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Abstract. We show that L-packets of toral supercuspidal representations arising from

unramified maximal tori of p-adic groups are realized by Deligne–Lusztig varieties for

parahoric subgroups. We prove this by exhibiting a direct comparison between the co-
homology of these varieties and algebraic constructions of supercuspidal representations.

Our approach is to establish that toral irreducible representations are uniquely deter-
mined by the values of their characters on a domain of sufficiently regular elements. This

is an analogue of Harish-Chandra’s characterization of real discrete series representations

by their characters on regular elements of compact maximal tori, a characterization which
Langlands relied on in his construction of L-packets of these representations. In paral-

lel to the real case, we characterize the members of Kaletha’s toral L-packets by their

characters on sufficiently regular elements of elliptic maximal tori.

1. Introduction

This paper has several objectives, all of which are connected by the core motif that it
is of significant interest to be able to recognize irreducible representations by the values
of their characters on some domain. For real groups, it is the remarkable work of Harish-
Chandra [HC65] that real discrete series representations are determined by their characters
on the regular elements of compact maximal tori, a domain on which the character formula
is very simple. This characterization was later used by Langlands [Lan89] to package these
representations into L-packets. For p-adic groups, Kaletha [Kal19] recently proposed a con-
struction of regular supercuspidal L-packets by reparametrizing (part of) Yu’s construction
of supercuspidal representations [Yu01] in terms of characters of certain elliptic maximal
tori. As Kaletha mentions, ideally one should be able to characterize the members of these
L-packets by their characters on some nice domain as in the real case; however, even the
correct statement of the analogue of Harish-Chandra’s result for general p-adic groups was
essentially completely unknown. One of the main results of this paper (Theorem 9.1) is a
resolution of this characterization problem for a class of regular supercuspidal representa-
tions corresponding to unramified elliptic maximal tori. This is a vast generalization of the
unramified setting of Henniart’s work on this problem for GLn (see [Hen92] for arbitrary n
and unramified extensions, [Hen93] for prime n and arbitrary extensions).

It is a folklore conjecture that every supercuspidal representation of a p-adic group is iso-
morphic to the compact induction of some finite-dimensional irreducible representation of
a compact-modulo-center subgroup. In all known constructions of supercuspidal represen-
tations, modulo center, this compact subgroup can (essentially) be taken to be a so-called
parahoric subgroup. Much of this paper is dedicated to establishing a characterization the-
orem at parahoric level; this characterization is significantly harder to establish than the
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above-mentioned result at the level of the p-adic group. We fix some notation: To any
elliptic unramified maximal torus S of a connected reductive group G defined over a non-
archimedean local field F with finite residue field Fq, we may associate a unique point x in
the reduced building Bred(G, F ) together with a parahoric subgroup Gx,0 ⊂ G := G(F ).
(Note in particular that we call G a p-adic group even though we do not require that F have
characteristic zero.) We write WGx,0

(S) for the quotient of NGx,0
(S) (the normalizer group

of S in Gx,0) by S := S(F ). Our first theorem is that certain representations of SGx,0 can
be characterized by their trace on a special class of regular semisimple elements which we
call unramified very regular1.

Theorem A (Proposition 4.11 (existence), Theorem 5.17 (uniqueness)). Let θ : S → C× be
a toral character and assume that p≫ 0. There exists a unique irreducible representation τ
of SGx,0 such that its character Θτ at any unramified very regular element γ ∈ S is

Θτ (γ) = c ·
∑

w∈WGx,0
(S)

θ(wγ)

for some constant c ∈ C× which does not depend on γ, where wγ := wγw−1. Moreover,
c ∈ {±1}.

Completely separately and independently to the above algebraic developments, in recent
years there has been a push towards constructing supercuspidal representations geometri-
cally using constructions analogous to Deligne–Lusztig varieties for finite groups of Lie type.
Central to this picture is Lusztig’s work [Lus04] on such varieties for reductive groups over
finite rings in equal characteristic, Stasinski’s subsequent work [Sta09] for mixed charac-
teristic, and the first author’s joint work with Ivanov [CI21b] generalizing these works to
arbitrary parahoric subgroups Gx,0 associated to unramified maximal tori. It is expected
that Lusztig’s conjecture on loop Deligne–Lusztig constructions for p-adic groups [Lus79]
is very closely related to the parahoric picture, as demonstrated in [Boy12, CI21a] in the
setting of GLn and its inner forms. Among other things, the present paper resolves a basic
and major gap in this geometric program: we prove that the irreducible representations of
SGx,0 arising from the cohomology of parahoric Deligne–Lusztig varieties indeed compactly
induce to supercuspidal representations of G.

Following [CI21b], to every positive integer r, one can construct a smooth, separated,
finite-type affine Fq-scheme Xr with a natural action by Gx,0 × S0 where S0 = S ∩ Gx,0.
This action can be extended by the center ZG so that for any depth-r character θ : S →
C×, the corresponding isotropic subspace H∗

c (Xr)[θ] := H∗
c (Xr,Qℓ)[θ] of the cohomology

H∗
c (Xr,Qℓ) :=

∑
i(−1)iHi

c(Xr,Qℓ) is in fact a (virtual) representation of ZGGx,0 = SGx,0.
(We note that because S is elliptic and unramified, we have S = ZGS0.)

Theorem B (Theorems 7.2, 8.2, 8.3). Let θ : S → C× be 0-toral2 of depth r > 0 and assume
p≫ 0.

(i) The compact induction c-IndGSGx,0
(H∗

c (Xr)[θ]) is an irreducible supercuspidal repre-
sentation of G.

1Modulo the center of G, this notion agrees with Henniart’s notion of very regular elements in the

unramified elliptic torus of GLn [Hen92] and with Chan–Ivanov’s generalization to other unramified tori in

p-adic groups in general [CI21b]. See Definition 4.2.
2This condition arises naturally for geometric reasons in [Lus04] and in subsequent work by others; in

these past purely geometric investigations, 0-toral is called regular. In this paper, 0-toral is the same as in
[FS21]. The reader is warned that 0-toral is called toral in Reeder [Ree08] and DeBacker–Spice [DS18], and

that in the present paper, toral is a much more general notion, see Definition 3.7.
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(ii) The correspondence (S, θ) 7→ c-IndGSGx,0
(H∗

c (Xr)[θ]) preserves stability and Xr gives

a geometric realization of 0-toral supercuspidal L-packets à la DeBacker–Spice [DS18].

Allow us to immediately spoil the punch line relating this result and the discussion of
characterizations of representations à la Harish-Chandra: Theorem B is an application of
(a more precise version of) Theorem A.

We mention that when r = 0, the variety Xr is a classical Deligne–Lusztig variety and the
conclusions of Theorem B are true for depth-0 characters θ in general position: (i) is due to
Moy–Prasad [MP96], and (ii) is due to DeBacker–Reeder [DR09] and Kazhdan–Varshavsky
[KV06].

For r > 0, it was proved in [CI21b] that H∗
c (Xr,Qℓ)[θ] is an irreducible representa-

tion of SGx,0. The additional assertion in Theorem B(i) that its compact induction to G
is irreducible (and therefore supercuspidal) has been studied by various people in special
cases—for inner forms of GLn [CI21a, CI19] and for x hyperspecial, r odd [CS17]—by tech-
niques totally different to ours (see Sections 7.3, 7.4 for further discussion). We remark
that the assumption p ≫ 0 appearing in Theorems A and B originates from two distinct
sources: from constructions of supercuspidal representations (à la [Yu01, Kal19]) and from
a technical part of the proof of our characterization theorem (Theorem A). The condition
needed for our strategy is quite mild—we will prove in subsequent work that, at least for
Coxeter tori, the latter assumption is weaker than the former assumption. In particular, our
approach specialized to GLn relaxes the p > n assumption in [CI19] to p > 2 (see Section
7.3). On the other hand, there are two settings in which our Theorem B(i) falls short of
existing results in the literature: for division algebras, this irreducibility was established for
arbitrary θ with trivial Weyl stabilizer and all p in [Cha20, Theorem 7.1.2], and for general
inner forms of GLn, this irreducibility was established for 0-toral θ and all p in [CI21a,
Theorem 12.1], both via purely geometric techniques (see Remark 7.10 for more details).

We actually prove something stronger than the supercuspidality assertion of Theorem
B(i): we explicitly describe the supercuspidal c-IndGSGx,0

(H∗
c (Xr)[θ]) in terms of Yu’s con-

struction and Kaletha’s reparametrization. This resolves a generalization of a question
of Lusztig on comparing the representations in [Lus04] with non-cohomological construc-
tions. Supercuspidal representations in the 0-toral setting had already been constructed
and parametrized by Adler [Adl98]; our choice to write our paper within Yu’s and Kaletha’s
framework is in anticipation of future work relaxing the genericity assumptions (toral, 0-
toral) on θ.

Now let us explain the content of Theorem B(ii) in the context of past works. Following
the construction of discrete series L-packets for real groups [Lan89] and of depth-0 L-packets
of p-adic groups [DR09, KV06], one could extrapolate that for supercuspidal representations
parametrized by characters θ of elliptic maximal tori S, L-packets should be parametrized
by stable conjugacy classes of (S, θ). Using Adler’s parametrization (S, θ) 7→ π(S,θ) of 0-toral
supercuspidal representations, Reeder [Ree08] verified constancy of the formal degree on this
packet of supercuspidals in the case that S is unramified. Later, DeBacker–Spice [DS18], still
working in the setting that S is unramified, proved that this packet of supercuspidals fails
(!) to satisfy stability (see Section 8 for more details); to make it stable, they prove that
one must instead consider the twisted parametrization (S, θ) 7→ π(S,θ·ε[θ]) by a quadratic
character ε[θ] which depends on (S, θ). This stability result has been generalized to 0-toral
supercuspidals corresponding to tamely ramified S by Kaletha [Kal19], whose theory of
regular supercuspidal representations develops a parametrization of a much larger class of
supercuspidals in terms of (S, θ) and also demands a generalized twisting character ε[θ].
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The contribution of Theorem B to this picture is that c-IndGSGx,0
(H∗

c (Xr)[θ]) ∼= π(S,θ·ε[θ]),
so that in terms of the cohomologically arising parametrization of these supercuspidals, no
external twisting is required to obtain a set of supercuspidals satisfying stability from a
stable conjugacy class of (S, θ). We emphasize this point: the geometry seems to innately
know about the automorphic side of the local Langlands correspondence.

1.1. Outline of the paper. A subtle point throughout this paper is taking stock of what
assumptions one needs on p. For the most part, we have chosen to work in the greatest
generality possible for each ingredient going into this paper, especially so as to illustrate the
reasons various small primes are excluded. We collect a summary of these assumptions in
Section 2.

In Section 3, we recall Yu’s construction of supercuspidal representations and Kaletha’s
theory of regular supercuspidal representations. In particular, we recall how to associate to
a tame elliptic regular pair (S, ϕ) a representation ◦τd of SGx,0 whose compact induction
is the irreducible supercuspidal representation π(S,ϕ)

3. We warn the reader that in the
literature (for example, but not limited to, [Yu01, AS09]), it is more popular to work with
a representation of the full stabilizer Gx of the point x; it takes some care to work on
SGx,0 ⊆ Gx instead, which we need to do for geometrically motivated reasons later. We
additionally relax the ellipticity assumption on Kaletha’s Howe factorization of tame elliptic
pairs (Section 3.3) and use this to state a geometric conjecture (Conjecture 6.5) later in the
paper.

Starting in Section 4, we assume that S is unramified. Sections 4 and 5 culminate in two
characterization theorems for toral characters—one for representations of SGx,0+ (Theorem
5.13) and one for representations of SGx,0 (Theorem 5.17, presented as Theorem A in the
Introduction). Of central importance in our analysis is a class of regular semisimple elements
of G called unramified very regular elements (à la [CI21b]); we denote by Svreg the set of
unramified very regular elements contained in S. After reframing unramified very regular
elements in the context of normal r-approximations (à la [AS08]), we prove the main result
of Section 4: a simple and explicit character formula for the SGx,0-representation

◦τd on the
unramified very regular locus of SGx,0 (Proposition 4.11).

In Section 5, we only work with tame elliptic regular pairs (S, ϕ) where S is unramified
and ϕ is toral. We prove our characterization theorems in this section. The linchpin that
makes our approach possible is the seemingly innocent Lemma 5.12 (see Lemma 5.15 for the
analogous argument for SGx,0), whose content is the surprisingly simple and powerful trick
that by using a telescoping series, one can show that character values on unramified very
regular elements determine the representation on a pro-p subgroup. For all the arguments
in this section, we need to assume that Svreg generates S as a group (the assumption (vreg);
see Section 5.2). We show in Section 5.1 that this is the case if a certain inequality (⋆)
related to a density of the unramified very regular elements holds, and that (⋆) holds if
q ≫ 0. Moreover, the bound on q can be reduced to a calculation on reductive groups over
finite fields because of a transferring trick (Lemma 5.6).

Our focus shifts in Section 6, where we recall what is known about the Fq-schemes Xr

and their cohomology. In this section, we make no assumptions on p or on the ellipticity of

S. We recall the Drinfeld stratification [CI21c], which consists of subvarieties X
(L)
r ⊂ Xr

indexed by certain twisted Levi subgroups L containing S. We conjecture (Conjecture 6.5)

3As mentioned above, we will show that the geometric representation arising from an unramified 0-toral
pair (S, θ) coincides with the algebraic representation arising from the twisted pair (S, θ · ε[θ]). This is the

reason why a different symbol ϕ is used here; ϕ is intended to be taken to be θ · ε[θ] eventually.
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that the Drinfeld stratification is the geometric version of the “stratification” on the set of
regular supercuspidal representations given by the 0th piece G0 of the Howe factorization.

We prove our main results about the cohomology of Xr and its relation to supercuspidal
representations in Section 7; note that supercuspidality corresponds to ellipticity of S. In
our framework, this comparison is simply an application of Section 5 to the cohomological
representations discussed in Section 6. We compare H∗

c (Xr)[θ] to the SGx,0-representation
◦τd in Theorem 7.2 and prove Conjecture 6.5 in the setting L = S in Theorem 7.6. We note
that since we obtain these results as corollaries of the characterization theorems, there is
an intriguing mystery surrounding the geometric representations H∗

c (Xr)[θ] for the small p
excluded by Kaletha’s theory of regular supercuspidal representations [Kal19, Kal21]. We
make some comments about this in Section 7.4. In Section 7.3, we focus on the setting
G = GLn: we explicitly calculate the twisting character ε[θ] and show that a stronger
version of the geometrically-proved supercuspidality results of [CI19] follows as a special
case (Corollary 7.9) of our comparison theorem (Theorem 7.2). For convenience, we include
a diagram depicting the main structure of the results needed to prove our comparison
theorems (Theorems 7.2, 7.5):

SGx,0
◦τd |H∗

c (Xr,Qℓ)[θ]|
Theorem 7.2

(Theorem 5.17)

SGx,0+

⋃
Ind

SGx,0+
◦Kd

◦ρ′d ⊗ ϕd

OO

|H∗
c (Xr ∩ SGx,0+,Qℓ)[θ]|

Theorem 7.6 (Conjecture 6.5)

OO

Theorem 7.5

(Theorem 5.13)

◦Kd

⋃
◦ρ′d ⊗ ϕd

OO

Here, the dashed vertical arrows indicate induction; these representations, all of which ap-
pear in Yu’s construction, are recalled in Sections 3.1, 3.4. The horizontal equalities between
the “algebraic” and “geometric” columns hold by the indicated theorems (Theorems 7.2 and
7.5), each of which is a direct application of the parenthetically indicated characterization
theorems (Theorems 5.17 and 5.13).

In Section 8 we see the implications of our comparison theorem in the context of the
local Langlands correspondence. We discuss Kaletha’s construction of L-packets for 0-toral
supercuspidal representations and use our comparison to deduce (Theorem 8.2) that L-
packets of 0-toral supercuspidal representations associated to unramified S are realized by
the natural correspondence arising via the cohomology of Xr. This yields Theorem 8.3,
which is presented in the Introduction as Theorem B(ii).

Finally, in Section 9, we prove that toral supercuspidal representations associated to
unramified S are determined by their characters on Svreg (Theorem 9.1). The structure
of this argument has a similar flavor to the parahoric-level characterization theorems of
Section 5, but neither section implies the other logically. As mentioned in the Introduction,
Theorem 9.1 is a p-adic analogue of Harish-Chandra’s characterization of discrete series
representations of real groups, and is the first of its kind at this level of generality. In
particular, it allows one to characterize Kaletha’s construction of these L-packets purely in
terms of their character values on very regular elements of S.
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2. Notations and assumptions

Let F be a non-archimedean local field with finite residue field OF /pF ∼= Fq of prime
characteristic p, where we write OF and pF for the ring of its integers and the maximal
ideal, respectively. We let F ur denote the completion of the maximal unramified extension
of F . We write ΓF for the absolute Galois group of F .

For an algebraic variety J over F , we denote the set of its F -valued points by J . When
J is an algebraic group, we write ZJ for its center.

Let us assume that J is a connected reductive group over F . We follow the notation
around Bruhat–Tits theory used by [AS08, AS09, DS18]. (See, for example, [AS08, Section
3.1] for details.) Especially, B(J, F ) (resp. Bred(J, F )) denotes the enlarged (resp. reduced)
Bruhat–Tits building of J over F . For a point x ∈ B(J, F ) = Bred(J, F ) × X∗(ZJ)R, we
write x̄ for the image of x in Bred(J, F ), and Jx̄ for the stabilizer of x̄ in J . We define

R̃ to be the set R ⊔ {r+ | r ∈ R} ⊔ {∞} with its natural order. Then for any r ∈ R̃ we
can consider the r-th Moy–Prasad filtration Jx,r of J with respect to the point x. For any

r, s ∈ R̃≥0 satisfying r < s, we write Jx,r:s for the quotient Jx,r/Jx,s. Recall that Jx,0:0+ can
be regarded as the set J(Fq) of Fq-valued points of a connected reductive group J defined
over Fq (such a group J can be realized as the reductive quotient of the special fiber of the
parahoric subgroup scheme attached to x, see [MP96, Section 3.2]).

2.1. Assumptions on F and G. Let G be a tamely ramified connected reductive group
over F , that is, G is a connected reductive group defined over F which splits over a tamely
ramified extension of F . Unless otherwise stated, we will assume that p is odd, p is not bad
for G (in the sense of Springer–Steinberg, see [SS70, Section 4]), and that p ∤ |π1(Gder)| and
p ∤ |π1(“Gder)|. There are a few sections in the paper where we either relax or strengthen
our assumptions on F ; we specify these subsections here:

• Sections 3.1, 3.4 hold with the relaxed assumption that p is odd, but this is incon-
sequential for us.

• Section 3.3 holds without any assumption on p except for Lemma 3.8.
• In Section 4.2, we assume that the condition (GdG) of [AS08, Definition 6.3] is
satisfied by certain unramified maximal tori of G. This assumption is necessary for
appealing to the theory of Adler–Spice on the character formula for tame super-
cuspidal representations. It is known that this assumption is satisfied if p does not
divide the order of the absolute Weyl group of G (Remark 4.4).

• In Sections 5.2, 5.3, we additionally assume (vreg). This assumption is satisfied
when an inequality (⋆) related to the size of the residue field of F holds. This
additional assumption is also needed in Sections 7, 8, 9, as these later sections rely
on various arguments presented in Sections 5.2, 5.3.

• Section 6 recalls geometric constructions of representations of parahoric subgroups
and holds with no assumptions on p. The discrepancy between this and the addi-
tional assumptions on p needed in other sections is an interesting point; we make
some remarks about this in Section 7.4.

3. Tame supercuspidal representations

In this section, we first briefly review Yu’s construction of tame supercuspidal represen-
tations (see [Yu01]; for an exposition, [AS09, Section 2]). Then, we summarize Kaletha’s
result ([Kal19, Section 3.4]) on a reparametrization of tame supercuspidal representations,
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which is based on the so-called Howe factorization for (certain) characters of elliptic max-
imal tori. We recall a part of Kaletha’s Howe factorization process in Section 3.3; we will
use this to state a geometric conjecture later (Conjecture 6.5). We finish with a discussion
of passing from the full stabilizer Gx̄ to the smaller group SGx,0 in Section 3.4, especially
establishing some notation that will be used throughout the paper.

3.1. Yu’s construction of tame supercuspidal representations. The constructions of
this subsection hold with the relaxed assumption that p is odd. In [Yu01], Yu introduced the
notion of a cuspidal G-datum and to each such datum attached an irreducible supercuspidal
representation of G. Recall that a cuspidal G-datum is a quintuple

Σ = (G⃗, ϕ⃗, r⃗,x, ρ′0)

consisting of the following objects:

• G⃗ is a sequence G0 ⊊ G1 ⊊ · · · ⊊ Gd = G of tame twisted Levi subgroups (i.e.,
each Gi is a subgroup of G which is defined over F and becomes a Levi subgroup
of G over a tamely ramified extension of F ) such that ZG0/ZG is anisotropic,

• x is a point of B(G0, F ) whose image x̄ in Bred(G0, F ) is a vertex,
• r⃗ is a sequence 0 ≤ r0 < · · · < rd−1 ≤ rd of real numbers such that 0 < r0 when
d > 0,

• ϕ⃗ is a sequence (ϕ0, . . . , ϕd) of characters ϕi of G
i satisfying

– for 0 ≤ i < d, ϕi is G
i+1-generic of depth ri at x, and

– for i = d, ®
depthx(ϕd) = rd if rd−1 < rd,

ϕd = 1 if rd−1 = rd,

• ρ′0 is an irreducible representation of G0
x̄ whose restriction to G0

x,0 contains the

inflation of a cuspidal representation of the quotient G0
x,0:0+.

We note that Bred(G0, F ) can be regarded as a subset of Bred(Gi, F ) for any 0 ≤ i ≤ d
thanks to the assumption on ZG0/ZG (see [Yu01, Remark 3.4]). In particular, we may
regard x̄ ∈ Bred(G0, F ) as a point of Bred(Gi, F ) for any 0 ≤ i ≤ d.

