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AN ABSTRACT

THE ANALYSIS OF PLATES ON ELASTIC FOUNDATION 

BY THE BOUNDARY INTEGRAL EQUATION METHOD

by

John T. K a ts ika d e lis  

A d v ise r: P ro f. A.E. Armenakas

Submitted in  P a r t ia l F u lfillm en t o f the Requirements fo r  the 

Degree o f Doctor o f Philosophy (A pp lied  Mechanics)

June 1982

In th is  d is s e r ta t io n , the Boundary In te g ra l Equation (BIE) 

method is  developed fo r  p la te s  on e la s t ic  founda tio n . The 

p e rtin e n t,c o u p le d ,s in g u la r  boundary in te g ra l equations are 

es tab lished  and solved num erica lly .M oreover, a procedure is  

presented fo r  o b ta in ing  the in flu e n ce  f ie ld s  o f various 

q u a n tit ie s  such as d e f le c tio n s , bending and tw is t in g  moments 

and shearing fo rce s . In th is  procedure,the in flu e n c e  f ie ld s  

are obtained as d e f le c tio n  surfaces corresponding to 

a p p ro p ria te ly  chosen.genera lized fo rce s . Numerical re s u lts  fo r  

various clamped and sim ply supported p la te s  under d is tr ib u te d  

or concentrated loads are a lso  presented and compared w ith  

e x is tin g  re s u lts  whenever a v a ila b le .

VII
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V III

In Part I .the  boundary value problem fo r  a thin plate on e lastic 

foundation is  fo rm ulated in  i t s  jnost general form . The two- 

dimensional reg io n , occupied by the p la te , may be sim ply or 

m u lt ip ly  connected and i t s  boundary may have corners. Two 

versions o f the Green id e n t ity  fo r  the d i f f e r e n t ia l  s e l f -  

a d jo in t ope ra tor (V^+ic2) are e s ta b lish e d . In  the one ve rs ion , 

the boundary terms do not have d ire c t  phys ica l meaning, 

whereas, in  the other version they have phys ica l s ig n if ic a n c e . 

Two in te g ra l represen ta tions fo r  the d e f le c tio n  o f the p la te  

are estab lished  by using the s o lu tio n  fo r  an in f i n i t e ly  extended 

p la te  on e la s t ic  foundation , subjected to  a concentrated u n it  

load in  the two versions o f Green's id e n t it y .  Moreover, two 

versions o f the required boundary in te g ra l equations are derived. 

For the ana lys is  o f p la tes w ith  clamped or sim ply supported 

p la te s , the boundary in te g ra l equations re s u lt in g  from the 

f i r s t  v e rs io n - o f Green's id e n t ity  are more s u ita b le  than those 

re s u lt in g  from the second ve rs ion . However, the f i r s t  set o f 

boundary in te g ra l equations are not app rop ria te  fo r  the ana lys is  

o f p la tes w ith  o ther boundary co n d it io n s .

The existence o f the boundary in te g ra ls  having s in g u la r 

kernels is  proved by showing th a t they behave l ik e  s in g le  or 

double la ye r p o te n t ia ls .  Moreover, the jump o f  the 

d is c o n t in u ity  o f these in te g ra ls ,  whenever th e ir  kernel behaves 

l ik e  a Newtonian double la ye r p o te n t ia l ,  is  evaluated using a 

s u ita b le  procedure.

An elegant procedure, based on the p ro p e rtie s  o f the 

d e r iva tive s  o f the 6 - fu n c t io n , is  presented fo r  the numerical 

eva lua tion  o f the in fluence  f ie ld s  o f various f ie ld  q u a n titie s
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such as d e f le c tio n s , s lopes, bending and tw is t in g  moments and 

shearing fo rce s . The in flu e n ce  f ie ld s  are obta ined as the 

d e f le c tio n  surfaces due to  a p p ro p ria te ly  in troduced genera lized 

loads (m u lt ip o le s ) , using a genera lized form o f  the re c ip ro ca l 

theorem. Thus, the two sets o f the boundary in te g ra l equations 

d i f f e r  on ly  in  the non-homogeneous term ,which is  evaluated 

in  closed form .

In Part I I , a  procedure fo r  the numerical s o lu tio n  o f the 

coup led,s in g u la r, boundary in te g ra l equations fo r  the clamped 

and sim ply supported p la te  is  developed. In  th is  procedure ,the 

boundary is  d iv ided  in to  a f in i t e  number o f elements on which 

the unknown boundary q u a n tit ie s  are assumed to  vary according 

to  a given law and, thus , the boundary in te g ra l equations are 

approximated by a system o f simultaneous l in e a r  a lgeb ra ic  

equations.-The c o e ffic e n ts  o f the unknowns o f th is  system are 

evaluated by numerical in te g ra t io n  o f  th e ir  expressions on the 

boundary element. A specia l technique is  app lie d  to  overcome 

the d i f f i c u l t y  in  the numerical in te g ra t io n  on the elements 

where the in teg rand is  s in g u la r. The non-homogeneous terms are 

double improper in te g ra ls  on a two-dim ensional region w ith  

a r b it ra ry  shape. A procedure is  developed fo r  the numerical 

eva lua tion  o f  any such in te g ra ls  .having a lo g a r ith m ic  o r a 

Cauchy-type s in g u la r i ty .  Numerical schemes fo r  the computation 

o f the d e fle c tio n s  o f the p la te ,a s  w e ll as i t s  s tress  

re s u lta n ts  are also presented.

In Part I I I * a  computer program has been w r it te n  in  FORTRAN
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language and num erical re s u lts h a y e  been obta ined on a CDC/ 

CYBER 171-8 computer fo r  the clamped and s im ply  supported 

p la te s . The re s u lts  are in  e x c e lle n t agreement w ith  those 

obtained from e x is t in g  a n a ly tic a l s o lu tio n s .F o r  sm all values o f 

the constant o f e la s t ic  founda tion  (k=0.1 o r 0 .0 1 ) , the re s u lts  

d i f f e r  n e g lig ib ly  from those o f a p la te  which does not re s t on 

an e la s t ic  founda tio n .

The in flu e n ce  c o e f f ic ie n ts  fo r  the d e f le c tio n  and the 

s tress r e s u lta n ts ,a t  some po in ts  o f clamped and s im ply  

supported c ir c u la r  and re c ta n g u la r p la te s ,a re  ta b u la te d  fo r  

c e rta in  values o f  the dimensionless parameters which 

cha rac te rize  the geometry and mechanical p ro p e rtie s  o f  the 

p la te  and the e la s t ic i t y  o f the subgrade.
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PARTIAL LIST OF SYMBOLS

W: Deflection of the middle surface of the plate

f ( p ) : ‘ Loading fu n c tio n .

F lexura l r ig i d i t y  o f the p la te .Eh3 . 
1.2 (1 -v 2) ’

h: Thickness o f the p la te

Modulus o f e la s t ic i t y  

Po ison's r a t io

Constant o f the e la s t ic  foundation

k 2 =
D

3 +
3x2 3y2

Harmonic (Lap lac ian ) ope ra tor

V** = +2 — ——;—+ - — : Biharmonic ope ra to r
ax" 3x23y2 dy"

Mx , My : Bending moments per u n it  length on

cross sections o f the p la te  normal to  

the x and y axes, re s p e c t iv e ly

M Tw is ting  moment per u n it  length  w ith

respect to  the x and y axes.

Qx ,Qy : Shearing fo rce  per u n it  leng th  on cross

section  o f the p.late normal to  the x 

and y axes, re s p e c t iv e ly .

Mn ,Mt : Bending moments per u n it  le rig th  in

d ire c t io n s  normal and tangen tia l to the 

boundary.

1
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2

• M,V: 

K (s):

P,Q,

p.q.
v(P ,Q ):

r= |P -Q |:

P=r/% .

b e r (p ) , b e i (p ) ,k e r (p ) , 

k e i(p ) :

6 (P -Q ): 

cp,o) =r7n:

T w is ting  moment w ith  respect to  the 

n and t- d ire c t io n s ,

E f fe c tiy e  shearing fo rc e  (re a c tio n  

fo rc e ) per u n it  le ng th  along the 

boundary o f the p la te .

D i f fe r e n t ia l operators defined by 

equations (1 -2 .8 ) .

Curvature o f the boundary.

A d d it io n a l term o f the boundary 

in te g ra l equations fo r  boundary w ith  

corners defined by equation (1 -2 .1 1 ). 

Parameter having dimensions o f length 

r e la t in g  the s t if fn e s s  o f the p la te  

to  the constant o f the e la s t ic  

founda tio n .

Po ints in s id e  the two-dim ensional 

reg ion occupied by the p la te .

Po in ts on the boundary o f the p la te  

Fundamental s o lu tio n  o f the problem 

Distance between the po in ts  P and Q. 

Dimensionless d is tan ce .

K e lv in  fu n c tio n s  o f zero order.

D e lta fu n c tio n .

Angle between the d ire c t io n  o f the 

d is tance r  and the normal n to  the 

boundary.
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F.G.H,

w*:

N [6(P -Q )]:

a:

X=a/£:

e=b/a:

Angle a t the corner p o in t o f the p la te .

Boundary q u a n titie s  defined by equations (1 -4 .26 ) 

Non homogeneous terms o f the boundary in te g ra l 

equations defined by equations (1 -4 .27 ) 

G eneralized d e f le c tio n  o f  the p la te  ( in flu e n ce  

f ie l d ) .

Generalize-d fo rce . N is  a l in e a r  d i f f e r e n t ia l  

o pe ra to r.

Radius o f  a c ir c u la r  p la te ,  o r h a lf  o f 

the s ide length  o f a re c ta n g u la r p la te . 

D imensionless parameter r e la t in g  the 

geom etrica l and mechanical p ro pe rties  o f the 

p la te  to the s t if fn e s s  o f the subgrade. :

Side ra tio ,  o f a' re c ta n g u la r p la te .
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I N T R O D U C T I O N

1. H is to r ic a l developement o f the BIE method

.The boundary in te g ra l methods fo r  the s o lu tio n  o f 

boundary value problems in  mathematical physics have th e fr  

o r ig in  in  the work o f G.Green (1828) [1 ] ,  who obtained an 

in te g ra l rep resen ta tion  fo r  the s o lu tio n  o f the D ir ic h le t  

and Neumann problems fo r  the Laplace equation. In these 

problems, a fu n c tio n  u (x ,y ,z )  is  sought s a t is fy in g  the Laplace 

equation a t every p o in t o f a th ree dimensional region R. That 

is ,

V-2u=0 ' (H . l)

M oreover,at every p o in t o f  the boundary S o f R ,th is  fu n c tio n  

assumes e ith e r  sp e c ifie d  -values (D ire c h le t problem) or i t s  

d e r iv a tiv e  in ' the d ire c t io n  normal to  S (-|^). assumes sp e c ifie d  

values (Neumann problem ). Green devoloped and employed h is w e ll 

known re c ip ro ca l id e n t it y ,  i . e .

| { } R( u ^ , - v 7 “ U)dV=}}s ( .u | i . - v | i ) d S  tH-2)

which re la te s  any two fu n c tio n s  u (x ,y ,z )  and v (x ,y ,z )  in s id e  

the three-rdimensional reg ion R w ith  the values o f these
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func tions  and th e ir  normal d e r iv a t iv e s ^  on the boundary S 

o f R-. The fu n c tio n s  u and v must be tw ice con tinuous ly  

d i f fe re n t ia b le  in  R and once on S.

. For v, Green chose a s in g u la r s o lu tio n  o f the Laplace 

equation [V 2 v = -4 ti6 (P -Q ) , where 6(P-Q) is  the D irac d e lta -  

fu n c t io n ] ,  i . e . ^

v r l / r  (H .3 )

where r=)P-Q] is  the d is tance between any two po in ts  P and 

Q in  R. Using equation CH.3 ) , id e n t it y  (H .2) g ives the 

fo llo w in g  in te g ra l rep resen ta tion  fo r  the s o lu tio n  u(P) o f 

equation (H . l)

“(P)-?Hls[ r i - “fF<F>]dS (H'4)
Since u.and can not both be prescribed on.the  boundary, the 

one which is  not prescribed should be e lim ina ted  from the 

above re la t io n .  To accomplish t h is ,  Green in troduced c e rta in  

func tions  known as the "Green's fu n c tio n s  fo r  the surface and 

the p o in t"  [2 ] .  For the D ir ic h le t  problem he in troduced the 

s in g u la r fu n c tio n  G(P,Q), known as Green's f i r s t  fu n c tio n , 

which has the fo llo w in g  p ro p e rtie s :

(a) G is  harmonic in s id e  R except a t r=0

(1) n is the direction'of thh outward normal to the surface S.
(2) In potential theory the function v-l/r is the three 

dimensional Newtonian potential at a point P (field 
point) due to a unit concentrated mass at point Q (source 
point).
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(b) i t  behaves l i k e  1 /r  a t r=0 and

(c) i t  vanishes on S.

These p ro p e rtie s  im ply th a t lim (G t ^-)=0 and th a t the fu n c tio n
l • , r+0 r

(G- -p) is  harmonic [v 2(G- ^-)=0] a t a l l  po in ts  in  R.

Consequently.choosing the fu n c tio n  (G- fo r  v , r e la t io n

(H.2) y ie ld s

• , H i r ] dS <H- 5>

Taking in to  account th a t  G=0 on S and using equation (H .4 ), 

Green obtained the fo llo w in g  in te g ra l re p resen ta tion  fo r  the 

fu n c tio n  u(P)

u<p>=- dS (lU)
In an .analogous fash ion  [2 ] .  Green expressed the 

s o lu tio n  o f the Neumann problem in  terms o f a second s in g u la r  

fu n c tio n  r(P ,Q ) re fe rre d  to  as Green's second fu n c t io n ,  which 

has the fo llo w in g  p ro p e rtie s

(a) r  is  harmonic in  R except a t the o r ig in  r=0 and a t 

some p o in t A

(b) i t  behaves l i k e  1 / r  a t r=0 and l ik e  - 1 / r  a t r= r^  and

(c) i t s  normal d e r iv a tiv e  vanishes on S.

Choosing fo r  v the fu n c tio n  r ,  r e la t io n  (H.2) y ie ld s

u(P}=u(A)+ (H.7) .
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where u(A) is  the value o f the fu n c tio n  a t p o in t A; th a t is ,  

the s o lu tio n  o f the Neumann problem is  obtained to  w ith in  an 

a rb it ra ry  constan t.

The co n s tru c tio n  o f the Green fu n c tio n s  fo r  a given 

boundary is  a d i f f i c u l t  problem. For th is  reason, Green's 

fu n c tio n s  have been es tab lished  on ly  fo r  few surfa ces , such 

as ,the  plane and the sphere.

A c tu a lly ,  to  e s ta b lis h  Green fu n c tio n s  G and r  f o r  

a given surface S, the fo llo w in g  boundary value problems must

( H. 8)

(H .9)

where the p o in t P is  in  R and the p o in t Q is  on S. I t  is  

apparent th a t re la t io n s  (H .6) or (H.7) are obtained from 

id e n t it y  (H .2) where i t  is  assumed th a t the fu n c tio n  u 

s a t is f ie s  re la t io n  (H .l) ,a n d  fo r  v , th e  fu n c tio n  G (H.8) or r  

(H .9 ), re s p e c t iv e ly ,  is  chosen. The constant u(A) in  (H.7) 

re s u lts  from the fa c t  th a t the s o lu tio n  o f equation (H .9) is  

obtained to  w ith in  an a rb it r a ry  constan t.

From the a fo rego ing , i t  is  apparent th a t Green d id  not 

a c tu a lly  so lve the D ir ic h le t  or the Neumann problem fo r  the

be solved

V2G=-4ti6(P-Q) • in  R

G=0 on S

and

v2r= -4n[6(P-Q)-i;6 (P-A)] •• in R

F  ='3n&  =0 on S
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Laplace equation , but ra th e r reduced them to equ iva lent ones 

(H.8) o r (H.9) w ith  homogenous boundary cond itions  whose 

s o lu tio n  depends on ly on the geometry o f the boundary. That . 

is ,  once Green's fu n c tio n  is  es tab lished  fo r  a given boundary 

surface S, the s o lu tio n  o f boundary va lue problems in vo lv in g  

the same surface may be e a s ily  es tab lished  from the in te g ra l 

rep resen ta tion  (H.6) o r (H .7 ).

B e tt i [2 ,3 ] presented a general method fo r  in te g ra t in g  

the Navier equations o f e q u ilib r iu m  o f the lin e a r  theory o f 

e la s t ic i t y  in  the absence o f body fo rc e s , which may be 

regarded as a d ire c t  extension o f the method o f Green.

The Navier equations o f e q u ilib r iu m .in  the absence o f 

body fo rces  are

3u.
where u  ̂ are the components o f d isplacem ent; e= is  the

d ila t io n s  and v is  the Poisson ra t io  o f the m a te ria l. Noting
82eth a t the d i la ta t io n  e is  a harmonic fu n c tio n , i . e .  -9x ~3x— =0, 

B e tt i wrote equations (H.10) in  the fo llo w in g  form

The normal d e r iv a tiv e s  o f the components o f displacement 

can be expressed as

( H . l l )

v  tsecosfxi’n>+eijko>jcos<xk-n> {H-12)
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where e^ .^  is  the a lte rn a t in g  te n so r; co. is  the ro ta t io n  

vec to r; and the Lamfe constants o f the m a te r ia l.

Thus, when e is  known a t every p o in t o f the body and 

the components o f the displacement ui  are prescribed  on i t s  

boundary ( f i r s t  boundary value problem ), the de te rm ina tion  

o f the components o f displacement u. is  reduced to  a D ir ic h le t  

problem in  p o te n t ia l theory .

Moreover, when e is  known a t every p o in t o f  the body,

d». is  known on the boundary, and the components o f t ra c t io n

are prescribed on the boundary (second boundary va lue problem), 
3u.

the values o f (1=1,2 ,3) can be es tab lished  on the boundary 

and jconsequently,the determ ination  o f the components o f 

displacement u- is  reduced to a Neumann problem in  p o te n tia l 

theory.

Betti, obtained form ulae fo r  the d i la ta t io n  and the 

components o f ro ta tio n  in  terms o f the boundary data by 

in troduc ing  c e r ta in  func tions  which are analogous to  Green's 

func tions  [2 ] .  To accomplish t h is ,  B e tt i employed h is 

re c ip ro ca l theorem which can be w r it te n  as

| | s ( “ i t r “ i t i> ds+| l f R(u i br 1,* bi )dv' 0 (H- 13)

where u . , t . , b .  and u * , t * , b |  are the d isp lacem ent, the t ra c t io n  

and the body fo rce  vectors corresponding to two s ta tes  o f -  

stress in  a body.

. B e t t i 's  form ulae fo r  the d i la ta t io n  and the components 

ro ta tio n  may be es tab lished in  the fo llo w in g  more concise
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way , than, th a t presented, by Love [2 ] .

Let u  ̂ and t .  be the components o f displacement and 

•tra c tio n  in  the body under co ns ide ra tion  which is  subjected 

only to  surface t ra c t io n s  Cb'- =0).

I f  the components o f displacement are sp e c ifie d  on the 

boundary o f- th e  body ( f i r s t  boundary value problem ), in  order 

to express the d i la t io n  in  terms o f  the boundary da ta , the 

components o f displacement u* and o f f ra c t io n  t *  in  r e la t io n  

(H.13) w i l l  be chosen as those in  the body under co n s ide ra tion  

w ith  i t s  surface re s tra in e d  from moving (u*=0 on S), subjected 

to the fo llo w in g  d is t r ib u t io n  o f body fo rces

That is ,  the displacement f ie ld  u? is  the s o lu tio n  o f the 

fo llo w in g  boundary va lue problem

u*=0 on S

Using equation (H.14) and the second o f (H.15) equation (H.13) 

y ie ld s

(1) This force vector is referred to as a double force without 
moment (see Love [2]).

b?= 9#r6«-p> (l) (H.14)

and (H.15)
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The above r e la t io n  reduces to

(H .1 6 )

Thus, the d i la t io n  in  the body under cons ide ra tion  w ith

boundary value problem (H.15) and e s ta b lis h in g  the components 

o f tra c t io n  corresponding to the displacement f ie ld  u?. These 

are the components o f - t r a c t io n  which must be app lied  to  the 

surface S o f the body in  o rder to  re s tra in  i t  from moving 

when the Body is  sub jected to  the  genera lized body fo rce  

(•H.14). The fu n c tio n s  u|=u*(P ,Q ) obtained in  th is  way are 

analogous to Green's fu n c tio n  G(P,Q).

I f  the components o f t ra c t io n  are s p e c ifie d  on the 

boundary o f the body (.second boundary value problem ), in  

order to express the d i la ta t io n  in  terms o f the boundary data , 

the components o f  the disp lacem ent u* and o f f ra c t io n  t .  in  

re la t io n  (H.13) w i l l  be chosen as those in  the body under 

cons id e ra tio n ,su b je c te d  to  the d is t r ib u t io n  o f body forces 

given by equation (H .1 4 ),w h ile  the components o f t ra c t io n  

vanish (t?=0) on the boundary S.. That is , th e  displacem ent 

f ie ld  is  the s o lu t io n  o f the fo llo w in g  boundary value problem

sp e c ifie d  components o f d isplacem ent on i t s  boundary ( f i r s t  

boundary value problem) may be found by so lv ing  the a u x i l ia ry

in  R

and (H.17)
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.  Sui  1
* r  3 F + 25e*cos(jli - n)+eijk“j cos(xk-n)=0 on s

Using equation (H.14) and the second o f equations (H.17) 

equation (H.13) yie l-ds

I I I  “t a i r  6(0-P)dV=JJ u^.ds
R 1 S

The above re la t io n  reduces to  .

3u-(P) rt
- 5̂ 7—  =-JJsuTt i ds <H-18>

Thus, the d i la ta t io n  in  the body under co n s id e ra tio n  subjected 

to s p e c ifie d  surface t ra c t io n ,  (second boundary value problem) 

may be found by so lv ing  the a u x i l ia ry  boundary value problem 

(H.17) and e s ta b lis h in g  the components o f the displacement 

u* on the boundary S. These are the components o f 

displacement which are produced on the boundary when the 

body is  subjected to the genera lized body fo rc e  (H.14) w h ile  

i t s  surface is  t ra c t io n  fre e .  The fu n c tio n s  u?=u|(P,Q), 

obtained in  th is  way,are analogous to  Green’ s fu n c tio n  G(P,Q).

I f  the components o f the displacement are s p e c ifie d  on 

the boundary o f the body ( f i r s t  boundary va lue problem ), in  

order to  expiress the component o f r o ta t io n ,  say Wg, in  terms 

o f the boundary d a ta ,the  components o f displacement u* and 

o f t ra c t io n  t |  in  re la t io n  (H.13) w i l l  be chosen as those 

in  the body under cons ide ra tion  w ith  i t s  surface res tra in e d
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from moving (u*='0 on S), subjected to  the fo llo w in g  

d is t r ib u t io n  o f body f o r c e s ^

b |= - ^  6(Q-P) (H.19)

That is ,  the displacement f ie ld  u t is  the s o lu tio n  o f the 

fo llo w in g  boundary value problem

32  ui  ■ : i  - 9e* 1 b*_Q. • R
axj-axj i-2v 3x• u 1

and (H-20)

u*.=0 on S

where b* is  given by (H .19).

Using equations (H.19) and the second o f equation (H .20), 

equation (H.13) y ie ld s

The above re la t io n  reduces to

3u.(P) 3-u 2 ( P) f f  .

(1) This body force vector is due to two equal unit couples 
about the x, axis acting at point P.
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Thus, the component o f ro ta t io n  in  the body under 

cons idera tion  fo r  the f i r s t  boundary value problem may be 

found by so lv in g  the a u x i l ia ry  boundary value problem (H.20) 

and e s ta b lis h in g  the components o f t ra c t io n  corresponding 

to the displacem ent f ie ld  u *. These are the components o f the 

t ra c t io n  which must be app lied  to  the surface S o f the body • 

in  order to  re s tra in  i t  from moving when the body is  subjected 

to the genera lized body fo rce  (H .19). The fu n c tio n s  u*=u*(P,Q) 

obtained in  th is  way.are analogous to  Green's fu n c tio n .

I f  the components o f t ra c t io n  are s p e c ifie d  on the 

boundary o f the body (second boundary value problem), in  order 

to express the component o f r o ta t io n ,  say Wg, in  terms o f 

the boundary da ta , the components o f displacement u* and o f 

tra c t io n  t *  in  re la t io n  (H.13) w i l l .b e  chosen as those in  

the body under cons ide ra tion  .subjected to  the d is t r ib u t io n  

o f body fo rces  given by equation (H .1 9 ).w h ile  the components 

o f t ra c t io n  vanish on the boundary ( t*= 0  on S). That is , th e  

displacement f ie ld  is  the s o lu tio n  o f the fo llo w in g  boundary 

value problem 

• *2;,*
1__ e* 1 in  R

j  j
and (H.22)

3ui X
t*=  g jp  + 2^  e*cos(x1,n)+e i j -kcoj.cos (xk ,n)=0 on S

where b* is  g iven by equation (H .19).

Using equation (H.19) and the second o f equations (H .22), 

equation (H.13) y ie ld s
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The above re la t io n  reduces to

-jIsu?tidS (H. 23)

Thus, the component o f ro ta t io n  w3 , in  the body under

co n s id e ra tio n , fo r  the second boundary value problem may be 

found by so lv in g  the a u x i l ia ry  boundary value problem (H.22) 

and e s ta b lish in g  the components o f displacement u. on the 

boundary S.These are the components o f displacement produced 

on the boundary when the body is  subjected to  the genera lized 

body fo rce  (H.14) w h ile  i t s  surface is  t ra c t io n  fre e . N o tice , 

th a t in  th is  case, the body is  not in  e q u ilib r iu m  and, 

consequently, the displacem ent f ie ld  can not be un iquely 

es tab lished . To overcome th is  d i f f i c u l t y ,  a body fo rce  vec to r 

opposite to  th a t given by equation (H.19) is  app lied  a t some 

fixe d  p o in t A. The body is  then in  e q u ilib r iu m  and the 

component <d3(P) is  obtained as

Thus, the ro ta tio n  component is  estab lished  to w ith in  an 

a rb it ra ry  constan t. This indeterm inacy does not a f fe c t  the

(H.24)

where u? is  the displacem ent vec to r on the boundary S produced 

by the two sets o f couples a p p lie d_a t po in ts  P and A.
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s o lu tio n . The fu n c tio n s  u*=u*(P,Q) obtained in  th is  way are 

analogous to Green's fu n c tio n  r(P ,'Q ). The components o f the 

ro ta tio n  and can ;be estab lished  in  an analogous fa sh io n .

On the basis o f the a fo rego ing , i t  is  apparent th a t the 

dete rm ina tion  o f the tra c t io n s  t *  or the displacements u? on 

the boundary S o f  the body in  terms o f the p rescribed boundary 

data is  d i f f i c u l t .  Thus, B e t t i 's  method fo r  in te g ra t in g  the 

Navier equations o f e q u ilib r iu m  has been, app lied  to  a l im ite d  

number o f simple cases. For example, C e rru ti [4 ] employed 

B e t t i 's  method to  e s ta b lis h  the displacement f ie ld  in  a 

sem tnffnTte e la s ttc  Body under given surface t ra c t io n s  or 

surface disp lacem ents.

Another in te g ra l rep re se n ta tio n  o f the components o f 

displacement in  a l in e a r  e la s t ic  body in  terms o f the values 

o f the components o f t ra c t io n  and displacement a t the boundary 

was obtained By Somigliana -[5 ], who used fo r  u? and t?  in  

B e t t i 's  re c ip ro c a l form ula (H . i3 )  the displacement and 

t ra c t io n  f ie ld s _ in  an e la s t ic  body subjected to  a concentrated 

u n it  body fo rce  (K e lv in 's  problem).

The s o lu tio n  o f K e lv in 's  problem can be w r it te n  in  tensor 

form as. [6]

n -  J- T  3-4v , 1 9r 9r 1 1 9, \
i j  4tcu 14U-V) i j  4( 1-v) 3xi aXj-J r  IH.Z5)

where r=|P-Q] is  th e -d is ta n ce  between the f ie ld  p o in t P, and 

the  source p o in t Q^;6 - j  is  the Kronecker d e lta . The component
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o f the tensor denotes the component o f displacement a t 

p o in t P in  the x -̂ d ire c t io n ,due to  u n it  fo rce  a t p o in t Q in

the x.. d ire c t io n .  The component o f the f r a c t io n ,  in  the x^

a t p o in t P,due to a u n it  load a t p o in t Q in  the x- d ire c t io n ,  

may be obtained from equation (H.25) as

The displacement vecto r a t a p o in t P and the t ra c t io n  ac ting  

on a surface normal to  the u n it  vecto r n a t po in t P,due to  a 

u n it  fo rce  a t a po in t Q a c ting  in  the d ire c t io n  sp e c ifie d  

by the u n it  vec to r e^, are given by

I f  u.., t .  are the components o f displacement and t ra c t io n  

o f the desired s ta te  o f s tress  i;n the body due to a 

d is t r ib u t io n  o f surface t ra c t io n  on ly  { b  ̂=0) and i f  u t . t t  are 

the components o f the-d isp lacem ent and f ra c t io n  due to a u n it  

body fo rce  ac tin g  in  the e^ d ire c t io n  a t a p o in t P in s id e  R, 

then equation .(H.13) may be w r it te n  as

d ire c t io n ,  a c ting  on a surface normal to  the u n it  vec to r n.

(H.28)

Using the D irac d e lta - fu n c t io n  the body fo rce  f ie ld  b? due
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to the concentrated u n it  fo rce  may be represented .as

b*=e.6(Q-P) (H.29)

S u b s titu tio n  o f (H.29) in to  (H.28) y i e l d s ^

U j(p )=-JJ ui Cq)Tji (P,q)dSq+ | |  t .  ( q ) ^ . . (P,q)dSq (H.30)

where PeR and qes. Equation (H..30) is  known as the Somigliana 

id e n t ity .  I t  expresses the displacement vec to r a t an in te r io r  

po in t o f the body in  terms o f in te g ra ls  o f the boundary data.

For a body o f given g e o m e try ,if the so lu tion , o f K e lv in 's  

problem U^. can be chosen (guessed o r s y n th e t ic a l ly  

constructed) so th a t i t  vanishes on the boundary S o f the', body 

equation (H.30) y ie ld s

(1) This result was obtained.by Somigliana.without using 6- 
function as following.

In the• absence of body forces.,Betti1 s reciprocal, 
theorem (H.13) may be written as

n (u.T..-t.U..)dS=0 
1 ] i  l

s+so

where Sq is a small sphere surrounding the point P. By 
letting the radius rQ of Sq approach zero,it can be proven 
that -

liml I t.U..dS=0 and lim I u.T..dS=u.(P)
r 1 31 r -»-0-'3S 1 31 3

0 0  0 0  *

andjthusjequation (H.30) ib obtained.
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Uj CP)=- j f s" j C‘i1TJ t (P ’ <' )dSq '  (H-31)

Equation (H.31) giyes the s o lu tio n  o f the f i r s t  boundary 

value problem fo r  the given body under any p rescribed  

boundary d isplacem ents. S im i la r ly ,  i f  the s o lu tio n  o f K e lv in 's  

problem can be chosen (guessed or s y n th e t ic a l ly  

constructed) so th a t the t ra c t io n  tensor T^. vanishes on the 

boundary S o f the body, equation (H.30) y ie ld s

UJ (P)=n st i <q)U3 i(P -,,)dSq • (H- 32)

Equation (H.32) gives the s o lu tio n  o f the second boundary 

value problem fo r  the given body under any p rescribed 

boundary t ra c t io n s .

The establishem ent o f K e lv in 's  s o lu tio n  so th a t  the 

displacement f ie ld  or the t ra c t io n  f ie ld  vanish on the 

boundary o f a body w ith  a rb itra ry -  shape, is . a ve ry  d i f f i c u l t  

problem.“ From a mathematical p o in t o f .v ie w , th is  re q u ire s  the 

estab lishm ent o f the s o lu tio n  o f the Navier equations o f 

e q u ilib r iu m  when the body under co ns ide ra tion  is  subjected 

to a u n it  concentrated fo rc e  a t p o in t P in  the x-  ( j= l ,2 ,3 )  

d ire c t io n  .w h ile  the components o f displacement ( f i r s t  

boundary value problem) or o f tra c t io n  (second boundary value 

problem) vanish on the boundary S o f the body. This s o lu tio n  

has been es tab lished  fo r  bodies o f simple geom etries. For 

example, using th is  in te g ra l approach, Somigliana [5] solved
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the problem o f  the semi in f i n i t e  body subjected to surface 

displacements and tra c t io n s  and obta ined the same re s u lts  

w ith  those o f  C e rru t i.

From the a fo rego ing , i t  is  seen th a t B e t t i 's  and 

Som ig liana 's in te g ra l method fo r  the s o lu tio n  o f the  e la s t ic i t y  

problems are analogous to  Green's method in  p o te n t ia l th e o ry .

That is ,  in  e s ta b lis h in g  the unknown f ie ld  q u a n tit ie s  

(d i la ta t io n  and components o f  ro ta t io n  in  B e t t i 's  method o r the 

components o f  displacement in  Som ig liana 's method) tw o -p o in t 

fu n c tio n s  have been in troduced which are s in g u la r  s o lu tio n s  

o f the d i f f e r e n t ia l  equation o f the  problem under c o n s id e ra tio n , 

w ith  homogeneous boundary c o n d it io n s . In tro d u c in g  these 

fun c tio n s  in to  the a p p rop ria te  in te g ra l re p re se n ta tio n  o f the 

desired f ie l d  q u a n tity , th e  unknown boundary data are 

e lim ina ted  and the f ie ld  q u a n tity  is  obta ined in  an in te g ra l 

fo rm -,inc lud ing  o n ly  the s p e c ifie d  boundary data .

The s o lu tio n  o f a boundary value problem by expressing 

the desired f ie ld  q u a n tity  in  an in te g ra l form and e lim ina tin g , 

the unsp ec ified  boundary data from i t  by in tro d u c in g  

a pp rop ria te  tw o -p o in t fu n c tio n s  is  re fe rre d - to  as Green's 

method. I t  can be app lied  to  problems governed by lin e a r  

d i f f e r e n t ia l  equations.

Instead o f t ry in g  to  e lim in a te  the u nsp ec ified  data, 

another approach is  to  e s ta b lis h  i t  in  terms o f the s p e c ifie d  

boundary da ta . This approach is  known as the boundary in te g ra l 

equation (BIE) method. Thus, by a llow ing  the in te r io r  p o in t 

P in  the in te g ra l rep re se n ta tio n  (H.4) to approach a p o in t
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p on the boundary S, the fo llo w in g  l im it in g  form o f  Green's 

in te g ra l rep re se n ta tio n  is  obtained

I S - * ! » $ ] “ ' (H- 33)
s

In  a we ll-posed boundary value problem, fo r  the Laplace 

equation u and |jj-. are not co n cu rre n tly  p rescribed a t the po in ts  

o f the boundary S. They must s a t is fy  (the r e la t io n  (H.33) 

which c o n s titu te s  a c o m p a t ib i l i ty  co n d it io n  on the boundary 

S between u and This re la t io n  can be used to e s ta b lis h  

the unknown in  term s o f the given boundary in fo rm a tio n -.. In 

th is  case re la t io n  (H.33) c o n s titu te s  a boundary in te g ra l 

equation fo r  the unknown boundary q u a n tity .  In  as much as 

the kerne ls 1 / r  and | ^ ( l / r )  are s in g u la r ,  the in te g ra l equation 

(H.33) is  s in g u la r.

S im i la r ly ,  by a llo w in g  the in te r io r  p o in t P o f the body 

to approach a p o in t p on the boundary S in  equation (H.30) 

the fo llo w in g  l im it in g  form o f the Somigliana id e n t it y ,  

re fe rre d  to as vec to r boundary in te g ra l equation re la t in g  

the boundary t ra c t io n s  and displacements, is  obta ined [6]

I Uj (p )= \ [ {  V q)Tj i (p ,q ld S q+{ f  Cq)Uji Cp»q>dSq {H - 34)

In a v/ell-posed boundary value problem in  e la s t i c i t y ,  the 

components o f t ra c t io n  and displacement are not co n cu rre n tly  

prescribed a t the po in ts  o f  the surface o f the body .
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Fredholm [7] and L a u n c e lla  [8 ] employed the-boundary 

in te g ra l equation (H .34) in  order to  determine the boundary 

in fo rm ation  which is  not p rescribed . The re s u lts  are then 

s u b s titu te d  in  the Somigliana id e n t it y  (H.30) to  ob ta in  the . 

displacement f ie ld .

Fredholm was the f i r s t  to  use s in g u la r boundary in te g ra l 

equations (BIE method), in  p o te n tia l theory [9 ,10 ] and in  the 

theory o f e la s t ic i t y  [7 ] to  ob ta in  the unknown boundary 

q u a n titie s  in  terms o f the g iven. Although in  p o te n t ia l theo ry , 

the boundary in te g ra l equation (H .29), which is  also w e ll-  

su ited  fo r  mixed boundary c o n d itio n s , can be used to  ob ta in  

the unknown boundary data, Fredholm [9] used fo r  the s o lu tio n  

o f the D ir ic h le t  problem.,the in te g ra l rep resen ta tion  o f a 

harmonic fu n c tio n  in  R as the p o te n tia l , o f a d o u b le ^  la ye r

(1) In the Dirichlet problem the potential of a single layer
could be used to represent the harmonic function u(P) i.e.

• “(p)= h  ds

In this case, the resulting boundary integral equation 
obtained by letting P-*p€ S [u(p)= ^  jj y(q)^ dS^j , is a 
Fredholm equation of the first kind. However, this 
formulation has not been used in the literature. Jaswon
[ll] attributes this to the fact that the Fredholm equation ' 

' of the first kind has not been studied thoroughly.
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mass den s ity  (mass per u n it  area) d is t r ib u t io n  on the boundary 

S i. e .

(H-35)

where u (q) is  the boundary mass den s ity  to  be determined from 

the prescribed values o f the p o te n tia l u on the boundary; 

r= |P-q| w ith  P£R and qeS. N o tice , th a t 1 / r ) is  a harmonic 

fu n c tio n  [v 2| ^ ( l / r ) = 0 ]  because 1 / r  is . harmonic.

In Green's in te g ra l rep resen ta tion  (H .4 ), the p o te n t ia l 

u(P) is  given as the d iffe re n c e  o f a s in g le  la ye r p o te n t ia l 

w ith  den s ity  and a double la ye r p o te n tia l w ith  d e n s ity  u; 

th a t is ,  the boundary va lues o f and u are analogous to  the 

s in g le  la ye r and double la y e r d e n s it ie s , re s p e c t iv e ly .  However, 

in  re la t io n  CH.35) yCq) is  the unknown mass den s ity  

d is tr ib u te d  a t the boundary.of the region R which must-be 

determined from the p rescribed values o f u on the boundary.

L e ttin g  p o in t P in  equation (H.35) approach a p o in t p on 

S, and tak ing  in to  account th a t  the double la y e r p o te n t ia l 

has a d is c o n t in u ity  a t the boundary, fredholm obta ined the 

fo llo w in g  re la t io n

u ( . p ) - i * « +  > ! * ( ? ) %  (H .3 6 )

In the D ir ic h le t  problem, th e .fu n c t io n  u(p) is  p resc ribed .

In th is  case, re la t io n  CH.36] provides the necessary in te g ra l 

equation fo r  the de te rm ina tion  o f the unknown boundary 

d is t r ib u t io n  u (q ) • Inasmuch as the kernel f^ (^ r) in  s in g u la r ,
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equation (H .36) is a s in g u la r  in te g ra l equation .

.For the s o lu tio n  o f the Neumann problem,Fredholm used the 

in te g ra l rep re se n ta tio n  o f the harmonic fu n c tio n  in  R as the 

p o te n tia l o f a s in g le  la y e r mass d e n s ity  d is t r ib u t io n  on the 

boundary S, i . e .

u(P)= f e  / / sa tq ) r  (H-37)

where a (q) is  the boundary den s ity  to  be’ determ ined. 

D if fe re n t ia t in g  (H.37) w ith  respect to  the normal to  the 

boundary n, and le t t in g  P-»-p€S, the fo llo w in g  boundary in te g ra l 

equation is  obtained

. % ^ > + f e n s^ > 3 ^ F > dSq < « '38>

from which the unknown boundary d is t r ib u t io n  ’a (p) can be 

determined. Equations(H .36) and (H .38) could be solved 

a n a ly t ic a l ly  on ly fo r  simple geometries o f the boundary.

Thus, the boundary in te g ra l equation (BIE) method may be 

a t tr ib u te d  to  Fredholm who a lso app lie d  i t  to  e la s t i c i t y  [7 ] .  

Moreover, Fredholm and L a u r ic e lla  [8 ] extended the theory  o f 

s in g u la r in te g ra l equations and used i t  to  so lve problems 

in  e la s t ic i t y .

Other in te g ra l re p resen ta tions  o f the d isplacem ent f ie ld  

fo r  three dimensional e la s t ic i t y  problems are those proposed 

by Kupradze [1 2 ]. These re p resen ta tions  are analogous to  those 

used by Fredholm in  the theory o f p o te n t ia l.

For the f i r s t  boundary value problem in  th ree dimensional
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e la s t i c i t y ,  which corresponds to  the D ir ic h le t  problem o f 

the p o te n t ia l theory, Kupr-adze proposed the fo llo w in g  in te g ra l 

rep re se n ta tio n  o f the displacement f ie ld ^   ̂ [13]

“i fp)=JJsTj ^ p*q)®j(q)dSq (:H-39)

where ® j(q ) are unknown fu n c tio n s  defined on the boundary.S 

and must be determined from the prescribed boundary values 

o f the displacement f ie ld .  Inasmuch as the f ie ld  T^- given by 

re la t io n  (H.26) s a t is f ie s  the Navier equations o f e q u ilib r iu m  

(H .10), i t  is  apparent th a t the displacement f ie ld  (H .39), 

a lso s a t is f ie s  the. same equations. The expression (H.39} is  

analogous to  CH.35) and i.s re fe rre d  to as the e la s t ic  

p o te n t ia l due to the double la ye r d is t r ib u t io n  ® j(q ) .

By le t t in g  P-*peS in  equation (H .39), the fo llo w in g  

boundary s in g u la r  in te g ra l equations re s u lt

^ ( p ) ® -  |  ®i (p )+JJsT j1(p ,q )& .j(q )dsq (H.40)

from which the unknown boundary fu n c tio n s  « .j(p ) can be 

estab lished  when u .(p )  are "prescribed on S.

For the second boundary value problem in  th ree

(*) The integral representation u.(p)= U ..(p,q)$.(q)dSq 
^ J Js J1 3could also be used for the first boundary value problem

in three dimensional elasticity. This would lead to a
Fredholm equation of the first kind and it has not been
used for the reasons stated in the Footnote on p. 18.
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dimensional e la s t i c i t y ,  which corresponds to the Neumann 

problem o f p o te n t ia l theo ry , Kupradze proposed th e .fo llo w in g  

in te g ra l re p resen ta tion  fo r  the displacement f ie ld  [13]

ui ( p)=JJsUJ-1 CP,q, Wj Cq)dSq ( H. 41} .

where ip j(q ) are unknown func tions  defined on the boundary S 

and must be determined from the prescribed* Boundary values 

o f the components o f t ra c t io n .  Inasmuch as the f ie ld  Uj^ 

given by re la t io n  (H.25) s a t is f ie s  the Navier equations o f 

e q u ilib r iu m , i t  is  apparent th a t the f ie ld  ( H.41) also 

s a t is f ie s  the same equations * The expression (H.41) is  

analogous to  (H.37). and is  re fe rre d - to  as the e la s t ic  

p o te n tia l due to the s in g le  la ye r boundary d is t r ib u t io n  ij jj (q ) .

By in tro d u c in g  (H.41) in to  the boundary cond itions  (the 

tra c tio n s  in  terms o f the  boundary displacements) and by 

le t t in g  P+peS, the fo llo w in g  s in g u la r  boundary in te g ra l 

equations^ r e s u lt

(p)= \ (P)+JJsTj i  (P ,q )^ j(q )d S q (H.42)

from which the unknown boundary fu n c tio n s  ^ - (p )  can be 

es tab lished when t . ( p )  are prescribed on S.

Boundary in te g ra l equations have a lso  been used by 

Sherman [14,15], Mikhlin [16J, Muskhelishvili [17] and Theocharis [18,19} in 

t re a tin g  plane e la s t ic i t y  problems v ia  a complex fu n c tio n  

approach. As i t  is  known, the plane e la s t ic i t y  problem 

reduces to  the determ ination  o f A iry 's  s tress  fu n c tio n
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F{x1 ,x 2) [xn ~ Tj i2=;". 3Xj3x2* T22" g ^p  whlch 1S 3

bjharmonic fu n c tio n ; i  . e . , . i t "  s a t is f ie s  in s id e  the two- 

dimensional region R occupied by the body the equation 

v V o  CH. 43)

and sp e c ifie d  cond itions  on th e  boundary C o f R.

The general s o lu tio n  o f (H.43) can be expressed in  terms 

o f two a n a ly t ic  fun c tio n s  q>(z) and x ( z ) ,. z ^ + iX g ,  as

F (x^ ,x2 )=Re[z<pCz)+xCz}] ‘ (H.44)

R elation CH.44). is  known as the  Goursat form ula [16] and the 

function.<p[z) and d/CzI^x'Czl are re fe rre d  to  as the complex 

p o te n t ia ls .  The components o f s tress  and displacement are 

given tn terms o f these p o te n t ia ls  as [20]

T j2+T22=^ e

t 22t'T_11+2?t;12;s2 [z<p" ( z )+ i| ; ; ( z ) ]  (b) (H.45) .

2Q Cu1+i..u2) =A«pCz) -ztp * Cz) -i|>(z) Cc)

A = (3 -v ) / ( l+ v )

Thus, once the p o te n tia ls  <p[z) and »|j(z) are e s ta b lish e d , the 

s tress and displacement f ie ld s  can be obtained d i r e c t ly  from 

equations (H.45).The fu n c tio n s  q>fz) and q>Cz) are es tab lished  

from the Boundary- c o n d itio n s  o f the problem.

Thus, fo r  the f i r s t  boundary value problem, the  

components o f the displacement are prescribed on C [ i . e .
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i|l=g1 (s) and u2-g 2(s)] * and from re la t io n  CH.45c), the boundary 

cond itions  in  complex form become

A < p a ]^ c p '(£ j- iM n  =26Cg1+ ig 2) • (H.46)

where £=x.j+ ix2 is  a p o in t on the boundary C.

For the second boundary ya lue problem, the components 

o f tra c t io n  are prescribed on the boundary C, i . e .  t ^ =t ^ ( s ) 

and t 2= t2 (s)„. The f i r s t  d e r iv a tiv e s  o f the s tress  fu n c tio n  

FCxpXgJ are estab lished  to  w ith in  an a r b it r a ry  constant 

in terms o f the boundary components o f - t r a c t io n  as

=“ Joi 2 Cs) ds+dl*  =/ o t l (s)dS+d2

where d^ and d2 are a r b it r a ry  constants.. Thus

^ 1 +1 l ^ 2= fl (s 5 + 1 f2 Cs)+d • tH - 47)

where i t  has been set

• f 1( s ) + i f 2 (5 )= iJ o [ t 1 (s > + it2(s )]d s

and

d=d1+ id 2

Re la tion  (H.47) c o n s t itu te s  the boundary co n d itio n s  in  complex 

form fo r  the second boundary va lue problem w h ich ,in  terms 

o f the complex p o te n t ia ls  cp(2 ) and dj(z),may be. w r itte n  as
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* (C )+ & p '(£ )+«l»<C)=f1+i f 2+d (H' 48)

N o tic e ,th a t the boundary co n d itio n  (H.48) can be obtained 

from (H .46) by s e t t in g  A = - l;

I t  can be proven th a t  the p q te n t ia ls  <p{z) and ip (z ) aire 

not independent, and th a t  »Jj( z ) can be expressed in  terms 

o f cpCz)., o r both can be. expressed in  terms o f a fu n c tio n  

wCzh .

Thus, r e la t io n  (H^4 6 ) o r (H.48) provides the necessary 

equation fo r  the de te rm ina tion  o f the complex p o te n tia ls  

. <p(z) and UiCz)

Sherman expressed the fu n c tio n s  cp(z) and ^ ( z ) , in  terms 

o f a fu n c tio n  w (z ),b y  the fo llo w in g  Cauchy in te g ra ls  .

<p(z)= 2Sijc
• (H.49)

where wCS) is  an unknown fu n c tio n  whose d e r iv a t iv e  s a t is f ie s  

the H S ld e r^  c o n d it io n  on the boundary C. For the .boundary

(*) A function w(?) is said to satisfy the Holder condition
on the boundary C if the following inequality holds true
for any pair of points of c

[wC?2)-wC?a )]< A [? 2-C:1] a 

where A and o are positive constants and 0<a<l; A is
. . called the Holder constant and a the Holder index [l7^ .

For a=ljthe Holder condition yields the Lipschitz 
"condition.
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values o f the fu n c tio n  cp(z) and 4»(z) we f in d  from (H..49) as 

Z-*-t£C.

<pCt)= ^  * 2^rjc z#- «  C.h.so)

w (t)  1 w(C) Hr t w ' ( t )  i  f £w(£) d r 
*C t) -  + H T  c £ ^ t dS_ ■-----2 2 i t i j c T T  d£

S u b s titu tin g  equations CH.50) in to  equations (H .48),and 

s e ttin g  £^t?=rei e ,the  fo llo w in g  in te g ra l equation in  w (t)  is  

obtained

w (t)+  i  Jc [wfc)-^cE7e2i0]d e = f t t )  (H.51)

By setting wCt)=p(sl+tqCsl, equation (H.51) can be replaced 

by the following two real boundary integral equations

p(s)+ i j  [p (s ') ( l- c o s 2 0 ) -q (s ') s in 2 e ]d 0 = f1(s)

(H.52)

q (s)+  ^  [pCs?)s in2e-qC s’ )( i+ c o s 2 e )]d e = f2(s)

from which the fu n c tio n s  p (s) and qCs) can be e s ta b lish e d .

In the aforementioned re fe ren ces, closed form s o lu tio n  

o f the boundary in te g ra l equations have been obtained on ly  

fo r  a few boundary value problems in v o lv in g  sim ple boundaries. 

I t  was not u n t i l  the beginning o f the decade o f I960 th a t 

e f f ic ie n t  numerical methods fo r  the s o lu tio n  o f the s in g u la r  

boundary- in te g ra l equations have been developed and the 

numerical s o lu tio n  o f the s in g u la r  in te g ra l equations o f 

. the BIE method fo r  problems in v o lv in g  more complex boundaries
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has been programmed on d ig i t a l  computers.. V i r t u a l ly  a l l  the 

numerical me.th.ods th a t haye been employed in  connection w ith  

the BIE method are based on the d is c re t iz a t io n  o f the 

Boundary* f o r  in s tan ce , In two-dim ensional problems,the 

plane curve boundary Is  d iv ided  In to  a f i n i t e  number o f lin e  

segments-* On each segment, the unknown boundary fu n c tio n s  

are approximated by polynom ials o f a desired degree, in  

terms o f th e ir  va lues a t a f i n i t e  number o f  p o in ts . The l in e  . 

'  segment Is  a lso approximated by a. simple curve ( s tra ig h t  

l in e ,  pa ra b o lic  arc e tc * )  and the requ ired in te g ra tio n s  are 

ca rried  out on each boundary segment. Special care, is  taken 

fo r  the eva lua tion  o f the improper in te g ra ls  occurring  a t 

the segments Which inc lude  a p o in t where the kernels o f the 

in te g ra ls  are s in g u la r.  With th is  approach, the boundary 

in te g ra l equations are reduced to  a system o f simultaneous 

lin e a r  a lg e b ra ic  equations whose s o lu tio n  gives the values 

o f the unknown boundary fu n c tio n s  a t a f i n i t e  number o f 

points on the boundary. These values are used in  eva lua ting  

the in te g ra l rep resen ta tion  o f the f ie ld  fu n c tio n  by 

numerical in te g ra t io n .  In th ree dimensional problems, the 

boundary is a surface a n d ,th u s , it  is  d iv ided  in to  surface 

elements* A procedure analogous to  th a t employed in  two- 

dimensional problems is  app lied  to  convert the in te g ra l 

equation to simultaneous a lg e b ra ic  equations fo r  the boundary 

values o f the unknown boundary fu n c tio n s .

The s im p les t boundary value problems to  be attacked
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by the BIE method, using a numerical tech n iq u e .to  solve the 

s in g u la r boundary in te g ra l equations, were those whose f ie ld  

fu n c tio n s  s a t is fy in g  the Laplace o r Poisson equations. In  1963 

Oaswon and Ponter [21] app lie d  a numerical technique to  solve 

the boundary in te g ra l equation fo r  the c la s s ic a l to rs io n  

problem o f S a in t Venant fo rm ula ted in  terms o f  the warping 

fu n c tio n  as a Neumann boundary value problem fo r  the Laplace 

equation. They obtained numerical re s u lts  fo r  p r ism a tic  bars 

having a v a r ie ty  o f cross sections-, such as, s o lid  and ho llow  

e l l ip s e s ,  rec ta ng le s , e q u ila te ra l t r ia n g le s  and c ir c le s  w ith  

. curved notches. Moreover, they discussed the e ffe c t iv e n e s s . o f 

the BIE method. Mendelson [22] solved the same problem as a 

D ir ic h le t  boundary value problem in  terms o f the s tress  

fu n c tio n . He obtained numerical re s u lts  fo r  p r ism a tic  bars 

w ith  recta ngu la r cross se c tio n s . Mendelson [22,23,24,25 ] also 

trea ted  the problem o f the e la s to p la s t ic  to rs io n .o f  p rism a tic  

bars as a D ir ic h le t  boundary value problem fo r  the Poisson 

equation, in  terms o f the P ra n d l's  s tre ss  fu n c tio n ..

Symm [26] solved the problem o f con fo rm a lly  mapping 

a given sim ply connected domain w ith  a r b i t r a t r y  boundary 

in  the complex z -p lan e , onto the u n it  c ir c le  |w (z )|= 1 , in  

the complex w-plane. The mapping fu n c tio n  w(z) was determined 

from a D ir ic h le t  problem fo r  the Laplace equation using the 

BIE method.

C hris tiansen [27] gives a- complete c o lle c t io n  o f in te g ra l 

equations fo r  so lv ing  the S a in t Venant to rs io n  problem.
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Jaswon [11] presented a b r ie f  a n a ly t ic a l study o f the 

existence o f the s o lu tio n  o f the fredholm  in te g ra l equations 

which appear in  the fo rm u la tio n  (by the BIE method) o f 

problems in  p o te n t ia l theory and in  the theory  o f  e la s t ic i t y .  

Moreover, Symm [28] presented and tes ted  a number o f 

techniques fo r  s o lv in g  num erica lly  s in g u la r  in te g ra l equations 

which appear in  the fo rm u la tio n  by the BIE method o f two 

dimensional problems in  p o te n t ia l theory .

The BIE method, w ith  numerical in te g ra t io n  o f the 

boundary in te g ra l equations, has been app lied  fo r  the 

numerical s o lu tio n  o f  the boundary value problems in  two- 

dimensional e la s t i c i t y  by Rizzo [29] . He form ula ted the two 

dimensional co un te rpa rt o f equations (H .30) and (H.34) using 

the s in g u la r  s o lu tio n  fo r  the two-rdimensional Navier equations 

o f e q u ilib r iu m . That is ,

(H- 53)

and the corresponding tra c t io n  tensor

V  •§H’( *-n r )Ckst J - 4»lHffc r  n j ]  +* [d q :C *n r)n 4- ^ I jU n r J n , !

