GEOMETRIC L-PACKETS OF HOWE-UNRAMIFIED TORAL
SUPERCUSPIDAL REPRESENTATIONS

CHARLOTTE CHAN AND MASAO OI

ABSTRACT. We show that L-packets of toral supercuspidal representations arising from
unramified maximal tori of p-adic groups are realized by Deligne-Lusztig varieties for
parahoric subgroups. We prove this by exhibiting a direct comparison between the co-
homology of these varieties and algebraic constructions of supercuspidal representations.
Our approach is to establish that toral irreducible representations are uniquely deter-
mined by the values of their characters on a domain of sufficiently regular elements. This
is an analogue of Harish-Chandra’s characterization of real discrete series representations
by their characters on regular elements of compact maximal tori, a characterization which
Langlands relied on in his construction of L-packets of these representations. In paral-
lel to the real case, we characterize the members of Kaletha’s toral L-packets by their
characters on sufficiently regular elements of elliptic maximal tori.

1. INTRODUCTION

This paper has several objectives, all of which are connected by the core motif that it
is of significant interest to be able to recognize irreducible representations by the values
of their characters on some domain. For real groups, it is the remarkable work of Harish-
Chandra [HC65] that real discrete series representations are determined by their characters
on the regular elements of compact maximal tori, a domain on which the character formula
is very simple. This characterization was later used by Langlands [Lan89] to package these
representations into L-packets. For p-adic groups, Kaletha [Kall9] recently proposed a con-
struction of regular supercuspidal L-packets by reparametrizing (part of) Yu’s construction
of supercuspidal representations [YuO1] in terms of characters of certain elliptic maximal
tori. As Kaletha mentions, ideally one should be able to characterize the members of these
L-packets by their characters on some nice domain as in the real case; however, even the
correct statement of the analogue of Harish-Chandra’s result for general p-adic groups was
essentially completely unknown. One of the main results of this paper (Theorem 9.1) is a
resolution of this characterization problem for a class of regular supercuspidal representa-
tions corresponding to unramified elliptic maximal tori. This is a vast generalization of the
unramified setting of Henniart’s work on this problem for GL,, (see [Hen92] for arbitrary n
and unramified extensions, [Hen93] for prime n and arbitrary extensions).

It is a folklore conjecture that every supercuspidal representation of a p-adic group is iso-
morphic to the compact induction of some finite-dimensional irreducible representation of
a compact-modulo-center subgroup. In all known constructions of supercuspidal represen-
tations, modulo center, this compact subgroup can (essentially) be taken to be a so-called
parahoric subgroup. Much of this paper is dedicated to establishing a characterization the-
orem at parahoric level; this characterization is significantly harder to establish than the
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above-mentioned result at the level of the p-adic group. We fix some notation: To any
elliptic unramified maximal torus S of a connected reductive group G defined over a non-
archimedean local field F' with finite residue field F,, we may associate a unique point x in
the reduced building B"4(G, F) together with a parahoric subgroup Gxo0 C G = G(F).
(Note in particular that we call G a p-adic group even though we do not require that F have
characteristic zero.) We write Wg,_,(S) for the quotient of Ng,_,(S) (the normalizer group
of Sin Gy ) by S := S(F). Our first theorem is that certain representations of SGx o can
be characterized by their trace on a special class of regular semisimple elements which we
call unramified very regular.

Theorem A (Proposition 4.11 (existence), Theorem 5.17 (uniqueness)). Let §: S — C* be
a toral character and assume that p > 0. There exists a unique irreducible representation T
of SGx o such that its character ©, at any unramified very regular element v € S is

O (M =c > (")
wEWnyo(S)

for some constant ¢ € C* which does not depend on vy, where Yy := wyw 1.

c e {£1}.

Completely separately and independently to the above algebraic developments, in recent
years there has been a push towards constructing supercuspidal representations geometri-
cally using constructions analogous to Deligne—Lusztig varieties for finite groups of Lie type.
Central to this picture is Lusztig’s work [Lus04] on such varieties for reductive groups over
finite rings in equal characteristic, Stasinski’s subsequent work [Sta09] for mixed charac-
teristic, and the first author’s joint work with Ivanov [CI21b] generalizing these works to
arbitrary parahoric subgroups Gx o associated to unramified maximal tori. It is expected
that Lusztig’s conjecture on loop Deligne—Lusztig constructions for p-adic groups [Lus79]
is very closely related to the parahoric picture, as demonstrated in [Boy12, CI21a] in the
setting of GL,, and its inner forms. Among other things, the present paper resolves a basic
and major gap in this geometric program: we prove that the irreducible representations of
SGx o arising from the cohomology of parahoric Deligne-Lusztig varieties indeed compactly
induce to supercuspidal representations of G.

Following [CI21b], to every positive integer r, one can construct a smooth, separated,
finite-type affine Fq—scheme X, with a natural action by Gy, x Sy where Sp = SN G-
This action can be extended by the center Zg so that for any depth-r character 8: S —
C*, the corresponding isotropic subspace H}(X,)[d] := H*(X,,Q,)[f] of the cohomology
HY (X, Q) == Y,(-1)'H\(X,,Q,) is in fact a (virtual) representation of ZgGx,o = SGx,0-
(We note that because S is elliptic and unramified, we have S = ZgSp.)

Theorem B (Theorems 7.2, 8.2, 8.3). Let0: S — C* be 0-toral’ of depth r > 0 and assume
p> 0.

(i) The compact induction C-Indggx JHX(X,)[0]) is an irreducible supercuspidal repre-
sentation of G.

Moreover,

IModulo the center of G, this notion agrees with Henniart’s notion of very regular elements in the
unramified elliptic torus of GL, [Hen92] and with Chan—Ivanov’s generalization to other unramified tori in
p-adic groups in general [CI21b]. See Definition 4.2.

2This condition arises naturally for geometric reasons in [Lus04] and in subsequent work by others; in
these past purely geometric investigations, 0-toral is called regular. In this paper, 0-toral is the same as in
[FS21]. The reader is warned that 0-toral is called toral in Reeder [Ree08] and DeBacker—Spice [DS18], and
that in the present paper, toral is a much more general notion, see Definition 3.7.
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(i) The correspondence (S, 0) — c—Indng’O (HX(X,)[0]) preserves stability and X, gives

(&
a geometric realization of 0-toral supercuspidal L-packets a la DeBacker—Spice [DS18].

Allow us to immediately spoil the punch line relating this result and the discussion of
characterizations of representations & la Harish-Chandra: Theorem B is an application of
(a more precise version of) Theorem A.

We mention that when r = 0, the variety X, is a classical Deligne—Lusztig variety and the
conclusions of Theorem B are true for depth-0 characters 6 in general position: (i) is due to
Moy—Prasad [MP96], and (ii) is due to DeBacker-Reeder [DR09] and Kazhdan—Varshavsky
[KV06].

For 7 > 0, it was proved in [CI21b] that H}(X,,Q,)[¢] is an irreducible representa-
tion of SGx,o. The additional assertion in Theorem B(i) that its compact induction to G
is irreducible (and therefore supercuspidal) has been studied by various people in special
cases—for inner forms of GL,, [CI21a, CI19] and for x hyperspecial, r odd [CS17]—by tech-
niques totally different to ours (see Sections 7.3, 7.4 for further discussion). We remark
that the assumption p > 0 appearing in Theorems A and B originates from two distinct
sources: from constructions of supercuspidal representations (& la [Yu01, Kall9]) and from
a technical part of the proof of our characterization theorem (Theorem A). The condition
needed for our strategy is quite mild—we will prove in subsequent work that, at least for
Coxeter tori, the latter assumption is weaker than the former assumption. In particular, our
approach specialized to GL,, relaxes the p > n assumption in [CI19] to p > 2 (see Section
7.3). On the other hand, there are two settings in which our Theorem B(i) falls short of
existing results in the literature: for division algebras, this irreducibility was established for
arbitrary 6 with trivial Weyl stabilizer and all p in [Cha20, Theorem 7.1.2], and for general
inner forms of GL,, this irreducibility was established for O-toral 6 and all p in [CI21a,
Theorem 12.1], both via purely geometric techniques (see Remark 7.10 for more details).

We actually prove something stronger than the supercuspidality assertion of Theorem
B(i): we explicitly describe the supercuspidal C—IndgGx o (H¥(X;)[0]) in terms of Yu’s con-
struction and Kaletha’s reparametrization. This resolves a generalization of a question
of Lusztig on comparing the representations in [Lus04] with non-cohomological construc-
tions. Supercuspidal representations in the 0-toral setting had already been constructed
and parametrized by Adler [Ad198]; our choice to write our paper within Yu’s and Kaletha’s
framework is in anticipation of future work relaxing the genericity assumptions (toral, 0-
toral) on 6.

Now let us explain the content of Theorem B(ii) in the context of past works. Following
the construction of discrete series L-packets for real groups [Lan89] and of depth-0 L-packets
of p-adic groups [DR09, KV06], one could extrapolate that for supercuspidal representations
parametrized by characters 6 of elliptic maximal tori S, L-packets should be parametrized
by stable conjugacy classes of (S, #). Using Adler’s parametrization (S, 6) — (g g) of 0-toral
supercuspidal representations, Reeder [Ree08] verified constancy of the formal degree on this
packet of supercuspidals in the case that S is unramified. Later, DeBacker—Spice [DS18], still
working in the setting that S is unramified, proved that this packet of supercuspidals fails
(1) to satisty stability (see Section 8 for more details); to make it stable, they prove that
one must instead consider the twisted parametrization (S,0) — (g g.c/g)) by a quadratic
character £[f] which depends on (S, ). This stability result has been generalized to O-toral
supercuspidals corresponding to tamely ramified S by Kaletha [Kall9], whose theory of
regular supercuspidal representations develops a parametrization of a much larger class of
supercuspidals in terms of (S,0) and also demands a generalized twisting character e[6)].
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The contribution of Theorem B to this picture is that C—Indng’O (HX(X:)[0]) = 7(s,0-210))
so that in terms of the cohomologically arising parametrization of these supercuspidals, no
external twisting is required to obtain a set of supercuspidals satisfying stability from a
stable conjugacy class of (S, 6). We emphasize this point: the geometry seems to innately
know about the automorphic side of the local Langlands correspondence.

1.1. Outline of the paper. A subtle point throughout this paper is taking stock of what
assumptions one needs on p. For the most part, we have chosen to work in the greatest
generality possible for each ingredient going into this paper, especially so as to illustrate the
reasons various small primes are excluded. We collect a summary of these assumptions in
Section 2.

In Section 3, we recall Yu’s construction of supercuspidal representations and Kaletha’s
theory of regular supercuspidal representations. In particular, we recall how to associate to
a tame elliptic regular pair (S, ¢) a representation °ry of SGx, whose compact induction
is the irreducible supercuspidal representation 7r(s7¢)3. We warn the reader that in the
literature (for example, but not limited to, [Yu01l, AS09]), it is more popular to work with
a representation of the full stabilizer Gx of the point x; it takes some care to work on
SGx,0 C Gx instead, which we need to do for geometrically motivated reasons later. We
additionally relax the ellipticity assumption on Kaletha’s Howe factorization of tame elliptic
pairs (Section 3.3) and use this to state a geometric conjecture (Conjecture 6.5) later in the
paper.

Starting in Section 4, we assume that S is unramified. Sections 4 and 5 culminate in two
characterization theorems for toral characters—one for representations of SGx o+ (Theorem
5.13) and one for representations of SGx,o (Theorem 5.17, presented as Theorem A in the
Introduction). Of central importance in our analysis is a class of regular semisimple elements
of G called unramified very regular elements (a la [CI21b]); we denote by Syres the set of
unramified very regular elements contained in S. After reframing unramified very regular
elements in the context of normal r-approzimations (& la [AS08]), we prove the main result
of Section 4: a simple and explicit character formula for the SG o-representation °r4 on the
unramified very regular locus of SGx o (Proposition 4.11).

In Section 5, we only work with tame elliptic regular pairs (S, ¢) where S is unramified
and ¢ is toral. We prove our characterization theorems in this section. The linchpin that
makes our approach possible is the seemingly innocent Lemma 5.12 (see Lemma 5.15 for the
analogous argument for SGx o), whose content is the surprisingly simple and powerful trick
that by using a telescoping series, one can show that character values on unramified very
regular elements determine the representation on a pro-p subgroup. For all the arguments
in this section, we need to assume that Sy.s generates S as a group (the assumption (breg);
see Section 5.2). We show in Section 5.1 that this is the case if a certain inequality (x)
related to a density of the unramified very regular elements holds, and that (x) holds if
q > 0. Moreover, the bound on ¢ can be reduced to a calculation on reductive groups over
finite fields because of a transferring trick (Lemma 5.6).

Our focus shifts in Section 6, where we recall what is known about the F,-schemes X,
and their cohomology. In this section, we make no assumptions on p or on the ellipticity of
S. We recall the Drinfeld stratification [CI21c], which consists of subvarieties x" c x,
indexed by certain twisted Levi subgroups L containing S. We conjecture (Conjecture 6.5)

3As mentioned above, we will show that the geometric representation arising from an unramified 0-toral
pair (S, 0) coincides with the algebraic representation arising from the twisted pair (S, 6 - €[]). This is the
reason why a different symbol ¢ is used here; ¢ is intended to be taken to be 6 - £[6] eventually.
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that the Drinfeld stratification is the geometric version of the “stratification” on the set of
regular supercuspidal representations given by the Oth piece G of the Howe factorization.

We prove our main results about the cohomology of X, and its relation to supercuspidal
representations in Section 7; note that supercuspidality corresponds to ellipticity of S. In
our framework, this comparison is simply an application of Section 5 to the cohomological
representations discussed in Section 6. We compare H}(X,)[f] to the SGx o-representation
°rq in Theorem 7.2 and prove Conjecture 6.5 in the setting L = S in Theorem 7.6. We note
that since we obtain these results as corollaries of the characterization theorems, there is
an intriguing mystery surrounding the geometric representations H*(X,)[0] for the small p
excluded by Kaletha’s theory of regular supercuspidal representations [Kall9, Kal21]. We
make some comments about this in Section 7.4. In Section 7.3, we focus on the setting
G = GL,: we explicitly calculate the twisting character €[] and show that a stronger
version of the geometrically-proved supercuspidality results of [CI19] follows as a special
case (Corollary 7.9) of our comparison theorem (Theorem 7.2). For convenience, we include
a diagram depicting the main structure of the results needed to prove our comparison
theorems (Theorems 7.2, 7.5):

o Theorem 7.2 * =
SGx0 e Theorem 5.17) |H; (X;, Q0)[0]]
U I Theorem 7.6 | (Conjecture 6.5)
I I
SGx,0+ o Theorem 7.5 % ray
SOnor IS 0 o0 R 20X, 1 SGrxar T
U \
|
oKd Oﬁ:i ® ¢d

Here, the dashed vertical arrows indicate induction; these representations, all of which ap-
pear in Yu'’s construction, are recalled in Sections 3.1, 3.4. The horizontal equalities between
the “algebraic” and “geometric” columns hold by the indicated theorems (Theorems 7.2 and
7.5), each of which is a direct application of the parenthetically indicated characterization
theorems (Theorems 5.17 and 5.13).

In Section 8 we see the implications of our comparison theorem in the context of the
local Langlands correspondence. We discuss Kaletha’s construction of L-packets for 0-toral
supercuspidal representations and use our comparison to deduce (Theorem 8.2) that L-
packets of O-toral supercuspidal representations associated to unramified S are realized by
the natural correspondence arising via the cohomology of X,. This yields Theorem 8.3,
which is presented in the Introduction as Theorem B(ii).

Finally, in Section 9, we prove that toral supercuspidal representations associated to
unramified S are determined by their characters on Syreg (Theorem 9.1). The structure
of this argument has a similar flavor to the parahoric-level characterization theorems of
Section 5, but neither section implies the other logically. As mentioned in the Introduction,
Theorem 9.1 is a p-adic analogue of Harish-Chandra’s characterization of discrete series
representations of real groups, and is the first of its kind at this level of generality. In
particular, it allows one to characterize Kaletha’s construction of these L-packets purely in
terms of their character values on very regular elements of S.
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2. NOTATIONS AND ASSUMPTIONS

Let F be a non-archimedean local field with finite residue field Op/pp = F, of prime
characteristic p, where we write Op and pp for the ring of its integers and the maximal
ideal, respectively. We let F'"" denote the completion of the maximal unramified extension
of F. We write I'p for the absolute Galois group of F.

For an algebraic variety J over F', we denote the set of its F-valued points by J. When
J is an algebraic group, we write Zy for its center.

Let us assume that J is a connected reductive group over F. We follow the notation
around Bruhat—Tits theory used by [AS08, AS09, DS18]. (See, for example, [AS08, Section
3.1] for details.) Especially, B(J, F) (resp. B*4(J, F')) denotes the enlarged (resp. reduced)
Bruhat-Tits building of J over F. For a point x € B(J,F) = B*Y(J, F) x X.(Zj)r, we
write X for the image of x in B*4(J, F), and Jx for the stabilizer of X in J. We define
R to be the set RU {r+ | r € R} U {oo} with its natural order. Then for any r € R we
can consider the r-th Moy—Prasad filtration Jx , of J with respect to the point x. For any
r,s € @20 satisfying r < s, we write Jx ,.; for the quotient Jx ,/Jx, s. Recall that Jx .04 can
be regarded as the set J(F,) of F,-valued points of a connected reductive group J defined
over I, (such a group J can be realized as the reductive quotient of the special fiber of the
parahoric subgroup scheme attached to x, see [MP96, Section 3.2]).

2.1. Assumptions on F' and G. Let G be a tamely ramified connected reductive group
over F'| that is, G is a connected reductive group defined over F' which splits over a tamely
ramified extension of F. Unless otherwise stated, we will assume that p is odd, p is not bad
for G (in the sense of Springer—Steinberg, see [SS70, Section 4]), and that p 1 |71 (Gger)| and
p1 |7r1((A;der)|. There are a few sections in the paper where we either relax or strengthen
our assumptions on F'; we specify these subsections here:

e Sections 3.1, 3.4 hold with the relaxed assumption that p is odd, but this is incon-
sequential for us.

e Section 3.3 holds without any assumption on p except for Lemma 3.8.

e In Section 4.2, we assume that the condition (Gd®) of [AS08, Definition 6.3] is
satisfied by certain unramified maximal tori of G. This assumption is necessary for
appealing to the theory of Adler—Spice on the character formula for tame super-
cuspidal representations. It is known that this assumption is satisfied if p does not
divide the order of the absolute Weyl group of G (Remark 4.4).

e In Sections 5.2, 5.3, we additionally assume (vreg). This assumption is satisfied
when an inequality (%) related to the size of the residue field of F' holds. This
additional assumption is also needed in Sections 7, 8, 9, as these later sections rely
on various arguments presented in Sections 5.2, 5.3.

e Section 6 recalls geometric constructions of representations of parahoric subgroups
and holds with no assumptions on p. The discrepancy between this and the addi-
tional assumptions on p needed in other sections is an interesting point; we make
some remarks about this in Section 7.4.

3. TAME SUPERCUSPIDAL REPRESENTATIONS

In this section, we first briefly review Yu’s construction of tame supercuspidal represen-
tations (see [YuOl]; for an exposition, [AS09, Section 2]). Then, we summarize Kaletha’s
result ([Kall9, Section 3.4]) on a reparametrization of tame supercuspidal representations,
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which is based on the so-called Howe factorization for (certain) characters of elliptic max-
imal tori. We recall a part of Kaletha’s Howe factorization process in Section 3.3; we will
use this to state a geometric conjecture later (Conjecture 6.5). We finish with a discussion
of passing from the full stabilizer G to the smaller group SGx o in Section 3.4, especially
establishing some notation that will be used throughout the paper.

3.1. Yu’s construction of tame supercuspidal representations. The constructions of
this subsection hold with the relaxed assumption that p is odd. In [Yu01], Yu introduced the
notion of a cuspidal G-datum and to each such datum attached an irreducible supercuspidal
representation of G. Recall that a cuspidal G-datum is a quintuple

—

£ = (G, 0, 7.x, )
consisting of the following objects:

e G is a sequence G° C G! C --- C G = G of tame twisted Levi subgroups (i.e.,
each G' is a subgroup of G which is defined over F' and becomes a Levi subgroup
of G over a tamely ramified extension of F') such that Zgo/Zg is anisotropic,

e x is a point of B(G?, F') whose image x in B"(G°, F) is a vertex,

7 is a sequence 0 < rg < --- < rq_1 < rq of real numbers such that 0 < ry when

d>0,

. 5 is a sequence (¢o, ..., ¢q) of characters ¢; of G* satisfying

— for 0 <i < d, ¢; is G'T'-generic of depth 7; at x, and
— for i =d,

depth, (¢q) =rq if ra—1 < rq,
(bd =1 if Td—1 = Td,
e pf, is an irreducible representation of GY whose restriction to Gg’o contains the
inflation of a cuspidal representation of the quotient G .o, .
We note that B4(G?, F) can be regarded as a subset of BY(G*, F) for any 0 < i < d
thanks to the assumption on Zgo/Zg (see [YuOl, Remark 3.4]). In particular, we may
regard x € B4 (GO, F) as a point of B*4(G*, F) for any 0 < i < d.
Following [Yu01], the tame supercuspidal representation s, associated to ¥ is constructed
as follows. We first put
. (To Td
(80,...,Sd) = (?,,?)

and define the subgroups K¢, J?, and er of G for 1 <i < d by
Ki = Gg(GO, e ,Gi)x7(0+750)m75171),
Ji = (Gi_lﬂ Gi)xy(ri—lysi—l)’

Ji = (GZ_17GZ)X7(T1‘—1751’—1+)’
where the right-hand sides denote the subgroups associated to pairs consisting of a tame
twisted Levi sequence and an admissible sequence (see [Yu01, Sections 1 and 2]). Note that
we have K*t1 = K*J"+1 For i = 0, we put

K9 := QY.

Then we construct a representation pj ; of K +1 from p} of K inductively in the following

manner. By investigating the quotient J*/J% (which has a symplectic structure derived from

the character ¢;_1), we obtain a finite Heisenberg group as a quotient of the group J¢. Then,

as a consequence of the Stone-von Neumann theorem (together with the liftability of an
9



associated projective representation to a linear representation), we obtain a Heisenberg—Weil
representation ¢; of the semi-direct product G% x Ji*1. The tensor representation

(Dilkinesien) @ ((0f ® dil i) x 1)
of K% x Ji1 descends to K¢Ji*! = K**! (factors through the canonical map K® x J*! —
K'J"t1), and we define the representation p/, ; of K'*! to be the descended one. We define
Y (= C-IndIG@z p& & ¢d-

This representation is irreducible [YuO1, Fin21la] and hence supercuspidal. The irreducible
supercuspidal representations of GG obtained from cuspidal G-data in this way are called
tame supercuspidal representations.

We also recall the definitions of a few more groups and representations which will be
needed later (for describing the Adler—Spice character formula in Section 4):

Kdi = Gi’cilGic,O%» (KUO = G?Z)’

Gi-lgi
~ x x,8i—1 [/
pi = IndKI pia
. Ko, Ko, ~/
o; = Ind 7" p} (= IndGi—lGi Pi)s

X,8; -1
el ~ GL

We finally recall the notion of a generic reduced cuspidal G-datum due to Hakim-—
Murnaghan ([HMO08]). By the theory of Moy—Prasad, the induced representation

0
71 = c-Ind%o pf)

is an irreducible depth-zero supercuspidal representation of G° ([MP96, Proposition 6.6]).
Conversely, any irreducible depth-zero supercuspidal representation m_; of G° is obtained
by the compact induction of a representation pj, satisfying the condition mentioned above
in a unique (up to conjugation) way ([MP96, Proposition 6.8]). From this observation
we conclude that the triple (éﬂr,l,d_)') is essentially equivalent to the original quintuple
(é,q;, 7, X, pp). In [HMO8], Hakim—Murnaghan called such triples generic reduced cuspidal
G-data and defined an equivalence relation called G-equivalence on them. Here we do not
recall the definition of the G-equivalence (see [HMO08, Definition 6.3]). The important nature
of this equivalence relation is that it describes the “fibers” of Yu’s construction: for two given
generic reduced cuspidal G-data ¥ and ¥/, the associated supercuspidal representations ms,
and 7y are isomorphic if and only if two data ¥ and ¥/ are G-equivalent. In other words,
Yu’s construction gives the following bijective map:

{irred. s.c. rep’ns of G}/~

U

= {tame s.c. rep’ns of G}/~

{gen. red. cusp. G-data}/G-eq. T
3.2. Kaletha’s reparametrization of tame supercuspidal representations. We first
recall Kaletha’s classification of regular depth-zero supercuspidal representations. Let G° be
a tamely ramified connected reductive group over F' which belongs to a tame Levi sequence
G = (G C G! C ---) as in the previous subsection. Let us suppose that we have an
irreducible depth-zero supercuspidal representation 7_; of G°. Then, by the theory of Moy
Prasad ([MP96]), there exists a point x € B(G?, F) such that its image x in B*4(G°, F)
is a vertex and the restriction W,l\Gg , contains the inflation of an irreducible cuspidal
10



representation x of G}0(,0:O+' Note that such a pair of x and k is essentially unique (up to
“association” in the sense of Moy—Prasad; see [MP96, Theorem 3.5]). We put G2 to be the
connected reductive group over F, obtained by taking the reductive quotient of the special
fiber of the parahoric subgroup scheme attached to x. Then we have a natural identification
G2 (Fy) = Gg,o:o +- By Deligne-Lusztig theory, the cuspidality of x implies that there exists
a unique (up to G2(F,)-conjugation) pair (S, $) of

e an elliptic maximal torus S of G2 defined over F,, and

e a character ¢ of S(F,)

such that the associated Deligne-Lusztig representation :th E)‘(gb) contains k.

By [Kall9, Lemma 3.4.4] (due to [BT84, Proposition 5.1.10], cf. [DeB06, Section 2.2-
2.3]), there exists a maximally unramified (in the sense of [Kall9, Definition 3.4.2]) elliptic
maximal torus S of GO defined over F whose connected Néron model has S as its special
fiber. We let Ngo(S) be the normalizer group of S in G° and put

Weo(S) := Neo(S)/S.
Following Kaletha [Kall9, Definitions 3.4.16 and 3.4.19], we say
e the character ¢ is regular if the stabilizer of ¢ in Wgo(S) is trivial, and

e the irreducible depth-zero supercuspidal representation m_; is reqular if ¢ associated
to m_1 in the above manner is regular

(note that the group Weo(S) acts on the group of characters of S(FF,) since we have
So.0+ = S(F,)). In summary, we may associate a pair (S,¢) to each irreducible depth
zero supercuspidal representation 7_; of G° and define the notion of regularity for 7 by
looking at the pair (S, ®).

Remark 3.1. If ¢ is regular, then it is in general position in the sense of Deligne-Lusztig
— 0o _
[Kall9, Fact 3.4.18]. If ¢ is in general position, (—1)7'(8)_7'(G?<)Rgx(q/)) is an irreducible
representation, where r(S) and r(G2) are the split ranks of S and G2, respectively. Thus x
o _
is necessarily equal to (fl)r(s)’T(Gg)Rg *(¢) itself. Furthermore, the orthogonality relation

of Deligne-Lusztig ([DL76, Theorem 6.8]) assures that such a pair (S, ¢) is unique up to
G2 (F,)-conjugacy. Hence (S, $) is unique up to G?c’o—conjugacy.

We next consider the “converse” of the above procedure. Let us suppose that we have
a maximally unramified elliptic maximal torus S of GY and a regular depth-zero character
$_1 of S, i.e., the character ¢ of Sp.04 = S(F,) induced from ¢_; is regular in the above
sense. Since the torus S is elliptic, it canonically defines a subset A™4(S, F) of B4 (G, F)
consisting of only one point. More precisely, .A™4(S, F') consists of the unique Frobenius-
fixed point in the reduced apartment A™4(Spur, F¥) C B*4(GO, FU) of the maximal F%-
split torus Spur of Gpur (see the paragraph before [Kall9, Lemma 3.4.3]). We take a point
x € B(GY, F) whose image x in B*4(G?, F) equals this unique point of A*4(S, F'). Note
that then S normalizes G?w and we have S C GJ. As explained in Remark 3.1, from the
pair (S, ®), we get an irreducible cuspidal representation

r —r(G? Gﬂ 0

ris. = (F1)"O TR ()
of GL(F,). In [Kall9, Section 3.4.4], Kaletha constructs an extension of (the inflation of) the
representation r(g ) to SG‘,)(’O in a geometric way. Let k(s,4_,) denote the extended repre-
sentation of S G%O. Now Kaletha’s classification theorem of regular depth zero supercuspidal

representations is summarized as follows:
11



Proposition 3.2 ([Kall9, Lemma 3.4.20 and Proposition 3.4.27]). The representation
G° — G°
T(s,6_1) = cIndggo  Ks.g_)

is an irreducible depth-zero reqular supercuspidal representation of G°. Conversely, every

irreducible depth-zero regular supercuspidal representation of G is obtained in this way.
0 0

Furthermore, two such representations W(C; 6 1) and W(C;, ¢ ) are isomorphic if and only if

the pairs (S,¢_1) and (S',¢"_;) are G°-conjugate.

We now return to tame supercuspidal representations. Let ¥ = (é, m_1, 5) be a generic
reduced cuspidal G-datum and 7y its associated supercuspidal representation of G. We
call X regular if m_, is regular. We call ns; a regular supercuspidal representation if X is
regular. Let us suppose that ¥ is regular. Then, thanks to Proposition 3.2, we have a pair
(S, ¢_1) consisting of a maximally unramified elliptic maximal torus S of G° and a regular
depth-zero character ¢_1 of S satisfying m_; = 77(%:571). We put G~! := S and define a
character ¢ of S by

d
¢ = H Pils-

i=—1

Kaletha’s reparametrizing result is as follows:
Proposition 3.3 ([Kall9, Proposition 3.7.8]). The map
(éa T—1, 6) — (S7 (b)

defined in the above manner induces a bijection from the set of G-equivalence classes of

reqular generic reduced cuspidal G-data to the set of G-conjugacy classes of tame elliptic
reqular pairs in G.

Remark 3.4. Note that we need our baseline assumptions on p (p odd, p not bad for G, p {
|7r1(ader)\7 and p 1 |71 (Gaer)|) for this proposition, especially in establishing the surjectivity
part of the map (this is called the “Howe factorization” process, which will be recalled more
precisely in the next subsection). One crucial step in proving [Kall9, Proposition 3.7.8] is to
establish [Kall9, Lemma 3.6.8], whose proof utilizes a technical result of Yu concerning the
genericity of characters [Yu0l, Lemma 8.1]. The assumption required by [Yu0l, Lemma 8.1]
is that p is not a torsion prime for the root datum of the dual group G, which is equivalent
to that p is not bad for G and does not divide the order of \m(aderﬂ. Therefore we need
to assume p 1 |7r1(ader)\ in addition to the non-badness for the root datum of G imposed
in the beginning of [Kall9, Section 3.6]. This subtlety is carefully explained in [Kal21]. See
[Kal21, Section 4] for details.

Recall that a pair (S,¢) of a maximal torus S of G defined over F' and a character
¢: S — C* is called a tame elliptic reqular pair if it satisfies the following conditions
([Kall9, Definition 3.7.5]):

e S is a tamely ramified elliptic maximal torus of G,
e the action of the inertia subgroup Ir of Gal(F/F) on the root subsystem

R0+ = {O[ S R(S, G) | ¢|NTE/F(0N(E6<+)) = ]]_}

of the root system R(S,G) preserves a set of positive roots, where
— F is the minimal extension of F' splitting S, and
— Nrg/ is the norm map S(E) — S(F),

12



e the restriction ¢|g, has trivial stabilizer for the action of the group Wgo(S), where

G? C G is the reductive group with maximal torus S and root system Rg. .
According to Proposition 3.3, we conclude that (isomorphism classes of) regular super-
cuspidal representations bijectively correspond to (G-conjugacy classes of) tame elliptic
regular pairs. Let m(g 4) denote the representation corresponding to a tame elliptic regular

pair (S, ¢).
{gen. red. cusp. G-data}/G-eq. = {tame s.c. rep’'ns of G}/~
) )

{regular gen. red. cusp. G-data}/G-eq. BRI {regular s.c. rep’ns of G}/~

1:1 | (Prop. 3.3)
I P (S,0)—>m(s,0)

{tame elliptic regular pairs}/G-con].

Remark 3.5. If we take a cuspidal G-datum (é,d_)', 7, X, py) corresponding to (é,w,l,g),

then we have m_; = C—Indg; o (recall that K° = G2). On the other hand, since we have
0

- 71'(%271) = c—Indngo , F(S,6_1), We may suppose that

) G
Po = Indsag , fs,0-1)-
Finally we introduce the notion of Howe-unramifiedness as follows:

Definition 3.6. If a regular supercuspidal representation 7 is associated to a tame elliptic
regular pair (S, ¢) with unramified S, we say that = is Howe-unramified.

3.3. Tame twisted Levi sequence associated to a character. As the surjectivity part
of Proposition 3.3 shows, we may associate to any tame elliptic regular pair (S, ¢) a sequence
of tame twisted subgroups G = (G™1,...,G%) and a sequence of characters (¢_1, ..., dq).
Indeed, in the proof of Proposition 3.3 ([Kall9, Proposition 3.7.8]), Kaletha gives a con-
struction of such sequences explicitly. As explained in Section [Kall9, Section 3.6], this can
be understood as a generalization of the Howe factorization, a factorization of characters of
S defined in the GL,, setting in his construction of supercuspidal representations of GL,,.
The Howe factorization comes with an associated sequence of subgroups which capture the
relative genericity of the individual factors in the product. Although the characters in this
factorization are not unique, the associated subgroups are. In this section, following [Kall9,
Section 3.6], we recall how the Howe factorization attaches a tame twisted Levi sequence
to a tame elliptic regular pair. In fact, we may work in a more general setting; let S be
a tamely ramified maximal torus of G defined over F' and 6 a character of S. Hence here
(S, 0) is allowed to be a pair which is not tame elliptic regular.
For r € I§>O, we define a subset R, of R(S, G) as in [Kall9, 1107 page, (3.6.1)] by

Ry i={a € R(S,G) [blx,, o (avmry = 1

where F is the splitting field of the torus S. Note that Ry, introduced in the definition of a

tame elliptic regular pair is nothing but a special case of R, where r is taken to be 0+. We

let 74—1 > -++ > r1 > ro be the real numbers satisfying R, C R4 (in particular, r4_; is the

real number satisfying R, , C R,,_,+ = R(S,G)). We put r4 := depth(f) and r_1 := 0

(note that rq > ry_ since R,,+ = R(S,G)). Let G° C --- C G9! be the tamely ramified

reductive subgroups of G corresponding to the sequence R, C --- C R,., , (i.e., each G is
13



the reductive subgroup of G which contains S and has R,, as its roots). We put G™1 := S
and G? := G so that we have G™! ¢ G® C --- € G9~1 C G?. When we want to emphasize
the dependence on (S, ), we write G*(S, ) for the i-th subgroup G* associated to (S, 0)
via the Howe factorization.

We introduce the notion of torality and 0-torality as follows:

Definition 3.7. Let S be a tamely ramified maximal torus of G defined over F'. Let 6 be
a character of S.

(1) We call 6 a toral character if GY(S,6) = S.
(2) We call 6 a 0-toral character if d = 1 and G°(S,0) = S (i.e., G consists only of
G’ =S and G! = G).

We note that, under the assumption that p is not bad for G, each G¥(S, ) is a tame
twisted Levi subgroup of G by [Kall9, Lemma 3.6.1].

We now return to the setting of elliptic S. The following lemma will be useful for us,
especially in Section 7. We warn the reader that this lemma does not hold for arbitrary p!
We discuss subtleties regarding small residue characteristic in Section 7.4.

Lemma 3.8. Let (S,60) be a tame elliptic reqular pair. If 6 is a toral character of S, then
O]s,. has trivial Wq(S)-stabilizer.

Proof. By [Kall9, Proposition 3.6.7], 6 has a Howe factorization. To be more precise, let G
denote the twisted Levi sequence G = (G™1,...,G%) attached to 6 as above. Then, there ex-
ists a sequence § = (0_1,...,04) of characters 0; of G' such that § = Hf:_l 0;|s and we have
a regular generic reduced cuspidal G-datum ((G°,...,G%),7_1, (fo,...,04)), where 7_; =
7% - By [Kall9, Lemma 3.6.5 (2)], we have Staby,s)(0]s,,) = Stabw, (s)(0-1]s,, ) =
Weo(8S), where the last equality holds since §_1|s,, is trivial. The conclusion clearly follows
as 6 being toral (i.e., G’ = S) implies that Wgo(S) is trivial. O

3.4. Point stabilizer vs. parahoric subgroup. Let (S,¢) be a tame elliptic regular
pair. As explained in Section 3.2, this pair gives rise to a G-equivalence class of cuspidal

~

G-data; let X = (é,(/_)', 7,X, py) be a representative of this equivalence class, where p{ =

0
Indgé?(’0 K(s,¢_,)- Recall that, in Section 3.1, we considered the groups

G! > K, >GIGl O K'

X,8;—1
and defined the representations 7;, o;, and p; by inducing p}:

i1 i
Gx Gx~31,—1 /

= Ind; P

o

. G;ic . i ~/ ~/
7 i=Indg” o, ® ¢, 0; = IndG,;_lGi Dis Py
i S X,85_1

For our convenience, we also introduce the following slightly smaller groups by replacing
the role of G% with SG% :
14



Gi ) SGi
U u
Ko, = G;71G2,0+ > Ko, = SGiTolG;,0+
U u
Gy 'G. SGi G
X X,8i—1 ) x,0 Mx,5;_1
U u

K= G?—((GO, ey Gi)x7(0+7507m75i71) O °Kti= SGQ,O(GO, ey Gi)x7(0+750,m75i71)
We define a representation % of SGY, by

Po = K(s.o_1)
and construct representations °} of °K* in the same manner as before starting from

instead of pf,.
Let us recall the following general lemma:

Lemma 3.9 (projection formula). Let G be a locally profinite group and H a closed sub-
group. For any smooth representation m of G and smooth representation T of H, we have

nd$ (7|g @ 7) 2 7 ® (Ind$ 1)

Proof. Let Rep(G) (resp. Rep(H)) denote the abelian category of smooth representations
of G (resp. H). We fix a smooth representation w of G. By Frobenius reciprocity and the
Hom-® adjointness, we have a canonical isomorphism

Homg (p, d% (r|g ® 7)) = Homp (p|g, 7|y @ 7) = Homp ((p@ 7")|a, 7)

for any p € Rep(G) and 7 € Rep(H), which is functorial in both variables. On the other
hand, again by the Hom-® adjointness and Frobenius reciprocity, we also have a canonical
and functorial isomorphism

Homg (p, 7 ® (Ind$ 7)) = Homg(p ® 7, Ind$ 7) = Hompy ((p®@ "), 7).

This implies that both the functors Ind$ o(n|g ® (—=)): Rep(H) — Rep(G) and (7 ® (=)) o
Ind$: Rep(H) — Rep(Q) are the right adjoint to the functor Res$ o((—)@7Y): Rep(G) —
Rep(H). Thus we conclude that these two functors are isomorphic by the uniqueness of the
adjoint functor. In particular, we get Ind% (7| g ®7) = 7® (Ind$ 7) for any 7 € Rep(H). O

The relationship between p; and %) is described as follows.

Lemma 3.10. The K®-representation p), is isomorphic to the induction of the °K‘-representation
Op; . V

0
Proof. Tt follows from the definition of %y that we have p{ = Indgég NLCREE hence the

assertion for i = 0 follows. Let us check the assertion for i + 1 by assuming its validity for
i. Recall that the representation pj ; is the push-forward of

(Gil kincsien) @ ((0f ® dil i) x 1)
via the canonical map K* x J'*! — K*J'*! = K1 Similarly, the representation %/, is
the push-forward of

(ilorciw sit1) @ ((°; @ @ilorci) x 1)
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via the canonical map °K*® x Ji*1 — °K?Ji*l = °K+1  Noting that (p} ® ¢i|gi) x 1 =
(pi x 1) ® (¢h;| g+ x 1), it is enough to check that we have

Ide;iMD(J;:rJrll ((Qgi|°Ki><Ji+1) ® ((op;' ® ¢i|°Ki) X ]l))
= (il i git1) @ ((pf x 1) ® (¢l i x 1)).

Obviously ¢g|ocin si+1 is the restriction of ¢;| iy jiv1 and @glog: is the restriction of ¢ .
Hence, by Lemma 3.9,

i it ~ o
Ind5 20 <(¢i|°Ki><Ji+1) @ ((%; ® piloxci) x 1))
~ i i+1 °
> (Gilkingit1) ® ((Indﬁﬁﬂjjm( p; % 1)) ® (¢l x 1))-
As we are supposing that p} = Indf;i °pl, we get Indf;ij;:l (% x 1) = pl x 1. O

We define representations °r;, °o;, and %/ by inducing %}:

SGi oK, . . SGL G,
°r; = IndoKai’O o @ ¢y, 0y 1= IndSGj:j}G; L Di Py i=Indgy, ' %l
Then Lemma 3.10 implies that
. i—1 ~i
~ G% ~ Ko, ~ ~ x x,8;-1 o~/
T 2 IndSGi,o °r, o = IndoKUi oi, Py IndSGifolGi,sFl Dy
Gz—( D) SG;O T ——— -
~ +
U U | |
K, > °Kq, 0 QP ¢ — —0; D P;
u U i T
i—1 i i—1 i ~ ~
GEGL, D SGRCL.., Aot --Fos
N ~
U_ U' | |
K* D) °K* PR it — =P @ P

4. ADLER—DEBACKER—SPICE’S CHARACTER FORMULA

The purpose of this section is to give a character formula for a crucial intermediate rep-
resentation used in Yu’s construction of supercuspidal representations, following the theory
of Adler-DeBacker—Spice ([AS09, DS18]). We first note that several technical assumptions
on p are required so that their theory works well (see [AS08, Section 2]), but it is enough
to assume only the oddness and the non-badness of p whenever G is tamely ramified (see
[Kall9, Section 4.1]).

We focus on the setting of Howe-unramified regular supercuspidal representations. To
this end, let (S, ¢) be a tame elliptic regular pair such that

S is an unramified elliptic maximal torus of G.

Let (é,ﬂ,l,g) be a regular generic reduced cuspidal G-datum corresponding to (S, ¢)
as in Section 3.2 and recall the various intermediate representations described in Section
3.4. In Section 4.2 we give a simple character formula (Proposition 4.11) for the SGx,o-
representation °r4 on the locus of unramified very regular elements (Definition 4.2, following
[CI21Db]).
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4.1. DeBacker—Spice’s invariants. In this section, we recall several invariants introduced
by DeBacker—Spice in [DS18, Section 4.3] to describe the characters of tame supercuspidal
representations.

Let J be a connected reductive group over F'. We take a maximal torus Ty of J defined
over F. Then we get the set R(J, Ty) of absolute roots of Ty in J which has an action of
the absolute Galois group I'r of F'. For each a € R(J,Ty), we put I'y, (resp. I't,) to be
the stabilizer of a (resp. {£a}) in T'r. Let F, (resp. Fi,) be the subfield of F fixed by T,
(resp. I'1q):

FCF.,CF, +— TpDIliyDTl,.

e When F, = F.,, we say « is an asymmetric root.
e When F, 2 F.y,, wesay « is a symmetric root. Note that, in this case, the extension
F,/Fy, is necessarily quadratic. Furthermore,
— when F,/Fy, is unramified, we say « is symmetric unramified, and

— when F,/Fy, is ramified, we say « is symmetric ramified.

Note that a root « is symmetric if and only if the I'p-orbit of o contains —a. We write
R(J,T5)%™, R(J,T3)sym, R(J, T3)sym,ur, and R(J, T3)sym ram for the set of asymmetric
roots, symmetric roots, symmetric unramified roots, and symmetric ramified roots, respec-
tively.

According to [DS18, Definition 3.6], for each a € R(J,Tj) and a point y € B*¢(J, F),
we define a set ordy « of real numbers by

ordy a :={i € R| go(Fa)y,i:i+ # 0},
where g,, is the root space of « in the Lie algebra g of G and go(Fu)y,i := 8(Fa)y,i N8a(Fa).
Then, for a positive real number r € Ry, we define a subset R; /2 of R(J, Ty) by
Rg:,r/z ={a € R(J,Ty)|r/2 € ordy a}.
For an element 6 of Ty = T(F), we put
RJ )2 =1 € R(J,Ty) [ a(d) # 1, (r —ords a)/2 € ordy a},

y,(r—ords

where ords o := ord(a(d) — 1).
Now let us recall the definition of the invariants €™, €sym ram, and € ([DS18, Definition
4.14]). Let § be an element of the maximal bounded subgroup of Tj.

e We first define a sign £,(0) for an asymmetric or symmetric unramified root « as
follows:
— For an asymmetric root « € R(J, Ty)

€a(d) == (%i)) ,

where ( i ) is the unique nontrivial quadratic character of the multiplicative

Sym - we put

group k‘;a of the residue field kg, of F,.
— For a symmetric unramified root o € R(J, Ty)sym ur, We put

a0) = (3B),

Fo

where (ﬁ) is the unique nontrivial quadratic character of the kernel kf, of

the norm map Nry,. /.., ky

a

X
- kFia'
17



Here, in both cases, a(J) belongs to O since ¢ belongs to the maximal bounded

subgroup of Ty. Thus we can take its reduction «(d) € k;u. Note that, in the latter
case, the definition makes sense since a(d) always belongs to the kernel of the norm

map Nrp, /g, .2 FS — F{,, hence a(d) € kp, .
Then we define

Esym(J7TJ7r7 6) = H Ea((;)7
a€lp x {£1\(R]  ,NR(J, T)=¥™)

5sym,ur(']a Ty, 6) = H Ea (5)’

Q€T P\(RY NI, Ta)eym,ur)

(I, Ty, r,0) := eI, Tys,7,9) - €sym,ur(J, T3,7,0).
Here the index set of the first product denotes the set of orbits under the action of
I'rp x {£1} (the action of —1 € {£1} is given by o — —a).
o We put €sym ram(J, T3,7,6) to be the product of
ran o)™ a o 9
(—1)™ kry o (J+a) 1(_®)f (k;a ) bgnFi(,(Jia)
over o € FF\(R‘;, (r—ordg)/2 N R(J, Ty)symram). We do not recall the definitions of
various symbols appearing here (see [DS18, Definition 4.14] for the details). We
only remark that the index set is empty when Ty is unramified. In particular,
Esym,ram (J, T3, 7,0) is always trivial as long as Ty is unramified.
e We put
&3, Ty, 7,8) i= (—1)/ TP\ morag ol
Remark 4.1. (i) When Ty is elliptic in J, for any § € Ty, the image «(d) of § under
the root a: Ty(Fu) — F; belongs to Of, . Hence the above definition makes sense
for any § € Ty and ™™ (J, Ty,r,d) defines a character on Tj.
(ii) By definition, all of €™ (J, Ts,7,6), €symram(d, T3,7,6), and &(J, Ty,r,0) are in-
variant under J-conjugation ([DS18, Remark 4.18)).

4.2. Character values at unramified very regular elements. Let (S, ¢) be a tame
elliptic regular pair. We take a regular generic reduced cuspidal G-datum

= -, 0
(Gm1,0):=(G'CG' ¢ Gl ma=nly ). (0., 0a))
corresponding to (S, ¢) as in Section 3. In the following, we assume that
S is an unramified elliptic maximal torus of G.

Let us list a few consequences of this assumption:

e Recall that, in general, S is a maximally unramified maximal torus of GY. Thus
the unramifiedness of S implies the same of G? (and the converse also holds). Note
that then G!,..., G¢ are also unramified.

e Let x be a point of B(GY, F) whose image % in B4(G?, F') is associated with S.
Then we have

Gy D SGY = ZgoGy g = ZcGY .

(This follows from the property S = SpZg, see [Kalll, Lemma 7.1.1]).
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e Thanks to the equality SGY , = ZgGY o, Kaletha’s extension rs 4 _,) of the rep-
resentation kg g of GY o to SGY  is simply described as follows: for g = z - go €
ZcGY ), we have

K(s,p_1)(9) = ¢-1(2) - K(s,5)(90)-

Following [CI21b], we introduce the notion of the unramified very regularity for elements
of SGx,o as follows:

Definition 4.2. We say that an element v € SGx o (= ZgGx,0) is unramified very reqular
(with respect to S) if it satisfies the following conditions:

(1) ~ is regular semisimple in G,

(2) the connected centralizer T, := Cg(7)° is an unramified maximal torus of G such
that the set A(T,, F) of Frobenius-fixed points of the apartment A(T. pur, F"")
associated with T, pur contains the point x, and

(3) a(y) #1 (mod pp) for any root a of T, in G.

The purpose of this section is to give an explicit formula for the character o, of °ry at
unramified very regular elements of SGx o (Proposition 4.11). Our formula is just an easy
consequence of the theory of Adler-DeBacker—Spice (established in [AS09] and [DS18]) and
not new at all. However we have to be careful of the following points:

e for our purpose, we want to compute the character of °r4, not 74 as in [AS09], and
e in the full character formula [AS09, Theorem 7.1], the index set is expressed via a
set of conjugates of 7y, not a set of elements conjugating v as in Proposition 4.11.

For these reasons, we cannot deduce the formula of Proposition 4.11 from the results of
[AS09] immediately. What we will do in the following is just to repeat the proofs of [AS09,
Theorems 6.4 and 7.1] while paying attention to these points. However, we note that most of
delicate computations carried out in [AS09] can be skipped by focusing only on unramified
very regular elements.

We start from checking that every unramified very regular element of SGx o satisfies the
following basic properties necessary for the computation of Adler—Spice:

Lemma 4.3. Let v be an unramified very reqular element of SGx . We assume the condi-
tion (GAY) of [AS08, Definition 6.3] is satisfied by the mazimal torus T, of G. Then, for
any r € R>g,

(i) v has a normal r-approzimation in the sense of [AS08, Definition 6.8], and

(ii) the point x belongs to the set B.(vy) defined in [AS08, Definition 9.5].

Proof. Since we have SGx g = ZgGx,0 by the unramifiedness of S, it is enough to treat the
case where v € Gy 0.

When r = 0, by definition, any element of Gx has a normal 0-approximation ([AS08,
Definition 6.8]). Furthermore, since we have

Bo(y) :={y € B(G,F) |7y =¥}
([AS08, Definition 9.5]), the assertion (ii) is obvious.

In the following, we consider the case where r > 0. We first check the assertion (i).
Since v belongs to Gx,o, in particular it is bounded. Moreover, by the unramified very
regularity, v belongs to an unramified torus T, which satisfies the condition (GdG) by the
assumption. Hence 7 has a normal r-approximation by [AS08, Lemma 8.1]. More precisely,
by applying [AS08, Lemma 8.1] to G’ = G,d =0, r = r, and S = T, we can find a
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normal r-approximation of v. Note that we do not need to check the assumption that 50+

is contained in the image of Gy of [AS08, Lemma 8.1] by applying Spice’s topological

Jordan decomposition ([Spi08]) to v itself instead of 7 in the proof of [AS08, Lemma 8.1].
We take a normal r-approximation (7y;)o<i<r of v and put

V<r = H vi and Vor =7 ’727}
0<i<r
We next check that the point x belongs to the set B,.(v). For this, we recall that the set
B, (7) is defined by

B.(v) = {y € BCS (1), F) | Z& (N Gy, # 2}

Here the group Cg)('y) is defined by

c8=( N Catn)

0<i<r

and Zg ) (7) denotes the group consisting of the F-valued points of the center of Cg)(v).
We note that the depth-zero part g of v is regular semisimple in G by the unramified very
regularity of v. Indeed, by the definition of a normal approximation, we have

a(y) =a(yer - 72r) = [ @) alr=r) = aly) (mod pr)
0<i<r

for any root o of T in G. Since a(y) # 1 (mod pr), also a(y) # 1 (mod pr), hence in
particular 7p is regular semisimple. Hence the connected centralizer Cg(vp)° of 70 in G is a
maximal torus. By noting the commutativity of « with 7y, we see that Cg(7p)° is nothing
but T. Thus the group C’g ) (7y) is contained in Cg(79)° = T. On the other hand, again by
the definition of a normal r-approximation, there exists a tame torus T such that, for every
0 <i < r,; is contained in T. As 7y is regular semisimple, this torus T is necessarily equal
to T,. By this observation, we know that each group Cg(7;) contains T,. In conclusion,
we have

CO(y) =T, and Z%(y)=T,.

By the unramified very regularity of v, the building B(C’g)(fy),F ) contains the point x.

Moreover, obviously the intersection Zg ) (7)y N Gx,» appearing in the definition of B, () is
not empty (both Zg)(v)v =T,y =T, and G, contain 1). O

In the following, we assume that

for any unramified very regular element v € SGx o, the torus T, satisfies
the condition (Gd%).

Remark 4.4. (1) According to [Fin21b, Theorem 3.6], when p does not divide the order
of the absolute Weyl group of G, the condition (GdG) is satisfied by any maximal
torus of G. (In fact, this condition on p can be slightly weakened more, see also
[Fin21b, Remarks 3.4 and 3.7].)

(2) When G = GL,, the assumption (Gd“) is satisfied by every unramified maximal
torus S without any condition on p. Indeed, such S is isomorphic to Hi‘:1 Resg,/r Gm
for unramified extensions F;/F satisfying Zizl[Ei : F] =n. Hence S, (resp. Syirt)
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is given by [T._, B}, (resp. M., E}....). The set of roots of S in G is indexed by
the set

{(O’Z‘,O'j) | 0; € Gal(Ez/F), 0 S Gal(EJ/F) such that a; }é O'j}.

For any element v = (v;); of S = Hizl E, its image under the root corresponding
to (0;,0;) is given by o;(7;)/0;(7;). We fix a uniformizer wr of F' (hence of E;)
and regard kp as a subset of E via the Teichmiiller lift. Then, by the above
description of the set of roots of S in G, we can easily check that (1 + @wh(;); € Sy
is a good element of depth r for any (¢;); € Hﬁzl kg,. Furthermore, any coset in
Sy.ry contains such (1 + @wh(;); € S, for some (¢;); € Hi:l kg,.

Lemma 4.5 ([Kall9, Corollary 3.4.26]). Let vo be a regular semisimple element of SGY
whose image in G2y is topologically semisimple. Then the character @'ﬂs,d»,l) (70) of K(s,g_1)
at yo is zero unless g s SG%O—conjugate to an element of S. When 7y is an element of S,
we have

@n(sﬂ(,)_l)(’m) = (—l)T(GO)_T(S) Z o—1(" ),

QUEWGO o (8)

where

o 7(GY) and r(S) are the split ranks of G and S, respectively,
* Wgo (S)=Ngo (S)/So, and

w

o Yy = wyow ™! denotes the w-conjugate of Yo.

Remark 4.6. As discussed in [Kall9, Proof of Propositions 3.4.23 and 3.4.24], r(G°) (resp.
r(8S)) is equal to the split rank 7(G2) of G (resp. 7(S) of S).

Lemma 4.7. Lety € °K? = SG?QO(GO, RN Gd)x,(o-s-,so,...,sd,l) be an unramified very reqular
element. Then v is °K%-conjugate to an element of SG?QO.

Proof. Let v be an unramified very regular element of °¢. By Lemma 4.3, we can take
a normal s4_j-approximation to 4 and then x belongs to Bs, ,(y). Then, by applying
[ASO8, Proposition 9.14] to r = s4_1 and (G/,G) = (G491 G), there exists an element
k € [v;%x,84-1]ga satisfying kZéSd‘l)(’y) = ngd‘l)(v)kfl c G4t

Here we recall that, for a connected reductive group J over F' and an element § € J
having a normal t-approximation (¢ € R>q) with respect to y € B(J, F), the group [0;y, ],

is defined to be the group J, & ([AS08, Definition 5.14]) for
— J:=(CY7(6))0<i<t, and

— 8= (i)o<i<t
(see [AS08, Definition 6.6] or [AS09, Section 1.4]). Since our 7 is unramified very regular,
we have
N T, 0<i<s54-1
C(éd 1—1) — vy )
i () {Gd .

where T, is the connected centralizer of v in G?. Hence we have

. _ d
(Vi %, 8a-1]ge = Th,04 G s,_, -

By also noting that v & ng’l)(v) = T, we conclude that there exists an element

k' € Gy, , satisfying K~ € G941, Therefore, after possibly conjugating by an element
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of °K? we may assume that 7 itself lies in G9! (note that Gy s, , C °K%). Then, by a
descent property of the subgroups associated to concave functions, we have

7€ KNG = 8G ((G%...,GY)x (04.50,.50 1) NG
= SG)OC’O(GO’ Tt Gd_l)xa(0+750 ----- Sd—2) — K

(similarly to the proof of [AS09, Lemma 2.4], this is justified by using [AS08, Lemmas
5.29 and 5.33]). By repeating this argument inductively, we finally conclude that some
°K-conjugate of  belongs to SGY ;. O

The following sign character is of central importance.

Definition 4.8. Define the character e*™[¢]: S — C* to be
d—1 ‘ ‘
e @](y) = [ ™G /G ri,),
i=0

where )
Eram(GZ+1a Sa T, ’Y)

Eram(Gi+1/Giariﬂ7) = 61ram(G‘ri S. r: r}/) ’

Proposition 4.9. Let v be an unramified very reqular element of °K®.

(1) If v is not °K%-congjugate to an element of S, then we have Ocp, @4 (v) =0.
(2) If v is an element of S, then we have

0y —r r ram w w
Ooppa(7) = (—1)T(E) 7O N ram(g gy
weWGg O(S)

where
e (GO and r(S) are the split ranks of G° and S,
d— it+1 i
i T(Sa ¢) = Zz:(}l |FF\(R>C:T1/2 ~ Rgri/2)|7
* Wego (S)=Ngo (S)/So.

Proof. Since the character Oy g4, is invariant under °K d_conjugation, we may suppose that

7 belongs to SGY ; by Lemma 4.7. By definition, %), is the representation of °K? = °K4~1.j4
descended from the °K @1 i J%representation (¢g_1]oga—1xya) @ (%1 @ Ga_1]oga—1)x 1).
Hence

Oop, (V) =05, (Y X 1) Ocp (V) a—1(7)-
For the same reason, we have
Ocp, (1) =03, ,(¥x1) s (V) Pa—2(7)-

By repeating this computation inductively, we get

d—1 d
Oy 904 (7) = Ocpr (1) [[ ©5,(v x D) [T 2:(v)-
=0 =0

We recall that °pj is given by r(g 4_,), hence we have
@Op[’) (7) = @N(s7¢71)(70)'

If 7o is not SGgyo—conjugate to an element of S, then we have GH(S«#,I) (70) = 0 by Lemma

4.5. Hence we have Oy g4, (v) = 0 in this case. By noting that g is SGg’O—conjugate to
an element of S if and only if so is 7, we get the assertion (1).
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We next compute @op/d®¢d () by assuming that v belongs to S. Note that then we have
T, = S. In this case, by the argument in the previous paragraph and Lemma 4.5, we have

d—1 d
Ocprimsa(7) = (~1)"CEIE N6 (wre) [T @5, (v ¢ D ] 6:(7)
1=0 1=0

weW 0 0 (S)

d—1
0y_p w
= ()OI es 1) D> #(vy)
i=0 weWqo (S)

(recall that ¢ = H?z_l ¢; and ¢_1 is of depth zero).
By [AS09, Proposition 3.8], we have

0+ 0+ 1
0;,(7 x 1) = [(CH (1), CE (M) rissyitrnsiy | ® - €(1,7)

with the notations used in [AS09, Proposition 3.8]. Since « is unramified very regular, its
depth zero part -y is regular semisimple in G so that C(Of)(y) = C’g):i (v) = T,. Hence

the factor |(Cg)i+) ), Cgiﬂ (’7))x,(ri,si):(ri,si+)\% is trivial.

To understand the factors (¢;, ) for 0 < i < d, we use [DS18, Proposition 4.21], which
implies that the product

®(¢l> ’7)5((?517 PY)
is equal to
€sym,ram (’/T/7 7) : gram(,ﬂ_l’ ’Y) : é(ﬂlv 7);

where &(¢;,y) is the constant defined in [AS09, Definition 5.24]. Here we temporarily follow
the notation of [DS18]; especially, we are applying results in [DS18] by taking (G, G’) to
be (G G?). See [DS18, Definition 4.14] for the definitions of three terms in the above

product. Again noting that the centralizer group C’gi)('y) is equal to T, by the unramified
very regularity of v, hence equal to S, we get

Esym,ram(ﬂ'/,")/) . Eram(ﬂ_/’ ’}/) . 'é(’/T/7 ’)/) =

Esym,ram(Gi+1/Gi7 T4, ’7) : Eram(Gi+1/Gi7 T, ’Y) . é(GH_l/Gi? T4, ’7)7

where

; ; Es Gi+17s77ﬂ‘77
Esymram (G /Gl 7y, ) 1= Zym)ram(((;i S 1«17))
sym,ram Y RS

(similarly for €™™ and é).

According to the description in [AS09, Proposition 5.2.13], the invariant &(¢;,~) is equal
to 1 when ~ is unramified very regular because the sets Tsym(gbi,fy), Tsymmm(gbi,fy) are
empty (see [AS09, Notation 5.2.11]). On the other hand, by Remark 4.1,

e all three terms egym ram (G /G, i, 7), (G /G, 1y, ), and (G /G ry, ),
are invariant under G°-conjugation, and
e the first term egym ram is trivial since S is unramified.
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Thus we get

d—1
Opynn() = (1) E O [TaG* /Gl ry) - e™[gl(y) S 6(")

=0 weWgg ,(S)
d—1
O —r ~ 7 T ram w w
= ()" EITE T &G /Gy Y el (U n)e(M)
=0 wEWGg‘O (S)

We finally investigate the product H?;()l e(GH /G r; 7). Each (G /G r;, ) is given
by the quotient é(G**+1,S,7;,v)/é(G%, S, r;,v) and we have

G, 8,11,9) = (1))
and

HG,8,riyy) = (1)
By the unramified very regularity of v, for any root a € R(G*,S), we have

a(y)#1 and ord,a =ord(a(y) —1) =0.
Thus we have
R:Cc:,l(:ilfordv)ﬂ ={a € R(G"™,8) | a(y) # 1, (r; — ord, a)/2 € ordyx a}
={a € R(G",8) | r;/2 € ordx a}

G’i+1
x,ri/2°
Similarly, we have R (T —ord,)/2 = Sr/z
Therefore, using notation defined in the assertion, we get
" 0 —-r T ram w w
Ocppy(7) = (—1)7(ED)TOFrE0) N gramg)(a)g(vy). m

wGWG,o o (S)

Lemma 4.10. We have the following equalities:
(1) °K* N Ne,, (S) = Naw , (S),
(2) °K*N Ng.(S) = Nsco (8).

Proof. The first equality can be deduced from the second one. Indeed, by assuming (2), we
get

°K* 1 No, o(8) = °K* N N (8) N Greo 2 Nogn  (S) N Go = Ngo (S):

Let us show the equality in (2). Since the inclusion °K? N Ng (S) D Nggo (S) is
trivial, it suffices to check the converse inclusion. Let g € °K? N Ng (S). As g be-
longs to °K% = SGY ((G°,...,Gx (04,50,....54_1), We may write g = g%k with elements
¢ € SG,OC’O and k € (GO,...,Gd)x1(0+,SO _____ sa_1)- Additionally, since g normalizes S by
assumption, we have ¥S c GO°. Then by using [ASO8 Lemma 9.10] with (G/,G) =
(G491, G, we get k € Gx 0+So+ = Gx o Hencek € Gx 0+ﬁ(GO, . Gd)x,(0+,50,...,sd_1) =
(G ...,G~ 1)x,(0+780,.u,5d,_2) By repeatedly applying [AS08, Lemma 9.10] with (G/, G) :=
(G772,G71),... (G G'), we finally get k € G%o,. Thus we have g = g% € SGY,
which implies that g € Nggo (S). O

Proposition 4.11. Let v be an unramified very regular element of SGxo.
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(1) If v is not SGx o-conjugate to an element of S, then we have Gor,(y) = 0.
(2) If v is an element of S, we have

Oer, () = (~1)rEIT®+r(S0) N cram g g
wEWGx’O(S)
where We, o (S) = Ng, ,(S)/So.

Proof. Let v be an unramified very regular element of SGx . Then, since we have °ry =

IndSG"‘O(Opgl ® ¢q) by definition, the Frobenius formula for induced representations implies

oKd
that
Ocry (V)= D> Oepg,(U7).
g€°K N\ SGx,0
g'YGOKd

Hence, if 7 is not SGx o-conjugate to an element of °K @ then the character is equal to zero.
Moreover, by Proposition 4.9, if 9+ is not °K%-conjugate to an element of S, then we have
Oopr, ¢4 (?7) = 0. Therefore we get the assertion (1).

We now assume that v belongs to S. Then, again by the same argument as in the previous
paragraph, we get

Oer, (’7) = Z ®°p&®¢d (g7>7
g€ K\ SGx 0
IyesS

where the sum is over elements of °K%\ SGx o containing a representative g satisfying 9 € S.

We investigate the index set of this formula. First, as °K? contains S, we may suppose
that g belongs to G« . Since v is a regular semisimple element belonging to S, if g € Gx,o
satisfies 9y € S, then g belongs to Ng, ,(S). Conversely, any element g of Ng, ,(S) satisfies
94 € S. In other words, the index set can be rewritten as °K% N Ng, ,(S)\Ne, ,(S), which
furthermore equals Ngo (S)\Ng, ,(S) by Lemma 4.10 (1).

Then Proposition 4.9 implies that

G)on (fy) = Z (_1)T(G0)—T(S)+T(S,q§) Z gram [¢](u;g7)¢(wg,y)
QGNGQYO(S)\NGX,O(S) wewcgyo(s)
_ (_1)T(GU)7T(S)+T(S,¢) Z gram [¢](w7)¢(w7) 0
wEWGx,O (S)

5. PARAHORIC REPRESENTATIONS CHARACTERIZED BY Syreg

Let (S,¢) be an elliptic regular pair and let (é,ﬂ_l,q;) be a regular generic reduced
cuspidal G-datum corresponding to (S, ¢) as in Section 3.2. Recall from Section 3.4 that
from (é, mT_1, (5), Yu constructs various intermediate representations; in this section we will
be especially interested in %/, and °r4.

In Section 4.2, we worked with elliptic regular pairs (S, ¢) where S is unramified. In this
section (and in fact in the rest of the paper, excluding Section 6), we additionally assume:

¢ is toral, i.e., G(S, ¢) = S.
In this case, for any 4, the group °K* = SGY (G, ..., G")x (0+,s0,....5,_1) defined in Section
3.4 is equal to the (a priori slightly larger) group K' = G%(G°,...,G")x (0+,50,...55 1)

which furthermore equals ZgSo(GY, ..., G*)x,(0+,50,...,5,_1 ) Accordingly, for any 4, we have
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°p; = p;. We also remark that whether ¢ is toral or not depends only on ¢|s,, . In particular,

¢ is toral if and only if ¢ - **™[¢] is toral since £"™™[¢]|s,, is trivial.

5.1. Unramified very regular elements. Let S, denote the set of unramified very
regular elements of SGx ¢ contained in S.

Lemma 5.1. For any s € Syreg and any g4+ € Gy o4, the product v := s - g4 is unramified
very reqular and T, is Gx o4-conjugate to S.

Proof. We first take a topological Jordan decomposition (or, equivalently, a normal (0+)-
approximation) s = sg-s4 with topologically semisimple part sy and topologically unipotent
part si. Then the product decomposition v = sg - (s4g+) gives a (0+)-approximation to -;
more precisely, the pair (v,x) of the good sequence v = (7;)o<i<o+ consisting of only one
element 7o := sg and the point x is a (04 )-approximation to v. By [AS08, Lemma 9.2], there
exists an element k € Gy o4 such that *v = (*v;)o<i<o4 is a normal (0+)-approximation to
~. In other words, we have the following:

e Since kl = (*y)o<i<o+ is a (0+)-approximation to v, we have v € FoGy o4 for
some point y of B(Cg)+)(k1),F). Here note that C’gpr) (*v) = Ca(*70)° = *S by
the regularity of 79 = s, which follows from the unramified very regularity of s.
Thus, as k € G0+ stabilizes x, we have

BCO) (Fy), F) = A(FS,F) = k- A(S,F) 5 k- x = x.

Since A™4(*S, F) consists of only one point, we have A4 (¥S, F) = {x} = {y}. Let
us write v = Fyg - v4 with 4 € Gy 04 = Gx04-

kv is normal, 7 lies in Cg”(’@)(F) = kS. Hence so does 7.

e Since

We now check the unramified very regularity of v using the decomposition v = Fvq - 7.
Since v belongs to *S, 7 is semisimple. Moreover, we claim that ~ satisfies a(y) # 1
(mod pr) for any a € R(*S, G). Indeed, for any root o € R(*S, G), we have

aly) = Oé(k%) sy )

While the unramified very regularity of s implies that a(¥v9) # 1 (mod pr), we have
a(y4+) =1 (mod pr) by the topological unipotency of v4. In particular, we have a(v) # 1
(mod pr). Obviously, this implies a(y) # 1 for all & € R(¥S, G), and so we see that v is reg-
ular. Finally, since the connected centralizer T., is *S, we have A(T., F) = A(*S, F) > x,
which now completes the proof that -y is unramified very regular and also that T, is Gx,o04-
conjugate to S (since k € Gx,0+)- O

Lemma 5.2. We have SyregGx 0+ = {7 € SGxo+ | 7 is unramified very regular}. More-
over, every unramified very reqular element of SGx o+ is Gx,04-conjugate to an element of

S vreg*

Proof. By Lemma 5.1, every element of Sy;egGx,0+ is unramified very regular. To see the
reverse inclusion, let v € SGx o4+ be unramified very regular. We may write v = s - g4 for
some s € S and g4 € Gx,04+. By Lemma 5.1, s € Syreg, S0 7 € SyregGx,0+-

Since every element of SyregGx 04 is G, o+-conjugate to an element of Syreg by Lemma
5.1, the final assertion now holds. O

We put Spvreg := Siyreg N So. Note that, by the definition of unramified very regular
elements, we can easily see that Syreg = Z@So,vreg (recall that S = ZgSp).
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Definition 5.3. We define the subset S(Fq)vreg of S(Fy) to be the image of Sp yreg under
the reduction map So — So.04+ = S(Fy). Let S(Fy)nvreg denote its complement in S(Fy), i.e.,
S(Fy)nvreg := S(Fq) ~ S(Fg)vreg-

Lemma 5.4. When [S(Fy)|/|S(Fq)nvres| > 2, for any element s € S(Fy), there exist elements
t1,t2 € S(Fy)vreg such that s = t1ts.

Proof. For a given s € S(F;), we consider the subset s - S(Fq)vreg of S(Fy). If we have
Is - S(Fg)vres| > [S(Fg)nvreg|, then s - S(Fg)vreg is not contained in S(Fy)nyreg. In other
words, s - S(Fq)vreg intersects S(Fy)vreg. Thus there exist elements t1,t2 € S(Fq)vreg sSuch

that sty = t. By noting that the set Spyreg is stable under the inversion, tl_l lies in
S(Fy)vreg and we get the assertion. The inequality |s - S(Fy)vreg| > [S(Fq)nvreg| is equivalent
to [S(Fg)[/IS(Fg)nvreg| > 2. O

Corollary 5.5. When [S(Fq)|/|S(Fq)nvreg| > 2, for any element s € Sy, there exist elements
t1,t2 € So,vreg Such that s = tita. In particular, Sovreg generates So as a group.

Proof. Let s be an element of Sy. By the assumption and Lemma 5.4, we can take elements
t1 and tg of Sy yreg such that ¢1¢2 and s have the same image in Sp.o+ = S(F,). In other
words, there exists an element t; € Soi satisfying t1toty = s. By Lemma 5.1, tot, is an
unramified very regular element of S. Since t2t also belongs to Sy, this shows that s can
be written as a product of two elements of Sy yreg- O

Let us show that the inequality
[S(F)|
IS(Fg)nvreg]

is satisfied when ¢ is sufficiently large.

> 2

(%)

Lemma 5.6. The unramified elliptic maximal torus S of G transfers to an unramified
elliptic mazimal torus S* of the quasi-split inner form G* of G such that the associated
point X* of the building B**4(G*, F) corresponds to a Chevalley valuation of G*.

Proof. The precise meaning of the “transfer” is as follows: there exists an inner twist
¥: G — G* such that its restriction to S induces an isomorphism ¥|g: S — S* defined
over F. The existence of a transfer S* of S is a standard fact guaranteed by the ellipticity
of S or the quasi-splitness of G*; see, for example, [Kall9, Section 3.2] for references about
this fact. Note that S* is unramified and elliptic since ¥|g is defined over F' and maps Zg
to Zc;*.

Hence it suffices to show that such an S* can be taken so that the associated point X* €
Brd(G*, F) corresponds to a Chevalley valuation. For this, we utilize the results of Kaletha
in [Kall9, Section 3.4.1]. Since G* is quasi-split, there exists a point %} € B™4(G*, F)
which corresponds to a Chevalley valuation; such a point Xj is superspecial in the sense
of Kaletha (see [Kall9, Remark 3.4.9]). By applying [Kall9, Lemma 3.4.12 (1)] to X} and
S* € G*, we can find a maximal torus S7 of G* stably conjugate to S* with associated
point Xj. By replacing S* with S; (hence x* with X7), we obtain the desired assertion. [

Lemma 5.7. Let ¢: G — G™* be an inner twist whose restriction to S gives an isomorphism
S = S* defined over F. Then, under the isomorphism S(F,) — S*(F,) induced by 1,
S(Fy)vreg is identified with S*(Fq)vreg-
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Proof. As 1|g is defined over F, we have identifications S = S* and S(F,) = S*(F,) which
are consistent with reduction morphisms:

IR | <

Sp ——— Si

|, |

S(Fg) —— S*(Fy)

<

Since ¢ induces a bijection R(S, G) — R(S*,G*): a + aoy|g', 1 gives an identification of
Syreg With S3,c., and also So yreg With 5§ yyeq, Dy the definition of unramified very regularity.

As S(Fy)vreg (resp. S*(Fg)vreg) is defined to be the image of So yreg (resp. S§ yyeq) under the
reduction morphism, 1 gives an identification of S(Fy)yreg With S*(Fg)vreg- O

Proposition 5.8. There exists a constant C' depending only on the absolute rank of G such
that the inequality (%) is satisfied when q¢ > C.

Proof. We take an inner twist ¢: G — G* transferring S to S* as in Lemma 5.6. Then, by
Lemma 5.7, we have
[SEHl IS (Fy)]
ISFg)nvreg]  IS*(Fg)nvreg|
Hence it is enough to show the assertion for S* C G* whose associated point X* €
B*4(G*, F) corresponds to a Chevalley valuation.

Let G%. be the reductive quotient of the special fiber of the parahoric subgroup scheme
of G* with respect to X*, and regard S* as a maximal torus of G%.. Since the point X*
corresponds to a Chevalley valuation, the reduction map induces a bijection from R(S*, G*)
to R(S*,G%.). This implies that an element v € S§ is unramified very regular if and only if
its reduction 7 € S*(F,) is regular semisimple in G%.. Therefore the set S*(F)yreg is nothing
but the set S}, (F,) of Fs-valued points of the regular semisimple locus S}, of S* in G..

Similarly, S* (Fj)nweg (:= 8*(F¢)~S"(Fy)vreg) is nothing but S}, (F,) (:= S* (%Fq)\Sfeg(Fq)).

Now the statement follows from a well-known fact of finite reductive groups. For example,
by [GM20, Lemma 2.3.11], for any connected reductive group G over F, and its F,-rational
maximal torus T, there exists a positive number Cr > 0 depending only on the absolute

root system R of G such that we have

Tus(®l 5 | _ Cr
I T(Fq)| q
or equivalently,
TEN . g

|an0g(Fq)| N CR.
(Although it is stated that the constant Cr depends only on the root datum of G in [GM20,
Lemma 2.3.11], we can check that in fact such Cg depends only on the root system of G.)
Note that, if we let [ be the absolute rank of G, then Gj. is a connected reductive group
over [P, whose rank is at most [. Thus, by putting

C" := max{Cg | R is a root system whose rank is at most {}

(note that the set of root systems with rank at most [ is finite), we get

I8, a
‘S;reg(Fq” N Cl
Thus C := 2C" satisfies the desired condition. O
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Remark 5.9. The subtlety handled in the above lemmas culminating in Proposition 5.8 is
exactly that in general S(Fy)vreg € Sreg(Fq). For example, in the extreme case that Gx g is
an Iwahori subgroup, Syeq(Fy) = S(Fy).

Remark 5.10. There is a natural question of how large ¢ must be in order for (x) to be
satisfied. The estimate in Proposition in 5.8 is very crude since we deduced it only from the
absolute rank of G. Aslong as G and S are given explicitly, we can determine the associated
groups G%. and S* explicitly; hence it is possible to compute the ratio |S(F,)|/|S(Fq)nvreg]
precisely. At least for Coxeter tori of split simple groups, the resulting bound is very mild
(forthcoming work). For example, if S is the Coxeter torus of G = G, then |S(Fq)nreg| is
either 1 or 3, depending on ¢, and |S(F,)| > 7 for ¢ > 3. Hence only ¢ = 2 does not satisfy
(%), so in fact (x) is a weaker condition than the conditions on p required by the theory of
Kaletha and Yu reviewed in Section 3. The GL,, case (which was known already to Henniart
[Hen92)) is explained in Section 7.3.

5.2. Representations of SGx 4+ characterized by their trace on Syeg. In this sub-
section, we prove (Theorem 5.13) that some irreducible virtual representations of SGx o+
are characterized by character values on unramified very regular elements Sy of S. In
this subsection, in addition to our basic assumptions introduced in Section 2.1, we will also
assume that

(vreg) So,vreg generates Sp as a group.
As discussed in Section 5.1, this assumption is satisfied when the inequality (%), which is
true for ¢ > 0, holds.

This subsection pertains to smooth irreducible representations 7 of SGx o4 such that
for a nonzero constant ¢ € C,

(T+) ®T+ (’Y) =c 9(’7)7 for all v € Svreg

for a character 0 of S with G°(S,0) = S. This determines ©,, on the unramified very regular
elements of SGx o4 since every unramified regular element of SGx o4 is G o4-conjugate to
an element of Sy;ee by Lemma 5.2.

Recall that at the beginning of this section, we fixed a regular generic reduced cuspidal
G-datum (é, T_1, gg) corresponding to a tame elliptic regular pair (S, ¢) whose ¢ is toral.
Also recall that this gives rise to the following chain of open compact subgroups (note that
G = S by the torality assumption on ¢):

S0Gx,04+ D SoGx,04 N K= So(G°, ..., G (050,050 1)
D Gxor NKY=(G%...,GYx (04.50,.501)
Let r4 denote the depth of the character ¢.
Lemma 5.11. For anyt € I@>0 satisfying t > rq, we put (SovregGx,0+ N K%, to be the set
{7 € So,vregGxor N K| ¥y € Sy for some k € K and ' € vGx i}

Then the association (v, k) — ¥~ gives a bijection

(S0.vre/S1) % (K/SGox) =% (SovresCreos N K ), /G,
where S 1= Sy N Gxt-

Proof. Let us first check that the association (v, k) — *v gives a well-defined map So,vreg X

K — (S0,vreeGx,0+ NK%),. For any vy € So,vreg and k € K® *~ belongs to K. As SoGx,0+

is normal in K¢ (this follows from the assumption that G® = S), ¥ also belongs to SoGx o+ -
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Since *~ is unramified very regular, Lemma 5.2 implies that ¥+ lies in SyregGx,0+, hence in
Svrchx,O+ N SOGx,O—i- = SO,vrchx,O+~ Thus we get k’Y € (SO,vrchx,0+ N Kd);g

Let us next show the surjectivity of the map
(1) Sovres X K% = (SovregGx0+ MK /Gxr: (7, k) = Fy - Gy

If v € (SovregGx,0+ N K?)}, then we can find k € K% and v/ € yGx such that ¥+ € S.
Since v is unramified very regular by Lemma 5.2, we have ¥9/ € Sy yeq again by Lemma
5.2. Thus the coset 7 - Gy is the image of (*y,k71) € S0,vreg X K< under the map (1).

We consider the fibers of the map (1). Suppose that the images of (1, k1) € So yreg X K¢
and (y2,k2) € Sovreg X K? under this map coincide, i.e., ¥1y; - Gx; = *27y2 - Gy, or
equivalently, *1 k2, € v1Gx,.. By using [AS08, Proposition 9.14] with G’ := S (note that
kl_lkz’yg € 11Gx;t C SGx,t), we see that k(Zg)(kl_lszyg)) C S for some k € [kl_lszyg;x,t]
with the notation as in [AS08, Proposition 9.14]. As in the proof of Lemma 4.7, we can check
that Zg) (ki k2y) = kiR gand [ k2 x ] = Ri k2 g, Gyt (C K%) by the unramified
very regularity of 2. Let us write k = gs with s € kr'k2 6 and g € Gx, (note that
kflk?Sw Gyt =Gxpt- kflk?S(H). Then, since gs(kl_lk25) = 9(”“1_1’“2 S), we may assume that
k € Gx ¢ by replacing k = gs with g.

Note that kk; 'ky normalizes S. Since the assumption (breg) assures that there exists
at least one unramified very regular element in S, this implies that kkj ko normalizes S.
Hence, by Lemma 4.10 (1), we have kk; 'ky € S. In other words, k; = ky in K%/SGx ;. We
write kl_lkg = ¢'s’ with s’ € S and ¢’ € Gx;. Then, as we have kflk?’yg € 11Gx,t, we get
9'72 =~ in Kd/Gx7t. Hence we have g’~’ygg”172_1 = 7172_1 in Kd/G,Qt. Since both ¢’ and
729"1751 belong to Gy, this implies that 1 = 42 in K¢/Gx , hence in Sy/S;.

Conversely, any (71, k1) and (72, ko) satisfying 71 = 2 in So/S; and ky = ko in K¢/SGy 4
map to the same Gy -coset. Therefore the above map (1) induces a bijection

(SO,vreg/St) X (Kd/SGx,t) i> (SO,vreng,0+ N Kd);/Gx,b O

Lemma 5.12. Let 74 be a smooth irreducible representation of SGx o0+ satisfying (14+) for
the character 0 = ¢ - ™™ [¢] of S. Then
Homg, . nke(py @ ¢a, 1) # 0.

Proof. Because of the smoothness assumption, the action of SyGx o+ on 74 factors through
a finite quotient SoGx 0+ /Gx,: for sufficiently large ¢ € Rs. Fix such a ¢ which is greater
than the depth of the toral character ¢. Note that then also p/; ® ¢4 is trivial on Gy ;.

We first prove that

(2) > O e (7) - Or (7) # 0.
YE(S0,vreg Gx,04+NK %) /Gx ¢
By Proposition 4.9, O, 54,(7) = 0if v € SovregGx,0+ N K4 is not K%conjugate to an
element of S. Thus, by putting (5o vregGx,0+ N K9)! to be the set as in Lemma 5.11, we get
Z GPQ®¢d (7) : ®T+ (7) = Z ®Pﬁ1®¢7d (7) : @T+ (7)

’YE(SO,vreng,O«l»an)/Gx,t 'Ye(SO,vreng,0+mKd);/Gx,t

By Lemma 5.11, the right-hand side equals
> Y Open() 0

YESo,vreg/St KEK?/SGx ¢
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Since both of © g4, and O, are invariant under K d_conjugation (note that K is contained
in SGx 0+, where 74 is defined), we get

> ST 006" 0 (F) = [KYSGxil Y. Oe6.(7) - Or, (7).
'YESO,vreg/St keKd/SGx,t 'YESO,vx'eg/St

By Proposition 4.9 and our assumption on 74, for any v € Sp yreg, We have

O 26a(7) - O, (1) = (=1)"E?) 2. 0(7)0(7)
(note that here the sum over w € Wgo (S) as in Prop 4.9 does not appear since GY’=S
by the torality assumption on ¢). Thus we get

Z ®P9®¢d(’Y)~®T+(7):(f1)r(s,¢)5 Z 6807,

YES0,vreg/ St YESo,vreg/ St

Since 6(7)0(7) is a positive number, this sum is not zero (recall that Spyreg # @). Hence
we get the assertion (2).
We next show
Z @Pfi®¢d (7) : @‘r+ (7) #0
YE(Gx,0+NK ) /Gt
by using (2), which we proved just now. For any subset A C R(S,G), we consider the
subgroup
Sa:={0€Sy|a(d)=1 (mod pp) for all « € A}
of S. Observe that Sy = Sg and that Sg vreg = So U@;ﬁAcR(S,G) S4. By the principle of
inclusion and exclusion, the left-hand side of (2) is equal to

> (= > O,964(7) - O7, (7).

ACR(S,G) YE(SAGx,0+NK®)/Gx ¢

It follows that the sum }_ (g . o nKri)/a,., Onyeed(Y) - Or (7) is not zero for some A C
R(S,G). In other words, dim Homg , ¢, . nxe(pg®¢d, 7+) # 0 for some subset A C R(S, G).
Since S4Gx,0+ O Gx,0+, the desired conclusion follows. O

Theorem 5.13. Let 74 be a smooth irreducible representation of SGx o+ satisfying (14+)
SGx,0+

for the character 0 = ¢ - €'*™[¢] of S. Then c = (—1)"S®) and 7, = Ind 2" (py @ ba)-
Proof. We first note that the action of Zg on Ilad}s;cj"’wr (pl, @ ¢q) is given by ¢|z4 by [Kall9,
Fact 3.7.11]. As &'®™[¢]|z is trivial by definition (Definition 4.8), we have 6|z, = ¢|z¢-
On the other hand, also the action of Zg on 74 is given by 0|z.. Indeed, if we take an
unramified very regular element v € Syreg (Svreg 7 @ by the assumption (vteg)), then z is
unramified very regular for any z € Zg. Thus the condition () implies that

Or (27) =¢-0(z7) = ¢-0(2) - 0(7) = 0(2) - O, (7).
Therefore, to get the assertion, it is enough to show that ¢ = (=1)"%) and 7,|s,¢
Ind}g(Cd:x’0+ (P;®@0d)|50Gx.04 SiNCE We have SGx 04 = ZgSoGx,0+- Alsonote that Ind ;" (p);®
6a)| 5060 18 nOthing but Ind G " . (ply @ da)-
By Lemma 5.12 and Frobenius reciprocity for Gx o+ N K¢ C SyGx 0+ N K%, we have

o~

x,04+
SGx, 0+

SoGx,04NK*
(3) Homg, g, o, i (Indcifo{(#l?d (py @ ¢q),74) # 0.
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Since p}; ® ¢4 is a representation of K 4 which contains SyGx 0+ N K%, Lemma 3.9 gives

SoGx.04NK? ~ SoGx.04NK?
Ind > lxa (Pa® ¢a) = (04 ® ¢a) ® (Ind ) Pea 1)

As we have (SoGx 0+ N K%)/(Gxor N K%)= Sp.o4, we have

S()Gx,(H.ﬁKd
Indgy = 0ho 1 B .

00: So.0p —CX

1%

hence
SoGx,04NK? ~
Indg " (04 ® ¢a) = P (e da) @b
6o : S0;0+*>CX

Therefore (3) implies that we have
Homg,c, ., i ((ph @ ¢a) ® 0o, 71) #0

for at least one y: Sp.0+ — C*.
Next, by Frobenius reciprocity for SoGx o0+ N K% C SoGx. 0, We get
SoGx,
(4) HomSon,o+ (Indsgcx’ziml(d((p:i ® ¢d) ® 90)7 T+) # 0.
Note that we have SQGX7O+/GX70+ = (S()GXJH_ n Kd)/(prJ,_ n Kd) = S0:0+- In particular,
0o can be regarded as a character of SyGx o4+ (which is trivial on Gx,0+). Thus Lemma 3.9
gives
So Gy, ~ SoGx,
Indg 20" (P ® 6a) ® 0o) 2= (Indg ;0" 1 a(py @ $a)) ® bo.

Since the compact induction of p;®@ ¢4 from to K 4 to G is irreducible by Yu’s theory, so is the
induced representation Indf{(j"’0+ (pl; @ ¢a). By noting that K¢ = Zg - (SoGx,0+ N K?) and

o SoGx,0+
SGx,0+ = Zg - SoGx,0+, we see that IndSOGx10+mKd
SGx,0+

of Ind 2" (p); ® ¢a) to SoGx, 0+ and irreducible. On the other hand, 7, is also irreducible
as a representation of SoGx o+. Thus, by (4), we get

(), ® ¢q) is nothing but the restriction

SoGix
Secn ot ca(Pa ® da)) @ bo.

Now our task is to show that 8y = 1. By a similar, but simpler, argument to the proof
of Proposition 4.11, for all v € Sp vreg We have

T+ = (Il’ld

(7) = O, 45060+ (7) - 0o(7)

S0Gx,04NK®
= (=1)"®90(y) - o(7)-

Thus, by the assumption on 7, for all v € Sp yreg We have

c-0(y) = (=1)"S20(y) - 6o (7).

Hence 6y must satisfy 0p|s, ..., = ¢ (—1)"59). By Corollary 5.5, we can find elements
71,72 € So,vreg Such that the product vi1vy2 € Sp is again unramified very regular. Then we
have

®(IndSOGx’O+

SOGx,0+mKd(p/d®¢d))®00

(Py®pa)

Oo(11) = Oo(72) = o(172) = ¢~ (—=1)"),
By noting that 6p(v1v2) = 0o(71)00(72) and that ¢ # 0 (this is part of the assumption (f4)),
we see that ¢ - (—1)"5:#) = 1. Then the equality 0o|s, ..., = 1 implies g = 1 since Sp vreg
generates Sp by the assumption (breg). O
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Corollary 5.14. Let 7 be a smooth irreducible representation of SGx,o+ satisfying (14+)
for the character 6 = ¢ - €™ [p] of S. Then Indggi‘g+ (14) is an irreducible representation
of SGx.0- ’

Proof. This follows from Theorem 5.13 together with the fact that Indf(cjx’o(p& ® ¢q) is

irreducible. O

5.3. Representations of SGy o characterized by their trace on Sy;c;. In this section,
we prove (Theorem 5.17) that some irreducible representations of SGx, are characterized
by character values on unramified very regular elements Syreg of S. As in the previous
subsection, we will assume (vreg) here. The reader should think of this section in parallel
to Section 5.2, though we will need an additional argument to establish the analogues of
Lemma 5.12 and Theorem 5.13.

In this section, we will consider smooth irreducible representations 7 of SGx ¢ such that
for some nonzero constant ¢ € C,

(1) O-(y)=c > 0“(), forally € S,
wewa,U(S)

where 6% is the character of S defined by 0% (y) = 0(“v) = O(wyw™1).

Lemma 5.15. Let m be a smooth irreducible representation of SGx o satisfying (1) for the
character 0 = ¢ - "™ [¢] of S. Then

Homg, . nxi(pg @ ¢a,7) # 0.

Proof. This is very similar to the proof of Lemma 5.12 but with one additional argument.
As in that proof, by choosing a sufficiently large r» € R+, it is enough to show that we have

> Opm64(7) - ©:(7) # 0.
YE(S0,vregGx,0+NK ) /G v
By the same argument as in the proof of Lemma 5.12,

> Op20a (1) O-(1) = 1KY/SGxal Y Opws.(v)-0:(7).

’YE(SU,vreng,U#»an)/Gx‘t 'YESO,vreg/St

By Proposition 4.9 and the assumption on 7, we have

Y Opwe.(1) - 0:(7) = (1) N > 06U ().

YES0,vreg/St weWe, o(s) YE€S0,vreg/St

Recall the summand Zveso,weg 0(v)0(~y) corresponding to w = 1 is not zero by the pos-
itivity of 6(v)6#(y) and the non-emptiness of Sy reg. Hence it suffices to check that for
w € W, ,(S) \ {1}, the corresponding sum }_ o

O(y)0™ () vanishes. By fixing a set
of representatives {7} of the quotient S vreg/So+ = S(Fq)vreg, We get

S0t = > > 0G0 (s)

’YESO,vreg/St ’YGS(Fq)vreg Y+ eSO+:t
= D 0 G) Y ) 0U ().
YES(Fg)vreg Y4+ ESo+:t
Since 0|s,, has trivial We, ,(S)-stabilizer by Lemma 3.8, it follows that }° g . 0(7+) -
0" (y4) = 0 whenever w # 1. This completes the proof. O
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When we prove the analogue of Theorem 5.13 in the setting of SGx ¢-representations, we
will need the following lemma. In the GL,, setting, this result is due to Henniart [Hen93],
and the proof of the general setting given here is a direct generalization of Henniart’s proof.

Lemma 5.16. Let W be a subgroup of Wg(S). Let 6,0': Sy — C* be two smooth characters
and assume that 8|s,, has trivial W-stabilizer. If for some nonzero constant ¢ € C,

S0 =c- > 0()

weW weWw

for all v € S vreg, then ¢ =1 and §' = 0" for some unique w € W.

Proof. We follow the same strategy as Henniart in [Hen93, Section 5.3]. Henniart works in
the setting of G = GL; for a prime ¢ different from p, but the proof generalizes with no
problems. We present it here.

We first show that the conclusion must hold on Soy. Fix v € Spyreg. Then vSo4 C
So,vreg- From this, the assumption of the lemma implies that we have a linear dependence
between the 2|W| (not necessarily distinct) characters 0" |s,, and 6"[s,, for w € W:

Z aw 9 |SO+ Z elw 9/w|SO+)
weWw weWw
Thus, by linear independence of characters (of S|o4) and the triviality of the stabilizer of
0]s,. in W we see that there exists w € W satisfying 0|s,, = 0””71\5“, or equivalently,
0'|sy, = 0"]s,, - Since the equality 6'|s,, = 6"|s,, implies that the stabilizer of §'|s,, in W
is trivial, we also know that an element w € W satisfying ¢'|s,, = 6"|s,, is in fact unique.
Then, again by linear independence of characters, the above identity implies that 6% () =
c-0'(vy) for any v € Sp yreq- By the same argument as at the end of the proof of Theorem
5.13, the assumption (vreg) implies that if a character of Sy restricts identically to ¢ on
So,vreg, then ¢ = 1, and the conclusion of the lemma now follows. O

We now prove the analogue of Theorem 5.13.

Theorem 5.17. Let T be a smooth irreducible representation of SGx o satisfying (1) for the
character § = ¢ - €™ (@] of S. Then ¢ = (—1)"S?) and T = °r,.

Proof. Recall that °r; is defined to be IndSGx °(ply®bq) (in our situation, we have °K¢ = K

and %/, = p};). By comparing the contrlbutlon of ZG as in the proof of Theorem 5.13, it is
enough to show that ¢ = (—1)"(5:9) and 7 = Indsoc o4 NKY (P, ® ¢q) as a representation of
Gx.0-

Lemma 5.15 and Frobenius reciprocity imply that

Gx
Homg, , (Inde:2+mKd (P @ ba), T) # 0.
Recall from the proof of Theorem 5.13 that

mdg Sl oo = @ (o) 00,

00 So:04—CX

Thus we have

Gx, ~ Gx,
Indcxg;rmKd (P2 ® pa) = ED Indsocf‘)x,ngd ((pz ® da) @ bp).
90: S(];(H,*)(CX
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Hence, there exists at least one character 6y: Sp.0+ — C* such that
(5) Homg, (Inds:co oK (Pl ® ¢a) ® 90)37) # 0.

Let us investigate the representation IndS G oy ice (g © @a) ® bo). Recall that py ®

¢q is the representation of K% obtained from a tame elliptic regular pair (S,¢). If we
take an extension 6 of 6, from S; to S, then the pair (S,¢ ® 90) is again tame elliptic
regular. Furthermore, we can easily check that the Yu’s construction (reviewed in Section
3.1) attaches to (S, ¢®§0) the representation (p; ® ¢q) ® 0y of K, where 6 is regarded as a
character of K through the map K¢ — K¢/(K¥NGx ) = S/So+. Therefore the compact
induction of (p/;® ¢pq) @6 from K to G is an irreducible (supercuspidal) representation. In
particular, also Indfg"’o ((p; @ ba) ®6p) is irreducible, hence so is its restriction to Gy o (note

that SGx 0 = ZgGx,0). As we have IndSG"’O((pﬁi ® ¢a) ® 0o)|c, = Inds;GO onrallpg ®

¢a) ® 0g), we eventually get the irreducibility of Inds o 0+ﬁKd((p:i ® ¢q) @ 6p). Then, by
combining this with the irreducibility of 7, (5) implies that

G

Inds(:cé*?x,o+ﬁl(d ((p/d @ ¢d) ® 90) =~ .

It now remains to show that ¢ = (—1)"(5:%) and that a character 6y as above is in fact
necessarily trivial. By applying Proposition 4.11 to IndSG" °((ply ® ¢a) @ Bp) (which is the

«“o, R

representation “°r;” arising from the twisted pair (S, ¢ ® 90)), for all v € Sp vreg, We have

O ceo =0

Ind d
S0Gx,04NK

(r@sa200) ) Indi‘j""’((p;@m)@éo)(”)

= (=)' N ()08 (7).

weWGx,O (S)

(Note that the character £®™[¢ ® ] associated to the twisted character ¢ ® 6y is the same
as ™™ [¢] since 6y is of depth zero.) Thus, by the assumption on 7, we get

(D)"S9 N () = > 60U (9).

weWa, o (S) weWa, o (S)

Since ¢ is toral by assumption, ¢|s,, = 0|s,, has trivial Wg,_,(S)-stabilizer by Lemma
3.8 (recall that e"*™[¢]|s,, = 1). We therefore may apply Lemma 5.16 and conclude that
c=(—1)"S) and (|s,) -0 = 6|5, for some unique w € Wg,_,(S). By restricting to So,
we get 0|s,, = 0"|s,, . Then the triviality of the stabilizer of f|g,, in Wg,_,(S) implies that
w = 1. Thus finally we get (6]g,) - 6 = 0|s,, which implies that 6, is trivial. O

6. DELIGNE-LUSZTIG VARIETIES FOR PARAHORIC SUBGROUPS

Up to this point in the paper, our discussion has been centered on algebraically con-
structed representations of parahoric subgroups whose compact induction to G is irreducible
(and hence supercuspidal). Contrary to every other section of this paper, everything in this
section holds with no assumptions on the residue characteristic p of F.

In this section, we introduce a class of representations of parahoric subgroups that
arise geometrically, via the cohomology of Deligne-Lusztig varieties for parahoric subgroups
[CI21Db]. These varieties are associated to a maximal torus S < G such that

S is unramified but not necessarily elliptic.
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When S is elliptic, these representations are closely related to tame supercuspidal represen-
tations; Sections 7 and 8 are devoted to understanding this relationship and to discussing
the interesting consequences of having such a comparison.

6.1. The varieties X,. We review a generalization of Deligne-Lusztig varieties for Gxo
defined in [CI21b]. In the setting that Gx o = G(Op) for a reductive group G over F,, these
varieties were originally defined and studied by Lusztig in [Lus04] (for F equal characteristic)
and later by Stasinski in [Sta09] (for F' mixed characteristic). We warn the reader that there
is a change of convention between our present work and the papers [Lus04, Sta09, CI21b]:
in our normalization, Gg is a reductive group over a finite field.

Let S < G be an unramified maximal torus (not necessarily elliptic) defined over F' and
let x € B(G, F') be a point which belongs to the set A(S, F') of Frobenius-fixed points of the
apartment A(S, pur, F"7). Then for each € R>, there exist Op-models Gy ,, Gx,r+ of G (&
la Bruhat—Tits [BT84] and Yu [Yul5]). Say S splits over the degree-n unramified extension
F, of F and let U be the unipotent radical of a F},-rational Borel subgroup of G, containing
Sp,. Following [CI21b, Section 2.4-2.6], for r € Zxo, there exist group schemes S, C G,
defined over IF, and a group scheme U, C G, .. The group scheme G, is constructed by
considering the functor of positive loops applied to the Op-group schemes Gx . To each
smooth closed F,,-subgroup of Gr,,, one may construct an associated subgroup scheme of
GrFym [CI21Db, Section 2.6]; the subgroup schemes S, C G, and U, C Gy p,n are obtained
by this construction applied to S, U. These group schemes have the property that

Gr(Fq) == gx,O(OF)/gx,r—i-(OF) = Gx,O:r+a Sr(Fq) = SO:T’+7
U, (Fgn) = (U(Fp) N gx,O(OFn))/(U(Fn) N Gx,r+(OF,))-

Let 0: G, = G, denote the Frobenius morphism associated to the F,-rational structure on
G,

Definition 6.1. For r € Z>¢, we define the following Fy»-subscheme of G,.:
X, ={r€G, |z to(z) €U,}.

The scheme X, is separated, smooth, and of finite type over Fyn [CI21b, Lemma 3.1].
For (g,t) € Gx,0.r4+ X So:r+ and x € X, the assignment (g,t) * x = gat defines an action of
Gx,0:r+ X So.r+ on X, which pulls back to an action of Gx o % Sp.

We fix a prime number ¢ which is not equal to p. By functoriality, the cohomology groups
H!(X,,Q,) are representations of Gx,o x Sp. If 0: S — @Z is a @;-Valued character trivial
on S,y, the subspace HL(X,.,Q,)[0] of Hi(X,,Q,) on which Sy acts by multiplication by
f|s, is a representation of Gx . We define a virtual representation Rg:,m(e) of Gx,o with
Q-coefficient by

RSy, (0) =D (- 1) HI(X,, Q)[0).
i>0

In the special case that » = 0, the variety X is an affine fibration over a classical Deligne—
Lusztig variety and hence their cohomology is the same up to an even degree shift. Hence
RgOO,UO (9) is exactly the usual Deligne-Lusztig representation of the finite reductive group
Go(F,) attached to the character 6|g, of So(Fy).

The next two results are r > 0 analogues of known r = 0 theorems. Proposition 6.2 in
the r = 0 setting is a special case of the Deligne-Lusztig character formula [DL76, Theorem
4.2] and Theorem 6.3 in the r = 0 setting is a special case of the Mackey formula for
Deligne-Lusztig varieties [DL76, Theorem 6.8].
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Proposition 6.2 ([CI21b, Theorem 1.2]). Let 6: S — @Z be any character trivial on S,y

and let v € Gy be an unramified very reqular element. If v is not Gx o-conjugate to an

element of S, then the character value © g, ) (v) is equal to zero. If v belongs to S, we
Sp,Up

(a)(V) = Z 0" (7).

weWa, ,(8S)

have

@R‘I,;T

Sr,Ur

Theorem 6.3 ([CI21b, Theorem 1.1]). Letr > 0 and let§: S — @Z be a character trivial on
Sy such that 0|y, e (aV (BX)) Z# 1 for alla € R(S,G). Let U’ C G, be another unipotent

radical of a Borel subgroup of G, containing S. Then for any character 0': Sy — @Z ,

(6) (BSru, 00, BS () = D (0.6")s0,,.
wEWGx,O(S)

In particular, if 0 has trivial We, ,(S)-stabilizer, then Rg;:UT (0) is irreducible (up to a sign)
and is independent of the choice of U.

Remark 6.4. Let S be an unramified maximal torus of G and 6 a character of S which is
trivial on S,.; for r € Rsg. Then recall that we may associate a sequence of root subsystems
{Re} (or reductive subgroups) to 8 (see Section 3.3). In terms of this sequence of root
subsystems, the condition that

Olnry, (v () Z 1 for all a € R(S, G)
is equivalent to the condition that
Ry=---=R, =0.

On the other hand, since f|g,, is trivial, we have R,y = R(S,G). Thus the assumption
of Theorem 6.3 is satisfied if and only if its associated sequence of reductive subgroups is
given by (G°(S,0),G!(S,0)), where G°(S,0) = S and G*(S,0) = G, in other words, 6 is
O-toral. Note that, if we furthermore assume the four conditions on p from Section 2.1 (i.e.,
odd, not bad for G, p 1 |71 (Gger)|, and p 1 |7r1(ader)|), the torality implies that 6|s,, has
trivial W (S)-stabilizer by Lemma 3.8; in particular, 6 has trivial Wg, ,(S)-stabilizer. In
summary, when the four conditions on p from Section 2.1 are satisfied, Theorem 6.3 asserts
that the virtual representation RS’LUT () is irreducible (up to sign) for any 0O-toral character
0 of depth 7.

6.2. The Drinfeld stratification. In this section, we introduce subschemes of X, associ-
ated to certain twisted Levi subgroups of G, following [CI21c, Definition 3.3.1]. The work
of this paper will allow us to formulate a conjecture (Conjecture 6.5) about the Drinfeld
stratification which had previously (in op. cit.) only been conjectured for GL,. We will
prove part of Conjecture 6.5 in Section 7 (see Theorem 7.6).

Let G, be the kernel of the natural reduction map G, — Go. Note that G, (F,) =
Gx,0+:r+. For a twisted Levi subgroup L of G containing S, we let L, denote the cor-
responding subgroup scheme of G,. Attached to the twisted Levi L, one can naturally
associate the following subscheme of X,.:

XV .= {z€G, |z to(x) € (L, NU,)U}}.
It is straightforward to show ([CI21c, Lemma 3.3.3]) that XM s a disjoint union over

Gx,0/(Lx,0Gx,0+) copies of the scheme X, NL,G; . It follows ([CI21c, Lemma 3.3.4]) from
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this that for any character 0: S, (F,) — @Z,
; — ~ 7o 1Gr(Fy ; = ;

Hi(X®™ Q)0 = Ind]LT((Fq))Gj(Fq) (H{(X, NL,G},Q,)[f]) for all 4 > 0.
Conjecture 6.5. Let L C G be a twisted Levi subgroup of G containing S. If Roy C
R(S,L) (or, equivalently, G°(S,0) C L), then

H (X, Q)[0] = Hy (X, Q)[0].

Remark 6.6. Let G = GL,. In the setting L = S, Conjecture 6.5 was proved in [CI19,
Theorem 4.1] using geometric techniques (note that this forces G°(S, ) = S). On the other
hand, in the GL,, setting, it is expected that Conjecture 6.5 holds without any assumptions
on p. By [Kall9, Lemma 3.7.7], the notions of a tame elliptic regular pair and of an admissi-
ble pair coincide. Then one can translate between Kaletha’s generalized Howe factorization
for tame elliptic regular pairs and the classical Howe factorization for admissible characters
(see [OT21, Section 5.2]). Then Conjecture 6.5 is the same assertion of [CI21¢, Conjecture
7.2.1].

The proof of Theorem 6.3 [CI21b, Theorem 1.1] on the cohomology of X, can be applied
almost identically to obtain an analogous statement for the cohomology of X, NL,G;' .

Theorem 6.7. Let r > 0 and let 0: Sy — @; be a 0-toral character trivial on S,y. Let
U’ C Gp, be another unipotent radical of a Borel subgroup of Gp, containing S and let X|.

be the associated variety. Then for any 0': Sg..p — @ZX,

(H: (X, NL.G, Q6] B2 (X, N L.GF, T[]
Lyx,0:r+Gx,04:r+

— Z 0,0 s,.... -

weWr, ,(8)

In particular, if § has trivial Wi (S)-stabilizer, then H:(X, NL,G},Q,)[0] is irreducible
(up to a sign) and is independent of the choice of U.

Remark 6.8. Let S be an unramified maximal torus of G and 6 a 0-toral character of S which
is trivial on S, for r € R5q. Let us consider the cohomology H} (X, NL,G}, Q,)[f] for L =
S. Then, since the group Wy, (S) is trivial, Theorem 6.7 asserts that H} (X, NS, G\, Q,)[6]
is irreducible for any 0-toral character 6 of S of depth r. Note that, in contrast to Remark
6.4, we do not need any assumption on p for this irreducibility result for O-toral characters.

7. GEOMETRIC TORAL SUPERCUSPIDAL REPRESENTATIONS

We are now ready to prove one of our main theorems of this paper: an explicit comparison
of Yu’s algebraic construction of supercuspidal representations (Section 3) and the geomet-
ric construction of parahoric representations coming from Deligne-Lusztig-type varieties
(Section 6). To do this, we will apply the results of Section 5—that certain representa-
tions are characterized by their character values at unramified very regular elements. These
comparison methods will result in several theorems as quick corollaries of the work already
established in previous sections of this paper.

As such, we inherit the assumptions on p and the assumptions on (S, §) that have been
needed for these preceding sections. In this section, we will assume (vreg) (i.e., So vreg
generates Sy as a group) in addition to our usual assumptions on the residue characteristic
of F (i.e., p is odd, p is not bad for G, p 1 |71 (Gger)| and p { \m(ader)p. Aside from the
GL,, setting discussed in Section 7.3), in this section we consider (S, #) where
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e S is unramified elliptic,
e 0 is 0-toral; equivalently, G°(S,6) = S and G(S,6) = G.

We note that such a pair (S,6) is necessarily a tame elliptic regular pair in the sense
of Kaletha (Section 3.2) by definition. The first condition is inherited from Section 6,
though there we considered unramified tori S which were not necessarily elliptic. The
second condition is inherited from Section 5, though there we considered 6 satisfying the
weaker condition that 6 is toral.

Fix a prime number ¢ which is not equal to p and an isomorphism ¢: C = Q,. Let
f: S — C* be any character which is trivial on S,;. The following lemma demonstrates
that the choice of ¢ is innocuous from the perspective of considering the a priori ¢-adic
representation RSLUT (0) = H*(X,,Q,)[f] as a complex representation.

Lemma 7.1. Let 0,, denote the @; -valued character obtained by composing 6 with the

isomorphism 1: C* =2 @; The complex SGx o-representation LRS:,UT (Be,.) is independent
of £ and ¢.

Proof. The scheme X, (Definition 6.1) is separated and of finite type over F, (see [CI21b,
Lemma 3.1]); therefore by [DL76, Proposition 3.3] (thanks to Andy Gordon for reminding the
authors about this), we know that for any (s, g) € SoxGx.o, the trace Tr((s, g)*, HX (X, Q,))
is an algebraic integer independent of . By definition,

Tr(g*, RS"y (0r,)) = m > o0s)7 - Tr((s, )%, Hi (X, Q).

SES0:r+

As a character of the subquotient Sp.,, the S-character 6 is valued in the algebraic integers;
it follows from the above that the character of Rg;'7Ur(047L) considered as a representation of
Gx.0 takes values in Q. It follows that LRS:UT (0,,) = LIR(S;:’UT (B¢ /) as Gx o-representations,
where ¢ is a prime not equal to p and ¢/: C = Q, is a(ny) chosen isomorphism. Since the
Zg-action on LRS:,IUT (0¢,,) is given simply by multiplication by 6|z, it now further follows
that LRg:’UT(Qe,L) is independent of ¢ and ¢ as an SGx o-representation. O

7.1. Comparison for X,. Theorem 7.2 is one of the central theorems of this paper. It
not only gives an explicit description of the geometrically arising representation Rg: (),
but puts it in the framework of algebraic constructions of supercuspidal representations,
allowing us passage between these drastically different realizations of these representations.

From Theorem 7.2, we get the irreducibility (and hence supercuspidality) of the G-
representation (:—Ind(S;Gx . (Rg:,fUr (#)) as a free consequence. We note that this irreducibility
was previously only known for inner forms of GL,, and was highly nontrivial to establish:
a geometric proof in the 0-toral setting is in [CI21a] (see Theorems 9.1 and 12.5) and a
geometric proof in the toral setting is the subject of [CI19], which further relies on [CI21c]
(see Section 7.3 for more details).

We focus on the O-toral case (see Remark 7.4 for comments on relaxing this assumption
to toral characters). When 6: S — C* is O-toral, then by Theorem 6.3, the virtual repre-
sentation Rgf)Ur(Q) does not depend on the choice of U, so we replace this notation by the

simpler Rg’: ().
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Theorem 7.2. Let S be an unramified elliptic mazimal torus of G and 8: S — C* a 0-toral
character of depth r € Rso. We let ¢ be the unique character of S satisfying® 6 = ¢-™™|[¢)].
Then

(7) RSy (0) 22 (—1)rSDory,

where °rq in the right-hand side is Yu’s representation associated to the pair (S, ) (see
Section 3). In particular:

(i) cIndSg, ,((~1)" SRS (9)) = s ),
(i) C—Indng_O((—1)T(S>¢’)Rg’:(9)) is irreducible and supercuspidal.

Proof. By the 0-torality of § and the assumption on p, Theorem 6.3 implies that Rg’: (0) is
an irreducible virtual representation of SGx,o (see Remark 6.4). Hence either Rg’: (0) or its
negative is a genuine representation; call it ¢ - Rg’: (#). By Proposition 6.2, for v € Syyeg,

@c-Rg:(G) (A/) =c: Z " (7)

wEWc&O (8)

Therefore Theorem 5.17 is applicable to 7 := ¢ - Rg’: (0) and we get ¢ = (—1)"5%) and
T = 74. ]

Remark 7.3. Suppose that 6 is toral and that the virtual SGx o-representation R(S;’:,UT(G) =

H(X,,Q,)[0] is irreducible. Suppose that H:(X,,Q,)[d] is in fact concentrated in a single
degree i = r8°™(f). (This is known to be the case when G is a division algebra; see
[Chal8, Cha20].) Then Theorem 7.2 gives a cohomological meaning to the parity of the
purely root-theoretically defined integer r(S, ¢) (Proposition 4.9):

r(S, @) = r&®°™(0) (mod 2).

(In the division algebra case, one can check this directly—compare the formula for (S, ¢)
in Proposition 4.9 to the formula for the nonvanishing cohomological degree in [Cha20,
Theorem 5.1.1].)

Remark 7.4. The O-torality condition on 6 is only needed because we need the irreducibility
of Rg’: (0) ([CI21b, Theorem 1.1], presented as Theorem 6.3 in the present paper). On the
other hand, it is expected (and known in certain cases) that Theorem 6.3 holds beyond the
0-toral case as long as S is elliptic. When G is an inner form of GL,,, Theorem 6.3 is known
without any constraints on 6 (see Theorem B of [CI19]), and we will discuss this in more
detail in Section 7.3. For G arbitrary and S Coxeter, establishing Theorem 6.3 is recent
work of Dudas—Ivanov (see Theorem 3.2.3 of [DI20]) announced during the preparation of
the present paper. With this, when S is Coxeter, the 0-torality condition on 6 in Theorem
7.2 can be relaxed to torality, with identical proof.

7.2. Comparison for X, NS,G;. Asin Section 7.1, there is a unique extension of H;(X,.N
S,G;F,Qy)[f] to a (virtual) representation of SGx o4 on which Zg acts via 6|z,. We again
denote this representation by H} (X, NS,G;},Q,)[d].

Theorem 7.5. Let S be an unramified elliptic mazimal torus of G and 0: S — C* a 0-toral
character of depth r € Rsg. We put ¢ := 0 -e™™[f]. Then we have

HE (X, NS,G}, Q0] = (—1)"S9) Ind 35 (o ® ¢a),

4Note that we may equivalently set ¢ = 0 - €"™[f]. Indeed, since €™ [f] is a tamely ramified quadratic
character determined by 6|s,, , we have 0|s,, = ¢|s,, and e™™[0] = ™[] = gram[gp]—1,
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where the right-hand side is Yu’s representation associated to the pair (S, ¢) (see Section 3).

Proof. By the 0-torality of §, Theorem 6.7 implies that H (X,NS,G;}, Q,)[f] is an irreducible
virtual representation of SGx o4 (see Remark 6.8). The proof of Proposition 6.2 in this
setting yields the result that if v € SGx o4 is an unramified very regular element, then

_ JO(gvg™") ify e g 'Sg for some g € Gx o4,

@H: (X008, G, Qe [F] ™ = {O otherwise.

Then the same proof as in Theorem 7.2 works by using the above formula and Theorem
5.13 in place of Proposition 6.2 and Theorem 5.17, respectively. (|

As a straightforward corollary of Theorem 7.2 and 7.5, we resolve Conjecture 6.5 for
0O-toral characters:

Theorem 7.6. Let S be an unramified elliptic maximal torus of G and 0: S — C* a 0-toral
character of depth r € Rsy. Then

RE(0) = H;(X®, Q0] = Ind e (H; (X, NS,GF,TQy)[0]).

Proof. The second isomorphism in the assertion holds in general (see the paragraph before
Conjecture 6.5), so it suffices to check that Rg’:(@) is isomorphic to Indggz’ﬁ+ (Hx (X, N
SrG;,Qy)[#]). But this isomorphism holds by Theorem 7.2 and 7.5 together with the fact
that

o~ SGx SGx
Ty Indscxﬁ+ Ind " (0} ® ¢a). O

7.3. The case of GL,,. Let G be an inner form of GL,, and let S be an unramified elliptic
maximal torus of G. Then there are no bad primes of G and |71 (Gger)| = |7r1(adcr)| =1,s0
the only baseline assumption on the residue characteristic of F' (Section 2.1) is that p > 2.
In this setting, G = GLy/(Dyg /n,), where n = n'ng and Dy, is the division algebra of
dimension n2 with Hasse invariant kg/ng, and S & E*, where E is the unramified degree-n
extension of F' (i.e., it is the smallest extension of F' which splits S). This is a specialization
of the setting of Section 6, and in this setting Theorems 6.3, 6.7 are known by work of the
first author and Ivanov without the 0-torality assumption on 8. We record this result here:

Theorem 7.7 ([CI19, Theorem 3.1], [CI21c, Theorem 5.2.1]). Letr > 0 and let 6,6": Sp.,. —
@Z be any character. Then

(RSr(0), RSr(0")) = Y (0,0,

Gx,0:r+
WGWGX)()(S)
Furthermore, HY (X, NS, G}, Q,)[0] is an irreducible representation of SoGx,o+ -

This means in particular that we may apply Theorem 5.13 to H} (X, NS,G;,Q,)[¢] and
Theorem 5.17 to Rg’: (9) for any toral character 6: S — @Z of depth r € Ry whenever the
following conditions are satisfied:

e p > 2 (required for Yu’s construction),
. (GdG) is satisfied by T for any unramified very regular element v € SGx ., and
o (vreg) holds.
The second condition on (Gd%) is always satisfied by Remark 4.4 (2). On the other hand,
recall that the inequality (%) (|S(Fy)|/|S(Fq)nvreg| > 2) is sufficient, though not necessary, to
guarantee the assumption (vreg) (see Corollary 5.5). We will show that in fact (x) is satisfied
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for all (¢,n), including even ¢, illustrating that in this setting, our constraint on ¢ (%) is
weaker than the constraints on p in Yu’s construction. In [Hen92, Section 2.7], Henniart
proves that [S(Fy)|/|S(Fq)nvreg| > 2n holds unless (¢,n) € {(2,2),(2,4),(2,6),(3,2)}. Of
course this means that (%) holds for all (¢,n) except possibly the four in this list; by direct
computation for these last four, one sees that (x) holds for all (¢,n). In summary, in our
present setting of G being an inner form of GL,,, Theorems 5.13 and 5.17 hold for all odd

q.

Theorem 7.8. Let 0 be a toral character of S of depth r > 0. We put ¢ := 0-£*™[0]. Then
we have

1

( ) r(S,¢) Indf{cix’o (p;l ® ¢d)7
(— )T(S#ﬁ) Indf(cixyo-# (p:i ® ¢a),
In dggx 0 (H:(Xr N STG;F,@z)[G])-

5 (0)
H* (X, NS,GF Q)6
Rg7(6)

1

1%

The twist £'™[f)] is subtle, and we will discuss it later in this subsection. Before we do
that, we note that Theorem 7.8 in particular yields an algebraic alternative to the geometric
approach of [CI19] to establish the irreducibility of the f-eigenspace of loop Deligne-Lusztig
varieties:

Corollary 7.9. Let 0 be a toral character of S of depth r > 0. Then c—Indng,D(Rg:(H))

is (up to sign) irreducible supercuspidal. In particular, the assumption p > n in [CI19,
Theorem A] can be relazed to p > 2.

The p > 2 assumption in Corollary 7.9 likely cannot be relaxed due to our approach of
comparing with Yu’s construction, which uses from the start that p is odd. However, given
Henniart’s work [Hen92], it seems likely that one can obtain the above result for p = 2 by
considering Gérardin’s construction [Gér79] in place of Yu’s in this setting.

Remark 7.10. We remark that the p > n assumption in [CI19, Theorem A] is in place for
deep technical reasons, and that this assumption is only needed for # which are toral but
not O-toral. For O-toral €, the first author and Ivanov obtain the irreducibility (and hence
supercuspidality) of the compact induction c—Ind?Gx,O(Rg’: (9)) for all primes p in [CI21a,
Theorem 12.5] by purely geometric techniques. In particular, Corollary 7.9 is strictly weaker
than op. cit. in the O-toral setting, exactly because Corollary 7.9 says nothing about p = 2.

To finish this subsection, we would like to illustrate the subtle nature of €™™[¢] and the
sign (—1)"(5:¢) by further specializing the present setting to the case G = GL,. Then, in
general, any twisted Levi of G is isomorphic to the product of several Weil restrictions of
general linear groups. For any cuspidal G-datum, because of the anisotropicity assumption
on Zgo/Zg, each twisted Levi G' is given by Resg, /F GLy,, where E; is the unramified
degree-n/n; extension of F. If 4 € Spyreg is such that the image of v in Sp.oq = qun
generates all of Sp.o, then e™™[f] is the unique tamely ramified character of S such that
e™®f]|zo = 1 and

d—1
£ [g) () = H(_D(L”Hl/?]—L"i/QJ)(7‘1:—1)_

=0
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Recalling the definition of £™™[¢] from Definition 4.8, the above formula comes from the
calculation that:

if r is even,

xor/ 0 otherwise,

|(Tr x {£1}P)\(RE, ,, N R(G,S)™™)| = {L(n - 1)/2]

1 if r is even and n is even,

Lr\(RS ., NR(G,S)symur)| =
| F\( x,r/2 ( )y ) )| {O otherwise.

The calculation of the sign (—1)"(5:9) is slightly less delicate. We first note that (S, ¢)
equals 7(S,0) since 7(S,¢) depends only on the positive-depth part ¢|s,, by definition
(Proposition 4.9) and we have ¢|s,, = 0|s,.. We can calculate that

n—1 if ris even,

Tp\RS, o] =
ITe\Ry ol {0 otherwise.

and therefore
d—1

r(S,¢) =7(S,0) = > (niyq1 —ni)(r; —1) (mod 2).
=0
It is known ([CI21c, Theorem 6.1.1]) that there is a unique and explicitly described cohomo-
logical degree r&°°™ (@) such that Hy ) (X,NS, G, Q,)[0] # 0. Moreover, if G*(S,0) = S,
then Theorem 7.8 guarantees that r8°™(0) = r(S, ¢) modulo 2. We can see this explicitly
as well:

d—1
r(S,¢) = Z(niJrl —n;)(r; — 1)
=0
d
= (ra+1)(na) —no(ro +1) + Zni(rifl —r;) (mod 2),
=1

and if ng = 1 (i.e., if G°(S,0) = S), then this last formula is almost exactly equal to
r8e°m(9) in [CI21c, Corollary 6.1.2], the only difference being summands with even values.
We note the peculiarity that the algebraically calculated number 7 (S, ¢) has summands that
consider the difference between n;’s (which captures the sequence of twisted Levi subgroups
G?), while the geometrically calculated number r8°°™(f) has summands that consider the
difference between the depths r;.

These calculations can be made similarly for G being any inner form of GL,,, keeping in
mind the further calculations that if G is a nonsplit form of GL,,, the point X € B*4(G, F)
corresponding to S < G is not superspecial in the sense of [Kall9, Definition 3.4.8].

7.4. Discussion of small residual characteristic. We illustrate some of the subtleties
that arise for small p by considering a particular example: let F' have residual characteristic
p =2 and G = SLs. In this case, Yu’s construction is not available since it requires the
oddness of p to utilize the theory of Weil representations for Heisenberg groups over F,
([YuO1, Sections 10-]). When p = 2, the notion of Yu-datum still makes sense, even if Yu’s
construction cannot be used to build a supercuspidal from such data. On the other hand,
when p = 2 and G = SLs, there does not even exist a toral Yu-datum! To see this, we
let S be the unramified elliptic maximal torus of G; note that S splits over the degree-2
unramified extension of F' which we denote by E. In this setting, one can compute that

Nrg/r

Nr
FTX)/KGI“(Eﬁ_i_ L/F) F.,ﬁ_) = Ker(E;ir—&- - Fr>:<7'+) = F7'>:<7'+7
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where the second equality holds since F is an unramified extension of F, so the norm
map on higher unit groups is surjective, and the third equality holds because the residue
field has even characteristic. In particular, every character 6 of S,.,, is stabilized by all
of W (S) = Gal(E/F). A closely related observation is that Wg(S) acts trivially on the
reduction-modulo-2 of the character lattice. This implies that Yu’s condition (GE2) (see
[YuO1, Sections 8]), which is one of the two conditions for a character 6 of S to be G-generic
of depth r, is never satisfied.

Now let us move to the geometric side. Let 6: S — @Z be a character of depth r. In this
setting, it is automatic that 0[s, ., is nontrivial and 0|y, . (v (gx)) 7 1 foralla € R(S, G).
By Theorem 6.3,

rir4

(Rg™y, (0), Ry, (9)>SL2(op/p;+1) =2.

It necessarily follows that Rg:,Ur (0) consists of two non-isomorphic irreducible represen-
tations 71,72. It seems possible to guess that C—Indgizggl)(ﬁ) and c—IndglﬁzEgl)(Tg) are
non-isomorphic irreducible (and therefore supercuspidal) representations of SLa(F).

Our expectation is that in general the geometric representations RS:VUT (0) realize rep-
resentations which do mot appear in Yu’s construction. In the above setting, we expect
that Rg’:’UT (9) should be a representation constructed by Gérardin [Gér75a] [Gér75b]. In
some cases, this is a theorem of Chen—Stasinski [CS17]; their technique works for all p, and
specializing their result to the setting of SLy and p = 2, Chen and Stasinski prove that if r
is odd, then R(S;’:,UT(G) coincides with the representation corresponding to the character 6|g,
in Gérardin’s construction. It seems reasonable to us that for general depths, the represen-
tation RS’T"’UT(G) should also correspond to one of Gérardin’s representations (0-¢)|s,, where
€ is a twisting character which should be independent of # and p. (For large p, Theorem
5.17 can be applied to compare Gérardin’s construction with Yu’s construction.)

8. GEOMETRIC L-PACKETS OF TORAL SUPERCUSPIDAL REPRESENTATIONS

In this section, we examine the implications of our results within the context of the local
Langlands correspondence. We write Wy for the Weil group, Iz the inertia group, and Pg
the wild inertia group. We let I}, denote the r-th upper ramification filtration of Ir for
r € R>g. Let G be the Langlands dual group for G and write “G = G x Wpg. Following
Kaletha [Kall9], we assume F has characteristic 0 in this section.

We first review Kaletha’s construction of 0-toral supercuspidal L-packets. As in [Kall9,
Definition 6.1.1], define:

Definition 8.1. A 0-toral supercuspidal parameter of generic depth r > 0 is a discrete
L-parameter ¢: Wp — LG satisfying the following conditions:

(1) The centralizer of ¢(I}.) in G is a maximal torus and contains (the projection from
LG to G of) p(Pp).
(2) p(I5) is trivial, i.e., p(o) =1 x o for any o € I}.F.

In the present paper, our focus is on Howe-unramified supercuspidal representations. If a
0-toral supercuspidal parameter ¢ of generic depth 7 > 0 is such that the centralizer of ¢ (I})
in G corresponds to an unramified torus in G [Kall19, Section 5.1], then we additionally say
that ¢ is Howe-unramified.

Following [Kall9, Definition 5.2.4, Section 6.1], we define a Howe-unramified 0-toral su-
percuspidal L-packet datum of depth r to be a tuple (S,7, x, #) consisting of
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e S an unramified torus of dimension equal to the absolute rank of G, defined over F'
with anisotropic quotient S/Zg
e 7: S - Gisan embedding of complex reductive groups whose a—conjugacy class
is I'p-stable
e Y is a minimally ramified y-data for R(S, G)
e 0: S — C* is a O-toral character of depth 7.
Here, although a priori Zg is not a subgroup of S, we may regard Zg as a subgroup of S
by choosing an embedding of S into G which is admissible for 7. Moreover, the resulting
subgroup structure does not depend on the choice of such an embedding. We refer the
readers to [Kall9, Section 5.1] for more details including the definition of the admissibility.
We note that there is a unique choice of x because S is unramified [Kall9, Definition 4.6.1],
so we will omit it from the tuple. By [Kall9, Proposition 6.1.2], there is a bijection

(8,7,0) = ¢s.5.0)
between isomorphism classes of Howe-unramified 0-toral supercuspidal L-packet data of

depth r and G-conjugacy classes of Howe-unramified 0-toral supercuspidal parameters of
generic depth r. Explicitly, the L-parameter is the composition

vo Lo “iL
©(s,7,0)* WF — "5 =G

where wg: Wr — LS is the L-parameter of § and *j: S — LG is the Langlands-Shelstad
extension of 7 determined by the canonical y-data. A Howe-unramified 0-toral supercus-
pidal datum of depth r [Kall9, Definition 5.3.2] is a tuple (S,7,6,7) where (S,7,0) is a
Howe-unramified 0-toral supercuspidal L-packet datum of depth r and j: S — G is an
F-rational embedding admissible for 7. Here we refer the readers to [Kall9, Section 5.1] for
the definition of the admissibility. We crucially observe that the set of all Howe-unramified
O-toral supercuspidal datum of depth r corresponding to a fixed (S,7,60) is indexed by G-
conjugacy classes within the stable conjugacy class of a(ny) F-rational embedding j: S — G
admissible for 7.

For such an embedding j: S < G, let x; € B(G, F') be a point whose image in B'*4(G, F)
is associated with jS := j(S). We let S;, C G,, be the group schemes defined over
F, associated to jS and x; as in Section 6.1 and we assume (vreg) in Section 5.1. By
combining our geometric comparison theorem (Theorem 7.2) with Kaletha’s construction of
toral supercuspidal L-packets, we obtain the following result:

Theorem 8.2. Let (S,7,0) be a Howe-unramified 0-toral supercuspidal L-packet datum of
depth . Then the corresponding L-parameter o 5 9) has L-packet

Gjry-
{C_IndJGS-ij,O (|RSJJT (‘79)‘)}36\73’

where

.« j0:=00j7",

o [R5 (j0)| denotes (—1)"USIO RE"(j6), and
o J& is a set of representatives of the G-conjugacy classes of the stable conjugacy
class within F-rational embeddings S — G admissible for 7.

Proof. Kaletha’s construction of regular supercuspidal L-packets assigns to (s 5 4) the finite

set of supercuspidal representations of G given by {7 (;s jor)} ;e IS where j#' is a particular

twist of the character j6 of jS := jS(F). In [Kall9, Step 3 in Section 5.3], this twist is

written as j0’ = (0-(5") 057! - € ram - €*™; Kaletha's €™ is the character ™™ [jf] with
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respect to (jS C G, j6) in Section 4, and because we assume S is unramified, the other
twists (s and €y am are trivial. Therefore by Theorem 7.2, 7(;g jor) is isomorphic to the

geometrically arising supercuspidal representation C—Inde_Gx_ W Rg’j«r( iN- ]
’ o

The fact that the geometric description does not need to be separately twisted by
€™ [j0] has nontrivial significance. Kaletha’s L-packets {W(js,jgl)}jejcc;; are not the same
as {W(js,jg)}jejé}; these packets can be genuinely different (see [DS18, Example 5.5] for an
explicit example). In fact, it is known that although {Tr(js’ jg)} jegg appears more canonical
from the perspective of Yu’s construction and Kaletha’s generalization of the Howe factor-
ization, these sets of supercuspidals do not (!) satisfy stability and therefore cannot be
L-packets.

Let us elaborate on stability here. In general, it is expected that the local Langlands
correspondence not only associates an L-packet HS to each L-parameter ¢, but also gives
a parametrization of the members of HS in terms of a certain finite group S, determined
by ¢; members of HS‘ are expected to be labelled by irreducible characters of S,. If we let
(m,—) denote the irreducible character of S, corresponding to 7 € Hg then the stability of
the L-packet HS asserts that the linear combination of Harish-Chandra characters

Z <71',1> - Or

WGHS

is stable, i.e.; constant on every stable conjugacy class of strongly regular semisimple ele-
ments (see [Art89, Section 6] for a general formulation of stability). When ¢ is a 0-toral
supercuspidal parameter (or, more generally, regular supercuspidal parameter), the associ-
ated group S, is abelian (see [Kall9, Section 5.3]). Hence, for such an L-parameter, stability
simply asserts that the sum Zweng O, should be stable. Although stability alone cannot
characterize the local Langlands correspondence, it has an important role as a touchstone
in verifying the validity of the construction of the L-packets.
Given this, is it naturally pressing to ask:

Does the correspondence (j: S — G,0) — 7(;s j9) map stable conjugacy
classes to sets of supercuspidals with stable character sums?

In the setting of Howe-unramified 0-toral supercuspidal representations, this question was
posed by Reeder [Ree08], who proved that this correspondence maps stable conjugacy classes
to sets of supercuspidals with constant formal degree. DeBacker—Spice [DS18] proved that
the answer is in fact no and defined a twisting character ™. Under the additional assump-
tion that F has characteristic zero with sufficiently large residual characteristic, DeBacker—
Spice proved that the twisted correspondence (j: S < G,0) — m(;g jg.cram[jo)) does in fact
preserve stability ([DS18, Theorem 5.10]). Kaletha [Kall9] defined twisting characters in
the more general setting of regular supercuspidal representations and proved the associated
stability preservation assertion for O-toral supercuspidal representations under the same as-
sumptions on F as in DeBacker—Spice ([Kall9, Theorem 6.3.2]). This fact is strong evidence
for the validity of Kaletha’s construction of the local Langlands correspondence.

The content of the next theorem is that if we replace the correspondence (j: S < G, 6) —
T(;s,;6) With the geometric construction (j: S — G, 0) — C-IndJC»;S,ij,O(|R§_];’: (76)]), then we
do not need to separately define a twisting character. Theorem 8.3 is a corollary of results
we have already established in this paper (and [DS18, Theorem 5.10] or [Kall9, Theorem
6.3.2]), but we would like to emphasize and repeat the following point mentioned in the
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introduction: the geometry seems to innately know about automorphic side of the local
Langlands correspondence.

Theorem 8.3. Assume additionally’ that F has characteristic zero with residual charac-
teristic p > (24 e)n where e is the ramification degree of F' over Q, and n is the dimension
of the smallest faithful rational representation of G. The correspondence

. (T
(j: S G,0) = cIndfs.g, ,(IRs (j6)])
preserves stability for 0-toral characters 6.

9. REGULAR SUPERCUSPIDAL REPRESENTATIONS CHARACTERIZED BY Syyeq

In this section, we prove that certain regular supercuspidal representations are determined
by their Harish-Chandra characters on unramified very regular elements. These results can
be viewed as versions of the comparison results of Section 7 in the setting that the group
SGx o is replaced by the p-adic group G; on the other hand, neither result implies the other
logically (see Remark 9.3). The advantage to obtaining a characterization result at the level
of G is that it allows one to characterize members of certain L-packets by their Harish-
Chandra characters on a very small collection of elements of GG, as one does for real groups
[Lan89], resolving a hole mentioned by Kaletha around [Kall9, (5.3.3)]. Such a characteri-
zation problem was also mentioned several years earlier by Adler—Spice [AS09, Section 0.3],
motivated by Henniart’s characterization of certain supercuspidal representations of GL,,
[Hen92, Hen93)].

The class of regular supercuspidals for which we establish this characterization are those
which correspond to tame elliptic regular pairs (S, ¢) where S is unramified and G°(S, ¢) =
S—that is, precisely the class of Howe-unramified toral supercuspidal representations. We
will additionally assume in this section that S is such that the assumption (vreg) introduced
in Section 5.2 is satisfied.

We prove the following theorem in Section 9.2.

Theorem 9.1. Let S be an elliptic unramified mazximal torus of G and let 6: S — C* be
a toral character. Then there is a unique reqular supercuspidal representation ™ of G such
that for every v € Syreg,

(8) Or(y)=c- > (")
weEWea(S)

~

for a nonzero constant c € C. Furthermore, 1 = m(g 4) with ¢ := 6 - ™™ [0] and we must
have ¢ = (=1)"S9) where x € B(G,F) is a point associated to S and r(S, ) is as in
Proposition 4.9.

Theorem 9.1 allows us to formulate the construction of Kaletha’s L-packets in the fol-
lowing way. Let j: S — G be an unramified elliptic maximal torus defined over F' and let
f: S — C* be a toral character. For any F-rational embedding j': S < G stably conjugate
to j, let m; be the regular supercuspidal representation of G' with Harish-Chandra character

@ﬂ'j/ (7) =cC- Z jla(w’}/)a for QS j,Svrega
weWea(5'S)

5These assumptions are needed in [DS18] as their proof relies on the logarithm map on Gx o+ (exists
when p > (2 + e)n by [DR09, Lemma B.0.3]) and also Waldspurger’s results [Wal97] on the fundamental
lemma and the transfer conjecture. These are the same assumptions as in [Kall9, Section 6.3].
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where 50 := 604/~ and c is some nonzero constant. Then the L-packet Kaletha constructs
[Kall9, Section 5.3] is precisely the collection of all 7;/; moreover, the L-parameter corre-
sponding to this L-packet is the homomorphism PS50 Wpr — LG recalled in Section 8.
The contribution of Theorem 9.1 in this context is exactly the italicized the above; that is,
that members of certain L-packets are characterized by their Harish-Chandra characters on
unramified very regular elements.

Remark 9.2. Kaletha actually asks for something slightly different—that regular supercus-
pidal representations are characterized by their characters on shallow elements (see around
[Kall9, (5.3.3)]). Not all shallow elements are unramified very regular (because shallow
elements can have connected centralizer being equal to a torus which is not unramified),
and not all unramified very regular elements are shallow (because shallow elements neces-
sarily have order coprime to p). A key point here is that if 7 is unramified very regular,
then any element of 7 - T’ o4 is also unramified very regular. But this is not the case for
shallow elements! Pushing further in this direction, it is in fact possible to find two non-
isomorphic regular supercuspidal representations with identical character values on shallow
elements. Indeed, if we take two non-G-conjugate tame elliptic regular pairs (S,6) and
(S,0") such that the regular generic reduced cuspidal G-data associated to them have the
same depth zero part (but have different positive depth part), then we cannot distinguish
the regular supercuspidal representations (g gy and (g ¢y by their characters at shallow
elements. So, in order for Kaletha’s desired characterization to hold in general (i.e., outside
the Howe-unramified setting), one must replace “shallow” by a generalized notion of very
regularity.

Remark 9.3. We note that Theorem 9.1 is not strong enough to obtain Theorem 7.2 without
the work of Sections 5, 7. The point here is without Sections 5,7, we would not know the
irreducibility nor the supercuspidality of the induced representation C-Indg,Gx ) (|Rg: @)).-
On the flip side, the results of Section 5 are not enough to obtain Theorem 9.1 because
the results of Section 5 characterize representations at the level of parahoric subgroups.

9.1. Character formula on unramified very regular elements. In order to prove
Theorem 9.1 we will first need a character formula for regular supercuspidal representations
on unramified very regular elements. Such a formula is not contained in the work of Adler—
Spice [AS09, Theorem 6.4] because their formula requires the compactness assumption that
G?~1/Zg is F-anisotropic, and this hypothesis is not satisfied by every regular supercuspidal
representation. In [Kall9, Section 4.4], Kaletha establishes a character formula for shallow
elements without this compactness condition. Given the comments in Remark 9.2, neither
Kaletha’s nor Adler—Spice’s formulas suffice for us.
In this section, we prove:

Proposition 9.4. Let (S',¢) be a tame elliptic reqular pair of G and let X' € B(G, F) be
a point associated to S’ — G. Let S be an unramified elliptic mazimal torus of G. When
S’ is not G-conjugate to S, we have SR (7) = 0 for any unramified very reqular element
Y € Syreg- When S’ equals S, for any unramified very regular element vy € Syreg, we have

0y~ g ram w
97‘—(3’,¢) (v) = (_1)r(G )—r(S)+r(S,9) Z e (B] (V) - (M),
weEWea(S)
where the exponent of (—1) is as in Proposition 4.9.

Before we prove the main result of this subsection (Proposition 9.4) which we will use to
prove Theorem 9.1 in the next section, let us fix some notation. From now until the end of
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the paper, we will use the following notation. Let (S’, ¢) be a tame elliptic regular pair with
an associated point x’ € B(G, F) and let (é,w,l,g) be a corresponding regular generic
reduced cuspidal G-datum (Section 3.2). We caution that at this point it could happen
that either S’ is not unramified or ¢ is not toral. We let %, QEZ denote the “intermediate”
representations arising in Yu’s construction of the supercuspidal representation associated
to (G,7_1,¢) (see Sections 3.1, 3.4 for recollections). We remind the reader that °p) is
a representation of °K* = S'GY, 4(G,...,G")y (s,....s,_,) and ¢; is a representation of
Gi, x J™ where J' = (G',G")y (1, 5,)- Furthermore, we fix an unramified elliptic
maximal torus S of G.

Proof of Proposition 9.4. We first note that the central character of 7(g/ 4) is given by ¢|z¢
([Kall9, Fact 3.7.11]) and £™™[¢]|zo = 1 by definition (Definition 4.8). Moreover, since S
is unramified, we have S = SyZg. Thus it is enough to treat the case where v belongs to

SO,Vreg-
Recall (Sections 3.1, 3.4) that we have

(S ¢) = c—Indf{a (0 ® ¢g) = C—Indga (0) ® ¢a

K,
where K, = K,, = Gfl—(/_lGx/70+ and 0 = 04 = Ind 3" (p);). Let ©, denote the character of
o and let ©, denote the extension by zero of O, to a function of G.

Claim 1. For any unramified very regular element v € Syreg,

Org o (V) =0a() D Ooy (97).

gECK I\ Gy/

We first argue that the function g — ©,(9y) on G/Zg is supported on a single right
coset (Gx'/Zg) - go in G/Zg (and is in particular compactly supported). For this we follow
an argument of Kaletha [Kall9, §4.4] (who did it under the assumption that v is shallow)
adapted to our situation (y is an unramified very regular element of S). By definition,
we have that for any a € R(S,G), we have a(y) £ 1 (mod pr). Moreover, v is bounded
modulo Zg since S = SoZg. Hence, by [Tit79, Section 3.6.1], the set of fixed points of
in BY(G, Fur) is A4(T.,, F*) = A™4(S, F*). Hence the fixed points of v in the rational
building B*4(G, F) consists of a single point X. The same holds for 95 in place of v, with
fixed point gx. Obviously 9 is an element of the stabilizer subgroup G of X’ if and only
if ¥ = gx. In particular, unless X' = gX, we have 9y ¢ K, and ©,(9y) = 0. Hence
g+ O4(97) is supported on {g € G | gk = X'}, which is either empty (in which we take g,
arbitrarily) or forms a single right coset of Gx//Zg in G/Z¢ (in which case the coset of g,
is uniquely determined).

In the following, by replacing (S,~) with (9vS,9 ), we assume that g, = 1. Note that
then the point X associated to S is necessarily equal to X'.

By noting that v is elliptic, the Harish-Chandra integral character formula (see [HC70,
94 page]) implies that

deg ’/T(S/ @)
H (g =—0 o 9v)d y
(HO) Oris (1) = “gr 64 [ 6,7)dg
where deg 7(s/ 4) is the formal degree of the supercuspidal representation m(s: ) with respect
to a fixed Haar measure of G/Zq. (In [HC70], the characteristic of F' is assumed to be zero.
See [AS09, Proof of Theorem 6.4] for an expository on the validity of the integral formula in
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the positive characteristic case.) Since the support of the function g — (;)(g’y) is contained
in Gz /Zg (note that now g, = 1), we can compute this integral as follows:

Oy () dg = / Os (%) dg
/G/ZG Z KGQI/ZG

gleKU\Gi/

= Z meas(K,g' /Zq) - 90(9/’7)
9’ €K, \Gx/

=meas(K,/Zq) Z O (%7).

gEKN\Gxs

As the irreducible supercuspidal representation 7/ 4) is obtained by the compact induction
of o from K, to G, we have

deg m(ss 4y = dimo - meas(K,/Zg) ™"
(see, e.g., [BH96, Theorem A.14]). Thus the formula (HC) is simplified to

(—)W(S’ﬁb) (’Y) = Z (;)0' (gIY) *
geKa\Gi/

Since we have ¢ = Indggd °pl; ® ¢q, the Frobenius formula implies Claim 1.

Claim 2. If there is an unramified very regular element v € Syyeg such that O, . (v) # 0,
then S’ is necessarily G-conjugate to the unramified elliptic maximal torus S.

If @ms,m('y) is not zero, then ®”<s/,¢>(27) # 0 is also not zero for any z € Zg. Thus,
by Zg-translation, we may suppose that v belongs to Sy; in particular, + is bounded.
Moreover, if ©r, . (7) is not zero, there exists g € G such that éop:i (97) is not zero by
Claim 1. By replacing v with 97, we may assume that ©c,, (7) # 0 (in particular, v belongs
to °K¢ C S'Gy o). As discussed in the proof of Claim 1, now we have X = x’. This implies
that the unramified very regular element v of S C SGx is also unramified very regular as
an element of S’Gx . Hence, by Lemma 4.7, we may furthermore assume that - belongs
to S’ Gg/70 (= °K") by replacing v with its °K?-conjugate appropriately. By definition, )
is the representation of °K d = ofd=17d descended from the °K9~! x J%representation
(d)d_l‘oKd—lKJd) X ((Op&71 X ¢d_1|oKd,—1) X ]].) Thus we have

Oop (V) =O5, (¥ x 1) Ocp (V) a—1(7)-

Then the second factor on the right-hand side can be computed in the same way:
Oc, (M) =03, (Y1) Ocp (V) Pa—2(7)-

Continuing inductively, we see that we must have O, () # 0. By the boundedness of v, we
can take a topological Jordan decomposition (i.e., a normal (0+)-approximation) v = yo7y4+
with a topologically semisimple element vy € S’ G?a,o and a topologically unipotent element
Y1 € S'GY s (see [Spi08, Proposition 1.8]). Then we have

Ocpy (7) = @H(s/,ml)(fy) = 8”(8’»71)(70)'

By Lemma 4.5, this vanishes unless g is S’Gg,wo—conjugate to an element of S’. We take

g € S’G’?K,’0 such that 999 € S’. Since ~ is unramified very regular, the topologically

semisimple part 7o is regular semisimple in G. Thus the connected centralizer Ty,, = 9T,

of 999 € S’ is equal to S’. On the other hand, we note that 7, is contained in the closure (v)

of the cyclic group group () in G (see [Spi08, Proposition 1.7 (2)]). Since (7) is contained
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in T, = T,(F), where T, is the connected centralizer of v in G, we get 79 € T,. This
implies that we have T,, = T, by the regularity of 7. As T, is nothing but S, we get

S=T,=T,, =9 S, which establishes Claim 2.

We are now ready to finish the proof of Proposition 9.4. From now on, we assume that
S’ is G-conjugate to S. Let us compute the character

@W(S’Ab) (IY) = Z 90{7{1 (g’Y)
ge°K\Gyg/

This can be done in a similar way to the proof of Proposition 4.11. By G-conjugation, we
may assume that S’ = S. In the following, we omit / from the notation; we simply write S
and x. By the argument in the previous paragraph, we see that

S 0= S 0,0,

gEOKd\Gsc gEOKd\G,z
Iyves
The index set of the sum on the right-hand side can be furthermore rewritten as (°K¢ N
NG5 (S))\Ne4 (S), which equals Nggo (S)\Ngx(S) by Lemma 4.10 (2). Here note that
Nsgo [(S) = SNgo (S) and Ne, (S) = Ne(S) (the latter equality holds since if an element
of G normalizes S, then g stabilizes the point x associated to S). Hence, by Proposition
4.9, we have

0 - T ram
Ors.o (V) = > (1)@ rEErSe) N e g) (W) - ()
9e€SNgo (S)\Na(8) weWgo (8)
_ (_l)r(GO),r(S)+r(S,¢) Z gram[qﬁ](w,y) . Qs(w’}/)- 0
wEWea(S)

Remark 9.5. After we released the first version of this paper, it was announced by Fintzen—
Kaletha—Spice that they established, under the additional assumptions that F' has charac-
teristic zero and p > n(2 + ¢) (the same assumptions as in Theorem 8.3), a general formula
for the characters of regular supercuspidal representations [FKS21, Theorem 4.3.5] based
on the work of Spice [Spil8, Spi2l].

9.2. Proof of Theorem 9.1. We use the notation fixed in the previous subsection. To
prove Theorem 9.1 we will use Proposition 9.4 together with the following lemma:

Lemma 9.6. Let 0: S — C* be a smooth character such that 0|s,, has trivial Wg(S)-
stabilizer. Then for any v € Syreg, there exists an element x € So4 such that

Y. 0((a) £0.
wEWa(S)

In particular, the function Zwewc(s) 0" is not identically zero on Syreg-

Proof. I 3~ cwe(s) 0(*(vz)) = 0 for all # € So, then this implies that
> 0("y)-0"]s,, =0.
wEWe(S)

This implies that the 6"[s,, are linearly dependent, which is impossible since they are
assumed to be distinct. O
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Proof of Theorem 9.1. First, the regular supercuspidal representation associated to the pair
(S, ¢) indeed satisfies (8) by Proposition 9.4. Thus our task is to show uniqueness.

Let m be a regular supercuspidal representation of G. By Proposition 3.3, there is a
corresponding tame elliptic regular pair (S’,¢’), which is unique up to G-conjugacy. We
assume that the representation 7 satisfies the equality (8) for a toral character 6 of an
unramified elliptic maximal torus S of G. Because f|g,, has trivial Wg(S)-stabilizer by
Lemma 3.8, Lemma 9.6 implies that there is an element v € Syyeg such that ©(v) # 0. By
Proposition 9.4, this implies that S and S’ must be G-conjugate. In particular, this means
we may assume S’ = S, so that we now have m = m(g ) for some character ¢’ of 5.

By Proposition 9.4, for all v € Syreg, we have

(9) Or (1) = (1) EITTEHTEN R T gl - o/ ().
weEWeg(S)

It is now in relating ¢’ and 6 that we will invoke the remaining assumption (vreg). With
this assumption, Lemma 5.16 holds. Therefore we must have that ™ [¢'] - ¢/ = " for
some w € Wg(S) and ¢ = (fl)r(GO)*’”(S)”(S*d’/). As e™™m[¢'] is tamely ramified, we get
¢\ sy, = 0"]s,, - Since e™™[¢'] (resp. e*™[0"]) is determined by ¢'|s,, (resp. 6*|s,, ), we
have ™™ [¢/] = e™™[#*]. By noting that ™™ is a sign character, we finally conclude that
¢ =0 - [0v] (= (0 -*™[0])"). This implies that mg 4y = 7(g,g.cram[g]) - O
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