Following [Yu01], the tame supercuspidal representation πΣ associated to Σ is constructed
as follows. We first put

(s0, . . . , sd) :=
(r0
2
, . . . ,

rd
2

)
and define the subgroups Ki, J i, and J i+ of G for 1 ≤ i ≤ d by

Ki := G0
x̄(G

0, . . . , Gi)x,(0+,s0,...,si−1),

J i := (Gi−1, Gi)x,(ri−1,si−1),

J i+ := (Gi−1, Gi)x,(ri−1,si−1+),

where the right-hand sides denote the subgroups associated to pairs consisting of a tame
twisted Levi sequence and an admissible sequence (see [Yu01, Sections 1 and 2]). Note that
we have Ki+1 = KiJ i+1. For i = 0, we put

K0 := G0
x̄.

Then we construct a representation ρ′i+1 of Ki+1 from ρ′i of K
i inductively in the following

manner. By investigating the quotient J i/J i+ (which has a symplectic structure derived from

the character ϕi−1), we obtain a finite Heisenberg group as a quotient of the group J i. Then,
as a consequence of the Stone–von Neumann theorem (together with the liftability of an
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associated projective representation to a linear representation), we obtain a Heisenberg–Weil

representation ϕ̃i of the semi-direct product Gix̄ ⋉ J i+1. The tensor representation

(ϕ̃i|Ki⋉Ji+1)⊗
(
(ρ′i ⊗ ϕi|Ki)⋉ 1

)
of Ki ⋉ J i+1 descends to KiJ i+1 = Ki+1 (factors through the canonical map Ki ⋉ J i+1 ↠
KiJ i+1), and we define the representation ρ′i+1 of Ki+1 to be the descended one. We define

πΣ := c-IndGKd ρ′d ⊗ ϕd.
This representation is irreducible [Yu01, Fin21a] and hence supercuspidal. The irreducible
supercuspidal representations of G obtained from cuspidal G-data in this way are called
tame supercuspidal representations.

We also recall the definitions of a few more groups and representations which will be
needed later (for describing the Adler–Spice character formula in Section 4):

Kσi
:= Gi−1

x̄ Gix,0+ (Kσ0
:= G0

x̄),

ρ̃′i := Ind
Gi−1

x̄ Gi
x,si−1

Ki ρ′i,

σi := Ind
Kσi

Ki ρ′i (
∼= Ind

Kσi

Gi−1
x̄ Gi

x,si−1

ρ̃′i),

τi := Ind
Gi

x̄

Ki ρ
′
i ⊗ ϕi (∼= Ind

Gi
x̄

Kσi
σi ⊗ ϕi).

We finally recall the notion of a generic reduced cuspidal G-datum due to Hakim–
Murnaghan ([HM08]). By the theory of Moy–Prasad, the induced representation

π−1 := c-IndG
0

K0 ρ′0

is an irreducible depth-zero supercuspidal representation of G0 ([MP96, Proposition 6.6]).
Conversely, any irreducible depth-zero supercuspidal representation π−1 of G0 is obtained
by the compact induction of a representation ρ′0 satisfying the condition mentioned above
in a unique (up to conjugation) way ([MP96, Proposition 6.8]). From this observation

we conclude that the triple (G⃗, π−1, ϕ⃗) is essentially equivalent to the original quintuple

(G⃗, ϕ⃗, r⃗,x, ρ′0). In [HM08], Hakim–Murnaghan called such triples generic reduced cuspidal
G-data and defined an equivalence relation called G-equivalence on them. Here we do not
recall the definition of theG-equivalence (see [HM08, Definition 6.3]). The important nature
of this equivalence relation is that it describes the “fibers” of Yu’s construction: for two given
generic reduced cuspidal G-data Σ and Σ′, the associated supercuspidal representations πΣ
and πΣ′ are isomorphic if and only if two data Σ and Σ′ are G-equivalent. In other words,
Yu’s construction gives the following bijective map:

{irred. s.c. rep’ns of G}/∼

{gen. red. cusp. G-data}/G-eq.
1:1

Yu’s construction
// {tame s.c. rep’ns of G}/∼

⋃

3.2. Kaletha’s reparametrization of tame supercuspidal representations. We first
recall Kaletha’s classification of regular depth-zero supercuspidal representations. LetG0 be
a tamely ramified connected reductive group over F which belongs to a tame Levi sequence

G⃗ = (G0 ⊊ G1 ⊊ · · · ) as in the previous subsection. Let us suppose that we have an
irreducible depth-zero supercuspidal representation π−1 of G0. Then, by the theory of Moy–
Prasad ([MP96]), there exists a point x ∈ B(G0, F ) such that its image x̄ in Bred(G0, F )
is a vertex and the restriction π−1|G0

x,0
contains the inflation of an irreducible cuspidal

10



representation κ of G0
x,0:0+. Note that such a pair of x and κ is essentially unique (up to

“association” in the sense of Moy–Prasad; see [MP96, Theorem 3.5]). We put G0
x to be the

connected reductive group over Fq obtained by taking the reductive quotient of the special
fiber of the parahoric subgroup scheme attached to x. Then we have a natural identification
G0

x(Fq) ∼= G0
x,0:0+. By Deligne–Lusztig theory, the cuspidality of κ implies that there exists

a unique (up to G0
x(Fq)-conjugation) pair (S, ϕ̄) of

• an elliptic maximal torus S of G0
x defined over Fq, and

• a character ϕ̄ of S(Fq)

such that the associated Deligne–Lusztig representation ±RG0
x

S (ϕ̄) contains κ.
By [Kal19, Lemma 3.4.4] (due to [BT84, Proposition 5.1.10], cf. [DeB06, Section 2.2-

2.3]), there exists a maximally unramified (in the sense of [Kal19, Definition 3.4.2]) elliptic
maximal torus S of G0 defined over F whose connected Néron model has S as its special
fiber. We let NG0(S) be the normalizer group of S in G0 and put

WG0(S) := NG0(S)/S.

Following Kaletha [Kal19, Definitions 3.4.16 and 3.4.19], we say

• the character ϕ̄ is regular if the stabilizer of ϕ̄ in WG0(S) is trivial, and
• the irreducible depth-zero supercuspidal representation π−1 is regular if ϕ̄ associated
to π−1 in the above manner is regular

(note that the group WG0(S) acts on the group of characters of S(Fq) since we have
S0:0+

∼= S(Fq)). In summary, we may associate a pair (S, ϕ̄) to each irreducible depth
zero supercuspidal representation π−1 of G0 and define the notion of regularity for π by
looking at the pair (S, ϕ̄).

Remark 3.1. If ϕ̄ is regular, then it is in general position in the sense of Deligne–Lusztig

[Kal19, Fact 3.4.18]. If ϕ̄ is in general position, (−1)r(S)−r(G0
x)R

G0
x

S (ϕ̄) is an irreducible
representation, where r(S) and r(G0

x) are the split ranks of S and G0
x, respectively. Thus κ

is necessarily equal to (−1)r(S)−r(G0
x)R

G0
x

S (ϕ̄) itself. Furthermore, the orthogonality relation
of Deligne–Lusztig ([DL76, Theorem 6.8]) assures that such a pair (S, ϕ̄) is unique up to
G0

x(Fq)-conjugacy. Hence (S, ϕ̄) is unique up to G0
x,0-conjugacy.

We next consider the “converse” of the above procedure. Let us suppose that we have
a maximally unramified elliptic maximal torus S of G0 and a regular depth-zero character
ϕ−1 of S, i.e., the character ϕ̄ of S0:0+ = S(Fq) induced from ϕ−1 is regular in the above
sense. Since the torus S is elliptic, it canonically defines a subset Ared(S, F ) of Bred(G0, F )
consisting of only one point. More precisely, Ared(S, F ) consists of the unique Frobenius-
fixed point in the reduced apartment Ared(SFur , F ur) ⊂ Bred(G0, F ur) of the maximal F ur-
split torus SFur of GFur (see the paragraph before [Kal19, Lemma 3.4.3]). We take a point
x ∈ B(G0, F ) whose image x̄ in Bred(G0, F ) equals this unique point of Ared(S, F ). Note
that then S normalizes G0

x,0 and we have S ⊂ G0
x. As explained in Remark 3.1, from the

pair (S, ϕ̄), we get an irreducible cuspidal representation

κ(S,ϕ̄) := (−1)r(S)−r(G
0
x)R

G0
x

S (ϕ̄)

of G0
x(Fq). In [Kal19, Section 3.4.4], Kaletha constructs an extension of (the inflation of) the

representation κ(S,ϕ̄) to SG
0
x,0 in a geometric way. Let κ(S,ϕ−1) denote the extended repre-

sentation of SG0
x,0. Now Kaletha’s classification theorem of regular depth zero supercuspidal

representations is summarized as follows:
11



Proposition 3.2 ([Kal19, Lemma 3.4.20 and Proposition 3.4.27]). The representation

πG0

(S,ϕ−1)
:= c-IndG

0

SG0
x,0
κ(S,ϕ−1)

is an irreducible depth-zero regular supercuspidal representation of G0. Conversely, every
irreducible depth-zero regular supercuspidal representation of G0 is obtained in this way.

Furthermore, two such representations πG0

(S,ϕ−1)
and πG0

(S′,ϕ′
−1)

are isomorphic if and only if

the pairs (S, ϕ−1) and (S′, ϕ′−1) are G
0-conjugate.

We now return to tame supercuspidal representations. Let Σ = (G⃗, π−1, ϕ⃗) be a generic
reduced cuspidal G-datum and πΣ its associated supercuspidal representation of G. We
call Σ regular if π−1 is regular. We call πΣ a regular supercuspidal representation if Σ is
regular. Let us suppose that Σ is regular. Then, thanks to Proposition 3.2, we have a pair
(S, ϕ−1) consisting of a maximally unramified elliptic maximal torus S of G0 and a regular

depth-zero character ϕ−1 of S satisfying π−1
∼= πG0

(S,ϕ−1)
. We put G−1 := S and define a

character ϕ of S by

ϕ :=

d∏
i=−1

ϕi|S .

Kaletha’s reparametrizing result is as follows:

Proposition 3.3 ([Kal19, Proposition 3.7.8]). The map

(G⃗, π−1, ϕ⃗) 7→ (S, ϕ)

defined in the above manner induces a bijection from the set of G-equivalence classes of
regular generic reduced cuspidal G-data to the set of G-conjugacy classes of tame elliptic
regular pairs in G.

Remark 3.4. Note that we need our baseline assumptions on p (p odd, p not bad for G, p ∤
|π1(“Gder)|, and p ∤ |π1(Gder)|) for this proposition, especially in establishing the surjectivity
part of the map (this is called the “Howe factorization” process, which will be recalled more
precisely in the next subsection). One crucial step in proving [Kal19, Proposition 3.7.8] is to
establish [Kal19, Lemma 3.6.8], whose proof utilizes a technical result of Yu concerning the
genericity of characters [Yu01, Lemma 8.1]. The assumption required by [Yu01, Lemma 8.1]
is that p is not a torsion prime for the root datum of the dual group G, which is equivalent

to that p is not bad for G and does not divide the order of |π1(“Gder)|. Therefore we need

to assume p ∤ |π1(“Gder)| in addition to the non-badness for the root datum of G imposed
in the beginning of [Kal19, Section 3.6]. This subtlety is carefully explained in [Kal21]. See
[Kal21, Section 4] for details.

Recall that a pair (S, ϕ) of a maximal torus S of G defined over F and a character
ϕ : S → C× is called a tame elliptic regular pair if it satisfies the following conditions
([Kal19, Definition 3.7.5]):

• S is a tamely ramified elliptic maximal torus of G,
• the action of the inertia subgroup IF of Gal(F/F ) on the root subsystem

R0+ := {α ∈ R(S,G) | ϕ|NrE/F (α∨(E×
0+)) ≡ 1}

of the root system R(S,G) preserves a set of positive roots, where
– E is the minimal extension of F splitting S, and
– NrE/F is the norm map S(E)→ S(F ),

12



• the restriction ϕ|S0 has trivial stabilizer for the action of the group WG0(S), where
G0 ⊂ G is the reductive group with maximal torus S and root system R0+.

According to Proposition 3.3, we conclude that (isomorphism classes of) regular super-
cuspidal representations bijectively correspond to (G-conjugacy classes of) tame elliptic
regular pairs. Let π(S,ϕ) denote the representation corresponding to a tame elliptic regular
pair (S, ϕ).

{gen. red. cusp. G-data}/G-eq.
1:1 // {tame s.c. rep’ns of G}/∼

{regular gen. red. cusp. G-data}/G-eq.

⋃
1:1 // {regular s.c. rep’ns of G}/∼

⋃

{tame elliptic regular pairs}/G-conj.
��

1:1 (Prop. 3.3)

OO

(S,ϕ)7→π(S,ϕ)

33

Remark 3.5. If we take a cuspidal G-datum (G⃗, ϕ⃗, r⃗,x, ρ′0) corresponding to (G⃗, π−1, ϕ⃗),

then we have π−1
∼= c-IndG

0

K0 ρ′0 (recall that K0 = G0
x̄). On the other hand, since we have

π−1
∼= πG0

(S,ϕ−1)
= c-IndG

0

SG0
x,0
κ(S,ϕ−1), we may suppose that

ρ′0
∼= Ind

G0
x̄

SG0
x,0
κ(S,ϕ−1).

Finally we introduce the notion of Howe-unramifiedness as follows:

Definition 3.6. If a regular supercuspidal representation π is associated to a tame elliptic
regular pair (S, ϕ) with unramified S, we say that π is Howe-unramified.

3.3. Tame twisted Levi sequence associated to a character. As the surjectivity part
of Proposition 3.3 shows, we may associate to any tame elliptic regular pair (S, ϕ) a sequence

of tame twisted subgroups G⃗ = (G−1, . . . ,Gd) and a sequence of characters (ϕ−1, . . . , ϕd).
Indeed, in the proof of Proposition 3.3 ([Kal19, Proposition 3.7.8]), Kaletha gives a con-
struction of such sequences explicitly. As explained in Section [Kal19, Section 3.6], this can
be understood as a generalization of the Howe factorization, a factorization of characters of
S defined in the GLn setting in his construction of supercuspidal representations of GLn.
The Howe factorization comes with an associated sequence of subgroups which capture the
relative genericity of the individual factors in the product. Although the characters in this
factorization are not unique, the associated subgroups are. In this section, following [Kal19,
Section 3.6], we recall how the Howe factorization attaches a tame twisted Levi sequence
to a tame elliptic regular pair. In fact, we may work in a more general setting; let S be
a tamely ramified maximal torus of G defined over F and θ a character of S. Hence here
(S, θ) is allowed to be a pair which is not tame elliptic regular.

For r ∈ R̃>0, we define a subset Rr of R(S,G) as in [Kal19, 1107 page, (3.6.1)] by

Rr := {α ∈ R(S,G) | θ|NrE/F (α∨(E×
r )) ≡ 1},

where E is the splitting field of the torus S. Note that R0+ introduced in the definition of a
tame elliptic regular pair is nothing but a special case of Rr where r is taken to be 0+. We
let rd−1 > · · · > r1 > r0 be the real numbers satisfying Rr ⊊ Rr+ (in particular, rd−1 is the
real number satisfying Rrd−1

⊊ Rrd−1+ = R(S,G)). We put rd := depth(θ) and r−1 := 0

(note that rd ≥ rd−1 since Rrd+ = R(S,G)). Let G0 ⊊ · · · ⊊ Gd−1 be the tamely ramified
reductive subgroups of G corresponding to the sequence Rr0 ⊊ · · · ⊊ Rrd−1

(i.e., each Gi is
13



the reductive subgroup of G which contains S and has Rri as its roots). We put G−1 := S
and Gd := G so that we have G−1 ⊂ G0 ⊊ · · · ⊊ Gd−1 ⊊ Gd. When we want to emphasize
the dependence on (S, θ), we write Gi(S, θ) for the i-th subgroup Gi associated to (S, θ)
via the Howe factorization.

We introduce the notion of torality and 0-torality as follows:

Definition 3.7. Let S be a tamely ramified maximal torus of G defined over F . Let θ be
a character of S.

(1) We call θ a toral character if G0(S, θ) = S.

(2) We call θ a 0-toral character if d = 1 and G0(S, θ) = S (i.e., G⃗ consists only of
G0 = S and G1 = G).

We note that, under the assumption that p is not bad for G, each Gi(S, θ) is a tame
twisted Levi subgroup of G by [Kal19, Lemma 3.6.1].

We now return to the setting of elliptic S. The following lemma will be useful for us,
especially in Section 7. We warn the reader that this lemma does not hold for arbitrary p!
We discuss subtleties regarding small residue characteristic in Section 7.4.

Lemma 3.8. Let (S, θ) be a tame elliptic regular pair. If θ is a toral character of S, then
θ|S0+ has trivial WG(S)-stabilizer.

Proof. By [Kal19, Proposition 3.6.7], θ has a Howe factorization. To be more precise, let G⃗

denote the twisted Levi sequence G⃗ = (G−1, . . . ,Gd) attached to θ as above. Then, there ex-

ists a sequence θ⃗ = (θ−1, . . . , θd) of characters θi of G
i such that θ =

∏d
i=−1 θi|S and we have

a regular generic reduced cuspidal G-datum ((G0, . . . ,Gd), π−1, (θ0, . . . , θd)), where π−1
∼=

πG0

(S,θ−1)
. By [Kal19, Lemma 3.6.5 (2)], we have StabWG(S)(θ|S0+

) = StabWG0 (S)(θ−1|S0+
) =

WG0(S), where the last equality holds since θ−1|S0+ is trivial. The conclusion clearly follows
as θ being toral (i.e., G0 = S) implies that WG0(S) is trivial. □

3.4. Point stabilizer vs. parahoric subgroup. Let (S, ϕ) be a tame elliptic regular
pair. As explained in Section 3.2, this pair gives rise to a G-equivalence class of cuspidal

G-data; let Σ = (G⃗, ϕ⃗, r⃗,x, ρ′0) be a representative of this equivalence class, where ρ′0
∼=

Ind
G0

x̄

SG0
x,0
κ(S,ϕ−1). Recall that, in Section 3.1, we considered the groups

Gix̄ ⊃ Kσi
⊃ Gi−1

x̄ Gix,si−1
⊃ Ki

and defined the representations τi, σi, and ρ̃
′
i by inducing ρ′i:

τi := Ind
Gi

x̄

Kσi
σi ⊗ ϕi, σi := Ind

Kσi

Gi−1
x̄ Gi

x,si−1

ρ̃′i, ρ̃′i := Ind
Gi−1

x̄ Gi
x,si−1

Ki ρ′i.

For our convenience, we also introduce the following slightly smaller groups by replacing
the role of Gix̄ with SGix,0:

14



Gix̄ SGix,0⊃

Kσi
:= Gi−1

x̄ Gix,0+

⋃
◦Kσi

:= SGi−1
x,0 G

i
x,0+⊃

⋃

Gi−1
x̄ Gix,si−1

⋃
SGi−1

x,0 G
i
x,si−1

⊃

⋃

Ki := G0
x̄(G

0, . . . , Gi)x,(0+,s0,...,si−1)

⋃
◦Ki := SG0

x,0(G
0, . . . , Gi)x,(0+,s0,...,si−1)⊃

⋃

We define a representation ◦ρ′0 of SG0
x,0 by

◦ρ′0 := κ(S,ϕ−1)

and construct representations ◦ρ′i of ◦Ki in the same manner as before starting from ◦ρ′0
instead of ρ′0.

Let us recall the following general lemma:

Lemma 3.9 (projection formula). Let G be a locally profinite group and H a closed sub-
group. For any smooth representation π of G and smooth representation τ of H, we have

IndGH(π|H ⊗ τ) ∼= π ⊗ (IndGH τ)

Proof. Let Rep(G) (resp. Rep(H)) denote the abelian category of smooth representations
of G (resp. H). We fix a smooth representation π of G. By Frobenius reciprocity and the
Hom-⊗ adjointness, we have a canonical isomorphism

HomG

(
ρ, IndGH(π|H ⊗ τ)

) ∼= HomH(ρ|H , π|H ⊗ τ) ∼= HomH

(
(ρ⊗ π∨)|H , τ

)
for any ρ ∈ Rep(G) and τ ∈ Rep(H), which is functorial in both variables. On the other
hand, again by the Hom-⊗ adjointness and Frobenius reciprocity, we also have a canonical
and functorial isomorphism

HomG

(
ρ, π ⊗ (IndGH τ)

) ∼= HomG(ρ⊗ π∨, IndGH τ)
∼= HomH

(
(ρ⊗ π∨)|H , τ

)
.

This implies that both the functors IndGH ◦(π|H ⊗ (−)) : Rep(H)→ Rep(G) and (π⊗ (−)) ◦
IndGH : Rep(H)→ Rep(G) are the right adjoint to the functor ResGH ◦((−)⊗π∨) : Rep(G)→
Rep(H). Thus we conclude that these two functors are isomorphic by the uniqueness of the

adjoint functor. In particular, we get IndGH(π|H⊗τ) ∼= π⊗(IndGH τ) for any τ ∈ Rep(H). □

The relationship between ρ′i and
◦ρ′i is described as follows.

Lemma 3.10. The Ki-representation ρ′i is isomorphic to the induction of the ◦Ki-representation
◦ρ′i:

ρ′i
∼= IndK

i

◦Ki
◦ρ′i.

Proof. It follows from the definition of ◦ρ′0 that we have ρ′0
∼= Ind

G0
x̄

SG0
x,0
κ(S,ϕ−1); hence the

assertion for i = 0 follows. Let us check the assertion for i+ 1 by assuming its validity for
i. Recall that the representation ρ′i+1 is the push-forward of

(ϕ̃i|Ki⋉Ji+1)⊗
(
(ρ′i ⊗ ϕi|Ki)⋉ 1

)
via the canonical map Ki ⋉ J i+1 ↠ KiJ i+1 = Ki+1. Similarly, the representation ◦ρ′i+1 is
the push-forward of

(ϕ̃i|◦Ki⋉Ji+1)⊗
(
(◦ρ′i ⊗ ϕi|◦Ki)⋉ 1

)
15



via the canonical map ◦Ki ⋉ J i+1 ↠ ◦KiJ i+1 = ◦Ki+1. Noting that (ρ′i ⊗ ϕi|Ki) ⋉ 1 =
(ρ′i ⋉ 1)⊗ (ϕi|Ki ⋉ 1), it is enough to check that we have

IndK
i⋉Ji+1

◦Ki⋉Ji+1

(
(ϕ̃i|◦Ki⋉Ji+1)⊗

(
(◦ρ′i ⊗ ϕi|◦Ki)⋉ 1

))
∼= (ϕ̃i|Ki⋉Ji+1)⊗

(
(ρ′i ⋉ 1)⊗ (ϕi|Ki ⋉ 1)

)
.

