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STATISTICAL METHODOLOGY FOR LARGE CLAIMS 

J. TIAGO DE OLIVEIRA 
Center of Applied Mathematics (I.A.C.) Faculty of Sciences, Lisbon 

I. INTRODUCTION 

The question of large claims in insurance is, evidently, a very 
important  one, chiefly if we consider it in relation with reinsurance. 
To a statistician it seems that it can be approached, essentially, in 
two different ways. 

The first one can be the study of overpassing of a large bound, 
considered to be a critical one. If N(t) is the Poisson process of 
events (claims) of intensity v, each claim having amounts Y,, 
independent and identically distributed with distribution function 
F(x), the compound Poisson process 

n(O 
M(t) = E h(Y,, a) 

t 

where a denotes the critical level, can describe the behaviour of 
some problems connected with the overpassing of the critical level. 
For instance, if h(Y, a ) =  H ( Y - - a ) ,  where H(x) denotes the 
Heavside jump function (H(x) = o if x < o, H(x) = I if x _> o), 
M(0 is then the number of claims overpassing a; if h(Y, a )=  
Y H(Y--a) ,  M(t) denotes the total amount of claims exceeding 
the critical level; if h(Y, a) = (Y - -  a) H(Y - -  a), M(t) denotes the 
total claims reinsured for some reinsurance policy, etc. 

Taking the year as unit of time, the random variables M(I),  
M ( 2 ) - - M ( I )  . . . .  are evidently independent and identically 
distributed; its distribution function is easy to obtain through the 
computation of the characteristic function of M(I).  For details see 
Parzen (1964) and the papers on The A S T I N  Bulletin on compound 
processes; for the use of distribution functions F(x), it seems that 
the ones developed recently by Pickands I I I  (1975) can be usefu l, 
as they are, in some way, pre-asymptotic forms associated'with 
tails, leading easily to the asymptotic  distributions of extremes. 

The results of L e a d b e t t ~  (1972) and Lindgren (I975) can also 
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be useful, the last one introducing the notion of alarm levd, con- 
nected with the critical level. 

We wiU not follow this approach, which seems a very interesting 
one, letting here only this short note. 

Tile second approach, which we will develop, is based ill the 
asymptotic distributions of largest values, largely exposed in 
Gumbel's (1958) book and used in some papers of Ramachandran 
(1974) and (I975), for fire losses. A detailed bibliography will appear 
in tile sequel; but we can recall immediately the important paper 
by de Finetti (1964) and the useful summary by  Beard (1963). 

2. THE ASYMPTOTIC DISTRIBUTION OF THE LARGEST VALUES AND 
m - t h  LARGEST VALUES OF A SAMPLE 

The theory of largest and smallest values of a sample of inde- 
pendent and identically distributed random variables goes as far 
away as 192o, in a paper by  Dodd. Owing to the difficulty of real 
use of the distributions, in general even dependent of unknown 
parameters if their analytic forms are known, we resort to the use 
of asymptotic distributions for (relatively) large samples. This 
theory began to be developed in the late twenties by  Fisher and 
Tippett  and yon Mises and was systematized, in a definitive way, 
by  Gnedenko (1943). Gumbel (1935) developed one of the forms of 
asymptot ic  distributions of the m-th largest (or smallest) values. 

Later the requisites of independence or identical distribution 
were weakened; we will not refer to them because they do not seem 
to be very important  to the application in insurance theory. In a 
general way, we can summarize those results by  saying that  we 
have the same asymptotic  distributions if the marginal distribu- 
tions are the same and there is a kind of asymptotic independence 
or if the random variables are independent and their distributions 
are related in some way. 

If (x~ . . . .  , x,)  is a sample of n independent and identically 
distributed random variables with distribution function F(x), the 
distribution function of max (xt . . . .  , x~) is evidently 

Fn(x) = Prob (xl < x . . . . .  xn _< x). 

For some initial distribution functions F(x), there exist constants 
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Xn and 8nC> o), not uniquely defined, such that  there exists a 
function L(x) such that  

~o 

F , ( x , ,  + ~,,;,) --,. r.(x). 

The asymptotic distribution function L(x) may be one of the 
three forms: 

n c x )  = e -  ~-" 

Or(x) = o i f x < o  

= e -z-~, ~ > o i f x  > o  

q~(x) = e - ( - x ) ~ '  o: > o i f x < o  

= I i f x > o  

Gumbel distribution 

Fr6chet distribution 

Weibull distribution 

As tile asymptotic distributions are continuous, the convergence 
is uniform to that,  for large n, L ( x -  X]8) can be taken as an 
approximation of Fn(x). This asymptotic distribution contains the 
two parameters ), (location) and ~ (dispersion) and eventually the 
shape parameter ,.. Fig. I shows the reduced Gumbel density (with- 
out location and dispersion parameters) and Fig. 2 and Fig. 3 
show how Fr6chet and Weibull densities, without location and 
dispersion parameters, behave with the change of 0t. 

-3  -1 

F(x)-IfxP ( -x l  , ExP ( -wxp (-x)} 

Fig. I 



4 STATISTICAL METIIODOLOGY 

ALFA~S 
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= 
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-4 -$  -2 -1 

Fig. 3 

An important too] to evaluate the use of the distributions of 
largest values is the behaviour of the force of mortali ty. The force 
of m or t a l i t y  for Gumbel  d is t r ibut ion is an increasing funct ion as 
well as for Weibull  dis tr ibut ions,  and  has an U form for Frdchet  
dis tr ibut ions.  

The  extension for m-th  largest  values is innnediate .  If  x~ < . . .  
< x~ denotes  the  ordered  sample, the m-th  largest values is the 

• i 

order  stat ist ics Xn_m, ~; for m = I we have  x n = m a x  (x~ . . . . .  Xn ) .  
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Tile distribution function of x~_ m, t is given by 

x (~) F(x)~ (~ - - F i x ) )  " -k  = z (~) F(x).-v (~ --Fix))~ 
k - N - - ; ~ + l  p - - O  

tO 

and it is easy to show that  if Fn(Xn + 8,x) --~ L(x), i.e., that  the 
maximum value has the asymptotic distribution L(x) (of one of 
the three forms A, O~, ~I~a) then the asymptotic distribution of the 
m-th largest value is given by 

m - 1  

L(x) ~i. [ -  log L(x)]. 
a 

Note that  we have three asymptotic forms and not only the 
form deriving from L(x) = A(x), as it is supposed sometimes. For 

instance, if Fn(X,, + S,,x)--~ A(x), then the reduced asymptotic 
form for the m-th largest value is 

n - I  

O 

It  should be noted that  if we take e-X = nt e - v  we obtain the 
expression given in Gumbel (1958) 

m - i  

e -  m ~- ;  E mr, e -  v v  / p I. 
O 

" 3. ESTiIdATION AND PREDICTION PROCEDURES 

As it seems, the two more important 1)roblems of statistical 
decision in actuarial field for the distribution of extremes, are 
estimation and prediction to be dealt with in this section; it seems 
that  other statistical decision questions are not important in 
actuarial field. 

It  must be remarked that  we are lacking yet, in many questions, 
the methodology to obtain the best statistical decision procedures. 
Its description can be found, in detail, in Tiago de Oliveira (x972) 
and (I975), not only for Cumbel distribution but also for Fr~chet 
and Weibull ones. 
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ability I - -  co that  the future observed value will fall in the interval) 
is givetL apart errors of order n-x, by  

~, + (~ + log 2v) ~, 3, + (b + log 2v) ~? 
where a and b are given by the equations 

g - e - b  e - e - a  -~  I - - ( 0  

a + e - a = b + c  -b. 

The theory of estimation for the m-th largest value is not yet  
developed but it can be done in the way of the preceding estimation 
for file (Ist) maximum. For instance, for the 2nd maximum, as 
the density is 

t;-e-z C-g~ 

the estimators are given by 

PN ~ \  

Z4 I~ 

= - -  ~ log ~ 2 , ; - - /  

The theory can follow the usual way. 
Statistical decision theory of m-th extremes in the case of distri- 

bution such that  the largest value has a Fr6chet or Weibull dis- 
tribution, not yet developed, will surely have the difficulties found 
until now for those distributions. 

4. SOME H I N T S  ON AI 'PLICATIONS 

The applications of tile theory of the m-th largest values has 
been developed, in the last years, in a series of papers by Ramachan- 
dran, for instance, (I974) and (1975), for the case where is supposed 
that  the asymptotic distribution for the largest value is a Gumbel 
one and, consequently, the reduced asymptotic are 

u * - t  

2 a , , , ( x )  = e-'-" ~ e-l'~. 
o 
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A problem which appears  i r i  the applicat ions is the  fact  that ,  i n  
m a n y  cases, when we take  k large samples  of sizes n~, . . . ,  nk the 
a t t rac t ion  coefficients kn and Gz are, in general, different. Under  
some condition,  we can obtain a general relat ionship be tween  the 
X and ~. 

Suppose  tha t  exist cons tants  ~ and ~ ( >  o) such tha t  d ̀ *~*x (I 
F(x) )  --~ o as x --+ Go, which corresponds to the  a sympto t i c  condi- 
t ions supposed in R amach an d ran  (1974). 

In tha t  case we can take  Xn = I/[3 (log n -  0t), 8,~ = I/[~ so that  
we get the following relation 

X,~, = X, -t- <3 log n'/n 

~,~' = 3~z. 

Let  us, for simplicity,  suppose tha t  yJm) is the  m-th largest 
value from a sample  of size ns under  the hypothes is  made  on F(x ) .  
Then the random variables 

. . . .  Y$"'. 7 x,!, 

have the a sympto t i c  dis t r ibut ion Am(x). 

From the relation given, taking X,~, = X, G ,  = ~ we see that  
we can write  

~ ' ( m )  _ _  7, IZj 
z s -  -J  ~ q - l o g - -  

so tha t  the y}m) have tile a sympto t i c  dis tr ibut ion 

( x - - ! ?  log us/ 
A , , l \  ,~ + - n t , '  

and  the es t imat ion of the  pa ramete r s  X and  ~ can be made  in the 
usual way,  for instance, using the m a x i m u m  likelihood method.  

Auother  point  which is ve ry  impor tan t  in the s tudy  of m-th 
largest  values is the choice be tween  one of the  forms of a sympto t i c  
distr ibutions.  

Until  now there is no analyt ic  methodology  for this choice. 
A practical  suggestion can be the use of graphical  me thods  (for the  
technique see Tiago de Oliveira (1972)). We can test ,  graphically,  
if the  largest values follow one of the dis t r ibut ions and, after, 
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suppose  tha t  the m-th largest values follow the corresponding 
a sympto t i c  distr ibution.  For  t ha t  wc can build a probabi l i ty  paper  
for Gumbel  dis tr ibut ion and. a deck of probabi l i ty  papers, for 
var ious values of 0~, for Fr6chet  and Weibull distributions.  Then 
the da ta  can be plot ted on those probabi l i ty  papers and  one of the 
forms will be accepted when the p lo t ted  points  fall, approximate ly ,  
on a s t ra ight  line. Recall t ha t  when ~ - ~  oo both  Fr6chet  and  
Weibull  distr ibutions,  with convenient  linear changes of the 

variable,  converge to Gumbel  dis t r ibut ion;  from a practical  point  
of view it means  that ,  for large ~, in bo th  cases, da ta  will fit rea- 
sonably  well in Gumbel  probabi l i ty  paper.  
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EXPLOITATION DU SONDAGE AUTOMOBILE I971 
EN FRANCE PAR UNE M/~THODE D'ANALYSE 

MULT1DIM ENSIONNELLE 

L'AssOCIATION Gi~NIZRALE DES SOCIIT;TI~S 

LES ACCIDENTS 

Paris 

D'ASSURANCES CONTRE 

Sous la responsabilit6 de l'Association G6n6rale des Soci6t6s 
d'Assurances contre les Accidents, un sondage au 1/5 oe a 6t~ effectu6 
en I97I darts les portefeuilles d 'un grand nombre de Compagnies 
ou Mutuelles pratiquant en France l'assurance de responsabilit6 
civile automobile. 

Trois objectifs 6taient vis6s: 

Etudier l'influence de crit~res de tarification tels que l'~ge du 
v6hicule, l'~ge du souscripteur ou l'anciennet6 du permis, zone, 
groupe et usage. 
D6terminer, pour chaque classe du tarif, les primes pures. 
Tirer les enseignements des r~sultats de ces travaux, en particu- 
lier, &udier les possibilit~s d'am~lioration du tarif ~ la lois sur 
le plan technique (choix des crit~res et m~thodes de calcul des 
primes) et sur le plan politique (r~alisation effective du tarif). 

Les informations apport6es par le sondage se pr&entaient 
comme suit : 

l'unit6 statistique dtait constitu6e par l'ensemble souscripteur - -  
v~hicule - -  dur~e d'observation. Au cours de cette dur6e, les 
caract6ristiques du souscripteur, du v6hicule et de l 'environne- 
ment, &aient inchang&s. A chaque unit6 statistique 6taient 
rattach~s les renseignements concernant la zone, le groupe dc 
tarification du v6hicule, les clauses d'usage et de garantie souscri- 
tes, l '6tat matrimonial, le sexe et l'~tge du souscripteur, l 'ann& 
de premi6re raise en circulation du v~hicule, l'ann6e d'obtention 
du permis de conduire. On disposait, d 'autre part, du nombre de 
sinistres de chaque sorte (materiels ot~ mixtes) et le cofit au titre 
de la r esponsabilit6 civile de ceux-lk. 
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I .  I )EFINITION I)ES L)IFFI,;RENTS CI~I'I'I,~RIr.S 

Zones 
En France, les comnlunes sont class6cs en 5 zones num6rot6es 
de x k 5. La zone, classification g6ographique, est fonetion: 

du lieu de garage habituel du v6hicule; 
de la r6sidence principale du souscripteur. 

Dans certaines Soci6t6s, la zone peut 6tre fonction du lieu de 
travail habituel pour les souscripteurs garantis en usage ,,Affaires- 
Commerce" ou en usage ,,Promenade et trajet".  

Groupes 
I1 existe I6 groupes num6rot6s de o "~ 15. Plus cc groupe est 61ev6, 
plus le risque en R.C. est important. Le groupe est d6termin6 par 
les assureurs de la mani6re suivaute: 

D6s la sortie du v6hicule, un groupe est calcul6 d'apr6s une 
formule bas6e sur les exp6riences passfes. Cette formule tient 
compte, entre autre, de la puissance r6elle du v6hicule, de sa 
vitesse de pointe, de sa conception m6canique (freins k disques ou 
non, freinage assist6 oll non, emplacement du moteur, propulsion 
arri~re ou avant,  essieu rigide ou roues ind6pendantes . . . ) .  
Ce groupe d6fini a priori peut 6tre modifi6 si les r6sultats 
statistiques en font apparaitre la n6cessit6. 

Usages 
Six usages principaux sont employ6s: 

Affaires-Commerce 
Salari6s 
Fonctiommires et assimil6s 
Artisans 
Agriculteurs 
Autres 

Age du conducteur 
Trois classes sont r6guli~rement employ6es: 

C61ibataires masculins "~g6s de moins de 25 ans ou autres 
souscripteurs ~g6s de moins de 25 ans, permis de conduire de 
moins de deux ans. 
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Tous autres souscripteurs ftg6s de moins de 25 ans, permis de 
conduire d'au moins deux ans ou autres souscripteurs Ag6s 
d'au moins 25 arts, permis de moins de deux ans. 
Tous souscripteurs "~g6s d'au moins 25 ans, permis de conduire 
d'au moins deux ans. 

Age du vdhicule 

Trois classes d'fxge de vdhicule ont 6td form6es lors de l 'analyse: 

v6hicules de 1967 "k 197o 
v6hicules de 1963 ~. 1966 
v6hicules ant6rieurs ,t 1963 

2. METHODE UTILISEE 

La m6thode d'hypoth6se lin6aire g6n6ralis6e est it la base de la 
m&hode d'analyse multidimensionneUe qui a 6t6 choisie. C'est celle 
qui permet notamment  de traiter les informations d'un sondage 
repr6sentatif caract6ris6 par l'inexistence de donn6es dans certains 
classes de tarification et, plus g6n&'alement, par une distribution 
non uniforme des effectifs dans les cases. Cette m&hode et les tests 
qui lui sont rattach6s ne sont valables que si les donn6es analys6es 
sont de variance constante et de distribution aussi proche que 
possible d'une distribution normale. Nous avons, de ce fait, 6t6 
conduits ~t effectuer des changements de variable. Cctte op6ration 
a alors suscit6 un nouveau probl6me, celui de l 'estimation non 
biais6e des moyennes des anciennes variables (fr6quences annuelles 
et coflts des sinistres), en fonction d'616ments relatifs aux nouvelles. 

3" ANALYSE DES FREQUENCES DE SINISTRES 

Soit IC le nombre de sinistres d 'un certain type associ6 k une 
unit6 statistique (v6hicule assur6 1 p6riode de T - -  unit6 de temps) 
prise au hasard dans une classe de tarif. 

Loi de probabilit6 de If :  soit m la fr6quence annuelle moyenne 
de l'unit6 statistique 6chantillonn6e; supposons que la loi de k li6e 
par t et m soit une loi de POISSON: 

e - " t  . ( m t ) ~  
P r o b ( K = k ; T = t e t M = 1 1 0  -- k! 
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Consid&ant m eomme une variable aldatoire (not& M) lide au 
tirage de l'unitd statistique, il est logique d'introduire la loi a priori 
de 3f. 

Sous l'hypoth~se que celle-ci est une loi de PEARSON du type 
III ,  nous avons: 

I e -  m/a d Prob (m, < 31 < m + din) = I'--(b~ m > o 

Par application du thdor&ne des probabilitds composdes ct aprt6s 
plusieurs changcments dc variables, nous obtcnons la relation: 

Prob (If = k; T = t) = --[c~~--  " ki } T a t  \ T T ~ ]  

ou micux cneorc: 
r 

Prob (K k; T t) e . = = = C~.+~_1 ~ \ I  + at/ 

Ceci n'est autre que l'expression de la loi binominale ndgative 
(b + k) souvent utilisde darts l 'dtude des ddnombrements. D'une 
fa~on g&~rale, l'esp6rance math&natique et la variance d'une telle 
loi valent respectivement: 

c qc 
E(X)  ---- ~ et V(X) -- p2 

I a t  
D a n s n o t r e c a s ,  e n p o s a n t p  = I + at ; q ~ I + at ; b ---- c et 

k ---- n ~ b nous obtenons : 

d'une part:  E(b + k) ---- b + E(k) = b(I + at) 

par suite ] E ( k ) =  abt [ 

d ' au t r epa r t :  V(b + k) ---- ] V(k) : at(I + at)b I 
I 

Ceci montre que: 

la fr6quence annuelle expdrimentale (Kfl) est une bonne esti- 
m~/tion de la frdquence annuelle moyenne th6orique ab. 
la variance de (Kfl) ddpend de la moyenne ab. 
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De nombreux chercheurs se sont pr6occuprs de trouver une fonc- 
tion U ( I f / t ) ,  telle que sa variance V(U) soft sensiblement constante. 

l.a transformation U = log ( ~  + ~ ) c o n v i e n t  quand la quau- 

tit6 bes t  constante dans le domaine explor6, sans que d'ailleurs ceci 
soft une hypothrse tr~s forte. Les t ravaux de M. P. D E L A P O R T E  
ont montrd que pour les risques dtudids, nous avons I < b < 2. 11 
a done 6t6 retenu le changenaent de variable: 

U log + 

4" MODELE D'HYPOTItESE LINEAIRE GENERALISEE 

Convenons de drsigner par rrponse, soft l 'une quelconque des 
composantes du risque, soft une fonction de ces composantes. Les 
critrres sont, dans le cas le plus grndral, qualitatifs ou quantitatifs. 
l.e moddle repose sur le corps d'hypothdses suivant : 

I) La rrponse est une variable aldatoire qui, tous critdres fixds, 
c'est-~-dire pour une combinaison des modalitrs des critrres qualita- 
tifs et pour des valeurs donndes des crit~res quantitatifs, suit une 
loi de GAUSS de variance constante 6gale h e 2. 

2) Les rrponses at tachres aux unitrs statistiques de l'dchantillon 
sont indrpendantes en probabilitd. 

3) L'influence des crit~res s'exprime sous une forme lindaire. Par 
exemple, dans le cas de deux critrres qualitatifs A et B, prenant 
respectivement les modalitds A, et B t, on  6crit, pour une rrponse 
appartenant h la case i, j :  

= + + + *,, 

avec  coinnne contrainte: 

x = x = o oO: 

Yt~ est la valeur de la rdponse associde h la u k:me observa- 
tion (u = I ~n). 

*t, est la rdalisation d'une variable aldatoire suivant une loi 
de GAUSS, centrre et de variance a'-'. 

Iz est l 'ordonnre h l'originc. 
~t et ~ sont les coefficients diffdrentiels lids respectivement aux 

modalitds A i ct B 1. 
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5" ESTIMATION DES COEFFICIENTS DU MODELE 

D'une facon g6n6rale, le mod61e math6matique que l'on pose est 
le suivant :. 

Yt~k~ . . . . .  t~ + 0~ + ~t + 7e + ~t . . . . . . .  + .¢~tk~ . . . .  

I1 est commode alors d'introduire la notation matricielle; l'ex- 
pression pr6c6dente se trouve alors 66tre un 616ment de la forme plus 
gdn6rale suivante" 

y = X  . f ~ + ,  

avec: 

I Y, 

Y 

I ° 

I : 
t • 

F ° 
L ° 
I ° 
~ ° 

t ° 
t • 
t ° 
t ° 
t ° 

-1 ~t 

~f 

i f =  ~1 X =  

- I  xl x] . . .  x f  

, , , . . . .  . . . . . . .  

. . . . . . . . . . . . . .  

. . . . . .  , . . . . . . .  

, . . . . . . . . .  , ° . .  

. . . . . . . . . . . . . .  

I 2 3 
I X n X n . ~ n  " ' "  X n  P 

B 

~ 2  

7= i 

est le vecteur colonne dont les composantes sont les r6ponses 
observ6es. 

est le vecteur eolonne dont les composantes sont les estima- 
tions des coefficients. 

X est le tableau des conditions d'observations ,t (p + I) colonnes 
et n lignes. 

est le vecteur colonne r6siduel. 

Le sch&na des coefficients th6oriques est donn6 par la formule: 

y=X.[~+~ 

L'estimation des coefficients de [3 conduit an sch6ma: 

. = X  "8'  
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---4- 

Le vec teu r  f~' est ddtermin6 pa r  la m6 thode  du m a x i m u m  de 
v ra i semblance ,  c 'es t -h-dire  qu ' i l  nous fau t  min imise r  la no rme  

euclidienne de y '  - -  ; soit :  
It • 

n * = l l y ' - y l l  2 =  X ( y t , - - y , , ) 2  
u - t  

2 ' 
~f~2 , d y tt 

- -  2 ( y ~ - - y , , )  • ~ - -  o 

(y '  ) "x~ = o = Z u - - Y u  
u - I  

o u  ellCOl'e : 

X t • y '  = x* • y 

C o m m e  y '  = X • il v ien t :  

[~' = ( X  t • X ) - ~  • X t  . y  

expression dans  laquelle X t e s t  la t ransposde de X.  

D ' a u t r e  par t ,  on d6mont re  que 13' est  une es t imat ion  non biais~e de ~¢, 
ob6issant  "k une gauss iemm h k dimensions  a y a n t  c o m m e  ma t r i ce  
des var iances  ~ covar iances  l ' express ion  ( X  t X ) - t  ~ ,  a2 6tan t  la 
va r i ance  de la popu la t ion  est im6e par  la re lat ion sn ivan te :  

I 
~2 _ Z (y;, - -  3,u) ~ 

'H, - -  k t~ 

6. TEST DES INFLUENCES DES COEFFICIENTS 

Le principe du tes t  de l ' inf luence d ' u n  crit~re est le su ivan t :  
darts un p remie r  s tade,  on effectue un a j u s t e m e n t  du module 
]in~aire avec  t o u s l e s  coefficients,  ce qui fourni t  un vec teu r  

f3'~o~ et une var iance  r6siduelle l!R~o~ h do degr6s de l ibert6 

(do = n - -  r ang  de la ma t r i ce  X I' X).  
ensuite,  on annule  a priori  les coefficients co r re spondan t s  au 
crit~re testd et on effectue un a j u s t e m e n t  analogue.  Nous  ob- 
tenons  alors une nouvelle  var iabi l i t6  rfs iduel le  not6e VRe~ ~, 

l ' indice h se rvan t  it repdrer les tests  successifs. Nous  avons :  
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. -4 , .  . . . ¢ .  
' 

~(,) = h) " X ( h ) )  -~  " h) " Y  

VRch)  = Y* " Y  ~ Y* " X ( h )  " ~(h) 

cxpression dans laguelle X(h) sc ddduit dc X par suppression 
des colonnes correspondant aux coefficients ammlds. Le nom- 
bre de d.d.l, de V R ( a )  est.dgal ~: 

t 

d(h ) = n - -  rang de la matrice X~h } • X(h ) 

On montre que si le crit6re test6 n'a pas d'influence r6elle, la 
quantit6: 

V R  (,,) - -  V R  (o) 

F ---- d(h) ~ d(o) 

V R (,,) 

d (o) 

est une variable de F I S C H E R - S N E D E C O R  h: 

f n~ = d(o) i degr~s de libert6. 

Le test statistique en r6sulte; si F est sup6rieur au seuil de signifi- 
cation, on est en droit de conclure d l'influence significative du 
crit6re test6 en notant  bien que, d'un point de rue  th~orique, les 
influences test6es sont des influences conditionnelles: on isole 
l'influence d 'un crit~re quand celui-ci est introduit dans le module 
apr~s que tous les  autres l'aient 6t6. 

7" ESTIMATION DE LA FREOUENCE ANNUELLE MOYENNE: F 

L'ajustement des coefficients du mod~Ic: 

Y,, = tz + ~ + . . . . . . . . .  + r u  

conduit aux estimations des valeurs moycnnes de Y dans chaque 
classe de tarif et de la variance r6siduelle de Y. 

IIne serait pas satisfaisant de prendre, pour estimation de ab 
(voir paragraphe "Analyse des fr6quences des sinistres"), la valeur 
de f telle que log ( f  + I) soit dgale h l'estinmtion de Y. En effet, 
nous pouvons 6clire: 

K 
Y = logto 7 + I 
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K 
Posant ~ = x et. E(x) = f,  il vient: 

Y = M L o g ( x + I )  = M L o g ( x - - f + f + I )  

x - - f  I ( x - - f ) *  
= 3 ¢  L o g ( f +  i) +:+----Zj__ - - ~  " 

(f+ I)  2 

d ' o u  : 

I 
E(Y) # M [Log (f  

pratiquement 

Quant h la variance dc Y, elle se met sous la forme: 

V(Y) = E(Y  - -  E(Y))* 

soit apr6s calcu]: 
M 2 

V(Y) :: (f  + 1) 2 • E ( x - - f ) *  

d'oO l'on tire: 

E(x __f)2 : 

°.°°°.] 

+I)---E 
2 \ f +  I ]  ] 

E(Y  - -  E(Y)) 2 • ( f  + I) 2 

M 2 

Ell reportant cette quantit6 dans l'expression complete de E(Y), 
nous obtenons: 

Soit : 

E(Y) = M  ( L o g ( f +  I ) - -  

M Log ( f +  I) = E¿Y) + 

E(Y :6(y),] 
2M 2 ] 

E(Y--E(Y)) 2 

2 M  

Finalement, nous obtenons l'expression simple suivante: 

logMf + x) = E(Y) + I,x5x V(V) 

Cette formule permet de calculer f h partir de E(Y) moyenne de 
Y e t  V(Y) variance de Y. 

La rdgression de V~Y) en fonction de E(Y) est sensiblement 
lindaire. 
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CONDUITE DE L'ETUDE 

Pour calculer la prime pure, nous avons appliqu6 l 'analyse 
multidimensionnelle h chacune de ses quatre composantes. 

P P  = f ~  • Cm + fc • Ce 

Aux fr6quences des sinistres matSriels et corporels, nous avons 
fait subir le changement de variable: 

y = log10 ( f  + I) 

Des d6pouillements nous ont montr6 que les cofits des sinistres 
d'un certain type, relatifs ~ une classe de tarif, se distribuent sui- 
vant  une loi logarithmo-normale de variauce constante. Nous 
avons donc soumis it l 'analyse les logarithmes des coflts S: 

W = loglo (S) 

Apr~s traitements pour repasser des logarithmes aux valeurs 
r6elles, nous avons employ6 les formules suivantes: 

pour l '&ude des fr6quences des sinistres mat6riels, la r6gressiou 
de V(Y) en fonction de E(Y) est: 
V(Y) ~ o,319E(Y ) - -o ,ooo16  avec un coefficient de corr61a- 
tion de v = o,82. 
pour l '6tude des fr6quences des sinistres corporels, la r6gression 
de V(Y) en fonction de E(Y) est: 
V(Y) = o,496 E ( Y ) ~  o,ooi avec un coefficient de corr61ation 
de v = o,87 
Par suite, les formules k employer pour repasser en r6el seront: 
log10 (fro + I) = 1,367169 E(Y) pour les mat6riels 
log10 (fe + I) = 1,57o89 E(Y) pour les corporels 

Quant aux cofits moyens mat6riels et corporels, les foimules du 
type  log~o (C) = E(W) + I , I5I  V(W) sont des formules exactes 
permettant  d'estimer C = E(S), c'est-k-dire les cofits moyens. 

La variance calcul6e pour les coflts moyens mat6riels est: 

V(W i) = o,2135; 
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celle des cofits moyens corporels vaut :  

V(W 2) = 0,7704. 

Lors dc cctte dtudc, trois analyses ont 6t6 effcctudes. 
dans la premiere, nous avons exploit6 lcs crit~rcs suivants: 
groupes, zones, usages, Age des conducteurs; 
dans la seconde, en plus des 4 crit~res de l 'exploitation pr~cS- 
dentc, nous avons introduit l'~tge du v6hicule; 
dans la troisi6me, cn plus de 5 critSres de l 'exploitation pr6c6- 
dentc, nous avons introduit des groupcs d'intcractions qui nous 
scmblaicnt 6tre significatifs. 

Finalement, les primes pures ont dtd calcul~es h l'aide des coeffi- 
cients de l 'exploitation "~ 5 tacteurs, car dans la troisiSme analyse 
l ' introduction des interactions n'a guSre diminud la somme des 
carrds d'dcart, ct l 'analysc h 4 facteurs dtait tout de m~me moins 
coml)l~:te. 

Dans l 'exploitation retenue, nous avons extrait et exploitd en 
sus 3 sous-populations formdes pour les usagers suivants: 

salarids 

fonctionnaires 

agriculteurs 

Le modSle math~matique retenu dtait de la forme: 

mod61e dans lequel: 

[~ : terme de centrage 

~j : 

Vk : 

Z l : 

q~m : 

~ t l k l m .  : 

: coefficient relatif aux groupes 

coefficient relatif aux zones 

(9 niveaux) 

(4 niveaux) 

coefficient relatif aux usages (6 niveaux) 

coefficient relatif h l'fLge des conducteurs (3 niveaux) 

coefficient relatif h l',"tge des vdhicules . (3 niveaux) 

rdsiduelle 
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Les rdsultats pour les groupes (par exemple) dtaient les suivants: 

F a c t e u r s  Ef fe t s  des  I ac t eu r s  E c a r t s  t y p e  
0,07079124 0,000847 

Exploitation Generale 
(;n,upes i 
o + I + 2  I - -0 ,00848394  o,oo1186 
3 -k 4 2 - - o , o i o 4 o 9 o 9  0,001884 
5 + 6  3 - -0 ,01039765  0,001016 
7 4 - - o , o o 6 4 7 2 o t  o,oo1315 
8 5 --O,OOO91205 0,001024 
9 6 o ,oooi3299  0,000997 
Io 7 0,00444214 0,001074 
11 8 o,oo827156 o,oo1837 
I2 e t +  9 0,02382864 0,002515 

Sous-Exploitation ,,Salaries" 
t~ 0,06906843 0,001080 

Groupes i 
o +  I + 2 I 0,00133143 0,003381 
3 + 4  2 - - o ,o2579ooo  o,oo5675 
5 + 6  3 - -0 ,00857455  o,oo28o~ 
7 4 - - 0 ,o0966734  0,0o371o 
8 5 0,00727953 0,002834 
9 6 --O,OO110694 0,002924 
IO 7 O,OO149672 O,OO3234 
I I  8 --O,OO398095 O,OO6221 
12 e t  + 9 o,o39o121o 0,008244 

Sous-Exploitalion,,..lgriculteurs" 
IL o,o6o39833 0,003562 

Groupes i 
o +  x + 2 I --o,oxx35983 o,oo249o 
3 + 4  2 - - o ,oo837894  o,oo4o73 
5 + 6  3 - - o , o t 4 3 1 1 7 5  0,002573 
7 4 - - 0 , 0 0 1 0 5 2 4 6  o ,oo31ol  
8 5 - - ° , o 1 4 8 9 3 5 2  0,002915 
9 6 - - o , o o t 8 4 3 2 2  o,oo2537 
IO 7 - - o ,oo229437  o,oo276o 
I I  8 0,01286054 0,005547 
12 o r +  9 0,04217354 0,009586 

Gl~upes i 
o + I + 2 t - -0 ,oo838255  o , o o t 8 t 2  
3 + 4  2 - -o ,o1335252  0,002892 
5 + 6  3 - -0 ,00999472  0,001540 
7 4 - -o ,oo654o63  o ,oo189i  
8 5 - -o ,ooo84569  o,oo149o 
9 6 o ,ooot2398  o ,oot531 
io 7 o,oo5719t~4 o,oo~774 
I I  8 o,oo969o48 0,003o88 
12 e t  + 9 o,o2358172 o,oo487t  

Sous-Exploitation,,l:onctionnaived' 
I~ o ,o58 t9486  0,002240 
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Graphiquc s 

I~,fluence du groupe sur la frdqu.ence des sinistres matdrids 
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Graphique 2 

Primes pures par zone, groupe et usage. 
Exploitation ~ 5 facteurs (vdhicles de moins de 3 ans) 

23 

. ...~.-".- - - - _  " " I ' . .  

ii' I 

ii' I 

l i | |  : . ' " '  "° '"  • ,.o. 

: ~ / ? - ~  i" . . '  - . ] 

I . . ~ . ' L ~ c . z a . ~ . .  ) , .....,.:7....//7, ". -"~I c>o.p~ o-,-,-3-4 

n / J "  ./ "-. 

:.t ." / 

i, S.'"/'// !,.~......- . / / 
• , : 1 . . . /  . . ' I  

I / ,  
I • / 

j / /  - -  _ _ _  
. . . . . . . . . . . .  Salari,6s 

. _ . . . .  F o n c t i o n n a i r e s  

I /  - -  . - -  Agr icul teurs 

- - -  - -  A r t i s a n s  

I I I I 
z-.Fa 3 4 5 

I I I- I 

Zone 



2 4 ANALYSE MULTIDIMENSIONALE 

CONCLUSION 

Dans l'ensemble, les coefficients des sous-populations suivent 
relativement bien le sens des coefficients de l 'exploitation g6n4rale, 
hormis ceux du groupe 8 off I'on note une divergence entre les 
coefficients relatifs aux fonctionnaires et aux agriculteurs. Cela est 
dfi ~t l'h~t6rog6n6it6 importante de ce groupe (proportion impor- 
tante de vdhicules Agds dans l'usage ,,Agriculteurs"). 

Le graphique 2 repr6sente l '6tendue entre le maximum (groupe 
II) et le minimum (groupes o-1-2-3-4) des primes pures pour des 
v4hicules de moins de trois ans, r6parties suivant quatre zones. 
I1 est ~ noter que les primes pures en zone 5 sont moins 6lev6es 
que celles de la zone 4; cette anomalie s'explique par le fait que, 
si durant longtemps la zone 5 rut la plus dangereuse, elle est mainte- 
nant d6pass6e par la zone 4 qui continue ~ se d4velopper, alors 
qu'en zone 5 la ph6nom6ne de saturation commence ~ se manifester. 
Ce point est tr6s sensible en corporel: la zone 4 pr4sente une fr6- 
quence tr~s importante du fait du manque de transport en commun 
et des possibilit6s meilleures de circulation. 

Les Assureurs envisagent, devant ces statistiques, une fusion des 
zones 4 et 5 (PARIS-LYON) et un rel~vement k un niveau sup6- 
rieur des villes qui s 'av6reront les plus mauvaises. 

RESUME 

Exploitation du sondage automobile I97I en France par nne methode 
d'anal yse multidimentionnelle 

Sous la responsabilit~ de l'Association G~n~rale des Soci~t6s 
d'Assurances contre les Accidents, un sondage au I/5o~me a dtd 
effectu~ en 1971 dans les portefeuilles de 31 Soci~t~s d'assurances 
prat iquant  en France l 'assurance de responsabilit6 civile automo- 
bile. 

Le module d'hypoth~se lin~aire g6n~ralis~e est ~ la base de la 
mdthode d'analyse multidimentionnelle qui a ~t~ choisie, afin de 
d6terminer des primes pures pour chaque classe de tarif. C'est cn 
cffet celle qui permet notamment de traiter les informations d'un 
sondage repr6sentatif caract~ris6 par l'inexistence de donn6es dans 
certaines classes de tarification et plus g~n6ralement par une 
distribution non uniforme des effectifs dans les cases. 
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La n6cessit6 de soumettre ~t l 'analyse des quantitds dont la 
variance est constante dans le domaine explor6 nous a conduit tt 
effectuer des changements de variables. Cette opdration a alors 
suscit~ un nouveau probl6me, celui de l 'estimation non biais6e des 
moyennes des anciennes variables (fr6quences annuelles et coflts 
des sinistres) en fonction d'~l~ments relatifs aux nouvelles. 

SUMMARY 

Use of a multidimensional analysis method to investigate the results 
of the French x97z motor vehicle survey 

Sponsored by  the Association.G6n6rale des Soci6t6s d'Assurances 
contre les Accidents, an inquiry (approximation 1/5o) was carried 
out in 1971 bearing on the porttolios of 31 Insurance Companies 
dealing with the Motor Vehicule Third Par ty  Insurance in France. 

The method of multidimensional analysis selected is based on the 
model of linear hypothesis taken as a rule, to t ry and estimate the 
pure premium in each class of rate. In fact, this method allows, in 
particular, to deal with the information gathered by means of 
representative sample to deal which features the non-availability 
of information within certain rating class and, more generally 
speaking, a highly diversified distribution of factors within each 
class. 

Quantities entering into the surveys must have constant variance 
within the investigated field. So we applied a variable transforma- 
tion. We were then confronted with another probleme i.e. a non- 
biased estimation of the previous variable averages (annual fre- 
quency rate of losses and costs of losses) in terms of data related 
with the new ones. 



VERIFICATION OF OUTSTANDING CLAIM P R O V i S I O N S ~  
SEPARATION T E C H N I Q U E  

R. E. BJ~AaD 
London 

In reference [z]-Dr. G. C. Taylor has described a useful advance 
in the techniques available for verification of outstanding claims 
estimates when the data  provided is the cohort development of 
numbers and amounts of claims. In this note it is assumed that  
the numbers relate to settled claims and that the amounts relate 
to claim payments,  so there is an implicit assumption that the 
pat tern of partial payments  is constant. If the amounts of settled 
claims were to be used, there would be a one/one relationship 
between the numbers and amounts, but  the effect of the exogeneous 
factor would be blurred because the settlements in a year other 
than the first include partial payments made some time previously, 
and, by hypothesis, based on different factors. If information 
relating to partial payments  is available the data  can be examined 
for any major fluctuation in the pattern and allowance made 
accordingly. 

2. In paragraph (z) of reference [ I ] a  brief description is given of 
a standard routine calculation in which the average distribution 
function of claim payments  in time is estimated from the triangle 
of payments  by a chain ladder technique. This distribution function 
is then used to estimate the expected development of the incomplete 
cohorts, the implicit assumption being made that the function was 
stable in time. With a constant rate of inflation the results obtained 
by this technique were found to be satisfactory but  with a rapid 
increase in the rate of inflation the distribution function changed 
so that  projection led to underestimates of the future claims 
l~ayments. Various methods of adjusting the projections to allow 
for the change in the rate of inflation have been investigated, but 
they all involve an important element of subjective judgment and so 
far no generally suitable basis for "automat ic"  verification by this 
particular technique has been discovered. See however reference [2]. 
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3. Dr. Taylor's separation technique provides an alternative 
approach and has been found of value in a number of practical 
applications in that  it has been possible to identify deviations from 
the underlying hypothetical model with administrative changes 
within conapanies. This feature of the technique is a useful addition 
to the analytical tools available to controllers or auditors. It  also 
provides an "object ive" method of allowing for irregular changes 
in the rate of inflation. 

4- As set out, the separation method uses an appropriate index 
of numbers of claims as a standardisation measure. On occasions 
a suitable figure for the numbers of claims is not available or the 
figures available may  be suspect for various reasons. Other quanti- 
ties, such as premiums, may be used as a proxy for the numbers of 
claims-but if this is done some care is needed because other varia- 
tions may be introduced into the model. For example if premiums 
are used, the results will reflect changes in the relationship between 
premiums and claims. 

5. If the number of claims is not available it would be useful to 
have a separation technique based solely on the amounts of claims. 
Dr. Taylor's comments in para 7 of (I) are relevant. Accordingly 
when two sets of claims development data covering 7 and 12 years 
respectively became available recently, consideration was given to 
devising a separation teclmique. This proved effective in these 
cases and although for reasons of confidentiality the figures 
cannot be quoted, it is considered of value to record the method 
used. • 

6. The data are assumed to be provided in the following form: 

l_)evelopment "Year 

Year  o[ 
Origin o I 2 

o .Poo 1%1 Po~ 
1 P l o  1Jar 
2 

h Pku 

k 

Po,~ 

where P~j is the amount of the claims paid in development year j 
in respect of year of origin i. 
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We assume that  this is to be represented by the form: 

D e v e l o p m e n t  Y e a r  

Year of 
Origin o 

O l~nro~o 
I JI L J'O~'~ l 

2 

/~ n ~roXk 

1 2 . . . .  k 

norlXl : ~orlt).k 

Where ns is the (unknown) total number ol claims for year s, r~ is 
the proportion of the total number settled in year i (assumed to 
be solely dependent on i) and Xl is the index of exogeneous in- 
fluences applicable to year of payment  j. Xo is an index of average 
claims cost in the first settlement year of year o. 

7. We first eliminate the ns by forming the "development" ratios 
along each cohort. (It should be noted that  these are based on 
payments in each year and not cumulative figures as used in the 
"basic" chain ladder technique for finding the distribution func- 
tion.) If we denote the ratios rs+~/rs by R8 and Xs+x/Xs by L8 
the triangle then takes the form: 

D e v e l o p m e n t  Y e a r  

Y e a r  of  
O r i g i n  o 1 2 

o R o L .  R i L l  1¢..L2 
I R o L l  l?lL2 

k ~ x  R o L e -  1 

. . . .  k - - I  

R,_ ~L,_ 

The separation technique can now be applied to this array but 
since the R's are the ratios of the proportions ill successive dura- 

k - I  

tions we assume that  2; Re----- z say and obtain a general solution: 
0 

k z, fi, = T,/z 
8. Now z cannot be obtained from the triangle and is discussed 

later. If we put z = I, k, = R~ and = L 8 we can complete the 
A 

rectangle by extrapolating on L~ since R]L', = R,L,.  The products 
of the successive terms along each cohort call then be calculated 
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and grossing up factors to apply to the cumulative claim payments 
foUow. Two difficulties have been glossed over. The first is one of 
bias and arises from the calculation of the successive development 
ratios. If for some reason the claim payments in year s are low 
because of delay in some payments to year s + I then the ratio 
R,_ x Ls- ~ will be relatively low and the ratio ReLs relatively h igh--  
the effect of a shift of a given amount of claims on the two ratios 
will differ. Thus the effect on the vertical and diagonal sums will 
differ and the resulting bias can distort the sequence of values of 
R and L. This must not be overlooked in making projections or 
in examining the sequence for evidence of abnormal features. 

9. Tile second difficulty is concerned with the extrapolation of 
L~. Now L~ = zX,, , /X 8 and ks÷ , /;% gives the relation between 
the exogeneous influences in years s + I and s. If for example 
only monetary inflation were involved then Xs+x/X8 gives the 
relative increase from inflation between the two successive years. 
If we form the ratios L].~ / L~ we eliminate the z factor and obtain 
an index of the change in the rate of inflation. Thus, in extrapolating 
on L] we have to bring in the expected or assumed future changes 
in the rate of inflation. 

IO. It  may be observed at this point that  an alternative model 
is to base the calculations on the logarithms of payments:  This 
then becomes an additive model and admits of a straightforward 
algebraic solution, but the bias referred to in para 8 will not, of 
course, be eliminated by this device. 

I I .  The estimate of total claims is derived as follows: 

We first form the products along each cohort 

Year of 
Origin 

0 

1 

2 

k 

Development year 

0 I 

A 

I R ' o L ' o  

I R ' o L ' ~  

2 h Sum Est. tail 

R ' o L ' o R ' i L ' i  . . . .  R ' o I ? ' ~ _  , L  o. . e - ,  = So  to 

. . . .  $1 tx 

• t I R oL ~ . . . . .  St¢ le 

Where the values of L'8, s = k, k + I, . . . . . . . .  are projected 

from tile series L~, L.~ . . . .  L'k-~ bearing in mind tile comments 
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in para 9. If the last term in the first cohort is not very small, 
as will occur for some classes of business when k is small, an estimate 
is made of the remaining tail values. The total of the terms in 
cohort s is then $8 + ts and if the sum of the "observed" terms 
is denoted by S~ -a then the grossing up factor is S 8 / S 8~-~. These 
factors are then applied to the cumulative payments  to give an 
estimate of the ult imate total claims (Os) for each cohort. 

12. The foregoing provides a verification (or projection) technique 
for the total expected claims from which the outstanding claims are 
derived by  deduction of the cumulative payments.  It  is however 
of interest to consider the possibility of estimating z so that  thc 

values of r and X can be found. If we replace Rs by  rs+z Ira and/]8 

by  Xs +1 / ~,8 we find: 

(roXs + rlXs+l + . . . .  + r~Xs+~.) = rokaS, = ~ d n a  = c8 say 

SO 

But 

)~s z 

Ss ds-~l ns S~ cs+l 

z 3. Provided the claim settlement distribution was stcady and 
the cxogeneous factors were stead), or subject only to smooth 

changes this relationship shows that z is related t o / ~  by the change 
in the numbers of claims. If the numbers are unknown, the situa- 
tion when calculations arc based solely on the total paymcnts,  
then the cxogcneous factors dcrived will bc greater than their 
truc va]nes by  the increase in the numbers of claims. This is as 
would be cxpected since an3, increase associated with the year of 
origin will become incorporated in the relationship of the k'~. Thus, 
if some idea of the rate of growth of the numbers of claims is availa- 

ble, it would be feasible to adjust the values of L~ to correct for 
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the growth factor. If the actual numbers are available then, of 
course, the solution is equivalent to that  derived by Dr. Taylor, 
(but the bias referred to earlier may lead to minor differences). 

14. Now the claim numbers settlement pattern in ro + rt + . . . .  
can be written 

Yt Yl Y2 ) 
ro I +  ro + t o r t  + . . . .  

= r o  (I + Ro + RoR1 + . . . .  ) 

- ro (~ + R,~z + . ~ . 1 _ ~  - ~ , , , , ,1~  + . . . .  ).  

If we select a suitable value of I~, judged from the trend of the 
values of Ss and ~s and tile relationships in para I2, and use this 
as an approximation to z, we can calculate a value for ro (mad 
hence the settlement distribution). Using this same value of z we 
can also calculate values of (X s , ~/X,) = (L~/z) so that  the relationships 
between the successive exogeneous influences can be found. The 
earliest cohort gives tile relation roXoSono = uo or 

konn 
~ ' o S o  " 

Since the numbers are not known, we can find values of kono, 
?,o~1 . . . . .  etc. to complete the solution. If some information about 
growth is available, it is then possible to modify the values of X 
to, say, Xono, (Xt (no/nl))m . . . . .  etc. and thus eliminate the growth 
element. 

15 . I t  will be obvious from the foregoing that  to use claims 
amounts as a basis for projection when conditions are changing 
rapidly or discontinuously involves some nice judgment decisions 
but these can be considerably eased when claim numbers are 
available. This facility is available from the current s ta tutory 
returns in the UK, which call for both numbers and amounts. 
I t  has been found that  the claims settlement pattern estimated by 
the basic chain ladder method on total claims is closely similar 
to the pattern from the separation method, but the advantages of 
the latter in providing values for the exogeneous factors which are 
essentially discontinuous in form, can be significant. In practice 
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it is advan tageous  to use bo th  techniques when the da ta  is available 
as the  differences between the results m a y  provide useful informa-  
t ion regarding the  claim set t lement  s t ructure .  
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ON T H E  RATING OF A SPECIAL STOP LOSS COVER 

GUNNAR BENKTANDER 
Zurich 

INTRODUCTION 

Stop Loss reinsurance has at t racted the interest of ASTIN 
members for years. May I recall the paper of Borch [I] in which 
he demonstrates some optimality qualities of the stop loss reinsur- 
ance from the ceding company's  point of view, the contribution of 
Kahn [2] and the paper of Pesonen [3]. I also mention the paper 
of Esscher [4] and Verbeek's contribution [5]- Going back to the 
pre-ASTIN days we find a papel of Dubois [6]. 

The rating problems have been dealt with by  several authors. 
Let me recall the rating formula worked out by a group of Dutch 
Actuaries some io  years ago. This was based on the assumption 
that  the mean and the standard deviation were known. Based on 
Chebycheff's inequality an approximation formula was worked out 
which, of course, was heavily oll the safe side. 

Even younger members of ASTIN are probably familiar with the 
studies made in the early sixties by  a group of Swedish Actuaries, 
the results of which were presented by  Bohman at the Actuarial 
Congress in London in x964, Part ly  based oll this, Bfihlmann 
worked out some tables which he used for rating purposes. 

My present contribution to the subject may not justify the above 
reviews, particularly as I will deal with a very special retention situa- 
tion which a practical underwriter will rightly not accept, namely a 
stop-loss point as low as equal to the mean value of the distribution. 

My excuse for this is that  the formula deduced is very handy 
and that  it is of value to the underwriter to know the stop loss risk 
rate also at this low level. 

Let us denote the aggregate annual claims amount for a certain 
portfolio z and its distribution function F(z) aud define 

g = m = ~xgF(x) 
0 

V =  a ~ = i ( x - -  E) ~ dF(x) 
0 
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and  the stop loss risk premium when the re tent ion is A 

~(a) = ~ (~ -- A) a~(~). 
A 

We will s t u d y  the special case 
B 

,,(E) = .~ (x - -  E) dE(x) = I (E - -  x) dE(x).  
R • 

C A L C U L A T I O N  O F  g ( E )  F O R  V A R I O U S  D I S T R I B U T I O N S  

1. F(x) is genera ted by  a Poisson process wi th  tile parameter  X. 
All claims are of equal size s. We have 

E = X  " s  

and 

V = X . s ' .  

F ur t he r  

£ * 

[x] [x] 
= :C (E - -  ,,s) e , .  (,,) = E .  ~ ( I - - ~ / X )  P x ( , , ) =  

V-4D ~--0 

CX] CX3 IX] [zl - 
= E( X P~(,)- X P,.(~--~))= E( ~ P~(~)- ~ Pd,))= 

• ~-o v - t  v - o  v-@ 

= E • P~([x]) 

where [X] is the integer par t  of X. 

I t  is useful for the following if we replace in the formula 
e -  x Xp. ] 

P~([X]) -- [X]t 

tile factorial by  tile P-function. 

Thus 

e- x ;k[z] 
P,.(x) - r (x + ~) 

As seen in the following table the error is small. 
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Comparison of P~.([X]) with 
¢-xXx 

r(x + ~) 

e-X Xx 
Px (Ix]) / r (x+x) 

i .5 i . o85  
2.5 1.05 t 
3.5 1 .o36 
4.5 1.o28 
5.5 1.o23 
6. 5 I .o19 
7.5 l .ox  7 
8.5 T.oi 5 
9.5 x.ox3 

tO,  5 1 . 0 1 2  

2. F(x) is generated by  a Poisson-Pareto process. In another 
paper by  G. Benktander "A Motor Excess Rating Problem: Flat 
Rate  with Refund",  it has been shown that  the formula for the 
stop loss premium 

eCE) ~ E • P~Cx) 

represents a remarkably good approximation. 

