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®Yo¤ � ¥ � t4¤r{r�¯zO¥ � su¥ � �¯v.t�q+oyj° � �wz-�¯s§oO¥KzO¦>q4o¥���t4¥��
zO¥ � �¯v³t�¤�t+{r��oO®N�¯v³t�{ m {r��t4yJ�.¤�t+{ � ¦¹�¯s§¥ �
®Y¤�oOy¿�¯v.tStD½5q4¦ � � t � yWs �.� ¦§t�¤ � ¦§tª¡ � ¥�oO��v.t4¤��o¤ � {+�2�t*§�� r O�ltaq4¦µzª{�{�suq'zO¦P{ m {r�¯t+yW{Gs§¥��¯oWz
q4oO¥.{r��¤ � qD�¯su©Otdq+o¤�tdzO¥ � ��v.tdtZ½5q4¦ � � t � yjs �³� ¦§t�¤ � ¦§tO¡²n�v³t+�¯v³t4¤
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¦§t4z'©t���o�°.v.su¦§o{ro°.v.t+¤�{4¡ � ¥.{r��t'z � ���t²¥³o/�å°.¦ � ¥ � t¶��su��vd�¯v.t�¤�t'z � t4¤]su¥��¯oG��v.t²q4oO¥.{r��¤ � qD�¯su©Ot
q4oO¤�t4{�oO®>�t4¦u¦¹´¬�@¥.o%��¥jzO¥ � t+{r�wz l ¦§su{�v.t � ®YoO¤�yWzO¦5{ m {r�¯t+yW{+�5oª®B�¯t4¥T�¯z �.� v���su¥ � ¥ � t+¤ � ¤�z � � zª��t
¦§o � s§q�q+o � ¤r{�t4{+ç°³¤�o°Qo{�s¹�¯suo¥KzO¦Q¦§o � s§q�zª¥ � zª¤�su��v.yjt+�¯suqO¡
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n�t~��s§¦u¦P{r�¯zO¤r�
��su�¯vho¥.t~oO®]�¯v³t~�t'zO�ªt4{r��¦uo � suq4{�s§¥htD½5s§{��¯t4¥³q4tO�2��v.s§qwv¾z-�
��v.td{�zOyWt��¯suyWt
s§{SzO¥�s§¥ � s§{�°Qt4¥³{�s l ¦§taq4o¤rtWoª®«zO¦uyWo{��SzO¦§¦]®YoO¤�yWzO¦]{ m {��¯t4yj{ � t+{�s � ¥.t � �¯ohq'zO°³� � ¤�tjv � yWzO¥
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��tTq4zO¥ � tD¸K¥.t_zª¥ ��� su{�q � {�{VÅ¬¦§o � s§q4{eÆ�su{
zi¤�t+{ � ¦¹��oO®¶zO¥¾suyW°Qo¤��wzO¥��
°KzO¤¯z � s � yÝ{rv.su®B�4�6��v.s§qwvÄ��zO{�zO¥¾t+{�{rt4¥��¯s§zO¦]{r��t4°�o¥Ä��v.tT¤�oz �
�¯o_��v.t £ � ¤�¤ m ´ � o%��zO¤ � s§{�oOyWo¤r°.v.su{�yJ¡

� ¥ � t+t � ��¦§o � s§q l t4q'zªyWtfzh©ªzO¦§s � { � l prt4qD�_oO® � su{�q+o � ¤�{rti¤�t+yfzª¤��-z l ¦ m ¦µzª��tO¡ � ¦u��v.o �.� v
zO¦u¤�t'z �³m � ¤rs§{r��oO�¯¦ut � s§{rq4o%©t+¤�t � {�oyjt~¦§z'��{
oO®]¦§o � suqO�.q4zO¦§¦ut � { m ¦§¦uo � su{�yj{4�.s¹�V��zO{
¥.oO� � ¥��¯s§¦
� t4o¤ � tÈã�o)o¦§t"su¥c��v.t ù  ª��vEq+t4¥�� � ¤ m �¯vKz-�W¦uo � suqis§¥��¯v³tJyjo � t4¤r¥å{rt4¥.{rt�{��wzO¤��¯t � �¯o l t
®Yo¤ryfzO¦us§|+t � ¡�ã�o)o¦utO�>v.o%��tD©t+¤4�6��zO{�o)q4q � °.s§t � yWzOs§¥.¦ m ��s¹�¯vÄ°.¤ro°Qo{�s¹�¯s§oO¥KzO¦¢t+Ç � su©ªzO¦§t+¥.q4t+{

 



l t+�¬�t4t4¥h®Yo¤�y � ¦µzO{+�³{ � qwvÄzO{Å
a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)

Æw¡
x«v.tÄ�¯v³¤�t4t¾t+{�{rt4¥��¯s§zO¦�{r��t4°.{"�t4¤rt � ¥ � t+¤r�wzª�Ot4¥ l�m � oO����¦§o l ¼ ¤rt � tª� � z'©5s � � s§¦ l t+¤r�
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� su¦ l t4¤�� S �
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�¯vKzª��su��su{�tD½)��¤�t4yjt4¦ m su¥.q4o¥�©Ot4¥.sut4¥����¯o � {rt
�¯o�®Yo¤�yWzO¦§su|4tÈ¤�t4zO¦Vyfzª��v.t4yWzª��s§q'zª¦�zO¤ �� yWt+¥@��{4¡ � � t+¤�yWzO¥äyWzª��v.t4yWzª�¯suq4s§zO¥ � t+¤�vKzO¤ �
� t4¥��¯|+t4¥c�¯v � {_q'zªyWt � °8��s¹�¯v � sWV6t+¤�t4¥��4� m t+�at+Ç � su©ªzO¦§t+¥��a{ m {r��t4yj{4�¶q'zO¦u¦§t � g��"Oci<tG�"¢ª�<Rq�
�"i r OcfmlgäzO¥ � �¯v³t�n�R8³�i�Rqg�O r �"¢ r i<¢£i%n S � t4¥?#$ 4U[¡ � s§{T{ m {r�¯t+yW{azª¦§¦§o%�t � ¤rt'zO{ro¥.s§¥ �Ä� ¥ � t+¤
zO{r{ � yj°³�¯suo¥.{+�H®Yo¤ryfzª¦§s§|+t � ��v.tWs � t'zÈoO®�¢ol8�"f r �"¢ r lgNn�R8³�i�Rqg r Rjzª¥ � �t4¤rtfy � qwv�q4¦uo{�t+¤���o
yWzª�¯v.t+yfz-�¯s§q4zO¦N°.¤¯zªq+�¯suq4tª¡ � t_zO¦u{�of®Yo � ¥ � zf��z m �¯oi{rs§yj°.¦§s¹® m ®Yo¤�yWzO¦N°.¤ro5oO®Y{
s§¥¾v.su{G{ m {e´
�¯t+yW{WzO¥ � s§¥�©t+{r��s � zª��t � ��v.tJ°.¤�o°Qt4¤��¯sut4{joO®�{ � qwv�{�s§yj°.¦usu¸Kq4zª�¯suo¥.{4¡åx«v.su{j��zO{W��v.t�¦§zO{r�
¥.t+q4t4{r{¯zO¤ m {r��t4°�o¥¾�¯v.t_{rs � t_oª®°³¤�o)oO®�{ m {r��t4yj{��¯o"¸K¥ � q4oOyW° � �wzª��s§o¥Äsu¥¾yfz-�¯v.t+yfzª��s§q+{4¡
� z-� � ¤�zO¦ � t � � q+��s§o¥js§{]©Ot4¤ m q+¦§o{rt²�¯o��¯v.t«� m °QtV{ m {r�¯t+yW{¶oO®2¤�t4zO¦K°.¤�o � ¤¯zOyjyjs§¥ � ¦§zO¥ �� z � t4{
zO¥ � °.¤�o)oO®P{rs§yj°.¦§s¹¸Kq'zª��s§o¥_q+o¤�¤rt4{r°2o¥ � {��¯o~°.¤�o � ¤¯zOy q+oyW° � �wzª��s§o¥6¡ � ¥ � t4t � �KzO¦§¦K��v.tG{ m {e´
�¯t+yW{
s§¥È�¯v.su{G{rt4q+��s§o¥J��s§¦u¦ l t l zO{�t � o¥ � t4¥��¯|+t4¥,X {�¥Kz-� � ¤�zO¦ � t � � q+�¯suo¥¢�2°.¤�t+{�t4¥���t � s§¥�z
{�t+Ç � t4¥���q4zO¦§q � ¦ � {«{r� m ¦§tª¡

��� ¤h{��wzO¤��¯su¥ � °Qosu¥@�hs§{Èo¥³t�oO®d�¯v.t�{�s§yj°.¦ut4{r�È¦uo � suq4{Ès§¥ÃtD½5s§{��¯t+¥.q4tªç � ¥@� � su��s§o¥³s§{r��s§q
� ¤�o°Qo{rsu�¯suo¥KzO¦ £ zO¦uq � ¦ � { É � � £ Ê ¡ � ��s§{�z"q4oO¤�t_oO®zO¦uyWo{���tD©t4¤ m ¤�t4zO{�o¥.z l ¦§t_¦uo � suqds§¥¾tZ½@´
s§{��¯t+¥.q4tWzO¥ � s§¥ � t+t � �:su����su¦§¦ l tWzJ°KzO¤��~oª®«zO¦u¦ ¦§o � suq4{��tfsu¥@©Ot4{��¯s � zª�¯tª¡ � � £ q4o¥³{�s§{��¯{SoO®
nqbg�OZ�}��zO¥ � d�t~l�l�§^tui<¢oRenD¡«x«v.td{ m ¥@�¯z-½�{�°Qt4q4s¹¸Kt4{V�¯v.tS¦µzª¥ �� z � tSoª®]�¯v.t~¦§o � s§qO¡x«v.td°³¤�o)oO®
¤ � ¦§t4{�{r°2t+q4su® m �¯v.t � t+¤�su©ªz l ¦§t�{r�¯zª�¯t+yWt+¥��¯{4¡¶x«v.t+{�tTzª¤�t � t4t+yWt � ��o l t��¯¤ � tSzO¥ � �¯v.t�¦§o � s§q
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s§{«{ � °.°Qo{�t � ��ojq4zO°³� � ¤�t�{�oOyWt��¯¤ � �¯v³{
z l o � �«�¯v.t��o¤�¦ � ¡
x«v.t�°.¤ro°2oO{�su��s§o¥.zO¦Kq'zO¦uq � ¦ � {�su{²°KzO¤�zOyjt+�¯t+¤�su|4t �Wl�m zdq+o � ¥��wz l ¦§t�{rt+�«oO®,d�t~led�l�nqfhOjfmlg��"¢

v�"tufj�%��¢oRen²��v.suqwvT��t � t+¥.oO��t l�m
PV ar

¡:n�t²��s§¦§¦ � {rt²�¯v.t«¦ut+�r�¯t4¤r{
p, q, r

®Yo¤:°.¤�oO°2o{rsu��s§o¥Kzª¦
©ªzO¤�s§z l ¦ut4{4¡<x«v.t�§}ltup�i<¢W�nSoO® � � £ zO¤�t � t+¥.t4¤�zª�¯t �hl�m ��v.t�®Yo¦§¦uo%��s§¥ � z l {r��¤¯zOqD� � ¤¯zOyjyfzª¤4ç

φ ::= p | ⊥ | φ ∧ φ | φ ∨ φ | φ→ φ

x«v � {4� � � £ q'zO¥ l t � {�t � �¯oJ¤�t4zO{�o¥�z l o � ��o¥³¦ m ¤rt4¦§zª�¯s¹©t4¦ m {rs§yj°.¦§tT®YoO¤�y � ¦§zO{4¡dx«v.t
°.¤ro°2oO{�su��s§o¥.zO¦G©ªzO¤�s§z l ¦ut4{"s§¥�� � su��su©t+¦ m�� t4¥.oO��t�{��wzª��t4yjt4¥��¯{J��v.o{rt�°.¤rt4q4su{�tM®Yo¤�y � ¦µzª��s§o¥
� o)t4{�¥.oO��q+o¥.q+t4¤�¥ � {4¡

x«v.t�°.¤�o)oO®2{ m {r��t4y ®Yo¤ � � £ zO¦§¦uo%��{<�¯o � t+¤�su©Ot<p � � � yjt4¥��¯{ oª®2��v.t²®Yo¤�y
Γ ` φ

��¤�t4z � zO{
Åesu¥W��v.t�q4oO¥@��tD½)�

Γ
�5��v.tG®Yo¤ry � ¦µz

φ
su{ � t+¤�su©ªz l ¦§tDÆ¯¡ � r lg�O�RG�$O¶s§{²zd¸.¥.su��tG{�tD�«oO®P®Yo¤ry � ¦§zO{4�

��v.suqwvWsu¥@� � su��su©Ot4¦ m zO¤rt
zª{�{ � yW°³��s§o¥³{4� � ¥ � t+¤ ��v.s§qwv
φ
s§{]�¯¤ � tO¡<x«v.t
¥³oO�wzª��s§o¥

Γ, φ
{��wzO¥ � {

®Yo¤«�¯v³tSq+o¥��¯tZ½5�
Γ ∪ φ

¡x«v³t~°.¤ro5oª®]{ m {��¯t4yÝsu{ � t4¥.t+¤¯zª��t � su¥ � � qD�¯s¹©t4¦ m"l�m �¯v.t�®Yo¦u¦§o%��s§¥ �
°.¤ro5oO®:¤ � ¦§t4{+ç

Γ, φ ` φ
Γ ` ⊥
Γ ` φ

Γ, φ ` ψ
Γ ` φ→ ψ

Γ ` φ→ ψ Γ ` φ
Γ ` ψ

Γ ` φ
Γ ` φ ∨ ψ

Γ ` ψ
Γ ` φ ∨ ψ

Γ ` φ ∨ ψ Γ, φ ` ϑ Γ, ψ ` ϑ
Γ ` ϑ

Γ ` φ Γ ` ψ
Γ ` φ ∧ ψ

Γ ` φ ∧ ψ
Γ ` φ

Γ ` φ ∧ ψ
Γ ` ψ
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φ ∧ ψ
�.��v.t4¥

φ
¡ Æ � su©Ot4¥Jz

°.¤ro5oO®>oª®
φ∧ψ

�O�t«q'zO¥_°.¤ro � � q4t�zG°³¤�o)oO®>oO®
φ
��´ui%nqO��n � s¹©t4¥az�°.zOs§¤:oO®>¥Kzª� � ¤¯zO¦5¥ � y l t4¤�{+�
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λ→
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��su��v8� m °2t+{4¡Mx«v.ti¤�t4zO{�oO¥c®YoO¤do � ¤ds§¥��¯t+¤�t4{��_s§{~�¯vKzª�d{�oyjti¦§zOy lQ� zhq4zO¦§q � ¦§s¶q4o¤r¤�t+{�°Qo¥ �
tD½³zOqD�¯¦ m ��oT¦§o � s§q'zª¦K{ m {r��t4yj{�zO¥ � q'zª°³� � ¤rtG�¯v³t4s§¤q4oyj° � �¯zª�¯suo¥KzO¦K¥.zª� � ¤rtO¡ x«v.t�q4zO¦§q � ¦§sK�t
q4oO¥.{�s � t4¤VzO¤rt�zO¦§{rojq4zO¦§¦ut � p�lgLlp�ltZd�Q<f r fhg�O�RqgNnqfmlg��"¢,Ojbud�R�OhQ�ReltufmRenD¡

�5s§yj°.¦ut4¤�q'zª¦§q � ¦§s q'zª¥ l tWsu¥@��¤�o � � q+t � su¥�{rt+©Ot4¤¯zª¦¶�t4¦u¦¹´¬{rt4°Kzª¤¯zª��t � {r�wz � t4{+¡ ¼ s§¤r{r�'�N�¯v³t
Ojbud�RenzO¥ � O�Rqtup�n¶oO®)�¯v.t { m {��¯t+y�zO¤�t � tD¸K¥.t � ¡ � ¦§o¥ � ��s¹�¯v��¯v³t]�¯t4¤ryW{Pq+oyjt]�¯v.t ¤rt � � qD�¯suo¥
¤ � ¦§t4{+���v.s§qwvjyWzO�Ot«�¯v³t«q'zO¦uq � ¦ � {�z�q4oyj° � �¯zª�¯suo¥KzO¦5{ m {r��t4yJ¡ ¼ s§¥.zO¦§¦ m �ª��v.t«� m °.s§¥ � { m {��¯t+y
s§{ � t+{�q4¤rs l t � ¡Ãn�th��s§¦§¦«°³¤�t4{rt4¥��È¥.o%�Ý°.¤rt4{�t+¥��Èo � ¤a¸K¤�{��"¦µzOy l2� z�q'zª¦§q � ¦ � {

λ→
¡Ãx«v.su{

q'zª¦§q � ¦ � {�q+o¤�¤rt4{r°2o¥ � {��¯o � � £ ì ��v.t_q4o¤r¤�t+{�°Qo¥ � t+¥.q4tas§{Gq'zO°³� � ¤�t � ®Yo¤�yWzO¦§¦ m"l�m � t4yjyWz
�5¡ ù ¡6&5¡

n�tT¸.¤�{r��¸5½�ziq4o � ¥��wz l ¦utT{�tD��oO®�©ªzO¤�s§z l ¦§t+{
V ar

¡�x«v.t4{rtfzª¤�tTq+oyW°³¦§t+��t4¦ m � ¥.¤�t+¦µzª��t �
�¯o
PV ar

¡ � zO¤�s§z l ¦§t+{�®Y¤�oy
V ar

��su¦§¦ l t � t4¥³oO�¯t ��l�m ¦§tD���¯t+¤�{
x, y, z

¡an�t_��s§¦u¦ � { � zO¦§¦ m
q'zª¦§¦6��v.t4yµd�t~l�l�§²v�"tufj�%��¢oRenD¡

x«v.t�Ojbed�Ren_oO®
λ→

zª¤�t � � £ ®Yo¤ry � ¦§zO{4¡¶n�tS��s§¦§¦¢��v.t4¤rt+®Yo¤rt � {�t � ¤�t+t4�"¦§tD����t4¤�{
φ, ψ, ϑ

�¯oa{��wzO¥ � ®Yo¤
λ→

� m °Qt4{+¡

ù �



x«v.t�O�Rqtup�n�oO®
λ→
� � t+¥.oO��t �"l�m

M,N,O
�5zO¤�t � t4¥.t+¤¯zª��t �"l�m �¯v.tV®Yo¦§¦uo/��su¥ � z l {r��¤¯zOqD�

� ¤�zOyWyWzO¤+ç

M ::= x | M N | λx : φ. M | | inl(M) | inr(M) |

case(M,x : φ. N, x : ψ. O) | 〈M,N〉 | fst(M) | snd(M) | magic(M)

� ¥�� � s¹�¯su©Ot4¦ m �<��v.t4{rti�¯t4¤ryW{TzO¤�tW¥.oO�wz-�¯s§oO¥.{~®Yo¤~°.¤�o)oO®Y{dzO¥ � � z-�T�¯v.tf{¯zOyjtW��s§yjtO�:��v.t m
zO¤rtS°³¤�o � ¤�zOyj{4¡ ¼ o¤«tZ½³zOyW°³¦§tO�

M N
su{VzO¥�zª°.°.¦§suq'zª��s§o¥i��t4¤ry ì su®

M
su{Vzj¥.oª�wzª��s§o¥"®Yo¤Vz

°.¤ro5oO®Noª®
φ→ ψ

zO¥ �
N
su{²zd¥³oO�wzª��s§o¥j®Yo¤²zT°³¤�o)oO®PoO®

φ
�5�¯v³t4¥

M N
su{²zd¥.oª�wzª��s§o¥j®Yo¤²z

°.¤ro5oO®]oO®
ψ
¡
x«v.su{Gq+o¤�¤rt4{�°Qo¥ � {G�¯oj�¯v.t~{�su� � zª��s§o¥È��v.t4¥Ä�tTvKz'©Ot_z � t4yjyWz

L
{�v³o/��su¥ �

φ→ ψ
zO¥ � z_°.¤ro5oO®

p
oO®
φ
ì �¯v.t+¥J�t�q'zª¥Jo l ©)suo � {�¦ m zO°³°.¦ m � t4yjyfz

L
�¯o
p
�¯o_{rv.o%�

ψ
¡

x«v.t��¯t+¤�yj{
inl(M), inr(M)

zO¥ �
case(M,x : φ. N, x : ψ. O)

q+o¤�¤rt4{�°Qo¥ � �¯o_��v.t�°.¤�o)oO®
¤ � ¦§t4{�®Yo¤ � su{Yp � ¥³q+�¯suo¥¢¡f�5s§yjs§¦§zO¤�¦ m �>�¯v.ta�¯t+¤�yj{

〈M,N〉, fst(M), snd(M)
q4o¤r¤�t4{r°2oO¥ � ��o

�¯v³td°.¤ro5oO®]¤ � ¦ut4{Gv.zO¥ � ¦us§¥ � q4o¥/p � q+��s§o¥¢¡
x«v.t
magic(M)

�¯t+¤�yÝq4o¤r¤�t+{�°Qo¥ � {���oW�¯v³td¤ � ¦§t
vKzO¥ � ¦§su¥ � z l { � ¤ � su� m É

⊥
Ê ¡ ¼ su¥KzO¦§¦ m ��¦§zOy lQ� z�z l {r��¤¯zOqD�¯suo¥.{²zª¥ � zO°³°.¦§suq'zª��s§o¥.{�zª¤�t � {�t � �¯o

vKzO¥ � ¦§tTsuyW°³¦§s§q4zª�¯suo¥¢¡ ¼ o¤�yWzO¦§¦ m �.��v.t_q4o¤r¤�t+{�°Qo¥ � t+¥.q4t_��s§¦u¦ l tTq4zO°³� � ¤�t ��l�m ��v.td� m °.su¥ �
{ m {��¯t4y¿®YoO¤

λ→
zO¥ � � t4yjyfza�5¡ ù ¡6& l t+¦§o%��¡

x«v.tW©ªzO¤rsµz l ¦§t
x
s§¥
λx : φ. M

zª¥ �
case(M,x : φ. N, x : ψ. O)