Obviously ϕ̃i|◦Ki⋉Ji+1 is the restriction of ϕ̃i|Ki⋉Ji+1 and ϕi|◦Ki is the restriction of ϕi|Ki .
Hence, by Lemma 3.9,

IndK
i⋉Ji+1

◦Ki⋉Ji+1

(
(ϕ̃i|◦Ki⋉Ji+1)⊗

(
(◦ρ′i ⊗ ϕi|◦Ki)⋉ 1

))
∼= (ϕ̃i|Ki⋉Ji+1)⊗

((
IndK

i⋉Ji+1

◦Ki⋉Ji+1(
◦ρ′i ⋉ 1)

)
⊗ (ϕi|Ki ⋉ 1)

)
.

As we are supposing that ρ′i
∼= IndK

i

◦Ki
◦ρ′i, we get IndK

i⋉Ji+1

◦Ki⋉Ji+1(◦ρ′i ⋉ 1) ∼= ρ′i ⋉ 1. □

We define representations ◦τi,
◦σi, and

◦ρ̃′i by inducing ◦ρ′i:

◦τi := Ind
SGi

x,0
◦Kσi

◦σi ⊗ ϕi, ◦σi := Ind
◦Kσi

SGi−1
x,0 G

i
x,si−1

◦ρ̃′i,
◦ρ̃′i := Ind

SGi−1
x,0 G

i
x,si−1

◦Ki
◦ρ′i.

Then Lemma 3.10 implies that

τi ∼= Ind
Gi

x̄

SGi
x,0

◦τi, σi ∼= Ind
Kσi
◦Kσi

◦σi, ρ̃′i
∼= Ind

Gi−1
x̄ Gi

x,si−1

SGi−1
x,0 G

i
x,si−1

◦ρ̃′i.

Gix̄ SGix,0⊃ τi
◦τioo

Kσi

⋃
◦Kσi⊃

⋃
σi ⊗ ϕi

OO

◦σi ⊗ ϕioo

OO

Gi−1
x̄ Gix,si−1

⋃
SGi−1

x,0 G
i
x,si−1

⊃

⋃
ρ̃′i ⊗ ϕi

OO

◦ρ̃′i ⊗ ϕioo

OO

Ki

⋃
◦Ki⊃

⋃
ρ′i ⊗ ϕi

OO

◦ρ′i ⊗ ϕioo

OO

4. Adler–DeBacker–Spice’s character formula

The purpose of this section is to give a character formula for a crucial intermediate rep-
resentation used in Yu’s construction of supercuspidal representations, following the theory
of Adler–DeBacker–Spice ([AS09, DS18]). We first note that several technical assumptions
on p are required so that their theory works well (see [AS08, Section 2]), but it is enough
to assume only the oddness and the non-badness of p whenever G is tamely ramified (see
[Kal19, Section 4.1]).

We focus on the setting of Howe-unramified regular supercuspidal representations. To
this end, let (S, ϕ) be a tame elliptic regular pair such that

S is an unramified elliptic maximal torus of G.

Let (G⃗, π−1, ϕ⃗) be a regular generic reduced cuspidal G-datum corresponding to (S, ϕ)
as in Section 3.2 and recall the various intermediate representations described in Section
3.4. In Section 4.2 we give a simple character formula (Proposition 4.11) for the SGx,0-
representation ◦τd on the locus of unramified very regular elements (Definition 4.2, following
[CI21b]).
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4.1. DeBacker–Spice’s invariants. In this section, we recall several invariants introduced
by DeBacker–Spice in [DS18, Section 4.3] to describe the characters of tame supercuspidal
representations.

Let J be a connected reductive group over F . We take a maximal torus TJ of J defined
over F . Then we get the set R(J,TJ) of absolute roots of TJ in J which has an action of
the absolute Galois group ΓF of F . For each α ∈ R(J,TJ), we put Γα (resp. Γ±α) to be
the stabilizer of α (resp. {±α}) in ΓF . Let Fα (resp. F±α) be the subfield of F fixed by Γα
(resp. Γ±α):

F ⊂ F±α ⊂ Fα ←→ ΓF ⊃ Γ±α ⊃ Γα.

• When Fα = F±α, we say α is an asymmetric root.
• When Fα ⊋ F±α, we say α is a symmetric root. Note that, in this case, the extension
Fα/F±α is necessarily quadratic. Furthermore,

– when Fα/F±α is unramified, we say α is symmetric unramified, and
– when Fα/F±α is ramified, we say α is symmetric ramified.

Note that a root α is symmetric if and only if the ΓF -orbit of α contains −α. We write
R(J,TJ)

sym, R(J,TJ)sym, R(J,TJ)sym,ur, and R(J,TJ)sym,ram for the set of asymmetric
roots, symmetric roots, symmetric unramified roots, and symmetric ramified roots, respec-
tively.

According to [DS18, Definition 3.6], for each α ∈ R(J,TJ) and a point y ∈ Bred(J, F ),
we define a set ordy α of real numbers by

ordy α := {i ∈ R | gα(Fα)y,i:i+ ̸= 0},

where gα is the root space of α in the Lie algebra g of G and gα(Fα)y,i := g(Fα)y,i∩gα(Fα).
Then, for a positive real number r ∈ R>0, we define a subset RJ

y,r/2 of R(J,TJ) by

RJ
y,r/2 := {α ∈ R(J,TJ) | r/2 ∈ ordy α}.

For an element δ of TJ = TJ(F ), we put

RJ
y,(r−ordδ)/2

:= {α ∈ R(J,TJ) | α(δ) ̸= 1, (r − ordδ α)/2 ∈ ordy α},

where ordδ α := ord(α(δ)− 1).
Now let us recall the definition of the invariants εram, εsym,ram, and ẽ ([DS18, Definition

4.14]). Let δ be an element of the maximal bounded subgroup of TJ.

• We first define a sign εα(δ) for an asymmetric or symmetric unramified root α as
follows:

– For an asymmetric root α ∈ R(J,TJ)
sym, we put

εα(δ) :=
(
α(δ)

k×Fα

)
,

where
Ä −
k×Fα

ä
is the unique nontrivial quadratic character of the multiplicative

group k×Fα
of the residue field kFα of Fα.

– For a symmetric unramified root α ∈ R(J,TJ)sym,ur, we put

εα(δ) :=
(
α(δ)
k1Fα

)
,

where
Ä −
k1Fα

ä
is the unique nontrivial quadratic character of the kernel k1Fα

of

the norm map NrkFα/kF±α
: k×Fα

↠ k×F±α
.
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Here, in both cases, α(δ) belongs to O×
Fα

since δ belongs to the maximal bounded

subgroup of TJ. Thus we can take its reduction α(δ) ∈ k×Fα
. Note that, in the latter

case, the definition makes sense since α(δ) always belongs to the kernel of the norm

map NrFα/F±α
: F×

α → F×
±α, hence α(δ) ∈ k1Fα

.
Then we define

εsym(J,TJ, r, δ) :=
∏

α∈ΓF×{±1}\(RJ
y,r/2

∩R(J,TJ)sym)

εα(δ),

εsym,ur(J,TJ, r, δ) :=
∏

α∈ΓF \(RJ
y,r/2

∩R(J,TJ)sym,ur)

εα(δ),

εram(J,TJ, r, δ) := εsym(J,TJ, r, δ) · εsym,ur(J,TJ, r, δ).

Here the index set of the first product denotes the set of orbits under the action of
ΓF × {±1} (the action of −1 ∈ {±1} is given by α 7→ −α).

• We put εsym,ram(J,TJ, r, δ) to be the product of

(−1)rankF±α
(J±α)−1(−G)fα

Ä tα
k×Fα

ä
sgnF±α

(J±α)

over α ∈ ΓF \(RJ
y,(r−ordδ)/2

∩ R(J,TJ)sym,ram). We do not recall the definitions of

various symbols appearing here (see [DS18, Definition 4.14] for the details). We
only remark that the index set is empty when TJ is unramified. In particular,
εsym,ram(J,TJ, r, δ) is always trivial as long as TJ is unramified.

• We put

ẽ(J,TJ, r, δ) := (−1)|ΓF \RJ
y,(r−ordδ)/2|.

Remark 4.1. (i) When TJ is elliptic in J, for any δ ∈ TJ, the image α(δ) of δ under
the root α : TJ(Fα)→ F×

α belongs to O×
Fα

. Hence the above definition makes sense
for any δ ∈ TJ and εram(J,TJ, r, δ) defines a character on TJ.

(ii) By definition, all of εram(J,TJ, r, δ), εsym,ram(J,TJ, r, δ), and ẽ(J,TJ, r, δ) are in-
variant under J-conjugation ([DS18, Remark 4.18]).

4.2. Character values at unramified very regular elements. Let (S, ϕ) be a tame
elliptic regular pair. We take a regular generic reduced cuspidal G-datum

(G⃗, π−1, ϕ⃗) :=
(
G0 ⊊ G1 ⊊ · · · ⊊ Gd, π−1

∼= πG0

(S,ϕ−1)
, (ϕ0, . . . , ϕd)

)
corresponding to (S, ϕ) as in Section 3. In the following, we assume that

S is an unramified elliptic maximal torus of G.

Let us list a few consequences of this assumption:

• Recall that, in general, S is a maximally unramified maximal torus of G0. Thus
the unramifiedness of S implies the same of G0 (and the converse also holds). Note
that then G1, . . . ,Gd are also unramified.

• Let x be a point of B(G0, F ) whose image x̄ in Bred(G0, F ) is associated with S.
Then we have

G0
x̄ ⊃ SG0

x,0 = ZG0G0
x,0 = ZGG

0
x,0.

(This follows from the property S = S0ZG, see [Kal11, Lemma 7.1.1]).
18



• Thanks to the equality SG0
x,0 = ZGG

0
x,0, Kaletha’s extension κ(S,ϕ−1) of the rep-

resentation κ(S,ϕ̄) of G0
x,0 to SG0

x,0 is simply described as follows: for g = z · g0 ∈
ZGG

0
x,0, we have

κ(S,ϕ−1)(g) = ϕ−1(z) · κ(S,ϕ̄)(g0).

Following [CI21b], we introduce the notion of the unramified very regularity for elements
of SGx,0 as follows:

Definition 4.2. We say that an element γ ∈ SGx,0 (= ZGGx,0) is unramified very regular
(with respect to S) if it satisfies the following conditions:

(1) γ is regular semisimple in G,
(2) the connected centralizer Tγ := CG(γ)◦ is an unramified maximal torus of G such

that the set A(Tγ , F ) of Frobenius-fixed points of the apartment A(Tγ,Fur , F ur)
associated with Tγ,Fur contains the point x, and

(3) α(γ) ̸≡ 1 (mod pF ) for any root α of Tγ in G.

The purpose of this section is to give an explicit formula for the character Θ◦τd of ◦τd at
unramified very regular elements of SGx,0 (Proposition 4.11). Our formula is just an easy
consequence of the theory of Adler–DeBacker–Spice (established in [AS09] and [DS18]) and
not new at all. However we have to be careful of the following points:

• for our purpose, we want to compute the character of ◦τd, not τd as in [AS09], and
• in the full character formula [AS09, Theorem 7.1], the index set is expressed via a
set of conjugates of γ, not a set of elements conjugating γ as in Proposition 4.11.

For these reasons, we cannot deduce the formula of Proposition 4.11 from the results of
[AS09] immediately. What we will do in the following is just to repeat the proofs of [AS09,
Theorems 6.4 and 7.1] while paying attention to these points. However, we note that most of
delicate computations carried out in [AS09] can be skipped by focusing only on unramified
very regular elements.

We start from checking that every unramified very regular element of SGx,0 satisfies the
following basic properties necessary for the computation of Adler–Spice:

Lemma 4.3. Let γ be an unramified very regular element of SGx,0. We assume the condi-

tion (GdG) of [AS08, Definition 6.3] is satisfied by the maximal torus Tγ of G. Then, for
any r ∈ R≥0,

(i) γ has a normal r-approximation in the sense of [AS08, Definition 6.8], and
(ii) the point x belongs to the set Br(γ) defined in [AS08, Definition 9.5].

Proof. Since we have SGx,0 = ZGGx,0 by the unramifiedness of S, it is enough to treat the
case where γ ∈ Gx,0.

When r = 0, by definition, any element of Gx̄ has a normal 0-approximation ([AS08,
Definition 6.8]). Furthermore, since we have

B0(γ) := {y ∈ B(G, F ) | γ · ȳ = ȳ}

([AS08, Definition 9.5]), the assertion (ii) is obvious.
In the following, we consider the case where r > 0. We first check the assertion (i).

Since γ belongs to Gx,0, in particular it is bounded. Moreover, by the unramified very

regularity, γ belongs to an unramified torus Tγ , which satisfies the condition (GdG) by the
assumption. Hence γ has a normal r-approximation by [AS08, Lemma 8.1]. More precisely,
by applying [AS08, Lemma 8.1] to G′ = G, d = 0, r = r, and S = Tγ , we can find a

19



normal r-approximation of γ. Note that we do not need to check the assumption that ‹G0+

is contained in the image of G0+ of [AS08, Lemma 8.1] by applying Spice’s topological
Jordan decomposition ([Spi08]) to γ itself instead of γ in the proof of [AS08, Lemma 8.1].

We take a normal r-approximation (γi)0≤i<r of γ and put

γ<r :=
∏

0≤i<r

γi and γ≥r := γ · γ−1
<r .

We next check that the point x belongs to the set Br(γ). For this, we recall that the set
Br(γ) is defined by

Br(γ) := {y ∈ B(C(r)
G (γ), F ) | Z(r)

G (γ)γ ∩Gy,r ̸= ∅}.

Here the group C
(r)
G (γ) is defined by

C
(r)
G (γ) :=

( ⋂
0≤i<r

CG(γi)
)◦

and Z
(r)
G (γ) denotes the group consisting of the F -valued points of the center of C

(r)
G (γ).

We note that the depth-zero part γ0 of γ is regular semisimple in G by the unramified very
regularity of γ. Indeed, by the definition of a normal approximation, we have

α(γ) = α(γ<r · γ≥r) =
∏

0≤i<r

α(γi) · α(γ≥r) ≡ α(γ0) (mod pF )

for any root α of Tγ in G. Since α(γ) ̸≡ 1 (mod pF ), also α(γ0) ̸≡ 1 (mod pF ), hence in
particular γ0 is regular semisimple. Hence the connected centralizer CG(γ0)

◦ of γ0 in G is a
maximal torus. By noting the commutativity of γ with γ0, we see that CG(γ0)

◦ is nothing

but Tγ . Thus the group C
(r)
G (γ) is contained in CG(γ0)

◦ = Tγ . On the other hand, again by
the definition of a normal r-approximation, there exists a tame torus T such that, for every
0 ≤ i < r, γi is contained in T. As γ0 is regular semisimple, this torus T is necessarily equal
to Tγ . By this observation, we know that each group CG(γi) contains Tγ . In conclusion,
we have

C
(r)
G (γ) = Tγ and Z

(r)
G (γ) = Tγ .

By the unramified very regularity of γ, the building B(C(r)
G (γ), F ) contains the point x.

Moreover, obviously the intersection Z
(r)
G (γ)γ ∩Gx,r appearing in the definition of Br(γ) is

not empty (both Z
(r)
G (γ)γ = Tγγ = Tγ and Gx,r contain 1). □

In the following, we assume that

for any unramified very regular element γ ∈ SGx,0, the torus Tγ satisfies

the condition (GdG).

Remark 4.4. (1) According to [Fin21b, Theorem 3.6], when p does not divide the order

of the absolute Weyl group of G, the condition (GdG) is satisfied by any maximal
torus of G. (In fact, this condition on p can be slightly weakened more, see also
[Fin21b, Remarks 3.4 and 3.7].)

(2) When G = GLn, the assumption (GdG) is satisfied by every unramified maximal

torus S without any condition on p. Indeed, such S is isomorphic to
∏l
i=1 ResEi/F Gm

for unramified extensions Ei/F satisfying
∑l
i=1[Ei : F ] = n. Hence Sr (resp. Sr:r+)
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is given by
∏l
i=1E

×
i,r (resp.

∏l
i=1E

×
i,r:r+). The set of roots of S in G is indexed by

the set

{(σi, σj) | σi ∈ Gal(Ei/F ), σj ∈ Gal(Ej/F ) such that σi ̸= σj}.

For any element γ = (γi)i of S =
∏l
i=1E

×
i , its image under the root corresponding

to (σi, σj) is given by σi(γi)/σj(γj). We fix a uniformizer ϖF of F (hence of Ei)
and regard k×Ei

as a subset of E×
i via the Teichmüller lift. Then, by the above

description of the set of roots of S in G, we can easily check that (1 +ϖr
F ζi)i ∈ Sr

is a good element of depth r for any (ζi)i ∈
∏l
i=1 kEi

. Furthermore, any coset in

Sr:r+ contains such (1 +ϖr
F ζi)i ∈ Sr for some (ζi)i ∈

∏l
i=1 kEi

.

Lemma 4.5 ([Kal19, Corollary 3.4.26]). Let γ0 be a regular semisimple element of SG0
x,0

whose image in G0
ad is topologically semisimple. Then the character Θκ(S,ϕ−1)

(γ0) of κ(S,ϕ−1)

at γ0 is zero unless γ0 is SG0
x,0-conjugate to an element of S. When γ0 is an element of S,

we have

Θκ(S,ϕ−1)
(γ0) = (−1)r(G

0)−r(S)
∑

w∈W
G0

x,0
(S)

ϕ−1(
wγ0),

where

• r(G0) and r(S) are the split ranks of G0 and S, respectively,
• WG0

x,0
(S) = NG0

x,0
(S)/S0, and

• wγ0 = wγ0w
−1 denotes the w-conjugate of γ0.

Remark 4.6. As discussed in [Kal19, Proof of Propositions 3.4.23 and 3.4.24], r(G0) (resp.
r(S)) is equal to the split rank r(G0

x) of G0
x (resp. r(S) of S).

Lemma 4.7. Let γ ∈ ◦Kd = SG0
x,0(G

0, . . . , Gd)x,(0+,s0,...,sd−1) be an unramified very regular

element. Then γ is ◦Kd-conjugate to an element of SG0
x,0.

Proof. Let γ be an unramified very regular element of ◦Kd. By Lemma 4.3, we can take
a normal sd−1-approximation to γ and then x belongs to Bsd−1

(γ). Then, by applying

[AS08, Proposition 9.14] to r = sd−1 and (G′,G) = (Gd−1,Gd), there exists an element

k ∈ [γ;x, sd−1]Gd satisfying kZ
(sd−1)
G (γ) = kZ

(sd−1)
G (γ)k−1 ⊂ Gd−1.

Here we recall that, for a connected reductive group J over F and an element δ ∈ J
having a normal t-approximation (t ∈ R≥0) with respect to y ∈ B(J, F ), the group [δ;y, t]J
is defined to be the group J⃗y,s⃗ ([AS08, Definition 5.14]) for

– J⃗ := (C
(t−i)
J (δ))0<i≤t, and

– s⃗ := (i)0<i≤t

(see [AS08, Definition 6.6] or [AS09, Section 1.4]). Since our γ is unramified very regular,
we have

C
(sd−1−i)
Gd (γ) =

®
Tγ 0 < i < sd−1,

Gd i = sd−1,

where Tγ is the connected centralizer of γ in Gd. Hence we have

[γ;x, sd−1]Gd = Tγ,0+G
d
x,sd−1

.

By also noting that γ ∈ Z
(sd−1)
G (γ) = Tγ , we conclude that there exists an element

k′ ∈ Gx,sd−1
satisfying k′γ ∈ Gd−1. Therefore, after possibly conjugating by an element
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of ◦Kd, we may assume that γ itself lies in Gd−1 (note that Gx,sd−1
⊂ ◦Kd). Then, by a

descent property of the subgroups associated to concave functions, we have

γ ∈ ◦Kd ∩Gd−1 = SG0
x,0(G

0, . . . , Gd)x,(0+,s0,...,sd−1) ∩G
d−1

= SG0
x,0(G

0, . . . , Gd−1)x,(0+,s0,...,sd−2) =
◦Kd−1

(similarly to the proof of [AS09, Lemma 2.4], this is justified by using [AS08, Lemmas
5.29 and 5.33]). By repeating this argument inductively, we finally conclude that some
◦Kd-conjugate of γ belongs to SG0

x,0. □

The following sign character is of central importance.

Definition 4.8. Define the character εram[ϕ] : S → C× to be

εram[ϕ](γ) :=

d−1∏
i=0

εram(Gi+1/Gi, ri, γ),

where

εram(Gi+1/Gi, ri, γ) :=
εram(Gi+1,S, ri, γ)

εram(Gi,S, ri, γ)
.

Proposition 4.9. Let γ be an unramified very regular element of ◦Kd.

(1) If γ is not ◦Kd-conjugate to an element of S, then we have Θ◦ρ′d⊗ϕd
(γ) = 0.

(2) If γ is an element of S, then we have

Θ◦ρ′d⊗ϕd
(γ) = (−1)r(G

0)−r(S)+r(S,ϕ)
∑

w∈W
G0

x,0
(S)

εram[ϕ](wγ)ϕ(wγ),

where
• r(G0) and r(S) are the split ranks of G0 and S,

• r(S, ϕ) :=
∑d−1
i=0 |ΓF \(RGi+1

x,ri/2
∖RGi

x,ri/2
)|,

• WG0
x,0

(S) = NG0
x,0

(S)/S0.

Proof. Since the character Θ◦ρ′d⊗ϕd
is invariant under ◦Kd-conjugation, we may suppose that

γ belongs to SG0
x,0 by Lemma 4.7. By definition, ◦ρ′d is the representation of ◦Kd = ◦Kd−1Jd

descended from the ◦Kd−1⋉Jd-representation (ϕ̃d−1|◦Kd−1⋉Jd)⊗((◦ρ′d−1⊗ϕd−1|◦Kd−1)⋉1).
Hence

Θ◦ρ′d
(γ) = Θϕ̃d−1

(γ ⋉ 1) ·Θ◦ρ′d−1
(γ) · ϕd−1(γ).