The X to be used here should not be equal to the Poisson Para- 
meter (the expected number of claims n) but  smaller. A good value 
is 

E~ ~(~ + Ilk)~ 
X = "i7 "~ 4 

(See G. Benktander  "The Calculation of a Fluctuation Loading for 
an Excess of Loss Cover", ASTIN Bulletin, Volume vii i ,  Part  3.) 

The results just obtained or referred to lead us to calculate e(E) 
directly for some distributions which could describe the total 
claims amount and compare it with E . Pz(X). 

3. The exponential distribution 

f(x) .= (I/a) e -zIg 

E = a  V i a 2  X = i  
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a n d  

e(E) = J" (I/a) (x - -a . )  e -xta dx = a ~ ( y - -  I) e - y  a y  = a . e  -1  = E ' P , ( I )  
a i 

For  the exponential  dis tr ibut ion the formula is thus  exact. 

4. The G a m m a  distr ibution 

c • 
_ _  - -  e - e a l 7  X ' Y - 1  f(x)- r(-r) 

Y Y E ~ 
E =  - V - -  ~, - -  - -  Y 

c c~ V 

.y'~ c ='r = y yX  e - , t  
- • - -  E . P x ( X )  

e(E) -- cp(T ) c F(T + I) 

Also in this case the formula is exact  wlfich is not surprising 
considering the close connection between the Gamma-  and  the 
Poisson-distribution. 

5. The normal distr ibution 

I 
f ( x )  - e - ' - ~ -  

(X - m )  t 

In  o . 
E = m V = ¢~2 X - -  

¢y2 

I f (x-- "0 
m 

(x - m ) ' O" ; c1 

~ - - ~ -  a.~-  i,/~ y~-,,"' a y -  i/7~ 
l 

a s  

we get 

~ t  

i /~ 

I I 

e(E) = r e . I ~  ~ - - E . 1 - -  ~ 
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I 
We thus have to compare 7 ~ 7  with 1)x(X). 

g2~k 

I 

x F"-~ v.  (x) 

I 0.399 0.368 
2 0,282 o.27I 
3 0,230 0.224 
4 o.x99 o.x95 
.5 o.x78 o. t75 
6 o.16 3 o.16I 
7 o.15x o.149 
8 o .x4t  o.14o 
9 o.x33 o,I32 

xo oA26 o.I25 
20 0.089 0.089 

Tile al)proxinmtion is very good and converges towards the 
exact value. Using the Stirling-formula 

I 
x! = rCx + ~) = e -~x  ~ ~ ( ~  + 72x + . . . . . .  ) 

w e  g e t  

l'~,(x) - p(x + z )  - I / ~  ~ + :c2x + " ' "  

or 

6. Tile Log-normal distribution 

I 
z( l - 

E = d "  , ° , /2  V = e " " * ° '  (e" '  - -  z)  

E ~ I 
X - -  

V - -  6 ° ' -  I 

The coefficient of variation is 

VF 
E ~ -  i/~, 
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In  p rac t i ca l  app l i ca t ions  the  ma in  in te res t  shou ld  be c o n c e n t r a t e d  
on t he  X-interval  I to  IOO. 

T h e  c o r r e s p o n d i n g  in t e rva l  for  t he  d.ispersion of In x, ~, is 

[ /1~2 to  l/ha I .OI  = 0.833 to  o . I .  

A f t e r  s o m e  ca lcu la t ions  we get  

e(E) = e "  ,o,t2 {q~(,/2) - -  ~ ( - -  e/2)} = E .  [?(a/2)  - -  cp(-- e/2)]. 

t o.416 o.323 o.368 
2 o.3t8 o.25o o.27t 
3 o.268 o.212 o.224 
4 o.236 o.x87 o.195 
5 0 . 2 1 3  o.169 o.176 
6 o.196 o.156 o.16I 
7 o.183 o.I45 0 . ;49  
8 o.I72 o. I36 o . i4o  
9 o.162 o.I29 o.132 

lO o.154 o.i23 o.i25 
20 o. ; i o  0.088 0.089 
3 ° o.o91 0.072 0.073 
4 ° o.o79 0.063 0.o63 

Tile a p p r o x i m a t i o n  is, as  can  be seen,  good ,  s l igh t ly  on  tile safe 
side a n d  c o n v e r g i n g  t o w a r d s  t he  exac t  va lue  w h e n  k increases.  This  
is no t  a s t on i sh i ng  because  

• tJt.* 

0 

2 ~ 0 t o t  

. . . . .  e - - ~ -  o < 0 < I  

- 1 / ~  ~ 8 + . . . . .  

,, = I/in (i  + I/X) ~ 1 / ~ ,  As 

we ge t  

i ( 0~i  ) 
],/2xx i - -  ~ ~ -4- . . . . .  -,-Px(x). 
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7, Pareto 

E ~  ~ • 

a 
e(E) -- 

f ( x )  = ~ . a = x -  ~ -  l x > a > o  

V = a '  ( 0 t - -  I )  ti ( ~ - -  2) X = 0 t (0 t - -  2) 

")__ O_ 
~, - -  P x  (IX])  

2.25 0.56 O.23I 0.570 
2.5 t.25 O.214 0,358 
z.75 2.06 O.199 0.270 
3.00 3.00 o. 185 o.224 
3.25 4.o6 o.173 o.I95 
3.5 ° 5.25 o.162 o.t74 
3.75 6.56 o.153 o.x57 
4.00 8.00 o.144 o.14o 

The correspondence is not as good as in other examples above. 
I t  has, however, to be kept in mind that  the (unlinlited) Pareto 
distribution does not represent a good description of the total 
claims amount.  

8. F ( x )  is generated by  a Poisson process with fluctuating basic 
probabilities according to a Gamma-structure function (resulting 
in a Negative Binomial distribution). 

All claims are of equal size s. 

f(,,s) = I'(~ + ~) r ( h )  ~h + x/  ~ ~ = o, ~ . . . . .  

E = X ' s  

X=s 2 E 2 
V = X . s ~ +  h - - X s ~ +  

We transform this distribution in a Poisson distribution deter- 
mining its parameter  X' in the same way as above. 

E2 X2s~ 

V k~s~ 
Xs2+ h 
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H x ' =  ,Ix + ~/h 
tx] 

6(E) = E .  ~ ( ,qX--~)/( , , )= E .  ~ (~--,4X)f(,,) 
~-[x],, v-, 

is approximated by E . P~,,(D"]), 

Tile approximation is good, even for small h (=  large variation 
in the basic probability}. 

x h x' - Xh e (E) V>,. fix']) 
Neg. B i n o m .  X + It E 

I 15 o-937 0-380 0.392 
2 15 I. 705 0.288 0.302 
4 15 3 . I58  0.220 0.223 
8 15 5.2T7 o . I73  o . I75 

I 25 0.962 0.375 0.382 
2 25 x.852 o.28x o.29x 
4 2 5 3.448 o .2 to  o.2I 7 
8 25 6 .o6i  o.x6o o.16x 

I 5 ° 0.980 0.372 0.375 
2 5 ° 1.923 o.=76 o.281 
4 50 3-704 0-203 0.209 
8 5 ° 6.897 o . I5o  o .x5I  

CONCLUSION 

We have seen that  for a large group of distributions the risk 
l)remium of a special stop loss cover (retention equal to the 
expected value) can be approximately calculated by a handy 
formula. 

e ( E )  = E • z,,.([x]) 
with 

X = E~IV  

E = Expected value of the distribution 
V = ¢r ~ .=  V a r i a n c e .  

In 5. we have seen that  

E 
E "  Px(X) = ~ / ~  

I 
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Fen x + x2 E~ 

¢7 

lira E • Px(X) --  
),---~.~ 

Thus  the convenien t  approxi ina t ion  e(E) = er/l/2~which is exac t  
in case of a normal  d is t r ibut ion is more  on the safe side than  
Px(?,). How does the  approx ima t ion  e(E)= ~ / I / ~  fit general ized 
Poisson dis t r ibut ion funct ions ? 

H we assume the existence of all momen t s  o f  the claim size 
dis t r ibut ion funct ion and  tha t  the  expec ted  n u m b er  of claims X 
is large enough so that all terms of order o(X-½) and higher order 
in the Edgeworth expansion can be neglected, then cr/[/~ is a good 
approximation for the risk premium of the special stop loss cover. 
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A RISK MEASURE ALTERNATIVE TO THE VARIANCE 

B. BERLINER 

Zurich 

SUMMARY 

The  qual i f ica t ions  of t h e  semiva r i ance  as a uselul risk measure  are ex- 
amined  and  compared  to  those  of t he  var iance.  A l though  on first  s ight  t he  
semivar iance  m a y  seem more  a p p r o p r i a t e  f rom the  insured ' s  po in t  of view 
the  analys is  of th is  pape r  leads to a preference  for t he  var iance  as a r isk 
measure .  

INTRODUCTION 

Since tile following considerations may be iml}ortant for the 
reinsurance field the reader can always replace the words "insurer" 
and "insured" by "reinsurer" and "reinsured". Regarding the 
variance as a risk measure for the insurer it is quite a natural 
question to ask whether tile negative deviations 

x - - E w i t h x < E a n d E =  ~ x dF(x) 

that  are in favour of the insurer can or should be called risky. 
F is tim distribution function of the portfolio's total claims' amount. 

If we answer our question with "no" a consequence would be to 
replace in the premium calculation for a portfolio the variance 
principle 

r c =  E + c V ,  c > o l /  = 62 (I) 

by a semivariance l}rincil}lc 

, ~ = E + e V + ,  e > o  (2) 

where 

and 

V =  V.,. + V_ = ~ {x - -  E)~ dF(x} 

E 

v + = f {,~ - -  E) ,  dF(x) ;  V_  ---- f {. - -  g ) ,  dF(x).  

(3) 

{4) 
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H. Markowitz, in his book "Portfolio Selection", chapter iX,  
i959 [xo], comprehensively analyses the properties of the senti- 
variance as a measure of variability in a portfolio analysis. 

If the domain of definition of Y(x) is [A, B] we can always define 

i o f o r - - o o  < x < A  
F(x) = F(x) for A < x < B and replace F(x) by l~(x) 

I for B < x < oo 

The terms cV in (I), gV+ in (2) respectively are meant to be 
pure risk loadings. Loadings for administrative costs, commissions, 
etc. are not considered. 

Tile purpose of this paper is to investigate whether the wu'iance 
principle ~ = E + cV should be replaced by  the semivariance 
principle ~ = E + ~V+. 

The lower integral limit in (3) shows that  we also allow for 
negative losses which can for example occur when due to a judge- 
ment of a court of appeal the insured has to repay the insurer part 
of the payments  that  he received in previous years. 

The possible use of V+ has already been mentioned or even 
recommended several times [2], [3], [6]. 

A. Properties of V + 

AI. V+ depends only on the expected value E of the distribu- 
tion function F(x) and on the structure of F(x) for x >_ E. 

A2. V + <  1 / a n d V + =  V < = > V = o .  
Therefore, if we replace in a premimn calculation a V-loading 

by a V +-loading we should enlarge the loading's coefficient. 

A3. For i x f (x )dx= i x g ( x ) d x = E  and f _ < g  for x > E 

follows V +f --< V +a' 

A4. Let us assume one point of intersection x > E  and let 
t'(e) = g(e),f(x) >g(x)  for E _< x < e and g(x) > f ( x )  for x >:~. 

Let us moreover assume 
z 

f (x - -  E ? " ° U ( x )  - - g ( x ) ) , t x  < 

<_ S (x - -  E) ~ ÷~(g(x) - - f (x ) )dx  with - -  I ~ ~ < I. 
II  
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Asser t ion"  T h e n  follows V ~ f  < V+g. 

P r o o f :  

j" (x - -  E)2( f (x )  - - g ( x ) ) d x  < (X - -  E) '  -"~ J" (x - -  E ) "  ~(f(x) - -  g (x) )dx  
E 

< (x - -  E l ' - °  .~ (x - -  El"~(g(x) -- /(x))dx < 
z 

z 

= >  .~ ( x -  E)~(g(x) - - f ( x ) ) , L ~  - -  
z 

- -  I (x - -  E)*( f (x)  - -  g (x ) )dx  = 
£ 

= S ( x - -  E)Z(g(x) - - f ( x ) ) d x  = V+g - -  V+I  > o q.e.d.  
E 

I f(x) 

1 . 

g(x) 

i 

E 

Fig. I 

r 

x 

C o r r o l a r y  I"  F o r  -~ = - -  I we a r r ive  a t  

A = I ( f (x)  - - g ( x l ) d x  < i (g(x) - - f ( x ) ) d x  = B(Fig .  I)  = > V.,.t.< V ,  ~, 
E 

C o r r o l a r y  2:  F o r  "~ = o we a r r ive  a t :  

/~+I = 5 (x - -  E )g (x )dx  > ~ ( x - -  E ) f ( x ) d x  = / ~ ÷ I I  = >  V + I  > V + n  
B 
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i.e. if two portfolios I and I I~charac te r ized  by  the distribution 
densities g(x) and f(x) (Fig. I), both of which have the same pure 
loss cost E - - w o u l d  have pure stop loss premiums /~+I > /~+ i I  
excess E then follows for the respective loadings V+i > V+iI. 

The questions arise here firstly whether we should not use the 
pure stop loss 1)remium excess the expected value 

+ = - -  V . ) d F ( x ) ,  
E 

as an alternative to the standard deviation loading (dealt with in 
[6]) and secondly what its relations to V+ (except for the already 
above-mentioned corollary 2) are. 

Approximations and an upper limit for/~ + are given in [3] and [8]. 

A5. From A4. and Fig. i we can fonow that V+ is the larger, 
the farther away to the right of E are substantial probabilities of 
claims occurrences, 

We could therefore believe at the first moment that  V + is closely 
connected to the third central moment t~3 which, to a certain 
degree, characterizes the dangerousness of a distribution function 
or of a portfolio. 

The argmnent often used is that  given two risks or portfolios 
having the same first and second central moments E, a ~, the one 
with the larger third central moment  t~3 or skewness y is the less 
desirable one for the insurer because it is more dangerous [2], [9]. 
(J. Marschak for example proposed the use of the skewness ¥ as 
a risk measure already in 1938 [II].) The above argument is cer- 
tainly correct for most distribution functions used in and needed 
for insurance. Let us, however, imagine a distribution function 
with "enough" parameters which we could change in such a way 
that  E, ~* and the distribution functions for x > E remain un- 
changed while we are diminishing ~3 perpetually by  enlarging the 
potential amounts of substantial profits with substantial but  
diminishing probabilities (deviations to the left from the expected 
value) (Fig. 2). 

E1 = Ei i ,  V i  = Vi i ,  V + I  = V+i i ,  V.3I > V.3II, yI  > "i'll. 

Would an insurance company say that  portfolio I is more danger- 
. ous than portfolio II and thus ])refer portfolio II to portfolio I?  
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Can we at  all speak of dangerousness when referr ing only  to  am o u n t s  
of profi t  ? We th ink  not,  especially when the  c o m p a n y  utilizes the  
prof i t  z = ~ - -  x with a funct ion u(z) with  u'(z) > o and  u'(z) < o  sucfi 
t ha t  Ei[u(z [ z > 7r - -  E)] > Eil[U(Z [ z > r e - -  E)], thus  making  por t -  
folio II  more  "dange rous"  respect ively  less prof i table  than  por t -  
folio I. 

I 
I 
I 

Profit area / , ~  Portfolio I 

1 

This part is mainly 
to  keep o-constant 
and make ~sor y 
negative. 

This part is 
mainly to keep 
I: constant. 

Fig. 2 

F ina l ly  we can follow from the  above  wr i t t en  and  Fig. 2 tha t  
f rom V + i  ~ V + I I  does not  follow ~8i ~ ~3Ix or 

V+I  V+II  
- - -  < does not  follow TI < TII f rom Vi --  ~ 

and vice versa.  

The  above reflections and  those made  in the  in t roduc t ion  lead 
us to tile conclusion tha t  V+ is a be t t e r  risk measure  with respect  
to the  conten t  of the  word "dangerousness" ,  than  V or ~3 or the 
l inear  combinat ion cV + d~a. 
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Numerical  examples to illustrate some properties, in particular 
property A 5. 

I ) c u s i t y  f u n c t i o n s  d e s c r i b i n g  t h e  prob~tbi l i t ics  of c l a ims  x 

x f " ) x  f(t)(x) fO)(x) f(O(x) f(t)(x) 

- -  IO 0 0 0 0,0001 0,02 

O O, 18 O,198 0,076 0,0529 0,46 

O, 5 0 0 0 O,O440 O 

I O,80 O,8OO O,920 0,8990 O 

2 0 0 0 0 0,50 

IO 0,0.2 0 0 0 0,02 

20 O O O,OO 4 0,0040 O 

1OO O O,OO2 O O O 

E i ,oo i ,ooo i ,ooo I ,oooo I ,oo 

V 1,8o 19,8oo 1,52o 1,52oo 5 ,oo 

I" + 1,62 19,602 x ,444 1,444 o 2,12 

~t 14,4 ° I94O,4OO 27,436 27,2445 - -  12,oo 

All the above distribution functions have the same expected 
value E = I. 

BI.  The density function f¢~)(x) illustrates as compared to 
fc~)(x) numerically the fact that  if the tunction's "tail" grows ' 
linearly and the "tail 's" probabili ty diminishes linearly, V and V+ 
arc growing "almost linearly", Vt3 "almost quadratically". E does 
not change here at all, usually 6nly "a little bit".  

This shows how very dangerous it can be to use risk loadings 
of third and larger order if the portfolio includes very large or even 
catastrophe risks with an unknown, small probability of occurrence. 

B2. Since V~ ) > V ( .  a~ wc would conclude according to 
property AS. that  risk I which is described byf(l)(x) is more danger- 
ous than risk I I I  which is described by  f(3)(x), although ~ )  < V.~ 3) 

Let us imagine an insurance company with a utility function 
u(~ ~ x) = u(z) = 5(1 ~ e-2/~) that  can get a premium of 7r = 1,4 
for insuring either risk I or risk III .  The calculation of the respective 
expected utilities lead to 
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E i  (,,(z)) = 0,07 

E i i  I ( u ( z ) )  - ~  --0,36. 

Thus the insurance company  would prefer to insure risk I ra ther  
than  risk I I I .  I t  considers risk I I I  more dangerous and  less at- 
t ract ive  than  risk I. 

We const ructed fc3)(x) to show tha t  V÷ also is assailable with 
resl)ect to its reflecting "dangerousness" ,  however, this is t rue for 
every risk measure. 

We nevertheless prefer the result given in A5., i.e. V÷ to V or V.3 
as a measure of dangerousness. 

B3. The densi ty funct ion f¢'~) has been const ructed in com- 
parison t o f  ca) according to the proceeding described in AS. 

E(4) - -  E ('~) 

V (4) = V (a) 

v(2 ) = v<;') 
f(a~(x) = f(a)(x) for x > E (a) = E (4) = I 

and ~4) < V.~:~) 

B4. The densi ty  function f(5) having a negative thi rd  central 
moment  shows more significantly than  f(4) the contrast  to f(3) and  
the fact tha t  

Thus E (a) = E  (~} = E  (5) 
V (3) < V O) < V (s) 

v(:)< T~(y< v(:) 
~ )  >/, ' )  > o > ~i '~). 

C. Explicit expressions for V + and V +/V for some distribution fuuc- 
lions that are of .special importauce in insurance and reinsurance 

CI. N o r m a l  d i s t r i b u t i o n  
( x - y )  z 

I - ' 2 . a -  
f(x) -- V . ~ ,  e , - - o o < x < o o ,  - - o o < v . < o o ,  o < • < o o  

E = ( ~ ;  I , ' = , 2 ;  V + = . ~ , ~ ;  V + / V = ½  
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C2. Since the classical approximation of the generalized Poisson 
distribution function is the normal distribution function [I], we 
arrive for this approximation (first term of Edgeworth expansion) 
at the same result as in CI. 

C3. For every symmetrical distribution function we have 

v +/v  = 4. 

C4. E x p o n e n t i a l  d i s t r i b u t i o n  

f ( x )  = ce-eX o < x < oo, o < c < oo 

E = x/c;  V = iIc~; V +  = 21e • x l a ;  V + I V  = 21e. 

C5. G a m m a  d i s t r i b u t i o n  

c v 
f (x )  = F(T---- ~ e-CZ x v -~  o < x < oo, o < V < oo, o < c < oo 

I 
E = Y - "  v v v +  --  (e-~v'+r(v+~)--v~(v)}; 

c ' = c~ ; c2r(v) 

IT.  I 
v - r ( v )  ( e -~v~- I  + rc-r) - -  r~(v)}. 

Thus V + / V  depends only on T, not on c. In the special ease of 
"C = i we arrive at the exponential case that  was discussed in C4. 

For large T we can use 

.r V + l V  

o,5 o,8oi 
i o,736 
2 o ,677  

3 o,647 
4 o,629 
5 o,616 
6 o,6o6 

the Stifling formula: 

L e t  u s  d e f i n e  ~ = y - -  I 
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+ 1 tlg~ 

,-~ ½ I / ~  ~ ' ~  ~-~ --~ ½ r ( r ) .  

Thus  

v ÷ ~-~y~- 1 r(~) - -  r~(y) 
l i r a  V - -  l i m  i ) r _ ~ i  + l i m  

.,--..~o . ,_~  I / ~  ~ - " - "  ( ' r -  . , ~  rc.r) 

= l i r a  ~ 

I 
= lira ~ + .~ 

V ÷  
lira ~ ---- ½ 

y.---~-co 

We want  to  calculate  now the o the r  ex t reme,  namely  lim V+/V 
y--~0 

lim P ( I  -q- 'y) = P ( I )  = I 
y---~-0 

V+ "¢ 
lim - -  lira (I --k yr g-x _ _ y  j" e-Zz'r-ldz ) = 
y--~-O V T--wo • 

Y 
= I - -  lira (I ¢-z£rdz) 

y--~-O o 

F or  o < y < I we have  

y y ~2 

0 < f e -ZzXdz<  S e - Z d z =  I - - e - ' r = T ~ ]  .q_ ~ . . . .  
Q o 

Thus  
Y 

lim (.f e-Zz'rdz) = o and 
y--tO o 

V+ 
lim - -  i .  
y--~-0 V 

As we see V~ V .  is independen t  of c and  is on ly  slowly decreasing 
as a / u n c t i o n  of Y, slowly e spec i a l l y /o r  y >_ 2. 

C6. P a r e t o  d i s t r i b u t i o n  

This dis t r ibut ion is of special impor tance  for the  excess of loss 
reinsurer.  
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f ( x ) . = a a ~ ' x - ~ ' - X a < x < o o ,  I < 0 t < o o ,  o < a < o o  

a a'ct 2a '  / 0 t - - I \ ' - '  
E = a  - -  • V =  • = 

- -  I ' ( G t - - I ) ' ( O ~ - - 2 )  ' V ÷  ( f t . - - I )  ( 0 ~ - - 2 )  

V - -  2 =2\~-----~i 

While  V and  V+ exist  only  for a > 2 V + / V  like E exists for ~ > I,  
t hough  for I < ct < 2, V + / V  > I and thus  does not  makes  sense. 

o~ V +/V 

2 I 

2,5 0,930 
3 0,889 
4 o,844 
5 o,8z9 

i o  o ,775  

|--3 

lira -- lira 2 = I 
a--~g V tt-..~2 

v+ (  ),12 
lim V - -  2 lim I - -  = - -  

a--~.oo a--~.oO e 

< o  

The  quo t i en t  V / V +  is independen t  of a and  a slowly decreasing 
funct ion  of a. 

C7. 

/ ( x )  = 

L o g  n o r m a l  d i s t r i b u t i o n  
_ ( In  z -  ~) l  

I ~o~ 
- - e  o_<x< oo,--oo < ~< oo, o<~< oo 
l / ~  ~x 

E = e"+°'l*; V = e ' '+° '  (e °' - -  x) 

f -v, V +  ( x - - E ) '  2 1 ~  ,~x 
E 

I 
-- ] ~  alf (e so¢+s~ 

dx 
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where  
In x - -  

Z - -  

Denot ing  q~(z) = I/~/2-~ S e-u"t2 du we a r r ive  a f t e r  some s imple  

ca lcula t ions  and  subs t i tu t ions  a t  the  express ion:  

Thus  

I 3 ~ 

V - (e °i -- I)  

V +/V 

o, I  0,550 
0,5 0,693 
I ,o  o ,85I  
2,o 0,989 

V ÷ e a2 I ~ _ s 
l im T =  l im - - .  j e ~ t  d r -  

- S/2 

- -  l i r a  - e -  d t  

o ~  e ° ~ -  I I / ~  3 

hi-. 

- -  l im e-',!:dt = I - - o - - o =  I 

o~olim ~ = lira ~ ((~ + <: + o(,:)) + ~-~ <,+ o(:) 

I I ~ 2 

2 12,/~ ~ -- I /~  "7 
I/2 2 + o(a~) I 

= lira 
G2 • o~o + o(~') 2 
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The quotient V / V +  is independent of ~ and a slowly increasing 
function of ~, slowly increasing especially for ~ > 1. 

C8. I . e t  t h e  p o r t f o l i o ' s  c l a i m s  f u n c t i o n  be g e n e r a t e d  
by  a P o i s s o n  p r o c e s s  ( p a r a m e t e r  ~) w i t h  all  c l a i m s  
b e i n g  of e q u a l  s ize s. 

) , .  

P ( X  = ns)  = e - x  - o < X < oo, o < s < o~ I~] ' 

E = X . s ; V = X . s 2  

f v +  = (x - -  E ) , d F ( ~ )  ---- V - -  I ( E  - -  x ) , d V ( ~ )  = 
E 0 

=ks, (I-x 2 x 
IX] [~.- ,] 

= X s  2 I - - X  e -~x" . . . .  + 2X e ' z  c -~" 
n ! n [ n ! 

u - o  n - o  

-~- AS ~ • e 
[ x - -  ~]l [x][ + ~ n!/ 

. - [ x ]  

[z - ,1 

n - @  

[x - ,] 

- 2  
n • 

V +  _ c -  x X [>'] X .  I 
V -  ( - - [ ~ !  ( x - [ x ] ) +  ~ n[] 

- - [x] 

where [X] is the integer part  of X. 

If X is an integer, i.e. X = [X] then we have 

+ _ ~  ~ _~. l ~ e  -)' 

V .! ~. 
m - ~  t , - o  

x V+IV 
z o,632z 
2 0,5940 
5 o,5595 

zo o,542I 

: o '  " p / .  
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lim = lim e-x x-,.o x~o ~.  ~ X = I ~ lim Xe- x = I 
n - * X--~*O 

X[x] [x~- ,1 X n V ÷  
lim - -  l im (X - -  [X]) e -x ) z~oo V = x~¢o ~ + I -  x~oolim ~ --nl 

[x] 
= I ~ l i m  ~ e -~' xn 

X-.-¢-oo ~.t 
m-@ 

x 

= I ~ l ira e 

~- I ~ l i m  e 
X.-.~.oo 

= I - -  ½1im f I 

V 
lim - -  ½. 
x-.-~.oo V+ 

X[x] 
+ lim (I + [X]--X) e -x 

( z  - ~ ) 2  

(z - ),)l 

2x dz = 

( z - M  2 

e ~X d z  ~ ½ 

The  quot ien t  V+IV is independen t  of s and  a slowly decreasing 
funct ion  of X, slowly decreasing especially for X ~ I. 

R e m a r k  I : 

In  cases CI.-C4. V +/V is a f ixed number ,  whereas  in cases C5.-C8. 
V+/V depends  only  on one pa r ame te r  and  is only  slowly va ry ing  
with t ha t  pa ramete r ,  especially in the  p a r am e te r  regions t h a t  are 
in teres t ing for the  insurer.  

R¢mark 2 : 

In  all the  cases CI.-C8. is V+JV > ½ and  V.a >_ o (for Pa re to  VLo 
exists only  for ~ > 3). Also in the  numer ica l  examples  we have  
f o r ~ ) ( x ) , f O ) ( x ) ,  .fc3)(x), f(4~(x)V+/V >½,  ~8 > o whereas  for~5)(x) 
we observe V+/V < ½ and  V.3 < 0. 

The  ques t ion arises therefore  if the  hypothes is  V÷[V > ½ < = >  - 
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V-~ >--o is correct. This is not the case as we can conclude from 
the following counter example. 

E x a m p l e  

t o,o2857 for x ---- - -7 
Letf(x) = 0,45143 for x = o 

i o,5oooo for x = 2 
0 , 0 2 0 0 0  for X -~- I 0  

E = i,ooo; V = 4,4oo; V,  = 2,I2o; 
~ : o,ooo73 > o. 

V , / V  = 0,482 < 0,500; 

D. Is V+ to be preferred in general to V as a risk measure or a risk 
loading 

When analyzing V and V+ from a portfolio selection point of 
view and putting up pros and cons, H. Markowitz does not come 
to a universal proposal as to which of the two risk measures is to 
be preferred/to].  

For all that,  Markowitz writes in [IO] on page I94: "Analyses 
based on S (our V+) tend to produce better portfolios than those 
based on V." 

The main difference between an analysis considering appropriate 
risk measures for tile calculation of a premium or for a portfolio 
selectio~r are the underlying conditions and constraints. While we 
may wish in insurance to establish a premium principle that  takes 
the dangerousness of a portfolio and/or the lack of statistics into 
account, that  is as just as possible to all customers that  auto- 
matically sets up an upper barrier of acceptance and so on, we may 
for example wish to select a shares- or bonds-portfolio in such a 
way that  to a given expected return for the invested capital V or 
V + becomes a minimum. 

The choice between V or V+ may therefore fall out differently 
for a portfolio selection principle and for a premium calculation 
principle. We are interested here in the latter case. 

Having shown until now advantageous properties of V+ we 
would like to list some disadyantageous properties in comparison 
to V or the lack of properties of V+ that  we would like a risk 
measure to have and that  V possesses. 
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DI. The variance loading is additive, i.e. the loading assigned 
to the sum of two independent risks is the sum of the loadings 
that  are assigned to the two risks independently. 

On the other hand the semivariance loading does not possess 
the property of additivity. 

D2. Usually V + is more difficult and more time-consuming to 
calculate than V. 

If we wish to calculate for example the premium of a portfolio 
consisting of n independent risks each of which has a distribution 
function F,(x) . . . . . . . . .  .F,~(x) then we need, in case of a V-loading, 
to calculate only the variances of every risk and add them up. In 
case of a V+-loading the convoluted joint distribution function 
Fl(x) * F2(x)* . . . . . . .  * F , (x )  has to be determined for the cal- 
culation of V+ which is usually complicated and time-consuming. 

D3. For example if Fl(x) . . . . . . . .  F,~(x) are Pareto distribu- 
tions their convolution can not be written as a closed analytical 
expression. Thus there exist cases when V can be calculated easily 
and exactly and V+ can not be calculated exactly at all and an 
approximation can only be got after complicated calculations. 

D4. For a large class of infinitely divisible functions we arrive 
in a first approximation at a variance loading if a company adds 
an independent marginal t reaty to its portfolio, without changing 
its probability of obtaining a negative result [7], [4]. 

We have here an important property that  characterizes a V- 
loading and that  a V+-loading does not possess. 

Not changing the probability of obtaining a negative result 
means taking into consideration all possible results, losses as well 
as profits. From this point of view it is logical to include the possible 
profitable results in the risk measure which is done when using V, 
but not when using V+ as a risk measure. 

If an insurance company considers its internal problems and 
does not want to increase its probability of ruin or of loss over a 
certain period of time, i.e. if it looks upon a risk subjectively and 
not objectively, its contemplations should lead it to a variance 
rather than to a semivariance loading. 
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DS. Because of their quadratic nature tile variance as well as 
the semivariance loadings lead to an equilibrium state in an in- 
surance market. For each cover there exists a price minimum and 
belonging to it fixed shares of the cover for each insurer and re- 
insurer in the market. For the variance loading a simple and useful 
approximation leads to shares that are very easily calculable [5]. 

Such a simple and useful solution to the equilibrium problem is 
not known and probably does not exist if the semivariance is used 
as a risk measure. 

E. F ina l  conclusion 

In all cases dealt with in Ci.-C8. all of which are important 
for insurance V + / V  depended on less parameters than the under- 
lying distribution function and was either constant or dependent 
on one parameter only. 

In all cases where V+ = constant • V the variance and semi- 
variance principles were identical since we can write 

= E + ~V = E + cV wi th  c = c . V+IV.  

If V+[V depended on one parameter it was slowly varying with 
that  parameter, especially in those parameter regions that  are 
usually of interest for the insurer. In these cases and for all other 
underlying distribution functions where V + / V  is almost invariant 
for parameter changes in certain regions we can replace in these 
regions with a good approximation the semivariance as a risk 
measure by the variance. 

The advantageous properties of V+ are then approximately 
(AI.) or generally (A3., A4.) fulfilled by V. 

On the other hand we can indeed conclude that  the "theoretical" 
properties of V are also generally approximately fulfilled by V+ 
(DI., D4. ) but the "practical" disadvantages of V+ as compared 
to V (D2., D3.) are neither removed nor facilitated. 

We therefore conclude that  the variance is usually to be preferred 
to the semivariance as a risk measure. However we do not exclude 
the possibility that  for special cases the semivariance may be 
preferable to the variance. 
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CUMULANTS OF C O N V O L U T I O N - - M I X E D  D I S T R I B U T I O N S  

ALAN BROWN 

Melbourne 

I .  CONVOLUTION--MIXED DISTRIBUTIONS 

Consider a risk process which is character ised by  three  s tochast ic  
variables 

(z) the  number  of accidents,  N, 
(2) the number  of claims per  accident ,  C, and 
(3) the  a moun t  of a claim, X.  

L e t  Y be a r andom var iable  denot ing the  to ta l  loss in a given period.  
Suppose t ha t  

p . =  P r o b ( N = n )  n = o, z, 2 . . . .  

and  

vc = P rob  (C = c ] an accident  has occurred) c = z, 2, 3 . . . .  

If  Pr represents  the probabi l i ty  tha t  exac t ly  r claims occur  in the 
period, then  K u p p e r  [4] has shown on cer ta in  simplifying assump- 
t ions tha t  

- - r  

m e 

"" the probabi l i ty  of exac t ly  r claims in n accidents,  is given where  v r , 
b y  

r - t  

*n Z v~ ~'~- 1) V r  "~- 'Or - e 
¢ m 1 

and ,,*'= = o for r < n - f  

F u r t h e r  
*1 

V r ~ V r 

v~ ° = z f o r  r = o  

andv,~ ° = o for r ~ o  

f o r r  > In ,  n =  z, 2 , 3  . . . .  
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Suppose that 

F(x) = Prob (Y < x) 
and S(x) = Prob (X < x) 

The total loss can be expressed on certain simplifying assumptions 
by the well known formula 

F(~) = X G S"(x)  (z) 
r = o  

where s*r(x), the r tu convolution of the distribution function SCx), 
is given by 

s 'r(x)  = i s*{r -O(x- - z )dS(z )  for r = 1 , 2 , 3  . . . .  
0 

s'lCx) = SCx) 
S'°(x) = I f o r  x >_ o 

S'°(x) = o for x < o  

Combining equations (I) and (2) together we obtain 

= .,, s.rCx) 
r - o  N - O  

= 

~ - o  r - o  

if we interchange the order of summation 

Auxil iary Functions Associated with Probability Distributions 

There are several useful auxiliary functions associated with a 
distribution function F(x) of the random variable Y (see [3]) 

CI) Probabili ty generating function 

Gy(z) = Er ( z  z) = i zz dF(x) (z real, positive) 

(2) Moment generating function 

My(u)  = Er(e  ux ) = J" e uz dF(x) (u real) 

(3) Characteristic function 

~br(t) = Er(e*tZ) = i ettz dF(x) (t real) 
- m  

(4) Cumulant generating function 

K r ( u  ) = log M r ( u  ) 
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Provided tile various integrals exist we can change from one auxi- 
i a r y  function to another by the transformations 

u = i t  = log  z 

For instance G y ( e  u) = M y ( u )  

and K r(*l) = log M y ( i t )  

= log Cr(t)  

T h e  A p p l i c a t i o n  o f  G e n e r a t i n g  F u n c t i o n s  to C o n v o l u t i o n ~ M i x e d  
D i s t r i b u t i o n s  

We depend heavily on the following well-known (see [3]) 

g e m m a  

If Xt, X2 . . . .  X,) are independent and identically distributed 
random variables 

and Z = X i + X 2 +  . . . . .  + X , ,  

then Gz(U ) = [ G x ( u ) j  n 

Now from equation (3) we have 

= .n S . r (x )  z~ 
tt  ~ • r - O  

M - 0  r - •  

* ) |  
= x x p,~v, [Cx(Z)] ~ 

n-o  r -O  

P,, Cc ,+c ,+  . . . .  +c .  (Gx(z)) 

P. [Cc(Cx(z))] 
)a ) 

= c ~ ( c a C c x ( z ) ) )  

Thyrion [5] has introduced a very wide class of distributions, the 
distributions in a bunch (m = 2), and in a bunch of bunches (m > 2), 
defined by generating functions in the fgIIowing general form 

G y ( z )  = Gx (G , (G ,  . . . . .  Gm_a(Gm(z))  . . . .  )) m > / 2  

where Gt(z ) are probability generating functions of integer valued 
variables, j = x to (m - -  I), and Gm(z  ) is any probability generating 
function. 

:~7 ¸̧  :':~: • . . . . .  : ........... : . . . .  
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A special case where the Gj, ] = I to m are all identical, occurs 
in the theory of branching processes, where Y is the size of the mth 
generation. The principal result of this paper is contained in the 
following theorem, which is a generalisation of a known result in 
the theory of branching processes (see [2]). 

Theorem 

If  

then 

Proof 

Let 
then 

GyCz ) = Glv(Gc(Gx(z))) 

Ky(n)  "= K2v (Kc(KxCu))) (4) 

u = l o g  z 

M r ( u  ) = Gv(z ) 
= G~CCcCCxCz)))  

= G~,(GcCMx(u)) ) 
= GN(Gc(elOg Mx(u))) 

= Gjv(Mc(KxCu)) ) 
= GN(e]Og Mt (Kx(U))) 

---- M N ( K c ( K x ( u ) )  ) 
so tha t  Ky(u) = Klv(Kc(Kx(u) )  ) as required 

This theorem can obviously be extended to include the distribu- 
tions, a bunch of bunches. By  differentiating the cumulant genera- 
ting function and setting u = o we can obtain the cumulants of a 
distribution. Using an obvious notation we can derive the following 
relationships between the cumulants of a low order from equation 

(4). 

×,y ---- ×12v X,c ×Lx (5) 
2 8 2 

x2z =: ×aN ×1c Xxx + ×*w X~c ×*x + xL2v X*c xsx (6) 
X 8 ×sy = x3N *C X~x + 3×2/q ×*c  ×~c ×~x + 3x2N xxc Xsx ×xx 

+ x,N x.c  X,'x + 3x,N X,c x,x X~x + x m  xm X.x (7) 

x,v x4~v Xlc Xlx + 6x.N X,c x,e Xlx + 6x,a X,"c X,x Xxx 
2 4 2 

+ 4x2N Xsc X,c X~x "~- 3X~N x2 c xxx + 18X2N x~ c x, c X2x Xxx 
$ X:  X + 4x,u X,c Xax xlx + 3x,N X,c 

$ 
+ x~N X4c X~x -5 6x,N x3a X~x Xl X -~- 4x~¢ x, a X3x Xxx 
+ 3x*N X,c ×~x + x~N X,c X4x (8) 



CONVOLUTION-MIXED DISTRIBUTIONS 63 

These  formulae,  given in equa t ions  (5)-(8) can be used in the normal  
power  expansion [I] 

F(~) = ~(y)  

where * (y )  is the cumula t ive  Normal  dis t r ibut ion and 

X ~ Xly X~},  

(x~r )" '  = y + 6 ( ~ r )  ~ '  (y~ - -  ~) 
2 

~ . r  ×~r  (2y~ _ _  5y)  + . . . .  (9) 
+ 24x~-----'v (ya --3Y) + 36xlr 

In  par t icu lar  if the number  of accidents,  N, has a Poisson distr ibu- 
t ion with expec ted  value  Xt, where X is a constant ,  then the cumu-  

lants 

×JN = Xt for all j > o 

I t  follows tha t  

×~,y = o(0 for all j > o 

which is all t h a t  is required to establish the va l id i ty  of the asymp-  
tot ic  expansion (9) for large values of t. 

REFERENCES 

[I] BEARD, R. E., PENT1KAINEN T. & PESONEN, E., I969. Risk Theory. 
[2] Cox, D. R. & MILLER, H. D., 1965- The Theory of Stochastic Processes. 
[3] KENDALL, M. G. & STUART, A., X963. The Advanced Theory of Statistics. 
[4] KUPPER, J., 1963. Some Aspects of the Cumulative Risk, Astin Bulletin, 

I lL i. 
[5] THYRION, P., x96o. Note sur les distributions 'par grappes', Bulletin de 

l'Association Royale des Actuaries Belges. 



C O M P U L S O R Y  T H I R D  P A R T Y  I N S U R A N C E :  
M E T H O D S  OF M A K I N G  E X P L I C I T  

A L L O W A N C E  F O R  I N F L A T I O N  

B. J .  BRUTON a n d  J. R.  CUMPSTON 

Austral ia  

SUMMARY 

An inflation index is essential when constructing claim payment  models 
from past  payment  data,  and when projecting these results to give est imates 
of the provisions for outs tanding claims anti of necessary premiums. 

This paper examines the choice of inflation indices for compulsory third 
party insurance in two Australian states. Two different indices, one based 
on average weekly earnings per employed male unit and the other based 
on consumer prices, were tested. The index based on average weekly earnings 
was considered to be superior in that past claim payment data, togetlmr 
with this index, gave reasonably stable claim payment models. 

Some experiments were made for an actual office to illustrate tim effects 
of different inflation rate assumptions. 

I.  INTRODUCTION 

This  paper  brief ly examines  three  problems associated with 
i n f l a t i on - -  

(a) W hen  de te rmining  provisions for ou t s t and ing  claims, and  
p remium rates,  how can past  claim p a y m e n t s  be ed jus ted  to 
remove  the  effects of inflat ion ? 

(b) W h a t  propor t ion  of claim paymen t s ,  if any,  is unaf fec ted  
by  inflat ion af ter  the accident  ? 

(c) W ha t  is the effect of different  assumptions  in establishing 
provisions for ou t s t and ing  claims and  p remium rates  ? 

2. GENERAL BACKGROUND 

In Australia, compulsory third party insurance (CTP) covers 
personal  in ju ry  received in road  accidents,  bu t  not  damage  to  
vehicles. The  a m o u n t  payable  is unl imited,  b u t  m a y  be reduced  
if con t r i bu to ry  negligence by  the injured person occurred.  

In Victoria  a large n u m b e r  of insurers shared  the  m ark e t  unt i l  
recen t ly  when s t a t u t o r y  control  of p remiums  resul ted in all bu t  
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two insurers withdrawing from the field. In Western Australia, the 
Motor Vehicle Insurance Trust has had a s ta tutory monopoly for 
about  twenty-five years, 

Data  has been supplied by  one of the two current Victorian 
insurers, and by the Motor Vehicle Insurance Trust of W.A. These 
two insurers arc of similar size, each making payments  to about  
7,5oo injured persons per annum. Wc record our appreciation in 
being able to publish figures from these two sources. 

3" INSURED CASUALTIES 

Data was obtained showing the numbers of vehicles insured 
during each financial year (period I Ju ly  to following 3o June), 
together with claim payments  for the corresponding twelve months 
sub-divided by  financial year of accident. 

It was considered necessary to convert data  on numbers of 
vehicles insured into data  on insured casualties. In both states the 
introduction of legislation making seat-belt use compulsory has 
led to a substantial decline in the numbers of persons injured or 
killed in road accidents per registered vehicle. For this reason it 
was considered that  the numbers of insured vehicles provided a 
poor measure of the underlying exposure to risk. 

The increasing use of seat-belts may result in lower claim pay- 
ments per insured casualty, making insured casualties itself an 
unreliable measure. 

4" ADJUSTMENT FOR INFLATION 

We consider it is most desirable that  explicit, allowance be made 
for inflation in determining premium rates and reserves for out- 
standing claims. Accordingly, past claim payments  should be 
increased by  subsequent inflation rates to bring them to current 
values. 

The Australian Bureau of Statistics publishes a number of 
inflation indices, of which the most relevant are Average Weekly 
Earnings per Employed Male Unit (AWE), and Consumer Price 
Index (CPI). 

Payments  made in respect of CTP insurance can be classified 
into a number of categories. Hospital,. medical, loss of income and 
other special damages amount to approximately 20% of total 

5 

" i  ; ~ ~ . 



66 C O M P U L S O R Y  THIRD PARTY INSURANCE 

p a y m e n t s .  Legal  a n d  inves t iga t ion  costs  a m o u n t  to a b o u t  2o%,  
and  genera l  d a m a g e s  accoun t  for the  r ema in ing  60%.  

Hosp i t a l  and  medica l  expenses,  loss of income p a y m e n t s  a n d  
legal expenses  can be expec ted  to reflect  changes  in earnings  
p a t t e r n s  wi th in  the  c o m m u n i t y .  Genera l  d a m a g e s  are awa rded  b y  
cour ts  (or m u t u a l l y  se t t l ed  before  action) w i thou t  indica t ion  as to 
the  basis  of de t e rmina t ion  ; however ,  these  a m o u n t s  are set aga ins t  
the  b a c k g r o u n d  of general  income levels prevai l ing a t  poin t  of 
p a y m e n t .  

Therefore ,  on a priori grounds  i t  is considered t h a t  A W E  is 
l ikely to p r o v e  a more  re levan t  inf lat ion index t h a n  CPI .  However ,  
a s ta t i s t ica l  m e t h o d  of tes t ing  the  app rop r i a t enes s  of d i f ferent  
indices would  be useful.  

5" CLAIM PAYMENTS PER INSURED CASUALTY 

Tab le  I i l lus t ra tes  c la im p a y m e n t s  per  insured  casua l ty  in respec t  
of the  Motor  Vehicle In su rance  T rus t  of W.A.,  where  pas t  ex-  
per ience has  been ad jus ted  using A W E  as the  inf la t ion i n d e x  
F u r t h e r  tables  are shown in Append ix  A for Wes te rn  Aus t ra l i an  
d a t a  using C P I  to ad jus t  pas t  experience,  and  for Vic tor ian  d a t a  
using A W E  a n d  CPI .  

TABLE I 

Financial 
year of 

payment 

W.A. claim payments per insured casualty during each of 
the following years (claim payments adjusted 

to 3o]6/74 values using AWE index) 

financial 
year of 
accident 1966/67 1967/68 x968/69 I969/7 o 197o/7I 1971/72 x972/73 x973/74 

$ $ $ $ $ $ $ $ 

o 60 58 t25 Io 4 lOt xz 3 I24" i24" 
x 326 395 313 396 366 326 4x4 33 I 
a 469 460 475 414 504 419 438 404 
3 307 439 388 339 332 3 °8 303 303 
4 x34 233 218 x77 236 I42 I56 x75 
5 75 68 ()0 86 80 I i I  93 I37 
6 5 ° I56 98 I93 61 36 52 121 
7 o 69 o o o 47 64 o 
8 o o o o o o 81 o 

Total x,42i, x,878 1,716 1,7o 9 1,68o x,5o2 1,7725 1,595 

(* for explan/ttion, see Appendix A). 
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If the appropriate inflation index has been used, and the con- 
ditions affecting payments  have been stable, level amounts should 
appear in each row of the above table. 

Accordingly, for each row a straight line was fitted on a least 
squares basis (ignoring any values marked with asterisks). 

This is illustrated in the following graph, where data from the 
second, third, fifth and sixth rows of Table I, together with fitted 
lines, has been shown 

500 

4 0 0  

300 

200 

100 

:~ayment per insured casualty 

row 2 

+ 

+ + 
+ 

+ 
,- rows 

~- row6 

• year 
I I I I I I I I 

66.'67 ~, /69 /70 /71 /72 173 174 

Fig. i 

The slope of each of the fitted lines was tested to see if it was 
significantly different from zero. The following table sets out the 
slopes of each line together with an asterisk if the slope was sig- 
nificantly different from zero (at the 5% level). 

A two-sided t-test was used, with ( n -  2) degrees of freedom, 
where n was the number of observations. 

For both states, the fitted lines obtained using AWE ~ad a 
mixture of positive and negative slopes. By contrast, all but  one 
of the fi t ted lines' obtained using CPI had positive slopes. We 
consider this provides some indication that AWE is a more suitable 
inflation index than CPI in adjusting CTP experience. 
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TABLE 2 

F i n a n c i a l  S l o p e s  of  t r e n d  l i nes  f i t t e d  to  c l a i m  p a y m e n t s  pe r  i n s u r e d  
y e a r  of  c a s u a l t y  (c la im p a y m e n t s  a d j u s t e d  to  30/6/74 v a l u e s )  

p a y m e n t  
- -  X,V.A. V i c t o r i a  

f i n a n c i a l  
?,,ear of  A W E  C P I  A W E  C P I  

• a c c i d e n t  i n d e x  i n d e x  i n d e x  i n d e x  

O 1[ 12" - - I  - - I  
I 2 15" 4 12 
2 - -  8 11  - - 8  13 
3 - - x I  3 ~ 7  13 
4 - -  3 4 7 I ~ *  

5 7* 9* 29* 32* 
6 - -  4 o 32* 33* 

Although the significance levels between AWE and CPI were 
inconclusive, we consider that  the lower slopes generally provide 
further confirmation that AWE is a more relevant index. 

6. T E S T S  U S I N G  D I F F E R E N T  P R O P O R T I O N S  U N A F F E C T E D  BY 

I N F L A T I O N  

The preceding section assumes that  all payments are affected 
by inflation. However, it is possible that a proportion of payments  
(for example, hospital and medical expenses) is not affected by 
inflation after the accident. 

TA m.v. 3 

F i n a n c i a l  S l o p e s  of  t r e n d  l i nes  f i t t e d  to  c l a i m  p a y m e n t s  p e r  i n s u r e d  
y e a r  of  c a s u a l t y  ( c l a im  p a y m e n t s  a d j u s t e d  t o  3o/6 /74  v a l u e s  u s i n g  

p a y m e n t  A W E  i n d e x  a n d  a s s u m i n g  t h a t  p r o p o r t i o n s  (p) of p a y m e n t s  
- -  a r e  n o t  a f f e c t e d  b y  i n f l a t i o n  a f t e r  t h e  a c c i d e n t )  

f i n a n c i a l  
W . A .  V i c t o r i a  

y e a r  o f  
a c c i d e n t  p = o .o  p - - -  o.2 p = 0. 4 p = o .o  p = 0 .2  p = o. 4 

0 II ]I I! --I --I ~I 

I 2 2 2 4 4 5 

2 - -  8 - -  8 - -  8 - - 8  - - 6  - - 4  
3 - - I I  --I~ - - i t  - - 7  - - 4  - - 2  
4 - -  3 - -  3 - -  3 7 IO x 4 
5 7* 8* 0* 29* 33* 37* 
6 - -  4 I 4 - -  4 32* 36* 4 1 .  
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The following table examines the slope of fitted lines using AWE 
as an inflation index but  assuming 20% and 4o% of payments 
are not affected by inflation. 

As in the preceding table, the asterisks indicate the statistical 
significance of the difference from zero of the slopes of the fitted 
lines. 

The above results do not provide any clear support for any 
particular choice of p. Most of the available data, however, came 
from a period of low stable inflation rates. Data from a period of 
unstable inflation rates is necessary before any clear indication as 
to the true value of p can be obtained. 

7. WEIGtITING FACTOR 

In order to reduce tlle effect of year by  year fluctuations, it 
seems desirable that  several years' past experience should be 
combined when making estimates for future experience. 

However, it is likely that  various changes have occurred in past 
years which could permanently affect future experience, e.g. the 
growing use of seat-belts has reduced the severity of road 
accidents. 

Therefore, we consider that  data from recent years is likely to 
be more reliable than old data. This suggests that  estimates should 
be made using weighted averages of data from several years, 
placing more weight on the most recent data. 

A method by which this can be achieved is described in Appendix 
13. This method involves the use of a weighting factor in the range 
o to i. Claim payments  made "n"  years ago are weighted by  the 
factor raised to the power (n ~ I). A zero weighting factor only 
considers the most recent year 's  data, and a weighting factor of I 
gives a simple mean of the estimates derived from all the available 
payment  data. 

8. EFFECT OF VARYING ASSUMPTIONS 

To illustrate the effect of yarying assumptions on premium rates 
and progisions for outstanding claims, the following estimates were 
made for the Motor Vehicle Insurance Trust  of \,V.A. 



70 COMPULSORY TIIIRD PARTY I N S U R A N C E  

TABLE. 4 

Premiums 

E s t i m a t e s  of necessary  earned  p ren l iums  dur ing  I974/75 

Weigh t -  High  fu ture  inf la t ion Low fu ture  inf lat ion 
ing 

fac tor  AWl:. A W E  CPI A W E  A W E  CPI  
index,  index,  iudex,  index,  imlex, index,  

p = o.o p = 0. 4 p = 0.0 p = o.o p = 0.4 p = o.o 

$M $M SM SM $M SM 

o.o 19.7 17.8 16.8 13.o I3.2 [ i .o 
0.2 ~9.9 17.9 16.8 13.1 13. 3 11.o 
0.4 20.0 17. 9 r6.O 13.2 13,4 Io.9 
0.6 20.2 18.o 16. 3 13. 3 13. 4 1o. 7 
o.8 2o. 3 I8.1 15. 7 13. 4 13. 5 xo. 3 
1.o 2o. 4 18.1 15,o 13. 5 13. 5 9-9 

Range  of 
e s t i m a t e s  3 % 2 % i i % 4 % 2 °/o 1o % 

TABLE 5 

Outstanding claims 

E s t i m a t e s  of provis ions  necessary  for 
o u t s t a n d i n g  claims a t  3o/6]74 

Weigh t -  High  fu ture  inf la t ion Low fu ture  inf la t ion  
ing 

fac tor  AXVE A W E  CPI A W E  A W E  CPI  
index,  index,  index,  index,  index,  index,  

p---- o.o p = 0. 4 p = o . o  p = o . o  p =  0 .4  p = o.o 

$M $M SM $M SM SM 
o.o 40.0 36.7 35.5 3 ° .0  29 .8 26.7 
o.2 40.8 37.3 35 .8 3o.5 3o.2 26.8 
0.4 40.9 37.3 35.4 30.6 30.2 26.5 
o.6 4I .o  37.3 34.4 3°.7 3 o.2 25-8 
0.8 4 I. I 37. I 33. t 30.9 3 o. 1 24. 9 
i .o  41.1 37.0 3 t .6  3I .o  3o.1 23.8 

Range  of 
e s t i m a t e s  3 % 2 % 12 % 3 % 1 %  12 % 

Inflation was taken into account on the following bases: 

High.future inflation: AWE increases by 28%, 24%, 2o%, 16% 
and 13% for financial years 1974175 to 
1978/79 and lO% p.a. thereafter. 

Love future inflation: AWE increases by 7% for each future year. 
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In all cases CPI increases have been taken as 4% p.a. less than 
those for AWE. Tlle above estimates were made assuming: 

investment earnings of 9°/o p.a. in future 
claims administration expenses of I°/O of the average provision 
for outstanding claims during the year 
average premium delay of one month 
initial expenses of 1% of premiums 
profit and solvency margins of 12.5% of premiums. 

The above estimates show that when high future inflation is 
expected, the use of a low index (such as CPI) can, as would be 
expected, lead to underestimation of necessary future premiums 
and provisions for outstanding claims. In such conditions, the use 
of a more appropriate index (such as AWE) but  too high a value of 
p, can also lead to underestimation. Where a low index is used, 
the degree of underestimation increases as the weighting factor 
increases. This occurs because increasing weight is being placed on 
payments  made many years ago, which have not properly been 
converted to current values. 

If low future inflation is expected, the use of a low index can 
also lead to underestimation. The use of a more suitable index, 
but  too high a value of p, may however cause very little error. This 
is because a high value of p leads to higher claim payments  per 
insured casualty derived from past data, compensating partly or 
wholly for the underestimation of the future effects of inflation. 

We consider that some indication of the relevance of the inflation 
index can be obtained from the range of results obtained with 
different weighting methods. The above tables show that the 
estimates obtained using CPI as an index have a much greater 
spread than those obtained using AWE. If there is reason to believe 
that  the underlying payment  process has been stable for a number 
of years, then a wide range of estimates resulting from different 
weighting methods suggests that  an inappropriate inflation index 
has been used. This is only a rough criterion, however, and it would 
appear unwise to conclude from the above ranges that  the use of 
AWE with p = 0.4 is bet ter  than the use ~f  A W E  with p = o.o. 

The above tables clearly show tile effect of high inflation on 
this class~ of insurance. 

!i  ~ 
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Table I : 
Table 6 : 

Table 7 : 
Table 8 : 

APPENDIX A 

Claim payments per insured casualty 
See section 5 of text. 
Western Australia data using CPI to adjust past  ex- 
perience. 
Victorian data using AWE to adjust past experience. 
Victorian data using CPI to adjust past experience. 

"I'A I~L1~ 6 

Financial 
),,ear of 

p a y m e n t  

financial 

W.A. claim l)ayments per insured casualty during each of 
the following years (claina payulents adjusted 

to 3o/6/74 values using CPI index) 

year of 
accident 1966/67 I967]68 1968/69 1969/7o 197o/71 1971/72 1972/73 1973/74 

$ $ $ $ $ $ $ $ 

o 41 42 q5 83 87 lO2 I12* 118" 
x 224 285 237 318 315 293 373 315 
2 323 332 359 332 435 377 394 384 
3 2 i i  317 294 272 286 277 273 288 
4 92 168 165 142 203 128 141 166 
5 52 4q 75 69 69 lOO 83 13o 
6 34 113 74 155 52 33 47 115 
7 o 50 o o o 42 58 o 
8 o o o o o o 73 o 

Total  977 1,356 1,299 t,371 1,447 1,352 1,554 1,516 

TABLE 7 

Financial 
year of Victorian claim pa.yments per insured casualty during each of 

payment  the following years (claim payments adjusted 
to 3o/6/74 values using A WE index) 

financial 
year of 1965/ I966/ 1967] 1968/ 1969/ 197o] 1971/ 1972/ 1973/ 

accident 66 67 68 69 7 ° 71 • 72 73 74 

$ $ $ $ $ $ $ $ $ 

o 24 19 14 21 19 16 36* ~53" 50* 
t 260 25() 245 273 I65 247 264 314 
2 583 61o 603 529 494 550 588 
3 551 609 537 541 5 lo 563 
4 380 394 349 414 407 
5 196 204 246 278 
6 97 127 161 
7 57 83 
8 4i 
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TABLE 8 

73 

Financial 
year of 

payment 

financial 
year of 

accident 

Victorian claim payments per insured casualty during each of 
the following years (claim payments adjusted 

to 30/6[74 values using CPI index) 

x9651 I966/ 19671 1968/ 1969/ 197o/ I97I/ x972/ 1973/ 
66 67 68 69 7 ° 71 72 73 74 

$ $ $ $ $ $ $ $ $ 

17 14 Io 16 I6 14 33* 49* 48* 
193 x96 ~93 228 146 224 247 3oo 

441 480 503 467 449 5r4 56x 
434 507 474 49t 477 537 

317 348 316 388 388 
I73 185 230 265 

88 I19 153 
53 80 

39 

Values marked with an asterisk are suspect, as they depend 
considerably on the accuracy of adjustments made in order to 
remove the effects of no-fault payment  schemes. A / / t h e  Victorian 
values are approximate,  as they have been derived from records 
sub-divided by year of reporting, not year of accident. 

APPENDIX ]3 

Estimation meth, ods 

Let re(k) be the claim payments  (in current values) per unit of 
risk, paid ill the (k w I) th year after the 3rear of accident, 
which is to be estimated 
c(j) be the conversion factor used to  convert  claim payments  
during the j ' t h  most recent payment  year to current values 
(assuming that  lOO% of all payments  are directly linked to 
the inflation index) 
e(j) be the exposure to risk in the j ' t h  most recent accident 
year 
p be the proportion of claim payments  not affected by  inflation 
after the accident 
P(j, k) be the claim payments  made in the j ' t h  most recent 
payment  year as a result of accidents in the (k ~ I)th year 
prior to the payment  year 
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n be the number of payment  years for which data is available 
M(j ,  k) be the estimate of re(k) derived from P(j, k) 
w be the weighting" factor used when combining values of 
M(j ,  k) in order to make an estimate of re(h) 
g(i) be the increase in the inflation index forecast during the 
i'th future year 

and F(i, j) be the claim payments  in tlle i ' th future year resulting 
from the j ' t h  most recent accident year. 

The estimation methods used in this paper were: 

l'(j, k) [ c(j) c(j) ] 
M(j,/,) - e ( j  + h - -  ~) (~ _ P) + f' c ( j )  + k - -  ~) 

~J- 'M(j ,  k) 
, . ( k )  = ' "  

N 

wJ -~ 

F( i ,  j )  = ~(j)  
,,~(i + j) [ 

c(j) P + (i --p)c(j) ri (i 
k - I  



SOME INEQUALITIES  FOR STOP-LOSS PREMIUMS 

H. BUHLMANN, B. GAGLIARDI, H. U. GERBER, E. STRAUB 
Ziir ich a n d  A n n  A r b o r  

z. A certain family of premium calculation principles 

In this paper any given risk S (a random variable) is assumed to 
have a (finite or infinite) mean. We enforce this by imposing 
E[S- ]  < ao. 

Let then v(t) be a twice differentiable function with 

v'Ct) > o, v"(t) > _ o , - -  oo < t <  + oo 

and let z be a constant with o < z < z. 

We define the premium P as follows 

P ---- sup{Q I - -  oo < Q  < + o0, E[v(S--zQ)]  > v ( ( x - - z ) Q ) }  (i) 

or equivalently 

P = s u p { Q I - - o o  < Q <  + oo, v ' loE[v(S- -zQ)]  > ( I - - Z ) Q } .  (2) 

Notation: v- 1(oo) = oo. 

The definitions (I) and (equivalently) (2) are meaningful because 
of the 

Lemma: a) E[v(S ~ zQ)] exists for all Q~(m oo, + oo). 

b) Theset  {Q I - -oo  < Q  < + oo,E[v(S--zQ)] >v( ( z~z )Q)}  

is not empty. 

Proof: a) g[v-(S--zq)] <v'(o) .P[S > z g ] + v ' ( o )  I (zg--S)dP(S) 
S<tQ 

_< v- (o). P[S>_zQ] +v" (o)[zg+ E(S-)] < oo 

b) Because of a) E[v(S--zQ)] is al waysfinite or equal to  + oo 

If v( - -  co) = - -  co then E[v(S ~ zQ)] > v((x ~ z)Q) is 
satisfied for sufficiently small Q. The left hand side of 
the inequality is a nonincreasing continuous function 
in P (strictly decreasing if z > o), while the right hand 
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side is a nondecreasing continuous function in Q (strictly 
increasing if z < I). 

If v( - -  oo) = c finite then E[v(S ~ zQ)] > c 

(otherwise S would need to be equal to - - c o  with 
probability I) and again E[v(S - -  zQ)] > v((I - -  z)Q) 
is satisfied for sufficiently small Q. 

From the lemma we conclude the following useful 

Corrolary: There are two cases to be distinguished 

a) f ini te  case: There exists Q* (finite) with 

E [ v ( S .  zQ*)] = v((x - -  z)Q*) (~*) 

or equivalently 

v-~oEE~(S - -  ~*) ]  = (i - -  z)q* (2*) 
then P = Q*. 

b) infinite case: Otherwise P = + oo. 

Proof: From the proof of the lemma it is obvious that  Q* under 
a) coincides with the supremum defining P.  

Our premium calculation principle is determined by  the choice 
of the function v and the.constant z satisfying the above conditions. 
It satisfies the following very desirable postulates: For any risk S, 
for which the premium P exists, 

Pl : P >__ E[S] [ 
P~ " P __< Max iS] l 

Here Max iS] d~enotes the right hand end point of the range of S. 

P~'oo/: For P, we start with equation (2) and make use of Jensen's 
inequality: P is the least upper bound'of the set of Q's for 
which 

(I -- z)Q < v-lo~[v(S -- zQ)]. 

By Jensen's inequality 

v- ~o£[v(S - -  z9)] >_ v-  1ov(E[s - -  zQ]) = E[S] - -  zq. 
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The  set of Q's for which 

Q < E[S] is hence a subset  and  its sup remum 

E[S] can not  exceed the s u p r e m u m  P of the bigger set. 

Fo r  P2 we s tar t  with equa t ion  (2*) (only the case Max [S] < oo 
needs to be proved) and get 

(I  - -  z ) P  = v - ~  o E [ v ( S  - -  z P ) ]  

< v- t o Max [v(S - -  zP)] 

= v -  ~ o v(i~Iax [5 - -  zP]) 

' = Max [S] - -  zP q.e.d. 

Remarks : 

I )  I f  z = I ,  w e  obtain the principle of zero utility, 

P = sup {Q I E[u(Q -- 5)3 < u(o)} 

by set t ing u(t) = - -  v( - -  t). 

2) If z = o, we obtain the mean value principle, 

P = v -  ~ o Ely(S)]. 

3) In the case where the funct ion v is linear or exponent ia l ,  the 
p remium calculation principle does not depend on the value  of z. 

2. Partial Ordering among risks 

Let  G(x), H(x) be any  dis t r ibut ions  on the real line. Then  we say 
t h a t G < H ,  if 

(PO) jr (x - -  t) dC(x) _< ~ ~x - -  t) dH(~),  - -  oo < t < oo. 
I t 

Condit ion (b) s imply means  tha t  for  any  re tent ion l imit  t the  
net stoploss premium for a risk whose cdf is G is not  higher  than  the 
one for a risk whose cdf is H.  We do allow the  case where  the  
integrals become infinite. In tegra t ion  by  parts  leads to the  fol- 
lowing equivalent  condit ion:  

(PO') i[I -- G(x)] dx _< i [x -- H(x)] dx. 
t 

The  equivalence of (PO) and(PO') in the case of infinite integrals 
is e.g. p roved  in Feller n,  page xSO. 
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Let us now consider two stop-loss arrangements based on risks 
with cdf G and H, respectively. Let P~, p u denote the corresponding 
stop-loss premiums (ct = retention limit). For example, p=n is 
obtained as the least upper bound of the set of Q's for which 

v((I - -  z)Q} < v(--  zQ) H(o~) + ~ v(t - -  ~ - -  zQ} dH(t) (3) 
~t 

and in the finite case as the unique solution of 

v[(I -- z)P~] = v(-- zP~ H) H(ot) + ~v(t -- ot -- zP~ H) dH(t) (3") 
¢* 

The importance of the partial ordering introduced in this section 
becomes evident in the following theorem" 

Theorem I : Suppose G < H 
ThenP=° < p n  __oo < o t <  + oo 

Proof: If P~  = oonothing is to be proved. We therefore assume p n fi- 

nite which implies ~ [I mH(z) ]  dx < oo for all t ¢(m oo, + oo). 

If we integrate in equation (3*) twice by t~arts, we obtain: 

V((l--z)P~) = v(--zP~ n) + ~ v'(t--ot--zP~ n) [l--H(t)] dt 
~t 

= v(-- zP~ n) + v'(-- zP~ n) ~ [I -- S(t)] dt 
~t 

+ - zP ) - dr. 
Ct l 

Now we estimate the last two terms from below, replacing H by 
G and using condition (PO'). By reversing the last step (integration 
by parts) we arrive at 

V[(l -- z)P~] > v(-- zP~ n) + ~v'(t -- ~ -- zP~) [I --C(t)] dt 

and therefore P$ _< p n q.e.d. 

We postpone examples to sections 3 and 4 and conclude this 
section with some useful lemmas. Their content is essentially tha t  
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the partial ordering is preserved under mixing and under convolu- 
tion. 

Lemma z" Let (G.), (H,t) be sequences of distributions, and 
let (Pn) be a discrete probability distribution. If Gn < Hn for 

all n, then 

X pnG~ < X pnH,, .  
M 

Proof: Apply monotone convergence theorem 

Lemma 2: If G < H, then 

G * F < H * F .  

Proof: To establish the validity of condition (PO'), we observe that  

EI - -  G * F(x)] dx 
t 

= ] .~ [~ - - G ( x - -  .~)l dr(s) d.~ 

and by Fubini's theorem 

= 5 ~ [~ - -  G(y)] de dE(s). 

The last expression shows that  we obtain an upper bound if we 
replace G by H. q.e.d. 

L e m m a  3: If G, < H,, (i = I, 2 . . . . .  n), then 

Gl * G2 * . . .  * G ,  < H i * H 2 *  . . .  * Hn. I 
Proof: Repeated application of Lemma 2 leads to 

Gl *G~ *G3 * . . . * G n  
< H i * G 2  * C a  * . . .  * G .  

< Hi  * Hz*G.~ * . . .  *Gn 
< H i * H o . * H ~ *  . . .  * G ,  etc. 

q.e.d. 
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3. Application z: Dangerous Distributions 

Definition: A dis t r ibut ion  H is called more dangerous t han  a 
d is t r ibut ion G if (A) the  first moments  say ~zo, ~u  exist  and ,~0 _~ ~n  
and  if (B) there  is a cons tan t  ~ such tha t  

G(x) ~ H(x) for x < 

G(x) ~ H(x) for x ~ ~. 

Example I: Let  G be unimodal  with G(a-) = o, G(b) = I for 
coo < a < b < co. Let  c, d be numbers  such tha t  c ~ a, b .< d 

and (c + d)/2 ~ g.a. T h e n  the uni fo tm dis t r ibut ion over  the in terval  
(c, d) is more dangerous than  G. 

Example 2: Let  F be a dis t r ibut ion wi th  F(a-) = o, F(b) = I 
f o r -  o~ < a < b < oo. Let  

o for x < ~F 
G(x) 

I I  f o r x > t z F  

and  

i o f o r x < a  

b - -  V-F 
- - f o r a < x < b  H ( x )  - -  b - -  a 

I I for x > b. 

Then  F is more dangerous than  G, and  H is more dangerous 
than  F.  

Theorem 2: If  H is more dangerous than  G, then  G < H. ] 

Proof: Condition (PO') is obviously  satisfied if t > ~. If t < ~. its 
va l id i ty  can be seen as follows: 

C~ -- C(x)] ~ -- .~ E~ - s(~)l  dx 
¢ $ 

= ~ [H(x) - -  G(x)] dx 
I 

.< i [ H ( x )  m G(x)] dx = go M an _< o. q.e.d. 
- , m  
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I l lus trat ionx:  Let S = S t + S , +  . . .  + S n  be a sum of n 
independent risks. If we replace each of these risks by a more 
dangerous risk, the stop-loss premium for the sum of these new 
risks will be at least as high as the stop-loss premium for S (use 
Theorems I, 2 and Lemma 3)- 

Illustration e: Let S be a risk with a compound Poisson distribu- 
tion, say with Poisson parameter X and amount distribution F(x). 
We assume that  F(o) = o (only positive claims) and that  F(M)  = I 
for some M > o (a claim amount is at most M), and let ~ denote 
the mean of F (i.e. the average claim amount). We compare S with 
the two compound Poisson risks S ~, S M with fixed claim amounts 
g., M, respectively, and Poisson parameters X, A = X(w/M), respect- 
ively. (Observe that E(S  ~) = E ( S ) =  E(SM).) From Example 2 
(with a = o, b = M), Lemmas I, 3, and Theorems I, 2 we obtain 
inequalities for the corresponding stop-loss premiums: 

<_ _< Py. 

In the case of net stop-loss premiums the second inequality has 
been proved by Gagliardi and Straub (Mitteilungen Vereinigung 
schweizerischer Versicherungsmathematiker, 1974, Heft 2). 

4. Application 2" Random sums of positive risks 

In this section we shall compare a distribution of the form 

G =  ( Iwq)  F * ° + q F ,  o < q  < I  (4) 

with one of the more general form 

H = ;. p,,F*,, (5) 
I t . B  

where 

o _ < p n  < I ,  x p n = i .  

Theorem 3" Suppose F(o) = o 

If E npn = q, then G < H, where G, H are given by (4), (5)- 
! 
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Proof:  Firs t ly ,  we show tha t  

F < - - n  F*°  + n- F * " '  n = z' 2 . . . .  (6) 

which is a special case of Theorem 3. 

To show the va l id i ty  of condi t ion (PO) we in t roduce  the  indepen-  
dent  r a n d o m  variables Xx, X~ . . . .  X .  with common dis t r ibut ion F .  
Then  condi t ion .(PO) is equivalent  to 

~ [ ( x , -  0 .] _< (n - -  i) ( - -  O. + El( z x~ - -  0 +]. 
d - L  I [ - - t  

B ut  the  colTesponding inequal i ty  is satisfied for any  ou tcomes  of 
X, ,  X ,  . . . . .  X . .  

Secondly,  we show tha t  G < H in the general  case. Since 

2 i ] 
= - F * "  + ( z - - q )  F * °  H r i p .  n I F *° + n 

c =  X n # .  F + (~ - - q )  F*o 

this follows f rom equa t ion  (6) and  L e m m a  x. 

I l lus trat ion:  I n d i v i d u a l  versus collective model: The  individual  
model  is described by  n numbers  q~, o < q~ < I, and n dis t r ibu-  
t ions F~ wi th  F~(o) = o. We have  in mind  a portfolio consist ing 
of n components .  Then  q~ is the  probabi l i ty  t h a t  a claim occurs in 
componen t  i, and  F~ is the dis t r ibut ion of its amount .  Let  

S t r i a l : S t + s 2 +  . . .  + S .  

denote  the  to ta l  claims of the  portfolio,  where 

P r o b ( S t = o )  = z - - q ~  

Prob  (St <_ x) = I - -  q( + q~Ft(x), x > o 

for  i = I,  2 . . . . .  n. We assume tha t  S(, S~ . . . . .  S~  are independen t  
a nd  denote  the  stop-loss p remium for S l"a by  plna (:: = re ten t ion  
limit). 
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A collective model is assigned to the individual model in a well 
known fashion: Let S eoll denote the compound Poisson random 
variable with 

Poisson parameter k ~ ~ q~ 
I - I  

Amount distribution F ---- ~ q~/k Ft. 

Let p~on denote the stop-loss premium for S e°11. By applying 
Theorem 3 to each of the n components (replacing S~ by a compound 
Poisson random variable with Poisson parameter q~ and amount 
distribution F~), we recognize from Theorem I and Lernma 3 that 
plad ~ .p~ou. Thus a cautious reinsurer will plefer the collective 
model to the individual model. 



STUDY OF FACTORS INFL UE NC ING T H E  R I S K  
AND T H E I R  RELATION TO C R E D I B I L I T Y  T H E O R Y  

3[ARIA A.XH~LIA CABRAL and JORGE AFO~CSO GARClA 

Lisbon 

I. INTRODUCTION 

The s tudy and analysis of the various factors influencing in- 
surance risks constitutes an intricate and usually quite extensive 
problem. We have to consider on the one hand the nature and 
heterogeneity of the elements we have been able to measure, and 
on the other the problem of decidingmwithout knowing exact ly 
what results to expect - -on the types of analysis to carry out  and 
the form in which to present the results. 

These difficulties, essentially stemming from the fact that  we 
cannot easily define " a  priori" a measure of influence, can be 
overcome only by  using highly sophisticated mathematical models. 
The regearcher must define his objectives clearly if he is to avoid 
spending too much of his time in exploring such models. 

Either for these reasons or for lack of our experience in this 
field we were led to the s tudy of three models, presenting entirely 
different characteristics though based on the analysis and 
behaviour of mean value fluctuations, measured by  their variances 
or by  the least-squares method. 

Our first model, described in II. I, associates the notion of in- 
fluence with the notion of variance. It analyses in detail the 
alteration of the mean values variance, when what we refer to 
as a "margination" is executed in the parameter space, taking 
each of the parameters in turn. We start off by  having n distinct 
parameters, reducing them by  one with each step. 

As a complement of this method and allowing for an influence 
of residual character due to ignored or simply unknown factors, 
we tried to introduce a small correction to the usual credibility 
coefficients in order to provide for the explicit appearance of this 
residual influence. This type of influence is closely related to the 
existence of a tariff for the collective we are considering. 
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The second model, described in II. 3, is fundamentally based 
on the least-squares method, and the way in which the influences 
are constructed and determined closely relates it to credibility 
theory. 

The application of the resulting model seems simple and practical, 
although its theoretical s tudy still needs a great deal of develop- 
ment, but unfortunately we were not able to carry it out in time 
for it to be incorporated in this paper. 

The third model, briefly described in III .  2, is based on the 7. 2 
test, giving it classical characteristics which lead to a laborious 
form of analysis and the determination of innumerable distribution 
fufictions (D.F.). For this reason the only purpose it 'served was 
that  of testing the ~alues obtained ~by the other two methods. 

Finally, in III ,  we give numerical examples of the models we 
have described, comparing them and discussing their practical 
application. 

II.  DESCRIPTION OF THE ~IODELS 

I .  Var iance  m a h o d  

Consider a collective @ composed of risks 0 characterized by n 
distinct parameters corresponding to n factors, whose influence 
we wish to determine. 

For simplicity suppose that  all parameters assume positive 
integers 

01 = 1 , 2 , 3  . . . . .  k l  

02 ---- x , 2 , 3  . . . . .  ks 

0~ = 1 , 2 , 3  . . . . .  k ~  

We then have 0 = (01, 0~ . . . . .  0~). The structure function U(0) 
defined in the coUective ® represents the D.F. of the risks 0 in 
that  collective. 

Let ~,jk... and p~j~.., be respectively the mean value of the 
risk 0 (in which 0t = i, 02 = j ,  0s = k . . . .  ) and the probability 
of randomly extracting that  risk from the collective, that  is the 
probability corresponding to the D.F. U(0). 
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We should note t ha t  knowing U(0) and  0 itself does not  mean  
necessarily t ha t  0 is the real risk parameter ,  t ha t  is, 0 merely  
represents the known vector corresponding to the factors being 
considered. Obviously for each risk there will be a more general  
unknown paramete r  of which 0 is part.  Thus,  we can use for a 
certain risk the parameter  (0~r, 0a), 0T being the known par t  of 
the parameter  and On the unknown,  corresponding to the ignored 
or unknown factors. In this case, the t rue s t ructure  funct ion 
U(0~, On) will also be unknown.  Thus,  the values we will use 
correspond in a certain way  to the marginal  values U ( 0 r , . ) ,  ~ (0r , .  ) 
and  (0T,.) .  

Let  us consider the marginal  values corresponding to the mar-  
gination carried out  in the parameter  space T = { (0z, 0~ . . . .  0n)}  
when one or more of these parameters  are no longer considered. 

k I 

Z ~tj~.. .  ~ j ~ . . .  

Thus:  

kt  

~t. lk. . .  = k, ; ~b.jk... = Z Pale...  
Z P~jk... "~  

I - I  

; P . . ~ . . .  = ~ P u b . . .  ~"" ~""  = Z p~j~ . . .  ,,~ 
i ,  J 

Considering the variances of ~ (01, 0~ . . . . .  On), tz ( . ,  02 . . . . .  0n), 
~ (  . . . .  03 . . . . .  On), etc., and  their  respective differences 

V Z z .. ~2 = ~qlk.. .  ib~1~. - -  wi th  tz = E T [~(0)] 
t .  1, k . . . .  

V I Z ~ . . ,  ~z ~- = ~ 's~. . .  P.~k - -  (margining in 01) 
h k . . . .  

V2 ---- Z ~t~.e... P v k . . .  - -  ~z (margining in 0~) 
iI, k ,  , . .  

V 1 2  - ~  
Z z . . . .  p2 

• " k  . f l " k .  w 
k . . °  

Iz ---- V - - V 1 ,  I z  = V - -  V~ . . . . .  Ix*. ~ V ~  Vz2, 
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We can see tha t  the  "ope ra t ion"  of marginat ion,  as it levels 
the mean  values, near ly  a lways  causes a lowering of the  variance, 
which can be seen b y  the  following theorem. 

Theorem z 

Considering 0 = (01, 0~ . . . . .  0.) and 0' = (08 . . . . .  0.) (without  
loss of generality) the following inequal i ty  is a lways t rue:  

Var  IRA(0')] ~ Var [~(0)] 

Proof :  
For  s implici ty we will on ly  use two parameters :  01 and 08. 

Thus  
0 = (01, 08); O' = 08 

We then have 

Var  [~(0)] = X ~ : j / , , j  - -  ~8 = v 

and  
Var[vt(8')] = Z ~.=1 #.t - -  ~2 = V1 

J 

zl  = v - - v ~  = z ~ j  p,j  - x ~5 t,.j 

making tz,l = ~ . j  + 0ql we have  

which implies 

~ . t  = ~ .~  + 
P . j  

~ ,  ~ j  ~ o v j .  
l 

In this w a y  

8 z p~j - -  ~ j  p.j) = z ~ j  p,j 
j i ~ ( . . f  

Corollary z 

We see tha t  the values  of I t ,  I ,  . . . . .  I18 . . . .  defined previously  
never  have negat ive values. 

Corollary 2 

We can easily ver i fy  tha t  I1 = o if and  only if ~ j  ~_ o tha t  is 
F*J = f~-J for all j .  

. . . . . . . . .  7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
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This corollary gives us a first approximation to the influence 
concept, since ~ j  = ~. j  implies that, at least considering the 
mean values, 0z has no influence. 

A second approximation to this concept will be given by  the 
following notion of independence, defined only for mean values. 

Definition of independence 

We can say that  0t and 0, have independent influences on the 
risk, if and only if the variation of ~,j with i is independent of the 
value of j .  We should note that this notion is a particular case of 
the true notion of independence, which should be set out in the 
same manner, by  using the D.F. of the total amount  of claims 
during a certain period. 

From this definition we arrive at the following theorem: 

Theorem 2 

If 01 and 02 are independent through their distribution in the 
collective ® and if they have independent influences, then 

Iz~ = 11 + Io. 

Proof: 

By the definition of independence in relation to the D.F. U(0), 
we can write the following equality: 

P . m  P~- ~z 

P * m  - P . .  ,z 

By the hypothesis of independent influences on the risk, we can 
also write 

We then have 

or taking 

~ . - j ~ z  = ~.z~k~-I'- tl 

• Jki 

X o~t~ P~k: 
t 

- ~ . , z  ( j )  P.m 
~ . . m  = ~ l m  + ~ . , ~  ( j )  
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On the other hand, we have 

and 

in which 

• -~i : FtL .~z -b 
l I  

p..,,z 

¢,.tl(j) P.s** 
i 

• • I ¢ !  

Since 

I 1 + 1 2 - - I 1 2 =  V - - V 1 - - V : +  V i a =  

tl 

and 

E alki P~ski E ~i,z P.skl Pt. kl 

a . t l ( j )  -- ' -- 
P.s*  P.s,z 

We conclude immediately that  

112 ---- Ii + I2 

o . 

/kl 

l 

• • tl 

We should note that  the inverse property of theorem of 2 is 
not always true• 

From the previous theorem we can conclude that  

I O . . . ~ V  

In summary, the values I have the following properties: 

I -- I(0) /> o 
2 - -  I(81.02) = I ( 0 0  +1(02)  if 01 and 02 

are independent, that  is, if they are uncorrelated in the ways 
described above. 

The operation 01 o 02 corresponds to the "union" of influences 
and not to its "intersection" as one could be led to believe, as it 
is a global influence of 01 and 0~. 
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By the properties I and 2 we can treat the value I(0) as the 
measure of the influence of the parameter on the risk. 

Comparing the second property with the union of events defined 
in the probability space, characterized by 

P ( A t U A ~ U . . .  U A , )  .= P(A1) + P(A2) + . . .  + P(A,~) - -  

- - P ( A l f ~ A 2 ) - - . . . - - P ( A n _ t O A , )  + . . . +  

+ ( - -  I ) " + t  P ( A x N  A ~ N  . . . h A . ) ,  

it is possible to generalize that  property giving it a similar form. 
In order to make the comparison more evident we can still write 

P ( A ,  N Aj)  = CP(A~,  Aj)  

if we consider the probability of the "intersection" of events ~ as the 
"coprobabili ty" between A, and Aj. 

Theorem 3 

Representing CIl0. . . .~ by the following expression: 

C11,,... ~: = V - -  V1 - - . , .  - -  
- -  V~ + V~, + . . .  + V k - ~  + . . . ( - -  I)~ Vi~. . .  

k being the number of the. parameters considered, we can write: 

I(01, O: . . . . .  0,~) = 11 + I~ + . . .  + I ,  - -  

- -  CI1: - - . . .  - -  C I , _  1, + • . • + ( - -  I)n +1 C I 1 2 . . . ,  

Proof: 

For simphcity, consider only three parameters: 0t, 08 and 05. 

We have, 

It  = V 

I2= V 

I3= V 

CIl~ = 

CIl~ = 

CI~3 = 

- -  V1 

- -  V2 

- -  V a  

V - -  V ~ - -  V~ + V12 

V - -  V 1 - -  V3 + Via 

V - -  V 2 - -  V3 + V2~ 

C I i ~  = V - -  V 1 - -  V ~ - -  V3 + Vl2 + V134-  V ~ 3 - -  V12~ 

Il + 12 + Is- C11,- C113- Cl2s + C112s ---- V- Vl~.3. 

As we have only three parameters, Vxa3 = o. 

T h u s  the  t h e o r e m  is pr o v ed .  
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By this theorem and comparing the coprobabilities with the C I  
we can say that  they are in a certain way the measure of the 
coinfluence. 

We could also show by  a laborious set of calculations that when 
I~, I~ . . . . .  I n  have a variance structure, Cl"t~ . . . . .  C I n - l n  have 
a generalized covariance structure. 

If we consider the following diagram: 

we can establish the following relations, easily verified by the 
previous theorems : 

I i :  = I i  + h i t  ---- I~ + Ii/~ 

In a general way I1: ~ I1 ÷ I2 the equali ty being verified if 
and only if / 2 = I 2 / 1  and I ~ = I ~ / 2  that  is, in the case of the 
factors 0~ and 0s having independent influences. 

We note that it is not easy to establish for I(0) a measure space, 
similar to the probabili ty spaces or to other spaces defined in the 
sense of measure theory. 

At this point it is important  to realize that  C I  can assume negative 
values. The measure I resembles the notion of a force not only 
in its nature but  also in its effect. 

The influence of a certain factor can be considered a type of a 
potential force which, isolated or in conjunction with others, will 
bring about  a claim. 
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Although I(O0 defines in a certain way the measure of influence 
of the parameter 0~, we are interested in a global measure rather 
than considering the influence on its own. 

Thus, we are interested in the "measure" of the effect or the 
contribution of the parameter, in conjunction with all other 
influences. In this case, we are obliged to consider the coinfluences, 
which could be as important as, or more important than, the 
influences themselves. How then should we proceed ? 

It  seems tha t  an input of the CI proportional to the influences 
of each parameter could solve the problem. However, we have to 
admit that  such a procedure involves some risks. For example, 
an isolated parameter could appear to have a weak influence and 
contribute a small value for I ,  and with its association with other 
parameters; specially for certain particular values, could have a 
very strong influence. In this case, the method we have followed 
would fail completely. We think that  common sense, aided by 
discussion with the manager responsible for the class of business 
being considered, should ensure that  no serious mistakes are made. 

2. The existence of a residual influence and its relation to the 
credibility premi,~m 

There should be a difference between the value of 1(01,0~ . . . .  ,0n) 
and the true value of Var [~z(0)~ representing the global influence 
of all factors. 

In effect, working with the marginal value (0~,,.) instead of 
(0a,, 0~) will give in the general case 1(01, 0~ . . . . .  On) < Vat [~(0)], 
a direct consequence of theorem I. 

As it is relatively simple to estimate Var [~(0)~ for the collective 
and as we calculate the value of I ,  we would be left with the 
difference I(0R) which we will call the residual influence. 

Thus, the following equality will hold 

Var [~(0)] = I(Ot, 00. . . . . .  On) + 1(OR). 

When the factors Or, 02 . . . . .  On are those considered by the 
tariff we call I(Ot, O~ . . . . .  0.) the influence of the tariff, I(0~.). 

Thus, the previous equality will be written as follows: 

Var [~t(0)] = I(0T) + I(0R) 
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We can also see that  the more factors (among those having an 
influence on the risk) that  we eliminate from the tariff, the more 
significant the residual influence will be. 

This very often leads to highly, heterogeneous classes of risks, 
and eventually an unsuitable tariff structure. Thus, in general 
the tariff premium is nothing more than an indicator of the char- 
acteristics of risks to which it is applied, so that  it is often necessary 
to readapt the risk premium by using a credibility premium. It 
can still happen that because of the choice of parameters, the 
risk is placed in a tariff class different from that in which it would 
be placed if the .intrinsic values were used. The previous consider- 
ations lead us to believe in the need to calculate the credibility 
premium, modifying it by  the value of the residual influence. 

Once again let us consider the collective, over which we suppose 
a tariff is defined by  parameters OT. Still considering a set of 
unknown parameters denoted by  OR, each risk 0 would then be 
characterized by  the pair (Or, On). 

As we stated previously, U(OT, OR) is unknown, but  we do 
know its marginal U(OT, .) characterizing the distribution of the 
risks in the collective tariff classes. 

In the same way 

~(0 r ,  OR) = f x dG {oT' o.)(x) 

is unknown. 

Nevertheless the value 

f ~(OT, OR) dU(Or, OR) 
~ ( O r , . )  = f x dG~°~"~(x) = , f dV(Or, OR) 

R 

is l~nown, G ¢°T''~(x) being the D.F. of the total amount of claims 
corresponding to the tarif class Or. 

In the same manner we have 

= E[~(0)] = I ~(0r,  0R) d U ( O r ,  OR) 
T X R  

= J" ~(OT, .) d U ( O r ,  .) 
T 

= E [ ~ ( 0 r ,  .)]. 
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Now we shall deduce certain expressions which will be needed 
in the calculation of the credibility coefficients. 

I .  

.ET.R[~(O~,, OR) x ~(0~, .)] = E~,[~,(O~,, .)], 
since 

j" ~(0~, OR) × ~(0T, .) dU(0~, OR) = 
T X R  

= f ~(0T, .) I ~(0T, OR) dU(OT, OR) = I ~2(o~,, .) dU(0T,  .) 
T R T 

2,  

where 

E s .  T.R[S X ~(0~,, OR)] = Erxa[~2(0T,  OR)] 

~__ St+S~.+'. . .+S. 
J 

n 

S~ being the global amount of the observed claims of each risk 
during the period i. 

Proof: 

Es~ r x a [S x ~(0T, 0a)] 

= I sx~(oT,  OR) dW[(S~, S~ . . . . .  S.)I(OT, 0~)] dU(OT, OR) ~) 
SXTXR 

= .[ S x  ~(OT, OR) dG (°~'' o,,)(S1) . . .  dG (°T' o~)(S,) dU(OT, OR) ~) 
8xTxR 

= f ~.(0T, 0R)[f SdG(e~'a")(S~) ,.. dG(°r e") (S,)] dU(OT, OR) 
TXR S 

= .F ~(OT, OR) E[S/(O~., 0e)] dU(OT, OR) 
T X R  

= f F~'(o~., oa) dU(OT, OR) 
T x R  

= E~,x R [ ~ ( 0 ~ ,  0a)]. 

We note that 

E[SI  (0~, OR)] = ElSe~ (0~,, OR)] = ~(0~,, 0n) 

t) The relat ion is justified by  Bayes 's  theorem and the assumed indepence 
of Sl ,  S~ . . . . .  S . .  



STUDY OF FACTORS I N F L U E N C I N G  T H E  RISK 95 

. 

. 

Es. r. R[s" x ~(0T, .)] = ~[~(o~, .)] 

From 2, we have 

Esx T.RES X ~(0~, .)] = ; ~(QT, .) X ~(6T, 0s) dU(0~, OR) 
TXa 

= Z ~(0~, .) ~ ~(0~, OR) dU(O~, OR) 
T R 

= j ~(o~., .) dU(OT, .) = E ~ [ ~ ( 0 ~ ,  .)] 
T 

Credibility Premium 

Linearisation of the expected value part. 

The fundamental  problem resides in the determination of 

ER [~(0T, OR) / S~, S~ . . . . .  S.] 
knowing the value ~(0T, .). 

We will t ry to approximate to that value by the usual method 
of minimizing the variance in the collective. Considering the 
equality 

ER [~(0T, 0s) / St, S~. . . . . .  S.] = a + b ~(0e, .) + c S 
where the constants a, b and c are determined by minimization 
of the foUowing expression 

Esx~,[{~R[~(O~, Os) /S, ,  S.. . . . . .  S,,] - - [ a + b  ~(0~,  .) + c ~} ' - ]  (A) 
We followed two criteria to determine the values of these constants. 

Following Prof. BiJhlmann we can easily see that  minimizing the 
expression (A) is equivalent to minimizing 

Esx rxn[{~(OT, OR) - - [ a  + b ~(0T, .) + c~]}2] 
= Esx f .aE{(b + c) [~(0r, 0a) - -  ~(0T,.)] + [C [Vt(0T, .) - - ~  + 
+ [(~ - -  b - -  c) ~ (0~ ,  0s )  - -  a] },] (B) 

Putting 
t ~ = E[{~(0~, 0R)--_~(0~, . )},]  

= E [{~(oT,  .) - - s } ~ ]  
I T = E [~(or ,  oa) - -  v.'(om, .)] 
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and developing (B) we obtain the following expression 

f ( b ,  c) = (b + c)a o~ + c'-'~ + (i - -  b - -  c) 2 vat  [~(0T, OR)] - -  

- - 2  (b z + c~ + 2 b e - - b )  y 

Taking the partial derivatives of the function f (b ,  c) 
and resolving the system 

I ~f. 

we obtain the following values 

Y 

- - - . - ~  a - ~ . - 0  

Y 
b ~ I - - -  

2. Starting on the L.H.S. of the expression defined in (B), 
squaring it out and taking derivatives, we have: 

I a - -  E[V.(0T, On)] + b E[~(0T, .)] + c E(S-) = o 

b E [~ (0T ,  .)] - -  E[~(0T, OR) x ~(0T, .)] + a E[~(0T, .)] + 
+ c E[~(O~, .) x S] = o 

~ E(9:)  - -  E[,~(0T, 0R) X 9] + aE (g )  + b E[~(0T, . )  X f ]  = O  

From these equations we can obtain: 

a = ( 1 - - b - - c )  v , =  o 

E [~2(0z, OR)] - -  E [~2(0T,. )] 
b = I ~  

E[{ ~(0T, .) -- ~},] 

E[~,(0~., 0.)3 -- E[~o-(0T, .)] 
C = 

El{ ~(OT,. ) - -  s }~] 

Finally we will have for the expected value part of the credibility 
premium the following linearisation 

k 

E [ ~ ( 0 T ,  OR) / S~ . . . . .  Sn] = (~ - -  c) ~ (0~ ,  .) + c 
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If  we compare this expression to tha t  normal ly  considered in 
credibil i ty theory,  t ha t  is 

E[~(O)  I S~ . . . . .  S . ]  = (~ - -  b) ,: + b S 

we note t ha t  they  are of the same form. On the other hand,  com- 
paring the credibil i ty coefficients c and b, in which 

var  Iv(Ore, OR)] - -  var [Ez(OT, .)] 
c = (1) 

var  (if) - -  var  Iv(Or, .)] 

var [~z(Or, On)] 
b = (2)  

• v a r / S l  

we can conclude tha t  the expression (2) is a par t icular  case of (I) 
if no tariff  is considered over the collective. 

We can easily see t ha t  c < b. 

x x ~ g  
Taking b = - and  c --  

y y - - z  
z < y  we have:  

c ~ b  

X ~ g  

where x, y,  z > o ,  x <  y and  

x x y - - y z  m x y  + xz  

y - - z  y y ( y - - z )  

z ( x - -  y) 
y ( y - - z )  

< o 

If  we use the value of b obta ined by  the expression (2) for all 
the collective independent ly  of the tariff  class, we verify the 
following theorem. 

Theorem 4 

If we consider the collective ® par t i t ioned into well defined 
classes of risk, the following inequal i ty  holds: 

.~[{~(0~, OR) - -  (~ - -c )  ~(OT, .) - - c  ~}'] < 
(3) 

< E [ { , ( o ~ .  oR) - -  (~ - -  b ) ,  - -  b ~ } . ]  

(4) 
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Proof :  

(4) = E [ { ( ~ ( O T ,  OR) - -  ~) + b (~ - -  ~)}~-] 

= va r  [~(O~r, OR)] + ba va r  ( ~  + 2 b ~ E[v.(OT, OR)] - -  

- - 2  b E [ ~ ( 0 T , 0 R )  × ~ - - 2 b ~ ' + 2 b ~ E ( ~  
= va r  [~(0T, OR)] + b 2 va r  (S) + 2 b ~2 _ _  

- -  2 b E [ / ~ * ( 0 T ,  OR)] - -  2 b ~ + 2 b ~- 

= v a r  [V.(Om, OR)] + 

= va t  [~(0~, OR)] x 

On the  o the r  h a n d  

var'- ~(0~,, OR) var [~(0T,  0R)] 
2 

var  (S) - -  var  (S) 

( I  - -  b ) .  

(3) = E[{ (~(0m, 0R) - -  ~ (0 r , .  )) + c (~(0r ,  .) - - S ) } , ]  

= v a r  [v.(O~r, OR)] - -  va r  [~(OT, .)] + c2 [var  (5) - -  
- -  va r  [,~(0~r, .)]] + '2 c E [ ~ o - ( 0 T ,  . )  - -  ~/fl(0T, OR) - -  

--~'-(0~, .) + ~-o(0T, .)7 

= va r  [~(0T, OR)] - -  va r  [~(0T, .)] - -  
{ va r  [~(0 T, 0a)] - -  vax [~(0 ~ , . ) ]  }2 

v a t  (7) - -  v a t  [~(0T, -)3 

= { v a t  [~ (0 , ,  OR)] - -  var  [EZ(0T,. )]} × (I - -  c) 

S u b t r a c t i n g  the  two  expressions 

va r  [~(0a,, .)] 

( 4 ) - - ( 3 )  = {va r  (S) - -  va r  [~(0~., .)]} va r  (5) x 

X { v a t  [[£(0T, OR)] - -  va r  (S)}z. 

As the  n u m e r a t o r  a n d  the d e n o m i n a t o r  a r e p o s i t i v e  we con- 
c lude t h a t  

(4) > (3) 

Credibility infhwntes method 
Le t  0x a n d  0vbe  two  p a r a m e t e r s  b y  which  we w a n t  to  d e t e r m i n e  

the  tar i f f  for  a ce r t a in  risk. We can  assume,  w i t h o u t  loss of gener-  
al i ty ,  t h a t  t~(0t, .)  < Vt(., 0,). 

W i t h  s imilar  reasoning  as used in the  cons t ruc t ion  of the  cred-  
ib i l i ty  p r e m i u m  we can  imagine  two  insurers  A and  B w i t h  t he  
fol lowing phi losophies :  
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A, the more optimist ic,  assumes tha t  0~ is the parameter  wi th  
the greater influence and  uses for the net  premium the mean 
value ~(01, .) 
B, the more pessimistic, assumes 0, to be the more influential  
parameter  and  uses ~ ( . ,  0,) as his net  premium. 

If  we imagine a fur ther  insurer C, wi thout  such ex t rame positions, 
he will a t t r ibu te  the in te rmedia te  value ~ = ~tt ~(0L, .) +- as V~(., 02) 
to the risk ~(01, 08). 

We are assuming t h a t  all of them ignore ~(01, 08). We believe 
t ha t  if no other  informat ion  is available, C will use intui t ively,  
a t  ~ -  0~2 -~- 0. 5 . 

If  he thinks t ha t  0~ has more influence than  08 he will na tu ra l l y .  
use ~1 > ~ main ta in ing  the sum ~1 + ~2 = I .  

AU in all, al and  ~2 represent the credibil i ty a t t r ibu ted  by  C 
to the factors, or be t t e r  still, to each of their  influences. 

I t  seems tha t  this phi losophy can be generalized to all factors 
in order to obtain the  desired measure of influence. 

Consider n parametr i sed  factors 01, 0~. . . . . .  0 ,  and  assume tha t  
the marginal  mean  values ~i = Vt(0~ . . . . . .  ), Vt, = V~(., 08 . . . . . .  ), 
etc. are known. The problem we wish to solve consists in approx- 
imat ing the unknown value F~(0~, 0R) by  the linear combinat ion 
~l V1 + ~,(z2 + . . .  + ~n V-n. Using the least-squares method  
normal ly  applied in credibil i ty theory  we can determine ~1, as . . . . .  ~ ,  
by  minimizing the expression 

E[{~(0T, OR) - -  (V~' ~ + ~2 ~, + . . .  + ~. ~.) }~-] (~) 
Squaring out  this expression we obta in:  

E [~(0~ ,  0R) ] + ~ E (~)  + . . .  + ~ E ( ~ )  - -  

- -  2 ~L g [ ~  x ' ~ ( 0 a . ,  OR)] - -  . . .  - -  2 = .  g [ ~ .  X ~(0T, OR)] + 
+ 2 X ~ ,~  E ( ~  x v~) (2) 

Taking derivat ives in the other 0t~, ~ . . . . .  ~,,, dividing by two 
and  equat ing t o  zero, we have:  

=1 ~ (~i) - -  g (~)  + ~ ~ (~, x v-2) + . . .  + =,  E (~1 x ~,) = o 
~ ( ~ )  - -  ~ (v-~) + =, E (~- x ~ )  + . . .  + =,  E (~: x ~ . )  = o 

I ~ . E ( ~ )  ~ ~- . . . .  
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Writing E,  t for E[~+. x t~.j] the system becomes" 

Ell  Elo_ 

E~t E ~  

• • • E l n  

• • • E z n  

- E " z  E + +  . . .  E . .  _ 

I 
+ 

a D 

E n  

E2o. 

As E<~ = E~ the matrix EEi~] is symmetric. We should note 

that  ~ x~ = I ;  so the approximation being considered is free 
I n 1  

from bias. 
It  should be easy to prove that,  if there are two or more factors 

with no influence, from the mean value point of view, this system 
will be indeterminate. In effect, its complete matrix wiU then 
have two or more rows linearly dependent. Only after extracting 
these rows will the system have a unique solution. 

Although it has not been conclusively proved we noted that  in 
a large number  of practical tests: 

I w The factors with little or no influence would systematically 
induce negative ~ values. 

2 - -  Eliminating the factors whose a values were negative gives 
results belonging to the interval [o, x 1. 

In order to s tudy the joint influence we are led to apply once 
again the previous model, taking now the mean marginal values 
for the various pairs of parameters. 

Let ~o = ~( . . . . . .  04 . . . . . . .  01 . . . . . .  ) with i ~ j  and consider 
~(0T, 6g) approximated by  the linear combination 

Taking the derivatives in order ~ t  of an expression similar t o  
(2) and taking E<j~l instead of E[p.il x ~ l ]  with i -~ j and k -~ l 
we obtain the system 
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Ei~i~ Ei213 . . .  El2.- i. 

Eml2 Ei313 - - . . E l ~ n -  I. 

_ E n - x n i 2  E ~ - l ~ i 3  . . .  E n - i n n - i n _  _ Otn- In 

m 

- E121~ 

El313 

_ E n -  l i t  it,- I n  __ 

This system is similar to the previous one, but  could have more 
equations and unknowns. 

The values obtained b y  solving the system will give us a sufficiently 
precise idea of the influences at tr ibuted to the pairs of parameters. 

Should one be interested in establishing a tariff structure, the 
s tudy of the joint influences and coinfluences seem more important 
than the actual influences considered one by  one (if these exist). 

Given the ease of generalisation, the model .we have described 
may have widespread application. We should also note that  
going from the first to the second system does not necessarily 
imply an increase in the number of unknowns and equations. 

In effect, the number of the different permutations of parameters 
in the form of combinations taken one by one, two by two, etc., 
is symmetrical, that  is, the first system (obtained by  margination 
in n-z parameters) will have as many unknowns and  equations 
as the last, obtained by  margination in a single parameter. 

I I I .  PRACTICAL APPLICATION 

i. In order to test the theoretical models described in this paper 
we constructed our data, instead of resorting to available statistical 
information. This enabled us to know the expected behaviour of 
each parameter  from the outset. 

We considered 4 parameters, each of them assuming integer 
values between I and 5, and we simulated the collective, starting 
off with mean values obtained by the following equation: 

~ I J k l  -'~ 7500 + IOOO X i @ k (200 + 500 X j) 

In keeping with this deterministic relation we will have: 
01 - -  the most influential factor 
0~ - -  less influential than 03 
0, and 08 - -  coinfluential 
04 - -  non-influential 
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It was important  to verify the "influence" of the structure 
function U(0) on the model's behaviour. To do so, we carried 
out two different sets of calculations. In one we included U(0) 
taking different values for p~jg, and in the other we maintained 
P,tk~ constant. 

a) 

RESULTS 

I.I .  Considering the structure function U(O) 

Values obtained by the variance model 

It  = 1.996; Io. --= .227; Ia = .552; 14 : o 

C I t 2  = .oo2; C I ~ 3  : .oo3; C I 1 4  = o 

C I ~ 3  = .o4I; C I 2 4  ---- o ; C I 3 4  = o 

C I ~ 3  = o ; C I 1 2 4 =  o ; C I 1 3 4 =  o ; C I ~ 3 4 =  o 

Clt:s4 = 0 

b) Values obtained by the credibility model 

N .  ~ q . c o e t .  ~t  ~ ~3 ~4 

4 I o I - I  

3 .873 --373 .5 °2 - -  

2 . 7 9 7  ~ .206 - -  

c) Values obtained by the Z ~ test applied to the distribution 
function of each parameter in comparison with the weighted 
distribution for all the collective. 

ValueP ar~m. 0 t 0-. Oa 04 

I 243 20.94 56.98 1.37 

2 79.44 I4.72 25.75 .63 

3 1.57 2.I .87 1.86 

4 54-75 7.46 x7.5 o L58  

5 253.83 21.9 63. I2  2.96 

Var i a t i on  251.43 x 9.8 62.25 2.33 

From the previous table one can see tha t  the equality of distri- 
butions is admissible for the fourth parameter only. 
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a) 

1.2. Not taking into account the structure function 

Values obtained by the variance model 

I t  = 2 ; Io.  = . 2 z ;  I 3  = - 5 4 ;  I4  = 0 

CI12  = o ; CI13  = o ; C I ~ 4 " =  o 

CI23  = .04; CI~4  = o ; C L 4  = o 

CI~23 = o ; C I l 0 . 4  = 0 ; C I 1 3 4  = o ; C I ~ 3 4  ..~ o 

C l l a s 4  = 0 

b) Values obtained by the credibility model 

N. Eq.  coef. ~l ~2 ~ ~4 

4 x r x -2  

3 .876 - .378  .504 - -  

2 . 8o~  . - -  . 2 o z  - -  

c )  Values obtained by the Z z test 

Valuelmrsm. 0t 01 01 04 

I I82.87 x2.7o 34.87 x.57 

2 46.82 6.5I  x7.76 3.24 

3 z. t 2 1.09 3.66 -3 

4 63.92 4.14 4.89 1.62 

5 14o.37 xi .32 55.I6 2.25 

Var i a t ion  180.75 x x. 6 5 I. 5 2.94 

z. 3 This set of values leads us to conclude that  the three models 
are similar. The variance method, which clearly sets out the in- 
fluences of the parameters and their respective coinfluences, is 
nevertheless more sensitive to small variations of the mean values. 
These properties are not directly found in the other two methods. 
Nevertheless, if we had applied the complete credibility model, 
that  is, considering the influences of combinations of parameters, 
we are almost certain that  the same conclusions would be reached. 

Finally we can see that  the results arrived at, on the one hand 
considering the structure function U(0) and on the other hand 
not taking it into account, are not so different as could have 
been expected. 
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'2. X 2 model  

Suppose that  we know for each risk (0~, OR) the D.F. G(OT'0R~(X), 
at least for the known component 0T of the risk, and also assume 
that we know the weighted distribution 

G(x) = S G~°~'°~(x) dU(O~,, OR) 
T ~ t R  

Intuit ively,  if a parameter has no influence, all the risks that  
differ only by  the value of that  parameter  (maintaining the values 
for the others unaltered) should have the same D.F. Thus, we think 
it is possible to obtain an idea of the parameter's influence b y  
comparing the D.F. corresponding to each of its values with the 
weighted D.F. defined over the collective. 

As the previous s tudy could lead to such an exaggerated number  
of D.F. 's  we considered it justifiable to simply it, even with loss 
of precision. In order to do this, we took into account only the 
marginal D.F. for each value of the parameter (independently of 
the other parameters). 

If we consider the marginal D.F. G ~°~ ...... )(x), G I'' 0,,. .... (x) and so 
on, we can compute the values 

( ' 4  - -  X 2 
t - - i  

corresponding to the comparison between the marginal D.F.,  with 
G(x) .  As we all know, if we have the same distribution function, 
X 2 will be a X 2 random variable with N-I  degrees of freedom; 
but  if the two distribution functions are note identical, X2 takes 
on greater values. So, if we compare the X~ where i is the para- 
meter  index and j the value of the parameter, we obtain a set of 
scaled values which in a certain way measure the influence of each 
parameter• 



EVALUATION DE PROVISIONS POUR SINISTRES A PAYER 
EN P E R I O D E  DE STAGFLATION 

BERNARD DUBOIS DE ~'IONTREYNAUD et DIDIER STRUBE 

France 

En mati~re d'assurance de la Responsabilit6 Civile Automobile, 
chacun connait la difficultd de fixer un tarif qui doit pr~voir l'~volu- 
tion ~ court terme, aussi bien de la fr~quence, que du coflt des 
sinistres mais, ~ notre avis, un probl~me bien plus important et 
d'une actualitd br61ante r~side dans l'dtude de la r~percussion sur 
la liquidation des sinistres, des facteurs mon~taires et ~conomiques 
nationaux et peut-~tre dans la remise en cause du syst~me en 
vigueur dans notre pays. 

Le compte d'exploitation est dtabli en tenant  compte des provi- 
sions pour sinistres qui sont de l'ordre de grandeur des primes. 

Or, l ' incertitude de l'~volution de la valeur de la monnaie courante 
dans laqu~11e sont ~tablis les comptes entraine une variation 
possible sur lees provisions techniques, d 'un ordre de grandeur 
sup~rieur au r~sultat de l'exploitation. 

Notre propos est de montrer l 'ampleur des r~percussions d'une 
pdriode de stagflation sur l'dvolution des provisions pour sinistres 
de Responsabilit~ Civile Automobile et de donner une r~gle empi- 
rique permet tant  une meilleure ~valuation. 

Nous ne paHerons pas des sinistres matdriels qui sont r~gl~s 
rapidement et pour lesquels l 'indemnitd est fix~e au jour du sinistre; 
l'inflation n'a donc pratiquement pas d'influence sur le montant  du 
r~glement. La part  des sinistres matdriels dans les provisions ne 
d~passe du reste pas I5°/o . 

Nous nous bornerons k l'~tude des sinistres corporels. Les indem- 
rdtds pour ces sinistres sont fix~es au jour du r~glement ; elles corres- 
pondent k des salaires et subissent donc tt la fois l 'augmentation des 
prix et la progression du pouvoir d'achat. Les frais de gestion et de 
justice qui accompagnent le r~glement des indemnitSs sont 6gale- 
ment homog~nes ~t des salaires. 
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Cadence de rdglements des sinistres corporels de R.C. Automobile 

Nous remarquerons d 'abord qu'k IOO F. de prime R.C. Auto- 
mobile correspond 45 F. pour les sinistres corporels; cette somme 
comprenant les indemnit6s proprement dites, les frais de justice 
ainsi que les frais de gestion, est calcul6e en francs constants, en 
prenant la valeur du franc k la date d'encaissement de la prime. 

II nous faut maintenant 6tablir k quelle cadence ces 45 F. con- 
stants seront r6gl6s. Cette cadence ne peut 6tre trouv6e qu'exp6ri- 
mentalement k partir des r6glements effectu~s darts le pass6 au 
titre des divers exercices. Ces r6glements 6tant effectu6s en francs 
courants (valeur du jour du r~glement) nous devons les exprimer 
en francs constants. Nous avons adopt~ comme coefficient de 
revalofisation des r6glements d 'un exercice E, le rapport  de l'indice 
moyen des salaires pendant l'exercice de r6f6rence (celui au cours 
duquel ont eu lieu les r~glements les plus r~cents) 5. l'indice moven 
des salaires pendant  l'exercice E. 

Les provisions r6siduelles ainsi que les r6glements survenus 
pendant l'exercice de r*f6rence ne sont pas revaloris6s car ils sont 
expfim6s en francs de l'exercice de r~f6rence. La liquidation de 
IOO F. de sinistres survenus au cours d 'un exercice n, est r6alis6e 
en dix ans selon la cadence (en monnaie constante) suivante:  

ann6e  n - u + I  n + 2  n +  3 n +  4 n - -  5 ~ + 6  n +  7 n + 8  n + 9  

~o de 5 22 25 18 I2 S 4 3 2 I 
r~g[ernents  

~ c u m u l ~  5 27 52 7 ° 82 90 94 97 99 i oo  

Incidence de l" Inflation 

Nous constatons que plus de 70°,,/o des r6glements seront eifectu~s 
plus de deux ans apres le paiement de la prime et que 30% seront 
effectu6s plus de quatre ans apr~s le paiement de la prime. On volt 
ainsi l ' importance qui s 'at tache aux pr6visions de l '6voiution de la 
valeur de la monnaie. 

Certes, quand un bilan sincere est en 6quilibre, cela signifie par 
d6finition que les postes de Passif sont globalement 6quilibr6s par 
les divers postes d'Actif, et notamment que, aux "Provisions pour 
Sinistres k Payer" ,  correspondent des placements effectu6s suivant 
les r~gles sages ~dict6es par l 'autofit* de tuteUe. 
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C'est ainsi que les provisions techniques sont repr~sent6es essen- 
tieUement par des actions, obligations et immeubles. 

Quand le total du rendement et des plus-values des placements 
est sup6rieur k la hausse des coflts en francs courants des sinistres 
corporels l 'exc6dent est utilis~ d 'abord pour combler le d6ficit de 
premiere annie rendu in6vitable par la concurrence d'une 6conomie 
libdrale, puis 6ventuellement pour renforcer les fonds propres et la 
marge de s6curitd dont les besoins sont fonction de l 'augmentation 
de l'encaissement en francs courants. 

Nous avons v6cu en France sous ce r6gime depuis les ann6es 
d'apr~s-guerre et en tous cas depuis, que la branche Automobile est 
devenue la premiere de notre industrie. 

Dans les anndes de forte inflation, la surchauffe et le plein emploi 
ont contfibu6 k malntenir le total, rendement + plus-values nettes, 
k un niveau suffisant pour compenser la hausse du cofit des sinistres 
corporels. 

M~me l'ann~e I968, malgr6 la tr~s forte hausse des bas salalres, 
a 6td favorable grace k la relance 6ph6m~re de l'~conomie qu'eUe 
a suscit6e. 

La crise mondiale que nous connaissons depuis I974 est nouveUe 
pour notre industrie, car en face d'une hausse des salaires nominaux 
de I8% en France, nous avons assistS: 

~ une baisse du cours des obligations de l 'ordre de Io% 
w ~ une baisse des actions de l'ordre de 2o% 

ce qui falt que malgrd: 

un taux tr~s 61ev6 du rendement des obligations ou de la trdsore- 
rie 
une hausse sensible de la valeur des immeubles 

la plupart de nos entreprises ont enregistr6 un rendement n6gatif, 
en francs courants, de leurs investissements et que seules des 
dispositions rdglementaires exorbitantes ont permis k la plupart des 
Socidt~s d'Assurances de pr6senter des bilans acceptables. 

Or la question se pose de savoir queUe est la limite supportable 
pour la difference entre le taux de hausse des salaires et le taux de 
rendement des placements (y compris plus et moins values), 
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ou encore, quelle marge faut-il ajouter k la masse des "Provisions 
pour sinistres k Payer" pour que l'entreprise puisse faire face k une 
aggravation de l'~cart entre le taux d'rrosion et celui du rendement  
des placements. 

Evah~ation des provisions po,~r sinistres 

a) En francs constants 
A partir de la cadence moyenne 6tablie en francs constants, nous 

pouvons calculer le montant  des provisions pour sinistres corporels 
darts une 6conomie b. monnaie stable. 

Nous supposons une variation nuile du parc assure, ce qui se 
traduit  par une charge de sinistres 6gale pour chaque exercice 
(suppos~e 6gale k IOO F.). A la fin d 'un exercice les provisions pour 
les exercices en liquidation sont de 284 F., ce qui repr~sente I28°/~ 
des primes encaiss~es pendant le dernier exercice (ta charge des 
sinistres corporels ~tant 6gale k 45°/~ des primes). Les 284 F. en 
provisions k la fin de l'exercice n seront rrglrs de la faqon suivante:  

Au cours au titre de l'exercice 
de 

l'exercice n n~ I  n~2 n ~  3 n-- 4 n ~  5 n~6 n~7 n--8 

n - - i  95 F. d o n t  2a 25 i8 
n + 2  7 3 F .  d o n t  25 t8 i2 
n +  3 4 8 F . d o n t  i8 t2 8 
n + 4  3 ° F.  d o n t  12 8 4 
n + 5  i8  F.  d o n t  8 4 3 
n ÷ 6  io  F.  d o n t  4 3 2 
n + 7  6 F .  d o u t  3 2 i 
n + 8  3 F .  d o n t  2 x 
n + 9  I F. I 

12 8 4 3 
8 4 3 2 
4 3 2 t 
3 2 l 
2 i 

I 

Avec les hypotheses pr~c~dentes, les provisions pour sinistres 
corporels doivent donc ~tre de l'ordre de 1.3 lois les primes ou 3 fois 
les r~glements effecturs pendant l'exercice. 

b) Introduction du ph~nom~ne d'inflation 
Tant  que le taux de hausse des salaires demeure inf~rieur au 

taux de rendement des placements (y compris les plus et moins 
values) le raisonnement prdc~dent reste valable puisque l 'actif est 
r~valud par un rendement suffisant. 
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Lorsque le taux de hausse des salaires d6passe le taux de rende- 
ment des placements ii faut revaloriser les provisions en fonction 
de la diff6rence de ces taux. Soit i cette diffdrence; il y a lieu de 
multiplier les r~glements pr6vus au cours de l'exercice n + p par 
(I + i) 2p - -  1/2 le montant  de ces r6glements avant did pr6vu en 
francs courants k la fin de l'exercice n. 

Le calcul donne pour diverses valeurs de i 

i en % x ,2 3 4 5 xo x 5 

O/ Progression en /o des 
provisions pour Corporels 2,1 4,2 6,4 8, 7 i x 24 38 

Progression de provisions pour 
Corporels exprim6e en % des 
primes annuelles 2,7 5,4 8,2 i i I4 30 48 

Nous constatons que l 'augmentation ndcessaire des provisions 
d6passe IO% des primes d6s que i atteint 4% ce qui signifie que la 
marge de sd¢uriN (fix6e actueUement k 1o% des primes) ne peut 
garantir qu'un accroissement annuel des cofits des sinistres corporels 
sup6rieur de 3 k 4% au taux de rendement des actifs. 

Or, l 'apparition d 'un taux de hausse des salaires sup6rieur au 
taux de rendement des placements n'est pas pr6visible; les com- 
pagnies voient donc leur marge de sdcurit6 fortement r6duite sans 
avoir pris les mesures tarifaires ndcessaires pour augmenter les 
primes et pouvoir ahmenter  la marge. 

En outre, pour la fixation d 'un nouveau tarif, ii est indispensable 
de consid6rer l 'aggravation suppl6mentaire du coflt des corporels 
r6sultant de la stagflation pendant la p6riode de liquidation. 

Le tableau suivant donne en fonction de i le taux de cet accrois- 
sement. 

i en % I 2 3 4 5 xo x5 

Accroissement en ?/o de la 
charge des Corporels 2,4 4,9 7,4 xo,o  12,7 27,6 44,9 

Augmentation n6cessaire de la 
prime x,l 2,2 3,3 4,5 5,7 x2,4 20,2 
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Ces augmentations s'appliquent ~t une charge et ~t une prime 
exprimdes en monnaie constante, c'est-~-dire qu'eUes n'incluent pas 
la consdquence premi6re de l 'inflation qui est dans notre cas l 'aug- 
mentation des salaires. 

En r6sum6, il nous semble devoir attirer l 'at tention sur deux 
cons6quences de la stagflation: 

- -  Pour la fixation des tarifs R.C. Automobile, il y a lieu de tenir 
compte, non seulement de la hausse des salaires et des prix, 
entre le moment de l'6tablissement du t~trif et le jour de sur- 
venance des sinistres, mais aussi de la cons6quence sur la liqui- 
dation des sinistres corporels d'une hausse de salaires supd- 
rieure au rendement net des actifs. 

Cette consdquence conduit toutes choses ~gales d'ailleurs ~ une 
majoration du tarif de l'ordre de 1.2 fois la diff6rence entre le t aux  
de la hausse annuelle des salaires et le rendement des actifs. 

Pour l 'estimation de la masse des sinistres corporels k r~gler en 
mati~re de R.C. Automobile, en dehors des m6thodes de cadence 
et de coflt moyen, il semble prudent de comparer le total  des 
provisions pour sinistres corporels k payer avec une masse 
6gale k 3 fois le total des r6glements R.C. Corporels de l'exercice 
augment6 d 'un pourcentage 6gal k 2.4 fois la diff6rence entre le 
taux de la hausse annuelle des salaires et le taux de rendement 
net des actifs. 



AN ESTIMATION OF CLAIMS D I S T R I B U T I O N  

NAWOJIRO ESHITA 

FOREWORD 

There are two phases of difficulties in estimating a claims distri- 
bution. If we are going to estimate the claims distribution as 
accurately as possible, we should gather considerably long terms 
statistics. While ecqnomical and social environment will change. 
As a result the statistics gathered should be amended by  a kind of 
trend value. One of difficulties here is t~e estimation of that  trend 
value. Another difficulty is the estimation of claims distribution 
as being the stochastic distribution. In the case of considering 
claim size, the estimation becomes more difficult. 

The intention of this paper is to propose an actual way of esti- 
mating stochastic claims distribution considering various kind of 
claim size by the use of a computer. Regarding the problem of 
amending claims distribution by  a trend Value I will discuss at 
another time. 

I. THE MODEL OF CLAIMS DISTRIBUTION 

(I) The logical claims distribution 

The claims distribution is the distribution of claim amount which 
a insurer paid for a definite period, for example, for one year. 

Therefore, the claims distribution should be analized by two 
factors. 

The distribution of claims frequency. 
The distribution of claim size. 

a. The distribution of claims frequency 

Since the claims frequency is a number which is calculated from 
the stand point whether  or not claim occur in the risk group which 
an insurer is retaining in a definite term, the logical distribution of 
claims frequency is considered to be a binomial distribution. 
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Assuming tha t  numbers of risks and the average claims occurrence 
rate in a risk group are n and p respectively, the distribution is 
expressed by the following binomial expansion formula. 

b(k; n .p)  = (nk) p~ "qn-k  
where 

q = I - - p  

k is probable claims number occurring. 

The probability of claims occurrence in each risk in a risk col- 
lective which a insurer is retaining is not always the same. Ac- 
cordingly an risk collective is separated into many kinds of risk 
groups with different number of risks and claims occurrence rate. 

" Assume t-he number of risks and claim occurrence rate of m number  
of risk groups are nt, hi;  . . . .  n m  and px, p2 . . . .  ,Pm respectively 
the following formula holds. 

nip1 + n,p2 + . . .  + nrnpm 
P---- N 

The distribution of claims frequency of a risk collective is ac- 
cordingly expressed by the following formula 

(;1) (;') (;-) 
P~q~" * * P~q~"- ~ * " "  * Pmqm 

where, * show convolution. 

b. The distribution with claim size distribution 

In considering claim size, the distribution becomes more and 
more complex. The calculation is almost unrealistic, even if a 
computer is used. Assuming that  a risk collective is constructed by 
risks being Px, P,, . . . ,  Pm of claim occurrence rate and sa, s,., s3, 
. . . .  s z of claim size and nn,  nt, ,  n~3, • • . ,  nml of risk number which 
are the case of Ptst, pzs,, pass . . . . .  pr~sz respectively, the risk col- 
lective is expressed by the array of following risk groups. 

Rn[nn ,  pt,  sx], Rl,[nt2, pt ,  s,] . . . . . . .  Rlt[nu, px, st] 
R,t[n..x, p~, st], R,...[n,... p , ,  s,.] . . . . . . .  Roa[n,t, p, ,  st] 

Rmx[n,nl, Pro, st], R=,[nm,. pm, s~] . . . . .  Rraz[nraz, Pro, st]. 
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In the case of each risk being independent stochasficaUy, the 
claims distributions of each group are shown by the following 
formula. 

bn( s l k ;nn ,  p d  = ( ~ n ) p f  .ql~L,-~ 
~ g 

qll,,- * 

I,, \ 
' brat(szk;nmz, Pm) = I ' k  mz) #~ "q~'~-~ 

Since a claims distribution of a risk collective is a compound 
function of claims distribution of these risk groups, while com- 
pound function of binomial distributions is not always a binomial 
distribution, a claims distribution of a risk collective is not always 
a binomial distribution. Accordingly we describe the distribution 
function of a risk collective as p(sk; n, p). 

p(sk; n, p) = bn(szk; nix, pt) * bt2(s2k; nto., pt) * . . .  
• . • * bmz(szk ; nmz, Pro). 

This is the logical model for claims distribution which may occur 
in a risk collective. 

(2) The actua2 claims distribution 
The number of actual  risks in a risk group is relatively large 

(for example more than 5 0 ) a n d  the occurrence rate of claim is 
relatively small (for example less than o.I). The previous logical 
distribution (which is the compound function of binomial distribu- 
tions) of risk groups is, accordingly, replaced by the Poisson distri- 
bution. And the previous array of logical risk groups is replaced by 
the following array of claims distribution. 

Ozt[mlx, st], Oli[mla, s,] . . .  Du[rau, st] 
Do.sims.z, st], D~2[m,.,, s,] . . .  Do.z[m~z, st] 

D,nz[mmz, st], Din,Ira,n2, s.z] . . .  Dmz[mraz, st] 
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where 

mtx = n u  x p~, m, t  = n2t x po . . . .  mini = nra~ X p , , .  

I n  the  Poisson dis t r ibut ion,  the c o m p o u n d  dis t r ibut ion be tween  
the d i s t r ibu t ion  wi th  the  va lue  of mt  arid the  va lue  of m2 is the  
same  to the  Poisson d i s t r ibu t ion  wi th  the  value of m~ -4- m2. As a 
result ,  s imi lar  r isk groups  with a s ame  c la im size are to ta l led  up  to 
one. A n d  the  p rev ious  a r r a y  of c la im dis t r ibut ion  is expressed  b y  
the  more  s imple  a r r a y  as follows, 

Dl[,nt ,  st], Do.tin.a, so.] . . . .  Dz[m~, st] 

where 

m~ ---- m ~  .2_. m~.l + . . .  + mint 

m ,  = mr ,  + me ,  + . . .  + ram,.  

Although  a c o m p o u n d  poisson d is t r ibu t ion  of some Poisson  
d is t r ibut ions  is a c o m p o u n d  Poisson dis t r ibut ion,  the  c o m p o u n d  
funct ion of ac tua l  claims d is t r ibu t ions  is not  the Poisson d i s t r ibu-  
t ion, because  of ano t he r  e lement  (s 1, s. 2, s 3 . . . . .  st) are con ta ined .  
Assume the  ac tua l  c laims d is t r ibu t ion  of a risk collective to be  
descr ibed as f ( s k  ; m) 

f ( s k ;  m)  = p t ( s t k ;  ,n 0 * p~.(so.k; m~) * . . .  p t ( s , k ;  m~). 

This  is the  ac tua l  model  "for a c la ims d is t r ibut ion  which  m a y  
occur  in a r isk collective. 

2. THE ACTUAL ESTIMATION OF CLAIMS DISTRIBUTIOX 

(I) S i m p l i f i c a t i o n  o f  model  

Since a r isk  collective conta ins  v a r y i n g  risk groups,  t he  a c tua l  
c laim d i s t r ibu t ion  is cons t ruc t ed  b y  var ious  k inds  of c laims dis t r i -  
but ions.  As s um i ng  t h a t  c la im a m o u n t  occurr ing in a risk col lect ive 
d i s t r ibu te  f rom $ IO,OOO to $ I,OOO,OOO, the claims d i s t r i bu t ion  
m a y  h a v e  ioo  var ious  claims d is t r ibut ion  and  therefore,  we m a y  
have  IOO different  calculat ions.  Calculat ions,  however ,  need not  be  
so mul t i t ud inous ,  for example ,  
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a. Some distributions with approximately the same number of 
claims are totalled up to a single distribution. 

Assume, for example, the numbers of claims with size s~, se, sxs, 
s2~, s55 are rex, ms, m~5, m,~, ross respectively and then 

~7.. I -~ m e - ~  ~Jqol$ In "Bt'g2X -~. ~1/,55. 

The distribution is replaced by the next simplified formula. 

po(sok; too) = e -m° k'-~- 

where 

mtsx + mes6 + mtssxs + m21s~x + ms,ss~ 
S O = 

mt + m e  +rex5 + m2x + m s ,  

m o = 7n:t 27 m s 27 7751, 27 m2x 27 ms,. 

b. Some distributions with approximately the same size are also 
totalled up to a single distribution. Assume, for example, the claim 
size of claim numbers m x, ms, mls, D~21 , ~$$5 are s x, ss, sx,, so.x, s,5 
respectively and then 

$1 = Se = Sis -~  S2I = $55 = SO 

mt + m e  + r a z e  27m2z + mss = m 0. 

The distribution is replaced by the next simplified formula. 

p0(sok; m0) = e -=° k-T 

c. Especially when the numbers of claim is very large, the dif- 
ference of size could be ignored in the actual calculation. And then 
calculations need not be so multitudinous. 

(2) The adual  calculation of compound Poisson distribution 

The following is the calculation flow of the distribution by the 
use of a computer. By  this flow we can easily calculate the distribu- 
tion. 

a. The calculation or table research of pl(stk;  mr). The number 
of mt is not so large tha t  the actual calculation or table research of 
pt(s lk;  rex) should not be difficult. At this time, we ignore the value 
of probability which is insignificant and therefore not pertinent. 
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b. The calculation or table research of p2(s~k ; me). The insignifi- 
cant value is deleted as the previous step. 

c. The calculation of compound function of 1~x(slk; ml) and 
p~(s,k; ~,). 

Assume the claim size and the occurrence numbers of claims 
which should be convoluted as follows. 

(s~ × k) (probability) (s2 × k) (probability) 
s~ x o 0.00674 so. x o 0.00005 

sL X I 0.03369 s2 X I 0.0o045 

sL x m~ o.z7547 s~ X ~'~ O . I 2 5 I I  

sl x 2m, o.oiSi 3 s2 x 2m~ ' o.ooi87 

d. The convolution between claim amounts and probabilities of 
each distribution. 

s~ x o Jrs~ x o 0.00674 x o.oooo 5 

s~ × o Jrs2 x I 0.0o674 x o.ooo45 

sl X I Jr se X 0 

s~ X I Jr s2 X I 

o.o3369 X 0.0o0o5 

o.o3369 x o.ooo45 

s, X m~ ~ s ~  X o 

s~ X m~. ~ sg X I 

o.z7547 x o.oooo5 

o.z7547 x 0.00045 

s~x2m, Jr s2 x i 

o.o1813 × 0.00005 
o.oi813 x 0.00045 
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e. By the calculated value of claim amount, various values of 
probability are totaUed and classified. 

claim amount  probability 

O 0 . 0 0 0 0 0  

Sl 0 .00000  

2Sl 0.00000 

2s~ 0.00003 

3S2 0.00017 

f. Delete the small value of probability and its claim amount. 
The distribution after the delete is described as f,~(sk; m). 

g. Calculate f123(sk; m) by the previous calculation step d. be- 
tween ft2(sk; m) and p3(s3k; m3) and proceed to the step 6. and f. 

h. Step g. is continued until the last. 

(3) The calculation error by deleting smaU value of probabimy 
The error is as the following, when the value of probability is 

counted fractionary over o.5 as once and disregarding the rest at 
the below sixth. 

numbers of m convoluted error 

30 * 30 0.00005 
60 • 60 o.ooozz 

I20 * I20 0 . 0 0 0 2 4  

240 * 240 0.00052 
480 * 480 0.00110 

The above example illustrates that  errors are small. 
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If  we f i n d  t h a t  a m o r e  a c c u r a t e  c a l c u l a t i o n  is n e c e s s a r y ,  i t  m a y  

be  f i g u r e d  b y  r e p l a c i n g  the  v a l u e  of  p r o b a b i l i t y  w h i c h  we  n e g l e c t e d  

w i t h  a m o r e  d e t a i l  v a l u e .  

SUMMARY 

Many methods have been developed over the estimation of claims distri- 
butions. This paper is one of the proposal for estimating claims distribution. 

In this paper, i assume that  the claims distribution is a compound distri- 
bution of claim occurrence frequency distribution and claim amounts  
distribution. And I propose a actual estimating way of claims distribution 
on the above reasoning. 

The following is the architecture of this paper. 

I .  THE ~ODEL OF CL&IblS DISTRIBUTION 

(x) The logical claims distribution 

In order to make the above mentioned compound distribution, the claim 
amounts distribution is classified by many classes of claim amount.  

Claim occurrence frequency distribution of the above each class is assumed 
to be a binomial distribution respectively. 

And then the model of logical claims distribution is considered to be a 
compound distribution of binomial distributions which are the distribution 
of each class claim amount.  

(2) The model of actual claim distrib*~tion 

The above logical claims distribution is difficult to estimate. On the other 
hand, however actual claims distributions may be considered to  have  more 
numbers of risks than about  5 ° and be less claim occurrence rate than 
about  o.I. 

As a result, the claim occurrence distribution of each claim amount  may 
be assumed to be a poisson distribution. 

2. THE ESTIMATION OF A CLAIMS DISTRIBUTION 

(I) Simplification of model 

The model of actual distribution is easier to estimate than the model of 
logical one. In order to make estimations easier, I tried to simplify the 
model itself. (in detail I describe it on the main paper.) 

(2) Actual calculation @compound poisson distribution 

The main paper will describe the detail way of actual calculation and 
method to simplify calculation using a computer. 

(3) The calculation error 

The main paper will describe the calculation error by the way of simpli- 
fication incalculation. 



D I S T R I B U T I O N  OF T H E  N U M B E R  OF CLAIMS IN MOTOR 
INSURANCE ACCORDING TO T H E  LAG OF SETTLEMENT 

G. FERRARA and G. QUARIO 
Italy 

i . i  In troduct ion  

Let S n be the set of motor claims S,, i = I, 2 . . . . .  N occurred 
during a given year n, namely S n represents the set of claims 
relevant to the generation (or cohort) n. 

I,f T ~ is a subset (even empty) of claims resulting without paye- 
ment (that is the set of zero-claims); the set P n  = S n ~ T n shall 
denote the set of claims that  should be settled. 

For every s, E p n  we can define the r.v. X, which represents the pe- 
riod of time required for its sett lement (namely the lag of settlement). 

I t  is not sensible to deem that  the r.v. X~ are equally distributed: 
as a matter  of fact we know that  the larger is the claim, the longer 
the lag of payement.  

However, we can assume that.in a subset U of P% the r.v. X , ( U )  

have the same distribution function, which will be denoted by  
F e ( x )  or in short F(x) .  

As  F(x )  represents the probabili ty that a claim sj ~ U is settled 
within a period o -  x, the function I - - F ( x )  = l(x) denotes the 
probabili ty that  the claim results unsettled after a lag x, that is 
the survival function of the claim. 

In this s tudy we intend to find an analytical expression of the 
function I(X) on the basis of particular assumptions about  the 
behaviour of the adjuster  with regard to the sett lement of claims. 

The assumptions will be tested by fitting the function to some 
observed data. 

1.2 The a s sump t ions  

On the analogy of the actuarial life theory, we shall consider the 
ratio 

t'(x) 
~(x) = -  t(x) (~) 
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that  represents the force of mortal i ty or (in our case) the force of 
settlement. 

As it is known in life theory the assumptions concern the con- 
nection between ~(x) and x (age). 

For  our phenomenon it is not reasonable to link ~(x) directly to 
x (lag of the claim): we deem that  ~ depends on the function 
l = l(x), that  is 

= = = (2) 

In fact it is sensible to think that in the settlement work the 
adjusters are more influenced by  the (average) number of unsettled 
claims rather than by the "age" of the dossiers. 

More precisely, we deem..that the force of settlement ~(l) is an 
increasing function of the (average) number l of unsettled claims. 
By  assuming that  the relative infinitesimal variation of the number 
of unsettled claims leads to a proportional relative infinitesimal 
variation of the force of settlement, we obtain 

d (O d t  

and, by  solving this differential equation, we may write 

ln~(l) = ~31nl + c. (4) 

Hence 

~(l)=Kl ~ ,K>o ~ > o .  (5) 

The value of the parameter  ~ characterizes the pat tern of the 
force of settlement ~. For  l ~ o (hence for x ~ + oo) the greater 

is; the more rapidly ~ will tend to o. 

1.3 The analythical  expression o f  l(x) 

On the basis of this assumption from (2), we can write 

~(x) = Kl~(x) (6) 

where K and ~ are positive constants. From (I) we obtain 

t(x) - Kl Cx). (7) 
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That is 

Since l(o) = I, we find 

dr(x) 
l ~ + t (x) - -  Kdx.  

t-~(x) = ~IK x + 

The survival function can be written as follows 

if - (i/~1 
t(x) = (~g) -"'~ (x + ,~ffl 

or putting 

I I 

x o =  ~ K '  ~ - -  ~ 

we find 

(8) 

(9) 

(Io) 

( l (x)  = x > o, ~ < o, xo > o.  ( I I )  

2.1 The statistical data 

In order to test our assumption we considered a particular 
portfolio of claims formed by  material damages whose first evalua- 
tion was smaller than 3oo,ooo Italian Lire (12,ooo P.Escud.). 

With the purpose of obtaining subsets such that  the r.v. X, are 
equally distributed, we subdivided furtherly the portfolio into six 
strata. The criterion of subdivision was based on the first evaluation 
of the claims. In fact, in our opinion, the first evaluation represents 
a way by  which the adjuster  graduates his judgement on the claim 
pattern. In other words, by  expressing his first estimate the ad- 
juster arranges the claim in a given class, characterized by  particular 
severity, dispersion and lag of claims. 

Our fitting was made on the generation I97I, which has been 
observed at the end of the year I973. 

2.2 Research of the parameters 

The fitting of the function l ( x ) =  "(xx~xo)  ~- presents some dif- 

ficulties: in fact In l(x) cannot be expressed in a linear form with 
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respect to the parameter xo. To overcome such drawback, we 
consider th~ translation Y = X + xo which allows us to express 
lv(x ) as a Pareto function, that  is 

o _ < x < x o .  

In this way we consider a lag Y which presents a sure component 
xo (now undetermined) and the expression (I2) represents the 
survival function at the "age" Y = X + m, where X is the further 
duration of the claim. 

On the basis of our data  and by means of the least square method, 
we found the values of parameters shown in table I. 

Since, in the generation considered we checked a posteriori tha t  
the values of l(Xo) are sufficiently near to I, we deem that  our 
results are valid. 

I t  is to be pointed out that ,  with the exception of the 5th stratum, 
the curve fits well the data  and, therefore, the parameters can be 
used to forecast the further duration of claims relevant to our 
portfolio. 

However, we intend to test our assumption on the basis of other 
generations and possibly to find an analythical procedure which 
allows us to determine the parameters directly from the expression 
(I:O. 
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TABLE i 

F i t t ing  o[ Pa re to  curve  to the  d i s t r i bu t ions  of the  n u m b e r  of c la ims 
according to the  lag o[ s e t t l emen t .  

x = t ime expressed  in m o n t h s  (1 = 3 o daysl  ; 
l(x) = average  n u m b e r  of c la ims unse t t l ed  a t  t ime .v. 
Genera t ion  I97~ (on 3I . I2 . I973)  
Value of e and  x.. 

Class of t h e  xst eva lua t ion  
( thousands  of I t .  Lire) ~ x,, Z: 

o-- 50 ~.252 0,89 1.68 
5 0 - -  75 1.465 i , i i  6.56 
7 5 - - I o o  1.242 i , i o  2.49 

I0o--x75 I . I I  4 I , Io  4.06 
I75--25o 0.976 1,21 I2.39 
250--300 0.749 1,21 9.69 

TABLE 2 

Genera t ion  I971 - -  Motor  Claims 
3rd Class of f i rs t  eva lua t ion  = 7 5 -  lOO (thous. of It. life) 
Dis t r ibu t ion  of the  n u m b e r  of claims according  to the  de lay  of s e t t l e m e n t  
(time expressed  in m o n t h s  I = 3 ° days) ;  N = to ta l  n u m b e r  of c la ims 

Lag Actual  Claims E x p e c t e d  Claims 

x N • I ( x )  N • l ( x )  

2 43.887 46.838 
3 28,749 2 8 . 3 ~  
4 20.497 z9.8o4 
5 I5.538 ~5 .oIo 
6 12 .2o  7 t~.969 
8 8.388 8.372 

ro 6.3Io 6.345 
~2 5.039 5.059 
I4 4.x6I 4A78 
I6 3.538 3.539 
i8 3.052 3.057 
20 2.616 2.68~ 

t~* XO 

.7, In  l(.ri) Z, In x~ - -  n E In  I(x~) t,* .~'~ 

n Z, ( l ,  xi)'- - -  (Z, In  x,)~ 

i ~ l n x ¢  

-= 1 ,242  

= o.o98 



ON OPTIMAL CANCELLATION OF POLICIES 

HANS U. GERBER 

I. INTRODUCTION 

One of the basic problems in life is: Given information (from the 
past), make decisions (that will affect the future). One of the 
classical actuarial examples is the adaptive ratemaking (or cred- 
ibility) procedures ; here the premium of a given risk is sequentially 
adjusted, taking into account the claims experience available 
when the decisions are made. 

In some cases, the rates are fixed and the premiums cannot be 
adjusted. Then the actuary faces the question: Should a given 
risk be underwritten in the first place, and if yes, what is the 
criterion (in terms of claims performance) for cancellation of the 
policy at a later time ? 

Recently, Cozzolino and Freifelder [6] developed a model in an 
a t tempt  to answer these questions. They assumed a discrete time, 
finite horizon, Poisson model. While the results lend themselves 
to straightforward numerical evaluation, their analytical form is 
not too attractive. Here we shall present a continuous time, in- 
finite horizon, diffusion model. At the expense of being somewhat 
less realistic, this model is very appealing from an analytical 
point of view. 

~'Iathematically, the cancellation of policies amounts to an 
optimal stopping problem, see [8], [4], or chapter 13 in [7], and 
(more generally) should be viewed within the framework of dis- 
counted dynamic programming [I], [2]. 

2. A DIFFERENTIAL EQUATION AND ITS SOLUTIONS 

Our model will turn out to be very tractable because the dif- 
ferential equation 

- -  w ' ( x )  = > o (1) 

can be solved explicitly. Observe that  this differential equation 
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has ~regxfl~r~ singular points at x = o and x = I .  The reader ~dll 
easily verify that  

(I -- 

h(x) = - (2) 

is a solution, where c > I is the positive solution of c(c - -  I) = ~., 
i.e. 

c = [ + ½  1 / ~ + 4 ~  (3) 

For reasons of symmetry,  also h(i ~ x) is a solution. Thus every 
solution of equation (I) is a linear combination of h(x) and 
h ( I -  x). Equation ( f )  of Section 5 will be of more general form 
but  can also be soh, ed by  a function of the type (2). 

3" INDEPENDENT RISKS 

In this section we assume that the income processes resulting 
from different policies are independent. Therefore we can restrict 
ourselves to the discussion of a single policy. 

We shall suppose that the quality of a given risk is determined 
by a well defined, but not directly observable random variable 0 
(the risk parameter). Let X~ denote the aggregate gain that is 
generated by the policy from o to t. Then we assume that, for 
given 0, 

X t  = ( r O - - a )  t + ~rWt (4) 

Here r, a, a are positive constants, and {W,} is the s tandard 
Wiener process (independent of 0). Having observed the aggregate 
gains, we wiU be interested in the posteriori distribution of 0. 
The discussion of this will be greatly simplified by our assumption 
that  0 has only the values o or t .  So let 

r~ = P[0= I], I--~=P[0=o] (5) 

be the priori probabilities (at time o), and 

% = P [0 = i IX ,o < u (6) 

denote the posteriori probabilities (which depend on the priori 
probabil i ty as well as on the observed profitability of the policy). 
To make things interesting, we assume that r > a. Thus if 0 = I ,  
our policy is a "good" risk; if 0 = o, it is a "bad"  risk (at least 
as far as expected gains are concerned). 
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Let ~ > o be a constant force of interest. The insurer's decision 
is now the selection of a stopping rule T; for every r~, o < ~ ~ I ,  
T = T(~) thereby defines a possibly defective stopping time. We 
interpret T as the time when the policy is cancelled, with the 
provision that  the policy wiill not be cancelled if T : co. Let  

T 

V(=; T) = E = [ J "  e -a* dXt] (7) 
0 

denote the expected present value of the total gain. If we extend 
the integral to infinity, and subtract  the correction term, we 
obtain an alternative definition: 

V(= ;T)  rcr--a , [.=Tr~a ] 
- -  ~ E,, e -ST (8) 

The problem is now to find an optimal stopping rule T, i.e. one 
that  maximizes V(=; T) for every =, or equivalently, one such 
that  

E,, [ a - ~ r e - a ' ] ,  ~ (9) 

is maximal. 

The process {Tr,} is a diffusion process with vanishing drift and 
infinitesimal variance 

~2(I¢) : ~ [~¢(I - -  =)]~ (IO) 

For a sophisticated proof of this, see i e m m a  5 of Chapter 4 in [8]. 
A more heuristic derivation goes as follows: For given Xu, 
o < u _< t, X,  is a sufficient statistic. Therefore 

rcn (Xc; rt ~ at, a~t) 
=t = = n ( X t ; r t - - a t ,  a~t) + ( : - - = ) n ( X t ; - - a t ,  a2t) (II) 

where n ( . ; ~ ,  a*) denotes the normal density with mean p and 
variance a*. This can be simplified to 

=t = / ( = ,  X , ,  t) ( i2)  

where 

T~ 

f ( = ,  x, t) = (I]) = + (: - -  =) g (x, t) 
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and 

[ ' ( '  )] g ( x , 0  = exp - - - ~  x - - T t  + at (I4) 

Since {=t} is a .~[arkov process (posteriori probabilities always are) 
and can be expressed as a well behaved function of Xt ,  see (I2), 
it has to be a diffusion process, say with drift ~.(=) and infinitesimal 
variance ~2(=). A Taylor series argument shows that  

? f  ~'2 ?~f ?f  
~(=) = (~,=--a) ~ + T ~x-i + ~ = o (~5) 

= ~ [ = ( I  - -  =)]2 ( I6 )  

(the argument in the part ial derivatives is x = I ---- o). Of course 
we could have anticipated the vanishing dr i f t :  Posteriori prob- 
abilities always constitute a martingale (law of total probabi l i ty)!  

Let us introduce the function V(~), 

V(=) = supremum V(=; T) (I7) 
T 

Then an optimal stopping rule T is given by the formula 

t oo if V(=~) > o for t > o 
T =, (~s) 

{inf {tl V(=t) = o} otherwise 

Obviously V(=) is a nondecreasing function. Th. erefore the set of 
numbers = such that  V(=) > o is an interval (p, IJ. Hence we 
can restrict ourselves to stopping rules of the form 

T~ = inf {t I=, _< p} (I9) 

Our initial problem is now reduced to the discussion of the function 
V(=, p) = V(~; T~), o < p < = < I ,  and to the search for the 
optimal value of p, call it po. Formula (8) reduces in this case to 

v ( = ,  p) - ~ ~ w (=, p) (20) 

where 

IV(=,  p) = E=[e-a~,] (2I) 
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is the present value of a unit payable at the time when n¢ = p. 
Furthermore it is clear that  the policy should not be cancelled as 
long as n t r - -  a > o. Therefore we expect that  p0 _< air. 

I t  is well known (see for example Problem x9, Chapter 16 of 
[3]) that the function IV(n, 

½ *~(=) 

valid for p < rc < z, where 

p) satisfies the differential equation 

~2W 
- -  ~ W  = o (22) 3 n  a 

a!(n) is given by formula (Io). (For 
a short derivation of this equation, observe that the process 
{ e -8~ W(rc,, p)}, t < T~,, is a martingale). Obviously, the function 
W is continuous in the closed interval p < n < I and satisfies 
the boundary conditions 

w f f , ,  p) = z ,  w ( z ,  p) = o .  (23) 

By recalling the results of Section 2, we find that the solution of 
conditions (22) and (23) is 

h (.) 
w (=, p) - I~ (#) ' p -< n _< z (24) 

where h(x) is given by  formula (2) with parameter 

c = ½ + ½ I/z + 8~2/r." (25) 

Thus formula (20) becomes 

v(=,p) = T - - T  =,- I  ( i - -#)o (26) 

valid for p < 7r < I ,  and we are looking for the value of p that  
maximizes 

(a - -  pr) (z - - / , ) c  (27) 

Differentiation leads to the optimal value: 
C m I  

where b = a/r and c is given by  formula (25). 

(2s) 
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Remark I 

If we let the force of interest increase from o to oo (and keep 
the other parameters constant), ¢ increases from x to oo, and 
therefore po increases from o to b. This is not surprising: The 
smaller the rate of interest is, the more it pays off to postpone the 
cancellation of the policy, hoping to obtain more reliable infor- 
mation about  the quality of the risk in the future. 

Remark 2 

For an arbitrary p, we obtain from formula (26) that 

• t ~ (c - -  b) (# - -  #0) 
.~ - -  8 p(I--p) (29)  

Thus the right side derivative at = = p is positive (negative) if 
p > po (p < po) and zero for p = p0. Smooth pasting conditions 
of this kind hold in more general models, see Section 6, Chapter 
3 of [8]. 

Remark 3 
Formulae (i2), (I3), (r4) aUow us to express the stopping rule 

Tu in terms of {Xt} and =. Let K = K(=, p) be the solution of 

r~ + ( I -  ~) e rkl~ = p (30) 

Then 
T~ = inf {t l X~ <_ (r /z - -a)  t - - K }  (3x) 

is equivalent to the original definition (I9). 

4- DISCUSSlON OF THE TIME OF CANCELLATION 

The function W(x, p) can be interpreted as the Laplace trans- 
form of T~ (for given ~ and p): 

(I--=)~ p~-~ 
4(~) = E : [  ~-8~'] - -  = ~ - i  ( ~ _ p ) ~  (3z) 

where c = ¢(~) is given by formula (25). Thus the probabil i ty for 
cancellation of the policy is 

I n T ~  
@(o) = P _ ( T p <  oo) -- (33) 
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If 0 = o, the policy will be cancelled with probabili ty one. There- 
fore the probability for 0 = z and cancellation (i.e. "erroneous" 
cancellation) is 

i m p  

and the conditional 
O = z ,  is 

P 
( I  - -  =) - -  ( I  - -  x)  (34) 

probability for cancellation, given that 

(35) 

Finally, we are interested in the distribution of the time of cancel- 
lation, given that it occurs. Let ~ (~) denote the Laplace transform 
of this proper distribution. Thus 

qb(~) = !b (B) / Ib (o) = e-re(c-,) (36) 

where m = m (=, p) is given by  the formula 

I /p- - i  
m = In I / r: - -  I (37) 

We recognize that .the distribution of Ta (given T~ < oo) is 
infiuitely divisible. Its first two moments are: 

2~ ~ 
- - + ' ( o )  = E . [Tu  I Ta < ~ ]  = r---i-. ~ m(n,  p) 

8~ 4 
+"(o) - -  +'(o)" = Var~[Ta { Tp < oo] - -  r '  rn(rc, p) (38) 

Moreover, formula (36) can be inverted. The underlying density, 
say g(t ) ,  t > o, is 

i r '2 r~l 

This can be seen by  a comparison with formulas (73) and (75), 
Section 5.7 in [5], or from problem 14, p. 439 in [9]. 

5. LAPSES 

In this section we modify the model of Section 3 and allow for 
the possibility of termination of the policy by the insured. For 



132 OPTIMAL CANCELLATION OF POLICIES 

simplicity we assume that  the time of termination by the insured, 
say S, is (for given 0) exponentially distributed but  othe~vise 
independent of {X~}. 

P . [ S  > t] = = e - ~ "  + ( I  - -  ~) e -~o* (40) 
Here X~ > o is the constant force of lapse of the "good" risks, 
~,o > o the one of the "bad"  risks. 

The insurer is only interested in times t < S. Therefore we 
investigate 

":t = P=[0 = I I X  u(o  < u < t),  S > t ]  (6') 

Again m is of the form, (I2), with f defined as in formula (I3) 
where g is now 

[ ' (  ' ) ] g(x, t)  = exp - - ~ ,  x - - -2 t  + at + (Xt--X0) t (I4') 

By  the same arguments as in Section 3 we recognize that  {=t} is 
a diffusion process with drift 

~(~) = ( x o - - x 0  = ( ~ - - = )  (I53 
and infinitesimal variance ,~(~) as in formula (I6). 

We want to maximize 
m.(s, r) 

" v(~; T) = E..[ I e-~' dXt] (73 
0 

and may restrict ourselves to cancellation times T~ of the form 

Tv = Min {t I ~:t _< p or S = t} (I9') 

For p < ~ < i ,  its value V(=, p) is 

a) 
v(~, / , )  - ~+x, 

+ i 8 + X t  

where 

(I  1 ~)6 

~ + X o  

( I  - -  ~,). I 
~+To t W(~' p) 

w(,~,  p) = Er ie -a* .  L S > m~] P . [S  >mp]  

Using the facts that {m} is a diffusion process and that 

{e -st [~ e -~a + (I - - = )  e -x''] w ( ~ , , / , ) }  

(203 

(2~') 

(4 I) 



OPTIMAL CANCELLATION OF POLICIES 13 3 

is a martingale for =¢ > P ,  we see that W(r:, p) satisfies the 
differential equation 

~2W ~IV 
½.2(=) ~=~ +~ (= )  ~= _ [ 8 + = x 1 + ( ~ _ = ) X o ] W = o  (_2) 

valid for p < = < I,  where az (=) and Iz (r:) are given by formulas 
(16) and (15'). The boundary conditions 

w ( / , ,  ~,) = ~, w ( ~ ,  ~,) = o (23') 

are obvious. 

Luckily, a differential equation of the form 
%2 

2.--~ Ix (I- x)]'- W" + (Xo- -  xl) x ( i - - x )  W' = 

[8 + x x l +  (I - - x )  Xo] W (i') 

can be solved explicitly. The solution that  vanishes at x = I is 
a multiple of the function h (x), see formula (2), whose parameter  c 
is the positive root of the equation 

r2 
2~2 c ( c - - I )  + ( X l - - X o ) ( c - - x ) - - ( 8 + X q ) = o  (42) 

i.e. 
) 

~2 
c = ½ + ~ ( x 0 - - x l )  + 

11":[ 2"~ ]~ 8 "  (8 + X,) (25') + ½  : ~+TV(x°--x~) + r - 7  

Observe that c > I .  

From this and conditions (22') and (23') we see that 

h(=) 
w(=, / , )  - h (p) ' /' -< = -< 1, (43) 

which then can be substituted in formula (2o'). The optimal value 
of p, say ibo, is therefore the value of p that  maximizes 

! ( I - - / , ) 4  /,(, - -  4) ~ /,,-1 

t 8 + ~.0 ~ "4- ~kt i (l--#)e (27') 
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Thus 

po = b Xo - -  X~ (28') 
( c - - b )  + c ( ~ - - b )  ~ + X t  

as can be seen by  differentiation. 

ILLUSTRATION 

The effect of lapses is illustrated in Tables I and 2. The para- 
meter c and pQ (the optimal value of p) were computed for nine 
combinations (Xo, Xt). Thereby the other parameters of the model 
were kept fixed, namely a =  I,  r = 2 ,  b = . 5 ,  a = 2 ,  8 = . I .  
A glance at Table 2 shows that  the po-values decrease in each 
row as Xo increases. The explanation for this is: The higher the 
lapse rates of the bad risk, the better  this is for the insurer. On 
the other hand, the po-values increase in each column (as Xt in- 
creases): The higher the lapse rates of the good risks, the worse 
this is for the insurer. Finally, the po-values in the main diagonal 
are increasing: If Xo = Xl = X, lapses simply amount to an in- 

creased force of interest, 8 = 8 + X, and we know that po is an 
increasing function of the interest rate (see remark I at the end 
of Section 3). In any case the po-value is well below b = ½: For  
prior probabilities ,x with p0 < = < ½ it pays off to postpone 
cancellation and to suffer an expected loss of I -  2,~ per unit 
time in the nearest future. 

xt \ 
\ 

TABLE I 

Values of the parameter c 

O .I .2 

o I . I71 t.348 1.53I 

.I x.I48 L307 L472 

.2 I . I 3 I  1.272 1.422 

\ 
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TABLE 2 

Optimal valuss of p 

X0 o .I .2 

o .IZ7 .xI4  .IO4 

.x .2o5 .I9O .I76 

.z .257 .243 .229 

I35 

6. DEPENDENT RISKS 

We shall consider only the most simple case, namely the case 
of two dependent risks. Supposedly we observe the aggregate 
gains X~, X~ of two policies, which can be represented as follows: 

x~ = ( r 0 - - a ) t  + ~w~ 

X~ = [r (I - -  0) - -  a] t  -t- aW~ " (44) 

Here {W]} denote standard Wiener processes, and 0, {W~}, {W~} 
are assumed to be independent. Again, let a > o, o < a < r. 
The random variable 0 assumes the values o or I and specifies 
which policy constitutes the "good" risk: If 0 = I ,  the gain of 
policy I has drift r -  a > o and the gain of policy 2 has gain 
- - r ;  if 0 = o, the roles are interchanged. 

Let n = P[0 = I] and 

=, = P~Eo = i I X~,, X~ for o < u < t] (45) 

At time t, X ] - - X ~  is a sufficient statistic for 0. From this we 
get that  

= X ,  - -  Xe )  (46)  

where 

with 

f (= ,  x) = (47) = + (I - - 3 )  g(x) 

g (x) = e- r~/~ (48) 
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Thus the process {at) is a diffusion process, namely with vanishing 

drift and infinitesimal variance 

2 

(49) 

Observe that this is just twice the infinitesimal variance that 

would be effective if we could observe the gains process of only 

one policy, see formula (x0). 

Cancellation rules T are defined as in Section 3. Of special 

interest is the family of rules T, such that (for o < 4 2 3) 

T, = minimum { t/xt 5 q or xt 2 I -4) (50) 

with the understanding that we cancel policy I if XT, ( q, but 

that we cancel policy 2 if XT, >_ I - q. Lye shall restrict ourselves 

to cancellation rules of this type. 

a) Variant I: Only one cancellation 

Here we allow for the cancellation of one policy only. If after 

the cancellation it turns out that we made the wrong decision the 

other policy cannot be cancelled. 

Let v (x, q) be the value of T, . Obviously 

\ 

(1-x) y-u 

6 
for 0 <x <q 

V(;c, q) = ’ 

i 

(51) 
XY--a 

8 
for I--q<;sLI 

As long as both policies are in force, their total gain has drift 

Y-zu. Therefore, for q<x<~--q, 

V(x, q) = 7 -7 W(77, q) (52) 

where 

W(z, q) = E,[e-“Tsj (53) 

Since {eest W (“t> q)}, t < T,, is a martingale, the function w 

satisfies the differential equation 

3°F - 
+ GZ(X) - 

3x’ 
-SW= 0, q<Tc<1---_q (54) 
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subject to the boundary conditions 

w(q ,  q) = w ( i  - - q ,  q) = (543 

Recalling formula (49) and the results of Section 2 we gather that  

- h (~) + h (~ - -  ~) 
w ( = ,  q) = h(q) +/ ,  (I - -  q) (55) 

where the parameter of h (x) is now 

c = ½ + ½ Vi + 48a2/r ~ (56) 

Substituting the above expression for W in formula (52), we 
recognize that  we should choose q in order to maximize the quant i ty  

[ - - q  
( a - - q r )  [ ( ~ - ' :  )~ + ( ~ . z ~ ) ~ - ,  J (57) 

b) Variant 2: Possibly two cancellations 
If we have the option to cancel the second policy, we will cancel 

it according to the optimal rule that  was established in Section 3. 

Now the value of Tq, say V (~, q), is 

r - -  2a [ r - -  2a ] ~(=,q)- ~ + ~ + v ( ~ - - q .  #o) f~(=,q) (58) 

valid f o r q < ~  < I - - q .  
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HOW INSOLVENT ARE WE? 

P. D. JOHNSON 

Can archaeology help us ? 

As we grapple with the problems of conducting non-life insurance 
in a world of high inflation, we should perhaps pause for a moment  
to look for historical analogies for our present predicament. Let us, 
then, look back at a distressing period many years ago in the 
history of the Kingdom of Carmania. 

Inflation was by  no means new to the citizens of Carmania. 
Year after year, all prices and incomes had been rising at a s teady 
rate of 5% per annum. The economy functioned quite well, albeit 
in a rather uninteresting way, and the people were accustomed to 
the idea that  the purchasing power of the Carmanian dollar would 
fall by  roughly 5% every year. There were, however, some econo- 
mists who argued that  inflation was both undesirable and un- 
necessary, and prevailed upon the King to adopt some measures 
which, they assured him, would quickly reduce the rate of inflation 
to zero. The measures were adopted, and the following year the 
rate of inflation rose to lO%. 

At this point a rival group of economists explained that this 
unfortunate development was simply what should have been 
expected, and they set out an alternative policy which would 
undoubtedly  reverse the trend and bring inflation quickly under 
control. Convinced by  the weight of their arguments, the King 
introduced what became known as Phase 2 of the counter-inflation 
policy. By  the next year, the rate of inflation had risen to 20%. 

Hereupon a third group of economists, who had been travelling 
to many foreign lands, returned with news of how, in one of those 
countries, the rate of inflation had been brought down from no 
less than 8o% to Io% by  adopting policies whose wisdom was so 
obvious that  it required--and received--no explanation. With 
great 17elief, the King seized upon these new policies, called them 
Phase 3 and put  them into force. The rate of inflation rose to 3o%. 

By  this time, the King was beginning to wonder whether his 
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faith in economists was entirelv justified. After giving the mat ter  
careful thought, he decided to dismiss all his economists and adopt 
some new measures which were entirely his own. 

While all this was going on, the members of the Carmanian 
Insurance Association (CIA) were naturally experiencing some 
difficulties. The extent of these can be gauged from the historical 
records, discovered during recent excavations, for one company 
whose business consisted entirely of chariot insurance. 

During the long period of 5~/o inflation, the company's business 
showed a remarkable stability. Not only did the volume of business 
remain constant but the expenses and the pattern of claim pay- 
ments remained unchanged apart from the regular increase of 5% 
over the amounts for the previous year. Every claim payment  was 
made on 3Ist December and, expressed in terms of the purchasing 
power of a base year, the pattern of payments for each year's 
claims was as foUows, where year C is the year of claim : 

Year C C + t  C+2 C + 3  C + 4  C + 5  C + 6  

Payments at end of 3"ear 55 ° -'40 80 60 3 ° 20 2o 
Cumulative payments 55o 79o 87o 93 ° 96o 98o IOOO 

The actual payments made at the various durations, and the 
cumulative payments,  would be equal to the value of the inflation 
index for the end of,the year of claim, multiplied by the following 
a m o u n t s :  

Year C C + t  C-+-2 C4-3 C ÷ 4  C + 5  C + 6  

Payments at end o[ year 550 252 88 69 36 26 27 
Cumulative payments  550 802 890 959 995 xo2I lO48 

Expenses associated with the settlement of claims are included 
in the above payments.  Other expenses, amouting to 300, were 
all paid at the end of the year of claim. In addition, commission 
was paid at the rate of 157/0 of the premiums, which were all due 
on ISt January.  

Year o: the last year of tranquillity 

We shall begin our story in year o, the last of the long series of 
years with inflation at 5°,/o. The value of the inflation index at the 
end of year o was unity. 

All money was placed on short-term deposit and earned a rate 
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of interest of 5%, the same as the rate of inflation. The premiums 
of x456 charged on Ist  J anua ry  of year o, after deduction of com- 
mission amounting to 218, earned interest of 62 and were therefore 
just sufficient to meet the total claim and expense payments  of 
I3oo at the end of the year. At the start of the year the provision 
for outstanding claims was 876 and the free reserves amounted to 
I456, exactly ioo% of the premiums paid on Ist  January.  Of the 
total free reserves of I456, 5oo represented shareholders' capital. 
Interest at 5% on the provision for outstanding claims and on that  
part  of the free reserves which did not represent shareholders' 
capital was exactly sufficient to maintain their real value, and thus 
at the end of the year they stood at 92o and Ioo4 Tespectively. 
The shareholders received dividends at the rate of 5% and, for 
reasons which have not been discovered, were apparently quite 
content to receive a return no greater than that which they could 
have obtained by simply placing their money on deposit. At any 
rate, the company had no difficulty in finding people who were 
~411ing to subscribe further capital to replenish the .05 paid out 
in dividends. Thus the free reserves at the end of year  o stood at 
1529. 

The essential details of year o are set out in column I of Appen- 
dix I. 

Year z: the first cloud appears 

The introduction of the first counter-inflation policy naturally 
disturbed this happy state of affairs. Fortunately the company was 
not convinced that  inflation would disappear as a consequence of 
the new policy, and at the beginning of year I it duly charged 
premiums amounting to I529, j u s t  5% higher than those of the 
previous year. Another fortunate feature was that  interest con- 
t inued to be obtainable at the rate of 5% despite the official 
proclamations that  inflation was to be eliminated. 

Column 2 of Appendix I shows the main features of year x. 
During the year inflation was ~t the rate of lO%, and at the end 
of the year the premiums of I529, less commission of 229, had 
amounted with interest to I365, a sum insufficient to meet the 
expenses and claim payments  of I43o (lO% higher than the previous 
year 's figures of I3oo). Furthermore, the company decided to 
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assume that  inflation would continue at Io°,/o and fix its provision 
for outstanding claims accordingly. On the other hand, it found 
that  at the end of year I interest was available at the rate of Io%,  
and it assumed that  if inflation were to remain at that  level the 
interest rate would do likewise. I t  therefore assumed that  the effect 
of future inflation on the outstanding claims would continue to 
be exactly offset by the interest earned on the money held to pay 
those claims and it set up a provision for outstanding claims of 
IoI2, just Io% higher than the previous year's provision of 92o. 

Thus at the end of year I the free reserves, which had begun the 
year at I529, had been augmented bv interest of 76 but depleted 
bv i i I ,  representing the shortfall of 65 on the payments a n d  46 
on the provision for outstanding claims. The company decided tha t  
since it had suffered a trading loss it would make no distribution 
to shareholders. Thus the free reserves at the end of year I stood 

at I494. 

Year 2 : the sky  gets cloudier 

The rise in the rate of inflation in 5"ear I had occurred towards 
the end of the year, after the decision had been made to increase 
the premium rates bv the usual 5%- Thus the premiums charged 
on Ist January  of year 2 were I6o5. Premiums less commission 
amounted to I364, which together with interest of I36 gave xSOO, 
compared with I716 required for payment of expenses and claims 
at the end of the year after inflation at 2o%. The company decided 
to assume tha t  inflation would continue at 2O?/o, as would the rate 
of interest which had just then risen to zo% from the previous level 
of Io%. The provision for outstanding claims at the end of year 2 
was therefore ~2~4. 

The free reserves of I494 at the start  of year 2 were increased bv 
interest of I49 but decreased by 317 (the sffm of 216 and IoI).  
Again no dividends were paid to shareholders, and thus at the end 
of year 2 the free reserves stood at I326. 

Year 3: darkness looms 

The premiums to be charged at the start of year 3 had to be 
decided upon during 5"ear 2, and at the time this matter  was being 
considered the increase in the rate of inflation from Io% to ~-o% 
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had not yet  taken place. The company decided it would certainly 
need to increase its premiums by IO~o above the level which they 
apparently should have reached the previous year;  this gave a 
total increase of about I5~/o. The company would have liked to go 
fur ther- -not  because it was then expecting a further rise in the 
rate of inflation but in order to restore its free reserves to their 
previous level in real terms. Unfortunately,  however, the current 
counter-inflation policy decreed that  past losses could not be 
recouped and that  premiums could not be raised by more than I5~o. 
The premiums charged on Ist January  of year 3 therefore amounted 
to I846. 

Year 3 thus proceeded in a similar fashion to year 2. Premiums 
after deducting corhmission of 276 amounted to I57o. With interest 
of 314, the amount available at the end of the year  for expenses 
and claims was I884, compared with the required amount of 223I; 
a shortfall of 347. The provision for outstanding claims was fixed 
at I578, and the free reserves fell from I326 to II23, with again 
no dividend to shareholders. 

In year 3, the increase in the rate of inflation had again occurred 
near the end of the year, too late to be taken into account when 
fixing the premiums for year 4. In the event, they were raised by 
30% to 24oomroughly sufficient on the assumption of rates of 
interest and inflation of 2O~o but with no provision for recovery 
of past losses. 

Year 4: the meteorologists are consulted 

During year 4, the company decided to take stock of the situation. 
In three years its prospective solvency margin had fallen from 
IOO~o to 47~/o of premiums and no longer seemed so comfortably 
in excess ot the s ta tutory minimum level of 2o~/o. Whatever else 
might be done, it seemed that  there was a need for further capital 
to support the business, but unfortunately, the general economic 
state of the country and the fact that  the company had been making 
trading losses and declaring no dividends in the past three years 
did not make the prospect of raising further capital seem en- 
couraging. 

An argument developed regarding the likely future course of 
inflation. On the one hand there were those who had great faith 
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in the ability of the King and thought that  now that he had rid 
himself of the economists whose advice had had such unhappy  
results he would succeed in restoring the country quickly to its old 
state of uniform inflation at what  now seemed the extremely 
modest rate of 5O/o . On the other hand there were those who argued 
that  there was no reason to suppose that  the recent t rend would 
be reversed, and that  by  far the likeliest outcome was that  the rate 
of inflation would continue to increase year by year. Between these 
two factions there were some who thought that inflation might be 
stabilised at its current rate of 3o%. 

Accordi.ngly it was decided to perform calculations based on 
three different sets of assumptions regarding the future rates of 
inflation, as foUows: 

Y e a r  4 5 6 7 8 9 xo 

P e r c e n t a g e  r a t e  of  (i) 30 3 ° 3 ° 3o 3 ° 3o 3o 
i n f l a t i o n  in  y e a r  (2) 20 I o  5 5 5 5 5 

(3) 40 50 65 80 ioo 12o 15o 

I t  was assumed that in each case the rate of interest obtained in 
any year would be equal to the rate of inflation in the preceding year. 

First forecast: contin,ing cloudy 

If the outcome were to correspond to Assumption x, which was 
the basis on which the provision for outstanding claims had been 
made at the end of year 3, then an increase in premiums of about  
42% at the start  of year  5, followed by  subsequent increases of 
3o%, would result in a stable development similar to that  of the 
old days of 5% inflation, but  with free reserves equal to 35.5% of 
the following year 's premiums. The details are given in Appendix 2. 
I t  has been assumed that  each year the provision for outstanding 
claims would be arrived at on the same principles as in years I to 3, 
namely that  future inflation would be exactly matched b y  interest 
earnings. Since this outcome is implicit in Assumption I, the 
provisions arrived at in this way  are identical to the correct provi- 
sions, set out at the foot of Appendix 2. 

Second forecast: fine and sun~Lv 
The outcome corresponding to Assumption 2 is given in Appen- 

dix 3. The provision for outstanding claims, as shown in the pro- 
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jected accounts, is again based on the assumption that future 
inflation would be matched by interest earnings. The correct 
provision which would ultimately turn out to have been required 
is shown at the foot of Appendix 2. Thus the provision made in 
the accounts at the end of year 3 would prove to have been 2oo 
in excess of the amount required. If the premiums were increased 
by about 42~/o at the start of year 5 and then by about I2% at 
the start of year 6, followed by two years with no increase and subse- 
quent increases at 5%, the position would again stabilise, this time 
with free reserves restored to lOO% of the following year's premiums. 

Third forecasg: apr~s nous le ddluge 

On assumption 3, for which the figures are given in Appendix 4, 
the true provision for outstanding claims at the end of year 3 would 
have been x862, i.e. 284 greater than the provision actually made. 
This alone would reduce the prospective solvency margin to 839, 
or 35% of the premiums charged in year 4. Also, the premiums 
charged at the start of year 4, less commission, were equal to only 
2o4o compared with 2565 required to meet the cost of claims and 
expenses. This further deficiency of 525 would mean that the 
company was alreadyinsolvent; the true deficiency in the premiums 
would be even greater, since the rate of interest obtainable on the 
free reserves would be insufficient to maintain their real value, let 
alone maintain them at a constant percentage of premiums. Not 
only was the company already insolvent, but by the time the 
higher rate of inflation in year 4 was known, the premium rates 
for the start of year 5 would have been decided; if the increase 
were around 42%, those premiums would clearly be hopelessly 
inadequate. If, however, the company continued to assume, when 
determining the provision for outstanding claims at the end of 
year 4, that future inflation would be offset by future interest, 
the free reserves would stand at 831 and since this would be 24% 
of the following year's premiums the company would even then 
appear from its accounts to be solvent. 

The end of the Carmanian story 

Unfortunately, no records have yet been found showing what 
happened to inflation in Carmania in year 4 and later, nor what 

IO 
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happened to this particular company. While excavations continue, 
let us first note one or two significant features of the experience 
of our Carmanian company and then go on to consider its relevance 
to the problems we face to-day. 

Perhaps the most striking feature of the Carmanian situation is 
that, bad as things became, they could have been much worse: 

(a) The company entered the period of increasing inflation with a 
prospective solvency margin of xoo%, five times the s ta tu to ry  
minimum level in Carmania, and even higher in relation to the 
minimum levels which are commonly found to-day. If the 
solvency margin at the end of year o had been only 47% of the 
following year 's  premiums, then on the, assumptions made in 
preparing the accounts at the end of year 3 its free reserves 
would have been zero. 

(b) The company kept  the whole of its money in short- term 
deposits, and therefore did not suffer a fall in the capital value 
of its assets, either as a result of the rise in interest rates (as 
would have been the case if it had invested in, say, medium- 
term fixed-interest stocks) or as a result of a fall in market  
values of ordinary shares and property (as might easily have 
affected it if it had invested in assets of those kinds). 

(c) The company's  claims experience remained remarkably free 
from the year-to-year, fluctuations which the actuaries, well 
versed in the classical theory of risk, had said it must expect. 
The figures on which it had in part  to base its decisions were 
undistorted by  variations in the volume of business, the volume 
of claims, the types of claims, the rate of settlement or the 
effectiveness of the control of claims costs; nor were there 
apparent ly any inaccuracies in the records. Its difficulties 
arose solely from the increases in the rate of inflation, the 
failure of interest rates to keep up with those increases, and 
the general uncertaintv which developed regarding the future 
of those two items. 

The Carmanian company's  problems would clearly have been 
somewhat diminished if it had succeeded in predicting the sharp 
rise in the rate of inflation and had begun to raise its premiums b y  
more than 5% each year well before the rise in inflation b e g a n - -  
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although it might have had difficulties of another kind if the 
chariot insurance market  were a competitive one and the other 
companies were not equally percipient. An increase in the rate of 
inflation means that  a company whose premium rates have been 
just  adequate must at some stage increase its rates by more than 
the current rate of inflation if it is to avoid a reduction in its free 
r e s e r v e s .  

The failure of the Carmanian company to anticipate the rise in 
inflation led to a fall in its free reserves. Thanks to its strong 
reserve position at the end of year o, this fall could be accepted so 
long as it seemed likely to be a temporary feature. The real difficulty 
which confronted the company was that  of predicting the future 
course of inflation and of interest rates. The higher the latest rate 
of inflation became, the harder it seemed to be to forecast the future 
rates. As the rate of inflation increased, there seemed to be a 
tendency for interest rates to lag behind the current rate of inflation, 
but  whether that  was likely to be a permanent feature of increasing 
inflation was far from dear.  Likewise, if the rate of inflation were 
to fail, the rate of interest might exceed the current rate of inflation, 
but  whether this would really happen and, if so, to what extent, 
was a matter  for speculation. The range of uncertainty, expressed 
in monetary terms, was very large in relation to the premium 
income, and a wrong decision as to the level of premium rates to 
charge could quickly account for the whole of the s ta tu tory  mini- 
mum solvency margin. 

Back to I975 

In the pas t  few years, many countries have experienced a sharp 
rise in the rates of increase of prices and earnings, a rise analogous 
to, though perhaps differing in degree from, that  which occurred 
in Carmania in years  I to 3. In some countries the rise has been 
followed by a faU, while in others, so far, it has not. As we survey 
the world in 1975 it seems difficult to be convinced that the general 
economic uncertainties are less than they appeared to be in Car- 
mania. 

In the United Kingdom, for example, not only has the rate of 
inflation, measured by the increase in prices or in earnings, reached 

. . . . . . . . . .  7 . . . . . . . . . . . . . . . . . . . .  
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somewhere around 3o0.¢0, but  the rate of interest obtainable on 
short- term fixed interest investments has been as much as 15°,6 to 
2o°,/o less than this. \Vhilst it seems difficult to imagine that  condi- 
tions of high negative rates of interest in real terms can continue 
for long, they can create considerable clamage while they last. 
Insurance companies normally invest a proportion of their money 
in assets, such as ordinary shares and property,  carrying a variable 
rate of return. They  do so part ly in order to spread their investment  
risks and par t ly  in the hope that such assets will maintain or increase 
their real value in times of inflation. So indeed they may, in the 
long run; over a short period, however, they may suffer a sharp 
fall ill their market  value--as  they obiigingly demonstrated in 1974. 
Our ordinary shares and property may perform well enough to 
make us prosperous in I99o, but that  is small consolation if we have 
been declared insolvent in I975 . 

In place of the regularity displayed by the business of the Car- 
manian chariot insurance company, a modern motor insurance 
company has to contend with variations in the volume and. mix 
of its business, in the volume and nature of its claims, in its staffing 
levels, in the effectiveness of the control over claim costs, in its 
progress in settling claims, and in the number of inaccuracies in its 
records. All these will add to the uncertainty surrounding our 
at tempts to assess the present and predict the future. Fluctuat ions 
in the claims experience associated with what we may loosely 
describe as chance factors are superimposed on, and may reinforce, 
those due to inflation and the return on investments. 

Our assessment of the provisions we need for our outstanding 
claims and, still more important,  of the level of premiums we need 
to charge in the coming year requires us to take a view as to future 
inflation and link it with a careful interpretation of the figures 
derived from our recent experience. It  is scarcely surprising that  
the premium rates currently charged for motor insurance in the 
United Kingdom seem to reflect a wide range of optimism and 
pessimism. F o r ' a  typical portfolio of risks, the average premium 
of the cheapest company of significant size seems to be about  
two-thirds of that  of the dearest. In a competitive market there is 
a clear danger that  the more pessimistic companies will be reluctant  
to increase their rates to the flail extent  that  their fears would seem 
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to justify and that  this in turn will encourage the optimists to 
continue to charge low rates. 

The financial management  and supervision of insurance com- 
panies are in general made more complex by further factors. 
A company may transact several classes of life and non-life in- 
surance and may do so in many different countries and currencies. 
Although the consequence may well be a desirable spreading of 
risks, there will often be greater uncertainty because of the difficultv 
of obtaining reliable relevant information. 

The classes of non-life business differ in the delay in settlement 
of claims and in the degree to which they are exposed to the in- 
flation risk: The delay distribution of the Carmanian company, 

.expressed in terms of the purchasing power of the base year, 
happens to contain the same figures as the delay distribution 
derived from the motor insurance claims of one company in the 
United Kingdom, after observing the payments  over a number of 
successive years, adjusting for past inflation and smoothing the 
results. The definition of the delay interval was different in that  in 
the British company's  experience the payments  at "duration I"  
were those made during the calendar year in which the claims were 
notified. The distribution in the case of the Carmanian company 
is, however, sufficiently similar to the kind of distribution which 
could easily be found in a present-day company to make it a reason- 
able basis for illustration. A company transacting mainly third- 
par ty  motor insurance, or one with a large proportion of general 
liability business, would be expected to have a delay distribution 
with a much longer tail. 

The currency risk introduces a further uncertainty. Although 
assets may  be matched with technical liabilities according to 
currency, it is not practicable to eliminate the currency risk be- 
cause of the need to draw upon the free reserves to meet fluctua- 
tions. 

The position shown in the published accounts of a company may 
differ from what will turn out to be the real position, not only 
because a company will in general not succeed in predicting the 
future correctly, but  also because of accounting conventions and 
perhaps deliberate adjustment  of the figures in one direction or 
the other. Companies in the United Kingdom would, it is thought, 
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aim to take as their total provision for outstanding (including 
incurred but not reported) claims the total sum which those claims 
are estimated to cost, without discounting to allow for interest 
obtainable during the period before payment  is made. Caution of 
this kind is entirely reasonable, but whatever the conventions 
adopted in practice max" be, the underlying principles should be 
borne in mind. 

The lessol, of Carma,ti~ 

The effects of compounding at high rates, whether of inflation 
or of interest, .are so familiar to actuaries that  none of the arith- 
m6tical results derived from the Carmanian experience will be at 
all surprising. The main message which this paper sets out to convey 
is that  the uncertainties associated with high rates of inflation are 
in monetary terms uncomfortably large in relation to the generally 
accepted minimum margins of solvency. Fluctuations at tr ibutable 
to the element of chance in the occurrence of claims and in their 
size (before taking inflation into account) can largely be handled 
by well-established procedures of reinsurance, modified perhaps by 
the results of mathematical researches carried out by actuaries. 
Inflation, however, is fundamental ly an uninsurable risk. If in- 
flation reaches a very high level it soon becomes extremely difficult 
to find a satisfactory basis for taking business decisions. 3Iuch of 
the work which has been done in elucidating the principles on 
which insurance should be conducted ,,'ill be of limited value until 
we return to a stable economic environment. 

The dangers stemming from inflation serve to remind us that  
whatever the official definition of solvency may be, no insurance 
company in any country or at any time is in reality more than 
conditionally solvent. While we wait for the immediate future to 
reveal itself, we console ourselves with the though that  many 
hasurance companies appear to be strong enough to ensure their 
survival unless there is a general economic collapse, in which case 
insurance wiU not be our only problem. 
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APPENDIX I 

,4 ctual Experience of Carmanian Company up to 

15I  

End of Year 3 

Year 
o x 2 3 4 

5 z o  20 30 
5 5 xo 20 

Percentage rate of inflation in year 
Percentage rate of interest in year 
Percentage increase in premiums a t  start  of 

year 5 5 5 I5 
Premiums charged at start  of year 1456 I529 I6o5 I846 

Provision for outstanding claims at start  of 
year 876 "920 xox2 I2I 4 

Interest  on provision for outstanding claims 
at  start  44 46" 1ox 243 

Free reserves at s tar t  of year I456 x529 1494 1326 
Interest  on free reserves at  start  73 76 149 265 
Premiums less commission at  s tar t  of year 1238 I3OO I364 157o 
Interest  on (premiums less commission) 62 65 I36 3x4 

Claims and expenses paid at end of year I3oo 143o 1716 2231 
Provision for outstanding claims at  end ol 

year 920 xox2 x2x 4 I578 
Free reserves at end of year 1529 1494 I326 1123 

' ' O /  93 % 72 % 47 /o Prospective solvency margin at end of year ioo % 

3 o  

2400 

APPENDIX 2 

Projected Experience of Carmanian Company--Assumption r 

Year 
3 4 5 6 7 8 

Percentage rate of inflation 
in year 3 ° 30 30 30 30 3 ° 

Percentage rate of interest  
in year 2o 30 30 30 30 3 ° 

Percentage increase in pre- 
miums at s tar t  of year 15 30 42.2 3 ° 3 ° 30 

Premiums charged at  s tar t  
of year I846 2400 34 Iz 4436 5766 7496 

Provision for outstanding 
claims at start  of year  I214 I578 2o5I 2666 3466 4506 

Interest  on provision for 
outstanding claims a t  
start  243 473 6x5 800 io4o x352 
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Year 
3 4 5 6 7 8 

Free reserves at start  of year 1326 1 I23 1212 1576 2049 2664 
Interest  on free reserves at 

start  265 337 364 473 615 799 
Premiums less commission 

at start  of year I57O 2040 2900 3770 49Ol 6371 
Interest  on (premiums less 

commission) 314 612 870 1131 147 ° 1911 

Clainas and expenses paid at 
end of year 2231 2900 377 ° 49Ol 637I 8282 

Provision for outstanding 
claims at end of year 1578 205 t z666 3466 45o6 5858 

Free reserves at end of year 1 I., 3 1212 1576 2049 -'664 3463 

Prospective solvency margin 
at end of year 47 % 35.5 % 35.5 % 35.5% 35.5 % 35-5 % 

Correct provision for out- 
standing claims at end 1578 2051 2666 3466 4506 5858 

Correct free reserves at end 1123 I212 1576 2049 2664 3463 
Correct prospective solvency 

margin at end 47 % 35-5% 35.5% 35.5% 35.5 % 35 .5% 

APPENDIX 3 

Projected Experience of Carmanian Company--Assumption 2 

Year 
3 4 5 6 7 8 9 

Percentage rate of inflation 
in year 30 2o 

Percentage rate of interest 
in year zo 3 ° 

Percentage increase in pre- 
mium at start  of year i5 3 ° 

Premiums charged at start  
of year 1846 24oo 

Provision for outstanding 
claims at start  of year 1214 1578 

Interest  on provision for 
outstanding claims at 
start  -'43 473 

Free reserves at  start  of year 1326 1123 
Interest  on free reserves at 

start  265 337 

1o 5 5 5 5 

20 xo 5 5 5 

42.2 i2 o o 5 

3412 3820 382o 3820 4Oli  

1894 2o83 2188 2297 2412 

379 208 lO9 I i  5 121 
1592 2635 3482 3819 4OlO 

318 264 i75 I9 i  2oi 
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Year 
3 4 5 6 

153 

7 8 9 

Premiums less commission 
at start of year 157 ° 2040 29o0 

Interest on (premiums less 
commission) 314 612 580 

Claims and expenses paid a t  
end of year 223I 2677 2945 

Provision for outstanding 
claims at end of year 1578 1'894 2083 

Free reserves at end of year 1123 1592 2635 

Prospective solvency margin 
o, 69 o/ at end of year 47 o~,, 47 /o /o 

Correct provision for out- 
standing claims at end 1378 I696 I989 

Correct free reserves at end I323 I79o 2729 
Correct prospective solvency 

margin at end 55 % 5 2 %  7 1 %  

3247 3247 3247 3409 

325 162 162 I7O 

3092 3247 3409 3579 

2188 2297 2412 2533 
3482 3819 4OlO 4211 

91 o~ IO0 o/ IO0 o/ IO0 o/ ,' /o /o /o 

2188 2 2 9 7  2 4 1 2  2 5 3 3  

3482 3819 4oio 42II 

91 O~ IO0 ~0 IO0 ~0 IO0 ~ 

APPENDIX 4 

Projected Experience of C armanian C orapan y--A ssumption 3 

Year 
3 4 5 6 7 8 

30 4 ° 50 65 80 IOO 
20 30 4 ° 5 ° 65 80 

Percentage rate of inflation in year 
Percentage rate of interest in year 
Percentage increase in premiums at  

s tar t  of year 15 3 ° 
Premiums charged at  s tar t  of year I846 2400 

Provision for outstanding claims at 
s tar t  of year 1214 1578 

Interest  on provision for outstanding 
claims at  s tar t  243 473 

Free reserves at  start  of year I326 II23 
Interest  on free reserves at  start  265 337 
Premiums less commission at  start  of 

year 157 ° 2040 
Interest  on (premiums less commission) 3 x 4 6 z 2 

Claims and expenses paid at  end o( 
year 2231 3123 

Provision for outstanding claims at  
end of year 1578 2209 

Free reserves at  end of year  II23 83I 

4 2 . 2  

3 4 1 2  
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3 4 
Year  

5 6 7 8 

Prospective solvency .margin at end 
of year  47 ~/o 24 o~ ,'o 

Correct  provis ion for ou t s tand ing  
claims at  end I862 2633 

Correct  free reserves  a t  end 839 4.07 
Correct  p rospec t ive  so lvency margin 

at  end 35 o~, rz o~ 
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R~suM~ 
Un th6or~me de Borch carac t~r isant  les trait~s d '~change de r isques 

Pa re to -op t imaux  d ' u n  march~ de r~assurance eat ~tendu au cas d 'ut i l i t~s  
non diff~rentiables. Lea condi t ions  d ' ex i s tence  d ' une  solut ion aux  ~quat ions 
sont  ~tud,i~es. Nous mon t rons  ensuite  que  le march~ const i tue  en fai t  un 
jeu coo l~ra t i f  a m joueurs  a utili t6s non-tranf6rables .  Nous d~terminons 
un con t ra t  op t imal  de r~assurance,  d ' abo rd  en ca lcu lan t  la  va leur  au sens 
de Shapley du jeu, puis en in t roduisan t  un nouveau  concept  de valeur .  
Lea deux techniques  sont  illustr~es au moyen  d ' u n  exemple.  

SUMMARY 

A theorem of Bo tch  charac te r iz ing  Pa re to -op t ima l  t reat ies  in a re insurance 
marke t  is ex tended  to the  case of non-dif ferent iable  utilities. Suff icient  
condi t ions  for the  exis tence  of a solut ion to the  equa t ions  are  established.  
The  problem is then  shown to  be ident ical  to the  de t e rmina t ion  of the  va lue  
of a coopera t ive  non- t rans fe rab le  m-person game. We  show how to  c o m p u t e  
the  Shapley  value  of this game, then we in t roduce  a new va lue  concept .  An 
example  i l lustrates both  methods .  

§L I~TRODUCTm:q 

Consid~rons un march6 de m compagnies d'assurances C1 . . . . .  
Cm. D~signons par Sj le montant  dont dispose Ct pour r6gler les 
sinistres et par F1(xl) la fonction de r~partition du montant  total des 
sinistres pour l 'ensemble du portefeuiUe de Cj pour toute la p6riode 
consid~r6e. La situation de Cj peut ~tre caract~ris~e par le couple 
[Sj, ~j(~j)]. 

Nous supposons que chaque compagnie ~value sa situation au 
moyen d'une fonction d'utilit~ 

Udxj) = UjLS~, Fj(xj)]  = .~ ,,j(Sj - -  x~,) dFs(xj), 
I t  

oh uj(S t ~ xt) repr~sente l'utilit6 attach6e & un montant  mon6taire 
Sj ~ xj. 

Bien entendu, toute fonction d'util.it6 ne convient pas pour 
d6crire le comportement d 'un assureur. C'est pourquoi nous limitons 
la classe de ces fonctions en formulant les hypotheses suivantes: 
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I) ut(x ) est une fonction non-d~croissante de x (un gain ~lev6 est 
toujours prfif~r~ ~ un gain plus faible) ; 

2) uj(x) est une fonction concave (ou, ce qui revient au mime,  
chaque membre du march~ a une aversion au risque positive. Un 
assureur a en effet toujours peur du risque, c'est pour cela qu'il se 
r~assure. Si une compagnie avait une aversion au risque n~gative, ne 
fflt-ce qu'en un seul point, le probl~me serait trivial car elle serait 
dispos~e ~ distribuer ses r~serves pour reprendre les portefeuilles de 
ses partenaires) ; 

3) ul(x) est une fonction born~e sup~rieurement dans un inter- 
valle ouvert contenant 

I = [ - -~o,  F, 5j~ 
t - |  

(aucun trai ts  de r~assurance ne peut apporter une satisfaction 
infinie). 

Les diff~rents membres du march~ vont  chercher ~ augmenter 
leur utilit~ en eoncluant un trait~ d'~ehange de risques: 

= [yl(xL . . . . .  x ~ ) ,  . . . ,  y ~ , (x ,  . . . . .  x ~ ) ] ,  

off yl(xt  . . . . .  xm) est le montant que Cj doit payer si les sinistres 
pour les diff4rentes compagnies s'~l~vent respectivement ~ xl . . . . .  
xm. Comme tous le s  sinistres doivent ~tre indemnis6s, les yj (x t  . . . . .  
xm) doivent ~atisfaire ~. la condition d'admissibilit~ 

1-- !  j ' L  

le montant  total  des sinistres. 

Apr~s signature du trait6, l'utilit~ de Cj devient 

uj(.~) = 3" , , f s j -  yj (~) ]  d F ( ~ ) ,  
0 

ot~ x = (x, . . . . .  xm),  F(:~) est la fonction de r~partition li~e de g et 
0 l 'orthant positif de l'espace euclidien ~ m dimensions. 

Un trait~ .~' est dit pr6f6rable ~ ~ si 

UjL~' ) ~_ U~(?) v3, 
avec le signe d'in6galit~ strict pour au moins un j. 
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Un trait6 ,7 est Pare to-opt imal  s'il n 'en existe aucun qui lui soit 
preferable. En  d 'au t res  termes ~ est Pareto-opt imal  si et seulement si 

~(2') ~- u~(2) vj 
implique 

U/?')  = Uj( v) Vj. 

Un trait6 Pare to-opt imal  repr~sente un  6quilibre stable dans le 
march4. Un trait~ addi t ionnel  conclu dans cette s i tuat ion ne pour- 
rait  61ever l 'utfiit6 d 'une  compagnie sans faire d~croitre celle d 'au  
moins un partenaire.  

Borch ([I] a. [4]), puis Du Mouchel ( ~  ont  d4montr6 un th4or~me 
permet tan t  de caract6riser les trait~s Pare to-opt imaux au moyen  
d 'un  ensemble de m ~ I constantes.  Cependant,  ces auteurs  util isent 
certaines propri~t4s de d~rivabilit~ des fonctions d'utili t6 qui ne 
poss~dent aucune just i f icat ion ~conomique; c'est pourquoi nous 
allons g~n~raliser le th6or~me au cas d'util i t6s non-diff~rentiables. 

§2. CARACT~RISATION ET EXISTENCE DES TRAITES 

PARETO-OPTIMAUX 

TH~OR~ME I : Un trait6.9 est Pareto-optimal si et seulement si ii 

existe m constantes non-n~gatives k~, k~. ..... km telles que, avec une 

probabilit6 I, 
e÷ 

kj~,~ ÷ [ s j  - -  y j ( ~ / ]  = k1,,1 rs~ - -  y l ( ,~) ] ,  j = ~ . . . . .  , ,~  (2) 

u~* (x) d6signant la d6riv~e A droite de uj(x). 

L'6nonc6 a un sens car il est bien connu que toute fonction con- 
cave, born6e dans un intervalle ouvert ,  admet  une d~riv4e ~t droite 
(ainsi qu 'une d6riv4e ~ gauche) finies en tout  point. Ces d4riv6es sont 
monotones  non croissantes. 

Ddmonstration. Condition s,,ffisante: Soit un  trait6 ~'  = 9 + e, 
oil g = [el(X) . . . . .  em(.~)], oh au moins une des et(X ) est non nulle et 
supposons la relation (2) v6rifi6e pour ~. Nous allons mont rer  que 

est Pareto-optimal .  
Le cas oh certains k s sont nuls est trivial:  la compagnie C1 ne peut  

esp6rer am61iorer son utilit~ et son cas ne dolt  pas ~tre envisag6. 
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Nous pouvons  donc supposer  les k s positifs. Choisissons un indice j 
tel que e~(,e) soit non nulle. I1 vient  

Ut(~') - -  U~(y) = f {ul [S$ - -  y~(x) - -  e~(.e)] - - u ~  [S~ - -  y~(x)]} dF(x). 

Nous devons  dis t inguer  le cas off e~(,e) est positive de celui oh 
cet te  quant i t~ est n~gative. 

Supposons d ' abo rd  et(.~) positive. Par  d~finition de la d~riv#e ~'~ 
gauche 

u} - (x )  = lim , , ~  - -  e~( ,~)  ' 

il vient 

u~C2") - -  u~(y) = I { - -  ~j(x) .,,~- [s j  - -  yj(.,)] + %[~j(~), y j (~) ] }dF(~),  
6 

( 3 )  

o~ 

0fEej(x), yj(.e)] = , ,S [S j  - -  y j ( ~ )  - -  ej(x)] - -  , 9 [ S j  - -  yj (x) ]  + 
+ , j (~)~;-Esj  - -  yj(x)] .  

Nous altons mont re r  que Of[el(.~ ), UI(,~)] est une quantitfi  non- 
positive, c 'est-k-dire que 

. f S s  - -  y s ( ~ ) ]  - -  ~ , j [ S s  - -  y j ( x )  - -  e j ( . e ) ]  
>/, , , ; - :s s - y j ( ~ ) ] ,  e j ( . ~ )  

ou, ce qui revient au m~me, 

- I S j  - -  y j ( x ) ]  - -  ~ , j [ S j  - -  y j ( ~ )  - -  e j ( x ) ]  i >  
ej(~)  

• , j E S j  - -  y j ( ~ ) ]  - -  , , j E S j  - -  yj(.e) - -  ~ e ~ ( ~ ) ]  

O < ~ I  

OU 

u~[Ss  - -  y j (~) ]  - -  , , j [ S j - - y j ( x )  - -  ~ e ( x ) ]  ~< ~ { - i S ~ - -  yA.e)] - -  

- -  , , j [ s j  - -  y j ! ~ )  - -  ~ j ( ~ ) ] } .  

Cette in6galit~ r~sulte de la concavit~ de la fonction d'utilit6. 
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Par constquent 

Vj(y') -- UZ~ ) ~< -- ; ~(~1 u~ ([Sj -- yj(.~)] dEC,e ). 
o 

La concavit~ de uj(x) implique 6galement 

, , ; - [ s j  - -  yj(~)] >i , j 'ES j  - -  yA~)]. 

Done 

u j (p ' )  - -  y a p  ) ~< - -  f ,j(.~) , ,~ ' [s j  - -  yj(~)] dF(.~). 
o 

En utilisant (2) 

kl 
uz~ ' )  - u j ( : )  ~< - ~ d" ' j(~) , d ' [ s ,  - y,(~)] d r (v ) .  

La m6me in~galit6 peut se d6montrer dans le cas e$(#) < o, en 
employant directement des d6riv6es h droite. 

m 

Puisque X y~(x) = ~ y~(.e) = E xp il faut que ~ ej(x) = o. 
i - I  I - z  t - t  / - I  

II vient, en multipliant par k$ et en sommant  

P~ t 

S., ks [U j fp '  ) - -  U$(99)] ~< - -  k, j" ,u z +[St - -  y t (g ) ]  ~ el(g) dF( .e )  = o.  
I - t  0 $ - t  

Si p n'est pas Pareto-optimal, il doit exister un p' tel que chaque 
terrne du membre de gauche soit non-n6gatif, avec au moins un 
terme positif, ce qui est impossible. Done y est Pareto-optimal. 

Condition ndcessaire: Supposons par exemple qu'il n'existe pas de 
kt et k2 telles que la relation (2) soit v6rifi6e pour un trait6 ~. Nous 
allons construire un traits  ~' meilleur que :~. 

I ,d*ES, - -  y,(~)] , , ; 'ES, - -  y,(;~)] dF(~) 
Posons s'abord k : o 

(S,i. ~' +r~ '  

o 

et 

',(.~) = , 4  " I S :  - -  >, . (x)]  - -  k.,~ ÷ [ s ,  - -  y ,  C~)]. 
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Alors  

I ,,(x) u~ '÷[&-y~(x)]dF(~) = f { , , ~ [ s o - - y , ( ~ ) ] - - k ~ ; ~ [ S ~ - - y d ~ ) ]  • 
0 0 

ul +IS, - -  y,(~)] dF(.¢) 

= f , , ~ ' [ s o  - -  y o . ( ~ ) ] , d  I S ,  - -  y , ( . ~ ) ]  d F ( . ~ )  
0 

- -  k f { , , ]  IS ,  - -  yz(~) ]}a  dF(~) 
0 

= o.  (4) 

,~(~) es t  done  la par t i e  de  u'~ ~ [S~ - -  y~ (~)] o r thogona l e  ~t u~ ÷ [$1 - -  y~ (.~)]. 

C o m m e  (2) n ' es t  pas  v & i f i &  pou r  j = 2 et  pour  t o u t e s  kl, k2, 

I . ' (~ )  dF(~ )  > o. 
0 

Posons 

I :(~) aF(x) 
0 

= ½ I , ,~. ' [s~ - -  y,(~)] dF(x) > o. 
0 

D6finissons  le n o u v e a u  t ra i t6  i~' = 2 + ~, o~ 

e , ( ~ )  = [ , , ( x )  - -  ~] ~; (~. ~ o)  

e~.(~) = - -  e , (x)  ; 

ej(~) = o (j  > 2). 

E n  e m p l o y a n t  une  t e c h n i q u e  s imilaire/~ (3), 

U~(Y') - -  U~(2) = I { - -  e,(x)u'  *[S, - -y , (x) ]  + O,[e,(.~), y~(~)]} dF(.~) 
0 

t + 

= , { I - - [ , , ( e l - - ~ ]  ,,, I s , - - y , ( ~ l ] d F ( ~ ) +  (~/,1 

.f O~'[et(~.), y , (e l ]  dF(~¢)} 
0 

= z { S I ul +[S, --y,( .~)]  dF(e) + (I/z) 
0 

I o~-[e, (.el, y,(e)] dF(.~)} 
0 
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en uti l isant (4). E tud ions  le comportement  du dernier terme du 
second membre au vois inage  de r = o. 

(~I¢)O; Ee~(~), y~ (~ ) ]  = ( m )  { ~ , i s ,  - -  y~(~)  - -  e~(.~)] - - . / [ s t  - -  y~(~) ]  + 
J 4-  

+ e , ( 2 )  u~ I S ,  - -  y , ( 2 ) ]  

= (~I¢) { ~ , , [ S , - -  y, (2)-- ( ~ ( ~ ) - -  ~) ¢ ] - - , , , [ s , - -  yt (~)]  
p 

+ ( , , (~)  - -  a) ¢, , ,  + i s ,  - -  y , C ~ ) ] }  

~ . , [ s ,  - -  y ,  Cx) - -  (~ (x)  - -  ~) , ]  - -  ~,,[s,  - -  y,(~)] 
m [~ ~ )  ~] 

- -  (~(~) - -  ~) ,  

I1 nous faut & nouveau distinguer deux cas suivant le signe de 
[~(~) - -  ~] ~. 

Si cette quantit~ est positive, le terme 

- -  ( , , (~)  - -  ~ ) ,  

I - 

tend vers ut [St -- Yt(2)] lorsque ¢ ~ o. Posons 
• I÷ 

u ~ - E S ,  - -  y , ( x ) ]  - - u ~  [S~ - -  y~ (x ) ]  = p~ > o. 

L'expression entre accolades tend vers ~t. Cette convergence est 
monotone puisque les d~riv~es sont des fonctions monotones de 
yt(2). Donc 

lira (I/¢) J" 0~" Ce~(~), yt(~)]'dF(~) = [ lim (I/t) O~'[e(:Zt), yt(~)] dF(~) 
¢ --.-.0 0 O l---.~,O 

0 

u,f:') - -  u(:) = ¢{~ j' , , ; . + [ s , -  y,(~)]  d~(~) + p,}. 
o 

s +  

Comme ~ > o  et f u  1 [S 1 -  yt(x)] dF(x) > o ,  Ut(..p' ) - U t ( 2 )  
o 

est positive pour ¢ suffisamment petit. 

Lorsque [ v ( ~ ) -  ~] ¢ est n~gative, l'expression entre accolades 
tend vers z~ro, ce qui ne change rien ~ la conclusion. 

I z  
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De mani~re similaire nous avons pour Cs: 

U ~ ' )  - -  U~(2) = f {--e,(~),t~. * [ S 2 -  y2(g)] + 0~'[e2(x), y~(x)]} dF(.Z) 
0 

- - -  , ~ . ~ - -  y~(.~)] d~(~) + 
0 

+ (m) I o;[e2(.~), y2(~)] dF(.~)} 
0 

= ,  ,/y ,,(~) {k, , ;  " Cs, - -  y,(.~)] + ,,(~) } dF( .~ )  - -  
0 

# ÷ 

- -  ~ I ,-. [s,  - -  y~(~)] d F ( ~ )  
0 

+ (I/¢) 50o:[e~(.Z), y,(~)] dr(x)}  
• 0 

' I  ',~(.~) d~(~)  ~ I ;,,.:*FSo y.(~}] dF(.~) 
0 0 

+ (:/:) j" o:[~:(~), y,(.~)] dr(K)} 
0 

= :{½ I "'(2)dF(:~) + (I]¢) J" 0;[e,(2), y~(~)] dF(:~)} 
en utilisant (4). 

La derni~re int~grale peut ~ nouveau ~tre remplac~e, soit par z~ro, 
soit par 

t - r  

,,~° - -  ,,,. Ls~. - -  y;(~)] - - ,L 'Zso .  - -  y~(.~)] > o. 

I1 en r~sulte que U2(y)  ~ U~.('~) > o pour ¢ suffisamment petit. 

Puisque 

uj(.~') > uj(y) 
uj(:') = Uj(:) 

n'est pass Pareto-optimal. 

p o u r  j ~ I ,  2 

pour tout j > 2 

Remarquons que la condition suffisante est vraie que nous 
prenions des d~riv~es ~ gauche ou ~ droite. L'obligation d'ernployer 
des d6riv~es ~ droite dans la condition n6cessaire r~sulte de la 
concavit~ des uj(x). 

Si le th6or~me pr~c6dent permet de caract~riser les trait6s 
Pareto-optimaux,  il n'assure pas l'existence d'une solution aux 
Equations (2). Les th~or~mes et le contre-exemple suivants appor- 
tent une r~ponse ~ cette question. 
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THI~OR~ME 2. (Du Mouchel) Si les fonctions d'utilit6 sont d6ri- 

vables en tout point d 'un inter~'alle contenant I = (oo, ~ S ] ] e t  

si les kj peuvent  atre choisis tels que les domaines des fonctions 
uj(x), kj ont une intersection non-vide, il existe une solution Pareto- 
optimale. 

TH£ORI~ME 3. Pour un ensemble de constantes k~ fix6, satis- 
faisant aux hypotheses du th6or~me 2, il existe un et un seul trait6 
Pareto-optimah 

Ddmonstra~ioni L'existence d'un trait6 ~tant assur~e par le 
th6or6me 2, il suffit de d6montrer l'unicit6. 

Les relations (2) d6finissent implicitement les yt(~) en fonction de 
yt(2), pour z fix6. Soient 

y j ( ~ )  = - : j ( y , ( ~ ) )  j = 2 . . . . .  

ces fonctions. Comme les uS(x) sont des fonctions continues non- 
d6croissantes des yj(g), les yj(yz(g)) sont des fonctions uniformes, 
continues et non-d6croissantes. La condition d'admissibilit6 

yjCe)  = X .~ = z 
1=1 / - - t  

devient 

y,(*) + x zJ(y,(.~)) = z. 
I = t  

Le premier membre est une fonction continue croissante de 
yt(~). Done pour tout  z il existe un et un seul traits yt($) Pareto- 
optimal. Un m~me argument peut  ~tre r6p6t6 pour les autres 
compagnies. 

TH~OR~ME 4. Pour un ensemble de constantes kj fix6, il existe au 
plus un trait~ Pareto-optimal. 

La d6monstration s'appuie sur un raisonnement analogue A celui 
du th6or~me 3, utilisant des d6riv~es ~ droite. La non-continuit6 
des u~(~) en les points oh les fonctions d'utilit~ ne sont pas d~rivables 
implique qu'il peut ne pas y avoir de solution admissible aux 
6quations (2), comme le confirme le contre-exemple suivant. 
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Soient 

Alors 

re(x) = I - -  e (x-s ' )  

la(x  - -  So_) 

\ 

!b(x - -  S~) 

u~ ~ I S , -  y~.(~)] = ib 

La re lat ion (2) d e v i c n t  

x < S 2 .  

x ~> So.. 

y..(~) > o 

yo.(~) ~< o. 

t kea = kte y'(~) yo(g) > o 

I k~b = kte  v'(£) y~(2) ~ o 

t Log ho. + Log a = Log kt + yt(g) 

tLog ko. + Log b = Log kt + yt(.z) 

• yt(e) = Log a + Log k2 ~ Log k~ = A 

tyt(g) = Log b + Log k 2 - -  Log kt = B 

a > b  > o  

yo.(.~) > o 

yo.(~) <~ o 

y..(g) > o 

yo.(e) ~< o 

avec A > B. 

Or y ~ ( ~ ) =  z -  yt(~). Donc y~(~) > o implique yt(~) < z et 
y~(~) ~ o --~ yt (~) >/z .  Donc 

l 
y,(~) = A yt(~) < z 

yl(g) B y,(£) >i z. 

Alors z > y1(£) = A > B = yt(£) >1 z ce qui est une contradict ion.  