��t4¤ryW{ l s§¥ � {~s¹�¯{
o)q4q � ¤�¤�t+¥.q4t+{is§¥

M,N,O
�¤�t+{�°Qt4q+��su©Ot4¦ m ¡Ãn�t�q+o¥.{rs � t+¤W�¯t+¤�yj{ � s�V2t4¤�su¥ � o¥.¦ m su¥E��v.t4su¤

l o � ¥ � ©ªzO¤rsµz l ¦§t4{ É zª¦§{�oWq'zO¦u¦§t �
α
´Ìt4Ç � s¹©Ozª¦§t4¥�� Ê ��v.tT{�zOyWtª¡
x«v³td®Y¤�t+td©ªzO¤�s§z l ¦§t+{�oO®¶zW�¯t+¤�y

M
� � t4¥.oO��t �Èl�m

FV (M)
zO¥ � q4zO°³� � ¤�tD´¬z'©os � s§¥ � { � l {��¯s¹� � ��s§o¥ÈzO¤rt � tD¸K¥.t � zO{ � { � zO¦[¡ �

�¯t+¤�y
M

{ � qwv��¯vKzª�
FV (M) = ∅

s§{�q4zO¦§¦ut �ar ¢ol�n�R8�O¡�x«v.ta¥.oO�¯zª�¯suo¥
M [x := N ]

{��wzO¥ � {
®Yo¤d��v.ti�¯t+¤�y

M
��s¹�¯v

N
{ � l {r��su� � �¯t � ®Yo¤

x
¡8x:oÄ��v.t"¤�t4z � t+¤ � ¥³®$zOyjs§¦§s§zO¤���su��v��¯v.t+{�t

¥.oO��s§o¥³{²��t�¤�t+q4oyjyjt4¥ � �¯v.t�¸K¤r{r�VqwvKzO°5�¯t4¤�oO® S �³¨G�$#U�¡
x«v.tÈq4oyj° � �¯zª�¯suo¥KzO¦¶¥Kzª� � ¤�t"oª®

λ→
s§{TtZ½5v.s l s¹�¯t �ål�m �¯v.t � tD�¯t+¤�yjs§¥.su{r�¯suqf¤rt � � qD�¯suo¥

¤�t+¦µzª��s§o¥
→
¡]n�t�¸K¤�{�� � t+¸K¥³t���v.t¶�e�n�RPt~R8�"i r OjfmlgNn�ç

(λx : φ. M) N →M [x := N ]

ù û



case(inl(M), x : φ. N, x : ψ. O) → N [x := M ]

case(inr(M), x : φ. N, x : ψ. O) → O[x := M ]

fst(〈M,N〉) →M snd(〈M,N〉) → N

� ¥SzO¥~zO¤ l s¹�¯¤�zO¤ m �¯t+¤�y
M
�¯v³t4¤�t�q4zO¥ l t�yWzO¥ m { � l �¯t+¤�yj{:zªyWt+¥Kz l ¦ut<�¯o«�¯v³t l zO{�t�¤rt � � qD�¯suo¥

¤ � ¦§t4{+¡ ¼ o¤«tZ½.zªyW°.¦utO�Ks¹®
Ip ≡ λx : p. x

�K��v.t4¥J�¯v.t+¤�t~zO¤�t��¯v.¤rt4t��²z m {Gsu¥"��v.s§qwvJ��tSq4o � ¦ �
z_°.¤�suo¤�s6¤�t � � q4t

fst(〈Ip Ip, Ip Ip〉)
ç

fst(〈Ip Ip, Ip Ip〉) → Ip Ip

fst(〈Ip Ip, Ip Ip〉) → fst(〈Ip, Ip Ip〉)

fst(〈Ip Ip, Ip Ip〉) → fst(〈Ip Ip, Ip〉)

� {S��tW�²zO¥��_o � ¤d¤rt � � qD�¯suo¥8{ m {��¯t4y �¯o l t � t+��t4¤�yjs§¥³s§{r��s§qª�H�ti¥.t+t � �¯oJ¸³½8zh{r��¤¯zª��t � m
®Yo¤_zª°.°.¦ m su¥ � �¯v.t l zª{�t"¤�t � � qD�¯s§oO¥.{as§¥czO¥åzO¤ l su��¤¯zO¤ m ��t4¤�yJ¡ � q+o¥�©t+¥.s§t+¥@�Wyjt+�¯v³o � su{
�¯oW{�°.¦usu���¯v³td{�tD��oO®<�¯t4¤ryW{
s§¥��¯o�v�"¢£i�Ren É zO¦§{rofq'zª¦§¦§t �·r �"gLlg�f r �"¢$§}ltup�n Ê zO¥ � ¥.o¥)´Ì©ªzO¦ � t4{4¡
� ¥�� � s¹�¯s¹©t4¦ m �)z�©Ozª¦ � t«su{���v.tV¤�t4{ � ¦u�¶oO®2�¯v.tVq4oOyW° � �wzª��s§o¥a°.¤ro5q+t4{�{zO¥ �W� o)t4{�¥.oO��zO¦§¦uo%�äzª¥ m
® � ¤��¯v.t+¤~¤rt � � qD�¯suo¥.{4¡ ¼ o¤�yWzO¦§¦ m �6�t � t+¸K¥³tW�¯v³ta©ªzO¦ � t4{SoO®

λ→
zO{��¯v.ta�¯t+¤�yj{ � t4¥.t+¤¯zª��t �

l�m �¯v³t�®YoO¦§¦§o%��su¥ � z l {��¯¤�zOq+� � ¤�zOyWyWzO¤+�)��v.t+¤�t
M
su{�zO¥hzO¤ l s¹�¯¤�zO¤ m ¦µzOy l2� zd��t4¤ryhç

V ::= λx : φ. M | inl(M) | inr(M) | 〈M,N〉

� ¥���t4¤ryW{���v.s§qwv�zO¤�tj¥.oO�S©ªzO¦ � t4{4�N�tf{�v.zO¦§¦ � t+{�s � ¥Kzª��tfzBd�tqfhg r f6dN�"¢��"tm�"i<p�Rqg�O$� � t+¥.oO��t �
l�m

[◦]
¡ � ¥³®YoO¤�yWzO¦§¦ m �@�¯v.t�¤�t � � qD�¯s§oO¥Joª®]z_�¯t+¤�y

M
°.¤�o)q4t+t � {
zO{²®Yo¦u¦§o%��{4ç

•
� ®
M
su{�zT©Ozª¦ � tª�.{r��o°¢¡

•
� ®
M
su{«¥.oO�VzT©ªzO¦ � tO�.su¥.{�°Qt4qD�
s¹�¯{«°.¤rs§¥.q+s§°Kzª¦PzO¤ �O� yWt+¥��'ç

¸ � ®<su��su{�z_©ªzO¦ � tO�.zO°.°.¦ m o¥.t�oO®H�¯v³t l zO{�t�¤�t � � qD�¯s§oO¥h¤ � ¦§t+{4¡

¸ � ®<su��su{«¥.oO�VzT©ªzO¦ � tª�.¤�t � � q+tS��v.s§{«°.¤rs§¥.q+s§°Kzª¦PzO¤ �O� yWt+¥��'¡

ù ý



n�t � t+¸K¥³ti�¯v.tW°.¤�su¥.q4su°KzO¦¶zO¤ �O� yWt+¥��¯{Tsu¥
λ→
� zO¦§{roÄq'zª¦§¦§t � Rqv�"¢£iN�"Ocfmlg r lg�O�RG�$O>nD� l@m

�¯v³t�®YoO¦§¦§o%��su¥ � z l {��¯¤�zOq+� � ¤�zOyWyWzO¤+ç

[◦] ::= [◦] M | case([◦], x : φ.N, x : ψ.O) | fst([◦]) | snd([◦]) | magic([◦])

¼ o¤�yWzO¦u¦ m �:��tÈtD½)��t4¥ � o � ¤ l zO{rtJ¤rt � � q+�¯suo¥å¤�t4¦§zª�¯suo¥
→

�¯oMzO¦u¦²¦µzOy l2� z���t4¤ryW{ l�m ��v.t
®Yo¦u¦§o%��s§¥ � s§¥ � � q+�¯s¹©t � tD¸K¥.s¹�¯s§oO¥¢ç

M →M ′

M N →M ′ N
M →M ′

case(M,x : φ. N, x : ψ. O) → case(M ′, x : φ. N, x : ψ. O)

M →M ′

fst(M) → fst(M ′)
M →M ′

snd(M) → snd(M ′)
M →M ′

magic(M) → magic(M ′)

x«v.su{ft+©ªzO¦ � zª��s§o¥co¤ � t4¤Ws§{ � { � zª¦§¦ m q4zO¦§¦ut � ¢W��¹�bsRqv�"¢£iN�"Ocfmlg�o¤ r �"¢h¢£����b��g��"p�RÄzª¥ � o � ¤
yjt+�¯v³o � oO®«s§¥���¤�o � � q4su¥ � �¯v.tW¤�t � � q+��s§o¥�¤�t4¦§zª�¯suo¥Ms§{Sq'zO¦u¦§t � nqp{�"¢h¢£�mnqO�R�dåo°2t+¤¯zª��s§o¥.zO¦ {�tZ´
yWzO¥��¯s§q+{4¡
�5t+t S � sut'����U:®Yo¤Vyjo¤�tSs§¥³®YoO¤�yWzª�¯suo¥Èo¥�°.¤ro � ¤�zOyWyjs§¥ � ¦§zO¥ �� z � t4{
zO¥ � o°2t+¤¯z-´
�¯suo¥KzO¦2{�t+yfzO¥���s§q4{+¡

x:oJ{�v³o/� oO¥.tatD½³zOyj°.¦§tª�N��v.ta¤�t � � q+��s§o¥M{�t+Ç � t4¥.q+ti{r�¯zO¤r��s§¥ � ®Y¤roy
fst(〈Ip Ip, Ip Ip〉)

s§{+ç

fst(〈Ip Ip, Ip Ip〉) → Ip Ip → Ip

� �Gsu{�{r�¯¤�zOs � v@�r®Yo¤r��zO¤ � ��oW�¯¤�zO¥.{r¦µzª��t~z � tD¸K¥.su��s§o¥ � {rs§¥ � °.¤�su¥.q4su°KzO¦Pzª¤ �� yjt4¥���{V��oW�¯v³t
s§¥ � � q+��su©Ot�¤ � ¦ut4{+¡ ¼ ¤roy ¥.o%�ÂoO¥¢�5�t���s§¦u¦ l t�tD½)��t4¥.{rsu©t+¦ m � {�su¥ � °.¤�su¥.q4su°KzO¦QzO¤ �� yjt4¥��¯{���o
� tD¸K¥.tSo � ¤«¤�t � � qD�¯s§oO¥h¤rt4¦µz-�¯s§oO¥.{4¡

� oO��t¾�¯vKzª�"��v.t4¤rtMzO¤�t�¥.oc¤�t � � qD�¯s§oO¥.{È°2o{r{�s l ¦§t�®Y¤roy ©ªzO¦ � t4{+¡ x«v.s§{Èq+o¥³¸K¤ryW{"�¯v³t
s§¥�� � su��s§o¥ÈoO®�zj©Ozª¦ � t l t+s§¥ � �¯v.t~¤�t+{ � ¦¹�GoO® zfq4oyj° � �¯zª�¯suo¥¢�>zO{
¥.of® � ¤��¯v.t+¤Gq+oyW° � �wzª��s§o¥
{r�¯zO¤r��s§¥ � ®Y¤roy¿zT©ªzO¦ � t�s§{«°Qo{�{rs l ¦utO¡

áB�%º]ñHøYò%ø$ôQñ þ,»$ð�»$ð½¼ R+��tufhO�R
M ↓

f §{O>Q�R�t~R8�"i r Ojfmlg|n�R8³�i�Rqg r R¤nqOm�"tqOjfhg<��§utelp
M

O�Rqtu�
p�fhg��"O�Ren��^¾ug;OhQ<fon^nqfhOjiN�"Ocfmlg;��R¤�"¢6n�l{n��"b+OhQN�"O

M
¥.oO¤�yWzO¦§su|4t4{}� ¼ R���tufhO�R

M ↓ v
f §���R

���"g�O¿O�l�nqOm�"O�R�O>QN�"O
v
fon�O>Q�R�O�RqtupÀ�"O��1Q<f r Q�OhQ<fon�t~R8�"i r Ocfmlg�n�R8³�i�Rqg r R�O�Rqtup�fhg��"O�Ren�� ¼ R

��tufhO�R
M →∗ M ′ f § M t~R8�"i r Ren�O�l

M ′ fhgTn�lp�RPg�i<p{�qRqt�l�§znqO�R�d�n��

ù &



� {
λ→

su{"z�{ m {r��t4y q+o¤�¤rt4{�°Qo¥ � s§¥ � ��oEz�©Ot4¤ m {�s§yj°.¦ut�¦§o � s§qª�«su�¯{"q+oyj° � �wz-�¯s§oO¥KzO¦
q'zª°Kz l su¦§su��s§t+{²zO¤rt�¥.oO��©t+¤ m s§yj°.¤rt4{�{rsu©OtO¡ � tD©t+¤r�¯v³t4¦§t+{�{+�Q�t~tZ½5v.s l s¹�«o¥.t�tZ½.zªyW°.¦utOç

Û�9_�?���1
>� þ_»$ð�»uþÂÁ O�Rqtup
Ip→p ≡ λx : p → p. x

�qd%d�¢£fmR8��O�l��"g�b�O�Rqtup
M

teRqOji<tqgkn

M
��Ã�lt�RG�:�"p�d�¢oR�Ä

Ip→p (λx : p. x) → λx : p. x
��¥,Q<i:n

Ip→p

fon r lp�d�ikOm�"Ojfmlg��"¢h¢£bB�"g
fj�<Rqg�OjfhOcbª§uikg r Ojfmlg��

x«v.tdtZ½³zOyW°³¦§t�{�v³o/��{
v.o%��¦µzªy l2� z_��t4¤ryW{VzO¤rtSsu¥��¯t4¤r°.¤�tD�¯t � zO{�q4oOyW° � �wzª��s§o¥Kzª¦6® � ¥.qZ´
�¯suo¥.{+�)oO¤°.¤ro � ¤�zOyW{]± �¯v.t
¤�t+{ � ¦¹��oO®Pz~°.¤ro � ¤¯zªy

M
o¥"zª¥izO¤ �� yjt4¥��

N
su{¶��v.t
©ªzO¦ � t«�¯o

��v.suqwv
M N

¤�t � � q4t+{4¡ � ¥³q4t�o � ¤²¦µzOy l2� zSq'zO¦uq � ¦us l t4q+oyjt�yWoO¤�t�q+oyW°³¦§s§q4zª�¯t � ����t�{rvKzO¦u¦
{�t+t~yjo¤rt�s§¥��¯t+¤�t+{r�¯su¥ � tD½³zOyj°.¦§t+{4¡ ¼ o¤«¥.o%���.�tS°³¤�o)q4t4t � ��oa��v.t�� m °2t�{ m {��¯t4yÝoO®

λ→
¡

x«v.taOjbed�fhg<�T´ui?���"p�Rqg�Ohn�oO®
λ→

zO¤rt�oª®d�¯v³t�®Yo¤ry
Γ ` M : φ

�G¤�t'z � zO{iÅesu¥Ã��v.t
q4oO¥@��tD½)�

Γ
�@�¯v.t��¯t+¤�y

M
s§{�oO®¢� m °Qt

φ
Æw¡ � ¥

λ→
�@q4o¥���tD½)�¯{«zª¤�tV{�t+��{�oO®6°KzOsu¤�{

(x, φ)
�@��v.t+¤�t

x ∈ V ar
zª¥ �

φ
s§{<zG� m °2tª¡]x«v.t��<lp{�"fhgjoO®Qz�q4o¥���tD½)�

Γ
� � t+¥.oO�¯t �al@m

dom(Γ)
�s§{H�¯v.t�{�t+�

{x | (x, φ) ∈ Γ}
¡ x«v.t�tG�"g<�<RGoO®Nzdq+o¥��¯tD½)�

Γ
� � t4¥.oª�¯t �"l�m

rg(Γ)
�)s§{¶�¯v.t
q4o¤r¤�t4{r°2oO¥ � s§¥ �

� � £ q4oO¥@��tD½)�
{φ | (x, φ) ∈ Γ}

¡�x«v.t�¥.oO�wz-�¯s§oO¥
Γ, x : φ

{r�¯zO¥ � {�®Yo¤
Γ ∪ {(x, φ)}

�³��v.t4¤rt

x /∈ dom(Γ)
¡�x«v.t�� m °³s§¥ � { m {r��t4y¿®Yo¦u¦§o%��{4¡

Γ, x : φ ` x : φ
Γ `M : ⊥

Γ ` magic(M) : φ

Γ, x : φ `M : ψ

Γ ` λx : φ. M : φ→ ψ
x /∈ dom(Γ)

Γ `M : φ→ ψ Γ ` N : φ

Γ `M N : ψ

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x : φ. N, x : ψ. O) : ϑ

Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

Γ `M : φ ∧ ψ

Γ ` fst(M) : φ

Γ `M : φ ∧ ψ

Γ ` snd(M) : ψ

ØF�k����� þ_»$ð�»�) ¾>§
Γ `M : φ Å OhQ�Rqg FV (M) ⊆ dom(Γ)

�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥ � � q+�¯suo¥"o¥È�¯v.t�°.¤ro5oª®H��¤�t+t
Γ `M : φ

¡
�

ù #



áB�%º]ñHøYò%ø$ôQñ þ,»$ð�»È2ÉÁ O�Rqtup
M

fonS� m °Kz l ¦ut�f §zOhQ�RqteR�fon��J§}ltup�ik¢W�
φ
nqi r QBOhQN�"O

`M : φ
�

¼ R²n��"b{O>QN�"OJ��Ocbed�R8�+¢W�"p{�e�%� r �"¢ r ik¢£i%n_¥³o¤�yWzO¦§su|4t+{ Å f §�Rqv"Rqtub{OcbedN�%��¢oR^O�Rqtup M
gLltup{�"¢£�

fW¹Ren��

n�su��vM��v.tj� m °.su¥ � { m {r��t4yïs§¥�vKzO¥ � �:�tWq4zO¥�{��wzª��tfzO¥ � °.¤ro%©tW��v.tjq4o¤r¤�t4{r°2oO¥ � t4¥³q4t
l t+�¬�t4t4¥

λ→
zO¥ � � � £ ç

ØF�k����� þ_»$ð�» -Â¾>§
Γ ` O : φ

O>Q�Rqg
rg(Γ) ` φ

�ª¾>§
Γ `IPC φ Å OhQ�Rqg�O>Q�Rqt~R�RG�$fonqOhn���O�Rqtup

M
nqi r QCO>QN�"O

Γ `M : φ Å �1Q�Rqt~R Γ = {(xφ, φ) | φ ∈ Γ}
�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥ � � q+�¯suo¥"o¥"�¯v³tS°³¤�o)oO®N�¯¤�t+t4{
Γ ` O : φ

zO¥ �
Γ `IPC φ

¡ � oO��t
�¯v.zª�Vt'zOqwv�� m °.su¥ � ¤ � ¦§t�q+o¤�¤rt4{�°Qo¥ � {
�¯oWzW°³¤�o)oO®]¤ � ¦§t�s§¥ � � £ ¡ ¼ o¤²��v.t~¸.¤�{r�
°KzO¤��VoO®]�¯v³t
q4¦§zOs§yJ�.{rs§yj°.¦ m t+¤¯zO{rtd¦§zOy lQ� za��t4¤ryW{�®Y¤�oy¿��v.td°³¤�o)oO®e¡«x«v.td{rt4q+o¥ � °KzO¤��
®YoO¦§¦§o%��{�t'zª{�s§¦ m ¡

�

x«v � {�s§¥ � t+t � �¯v³t_¦µzOy lQ� zW��t4¤ryW{�oO®
λ→

zO¤�t_tZ½.zªq+�¯¦ m ��v.t_°.¤ro5oO®Y{�oª® � � £ ¡ � � s�V2t4¤�´
t4¥��4��t4Ç � zª¦§¦ m ©ªzO¦§s � °2oOs§¥��_oO®V©)s§t+���¶s§{T��vKzª�jzO¥ m ®YoO¤�y � ¦§z

φ
oO® � � £ s§{_zÊn�d�R r f Ë r �"Ojfmlg

zO¥ � ¦§zOy lQ� z���t4¤�y oO®�� m °2t
φ
¤rt'zO¦us§|+t4{f��v.tÄ{�°Qt4q+su¸Kq4zª�¯suo¥¢¡�x«v.s§{fs§{ioO®B��t4¥�q4zO¦§¦ut � �¯v³t

d�t~led�l�nqfhOcfmlgNnq���nq��Ojbed�RenG°³¤�s§¥³q4s§°³¦§tO¡:x«v.t�¤rt'z � t+¤��su¦§¦K¥.t+t � �¯oS�²zªsu� � ¥@��s§¦K�¯v³tG¥.tZ½5�²{�t4qD�¯suo¥
�¯oa{rt4t~za¤rt'zO¦us§{��¯s§qGtD½³zOyj°.¦§t�oO®H�¯v³tS°³¤�s§¥³q4s§°³¦§t�su¥ÈzOq+��s§o¥¢¡

� ¥io¤ � t4¤��¯oStD½5v.s l su���¯v³tGq4oO¥.¥.t4qD�¯suo¥foO®2�¯v.tVq4oOyW° � �wzª��s§o¥Kzª¦.¥Kzª� � ¤�t
oO®
λ→

��su��v � � £
zO¥ � �¯oj°.¤�o%©)s � tTzayWt+qwvKzO¥.su{�y¿�¯ofzOq4q+t4{r{
�¯v³t~q+oyW° � �wzª��s§o¥.zO¦Pq4o¥���t4¥���su¥ � � £ �>��t�¸K¤�{��
¥.t+t � ��oa{�v.o%�·{rt+©Ot4¤¯zª¦:{��wzO¥ � zO¤ � �¯t+qwv.¥.s§q4zO¦P°.¤ro°2t+¤r��s§t4{«oª®

λ→
¡

YJEGDFEmY «©¬?�]�I,¬<Kk��I_M·FÌ
λ→

n�t~{��wzO¤��V��s¹�¯vÈ�¬��oj�¯t+qwv.¥.s§q4zO¦N°.¤�oO°2t+¤r�¯sut4{+¡ ¼ su¤�{��'� � ¥.¥³t4q4t+{�{�zO¤ m tD½)�¯¤�zfzO{r{ � yj°³��s§o¥.{�q4zO¥
l t~z �.� t � �¯o_��v.t�°.¤�o)oO®H��su�¯vÈ¥.oavKzª¤�yJç