CH.M)

where

W=-(X+vi)/(X+3u)

k=2u2/(X+3u)
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He obtained num erical re s u lts  fo r  c e r ta in  simple boundaries 

and compared them w ith  th e ir  a n a ly t ic  s o lu tio n . Cruse [£  ]  

extended R izzo 's  work to  th re e  dimensional problems by 

so lv ing  n u m e rica lly  the s in g u la r  boundary in te g ra l equations 

(H-34) and by e s ta b lis h in g  the displacement f ie ld  by numerical 

eva lua tion  o f  equation (H .30 ). He obtained numerical re s u lts  

fo r  a number o f r e la t iv e ly  com plicated problems. Dubois and 

Lachat [.30]. employed the BIE method fo r  the s o lu tio n  o f 

e la s to s ta t ic  problems. They sol-ved equations (H.34) numeri

c a l ly  and obta ined numerical re s u lts  fo r  a number o f two 

dimensional problems. Moreover* they showed th a t  the re s u lts  

obtained by the BIE -method were in  e xce lle n t agreement w ith  

those obta ined by using the FE ( f i n i t e  element) method as w e ll 

as the a n a ly t ic a l s o lu t io n ,  and they discussed the advantages 

o f  the BIE method over the FE method. Rizzo and Shippy [31] 

extended the BIE method to  two-dim ensional a n is o tro p ic  

e la s t ic i t y  using the s in g u la r  s o lu tio n  o f the Navier equations 

fo r  the two-dim ensional a n is o tro p ic  e la s t ic  body presented 

by A.E. Green [3 2 ]. They obta ined equations analogues to 

(H.30) and (H .34). Moreover, they in d ica ted  numerical 

techniques fo r  the s o lu tio n  o f the re s u lt in g  boundary 

s in g u la r in te g ra l equations and analysed seyeral problems fo r  

i l lu s t r a t io n . .  Afogel and Rizzo [33 ] constructed the s in g u la r 

s o lu tio n  o f the Navier equations fo r  the three-d im ensional 

a n is o tro p ic  e la s t ic  body and extended the BTE method to  

th ree dimensional a n is o tro p ic  e la s t ic i t y  by ob ta in in g  

equations analogous to  fH .30 )(S om ig liana ’ s) and (H .34). They
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also discussed techniques fo r  so lv in g  num erica lly  the 

re s u lt in g  boundary in te g ra l equations. Cruse and Rizzo [34] 

and Crtrse [35] employed the BIE method to solve the tra n s ie n t 

elastodynamic problem, by ta k in g  the Laplace transform  o f the 

Navier equations o f m otion ■ and ,thus ,conve rting  them from 

hype rbo lic  to  e l l i p t i c *  Subsequently, they solved them by 

the BIE method in  the transform  space* T he ir re s u lts  are 

in ve rted  by a numerical technique* Numerical re s u lts  were 

presented fo r  the h a lf-p la n e  subjected to a unifo rm  loading 

extended on a f in i t e  po rtion  o f the fre e  boundary.

Ignaczak and Nowacki [36] obtained in te g ra l rep resen ta tion  

fo r  the displacement and temperature f ie ld s  in  three 

dim ensiona l, sim ply-connected bodies. Moreover, they 

form ulated the necessary s in g u la r  boundary in te g ra l equations 

fo r  time harmonic, the rm be las tic  problems*

In many o f  the aforementioned re fe rences, the prohlem 

is  fo rm ula ted in  terms o f q u a n tit ie s  (the  components o f d is 

placement) which have physica l meaning. In  these cases, the 

BIE methods are re fe rre d  to  as d ire c t .  In o ther re fe rences, 

the problems are form ulated in  terms o f unknown but fa m ilia r  

fu n c tio n s , such as, the s tress  fu n c tio n  from which the 

components o f s tress  are then determined by simple 

d i f f e r e n t ia t io n .  In these cases, the BIE methods are re fe rre d  

to a ssem id irec t. F in a lly ,  some problems have been form ulated 

in  terms o f unknown den s ity  fu n c tio n s  which have no physica l 

s ig n if ic a n c e . However, once these d e n s ity  fu n c tio n s  are 

determ ined, the components o f displacement and s tress  can be
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computed d i r e c t ly .  In these cases, the BIE methods are 

re fe rre d  to  as in d ire c t.. A lu c id  p resen ta tion  o f th is  

c la s s tf tc a t fo n  o f the BIE methods is  given by Medelson [22'].

Another fa m ily  o f boundary va lue problems in v o lv in g  the 

biharmonic equation

Vlfu=f CP) (H. 55)

where
.Vk=- ~ ^ t 2  . f  —  CH .'56)

. dx2-d.y2 dy*  .

such as, two dimensional e la s t ic i t y  problems form ulated in  

terms o f A iry^s  s tress fu n c tio n  and problems o f bending o f 

th in  p la tes  have been solved by the BIE method. The in te g ra l 

rep resen ta tion  o f the biharmonic fu n c tio n  is  based on the 

Rayleigh-Green id e n t i t y ; [37] , [38] [see a lso  re la t io n  (1 -2 -3 ) ]

jJ R( W W v ! d o = J cCv ! j  S! u-  U  V2li-U ! jW + | a  v2, ) ds

(H.57)

where u=jj ( x ,y )  and v= y (x ,y ) are any two fu n c tio n s  defined i.n 

the two-dimensional region R, bounded by the curve C which are 

fo u r times continuously  d if fe re n t ia b le  in  R, and three times 

continuously  d i f fe re n t ia b le  on C..

I f  the fu n c tio n  v is  chosen as a s in g u la r ,  p a r t ic u la r  

s o lu tio n  o f the equation

V*u=6(Q-P) . ‘ (H,58)

th a t is ,

v= f e  r 2anr (H.59)
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where r= |p- 0| is  the d istance between any two po in ts  P and 0 

o f the p lane, and u s a t is f ie s  equation fH .5 5 ) , then equation 

fH.57) y ie ld s  the fo llo w in g  in te g ra l rep re se n ta tio n  o f the 

so lu tio n  o f  equation (H.55)

• u(P)=j j Rfvda‘ | c(vtn v2u“ In  v2u"u In  v2y+ !'H'v2v)ds (H*60)

where v=v(P ,q) w ith  PeR and qeC,

In a well^posed boundary value problem in v o lv in g  the 

biharmonic equa tion , two cond itions  must be s p e c if ie d  on the 

boundary. For in s tan ce , when u represents the A iry  s tress  

fu n c tio n , fo r  the second boundary value problem o f plane 

e la s t ic i t y ,  u and i t s  normal d e r iv a tiv e  |^ -m u s t be sp e c ifie d  

on the boundary C. Thus, two boundary in te g ra l equations must 

be fo rm u la ted . One o f them is  derived from equation ( H160) 

by le t t in g  p o in t PeR approach a poi:nt peC, In  talcing th is  

l im i t ,  the term o f the l in e  in te g ra l in v o lv in g  f^ ( V 2v) behaves 

l ik e  a double la ye r p o te n tia l e x h ib it in g  a jump equal ^-u(p). 

Thus, the fo llo w in g  s in g u la r boundary in te g ra l equation is  

obtained

\  §£ V2u-u v 2v+ S2v )ds

(H.61)

where v?v(p ,q ) w ith  p,qeC.

.The second boundary in te g ra l equation used in  problems 

in vo lv in g  the biharmonic opera tor depends cn the boundary 

c o n d itio n s . A system atic d e r iv a tio n  o f the second boundary
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in te g ra l equation which can he adopted fo r  a l l  kinds o f 

boundary c o n d it io n s  is  given in  refe rence [39J;

The in te g ra l re p re se n ta tio n  CH’,60J has been employed to 

•solve a v a r ie ty  o f  tw o-dim ensional e la s to s ta t ic  and e la s to -  

p la s tic  problems. C h ris tiansen  and Hansen [ 4 0 J determined the 

components o f s tre ss  in  an e la s t ic  sheet w ith  one o r more 

unloaded ho les . R zasn icki [41] es tab lished  the s tre ss  

d is t r ib u t io n  in  an e la s to p la s t 'ic  p la te  w ith  a V-notch 

subjected to  bending. Kzasn ick i .Mendelson and Al bers [42] 

estab lished  the s tre ss  d is t r ib u t io n  in  a plane e la s t ic  beam 

w ith  a V-notch. For these problems, uCP) is  the A iry -  s tress  

fu n c tio n *  The in te g ra l re p re se n ta tio n  (H.61) has a lso  been used 

to establis.h the d e f le c t io n  o f .the m iddle surface o f th in  

e la s tic  p la te s  subjected to  transverse load ing by the  d ire c t  

BIE method. For in s ta n ce , Segedin and B r ic k e ll J4 3 J considered 

corner-shaped p la te s . They obta ined numerical re s u lts  and 

compared them w ith  those obta ined from -the f i n i t e  d iffe re n c e  

method. M a it i and Chakrabarty £44] considered s im ply  supported, 

polygonal p la te s  and presented numerical re s u lts  f o r  square, 

t r ia n g u la r ,  rhom bic, and hexagonal p la te s . In  the 

aforementioned cases, on ly  s t ra ig h t  boundaries and c e r ta in  

boundary c o n d it io n s  were considered* B e z ine [45 j and Bezine 

and Gamby [4 ($J considered p la te s  w ith  polygonal boundaries 

w ith  a r b it r a ry  boundary .co n d itio n s . They obta ined numerical 

re s u lts  f o r  square p la te s  w ith  various edge co n d itio n s  and 

compared the re s u lt  w ith , those obtained by the FE method 

or from e x is tin g  a n a ly t ic a l s o lu tio n s .
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The rep re se n ta tio n  o f a biharmonic fu n c tio n  in  terms o f 

two harmonic fu n c tio n s  has a lso been employed in  so lv in g  two- 

d im ensiona l, e la s t ic i t y  problems [11 ,47 ,48 ,49 ,50 ] and th in  

e la s t ic  p la te  problems [51,52] by the BIE method-. In  th is  

approach, the biharmonic fu n c tio n  can be expressed as

u(P)=.r.VNj (H.62)

where <p*<p(x,y) and" »b.(x,y) are harmonic fu n c tio n s  wh ich, as 

discussed p re v io u s ly , can be represented as s in g le  la y e r 

p o te n t ia ls .  Thus., we can w r ite

<p(P)= J Ti(q)Anrdsq

(H .63)
4»CP)=J )£ nrdsq

where u (q ) and o (q ) are two unknown simple boundary 

d is t r ib u t io n s .  In tro d u c tio n  o f equations (H.63) in to  (H.62) 

y ie ld s

u(P.)=r2j^ u ( q H nrd sq+ j^a (q )i/n rd sq • (H.64)

This in te g ra l rep re se n ta tio n  o f the biharmonic fu n c tio n  may 

be employed to .e s ta b lis h  the  boundary in te g ra l equations fo r  

boundary value problems in v o lv in g  the homogeneous biharmonic 

equation. For boundary va lue problems in v o lv in g  a non 

homogenous, biharmonic equation , as in  the case o f bending o f 

th in  p la te s , a p a r t ic u la r  so lu tio n  o f th is  equation -must be
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estab lished*

Another d i f f e r e n t ia l  aquation which Has been tre a te d  

by the BiE method Is  t f ia t  o f Helujholz

V2u+.k2u=0 (H .65)

N o tice , th a t in  case of. harmonic waves, the wave equation is  

reduced to the above. Equation (H.65) is  an e l l i p t i c  p a r t ia l 

d i f f e r e n t ia l  equation and, thus , i t s  so lu tio n  can be 

es tab lished  by using the BIE method. The Green id e n t it y  fo r  

the Helmholz opera tor is  e a s ily  obtained from equation (H.2) 

as

JJJR[u(V2v+k2vI^vC v2u*k'2u )]dV -JJ l u | £  -vf£)dS  (H.66)

From th is  id e n t it y ,  the in te g ra l rep resen ta tion  fo r  the 

s o lu tio n  o f equation 01,65} may be obtained by tak ing  v as 

a p a r t ic u la r  s in g u la r s o lu tio n  o f equation

V2v+k2v=6(Q-P) (H.67)

For the three dimensional problems, a p a r t ic u la r  s in g u la r 

so lu tio n  o f (H.67) is

- i k r .
. . ( H- 68>

where r=|.P-Q| is  the d is tance between any two po in ts  P and Q. 

Using re la t io n  CH..65) and '(;H .67}, equation CH.66) reduces to
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i rr a n- i k r  or l k r  a,.
»<p> -  f c l | s Cuk ' ^ ) -  V -  f >  c « -69>

L e ttin g  P -̂peS in  (H.69) and tak ing  in to  account th a t the f i r s t  

term in  the in te g ra l has a d is c o n t in u ity  equal to  -2nuCp), as 

P approaches p on the boundary S, the fo llo w in g  boundary 

s in g u la r rn te g ra l equation is  obtained

f e w *

where r = [p -q i ,  p, qeS. Equation (H.69) is  known as Helmholz's 

in te g ra l equation [{T3,5'4].

For two-dim ensional problems, the p a r t ic u la r  s in g u la r

.s o lu t io n  o f (H .67) can be expressed in  terms o f the zero

order Bessel fu n c tio n  o f the second kind YQ(k r )  o r the zero 

order Hankel fu n c tio n  o f the f i r s t  kind H ^ ( k r ) ,  i . e .

v= i  Y0(k r )  (a)

o r (H.71)

h  H0ci)ckr) (b) '

Thus, the fo llo w in g  two in te g ra l rep resen ta tions  fo r  the 

so lu tio n  o f equation (H.65) are obtained

■“O’)’ .! |cl;u In Vo(kr)-Yo(kr)ISds <a>
or (H.72)

M c [ “ tn  Hi 1 ) ( k r , - Hi 1 ) (k r ) I S l ^  (b)
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L e ttin g  P-peC in  equations (H .72 ), and tak ing  in to  account 

th a t the f i r s t  term in  the in te g ra l has a d is c o n t in u ity  

equal to  2uCp ) as P approches p, on the boundary C, the 

fo llo w in g  boundary in te g ra l equations are obtained

V p i ^ - j cC « l5 - Y. f» r J . : V - * r ) | s id ,  . U )  

or (H.73)

u (» 4 t  In " P ’ C k rJ -H p ’ fk r l fa id s  (b ) -

where r = |p -q | ,  p,qeC. Equation (;H.73b) is  re fe rre d  to as the

Weber in te g ra l equation [53,54.].

Equations (K.70) are used fo r. the th ree-d im ensional

problem, and equations (H .7 3 )-fo r  the two-dim ensional problem to

e s ta b lish  the boundary values o f u fo r  the Neumann problem or

o f M  fo r  the D ir ic h le t  problem . The s o lu tio n  o f the Helmholz 3 n

equation (H.65) is  then evaluated .from equations (H.69) 

and CH.72). •-

For the two-dim ensional problem, the s o lu tio n  o f equation 

(H.65) also has been represented in  a form analogous to 

( H.3 7 ), th a t< is ,  as a s in g le  la ye r (Bessel) p o te n t ia l o f an 

unknown boundary den s ity  a {q )

,u (P > | cCqlY0(k r)d s  CH.74)

where r= |P -q |,  PeR and qeC. Inasmuch as the fu n c tio n  YQ(k r)  

s a t is f ie s  equation (H.65), the fu n c tio n  given by (H.74) is  

also a s o lu tio n  o f the same equation. The fu n c tio n  a(q) is  

es tab lished  from the boundary data by so lv ing  the- boundary
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in te g ra l equation obta ined from (H.74) when P=peC.

For tim e harmonic v ib ra t io n s ,th e  s o lu tio n  o f the wave

equation [v 2U- =0] has the form
C a t2 _ -

U=u(x1,x 2 ,x 3) e '1tot CH.75)

Thus.,the.wave equation reduces to  Helm holz's eouation

V2u+k2u=0, . k2=co2/ c 2 (H.76)

A number o f problems o f harmonic steaidy s ta te  v ib ra t io n s  

in  acoustic  and e la s t ic  media h.aye been solved using the BIE 

method w ith  numerical s o lu tio n  o f the in te g ra l equations. For 

instance , the d i f f r a c t io n  by a r b r i t r a r y  shaped in c lu s io n s  o f 

harmonic e la s t ic  waves t ra v e lin g  in  and in f i n i t e  medium [5 5], 

the determ ination  o f the n a tu ra l frequencies and mode shapes 

o f v ib ra t in g  membranes [46] and the in te ra c t io n  o f waves 

tra v e lin g  in  an acou stic  m edium w ith  an e la s t ic  obs tac le .

F in a lly ,  in  refe rences [25,4-6] and' [5-6], the BIE method 

has been app lied  to a v a r ie ty  o f f ie ld s  in c lu d in g  e le c tro 

s ta t ic s ,  p o te n tia l f lu id  flo w * heat conduction , f ra c tu re  

mechanics, rock mechanics, and tra n s ie n t  phenomena. In a l l  

these problems, the d i f f e r e n t ia l  equation is  e ith e r  L a p la ce 's , 

N a v ie r 's , Helmholz's o r b iharm onic. .

The BIE m e th od 'cons titu tes  a pow erfu l! to o l in ' so lv ing  

problems in  continuum mechanics in v o lv in g  e l l i p t i c  equations. 

In many cases, i t s  com putational e f f ic ie n c y  surpasses th a t o f 

o th e r: numerical methods, such as, f i n i t e  d iffe re n ce s  or 

f i n i t e  elements. In the BIE method, the d is c re t iz a t io n  is
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re s tr ic te d  only to  the boundary o f the reg io n . Thus, the 

dimension o f the problem is  d im in ished by one and ,consequently, 

the number o f requ ired  unknowns is  considerable sm a lle r.

This can save s u b s ta n tia l computer tim e . The amount o f  data 

necessary fo r  the BIE method is  comparably le ss  than th a t 

required fo r  f i n i t e  filem ents. Thus, in  the BIE method, the 

work in  the p repara tion  o f the data is  cons iderab ly  small 

and the p o s s ib i l i t y  o f e r ro r  is  d im in ished. The method is  

w e ll su ited  to  solve problems w ith  an in f i n i t e  domain where 

th e .o th e r numerical methods, f a i l . The BIE method can a lso  

be employed fo r  continuum problems w ith  high s tre ss  g ra d ie n ts . 

In  the present th e s is ,  the e f f ic ie n c y  o f the method is  shown 

in  the numerical eva lua tion  o f  the m odified s in g u la r  s o lu tio n s  

(in f lu e n ce  f ie ld s )  due to  sources o f h igher o rde r s in g u la r i ty  

(concentrated moments and genera lized lo a d s ). Another advantage 

o f the BIE method is  th a t the f ie ld  q u a n tity  in  the in te r io r  

is  computed where and when i t  is  needed, and not a t prescribed 

nodal p o in ts . F in a lly ,  since numerical d i f f e r e n t ia t io n  is  an 

unstable process, the d e r iv a tiv e s  o f the f ie ld  q u a n tit ie s  

are obtained b y .d ire c t  d i f f e r e n t ia t io n  o f the f ie ld  q u a n tity ,  

w ithou t re q u ir in g  numerical d i f fe r e n t ia t io n  -  a source o f 

e r ro r.

From the h is to r ic a l review  o f the development o f the BIE 

method presented in  th is  S e c tio n , i t  is  apparent th a t problems 

gov.erned by the fo llo w in g  d i f f e r e n t ia l  equations have been 

trea ted  :

a) The Lamplace equation
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b) The Navier equations o f e q u ilib r iu m  fo r  is o tro p ic  

and a n is o tro p ic  e la s t ic  body

c) The biharmonic equation 

d j The Helmholz equation

In th is  in v e s t ig a t io n , the in te g ra l re p resen ta tion  and the 

s in g u la r boundary in te g ra l equation fo r  th e ';3IE metnojd are 

es tab lished fo r  the pa r£ ja l d i f f e r e n t ia l  equation o f the fo u rth  

order in  two dimensions in  the form

V1,w+ •?2w=f  (H,77)

where the func tions  w and f  are defined in  a two-dim ensional 

region R, bounded by a curve C, o f a rb it ra ry  shape.
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2. The essence o f t'h.e, BI£ method

In th is  s e c tio n , the BIE method w i l l  be described fo r  

’f ie ld s  s a t is fy in g  e l l i p t i c  p a r t ia l d i f f e r e n t ia l  equations. 

For a. more concrete p re s e n ta tio n , we w i l l  s p e c ia liz e  our 

d iscussion to  problems in v o lv in g  f ie ld s  s a t is fy in g  the 

Laplace equation .

Let the fu n c tio n  u fP ), P :(x ,y ,z )g R h a v in g  continuous 

m -de riva tives  in  R, s a t is fy  the d i f f e r e n t ia l  equation o f m 

order

LuCPMCP) • p: (x ,y ,z )e R  ( E . l)

( * )where L is  an e l l i p t i c  d i f f e r e n t ia l  opera tor o f the form v '

"  l  A (P) f  . (E .2)
k=op+q+r=k Pq 3xp 3yq3z

The c o e f f ic ie n ts  Ap q rCP1 a^e defined in  R. Moreover, the 

fun c tio n  u(P) s a t is f ie s  app ropria te 'boundary, cond itions  on the 

boundary C o f the. reg ion R-. .

We can ob ta in  an in te g ra l rep resen ta tion  o f the so lu tio n  

o f the d i f f e r e n t ia l  equation (E l)  as fo llo w s .

(*) The summation \ is extended to all possible terms 
p+q+r=k

with subscripts the integers p,q,r the sum of which must 
be equal to k. Thus,for k^O we have only one term A0g0» 
for k?J. we have three terms A - ^ ^ A ^ A ^ .
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Consider the fo llo w in g  expression

ll^vCPJLuCPJdVp (E .3)

where dVp is  the volume element a t the p o in t P and v(P ) has 

continuous m -de riva tives  in  R* I n te g r a t in g  expression (E.3) 

by parts  m times a l l  the d e r iv a tiv e s  o f u are removed from 

the in tegrand and we obta in  an id e n t it y  o f the type [57]

|J J ^ [v  (P)Lu(P )->-u(p)Lv(P) ] dVp=JJ^M(ii ,v )ds  (E. 4)

where L is  the s o -ca lle d  a d jo in t  d i f f e r e n t ia l  ope ra to r to L 

and can be w r i t te n 1in  the form

_ m . ~k
L= I  ( -1 )  I  p q r  l> p q rCP1- ‘ - l  (E ' 5)k=o p+q+r=k 3xp3yq3zr  pqr

The q u a n tity  M(u,v) in  re la t io n  (E .4) is  a b i l in e a r  

d i f f e r e n t ia l expression. That is ,  i t  is  l in e a r  and homogeneous 

in  w and v , w h ile  i t s  d e r iv a tiv e s  are o f o rder sm-1. The 

to ta l o rder o f d e r iv a tiv e s  in  u and v occuring  in  each terms 

o f M(u,v) is ,  a t most, m-1. N o tice , th a t f o r  a given e l l i p t i c  

d i f fe r e n t ia l equa tion , the M (u,v).can be e s ta b lish e d . Formula. 

(E.4) is  known as Green's id e n t it y  fo r  the ope ra to r L.

The fu n c tio n  v is  chosen to  be the fundamental so lu tio n  

o f the a d jo in t d i f fe re n t ia l-  equa tion , th a t  i's , a s in g u la r  

p a r t ic u la r  s o lu tio n  o f the equation
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[u(Q ,P)=6(Q-P) P,Qe.R CE.6)

where 6(Q-P) is  the D irac 6 - fu n c tio n .

TRe fu n c tio n  v(Q,P) is  a tw o -p o in t fu 'nction  which becomes 

s in g u la r  when p o in t Q co inc ides w ith  p o in t P. The 

d i f fe r e n t ia t io n  in  equation (E ,6 l is  w ith  respect to  p o in t 

Q , re ta in in g  p o in t P constan t.

I f  we consider the Green id e n t it y  (E .4) fo r  the f ie ld  

p o in t Q and s u b s t itu te  equations ( E.1 1 and (E .6) in  it ,w e  

obta in

J ||Rv(P»Q)f {Q)dvQ~ || |Ru‘(Q)6CQ"p )d̂ Q=j  j ĉ u »v )ds CE.7) 

from which we obta in

u(P)=| l l RvCP,QKCQ]lclVQ“ jJ c M (u,vlds (E ‘ 8)

Thus,we Rave obtained an in te g ra l rep resen ta tion  o f the 

s o lu tio n  o f the d i f f e r e n t ia l  equation ( E . l) .  The volume 

in te g ra l in  equation (E..8) is  a known q u a n tity ,  w h ile  the 

fu n c tio n  u and i t s  d e r iv a tiv e s  in  the boundary terms o f 

MCu,v) are not a l l  known. In a well-posed boundary value 

problem the number o f the. unknown boundary- q u a n titie s  is  

equal to  the'number Of the boundary c o n d itio n s . A system 

o f simultaneous boundary in te g ra l equations is  obtained by 

le t t in g t h e  f ie ld  p o in t approach the boundary C in  the 

in te g ra l rep resen ta tion  (E .8) o f the f ie ld  q u a n tity  and/or
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in  in te g ra l rep resen ta tions o f the d e r iv a tiv e s  o f the f ie ld  

q u a n tity .  The unknown boundary q u a n tit ie s  can then be evaluated, 

by so lv in g  the above mentioned system u su a lly  num erically.These 

boundary in te g ra l equations, having as kernels the s in g u la r 

so lu tio n  v and i t s  d e r iv a t ives, are s in g u la r .

On the basis o f the a fo re g o in g ,it  is  apparent th a t in 

order to  solve a boundary value problem by using the BIE 

method,the fo llo w in g  steps must be adhered to  :

i )  E s tab lish  the Green id e n t it y  fo r  the given l in e a r  

e l l i p t i c  ope ra to r, 

i t l  E s ta b lish  the fundamental s o lu tio n  o f the a d jo in t 

d i f f e r e n t ia l  equation, 

i i i )  From the f i r s t  two steps ob ta in  the in te g ra l 

rep resen ta tion  o f the s o lu tio n , 

iv )  From the in te g ra l rep resen ta tion  o f the s o lu tio n ,  

e s ta b lis h  the- necessary boundary in te g ra l equations 

fo r  the determ ination  o f the unknown boundary 

q u a n tit ie s  by using the sp e c ifie d  boundary 

cond itions..

v) Solye num erica lly  the re s u lt in g  simultaneous 

s in g u la r boundary in te g ra l equations. That is ,  

e s ta b lis h  the unknown boundary q u a n titie s  from the 

g iven .

'Vi'l. Using the given and computed boundary q u a n tit ie s , 

obtained in  step y eva luate  the s o lu tio n  by 

in te g ra t in g 'n u m e ric a lly  i t s  in te g ra l rep resen ta tion .
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In order to  make the basic idea o f the  BIE method more • 

concrete;,we w i l l  demonstrate how i t  is  app lied  to  two- 

dimensional Boundary va lue  problems fo r  which the governing 

d i f f e r e n t ia l  equation in vo lves  Lap lace 's ope ra to r i . e .  

LaplaceKs equation and Po isson's equation.

We begin w ith  Po isson's equation

V2uCP)=f(P) P :(x ,y)eR  [E .9)

where the Laplace ope ra to r V2 in  two. dimensions is  defined as

The Laplace equation w i l l  r e s u lt  as a p a r t ic u la r  case o f the 

Poisson's equation w ith  f(P )= 0 . In g en e ra l,we wish to  f in d  a 

so lu tio n  uCp ) o f the Poissop equation (E .9) in  a given 

region R o f the two dimensional space which,on the boundary 

C.must' s a t is fy  one o f the fo llo w in g  cond itions  [58]

a.) D ir ic h le t :  u=g(p), p ;(x ,y )eC  CE.11)

- b) Neumann.: P: (*,y )eC  ( E. 12)

where h(p) s a t is f ie s  the c o m b a t ib i li ty  . 

c o n d itio n  h(p)ds~Q
k

. c).'M ixed: u=gCf)» peC^

Cj+C2=C .. (E .I3 )
|ft.= h C p ), peC2
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gCp). and h(p) are known .function's defined on the boundary C 

and 3 /3n denotes d i f f e r e n t ia t io n  along th.e outward normal to  

C.

C onditions ( E . l l )  to  (E.13) are p a r t ic u la r  cases o f the 

more general c o n d it io n

in  which the fu n c tio n s  a,P and y are a l l  known on the boundary

to the c o n d itio n  (E .14) e x is ts ,a n d  i t  is  unique fo r  a f a i r l y  

wide class o f fu n c tio n s  a,P and y .

Follow ing the p re v io u s ly  mentioned steps,we employ the 

w ell known Green id e n t i t y  [59]

where u and v have, continuous second order d e r iv a tiv e s  in s id e  

the region R. We choose v as the fundamental s o lu tio n  o f  the" 

equation. (E .9 ). That is ,  a p a r t ic u la r  s in g u la r s o lu tio n  o f the 

equation
V2v=6(Q'-Pl , (E.16)

where 6(Q-P) is  the 6 - fu n c tio n  w ith  the source p o in t a t P. A' 

p a r t ic u la r  s in g u la r  s o lu tio n  o f equation (E.16) is  [58]

au+p =yCp) peC (E.14)

C. I t  can be shown,th.at fo r  regions bounded by s u f f ie n c t ly  

smooth boundaries, the s o lu tio n  o f Poisson's equation subjected

( E.15)

v(P,Q]= ^  Anr . (E.17)
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where

r= [Q -p |

is  the d is tan ce  between the p o in ts  P and Q.

In tro d u c tio n  o f equations (E .9 ) , (E .1 1 ) , (E.12) and (E.17) 

in to  equation (E.15) y ie ld s

• uCp) 4 s j J Rf { Q)£n rCp’ Q)do(r  ^ tx |c r ^ ( q)^ n ( p»q)~9((l ) ^ 3 p ^ , q dsq

CE.19)

where the su b sc rip ts  Q or q in  da, ds ana 3/3ri in d ic a te  th a t 

the in te g ra t io n  or the d ife rrentia tion  has been done.w ith respect 

to po in t QeR, o r p o in t qeC, w h ile  p o in t PeR is  re ta ined  

constant. Equation (E ;19) expresses an a rb it r a ry  s o lu tio n  

uCP1 sin an in te g ra l form co n ta in in g  the fundamental so lu tio n  

v=£nr/.2Tt, i t s  normal d e r iv a tiv e  and the fu n c tio n s  g and h 

appear in  both boundary c o n d itio n s  (E .11) and (E .12 ). In  a 

well-rposed boundary value problem in v o lv in g  Po isson's equ a tion , 

on ly one o f the  func tions  g or h is  s p e c ifie d .. Thus,we must 

e s ta b lis h  a. way to  f in d  g or h when h o r g, re s p e c t iv e ly ,  is  

s p e c ifie d  on C. The requ ired  r e la t io n  which re la te s  the 

fu n c tio n  h and g can be obta ined by a l im it in g  process. Thus,

By ie t t in g  p o in t P in  equation (E .19) approach some 

p o in t p on the boundary C, and no tin g  th a t  the .double la ye r 

p o te n tia l in  the la s t  in te g ra l in  equation (E.19) e x h ib its  

•a jump o f magnitude g (p }/2  [59] as P tends to  peC,and th a t 

. W (p)=g(p), equation (1 .19) y ie ld s

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



9 ( P ) 'n | ^ f ( Q) n r (P ’ Q)daQ- | f c [h C q H n r(p ,q )-g (q )^ |-^ P -^ ) ] dsq

CE.20)

Equation CE.20) is  a s in g u la r  boundary in te g ra l equation from 

which the boundary fu n c tio n  hCq) or g(q) .can be determ ined. I t  

is  a c o m b a trb iiity  co n d it io n  which in d ica te s  th a t both fu n c tio n s  

g and h can not. be a r b i t r a r i l y  p rescribed . Once th is  

equation i's solved fo r  the one unknown fu n c tio n , the s o lu tio n  

o f equation (E.9) is  given by (E-19).. Obviously fo r  f=0/ 

equation (E.20) y ie ld s  the boundary in te g ra l equation fo r  the 

Laplace equation.

For a boundary C w ith  a rb it r a ry  shape,an a n a ly t ic a l 

s o lu tio n  o f.e q u a tio n  CE.20.) is  out o f question . Thus, numerical 

techniques have been developed to ob ta in  the s o lu tio n  o f th is  

equation, which is  a. s in g u la r , in te g ra l Fredholm-type equa- 

tio ft,e f:tK e r o f the f i r s t  or the second kind,depending on the 

given boundary data, o f the problem, inasmuch as the in te g ra l 

rep resen ta tion  o f the s o lu tio n  u(P) is  a fu n c tio n  o f the f ie ld  

p o in t P, it.s d e r iv a tiv e s , when needed, can be evaluated by 

d ire c t  a n a ly t ic a l d i f f e r e n t ia t io n  o f equation (E .19).
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54

3. The p la te  on e la s t ic  foundation

Due to  mathematical d i f f i c u l t i e s ,  a n a ly t ic a l s o lu tio n s  fo r  

on ly a few cases o f  load ing  o f  c ir c u la r  o r rec ta ngu la r p la tes  

on e la s t ic  foundation are a v a ila b le  in  the l i te r a tu r e .

H. Hertz [60] (1884) estab lished  the bearing capac ity  o f 

a f lo a t in g  s h e e t,subjected to a concentrated fo rce  by t re a tin g  

i t  as an in f i n i t e  e la s t ic ' p la te  o f  constant th ickness , re s tin g  

on an e la s t ic  founda tio n . A. FiSppl [61] (1922) has used ' 

H e rtz 's  s o lu tio n  to  in v e s tig a te  the c ir c u la r  p la te  w ith  free  

boundary, re s tin g  on W in k le r 's  e la s t ic  founda tio n ,su b jec ted  to 

a ce n tra l concentrated load . H. Happel [62] (1920) 

in ve s tig a te d  the problem o f  a rec ta ngu la r p la te  re s tin g  on an 

e la s t ic  founda tio n ,su b jec ted  to  a concentrated Toad by applying 

R itz 's  method. Westergaard [6 3 ] ,using F o u r ie r .s e r ie s , 

in ve s tig a te d  the in f i n i t e  long p la te , the in f i n i t e ly  long 

s t t ip  and .the-.semi-infinite p la te  under a se ries  o f e q u id is ta n t 

concentrated loads. F. S ch le icher [64] (1926) gave the 

general s o lu tio n  o f the d i f f e r e n t ia l  equation fo r  the c ir c u la r  

p la te  on e la s t ic  foundation under axisymm etric lo ad in g . He has 

considered over f o r t y  d if fe r e n t  cases o f loading and boundary 

cond itions  and he has given ready to use form ulae. Using sine 

tran s fo rm , F le tch e r and Thorne [65] obtained the d e f le c tio n  

o f re c ta ngu la r p la te s , subjected to a general transverse 

loading when i t s  d e f le c tio n s  and moments are prescribed a t 

two opposite  edges o f the p la te , w h ile  a t the o ther two. 

edges, the p la te  can have any given boundary cond itions.They
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presented numerical re s u lts  fo r  constant and s t r ip  load.

H. Reismann [66] obtained a .general s o lu tio n  fo r  a c ir c u la r  

or a ring-shaped p la te ,re s tin g  on an e la s t ic  foundation  under 

general boundary con d itio n s , sub jected to  a r b it r a ry  s p e c ifie d  

transverse lo ad in g . L ive s le y  [6 7 ],  K iyo te r [68] and Solecki 

[69,70] in v e s tig a te d  the s tre ss  and the displacement o f semi- 

in f i n i t e ,  q u a tra n t, and s e c to r ia l p la te s  w ith  various boundary 

and load ing co n d it io n s .. E. Reissner [71] analysed th in  p la tes 

on W in k le r 's  fo u n d a tio n 'w ith  various boundary and load ing 

c o n d itio n s . An extensive l i te r a tu r e  e x is ts  on the a p p lic a tio n  

o f  the theory o f p la tes on e la s t ic  foundation  in  the design 

o f concrete pavements and a i r f ie l d  runways (see fo r  example r e f .  

[7 2 ,7 3 ,7 4 ]). Approximate and numerical methods have been also 

used fo r  s o lv in g  p la tes on e la s t ic  founda tio n . Vin and Elgood 

[75] employed the R a le igh -R itz  method to  a f in i t e  rec ta ngu la r 

p la te  w ith  fre e  edges on W in k le r 's  founda tio n . They obtained 

numerical re s u lts  which were compared w ith  those obtained 

e xpe rim en ta lly . A lle n  and Severn [76J. solved the same problem 

using a re la x a tio n  method. Cheung and Z ie n k ie w itz  [77]employed 

the f i n i t e  element method to  analyse p la te s  on e la s t ic  

founda tion . They gave some numerical re s u lts  f o r  a square p la te , 

subjected to  fo u r  concentrated loads and compared them .w ith 

.those g iven in  [7 5 ].

In th is  th e s is , th e  BIE method is  developed fo r  the 

so lu tio n  o f the f in i t e  p la te  on an e la s t ic  foundation having 

a rb it ra ry  shape and any boundary cond itions . The requ ired 

c o u p le d ,s in g u la r boundary in te g ra l equations are estab lished

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and numerical techniques fo r  t h e ir  s o lu tio n  are presented. .. 

Moreover, a procedure is  presented fo r  o b ta in in g  the in flu e n ce  

f ie ld s  o f various q u a n tit ie s  such as d e f le c tio n s ,  bending and 

tw is t in g  moments and shearing fo rc e s . In  th is  procedure ,the  

in flu e n ce  f ie ld s  are obtained as d e f le c tio n  surfaces 

corresponding to  a p p ro p ria te ly  chosen genera lized fo rce s . 

Numerical re s u lts  fo r  various clamped and sim ply supported . 

p la te s ,su b je c te d  to d is tr ib u te d  o r concentrated loads are also 

presented. The re s u lts  are in  e x c e lle n t agreement w ith  those 

obtained from e x is tin g  a n a ly t ic a l s o lu tio n s .

The th e s is  is  d iv ided  in to  th re e  p a rts  and inc ludes  a 

chapter o f conclusions and th re e  appendices. P art I is  d iv ided  

in to  f iv e  se c tio n s . In Section 1 -1 , the-problem  fo r  the p la te  

on e la s t ic  founda tio n ,h av ing  any boundary c o n d it io n s , is  sta ted  

in  i t s  general form . The two-dim ensional region occupied by 

the pi ate,may be sim ply o r m u lt ip ly  connected ( i . e .  i t  may 

have ho les),and  i t s  boundary may have co rners. In Section 1-2, 

two versions o f Green's id e n t it y  f o r  the d i f f e r e n t ia l  s e l f -  

- a d jo in t ope ra to r considered [v^+k2-]  aire e s ta b lish e d . In the 

f i r s t  ve rs io n , the boundary terms do not have d ire c t  physica l 

meaning, w h ile  in  the second ve rs io n  they have phys ica l 

s ig n if ic a n c e . In  Section 1-3, the  d e r iv a tio n  o f the fundamental 

s o lu tio n  is  presented toge ther w ith  a system atic  procedure 

fo r  the eva lua tion  o f the a r b it r a ry  constant o f the s o lu tio n .

In Section 1-4, the in te g ra l equations fo r  p la te s , w ith  any 

boundary co n d itio n s  are de rive d . Two in te g ra l rep resen ta tions  

. and two sets o f boundary in te g ra l equations are given 

corresponding to  the two vers ions o f the Green id e n t i t y .
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For the a n a lys is  o f p la te s  w ith  clamped and sim ply supported 

edges, the boundary in te g ra l equations re s u lt in g  from the 

f i r s t  version, o f  Green's id e n t i t y  are more s u ita b le  than those 

re s u lt in g  from the second ve rs io n . However, those 

re s u lt in g  from the f i r s t  ve rs ion  are not a p p rop ria te  fo r  the 

ana lys is  o f p la te s  w ith  o th e r boundary .cond itions . The in te g ra l 

equations are form ula ted by a - l im i t in g  process in  which the 

f ie ld  p o in t is  le t  to  approach the boundary. For each boundary 

value problem,a p a ir  o f boundary co n d itio n s  are s p e c ifie d  and, 

consequently,tw o boundary in te g ra l equations are re q u ire d . I t  

was e a s ie r to  e s ta b lis h  the f i r s t  boundary in te g ra l equation 

than the second. The la t t e r  .was derived using a s p e c ia lly  

developed techn ique. The ex is tence  o f the boundary in te g ra ls ,  

having s in g u la r  k e rn e ls ,is  proven by showing th a t the boundary 

in te g ra ls  behave l ik e  s in g le  or double la y e r p o te n t ia ls .  More

over, the jump o f  the d is c o n t in u ity  o f these in te g ra ls  is  

evaluated using a s u ita b le  procedure whenever th e ir  kernel 

behaves l i k e  a N ew ton ian,doub le -layer p o te n t ia l.

In Section 1 -5 , an e legan t procedure based on the r. 

p ro p e rtie s  o f the d e r iv a tiv e s  o f the 6 - fu n c tio n  is  presented 

fo r  the num erical eva lua tion  o f the. in flu e n ce  £te.lds o f 

various f ie ld  q u a n tit ie s  such as d e f le c tio n s ,  s lopes, bending 

and tw is t in g  moments and shearing fo rce s . The in flu e n ce  f ie ld s  

are obta ined as the d e f le c tio n  surfaces,due to  a p p ro p ria te ly  

in troduced genera lized loads (m u lt ip o le s ) , using a genera lized 

form o f the re c ip ro c a l theorem. Thus, fo r  a p la te  w ith  given 

boundary c o n d it io n s , the boundary in te g ra l equations d i f f e r
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only in  the non-homogeneous term . This term is  eyaluated in  

closed form . Results are p resen ted-fo r. genera lized loads 

generating the in flu e n ce  f ie ld s  o f the d e f le c tio n s ,  the 

bending and tw is t in g  moments and the shearing fo rce s .

In Part I I , a  procedure fo r  the numerical s o lu tio n  o f the 

coup led,s in g u la r  boundary in te g ra l equations fo r  the clamped 

.and sim ply supported p la te  is  developed. This P art is  d iv ided  

in to  ten sec tion s . The f i r s t  f iv e  Sections deal w ith  the 

numerical s o lu tio n  fo r  the clamped p i ate,and the la s t  f iv e  

Sections w ith  th a t fo r  the s im ply supported p la te .

In Section I I - l , t h e  boundary in te g ra l equations e s ta b lis h 

ed in  P art I fo r  the clamped p la te ,a re  approximated by a 

system o f simultaneous l in e a r  a lg e b ra ic  equations by a 

procedure wherein the unknown boundary q u a n titie s  are assumed 

to vary according to  a given law (s tep  fu n c tio n  assum ption).

In Section I I - 2 , th e  c o e f f ic ie n ts  o f the unknowns o f the 

system o f l in e a r  a lg e b ra ic  equa tions, derived in  Section 

I I -1 in  the -form o f  l in e  in te g ra ls  on the boundary elements, 

are evaluated by num erical in te g ra t io n .  Special techniques are 

developed fo r  the numerical in te g ra t io n  o f these l in e  in te g ra ls  

on the boundary elements where the in teg rand  is  s in g u la r .  In 

Section I I - 3 , th e  non-homogeneous terras o f the in te g ra l 

equations are eva luated. They are im proper,double in te g ra ls  . 

on a two-dim ensional region w ith  a r b it r a ry  shape. A procedure 

is  developed fo r  the numerical eva lua tion  o f  these in te g ra ls ,  

which can be used fo r  the numerical eva lua tion  o f any.double
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improper in te g ra l having a lo g a r ith m ic  or a Cauchy-type 

s in g u ta r ity .  In Section I I - 4 ,a  numerical scheme fo r  the 

computation o f the d e f le c tio n s  is  presen ted ,w h ile  in  Section 

I I -5 in te g ra l expressions fo r  the numerical computations o f 

the s tress  re s u lta n ts  are derived . These expressions re s u lt  

from d ire c t  d i f fe r e n t ia t io n  o f  the in te g ra l rep resen ta tion  

fo r  the d e f le c tio n .

The la s t  f iv e  Sections o f th is  P art are. devoted to  the 

numerical s o lu tio n  o f the s in g u la r  boundary in te g ra l equations 

fo r  the sim ply supported p la te . Thus, in  Section I I -6 the 

boundary in te g ra l equ a tions ,es ta b lished  in  Part I  fo r  the 

sim ply supported p la te ,a re  approximated by a system o f 

simulteneous lin e a r  a lg e b ra ic  equations. The technique 

developed in  Section 11-1 is  a lso app lied  here to  th is  

approxim ation. In Section I I - 7 , th e  c o e f f ic ie n ts  o f the 

unknowns o f the system o f lin e a r  .a lge b ra ic  equations, which 

were derived in  Section I I -6 in  the form  o f l in e  in te g ra ls  

on the boundary elem ents, are evaluated by numerical 

in te g ra t io n . Special techniques are developed fo r  the elements 

on which the in teg rand is  s in g u la r.  In Section I I - 8 , th e  non 

homogeneous terms o f the in te g ra l equations are evaluated 

using the technique developed in  Section I I -3 . In Section 

I I - 9 sa numerical scheme fo r  the computation o f the d e fle c tio n s  

is  presented,w hile  in  Section 11-10 the in te g ra l expressions 

fo r  the numerical e va lua tion  o f the s tre ss  re s u lta n ts  are 

der-ived by d ire c t  d i f fe r e n t ia t io n  o f the in te g ra l
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rep resen ta tion  o f the d e f le c t io n .

In P a rt I I I ,n u m e r ic a l re s u lts  are presented fo r  clamped 

and sim ply supported c ir c u la r  and re c ta n g u la r p la te s ,a s  w e ll 

as fo r  p la te s  w ith  composite geometry subjected to various 

loading c o n d it io n s . They have Been obta ined on a CDC/CYBER 

171-8 computer. The computer programs have been w r it te n  in  

FORTRAN language. The num erical re s u lts  are presented in  terms 

o f non-dimensional param eters. Moreover,the re s u lts  f o r  c ir c u la r  

and rec ta ngu la r p la te s  are compared w ith  those obtained from 

e x is tin g  a n a ly t ic a l so lu tio n s ,a n d  are in  e x c e lle n t agreement 

w ith  them. The in flu e n ce  c o e f f ic ie n ts  fo r  the s tress  re s u lta n ts  

are also computed. The e ffe c tive n e ss  o f the BIE method is  

confirmed by the fa c t  t h a t , in  most cases,accurate re s u lts  are 

obtained by subd iv id ing  the boundary in to  less than 40 segments. 

For small v a lu e s -o f the e la s t ic  constant o f the .subgrade, as 

i t  was expected, the re s u lts  d i f f e r  n e g lig ib ly  from those o f  

p la tes  not re s tin g  on an e la s t ic  founda tio n .

Part I I I  is  d iv id e d  in to  f iv e  se c tia n s . Section I I I -1 is  

in tro d u c to ry .>In S e ctions  111-2 and I II -3 ,a p p ro p r ia te  

dimensionless parameters fo r  c ir c u la r  and rec ta ngu la r p la te s , 

re s p e c tiv e ly , are e s ta b lish e d . In S e ction  I I I - 4 , t h e  accuracy 

o f the BIE method is  discussed and numerical re s u lts  fo r  

c e rta in  p la te s  under various loadings are presented. F in a lly ,  

in  S e ction  111-5, tab le s  o f dimensionless d e fle c tio n s  and 

s tress  re s u lta n ts  o f c ir c u la r  and re c ta ngu la r p la tes  are 

presented.
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The th e s is  also conta ins a Chapter o f Conclusions and • 

three Appendices! Appendix A is  d iy ided  in to .tw o  S e ctions . In 

Section A - I ,c e r ta in  usefu l form ulae in  Cartesian coord inates 

are derive d . These form ulae are employed in  the d i f fe r e n t ia t io n  

o f the kerne ls o f the in te g ra l equations and can be used in  

the d e r iv a tio n  o f  the boundary in te g ra l equations fo r  any two- 

dimensional d i f f e r e n t ia l  o p e ra to r. In S ection A - I I ,  some 

re la t io n s  are derived fo r  d i f f e r e n t ia t io n  w ith  respect to  

in t r in s ic  coord ina tes . In Appendix B,the a d d it io n a l term I q, 

appearing in  the in te g ra l re p re se n ta tio n  o f the s o lu tio n  when 

the boundary has co rners , is  computed.

F in a lly ,  in  Appendix C the num erical method, used fo r  the 

approximation o f the K e lv in  fu n c tio n s  k e r (x ) ,  k e i(x )  and th e ir  

f i r s t  d e r iv a tiv e s  k 'e r '(x )  and k e i ( x ) ,  is  described.
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P A R T  I

THE BOUNDARY INTEGRAL EQUATIONS

1-1. Statement o f  the problem

Consider a th in  e la s t ic  pi a te  .o f th ickness fi,occupying a 

two dimensional region Rebounded by a carve C,and re s tin g  on 

a lin e a r  e la s t ic  founda tio n . The reg io n  -R may be sim ply or 

m u lt ip ly  connected, i . e .  the p la te  may have ho les , w h ile  the 

boundary C may have a f i n i t e  number o f corners.

The d e fle c tio n  w(P) o f the p la te  must s a t is fy  the 

fo llo w in g  d i f f e r e n t ia l  equation a t any p o in t P ,in s id e  the 

region R [73] .

Lw* 1IE1 (1 -1 .1 )

where f(P )  is  the d is t r ib u t io n  o f the normal to  the surface 

o f the p la te  ex te rna l fo rce  per u n it  area; D is  the f le x u ra l 

r ig i d i t y  [D=Eh3/1 2 ( l - v 2) ]  o f the p la te .

The ope ra to r L is  defined as

L=v “ +k 2 (1 -1 .2 )

where V1* is  the biharmonic opera tor, defined as
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v o= l ! _  +2 — 3-~- - t  i l -  ' (1 -1 .3 )
3X1* 3x23y2 Sy1*

and
k 2= £  ; (1 -1 .4 )

k is  the constant o f the e la s t ic  foundation

Region .R

Boundary C-

F ig . I - 1 .  P la te  occupying the tw o-dim ensional, 

reg io n  R bounded by the  curve C.

Moreover, the d e f le c tio n  w jnust s a t is fy  the fo llo w in g  

cond itions  on each o f the r  p o rtio n s  C ^ . o f  the boundary

[c- I  C( , ) ]
i= l

a j ’ ^ p jw + a ^ f p )  Vn= g p l f p )

(-1=1.2. —  r )  (1 -1 .5 )

*>11 ) (P ) |?  + ^ ’ ( P J V  9 ^ > (P )
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where p is  a .p o in t on the p o rtio n  o f the boundary C; the 

fun c tio n s  g [ ^ ( p )  and g | ^ ( p )  and a j^ . (p )  , a | ^ ( p )  . b j1  ̂(p) .b ^1  ̂(p) 

are sp e c ifie d  on the p o rt io n  o f the boundary and depend 

on the edge co n d itio n s  o f the p la te . Thus, we have [37]

a 4 11=0* bi l ) = l> b2 l)= 0  C l-1 .6a)

i f  the p o rt io n  o f the Boundary is  clamped

a p ^ l ,  0 ^ = 0 ,  b | iJ =0, b ^ ' ^ l  ( I - 1 .6 b )

i f  the p o rt io n  o f the Boundary is  sim ply supported

al i)=Q> a2l) = 1 ’ - bi l ) = 0 * b2l)= 1  (1-1 -66)

i f  the p o rt io n  o f the boundary is  fre e

a ^ ^ l ,  b^1 ^=1, b | i } =0 ( I -1 . 6d)

i f  the p o rt io n  o f the boundary is  guided.

c ij1)  ̂. b j1  ̂jb ^ 1  ̂ can have any o ther given value or

be functions o f p i f  the portion of the boundary is  e las tica lly  supported.

f o r  p la te s  having the same cond itions  on the e n t ire  

boundary ,the s u p e rsc rip t i  in  equations (1 -1 .5 )  and (1^1 .6) 

w i l l  Be ommttted..

The e f fe c t iv e  shearing fo rce  Vn and the bending moment 

M ^a c tin g  o n 'th e  boundary o f the p la te ,a re  re la te d  to  the 

d e fle c tio n  w by the fo llo w in g  re la t io n s  [7 3],
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nn=-Di;vj w t c v - i ) ^ ]

a ' a’a»-

wh.e.re 3/3n and 3 /3 1 denote d i f fe r e n t ia t io n  along the outward 

normal and the ta n g e n tia l d fre c tto n ,  re s p e c t iv e ly ,  and 3 /3s 

denotes d i f f e r e n t ia t io n  w ith  respect to  the arc le n g th  o f the 

boundary.

In the subsequent a n a ly s is . i t  w i l l  be more convenient to  

work w ith  the arc leng th  v a r ia b le  s , ra th e r  than t .  Thus, t  w i l l  

be e lim ina ted  from re la t io n  (1 -1 .7 ) .  This can be done by using 

the fo llo w in g  re la t io n s ,d e r iv e d  in  Appendix A

3w _3w3S =3s

32W= ifw
3.t2 05 2 : ! f  d - i . 8 )

.3 w . 
3n3t '

where K=K(s) is  the cu rva tu re  o f the boundary. Using equations 

(I>1 .8 )»equa tions  (1 -1 .7 )  may be w r itte n  as

Hn=-0[V2W+Cv-I)cy +K f j n

v = .pr— v 2w -(v -1 )— ( 32w -K—  n UL3nv w I ; 3s>3s3n • 3s; J

(1 -1 -9 )

I t  is  a p p a re n t,th a t fo r  a s t ra ig h t  l in e  boundary [K(s)=0., t= s ] ,  

equations (1 -1 .9 ) take the form o f (1 -1 .7 ) .
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1-2. The Green id e n t it y  fo r  the d i f f e r e n t ia l  opera tor o f 

the  profelem ~

In th is  Section,G reenl s second form ula fo r  the plane is  

converted in to  a form d i r e c t ly  a p p lica b le  to  the problem a t 

hand.

Consider any two fu n c tio n s  u and u,which are two times 

con tinuous ly  d i f f e r e n t ia b le  in s id e  the retjfon R,and once on 

the boundary C: The region R may be m u lt ip ly  connected and 

i t s  boundary C may have a f i n i t e  number o f corners i . e .  i t  

is  piecewise smooth... I t  can be shown [59 J th a t these func tions  

s a t is fy  the fo llo w in g  re la t io n

} | R( u 7 W ^ ) d o = | c ( S M - U| f ) *  ( I - 2 - D

Chosing u=V?w and u=v r e la t io n  (1 -2 .1 ) y ie ld s

JJ^uV2(V2w )d a -J |RV2w.V2vda=|c [v |^ V 2w-V2w |^ I ds (1 -2 .2a)

Choosing now u=w and u=v2v re la t io n  (1 -2 .1 )  gives

.̂V2v.V2w d a -j| w?2(.V2v)da=j [v 2v - wf^V ?v]ds  

A d d itio n  o f equations ( I -2 .2 a) and (1 -2 .2b) y ie ld s

JJ (vV^w-wV1*v)da=| [ v | ^ v?'W- 5w-w|^-v2v + ^ V ?vj'ds

(1 -2 .2b)

(1 -2 .3 )
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By adding and s u b s tra c tin g  | |  fc2wvdo in  the l e f t  hand side o f 

equation (1 -2 .3 ) we get

|.|  [vLw -w Lv]da-|c [ v | FV2w- f ^ w - w f ^ v + f ^ v ]  ds ' ' (1 -2 .4 )

Equation (1 -2 .4 )  holds fo r  any two fu n c tio n s ,w  and v,which have 

continuous fo u r th  d e r iv a tiv e s  in  R,and continuous th ir d  

d e r iv a tiv e s  on C.

The in te g ra l in  the r ig h t  hand side  o f equation (1 -2 .4 ) 

conta ins the q u a n tit ie s  w, | ^ ,  V2w, and f^ (V 2w). When the 

fu n c tio n  w represents the d e f le c tio n  o f the m iddle surface o f 

the p la te , is  i t s  s lope. The o the r two q u a n titie s  have a 

d ire c t  phys ica l meaning on ly in  spec ia l cases. For example, 

when the edge o f the p la te  is  clamped (w=0, =0), the
2 w

con d itio n  w=0 im p lies  th a t — -  =0. Thus equations ( I - l ; 9 )
3s2 ■

reduce to

Mn=-DV2w

( i-e -5 )

V ' D fw,2t'

th a t is ,  the q u a n tit ie s  V2w and | ^ t ^ 2w) express .the bending 

moment and the re a c tin g  fo rce  a t the boundary, re s p e c tiv e ly , 

m u lt ip l ie d  by -1 /D .

As ivt  w i 'll be seen la te r ,  fo r  the d e r iv a tio n  o f the 

boundary in te g ra l e q u a tio n s , it  is  convenient to  convert the 

boundary in te g ra l in  equation (1 -2 .4 )  to  an equ iva len t one 

con ta in ing  q u a n titie s  having a d ire c t  phys ica l meaning. For
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th is  purpose we may w r ite

| a  v ! v= |S [ ,= , +C v - i ) ^ ] - C v - i ) | J  s h .  = |h  Mv. fv . n | « . a l i  
3n 3nL v g t2 " 3 t2 3n 3^2

3n L3n v _vv i ; 3sv3n3 t; j ' vv"-w "3 s v3n3 t'

where the operators $  and V are defined as

M=7! + ( v - 1 ) 2 —  = V *+ (v - 1 ) ( 2 —  +K § - )a t 2 a * 2 dn

u= i _  y 2- (. y - i ) ^ - ( - - - - ) =  ■—  v 2- ( y - i ) — ( * 2 - -v— ) v an v i ; a s v a n a t ; an v A ; a s la ? a n  K a s ;

( 1- 2 . 8 )

By adding re la tio n s  C l-2 ,7 ) and in te g ra t in g  over the boundary 

we obta in
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l c nvtF ’ iw -  | —v 2v]ds=|^£vVw-wVv- f > +

H Mv3 ds+Ic

where (1 -2 .9 )

T llf r„3 f32w n Wl_zi£w x.3v 3w 32v-i .
C  ̂ ^Jc*- 3S{ 3 n 3 t^ W3sf3n3t^ 3n 3 t 2 " 3n a t2"*

Using in tr in s i.n c  coord inates Chelations (A-67) and (A-69) in  

Appendix A),boundary in te g ra l I c may be re w r it te n  as

V t v - u j / v f ^  - ^ ) - w f r C | ^  - k | 1 ) + « £ ) -

- f i < 0 « f ^ d*

= ( v _ 1 1J (; [ vl r (r i r j 1 ■' ' I ? * ' ' '? ? 1 ■ 4 ? (3Tf7r>+'4 ? (

. 3 v 3?w 3w 3 2vT . (1-2.10)
_ H  '  *»  r ? 1

In te g ra tin g  by parts c e rta in  terms in  the above r e la t io n , fo r  

a boundary w ith  N corners whose coord inates are s .' ( i = l , 2 , . . . N ) , 

we ob ta in  (see Appendix B l

^ . - ( V. 1 ) j i i[vT„ . WTv+ u | f - | 2 ; | | I ,.ds ( M - m  .

where !["*■; .](,• denotes the jump o f the fu n c tio n  a t the p o in t 

s . due to  the d is c o n t in u ity  o f the s lope o f the boundary o f 

th is  p o in t.  The opera tor T is  defined in  Appendix B. I t  is
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apparent th a t fo r  smooth boundaries

I c = 0  ( 1 - 2 .1 2 )

Using r e la t io n  (1 -2 .9 )  equation (1 -2 .4 )  may be w r itte n

as

f j  . (vLw-wLv)da=j‘£vVW-wVv- ~  Mw+ |^M v]d s+ Ic (1 -2 .13 )

This form o f Green's second form ula w i l l  be d i r e c t ly  

app lied  in  d e r iv in g  the form ulas used in  the BIE method.

1-3. The fundamental s o lu tio n  o f the problem

Inasmuch as the ope ra to r L is  s e l f - a d jo in t ,  the 

fundamental s o lu tio n  o f the problem is  a s in g u la r  p a r t ic u la r  

s o lu tio n  o f the fo llo w in g  equation

Lv=6 (P-Q)/D ( I - 3 ;J )

where 6 (P-Q) is  the D irac d e lta  fu n c tio n ;  P :(x ,y )  is  the 

f ie ld  p o in t and Q: ( ^ , "H) i s the source p o in t.  The s o lu tio n . 

v=y(P,Q) o f equation 0 - 3 ,1 ) .  is  a tw o -p o in t fu n c tio n . 

P h y s ic a lly , i t  is  the d e f le c tio n  surface o f an in f i n i t e  p la te  

on e la s t ic  foundation  loaded by a concentrated u n it  load a t 

p o in t Q. The s o lu tio n  w i l l  be axi.symmetric w ith  respect to  

p o in t Q, th a t i s , i t  w i l l  depend on ly  on the ra d ia l•d istance
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r=|P-QI - Thus*the Laplace opera tor in  p o la r coord inates w ith  

po in t Q as i t s  o r ig in  , is  independent o f the angular co o rd ina te , 

th a t  is

( K 3 - 2)

In order to  so lve  equation (1 ,-3 .1 ) ,we s ta r t  w ith  i t s  

corresponding homogeneous equation, which is  v a l id  fo r  a l l  

po in ts  P o f the plane except P=Q. Thus, we have

d - 3 .3 )

in tro d u c in g  the dimensionless independent v a r ia b le  

p= r/ X

where   l
1= A / k = /D/k:

(1 -3 .4 )

equation (1 -3 .3 ) becomes

+ -  ^ - ) ( ^ r  + -  4^)+v=0 (1 -3 .5 )dp P dp dp P dp

moreover, in tro d u c in g  the y a r ia b le

' X=p/T , i= /T l  (1 -3 .6 )

in to  equation (1 -3 .5 ) ,we obta in

VHv-v=0 (1 -3 .7 )
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where

is  the Laplace ope ra to r w ith  respect to  the x coord ina te .

Equation (1 -3 .7 ) can be w r itte n  in  the fo llo w in g  two 

ways [64] .

Thus,the d e f le c tio n  equation (1 -3 .7 )  is  s a t is f ie d  by the 

s o lu tio n  o f the Bessel equations

Equation (1 -3 .10 ) can be transform ed in to  the equation (1 -3 .9 ) 

by changing the v a r ia b le  from x to  x i -

The two lin e a r ly  independent s o lu tio n s  o f equation 

(1 -3 .9 ) are I Q( p / f )  and K0 ( p / f ) , w h ile  those o f -(1-3.10) are 

I Q( i / f )  and KQ(p iV T ). The fu n c t io n s . IQ and KQ are the Bessel 

fu n c tio n s  o f the f i r s t  and second k in d , re s p e c t iv e ly .

Hence,the general s o lu tio n  o f equation (1 -3 .3 ) is

V2 (.V2v + v )- (v 2v+v)=0 

V2.(V2v -v )* (V 2v-v)=0 (1 -3 .8 )

V2 v+v=0 (1 -3 .9 )

and
v 2 v-v = 0 (1 -3 .10 )

y=Bj I 0 (p/T)+B2 I 0 .(p i/T )+B 3 K0 (p /r)+ 'B 4 K0 (p i/T )  (1-3 .11 )
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Inasmuch as p is  a. rea l v a r ia b le ,a l l  func tions  in  equation 

(1-3 .11) are complex. Consequently,the a rb it ra ry  constants B j,  

B2 »B3 and B^ a re  also complex. In o rder to  express v in  terms 

o f rea l fu n c tio n s  and co ns tan ts ,the  Bessel fu n c tio n s  I Q and KQ 

are expressed as

I0 (p/±T)=ber(p)±ibei(p)
(1 -3 .12 )

K0 (p/±T)=ker(p)±ikei(p)

b e r(p ), b e i(p ) ,  k e r(p ), and k.ei(p) are re fe rre d  to  as the 

Ke lv in fu n c tio n s  o f zero o rder.

S u b s titu tin g  equations (1 -3 .12 ) in to  so lu tio n  '(1 -3 .1 1 ), 

we obta in

v=C1 ber(p)+C2 bei(p)+C 3 kei(p)+C 4 ker(p ) .(1 -3 .1 3 )

where C^,C2 ,C3 and are a r b it r a ry  re a l constants. The 

so lu tio n  (1 -3 .13 ) must be f in i t e  and must vanish a t in f i n i t y .  

Thus,any o f the constants .Ci»C2 ,C3  or C ^ ,m u ltip ly in g  a K e lv in  

fu n c tio n  which is  not f i n i t e  fo r  any value o f i t s  argument, 

must be-set equal to zero. For small values o f th e ir  argument, 

the fu n c tio n s  b e r(p ), b e i(p ) ,  k e r (p ),  and ke i(p ) can be 

expanded in to  the fo llo w in g  se ries  [78]

b e r(p )= l-6 4 (p /8 )  l,+ l i3 . 7777774(p /8 ) 8-32.36345652(p /8 )12+ . , .

' ( I - 3 . 14a)
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bei (pJ=3.6Cp/S)2-213.7777774(p/8)e+72.81777742Cp/8l:i ° - . . .

( I? 3 .1 4 b )

ker(pj=-JlnCp/2)berCp)+ Jbei(ph..57721566-:59.;05819744(p/8),‘+ . . .

( ;I-3 U 4 c)

ke i(p )= -J ln (p /2 )b e i(p )-  Jber(p )+ 6176 454936(p/8)2-

-142.91.827687(p / . .  (1 -3 .14d)

For la rge  values o f t h e ir  argum ent,the fu n c tio n s  b e r (p ) ,b e i(p ) , 

k e r(p ), and ke i(p ) can be approximated by [73]

(1 -3 .15a)

(1 -3 .15b) 

(1 -3 .15c) 

(1 -3 .15d)

Thus, the func tions  ber(p) and b e i(p ) become in f i n i t e ly  la rge  

fo r  jnoho ton tca lly  'la rg e  va lues o f p ,w h ile  the fu n c tio n  ke r(p ) 

becomes in f i n i t e ly  la rge  fo r  p equal to  zero. Consequently, the 

c o e f f ic ie n ts  must vanish and the s o lu tio n  (1 -3 .13 )

reduces, to
v=C3 k e i(p )  (1 -3 .16)

ber(p)~ e c o s (p / /2 -:ti/8 )

be i(p )~  ■ s in (p //2 -T i/8 )  
/T rip"

P/yt- ■
ke r(p )„  ■ c o s (p //Z -u /8 )

/^p7n"_

k e i ( p ) , --------------  s in fp / j /Z -T i /S )
/  2p / ti
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The fu n c tio n  ke i(p ) is  f i n i t e  and vanishes a t in f i n i t y .  The 

constant C3 can be evaluated by n o tin g ..th a t the re s u lta n t  o f 

the shearing fo rce s  d is tr ib u te d  on the circum ference o f a very 

small c ir c u la r  element o f the p la te  w ith  center a t p=0 , must 

approach u n ity  as the rad ius o f the  c ir c le  tends to  zero. 

However,we w i l l  fo llo w  a more system a tic  procedure fo r  the 

eva lua tion  o f the constant C3> which can a lso be app lied  

to problems wherein the phys ica l meaning o f d e lta  fu n c tio n  

is  not ev iden t.

In te g ra tin g  both sides o f equation (1 -3 .1 ) over an 

a rb it r a ry  region Q ,w ith  boundary 30 ,we obtain-

|j (v“v+K2v)do=JJ 6-(-P-Q). da=l/D (1 -3 .17 )

A p p lica tio n  o f the Green id e n t i t y  (1 -2 .4 )  to  the fu n c tio n s  v 

and w=l and use o f re la t io n  (1 -3 .17 ) y ie ld s

|J (V“v*K2v)da=j3 V2vds=l/D . (1-3.18)

As shown in  appendix A,from  re la t io n  (1 -3 .16 ) we obta in  

C
| —V2v= — ke'r'(p)cosq> Cl ~3-19)
3 n  I 3 . ■

where, as shown in  F ig .1-2 , cp=(r,n).

S u bstttu ti'on  o f re la t io n  (1 -3 .19 ) in to  (1 -3 .18 ) y ie ld s
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^  [ ker'(p)cos<pds=l/D (1 -3 .20 )
i 3 h a

I f  we choose fo r  c .a  small c i r c le  w ith  cen te r a t p=CT and 

radios r Q, then cp=0 and re la t io n  (1 -3 .20 ) reduces to

C- , C-
1 /D = - 4. k e r '(p  J r d 0 =  -^ R e r'(p o)pn2Ti (1 -3 .21 )

i 3 h a  0 a2 0 0

In  o b ta in ing  the aboye r e s u lt  we.have taken in to  account th a t 

fo r  small va lues o f p ,th~e fu n c tio n  Rer'Cp] behaves l ik e  - 1 /p  

[see equation C l-4 .1 2 )] and .consequen tly , i t  does not change 

on the circum ference 3Q.

I f  the  ra d iu s  r Q o f the  c ir c le  tends to  zero*we have

£imp0 k e r '(p 0) = - l

P0-"°

Hence .equation [1-3..21) g ives.

C = - - ^ -  3 2uD •

Thus,the fundamental s o lu tio n  o f the d i f f e r e n t ia l  equation 

(1 -3 .1 ) is  2

y (P»Q).?-  ker(p). (1 -3 .22 )

Notice th a t the value o f y(P,Q) does not change i f  the po in ts  

P and Q are interchanged.. Thussi; t  is  a symmetric fu n c tio n . This 

im p lies  th a t the fu n c tio n  v(P,Q) also represents the d e f le c tio n  

o f the p la te  a t the  p o in t Q ,due.to a concentrated u n it  load 

a t the p o in t P.
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1-4. The boundary in te g ra l equations

The in te g ra l rep resen ta tion  o f the d e f le c tio n  fu n c tio n  w 

can now be obtained e a s ily .  We w i l l  f in d  two in te g ra l 

representa tions.. One from the id e n t it y  (1-2*4 ) and another 

from the id e n t it y  (1 -2 .1 3 ).

Let us consider the fu n c tio n s  w(Q) and v (Q ,P )> sa tis fy ing  

the fo llo w in g  'd i f fe re n t ia l equations

!W= M l  (1 -4 .1 )

Lv=6 (q_p)/d (1 -4 .2 )

r = | q - f l

F ig . I - 2.
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S u b s titu tin g  the fu n c tio n s  w and v in to  id e n t it ie s  (1 -2 .4 )  

and (1 -2 .1 3 ),we get

w ( P ) = | | ^ ( Q , P ) f ( Q ) a o Q- D | c [ v 'C q , P ) | — '7M q ) - w ( < l ) | j ^  v M q . P )

- | i r v ( q . . p)V2w(q)+ | ^ a i v ! v (q ,P ) ]ds 
q q w

(1 -4 .3 )

v,(P )=| | Rv (Q»P)f (Q)doQ-D| c [ v (q,P}Afw(q)-w(q>Vv(q,P )

-  ^  v (q ,P )K w (q )+ M a lM v(q ,P )]d s  -D I (P,q)
q q h L •

(1 -4 .4 )

N o tic e ,th a t in  the above re la tio n s , po in ts  in s id e  the reg ion R

are denoted by c a p ita l (Q or P ),w h ile  po in ts  on the boundary

C are denoted by small le t te r s  (q or p ). The s u b s c r ip t o f the

surface element da,and o f the arc element ds.denotes the p o in t

which va rie s  during in te g ra t io n s . Also in d ica tes , th a t the
q

normal d e r iv a tiv e  is  taken a t the p o in t q.

Except where they are requ ired  fo r  c la r i f i c a t io n ,  the 

arguments o f the fu n c tio n s  and the in d ices  in  equations (1 -4 .3 ) 

and (1 -4 .4 ) w i l l  be ommttted. Hence,these equations can be 

w r itte n  as ‘

. w{P)=JJRVfda-1>J(;(v  f l v ’ w* | * v sv)<fS

(1 -4 .5 )
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w(p) = | | Rv f do-D|c (vVw-wVv- |^M w + |^Mv )ds-D]j,

(1 -4 .6 )

We w i l l  f f r s t  work w fth equation (1 -4 .6 ) in  which the 

terms in  the boundary in te g ra l have a d ire c t  phys ica l meaning. 

This equation in d ic a te s  th a t the d e f le c tio n  w(P) can be 

evaluated when the load ing fu n c tio n  f (P )  is  given a t every 

p o in t tn  R and the  values o f tire d e f le c tio n  w (p ), the slope

4^, the bending moment M„ = Mwr,and the  re a c tin g  fo rce  V = Vw are an 3 n n '
given on the p o in ts  o f  the boundary C. However, in  a w e ll-  

posed p la te  problem , on ly two o f these q u a n titie s  are 

prescribed on the boundary [see equation ( 1 - 1 .5 ) ] .Consequently, 

i t  becomes necessary to  evaluate on the boundary the two 

unknown q u a n tit ie s  in  terms o f the g iven . This is  done by 

fo rm u la ting  tw o ,coupled ,boundary in te g ra l equations in v o lv in g  

the q u a n tit ie s  w (p ), , tlw and Vw. The s o lu tio n  o f  these

equations g ives the two unknown q u a n tit ie s .

The f i r s t  boundary in te g ra l equation may be obtained from 

equation (1 -4 .6 ) , by le t t in g  p o in t P approach a p o in t p on the 

boundary C. Thus,we obta in

w C p l-ff v(Q ,p)fda-D M m f (Ww-wVv- |£Mw+ |^M v)'ds-DV 
JJR • P->-pJ c

(1 -4 .7 )
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Before passing the l im i t  to  the in tegrand o f the in te g ra l,  the 

existence and co n tin u i ty  o f the l  i  ne in te g ra l s' miust be 

examined as the P-*-pcC. M oreover, i f  the in te g ra l is  not 

continuous as the p o in t P reaches .the- boundary, I t s  jump must 

be es ta b lish e d .

S u b s titu t io n  o f Vv and Mv from equations (1 -2 .8 ) in to  

•equation (1 -4 .7 )  w i l l  r e s u lt  in  in te g ra ls  o f the fo llo w in g  

form

Il (P)={;>‘j {S)VdS :
l 2 ( P ) = | c v 2C s ) | J  d s

I '3 ( ’’H c ,‘ 3 (s)7Jv<iS '

t 4 C P )= („ 4 ( s ) | | d s ^ ^ v d s  ( I _4 8 )

t 7 CP)“ [ U7 Cs)8S7!vdS

where v (P ,q ) .

The fu n c tio n  n4 Cs) i's assumed d i f fe r e n t ia b le  and the 

fu n c tio n s  n 5 (s ) and iig (s )  tw ice  d i f fe re n t ia b le  w ith  respect 

to  s. The second .expression fo r  the in te g ra ls  I 4 , I 5, Ig  has 

re su lte d  By in te g ra t io n  By p a rts . This in te g ra t io n  has been 

performed in  order to  e lim in a te  the d e r iv a tiv e s  o f the kernels
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w ith  respect to  s ,thus .reducing, the o rder o f the s in g u la r i ty .  

From equation (1 -3 .22 ) and -appendix A, we have

(

v=- ^ D ke1(o)

• U  ' : . 4 s  “ I'fcJe ro i,

, (1 -4 .9 )
2nD k er(o )

h  ,2v =-  2 i h j k e r ' cp)cosq’

where <P=r,nq , r=fq^P]

In the above expressions k e i '( p )  and k e r '(p )  are the 

d e r iv a tiv e s  o f the  K e lv in  fu n c tio n s  o f zero order k e i(p ) and 

ke r(p ) w ith  respect to  th e ir  argument p. S u b s titu t in g  equations 

C l-4 ,9 ) in to  ( 1 - 4 . 8 ) we obta in

r iCP] = [ jl jC s )k e i(p )d s  
c

I 2 CP) = f u2 ( s j k e i ' ( p )cos(pds 
J'C

I 3 (P l= f U3 (s )k e r(p }d s  
3 . ^  (1-4 .10)

1-4 CPJ = f i i4 (s)ke iC p)ds 
JC '

I.?CP) = [ H5 ( s )k e i fp )ds 
c

I 6 ( P )•= f {i6 ( s ) kei '• (p ) coscpds 
c

I 7 (P) = | U y(s)ker'(p)costpds
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In expressions (1 -4 .1 0 ) , the  constants in  re la t io n  (1-4 .9) 

have teen incorpora ted  ;fn to ..the  fu n c tio n s  u ..(s ) .

From equation (I-3 *1 4 d ) , i t  is  apparent th a t the fu n c tio n  

ke i(p ) is  not s in g u la r.  That is *

Jtim kei(p)=-n:/4 (1 -4 .1 1 )
p-»-Q

Thus ,the in te g ra ls  tn equations (1 -4 .10 ) e x is t  fo r

P=peC and are continuous as P+peC. from re la t io n  (1 -3 .14c)

we see th a t the s in g u la r term- in  the se ries  expansion o f the 

ker(p ) behaves l ik e  £ n (p ). Consequently,the p a rt o f the 

in te g ra l Ig corresponding to  th is  te rm .represents the

lo g a rith m ic  p o te n tia l due to  a mass d is t r ib u t io n  Ug(s) on the

boundary C. This is  a s in g le  la ye r p o te n t ia l and>thus»the 

in te g ra l Ig e x is ts  and is  continuous- as P+peC [9 ,5 9 ].. In*

th is  case ,the in te g ra l is  an improper in te g ra l and i t s  value

is  a Cauchy p r in c ip a l va lue.

The behaviour o f the fu n c tio n s  k e l '( p )  and k e r '( p ) , fo r  

small values o f the argument p,can be examined from the 

fo llo w in g  polynom ial aproxim ations [7 8 ] .

k e i '(p )=  -Jin (p /2 )b e i; ' ( p ) -  ^ b e i(p ) -  |a b e r '(p )

+ p [ .21139217-13.3 9 8 5 8 (p /8 )*+ ...

= -  in  ( p / . 2 ) p ] l / 2 -1 0 .6 6 6 6 6  ( p / 8 )  l*+ —  ]

1 6 (p /8 )2-.113.7777(p/8)6+ . . . ]  (1 -4 .12 )

- ^rcp[ - 4 (p /8J2+14.2222( p /8 )6 . . . ]

+ p [. 21139217-13.3 9 8 5 8 (p /8 r+ . . . ]
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k e r '(p )= - in (p /2 )b e r '( p ) -  ^ 'b e r (p )+ ^  u b e i'(p )

+ p [-3 .69113 (p /8 ) 2-+ . . . ]

= - in (p /2 J p [ -4 (p /8 )2+14 .2 2 2 (p /8 )6 - . . . ]

-  ^ £ l-6 4 (p /8 )  H i  13.7777 (p/'8) 5 - . . . ]  (1 -4 .13 )

+ f  -1 0 .6 6 6 (p /8 )*+ .-..]

+p [-3 .6 9 1 1 3 (p /8 }2+ . . . ]

From expression (1^4.13) >ivt  i?  apparent th a t  kei (p) is  not 

s in g u la r. That is ,

Consequently, the in te g ra ls  Ig and Ig  in  equations (1-4 .10 ) 

e x is t  fo r  PspeC and are continuous as P->-peC.

From expression (1 -4 .13 ) we conclude th a t  f o r  p-»-0>the 

fu n c tio n  k e r '(p )  behaves l ik e  1 /p . C onsequently,the p a rt o f the 

in te g ra l Iy  corresponding to th is  term in  equations ( 1 - 4 .1 0 ) 

represents a double la ye r p o te n tia l due to  a mass d is t r ib u t io n  

f L y ( s )  on the boundary C. Hence, th is  in te g ra l Iy  e x is ts  when 

P=peC»but i t  has a d is c o n t in u ity  as P-»;peC £.ftv 59] .

The jump o f the in te g ra l Iy as P+peC w i l l  be es tab lished 

using Green's f i r s t  form ula £59}.

i i m k e i ?(p )= 0
p-*0

(1-4 .14)

3u 3v 
3y 3y-^ d a + |J RU.V2v d a = | Cl—4.15)
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Choosing u -ii(P ) and v=v2 v , where. v=- k e i(p )  re la t io n  

(1-4 .15 ) becomes

I k n -  ^  *  g -

Adding and substrac ti'ng  Jj ^vLvda to the l e f t  hand side  o f the 

above re la t io n ,w e  obta in

B( p)+ ||R U (v,,v+K2 v )dCT=JcTl f^C v2 v) ds (1 -4 .16 )

where

Using equation ( 1 -3 .1 ) , re la t io n  (1 -4 .16 ) can be w r i t te n a s  .

■ B(P)+J| do=JctL | wCv2 v)ds (1-4 .17 )

This equation fo r  t i(P )= ii7 (P) y i e l d s ^

(1) Let u(P) be a real function of point P in a plane region
R,bounded by a closed curve C, which may be not smooth,
that is,it may have a number of corners. Then [59]

Jj u(Q)6(Q-P)d<r=u(P) if P is inside R •

Jju(Q)6(Q-p)d<r= f̂ jru Qp) if Psp is on C •

jj uCQ)6(Q^P)da=0 if ? is outside H

where a is the angle between the tangents at p . (.see 
•Fig. I-.3); for a smooth bo-undary curve u=it.
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B(P1+ jy u7 ( pH c'17 f ^ vds= I7<p) 1 f PtR

b(.p)+ H D  5 7 f p ) ' | p 7 H ^ ,d s = I7<P) i f  p=p£C

S ubstrac ting  these two la s t  equations,we ob ta in

i 7 ( p ) - i 7 (p)=bCp!-bCp)+ |  u7 (p )-  h d  , i 7 (p)

Taking .the  l i m i t  o f the above equation as P-»-p,and noting  th a t 

B(P) and fly C P) are continuous as P->p »the jump o f the d is^  

c o n t in u ity  o f 17 as P+peC ts

! y

( R )

F ig .1 -3 .' Two-dimensional reg io n  w ith  a d is c o n t in u ity  

o f  the boundary s lo pe .

fcim[l7 ( P ) - I 7 (p )]=  2^ jj i i 7 (p) C l-4 .18)
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where y - 2 it-a  is  the angle by which the tangent a t p o in t p o f 

the boundary turns (see F ig .1 -3 ). For po in ts  where C is  smooth

jH m [I7 ( P ) - I 7 (p )]  = - |p  u?(p) (1 -4 .19 )
P-»-p

Thus, a l l  the in te g ra ls  in  equation (1 -4 .7 )  e x is t  fo r  P=peC. 

Moreover, they are continuous as P-*peC except the in te g ra l o f 

the term wV(v) which has a f i n i t e  jump equal to  w (p).

Using th is  fa c t  in  equation Cl-4.7)»we obta in  the f i r s t  

boundary in te g ra l equation as

| ?» (p )= || iiV fdo-D |c [v»w -v .lA f-y riw *|jM v]ds-D I(: (1 -4 .20 )

N o tic e ,th a t a=n fo r ' po in ts  p where the boundary is  smooth.

The d e r iv a tio n  o f the second independent boundary 

in te g ra l equation requ ires  more a tten tion .-A  general method fo r  

d e riv in g  sys te m a tica lly  the second independent boundary 

in te g ra l equation fo r  any Boundary c o n d itio n  has been presented 

by K a ts ika d e lis  e t . a l .  [ 3 9 ] .  This method has been employed 

by Bezine [45] to  e s ta b lish  the d e f le c t io n  o f th in  e la s t ic  

p la tes  supported on th e ir  edges. *

In th is  method,the. d ire c t io n a l d e r iv a tiv e  in  a f ix e d  

d ire c t io n  m o f both sides o f equation ( 1 - 4 .6 ) is  taken as the 

p o in t P v a r ie s .
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L e ttin g  p o in t P approach p o in t peC,and choosing the d ire c t io n  

m as the normal np to  the Boundary a t p o in t p.,we. ob ta in

• J4v) ds-D;

Again»the existence and the c o n t in u ity  o f the lin e  in te g ra l 

in  the r ig h t  hand side o f  equation Cl-4 .21) as fr-peC must be 

examined.

S u b s titu tin g  Mi and Mv from equations (1^2 .8) in to  

equation (I-4 .21 )»and  ca rry ing  out the app rop ria te  in te g ra tio n s  

by p a rts ,th e  re s u lt in g  re la t io n s  w i l l  in vo lve  in te g ra ls  o f the 

fo llo w in g  form

(1-4 .22 )

i 3 CP)=f i i 3 U )^ C v 2 v ) ds 
•'C p

L p
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From the Appendix A>we have

. ' § ^  = ^ k e i - ( p ) c o s 6, ■

3 n ^ n  = 2^ j j [ ker (p)cos(ocos<p- ^  k e i ' (p)cos(<p+q)]

(1 -4 .23 )

§ i?!v )= '  K l f f  S ^ P te r ' (p >c<?s“ ]  ■..

Inasmuch as ke i *(p) is  not a s in g u la r  fu n c tio n  f’i. im k e i' (p )= o ];f
p-H)

i t  can be concluded th a t the In te g ra l 1  ̂ in  equa tions(1 -4 .2 2 ) 

e x is ts  fp r  P=peC and f t  is  continuous as P-*peC. Moreover, we 

see from equations (1 -3 .14 ) and C l-4 ,13) th a t fo r  small values 

o f p ,th e  fu n c tio n s  kerCp) and ^  k e i '( p )  behave l ik e  J in (p). 

Consequently,the in te g ra l Tg in  (1 -4 .22 ) exists; f o r  P=peC and 

is  continuous as P-*p. I t  was shown ,th a t f o r  small values 

o f p ,the fu n c tio n  ke r(p ) behaves, l ik e  £n(p);hence, the in te g ra l I 3 

in  (1-4 .22 ) is  the normal d e r iv a tiv e  o f a s in g le  la ye r 

p o te n t ia l.. I t  is  known [59 ,79 ] th a t th is , d e r iv a tiv e  e x is ts  

fo r  P=peC and i t  is  d iscontinuous as the p o in t P^eC. Thus,

• I 3Cp)=p i” £Cl c1l 3Cs)3 ^ ' !vds='; m  V p )+ j c>l t s , r y J’,ds

. (1 -4 .24 )
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The q u a n tity  -'y>i3 (p)/2TtD is  the  gurop o f the d is c o n t in u i ty .

For a smooth houndary/y^it. F in a lly ?  from the la s t  o f equations 

(1 -4 .2 3 ), i; t  is  concluded th a t the in te g ra l I 4 in  Cl-;4.22J fo r  

small va lues o f the argument p behaves l ik e  the normal 

d e r iv a tiv e  o f the double la y e r  p o te n tia l J n4 (s } | ^ v 2vds. I t  

is  known [59] , th a t  th is  d e r iv a t iv e  e x is ts  fo r  P=peC and i t  

is  continuous as the  p o in t P+peC.

T h u s ,a ll the in te g ra ls  in  equation (1 -4 .21 ) e x is t  fo r  

P=peC. Moreover, they a re  continuous as P-*peC except the

HJ-. Using these fa c ts  »i;n equation (1 -4 .21 ) we ob ta in  

the second in te g ra l equation

a _  3 w (p ) f f  3 v_ f d  D f / 3 v ^ .  _B _V v_ 9 2y  Mv
2k 3np • J J R a n p f d a  DJcl 3 n / w w3npVv 3hp3 n Mv

+ |w  _l_Mv)ds-D
3n 3 n p . ‘ 3 n p

• (1 -4 .25 )

N o tic e ,th a t <x=ti f o r  p o in ts  p where the boundary is  smooth. 

From the way the above equation is  de rived , i t  can be proven 

th a t i t  is  independent from the equation ( 1 - 4 . 2 1 ) . [4 5 ].

Me in troduce  the fo llo w in g  no ta tion  fo r  the boundary 

fu n c tio n s
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fl(s)=w(p)

i r * J -  15

4>(s)=Mtf

W(s)=Vtf

0 4 . 2 6 )

F (s )= jj vfdo •

G(s)=JJ ,V2Yfdo (1-4 .27)

SfsWl,

R 
3v
aTT ' 1° °  R p

Using re la t fo n s  (1 -4 .26 ) and (1 -4 .2 7 ) , the Boundary in te g ra l 

equations (1 -4 .20 ) and (1 -4 .25 ) may be w r itte n  as

Q=F-D|c (v4»-Vvfi-4w ’®+MVx ) ds" DIC

(1 -4 .28 )

h  x=ii-DJc%  .♦* Vv°' )d5' D̂

For any given boundary value problem,two o f the fu n c tio n s  

(1 -4 .26 ) are given (see boundary c o n d it io n s ( I -1 .5 ) ] . The other 

two may Be obtained from the s o lu tio n  o f the coupled boundary 

in te g ra l equations (1 -4 .2 8 ). In these equations,the  terms F 

and ft may Be es tab lished  from the given loading f (P ) .  For 

c e rta in  types o f load ing,such as concentrated fo rces or 

genera lised fo rce s  (see sec tion  1 .5 ] , the in te g ra ls  in  (1-4 .27) 

•may be evaluated d i r e c t ly ,  w h ile  fo r  other types o f loading
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they must be in te g ra te d  num erica lly . On.ce the fu n c tio n s  

are known,the s o lu tio n  o f th.e boundary va lue problem (1 -1 .1 ) ,  

(1 -1 .5 ) may be obtai'ned from equation ( I t4.6J which,using 

the no ta tion  (I> 4 .26 ) and (1 -4 .2 7 ) ,may be w r it te n  as .

w(P )=F(P)-dJ (  vW-VVQ- «+MvX)ds-DIc (1 -4 .29 )

where v=vCq,.P) an S I C=I c(q ,P ) .

The boundary in te g ra l equations (1 -4 .28 ) -may be used to 

analyze p la tes on e la s tfc  foundation having any boundary 

cond itions  (mixed, homogeneous, non homogeneous). However) these 

equations re q u ire  specia l care when the. boundary o f the p la te  

is  clamped. In th is  case,the in te g ra l equations reduce to 

Fredholm-type in te g ra l equations o f the f i r s t  kind* th a t is ;  

the unknown fu n c tio n s  appear on ly  in  the in te g ra ls ,a n d  as i t  

is  known [80] ,the numerical s o lu tio n  o f these equations may 

not depend con tinuously  on the data ; in  o ther words»a small 

pe rtu rb a tio n  o f the data may give r is e  to an a rb it ra ry  

la rge  p e rtu rb a tio n  o f the s o lu tio n . This d i f f i c u l t y  can be 

overcome by employing specia l numerical techniques [8 1 ]. The 

terms I c a n d 3 lc/3 n p, which appear in  equations (1 -4 .29 ) when 

the boundary has corners, also re q u ire  specia l care during 

the numerical in te g ra t io n . When we are not in te re s te d  to 

in v e s tig a te  the behaviour o f the s 'o lu tion  in  the v ic in i t y  

o f a corner,we can e lim in a te  these terms by smoothing out * 

the boundary a t the corner. This can be done by rep la c ing  

the corner by an arc of. known geometry, say a c ir c u la r  arc 

w ith  a small rad ius o f cu rva tu re . Inasmuch as the governing
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d i f fe r e n t ia l equation i s - e l l i p t i c , t h i s  replacement changes 

the s o lu tio n  on ly  near the v i.c in r ty  o f the corner, (in  e l l ip t ic  

equations,a d is tu rbance  on the boundary does not propagate 

in  the in te r io r  o f the re g io n ).

Boundary in te g ra l equations o f Fredholm -type o f the 

second Rind,can Be deriyed fo r  clamped p la te s  s ta r t in g  w ith  

the in te g ra l re p resen ta tion  (1 -4 .5 ) .  Moreover,Boundary in te g ra l 

equations which do not in vo lve  the term I c can. be derived fo r  

sim ply supported p la te s  w ith  homogeneous boundary c o n d it io n s , 

s ta r t in g  w ith  the in te g ra l rep resen ta tion  (1 -4 .5 ) .

For the clamped p la te  w ith  homogeneous boundary co n d itio n s  

(w=0, =0 on the boundary), the in te g ra l rep re se n ta tio n

CI-4 .5 ) .becomes

w C P ^ j jv fd a - D j^ v f^ w -  f£ v 2w)ds (1^4.31)

L e ttin g  P+peC in  the above equation , and no tin g  th a t v and 

|^- are continuous as the p o in t R approaches the boundary, 

the fo llo w in g  boundary in te g ra l equation is  obtained

0= ||^v fd a -D |^ (v |^ -y2w- f ^ 7 2w)ds (1 -4 .32 )*

To obtain, the second in te g ra l, equation, the ope ra to r V2 is  

app lied on both sides o f equation (1 -4 .3 1 ), Thus

V 2w ( P ) = j J  V 2 v f d  - D | c ( V 2v | iiV ? w -  | ?rV 2v v 2w )d s
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L e ttin g  p o in t P-»-peC in  the above r e la t io n ,  and no tin g  th a t

Aimf v 2w |-V2Vds= 2 ffV2w+[ V2w|_v2vds
p+pJ c ? JC

we get the fo llo w in g  Fredholm-type in te g ra l equation o f the 

second kind

i v 2w= j j cy 2 v fd a - DJ c (V 2v | Try 2w - - ^ V W w J d s  : (1 -4 .33 )

R e fe rring  the r e la t io n  ( 1 -2 .5 ) ,and using the n o ta tio n  ( 1 - 4 . 2 6 ) 

and (1 -4 .27 ) the boundary in te g ra l equations (1 -4 .32 ) and 

(r-4 .3 3 ) may be w r it te n  as

0=F-d| c( vv-  U  ®)ds (1 -4 .34 )

=G-dJc(V2vW- |^ V 2vfl>)ds (1 -4 .35 )

The boundary co n d it io n  w=0 o f  sim ply supported p la te s

im p lies  th a t  — 7  =0 on the boundary. Thus, the f i r s t  o f the 
as2

equations -(1 -2 .8 ) becomes

M=.V2+ (v - l)K  (1 -4 .36 )

Adding and su B s trac ting  the term (v - 1 ) k|^- in  equation 

(1 -4 .5 ) we o b ta in

w(P) - f f  v fda -'D f(v |^V 2-w-w|^V2v- f^Mw+ §^Mv)ds (1 -4 ,37 )
J J R Jq
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Using the boundary co n d itio n s  fo r  the s im ply supported p la te , 

i \ e .  w=0 a.nd Mw=0 and th.e. n o ta tio n  (1 -4 .26 ) and (1 -4 .27 )

equation (1-4.37). becomes

” w (P )= F (s ) -d [  (v®+MvX)ds (1 -4 .38 )
J .  c

The f i r s t  in te g ra l equation ts  obta ined by le t t in g  p o in t 

P-vpeC in  equation (1 -4 .3 8 ). Inasmuch as v and Mv are 

continuous as the p o in t p approaches the boundary,we obta in

0=F-'D ( v¥+MvX) ds (1 -4 .39 )

The second in te g ra l equation is  obta ined by 

d i f fe r e n t ia t in g  the in te g ra l re p re se n ta tio n  (1 -4 .38 ) w ith  

respect to  a f ix e d  d ire c t io n  m. Thus,

^  IS  HvX)ds CI-4.40)

L e tt in g , in  equation (1 -4 .4 0 ), p o in t  P-»-peC and the d ire c t io n  

m co inc ide  w ith  th.e outward normal rip to the boundary a t p o in t 

p and no ting  t h a t ^

(1) The integral .j Xds behaves, like the normal derivative 
of a single layer^ potential [see also equation (1-4.24)].
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we o b ta in

I; X=H (%  wt % KvX)ds
For p o in ts  p,where the bqundary is  sm oo th ,it is

a=Tt

For p la te s  w ith  fre e  or.gu ided edges- and fo r  homogeneous 

boundary cond itions ,equa tions  (1 -4 *2 9 )..can Be used.

On the Basis o f the. a fo re g o in g ,it  is  apparent th a t 

depending on the boundary cond itions  o f the p la te  under 

considera tion ,one  o f the fo llo w in g  sets o f boundary in te g ra l 

equations are the most s u ita b le  fo r  numerical in te g ra t io n

a) Clamped P late

Q=X=0, ©, unknowns

0=F-d| c( vw-  ®)ds (a)

\  <&=G-d| (y2vw- | ^ y 2v©)ds (b) (1 -4 .41 )

w(P1 = F (P )-d| c( v^  ®)ds ( c )

b) Simply supported p la te

G=®=Q,' X,w:unknowns

Q=F-D|c(-VW+MvX)ds (a) (1^4^42)

1  +' i r  MvX )-ds • Cb)
c j  c ^ P 3 p

v r ( p ) = F - D f  (vw-MvX)ds ( c )
JC
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c l  Plate w ith  fre e  edges •

®=¥=0 a,X:unknowns 

Ic - - - ( v - l ) . k v T fl- QTv+ | ^ | f  - X ^ l

^ 0  =F-d|^ (  -Vv8+M vX ) ds-D Ic (a)

5-X=H-d [  ( -  Vyfl- )d s - ^  (b)
2n Jc 3np 3np3n 3np . 3l>p

w(F )= F (P ) - d| c( -V v^+MvX ( c )

(1 -4 .43)

d) P late w ith  guided edges 

X=w=0, n,«:unknowns

I c=Cv_1) J  [vTQ-aTv+ | J  | |  31

C«.)^  C=F-D|cC-Vvfl- | J  ®).ds-DI

0=fi' Dl c c ' 5 i : Vvo' " ^ 4 )JL P P

wCP) =FCP) -DJc ( -WO- | £  ®).ds-DIc . Cc)

Bfi- Df r C' ;5 ^ Vv0' ‘' ^ * )dS' D̂  Cb) ( I ‘ 4 - 44)JL p n D
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The boundary in te g ra l equations fo r  p la te s  w ith, fre e  

or guided edges,w ith a f in ite -n u m b e r o f co rne rs *Inc lude  a 

number o f terms whtcff rep resen t the  d is c o n t in u ity  o f the 

func tions  a t the corners o f the boundary. To e s ta b lis h  these 

d is c o n tin u tie s  the fu n c tio n s  | ^ ,  | j  a t the p o in ts  s=s^-  ̂ and 

s=sji+  ̂ can be expressed in  terms o f the values o f Q and X 

a t p o in t s. and i t s  ad jacent nodal points..

1-5. A p p lic a tio n  to  in flu e n c e  f ie ld s

In th is  sec tion .exp ress ions  fo r  the non-homogeneous terms 

F (p )» H(p) and G(p) in  equations (1 -4 .29 ) and (1 -4 .35 ) w i l l  be 

es tab lished fo.r the a p p lic a tio n  p f the BIE method to  the 

numerical eva lua tion  o f the in flu e n ce  f ie ld s  fo r  the d e f le c t io n ,  

slope and s tress  re s u lta n ts  (bending moments, tw is t in g  moments 

and shearing fo rce s ) o f p la te s  on e la s t ic  foundation .- 

For th is  purpose, the. fo llo w in g  general form o f the 

rec ip roca l theorem [ 8 '2]  w i l l  be employed.

Theorem. Lot w(Q,P) be the d e f le c tio n  a t the p o in t Q o f a p la te  

on e la s t ic  foundation  due to a u n it  s in g u la r i ty  6 (Q-P) a t 

p o in t P. For any lin e a r , d i f f e r e n t ia l  ope ra to r N ,the q u a n tity  

N[w(Q,Pj] a t p o in t Q is  equal to  the s o lu tio n  w*(P,Q) o f the 

fo llo w in g  d i f f e r e n t ia l '  equation

. V * w* + k 2w* = N ] 6 ( P - Q ) ] /D  ( 1 - 5 . 1 ) '

w*(P,Qj may be regarded as the general i.zed. d e f l ecti.on a t p o in t 

P,due to the genera lized load s in g u la r i ty  N[6 (P-QJ] a t p o in t Q.
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Notice th a t

a. f o r  Ns.1

the genera lised  load ing  6CP-QT is  a concentrated u n i t  

•force a t the p o in t Q and w*(P»Q) t s the in flu e n ce  f ie ld  

fo r  the d e f le c tio n  a t Q.

b . f o r  „ = ! _  o r

:the genera lized load ing  | j  [6(.P-Q)] o r |y [6 (P -Q )] is  a 

concentrated-moment a t the p o in t Q and w*(P,Q) is  the 

: 93c or 3y '
a2 a2For N= o r r
3x * *  . a* * 2

the genera lized  load ing 7 —ftsC P-Q )] o r 7 —j-[6(P -Q )] has 
dx o.y

no phys ica l meaning fo r  the  problem a t hand ( i t  is  a 

quadrapole in  th e o re tic a l physics) [83] and w*(P,Q.)
3 2 W 3 2 W

is  the in flu e n c e  f ie ld  o f the cu rva tu re  —-  or —
3 x 3 y2

at |>oint Q..

the genera lized load ing g ^ y [6 (P^Qj] has no phys ica l 

meaning fo r  the problem a t hand ( i t  is  a aujidrapole .

in  th e o re tic a l physics) and w*(P,Q) is  the in flu e n ce  f ie ld
: 3w' 9-X«)y '

e. For ev ^ 1 ,  t v  £ * )  or D U - v ) ^  the

the genera lized load ings ^D (® -r+ v^— )[6 (P -Q )T ,
' a* 2 a y 2 •

- DC ^ 7 +v ^ r ) [ 6 C P ^ ) ]  .o r D C l - v ) ^  [6 (P rQ l] have no 

physica l meaning fo r  the problem a t hand (they  are 

comEi.nations o f qnadrapoles) and w*(P,Q) is  the in flu e n ce  

f ie ld  o f the  bending moments
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moment «xy , re s p e c t iv e ly  a t the p o in t Q.

F o r N = ,D| f  o r  - D | f3x ay at72 50 2
the genera lized, load ing  [©CP-Q}] or -D-^p—[j5CP-Q)]. has

ho physica l meaning fo r  the problem a t hand (octapoles in

th e o re tic a l phys ics) and w*(p,Q) is  the in flu e n c e  f ie ld

Q.

On the base o f the a fo re g o in g ,it  is  apparent th a t in  

order to  e s ta b lis h  the in flu e n ce  surfaces o f the d e f le c t io n ,  

the bendtng moment's, tfie  tw is t in g  moments and the shearing 

forces a t a p o in t Qq ,the  non homogeneous terms F(p ),H (p ) and 

G(p) in  equations (T -4 .29 ) and (1-4 .35 ) must be evaluated fo r  

NE and
re s p e c tiv e ly .

This can be accomplished by using the fo llo w in g  two 

p rope rties  o f the D ira c .6 - fu n c tio n .

i .  For the m-order d e r iv a v a tiv e  o f the d e lta  fu n c tio n ,th e  

fo llo w in g  re la t io n  is  v a l id

A™ -m AtI
1 g C x J ^ j r e U - E ^ I d x ^ - j f ^ g ^ ) .  a < iD<b 
Ja dx dx

i i .  The erfuncti.on  in  two dimensions may be expressed as

Thus, fo r  the fu n c tio n  §(P) we have 

cr Jh+n .m+n

. where Q eR
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Thus, re fe rr in g  to F ig .1-4 and denoting by

P p Q 'IO -p l/*, > = v V  ^ P Q / I V I / * -  f - O p Q o  

and a rx f rpQ ( t - 5 .3 )

F ig . 1-4* Q0 I s the P°1nt a p p lic a tio n  o f the 
genera lized fo rce  N[s (Q-Q0) ]

we haye
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a) f(Q)=6(Q-Q0)

S J j8 « -M J“ 'ttppQ)d°< r  luDkei(ppQ0) < '-5-4) 

B(p)=lfo lI)!6(Q' Qo)lce,' ' (opQ0,cosmpQdoQ=2lDke1' (ppQ0,cos“
(1 -5 .5 )

6(p)= - ® I j / CQA !k e r ^ p q )doq ^  2aDker<ppq0) C1' 5- 6 ’

5) f(q )=  ^ - [ 6 ( q - q j ]
3 x 2

^ | j RketCop(?)^fCsC<?-^o>3d°Q

=" feo ' ^ 7 tkerCoPQ)lQ=Q0

= - ^ [ k e r ( p ) c o s 2a- ^ k e i'(p )c o s 2 a ] (1 -5 .7 )

’ " (p >= 2H p ||Rk e , ' (ppqlcos“ pq ^ r t 6(Q- Q0 ) ] d°q 

=2Hd ^ r t k e i ' lp pq)cos“ p(pq=qo -

=2^ [ k e r ' ( p ) c o s 2acos(D- ^ [k e r ( p ) -  |  k e i-,(p]|cos(2a-co).]:

(1 -5 .8 )

* (p , " T S 5 n Rke.r ( p pQ)^ r C 6(Q' Qo ^ doQ

= — -— [k e i(p )c o s 2a t -  k e r ' (p)cos2al (1 -5 .9 )
2uJl2D p
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c) f(Q)= ^-[6C<M(0>] 
ay2

'■  ^ o  ^ r t ke1(pPQ11')='l0 (1 -5 .10 )

= -  ^ o [ ke r ( p ) s l n 2 a + ^  ke t ' ( p ) c ° s 2 a j

f ic p )=  d b j j Rk e i ’ Cop q )cos<y )

= H o . ^ r t ke 1 ,(p pq)cos“ pqlQ=qo t 1’ 5-11! '

= 2^ o ^ f e r  ’ Cp }si.n2dcosco+^[ker ( p ) ^ k ei f (p |co s(2a -w )j

' ^ o l J  ^ e rC p ^ l- a ic s C q - q ^ j do,,

■* SO  . ^ t e r ^ p q llq = q 0 ,

=; — — [ k e i ( p ) s i n 2a -  i k e r ?C p )co s2a l
2h£,zD P-

4 » > « ) - ^ [ * « - q . a

K p > '  5WD||RRet
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" « E k* r (p ) ’  |fcei*rp}]s1ti2d

=H o f f  ke1,tPpQ>cos“ pQ 3 W ^ rQ- Qb ^ daQ 
1 • R

H ( P )=:
U,W,^R

=liD 3 l ^ ^ e r  CppQ)qostoPQlQ=Qp Cl-5-14)

f k e r ' Cplstn2acostt, jDterClP.LT§ket' (p)]sT-n(2a-co)]

2^D ^e rCppqJ^^g-yC6 CQ-Qo n dcyQ

R
1 32

2^  9 x 3y l-k e r (p pQ) ] Q=p ( 1 - 5 .1 5 )

+— -— [kei CpI+^ Rer‘ Cp)lsin2a 
4tl&2D p

e l fCQ1= | ^ v,2 [ 6 CQ-Q0 )]

?tp5=- ^ ||r

■ ■ ^ } x ’ 1[ ka<<Ppq)lqjn Cl-5.16)

1
2tc£D ker'(p)cosa

BCp)= m ]J ke1’ (Ppq>cos“ pQ I j E ^ 'P W - l o ) ] ^
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= '  2HD | 3 ^ 2 [ k e t , C p p Q lc 0 S t ,)p ^ Q = Q 0 ( 1 - 5 . 1 7 )

~ [ ik e r ? (plcos(c^<oI+kei(p)coscDCOsa[
2 n £ z D  Lp  ' J

’  ^ | J ! k e r t p p q ^ lx 7 2 t 6 C q ” 5 o 1I <IoQ .

' * ;̂ . V 2 l> e r (e p q E V q 0 c i - s a s )

= —  k e t'(p }co sa
£ n * 2 D

f )  fCQ)= | ^ 2[6(Q-Q0)] .

"F ( P>=- Is p J |R kei (p PQ ^I^2 &  :

= ^ i ^ - v )] . a ' 5 - 19)

=- S I B  ke r' (p ,s tna  

H ( P ) = +  K l f l w '  S q , c o s “ p (! l y t 5 C Q " Qo a d a Q 

;  a 5 l y [ ke rC o pQ)cos“ pQ] Q=«0. . ( I ' 5 ' 20)

= . -  ke rf (p }s tn(d-o})+ket(p)sincosina]
2u£2D P

• GCp)=- ^EdJJ ke.rCp)|yV2 [6CQ^Q0)]d a p
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= O T  | y v 2 [ k e rtp )]q = q o (1 -5 .21 )

55 — k .e t '(p )s in a  
. 2n-i-3D

. Notice th a t th e  ternj F(P l corresponding to  th e  .general tzed

loads - — [6(P -Q )j o r - — [6(P -Q )] -becomes i n f i n i t e ^  when 
3x2 _ 3y2 /  .

(1) For X= referring to relation (I-5.4).>we have 
3x2

F(P)=- 2̂p[ker(p )cos2a- ^  kei'(p)cos2a]

where, in this case p = jP-QQ |/Jl and ariCrpQ-
For small values of p,using equation-s (1-3.14c) and
Cl-4.13) we_obtain

F(P)=- 27D^-in(p )cos2a- ^  £n (p )] cos2a+Regular termsj

= 27|j An(p )[l+Regular terms]

Hence
Aimf(P)=t«>
p-*0

a 2For Nb -— ,referring to equation Cl-S.lOljWe have 
3 T 2 '

FCP) = ^ -^^[kerCp )sin2a* ^ k e i '(p)cos2a]

For small values of p ,using equations (1-3.14c) and 
(1-4..13) we ob/tain

F(P)=- -jTp ['£.nCp )sin2a + i.[-|pJ.n(p )] cos2a+Regular terms] 

JLn(p) [l+Regular terms]

Hence
JtimF (P It '**
p->-0
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P+Q0 C ^O ). Inasmuch as the in flu e n ce  f ie ld s  o f the bending 

moments Mx o r are produced by app ly ing the genera lized 

fo rces

+v—M s CP-CL) or . tDf—— +v - — 1 e(P-Q_} ,  as 'expected , 
Lax2 3y2-* 0 3y 2 3x2-l 0

limMx=+® , limMy=+® (1 -5 .22 )

M i  P-Q0

M oreover,notice th a t the term F(P) corresponding to  the

genera lized load 3'x'| y [6 ( p~Q0) l  approaches a f i n i t e  l i m i t ^

as P-*Q0 . Inasmuch as the in flu e n ce  f ie ld  fo r  the tw is t in g

moment M is  produced by app ly ing the genera lized fo rce  xy
A 2

D (l-v )^ g y [6 (P -Q 0 ) I> as expected, is  the tw is t in g  m.oment a t 

the p o in t o f a p p lic a tio n  o f the concentrated fo rce  is  an

1-2.C2) .For ;N= referring to relation (1-5.13) we have

F(P)=- ^L_[ker'('p J- ^  kei “ Cp )]] sin2a
For small -valties of p using equation (I-3.m-c.J and 
Cl-4.13) we obtain

F(P)=- -jj^£-i,n(p)tiln(p)+Regular terms]sin2a

=Csin2a 

where £imC=constant
p-»-0

JlimF(P)=an indefinite constant
p-*-0
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in d e f in i te  constan t the value o f  which depends on the r a r ia l  

.d ire c tio n  the p o in t P approaches That ts

1imMXy = in d e f in i te  constant 

p^ o  .

F in a lly . r e fe r r in g  to  equations ( I-5 .1 9 )9( I - 5 . 20) and 

• (1 -4 .14 ) ,the  term FCP) d.pe to  -tfte gen era lize d  fo rce  

|^ V 2[6(P-Q0)] o r |y V 2[6(P-Q0)J. Becomes in f i n i t e  as P-»-Q0 .Thus, 

as i t  was expected

limQ =±~, limQ„=+~ D -5 ,23 ).

P-Q0 . M l 0

Thus,closed form expressions have Been derived fo r  the 

non homogeneous terms F (p ), HCp) and G(p) requ ired fo r  the 

computation o f the in flu e n c e  f ie ld s  by the BIE method. This 

renders the BIE method b e tte r  su ite d  fo r  the numerical 

eva luation  o f the in flu e n c e  f ie ld s  than the o ther numerical 

methods ( f i n i t e  d iffe re n c e s  and f i n i t e  element method) which 

may g ive poor re s u lts  because o f the d i f f i c u l t y  in  

approximating the genera lized  fo rce s .
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P A R T I I

NUMERICAL SOLUTION OF THE INTEGRAL EQUATIONS.

FOR THE CLAMPED AND SIMPLY SUPPORTED PLATES

I I -1 . Approxim ation o f the in te g ra l equations fo r  the clamped 

p la te  by a system o f simultaneous l in e a r  a lg e b ra ic  

equations

( I I - l . l )  

C II-1 .2 )

In troduc ing  equation ( I I - 1 .2 )  in to  equations (11-1 ,1 )., and 

using re la t io n s  (A -36).,(A -8J,(A -39) and (A r41I o f Appendix A» 

we obta in

' -  | j  4>kei' (p)coscpds+| ipkei(p)ds= j j

-u9- ^  ®ker'(.p)coscpds+ ij;ker(p]ds=
JC •'C

108

fkei(p)d<x
h  C l1-1 .3 )

^  I fkerCpIda

Equations (1 -4 .41a,b) may be w r itte n  as

vfda
R

|-^ V2v4>ds +J .V2v^ds=jjj j  ,V2v fda 

v=-  is D kei^P )>  P = r / i ,  r = | p-q [
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From f i g . I I - 1  we have

cos(pds=rd0 » cp=r ,n^

Td0

-d0

F i g . I I - 1.

In troducing  e q u a tio n -( I I> 1 .4} in to  equations ( I I - 1 . 3 ) ,  we get

- j  ®pkei' (pjd0+j il̂ kei Cp)ds= ^ | |  .fkeiCpJdCT ( I I - 1 . 5 )

-n«-|® pker'(p lde+| r|;kerCp}ds= j j j j -  fker(p )da  [ H - l - 6 )

This s u b s t itu t io n  perm its the in te g ra t io n  o f equations ( I I r l , 3 )  

to  be performed w ith  respect to  the angle 6 and ,thus >the
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computation o f the fu n c tio n  coscp(s) is  avoided..

The numerical in te g ra t io n  o f the boundary in te g ra l 

equations can be ca rrie d  out by d iv id in g  the boundary in to  a 

f in i t e  number o f in te rv a ls  ( F ig . I I - 2 )  re fe rre d  to  a.s boundary 

elements [4 6 j.  The end po in ts  o f each in te rv a l, are re fe rre d  

to as d iv id in g  po in ts  o r in te rv a l p o in ts . The p o in ts  on which 

the values o f the unknown fu n c tio n s  are evaluated are re fe rre d  

to as nodal p o in ts  or s im ply nodes* The boundary can be 

approximated. by s t ra ig h t  l in e  segments o r by curves o f h igher 

order (e .g . qua d ra tic }.. On each in te r v a l ,  the unknown boundary 

func tion , can be approximated e ith e r  as constan t, o r as lin e a r ly  

varying or as q u a d ra tic a lly  va ry ing ■ [8 4 ,85j or by a polynomial 

o f desired degree by app ly ing a Gaussian quadra ture* I t  is  

apparent, th a t the in te g ra t io n  becomes more com plicated w ith  

the use o f a more re fin e d  approxim ation* Special care must 

be given to the in te g ra t io n  on in te rva ls .w h e re  the kernel o f 

the in te g ra l ' equation.becomes s in g u la r*  In  th is  case, the 

Cauchy p r in c ip a l va lue o f the in te g ra l must be evaluated. 

Moreover, each in te g ra l requ ires specia l trea tm ent depending 

on the s in g u la r i ty  o f i t s  ke rne l.

In th is  in v e s t ig a t io n ,  the unknown fu n c tio n s  are assumed 

constant on each in te rv a l (s tep fu n c tio n  assum ption). More

over, the curved boundary is  approximated by s t ra ig h t  l in e  

segments. T h is  is  a sim ple approach and has Been proven 

e ffe c t iv e  [21 ,22,23,241 . .

The boundary is  d iv ided  in to  M',not n e ce ssa rily  equal 

in te rv a ls  which a re  num bered,consecu tive ly,c lockw ise. The
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centers o f these in te ry a ls  are taken as t h e ir  nodes. The values 

o f © and ¥ are assumed constant on each in te rv a l and equal 

to the values c a lcu la te d  a t the nodes. Denoting by ©j and ¥ j 

the values o f © and ¥ on the j - in te g r a l  ,equations ( I I - 1 .5 )  

and { I I —1.6 ) are transform ed to  the fo llo w in g  2M sim ultaneous 

lin e a r  a lg e b ra ic  equations

. ( I I - 1 .7 )

j 1( t k r n5k j ^ + j 1dkd,,3=sit

where M is  the  number o f the nodal p o in ts  on the boundary,

v r - j j  pu kei" fp k j )de

bkJ=Jj lcenpRJIds 

c k r Tl j pw keri'(p k j )de 

dk r L kerCpk j )ds •
V

V  jjf fCP)kei(p^ldaQ 

«k= f JJ fCQ)ker{pkQ)daQ

C ll-1 .8 a ,b ,c ,d ]

C l l - 1 .8 e , f1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



n = _ M  -PkQ I  -
lQ-Pt

QeR, p^eC

In re la t io n s  (1 1 -1 .8 ) , the  symbol J denotes the lin e  in te g ra l 

on the j - in t e r v a l ,  th a t is ,  the in te rv a l con ta in ing  the j  

nodal p o in t.

•dividing point 
j '/^ 'j- in te rv a l

‘j-nodal point jQ  f 3 
j _ii ^dividing point

F ig . I I - 2. D is c re tiz a tio n  o f the boundary.
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be re w r it te n  in  

( I I - 1 .9 )

B = C l U a O a , b , c l

‘*11 *12* * **1M bll b1 2 * ’' * blM

*21 *22* ***2M b21 b22* ‘' * b2M

*M1 *M2* ***MM bMl. bM Z * ' bMM

V i17 C12* •C 1M d ll d 12* ** d lM
C21

c -T T  
22 ' C2M d21 • d 22* **d 2M

c-'M l c *M 2 * * ’ e *-ft 
' M M dMl. dM 2 *  * * dM M  '

The lin e  in te g ra ls  ( I I -1 .8 a ,b ,c ,d )  when k ^ j,  th a t is ,  when 

p^O, can be evaluated using any numerical technique* However, 

in  the case k=j,-some o f the kernels Become s in g u la r and a

The system o f equations (.11-1.7) may 

m atrix  form as
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special technique must be used fo r  the eva lua tion  o f the 

re s u lt in g  improper in te g ra ls .  This technique depends, each 

tim e, on the s p e c if ic  ke rn e l. The numerical schemes fo r  the 

computation o f  these l in e  in te g ra ls  are given in  the fo llo w in g  

sec tion .

A major problem in  the  numerical s o lu tio n  is  the numerical 

computation o f the double in te g ra l ( n - 1 . 8 f ) .  Inasmuch as 

iim ke r(p )= ® ,th is  in te g ra l must Be tre a te d  as a double s in g u la r
p-»-0
(im proper) in te g ra l .  The e va lua tion  o f double s in g u la r  in te g ra ls  

is  a complex task which is  performed , in  th is  in v e s tig a t io n ,  

by employing two d i f fe r e n t  methods. In  the f i r s t  

procedure, the s in g u la r ity ,  is  removed by a coord ina te  . 

tra n s fo rm a tio n , and the re s u lt in g  double in te g ra ls  are 

evaluated num erica lly  by known techn iques.Th is  procedure can be 

equaly app lied  to -any  two-dim ensional in te g ra ls ,  whose in tegrand 

e xh ib its  a lo g a rith m ich  o r a  Cauchy-type s in g u la r i ty .  The 

second method is  by use o f the  genera lized fu n c tio n s  in troduced 

in  Chapter I t 5 to ob ta in  the  in flu e n ce  f ie ld  w *(P ,Q ),which 

is  the Green fu n c tio n  o f the problem, and then to  o b ta in  the 

so lu tio n  fo r  any given fu n c tio n  f(Q ) from the re la t io n

w fP )=J|RW*Cp, Q )frQ)daq (1 1-1 .9 )

The fu n c tio n  w*(P,Q) can be evaluated a t des ired  po in ts  in  the 

region R and, thus , the  in te g ra l ( I I -U .9 )  can be computed 

num erica lly . When the fu n c tio n  w*(P,Q) represents- the in flu e n ce  

f ie ld  fo r  the d e f le c tio n  o f the p la te  i t  does not Rave
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s in g u la r i t ie s .  Consequently, in  th is  case, the double in te g ra l 

( I I - 1 .9 )  can be computed by app ly ing  the known techniques fo r  

numerical double in te g ra t io n .  I f  the fu n c tio n  w*(P,Q] has a 

s in g u la r i ty ,  as fo r  example, when f t  represents the In flu e n ce  

f ie ld  fo r  the bending moment, the f i r s t  method may be employed 

to  evaluate the In te g ra l (J t-? I..9 l n u m e rica lly .

The second method is  p re fe ra b le  to  the f i r s t  s ince i t  

leads' to a s im pler computer program fo r . th e  fo llo w in g  reasons,

a) For the genera lized loads, the in te g ra ls  (T I-1 .8 e ) and 

C l I - I . 8 f)  are evaluated a n a ly t ic a l ly  arid they are known 

func tions  Csee sec tion  1 .5 ].

b) For given geometry and boundary- co n d it io n s , the  function . 

w*(P,Q) is  computed on ly  once and the value o f the 

in te g ra l, fo r  any load ing f CQ) is  obtained by a sim ple 

double in te g ra t io n .

11-2 . Eva luation o f the c o e f f ic ie n ts  a^ , b|cj , c ^ ,  d .̂  ̂ fo r  

the clamped p la te

For the computation o f the in te g ra ls  (11-1*8) on the 

j- in te rv a V , we use e ith e r  SimponKs -rule o r ,  in  some cases, 

the trapezo ida l ru le .  The th re e  p o in ts  used fo r  Simpson's 

ru le  in  each in te rv a l are the  nodal p o in t p^ and i t s  ad jacent 

d iv id in g  po in ts  q^ .^  and q^...Sinee' i t  is  not always' sim ple to  . 

f in d  the m iddle o f the  arc q j q j , we use the unqual spaced 

Simpson*s ru le  which has the fo llo w in g  form
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'*  6 ^ E (90-9 l)2|4 +Cs0'g2) V l' ! h2C29j+39C,+92ithl,,2C9lt3V 292)|

( I I - 2 . 1 }

,g (x )

XX i

'F ig . 11-3.

In form ula ( I I - 2 .1 ) ,  >g0»g2 are the values o f the in teg rand .

. a t th.e p o in ts  x 15x0 ,x 2, re s p e c t iv e ly .  For fii =h2=h ,the above 

formula becomes

1= jC g j^ Q o + g g l (11^2.21

lo r  the computation o f the  values gQ, g j , g 2 and h^ ,h2, we need 

the values r 15r 0 , r 2, l^n e  segments s^ and s2 and the 

angles 6 j and e2* These q u a n tit ie s  are computed from the 

coord inates o f the boundary p o in ts  which are the  on ly  

geometrical data o f the numerical procedure.

. The nodal po in ts  are denoted by p̂ . Cj=-1>2,.. .M) and the 

d iv id in g  po in ts  by ( j= l , 2 , . . . M )  and th e ir  coord inates by 

X j ,y j  and £ j» nj>  re s p e c t iv e ly  {see F ig . I I~ 4 1.
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pk( \ y k) ;

F ig . 11-4.

Re ferring  to .F ig ..11-4, we have

r l = [ ^ j - l “ x k^" + ̂  j - l ~ y k^ ]
■ v [< xr x k > ^ k> f

r 2= [ f E r x k)2+Cnr y k) ! ] ,>

s2= [ (x j - | j )2+Cyj in j ) T

01 =2arcsi;n(/(x1-r1 )(T1-ro )/r1ro ) > 

62= 2 a rcs tn (/[T 2- r 2)(T 2- r 0) / r 2r 0) ,

( I I t2.3)

T l= (r1+s1+r 0 )/2

T2=^ 2 +s2+ ro ^
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a) Eva luation o f the c o e f f ic ie n ts  a ^.

Case i

I f  both angles 6^ and 02 (see f f g .  11*4} do not va n ish , we 

can apply Simpson's ru le  (11*2 .I f  by s e ttin g

h1=61 , h2=e2

g1=-P1k e i, (p1 )
(.11-2,4)

g6= - P o ^ i ‘ (p0)

g2=-p2kei'* (p 2 l

I f  one o f the angles 1S ecJual to  zero, say 02 , then the

in te g ra l vanishes in  the in te rv a l , because cos<p=c9 s n /2 =0 . 

In the o ther in te r v a l ,  the in te g ra l can be approximated by the 

trapezo ida l ru le .  Hence,

ak j^  i si ^ 9i +^o^ * wFien . e3 - i=0, iNjI o r Z (1 1-2.5)

I f  both angles 9 j and e2 van ish

’ ak j=0' t 11- 2- 6*

Case i i  k=j

In th is  cas-e, r Q=0 and from equation C l*4 ,12 j., we 

conclude th a t

A iro [pke i/(p)J=0
p+Q

In th is  l im it in g  case, where P ^P j»  the angles 0^ and 02 are 

those between the tangent a t the p o in t p^ and the d ire c t io n s
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r 1 and r 2? re s p e c t iy e ly , (.see f ig , 1 1*5).,

I f  th e .s lo p e  o f the Boundary is  approximated by the 

re la t io n

then the tangent a t p^ is  p a ra l le l to  the l in e  and» t0

th is  order o f approx im ation, we have from ( F ig . I I - 5 ) »

F ig . I I - 5 .

e 1=6 ̂ = 2 a r  c s in .( /(T - r  j,). (x - r * ) / r  j  r  J ) 

62=02 = 2a rcs in (/(T -r2 ) . ( T - r * ) / r 2r * )  

x=Cr1+r 2+ r ; ) / 2

C H -2 .7)
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The in te g ra l is  computed from Simpson's ru le  ( I I - 2 .1 )  by 

se ttin g

g1= -p1 kei 'C pI I

9o=0

g2=,- p2kei" ' ( p2^

C n -2 .8 )

I f  one o f the angles 0j»02 is  z.er °» th 60

ak r °  ' . f ' 1- 2 *9’

b) Eva luation o f the c o e f f ic ie n ts  b^j  

Case i  k ^ j

The in te g ra l can; Be computed By Simpson's ru le  ( I I - 2 .1 )  

by s e ttin g

R2=sz

g1 -keiCpI I
_ ( I I —2.10)

90=ketCp0)

g2= k e i(p 2 l

Case i i  k=j

In  th is, case, r Q=0 and from equation (1 -3 .14d ), we f in d

th a t

Aimkei. ( p ) = - ti/ 4  • (1 1-2 .11)
p-*0

Again we can apply Sim-son's ru le  ( I I - 2 .1 )  by s e tt in g
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h1 - r J , hz- r 2 

g1=HefCpJ l
O U 2 a 2 } '

g0= -* /4  .

g2= k e i(p 2)

c) Eva luation o f the c o e f f ic ie n ts  C.|cj.

Case i k^ j

In th is  case> the procedure Is  analogous to  th a t app lied  

fo r  the eva lua tion  o f 9kj.T h e  In te g ra l can Be evaluated from  

Simpson's ru le  C H '^2 U l by s e t t in g

hi =ei ’ h2=02 - e j t e ^ o  

eI =_pi ker 'Cp j J
C ir-2 ,13 )

■ . . V - pa t e r ' cp«S1 - 

g2=-p2ker'Cp2I

When or 02_ is  ze ro , we use the trap ezo id a l r u le  ( I I - 2 . 5 ) .  

Case i i  k=j

In th is  ca se ,rQ=0 and from -equation  (Ir-4 .13J we conclude

th a t

Jltm [pker>(p )]= -1  ( I I -2 .1 4 )
P̂ O

We can apply Simpson*'* r u le  (T l-2 .1 )  by s e tt in g
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g1 =-p1 Iter? Cpj J
(1 1 -2 *1 4 )

g0- i

g2=-p2k e r /Cp )

I f  one o f the angles 02,02 is  ze r0 > we

c kk=0 C l1-2.15)

d) E va luation  o f the c o e f f ic ie n ts  

Case i  k ^ j

The in te g ra l is  computed from Sfmpson's ru le  (11-2.1) 

by s e tt in g

• Rl =sl>  R2=s2 

g^=ker ( p j ) 4
C l1-2.16)

g^ke rC p2)

Case j i  k=j

In th is  case, r o=0.. Moreover, from equation (1 -3 .14c ) we 

conclude th a t fo r  small va lues o f p the fu n c tio n  ker(p ) 

behaves l i k e  - in (p .).  Thus, we can w r ite

kk= |^ k e r(p ld s = |^ [k e r (p )+ in (p ) ]d s - j ^in(p)ds=>d^k+d^k

Cl 1 -2 .17 )'
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where

d^k=| k Ck e rCp J+^nCp J lds

dkk“ " [ KJln^ - ds f r r - 2 . i 9)

(1 1 -2 :1 8 )

From equation ( I t3 . .1 4 c )  i t  is  apparent t f ia t  

Aim [ke r(p )+ iln (p )]= & n2 -, 577217------
p-»-0

Thus, we can approximate the in te g ra l using Simpson's 

ru le  w ith

The other in te g ra l.d £ £  can Be approximated by d ire c t  eva lua tion  

o f the improper in te g ra l [21] on the s t ra ig h t  1 ines 

and Pj-qj- Thus,

11-3. Eva luation  o f and fo r  the clamped p la te

From F ig . I I - 6 ,  we see..that fu n c tio n s  ke i(p )  and ker(p )

¥ rr  V r 2

g j-k e r  (p j )+jin (P l)
( I  I -2.20.)

g0= tn 2 - .577217

g2=ker(p2)+Jln(p2)

= - [ r Jl(iln p 1 - l ) + r 2 U n p 2- l ) ]  ( I I - 2 . 2 1 )
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F ig . I l - 6 .  Functions k e i (p ) ,k e r (p ) ,p k e i(p ) ,p k e r (p ) .

e x h ib it  a peak.a t p=0. This peak is  f i n i t e  fo r  k e ifp )  Ckei(Q)= 

=-0.7854) and in f i n i t e  fo r  ke r(p ) ( ke r(0 )=+ ~ ). Hence, the 

in te g ra l C lI -1 .8 f )  is  an improper double in te g ra l and specia l 

a tte n tio n  must be paid to  i t s  num erical com putation.

In the seque l, we w i l l  present a numerical procedure 

fo r  the e va lua tion  o f the double in te g ra l ( I I - 1 .8 f ) .  This 

procedure can be e q u a lly  app lied  to  any two-dim ensional
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in te g ra ls ,th e  in teg rand  o f which e x h ib its  a lo g a r ith m ic  or 

Cauchy-type s in g u la r i t y , i f  the load ing fu n c tio n  f ( Q) is  not 

s in g u la r (concentra ted lo a d ).T h is  la tte r .c a s e  o f s in g u la r  

loading fu n c tio n  has been discussed in  Chapter (1 -5 ) .R ecen tly  

[46] Gaussian guadrature form ulas fo r  fu n c tio n s  w ith  Cauchy- 

type s in g u la r i ty  over tr ia n g le s  and quadrangles have been 

developed. However, the a p p lic a tio n  o f these form ulas to  an 

a rb it ra ry  area re q u ire s  s u b d iv is io n  o f the area in to  t r ia n g le s  

and quadrangles, which is  a ted ious  task .

Although the in te g ra l ( I I - 2 . 8e) is  not im proper, i t s  

eva lua tion  was not s a t is fa c to ry  using ite ra te d  in te g ra t io n  

w ith  Gaussian quadra ture [8 6 ].  However, the numerical procedure 

proposed in  th is  in v e s tig a t io n  fo r  the numerical eva lua tion  

o f the double in te g ra ls  w ith  s in g u la r  in teg ran d , also y ie ld s  

s a t is fa c to ry  re s u lts  fo r  the in te g ra l (H - l. ,8 e ) .

In the procedure proposed in  th is  in v e s t ig a t io n ,p o la r  

coordinates are employed having the po in t p^ as the o r ig in  , 

and the tangent l in e  to  the boundary a t th is  p o in t as the 

reference ax is  fo r  the angles 6 (see .F ig . I I - 7 ) . Thus, the

in te g ra ls  ( I I - 1 .8 e )  and (_II-rjL8f). may be w r it te n  as

f  ( r ,6 )k e iC p lrd rd e

f  .(V »6)ker(p jrd rde
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r(e )

. F ig . I I - 7 .  Po lar coord inates fo r  the fu n c tio n s  

k e i(p )  and k e r(p ).

from equation ( 1 -3 .14c) i t  is  apparent th a t 

£im[pker(p)].=QP**0 .
Hence, the in teg rand in  the re p resen ta tion  fo r  6^ is  not 

s in g u la r (see also the p lo t t in g  o f the fu n c tio n  pker(p ) in  

F ig . I I - $  and the' i-tenated r in te g ra t io n -w th  Gaussian quadrature 

can Be employed [8 6 ].

The fu n c tio n  f(Q ) is  given w ith  re ference to  a f ix e d  

C artesian coord ina te  system.Thus, i t s  conversion to p o la r
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coordinates whose o r ig in  and re fe rence ax is  fo r  the a n g le s  

change as the nodal p o in t pk changes,seems ted ious a t f i r s t  

s ig h t.  However, the value o f the fu n c tio n  f(Q ) a t any p o in t . 

( r ,6 )  can be computed by f i r s t  e s ta b lish in g  the Cartesian 

coordinates x ,y  o f th is  p o in t.

I f  the load ing  functi/on f * ( r» 0 )  is  a constant f Q , the 

in te g ra ls  ( IT -3 .1 )  and ( I I - 3 .2 )  can be fu r th e r  s im p lif ie d  

[78], as

£im[pker' fp)]=-l 
p-*Q

t im [p ke i. ' (p )]-Q
PtO

re la tio n s  (.11-3.3) and ( I I -3 .4 J  reduce to

TX-
[pc k e rT p c )+ l]d e  C n -3 .5 )

0

v 2 ! 71
s k= - V I  Pc ke i'C pc ! d« C lI-3 .6 )

Jo

These in te g ra ls  can be evaluated by using Gaussian quadra ture .”

rl c i  t £ " r  c
*1—  [ pkei(p)dpjde=- ^K er'(p )J de (11-3.3]

Jo JO. 
/ *  fp .

ke iCp)dpjd0—^— j  £ p ke i'(p )J  d0 ( IL -3 .4 ]

. taking in to  account th a t
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When the equation o f the .boundary is  g iven , we can f in d  

the fu n c tio n  Pc f0 ]= r c (e )/J l fo r  each p o in t pk (see F ig . I I - 7 ) .  

However, the program would be more f le x ib le  i f  we could avoid 

determining the fu n c tio n  pc (0) fo r  each p o in t o f a given Boundary.. 

Thus, in  the fo llo w in g ,w e  present a method fo r  computing the 

in te g ra ls  ( I I - 3 . 1 ) , ( I I - 3 . 2 ) , ( I I - 3 . 5 )  and ( I I - 3 .6 )  by using 

a u tom a tica lly  the coordinates o f the nodal and o f the d iv id in g  

points o f the boundary, instead  o f using the equation o f the

Cm -D

10

The numbers in the 
circ les correspond  
to  the dividing points

6 = k

F ig . I I - 8 .
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boundary. T h is  method is  a lso  v a l id  when the boundary 

cannot be cjtven by an equation. I f  we draw a l l  the s t ra ig h t  

lin e s  from p o in t to  the o ther boundary po in ts  (see F ig . I I - 8 ) ,  

the area is  d iv ided  in to  a f i n i t e  number o f sec to rs  and the 

value o f the in te g ra ls  ( I I - 3 . I )  and (H - 3 .2 )  fo r  the  whole 

area can be found as the sum o f t h e ir  va lues fo r. each s e c to r .

For the computation o f the in te g ra ls  ( I I - 3 . 1 ) , ( I I -3 .2 )  

as w e ll as ( I I -3 .5 ) .  and ( I I - 3 . 6 ) ,  the ra d ia l d is tan ce  r c (0) 

is  requ ired . As shown below, the ra d ia l d is tan ce  r c (6 ) and 

the l im it s  o f in te g ra t io n  fo r  each s e c to r can be computed 

from the coord inates o f the th ree  v e r tic e s  o f the s e c to r .  

R e ferring  to  F ig . I I -9 , the equation o f the l in e

-x

F ig . I 1 -9 .
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pi pk w ith  respect to  the axes o x -y ' is

l i i i l x ' - ( x r x o > ]
or

y'cosa-x'sina=C y|ry0)c o s a -(x .-x 0}sina ( I I -3 .7 )

moreover,

x '= r ccos0, y '= r csin0 ( I I - 3 .8 )

s u b s t itu t io n  o f ( I I - 3 .8 )  in to  (11 -3 .7 ) y ie ld s

Cyi -y 0)c°sa-Cx1.-x  Jsiiid 
r c M -  cosasine-sinacose  ' n - 3 ' 9>.

The denominator becomes zero when a=0 or ci=n+0. This 

im p lies th a t  Tines Op and p^p^ co in c id e . However, th is  

p o s s ib i l i t y  is  excluded because the p a r t ia l in te g ra l is  zero 

in  th is  case..

The angular l im it s  o f  in te g ra t io n  are the angles 0^ and 

0. which are evaluated from the d ire c t io n  cosines o f the lin e s  

0pfc and Op^.

The accuracy o f the method presented in  th is  in v e s tig a t io n  

fo r  the numerical e va lua tion  o f the improper in te g ra ls  can be 

improved i f  the boundary is  approximated By parabo lic  arcs 

(see F ig .H - 1 0 ) . . In th is  case, the  ra d ia l d istance r £(0) can 

be evaluated as fo llo w s .
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. p a r a b o l i c  a r c

F ig .11-10. Approxim ation o f  the boundary 

elements by pa ra b o lic  arcs.

The equation o f the! arc PjP2P3 wltFl respect to  

o x 'y ' is

y t= a l x i +a2^ +a3

where
x '= r ccos6, y '= r csin6 

and the c o e f f ic ie n t  cxj.ag.cig are g i*e n  By

° l ’
_  2 

Xi 1

a2 =
2

X2 x2 1
y 2

a3._

2

_*3 ' x3 1
:y * . :

( I I -

( I I -

-CHrv

the axes

3.10)

3.11)

3.12)
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where x i =xi~ xo i =l» 2 ,3

S u b s titu tio n  o f ( I I -3 .1 1 )  in to  equation ( I 1-3.10) y ie ld s

ai cos2er^+Ca2COs6-sin0)rc+a3=O

Assuming th a t O jcos2e?s0,we ob ta in

-(cuco s0 -s in0 )+ t/(a9cos0-sin0) -4a,cucos20
r  (0)= — ~ ------------------——*-------------------------------------------  Q I-3 U 3 )

2a1cos20

I f  a 1cos20=O then

i )  E ith e r cos0=O and sin0^O, thus r c (0)=a3/s in 0 .

i i ) o r  a3=0, consequently r c (0J=-a3/ ( a 2cos0^sin0J.

Notice th a t ,  in  th is  case, the parabola has degenerated in to  

a s t ra ig h t  l in e .  The p o s s ib il ity .  a2cos0-sin0=O is  excluded 

since i t  im p lies  th a t the ra d ia l d ire c t io n  r c concides w ith  

the lin e  PjP2p3 .

11-4* Eva luation  o f the d e fle c tio n s  o f the clamped p la te

Subsequent to the computation o f the c o e f f ic ie n ts  akj. ,

bk3*ck j ’ dk j and the constants Fk ’ Gk- the syitem  o f tfie  
simultaneous equations ( I I - 1 .9 )  is  solved and the values o f

the fu n c tio n s  ®(s) arid w(s) a t the nodal po in ts  a.re obta ined.

These values can be used to ob ta in  the d e f le c tio n  w(P) a t any

in te r io r  p o in t P,as fo llo w s .

The d e f le c tio n  w(P) is  given by equation (1 -4 .41c),

which may be w r itte n  as
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where

w(P)= f s C - I j + W  C II-4 .1 )

fk e i (p)da (11-4.2).

I 2= j^ k e iC p )d s  (1 1-4 .3 )

I 3= t |  ®Rei'(p)de ( 1 1-4 .4)

The in te g ra ls  (H -4 ..2 ) , ( I I - 4 .3 )  and ( I I - 4 .4 )  can Be 

approximated.by the fo llo w in g  sums

i 2Mrr
\ n e K p )d o  (1 1-4.. 5)

■

M r
I 2= I  w, ke i(p )ds  ( I 1-4 .6)
* j= l3=1 JJ3 

M r

' • " M pkei'Cp)d0 C r i-4 .7 )

The in te g ra ls  .|^.ke i(p)ds and |^ .p k e t '(p ld 0  are computed 

as discussed in  Sections C n-2a) and ( II -2 B J .  The in te g ra l 

| j^ fk e iC p )d c  i;s evaluated on the j- s e c to r  and computed as 

discussed in  Section I I -3 . In the in te g ra ls  (1 1-4.5) to ( I I - 4 .7 ) ,  

. the in teg rand is  not s in g u la r.
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X

F i g . I I - l l .  Sectors fo r the evaluation 

° f  JJ^pkei(p)da

I I -"5. Eva luation  o f the s tress  re s u lta n ts  fo r  the clamped 

p la te

The bending moments the tw is t in g  moment and

the re a c tio n  Vn on the Boundary are re a d ily  computed By 

using re la t io n s
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V - o f w ^ - C v - l K U s U l f f ) ]

m - n f i  k3w1 C II-5 .1 J
n t-  ^ 'jT sFn  ~^TsJ\

: Vn=-D 5|r<lwir -4t>]

Noting thait ^  = 2-^ = =o and using . re la t io n s  (1 -4 .26 )
as a $ 2 an. asan.

the above re la t io n s  become .

MnM )V 2w=-D®(sl ■ (1 1 -5 .2 )

Mt =^vDV2w=vMn C II-5 .3 )

« n tcQ

Thus, Mn ,Mt  and Vn are computed d i r e c t ly  from the values o f

© and w. . ~

The bending moments the tw is t in g  moment Mvu andA y  xy
the shear forces and a t any p o in t o f the  p la te  are 

evaluated from the re la t io n s

„  . . D(3 iS  +v 3 i - )  ;
3x2 a y2

( I I - 5 .6 )

„  =_d(3±w +v 3 iw , ' 
y 3y2 . ax2

f I I - 5 . 7 )

V - Hyx=D(J- v ) B ? ( I I —5.8)

C H -5 .4 )

t I I - 5 . 5 )
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C IIt 5 ,2 ] .

Qy= -D| y  V2w Cl 1*5*101

As can 6e seen, i t  ts  necessary to evaluate the second and 

th ird  order p a r t ia l d e r iv a tiv e s  o f the d e f le c tio n  expression 

(.1- 4 .4 1 c ) .  One advantage o f the Boundary In te g ra l method is  

th a t the eva lua tion  o f th.ese. d e r iv a tiv e s  can Be done 

a n a ly t ic a l ly .  .
0 2 V|| 0 2 w

Instead o f eva lua ting  the d e r iv a tiv e s  j p  and 

'd i r e c t l y , i t  is  more convenient to  f i r s t  evaluate th e ir  sum and 

th e ir  d iffe re n c e . ,

We in troduce  the fo llo w in g  n o ta tio n

. 3 2W _  3 2w _• 3 2W
d l2 ' ^

c l =! x  ' 7 2 "  ’  c 2 = t y  j 2 w

From equation ( I-4 .4 1 c )  we oB ta in

(1 1-5 .11)

d11+d22=V2w={{ f v2vda-Dj [ ^ 2y-rfl|^-(V2v).]ds ( II -5 .1 2 1

d l1 -d 22 = j[  fC—  - * ^ ) d o J  [ w ( ^  .  3_!v)]ds
2 2  J J R 3 x 2 3 y 2 Jc 3 x 2 3 y 2 3 n  3 x 2 3 y 2

C il75.13)
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d12=( (  ' C l l- 5 a 4 )
7JR C

cW f  4 *  ^  -® f V 'v ll  ds Crr-5.151
j ' r k

C r J J ^ ^ v d ^ 0! ^ ^ - ^ ^ ] ]  ds C II-5 .1 6 )

Using the appropriate re la tio n s  from Appendix A, the above 

expressions can Be w ritte n  as

dl l +d22= k [ f  £JJ f^ C p Id a + |. WKjCplds- | |  ©AJ CpIds] (11-5 .17)

dl l ' " d22~ ^ K’2^P^d<T+J ®A2(p)ds] ( I I - 5 .1 8 )

d1 2 = ^ [ -  f i j j  fK 3(p )da+ | WK3 Cp)ds- | j  ®A3(p )d s ] (11-5 .19}

cl=  f ^4 ( p i da->| WK4 (p)ds.^ | j ' « A 4 (p Id s ] (1 1 ^ 5 .2 0 )

c2~ m [ * \ \  f h W d^ \ * h b l 6 s -  j J c*A5(pLds] . ( 11 - 5 . 21 }

where t t  has Been set
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K1 Cp)=ker(p)

A1 Cpl=ker'Cplcos<p

K2Cp)=C(plcos2a

A2CpI=ker'(p)cos2acostp- ^  C(plcos(2a-q>I ( I I -5 .2 2 )

K3(p l=C (p ]s in2a

A3Cp)=ker* CpJsin2acos<p^ C(plsi;n(2df<p).

K4Cp]=k e r ’ (p jcosa

a4(p != k e r ’-CpIcpsCa-cpI+lcet'Cplcosacoscp 

KgCp}=ker' (p]Tsina.

A5Cp )= k e r*C p Is tn C a ^ I+ fe e t^ Is tn a s tn tp  

CCpI=kerCpI-r |  Rei" (p i

Inasmuch . as p o in t P, where the q u a n titie s  (11-5 ,17) to 

C H -5 .21 I are computed, ts  in s id e  the region R, the argument 

P does not van ish  and the  kerne ls C n .f5 .2 2 l aire not s in g u la r.  

TBas, th e ir  num erical computation is  not d i f f i c u l t .  The 

in te g ra l expressions are approximated by the fo llo w in g  sums

, 2Mf f  M {  - , M -f

Kt cplds-  T  T / j ) j A1Cplds ■

( i= l ,2 , 3 , 4 , 5 l

( IK 5 .2 3 )

where JJ fK -CpIda is  the  double in te g ra l on the j ‘ sec to r and
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can be evaluated as discussed In S ection  I I - 3  ,  K .(p)ds and 
r h 1
1 A.Ip]_ds are the l in e  In te g ra ls  extended over the  )  In te rv a l .

They can be eva luated 5y app ly ing  Simpsonhs ru le .  When the

in te g ra ls  I C P I  are computed, the d e r iv a tiv e s  w i l l  he given

as

dl l +d22 = IlC P l/2 n  .

di r d22=I'2 CPi/2u ,

d12= r3CP)/4Ti  C I I -5 .24)

c - ^ I ^ P ) /2nZ

c2= i5(Pl/2.Ta

11-6 . Approxim ation o f the  in te g ra l equations fo r  the sim ply 

s u p p o rte d 'p la te  by a system o f simultaneous lin e a r  

a lg e b ra ic  equations

Equations (1 -4 .42a,b) may be w r it te n  as 

|  (v?+MvX)ds= -g jj v fdo

(11-6 ,1 )

where

v=“  H D kei ( p ) , P= r/*»  r - |q - p |  (1 1-6 .2 ) .
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In troduc ing  equation (.11-6.2) in to  equations ( I I - 6 .1 ) ,  

and using re la t io n s  CA-^36), CA-J.71 ,CA-^39) , CA-41} w ith  (A-8) and 

(A-49) we ob ta in

(+ j  x j j k e r ' ( p ) c o s c o + ( v - l ) K ( s )  [ker(p}cQ SG >coscp-£kei * (p )cos((p+co)]J ' 

+£,[ ¥ k e i.* (p )c o s a jd s =  4 [ [ fk e i '(p )c o s c o d a  ( I I - 6 .3 )

¥ k e iC p )d s + J  X p H c e r ( p ) +  ^ K ( s ) k e i  * tp )coscp]ds=  f k e i ( .p )d o

w here C II-6 .4)

The numerical in te g ra t io n  o f equations ( I I - 6 .3 ) -  is  . 

performed by app ly ing  the procedure described in  Section I I - l .  

The boundary is  d iv ided  in to  M in te rv a ls ,n o t  n ece ssa rily  equal 

and numbered ,co n se cu tive ly ,c lo ckw ise . The values o f ¥ and JX 

are assumed constant on each in te rv a l and equal to  th e ir  values 

a t the nodes o f  each in te r v a l .  Denoting by ¥ j and X j the values 

o f w and X o f the node ( th a t  is  the node o f the . j - in t e r v a l ) 

the in te g ra l equations ( I I —6.3) are transform ed in to  the 

fo llo w in g  system o f 2JJ simultaneous a lg e b ra ic  equations
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where 6jg is the. Kronecker delta and 

» k j=| j k e t tPkj>ds

V  y . ke r^ k j ) ds+ ^ K k e t - C p y lo o s e s  . .

Ck j=*[- ke1 f ^pk j^ coswds

dk j= i j  ^pk j^ coswds+ (v -1 }J  K-kerCPkjicos«cos<pds

- ( v - l ) J  K ^ k e i ' ( P kj)c°st<p+(o)ds

• ( I I -6 .6 a ,b  ,o ,d , e , f )

Fk= M J Rf<Q )ke i(°kQ)<la

Hk= £ jJ jF (Q )kei'C pkQ)cos«da '

r ro I Q-Pkl ■ ' ,where pkQ= = -  -  K-  , QeR, PkeC (see Ftg. 11-2}

In the above re la t io n s ,  the symbol in d ica te s  a l in e  in te g ra l
j  /on the j - i n te r v a l .

The system o f equations ( I I - 6 .5 )  njay be w r it te n  in  m atrix  

form as

AY=B (11-6 .7 )
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where

" V ■ f l '

*2 f t

* * : * n--- B = --
X1 V

X2 h 2

. v V

C ll-6 ,8 a ,5 ,c )

an al2 * * alM ')
1
! bl l
i

b12-*'>blM r

?21 a22* ‘ a2M j
I
! b21
i
i \

b 22 * ,b2M

^ 1 aM2*'

* ’ j

aMM J
[ : 

j V bM2‘ * ,bMM

Cll_ C12*' * C1M ~di f d12. . , ,dlM

C21 c22’’' •C2M d21 d22+* ,d2M

CH1 CM2* ’ * CMM dMl dM2* *
a +tr 
MM _

11-7. Evaluation of the coe ffic ien ts  d|cj» b|cj*clcj*dkj  fo r the 

simply supported plate

In what fo llow s, the same notation is employed as in
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Section U -2 .

a) Eva luation o f . th e  c o e f f ic ie n ts  a ^ .

The eva lu a tio n  o f the in te g ra l ( I I - 6 .6a) is  given in  

S ection I I -2 b .

b ) Eva luation o f the c o e f f ic ie n ts  b ^

Equation (1,1-6.6b) may be w r i t te n  as

The numerical technique fo r  the com putation o f  the in te g ra l 

b£ j is  described in  Section I I —2d. Moreover, no tin g  th a t 

i, im [p ke i' (p )]= 0 , the in te g ra l,  b'l . can be evaluated by employinp+0 J
a procedure analogous to th a t used in  S ection  I I-2 a  fo r  the

eva lua tion  o f the in te g ra l Thus,, we have:

Case i  k/.i

For we can apply Simpons ru le  ( I I - 2 .1 )  by s e ttin g

b k r C l1—7 .1 )

where

and

hr ei»  h2=02

9l =Kl pl k e i ' ( pi )

% =Kopok e V ^ o ]10 0*0 1 ^ 0

(11 -7 .2 )

32=K2Poke1'^ p2)
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where Ki» K0>K2 are tbe yalues O f'th e  cu rya tu re  a t the po in ts  

qj - l * pj  and q$ ^see re s p e c t iv e ly , -

For e2 or e2=o

b k j= \  s i ^ 9i +90 ^ ’ vrben 03^.=O , i= l , 2  ( J I-7 .3 )

and

bk j=0* wben 01=02=O (1 1-7 .4)

Case i i  k=j

In  th is  case, the .in te g ra l can he computed by Simpson's 

ru le  ( I I - 2 ,1) s e ttin g

h i* 0!.* h2=e2

gl=Kiplkei* Cpi)
go=0 : ( I 1 -7.5)

g2=K2p2k e i '( p 2)

Notice th a t i f  one o f  the angles is  zero , then

bkk=0 ~ Cl 1—7.6)

c) E va luation o f the c o e f f ic ie n ts  c ^ .

Case i  k ^ j

We use Simpson's ru le  C n -2 .1 )  s e tt in g

hr si ’ h2’ ! 2
gi =1£ k e i' (pjJcosxo^ 

g0=Akei/Cpp-lcosto0 

g2= ik e i ' (p^)cosco2

( I I - 7 .7 )
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Case i i  k=j

Since M m fke i * tp )]= 0 , we can use Simpson's ru le  w ith  g =0. 
p+O 0

d) Eva luation o f the c o e f f ic ie n ts  d ^ .

Equation ( I I - 6 .6 d )  may he w r it te n  as

dk r dk j+ tv " l l d k r Cv’ l l d M

k j ”  i  VMk j '
J-

dj^j=J. K (s )ke r(p kj.)cosa>coscpds ( 11-7 .8)

dk j=J K ( s ) ^ - k e r '( p kj.)cos(<p+co)ds 
j  k j

For k £ j,  the above in te g ra ls  can be e a s ily  evaluated 

using Simpson's f o r m u la - ( I I - 2 . l ) .  fo r  the eva lua tion  o f the

gl=  yker'CpjJcoscoj

gQ= |k e r '( P 0 )cosa)0 ( I I - 7 .9 )

g2= | k e r ' ( p 0)cosw2 .

For the eva lu a tio n  o f the in te g ra l d j^  ( k ^ j ) ,  we set

g^KjkerfpjJcoscDjCostpj

9o=Kok e r^po^cos“ ocos<po ( 11—7.10)

g2=K2ke r(p 2)cosu2coscp2
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For the eva lua tion  o f the in te g ra l d£<, we s e t

hl =sl >  h2=52

j ^ e i 'C ^ l c o s C ^ t ^ )
1 C lI~ 7 . i l )

V Ko

92=K2 ^ ke-lWCP2) cosCw2+<P2)

For k= j, (p+0) and the in te g ra ls  ( I I - 7 . 8) re q u ire  specia l 

trea tm ent. The in te g ra l d£\. fo r  j~ k  may he w r it te n  as

( I I - 7 .12) 

( I I -7 .1 3 )

Hence, fo r  the case p=0 the f i r s t  in te g ra l in  equation 

( II -7 .1 2 )ca n  he evaluated hy using Simpson's ru le  w"ith

hr s r  h2= s 2

g2= |[k e r 'C p 1 )+ ^pjcoscoj - (1 1 -7 .1 4 )

V * 0

92= i[ker-(p2 )+ i-Jcosc.;,

d kk= i | k ^ r ' t p ,+  £ cos“ -
1 COS(i)d

J k ~ • ■ p* Ajlc p

From equation (1 -4 .13 ) we conclude th a t

£im[ker'(p)+ ^]=0 
p-»-0 p
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florepyer, re fe r r in g  to  F tg . I 1-12 we haye

coso=-si;ne

Thus, the second In te g ra l tn  equation C l I - 7 .12) may be w r it te n  

as

Ro=-

F ig . I I - 1 2 .  The boundary C and the g,q lo ca l 
system o f axes

In order to  use Simpson's ru le  fo r  the eva lua tion  o f the above 

in te g ra l,  the fo llo w in g  l im i t  roust he eyaluated

A| msine • (11^7.16)
r-»-0

In o rder to  eyaluate the above lim it ,w e  in tro d u ce  the 

coord inate system ( g , T i )  [52] having p o in t pfc as i t s  o r ig in  

[see F ig . I 1 -1 2 ], where g is  the ta n g e n tia l and n is  the ra d ia l

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



148

d ire c t io n  a t pk .

The equation o f the boundary t»=tiC£} tn  the neighbourhood 

o f  pk can be expanded in  a T a y lo r s e r ie s . Thus,

.T^ag+Qjg+agf t . . .  • ( I l - J .1 7 )

Noting th a t ao=0, and th a t  the  boundary curve a t  pk is  

symmetric, on ly  eyen terms w i l l  be re ta in e d  in  the aboye 

expansion. Thus, we have

; % i r - s2n

Since g is  sm a ll, we neg lec t the terms o f order higher 

than the second and w r i te

2
n=a2g

I f  Kq is  the cu rya tu re  a t p o in t pk , we may w r i te

n= |K0g2 ( I 1—7.18)
and

r2=g2+Ti 2=g2( l+ K *§ 2/4  )

sine= ^  = §  0 —  5 ( I I -7 .1 9 )
/ 1+K"g2/4

A i m ^ -  = K /2  (11-7.20}
r-»-0 0

Thus , fo r  the case p -0 , the second in te g ra l in  equation 

(1-7.12) can be evaluated by using SimpsoVs ru le .w ith
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Consider the i.ntagrand o f the in te g ra l d j 'j fo r  the case k = j. 

Inasmuch as the curvature  K is  a f in i t e  q u a n tity  f o r  a smooth 

boundary , in  the l im i t  as p-*-0, we haye

£im [K ker(p )costtC os<p]=K coscpA im [ker(p)cosci)J ( I I - 7 . 2 2 )
p-*0 fH-0

The behaviour o f ker(p ) fo r  sm all values o f the argument is  

analogous to  £n(p) [see equation (1 -3 .1 4 c ) ] ,  Thus, re fe r r in g  

to . F ig .11-12 re la t io n  C l1 -7 .22} becomes

£im [Kker(p)cos(ocos(p]~Kc6s(p£im [sinetn(r)3
p-*-0 p-*0

S u b s titu tin g  equation ( I I -7 .1 9 )  in to  the above, we obta in

Jlim[Kker(p)cos(acos<p]=-Kcos9jli.m4 — ^ [in E -« 4 jln ( l+ K ^ 2/ 4 )] }=0 
P^° / i+ K |g 2 /4  _

( I 1 - 7 .2 3 }

Thus, fo r  k= j the in te g ra l d ^  can be eyaluated using Simpson's 

ru le  w ith
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g2= k e r  tp j 1 co scô  c o s ^

C II-7 .24 )

g2-K2kerCp2)cos«2cos92'

F in a lly ,  fo r  the eva lua tion  o f -the in te g ra l in  the case

k= j, we consider the behaviour o f the fu n c tio n  k e i '( p ) /p  as 

p-*-0.. From equation Cl—4.12) we have

£kei'.(p)=~*nC p/2) [1/2-10.66666 (p /8 ) H . , . ]

I t  is  apparent th a t fo r  small yalues o f  p the fu n c tio n  

^ k e i'( p )  behaves l ik e  £n(p). This suggest th a t fo r  j= k  » 

w r ite  the in te g ra l d j^  7as

-  ^ [1 6  (p/8 }2~113.77777 (p /8 ) * + . . , ]  (11-7.25)
P

-  ^ i [ -4 (p /8 )2+14.2222(p /8 )6- . ; . ] ’

+ [. 2113217-^13.39658(p /8 ) lf+ . . . ]

k
[K ^ k e i' (p)cos (©+9 )+|l<0Jln (p/2)cos(cp0+a>0 )] ds

^K0cos(9 0+w0 ) An(p/2)ds

Cl1—7.26)

k

Notice th a t
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CO =MnjC0=j:u/2
p->-Q

<p =Zwq>=3n/2 Cl 1-7,27)
P*Q

cosCa0+90l =~ i

Moreover, from equation Cl 1^7.25} we have 

Aim £kei'Cp)+ 4 t n ( p /2 ) ] - - 0 .03860783 C lI-7 .28 )
p+0 p

. Thus, the f i r s t  in te g ra l in  equation CH -7.26J can be evaluated 

using Simpson's ru le  (11^2.11 w fth

hl =si ’ h2=s2

§2=^ ^-kei'Cp1)cosCto1+<p1)-  |K0tnCp1/2 )

g =0.03860783K ■ O o

92=K2 ^ kei ' ( p2 )costV < P 2 ^

The second in te g ra l in  equation ( H - 7 . 2 6 ) is  ^approximated by 

using equation [11^2 .21 ]. Thus,

y Kq|  in (p /2 }d s=  | k Q[J £nC p)ds-*n2| dsj

= |k0 £r2 [AnCpa1~T]+r 2 Cp2)“i ] C r1+r 2) }

( II -7 .2 9 1
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I 1-8. E va luation  o f  Fk and H ^ .fo r  the sim ply supported p la te

The e va lu a tio n  o f  the in te g ra l Fk is  given in  S e c tion  

( 11 -3 ). Thus, in  th is  Section ,w e present a numerical procedure 

only fo r  the e va lu a tio n  o f the in te g ra l H^. For the reasons 

stated in  sec tion  ( I I - 3 ) ,  we use po la r coord inates w ith  • 

po in t.p ^  as the o r ig in ,a n d  the tangent lin e  to  the boundary 

a t th is  p o in t as the re fe rence ax is  (see F ig .11-13). .

r (0 )

F ig . 11-13. Po lar coord ina tes fo r  the fu n c tio n  ke i'(p )cos to

From F ig .1 1-13, we have cosco=-sin6 and thus, the in te g ra l 

( I I -6 ^ 6 f )  may be w r i t te n  as

Hk=- ■§!! f * ( r ,6 ) k e i '( p ) r s in e d rd e  ( I I - 8 .1 )
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where

• r=r(e) and p=r(e)/£

Since fc tm lp k e f/fp ^ -O ; 'the In teg rand In the In te g ra l ( I I - 8 .1 )
p+0

Is  not s in g u la r  and ,thus, i t  can be in te g ra te d  using ite ra te d  

in te g ra t io n  w ith  ’fcussian guadra tu re . Thus, we have

Dr c (0)
f * ( r , 6 ) k e i ' (p jrs in e d rd e  ( I I - 8 . 2 )

0

I f  the load ing fu n c tio n  is  a constant f Q the in te g ra l ( I I - 8 .2 )  

can'be fu r th e r  s im p lif ie d

f fJ0 J0
Hk= - .-§ — | | |  ^pkei * (p )dp |s inede  ( I I - 8 .3 )

I 1-9. E va lua tion  o f the d e f le c tio n s  o f the sim ply supported 

p la te

The d e f le c tio n  w(P) is  given by equation (1 -4 .42c) which 

may be w r i t te n  as

w(P)= ( I I - 9 .1 )

where

I r i | J Rfke1(p)da -Cl 1—9.2 )

I 2= ¥ke i(p )ds  • ( J I - 9 .3)

C f '
I 3 = ^ 7  |Xker(p)ds ( I I - 9 .4 )
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I 4= (V -1 ) [  m e t ' (p)pde Cl 1—9 .5 )
JC

The In te g ra ls  (11 -9 .3 } to  ( I I - 9 .5 )  are approxtmated by the 

fo llo w in g  sums

M f
h m. l  ke i(p)dS  (11-9.6.)

J_1

h =1r  I  ker(p )ds ( I . I - 9 .7}
3 ‘

( I I - 9 .8 )

The numerical procedure fo r  the eva lua tion  o f the in te g ra l 

( I I - 9 .2 )  is  given in  sec tion  .11-4, w h ile  the numerical 

procedures fo r  the e va lua tion  o f the in te g ra ls  ( I I - 9 .6 ) ,

( 11—9-7) and ( I I - 9 .8 )  are given in  sections I I - 2  and 11-7.

In the above l in e  in te g ra ls ,  the in tegrand is  not s in g u la r 

because p o in t P l ie s  in s id e  the region R and the d istance 

r pq does not vanish:

The values ¥- and o f.  the fu n c tio n s  ¥ and J  a t the nodal 

po in ts  are obtained by so lv in g  the system o f simultaneous 

equations (11-6.7*) a f te r  the c o e f f ic ie n ts  a.kj. ,  b kj. ,  ckj.,  dkj. 

and the constants Fk , Hk have been computed.

I 4= (v - l )^ x J  Kkei'(p)pd0
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11-10., E va luation  o f the s tress  re s u lta n ts  fo r  the sim ply

supported pl.ate

, The bending moment Mt , the tw is t in g  moment Mn t , and the

reaction  on the boundary are e a s ily  computed by using the

re la tio n s  ( I I - 5 . 1 ) .  Noting th a t w= |^— = =0 and M =0- and
3S a s 2 n

using re la t io n s  (1 -4 .2 6 ) , re la t io n s  ( I I - 5 .1 )  y ie ld

Mn t=D^1” v ^ ls  ( I I - 1 0 . 1)

Vn= - D [ w - ( v - l ) ^ ]

Thus, the bending moment Ht  is  computed d i r e c t ly  from the
a -v g 2 x

values o f X  The d e riv a tiv e s  ^  and —  can be computed e ith e r 
3 s ' 3 s2

by numerical d i f fe r e n t ia t io n  w ith  respect to  the arc le n g th ,

using the values o f X a t the nodal p o in ts  o f the. boundary,

or by d i f fe r e n t ia t in g  equation (1 1 -4 .40a} w ith  respect to  s.

That is ,  -

u = 2f f ^ fd ^  [ ^ T + ^  Mv] ds ( I I - 10- 2)M r P Jr L P . P. J

=2 i 3 3-- Hvlds (11-10.3)
JR[3s 3n 3« 3n ' J /3 s 2 JJ 3s 3 n v..n

j r P ■’ R1-  P P

Equations (11-10.2) and (11-10.3) y ie ld  more s a t is fa c to ry

re s u lts  because they do not re q u ire  num erical d i f f e r e n t ia t io n .
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Moreover, using these equations, the d e r iv a tiv e s  o f  X can be

evaluated at points of the boundary.which are not nodal points.
The bending moments My ,Mv , the  tw is t in g  moment MYV, and x  y x y

the Shear * fo rce s  Q and tj are evaluated from re la t io n s  ( I I - S .6 )  x y
to  ( I I - 5 .1 0 ) .

As in  S e ction  . I I - 5  , in s tea d  o f  eva lua ting  d i r e c t ly  the
3 3d e riva tive s  — " ,  s- s- i t  is  more convenient to  eva luate  th e ir  
3 x2‘ 3 y2

sum and t h e ir  d iffe re n c e . Thus, using n o ta tio n  C H -5 .11 ) we 

have

dl i + -22=V2w= I I ,  fV?vdo-oJ [*V2v+V2MVX]ds (11-10.4)

L ( 3 ^ . L ! v ) + (3 j . . i L i )MvX1ds 
L 3x 2 3y2 3x2 3 y2 J

(1 1 -1 0 .5 )'

' di2 =| j R'4 w y <io- D) c [’ t l l y + 3̂ « r x] dd ( i i - i o . 6)

V2.vdo-Df ( V f y  V2v+ V2MVX) ds (11-10.7)
R . -  • ' h .

c 2= | |  " 4 y  ^ v d a - o j  (W | y  V2v + V2MvX)ds . ( I I - 1 0 . 8 )

Using the a p p ro p r ia te - re la tio n s  from Appendix A, the above ' 

expressions can be w r i t te n  a s '
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du ^ d2 2 4 ; B j 7 RfKi {p)dot| c5Ki tp l ' 7 r | c^ i Cp)ds+:T 1! t iaAi.(p )ds]C

(11-10.9)

di r d22=f e [ 4 | | RfK 2 (p ld o + l c^ IC2 Cplds“^ j c:XN2 CpIds+

+ O A 2(p )d s j (11-10.10)

d12=f c [ - F l j  fK 3( p ) do+{  *K 3 ( p ) d s - M  2N3(p)ds+ KJA3 (p)ds]
R C J C C

(11-10.11)

Cr-2fe[inRfK4(p)do- I « 4(p)dst7 l cJ«4<p)dS- ¥ J cKM4(p)ds]

( 11- 10. 12)

C2=2 S t[tJJ  « 5(p ) d° - f  W ^ p J d s O j  XN5(P)- K » 5(p )d s ]
R C *  C C

(11-10.13)

where the ke rne ls  K -(p ) ,  A .(p )  ( 1 = 1 , . . .5 )  are given by 

equations ( I I - 5 .22) and

N1(p )= k e i(p )

N2(p)=B(p)cos2a

N ,(p )= B (p )s in2a  
J (11-10.14)

N4 (p )= k e i'(p )c o s a  

N5(p ) = k e i'(p )s i.n a
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The numerical procedure fo r  the eva lua tion  o f the in te g ra ls  

Cl 1-10-9) to  (.11-10-13) is  the  same as th a t presented in  S e ction

I I - 5 .
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P A R T  I I I  

NUMERICAL RESULTS

111-1 - In tro d u c tio n

Computer programs have been w r itte n  fo r  the numerical 

eva lua tion  o f  the response o f clamped and simply supported 

p la tes  by in te g ra t in g  the BIE derived in  Part I , using 

the numerical technique developed in  Part I I .  Numerical re s u lts  

have been obtained fo r  c ir c u la r  p la te s , rec ta ngu la r p la te s  and 

a p la te  w ith  composite shape using a CDC/CYBER -17i - 8 computer. 

Whenever p o ss ib le ,th e  re s u lts  are- compared w ith  those obtained 

from a n a ly t ic a l s o lu tio n s . I t  should be mentioned, th a t 

a n a ly t ic a l re s u lts  e x is t  on ly  fo r  p la tes o f simple geometry, 

subjected to  simple load ing . For recta ngu la r p la te s , the 

re s u lts  are also compared w ith  those a va ila b le  fo r  rec ta ngu la r 

p la tes  w ith o u t e la s t ic  foundation by g iv in g  small values to 

the constant o f the e la s t ic  founda tion .

111-2 . Dimension!ess parameters fo r  the c irc u la r  p la te

a. C irc u la r  p la te  under a concentrated load P a t p o in t 

Q0 ( xo»x0 ) :

In th is  case, the- d i f f e r e n t ia l  equation fo r  the d e f le c tio n  o f 

the p la te  (1 -1 .1 ) is  , •

v V  §  w = i  SCQ’ Q o ) ,  Q= CJc,y),Q0(x0 ,y0 ) ( I I I - 2 . 1 )

Denoting by a the radius o f the c ir c u la r  p la te , in tro d u c in g  

159
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the dimensionless va ria b le s

' E = i • .  „  = £  ' C m - 2 .2 j

and noting  th a t [90]

\  S(Q-Q0 ) = i j S ( q - Q 0 )

re la t io n  ( I I I - Z . l )  becomes

V S i +• AAw = 6 (Q -e )  Cl 1 1 - 2 .3 )

where

X = f  , 3 = ^  ^  , w = — -, Q :(g ,n ) ( I I I —2.4)
£ a * Pa;2/D

R eferring  to  the in te g ra l equations ( I I - 1 . 3 ) ,  i t  is  

apparent th a t fo r  damped p la te s  the q u a n tity  w does not 

depend on Po isson's r a t io  v .  However, fr.om the in te g ra l 

equations ( I I - 6 .3 )  we conclude th a t f o r  s im ply supported 

p la te s , when the cu rva tu re  o f the boundary is  no t zero , th e ir  

non dismensionless d e f le c tio n  w depends on Poisson's r a t io .  

Thus, from equation ( I I 1 -2 .3 ) i t  is  apparent th a t fo r  clamped

c ir c u la r  p la tes  the dimensionless d e f le c tio n  w depends only on

the dimensionless parameters X and 3» w h ile  fo r  sim ply 

supported c ir c u la r  p la te s  i t  depends on X,3 and v .  The 

parameter X=a/£=a/ j^D/k inc ludes a l l  the - geom etrica l and 

mechanical p ro p e rtie s  o f the p la te  and the mechanical property 

o f the subgrade,w hile the parameter 3 cha rac te rises  the load 

p o s itio n .
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Thus, fo r  the clamped c ir c u la r  p la te ,  we de fin e  the 

fo llo w in g  dimensionless q u a n tit ie s :

Cj M l *  — r ~
*  Pa2/D

Mn
C2 (X ,3) = . ( I I I - 2 ,5 a ,b ,c )

where Mn and Vn a re , re s p e c t iv e ly ,  the bending moment normal 

to  the boundary and the re a c tio n  on' the boundary o f the p la te . 

The q u a n titie s  and Cj are tabu la ted  in  Table I fo r

various values o f A and 3.

For the c ir c u la r ,s im p ly  supported p la te ,  we de fin e  the 

fo llo w in g  dimensionless q u a n tit ie s :

C , (A ,3 , v ) =
4 Pa2/D

M.
Cg(A ,3 ,v )=  p i  ( I I I - 2 . 6  a ,b ,c )

C6U ,B ,v }=  vn '

where M.t  and Vn are the bending moment along the boundary 

and the re a c tio n  on the boundary, re s p e c t iv e ly .  The q u a n tit ie s  

C4 > Cg-and Cg are tab 

A and 3 fo r  v=Q.3.

To e s ta b lis h  the in flu e n ce  f ie ld s  fo r  the bending moments
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form . For in s ta n ce , the in flu e n c e  f ie ld  fo r  the bending moment 

Mx is  obtained from the fo llo w in g  equ a tion .

v V + £ w *  =  - C —  * v - i - ) 6 ( Q - Q 0 l
ax2 3y2

Using the dimensionless coord inates ( I I I - 2 .2 ) ,w e  obtain!

• ' 2 2 -  -  ■ 
V*w *+X“ w * = - ( — +V— )6 (Q -Q 0 ) ( I I I - 2 .7 )

3g2 3T\2

From equation; ( I I I - 2 .7 ) ,w e  conclude th a t fo r  c ir c u la r  

clamped p la te s

w*=w*(X,cx,p) 

and fo r  c ir c u la r  s im ply  supported p la te s  

w *=S *(v ,X /a ,B )

where a denotes th e vdim ensionless p o s it io n  o f the bending 

moment M'x .

The if lu e n c e  c o e f f ic ie n ts  fo r  th.e bending moments and

1̂ . are tabu la ted  in  Table I I I  f o r  the clamped p la te , and in  

Table IV fo r  th e s im p ly  supported p la te . N o tice , th a t_ fo r  the 

clamped p la te  the in flu e n c e  c o e f f ic ie n ts  are given fo r  v=oy 

This allow s us, to  e s ta b lis h  the in flu e n ce  f ie ld s  o f Mr  and Ht

fo r  any o f the values o f v . However, fo r..th e  sim ply supported 

p la te , the in flu e n ce  c o e f f ic ie n ts  are given on ly fo r  v=o .3 .

b. C irc u la r  p la te s  under a d is tr ib u te d  load :

Using the dimensionless v a ria b le s  ( I I I - 2 .2 } » th e  d i f f e r e n t ia l  

equation (1 -1 .1 } may be converted to the  fo llo w in g  dimension

less form *
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V‘*w+A',w=<p0 (g ,n l Cl11— 2-8}

where i t  has heen se t

fo  being a constant w ith  dimensions o f  fo rce  per u n it  area and

The dim ensionless d e f le c tio n  w defined by equa.tion ( I I I - 2 .1 0 )  

fo r  a s p e c ifie d  dim ensionless load ing <pQ depends on ly on the 

parameter X fo r  a clamped c ir c u la r  p la te  and on X and v fo r  

a c ir c u la r  s im ply supported p la te .

The dimensionless bending moments and the reac tions  are 

defined as:

For the clamped p la te ,th e  q u a n tit ie s  d j and d2 depend on ly  bn 

the parameter X, w h ile  fo r  the sim ply supported p la te , they 

depend on X and v .

I I 1-3. Dimensionless parameters' f o r  the  re c ta n g u la r  -p late

For a re c ta n g u la r p la te  w ith  2ax2b dimensions,we choose 

as d im ensionless- coord inates

( I I I - 2 .1 0 )

(1 II-2 .1 1 )

a. Rectangular_plate_under a concentrated load P.
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- !< £ =  f  < 1 , -e < n =  J- £ e , e= ?  . ( H I - 3 . 1 )

Using these co o rd ina tes .the  d i f f e r e n t ia l  equation ( I I I - 2 . 1 )  

takes the fo llo w in g  dimensionless form :

V-w+A-^SCQ-Qjj) ( I I I - 3 . 2 )

where

x = S=— S— , .. Q : ( E , n ) ,  Q: CgQ , r i _ )  ( I I I - 3 .3 ) .
£ Pa2/D 0 0 0

From equations ( I I I - 3 . 1 )  and ( I I I - 3 . 2 ) ,  i t  is  apparent th a t 

the dimensionless d e fle c tio n  w fo r  a s p e c ifie d  load p o s itio n  

depends on both the parameter X and the side  r a t io  e= b/a 

Inasmuch as the cu rva tu re  o f the boundary is  zero , w does 

not depend on Po isson's r a t io  v even fo r  s im ply supported 

p la te s . The dimensionless bending moments and re a c tin g  forces 

are those defined fo r  c ir c u la r  p la tes  (see equations 

I I I -2 .5  b .c ) .

The in flu e n ce  c o e f f ic ie n ts  fo r  bending moments, re a c tio n s , 

and d e fle c tio n s  a t some c h a ra c te r is t ic  p o in ts  are tabu la ted 

fo r  various values o f the parameters X and e,and fo r  various 

dimensionless load p o s itio n s  fo r  clamped p la te s  in  Table V, 

and fo r  sim ply supported p la tes in  Table V I.

b. Rectangu]a r_p la te_under_d istribu ted_ loa<k

In th is  case, the dimensionless q u a n tit ie s  defined fo r  

the c ir c u la r  p la te s  are used. However, in  th is  case these
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q u a n titie s  a lso depend on the s ide  r a t io  e.

111-4. Accuracy o f the method and some numeri ca l' resul ts

In th is  section , some num erical re s u lts  obtained fo r  the 

axisymmetric load ing o f the c irc u la r ,  p la te  are compared w ith  

those obtained by the e x is tin g  a n a ly t ic  s o lu tio n  [6 4 ].

In Table I I I - l ,  the values o f the dimensionless d e f le c tio n  

w=w(Pa2/D) fo r  a clamped and a s im ply  supported c ir c u la r  p la te , 

subjected to a c e n tra lly  app lie d  concentrated load ,a re  

presented as obtained from the BIE method w ith  32 boundary 

nodal p o in ts , and from the a n a ly t ic a l s o lu tio n  [64 ].

Table I I I - l  D e flec tions  o f a clamped and a sim ply supported

p la te  subjected to  a c e n tra lly  app lied  concentrated 

load .

X=1 Clamped . Simply. Supported

w=w/(Pa*/D) w=w/(Pa?/D)
r/a BIE (m=32) A n a ly tic  [64] BIE (m-32) A n a ly tic  [ 6 4 ]

0 .1972-01 .1973-01 .48688-01 .48689-01

0.2 .1638-01 .1639-01 .44203-01 .44203-01

0.4 .1076-01 .1077-01 .35146-01 .35146-01

0.6 .5351-02 .5357-02 .23978-01 .23977-01

0.8 .1461-02 ,1462-02 .11973-01 .119.71-01

In F ig. I I I -1 ,  the percent e r ro r  in  the numerical re s u lts  fo r  

the de flect-ion  a t po in ts  r=0 and r=0.5a and the bending moment

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Mn a t po in tsr=a o f ia clamped c ir c u la r  p la te ,re s t in g  on 

e la s tic  foundation  (X = l) ,  sub jected to  a c e n t ra lly  app lied  

concentrated lo a d ,a re  p lo tte d  versus the  number o f boundary 

nodal p o in ts .

N u m b e r  o f  b o u n d a ry  p o in ts

Fig. i l l - i .  Percent e r ro r  o f the d e f le c tio n  w a t r=o, r=0.5a 

and the bending moment Mn a t r=a o f a clamped 

c ir c u la r  p la te  on e la s t ic  founda tion  (X=l) 

subjected to  a concentrated load a t i t s  cen te r.

In Fig. 111-2 , the percent e r ro r  in  the numerical re s u lts  

fo r  the d e f le c tio n  a t r=o and r=0.6a,and th e .re a c t iv e  fo rce  Vn 

a t r=a o f a s im ply supported p la te  on e la s t ic  foundation  (X= l) , 

subjected to  a c e n t ra lly  app lied  concentrated fo rce  a t i t s  

c e n te r ,is  p lo tte d  versus the number o f the boundary nodal 

po in ts . .

From F i g s . I I I - l  and I I I - 2 , i t  is  apparent th a t  the e r ro r  

is  very sm all. Only few nodal p o in ts  (30 to  40) on the
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boundary are s u f f ic ie n t  to  o b ta in  accurate re s u lts .  The e r ro r  

increases as the computed d e f le c tio n  approaches the boundary.

N u m b e r  o f  b o u n d a ry  p o in ts

F ig . I I I -2 . Percent e r ro r  o f the d e f le c tio n  a t r=o, and r=0.6a 

and the re a c tiv e  fo rce  o f a s im ply supported 

c ir c u la r  p la te  on e la s t ic  foundation  (X= l) 

subjected to  a concentrated fo rce  a t i t s  cen te r.

In th is  case, i t  may be necessary to  increase the number o f 

the nodal p o in ts  on the boundary.

I t  is  apparent, th a t as the constant o f the e la s t ic  

foundation  decreases, the d e f le c tio n  obtained fo r  a p la te  on 

e la s t ic  foundation  w i l l  approach th a t o f a fre e  p la te  ( i . e .  

not re s tin g  on e la s t ic  fo u n d a tio n ). This is  i l lu s t r a te d ' in  

.Tables I I I - 2  and 111-3
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Table I I 1-2. D e flec tions  o f a clamped c ir c u la r  p la te

subjected to a un ifo rm ly  d is tr ib u te d  load qQ

r /a
w  w <  v ‘/B)

BIE (m=32) X=.671 A n a ly tic  l64]A=0

0 .1555-01 .1563-5-1

.2 .1430-01 .1440-01

.4 .1093-01 .1103-01

.6 .6321-02 .6400-02

.8 .1959-02, .2026-02

Table. I I I - 3 .  D e flec tions  o f x='y=0 o f sim ply supported 

recta ngu la r p la te  c e n tra lly  loaded by a 

concentrated load a t i t s  center

b/a
> a x =  W (Pa2/D) .

BIE (m=44) A=0.212 A n a ly tic  ^ * = 0

1.0 0.1160-01 0; 11^60-01

1.2 0.1355-01 0.1353-01

.1-4 0.1486-01 0.1484-01

1.6 0.1569-01 0.1570-01

1.8 0.1620-01 0.1620-01

2.0 0. l ’650-01 0.1651-01

(*) The analytic solution is obtained- from p. 143 of Ref- [73-]
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In Fig. I I I - 3 ,  the re s u lts  obtained by the BIE method and 

those o f an a n a ly t ic a l s o lu tio n  presented in  re fe rence pSJ 

a re 'p lo tte d . These re s u lts  are in  e x c e lle n t agreement.

-  F letcher Thornffe 5 }  
*  x  v  B IE  solution

JL--1J0 -09 -Q8 -0 7  -0 6  -0.5 -0.4 -0 3  -0?  -0.1 0

Fig. I I I -3 . D e fle c tio n  along x=0 o f a u n ifo rm ly  loaded

clamped.square p la te  on e la s t ic  foundation  

w ith  e = l, A= l. 1

In Ftg«111-4 3 the d is t r ib u t io n  o f the d e f le c t io n ,  the 

bending moment and the re a c t iy e  fo rce  Vn along the boundary 

o f a un ifo rm ly  loaded clamped rec ta ngu la r Cb/a=2) p la te  fo r  a 

small value o f the e la s t ic  constant (A=(h671-) is  presented. The 

corresponding maxw [  Ref. p 3 j  p. 202) is  0.4064xl0-1 (A=0)J.

In Fig. I I I - 5 ,  the d is t r ib u t io n  o f the d e f le c tio n s  along 

the x. and y  axes and o f the bending moments Mn , and re a c tiv e  

forces Vn along the boundary o f a clamped p la te  o f composite 

shape, re s tin g  on an e la s t ic 'fo u n d a tio n  are presented.
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M O .4 0 2 7 x l6 \a /D

F ig . I I 1-4. Bending moment Mn , re a c tiv e  fo rce  Vn along 

the boundary a n d .d e fle c tio n  w along y=0 o f 

a un ifo rm ly  loaded clamped re c ta ngu la r (e=2) 

p la te  on e la s t ic  founda tion  (X=0.67l)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



171

efleclion

‘Mn

• Reaction Vn on the • 
boundary of the plate 
Scale: 1cm * I t  .

Bending moment Mn on 
the boundary of the plate 
Scale; 2cm=1tm

Fig. I I 1 -5 . U n ifo rm ly  loaded clamped p la te  o f  composite

shape re s tin g  on e la s t ic  founda tion  k=500, 

h=. 10m, E =2 .1x l(j6 t/m 2 , v=0.30/ qQ= 2t/m 2

I I 1-5. Tables fo r  c ir c u la r  and re c ta n g u la r clamped and sim ply 

.. supported p la te s  re s tin g  on e la s t ic  fo u n d a tio n .

The constant o f the e la s t ic  foundation may vary between 0 

( fre e  p la te )  and 20000 t/m 3 [73J. Thus, fo r  usual eng ineering
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applications, the dimensionless parameter A(= a/£  = a /VD/k) 

varies between 0 .5 -(soft subgrade) and 20 (stiff subgrade).

For a p la te  not re s tin g  on an e la s t ic  foundation  i t  is  k=0,and 

thus,A=0. However, th is  va lue o f k re s u lts  in  com putational 

d i f f i c u l t i e s  and, consequently, re s u lts  fo r  p la tes  not re s tin g  

on an e la s t ic  foundation are obtained using a small value o f 

k (say k = l ) . ^

In .o rd e r to  determ ine fo r  which values o f A should tab le s  

fo r  the q u a n tit ie s  C1,C2 »C3 (de fined  by equation I I I - 2 . 5 )  be 

g iven, these q u a n tit ie s  are p lo tte d  in  F ig . I I I - 6 .  From th is  

f ig u re  we see th a t the change o f these q u a n titie s  is  

n e g lig ib le  fo r  0<A<1 and very small fo r  A>11. Thus, the - 

tab les w i l l  be presented fo r  A = l,3 ,5 ,.7 ,1 1. • -

In F ig . I I I - 7 , t h e  bending moment Mx a t x=a,y=0 and the 

d e fle c tio n  a t x=0, y=0, as w e ll as the bending moment a t 

x=o, y=b have been p lo tte d  versus the s ide ra t io  e=b/a o f a. 

clamped rec ta ngu la r p la te  on e la s t ic  foundation (A=2), sub- 

• je c ted  to  a u n it  concentrated fo rce  a t x=y=0.From  th is  F ig . , 

i t  can be seen th a t fo r  values o f e=b/a>1.8 the q u a n tit ie s  w, 

Mx and-My approach the corresponding values o f an in f i n i t e ly  

long p la te  clamped a t the two (a=constant) opposite edges. 

Thus, the values o f b/a chosen in  the tab le s  are e=b /a= i.O , 

1 .2 ,1 .4,1.6and 1 .8 .

(*) Eor a plate with a=2.5m, h=0.10m, ,E=2. Ixi06t</m2 , v = 0.. 3 , 
and k-0.1 it is A=0.38.For the same plate with k=0.01 it 
is A=0.21 .
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Fig. I I I -6 . Dimensionless parameters C.,C? , and C.

versus X

0.6 My(o.b)

Fig. I I I -7 . Dimensionless parameter Sj.M (a ,0 )  and 

My(a,b) versus side r a t io  e o f a clamped 

rec tangu la r p la te  re s tin g  on e la s t ic  

• foundation (X=2).
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In  Table I  ,the d e f le c tio n  c-pwD/Pa2 ; a t po in ts  r=aa 

(a=0,0 .2 ,0 .4 ,0 .6 ,0 .8 )  on the r a d i i  e= 0°,22 .5°,45°,67 .5°,90°,

112.5°,135°, 157V5°180° , the moment C2 =Mn/P and the reac ting  

fo rce  C3=Vna/P at po in ts  0 1 to  # 9  [6 = 0 °,(2 2 .5 °),1 8 0 °] o f 

the boundary are given fo r  a clamped .c ir c u la r  p la te  re s tin g  

on an e la s t ic  founda tion  (A = l,3 ,5 ;,7 ,1 1 ), subjected to  a 

concentrated load P ,a t po in ts  r= 3 a (3 = 0 ,Q .2 ,0 .4 ,0 .6 ,0 .8 ) o f the 

radius 6 = 0 °.(See F ig . I I I - 8 ) .

in  Table I I ,  the d e f le c tio n  c4 = wD/Raf, .the bending moment 

c5=Mt /P ,  and the re a c tiv e  fo rce  C6=Vns /P fo r  the same po in ts  

as in  Table I I ,  are given fo r .a  c ir c u la r ,s im p ly  supported p la te  

re s tin g  on an e la s t ic  founda tion  ( *= 1 ,3 ,5 ,7 ,1 1 ) ,  subjected 

to a concentrated load P a t po in ts  r=&a (3 = 0 ,0 .2 ,0 .4 ,0 .6 ,0 .8 )  

o f the rad ius -6=0° (see F ig . 111 -8 ). N o tice , th a t in  th is  case, 

the re s u lts  are given fo r  v=0.3 .

In Table I I I ,  the in flu e n ce  c o e f f ic ie n ts  fo r  the bending 

moments Mr  and Mt  a t po in ts  r=ga (3 = 0 ,0 .2 ,0 .4 ,0 .6 ,0 .8 )  fo r  a 

c la m p e d ,c ircu la r p la te  w ith  *  = 1 ,3 ,5 ,7 ,1 1  and v=0 are given. 

The values o f the in flu e n ce  c o e f f ic ie n ts  have been computed 

a t po in ts  r=aa (a=0 ,0 .2 ,0 .4 ,0 .6 ,0 .8 )  o f the r a d ii  6 = 0 °,(2 2 .5 °), 

180°.

In Table IV ,th e  in flu e n ce  c o e f f ic ie n ts  o f the bending 

.moments Mr  and Mt  are given fo r  the same values o f 8, a , and 

*  as in  Table I I I ,  fo r  a s im ply supported c ir c u la r  p la te  w ith  

v=0.3
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In Table V, the in flu e n c e  c o e f f ic ie n ts  fo r  the d e f le c t io n  
2

S1=wD/Pa , and -the in flu e n c e  c o e f f ic ie n ts  fo r  the bending 

moments M* and My a t x=y=0»as well ■’as '^thereactidnj-S j-V^a/p anti the

I

F ig . 111—8

Fig. I I 1-9. Mesh o f the p o in ts  where the in flu e n ce  

c o e f f ic ie n ts  are computed
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bending moment Mx a t x=a, y=o, the  re a c tio n  S2 =Vy and the 

bending moment My a t x=o, y=b are given fo r  a clamped 

rec ta ngu la r p la te  having v=0 .3 s id e  r a t io  e=b/a = 1 ,1 .2 ,1 .4 ,1 .6 , 

1 .8  and re s tin g  on an e la s t ic  founda tio n  U= 1 *3 ,5 ,7 ,1 1 ). The 

values o f the in flu e n ce  c o e f f ic ie n ts  have been computed a t 

po in ts  x/a,y/b=0,±0.2,±0.4.,±0.6 ,±0.8(see; F ig . 111- 9 ) .

F in a lly ,  in  T a b le V I,  the in flu e n c e  coefficients, of correspon

ding q u a n tit ie s ,  and fo r  the same values o f the parameters as 

in  Table V* are given fo r  a re c ta n g u la r, s im ply supported 

p la te  re s tin g  on an e la s t ic  founda tio n .
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•6216E-02
•5239E-02
.36036-02
•2365E-02
.15886-02
•1130E-02
.87196-03
.7908E-03
.70076-03

.19096-62 

.15896-02 

.1092E-02 

.63896-03 

.90186-03 

.2709E-03 

.19966-03 

.16976-03 

.1592E-03-

0.6
.27526-02
.2752E-02
.2752E-02
•2752E-02
i2752E-02
• 2752E-02
• 2.752E-02 
. 2752E-02 
.2752E-02

.9933E-02 

.91926-02 

.3616E-02. 

.29696-02 

..2909 E-02 

.1987E-02 
..17106-02 
.15596-02 
.1509E-02
.62166-02 
..5239 E-02 
•3609E-02 
•2365E—02. 
.15886-02 
.1130E-02' 
.87206-03 
.79 0 86.-03 
.700 76-03

.6679E-02 

.99126-02 

.2368E-02 

.12896-02 

.79626-03 

.9759E--03 
.33766-03 
.27206-03 
•2526E-03
.25796-02 
. 1632E-02 
.7907E-03 
•3508E-03 
.1890E-03 
•1079E-03
• 7168E-09" 
.55126-09. 
..5031E-09

X  = 3  

' c 2= M n /P

.7052E-03 ■ 

.7052 E-03 • 

.70526-03 ■ 

.70526-03 - 

. 7052E-03 ■ 

.7052E-03 ■ 

.70526-03 ■ 

.70526-03 ■ 
.70526-03 ■

.1226E-02 • 
• 1153 E-02 - 
.97736-03 - 
•7807E-03 - 
.6 1976-03 ■ 
.9992E-03 • 
.9158 6-03 - 
•3729E-03 - 
.35 86E-03 -
.1905E-02 - 
.1590E-02 - 
.10936-02 - 
.63936-03 - 
.90216-03- - 
^2706E-03 - 
,19976r03 - 
.1698 E-03 - 
,1593E-03 -
. 2580E-02 - 
.1632E-02 - 
•7911E-03 - 
.3510E-03 - 
. 18 91E-03 ■ 
■1080E-03 • 
.7173E-09 - 
.5516E-09 - 
.5035E-09 -

.2911E-02 - 
•7861E-03 i 
•2918E-03 - 
;99166-09 - 
. 9390E-09 - 
•2287E-09 - 
•1379E-09 - 
.9891E-05. - 
. 8720E-05 -

-.36126-01 • 
-.3612E-01 ■ 
.36126-01 - 
. 36126-01 ■ 
-.3612 E-01 - 
•3612E-01 - 
-.36126-01 - 
.3612E-01 ■ 
.3612E-01 -

.67006-01 - 
•6258E-01 - 
•5211E-01 - 
•9069E-01 - 
.31216-01 - 
• 2952E-01 - 
.20256-01 - 
..17926- 01 - 
.1719 E-01 -
.1128 E+00 - 
.9199E-01 - 
•5729E-01 -  
•3323E-01 -  
.19886-01 -  
• 1281E-01 - 
.9121E-02 
•7395Et02 
.68166-02
.17926+00 - 
.1025E+00 - 
.9123E-01 - 
.17856-01 - 
.87156-02 
.97916-02 
.2997E-02 
.2199E—02 
.19 71 E-02
•2981E+00 - 
.59366-01 - 
.13206-01 - 
.9586E-02 
•1930E-02 • 
•9250E-03 
.5013E-03 
.3228 E-03 • : 
•27306-03

c 3=vn a/p

.99226-01 
•9922E-01 
.9922E-01 
.99226-01 
.9922E-01 
.99226-01 
.9922Er01 
•9922E-01 
.9 922 E-01

.15286+00

.13586+00

.9860E-01

.62586-01

.3702E-01
•2138E-01
.1262E-C
.82716-02
.69656-02

.3 82 96+00 
i2720E+00 
.12136+00 
.9958E-01 
.13576-01 
.19136-02 
.33866-02 
.52176-02 
,5691Er02
.9133E+00 
•36556+00 
.7619E-01• 
.13736-01 
.935 8 E-0 3 
.9632E-02 
.5 98 2 E-02 
.56026-02 
•5598E-02.

.2571E+01 

.1666E+00 

.13086-01 

.5050E—03 
•2313E-02 
,2369E-02 
.2178E-02 
.2027E-02 
.1979E-02
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180

C l a m p e d  C i r c u l a r  p l a t e

2 2 .5
<s
6 7 .5  
9d

11 2-5  
135- . 
1 5 7 .5  
18 0-

C|=wD/Pa2

67 .5  
9 0 .  

1 1 2 5  
1 3 5
1 5 7 .5  
18 0 .

2 2 5
<5
675
9 0 .

1 1 2 5
1 3 5 .
1 5 7 5
180.

.49896-02 
.4989E-02' 
•4989E—02 
.4989 E-02 
•4989E-02 
•4989E-02 
.4989E-02 
•4989E-02 
". 4989E-02

.3143 E-02 

.3143E-02. 

.3143E-02 
,3143Et 02 
. 3143E-02 
•3143E-02 
.3143E-02 
•3143E-t02 
• 3143E-02

• 1291E-02 
•1291E-02 
.1291E-02 
.1291E-02 
.1291E-02 
•1291E-02 
•1291E-02 
•12916—02- 
. 1291E-02

’"•3495E—03 
.3495E-03 
.34956-03 
•3495E-03 
.3493E-03 
.3495E-03 
.3495EH)3 
•3495EH13. • 
.3495E-03
.40246-04 
.40246-04. 
•4024E-04 
.4024E-04 
•4024E-04 
.4024E-04 • 
.40246-0*' 
.40246-04 • 
.40246-04 •

0.2
•3143E-02 
•3143E-02 
.3143E-02 
•3143E-02 
•3143E-02 
•3143E-02 
•3143E-02 
.3143E-02 
.31436-02

.49836-02' 

.4484E-02 

.3672E-02 

.2896E-02 

.2269E-02: 
•1612E-02 
.1511E-02 
.1341E-02 
.1287E-02

•31166-02 
-.2808E-02. 
.21426-02 
.1485E-02 
.98876-03 . 
.6619E-03 
•4670E-03 
.3662E-03 
.33536-03 ■

•1230E-02 
•10936-02' 
•78666-03 
•4827E-03 
.2636E-03 - 
.1309E-03 ■ 
•5912E-04 ■ 
.25166-04 - 
•1530E-04 -
.2618E-03 
.22666-03 
•1488E-03 
•7464E-04 
•2504E-04 - 

-.18456-05 - 
-•1444E-04 - 
-.1954E-04 - 
-.2086E-04 -

0.4
.1291 E-02 
.12 91 E-02 
•12 91E—02 
. J291E-02 
. 1291E-02 
.1291E-02 
..12 91 E-02. 
.12916-02 
.12916-02

.31166-02• 

.28086-02- ‘ 
•2142E-02 . 
.1485E-02 
• 9887E-03 
.6619E-03 
.46706-03 
.3662E-03 
•3353E-03

.4862E-02 
•3539E-02. 
,1995Et02 
.9903E-03 . 
.4474E-03 
.18246—03 - 
..61506-04 - 
.11216-04 • 
-•2362E-05 ■
•28286-02 
.20876-02 
.10186-02 
•3832E-03 
.10086-03- 

-.6545E-05 : 
-.42156-04 - 
-.5205E-04 ■ 
-.53886-04 -
•7832E-03 
.56846-03 
.2438E-03 
.6438E-04 
-.2414E-05 - 
-.20806-04. - 
-.2336E-04 - 
-•2237E-04 - 
-•2176E-04 -

0.6
: .3495E-03 

.3495E-03 
*.349 5E—03 
•3495E—03 
.34 956-03 
• 3495E-03 
.3495E-03 
.349 56-03 
•3495E-03

•1230E-02' 
•1093E—02 
• 7866E—03 
'. 4827E-r03 
•2637E—03 
.13096-03 - 
.5913E-04 - 
.2517E-04 - 
• 1530E-04 -

•'28286-02 
.2088E-02 
.1018E-02 
.38326-0.3 
•1008E-03 - 

-.6543E-05 - 
-.42146-04 - 
-.52056-04 - 
-.5388E-:04 -

.41376-02 
•2168E-02 
•7127E—03 
.16266-03 

-.1037E-05 - 
-.3829E-04 - 
-•4120E-04 - 
-.38046-04 - 
-.3649E-04 -

.16356-02 

.8344E-03 

.20596-03 

.23066-04 - 

.14586-04 - 
-.17206-04 - 
-•1393E-04 - 
-•1130E-04 - 
-.1039E—04 '-

• 4026E-04 
•4026E—04 
-.4026 E-04 
.4026E-04 
.4026E-04 
.4026E-04 
• 4026E-04 
•4026E—04 
.40266-04

.26196-03' ■ 

.22676-03 - 

.14896-03 ■ 

.74676-04 - 

.25056-04 
-. 18 38 6-05 
-.14436-04 
-.1953 E-04 
-.20 86 E-04

.78336-03' - 
•5686E-03 - 
•2439E-03 ■ 
.64406-04 ■ 

-.24126-05 
-.2080E-04 
-.2336E-04 
-.22386-04 
-.21766-04
.16366-02 • 
•8345E-03 - 
•2059E—03 • 
.23066-04 
-.1458E-04 
-.17216-04 
-.1393E-04 
-.11306-04 
-.1039E-04

.20086-02 - 

.47806-03 - 

.6412E-04 - 
-.10666-05 . 
-.7750E-05 
-.5878E-05 
-.38716-05 
-.27536-05 
-.24116-05

• X  = 5  

C2=Mn/p
-.13066-03 
-.1306E-03 
-.13066-03 
-.1306E-03 
-.13066-03 
-.1306E-03 
-.1306E-03 
- . 1306E-03 
- • 1306E-03

.1142E-01 

.9502E-02 

.5389E—02 

.1712E-02 
•5053E-03 
.15286-02 
.1895 Er02 
.1990E—02 
.2004E—02

,43626r01 - 
•3006E-01 - 
.10746-01 
.13246-02 ■ 
.1476E-02 
. 1869E-02 
.16736-02 
.14636-02 
.13856-02
.llllE+OO -
.51276-01 -
•9339E-02
• 2568E-03 :
“•1575E-02
•1186E-02
.82626-03
•6154E-03
.54946-03

.21796*00 - 
,33486-01 - 
.2504E-02 
.59186-03 . 
.59386-03 
.35516-03 
.20166-03 
.12B1E-03 - 
.10706-03 -

c3~Mia/p
.25136-01' 
. 2513E-01 
.25136-01 
.25136-01 
;2513E-01 
.25 136- 01 
.2513E-01 
.25136-01 
.25136-01

.79676- 02 
; 13336-01 

-.22426-1 
•2644E-01 
•2497E-01 
.21316-01 
.1790E-01 
.15716-01
• 14.97E—01

-.12486*00.
-.5543E-01
•1572E-01
.28536-01-
•2135E-01
.13486-01
.8528E-02

-.6046E-02
•5309E-02

-.61566*00
-.15446*00
• 224-4E-01 
.24236-01
• 1254E.-01 
.56676-02 
.2505E-02 
.12176-02 
.87446-03.

-.23856*01 
-.71.0 5 E-01 
.1925E-01 
•9575E-02 
.35526-02
• 1144 E-02-
• 2666E-03- 
-.3092E-04- 
-.1010E-03-.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C l a m p e d  C i r c u l a r  p l a t e

6 7-5
9a

11 2 .5  
13 5 .
1 5 7 .5  
180-

C f w D /P a 2 
Q2 0,

112.5  
135.
157.5

1 1 2.5  
1 3 S
1 5 7 .5  
1 8 0 .

6 7 5
9 0 :

1125
13 5 .
1575
180.

• 2550E-02 
' .2550E-02 - 
•2550E-02 

..2550E-02 
.2550E-02 
. 2550E-02 
•2550E-02 
•2550E-02 
.2550E-02

'.U74E-02
.1174E-02-
.U74E-02
.1174E-02
.1174E-02
.1174E-02
•1174E-02
.1174E-02:
• 1174E-02
.’2320E-03 
. 2320E-03 
•2320E-03 
.2320E-03 
. 2320E-03 
•2320E-03 
•2320E-03 - 
•2320E-03 - 
. 2320E-03 -

-.1687Er04.
-.1687E-04-
-•1687E-04
-.1687E-04
-.16B7E-04
-.1687E-04
-.1687E-04
-.1687E-04
-.1687E-0V
-.1979E-04
-.1979E-04
-.1979E-04
-.1979E-04
-.1979E-04
-.1979E-04
-.1979E-04
-.1979E-04
-.19796-04

.1174E-02 
•1174E-02 
• 1174E-02 
.1174E-02 
•1174E-02 
•1174E-02 
.U74E-02 
• 1174E—02 
i1174E-02

.2549E-02 
•2129E-02 
.15Z5E-02 
•1022E—02 
•6706E-03 
•4481E-03 
.31846-03 - 
•2522E-03 - 
•2320E-03 -
.11736-02- 
.9824E-03 
•6123E-03 
.3091E-03 
•1291E-03 - 
•3936E-04 - 

-.4430E-06 - 
-.1614E-04 - 
-•2019E-04 -

•2386E-03 
•'.1858E-03 
•8303E-04 
•6850E-05 - 

-.2683E-04 - 
-.34856-04 - 
-.3340E-04 - 
-.3066E-04 - 
-.2952E-04 -
.3903E-05 

-.3330E-05 
-.1544E-04 
-.2050E-04 - 
-•1846E-04. - 
•—.1411 E-04 - 
--.1045E-04 - 
-.8299E-05 - 

7611E-05 -

. 2320E-.03 • 
•2320E-03 • 
.2320E-03 ■ 
•2320E-03 - 
•2320E-03 • 
♦2320E-03 ■ 
. 2320E-03 - 
•2320E-03 ■ 
•2320E-03 -

•1173E-02 
•9824E—03 
•6123E-03 
•3091Er03 
•1291E-03 - 
•3936E-04 - 
•4429Er06 - 
•1614E-04 - 
•2019E-04 -
•2547E-02 
•1500E-02 
•5594E-03 • 
•1344E-03 - 
•4240E-05 - 
•3492E-04 - 
•3552Er04- 
•3168E-04 - 
. 3002E-04 -

•1166E-02 
•7010E-03 
•1785E-03 
■•7022E-05 - 
■•3445E-04 - 
-.2537E-04 - 
■•1564E-04 - 
■•1045E-04 - 
■•8926E-05 -
•2207E-03 
•1195E-03 
•6423E-05 . 
•1972E-04 - 
•1363E-04 -  
.6259E-05 - 
.2468E-05 . 
.97B3E-06 
.60506-06

0.6
-.1687E-04 ■ 
-.1687E-04 .■ 
-.1687E—04 ■ 
-• 1687E-04 ■ 

1687E-04 ■ 
-•1687E-04 - 
-.1687E-04 - 
-.1687E-04 - 
-.1687E-04 ■

•2387E—03
• 1858E-03 .« 
, 8304E—04 - 
•6851E-05 - 
-.2683E-04 - 
••3485E—04 - 
••3340E—04 - 
•3066E-04 - 
■•29526-04 =■
•1166E-02
•7010E-03.
• 1785E—03 ." 
■•7022E-05 > 
■•3445E-04 - 
■•2537E-04.- 
■•1565E—04 - 
•1045E-04 - 
.8926E-05 -

•2457E-02 
•9024E—03•, 
•1125E—03 • 

-.2765E—04 - 
■•2293E—04 - 
-.9322E-05 - 
■•2854E-05 
■•6079E-06 
-.9733E-07 •
•8977E-03 
•3247E-03 
.11696-04 - 
-:1638Et04 - 
■•6612E-05 - 
■•1245E-05 - 
•3083E-06 
6055E-06 -

• 6339E-06

J ' \  -  7 

:2=Mn/P  c

1979E-04 
■• 1979E-0.4 
-.1979 E-04 
-.1979E—04 
-.1979E-04 
-.1979 E-04 
-.19 79E-04 ■ 
-.1979 E-04 
-.1979E-04

•3908E-05 
•3327E-05 
••1544E—04 
•2050E-04 
•1846E-04 . 
•1411E-04 " 
•1045E-04 
•8300E-05 
.76126-05
•2207E-03 - 
. 1195E-03 - 
•6422E-05 ‘ 
•1973E-04 
•1363E-04 
. 6260E—05 
•2468E-05 
•9784E—06 - 
•6051E-06 -

. 8978E-03 
•3247E-03 • 
•1167E-04 
•.1638E-04 
■•6613E-05 
••1245E-05 
•3084E-06 
•6055E-06 • 
•6339E—06 ■
•1578E-02 ■ 
•2314E-03 - 
•3086E-05 
•6876E-05 
• 1440E-05 .. 
•1412E-06 • 
•3298E-06 ■ 
.2769Et06 • 
•2474E-06 ■

.1467E-02 
•1467E-02 
‘.1467E-02 
•1467E-02 
•1467E-02 
.1467 E-02. 
.1467E-02 
.1467E-02- 
•1467E-02

• 1824E.-02 
•1995E-02 
•2115E-02 
•1816E-02 ' 
•1295E-02 
•8354E-03 
.5373E-03 
•3834E-03 - 
•3371Er03 -

.8469E-02 
•3147E-02 . 
•1741E-02 
•1800E-02 . 
.8350E-03 ' 
.2648E-03 - 
.4286E-04 - 
•2648E-04 - 
•4107E-04 -

-•5702E-01 - 
-.1671E-01 : 

•1413E-02 : 
. 1329E-02 
.3264E-03 - 

-.2885E-05 ■ 
-•6020E-04 - 
-.5822E-04 - 
-.5440E-04 -
-.1793E+00 
-.1511E-01 
•1165E-02 

! .4763E-03 
•4277E-04 

-.3074E-04 
-.2612E-04 
-11723E-04 
-.1421E-04

:3"vn a/p

•7746E-02 
• 7746E-02 
. 7746E-02 
•7746E-02 
•7746E-02 : 
•7746E-02 
.7746E-02 
. 7746E—02.
. 7746E-02

.2836E-01 

.2633E-01 
•2030E-01 
•1251E-01 
•6195E-02 
•24306-02 
•6034E-03 
.1447E—03 
.3399E-03

•1724E-01 
. 3605Et01 
.3302E-01 
.1342E-01 
.2658E-02 
•6019E-03 
.1139E-02 
•1077E-02 
.1020E-02
•2967E+00 
•5384E—02 
•3845E-01 
.8595E-02 
•1201E-03 
.1037E-02 
.6966E-03 
•4331E-03 
•3527E-03

-.2071E+01
•2446E-01
.2084E-01
•2037E-02

-.5486E-03
-.3928E-03
r.l573E-03
-.5838Et04
r.3442E-04
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Clamped Circular plate
c,=w D /Pa2 ~~

X~=11

'E I-

1 1 2 .5  
135:
1 5 7 .5  
1 8 0 .

1 1 2 .5
135.
157-5
1 8 0

1 1 2 .5  
13 5 .
1 5 7 .5  
1 8 0 . .

0.8
1 1 2 5
1 3 5 .
1 5 7 5
1 80.

.X033E-02 

. X033E-02 

.X033E-02 

.X033E-02 
•X033E-02 
.X033E-02 
.X033E-02 
. 1033E-02 

. .1033E-02;

•2X23E-03
•2X23E-03
.2X23E-03
•2X23E-03
.2X23E-03
•2123E-03
• 2123E-03 
. 2X23E-03
• 2X23E-03

-.XX60E-04
-.XX60E-04
-.XX60E-04
-.IX60E-0V
-.XI60E-04
-.X160E-04
-.XX60E-04
-.XX60E-04.
-.XI60E-04'

-.5611E-05
-•56XXE-05
-.56X1E-05
-.3611E-05
-•56XXE**05
-.56X1E-05
-.56XXE-05
-.56IXE-05
-.5611E-05

.238 2 E-06 
.2382E-06 
.2382E-06 
•2382E-06 
.2382E-06
• 238 2E-06* 
•2382E-06 
•23S2E-06 
■•2382E-06*

•Q2
.2X23E-03 
•2X23E-03 
.2X23E-03 • 
.2123E-03'
• 2X23 E-03. • 
•2X23E-03
• 2X23E-03. • 
.2123E-03 
•2X23E-03 •

•X033E-02 
•7X74E-03 

..3677E-03 
.1567E-03 -
• 5455E-04 ■ 
.XX48E-04 ■

-.4824E-05 - 
-.X034E-04 - 
-.XX6XE-04 -

•2XZ3E-03 
•X43XE-03 
.4X52E-04 

•.570XE-05 ■ 
-.X475E-04 - 
■•X203E-04 - 
-•B430Er05 ■ 
■•6290E-05 
■•5622E-05

T.XX58E-04 
-.X392E-04 
-.1390E-04 - 
-.8750E-05 - 
-.374XE-05 - 
->.X078E-05 
-.459XE-07 
•.2777E-06 
•3458E-06

-.5545E-05 - 
-.443XE-05 * 
-•2080E-05 - 
-.30X6E-06 - 

.3464 E-06 

.3878E-06 ..' 
•2904E-06
• 2X72E-06*- 
'.X932E-06-

:2=Mn/P C3=vna/P
-.XX60E-04 • 
-.XX60E-04 •
• XX60E-04.- 
-.XX60E-04 ■ 
-.XX60E-04 ■ 
-.XX60E-04 • 
•X160E-04 - 
.XX60E-04 • 
•.XX60E-04 ■

•2X23E-03 - 
.X43XE-03 - 
.4X52E-04 - 
. 570XE-05 - 
.X475E-04 - 
•X203E-Q4 
•8430E-05 - 
•6290E-05
• 5622E-05 .

•X033E-02 ‘ 
.356XE-03 
•3069E-04 - 
•X473E-04 - 
.7975E-05 - 
.2266E-03 
.2758E-06 
•2498E-06 . 
•3457E-06 .

•2X22E-03
•6200E-04
•14X8E-04
• 6967E-05 ■ 
•6023E-06 
.4633E-06 
•3649E-06 
•2366E-06 
•X962E-06

.8380E-05 

.X270E-04. 
•6080E-05 
•3323E-06 
.3845E-06 
■ X5 X7E-06 
•3072E-07 
.X858E-08 
.7600E-08 ’

-.5611E-05
-•56XXE-05-
-.5611E-05
-.5611E-05
-.56X1E-05
-.5611E-05
-.56XXE-05
-.5611E-05
-.56XXE-05

-• XX58E—04 - 
.1392E-04 - 
-.X390E-04 -  
■•8750E-05 -  
-.374XE-05 
.X078E-05 
-.4590E-07 .
• 2777E-06; ' 
.3458E-06

. 2X22E-03 -  

.6200E-04 -  
-.X4X8E-04 -  
■.6967E-05 -  
.6025E-06 
•4633E-06 
•3649E-06 
•2366E-06 -  
.X962E-06 -

•X032E-02 
.X3X0E-03 

-.X483E-04 -  
-.2253E-05 
.4770E-06 

. .2027E-06 
.3350E-07 -  

-.5697E-08 -  
-.XX59E-07 -

.2XX6E-03

.X348E-04
-.7192E-05
.X605E-06
•X90XE-06
♦ 26X5E-08 

-•X4X2E-07 
-.9219E-08 • 
-.7307E-08

.2382E-06 

.2382E-06 
•2382E-06 
■2382E-06 
.2382E-06 
•2382E-06 
■2382E-06 
.2382E-06 
. 2382E-06

-•5545E-05 
-;443XE-05 ' 
-.2079E-05 - 
■•30X5E-06 • 
.3465E-06 • 
•3878E-06 •
• 290<r'E-06 ■ 
•2X72E-06 ■ 
. X932E-06 -

■•8380E-05 
••X270E-04 
-.6080E-05 
-.3322E-06 > 
.3846E-06 • 
•X5X7E-06 ■ 
•3071E-07 
-.X86XE-08 : 
■•7602E-08

•2X16E-03 • 
.X347E-04 
-.7X94E-05 
•1607E-06 • 
•X90XE-06 ■ 
•26X2E-08 
-.X4X2E-07 
■•92X9E-08 . 
■•7307E-08

.9X85E-03 • 
•2293E—09 . 
■• 3557E-05 " 
•258XE-06 - 
•270XE-07 

■.X040E-07 
. 2920E-08
• 2979E-09 - 
•1089E-09 -

-.6268E-04 
T.626BE-09 ■ 
-•6268E-04 • 
-•6268E-04 ■ 
=.6268E-04 ■ 
-.6268E-04 - 
-.626BE-04 ■ 
-.6268E-04 • 
-•6268E-04 •

•X705E-03
• 9907E-04 

-.2022E-04 
-.689X E-04 
-.5575 E-04 
■•3XX3E-04 
-.1539E-04 
■•8275E-05 
-.6349E-05

•X927E-02 
. X339E-02 
•25X3E-03 - 

-•6662E-04 ■ 
••3324E-04 ■ 
■•'4066E-05 
.2084E-05
• 2429.E-05
• 2283E-0.5

■•5826E-02
•2XX8E-02
.453BE-03

■•6254E-04.
-.8630E-05
•24X3E-05
.X2X0E-O5
• 9269E-06. 
•2536E-06

■•1090E+00 • 
.8986E-03 ■ 
•2X67E-03 • 

-.3034E-09 - 
•876IE—06 
.8550E-06 
•2057E-07 • 
•.7994E-07 • 
■«7865iE-0? ■

-.706XE-03 
-.7:06XE-03 
-.706XE-03 
-.706XE-03 
-i706XE-03 
T.706XE—03 
-.706XE-03 
-.706XE-03 
■•706XF-03

- . X35IE-02 
-.I634E-02 
-.I756E-02 
-.X2XXE-02 
-.5507E-03. 
-.X64XE-03 
-.9988E-05 
•375XE-04 
.47X9E-04

.2096E-OX 
•X043E-0X 

-.X090E-02 
-.X365E-02 
-.2023E-03 
•5888E-04 
. 5-348 E-04 
.33P3E-04
.2655E-04

•3472E-0X 
•5X50E-0X 

' .4329E-03 
-.X008E—02 
•3450E-04 
.4X47E-04 
•705XE-05 

-.6962E-06 
-.1695E-05

■•X267E+0X 
;7986E-0X 

-. 7X60E-03 
-.3X03 E-03 
.4624E-04 
•4957E-05 

..2081Er05 
••X37BEr05 
■.X028E-05
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S im p l y  s u p p o r t e d  c i r c u l a r  p la t e  (v=o .3 ) X  •= 1

c4=wP/Pa2 
0.2 C

2 2 5
< 5 .
6 7 -5SO.

1125
1 3 5 .
1 5 7 .5
18a

1125
135:
1 5 7 .5
180.

2 2 5
< 5 .
6 7 .5
90.

1125
1 3 5 .
1 5 7 .5
18 0 .

0
225AS.
675
9 0 .

1125
1 3 5 .
1575
1 8 0 .

112.5
135.
1575

•9869E-01 
.9 B69E-01 
•9869E-01 
.9869E-01 
. 9869E-01 
•9869E-01 
.9 86 9E-01
• 9869E-01 
.9869E-01

.9920E-01 

.9920E-01 
•■9920E—01 
.99Z0E-01 
.9920E-01 

. .9920fc-01 
.9920E-01 
. 9920E-01 
.9920F-01

• 3519E-01 
•3519E-01 
.3519E-01
• 3519E-01 
•3519E-01 
.3519E-01

. . 3519E-01 
.3519E-01 
•3519E-01

‘•2397E-01 
•2397E-01 ' 
•2397E-01
• 2397E-01 - 
.239 7E-01 
.'2397E-01
• 2397E-0i’ 

-.2397E-01. •
•2397E-01
.1196E-01 
.1196E-01 .
. 1196E-01
• 1196E-01 ' 
.11.96E-01 
-.1196 E-01 
.11$6E-01
. 1196E—01 - 
. 1196E-01

.9920E-01 

.•9920E-01 
. 9920E-01 
•9920E-01 
<9920E-01 
•9920E-01 • 
..9920E-01 
. 9920E-01 
.9920E-01
. 9581 E-01 
.9513E-01 
.9381E-01 
.9231E-01 
•9087E-01 
. 3965E-01 
.3873E-01 
.3817E-01 
.379BE-01

•3859E-01
• 3792E-01 
•3&91E—01 
.3959E-01 
. 3285E-01 
.3190E-01 
.3039E-01 
.2 96 9E—01
• 2998F-01 '
•2693E-01

‘.2698E-01
•2533E-01
.2390E-01
.2251E-01
•2136E-01
• 2052E-01 

. .  2002E-01 
'• 198 5 E-01
.1360Er01 
.1336E-01\ 
.1276E-01
• 1199E-01 
•1126E-01 
.1065ErOl 
.1020E-01 
•9930E-02 
.9890E-02

.3515E-01 

.3515E-01 
•3515E-01 
•3515E-01
• 3515E-01 
. 3515E-01 
•3515E-01 
.3515E-01' 
•3515E-01
•3855tr01 
•3792E-01 
.3691E-01 
,395°F-01 
. 3285E-G1 
•3190E-01 
.3039E-01 
•2969E-01. 
.2° 98 E-01.

.379SE-01 
• 3552E-01 
. 3236E-01 
•2932E-01 
.2680E-01 
•2990E-01 
.2359E-01 
.229 3E-01 
•2257E-01
.2789E-01 
.2635Er01 
.2397 E-01. 
.2072E-01 
•1859E-01 ‘ 
. 1695E-01 • 
.1599E-01 
.1528E-01 
.1508E-01
..1938E-01 
.1362 E-01 
.1209E-01 
. 1051E-01 
. 9305E-02 
•8999E-02 
.7 876E-02 

. .7559E-02
• 7999E—02

•2398E—01" 
•2398E-01 
.2398E-01 
.2398 E-01 
•239EE-01 
.23 98E-01 
•2398E-01 
•Z398E-01 
.2398 E-01

.2699F-01
• 269eE-01. 
•2533E-01 
.2 3 90E-O1 
.2252E-01
• 2137E-01
• 2053E-S-01 
. 2002E-01 
.1985 E-01

.27891-01. 
•2636E-01 
•2397E-01 
•2072E—01 
• 1659F-01 
.1695E-01 
.15891-01
• 1528E-01' 
.1-509E-01

.2970E-01 

.2165E-01 
.1785 E-01
• 1999E—01
• 1291E.-01 

_»1159E-01
•1067E—01 
•1019E-D1 
.1009 Ei-01

.1369E-01 

.  1190E-01 
•9925E-02 
•7662E-02 
•6503E-02
• 5752E-02.
• 5283E-02 
.5026E-02 
.9999E—02

0.8
. 1197E-01
• 1197E-01 
•1197E-01
• 1197E-01 
•1197E-01
• 1197E-01 

'. 1197E-01
• 1197E-01 
•1197E-01
.1361E-01 
.1337E-01 
.1276E-01 
.1200E-0}
. 1127F-01 
.1065E-01 
.1021 E-01 
•9937E—02 
•9898E-02

• 1839E-01 
.1363E-01 
. 12C5E-01 
.1052 E-01 
.931 IE-02 
.8950E-02 
.7«81E-02 
.7559E-02 . 
.7959E-02
.1370E-01
• 1190E-01 
•9929E-02 
.7666E-02 
•6506E-02 
..5759E-02 
•5286E-02 
.5029E-02 
•9997E-02
.9921E-02 
.7199E-02 
' .5102E-02 
.3960E-02 
.3283E-02 
.2867E-02 
.26196-02 
.2977E-02 
•2939E—02

:5=M t/P

.5333E-01 
•5333E—01 
.5333E-01 
. 5333E-01 
•5333E-01 
•5333E-01
• 5333E-01 
'.5333E-01 
•5333E—01
.6083E-01 - 
.5976E—01 - 
.5 701 E-01 
. 5355E-01 - 
•5020E-01 - 
.9792E-01 - 
•9539E-01 - 
.9918E—0]
. 9377E—01 -

• 6980E—01 
. 6135E-01 
.5911E-01 
.9709 E—01 
•8153E-01 
.3780E-01 
• 3502E-01 
.3356E-01 
..3309F—01
.6272E-01 
.5999E—01 
.9268E-01 
.3990E-01 
.29 09 E-01 
• 2560E-01 
•2398E-01 
.2231E-01 
•2199E—01
.9935E-01 - 
•-3397E-01 ■ 
.2 328E-01 • 
. 1780E—01 ■ 
•1966E-01 ■ 
.1275E-01 • 
.116IE-01 - 
, 1099E—01 -
• f079 E-01 •

'-6-yn c
- • 1995E+00 
-.1995E400 
- . 1995E+00 
-.1995E+00 
>-.1995E*00 
-.1995E+00 
- . 1995E+00 
- . 1995E+00 
-;i995E+00

i2317E+00 
•2196E+00 
.1919E+00 
•1611E + 00 
.1363E+00 
11196E+00 
•1070E+00. 
.1006E+00 
•9856E-01

-.3807E+00 
-•3130E+00 
-.2089E*00 
-.1915E+00 
-• 1092E+00 
-.83f 0E-01 
-.7178E-01 
-.65 89E-01 
-.6901E—01
r.7060E*00 
-.3862E+00 
-.1715E+00 
-.9756E-01 
-.6667E-01 
-.5155E-01 
-.9361E—01 
-.3968 E-01 
-.3898 E-01
-.1707E+01 
-.2939E+00 
-.8336E-01 
-.9627E-01 
-•3190E-01 
.2916E-01 
,2038E-01 
.1851E-01 
.1799 E-01
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- S im p ly  s u p p o r t e d  c i r c u l a r  p la t e  (y=  0.3) - X  =  3 *

c4=wP/Pa2

1 1 2 5
1 3 5
1 5 7 .5
1 8 5

2 2 5
AS.
6 7 .5
8 0 .

1 1 2 5
13 5.
15 7-5

1 1 2 5
13 5.
157.5
180.

1 1 2 5
135.
1 5 7 5

2 2 .5

6 7 5
9 0 .

11 2 .5  
1 3 5 .  
1 5 7 5  
18 0 .

.199BE-01 

.1998E-01 

.1998E-01 

.1998E-01 

.1998E-01 
•1998E-01 
•19 98E—01 
•1998E—01
• 1998E-01

'il233E-0i 
•1233E-01 ' 
•1233E-01
• 1233E-01.
. 1233E-̂ 01

‘ .1233E-01
..1233E-01
•1233E-01
.1233E-01
.8969E-02 
.8 969 E-02 
.8969E-02
• 8969E—02 
.896$E-02
• 8969E—02 
.8969E-02
• 8969E—02 "
• 8969E—02

’.5050E-02 
.5050E-02- 
.505 0E-02; 
•.5050E-02 7- 
.5050E-02 ■ 
.5050E-02 ■
• 505.0E-02 

’.5050E-02
.5050E-02
. 2300E-02 

:i2300E-02* 
•2300E-02-- 
•2300E-02!' 
.2300E—02,

. • 230OE—02• 
. 2300E-02 
. 2300E-02 
.2300E-02-

0.2
•1233E-01 
• 1233E-01 
.1233E-01 
.1233 E-01 
.1233E-01 
•1233E-01 
• 1233E-01 
. 1233E-01 
.1233 E-01

.H91E-01 
'•1929E-01 
. 1319E-01 
.1188E-01
• 1073E-01 
.9790E-02 
.9101E-02 
. 8686E-02 
.8597E—02
.1208 E-01 
•1156E-01 
.1033E-01 
. 8912E-02 
. 7623E-02 
.6600 E-02 
.5878E-02 
•5959E-02 
.5319E-02 .

• 78 35E-02 
‘ .798 3 E-02 
-.6611 E-02 
.5570E-02 
.9618E-02 
.3869E-02 
.3397E-02 
.3099E-02 
.2995E-02
.3790E-02 
.3565E-02 . 
.3127E-02 
.'2600E-02 
.’2117E-02 
il739E-02 • 
•197CE-02 
•1327E-02 
'.1278E-02-

.0 .4
•8970E-02
•8970E-02
• 8970E-02 
.89 70E-02 
.8970E-02 
•8970E—02 
.8970E-02 
.8970E-02
• 8970E-02

.12 08 E-01
• 1156E-01. 
-1033E-01 
.8913E-02 
.7629 E-02

. .6601E-02 
.58 79E-02 
.59 59 E-02 
.5315E-02
.1928E-01 
•1251E-01. 
.9895E-02
• 7980E-02 
.56 81 E-02 
.9927E-02 
.3622E-02 
.3177E-02 
.'3035E-02

.107 6 E-01 
•;9975E-02 
.7107E-02 
.5036E-02 
. 3550E-02 
.2579E-02 
•1977E-02 
.165 8E-02 
.15 58 E-02
.5956E-02 

• .98 21E-02 
.3563E-02 
•Z992E—02 
.1652 E-02 . 
.11975-02 ; 
.8962E-03 
. 6882E-03 
.6391E-03

•5053E-02 
.5053E-02 
•5053E-02 
.50531-02 
.5053E-02 
•5053E-02
• 5053E-02
• 5053E-02 
.5053E-02

•783BE-02 
•7986E-02 
•6619E-02 ‘ 
.5573E-02 
..962GE-02 
.3871E-02 
.339 9E-02
• 3096E-02 
. 29 97E—02
• 1077E—01 
.9978E-02 
•7109E—02 
•5.038E-02 .
• 3551E-02 . 
• 2575E—02 
.1978E-02 
•1659E-02 
•1559E-02.
•118PE—01
• 9056E-02 
.5826E-02 
•3629E-02 
.2277Et02 
.1989E—02
• 1036E—02
• 808 5E—03 
.7390E-03
.6891E-02 
.5259E-02 • 
.3150E—02 
.1826E-02 
. 1079E—02 
.65605-03 : 
.92 90 E-03’ 
.316eE-03. 
.2 830 E-03

0.8
.2309E-02 
.2309 E-02 
.2309E-02 
.2309E-02 
•2309E-02 
.2309E-02 
.2309 E-02 
.2309E-02 
..2309 E-02

.3796E-02 

. 3571E-02 

. 3133E-02 

. 2605E-02 

.2121E-02 

.1792E-02 

.198 IE-02 

. 1330E-02 
•1281E-02
.59 69E-02 
.9828E-02 
.3568E-02 
• 2995E-02 
.1655E-02 
•1199E-02 
•8977E-03 
.6895E-03 
•6903E-03

.6899 E-02 
.5259E-02 
.3159E-02 
.1827E-02 
.1075E-02 
.6568E-03 
.9296E-03 
•3173E-03. 
-.2839E-03
.6275E-02 
.3609E-02 
. 1811E-02 
.9935E-03 
.5110E-03 
.2881E-03 
•1729E-03 
• 1178E-03 
.J015E-03

C5=Mt / P

.9991E-02 

.9991E-02 

.9991E-02 
99 91E-02 

.9991E-02 
•9991E-02 
•9991E-02 
.9991E-02 
. 9991E—02

.1692E-01
• 1569E-01 
’.1368E-01 
.1132E-01 
. 9165E—02 
.7979 E-02 
.6318 E-02. 
.5699E—02 
•5932E-02
.2939E-01 
. 2155E-01 
.1589E-01 
.1079E-01. 
•7179E—02 
.9912 E-02 
.35 73 E-02 
.28 79 E-02 
•2658E-02

‘.3177E-01 
•2931E-01 
• 1931E—01 
•8113E-02 
.9675 E-02 
.27 96 E-02 
.1787E-02. 
• 1292E-02 
• 1199E-02
• 3260E-01 

-.1781 E-01 
.8373E-02 
•.9217E-02 
•2Z26E—02 

'• 1222E—02 
.7107E-03
• 9686E-03. 

-.3 972E-03

C6 %  3/p
• ?199E-01
, 2199E—01 ‘ 
.2199E-01 
.2199E-01 
.2199E-01 
•2199E—01 
. 2l99Er01 
• 2199E-01 
.’2199 E-01'

-.2969E-01 
—.1709E—01 
- .5 159E-03 

.1969E-01 
. .293BE-01 

•2927E—01 
•3128E-01 
.319 3E—01 
. 3206E-01

-.1559E+00 
-.1003E+00 
—.2399E—01
• 1957E-01 
.2727E-01 
.2975 E-01 
•2906E-01 
V2 800E-01 
•2756E-01

- .  9976E+00" 
-.2018E+00 
-.2927 E-01 

•1701E-01 
.2901E-01 
.2299E-01 

... 2079 E-01 
•1909E-01 
.1852 E-01

-•1592E+01’ 
-V1359E+00 
-•9912E—02 

.1268 E-01 
••.1378 E-01 
■ .1209E-01 
•1090E—.01 
’.9329E-02 
.8963E-02
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S im p l y  s u p p o r t e d  c i r c u l a r  p la t e  (v=o.3) X  =  5

c4=w P/Pa2
0.2 0.4 5=Mt/P :Vn a/p

.9 9691-02 

.9989E-02 

.99B9E-02 

.9969 E-C2 

.9989E-02 
•9 989E-02 
•9 989E-02 
.9989E-02 
. 9989E-02•

.3193E-02
•3193E-02
.3193E-02
•3193E-02
•3193E-02
.31931-02
•3193E-02
•3193E-02
.3193E-02

• 1292E-02 
• 1292E-02
• 1292E-C2 
.1292E-02 
.1292 E-02 
.12 92 E-02 . 
•1292E-C2
• 1292E-02 
.1292E-C2

. 3512E-C3 .. 

.3 512 E-03 

.3512E-03  

.351JE-03 
•3512E-C3 I- 
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■.156*E-07 -.5905E-0*
-•6399E-07 -.1992E-05
-.1*3BE-0B -•2706E-05

.59e*E-0B -•7719E-06
i5739E-08 -.3766E-06
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2 2 .5  
4-5 .
6 7 .5  
9 0 .  '

1 1 2 .5  
1 3 5 .  "

«

■ Sim ply • supported c ircu lar plate
Influence surface of M r (ygQ:3)

X =11
Influence surface of M t (ysQ3) •

0.2

0 4 '

6 7 .5  
9 0 .

1 1 2 .5  
1 3 5 .
1 5 7 .5  
1 8 0 .

0
2 2 .5
4 5 .
6 7 5
9 0 .

1 1 2 .5  
1 3 5 .
1 5 7 .5  
1 6 0 .

0.8

’• 10006431- 
.1000E+31 
•1000E431 
«100(064 31 
.100064 31 .. 

.*10006431 . 
•1000E+31 
.1000E431 
.1000E+31 

■.189iE-01 
-.18916-01 
-.18916-01 
-.18916-01 

189 16-01 
1891E-01 

■•1891 6—01 ■ 
•.1891E-01 
-.18916-01
-.91726-02 
-.4172E-02 
-.9172 6-02 
-.91723-02 
-«9172Er02 . 
-.9172E-02 
-.9172E-02 
-.9172E-02 
-.91726-02 
.30986-03 
•3098E-03 ■ 
.3098E-03 ■ 
• 3098E-03 
.3098 6-03 
.3098 6-03 
.30986-03 
.30986-03 
O098E-03 
". 135 3E-03 
.13936-03 
. 135 3E-03' 
.13536-03 
.13536-03 
.13536-03 
.135 36-03 
. 135 3E-03 
. 1353E—03

-.18916-01 - 
-.15126-01 - 
-•6003E-02 • 
.3079E-02 - 
.68236-02 • 
•30746-02 - 

-.60036-02 - 
-.1512E-01 - 
-.1891E-01 • 
•1000E+31 - 
.63506-01 - 
.13006-01 - 
.28916-02 - 

-.66506-02 - 
-.63836-02 • 
••5291E—02 
-.99626-02 
-. 9172E?02 
-.1891E-01 
-.15306-01 ‘ 
-.99116-02 * 

9699E-02 - 
--1776E-02 
-.9260E-03 
.99386-09 
.27226-03 
. 3103E-03 

-.9165E-02 - 
-.29896-02 - 
-.10286-02 - 
•5859E-09 
.32626-03 
.2829E-03 
.19906-03 
•1963E-03 - 
.1 296E-03 - 
.31896-03 • 
.35926-03 - 
.33936-03- 
.21806-03 
•9600E-09 
.28 07 6-09 • 
.10076-05 - 

-.7525E-05 - 
-.93066-05 -

0.4
.91726-02 . 
. 3693E-02 
.25396-02 . 
.1390E-02 
.91526-03 • 
»1390E-02 
.25396-02 
. 3693E-02 
.91726-02 
.18916-01 - 
.8 270E-02 * 
•1906E-02 - 
.11186-02 - 
.90996-03 
. 3501E-03 ’ 
•6157E—09 
.25736-03 
.3103E-03 
.10006431 • 
.15776-01 - 
.2231E-02 • 
•1105E-02 
.9191E-09 
■2571E-03 
.2066E-03 
.14956-03.- 
.12996-03 - 
.1889E-01 
.9981E-02 
.19656-02 - 
.12676-03 
.2002E-03 
.6711E-09 - 
•9513E-05 - 
•6227E-05 -  
.90976-05 - 
.9319E-02 - 
.16916-02 - 
. 2096E-03 • 
• 1890E-03 
.2686E-09 - 
.99036-05 - 
.92916-05 - 
.6019E-05 
• 49 94 E-05

0.6
30996-03
26416-03 •
15356-03
42636-04
338QE-05
42636-04
15356-03
26416-03
30996-03
41656-02
23846-02
5611E-03
9B72E-04
66076-04
1.471 E-03
15446-03
1379E-03 -
12966-03 -
18906-01 • 
42076-02 - 
76006-03 
139 3E-04 
1186E-03 
53636-04 • 
8960E-05 • 
60286-05 • 
90436-05 ■ 
1000E431 • 
18196-02 ■ 
6956E-03 • 
1467E-03 
4333E-04 - 
6461E-05 - 
8728E-05 - 
57756-05 
4706E-05 
1921E-01 
53026-02 ■ 
U04E-04 • 
9463E-04 • 
5607E-05 ■ 
5657E-C5 ■ 
1076E-05 
1241E-06 
3062 E-06

0.8
• 1359E-03" 
.12116-03 
.85296-04 
.49 58 Et04 
.34806-04 
.49586-04 
.85296-04 
• 1211E-03
• 13596-03. 
.32616-03 
.2839E-03 
. 1467E-03 
.55066-04 
•3168E-04 
.16136-04
• 1293E—05 
•7160E-05 
.96206-05
•43286r02 
. 1279E-02 
• 2515E-05 
.54996-04 
.14726-04 
•6289E-05 
. 7B92E-05
• 58 34E-05 
.4974E-05- 
.19396-01 
.26226-02 
•9662E-04 
.5275E-04 
.3579E-05 
.47946-05 
.1009E-05 
.1334 6-06 
.31926-06
• 1000E+31' 
. 9348E-03 
•5526E-05 
.23596-04 
. 5539 E-05 
.49376-06
• 3 977E-06 
.2645 E-06 
.20206-06

.10006+31 
•10006431 
.10006431 - 
.10006431 • 
.1000E431 - 
.1000E431 ■ 
.10006431 • 
.10006431 
.10006431 
.68236-02 
.68236-02 
.6823E-02 - 
.6823E-02 - 
.68236-02 - 
.68236-02 - 
• 6823E-02 - 
•6823E-02 - 
•6823E—02 - 

-.91526-03 
-.9152E-03 
-.9152E-03 - 
- . 9152E-03 - 
-.9152E-03 • 
-.91526-03 - 
-.91526-03 - 
-.9152E—03 - 
-.91526-03 - 
-.35916-05'- 
-.35916-05 - 
-.3591E-05-- 
-.35916-05 - 
-. 3591E-05 
-.35916-05 
-.3591E-05 
-.35916-05 
-.35916-05 
.34966-04 
.34966-04.
.34966-04 
.34966-04 
.3 4.96 E-04 
.34 96E—04 
. 3496E-04 
. 3496E-04 - 
. 3496E—04# -

-.6823E-02 « 
.30746-02 • 
.60036-02 • 
• 1S12E-01 • 
.18916-01 - 
.1512E-01 - 
.60036-02 • 
.30746-02 - 
.68236-02 - 
<10006431 
.18766-01 - 
JU50E-01 - 
.11256-01 ■ 
.66506-02 ■ 
.3407E-02 - 
.17756-02 - 
.10956-02 
.91506-03 -
.68226-02 
.85186-03 - 
.31536-02 - 
.22146-02 - 
.90456-03 

'•2844E-03 
.7422E-04
• 1500E-04 
.32416-05 
•9126E-03
. 8510E-03 • 
.47426-03 - 
«7$53E-04 
.65856-04 
.7204E-04- . 
.51406-04 
.3738 E—04 . 
.32986-04 - 
.1047.6-05 - 
.32106-04 -  
•7143E-04 
•6258E-04 ’
• 3196E-04 '
. 1112E-04 - 
. 238 9E-0 5 -  
•4067E-06 -  
•1001E-05 -

.9152E-03 •

.13906-02

.2539E-02

.36936702.

.4172E-02

.3693E-02

.25396-02

.13906-02

.91526-03 -

.6822E-02 -

.61476-02 -

.11176-01 -

.57496-02

.17766-02

. 3589E-03

. 3580E-04
•6966E-07
•3249E-05
.10006431 
.15706-01 ■ 
.95416-02 ■- 
.16916-02 
.41676-04 
.14306-03 
.76806-04 
.42066-04 • 
.33126-04 • 
.68286-02 
. 4144E-02 - 
.17206-02 - 
.74716-04. 
.1183E-03 
.32846-04 - 
.5658E-05 - 
•4550E-07 - 
.77586-06 -  
.96046-03 
•7174E-03 -  
.49346-04 
>98 40E-04 
.15086-04 -  
• 3097E-05 -  
.2 839E-05 -  
. 1690E-05 -  
. 1345E-05

0.6
. 3380E-05 
.42636-04 
.15356-03 
.2641E-03 
.30996-03 
.26416-03 
.15356-03

.91316-03 • 

.14516-02 

.93966-03 

.77466-04 
• 3262E-03 
.20796-03 
.9593E-04 
.45756-04 - 
.33016-04 -
•682SE-02 • 
.94226-02 • 
.29336-02 
.21486-03 
.20006-03 
.46316-04 - 
.61926-05 • 
.16516-06 * 
.78806-06 
.10006+31 
.16556-01 - 
.14926-02 
•2632E-03 
.43136-04 - 
.3480E-05 - 
.33296-05 - 
.'1690E-05 • 
. 1257E-05 
.67716-02 , 
. 4672E-02 -  
.18986-04 
.95216-04 
.340IE-05 -  
.30386-05 -  
.469 56-06 
.45396-08 
. 4797E-07

.34806-04- 
.49586-04 
.8529E?04 
.12116-03 
•1359E-03 
.12116-03 
.85296-04 
. 4958E-04 
,34806-04 
.66346-06 
.10796-03 
.26736-03 
.22706-03 
.96586-04 
.2288E-04 
.18506-05 
.9965E-06 
.8978 E-06
.95906-03 
. 1127E-02 
.25556-03 
.23416-03 
•2727E-04 
.68686-05 
.4265E-05 
.19086-05 
.13366-05 
.67656-02 
. 7429E-02 
.10156-03 
•1380E-03 
.54806-05 
.39416-05
• 5 347E-06 
.65066-08 
•4228E-07 
.10006+31 
•1001E-01 
.13106-03 
,40196-04
• 5544 E-05 
.44546-06 
.16726-06 
. 8314E—07 
.56406-07
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Clamped rec tang u lar plate b/a = 1.4 • I X = v

m

Influence coefficient S j=w D /pa2 a t x= y=Q Influence surface, of My o t x = y  =Q~ (v=0.3)
0.4 0.8 . Q2 04 0.6, 0.8 .

•2000E-02 
•69136—02 
. 13896-01- 
.21866-01 
•2723E-01 
.2186E-01 
.13896-01 
.69136-02 
• 20006-02

. 18 06E-02 

.6278E-02 

.12596-01• 
•1953E-01 
.23386-01 
.195 36-01- 
.1259E-01 
.6278E-02 
.1806 E-02

.12936-02

.46046-02-

.92356-02

.16006-01

.1629E-01

.1600E-01-:
•9235E-02
.46046-02-'
. 129 3E-02

.65616-03 
•249 06—02- 
.50666-02 
.759BE-02 
<87366-02 
.75986-02 
.5066E-02 
.26906-02 
.65616-03

.1812 E-03 
.71076^03 
• 1-500E-02 
.22766-02 
. 2620Er02 
. 2276E-02 
.15006-02 
.71076-63 
•1B12E-03

-.23716-02 - 
.2685 6-02 - 
.1089E-01 
. 6206E-01 
•10006631 . 

-.62066-01 
.10896-01 . 

-.26856-02 ■ 
-.23716-02 •

.21536-02 • 

. 2196E-02 -  

.11356-01 

.59736-01 

.16506600 . 

.59736-01 

.11356-01 . 

.21966-02 -• 

.2153 6-02 ■

.1629E-02 - 

.1332E-02 • 

.10106-01 

.629 3E-01 
,73876-01 
•4293E-01 
.10106-01 
.13326-02 • 
.1629 6-02 ■

•1000E-02 
.80716-03 
,5950E-02 
.22206-01' 
• 338666-0.1. 
.22206-01 
.595 06-02 
.8 071- 6-03 
.10006-02

-.35856-03 
-.61-766-03 

•16266-02 
.63766-02 

.' .96916-02 
.63766-02 

- .16266-02. 
*■*61766-03. 
-.35856-03

Influence coefficient s2=Vy a/p.- atxsO  ,y = b Influence surface of My at XaO. y= b
0:2 , ' 0.8 Q2 0.8

0.8 
0.6 
0.6 . 
0.2

-Q 2
-0.4
- 0.6
- 0.8

• 22096^01 -»10’616*01 •-.16156 + 00 -.69036-01 .6628E-C
.1048 6401 -.79706600 -.38636600 -.13786600 -.2990E-( 
.57686-600 -.69526600 -.31656600 -.16796600 -.3899E-< 
.3196E600 -.2850E600 -.1999E600 -.1032E600 -.2900E-C 
.16796600 - .1 5 16E600 -.10926600 -.5785E-01 -.1636E-C 
• 8060E-01 -.72816-01 -.52696-01 -.2755E-01 -.76926-0 
.33886-01 -.3065E-01 -.2157E-01 -.1088E-01 -.270SE-( 
.11356-01 -.10066-01 -.68066-02 -.3087E-02 -.5939E-I 
.22216-02 -.19056-02 -.1122E-02 -.31666-03 -.2902E-<

-.29336400 
2357E600 

>.16766600 
■•10796600 
-.63186-01- 
>.33686-01 
>. 1567E-01 
•.59816-02 
-.13756-02

-.1888E600 • 
-.19816600 < 
-.16966600 • 
-.9788E-01 > 
-.57506-01 ■ 
- • 3O62E-0i ■ 
-.1617E-01 
-.53616-02 •• 
-,ljLQ?E-02_:

.73 89E-01 ■ 

.12316400.■
• 105 6E600 
.71766-01 • 
.62636-01" ■ 
.22326-01 • 
.102 66-01 - 
.375 7E-02
• 78 36E-03

.28866-01 

.58166-01 

.55776-01 

.3926E-01 

.23236-01 

. 1206E-01 
-.5363E-02 
-•1841E-02- 
■•3085E-03

-.62016-02 
•.16066-01* 
-.16366-01 
-.11616-01 
-.6795E-02 
-.33976-02 
-.1619E-02 
-.62676-03 
■•73326-06

Influence surface of My a t x = y = O (v = Q ,3 ).
-Q .8 -O.A - 0.2 Q2 0.4
•5030E-03 
.20286-02 
.3712E-02 
.61586-02 
.38206-02 '

,2088 6-02 
.7916E-02 
.16 89E-01 
11861E-01 
,17966-01

.6507E-02 

.16666-01 

. 3320E>-01 

.67066-01 

.6863E-01

.6719E-02 

. 2663E-01 

.56016-01- 

.96 856-01 

.113164-00

.76216-02- 

.2 810E-01 

.66196-01 
,132664-00 
.1000E431

,6719E-02 
.26636-01 
.56016-01 
.96 8 5 E-01 
.11316400

, 6507E-02 
.’16666-01 
.33206-01 
.67066-01 
.6863E-01

.20886-02 

.79166-02 
, 1689E-0! 
. 18616-01 
.17966-01

.5030E-03 

.2028 6-02 

.37126-02 

.61586-02 

.3 820E-02
Influence surface of Mx a t x=  a , y = 0

- 0 4 - Q 2 02 0.4 0.6 0.8
-.73086-03 -.29096-02 -.63276-02 -.9890E-02 -.12656-01 -.12876-01 -.10666-01 -.58386-02 -.13916-02
-.29986-02 —. 1123E—01 -.?2696-01 -.34786-01 -.4436E-01 -.4771E-01 -.41596-01 -<2593E-0i -.76806-02
-.61576-02 -.22076-01 -.43976-01 -.68156-01 -.90126-01 -.10376400 - . 1006E400 .-.72866-01'-.28076-01

8886E-02 -.3141E-01 -.6274E-01 -.9907E-01 -.1365E400 -.16996400 -.19026400 -.17826400 -.9186E-01
-.999 36-02 -.35156-01 -.70386-01 -.1121E4QQ -.15746400 -.20356400 -.24726400 •-.28486400'.-.30126400

Influence coeffic ient Sa^y^ a/p>. a t .x = a ,  y=Q
-0 4 “  0.2 0.2 04

-.10246-02 • 
>.52746-02 ■ 
>. 12476-01 ■ 

1967E-01 • 
-, 2279E-01 ■

,45486-02 -.10186-01 -.15516-01 > 
, 2059E-01 -.42366-01 -.6474E-01 
,4604 E-01 -.94306-01 -.1502E400 
.7145E-01 -.14836400 -.2470E400 
. 8242E-0 1 —. 1724E400 -.2925E400

-.17916-01 -.15316-01 -.80856-02 • 
>.79956-01 —.7917E—01 -.57286-0? ■ 
>.20346400 -.23646400 - .  2213E400.I- 
■.3656E400 -.50036400 -.63216400 - 
-.45006400 —.6647 E400 -.98826400 ■

.65306-03 

.22386-01 

.13506400 - 

.66846400 • 

.1572 E401 •

.15826-02 

. 4133E-02 

.58 77E-01 

.23166400 

.29266401
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Clamped rec tangu lar plate | b /a  = 1.2 | X=s~

M l
Influence coefficient Si=wD/pa2 a t x=y=Q Influence surface of My o t x = y = 0 ' (v=0.3)

Q2 0.4 0.6 0.8 04 0.6 0.8

- 0.2
-04
- 0.6
- 0.8

• 29016-04 •
• B551E-04
.80206-03
.27066-02
.49926-02
.27066-02
.80206-03
.85516-04
.29016-04 ■

.31506-04 - 

.50786-04 - 

.61406-03 

.19906-02 

.31466-02 

.19906-02 

.61406-03 

.50786-04 ■ 

.31506-04 -

.33446-04 

.128 56-04 

.26486-03 

.87956-03 

.12926-02 

.87956-03 

.26486-03 

.12856-04 

.33446-04'

-.26226-04 • 
-.42096-0 4 - 

.38896-04 • 

.23006-03 

.3488 6-03 
-.23006-03 

.3 8896-04 • 
-.42096-04 - 
-.26226-04 ■

.10306-04 

.23666-04 

.15606-04 

.18026-04 

.3 97 86-04 

.18026-04 
•15606-04 
.23666-04 
.10306-04

.2128 6-02 
-.90516-02 - .  
-.18226-01 - .  
-.41936-02 ,
. 100064 31 ,

-. 41936-02
■i 18 226-01 -,
-.90516-02 -, 
-.21286-02 -,

17886-02.
75466-02'-
14176-01'
37416-03
.52906-01
.37416-03
.14176-01
,75466-02
.17886-02

- i  10496-02 • 
-.44706-02 ■ 
-.76666-02 • 
-.10506-02 ■ 

.10376-01 
-.10506-02 • 
-.76666-02 < 
-.44706-02 • 
-.10496-02 ■

■3925E-03 -,  
.18846-02 -., 
.32836*02 4, 
.17156-02 -  
.59676-03 
.1715E-02 
.32836-02 -  
.18846-02 -  
.39256-03

>.51866-04 
>..'43486-03' 

B686E-03' 
71696-03 
,38376-03 
•71696-03 
86866-03 
4348 6-03 
51866-04

Influence coefficient s2^Vy a/p.- at x=Q . y= b Influence surface of My at x=Q. y= b.

m.as
as

0.2 0.4 Q2 OA 0.6
-.20456401 
-.51436400 
-.66446-01 

.21566-01 

.17806-01 

.56416-02 
•.22496-03 
-.70  156-03 
-.29476-03

-.65616400 
-.26396400 
-.25226-01 ,

•2 5306-01 <
.16816-01 , 
.50196r>02 ,
.82876-04 -  

-.69356-03 
-.28176-03 -,

,11496400 
,17095-01 .
,30936-01 ,
27806-01 ,
13326-01 ,

,33766-02 i 
,22856-03 - ,  
,63816-03 -, 
,23756-03 -

,25136-01 
5 3226-01 
36616-01 

,19766-01.
,75546-02 
14246-02 
42576-03 -.2699E-< 
47066-03 -.18B76-< 

.15476-03 -»515.1E-<

.1869 6-1 
• 19996-( 
»1392E-( 
.65 936-1 
.20776-1 
. 1679 E-(

-.21476+00 -  
-.9346E-01 -  
-.25106-01 -  
-.15976-02 -  
.24606-02 

..148 3E-02 
• 4106E.-03 
.25476-05 -  

-.34836-04 -

,10496+00 -  
,63866-01- 
,18496-01 -  
.51166-03 
.24236-02. 
.13736-02 
.36 726-03 
,49 37E-05 - 
.34366-04 -

, 1530E-01 
,20936-01 
,63236-02 
,13176-02 
,21476-02 
,1059 6-02 
,25316-03 
.214BE-04- 
,31726-04

-.24576-02 
-.2592E-02 

.19086-03 

.18126-02 

.14406-02 

.60716-03 

.11456-03 
-.31516-04. 
-.23906-04

.87156-03 

.62566-03 

.85006-03 

.84366-03 

.50686-03 

.17876-03 

.17616-04 
-.19646-04 
-.98906-05

Influence surface of My- a t x = y = O (v=Q,3)
- 0.6 - 0 A “ 0.2 02 0.4 0.6 v OB

-.47906-04 -.2648E-03 -.4791E-03 ->53056-03 -.5082E-03 - ,
-.41476-03 -il427E-02 -.20286-02--.15136-02 -J94626-03 -,
-.14126-02 -.43476-02 .— 5245E-02 -i43966-03 .4239E-02 -
-.30246-02 -i94106-02 -.1188E-01 . 7038E-02 .39006-01- ,
-.39586-02 -.12696-01 -.18396-01 .64076-02 .1000E+31 ,

5305E-03 -.47916-03 - 
.1513E-02 -.20286-02 • 
,43966-03 -.52456-02 • 
,70386-02 -.1188E-01 • 
,64076-02 —.1839E-01 •

,2648E-03 -.47906-04 
,14276-02 -.41476-03 
.43476-02 -.14126-02  
.94106-02 -.30246-02  
.1269E-01 -.39586-02

Influence ..surface of Mx a t x = a  , y = 0
- 0.8 “ 04 -Q 2 Q2 0.6
86 17E-05 

.11706-04 

.61226-04 
•1112E-03 
.13206-03

.2001E-04 

.16066-03 

.38416-03 

.5839E-03 
,66316-03

.14306-03

.57556-03

.11136-02

.15216-02

.16676-02

.38916-03 ,
•1265E-02 .
•2063E-02 .
.2389E-02 .
.2 411E-02 - ,

7255E-03 .
19696-02 
22376-02 - ,  
89 18 E-03 - ,  
15906-03 - ,

10446-02 .12186-02
2173E-02 -.16656-02 
3285E—03 -.67226-02 - 
82856-02 -.32276-01 • 
,13706-01 - . 5 190E-01 •

.11166-02 

. 11596-02 

. 1205E-01 • 

.68226-01 • 

.13006400 •

.55706-03 

.10836-02 

.75226-02 ' 

.63746-01 

.23886400
Influence coefficient s3=Vx a/p- at x = a , y=o

-.15736-03
-.29946-03
-.2453E-03
-.96 766-04 
•. 2 145 E —04

• 0.6 -  0.4
.35186-03 -.15846-03 

".3865E-03 .10026-02
.2644E-03 .35776-02
.11066-02 .60646-02
. 1481E-02 .70476-02

- 0.2 .

.96046-03 

.53806-02 

.11716-01 

.16176-01 

. 1743E-01

0.2 04 0.6
..35606-02 ■ 
. 14036-01 
,24766-01 
•2612E-01
•2326E-01 - .1 6 17E-01 •

.76546-02 .11606-01'

.26746-01 .40036-01.
.3821E-01 .46146-01
.12196-01 - .  7673E-01'

.11386-01 

.44116-01 
.54 97 6-01 
.265 9E400■ ■ 

21586+00 -.85376+00

OB
.47466-02 
.27956-01 
.27866-01 
.18 406+00 
■• 2654 E+01'
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Clamped rec tang u lar plate 1 b/a?1.2 | X = 7"
Influence coefficient s^w D /pa2 a t x=y=Q Influence surface of My a t  x = y  =0  (v^0.3)

E E Q2 0.8 0.6 0.8
.1 1306-04 - 
.36006-04 - 
.77256-04 
.91116-03 
.25516-02  
j9 1116-03  
.77256-04 
.36006-04 ■ 
.11306-04 •

.97906-05 • 

.14766-04 - 

.30676-04 ■ 

.53226-03 

.11746-02 

.53226-03 

.30676-04 • 

.34766-04 ■ 
.97906-05 •

.59436-05 - 

.27426-04 ■ 

.27036-04 ■ 

.97266-04’- 
•23256-03 • 
.97266-04 • 
.27036-04 ■ 
.27426-04 ■ 
.59436-05 •

,2034 6-05 • 
«14336t 04 - 
.32136-04 -  
.29096-04 • 
,17326-04 • 
,29096-04- • 
.32136-04 • 
.14336-04 • 
.20346-05 •

.27696-07 

.34736-05 

.11366-04 
• 10 60Er04 
.20036-04 
.10606-04 
.1136E-04 
,34736-05 
,2769 6-07

Influence coefficient s2=Vy a/p.- at x=Q , y= p"

.19606-03  

.17156-02 - 

.1 1116-01 - 
.16576-01 - 
.1000E+31 ' 
.16576-01 - 
.11116-01 • 
.17156-02 -■ 
.19606-03

,21726-03- 
.11596-02 ■ 
.77446-02 « 
.02726-02 • 
,2060E-01. 
,0 2726-02 > 
.77446-02 ■ 
.11596-02 -< 
.21726-03

•2169E-03 
.25296-03  
. 2910E-02 • 
.35356-02 • 
.1 136E-02 • 
•3535E-02 • 
.29106-02 • 
.25 29.6-03 . 
.21096-03

,15306-03 
.15216-03 
•5767E-03- •1223 6-02.
. 9967E-03 
.12236-02 
.57676-03 
.15216,-03' 
♦15306-03

.*54106-04 
.1117E-03. 

,.3925Et 05 
-•1966E»*03 
-.2636E-03 . 
-.19666-03 

.39256-05 

.11176-03 
..5  4106-04

2 E

Influence surface of My at XsO» y=b
0.2 ' 02 0.6

- Q 2
-0 .4
7O.6
-0.8

•15746*01 ■ 
.L553E*00 • 
• 32 72E-0 1 
.13316-01 
.14916-03 ■ 
.9402E-03 ■ 
.20136-03 - 
•3405E-04 
.20606-04

.37656400 

.23946-01 

.36506-01 
•1105E-01 
.27096-03 ■ 
.91916-03 • 
.17706-03 ■ 
.3615 E-04 
.19066-04

.1618E+00 

.7210E-01 
•3019E-01 
.54976-02. 
.10506-02 ■ 
.700 46-03 ■ 
.11366-03 • 
•3907E-04I 
.17076-04

.1413E-01 

.33326-01 

.11076-01 

.5404E-03 

.12636-02 
i 50916-03 
.30926-04 
.34626-04 
•11666-04

.0 9156-02  

. 5177E-02 

.12636-02  
- .75 56 6-03  
- .6 1 3 7 6 -0 3  
- . 1645E-03 

.5 2356-05  
.17146-04  
.41.496-05

•• 1570 E*00' 
-.34316-01 
..4375E-04  
•1965E-02 
.36296r03  
.6 5 33E-04 

-.'42916-04 
-.39936-05  
.19236-05

'-.'64726-01 ■ 
-.16 44 E -01  • 
' .12076-02  

.17626-02  

.3 03 6E-03 
- .70 25 6-04  • 
- .3 9 9 0 6 -0 4  • 
- .3 2 2 1 6 -0 5 -  

.1 91 16 -0 5 ’

.2506E-03 

.40766-03 

.24106-02 

.11026-02 
il2926-03-- 
. 7409E-O4 
.31166-04 
.13566-05 
.1 604E-05

•7566E-03 
.23136-02 • 
•16006-02 
.49636-03. 
.10676-04 -  
.61246-04 - 
■.16236-04 • 
•40236-06- 
.14236-05

.06346-03 

.00016-03, 

.4341 E-03. 

.79556-04. 

.36296-04. 

.26066-04 

.5 2526-05 

.93276-06 

.63606-06
Influence surface of M^ a t x = y = Q (v=Q,3)

-0 .6 -O A -0.2 Q2 0.4 0.6 0.8
• 4115E-04 .0640E-04 .67576-04 .11606-04 -.16126-04
.*1206-03 .95026-04 -.21526-03 -.4946E-03 -.5461E-03 -
•4525E-04 -.71116-03 -.23006-02 -.21656-02 -.70476-03 -

-'.3535E-03 - .  3244E-02 -.8874E-02 -.3506E-O2 .10196-01 -
-.67166-03 - .  5250 E-02 -.156 76-01 -.11076-01 .100064-31 ’-

, 1160E-O4 .67576-04
,4946E-03 -.21526-03 
.2165E-02 -.23006-02 
.35666-02 -.00746-02 
.11076-01 7.15676-01

.06406-04  

.95026-04  
-.71116-03 
-.32446-02 
-.525 06-02 '

• 4115E-04 
-.1 f 206-03 
,4525 E-04 

-.35356-03 
’.6716E-03

Influence surface of Mx a t. x = a ,y = Q .
-0.6 - 0 4 . -Q 2 Q2 0.6-

• 20636-06’ -.549 fE -0 5 '-’.2300E-04 -.4579E-04 -.3950E-04. 
-.29656-05.-.22696-04 -.6090E-04 -..6266E-04 .12236-03
-.06436-06 -.42596-04 -.75456-04 .57026-04- .69006-03
-.13906-04 -.56256-04 -.5094E-O4 .2710E-O3 .13756-02
-.16146-04.-,60616-04 -.4409E-O4 .30246-03 .16606-02

.45496-04 : .20026-03 

.64006-03 -.1345E-02 

. 1064E-O2 .2413E-02

.23746-02 -.27676-02 - 

.2056E-02 -.96146-02 -

.20106-03 

.16906-02- 
,11416-02 • 
.24276-01 ■ 
. 6411 E-l01 •

,13 486-03 
,1190E-02 
,40176-03 
• 35666*-or 
.19066*00

Influence coeffic ient sa=Vx a /p , a t x =.a, y=Q
- 0.4 -0 .2 0.2

-.3397E-05 -.21396-03 -.0411E-O3 -.1266E-02 .16576-02 .14136-01 .40126-01 70716-01 .37666-01
-.34626-04 - .3 5 48E-03 -.1022E-02 -.42296-03 .71016-02 .2768E-01 .4103E-01 ■4.27736-01 -.42406-02
-.4071E-04 -.40096-03 -.10466-02 .15306-03 .9743E-02 .30106-01 -.14036-02 -.4103E*00 -.2232E*01
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Simply supported rectangular plate (v. = o.3) b/a =1.8 \ =  1

S S I

Influertce coefficient s4= w P /p a 2 at x=y=Q Influence surface of My "at x = y = 0
0.2 0.4 0.8 0.2 .0.4 0.6 0.8

-0.2 
-0.4 ' -0.6 
-0-8

.10916-01  

.22926-01  

.36606-01  

.3091E-01 
.60136-01  
.5091E-01  
,36606-01  
»2292'E-01 
•1091E-01

.1037E-01 
,21766-01 ' 
,3*676-01  
,.*78*E-01 
i3520E-01 
. *78*E-01  
.3 *676-01  
.21766-01  
. 1037E-01

.eeoiE-02
,ie**E-01
i2°20E-01 
.396*E-01 
.M74F-01 
•396«E-0i 
.2920E-01 
•18**F-01 
.8801E-02.

•6361E-02  
.1 33 *6-01  
.2 09 76 -0 1 ' 
. 2603E-01 
.3123E-01  
.26056-01  
• 2097E-01 
•133*E-01  
•6381E-02

.33*26-02 
,69766-02 
,10966-01. 
,1**96-01 
,13906-01 
i 1**96-01 
.10466-01 
.69766-02 
.33*26-02

-.75 65 E -03  
•3720E-02 
.22236-01  
.7 67 *6-01  
.10006+31 
•767*6-01 ' 
.2 2236-01  
.3 7206-02  

- .7 5 6 3 6 -0 3 .

•• 6*66E-03 
, 3836E-02 
.22186-01  
.7 5*9 6-01  
.16626*00  
.7 3*9 6 -01  
•2218E-01 
.38366-02  

:.6 *6 66 -03

-.3 9 1 1 6 -0 3  ■ 
.36876-02  
.2 0706-01  
• '6398E-01 
.11266*00  
.63986-01  
.2 0706-01  
• 36B7E-02 

- .3 9 1 1 6 -0 3  <

.1 *67 6-03

.33326-02

.16186-01

.**3 8 6 -0 1

.67096-01
.4438E-01
.1 6186-01
.33326-02
.1 *67 6 -03

- .2 2 9 3 6 -0 *  
.1 9*3 6-02  
.88666-02 
.22396-01  

’ .31626-01 
,22396-01  
.88666-02 
.1 9 *3 6 -02  

- .2 2 9 3 6 -0 *

M l
Influence coefficient s6=Vy a /p  at' x=0, y=b Influence surface of M x ot x=Q., y = 0 .

0,2 0.4 • 0,6 02 0,4 0.6 0.8

-0.2
-a*
-0.6
-0.8

-.11216*01 
.-«3126E + 00 
-.28626*00 
-.16eiE*00 
-.99376-01 
-.5B06E-01 
-.33076-01 
-.17706-01 
-.76666-02

T .77606*00 - .  
-.*507E*00 
-.26536*00 - .  
-.15856*00 - .  
-.9*226-01 - .  
-.33166-01 - .

31*3E-01 -< 
-.16836-01 - ,  
- . 7290E-02 -«

3372E+00 • 
31606*00 • 
21176*00 • 
13196*00 * 
79526-01 ■ 
*6796-01 ■ 
26716-01 - 
1*316-01 - 
6200E-02 ■

.1*336*00 - .  
>1851E*00 - .  
.1*2*6*00 -, 
.93216-01 - ;  
.37216-01 - .  
>33886-01 - .  
.19386-01 - ,  
.10396-01 - .  
.*5 0 *6 -0 2  - ,

53726-01
83186-01
70606-01
*6016-01
29786-01
17766-01
10206-01
3*5*6-02
23636-02

.2 *62 6 -01

.5 *22 6-01

.93836-01

.16736*00

.10006*31
.1673E+00
.95836-0.1
.3 *22 6 -01
.2 *626-01

.23286-01 

.3 09*6-01  

.88136-01 
•1*066*00  
.17286*00  
,1*06E*00  
. 8813E-01 
.509*6-01  
.23286-01 '

.19536-01

.*2 02 6 -01

.6 91 *6 -01

.93336-01

.10126*00

.9333E-01

.691*6-01
,*2026-01
.19336-01

.13956-01

.29*3 6 -01

.45996-01

.37566-01

.5 88 *6 -01
,37566-01
,*5996-01
,29*36-01
,13936-01

.72176-02  

.13026-01  

.22736-01  

.27096-01  

.27306-01  
.27096-01’ 
, 2273E-01 
.13026-01  
.72176-02

Influence coefficient S5 = Vx a/P. at x =  a , y s Q

0.8
- 0 .8 ■-0.4 -0 .2 0.2 0.4 0.6 0.8
-.6 1 0 1 6 -0 2  
- .15 00 E -01  
- .27 67 6-01  
- .* 0 * 1 6 -0 1  
.-« 4393E-01

-.11706-01 - 
-.29316-01 « 
-.3528E-01 * 
-.62766-01 • 
-.93236-01 •

.1619E-01' -.19006-01 
»*19.*E-01 -.5162E-01 
.62B1E-01 .-.10916*00 
.12936*00 -.1824E+00 
.13156*00 -.22.016*00

-.19636-01 -.17 96 E -01  - .1 *2 7 6 -0 1  -.95 09 E -02  - .*6 3 *E -0 2  
-.36626-01 - . 5519E-01 - .*6 5 0 6 -0 1  - .3 2 1 0 6 -0 1  - .1 3 6 0 6 -0 1  
>.131*E*00 - .1 * * 0 6 *0 0  - .13 79 6*0 0  - .1 0 *5 6 *0 0  - .3 3 1 9 6 -0 1  
- .2 *396*00 *■.31*26*00 -.'38596*00 -.*1 9 6 6 *0 0  - .2 5 3 6 6 *0 0  
-.30956*00 -.*3 5 0 6 *0 0  -,63 03 E *0 0 -.9 8 5 5 6 *0 0  -,18 27 E *0 1

M E
Influence surface of Mxy a t x = Q , y=Q

-0 ,4 -0 .2
-•8158E-02  

' - .2 1 2 6 6 -0 1  
- .*0 5 3 6 -0 1  
- .*5 8 3 6 -0 1  
0. I

.*3856-01  
• 4053E-01 
. 2126E-01 
.81586-02

-.13*26-01
-.336*6-01
-.71786-01
-.9 2 3 0 6 -0 10, I

,92306-01
.7178E-01
,356*6-01
,13*26-01

- .1 3 6 *6 -0 1  - .8 3 *3 6 -0 2  ( 
- .37 21 6-01  -.2 3 8 *6 -0 1  < 
-.8 1 6 2 6 -0 1  -.5 6 7 3 6 -0 1  < 
-.1331F+00 -.12 80 6*0 0  < 
0. -0 . ( 

,13316*00 .12806*60 (
.81626-01 .56736-01 <
,37216-01 .2 36*6-01 <
.136*6-01 .8 5*3 6-02 <

0.2 ■ 0,4
• 8343E-02 .1 36 *6 -01
.2 38 *6 -01  ,.37216r01  
. 3673E-01 .81626-01
.12806*00 ,13316*00

113*26-01 
.336*6-01  
,71766-01 
,92306-01 

. . .  0. I
-.1280E *00 - .1 3 3 1 6 *0 0  -.92 30 6-01  
-.3 6 7 3 6 -0 1  -.8 1 6 2 6 -0 1  -.7 1 7 8 6 -0 1  
- .2 3 8 *6 -0 1  -.3 7 2 1 6 -0 1  - .3 5 6 *6 -0 1  
- .8 5 *3 6 -0 2  - .1 3 6 *6 -0 1  - .1 3 *2 6 -0 1

.61586-02

.2126F-01

.*0336-01

.*3e36-01
0.
-.*5856-01
-.*0336-01
-.21266-01
- .e i5 ’8f-02
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Simply supported rectangular plate -(v = 0 .3 ) b /a  = IQ . X = 3

M l

Influence coefficient s4= w D /P a 2 .ot- x=y=0 Influence surface of M y a t x -  y = O
. 02 ; ■ 0.4' 0.6 0;8 0.2 0.4 0.6 0.8

>21256-02 
..*6976-02 
.79896-02 
.11786-01 
.1**16-01 “ 
.11786-01’ 
.7989E-02 
.*6976-02 
.21296-02

119966-02 
,*2876-02 
.71676-02 
.1021E-01 
.11786-01 
.10216-01• 
17167E-02 
,*2876-02 
.19966-02

.19276-02 
.32816-02 
.’92966-02 
.716 76-02 
.7989 6-02 
.71676-02 
. 92-966-02 
.32816-02 
.192 76-02

.99716-0 3 

.2098 6-02. 

.32816-02 
• *28 7E-02'- 
.*6976-02 
•*2976-02 
.32816-02 
•2098 6-02 
.99716-03

.9971E-I
,19276-(
.19966-(
.21296-1
,19966-1
.19276-1
.99716-1
.*810E-(

-.89396-02 - ,  
—.12*76-01 - , 
- . l*83E-02 ,

.*68*6-01 , 
. 1000E+31 ,
• *68*E’-0 l  ,

- i 1*836-02 ,
-.12*76-01 - , 
-.89396-02 -,

79 366-02 
10296-01 
1*31EH)2 
*33*6-01 
98*66-01 
*33*6-01 
.1*316-02 
10296-01 
7836E-02

-.9*396-02 '• 
-.62996-02 • 

.29996-02 

.2*6*6-01 
4*0076-01 
.2*6*6-01 
.29996-02 

-.62996-02 • 
-.9*39 6-02 ■

.31386-02 • 

.33216-02 ' 

.17996-02 
>108*E-01 
,199 76-01 
.108*6-01 
.17996-02 
.33216-02 • 
.313 86-02 «

.13996-02 
,1*996-02 
,99916-03 
,3738E-02 
,93716-02 
.37386-02 
.9991E-03 
.1*996-02 
,1399 6-02

Influence coefficient s6=vy a /p  at x=0 , y= b Influence surface of Mx at x = 0 , y = 0
0.2 0.4 ,Q2 0.4 0.6 0.8

-a*
- 0.6
-0.8

-.17076*01 
-.66826*00 
.-.2638E+00 
-.8*186-01  
-.76926-02 

.19106-01 

.22966-01 

.179*6-01 

.90976-02

-.69066*00 - .  
-.*2966*00 - .  
-.19036*00 - .  
-.60276-01 - ,  
-.*2 2 1 E-03 ,

.2099E-01 .

.22696-31 .
• 16 976-01 , 
.87*26-02 1

9*986-01
11076*00
6*136-01
1*3*6-01
13**6-01
2299E-01
21136-01
19076-01
763*6-02

.9*026-02

.**906-02

.58*16-02

.1**66-01

.20266-01

.20596-01

.16906-01
,11*96-01
.57216-02

.13 7*6—< 
• l7736-< 
.16596-1 
.15516-1 
. 1 * * 2 E —t 
.12396—1 
.95056-1 
.62 73E-I 
.30966-1

.93716-02 

.15976-01 

.*0076-01 
. .98*66-01 

• •10006*31 
.98*66-01 
. *0076-01 
. 1597E-01 
.53716-02

,3738 6-02 
.106* E-01 
.2*6*6-01 
,*33*6-01 
,*68*6-01 ■ 
, *33*E-01 
.2*6* 6-01 
.108*6-01 
.37386-02

Influence coefficient SssVx'.a/p at x^a , y =~Q

.55516-03 - 

.17956-02 - 

.29956-02 ■ 

.1*316-02 ■ 
•l*83E-02 • 
.1*316-02 - 
.29956-02 - 
.17556-02 • 
.55516-03. •

,1*596-02 ■ 
,33216-02 
.62596-02 • 
•10296-01 < 
.12*76-01 ■ 
.10256-01 
.62596-02 
,33216-02 
.l*59E-02

.13996-02

.31386-02

.9*396-02

.78366-02

.89396-02

.78366-02
-.5*396-02
-.31386-02
-.1399E-02

-0 .6 -0 ,2 ,0.2 0.4 0.6 0.8
.30866-02 .62736r02 .95056-02 . .12396-01 .1**26-01 .15516-01
.57216-02 ..11*96-01 .16906-01 .20556-01 .20266-01 .1**66-01
.763*6-02. .15076-01 .21136-01 .22596-01 .13**E-01 -.1*3*6-01  *
.87*26-02 .16976-01 .22696-01 .20596-01 -.*2216-03 -.60276-01 -
.’90976-02 .175*6H>1 .22966-01 i 19106-01 -.76526^02 -.8*18E-0t ■

•1659E-01 .17736-01 .137*6-01
.58616-02 .**506-02 .9*026-02
.6*136-01 -.11076*00 -.5*986-01  
.1903E*00 -.*2566*00 -.6906E+00 
.26386*00 -.66826*00 -.17076*01

ML
0.8
0.6
0.*

-02
-0.4
-0.6

Influence surface of Mxy at x.= 0  . y=>0
- 0 4 -0 .2

-.1*136-01 -.26366-01 -.31756-01 -.2296E-01’ 0*. 
-.26366-01 -.51806-01'-'.6766E-01 -.53*16-01 0. 

.-.31756-01 -.6766E-01 - .  10.2 7E*00--.9961 E-01 0. 
- • 2296E-01 -.53*16-01 -.9961E-01 -.19156*00 0. 
0.- 0. 0. 0. •. 0. 

.22966-01 .53*16-01 .99616-01 .1515E*00 0.

.31756-01 .6766E-01 .10276*0.0 .99616-01 0.

.26366-01 .51806-01 .67666-01 .53*16-01 0.

. 1*13E-01 . 2636E-01 .31756-01' .2296E-01 0.

0.2
.22966-01 
.53*16-01 
,.9961 E-01 
.1-515 6*00 

O’.
-.15156*00
-.99616-01
-.53*16-01
-.22966-01

,31756-01 ,26366-01
,67666-01 .51806-01
,1027E*00 .67666-01
,99616r01 .53*16-01

9. 0.
-.99616-01 —.93*1E-01 
-.10276*00 -.67666-01 
-.67666-01 -.51806-01 
-.31756-01 -.26366-01

.1*136-01 • 

.26366-01 

.3175E-01 
•2296E-01 

0.*
-.22966-01
-.31756-01
-.26366-01
-.1*136-01
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..Simply supported rectangular plate (v = o.3) b /a  = 1:2 X = 3
Influence coefficient S4 = w D /R a 2 at x=y=Q Influence surface of My. a t x = y = Q

0.4 0.8 0.2 0.4 0.6 0.8
.13626-02 
.3355E-02 
.6558E-02 
.10896-01 - 
.16266-01 
.10896-01 
.6558E-02 ' 
..33556-02 
. 1362E-02 •

• 1262E-02 . 
>39826-02 
,59296-02 
9306E-02 
,11626-01 
95066-02 
,39 29E-02 
>30fi2 E.-02 
.12626-02

.98266-03 

.2393E-02 

.6666E-02 
•67286-02 
•78526-02 
.6728E-02 
,6666 E-02- 
•2393E-02 
.98266-03

16909E-03 
.15536-02 
.2786E-02 
•6036E-02 
i6396Ei*02 
,60366-02 
.278*6-02 
. 1553E-02 
.6509E-03

•3168E-03 
.76616-03 
..13036-02 
♦.1860E-02 
.2072 E-02 
•1860E-02 
•1303E-02 
.766XE-03 
•3168E-03

-.10366-01 -  
-.17066-01’-, 
-.X166E-0X -i 

. 3023E-0X 
. .IOO0E431 

• 3023.E-0X ,
- •  1166E-01 -, 
-.X706E-0X -  
- . 1036E-01 -

.965XE-02
> 15 126-01'
> 8683E-02 
i30X5E-0X 
.9753E-0X 
130X3E-0X 
,8 68 3 E-02 
.X5X2E-0X 
.96?lE-02

-» 7236E-02 
-.X089E-01 
-.66736-02 

.X856E-0X 
. .3931E-0I 

.X636E-0X 
-•.66736-02 
-.X089E-0X 
- , 7236E-02

-.6663 E-02 
-.66666-02- 
-.26606-02 

.8X76E-02 
, 1563E-0X 
•8X76E-02 

-.2660E-02 
• , 6666E-02 
-.6663E-02

’-,2 2  X9E-02 
—.* 3X01E-02 
-.X366E-02 

.26996-02 

.3096E-02 
,26996-02 

-.X366E-02 . 
-.3X0XE-02 
-.22X96-02

m

Influence coefficient . s6=yy a /p  at xsQt y=b Influence.surface of M x at x = 0 . y = 0
0.2 0.4 0.6 0.8 02 0.4 0.6 0.8

—.1398E+01 
-.66576+00 
-.1395E+00 
- .1 8 16E-0X 

•1892E-0X 
.2292E-01 
. 16 77E-01 
.9667 E-02 
.6162 E-02

-.65656+00 - .  
-.31796+00 - .  
-.X020E+00 - .  
-.88.036-02 1

.20626-01 , 

.22 69 E-01’ ,

.16136-01 .

.92266-02 .

.39696-02__.

80626-01.
9689E-01
32.2X6-01
9327E-02
22636-01
20616-01
16X66-01
7936E-02
3602E-02

,9601E-02 
3300E-02 

i1075E-01 
.19336-01 
.20666-01 
,16266-01. 
,10636-01 . 
,587 56-02 
.26966-02

.15256-01 
•1739E-01 
• 1579E-01 
.16396-01 
.12 366-01 
.90696-02 
.5761E-02 
•312BE-02 
. 132 IE-02

.16206-02 

.79206-02 

.27126-01 

. 810 IE-01 

. 1000E+31 
.81016-01 
.27126-01 
•7920E-02 
•1620E-02

.88766-03 - .  

.5173E-02 - .  

.17306-01 .

.39 266-01 .

.66226-01 - .  

.39266-01 ,
i1730E-01 .
. 3173E-02 - ,  
.88766-03 -

Influence .coefficient S5 =Vx'a /P  at x= a , ygQ*

5 72.5 6-03 - .  
89186-03 - ,  
,18136-02 .-i 
,16676-02 - .  
,20206-02 - .  
, 1667E-02 -  
, 1615-6—02 - ,  
,89186-05 - ,  
,57236-03 - .

1666E-02 
30626-02 - .  
3386E-02 - .  
9928E-02 •< 
12876-01 
,992 86-02 
53866-02 
30626-02 
1666E-02.

11606-02 ' 
26066-02 . 
68 39 6-02 
76676-02 
,9X366-02 
76676-02 
68 39 6-02 
26066-02 
31606-02

-0 .2 0.2 0.4 0.6 0.8
.32626-02 
.598 7E-02 
.79076-02 
.89366-02 
.9261E-02

.68126-02 

.12396-01 

.1596 E-01 ’ 

.17376-01 

.17966-01

.1.0906-01 

.1926E-01 
,23686-01 
, 2617E-01 
,23886-01

.15666-01 .20106-01

.25926-01 .31116-01

.28076-01 .23306-01

.23776-01 .6068E-02

.2071E-01 -.33766-02

.26316-01 .26956-01 .25536-01 .16636-01

.33766-01 .36186-01 .32966-01 .2619E-01

.10136-01 -.16976-01 -.36336-01 -.17006-01  
-.66656-01 -.13876+00. -.36066+00 -.62376+00 
-i81676-01 -.26236+00 -.67616+00 -.17706+01

M L

-0.2
-0.4
-0.6

Influence surface of MXy at
- 0 4 -0 .2

-.11286-01  
- • 2337E-01 
-.3270E-01 
-.26716-010. • • i

.26716-01 
,.32706-01 
.23376-01 
• 1128E-01

-.1998E-01 -.22626-01 -.15266-01 0. 
-.63916-01 -.32966-01 -.38596-01 0 . 
-.6659E-01 - .9  320E-01 -.80786-01 0. 
-.6073E-01 -.10796+00 -.16566+00 0.0. 0. 0. 

.60736-01 .10796+00 .1656E+00 0.

.66396-01 .9320E-01 .8078E-01 0.
,6 391E-01 .52966-01 .3859E-01 0.
.19986-01 .22 62E-01 . 1524E-010.

=o. y=o 
Q.2

•15266-01 
.38 59 6-01 
.80786-01 
.16566+00

0,4 
•22626-01 
•5296E-01 
.93206-01 
• 1079E + 00

. -.16366+00 
-.80786-01 
-.38596-01 
-.15266-01

-.10796+00 
-.93206-01 
-.529 6E-01 
-.22626-01

.1998E-01 .11286-01 .

.*3916-01 .23376^01

.6639 6-01 ’ .32706-01 

.60736-01 .267X6-01
0. • •  0. 
-.60736-01 -.26716-01 
-.66596-01 <>.32706-01 
-.63916-01 -.23576-01 
-.19986-01 -.1128 6-01
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Simply supported rectangular plate (v = o.3) . | ,b /a = 1 .8 X = 3

■ m

Influence coefficient s4= w P /p a 2 at x= y=Q Influence surface of My "at. x = y = Q  .
■ 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

0
-0.2
-0.4
- 0 6

.26902-03 ‘ 

.13332-02 

.4127E-02 

.92682-02 

.lAlAE-Ol^ 

.92ABE-02 
• A127E-02 
.1 333E-02 • 
. 2690E-03

. 2A73E-03 
11229E-02 
,37692-02 
> 6109E-02 
>11332-01 _ 
.8189E-02 
.3769E-02 
.1229E-02 
. 2A73E-03

,19162-03
,96262-03
,28B5E-02
> 5906E-02 
.7769E-02
> 3906E-02 
>28852-02 
,96262-03 
.19162-03

•1227E-03 
,62032-03 
iieAlE-02 
,33012-02 
i A337E-02 
.358iE-02' 
.10A1E-O2. 
.62832-03 
•1227E-03

, 37A3E-0A 
,30162-03 
,87242-03 
,16632-02 
,20602-02 
. 1663F-02 
.87262-03 
.30162-03 
.37632-06

-.72592-02 ■ 
•613382-01. ■ 
-.1860E-01 ■ 
. .9072E-02 
.1000E*31 
.90722-02 

■.18002-01 • 
-.15302-01 • 
■•7239E-02 •

.67862-02 • 

. 1617E-01 - 

.16602-01 • 

.1139E-01 

.9796E-01 

.11392-01 

.16602-01 * 

.16172-01 • 
,67842-02 •

.53122-02 ■ 

.11112-01 • 

. 1151E-01 ■ 

.89922-02 

.39632-01 

.89922-02 

.11512-01 • 

.11112-01 ■ 

.55122-02 •

.37.8SE-02 ■ 

.73622-02 - 

.69692-02 ■ 
,61032-02 • 
,13692-01 ' 
>41832-02 
> 69692-02 • 
.73622-02 ■ 
.37232-02 ■

.1901E-02
,33902-02
,32842-** ,
.12892-02
.32302-02
.12892-02;
.32862-02
.35902-02
.19012-02

m

Influence coefficient S6=V y a /P  at x=0, y= b Influence surface of M x ot x = Q. y =0
0.2

•.56602*00 ■ 
•.13712*00 ■ 
•.8860E-02 
.22722-01 
.18192-01 
.:ee38E-02 •" 
.28632-02 
.3660F-03 
.19102-03 -

0.4 0.6 0.8 0.2 0.4 0.6 0.8
■•9595E + 00 
•.21372*00 
•.18212-01 
.22212-01 
.18822-01 
.92622-02 
.30032-02 
.38222-03 

-.20072-03

.10872*00 

.3302 F-01 

.92802-02 

.22712-01 . 

. 1611F-01 

.76232-02 

.2650E-02 

.31052-03 

.16282-03 .•

.72172-02 
,72652-02 
.19302-01 
.19312-01’ ’ 
.1226E-01 •
,3636E-02 
,17,922-02 
,22622-03 
,11872-03 -

17112-01 
,1622 E—01 
116582—01 
11262-01 
6662F-02 
129992-02 
94772-03 
11872-03 
62802-06

-.11322-02 
•2906E-03 
.11532-01 
.56062-01 
.10002*31 
. 3606jf-bl 
.11332-01 
.29062-03 

•.11322-02

-.1239E-02 - ,  
-.66162-03 - .  

, 7376E-02 ri 
.31172-01 ,
.66122-01 •< 
.31172-01"; 
.7376E-02 -  

- . 6616E-03 '-, 
- .  1239E-02 - ,

1361E-02 - 
18632-02 - 
1176E-03 - 
i9732-02 - 
21152-02 - 
.19732-02 ■ 
, 1176F-03 ■ 
10632-02 • 
1361F-02 ■

,12682-02 - , 
>26892-02 -< 
,62122-02 - ,  
,85092-02 -< 
,12962-01 - ,  
.83092-02 -  
.62122-02 -  
.26892-02 -  
.12682-02 -

75902-03 
17352-02 
33182-02 
68332-02 
310’9E—02 ’ 
,68332-02 
35182-02 
17332-02 
75902-03

Influence .coefficient s5 = Vx a/P. at x= a , y = 0
-0 .6 -0.4 . -0 .2 0.2 0.4 O.S

.23602-02

.68222-02

.,70592-02

.8626-2-02

.88212-02

.30602-02 

.1.0312-01 

.16662-01 

.16.802-01 
<1723E-01

.0666E-02 

.16872-01 

.2276F-01 

.2382.2-01 

.2306E-01.

.12672-01. .16762-01

. 2662E-01 .32272-01

.30282-01 .35062-01

.23392-01 .13182-01

.2002E-01 -.33612-02

.20312-01 .21662-01 .1896E-01 .11222-01

.39092-01 .62672-01 .39332-01 .2682E-01

.35012-01 .31322-01 .29752-01 .2391E-01
-.23882-01 -.10502*00 -.21062*00 -.18312*00
-.00722-01 -.25862*00 -.6586E*00 -.16612*01.

-02
- 0 .4
-0.6

Influence surface of Mxy at »o > y=o

- . 6976E-02 
-.16222-01 
-.2831E-01 
—. 316'6Er01 
0.. 

.31642-91- 

.28312-01 

.1622E-01 

.69762-02

-.8396E-02 -.8818’2-02 -.3671E-02 0. 
-.26882-01 -.27482-01 -.18632-01 0. 
-.3376E-01 -J.6712E-01 -.30792-01 0. 
-.68722-01 -.11182*00 -.1261E*00 0. 
0. 0. 0. 0. 
Ti'8722-01 .m 6 F 6 6 6 - '.i26 i2*00 0.
.3376E-01 .67122-01 . 5079E-01 .0 .'
.26882-01 .27602-01 .18652-01 0.
.83962-02 .08182-02 .5671E-02 0.

•■S671E-02 
•1065E-O1 
.30792-01 
•1241F+00 

0. < 
-.126iE*.b0
-.50792-01
-.1865E-01
-.56712-02

.8818E-02 
, 2768E-01 
,67122-01 
. 1118E*00' 

O. (
-.11182*00 
-.67122-01 
-.2768E-01 
-.80182-02

,83962-02 
,26882-01 
.3376E-01 
.68722-01. 

0. I
-.687*2-01  
-.53762-01  
-.26882-01 
- .  0396E-O2

.69762-02 

.16222-01 

.28312-01 
• 3166E-01 ’

-131642-01
-.28312-01
-.1*222-01
-.69762-02
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Simply supported rectangular plate (v = 0 .3 ) ' b/a. = 1.0 X =5 5
Influence coefficient s ^ w D /R a 2 at x= y=Q Influence .surface of My a t x= y = 0

0,2 0.4 0.6 0.8 0.2 0.4 0.6
• 3051E-04 
. 3398 E-OJ
• 1287 E-02 
,31446-02 

,.49926-02
• 3144E-02
• 129 7 E-02
• 3398 E-03 
.30516-04

.1112E-04 - 
>2515E-03 • 
19832E-03 
.2268 E-02 
>11446-02 
.22686-02 
.9832E-03 
>2515 E-03 
. 1U2E-04 •

,25.246-04' - 
181626-04 • 
.43676-03 . 
>98326-03 
.1287E-02 
.98326-03 
> 43676-03 
>5162E-04 • 
•25246-04 •

.43076-04

.28876-04

.81626-04
>2515E-03
.3398E-03 '
• 2515E-03
.8162E-04
.28876-04
•43076-04

■•30986-04" 
-.4307E-04 
>.25246-04 
>11126-04 
.30516-04 
.U12E-04 

■•2524E-04 
-.4307E-04 
•.3098 6-04

-.64346-02 
■• 1'446 6-01 
■•19146-01 
.6270E-02 
.10006+31 
.62706-02 

-.19146-01 
-.14466-01 
-.6434E-02

-•5475.E-02 - 
-> 1188E-01 - 
-,1906E-01 ■ 

.8195E-02 
>52 85E-01 
.81956-02 

-.14066-01 • 
-.1188E-01 ■ 
-> 5675 E-02 ■

> 3956E-02 ■ 
.7039E-02 • 
.7692E-02 • 
11170E-02 ■ 
, 1017E-01 
.1170E-02 ■ 
•74926-02 ■ 
.7039E-02 ■ 
.34546-02 ■

.16B7E-02 

.33366-02 

. 3721E-02 

.1639E-02 
.1627 E-0 3 
.1639E-02 
.3721E-02 
• 3336E-02 
.1687E-02

-.61786-03 
-•1233E-02 
-.15186-02 
-.1230E-02 
-.94256-03 
- « 1230E-02 
-.1518E-02 
-•1233E-02 
-.6178E-03

m

Influence coefficient s6=Vy a /p  at x=Q, y=b Influence surface of M x Qt x=Q. y = 0
0.2 0.4 0.6 0.8 Q2 0.4 0.6

-02
-0 4
-0 6
-0.8

■•13546+01 
•« 2 8786+00 
-.62 416-02 
.38946-01 
. 2545E-01 
•9170E-02 
.97296-03 

-.12886-02 
-.99566-03

.4263E+00 . 
'.. 1179 E+00 
.2332E-01 
•4121E-01 
.2405E-01 
.825 7E-02 
.68006-03' 

■.1317E-02 ■ 
*.97356-03 ■

.75726-01 :" 
•5742E—01 
•5717E-01 
•4009E-01 
.19476-01 
.59026-02 
.2315E-04 - 
.13256-02'- 
.88716-03

,57 996-01 
,678 76-01 
.50406-01 
.2903E-01 
.1.2486-01 
.31706-02 
.49396-03 
11147E-02 
16972 E-03

. 2574E-01 
• 3272E-.01 
.24 976-01. 
•1392E-01 
.56036-02 
. 1150E-02 

-.48 31 E-03 
-.68326-03 
-.38976-03

-.9425E-03 
•1627E-03 
.10176-01 
•5285E-01 
.10006+31 
. 528 5E-01 
•1017E-01 
•1627E-03 

-.94256-03

.12306-02 
-.1639E-02 
. 1170E-02 
.8195E-02 
.6270E-02 
•8195E-02 
.11766-02 
• 16 39E-02 
.12306-02

Influence coefficient S5 =Vx'a/P at x«a , y »Q

. 1518E-02 • 

. 3721E-02 .- 
.74926-02 - 
'.14066-01 • 
.19146-01 ■ 
-.14066-01 • 
.74926-02 ■ 
-.37216-02 • 
-.1518E-02 ■

.1233E-02 7 

.3336E-02 • 

.70396-02 « 

.11886-01 • 

.14466-01- 

.11886-01 • 

.70396-02 • 

.33366-02 ■ 

.12336-02 •

.61786-03 
,16876-02 
> 34S4E-02 
.54756-02 
•6434E-02 
.5475E-02 
.3454E-02 
• 1687E-02 
.6178E-03

-0 ,8 0.2 .0.4 0.8
-•3897E-03 -  
- , 6972E-03 - 
-.8871E-03 - 
-.9735E-03. - 
-.99566-03 -

,68326-03 -.48316-03 
,11476-02 -.4939E-03 
,13256-02 .23156-04
, 1317 E-9 2 .68 00E-03 
,.12886-02 .9729E-03

.11506-02 
3170E-02 

. 59Q2E-02 
•8257E-02 
.9170E-02

,56036-02
.124BE-01
.19476-01
,24056-01
.25456-01

.13926-01 ,249 7E-01

.29036-01 .50406-01'
,40096-01 .57176-01
.41216-01 .2332E-01 •
.38946-91- -.62416-02. ‘

.32726-01 .25746-01

.'6787E-01 .5799 6-01

.57426-01 .75.726-01

.11796+00 -.42636+00 

.28786+00 -.13546+01

-Q2
-0.4
-0.6
-0.8

Influence surface of MXy a t x = Q , y = 0
-0 ,6 -0 .4 -0 .2

-.18446-02 -.4905E-02 -.804.7E-02 -.7063E-02 0. 
-.4905E-02 -.1363.6-01 -.2445E-01 -.23736-01 O'.
-.8047E-02 -.24456-01 -.-51-90E-01 -.6314E-01 0.
-.70636-02 - . 2 373E-01 -.63146-01 -.1236E+00 0.
0. 0. 0. - 0. 0.

.70636-02 .2373E-01 .63146-01 .12366+00 0.

.80476-02 .24456-01. .51906-01 .6314E-01 0.
-.49056-02 .1363E-01 ' . 24456-01 .23736-01.0,
.18446-02 ;49056-02 .80476-02 .7063E-02 0>

■ Q.2l 
. .'7063E-02

..2373E-01 
•6314E-01 
.12366+00

o.- - - (
-.12366+00 
-.6314E-01 
-.2373 ErOl 
-.7063E-02

.0 ,4
.8047E-02 
,24456-01 . 
.51906-01 
.6314E-01

- ’.63146-01 .- 
-.51906-01 • 
-.24456-01 ■ 
r . 80476-02 ■

, 4905E-02 
, 1363E-01 
.24455-01 
.2373 E-01
123736-01
.24456-01
.13636-01
.49056-02

•1844E-02 
.4 9056-02 

..80476-02 
.70636-02 

0.
-•7063E-02
-.8047.E-02
-.49056-02
-.18446-02
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Simply supported rectangular plgte (v = 0 .3 ) | b /a  = 1.6 X = 5.

M l

Influence coefficient s ^ w D /p a 2, at x=y=Q~ Influence surface of My ‘a t x=  y = O
0.4 0.6 0.2 0.4 0.6 0.8

-0.2

-0.8

-.3609 6-04 • 
-.73246-04 • 

.21726-03- 
•19236-02 ' 
.♦9966-02 
.19236-02 . 
.21726-03 

-.7324E-04 ■ 
-.36396-06 -

.33 996-06 . 

.762.06-06 ■ 

.19176-03 

.16906-02 

.3168 6-02 

.16906-02 

.15176-03 

.76206-06 - 

.3399.6-06 •

.28076-06 - 
•71896-06 ■ 
.26606-06 • 
.66916-03 
.12916-02 
.6691E^03 
.2660E-06 • 
.718 56-06 • 
.28076-06 •

.19 52 6-06 • 

.58196-06 • 

.69866-06 • 

.16996-03 '• 
> 36296r03 
.16996-03 * 
.69866-06 • 
.58196-06 ■ 
.19526-06 ■

.98186-05 
,32656-06 
.68 356-06 
.10506-06 
.32016-06 
•10506-06 
•68356-06 
,32656-06 
,98186-05

' .20826-03, 
-.26566-02 ■ 
-.12636-01 ■ 
-.1562 E-01 '■ 

' .10006+31 
- .  15 62E-01 < 
-.12636-01 • 
-.26566-02 ■ 

.20826-03

.23136-03 
'.20676-02 
.10266-01 
.97126-02 
.5288E-01 
>.97126-02 
>.10266-01 
>.20‘676-02 
•23136-03

.2656E-03 
-.11726-02 
-.60576-02 
-.51366-02 

•10206-01 
-.51366-02 
-*60576-02 
- . 1172E-02 

.26566-03

.26796-03
-.42676-03-
-.27776-02
-.30506-02

.17876-03
-.30506-02
-.27776-02
-.62676-03

.26796-03

• .19126-03 
-.73776-06  
-.97036-03 
-.1,6106-02 
-.93566-03 
-.16106-02  
-.97036-03  
-.73776-06  

.15126-03

M |

Influence coefficient ’S6= V y a /p  a t x=Q, y= b Influence surface of.Mx at x=Q . y =0
0,2 0.4 0,6 0,8 Q2 0,4 0,6 0.8

- 0-2
- 0.6
- 0.6

-.5615E+00 
.13236-01 ,
.2921E-01 ,
.69776-02 ,

-.12666-02 -, 
-.76916-03 
-.90626-06 
..675 76-06 ,
.23666-06

23076+00 
33156-01 
27956-01 

,63526-02 
12966-02 
76216-03 ’ 
85 68 E-06 
6569E-06 

,22*606-06

.57806-01 

.56896-01 

.23206-01 

.28156-02 
>.13066-02 • 
•.65666-03 • 
■•7212E-06' ■ 
.3987E-06 
i 19296-06

.69576-01 • 
,66066-01 
.15226-01 
.12006-02 
.11326-02 - 
.6962E-03 - 
.515 76-06 • 
,2989E-06 
,16226-06

,32316-01 
.22736-01 
.69666-02 
.25066-03 
,67326-03 
.2689 6-03 
.26686-06 
•1616E-06 
.75566-05

-.3677E-06 • 
-.66686-03 • 
-.38986-03 • 

•2077E-01 
.10006+31 

‘ . 2077E-01 
-.3898 6-03 < 
-.66686-03 • 
-.36776-06 •

.18896-06 ,

.68626-03 - ,  

.16616-02 -,  

.38636-02 -,  

.62886-02 -,  

.3863E-02 - ,  

.16616-02 - ,  

.68 626-03 -, 
,18896-06

Influence .coefficient s's=Vxa/P at x -a ,  y^O

18936-06
62666-03
>31206-02
97106-02
1912E-01
9710E-02
3120E-02
62666-03

,18936-06'

.69686-06 
•.61526-03 
.27266-02 
.89156-02 

•« 1665E-01 
••89156-02 
••27266-02 
.61526-03 
.69686-06

.63196-06
-.17676-0?
-.13666-02
-.62686-02
-.66266-02
-.62686-02
-.13666-02
-.17676-03

.63196-06

- 0.8 - 0.6 -0.4 - 0.2 0,2 0,6 0,8
-.17626-03 -.6698E-03 -.8509E-03 -.12546-02 -.1379E-02 - ,
-.44746-03 -.10026-02 .-.1513E-02 -.13666-02 .51266-03 ,

. - . 7607E-03 -.13726-32 -.11866-02 ..16006-02 .95896-02 .
-.90576-03 -.13266-02 .21136-03 .66926-02 .21206-01 ,
-.96236-03 - , 1203E-02 .1050E-02 .9207E-02 .25686-01’

96086-03 .23576-06
50036-02 .11376-01
26616-01 .66866-01 
60976-01 .66816-01

,3926Et01 -.66116-02 •

.90756-03

.1366E-01

.61766-01

.686-66-02

.28056+00

.89396-03 

.12126-01 

.51636-01 
•.89536-02 . 
•.13106+01

m r

-Q2
-0.4
- 0.6

Influence surface of MXy a t x=Q  . y= 0
- 0 4 - 0.2

.6195 6-03 
-.31696-06 
-.38166-02 
- .8  300E-02 
0*

.83006-02 
•3414E-02 
.31696-06 

- .  6195E-03

.61066-03 .51566-03 .2656E-03 0.
-.8086E-O3 -.19656-02 -.18926-02.0. 
-.1092E-01 -.19626-01 -.18736-01 0; 
-.26656-01 -.6158 E-01 -.87396-01 0. 
0. 0. . 0. 0. 

.26656-01 .6158E-01 .87396-01 0.

.10926-01 .19626-01 .18736-01 0.

.8086E-03 .19656-02 .18926-02 0.
-.61066-03 -.51366-03 -.26546-03 0.

■ 0.2 
•.265,46-03 - .  
.18926-02 .
.13 736-01 .
.87396-01, . 

)., . 0 . 
-.87396-01 - .  
-.18 736-01 - , 

1892E-02 -, 
.26546-03 ,

51546-03 - ,  
19436-02' . 
,19626-01 .
,615 86-01 .

.0 .
6158 6-01 -, 

,1962 6-01 -, 
,19456-02 - ,  
.5154E-03 ,

,6104 6-03 
,80866-03 
10926-01 

,2645Er01
0.

,26456-01 - .  
,10926-01 - .  
,80866-03 - .  
,61046-03 ,

>.41936-03 
.31696-04 
.38146-02 
.83006-02 I. .
83006-02
38146-02
31696-04
41936-03
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Simply supported rectangular plate (v = o.3) | b /a  =1.8 X s 5

m

Influence coefficient s4= w P /f? a 2 at x=y=Q Influence surface of My a t x=  y = O
0,2 0.6 0.8 0.2 ' 0.4 0.6 0.8

-a.8

-.14396-04 - 
-.63896-04 - 
■.68936-04 

>13846-02 
.49966-02 
il5846-02 
.68936-04 

-.63 896-04 - 
.14396-04 ■

.13S0E-04 -  
,63746-04 -  
,'3 37SEt*04 - 
. 12046-02 
.31486-02 
.1204E-02 . 
.33.75E-04. -  
.63746-04 - 
,13506-04

.10616-64 ■ 
,56126-04 ■ 
.31836-04 • 
.33906-03 
.12906-02 
.53906-03 
• 31836-04 . 
.56126-04 • 
.10616-04

.68936-03 

.41806-04 

.63046-04 
• 11.476-03 
.34246-03 
.11476-03 
.63046-04 
.41806-04 
.6895E-05

.32386-05 
>.22146-04 
>.47996-04. 
-.18226-05 
.32006-05 

-.18226-05 
,57996-05 
, 2215E-05 
,32366-03

Influence coefficient S 6 -V ya /P  a t.x=o .y=b

• 3727E-03.- 
-.81636-03 - 
- .9  228 E-02 - 
-.1783E-OV - 
-.10006 + 31 

-.17836-01 - 
-.9228E-02 - 
- . 8 165E-03.* 

•37276-03

,3619 6-03 
.65056-03 • 
.77156-02 • 
>12366-01 - 
>32886-01 
,12366-01 - 
,7715E-02 - 
>65056-03 • 
,36196-03 ■

.32306-03 

.2683E-03 

. 5655E-02 

.6536E-02 

.10206-01 

.6536E-02 
,56556-02 
■2663E-03 
,32306-03

• 2563E-03 
.18596-05 

■•2117E-02 
*.3371 E-02 
.17836-03 

><33716-02 
>.21176-02 
.18596-05 
.25636-03

.1337E-03 
•8785E-05 

-.71486-03 
.-.15526-02 
-.93316-03 
-.1552E-02 
-.715 66-03 

•8783E-05 
.13376-03

Influence surface of Mx at x=Q . y = 0
O . 0.2 0.6 0.8 02 0.4 0.6

- 0-2
-04
- 0.6
- 0.8

*.50726+00 - .  
.33836-01 ,
.13136-01 ,
•21746-03 .

*.11326-02'-. 
•.1966E-03 - .  
.5310E-04 ,
.2188 6-04 ,
. 1174E-05 .

1702E+00 
4193E-01 
1681E-01 
1212E-03 -, 
11036-02 -, 
1874E-03 .- 
4340E-04 
20916-05 ,
1125E-03 ,

.5698E-01 
,48326-01 
, 13016-01' 
,46216-03 ■ 
,99676-03 ■ 
■ 1602E-03 • 
>3 8066-05 
,18026-04 
,9 7306-06

.69386-01 
,3734'E-Ol 
.79296-02 . 
.73936-03 • 
.77586-03. • 
.11696-03 • 
.28736-04 
.13306-04 
•7203E-06

. 3292E-01 

.18186-01 
>33 81E-02 
,58756-03 
, 4287E-03 
.60926-04 
.1574E-04 
, 7075E-05 
,37286-06

.60336-04
-.3364Er03
-.97076-03

.14776-01
.1000E+31
.14776-01

.-.97076-03
-.3364E-03

.6035E-04

.66706-04 .
-.31666-03 
-.13816-02 

.24436-02 - .  

.62 89E-02 - .  
•24436-02 - .  

-.13816-02 - .  
-.31666-03 - .  
.66706-04 .

U S
Influence .coefficient s5=Vx a/P  at x=a, y ’= Q~

7810E-04 
23936-03 • 
22416-02 .* 
83046-02 • 
19126-01 ■ 
8 3046-04 • 
22416-02 • 
2393E-03 • 
78106t04

.76826-04
•11886-03
.18376-02
.79306-02
.14436-01
.79306-02
.18376-02
.11886-03
.76826-04

• 49 206-04 
—.2893E-04 
« .9 t856-03 
-.38426-02 
-.64246-02 
- .38  42E-02. 
-.91836-03 
-.28  936-04 

.49206-04

- 0.8 - 0.6 -O  A - 0.2 0.2 0.4 0.6 O.S
-.71376-04 -.Z263E-03'-.30766-03 -.87766-03 -.U99E- 
-.31536-03.-.76096-03 -.12986-02 -.15686-02 -.89706* 
-.66936-03 -.13036-02 -.1383E-02 . .52876-03 .66266*
-.89616-03 -.13336-02 .10496-04 .60666-02 . 1997E>

. -.94646-03 -.12166-02 .1030E-02 .92076-02 .25636-

02 -.12876-02 -.1053E-02 -.62606-03 -.2570E-03
03 .1313Er02 .46916-02 .7067E-02 .33836-02
>02 .13626-01 .33236-01 .48676-01 .38136-01
-01 .40046-01 .31176-01 .30346-01 .41146-01
-01 .3998.6-01 -.18606-02 -.26976+00 -.12346 + 01

M L

- 0-2 . 
-0 .4  
- 0.6 -0.8

Influence surface of MXy a t x=Q < y=Q
-0.4 - 0.2 0.2 0.4

.30816-03 

.37626-03 
-.246 36-02 
-.8206E-02
^•8 206E-0Z 

.2463E-02 
-.37626-03 
-.3 0 8 16r03

.48586-0.3 .46596-03 .27686-03 0.

.27946-03 - ! . l9366-03 -,39'736-03 0. 
-•7165E-02 -.12626-01 •*. 1163E-01' 0* 
-.25626-01 -.57066-01 -.7465E-01 0. 
0. ' 0. 0. 0. 

• 2S62E<*01 . 3706E-01 .74636-01 0.
.71656-02 .12626-01 .11636-01 0.

-.27946-03 .1936E-03 .39736-03 0.
-.48586-03 -.4659E-03 -.2768E-03 0.

-.27686-03 -.4639E-03 -.48386-03 -.30816-03 
.39756-03 .19366-03 -.2794E-03 -.37626-03
.11636-01 .12626-01 .71636-02 .24636-02 '
. 7465E-01 ' .5706E-01 .2362E-01 .82066-02

0. • 0.' ' 0. o» • • - '
-.74656-01 -.57066-01 -.25626-01 -.82066-02 
-.11636-01 -.12626-01 -.71636-02 -.24636-02  
-.39736-03 -U9.S6E-03 .27956-03 .37626-03

.2 768E-03 .46396-03 .48386-03. .30816-03
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S im p ly  s u p p o r t e d  r e c t a n g u l a r  p la t e  (v  = o.3 ) b / a = r  1 .0 - X = 7

- 1 S I
Influence coefficient s4= w D /p a 2 at .x=y=rQ Inf luence surface of-My "at x= y = 0

0.2 0.4 .0.6 0,8 0.2 0.4 0.6 0.8
-.3023E -04  
- « 2115E-04 

•2322E-03 
.U 75 E -02  

' .2 5 ? IE -02  
•. 117$ E-02 
. 2322E-03 

-.2115E-D4  
-.30 23  E*04'

-.27 72 6-04  
-.3056E -04  

.1293E-03  
♦6719E-03 ,

. •1175 E-02 •. 
-.67196-03 .
•1293E-03 - .  

-..3056E-04 - .  
•••2772E-04 -(

20106-04 
3724E-04 
4426E-05 
12936-03 
2322 E-03 
1293E-03 
44266-05 
3724 6-04 
2010E-04

- • 1030E-04■ - i 
-.2581E-04 - ,  
- .37 24 6-04  
- .3 0 5 6 6 -0 4
-•21 15 6-04  -  
-•30 56 6-04 - ,  
-.37 24 6-04  
- .2 5 8 1 6 -0 4 - - ,  
-» 1 0 3 0 6 -0 4 --,

32986-05 
10306-04 
20106-04 
27726-04 

,30236-04 
,27726-04 
20106-04 
1030E-04 

i 3298 E-03

-.67 16 6-03  - 
- .52S5E-02 -  
-.15676-01 - • 
- • 1107E-01 « 
.1000E+31 

- .1107E-01 ■ 
- .1567E -01 ■ 
.-•5259E-02 • 
• -*6 7 1 6 E-03 •

140866-03 
> 3744E-02 -  
>10436-01 -
• 405 8E-02 -  
.28686-01  
•4058E-02 -
• 1043F-01 -
• 3744E-02 -
• 4086E-03.

.1959E-04 

.13326-02  

.3 85 9E-02 

.2760E-02  

. 1135E-02• 
•27606-02 
.3859E-02 
•V332E-02 
• 1959E-04

•1920E-03 
>.10256-03  
*.88546*03- • 
■• 1218 E-02 • 
■.101-56-02 - 
- .12188-02 - 
- .88 54 8-03 ■ 
- .10256-03  
.19206-03

.13428-03  

.13148-03' 

.49198-04  

.246BE-03 

.3 1206-03  

.2468 6-03 

.49 19E-04 

.13146-03  

.13426-03

Influence coefficient S6=Vya/F at x=0,y=b Influence surface of Mx at x = 0 .y  = 0
02 .0.4 0.6 0.8

-.95396+00  
.-•33766-01  

.55256-01  

. 2087E-01 
.1467 6-02 

-.1799E-02  
- .8 3  3 IE -0  3 
- .9 5 1 7 6 -0 4  

. 59 34 E-04

-.1 8 5 4 6  + 00- .
.438 5E-01 .
•5307E-01 .
• 17.01E-01 .
.5 2 8 8 6 -0 3 .-.  

- .  18 08 E-02 - i  
- .7 6 2 5 6 -0 3  - .  
-.7167E -04 - ,  

.61496-04 .

1188E+00 
,7 8606-01 
3613Er01 
80656-02 
1266E-02 

,1693 E-02 
.57156-03 
,17746-04. 
,6358 E-04

.3 89 76-01 .

.3379 E-01 ' 

.1 25 8E-01 
.55,656-03 -  

-•2132E-02  
-.1283E -02  
- .3 3 0 5 6 -0 3  

2774E-04 
5637E-04

758 3E-02 
62246-02. 
10286-02 
19 83.E-02 

j 149 IE -02  
.6 61 7E-03 
•1309E-03 
.3292E-04 
.34066-04

- •  3120E-03 
-.10 15 6-02  

.11356-02  
.28686-01  
.10006+31. 

'.  28 68 E-01 
.1135E-02 

-.10 15 6-02  
- .3 1 2 0 6 -0 3

2468E-03. - .  
12186-02 - .  
2760E-02 - ,  

14058E-02 - .  
. 1107E-01 - .  

- .4 0 5 8E-02 - .  
-.2 7 6 0 6 -0 2  - .  
- .1 2  18E-02 - ,  
- .2468E -03 - ,

4919 E-04 
8854E-03 • 
,38596-02 • 
,1043 E-01 « 
,15676-01 • 
10436-01 

,3859E-02 
.88546-03, 
>4 919E—04

.1314E-03 

.10256-03  

.13326-02  
;37446-02  
.52556-02  
-.37446-02  
.13326-02  

-.10256-03  
• 1314E-03

.13426-03  
•.19206-63 . 
- .1959E-04  
-.4086E -03  
-..6716E-03  
-.4 0 8 6 6 -0 3  

. 1959E-04 

.1920E-03 
.13426-03

Influence .coefficient s5sVx'a /P  at xea , y = Q
-0 .6 -0/4 -0 ,2 0.2 0.4 0.6 0.8 •

.34066-04 < 3292E-04 - .13 09 6-03  - .66 17 6-03  -.1491E -02 -.1 5 8 3 6 -0 2
.56376-04 •2774E-04 -.3 3 0 5 6 -0 3  • - .1 2 8 3E-02 - .21 32 6-02  .5565E-03
,6358.6-04 - .17 74 6-04  -.5 7 1 5 6 -0 3  - .16 93 6-02  - .1 2 6 6 6 -0 2  .60656-02
.61496-04 -.7 1 6 7 6 -0 4  -.76 25 E -03  -.1808E-02 .9288E-03 .1701E-01
..5934E-04 - . 9 5 17E-04 -.8331E -03 t . 17996-02 . .1467E -02- .'.20876-01

.10236-02 .6224E-02- .75836-02

.12586-01 .33796-01 ,38976-01

.36136-01 ..78606-01 .11866+00

.53076-01 .43856-01 -.18946+00

.55256-01 .-.3376E-01 -.9539E+00

Influence surface of MXy a t x =0  .y = Q
-0 /4 -0 .2

•• 6014 E-03 
.8783E-03 
• 4456E-03. - 

- .1 9 0 1 6 -0 3  - 
0.

. 19 01E-03 . 
- .44566-03  
- .87 83 6-03  - 
- .6 0 1 4 6 -0 3  •

. 8783E-03 . 4456E-03 -.1901E -03 0 . .
•27886-03 - .3 2 6 3 6 -0 2  -.5888E -02 0.
. 3263E-02 - .17 52 6-01  -.31 98 E -01 0. .
.5888E -02 --.3 1 9 8 E -0 1 .-.9 2 0 2 E -0 1  0 .
. 0. 0. 0.
.9 8 8 8 E-0 2 . 3 19BE-01 .92026-01 0 ,
. 3263E-02 . 1752E-01 .3198E-01 0.
.2 7086-03 .3 263 E-02 .5888E-02 0.
.878 3E-03 —.44 56E—03 .1901E-03 0.

0.2
.19016-03
.58886-02
.31986-01
.92026-01

0.
-.92 0 2 6 -0 1  
-.31 98 6-01  
-.5BB8E-02 
- .1 9 0  IE -03

. 0.4
-.4456E-03  

.32636-02  

.17526-01  

.'3193 E-01 
0.. .
.-.31986-01  
- .  1752E-01 
- ,  3263E-02 

.44566-03

-.8 7 8 3 6 -0 3  
-.2 7 4 8 6 -0 3  

.3263 E -02 ' 
•S888E-02 

0.
- .3 8 8 8 6 -0 2  
- .3 2 6 3 6 -0 2  

.27886-03  
.87 836-03

-.6014E -03  
- .8 7  83E-03 
-.4 4 5 6 6 -0 3  

.19016-03  
0.
- .19 01 6-03  

.44566-03  
•8783E-03 
.6 0 14E-03
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Simply supported Rectangular plate (v = o.3 ) | b /a  = 1.2-

m

Influence coefficient s4= w D /B a 2 at x=y=Q Influence surface of My a t x= y = 0
0.4 0.6 0.8 0.2 •0.4 0.6

-•13156-04 
-.36336-04  

• 77506-0% 
.9114E-03 
.25516-02 
.9114E-03 
•77506-04 

- .  36 336-04 
- • 1315E-04

-•11256-09 - ,  
-•3998 E-04

• 30936-04 - .  
•5325E-03 ' .
• 1175 E-02. ,
• 5325E-03 
.30936-04 - .

-.39986-09 - .  
-•U25E-09 -,

,66946-05 - 
27576-09 - 
27936-09 ■ 
96936-04 ■ 
,2321E-03 ■ 
.96936-09 .- 
,27936-09 - 
(2 75 7.E-09 ■ 
(6699E-05 <

•225BE-03 • 
• 1998 E-09 
.33996-09 
.33166-09 • 
.21216709 
.33166-09 
.3399E-09 
.1998 6-09 . 
’•225 8E-05

.96906-07 
’.99616-05 
.15956-09 
.26586-09 
.30256-09 
r, 2658 E-09 
■•1595E-09 
•♦9961E-05 
•,96906-07

. 3216E-03 
-.16866-02 - 
-.11126-01 * 
-.16576-01 - 

.10006931 
- , 1657E-01 ■ 
-.1112 E-01 • 
-.1686E-02 ■ 

.3216E-03

.33096-03 

.1132E-02 

.77986-02 
,82756-02 
.28606-01 
,82756-02 
.7798E-02 
•11326-02 
•<3309 E-03.

,30996-03 
- .  2 28 6 E-03' 
- • 2910E-02 - 
-.35396-02 < 

.11326-02 • 
-.35396t 02 
- , 2910E-02 
- , 22B6E-03 

.309*6-03

.21676-03, 

.1 893E-03 
,36716*03 
,12336-02 
.10176-02 
.12336-02 
-.36712-03 
,18936-03 
.21876-03

.10296-03 

.16 966-03 . 

.32256-09. 
-.21906-03 
-.31266-03 
-.21906-03 

.322,56-09 
.16966-03 
.1029E-03

Influence coefficient s6= V y a /p  at x=Q, y=b Influence surface of M x a t-'x a Q . y =0
0,2 0.4 0.6 0.8 Q2 0.4 0.6 0.8

-0.2
- 0 4
- 0 6
-0.6

-.62256+00 
.9.0186-01 
.35016-01 
.35 91E-02 

-.17996-02 
-,629 5E-03 
..13336-09 
.59296-09 
.11896-09

-.12156+00 . . 
.63336-01 .
. 3000E-01 ,
.22936-02 -'< 

-.18086-02 - ,  
-.56796-03 - ,  

.29996-09 ,

.52956-09 ,
,.11016-09

1112.6900
6119E-01
16736-01
9591E-03
169.3E-02
90706-03
97516-09
97926,-09
,87706-05

.9178E-01-’ 

.29986701 
•3965E-02 

-.20506-02 
-.128 9 E-02' 
-.2171E-03. 

.5905E-09 

.37336-09 
J5809E-05

.80156-02 

.91066-02 
-.95866-03 
-.1627E-02 
-.6623E-03 
-.76156-09 

.91816-09 
• 2065E-09 
.27876-05

.51126-05 
■,‘59 30E-03 
*. 7081E-03' 
.1319E-D1
• ioo'oeTs i
.1819E-01 

-. 70016-03 
5930E-03 

.31126-03

,35936-09 
-.99066-03 • 
-.2168E-02 • 
7.35896-02 ■ 
-.11086-01 • 
-.35896-02-• 
-.21686-02 • 
L.9906E-03 ■ 

.35936-09'

.96896-09

.20996-03

.22966-02

.88796-02

.15676-01

.88796-02

.22966-02

.20996-03

.96896-09

. 1226E-03 

.12896.-03 
-.67996-33 
•.32306-02- 
-.52366-02 
.32306-02 

-.6799E-03 
.1284E-03 
.1226E-03

.81396-09 
•1811E-03 
.12376-03• 

-.•31836-03 
-.6725E-03 
-.31836-03 

.12376-03 

.18116-03 

.81396-09

£ § |
Influence coefficient s5=Vx a/P at x»a , y = Q

-0 .4 -0 .2 0.2 0.4 0.6 0.8-
.31176-09 .57316-09 .95996-05 -.2973E-03 -.9773E-03 ■
.59386-09 .69766-09 7 .15176-03 -.88786-03 '-.19776-02 •
.6263E-09 ,99976-05 -.9599E-03 -,15296-02 -.17266-02
;59816-09 -.65706-09 -.73196-03 -.17816-02. .2973E-03 
• 5679E-09 -.10036-03 -.03606-03 -.17826-02 .15226-02 .

•1760E-02 -.18166-02 ■ 
.16576-02 .33666-02’
,96656-02 .2695E-01 '
. 1559E-01 .51996-01
.20826-01 .53916701 •

. 7000E-03 .31726-03

.12916-01 • .1539E-01 

.6281E-01 ' .78266-01 - 

.6 9 73E -01 -.77376-02 

.92966-01 -.10216901

M l
0.8
0.6
0.4
0.2
0

-Q2
- 0 .4
-0.6

-  0.8 " 0.6
. .34786-03 .6 9.1 IE-03

.79606-03 .98906-03

.69966-03 -.16506-02 
- .  11336-03 —.5 9216—02
0. 0 .

.11836-03 ■59 21E-02
-.69966-03, .15506-02 
—,79 60 E-03 - , 9b40E—03

Influence surface of Mxy a t x = 0  , y=Q
-0.4 -0 .2 0.2
.68536-03 ,90806-03 .

-.10366-03 -,1209E-02 0. 
-.10356-01 -.17576-01 0. 
-.31316-01 -.7976E—01 0. 
3., 0. 0. 
.31316-01 .79766-01 0.
.10356-01 , 1757 E-01 0.

..10366-03 .12096-02 0i
-.^3 9 7 8 6-03 -  .6911E-Q 3 -.6853E-03 -.9  0 80 6-03 0.

-.40B0E-03 
.12 09 E-02 
.1757E-01 
.7976E-01 

0.
-.79766-01  
-.175 76-01 
-.1209 6-02 

.90806-03

0.4
-.68536-03

.10366-03

.10356-01'

.31316-01
0.
-.31316-01 
-.10356-01 
- . 1036E-03 

.68536-03

0,6 
7*64116-03 
7.98406-03 
. .15506-02 
.59216-02 

0.'
-.5921E-D2
-.15506-02

.98406-03

.6411E-03

OB
- .  3478E-03 
-.79  606-03 
-.60966-03 

.11836-03 
0.
-.118 36-03 

.68966-03 

.79606-03 
•34 78E-03
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S im p l y  s u p p o r t e d  . r e c t a n g u l a r  p la t e  (v  = o .3) b / a  = 1 . 4 ; X =  7
In fluence c o e ffic ie n t . s ^ w D / R a 2 at x=y=Q  In fluence  surface  of My, a t  x =  y  = O

0.2 0.8 0.8
.-.21326-05 
*.25396-04 
-.39416-06 

. 68646-03 
<2591E-02 

. .68646-03 
-.39416-06 
-.25395-04  
- • 2 132E-05

-.1493E-05 
-.2260E-04 
-.18006-04 

.'4055E-03' .

.11756-02 .
. .4055E-03 .
-.18 006-09 -, 
-.22606-09 -, 
-.1493E-05 - .

12276-06 .87366-06
,1513.6-09 -.6696E-05 ■ 
36296-09 - . 2399E-09 ■ 
6602E-.04'-, 35306-04 ■ 
,2321E-03 -.21216-09 • 
,66026-09 -.35306-09 • 
,36296-09 -.2899.6^09 ■ 
,15136-09 -.6696E-05 • 
,12276-06 .5736E-06

.8 33 06-06 

.15696-05 
•1188E-09 
.29236-09 
•3026E-09 
.25236-09 
• 1188 E-09, 
.1569 E-05 
.83806-06

.29256-03 
-.12066-03 
-•6945 E-02 -  
-.1875E-01 -, 
•1000E+31' 

-.18756-01 
-.69  956-02 
-.12066-03 

.29256-03

26606-03 
.2528E-09 
99386-02 
10626-01 
29 686-01 
1062 E-01 

,99386r02 
25286-09 
26606-03

.19596-03 

.23506-03 
-.18206-02 ' 
-.'90316-02 - 

.11336-02 < 
-.90316-02-■ 
-.18206-02 - 

• 2 350E-03 
.1959 6-03

.11016-03 

.25756-03 
.2996E-03 
.12066-02 
• 10166-02 
.12066-02 
■« 2446E-03 
.25756-03 
.11016-03.

.9302 E-09 

.192 IE-03' 

.10136-03 
-.18  316-03 
-.31296-03 
-.18316-03' 

.10136-03 

.19216-03 
9302E-09

m

Influence coefficient s6= v y a / p  o t x=0 , y= b Influence surface of M x a t x = Q . ,y  = 0  ■
0,2 0.4 0,6 0,8 Q2 0.4 0.6 08

-02
-09
-06
-0.8

’. 38 69 6+00 - 
.5725 E-01 
.1*5086-01 

-.15076-02 - 
-.83996-03 • 
. 1399E-09 ’ 
.95956-09 
• 3042 E-05• 

••2469E-05 ■

.62906-01 

.59916-01 
,11996-01 
,17156-02 • 
.7692 6-03 ■ 
.2957 6-09 
.99926-09 
.2623.6-05 
.29196-05 •

, 1033E + 00 
, 9906E-01 - 
,99536-02 - 
.19786-02 ■ 
,57306-03 ■ 
.9757E-09 
,39336-09 
.1618 E-05 . 
.2201E-05 •

.92136-01 

.16386-01 

.5928Er03 

.17996r02 

. 3317E-03 
,59106-09 
, 2987 E-09 
.60.976-06 
.17336-05

' .80696-02 
.19686-02 
1720E-02 

-.98796-03 
-.13166-03 

.91 85 E-09 

.16206-09 
5 35 IE-07 
9 6916-06

-.5&31E-0<9 
*. 1698E-03 • 
-.10706-02 ■ 
.11066-01 ■ 
.1000E+31 • 
•1106E-01 • 

-.10 706-02 • 
-.16986-03 ■ 
.56316-09

,61926-09 
,1058 E-03 
.1515 E-02 - 
,33956-02. -  
.11076-01- 
,3395 6-02 - 
.15156-02 - 
.10586-03 
.6192 6-09

In fluence coeffic ien t S5 =V x'a/P .,qt x = a ; y.sQ

>68176-09 
,96756^09 • 
,l?50E-02 • 
173976-02 ■ 
,15676-01 ■ 
.73976-02 • 
.12506-02 • 
96756-09 
68176-09

.58906-09 '

. 1616E-03 

.29666-03 
•27096-02 • 
.5256E-02 ■ 
.27096-02 ■ 
.25666-03 
.16166-03 
.5890E-09 •

,32076-09 
.13166-03 
.17986-03 
.2250E-03 
, 6720E-03 
.22506-03 
.1798E-03 
,13166-03 
.32076-09

-0 .8 rO.6 *0.4 -0 ,2 0,2 0,4 0.6 0,8
.20096-09 .5103E-09’ .65566-05 -.3267E-09
.93936-05 .75686-05 -.27826-05 -.51226-03
•6010E-09 . 3253E-05 -.35366-03 -.1328E-02
.6057E-05 -.3533E-09 -.69596-03 - .  17756-02 
.57236-05 -.99516-05 -.83786-03 -.1798E-02

-.36376-03 -.9292E-03 -.1500E-02 
- . 1567F-02 - .2 1 9 8 E -0 2 -.89836-03 
- •  2029E-02 . .16776-02 .16606-01
-.1570E-03 .1378E-01 .98606-01 

.15816-02 .20676-01 .?501E-01

-.13696-02 -.7983E-03 
.27956-02 .92756-02
.92706-01 .5079E-01
,79896-01 .59076-01

-.35516-01 -.96626*00

M L

0
-Q2
-0.4
-0.6

Influence s u rfa ce  of MXy a t  x  = Q .  y=Q
-0.4 -0.2 , 0.2 0.4

.12156-03 

.5695E-03 
. '.-83886-03 
-.37756-05 
0.

.37756-05 
-.83886-03 
-.56956-03 
-.12156-03

• 25736-03 .32686-03 .232.7E-03 (
.93686-03 . ,75 83E-03 ,.20986-03 C

-.20566-03 - . 5 114E-02 -.8797E-02 C 
-.55826-02 2895E-01 -.6625E-01 C
0. 0. 0. t

.55826-02 ,28956-01. .66296-01 I

.20566-03 .51146-02 .8747E-02 I
-.9  368 E-03 -.74836-03 - .  20986-03 ( 
-.25736-03 -.32686-03 -.23276-03 (

-.2327E-03 -.32686-03 
-.20986-03 -.7483E-03 
' .87476-02 .51146-02 

.6624 E-01 .28946-01 
0. 0. 
-.66246-01 -.28946-01 
-.87476-02 -.51146-02 

.20986-03 .7483E-03

.23276-03 .32686-03

-.25736-03  
-..93686-03 

.20566-03 

.55826-02 
0. • • 
- ,  5582 E-02’ 
-.2056E-03' 

.93686-03 

.25 73E-03

r .1214E-03 
-.56956-03 
-.8388 E-03 

.37746-05 
0.
-.37746-05 

.83886-03 

.56956-03 
• .1214E-03
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Simply s u p p o r te d  rectangular plate (v = o.3) I b /a = 1 .8

U S

Influence coefficient S4= w P /p a 2 at x= y=Q Influence surface of My ‘at. x = y
. 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

-06
-0-8

.96506-06 
••36616-05 
-.36136-06 
• 3500E-03 
.2531E-02 
.35006-03 

*.36136-06 
*• 36616-05 
.99506-06

.96236-06 
>.23 01 E-05 • 
*.3682 E-04 - 
.20366-01 
•1175E-02 
.20366*03 

*.36826-06 • 
-•20016-03 • 
.96236-06

•6060E-06 
.90736-06 
.27666-106 • 
.16706-06 • 
. 2321E-03 .* 
.14706-04 • 
.27666-04 • 
.90736-06 
.90606-06

.57936-06 
<59306-06 . 
.16926-06 ■ 
.3735E-06 • 
.212IE-06 • 
•3733E-06 • 
. 1692E-06 • 
•5930E-06 
.57936-06

■ 29 60E-06 
.91026-06 
.6 936E-05 
.21926-06 
, 3025E*06 
. 2192E-06 
.69366-05 
.91026-06 
.29606-06

\ . 1470E-04' 
.32106-03 

-.16906-02 
-.17616-01 

• 1000E* 31 
-.17616-01' 
-.1699 E-02 • 
..32196-03- 

• .16706-06

.10296-06 

.29616-03 

.11636-02 ■ 
•• 1131E-01 • 
.29 69 6-01 • 

-.11316-01 : 
*.11636-02 • 
.29616-03 
.10296-06

.76379-06

.22306-03

.23996-03

.6156E-02
•1133E-02
.61566-02
.23996-03
.22306-03
.76376-06’

*. 6265E-05 
.12996-03 
.17656-03 

*.10326-02 
*.10166-02 
-.10326-02 
.17656-03 
.i2  996-03’ 

-.62656-05

-.60666-05 
.51396-06 
* 1616 E-03* 

-.99376-06 
-.31226-03 
-.90376-06 

.16166-03 

.51396-06 
-.60666-05

s s
Influence coefficient s6=vy a /p  at x=Q. y=b Influence surface of M x ot x = 0 . y = 0

O 0.2 0.4 0.8 02 0.4 0.6

- 0.2
-04
- 0.6
- 0.8

>. 103 66+00 
.35016-01 

-.95796-03 - 
-.6246E-03 - 
.65616-06 
.10626-06 

-.23656-05 • 
-.1176 E-06 • 
.71256-07

.20216-01 

.3000E-01 

.13396-02 ■ 

.5679 6-03 • 

.66956-06 
.96306-35 
•2312E-0S • 
.11016-06 
.69566-07

.07026-01 

.16736-01 

.19526-02’ • 
■.6070E-03 - 
.67506-06 
. 7563E-05 
.2109 6-03 < 
••0972E-O7. ■ 
.60096-07

.3762 6-01 

.39626-02' 
•19666-02 
.21676-03 
.59696-06 
.69696-05 
.16606-05 
.60956-07 
.63226-07

.71036-02 
•. 9S96E-03 
’.1159 E-02 
-.76756-06 
•3672E-06 
.22O1E-03 

-.93166-06 
• Z907E-07 
.26336-07

.63096-05 

.3 668 6-06 
-.56536-03 - 
.31236-02 - 
. 1000E631 - 
.31236-02 • 

-.36336-03 • 
••3̂ 40 E-06 
.63096-05

.5231E-05 

.63716-06 

.6933 E**03 - 

.29926-02 • 

. 1107E-01 • 
>29926-02 • 
.69336-03 ■ 
.63716-06 
.52316-05

Influence coefficient S5 sVx'a /P  at x=a, y tQ

.23966-05

.77076-06

.20796-03

.68766-02

.15676-01

.68766-02

.20796-03

.77076-06
,23966-05

-.6011E-06 • 
.70306-06 
.12556-03 

-.17676-02 - 
-.32336-02. ■ 
-.17676-02 ’• 

.12556-03 

.7030 E-06 
-.60116-06 •

.15606-03 

.3996E-06 
•17996-03 
.52736-06 
• 6710E-03 
•32736-06 
•1799E-03
,39966-06 
•15 606-05

0.2 0.4 0.6 0.8
.1162E-05 .11636-06 .3552E-06 .62096-06
.20916-06 .S665E-06 .68096-06 -.69166-06
.51996-06 .6690E-O6 -.1378E-03 -.86566-03
.6266E-06 -.2666E-06 -.6022E-03 - . 1712E-02 
.3866E-06 -.9600E-06 -.03766-03 -.18316-02

.60606-06 .91206-06 - .
-.6629E-03 -.10796-02 - . 
-.19076-02 -'.1606E-02 .
-.93716-03 .97816-02 .

.13656-02 .2099E-01 .

10196-03
13666-02
33876-02
39786-01
57266-01

-.17126-03 -.13006-03 
-.16346-02 -.73966-03 
•1329E-01 .16116-01
.76786-01 .10976*00

* ,1907E-01 -.96036*00

Influence surface of MXy a t x = Q , y = 0

-.13966-06 
.155 66-03 
.79156-03 
.2909 6-03 

0.
-.29086-03 
-.79156-03 
r .  155 6E-03 

.13966-06

-.16056-06 - .3 1 87E-05.. .36636-05 < 
.32306-03 .60096-03 . .2796E-03 C
.9709E-03 -.11626-03 -.12166-02 ( 

-.61666-02 -.21566-01 -.61766-01 ( 
0 . 0> ■ 0 . ( 
. . 6166E-02’ .2156E-01 .6176E-01 I

-.97096-03 .1162E-03 .12166-02 I
-.32306-03 -.60096-03 -.2796E-03 (

.16056-06 .31876-05 -.36656-05 (

0 .2  ' 
-.36656-03 
-.27966-03 

.12166-02 

.61766-01 
0. 0, 
-.61766-01 - .  
- .1 2 16E-02 - , 

.27966-03 

. 3665E-05 -

0.4
.31876-05

-.60096-03
U162E-03
.21566-01

3.
2156E-01 
11626-03 

,600 9E-03 
,31876-03

.16056-06
-.32306-03
-.97096-03

.61666-02
0.
-.6166 6-02 

.97096-03 

.32306-03 
-.16056-06

•1396E-06
-•13S6E-03
-.29086-03
0.

.29086-03

.79156-03

.15366-03
-.13966-06
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S im p l y  s u p p o r t e d  r e c t a n g u l a r  p la t e  (v  = 0.3 )

Influence coefficient s4= w D /R a 2 at x=y=0
b / a =  U 2 X .=  11

s i

Influence surface of My a t x=  y = O
0.2- 0.4 0.6 0.2 0.4 0.6

-0.2

.29206-06 
-.6344E-06 
-.13926-04 
.1199 6-03 
.10336-02 
.11986-03 

-.13926-04 
-.63446-06 
.29206-06

• 2431E-0.6 
-.15036-06 
-. 11406-04- 
.434.96-04 • 
-.21236-03 
.25,496-04 

-.11406-04 
-.15036-06 
.24316-06

.12236-06
.43386-06

-.41566-05
.14466-04
.11616-04
.14466-04
•.41566-03
.43386-06
.122.36-06

.15336-37

.34136-06

.11116-06
-.30716-05
-.56156-05
-.30716-05

.11116-06

.34136-06

.15536.-07

.16626-07
•.73356-07
.36776-06
,472 8 -05
• 35 89E-06 
.47286-06 
.36776-06 
.75336-07 

-.16626-07

-.20486-05 ■ 
.26826-03 

-.10876-02 
-.1684 6-31 ■ 

•10006+31 
-.16846-01 ■ 
- . 1087E-02 

.26826-03 
' -.20486-05

.63766-03 

.20636-03 

.2 9 946-03 
.63276-02 
.68236-02 
.63276-02 
.29946-03 
.20636-03 
.63 76 E-05'

-.10506-04
.80196-04
.22026-03

-.7462E-03-
-.91316.-0!
-.74626-03

.22026-03
•8019E-04
10506-04

701IE-05 
49536-05 
962 96-04 
86746-04 
33206-05 
8674E-04 
9 6296-04 
4953E-05 

-.70UE-05

Influence surface at Mx at x = 0 . y =0

-.20406-03 
-.64226-05 

.3759E-05 

.29196-04 

.34356-04 

.29196-04 
. .57596-05 
-.64226-05 
-.20406-05

m

Influence coeffifcient s6= V y a /p  at x=0, y= b
0.2 0.4 02 0.6 0.8

- 0-2
-a4
- 0.6

-.52156-01 
.44966-01 

-.27306-02 
-.53056-03 

.94066-04 
. .24896-05 
-.2108 6-05 

.12736-06 

.3359E-07

.10286+00 . 

.27046-01 .
-.30226-02 -'. 
-.36116-03 - ,  
'.8703 6-04 ,
.74236-06 - , 

-.1882E-05 - . 
.13886-06 
.2897E-07

48876-01 - 
1796E-02 • 
2332E-02 • 
42836-04 
,6192 6-04 
,26126-05 • 
12726-03 ■ 

,1549 6-06 
,17506-07

,7152ET03 ■ 
.29776-02 - 
.70076-03 
.10966-03 
.26116-04 
.4158 6-05 ■ 
. 5512E-06 ■ 
.14146-06 
.55416-08 ■

•1177E-02 
.65566-03 
.48886-04 
. 72856-04 
.32396-05 
.28116-05' 
•9628E-07 
.84466-07 
.53546-09

.16796-05 

.53546-04 
-.41696-03 

.21446-02 
,.10006+31 

• .21446-02' 
-.41696-03 

.53546-04 
.16796-05

-.11936-06 -, 
.60196-04 .

-.2346E-03 ,
-.47806-02 - ,  
-.18916-01 - ,  
-.47806-02 -, 
-.23466-03 

.60196-04 
-.1193 E-06 -

35246-03 ■ 
4294E-04 
, 161 IE — 0 3 
1195 E-02 
41726-02 
,11956-02 
,16116-03 
.4294E-04 
,35246-05 ■

.40196-05

.45316-05

.12656-03

.31636-03

.31006-03

.31636-03

.12656-03

.45316-05

.40196-03

-.1731E-05 
-.74796-03 

•7708E-05 
.81056-04 
.13456-03 
.81056-04 
.77086-05 

-.74796-05 
-.17316-03

Influence coefficient ss=Vx'a/P  at x=a, y =0 •
-O  A - 0.2 0.2 0.4 0.6 ■ 0.8

.12666-06 -.1690E-37 -.19196-05 -.4026E-05 .12386-04
• 153 0E-06 -.88136-06 -.40336-05 .91046-05 .81066-04

-.92436-08 -*23216-05 -.1671E-05 .4653E-04 .93996-04
-.26416-06 -.33066-05 .56306-05 .838BE-04 -.1003E-03
-.41806-06 -.35636-00 .97716-05 .93646-04 -.2497E-03

’ .,63 026-04 ,9634E-04 -.12366-04 -.1H1E-03
.3850E-04 -.67016-03 -.1944E-02 -.17636-02 

-.7818E-03 -.31716-02 .1478E-02 .18406-01
-.2152E-02 .3177E-03 . .50B4E-01 .13706+00
-.2600E-02 • 7193 E-02 .83796-01 - . ’3177E + 00

0.8
0.6
0.4

-0 .4
- 0.6
-o.e

Influence surface of Mxy a t x = Q , y= O
-0.4 - 0.2

-.63706-05 -.18906-04 -.21606-04 -.83206-05 0. 
-.28386-04 .5 116E-05 .1873E-03 .27516-03 0. .

• .98376-05 .42266-03 .10056-02 -.20696-03'0.
• 1051E-03 ■ .6833E-03 -.26356-02 -.2977E-01 0. 

0. 0. 0. ' 0. ■ 0. 
- •  1051.E-03 -.58336-03 . 2635E-02 .29776-01 0.
- . 9837E-05 - . 4226E-03 -.10056-02 .20696-03 0.

.28186-04 -.51 16 E -05  -.18 73 6-03  - .2 7 3 1 6 -0 3  0.
'. 6 3 70E-05 .18906-04 .21606-04 .032OE-O5 0.

0.2 
•8320E-05 

, -.27516-03 
.20696-03 
.2977E-01 

0.
-.2977 E-01 
-.2069E-03 

.27516-03 
-.83206-05

0.4
.2160E-04 

-.18736-03 
-.10056-02 
• .26356-02 
0.
-.26356-02

.10056-02

.18736-03
T.2160E-04

-.18906-04
-.5U6E-05
-.422-66-03
-.68336-03
0.

.68336-03
•4226E-03
.51166-05

-.18906-04

.63706-05

.28386-04
-.98376-05
-.10516-03
0.

.10516-03 
'. 98 37E-05 

-.28386-04 
-.63706-05
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S im p ly  s u p p o r te d  'r e c t a n g u la r  p la te  (v=.o,3) b /a  = 1 .4 . I X =11
Influence coefficient s4= w D /p a 2 at.x=y=Q Influence, surface of My a t x= y = 0

m
0.2 o;4 .0.6 0.8 0 .4 0.6.

- 0.2

- 0 6

.24066-07 

.4628E-06 
■•8 401 E-05 
.5706E-04 
.1033E-02 
• 5 796E-04 

>.8 401E-05 
.4628 E-06 
.24066-07

«119.0E-07 
.4680E-06 

■•5967E-05 
■.52 48E-05 
.21232-03 
.5248E-05■ 

-.59676-05 
.46 80E-06 
11906-07

■.9686E-08 
.35 756-06 

■. 1462E-05 
-.13498-04 
-.11616*04 
-.1349E-04 
-.1462E-05 
. 35 756-j06

•. 1738 E-,07 • * 
• 1334 E-06 
‘.42 85 E-06 
-.23 84E-03 
-.561SE-05 
-.238.48-05 
.4285E-06 
•1334E-06 

-.173 86-07 -

.1011E-07 
•4109E-09 
.2622E-06 
.48 48 8-06 
.35898-06 
.4.8488-06' 
•2622E-06 
.4 109E-08 
»10UE-07

-.9334 E-05. 
.7706 E-04 
.1 IS IE-03 

-.13438-01 
.10008+31. 

- .  1343 E-01.
. .11518-03 

.7706E-04 
-.9334E+-05

-.81146-05
.5087E-04
.25976-03

-.5564E-02
.68236-02

-»556'4E-02
•2597E-03
•5087E-04

-.81146-05

-.48666-05 
.78-798-05 
.23126-03 

- . 5417E-03. 
-.91516-03 
- , 5417E-03 

.23128-03 

.78796-05 
-.48666-05

-.15016-05 
-.82026-05 
.61206-04 
.10408-03 

-.3323 6-05 
.10406-03 
.61206-04 

-.82026-05 
-.15016-05

.40346-07
-.46676-05-
-.12406-05

.26356-04

.34346-04

.26356-04
-.12406-05
-.46676-05

.40346-07

Influence coefficient s^=vy a /p  at x=Q,y=b Influence surface of M x at x=Q. y = 0
0,2 0.6 0,8 0.2 0,4 0.6 0,8

- 0.2
-0.4
- 0.6

.54 95 E-01 

.15516-01 
-•2058E-02 
-.93776-04 
,9499 E-05 

-• 2108 E-05 
.15008-06 
.51526-08 

-.23208-08

.10476+00 

.72266-02 
-.1701E-02 
.10306-03 
.65316-05 

•.18826-05 
. 1506E-06 
.31848-08 

-.2126E-08

.38086-01
-.24566-02
-.79756-03
.99816-04
.30036-06

-.12736-05
.14336-06

-.12686-08
-.16176-08

-.1347E-02 
-.23286-02 
-.57826-04 

.5941E-04 
-.38446-05 
-.55156-06 

•1136E-06 
-.47206-08’ 

9792E-09

-. 12 06E-02 
-.3396E-03 
.10776-03 
.17036-04 

-.3367E-05 
-.9573E-07 
.6145E-07 

-.42288.-08 
-.41406-09

- . 2 177E-05 
.2200 6-04 

-.85966-04 
-.64616-04 ■ 

.1000E+31 
-.64616^04 . 
-.8 5966-04' 

.2200 6-04 
-.21776-05

■.21996-05 
.18326-04 
.23036-04 
.'33556-02 
-.18916-01 
-.33556-02 
.23036-04 
.18326-04 
>2 199E-0S

Influence coefficient s5=Vx a/P  at x=a, y =0

.18336-05 
•5522E-05 
,14506-03 

-.7 203 E-03 
■.4172Er'02 
-.72036-03 
.1450E-03 
. 5522E-05 
■•1833E-05

-.81976-06
-.51666-05

.66076-04

.29746-03

.31006-03

.29746-03

.66076-04
-.51666-05
-.81976-06

-.25126-07 
-.45  196-05 
-.30936-05 

.66316-04 

.13446-03 
• .66318-04 
-.30936-05 
- •  4519 6-05 
-.25126-07

P S -  0.8 ‘ -0.6 . -0.4 - 0:2 0,2 0 .4 0.6 0.8
.63766-07 . 1.59 6E-06 -.44426-06 -.2878E-05 -.3050E-05 .12636-
.15656-06 -.31196-06 -.3075E-05 -.8191E-06 .4024E-04 . .1058E-
.70786-07 -.1827E-05 -.32486-05 .3314E-04 .1101 E-03 36 476-

2331E-06 - .3 1 94E-05 .41846-05 .79486-04 --.55516-04 -.19496'
-.40896-06 -.35726-05 .9548E-05 .94006-04 -.2431E-03 -.26186'

■04 .4522E-04 . .60566-04 .38356-04
•03 -.50296-04 -.56826-03 -.70S16H>3 
■03 -.2375E-02 -.24876-02 .28866-02
-02 -.88856-03 .39076-01 .12426+00
■02 .69096-02 .84956-01 -.27856+00

- 0.2
■ 0 .4 '
-0.6

Influence surface of Mxy a t x = Q . y= O
-0.4 - 0.2

• 2499E-06 -.31856-05 -.77206-05 -.6802E-05 0. 
. -.17196-04 -.2  82 8E-04 .91936-05 .51446-04 0.

-.1689E-04 .22886-03 .70526-03 .60456-03 0.
. .97656*04 . 7214E-03 -.15366-02 -.20146-01 0.
0. 0. 0. ' 0. 0. 
-.97656-04 -,721’4E-03 ‘ .15366-02 .20146-01 0.
' . 1699E-04 -.22886-03 -.78526-03 -.6045E-03 0. 
. 1719E-04 .2 82BE-04 -.9193E-05 -.5144E-04 ‘0.

-.24 99E-06 .31856-05 .77206-05 .680ZE-05 0.

0.2 
.68 02E-05 

51446-04 
-.6045E-03 
.2014E-01 

».
-.20146-01
.60456-03
.51446-04

-.68026-05

.77206-05
-.91936-05
-.78526-03

.15366-02
0.
-.15366-02

.78526-03

.91936-05
-.7720E-05

0,6 
.31856-05 
.28286-04 

-.2288 6-03 
-.72146-03 
0.

.72146-03

.22986-03
-.29286-04
*.31856-05

-.24996-06  
.17196-04 
.16896-04 

-.97656-04 
0. • 

.97656-04 
-<16896-04 . 
-.17196-04 

.24996-06
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C O N C L U S I O N S

In th is  in v e s t ig a t io n , th e  BIE method has been success

f u l l y  developed fo r  the two-dim ensional boundary value problem 

governing the d e f le c tio n  o f th in  e la s t ic  p la te s .,re s tin g  on 

W ink le r's  type e la s t ic  fo u n d a tio n . The in te g ra l rep resen ta tion  

o f the s o lu tio n  and the c o u p le d ,b o u n d a ry ,s in g u la r, in te g ra l 

equations are e s ta b lish e d  and a procedure o f th e ir  numerical 

so lu tio n  is  presented. Numerical re s u lts  are also obtained fo r  

plates o f various shapes. The accuracy o f  the method is  

discussed and i t s  e ffe c tiv e n e s s  is  demonstrated. The method 

is  adjusted fo r  the e va lu a tio n  o f in flu e n ce  f ie ld s  (Green's 

fu n c tio n s ) o f various f ie l d  q u a n t it ie s .

In Part I o f t h is  in v e s t ig a t io n  the fo llo w in g  has been 

done:

a) .The problem has been s ta te d  in  i t s  most general form 

in c lu d in g  a l l  p o ss ib le  boundary co n d itio n s  mixed o r no t.

b) The reg ion occupied by the p la te  may be m u lt ip ly  connected.

c) Two vers ions o f Green's id e n t i t y  o f the problem under 

cons ide ra tion  are e s ta b lish e d . In the f i r s t  ve rs ion , the

253
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boundary terms do not have physica l s ig n if ic a n c e . I t  can 

be app lied  to  de rive  boundary in te g ra l equations only fo r  

the clamped and sim ply supported p la te . The second version 

o f Green's id e n t it y  is  obtained by m odify ing the f i r s t  so 

th a t a l l  the boundary terms have phys ica l s ig n if ic a n c e .

This a llow s the d e r iv a tio n  o f boundary in te g ra l equations 

fo r  a l l  kinds o f boundary cond itions  (geom etric or n a tu ra l)  

regard less o f whether they are homogeneous or mixed and, 

thus, the problem can .be tre a te d  in  a u n if ie d  form . From 

the com putational p o in t o f v iew , one se t o f boundary 

in te g ra l equations fo r. each boundary value problem is  

proposed which are very s u ita b le  fo r  numerical s o lu tio n , 

as subs tan tia ted  in  th is  in v e s tig a t io n .

d) The boundary may have co rners. In th is  case,an a d d it io n a l 

term appears in the integral representation o f the solution and 

the boundary in te g ra l equations. This term re s u lts  from, 

the d is c o n t in u ity  o f the slope o f the boundary.

e) The fundamental s o lu tio n  used is  th a t o f an in f i n i t e ly  

extended p la te  on e la s t ic  founda tion ,under a concentrated 

load. In presenting the d e r iv a tio n  o f  the fundamental 

s o lu tio n ,a  system atic procedure fo r  the eva lua tion  o f the 

a r b r it r a r y  constant o f the s o lu tio n  is  described.

f )  The boundary in te g ra l equations were form ula ted by a 

l im it in g  process in  which the f ie ld  p o in t is  le t  to 

approach the boundary. The f i r s t  boundary in te g ra l equation 

was estab lished  in  a s t ra ig h t  forw ard manner. However, a 

specia l technique was developed in  o rder to  obta in  a
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second boundary in te g ra l equation .

g).The ex is tence  o f the boundary in te g ra ls  having s in g u la r  

kernels as the f ie ld  p o in t approached the boundary was 

proved. Moreover, a procedure was presented fo r  computing 

the jump o f the d is c o n t in u ity  o f the boundary in te g ra ls  

whenever the kernel behaved l ik e  a Newtonian double la ye r 

p o te n t ia l.  Higher order s in g u la r i t ie s  were reduced to  th a t 

o f a double la y e r p o te n t ia l by app rop ria te  in te g ra t io n ,b y  

p a rts ,a lo n g  the boundary.

h) By examining the behaviour o f the K e lv in  fu n c tio n s  and 

th e ir  d e r iv a t iv e s , i t  is  shown th a t the boundary in te g ra ls  

behave l ik e  s in g le  and double la ye r p o te n t ia l and,hence, 

theorems v a lid  fo r  the p o te n t ia l theory can be app lied  to

the d e r iv a tio n  o f the boundary in te g ra l equations.

i )  I t  is  shown th a t the BIE method is  very w e ll su ite d  fo r  the 

numerical eva lua tion  o f in flu e n ce  f ie ld s  o f various 

q u a n tit ie s  (such as d e f le c tio n s , s lopes, bending and 

tw is t in g  moments, and shearing fo rc e s ).  In th is  case,an

approach based on the p ro p e rtie s  o f the 6 - fu n c tio n  is

employed. Generalized loads are in troduced which are 

a c tu a lly  d e r iv a tiv e s  o f 6 - fu n c tio n . In the problem a t hand, 

these genera lized loads have not d ire c t  phys ica l meaning (they 

are com binations o f m u lt ip o le s  o f th e o re tic a l p h ys ics ). The 

re c ip ro ca l theorem is  used in  a genera lized form and the 

in flu e n ce  f ie ld  is  the d e f le c tio n  surface produced by the 

genera lized fo rc e . A major advantage o f th is  approach is

th a t the non homogenous terms in  the boundary in te g ra l
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equations are re a d ily  obtained a n a ly t ic a l ly  fo r  p la te s  w ith  

any shape and, thus,- the numerical e va lua tion  o f improper 

double in te g ra l is  avoided. -Another advantage o f th is  approach 

is  th a t i t  re s u lts  in  considerable saving o f computer tim e , 

because the in flu e n c e  f ie ld  is  obtained by so lv ing  once the 

boundary value problem. When the in flu e n ce  f ie ld  o f a q u a n tity  

is  obtained by p lac ing  the u n it  load a t various p o s itio n s , 

a boundary value problem is  solved fo r  every p o s itio n  o f the 

u n it  load . An a d d it io n a l advantage o f the BIE method is  th a t 

a concentrated load does not have to  be approximated by an 

equ iva len t d is tr ib u te d  load on. a small area, as in  the case 

o f the f in i t e  d iffe re n c e  method, or to  apply i t  on ly a t nodal 

p o in ts , as in  the case o f the f in i t e  element method.

In Part I I  o f  th is  in v e s t ig a t io n ,th e  fo llo w in g  has been 

done:

a) The boundary in te g ra l equations are approximated by a 

system... o f  simultaneous, lin e a r ,  a lg e b ra ic  equations. The 

approximation is  based on the d is c re t iz a t io n  o f  the 

boundary in to  a f in i t e  number o f  elements on each o f which 

the unknown boundary q u a n titie s  are assumed to  be constan t. 

The c o e f f ic ie n ts  o f the system are evaluated by numerical 

in te g ra t io n  on the boundary element. Special numerical 

schemes are developed fo f  the e va lua tion  o f l in e  in te g ra ls  

on the elements where the in teg rand is  s in g u la r.

b) A numerical procedure is  developed which can be employed
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fo r  the numerical e va lua tion  o f improper double in te g ra ls  

having a lo g a r ith m ic  or a Cauchy-type s in g u la r i ty .  This 

procedure is  employed fo r  the numerical e va lua tion  o f 

improper double in te g ra ls  which are present in  the boundary 

in te g ra ls  equations,

c) The numerical schemesfor the computation o f the d e fle c tio n s  

a t any desired p o in t are g iven. Numerical schemes fo r  the 

eva lua tion  o f the s tress  re s u lta n ts  are a lso presented. They 

. are computed a t any desired p o in t w ith o u t re q u ir in g  numerical 

d i f f e r e n t ia t io n .

In Part I I I  o f  th is  in v e s tig a tio n ,n u m e ric a l re s u lts  are 

obtained fo r  clamped and s im ply  supported p la te s  o f various 

geometry. From these re s u lts , th e  fo llo w in g  conclusions can 

be drawn:

a) The numerical re s u lts  are presented in  terms o f 

appropria te^non-d im ensional parameters fo r  c ir c u la r  and 

recta ngu la r p la te s . Tables are given fo r  the ana lys is  o f 

c ir c u la r  and rec ta ngu la r p la te s  o f a wide range o f 

dimensions. “

b) Inasmuch as in  the BIE method on ly the boundary is  

d is c re t iz e d , in  th is  method, less in p u t data is  requ ired 

fo r  the computer program than fo r  o the r numerical methods, 

such as the f in i t e  element and the f in i t e  d iffe re n c e  method 

in  which the whole two-dim ensional area is  d is c re t iz e d . 

This.saves time and reduces the r is k  o f e r ro r .

e) For r e la t iv e ly  smooth b ou nda ries (w ith ou t notches) only 

a few nodal po in ts  on the boundary can g ive accurate
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re s u lts .  As the number o f nodal po in ts  on the boundary 

is  in c re a se d ,th e  e r ro r  o f the re s u lts  approaches zero.

d) The step fu n c tio n  assumption fo r  the unknown boundary 

q u a n tit ie s  g ives s a t is fa c to ry  re s u lts .

e) As i t  was a n t ic ip a te d ,  f o r  srajall values o f  the constant 

o f the e la s t ic  foundation, the re s u lts  approach those fo r

. a p la te  n o t re s tin g  on e la s t ic  founda tio n .

f )  The accuracy o f the* e s ta b lish e d  q u a n tit ie s  is  g re a te r 

fo r  p o in ts  loca ted  away from the Boundary. In order to  

improve the  accuracy fo r  p o in ts  near the houndary.the 

number o f  nodal p o in ts  must be increased.

The form ulae e s tab lished  in  Appendix A may be used in  

developing the BIE method fo r  o th e r two-dim ensional d i f 

fe re n t ia l op e ra to rs .

From Appendix C , i t  is  concluded th a t  the values o f  the 

Kelvin fu n c tio n s  obta ined by expanding them in  Chebyshef se rie s  

are a b e tte r  approxim ation than those a va ila b le  in  the 

IMSL l ib r a r y .  The la t t e r  have been computed by Burgoyne using 

Lanczos' economization procedure.
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A P P E N D I X  A

In th is  appendix c e r ta in  form ulas are derived which 

f a c i l i t a t e  the d i f fe r e n t ia t io n s  o f the ke rne ls  o f the in te rn a l 

equations.

A - I .  Cartesian coord inates

The p o in ts  o f the reg ion R are denoted by P {x ,y ],w h ile  

the po in ts  on i t s  boundary are denoted by q fg ,n ).. The angle 

between the p o s it iv e  x ax is  and the vec to r Pq=r is  denoted 

by a. The angle between the p o s it iv e  x a x is  and the normal 

to the boundary,at the p o in t q , is  denoted by fi. F in a lly , th e  

angle between the p o s it iv e  x ax is  and an a r b it r a ry  d ire c t io n  

m is  denoted by y (see F ig . A - l1,

P (x,y)

_F-ig.Arl.
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Fronj F ig .A -1 -we have

>s
a = (7 , r )

• &=CiOi)

Y-C i.m l ( A r i l

<p=3-a

o>=Y-a

The angles a ,g  and y are p o s itfv e  when the x  ax is  ro ta tes  

counterclockw ise to reach the d ire c t io n s  Pq,n and in , 

re s p e c tiv e ly .

-Referrtng to  F ig . A-1, we have

cosa= ^  (A-2)

sina= CA-3)r

r -  [CS-xl *♦  (n%y ).*!*• (A -4 )

D iffe ren tia tin g  (A-4) we obtain

8r _ 3r 
3 X '"  3£ (A-5) *

%  CA-6J

'1 5 ^  = H r C0SB+ l y  sinSis

(eqs.acos£+sinasine)~cos (p -a l (A -7 )

--COScp
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CA-8)

D if fe re n t ia t in g  (A-2) and (A-3) we get

aCcosft) = 3 /E-X\
3 x ax'- r ‘

= -r+ (g -:x )3 r/3 x  
r 2

_ s ir i2g
■r

'3-(.cosg). _ 3 >i - X ' 
3y " 3 y ' r  1

_cosasina
r

3fsiria-l _3 /ti-Vx
n  ‘ a-x1 r. 1

_ cosasina
" r

(*) Here the subscript P or q denotes that the 
derivative -|̂  is taken assuming the points 
fixed, respectively..

CA—9)

CA-10)

CA-ll)

normal 
q or P. is
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3 (S ina) •_ 3 
3y ^ 3y'v r '

_ T r - ( r i-y )3 r /3 y  
r 2

-  cos2a 
r

3(cosg)

_ singsincp 
r

sirigcosa   cos2gsinp
r  cosp" r

-  cosgstnm• r'
moreover,

3  Ceos2g) _ 3C2cos2g - l )
3np 3llp

=4cosa l l | £ s a l  

3 P .
=4cosa singsincp

_ 2sin2asin(p

3(s in g ) 
3 n

J l | p l cose+l ( | p l s inp  

^ . I 2 I ^ Cosf>+

(A-12)

CA-13)

(A-14)

CA-15)
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3(sin2g) ^ s1„ a i i | ^ + c o s a i i | i M l ]

=2 [s in a ' s l l l f f i l l f f i  . COsa

^ 2 ( co s 2a-s i  n 2a) s i  ncpr -

= 2cos2asincp CA-J. 6 ]

''. -R e fe rr in g  to  F ig . (A -1),and using re la t io n s  (A-5) and (A-6) 

we get

s ' I I  c o s . 3r •
3mp 3 2  C0SY+ 3y * } * *

^(cosaCQSY+si.nasinY) CA-17)

^ qqs Gy ^cO

StCOSw

cosCf H-p)-. f^ s tn C f  +6) 

=-cosasinp+sinacosp (A-18)

= -s in (p -a )

=-sin<p -

i | | « a l  .  i i | p l cosCS +6)+ i l £ | i a l 5irl(?+6)

i i n ! a Sj np CTsas i .na c o s p  ( A . 1 9 )

__ sinacosg)
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i M s s l  « s l i l f f i l c o s c i  +B)+ i M n a l Sf „ c |  +fs)

-  c°^as inas1'n St £ ° l ! g cosg CA-20J

_ cosacostp 
"  r

^ -C sfncp) -  e ^ - [s tn  O - a 1}
3 uq . 3 uq

. stTl3a±co5ai _cos& U p m l  L̂ u ) .
• 3 t q  3 t q

xstnB_^llm costp  ?.cos&cosacoscp 

_ cos2<p
r

jf-C c o s ® !*  j | - [ c o s ( B ^  ! }

•cose ? ^ ° sa) (A-2213 t q. . • 3 t q

•costs- sftiacostp +stnBt o S p s SL

c o s y s w
 r

\  •^ C s tn 2 (p )= [s in < |)^ |-C c o s 9 l+ c o 5 9 ^ |-C § tn « > ) .l C A -23}

ss tn^ cd s$ s jM  _C0S(pc£sf2 •

_ coS(pcos2(p 
. r
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32r  _ 3 > 3 r \ 3 / - -— T ■ T?- ■jrrK-'Sin<p
q q q

_ COS^q)

3 r  _ 3 ,3 r  3 / ____\ •
3t~37T" -  3 t“ ( 3fi~)_ 3 t“ (c0S(p)

. coscpsing)
r

D iffe re n t ia t in g  re la t io n  (A-17) ariid re fe r r in g  to 

get

32r  _ 3 >3 r X 3 r
3 l ^ T  = S r T ^ 5" 3 iT C" costo) p q. q p q

= . r cosYH f 5 M  +s1nYi£ | l ! ! a r
q q -

=c6sYsina* iri(p -s in Y -0S° S"1' ncP'

__ smtpsino) 
r

Consider t h e \d if fe r e n t ia l equation

w/+ p w -tw =0

Its  so lu tio n  is '  [76 ]

w = ke r(p )+ ike i(p )

From equation CA-'271 we have

w"=- -  w'+iw

CArv24l 

CA-25J 

F ig .A -1 s we

CA-26)

CA“ 27)

CA-281 

[A -25)
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S u b s titu tin g  equation (A-28) in to  equation (A -I.2 9 ),a n d  • 

separating tfie ' rea l and im aginary parts,we ob ta in

k e i" (p l= -  ^  kei * (p )+ ke r(p ) CA-30)

ker"CpJ=- £ k e r 'C p )-k e i(p )  (A-31)

In  wfiat fo llow s,w e  w i l l  express c e rta in  higher order 

d e r iv a tiv e s  o f tRe fu n c tio n s  ke i(p ) end karCp) in  terms 

o f these fu n c tio n s  and th e ir  f i r s t  d e r iv a tiv e s .

Denoting by u = ke i(p j and z=ker(p) re la tio n s  CA-30) and 

CA-3I) can Be w r itte n  as

u " = - i u ' t z  CA-32)

^  z '- u  CA-33)

where the prime denotes d if fe r e n t ia t io n  w ith  respect to  the 

argument p.

R e fe rring  to re la t io n s  C l-3 .4 ) , CA-5), CA-61 and (A-7) 

we get

l l  = I p  I ?  I j  =_ I  u ' cosa CA_34i

l y  ' I p  l y  l y  r  u 's iw a  CA^35l

; %  = f ^ cos^ fy s 1 n 3=- f  u'cos<p (A-36.)

D i f fe re n t ia t in g  CA-34) and using re la t io n s  (A-9) 

and (A-5) we obta in
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^ =: i | _ (u , cosa), . ^ osa+u. 3 j ^  -

=— Pu/ico s2a+ ^ i '  s in 2a l CA.t37]
l * L P

= ^-[zco sza -  ^-a'cos2a3

In ob ta in ing  th e  le s t  r e s u lt ,  r e la t io n  ih^3Z\  has been, employed. 

D if fe r e n t ia t in g  CA-̂ 351 and using re la t io n s  (A-1ZJ and 

(A-6), we ob ta in

^ =; i | _ Cu^ l t o ^ I ^ s ina+u , 3 J | l ^ I .

=— fu " s in 2a+ -  u 'cos2a] . .’(A-38)
X2 p

=— rz s in 2a+ -  u 'cos2a}
X2 P

In  ob ta in ing  the la s t  re s u lt  r e la t io n  CA’-SZL has been employed. 

Using re la t io n s  (A^37) and CA-38] we ob ta in

V2U= Liy. + a±u ^ 1_ z Ca-39).
-a*2 ay-2 £ 2

D if fe re n t ia t io n  CA^34)_ and using re la t io n s  CAr>6l,CA^Q) and 

CA-321 we get

a ^ y l y O - ' i  |y O .* c .« a l _ ■ . .

• = - f ^ o s a . u ^ l
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„ .cosasintix (A—40)

= _1_ ( u'/_ I  U') s in 2 a  
2A2 p

= -u ')s in 2 a2a2 . p
D iffe re n t ia t in g  (A^39) and using re la t io n  (A-8) we get

| —  (V2u}= — z'coscp CA-41)
q A3

Moreover, from re la t io n s  CA-37) and CA-38) we obta in

_ i l u  = l_ (z _ l u ' ) cos2a (A—42)
• 3x2: 3y2 • A2 p

D if fe re n t ia t in g  CA-42) and using re la t io n s  CA*̂ 81 and (A ^32 ) 

we get

q 3x2 3y2 H2 S"q ' p

' ^ os2^ t u"- I  “ ’ M u " -

=— u'//-^ u / /+— u ' )  CO scpcos 2a-^(u //- ^ u ’ ) s i  ncps i  n 2a] 
A3 p p2 P P .

=— JVcos2acostp- | ( z -  |  u ' jcos C2a-<p)] (A-43)
A3 p . p •

D if fe re n t ia t in g  (A-40) and using re la t io n s  CA-8) and (A-32) 

we get
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M ^ ,= ^ [ ( z ' ’ u ' )s1n2a]r  21! < ,V  p 

=i ? [s1n2a^ (2-  f “ ' )+ (2 '  | J' )3 ^ (Sln2aW

=J _ [s in 2a i U .  i u ')'cos<p+(z- 4 - ) 2C° S2aSin' 
2 £ 2 • £  p  p  -r

= -r—[ s i n 2 a ( z —u ' '+  —  u ' )coscp+|(z- | u ' )cos2asincp] 
2l3 p p2 P P

=-^-[z 's in2acoscp- | t z -  | u ' )sin(2a-<p)} (A-44)

D if fe re n t ia t in g  (A-39) and using re la t io n s  (A-51 and CA’-6 l 

we obta in

| ^ ( V2U}=- —  z 'cosa  CA-45}
3JC A3 •

| -C v 2u).= -  — z ’ s ina  (A-46)
I 3

D iffe re n t ia t in g  CA-45) and CA-461 and using re la t io n s  CA-81 

and (A-33) we o b ta in  -

^ [ ^ ( z U c o s a + z '^ C c o s a ) ]

— [z^costpCQSa-* ^  z 's inas im p]

—[ucos(pcosa+ ^  z rcos(a-<p}] CA” 47)

5 ^ [ | y c' 2u» -

=_ 1_ 
’ ’  £,** 

= L_
il>
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=- —  [z cos<psina+ ̂ z 'cosasin tp j (A-48)
Zh p

= — [usin<pcosa+ ^  z'sjn (a-<pO
i *  P

Moreover, using re la t io n s  (A -2 5 ),(A -1 7 ),(A -8 ) and (A-32) we 

obtain

3 2u _ 3 / 3u 3 r l  n .3r_-i
3"lp3 n q "  3m p 3 n q 3n5p ^  3 n qJ

i l 3mp 3nq ; 3 y n qJ

1  r / /  1  •  -  ( A " 4 9 )=- j - [ u //cos(ocos(p+ ± u sincpsinco]

=- — [zcosucoscp- i  u'cosCcp+co)]
Zz p

By s u b s t itu t in g  -u fo r  z , -u ' fo r  z ' ,  z fo r  u and z ' fo r  u ' 

in  equations (A-34) to CA-49) we obta in  the respec tive  

d e riva tive s  fo r  the fu n c tio n  z.

Thus

(A^50) 

CA-511 

CAt>'52L

i f  — z'cos2q] CA-531
P J

;3 Z _ I  73 x z 2

3 Z _ 1 z
3 y  ” z 2

3 z _ l z

8 n p "
z z

3 2 Z _ _
— D3 x 2 A2
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—  = -  — [ u s in 2a -  i  z 'c o s 2a ]  
3 y 2 i2 p t

(A —54 )

V2z = -  i - . u  
I2 •

(A —5 5 )

l ^ f y  ^ r ( u + f  z ' )s 1 n 2 a
(A -5 6 )

(V 2u ) = -  — U*COS(p
3 "q A3 .

( A - 5 7 )

—  -  —  = -  — (u +  -  z ' ) c o s 2a  
3 x 2 3 y 2 l2 p

(A - 5 8 )

- i _ ( L L l  -ill)  = I _ [ - U ' cos2aCOS<p+^Cu+|z' 1 cosC2ot-tp)j 
q 3 x 2 3 y 2 I3 P P

CA-591

^ 7 [ - “ - s 1»2acos<p+| C u * f  z * l s i n ( 2a-<p)] 

(A -6 0 )

| t 7(V 2z )=  —  u 'c o s a
3X ^3 CA-61)

• |-C v 2z)= ^ t  u 's in a  
3 y  . I3

C A -62)

3i r f e l ( v 2 z ) 3 =^r[zco s< p co sa- iu 'c o s (a -c p ) ]  (A-63).

3^ [ | y v 2z] - ~ t « 1  ntpcosa- i  u ' s i nC a-tp l] . CA-64]

3 ip "3-n =^ [ UC0S®C0S<P+ ^z'-cosCtp+toL] CA^65L
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A - I I .  I n t r in s ic  Coordinates

I t  is  o fte n  necessary to  use the in t r in s ic  coord inates

s and n, th a t  is , t h e  arc leng th  o f the boundary and the length

along the normal n to  the boundary. In  th is  case, the

d e r iv a tiv e  w ith  respect to  s, g e n e ra lly , is  no t id e n t if ie d

w ith  th a t corresponding1 to  the ta n g e n tia l d ire c t io n  t .  For

a fu n c tio n , w, we have-

3w _ 3w rn cc\
3 s- ~ 3 1 CA-651

R eferring  to  F ig . A-2- we ob ta in

H i s ) "

F ig .A -2.
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h f c  -  M ! cosB+ l y  s i " » )

• = | r ( I f ) si ne+| f " | T (cosB ^ ( S U B )

T t# ° sHr7Si”B)+(- |fsinp4ScosB)||
9 W . k3w
3 tan a t

k=k Cs )= | |

is  cu rva tu re  o f  the boundary.

Thus, we o b ta in  the fo llo w in g  two re la t io n s

3 w _ 32w +„a_w .
3 S3 n 3 tan 3 1 CA-67)

32W = 3 w k3W • r . Ka.3 tan 3S3n *3s LA>bdj.

Moreover, using CA-661 we obtai;n

' 0  -  l r ^ f > -  l ? c -

i f  ^  ♦ § *  & « • « ) '  

’  ! i l >  f f s1I1B+ f f s i n s j H

_ 3 2w k3w
-  a t2  'S n
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S im ila r ly , using re la t io n s  (A -6 7 ), CA-69) ,(A-.18) and (A-25) we 

get

q q q q

= cllsf J »  -K s ln ®

^ r * 1 -  i v ® H -  —  = - —  +4 ^ -  i A- 73>3 s  3 s  3 t q a s 2 a t 2 n

= COifa +Kc0S(p

q

For r e c t i l in e a r  boundaries K(.s}=0 and i t  is  always . 3_
: 9 t '
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A P P E N D I X  B 

Computation o f the term I  fo r  non-smooth boundaries

g(s)

■ 9 (s)

F ig .B -1 . D iscontinuous fu n c tio n  w ith  g (a )= g (b ).

Consider a fu n c tio n  g (s ),d e fin e d  on an in te rv a l (a ,b ) ,  

which a t a p o in t s- has a d is c o n t in u ity  w ith  a jump 

ts]|. =gC S |)-g (s .I)* Wor.eoyer, assume th a t

• 9Ca]=gCbl CB-Jl)

I f  cpCs) is  a continuous fu n c tio n  defined on the in te r v a l 

(a ,b ) w ith
<p(a)=<p(bl CB-2)

we have

275
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When g (s j and <p(s) are de fined  on a closed 

e q u a tio n ,(B -l)  i s :  s a t is f ie d  and r e la t io n  (B-3)

. (c g | fd S=-;|[g<p]| r )c|f» d s . Ca)

or

j c<pafds=' IM i:-4c^9ds- Cb)

i+1

O

F ig .B -2 . Boundary having N co rn e rs .

curve C 

becomes

CB— 4)
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N o tic e ,th a t when g is  continuous |[g<p]|  ̂ =0. R e la tion  (B-4) and

(B-5) can be used to ca rry  ou,t in te g ra t io n  by pa rts  when one

o f the fu n c tio n s  in  the in teg rand is  d iscon tinuou s .

R e fe rring  to  Fig'. 3-2 , we see th a t .the cu rva tu re  o f

the boundary K( s ) and the normal d e r iv a tiv e s  |~£ andan 9n /
are d iscontinuous a t corner p o in ts  s . .  Thus, re la t io n s  

(B-4) can be used in  in te g ra t in g ,b y  p a r ts ,th e  fo llo w in g  

terms o f the boundary in te g ra l (1^2,10)..

_)ds (B-5a)

CB" 5b)
C

(B-5c)

c

S u b s titu tin g  equations CS-5a} to (B-5d) in to  re la t io n  (1-2 .10 ) 

and denoting by

a 2 ' i d _ . ( b-6 ):

we get fo r  a boundary with. N corners

tB - 7 >
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A P P E N D I X  C. •

Eva luation o f th ¥  Kel'vfn fu n c tio n s

A method fo r  approxim ating the  Ke lv in  fu n c tio n s  k e r (x ) ,  

ke i(x )  and t h e i r . f i r s t  d e r iv a tiv e s  k e r ’ ( x ) ,  k e i ' ( x )  has'heen 

presented by F.D.Burgoyne, [8 7 ].  According to  th is  method,the 

Ke lvin fu n c tio n s  are approximated to  a t le a s t nine s ig n if ic a n t  

f i g u r e s . T h i s  accuracy d id  not meet our computation needs.

In order to  increase the accuracy,the  Kelvin, fu n c tio n s  are 

approximated w ith  th e ir  f i n i t e  expansions in  Chebyshev 

polynomials [88]-. Thus,

a) fo r  0<x<8

ke r(x )= -(y+ ln  x /2 )b e r(x )+ (u /4 )b e i(x ) - '(x /8 ) *  [  e T„ T x2/64)
n=(h £n

k e i (x )= - (Y + l r i  x / 2 ) b e i ( x ) - ( n / 4 ) b e r ( x )  + ( x / 8 ) 2[  f  T? (x 2/ 6 4 )
n=0

. (C - l)

k e r ' ( x )= - (Y ^ l n  x / 2 ) b e r ' ( x ) - x “ 1b e r (x )  + (Tx/4)bei * ( x ) -

- ( x /8 ) 3 I  9nT2n(x 2/64) 
n=0

k e i ' ( x ) = - (Y+ln x /2 ) b e i  * ( x ) - x ~ i b e i ( x ) - ( T t / 4 ) b e r ' ( x )  +

+ (x /8 )  I  hnT2n(x 2/64) 
n=0 11

(■*) The IMSL Library uses this approximation for the Kelvin'
. functions. . •

273
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where

ber(x)=  I  anT2nCx2/64) b e t(x j = . | :b  T«.+;:{ * 2/64)
n-0 n n=0

(C-2)

b e r '(x )= (x /8 )  I  cnT2n+, ( x 2/64 ) h e i ' (x) = (x /8 )  I  d T ( * 2/64) 
n=0 n 1 n=0 r n

T2nCxj and T2n+1(x )  are the even and add C.hebyshef po lynom ials, 

re s p e c tiv e ly . The c o e f f ic ie n ts  an>bn»cn»(l n»en »f n»9n and hn are 

given in  Table O I .

The Chebyshef polynom ials are evaluated from the recu rs ive  

form ula.

Tn(x)=2xTn_1(x )-T n_ 2Cx) n>2

V 1
Tl=x

b) fo r  5<x

ker(x)=Re[K0 ( x e " W 4)J 

ke i (x ) = - Im j r 0-Cxe"iu / 4 }J 

ker * (x)=Re [e31^ 4^  (xe‘ iu /4 ) j  

k e i ' (x)=-Im  [e3lT l/4K1(xe“ in /4 ')J

where

(C-3)

(C-4)
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K0 (x e - i ' ' / 4 M n / 2 x ) V W 8 + u l e- u |  PnT*C S /x)

K ,(xe-1" / 4 ) = Cn/2x)'Se,C" /8 + “ > r u I  q„T*(5/x)
-1 n = fl n- n

-h
u=2 x , x^5

(C-5)

pn=RCp„)+ii(p„), ^n=RCqn)+ixCqn)

*
Tn(x) are the Chebyshey polynom ials o f the second kind and are 

re la ted  to. Tn w ith  the re la t io n

T*=Tn(2 x - l)  (C-6)

The complex c o e f f ic ie n ts  pn and qn are given in  Table C -I.R (p n) , 

and I(P n) denote the rea l and im aginary p a rt o f pn .

TABLE Ct I

Chebyshev Coefficients for ber(x), bd(x), ker{x). kci(x), and Thor Derivatives

2.25521 15*82 
10.8*058 01738 
8.71271 7*101 

-0.853** 63696 
0.0190* 82639 

-0.00015 59976 
0.00000 05829 -0.00000 00011 0.00000 00000 -0.00000 00000

79523 90138 
13068 20665 
86675 55916 
95052 22986 
3*73* 39291 
15956 17**6 
62923 95910 
36930 89629 
01270 22191 
00000 87119 
00000 00039

-29.3*9*9 10970 21269 22722 
-8.98868 87*13 38207 5768* 
3.*6690 09758 *1511 3989* 

-0.1*735 80153 21209 280*8 
0.00192 21031 5*268 0*953 

-0.00001 0*178 99277 03635 
0.00000 00277 *3180 21356 

-0.00000 OOOOO *05*9 17690 
0.00000 OOOOO 00035 27916 

-0.00000 OOOOO OOOOO 01933 
0.00000 OOOOO OOOOO 00001

25.78109 2**25 89600 75371 
1*.9*051 22687 76532 5*706 
-2.*8*92 25515 96818 57127 
0.075*1 6557* 88338 11837 

-0.00077 6*98? 50599 *5331 
0.00000 3*898 29181 *1896 

-O.OQOOO 00079 *8362 33566 
0.00000 OOOOO 10153 93838 

-0.00000 OOOOO -00007 83687 
0.00000 OOOOO OOOOO 00387

9.9988* 3*6*3 
5.3229* 13802 
8.16009 17317 
0.50716 07078 
0.00859 23*57 
0.00005 7118* 
0.00000 01800 
0.00000 00003 0.00000 OOOOO 0.00000 OOOOO

•81679 05729 
52723 50097 
5*580 36*29 
*9198 13307 
7503* 3*863 
19171 87*2* 
26851 82568 
03819 562*8 
00299 26*29 
OOOOO 18356

' 0.00000 OOOOO OOOOO 00007
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TABLE C— I ( C ontinued )'

I 5.037*9 13279 *0243 09624
I -32.13362 54977 30465 74995
! I 6.61760 65694 62441 70191
I -r0.20943 20427 43605 42250

0.00183 72709 07812 58606 
i -0.00000 72563 87142 14307

0.00000 00148 11082 80775 
I -0.00000 OOOOO 17194 29932*
I 0.00000* OOOOO 00012 18762
I -0.00000 OOOOO OOOOO 00557
I o:OOOOO OOOOO OOOOO OOOOO

-30.24095
-65.51939
12.30542
-0.41155

0.00455
- 0.000020.00000

21143 27190 84320 
56565 94624 78265 
66464 04620 11634 * 
11950 45437 01405 . 
69840 80054 95188 
16804 15192 22712 
00517.18527 18270 
OOOOO 68679 74648 
.00000 00054 79415 
OOOOO OOOOO 02784
ooooo ooooo ooobi

-34.11314 87924 
-33.37426 03178 
15.96104 66759 
-0.76688 42692 
0.01089 43699 

-0.00006 29825 
0.00000 0.1765 

-0.00000 00002 0.00000 OOOOO

14490 76243 
96596 63482 
83989 93950 
52450 82998 
35866- 72405 
20880 94100 
55262 95937 
69199 99368 
00242 40280 . 
OOOOO 13718

-10.38306
4.63400

17.69391
-1.29878
0.02419

-0.000.17

52726 52518 42353 
89303 76357 74285 
91618 10812 91434 
38466 03610 97255 
84772 00411 21282 
21444 83306 79904 
05719 22142 65045 
00010 07561 98801 
OOOOO 01028 97780 
OOOOO OOOOO 65109 
OOOOO OOOOO 00027

5 27590 13757 71500 
0 45775 92248 60627 
4 88558 00279 13133 
0 54968 42797 5917.9 
0 06378 02857 72398 
0 00537 88925-26933 ' 
9 00038 03665 36911 
0 00001 80405 87493 
9 OOOOO 07409 37643 
0 OOOOO 04004 46940 
0 OOOOO 00807 04345 
0 OOOOO 00126 91627 
0 OOOOO 00016 78693 
0 OOOOO 00001 74350
 10 OOOOO 07994
0 OOOOO OOOOO 02512 
9 OOOOO OOOOO 01072 
9 OOOOO OOOOO 00280 
0 OOOOO OOOOO 00060 0 OOOOO OOOOO 00011 0 OOOOO 00000,00002

-0.00790
-0.00761
0.00028

- 0.000010.00000

0.00000-0.00000.-0.00000

KPn)

65568 61206 00284 
52111 06332 59121 
01428 53466 02342 
08679 91455 73912 
03430 71791 35686 
00047 78727 85761 
00028' 77466 56739 
00004 46278 OS5S5' 
OOOOO 53663 29543 
OOOOO 05345 7*325 
OOOOO 00376 17314- 
00000 00005 *4569 * 
OOOOO 00009 39965 

.00000 00002*53051 
OOOOO OOOOO 50860 
OOOOO OOOOO 08650 
OOOOO 00030 012*0 
OOOOO OOOOO 00130 
OOOOO OOOOO 00001 
OOOOO OOOOO 00005- 
OOOOO OOOOO 00002

-0.00000 OOOOO OOOOO 0 
0.00000 OOOOO OOOOO 0 ' -0.00000 OOOOO OOOOO 0

I 0.00000 ooooo ooooo o 
I -0.00000 ooooo ooooo 0
I .0.00000 OOOOO OOOOO 0

0 0.02493 11563 84580 59657
1 Q.02**3 02125 32635 26335
2 -0.00048 50015 54809 11200
3 0.00001 55186 22052 84*93
4 -0.00000 04354 08068 17209
5 -0.00000 00075 27108 70232
6 0.00000 00036 02315 70219
7 -0.00000 00005 34668 13801
.8 0.00000 OOOOO 62439 08190
9 r 0.00000' OOOOO 06062 .51798-

10 0:00000 ooooo oo*n *7*93
11 0.00000 OOOOO 00008 52051
12 -0.00000 OOOOO 00010 7.9*88

0* .OOOOO 00002 83532 
7 OOOOO OOOOO 56177 
9*00000* OOOOO 09*41 
9 OOOOO OOOOO 01336 
0 OOOOO 00000.00138 
9 OOOOO OOOOO OOOOO 
9 OOOOO OOOOO 00005 3 OOOOO OOOOO 00002 
9 OOOOO OOOOO OOOOl ■

0.00000*0 -0.00000 0 
0.00000 0 0.00000 0 -0.00000 0 0.00000 0
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In  ta b le  C - II  the yalues o f the fu n c tio n s  k e r (x ) ,  k e i(x ) ,  

k e r '( x ) ,  k e i '( x )  are g iven 'as  computed from  the two d i f fe r e n t  

methods o f  approxim ation. £or comparison the  corresponding 

values are lis te d  as they are given in  the “ Tables o f the 

B esse l-K e lv in  fu n c tio n s  B e r,B e i,K er,K e i and th e ir  d e r iv a tiv e s "  

by H.H. Lowell [8 9 ]. Lowell has used normal s e rie s  [ascending 

powers o f the argument) fo r  ker and kei and th e ir  d e riv a tiv e s  

over the argument range o to  8 .89; beyond th a t he has used 

asym ptotic s e r ie s . L o w e ll's  Tables are to  the a u tho r's  

knowledge the most accura te . As we can see from the Table C -II 

there is  an e x c e lle n t agreement between the values computed 

by using Chebyshef se ries  and these from L o w e ll's  ta b le s .

TABLE C - II

Values o f the fu n c tio n s  k e r ( x ) ,k e iC x ) ,k e r * ( x ) ,k e i '[x ) .  Computed 

from Chebyshef se ries  expansion, from. Low ell'.s Tables and 

Burgoyne's approxim ation.

Chebyshef I ta-11 | Burgoynex ker(x)
* 1 .28670 62087 283t00 .28670 62087 283*00 .28670 62087 280*00

2 -.41664 51399 151-01 -.41664 51399 151-01 -.41664 51399 039-01 .
3 -.67029 23330 380-01 -.67029 23330 380-01 -.6700 23330 399-01
4 -.36178 84789 955-01 -.36178 8470 95 -01 -.36178 84790 288-dl

■ 5 -.11511 72719 949-01 -.11511 72719 95 01 -.11511 72720 023-01
6 -.65303 75083 473-03 -.65303.75064 -03 -.65303 75043 060-03
7 .29220 21568 665-02 .19220 2150 -02 .19220 2150 925-02
8 .14858 34068 519-02 .14858 34068 -02 .14858 34073 02-02
9 .63716 41911 213-03 .63716 4190 -03 .0716 4107 911-83

10 .12946 63302 148-03‘ .12946 63302 , -03 .12946 63247 367-03

91 -.49043 87640 680-29 -.49043 87640 680-29 -.49043 87641 642-0
92 -.63049 9001*550-29 -.63049 9001 549-29 - *0049 9001 906-0 '
93 -.35219 43633 927-29 -.35219 4303 927-29 -.35219 4303 964-0 ,
94 -.1108 5029 512-29 -.1108 500 512-0 -.1108 500 454-0
95 .19523 67685 910-31 .19523 67685 908-31 .19523 001 084-31
96 .28156 48455 459-30 .28156 48455 458-30 .0156 48455 704-30
97 .20530 26701 01-M .20530 26701 01-30 .20530 26701 650-30
98 .85377 17615 684-31 .8077 17615 684-31 .8077 1705 533-31
99 .14277 06180 246-31 .14277 06180 246-31 • .14277 0610 996-31
100 -.98984 17996 731-32 -.9084 17996 731-32 -.9084 17998 226-32
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I kelOO

1 -.49499 46365 187*00 -.49499 46365 187*00 -.49499 46365 167*00
2 -.20240 00677 647*00 -.20240 00677 647*00 -.20240 00677 632*00
3 -.51121 88404 599-01 -.5110 88404 599-01 -.5113 .88404 613-01
4 , .21983 99294 973-02 .21983 99SS0 -02 ' .21983 9932 972-02
5 * .11187 58650 987-01 .11187 58650 99 01 .1113 586M 948-01
6 .72164 91544 425-02 .7364 91544 4 -02 .7364 91546 180-02
7 •27003 65107 96-02 .27003 65108 -02 .27003 <5105 38-02

. 8 .3058 39561 260-03 .36958 3956 -O .3358 39$8 366-03
9 -.31915 29161 913-03 -.31915 S17 -O -.31915 3166 270-03
10 -.30752.4500 881-03 -.30752 45690 . -03 -.30752 45703 589-03

91 -.14051 81565 231-28 -.14051 15652 312-28 -.14051 8153 232-28
92 -.36762 39700 148-29 -.36762 39700 147-S -.36762 36M 845-3
93 .63812 42733 258-30 .63812 42733 258-30 .63812 42735 516-30
94 .13600 68579 577-29 .13600 68579 577-S .13600 6853 675-3
95 .86077 16465 875-30 .86077 16465 875-30 .86077 1643 043-30
96 .31475 70142 482-30 .31475 70142 482-30 .31475 70142 380-30
97 .27652 61067 606-31 .27652 61087 606-31 .27652 61086 452-31
98 -.55113 93389 310-31 -.55113 93389 310-31 -.55113 93389*923-31
99 -.47764 74436 860-31 -.47764 74436 859-31 .-.4773.74437 039-31
100 -.22365 35526 011-31 -.22365 35526 041-31 - -.22365 3553' 03-31

*■ ter*U> .

1 -.69460 3011*007*00 .-.69460 38911 006*00 -.€9460 38910 982*00
2 -.10660 0658 811*00 -.10660 09658 810*00 -.10660 09658 802*00
3 .21476 18686 772-01 .21476 18686 773-01 . .21476.18686 767-01 *
4 . .31478 4082 209-01 .31478 48982 21 -01 .3143 48982 165-01
S * .17193 40382 841-01 .17193 40382 84 -01 .17193 40382 834-01
6 .56317 029 650-0 .56317 09259 6 -02 .56317 09259 745-02
7 .42050 94672 958-0 .42050 9467 -03 .42050 94673.965-03
8 -.87972 40992 200-0 -.87972 4099 . '• -03 -.87972 40990 988-03
9 -.71123 08637 487-0 -.71123 0864 -03 -.71123 08636 005̂03
10 -.3159 0344 209-0 -.31559 69345 -03. -.31559 69342 560-03

91 -.64414 61211 989-29 -.64414 6iai 989-3 -.64414 6132 72*29
92 .109 7402 904-9 .1893 74692 904-3 .1893 74692 329-3
93* .SMS 17*45 taft-29 • .3605 17845 398-3 .3605 17845 147-3
94 .17524 06160 934-3 .17524 061H 933-3 .17524 061M 885-3
95 .59475 78851 601-30 .594*5*78851 60̂ 30. .59475 78851 833-30
96. .2200$ 59877 176-31 ' .22009̂59877 176-31. .22009 59880 065-31.
97 -.12667 36384 517-30 -.12667 36384 516-30 -.12667 36384 358-30
98 -.99777 52881 588-31 -.99777 52881 588-31 -.99777 52881 101-31
99 -143942 58417 050-31 -.43942 58417 049-31 -.43942 58417 066-31 **

100 -.87662 46185 882-32 -.87662 46185 883-32 -.87662 46187 160-32

■ V ' W W

. - .35236 99133 362*00 .35236 99133 361*00 .35236 M133 33*00
2 .21980 79099 196*00 .21980 3099 196*00 .21980 7903 193*00
3 ' .92043 05048 029-01 .92043 05048 030-01 .92043 05048 032-01
4 .23918 61379 169-01 ..2310 6133 17 01 .2310 6133 230-01
5 -.81998 65436 219-03 -.81MB 65436 -03 -.81998 65435 512-03

■ 6 -.52239 20860 983-02 -.5223 20861 0 -02 -.5223 20861 787-02
. 7 -.34595 08641 021-02 -.34595 08641 -02 -.3435 08640 206-02
. 8 -.13363 1314 890-02 -.13363 ISIS .-02 -.13363 181$ 687-02

9 -.20807 94171 237-03 -.20807 9418 -03 -.20807 94165 876-03
10 .14091 38376 126-03 .14091 38377 -03 .14091 3832 258-03

91 . .13481 16925 980-28 * .13481 16925 9BO-28 .13481 1325 -885-28
92 .70778 06107 907-3 .7073 06107 906-3 .70778 06107 785-3
93 .2057 794S 732-3 .20357 79421 731-3 .20357 7943 869-3
94 -.18413 89S1 682-30 -.18413 6931 683-30 -.18413 330 376-30
95 -.62698 49S3 957-30 -.62698 4933 956-30 -.6238 333 317-30
96 -.42330 22331'147-30 -.4233"22331 146-30 -.42330 22330 984-30
97 -.16486 84392 566-30 -.16486 8432 566-30 -.16486 8432 38-30
98 -.0119 43197 352-31 -.2113 43197 352-31 -.21119 43197 971-31

- 99 .23920 04588 527-31 .2320 04588 526-31 .2320 04588 143-31
100 .22925 64824 625-31 .233 64824 625-31 .2325 64824 489-31
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