TmloR~zm 5. Si les fonctions d 'uti l i t6 sont s t r ic tement  concaves 
et si les y1(£) sont diff6rentiables, un trait~ Pareto-opt imal  ne 
d~pend des mon tan t s  des sinistres x I que par l ' interm~diaire de leur 

somme z = Z ~j. 
J - t  
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Cette propri6t6 constitue une g6n6ralisation d 'un th6or~me de 
Botch ([3]). La d6monstration enes t  semblable, tL condition d'utfliser 

t +  
les d6riv6es secondes k droite (u} +) "÷ (z), qui existent car les u~ (z) 
sont des fonctions monotones. Le th6or~me signifie que le montant  
pay6 par C1 ne d6pend que de la somme des sinistres A r6gler sur 
l'ensemble du march6. Sous les conditions de l'6nonc6, tout trait6 
Pareto-optimal revient ~ former un pool de toutes les compagnies 
et d6cider d 'une r~gle pour la r6partition des charges: les assureurs 
ont donc toujours int6r~t ~ coop6rer. 

§3. LE~IARCHE DE R~ASS~RA~'CE E~ TANT QUE JEU A UTILITES 
• • NON-TRANSFERABLES 

Nous allons dor~navant supposer qu'il existe un trmit~ Pareto- 
optimal, fourni par les equations (z) et (2). Ce trait6 est unique 
lorsque les constantes kj sont d6termin6es (th6or~me 3). Cependant, 
il existera en g~n~ral tout un domaine de kj fournissant une solution 
admissible. Les kj ne sont d6termin~es qu'~ un facteur pros: (2) n'est 
pas modifi6e lorsque les kj sont multipli6es par une constante. Nous 
pouvons donc arbitrairement restreindre le dom~ine des kj, par 

exemple en posant kl = z ou ~ kj = ~. 

Dans l'espace euclidien A m dimensions forms par les utilit~s des 
compagnies, l'ensemble des kj admissibles forme une surface ~ m -- z 
dimensions, appel~e surface Pareto-optimale. Ses ~quations para- 
m6triques (en les param~tres k, ..... kin) sont 

= j ' - I s j  - -  / = . . . . .  
9 

o~ les yl(~) satisfont aux relations (2). 

Une compagnie n'acceptera de faire partie du pool que si cela 
entraine pour elle une am61ioration de sa situation, c'est-~-dire une 
augmentation de son utilit6. La surface Pareto-optimale est donc 
limit4e par les ~ hyperplans d'6quations 

L'espace d61imit~ par la sudace Pareto-optimale et les m~ hyper- 
plans est appeM l'espace du jeu ~. 
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Toutes ces consid6rations sugg~rent en effet une analogie avec la 
th6orie coop6rative des jeux. Nous allons montrer que le probl~me 
tel que nous l 'avons formul6 constitue en fair un jeu ~t m joueurs k 
utilit6s non-transf6rables. 

Ddfinition: Un jeu ~ utilit6s non-transf6rables est d6fini par un 
triplet [M, v(S), HI, oil 

I) M est un ensemble fini d'616ments (les joueurs) ; 
2) v(S) est une fonction (appel6e fonction caract6ristique) d6finie 

sur tous les sous-ensembles non-vides S de M, envoyant  chaque S 
(les coalitions) sur un sous-ensemble v(S) de l'espace euclidien b. 
I S'I dimensions, tel que 

a) v(S) est non-vide; 
b) v(S) est convexe; 
c) v(S) est ferm6e; 
d) v(S) est suradditive: V St, $2 c M, 

n-  S~ n s~ = ¢, v(Sl u S~) = v(Sl) x v(S2); 
3) H est ,,l 'ensemble des r6sultats r6eUement accessibles". Plus 

pr6cis6ment : 

v(M) = { x , E  lazt I B y c H : D . y ~ x } .  

Soient I) M l 'ensemble de m compagnies; 
2) v(S) l 'espace d61imit6 par la projection de la surface 

Pareto-optimale dans l'espace euclidien h I S I d i m e n -  
sions ; 

3) H = ~ .  

TI-II~OR~ME 5" Le march6 de r6assurance est un jeu h utilit6s non- 
transf6rables [3I, v(S), 4]. 

Ddmonstration: I1 suffit de montrer que v(S) v6rifie les propri6t6s 
a) ~ d). 
a) v(S) est non-vide: elm comporte certainement le point initial 

yj(x) = x~. v j  

b) v(S) est convexe: soient W ' s e t  ~v"s deux trait6s admissibles pour 
une coalition S. Nous avons donc 

x y ~ ( . )  = x y;,s(~) = z *5. 
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Le trait~ 2 s = ~y 's  + (z - -  ~) 2 ''s est ~galement admissible car 

= usr y "s + ( z -  
= ~UJ(Y 's) "b ( I - - ~ ) U 1 ~  ''s) en vertu de la pro- 

pri~t~ de lin~arit~ des 
fonctions d'utilit~ 

_~ ~Uj(xj) + ( z -  ~) Uj(xj) 

= ujc~j). 

Le jeu est dit ,,A util.it~s non-transf~rables" par opposition aux 
jeux k utilit~s transf~rables, pour lesquels les paiements lat~raux 
entre joueurs sont autoris~s et n'ont pas d'effet sur la somme des 
utilit~s de tous les  joueurs. Ceci implique que les ,~t(xl sont de la 
forme alx ~ b t, et que la surface Pareto-optimale est un plan 
d'~quation 

U1 = constante. 
I - 1  

Le ieu est dit inessentiel lorsque ~ se r~duit h u n  point, ~. savoir le 
trait~ yl(~) = x~ pour tout ]. De tels jeux sont int~ressants car les 
joueurs ne peuvent retirer aucun benefice de leur cooperation, ils 
correspondent ~ des cas de d~g~n~rescence: les variances de certains 
portefeuflles sont nulles par exemple. Pour ~viter d'inutiles prO- 
cautions de langage, nous supposerons dor~navant le jeu essentiel. 

La figure suivante repr~sente un espace de jeu possible pour un 
march~ de deux compagnies. 

UI  Ul(xl)" 

surface Pareto-optirnale 
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La solution Pareto-optimale n'est pas unique car nous avons 
choisi une d~finition d'optimalit~ assez faible. II lui manque en 
effet certains axiomes de partage, pr~cisant comment les joueurs 
vont r~partir le b~n~fice de leur cooperation. Chaque compagnie a 
int~r~t ~ obtenir une constante k I aussi grande que possible (com- 
patible avec les conditions d'admissibilit~) de mani~re ~ payer  le 
moins possible. Le choix des k t d~pend donc d 'un marchandage 
suppl~mentaire, pendant lequel les int~rets des joueurs seront 
contradictoires. En termes de th~orie des jeux, nous devons d~ter- 
miner la valeur du jeu. 

§4. VALEUR AU SENS DE SHAPLEY 

premier concept de valeur satisfaisant rut pr~sent~ par Shapley 
([9]) en I953 dans le cad~'e des jeux tL utilit4s transf~rables. 

Ddfinition: Le jeu ~ utilit~s transf~rables associ~ au march~ [M, 
v(S), 4] est d4fini par le couple [M, v(S)], oh 

z) M est l'ensemble des joueurs; 
2) v(S) est une fonction d'ensemble, appel~e fonction carac- 

t~ristique, associant ~ toute coalition S c M l 'hyperplan d'~quation 

\ 

[ 

¢* 

U~ 
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x u j  = ~(s), 
ira 

o5 
~(S) = . r e x  X Us; Us = { U j  l j ~ S}. 

La figure de la page pr~c6dente repr6sente le jeu ~ utilit6s 
transf~rables associ6 & une march~ de deux compagnies. 

G6om&riquement, ~(S) est l 'hyperplan tangent k v(5) dont tous 
les cosinus directeurs valent I. Le point de tangence A ne falt pas 
n~cessalrement pattie de l'espace du jeu 4; il peut conf6rer ~ un des 
joueurs une utilit6 inf6rieure & sa valeur initiale. 

Remarquons que A n'est pas n&essalrement unique: l'intersec- 
tion de v(5) et v(5) pourrait .&re un segment de droite ou un morceau 
convexe d'hyperplan. 

Une imputat ion - -  c'est-&-dire un partage du gain global - -  est 
un point ~ = (~1 . . . . .  ~,n) tel que 

i j  >t vj(zj) v/  

,/,~ = ~(M).  
/ - 1  

Shapley est parvenu ~ d~finir un concept de valeur en isolant une 
imputation & partir de trois axiomes. 

Soit Gm l'ensemble de toutes les fonctions ~(S). 

Ddfinition: On appelle fonction de valeur ~, la fonction d6finie sur 
G~ qui associe & toute v(S) ¢ G,,~, une imputation 

~(~) = [¢~(~) . . . . .  ~ (~) ] ,  

satisfaisant aux trois conditions suivantes: 

I) Deux joueurs symdtriques refoivent le mdme montant; 
Po,~r goute permutation rc de l'ensemble des joueurs, et pour 
toute v(S) tdle que ~[~(5)] = ~(5) pour goute 5 G M, 

2) Un joueur inessentiel pour route coalition ne bdndficie pas de la 
coopdration ; 

S'iZ exisu , ,n j ~ M tel que ; (S)  = ~(S - -  {j}) + '~({j}) pour 
tout 5 C_ M incluant j, 

~,j(~) = ~({ j}) .  
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3) La fonction dc valeur est lindaim. 
Pour toutes v(S), w(S) ~. G~., pour tous a, b 

TH~OR/~tE 6. I1 existe une et une seule fonction de valeur 

(s - -  I )!  ( , .  - -  s)! 
< h ( ~ )  = x EvCS) - -  ~,( ,s - -  { j } ) ]  • 

s CM m!  

s = I S l  

La vaieur au sens de Shapley peut Qtre interprQt6e de la maniQre 
suivante" les joueurs entrent  un par un dans la coalition, clans un 
ordre al6atoire. Chacun reqoit la totalit~ de ce qu'il apporte k la 
sous-coalition form& avant  lui. T o u s l e s  ordres d'entr4e sont 
envisag6s, et r&um6 par une moyenne arithm4tique. 

Le module attribue donc ~ chacun l'esp6rance math6matique de sa 
valeur d'admission, lorsque toutes les permutations de joueurs sont 
6quiprobables. Dans le cas d'un jeu ~ deux joueurs, la valeur au 
sens de Shapley $(5) est le milieu du segment de droite 5({1, 2}) 
limit6 par les utilit6s initiales: elle accorde le marne gain d'utilit~ 
aux deux joueurs. 

u: 

~×~ 

O',(x;) 

Alors se pose le probl~me important de g4n~raliser ce concept de 
solution aux jeux ~ utilit6s non-transffrables. 

Le point $(~) peut-il constituer une solution acceptable pour le 
march~ de r6assurance ? Evidemment  non car il se trouve en g~n6ral 
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en dehors de l'espace du jeu ~ et ne peut donc 6tre atteint par un 
trait4. Ce n'est que dans le cas particulier oh 4(~) coinciderait avec 
le point (ou un des points) de tangence ,4 qu'il pourrait ~tre une 
solution valable (k condition que A fasse partie de ~). 

Or, les fonctions d'utilit4 des joueurs ne song d4finies qu ' i  une 
transformation lin4aire pres. Nous pouvons donc multiplier ces 
fonctions par des constantes arbitraires non-n6gatives k s. Cette 
op6ration a pour effet de modifier ~, v(S), et par cons6quent A et 
~(~). 

Shapley ([zo]) a montr~ qu'il existe (au moins) une ensemble de 
,,poids" k a tel que la valeur transform~e fasse partie du nouvel 
espace du jeu. La d~monstration peut atre ais6ment adapt~e au 
mod61e de r6assurance, et fournit dans ce cas un r~sultat comiSl~- 
mentaire int~ressant: les poids kt ne song rien d'autre que les con- 
stanges apparaissang dans l'expression fondamentale (2). Ce r~sultat 
nous permet de donner une interpretation ~conomique aux k a. 

Celles-ci repr~sentent les forces relatives des joueurs. 
,u~ + I S  a ~ yt(~)] est la pente de l'utilit~ de C a apr~s r6glement des 

sinistres. (2), qui peut s'~crire 

- -  v i ,  j 

exprime que ces pentes sont commensurables au moyen de ,,taux 
de change d'~quilibre" k|/k a. Infinit~simalement, le march~ peut atre 
consid~r~ comme un jeu ~t utilit~s transf~rables oh les compagnies 
utilisent des ,,monnaies" cUff~rentes. La solution ne change pas si 
localement C, et Ca s'~changent de 1'argent au taux k,/kj, Cj devant 
donner ki unit~s pour en recevoir k a. L'analogie avec les ~quilibres 
mon~taires peut encore atre pouss~e plus loin: si C~ veut ~changer un 
montant  important avec C,, il exerce une , ,demande" sur les r~serves 
de son partenaire, ce qui a pour effet de d~placer le point d'~quilibre 
en faisant monter le taux de change: k, augmente et k~ diminue. 

Exemple 

Consid~rons le cas oh Ia fonction d'utilit~ de chaque compagnie est 
quadratique 

,,jCx) = x - -  aax'. v j  
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Borch a montr6 
trait6s en quote-part de taux 

I/kj aj 

q J -  X z/k=a,' 

off les W doivent satisfaire aux in6galit6s 

qj~_o v j  

~ q j =  I 

4<. 

E C H A N G E  DE R I S Q U E 5  

que les contrats Pareto-optimaux sont des 

)I' i,.x ~ - R ,  +~v,,., 
en d6signant par P1 la prime pure, par Vj la variance de la distri- 
bution des risques de Cj et par R 1 la r6serve S j -  Pj. 

Consid6rons trois compagnies C~, C,, C3, 
valent 

Ri = I R~ = 4 

Pl = I P ,  = 2 

V, = 55 V= = 20 

a t  -~- O , 0 I  ~z = 0,0 5 

Les utilit6s initiales valent 

Donc 

dont les param~tres 

i 
Uj(x~) 4aj 

U~(x,) = 0,44 
U=(x,) = 2,2 

U,(x,) = 2,2.  

Ces utilit6s correspondent ~ des quote-parts extr6males pour C1: 

qpa~ = o,8o225z 

q~n = o,757719" 

R 3 = 4  
P3----2 
V3 ---- 20 
a8  = 0,05. 

Rt) = + Vj]. 

)' 
- -  R j  + Vj 
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Posons pour simplifier 

Y ~ =  - - R ~  -4-- Vj; 

Y =  - R ,  + v,. 
| 1 i - l t  

L'utilit6 apr~s r6assurance vaut  

I 

u j ~ )  4as 

En ~liminant les param~tres q~, q~, qs, nous obtenons l'~quation de 
la surface. Pareto-optimale 

a j g  - -  I = o, 
I - 1  

ce qui devient dans notre cas 

f ~ -  u ,  + C~ - -  u , / s  + Vl - u3/5 = /3s,i6. 

La valeur au sens de Shapley transf6rable (c'est-~-dire sans 
introduire de poids k t pour le moment) s 'obtient en r~solvant le 
syst~me de 2 6quations 

u ,  + u ,  + u3 = v({~, 2, 3}) (6) 

V25 - -  u, + V~ - -  u,15 + V i - -  u315 = ~3s,i6 (7) 

en les quatre inconnues Ui, U~, U3 et v{(i, 2, 3)}, en exprimant que 
le plan (6) est tangent ~. la surface (7). Ces calculs donnent 

U1 = @1(v) = z,583z75 
U~ = ¢,(~) = 3,o7984x 
U3 = ¢8(v) = 3,o7984z 
~({I, 2, 3}) = 7,743957. 

En rempla~ant dans (5), on obtient 

q~ = 0,783357 
q~ : o , zoo3z8  

qs = o ,zoo3zS.  
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valeurs non-admissibles car leur somme est inf6rieure ~ I. Ce point  
se trouve au-dessus de la surface Pareto-optimale. 

Multiplions donc les paiements de Ct par k~, ceux de Cs par k~. et 
ceux de C3 par kn. Notons Ce(~) et ~k({I, 2, 3}) les transform6s de 
6(~) et ~({I, z, 3}) par cette op6ration. Nous savons que nous pou- 
vons imposer une relation arbitraire aux kj. Nous supposons donc 
que leur somme est 6gale ~ m. 

Ceci nous donne trois 6quations 

, + + = 2 ,  3 } )  

k l +  k s + k s = 3  

pour 7 inconnues ~(~) ,  ~#(~), ~(~) ,  kl, k2, k~, ~ ({ I ,  2, 3}). 

En exprimant  que 
la surface Pareto-optimale dolt ~tre tangente A l 'hyperplan de 
transf6rabilit6, 
la valeur dolt se trouver sur la surface, 

et en 61iminant les inconnues, nous obtenons apr~s de longs calculs' 
une 6quation du 4 ~ degr6 en kt. Ce polyn6me poss~de trois racines 
n6gatives et une seule racine positive 

kt = o,7763I 3 
k~ = i , i i i 6 8 4  
ka = I , I I I684  
~ (v )  = 1,i69o78 
~#(~)  = 3,099199 
~(~)  = 3,o99199 
F~({ i, 2, 3}) = 7,367477. 

En divisant ces valeurs par kt, ks, k3 et en rempla9ant darts (5), 
fl vient 

q t = o , 7 8 4 6 4 8  
q~=o,Io7676 
qa=o,Io7676 

U1(2) = 1,5o5937 
Us(r) = 2,787842 
U3(:~) = 2,787842 
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Comme on pouvait s 'y attendre,  Cx, ayant  le moins peur du risque, 
va prendre ~ sa charge une quote-part importante des sinistres. En 
contrepartie, elle va 6videmment exiger une compensation mon6- 
taire. On peut montrer  que ceUe-ci dolt ~tre 6gale tt 

= q , , !  

I1 vient 

y~(o) = y,(o) = 2,029856. 

Doric Ct va percevoir au total 

- -  y~(o) = y2(o) + y3(o) = 4,059712. 

§5. UN NOUVEAU CONCEPT DE VALEUR 

Le § pr6c6dent nous a permis d'isoler un trait6 de la surface 
Pareto-optimale. Un certain nombre de critiques peuvent cependant 
~tre formul6es A l'6gard du concept de valeur de Shapley (voir [7]). 
Le d~faut le plus grave du module est que l 'axiome 3 de lin6arit6 
n'est certainement pas v~rifi6 car les compagnies 6valuent leur 
situation au moyen de fonctions d'utilit6, par d~finition non-ad- 
ditives: l'utiht~ r6sultant de la signature de deux trait6s n'est pas 
6gale A la somme des utilit6s partieUes. C'est pourquoi nous avons 
d6fini (dans [6]) un nouveau concept de solution, has6 directement 
sur les jeux ~. utilit6s non-transf6rables, en g6ri6ralisant un module 
de marchandage de Nash ([8]). 

Les axiomes permet tant  d'isoler un traits sont les suivants. 

Z) La sol~tion n'est l~as affectde par une transformation lindaire ef- 
fectude sur les utilit~s. 

2) La solution est fonction de tous les so,~s-traitds relatifs aux 
coalitions d'effectifs infdrie,trs a m; chaque so,ts-traitd satisfait 
a,tx relations (I) et (2). 

3) To,~t jeu symdtriq,~e a une soMtion sym~triq,Je. 
4) La solution ne change pas si nous retirons de l'esl~ace d,t jeu to,~t 

point a,tlre q,te le paiement initial el la sol,~tion elle-~rdme. 
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Pour simplifier les notations, posons 

K = {kt . . . . .  k,, [les kj sont li6es par une relation} 

yj(s)  = yj{x~ I i ,  s}) j ~ s 

v j (s )  = uj lye(s)] 

Uj(S) est l'utilit6 pour Cj d 'un trait6 sight par les membres d 'une 
coalition S. 

Supposons qu'k un moment quelconque de la n4gociation un 
premier groupe St de joueurs soit arriv6 ~ un trait6 op t ima/y(St ) ,  
permettant  aux joueurs .C~(i~St) d'obtenir une utilit~ Us(SQ 
tandis qu 'un autre groupe S~ (tel que St fl $2 = 4) a conclu un 
tra/t6 optimal ;9(S~) donnant A Ct(l ¢ $2) une utilit~ Uz(S2). Ces deux 
groupes se r6unissent en vue de signer un trait6 global .9=($1 0 $2) 
(le symbole U a ici un sens 16garement diff6rent d'une raunion; 
St U S: veut  dire ,,St se joint ~ $2". Le • est plac6 pour rappeler 
que le r6sultat ne d~pend pas uniquement de l'ensemble S~ U S., 
mais aussi de la mani~re dont cette coalition s'est form6e, c'est-~- 
dire de St et S~). Si les deux groupes ne parviennent pas A se mettre  
d'accord sur un trait6 y(St U $2), ils retombent n6cessairement au 
point de d6part de la n~gociation 

Us(SO vC~ • St 

Us(So.) VC~ * S,. 

Pour cette raison, ce paiement est appel~ le point de d6saccord. 

Lemme: Le tra/t~ y=(S~ U S2) est l 'unique point tel que 

~ = = r a a x  ~ = m a x  IFI [U,(St US~)--U~(St)] H [Us(St U S,)--U6S~)] 
K ~*8t l i s t  

(8) 

TH~ORi~tE 7 : I 1  existe un et un seul trait6 f (M) satisfaisant aux 
4 axiomes. I1 peut s 'obtenir par la r~currence 

yj({j}) = .~j 

y d S ) =  2 ' - t - -  

t° 
s J j , S  Y S D - - z < s < m  

[S~-~  %1 = S \ S l  
j ~ S  
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I [ ~ yj(S1U~t)] m=lM[ 
yj(M)- 2 , _ t  I s , ..~1 = M/S1 

oh, ~. chaque 6tape, y~(St U S~) est obtenu par la solution de (8) 
dont le point de d6saccord est 

t U~(SO Vie S~ 
 z(St) v z 

La solution se construit par induction sur le nombre de joueurs 
d 'une coalition: il faut successivement calculer la valeur .de tousles  
ensembles comprenant 2 compagnies, 3 compagnies, etc . . . .  pour 
arriver finalement ~ la coalition M. Supposons que nous ayons 
calcul6 les valeurs pour toutes les coalitions dont l'effectif ne 
d6passe p a s s  ~ I e t  construisons le trait6 optimal pour un en- 
semble S de s partenaires. S contient 28-t ~ I sous-coalitions 
(strictes) St pour lesquelles il existe un sous-trait& Pour chaque St, 
nous calculons par (8) un trait6 

yESt U (S\SO]. 

L'utilit6 accord6e & une compagnie ne diminue pas par cette' 
op6ration: il est en effet facile de montrer que (8) fournit toujours 
un U,(S1 U S,) sup6rieur ou 6gal ~ U~(S O. Au plus le point de 
d6saccord est 61ev6 pour un j oueur, au plus la solution de (8) lui est 
favorable. Contrairement au module de Shapley, le b6n6fice de la 
coalition est ici r6parti entre les compagnies suivants leurs forces 
respectives. 

Nous obtenons ainsi 2 a- t m I trait6s, en g6n6ral diff6rents, que 
nous r6sumons par une moyenne arithm6tique. Nous avons de la 
sorte d6termin6 un trait6 optimal unique pour S. La solution du jeu 
s 'obtient pour S = M. 

Ce concept de valeur tient doric compte de l'ordre de formation 
du march6: chaque joueur s'allie avec d'autres compagnies ou 
ensembles de compagnies, de telle sorte qu'apr~s un nombre fini de 
jonctions, M soit form4e et un trait6 partiel soit conclu. Toutes les 
possibilit4s de groupement sont envisag6es et interviennent avec la 
m~me force dans le trait6 final. La solution est l'esp6rance math6- 

Z2 
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matique des traitds partiels lorsque toutes les formations de coali- 
tion sont dquiprobables. 

Exemple  

Reprenons l 'exemple du § 4. 

Utilitds initiales u 1 ( { I } )  = 0 , 4 4  
rA({2}) = 2.2 

u3({3})  = 2,2.  

Ensembles de deux compagnies. 

Coalition {1, 2}. La maximisation du produit 

[u~({1, 2}) - -  u~({1})] Ivy({1, 2}) -- u~({2})] 
[__ z = a t q i Y  + a lYl]  [--ao.q~Y + a~Y,] 

conduit, apr~s dlimination de q,., ~t une ~quation du troisi~me degrd 
en ql : 

3 o Y - -  Y1 - -  Y~ Y1 
q ~ - - ~ . q [ +  2Y ql + ~ = o .  

La rdsolution de cette 6quation donne 

qt = 0,877593 U~({I, 2}) = 1,124759 
q, = o,I224o 7 U2({I, 2}) = 2,677553. 

Coalition { I, 3}. En vertu de la symdtrie entre C,. et C3, il vient 

ql = 0,877593 
q, = o,I224o7 

Coalition {2, 3} 

q2 ---- 0,5 
q* = 0,5 

U~({I, 3}) = I,I24759 
U3({I, 3}) = 2,677553. 

u,(}2, 3}) = 2 ,7  
u a ( } 2 ,  3})  = 2 ,7 .  

Coalition }I, 2, 3}. Le syst~me formd par les dquations (I) et (2) 
s'dcrit apr~s rdsolution par la mdthode des multiplicateurs de 
Lagrange, 

ql(q~ Y - -  Y2) = q..(q~Y - -  Y1) 
q~(q~Y - -  Y3) = q3(q~Y - -  Y d  

ql + q, + q3 = z 

et peut se r~soudre par approximations successives. 
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{i, 2} 0{3} 

 I,3} U{2} 

{2, 3} U{i} 

q x : o , 7 8 3 3 5 8  
q ~ : o d o 2 9 2 6  
q 3 : o , I 1 3 7 1 6  

q t : o , 7 8 3 3 5 8  
q ~ : o , z z 3 7 1 6  
q 3 : o , l o 2 9 2 6  

q x : o , 7 9 4 8 2 6  
q z = o , z o 2 5 8 7  
q 3 = o , I o 2 5 8 7 .  

z79 

Solut i6n op t ima le  ql = 0,78718 
q2 = o,zo64 z 
q3 = o,zo64 z 

U1({I ,  2, 3}) : 1,354042 
U~({1, 2, 3}) = 2,839563 
U3({ I ,  2, 3}) = 2,839563 

yt(o) = - -  3,91792 
y:(o) = 1,95896 
ya(o) = 1,95896. 

La  solut ion est donc  16g~rement moins  f avorab le  h la p remie re  
compagn ie .  
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LA SOIF DU BONUS 

JEAN LEMAIRE 

Bruxelles 

R ~ s u ~  

L'introduction d'un syst~me bonus-malus ind@pendant du montant des 
sinistres en assurance automobile incite les assur@s ~ prendre eux-mSmes en 
charge les frais r6sultant de petits sinistres. Nous analysons cette .soil du 
bonus" et d~terminons la politique optimale de l'assur@ au moyen d'un algo- 
rithme apparent~ ~ la programmation dynamiqhe. La technique d6velopp~e 
eat ensuite appliqu6e au syst~me beige. 

SUMMARY 

In motorcar insurance is widely used a merit rating system characterized 
by the/act that only the number of claims occurred (and not their amount) 
modifies the premium. This system induces the insured drivers to support 
themselves the cost of the cheap claims. We analyze this "hunger for bonus" 
and solve this decision problem by means of an algorithm related to dynamic 
programming. The method is then applied to the Belgian bonus system. 

§ I. INTRODUCTION 

Les compagnies d'assurances europ~ennes utilisent de plus en 
plus un syst~me de personnalisation a posteriori des primes d'assu- 
rance automobile responsabilit~ civile, populairement appel~ sys- 
tame bonus-malus. La prime annueUe pay@e par le propri~taire du 
v@hicule d@pend du nombre de sinistres survenus au cours des ann~es 
pr~c~dentes, mais non de leur montan t ;  la compagnie accorde une 
r@duction ou bonus aux assures n 'ayant  d@clar~ aucun sinistre 
entrainant  des d6bours en responsabilit@ civile et p~nalise les 
, ,mauvais" conducteurs,  ,,en to r t "  dans plusieurs accidents, en 
imposant un malus. L 'augmentat ion de prime resultant d 'un acci- 
dent peut ~tre tr~s importante  et ses effets se prolonger pendant  
de nombreuses ann@es. Par exemple, en Suede, un seul accident 
peut doubler la prime, et six ~nn~es cons~cutives sans sinistres sont 
ensuite requises pour ramener la prime k son taux initial. I1 s'ensuit 
~videmment une tendance assez marquee chez les assures ~ prendre 
personnellement en charge les petits sinistres et k ne pas les d~clarer, 
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pour 6chapper k une remont~e sur l'6chelle des bonus. Cette ,,soif 
du bonus" entraine une forte r6duction de la fr6quence moyenne 
des sinistres ddclar6s (une 6tude men6e en Suisse a montr6 une 
diminution pouvant  aller jusqu'k 3 o ° ) .  La strat~gie optimale de 
l'assur6 est assez difficile k d6terminer, car les sirdstres futurs 
doivent intervenir dans le raisonnement. Le probl&me de d6cision 
relive de la programmation dynamique en avenir al~atoire ~ horizon 
infini. 

§ 2. FORMULATION DU PROBLEME DE DECISION 

Une compagnie d'assurance utilise un syst~me bonus-malus 
lorsque: 

i) l 'ensemble des polices d 'un groupe donn~ peut ~tre partitionn~ 
en un nombre fini de s classes C~(i = I . . . . .  s) de teUe mani~re 
que la prime annueUe ne ddpende que de la classe; 

2) la ctasse ~ un moment  donne est ddtermin~e univoquement par  
la classe de la p~riode pr~c~dente e t  le nombre de sinistres d~- 
clar~s pendant  la pdriode. 

Un tel syst~me est d~termin~ par deux facteurs: 

I) l'6chelle des f~rimes b~(i = I . . . . .  s); 
2) les r~gles de transition, c'est-k-dire les lois r~gissant le passage 

d'une classe k l 'autre lorsque le hombre de sinistres est connu. 
Ces r~gles peuvent ~tre prdsent6es sous la forme de transforma- 
tions Te telles que T~( i )  = j :  la police est transfdr6e de C~ ~ Ct 
si k sinistres ont dt~ d~clards. 

Consid~rons un assure, venant de provoquer un accident de 
montant  x, ~ un instant t de la p~riode prise comme units de temps 
(0 < t < I ) .  D~signons par 

{p~(x) I k = o, I . . . .  } 

la distribution du nombre d'accidents par pdriode de l'assur~, o~ X 
est sa frdquence movenne des sinistres. Nous supposons le processus 
homog~ne, c'est-~-dire X inddpendante du temps. 

Nous allons d~finir une pol i t ique  de l'assur~ par un vecteur 

: ( x l  . . . . .  x~ . . . . .  x s )  
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o4 x~ est la hmite de r~tention pour C~; les frais de tout accident de 
montant  inf~rieur ou ~gal ~ x~ seront support~s par l'assur~, les 
sinistres de montant  sup~rieur ~ cette hmite seront d~clar~s. 

En d~signant par ~ la variable al6atoire repr6sentant le montant  
d 'un sinistre et par f(x) sa fonction de fr~quence, la probabilit~ p~ 
pour qu'un accident ne soit pas d~clar~ si l'assur~ se trouve en C~ 
vaut 

zg 

pp~ --  P(~ <_ xd = I f(x)dx. 
o 

La probabilit~ p~(k) de d~clarer k sinistres au cours d 'une p~riode 
v a u t  

= - - P 0 / ' ~  ( , ) .  

L'esp~rance math~matique du nombre de sinistres d~clar~s est 
~gale k 

P = kp (x). 
k - O  

L'esp~rance de cofat d 'un accident non d~clar~ est ~gale k 
x i 

Z'(~) = (IlPd f x f(x)  dx. 
a 

L'assur6 devra donc d~bourser, en moyenne, 

k titre de d6dommagement des sinistres non d6clar6s ~ la com- 
pagnie (en supposant classiquement l 'ind6pendance entre les va- 
riables repr6sentant le hombre et le montant  des sinistres). 

L'esp6rance de coflt pour cette p6riode vaut  donc 

E(x , )  = b, + ~v, E~(V.) (x - -  x~--), 

en introduisant un taux  d'actualisation ~ et en pla~ant les sinistres 
en milieu de p6riode. 

Soit v~ 1;esp6r.~nce actualisde de tousles paiements d 'un assurd se 
t rouvant  en d~but de p6riode en C,. Le vecteur v = (vt . . . . .  v,) dolt 
satisfaire au syst6me 

v, - -  E(x , )  + ~ X p ~ C X ) v r . o  { = x . . . .  , s (~) 
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Thdorkme: Le syst~me (x) poss~de une et une seule solution, pour 
une politique donn4e. 

Ddmonstration: Soit la t ransformat ion  T d4finie par  

Tv = w, off w~ = E(x~) + ~ Z p--~(X)vr~(~>. 

Choisissons comme norme:  II vii  = max  l v, I. 

I1 vient :  

-< ~ z P~Cx) • m a x  I ~ . , ~ - - ~ . , ~  I 
~ - o  

= ~ max  [ wj - -  vj [, en posant  j = Tk(i) 
1 

Par  cons4quent l 'op4rateur  T e s t  de contract ion et il y a un  seul 
point fixe. 

L'assur4 provoquant  k l ' ins tant  t u n  sinistre de m o n t a n t  x a deux 
strat4gies k sa disposition; s'iI ne d4clare pass l 'accident,  son esp4- 
rance de cofit total,  actualis4e au moment  du sinistre, v a u t  

k--O 

off m est le nombre de sinistres d4j~ d4elar4s pendan t  la p4riode; 
si l 'accident  est d4clar~ k la compagnie, elle vau t  

~- tE(x, ) + ~1- t- E p~[x(I - -  t)]vT,+..,<,). 
k . o  

La limite de r4tention x, est 4videmment  celle pour laquelle les 
deux strat4gies sont 4quivalentes. Donc 

.~ = ~ 1 - ,  ~ p~ [x (~  - -  ~)] E r r .  . . . .  .~ - -  , ~ . , ÷ . . ~ ]  ~ = z . . . . .  s (~) 

(2) const i tue en fait un  syst~me de s 4quations k s inconnues x~, 
car ceUes-ci apparaissent  implici tement  dans les p~[k(z -t)]. I1 est 
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6galement facile de d6montrer que ce syst~me poss~de une et une 
seule solution, pour v fix& La politique optimale z* = (x~ . . . . .  x~) 
peut alors ~tre d~termin6e par approximations successives au 
moyen de l'algorithme suivant : 

Premiere itdration: choisissons une politique .~ arbitraire. La plus 
int6ressante est :~0= (o . . . .  o), (c'est-k-dire ceUe qui consiste 
d~clarer tous les accidents), car ce point de d~part nous perrnettra 
de caaculer l'am61ioration de l'esp~rance de co6t apport~e par la 
prise en charge de certains sinistres. D6terminons un premier 
vecteur ~. Le syst~me (I) se simt>lifie et devient 

v , = b ,  + ~  E p~(X)VT,( , ) i=z . . . . .  S. 
~mtt  

Une politique am61ior~e peut ~tre obtenue par les relations (2), qui 
se r~duisent dans ce cas particulier k 

x, = ~ - ~  z p~[x(i - - t ) ]  [ v ~ , , . , , m -  v~,+,.+] i = i ,  . . . ,  s. 

Itk,  ations suivantes: l 'application successive des relations (I) et 
(2) permet d'obtenir la politique optimale ~*. 

§ 3. APPLICATION AU SYSTEME BELGE 

Depuis l'arr~t~ minist6riel du 14-4-197I, toutes les compagnies 
belges sont astreintes & utiliser le syst~me suivant, n y a I8 classes. 

Degrd Niveau de #rime 

18 2oo 
17 I60 
16 z4 o 
I5  I30 
14 I20 

I3 II 5 

I2 IIO 

II IO 5 

IO IO0 

9 zoo 
8 95 
7 90 
6 85 
5 80 

4 75 
3 7 ° 
2 65 
I 60 
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Les nouveaux assur6s ont acc~s au degr6 6 s'ils sont s6dentaires 
(c'est-k-dire s'ils n'utilisent leur voiture qu'k des fins priv6es), au 
degr6 IO dans le cas contraire. Cette discrimination est justifi6e par 
une diff6rence de fr6quence movenne des sinistres (la distribution du 
nombre de sinistres 6rant une loi de Poisson simple de param6tre 
X = o,21 pour les s6dentaires, X = o,26 pour les autres). 

Les d6placements s'op6rent selon le m6canisme suivant : 

par ann6e d'assurance sans sinistre: descente d 'un degr6; 
par ann6e comportant un ou plusieurs sinistres: 

mont6e de deux degr4s pour le premier sinistre; 
mont6e de trois degr6s pour les sinistres suivants. 

Deux restrictions sont ~ apporter A ce m6canisme: 

l'assur4 ne d6passera jamais les degr6s I e t  18; 
u l'assur6 qui n'a pas eu d'accident pendant 4 ann6es cons6cuti- 

yes, et qui malgr4 cela se trouve toujours k un degr6 sup6rieur 
~t zo est ramen6 ~t ce degr6. 

Cette derni6re clause rend malheureusement le processus non- 
markovien: la condition 2 de la d6finition d'un syst6me bonus-malus 
est viol6e, Aussi allons-nous subdiviser certaines classes en y ajou- 
tant  un indice indiquant le nombre d'ann6es cons6cutives sans 
sinistres. Le nouveau processus ainsi dffini est markovien. I1 corn- 
porte 3o classes. 

Consid6rons un assur6 responsable d'un accident en d6but de 
p4riode (~ = o). Nous supposons que 

I) le taux d'int6r~t est de 6°/~; 
2) la prime commerciale au niveau de base Ioo vaut Io.ooo F.B. 

(elle correspond k une voiture de cylindr6e moyenne) ; 
3) la distribution du nombre de sinistres de l'assur6 est une loi 

de Poison simple de param~tre X = o,21: 

e-x X,~ 
p k ( x )  - k! 

Nous devons 6galement d4terminer la distribution du montan t  
des sinistres. Faute d'avoir pu obtenir un ajustement pr6cis et 
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Niwau 

Class¢ Prin~ To Tt T~ To T~ Ts T~(k > 6) 

x8 200 x7.x x8 x8 x8 x8 I8 x8 
x7.o x6o x6.x I8 I8 i8  I8 I8 I8 
x7.x x6o x6.z I8 I8 i8  i8 I8 I8 
x6.o x4 o IS.I I8 I8 I8 i8 18 I8 
x6.x x4o xs.z  x8 x8 x8 x8 ~8 I8 
x6.z x4o I5. 3 I8 x8 x8 I8 x8 x8 
xs.o x3o I4.X x7.o x8 x8 x8 x8 I8 
xs.x x3 o i4.z i7.o x8 i8 i8 I8 i8 
I5.~ I3O I4.3 x7.o I8 x8 x8 x8 I8 
I5. 3 x3o xo x7.o x8 x8 I8 x8 x8 
I4.O IZO 13 I6.o I8 I8 I8 I8 I8 
I4.x xzo x3.z x6.o x8 x8 x8 x8 x8 
x4.z xzo z3. 3 I6.o x8 x8 x8 x8 x8 
x4-3 xzo xo I6.O x8 x8 x8 I8 x8 
x3 xx5 xz xs.o x8 x8 ~8 ~8 x8 
x3.z xx5 xz.3 xs.o x8 x8 x8 x8 x8 
x3. 3 xx 5 xo xs.o x8 x8 x8 ~8 x8 
xz xxo xx x4.o x7,o x8 x8 I8 18 
~z.3 xxo xo x4.o x7.o x8 x8 x8 x8 
xx xo 5 xo x3 x6,o x8 x8 x8 x8 
xo xoo 9 x~ xs,o 18 x8 ~8 x8 

9 xoo 8 xx ~4,o r7.o x8 x8 x8 
8 95 7 xo x3 z6.o x8 x8 ~8 
7 90 6 g xz xs.o x8 x8 ~8 
6 85 5 8 xx ~4.o x7.o z8 ~8 
5 80 4 7 ~o ~3 x6.o x8 ~8 
4 75 3 6 9 xz I5.O r8 x8 
3 7 ° z 5 8 zx z4.o z7.o x8 
z 65 z 4 7 xo z3 x6.o x8 
x 60 x 3 6 9 xz xS.o x8 

maniable pour les petits sinistres, nous avons utilis4 dans le pro- 
gramme la distribution observ4e suivante, portant  sur 225.33o acci- 
dents survenus en x97o en Belgique, totalisant pros de 4 milliards 
de francs. Elle repr4sente environ 75% du parc. Les r&ultats  plus 
r4cents n 'ont pu ~tre utilis4s car ils sont  visiblement influenc4s par 
la soif du bonus: le nombre d'accidents d4clar~ est en r4gression 
et la diminution du pourcentage observ4 dans les classes inf4- 
rieures ne peut ~tre expliqu4e par l'inflation. 
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Montg~t  d~ sinistres Nombre de sinistres Co{at moyen 

o -  z.ooo 34.368 466 
z.ooo - 2.000 29.408 ~.462 
2.000- 3.000 27.432 2-443 
3.ooo- 5.ooo 36.473 3-874 
5.ooo - 1o.ooo 44.o59 6-935 

~o.ooo- 20.000 28.409 I3.884 
2o.ooo- 5o.ooo ~6.435 29.886 
5o.ooo-ioo.ooo 4.44o 66.675 

+ d e  ioo.ooo 4-3 °6 499.755 

225.33o ~7.337 

Les rdsultats principaux sont rdsumds dans le tableau suivant. 

Classes x~* v~ o vii* P,l* X ~* E(~*) Iooxa~ ° IOO~a~* 

18 1o.875 194.o95 17o.863 0,7732 0,0476 20.547 o, xo76 o,oooo 
x7.o I4.629 186.427 163.237 o,82o5 o,o376 26.674 o,o578 o,oooo 
17.1 ~9.265 182.3o8 158.773 o,879o o,o254 I6.848 o,o872 o,oooo 
16.o I7.121 181.o47 158.836 o,852o o,o311 14.765 o,o726 o,oooo 
16.I 21.324 177.511 154.761 o,89~5 o,o228 14.894 o,o468 o,oooo 
I6.2 26.238 172.rz 5 149.917 o,9o34 o,o2o 3 14.963 o,o7o7 o,oooo 
I5.O I~.253 I76.o39 155.647 o,79o6 o,o44o 13.592 o,Io42 o,oool 
zS.I I5.817 173.o92 152.I42 o,8355 0,o345 13.717 o,o589 o,oooo 
15.2 2o.3o5 268.468 147.738 o,889o o,o233 13.88o o,o379 o,oooo 
I5.3 25.618 I61.424 I42.48~ o,9ox9 o,o2o6 ~3.955 0,0573 o,oooo 
I4.o IO, OO 7 I71.75o I52.9o9 0,7622 o,o499 I2.519 o,x486 o,ooo 3 
I4.I I2.928 x69.46o I5o.oot o,799I o,o42o. I2.6I 5 0,0845 o,oooi 
I4.2 I6.8o9 I65.6O8 x46.I46 o,848o o,o329 I2.753 o,o477 o,oooo 
I4.3 21.6t2 x59.56o ~41.384 0,89"22 0,0226 I2.898 o,o3o 7 o,oooo 
13 II.264 x66.29o I48.285 o,778I o,o466 I2.o59 o,3267 o,ooIo 
I3.2 I4.493 I63.296 I45.o49 o,8188 o,o38o I2.I69 o,o684 o,oooI 
I3.3 I8.718 I58.256 I4o.824 o,872I o,o269 ~2.326 o,o387 o,oooo 
I2 I2.427 I6o.854 x43.846 o,7928 o,o435 II.598 o,5788 o,oo36 
I2. 3 I6.o4o I56.938 I4o.268 o,8383 o,o34o II.725 o,o556 o,ooor 
IX II.813 I55.47o I39.6O7 o,785o o,o45I II.o78 o,8926 o,oo98 
Io H . I I I  I5o.349 I35.674 o,7762 o,o47o Io.554 ~,43o3 o,o°-35 
9 ~o.773 I45.557 I32.o73 o,7729 o,o479 ~o.543 z,9oo5 o,o737 
8 20.328 I4O.527 I28.277 0,7663 o,o49~ IO.O29 2,5708 o, I7I 3 
7 9.867 235.8o9 x24.8o8 o,757o o,o52o 9.5IO 3,3o55 o,3389 
6 8.9~5 ~3~.426 x2~.683 o,7~97 o,o589 8-95o 4,6529 x,~I47 
5 7.88~ I27.53o ~8.945 o,6793 0,0673 8-389 6,o422 1,949~ 
4 6.746 ~24.2o2 I~6.632 0,6349 0,0767 7.827 6,736o 2,-8~25 
3 5-455 x2x.539 xi4.795 o,5844 o,o873 7.263 I3,3333 II,23o2 
2 4.o53 Ix9.649 ~x3.494 0,49oo o,xo7~ 6.676 IO,8O76 Io,29r8 
x 2.5xI IX8.64~ IX2,79x 0,3453 o, x375 6.082 46,2486 7x,9792 
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Colonne 2 : Politique optimale de l'assurd 

On constate que pour routes les classes sup~rieures k 7, la r6ten- 
tion optimale est plus grande que la prime au niveau Ioo. Les 
montants  sont plus ~lev~ pour les classes sup~rieures, ~tant donn6 
la forte augmentation de prime resultant d 'un sinistre. Les plus 
grandes retentions sont obtenues dans les classes 16.2, I5.3 et 14.3 : 
apr~s deux ou trois ann6es sans accident un conducteur a int~r~t k 
supporter des sinistres plus cofiteux dans le but de r~int~grer la 
classe IO par application de la 2~me restriction. 

Colonne 3 et 4: Esp&ances actuatis~es des paiements en ddclarant tous 
les sinistres (v~) et sous la politique optimale (v~) 

En utilisant x*, un assur~ s6dentaire peut esp~rer ~conomiser 
9.743 F., un non-s6dentaire 14.675 F. 

Colonne 5: Probabilitd de ne ~as ddclarer un sinistre en utilisant .~* 

Dans certaines classes, 9o% des sinistres sont pris en charge par 
l'assur~. 

Colonne 6: Frdquence moyenne optimale des sinistres dddards 

Colonne 7: Esp~rance de coat minimale par pdriode 

La fraction due au d~dommagement des sinistres non-d6clar6s 
reste dans toutes les classes peu 61ev~e en comparaison de la 
prime. 

Colonne 8 et 9: Distributions stationnaires de probabilitd en utilisant 
~o puis ~* 

Quelle que soit la politique utilis~e, le syst~me constitue une 
chaine de Markov irr~ductible dont tous les  6tats sont ergodiques. 
La distribution des probabilit~s d'~tat converge donc vers une 
distribution stationnaire, obtenue en normant  le vecteur propre 
gauche de la matrice de transition. Nous voyons qu'en r~gime 
stationnaire, un assure se comportant de mani~re optimale rester~ 
le plus souvent dans les classes inf~rieures. 
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Ces distributions nous perrnettent de calculer la prime moyenne  
stationnaire 

d t a n tdonnd~°  : b 0 =  Z a~b~ = 7 . o 2 5 F .  

d t an tdonnd~*  : b ' =  ~ a;b~=6.293F. 
J m l  

Darts ce dernier cas, l'assurd devra supplder, pour tousles sinJstres 

non ddclards ~ a;E~*(~) (k- k ~*) = 135 F. L'dconomie annuelle 

moyenne rdalisde au ddtriment de la compagnie est donc de 597 F. 
Cette perte pour rassureur est partieUement compensde par une , 

diminution des frais administratifs, puisque ~ a~p~ = 4o,85~o 
i-L 

des accidents ne sont pas ddclards; la frdquence des sinistres tombe 

de o,2z ~ o,z242. 
Insistons sur le fair que ces derni~res relations ne sont vdrifides 

qu'une fois le rdgime stationnaire atteint ; ii ne saurait ~tre question 
de comparer par exemple le bdndfice annuel stationnaire de 597 F. 
et l'dconomie totale actualisde de 9.743 F. rdalisde par un assurd 
entrant dans le syst~me en classe 6. 



M U L T I S T A G E  C U R V E  F I T T I N G  

CHRISTOPH HAEHLING VON LANZENAUER and DON WRIGHT 

INTRODUCTION 

One of the most important properties of a distribution function 
is that it fits the data well enough for the decision-makers' or 
analysts' purposes. The statisticians' problem is to select a specific 
form for the distribution function and to determine its parameters 
from the available data. Various methods (graphical method, 
method of moments, maximum likelihood method) are available 
for that purpose. 

In many real world situations a single distribution function, 
however, may not be appropriate over the entire range of the 
available data. This suggests that the underlying process changes 
over the range of the respective variable. This fact should be 
considered in curve fitting. A typical example of such a situation 
is given in Figure x representing third party liability losses for 
t rucks.  

e 

L \ 

~** n l  ~ *  4*o m LOg,,~OOCS) 7o* * l *  ~a  tooo 

Fig. x. Loss Distribution. 

• r i o  
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It  is interesting to speculate about the different raisons d'etre 
(Seal E5]) for the observed discontinuity. I t  may be the result of 
out-of-court or in-court settlements or could stem from differences 
between bodily injury and property damages. 

To represent such data a combination or a mixture of distribution 
functions appears to be more appropriate. Various authors have 
considered this problem. While Almer [I] discusses the problem 
in general terms, Andreasson [2] represents the distribution of 
the claim size in the Swedish third party motor insurance by a 
sum of exponentials (exponential polynomial) and uses a graphical 
procedure to estimate the parameters. Coppini [3] derives the 
distribution of the length of sickness as the weighted sum of two 
gamma distributions, one referring to sick males and the other to 
sick females. The purpose of this paper is 

(a) to present a different approach in mixing distribution functions 
to represent data as shown in Figure I, and 

(b) to use a computer based search procedure to determine the 
parameters. 

~¢[ULTISTAGE C U R V E  FITTIN'G 

Let x(x > o) be a random variable whose distribution function 
F(X) has to be determined from a given set exhibiting such dis- 
continuities. Since a single function for F(X) appears to be in- 
appropriate, one can think of F(X)  being composed of various 
expressions which are defined over specific intervals only. Let  the 
index k(k = I, 2 . . . . .  K) represent the kth interval of the random 
variable. We define as T~ the transition point between interval  
k and k + I, postulate T~ < T~+x and set To = o and TK = oo. 
The function representing the kth interval is defined as g,(x). 
Thus, the integral 

T k 

.f gk(x)dx (i) 
T k . J. 

is contribution to F(X).  Adjustments however, must be made to (I) 
to insure tha t  the sum of the integrals 8ver all intervals equal to I. 
Let ~ be the adjustment factor for interval k. Thus we can define 

k - t T i  . V  

F(X) = X x~ f gs(x)dx +m~ .[ g~:(x)dx Tk - t  <_X < T~: (2) 
j-I T]--I T~--I 
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which satisfies 

if ~ is defined as 

I 

OCk -~- 

g Tk 

X ~ S g ~ ( x ) d x = i  (3) 
k -  t T k - t  

gs(x)dx 
Tj 

Tj 

or in its recursive equivalent 

X 

k = I  

k = 2 , 3  . . . . .  K 

k = I  

oct = ~ glc_z(x)dx 
Tk - t 

~t-z k =  2 ,3  . . . . .  K 
"S g~(x)dx 

T k -  t 

For a given form of g~(x) the problem remaining is to determine 

(a) the number of intervals K, 
(b) the transition points T~, and 
(c) the parameters of the distribution to represent the kth interval. 

The values selected depend of course on the criterion used in the 
curve fitting process. Various criteria are available with the squared 
sum of the error being used most frequently. The squared sum of 
the errors can be defined by  

N 

S = Z [F(X = y~) - -  (i/N)], (5) 

with y,  (i = i, 2 . . . . . .  N)  being the i th observation and y, < y~ +z. 
Since accuracy in the tail areas appears to be of relevance in the 
evaluation of risk, heavier weights of the errors in the tails may be 
appropriate. It  will be shown below that  the suggested multistage 
process improves specifically the fit in the-tails without using any 
arbitrarily assigned weights. Furthermore, for premium calcula- 
tions it seems that  the mean of the fi t ted distribution should be 

x3 
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as close as possible to the sample mean, ~. Thus we can augment  
the criterion of minimizing the squared 

K T k 

Z o~k S x g k ( x ) d x = ~ + d l - - d o  (6) 

with 
d~, do _< ¢ 

d, and do- are tolerances which must  be less than or equal to a 
managerially determined level c. Of course c can be zero. 

Thus the problem is to determine optimally the above para- 
meters using a given criterion. Although a number of methods are 
available for solving opSimization problems, the success of any 
one method depends  on the problem. Because of the existing 
discontinuities in the response surface a multidimensional search 
technique will be used for determining all parameters. An excellent 
discussion of search techniques can be found in Wilde [6]. 

PATTERN SEARCH 

The search method to be used here has been developed b y  Hooke 
and Jeeves [4] and is known as pat tern search. Their method takes 
advantage of the fact that  most response surfaces have one or 
more ridges which lead to the optimum. Thus the purpose is to 
find a ridge and follow it to the optimum. In pattern search the 
search begins by  exploring the response surface in the vicinity 
of a randomly or other~vise selected base point. With repeated 
success the explorations become longer taking advantage of an 
established pattern. Failure to improve the criterion, however, 
indicates that  one must abandon the old pat tern and t ry  to find 
a new one which will be followed until the pattern is broken again 
and the process has to be repeated. The so determined pat tern will 
coincide with the ridge. In the neighbourhood of the optimum, 
the steps become very small to avoid overlooking any promising 
directions. The optimum is reached and the search terminates when 
the predetermined final step size fails to improve the criterion. 
Repeated  searches from different starting points reduce the likeli- 
hood of the optimum being a local extreme point. The ideas of 
pat tern search are exemplified for a two dimensional search problem 
in the Appendix. 
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ILLUSTRATIONS 

The multistage curve fitting is illustrated by two examples. 
Both examples come from the authors' experience in analysing 
insurance problems for a company operating a large fleet of vehicles. 
Various distributions can be used to present g~(x) and there is no 
restriction to use the same distributions for all intervals k. For the 
purpose of these examples, g~(x) was chosen to be exponential for 
all intervals with parameter  X~, since it appeared appropriate and 
easy to integrate. 

Example 2 
This example consists of 75 data  points representing collision 

claims for cars during z969/7o. The data  are exhibited in Figure 2 
by asterisks and have a mean of y = $ 363.I 3. The optimal values 
of the parameters of the distribution function F(X)w i th  the 
squared sum of the errors and the mean of F(X) resulting from 
the pat tern search are given in Table I. The initial step size for 
Xk = .ooo5 and for T~ = $ 5o.oo while the final step size is .oooox 
and $ x.oo respectively. 

TABLE I 

Results: Example I 

Number of Stages (K) 

K = I  K = 2  K =  3 K =  4 

Xt .003633 .oo:z363 .oo2z48 .oo2x87 
Tt - -  $ 35.94 $ 54.69 $ 5.62 
Am -- .004039 .004969 .oo4996 
Ts - -  -- $ 243.75 $ 199.99 

X~ - -  -- .oo x 87x .002906 
T,  -- -- -- $ 453.x2 
X4 -- -- -- .oox4o2 
S .x3684 .xz688 .02890 .ox948 

$ 275.26 $ 261.88 $ 346.86 $ 368.27 

The number of transition points K is determined similar to the 
multiple regression model. The value of K will be increased as 
long as a "worthwhile" improvement in S justifies doing so. 
Figure 2 illustrates the distribution functions for K < 4 indicating 
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that  the multistage process clearly improves t, h e fits. Furthermore 
it is interesting to note that  the improvements take place primarily 
in the right taft. While the means of the fi t ted distribution functions 
for smaller values of K deviate substantially from y, ~ approaches 
5~ reasonably closely for K ~ 3. 

Example  2 

The data  in the second example are 98 third par ty  liability losses 
for trucks during I97o/7I. The data are exhibited in Figure 3 by  
asterisks and have a mean of $ 399.49- A first run of the pat tern 
segrch using the same step sizes as in Example z resulted in means 
of the fitted distribution functions ~ as given in Table 2 which 
are too far off from ..9 = $ 399.49. Thus the criterion of minimizing 

TABLE 2 

M4a.s o/the Fitted Distributio~ Functions 

Number of Stages (/Q 

K = t  K = z  K = 3  K = 4  

$ z98.44 $ z7L89 $ z54.63 $ 256.05 

the squared sum of errors was augmented by  (6) with d, = d~ = o. 
O f  course this implies that  the number of degrees of freedom is 
reduced by  one. The parameter  determined as a result of the others 
was selected to be kK. Table 3 summarizes the results. 

TABLE 3 

Results: Exampte 2 

Number of Stages (K) 

K=z K=2 K= 3 K=4 

M .002503  .oo5o8 z . 004280  .oo4280  
T ,  - -  $ 448 .64  $ z34-36 $ z35.93 
~= - -  .ooo49~ .00885 z .oo9I  63 
T~ - -  - -  $ 3o7 .8o  $ 254 .68  
Xa - -  - -  . ooo4899  .oox839  
T= - -  -- - -  $ I , I48.30 
X4 -- -- -- .ooo2o99 
S 3.526z .2~75~ .o763o .o68o4 
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Figure 3 again illustrates the distribution functions for K _< 4. 
J 

Again considerable improvements resulted over a one stage fit. 

APPENDIX 

The concept of pattern search is explained and illustrated for 
the two stage fit with equal means of example 2. The example has 
two independent parameters, the exponential parameter kl, and the 
transition point T1. The exponential parameter X2 is determined 
by X~, T~ and the restriction of equal means. The contour lines of 
the response surface expressed by the squared sum of errors for 
values of the independent variables X and T are pl6tted in Figures 
4 and 5. 

The search is illustrated in Figures 4 and 5 with solid lines 
representing successful perturbation and pattern moves while 
broken lines indicate perturbations and pattern moves which fail 
to improve the objective function. The search begins by exploring 
the response surface at base point B~ = H1 through changes in the 
transition point in T (Figure 4). An improvement in the criterion 
leads to a temporary head hi(T). From here local explorations 
through changes in X lead to hi(T, k) and the second base point B~, 
since only two independent variables exist. Reasoning that another 
perturbation about B~ would produce similar results, one creates 
a new temporary head H2 by adding the vector B~ B2 to Point B2. 
This represents a pattern move. Local explorations about H~ 
produce B v As above local explorations about B~ are omitted and 
a new temporary head H3 is determined by adding the vector B 2 Ba 
to point By As can be observed from Figure 4, Ha fails to improve 
the criterion. The pattern is broken and local explorations must 
take place at B 3 which lead to B 4 and via a new pattern eventually 
to the temporary head H v At H a the pattern is broken again and 
local explorations about B a must resume which lead via pat tern 
moves to H n  (Figure 4). This process is continued with reduced 
step sizes and illustrated in Figure 5. The optimum, B~a, is reached 
when perturbations with the predetermined minimum step size fail 
to improve the criterion. Repeated searches from different initial 
base points should be performed to insure the optimum is a global 
optimum. 
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ON T H E  CALCULATION OF VARIANCES AND 
C R E D I B I L I T I E S  BY E X P E R I E N C E  RATING 

K. LOIMARANTA 

Finland 

I .  INTRODUCTION 

By experience rating the main problem is to estimate the cred- 
ibilities. We have for the credibility ~ the famous formula *) 

2 

but  it is often troublesome to find suitable estimates for the vari- 
ances a~ and a~. In the present paper a general method to estimate 
them from the actual statistics is given. 

A disadvantage of the method is that  good estimates require 
relatively extensive statistical material. If One of the variances is 
known, the method can be easily modified to give the other variance 
from statistics of moderate size. 

The method is based on the Maximum Likelihood principle and 
leads to a system of non-linear equations. The equations can be 
solved by" an iterative process, easily programmable for computers. 

The mathematical  model underlying the experience rating 
problem differs in our case lightly from the usual one. 

2. FORMULATION OF THE PROBLEM 

We consider a portfolio, which is divided into N classes. In each 
class we have observed a claim amount per risk unit. Our assump- 
tion is that  the relative claim amount y~ in the class k (k = I, 2, 
. . . .  N) has a definite but  unknown meanvalue m~ and a variance 

which is inverse proportional to some known measure t~ of the t~/c, 

size of that  class, e.g. the number of risk units in the class. We can 
thus write 

Mean: E ( y k )  = m~ 
Variance: V ( y k )  = ~ 

* Bi ih lman,  H.  : M a t h e m a t i c a l  Methods  in Risk  Theory .  
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As a second step we assume, thae the quantities me are random 
variables with a common probability distribution. Let this distribu- 
tion have the meanvalue mo and the variance a2: 

Mean: E(m~) = m o  
Variance: V(m~) = .~. 

Assuming that  both steps are independent on each other  (or 
at least uncorrelated) we have for the compound random variable y~ 

Mean: Eo(y~) = m o  
Variance: V,(y,)  = .~ + h / t , .  

The result might be better  known from the theory of compound 
Poisson processes. 

To calculate the credibilities 

fro 

¢ (A) 

- - ~  - .o  ~ + , ~  - .~  + h i t s  

we must have estimates for the variance .o 2 and the constant  h, 
which determines the variances .~. 

3. THE i~{AXlMUM LIKELIHOOD SOLUTION 

We suppose from now on, that  the random variables y~ are 
with required accuracy normally distributed, i.e. y~ has the distri- 
bution function 

I (Yk- too) t. 
f(Yk) = ]/2 r~ (a~ + h/t~) e-2(Oo,+ai,,) 

We use the Maximum Likelihood method *) to estimate the 
parameters too, ~ and h in the distribution function of Yk" 

For the logarithm of the Likelihood function L we have the 
expression 

log L = - -  ~'~ + ½ log (at + hlt,) + const. 
k 

* E.g. Cram*r, H., Mathematical Methods of Satisfies. 
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Its maximum value is a solution of the equations 

log L V~ Y~ - - m o  

~mo -- ~ ~o ~ + h/t~ - ° 

l ogL _ ~-~ [ ( y ~ - - m 0 )  2 __ I ] 
t2  + hits) 2 + h/t ) 

0 
2 

~ l o g L  ~ [ (y ,  - -  rno)' I I I]  

- h/t ) " 2( o + h/t ) " = °  
k 

Multiplying the first equation by a], the second by ~ and the 
last one by h 2 and observing the expression (A) for ~k we get the 
foUowing equations 

k 

2) X ~ ( y ~  - -  too)' = *o 2 Z ~ (B) 
k 

3) X t~(~  - -  ~ , ) 2 ( y ~  - -  too) 2 = h • X (~ - -  ~,). 
From the equations (B) and the expression (A) for x~ the quanti- 

ties too, *o ~ and h as well as the credibilities 0t~ can be calculated 
by an iterative process. We start with arbitrary values for the 
quantities ~ (e.g. 0t~ = I/2) and calculate too, *~ and h from eq. (B). 
New values for ct~ will then be calculated from eq. (A) with the 
received values of ,~ and h. Subsequently the new values of ~ will 
be inserted in eq. (B), and so on. 

According to our experience about ten steps are required to get 
the values of ~ with an .accuracy of o.ooi. The method is cumber- 
some for manual calculation but suits well for electronic computers. 

When the credibilities ~ are determined the premiums net of 
charges for different classes can be calculated by  the normal way 

P~ = ~ y ~  + (I ~ ~)mo. 

4. A POSSIBLE GENERALISATION 

The method can be generalized to solve more complicated 
problems. So far we have assumed the quantitities m~ to be drawn 
from one and the same probability distribution. But we can also 
think them to be results of s regression analysis 

m~ = a + Z b~x~, 
t 
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where x~e is the value of the i : th  independent variable in class k. 
In stead of the simple weighted mean 

k 

m o  -- N ~k 

k 

we have for each step to solve a by ~ weighted regression analysis 
problem and to put in the equations 2) and 3) the residuals in 
stead of the quantities m~ - -  too. 

5. Discussion OF THE ~V[ETHOD 

The maximum likelihood method is normally used for observa- 
tions ye with equal distributions and gives then under general 
assumptions asymptotically optimal estimates. The restriction to 
equal distributions is unessential but nevertheless we have to be 
careful. An other point to be observed is that  we have assumed 
the quantities y~ to he normally distributed. 

The first eq. (B) is same as Hovinen *) has got with a different 
method in the case ~ and h are given. The equation gives an 
unbiased minimum variance estimate for the mean independent of 
the normality of the quantities yk. Conserning this equation we 
are thus on the safe side. 

It is interesting to observe that  in the credibility theory an other 
formula is in general used to calculate the gross mean 

Z 4Y~ 

The first formula in (B) gives the correct estimate for the mean 
if we choose one class at random, the formula (I') if we choose one 
risk unit (policy) at random. The differences between mo and m~ 
can be considerable. 

More caution is required by the use of the eq. 2) and 3) in (B). 
I t  is not enough that  the number of observations (classes) N is 
sufficiently large. If all quantities t~ are identical the eq. 2) and. 3) 
are linearly dependent and all values ¢.~ = const, are a solution of 

* Hovinen, E., On the Estimation of Means and Variances in the Case 
of Unequal Components, ASTIN Bulletin, Vol. VIII, Part 3. 
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the equationsystem (A) and (B). An accepMble splitting of the 
variance 

into its components requires thus that  the variation of tk is great 
enough. Is this not the case but one of the components is known, 
the method can be used to calculate the remaining component and 
the credibilities ~ simply by omitting the corresponding equation 
in (B). 

I t  is well-known that  Maximum Likelihood method gives for 
finite samples too low values for variances. The bias is normally 
of the order I/N. An unbiased expression for the variance in the 
case~ a = o, i.e. ~k = o is given by  Hovinen (ibid.). His formula (26) 
is by our notations 

h -- N t - - - - -~-  (Yk - -  mo)l 

X t~ 

Our eq. 3) in (B) gives with =~ = o 

h = z /N X t ~ ( y ~ -  mo) =. 

Comparing these two formulas we see. that  the bias is negligible 
if all tk :s are small compared with X t,. 



N O T E  ON A C T U A R I A L  3[ANAGE3' IENT IN I N F L A T I O N A R Y  
C O N D I T I O N S  

OVE LUNDBERG 

Stockholm 

This no te  is an a t t e m p t  to put  the problems referr ing to  the  
reserves for ou t s t and ing  claims into a simple under s t andab le  form 
in order  to faci l i ta te  the  discussion of the difficult questions.  In  t h a t  
purpose  I have  t aken  up some of Hara ld  Bo h m an ' s  ideas of the  
subject  *). I f ind it convenient  to  s t a r t  ~ t h  the  s implest  case 
where the  l iabi l i ty  consists of index- regula ted  p ay m en t s  at  f ixed 
epochs . .~[y  p resen ta t ion  is res t r ic ted  to reserves of incur red  and  
repor ted  claims. 

I. Loss reserve of index-regulated payments 

E x p e c t e d  value  of l iabil i ty of paying  a to ta l  sum of S in the  
money  uni t  of t ---- o according to a cumula t ed  weight func t ion  F(t) 
by  the t ime  scale t, for which we have F(o) = o and F(oo)  = I.  
The  funct ion can also be in te rp re ted  as a d is t r ibut ion func t ion  
(see below). 

The  func t ion  F(t) can be a step funct ion with the steps ft ,  which 
means  t h a t  the  p a y m e n t  at t is st = S • ft,  but  for the s impl ic i ty  
of the formulas  we assume F(t) cont inuous  with exist ing F '( t ) .  

The  calculat ion of the  l iabil i ty is made  according to a basic 
in tens i ty  ra te  of in teres t  of ~ and to a basic inflation " i n t e n s i t y "  
ra te  of p. 

The  net  va lue  Vt in the fixed m o n e y  uni t  of t = o is according 
to the basic assumpt ions  equal to (for S = I) 

Vt = i e x p -  ( 8 -  0) ( u -  t)dF(u), 
t 

sat isfying the differential  equa t ion  

V~ = l"t(8 - -  p) - - F ' ( t ) .  

• Harald Bohman, "Insurance business and inflation" to be published 
in S.A.J. 
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Let us now assume that  the real inflation rate has not been p 
but  p* in the time interval (o, t). The necessary amount  of the 
reserve ill the applied money unit of current purchasing power will 
then be 

V ~ =  V texpP*t  

which reserve satisfies the differential equation (for S = I). 

V;' = V ; ( 8 -  p + p*) - - F ' ( t )  exp p*t. (Ia) 

Interpreted for an accounting period this equation signifies the 
fact that  in the money unit of current purchasing power the loss 
reserve at the end of the accounting period will be equal to the 
Mss reserve at the beginning of the period increased by  the ob- 
served inflation rate p* 

+ the calculated interest amount  according to the basic rate 
- -  the calculated inflation amount  according to the basic rate 
- -  the amount  of payment  in the money unit of current purchasing 

power. 

Since the prospective reserve 

V; = exp p°t y (exp - -  (8  - -  p) ( u  - -  t ) ) d F ( u )  .(xb) 
I 

satisfies the equation (Ia) with V~ = V 0 it will be equal to the 
retrospective reserve. 

In case the actual rate of interest 8" surpasses the basic rate 8 
by  less than the difference between the actual inflation rate p* 
and the basic rate ~, there will be a deficit. 

X.2 F l u c t u a t i o n  r e s e r v e s  

In order to meet temporary losses on account of increasing 
liabilities b y  inflation (see above) fluctuation reserves are needed. 
Further,  the rate of interest 8 is object of systematic and random 
variations which influence the market  values of the assets. To meet 
such variations of the asset values bank companies as well as in- 
surance companies need contingency reserves, which can be called 
valuere-gulating funds. 

Since the normal rate of interest uses to be positively correlated 
to the inflation rate a rising trend of inflation may  in addition 

x4 
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necessitate a higher level in the fixed money unit of the regulating 
funds in order to meet the deterioration of the bond values and 
the values of other nominal assets. 

2. Applications of the model to the reserve of outstanding claims of 
non-life insurance 

The reserve for the outstanding claims is the sum of the discounts 
of the expected future payments  of the outstanding claims. Besides 
inflation, there are regularly during the settlement period possi- 
bilities that  the estimates of the different claims amounts might 
be changed. The claim reserve shall be an estimate upon known 
facts regarding the claim in question. These facts might change 
during the sett lement period and on such occasions the estimate for 
the claim reserve must be changed. Such changes will be called 
"run-off result" according to the terminology used b y  Hara ld  
Bohman. 

If F(~) is the probabili ty that the claim is settled before -., the 
conditioned probabili ty at t of the claim becoming settled before 
-. is for : > t  equal to ( F ( ~ ) -  F(t)) • ( I -  F(t)). The distribution 
function F is dependent on the branch of non-life insurance and on 
the expected size of the claim amount.  The distribution function 
will for small amounts increase quickly from o to I, and the in- 
fluence of inflation will be relatively small. For large claims, e.g. 
on liabilities by  damages of persons, which can give rise to index- 
regulated annuities of disability life and of life annuities of suradving 
individuals, the distribution function will be slowly increasing and 
the value I is at tained first after 5-Io years. The influence of in- 
flation will then be of great importance. Although amounts will be 
paid before the definite settlement to compensate loss of income 
and also e.g. losses of hospital care, the essential part of the losses 
will often refer to the time of definite settlement. The model could 
also be refined by" introducing the concept of partial sett lement.  

Given the claim amount  S and the distribution function F with 
respect to the duration until sett lement the loss reserve is defined 
by  a modification of the equation (Ia) and the solution (Ib). We 
will primarily think of the claim amount S as a fixed sum in the 
fixed money unit of t = o. The model will then correspond to a 
claim amount  of a fixed but  index-regulated sum. If the set t lement 
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takes place at t the sum S • exp p*t will be paid in the money unit 
of current purchasing power, and the reserved amount  V~ wiU 
become available. 

The inflation rate should refer to an index of the actual claim 
costs. 

As explained above the amount  S and the distribution function 
F are subject to regular re-estimations. As long as the estimations 
S andF(t)  are applicable, we write the differential equation as foUow 

V;" + (S-- V;') (F'(t) : (I --F(t)) • exp p't = 8V; + (p" - -  p)V;. 
(2a) 

In this application the equation expresses that the claim costs in 
the money unit of current purchasing power according to the left 
member (where the increase of the reserve can be both positive and 
negative) shall be covered by the calculated rate of interest plus 
the additional amount corresponding to the difference between the 
observed and the calculated inflation rate. 

The equation (2a) is satisfied by the solution 

V; = S" (exp p;) ~ (exp-- (~ --  p) ( u -  O)dF(u) : (I --F(t)). (2b) 
J 

F'(t) : (Z - -  F(t)) denotes the conditional probability of the settle- 
ment taking place in the small time interval dt  if it has not taken 
place before t. 

If the sum S is to be pa id  when death occurs we have F ( t )  = 

z--l=+~ : l .  andF ' (O : (z--F(t)) = ~ ,~ . , .  

Profit or loss appears in reference to the equation (2a) 

a) when the difference between the actual and. calculated rates of 
interest exceeds or is below the difference between the actual 
and the calculated inflation rates, 

b) when the actual payments  are below or exceed the expected 
payments  by settlement, 

and further at the end of the period 

c) if the estimate S of future payments  are changed by new estima- 
tion or/and if the distribution function F is changed by new 
estimation, 

d) if the basic rates of interest and inflation are changed. 
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The difference between the prospective reserve with actual 
estimations of S and F and the retrospective simultaneous reserve, 
containing the preceding estimations of S and the distribution 
function F, will give the "run-off result" according to c). 

Profit and losses according to a), b) and c) are expressed in the  
money unit of current purchasing power. The variations will 
increase in the same progression as the inflation, and consequently 
also the need of equilization funds to meet the different kinds of 
systematic and random variations. A critical situation will soon 
appear if the investments don't  give sufficient means for increasing 
not only the loss reserve but also the equalization funds in pace 
with the inflation. 



APPROXIMATIONS TO RISK THEORY'S F(x ,  t) 
BY MEANS OF THE GAMMA DISTRIBUTION 

HILARY L. SEAL 
Ecole Polytechnique F6d6rale de Lausanne 

It seems that there are people who are prepared to accept what 
the numerical analyst would regard as a shockingly poor approx- 
imation to F(x, t), the distribution function of aggregate claims 
in the interval of time (o, t), provided it can be quickly produced 
on a desk or pocket computer with the use of standard statistical 
tables. The so-called NP (Normal Power) approximation has 
acquired an undeserved reputation for accuracy among the various 
possibilities and we propose to show why it should be abandoned 
in favour of a simple gamma function approximation. 

Discounting encomiums on the NP method such as Biihlmann's 
(z974): "Everybody known to me who has worked with it has 
been surprised by its unexpectedly good accuracy", we believe 
there are only three sources of original published material on the 
approximation, namely Kauppi et al (x969) , Pesonen (z969) and 
Berger (x972). Only the last two authors calculated values of 
F(x, t) by the NP method and compared them with "true" four or 
five decimal values obtained by inverting the characteristic func- 
tion of F(x, t) on an electronic computer. 

Briefly, the NP method for approximating F (x, l) consists of 
calculating y from the quadratic (NP2) or cubic (NP3) equation 

- Y + - - 7  ( : - z )  

+ (y3 _ 3y) (3!) ( 2 :  - -  5y) (z) 

where the kappas are the cumuiants of F ( . ,  t), and treating the 
result as a standardized Normal variate so that 

I 
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Berger (loc. cit.) found that  the use, of x4 and the inclusion of the 
last two terms of the foregoing equation in y "does not generally 
produc~ better  results than NP2". In our view, the necessity of 
solving a cubic equation and, possibly, choosing the appropriate 
root (Berger, I972) removes the "second approximation" from the 
list of simple procedures. 

Among the "short  cut methods" of approximating P (x, t) tr ied 
by Bohman and Esscher in their classic I963-64 paper was the 
gamma distribution with density 

. I  
F(~) e- ~y~- i o _< y < oo 

so that  

I ~+,V~ 

where the P-notat ion for the incomplete gamma ratio is now 
standard (see, e.g., Magnus et al, I966) and ~ is to be determined 
from 

4 4 

The joint authors reported that " the  method has an astonishing 
accuracy in large parts of the field investigated" and one wonders 
why it has not been used more widely. The tables of Khamis- 
Rudert  (I96fi) allow the approximation to be made with facility. 
It  is mentioned, however, that what we write as P (a, x) is called 
by Khamis P (~, 2z) ; this must be watched when using the tables. 

Let us therefore compare the published NP2 and NP3 approx- 
imations to F ( z ,  t) with those obtained from (3) and (4). In  the 
appended table the first four t-values come from Berger's (i972) 
Table 2, the next is from Pesonen (I969) and the last two are 
from Berger's (loc. cit.) Table 3. There are 38 values of I - - F  (~, t) 
shown in the Table and the gamma approximation (which is over- 
loaded with decimals in the Table) is better  than NP2 in 27 of them. 
I t  is better than NP3 in 27 also. What  is more important  is tha t  
the gamma approximation is better than NP2 in 9 of the Iz cases 
where deviations from the mean are 4, 5 or 6 s tandard deviations; 
the corresponding number among the dozen similar NP3 cases is 
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also 9 - - b u t  not the same 9/ Furthermore, the superiority of the 
gamma approximation does not seem to depend on the size of x, 
large values of which are supposed to ameliorate the accuracy of 
the N P  method. Surely here is a case for discarding the Normal 
Power method altogether. 

To conclude, it is mentioned that  just as the NP method can be 
extended to provide stop loss premiums (Pesonen, I969) the same 
is true of the gamma approximation. The stop loss premium at 
priority x can be shown to be 

q ~ e  - q 

(,,~-- ~)d,,~(,,,t) ~ ~ r(~+ ~) + (x--O P(~,,q) - -  (x--t) 
z 

where q = ~ + ]/~/×2 ( x -  t). 

No calculations of this quant i ty  were made as it was not thought 
that  any different conclusions would have been drawn. 
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I n d i v i d u a l  c l a i m  N e g a t i v e  ' x - - t  
d i s t r i b u t i o n  b i n o m i a l  t z ~ 

( B o h m a n - E s s c h e r )  index ~/×~ 

o 

I 

N o n - i n d u s t r i a l  f i re  ¢o zooo  2 2 . 7 1 4 7  

3 
4 
6 

o 
I 

N o n - i n d u s t r i a l  f i re  20 zooo  2 6 . o 7 4 z  

3 
4 
6 

o 
I 

N o n - i n d u s t r i a l  f i re  Qo zoo  2 o . 2 7 1 4 8  

3 
4 
6 

o 
I 

N o n - i n d u s t r i a l  f i re  20 xoo 2 0.32569 
3 
4 
5 

o 

I 

L i f e  B ¢o I o o o  2 2 . 7 0 5 5  

3 
4 
6 

o 
N o n - i n d u s t r i a l  f i re  i i o o o  I o . 9 9 o z  

3 
3 

o 
N o n - i n d u s t r i a l  f i re  z i o o  I 0.5854 

3 
5 

* T h e  v a l u e s  in  t h i s  p a n e l  w e r e  c a l c u l a t e d  b y  t h e  a u t h o r .  
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+ zW 
1 - - F ( x ,  t) 

"exact" Gamma approx. NP2 2¢P3 

2.7147 .4265 .4193 .4228 .4x3I 
4.3623 .1364 .I483 .x587 .1425 
6.otoo .04523 .04481 .04938 .04497 
7.6576 .oi4ox .o1234 .oi348 .oi387 
9.3o52 .oo352 .o0319 .oo333 .oo428 

x2.6oo 5 .ooo22 .00019 .oox64 .00042 

6.o741 .4476 .4460 .4472 .4444 
8.5387 .I5o2 .1535 .I587 .I5o9 

II.OO32 .03968 .03977 .04179 .04000 
13.4678 .00892 .00849 .00881 .00920 
15.9324 .oo177 .ooi58 .oox57 .oox95 
2o.8615 .00005 .00004 .00003 .00008 

o.27148 .3743 .2639 .3129 .I64I 
0.79252 .o947 .lO27 .1587 .0827 
x.31355 .o345 o .04783 .o8152 .o4827 
1.83459 .01709 .02383 .04195 .03016 
2.35563 .00893 .01232 .02156 .01967 
3.3977 ° .00378 .00351 .00565 .0o908 

0.32569 .38ot .2805 .3226 .1795 
o.89638 .xoo6 .xo83 .1587 .o827 
1.467o8 .03521 .04892 .07856 .0488 
2.03777 .o168o .0235 ° 0.3880 .0298 
2.60846 .oo855 .OLX68 .o19o7 .o1897 
3.74985 .oo365 .00306 .oo454 .oo843 

2.7056 .3992 .4x9I .4227 * .4194 
4.3505 .I562 .I482 .1587 -1510 
5.9953 .04569 .o4483 .04947 .04531 
7.6402 ,oi258 .01236 .01350 .oi2ox 
9.285I .00281 .oo32o .00334 .00291 

12.5748 ,oooi2 .00019 .00016 .oooI 4 

o.99oi .3671 .3672 .3805 .3593 
1.9851 .1353 .1352 .1587 .1347 
3-9752 .oi84 .o184 .0229 .ox94 
5.9653 .0025 .0025 .0028 .0029 

o-5854 .3448 .3299 .3540 .3o4 o 
1-35o5 .1226 .x242 .1587 .xx89 
2.8807 .0198 .0213 .0297 .0238 
4.41X0 .OO46 .0040 .005I .0056 
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SEPARATION OF INFLATION AND OTHER EFFECTS 
FROM THE DISTRIBUTION OF NON-LIFE INSURANCE 

CLAIM DELAYS 
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Macquarie University, Sydney, Australia 

and Government Actuary's Department, London, U.K. 

i .  THE RUN-OFF TRIANGLE 

In recent years, as a result of more concentrated research to- 
gether with the ravages wrought upon some insurers by inflation, 
the fundamental significance of the so-called run-off triangle in the 
calculation of provisions for outstanding claims has been in- 
creasingly recognised. The run-off triangle, which is a two-way 
tabulation--according to year of origin and year of payment - -  
of claims paid to date, has the foUowing form, where C~j is the 
amount paid by the end of development year j in respect of claims 
whose year of origin is i, i.e. C~j is the total amount paid in year 
of origin i and the following j years. 

Development year 

Year of 
Origin o I 2 k 

Coo Co l  Co2 • . • . C o l . . . - " ' "  
. • • / 

Cko 

The information relating to the area below this triangle is un- 
known since it represents the future development of the various 
cohorts of claims. 
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2. THE "CHAIN-LADDER METHOI~' FOR OUTSTANDING CLAIMS 

PROVISION 

Consider the problem of estimating C ~  for i = o, I, 2 . . . . .  k, 
given the above run-off triangle. The various methods of tackling 
this problem exploit the fact (Beard, 1974; Clarke 1974) that ,  in 
the absence of exogeneous influences such as monetary inflation, 
changing rate of growth of a fund, changing mix of business in a 
fund etc., the distribution of delays *) between the incident giving 
rise to a claim and the payment  of that  claim remains relatively 
stable in time. In this case the columns (or rows) of the run-off 
triangle are, apart frotn random fluctuation, proportional to one 
another. 

One method which is based upon this assumption, and the further  
assumption that  the "exogeneous influences" referred to above are 
not too great, is the so-called chain ladder method. According to 
this method we calculate the ratios 

k--L 

£zj = ( n  ~h) .LVs~, (~) 
h - J  

where 37I~ is an estimate of C ~ / C ~  and ffzh, an estimate of C,, h . 1/C m, 
is calculated as: 

k-i-t k -  d -  ~. 

~h = X C~,h.~d X C~h. (2) 
i - a  i - a  

i~I~ needs to be calculated from (inter alia) an estimate of out- 
standing claims at the end of development year k. Although an 
important issue, this does not affect the reasoning of this paper 
and so does not receive detailed comment at this point. The factors 
~l~'j can now be used to calculate outstanding claims provisions. 
The outstanding claims provision in respect of year of origin i is: 

C~.,_dM,_ ~ - -  I). 

3. DIFFICULTIES ARISING FROM THE CHAIN-LADDER I~ETHOD 

I t  is crucial to the logic underlying the chain-ladder method 
that  the "exogeneous influences" should not be too great. If this 

*) These "de lays"  do not  refer to any deliberate delaying on the pa r t  of 
the  insurer, bu t  to delays in notification of the claim by the insured and 
further delays caused by  litigation, etc. 
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assumption does not hold, then the conclusion, tha t the columns of 
the run-off triangle are proportional goes awry too, and the chain- 
ladder method can give misleading results. This criticism has been 
made and illustrated by Clarke (1974), who demonstrated the 
effects of a large rate of growth and large and volatile rate of 
inflation. 

One possible method of overcoming this weakness of the chain- 
ladder is to recognise the variation (with i) of the ratios C~, h ~ liCit, 
to seek trends in these rations and project these trends. This modifi- 
cation too has a serious drawback in that  the t rend may  be almost 
entirely due to monetary  inflation, and if rates of inflation have 
fluctuated in the past, there will not exist any smooth trend. 
Furthermore,  if the rate of inflation is thought likely to fall (say) 
during the next few years, then it is not clear how this trend should 
be reflected in the sequence (over i) of ratios C~,~ +llC~. 

4. THE "SEPARATION ~/IETHOD" 

Clearly, it would be preferable to separate, if possible, the basic 
stationary claim delay distribution from the exogeneous influences 
which are upsetting the stationarity. This can be done as shown 
below. 

We assume that,  if the conditions affecting individual claim sizes 
remained always constant, then the ratios of average claim amount 
paid in development year  j per claim with year  of origin i to the 
average amount  paid to the end of development year k per claim 
with year of origin i would have an expected value rj which is 
stationary, i.e. independent of i. 

We further assume tha t  claims cost of a particular development 
year is proportional to some index which relates to the year of 
payment  rather than the year of origin. This is particularly ap- 
propriate when claims cost is dominated by high rates of inflation. 
It  is not so appropriate in respect of influences such aschanging  
mix of business within a risk group, which is related rather to 
policy year. This point receives further comment  later in Section 7- 

According to the assumptions made above, the expected claims 
cost of development year j per claim with year of origin i is rjX~ +t 
where X, is exogeneity index- - tha t  is an index of the effect of 
exogeneous influences--appropriate to year of payment  k. These 
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expected values then form the foUowing run-off triangle (but note 
that  claim amounts in this triangle are not cumulative for each 
year of origin). 

Development year  

Year of 
origin o I 2 k 

k 

roXo rxXt r~Xz . . . r~X~ 
roXx rxX~ r2Xa . . • ~ ' k - l ~  

roXa ~'1~.3 r2X4 . • J 

• " (31 

The problem now is to separate the values r0, r~, . . . ,  r~ from 
Xo, Xl . . . . .  X~ using only the corresponding triangle of observed 
values 

s u = (C~j - -  C~,j_O/n~, 
where n, is the number of claims with the year of origin i. 

This number n~ can be a little problematic. In practice, the total  
number of claims for year of origin i will not be known until  a 
much later development year than the one just completed. There- 
fore, it will be necessary to take n~ to be the sum of reported claims 
and outstanding claims. But at which development year ? I t  may  
at first seem logical to take both of these figures as at the end of the 
latest development year available. However, this latest develop- 
ment year decreases as year of origin increases. If, as sometimes 
happens, a company- tends to overestimate (say) the number  of 
outstanding claims in the early development years, then, even if 
X0 = X~ . . . . .  X~, the triangle of so's will tend to increase as 
one move down the columns. The result would be underestimation 
of the X~'s and hence of the provisions for outstanding claims. 
Thus, to ensure consistency down columns of the s~l triangle it 
seems necessary to take. 
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n, = number of claims settled in development year o + estimated 
number of claims outstanding at end of development year o 
(both in respect of year  of origin i). 

5. HEURISTIC SOLUTION OF THE SEPARATION PROBLEM 

First note that,  by  definition, 
/t 

z rj = z .  (4) 
1 - 0  

Hence if we sum along the diagonal involving Xk, we obtain: 

d~ = X~(ro + rl + . . .  -4- r~) = k~. 

Thus our estimate of X~ is: 

If the next diagonal up is summed, the result is: 

d ~ . l  = Xe_ l (ro  + rl  + . . .  + r ~ - l )  ---- X ~ _ i ( I - - r ~ ) .  

Thus Xe_ ~ could be estimated if only we knew r~. But  an obvious 
estimate of r~ is: 

where ve is the sum of the column of the triangle involving re. 

NOW, 

~ e - '  = d ~ - z l ( x  - -  ;~). 
This procedure can be repeated, leading to the general solution: 

~.h = d~ / (~  - -  ; ~ - -  ; ~ - ,  - -  . . .  - -  ; ~ + , )  ; ( s )  

r~ = ~'J/(~,J + Xj+i + ~,~), (6) 
where dh is the sum along the (h + z)-th diagonal and v~ is the 
sum down the (h + I)-th row. 

6. RELATION TO VERBEEK'S PROBLEM 

Verbeek (I972) considered a similar problem in which s~ was 
number of claims reported in development year  j in respect of 
year  of origin i. He assumed the triangle of expected values of 
so's to have the same structure as that  displayed in (3) and, as 
in our case, sought estimates of the r~'s and X~'s. He assumed 
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further that  the total number of claims relating to any one year  
of origin has a Poisson distribution. Then, employing the method 
of maximum likelihood estimation, he obtained (5) and. (6) as 
estimates of Xh and rj respectively. 

Verbeek's analysis can be generalised slightly so as to make it 
appropriate to claim amounts rather than claim numbers. In 
particular, if in the model of Section 4, we denote EEsis] by [~s 
and if the likelihood of individual claim size can be represented 
approximately by a function of the form: 

@i; r - f(hs ! ~S) = g(s~s) !'L~s exp  L - -  ~'qsJ, s~s > o, 
then all of the working goes through once agaih to produce est imates 
(5) and (6). 

This observation provides ground for expecting (5) and (6) by 
reasonable estimators from a statistical viewpoint. Conversely, 
the development of Section 5 provides a readily understood heuristic 
basis for Verbeek's statistical analysis. 

7' AN EXTENDED SEPARATION .~[ODEL 

It  was mentioned in Section 4 that  there are some influences 
at work which tend to make claim sizes vary  by },ear of origin as 
well as by year of payment.  We could construct a model to acknow- 
ledge this by  representing the (i,j)-etement of triangle (3) by  the form : 

qirik~ +S, 

with the qt's normalised so that 
k 

E q l = I .  
1 - 0  

However, this not only produces computational difficulties, but  
also reduces the number of degrees of freedom from ½k(k -  I) to 
{ k ( k -  3). Thus even with a 5 x 5 triangle containing 15 entries, 
the number of degrees of freedom in the estimation is only 2. 

For these reasons it seems that the extended model is inap- 
propriate and that the model described in Section 4 should be used 
as being closer to reality. 

~. APPLICATION OF THE SEPARATION ~IETHOD 

It is now necessary to consider the application of the est imates 
Xh, rs to the calculation of provisions for outstanding claims. They  
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can be applied immediately to complete eac.h row up to and in- 
cluding development year  k. 

Later development years cause some difficulty. Suppose we write 

} - - k + l  

Then 

~ - k + t  I - k + 1  

Since we have no information in respect of the development 
years involved here except that  included in any estimate of total 
claims outstanding as at the end of the latest development year, 
it is not possible to separate the r / s  and the kh's precisely. This is 
a verbal expression of the fact that  

- (7) 
E[sgk+] Z ,~Xg+j 

J - k + , t  

does not in general simplify. It  is useful to note, however, that  if 
it is assumed that  >,h = const. × (z + K) h for the next few years 
into the future, then (7) simplifies to 

E[s~+] 
g[so~+] - (z + _K)~, 

and so s~ + is est imated by 

&~+ = ~o~.,.(I + K)t 
In case variable inflation rates are required for future years, it 

will usually be sufficiently accurate, unless the claim delay distribu- 
tion has an extremely long tail, to take 

&~ + = ~o~ +(x~ +, +i/x~ +i), (8) 

particularly in view of the uncertainty of the values of km in future 
years. 

It is still necessary to obtain ~o~+, an estimate of So~+. This can 
be done by simply setting 

~o~+ = SOB+. (9) 

z5 
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I t  might be objected that  this makes no use of the company 's  
estimate of outstanding claim account in respect of years of origin 
later than o and that  s~k+ should first be estimated by: 

s ~ ÷  = s~,~_~+ - -  (~,~_~÷1 + . . .  + ~,~), 
and then Sos+ estimated by some (possibly weighted) average of 

the values of ~ +(X~ +i/X~ +~ +1). 

However, although this method makes use of more information 
than does method (9), is also has a couple of drawbacks. Firstly, 

SLk+ is dependent  upon the values of Xh for future years, and  is 
therefore suspect to the extent that  the X~'s used explicitly in the 
calculations are inconsistent with those implicit in the claims 
adjuster 's estimates of outstanding liabilities. This can be partic- 

ularly important  if its effect is to produce estimates ~ +  which 
are biased on the tow side, for this means that  the resulting est imate 
of so~+ will also be low and hence all the estimates ~g+ will be too 
low. 

For these reasons it may often (for a supervisory authori ty,  
always) be advisable to use formula (9) in conjunction with (8). 

Having calculated the matr ix:  

3oo ~oz  ~o~ . .  • ~o~  ~ o ~ +  

~eo g~z ~ • • • ~kzc  ~ +, 

we are in a position to calculate factors which correspond to the 
chain ladder factors. We calculate 

M~j = (~o + . . .  + # ~  + # ~ + ) / ( ~ o  + . . .  + ~j) .  

Note that,  in principle, there is a different sequence of such 
factors, M~o, 19I~I, etc., for each year  of origin i. In fact, however, 
we require only one of these factors for each year of origin, and 
estimate the outstanding claims provision in respect of year  of 
origin i by:  

C ~ , k - ~ ( M ~ , ~ .  ~ - -  I ) .  
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9" COMPARISON WITH OTHER MET, HODS 

Section 3 dear with a couple of difficulties arising out of use of 
the chain-ladder method. These difficulties concerned that method's 
characteristic of not making past experienced and future expected 
exogeneity factors explicit. The separation method overcomes this 
major objection by calculating estimates of these factors from 
past data (in the Xh's) and allowing flexibility in the choice of 
future exogeneity factors. 

However, once the X~'s have been estimated, the method be- 
comes essentially similar to the chain-ladder method in the calcula- 
tion of the i~/ factors and their use in estimating appropriate 
outstanding claim provisions. Hence, it is reasonable to regard 
the separation method as simply a variant of the chain ladder 
method with provision for explicit recognition of exogeneous 
influences. 

It was already noted in Section 3 that the chain ladder technique 
had been strongly criticised by Clarke (1974), and it is, therefore, 
of some interest to compare the~ methods recommended by him 
with the separation method. Indeed, an examination of Clarke's 
methods (1974; Clarke and Harland 1974) shows that they are 
based on principles very similar to those of the separation method. 
There are two main differences. Firstly, Clarke deals with monthly 
data, rather than the annual data used here. This is not an essential 
difference, the choice of frequency of data collection being dictated 
by practical considerations. Clearly monthly figures are preferable 
but, for a supervisory authority such as the UK Department of 
Trade, not possible. 

The second main difference is perhaps in favour of the separation 
method. It consists in the fact that the estimation of past rates of 
inflation (as part of the X~'s) from past data is integrated into the 
whole estimation procedure, whereas it is not entirely clear whence 
Clarke obtains them. Moreover, the "exogeneity factors" employed 
here incorporate not only inflation but a/~ influences on the distribu- 
tion of claims delays. 

Io. NUMERICAL RESULTS 

The method developed here was applied to a number of cases 
which had proved difficult to handle by other methods. In nearly 



2 2 8  SEPARATION OF INFLATION 

all cases, satisfying results were obtained. Two examples are given 
below--one in which results were satisfactory, and one in which 
they were unsatisfactory. 

Example z: A Motor Account 

The run-off triangle is: 
o 

o 50.4 

x. 58.o 
2 59.5 
3 66.2" 

i 2 3 

28.2 ~ 9.o 
29.2 9-7 

33.2 

4.8 

This yields: 

Hence, 

Vo= 234.1; d o =  5o.4; 
v x =  9o.6; d r =  86.2; 
v 2 =  I8.7; d e =  97.7; 
v s  = 4 . 8 ;  d ~  = I13. 9. 

ro = o.5835; M = 86.4; 
rt : 0.2878; Xt = 98.9; 
re = 0.0866; M = zo2.o; 
r3 = o.o42I; ks = 113.9. 

The "f i t ted  run-off triangle" based on these 8 parameters is: 

o i 2 3 

50. 4 28. 5 8.8 4.8 

57.7 29.4 9.9 

59.5 32.8 
66.y 

This fits the original triangle well, which is reassuring. On the 
other hand, however, it must be remembered that  there are only 
3 degrees of freedom in the fitting process and so the fit is forced 
to a considerable extent. 

Perhaps just as important  as the goodness of fit is the require- 
ment that  the r's and k's produced from the triangle which includes 
only the first 3 rows and first 3 columns of the above 4 × 4 triangle 
should be consistent with the r's and X's already calculated. This 
3 × 3 triangle produces 
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r0 = o .61o i ;  Xo = 82,6; 

rl  = 0.2980; kt = 94-9; 
r2 = o.o921; X2 = 97.7. 

Now these values  do not  agree immedia te ly  wi th  those a l ready  
calculated.  However ,  this is pr incipal ly  due to the  cons t ra in t  

k 

~ r l = I ,  
I - O  

which means  t ha t  ro + rt + re = I for the 3 × 3 triangle,  whereas  
ro + rt + re = I - -  o.o421 for the 4 × 4 triangle.  We can mul t ip ly  
all of our  r's by  some cons tant ,  and  prov ided  we divide all k's b y  
the  same cons tant ,  the  scaled results  will be equivalent  to the  
unscaled  ones. Choosing this cons tan t  to be ( I -  o.o421), we 
rescale the  last  set of r ' s  and  X's to obta in :  

ro = 0 . 5 8 4 4 ;  k o  = 8 6 . 2 ;  

r t  = 0 . 2 8 5 5 ;  kt = 9 9 . I ;  
re = 0.0882; k s  = lO2.O. 

These  figures agree ve ry  well wi th  those ca lcula ted  previously.  
If it is assumed t h a t  X will increase in fu ture  at  a ra te  of IO% 

per  annum,  then  

X~ = I25.3, ks = 137.8, k6 = 151.6, k~ = 166.8, 

The procedure described in Section 8 may now be applied and 

o x 2 3 3 +  

50.4 28. 5 8.8 4.8 7.6 

57.7 29.4 9.9 5.3 8.4 
59.5 32.8 to.8 5.8 9.2 
66.5 36.I xx,9 6.4 1o.2 

I I o , 3  = I.O82 
~"1"~t,2 = I.I4I 

2~2,t  = 1.281 

II3,o = 1.971 

the  rec tangle  

obta ined,  

Example z: A Pecuniary Loss Account 
0 I 2 

o 23I . I  336.6 
I 9435.3 3902.2 
2 70.8 234.6 

3 82.5 

237,3 975.I 
89.9 
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This yields : 

r3 = 0.7055; X 3 =  

which leads to the following fi t ted t r iangle:  

r o = o . I 8 6 6 ;  , X o =  1238.5; 

r ~ = o . o 8 7 o ;  M = 3 5 7 1 6 . o ;  
r ~ = o . o 2 o 9 ;  X ~ = I 4 2 9 6 . 4 ;  

1382.1, 

o i 2 3 

23I.I 3107.3 298.8 
6664.6 I243.8 28.9 
2667. 7 t20.2 

257.9 

975. 

This does not  agree well with the actual  run-off  figures, the 
reason being that ,  under  the assumpt ion  of rl 's being unre la ted  to 
year  of origin, fine 1 of the actual  run-off  triangle is grossly in- 
consistent  wi th  lines 2 and  3- 
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CALCULATION OF R U I N  P R O B A B I L I T I E S  W H E N  T H E  
CLAIM D I S T R I B U T I O N  IS LOGNORMAL 

OLOF THORIN and NILS WIKSTAD 

Stockholm 

SUMMARY 

In this paper some ruin probabilities are calculated for an example 
of a lognormal Claim distribution. For that  purpose it is shown 
that  the lognormai distribution function, A(y) ,  may be written 
in the form 

0 

where V(x) is absolutely continuous and without being a dis- 
tribution function preserves some useful properties of such a 
function. 

An a t tempt  is also made to give an approximant An(y) to A(y) 
such that  An(y) is a linear combination of a low number of ex- 
ponential distributions. For comparison, ruin probabilities are 
also calculated for two examples of An(y). 

In the considered numerical cases it is assumed that  the occur- 
rence of claims follows a Poisson process, 

I .  INTRODUCTION 

This paper can be viewed as a continuation of our previous joint 
paper (Thorin and Wikstad (1973)). In that paper we made 
numerical evaluations of ruin probabilities when the distribution 
functions of the amounts of claims, P(y), and of the interclaim 
times, K (t), both could be expressed as a weighting together of 
exponential distributions. In fact we considered i) the following 
two classes 

g 

dr (x ) ,  y >. o 
P(Y) 

I , y<o 
1) As to the class (I.x) we referred to Seal (I969). However, we should 

also have referred to Thyrion (I964) where a systematic  s tudy of the class 
(I .I)  i.a. including the Pareto example was given. 
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/I ~ (I--~) Jw(~), t _>_ o K (t) (1.2) 0 

• O, t < O  

where V(x) and W(v) were distribution functions such that  
v (o) = W ( o )  = o. 

Besides the simples cases when V(x) and W(v) are discrete 
distributions with a finite number of spikes we also considered 
absolutely continuous V(x) or W(v). In particular, we gave 
formulas and numerical values of the ruin probabilities when 
V(x) (or W(v)) was a F-distribution corresponding to a Pareto 
distribution for P(y) (K(t)). For that  case we also gave an ap- 
proximant with a finite number of spikes. It  turned out  that  the 
ruin probabilities were well approximated for moderate values 
of the initial risk reserve. For large values of the initial reserve, 
however, discrepancies appeared corresponding to entirely different 
asymptotic behaviors. 

In the present paper we a t tempt  to generalize our procedures 
to a case where V(x) no longer is a distribution function bu t  still 
satisfies the conditions: 

(i) V(o) = .0, V ( o 0 )  -~- I 

(ii) V (x) is right-continuous 

(iii) / [dV(x)[ < oo, i.e. V(x) is of bounded variation over 
0 

the entire interval (o, oo). 

Of course, no t .every  such V(x) inserted in formula (I.x) gives 
a P(y)  which is a distribution function. However, in certain cases 
we get a distribution function. Let us first take a simple example. 
We let 

[/(X) -~- a Z ( x - - a t )  + ( I - - a )  ~ ( X - - a 2 )  ( I .3 )  

where o < a l  < a 2 ,  a = a 2 / ( a , - - a l ) .  

The second weight I -  a = -  a l / ( a 2 -  at) is thus negative, 
Inserting V(x) in formula (I.I) we get 

~2 a t  
P (  y )  = I e -~' 'v  + - e -c ` 'v  = 

a2 -- at a2  -- al 

= (I -- e-~'~) * (1 -- e-~,v) 
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i.e. the convolution of two simple exponential distributions. In 
passing, we note the obvious fact that  for Y(x) in (1.3) the first 
moment  is zero and all the higher moments are negative. (This 
fact has an obvious generalization to convolutions of Jz exponential 
distributions.) 

As the reader easily realizes there is an abundance of such 
examples as (I.3) where a finite number of spikes, among them 
some negative ones, produce distribution functions P(y). The 
same can, of course, be said about K(t). The numerical problem 
of calculating ruin probabilities in such cases present no essential 
difficulties as compared with the cases where V(x) and W(v) 
consist of only positive spikes. 

The main topic of this paper is, however, a case where V(x), 
without being a distribution function, is absolutely continuous 
and, in fact, produces the lognormal distribution A(y) for P(y). 
For a special parameter  choice we a t tempt  to calculate a number 
of ruin probabilities and also, for comparison, to bring forward 
and determine ruin probabilities for an approximant As(y) to 
A(N) such that  the corresponding V~(x) consists of a low number 
of spikes, which if necessary may contain negative ones. As to 
K(~) our formulas are general. However, for numerical purposes 
we consider only the case K(0 = I -  e -~, i.e. we assume that  
the occurrence of claims obeys a Poisson process. 

In section 2 we consider the function V(x) producing the log- 
normal distribution. Thereafter, the section 3 gives the formulas 
for the ruin probabilities. Section 4 treats the principles for ob- 
taining As(y).  In section 5 the asymptotic behaviour of ~F(u) for " 
u--~ Go is dealt with where E(u) denotes the ruin probability for 
an infinite time when the initial risk reserve is u. Section 6 presents 
the  numerical methods. Finally, section 7 and the at tached tables give 
the numerical results. Section 8 contains some concluding remarks. 

2. THE FUNCTION V(x) PRODUCING THE LOGNORMAL 
DISTRIBUTION, A(y) 

The lognormal distribution function, A(y) ,  has the well known form 

A(y) = I N (  l ° g y - ~ ) '  a > o ,  y > o  

i . (2.I1 
o, y = < o  
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where N( . )  s tands  for the normal  dis tr ibut ion funct ion wi th  mean  
zero and  var iance one, i.e., 

N(y)  = 1 / e-';'12 dv 

and log denotes the na tura l  logarithm. As a general reference for 
the lognormal distr ibution see Aitchison and  Brown (1957). 

For  convenience, we introduce c¢ = e -'~ and  use ~ ins tead of , .  
Thus 

A(y) -~ N ~ , x > o ,  ~ ~>o, y > o  (2.2) 

o, y__<o 

Clearly, the  pa ramete r  ~c is a pure scale parameter  in the same 
sense as ~ in F ( y )  = I -  e -~v, y >= o is a pure scale parameter .  
In contrast ,  the parameter  ~ has a decisive influence on the  shape 
of the dis t r ibut ion A. 

We now consider the Laplace-Stielt jes t ransform of A for 
Re(s) ~ o. (Re(s) = o corresponds to the characterist ic function.)  

X(s) = ~ esv dA(y) 
0 

0 

In  order to cont inue X(s) analyt ical ly  into the r ight  s-halfplane 
we sl ightly rewrite X(s) for s negative real and  get 

t 

Making the subst i tu t ion ,t = (I /~)e -~v we find 

X(s) = e -o1~ "-~' d N ---~--- 

I ~ e_<xl~) ,-or -V, (v+<lo~(-,))/o)~dy. (2.3) =--~_ 
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Since the last member  of (2.3) represents an entire function of 
log ( - - s )  we see that  we have in (2.3) not only a representation 
of X(s) for Re(s) =<o, s # o, but also an analytic continuation 
into the right halfplane if we avoid the point s = o which is a 
branch point. If we avoid also the positive real axis we get in the 
remaining part  of the plane, say D, a single-valued function. The 
boundary values of X(s) when we approach the positive real axis 
from above and from below, respectively, we denote by X+(x) 
and X-(x),  respectively, where x :> o. 

From (2.3) we conclude that 
/ . log x x'(,,) - vq~-~ ( -"'°,'-~'-~'t~'--r--'~)' d y '  

eat(ca') : e-(xt')*-Z*-½ ~ --.-~--] +~(v+ dy 

-- V~Snal(2~a) -=: 8-(xl~t)e-l~-~ y=÷f(nlfDy dy (2.4) 

and 

e #t(2~) -(xt~,),-~,-y: ~-,(.ta) u dy (2.5) 
x - ( ~ ) = x ' ( ~ ) =  V ~  _.[ 

Taking real and imaginary parts we find 

Re X ÷ (x) - -  V ~  

.~af(2~ z) 

/m x* (x) - V~ 

Note that  

lX+(x) t = IX-(x) l 

- (x l : )  e- ~w_ ½ y= r~'V 

e cos-d- dy (z.6) 

Y 
j ¢ sm y dy (2.7) 

=< [/~ -.: e dy = e ~I(2~z) (2.8) 

Furthermore, the formula (2.3) shows that  X ( s ) ~  o uniformly 

in /~, the closure of D, when I st--~ co. I t  is also evident that  

X(s) ~ i uniformly in D when [sl --~ o. In conjunction with (~.8) 
these facts show that  

IX(s) t < c ~l(~) 

for s ~ D (Phragm~n-Lindel6f principle). 
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However,  it is easy to see direct ly tha t  
I .  ~ l o g (  - s)~2~ (tLrg( - *))~ == 

I ( - ~., R, ~ ~,v- - -V- - )  I dy e 2~, - -  

(2.9) 

i, 

I" x* (x) - -  x-  (x) x(s) = 
2 ~  J x - -  s 

o 

I m  X ÷ (x) / (nx) 

J I ~ SiX 
o 

I m  X ÷ (x) 
Defining V'(x)  = 

~x 

we find 

V'(x)  dx 
X(s) = J (2.12) 

I ~ SIx 
o 

Using (2.7) we m a y  wri te  (2.Ix) in the form 
gr~l(2~ ~) 

s i n - ~  dy (2.13) v'(~) - j ,  
-m 

In order to prove that 

.~ I V'(X) I dx < ~/~: j" e ~/~ dt < e ~ / ~  (2.i4.) 
o o 

we introduce 
Q(y) ~ e ~ : " ~  ~t 

_ _  =~/~ -./ e - a "  sin-F- dt (2.15) 

I f Im x+(x) = ~ d x  = 

1~ x ~  s 
o 

(2.~o) 

( 2 . ~ )  

when - - ~  < arg ( - -s )  < r. i.e. for all points in D.  

According to Cauchy 's  integral  formula  we have 

f x(s') ds' X ( s ) -  2r, i s ' - - s  
C 

where s ~ D and  C is a simple closed curve  surrounding s. 

:Because of k(s)'s propert ies when is1 --~ co and I sl--~-o we m a y  
modify  C in such a way  tha t  we get 



RUIN PROBABILITIES FOR LOGNORMAL CLAIM DISTRIBUTIONS 237 

Then we can rewrite (2.I3): 

1 - (xl~t) e -  ~ 
dQ(y) = 

and get 
I 

-OOy -(xl~t} e -P'U 
+ ~Q(?)+ + d? (2.16) 

-m 

0 ~ - *o  D 

= f IQ(y) I dy (2.i7) 
- g  

However, it is easy to rewrite Q(y) in the following form (com- 
pare the derivatives t) + =- 

- vZl~ ~/~ tst2 
e cos  ( ty )  dt (2 . I8 )  Q(Y) = - -  g ~  " . 

Thus 

- e ''t" d t  ( 2 . I 9 )  

From (2.I7) and (2:I9) we get the asserted inequalities (2.14). 

I t  is now easy .to invert (2 .x2) to  

o 

= [ ( I - - e - x u )  dV(x) (2.20) 
0 

where V(x) is absolutely continuous and satisfies the conditions 
(i), (ii) and (iii) required in section 1. 

I t  is easy to see that  V'(x) must have infinitely many zeros 
with a limit point in oo. For that  purpose we consider the succes- 
sive derivatives of Ira X+(x). For convenience we also consider 
the derivatives of Re X+(x). In fact we get from (2.6) and (2.7) 

where Xn - -  

d-  
dx n Re X ÷ (x) ---- X. Re ),+ (x e )+++') 

d n 
I m  X + (x) : X .  Ira x* (x e "~') 

d x  ~ 

entail2 

- -  is the nth moment  of A(y).  

(2 .2 I )  

(2.22) 
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Since we k n o w  t h a t  Re X+(o) = l ;Re  X+(co) = o, Im X+(o) = o ,  
I m  k+(co) = 0 the  re la t ions  (2.21) and  (2.2z) give some i n f o r m a t i o n  
a b o u t  the  shape  of Re X+(x) and  I m  X+(x). We  thus  conclude  t h a t  
Re X+(x) s t a r t s  out  f rom the va lue  one a t  x = o,  where  all the  
der iva t ives  to  the r ight  are posi t ive,  in fact  t h e y  equa l  Xn for  
n = I ,  2 . . . . .  I n  par t icu lar ,  Re X+(x) near  x = 0 is increas ing  
and  convex .  Since ReX+(oo)= 0 there  m u s t  exist  a po in t  x0 
such t h a t  the  de r iva t ive  is zero in xo. Then  (2.21) shows t h a t  
ReX+(x) has  a zero a t  x0. e s ' .  T h e n  there  m u s t  exist  a po in t  
xl > x0 e s" where  the  de r iva t ive  is zero. This  reasoning  can  be 
con t inued  to show t h a t  there  are inf in i te ly  m a n y  zeros t end ing  to 
infini ty.  Clearly,  t he  cons t ruc t ion  m a y  be pursued  in such  a w a y  
t h a t  all zeros of Re k+(x) are included.  No te  t ha t  Re X+(x) m u s t  
change  sign inf ini te ly  m a n y  t imes.  

A s imilar  reasoning  works  for / ~ X + ( x ) .  Since this func t ion  
s t a r t s  out  f r o m  Im X+(o) = 0 the  p resen t  a rgumen t ,  however ,  does 
not  exclude the  possibi l i ty  t h a t  the  zeros also have  a l imi t  po in t  
a t  x = o. No te  t h a t  all the  de r iva t ives  a t  x = 0 are zero. 

F r o m  (2.11) we see t h a t  also V'(x) m u s t  have  an  in f in i ty  of 
zeros wi th  co as a l i m i t  point .  S imi lar ly  V'(x) m u s t  change  sign 
inf ini te ly  m a n y  t imes.  Thus, i.a., V(x) cannot be a distribution 
function. The  fact  t h a t  all the  de r iva t ives  a t  x = 0 of Im X+(x) 
are zero en ta i l  t ha t  V'(x) has the  s ame  proper ty .  

No te  also t h a t  all the  absolu te  m o m e n t s  

x" I V ' ( x )  I d x ,  n = o ,  I ,  2 . . . .  

0 

are finite. F o r  n = o we h a v e  jus t  p r o v e d  it. Fo r  n > o i t  follows 
d i rec t ly  f rom (2.13). 

The  m o m e n t s  themse lves  are all zero for n = r ,  2 . . . .  b u t  
one for n = o.  The  l a t t e r  fact  is ev ident .  The  fo rmer  f ac t  can  be 
fol lowed f rom (2.13) b y  s t r a igh t - fo rward  in tegra t ion .  In  f ac t  we get  

e n2l(=a~ - ~'tv 2 r:y d y  x e d x  x" V ' ( x ) d x  = e s i n - - v -  
ii - ~ Q 

_ (n~ I ) [=ne  ='l(=~') ; -½v'+.~u ~ Y d y  
m 

-- ~2~ _ _  ' sin -~- 
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The integral in the last membrum equals o . 

i e  -½(~'-'~)' s in (  ~ ( y - n ~ )  + m r ) d y  = 
• 

Thus 

= ( - - I )  n e e sin =y  dy  = o 

- m  

i x .  V'(x) dx = o ,  n = I ,  2 . . . .  (2.23) 
O 

However, a more rapid way to show (2.23) is to differentiate 
(2.20) n times and to let y = 0 observing that  all the derivatives 
of A(y) are zero at y = o. 

3. THE RUIN PROBABILITIES 

We now consider the ruin  #roblem when the claim distribution 
is A(y) and K(t) is arbitrary. The initial risk reserve is assumed to 
be u >ffi o and the gross risk premium per time unit to be c > o. 

We are interested in the probability ~F (u, t) that  the risk reserve 
becomes negative somewhere in the time interval (o, t]. We t ry  
to get a formula for 

( . ,  z) = [ e" dt ~" (~,, t) ,  Re  (z) ~ o (3.I)  
Q 

in order to invert this formula by  a numerical procedure. 

In the same way as in our previous paper (Thofin and Wikstad 
(I973)) we find the formula 

B (x. z) V'(x) e-xv dx 
(~,, z) = 

k(z--cx) [(I/k(z.--cx)--Re X ÷ (.~))' + (Ira x ÷ (x)) ~] 
0 

+ X gj(z) e - "  ' , , ~  (3.2) 

where A ( - ,  . ) ,  B ( - ,  • ), k ( . ) ,  g j ( . ) ,  s2~(') are the usual auxiliary 
functions weU known from our previous paper. 

i ;  
A (o, z) 
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In part icular,  k(z) = ~eg~ dK(t )  ~nd so.t(z ) are the roo t s - - l y ing  
o 

in D and  such tha t  Re set(z) > o- -o f  the equat ion 

k ( z  - -  c s~j(~)) x (s~j(z)) = 1. (3.3) 

Fur thermore ,  

gj(z) = B(s~1(z), z) 
A (o,z) [k(z - -cs , j ( z ) )  X'(s,t(z ) - -  ck'(z--cs2j(z))  (s2j(z))] s21(z) 

(3.4) 

- -  I 

A check formula  is ~F (o, z) = 1 (3.5) 
A ( o ,  z) 

For  the case K ( t ) =  I -  e -c,  i.e. Poisson occurrences we get  
certain simplifications of the formulas in the following way.  

- z ~ (x - -  s~(z)) V'(x) e-~" dx 
( u , z )  = st(z)  j (I + cx - -  z - -  Re X+(x)) ~ + (Iron X+(x)) 2 

o 

- u s,flz) 

+ ~ gj(z) e (3.6) 
J 

where 

I + c s : j ( z ) - - z - - X ( s , j ( z ) )  = o,  Re  (s,j(z)) > o,  s,s(z ) ~ D (3.7) 

x + c s t ( z ) - - z - - X ( s l ( z ) )  = o ,  Re( s t ( z ) )  __< o (3.8) 

gj (z )  = z ) s,j(z) x ' ( sv (z ) )  - -  c 

The check formula  now reads 

- -  z 

( o , z )  = i (3 . Io )  
c s,(z) 

For  the numer ica l  i l lustrat ions we keep to the Poisson assumpt ion  
K(0 ---- I -  e - t ,  t __> o and  thus  use the formulas (3.6) th rough  
(3.1o). We inver t  the relat ion (3.1) using the same Piessens' algo- 
r i thm (see Piessens (1969)) as we used in our previous paper.  
As to the lognormal  dis t r ibut ion we fix the parameters  to 

= 1.8o 
= #,,~ = e~., 2 (3.zx) 
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The choice of ~ = 1.8o is taken from the paper by  L.-G. Benckert 
and J. Jung to the Astin-coUoquium in Essex, 1973 (Benckert and 
Jung (I974)). These authors found the value ~ = 1.8o in their 
investigation of the Swedish claim experience of fire insurance of 
stone dwellings reported 1958-1969 (see their Table 3 Model A). 
The value ~ = e~.8~ is chosen in order to get the mean amount 
one. (As pointed out above ~ is only a scale parameter.) 

In our numerical illustrations we give a representative collection 
of values for u = o b y  the use of formula (3.Io). For  other values 
of u we must use the formula (3.6). For the time being we have 
avoided such combinations of c and t which necessitates a search 
for roots s2j(z) in the right halfplane. From the graph of Re X+(x) 
it is possible to mark out the critical regions 'of z for which such 
roots appear. If such critical z ' s  must be used for a certain com- 
bination of c and ~ we have thus avoided the said combination. 
However, even if we are outside the critical regions but  rather 
near one of them difficulties arise. In fact if a s~j(z) lies very near 
the real axis, either effectively in D or so to speak being on the 
way into D ,  the integrand in the integral term of (3.6) must be 
expected to have a "peak"  which requires some caution in the 
numerical quadrature.  

The critical z-regions for our choice of parameters can be char- 
acterized in the following way. For c >_ I . I3 (about) there are, in 
principle, no critical regions. For I < c < I . I3 (about) there is a 
certain x-interval Ic in which R6X+(x) lies above the straight 
line I + cx .  The boundaries of the critical regions, one above the 
real axis and one below the same axis consist I) of the following curves 

Re(z )  = I + c x - -  R e  x+(x) 

Ira(z)  = ± Im X+(x) 

where x runs through Ic, and 2) of corresponding intervals on 
the imaginary axis. 

From what we said above entails that  also z's lying outside the 
critical regions but  near them may be "critical" (even for c lying 
sufficiently near but  above 1.I3). 

I t  is possible to go around the indicated difficulties by  modi- 
fication of the integration line using the analytic continuation of 
the integrand. However,  in the present work we have made no 
a t tempt  in this direction. 

*6 
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4. Trim APPROXlr4ArCT Aa(y) 

We have a t t e m p t e d  to approximate  A(y)  for ~ = 1.8o by  a 
four or five terms combinat ion of exponential  dis tr ibut ions 

An(y) = i - -  X ~ ~-~.~ 
w - - t  

m 

o < ~ j < ~  for j <  k, X a ~ =  I ,  m = 4 o r S .  
t t l  

Similarly as in our previous paper  we determine {a v, a~}I n as 
the solution of the sys tem of equat ions 

i - -  A ( y )  = ~ - -  A s ( y )  

jr (i - -  A(.~)) d~ = f (i - -  A,(~)) d~ (4.~) 
W It 

y -~  O, I 0  ~, V ~ O, 1, . . . ,  ' t t ~ - - 2 .  

For  the de termina t ion  of tFa(u, t) in the Poisson case we use 
the relations 

,t,~(,,. ~) = jr ~,, d, 'Z(,,, 0 1 

k 

_ . ( ( 4 . 2 )  

'F~(u,  z) = X gj(z)  e -u  *,,~*~ ) 
I - 1  

where s,t(z ) are the m roots in the right halfplane of 

I + c s -  X~(~) = z (4-3) 

f i  ( i  - -  s~j(~)/,,,,) 

gs(z) = " '  (4.4) 

g- -L  
, # l  

Note t ha t  the number  of terms in Aa(y) ,  necessary to get  an 
acceptable approximat ion,  depends on ~3. For  "small" ~ the n u mb e r  
of terms m a y  be prohibit ive as m a y  be inferred from the fact  t h a t  
A(y) tends to , (y ~ 1/0t) when ~ ~ o. In fact, an acceptable  
approximat ion  of ¢ (y ~ I/a) by  a linear combinat ion of ex- 
ponential  dis tr ibut ions requires a " la rge"  number  of terms.  
(¢ (y - -  x/a) is not  representable in the form (2.20).) 
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5. THE ASYMPTOTIC BEHAVIOR OF a'Ia'('U) AND LFa(I~) FOR ~ ..-c- 

As is ve ry-wel lknown the asymptot ic  behavior (c >X~) of 
Wa(u) is exponential.  

In  fact, 

• ~(~,) ~ C e-R~,, ,, ~ oo (5.I) 
where C and R are positive constants. 

In  contrast, XF(U) has another  asymptot ic  behavior:  

v ( . )  ~ ~ c  (i - -A(y ) )  dy, ,, ~ ~o 

(Cf. Thorin (I974) pp. 97-98). 

But  we have 

( x - - M y ) )  dy = 
I I  

Wellknown asymptot ic  expressions for I -  N(x) (see Cram~r 
(I955) p. 38) now give for u ~ oo 

( i - -  A(y)) dy 
tJ  

~3 X~ I e-Yz (t/13 ~) ( log(~ 6 -  ~'t u ) )  z 
1 / ~  log (~ ~,) log (~ e-~' ~0 

and thus for u--~ co 

'F(u) ~ c--X-----'~" l/~'~ log (,x u) log (~ e -°'  u) 

(5.2) 

6. NU~IERICAL METHODS 

The calculations are carried out in the same way as described 
in our previous joint paper (Thorin and Wikstad  (I973)) except 
for the solution of the equation x + c s - - z  = X(s) in the left 
s-halfplane. The equat ion is writ ten 

s = ( 1 / c ) ( z - - I  + X(s)) ~ - f ( s )  
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so that  the familiar recursion forrmula s( n+l~ = f ( s ( n ) )  is obtained. 
As starting value s~ 1~ = I /c  (z ~ o.5) is chosen. No convergence 
problems have arisen. 

The main integral in (3.2) requires calculations for a great 
number of points. The positive axis is divided into intervals by  
use of a logarithmic scale. In each interval a Gaussian quadrature  
based on twelve points is carried out. 

The computer  programs used are written in FORTRAN.  The 
calculations are performed on a CDC 6600. 

7" NUMERICAL RESULTS 

The (a,, ~v)~ have been found to be 

m=4 

z o.ooo9872Ioi o.oi287817 
2 o.o354o9oz 0.09724921 
3 0.285514I 0.6569755 
4 o.678o897 5-440050 

m= 5 

I o.ooooo7137o59 o.ooz887727 
2 o.oozz731oo o.oz48o7o5 

3 o.o3587177 0.09958433 
4 o.28543 Iz o-66oi54o 
5 o.6775169 5.445927 

All other results are presented in the tables. 

8. CONCLUDING REMARKS 

This paper has been written as a par t  of the work carried out 
by  the Swedish committee for the practical applications of the 
risk theory. Of the two authors Thorin is responsible for the sections 
z-5 and Wikstad for the sections 6- 7 including the at tached tables. 
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Tables showing numer ica l  valz~es of  ru in  probabili t ies 

TABLE I 

Claim d.f.:  lognormal  with parameters  ~ = z.8o, ~ = e ~'~ 

Interclaim t ime d.f. : K(t)  = I - -  ¢- t 

(Empty  places correspond to "cr i t ical"  regions) 

T---- ZOO 

= IO00 

T = 0 o  

W C ~ .  I.O 5 I . I O  I . I  5 1.20 1.25 1 .30  2.00 

o .82192 .7987 o .7757z .753z4 -73IZ5 -7o982 .488o5 
zoo .o37oz .o346I  .o3246 .o3o54 .o288z .o2726 .oz525 

ZOO0 .O00I I  .O00 I I  .O00I I  .O00II  .O00ZZ .O00I I  .O00IO 

o .92556 .88534 .854o7 .823oi .79293 .76423 .49967 
zoo . . . . .  i674o .235zz .IIZZ3 .o9334 .o2483 

xooo . . . . .  oozo8 .oozoo .ooo93 .ooo87 .ooo45 

o .95238 .9o9o9 .86957 .83333 .8oooo .76923 .5oooo 
zoo .55074 .34395 .23573 .273o9 .23384 .zo765 .02535 

IOOO .o4299 .ozo99 .oo574 .oo384 .oo288 .oo23 o .ooo6o 
zoooo .oooo8 .oooo 4 .oooo2 .oooo2 .ooooi  .ooooz .ooooo 

TABLE 2 

Claim d.f.:  Aa(y) = Z a~ (I - -  e-=,Y) 

Intercla im t ime d.f . :  K(O = z - -  e- ~ 

T ~ I00 

t& C . ~  I.O 5 

o .82617 
zoo .o3483 

I000 .00000 

I.IO l.I 5 1.20 1,25 1.30 2.00 

• 8o295 .77986 .757zx .73487 -7x324 .48869 
• o3286 .o3xx2 .o2956 .o28x7 .o269x .ox664 
.00000 .00000 .00000 .00000 .00000 .00000 

• 88722 .856ot .82497 .79487 .766o9 .49997 
.2o936 .I6664 .I35z4 .zIz63 .o9382 .o2439 
.00003 ,00002 .00001 .00001 .00001 .00000 

• 90909 .86957 .83333 .80000 .76923 .50000 
• 3296o .22367 .z634o .I26o9 . Ioi4o .o2439 
.ooi22 .ooo22 .oooo6 .oooo 3 .ooooz .ooooo 
,00000 ,00000 ,00000 ,00000 .00000 .00000 

T - ~  I000 

T=oo  

0 

IO0 

IO00 

O 

IO0 

IO00 

IO000 

.9x738 

.26749 

.00004 

.95238 

.53669 

.ox688 

.00000 
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TABLE, 3 

Claim d.f." Aa(y) = E a ~ ( I - - e  -~,v) 

In te rc la im t ime d.f.: K ( t )  = I -  e - t  

T = I00 

~( C = I.O 5 I.IO 1.15 1.20 1.25 1.30 2.OO 

"O .82587 .80263 .77954 .75679 .73455 -71294 .48861 
1OO .O3497 .03292 .O3111 .02949 .02803 .O2671 .OI595 

I000 .00011 , 0 0 0 I I  .00011 ,00011 ,O001I .O00II .00010 

T-~-  I000 

T = O O  

o .91706 .88676 .85540 .82423 .794oi .765i6 .49968 
lOO .26511 .2o635 .06323 .13159 .1o817 .o9o58 .o239~ 

IOOO .00118 .OOIII .OO104 .OO098 .00093 .00089 .00050 

o .95238 .90909 .86957 .83333 .80000 .76923 .50ooo 
xoo .53784 .33082 .22471 .i6425 .12677 .lOI95 .02447 

Iooo .03440 .00941 .oo52o .00358 ,oo173 .oo22I .00060 
I0000 .00000 .00000 .00000 ,00000 .00000 .00000 .00000 
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A STOP LOSS INEQUALITY FOR COMPOUND POISSON 
PROCESSES W I T H  A UNIMODAL CLAIMSIZE 

DISTRIBUTION 

H. G. VERBEEK 

Amsterdam 

I. INTRODUCTION 

The paper considers the problem of finding an upper bound for 
the Stop loss premium. 

We will start  with a brief sketch of the practical context in which 
this problem is relevant. 

If it is reasonable to assume, tha t  the accumulated claims variable 
of the underlying risk can be represented by a Compound Poisson 
Process, the foUowing data  are needed for fixing the Stop loss 
premium: 

the claims intensity, 
the distribution of the claimsizes (jump-size variable). 

in  practical situations it is usually possible to find a reasonable 
estimate for the claims intensity (expected number of claims in a 
given period). 

Generally speaking, however, it is not so easy to get sufficient 
data  on the claimsize distribution. Ordinarily only its mean is 
kfiown. This deficiency in information can of course be offset by 
assuming the unknown distribution to be one of the familiar types, 
such as Exponential, Gamma or Pareto. 

Stop loss premiums are however very sensitive to variations in 
the type of claimsize distribution and consequently it can make a 
lot of difference in the result what  particular choice is made. 

To gain some insight into the consequences of a specific assump- 
tion, it is useful to know within what range the premium can move 
for varying distributional suppositions. This means establishing an 
upper bound and a lower bound. The lower bound is trivially 
obtained if the mass of the claimsize distribution is solely con- 
centrated at its mean. The upper bound on the other hand should 
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correspond to the "worst"  possible claimsize distribution. This 
means, that  we have to look for a distribution which maximizes 
the Stop loss premium. 

Thus posed the question could be interpreted as a problem in 
Variational Calculus. 

An actual approach to this problem by  Gagliardi/Straub El] and 
B(ihlmann [2] has been along different lines. They start with an 
assumption [3] for the maximizing distribution and subsequently 
prove the t ruth of their assumption. 

I t  is intuitively clear that  a condition for the existence of a 
maximizing distribution is, that the claimsize variable be restricted 
to a finite interval. An assumption which is consequently made in 
the papers mentioned. 

We wiU prove in this paper that  by  making the additional as- 
sumption of unimodality, a reduction of the upper bound as found 
in the cited papers can be accomplished. 

In a paper b y  Gerber [4] it is rightly argued that  unimodali ty 
can realistically be imposed on many distributions which are rel- 
evant in the insurance field. 

2. SOME DEFINITIONS 

For easy reference we cite the following: 

Definition 2.z: a realvalued function F defined on an interval I 
of the real line is convex on I if, for any two points x and y in I 
and any number  t such that o < t < I, 

F[tx + (z - -  t)y] <_ tF(x) -F (z - -  t )F(y)  (i) 

The function F is concave if the inequahty sign is reversed. 

From [5] page z55 we quote:  

Definit ion 2.2: a distribution function F is unimodal with the mode 
at the origin if the graph of F is convex in ( - -  oo, o) and concave 
in (o, oo). 

The unimodahty  requires that F ts continuous with a possible 
exception at the origin. 

Note: in what  follows we will assume that  the definition of uni- 
moral i ty  implies continuity in the entire closed interval in which 
F is defined. 
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Fur the r  we quote  from [2] the  following: 
$ 

Definition 2.3: 
Y represent ing a non-negat ive  r.v. with m a x i m u m  M and 
dfG(x); hence G( - -  o) = o and G(M) = I ;  and 
Y* a modif ied r.v. taking on only the two values o and  M with 
probabil i t ies  I -  p and  p. 

In  addi t ion it is requi red  tha t  E(Y)  ---- E(Y)* = pM. I t  is shown 
in [I] and  [2] tha t  the  S top  loss p remium based on Y* as the  claim- 
size var iable  will a lways exceed or equal the p remium based  on Y. 

3. A ~{AXIMIZING RANDOM VARIABLE FOR UNIMODAL CLAIMSIZE 
VARIABLES 

We int roduce  the following r a n d o m  variables:  

Definition, 3.I: 
- -  Z a non-negat ive r.v. wi th  m a x i m u m  M and dfG(x) supposed 

unlmodal  with the  mode at  m ( o < m < M )  and  G(o) = 0 ;  
hence G(-  o) = 0 and  G(M) = I ; and  

- -  Z* a modif ied r.v. wi th  df  

G*(x) = I - -  2p + 2px I M for all x ~ [0, iVl] (2) 

G*(x) = 0 otherwise 

We  also require p < o.5 and  E(Z) = E(Z*) = pM.  

We shall show in section 4 tha t  the variable Z* accomplishes 
an upper  bound  if replacing Z as a claimsize variable  in the  Stop 
loss premium.  We will also show, tha t  the  upper  b o u n d  produced 
b y  Z* is at  most  as high as tha t  of Y*. To prove this we shall later  
need  the  following: 

Lemma I :  if a is an a rb i t ra ry  real number  and E(Y) = E(Z) then 

E[(Z* - -  a) +] < E[(Y* - -  a) +]. (3) 

Proof: 

If a is not  in [0, 21//] the  inequal i ty  is obviously  true.  
If  a is in [0, M] we get :  

E[(Z* - -  a) +] = f P[Z* > x]dx : p ( I  - -  (a/M)) (M - -  a) (4) 
a 

E[(Y* - -  a) +] : ~ P[Y* > x]dx = p (M - -  a) (5) 



250 STOP LOSS INEQUALITIES FOR UNIMODAL CLAIMSIZE DISTRIBUTION 

It  follows that  o 

El(Z* - -  a) +] = (x - -  (aiM)) El(Y* - -  a) +]. 

In view of o < a < M, the lemma is true. 

(6) 

or equivalently:  

it follows that  
M M 

J" P ( Z  > x]dx > I P[Z*  > x]dx 
a o 

E(z)  > E(z*) .  (9) 

This contradicts E(Z) : E(Z*) as required in accordance with 
the definition 3.z of Z* in section 3- Therefore the assertion is true. 

Assertion 2: not more than one number satisfying (7) exists in 
[o, ra]. (By definition m denotes the mode of G). 

Proof: assume there exist two such numbers s~ and se and let s,. 
be the greater of the two. 

In the interval [o, s~] we can write G(ts~) in the foUowing manner:  

am(tsl) : (I - - t )  G*(o) 2f_ tG*(s:), for all t e[o,  t] (Io) 

4" AUXILIARY LEMMAS AND MAIN RESULT 

For the proof of the fact that Z* produces an upper bound with 
regard to Z we need the following lemmas: 

Lemma 2: there exists exactly one number  s in [o, M) for which 
holds : 

PEZ > s] = P [Z *  > s], s ~ [o, M). (7) 

Note that  we have e~<cluded the number ~ i  from [o, M] for which 
(7) is true b y  definition. 

To increase readability we subdivide the proof in 4 assertions: 

Assertion z: at  least one number satisfying (7) exists in [o, M). 

Proof: suppose that  no such number existed. In view of the continu- 
i ty of G and G* in [o, M) and the fact that  P[Z >_ o] > P[Z* ~ o], 
we must have in that  case: 

P[Z ~_ x] > P[Z* >_ x], for all x ~ [o, M) (8) 
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Since by definition G(o) = o and the unirqodMity of G implies 
convexity in (o, m) it follows (I) tha t :  

G(t$9) ~_ tG(s2) t E [o, I ] .  ( I I )  

Since for s~ ident i ty  (7) holds, we have: 

G(s,) = G*(s , ) .  (z2) 

From (IO), (II) and (I2) we derive: 

G*(~S,) ~_ G(tsz) t~[o, I ] .  (I3) 

Equal i ty  holding only for t = z, it is clearly impossible tha t  a 
number  sl ( <  s 0 exists in [o, m] for which G*(st)= G(s,). This 
contradicts our initial a~sumption and proves the assertion. 

Assertion 3: not more than  one number  satisfying (7) exists in 
Ira, M). Except  for minor  changes the proof is analogous to tha t  of 
assertion 2. 

Assertion4: there cannot  exist two numbers  one belonging to 
[o, m] and one belonging to (m, M), which both  satisfy (7). 
Proof: assume to the contrary tha t  two such numbers  s, and s~ exist. 
We then  can write: 

s~ = t im,  ' tL~[o, z] (z4) 

Si = ( I -  t2)~" + t i~I ,  tee (O, I). (I5) 

Again recalling the definition 3.1 of G*, we note tha t :  

c * ( s , )  = G * ( h ~ )  = (~ - -  t,) G*(o)  + t~G*(m) (~6) 

and 

G * ( s , )  -~  G*[ ( I  - -  t,)m ~- t 2 ~  ~- ( l  - -  t,) G*(m) ~- ~2G*(ll~) (IV) 

by assumption:  

C(sl) = G*Cs~) (~83 

G(s,) = G*(s,) (I9) 

using (18) we can write for (I6): 

G:(s~) = (~ - -  t~) G*(o) + t~G*(m) (zo) 
in the same manner,  combining (17) and (I9): 

G(s,) = (z - -  t,) G*(m) + t,G*(M). (2x) 
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On the other hand,  because of the ~ssumed unimodali ty  we have 
the two inequalities: 

G(s,) = G(hm) < ttG(m) tie [0, m] (22) 

G(so) = G [ ( I - - h ) m + h M ]  > ( I - - t o . ) G ( m )  +t2G(M) (23) 

Comparing (20) and (22) we find: 

(I - -  t,) G*(o) + tlG*(m) < t~G(m) txe [0, I]. (24) 

As by definition (2) G*(o) > o, we conclude: 

G*(m) < a(m). (25) 

' Comparing now (21) and (23) and noting tha t  G(M) = G*(M) = I 
it is seen tha t :  

( I  - -  h) G*(ra) + h > (z - -  h) G(m) + h t2e (o, I) (26) 

from (26) we derive finally: 

G*(m) > G(m). (27) 

As the inequalities (25) and (27) contradict  each other our initial 
assumption is proved untrue,  which proves the assertion. 

The 4 assertions which have been shown to be true prove the 
lemma 2. 

Lemma 3: if s is the number  satisfying (7) then the foUowing 
inequalities hold:  

PEZ >_ x] >_ P[Z* >_ x]. for all x~ [o, s] (28) 
P[Z > x] < P[Z* > x], for all x~ [s, M). (29) 

Proof: follows from lemma 2, the continui ty of G and G* and the  
fact that  P[Z > o] > P[Z* > o]. 

Lemma 4: for Z and Z* as defined and arbitrary a the following 
inequali ty holds: 

EE(Z - -  a) +] _< E E ( Z *  - -  a) +]. (3o) 
Proof: for a < o and a > ~l,I the inequality is trivially true. 

I f  aE [o, s] we write: 

E[(z - -  a) +] = j~PEZ > ~]dx 
M 

= I P[Z >_ x]dx - -  I P [ Z  > x]dx 
0 O 
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using E(2) = E(Z*) and (28) 
M a 

< J" P[Z* > x ] d x -  f P[Z* > x]dx 
o tl 

M 

= S P[Z* > x]dx = El(Z* - -  a) +]. 

If a~ (s, M) we make use of (29) and note: 
M 31 

El(Z--  a) +] = j" pEz >_ x]dx < r P[z, > x]dx 
a m 

\vhich is equivalent to (3o). 
This proves the lemma. 

In [2] it is shown that :  

EE(S. - -  A) +] < EE(S~, - -  A) ÷] 

where S~ : Y~ and S~ = X; Y~ 
l Iwt  t [ ~ i  

if Yt, Y2 . . . . . .  Yn, Y~, Y~ . . . . . .  Y~ are independently distributed 
variables conforming to definition 2.3. 

In [2] this result is obtained as an immediate consequence of the 
inequality (3o) with Z and Z* replaced by Y and Y*. Since for Z 
and Z*, acco.rding to Lemma 4, the same inequaiity holds, the 
result is also true for Z and Z*. 

Thus we have: 

Lemma 5: for Zu Z~, . . . . .  Z , ,  Z~ . . . . . .  Z~ independent, each Z~ 
distributed with unimodal d.f. and each Z~ according to (2), all 
in accordance with the definitions of Z and Z*, given in section 3 
and A an arbitrary number, we have: 

EE(S. - -  A) +] _< EE(S ~ - -  A)+] (3z) 

with 

s ,  = z, .  s ;  = z ; .  
~ - I  { - I  

Theorem: let W t be a Compound Poisson process with claimsize 
distribution G(x) and W~ a Compound Poisson process with distri- 
bution G*(x). 
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If G and G" are as defined in section 3 a n d  W: and W; have the 
same claims intensity X, then: 

.El(W, - -  A) *] _< E l ( W ; . - -  A)*]. (32) 

Proof: as observed in [2] the proof follows because (32) holds for 
each fixed number  of claims in consequence of (3z). 

The theorem proves that  replacing an unimodal claimsize variable 
Z by a modified variable Z*, both according to definition 3.1, 
results in an upper bound for the Stop loss premium, if the counting 
variable can be represented by a Poisson process. From the proof 
it is clear, that  the validity of the theorem is actually not restricted 
to Poisson counting variables, but  that  it holds for all discrete 
non-negative distributions. 

Proposition: the upper bound according to Z* as s tated in the 
RHS of (32) is smaller or at the most equal to the upper bound 
resulting from Y*. 

Proof: follows by  applying to Lemma I the argument leading to 
Lemma 5 and subsequent  use of the theorem. 

5" NUMERICAL EVALUATION OF THE UPPER BOUND 

We will now derive an expression which permits the numerical 
evaluation of the upper bound as s tated in the R HS of (32). To 
simplify the algebra we will make use of the Laplace transform 
technique. 

If g*(x) denotes the density of: 

G*(X) - - - -  I - -  2p 2 c 2px [ M for all x ~[o, M] (33) 

G*(x) = o otherwise 

we define: 

L[g*; s] = S e-z,  dG*(x) I - -  2p + 2p(I - -  e-M') [ Ms. (34) 
0 

Employing F(x) for the distribution of W; we find: 

L[(I - -  F);  s] = s-1 __ exp { - -  Xt + XtL[g* ; s] } [ s. (35) 

Substi tut ing (34) in (35) and writing ¢ = 2pxt for short, we get:  

L[(i - -  F) ; s] ~ - s - l - - e x p [ - - c + c ( z - - e  -M') [ M s ] [ s .  (36 ) 
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We now introduce the abbreviat ion:  
$ 

E" = E l ( w ;  - -  A)*]  (37) 

and take the Laplace t ransform of E* with respect to A. This gives: 

L[ .E*;  s] = ( o . s c M  - -  Z[(~ - -  F ) ;  s]} [ s (38) 

after subst i tut ion of (36) in (38) we obtain:  

LIE*;  s] = { - -  I + o.5cMs + exp [- -  c + c(I - -  e -~ , )  I Ms]} l  s*. 

(39) 

To invert  (39) we develop the RHS in powers of exp ( - -  Ms) and 
find: 

LIE  ° ; s] = - -  s-  * -4- o . scMs-  1 + 

[ c'" ] ¢-c S -z 8(c!sM ) ¢S-3 ¢(cisMI- Ms . j r _  ¢(cfsM)-~Ms - - ~  ~ - - . . .  (40) 

The RHS can be inverted into hyperbolic Bessel functions of 
ascending order, by using the following s tandard result: 

L ( ~ - - j M ) "  I.~{21/c(x_iM)÷}s =S"~(c~,~M,  (4~) 
C 

Apply ing (4 I) to the RHS of (4 o) term by term and wr i t ing 
k : A I M for short gives: 

E'IM=--k+o sc+ ~ Z ~t)n[c(k--n) '](~'l"' I , . l[2~/c(k---n)  ÷] 
m = ¢  

(42) 

In  (42) we have i n t r o d u c e d  k which is the deductible (excess 
point) of the Stop loss reinsurance expressed in the max imum of 
the single risks. If k is a positive integer we can simplify (42) as 
follows : 

E ' I M : - - k + o . s c +  [c(k---n) +](n, it=) I~+ l[2V'c(k.--n) *] 
C 

n - $  

(43) 

The finite series (43) represents the bound of the  Stop loss 
p remium expressed in the max imum M. 
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6. CONCLUDI~'~ REMARK 

With the help of standard tables for Bessel functions, for example 
in E6~ actual calculation of the bound is quite easy in practice. 
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AN ANALYSIS OF CLAIM E X P E R I E N C E  IN P R I V A T E  
H E A L T H  INSURANCE TO ESTABLISH A R E L A T I O N  

B E T W E E N  D E D U C T I B L E S  AND PREMIUM R E B A T E S  

G. W. DE WIT and W. M. KASTELIJN 

Many studies concerning the frequericy of claims by  size in 
health insurance are not generally known *). A possible explanation 
of this circumstance could be the fact that in most countries this 
line of insurance has been brought entirely within the ambit  of 
social insurance. Also from the side of the social insurance very  few 
investigations have been published **). 

In this paper we will analyse the claim experience (relating to 
the calendar year  I972) of a private health insurance business. 
The data  have been subdivided according to three levels of coverage 
(in increasing order of benefits these are: class III ,  class I Ib  and 
class IIa). The claim payments  comprise nursing costs, auxiliary 
costs and the fees for specialist t reatment  in and out of the hospital. 

We will use the foUowing notations: 

st: claim amount paid for the insured i in one year, 
~: number of claims, 
v: number of risks (policies insured). 

In  many  instances the premium is simply determined as a level 
premium. In other words each insured pays the premium p, cal- 
culated as follows: 

s~ 

v 

*) Notably concerning West Germany and Switzerland we refer to some 
recent articles published in the Bl~.tter der Deutschen Gesellschaft ffir Ver- 
s icherungsmathematik and in the Mitteilungen der Vereinigung Schwei- 
zerischer Versicherungsmathematiker. 

**) See e.g. the analysis made in Finland (Research Institute fot Social 
Security). 

x7 
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ActuaUy we make the assumption that  the claims are nor- 
mally distributed, the parameters of which can be est imated as 
follows : 

I 
Vt= - ~s~ 

n 

I 

n 

which permits the calculation of the premium according to:  

n 
p = - ~ .  

Plotting the empirical claim distribution on log-normal prob- 
ability paper suggests however that (like many other  distributions 
in the field of insurance) the log-normal assumption gives a bet ter  
fit than the normal distribution. Denoting its parameters b y  
and a its mean and variance are: 

= exp {Ez + ½~} (1) 

~2 = exp {a' - -  z} exp {2g. + a2}. (2) 

The premium can again be found as: 

(3) 

The parameters of the log-normal distribution can be est imated 
by  means of various methods (Aitchison and Brown: The log- 
normal distribution). For our purposes we used logarithmic prob- 
ability paper (absciss: logarithmic; ordinate: probability). This 
approach has the advantage that  besides estimation of the para- 
meters we can test whether the data look like a log-normal distribu- 
tion. 

For our estimations and tests of log-normality we s tar ted from 
the following data:  
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Claim 
amount s 

TABt.S x 
t 

Class III Class lib Class lla 
Number Number .Number 
of claims % claims of claims % claims of claims % claims 

IO0 801 I9. 5 579 I8.X 244 I8,2 
200 1434 34.9 I037 32.5 424 31.6 
3OO 1806 44.O I336 41.9 527 39.3 
400 2II3  51.4 1564 49.0 625 46.6 
5oo 2367 57.6 I756 55.o 698 52.o 
6o0 2557 62.2 1899 59.5 754 56.2 
700 2675 65.z 2007 62.9 795 59.2 
800 2789 67.9 2093 65.6 83I 61.9 
9oo 288o 7o.I 2162 67. 7 866 64.5 
xooo 2969 72.3 2219 69.5 895 66.7 
I5OO 3282 79.9 2440 76-4 994 74 .I 
20oo 3479 84.7 2589 81.I I068 79.6 
250o 3623 88.2 2686 84.1 1o97 81. 7 
3 °oo 3734 9o.9 2768 86. 7 xi28 84.x 
4oo0 3873 94.3 2882 90.3 II84 88.2 
5 °00 3945 96.0 2968 93.0 x2x9 90.8 
7ooo 4o14 97.7 3069 96.x I27o 94.6 

loxoo 4055 98.7 3x35 98.2 x3o 3 97.1 
20400 4097 99.7 3183 99.7 I34I 99.9 

41o8 xoo 3192 xoo 1342 Ioo 

The percentages of claims < s are plotted on log-normal prob- 
ability paper. If the sample points ly approximately on a straight 
line it is reasonable to assume log-normality. This appears to be 
the case for each of the three classes (figures Ia, Ib, ic). 

From the graph we can calculate ~ and a. The points sso (the 
median) and s95 can be read from the graph. The two parameters 
are then determined as follows: 

= l o g  s6o 

S96 
and a = log - -  / 1.645. 

$50 
For class I I I  we then find: 

= log 4oo = 5.99 

4210 
= log 4~o / 1.645 = 1.43x 

carrying through the calculations for all possibilities results in the 
following table: 

x7* 



TABEL 2 

0 

¢3 

Normal  
Basic da t a  assumption 

2 3 4 5 6 

Log-normal  assumption 

7 8 9 IO i i  12 13 14 

ttl 

t~ 

Class 

Tota l  Number  Number  
claims of claims of risks 

ill millions (n) (v) 

P 

% ~/, 

50% 95% n 
point  point  P" o a ~ . ff p 

log '/7 
l o g 7  a/4 1 3 × I I  

1.645 

t~ 

l I I  4.67 4Io8 9403 
I I b  4.48 3192 6264 
I I a  2 . i6  I342 2375 

I I38  497 
1403 715 
I6IO 9IO 

4 °0  4210 5.99 1-43I I I13  2892 -437 489 
453 5573 6.I2 1.526 I45I  44X3 .510 739 
477 6412 6"I7 1.580 I66t  5539 .565 939 

¢3 



20000 

I0 000 

7000 

5000 

2500 

I000 

I00 
.01 .OS .I .2 .S I 2 

! 
/ 

z" 

i -  

i f lri  i, i 

/ 

/ 

/ 
/ 

L 

1 

I I I I  I I I  
90 95 ~, 98 9cJS ~ ga9 ~1~95 

95'1. polll : /.210 

PJ 
X 

t~ 

Pl 

Pl 

Pl 

C') 

55 I0 20 30 LO 550 60 70 I10 

fig. la 50'1, point: ~ i~ O~ 
H 



20000 

IOOOO 

7000 

SO00 

2500  

1000 

i 
100 

.OS .I .2 .S I 2 I0 
/ 

/ 
/ 

t 
r 

, - 7  . . . .  

7Z-- 
_ J  

/ 

0 30 ,/.0 SO 60 70 8 0  

fig. I b 

! 

90 "S5  

/ 

. . . . . . .  I . . . . . .  

50'1, point: /,5.1 
9S' l ,  ~ ;n t  : SS~ 

t~ 
0~ 
t~ 

u~ 

pt 

rq 

M 

< 

Pl 

H 
u~ 

C~ 
Pl 



20000 

10 000 

7 000 

5000 

2 SO0 

1000 

i ! i re.o, .os. l .~  .~ ; 2 

/ 
L _ _ _  

. /  
/ 

/ 

/ 

/ 

/ 
" /  

. / 
I 

. /  
/ 

/ 

2o ~) ~o so 5o 7o eo so s5 

/ 
/ 

/ 

50"1. ix~nt:  0 7  
9S'1, point : 8/,12 

fir) 

t~ 

t- o 

M 

fig. I¢  



264 CLAIMS E X P E R I E N C E  IN PRIVATE HEALTH INSURANCE 

A "disadvantage" of this method is t h a t  the sum of the pre- 
miums does not equal the sum of the claims. It seems however 
questionable whether this is really a disadvantage. If we apply the 
present premium estimation method to a later year it will give a 
better quarantee for the adequacy of the rating than the require- 
ment of strict equivalence. 

In the foregoing we have considered how the level premium can 
be derived from the empirical claim distribution. We can also 
reverse this question: in what manner does this claim distribution 
depend on the premium. 

Knowing the premium is howevel not sufficient to find the claim 
distribution, because for that  purpose we also have to know the 
.variance and (n/v.) It  turns out, however, ti~at a relation exists 
between the quantities p and ~ on the one hand and between (n/v) 
and p on the other hand. If we know this relation we are in a posi- 
tion to find ~ and (n[v) directly from p and ¢¢ by means of (3)- 

Figures 2a and 2b show that  both relations are linear: 

~S 

3ooo ~ ° 

Fig. 2a Fig. 2b 

The linear relations are: 

= 5.85 p + 6I . i  

(n/v) = .000283 p + .30 

(z), (2) and (3) can be written as: 

P 

(4) 
(5) 
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The last three formulae allow us to calculate ~, (n/v), ~ and a z suc- 
cessively for given p. We thus have found the distribution we require. 
The claim distribution as a function of the premium also permits 
the calculation of the premium rebate for a given deductible. 
Let f(s;p) be the claim distribution and ~(R, p) the rebate factor 
applicable to the premium as a function of the deductible R and 
the premium. Then the following relation exists: 

R 

f s f(s; p) ,is + R  f(s; p) ds 
r(R, p) = " 

0 

Actual calculations for various p and R result in the following 
table for ¢p(R, p): 

TASLX 3 

P 
2oo 300 400 5oo 6o0 7o0 800 900 zooo  zzoo z2oo z3oo z4oo 

R 

500 .478 .388 .332 .293 .265 .243 .226 .2z2 .2oz .z9z .z83 .z75 .x69 
zooo -652 .557 .491 .442 ,4o5 .376 .352 .332 .3 I6 .3 oI .289 .278 '.268 
z5oo .745 .656 .589 .538 .498 .465 .438 .415 .396 .379 -364 .35 x -34 o 
20oo .8o3 .72I .657 .606 .565 .53 z .5o3 .478 .457 .439 .422 .4 o8 -395 
25oo .842 .768 .7o7 .658 -6z7 .582 .553 ,528 .5 o6 .486 .469 .454 -44 o 
3ooo .87o .8o 3 .746 .698 .658 .6z 3 .594 .568 .546 ,526 -5 o8 .49z -477 
35oo .89z .83 o .776 .73o ,69z .657 .628 .602 -579 -559 .541 .524 .51o 
45oo .92o .869 .82z .78o .743 .7 xo .68t .656 .633 .6x 3 .594 ,577 .562 
55 co .939 .895 .853 .8z5 .78x .75 o .7 °-2 .697 .675 .654 .636 .6z9 .6o 3 

xoooo .975 -95 z .925 .899 .873 .849 .827 ,8o6 .786 .768 .75 o .734 .720 
15ooo .988 .973 .956 -938 .919 .9oo .882 .864 .847 .83z .816 .8o2 .788 
2oooo -993 .983 .971 .957 .943 .928 .912 .898 .883 .869 .856 .843 .83z 
3 °ooo .997 .992 .985 .976 -967 .956 .945 .934 .923 .9z2 .9oz .89z .88z 

Up till now we have assumed throughout that both the level 
premium and the claim distribution are independent of the age of 
the insured. This assumption is actually not justified. Ususlly the 
claim amount is age dependent as foUows: 

S x ~ C o • C~. 
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Here co and cx are constants. Estkrration of these constants from 
the data available for x972 produced the following results: 

Males Females Class 
CO C1 CO C[ 

l l I  6=.o x.o34 z65. 5 x.o2x 
IIb + lla 54.4 I.o45 230.9 x.o2x 

The constant ¢1 is as a mat ter  of fact time dependent with respect 
to the level of medical care and consequently will change only very 
slowly with time. The constant co on the other hand reflects the 
price level of medical care of which it is directly dependent. 

The calculation of s z has been carried out however assuming 
normality. With the log-normal assumption the age dependence of 
0~, ~ and (niv) will have to be studied. The extent of the claim data  
available was not, however, of sufficient size to justify a subdivision 
by age. Hence, the age dependence of ~ and (n[v) could not be ex- 
amine& 
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LETTER TO THE EDITOR 

Dear Sir: 

I t  is well known tha t  when the distribution of independent intervals 
(with uni t  mean) between claims is other than  exponential  the pure premium 
for the company's claims, each "expected" to amount to one monetary 
unit, is the so-called renewal function. Its derivative is the renewal intensity 
(the pure premium rate at epoch t) and only asymptotically does this become 
unity. It is of interest to see how Thorin and Wikstad's (1973) c, the "gross 
risk premium per unit of time", implies variable risk loadings on the corre- 
sponding pure premium ra~:es. This is all the easier to do because Bartholo- 
mew (x973) has chosen to provide explicit forms for the renewal intensi- 
ties of: 

(i) two-term mixed exponential distributions, and 
(ii) Pareto distributions. 

Thorin and Wikstad's (Io¢. ci#.) renewal densities of interclaim inter- 
vals were 

k(t) = 0.25 × o . 4 e - " . "  + 0.75 × = 6 - =  (1) 
and  

k(t) = ~.5 (~ + ~ y ) - " ~  (2) 
respectively, and using Bartholomew's relations (7.6) and (7.8) for the 
corresponding renewal intensities we obtained the following results. 

Claim 
epoch 

t 

Renewal intensity at epoch t 
corresponding to : 

(I) (2) (approx.) 

2 I . I 2 I  1 .554 
4 i .024  i .403 
6 i.oo 5 z.33o 
8 I .OOI 1.285 

zo x .ooo  I .:254 
20 i.ooo i.z 76 

In  the Thorin and ~Vikstad article ¢ is given the five values 0.90 (.05) ~,Io 
for (i) in two of their tables, and the seven values I.o5 (.05) L3 o, 2.oo in 
another. We see that  the pure premium rate is larger than  uni ty  until  the 
epoch of the eighth expected claim; thereafter ¢-i is the constant  risk loading 
in the gross p r emium- -and  this is negative in some cases. As for (2) the 
six chosen values of c are x.o 5 (.05) z.3o. The rate of risk loading is thus 
negative for most of these c-values until ten or more claims have been 
expected and some have negative risk loadings even after 2o expected 
claims. 
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These early variations in the risk loading which is commonly thought  
of as being constant  (at c-i) are not, perhaps, very serious but  they occur 
whenever the premium is paid from a claim epoch unless the distr ibution 
of intervals between claims is exponential. 

Yours very truly, 

HILARY L. SE.~L 
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