For the same reason, we have

Θ◦ρ′d−1
(γ) = Θϕ̃d−2

(γ ⋉ 1) ·Θ◦ρ′d−2
(γ) · ϕd−2(γ).

By repeating this computation inductively, we get

Θ◦ρ′d⊗ϕd
(γ) = Θ◦ρ′0

(γ)

d−1∏
i=0

Θϕ̃i
(γ ⋉ 1)

d∏
i=0

ϕi(γ).

We recall that ◦ρ′0 is given by κ(S,ϕ−1), hence we have

Θ◦ρ′0
(γ) = Θκ(S,ϕ−1)

(γ0).

If γ0 is not SG0
x,0-conjugate to an element of S, then we have Θκ(S,ϕ−1)

(γ0) = 0 by Lemma

4.5. Hence we have Θ◦ρ′d⊗ϕd
(γ) = 0 in this case. By noting that γ0 is SG0

x,0-conjugate to

an element of S if and only if so is γ, we get the assertion (1).
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We next compute Θ◦ρ′d⊗ϕd
(γ) by assuming that γ belongs to S. Note that then we have

Tγ = S. In this case, by the argument in the previous paragraph and Lemma 4.5, we have

Θ◦ρ′d⊗ϕd
(γ) = (−1)r(G

0)−r(S)
∑

w∈W
G0

x,0
(S)

ϕ−1(
wγ0)

d−1∏
i=0

Θϕ̃i
(γ ⋉ 1)

d∏
i=0

ϕi(γ)

= (−1)r(G
0)−r(S)

d−1∏
i=0

Θϕ̃i
(γ ⋉ 1)

∑
w∈W

G0
x,0

(S)

ϕ(wγ)

(recall that ϕ =
∏d
i=−1 ϕi and ϕ−1 is of depth zero).

By [AS09, Proposition 3.8], we have

Θϕ̃i
(γ ⋉ 1) = |(C(0+)

Gi (γ), C
(0+)
Gi+1(γ))x,(ri,si):(ri,si+)|

1
2 · ε(ϕi, γ)

with the notations used in [AS09, Proposition 3.8]. Since γ is unramified very regular, its

depth zero part γ0 is regular semisimple in G so that C
(0+)
Gi (γ) = C

(0+)
Gi+1(γ) = Tγ . Hence

the factor |(C(0+)
Gi (γ), C

(0+)
Gi+1(γ))x,(ri,si):(ri,si+)|

1
2 is trivial.

To understand the factors ε(ϕi, γ) for 0 ≤ i < d, we use [DS18, Proposition 4.21], which
implies that the product

G(ϕi, γ)ε(ϕi, γ)

is equal to

εsym,ram(π
′, γ) · εram(π′, γ) · ẽ(π′, γ),

where G(ϕi, γ) is the constant defined in [AS09, Definition 5.24]. Here we temporarily follow
the notation of [DS18]; especially, we are applying results in [DS18] by taking (G,G′) to
be (Gi+1,Gi). See [DS18, Definition 4.14] for the definitions of three terms in the above

product. Again noting that the centralizer group C
(ri)
G (γ) is equal to Tγ by the unramified

very regularity of γ, hence equal to S, we get

εsym,ram(π
′, γ) · εram(π′, γ) · ẽ(π′, γ) =

εsym,ram(G
i+1/Gi, ri, γ) · εram(Gi+1/Gi, ri, γ) · ẽ(Gi+1/Gi, ri, γ),

where

εsym,ram(G
i+1/Gi, ri, γ) :=

εsym,ram(G
i+1,S, ri, γ)

εsym,ram(Gi,S, ri, γ)

(similarly for εram and ẽ).
According to the description in [AS09, Proposition 5.2.13], the invariant G(ϕi, γ) is equal

to 1 when γ is unramified very regular because the sets Υ̇sym(ϕi, γ), Υ̇sym,ram(ϕi, γ) are
empty (see [AS09, Notation 5.2.11]). On the other hand, by Remark 4.1,

• all three terms εsym,ram(G
i+1/Gi, ri, γ), ε

ram(Gi+1/Gi, ri, γ), and ẽ(G
i+1/Gi, ri, γ),

are invariant under G0-conjugation, and
• the first term εsym,ram is trivial since S is unramified.
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Thus we get

Θ◦ρ′d⊗ϕd
(γ) = (−1)r(G

0)−r(S)
d−1∏
i=0

ẽ(Gi+1/Gi, ri, γ) · εram[ϕ](γ)
∑

w∈W
G0

x,0
(S)

ϕ(wγ)

= (−1)r(G
0)−r(S)

d−1∏
i=0

ẽ(Gi+1/Gi, ri, γ)
∑

w∈W
G0

x,0
(S)

εram[ϕ](wγ)ϕ(wγ)

We finally investigate the product
∏d−1
i=0 ẽ(G

i+1/Gi, ri, γ). Each ẽ(Gi+1/Gi, ri, γ) is given
by the quotient ẽ(Gi+1,S, ri, γ)/ẽ(G

i,S, ri, γ) and we have

ẽ(Gi+1,S, ri, γ) = (−1)|ΓF \RGi+1

x,(ri−ordγ )|

and

ẽ(Gi,S, ri, γ) = (−1)|ΓF \RGi

x,(ri−ordγ )|.

By the unramified very regularity of γ, for any root α ∈ R(Gi,S), we have

α(γ) ̸= 1 and ordγ α = ord(α(γ)− 1) = 0.

Thus we have

RGi+1

x,(ri−ordγ)/2
:= {α ∈ R(Gi+1,S) | α(γ) ̸= 1, (ri − ordγ α)/2 ∈ ordx α}

= {α ∈ R(Gi+1,S) | ri/2 ∈ ordx α}

=: RGi+1

x,ri/2
.

Similarly, we have RGi

x,(ri−ordγ)/2
= RGi

x,ri/2
.

Therefore, using notation defined in the assertion, we get

Θ◦ρ′d⊗ϕd
(γ) = (−1)r(G

0)−r(S)+r(S,ϕ)
∑

w∈W
G0

x,0
(S)

εram[ϕ](wγ)ϕ(wγ). □

Lemma 4.10. We have the following equalities:

(1) ◦Kd ∩NGx,0
(S) = NG0

x,0
(S),

(2) ◦Kd ∩NGx̄(S) = NSG0
x,0

(S).

Proof. The first equality can be deduced from the second one. Indeed, by assuming (2), we
get

◦Kd ∩NGx,0(S) =
◦Kd ∩NGx̄(S) ∩Gx,0

(2)
= NSG0

x,0
(S) ∩Gx,0 = NG0

x,0
(S).

Let us show the equality in (2). Since the inclusion ◦Kd ∩ NGx̄(S) ⊃ NSG0
x,0

(S) is

trivial, it suffices to check the converse inclusion. Let g ∈ ◦Kd ∩ NGx̄(S). As g be-
longs to ◦Kd = SG0

x,0(G
0, . . . , Gd)x,(0+,s0,...,sd−1), we may write g = g0k with elements

g0 ∈ SG0
x,0 and k ∈ (G0, . . . , Gd)x,(0+,s0,...,sd−1). Additionally, since g normalizes S by

assumption, we have kS ⊂ G0. Then, by using [AS08, Lemma 9.10] with (G′,G) :=

(Gd−1,Gd), we get k ∈ Gd−1
x,0+S0+ = Gd−1

x,0+. Hence k ∈ Gd−1
x,0+∩(G0, . . . , Gd)x,(0+,s0,...,sd−1) =

(G0, . . . , Gd−1)x,(0+,s0,...,sd−2). By repeatedly applying [AS08, Lemma 9.10] with (G′,G) :=

(Gd−2,Gd−1), . . . , (G0,G1), we finally get k ∈ G0
x,0+. Thus we have g = g0k ∈ SG0

x,0,
which implies that g ∈ NSG0

x,0
(S). □

Proposition 4.11. Let γ be an unramified very regular element of SGx,0.
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(1) If γ is not SGx,0-conjugate to an element of S, then we have Θ◦τd(γ) = 0.
(2) If γ is an element of S, we have

Θ◦τd(γ) = (−1)r(G
0)−r(S)+r(S,ϕ)

∑
w∈WGx,0

(S)

εram[ϕ](wγ)ϕ(wγ),

where WGx,0(S) := NGx,0(S)/S0.

Proof. Let γ be an unramified very regular element of SGx,0. Then, since we have ◦τd ∼=
Ind

SGx,0
◦Kd (◦ρ′d ⊗ ϕd) by definition, the Frobenius formula for induced representations implies

that

Θ◦τd(γ) =
∑

g∈◦Kd\SGx,0
gγ∈◦Kd

Θ◦ρ′d⊗ϕd
(gγ).

Hence, if γ is not SGx,0-conjugate to an element of ◦Kd, then the character is equal to zero.
Moreover, by Proposition 4.9, if gγ is not ◦Kd-conjugate to an element of S, then we have
Θ◦ρ′d⊗ϕd

(gγ) = 0. Therefore we get the assertion (1).
We now assume that γ belongs to S. Then, again by the same argument as in the previous

paragraph, we get

Θ◦τd(γ) =
∑

g∈◦Kd\SGx,0
gγ∈S

Θ◦ρ′d⊗ϕd
(gγ),

where the sum is over elements of ◦Kd\SGx,0 containing a representative g satisfying
gγ ∈ S.

We investigate the index set of this formula. First, as ◦Kd contains S, we may suppose
that g belongs to Gx,0. Since γ is a regular semisimple element belonging to S, if g ∈ Gx,0

satisfies gγ ∈ S, then g belongs to NGx,0
(S). Conversely, any element g of NGx,0

(S) satisfies
gγ ∈ S. In other words, the index set can be rewritten as ◦Kd ∩NGx,0

(S)\NGx,0
(S), which

furthermore equals NG0
x,0

(S)\NGx,0
(S) by Lemma 4.10 (1).

Then Proposition 4.9 implies that

Θ◦τd(γ) =
∑

g∈N
G0

x,0
(S)\NGx,0

(S)

(−1)r(G
0)−r(S)+r(S,ϕ)

∑
w∈W

G0
x,0

(S)

εram[ϕ](wgγ)ϕ(wgγ)

= (−1)r(G
0)−r(S)+r(S,ϕ)

∑
w∈WGx,0

(S)

εram[ϕ](wγ)ϕ(wγ). □

5. Parahoric representations characterized by Svreg

Let (S, ϕ) be an elliptic regular pair and let (G⃗, π−1, ϕ⃗) be a regular generic reduced
cuspidal G-datum corresponding to (S, ϕ) as in Section 3.2. Recall from Section 3.4 that

from (G⃗, π−1, ϕ⃗), Yu constructs various intermediate representations; in this section we will
be especially interested in ◦ρ′d and ◦τd.

In Section 4.2, we worked with elliptic regular pairs (S, ϕ) where S is unramified. In this
section (and in fact in the rest of the paper, excluding Section 6), we additionally assume:

ϕ is toral, i.e., G0(S, ϕ) = S.

In this case, for any i, the group ◦Ki = SG0
x,0(G

0, . . . , Gi)x,(0+,s0,...,si−1) defined in Section

3.4 is equal to the (a priori slightly larger) group Ki = G0
x̄(G

0, . . . , Gi)x,(0+,s0,...,si−1),

which furthermore equals ZGS0(G
0, . . . , Gi)x,(0+,s0,...,si−1). Accordingly, for any i, we have
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◦ρ′i = ρ′i. We also remark that whether ϕ is toral or not depends only on ϕ|S0+ . In particular,
ϕ is toral if and only if ϕ · εram[ϕ] is toral since εram[ϕ]|S0+

is trivial.

5.1. Unramified very regular elements. Let Svreg denote the set of unramified very
regular elements of SGx,0 contained in S.

Lemma 5.1. For any s ∈ Svreg and any g+ ∈ Gx,0+, the product γ := s · g+ is unramified
very regular and Tγ is Gx,0+-conjugate to S.

Proof. We first take a topological Jordan decomposition (or, equivalently, a normal (0+)-
approximation) s = s0 ·s+ with topologically semisimple part s0 and topologically unipotent
part s+. Then the product decomposition γ = s0 · (s+g+) gives a (0+)-approximation to γ;
more precisely, the pair (γ,x) of the good sequence γ = (γi)0≤i<0+ consisting of only one
element γ0 := s0 and the point x is a (0+)-approximation to γ. By [AS08, Lemma 9.2], there
exists an element k ∈ Gx,0+ such that kγ = (kγi)0≤i<0+ is a normal (0+)-approximation to
γ. In other words, we have the following:

• Since kγ = (kγi)0≤i<0+ is a (0+)-approximation to γ, we have γ ∈ kγ0Gy,0+ for

some point y of B(C(0+)
G (kγ), F ). Here note that C

(0+)
G (kγ) = CG(kγ0)

◦ = kS by
the regularity of γ0 = s0, which follows from the unramified very regularity of s.
Thus, as k ∈ Gx,0+ stabilizes x, we have

B(C(0+)
G (kγ), F ) = A(kS, F ) = k · A(S, F ) ∋ k · x = x.

Since Ared(kS, F ) consists of only one point, we have Ared(kS, F ) = {x̄} = {ȳ}. Let
us write γ = kγ0 · γ+ with γ+ ∈ Gy,0+ = Gx,0+.

• Since kγ is normal, γ lies in C
(0+)
G (kγ)(F ) = kS. Hence so does γ+.

We now check the unramified very regularity of γ using the decomposition γ = kγ0 · γ+.
Since γ belongs to kS, γ is semisimple. Moreover, we claim that γ satisfies α(γ) ̸≡ 1
(mod pF ) for any α ∈ R(kS,G). Indeed, for any root α ∈ R(kS,G), we have

α(γ) = α(kγ0) · α(γ+).

While the unramified very regularity of s implies that α(kγ0) ̸≡ 1 (mod pF ), we have
α(γ+) ≡ 1 (mod pF ) by the topological unipotency of γ+. In particular, we have α(γ) ̸≡ 1
(mod pF ). Obviously, this implies α(γ) ̸= 1 for all α ∈ R(kS,G), and so we see that γ is reg-
ular. Finally, since the connected centralizer Tγ is kS, we have A(Tγ , F ) = A(kS, F ) ∋ x,
which now completes the proof that γ is unramified very regular and also that Tγ is Gx,0+-
conjugate to S (since k ∈ Gx,0+). □

Lemma 5.2. We have SvregGx,0+ = {γ ∈ SGx,0+ | γ is unramified very regular}. More-
over, every unramified very regular element of SGx,0+ is Gx,0+-conjugate to an element of
Svreg.

Proof. By Lemma 5.1, every element of SvregGx,0+ is unramified very regular. To see the
reverse inclusion, let γ ∈ SGx,0+ be unramified very regular. We may write γ = s · g+ for
some s ∈ S and g+ ∈ Gx,0+. By Lemma 5.1, s ∈ Svreg, so γ ∈ SvregGx,0+.

Since every element of SvregGx,0+ is Gx,0+-conjugate to an element of Svreg by Lemma
5.1, the final assertion now holds. □

We put S0,vreg := Svreg ∩ S0. Note that, by the definition of unramified very regular
elements, we can easily see that Svreg = ZGS0,vreg (recall that S = ZGS0).
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Definition 5.3. We define the subset S(Fq)vreg of S(Fq) to be the image of S0,vreg under
the reduction map S0 ↠ S0:0+

∼= S(Fq). Let S(Fq)nvreg denote its complement in S(Fq), i.e.,
S(Fq)nvreg := S(Fq)∖ S(Fq)vreg.

Lemma 5.4. When |S(Fq)|/|S(Fq)nvreg| > 2, for any element s ∈ S(Fq), there exist elements
t1, t2 ∈ S(Fq)vreg such that s = t1t2.

Proof. For a given s ∈ S(Fq), we consider the subset s · S(Fq)vreg of S(Fq). If we have
|s · S(Fq)vreg| > |S(Fq)nvreg|, then s · S(Fq)vreg is not contained in S(Fq)nvreg. In other
words, s · S(Fq)vreg intersects S(Fq)vreg. Thus there exist elements t1, t2 ∈ S(Fq)vreg such

that st1 = t2. By noting that the set S0,vreg is stable under the inversion, t−1
1 lies in

S(Fq)vreg and we get the assertion. The inequality |s · S(Fq)vreg| > |S(Fq)nvreg| is equivalent
to |S(Fq)|/|S(Fq)nvreg| > 2. □

Corollary 5.5. When |S(Fq)|/|S(Fq)nvreg| > 2, for any element s ∈ S0, there exist elements
t1, t2 ∈ S0,vreg such that s = t1t2. In particular, S0,vreg generates S0 as a group.

Proof. Let s be an element of S0. By the assumption and Lemma 5.4, we can take elements
t1 and t2 of S0,vreg such that t1t2 and s have the same image in S0:0+

∼= S(Fq). In other
words, there exists an element t+ ∈ S0+ satisfying t1t2t+ = s. By Lemma 5.1, t2t+ is an
unramified very regular element of S. Since t2t+ also belongs to S0, this shows that s can
be written as a product of two elements of S0,vreg. □

Let us show that the inequality

|S(Fq)|
|S(Fq)nvreg|

> 2(⋆)

is satisfied when q is sufficiently large.

Lemma 5.6. The unramified elliptic maximal torus S of G transfers to an unramified
elliptic maximal torus S∗ of the quasi-split inner form G∗ of G such that the associated
point x̄∗ of the building Bred(G∗, F ) corresponds to a Chevalley valuation of G∗.

Proof. The precise meaning of the “transfer” is as follows: there exists an inner twist
ψ : G → G∗ such that its restriction to S induces an isomorphism ψ|S : S → S∗ defined
over F . The existence of a transfer S∗ of S is a standard fact guaranteed by the ellipticity
of S or the quasi-splitness of G∗; see, for example, [Kal19, Section 3.2] for references about
this fact. Note that S∗ is unramified and elliptic since ψ|S is defined over F and maps ZG

to ZG∗ .
Hence it suffices to show that such an S∗ can be taken so that the associated point x̄∗ ∈

Bred(G∗, F ) corresponds to a Chevalley valuation. For this, we utilize the results of Kaletha
in [Kal19, Section 3.4.1]. Since G∗ is quasi-split, there exists a point x̄∗

1 ∈ Bred(G∗, F )
which corresponds to a Chevalley valuation; such a point x̄∗

1 is superspecial in the sense
of Kaletha (see [Kal19, Remark 3.4.9]). By applying [Kal19, Lemma 3.4.12 (1)] to x̄∗

1 and
S∗ ⊂ G∗, we can find a maximal torus S∗

1 of G∗ stably conjugate to S∗ with associated
point x̄∗

1. By replacing S∗ with S∗
1 (hence x̄∗ with x̄∗

1), we obtain the desired assertion. □

Lemma 5.7. Let ψ : G→ G∗ be an inner twist whose restriction to S gives an isomorphism
S ∼= S∗ defined over F . Then, under the isomorphism S(Fq) → S∗(Fq) induced by ψ,
S(Fq)vreg is identified with S∗(Fq)vreg.
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Proof. As ψ|S is defined over F , we have identifications S ∼= S∗ and S(Fq) ∼= S∗(Fq) which
are consistent with reduction morphisms:

S0

����

ψ

∼=
// S∗

0

����

S(Fq)
ψ

∼=
// S∗(Fq)

Since ψ induces a bijection R(S,G)→ R(S∗,G∗) : α 7→ α◦ψ|−1
S , ψ gives an identification of

Svreg with S∗
vreg, and also S0,vreg with S∗

0,vreg, by the definition of unramified very regularity.
As S(Fq)vreg (resp. S∗(Fq)vreg) is defined to be the image of S0,vreg (resp. S∗

0,vreg) under the
reduction morphism, ψ gives an identification of S(Fq)vreg with S∗(Fq)vreg. □

Proposition 5.8. There exists a constant C depending only on the absolute rank of G such
that the inequality (⋆) is satisfied when q > C.

Proof. We take an inner twist ψ : G→ G∗ transferring S to S∗ as in Lemma 5.6. Then, by
Lemma 5.7, we have

|S(Fq)|
|S(Fq)nvreg|

=
|S∗(Fq)|
|S∗(Fq)nvreg|

.

Hence it is enough to show the assertion for S∗ ⊂ G∗ whose associated point x̄∗ ∈
Bred(G∗, F ) corresponds to a Chevalley valuation.

Let G∗
x∗ be the reductive quotient of the special fiber of the parahoric subgroup scheme

of G∗ with respect to x̄∗, and regard S∗ as a maximal torus of G∗
x∗ . Since the point x̄∗

corresponds to a Chevalley valuation, the reduction map induces a bijection from R(S∗,G∗)
to R(S∗,G∗

x∗). This implies that an element γ ∈ S∗
0 is unramified very regular if and only if

its reduction γ ∈ S∗(Fq) is regular semisimple in G∗
x∗ . Therefore the set S∗(Fq)vreg is nothing

but the set S∗reg(Fq) of Fq-valued points of the regular semisimple locus S∗reg of S∗ in G∗
x∗ .

Similarly, S∗(Fq)nvreg (:= S∗(Fq)∖S∗(Fq)vreg) is nothing but S∗nreg(Fq) (:= S∗(Fq)∖S∗reg(Fq)).
Now the statement follows from a well-known fact of finite reductive groups. For example,

by [GM20, Lemma 2.3.11], for any connected reductive group G over Fq and its Fq-rational
maximal torus T, there exists a positive number CR > 0 depending only on the absolute
root system R of G such that we have

|Treg(Fq)|
|T(Fq)|

≥ 1− CR
q
,

or equivalently,
|T(Fq)|
|Tnreg(Fq)|

≥ q

CR
.

(Although it is stated that the constant CR depends only on the root datum of G in [GM20,
Lemma 2.3.11], we can check that in fact such CR depends only on the root system of G.)
Note that, if we let l be the absolute rank of G, then G∗

x∗ is a connected reductive group
over Fq whose rank is at most l. Thus, by putting

C ′ := max{CR | R is a root system whose rank is at most l}
(note that the set of root systems with rank at most l is finite), we get

|S∗(Fq)|
|S∗nreg(Fq)|

≥ q

C ′ .

Thus C := 2C ′ satisfies the desired condition. □
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Remark 5.9. The subtlety handled in the above lemmas culminating in Proposition 5.8 is
exactly that in general S(Fq)vreg ⊊ Sreg(Fq). For example, in the extreme case that Gx,0 is
an Iwahori subgroup, Sreg(Fq) = S(Fq).

Remark 5.10. There is a natural question of how large q must be in order for (⋆) to be
satisfied. The estimate in Proposition in 5.8 is very crude since we deduced it only from the
absolute rank of G. As long as G and S are given explicitly, we can determine the associated
groups G∗

x∗ and S∗ explicitly; hence it is possible to compute the ratio |S(Fq)|/|S(Fq)nvreg|
precisely. At least for Coxeter tori of split simple groups, the resulting bound is very mild
(forthcoming work). For example, if S is the Coxeter torus of G = G2, then |S(Fq)nreg| is
either 1 or 3, depending on q, and |S(Fq)| ≥ 7 for q > 3. Hence only q = 2 does not satisfy
(⋆), so in fact (⋆) is a weaker condition than the conditions on p required by the theory of
Kaletha and Yu reviewed in Section 3. The GLn case (which was known already to Henniart
[Hen92]) is explained in Section 7.3.

5.2. Representations of SGx,0+ characterized by their trace on Svreg. In this sub-
section, we prove (Theorem 5.13) that some irreducible virtual representations of SGx,0+

are characterized by character values on unramified very regular elements Svreg of S. In
this subsection, in addition to our basic assumptions introduced in Section 2.1, we will also
assume that

(vreg) S0,vreg generates S0 as a group.

As discussed in Section 5.1, this assumption is satisfied when the inequality (⋆), which is
true for q ≫ 0, holds.

This subsection pertains to smooth irreducible representations τ+ of SGx,0+ such that
for a nonzero constant c ∈ C,
(†+) Θτ+(γ) = c · θ(γ), for all γ ∈ Svreg

for a character θ of S withG0(S, θ) = S. This determines Θτ+ on the unramified very regular
elements of SGx,0+ since every unramified regular element of SGx,0+ is Gx,0+-conjugate to
an element of Svreg by Lemma 5.2.

Recall that at the beginning of this section, we fixed a regular generic reduced cuspidal

G-datum (G⃗, π−1, ϕ⃗) corresponding to a tame elliptic regular pair (S, ϕ) whose ϕ is toral.
Also recall that this gives rise to the following chain of open compact subgroups (note that
G0 = S by the torality assumption on ϕ):

S0Gx,0+ ⊃ S0Gx,0+ ∩Kd = S0(G
0, . . . , Gd)x,(0+,s0,...,sd−1)

⊃ Gx,0+ ∩Kd = (G0, . . . , Gd)x,(0+,s0,...,sd−1)

Let rd denote the depth of the character ϕ.

Lemma 5.11. For any t ∈ R̃>0 satisfying t > rd, we put (S0,vregGx,0+ ∩Kd)′t to be the set

{γ ∈ S0,vregGx,0+ ∩Kd | kγ′ ∈ S0 for some k ∈ Kd and γ′ ∈ γGx,t}.
Then the association (γ, k) 7→ kγ gives a bijection

(S0,vreg/St)× (Kd/SGx,t)
1:1−−→ (S0,vregGx,0+ ∩Kd)′t/Gx,t,

where St := S0 ∩Gx,t.

Proof. Let us first check that the association (γ, k) 7→ kγ gives a well-defined map S0,vreg ×
Kd → (S0,vregGx,0+∩Kd)′t. For any γ ∈ S0,vreg and k ∈ Kd, kγ belongs to Kd. As S0Gx,0+

is normal in Kd (this follows from the assumption that G0 = S), kγ also belongs to S0Gx,0+.
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Since kγ is unramified very regular, Lemma 5.2 implies that kγ lies in SvregGx,0+, hence in
SvregGx,0+ ∩ S0Gx,0+ = S0,vregGx,0+. Thus we get kγ ∈ (S0,vregGx,0+ ∩Kd)′t.

Let us next show the surjectivity of the map

S0,vreg ×Kd → (S0,vregGx,0+ ∩Kd)′t/Gx,t : (γ, k) 7→ kγ ·Gx,t.(1)

If γ ∈ (S0,vregGx,0+ ∩Kd)′t, then we can find k ∈ Kd and γ′ ∈ γGx,t such that kγ′ ∈ S0.
Since γ is unramified very regular by Lemma 5.2, we have kγ′ ∈ S0,vreg again by Lemma
5.2. Thus the coset γ ·Gx,t is the image of (kγ′, k−1) ∈ S0,vreg ×Kd under the map (1).

We consider the fibers of the map (1). Suppose that the images of (γ1, k1) ∈ S0,vreg×Kd

and (γ2, k2) ∈ S0,vreg × Kd under this map coincide, i.e., k1γ1 · Gx,t = k2γ2 · Gx,t, or

equivalently, k
−1
1 k2γ2 ∈ γ1Gx,t. By using [AS08, Proposition 9.14] with G′ := S (note that

k−1
1 k2γ2 ∈ γ1Gx,t ⊂ SGx,t), we see that k(Z

(t)
G (k

−1
1 k2γ2)) ⊂ S for some k ∈ [k

−1
1 k2γ2;x, t]

with the notation as in [AS08, Proposition 9.14]. As in the proof of Lemma 4.7, we can check

that Z
(t)
G (k

−1
1 k2γ2) =

k−1
1 k2S and [k

−1
1 k2γ2;x, t] =

k−1
1 k2S0+ · Gx,t (⊂ Kd) by the unramified

very regularity of γ2. Let us write k = gs with s ∈ k−1
1 k2S and g ∈ Gx,t (note that

k−1
1 k2S0+ ·Gx,t = Gx,t · k

−1
1 k2S0+). Then, since

gs(k
−1
1 k2S) = g(k

−1
1 k2S), we may assume that

k ∈ Gx,t by replacing k = gs with g.

Note that kk−1
1 k2 normalizes S. Since the assumption (vreg) assures that there exists

at least one unramified very regular element in S, this implies that kk−1
1 k2 normalizes S.

Hence, by Lemma 4.10 (1), we have kk−1
1 k2 ∈ S. In other words, k1 ≡ k2 in Kd/SGx,t. We

write k−1
1 k2 = g′s′ with s′ ∈ S and g′ ∈ Gx,t. Then, as we have k−1

1 k2γ2 ∈ γ1Gx,t, we get
g′γ2 ≡ γ1 in Kd/Gx,t. Hence we have g′ ·γ2g′−1γ−1

2 ≡ γ1γ−1
2 in Kd/Gx,t. Since both g

′ and

γ2g
′−1γ−1

2 belong to Gx,t, this implies that γ1 ≡ γ2 in Kd/Gx,t, hence in S0/St.
Conversely, any (γ1, k1) and (γ2, k2) satisfying γ1 ≡ γ2 in S0/St and k1 ≡ k2 in Kd/SGx,t

map to the same Gx,t-coset. Therefore the above map (1) induces a bijection

(S0,vreg/St)× (Kd/SGx,t)
1:1−−→ (S0,vregGx,0+ ∩Kd)′t/Gx,t. □

Lemma 5.12. Let τ+ be a smooth irreducible representation of SGx,0+ satisfying (†+) for
the character θ = ϕ · εram[ϕ] of S. Then

HomGx,0+∩Kd(ρ′d ⊗ ϕd, τ+) ̸= 0.

Proof. Because of the smoothness assumption, the action of S0Gx,0+ on τ+ factors through
a finite quotient S0Gx,0+/Gx,t for sufficiently large t ∈ R>0. Fix such a t which is greater
than the depth of the toral character ϕ. Note that then also ρ′d ⊗ ϕd is trivial on Gx,t.

We first prove that

(2)
∑

γ∈(S0,vregGx,0+∩Kd)/Gx,t

Θρ′d⊗ϕd
(γ) ·Θτ+(γ) ̸= 0.

By Proposition 4.9, Θρ′d⊗ϕd
(γ) = 0 if γ ∈ S0,vregGx,0+ ∩ Kd is not Kd-conjugate to an

element of S. Thus, by putting (S0,vregGx,0+ ∩Kd)′t to be the set as in Lemma 5.11, we get∑
γ∈(S0,vregGx,0+∩Kd)/Gx,t

Θρ′d⊗ϕd
(γ) ·Θτ+(γ) =

∑
γ∈(S0,vregGx,0+∩Kd)′t/Gx,t

Θρ′d⊗ϕd
(γ) ·Θτ+(γ).

By Lemma 5.11, the right-hand side equals∑
γ∈S0,vreg/St

∑
k∈Kd/SGx,t

Θρ′d⊗ϕd
(kγ) ·Θτ+(kγ).
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Since both of Θρ′d⊗ϕd
and Θτ+ are invariant underKd-conjugation (note thatKd is contained

in SGx,0+, where τ+ is defined), we get∑
γ∈S0,vreg/St

∑
k∈Kd/SGx,t

Θρ′d⊗ϕd
(kγ) ·Θτ+(kγ) = |Kd/SGx,t|

∑
γ∈S0,vreg/St

Θρ′d⊗ϕd
(γ) ·Θτ+(γ).

By Proposition 4.9 and our assumption on τ+, for any γ ∈ S0,vreg, we have

Θρ′d⊗ϕd
(γ) ·Θτ+(γ) = (−1)r(S,ϕ) · c̄ · θ(γ)θ(γ)

(note that here the sum over w ∈ WG0
x,0

(S) as in Prop 4.9 does not appear since G0 = S

by the torality assumption on ϕ). Thus we get∑
γ∈S0,vreg/St

Θρ′d⊗ϕd
(γ) ·Θτ+(γ) = (−1)r(S,ϕ)c̄

∑
γ∈S0,vreg/St

θ(γ)θ(γ).

Since θ(γ)θ(γ) is a positive number, this sum is not zero (recall that S0,vreg ̸= ∅). Hence
we get the assertion (2).

We next show ∑
γ∈(Gx,0+∩Kd)/Gx,t

Θρ′d⊗ϕd
(γ) ·Θτ+(γ) ̸= 0

by using (2), which we proved just now. For any subset A ⊂ R(S,G), we consider the
subgroup

SA := {δ ∈ S0 | α(δ) ≡ 1 (mod pF ) for all α ∈ A}
of S. Observe that S0 = S∅ and that S0,vreg = S0 ∖

⋃
∅̸=A⊂R(S,G) SA. By the principle of

inclusion and exclusion, the left-hand side of (2) is equal to∑
A⊂R(S,G)

(−1)|A|
∑

γ∈(SAGx,0+∩Kd)/Gx,t

Θρ′d⊗ϕd
(γ) ·Θτ+(γ).

It follows that the sum
∑
γ∈(SAGx,0+∩Kd)/Gx,t

Θρ′d⊗ϕd
(γ) ·Θτ+(γ) is not zero for some A ⊂

R(S,G). In other words, dimHomSAGx,0+∩Kd(ρ′d⊗ϕd, τ+) ̸= 0 for some subset A ⊂ R(S,G).
Since SAGx,0+ ⊃ Gx,0+, the desired conclusion follows. □

Theorem 5.13. Let τ+ be a smooth irreducible representation of SGx,0+ satisfying (†+)
for the character θ = ϕ · εram[ϕ] of S. Then c = (−1)r(S,ϕ) and τ+ ∼= Ind

SGx,0+

Kd (ρ′d ⊗ ϕd).

Proof. We first note that the action of ZG on Ind
SGx,0+

Kd (ρ′d⊗ϕd) is given by ϕ|ZG
by [Kal19,

Fact 3.7.11]. As εram[ϕ]|ZG
is trivial by definition (Definition 4.8), we have θ|ZG

= ϕ|ZG
.

On the other hand, also the action of ZG on τ+ is given by θ|ZG
. Indeed, if we take an

unramified very regular element γ ∈ Svreg (Svreg ̸= ∅ by the assumption (vreg)), then zγ is
unramified very regular for any z ∈ ZG. Thus the condition (†+) implies that

Θτ+(zγ) = c · θ(zγ) = c · θ(z) · θ(γ) = θ(z) ·Θτ+(γ).

Therefore, to get the assertion, it is enough to show that c = (−1)r(S,ϕ) and τ+|S0Gx,0+
∼=

Ind
SGx,0+

Kd (ρ′d⊗ϕd)|S0Gx,0+
since we have SGx,0+ = ZGS0Gx,0+. Also note that Ind

SGx,0+

Kd (ρ′d⊗
ϕd)|S0Gx,0+ is nothing but Ind

S0Gx,0+

S0Gx,0+∩Kd(ρ
′
d ⊗ ϕd).

By Lemma 5.12 and Frobenius reciprocity for Gx,0+ ∩Kd ⊂ S0Gx,0+ ∩Kd, we have

HomS0Gx,0+∩Kd

(
Ind

S0Gx,0+∩Kd

Gx,0+∩Kd (ρ′d ⊗ ϕd), τ+
)
̸= 0.(3)
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Since ρ′d ⊗ ϕd is a representation of Kd, which contains S0Gx,0+ ∩Kd, Lemma 3.9 gives

Ind
S0Gx,0+∩Kd

Gx,0+∩Kd (ρ′d ⊗ ϕd) ∼= (ρ′d ⊗ ϕd)⊗
(
Ind

S0Gx,0+∩Kd

Gx,0+∩Kd 1
)
.

As we have (S0Gx,0+ ∩Kd)/(Gx,0+ ∩Kd) ∼= S0:0+, we have

Ind
S0Gx,0+∩Kd

Gx,0+∩Kd 1 ∼=
⊕

θ0 : S0:0+→C×

θ0,

hence

Ind
S0Gx,0+∩Kd

Gx,0+∩Kd (ρ′d ⊗ ϕd) ∼=
⊕

θ0 : S0:0+→C×

(ρ′d ⊗ ϕd)⊗ θ0.

Therefore (3) implies that we have

HomS0Gx,0+∩Kd

(
(ρ′d ⊗ ϕd)⊗ θ0, τ+

)
̸= 0

for at least one θ0 : S0:0+ → C×.
Next, by Frobenius reciprocity for S0Gx,0+ ∩Kd ⊂ S0Gx,0+, we get

HomS0Gx,0+

(
Ind

S0Gx,0+

S0Gx,0+∩Kd((ρ
′
d ⊗ ϕd)⊗ θ0), τ+

)
̸= 0.(4)

Note that we have S0Gx,0+/Gx,0+
∼= (S0Gx,0+ ∩Kd)/(Gx,0+ ∩Kd) ∼= S0:0+. In particular,

θ0 can be regarded as a character of S0Gx,0+ (which is trivial on Gx,0+). Thus Lemma 3.9
gives

Ind
S0Gx,0+

S0Gx,0+∩Kd((ρ
′
d ⊗ ϕd)⊗ θ0) ∼=

(
Ind

S0Gx,0+

S0Gx,0+∩Kd(ρ
′
d ⊗ ϕd)

)
⊗ θ0.

Since the compact induction of ρ′d⊗ϕd from toKd to G is irreducible by Yu’s theory, so is the

induced representation Ind
SGx,0+

Kd (ρ′d ⊗ ϕd). By noting that Kd = ZG · (S0Gx,0+ ∩Kd) and

SGx,0+ = ZG · S0Gx,0+, we see that Ind
S0Gx,0+

S0Gx,0+∩Kd(ρ
′
d ⊗ ϕd) is nothing but the restriction

of Ind
SGx,0+

Kd (ρ′d ⊗ ϕd) to S0Gx,0+ and irreducible. On the other hand, τ+ is also irreducible
as a representation of S0Gx,0+. Thus, by (4), we get

τ+ ∼=
(
Ind

S0Gx,0+

S0Gx,0+∩Kd(ρ
′
d ⊗ ϕd)

)
⊗ θ0.

Now our task is to show that θ0 = 1. By a similar, but simpler, argument to the proof
of Proposition 4.11, for all γ ∈ S0,vreg we have

Θ
(Ind

S0Gx,0+

S0Gx,0+∩Kd (ρ
′
d⊗ϕd))⊗θ0

(γ) = Θ
Ind

S0Gx,0+

S0Gx,0+∩Kd (ρ
′
d⊗ϕd)

(γ) · θ0(γ)

= (−1)r(S,ϕ)θ(γ) · θ0(γ).

Thus, by the assumption on τ+, for all γ ∈ S0,vreg we have

c · θ(γ) = (−1)r(S,ϕ)θ(γ) · θ0(γ).

Hence θ0 must satisfy θ0|S0,vreg = c · (−1)r(S,ϕ). By Corollary 5.5, we can find elements
γ1, γ2 ∈ S0,vreg such that the product γ1γ2 ∈ S0 is again unramified very regular. Then we
have

θ0(γ1) = θ0(γ2) = θ0(γ1γ2) = c · (−1)r(S,ϕ).
By noting that θ0(γ1γ2) = θ0(γ1)θ0(γ2) and that c ̸= 0 (this is part of the assumption (†+)),
we see that c · (−1)r(S,ϕ) = 1. Then the equality θ0|S0,vreg

= 1 implies θ0 = 1 since S0,vreg

generates S0 by the assumption (vreg). □
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Corollary 5.14. Let τ+ be a smooth irreducible representation of SGx,0+ satisfying (†+)
for the character θ = ϕ · εram[ϕ] of S. Then Ind

SGx,0

SGx,0+
(τ+) is an irreducible representation

of SGx,0.

Proof. This follows from Theorem 5.13 together with the fact that Ind
SGx,0

Kd (ρ′d ⊗ ϕd) is
irreducible. □

5.3. Representations of SGx,0 characterized by their trace on Svreg. In this section,
we prove (Theorem 5.17) that some irreducible representations of SGx,0 are characterized
by character values on unramified very regular elements Svreg of S. As in the previous
subsection, we will assume (vreg) here. The reader should think of this section in parallel
to Section 5.2, though we will need an additional argument to establish the analogues of
Lemma 5.12 and Theorem 5.13.

In this section, we will consider smooth irreducible representations τ of SGx,0 such that
for some nonzero constant c ∈ C,

(†) Θτ (γ) = c
∑

w∈WGx,0
(S)

θw(γ), for all γ ∈ Svreg,

where θw is the character of S defined by θw(γ) = θ(wγ) = θ(wγw−1).

Lemma 5.15. Let π be a smooth irreducible representation of SGx,0 satisfying (†) for the
character θ = ϕ · εram[ϕ] of S. Then

HomGx,0+∩Kd(ρ′d ⊗ ϕd, τ) ̸= 0.

Proof. This is very similar to the proof of Lemma 5.12 but with one additional argument.
As in that proof, by choosing a sufficiently large r ∈ R>0, it is enough to show that we have∑

γ∈(S0,vregGx,0+∩Kd)/Gx,t

Θρ′d⊗ϕd
(γ) ·Θτ (γ) ̸= 0.

By the same argument as in the proof of Lemma 5.12,∑
γ∈(S0,vregGx,0+∩Kd)/Gx,t

Θρ′d⊗ϕd
(γ) ·Θτ (γ) = |Kd/SGx,t|

∑
γ∈S0,vreg/St

Θρ′d⊗ϕd
(γ) ·Θτ (γ).

By Proposition 4.9 and the assumption on τ , we have∑
γ∈S0,vreg/St

Θρ′d⊗ϕd
(γ) ·Θτ (γ) = (−1)r(S,ϕ)c̄

∑
w∈WGx,0(S)

∑
γ∈S0,vreg/St

θ(γ)θw(γ).

Recall the summand
∑
γ∈S0,vreg

θ(γ)θ(γ) corresponding to w = 1 is not zero by the pos-

itivity of θ(γ)θ(γ) and the non-emptiness of S0,vreg. Hence it suffices to check that for

w ∈ WGx,0
(S)∖ {1}, the corresponding sum

∑
γ∈S0,vreg

θ(γ)θw(γ) vanishes. By fixing a set

of representatives {γ̃} of the quotient S0,vreg/S0+
∼= S(Fq)vreg, we get∑

γ∈S0,vreg/St

θ(γ) · θw(γ) =
∑

γ∈S(Fq)vreg

∑
γ+∈S0+:t

θ(γ̃γ+) · θw(γ̃γ+)

=
∑

γ∈S(Fq)vreg

θ(γ̃) · θw(γ̃)
∑

γ+∈S0+:t

θ(γ+) · θw(γ+).

Since θ|S0+
has trivial WGx,0

(S)-stabilizer by Lemma 3.8, it follows that
∑
γ+∈S0+:t

θ(γ+) ·
θw(γ+) = 0 whenever w ̸= 1. This completes the proof. □
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When we prove the analogue of Theorem 5.13 in the setting of SGx,0-representations, we
will need the following lemma. In the GLn setting, this result is due to Henniart [Hen93],
and the proof of the general setting given here is a direct generalization of Henniart’s proof.

Lemma 5.16. LetW be a subgroup of WG(S). Let θ, θ
′ : S0 → C× be two smooth characters

and assume that θ|S0+
has trivial W -stabilizer. If for some nonzero constant c ∈ C,∑

w∈W
θw(γ) = c ·

∑
w∈W

θ′w(γ)

for all γ ∈ S0,vreg, then c = 1 and θ′ = θw for some unique w ∈W .

Proof. We follow the same strategy as Henniart in [Hen93, Section 5.3]. Henniart works in
the setting of G = GLℓ for a prime ℓ different from p, but the proof generalizes with no
problems. We present it here.

We first show that the conclusion must hold on S0+. Fix γ ∈ S0,vreg. Then γS0+ ⊂
S0,vreg. From this, the assumption of the lemma implies that we have a linear dependence
between the 2|W | (not necessarily distinct) characters θw|S0+

and θ′w|S0+
for w ∈W :∑

w∈W
θw(γ) · (θw|S0+) = c ·

∑
w∈W

θ′w(γ) · (θ′w|S0+
).

Thus, by linear independence of characters (of S|0+) and the triviality of the stabilizer of

θ|S0+ in W we see that there exists w ∈ W satisfying θ|S0+ = θ′w
−1 |S0+ , or equivalently,

θ′|S0+
= θw|S0+

. Since the equality θ′|S0+
= θw|S0+

implies that the stabilizer of θ′|S0+
inW

is trivial, we also know that an element w ∈W satisfying θ′|S0+
= θw|S0+

is in fact unique.
Then, again by linear independence of characters, the above identity implies that θw(γ) =

c · θ′(γ) for any γ ∈ S0,vreg. By the same argument as at the end of the proof of Theorem
5.13, the assumption (vreg) implies that if a character of S0 restricts identically to c on
S0,vreg, then c = 1, and the conclusion of the lemma now follows. □

We now prove the analogue of Theorem 5.13.

Theorem 5.17. Let τ be a smooth irreducible representation of SGx,0 satisfying (†) for the
character θ = ϕ · εram[ϕ] of S. Then c = (−1)r(S,ϕ) and τ ∼= ◦τd.

Proof. Recall that ◦τd is defined to be Ind
SGx,0

Kd (ρ′d⊗ϕd) (in our situation, we have ◦Kd = Kd

and ◦ρ′d = ρ′d). By comparing the contribution of ZG as in the proof of Theorem 5.13, it is

enough to show that c = (−1)r(S,ϕ) and τ ∼= Ind
Gx,0

S0Gx,0+∩Kd(ρ
′
d ⊗ ϕd) as a representation of

Gx,0.
Lemma 5.15 and Frobenius reciprocity imply that

HomGx,0

(
Ind

Gx,0

Gx,0+∩Kd(ρ
′
d ⊗ ϕd), τ

)
̸= 0.

Recall from the proof of Theorem 5.13 that

Ind
S0Gx,0+∩Kd

Gx,0+∩Kd (ρ′d ⊗ ϕd) ∼=
⊕

θ0 : S0:0+→C×

(ρ′d ⊗ ϕd)⊗ θ0.

Thus we have

Ind
Gx,0

Gx,0+∩Kd(ρ
′
d ⊗ ϕd) ∼=

⊕
θ0 : S0:0+→C×

Ind
Gx,0

S0Gx,0+∩Kd

(
(ρ′d ⊗ ϕd)⊗ θ0

)
.

34



Hence, there exists at least one character θ0 : S0:0+ → C× such that

HomGx,0

(
Ind

Gx,0

S0Gx,0+∩Kd

(
(ρ′d ⊗ ϕd)⊗ θ0

)
, τ
)
̸= 0.(5)

Let us investigate the representation Ind
Gx,0

S0Gx,0+∩Kd((ρ
′
d ⊗ ϕd) ⊗ θ0). Recall that ρ′d ⊗

ϕd is the representation of Kd obtained from a tame elliptic regular pair (S, ϕ). If we

take an extension θ̃0 of θ0 from S0 to S, then the pair (S, ϕ ⊗ θ̃0) is again tame elliptic
regular. Furthermore, we can easily check that the Yu’s construction (reviewed in Section

3.1) attaches to (S, ϕ⊗ θ̃0) the representation (ρ′d⊗ϕd)⊗ θ̃0 of Kd, where θ̃0 is regarded as a
character of Kd through the map Kd ↠ Kd/(Kd∩Gx,0+) ∼= S/S0+. Therefore the compact

induction of (ρ′d⊗ϕd)⊗ θ̃0 from Kd to G is an irreducible (supercuspidal) representation. In

particular, also Ind
SGx,0

Kd ((ρ′d⊗ϕd)⊗ θ̃0) is irreducible, hence so is its restriction to Gx,0 (note

that SGx,0 = ZGGx,0). As we have Ind
SGx,0

Kd ((ρ′d ⊗ ϕd) ⊗ θ̃0)|Gx,0
∼= Ind

Gx,0

S0Gx,0+∩Kd((ρ
′
d ⊗

ϕd) ⊗ θ0), we eventually get the irreducibility of Ind
Gx,0

S0Gx,0+∩Kd((ρ
′
d ⊗ ϕd) ⊗ θ0). Then, by

combining this with the irreducibility of τ , (5) implies that

Ind
Gx,0

S0Gx,0+∩Kd

(
(ρ′d ⊗ ϕd)⊗ θ0

) ∼= τ.

It now remains to show that c = (−1)r(S,ϕ) and that a character θ0 as above is in fact

necessarily trivial. By applying Proposition 4.11 to Ind
SGx,0

Kd ((ρ′d ⊗ ϕd) ⊗ θ̃0) (which is the

representation “◦τd” arising from the twisted pair (S, ϕ⊗ θ̃0)), for all γ ∈ S0,vreg, we have

Θ
Ind

Gx,0

S0Gx,0+∩Kd ((ρ
′
d⊗ϕd)⊗θ0)

(γ) = Θ
Ind

SGx,0

Kd ((ρ′d⊗ϕd)⊗θ̃0)
(γ)

= (−1)r(S,ϕ)
∑

w∈WGx,0
(S)

θw(γ)θw0 (γ).

(Note that the character εram[ϕ⊗ θ̃0] associated to the twisted character ϕ⊗ θ̃0 is the same

as εram[ϕ] since θ̃0 is of depth zero.) Thus, by the assumption on τ , we get

(−1)r(S,ϕ)
∑

w∈WGx,0
(S)

θw(γ)θw0 (γ) = c
∑

w∈WGx,0
(S)

θw(γ).

Since ϕ is toral by assumption, ϕ|S0+
= θ|S0+

has trivial WGx,0
(S)-stabilizer by Lemma

3.8 (recall that εram[ϕ]|S0+ = 1). We therefore may apply Lemma 5.16 and conclude that

c = (−1)r(S,ϕ) and (θ|S0) · θ0 = θw|S0 for some unique w ∈WGx,0(S). By restricting to S0+,
we get θ|S0+ = θw|S0+ . Then the triviality of the stabilizer of θ|S0+ in WGx,0(S) implies that
w = 1. Thus finally we get (θ|S0

) · θ0 = θ|S0
, which implies that θ0 is trivial. □

6. Deligne–Lusztig varieties for parahoric subgroups

Up to this point in the paper, our discussion has been centered on algebraically con-
structed representations of parahoric subgroups whose compact induction to G is irreducible
(and hence supercuspidal). Contrary to every other section of this paper, everything in this
section holds with no assumptions on the residue characteristic p of F .

In this section, we introduce a class of representations of parahoric subgroups that
arise geometrically, via the cohomology of Deligne–Lusztig varieties for parahoric subgroups
[CI21b]. These varieties are associated to a maximal torus S ↪→ G such that

S is unramified but not necessarily elliptic.
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When S is elliptic, these representations are closely related to tame supercuspidal represen-
tations; Sections 7 and 8 are devoted to understanding this relationship and to discussing
the interesting consequences of having such a comparison.

6.1. The varieties Xr. We review a generalization of Deligne–Lusztig varieties for Gx,0

defined in [CI21b]. In the setting that Gx,0 = G(OF ) for a reductive group G over Fq, these
varieties were originally defined and studied by Lusztig in [Lus04] (for F equal characteristic)
and later by Stasinski in [Sta09] (for F mixed characteristic). We warn the reader that there
is a change of convention between our present work and the papers [Lus04, Sta09, CI21b]:
in our normalization, G0 is a reductive group over a finite field.

Let S ↪→ G be an unramified maximal torus (not necessarily elliptic) defined over F and
let x ∈ B(G, F ) be a point which belongs to the set A(S, F ) of Frobenius-fixed points of the
apartment A(Sγ,Fur , F ur). Then for each r ∈ R≥0, there exist OF -models Gx,r,Gx,r+ of G (à
la Bruhat–Tits [BT84] and Yu [Yu15]). Say S splits over the degree-n unramified extension
Fn of F and letU be the unipotent radical of a Fn-rational Borel subgroup ofGFn

containing
SFn

. Following [CI21b, Section 2.4-2.6], for r ∈ Z≥0, there exist group schemes Sr ⊂ Gr
defined over Fq and a group scheme Ur ⊂ Gr,Fqn

. The group scheme Gr is constructed by
considering the functor of positive loops applied to the OF -group schemes Gx,r. To each
smooth closed Fm-subgroup of GFm , one may construct an associated subgroup scheme of
Gr,Fqm

[CI21b, Section 2.6]; the subgroup schemes Sr ⊂ Gr and Ur ⊂ Gr,Fqn
are obtained

by this construction applied to S,U. These group schemes have the property that

Gr(Fq) = Gx,0(OF )/Gx,r+(OF ) = Gx,0:r+, Sr(Fq) = S0:r+,

Ur(Fqn) = (U(Fn) ∩ Gx,0(OFn))/(U(Fn) ∩ Gx,r+(OFn)).

Let σ : Gr → Gr denote the Frobenius morphism associated to the Fq-rational structure on
Gr.

Definition 6.1. For r ∈ Z≥0, we define the following Fqn -subscheme of Gr:

Xr := {x ∈ Gr | x−1σ(x) ∈ Ur}.

The scheme Xr is separated, smooth, and of finite type over Fqn [CI21b, Lemma 3.1].
For (g, t) ∈ Gx,0:r+ × S0:r+ and x ∈ Xr, the assignment (g, t) ∗ x = gxt defines an action of
Gx,0:r+ × S0:r+ on Xr which pulls back to an action of Gx,0 × S0.

We fix a prime number ℓ which is not equal to p. By functoriality, the cohomology groups

Hi
c(Xr,Qℓ) are representations of Gx,0 × S0. If θ : S → Q×

ℓ is a Q×
ℓ -valued character trivial

on Sr+, the subspace Hi
c(Xr,Qℓ)[θ] of Hi

c(Xr,Qℓ) on which S0 acts by multiplication by

θ|S0
is a representation of Gx,0. We define a virtual representation RGr

Sr,Ur
(θ) of Gx,0 with

Qℓ-coefficient by

RGr

Sr,Ur
(θ) :=

∑
i≥0

(−1)iHi
c(Xr,Qℓ)[θ].

In the special case that r = 0, the variety X0 is an affine fibration over a classical Deligne–
Lusztig variety and hence their cohomology is the same up to an even degree shift. Hence
RG0

S0,U0
(θ) is exactly the usual Deligne–Lusztig representation of the finite reductive group

G0(Fq) attached to the character θ|S0
of S0(Fq).

The next two results are r > 0 analogues of known r = 0 theorems. Proposition 6.2 in
the r = 0 setting is a special case of the Deligne–Lusztig character formula [DL76, Theorem
4.2] and Theorem 6.3 in the r = 0 setting is a special case of the Mackey formula for
Deligne–Lusztig varieties [DL76, Theorem 6.8].
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Proposition 6.2 ([CI21b, Theorem 1.2]). Let θ : S → Q×
ℓ be any character trivial on Sr+

and let γ ∈ Gx,0 be an unramified very regular element. If γ is not Gx,0-conjugate to an
element of S, then the character value ΘRGr

Sr,Ur (θ)
(γ) is equal to zero. If γ belongs to S, we

have

ΘRGr
Sr,Ur (θ)

(γ) =
∑

w∈WGx,0
(S)

θw(γ).

Theorem 6.3 ([CI21b, Theorem 1.1]). Let r > 0 and let θ : S → Q×
ℓ be a character trivial on

Sr+ such that θ|NrFn/F (α∨(E×
r )) ̸≡ 1 for all α ∈ R(S,G). Let U′ ⊂ GFn

be another unipotent

radical of a Borel subgroup of GFn
containing S. Then for any character θ′ : S0:r+ → Q×

ℓ ,

(6)
〈
RGr

Sr,Ur
(θ), RGr

Sr,U′
r
(θ′)

〉
Gx,0:r+

=
∑

w∈WGx,0
(S)

⟨θ, θ′w⟩S0:r+
.

In particular, if θ has trivial WGx,0
(S)-stabilizer, then RGr

Sr,Ur
(θ) is irreducible (up to a sign)

and is independent of the choice of U.

Remark 6.4. Let S be an unramified maximal torus of G and θ a character of S which is
trivial on Sr+ for r ∈ R>0. Then recall that we may associate a sequence of root subsystems
{R•} (or reductive subgroups) to θ (see Section 3.3). In terms of this sequence of root
subsystems, the condition that

θ|NrE/F (α∨(E×
r )) ̸≡ 1 for all α ∈ R(S,G)

is equivalent to the condition that

R0 = · · · = Rr = ∅.

On the other hand, since θ|Sr+
is trivial, we have Rr+ = R(S,G). Thus the assumption

of Theorem 6.3 is satisfied if and only if its associated sequence of reductive subgroups is
given by (G0(S, θ),G1(S, θ)), where G0(S, θ) = S and G1(S, θ) = G, in other words, θ is
0-toral. Note that, if we furthermore assume the four conditions on p from Section 2.1 (i.e.,

odd, not bad for G, p ∤ |π1(Gder)|, and p ∤ |π1(“Gder)|), the torality implies that θ|S0+
has

trivial WG(S)-stabilizer by Lemma 3.8; in particular, θ has trivial WGx,0(S)-stabilizer. In
summary, when the four conditions on p from Section 2.1 are satisfied, Theorem 6.3 asserts
that the virtual representation RGr

Sr,Ur
(θ) is irreducible (up to sign) for any 0-toral character

θ of depth r.

6.2. The Drinfeld stratification. In this section, we introduce subschemes of Xr associ-
ated to certain twisted Levi subgroups of G, following [CI21c, Definition 3.3.1]. The work
of this paper will allow us to formulate a conjecture (Conjecture 6.5) about the Drinfeld
stratification which had previously (in op. cit.) only been conjectured for GLn. We will
prove part of Conjecture 6.5 in Section 7 (see Theorem 7.6).

Let G+
r be the kernel of the natural reduction map Gr → G0. Note that G+

r (Fq) =
Gx,0+:r+. For a twisted Levi subgroup L of G containing S, we let Lr denote the cor-
responding subgroup scheme of Gr. Attached to the twisted Levi L, one can naturally
associate the following subscheme of Xr:

X(L)
r := {x ∈ Gr | x−1σ(x) ∈ (Lr ∩ Ur)U+

r }.

It is straightforward to show ([CI21c, Lemma 3.3.3]) that X
(L)
r is a disjoint union over

Gx,0/(Lx,0Gx,0+) copies of the scheme Xr ∩ LrG+
r . It follows ([CI21c, Lemma 3.3.4]) from
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this that for any character θ : Sr(Fq)→ Q×
ℓ ,

Hi
c(X

(L)
r ,Qℓ)[θ] ∼= Ind

Gr(Fq)

Lr(Fq)G+
r (Fq)

(
Hi
c(Xr ∩ LrG+

r ,Qℓ)[θ]
)

for all i ≥ 0.

Conjecture 6.5. Let L ⊂ G be a twisted Levi subgroup of G containing S. If R0+ ⊂
R(S,L) (or, equivalently, G0(S, θ) ⊂ L), then

H∗
c (Xr,Qℓ)[θ] ∼= H∗

c (X
(L)
r ,Qℓ)[θ].

Remark 6.6. Let G = GLn. In the setting L = S, Conjecture 6.5 was proved in [CI19,
Theorem 4.1] using geometric techniques (note that this forces G0(S, θ) = S). On the other
hand, in the GLn setting, it is expected that Conjecture 6.5 holds without any assumptions
on p. By [Kal19, Lemma 3.7.7], the notions of a tame elliptic regular pair and of an admissi-
ble pair coincide. Then one can translate between Kaletha’s generalized Howe factorization
for tame elliptic regular pairs and the classical Howe factorization for admissible characters
(see [OT21, Section 5.2]). Then Conjecture 6.5 is the same assertion of [CI21c, Conjecture
7.2.1].

The proof of Theorem 6.3 [CI21b, Theorem 1.1] on the cohomology of Xr can be applied
almost identically to obtain an analogous statement for the cohomology of Xr ∩ LrG+

r .

Theorem 6.7. Let r > 0 and let θ : S0 → Q×
ℓ be a 0-toral character trivial on Sr+. Let

U′ ⊂ GFn be another unipotent radical of a Borel subgroup of GFn containing S and let X ′
r

be the associated variety. Then for any θ′ : S0:r+ → Q×
ℓ ,〈

H∗
c (Xr ∩ LrG+

r ,Qℓ)[θ], H∗
c (X

′
r ∩ LrG+

r ,Qℓ)[θ′]
〉
Lx,0:r+Gx,0+:r+

=
∑

w∈WLx,0
(S)

⟨θ, θ′w⟩S0:r+ .

In particular, if θ has trivial WLx,0
(S)-stabilizer, then H∗

c (Xr ∩ LrG+
r ,Qℓ)[θ] is irreducible

(up to a sign) and is independent of the choice of U.

Remark 6.8. Let S be an unramified maximal torus ofG and θ a 0-toral character of S which
is trivial on Sr+ for r ∈ R>0. Let us consider the cohomology H∗

c (Xr∩LrG+
r ,Qℓ)[θ] for L =

S. Then, since the groupWLx,0(S) is trivial, Theorem 6.7 asserts that H∗
c (Xr∩SrG+

r ,Qℓ)[θ]
is irreducible for any 0-toral character θ of S of depth r. Note that, in contrast to Remark
6.4, we do not need any assumption on p for this irreducibility result for 0-toral characters.

7. Geometric toral supercuspidal representations

We are now ready to prove one of our main theorems of this paper: an explicit comparison
of Yu’s algebraic construction of supercuspidal representations (Section 3) and the geomet-
ric construction of parahoric representations coming from Deligne–Lusztig-type varieties
(Section 6). To do this, we will apply the results of Section 5—that certain representa-
tions are characterized by their character values at unramified very regular elements. These
comparison methods will result in several theorems as quick corollaries of the work already
established in previous sections of this paper.

As such, we inherit the assumptions on p and the assumptions on (S, θ) that have been
needed for these preceding sections. In this section, we will assume (vreg) (i.e., S0,vreg

generates S0 as a group) in addition to our usual assumptions on the residue characteristic

of F (i.e., p is odd, p is not bad for G, p ∤ |π1(Gder)| and p ∤ |π1(“Gder)|). Aside from the
GLn setting discussed in Section 7.3), in this section we consider (S, θ) where
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• S is unramified elliptic,
• θ is 0-toral; equivalently, G0(S, θ) = S and G1(S, θ) = G.

We note that such a pair (S, θ) is necessarily a tame elliptic regular pair in the sense
of Kaletha (Section 3.2) by definition. The first condition is inherited from Section 6,
though there we considered unramified tori S which were not necessarily elliptic. The
second condition is inherited from Section 5, though there we considered θ satisfying the
weaker condition that θ is toral.

Fix a prime number ℓ which is not equal to p and an isomorphism ι : C ∼= Qℓ. Let
θ : S → C× be any character which is trivial on Sr+. The following lemma demonstrates
that the choice of ι is innocuous from the perspective of considering the a priori ℓ-adic
representation RGr

Sr,Ur
(θ) = H∗

c (Xr,Qℓ)[θ] as a complex representation.

Lemma 7.1. Let θℓ,ι denote the Q×
ℓ -valued character obtained by composing θ with the

isomorphism ι : C× ∼= Q×
ℓ . The complex SGx,0-representation ιRGr

Sr,Ur
(θℓ,ι) is independent

of ℓ and ι.

Proof. The scheme Xr (Definition 6.1) is separated and of finite type over Fq (see [CI21b,
Lemma 3.1]); therefore by [DL76, Proposition 3.3] (thanks to Andy Gordon for reminding the
authors about this), we know that for any (s, g) ∈ S0×Gx,0, the trace Tr((s, g)

∗, H∗
c (Xr,Qℓ))

is an algebraic integer independent of ℓ. By definition,

Tr
(
g∗, RGr

Sr,Ur
(θℓ,ι)

)
=

1

|S0:r+|
∑

s∈S0:r+

θ(s)−1 · Tr
(
(s, g)∗, H∗

c (Xr,Qℓ)
)
.

As a character of the subquotient S0:r+, the S-character θ is valued in the algebraic integers;

it follows from the above that the character of RGr

Sr,Ur
(θℓ,ι) considered as a representation of

Gx,0 takes values in Q. It follows that ιRGr

Sr,Ur
(θℓ,ι) ∼= ι′RGr

Sr,Ur
(θℓ′,ι′) as Gx,0-representations,

where ℓ′ is a prime not equal to p and ι′ : C ∼= Qℓ′ is a(ny) chosen isomorphism. Since the

ZG-action on ιRGr

Sr,Ur
(θℓ,ι) is given simply by multiplication by θ|ZG

, it now further follows

that ιRGr

Sr,Ur
(θℓ,ι) is independent of ℓ and ι as an SGx,0-representation. □

7.1. Comparison for Xr. Theorem 7.2 is one of the central theorems of this paper. It
not only gives an explicit description of the geometrically arising representation RGr

Sr (θ),
but puts it in the framework of algebraic constructions of supercuspidal representations,
allowing us passage between these drastically different realizations of these representations.

From Theorem 7.2, we get the irreducibility (and hence supercuspidality) of the G-

representation c-IndGSGx,0
(RGr

Sr,Ur
(θ)) as a free consequence. We note that this irreducibility

was previously only known for inner forms of GLn and was highly nontrivial to establish:
a geometric proof in the 0-toral setting is in [CI21a] (see Theorems 9.1 and 12.5) and a
geometric proof in the toral setting is the subject of [CI19], which further relies on [CI21c]
(see Section 7.3 for more details).

We focus on the 0-toral case (see Remark 7.4 for comments on relaxing this assumption
to toral characters). When θ : S → C× is 0-toral, then by Theorem 6.3, the virtual repre-

sentation RGr

Sr,Ur
(θ) does not depend on the choice of U, so we replace this notation by the

simpler RGr

Sr (θ).
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Theorem 7.2. Let S be an unramified elliptic maximal torus of G and θ : S → C× a 0-toral
character of depth r ∈ R>0. We let ϕ be the unique character of S satisfying4 θ = ϕ ·εram[ϕ].
Then

(7) RGr

Sr,Ur
(θ) ∼= (−1)r(S,ϕ)◦τd,

where ◦τd in the right-hand side is Yu’s representation associated to the pair (S, ϕ) (see
Section 3). In particular:

(i) c-IndGSGx,0
((−1)r(S,ϕ)RGr

Sr (θ))
∼= π(S,ϕ),

(ii) c-IndGSGx,0
((−1)r(S,ϕ)RGr

Sr (θ)) is irreducible and supercuspidal.

Proof. By the 0-torality of θ and the assumption on p, Theorem 6.3 implies that RGr

Sr (θ) is

an irreducible virtual representation of SGx,0 (see Remark 6.4). Hence either RGr

Sr (θ) or its

negative is a genuine representation; call it c ·RGr

Sr (θ). By Proposition 6.2, for γ ∈ Svreg,

Θc·RGr
Sr (θ)(γ) = c ·

∑
w∈WGx,0

(S)

θw(γ).

Therefore Theorem 5.17 is applicable to τ := c · RGr

Sr (θ) and we get c = (−1)r(S,ϕ) and
τ ∼= ◦τd. □

Remark 7.3. Suppose that θ is toral and that the virtual SGx,0-representation R
Gr

Sr,Ur
(θ) =

H∗
c (Xr,Qℓ)[θ] is irreducible. Suppose that Hi

c(Xr,Qℓ)[θ] is in fact concentrated in a single
degree i = rgeom(θ). (This is known to be the case when G is a division algebra; see
[Cha18, Cha20].) Then Theorem 7.2 gives a cohomological meaning to the parity of the
purely root-theoretically defined integer r(S, ϕ) (Proposition 4.9):

r(S, ϕ) ≡ rgeom(θ) (mod 2).

(In the division algebra case, one can check this directly—compare the formula for r(S, ϕ)
in Proposition 4.9 to the formula for the nonvanishing cohomological degree in [Cha20,
Theorem 5.1.1].)

Remark 7.4. The 0-torality condition on θ is only needed because we need the irreducibility
of RGr

Sr (θ) ([CI21b, Theorem 1.1], presented as Theorem 6.3 in the present paper). On the
other hand, it is expected (and known in certain cases) that Theorem 6.3 holds beyond the
0-toral case as long as S is elliptic. When G is an inner form of GLn, Theorem 6.3 is known
without any constraints on θ (see Theorem B of [CI19]), and we will discuss this in more
detail in Section 7.3. For G arbitrary and S Coxeter, establishing Theorem 6.3 is recent
work of Dudas–Ivanov (see Theorem 3.2.3 of [DI20]) announced during the preparation of
the present paper. With this, when S is Coxeter, the 0-torality condition on θ in Theorem
7.2 can be relaxed to torality, with identical proof.

7.2. Comparison for Xr∩SrG+
r . As in Section 7.1, there is a unique extension of H∗

c (Xr∩
SrG+

r ,Qℓ)[θ] to a (virtual) representation of SGx,0+ on which ZG acts via θ|ZG
. We again

denote this representation by H∗
c (Xr ∩ SrG+

r ,Qℓ)[θ].
Theorem 7.5. Let S be an unramified elliptic maximal torus of G and θ : S → C× a 0-toral
character of depth r ∈ R>0. We put ϕ := θ · εram[θ]. Then we have

H∗
c (Xr ∩ SrG+

r ,Qℓ)[θ] ∼= (−1)r(S,ϕ) IndSGx,0+

Kd (ρ′d ⊗ ϕd),

4Note that we may equivalently set ϕ = θ · εram[θ]. Indeed, since εram[θ] is a tamely ramified quadratic

character determined by θ|S0+
, we have θ|S0+

= ϕ|S0+
and εram[θ] = εram[ϕ] = εram[ϕ]−1.
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where the right-hand side is Yu’s representation associated to the pair (S, ϕ) (see Section 3).

Proof. By the 0-torality of θ, Theorem 6.7 implies thatH∗
c (Xr∩SrG+

r ,Qℓ)[θ] is an irreducible
virtual representation of SGx,0+ (see Remark 6.8). The proof of Proposition 6.2 in this
setting yields the result that if γ ∈ SGx,0+ is an unramified very regular element, then

ΘH∗
c (Xr∩SrG+

r ,Qℓ)[θ]
(γ) =

®
θ(gγg−1) if γ ∈ g−1Sg for some g ∈ Gx,0+,

0 otherwise.

Then the same proof as in Theorem 7.2 works by using the above formula and Theorem
5.13 in place of Proposition 6.2 and Theorem 5.17, respectively. □

As a straightforward corollary of Theorem 7.2 and 7.5, we resolve Conjecture 6.5 for
0-toral characters:

Theorem 7.6. Let S be an unramified elliptic maximal torus of G and θ : S → C× a 0-toral
character of depth r ∈ R>0. Then

RGr

Sr (θ)
∼= H∗

c (X
(S)
r ,Qℓ)[θ] ∼= Ind

SGx,0

SGx,0+

(
H∗
c (Xr ∩ SrG+

r ,Qℓ)[θ]
)
.

Proof. The second isomorphism in the assertion holds in general (see the paragraph before

Conjecture 6.5), so it suffices to check that RGr

Sr (θ) is isomorphic to Ind
SGx,0

SGx,0+

(
H∗
c (Xr ∩

SrG+
r ,Qℓ)[θ]

)
. But this isomorphism holds by Theorem 7.2 and 7.5 together with the fact

that
◦τd ∼= Ind

SGx,0

SGx,0+
Ind

SGx,0+

Kd (ρ′d ⊗ ϕd). □

7.3. The case of GLn. Let G be an inner form of GLn and let S be an unramified elliptic

maximal torus of G. Then there are no bad primes of G and |π1(Gder)| = |π1(“Gder)| = 1, so
the only baseline assumption on the residue characteristic of F (Section 2.1) is that p > 2.
In this setting, G ∼= GLn′(Dk0/n0

), where n = n′n0 and Dk0/n0
is the division algebra of

dimension n20 with Hasse invariant k0/n0, and S ∼= E×, where E is the unramified degree-n
extension of F (i.e., it is the smallest extension of F which splits S). This is a specialization
of the setting of Section 6, and in this setting Theorems 6.3, 6.7 are known by work of the
first author and Ivanov without the 0-torality assumption on θ. We record this result here:

Theorem 7.7 ([CI19, Theorem 3.1], [CI21c, Theorem 5.2.1]). Let r > 0 and let θ, θ′ : S0:r+ →
Q×
ℓ be any character. Then〈

RGr

Sr (θ), R
Gr

Sr (θ
′)
〉
Gx,0:r+

=
∑

w∈WGx,0
(S)

⟨θ, θ′w⟩S0:r+
.

Furthermore, H∗
c (Xr ∩ SrG+

r ,Qℓ)[θ] is an irreducible representation of S0Gx,0+.

This means in particular that we may apply Theorem 5.13 to H∗
c (Xr ∩ SrG+

r ,Qℓ)[θ] and
Theorem 5.17 to RGr

Sr (θ) for any toral character θ : S → Q×
ℓ of depth r ∈ R>0 whenever the

following conditions are satisfied:

• p > 2 (required for Yu’s construction),

• (GdG) is satisfied by Tγ for any unramified very regular element γ ∈ SGx,r, and
• (vreg) holds.

The second condition on (GdG) is always satisfied by Remark 4.4 (2). On the other hand,
recall that the inequality (⋆) (|S(Fq)|/|S(Fq)nvreg| > 2) is sufficient, though not necessary, to
guarantee the assumption (vreg) (see Corollary 5.5). We will show that in fact (⋆) is satisfied
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for all (q, n), including even q, illustrating that in this setting, our constraint on q (⋆) is
weaker than the constraints on p in Yu’s construction. In [Hen92, Section 2.7], Henniart
proves that |S(Fq)|/|S(Fq)nvreg| > 2n holds unless (q, n) ∈ {(2, 2), (2, 4), (2, 6), (3, 2)}. Of
course this means that (⋆) holds for all (q, n) except possibly the four in this list; by direct
computation for these last four, one sees that (⋆) holds for all (q, n). In summary, in our
present setting of G being an inner form of GLn, Theorems 5.13 and 5.17 hold for all odd
q.

Theorem 7.8. Let θ be a toral character of S of depth r > 0. We put ϕ := θ ·εram[θ]. Then
we have

RGr

Sr (θ)
∼= (−1)r(S,ϕ) IndSGx,0

Kd (ρ′d ⊗ ϕd),

H∗
c (Xr ∩ SrG+

r ,Qℓ)[θ] ∼= (−1)r(S,ϕ) IndSGx,0+

Kd (ρ′d ⊗ ϕd),

RGr

Sr (θ)
∼= Ind

SGx,0

SGx,0+

(
H∗
c (Xr ∩ SrG+

r ,Qℓ)[θ]
)
.

The twist εram[θ] is subtle, and we will discuss it later in this subsection. Before we do
that, we note that Theorem 7.8 in particular yields an algebraic alternative to the geometric
approach of [CI19] to establish the irreducibility of the θ-eigenspace of loop Deligne–Lusztig
varieties:

Corollary 7.9. Let θ be a toral character of S of depth r > 0. Then c-IndGSGx,0
(RGr

Sr (θ))

is (up to sign) irreducible supercuspidal. In particular, the assumption p > n in [CI19,
Theorem A] can be relaxed to p > 2.

The p > 2 assumption in Corollary 7.9 likely cannot be relaxed due to our approach of
comparing with Yu’s construction, which uses from the start that p is odd. However, given
Henniart’s work [Hen92], it seems likely that one can obtain the above result for p = 2 by
considering Gérardin’s construction [Gér79] in place of Yu’s in this setting.

Remark 7.10. We remark that the p > n assumption in [CI19, Theorem A] is in place for
deep technical reasons, and that this assumption is only needed for θ which are toral but
not 0-toral. For 0-toral θ, the first author and Ivanov obtain the irreducibility (and hence

supercuspidality) of the compact induction c-IndGSGx,0
(RGr

Sr (θ)) for all primes p in [CI21a,

Theorem 12.5] by purely geometric techniques. In particular, Corollary 7.9 is strictly weaker
than op. cit. in the 0-toral setting, exactly because Corollary 7.9 says nothing about p = 2.

To finish this subsection, we would like to illustrate the subtle nature of εram[θ] and the
sign (−1)r(S,ϕ) by further specializing the present setting to the case G = GLn. Then, in
general, any twisted Levi of G is isomorphic to the product of several Weil restrictions of
general linear groups. For any cuspidal G-datum, because of the anisotropicity assumption
on ZG0/ZG, each twisted Levi Gi is given by ResEi/F GLni , where Ei is the unramified

degree-n/ni extension of F . If γ ∈ S0,vreg is such that the image of γ in S0:0+
∼= F×

qn

generates all of S0:0+, then ε
ram[θ] is the unique tamely ramified character of S such that

εram[θ]|ZG
= 1 and

εram[θ](γ) =

d−1∏
i=0

(−1)(⌊ni+1/2⌋−⌊ni/2⌋)(ri−1).
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Recalling the definition of εram[θ] from Definition 4.8, the above formula comes from the
calculation that:

|(ΓF × {±1})\(RG
x,r/2 ∩R(G,S)

sym)| =
®
⌊(n− 1)/2⌋ if r is even,

0 otherwise,

|ΓF \(RG
x,r/2 ∩R(G,S)sym,ur)| =

®
1 if r is even and n is even,

0 otherwise.

The calculation of the sign (−1)r(S,ϕ) is slightly less delicate. We first note that r(S, ϕ)
equals r(S, θ) since r(S, ϕ) depends only on the positive-depth part ϕ|S0+

by definition
(Proposition 4.9) and we have ϕ|S0+

= θ|S0+
. We can calculate that

|ΓF \RG
x,r/2| =

®
n− 1 if r is even,

0 otherwise.

and therefore

r(S, ϕ) = r(S, θ) ≡
d−1∑
i=0

(ni+1 − ni)(ri − 1) (mod 2).

It is known ([CI21c, Theorem 6.1.1]) that there is a unique and explicitly described cohomo-

logical degree rgeom(θ) such thatH
rgeom(θ)
c (Xr∩SrG+

r ,Qℓ)[θ] ̸= 0. Moreover, ifG0(S, θ) = S,
then Theorem 7.8 guarantees that rgeom(θ) ≡ r(S, ϕ) modulo 2. We can see this explicitly
as well:

r(S, ϕ) =

d−1∑
i=0

(ni+1 − ni)(ri − 1)

≡ (rd + 1)(nd)− n0(r0 + 1) +

d∑
i=1

ni(ri−1 − ri) (mod 2),

and if n0 = 1 (i.e., if G0(S, θ) = S), then this last formula is almost exactly equal to
rgeom(θ) in [CI21c, Corollary 6.1.2], the only difference being summands with even values.
We note the peculiarity that the algebraically calculated number r(S, ϕ) has summands that
consider the difference between ni’s (which captures the sequence of twisted Levi subgroups
Gi), while the geometrically calculated number rgeom(θ) has summands that consider the
difference between the depths ri.

These calculations can be made similarly for G being any inner form of GLn, keeping in
mind the further calculations that if G is a nonsplit form of GLn, the point x̄ ∈ Bred(G, F )
corresponding to S ↪→ G is not superspecial in the sense of [Kal19, Definition 3.4.8].

7.4. Discussion of small residual characteristic. We illustrate some of the subtleties
that arise for small p by considering a particular example: let F have residual characteristic
p = 2 and G = SL2. In this case, Yu’s construction is not available since it requires the
oddness of p to utilize the theory of Weil representations for Heisenberg groups over Fp
([Yu01, Sections 10–]). When p = 2, the notion of Yu-datum still makes sense, even if Yu’s
construction cannot be used to build a supercuspidal from such data. On the other hand,
when p = 2 and G = SL2, there does not even exist a toral Yu-datum! To see this, we
let S be the unramified elliptic maximal torus of G; note that S splits over the degree-2
unramified extension of F which we denote by E. In this setting, one can compute that

Sr:r+ = Ker(E×
r

NrE/F−−−−→ F×
r )/Ker(E×

r+

NrE/F−−−−→ F×
r+) = Ker(E×

r:r+

NrE/F−−−−→ F×
r:r+) = F×

r:r+,
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where the second equality holds since E is an unramified extension of F , so the norm
map on higher unit groups is surjective, and the third equality holds because the residue
field has even characteristic. In particular, every character θ of Sr:r+ is stabilized by all
of WG(S) = Gal(E/F ). A closely related observation is that WG(S) acts trivially on the
reduction-modulo-2 of the character lattice. This implies that Yu’s condition (GE2) (see
[Yu01, Sections 8]), which is one of the two conditions for a character θ of S to be G-generic
of depth r, is never satisfied.

Now let us move to the geometric side. Let θ : S → Q×
ℓ be a character of depth r. In this

setting, it is automatic that θ|Sr:r+
is nontrivial and θ|NrE/F (α∨(E×

r )) ̸= 1 for all α ∈ R(S,G).

By Theorem 6.3, 〈
RGr

Sr,Ur
(θ), RGr

Sr,Ur
(θ)

〉
SL2(OF /p

r+1
F )

= 2.

It necessarily follows that RGr

Sr,Ur
(θ) consists of two non-isomorphic irreducible represen-

tations τ1, τ2. It seems possible to guess that c-Ind
SL2(F )
SL2(OF )(τ1) and c-Ind

SL2(F )
SL2(OF )(τ2) are

non-isomorphic irreducible (and therefore supercuspidal) representations of SL2(F ).

Our expectation is that in general the geometric representations RGr

Sr,Ur
(θ) realize rep-

resentations which do not appear in Yu’s construction. In the above setting, we expect
that RGr

Sr,Ur
(θ) should be a representation constructed by Gérardin [Gér75a] [Gér75b]. In

some cases, this is a theorem of Chen–Stasinski [CS17]; their technique works for all p, and
specializing their result to the setting of SL2 and p = 2, Chen and Stasinski prove that if r
is odd, then RGr

Sr,Ur
(θ) coincides with the representation corresponding to the character θ|S0

in Gérardin’s construction. It seems reasonable to us that for general depths, the represen-
tation RGr

Sr,Ur
(θ) should also correspond to one of Gérardin’s representations (θ ·ε)|S0 , where

ε is a twisting character which should be independent of θ and p. (For large p, Theorem
5.17 can be applied to compare Gérardin’s construction with Yu’s construction.)

8. Geometric L-packets of toral supercuspidal representations

In this section, we examine the implications of our results within the context of the local
Langlands correspondence. We write WF for the Weil group, IF the inertia group, and PF
the wild inertia group. We let IrF denote the r-th upper ramification filtration of IF for

r ∈ R≥0. Let “G be the Langlands dual group for G and write LG = “G ⋊WF . Following
Kaletha [Kal19], we assume F has characteristic 0 in this section.

We first review Kaletha’s construction of 0-toral supercuspidal L-packets. As in [Kal19,
Definition 6.1.1], define:

Definition 8.1. A 0-toral supercuspidal parameter of generic depth r > 0 is a discrete
L-parameter φ : WF → LG satisfying the following conditions:

(1) The centralizer of φ(IrF ) in
“G is a maximal torus and contains (the projection from

LG to “G of) φ(PF ).
(2) φ(Ir+F ) is trivial, i.e., φ(σ) = 1⋊ σ for any σ ∈ Ir+F .

In the present paper, our focus is on Howe-unramified supercuspidal representations. If a
0-toral supercuspidal parameter φ of generic depth r > 0 is such that the centralizer of φ(IrF )

in “G corresponds to an unramified torus in G [Kal19, Section 5.1], then we additionally say
that φ is Howe-unramified.

Following [Kal19, Definition 5.2.4, Section 6.1], we define a Howe-unramified 0-toral su-
percuspidal L-packet datum of depth r to be a tuple (S, ȷ̂ , χ, θ) consisting of
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• S an unramified torus of dimension equal to the absolute rank of G, defined over F
with anisotropic quotient S/ZG

• ȷ̂ : Ŝ → “G is an embedding of complex reductive groups whose “G-conjugacy class
is ΓF -stable

• χ is a minimally ramified χ-data for R(S,G)
• θ : S → C× is a 0-toral character of depth r.

Here, although a priori ZG is not a subgroup of S, we may regard ZG as a subgroup of S
by choosing an embedding of S into G which is admissible for ȷ̂. Moreover, the resulting
subgroup structure does not depend on the choice of such an embedding. We refer the
readers to [Kal19, Section 5.1] for more details including the definition of the admissibility.
We note that there is a unique choice of χ because S is unramified [Kal19, Definition 4.6.1],
so we will omit it from the tuple. By [Kal19, Proposition 6.1.2], there is a bijection

(S, ȷ̂ , θ) 7→ φ(S,ȷ̂ ,θ)

between isomorphism classes of Howe-unramified 0-toral supercuspidal L-packet data of

depth r and “G-conjugacy classes of Howe-unramified 0-toral supercuspidal parameters of
generic depth r. Explicitly, the L-parameter is the composition

φ(S,ȷ̂ ,θ) : WF
φθ−→ LS

Lj−→ LG

where φθ : WF → LS is the L-parameter of θ and Lj : LS → LG is the Langlands–Shelstad
extension of ȷ̂ determined by the canonical χ-data. A Howe-unramified 0-toral supercus-
pidal datum of depth r [Kal19, Definition 5.3.2] is a tuple (S, ȷ̂ , θ, j) where (S, ȷ̂ , θ) is a
Howe-unramified 0-toral supercuspidal L-packet datum of depth r and j : S ↪→ G is an
F -rational embedding admissible for ȷ̂ . Here we refer the readers to [Kal19, Section 5.1] for
the definition of the admissibility. We crucially observe that the set of all Howe-unramified
0-toral supercuspidal datum of depth r corresponding to a fixed (S, ȷ̂ , θ) is indexed by G-
conjugacy classes within the stable conjugacy class of a(ny) F -rational embedding j : S ↪→ G
admissible for ȷ̂ .

For such an embedding j : S ↪→ G, let xj ∈ B(G, F ) be a point whose image in Bred(G, F )
is associated with jS := j(S). We let Sj,r ⊂ Gj,r be the group schemes defined over
Fq associated to jS and xj as in Section 6.1 and we assume (vreg) in Section 5.1. By
combining our geometric comparison theorem (Theorem 7.2) with Kaletha’s construction of
toral supercuspidal L-packets, we obtain the following result:

Theorem 8.2. Let (S, ȷ̂ , θ) be a Howe-unramified 0-toral supercuspidal L-packet datum of
depth r. Then the corresponding L-parameter φ(S,ȷ̂ ,θ) has L-packet{

c-IndGjS·Gxj ,0
(|RGj,r

Sj,r (jθ)|)
}
j∈JG

G

,

where

• jθ := θ ◦ j−1,

• |RGj,r

Sj,r (jθ)| denotes (−1)r(jS,jθ)RGj,r

Sj,r (jθ), and

• JG
G is a set of representatives of the G-conjugacy classes of the stable conjugacy

class within F -rational embeddings S ↪→ G admissible for ȷ̂ .

Proof. Kaletha’s construction of regular supercuspidal L-packets assigns to φ(S,ȷ̂ ,θ) the finite
set of supercuspidal representations of G given by {π(jS,jθ′)}j∈JG

G
where jθ′ is a particular

twist of the character jθ of jS := jS(F ). In [Kal19, Step 3 in Section 5.3], this twist is
written as jθ′ = (θ · ζ−1

S ) ◦ j−1 · ϵf,ram · ϵram; Kaletha’s ϵram is the character εram[jθ] with
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respect to (jS ⊂ G, jθ) in Section 4, and because we assume S is unramified, the other
twists ζS and ϵf,ram are trivial. Therefore by Theorem 7.2, π(jS,jθ′) is isomorphic to the

geometrically arising supercuspidal representation c-IndGjS·Gxj ,0
(|RGj,r

Sj,r (jθ)|). □

The fact that the geometric description does not need to be separately twisted by
εram[jθ] has nontrivial significance. Kaletha’s L-packets {π(jS,jθ′)}j∈JG

G
are not the same

as {π(jS,jθ)}j∈JG
G
; these packets can be genuinely different (see [DS18, Example 5.5] for an

explicit example). In fact, it is known that although {π(jS,jθ)}j∈JG
G

appears more canonical

from the perspective of Yu’s construction and Kaletha’s generalization of the Howe factor-
ization, these sets of supercuspidals do not (!) satisfy stability and therefore cannot be
L-packets.

Let us elaborate on stability here. In general, it is expected that the local Langlands
correspondence not only associates an L-packet ΠG

φ to each L-parameter φ, but also gives

a parametrization of the members of ΠG
φ in terms of a certain finite group Sφ determined

by φ; members of ΠG
φ are expected to be labelled by irreducible characters of Sφ. If we let

⟨π,−⟩ denote the irreducible character of Sφ corresponding to π ∈ ΠG
φ , then the stability of

the L-packet ΠG
φ asserts that the linear combination of Harish-Chandra characters∑

π∈ΠG
φ

⟨π, 1⟩ ·Θπ

is stable, i.e., constant on every stable conjugacy class of strongly regular semisimple ele-
ments (see [Art89, Section 6] for a general formulation of stability). When φ is a 0-toral
supercuspidal parameter (or, more generally, regular supercuspidal parameter), the associ-
ated group Sφ is abelian (see [Kal19, Section 5.3]). Hence, for such an L-parameter, stability
simply asserts that the sum

∑
π∈ΠG

φ
Θπ should be stable. Although stability alone cannot

characterize the local Langlands correspondence, it has an important role as a touchstone
in verifying the validity of the construction of the L-packets.

Given this, is it naturally pressing to ask:

Does the correspondence (j : S ↪→ G, θ) 7→ π(jS,jθ) map stable conjugacy
classes to sets of supercuspidals with stable character sums?

In the setting of Howe-unramified 0-toral supercuspidal representations, this question was
posed by Reeder [Ree08], who proved that this correspondence maps stable conjugacy classes
to sets of supercuspidals with constant formal degree. DeBacker–Spice [DS18] proved that
the answer is in fact no and defined a twisting character εram. Under the additional assump-
tion that F has characteristic zero with sufficiently large residual characteristic, DeBacker–
Spice proved that the twisted correspondence (j : S ↪→ G, θ) 7→ π(jS,jθ·εram[jθ]) does in fact
preserve stability ([DS18, Theorem 5.10]). Kaletha [Kal19] defined twisting characters in
the more general setting of regular supercuspidal representations and proved the associated
stability preservation assertion for 0-toral supercuspidal representations under the same as-
sumptions on F as in DeBacker–Spice ([Kal19, Theorem 6.3.2]). This fact is strong evidence
for the validity of Kaletha’s construction of the local Langlands correspondence.

The content of the next theorem is that if we replace the correspondence (j : S ↪→ G, θ) 7→
π(jS,jθ) with the geometric construction (j : S ↪→ G, θ) 7→ c-IndGjS·Gxj ,0

(|RGj,r

Sj,r (jθ)|), then we

do not need to separately define a twisting character. Theorem 8.3 is a corollary of results
we have already established in this paper (and [DS18, Theorem 5.10] or [Kal19, Theorem
6.3.2]), but we would like to emphasize and repeat the following point mentioned in the
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introduction: the geometry seems to innately know about automorphic side of the local
Langlands correspondence.

Theorem 8.3. Assume additionally5 that F has characteristic zero with residual charac-
teristic p ≥ (2+ e)n where e is the ramification degree of F over Qp and n is the dimension
of the smallest faithful rational representation of G. The correspondence

(j : S ↪→ G, θ) 7→ c-IndGjS·Gxj ,0
(|RGj,r

Sj,r (jθ)|)

preserves stability for 0-toral characters θ.

9. Regular supercuspidal representations characterized by Svreg

In this section, we prove that certain regular supercuspidal representations are determined
by their Harish-Chandra characters on unramified very regular elements. These results can
be viewed as versions of the comparison results of Section 7 in the setting that the group
SGx,0 is replaced by the p-adic group G; on the other hand, neither result implies the other
logically (see Remark 9.3). The advantage to obtaining a characterization result at the level
of G is that it allows one to characterize members of certain L-packets by their Harish-
Chandra characters on a very small collection of elements of G, as one does for real groups
[Lan89], resolving a hole mentioned by Kaletha around [Kal19, (5.3.3)]. Such a characteri-
zation problem was also mentioned several years earlier by Adler–Spice [AS09, Section 0.3],
motivated by Henniart’s characterization of certain supercuspidal representations of GLn
[Hen92, Hen93].

The class of regular supercuspidals for which we establish this characterization are those
which correspond to tame elliptic regular pairs (S, ϕ) where S is unramified and G0(S, ϕ) =
S—that is, precisely the class of Howe-unramified toral supercuspidal representations. We
will additionally assume in this section that S is such that the assumption (vreg) introduced
in Section 5.2 is satisfied.

We prove the following theorem in Section 9.2.

Theorem 9.1. Let S be an elliptic unramified maximal torus of G and let θ : S → C× be
a toral character. Then there is a unique regular supercuspidal representation π of G such
that for every γ ∈ Svreg,

(8) Θπ(γ) = c ·
∑

w∈WG(S)

θ(wγ)

for a nonzero constant c ∈ C. Furthermore, π ∼= π(S,ϕ) with ϕ := θ · εram[θ] and we must

have c = (−1)r(S,ϕ), where x ∈ B(G, F ) is a point associated to S and r(S, ϕ) is as in
Proposition 4.9.

Theorem 9.1 allows us to formulate the construction of Kaletha’s L-packets in the fol-
lowing way. Let j : S ↪→ G be an unramified elliptic maximal torus defined over F and let
θ : S → C× be a toral character. For any F -rational embedding j′ : S ↪→ G stably conjugate
to j, let πj′ be the regular supercuspidal representation of G with Harish-Chandra character

Θπj′ (γ) = c ·
∑

w∈WG(j′S)

j′θ(wγ), for γ ∈ j′Svreg,

5These assumptions are needed in [DS18] as their proof relies on the logarithm map on Gx,0+ (exists
when p ≥ (2 + e)n by [DR09, Lemma B.0.3]) and also Waldspurger’s results [Wal97] on the fundamental

lemma and the transfer conjecture. These are the same assumptions as in [Kal19, Section 6.3].
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where j′θ := θ ◦ j′−1 and c is some nonzero constant. Then the L-packet Kaletha constructs
[Kal19, Section 5.3] is precisely the collection of all πj′ ; moreover, the L-parameter corre-
sponding to this L-packet is the homomorphism φ(S,ĵ,θ) : WF → LG recalled in Section 8.

The contribution of Theorem 9.1 in this context is exactly the italicized the above; that is,
that members of certain L-packets are characterized by their Harish-Chandra characters on
unramified very regular elements.

Remark 9.2. Kaletha actually asks for something slightly different—that regular supercus-
pidal representations are characterized by their characters on shallow elements (see around
[Kal19, (5.3.3)]). Not all shallow elements are unramified very regular (because shallow
elements can have connected centralizer being equal to a torus which is not unramified),
and not all unramified very regular elements are shallow (because shallow elements neces-
sarily have order coprime to p). A key point here is that if γ is unramified very regular,
then any element of γ · Tγ,0+ is also unramified very regular. But this is not the case for
shallow elements! Pushing further in this direction, it is in fact possible to find two non-
isomorphic regular supercuspidal representations with identical character values on shallow
elements. Indeed, if we take two non-G-conjugate tame elliptic regular pairs (S, θ) and
(S, θ′) such that the regular generic reduced cuspidal G-data associated to them have the
same depth zero part (but have different positive depth part), then we cannot distinguish
the regular supercuspidal representations π(S,θ) and π(S,θ′) by their characters at shallow
elements. So, in order for Kaletha’s desired characterization to hold in general (i.e., outside
the Howe-unramified setting), one must replace “shallow” by a generalized notion of very
regularity.

Remark 9.3. We note that Theorem 9.1 is not strong enough to obtain Theorem 7.2 without
the work of Sections 5, 7. The point here is without Sections 5,7, we would not know the
irreducibility nor the supercuspidality of the induced representation c-IndGS·Gx,0

(|RGr

Sr (θ)|).
On the flip side, the results of Section 5 are not enough to obtain Theorem 9.1 because

the results of Section 5 characterize representations at the level of parahoric subgroups.

9.1. Character formula on unramified very regular elements. In order to prove
Theorem 9.1 we will first need a character formula for regular supercuspidal representations
on unramified very regular elements. Such a formula is not contained in the work of Adler–
Spice [AS09, Theorem 6.4] because their formula requires the compactness assumption that
Gd−1/ZG is F -anisotropic, and this hypothesis is not satisfied by every regular supercuspidal
representation. In [Kal19, Section 4.4], Kaletha establishes a character formula for shallow
elements without this compactness condition. Given the comments in Remark 9.2, neither
Kaletha’s nor Adler–Spice’s formulas suffice for us.

In this section, we prove:

Proposition 9.4. Let (S′, ϕ) be a tame elliptic regular pair of G and let x′ ∈ B(G, F ) be
a point associated to S′ ↪→ G. Let S be an unramified elliptic maximal torus of G. When
S′ is not G-conjugate to S, we have Θπ(S′,ϕ)

(γ) = 0 for any unramified very regular element

γ ∈ Svreg. When S′ equals S, for any unramified very regular element γ ∈ Svreg, we have

Θπ(S′,ϕ)
(γ) = (−1)r(G

0)−r(S)+r(S,ϕ)
∑

w∈WG(S)

εram[ϕ](wγ) · ϕ(wγ),

where the exponent of (−1) is as in Proposition 4.9.

Before we prove the main result of this subsection (Proposition 9.4) which we will use to
prove Theorem 9.1 in the next section, let us fix some notation. From now until the end of
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the paper, we will use the following notation. Let (S′, ϕ) be a tame elliptic regular pair with

an associated point x′ ∈ B(G, F ) and let (G⃗, π−1, ϕ⃗) be a corresponding regular generic
reduced cuspidal G-datum (Section 3.2). We caution that at this point it could happen

that either S′ is not unramified or ϕ is not toral. We let ◦ρ′i, ϕ̃i denote the “intermediate”
representations arising in Yu’s construction of the supercuspidal representation associated

to (G⃗, π−1, ϕ⃗) (see Sections 3.1, 3.4 for recollections). We remind the reader that ◦ρ′i is

a representation of ◦Ki = S′G0
x′,0(G

0, . . . , Gi)x′,(s0,...,si−1) and ϕ̃i is a representation of

Gix̄′ ⋉ J i+1 where J i+1 = (Gi, Gi+1)x′,(ri,si). Furthermore, we fix an unramified elliptic
maximal torus S of G.

Proof of Proposition 9.4. We first note that the central character of π(S′,ϕ) is given by ϕ|ZG

([Kal19, Fact 3.7.11]) and εram[ϕ]|ZG
= 1 by definition (Definition 4.8). Moreover, since S

is unramified, we have S = S0ZG. Thus it is enough to treat the case where γ belongs to
S0,vreg.

Recall (Sections 3.1, 3.4) that we have

π(S′,ϕ) = c-IndGKσ
(σ ⊗ ϕd) = c-IndGKσ

(σ)⊗ ϕd

where Kσ = Kσd
= Gd−1

x̄′ Gx′,0+ and σ = σd = Ind
Kσd

Kd (ρ′d). Let Θσ denote the character of

σ and let Θ̇σ denote the extension by zero of Θσ to a function of G.

Claim 1. For any unramified very regular element γ ∈ Svreg,

Θπ(S′,ϕ)
(γ) = ϕd(γ)

∑
g∈◦Kd\Gx̄′

Θ̇◦ρ′d
(gγ).

We first argue that the function g 7→ Θ̇σ(
gγ) on G/ZG is supported on a single right

coset (Gx̄′/ZG) · gσ in G/ZG (and is in particular compactly supported). For this we follow
an argument of Kaletha [Kal19, §4.4] (who did it under the assumption that γ is shallow)
adapted to our situation (γ is an unramified very regular element of S). By definition,
we have that for any α ∈ R(S,G), we have α(γ) ̸≡ 1 (mod pF ). Moreover, γ is bounded
modulo ZG since S = S0ZG. Hence, by [Tit79, Section 3.6.1], the set of fixed points of γ
in Bred(G, F ur) is Ared(Tγ , F

ur) = Ared(S, F ur). Hence the fixed points of γ in the rational
building Bred(G, F ) consists of a single point x̄. The same holds for gγ in place of γ, with
fixed point gx̄. Obviously gγ is an element of the stabilizer subgroup Gx̄′ of x̄′ if and only
if x̄′ = gx̄. In particular, unless x̄′ = gx̄, we have gγ /∈ Kσ and Θ̇σ(

gγ) = 0. Hence

g 7→ Θ̇σ(
gγ) is supported on {g ∈ G | gx̄ = x̄′}, which is either empty (in which we take gσ

arbitrarily) or forms a single right coset of Gx̄′/ZG in G/ZG (in which case the coset of gσ
is uniquely determined).

In the following, by replacing (S, γ) with (gσS, gσγ), we assume that gσ = 1. Note that
then the point x̄ associated to S is necessarily equal to x̄′.

By noting that γ is elliptic, the Harish-Chandra integral character formula (see [HC70,
94 page]) implies that

(HC) Θπ(S′,ϕ)
(γ) =

deg π(S′,ϕ)

dimσ
ϕd(γ)

∫
G/ZG

Θ̇σ(
gγ) dg,

where deg π(S′,ϕ) is the formal degree of the supercuspidal representation π(S′,ϕ) with respect
to a fixed Haar measure of G/ZG. (In [HC70], the characteristic of F is assumed to be zero.
See [AS09, Proof of Theorem 6.4] for an expository on the validity of the integral formula in
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the positive characteristic case.) Since the support of the function g 7→ Θ̇(gγ) is contained
in Gx̄′/ZG (note that now gσ = 1), we can compute this integral as follows:∫

G/ZG

Θ̇σ(
gγ) dg =

∑
g′∈Kσ\Gx̄′

∫
Kσg′/ZG

Θ̇σ(
gγ) dg

=
∑

g′∈Kσ\Gx̄′

meas(Kσg
′/ZG) · Θ̇σ(g

′
γ)

= meas(Kσ/ZG)
∑

g∈Kσ\Gx̄′

Θ̇σ(
gγ).

As the irreducible supercuspidal representation π(S′,ϕ) is obtained by the compact induction
of σ from Kσ to G, we have

deg π(S′,ϕ) = dimσ ·meas(Kσ/ZG)−1

(see, e.g., [BH96, Theorem A.14]). Thus the formula (HC) is simplified to

Θπ(S′,ϕ)
(γ) =

∑
g∈Kσ\Gx̄′

Θ̇σ(
gγ).

Since we have σ = IndKσ
◦Kd

◦ρ′d ⊗ ϕd, the Frobenius formula implies Claim 1.

Claim 2. If there is an unramified very regular element γ ∈ Svreg such that Θπ(S′,ϕ)
(γ) ̸= 0,

then S′ is necessarily G-conjugate to the unramified elliptic maximal torus S.

If Θπ(S′,ϕ)
(γ) is not zero, then Θπ(S′,ϕ)

(zγ) ̸= 0 is also not zero for any z ∈ ZG. Thus,

by ZG-translation, we may suppose that γ belongs to S0; in particular, γ is bounded.
Moreover, if Θπ(S′,ϕ)

(γ) is not zero, there exists g ∈ Gx̄′ such that Θ̇◦ρ′d
(gγ) is not zero by

Claim 1. By replacing γ with gγ, we may assume that Θ◦ρ′d
(γ) ̸= 0 (in particular, γ belongs

to ◦Kd ⊂ S′Gx′,0). As discussed in the proof of Claim 1, now we have x̄ = x̄′. This implies
that the unramified very regular element γ of S ⊂ SGx,0 is also unramified very regular as
an element of S′Gx′,0. Hence, by Lemma 4.7, we may furthermore assume that γ belongs
to S′G0

x′,0 (=
◦K0) by replacing γ with its ◦Kd-conjugate appropriately. By definition, ◦ρ′d

is the representation of ◦Kd = ◦Kd−1Jd descended from the ◦Kd−1 ⋉ Jd-representation
(ϕ̃d−1|◦Kd−1⋉Jd)⊗ ((◦ρ′d−1 ⊗ ϕd−1|◦Kd−1)⋉ 1). Thus we have

Θ◦ρ′d
(γ) = Θϕ̃d−1

(γ ⋉ 1) ·Θ◦ρ′d−1
(γ) · ϕd−1(γ).

Then the second factor on the right-hand side can be computed in the same way:

Θ◦ρ′d−1
(γ) = Θϕ̃d−2

(γ ⋉ 1) ·Θ◦ρ′d−2
(γ) · ϕd−2(γ).

Continuing inductively, we see that we must have Θ◦ρ′0
(γ) ̸= 0. By the boundedness of γ, we

can take a topological Jordan decomposition (i.e., a normal (0+)-approximation) γ = γ0γ+
with a topologically semisimple element γ0 ∈ S′G0

x′,0 and a topologically unipotent element

γ+ ∈ S′G0
x′,0 (see [Spi08, Proposition 1.8]). Then we have

Θ◦ρ′0
(γ) = Θκ(S′,ϕ−1)

(γ) = Θκ(S′,ϕ−1)
(γ0).

By Lemma 4.5, this vanishes unless γ0 is S′G0
x′,0-conjugate to an element of S′. We take

g ∈ S′G0
x′,0 such that gγ0 ∈ S′. Since γ is unramified very regular, the topologically

semisimple part γ0 is regular semisimple in G. Thus the connected centralizer Tgγ0 = gTγ0

of gγ0 ∈ S′ is equal to S′. On the other hand, we note that γ0 is contained in the closure ⟨γ⟩
of the cyclic group group ⟨γ⟩ in G (see [Spi08, Proposition 1.7 (2)]). Since ⟨γ⟩ is contained
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in Tγ = Tγ(F ), where Tγ is the connected centralizer of γ in G, we get γ0 ∈ Tγ . This
implies that we have Tγ0 = Tγ by the regularity of γ0. As Tγ is nothing but S, we get

S = Tγ = Tγ0 = g−1

S′, which establishes Claim 2.

We are now ready to finish the proof of Proposition 9.4. From now on, we assume that
S′ is G-conjugate to S. Let us compute the character

Θπ(S′,ϕ)
(γ) =

∑
g∈◦Kd\Gx̄′

Θ̇◦ρ′d
(gγ).

This can be done in a similar way to the proof of Proposition 4.11. By G-conjugation, we
may assume that S′ = S. In the following, we omit ′ from the notation; we simply write S
and x. By the argument in the previous paragraph, we see that∑

g∈◦Kd\Gx̄

Θ̇◦ρ′d
(gγ) =

∑
g∈◦Kd\Gx̄

gγ∈S

Θ◦ρ′d
(gγ).

The index set of the sum on the right-hand side can be furthermore rewritten as (◦Kd ∩
NGx̄(S))\NGx̄(S), which equals NSG0

x,0
(S)\NGx̄(S) by Lemma 4.10 (2). Here note that

NSG0
x,0

(S) = SNG0
x,0

(S) and NGx̄(S) = NG(S) (the latter equality holds since if an element

of G normalizes S, then g stabilizes the point x̄ associated to S). Hence, by Proposition
4.9, we have

Θπ(S,ϕ)
(γ) =

∑
g∈SN

G0
x,0

(S)\NG(S)

(−1)r(G
0)−r(S)+r(S,ϕ)

∑
w∈W

G0
x,0

(S)

εram[ϕ](wgγ) · ϕ(wgγ)

= (−1)r(G
0)−r(S)+r(S,ϕ)

∑
w∈WG(S)

εram[ϕ](wγ) · ϕ(wγ). □

Remark 9.5. After we released the first version of this paper, it was announced by Fintzen–
Kaletha–Spice that they established, under the additional assumptions that F has charac-
teristic zero and p > n(2 + e) (the same assumptions as in Theorem 8.3), a general formula
for the characters of regular supercuspidal representations [FKS21, Theorem 4.3.5] based
on the work of Spice [Spi18, Spi21].

9.2. Proof of Theorem 9.1. We use the notation fixed in the previous subsection. To
prove Theorem 9.1 we will use Proposition 9.4 together with the following lemma:

Lemma 9.6. Let θ : S → C× be a smooth character such that θ|S0+ has trivial WG(S)-
stabilizer. Then for any γ ∈ Svreg, there exists an element x ∈ S0+ such that∑

w∈WG(S)

θ(w(γx)) ̸= 0.

In particular, the function
∑
w∈WG(S) θ

w is not identically zero on Svreg.

Proof. If
∑
w∈WG(S) θ(

w(γx)) = 0 for all x ∈ S0+, then this implies that∑
w∈WG(S)

θ(wγ) · θw|S0+ = 0.

This implies that the θw|S0+
are linearly dependent, which is impossible since they are

assumed to be distinct. □
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Proof of Theorem 9.1. First, the regular supercuspidal representation associated to the pair
(S, ϕ) indeed satisfies (8) by Proposition 9.4. Thus our task is to show uniqueness.

Let π be a regular supercuspidal representation of G. By Proposition 3.3, there is a
corresponding tame elliptic regular pair (S′, ϕ′), which is unique up to G-conjugacy. We
assume that the representation π satisfies the equality (8) for a toral character θ of an
unramified elliptic maximal torus S of G. Because θ|S0+ has trivial WG(S)-stabilizer by
Lemma 3.8, Lemma 9.6 implies that there is an element γ ∈ Svreg such that Θπ(γ) ̸= 0. By
Proposition 9.4, this implies that S and S′ must be G-conjugate. In particular, this means
we may assume S′ = S, so that we now have π ∼= π(S,ϕ′) for some character ϕ′ of S.

By Proposition 9.4, for all γ ∈ Svreg, we have

(9) Θπ(S,ϕ′)(γ) = (−1)r(G
0)−r(S)+r(S,ϕ′)

∑
w∈WG(S)

εram[ϕ′](wγ) · ϕ′(wγ).

It is now in relating ϕ′ and θ that we will invoke the remaining assumption (vreg). With
this assumption, Lemma 5.16 holds. Therefore we must have that εram[ϕ′] · ϕ′ = θw for

some w ∈ WG(S) and c = (−1)r(G0)−r(S)+r(S,ϕ′). As εram[ϕ′] is tamely ramified, we get
ϕ′|S0+ = θw|S0+ . Since εram[ϕ′] (resp. εram[θw]) is determined by ϕ′|S0+ (resp. θw|S0+), we
have εram[ϕ′] = εram[θw]. By noting that εram is a sign character, we finally conclude that
ϕ′ = θw · εram[θw] (= (θ · εram[θ])w). This implies that π(S,ϕ′)

∼= π(S,θ·εram[θ]). □
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