ØF�k����� þ_»$ð�»�=`Í ßÎ�:�?Ï��5ñHø$ñ��,Ð©¾>§
Γ ` Q : Ψ

�"g��
y /∈ dom(Γ) Å OhQ�Rqg Γ, y : ψ ` Q :

Ψ
�

ù �



ÆÇt~l�l�§ � ¥ � � qD�¯suo¥äo¥
Γ ` Q : Ψ

¡�}ho{��foª®G�¯v³tJq4zO{�t+{W®Yo¦u¦§o%� l@m zM{r��¤¯zOs � v���®Yo¤��²zO¤ �
zO°.°³¦§s§q4zª�¯suo¥¾oO®�¯v.tjs§¥ � � q+��s§o¥�v m °2oO��v.t4{rs§{+¡ £ o¥.{�s � t4¤��¯v³tj®Yo¦u¦§o%��s§¥ � s§¥��¯t+¤�t4{��¯su¥ � q4zO{�t+{
oO®H�¯v.t�¦§zO{r��¤ � ¦§t�zO°³°.¦§sut � s§¥"��v.t�°.¤�o)oO®eç

•

Γ, x : φ ` x : φ

ã m �¯v.tSzO{r{ � yj°³�¯suo¥¢�
y 6= x

¡�x«v � {
zO¦§{roa��¤�s¹©5s§zO¦§¦ m
Γ, x : φ, y : ψ ` y : φ

¡

•
Γ, x : φ1 `M : φ2

Γ ` λx : φ1. M : φ1 → φ2
x /∈ dom(Γ)

x:zO�OtVzO¥ m
y /∈ dom(Γ)

¡<n�s¹�¯v.o � � ¦§o{r{ oO® � t4¥³t4¤¯zª¦§su� m �t
yWz m zO{r{ � yjt«�¯vKz-�
y 6= x

¡
x«v.t+¤�tD®Yo¤�tª� l�m ��v.t"s§¥ � � q+��s§o¥8v m °QoO�¯v.t+{�su{4�

Γ, x : φ1, y : ψ ` M : φ2

�¶{roMzO¦§{ro

Γ, y : ψ ` λx : φ1. M : φ1 → φ2

¡
�

�5t4q+o¥ � �/�¯v³t�� � l {r��su� � �¯suo¥ � t4yjyfz�¤ro �.� v³¦ m {¯z m {N��vKzª�P�t�q'zO¥�¤�t+°.¦µzªq4t�z²®Y¤�t+t]©Ozª¤�sµz l ¦§t
s§¥hzj��t4¤ry l�m zj��t4¤ry�oª®<�¯v³td{¯zªyWt�� m °2tª¡
x«v.su{ � t+yWyWzjsu{�{r�¯¤rs§qD�¯¦ m ��t4qwv.¥³s§q'zª¦<zO¥ � � {rt �
o¥.¦ m zO{VzT�¯o)o¦¢su¥"�¯v.t�°.¤ro5oO®HoO® � t4yjyfza�)¡ ù ¡ ù �³¡

ØF�k����� þ_»$ð�» � Í Ù¢ö����+ò/øBò/öPò/øYô2ñåØF�k�����@Ð�¾>§
Γ, x : φ ` M : ψ

�"g��
Γ ` N : φ Å O>Q�Rqg

Γ `M [x := N ] : ψ
�

ÆÇt~l�l�§Mã m s§¥ � � q+�¯suo¥Jo¥
Γ, x : φ ` M : ψ

¡�n�td{rv.o%��{�tD©t4¤�zO¦<su¥��¯t4¤rt4{��¯s§¥ � q'zª{�t4{+¡ £ zª{�t

Γ, x : φ `M : ψ
oO®eç

•

Γ, y : φ1 ` y : φ1

� ®
y = x

�N��v.t4¥
M [x := N ] = N

zO¥ �
φ1 = φ

�H{roJ�t � t+���¯v³tWq+¦µzOsuyàt4zO{�su¦ m ¡ � ®

y 6= x
�5��v.t4¥

M [x := N ] = M = y
¡:n�tG¥³t4t � ��od{rv.o%�Ã��vKzª�

Γ \ {(x, φ)} ` y : ψ
¡

ã � �
(y, ψ) ∈ (Γ \ {(x, φ)})

�.{�oa��t � tD���¯v.t�q4¦§zOs§yJ¡

ù !



•
Γ, x : φ, y : ψ1 `M1 : ψ2

Γ, x : ψ ` λy : ψ1. M1 : ψ1 → ψ2
y /∈ dom(Γ, x : φ)

n�s¹�¯v.o � �a¦§o{r{_oO® � t4¥.t+¤¯zO¦usu� m ��tJq'zO¥åzO{r{ � yjt"�¯vKz-�
y
s§{T®Y¤rt4{rv¢��{roMsu¥c°KzO¤r��s§q � ¦µzO¤

y /∈ FV (N)
¡Eã m ��v.tJs§¥ � � q+�¯suo¥cv m °QoO��v.t4{rs§{4�

Γ, y : ψ1 ` M1[x := N ] : ψ2
�

{ro�zO¦§{ro
Γ ` (λy : ψ1. M1[x := N ]) : ψ2

¡��5su¥.q4t
y /∈ FV (N)

�
Γ ` (λy :

ψ1. M1)[x := N ] : ψ2

¡

�

x«v.tT¥.tZ½)��¦§t+yWyWzazO¥KzO¦ m |4t4{V�¯v.tS¦µzª{r�V� m °³s§¥ � ¤ � ¦utdzO°³°.¦§sut � � � t+°2t+¥ � s§¥ � o¥J�¯v.tS®Yo¤�y
oO®H�¯v.t�¦§zOy lQ� zd�¯t+¤�y¿su¥È��v.t�q4o¥³q4¦ � {�s§oO¥¢¡

ØF�k����� þ_»$ð�» . Í Ð+ñ@Ñ��@ó4�4ø$ôQñÒÐ;Ó�i�d%d�l�n�R
Γ ` Q : Ψ

�*Ó�i�d%d�l�n�R
Q
fon�l�§PO>Q�RF§}ltup{Ä

• M N
�7¥,Q�Rqg7OhQ�RqteR�fon

φ
nqi r Q�O>QN�"O

Γ ` M : φ → Ψ Å Γ ` N : φ
�"g��CO>Q�R*d�t~l�l�§

Rqg��nP��fhOhQNÄ
Γ `M : φ→ Ψ Γ ` N : φ

Γ `M N : Ψ

• λx : φ. M
�Ê¥,Q�Rqg¶§}lt�n�lp�R

ψ Å Ψ = φ → ψ Å Γ, x : φ ` M : ψ
�"g���OhQ�Rzd�t~l�l�§

Rqg��nP��fhOhQNÄ
Γ, x : φ `M : ψ

Γ ` λx : φ. M : φ→ ψ

• inl(M)
�¶¥,Q�Rqg�§}lt*n�lp�R

φ, ψ Å Ψ = φ ∨ ψ Å Γ `M : φ
�"g��{OhQ�RJd�t~l�l�§�Rqg��n²��fhOhQNÄ

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

• inr(M)
�¶¥,Q�Rqg�§}ltªn�lp�R

φ, ψ Å Ψ = φ∨ψ Å Γ `M : ψ
�"g��{OhQ�RÇd�t~l�l�§PRqg��nz��fhOhQNÄ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

• case(M,x : φ. N, x : ψ. O)
�¶¥,Q�Rqg

Γ `M : φ ∨ ψ Å Γ, x : φ ` N : Ψ,Γ, x : ψ `

O : Ψ
�"g���OhQ�RJd�t~l�l�§�Rqg��nP��fhOhQNÄ

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : Ψ

Γ ` case(M,x : φ. N, x : ψ. O) : Ψ

ù  



• fst(M)
�¶¥,Q�Rqg^§}lt²n�lp�R

ψ Å Γ `M : Ψ ∧ ψ
�"g��¶OhQ�R¿d�t~l�l�§�Rqg��nP��fhOhQNÄ

Γ `M : Ψ ∧ ψ

Γ ` fst(M) : Ψ

• snd(M)
�¶¥,Q�Rqg�§}ltzn�lp�R

φ Å Γ `M : φ ∧ Ψ
�"g��{O>Q�R¿d�t~l�l�§�Rqg��nP��fhOhQNÄ

Γ `M : φ ∧ Ψ

Γ ` snd(M) : Ψ

• 〈M,N〉
�{¥,Q�Rqgz§}lt¿n�lp�R

φ, ψ Å Ψ = φ∧ψ Å Γ `M : φ Å Γ ` N : ψ
�"g���OhQ�RÇd�t~l�l�§

Rqg��nP��fhOhQNÄ
Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

• magic(M)
��¥,Q�Rqg

Γ `M : ⊥
�"g���OhQ�RJd�t~l�l�§�Rqg��nP��fhO>QNÄ

Γ `M : ⊥
Γ ` magic(M) : Ψ

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥.{r°2t+q+�¯suo¥ÈoO®H�¯v.t�� m °.s§¥ � ¤ � ¦§t+{�oO®
λ→
¡

�

n�t~��s§¦§¦NoO®B��t4¥¾su¥@©Oo�Ot � ¥�©Ot4¤�{rs§o¥¾suyW°³¦§s§q+su��¦ m �¯o � tD�¯t4¤ryWsu¥.t~��v.tT¦§zO{r�
¤ � ¦utTzO°³°.¦§sut � su¥
�¯v³tS°³¤�o)oO®e¡

x«v.tS¥.tD½)�V¦§t+yWyWzd{�v³o/��{V�¯vKz-�«�¯v.t�®Yo¤ryÎoO®<zT©Ozª¦ � t�su{ � t+�¯t+¤�yjs§¥.t �Èl@m su�¯{²� m °QtOç

ØF�k����� þ_»$ð�»�Ô`Í ×^�KñNôQñ:ø$÷$��
�íPô>ó�Ê�Ð�¾>§
M

fon���v�"¢£i�R��"g��
`M : Ψ Å OhQ�Rqg�f § Ψ

fon�Ä

• φ→ ψ Õ O>Q�Rqg
M = λx : φ. N

�"g��
x : φ ` N : ψ

�

• φ ∨ ψ Õ OhQ�Rqg;RqfhOhQ�Rqt
M = inl(N)

�"g��
` N : φ

lt
M = inr(N)

�"g��
` N : ψ

�

• φ ∧ ψ Õ OhQ�Rqg
M = 〈N,O〉 Å ` N : φ

�"g��
` O : ψ

�

• ⊥ Õ gLRqv"Rqt�QN�qd%d�RqgNn��

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥.{r°2t+q+�¯suo¥ÈoO®H�¯v.t�� m °.s§¥ � ¤ � ¦§t+{VzO¥ � °2oO{�{�s l ¦§t�©ªzO¦ � t4{+¡
�
s

n�tWq'zO¥�¥.o%� {�v.o%� �¯v³tWyWzOs§¥M°.¤ro°2t+¤r��s§t4{SoO®²��v.tjq4oyj° � �¯zª�¯suo¥KzO¦ l t4vKz'©)s§oO¤~oO®
λ→
¡

¼ su¤�{r�4�²��t¾{rv.o%�Ý�¯vKzª�iq4oyj° � �¯zª�¯suo¥E°³¤�t4{rt4¤�©t4{Jyjt'zO¥.su¥ � ¡ � ¥�oO�¯v.t+¤W�o¤ � {4�V°.¤�o � ¤¯zOy
tD½5t+q � ��s§o¥jq'zO¥³¥.oO��qwvKzO¥ � tV��v.t«°.¤ro � ¤¯zªyTX { °.¤�oO°2t+¤r�¯sut4{+��q'zO°³� � ¤�t �Wl�m s¹�¯{<� m °QtO¡ ¼ o¤�yWzO¦u¦ m ç

�O�



ØF�k����� þ_»$ð�»$ð:Ö�Í Ù¢ö��L×��)÷OòWÓ��5õHöH÷Oò/ø$ôQñFØ<ÕSó��k���)ó�ÑN�³ò/øYô2ñÒÐ©¾>§
Γ ` P : Ψ

�"g��
P →

Q Å O>Q�Rqg Γ ` Q : Ψ
�

ÆÇt~l�l�§¾ã m su¥ � � qD�¯suo¥Èo¥"�¯v.t � tD¸K¥.su��s§o¥ÈoO®
P → Q

¡ £ zª{�t
P → Q

oO®eç

• (λx : φ. M) N → M [x := N ]
¡iã m � ¥�©Ot4¤�{rs§o¥6�

Γ ` λx : φ. M : φ → Ψ
zO¥ �

Γ ` N : φ
¡�ã m � ¥�©t+¤�{�suo¥Mz � zOsu¥¢�

Γ, x : φ ` M : Ψ
¡Sã m � � l {r��su� � �¯suo¥ � t4yjyfz5�

Γ `M [x := N ] : Ψ
¡

• case(inl(M), x : φ. N, x : ψ. O) → N [x := M ]
¡jã m � ¥@©Ot4¤r{�s§oO¥¢�

Γ ` inl(M) :

φ ∨ ψ
zO¥ �

Γ, x : φ ` N : Ψ
¡¶ã m � ¥�©t+¤�{�suo¥Äz � zOs§¥6�

Γ ` M : φ
¡¶ã m � � l {��¯s¹� � ��s§o¥

� t4yjyWz³�
Γ `M [x := N ] : Ψ

�³��v³s§qwvJ{�v.o%��{
��v.t�q4¦§zOs§yJ¡

• case(inr(M), x : φ. N, x : ψ. O) → O[x := M ]
¡f� m yjyWtD�¯¤�suqd�¯o"��v.tW°³¤�t+©)suo � {

q4zO{�tª¡

• fst(〈M,N〉) → M
¡Áã m � ¥�©t+¤�{�suo¥¢�

Γ ` 〈M,N〉 : Ψ ∧ ψ
®Yo¤W{�oyjt

ψ
¡�ã m

� ¥�©t+¤�{rs§o¥�z � zOsu¥¢�
Γ `M : Ψ

��v.s§qwvJ{�v³o/��{��¯v³tSq+¦µzOsuyh¡

• snd(〈M,N〉) → N
¡� m yWyjt+��¤�suqG�¯o_�¯v³tS°³¤�t+©)suo � {�q'zO{rtO¡

•
M →M1

M N →M1 N

ã m � ¥�©t+¤�{rs§o¥¢�Q®Yo¤V{�oyjt
φ
�
Γ ` M : φ → Ψ

zO¥ �
Γ ` N : φ

¡�ã m �¯v.t~s§¥ � � q+��s§o¥
v m °2oª�¯v.t+{�s§{+�

Γ `M1 : φ→ Ψ
�5�¯v � {
zO¦§{ro

Γ `M1 N : Ψ
¡

•
M →M1

case(M,x : φ. N, x : ψ. O) → case(M1, x : φ. N, x : ψ. O)

ã m � ¥�©Ot4¤�{rs§o¥6�
Γ ` M : φ ∨ ψ

�
Γ, x : φ ` N : Ψ

�
Γ, x : ψ ` O : Ψ

¡"ã m �¯v³t
su¥ � � qD�¯s§oO¥Tv m °QoO��v.t4{rs§{

Γ `M1 : φ∨ψ
��{ro~zª¦§{�o

Γ ` case(M1, x : φ. N, x : ψ. O) :

Ψ
¡

� ù



•
M →M1

fst(M) → fst(M1)

ã m � ¥�©Ot4¤�{rs§o¥6�
Γ ` M : Ψ ∧ ψ

®YoO¤J{royjt
ψ
� l�m �¯v.tMs§¥ � � q+��s§o¥Ãv m °2oO��v.t4{rs§{

Γ `M1 : Ψ ∧ ψ
�.{rofzO¦u{�o

Γ ` fst(M1) : Ψ
¡

•
M →M1

snd(M) → snd(M1)

� m yjyWtD�¯¤rs§qG��oa��v.t�°.¤�tD©)s§o � {�q4zO{�tª¡

•
M →M1

magic(M) → magic(M1)

�)��¤¯zOs � v���®Yo¤��²zª¤ � ¡
�

¼K� ¤r��v.t4¤ryWo¤rtO�«�¯v³tÄq4oyj° � �¯zª�¯suo¥�q4zO¥.¥.oO� � t+�WÅ¬{r� � qw�Æ l t+®Yo¤rtÄsu�f¤�t4zOqwv.t4{Jz�©ªzO¦ � tO�
q4oO¥.{�s � t4¤rt � �¯o l t���v.t�¤�t4{ � ¦u�VoO®H�¯v³tSq+oyj° � �wz-�¯s§oO¥¢¡

ØF�k����� þ_»$ð�»$ð>ð|Í ÕSó-ô��>ó��<�}�Ð©¾>§
` P : Ψ

OhQ�Rqg¨RqfhOhQ�Rqt
P
fon��7v�"¢£i�RTltBO>Q�Rqt~RBfon

Q

nqi r Q�O>QN�"O
P → Q

�

ÆÇt~l�l�§¾ã m su¥ � � qD�¯suo¥Èo¥"�¯v.t�¦§t+¥ � ��vJoª®
P
¡ £ zO{�t

P
oO®eç

• x
¡¶ã m � t+yWyWza�5¡ ù ¡üû³�³�¯v³s§{«{�s¹� � z-�¯s§oO¥"q'zO¥.¥³oO�VvKzO°.°Qt4¥¢¡

• λx : φ. M
¡�x«v.t+¥

P
su{�z_©ªzO¦ � tO¡

• M N
¡Wã m � ¥�©t+¤�{rs§o¥¢�H®Yo¤�{�oOyWt

φ
�tWv.z%©Ot

` M : φ → Ψ
¡jã m ��v.tas§¥ � � q+��s§o¥

v m °2oª�¯v.t+{�s§{+�Pt4s¹�¯v.t+¤
M

s§{�zf©ªzO¦ � tTo¤V®Yo¤�{royWt
Q
�
M → Q

¡ � ¥Ä�¯v.t_¦§zª����t4¤
q'zO{rtO�

M N → Q N
¡ � ¥���v.t~®Yo¤ryWt+¤4� l�m £ zª¥.o¥.suq'zO¦ ¼ o¤�yj{

M = λx : φ. O
®YoO¤
{royWt

O
¡ x«v.t4¤rt+®Yo¤rt

M N = (λx : φ. O) N → O[x := N ]
¡

• inl(M), inr(M)
¡�x«v.t+{�t~zO¤�t�©ªzO¦ � t4{+¡

• case(M,x : φ. N, x : ψ. O)
¡¶�5s§yjs§¦§zO¤¶��o_�¯v.t�q'zª{�t���v.t4¤rt

P = M N
¡

��



• 〈M,N〉
su{Vz_©ªzO¦ � tO¡

• fst(M), snd(M)
¡�5suyWsu¦µzO¤��¯oa�¯v³t�q'zO{rtS��v.t+¤�t

P = M N
¡

• magic(M)
¡�ã m � ¥�©t+¤�{�suo¥¢�

`M : ⊥
¡�ã m ��v.tGsu¥ � � qD�¯suo¥Wv m °QoO�¯v.t+{�su{4�³t+su��v.t4¤

M
s§{

za©Ozª¦ � tSo¤��¯v.t+¤�tdsu{
M ′ { � qwvÄ��vKzª� M → M ′ ¡Vã m £ zO¥.o¥.suq'zO¦ ¼ o¤�yj{«�¯v.tS®Yo¤�yjt4¤

q4zO{�t�s§{«suyW°Qo{r{�s l ¦§tO¡ � ¥J��v.t�¦µzª�r�¯t+¤«q'zO{rtO�
magic(M) → magic(M ′)

¡
�

� � l prt+q+� � t � � qD�¯s§oO¥�zO¥ � � ¤ro � ¤�t+{�{��¯o � t+�¯v³t4¤«°.¤ro/©)s � t � {�tD® � ¦Nq4o¤ro¦§¦§zO¤�sut4{4¡

×~ô>ó-ô�
j
j�³ó�� þ,»$ð�»$ð5þ ¾h§
`M : φ

�"g��
M ↓ v Å O>Q�Rqg ` v : φ

�"g��
v
fon��¶v�"¢£i�R��

ÆÇt~l�l�§¾ã m � � l prt4qD� � t � � q+��s§o¥¢�
` v : φ

¡�ã m � ¤�o � ¤�t4{r{4�
v
s§{�z_©Ozª¦ � tª¡

�

×~ô>ó-ô�
j
j�³ó�� þ,»$ð�»$ðk) ¾h§
`M : ⊥ Å O>Q�Rqg M �<l�Ren�gLlOFgLltup{�"¢£fW¹R��

ÆÇt~l�l�§ � ®
M
¥.oO¤�yWzO¦§su|4t � ��¯v.t+¥ l�m £ oO¤�o¦u¦µzO¤ m �5¡ ù ¡ ù ���t
�o � ¦ � vKz'©Ot�z�©ªzO¦ � tVoO®6� m °Qt

⊥
�

��v.suqwv l�m £ zO¥³o¥.s§q4zO¦ ¼ o¤�yj{²su{«s§yj°2o{r{�s l ¦§tª¡
�

x«v.tGsuyW°Qo¤��wzO¥.q+t�oO®P¥.o¤ryfzª¦§s§|4zª�¯suo¥d®Y¤roy �¯v.t
¦§o � s§q'zª¦.°2oOs§¥��¶oO®¢©)s§tD��s§{¶{�v.o%��¥isu¥W�¯v³t
®Yo¦u¦§o%��s§¥ � £ o¤�o¦u¦µzO¤ m ç

×~ô>ó-ô�
j
j�³ó�� þ,»$ð�»$ð:2ÚÙ ltup{�"¢£fW¹��"Ocfmlg7l�§
λ→

fhp�d�¢£fmRen r lgNnqfonqO�Rqg r b+l�§*¾~Æ � �

ÆÇt~l�l�§"� � °.°2oO{�t
λ→

¥.o¤�yWzO¦us§|4t+{<zª¥ � �¯v.t+¤�t²su{ zO¥ � � £ °³¤�o)oO®>oO®
⊥
¡ ã m � t+yWyWz��)¡ ù ¡6&5�O�t

q'zª¥j¸K¥ � z��¯t+¤�y
M
{ � qwvj�¯vKzª�

`M : ⊥
¡ ã m £ oO¤�o¦u¦µzO¤ m �5¡ ù ¡ ù û³�

M
� o)t4{¶¥.oO��¥.oO¤�yWzO¦§su|4tO¡

x«v.su{Vq+o¥��¯¤�z � s§qD�¯suo¥"{�v.o%��{��¯v.t�q+¦µzOsuyh¡
�

¼ ¤�oyîo � ¤�°Qos§¥���©)s§t+���5v.o%��tD©t+¤4�KzO¥Wt4Ç � zO¦u¦ m suyW°Qo¤r�¯zO¥��¶°.¤�o°Qt4¤�� m oO®P¥.o¤ryfzª¦§s§|4zª�¯suo¥
s§{«��vKzª��su�V°.¤ro%©5s � t4{VzayWt4zO¥.{«�¯oWzOq+q4t4{r{Gq+oyW° � �wzª��s§o¥.zO¦6su¥³®Yo¤�yWzª��s§o¥iv³s �.� t+¥hsu¥È°.¤�o)oO®Y{4¡
x«v.t�¤�t4z � t+¤²��s§¦§¦Q¥.t+t � �¯o_��zOsu� � ¥@��s§¦Q�¯v.t�{rt4q+��s§o¥h�5¡ú�~�¯o_{rt4t��¯v³s§{²yjt4qwvKzª¥.s§{ryÎs§¥Èzªq+�¯suo¥¢�
zO{ � � £ su{�z l s¹�²�¯o)oa{�suyW°.¦utG®Yo¤«¤rt'zO¦us§{r��s§q
tD½³zOyj°.¦§t+{4¡

� z'©)s§¥ � t4{r�¯z l ¦us§{�v³t � ��v.tdsuyW°Qo¤��wzO¥.q+t�oO®�¥.o¤ryfzO¦us§|4zª�¯suo¥¢�5�tT°.¤ro5q+t4t � �¯oW{�v.o%���¯vKz-�

λ→
su¥ � t+t � ¥.o¤ryfzO¦us§|+t4{4¡Sx«v.t+¤�tjzO¤�t_yWzO¥ m �)¥³o/��¥��¯t+qwv.¥.suÇ � t4{ � {�t � ��o"°.¤�o%©ta¥.oO¤�yWzO¦¹´

s§|4zª�¯suo¥¢¡ ��� ¤�qwv.osuq4t
oO®Hz~�¯t+qwv.¥.suÇ � t�q'zO¦u¦§t � t~R8�"¢£fW¹��%��fh¢£fhOcb_{��¯t+yW{¶®Y¤�oyî�¯v³tG®$zOq+��¯vKz-��s¹��su{
�¯v³tSoO¥.¦ m �)¥³o/��¥J�¯t+qwv.¥.s§Ç � t���v.suqwv � t+¥.t4¤�zO¦§su|4t+{«{�yjo5oO��v.¦ m ®Y¤�oOy

λ→
��oW{rt+���¯v.t+o¤ m ¡

�Oû



YJEGDFEj� ÛaI_�F¯���Ü@��Ýz��¯���K4\½Ìe�¬aÞ"«�ß

� t'zO¦us§|'z l s§¦usu� m su{«zd�¯t+qwv.¥.s§Ç � t�su¥@��¤�o � � q+t �Èl�m æ�¦§t4t+¥.t�su¥ ù  Oý:& S æ�¦§t4ý%&�U ì {�t+t S © � ����U¢®YoO¤«z
v.su{r�¯oO¤�s§q4zO¦2zOq4q+o � ¥��'¡ � �«°.¤ro%©5s � t4{�zd®YoO¤�yWzO¦6zªq4q4o � ¥���oO®P�¯v.t�{roª´¬q4zO¦§¦ut � ã¤�o � �t4¤�´ � t m ��s§¥ � ´
æ
oO¦§yjo � o¤ro/© É ã � æ Ê s§¥��¯t+¤�°.¤rt+�¯zª�¯suo¥�oO®�q+o¥.{��¯¤ � q+�¯s¹©tT¦uo � suqO¡�x«v.t_ã � æîs§¥��¯t+¤�°.¤rt+�wz-�¯s§oO¥
tD½5°.¦§zOs§¥³{���v.zª���¯v.t r lgNnqOctui r OcfmlgK��oO¤z�q4oO¥.{r��¤ � qD�¯su©Ot
°³¤�o)oO®¢oO®6z�®Yo¤�y � ¦µz�s§{+¡<n�tV°³¤�t4{rt4¥��
�¯v³tSq+¦µz � {�t4{«®Yo¦u¦§o%��s§¥ � S �5¨G�$#4U[¡

•
x«v³tGq4oO¥.{r��¤ � qD�¯s§oO¥foO®¢z~°.¤ro°2oO{�su��s§o¥.zO¦5©ªzO¤rsµz l ¦ut

p
su{ � ¥³{�°Qt4q4s¹¸Kt � ¡ x«v.s§{¶s§{ l t+q'z � {�t

su¥@� � su��su©Ot4¦ m °³¤�o°Qo{�s¹�¯suo¥KzO¦ ¦uo � s§qjo¥.¦ m q'zO°³� � ¤�t+{ � t4¥³t4¤�suqf{��wzª��t4yjt4¥��¯{T��v.suqwv�v.o¦ �
¥.oayWzª����t4¤²��vKz-�V��v.tSzOq+� � zO¦¢q+o¥��¯t+¥@�
oO®

p
s§{4¡

•
x«v³t4¤�tSs§{«¥³ojq+o¥.{��¯¤ � q+�¯suo¥JoO®

⊥
¡

•
x«v³tGq4oO¥.{r��¤ � qD�¯s§oO¥WoO®PzSq+o¥-p � ¥.qD�¯suo¥

φ∧ψ
su{¶zS°Kzªs§¤�q4o¥³{�s§{��¯su¥ � oª®Pz~q+o¥.{��¯¤ � q+�¯suo¥

oO®
φ
zO¥ � z_q4o¥³{r�¯¤ � q+��s§o¥JoO®

ψ
¡

•
x«v³tJq+o¥.{��¯¤ � q+�¯suo¥�oO®Gz � s§{Bp � ¥.qD�¯s§oO¥

φ ∨ ψ
s§{_t+su�¯v³t4¤_zÄq+o¥.{r��¤ � qD�¯suo¥coO®

φ
o¤_z

q+o¥.{r��¤ � qD�¯suo¥ÈoO®
ψ
¡

•
x«v³t"q4o¥.{��¯¤ � q+��s§o¥�oO®Vzª¥�s§yj°.¦§suq'zª��s§o¥

φ → ψ
su{_zÄyWtD�¯v.o � �<��v³s§qwv��¯¤�zO¥.{r®YoO¤�yj{

tD©t4¤ m q4o¥³{r�¯¤ � q+��s§o¥JoO®
φ
�¯ojzaq4o¥.{��¯¤ � q+��s§o¥ÈoO®

ψ
¡

� ¥¾suyW°Qo¤r�¯zO¥����¯v.su¥ � �¯oW¥.oO��t_z l o � �G��v.tdsu¥��¯t4¤r°.¤�tD�wzª��s§o¥6�2oO®B��t4¥¾q+o¥³® � {rs§¥ � ��oi¥.tD�²´
q4oOyWt+¤�{4�2s§{V�¯vKzª��su�
s§{�gLlO
zfyWzª�¯v³t4yWzª�¯suq'zO¦ � tD¸K¥.s¹�¯s§oO¥¢¡ � ¥Ä°Kzª¤r�¯suq � ¦§zO¤4�>�¯v³tT¥.oO��s§o¥hoO®¶z
yjt+�¯v³o � su¥��¯v.t_q+¦µz � {�tT®Yo¤�suyW°³¦§s§q4zª�¯suo¥Ès§{�¦ut+®B� � ¥.{�°Qt4q+su¸Kt � ¡dx«v³tWã � æ s§¥��¯t+¤�°.¤rt+�wz-�¯s§oO¥
°.¤ro/©)s � t4{azÄ{rt+�joO®�s§¥�� � su��s§o¥.{S��v.s§qwvcq4zO¥ l tf®YoO¤�yWzO¦§su|4t � s§¥8©ªzO¤rs§o � {~�²z m {4¡ � ¥.t"{ � qwv
s§¥���t4¤�°³¤�t+�¯zª�¯suo¥¢�)��v.s§qwvJ��t�° � ¤r{ � tSs§¥"��v.s§{«{rt4q+��s§o¥6�Ks§{«¤�t4zO¦§su|'z l s§¦§s¹� m ¡

x:¤�z � s¹�¯s§oO¥KzO¦§¦ m �ªzS¤rt'zO¦us§|4z l s§¦usu� m ¤rt4¦§zª�¯suo¥¢�O��¤rsu����t4¥jzO{
n  φ

�)¤rt4¦§zª�¯t+{ ¥Kzª� � ¤¯zO¦.¥ � y l t+¤�{
��su��v�®Yo¤�y � ¦µzO{+¡�x«v.tÈ¥Kz-� � ¤�zO¦²¥ � y l t4¤r{Wzª¤�t"q4oO¥.{r��¤ � qD�¯s§oO¥.{_®Y¤�oyï�¯v.tÈã � æàsu¥@��t4¤r°.¤�tZ´
�wz-�¯s§oO¥ ì {royjt"zO¤�tfs§¥��¯t+¤�°.¤rt+�¯t � zO{_°KzOsu¤�{4� {royjt"zO{_yjt+�¯v³o � {+� s§yj°.¦§t+yWt+¥��¯t � zO{_x � ¤�s§¥ �
yWzOqwv.s§¥³t�s§¥ � suq4t+{4¡

�ªý



n�t²zO¤�t²su¥��¯t4¤rt4{��¯t � su¥ � {rs§¥ � ¤rt'zO¦us§|4z l s§¦usu� m �¯o�{rv.o%�ä¥³o¤�yWzO¦§su|'zª��s§o¥�oª®>¦µzOy lQ� zVq'zO¦uq � ¦us�¡
¼ o¤T�¯v³s§{a° � ¤r°2o{rtO�²s¹�as§{_y � qwväyjo¤�t"q+o¥�©t4¥³s§t4¥��W�¯o � {�tJ¦µzOy l2� z���t4¤ryW{jzO{j¤�t4zO¦§su|4t4¤r{4¡
� o%�t+©Ot4¤4�«¦§zOy lQ� z��¯t+¤�yj{_oO®

λ→
zO¤�tÈ{�¦us � v���¦ m s§¥.q+o¥�©t4¥³s§t4¥��j®Yo¤T�¯v³s§{a° � ¤r°2o{rtO¡åx«v.t m

q4oO¥@�¯zOs§¥cyjo¤�t"su¥³®Yo¤ryfzª��s§o¥��¯vKzO¥c¥.t+q4t+{�{¯zª¤ m ì ��v³s§¦§t"su¥
λ→

�¯v.tÈ¤rt4{ � ¦u�¯su¥ � ¥ � s§{�zO¥.q4tÈsu{
¥.oO�T{�s � ¥.su¸Kq4zO¥��'�]��s¹�¯vcyWoO¤�tfq+oyj°.¦§suq'zª��t � q4zO¦§q � ¦§ssu�d�o � ¦ � {�s � ¥.su¸Kq4zO¥��¯¦ m o l {�q � ¤�t"�¯v³t
°.¤rt4{�t+¥��wzª��s§o¥¢¡]n�t
��v.t4¤rt+®Yo¤rt � {rt�z~{rs§yj°.¦§s¹¸Kt � ¦§zOy lQ� zSq4zO¦§q � ¦ � {4�@��v.s§qwvf�t�q4zO¦§¦

λ→
�5®Yo¤

¤�t4zO¦§su|'z l s§¦§s¹� m ¡

Ó+�:��
$øjà%�N�<øj
[øBòu��ò}�)ó�Ê�

x«v.tj�¯t4¤ryW{�oO®
λ→

zO¤�su{�t l�m t4¤¯zª{�s§¥ � ®Yo¤ry � ¦§zO{�®Y¤�oy���v.ta�¯t4¤ryW{�oO®
λ→
¡ ¼ o¤�yWzO¦§¦ m �

λ→

�¯t+¤�yj{�zO¤�tSzO¥Èsuyfz � t�oO®H�¯v.t�®Yo¦u¦§o%��s§¥ � t4¤¯zª{ � ¤rtSyWzO°
M →M

o¥È�¯t4¤ryW{«oª®
λ→
ç

x ≡ x M N ≡M N λx : φ. M ≡ λx. M

inl(M) ≡ inl(M) inr(M) ≡ inr(M)

case(M,x : φ. N, x : ψ. O) ≡ case(M,x.N, x.O)

〈M,N〉 ≡ 〈M,N〉 fst(M) ≡ fst(M) snd(M) = snd(M)

magic(M) = magic(M)

n�tf��s§¦u¦ � {rt"¦§tD���¯t+¤�{
M,N

�¯o � t4¥.oO��tf�¯v³ti�¯t4¤ryW{doO®
λ→
¡�x«v.su{d��s§¦u¦¥.oª�_¦§t4z � �¯o¾zª¥ m

q4oO¥³® � {�suo¥¢�5zO{��v.t�q+o¥��¯tD½)�²��su¦§¦KyWzO�Ot
su�q4¦ut'zO¤���v.t+��v.t4¤²�t�zª¤�t � s§{�q � {�{rs§¥ � �¯v.tG��t4¤ryW{¶oO®

λ→
o¤«oª®

λ→
¡

x«v.tT¥.oª�¯s§oO¥.{�oO® ¤�t � � qD�¯s§oO¥.{Gzª¥ � ©ªzO¦ � t4{
zO¤�tSs§¥ � � q4t � ®Y¤�oy
λ→

su¥�zO¥ho l ©)s§o � {V�²z m ¡
¼ o¤�yWzO¦u¦ m ����v.t�¤�t � � q+��s§o¥J¤�t+¦µzª��s§o¥isu{ � t4¥³t4¤¯z-�¯t �hl�m �¯v.t�®Yo¦u¦§o%��s§¥ � ¤ � ¦ut4{+ç

(λx. M) N →M [x := N ]

case(inl(M), x.N, x.O) → N [x := M ] case(inr(M), x.N, x.O) → O[x := M ]

fst(〈M,N〉) →M snd(〈M,N〉) → N

�$&



zO¥ � t+©ªzO¦ � zª��s§o¥iq+o¥��¯tZ½5��{4ç

[◦] ::= [◦] M | case([◦], x.N, x.O) | fst([◦]) | snd([◦]) | magic([◦])

x«v.t�©ªzO¦ � t4{VzO¤�t � t4¥.t+¤¯zª��t ��l�m ��v.t�®Yo¦§¦uo%��s§¥ � z l {r��¤¯zOqD� � ¤¯zOyjyfzª¤4ç

V ::= λx. M | inl(M) | inr(M) | 〈M,N〉

x«v.t�®Yo¦§¦uo/��su¥ � su¥@� � su��su©Ot4¦ m o l ©)s§o � {«°.¤�o°Qt4¤��¯sut4{�oO®H�¯v.t�t4¤�zO{ � ¤�t�v.o¦ � ç

ØF�k����� þ_»$ð�»$ð -
M [x := N ] = M [x := N ]

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥ � � q+�¯suo¥"o¥
M
¡

�

ØF�k����� þ_»$ð�»$ð<=
M → N

fhp�d�¢£fmRen
M → N

�

ÆÇt~l�l�§¾ã m su¥ � � qD�¯suo¥Èo¥
M → N

¡ n�tS{rv.o%�Â�¬�of¤rt4°.¤rt4{�t+¥��wzª��su©tSq'zª{�t4{VoO®H�¯v.t�°.¤ro5oª®eç

• (λx : φ. M) N → M [x := N ]
¡
x«v³t4¥

(λx. M) N → M [x := N ]
¡
ã m � t+yWyWz

�5¡ ù ¡ ù &d��t � tD���¯v.t�q4¦§zOs§yJ¡

• M N → M ′ N
�
°³¤�o%©)s � t � ��vKzª�

M → M ′ ¡�ã m �¯v.t¾su¥ � � qD�¯suo¥�v m °2oO��v.t4{rs§{+�

M →M ′
�.{�oWzO¦§{ro

M N = M N →M ′ N = M ′ N
¡

�

ØF�k����� þ_»$ð�»$ð �á¾>§
P → Q′ Å O>Q�Rqg P → Q

�"g��
Q = Q′ �

ÆÇt~l�l�§¾ã m su¥ � � qD�¯suo¥Èo¥
P → Q′ ¡ n�t�{�v.o%�·�¬�oW¤rt4°.¤rt4{rt4¥��wzª��su©Otdq'zª{�t4{VoO®H�¯v.t�°.¤ro5oª®eç

• (λx. M ′) N ′ →M ′[x := N ′]
¡ ã m ��v.t � t+¸K¥.s¹�¯suo¥_oO®Q�¯v.tVt4¤�zO{ � ¤rt�yfzO°6�

P = (λx :

φ. M) N
®Yo¤«{�oOyWt

φ
zO¥ �

M = M ′ � N = N ′ ¡�x«v � { P →M [x := N ]
¡ � t+yWyWz

�5¡ ù ¡ ù &T{�v.o%��{��¯v.t�q+¦µzOsuyh¡

• M N → O N
�ª°.¤�o%©)s � t � �¯v.zª�

M → O
¡:ã m �¯v.ts§¥ � � q+�¯suo¥Sv m °QoO�¯v³t4{�su{4�

M →M ′

zO¥ �
M ′ = O

¡ x«v � {
M N →M ′ N

zO¥ � �t � t+���¯v³tSq+¦µzOsuyh¡
�

�"#



x«v.t4{rth°³¤�o°Qt4¤��¯s§t+{_yfzª�OtÈsu�_°Qo{r{�s l ¦§tf��oM°³¤�o%©tÈ�¯v.ti®YoO¦§¦§o%��su¥ � �]su¥@� � su��su©Ot4¦ m o l ©)s§o � {
¦§t+yWyWz³ç

ØF�k����� þ_»$ð�»$ð .Â¾>§
M ↓

O>Q�Rqg
M ↓

�â¾qgálOhQ�RqtC��lt8�n Å O>Q�R�RqtG�nqi<t~R�p{�qd|d�teRen�Rqtuv"Ren
gLltup{�"¢£fW¹��"Ocfmlg��

ÆÇt~l�l�§ � t4yjyfzT�5¡ ù ¡ ù �T{rv.o%��{���vKzª�«��v.t�¤�t � � q+��s§o¥È{rt4Ç � t4¥³q4t
M → . . .→ v′

t+¥��wzOsu¦§{²�¯v³t
tD½5su{r�¯t+¥.q4t~oO®H�¯v.tS{�t+Ç � t4¥.q+t

M → . . .→ v
�.��v.t+¤�t

v = v′
¡ � {
s¹��s§{�t'zO{ m �¯oj{�t+tS��vKzª�

v′

l t4s§¥ � zT©ªzO¦ � t�t4¥��wzªs§¦§{
v
l t+s§¥ � zT©ªzO¦ � tO�³��v.t�q4¦µzªs§y ®Yo¦§¦uo/��{+¡

�

x«v.tdq+¤ � q+sµzO¦P®Yt4zª� � ¤rtdoO®
λ→

��v.s§qwvÄyWzO�ªt4{��¯v.t~°.¤�o)oO®]oª® � t4yjyfzj�5¡ ù ¡ ù !W°Qo{�{rs l ¦utO�Ksu{
�¯v.zª�~� m °Qt4{Tsu¥�¦§zOy lQ� zi�¯t4¤ryW{ � o�¥³oO�d°³¦µz m zO¥ m ¤ro¦§tasu¥�¤�t � � qD�¯s§oO¥.{4¡ � ¥�oO��v.t4¤S��oO¤ � {+�
t+©ªzO¦ � zª��s§o¥�s§{�Ojbed�Rq�8l"��¢£fhv�fmli:nD¡jn�v.s§¦utT�¯v.su{Syjs � v@��¥³oO�S{�t4t+y �¯o l ta�¯vKz-�~su¥��¯t4¤rt4{��¯s§¥ � su¥
�¯v³tjq4zO{�tjoO®

λ→
�P�tW{rvKzO¦u¦]{�t+tWyjo¤�t_{rs � ¥³su¸Kq4zO¥���tD½³zOyj°.¦§t+{�oO®²o l ¦§su©)suo � {�¥³t4{�{�oª®�q4zO¦§q � ¦§s

q4oO¤�¤�t+{�°Qo¥ � su¥ � �¯oj{r��¤�o¥ � t4¤«{ m {��¯t4yj{V¦µzª��t4¤4¡

Ó+�:��
$øjà%�N�<øj
[øBòu��ó��<
>�³ò/øYô2ñ

� z'©)s§¥ � � t+¸K¥.t � ��v.t«�¯t+¤�yj{ oO®
λ→
��t
°³¤�o)q4t4t � ��o � t+¸.¥.tV��v.t«¤�t4zO¦§su|'z l s§¦§s¹� m ¤�t+¦µzª��s§o¥¢¡Nn�t

¤�t+yfzª¤��_�¯vKz-�«o � ¤°.¤�t+{�t4¥��¯zª�¯suo¥"s§{�©Ot4¤ m q4¦uo{�tV�¯oB¢ol8�"f r �"¢�t~Rq¢W�"OcfmlgNnD� � {�t � s§¥f��v.tG�o¤�¦ � oO®
°.¤ro � ¤¯zªyWyjs§¥ � ¦µzO¥ �� z � t+{4¡¶�5t+t S }hs¹�e $#�U¢®Yo¤«yjo¤�t�su¥³®Yo¤�yWzª��s§o¥Wo¥J��v.s§{«{ � l prt+q+�'¡

áB�%º]ñHøYò%ø$ôQñ þ,»$ð�»$ðkÔÂÁ ¤�t4zO¦§su|4t+¤^fon�� r ¢ol�n�R8�{O�Rqtupãl�§
λ→
�

áB�%º]ñHøYò%ø$ôQñ þ,»$ð�»uþ�Ö ¥,Q�R���fhg��"tub^teR8�"¢£fW¹��%��fh¢£fhOjb�teRq¢W�"Ojfmlg

t~Rq¢W�"O�Ren�teR8�"¢£fW¹Rqt~n*O�lÇ§}ltup�i<¢W�n

l�§z¾eÆ � � ¼ R���tufhO�R�O>Q�R�t~Rq¢W�"Ocfmlg��n{�"g7fhg}Ë���led�RqtG�"O�lt�Ä
M  φ

neQ�li<¢W�T�qR�t~R8�%�T�n+ä
M

t~R8�"¢£fW¹Ren
φ å �¤¥,Q�RPt~Rq¢W�"Ocfmlg�fon^�<R>ËFgLR8����b¤nqOjtui r OjiktG�"¢	fhg��"i r Ocfmlg;lg φ Ä

• M  p ≡M ↓

• M  ⊥ ≡ ⊥

• M  φ ∧ ψ ≡M ↓ 〈M1,M2〉 ∧ (M1  φ) ∧ (M2  ψ)

��



• M  φ ∨ ψ ≡ (M ↓ inl(M1) ∧M1  φ) ∨ (M ↓ inr(M1) ∧M1  ψ)

• M  φ→ ψ ≡ (M ↓ λx. M1) ∧ ∀N. (N  φ) → (M1[x := N ]  ψ)

x«v.tV¤�t'z � t4¤¶{�v.o � ¦ � ¥.o%� � o l zOqw�T��oS��v.tVã � æÂsu¥��¯t4¤r°.¤�tD�wzª��s§o¥jzO¥ � q4oO¥@©)su¥.q4tVv.t4¤r{�t+¦u®
�¯v.zª��¤�t4zO¦§su|'z l su¦§s¹� ma� o5t+{�°.¤�o%©)s � tSz_¤�t4zO{�oO¥Kz l ¦utSsuyW°³¦§t4yjt4¥��¯zª�¯suo¥foO®H�¯v³tSsu¥��¯t4¤r°.¤�tD�wzª��s§o¥6¡

n�tV°.¤ro5q+t4t � �¯oS{�v.o%��{rt+©Ot4¤¯zª¦2t4zO{ m °.¤ro°Qt4¤r��s§t+{¶oª®6¤rt'zO¦us§|'z l s§¦usu� m �-��v.s§qwvWzO¤rtVq+¤ � q+sµzO¦.��o
�¯v³tj¥³o¤�yWzO¦§su|'zª��s§o¥J°.¤ro5oO®zO¥ � ��v.suqwv�v³o¦ � ®Yo¤�zª¦§¦<¤rt'zO¦us§|4z l s§¦usu� m ¤rt4¦µz-�¯s§oO¥.{
�tWq+o¥.{rs � t+¤
s§¥"��v.s§{²��v.t4{rs§{4¡

ØF�k����� þ_»$ð�»uþPð ¾>§
M  φ Å OhQ�Rqg M ↓

�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zª¤ � ± su®
φ = ⊥

�V��v.t¾q4¦§zOs§y su{f�¯¤rsu©)sµzª¦��«zO¦u¦�oO�¯v.t+¤"q'zO{rt4{"oO®���v.t
� tD¸K¥.su��s§o¥"{��wzO¤�����su�¯vJz_q4¦§z � {rt~zª{�{ � ¤�s§¥ � ¥³o¤�yWzO¦§su|'zª��s§o¥WoO®

M
¡

�

ØF�k����� þ_»$ð�»uþ>þ ¾>§
M →∗ N Å O>Q�Rqg M  φ

f y
N  φ

�

ÆÇt~l�l�§ ¼ o¤
φ = ⊥

�
��v.t¾°.¤�o)oO®�su{i{r��¤¯zOs � v���®Yo¤��²zO¤ � ¡ ¼ oO¤f�¯v.t¾¤rt4{��hoª®S��v.t¾q'zª{�t4{+�
M

¤�t4zO¦§su|4su¥ �
φ
� t4°Qt4¥ � {«o¥.¦ m o¥is¹�¯{²¥³o¤�yWzO¦§su|'zª��s§o¥jzO¥ � ©Ozª¦ � tV��v.s§qwv � o_¥³oO�«qwvKzO¥ � tG��su��v

¤�t � � qD�¯s§oO¥.{4¡
�

ØF�k����� þ_»$ð�»uþ�) ¾>§
M  φ→ ψ

�"g��
N  ψ Å OhQ�Rqg M N  ψ

�

ÆÇt~l�l�§äã m
M  φ → ψ

�<�¯v.t+¥
M ↓ λx. O

zO¥ �
O[x := N ]  ψ

¡Ä�5s§¥³q4t
M N →∗

(λx. O) N → O[x := N ]
� � t4yjyfzj�5¡ ù ¡ú��d{�v³o/��{��¯v³tSq+¦µzOsuyh¡

�

YJEGDFE>æ çá�¬����F¯���ÜL�ÒKk��F®èFÌ
λ→

n�su��vf¤rt'zO¦us§|'z l s§¦usu� m �ª��t�v.z%©Ot�zª�o � ¤ � s§{r°2o{�zO¦>{ � �jq+s§t4¥��«yjt'zª¥.{¶��oT°.¤ro/©Ot�¥.o¤ryfzª¦§s§|4zª�¯suo¥
oO®
λ→
¡hn�tf¥³t4t � ��v.tf®Yo¦u¦§o%��s§¥ � ��t4qwv.¥³s§q'zª¦�¯o)o¦ �¯o�vKzO¥ � ¦utW°Qo{r{�s l ¦§tW®Y¤rt4tj©Ozª¤�sµz l ¦§t+{~su¥

¦µzªy l2� zd�¯t4¤ryW{+ç

�"!



áB�%º]ñHøYò%ø$ôQñ þ,»$ð�»uþ�2ÉÁ g"t+¥�©5su¤�o¥³yWt+¥@� Å �<RqgLlO�R8�^��b ρ Å fon���ËFg�fhO�R�dN�"tuOcfj�"¢q§uikg r Ojfmlg*§ut~lp

V ar
O�lTt~R8�"¢£fW¹Rqt~n��©Ã�lt¶�©O�Rqtup

M Å M [ρ]
�<RqgLlO�Ren

M [x1 := ρ(x1), . . ., xn := ρ(xn)]
�

¼ R���tufhO�R
ρ |= Γ

f §Ò§}lt^�"¢h¢
(x, φ) ∈ Γ Å ρ(x)  φ

�

Ü��	�@ô>ó�<� þ,»$ð�»uþ -Â¾>§
Γ `M : Ψ Å O>Q�Rqg�§}lt^�"¢h¢ ρ |= Γ Å M [ρ]  Ψ

�

ÆÇt~l�l�§�x«v.tÈ°.¤ro5oO®V°.¤ro5q+t4t � { l@m s§¥ � � q+�¯suo¥8o¥���v.tÈ°.¤�o)oO®
Γ ` M : Ψ

¡8xHoMsu¥.q4¤rt'zO{rt
¤�t4z � z l s§¦§s¹� m ��t
��su¦§¦³��¤rsu�¯t

M ′ s§¥a�¯v.tV°.¤�o)oO®2�¯o � t4¥.oª�¯t M [ρ]
�)��v³t4¤�t

M
zO¥ �

ρ
zO¤rt
q+¦§t4zO¤

®Y¤�oOy���v.t«q4o¥���tD½)�'¡ � oO�¯t²��vKzª� l@m � t+yWyWz��)¡ ù ¡üû�zO¥ � ��v.t � tD¸K¥.su��s§o¥doO®>�¯v.t«t+¤¯zO{ � ¤�t«yWzO°¢�

M [ρ]
s§{«q+¦§o{rt � zO¥ � {�o

M [ρ]  Ψ
su{ � t+¸K¥³t � ¡ £ zO{�t

Γ `M : Ψ
oO®eç

•

Γ, x : φ ` x : φ

x«v.t+¥
M ′ = ρ(x)

zO¥ � �¯v³tSq+¦µzOsuyÀ®YoO¦§¦§o%��{+¡

•
Γ `M : φ→ ψ Γ ` N : φ

Γ `M N : ψ

ã m ��v.t�s§¥ � � q+��s§o¥Èv m °2oO��v.t4{rs§{+�
M ′

 φ → ψ
zO¥ �

N ′
 φ

¡ � t4yjyfzj�5¡ ù ¡ú�Oû � su©t+{
��v.t�q4¦µzªs§yJ¡

•
Γ, x : φ `M : ψ

Γ ` λx : φ. M : φ→ ψ

n�t_¥.t4t � �¯oÈ{�v.o%���¯vKz-��®Yo¤�zO¥ m
N  φ

�
M ′[x := N ]  ψ

¡~x<zª�OtazO¥ m { � qwv
N
¡

� t+�
ρ′ = ρ[x := N ]

¡cx«v.t+¥
ρ′ |= Γ, x : φ

�{ro l�m ��v.tÈs§¥ � � q+�¯suo¥cv m °QoO��v.t4{rs§{

M [ρ′]  ψ
¡ � {²su�s§{t'zO{ m ��oT{�t+tG�¯vKz-�

M [ρ′] = M [ρ][x := N ] = M ′[x := N ]
�5�t

� tD�
M ′[x := N ]  ψ

¡

•
Γ `M : ⊥

Γ ` magic(M) : φ

ã m �¯v.t"su¥ � � qD�¯suo¥8v m °2oO��v.t4{rs§{+�
M ′

 ⊥
� ��v.s§qwvcs§{d¥.oO�_�¯v³t"q'zO{rtO��{�oMzO¥ m �¯v.su¥ �

v.oO¦ � {+�.s§¥È°KzO¤��¯suq � ¦§zO¤
magic(M ′)  φ

¡

�" 



•
Γ `M : φ ∧ ψ

Γ ` fst(M) : φ

ã m ��v.tas§¥ � � q+��s§o¥�v m °2oO��v.t4{rs§{+�
M ′

 φ ∧ ψ
�:{ro

M ′ ↓ 〈M1,M2〉
zO¥ �

M1  φ
¡

x«v.t+¤�tD®Yo¤�t
fst(M) →∗ fst(〈M1,M2〉) →M1

¡ � t+yWyWza�5¡ ù ¡ú�� � su©Ot4{«�¯v.t�q+¦µzOsuyh¡

•
Γ `M : φ ∧ ψ

Γ ` snd(M) : ψ

� m yjyWtD�¯¤rs§qG��oa��v.t�°.¤�tD©)s§o � {�q4zO{�tª¡

•
Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

� ¦§¦K��tG¥.t4t � �¯oT{rv.o%�Ãs§{
M ′

 φ
zO¥ �

N ′
 ψ

�5��v.suqwvf�t � t+�¶®Y¤�oOy ��v.tGsu¥ � � qD�¯suo¥
v m °2oª�¯v.t+{�s§{+¡

•
Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

n�t�¥.t4t � ��oW{rv.o%�Â�¯v.zª�
M ′

 φ
�³��v³s§qwvÈ��t � t+�«®Y¤royÎ��v.t�s§¥ � � q+�¯suo¥"v m °2oO��v.t4{rs§{+¡

•
Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

� m yjyWtD�¯¤rs§qG��oa��v.t�°.¤�tD©)s§o � {�q4zO{�tª¡

•
Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x : φ. N, x : ψ. O) : ϑ

ã m �¯v³tis§¥ � � q+��s§o¥8v m °QoO�¯v.t+{�su{4�
M ′

 φ ∨ ψ
¡¾x«v.t+¤�t+®YoO¤�t"t4s¹�¯v.t+¤

M ′ ↓ inl(M1)

zO¥ �
M1  φ

o¤
M ′ ↓ inr(M1)

zO¥ �
M1  ψ

¡Sn�t_o¥.¦ m ��¤�t4zª���¯v.t~®Yo¤�yjt4¤�q4zO{�tª�
��v.t¾¦µzª�r�¯t+¤is§{i{ m yWyjt+��¤�s§qª¡î�5su¥.q4t

ρ[x := M1]  Γ, x : φ
� l�m �¯v.t¾su¥ � � qD�¯suo¥

v m °2oª�¯v.t+{�s§{��t � t+�
N [ρ[x := M1]]  ϑ

¡ n�tSzO¦u{�o_vKz'©Ot
case(M ′, x.N ′, x.O′) →∗

case(inl(M1), x.N
′, x.O′) → N ′[x := M1]

¡ � �"s§{Wt'zO{ m ��o�{�t4tÄ��vKzª�
N ′[x :=

M1] = N [ρ[x := M1]]
�.{�o � t4yjyfza�)¡ ù ¡ú�� � s¹©t4{ � {«��v.t�q4¦µzªs§yJ¡

�

û�



×~ô>ó-ô�
j
j�³ó�� þ,»$ð�»uþ�=éÍ Þhô>ó����
$ø>à%�³ò/øYô2ñÒÐT¾h§
`M : φ Å OhQ�Rqg M ↓

�

ÆÇt~l�l�§�x:zO�ªtd�¯v.t~t4yj°³� m
ρ
¡Gx«v.t+¥

ρ |= ∅
¡�ã m x«v.t+o¤�t+y��)¡ ù ¡ú�$&5�

M [ρ]
¥³o¤�yWzO¦§su|4t+{4¡Vã m

�¯v³t � t+¸K¥.s¹�¯suo¥"oO®
ρ
�
M [ρ] = M

¡�ã m � t4yjyWza�5¡ ù ¡ ù !5�
M
¥.o¤�yWzO¦us§|4t+{4¡

�

×~ô>ó-ô�
j
j�³ó�� þ,»$ð�»uþ �á¾~Æ � fon r lgNnqfonqO�Rqg�Om�

� {~{r�wz-�¯t ��l tD®Yo¤�tª�:�tf��s§¦u¦ °.¤�t+{�t4¥��_{royjtW¤rt'zO¦us§{r��s§qazO°³°.¦§suq'zª��s§o¥.{�oO®«zO°.°.¦ m su¥ � ¥.o¤�´
yWzO¦§su|'zª��s§o¥T��oTtD½)�¯¤�zOq+��q4oyj° � �¯zª�¯suo¥KzO¦>q+o¥��¯t4¥��²®Y¤roy °.¤�o)oO®Y{¶s§¥j�¯v.t�¥³tD½)�«{�t+q+��s§o¥¢¡ � t4¤rt
�t~°.¤rt4{rt4¥��'�>v.o%�t+©t+¤4�2zO¥Ès§yj°2oO¤r�wzª¥@���¯v.t+o¤�tD�¯s§q4zO¦PzO°³°.¦§suq'zª��s§o¥¢¡

×~ô>ó-ô�
j
j�³ó�� þ,»$ð�»uþ . Í áÈøc�m×'ö:ñH÷Oò/øYôQñEÕSó-ô����@ó%òu�1Ð�¾h§
` φ ∨ ψ Å OhQ�Rqg;RqfhOhQ�Rqt ` φ lt ` ψ �

ÆÇt~l�l�§¾� � °.°2oO{�t
` φ∨ ψ

¡ x«v.t4¥"�¯v³t4¤�tGs§{«zd��t4¤�y
M
{ � qwv"��vKzª�

`M : φ∨ ψ
¡¶�)s§¥.q+t

λ→

¥.o¤ryfzª¦§s§|+t4{+�
M ↓ v

zO¥ ��l�m � t4yjyWzW�)¡ ù ¡ ù �
` v : φ ∨ ψ

¡²ã m £ zO¥³o¥.s§q4zO¦ ¼ o¤�yj{4�Kt+su��v.t4¤

v = inl(N)
zª¥ �

` N : φ
o¤
v = inr(M)

zO¥ �
` N : ψ

¡²ã m � t+yWyWza�5¡ ù ¡(&)�Ks§¥È�¯v.t�¸K¤�{��
q'zª{�t

` φ
�³s§¥"�¯v.t�{rt4q4oO¥ �

` ψ
¡

�

x«v.s§{�q+o¥.q4¦ � � t+{So � ¤�zOq4q+o � ¥��SoO®°.¤�o°Qo{rsu�¯suo¥KzO¦H¦§o � s§qª¡~n�tj¥³o/�ÁyWo%©Ota��oÈyWo¤rtT{�o-´
°.v.su{r��s§q'z-�¯t � { m {��¯t4yj{4¡ � o%�t+©t+¤4�²��v.th¦us§{��_oO®�¦ut4yjyfzª{Ts§¥EzO¦§¦�{ m {r��t4yj{j�thq+o¥.{rs � t+¤Wsu¥
�¯v³s§{�qwvKzO°³��t4¤V��s§¦§¦Nzª¦u��z m {Vs§¥.q+¦ � � t���v.tS¦§t4yjyWzO{²��t~{�v.o%�t � su¥J��v.s§{�{�t+q+��s§o¥¢¡«}ho¤�t+o%©t4¤+�
�¯v³td°.¤ro5oO®Y{GzO¥ � { m {r�¯t+yW{
��tTq+o¥.{rs � t+¤�zO¤rtdyjo � � ¦µzO¤± °.¤�o)oO®Y{VoO® q'zª{�t4{Gs§¥Ä¦ut4yjyfzO{«®Yo¤

λ→
zO¥ � � � £ {��¯su¦§¦ ��oO¤��>��°2o{r{�s l ¦ m ��su��v8yjs§¥.o¤Syjo � s¹¸Kq'z-�¯s§oO¥.{4�:s§¥8yjo¤�tWq4oyj°.¦us§q'z-�¯t �

{ m {��¯t4yj{4¡ax«v.su{���s§¦u¦:©ªzO{r��¦ m {�s§yj°.¦usu® m o � ¤�zOq+q4o � ¥@�4�HzO{���ta��s§¦u¦:¥³t4t � �¯oÈ{�v³o/�Áo¥.¦ m �¯v³t
¥.tD�·q'zª{�t4{Vs§¥È°.¤ro5oª®Y{4¡

YJEZY ê¶��¬NM:K%ë�¬Nì�I,¬`��¬N��Kk����ILKN��°

n�tj¥³o/� tD½)�¯t+¥ � �¯v³tj{ m {r�¯t+y °.¤�t+{�t4¥���t � su¥M��v.ta°.¤�tD©5suo � {�{�t+q+��s§o¥M�¯o"�¯v.tjq4oO¥.{r��¤ � qD�¯su©Ot
©t+¤�{rs§o¥JoO®H�¯v.t�¸K¤r{r�r´Ìo¤ � t4¤VzO¤�s¹�¯v.yjt+��s§qª�5q4zO¦§¦ut � � t m ��s§¥ �a� ¤�su��v.yjt+�¯suq É �V��Ê ¡

û ù



� t m ��s§¥ �~� ¤rsu�¯v³yWtD�¯s§q«su{ l zO{�t � o¥W��v.tVq4o¥.{��¯¤ � q+��su©tV©t+¤�{�suo¥ioO®2�¯v.tV¸K¤�{��r´Ìo¤ � t+¤¦uo � suqO�
o¥.taoO®¶�¯v³tjyjo{���{ � q+q4t+{�{r® � ¦¦uo � s§q+{�s§¥�tZ½³su{r��t4¥.q+tO¡ ¼ s§¤r{r�r´Ìo¤ � t4¤�¦uo � s§q~s§{���s � t4¦ m � {rt � zª{
z l zO{�su{
®Yo¤«�¯v³t4o¤rt4y�°.¤�o%©t+¤�{+¡�}hoO¤�t4o%©Ot4¤4�6su�Vs§{
zO¥ � ¥ � t4¤r¦ m s§¥ � ¦§o � s§q�oO® {rt+�
�¯v.t+o¤ m �2�¯v³t
®Yo � ¥ � zª�¯suo¥"oO®:yfz-�¯v.t+yfzª��s§q+{4¡

x«v.tJq4o¥.{��¯¤ � q+��su©tÈ©t+¤�{rs§o¥åoO®V¸K¤�{��r´¬oO¤ � t+¤j¦uo � suqfs§{_q4zO¦§¦ut � s§¥�� � su��s§o¥.su{r��s§qa¸K¤�{��r´¬oO¤ � t+¤
¦§o � s§q É �e¼H���:Ê ¡]x«v.t"°.¤ro°Qo{�s¹�¯s§oO¥KzO¦�©Ozª¤�sµz l ¦§t+{~®Y¤�oOy � � £ zO¤rt"¤�t+°.¦µzOq+t �cl�m y � qwvEyjo¤�t
q4oO¥.q4¤rt+�¯t�t+¥@��su��s§t4{"su¥ �e¼:��� ¡²x«v.t�¦uo � s§qÄzO¦§¦uo/��{fsu�¯{ � {�t4¤"��oåyWzO�ªt¾{r�wz-�¯t4yjt4¥���{hz l o � �
zO¤ l su��¤¯zO¤ ma� oyWzOs§¥.{+¡<x«v.t+{�t � oyfzªs§¥.{�q'zª¥ivKz'©t � s§{r��s§¥ �O� s§{rv.t � t4¦§t+yWt+¥��¯{4�)o°Qt4¤�zª�¯suo¥.{¶o¥
{ � qwvJt+¦§t+yWt+¥@��{²zO¥ � �¯v.t+s§¤�°³¤�o°Qt4¤��¯s§t+{4¡]x«v³t�{ m ¥��wzOqD�¯suq�q4o � ¥���t4¤�°.zO¤r��{²s§¥ �e¼H��� zO¤�t
q'zO¦u¦§t �
r lgNnqOm�"g�O>nD��§ui<g r Ojfmlg¶nqb4p{�ql¢6n�zO¥ � t~Rq¢W�"Ocfmlg��"¢:nqb4p{�ql¢6nD�¤rt4{r°2t+q+�¯s¹©t+¦ m ¡ x«v³t4s§¤<¦§s§{��]su{]q'zO¦u¦§t �
z�nqfW�"g��"Oci<t~R ì zª¥ m �e¼:��� ��v.t4oO¤ m su{«°KzO¤¯zªyWtD�¯t4¤rs§|+t �Èl�m zj{rs � ¥.zª� � ¤rtO¡

n�tVzO¤rt�s§¥��¯t+¤�t4{��¯t � su¥a��v.t � oyWzOs§¥doO®6¥.zª� � ¤�zO¦.¥ � y l t4¤r{4�@®Yo¤�yWzO¦us§|4t � zO{ �V� ¡ �
� vKzª{
o¥.t
q4o¥³{r�wzª¥@�

0
�)o¥.t � ¥KzO¤ m ® � ¥.q+��s§o¥W{ m y l o¦

S
�@��v.s§qwvfs§¥�� � s¹�¯s¹©t4¦ m q4oO¤�¤�t+{�°Qo¥ � {�¯od��v.t

{ � q4q4t+{�{ro¤²® � ¥.qD�¯s§oO¥¢���¬��o l su¥KzO¤ m ® � ¥.q+��s§o¥W{ m y l o¦§{
+, ∗

zª¥ � o¥³tG¤�t+¦µzª��s§o¥.zO¦.{ m y l o¦
=
¡

¼ o¤¶��v.t�®Yo¤�yWzO¦K°.¤rt4{�t+¥��wzª��s§o¥¢�@�t
¸K¤r{r�¶¸³½fz~q4o � ¥��wz l ¦ut
{rt+�
FV ar

oO®¢�¯v³t�ËFt~nqOj�8lt8�<Rqt
v�"tufj�%��¢oRenD¡�n�tJ��s§¦§¦ � {rt��¯v³t�¦§tD����t4¤�{

a, b, c, n,m
®YoO¤j��v.th¸.¤�{r��´¬o¤ � t4¤j©ªzO¤�s§z l ¦§t+{4¡�x«v.t

{ m ¥��wzªq+�¯suq�q4o � ¥���t4¤�°.zO¤r�
oO®<zO¥Èt4¦§t+yWt+¥���oO® z � oyWzOsu¥"s§{«q'zª¦§¦§t � zBO�RqtupJç

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»$ð ¥,Q�R~��t4¤ryW{�l�§�� Á �"t~R*�<RqgLRqtG�"O�R8����b{O>Q�R�§}l¢h¢ol��fhg<�¶�%�qnqOctG� r O��"tG�"p��
p{�"t�Ä

t ::= a | 0 | S(t) | t+ t | t ∗ t

� ¥8�¯v³s§{d{rt4qD�¯s§oO¥¢� ¦§tD���¯t+¤�{
t, s, u

��s§¦u¦ � t4¥.oO��titD½5q+¦ � {rsu©t+¦ m �¯v.tW�¯t4¤ryW{~oO® �
� ¡ � ��t4¤ryïsu{
r ¢ol�n�R8�isu®Hsu�²vKzO{«¥.oT©ªzO¤rsµz l ¦ut4{+¡]x«v.t�{�tD�
oª®<zª¦§¦ �V� �¯t+¤�yj{���s§¦u¦ l t � t4¥.oª�¯t �Èl�m

Tms
zO¥ �

�¯v³tS{rt+�VoO®<zO¦§¦6q4¦§oO{�t � ��t4¤�yj{
Tmsc

¡

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»uþí¼ R r �"¢h¢	�"g�b¶O�Rqtup¦l�§POhQ�RF§}ltqp
S(S(S(. . .(0))))

�"¥ � yjt4¤¯zª¦��

û��



áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»�) ¥,Q�Ri®Yo¤ry � ¦µzª{�l�§�¾eÃJîÇïð�"teR��<RqgLRqtG�"O�R8����b�O>Q�R�§}l¢h¢ol��fhg<���%�qnqOjt8� r O
�"tG�"p�p{�"t�Ä

φ ::= t = t | ⊥ | φ→ ψ | φ ∧ ψ | φ ∨ ψ | ∀n. φ | ∃n. φ

x«v.t�©Ozª¤�sµz l ¦§t
n
s§¥ÈÇ � zO¥��¯s¹¸Kt4¤r{ l s§¥ � {«s¹�¯{«o)q4q � ¤�¤rt4¥.q+t4{Vs§¥"¤�t+{�°Qt4qD�¯su©OtS®YoO¤�y � ¦§zO{4¡<x«v.t

®Y¤�t+th¸K¤r{r��´¬o¤ � t4¤j©Ozª¤�sµz l ¦§t+{WoO®Sz�®Yo¤�y � ¦µz
φ
zO¤rt � t+¥.oO��t ��l�m

FVF (φ)
zO¥ ��� tD¸K¥.t � su¥

z�{r�wzª¥ � zO¤ � ��z m zª¦§o¥ � ��s¹�¯vå{ � l {��¯s¹� � ��s§o¥¢¡åx«v.tJ¥.oO�¯zª�¯suo¥
~a
s§{ � {rt � ®Yo¤a{�t4Ç � t+¥.q4t+{4�

�¯¤rt'zª��t � zO{«{rt+�¯{���v.t+¥hq+o¥�©t4¥³s§t4¥��4¡¶x«v³tS¥³oO�wzª��s§o¥
φ(~a)

s§{ � {rt � s§¥i�¯v³t�{�su� � zª��s§o¥i��v.t+¤�t
zO¦u¦6®Y¤�t+tS©ªzO¤rsµz l ¦ut4{«oO®

φ
zO¤�tSzOyjo¥ �

~a
¡�x«v³tS®Yo¦u¦§o%��s§¥ � {r�wzª¥ � zO¤ � { � l {r��su� � �¯s§oO¥J¦ut4yjyfzTsu{

°.¤ro/©Ot4¥ht'zO{rs§¦ m ç

ØF�k����� þ_»uþ,»È2 Ã�lt��"g�bª§}ltup�ik¢W�
φ Å φ[a := t][b := u[a := t]] = φ[b := u][a := t] Å §}lt

b /∈ FV (t)
�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � {r�¯¤ � q+� � ¤¯zª¦Ps§¥ � � q+�¯suo¥Èo¥
φ
¡

�

x«v.t"°.¤ro5oO®²{ m {r��t4yJ� {�s§yjs§¦§zO¤�¦ m ��o � � £ �<s§{ � {�t � �¯o � t4¤�s¹©tSp � � � yjt4¥��¯{Toª®«�¯v.tj®Yo¤�y
Å
Γ ` φ

Æw¡Hx«v.t«q4oO¥@��tD½)�¯{¶zO¤rt²{r��s§¦u¦)¸K¥³su�¯t�{�t+��{ oO®>©ªzO¤�s§z l ¦§t+{4¡Hx«v.t«¦§o � s§qzO¤rs§{�t+{ l�m tD½)��t4¥ � su¥ �
�¯v³tS¤ � ¦§t+{«oO® � � £ l@m ��v.t�®Yo¦u¦§o%��s§¥ � q4¦µz � {�t+{4ç

Γ ` φ
Γ ` ∀a. φ

a /∈ FVF (Γ)
Γ ` ∀a. φ

Γ ` φ[a := t]

Γ ` φ[a := t]

Γ ` ∃a. φ
Γ ` ∃a. φ Γ, φ ` ψ

Γ ` ψ
a /∈ FVF (Γ) ∪ FVF (ψ)

¼ s§¥.zO¦§¦ m �5zO{ �
� s§{�zO¥Jz-½5suoyfz-�¯s§qV�¯v.t+o¤ m �.��tS¦§su{r�«s¹�¯{�z-½5suoyW{+ç

•
É t4Ç � t�w Ê

∀n. n = n

•
É t4Ç5� m yjy Ê

∀n,m. n = m→ m = n

•
É t4Ç@xH¤¯zO¥.{ Ê

∀n,m, o. n = m ∧m = o→ n = o

•
É t4Ç5� Ê

∀n,m. n = m→ S(n) = S(m)

ûû



•
É ��û Ê

∀n. S(n) = 0 → ⊥

•
É � ý Ê

∀n,m. S(n) = S(m) → n = m

•
É °.¦ � { »PÊ

∀n. n+ 0 = 0

•
É °.¦ � {w� Ê

∀n,m. n+ S(m) = S(n+m)

•
É y � ¦ »PÊ

∀n. n ∗ 0 = 0

•
É y � ¦µ� Ê

∀n,m. n ∗ S(m) = n ∗m +m

•
É s§¥ �

φ(n,~a)

Ê
∀~a. φ(0,~a) → (∀n. φ(n,~a) → φ(S(n),~a)) → ∀n. φ(n,~a)

¡

x«v.t�¦µzO{���z-½5s§oOyÁs§{:�¯v.t«su¥ � � qD�¯s§oO¥az-½5s§oyñn r Q�Rqp{�O¡<x«v.su{ yWt4zO¥.{]��vKzª�]��v.s§{ su{ zOq+� � zO¦u¦ m
zO¥Ez l.l ¤rt+©)sµz-�¯s§oO¥8®Yo¤azO¥ås§¥³¸K¥³su�¯ti®$zªyWsu¦ m oO®Gz-½5s§oyj{~± �¯v.t+¤�tJs§{_o¥³tJsu¥.{r�¯zO¥.q+tJoª®G�¯v³t
{�qwv³t4yWzf®Yo¤
tD©t+¤ m °Qo{r{�s l ¦§t�®Yo¤�y � ¦µz

φ(n,~a)
¡
n�t � {rtd�¯v.t~¥.oO�¯zª�¯suo¥

Γ `HA φ
s¹®
φ
q4zO¥

l t � t4¤�s¹©t � ®Y¤roy
Γ
zª¥ � �¯v.tSz-½5s§oOyW{«oO® �
� ¡

¼ o¤�zO¥ m q4¦uo{�t � ��t4¤ry
t
�P�¯v.t+¤�tas§{�z � ¥.suÇ � ta¥Kzª� � ¤¯zO¦ ¥ � y l t4¤ � t+¥.oO��t �Ml@m

t
�N��v³s§qwv

�t � t+¥.oO��t l�m
[[t]]

zO¥ �J� t+¸.¥.tdzª{²®Yo¦§¦uo/��{+ç

• [[0]] = 0
¡

• [[S(t)]] = [[t]] + 1
¡

• [[t + u]] = [[t]] + [[u]]
¡

• [[t ∗ u]] = [[t]] ∗ [[u]]
¡

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,» - ¼ R��<RqgLlO�R���b
tn
OhQ�R�ikg�fj³�i�R�g�i<p�Rqt8�"¢Lnqi r Q�OhQN�"O

[[t]] = [[tn]]
�zÓ�fhp��

fh¢W�"tu¢£b Å §}lt{�"g�b�g��"OjiktG�"¢Òg�i<p{�qRqt m ��R¶�<RqgLlO�R¶��b
mn

OhQ�R{i<g�fj³�i�R¤g�i<p�RqtG�"¢�nqi r Q�O>QN�"O

[[mn]] = m
�

ØF�k����� þ_»uþ,»�= Ã�lt��"g�b�§}ltup�i<¢W�
φ Å r ¢ol�n�R8�+O�Rqtqp t

�"g��Cv�"tufj�%��¢oR
a Å Γ `HA φ[a := t]

f y
Γ `HA φ[a := tn]

�

ÆÇt~l�l�§ � zO{ m su¥ � � qD�¯suo¥"o¥È�¯v.t�°.¤ro5oO®N��¤�t4tª¡
�

ûOý



t ::= a | 0 | S(t) | t+ t | t ∗ t

φ ::= t = t | ⊥ | φ→ ψ | φ ∧ ψ | φ ∨ ψ | ∀n. φ | ∃n. φ

Γ, φ ` φ
Γ ` ⊥
Γ ` φ

Γ, φ ` ψ

Γ ` φ→ ψ

Γ ` φ→ ψ Γ ` φ

Γ ` ψ

Γ ` φ

Γ ` φ ∨ ψ

Γ ` ψ

Γ ` φ ∨ ψ

Γ ` φ ∨ ψ Γ, φ ` ϑ Γ, ψ ` ϑ

Γ ` ϑ

Γ ` φ Γ ` ψ

Γ ` φ ∧ ψ

Γ ` φ ∧ ψ

Γ ` φ

Γ ` φ ∧ ψ

Γ ` ψ

Γ ` φ

Γ ` ∀a. φ
a /∈ FVF (Γ)

Γ ` ∀a. φ

Γ ` φ[a := t]

Γ ` φ[a := t]

Γ ` ∃a. φ

Γ ` ∃a. φ Γ, φ ` ψ

Γ ` ψ
a /∈ FVF (Γ) ∪ FVF (ψ)

(eqRefl) ∀n. n = n (eqSymm) ∀n,m. n = m→ m = n
(eqTrans) ∀n,m, o. n = m ∧m = o→ n = o (eqS) ∀n,m. n = m→ S(n) = S(m)
(P3) ∀n. S(n) = 0 → ⊥ (P4) ∀n,m. S(n) = S(m) → n = m
(plusZ) ∀n. n+ 0 = 0 (plusS) ∀n,m. n+ S(m) = S(n+m)
(mulZ) ∀n. n ∗ 0 = 0 (mulS) ∀n,m. n ∗ S(m) = n ∗m+m

(indφ(n,~a)) ∀~a. φ(0,~a) → (∀n. φ(n,~a) → φ(S(n),~a)) → ∀n. φ(n,~a)

¼ s �� ¤rt��5¡ ù ç � t m �¯s§¥ �W� ¤�su��v.yjt+�¯suq

û%&



YJEZYJE�D
λH

°@��¯�°@±�¯�±�M

n�t�¥.o%�ÃtD½)�¯t+¥ �
λ→

®Y¤royî�¯v.tG°.¤�tD©5suo � {{�t4qD�¯suo¥i�¯oTt+¥.q4oOyW°Kzª{�{ �V� ¡)x«v.t�¥.tD�Âq4zO¦§q � ¦ � {
��s§¦u¦ l t~q'zO¦u¦§t �

λH
¡ � �¯{G��t4¤�yj{
zO¤�su{�t l@m tD½)��t4¥ � su¥ � ��v.t � ¤�zOyjyfzO¤ � t+¥.t4¤�zª�¯su¥ � ��t4¤ryW{VoO®

λ→
l�m �¯v.ti®Yo¦u¦§o%��s§¥ � q+¦µz � {rt4{+¡�x«v.ti¸K¤r{r� � ¤ro � °�oO®V¥.tD�Îq+¦µz � {�t4{_q+o¤�¤rt4{r°2o¥ � {_�¯oÄ�¯v³t

°.¤ro5oO®]¤ � ¦ut4{�oO®<�¯v.td¸.¤�{r��´¬o¤ � t4¤
¦§o � s§qO¡Vx«v.tTq+o¤�¤rt4{r°2o¥ � t4¥.q+tT��s§¦u¦ l tTq4zO°³� � ¤�t � ®YoO¤�yWzO¦§¦ m
l�m �¯v³t�� m °Qt~{ m {r�¯t+yh¡

M ::= . . . | λa. M | M t | [t,M ] | let [a, x : φ] := M in N

x«v.t�{�t+q4o¥ � � ¤ro � °Jq4o¤r¤�t4{r°2oO¥ � {«�¯o �
� z-½5suoyW{+ç

M ::= . . . | eqReflRep(t) | eqSymmRep(t, s,M) | eqTransRep(t, s, u,M) |

eqSRep(t, s,M) | p3Rep(t,M) | p3Rep(t, s,M) |

plusZRep(t) | plusSRep(t, s) | mulZRep(t) |

mulSRep(t, s) | indn,~a. φ(n,~a)(t,~t,M)

x«v.t
Rep

{ � �a½hsu¥È��v.t4{rt~��t4¤�yj{V¤�t+®Yt+¤�{��¯oa�¯v.t�®$zOqD�
��vKzª���¯v.t+{�tS�¯t4¤ryW{VzO¤rt¶t~R�d�t~Ren�Rqg��
Om�"Ocfhv"RendoO®]��v.t~q+o¤�¤rt4{r°2o¥ � s§¥ � z-½5s§oyj{�± � su©Ot4¥Äzj°.¤�o)oO®

M
oO®
t = s

�
eqSRep(t, s,M)

¤�t+°.¤�t+{�t+¥@��{�zW°.¤ro5oª® oO®
S(t) = S(s)

¡Vx«v.td¥.oª�wzª��s§o¥
a, ~n. φ(n,~a)

� t+¥.oO��t4{�zW®YoO¤�y � ¦§z
φ

��su��v¾su��{G©ªzO¤�s§z l ¦§t+{
a, ~n

l o � ¥ � ¡~x«v³t
inda,~n. φ(n,~a)(t,~t,M)

�¯t+¤�yºsu¥��¯v³t � ¤¯zOyjyWzO¤
su{�z
O�RqtqpÀn r Q�Rqp{�O� � t4{rq4¤�s l s§¥ � zJ®$zªyWsu¦ m oª®²�¯t+¤�yj{TzO¥ � °KzO¤¯zªyWtD�¯t4¤rs§|+t ��l�m �¯v³tW®Yo¤ry � ¦µz

φ
¡

x«v.t+¤�t«s§{H�¯v � {]oO¥.t��¯t+¤�y�®Yo¤<t4zOqwv_®Yo¤�y � ¦µz
n,~a. φ(n,~a)

¡ � ¥azO¥ m { � qwv_��t4¤�yJ�O��v.t²¥ � y l t4¤
oO®:�¯t4¤ryW{Vs§¥È�¯v³td{�t+Ç � t4¥.q+t ~t su{V��v.t~{�zOyjtdzO{��¯v³td¥ � y l t4¤VoO®<©ªzO¤rsµz l ¦§t4{�su¥J��v.t~{rt4Ç � t+¥.q4t

~a
¡
� { � l �¯¦ut_°2osu¥���s§¥h�¯v.t � t+¸K¥.s¹�¯suo¥ÄoO®�¸K¤r{r�r´Ìo¤ � t4¤�{ � l {r��su� � �¯suo¥Äo¥¾¦§zOy lQ� zW�¯t+¤�yj{Gsu{

�¯v.zª��su��su{«tD½)�¯t+¥ � t � �¯oa�¯v.t�®Yo¤ry � ¦§zO{²°KzO¤�zOyjt+�¯t+¤�su|4s§¥ �
ind

��t4¤�yj{4ç

(inda,~n. φ(n,~a)(t,~t,M))[b := u] ≡ inda,~n. φ[b:=u](n,~a)(t[b := u],
−−−−−→
t[b := u],M [b := u])

û$#



x«v.su{
su{V��v.t~¤rt'zO{ro¥�®Yo¤«��v.tTz � o°³�¯suo¥JoO® l su¥ � t4¤r{
su¥J��v.td°.zO¤¯zOyjt+��t4¤rs§|4su¥ � ®Yo¤�y � ¦µz ì v.z �
su�G¥.oO� l t4t+¥�®YoO¤G�¯v.t+yh�2�¯v.tT©ªzO¤rsµz l ¦ut4{

n,~a
s§¥Ä��v.tT�¯t+¤�y

indφ(n,~a)

yWs � v�� l tTq4oO¥.{�s � t4¤rt �
®Y¤�t+tSzO¥ � za{ � l prt+q+�V�¯oa{ � l {r�¯s¹� � ��s§o¥6�³��v.s§qwvJs§{«¥³oO�
z � t4{�su¤�t �hl t4vKz'©)s§oO¤4¡

x«v.tf¤rt � � q+�¯suo¥8{ m {��¯t+y su{StZ½5°KzO¥ � t ��l�m z �.� s§¥ � �¯v³tj®Yo¦u¦§o%��s§¥ � q+¦µz � {�t4{S�¯oJ�¯v.tj¤�tZ´
� � qD�¯suo¥È¤�t4¦§zª�¯suo¥¢¡

(λa. M) t→M [a := t] let [a, x : φ] := [t,M ] in N → N [a := t][x := M ]

indn,~a. φ(n,~a)(0,~t,M) → fst(M)

indn,~a. φ(n,~a)(S(t),~t,M) → snd(M) t indn,~a. φ(n,~a)(t,~t,M),
��v.t+¤�t

t
su{
z_¥ � yjt4¤�zO¦�¡

t→ tn,
®Yo¤�zO¥ m q+¦§o{rt �

t
�¯v.zª��s§{«¥.oª�Gz_¥ � yjt4¤�zO¦�¡

x«v.tS¥.t+�Ât+©ªzO¦ � zª�¯suo¥"q4o¥���tD½)�¯{
zO¤�tªç

[◦] ::= . . . | [◦] t | let [a, x : φ] := [◦] in N | indn,~a. φ(n,~a)([◦],~t,M)

x«v.tS¥.t+��©Ozª¦ � t+{
zª¤�t
λa. M

�
[t,M ]

zO¥ � zO¦u¦
Rep

��t4¤ryW{+¡
� ¥.tD�E®Yt4zª� � ¤rt²s§¥

λH
su{]z^n�R r lg��d¤rt � � qD�¯suo¥_¤�t+¦µzª��s§o¥¢� � tD¸K¥.t � o¥T®YoO¤�y � ¦§zO{:zO¥ �_� tZ´

¥.oO��t �al�m
→ω

¡ � ¥�� � su�¯s¹©t+¦ m ��t«��s§¦u¦5q+o¥.{�s � t4¤ ®Yo¤ry � ¦§zO{:��s¹�¯vaq4¦uo{�t � ��t4¤ryW{ � t+¥.oO��s§¥ � �¯v³t
{¯zªyWt�¥Kz-� � ¤�zO¦6¥ � y l t4¤r{VzO{ l t+s§¥ � ��v.t�{¯zªyWtª¡ x«v.s§{«su{ l t+q'z � {�t��¯v.t

indn,~a. φ(n,~a)(t,~t,M)

�¯t+¤�y q4zO¥EoO¥.¦ m ¤rt � � q4t�s¹®
t
s§{jzM¥ � yjt4¤�zO¦�¡ ¼ o¤T�¯v³s§{a¤�t4zO{�o¥å��thvKz'©thzM¤ � ¦§t

t → t′

zO¦uo¥ � ��su��v"�¯v.t�t+©ªzO¦ � zª��s§o¥"q+o¥��¯tD½)�
indn,~a. φ(n,~a)([◦],~t,M)

�Ks§¥"oO¤ � t+¤���o_®Yo¤�q+t���v.t�¸K¤�{��
zO¤ �� yjt4¥���oO®<�¯v.tTsu¥ � ��t4¤�y ��oi¤�t � � q4t~�¯of��v.tTq4oO¤�¤�t+{�°Qo¥ � su¥ � ¥ � yjt4¤�zO¦�¡ � ® ��t~�²zO¥�����o
l t�z l ¦§t
�¯oa°.¤�o%©Otd� � l prt4qD� � t � � q+��s§o¥6�³�¯v.t+{�t�¤�t � � qD�¯s§oO¥.{�y � {r��v.z%©Ot��¯v.t+s§¤²q+o � ¥��¯t+¤�°KzO¤��
s§¥i��v.t�¦§o � s§qª¡]x«v.s§{«su{��¯v³t�¤�t'zª{�o¥È®Yo¤���v.t�¥.t+�Â¤�t+¦µzª��s§o¥

→ω

�5��v.s§qwvÈs§{²®YoO¤�yWzO¦§¦ ma� t+¸K¥³t �
zO{«®Yo¦u¦§o%��{4ç

φ[a := t] →ω φ[a := tn],
®Yo¤�zª¥ m

φ, a
zO¥ � q4¦uo{�t � ��t4¤�y

t
¡

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,» � ¼ RP��tufhO�R
φ↔ω ψ

f §�RqfhOhQ�Rqt
φ→ω ψ

lt
ψ →ω φ

� ¼ R���fh¢h¢	�<RqgLlO�R
��b

=ω

OhQ�R²nqp{�"¢h¢oRenqOJR8³�ikfhv�"¢oRqg r Rzt~Rq¢W�"Ocfmlg�RG�$O�Rqg��"fhg<�
→ω

�

û��



n�tS¥.o%�·yjo%©tSo¥È�¯o � t+¸K¥³tS��v.t�� m °QtS{ m {r��t4y ®Yo¤
λH

¡ � �
zO¤rs§{rt4{ l�m tD½)�¯t+¥ � s§¥ � �¯v³t
{ m {��¯t4yÝ®Yo¤

λ→
°³¤�t4{rt4¥��¯t � s§¥J�¯v.t~°.¤�tD©5suo � {
{ m {r��t4yJ¡
x«v.tdq4o¥��¯tZ½)�¯{�zO¤rt~{��¯su¦§¦P¸K¥.s¹�¯tS{�t+��{

oO®:°KzOsu¤�{
(x, φ)

¡ x«v.t~¥³t+�·¤ � ¦§t+{�q4o¤r¤�t4{r°2oO¥ � s§¥ � ��o_�¯v.t�¸K¤r{r�r´Ìo¤ � t4¤�¦§o � s§q�zª¤�tOç

Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVF (Γ)

Γ `M : ∀a. φ

Γ `M t : φ[a := t]

Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ

Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FVF (Γ, ψ)

x«v.t�¤ � ¦§t4{�q+o¤�¤rt4{�°Qo¥ � s§¥ � �¯o �
� z/½³suoyj{�zO¤�tªç

Γ ` eqReflRep(t) : t = t
Γ `M : s = t

Γ ` eqSymmRep(t, s,M) : t = s

Γ `M : t = s ∧ s = u
Γ ` eqTransRep(t, s, u,M) : t = u

Γ `M : t = s
Γ ` eqSRep(t, s,M) : S(t) = S(s)

Γ `M : S(t) = 0

Γ ` p3Rep(t,M) : ⊥

Γ `M : S(t) = S(s)

Γ ` p4Rep(t, s,M) : t = s

Γ ` plusZRep(t) : t+ 0 = 0 Γ ` plusSRep(t, s) : t+ S(s) = S(t+ s)

Γ ` mulZRep(t) : t ∗ 0 = 0 Γ ` mulSRep(t, s) : t ∗ (S(s)) = t ∗ s+ t

Γ `M : φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` indn,~a. φ(n,~a)(t,~t,M) : φ(t,~t)

� ¥hz �.� s¹�¯s§oO¥¢�5��v.t4¤rtSsu{�z_¤ � ¦ut�q4o¤r¤�t4{r°2oO¥ � s§¥ � ��o � t+yWyWza�5¡ú�5¡6#5ç

Γ `M : φ

Γ `M : ψ
φ↔ω ψ

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,» . ¼ R r �"¢h¢�O>Q�R�¢W�nqO1d�tel�l�§^tuik¢oRjsu¥.t4{r{�t+¥@��sµzO¦��"g��T�"¢h¢FlOhQ�Rqt*d�t~l�l�§^tqi<¢oRen
t4{r{�t+¥@��sµzO¦Z�

ØF�k����� þ_»uþ,»�Ô ¾>§
φ =ω ψ Å OhQ�Rqg Γ `M : φ

f y
Γ `M : ψ

�

û$!



ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥ � � q+�¯suo¥"o¥È�¯v.t � tD¸K¥.s¹�¯s§oO¥"oO®
=ω

¡
�

� ¥�o¤ � t+¤��¯o"{ryWo)oO�¯v³t4¥Ä® � ¤��¯v.t+¤�°.¤�t+{�t+¥@�¯zª�¯suo¥¢�¢�t_¤�t+yfzO¤r�J��vKzª�SzO¦u¦:¤ � ¦§t+{�s§¥�©Oo¦u©)s§¥ �

Rep
�¯t+¤�yj{�zO¤�t�oO®H�¯v.t�{�zOyWt�®YoO¤�yJç

Γ `M : φA(~t)

Γ ` axRep(~t,M) : ψA(~t)
,

®Yo¤azO°³°.¤�o°³¤�sµz-�¯ti¥ � y l t4¤aoO®V�¯t+¤�yj{
t
zO¥ � ®Yo¤ry � ¦§zO{

φA
zO¥ �

ψA
¡�x«v.tJ��t4¤ry

M
zª¥ �

�¯v³tdzO{r{ � yj°³��s§o¥.{Vyjs � v�� l tS¥.oO�
°.¤rt4{�t+¥��'¡ ¼ o¤�tD½³zOyj°.¦§tª�>®YoO¤
ax ≡ eqReflRep

�tdvKz'©Ot

~t ≡ t
�
M

su{�¥.oO��°³¤�t4{rt4¥��dzO¥ �
ψA ≡ t = t

¡ ¼ o¤
ax ≡ eqSRep

� ~t ≡ t, s
�
φA ≡ t = s

zO¥ �
ψA ≡ S(t) = S(s)

¡Än�tf��s§¦u¦���v.t4¤rt+®Yo¤rt � {rt"yWtD�wz-´Ì¦§t+©Ot4¦¶{�qwv.t+yfzª{ � {�su¥ �
axRep

�

φA
zO¥ �

ψA
�¯o��¯zO¦§��z l o � �TzO¦§¦]��v.t4{rti�¯t+¤�yj{TzO¥ � ¤ � ¦ut4{Tz-�do¥³q4tO¡ ¼ oO¤~tZ½.zªyW°.¦utO� � {�su¥ �

�¯v³s§{ q4oO¥@©Ot4¥��¯suo¥¢�@��tVq'zª¥W{r°2t+q4su® m ��v.t«� m °.s§¥ � ¤ � ¦§t4{�q+o¤�¤rt4{�°Qo¥ � s§¥ � �¯o �
� z-½5suoyW{]zO°KzO¤��
®Y¤�oOyË�¯v³tSsu¥ � � qD�¯suo¥Jz-½5s§oyËq4o¥.q+s§{rt4¦ m zO{4ç

Γ `M : φA(~t)

Γ ` axRep(~t,M) : ψA(~t)

x«v.t"®Yo¦§¦uo%��s§¥ ��� t+yWyWz�{rv.o%��{a��vKzª�
λH

q'zª¦§q � ¦ � {Tsu{_z�®$zOs¹�¯v³® � ¦¶¤�t+°.¤�t+{�t+¥@�¯zª�¯suo¥coO®
�
� ¡

ØF�k����� þ_»uþ,»$ð:Ö�Í ×döHó/ó��L�¯Öhô)ÿ��.ó-õ�øj�4ô���ô>ó��1�Høc���sÐ�¾>§
Γ ` O : Ψ

OhQ�Rqg
rg(Γ) `HA

Ψ
�|¾>§

Γ `HA Ψ Å OhQ�Rqg`O>Q�Rqt~RTRG�$fonqO>nC�7O�Rqtqp M
nqi r Q|OhQN�"O

Γ ` M : Ψ Å �1Q�Rqt~R Γ =

{(xφ, φ) | φ ∈ Γ}
�

ÆÇt~l�l�§�x«v.t~¸K¤r{r�
°KzO¤��Gsu{
o l ©)s§o � {«± ®Yo¤«�¯v³td¥.tD��� m °³s§¥ � ¤ � ¦ut4{ � {�tS�¯v.tSq4o¤r¤�t+{�°Qo¥ � su¥ �
�
� z-½5s§oyj{WzO¥ � � t+yWyWz8�5¡ú�5¡ò#M��o � t4¤rsu©Oth�¯v³th®Yo¤ry � ¦µzª{4¡ ¼ o¤j��v.t�{rt4q+o¥ � °KzO¤��'�²�t
°.¤ro5q+t4t ��l@m su¥ � � qD�¯suo¥�oO¥M��v.tf°.¤ro5oª®��¤�t4t�p � {r�dzO{Ss§¥Mq'zO{rtWoª®

λ→
¡ix«v.tf°³¤�o)oO®Y{�oO®²�¯v³t

q'zª{�t4{Gq4o¤r¤�t4{r°2oO¥ � s§¥ � �¯of��v.td¤ � ¦§t+{GoO®
λ→

zO¤rt~�¯v³td{¯zªyWtdzO{ l t+®Yo¤rtO¡Vn�t~{�v.o%���¯v.t~¥.t+�
q'zª{�t4{Vs§¥"��v.t�°.¤�o)oO®e¡ £ zO{rtS��v.t�¦µzO{��«¤ � ¦§t�s§¥i��v.t�°.¤�o)oO®

Γ `HA Ψ
oO®eç

•
Γ ` ∃a. φ Γ, φ ` Ψ

Γ ` Ψ
a /∈ FVF (Γ) ∪ FVF (ψ)

û$ 



ã m ��v.tVs§¥ � � q+�¯suo¥av m °QoO��v.t4{rs§{���t � t+���¯t+¤�yj{
M,N

{ � qwvW�¯vKzª�
Γ `M : ∃a. φ

zO¥ �

Γ, xφ : φ ` N : Ψ
¡¶x«v³t�®YoO¦§¦§o%��su¥ � °.¤ro5oO®H�¯¤rt4t�{�v³o/��{��¯v³tSq+¦µzOsuyhç

Γ `M : ∃a. φ Γ, xφ : φ ` N : Ψ

Γ ` let [a, xφ : φ] := M in N : Ψ

•
Γ ` φ

Γ ` ∀a. φ
a /∈ FVF (Γ)

ã m ��v.tSs§¥ � � q+�¯suo¥Èv m °QoO��v.t4{rs§{���t � t+�
za¦µzOy lQ� zT�¯t+¤�y
M
{ � qwv���vKzª�

Γ ` M : φ
¡

x«v.t+¤�tD®Yo¤�t
Γ ` λa. M : ∀a. φ

¡

•
Γ ` ∀a. φ

Γ ` φ[a := t]

ã m ��v.tis§¥ � � q+��s§o¥�v m °QoO��v.t4{rs§{d�t � tD�_z�¦§zOy lQ� zÈ��t4¤ry
M

{ � qwv8�¯vKz-�
Γ ` M :

∀a. φ
¡ x«v.t4¤rt+®Yo¤rt

Γ `M t : φ[a := t]
¡

•
Γ ` φ[a := t]

Γ ` ∃a. φ

ã m ��v.tis§¥ � � q+��s§o¥�v m °QoO��v.t4{rs§{d�t � tD�_z�¦§zOy lQ� zÈ��t4¤ry
M

{ � qwv8�¯vKz-�
Γ ` M :

φ[a := t]
¡�x«v.t+¤�t+®YoO¤�t

Γ ` [t,M ] : φ[a := t]
¡

•
� ¥.t�oO®Q�¯v³t�z-½5s§oyj{:Å

ax′′ oO® �V� ¡�x«v.t+¥ Ψ = ∀~n. φA(~n) → ψA(~n)
¡<x«v.t�®Yo¦u¦§o%��s§¥ �

°.¤ro5oª®.�¯¤rt4t²{rv.o%��{]�¯v.t²q+¦µzOsuyh¡PxHo�s§¥³q4¤�t4zO{�t¤�t4z � z l su¦§s¹� m �/��t«q+oyW°³¤�t4{r{]{�tD©t+¤¯zO¦.{��¯t+°.{
su¥@��¤�o � � q+s§¥ � ��v.t � ¥.su©Ot4¤r{¯zO¦PÇ � zO¥���su¸Kt+¤Vsu¥��¯oao¥.tªç

x : φA(~n) ` x : φA(~n)

x : φA(~n) ` axRep(~n, x) : ψA(~n)

` λx : φA(~n). axRep(~n, x) : φA(~n) → ψA(~n)

` λ~n. λx : φA(~n). axRep(~n, x) : ∀~n. φA(~n) → ψA(~n)

•
x«v³tjsu¥ � � qD�¯suo¥�z-½5s§oyJ¡Tx«v.t+¥

Ψ ≡ ∀~a. φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a) →

ý��



∀n. φ(n,~a)
¡ x«v.tS®YoO¦§¦§o%��su¥ � °.¤ro5oª®:��¤�t4t�{rv.o%��{V��v.t�q4¦µzªs§yJ¡

x : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a) ` x : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a)

x : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a) ` indn,~a. φ(n,~a)(n,~a, x) : φ(n,~a)

x : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a) ` λn. indn,~a. φ(n,~a)(n,~a, x) : ∀n. φ(n,~a)

` λ~aλx : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a)λn. indn,~a. φ(n,~a)(n,~a, x) : Ψ

�

YJEZYJEmY «©¬?�]�I,¬<Kk��I_M·FÌ
λH

x«v.t�¦§t+yWyWzO{²°³¤�o%©t � ®Yo¤
λ→

tZ½)�¯t4¥ � s§¥Jz_¥Kzª� � ¤¯zª¦¢�²z m ��oWt+¥.q4oyj°KzO{r{
λH

¡

ØF�k����� þ_»uþ,»$ð>ð|Í ßÎ�<�NÏ��)ñHø[ñ	�,Ð©¾>§
Γ ` Q : Ψ

�"g��
y
�"g��

FVF (ψ)
�"t~R�§uteReneQ©O�lBO>Q�R

d�t~l�l�§²OjteReR
Γ ` Q : Ψ Å OhQ�Rqg Γ, y : ψ ` Q : Ψ

�

ÆÇt~l�l�§äã m s§¥ � � q+��s§o¥�o¥
Γ ` Q : Ψ

¡Än�ti{rv.o%�Ë��v.t"¥.t+�Àq4zO{�t+{_s§¥���v.t"°.¤�o)oO®e¡ £ zª{�t

Γ ` Q : Ψ
oO®eç

•
Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVF (Γ)

ã m ��v.t�s§¥ � � q+��s§o¥Wv m °QoO��v.t4{rs§{4�
Γ, y : ψ `M : φ

¡ ã m
y
zO¥ �

FVF (ψ)
l t4s§¥ � ®Y¤�t+{�v

��oa��v.t�°.¤�o)oO®H�¯¤rt4tO�
a /∈ FVF (Γ, y : ψ)

¡�x«v.t+¤�tD®Yo¤�tª�
Γ, y : ψ ` λa. M : ∀a. φ

¡

•
Γ `M : ∀a. φ

Γ `M t : φ[a := t]

�)��¤¯zOs � v���®Yo¤��²zª¤ � ¡

•
Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ

�)��¤¯zOs � v���®Yo¤��²zª¤ � ¡

ý ù



•
Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FV (Γ, ψ)

�5suyWsu¦µzO¤��¯o_��v.t�¸K¤�{��
q4zO{�t�su¥È��v.t�°.¤�o)oO®e¡

•
Γ `M : φA(~t)

Γ ` axRep(~t,M) : ψA(~t)

�)��¤¯zOs � v���®Yo¤��²zª¤ � ¡

•
Γ `M : φ

Γ `M : ψ
φ↔ω ψ

�)��¤¯zOs � v���®Yo¤��²zª¤ � ¡
�

x«v.tTÅe°.¤ro°2oO{�su��s§o¥.zO¦¹Æ�{ � l {��¯su� � �¯suo¥�¦§t+yWyWzfs§{G°.¤�o%©t � su¥MtZ½³zOq+��¦ m ��v.ta{¯zOyjtT��z m zª{
su��{�q+o � ¥��¯t+¤�°KzO¤��«s§¥ � � £ ¡ � {���v.t�¥.tD�Ã� m °.su¥ � ¤ � ¦§t+{ � oT¥.oª�«s§¥��¯t+¤¯zOqD����s¹�¯vi°.¤ro°Qo{�s¹�¯s§oO¥KzO¦
{ � l {r��su� � �¯s§oO¥¢�¶��v.tJ°.¤�o)oO®V®Yo¤_�¯v.tÈq4oO¤�¤�t+{�°Qo¥ � su¥ � q'zO{rt4{W®YoO¦§¦§o%��{ l�m z�{r�¯¤�zOs � v@�r®Yo¤r��zO¤ �
zO°.°³¦§s§q4zª�¯suo¥ioO®H�¯v³tSsu¥ � � qD�¯suo¥"v m °QoO��v.t4{rs§{4¡

ØF�k����� þ_»uþ,»$ð)þ ¾>§
Γ, x : φ `M : ψ

�"g��
Γ ` N : φ Å OhQ�Rqg Γ `M [x := N ] : ψ

�

�5s§¥³q4t
λH

s§¥��¯¤ro � � q4t4{V¸K¤�{��r´Ìo¤ � t+¤ l s§¥ � t+¤�{+�6zj¥.t+���>¸K¤�{��r´Ìo¤ � t+¤G{ � l {r��su� � �¯suo¥h¦ut4yjyfz
s§{~¥.t4q+t4{r{¯zO¤ m ¡��5s§yjs§¦§zO¤�¦ m ��o � t4yjyfz��5¡ú�5¡ ù �5�]su�~s§{ � {�t � o¥.¦ m su¥��¯v³ti°.¤�o)oO®�oO®
� � l prt4qD�
� t � � qD�¯suo¥¢¡

ØF�k����� þ_»uþ,»$ð<) ¾>§
Γ ` Q : Ψ Å O>Q�Rqg�§}lt��"g�b¶ËFt~nqOj�8lt8�<Rqt�v�"tufj�%��¢oR b �"g���O�Rqtup u Å

Γ[b := u] ` Q[b := u] : Ψ[b := u]
�

ÆÇt~l�l�§Äã m s§¥ � � q+��s§o¥fo¥i�¯v.t�°³¤�o)oO®P�¯¤rt4t
Γ ` Q : Ψ

¡�}ho{���oO®N�¯v.t�¤ � ¦§t+{ � o_¥.oª�«s§¥��¯t+¤¯zOqD�
��su��vh¸K¤r{r��´¬o¤ � t4¤
{ � l {��¯s¹� � ��s§o¥¢�Q{�oW��tT{rv.o%���¯v.t~°.¤�o)oO® o¥³¦ m ®Yo¤��¯v.tS®Yo � ¤VoO® �¯v³t4y �¯vKz-�
� o.¡ £ zª{�t

Γ ` Q : Ψ
oO®eç

ý@�



•
Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVF (Γ)

n�s¹�¯v.o � �d¦uo{�{SoO® � t+¥.t4¤�zO¦§s¹� m ��tfq'zO¥�zª{�{ � yWtj�¯vKzª�
a /∈ FVF (u) ∪ {b}

¡Jã m ��v.t
su¥ � � qD�¯s§oO¥�v m °2oª�¯v.t+{�s§{+�

Γ[b := u] ` M [b := u] : φ[b := u]
¡Èx«v.t4¤rt+®Yo¤rt

Γ[b :=

u] ` λa. M1[b := u] : ∀a. φ[b := u]
zO¥ �El@m ��v.tJqwv.os§q+t�oO®

a
�

Γ[b := u] `

(λa. M)[b := u] ` (∀a. φ)[b := u]
¡

•
Γ `M : ∀a. φ

Γ `M t : φ[a := t]

£ v.o)o{rs§¥ �
a
�¯o l t�®Y¤�t+{�v¢� l�m �¯v.t�s§¥ � � q+�¯suo¥�v m °2oO��v.t4{rs§{"�t � t+�

Γ[b := u] `

M [b := u] : ∀a. (φ[b := u])
�.{�o

Γ[b := u] ` M [b := u] t[b := u] : φ[b := u][a :=

t[b := u]]
¡aã m � t4yjyfzÈ�)¡ �5¡ ýJzO¥ �

a /∈ FV (t)
�P�t � t+�

Γ[b := u] ` (M t)[b :=

u] : φ[a := t][b := u]
¡

•
Γ `M : φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` indn,~a. φ(n,~a)(t,~t,M) : φ(t,~t)

ã m ��v.tSs§¥ � � q+�¯suo¥Èv m °QoO��v.t4{rs§{4�
Γ[b := u] ` M [b := u] : φ[b := u](0,

−−−−−→
t[b := u]) ∧

∀n. φ[b := u](n,
−−−−−→
t[b := u]) → φ[b := u](S(n),

−−−−−→
t[b := u])

¡�x«v.t+¤�tD®Yo¤�t
Γ[b := u] `

indn,~a. φ[b:=u](n,~a)(t[b := u],
−−−−−→
t[b := u],M [b := u]) : φ[b := u](t[b := u],

−−−−−→
t[b := u])

¡
x«v.t�q+¦µzOsuyÀ®Yo¦u¦§o%��{4¡

•
Γ `M : φ

Γ `M : ψ
φ↔ω ψ

xHoÄ¸³½�o � ¤azª����t4¥��¯suo¥¢��zO{r{ � yjt
φ →ω ψ

¡Mx«v.t4¤rt+®Yo¤rtÈ®YoO¤T{�oyjt
φ1
zª¥ � z�®Y¤�t+{�v

©ªzO¤rsµz l ¦ut
a
�³�t~v.z%©OtOç

Γ `M : φ1[a := t]

Γ `M : φ1[a := tn]

ã m �¯v.tJs§¥ � � q+��s§o¥cv m °2oO��v.t4{rs§{+�
Γ[b := u] ` M [b := u] : φ1[a := t][b := u]

¡
� {

t
s§{_q+¦§o{rt � zO¥ �

a
su{T®Y¤�t4{rv¢�

Γ[b := u] ` M [b := u] : φ1[b := u][a := t]
�

ý�û



{ro
Γ[b := u] ` M [b := u] : φ1[b := u][a := tn]

¡ � {
tn
s§{jq4¦uo{�t � zO{W�t4¦u¦��

Γ[b := u] `M [b := u] : φ1[a := tn][b := u]
�³��v³s§qwv�{rv.o%��{V��v.t�q4¦§zOs§yJ¡

�

x<zª�)su¥ � s§¥��¯o�zOq+q4o � ¥@�H�¯v³t¶¤rt4¦§zª�¯suo¥
↔ω

�%�¯v.t�¦µzªy l2� z��¯t4¤ryW{N{��¯s§¦u¦ � tD�¯t+¤�yjs§¥.t]®Yo¤ry � ¦§zO{4ç

ØF�k����� þ_»uþ,»$ð%2âÍ Ð+ñ@Ñ��)ó�'øYôQñ�Ð7Ó�i�d%d�l�n�R
Γ ` Q : Ψ

�*Ó�i�d%d�l�n�R
Q
fon�l�§POhQ�RF§}ltup{Ä

• M N
�¶¥,Q�Rqg©OhQ�RqteR�fon

φ
nqi r QCOhQN�"O

Γ `M : φ→ Ψ1 Å Γ ` N : φ
�"g��

Ψ1 =ω Ψ
�

• λx : φ. M
��¥,Q�Rqg�§}lt�n�lp�R

φ, ψ Å Ψ =ω φ→ ψ
�"g��

Γ, x : φ `M : ψ
�

• inl(M)
��¥,Q�Rqg�§}lt�n�lp�R

φ, ψ Å Ψ =ω φ ∨ ψ
�"g��

Γ `M : φ
�

• inr(M)
�¶¥,Q�Rqg�§}ltzn�lp�R

φ, ψ Å Ψ =ω φ ∨ ψ
�"g��

Γ `M : ψ
�

• case(M,x : φ.N, x : ψ.O)
�C¥,Q�Rqg

Γ ` M : φ ∨ ψ Å Γ, x : φ ` N : Ψ1,Γ, x : ψ `

O : Ψ1

�"g��
Ψ1 =ω Ψ

�

• fst(M)
�¶¥,Q�Rqg^§}lt²n�lp�R

ψ Å Γ `M : Ψ1 ∧ ψ
�"g��

Ψ1 =ω Ψ
�

• snd(M)
�¶¥,Q�Rqg�§}ltzn�lp�R

φ Å Γ `M : φ ∧ Ψ1

�"g��
Ψ1 =ω Ψ

�

• 〈M,N〉
�¶¥,Q�Rqg�§}lt�n�lp�R

φ, ψ Å Ψ =ω φ ∧ ψ Å Γ `M : φ
�"g��

Γ ` N : ψ
�

• magic(M)
��¥,Q�Rqg

Γ `M : ⊥
�

• λa. M
�¶¥,Q�Rqg

Ψ =ω ∀a. φ Å a /∈ FV (Γ)
�"g��

Γ `M : φ
�

• M t
�7¥,Q�Rqg¶§}ltPn�lp�R�O�Rqtup

t
�"g��T�²§}ltup�i<¢W�

φ Å Ψ =ω φ[a := t]
�"g��

Γ ` M :

∀a. φ
�

• [t,M ]
�¶¥,Q�Rqg

Ψ =ω ∃a. φ
�"g��

Γ `M : φ[a := t]
�

• let [a, x : φ] := M in N
��¥,Q�Rqg

a /∈ FVF (Γ, ψ),Γ ` M : ∃a. φ Å Γ, x : φ ` N :

Ψ1

�"g��
Ψ1 =ω Ψ

�

• axRep(~t,M)
�¶¥,Q�Rqg

Ψ =ω ψA(~t)
�"g��

Γ `M : φA(~t)
�

• indn,~a. φ(n,~a)(t,~t,M)
�ó¥,Q�Rqg

Ψ =ω φ(t,~t) Å Γ ` M : φ(0,~t) ∧ ∀n. φ(n,~t) →

φ(S(n),~t)
�

ýý



ô7lteRelv"Rqt Å fhg��"¢h¢�O>Q�R r �n�Ren Å OhQ�R�d�t~l�l�§�Ojt~ReRenPfhg�O>Q�R r lg r ¢£i:nqfmlg��"t~R�nqiN��Oct~ReRen�l�§ Γ ` Q :

Ψ
�

ÆÇt~l�l�§ix«v.t�°.¤ro5oO®>��¤�t4t�t+¥ � { ��su��v É °2oO{�{�s l ¦ m |4t+¤�o Ê zª°.°.¦§suq'zª��s§o¥³{<oO®Q�¯v.t�su¥.t4{r{�t4¥���sµzO¦.°³¤�o)oO®
¤ � ¦§tO�)°.¤rt4q4t � t �Èl�m zO¥ft+{�{�t+¥��¯sµzª¦6¤ � ¦§tO¡ � ¥"s§¥³{�°Qt4q+��s§o¥WoO®¢��v.t�¦µz-���¯t+¤{rv.o%��{��¯v³tGq4¦§zOs§yJ¡

�

x«v.tS¥.t+��®Yo¤�y � ¦µzO{²{��¯su¦§¦ � tD�¯t+¤�yjs§¥.t�©ªzO¦ � t4{+ç

ØF�k����� þ_»uþ,»$ð - Í ×^�KñNô2ñHø$÷$��
�íPô>ó�Ê�Ð;Ó�i�d%d�l�n�R
M

fon¶��v�"¢£i�R Å ` M : Ψ
�"g��

Ψ
fon

l�§POhQ�R�§}ltup{Ä

• φ → ψ
��¥,Q�Rqg

M = λx : φ1. N
�"g��

x : φ1 ` N : ψ1 Å �1Q�Rqt~R φ → ψ =ω φ1 →

ψ1
�

• φ ∨ ψ
�¶¥,Q�Rqg;RqfhOhQ�Rqt

M = inl(N)
�"g��

` N : φ1
lt
M = inr(N)

�"g��
` N : ψ1 Å

�1Q�Rqt~R
φ1 =ω φ

�"g��
ψ1 =ω ψ

�

• φ ∧ ψ
�ó¥,Q�Rqg

M = 〈N,O〉 Å ` N : φ1
�"g��

` O : ψ1 Å �1Q�Rqt~R φ =ω φ1
�"g��

ψ =ω ψ1
�

• ⊥
�¶¥,Q<fonPgLRqv"Rqt�QN�qd%d�RqgNn��

• ∀a. φ
�¶¥,Q�Rqg

M = λa. N
�"g��

` N : φ1 Å �1Q�Rqt~R φ1 =ω φ
�

• ∃a. φ
�¶¥,Q�Rqg

M = [t, N ]
�"g��

` N : φ1[a := t] Å �1Q�Rqt~R φ1 =ω φ
�

• t = u
�¶¥,Q�Rqg

M
fon�lgLR�l�§

axRep
O�Rqtup�n��

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � ¡
�

ØF�k����� þ_»uþ,»$ð<=`Í Ù¢ö��L×��)÷OòWÓ��5õHöH÷Oò/ø$ôQñFØ<ÕSó��k���)ó�ÑN�³ò/øYô2ñÒÐ©¾>§
Γ ` P : Ψ

�"g��
P →

Q Å O>Q�Rqg Γ ` Q : Ψ
�

ÆÇt~l�l�§¾ã m su¥ � � qD�¯suo¥Èo¥"�¯v.t � tD¸K¥.su��s§o¥ÈoO®
P → Q

¡ £ zª{�t
P → Q

oO®eç

ý:&



• (λx : φ. M) N → M [x := N ]
¡�ã m � ¥�©t4¤r{�suo¥¢� �¯v.t+¤�tisu{Tz

φ1

{ � qwvc��vKzª�
Γ `

λx : φ. M : φ1 → Ψ1

�
Γ ` N : φ1

zª¥ �
Ψ1 =ω Ψ

¡·ã m � ¥�©t+¤�{rs§o¥�z � zOs§¥¢�

Γ, x : φ ` M : Ψ2
�
φ1 =ω φ

zO¥ �
Ψ2 =ω Ψ1

¡�x«v³t4¤�tD®Yo¤�t
Γ ` N : φ

��{�o
l�m � t4yjyfzh�5¡ú�5¡ ù �5�

Γ ` M [x := N ] : Ψ2

¡h�5s§¥³q4t
Ψ2 =ω Ψ

� l�m � t4yjyWz��5¡ú�5¡ò 

Γ `M [x := N ] : Ψ
¡

• case(inl(M), x : φ. N, x : ψ. O) → N [x := M ]
¡jã m � ¥@©Ot4¤r{�s§oO¥¢�

Γ ` inl(M) :

φ ∨ ψ
�
Γ, x : φ ` N : Ψ1

zO¥ �
Ψ1 =ω Ψ

¡
ã m � ¥�©Ot4¤�{rs§o¥�z � zOs§¥6�
Γ ` M : φ1

zª¥ �

φ1 =ω φ
�6{�oÈzª¦§{�o

Γ ` M : φ
¡�ã m � t4yjyfz"�)¡ �5¡ ù �5�

Γ ` M [x := N ] : Ψ1
�¢{ro l@m

� t4yjyWza�5¡ �)¡6 azO¦u{�o
Γ `M [x := N ] : Ψ

¡

• case(inr(M), x : φ. N, x : ψ. O) → O[x := M ]
¡f� m yjyWtD�¯¤�suqd�¯o"��v.tW°³¤�t+©)suo � {

q4zO{�tª¡

• fst(〈M,N〉) → M
¡�ã m � ¥�©t4¤r{�suo¥¢�

Γ ` 〈M,N〉 : Ψ1 ∧ ψ
®Yo¤W{�oyjt

ψ
zO¥ �

Ψ1 =ω Ψ
¡ ã m � ¥�©t4¤r{�suo¥Èz � zOsu¥¢�

Γ `M : Ψ2

zO¥ �
Ψ2 =ω Ψ1

�³{ro_zO¦u{�o
Γ `M : Ψ

¡

• snd(〈M,N〉) → N
¡� m yWyjt+��¤�suqG�¯o_�¯v³tS°³¤�t+©)suo � {�q'zO{rtO¡

• (λa. M) t→M [a := t]
¡�ã m � ¥@©Ot4¤r{�s§oO¥¢�

Γ ` λa. M : ∀a. φ
zO¥ �

Ψ =ω φ[a := t]
¡

ã m � ¥�©Ot4¤�{rs§o¥Äz � zOsu¥¢�
Γ ` M : φ1

�
φ1 =ω φ

zO¥ �
a /∈ FVF (Γ)

�>{�o
Γ[a := t] = Γ

¡
ã m � t+yWyWzM�5¡ �)¡ ù û5�

Γ ` M [a := t] : φ1[a := t]
¡ � {Ws¹�as§{jt'zO{ m �¯oM{�t+th�¯v.zª�

φ[a := t] =ω φ1[a := t]
�.�¯v.t�q4¦§zOs§y ®Yo¦u¦§o%��{4¡

• let [a, x : φ] := [t,M ] in N → N [a := t][x := M ]
¡ £ v.o5oO{�t

a
��o l t�®Y¤�t+{�v¢�K{roas§¥

°Kzª¤r�¯suq � ¦§zO¤
M [a := t] = M

¡~ã m � ¥�©t+¤�{rs§o¥¢�
a /∈ FV (Γ,Ψ)

�
Γ ` [t,M ] : ∃a. φ

�

Γ, x : φ ` N : Ψ1

�
Γ[a := t] = Γ

zª¥ �
Ψ1 =ω Ψ

¡Àã m � ¥@©Ot4¤r{�s§oO¥Âz � zOs§¥¢�

Γ ` M : φ1[a := t]
zO¥ �

φ1 =ω φ
¡ x«v.t4¤rt+®Yo¤rtO�

Γ ` M : φ[a := t]
¡ � {

a /∈ FV (Ψ)
� zO¦u{�o

a /∈ FV (Ψ1)
�]{ro

Ψ1[a := t] = Ψ1

¡�ã m � t4yjyWzÄ�5¡ú�5¡ ù ûJ�t
� tD�

Γ[a := t], x : φ[a := t] ` N [a := t] : Ψ1[a := t]
�¢{ro"zO¦§{ro

Γ, x : φ[a := t] `

N [a := t] : Ψ1

¡�ã m � t4yjyfzd�5¡ú�5¡ ù �5�5�t � tD�
Γ ` N [a := t][x := M ] : Ψ1

�³{roazO¦§{ro

Γ ` N [a := t][x := M ] : Ψ
¡

ý%#



• indn,~a. φ(n,~a)(t,~t,M) → indn,~a. φ(n,~a)(tn,~t,M)
¡�x«v.s§{
¤�t � � q+��s§o¥�¤ � ¦utds§{V�¯v.t~¤�t4z-´

{ro¥"®Yo¤��¯v³t�s§¥.t+{�{�t+¥��¯sµzª¦6°.¤ro5oO®H¤ � ¦§t�su¥i�¯v.t�� m °.su¥ � { m {��¯t4yË®Yo¤
λH

¡�ã m � ¥�©Ot4¤�{rs§o¥6�

Γ ` M : φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)
zO¥ �

Ψ =ω φ(t, t)
¡·x«v � {ÈzO¦§{ro

Γ ` indn,~a. φ(n,~a)(tn,~t,M) : φ(tn, t)
¡

• indn,~a. φ(n,~a)(0,~t,M) → fst(M)
¡ax«v.t+¥

Ψ =ω φ(0,~t)
¡aã m � ¥@©Ot4¤r{�s§oO¥¢�

Γ ` M :

φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)
¡²x«v³t4¤�tD®Yo¤�tª�

Γ ` fst(M) : φ(0,~t)
zO¥ � q+o¥.{�tZ´

Ç � t+¥@��¦ m
Γ ` fst(M) : Ψ

¡

• indn,~a. φ(n,~a)(S(t),~t,M) → snd(M) t indn,~a. φ(n,~a)(t,~t,M)
¡Hx«v.t4¥

Ψ =ω φ(S(t),~t)
¡

ã m � ¥�©t+¤�{�suo¥¢�
Γ ` M : φ(0) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

¡�x«v.tT®YoO¦§¦§o%��su¥ � °³¤�o)oO®
��¤�t4t�{rv.o%��{V��v.t�q4¦µzªs§yJ¡

Γ ` snd(M) : ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` snd(M) t : φ(t,~t) → φ(S(t),~t)

Γ `M : φ(0) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` indn,~a. φ(n,~a)(t,~t,M) : φ(t,~t)

Γ ` snd(M) t indn,~a. φ(n,~a)(t,~t,M) : φ(S(t),~t)

Γ ` snd(M) t indn,~a. φ(n,~a)(t,~t,M) : Ψ

•
x«v³tSsu¥ � � qD�¯suo¥È{r�¯t+°.{
zO¤�t�t4zO{ m ¡

�

ØF�k����� þ_»uþ,»$ð � Í ÕSó-ô��>ó��<�}�Ð©¾>§
` P : Ψ

�"g��
FVF (P ) = ∅ Å OhQ�RqgTRqfhOhQ�Rqt P fon��^v�"¢£i�R

ltPO>Q�Rqt~R�fon
Q
nqi r Q�O>QN�"O

P → Q
�"g��

FVF (Q) = ∅
�

ÆÇt~l�l�§ � ¥ � � qD�¯suo¥�o¥J�¯v.tS¦§t+¥ � ��vhoO®
P
¡¶n�tS{�v.o%����v.tdq4zO{�t+{
®Yo¤«�¯v³t~¥.tD���¯t+¤�yj{4¡ � ¥�zO¦§¦

q'zª{�t4{+�K�¯v.t�q4¦§zOs§yËz l o � �
FVF (Q)

s§{²��¤�su©)s§zO¦2��oa©Ot4¤rsu® m ¡ £ zO{rt
P
oO®eç

• λa. M, [t,M ]
¡�x«v.t4{rtdzª¤�t�©ªzO¦ � t+{4¡

• M t
¡~ã m � ¥�©Ot4¤�{rs§o¥�zO¥ � £ zª¥.o¥.suq'zO¦ ¼ oO¤�yj{4�

Ψ =ω φ[a := t]
zO¥ �

` M : ∀a. φ
¡

ã m �¯v³t�s§¥ � � q+��s§o¥~v m °QoO��v.t4{rs§{4��t+su��v.t4¤
M = λa. N

s§¥S��v.s§qwv_q4zO{�t
P → N [a := t]

�
o¤
M →M ′ zª¥ � zª¦§{�o M t→M ′ t

¡

• let [a, x : φ] := M in N
¡�ã m � ¥@©Ot4¤r{�s§oO¥¢�

` M : ∃a. φ
¡�ã m �¯v.tJsu¥ � � qD�¯s§oO¥

v m °2oª�¯v.t+{�s§{�zO¥ � £ zO¥.o¥³s§q'zª¦ ¼ o¤ryW{+�Gt+su�¯v³t4¤
M = [t, O]

su¥Ã��v.suqwvÂq4zO{�t
P →

ý@�



N [a := t][x := O]
�«o¤

M → M ′ ��v.t4¥�zO¦u{�o let [a, x : φ] := M in N →

let [a, x : φ] := M ′ in N
¡

• axRep(~t,M)
¡ x«v.t4{rt~�¯t+¤�yj{�zO¤�t�©ªzO¦ � t4{+¡

• indn,~a. φ(n,~a)(t,~t,M)
¡h�5su¥.q4t

FVF (P ) = ∅
�
t
s§{Sq4¦uo{�t � ¡ � ®

t
su{dzJ¥ � yWt+¤¯zO¦[�H��v.t

��t4¤�y suyWyjt � sµzª��t4¦ m ¤rt � � q+t4{+¡ � ®²¥.oO�'�N�¯v³t4¥
t → tn

zO¥ �
indn,~a. φ(n,~a)(t,~t,M) →

indn,~a. φ(n,~a)(tn,~t,M)
¡

�

ã m q+oyW°Qo{rs§¥ � � � l prt4qD� � t � � q+�¯suo¥hzO¥ � � ¤�t4{rt4¤�©Oz-�¯s§oO¥�zO{ l t+®Yo¤rtO�³�t � t+�4ç

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»$ð .Â¾h§
` M : φ Å M fon r ¢ol�n�R8���"g��

M ↓ v Å O>Q�Rqg ` v : φ
�"g��

v
fon��

v�"¢£i�R��

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»$ðkÔ ¾h§
`M : ⊥

�"g��
M

fon r ¢ol�n�R8� Å OhQ�Rqg M �<l�RenPgLlO�gLltup{�"¢£fW¹R��

YJEZYJEj� ÛaI_�F¯���Ü@��Ýz��¯���K4\½Ìe�¬`õxö

n�ta��su¦§¦:tD½)�¯t+¥ � ¤rt'zO¦us§|'z l s§¦usu� m ®Yo¤ � � £ ��oÈt4¥.q+oyW°.zO{�{ �
� ¡ ¼ o¤G�¯v³s§{�° � ¤r°2oO{�tO�N�ta��su¦§¦
¸K¤r{r�V°.¤�t+{�t+¥@�Gzaã � æ�s§¥��¯t+¤�°.¤rt+�wz-�¯s§oO¥i®Yo¤²�¯v.t�¸K¤r{r��´¬o¤ � t4¤VzO¤rsu�¯v³yWtD�¯s§qªç

•
x«v³tiq4o¥³{r�¯¤ � q+��s§o¥�oO®VzO¥�zª��oyjs§q_®Yo¤�y � ¦µz

t = s
tZ½³su{r��{To¥.¦ m s¹®«su®��¯v.tW¥ � y l t+¤�{

q+o¤�¤rt4{�°Qo¥ � s§¥ � �¯o_��v.t��¯t4¤ryW{VzO¤rt�t4Ç � zO¦[¡

•
x«v³t4¤�tSs§{«¥³ojq+o¥.{��¯¤ � q+�¯suo¥JoO®

⊥
¡

•
x«v³tGq4oO¥.{r��¤ � qD�¯s§oO¥WoO®PzSq+o¥-p � ¥.qD�¯suo¥

φ∧ψ
su{¶zS°Kzªs§¤�q4o¥³{�s§{��¯su¥ � oª®Pz~q+o¥.{��¯¤ � q+�¯suo¥

oO®
φ
zO¥ � z_q4o¥³{r�¯¤ � q+��s§o¥JoO®

ψ
¡

•
x«v³tJq+o¥.{��¯¤ � q+�¯suo¥�oO®Gz � s§{Bp � ¥.qD�¯s§oO¥

φ ∨ ψ
s§{_t+su�¯v³t4¤_zÄq+o¥.{r��¤ � qD�¯suo¥coO®

φ
o¤_z

q+o¥.{r��¤ � qD�¯suo¥ÈoO®
ψ
¡

•
x«v³t"q4o¥.{��¯¤ � q+��s§o¥�oO®Vzª¥�s§yj°.¦§suq'zª��s§o¥

φ → ψ
su{_zÄyWtD�¯v.o � �<��v³s§qwv��¯¤�zO¥.{r®YoO¤�yj{

tD©t4¤ m q4o¥³{r�¯¤ � q+��s§o¥JoO®
φ
�¯ojzaq4o¥.{��¯¤ � q+��s§o¥ÈoO®

ψ
¡

ý%!



•
x«v³tdq4oO¥.{r��¤ � qD�¯s§oO¥�oO®]zO¥�tZ½³su{r��t4¥��¯s§zO¦

∃n. φ
su{VzW°KzOsu¤«q4o¥³{�s§{��¯su¥ � oO®]zj��t4¤�y

t
zO¥ �

z_q4oO¥.{r��¤ � qD�¯s§oO¥hoO®
φ[n := t]

¡

•
x«v³tVq+o¥.{��¯¤ � q+�¯suo¥_oO®

∀n. φ
s§{�z�yjt+�¯v³o � ��¤¯zO¥.{�®Yo¤�yjs§¥ � zO¥ m ��t4¤�y

t
su¥��¯o

φ[a := t]
¡

n�tÈ°.¤ro5q+t4t � ��o�s§yj°.¦§t+yWt+¥@�S�¯v³tJ¥³t+�Îã � æ�s§¥��¯t+¤�°.¤rt+�wz-�¯s§oO¥8©5s§zÄ¤�t4zO¦§su|'z l su¦§s¹� m ¡Än�t
¸K¤r{r��tZ½5��t4¥ � �¯v³tTt4¤�zO{ � ¤rt_yfzª°Ä{�o"�¯v.zª��s¹��yWzO°.{

λH
�¯o
λH

� l@m z �.� su¥ � ��v.tT®Yo¦§¦uo%��s§¥ �
q4¦§z � {rt4{«�¯oasu��{ � t+¸.¥.su��s§o¥¢ç

[t,M ] ