneifd mhifanjkclbged mhkfailbnecgjd mhkgaidlnecbjf
3946 mhkjandlcgibef mhliajcknfbged mjgkialbehncfd mlehciknfbajgd
3950 mlejikanchfbgd mlhgknjcfdabei mlhiknjcfgabed mljhibknecafgd
3954 negliakjbhcmdf neglimkjbhcfda negmiaclkhbjdf nehlbaikgmcjdf
3958 nejliakcbhgmdf nejlimkcbhgfda nelfimcjkhbgda nfelkbjdamchgi
3962 nflgibmckhejda nflgikmjchbeda nlegibkjchmfda nlegikmjchabdf
3966 nlehcbmdkfajgi nlemcbikgfajdh nlgfmdcbkhajei nlgikdjbfcmhea
3970 nlgimdjkfcabeh nlhjbkicgmaedf nlifkdcjgbmhea nlijbkmdchaegf
3974 nljgiamckhebdf nmeicbdlkhgjfa nmgikdjlfcbhea nmhibdklfcgjea
3978 lnfedckingjmab egjkndlmbcfiha ehglainbkdmjfc ehlfadcjmbinkg
3981 eilfadcnmhbgkj ejgfkdcbmlnhia ejgkimlbahncfd ejlfkdcmabinhg
3985 elnfkdcjmbahig elnfkdcmbhaijg emgfadcjblinkh felgkadmnhbijc
3989 fielkjdmbacnhg filgkndcembhja fjlgkndcmbihea fjlmkadnebihgc
3993 flngikdcbmaejh flnmkjdbeaihgc fmlgkadcnbihje gelmkjidafbnhc
3997 gfijnmadclbhke gfilnbadmechkj gfilnjadmbchke gfljmbadcneikh
4001 gilhcnadmfbekj gilmkjanefbhdc gilmnjadkfbehc gjlmkbidafenhc

4005 gklmnjidafbehc gljhcmadbnfike ifehcbalndmjkg ijhmbdlkaengfc
4009 kegfmlcjbnadih keifmlcngbadjh kenfilcmbhadjg kfehcblmndaijg

4013 kfeniblmchadjg kfhgimlcnbadje kfngmjlcebadih kgnhcmilbfadje

4017 khgmajlbefindc khjimnlbgcfdea kijgnalmbefdhc kijmnaldbefghc
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4021 kjencilmabfdhg kjnfilcmabedhg kjngmalcebfdih kjnmbildaefghc

4025 klehcbnmfdaijg klimbdnjghaefc kmignaljcbfdhe kmjgnalcbhfdie

4029 kmjinalbgcfdhe neikbmljghfcda nfelmbajghcdki ngjfmliabcedkh

4033 nihfbjlkemcgda nkejmblacdfgih nlehcbikgfmjda nlgfikcbehmjda

4037 nligkmdjcbahfe nljgkmdcbhaife lnfedcmih 'akb egjindlmkcfbha

4040 ehikadnjmbfclg ehkgamnjclibfd eikmadljghnbfc ejgfmdcbalnhik

4044 ejgfmdckalnbih ejgkimcbahnfld ejkmidlbahngfc ejlfmdckabngih

4048 elhmidnckbajfg elhnkdimgfabcj feigmadlkncjbh fekgmadjcniblh

4052 fekgmadlbncjih fekimadjghnblc fenlmadjghcibk fenlmadjkcigbh

405611 fhkgmjdlencbia fhknijdmeacblg fhlimndkgcbjea fhlmijnkeabgdc

4060 fielkjnmbachdg fielnjdmbacghk filgmjdceanhbk filgnjdmkabehc

4064 fjelmidkabngch fjkgmadcebnilh fjklmndbahcgei flencidmkbajhg

4068 fligmkdnebajch fingmjdckaiebh fingmkdcebajih flnicadjghembk

4072 flnimkdjghaebc flnjbkimcdaehg fmkicndjghebla gelmkjinafbadc

4076 1 1 gfeikbanmlchdj gfejmbakclndih gfilnbadkecmhj gfilnjadkbcmhe

408011 gfimnkadclbehj gfjhkmadblncie gflhciadknbmej gfljkbadcnemih

4084 gflmikadcnbehj gfnjkmadclehbi gfnlkjadmbchie gielnjadbfcmhk

4088 gilhcnadkfbmej gilmkjanefbhdc gilmnjadkfbehc gjelmbidafnhck

4092 gjenmkidalfbch gjhmbkanfliedc gjkhcmidalnbfe gjikmbidafnceh

4096 gjlnkbimafehcd gljhckadbnfmie gljmikadbnfehc gmelkjndbfchia
410011 gmijkbndclehfa gmjhckndblfeia ienfblcmkdajhg iengmldckfajbh

4104 igkfnjlmedcbha ihljamckndbgfe ihlnamckedbgfj ihnfajlmedcgbk

4108 ijegmbdkafnclh ilegmbdnkfajch ilhjbknmfdaecg imehcbnikdajfg

4112 keimbanjghfdlc kejmiancbhfdlg khifalnjmbedcg kijhcanmbefdlg

4116 kjgfimcbehndla kjhnildmabefcg kjifmdcagbnelh kmilbncjghfdea

412011 mekliandbhcjfg mgejiklacnfbad mgejnklacdfbhi mgjindlakcfbhe

4124 mgjkndlabcfihe mgkfijlaencbhd mgkfnjlaedcbhi mhikanljcbfged

4128 mhjianlbgcfdek mikfanljghcbed mjgkilcbahnfed mjkfinlbahcged

4132 mlkicanjghebfd negikaclmfbhdj neilbacjghfmdk nelfkmcjghbida

4136 nfelkbajghcmdi nfelkbimgachdj nfimkjalebchdg nfihckimgabedj

414011 nflikbajmcehdg nflmckajghbedi nflmkjacebihdg ngjfkliabcemdh

414411 ngjhckimblfeda ngjmckiablfedh nlgfimcbehajdk nlgikacbmfehdj

4148 nlifmdckgbajeh nljhckambefidg nljmikacbhfedg nmhfbjlkedcgia

4152 nmikbdljghfcea nmjkidlcbhfgea Infedcmihkj ab egjkndimblfcha

4155 ehgladnbmcifkj ehglamcbknfjid ehilamcjgbfnkd ehlfadimncbjkg

4159 ehniadjlfcmbkg eijlndkcbmgfha ejglidnbahmfkc ejglimcbahfnkd
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4163 elinkmcjgbahfd elnfidcmkhabjg emjladkcbngfih feigmadlkbcnjh

4167 fekgmadcblnjih felgiadmkhbnjc felgmadckbinjh felgmadjchbnki
4171 felikadngmbhjc felmkaingdbhjc fhikmndlcbgjea fhlgijdmeabnkc

4175 fhlimndbkcgjea fhlkmjdbengcia fhlkmndjgbicea fhlnijdmeabckg

4179 11 filgkndcembhja filgnjdmkabehc fkgmadcelnbih fjkncidmalebhg
4183 fjlgmidcabenkh fklncidmaebjhg flenikdmchabjg flngikdmbhaejc
4187 flngmadckbejih flngmjdceaibkh flnimadjgcebkh fmlgnadckhbjie

4191 fmlgnjdceabhki fmlinadjgcbhke iegmkanlfdbhjc ifkgnljcadmbhe

4195 ingmaljbknefdc ihkgamjlndcbfe ihnfajcledmbkg ijehcbklamgnfd

4199 ijhfbnklamgced ijhmbdklaegnfc imglnjkbadcfhe kehfblimncadjg

4203 kehiblnmfcadjg kenfbjcmalidhg kenjbaimclfdhg kgjfnlimbcedha

4207 khgmajnbelifdc kjnlbicmaefdhg klegmbdjcnafih nihfbjklemgcda

4211 nlehcbimkfgjda nlehcbkjgmifda nlejmbkacdgfih nlgfimcbkhejda

4215 nlgfkjcbedmhia nlgikdjbfcmhea nlhfbkijgcmeda nlifkmcjgbehda

4219 nljikmdbgcahfe lnmedcaihkjgfb egjikdmlncahbf egjkndbmflicha

4222 ehifadcmglbnkj ehifadcmnlbjkg ehjfadclknmbig ehjfadcmkniblg

4226 ehjiadklncgmbf ehnfadcjmlibkg eikfadcjmhnblg eikfadcnmhgblj

4230 einfadcmkhbjlg ejglinkbahcmdf ejhlidmcabgnkf ejnlidkbahmfgc

4234 ekgindjlfcbmha ekjfadclbnmhig ekjfadcmbnihlg ekjindblfcgmha

4238 eknfadcjgmbhli elgnkdjbmcahif eljnidmckhabgf eljnkdmbgcahif

4242 elnmkijbfdahgc emgfadcjblinkh emglnkjbfcidha emhlidkcnbgfja

4246 emifadcnkbgjlh emjfkdibgcnhla emjikdblfcnhga emkfadcjgniblh

4250 emkfadclbngjih fehibadnkmgjlc fehibakjmcndlg fehkbadjgnimlc

4254 feigbadmkhnjlc fejnkadmbcihlg fekgiadcbmnjlh fekibadjgmnhlc

4258 fekjmaicgdnblh fengiadckhbmlj fenikadmgcbhlj fienkjdmbachlg

4262 fihgbndckmejla fihgkjdcmanble fihgkndcmaeblj fihmbjkceandlg

4266 fijkcadmbenhlg fingkjdmeabhlc fjhgbndcmlieka fjhkbndimegcia

4270 fjhlbimcaegnkd fjkgiadcemnblh fkhgbjdcenimla fkhibndjgcemla
4274 fmhgbidcnlejka fmhgbjdckniela fmigbkdjchnela fmjgiadckhnble

4278 fmjikadbgcnhle fmkgbjdlenchia fmnlkaijgdchbe iehgbljcmdankf
4282 iehkbjmlangcdf ielgkajmfdbnhc ienmkajlfdbhgc iglhckbmndfeja

4286 ihgnajkbedcmlf ihknajmledcbgf ihlgajdmefbnkc ihlnajdmefbckg

4290 ihnmajdlefgbkc ijehcbmlafgnkd ijhfbdmlaegnkc ijhfbnklamgced

4294 ijhgblkcamnfed ijhkbnmlaegcdf ikgfnjcledbmha ikhgblmcanejdf

4298 iklgnajmfdbehc ilehcbjnkmafgd ilhgbnjcmdaekf ilnfkjcmedabhg

4302 ilngbkjmfdaehc imgfkjclndbhea imhfbjklndgcea imhgbldcnfejka
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4306 imhkbjdlnfgcea imkgnajlfdcbhe imkjnaclfdgbhe imnhcaklfdgjbe

4310 keglmacjbnfdih kehgbjmcalindf kehmbaicnlfdjg kenibljmfcadhg

4314 kgehcnmjalidbf kgjfnliabcmdhe kgjinlbafcmdhe kgjinlbmfcedha

4318 khgjanibcfemld khgjmnibclfdea khigaldmnbefjc khimaldjnbefgc

4322 khnmajdbelifgc kinfbjcmeladhg kjehcbmnalifgd kjhfbdmnaliegc

432611 kjhgbnmcaliedf klgfijcbenamhd klhfbnijgcamed kmginljbfcadhe

4330 kmgjnacbflidhe kmgjnicbfledha kmhgbjdcnlifea melgkidcnabhjf

4334 mgelkijafbcnhd mgifknjlcbahed mgljndiakfbche mglkndjafbiche

4338 mglnckjafbiehd mglnikbachfejd mhifanklcbgjed mhikandlcbgjef

4342 mhkgandjclibef mhlfanibkcgjed mhlfankjgbiced mhliandbkcgjef

4346 mhlkajdbengcif mhlkandjgbicef milgkndceabhjf mjlfinkbahgced

4350 mlencbiakfajhd mlencbkjgaifhd nehibaklmcgjdf nehlbaikkmcjdf

4354 nehlbakjgcimdf nihmbjkleagcdf nikgbjmleachdf nkhgbimcalejdf

4358 nlejikmdchabgf nlgfkjcbmdahie nlgikjcbmfahde nlgmiacbkhejdf

4362 nlhgbjmckaiedf nlhmbkijgcaedf nligbkmjchaedf nlimkacjgbehdf

4366 11 nmifbdclkhgjea nmkfbdcjglihea nmlfkdijgcbhea nmlgkijcfdbhea

437011 nmlhcibdkefjga nmlhckbjgdfeia nmljikbdchfega lnmedckingjafb

4373 ehjiadlkncmgbf ehlmaickndbgjf eilkadmjghncbf emifkdcjghnbla

4377 emikadlngbfcjh fejgkadmbnihlc fekimadjghnblc fengkadjcmbhli

4381 fenikadmgcbhlj fenmkadjblihgc fhknijdmeacblg fhnmijdkeabglc

4385 fienkjdmbachlg fihkbjmceangld fihmbkdnelajgc fijgkndcblmhea

4389 1 1 fingkjdmeabhlc fjemcidkabnglh fjhgikdcmbnela fjhgkadcemnbli

4393 fjhlindkmbcgea fjhmiadkebnglc fjhmkadnelibgc fjkgmadcebnilh

4397 fjklbimnaechgd fjnmkidbalehgc fmegkjdlbnchia fmjgikdcehnbla

4401 fmjgkadcbhnile fmjikadbgcnhle fmnikadjghcibe geklbjmdanchif

4405 gjklbnmdaechif gmhlbjiknfcdea iehgblmcknajdf d-

440914409 ilehcbmnkfajgd1 ilhmkjdnefabgc kehibalngmfdjc keigbalmnhfdjc-

441311 keihmaldnbfgjc kengialcbmfdjh khiganljcbmdef khjianlbgcmdef

441711 khnfalcjmbedig khnmajlbefidgc kihgbnlcemfdja kinfalcmbhedjg

4421 kjehcbilmfndga kjehcblnafimgd kjgfilcbmhndea kjihcamlebndgf

4425 kmgfalcjbnedih kmhgbjlcnfidea kmhgialcnbfdje kmifalcngbedjh

4429 kmifblcjghndea mgkfijlaencbhd mglhckbjanfeid mglickbanhfejd

4433 mglkidbanhfcje mhkgajilnfcbed mhlfidcknabgje mhljanikcdbgef

443711 mikfanljghcbed milgkndceabhjf milhckbngafejd mjgfkdcbalnhie

4441 1 1 mjkfinlbahcged mlencbikgfajhd nehlbaikgmcjdf nehlbamjkcigdf

444511 nekgbamjclihdf nikgbjmleachdf nlgmikcbehajdf nlhgbjmckaiedf
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4449 nlhjbkicgmaedf nmelkjidbfchga nmlfkdcjghbiea dabchef ki'nlm
4452 kgfedcbmhlnjia ifehcbangmlkjd kjgmdlnihbafec jilhnmbkgadcfe
4454 mgkjndilbfchae kjgndmlihbacfe femgbadkclnjih kjnedmlihgabfc
4456 emjindklfcghba ingfancbemlkjd kjnmdlbingafec jnmkiclaehdgfb
4459 mkjnialcehbgfd klfedcnihmabjg mfeijbalnchkgd klnedmjfhgfbac
4461 inmhclikgadfeb nmjhciklfegdba kmfedclingnjba ekmfidclanbhgj
4464 elifmdckgnhbaj enkfldcjmhgaib gfjlnkadmcbhie gfnkjladmehbic
4468 gjilmkanebfdch gkjinmalfcbade ihglakmbenfdcj inehcbmjadlkgf
4472 inmjakcledfhgb mjehcbingflkad mjgfincbehlkad kmledcjih fba
4475 11 ejmfadlkgnhicb enmfidcjahlkgb enmfjdcklahigb gfjnmkadlcbieh
4479 gnikjmldcehafb mfeicbljnhgkad mfejcblkgnhiad mfenibajchlkgd
4483 mfenjbaklchigd mlekindjchgbaf mlifjdckgnhbae mlkfidcjnhgbae
4487 kmledcningafbj gfnhciadbmlkje mfenibajchlkgd kmlednjihgacbf
4489 mlkhcjinbfegad kmlednjihgfcba elnjmdikgfhbac enmildkjfhgacb

4492 enmjldikgfhacb gfeknbadmlhjic gfemjbadnclkhi gfjilbamncekhd

4496 inmhclkjadgfeb jhglimcbnadkfe jikhcmlnbaegfd knfedcbmhlaji

4499 ehgmadkblncifj ehmfadcklnbigj elgjmiknfdcbah fklgiadcenmhbj
4503 fkngiadcemlbjh gikfnmjlbachde ihgnaklbemfcjd jhgniklbeamcfd
4507 Ifehcbaknmdgji liemnkjabgfhdc lkehcbmdanfigj mfehcbljndgkai
4511 mhgjakcblnfied mhiklndjcbgeaf mlgjnkcbedfhai mljindkbfcghae
4515 nehkbaicgmldjf knfedcmihlajgb ihgmaknbedlfjc jgnmiklaehdbfc
4518 jmehcblkgndifa lgimnkjaebfhdc lkehcbjmanfidg ngilmkjaebfdch
4522 ningbklceamdfj knmedcjihglafb ehnfadckmlbjig emgjniklfdchba

4525 gfiknjalcbmhde gfjinkalmcbade ikhgbnmcalejdf jfekibmlcndhga
4529 jigfnkclmadhbe mgjindklfcbhae mljncikbfeghad nmkhcjidlfegba

4533 knmedclihgajfb einfadcmbhlkjg elnfjdmkgahbic emifadcngblkjh

4536 flnkmadjchgbei gfjimkanlcbdeh gfjlnkadmcbhie gfjmnkalecbadi

4540 gfjnmkadlcbieh gfkjnialbmchde gfkmnialbechdj ifehcbklanmdgj

4544 ifkjnbmledchga jfehcbmklndiga jgnkilbamhdfec jlhkbnicgmdeaf

4548 jlnfikmaehdbgc jmhkblicgndfea lhjmanikgcbedf ligmjankbehfdc

4552 lkgmianjehbfdc mfinjbaklehcgd nehkbaicgmldjf ngjimkbalcfdeh

4556 ngjlmkbaecfdih nihlbkmceafdgj niklcjambfedhg nmifldckgbheja

4560 nmkfldcjbhgeia knmedljihgafcb emljndikgfchba flnkimdjchgbae
4563 ilnhcmkjfdgbae jmlhcnikgfdeba lifmjnbkgahedc mgfiljbancekhd
4567 mljhciknfebgad knmedljih acb eknmidljahbgfc gmlkjnadcehibf

4570 ikjhcmlnaebgfd mfeijblknchgad mhgklicbfenjad nmkhcjilgfedba
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4574 knmldajih ecb ikehcjlnambgfd jfeknbilmadhgc jfgknmilcadhbe

4577 jfnhmlikgadbec jgfmicbanhlkde mfehcbidnalkjg mjehcbingflkad

4581 mkgfjdcblnhiae ngfkmcbaeldjih njikamldcbhgfe nmlkicdjehgfba

4585 n edcbihmlkja gfnhcjadmlebik jelkmaincfdgbh lhgfakcbenmidj

4588 mfehcbakglnjid mjenlbikgfachd mjiflnckgbaehd mleijbnkgchfad

4592 mlifjnckgbhead nmfedcb ' a ingjancbldmekf jfehcblnmadgik

4595 jhnkimlbcadgfe lhgmakcbenfidj mikhcjlnbfegad nmfedc'ih ba

4598 ifehcbalmdnjgk ikehcbmladnjgf ikhnbjmladecgf lhgjankbfmcedi

4602 lnehcbkjfmgadi mfenjbakglhcid mjiflnckgbaehd mlehcbikglnjad

4606 mlehcbkjfngiad mlgfikcbehnjad mlhjbnikgfcead nmledc'ih ba

4609 ifehcbamglnjdk jeikbalncmdgfh jhikamincedgfb lfikmjancbdgeh
4613 ingfjdckbmhaei mfehcbikglnjad mfehcbkjlngiad minhcikdfegbaj

4617 dabchefglijknm lknedcmih bajf ejmfkdnlgbahci emkjadingfcblh

4619 ihgjnlkbmdcfae ihmjalnbedcfkg inhjblkcmdgfae jmekcbnlgadhfi

4623 kmehcbilgnadfj mgilkjbacfenhd mgkjilbaencfhd mgkjnlbaedcfhi

4627 nikfmdcjahgbei lmfedcjih bnka iehjbincadgmfk iehnbalkfmcgjd

4630 1 1 ifemnblkadhgjc ihgmalkbencfdj inhjblkcmdgfae jimgblkneadfch

4634 jnekcbilgmdhaf jngkilcbemdfah kfnlmbajchgdei kjhnildmebafcg

4638 mfelibnjchgdak migfkdclbanhje mjehcbilgfadak mjgfilcbehndak

4642 mlehcbkjndgfai mlkfidcjnhgbae mlkhcjidnfebag lmkedcjih ba

4645 gnehcjidafbmlk lnkedc'ih mab gfilnjakcbmdhe gmlkjnadbehcif

4648 iehjblmcadgnkf iehmblkcadnfg iejmbalkfnhgdc ifehcbljadmnkg

4652 ingjalnbedmfkc ilehcbnjadmfkg ilhjbnmcadgekf ilnjcmbkadhgfe

4656 ilnmjdbkaehgfc jhgmilcbeadnkf kjnmbildfeaghc nejikmdlgcbhfa

4660 nfilkjmdcbehga nihjblkcemgfda njekcbilgfmhda njgkilcbehmfda
4664 nleicbkjmhgfda nkfedcjih bmla ejnfkdclgmahbi ihnjalkmedcfbg

4667 jihmblkneadfgc knehcbilgfmdaj kngfilcbehmda mfelibajchgnkd

4671 mhgjalkbencfid mhkjanilgfcbed mjehcbilgfankd mjgfilcbehankd

4675 nmkedc 'i la ehlfadkjmngcib ejifmdclgbnhak ekgfidcjmhbnal

4678 eknmadilgfbhjc filkmadjbngceh fjmnkadlgbehci fkjimadlgcbneh

4682 gilhcmadbfnejk gimnkjadbfehcl gkehcjidmfbnal ingjalmbednfck
4686 ingmalcbednfjk jehkbancmfdgil jglkinbamhdcef jhnmilkbeadfgc
4690 jihkblmneadfgc kemnbjilgfadch kgnlimbjchadfe khgljmibcnadfe
4694 khilajmncfedgb khnlajmbcfedgi kngfilcbemadjh mehgblkcandfij
4698 mfjnkbalgcehid mngkilcbehdfaj mnhjblkcedgfai ea cdh 'f cnm

4701 jikmfenlh bdc ijhnkblmafegcd kjihmclnfbaged lnjihdmkfceagb



8.1. Appendix A - Codes of Rigid Bipartite 3-Gems (28 vertices) 351

4704 nkijglmdchbfea nkijhdlmcfbgea jiknfemlha bcd nkjihdlmfcbgea

4707 jimlfeknhacdgb fmlijnekdghcba jingkelmhafdbc ijkhmlbnagcfed

4709 jinglekmhadfbc mlginajkdchbfe njilgcmkfbhdea jk eclhabifd

4711 inmgkalcfejdhb jklmfenihab do ilkngajmfehbcd nmifkljecbadga

4714 jklmnecihabgdf kmijldbncfhega nmijklbecfhdga jklnmecihab d

4716 ilkmjadnfehbgc imnlkcajgehdbf jknmfedlhabigc mnkihdlefcjbag

4719 jlgmneckhaibdf gkinmclefbjahd inmgkalcfejdhb khinmaljcbfegd

4722 nmijlkbecfdhga jl nmeckhaibfd gmnjkialchedbf imnhkcalgejdbf

4725 khimladjnbfegc ljnmgbkdafeihc lmhijnkcdgefba lmhikndjgcefba

4729 mfljnkadchbige mgjklcinbfdhae mgjlndiabkcfhe mjfklcinabdhge

4733 mjflnkidabchge mnhkibelgdjcaf nmfljkbedhciga h edchmankb

4736 ifnlgmjkaehdbc ijfmlnbkaghedc ijlmgbenafhcdk ijlmhnbeagfcdk

4740 jligfedchnmbka gkjmnclebfiadh ifmhknalgejdcb ikmhjnldgefacb

4743 inmhkcalgejdfb kjmnhdblagiecf lkmhinejgdfacb mkjihdbnfcgale

4747 ,jligmenchkabfd gimjldaknfhecb gnjildmkfcheab imnlgcjkaehdbf

4750 niflkcjebmhdga 'li emchkabdf ijingbemafhckd 'lkmfeniha bdc

4752 fmijlnekchdgba fmlkinejgdhcba ifmlknajgehdcb ikhngbjmlefacd

4756 iklnhmajgebfcd ljhnkbimafegcd lkjngiembhfacd lmijhdbkcfenga

4760 nkljgimdchbfea nmihlcjkfbdega 'lkmneciha bdf gkmlhdaecnjfib

4763 imjhgcedlfbnka khinmaljcbfegd lkjnmiecbhfagd lmijhdbkcfenga

4767 jlknmecihagbfd fjmkniebahdclg ihmknajbfedclg iknlhdajgemfbc

4770 imnlkcajgehdbf injhlcekmfdgab khimladjnbfegc kmjildbnfchega

4774 mklhicajndbfge mkljniadchbfge mnlkibejgdhcaf njhmlbicafdekg

4778 jlmgfednhaibck mkihgcndfbjale jlmkfediha cb imklhdbjnecfga

4780 nmkljibedhcfga jlmnfedkhaibcg ifnmkbalgejdhc iknmjbldgefahc

4783 lmjfkdcnbgehia mgijklbacfndhe mgjknliabfdche mkfjniblcdgahe

4787 jlngfedmhaibkc lgjnkdiabmehcf ingfjicbdkemah mfjlgindbkchae

4790 mgjlhdinbkcfae nfljgkmdchbiea ngjkmliabfdceh ngljmdkacfbieh
4794 11 nhgjlaibckdmef nmikhljefbdcga ' lnkfediha be lnjhmcidbfeakg

4797 jlnmfedkhaibcc gnmljkaedhcifb imhkgbjlnedcfa knhigbljdcmeaf

4800 knhijblcdgmeaf knmhicajldgefb Igmnjibadkehcf lnjfkdimbcehag
4804 mkifndclgbjahe nfjlmiadbkcheg ngikhljmfbdcea njfklcimabdheg

4808 nkihmcldfbjaeg nmljgkedchbifa 'mi edchknbla lnmijckedhgafb

4811 jmi edchlbnka iljfhdcemgnbak iljhgcedmfnbak injfhdcekgamlb

4814 injhgcedkfainlb jmikfedlhn cba gnjlhkmefcidab gnkijlmedhcfab

4817 if nljnakgehdcb ingfmdcbakjelh injfldckmgheab injhkcldmfegab
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4821 kimjhdlenfagcb lgmjhinkfdeacb lhgnjkcbmeiafd Infikcmjdhegab

4825 jmikfelchnd ba fhgjkanbmlidec injfldcemghdab kngfjicmdlheab

4828 jmilfedkhncgba fhligaenmkjcdb gflihnaemkjcdb jmilfekchngdba

4830 infkjlmdgehcab injhlcekmfdgab injkhdlemgfcab inikgmjdfehcab

4834 lnjihdmkfcegab miljgandkhbcfe jmklfedihncgba fnlkimejgdhcab

4837 inlkgmjdfehcab jml edkhnicba lnkhicejgdfmab jmlkfedihnggba

4839 glmfhdieacjnkb ilkmhnajgefbdc lnjhkcidmfegab jmnikecihafdbg

4842 fnmkiaelgdjchb jngkfelmhadcib mkilgandcbjhfe jngklecmhadfib

4844 fhkimaelncjbgd ifhgkbmclejnda jnglkecmhafdib fhnmiaelgdjbkc

484711 mfkilbandcjhge jni edchkamlb fhjmiaebgldnkc fkgjilnbmdhaec

4850 1 1 ihgjmacbflenkd ijnfklmeaghdbc ijnhkmelafgdbc lfnhimkjgdeabc

4854 jnigfedchlmakb fhkimaelncjbgd finjgaedlhcmbk gfkmlbaednjhic

4857 mhgkialbndjcfe mlfhkcbdanjgie mlgfkdcbanjhie nmkihdlefcjbga

4861 jnigkelchmfdab ginjhdaelfmbkc ijnmldbkaghefc iknhjmadgebflc

4864 imlnhdjeagbckf lkfngcjmbeiahd ngjildbmfcheka njkhilbdmgcfea

4868 1 1 njlfidkbmhgcea jni lekchmdfab flkngiemacjbhd nfligbmjdkhcea

4871 jnikfedlhmgcab fljmiaekgnhbdc ihkjmalbfncged ijnlhkbeagmdfc

4874 nfkijlmedhcbga njfhicbdkgemla njflicbkmghdea njglikcbmhfdea

4878 njkfidlbmhcgea njkihdmeflcbga nkjihdlefcbmga nikigcmjdhfbea

4882 jnikfelchmdgab fhgjkanbmlidec fkjmilebgnhadc gjlmkbieafhndc

4885 kgjlmciabfhned jnilfedkhmcgab gilnmkaebfjchd jnilfekchmgdab

4887 fhgkianbldjmec fhjmiaebgldnkc fkjmilebgnhadc fmjngaedblickh

4891 gfkmlbaednjhic gkjnmclebfiahd gmjnhdaeblickf ihgkjmlbnefcda

4895 ihlfjmcknebgda ihljmackfnbged ikjhmcenlfbagd kjgmidnblhaefc

4899 ngkihdlmfcjbea njfkilbdmghcea njgkidlbmhfcea jnkffedihmcgab

4902 ijlkmbenafhcgd kgjimnbafcheld kgjmlniabfhedc jnl edkhamcib

4905 fhkimaelncjbgd fkilmaencbjhgd gkimhnlefbjadc mkifhdcngbjale

4909 mkihgcndfbjale mkilgandcbjhfe mkilhdancbjfge jnlgfedkhmicab

4912 fljngkedbcamih gijlmkaebfcnhd gljnhdkebcamif kfhimbajlcgned

4916 jnikfedihmgcab klhimbejncafgd jnikfedmha cib fknlgaedcmjhbi

4918 gkimhnlefbjadc gknlhdaecmjfbi glkfnmieacjbdh gmkihdnefcjbla

4922 jnmgfedkhaiclb fhklmaejnbcigd fhnmiaelgdjbkc fjgmnikbahcedl

4925 fjnlmiebahcdgk fjnmgielahdbkc fkhinlejmcbadg fkilmaencbjhgd

4929 fmnikaejlcgdbh gfnimbaelcjdhk gjnmhlieafdbkc gkfjnilmchbade

4933 gkijmblnchfaed gkimhnlefbjadc gmnljkaedhcibf igkhjclmnefbda

4937 ihnlmajbfecdgk ihnmgajlfedbkc imfhncbdlejagk imgfndcblejahk
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4941 imnhkcalgejdbf khjigalmncfebd kmhilbnjdcgefa kmnigaljdcfebh

4945 lgifnmjacbehdk lgnmjibadkehfc Ikijmbenchfagd lkimhnjefbgadc

4949 lmfkibncdehga lmfjnibdcheagk Imnfjicadkehbg lmnjkdiacfehbg

4953 mginlcjafbdehk mgjnkciabfedhl mhklganjdbcife mjgnkicbahedfl

4957 mjgnlicbahdefk mkilgandcbjhfe mkilhdancbjfge ngijklbacfmdeh

4961 njgfhdclambeki njgfmkcbahdiel njgmlicbahdekf njkfhdlmagcbei

4965 njkhglmdafcbei nkhigbmjdcfael nkhiglmjdcbaef nkjihdbmfcgael

4969 nkjihdlmfcbaeg nmfljkbedhciga nmjflkiebcdhga nmjlhkiebfcdga

4973 jnmgfedlhacikb ihgmnalbfejcdk jnmkfelihadcgb gmnjkiaeclhdbf

4975 mkilgandcbjhfe jnmklecihadf b gfkihmaelcjnbd iflmkbajgehndc

4978 imnlkcajgehdbf jnmlfekihacdgb fkigminjcbhaed fkjgmincbhiaed

4981 kmhglbjcndiefa jnmlkecihafdgb fhkinaelmcjbdg fhlmgaejdbinkc

4984 ilkmnajcfehbdg mjnhgcedalibkf mkjinldbgchafe nfhkibalmdjceg

4988 njlkmbidafhceg ligmfenbhkjadc fjihknelmbgdca fjkhgnedmlibca

4991 fmhilneckgdjba fmhjknecglidba fmhlinekgdcjba fnhilmeckgdjab

4995 fnmhliekacdgjb gjkhmcanflibed gjknlbieafmhcd glihmcknfbajed

4999 glinjbkemhafcd glmihdkefnajcb gnfilcmekhdjab gnmflkieacdhjb

5003 ifhlmbakgecnjd iflngkjmaebhcd iglfmnkjaebchd iglnhmkjaebfcd

5007 ilffigcmdknajeb ilfhjcbnmeagkd ilfnhmbekgajcd ilfnhmkjgeabcd

5011 ilhjmbkcgnafed ilhngbemkfajcd ilhngkjmfeabcd ilmhjnkdgeafcb

5015 kfmhjnadgliecb kgfhjcbnmliead kjfhgcmdalineb kjfnhmbealigcd

5019 kjhngbemalifcd kjinhmalfbgecd knjihdmlfcgeab mlfijcbndhagke
5023 mljihdbnfcagke mlkijcandhfbge nfhlibmkgdcjea nfilgbmdkhcjea

5027 ngilhdbmkfcjea ngjkhdbmflicea njfhkcblmgidea nmkijcledhfbga

5031 ligmnecbhkjadf fnmkjaeldgichb gfkjlbaecnmhid gjknmcaeflibhd

5034 glinmckefbajhd ifhnmbakgecjld ifhnmbjkaecgld igfnmkbjaechld

5038 iglnmmkjaebfhd ilfhjcknmeabgd ilfnmckjgeabhd ilhnmkjcfeabgd

5042 iljhgcedmfankb imflhkbjnecdga imklhdbjnecfga infhlcbkaedmjg

5046 inflmkbdaechjg kjinmcalfbgehd knmigaljdcfehb nmfilcbekhdjga
5050 nmjilkbefcdhga lignfembhkjacd fmlhgiedacbnkj fmlignejdcbhka

5053 gfljikanmdbhec gmkihdneflcbja ifhklbangedmjc kgjihdbmfcnela

5057 mfijgbldchanke mgijhdblcfanke mjklgbndafchie mjklhdbnagcfie

5061 nfhljbakdecmig ngjkhdbmflicea li mecbhkjafd fmkijaecdgnblh

5064 gfimjbaekhndlc gfminbaekdcjih gjmlnbieafcdkh gmihlcaknbdejf

5068 gniljbmekhcdaf ifnmhkajgebdlc iglhjckmnebfda ilhgjkmcneabdf

5072 ilhmjkdnfeabgc ilmgjkdcfeanhb ilnhjckdgeambf ilnmgbedkfajhc
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5076 imfhlcbknedjga imjhlceknfdgba inhlgbjkmecdaf inhljbmkgecdaf

5080 kjnmgbedalifhc kmnhjcadgliebf knmgjadcfliehb mfhlnbjkadcgie

5084 mfilnbadkhcjge mflgnkjcadbhie mgflnkbjadchie mgilndbakfcjhe
5088 mgjkndbafliche mjflnkidabchge mjklnbidafchge mjnhlcekabdgif

5092 1 1 mlfhickjndabge mljindbkfcaghe mlnhicejgdabkf mnhilbeckgdjaf

5096 mnhjkbecglidaf mnligkejdcbhaf nfhljbakdecmig ngfljkbadecmih

5100 nmfilcbekhdjga nmfkjcbedlihga lim ednh 'acb flkhimejgdnbac

5103 fmilgnedkhcjba gfnilmaekhdjbc gfnkjmaedlihbc gjfminieabdhkc

5107 gjnklmieafdhbc glnijmkedhafbc gmilhdnekfcjba gmjkhdneflicba

5111 gmlihdnefcbjka ifnhlmakgedjbc ifnhlmjkaedgbc ignflkmjaedhbc
5115 ilkfhdmjgenbac ilkhgmjdfenbac ilnhjcmdgeabkf kfhigbmjdcnela

5119 kfnhjmadgliebc kgjihdbmfcnela kjnihdalfmgebc mgkjndbaclifhe

5123 mglindbakcfjhe mjlhgcndabifke mlihgcndfbajke mlijgbndchafke

5127 mlijndbkcfaghe nfhkjbmldgicea nglihdkmfcbjea nglijckmdhbfea

5131 njkfhdcmglibea njkhicldmgfbea nmijkbelchgdfa limnfedbhk'ac

5134 flnmikejgdabhc gjkihdaefmnblc ifnmlbakgedjhc ifnmlbjkaedghc

5138 ilnhgcjdmeabkf ilnmgbedkfajhc ilnmgkjdfeabhc ilnmjbkdgeafhc

5142 imlfhdcjnebgka imlhgcjdaebnkf imlhgcjdnebfka kfnmjbadgliehc

5146 kjnmgbedalifhc kmjihdbefcngla mgfklibacndjhe mgkjnilacdfbhe

5150 1 1 mglhnckjadbfie mgljnikacdbfhe mjklgbedanchif mjnlgkedabchif

5154 mlijgbedchankf lingfedmhkjabc gjflhmieabcnkd gjflmkinabched

5157 gjklmbinafched glfihmkencabjd ilfhgcmdknajeb ilfhmcbnkgajed

5161 ilfhmckngeabjd kjfhgcmdalineb kjfhmcbnaliged kjingcmdfbnela

5165 nfkjgbmdclihea njkhgcmdflibea linmfedbhk'a c flmjikecgdanhb

5168 11 fminkaelcbgdjh fnihgkedmbaclj fnmjkaecglidhb gfikjbaemhncld

5172 gfkjlbaecnmhid gfminbaekcdjlh gjihmcakfbneld gjmklcieandhfb

5176 gjmknbieafdclh gjmnlkieabdhcf gmfijckedhnbla gmkijcnedhfbla

5180 gmkjlbnecdihfa gnifhdkembaclj gnmihdkefcajlb gnmilcaekhdjfb

5184 ifhklbjmaedncg ifhlmbaknecdjg ifmklnjcaedghb igmnlkbjaedhcf

5188 11 ilfnmcbekgajhd ilfnmckjgeabhd iljfhdcemgankb iljhgcedmfankb

5192 ilmnhdbekgajcf ilmnhdkjgeabcf imhlgbjknecdfa imhlkbecnfgdja

5196 inflmkbdaechjg inlf idkjmebcag inlhgkjdmebcaf inmlgkjdaechfb
5200 inmlhkajgecdfb kjfhicbdmgnela kjfnmcbealighd kjmnhdbealigcf

5204 kmingaldcbfejh kminhdalcbgejf mjhlkbncafgdie mlhigknjdcabfe
1 5208 11 mlhijbncdgafke mljihdbefcankg mlkfidcanhgbje mniflkjecbdhag

5212 11 mnilgbedkhcjaf mnilhdbekfcjag mnjkhdbeflicag nflimkajdcbheg
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5216 njfhlcikabdmeg njfklcimabdheg njkhmcadflibeg nlfhickjmdabeg
5220 nlihmckdfbajeg nmilgbedkhcjfa nmkjgbedclihfa lkgmfenihbjadc
5223 fijhknelbmgdca fijlmaecbhgnkd fijnkaelbhgmcd flkjgnedchmbia
5227 fmhlknejgcidba fmjlknecbhgdia fnhklmejgcdiab fnmhliekacdgjb
5231 gflihmaekcnjbd gifhlcmknadejb glkhmcjnfaibed glkjmiaecnfbhd
5235 glmkjiaedhfncb gnfklimechdjab gnmflkieacdhjb ifhhnbakgecnjd
5239 ifhngblmkeajcd ifmkgbjdaenclh igfnhmblkeajcd igkhjclnmefbad
5243 ihmgjalnkefdcb ilmhjcadgefnkb inhglbkcaedmjf inhklbmcaedgjf
5247 kfjlmiacbhgned kfjnliambhgecd kfmhlnajgdiecb kfmjlbadcngeih
5251 kfmjlnadchgeib kijhmcalbfgned kijngalmbhfecd kijnhmalbfgecd
5255 klfgimdcbaneb klfnhmbjgeaicd klhjmbecgnafid klhngbjmfeaicd
5259 klhnibejgmafcd kljfmniebcaghd kljhmcinbfaged kljngiembhafcd
5263 kljngmedbcafih kljnhdmebcagif kljnhmiebfagcd klmhinejgdafcb
5267 klmjgbedcnafih klmjhdbecnagif kmjngaldbcfeih mglkjibadnfche
5271 nfhlibmkgdcjea nfklgimdbhcjea ngkjhdbmclifea ngkjhdlmcfibea
5275 ngklhdimbfcjea nlhjibkcgdmfea lkgmnecihbjadf fhmkiaengldcjb
5278 gimlhdjenacfkb glkjhdnecfmbia gmklhdjebncfia gnmlhdjekacfib
5282 ifhlgbjmaecnkd ifhljbamgecnkd imfhjcblkendga imjhgcedkfnbla
5286 imkgjadcfenblh imkngajdfecblh infhlcbkaedmjg infhmcbdkeajlg
5290 kijnmalcbhfegd kijnmcalbfgehd klfnmibechagjd klhigbemncafjd
5294 klhnmbejgcafid kljnmciebfaghd kljnmiecbhafgd klmjhdnecfagib
5298 knmglajcfdiehb nmfklibechdjga nmjklciebfdhga nmklgbjdfechia
5302 lkgnfemihbjacd fhkliaengdcmjb fmhjikecgdnbla fmjklnecbhdgia
5305 glkmjcaednfbih ifhklbangedmjc igkfhdlmnecbja imhglbkcnedjfa
5309 kfjhlmadbngeic klfijnbedmaghc klfmjcbednagih kmhjiblcgdnefa
5313 mgklhdbjancfie mihlgbnkfacdje mijgkalcbhndfe mijlkancbhgdfe
5317 ngkijclmdhfbea lk nmecihbjafd fhkjiaemgdnblc fijgkamcbhndle
5320 fijmkaenbhgdlc ginlhkjemacdbf ginmlbjkfadehc glkhicamndfbje
5324 glkjhimecdnbaf gmfjhikecdnbla gnkljimedhcfab ifhgnblcmeadkj
5328 ifhmjbakgendlc ifhmlbangedjkc ifhmlbjnaedgkc ifnmgbldkeajhc
5332 igfhncblmeadkj ihkgjaminecbdf ihkmjadlfenbgc ihnmgajlfedbkc
5336 imfhlcbknedjga imjhlceknfdgba inhgjblckemdaf inhlgbjkmecdaf
5340 inhljbmkgecdaf injhkcelmfgdab inmkjadlfegchb inmlgajkfecdhb
5344 kijglamcbhnedf kijmladnbhfegc kinjhdalmfgebc klfhicbmndagje
5348 klfmhibendagjc klhgibmcndafje klhinbemdcafjg klhmibengdafjc
5352 klnjhdiemfagbc klnjhimecdagbf klnmgbjdfeaihc kmjhlcadbngeif
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5356 kmnhlcajgdiebf knmglajcfdiehb mfhglbjcadinke mfhjibalkdncge

5360 mfhlnbjkadcgie mfkjlbancdinge mfklniadbhcjge mgfhlcbjadinke

5364 mgklndiabfcjhe mifhlcbknadejg miflnkjdbachge mihglbkcnadejf

5368 mihlnbjkfacdge mlfjkibdchngae mlhikbdjgcnfae mljgkidcbhnfae

5372 1 1 mnhklbejgcdiaf mnhlkbejgcidaf mnjkliecbhdgaf mnjlkiecbhgdaf

5376 nfhljbakdecmig nfjmliacbhdekg nmfklibechdjga lki enchb'afd

5379 fhljkaebmdgnic fhljnambkdgcie fhnljaibkemdgc fmkigaejdncblh

5383 fmkignejdlchba fnmigkejdhaclb gljkhdaemcfnib glkincaedmfbjh

5387 glnkhdaebmfijc gnfijckedhamlb ifmlgbjnaecdkh igklhnbjaecmdf

5391 igklndbjamcfhe igmklnbjaedhcf ilkhjnadgembcf ilkhncadgmfbje

5395 infhjckdgeamlb ingljakmfecdhb inkfhdljaecmgb kigmlacjbhnedf

5399 klfhjcmdgeanib klfijcmedhangb kljfndibgcamhe kljhgnedmcafib

5403 kljihnbemcagdf kljindbmfcaghe klmhjnbdgeaicf klmigbendcafjh

5407 klmignejdhafcb klnfhdiebmagjc knfijcledhmgab kngjlacmfdiehb

5411 mgjfndlakcibhe mgkfndljahcbie mgkindbaflcjhe mgklidbjnhcfae

5415 mhjklnebgcdiaf mhljinebkdgcaf mikfndlabecjhe mljfkdibgcnhae

5419 mljindkafcgbhe ngkfhdljmecbia nifhjcbdglmeka nlfhjckdgembia

5423 nlfijckedhmbga nlfmjckadegbih lkignemchbjadf fhnigaelkmdbjc

5426 finkgaelbhdmjc fnkigaejdlcmhb fnmkgielacdhjb gfkljbanmechid

543011 gifnlcjebamhkd gnjklcaemfdhib ifkngbjmaechld ifnlgbjdaemhkc

5434 ifnlgbjkaemdhc klfnjcbemhagid klnigbejdmafhc kngjlacmfdiehb

5438 mifklcnebadhjg lkimfednhbjagc giknhmaebfcjld gimklnjebadhcf

5441 gmkijnaedlchbf gnfhlcjkmadeib ifklmbndaechjg ifkngbjmaechld

5445 igfnlcbjaemhkd ihmljanbkefdcg imfklcnjaedhbg kfjhlnadmcgeib

5449 11 kifhlcndbmgeja klfimcbjdhaneg klfnjcbmgeaihd klgjhicmfdaneb

5453 kljfhdnemcagib kljhgnedmcafib kljnhmbefcagid klmijnbedhagcf

5457 mgjlndbakcifhe mhlinakbdfgcje miglnacjbhfdke miklgnedbhcjaf

5461 miklhdnebfcjag mlfikcbjdhngae mnlijkbedhfcag ngfijcbldhmeka

5465 ngjlhkbmfcidea ngklhibmfdcjea nifkmcjlbadheg nlgjhickfdmbea

5469 1 1 lkimfenchbjad fmjlknebecidha fmliknebdcgjha gifkmcjebanhld

5472 gimklcaenfdhjb ginklcmebadhjf gmjklcaebndhif gnmklcieafdhjb

5476 inmflkceagdhjb klfimcbenhagjd kljfmncebgaihd kmgljncbdefiha

5480 mfklibadngchje mgklhdbjancfie mgkljibadncfhe migflkcnbadhje

5484 lkinfedmhbjacg glnijmaedhfbkc ifnlgbjdaemhkc ignlhdbjaemfkc

5487 inklgmedafchjb inklhdmeagcfjb klnihdbefmagjc mfkinbaldgchje

5491 mgfincbldhajke lkinfemchbj d fmjklnebecdiha fnklimejgdchab
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5494 gifmkcjebandlh glkmjcaednfbih glmijcaedhfnkb gmfijckedhnbla

5498 gmfkjcnedlihba gmjihdkefcnbla gmjkhdneflicba gmkijcnedhfbla
5502 gnmihdkefcajlb gnmijckedhaflb ifklnbjmaechdg ifkmgbjdaenhlc

5506 ifnmgbldkeajhc igfmlnbjaedhkc igmfhdljaecnkb igmlhdnjaecfkb

5510 ihgjkacbfmndle ihlknajbfemcdg ilkfhdcmnegbja imnlhdkjaecfbg

5514 inklhdajgecmfb inlfhdcjkemgab inlhgcjdkemfab inlkgajdfemchb

5518 inikhdajgemcfb inmhgcldkeajfb kfjhlmadbngeic kfmhliadncgejb

5522 kgjihdbmfcnela kinmgaldbhfejc klfmjcbednagih klfmjnbdgeaihc

5526 klgfjicmdhaneb kljhncembfaidg kljihdbmfcaneg kljmgnedbfaihc

5530 kljmhdbefnagic kljmhdnebgaifc klmhgcjdneaifb klmihdnefcagjb

5534 klmijcnedhagfb klnmgbjdfeaihc kmjfhdcingieba kmjhgcldnfieba

5538 knlihdjefcmgab mfklibnjgdchae mgjihdblfcanke mgklhdbjancfie

5542 mhgjialbkdncfe mhjikalbgcndfe miklhdbjgncfae mnfkjcbedlihag

5546 nfklibajmdcheg ngfmjcbadliekh ngkmjcladefbih niklhdambfcjeg

5550 lkm edihnjacb klfmgnjdbeaihc klfmhnbjgeaidc klgfmncjbeaihd

5553 klgjndibcfamhe klgmhdnjbeaifc klnhimejgdafbc klnjgiedmhafbc

5557 klnjhdiemfagbc nfhkgbmjdlicea ngjkhdbmflicea nijfhdckblmgea

5561 lkmgfednhbjaci gifmlnjebadhkc ifkmgbjdaenhlc igkmhdbjaenflc

5564 ihgmjanbkefdlc inhlgbmkaecdjf inklgbmdaechjf inklhdbmaecfjg

5568 mhglnakbdfcije mhglnikbdacfje miflgkndbachje lkmnfedihbjacg

5571 fmkjiaecgdnblh ifnmlbakgedjhc ifnmlbjkaedghc ihnmgajlfedbkc

5575 inhlgbmkaecdjf kfnmlbajgdiehc kfnmliadbhgejc kinmgaldbhfejc

5579 kinmhdalbfgejc klnmgbjdfeaihc klnmgiedbhafjc klnmhdiebfagjc

5583 klnmibejgdafhc mgfhlcbjadinke mgflnkbadhcije mgflnkbjadchie

5587 minlgkedbachjf nmklgbjdfechia nmklhdbjgecfia lkngfedihmjabc

5590 giklmbjnfached giklmnjebacfhd ihkfjmclnegbda kijnmcalbfgehd

5594 klfhicmjgdaneb klfhmcbjgnaied klfjmibecnaghd klgf3mcbdeanih

5598 klijmnbecfaghd kljhmcenbfaigd klmjgbedcnafih klmjhdbecnagif

5602 mgjklciabfdnhe mhgkiajbnldcfe mhgknajbfldcie mhjkianbgldcfe

5606 mijhlcakbfdnge nhgljakbdecmif nikfjmcadegbih nikhicmjgdfbea

5610 lkngfedmhbjaic fhjimaelkcnbgd fhjkiaebgmncld fhmjiaenkdgclb

5613 fijkmaelbhncgd fngklmibcedjah fnkjlmebcdigah fnklgmedbhcjai

5617 fnljkmebcdgiah gifknmjebadclh giflmkjnbached gljknmaebcfidh

5621 glkfnmjecaibdh glknjmaedhfbci gmjihdkefcnbla gnklhdmebfcjai

5625 gnmflkieacdhjb gnmihdkefcajlb ifhlmbjkaecngd ifhnmbakgecjld

5629 ifhnmbjkaecgld ifkllmbjnaschgd igmkhdbjaenclf igmklcnjaedhfb
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5633 ingjkacbfmndle ingkjmlbnefcda ihmkgajnfedclb ihmljacnkefdgb

5637 ilmhjcadgefnkb imhlgbjknecdfa imkhjcndgefbla inmhlcakgedjfb

5641 inmhlcjkaedgfb kgjfimiabcnedh kifhjcbdgmnela kijhgcmdbfnela

5645 klfhmcbngeaijd klfihmbencagjd klfinmbedcagjh klfjgimdchaneb
5649 klfnjmbedhagci klgfjicbdmaneh klgjmdibcfaneh klhigbnjdcamfe

5653 klhimbejncafgd kljfnmiebcagdh kljhgcmdbfanei kljihdbnfcamge

5657 kljnhdbefmagci kljnhmiebfagcd klmhicejgdanfb klmihdnefcagjb

5661 kmfijcbldhnega kmjihdblfcnega knfjlimdchgeab kngljmcbdefiah

5665 knlhicejgdmfab knmihdalfcgejb mfhikbnldcgjae mfhinbalkcdjge

5669 mfhkgbilnadcje mfjkginlbhdcae mgjihdblfcanke mglkjibndhfcae

5673 mhgjialbkdncfe mhjiganlkcdbfe mhjkianbgldcfe mhkjiaclndgbfe

5677 mihknbjlfadcge mijfhdclbganke mijhgcldbfanke mijkganlbhdcfe

5681 mljfhdckbgniae mljhgckdbfniae mljihdbkfcngae mlkfhdcngaibje

5685 mlkhgcndfaibje mlkijcandhfbge mnhjibelkdgcaf nhgljaibkmcdef

5689 nhgljakbdmcief nhgljikbdmcfea nhljkambcdgief nlkfjicadmgbeh

5693 nlkhjcadgmfbei nlkhmcajgdfbei nlkjgimdchfbea nikjmdiacfgbeh

5697 nmfjlkbecdinga lknmfedihbjagc fhkjiaelndmbcg gfhnibakmdcelj

5700 gifknmjebadclh gifnmkjebachld gihknbjmfadcle gihnmbjkfaceld

5704 gijhlcnkbmdefa gijhmcakbfneld gimhlcjknadefb gimnlkjebadhcf

5708 gmknjiaedhcblf gnmkliaechdjfb ifhlgbjmaecnkd igmnhdblkeajcf

5712 ihknjaclmegbfd imhlgbjknecdfa inhkgbjlmedcaf inhklbjcmedgaf

5716 inklhdbmaecfjg inmhgcldkeajfb inmhjcalkegdfb inmkgajlfedchb

5720 kfmhliadncgejb kgfjmibacdnelh kgjfmdiabcnelh kgjihdbmfcnela

5724 kijhgcldbmnefa klfihmbencagjd klfijcbmdhaneg klfinmbedcagjh

5728 klfnmcbjgeaihd klfnmibechagjd klhigbemncafjd klhigbnjdcamfe

5732 klhjibemndafcg klmhgcjdneaifb klmjgiedchanfb klmnhdbjgeaicf

5736 klmnjibedhagcf kmhljbncdegifa knfhlcbjmdieag knlfjicedhmgab

5740 knljgiedchmfab knljhdiecfmgab mfjklincbhdgae mgjihdblfcanke

5744 mhjiganlkcdbfe miflhkbenacdjg mihlgbeknacdjf mijkganlbhdcfe

5748 mljihdbkfcngae mnhlibeckdgjaf mnklgiedbhcjaf mnklhdiebfcjag

5752 mnklibejgdchaf mnkljibedhcfag mnikjibedhfcag ngfjlkbmcdihea

5756 11 nifhlcjkbadmeg nifklcjmbadheg nlkhicajmdfbeg nlkhmcjdfaibeg
5760 nikijcamdhfbeg nmklgiedbhcjfa Imi edchbjnka fhjmlaebgcnidk

5763 fhjnkaebecimld fhkjlaebmdngic fhljianbmdgcek fhlnkaebmcgjid

5767 fhnklaibmedjgc figlmanjbhcdek fimlgaedbhnjck fnjlgaedkcimhb

5771 fnljiaemkdgchb gifkncjebadmlh giflmkjnbacdeh gimklcaebndhfj
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5775 gimlhdaebfnjck glfimckednabhj glfmjckenhabdi gljmhnkefcabdi

5779 gljmncaekfibdh glkmjcaenhfbdi glmijkaednfbch gnfklcjemadhib

5783 gnjlhdaekcimfb gnkijcaedhfmlb ifkngbjdaecmlh ifmhlnjkagdecb

5787 ifmlgbjkaendch ifmnlbkdaegjch igkmhnljaecbdf igknhdbjaecmlf

5791 iglmhdbjaencfk ingljncbmefdak ihlfjnkbmegcad ihljmakbfngced

5795 ilfhmckdgnabej ilfnmcjekgabhd ilmhjnadgefbck ilmhjnkdgeabcf

5799 ingljacmkefdhb inkhjcadgefmlb kgfimcbndhaelj kgmihdblfnaecj

5803 kgmijnbldhaecf kgmnhiblfdaecj khgjnacbfdimle khnljambdefigc

5807 kimfhdnlbgaecj kimhgnldbfaecj knfhjcbdgeamli knfijcbedhamlg

5811 knjihdbefcamlg mfklgbjdnechai mgjlhkbnfcidae mgjlndbakcifhe

5815 mgklhdbjnecfai mgklhibnfdcjae mglijkbndhfcae mifhlcjnbgdeak

5819 mifklcjebndhag migflncjbhdeak milhjkbdgnfcae mlfhjcbdgeniak

5823 mlfhjckdgnibae mlfijcbedhngak mlfijckadngbhe mljfhdceknibag

5827 mljfndcakgibhe mljhgcedknibaf mljhncadkfibge mljihdbefcngak

5831 mljihdknfcgbae mlkijcnedhfbag mlkjhicnfdgbae lmi edchk'nba

5834 fhgilanbkmdjec fhgjkanbmlidec fhgliakbndcmje fhjkgaenmlicdb

5838 fhligaekncbmjd filjmaenkhbcgd fimlgaedkhnjcb fnlhikejgdmcab

5842 gfjkhnaemlicdb gflinkaedcbmjh gifminjkbadehc gimklcaenfdhjb

5846 gimlhdaekfnjcb gnfilcmekhdjab gnfkjcmedlihab gnjflkiemcdhab

5850 gnjkhdmeflicab gnjklciemfdhab gnlihdkefcmjab gnlijckedhmfab

5854 igmlhknjaecdfb ijlkgnedafmchb ijlkhdneagmcfb ijlkmnbeagfchd

5858 infhlcbkaedmjg infhlcjkmedgab infhlcmkgedjab inflgkjdmechab

5862 ingflkcbaedmjh ingflkcjmedhab inglhdkjmecfab inglmdkbaecfjh

5866 inlfhdcekgmjab inlfhdkmaebcjg inlfmdckaebgjh inlhgcedkfmjab
5870 inlhgkmdaebcjf inlhjckdgemfab inlhmckdaebfjg kfjihnalmcgedb

5874 kfmhinljgdaecb kfmhjnadgliecb kgjfmnilbcaehd kgmihdnlfcaejb

5878 kifhmcbnglaejd kifmgnjdblaehc kigmhdnjblaefc kijflncabgmehd

5882 kijhlcanbfmegd kijmlnadbfgehc kimfhdnjglaecb kimhgnjdflaecb

5886 kimhjcndglaefb kjfnmcbealighd kljnmciebfaghd knjfhdcemligab

5890 knjhgcedmlifab knjihdmlfcgeab mgjlndkabcifhe mglinckadhbfje

5894 mifklcbenadhjg miglndkjbacfhe milfhdkngabcje milhgkndfabcje

5898 milhnckdgabfje miljgandkhbcfe miljhdankfbcge mkjfndcablighe
5902 mkjhncadblifge lmi edch 'abk fhjikaenmcgdlb khgijanbdmfelc

5905 khgjianbmdfelc lm edihc ' nba fjgklinbahdmec fjglkinbahmdec

5908 11 fjlkgiedanmchb fkljmaenchbigd fkmlgiedahnjcb fnhjimelkdgcab

5912 fnijkmelchgdab gihlkbjnfamdec gimflkjenadhcb gjflknieabmdhc
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5916 gjlkhdieanmcfb gkmlhdieafnjcb gkmljiaedhnfcb gnfklimechdjab

5920 gniflkjecmdhab gnlkjimedhfcab ifmkgnjlaedchb igmhjcnlkeadfb
5924 ihgkmacbfenjld ihgmjanbkefdlc ihlnjackmebgfd ihlnmackfebgjd

5928 ikfnmcblaegjhd ikmfhdclaenjgb infhlcbkaedmjg infhlcjkmedgab

5932 infhlcmkgedjab inhkgmjlfedcab inlfmdckaebgjh inlhmckdaebfjg

5936 kfijhnalcmgedb kfmhlnajgdiecb kfmjlnadchgeib kgifmnjlcbaehd

5940 khgliacbndfmje kjfminidabgehc kjgflncbahmeid kjimhnalfbgedc

5944 klfhmcbngeaijd klfhmcjnbeaigd klfnmibechagjd knfjlimdchgeab

5948 kngflmcbadiejh knijgmldchfeab knijhdmlcfgeab knlfhdcjgemiab

5952 knlfjicedhmgab knlhgcjdfemiab knlhicejgdmfab knljgiedchmfab

5956 knljhdiecfmgab mglkjibadnfche mifhkcjlbandge mklfhdcngabije

5960 mklfnicadhbgje mklhgcndfabije mklhncajgdbfie mkljgandchbife

5964 mkljhdancfbige mkljniadchbfge mlfhkcbdnaigje mlgfkdcbnaihje

5968 lmngfedchkjabi fhjikaebmcndlg fnmhikejgdaclb fnmlgkedacihjb

5971 gjfkmcieabnhld gnmflkieacdhjb gnmihdkefcajlb gnmijckedhaflb

5975 gnmkhdaeflicjb gnmklcieafdhjb gnmlhdkeacifjb igfnmkbjaechld

5979 1 1 ijfkmcbeagnhld inflmkbdaechjg inmfhdkjgeaclb inmhgkjdfeaclb

5983 inmhjckdgeaflb khgjiacbmdnelf knmihdalfcgejb mglfnikadhbcje

5987 mlfijcbedhankg mljihdbefcankg lmn edihcjabk fhijkaencmgdlb

5990 gnmkjiaedhfclb infhmcbdkeajlg ingfmdcbkeajlh khgnjacbdmfeli

5994 knmfjicedhaglb knmhicejgdaflb lni edchkjmab fhgjkanbmlidec

5997 fhglianbkdmjec fhjmkaebglindc fhljiaemndbckg fhhniaebkngjdc

6001 fhlniaemgdbckj flnjikebmdahgc flnmikebgdahjc fmjlgaedbcinkh

6005 gfjlmkaebcinhd gfjnlmakbcdeih gilnmcjekabfhd gkjlmnaebcifhd
6009 gkjnmcaeblifhd gklimcaenhbfjd gmjlhdaebcinkf gmlihdaefcbnkj

6013 gmlijcaedhbnkf iflhgkmdnebcja iflhmkangebcjd iflhmkjnaebcgd

6017 iflmgkjdaebnhc iglfhdkmnebcja iglmhdkjaebnfc ingljambnecdkf

6021 ihglkajbfnmdec ihglmacbknfjed inglnambfecdkj ihingajmfebckd

6025 1 1 ikfhlcbnaemjgd ikfminbdaegjhc ikgflncbaemjhd iklfmncjaebghd

6029 iklhmcangebfjd iklhmcjnaebfgd iklmgnjdaebfhc iklmhdnjaebgfc

6033 iklmhnajgebfdc ilgnmkcbfeahjd kfjngmldbcaeih kgfhjcbmnlieda

6037 kgfinmbldcaejh kgjnhdmlbcaeif khgfjmcbnlieda khgjmacbflined

6041 kjnmgbedalifhc kjnmhdbealigfc klfmjcbednagih kljmhdbefnagic

6045 ngjflmiabcdekh ngjkhdbmflicea nifhlcbmgadekj nifhlcjmbadekg

6049 nigflmcjbadekh nilfhdcemabgkj nilhgcedmabfkj nlfhicbdkgmjea

6053 nlfmjcbkdeagih nlgfidcbkhmjea lni edchmjakb fhjmkaebgnidlc
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6056 fhkimaejnlcbgd fhknmaejglcbid fhljiaekndbmcg fhlniaekgdbmcj
6060 finjkaelmhgdbc fjgklinbahdmec fjkmliebahngdc fljhnkembcaidg
6064 fmljinebkdgcha gfkmjbaedlnhic gifnlcjebadmhk gifnlmjkbadech
6068 gijkmcaebfnhld gilnhkjefabmcd gilnmcaekfbjhd gilnmcjekabfhd
6072 ginflkjemadhbc ginklcjemadhbf gjfmnckealibdh gjkmhdaeflnbic
6076 gjkmlbieafnhdc gjkmnciealfbdh glfinckemhabdj gljfnmkebcaidh
6080 gljmnckebfaidh gljnmckebfaihd glkmjcaednfbih glnijcaedhfmbk
6084 gmfklcjebndhia gmkijcnedhfbla ifkhjmadgenblc ifkngmjdaecblh
6088 ifknhmajgecbld ifnhlmakgedjbc ifnhlmjkaedgbc ifnlgmjdaechbk
6092 igkfnmljaecbdh igkhjclmnefbda igknhdmjaecblf iglhjckmnebfda
6096 iglmhnkjaebfdc ignlhdmjaecfbk ihgljakbnecmdf ihglnakbfecmdj
6100 ihlfjmcknebgda ihlmjacknebgdf ihlmnackfebgdj ihlngajkfebmcd
6104 ijfmkcbeagndlh ijklmbenafchgd ijkmgbedafnhlc ijkmhdbeagnflc
6108 ijkmncleagfbdh ilfhnckmgeabdj ilfmncbekgajdh ilnhjcadgefmbk
6112 ilnhjmkdgeafbc ilnmgbedkfajhc ilnmhdbekgajfc imkfhdnjgecbla
6116 imkhjcndgefbla kgjihdbmfcnela khgjianbmdfelc khgjmacbfnield
6120 khjigalmncfebd khjmialbgnfedc kijfmdcabgnelh kijhmcadbfnelg
6124 kinjgaldmhfebc kinjhdalmfgebc kjfhicbdmgnela kjgfidcbmhnela
6128 mgjnlciabfdehk mgklhdbjancfie mhgjkacbnlidfe mhgkiajbnldcfe
6132 mhgknajbfldcie mhkiganjdlcbfe mhkjiaclndgbfe mhkjnaclfdgbie
6136 mjfhkcbdaingie mjgfkdcbalnhie mjkfhdcealnbig mjkhgcedalnbif
6140 mjkihdanflcbge mjklgbndafchie mjklhdbnagcfie mlkhjcadgnfbie
6144 nfjhmkadbliceg nfjlgkmdbcihea nflhikadmgbcej nflhikmjgdbcea
6148 ngjflkiabcdmeh ngjflkimbcdhea ngjfmdkabliceh ngjlhdkmbcifea
6152 ngjlmdkabcifeh ngkljmbadecfih ngklmdiabfcjeh nglfidkamhbcej
6156 nglihdkmfcbjea nifhlcbkgadmej nifhlcjkbadmeg nifklcbemadhgj
6160 nigflkcjbadmeh niglmdkjbacfeh nilfhdcekabmgj nilfhdkmgabcej
6164 nilhgcedkabmfj nilhgkmdfabcej nilhmckdgabfej nlfhicbdmgajek
6168 nlgfidcbmhajek nljfhdkmbcaieg nljfmdckbgaieh nljhgkmdbcaief
6172 nljhmckdbfaieg nljihdbmfcagek nmfkjcbedlihga nmjkhdbeflicga
6176 nmjklciebfdhga lnkgfedihcjmab fhgklambcndjie fhlmkaejgbindc
6179 gfhlibankdmjec gfinlmakcbdejh giflknjebamdhc gihlkbjnfamdec
6183 gjiflknembdhca gklnmiaechbfjd ifhjmbalkngced ifhmgbjlaednkc
6187 ifhmlbjnaedgkc ifnmlbjkaedghc ijhkgbnlamdcfe ijhkmbelafncgd
619111 ijhnmbelafgckd ikfhlcbnaemjgd iklhmcangebfjd iklhmcjnaebfgd
619511 iknmhdblaegjfc ilhmgbjnkeafdc kfihgmldnbaejc kfijmbalchgned
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6199 kfingmldcbaejh kgfjlibmchneda kgfjlmbacdneih kgfminbjadiehc

6203 kgifhdmlnbaejc kgimhnjlfbaedc kginhdmlcbaejf kifhlcbjgmneda

6207 kjlhmcenabifgd klijmbenchafgd klnfhdcmbeaijg khzhgcmdbeaijf

6211 klnmgiedbhafjc klnmhdiebfagjc klnmjibedhagfc nfhjibmlkdgcea

6215 1 1 nfijkbmlchgdea ngiflmjacbdekh nglkjmbadefcih nihkgbjlfmdcea

6219 nlfhkcbjgdmiea nlfjkibdchmgea nlgfkicbdhmjea nlifhdckgbmjea

6223 nlingckdfbmjea nlijhdbkcfmgea lnm edchkjaib fhkimaejnlcbgd

6226 fhlkmaebngicjd gjkihdaefmnblc gjklmbinafched gjkmlbieafnhdc

6230 gjkmnciealfbdh glfmnciekbajdh gmfijckedhnbla gmjihdkefcnbla

6234 11 gmnkjcaedlihbf ifkhjmadgenblc ifkngmjdaecblh ifknhmajgecbld

6238 igkfnmljaecbdh igknhdmjaecblf ignmhdkjaebflc ignmlkbjaedhfc

6242 ijfmkcbeagndlh ijkfhdceamnblg ijkhgcedamnblf ijklgbndamchfe

6246 ijklhdbnamcfge ijklmbenafchgd ijkmhdbeagnflc ijkmncleagfbdh

6250 imfhncbkaedglj imjfhdcekgnbla imjhgcedkfnbla imnflkcjaedhbg

6254 11 imnhlcakgedjbf imnhlcjkaedgbf imnlgkjdaechbf imnlhdkjaecfbg

6258 kgjmlciabfnedh khjimalbncfegd kjlfhdceamngbi kjlhgcedamnfbi

6262 kmjihdblfcnega kmnhjcadgliebf mhglkacbnfidje mhkiganjdlcbfe

6266 mhlkjanbdgicfe mjkihdanflcbge nfjhliakbcdmeg nfjhlimkbcdgea

6270 nfklgbjdamchei nfljmiadkhbceg ngkljibadmcfeh ngkhndiabfcjeh

6274 nljfmdikbcageh nljhmikdbcafeg nmfilcbekhdjga nmlhikejgdbcfa

6278 nmlihdkefcbjga nmlijckedhbfga lnm edihcjakb fhlkmaejnbicgd

6281 1 1 fhnmkaejgbidlc fjlkmiebahncgd fjlmgkenabihdc flnmgiedkbajhc

6285 fmnjiaelkdgcbh gilfmnjekabchd glfmnikechabdj glifnmkecbajdh

6289 glnmhdiekbajfc gmnflkjecadhbi gmnkliaechdjbf ifhkjbalmencgd

6293 ifnmgbldkeajhc iglhjckmnebfda ignmhdblkeajfc ilfhnckmgeabdj

6297 ilhmjbkngeafdc imfhncbkaedglj imhkgbjlnedcfa imnfhdclkeajbg

6301 imnhgcldkeajbf imnhlcakgedjbf imnhlcjkaedgbf imnkgajlfedcbh

6305 kfhjibanmdgelc kfijgbmdchnela kfijmbanchgeld kgijhdbmcfnela
6309 khgniacbmdfelj khijgalmcnfebd kjifhdcmgbnela kjingcmdfbnela

6313 kmijlbndchgefa kmnhlcajgdiebf kmnjgaldchfebi kmnjhdalcfgebi

6317 kmnjliadchgebf mglnjckadebfhi mhljkanbcdgife mhlkganjdbicfe

6321 mjfhlcnkabdgie mjfklcinabdhge mjglkicbahndfe mjihkcalfbndge

6325 mjlfhdckabngie mjlhgckdabnfie mjlkhdanfbicge nfhjibalmdgcek

6329 nfijlbadchgmek nfijmbalchgdek nflhmkajgdbcei nfljmkadchbieg
6333 ngiflkjacbdmeh ngiflkjmcbdhea nihkmbjlfadceg nilfhdkmgabcej

6337 11 nilhgkmdfabcej nlgfmicbdhajek nlgfmkcbdaihej nlijgbmdchafek
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6341 nlijhdbmcfagek nmfhlcbkgedjia nmfhlcjkbedgia nmfklibechdjga
6345 nmijkbelchgdfa nmlkjibedhfcga nkigfedchbjmla ifmlgbjdaecnkh
6348 ifmnlbjkaedgch igflnmbjaecdkh ingnlacbkemjfd ihmkgajlfedncb
6352 ilfhncbdmeagkj ilfhnckmgeabdj ilnhjcmdgeabkf inkfhdmjgecbal
6356 inklgbjdmechaf inklhdbjmecfag kfmngildbhaecj kfnhimljgdaebc
6360 kgfnjmbldhaeci kgjnhdblfmaeci kgjnhmilbfaecd kgmnhdilbfaecj
6364 kgmnjibldhaecf kgnihdmlfcaebj kifhncbmglaedj kinfhdmjglaebc
6368 kinhgmjdflaebc kinhjcmdglaebf knfhjcbdgemial knfijcbedhmgal
6372 knjfhdcebgmial knjihdbefcmgal knjihdmlfcgeab mhgljacbknfdie
6376 mlfhjcbdgeanki mlfijcbedhankg mljfhdcebganki mljhgcedbfanki
6380 mljihdbefcankg mlkhjcadgnfbie nmigfedchk'bla fhnliaebmdcjgk
6383 fkingmedacbjih gfjmnkaebcihdl gifmnclekabjdh gijklcmebndhaf

6387 gijkncaebfmhdl gjfklcmeandhib gjmklcieandhfb gjmnlbikafdech
6391 gkfinclemhbadj gkjfnmlebciadh gkjmnclebfiadh gklfnmieacbjdh

6395 gklmhdaefnbjic gklmjcaednbfih gklnhdmeacbjif gnjklcaebmdhfi
6399 gnjmlkaebcdhfi gnmilcaekhdjfb ingnlacbmedjfk ihnlmajbfecdgk
6403 ikfhnclmgebadj ikfngmldaebjch ikgnhdmlaebjcf inmhlcakgedjfb
6407 kgjihdbnfcmeal kgjnhdblfmaeci khjigalnmcfedb khjmialbgnfedc

6411 kifhjcbdgnmeal kjfhlcbdanmeig kjlfhdceanmgib kjlhgcedanmfib
6415 kjmihdalfngecb kjmngbldafiech kjmnhdblagiecf mfjlnkadbcinge
6419 mflhnkajgdbcie miflnkjdbachge mkjlgandbcihfe mkjlhdanbcifge
6423 mklfhdceanbjig mklhgcedanbjif mklhjcadgnbfie mklihdanfcbjge
6427 mnfhjcbdglieak mnfhlcbkgedjai mnfhlcjkbedgai mnfkjcbedlihag
6431 mnflgkjdbechai mngflkcjbedhai mnglhdkjbecfai mnjfhdcebligak
6435 mnjflkiebcdhag mnjhgcedblifak mnjihdblfcgeak mnjkhdbeflicag
6439 mnjlgkedbcihaf mnjlhdkebcifag mnlfhdcekgbjai mnlfhdkjgebcai

6443 mnlhgcedkfbjai mnlhgkjdfebcai mnlhikejgdbcaf mnlihdkefcbjag
6447 mnlijckedhbfag nmkgfedihcjbla fhljiaebmdgnkc fimngkedblahcj
6450 fjnikiebahmdgc gimnhdkeblafcj gimnlkjebadhcf gjhnlbimafdeck

6454 gkfmnilechbadj gnimlkaecbdhfj gnmkliaechdjfb ifhljbankemdgc
6458 igfhlcbnmedjak iglhjcknmebfad ihgljacbmefnkd ihmljacnkefdgb
6462 ikfhncimaebjdg ikfhnclmgebadj inmhlcakgedjfb kfijgbndchmeal
6466 kfijnbamchgedl kfijnblmchaedg kfmjnbalcdgeih kgijhdbncfineal
6470 kgmnhdbjaliecf khgnjaibmlfecd khgnjambdlfeci khijgalncmfedb

6474 kjfhnclmabiedg kjfmncilabgedh kjgnlicbahmefd kjnfhdclabmeig
64789 kjnhgcldabmeif kjnmhdalfbgeic knmhlcajgdiefb knmjhdalcfgeib
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6482 knmjliadchgefb mfhjnbalkdgcie mfijnbalchgdke mifklcjnbadhge

6486 mnfhgcldkebjai mnfhlcbjgdieak mnfhlcbkgedjai mnfhlcjkbedgai

6490 mnfjlibdchgeak mnfklibechdjag mngfhdclkebjai mnhjibelkdgcaf

6494 mnhkgbjlfedcai mniflkjecbdhag mnijgbldchfeak mnijhdblcfgeak

6498 mnijkbelchgdaf mnlfhdcjgebiak mnlfjicedhbgak mnlhgcjdfebiak

6502 mnlhicejgdbfak mnljgiedchbfak mnljhdiecfbgak mnlkjibedhfcag

6506 eabcdhfgkijnlm kjmlfedihnagcb iknhgmjdaelbfc nhgikmjbdclefa

6508 kjngfedmhlabic fhjimalbncgked inmfhdljaegkcb inmhgljdaefkcb

6511 mhginljbdcfkae kjnmfedihlabgc lgikmjbacfnhed kjnmfedlhbaigc

6513 fhjimalbncgked gmliknaedchjbf ikmhgledafnjcb jimfhdlenagkcb

6517 jimhglednafkcb lhgiknjbdcmaef lhgkjnibcmdaef ingikjcbdfmaeh

6521 Inhikbjcdgmaef mhginajbdclkfe mhginljbdcfkae nhgikmjbdclefa

6525 nkjfldcmagbehi kmigfedchlnjba jifhncklbamdge lhgjmnkbfdcaei

6528 lkfhjcbdnmgaei kmlgfedihcnjba lhgkjnibcmdaef lkfhmcbjndgaei

6531 lnfjicbkmdhaeg ingkhjimcfdaeb Inihgckdfmeajb mifhnckdbalgje

6535 mikhnjalbfcdge mjgfnicbdhlkae mjifnlkacbgdhe mjihgcndfblkae

6539 mlgfkicndhebaj mlgkjicbfndhae mlgkjncbfedhai mlifhdckgnebaj

6543 mlihgckdfnebaj mlkfhdcjnegbai mlkjgiednhcbaf mlkjhdienfcbag

6547 kmljfedingncba fnmhgiedaclkjb gnmflidieaclkjb knmjfedihglacb

6549 fhlkjambcndige fkjnmilcahbged ifhmlbkcaenjdg iknfhdcmalbjeg

6553 iknhlcmdaebjgf jigfknclmaehbd jmgfkicldnehba mhjiglnkdcbfae

6557 mknfhdcealbjig mknhgcedalbjif mlgikjcbdfnhae mljigbnkdchfae

6561 nglikmbadcejfh njhklbicgfmeda nmfikjledchgba nmkfidcjlhgeba

6565 nmjgfedihclkba jnmfhdckgleaib jnmhgckdfleaib lhgkjanbcmdfei

6568 ingfkicbdhmaej lnihgckdfbmaej mikhncjlbafdge mlgfkicbdhnjae

6572 mlhjibnkgdcfae mlifhdckgbnjae mlihgckdfbnjae nmljfedingckba

6575 fhmkgaejlndicb fknmgiedalbjhc fnikgledcmhajb fnjhgiedlcmakb

6579 gtjihlaemcnbdk giminjaebfhdck gjifhdlembnack gknmhdiealbjfc

6583 gliknmaecbdjfh gljfhdiemcnbak glnikjaedmhbfc glnkhdaecmfbji

6587 gnikhdlecmfajb gnikjlaecmdfhb gnjfhdielcmakb gnjiklaedcmfhb

6591 ifhlnbkmaegdcj igfhjcbnlemakd ihmkjanbledfcg ihnmjaklfegbdc

6595 ikfhncmlaebdgj ikgmjlnbaehfdc ikgnmlcbaehfjd ikgnmlcjaebfhd

6599 ikhljbmcaendgf ikhlnbmcaefdgj ilfhjcndmegbak infhjcmdlegakb

6603 jfhikbindmegac jfmlnbikgaedch jgflnibachmdke jngfmdcblaeikh

6607 Ijihmcknfbgaed ljikmandcbhfeg lkfhgcmdanbiej lkgfhdcmanbiej

6611 ingfhdckbmeaji lnmhjckdfegaib Inmikjcedfhagb mgikjlbacndfhe
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6615 mgiknlbacfdjhe mjflncikgbadhe mjifnlkacbgdhe mlnhjckdfegbai
6619 minikjcedfhbag eabcdifghkjnlm nmhgfedcjilkba hgflnjbaemidck
6621 ingfidcbkhmaej lningbkdcfmaej mhgfnjcbalidke mlgfidcbkhnjae
6625 mlihgbkdcfnjae nmlgfedcjihkba hlgfidcjemnbak lnfimcbjdhgaek
6628 mgflncbakhidje mhgfidcbklnjae mlnihckedfgbaj eabcdifghljknm
6631 ilhgfedcnambkj gfihjbancedmlk hgfjinbaedcmlk lfihgbmdcenajk
6634 ljhgfedcbimnka hgfklcbaemnijd khgfjdcbanimle lkgmfenbjihadc
6636 jimhkaldnfegcb kfmilnajdhgecb nfjlgbmdkcihea nfkjgbmdlhciea
6640 ngjlhkbmdcfiea lkgnfembjihacd fihkjaecbndmlg gfkjlbaemdcnih
6643 jfihlbadcgmnke lkhgfedcminajb flkhgmedcnibaj gfikjbaenhdmlc
6646 gfkjhmaendcbli gjlhmkancbfied hgfjlnbaedmikc hlkfidcmengbaj
6650 jlgfidcbnamhke jlimhbkenagfdc kfihjbadcngmle kfihlbndcgmeaj
6654 kfnilmajdhgebc kjgfidcbnhamle kjimhblenfagdc lkhmfednjibagc
6657 flkhmjndcaibeg gnikjmaelhdcfb hgkjimbaencfld hgmlikbaecndjf
6661 hlkfndcjmagbie hmfjlknaedcibg hmflkjnaecidbg jgmikcnldaehfb
6665 jimhkaldnfegcb jlgnimcbkaehfd jlmfidnbkaehcg kfmilnajdhgecb

6669 kgmilcnjdhaefb khgfjdcbanimle khmfljnbadiecg kjgnimcblhaefd

6673 kjingblmcfaehd kjmfidnblhaecg knihgbldcmaejf mflkhjnedbicag
6677 mikjgnedlhcbaf nfkjhbamldcieg nhgfljcbadmeki lkhnfedmjibacg
6680 gfihmbakcndelj gmlihkaedbncjf hgfjlcbamdinke hgfjlnbaedmikc
6684 hgflnjbaecmdki hlkfidcnemgbja jlihgmedcafnkb kfihjbadcngmle
6688 kjihgmedcnaflb lkhnfemcjibagd gfijlbaemdcnkh hlkfidcmeanbjg
6691 hnfjlkbmedciag jlgmidnbkaehfc kfmhlnajcdgeib kjgmidnblhaefc

6695 kjimgbldnfaehc mikjgandlhcbfe nflkhjamdbiceg lkjgfedmnibahc
6698 flkjgnedmhcbia gjlkhnmedbicaf hlkjidmnefcbga hmfjlcbnkdiega
6702 jlfikcmndaehgb jlkfidcnmagbeh jlmihnbkdaegcf khgjlnmbadiecf
6706 kjlfidcnmbageh kjlihnmedbagcf mfkjgbndlhciae mfkjhbanldcige

6710 milkganjbhdcfe lkj ednmibach hgkjimbaencfld lkjhfemncibagd
6712 flhmnjeckaibdg jhgfkmcbnaedli jiglkacmnfedhb jlgfidcbnamhke
6716 jlgikmnbdaehfc kfhjlnacmdgeib khfjlcnmadiebg kjgfidcbnhamle

6720 kjlfidnmebahcg kjlihcnmdbafeg milkganjbhdcfe mlkfidjangcbhe
6724 mnfjhkbeldciag nglkidjmebfcha lkjhfenmcibadg fihljaecbgmnkd
6727 hgfjlcbaedmnki hgfjlmbandceki khgflncbamiejd kjlfhncembagid
6731 lkjmfednciba h fihknaelbmdcjg fmhlknjcbgedia gjfihcnedbamlk

6734 gjlihcnedbmfka glfihcnedambkj glkihcnedmfbja hjnfidckebamlg

6738 hlfnmckjeagbid hmgfidckenablj kgfihcbmdnaelj kjgfidcmenahlb
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6742 mjlkgnedabhcif mlkjgnedahcbif lkjnfedmcibahg fihkjamcbndgle

6745 fihmgaekbncdlj filkjaenbmdcbh gmkihjaedncblf gmkjlnaebdchif

6749 gmlihkaedbncjf gmlkjnaebhdcif hlkfidcnemgbja hnkjlbmaedcigf

6753 jgfimcbldaenkh jgnmidblkaehfc jimlkacnbfedgh jlfikcbndaemgh

6757 jlkihcmedanbgf kgnmidbjlhaefc kjlfndcembagih kjlihcmedbangf

6761 mlgfidckeanbjh njlkhamedbicgf 1km edcjinahb fhlkjnebmgdcia

6764 filkjaenmgdcbh fjlimkendbacgh flnhgjedcambki fmikjnelcgdhba

6768 fmlkgnejbhdcia gfnjlbaekdmhic gfnkjbaelhdmic gikjhnmeldcbaf

6772 gjlmhnkedbacif glkjhnaemfcbid gmkjlnaebdchif gmlkhjaednicbf

6776 gmlkjnaebhdcif hgijlnmakdcebf hgnjlcmakdiebf hgnjlkbaedmifc

6780 hlnfidcjeambkg hmjlikbnecfdga jhglkncbmfedia jiglkacnmfedbh

6784 jlfikcbnmaegdh jlgfndcbkamhie jlgnimcbkaehfd jlkfndcemagbih

6788 jlkngcedmafbih jmfikcnalhedbg kfimlbajcngedh kgfminbjdhaeic

6792 khgfjdcbanimle khgnljcbamiefd khnfljmbadiegc kjfhlnbdmgaeic

6796 kjfimclndbaegh kjgfndcblhamie kjgnimcblhaefd kjlfndcembagih

6800 kjlngcedmbafih kjnfidmblhaegc kmgfljcnadiebh mgfjlkbnedciah

6804 mlkfidcjengbah mlkihjandfcbge nhgfljcbadmeki nhjlidkbmcgfea

6808 nikjgamlbdchef nilkjamebhdcgf njlhgkedcbmifa lkm edcnibahj

6811 fjnhgkedmbailc flnhgjedmaibkc gfijnbaekdcmlh gflnhjaembickd

681511 hgflnjbamcidke hjnfidmkebaglc jlfimcbndaegkh jlihmbndcaefkg

6819 kjihmbndcfaelg mjlfidcnebagkh mjlhgnedcbaikf ngfjlcbamdiekh

6823 lkm ednjibach jlgfmncbkaehid jlihgbmdcaenkf kjgfmncblhaeid
6826 kjihgbmdcnaelf lkm ednjihacb fjlhgaedcbmnki fjlhgnedcbmika

6829 fjlinkemdbachg glkjhnaemfcbid gmlkhjnedficba hgfjnkbaedcmli

6833 11 hgnjlkmaedfibc hjlmidkaebgnfc jinlkacmbfedhg jlfmhnkedagbic

6837 jlnfidcmkaebhg kfimlbajnhgedc kjfinclmdbaehg kjlf incembagid

6841 kjlhgnedmbafic kjnfidcmlbaehg kjnihmledfagbc mlkjgnedahcbif

6845 ngfjlkbmedciha nihkjmelbgdcfa njlhgkmdcbfiea lkmnfedb'ihac

6848 fihkjamcbndgle finhgaedlcmbkj gfijnbaekdcmlh hgfjlnbaedmikc

685211 hgfjnkbamdcile hgfmikbaencdlj jinmkaldbfeghc kfnmlbajdhgeic

6856 mgflnjbakcidhe mgjlikbancfdhe mjlinckadbgfhe lkn edcjimabh

6859 fikjgaembnchld gfiklbaecmnhjd hgkjlnbaedcmif hjfnmclkebagid

6863 hlfnmckjeagbid jfmhknldcaegib jgfnkcbalhemid jgmhknblcaedif
6867 jigmhnckdaebif jlmhgnkdcaebif kfmhlnjdcgaeib klihgbedcmnfja

6871 11 mhgjlkcbadfnie mhglnkjbacfdie mhjlknebacgdif mhlfndkjabgcie

6875 lkn edcmibajh fikjgaembnchld fikmgaedlncbhj fjlhnkmdcbaige
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6878 fjlknaemdbichg fjingkemcbaihd flkhnjmdcaibge flkngjemcaibad
6882 fmkjgaednhcbli fnlkgmejbhdcai gfihmbakcndelj gfiklbaecnmhdj
6886 gfmjlbaendchki gikjlmnebdchfa gjlmhckenbafdi gjlnhkaedbfmci
6890 glknhjaedfmbci gmijlbnkcdhefa gnkjlmaebdchfi gnlkhmaedbicfj
6894 hgfmikbaencdlj hgkfidmaencblj hgmjlnbaedcikf hgmnljbakdiecf
6898 jgfnkmbldaehci jgmnidblkaehcf jimhkaldnfegcb jlfimckenagbhd
6902 jlgfidcmeahnkb jlgfmdcbnaehki jlgfnmckeahbdi jlgnidmkeahbcf
6906 jlihgmedcafnkb jlmfidnkeahgcb jlmikcnbdaehfg jnfikcbmdaehlg
6910 kfihjbadcngmle kfmilnajdhgecb kgijlmnacdhefb khgnlmcbadiefj
6914 kjfimclenbaghd kjfnimblegahcd kjgfidcmenahlb kjgfmdcbnhaeli

6918 kjgfnmclebahdi kjgnidmlebahcf kjingmedcnaflb kjingblmcfaehd

6922 kjmfidnlegahcb kjmhgbldnfaeci kjmilcnbdhaefg kmgfidcblnaehj
6926 kmihgbldcnaefj knfilcbjdhmeag knflcbmadiehg mfijlbakcdhnge
6930 mfijlbnekdchag mfijlbnkcdhgae mfikjbalcndhge mflkhjnedbicag

6934 mgkinjladfcbhe mikjganlbdchfe mikjhaneldcbfg mjlfidkanbeche
6938 mlkfidjangcbhe mnfjlcbekdihag mnikjbelcgdhaf mnlhgjedkbicaf
6942 nfkjlbamedcihg nhglkjcbafmdei nilkgamjbhdcef njlkidamebfchg
6946 nlkfidcmeagbhj nlkfmdcjahgbei nikhgmedcaibfj nlkihjamdfcbeg

6950 nmglikjbecfdha lkn edmjibahc fjlhmkencbaigd gnlkhjmedbicaf

6953 hgmjlknaedeifb jlgnidmbkaehcf jlmfidcnkaehgb khgnljmbadiecf
6957 khmfljcnadiegb kjgnidmblhaecf kjihmblncfaegd kjingbldmfaech
6961 kjmfidcnlhaegb mjlhgkndcbaife mlkhgjndcaibfe njlfidckmbageh
6965 nlkfidcjmagbeh lkngfedmjihabc fikjgaedbncmlh fikjmaelbnchgd
6968 fimkjaenbgdclh flkngjedmacbih glkfndjemacbih glknhmaedfcbji
6972 hgfklcbaemnijd hgkjlnbaedcmif hnkjlbmaedcigf jgfnkcblmaedih
6976 kfihlbmdcgneja kgfnlcbjmdaeih kjihmblncfaged mikjganlbdchfe

6980 nlkfidcjmhgbea nlkhgjmdcfibea nlkihjmedacbgf lknmfedbjiha c

6983 fihkjanlbmdceg fihlnaejbcmdkg fikjgaembnchld fikngaedlmcbjh

6987 fimkgaejbndclh fjlinkemdbachg flkinjemdacbhg fmkjgaednhcbli

6991 fnmkjaelcgdhib fnmlkaejchgdib gfmjlbaendchki gikjlmnebdchfa

6995 gljihcaedfmnkb gmkihjaedncblf gnmjlcaekdihfb gnmkjcaelhdifb
6999 hgjlidnaecmfkb hglnidjaebmckf hgmjlnbaedcikf hgmlikbaecndjf

7003 hjlfidkmebncag hmijlbnakdcefg hmkfidjaencblg jgfimcbldaenkh
7007 jgihkmnlcaedfb jihlkanmbfedcg jlfihckmdanbeg jlhfidnmkaebcg

7011 jlkfidcmnagbhe jlkigcemnafbhd jlmhknbdcaegif jlmihckedagnfb
7015 jnfikcbldmehag kfihlbadcmnejg kfmhlnjdcgaeib kgfimcbjdnaelh
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7019 kgihlmnjcdaefb kjfihclmdbaneg kjhfidnmlbaecg kjinmblecfaghd

7023 kjlfidcmnbaghe kjligcemnbafhd kjmihclednagfb klingbedcmnfja

7027 knfilcbjdhmeag mfijlbnekdchag mfikjbnelhdcag mikjganlbdchfe

7031 mikjhaneldcbfg mlkfndcjahgbie mnlkhjbedficag nfkjlbamedcing

7035 nihkjalcbmdgef njlhmkadcbfieg nlkfidjmeacbhg nlkhmjadcfibeg

7039 nmjlgbedkcihfa nmkjgbedlhcifa Imh edc'ibnka hgfjlcbandimek

7042 hgfjlkbandcmei hgfjlmbaednick hgflmjbaecndik hgfnkjbaecimld

7046 hgfnlkbaemcijd hgfnlmbakdiecj hgkjimbaencfld hgkjnmbaedcfli

7050 hgmlikbaecndjf hgmlkjbaenidcf hnfjlcbmkdieag jfihnbldcaemgk

7054 jfnmhblkdaegic jgfikcbnlmedah jgfimcbalhndek jgfnkcbalhemid

7058 jgmhknblcaedif jgmiknbalhedcf jgmnidblkaehcf jhgfndcblaemik

7062 jhgmkncblaedif jhnikcmblaedgf jlfnkcbdmaegih jlgfndcbmaehik

7066 jlingbkmcaefhd jlnhgbkdmaefic jlnikcmbdaehgf jngfidcbkaemlh

7070 jngfkdcblmeiah jnihkbldcmegaf kgfilcbjnmaehd kgfimcbjnhaeld

7074 1 1 kgfmlcbjndaehi kgfnimbjlhaecd kgnhlmbjcdaefi khgfnjcbadimle

7078 khgnlmcbadiefj kjfhgmldnbaeci kjfilcbmngaehd kjfnimblegahcd

7082 kjgfhmclnbaedi kjgfidcbnhamle kjgfnmclebahdi kjgilmnbdhaefc

7086 kjgnidmlebahcf kjihnblmcfagde kjimhblenfagdc kjlfmdcenbaghi

7090 kjlmgcednbafhi kjlnhmcedbagfi kjnhgmedcbafli knfjlcbmadiehg

709411 mfijlbankdcegh mfijlbnekdchag mfikjbalcndhge mfikjbnelhdcag

7098 mflhgjndkbicae mflkhjnedbicag mgfjhkbnldciae mgflhjbnkcidae

7102 mgflkjbnecidah mhgfljcbndieak mhglikjbncfdae mhglkjcbafndie

7106 mhglkncbafedij mhlfidkjnbgcae mhlkjnebagdcif mhlkndjbagfcie

7110 mjgfidcblhneak mjingbldcfneak mlgfidcbknehaj mlkfidcjengbah

711411 mlkhgjedcnibaf mlkhnjadcfibge mlkihjandfcbge mlkjgnedahcbif

7118 lmkgfedcjihnba fnglkajbmcedih hngfidcjeabmlk hngjlkcmedfiab

7121 jgfkmcbalhnied jnihkbmlcaedgf jnihkmldcfegab lnk edcjihmab

7124 fhglknjbmcedia fhlkgnejmbdcia fijlgaemkcbnhd filkgaembhncjd

7128 fkjlgaemncbihd gfijlbaendmhkc gflkhjaembncid gilkjmnebhdcfa

7132 1 1 gkjlidamncbfhe gmlkhnaedbicjf gmlkjnaebhdcif hkjfmnlaecbgid

7136 jfihmbldcaenkg jfikmbalcgnhed jinikacmbfedhg jinmkaldbfeghc

7140 jlgfidcbnamhke jlgikmnbdaehfc jlgnimcbkaehfd jlingbndcamfke

7144 jlihmbndcaefkg jlimhbkenagfdc jlnfidmbkaehgc jlnmhbkedagfic

7148 kgfilcbmdhneja kgfmlnbjdhaeic khgfljcbmdneia khglmjcbafined

7152 kjfhlnbdmgaeic kjgflncbmhaeid kjgnimcblhaefd kjingcedmbafih

7156 kjnfidmblhaegc kjnmhbledfagic nfikjbmlcgdhea ngjlidkmecbfha
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7160 nglkhjbmdficea nglkidjmebfcha nhgjlmcbadfeki njgfkdcblhmiea

7164 njihkbldcfmgea njlihckedbmfga nlgfjdcbkmihea njh edcbiamlk

7167 fkjlnaemdcbihg fknhgaedcmbijl fmnkjaelcgdhbi gfijmbaecdhnkl

7171 gfjhnkamlcbide glimhkjenafbdc hgfkncbaemdijl hgfmnjbakciedl

7175 hgjmidbaecfnkl hgjnlkbaemficd hgmliknaecfdjb hgnkidbaemfcjl

7179 hgnlidbaecmfkj hgnikmbaecidfj hknfidmlegbajc hlnfidmjeagbkc

7183 hngjlkcmedfiab hnjlidkmecgfab jfihmbadcgenkl jgfmkcbalhendi

7187 jmfikcnalhedbg jmgfidcbeahnkl jmihgbedcafnkl jmilkbnachedfg

7191 jnihkmalcgedfb jnlfidckemhgab jnmfkdcalheigb mfijlbakcdhnge

7195 mfjlnbadkcihge mgjlikbancfdhe mhgkijlbnfdcae mhkfidjlngcbae
7199 nkh edcjibmla fikjmaenlhcbgd fjnhgkedcmaibl gfijlbaemdcnkh

7202 gfijnbaekmchdl gfiknbaelhmcdj gflknjaembicdh gfimhjaedbinkc

7206 gnijlbmekdchaf gnikjbmelhdcaf hgfjnkbaemcidl hgflmjbaecinkd

7210 hgfnkjbaemidcl hgmlkjnaecidfb hjnfidckemagbl hlmfidcjeagnkb

7214 hnflkjbmecidag jlgfidcbmaenkh jlihnbkmcaefdg jlingbkdmaefch

7218 jngfidcbkmehal kngfidcblhmeaj kngfljcbmdieah knihgbldcfmeaj

7222 mfikjbanlhdcge mflkhjandbicge mgfikcbalhndje mhgfljcbadinke

7226 mikjgandlhcbfe mjgfidcblhanke mjihgbldcfanke nmkgfedcjihbla

7229 fijlkaemncgdhb filhgaedkmncjb fimkjaelbgdnch fimkjaelngdhcb

7233 finikaembcgdhj fjlhgmedcbniak fkihgjedcmbnal fknmgaedlhbijc

7237 gfimhbaeldncjk gjlmhckenbafdi gnmkjcaelhdifb hfjliknmecbdag

7241 hgfilcbakmnejd hgjfidkaembncl hglnidjaebmckf hgmjlkbaednicf

7245 hjlfidcmebngak hjlfnmkaebgcdi hjlkidmaebncgf hjmnidkaebgfcl

7249 hkgfidcjembnal hkjlidmaecbngf hnjlidkaecmfgb hnlfidcaebmgkj

7253 jfihkbndcmegal jfilkbancmedgh jfimkbalngehdc jgfilcbadhmnke
7257 jimhkaldnfegcb jimlkacnbfedgh jimnkaldbfegch kgfincbjdmaehl

7261 kgmnidbjlhaecf khnfljmbadiegc khnjlcmbadiegf kigjlacmndfehb

7265 kinfijcmbdaehg kinjlacmbdfehg kjfimclenbaghd kjgfnmclebahdi

7269 kjgnidmlebahcf kjmhgbldnfaeci kjmihcnedbagfl kjmilcnbdhaefg

7273 mfihgbldcanejk mfiknbalcgdhje mgfkncbalhdije mhgfidcblanejk

7277 mnfilcbjdhgeak mngjlkcbedfiah mnihkbldcfegaj mnikjbelcgdhaf

7281 mnjlidkbecgfah mnlkhjbedficag eabcdjfghilknm lihgfedcbmjnka

7283 hgfjlcbandimek hgkjicnaedfmlb hlfjicnaedgmbk ihkfdcnaegmlb

7287 ihlfjdcmaengbk ihlfjdnbaegmck ilgfjdcnaehmbk kfjihbandcgmle

7291 kgfjicbandhmle khgfjdcbanimle lihmfednbk'a kgmjinbaldhecf

7294 khmfjdnbaliecg lihnfedmbkjac fnihkaelcmgdjb hgkjnclamdfbie
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7297 imgfjdclaebnkh kfnihbaldmgejc mgfjicbledankh mhgfjdcbleanki

7301 lim edcnkjahb hlfjncbkmdagie kfjmhblednagic kfjnhbalmcgeid
7304 khgnjmcbaliefd kjimgalncbfedh kjnhgaldmbfeic kmgfjdcnaliebh

7308 kmjihnaldcgebf mgfjkcbnelidah lin edcmk 'abh fjihkamdcbngle

7311 11 fjikgaemcbnhld fnihkaelcmgdjb fnikgaedlmhcjb gfmilnakdchejb

7315 1 1 hgfjkcbaenimld ihkfmnlbaecgjd kgfjicbmednhla kgfnicbahnhejd

7319 kjihgmedcbnfla mfjihbledcankg lin edmbk'ahc fmikgnedlbhcja

7322 hgmjkcnaelidfb khmfjdcnaliegb kjingaldmbfech kjmhgaldcnfeib

7326 mflihkandcbjge mhlfjdckanbgie mjkhgandclibfe ngkjiclamdfbeh
7330 lkihfemncb 'a d fihlknecbmgdja fihmnkecblajdg gljihmaedcfnkb

7333 11 hglkjdbamnfcie ilgfjdcmaehnkb kgjilmnadchefb kgmfjdnalehicb

7337 klhfjdnmbeaicg knjihmaldcgefb nihkjdlcbmfgea nilf3dckbmhgea

7341 nmhfjdklbegcia lkihfenmcbjadg fihlknecbmgdja gfjkhbaednimlc

7344 gfkihbaedmnjlc gfnilbaekmdhjc glkjhcaemnfbid hfjnmblkecagid

7348 hgkljdbamncfie hlkfincaemgbjd ihfnmcklaegbjd klfihnbedmagjc

7352 mlgfjdckanhbie lkinfedmcb'ah fihmgkenblajdc fnhlkaecbmgdji

73551, hgnfjdmakliebc ihkfjdmbaenglc kfjihbmedcngla khgfjdcbmenila

7359 khnjlcmbadiegf mglihkbndcfjae mhgjnklbadfcie mhgljkcbanfdie

7363 mhkjnclbadfgie ngkljdbamecfih nglimkbadcfjeh nhglikcbmdfjea

7367 nihljdkcbmgfea lmh edcbn ' aik fjimkaencbgdlh fnihgkedcmajlb

7370 gfjinbamkcdhle gnjihmkedcaflb hnfjicmkedaglb kgf]mcbandheli

7374 kjihmandcbfelg lmhgfedcnkjiba fjikgaemcbnhld fnkhgmedclijab

7377 gfiklnaecmdhjb hgmliknaedfjcb hngfkdcmelijab kfjngbldmcaeih

7381 klgfincbemahjd kngf3dcbmlaeih knjihbmldcaegf lmn edca 'ibh

7384 glknhcaedmfbji hgkniclaemfbjd hkfjmclaenbgid lnh edcbmjaki

7387 f)ikgaemcbnhld fjikmaelcbnhgd fjimgaedlbnchk fmihkaelcngdbj

7391 fmikgaedlnhcbj gjiklmnecbdhfa gmjilnaekcdhbf hgmjiclaednbfk

7395 hlnjimbkedagfc hmfliknaedcjbg hmkjicnaedfblg hmnfikcaeldjbg

73991, ihfjmclkanbged ihnfjdmkaebglc ihnljdmbaecfgk imfldcbnaedjgh

7403 imkfjdcnaegblh kfjihbmedcngla kfjimbandcgelh kfjinblemcagdh

7407 kfmihbaldngecj kfnihmledcagbj kgfjicbmednhla kgfmicbalnhedj
7411 kgfnimbledahcj kjingmedcbnfla kjingalmcbfehd kjnhgaldmbfeic

7415 kmfjicnaldhebg kmihgaldcnfebj kmjihnledcfgba mfjihbaldcnegk

7419 11 mfjilbandchegk mgf)icbaldnehk mgfjkcbaldnihe mhfjnclkadbgie

7423 mhgf3dcbalneik mhgfnkcbaldjie mhgjnklbadfcie mhgljkcbanfdie

7427 mhlfjdkbanbcie mjihgaldcbnefk mjihkaldcbngfe mjikganlcbdhfe
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7431 mjikhanelbdcfg mjkhgandlbcife mlgfjdckanhbie mljihkandcfbge

7435 nfihmkadclbjeg nfjlgbmdkcihea ngkljdbamecfih nhglikcbmdfjea

7439 nlfjicbmedaghk nlgfjdcbmeahik nlgfmdcbkaihej nlihgmedcbajfk

7443 nljihbmedcafgk nljimbkadcgfeh Inh edcmkjaib hlfjncbkemagdi

744611 hmfkcbnelidga kfjimbalncgehd khgnjdmbaliecf kjihmalncbfegd

7450 kjimgaldnbfehc kjnhgaldcmfebi kmgjjdcbnlieha kmjihbnldcgefa

7454 mgflikbandcjhe mlfjicbkndaghe mlihgkndcbajfe nfjilbamkcdheg

7458 nlgfjdcbkmahei nljihbkmdcafeg Inhgfedcmkjiab fjihlaencbmgkd

7461 fjilgaemcbhnkd flnhgkedcmabji gfkhmbanclijed gfnhlbakcmdeji

7465 gjilkmnecbhdfa gmiklnaecbdhjf hgfmknbaelijdc hgkminlaedcbjf

7469 hgljimbaedfnkc hklfincaembgjd hlgfndckemabji hlnjicmkedabgf

7473 kfjimbalncghed kgfminbledahjc kjihmalncbfged nfjikbmldcghea

7477 nfjilbamkcdehg nfjlgbmdkcihea nlgfjdcbkmihea nlingkmdcbfjea

7481 nljihbkmdcgfea lnm edcakjihb fjihlamkcbdnge fjkimaendlcbgh

7484 fjnhgaedclmbki fknhgaedcmbjli fmihgaedclbnkj fmihlnkdcbgeja

7488 fmkhgaedcniblj gfklibanmdcjeh gjihlmnkcbdefa gklnhcaedmbfji

7492 gljnhbkemcafid gmjlhbnekcidfa hfklibmnedcjga hgfjncbaelmdki

7496 hgfmicbaeldnkj hgjilnmakcdebf hgnjiclaedmbkf hkjmiblaenfgdc

7500 hknjicmaedbglf hmfjiclaedbnkg hmjilbnakcdefg hmkjicnaedfblg

7504 hmnlikcaedfjbg kfnhlbadcmgeji kgjihnmldcaebf kigfjdcnmlaebh

7508 kjimnalecbfgdh kljhgbedmnafic kljigbenmcafdh kljihbmndcafge

7512 kmihlnadcbgejf mfljikanedbcgh milhgnedkabcjf milkgnedbahcjf

7516 mjlhgandkbicfe nfjikbaldcmheg nfjilbmekcdhga nfkhmbadclijeg

7520 nlgfjdckmeabih nlihmkadcbfeg nljihkmedcabgf nljimbkadcgfeh

7524 nmrjlcbekdihga nmkhgbedclijfa nmlfjdckbehgia nmlihkbedcfjga

7528 nihgfedcbkjmla hgmjiclaedfnkb ihnfjdckaemgbl ihnljdkmaecfbg

7531 mfjihbaldcgnke mfjkhbandlicge mgfjicbaldhnke mgfjkcbanlidhe

7535 mgkjiclandfbhe mhgfjdcbalinke mjihgaldcbfnke mjihkanlcbgdfe

7539 mjikgandlbhcfe mjkhgandclibfe nmhgfedcbkjila ihkljdmbaecngf

7542 kgfjlcbandmehi kjihlandcbmefg kjimgalncbfedh kjmhgaldnbfeci
7546 mfjinbaldcghke mfjlkbanecidgh mnjlgbedkcihaf mnkjiclbedfgah

7550 eabcdj hinklm nmh edclkjiba kjihlanmcbfedg kngfjdcbmlaeih

7552 mlgfjdcbknihae mlingkndcbaae fabcdeighkjnlm kml'h edincba

7554 jnmkgiedflhacb jnmkihdfelgacb knmjh edilacb nmkhgjedclifba
7557 fabcdei hljknm ilk'h emncbad lkingjmdcfnaeb ilkjh enmcbda

7558 lgihkjbncfemad imjlhgfencbdka hgmkjinafedclb imkjh endcbla
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7560 gjlnihmfebackd hjlngiemfbackd hnjlgiemfcbdak hnlkgiemfbdcaj

7564 imlkh enbdc'a lihgmjncbfeakd lnhgijdcmfeakb lmk'h edicnba

7566 gihkjlanbedmfc gijlkhafncmdeb gilkjhafnmdceb gilkmjafbhnced

7570 gkjmlhafenbidc hgjlkinafcmdeb hglkjinafmdceb hjlkmieafbncgd

7574 1 1 hkjmlieafnbgdc jnlgikdcemfhab jnlhgkedcmfiab kjlgindcebamhf

7578 1 1 kjlhgnedcbamif kjmlgiedfnahcb kjmlihdfenagcb knjlgiedfcmhab

7582 knjlihdfecmgab mjlkindaebechf mkjlgnedacbhif mkjlindaecbghf

7586 lnkjh fedicmab gijlmkafbchned gilkmjafbhnced gjlmkhafebindc

7589 hjlknmdafbgcie hjlmkieafbgndc hkjlnmdafcbgie jgihlkbmcnfeda

7593 jgilkmbachndfe jihglkmcbnfeda kihgjlmcbenfda kihmgljnbeafdc

7597 kjlgnmdcfbahie kjlmgiedfbanhc kjlmihdfebangc njihlkbdcgmefa

7601 njlkgiedfbmcha njlkihdfebmcga lnmjhgfedicakb jlihnkbdcafmge

7604 jmnhlkadcgfebi kjihnlbdcmafge kjngimdcebaflh kjnhgmedcbafli

7608 kmngjldcaeifbh kmnlgiedfcahbj kmnlihdfecagbj mhgnjlcbaedfik

7612 ngilkjbacmedfh ngjlkmbaecidfh nglkimjaebdcfh nhjlgmekacbdfi

7616 nhlkgmejabdcfi njihlmbdcgaefk njlmihdfebacgk nlihkmbdcaegfj

7620 nmgkjlcbfediha nmjlkhbfecidga nmjlkiebfcgdha nmlgikdcebfhja

7624 nmlhgkedcbfija nmlkjiebfgdcha nmkjhgfedicbla gijnikafbmhecd

7627 gilnmjafbheckd gjlnmhafebickd hgjlmnbafcidek hgmlknbafcedji

7631 hjlgmndkfbacei hjlnmieafbgckd hnmkjlcafedigb jgihmnblcafdek

7635 kihnjlacbemfgd kihnjlambegfcd kjmngiedfbahcl kjmnihdfebagcl

7639 kjmnildbehafcg knhgmldcbeafji knmgildcehafjb knmgjldcaeifhb

7643 mgilknbachedjf mgjlknbaecidhf mjlgindcebahkf mjlngiedfbackh

7647 mjlnihdfebackg mngkjlcbfediah mnhgjldcbeifak mnihlkbdcgfeaj

7651 mnilkjbfchedag mnjgildcehbfak mnjlkiebfcgdah mnlgikdcebfhaj

7655 mnikgiedfbhcaj mnikihdfebecaj mnlkjiebfgdcah fabcdejghilknm

7658 lkimhgfenbjadc kgmjilnaedhfcb klhgmjncbfaied kljnihbfemagcd

7661 ngklihbmedcjfa niklgjedbmchfa lkinh embjacd hlkjimcandgbfe

7664 ilkgjmdcanhbfe nihkljecbmdgfa nilkgjedbmhcfa lkinm ecbjahd

7667 hmnjklcafdeibg kgnmilbaedhfjc khnmjldbaeifgc klhmnjecbfaidg

7671 milkgnedbahcjf mnjklhbfecdiag ngklimbaedcjfh nmjklhbfecdiga

7675 lkmih ednjacb klhmgjenbfaidc klnjihmfedagbc ngjkihbmeldcfa

7678 lkmnhgfedbjaci klhgnmdcbfaije lknih edm'abc ihgklmcbandjfe

7680 klgjimcbndahfe klhgmjncbfaied ngklihbmedcjfa nlkjihcmedgbfa

7684 lknmh edbjaic hngjklcmfdeiab klhnmjecbfaigd klmngjedbfaich

7687 knmgjldcaeifhb mgjklhbnecdiaf mnhgkldcbfejai mnklihbfedcjag
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7691 nhgklmcbaedjfi nlkjimcaedgbfh nmklihbfedcjga nmkljidbfecgha

7695 Imkingfedcjnba gjikmlafcbnhed gjilkhafnbmdec inhkljecmfdgab

7698 khgmjlnbaeifdc kngjilcmedhfab knljihcfedmgab Inkihgfedcjmab

7701 gjilkhafnbmdec gjilmkafcbhned hgnmklbafdeijc hkljnmcafdbgie

7705 ingkmlcbafnjed iklnmjecafbhgd khgjilcbmdnfea khgjmlcbanifed

7709 kjihglmdcbnfea kjihlmadcbgnfe klgnmicbfeahjd klhgnmdcbfaije

7713 klnmgjedbfaihc klnmihbfedagjc nhgklicbmedjfa nilkgjedbmhcfa

7717 nlgjikcbedmhfa nlingkedcbmjfa nmkihgfedcjbla gjinlkafcbmehd

7720 gjnikhafebmdic hgmnkibafledcj hkgjmnclfdbaei hnmjklcafdeigb

7724 ihgmnlcbafejdk ihlmnjebafgcdk ihnmkldbafejgc ikhmnjeclfbadg

7728 inmkljecafdghb kgmnihbledafcj khnmjldbaeifgc kingmndcblafej

7732 kimngjedblafch kjihnladcbmfge knmjilcaedhfgb mngjilcbedhfak

7736 mngjklcbfdeiah mnhkljecbfdgai mnljihcfedbgak mnlkgjedbfhcai

7740 fabcdejghinklm nmlih edkjcba mhgjkncbaledif mingknlcbaedjf

7742 mlihgnkdcbejaf mlkhgjedcnibaf mlkjihcnedgbaf fabcdekghijnlm

7745 nmjihgfedclkba jihlnkembafdcg ingkjicbmedafh lnhgkjdcbmeafi

7748 lningkedcbmafj mhgkjncbaldeif mjihgnldcbaekf mlgkjicbnedhaf

7752 mlhgkjdcbneiaf mlihgkedcbnjaf mlkjihbnedcgaf fabc ec 1 hijknm

7755 nkjih edcbmla kjingledmbafch kjnhgledcmafbi mjihgledcbankf

7758 mlkjihanedcbgf gabcdefnhijklm nmlkjih edcba lkjihnmedcbagf

7760 mlkjihnfedcbag
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8.2 Appendix B - Function tsp* on Rigid Bipartite
3-Gems

8.2.1 3-Gems with 26 Vertices

01 22/0017 .0 24/0001 .0 26/0003 .0 26/0004.0 26/0005 .0 26/0006.0
07 24/0003 .0 26/0008 .0 26/0008 .0 26/0010 .0 26/0011 .0 24/0007.0

13 26/0013.0 26/0014 .0 24/0108 .0 22/0002 .0 20/0002 .0 20/0005.0

19 14/0001 .0 22/0001 .0 08/0001 . 1 26/0022 .0 22/0005 .0 18/0004.0

25 26/0025.0 24/0003.0 20/0004.0 22/0005.0 14/0001.1 24/0006.0

31 26/0031.0 24/0022.0 24/0033.0 24/0022.0 24/0033.0 24/0021.0

37 24/0154 .0 24/0022 .0 02/0001 .0 20/0004 .0 24/0022 .0 24/0013.0
43 24/0005.0 24/0003.0 20/0005.0 24/0032.0 24/0002.0 26/0048.0

49 26/0049.0 26/0025.0 24/0004.0 02/0001.0 24/0154.0 22/0001.0

55 24/0028 .0 16/0001 .0 16/0002 .0 20/0004 .0 22/0003 .0 22/0005.0

61 22/0016.0 26/0006.0 22/0017.0 24/0021.0 26/0065.0 24/0003.0

67 24/0022 .0 20/0005.0 24/0022 .0 22/0017 .0 24/0033 .0 22/0001.0

73 24/0014.0 22/0002.0 24/0028.0 24/0022.0 24/0003.0 26/0008.0

79 24/0022.0 26/0008 .0 26/0008 .0 22/0002 .0 22/0003 .0 24/0032.0

85 18/0004.0 22/0002 .0 20/0004.0 12/0001 .0 02/0001.2 26/0008.0

91 1 1 22/0001.0 24/0014.0 22/0005.0 24/0154.0 24/0003.0 22/0003.0

97 26/0048.0 24/0004.0 20/0004.0 26/0049.0 26/0048.0 26/0025.0

103 24/0032.0 22/0002.0 12/0001.0 22/0002.0 24/0022.0 24/0033.0

109 24/0014.0 20/0005.0 20/0002.0 26/0022.0 22/0001.0 24/0003.0

115 24/0022.0 24/0021.0 24/0032.0 24/0003.0 24/0022.0 22/0016.0

121 11 24/0014.0 24/0014.0 24/0032.0 24/0154.0 24/0154.0 22/0002.0

127 24/0022.0 24/0021.0 20/0005.0 14/0001.1 20/0004.0 20/0001.0

133 08/0001 . 1 22/0002.0 08/0001 . 1 20/0005.0 20/0002.0 20/0005.0

139 02/0001 .0 08/0001.0 20/0005 .0 22/0003 .0 22/0003 .0 16/0001.0
145 18/0004 .0 24/0003 .0 20/0004 .0 20/0001 .0 20/0002.0 22/0002.0

151 22/0003 .0 24/0022 .0 24/0022 .0 22/0001.0 24/0003 .0 12/0001.1

157 20/0005.0 24/0014.0 24/0003.0 20/0002.0 24/0003.0 24/0075.0

163 22/0001 .0 18/0004 .0 20/0001 .0 22/0002 .0 20/0002 .0 24/0004.0

169 24/0154 .0 24/0028 .0 20/0005 .0 24/0003.0 22/0002 .0 24/0028.0

175 22/0002 .0 20/0001 .0 24/0004 .0 12/0001 .0 24/0033 .0 24/0033.0

181 24/0014.0 24/0014.0 18/0004.0 24/0014.0 24/0032.0 20/0005.0
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187 22/0002.0 16/0002.0 20/0002.0 16/0002.0 18/0004.0 20/0001.0

193 20/0002.0 20/0002.0 08/0001.1 20/0005.0 20/0002.0 20/0001.0

199 20/0002.0 20/0005.0 18/0004.0 18/0004.0 20/0002.0 20/0005.0

205 24/0032.0 24/0021.0 22/0003.0 24/0154.0 24/0033.0 24/0014.0

211 24/0021.0 22/0005.0 20/0001.0 24/0022.0 20/0005.0 24/0021.0

217 22/0005.0 22/0003.0 20/0010.0 22/0003.0 22/0005.0 22/0003.0
223 22/0005.0 24/0022.0 24/0014.0 20/0001.0 26/0227.0 22/0003.0

229 20/0010.0 22/0005.0 24/0021.0 24/0021.0 26/0227.0 24/0013.0

235 22/0003.0 24/0022.0 24/0021.0 22/0002.0 20/0005.0 22/0003.0

241 20/0001.0 24/0033.0 20/0005.0 24/0014.0 22/0003.0 22/0017.0

247 24/0154.0 22/0003.0 22/0005.0 20/0001.0 22/0003.0 22/0003.0

253 22/0005.0 26/0254.0 22/0003.0 26/0256.0 24/0154.0 22/0017.0

259 22/0003.0 22/0016.0 22/0005.0 14/0001.0 18/0004.0 26/0048.0

265 26/0049.0 24/0075.0 24/0022.0 24/0022.0 24/0003.0 24/0003.0

271 24/0033.0 20/0005.0 24/0014.0 18/0004.0 12/0001.1 20/0002.0

277 02/0001.0 20/0001.0 20/0004.0 24/0033.0 22/0002.0 20/0001.0

283 20/0004.0 24/0014.0 22/0005.0 24/0033.0 20/0002.0 24/0033.0

289 20/0002.0 24/0014.0 24/0014.0 20/0001.0 24/0022.0 20/0005.0

295 24/0003.0 24/0033.0 22/0016.0 24/0022.0 12/0001.0 20/0005.0

301 24/0022.0 24/0022.0 26/0048.0 26/0049.0 24/0075.0 26/0025.0

307 26/0025.0 26/0048.0 24/0022.0 24/0003.0 22/0017.0 24/0022.0

313 24/0003.0 24/0022.0 18/0001.0 24/0021.0 20/0005.0 24/0022.0

319 20/0002.0 20/0004.0 20/0005.0 12/0001.1 22/0003.0 24/0021.0

325 22/0017.0 24/0022.0 22/0016.0 24/0014.0 22/0005.0 22/0016.0

331 16/0001.0 12/0001.1 16/0002.0 22/0001.0 24/0033.0 24/0014.0

337 22/0001.0 18/0004.0 20/0005.0 24/0154.0 22/0016.0 24/0014.0

343 20/0004.0 24/0014.0 24/0033.0 24/0032.0 26/0049.0 26/0049.0

349 24/0075.0 26/0049.0 24/0075.0 26/0048.0 24/0014.0 22/0017.0

355 24/0033.0 18/0004.0 18/0004.0 22/0003.0 08/0001.1 02/0001.0

361 20/0005.0 16/0001.0 14/0001.0 22/0002.0 22/0001.0 22/0003.0

367 22/0003.0 20/0010.0 22/0003.0 22/0003.0 24/0108.0 22/0003.0

373 20/0004.0 16/0002.0 20/0002.0 16/0001.0 16/0001.0 22/0003.0

379 16/0002.0 22/0003.0 08/0001.1 22/0005.0 02/0001.0 20/0002.0

385 08/0001.1 02/0001.0 20/0001.0 20/0004.0 18/0001.0 02/0001.0

391 12/0001.0 20/0005.0 18/0001.0 24/0022.0 26/0049.0 26/0049.0

397 26/0397.0 26/0048.0 26/0049.0 24/0022.0 24/0021.0 16/0002.0
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0'8010/67,03,100/67,0'2900/67,O'6100/6Z0'7,900/620'£000/7,Z£001

0'1000/210'£000/7,Z0'£000/7,Z0'6000/OZ0.8600/920.5000/7,ZL66

o'ZOOO/7,Z03,000/o7,0'£000/7,ZO'Z£oo/67,0''3000/7,Z0'£100/67,T66

0'6000/810'2000/OZO'61OO/67,0'9520/97,0'6'320/97,0'2£00/67,986

O'£TOO/67,0'1000/Z7,0'2000/OZO'LZZO/97,O'LZZO/97,0'9100/7,Z61.6

0'L10O/7,Z0'2000/OZ0'9000/OZ0'9920/920'6920/920'9100/7,Z£1.6
0'2£00/67,0'2000/OZ0'7,000/OZ0'1000/o7,0'£000/67,0'1200/67,L96

0'TZ00/67,0'ZZ00/67,0'1000/07,0'1000/810'9000/0 7,0'7,000/7,ZT96

0'2200/67,0'1000/07,0'9000/OZO'9000/07,0'1000/7,Z0'8600/92996

0'5200/97,0'6100/6Z0'2000/07,0'ZZ00/67,0'6000/07,0'3000/0 Z666

O'T000/7,Z0'2£00/67,0'£000/630'7,000/7,Z0'2000/7,Z0'£100/67,£66

0'2000/OZO'697,O/97,O'LZ30/97,0'9920/92O'LZZO/97,O'ZZOO/67,L£6

0'3200/67,0'3300/97,0'£000/7,Z0'6000/810'9000/07,2'1000/7,0116

0'9000/07,0'7,000/910'1000/o7,0'£000/7,Z0'9000/07,0'£000/7,ZSZ6

0'Z000/07,T'T000/800'£000/7,Z0'9000/OZ0'2000/Z7,0'3000/7,Z616

0'9000/OZ0'9OoO/OZ01,000/8111000/6T0'£000/7,3031000/81£16

11000/N01000/900'2000/030'5000/OZ0'2000/910'2000/07,L06

11000/7,00'ZZ00/97,0''3000/020'£000/7,Z01000/7,1O'ZZ00/97,T06

01000/0Z0'9000/7,Z0'£000/7,Z0''3000/07,01000/07,01000/OZ968

11000/6T0'8000/7,Z0'6000/OZ0'£000/7,Z01000/810'ZZO0/97,688

01000/7,T01,000/81Z'1000/7,00'2000/OZ11000/6I11000/80£88

0'ZZ00/97,Z'1000/7,00'5010/67,0'9200/97,0'8010/67,0'8600/92LLS

0'8600/920'9Z00/9Z01Z0O/67,0'2000/7,Z0'2000/Z7,O17000/07,11.8

O'Zzoo/67,0'2£00/67,0'£000/7,Z0''3000/7,Z0'9000/030'9000/07,998
0.2000/07,0'9000/OZO'ZZOO/67,0'1000/7,Z0'6000/OZO'8ZO0/67,698

0'£000/67,0'£000/7,ZO'2000/7,Z0'8000/7,Z0''3000/7,Z0'2£00/67,£98

0'1200/67,01000/7,Z0'9000/02031000/07,0100/67,0'ZZ00/67,L68

0'8000/7,Z01'910/67,017910/67,0'2000/7,Z0'£100/67,0'£000/7,Z168
0'1200/67,0'2200/67,0'ZZ00/67,0'ZZ00/67,0'3800/630'£000/7,Z5£8
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8.2. Appendix B - Function tap, on Rigid Bipartite 3-Gems (26 vertices) 379

1051 26/0254.0 20/0001.0 14/0001.0 18/0001.0 26/0227.0 26/0227.0
1057 24/0032.0 26/0254.0 26/0256.0 24/0014.0 20/0005.0 20/0002.0

1063 20/0004.0 18/0004.0 24/0022.0 24/0032.0 20/0001.0 24/0021.0

1069 22/0003.0 22/0005.0 24/0014.0 18/0001.0 24/0033.0 18/0004.0

1075 18/0004.0 20/0004.0 20/0004.0 20/0004.0 22/0001.0 20/0004.0

1081 24/0003.0 22/0002.0 24/0022.0 22/0002.0 24/0022.0 24/0003.0

1087 24/0003.0 24/0022.0 24/0022.0 24/0003.0 24/0021.0 24/0022.0

1093 24/0108.0 24/0108.0 26/0025.0 26/0048.0 26/0049.0 26/0048.0

1099 26/0025.0 26/0048.0 08/0001.1 20/0002.0 24/0014.0 22/0016.0

1105 08/0001.0 24/0014.0 02/0001.0 26/0048.0 20/0001.0 20/0005.0

1111 20/0002.0 18/0004.0 26/0049.0 24/0154.0 24/0033.0 22/0003.0

1117 18/0004.0 12/0001.0 12/0001.0 22/0017.0 24/0032.0 24/0014.0

1123 26/0049.0 26/0049.0 26/0048.0 24/0033.0 20/0005.0 20/0005.0

1129 24/0033.0 24/0022.0 26/0049.0 26/0049.0 24/0033.0 22/0005.0

1135 20/0002.0 24/0022.0 20/0005.0 22/0002.0 20/0005.0 22/0003.0

1141 24/0021.0 22/0002.0 24/0154.0 24/0154.0 24/0154.0 24/0021.0

1147 24/0014.0 24/0014.0 24/0033.0 20/0001.0 20/0001.0 18/0004.0

1153 24/0014.0 26/0049.0 26/0049.0 24/0032.0 24/0022.0 26/0048.0

1159 24/0033.0 20/0005.0 20/0004.0 20/0005.0 24/0021.0 24/0014.0

1165 24/0014.0 22/0017.0 22/0016.0 18/0004.0 22/0016.0 22/0017.0

1171 18/0004.0 22/0016.0 20/0001.0 22/0017.0 24/0014.0 24/0014.0

1177 24/0021.0 22/0017.0 24/0022.0 22/0016.0 24/0021.0 22/0003.0

1183 22/0003.0 22/0003.0 20/0001.0 22/0003.0 22/0003.0 22/0003.0

1189 26/0256.0 24/0022.0 26/0254.0 24/0014.0 24/0021.0 24/0022.0

1195 26/0254.0 26/0256.0 24/0021.0 18/0001.0 20/0004.0 24/0014.0

1201 20/0005.0 22/0003.0 22/0005.0 20/0005.0 22/0003.0 22/0003.0

1207 24/0033.0 24/0033.0 24/0014.0 24/0014.0 24/0014.0 22/0003.0

1213 24/0033.0 20/0005.0 24/0033.0 20/0001.0 20/0001.0 24/0022.0

1219 20/0004.0 24/0014.0 24/0014.0 24/0032.0 20/0001.0 20/0001.0

1225 24/0022.0 24/0014.0 26/0048.0 26/0049.0 26/0049.0 26/0049.0

1231 26/0049.0 26/0049.0 26/0049.0 26/0048.0 22/0001.0 24/0154.0

1237 22/0002.0 24/0154.0 14/0001.0 18/0001.0 24/0022.0 20/0005.0

1243 24/0021.0 26/0256.0 26/0254.0 18/0004.0 22/0003.0 24/0014.0

1249 20/0005.0 20/0001.0 22/0005.0 26/0049.0



O'L000/1'7,0'£020/87,O'ZOZO/S7,O'V000/OZ0'9690/92O'OT00/9Z661

0'0100/820'££00/87,0'iL0O/87,0'9690/920'9690/920'9900/97,£61

O'Si'00/97,0'2£00/i7,0'2£00h7,O'ZZ00/i'7,0'6000/i7,0'£000/67,al

0'2£00/f0'£100/%20'9000/920'5900/920'9000/9201'000/81181

0'£000/920'8000/920'2000/7,ZO'LL10/87,0'9690/920'£100/67,SLi

0'1£00/920'6100/97,0'ZL1O/87,0'5000/820'££00/87,0'1L0O/8 7,691

0'7£00/87,O'LZOO/87,O'920O/820'6200/82O'0100/87,O'OLOO/87,C91

0'9900/9Z0'1£00/97,0'2£00/17,0'1200/1'20'1000/07,0'2000/1'2LST

0'1000/800'9200/97,0'1000/Z7,01'000/020'5000/7,Z0'£000/7,Z151

017000/1' Z0'1000/7,O0' 910/17,0'£000/7,ZOi'000/810'9000/929pT

0'£100/97,0'0100/9Z0'£110/87,O'69OO/S7,O'LZ00/87,0'£110/87,6£1

0'6200/82O.2000/17,0'6600/820'81'00/920'5900/8 7,0'iP00/8 7,££T

0'8j700/9Z0'6100/87,0'9690/92O'1L00/8 7,0'6P00/97,0'82OO/1'7,LZT

0'2000/0 Z0'L000/1' 7,0'1000/1'7,O'L000/620'9000/1'7,0'£100/82TZT

0'1'500/87,O'fi500/82O'OL00/87,O''TOO/87,O'T1'00/S7,O'OLOO/S7,STT

0'0L00/8Z0'£1TO/87,0'5900/87,0'9010/820'££00/8 7,O'5900/87,601

0'££00/8ZO'LZOO/87,O'90T0/87,0'8100/97,Oi'000/ST0'6500/82COT

0'8000/920'0L00/8Z0'1000/7,Z0'£100/97,0'£100/97,0'110O/97,L6

0'1900/920'1900/97,O i'90O/87,O'££00/87,01'000/810'1£00/8 7,16

0'1'900/820'1100/920'9690/920'99O0/820'1600/87,0'1'900/8298

0'8000/920'1'900/820'1000/7,Z0'1800/87,O'LZO0/87,0'920O/87,6L

0'6ZO0/820'1000/1' 20'9000/1' 20'2000/7,Z0'0L00/8Z0'OL00/87,CL

0'T000/7,ZO'1L00/87,0'OL00/8ZO'1000/7,Z0'1£00/87,0'9690/92L9

O'LZOO/820'99O0/8201'900/8 7,0'8000/920'11700/87,0'8000/9219

0'0900/87,0'6900/87,0'6000/67,O'6200/8 7,0'9900/82O'8000/97,9

O'1'900/87,0'£100/87,O'2000/7,30'9000/920'9000/020'61700/87,61'
0'6200/820'9000/1'7,O'5200/87,0'Z100/87,0'£100/87,0'9000/67,£1'

0'21700/87,O'11'00/87,01000/2T0'1'100/97,O'£100/97,0' 100/97,LC

017£00/87,0'9200/87,0'x£00/87,0'££00/8 7,0'9690/920'1£00/87,19
T'1000/7,T0'6200/8 7,0'9000/920'LZO0/8 7,0'9900/920'9Z0O/87,97,

0'9000/820'£100/97,0'2000/7,ZO'OT00/8Z0'8000/920'6100/97,61
0'9690/920'9000/920'9100/97,Oi'IOO/1'7,0'1'100/8 7,0'£100/97,Cl
0'6000/87,0'9690/920'0100/87,0'6000/820'1'000/PZO'L000/S7,LO
0'9000/S7,0'9000/820'1100/920'£000/8 Z0'2000/8 7,0'1000/9 7,10

9031.IaaA87, wins suiao-E Z'Z'8
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O'0T00/9ZO'L000/fiZO'SL00/fiZO'1000/3T0'17000/02O OOO/ZZsit,

0.9690/920'£000/9Z0'17100/KOiOOO/OZO'iT00/9ZO'L000/fiZ6017

O OOO/fiZ0'8000/920'9690/920'9100/9Z0'2000/ZZ0'5000/9Z£Ofi

O'ZOfiO/820'9500/82O'Z1700/8ZO'ZLTO/8ZO'L6E0/9ZO'8ZOO/172L6E

O'OT00/9Z0'0100/920'8000/920'9100/ZZO'fiI00/fiZOi'TOO/17316E

O'OT00/9ZO'L000/fit0'£100/9ZO'iT00/9ZO'iZ00/1720'2£00/fiZSSE

0'8000/92O'I£OO/9ZO'ZOOO/ZZ0'8000/920'5000/ZZO'L000/1726LE

O.ZZOO/fiZ0'17100/fiZO'fiJ00/fiZ0'17100/1720'2000/OZ0'£000/172£L£

0'1000/ZO0'17000/810'8200/fiZ0'2000/Z20'3000/OZ0'1200/172L9E

0'£000/fiZ0'2000/fiZ0'1000/810'9000/92O'SZ00/9Z0'1000/OZ19E

0'5000/930'17100/fiZ0'£000/ZZ0'1000/ZZ0'8000/920'17000/0355£

0'17000/17Z0'17100/7Z0'2000/fiZ0'£100/K0'2000/ZZO'2£00/fi36174

0'8000/92O.ZZOO/fiZ0'i000/Zi0'17100/fiZO'LT00/ZZ0'17000/8TEi'

0'17100/fiZO'LT00/ZZ0'9[00/ZZ0'17000/fiZ0'2000/OZ0.17000/8TLEE

O'8ZOO/1720'000/9Z0'8000/920'8000/920'1000/ZZ0'1000/80tEE

0'1000/80O'ZZOO/1720'£100/1720'8000/920'8000/92017T00/17Z5Z£

0'££00/82O'TL00/SZ0'2000/OZ0'9010/82O'ZZOO/fiZO'IZOO/fiZ6T£

0'6200/82O'LZOO/83O OOO/OZO TOO/OZO'ZEOO/1720'9690/92CIE

0'8000/920'0820/SZ0'5000/8ZO'Zfi00/820'5200/930'1£00/9ZLOE

OTOOO/OZOIOOO/9Z0'9690/920'9000/fi30'5900/920'9000/9210£

0'1£00/9Z0'9690/920'T100/9ZO'TLOO/830'££00/8ZO'Z000/fiZ26Z

0'17510/173Oi7000/172O'ZZOO/173OTSIO/1720'1000/ZZ0'17000/17268Z

0'TL00/8Z0'1800/8Z0'8000/920'ZZ00/1720'17£00/820'1000/ZZ£8Z

0'0100/9Z0'£000/ZZ0'08ZO/8ZO'PT00/1730'1000/Z00'2£00/fiZ11LLZ

0'T000/0Z0'9000/02O'LLI0/8Z0'££00/172O'OT00/9Z0'1000/ZZTLZ

0'8200/1730'£100/920'2200/fiZ0'S900/9Z0'17100/920'1100/9Z592

0'1100/930'£I00/9Z0'8000/920'5300/920'17000/810'17000/ST69Z

0'1200/1720'9000/920'9690/920'2000/910'£000/1730'1000/22E53

0'1000/ZZ0'1200/1720'9100/ZZ0'2000/ZZ0'8000/920'2000/33L172

0'6000/810'2000/ZZ0'1000/910'£000/fiZ0'1800/8Z0'9010/8ZH

O'fi5Z0/920'17000/02O'fil00/fiZO'EE00/8Z0'££00/SZI'I000/ZiSEZ

0'££00/1720'1000/ZZO'ZLIO/SZ0'17000/172O'0£ZO/8ZO'££00/8Z6ZZ

O'TL00/SZ0'17100/1720'61700/82O'17IOO/8ZO'LZZO/9Z0'99Z0/9ZEZZ

O'LZZO/9ZO'T800/8Z0'1000/ZZ0'0100/9Z0'1000/ZO0'1000/8TLIZ

017000/OZO'SZ00/1720'0100/920'2000/fiZ0'1000/21O'ZZ00/17211Z

0'5000/9Z0'0100/920'ET00/930'EEO0/1720'0100/820'17100/172502
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0'2'00/87,O'SZOO/97,O'2'00/87,O'ZZ00/'Z0'6600/87,O''10O/87,1£9

0'9100/7,Z0'9010/8Z0'1800/87,0'7,7,00/'Z0.1000/Z00.0£20/8 Z9Z9

0'5900/820'££00/8 7,0'9200/97,0'1L00/87,0'£900/87,0'TL0O/87,619

0'8000/9201100/'ZO'2000/7,Z0''9O0/87,0'0900/87,0'ZZO0/'Z£19

0.9100/7,Z0.0L00/9 7,0'1000/7,T1.1000/80017000/'7,0'7,200/'ZL09

0.2200/'Z0•ZZ00/'ZO'ZZ00/'Z0'98'0/820'ZZ00/'Z03,000/81109

0'8200/1 Z0'5000/07,0'£900/'Z017000/810'1000/7,Z0'1000/7,Z969

0.8200/1' 2O'9000/7,Z0.9L00/1'Z0.1000/7,T0'2900/1' Z0'9£00/1' Z699

0'5000/020'£000/7,20•1Z0O/1' 20'1000/910'9£00/1' 7,0'9000/1' Z£85

0''100/'Z0''100/'Z0'£000/'ZO'£L'0/87,0.1000/800'7,£00/'ZLL9

0'1000/OZO'2000/07,0''000/OZ0'£000/'Z0'17,00/'ZO'9T0/1'TLS

0''000/OZ017000/1'7,0.2000/020.8200/1'Z01'100/1'Z0'5000/0Z595

0''000/OZ0''000/8101'100/'Z0'9100/7,30'7,200/1'Z01'100/1' Z699

017000/810'1000/800'2000/07,0'9000/920.2900/1' Z0'9000/92955

0'9000/920''000/1'Z0'£000/'Z0'9100/7,Z0•Z7,00/'Z01'100/1' ZL1'9

0'££00/'ZO'ZZ00/'Z0'£000/'Z0'7,200/'7,O'LT00/7,Z1'1000/Z0T'S

0'9900/920.1000/7,Z0.1000/7,101'000/1'Z0.7,200/1' 7,0'9000/Z7,595

0'9000/07,0'9000/920'ZZ00/1'Z0'9000/1'7,0'£000/7,Z0'8010/'2625

0•9000/7,Z0•ZZ00/1'Z0''000/020.9000/97,0•Z900/1' Z01'100/'2£7,9

01'100/1'Z0'9000/7,Z0•3Z00/1' 20'7,900/'Z0'5000/7,Z0•L190/87,L19

01'190/8Z0'0100/OZ0''150/9 7,1'1000/800'9000/7,Z0.2000/07,119

0'££00/'Z0'5000/07,0'1000/OZ0'2200/'20'£000/7,Z0'£900/1' 7,909

O'ZZ00/1'ZO'iZ00/'20'8000/920'17,00/'20'1000/Z7,O'ZZ00/'266'

0''000/8T0'1000/800'£900/1'Z0'5000/97,0'8Z00/'Z0'1000/07,£6'

0'2000/7,Z0'£000/1'Z1'1000/910'9000/07,0'7,7,00/'20'£900/1' Z1.8'

0.8200/1' 20'981'0/821'1000/7,10''100/1' Z0'LT00/Z7,0'L100/7,Z18'

0'2000/07,0'L100/7,7,T'1000/7,10'£900/1' 7,01'100/'Z0'5000/0291.'

0•£000/7,Z0•£L'0/87,0'£000/'20'2000/OZ0'££00/'7,0•ZZ00/'Z69'

O'ZZ00/'Z0•'510/'ZO'8Z00/'20'6'00/92O'ZZ00/'Z0.2000/7,Z£9'

0'£000/'20•ZZ00/'20•£000/'Z0'27,00/'Z0''100/'7,0'1000/'TL9'

0'81'00/9Z0.1200/'Z0''000/810'991'0/820'0100/97,0'1100/97,19'

017000/810'1£00/97,0•8Z00/1' Z0•LL10/9 7,0.1100/97,0'£100/1' Z9"

0'1100/97,0'L000/'Z0'9000/1'Z0'9100/97,01'100/97,0•LLT0/87,69'

0'5000/7,Z0•9100/97,0'8000/920'17,00/1'Z0'7,7,00/1'Z0'9690/9299'

0'££00/'ZO'L100/7,ZO'ZZ00/'Z0''000/OZ0.9000/7,Z0'9000/OZat,

0'2200/'Z0''000/OZ0'1000/7,Z0.1000/7,Z0'9900/920'9690/921117,'

(eaaan88) eaaspuady '8989



O'5200/9Z0'£000/Z30'0L00/8Z0'1000/ZZ 0'6510/1730'2£00/63L68
O'9010/SZ0'5000/92O'TZOO/620'££00/8Z 0'2200/62O'LZOO/82168
O'£TOO/620'3200/1720'5900/830'8010/63 O'1ZOO/630'3300/62S£8
O'TLOO/SZO'6ZOO/8Z0'11700/8Z0'8000/92 0'1000/ZZ0'8200/63638
O'1000/OZ0'££00/620'%100/1730'5300/93 O'SZ00/9Z0'81700/92£38
0'81700/93O'8600/9Z0'8010/6ZO'81700/9Z 0'1000/ZO0'5000/02LI8
0'££00/1720'61700/920'5000/OZ01000/80 0'8600/920'2000/031T8
0'2000/220.2300/630'53O0/9Z01200/172 0'6000/810'2000/03508
O'SLOO/630'6600/9201,000/810'3000/91 O'5000/0Z0'£000/Z366L
01000/ZO0'Z000/9101000/800'5000/ZZ 01000/ZZ0'2LOO/62£6L
O'9L00/1720'5300/930'8600/930'5000/02 0'5000/OZ0'17000/03L8L
01000/030'L6£0/9Z0'5300/930'6000/02 01000/330'5000/O318L
0'5000/030'££00/17301000/330'3300/173 0'6000/OZ0'£000/ZZSLL
0'9000/330'1000/330'17000/020'££00/172 0'2£00/1720'££00/6269L
11000/3011000/800'3200/1730'8000/92 0'3300/1730'6100/173£9L
0'33O0/6303,000/810'58170/820'££00/173 0'£2170/930'98170/83L9L
01000/330'6600/920'£L170/830'£000/ZZ 0'58170/8201,000/81T9L
01,000/030'£100/630'3000/ZZ01,000/02 0'2£00/6Z01,100/635172
0'9000/ZZ0'£000/Z301300/1730'17100/173 0'£000/330'£000/3Z6£L
031910/1730'£000/3303,910/1730'61700/82 0'9930/93O'2300/172££L
0'£000/1720'£000/1720'6510/1730'6000/172 0'17510/630'5200/172LZL
0'0£30/830'8200/1720'81700/920'1000/22 0'17530/930'17000/03132
0'8000/330'2200/620'0830/830'0100/03 0'81700/920'6600/92912
0'61700/930'930O/930'££00/830'1200/173 0'3000/6Z0'8200/17260L
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8.2. Appendix B - Function tan, on Rigid Bipartite 3-Gem, (28 vertices) 387

1501 24/0032.0 18/0004.0 20/0005.0 02/0001.0 20/0005.0 24/0033.0
1507 20/0004.0 24/0004.0 24/0032.0 18/0004.0 20/0002.0 20/0001.0
1513 20/0005.0 24/0033.0 24/0033.0 24/0033.0 24/0004.0 24/0014.0
1519 22/0002.0 24/0004.0 24/0154.0 24/0028.0 24/0033.0 20/0002.0
1525 24/0154.0 20/0004.0 12/0001.1 24/0032.0 24/0032.0 26/0025.0

1531 26/0397.0 08/0001.1 18/0004.0 18/0004.0 20/0005.0 22/0005.0
1537 24/0014.0 24/0013.0 24/0014.0 20/0001.0 22/0002.0 24/0014.0
1543 26/0048.0 18/0004.0 24/0075.0 24/0032.0 24/0014.0 24/0014.0
1549 20/0005.0 22/0002.0 24/0033.0 24/0014.0 24/0033.0 20/0001.0
1555 18/0004.0 28/0485.0 28/0473.0 24/0014.0 22/0002.0 08/0001.0

1561 24/0021.0 18/0001.0 24/0022.0 24/0021.0 24/0022.0 24/0003.0
1567 24/0022.0 20/0004.0 20/0005.0 20/0005.0 20/0004.0 22/0002.0
1573 24/0022.0 22/0002.0 26/0008.0 26/0010.0 24/0014.0 20/0002.0
1579 26/0025.0 22/0001.0 24/0028.0 24/0028.0 24/0002.0 24/0033.0
1585 26/0065.0 22/0017.0 26/0048.0 24/0004.0 20/0005.0 22/0001.0
1591 24/0075.0 24/0075.0 26/0049.0 24/0014.0 26/0008.0 24/0014.0

1597 24/0033.0 24/0028.0 20/0002.0 24/0033.0 24/0154.0 22/0017.0
1603 24/0013.0 24/0032.0 22/0001.0 24/0004.0 22/0002.0 24/0032.0
1609 24/0004.0 28/0071.0 26/0008.0 28/0071.0 28/0041.0 26/0008.0

1615 28/0081.0 22/0005.0 24/0154.0 24/0154.0 28/0033.0 24/0014.0
1621 22/0003.0 22/0003.0 28/0033.0 28/0065.0 24/0013.0 22/0005.0
1627 26/0008.0 24/0022.0 22/0005.0 28/0106.0 24/0022.0 26/0048.0
1633 26/0025.0 20/0010.0 24/0004.0 24/0108.0 26/0049.0 28/0049.0
1639 11 28/0230.0 26/0049.0 28/0230.0 26/0048.0 28/0014.0 28/0049.0
1645 26/0048.0 24/0032.0 28/0049.0 28/0049.0 22/0005.0 18/0004.0
1651 22/0016.0 22/0002.0 20/0004.0 24/0007.0 26/0011.0 22/0001.0
1657 24/0154.0 22/0002.0 20/0002.0 24/0075.0 24/0003.0 24/0075.0
1663 24/0022.0 26/0065.0 26/0006.0 24/0021.0 26/0065.0 24/0021.0
1669 20/0005.0 22/0001.0 22/0002.0 28/0054.0 28/0031.0 28/0070.0
1675 28/0054.0 24/0003.0 24/0003.0 26/0048.0 24/0003.0 24/0003.0

1681 28/0049.0 28/0071.0 28/0033.0 24/0154.0 24/0021.0 24/0014.0

1686 24/0003.0 26/0008.0 24/0032.0 26/0065.0 22/0001.0 24/0028.0
1693 26/0011.0 24/0007.0 24/0028.0 26/0031.0 26/0011.0 24/0075.0
1699 28/0054.0 20/0004.0 28/0070.0 24/0003.0 24/0075.0 20/0002.0

1705 24/0028.0 24/0028.0 24/0022.0 20/0005.0 24/0014.0 26/0008.0
1711 24/0004.0 24/0014.0 24/0033.0 26/0025.0 26/0048.0 24/0154.0
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8.2. Appendix B - Function tso, on Rigid Bipartite 8-Gems (28 vertices) 393

2797 24/0032.0 24/0032.0 24/0003.0 24/0014.0 24/0013.0 24/0013.0
2803 24/0032.0 22/0001.0 20/0005.0 22/0003.0 12/0001.0 20/0002.0
2809 22/0002.0 24/0003.0 24/0014.0 20/0004.0 24/0022.0 20/0004.0
2815 24/0032.0 24/0022.0 26/0008.0 24/0004.0 24/0154.0 24/0154.0
2821 20/0001.0 24/0014.0 26/0008.0 20/0002.0 24/0021.0 24/0032.0
2827 18/0004.0 22/0002.0 08/0001.0 24/0022.0 26/0397.0 24/0003.0
2833 24/0022.0 20/0004.0 20/0002.0 20/0002.0 22/0002.0 24/0003.0
2839 24/0022.0 24/0075.0 24/0022.0 24/0022.0 24/0003.0 18/0004.0
2845 08/0001.0 22/0003.0 22/0016.0 08/0001.0 22/0003.0 02/0001.0
2851 08/0001.0 20/0004.0 20/0002.0 24/0004.0 20/0002.0 20/0001.0
2857 24/0033.0 22/0002.0 24/0014.0 24/0014.0 24/0003.0 12/0001.1
2863 12/0001.0 22/0016.0 18/0001.0 08/0001.0 24/0022.0 08/0001.0
2869 16/0002.0 22/0003.0 16/0002.0 24/0004.0 26/0397.0 26/0008.0
2875 22/0003.0 20/0002.0 22/0001.0 02/0001.0 22/0005.0 20/0001.0
2881 20/0001.0 08/0001.0 20/0005.0 20/0005.0 20/0002.0 22/0002.0
2887 28/0071.0 28/0230.0 22/0003.0 28/0049.0 26/0049.0 26/0049.0
2893 24/0021.0 24/0004.0 24/0014.0 24/0022.0 28/0230.0 24/0021.0
2899 22/0003.0 22/0003.0 22/0002.0 18/0004.0 22/0002.0 28/0054.0
2905 28/0049.0 28/0071.0 24/0022.0 24/0022.0 24/0003.0 22/0003.0
2911 28/0049.0 24/0022.0 24/0032.0 24/0032.0 28/0106.0 24/0021.0
2917 24/0003.0 22/0017.0 28/0230.0 28/0049.0 26/0049.0 26/0049.0
2923 26/0049.0 28/0230.0 28/0049.0 26/0049.0 28/0230.0 28/0230.0
2929 24/0014.0 24/0021.0 28/0049.0 24/0013.0 22/0002.0 24/0032.0
2935 24/0014.0 24/0022.0 24/0022.0 28/0230.0 28/0230.0 22/0016.0
2941 24/0021.0 24/0021.0 22/0003.0 24/0021.0 22/0003.0 28/0070.0
2947 22/0003.0 22/0003.0 24/0014.0 24/0021.0 28/0033.0 24/0021.0
2953 24/0154.0 22/0003.0 22/0003.0 24/0021.0 24/0154.0 24/0021.0
2959 22/0003.0 18/0004.0 26/0065.0 24/0013.0 24/0022.0 28/0230.0
2965 28/0230.0 26/0049.0 22/0005.0 28/0033.0 28/0230.0 28/0230.0
2971 28/0230.0 26/0049.0 28/0049.0 28/0049.0 28/0065.0 24/0022.0
2977 24/0022.0 28/0230.0 22/0002.0 24/0032.0 22/0003.0 28/0230.0
2983 28/2418.0 28/0230.0 28/2418.0 20/0001.0 28/0230.0 28/0230.0
2989 26/0049.0 28/0049.0 28/0230.0 24/0022.0 28/0230.0 28/0230.0
2995 24/0014.0 28/0230.0 28/0230.0 26/0049.0 28/0049.0 28/0230.0
3001 22/0005.0 28/0230.0 28/0230.0 24/0014.0 24/0014.0 08/0001.0
3007 11 18/0004.0 02/0001.0 26/0048.0 24/0014.0 24/0022.0 22/0016.0



01000/0Z017100/7Z01000/0Z0'5000/ZZ01000/910'£000/ZZEZZE

O'gooo/ZZO'IZ00/VZ0'S000/zZO'ZZOo/7ZO'SL00/7ZO'SL00/7ZLTZE

O'99Z0/9Z0'5000/ZZO'7SZ0/9Z0'5000/ZZO'LZZO/9Z0'7000/81iiZ£

o iooo/ZiO'VSTO/VZO'7Too/7Z0'££00/VZO'£Eoo/7Z0'9000/OZ90ZE

017000/8103,100/VZ0'L100/ZZO'L100/ZZ01000/800'Z£00/V6661C

01100/VZ0'Z000/ZZ01000/8001O00/Z001000/ZZO'Z000/ZZE61£

O'Z000/ZZ017000/8101000/0Z0'9100/ZZ0'9100/ZZ0'99Z0/9ZL8i£

O'7i0O/7Z0'7100/VZO'99Z0/9Z0'£000/7ZO'Z£O0/7Z0'7000/OZ181E

0'9000/0ZO'Li0O/ZZO'£000/ZZ0100/7ZO'LI00/ZZ0'£100/7Z9Li£

01,000/81O'£000/7Z0'Z000/ZZ017100/VZO1'100/7Z0'9000/0Z691E

0'9000/ZZO'LZZO/9Z0'£000/ZZO'1ZOO/7Z0'9000/7,7,O3,90/9Z991E

O'£000/ZZ0'99Z0/9Z0'£000/ZZ0'9000/ZZ0/000/8011000/ZiLg18

11000/ZT0'££00/7ZO'7810/7Z0'7000/SI0'5000/ZZO'9I0o/ZZiSic

O'ZZ00/7Z0'££00/VZ0'1000/ZZO'ZZOo/7ZO'SLOO/VZo ooo/ZZ97IE

0'9000/oZ0'7000/8IO'EE00/VZO'ZE00/VZ0'9100/Z7,0'9000/Z7,6E1£

0'9000/OZO'7Too/IZ0'£000/VZO'ZZoo/VZ0'9000/7,ZO'9L00/7ZEEuu

O'Zooo/OZO'Zooo/og0'£000/VZo'ZZ00/7ZO'TZOo/7Z0'£000/7ZLZTE

O'ZZOO/V7,O17100/7Z01200/V7,03,000/9103,000/810/7,00/72TZIC
0'ZZ00/77,0/000/800'9100/7,Z0'9100/7,20'9000/0Z0'7,ZO0/V7,911E

O'9OoO/OZ0'5000/07,O'EE00/77,017,00/V7,O'L100/7,ZT'1000/7,T601E

11000/7,I0'1000/7,I0'2000/7,Z0'7000/OZO'LioO/7,ZO'7loo/77,COTE

0'9000/V7,0'2200/V7,01000/7,O0'££00/V7,0'9100/7,ZO'ZZ00/V7,L60£

O'Z000/OZ01100/V7,O'ZZOO/V7,O'LIOO/7,ZO'ZZ00/77,01100/VZ160£

0'£000/V7,0'9100/7,ZO'L1oo/7,Z017100/V7,0'5000/7,Z0'5000/7,Z980£

O'ZE00/V7,O'ZEOO/77,0'9000/700'5000/7,Z0'2200/77,0'£100/V7,6LOE

0'1000/7,i0'1000/OZ0'8700/920'X00/7ZO'ZZ00/V7,O'LT00/7,ZELOE

0'£000/VZ0'9000/Z7,O'ZEOO/V7,0'£000/Z7,0'£000/77,O'ZZ00/77,L90E

0'9000/07,0'ZE00/7Z0'£000/V7,0'£000/77,0'2500/7Z0'ZZ00/V7,1905

01,000/810'9L00/77,0'9000/7,Z0'9000/7,7,017I00/7Z0'£000/7,Z990£

0'2200/V7,0'5000/7,Z0'1200/V7,0'8700/9201200/VZ0'2200/V7,670£

O'ZZ00/77,0'££00/V7,O'ZZ00/V7,0'£000/7Z0'9100/7,Z0'£000/77,£Vo£

0'1000/800'5000/OZo'ZZ00/V7,0'9000/7,Zo ooo/OZO'S000/07,L£0£

0'7100/V7,0'£000/VZo'ZZoo/77,0'£000/7,Z0'1000/7,oO'SL00/V7,IE0£

O'7T00/7Z0'1000/07,0'2£00/7ZO'ZE00/VZO'7100/pZO'LT00/7,Z920£

O'Z£oo/77,0'£000/i0'£000/77,0'9000/07,0'2£00/77,031100/VZ6105
O'71oo/V7,0'9000/OZO'ZZ00/V7,0'9000/oZ0'1000/OZ0'1000/80£T0£

(-!pan gg)eaalpuady •g76E



0'6000/OZ0'6000/OZ0'1000/ZZO'Z£OO/6ZO'TZOO/6Z0'6000/Si6£6£
o'zooo/ZZ0'£000/zz0'1000/zzo'6ooo/ozo'£ooo/zzo'Eooo/zzcm
O'ZZOO/6Z0'£000/ZZT'TOOO/ZOOTOOO/6ZO'6VOO/9ZO'SLOO/6ZLZ6£

O'SLOO/6ZO'SLOO/6ZO'ZZOO/6ZO'ZZOO/6ZO'9TOO/ZZO'L100/ZZTUT
O'ZZOO/6ZO'LT00/ZZ0'5000/ZZ03,000/OZ0'1000/oZT'TOOO/ZI5169
O'TZOO/6ZO'ZZOO/6ZO'ZZOO/6ZO'TZOO/6Z0'5000/OZO'POOO/81606E
0'5000/OZ0'5000/0Z0'5000/oZOTTOO/K0'££00/6ZO'TZOO/6Z906E
0'5000/oZ0'9£00/6ZO'6T00/6Z0'9£00/6ZT'TOOO/ZTO'65I0/6zL6EE
0.9£00/62o'ZZOO/6zo'TZOO/6Z0.6000/oZ0'£000/zz0'5000/O9TM
OTOOO/OZO7E00/6ZO'ZZOO/6ZOTTOO/6ZT'TOOO/ZiT'T000/9T589E
i'ZOOO/9TT'ZOOO/9TO'Z000/ZZ0'5000/0Z0'1000/8T0'£100/6ZUSE
O'ZZOO/6Z0'5000/OZ0'6000/0ZO'ZZOO/6ZO'£IOO/6ZO'TZOO/6ZCUR
OTTOO/K0'££00/6ZO'ZZ00/6Z0'1000/80O'ZZOO/67,0'£100/6ZL9EE
0'2£00/6ZO'ZEOO/6Z0'2£00/6Z0'6100/6Z0'1000/810'5000/0ZT9EE
0'5000/OZ0'9000/ZZO'ZE00/6ZOTTOO/KOTTOO/K0'6100/6Z559E

O7EOO/6ZOTTOO/KT'T000/ZTO'TZOO/6ZOTTOO/KO'TZOO/6Z6699
O'ZZOO/6ZO'ZEOO/6ZO31TOO/6ZO'TZOO/6Z0'6100/6Zo'SZOO/9Z£6EE
O'£L60/8ZO'5560/SZO'L6CO/9Z0'5860/SZO'SLOO/6ZOiOOO/OZL£££
O.9ZOO/9ZO'ZCOO/6Z0'8000/62OTTOO/KO-TZOO/6Z0'1000/OZTEES

O'LTOO/ZZ0'2£00/6Z0'£000/6ZO'ZZOO/6Z0'1000/OZ0'5000/0ZSZEE
O•IOOO/OZ01000/810'5000/ZZ0'6100/6301000/800'8£00/6Z619E
o'TZOO/6ZO'ZZOO/6Z0'6000/6Z0'1000/80O'ZZ00/6ZO'SL00/6ZME
0'1000/O9O'ZZOO/6Z0'1200/6Z0'£000/6ZO'2800/6Z0'£000/6ZLORE
O'ZZOO/6Z0'9TOO/ZZO'ZZOO/6Z0'5000/ZZ0'£000/ZZ0'1000/ZOTo£E
0'£000/I0'ZZ00/6Z0'1200/6Z0'ZE00/6Z0'6000/810'2000/0Z563E
0'1000/0Z0'6100/620'5000/0Z0'6000/810'£000/6Z0'ZZ00/6Z682E
0'££00/6Z0'5000/ZZ0'2000/OZOTTOO/K0'8000/ZZ0'£800/6Z£8ZE
O'T000/OZ0'I000/ZOO'T000/800'6000/81T'T000/ZTT'T0o0/ZILLZE
T'TOOO/ZT0'5000/OZ0'£000/ZZ0'Z£0o/6Z0'6000/OZ0'T000/6TILZ£
0'6TO0/6Z0'1000/OZ0'5000/0ZO'9100/ZZO'5000/ZZ0'2£00/6Z99ZE
0'9100/ZZ0'8600/920'LZZ0/9ZO'69Z0/9ZO'ZZ00/6Z11000/2065Z£
0'5200/9ZO'LZZO/9Z0'2£00/6Z0'2200/6Z01000400'6100/6ZESZE
0'5000/ZZ0/000/020'9100/ZZ0'SL00/6Z0'8600/9Z0'9100/ZZL6ZE
01000/800'5200/9ZOTTOO/KOTTOO/KO'LZZO/9ZOTTOO/KT6ZE
0'28oo/6Zo cooo/ZZ0'5000/OZ0'9000/220'1000/zo0'5000/ZZSEZE
0'2£00/620'5000/ZZO'ZE00/6Z0'8600/920'1000/OZO'T00o/OZ6ZZE

568(sao.W- 89)ewao-8 a;s4odsgps5sguo'°sI uos;aut{d-if xipuaddy •g•g



0'5600/920'659£/920'SL00/6Z0'2£00/6Z0'5000/OZO1T00/6Z5999

0'1000/OZ0'2000/Z20'1£00/9Z0'8200/6Z0'ZZ00/6Z0'2000/ZZ669E

0'5000/020'£000/7,ZO'8010/6Z0'5000/020'2000/OZ0'2000/ZZ969E

0'5860/820'2£00/6ZO'£L60/8Z0'2200/6Z0'2100/6Z0'£100/6ZL£99

0'1000/0Z017100/6Z017100/6Z0'£000/6ZO'SZ00/9Z0'2200/6Z129E

0.1000/OZ017000/810'1000/ZZ0'2000/6Z0'9100/ZZ0'LT00/ZZ529£

O'2L60/8Z0'5000/0ZO'6TO0/6Z0'1000/ZZO'0£20/SZO'OEZO/8Z619£

0'SL00/620'SL00/6Z0'6ST0/6ZO'6ST0/6Z0'2200/6ZO'SZ00/9Z£T9E

0'660O/920'1000/Z00'5000/020'1000/OZ0'5000/020'5600/9ZL099

0'6600/920'8600/920'5000/020'2000/ZZ0'8600/92O'5600/9Z1099

0'5200/9Z017100/620'2900/6Z0'2900/6Z0'8000/920'£000/ZZ565E

0'6510/6Z0'6000/620'2000/ZZ0'6000/0Z0'1000/6T0'1000/ZZ6899

O'SL00/6Z0'8600/920'£000/ZZ0'5000/ZZ0'5000/2Z0'£000/ZZ985E

0'£000/ZZ0'£000/ZZ0'1000/910'5000/020'6000/020'5000/ZZLLS9

0'5000/0Z0'2000/OZ0'T000/ZZ0'£000/ZZ0'2000/OZ0'5000/0ZUSE

017000/810'9000/ZZ0'2000/OZ0'6000/81017100/6Z0'6000/815952

O'LiO0/ZZ0'9100/ZZ0'2£00/6ZO'LZZO/9Z0'99Z0/9Z1'1000/ZT655£

0'£000/ZZ0'T000/810'LZZ0/9Z031920/920'1000/800'1000/7,0955E

0'9000/62O'LZZO/9ZO'6520/9Z0'6600/920'8600/920'2L60/8 ZL65E

0'8600/920'6600/920'L62O/9Z0'8600/920'SL00/6ZO'SL00/63I65£

0'£000/6ZO'ZZOO/6Z0'2200/620'2200/620'2200/6ZO'TZ00/62SESE

0'2200/6Z0'9100/ZZ0'L100/ZZ0'5000/0Z0'1000/8T0'1000/81625£

0'1000/OZ0'1000/OZ0'9900/620'£000/ZZ0'9T00/Z2017510/6ZEZS2

0'2900/620'2200/6Z0'1000/800'5000/020'£000/ZZ0'2200/6ZLTS$
017000/810'9900/620'6600/920'2000/OZ017100/6Z0'5000/OZIM

O'TZ00/6ZO'LTOO/ZZ0'£000/ZZ0'5000/ZZ0'£000/ZZO'LZZO/9Z905£

0'6520/9Z0'1000/ZiT'T000/ZTT'I000/Zi0'1000/800'8200/6Z6669

0'6000/OZ0'6000/810'9900/6Z0'2200/6Z0'6910/6Z0'6000/62266E

0'2900/6Z017000/020'2000/6Z0'8Z00/620'1000/OZ0'2000/OZan

017000/OZ0'1000/OZ0'2000/2Z017100/6ZO'TZ00/6Z017000/81186£

T'T000/310'1000/800'2000/OZ017000/810'2000/ZZ0'2200/6Z5L62

0'2000/ZZ0'1200/6Z0'2000/ZZ0'£000/ZZ0'9900/620'5200/92696E

O'SL00/6Z0'8010/6Z0'2000/62O'LZ20/9ZO'9SZ0/9ZO'ig00/6Zon

0'2000/ZZ0'2000/OZ0'£000/6Z0'6100/62O'ig00/6ZO'ZZOO/6ZL5'2

0'1000/OZ0'2000/Z20'6000/OZO'TZ00/620'6000 /OZ0'6000/81156E

0'LZZ0/9ZO'952O/9Z0'2000/ZZ0'LT00/ZZ0'2000/22017100/62566£

(saai;raagg) saatpuady •g 96£



O'fio00/8TO'8000/9ZO'fii00/fiZ0'£000/fiZ0'£000/n0'£000/gZTLSE

o'EOOO/fiZO-ZZOO/fiZo'EOOO/fiZO'ZEOO/fiZ0-9000/9ZO'9000/ZZ998E
0'8000/92O'Sfi00/9ZOi'OO/8ZO'TLOO/SZO'i000/ZZO'iLOO/SZ698E

O3,9ZO/9ZO'SOIO/fiZ0'8010/fiZ0'9900/92O-ZZOO/fitO'2£00/fig998E

07£00/fiZ0'£100/fiZO'9IOO/ZZO'£000/fiZO'ZZOO/fiZ0'£000/fitL'8£

O'COOO/fiZ0'9690/920'£000/ZZ07£00/fiZO'LIOO/ZZO''TOO/fiZTfi8E

O'9000/ZZO'IZOO/fiZOiOOO/fiZ0'8010/fiZO'IZOO/fiZO OOO/9T9£8£

0'1000/ZZO'8200/fiZO'ZOOO/fiZOi'OOO/OZO-SZOO/fiZ0'1000/ZZ628£

0'v000/OZ0'2000/fiZO.SZOO/fiZO'ZOOO/fiZO'figIO/fiZO'Tg00/fiZEZ8£

O'IZOO/fig0'9000/OZ0'2000/ZZ0'2000/ZZ0'p100/fiZ0'5900/92LT8£

O'2000/0Z0'£000/ZZO'EE00/fiZ0'2000/gZ0'£000/fiZ0'1g00/fig118E

0'£000/ZZ0'2200/figO'OL00/8ZO'EE00/8gO'TZ00/fig0'2200/fiZ908E

0'6fi00/9Z0'61700/9ZO'EE00/8Z01,9T0/fiZ0'1000/02O'8fi00/9Z66LE

0'6fi00/9ZO'££00/SZ0'9000/ZZO'£000/ZZ0'£000/ZZ0'££00/K£6LE

01200/fiZ0'£000/K0'8000/920'5000/0Z0'2000/OZ0'Z000/Z2LSLE

O'££00/fiZ0'1000/OZO'ZZ00/fiZ0'9000/ZZO'Z000/9T0'£000/ZZT8LE

0'£000/K0'2£00/fiZO'TZ00/fiZO'fi100/fiZ0'1000/0ZO'ZZ00/fiZ9LLE

03,100/fiZ0'2200/fiZ01,9T0/fiZ0'8200/fig0'2000/fiZO'fi9TO/fiZ69LE

0'1000/ZZ0'1000/ZT0'1000/810'99ZO/920'98fi0/830'1000/03E9L£

0'9000/OZO'Tg00/fiZ0'1000/ZT0'2000/OZ0'5000/02O'fi5T0/figLSLE

0'9000/020'2£00/fig0'£000/ZZO'ZgO0/fig0'1000/OZ0'2000/OZT9LE

0'0100/OZO'9L00/fit0'£000/Zg0'9000/2ZO'£000/gg0'£000/g29fiLE

0'1000/91O'SLO0/fiZO'8fi00/9ZO'LT00/ZZ0'9100/ZZ0'£000/ZZ6ELE

0'9000/Og0'9000/ZgO'gg00/fiZ0'8fi00/9Z0'5000/OZ0'1000/80EELS

O'Sfi00/9ZO'9ZO0/9Z0'8fi00/9ZO'SL00/fiZO'LTOO/ZZ0'9100/ZZLZLE

O'LZZO/9Z0'1000/OZO'fi9Z0/9ZO'Zg00/fiZO'fi9Z0/9Z0'99ZO/9ZTILE
0'£000/figO'LZZO/9Z0'9000/02O'fi000/Og0'9000/02O'fi000/819TLE

0'2200/fiZO'fi000/OZ0'1000/OZ0'9000/ZZ0'2000/ZgO'9L00/fiZ60LE

0'£000/fiZ0'2200/fig01200/fiZO'fi000/OZ0'9100/ZZ0'1000/91COLE

0'£000/fiZO'SL00/fiZO'Sfi00/9ZO'9LOO/fiZO'ZZ00/fig0'2000/ggL699

0'£000/K0'1000/810'2200/fiZ017100/fiZ0'9000/02O'LiO0/ZZ169E

O'ZZ00/fiZO'ZZ00/fiZ0'£000/fiZ0'£000/fig0'2000/gg0'I000/OZ989£

01000/OZ0'8fi00/9g0'69908201990820'5000/0Z0'L100/ZZ6L99
0'9000/ZZ0.1200/m0'5000/OZ0'gc00/fiZ0'2000/Og0'9100/gg£L9£

0'9000/gg0'1000/OZO'gg00/fiZ0'6100/fiZ0'2£00/n0'6100/figL99£

O'pj00/fiZ0'2£00/fiZO'fi100/fig0'£000/figO'gg00/fiZ0199E/8ZT99£

L6E ((aa►ytan93) etua0-8ap010digp*Btguo'a; uosaauni - g npuaddy •g-g



0'9000/OZO'Zooo/ZZO'8ZOO/1'Z0'1'000/0ZO'8ZOO/fiZO'i'9i0/fiZL80fi

0'1'910/1Z0'%000/O20'%510/1'20'3000/ZZ0'1'910/1'20'9000/o2T80fi

0'8200/nO'2ooo/fiZO'8ZO0/1'z0'9000/OZ0'1000/zzO'Z000/0Z9LO1'

0'81'00/9301000/800'9200/92O'9200/9Z0'£000/1' Z0'2200/n6901'

0'2200/fiZ0'1000/2T0'1000/OZ0'2000/zzO'TZ00/fiZ0'££00/fit£901'

0'9000/Z20'£000/2Zo'fiioo/1'z0'1000/zi0'1000/Zi0'9000/OZL90fi

0'9000/0Z0'2200/1' Z0'9200/920'8P00/920'9000/ZZ0'£000/1'Z1901'

0'2200/1' Z01000/0 Z0'2000/020'2200/Pz0'8000/920'2200/PZ91'01'

0'9000/920'9100/1' Z0'L6£0/9Z0'2000/9101200/1'Z0'1'000/0Z6901'

0'9000/OZ0'1000/O20'1000/0 201000/810'9000/02O'1'100/fiZ£901'

0'2000/220'£000/220'81'00/920'2000/0Z0'£000/1' t0'2000/ZZLZ01'

0'61'00/920'1'100/1'Z03,000/810'2200/K1'2000/9111000/91IZOl

0''100/1'z0'9000/220'9000/OZ01000/910'2000/Z20'9000/229101'

0'1'000/8107900/1'20'9000/ZZ0'£100/1'20'2£00/K0'9100/1'Z6001'

0'££00/1' Z01000/800'1'000/810'1'000/0Z01000/z001000/Z2£001'

0'2000/030'1'000/0Z0'1'000/8101000/ZZ0'1'000/020'2000/0 ZL66£

0'2000/OZ0'L100/ZZ0'9000/0Z01000/0Z0'9100/9Z0'9100/Z2166C

O'LiO0/ZZ0'£000/Z20'9100/ZZO'ZZ00/fiZO'ZZ00/1'Z0''£000/fiZ986£

11000/910'2000/Z60'2200/1' Z0'£000/1'20'£000/PZ01,000/816L69

03,000/0201200/PZO'LT00/ZZ0'9920/920'9900/1'ZO'ZZ00/1'Z£L6£

03,100/1'Z0'8000/920'2000/ZZ0'1'100/1' Z0'£900/8Z01000/ZZL96E

0'0L00/830'3200/1' Z0'9100/ZZ0'9100/z20'2200/fiZ0'2200/fiZ196£

0'LI00/ZZ03,100/1'Z0'8000/920'8000/920'1'100/1' Z0'L10O/ZZ9969

0'fiT00/1'Z0'61'00/9203,100/1' Z0'9000/ZZ0'6P00/920'61'00/9261'6£

0'1'100/1'z0'811'2/820'££00/1'Z0'££00/n0'811'2/82O'8I1'z/sz£1'6£

O'8T1'z/8ZO'61'0O/920'2£00/P20'9000/02O''TOO/1'Z0'2£00/1'ZLE69

0'££00/1'90'££00/fiZ0'2£00/fiZ0'61'00/8ZO'Z£0o/1'Z0'9000/ZZ1£6£

0'61'00/820'61'oo/8zo'z£oo/fito'1'ooo/ozo'9ooo/zzo'zooo/zz928E

O'OEZO/8ZO'0EZ0/8Z0'811'2/8Z0'££00/1'ZO'OEZO/8Z0'0£20/8Z616£

0'0£20/8ZO'0£ZO/8Z0'1'920/920'9900/820'££00/820'ZE00/fiZ916£

O'zZ00/fiZO'0T00/0zO'9Loo/1'Z0'££0o/fiZ0'££00/1'Zo-zzoo/1'ZL06£

0'2200/1'30'9000/z20'3Z00/1'Z0'9000/ZZ01000/OZ0'9000/ZZ106£

0'9000/ZZO'9LOO/1'Z0'2£00/1'30'2£00/1'Z0'8000/920'1000/OZ968£

0'2200/KO'fioo0/OZ0'1'000/OZO'ZZOO/1'ZO'ZZOO/fit0'£100/K688£

0'1'Ioo/1'z01000/Z10'9000/220'££00/8Z0'0£20/820'£900/1'ZE88£

O'8T1'Z/820'811'2/820'0£20/8ZO'L2z0/9ZO'TL00/8z0'2200/1'zLL8£

(-!7j2n83) B-!Pu4V '8869



0'£000/zz0.6000/ozo'zzoo/6zO'ZZ00/6z0'£000/6z0'5000/zz£0£6

0'1000/80T'looo/ZiO-Zooo/OZ0'££00/6Z0'6000/810'6000/OZL6Z6
0'L100/ZZ01000/810'5000/0Z0'L100/ZZ0'6100/620'££00/6z1626

0'5000/ZZ0'£000/ZZ0'0100/OZ0'10o0/OZI-looo/zT1'1000/805826

0'5000/ZZ0'5000/0Z0'6000/020'6000/0Z0'8600/920'5000/ZZ6LZ6

O-zooo/ZZ0'£000/6Z0'5000/zz0'5000/Z20'5000/zzO'6L00/6Z£LZ6

0'6100/6Z0'5000/ZZoi'ooo/8T01000/Zo01000/oz0'£000/62L9Z6

O'LT00/ZZO'Z000/ZZ0'1000/OZ0'2000/ZZ0'2£00/6ZO'LI00/ZZ19Z6

0'£000/6Zo-zzoo/6Z0'5000/zZ0'£000/6Zo-zzoo/6Z0'1200/625526

O'ZZO0/6Z0'6100/6ZO'2000/ZZ0'2£00/62O'LZZO/9ZO'LZZO/9Z6626

0'£000/ZZ0'£100/6Z0'6520/9Z0'2£00/6z0'6100/620'9520/92£626

0'6000/810'2£00/6Z0'6100/6Z0'9100/22O'99Z0/9Z017100/6ZL£26

0'9520/920'SL00/6Z0'LT00/ZZ0'£000/6z0'6100/620'2000/0Z1£26

O'LZZO/9Z0'6520/92O'9LOO/6zO'LZZO/9ZO'Z£00/62O'SL00/6ZWt

0'6520/9ZO'SL00/62O'95ZO/9Z0'££00/620'5000/ZZ0'1000/806126

0.2200/6z0'1000/oz0.2200/6zo'zzoo/6z0'£000/6zO.2ooo/oz£IZ6
O'Z00o/ZZ0'6000/oZ0'2£00/6ZO'TZOO/6Z0'1000/800'1000/91LOU

0'££00/6Z01000/800'1000/200'6000/oZ0'9000/OZ0'5000/02IOU
O'6T00/6Z0'6100/62O7900/6ZO'L10O/ZZ03,000/810'2000/915616

01000/ZZ0'0100/0Z0'2£00/620'2900/6z0'£100/62O'61OO/626816

0'6I00/6ZO'2£00/6z0'5000/0Z01000/Z103,000/8101000/OZ£816

0'1000/z10'6100/6Z0'9100/ZZ0'6100/620'1000/OZ01000/0ZLLI6

0'9000/OZ0'9000/OZ0'1000/020'9000/oz0'5000/220'6100/6ZTLI6

0'5000/ZZ0'5000/ZZ0'2£00/6z0'5000/ZZO'ZZ00/6Z0'2£00/6Z5916

0'1000/ZTo'ZZ00/6ZO'TZOO/6ZO'LI00/ZZ0'6100/6ZO'LTOO/ZZ6516

07£00/6Z0'2200/6ZO-IZOO/6Z0'9100/ZZ0'££00/6Z0'£000/6Z£Si6

0'8600/920'6100/6Z0'2000/ZZ0'2000/ZZ0'2200/62O'1000/OZL6i6

0'2£00/620'6000/OZ0'2000/oz0'6000/8Toiooo/OZO'L6£0/9ZT'T6

0'6000/OZ0'8000/9201000/Z30'8000/920'L690/9Z0'8600/929£16

0'8600/920'2000/ZZ0'8600/920'8000/920'8000/920'L6£0/9Z6216

0'5000/OZoi'ooo/OZo*szoo/6Z0'1000/ZZ0'6000/OZ0'1000/ZZCut

0'2000/OZ0'6000/810'5000/0Z0'5200/9Z0'6000/OZ0'1000/80LTT6

0'8100/6Z0'8000/62O-TZOO/6Z0'8000/9Z0'5200/9Z0'9000/6Z1116

0'2000/OZ0'2200/6Zo'TZ00/620'8000/920'££00/6Z0'2000 /OZS016
01000/ZZo oo/6Z0'2000/910'2000/ZZ0'2000/ZZ0'6000/6Z6606

0'2000/OZ0'2000/ZZ0'5000/0Z0'6000/810'6000/810'1000/Z1£606

669 (eaayjaa88) wuao-8a7!7jvdygp!6yguo'dQ?uoyaun3- if .z}puaddy •g•g



OTOOO/62Oi TOO/67,0'9690/92O'1100/9Z0'£000/820'6100/97,6196

0'1000/820'£100/97,0'6£00/87,0'5000/92O'SZOO/62O'8600/66£196

0'6910/67,OTT£Z/87,O'7,060/87,O'L7,00/S7,0'1£00/97,0'££00/S7,LOSY

0'££00/67,0'8000/920'6000/060'£000/920'2000/220'8000/92TOSY

0'6600/860'6600/87,03,000/810'6000/OZ0'££00/67,O'9ZOO/67,9666

0'6000/OZ0'6000/8101,190/87,O'LT90/87,O'LT90/87,0'1000/7,Z6866

0'0100/9g01,910/67,O'67,00/8Z0'1600/87,0'1800/87,O319TO/62£866

0'6000/660'6910/660'%000/660'9900/920'6100/920'6100/82LL66

0'6500/87,0'£110/87,0'97,00/87,0'9000/820'8000/920'5000/97,TL66

0'L000/660'87,00/67,0'1£00/97,O'2600/8 7,0'0820/87,O1L00/87,5966

0'6ZOO/87,0'9000/92O'2£00/660'2£00/67,0'6000/820'£000/926566

0'9000/620'2000/7,Z0'L000/660'££00/67,O'LTO0/7,Z0'6500/87,£566

0'6900/82O'8600/97,03,000/07,0'2000/7,Z0'6000/OZ0'9000/06Ln6

0'6000/07,0'2000/7,Z0'6000/060'2000/67,0'5000/O30'2600/67,1666

0'ZZ00/67,0'9000/020'9000/020'6600/9211000/80T'1000/7,T9£66

0'6000/810'2000/Z7,0'6000/O601000/800'6000/020'97,00/966266

0'6920/97,0'27,00/67,0'£000/67,O'992O/97,01000/0 Z0'£100/67,£266

0'6100/67,0'2000/7,Z0'9520/97,0'7,600/620'9100/3 7,0'6920/96Litt

0'L1OO/7,Z0'9100/3 7,0'£000/67,0'5000/7,Z0'£000/660'2600/67,11M

017000/810'££00/660'9100/7,Z017000/OZ0'5000/O60'2000/07,5066

0'6000/OZ0'9860/820'5000/OZ01000/OZ0'2£00/67,03,100/6666£6

01000/060'9000/020'9000/07,01000/0601000/0601000/065656

0'1000/OZ01000/O60'5000/020'6600/67,1'1000/7,10'9000/06L856

0'6000/06017100/67,017000/8101000/810'6500/660'2600/661856

01600/660'SL00/67,01600/66017560/97,0'5600/960'5600/96SL56

11000/61017100/6601000/8001000/6001000/8001000/606956

0'6500/660'L660/960'L660/960'£000/7,60'5000/6601000/065956

0'£000/660'5000/7,Z0'££00/660'9100/660'££00/67,0'£000/7,ZL9£6

0'£000/7,Z01000/060'7,500/660'5100/660/000/0611000/9O19£6

0/000/610'1200/67,0'2000/7,ZO'9000/660'5000/7,60'5000/669656

O'ZZ00/67,01200/660'5000/660'9000/260'6100/67,03,000/816££6

017000/8101000/66017000/810'£000/7,60'6000/810'9000/065556

0'£000/67,017100/660'9000/7,Z0'6000/910'9100/67,0'1000/80L656

0'1000/OZ0'6£00/67,O'6T00/67,0'1000/7,O0'£000/7,Z0'£000/7,Z1256

0'0100/OZ0'1000/801'1000/7,T0'££00/660'1000/7,Z0'6000/069156

0'2000/OZ0'1000/7,O0'2000/7,Z0'2000/7,Z0'£000/7,Z0'9600/966056

(sal! agg)saafpuady •g006



o'9000/z2o'6TOO/6Zo'££oo/6z0'5000/oz0'2300/63o'Z7,00/6z5£L6
0.2200/63OCOOO/6207000/91O'65TO/6ZO'ZOOO/OZ0'£000/936?L6
0'££00/6z01000/910'3300/620'6SI0/630'£000/630'3000/ZZ£ZLI
01£00/6ZO'L6£0/960'5000/0Z0'8600/930'3000/0Z11000/91LTL6
0'6600/930'6510/62O'Z000/620'6510/620'5860/8301710O/6ZTTL6
0'3300/6Z01000/zzO'SL0O/6Z01000/810'3£00/630/000/03SOLE
O'Z000/ZZ0'6000/OZO'ZZOO/630'9860/8ZO'L6£O/9zO'L6£0/9Z6696
0'1000/ZZ0'6000/OZO'g000/ZZ0'1000/ZZ0'6000/OZ0'6000/OZ£696
O'20oo/zz0'3£00/6Z0'8010/6Z0'6000/810'££00/6z0'2000/3 ZL896
0'8300/62O'zooo/630'3£00/6Z0'££00/6Zo1'ooo/oz0'6000/031896

0'££00/620'3£00/6Z01,100/6Z0'6000/OZ0'3300/620'1000/91SL96
0'9000/9z0'67,00/8Z0'8000/920'8Z00/6Z0'9690/930'5900/926996
0'LZ00/8Z0'1200/630'8200/6z0'8000/9301'000/OZ0'8000/92£996
0'3£00/630'8000/9Z0'6000/6Z0'6000/630'1000/OZ0'6ST0/6ZL596
0'3000/zzO-zooo/OZ0'8300/6z0'8000/93O'8zoo/6Z0'2200/631596
0'ol00/OZO'fi5i0/63O'6510/6Z0'£000/620'££00/6ZO OOO/915696
0'5900/920'LZ00/8Z0'8000/930'9000/920'6300/8Z0'3£00/6Z6£96
0'9690/990'£000/ZZ0'8000/9Z0'8010/6Z0'5300/9Z0'TZ00/6z££96
0'80T0/6ZO'8300/6Z0'£000/ZZ0'1300/6ZO'80T0/62O'LZ00/SZLZ96
0'TTO0/9ZO'L000/6301£00/9Z0'6ZO0/8Z0'9Z00/9Z0'80T0/6z1296
0'0100/9ZO'8Z00/630'5900/920'9000/92O'LZZO/9301000/815196
01000/OZO'ZZ0O/630'3000/9103,000/8111000/80O1000/0Z6096
O'6T00/8Z0'6000/63O'£TTO/SZO'L000/8Z0'3000/OZ0115I0/63£096
0'6600/810'8000/92017 TO/63017000/630'5000/ZZ0'8000/93L696
0'8200/63017000/OZ0'9000/92017000/620'9T00/ZZ0'LT00/3Z1656
O'TOOO/ZZ0'5000/0Z0'5900/830'0£30/8Z0'£000/ZZO'0£ZO/SZ5856
T10O0/Z001000/9101'000/OZ0'5000/0Z0'5000/ZZ017000/816LS6
017000/8111000/ZO11000/80017000/810'6000/oZ0'££00/63£LS6
03,000/810'5000/ZZ017000/81O'£T00/6Z017000/810'9T00/33L986
0'£100/990'5900/930'1£00/830'0L00/8Z0'9010/8Z0'9690/931956
0'5900/830'££00/8Z0/000/630'0100/8Z0'5000/8Z0'ZL10/835556

0'£000/6Z0'3300/630'3300/630'1300/6ZO'OT00/9Z0'£000/936656
0'9000/920'9690/920'9000/630'8000/93017000/OZ0'6000/OZ9656
O'Oi00/8ZO'£T00/9ZO'Z600/SZ0'0530/8Z0'5000/SZO'TT00/9ZL£56
0'9690/9201M/9301'500/830'9930/9Z0'9000/930'2£00/6zT£S6
0'L000/6z0'9000/6301'000/810'£100/9z01000/6ZO'L000/62SZ56

106 ( 'saa gg) - -gajyrvdygpt6}g uo*49;uoi;aunj- g xtpuaddy •g•g



0/000/800'8000/9201000/6101000/610'L6£0/960'L6£0/961466

0'6600/660'2000/6301000/0601600/660'6000/660'6410/624666

O'L6E0/960'2000/630'8000/92O'9ZOO/9Z0'2000/660'£000/666£66

01600/620'6000/0201000/060'5600/960'2000/660'2000/06££66

0'4000/020'6000/060'6600/66O'L690/960'£000/6201000/66L666

0'6600/660'2000/6601000/800.1200/620'8000/920'£000/621266

0'6600/660'£000/660'6T0O/630'2200/630'££00/620'8010/624166

0'2£00/6Z0'6600/620'£100/6Z0'6100/630'££00/630'9000/926066

0'4900/920'6000/630'££00/610'6000/620'6000/061'1000/60£066
0'6600/920'3300/660'EE00/630'£000/660'4000/020'4000/66L681'

01000/6T017000/020'2000/660'£000/660'4000/6301000/811686

0'6300/6601000/6T0'1000/ZO11000/610'9000/060'2000/034886

0/000/8101000/3011000/610'2000/060'3E00/6301'100/636L81'

O'ZZ00/6ZO'TZ00/6Z0'6100/660'££00/6Z0'6000/OZO'2£00/6Z£L86

0/000/8001000/30017000/630'£000/330/300/62017000/02L981'

0'6600/630'£000/330'3300/630'6300/6301300/63O'££00/661986
0'£000/630'£100/660'6£00/6301,000/810'3000/9101'T00/1'39986

01000/0601300/620'2300/620'9000/0201000/600'1000/806681'

01000/9101000/910'2000/630'6600/660'££00/630'8000/92£686

0'8600/960'£000/630'£000/660'2300/660'8600/960'4860/83L£86
0'9860/820'£000/360'9600/930'6600/92O'£L60/86O'£L60/831£86

0'8600/92O'3300/63017000/020'L6£0/960'4860/820'6000/8T4686

0'8010/660'1000/660'2300/63O'6300/630'9860/820'9860/826186
0'1600/630'£000/630'£000/ZZ0'9300/920'6190/83O'L190/83£186

0'LT90/86017190/860'4000/360'£000/630'£100/630'6000/66L086

03,000/81017000/810/100/6201000/66016E0/9601000/801086

0'1' T0/1760'££00/620'2200/66O'Ei00/620'2000/910'2000/6646L6
01000/660'8000/92017000/020'£000/630'££00/6603,100/66682.6

0'8300/630'8000/930'6100/6201000/6601000/210'8300/66£8L6

0'9600/930'9300/930'££00/620/7100/1730'3300/6301000/912.2.2.6

0'2300/630'9600/920'8600/920'6000/030'££00/660'9000/3312.2.6

0'9000/630/7100/660'£900/66017100/66(18600/660'8600/9399L6
0'6600/930'9000/ZZ0'££00/630'2000/030'9L00/1'601000/6669L6
0'8600/930'£000/61O'£L60/830'9600/960'£000/630'£100/66E9L6
0'3000/610'££00/630'£000/33017100/660'9000/030'6910/66L1L6

0'£000/630'3200/660'3000/630'4000/330'3300/630'6300/6216L6

(saa asg8) saafpuady •g606



O'OIOO/ozo'oTOO/ozo'2£00/63o'z£oo/6zo'2EOO/63o'6TOO/6zan
O'zZOO/63O'9TOO/3z0'3300/63O'SLOO/6ZO'LZZO/930'6£00/6ZT9TS

O'SL00/6ZO'LZZO/930'3200/630-1000/910'1000/OZ0'1000/OZ9919

O'LTOO/ZZO'ZEOO/6Z0'9T00/ZZ0'6000/0201,000/8101,000/816619

0'1000/33O'LTOO/ZZO'T992/830'5600/930'6100/630'5000/639615

0'9900/630'8600/920'8600/960'6999/860'£000/630'SL00/63L£T2

0'8600/9207900/630'8600/96T'1000/310'1000/6T0'6000/911£T9

01000/910'9100/330'££00/660'££00/63O'LT00/ZZ0'9000/6397,19

03£00/630'5000/OZo'6T0o/6Z0'8600/96O'LTOO/Z30'2600/93611 2

o'E£oo/6Z0'3£00/63o-zzoo/6Z0'£000/66O'2Loo/630'SLoo/6Z£TTS

0'8600/930'6300/630'£000/660'5000/03O'SL00/630'SL00/66L015

0'£000/6ZO'SL00/63O'SL00/630'6000/O60'6600/660'L100/661015

0'9100/66017000/060'6000/66i'TOOO/ZT0'9100/6601000/6T5605

0'5000/ZZ0'££00/630.6900/6601,000/810'6600/660'£000/666805

0/100/660'5000/0Z0'£000/630'6600/630'£000/660'6600/66£805

0'££oo/630'3£00/6ZO'LZZo/9Z0'6100/66O'LT00/ZZ0'£000/Z3LLOS

0.6600/630'L330/96(12100/63017100/63017100/660'6200/66TLOS

O'ZZ00/63017000/810'2000/660/000/060'£000/ZZ0'5000/665905

0'5000/660'6000/0601600/6601000/060'5000/060'6600/636505

01000/0601600/6301600/660'6100/660'6000/6601000/312909

01000/9101000/0601000/6101000/610'£200/660'8600/96L605

0'5000/660'5000/660'££00/630'9T00/660'2000/660'8600/96T605

02600/960'2100/66022.00/66022.00/63022.00/630'8600/965905

0'9600/910'8600/960'5000/660'2200/6311000/3103,100/636205

07000/910'1000/0601600/660'L100/6601000/060'6600/66£605

0'9100/6602000/060'8600/9601992/860'6592/86022.00/662.109

0'2000/630'2000/660'6600/660'8600/960'699£/860'6200/66IT09

02300/9601990860'6600/6602200/6602200/660'9000/665005

O'SLoO/660'6£00/660'6000/660'6600/660'2100/66022.00/666666

0'2000/63O'SLOO/610'6600/660/000/0602000/0101600/662666

0'6600/630'6000/060'6600/660'6600/660'6000/330'1000/O62866

0'5000/0Z0'5000/ZZ0'2000/61017100/660'2000/630'6000/661866

01,000/8101000/66O'E260/860'6600/660'1000/O6017100/66SL66

0'8600/9201000/610'6300/66O'6600/66O'6600/66017100/636966

02000/6601000/66017000/060'6000/66017000/0601000/809966

03,000/810'6200/66O'8600/6602000/3302000/6601000/06L966

£06 (eaap.saa gg)-20-g apgrndsgpt6tyuo'°a1 uotlaunj-g xtpuaddy -g-8



0'5000/zzo'z£oo/tz0.8000/zz0'1000/ozO'tloo/72o''sto/'zeggs
0'i000/zzO'tooo/OZ0'1000/OZ0'7000/8T0'£000/zzo'zzoo/'zLm

0'5000/0 z0'5000/zz11000/910'£000/ZZ1'2000/910'6100/6zILES

0'££00/tzO'Z£oo/tz0'i000/OZT'I000/ZTo oo/'ZT'Tooo/ZTg9£S

0'6000/810'2£00/6Z0'£000/'20'6000/810'8000/92T'1000/zi68£5
0'6100/'Z0'6000/0Z0'£000/7ZO'ZZ00/tZO'S'00/9Z0'61'00/92ESES

0'8010/620.8v00/9Z0'6600/920'9L00/1'z0'8600/920'SL00/1'zL14 S

0'2000/zZO't100/1'z0'2£00/'Z0'2000/0z0'5000/0 z0'0100/0ZT64 S

O'LT00/ZZ0''100/77,O'1200/'z0'0100/0Z0'5000/ZZ0'2000/ZZMg

0'6000/0Zo ooo/zz0'£000/1'20'2£00/7zO'61oo/tzO'LTOO/ZZ6ZES

0'9100/ZZO'Zzoo/1'z0'££00/'ZO'£00o/zzO''T00/'Z0'5000/zz£Z£s

0'6000/81O''ooo/OZ0'2£00/1'z0'9000/zz0'2000/9Io sooo/ozLIES
o''TOO/'Z0''000/7Z0'5000/07,0'5000/OZO't100/1'Z0'8600/9Z1199

0'6t00/9Zo*zzoo/1'z0'££00/1'zoi'ooo/sio'LT00/ZZO'z£oo/1'zgoes

0'1000/OZ0'£000/ZZ0''000/OZ0'5000/0Z17000/9117000/9T66Z9
03,000/810'L6E0/9Z0'£L70/8Z0'5860/8 Z0'581'0/8Z0'8700/9ZE6Z5

0's8'0/8ZO'SZ00/9z0'8600/920'2£00/7ZO'7TO0/tz0'2000/ZZLSZg

O-zooo/ZZ0'0100/OZO'zzoo/'2O'L1oo/zz0'7100/'z0'8200/'ZIsm

0'££00/7ZO'7ooo/1'z0'1000/zzO''ooo/Oz0-ccoo/n0-1000/ozgas
03,000/81.0'5000/020'2£00/1'ZO17T00/'Z0'2000/ZZ0'2200/'Z6929

0'SL00/'z0'gL00/7z0'SZ00/920'5860/820'8700/9Z0'5200/9z£928

0'£Lt0/8Z0'8600/920'6'00/9z0'S860/8z0'5860/820'8600/92LSZS

0'£L'0/860'gL00/7Z0'920O/9Z0'8'00/9Z0'£000/1'z0'2200/'21929
0'5000/zz0'£000/1'ZO'gz00/9Z0'£000/1'z0'££00/620''910/6Zg'ZS

01000/0z01000/810'1000/OZ0'gz00/9z0'£000/Z20'8700/926£25

0'9100/zZ0'5000/0g017100/'ZO'3z00/'Z0'2£00/1'z0'2000/91££z5

o ooo/OZo iooo/ZT0'1000/020'9000/OZ0'2£00/7ZO'ttoo/tzLZZg

0.2£00/'Z0'8'00/9z0'2£00/1'Z0'£000/'Z0'9100/ZZO'LT00/ZZTZZg

0'2£00/1'z0'1000/OZO'£1oo/'zO'Zooo/zz0'1000/02O''ooo/OZSTZS

0'L100/ZZ01000/ZT0'1000/ZT1'1000/Z10'££00/720'9100/ZZ60Z9
017100/103,100/7Z0'5000/0Z017100/1'Z0'££00/'20'689£/82£0 ZS

O'LZZO/9Z0'£000/ZZ0'5000/020'9000/ZZO'L100/ZZ0'9100/ZZL619

0'0100/0z0'9000/0z0'1200/620'9200/92019908Z017100/'2161g
0'££00/'20'£000/1'ZO'LZZ0/9zO'SL00/1'zo cooo/zz0-sooo/O29818
O'gooo/zzo-zzoo/1'Z0'£100/7Z0'£1oo/1'z0'£000/2Z0'7000/816L1S

O'Z000/0Z0'8'00/9zO'gooo/zz0'£000/1'zO'T000/0Z0'£000/ZZ£L Is

(-!1'A n9g) pu V '8to'



01000/ZZ0'SZ0O/'Z01000/Z10'8'00/92O'9Z00/9Z0'000/926699

0.000/920'£000/zZ0'SL00/'2O'9L00/'ZO'8'0O/9Z0'1000/OZ£699
0'9000/0Z0''000/0z0'z000/911/000/91T'Z000/910'1100/'ZL899
0'5000/OZ0''000/0z0'5000/OZ0'98'0/820'58'0/820'£LVO/821899
0'98'0/820'9200/9Z0'5'00/9Z0'9200/9zO'5'00/9Z0'££00/1i z9L99

0'8010/'Z0'6'00/920'9L00/'Z0'2000/ZZ0''100/'Z0'8Z00/16999
o'zooo/'zo''Ioo/'zo'££oo/'zo''9TO/'zo'Pooo/ozo'z£oo/'z£955
O''TOO/'2O'ZZOO/'ZO'zo00/ZZ0'9000/0Z0''000/07,0'98'0/82L999

o'£L'O/SZ0'58'0/8z0'8'00/9z0'8010/'Z0'8'00/9zO'9z00/9z1959

O'SZ00/9Z01000/810'5000/OZ0'5000/OZ0''000/OZ0/000/80Mg
0/000/0207000/910''000/810'2000/ZZ0'5000/0Z0'2000/ZZ6£99
01000/OZO'ZZ00/'Z0'5000/0Z0'000/920'9L00/'Z0'8'00/9Z££99

0'81'00/920'£L'0/820'81700/920'98'0/820'9200/920'£L'0/8ZL255
0'000/920'8'00/92O'9L00/'Z0'100/'Z0'£000/'Z0'5000/7,21999
0'5000/zzo-lzoo/'201000/oz0'5000/ozO'TZoo/'z01000/OZ9199
0'2000/ZZ0'2000/OZO'TZ00/'z01000/oZ0'5000/OZO'Z000/ZZ6099

0'9000/020''000/8TO''IOO/'Z0'££Oo/'zO''I0o/'zo ooo/zz£o99

0'2£00/'Z0'£000/ZZ0''100/'Z0'9000/ZZ0'£000/ZZ0'0100/OZL09
0'£000/?20'£000/ZZ11000/900'2000/020'1000/Z10'2000/ZZ1619

0'1000/zz0'8'00/9Z0''100/'Z0'££00/'z0''100/'Z0'££O0/'z98'9

0'2000/OZ0'££00/'20''000/OZ03,000/810'1000/ZZ0''000/OZ6L19
0'98'0/SZO'9Loo/'Z0'9000/OZ0'£000/ZZ0'0100/0z0'9000/zz£L'9

0'0100/OZ0'£000/ZZ11000/8001000/z00'17100/17z0'2000/ZZ2.9179

0'9100/220'2200/1'Z0'0100/020'2000/9101000/0z0'2000/9119179
01000/910.2000/ZZo Tooo/ZZ0'1000/OZ0'£000/zz0'9200/9299175
0'81'00/920'9200/920'61'00/920'9900/920'8010/1'z0'9000/0 Z617179
0'2£00/'z0''000/8T0'2000/ZZ1'1000/SOO''ioo/'z0'££00/'Z£"9
0'9000/0 Z0'17000/0Z0'9000/0z0'1000/810'£000/ZZ1'1000/802.9179
O'L6£0/9ZO'9LO0/'z0''910/'20'££00/'z0'££00/fiZ0'9000/ZZI£'9
0'9000/ZZ01000/zi0'££00/'20'8200/'z0''000/'Zo-fooo/OZ92'9
01000/OZ0'9000/220'2£00/'Z0'9000/ZZ0'5000/0ZO'ZZ00/'z61179
0''100/'Z0'1200/'ZO'ZOOO/9T0'1000/z00'9000/02O'120O/'Z£T'9
01200/17Z0'ZZ00/'Z01000410'£000/ZZ0'81700/9Z0'61700/922.0179
0'8010/1'Z0'9200/920'81700/920'9200/920'5'00/9Z0'6'00/9Z10179
0'9L00/17Z0'81700/9211000/ZO010O/1720''000/OZ0'2900/'z96£9
0'2900/17ZO'£TOO/'Z01000/910'1200/1720'2200/'20''000/OZ68£9

90'(823. n 88)"ao-8 a;PModig p!6iguo '0r;uoS3aung-g xspuaddy •g•g



0'1000/2o0'5000/z20'1000/OZ0'1000/oz0'LTOO/ZZ017100/12ST85

0'1000/0ZO'£000/6Z0'££00/1zO'LZZO/9ZO'SLO0/1ZO'LZ7,0/926085

0'2200/120'£000/1z017000/020'1000/910'9100/zZ0'1000/02£085

0'2£00/12O'2£oO/1z0'£000/VZ0'1000/OZ0'5000/ZZO'ZZ00/1zL6L9

0'0100/030'5000/ZZ0'5000/0Z0'7,000/7,20'2000/7,Z0'1000/OZT6L5
0'z£Oo/1z0'5000/020'££oo/1Z0'££Oo/1Z0'1000/80o 17Too/1Z58L5

0'5000/z20'1000/OZo'£OOO/ZZ0'2000/OZ0'£000/ZZO'5000/ZZ6LLS

0'5000/ZZ0'0100/OZ0'0100/OZ0'1000/810'5000/ZZ0'1000/ZO£LL9

0'£000/ZZ03,000/810'1000/810'1000/OZ0'1000/900'1O00/Z0L91.5

1'1000/80017000/81T'io00/800'1000/ZO0'1000/Z10'5000/z2T9L5

0'2000/ZZ0'9000/ZZO'ZOOO/ZZ017000/OZ0'1000/81017000/81Mg

0'£000/ZZ0'2000/9117000/901'2000/911'1000/900'1000/Zi61L5

0'5000/OZO'1T00/120'1000/zi0'1000/Zi0'1000/810'0000/OZ£115

017100/120'££00/1z017100/120'££00/120'5000/0Z0'0000/21Mg

0'9810/8ZO'£L10/8Z0'8100/9Z0'5200/920'8100/9Z0'6100/9Z1£L

O'SLOO/120'8100/92O'9ZOO/9Z0'6100/92O'8010/1ZO'SLOO/1zSZLS

0'£000/1z0'2000/910'1000/810'5000/0Z0'£000/1ZO'ZOOO/ZZ61L9

0'1000/OZ0'£000/1Z0'0000/200'££00/1ZO'£000/ZZ0'£000/ZZ£1L9

0'1000/81O'9Z00/9Z0'£000/22O'ZZ00/1z0'1200/1z0'6100/92LOLS

0'1000/0Z0'5000/0Z0'5000/OZ03,000/8103,000/810'1100/1zTOLS

0'££00/1Z017000/81O'Z000/ZZ1'0000/Zi0'8000/920'2£00/1Z5699

O'ZZ00/1Z0'£000/1z0'5000/9Z0'2000/OZ017510/120'8Z00/1Z6899

0'1000/zzo'z000/9T0'2000/OZ0'1200/1ZO'ZZOO/1ZO'1IOO/1Z£895

o ooo/02O'zooo/zz0'1000/12O'ZZoo/1Z0'£000/1ZO'zooo/ZZLL95

o'z000/OZ03,000/02017000/02o'Z000/OZ0'£000/ZZ0'2£00/12TL99

017100/120'££00/12o'Z000/ZZO'z000/oZ017100/12O'iZOO/1z5995

017000/OZ0'2000/ZZ07£00/12O'T000/OZO'81OO/9Z0'8100/926599

0'9Z00/9Z0'5200/9Z0'8100/920'8100/920'8100/920'L6£0/9Z9595

O'L6£0/9ZO'L6£O/9ZO'L6£0/9ZO'9Z00/9ZO'S100/9Zo'9L00/1ZL199

0'8100/920'97,00/9Z0'£000/120'2£00/17,0'2000/ZZ0'2200/120,99
o'£ooo/1zo'2zoo/1zo'££oo/1zo'zzoo/1z0'2000/zz0'2000/zz5£95

0.5000/020'5000/oz01000/910'1000/ozo'££oo/1z01000/oz6295
o'z000/oz0.1510/1z0'z£o0/12o'lzoo/1201000/110'5000/22£299
0'9000/120'££00/1z0'2£00/1Z01000/810'9100/ZZ031000/80LT99

01000/8001000/8001000/ZT017000/120'1000/OZ0'2000/oZIT99

0'1000/OZO'2ZOO/1Z0'5000/02O17000/OZ0'2000/OZ0'0000/ZZ5095

( ,swnS)puady s901



0'£000/fiZ0'2200/fig0'1000/800'1000/fitO'9T00/ZZO'LT00/ZZ1£09

0'L100/2Z0'17100/fiZ0'9100/3Z0'2200/fit01200/fiZ0'1300/n9209

0'3000/320'17000/8T0'1000/ZT11000/ZT0'1000/OZ0'8£00/fiZ6109
0'£100/%Z0'%100/fiZ0'17100/1720'9000/gg0'8£00/fig0'9000/gg£109
0'£000/fiZ0'3£00/fiZ0'£000/ZZ0'5000/ZZO'fii00/fiZ0'£000/22L009

0/000/030'9000/Zg0'8100/fiZ0'1000/801'1000/800'3000/ZZ1009

01000/gj0'9000/010'1000/31T'1000/ZI1'1000/310'98 70/829669
0'98170/830'1000/ZI0'8100/fig0'2100/620'83700/920'ZZO0/fiZ6865
0'3300/n0'£000/gZ0'17000/OZ0'81'00/910'2000/910'81700/92£869
0'81700/910'5100/9Z0'9000/gg0'0T00/Og0'0T00/Og0'8P00/98LL69
O'9L00/fiZO'8fi00/9gO'9L00/fiZ0'9200/92O'8fi00/9Z0'£000/ZZIL69
O'9Z00/9Z0'81700/9201000/0ZO'fit00/fiZ0'££00/fiZO'ZZ00/fiZ9969

O'£T00/fiZ0'2£00/fiZ0'1200/fiZO'1200/3'Z0'17000/OZO'ZZ00/fiZ6969
1'1000/210'2000/ZZ0'981'0/8Z0'ELP0/8Z0'9860/820'981'0/82£969
0'98170/820'£Lfi0/8Z0'9Z00/9Z0'81700/920'1000/OZ0'9200/92L1769

O'LT00/ZZ0'EE00/fiZO'9T00/ZZ0'1000/OZ0'17000/0Z0'1000/0ZIfi69

0'1000/g00'3200/fiZ0'£000/fiZO'gg00/fiZ0'£000/fiZ0'8200/fiZ9E69
0'£000/fig0'8010/KO'9LOO/fiZ0'61700/9ZO'ZZ00/fiZ0'2200/fiZ6269
0'9000/0Z0'17000/8T0'2000/OZ0'9000/0Z1'1000/800'1000/OZEZ69

0'2000/ZZO'8J00/9ZO'6fi00/9ZO'9L00/3'Z0'££00/K0'££00/fiZLT69

0'2£00/fiZ1'1000/gi017100/fiZ11000/ZO0'8600/920'£000/ZZIT69

017100/fiZ0'1£00/fiZ0'E100/fiZ03,000/811'1000/ZT0'2000/919069
01000/80017000/OZ0'2800/fiZ0'17100/fiZ0'2200/fiZ01Z00/fig6689

0'2000/ZZ0'2£00/K0'2100/fiZ0'2000/OZ0'0100/OZ0'2000/OZ£689
0'2000/ZZ0'83'00/9201992/820'6990820'£000/ZZ0'£000/ZZL889
0'1200/fiZ0'ZZ00/fiZ0'2000/fiZ0'1000/030'1000/030'9000/OZT889
O'LT00/330'9100/ZZ0'2£00/fiZ0'£000/fiZ0'1200/figO'ET00/fiZSL85

0'3300/fig0'1300/fiZ0'£000/P30'81700/92017100/1730'6992/826989
O'ZZ00/fiZ0'3£00/fiZ0'199£/830'3300/fitO'9L00/fiZO'9L00/fiZ£989
0'2200/fi30'9L00/1-30'81700/920'9L00/fi30'£000/1730'9000/02L989

0'9000/030'1000/OZ0'6000/810'9L00/1730'9200/920'9L00/173T989
0'81700/920'81700/930'9200/173O'9L00/1730/7000/010'5000/2g91789
01000/91(19000/02(12200/173(181700/910'2000/3301300/1736289

0'1000/800/7000/0301000/80017000/8101000/8001300/63EE89
0'2000/330'2000/173O'2330/930'£000/173O12330/930'8800/1732389
O'LZZO/9Z0'1000/03O'9L00/fiZ0'2£00/72O'LZZO/910'2£00/72IZ89

LOfi (saai as gg)stuao-g a;s;jvdig psSig uo 'se;uos;au+j- g xipuaddd •g•g



o'LZZO/9zo'LZZO/9zo'SOOO/zz0'01OO/ozo'9000/zzo'EOOO/zzan
0.9000/zzo'EOOO/zzo'SLOO/6zo'SLOO/6zo'oTOO/oz0'9000/zzI6z9
0'5000/zz0'£000/zzO'£0oo/zz0'9000/oz0'9000/z7,0.9000/zz9£Z9

0'9LOO/67,0'£000/67,0'9000/7,Z0'9000/7,Z01000/7,Z0'2000/07,6zZ9

0'7,000/910'9000/7,Z03,000/020319T0/6Z0'1000/810'££00/62£ZZ9

017100/62O'ZE00/62017100/67,0'££00/67,o ooo/Z7,0'9000/0 ZLTZ9

0'2000/OZo-zcoo/67,0'i000/OZ0'1200/62o*lzoo/67,o*zzoo/67,TTZ9

0'££00/67,O17100/6z017100/67,0'£000/zz0'z£00/67,0'7,200/62907,9

0'9000/OZ0'9000/67,0'7,000/7,Z0'9000/0Z0'£100/67,01000/67,6619

0'9000/7,ZO'7,7,00/67,01000/OZ0'1000/OZO1'T00/6Z0'LTO0/7,Z£619

0'£000/7,Z0'1000/81017000/OZ0'6000/OZ017000/OZ0'1000/zzL819

01?000/07,0'0100/OZ0'9100/z7,0'£800/67,0'1000/801'1000/7,11819

0'5000/o7,0'1000/800'9000/07,viooo/2T0'5000/zz0'2£00/67,SL19

0'9000/22o-zzoo/620'7,000/Z7,0'7,£00/67,0'6000/OZ0'£100/67,6919

0'2£00/67,017T00/6z017000/620'9900/920'£L61/87,0'9000/92£919

017L61/8Z0'££00/620'££00/67,0'£000/Z7,017100/62017000/62L919

O'ZZ00/67,0'££00/67,0'6000/OZ0'2000/02o ooo/9zO'zZ0o/67,1919

017100/620'ZZ00/67,0'8000/97,O'i300/67,017100/6Z0'£000/629619

0'2£00/67,O'ZZ00/67,017000/67,03,510/67,017000/62017L61/8Z6E19

0'ELp1/87,0'5900/920'9000/9201000/810'2000/020'8200/62£E19

O'7,000/OZ01000/02017000/810'7,000/7,Z0'1000/7,1O17TO0/6ZLZ19

0'££00/67,O'zZ00/67,O'iZoo/67,0'£000/62O'zz00/6z0.1000/6TTZT9

017000/OZT'i000/800'1000/800'£000/67,O'7,200/67,03,100/6Z9119

0'7,£00/67,017100/6Z0'£000/620'9000/67,0'9000/Z7,0'7,£00/67,6019

0'£000/7,Z017100/6Z0'££00/6z0'££00/67,0'£000/Z7,017000/81£019

0'6000/OZ0'1000/7,Z017000/07,03,000/07,0'1000/7,Z0'£000/67,L609

017000/810'Z000/7,Z0'1Z00/67,0'1000/OZ0'17,00/67,O'ZZ0O/67,1609

0.2200/67,O'£0oo/6zo*zooo/zzo'zz00/6zo'zzoo/67,o'£ooo/zz9809

0'9000/zz0'9000/7,Z0'£000/zz01000/zz0'£000/220'z£0o/67,62.09

0'90001ZZ0'8010/62031000/07,017000/620'£000/z7,0'£000/z7,EL09

0'EE00/620'8010/620'£000/7,Z0'z000/z7,0'5000/7,z0'9000/o7,L909

0'£000/7,Zo17ooo/oz017000/81.o-zcoo/67,01000/800'1000/7,O1909

017,00/67,03,000/810'2000/07,01000/7,Z0'8Z00/67,01000/6T9909

0'9000/67,O'Z000/910'2200/67,O'SL00/67,O'SL00/67,O'z000/916609

0/000/910/000/07,o'zcoo/6z0'5000/OZ0'6100/620'£000/7,Z£609

O17i00/6Z0'££00/67,0'1000/7,1o-zooo/7,Z0'1200/62017000/81L£09

(saaspaa gg)sarspuady •g806



0.1000/07,017100/177,0'5000/7,Z0'7,£00/i7,0'9100/7,Z0'Li00/7,Z£979

O'7ioo/V7,0'5000/OZ0'5000/OZO'Sooo/7,z0'5000/37,O'zooo/OZL579
O'Li0O/7,Z03,100/V7,O'91O0/7,Z1'1000/7,O0'1000/8TO'Z000/91TSV9

017000/810'1000/OZ0'Z000/060'SL0O/V7,0'57,00/97,0'8700/97,SVV9
0'8170O/97,0'659087,O'SZ00/97,0'199£/8Z0'8600/97,0'57,00/97,6979
0'8700/97,O'8VOO/97,0199E/87,O'SV00/97,0'659£/87,O'SL00/V7,Mg
O'SL00/V7,O'SLOO/177,O'SL00/V7,O'SLOO/V7,O'81700/9gO'SZ00/97,L7,9
07£00/V7,0'£000/V7,O'LZZO/97,O'LZZO/97,O'£000/V7,O'ZZO0/V7,17,79

0'9000/OZO'zcoo/V7,o'£ooo/V7,0'7100/77,0'££O0/173o'Z000/Z7,Si79

O'SLOO/V7,O'SLOO/V7,0'5000/7,Z0'£000/V7,O'Z000/o7,03,000/07,6079
0"71OO/V7,0'7,£00/V7,O'ZEOO/V7,0'9100/7,7,O'L100/7,7,03,100/V7,£079
01,000/81O'7000/07,0'5000/7,ZO'ZEOO/V7,O'£000/7,ZO'ZZOO/V7,L6E9

0'5000/7,Z0'7,EOO/io'zZOO/V7,0'5000/7,Z0'7100/77,O'E000/7,Zi6E9

0'1000/7,i0'£000/7,Z0'0100/o7,0'5000/7,Z0'5000/7,Z0'£000/7,Z58£9
0'5000/7,Z0'£000/V7,03,000/81O'7,7,00/77,O'LZZO/97,O'ZL£9/87,6LE9
O'8LE9/SZO'SLOO/V7,O'LZ7,0/97,0'3000/91O'ZEOO/V7,O'LZZO/97,EL99

O'ZLE9/S7,O'SL00/V7,O'LZZO/97,0'5000/7,Z0'£000/7,Z0'5000/z7,L9E9
0'5000/7,z0'5000/7,zo'EOOO/7,zo'£ooo/7,z0'0100/oz0'9000/7,zT9E9
0.0100/ozo'Eooo/7,z0'5000/7,Zo'7,Eoo/177,o'17Too/177,o'zEoo/177,s5E9
0.7,£00/77,o'ZEOO/177,o'7,EOO/77,0'7000/o7,017000/oz017000/8167£9
o'E£oo/77,o'EEoo/77,o'zzoo/177,o'z£oo/77,0'9100/z7,0'17100/77,£VE9
O'L100/67,O100o/OZ0'7,7,00/V7,0'7000/810'1000/OZO'TZOO/77,LEE9

o'zzoo/V7,o'Zooo/OZ0'7000/07,0'1000/7,ZO'ZZoo/V7,o'izoo/V7,i££9

0'5000/7,zo-zzoo/77,0'7000/810'1000/o7,O'E£OO/77,o'7Too/77,S7,E9
1'1000/7,T03,000/810'17000/810'££00/V7,0'7000/OZ0'9000/07,61E9
0'1000/7,TO'SZ00/97,0'57,00/9Z0'8700/97,0'817oo/97,o'£ooo/177,£i£9
01000/91O'Z000/9T0'7,7,00/77,0'1000/7,0O'Z000/7,Z0'£000/V7,LOE9
0'£000/V7,0'5000/07,0'8010/1730'6700/97,o'SLOO/177,O'8VOO/97,TO£9
O'9ZOO/97,0'7,000/7,Zo'VioO/173O'Z000/OZ0'9100/7,Z0'£000/17g5629
0'900o/0Zo'zooo/7,Z0'5000/OZo'SLOO/VZ0'61700/97,0'5000/o7,687,9

0'7100/V7,O'LTOO/7,Z0'££OO/77,0'£000/7,ZO'zo00/OZ0/000/80£87,9
0'7,000/7,Z0'90o0/0Z03,000/oZ0'£000/7,Z0'7,7,00/V7,O'IZOO/V7,LLZ9
O'£0o0/7,Z0'7,000/7,Z017000/030'1000/7,30/000/330'6000/33ILZ9
0'5000/07,0'900o/OZo'z000/33o'7Too/V7,0'7ooo/OZ0'17510/77,5939
0'3000/910'57,00/97,0'9000/V7,0'L360/93o'L33O/97,0'17000/036539
01000/o3O'SLOO/V7,o'SLOO/V7,O'SLOO/V7,0'8700/96O'SL00/173£539

607(-!7-+aa 99)etuaQ-gapiodyg pAsyuo 'dc; uoy;au+d- g xspuaddy •g•9



0'TZ00/120'17100/fiZ0'£000/ZZ0'8000/920'£000/ZZO'17910/fiZ62.99

0'£000/ZZ0'17910/1720'£000/fiZ0'6100/8Z0'1600/8Z0'6100/8ZEL99

O'TL00/8Z0'17000/%ZO'fi9T0/fiZ0'£000/fiZ0'£000/fiZO'590O/SZL999

0'££00/82O'iiSTO/fiZ0'2200/fiZ0'1200/fiZ0'17100/fiZO'6600/8ZT999

O'LT00/ZZO'9100/ZZ0'1200/fiZO'TL00/8ZO'TZOO/fiZO'OLOO/SZ9999

0'£000/KO'8fi00/9ZO'TZOO/fiZ0'2200/fiZ03,900/82O'£TTO/8Z61799

0'££00/fiZ0'17100/fiZ0'5000/OZ0'1200/fiZO'LZOO/SZ0'1000/OZEfi99

0.0100/020'££00/fiZ0'9£00/fiZO'TZ00/fiZO'ZZO0/fiZ0'2200/fiZLE99

0'17000/fiZ01000/8001000/ZO0'91700/9Z0'L1OO/ZZ0'9100/ZZ1999

O'9L0O/fiZ0'9000/OZ0'£000/ZZ0'£000/fiZ01000/910'61700/8ZSZ99

0'9900/820'1000/220'O£30/8Z0'££00/8Z0'£900/1' ZO''L171/8Z6199

O'£LfiT/83O'Z000/OZO'1000/0Z0'17000/17,0'17100/fiZO'£L17T/8ZET99

O'fiLIT/SZ0'17100/K0'17100/fiZ0'££00/K0'2000/ZZ0'2000/ZZL099

0'2£00/K0TOO0/8T0'2000/3 Z0'££00/K0'9000/920'9900/92T099

0'200047,O'8Z00/fiZ0'17000/OZ0'1000/ZZ0'2000/0Z01000/ZZ9699

0'17000/K0'££00/K0'2000/Z7,O'T000/ZZ0'17100/fiZO'fiTOO/fiZ6899

0'3£00/1720'Z000/ZZ0'8100/fiZ0'9000/920'2£00/fiZ0'17000/fiZ£899

O'ETOO/fiZOTT00/fiZ0'17000/8T0'5000/OZ0'££00/K0'£000/fiZLL99

O'ZE00/fiZ0'9000/02O'fiS00/SZ0'1£00/SZ0'6000/fiZ0'9000/92TL99

0'9100/7,Z0'0L00/8Z0'9900/920'L100/Z20'9010/8201800/829999

0'2000/ZZ0'9000/9201000/910'££00/17Z01200/fiZ0'17000/fi7,6999

0'££00/K0'17100/1720'2000/OZO'ZZ00/fiZ0'£100/n0'8200/fiZ£999

0'17000/fiZ0'1000/ZZ0'9000/0ZO'ZE00/fi7,T'T000/ZO0'1000/ZTLfi99

0.9010/8Z0'1800/820'17100/8Z03,900/820'£100/8Z0'9000/ZZ11799

0'ZZ00/1Z0'9000/920'9900/920'1000/ZZ0'£100/920'9T00/ZZ9999

0'1200/fiZ0'0L00/8Z0'9900/920'2200/fiZ0'8000/920'L100/ZZ6Z99

0'9000/920'2000/OZ0'17100/fiZOi'OOO/fiZO'L000/fiZ0'£100/9ZCZ99

0'9000/1301900/9301900/930'L000/17301000/1730'17900/83LT99

0'0900/830'0L00/830'9000/1301000/2301000/3301100/93TT99

0'8000/920'9690/920'2000/172017100/9201000/330'81'00/939099

0'98170/820'ELfO/830'98170/830'98170/820'98170/820'2L170/8366179

0'81700/930'9200/920'81700/920'61700/920'8010/1720'£000/3396179

0'9200/920'9L00/1720'9200/920'61700/920'9L00/1730'81700/922.8179
0'81700/9201000/030'2900/17201000/030'9000/1730'2900/17218179

O'ZZ00/fiZ0'1000/OZ01300/172O'3300/1720'17000/OZ0'9000/OZ92.179

0'£000/220'2000/22017000/020'2000/OZ0'2000/Z2O'£I00/17369179
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O'i'000/fiZ0'2£00/fiZ0'£000/KO-ZOOO/ZZ03,000/OZ0'2£00/fig5689

0'5000/ZZ0'£000/fiZ0'2000/OZ0'££00/fiZ0'£000/fiZO'ZZOO/fiZ6889
0'5000/22.0'17000/OZ0'17100/fig0'£000/Zg0'£000/220'5000/OZ£889
0'8000/920'TL00/820'1L00/SZ0'££00/8Z0'3£00/fit0'££00/SZLL89

0'1000/ZZ01000/ZZ0'fi5T0/fiZ0'17000/OZ0'17510/fig0'2000/fiZ1L89

0'81700/9Z0'81700/930'2£00/nO'ii00/fig0'2£00/figO'ZZOO/fiZ5989

0'6P00/93O'ZZOO/fiZO TOO/OZO-POOO/OZ0'5000/ZZO'SZOO/fiZ6589

0'17000/OZO'171OO/fiZO'ZZOO/fiZ0'5200/9ZO'L6E0/9ZO'£8OO/fiZ£589

0'1000/ZZ0'8000/920'£000/Z20'££00/mO'82OO/fiZO'17100/fiZLP89

O'figi0/fig0'1000/220'17000/06O'SL00/fiZ0'£000/fig0'£000/figTfi89

O'ZZOO/fiZ0'2000/ZZ0'£000/fiZ0'2200/K0'£000/K0'1000/OZSE89

0'8000/92O'L6£O/9Z01000/ZZ0'£000/fiZ0'5000/0Z0'2000/OZ6Z89

0'9900/9Z0100/M0'61700/8ZO'TLOO/8ZO'0£ZO/8Z0'££00/SZ£Z89

0'8000/ZZ0'££00/8Z0'0L00/8Z0'61700/8Z0'0£60/8 Z0'2£00/fiZL189

01000/ZZ0'2000/ZZ0'2200/K0'££00/fiZ0/1700/820'5900/8Z1189

0'5900/920'6000/OZ0'2000/1720'8300/n0'17510/1720'22OO/fiZ5089

O'££00/8Z0'17000/810'17000/1720'TL00/8ZO'LZZO/9ZO'LZZO/9Z66L9

0'12.00/8Z0'TL00/8Z0'£000/K0'£000/K04,510/fiZ0'17510/fiZ£62.9

017510/fiZ0'2000/fi30'5000/Z20'3300/fi30'9530/93O'fi520/932.82.9

0'££00/830'££00/8301100/fi30'1000/030'5000/030'PI00/fi3182.9

0/2.00/520'8000/920'£000/220'3000/910'6000/620'£000/965LL9

017000/020'6000/260'2£00/fi60'17000/030'£000/173(13600/fi3692.9

0'6000/660'8000/920'17500/830'2000/1730'6000/630'3000/06£92.9

0'3£00/fibO'L660/92O'L630/9ZO'L360/960'6£00/fiZO'L330/92LSL9

0'56O0/960'£000/6603,100/1760'£000/1720'5000/060'L7,60/96T9L9

017000/8101'100/1760'1000/800'6£00/1'60'2000/6601000/8051L9

0'6000/0601000/611/000/200'L130/960'2000/060'9L00/fi6622.9

0'5000/660'L660/930'6200/fi601000/200'17100/fi60'3000/91£22.9
0'6000/030'6000/0ZO'SL00/1720'6000/3311000/800'0100/062.62.9

1/000/800'E100/fi601000/800'£000/fi601000/910'6590861629

01990820'6600/fi60'2000/660/000/800'6200/fi60'£000/fi69IL9

01000/0601000/0601000/6001000/060'5000/020'2000/6660L9
0'2000/660'92.00/fi601992/8601000/800'2100/fi60'6590822029

0'9000/fi60/000/020'2200/fi60'5000/66017000/020'6600/fi6

1

2.699

01510/fib0'61700/82011700/860'5000/660'5900/86-0'£2O0/1761699

0'61700/830'2900/fi60'6P00/860'2000/660'0260/820'61700/825899
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0'2200/6Z0'£100/6ZO'JLOO/SZO'££00/8Z0'££00/9ZO'TL00/8ZTIIL
01500/820'Z000/ZZ0'Z000/0Z0'8000/9Z0'5000/OZ0'2000/22SOIL

0'8000/920'9000/9201200/IZO1000/9Z0'5000/ZZ0'£000/6Z660L

o*zcoo/6Z0'2200/%Z017100/IZ0'££00/6Z017000/8101'000/02£60L

0'2£00/8Z0'ZZ00/6Z0'6520/9Z0'9520/9Z0'1200/6Z0'L100/ZZ1.801.

0'0£20/8Z0'2200/6Z0'0£20/8Z0'0L00/8Z0'95Z0/9Z0'9100/221801.

O'6I00/6Z0'6520/9Z0'1000/Z20'1000/ZZO'6TO0/62O'ZZ00/6ZSLOL

0'Z000/ZZ0'2200/620'8000/920'6600/920'8600/920'9010/8Z690L

O'6T00/6Z0'0£20/82O'0£Z0/8Z0'££00/8ZO'ZZ00/6Z0'5000/zZ£90L

0'2£00/6Z0'5600/920'2£00/620'ZZ00/6z0/100/620'£000/62LSOL

0'2200/6Z0'ZZ00/6Z0'£000/ZZ0'6600/920'£000/ZZ0'1200/62TSOL

0'LT00/ZZ0'££00/620'9100/220'£000/ZZ0'2£00/62O'ZZ00/6Z560L

O'TZ00/6ZO1T00/620'££00/6Z0'£000/Z2O'LT00/ZZ0.910OIZZ6EOL

0'2200/620'2200/6Z017000/510'2000/6Z0'1000/OZO'5000/ZZ£201.

0'6000/OZO-zooo/o20'6510/620'5000/220'£000/ZZO'ZZ00/I'ZLZOL

O'SLOO/620'2200/6Z0/100/620'£200/620'5000/ZZ0'5000/0ZTZOL

03,000/0Z01000/800'9000/6Z0'2£00/620'5000/ZZ017000/81STOL

0'£000/620'5000/ZZO'ZEO0/62017T00/620'2000/020'2000/Z2600L
0'2000/Z201000/800'2000/ZZo cooo/220'5000/OZ0'T000/zz£001.

0/100/6201000/ZZ017100/620'££00/6z0'ZZ00/63O1000/1L669

0'2000/ZZ0'2000/ZZ0'2000/OZ0'5000/ZZO'ZZ00/6Z0'8000/92T669

0'6100/620'9000/1 Z0'2000/ZZ017100/62017100/620'£200/625869

0'2000/ZZ01000/ZZ01000/800'£100/6zO'2000/ZZ0'5200/6Z6L69

0'2000/9T0/000/800'2200/6z01000/80O'Z000/OZ01000/ZZEL69

i'T000/Z00'2000/ZZ01000/Z101000/ZT017000/620'8200/I'ZL969

0'££00/6z0'8000/920'1000/22O'TL00/8 Z0'£200/820'1600/8Z1969

01'T00/8Z0'6600/8201L00/8Z0'6000/62017510/620'5900/9Z5569

0'2200/82017000/810'ZZO0/6Z0'£200/8Z017000/810'£000/6Z6669

01L00/8Z0'8000/9201"500/8ZO'£T00/62017000/810'2000/ZZ£669

0'1000/OZ0'2200/6z0'££00/6Z0'0100/OZ0'8600/920'6600/92LE69

o'6ooo/ozo'SZoo/6zo'zzoo/620.2200/6z0'5000/9ZO'SZOO/621£69

0'£200/6z01000/z20'2000/220'8000/9Z0'6600/820'5900/8Z9Z69
0'2100/6Z01'100/820'2000/6Z0'6600/820'6600/8Z0'9520/926!69
0'9520/920'LZ00/8Z0'9010/820'2200/620'9LOO/6z0'2000/OZET69

03,000/810'2200/6Z0'£000/ZZ0'£000/6z0'2£00/6Z0'2000/ZZL069

0'0£20/8201,520/92017520/920'5900/8Z0'2900/820'9LO0/62T069
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O'ZZOO/fiZ0'2000/91O'Z000/910'2£00/fiz0'0£20/SZ0'£000/ZZLZ£L

0'£000/fiZO'0£ZO/8ZO'6fi00/9Z0'£I10/8Z0•'TOO/fizO'fi9TO/fizTZ£L

O'iIOO/fiZO'0£ZO/SZO''IOO/fiZO'PT00/fiZO'S1PZ/87,o'JTOO/fiZ9I£L

0'5000/ZZ0'0£20/8ZO'0£20/8Z0'0£20/82O'0£ZO/8ZO'PI0O/fiZ60£L

0'£100/fiZO'£TIO/8Z0'6fi0O/SZO'0£2O/8Z0'000/8ZO-ZROO/fiZ£0£L

0'9000/ZZ0'£100/fiZ0'0£20/8z0'2200/KO'ZZOO/fiZO'0£ZO/SZL6ZL

0'2000/ZZO'0£ZO/8ZO'£TTO/8Z0'2000/ZZO'TL00/8Z07£00/fiZ16ZL

0'£000/KO'6100/9Z0'61'00/9Z0'6600/820'6100/K0'5000/ZZ98ZL

O'Z£00/fiZ0.9000/ZZO'9Z00/9ZO'L6£0/9ZO'L6£o/9ZO'L6£0/9Z6LZL

O'L6£0/920'9200/92O'TZOO/fiZ0'2000/OZO'fio00/fiZ0'££00/K£LZL

0'T000/0ZO'0i00/OZO'fiio0/fiZ0'£000/ZZ0'£000/zZ0'0100/0ZL9ZL

0'1000/ZZ0'6000/OZ0iooo/OZ0'9000/OZ0.2000/ZZ0'£000/fiZT9ZL

O'Z000/ZZ0'8200/KO'Z000/OZ01000/ZZ0'1000/OZ0'2000/ZZ99ZL

0'9000/OZ0'8000/92O'ZZOO/fiZ0'8000/9ZO'fi000/OZO'12OO/fiZ6fiZL

O'fiooo/oz0'2000/zz0.8000/92o'fiooo/ozo'100o/oz0'2200/fizCPL

0'9000/0201000/8007000/910'9000/ZZ0'9000/ZZo'Z000/OZL£ZL

O'IZOO/fiZ0'££00/K0'2£00/K0'2000/OZ0'1000/ZZO'8Z00/fiZT£ZL

0'1000/I i0't000/81O'TLOO/8ZO'i'90o/SZ0'6910/fiZ0'8000/92922E

0'2000/ZZ0'£000/KO'ZZOO/fiZ0'££00/8Z01000/ZZO'OL00/SZ61ZL

0'90T0/8Z0'0£20/SZO'0£zo/8z0'££00/SZO'zzoo/fiZ0'££00/8Z£1ZL

0'i'9To/fiZ01200/fiZO'ZZoO/fiZO'TZ00/fiZ0'6000/OZO'IZOO/fiZLOU

O'i'T00/fiZ0'£000/fiZO'ZZ00/fiZo'TZOO/fiZO'fiTOO/fiZ0'££00/KIOU

0'9900/92O'fi9I0/fizO'E£O0/fiZ0'££00/K0'9000/0ZO'fi000/8I961L

O'ZZ00/fiZO'ZZOO/fiZ0'8£00/K0'2200/pZ0'9000/ZZ0'98P0/8Z68IL

0'98170/820'9000/OZ0'9000/OZ0'8600/920'££00/n0'££00/fiZ8812.

O'ZZ00/fiZO'TZOO/fiZ0'1000/OZO'9TOO/ZZO'L1OO/ZZ0'9000/02LLTL

O'Z0o0/oZO'9LOO/fiZ0'1000/810'9000/0ZO'Z000/oZ1'1000/ZOTLTL

0'9Loo/fiZ0'££00/fiZ0•£8oo/fiZ0'2000/OZO'ZOoo/ZZ0'9000/ZZ991L

O'fi000/fiZ0'£000/K0'6000/02O'ZZ00/fiZ0'£000/fiZ0'8000/9269IL

O'fio00/fiZ0'9000/0Z0.2200/KO'9LOO/fiZO'ZZOO/fiZO'£TOO/fiZ£91L

0'2£00/fiZ0'1000/ZO0'2000/ZZ0'£000/KO'ZZOO/fiZ0'2000/OZLIIL

0'1300/fiZO'I'000/0zO'SZ00/fiZO'i'9To/fiZO'TZOO/fito-zooo/zzifiuL

0'9900/920'1000/ZZof ooo/810'8010/fiZ01000/zz0'8200/fiz981E

O'Z000/OZ0'£000/K0'8£00/K0'9000/0Z0'2200/fiZO'P000/0Z62TL

O'fiTOO/fizO'Z000/z20'9000/ZZ0'6000/02O'fi000/8IO'L6£0/9Z£ZTL

O'fi000/OZ0'9000/910'L680/9Z01000/8011000/8001000/ZZ2.112.

81I(ezn asBSIeuaig-gap od$g pig uo 'dejuoyauni- if x}puaddy g 9



0'8600/9201000/810'5000/7,Z0'6510/62017510/67,01'000/OZ£P L
0'1000/07,0'6000/OZ0'0£7,0/87,0'0£20/820'0£7,0/97,0'0£20/87,L99L

0'£500/8201'100/67,017100/6201'100/62O'ZZ00/620'2200/62TESL

0'0£7,0/87,0'097,0/87,017100/67,0'T000/7,O0/000/800'8600/97,SZSL
017000/810'1000/OZ0'5000/OZ0'9100/7,Z0'5500/67,O'9L00/67,619L
0'1000/07,017000/81017100/67,017510/67,0'££00/67,0'5000/OZ£1SL

0'L100/7,Z0'5000/07,0'5000/07,0100/67,11000/7,101000/OZLOSL

01000/81T'T000/7,I0'8600/97,0'9100/7,Z0'5000/07,0'L100/7,7,109L
O'L100/7,Z0'5000/07,0'9T00/7,Z0'1000/7,OO'LI00/7,ZO'910O/7,Z966L

01000/07,0'5000/07,0'7,000/7,Z1'1000/6111000/7,T0'1000/07,686L

017520/97,017100/620'9520/97,0'957,0/92017520/97,0'9100/7,Z£86L

0'5000/07,01000/07,0'ZZ00/67,017000/020'7,500/67,1'1000/80LLPL

0'5000/7,Z0'1000/910'7,000/OZ0'0100/OZT'T000/7,TT'Z000/91TL6L

0'£000/7,Z0'1000/OZ017000/OZO'SL00/67,0'5000/07,0'5000/07,on

1'1000/7,T0'9L00/67,T'Z000/910'6100/67,0'£000/7,Z0'2000/7,Z656L
03,510/67,0'7,000/7,Z0'6600/87,0'7,£00/67,0'7,£00/67,0'£100/67,£S6L

O'ET10/97,0'6600/87,0'0£7,0/87,0'0£7,0/S7,0'6600/87,0'£100/67,L66L

0'7,000/7,Z0'£100/67,0'7,000/7,Z0'9000/67,0'6600/87,0'6510/67,IM

0'TL00/87,0'7,£00/67,O'ZZ00/67,O'ZZ00/67,0/7,00/67,0'1Z00/67,5£6L

0'5000/7,Z0'6600/92O'8T'Z/87,0'9900/67,0'8167,/87,0'8162/87,6ZIL

O'OEZO/87,0'6600/97,0'6600/920/7,00/67,0/7,00/67,0'£900/87,£Z6L

0'5000/0Z0'6000/620'6100/67,0'5000/7,ZO'ZZ00/67,0'7,000/OZLi6L

0'6600/87,O'ZE0047,0'0£7,0/87,O'OEZO/87,O'0£ZO/S7,0'5000/7,ZTTIL

07900/67,017100/67,0'5000/7,Z0'£000/67,0'5000/7,Z0'£000/67,506E

0'7,7,00/67,0'£000/7,Z017000/O7,0'£000/7,Z0'£000/7,Z017000/OZ66£L

0'2200/67,0'7,£00/67,0'£100/67,0'7,£00/67,01T00/67,0'7,000/7,Z96£L
0'££00/67,0'6600/87,0'6600/87,0'0£7,0/87,O'8IuZ/87,0'0£7,0/87,LS£L

O'LI00/7,Z0'9100/ZZ11000/6T0'1000/810'7,£00/67,017100/67,18£L

0'6000/OZ0'5860/87,O'ZE00/67,0'1000/OZ0'5860/87,0'5000/0Z9L£L

0'0£7,0/S7,017100/67,0'£100/67,0'7,000/7,Z0'7,000/7,ZO'£1TO/87,69£L

O'OEZO/87,0'££00/67,0'1000/OZ0'9100/7,ZO'LT00/7,Z0'7,000/7,Z£9£L

0'£000/7,Z0'5000/OZO'LT00/7,Z0'5000/07,0/7,00/67,0'27,00/67,LS£L
0/7,00/67,11000/7,TT'T000/7,O11000/7,OO'ZZ00/67,O'SL00/67,1EL
0'1000/7,O0'7,000/OZ0'7,000/91T'T000/7,T0'1000/800'££00/67,SPEC
0'6100/67,0'£000/7,Z0'1000/80T'Z000/910'6100/67,0'£000/7,ZPEEL

0'7,7,00/67,0'5860/87,0'1000/OZ0'17,00/67,0/7,00/67,0'1000/OZ£££L
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8.2. Appendix B - Function tso, on Rigid Bipartite 3-Gems (28 vertices) 415

7549 24/0075 .0 24/0028 .0 26/0065 .0 28/0027 .0 26/0008 .0 28/0514.0

7555 28/0517.0 24/0032.0 18/0004.0 18/0004.0 24/0032.0 26/0227.0

7561 26/0227.0 28/6372.0 28/6378.0 18/0004.0 20/0005.0 08/0001.0

7567 22/0002.0 20/0004.0 20/0002.0 24/0014.0 24/0003.0 24/0022.0

7573 24/0003.0 24/0033.0 26/0025.0 26/0048.0 22/0005.0 22/0003.0

7579 26/0227.0 26/0227.0 28/3661.0 28/3659.0 24/0032.0 24/0033.0

7585 24/0014 .0 12/0001 .0 12/0001 .0 24/0013 .0 22/0005 .0 24/0032.0
7591 22/0003 .0 20/0002 .0 20/0010.0 20/0005 .0 20/0002 .0 20/0004.0
7597 20/0010.0 24/0075.0 24/0075.0 22/0002.0 26/0227.0 26/0227.0

7603 22/0002.0 22/0003 .0 20/0004 .0 24/0003 .0 24/0022.0 22/0003.0

7609 28/3661 . 0 28/3659 .0 08/0001 . 1 18/0004 .0 22/0005 .0 24/0032.0
7615 24/0033.0 24/0014.0 22/0002.0 24/0075.0 20/0001.0 20/0005.0

7621 24/0032.0 24/0013.0 24/0003.0 24/0022.0 24/0032.0 18/0004.0

7627 20/0002.0 24/0022.0 22/0005.0 20/0001.0 22/0005.0 24/0003.0

7633 20/0002.0 18/0004.0 20/0002.0 20/0004.0 24/0075.0 24/0075.0

7639 22/0005.0 20/0005.0 24/0032.0 20/0001.0 20/0001.0 24/0032.0

7645 24/0032.0 26/0227.0 26/0227.0 22/0003.0 22/0003.0 22/0003.0

7651 22/0003 .0 26/0048 .0 26/0025 .0 26/0025 .0 28/3659 .0 28/3661.0

7657 26/0048.0 24/0032.0 26/0048.0 28/0485.0 24/0014.0 20/0005.0

7663 02/0001.1 22/0005.0 22/0003.0 24/0014.0 18/0004.0 24/0032.0

7669 18/0004.0 28/0485.0 24/0033.0 16/0002.1 20/0004.0 22/0003.0

7675 26/0048.0 28/0485.0 24/0033.0 24/0075.0 20/0010.0 24/0075.0

7681 24/0075.0 22/0003.0 24/0022.0 20/0005.0 26/0048.0 28/0485.0

7687 20/0005.0 24/0033.0 12/0001.1 16/0002.1 20/0010.0 24/0022.0

7693 22/0003.0 14/0001.1 08/0001.1 16/0002.0 24/0075.0 20/0001.0

7699 26/0048 .0 28/0485 .0 08/0001 .0 08/0001 . 1 20/0002 .0 22/0017.0
7705 20/0010 .0 22/0016.0 24/0032 .0 22/0005 .0 20/0004 .0 14/0001.0

7711 20/0001 .0 20/0005 .0 24/0021 .0 24/0033 .0 20/0002 .0 24/0022.0

7717 24/0033 . 0 24/0021.0 16/0002 .0 16/0002 .0 20/0002 .0 22/0017.0

7723 22/0016 . 0 20/0010 . 0 22/0005 .0 20/0001.0 22/0016.0 22/0017.0

7729 24/0033 .0 20/0001 .0 20/0005 .0 24/0021 .0 20/0004.0 24/0022.0

7735 26/0048.0 24/0075.0 24/0075.0 28/0485.0 26/0048.0 18/0004.0

7741 20/0004 .0 22/0001.0 28/0070 .0 28/0033 .0 24/0033 .0 24/0022.0

7747 24/0014 .0 28/0033 .0 22/0002 .0 24/0154 .0 24/0003.0 24/0032.0

7753 28/0071.0 28/0049.0 28/0230 .0 28/0230 .0 28/0049 .0 28/0230.0

7759 20/0005 .0 28/0230.0



416 8. Apendices (26 vertices)

8.3 Appendix C - TS-Classes of Rigid Bipartite
3-Gems

8.3.1 3-Gems with 26 Vertices

C00_1 M012 0039 0052 0139 0277 0360 0383 0386 0390

0426 0540 0672 1107 M M003 0047 0404 0748 0003

M012 0055 0075 0170 0174 0423 0442 0502 0710 0750

0759 0774 0859 Q( 4 M007 0140 0448 0537 0542 0559

0911 1105 (Q M030 0020 0054 0072 0091 0113 0154

0163 0334 0337 0365 0424 0495 0503 0513 0718 0744

0758 0761 0780 0826 0827 0830 0851 0861 0948 0956

0983 1014 1079 1235 C006 M012 0088 0105 0178 0299

0391 0432 0694 0888 0902 1002 1118 1119 0007 M050

0027 0040 0058 0087 0099 0131 0147 0279 0283 0320

0343 0373 0388 0403 0409 0436 0438 0441 0451 0463

0496 0500 0501 0512 0514 0526 0544 0615 0673 0676

0716 0745 0773 0779 0849 0860 0871 0892 0950 0995

0999 1013 1063 1076 1077 1078 1080 1161 1199 1219

QQQ$ M012 0057 0188 0190 0333 0374 0379 0402 0435

0521 0735 0908 0929 0009 M056 0017 0111 0137 0149

0160 0167 0189 0193 0194 0197 0199 0203 0276 0287

0289 0319 0375 0384 0405 0408 0443 0444 0455 0510

0515 0524 0538 0545 0550 0634 0637 0663 0670 0704

0717 0719 0730 0749 0864 0885 0907 0924 0942 0949

0952 0970 0971 0977 0982 0989 1011 1023 1062 1102

1111 1135 = M010 0056 0144 0331 0362 0376 0377

0522 0543 0546 0556 QQII M048 0024 0085 0145 0164

0183 0191 0201 0202 0263 0274 0338 0356 0357 0407

0437 0452 0453 0462 0469 0535 0607 0622 0627 0635

0668 0669 0679 0690 0723 0726 0736 0785 0812 0887

0913 0916 0933 0990 1009 1064 1074 1075 1112 1117

1152 1168 1171 1246 StQ12 M039 0033 0035 0071 0108

0179 0180 0209 0242 0271 0280 0286 0288 0296 0335
0345 0355 0412 0445 0466 0617 0623 0625 0630 0632

0795 0797 0799 0806 1073 1115 1126 1129 1133 1149



8.3. Appendix C - TS-Classes of Rigid Bipartite 3-Gems (26 vertices) 417

1159 1207 1208 1213 1215 CO- 1-3 M001 0010 C014 M087
0018 0045 0068 0110 0129 0136 0138 0141 0157 0171

0186 0196 0200 0204 0215 0239 0243 0272 0294 0300
0317 0321 0339 0361 0392 0433 0454 0457 0470 0516
0517 0523 0527 0528 0555 0566 0578 0592 0595 0596
0597 0599 0612 0638 0640 0664 0682 0684 0685 0687
0714 0725 0810 0824 0850 0863 0865 0866 0897 0904
0909 0910 0917 0918 0921 0926 0930 0932 0957 0958
0962 0976 1021 1030 1061 1110 1127 1128 1137 1139

1160 1162 1201 1204 1214 1242 1249 5 M056 0016
0074 0082 0086 0104 0106 0126 0134 0150 0166 0173
0175 0187 0238 0281 0364 0497 0504 0509 0525 0529
0552 0554 0598 0616 0633 0656 0678 0712 0731 0738

0740 0771 0778 0791 0793 0794 0816 0829 0832 0843
0856 0872 0873 0920 0944 0945 0961 0996 1010 1012

1082 1084 1138 1142 1237 C016 M011 0051 0098 0168

0177 0505 0707 0711 0713 0741 0767 0768 C17 M055
0132 0148 0165 0176 0192 0198 0213 0226 0241 0250
0278 0282 0292 0387 0411 0459 0508 0519 0549 0561

0582 0591 0600 0639 0671 0674 0677 0681 0683 0691

0692 0789 0790 0800 0801 0895 0896 0900 0928 0959
0964 0969 1022 1052 1067 1109 1150 1151 1173 1185
1216 1217 1223 1224 1250 1 701-8 M011 0008 0009 0078

0080 0081 0090 0494 0754 0762 0775 0777 C01 M084

0073 0092 0109 0121 0122 0158 0181 0182 0184 0210
0225 0244 0273 0284 0290 0291 0328 0336 0342 0344

0353 0406 0415 0417 0430 0446 0449 0460 0465 0468

0472 0493 0563 0564 0575 0579 0608 0620 0624 0651
0653 0654 0657 0715 0727 0743 0792 0796 0798 0819
0825 0828 0831 0953 0988 1005 1007 1016 1017 1029

1038 1042 1049 1060 1071 1103 1106 1122 1147 1148

1153 1164 1165 1175 1176 1192 1200 1209 1210 1211

1220 1221 1226 1248 C020 M043 0023 0028 0060 0093
0212 0217 0221 0223 0230 0249 0253 0261 0285 0329

0382 0428 0518 0569 0572 0585 0589 0603 0631 0641

0652 0659 0661 0662 0722 0724 0776 0781 0821 0822



418 8. Apendices (26 vertices)

0854 0867 0992 0997 1026 1070 1134 1203 1251 21

M036 0036 0064 0116 0128 0206 0211 0216 0231 0232

0237 0316 0324 0401 0574 0577 0593 0605 0606 0756

0840 0848 0852 0874 0966 0967 1028 1068 1091 1141

1146 1163 1177 1181 1193 1197 1243 C'^ M032 0049

0100 0265 0304 0347 0348 0350 0395 0396 0399 0420

0478 0479 0481 0482 0802 0804 1097 1113 1123 1124

1131 1132 1154 1155 1228 1229 1230 1231 1232 1233

1252 C02 M074 0032 0034 0038 0041 0067 0069 0076

0079 0107 0115 0119 0127 0152 0153 0214 0224 0236

0267 0268 0293 0298 0301 0302 0309 0312 0314 0318

0326 0394 0400 0587 0590 0601 0613 0643 0660 0732

0742 0747 0755 0763 0770 0811 0818 0837 0838 0839

0847 0862 0870 0936 0937 0951 0960 0965 1019 1024

1027 1032 1065 1083 1085 1088 1089 1092 1130 1136

1157 1179 1190 1194 1218 1225 1241 ^^ M004 0006

0062 0701 0703 l M047 0046 0084 0103 0117 0123

0185 0205 0346 0418 0431 0447 0458 0464 0467 0471

0473 0498 0584 0588 0611 0645 0646 0650 0658 0706

0709 0720 0782 0784 0820 0836 0853 0869 0947 0972

0985 0993 1004 1006 1015 1020 1025 1057 1066 1121

1156 1222 C026 M015 0254 0553 0619 0647 0733 0941

0974 0986 1036 1048 1051 1058 1191 1195 1245 27

M015 0256 0551 0621 0642 0728 0939 0975 0987 1037

1047 1050 1059 1189 1196 1244 0028 M038 0007 0026

0044 0066 0077 0095 0114 0118 0146 0155 0159 0161

0172 0269 0270 0295 0310 0313 0567 0602 0649 0655

0708 0746 0757 0764 0769 0772 0788 0858 0946 0968

1018 1039 1081 1086 1087 1090 12 M029 0048 0097

0101 0264 0303 0308 0352 0398 0474 0475 0483 0487

0488 0489 0786 0787 0805 0876 0877 0955 0998 1096

1098 1100 1108 1125 1158 1227 1234 0030 M001 0004

M M015 0227 0233 0609 0610 0648 0729 0734 0938

0940 0980 0981 1040 1041 1055 1056 U O-3-22 M001 0696

01033 M008 0019 0262 0363 0511 0520 0536 1053 1239

0034 M026 0037 0053 0094 0124 0125 0169 0208 0247



8.3. Appendix C - TS-Classes of Rigid Bipartite 3-Gem., (26 vertices) 419

0257 0340 0414 0765 0766 0803 0814 0815 0833 0834
0844 0845 1114 1143 1144 1145 1236 1238 C035 M014

0315 0389 0393 0429 0450 0461 0675 0689 0890 0963

1054 1072 1198 1240 0036 M093 0059 0083 0096 0142

0143 0151 0207 0218 0220 0222 0228 0235 0240 0245

0248 0251 0252 0255 0259 0323 0358 0366 0367 0369

0370 0372 0378 0380 0413 0425 0427 0439 0456 0492

0531 0539 0541 0547 0568 0570 0571 0580 0586 0594

0604 0618 0626 0628 0629 0680 0686 0693 0751 0752

0807 0808 0813 0823 0835 0841 0846 0855 0857 0868

0891 0893 0898 0899 0903 0914 0919 0922 0925 0927

0934 0994 1000 1001 1003 1069 1116 1140 1182 1183

1184 1186 1187 1188 1202 1205 1206 1212 1247 M

M002 0397 0480 C038 M012 0042 0234 0410 0548 0644

0721 0817 0842 0943 0984 0991 1031 M,3. M003 0065

0702 0753 C040 M011 0162 0266 0305 0349 0351 0440

0477 0485 0490 0532 0533 M! M014 0025 0050 0102

0306 0307 0421 0476 0484 0737 0875 0879 0954 1095

1099 42 M024 0001 0063 0070 0246 0258 0311 0325

0354 0416 0506 0562 0565 0573 0576 0783 0978 1035

1043 1044 1120 1166 1170 1174 1178 C043 M024 0061

0120 0260 0297 0327 0330 0341 0491 0499 0560 0581

0583 0760 0973 0979 1033 1034 1045 1046 1104 1167

1169 1172 1180 044 M001 0003 04 MOOT 0005 CC04

M001 0043 0047 M012 0015 0371 0419 0422 0434 0486

0739 0878 0880 1008 1093 1094 CQ48 M007 0219 0229

0368 0557 0614 0636 0809 Q4 M007 0022 0112 0882

0889 0901 0905 0935 ,MQ M002 0031 0697 0051 M001
0667 CM M002 0011 0698 CQ5 M016 0021 0133 0135

0195 0359 0381 0385 0530 0534 0558 0665 0666 0688

0883 0923 1101 C054 M001 0012 C055 M005 0156 0275
0322 0332 0507 St9 M003 0013 0699 0700 C05 M006
0029 0130 0884 0894 0912 0915 0058 M002 0030 0705

M002 0014 0695 CQ^Q M005 0089 0881 0886 0906

0931 CM M001 0002



420 8. Apendices (28 vertices)

8.3.2 3-Gems with 28 Vertices

0001 M035 0137 0157 0213 0295 0352 0365 0408 0710

0909 0937 0943 1583 1923 1934 1993 2193 2241 2521

2680 2686 3490 3627 3770 3825 3827 3832 4079 4685

4714 5568 6508 6600 6808 6871 7035 0002 M069 0149

0218 0278 0372 0626 0642 0798 0818 1002 1130 1414

1504 1728 1771 1843 1870 1986 2018 2023 2041 2049

2058 2094 2106 2109 2130 2149 2154 2755 2769 2779

2850 2878 3008 3032 3100 3195 3236 3254 3281 3301

3553 3611 4004 4204 4269 4313 4323 4369 4371 4850

4871 4883 4888 5415 5469 5763 5773 5820 5940 6061

6309 6634 6712 6735 7151 7350 7497 7527 C003 M006

0172 0232 0399 0908 2185 4555 C004 M108 0127 0215

0270 0336 0370 0397 0448 0466 0486 0494 0567 0594

0600 0709 0725 0829 0879 0931 0936 0944 1101 1133

1149 1194 1199 1251 1280 1308 1401 1431 1432 1522

1581 1582 1598 1692 1695 1705 1706 1759 1862 1869

1887 1925 1933 2069 2186 2266 2281 2358 2364 2398

2442 2463 2589 2643 2660 2687 2733 3489 3499 3651

3771 3826 3830 3833 4078 4080 4088 4090 4126 4469

4495 4513 4514 4596 4619 4631 4652 4654 4666 4671

4686 4766 4783 4788 4960 5281 5427 5569 5603 5689

6056 6133 6553 6599 6807 6848 6859 6931 6935 6967

6979 7135 7144 7231 7259 7550 0005 M109 0156 0330

0331 0497 0557 0578 0796 0813 0920 1046 1131 1170

1399 1560 1792 1802 1844 1991 2059 2074 2140 2207

2227 2286 2306 2586 2591 2607 2620 2634 2656 2710

2777 2780 2781 2829 2845 2848 2851 2866 2868 2882

3006 3013 3042 3119 3158 3196 3200 3246 3280 3315

3320 3369 3479 3500 3520 3554 3733 4007 4073 4117

4205 4208 4219 4302 4319 4327 4370 4372 4431 4801

4849 4872 4924 4956 4963 5545 5615 5616 5834 5836

5838 5904 6003 6034 6062 6118 6179 6182 6283 6635

6705 6717 6724 6745 6748 6975 6977 6982 7007 7019

7119 7241 7342 7346 7526 7566 7701 006 M001 0202



8.3. Appendix C - TS-Classes of Rigid Bipartite 3-Gems (28 vertices) 421

0007 M001 0002 ('QQ$ M003 0009 0012 4460 Q009 M068

0040 0212 0346 0417 0538 0591 0610 0947 1045 1084

1102 1306 1757 1875 2102 2298 2704 2807 2863 3078

3107 3210 3503 3760 3767 3887 4058 4059 4067 4093

4164 4182 4185 4350 4784 4889 4953 4954 5049 5050

5053 5095 5212 5213 5231 5429 5492 5602 5614 5716

5737 5749 5762 5767 5993 5998 6000 6022 6040 6128

6318 6390 6547 6743 6969 6970 7586 7587 Q M165

0069 0072 0082 0100 0154 0220 0233 0252 0253 0271

0283 0290 0332 0357 0423 0424 0500 0539 0595 0596

0641 0645 0647 0723 0756 0773 0778 0782 0794 0830

0849 0858 0883 0892 0935 0973 0997 1061 1132 1140

1150 1160 1161 1168 1197 1353 1364 1378 1404 1442

1451 1462 1580 1590 1605 1656 1670 1691 1753 1755

1842 1863 1874 1876 1886 1992 2053 2116 2180 2251

2290 2308 2357 2408 2441 2489 2522 2644 2725 2727

2804 2877 3148 3194 3436 3442 3574 3589 3621 3628

3768 3829 3834 3860 3967 3999 4003 4076 4104 4123

4125 4138 4194 4316 4337 4489 4590 4695 4698 4709

4759 4785 4794 4803 4823 4927 4967 4979 5148 5278

5382 5458 5480 5490 5604 5605 5688 6057 6098 6101

6187 6272 6273 6333 6506 6512 6513 6537 6551 6591

6595 6597 6623 6816 6832 6845 6852 6875 6876 6929

6964 6973 6983 7001 7003 7077 7078 7117 7136 7139

7220 7232 7257 7266 7742 CO1l. M271 0153 0201 0216

0239 0306 0315 0355 0411 0416 0425 0429 0526 0564

0570 0574 0721 0747 0750 0772 0776 0783 0787 0875

0916 0986 1006 1014 1016 1047 1054 1074 1076 1090

1092 1093 1095 1097 1103 1109 1142 1193 1226 1394

1450 1467 1481 1499 1507 1526 1568 1571 1653 1700

1754 1774 1822 1881 1883 1909 1915 1922 1924 1950

1976 1995 2013 2019 2042 2066 2067 2071 2101 2127

2156 2289 2316 2356 2409 2471 2499 2518 2658 2812

2814 2834 2852 3105 3181 3272 3376 3390 1 3393 3417

3435 3443 3444 3452 3454 3486 3491 3498 3578 3591

3705 3713 3717 3828 3831 3892 3893 3927 3978 3998



422 8. Apendices (28 vertices)

4001 4005 4039 4085 4089 4118 4124 4127 4140 4142

4145 4203 4211 4281 4282 4297 4307 4315 4404 4407

4430 4444 4446 4448 4450 4494 4497 4504 4543 4544

4574 4582 4595 4664 4677 4681 4682 4693 4694 4697

4703 4792 4828 4854 4867 4895 4904 4931 4937 4964

4966 5099 5151 5215 5277 5302 5321 5334 5357 5381

5389 5396 5425 5441 5479 5482 5546 5558 5564 5585

5591 5607 5610 5629 5664 5674 5675 5682 5757 5799

5806 5837 5846 5903 5942 5960 5968 5986 6065 6076

6099 6100 6102 6120 6131 6154 6170 6186 6188 6189

6190 6196 6226 6259 6266 6274 6280 6320 6334 6341

6350 6351 6401 6409 6472 6476 6598 6698 6771 6774

6844 6858 6861 6862 6873 6887 6896 6936 7020 7032

7093 7122 7125 7129 7145 7162 7208 7244 7245 7248

7250 7264 7265 7380 7399 7402 7468 7479 7541 7543

7568 7596 7605 7636 7673 7709 7733 7741 = M066

0255 0797 0801 1091 1212 1246 1421 1809 1919 1979

2030 2047 2065 2104 2107 2120 2208 2595 2614 2663

2724 2756 2869 2871 3782 3835 4041 4102 4195 4329

4612 4645 4732 4796 4856 5028 5131 5233 5318 5416

5461 5463 5543 5590 5687 5723 5905 5984 6049 6053

6228 6264 6311 6375 6451 6733 6777 6978 7121 7240

7330 7331 7348 7696 7719 7720 -M M018 2418 2419

2477 2645 2983 2985 3881 3882 3922 3942 3943 3944

3947 7316 7388 7429 7430 7432 C014 M205 0126 0316

0322 0338 0368 0374 0471 0480 0511 0556 0568 0575

0805 0811 0918 0927 0938 0988 0994 1042 1050 1116

1145 1147 1200 1202 1215 1242 1249 1257 1260 1327

1381 1411 1440 1511 1524 1578 1599 1659 1704 1730

1743 1768 1777 1801 1817 1818 1821 1834 1835 1861

1865 1868 1918 1938 1961 1973 1988 2035 2050 2068

2082 2088 2108 2119 2148 2296 2309 2539 2546 2547

2585 2601 2694 2732 2784 2808 2824 2835 2836 2853

2855 2876 2885 3096 3131 3132 3286 3295 3461 3478

3487 3513 3568 3572 3575 3644 3674 3751 3759 3788

3816 3996 3997 4002 4029 4048 4075 4098 4105 4110



8.3. Appendix C - TS-Classes of Rigid Bipartite 3-Gems (28 vertices) 423

4122 4144 4202 4213 4231 4300 4314 4386 4405 4432

4604 4655 4718 4730 4761 4773 4874 4881 4885 4933

4991 5063 5103 5178 5343 5484 5493 5513 5606 5611

5628 5667 5673 5676 5686 5691 5781 5893 5895 5926

6020 6058 6132 6134 6153 6216 6229 6284 6297 6335

6410 6448 6457 6471 6527 6556 6596 6617 6731 6732

6740 6744 6763 6809 6829 6892 6913 6974 6994 7010

7031 7108 7134 7147 7167 7172 7176 7233 7237 7258

7275 7349 7417 7474 7569 7592 7595 7627 7633 7635

7703 7715 7721 U61 M001 0203 6 M036 0244 1247

1781 2031 2043 2045 2103 2150 2151 2593 3224 3580

3703 3744 4017 4207 4583 4675 4727 4777 4847 4848

5052 5130 5157 5392 5460 5632 5768 5805 5844 6048

6312 6562 6626 7475 0017 M200 0092 0104 0146 0181

0246 0259 0260 0337 0343 0371 0450 0454 0498 0558

0563 0597 0601 0751 0761 0802 0806 0948 1018 1148

1156 1178 1239 1248 1276 1489 1502 1510 1533 1534

1544 1555 1650 1729 1770 1860 1873 1882 1899 1920

1983 1990 1994 2017 2048 2117 2123 2293 2326 2432

2454 2638 2695 2713 2750 2796 2827 2844 2902 2960

3007 3060 3122 3123 3143 3153 3174 3191 3204 3211

3279 3291 3296 3409 3439 3451 3477 3481 3497 3516

3565 3567 3570 3629 3715 3876 3979 4000 4006 4014

4024 4094 4095 4121 4143 4184 4196 4242 4270 4298

4334 4336 4338 4339 4383 4384 4410 4434 4493 4498

4528 4568 4570 4572 4575 4578 4579 4611 4689 4805

4806 4825 4857 4962 4980 5069 5091 5149 5150 5179

5274 5298 5307 5322 5361 5364 5379 5447 5481 5507

5542 5617 5699 5702 5703 5755 5765 5771 5786 5835

5854 5907 5927 6023 6037 6059 6064 6096 6103 6130

6135 6322 6323 6328 6339 6349 6382 6402 6450 6580

6605 6750 6803 6912 6944 6950 6953 7015 7036 7094

7124 7138 7195 7229 7517 7524 7547 7557 7558 7564

7612 7626 7634 7667 7669 7740 $ M283 0207 0234

0273 0432 0470 0477 0487 0496 0505 0510 0546 0584

0589 0598 0662 0759 0769 0771 0779 0816 0827 0914



424 8. Apendices (28 vertices)

0930 0934 0941 1000 1079 1085 1087 1117 1163 1172

1209 1319 1395 1402 1409 1418 1478 1506 1514 1515

1516 1523 1551 1553 1584 1597 1600 1713 1758 1762

1805 1829 1831 1833 1885 1888 1889 1916 1917 1929

1945 1952 1967 1997 2006 2132 2136 2155 2199 2221

2261 2262 2270 2271 2291 2294 2343 2363 2397 2411

2413 2420 2439 2453 2456 2584 2588 2622 2635 2641

2676 2685 2857 3047 3099 3112 3142 3149 3155 3206

3207 3283 3288 3319 3371 3396 3399 3401 3404 3470

3495 3496 3515 3522 3526 3562 3597 3786 3793 3814

3883 3908 3909 3921 3935 3936 3945 3946 4008 4063

4106 4154 4206 4221 4291 4299 4317 4358 4360 4409

4455 4496 4506 4573 4646 4680 4683 4688 4722 4728

4738 4751 4762 4768 4772 4780 4790 4799 4844 4861

4875 4900 4906 4910 4916 5031 5044 5048 5082 5093

5118 5127 5128 5142 5168 5170 5190 5204 5210 5246

5276 5280 5308 5326 5370 5428 5432 5433 5443 5483

5485 5487 5505 5566 5575 5621 5630 5638 5669 5700

5715 5739 5741 5787 5788 5812 5917 5918 5945 5966

6041 6072 6105 6106 6126 6155 6160 6161 6183 6210

6219 6223 6286 6321 6326 6347 6348 6416 6558 6561

6578 6593 6603 6609 6620 6640 6641 6648 6689 6691

6813 6849 6853 6891 6930 6940 6966 6985 6999 7023

7042 7046 7049 7095 7132 7168 7169 7183 7184 7192

7197 7198 7201 7235 7273 7345 7367 7392 7431 7514

7520 7574 7584 7615 7671 7677 7688 77.14 7717 7729

7745 4M1 M004 0453 1127 1187 1232 C020 M305 0050

0275 0427 0475 0489 0509 0534 0565 0588 0599 0646

0651 0780 0781 0788 0789 0800 0814 0817 0917 0971

0985 1007 1030 1089 1138 1175 1214 1398 1439 1493

1498 1503 1505 1513 1535 1549 1569 1570 1589 1669

1708 1727 .1783 1788 1790 1813 1820 1845 1856 1857

1972 1981 2004 2007 2039 2040 2051 2061 2062 2063

2093 2098 2114 2118 2121 2124 2125 2126 2 228 2133

2135 2141 2142 2152 2181 2288 2305 2341 2560 2596

2653 2668 2709 2778 2805 2883 2884 3015 3017 3021
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3037 3038 3041 3066 3113 3114 3116 3138 3144 3169

3180 3205 3238 3268 3275 3292 3325 3360 3361 3377

3381 3391 3402 3406 3407 3408 3410 3511 3519 3531

3571 3576 3579 3604 3608 3610 3623 3645 3648 3656

3676 3680 3692 3716 3718 3734 3738 3756 3758 3762

3789 3821 3939 3994 4018 4034 4038 4056 4057 4077

4081 4092 4096 4120 4128 4173 4175 4176 4186 4201

4283 4294 4333 4387 4390 4396 4397 4402 4406 4438

4439 4442 4447 4581 4589 4720 4737 4748 4851 4886

4898 4932 4986 4994 5021 5060 5087 5109 5123 5185

5195 5200 5206 5229 5232 5237 5273 5301 5313 5314

5317 5342 5376 5414 5420 5440 5442 5449 5476 5508

5510 5517 5536 5540 5547 5548 5559 5584 5586 5592

5608 5633 5634 5704 5705 5721 5738 5748 5789 5794

5843 5856 5857 5881 5925 5928 5999 6045 6067 6178

6180 6201 6204 6217 6237 6269 6270 6281 6289 6292

6294 6305 6319 6420 6460 6461 6475 6550 6575 6579

6629 6646 6710 6752 6782 6830 6883 7004 7021 7106

7131 7157 7173 7177 7186 7187 7196 7242 7254 7263

7359 7361 7375 7422 7465 7466 7482 7493 7499 7502

7510 7511 7513 7522 7565 7594 7620 7640 7662 7684

7687 7712 7731 7759 Q21 M022 0143 0199 0209 0214

0219 0272 0282 0390 0395 0396 0420 0452 1011 1033

1195 1352 1576 1926 1930 4488 4550 4620 022 M119

0230 0625 0693 0718 0726 1313 1372 1639 1641 2171

2172 2173 2204 2205 2229 2248 2263 2268 2272 2273

2332 2345 2347 2348 2392 2417 2421 2422 2478 2496

2502 2553 2555 2561 2573 2576 2581 2583 2625 2888

2897 2919 2924 2927 2928 2938 2939 2964 2965 2969

2970 2971 2978 2982 2984 2987 2988 2991 2993 2994

2996 2997 3000 3002 3003 3619 3620 3880 3884 3917

3918 3919 3920 3923 3924 4585 4587 6622 6686 6818

6824 6906 7066 7067 7084 7086 7216 7217 7295 7297

7300 7305 7310 7311 7312 7313 7319 7325 7328 7368

7374 7387 7389 7412 7413 7414 7428 7449 7450 7529

7530 7537 7538 7539 7540 7755 7756 7758 7760 Q92



426 8. Apendices (28 vertices)

M111 0008 0058 0150 0188 0231 0289 0293 0339 0354

0537 0551 0569 0608 0729 0872 0882 0919 0999 1032

1040 1100 1129 1250 1256 1290 1326 1356 1357 1403

1405 1427 1464 1482 1495 1508 1517 1520 1588 1606

1609 1635 1711 1740 1744 1837 1850 1866 1954 1971

2076 2190 2195 2224 2350 2399 2443 2519 2557 2617

2669 2690 2783 2818 2854 2872 2894 3316 3493 3593

3838 4099 4480 4482 4524 4558 4593 4599 4607 4659

4660 4870 4905 4907 4946 5279 5315 5426 5613 5680

6075 6140 6142 6157 6166 6525 6552 6559 6572 6583

6594 6615 6636 6671 6802 6900 6957 6968 7158 7164

7274 7421 C M329 0022 0052 0075 0178 0245 0247

0249 0350 0369 0382 0404 0415 0463 0492 0616 0686

0748 0810 0859 0860 0888 0894 0915 0966 0968 0978

0980 0987 0998 1013 1019 1020 1053 1062 1088 1108

1121 1143 1179 1183 1206 1210 1275 1278 1350 1388

1392 1393 1441 1443 1458 1519 1541 1550 1559 1572

1574 1607 1652 1658 1671 1749 1756 1760 1767 1796

1811 1812 1814 1819 1823 1825 1852 1872 1880 1884

1893 1906 1908 1914 1936 1939 1959 1962 1974 1975

1977 1982 1984 2009 2011 2029 2072 2075 2095 2096

2139 2146 2160 2165 2202 2278 2292 2317 2321 2325

2329 2337 2344 2374 2376 2401 2406 2438 2475 2476

2488 2513 2548 2550 2592 2615 2632 2633 2708 2745

2748 2774 2789 2792 2809 2828 2837 2858 2886 2901

2903 2933 2979 3106 3145 3172 3192 3193 3197 3382

3438 3455 3462 3472 3474 3476 3484 3592 3603 3643

3649 3653 3686 3697 3710 3787 3813 3819 3820 3925

3970 3983 4016 4027 4032 4065 4083 4091 4097 4100

4101 4133 4149 4150 4212 4252 4263 4265 4278 4311

4312 4348 4421 4433 4443 4445 4449 4457 4502 4656

4687 4692 4696 4704 4723 4744 4752 4795 4807 4846

4894 4925 4934 4940 4943 4949 4965 4981 4988 5002

5054 5098 5217 5270 5286 5287 5333 5335 5346 5446

5459 5467 5491 5509 5514 5539 5541 5560 5571 5635

5636 5642 - 5663 5668 5677 5681 5698 5719 5758 5759



8.3. Appendix C - TS-Classes of Rigid Bipartite 3-Gems (28 vertices) 427

5760 5792 5793 5840 5892 5898 5922 5957 6001 6024

6039 6069 6088 6095 6129 6172 6202 6218 6268 6271

6275 6282 6293 6299 6308 6415 6470 6473 6564 6587

6592 6604 6607 6608 6708 6709 6729 6764 6768 6773

6776 6815 6839 6897 6907 6928 6943 6971 6980 6988

6995 6996 7006 7008 7009 7074 7105 7109 7127 7141

7150 7166 7224 7247 7255 7260 7262 7293 7296 7363

7370 7371 7393 7444 7446 7457 7459 7492 7567 7600

7603 7617 7749 C025 M218 0158 0276 0361 0493 0508

0576 0786 0828 1003 1043 1424 1468 1471 1512 1540

1554 1766 1778 1810 1826 1827 1864 1978 1980 1987

2001 2036 2055 2073 2086 2115 2122 2143 2145 2157

2159 2253 2255 2378 2465 2608 2711 2794 2821 2856

2880 2881 2986 3014 3029 3077 3190 3226 3228 3229

3230 3251 3269 3282 3294 3312 3324 3326 3331 3337

3416 3456 3485 3488 3527 3528 3609 3630 3636 3654

3671 3684 3685 3712 3725 3752 3763 3776 3785 3800

3895 3902 3993 4036 4037 4049 4066 4147 4174 4177

4178 4183 4217 4264 4268 4287 4326 4352 4355 4363

4391 4392 4393 4394 4395 4398 4401 4424 4609 4614

4658 4705 4936 4948 4957 4976 4987 4995 5024 5027

5051 5058 5061 5067 5155 5156 5174 5216 5219 5230

5242 5244 5275 5304 5368 5380 5385 5424 5457 5462

5511 5515 5518 5538 5544 5593 5612 5631 5661 5706

5718 5743 5769 5783 5791 5803 5814 5817 5818 5825

5855 5882 5883 5923 5941 5943 5948 6006 6047 6093

6195 6214 6258 6327 6338 6449 6468 6479 6483 6485

6616 6643 6701 6711 6713 6714 6783 6835 6942 7034

7180 7256 7272 7333 7336 7366 7377 7469 7481 7489

7494 7507 7518 7523 7542 7619 7630 7642 7643 7698

7711 7726 7730 19 M006 2314 2424 2427 2646 2649

4511 C07 M409 0015 0205 0227 0238 0279 0325 0342

0345 0353 0359 0375 0376 0377 0391 0392 0412 0458

0476 0483 0522 0523 0547 0559 0562 0566 0581 0582

0617 0643 0667 0687 0741 0745 0763 0826 0929 0932

0953 0991 1039 1048 1063 1082 1119 1120 1162 1171



428 8. Apendices (28 vertices)

1207 1208 1244 1265 1282 1318 1384 1386 1390 1397

1419 1420 1453 1463 1465 1470 1497 1518 1537 1539

1542 1547 1548 1552 1558 1577 1594 1596 1620 1686

1709 1712 1739 1761 1824 1830 1867 1927 1932 1948

1989 2008 2021 2022 2037 2038 2131 2166 2197 2222

2228 2264 2265 2287 2313 2315 2320 2383 2388 2391

2405 2407 2433 2437 2440 2460 2462 2464 2507 2510

2568 2602 2606 2616 2627 2629 2647 2697 2699 2718

2744 2751 2754 2767 2768 2800 2811 2822 2859 2860

2895 2929 2935 2949 2995 3004 3005 3010 3018 3019

3026 3030 3036 3056 3075 3087 3091 3095 3103 3125

3137 3170 3171 3185 3186 3198 3203 3208 3227 3243

3244 3253 3270 3285 3293 3321 3344 3346 3350 3353

3355 3356 3357 3363 3372 3387 3400 3405 3445 3459

3483 3512 3566 3599 3622 3634 3635 3655 3664 3666

3667 3669 3693 3774 3777 3818 3841 3874 3888 3938

3948 3952 3954 3956 3959 3969 3972 4020 4025 4033

4060 4151 4160 4171 4179 4181 4188 4189 4199 4200

4232 4237 4240 4244 4253 4272 4273 4292 4324 4331

4340 4373 4385 4399 4422 4523 4678 4711 4739 4749

4767 4769 4779 4786 4789 4804 4855 4876 4879 4911

4918 4969 4975 4983 5029 5055 5072 5073 5079 5088

5122 5144 5167 5191 5205 5207 5208 5227 5236 5271

5282 5288 5312 5316 5324 5330 5339 5345 5358 5371

5384 5418 5444 5468 5486 5488 5500 5504 5506 5523

5562 5567 5570 5587 5666 5670 5683 5701 5740 5742

5747 5785 5815 5870 5901 5910 5914 5967 6008 6016

6017 6029 6042 6044 6107 6113 6115 6127 6146 6150

6158 6167 6194 6208 6209 6220 6222 6267 6288 6298

6325 6343 6356 6392 6403 6408 6417 6455 6462 6467

6526 6557 6581 6589 6590 6610 6611 6614 6647 6662

6683 6734 6749 6754 6781 6847 6857 6867 6886 6986

6987 6990 7000 7002 7011 7024 7043 7068 7076 7080

7096 7128 7202 7206 7270 7286 7309 7315 7317 7318

7320 7322 7340 7344 7373 7381 7394 7409 7420 7461

7487 7516 7528 7533 7534 7535 7570 7585 7616 7661
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7666 7747 1028 M165 0020 0055 0061 0063 0084 0102

0179 0248 0262 0286 0312 0326 0327 0333 0334 0348

0356 0381 0384 0394 0407 0436 0495 0502 0525 0553

0618 0639 0644 0648 0654 0655 0660 0700 0703 0765

0831 0855 0856 0857 0861 0967 0974 0993 1051 1055

1086 1112 1157 1159 1166 1182 1196 1203 1245 1262

1270 1304 1340 1351 1417 1575 1595 1611 1614 1627

1688 1710 1752 1763 1794 1816 1839 1878 1905 1931

1953 1960 2024 2100 2168 2256 2297 2387 2410 2416

2455 2458 2461 2469 2503 2511 2512 2523 2526 2554

2639 2650 2730 2747 2817 2823 2874 3596 3790 3864

3866 3875 3896 3957 3958 3971 4046 4107 4130 4131

4137 4139 4472 4501 4505 4545 4597 4601 4636 4642

4653 4661 4663 4665 4672 4787 4793 4843 4922 4942

4955 5360 5692 5696 6148 6152 6510 6530 6681 6767

6779 6834 6851 6882 6927 6932 6947 6965 6991 7072

7103 7104 7107 7159 7225 7246 7251 7253 7553 C029

M098 0128 0335 0465 0673 0678 0696 0714 0715 0755

0803 0815 0886 0887 1124 1302 1309 1312 1371 1593

1637 1640 2176 2177 2217 2283 2333 2457 2466 2467

2468 2509 2530 2536 2577 2657 2728 2731 2740 2742

2891 2892 2921 2922 2923 2926 2966 2972 2989 2998

3428 3514 3545 3549 3606 3612 3798 3803 3804 3941

3949 3950 3953 4026 4437 4716 4764 4833 4902 5260

5310 5350 5353 5401 5407 5452 5526 5535 5573 5598

5599 5707 5727 5731 5920 5931 6290 6303 6489 6495

6864 6937 7053 7071 7288 7289 7426 7427 7433 0030

M253 0152 0380 0428 0438 0512 0518 0521 0535 0663

0744 0795 0874 0907 0923 0949 0979 0989 1064 1096

1118 1222 1258 1272 1274 1298 1333 1434 1536 1616

1626 1629 1649 1747 1776 1791 1891 1944 2002 2003

2087 2276 2552 2556 2652 2737 2879 2967 3001 3039

3057 3058 3071 3081 3082 3085 3086 3134 3139 3152

3159 3164 3168 3213 3215 3220 3222 3225 3233 3235

3237 3252 3266 3287 3303 3322 3359 3418 3507 3577

3584 3585 3672 3678 3711 3737 3747 3783 3796 3840



430 8. Apendicee (28 vertices)

3865 3886 3900 3901 3903 3905 3926 3931 3951 4012

4015 4019 4052 4062 4167 4169 4170 4172 4220 4258

4271 4274 4275 4276 4279 4284 4290 4303 4330 4341

4347 4361 4413 4571 4580 4598 4740 4743 4763 4770

4771 4810 4892 4897 4959 4968 4985 5032 5045 5046

5064 5065 5094 5143 5176 5184 5199 5250 5319 5323

5336 5375 5386 5388 5421 5423 5430 5431 5473 5499

5503 5520 5521 5623 5761 5774 5778 5779 5784 5795

5798 5819 5845 5980 6005 6009 6013 6015 6068 6078

6083 6084 6110 6174 6176 6198 6227 6231 6232 6235

6236 6240 6241 6246 6248 6250 6330 6358 6361 6365

6366 6367 6369 6384 6386 6387 6393 6396 6400 6412

6458 6459 6466 6541 6693 6699 6738 6790 6860 6888

6894 6993 7013 7016 7022 7029 7033 7063 7100 7126

7165 7190 7238 7239 7283 7285 7302 7314 7406 7408

7411 7419 7434 7476 7546 7577 7589 7613 7629 7631

7639 7664 7708 7725 C031 M227 0159 0251 0258 0319

0367 0386 0435 0455 0501 0503 0572 0586 0657 0676

0699 0707 0711 0742 0807 0836 0844 0924 0958 1057

1069 1081 1146 1154 1211 1218 1219 1223 1281 1287

1292 1296 1307 1410 1422 1449 1490 1561 1564 1666

1668 1685 1721 1769 1780 1786 1828 1847 1859 1903

2034 2052 2054 2090 2113 2129 2138 2144 2210 2242

2302 2395 2549 2590 2603 2612 2665 2688 2716 2717

2741 2746 2825 2893 2898 2916 2930 2941 2942 2944

2950 2952 2956 2958 3050 3052 3111 3121 3124 3128

3165 3177 3221 3298 3310, 3318 3332 3345 3349 3351

3373 3394 3403 3411 3414 3440 3453 3458 3463 3473

3482 3510 3535 3677 3706 3761 3778 3792 3806 3811

3822 3823 3836 3839 3977 4040 4064 4108 4114 4156

4162 4209 4255 4343 4349 4378 4380 4551 4629 4633

4667 4853 4862 4868 4877 4923 4938 4947 4993 5026

5056 5057 5062 5194 5338 5391 5397 5412 5413 5417

5512 5516 5519 5625 5665 5685 5708 5833 5839 5876

5899 5961 5962 6025 6026 6038 60 00 6092 6094 6124
6147 6212 6213 6277 6331 6337 6478 6534 6560 6639
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6645 6652 6656 6658 6663 6684 6827 7044 7051 7088

7102 7142 7146 7181 7203 7207 7209 7211 7236 7249

7276 7334 7335 7356 7358 7424 7425 7435 7436 7509

7713 7718 7732 M M095 0049 0136 0226 0632 0674

0735 1331 1638 1644 1647 1648 1681 2163 2164 2201

2213 2237 2274 2303 2353 2354 2372 2393 2423 2425

2426 2428 2430 2434 2483 2484 2486 2497 2531 2534

2537 2558 2559 2563 2569 2570 2572 2574 2578 2624

2648 2674 2678 2681 2682 2689 2691 2696 2890 2905

2911 2920 2925 2931 2973 2974 2990 2999 3929 3930

3933 4499 4500 4602 6625 6661 6675 6685 6688 6690

6695 6819 6826 6920 6921 6926 6959 7287 7304 7306

7324 7390 7391 7416 7442 7448 7451 7456 7754 7757

= M532 0189 0211 0268 0285 0292 0320 0329 0347

0378 0426 0430 0434 0459 0461 0464 0468 0469 0488

0499 0504 0507 0520 0527 0532 0536 0543 0545 0548

0560 0602 0604 0605 0606 0607 0613 0627 0633 0679

0688 0719 0733 0762 0764 0766 0777 0809 0835 0839

0842 0854 0885 0977 1004 1049 1056 1058 1070 1083

1104 1107 1113 1144 1152 1165 1173 1174 1176 1192

1213 1217 1225 1227 1229 1230 1253 1259 1261 1273

1291 1293 1295 1297 1324 1328 1339 1366 1383 1387

1408 1412 1416 1425 1438 1452 1461 1466 1480 1485

1563 1565 1567 1573 1628 1631 1663 1707 1720 1722

1724 1725 1726 1745 1746 1764 1772 1793 1797 1798

1804 1806 1848 1853 1855 1890 1895 1900 1904 1910

1949 1965 1970 2020 2025 2027 2028 2060 2064 2080

2083 2091 2092 2099 2153 2169 2191 2196 2220 2239

2243 2328 2334 2342 2380 2403 2450 2451 2492 2498

2580 2582 2587 2594 2599 2621 2626 2630 2651 2655

2706 2707 2712 2715 2722 2735 2736 2785 2790 2795

2813 2816 2830 2833 2839 2841 2842 2867 2896 2907

2908 2912 2936 2937 2963 2976 2977 2992 3011 3016

3034 3040 3046 3048 3049 3054 3061 3067 3074 3080

3092 3094 3097 3101 3115 3120 3126 3129 3135 3147

3150 3219 3255 3260 3289 3299 3304 3306 3311 3314



432 8. Apendices (28 vertices)

3317 3327 3348 3368 3370 3375 3378 3388 3395 3412

3413 3420 3423 3424 3432 3457 3475 3517 3521 3534

3536 3537 3538 3539 3614 3631 3639 3650 3662 3670

3689 3690 3694 3698 3707 3714 3723 3736 3753 3773

3775 3784 3805 3809 3848 3854 3869 3877 3890 3891

3894 3904 3906 3907 3912 3961 3962 3965 3973 3974

3982 3986 3987 4023 4045 4047 4050 4055 4068 4069

4103 4109 4148 4157 4163 4166 4215 4216 4218 4254

4256 4259 4305 4306 4344 4381 4389 4411 4419 4427

4440 4441 4552 4553 4613 4651 4676 4702 4710 4726

4734 4735 4736 4741 4742 4745 4776 4778 4798 4818

4821 4822 4829 4839 4845 4852 4863 4864 4866 4878

4890 4901 4913 4917 4920 4926 4930 4950 4970 4971

4972 4977 4989 4990 4992 4996 5001 5008 5014 5023

5059 5070 5076 5083 5085 5090 5102 5111 5116 5164

5166 5183 5235 5251 5269 5284 5309 5327 5355 5366

5377 5390 5411 5419 5465 5537 5561 5609 5637 5639

5641 5679 5684 5694 5709 5797 5808 5827 5842 5862

5865 5868 5873 5874 5885 5900 5929 5930 5935 5937

5939 5959 5965 5988 5989 6027 6035 6052 6086 6087

6090 6091 6116 6122 6125 6143 6149 6151 6156 6173

6197 6205 6211 6278 6310 6329 6332 6336 6340 6346

6381 6394 6397 6421 6477 6480 6531 6540 6555 6637

6638 6651 6664 6697 6719 6769 6789 6805 6814 6837

6840 6856 6863 6865 6889 6911 6933 6934 6952 6992

6998 7025 7027 7037 7038 7045 7055 7056 7059 7064

7073 7075 7085 7091 7097 7116 7130 7148 7154 7156

7161 7182 7191 7193 7194 7204 7210 7214 7222 7243

7252 7298 7299 7332 7338 7352 7357 7398 7404 7418

7437 7438 7480 7531 7532 7572 7607 7624 7628 7683

7692 7716 7734 7746 C4 M042 0028 0051 0145 0182

0184 0257 0301 0363 0533 0552 0555 0659 0963 1377

1382 1426 1459 1492 1665 1723 1734 1735 1911 1958

1966 4044 4463 4532 4548 4594 4617 4641 4674 4909

6136 6163 6528 6539 6563 6571 6585 6602 M330

0160 0186 0190 0191 0277 0314 0349 0385 0519 0524
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0554 0577 0590 0649 0664 0669 0684 0698 0705 0746

0770 0847 0921 0933 0955 0961 0975 1005 1060 1066

1077 1080 1167 1191 1198 1237 1241 1334 1455 1456

1457 1469 1475 1488 1501 1509 1528 1529 1546 1604

1608 1646 1689 1782 1785 1787 1858 1871 1896 1907

1968 2010 2015 2033 2084 2215 2223 2307 2312 2368

2375 2385 2400 2452 2459 2474 2504 2508 2514 2525

2545 2551 2597 2605 2628 2698 2700 2701 2703 2705

2719 2752 2753 2757 2758 2797 2798 2803 2815 2826

2913 2914 2934 2980 3020 3024 3027 3028 3062 3065

3070 3083 3084 3141 3182 3199 3232 3234 3240 3256

3265 3273 3297 3308 3329 3335 3347 3354 3358 3364

3365 3366 3389 3441 3492 3598 3641 3657 3665 3668

3675 3755 3779 3843 3852 3853 3867 3897 3898 3913

3928 3932 3934 3937 3940 4010 4013 4146 4158 4165

4168 4187 4191 4192 4198 4210 4226 4241 4245 4251

4262 4325 4354 4368 4382 4400 4461 4462 4531 4639

4662 4679 4684 4691 4706 4858 4873 4880 4914 4961

5003 5011 5071 5081 5092 5117 5124 5135 5153 5158

5161 5169 5220 5224 5226 5228 5234 5272 5289 5305

5320 5331 5344 5363 5369 5387 5394 5395 5422 5448

5502 5563 5620 5626 5643 5662 5671 5695 5790 5801

5802 5821 5823 5867 5878 5886 5897 5902 5909 5916

5963 5991 6011 6014 6019 6046 6063 6079 6109 6114

6144 6168 6171 6175 6206 6215 6221 6345 6352 6353

6354 6355 6357 6374 6395 6399 6406 6407 6419 6426

6465 6481 6484 6549 6576 6584 6588 6606 6700 6716

6736 6747 6758 6762 6772 6817 6866 6868 6878 6895

6899 6908 6915 6941 6976 7012 7017 7060 7062 7098

7152 7234 7284 7291 7303 7329 7378 7382 7395 7397

7410 7415 7439 7454 7455 7478 7556 7559 7583 7590

7614 7621 7625 7641 7644 7645 7658 7668 7707 7752

0036 M033 0223 0683 0734 1344 1750 2187 2672 2770

2773 3161 3184 3187 3216A1449 3464 3560 3721 3765

3975 4222 4236 4238 4243 4420 4425 4533 6788 6918

6919 7082 7089 7485 7486 =QZ M033 0240 0692 0722



434 8. Apendices (28 vertices)

1343 1751 2267 2671 2771 2772 3163 3214 3261 3504

3550 3555 3722 3724 3858 3916 4224 4229 4246 4377

4417 4428 4535 6787 6904 6905 7079 7090 7484 7488

QM . M002 0402 4510 .QM^. M067 0033 0093 0108 0110

0170 0197 0229 0236 0237 0296 0324 0620 0623 0712

0843 0868 0903 1317 1321 1619 1623 1683 2209 2216

2389 2390 2412 2446 2448 2490 2494 2495 2505 2951

2968 3797 3802 3807 3885 3914 3968 4507 4559 6621

6666 6785 6786 6804 6821 6823 6877 6879 6902 6951

6954 6962 7065 7092 7112 7113 7213 7215 7221 7423

7536 7744 7748 2040 M315 0187 0243 0254 0366 0373

0460 0462 0472 0491 0531 0544 0550 0573 0580 0583

0681 0689 0701 0704 0731 0732 0865 0890 0893 0897

0925 0951 0956 0962 0965 0976 0983 0995 1052 1105

1114 1153 1169 1181 1184 1204 1264 1283 1322 1323

1335 1348 1385 1407 1437 1446 1447 1479 1566 1661

1676 1677 1679 1680 1687 1702 1717 1773 1795 1808

1832 1846 1892 1898 1902 1912 1935 1940 1942 1943

1963 1985 2026 2081 2085 2097 2110 2147 2184 2188

2198 2275 2279 2282 2300 2318 2324 2330 2377 2402

2444 2445 2520 2524 2533 2538 2598 2600 2610 2611

2613 2623 2631 2636 2734 2786 2799 2810 2832 2838

2843 2861 2909 2917 3022 3023 3035 3043 3045 3063

3064 3068 3072 3090 3102 3127 3130 3136 3173 3183

3290 3300 3307 3309 3328 3334 3429 3460 3466 3540

3552 3633 3663 3687 3688 3696 3702 3708 3720 3780

3791 3812 3846 3847 3849 3868 3870 3872 3873 3980

3981 3985 4028 4051 4070 4111 4115 4153 4214 4233

4257 4260 4267 4277 4304 4332 4412 4414 4426 4554

4647 4724 4733 4746 4754 4791 4809 4817 4840 4860

4893 4899 4919 4921 4939 4998 5015 5016 5084 5086

5089 5106 5110 5115 5125 5138 5175 5189 5223 5247

5249 5252 5332 5356 5362 5522 5622 5640 5644 5678

5693 5717 5720 5724 5800 5807 5813 5829 5831 5858

5872 5877 5884 5934 5936 5938 6012 6036 6054 6089

6097 6111 6112 6117 6123 6145 6199 6203 6233 6262
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6295 6306 6307 6313 6383 6411 6418 6422 6425 6482

6577 6627 6654 6668 6669 6676 6702 6715 6723 6753

6765 6770 6791 6795 6796 6831 6836 6838 6841 6842

6890 6893 6898 6909 6922 6949 6989 6997 7014 7018

7057 7099 7133 7149 7160 7163 7205 7223 7261 7290

7326 7405 7407 7443 7571 7573 7606 7623 7632 7751

41 M052 0071 0129 0169 0196 0228 0288 0297 0323

0619 0621 0694 0834 0867 0902 1310 1316 1610 1612

1682 2161 2211 2218 2311 2366 2367 2447 2485 2506

2515 2887 2906 3859 3861 3878 4465 6657 6672 6780

6797 6798 6801 6825 6880 6881 6948 6958 6963 7111

7228 7292 7440 7753 2 M201 0105 0132 0135 0192

0456 0668 0716 0724 0790 0812 0819 0821 0822 0823

0880 0884 0895 0896 0901 0906 1098 1269 1303 1329

1336 1347 1365 1543 1587 1632 1642 1645 1678 1715

1854 2111 2112 2284 2331 2336 2339 2370 2371 2470

2479 2480 2482 2532 2571 2579 2618 2619 2683 2692

2743 2749 3009 3051 3076 3231 3248 3263 3543 3546

3548 3587 3601 3602 3605 3607 3660 3683 3700 3730

3732 3735 3742 3799 3863 4030 4053 4074 4132 4134

4135 4152 4280 4375 4451 4719 4758 4765 4774 4830

4838 4842 4974 5013 5020 5033 5035 5041 5047 5112

5121 5134 5136 5140 5141 5177 5225 5239 5253 5257

5261 5264 5290 5293 5311 5348 5351 5354 5399 5402

5404 5408 5454 5489 5525 5530 5532 5533 5552 5554

5576 5578 5594 5601 5646 5648 5654 5655 5656 5659

5660 5729 5732 5734 5841 5849 5850 5860 5871 5891

5912 5921 5949 5969 5972 5975 5977 5982 5983 5985

5990 6254 6301 6314 6315 6428 6435 6437 6438 6440

6444 6445 6486 6487 6496 6498 6505 6633 6653 6869

6870 6938 7061 7070 7185 7504 7525 7548 7576 7652

7657 7659 7675 7685 7699 7735 7739 CM M039 0011

0018 0032 0067 0088 0130 0176 0194 0195 0200 0256

0299 0304 0313 0406 0414 0421 0433 0697 0864 0982

1115 1158 1164 1180 1240 1263 1362 1877 1928 1941

3845 4522 4536 4547 4561 4638 4670 6509 M M028



436 8. Apendices (28 vertices)

0070 0073 0074 0101 0114 0115 0118 0163 0611 0850

0853 1277 1674 1701 2158 2946 3808 3966 4563 6515

6533 6569 6655 6820 7083 7114 7219 7743 0045 M068

0222 0224 2666 2667 2763 2764 2765 2766 3167 3212

3242 3257 3262 3450 3465 3505 3551 3556 3561 3719

3726 3879 4227 4230 4249 4250 4366 4367 4616 5075

5080 5159 5162 5188 5202 5809 5811 5822 5826 5828

5830 6251 6252 6260 6261 6370 6373 6376 6380 6423

6424 6737 6741 6751 6757 6759 6760 6761 6799 6800

7560 7561 7579 7580 7601 7602 7646 7647 U04-6 M022

0014 0117 0131 0225 0631 1337 1643 1732 2230 2244

2369 2481 2487 2529 2566 2677 4477 4608 6544 6673

6923 6960 f4 M018 0027 0066 0080 0107 0140 0167

0317 0841 1369 2384 2415 4509 4627 4643 4668 6644

6917 7552 04 M019 0113 0139 0142 2301 2373 2429

2535 2562 2575 2673 2693 4475 4606 6649 7294 7307

7323 7369 7452 C049 M026 0065 0087 0109 0112 0134

0624 0838 1624 2219 2235 2238 2414 2472 2500 2516

2975 3915 4560 4588 6624 6667 6692 6811 6903 6925

6955 14 M020 0106 0111 0241 0321 0629 0846 0871

1294 1299 1332 1359 1630 1742 2915 4562 6546 6566

6916 7069 7218 CO 5-1 M033 0054 0064 0083 0085 0090

0094 0103 0119 0120 0615 0685 0690 0862 0863 1266

1284 1672 1675 1699 1737 2904 3862 4452 4453 4534

6517 6543 6574 6650 6766 6946 7110 7227 C052 M020

0041 0062 0086 0116 0133 0832 1345 1613 2162 2170

2236 2246 2258 2449 2491 4485 6674 6694 6812 6961

49 M016 0081 0221 0242 0287 0628 0675 0870 1300

1330 1354 1355 1615 1741 4484 6545 6565 4 M014

0029 0048 0057 0078 0138 0165 0318 0833 1367 4464

4486 4623 4640 4673 M5 M006 0013 0044 0053 0121

1733 6542 ScO M008 0031 0068 0091 0691 1360 1673

4564 6573 Q57 M003 0060 0614 6516 M M002 0001

4518 Q M002 0003 4520 C060 M141 0148 0291 0294

0467 0571 0652 0658 0666 0672 0728 0730 0736 0738

0848 0869 0904 0910 0928 1031 1041 1059 1068 1094
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1279 1305 1320 1341 1349 1376 1430 1477 1521 1525

1601 1617 1618 1657 1684 1716 1800 1838 1841 1851

1921 1996 2134 2183 2194 2203 2231 2240 2247 2257
2259 2260 2285 2295 2362 2365 2517 2540 2565 2567

2659 2662 2670 2675 2723 2782 2793 2819 2820 2953

2957 3154 3209 3397 3494 3523 3594 3615 3616 3757

3769 3772 3801 3824 4082 4084 4086 4087 4481 4483

4487 4512 4600 4603 4648 4649 4657 4713 4715 4725

4731 4747 4800 4945 5245 5383 5434 5565 5627 5690

6141 6225 6265 6665 6670 6677 6679 6696 6792 6793
6794 6806 6846 6872 6874 6956 7030 7143 7199 7212

7226 7321 7441 7458 7515 7544 7545 7750 0061 M044

0217 0364 0585 0946 0950 1024 1216 1254 1562 2016

2206 2252 2865 3323 3362 3380 3529 3530 3557 3695

3766 4035 4295 4615 4707 4884 4891 5243 5439 5549

5619 5712 5722 5744 5756 5770 5775 6191 6224 6452

6722 7174 7383 7506 C062 M018 0457 1075 2014 2070

2105 2299 3271 3590 4896 4973 5132 5410 5624 6033

6055 6121 7230 7710 0063 M277 0147 0151 0281 0358

0474 0506 0528 0530 0587 0593 0670 0677 0680 0720

0737 0739 0740 0743 0753 0774 0775 0799 0851 0876

1065 1067 1252 1267 1311 1406 1413 1415 1444 1448

1621 1622 1775 1784 1894 1937 2005 2012 2079 2137

2167 2178 2232 2233 2234 2340 2352 2359 2360 2361

2382 2396 2528 2564 2604 2609 2637 2642 2721 2729

2738 2806 2846 2849 2870 2875 2889 2899 2900 2910

2943 2945 2947 2948 2954 2955 2959 2981 3033 3053

3055 3069 3160 3162 3166 3178 3223 3239 3274 3284

3302 3392 3431 3433 3434 3437 3446 3448 3471 3506

3508 3518 3525 3558 3569 3573 3581 3582 3583 3586

3595 3647 3739 3745 3746 3748 3754 3781 3794 3795

3810 3815 3844 3871 3989 4031 4061 4248 4289 4308

4310 4321 4322 4335 4342 4345 4346 4356 4357 4362

4364 4365 4586 4630 4637 4750 4757 4816 4835 4841

4865 4869 4928 4958 4982 4984 5005 5042 5066 5068

5077 5173 5180 5186 5201 5240 5303 5325 5373 5378



438 8. Apendices (28 vertices)

5409 5438 5456 5471 5475 5495 5496 5498 5501 5597

5672 5710 5713 5714 5754 5772 5780 5782 5832 5887

5888 5911 5971 5987 6007 6010 6043 6066 6070 6073

6074 6080 6081 6082 6085 6104 6108 6159 6192 6207

6230 6238 6239 6245 6247 6276 6279 6285 6359 6363

6364 6368 6385 6389 6391 6398 6474 6493 6628 6678

6680 6682 6687 6718 6746 6755 6778 6822 6850 6884

6885 6910 6984 7005 7028 7041 7047 7052 7054 7101

7268 7269 7327 7339 7343 7362 7400 7401 7403 7460

7470 7578 7591 7604 7608 7648 7649 7650 7651 7665

7674 7682 7693 CQS4 M044 0398 0785 0926 1022 1071

1072 1099 1123 1126 1531 1849 2078 2225 2831 2873

3340 3544 4042 4129 4136 4141 4699 4700 4721 4802

4827 4929 4944 4951 4952 5297 5436 5650 5651 5652

5653 6833 6854 7120 7123 7278 7279 7280 7281 fM

M051 0026 0162 0183 0193 0267 0302 0422 0540 0661

0702 0889 0954 0959 1122 1141 1363 1389 1454 1496

1585 1664 1667 1690 1719 1738 1913 1956 1957 1964

2394 2404 2961 3817 3855 4479 4565 4618 4644 4669

4908 6137 6165 6532 6538 6568 6601 6810 6828 7140

7200 7551 (8-66 M002 0056 0401 Q¢7 M114 0175 0185

0328 0351 0445 0706 0749 0840 0913 0922 0942 0945

0964 0972 0981 1001 1012 1078 1151 1238 1391 1538

1603 1625 1731 1748 1765 1789 1998 2032 2179 2212

2214 2310 2435 2473 2493 2501 2544 2640 2679 2684

2702 2720 2759 2760 2787 2801 2802 2932 2962 3079

3175 3241 3333 3367 3374 3379 3637 3638 3851 3889

4009 4011 4043 4116 4190 4247 4353 4423 4569 4753

4797 4808 4859 4912 5000 5039 5074 5181 5182 5218

5393 5875 5896 5908 5964 5992 6004 6018 6169 6200

6469 6554 6582 6586 6704 6725 6784 6924 6945 6981

7058 7115 7153 7301 7308 7372 7396 7445 7447 7453

7588 7622 CM M166 0418 0592 0671 0727 0792 0793

0804 0891 0898 0899 0984 1021 1189 1285 1288 1346

1368 1370 1379 1380 1545 1591 1592 1660 1662 1698

1703 2089 2304 2327 2355 2654 2840 3031 3059 3133
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3146 3217 3218 3249 3313 3338 3425 3426 3427 3468
3541 3542 3588 3617 3618 3658 3699 3701 3709 3729
3743 3749 3899 3910 4223 4225 4228 4235 4379 4708
4760 4997 4999 5004 5006 5007 5017 5036 5037 5038

5104 5105 5107 5108 5113 5114 5137 5160 5163 5187
5255 5267 5268 5347 5349 5400 5435 5477 5524 5534
5572 5595 5596 5647 5725 5730 5810 5824 5847 5848
5851 5853 5859 5861 5863 5864 5919 5932 5974 5976

6050 6051 6234 6243 6244 6253 6255 6256 6257 6291
6302 6371 6377 6413 6414 6429 6430 6431 6432 6433
6447 6488 6491 6630 6707 6730 6739 6843 6901 6914

7026 7155 7170 7175 7351 7463 7467 7519 7549 7598

7599 7618 7637 7638 7678 7680 7681 7697 7736 7737
C069 M006 1473 1494 6138 6164 6613 6618 70-27-0 M006
1474 1491 6139 6162 6612 6619 0071 M112 0155 0261

0308 0362 0622 0635 0695 0713 0784 0791 0808 0824

0825 0852 0881 0900 0905 1073 1186 1234 1236 1301

1530 1579 1633 1714 1799 1807 2077 2226 2280 3245

3258 3336 3343 3469 3600 3613 3632 3731 4054 4071

4072 4112 4119 4309 4376 4429 4622 4634 4755 4775
4781 4782 4815 4834 4935 4941 5010 5034 5040 5119
5145 5193 5241 5248 5254 5263 5266 5291 5403 5405

5451 5453 5455 5528 5550 5551 5577 5579 5600 5645

5649 5657 5658 5711 5728 5733 5852 5947 5950 5970
5973 5981 6263 6300 6316 6317 6427 6439 6442 6446

6490 6492 6497 6756 6855 7277 7282 7575 7653 7654

U O-7-2 MO10 0177 0274 0439 0447 1023 1125 1188 1190

1233 1235 QM.Z. M006 0007 2182 2189 2200 2269 4605

74 M004 0059 0141 1373 4476 O7 M027 0473 0579

0754 0758 1557 2277 2335 3342 3547 3624 3640 4756

4831 4832 4978 5256 5262 5296 5527 5531 5556 5581

5735 5951 5955 6499 6503 M7 M005 0034 0036 0168
0284 4516 0077 M114 0250 0340 0393 0549 0561 0612

0630 0650 1177 1314 1315 1400 1460 1476 1484 1487

1651 1969 2175 2323 2381 2386 2431 2541 2543 2726

2762 2776 2847 2864 2940 3012 3044 3089 3098 3117



440 8. Apendices (28 vertices)

3118 3140 3151 3188 3189 3247 3250 3264 3267 3305
3422 3524 3533 3563 3626 3673 3704 3727 3740 3850

3963 3964 3988 3991 3992 4155 4180 4239 4328 4359

4408 4415 4418 4567 4592 5022 5043 5096 5100 5129

5152 5165 5197 5209 5222 5238 5328 5466 5618 5804

5879 5944 6028 6032 6184 6296 6344 6405 6454 6464

6535 6570 6631 6659 7039 7048 7081 7179 7365 7385

7483 7495 7498 7503 7521 7706 7723 7727 C078 M115

0341 0344 0431 0479 0481 0482 0542 0656 0911 0957

0960 1017 1472 1483 1486 1586 1602 1718 1999 2000

2174 2319 2322 2346 2379 2436 2527 2542 2664 2739

2761 2775 2918 3025 3073 3088 3093 3104 3110 3176

3179 3201 3202 3330 3419 3421 3447 3509 3532 3564

3625 3679 3691 3728 3741 3842 3955 3960 3976 3990

3995 4159 4161 4197 4234 4261 4266 4293 4296 4416

4454 4591 5025 5078 5101 5120 5126 5147 5154 5198

5214 5221 5283 5306 5329 5340 5816 5880 5946 6030

6031 6193 6287 6342 6404 6456 6463 6529 6567 6632

6660 7040 7050 7087 7178 7360 7364 7386 7496 7500

7501 7512 7704 7722 7728 0079 M006 0514 0516 4492

4811 4814 7554 C080 M006 0517 4490 4491 4812 4813

7555 = M015 3659 3682 5012 5018 5139 5203 5869

5889 6434 6443 6703 6721 7582 7610 7655 2 M015

3661 3681 5009 5019 5146 5192 5866 5890 6436 6441

6706 6720 7581 7609 7656 0083 M003 6372 6379 7562

Se M002 6378 7563 CQ$5 M008 0017 0210 0360 0403

0845 1255 4471 4515 Q$ M001 0019 08 M007 0025

0035 0046 0079 0166 1325 4474 CM M017 0180 0305

0413 1185 1231 1271 1361 1815 1879 1901 2791 4113

4459 4503 4549 4729 6775 0089 M051 0515 0717 0939

1224 1228 1396 1445 1634 1803 2349 2351 3750 3911

4193 4288 4320 4650 5171 5172 5196 5285 5337 5341

5464 5472 5474 5497 5776 5777 5796 5894 5978 5979

6185 6242 6249 6360 6362 6388 6642 6727 6939 7267

7271 7473 7593 7597 7679 7691 7705 7724 CM M045

0529 0665 0682 0708 0820 0837 1268 1286 1338 1342
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1423 1428 1429 1433 1435 1436 1636 1836 1840 1955
2254 3467 3646 3837 3856 3857 4621 4628 4632 4635
4690 4824 4915 5352 5406 5450 5553 5574 5726 5933

6071 6077 6304 6494 7137 C091 M003 0006 0024 4473

0092 M055 0485 0603 0752 0757 0760 1556 2338 2661

3339 3341 3642 3764 4403 4701 4712 4819 4820 4826

4836 4837 5258 5259 5265 5292 5294 5295 5478 5529

5555 5557 5580 5582 5583 5736 5952 5953 5954 5956

5994 5995 6500 6501 6502 6504 7188 7189 7337 7376
7379 7660 7670 7676 7686 7700 7738 09 M006 0005

0171 0310 0877 4538 4556 C094 M021 0095 0096 0161

0174 0300 0307 0383 0449 1010 1037 1135 1201 1375

1696 2714 3652 4468 4508 4624 6520 6521 C095 M022

0541 0768 0940 0952 1106 1155 3259 3430 4351 4577

4584 4903 5398 5913 6453 6548 6742 6972 7171 7353

7354 7663 96 M024 0089 0097 0264 0265 0298 0387

0410 0444

[

46 0451 1009 1026 1034 1111 1137 1374

1655 1693 97 1951 4521 4537 4626 6511 C7 M028

0513 0609 0767 1500 1532 1897 2044 2245 4285 4436

4576 4610 5437 5445 5470 5494 5764 5766 5924 6002

6119 6726 6728 7118 7477 7611 7695 7702 C098 M066

0030 0235 0478 0484 0912 0996 1044 1139 1205 1289

1527 1779 2046 2056 2057 2862 3108 3109 3156 3157

3276 3277 3278 3352 3386 3398 3415 3480 3501 3502

3559 4286 4301 4318 4374 4388 4435 4882 4887 5030

5097 5133 5211 5359 5365 5367 5697 5745 5746 5906

5915 5958 5996 5997 6021 6177 6181 6324 7347 7355

7464 7472 7490 7505 7508 7689 M026 0123 0125

0204 0379 0389 0409 0419 0443 0638 0640 0969 1008

1025 1028 1110 1128 1654 1694 1946 4456 4470 4525

4530 4625 6519 6524 10 M030 0016 0023 0038 0098

0099 0144 0208 0263 0269 0388 0405 0437 0441 0653

0873 0970 0992 1027 1029 1136 1220 1243 1736 1947

4517 4527 4541 4566 6523 6536 101 M016 2250 3383

3384 4022 5299 5300 5372 5588 5751 5752 5753 7341

7462 7471 7672 7690 =2 M008 0010 0021 0164 0198



442 8. Apendices (28 vertices)

0206 0866 4542 4557 M M010 0490 2192 2249 3385

3984 4021 4717 5374 5589 5750 1 4 M008 0042 0045

0309 0400 0634 0636 4467 4540 C105 M016 0043 0047

0076 0122 0303 0442 0990 1015 1221 1358 2788 4458

4529 4546 6514 6522 C106 M003 7384 7491 7694 0107

M013 0004 0037 0039 0173 0266 0440 0878 1036 1038

1134 4478 4519 6507 10 M005 0280 0311 0637 4466

4539 2J M005 0077 0124 1035 4526 6518
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(n + 1)-graph, 1
A-move, Ai-move, 131

B-move, B-move, 131

C-move, C,'.--move, 132

D-move, D; -move, 132
E-move, Erjk-move, 133

F-move, F,'-move, 133

Gp a , 100
G8wt 11a,6
G1#G2, 104
Gi#'G2, 102
Gi#°G2, 102
Gi#°G2, 102
L(p, q), 31
Lp,q, 31
S1 x S2-normalization, 263
S3-normalization, 263
TS-configuration

3-page, 13
ladder, 12
quasi-cluster, 12
quasi-cube, 11

TS-configurations, 129

TS-moves, 11

TS1-move, 11

TS2-move, 11
TS3-move, 11

TS4-move, 12

TS5-move, 12

TS6-move, 13
TSPclass, 189
U-move, 13
U,, move on G, 145
tp,q, 31
k-residue, 26
A(r ), 141

A(x, y*), 243, 244
p-move, 11, 127

p-pair, 10, 40

a-gem, 5, 53

a-symmetries, 54
C, the sum of the connectivities of sur-

faces, 65
el =_ e2, 100
el m1 e2, 100
i j-gon, 16

n-residue, 2

p2, 104

pn, 104
q-deformed

quantum factorial, 261
quantum integer, 260

r-admissible
state, 262

r!', 6
Sixslxa',30
s1 x s2, 117
s1xa2, 117
s2, 104

s3, 128

t2, 104

tn, 104
u°-forest

of rigid 3-gems, 182

u°-move, 14, 154
u°-representative

of a 3-gem, 142
u°-move, 14, 154
u1-move, 14, 154
u;-move, 14, 154
U4-move, 145
un attractor
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an, 89
the, 89

u"-class, 15
u"-classification, 15
u"-essential

3-gem, 15
u"-move , 14, 154
u"-reducible

3-gem, 15

u;-move , 14, 154
vl -;j v2i 100
S(6,t,t,c), 33

1-dipole, 3, 35
1-dipole creation, 98
1-dipole in 2-gem, 98
1-dipole moves, 99

2-dipole, 3, 37

2-gem, 19
3-crystallization, 35
3-gem, 2, 20

admisible triple, 261
alternating presentation

of a group, 74
attractor

for a 2-manifold, 104
for a 3-manifold, 4

baloon, 39
baloon move, 39
Betti number

of a 3-manifold, 250
bigon, 2, 16
bipartiteness character of a graph, 105
blackboard framed link, 81
blink, 8, 81
blink getting absorbed, 85
bond space of a digraph, 106
breaking

of a duet, 175
of a handle, 122
of a trio, 107

cancellation
of 1-dipole, 35, 98

Index

of 2-dipole, 38
canonical presentation

of a 3-gem, 63
code

of a 3-gem, 30
of bipartite connected (n+l )-graph,

63
of bipartite non-connected (n + 1)-

graph, 64
of non-bipartite 3-gem, 64

code-colored edges
of a 3-gem, 127

code-numbered vertices
of a 3-gem, 127

color specification
of a TS-configuration, 129
of a 3-page, 130
of a ladder, 130
of a quasi-cluster, 130
of a quasi-cube, 129

colored triangulation, 38
complementary handlebody, 9
complexity

of a 3-gem, 178
of a closed 3-manifold, 178

connected sum along p , q, 102, 114
connectivity

of a closed surface, 65
contribution

of a vertex, 137
creation

of 1-dipole, 35, 98
of 2-dipole, 38

crystallization, 35
cycle space of a digraph, 106

depth-first search (DFS)
exploration of a graph, 60

derived 3-gem, 235, 236
digraph, 106
dual construction, 3
dual edge, 106
duet

in (n + 1 )-graph, 175
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equivalent of a plane graph, 256
string presentations, 55 monopole , 13, 142

equivalent 2-gems, 99 move
essential A',., 131

u"-Class, 15 B,'., 131
Euler characteristic, 105 C,'., 132
expanded gist, 54 D; , 132

face, 21
of a graph embedded in a surface,

17
framed link, 5, 77
free reduction, 73
fusible edge, 172
fusion at two vertices, 100

genus
of a Heegaard splitting, 66

geometric dual, 106

handle, 120
handle free

3-manifold, 177

handle slide, 270
handleboly, 66
Heegaard

diagram, 66
splitting, 66

horizontal move, 15

incidence matrix of a digraph, 106
intersection numbers, 243
involution, 32
involved colors

in a dipole, 38
in dipoles, 3

irreducible
3-manifold, 125

isotopy
ambient, 269
regular, 269

linking matrix, 264
loop in a graph, 106

medial

E*ik, 133
F;, 133

mutability of a TSPclass, 189

of a cellular embedding, 21
orientable prime manifold, 103

perfect group, 4
pillow, 39
pillow move, 39
planar

3-manifold, 255

preserving the orientation, 53
prime

3-manifold, 113

quantum invariants, 224
quartet, 120
quaternionic space, 34

reduced adjacency matrix
of a 3-gem, 42

reducible
3-manifold, 125

ribbon move, 270
rigid S2-gems, 172
rigid 3-gem, 6 , 11, 127
root vertex

of a TS-configuration, 129
of a 3-page, 130
of a ladder, 130
of a quasi-cluster, 130
of a quasi-cube, 129

size
of a 3-gem, 29

state, 262
string presentation, 5, 52

equivalent to a 3-gem, 55
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for 8 (3,3,2, 1), 55
for a 3-gem, 30

strong component
of a directed graph, 155

superattractor
for a 3-manifold, 4

surface induced by 2-gem, 97
switching

of a p-pair, 40
of a rho-pair, 10

symmetric space, 118
system of meridian disks

in a handlebody, 68

tidy matrix
for a (3 + 1)-graph, 147

triball, 20
trio

in (n + 1)-graph, 107

walking triplet, 100
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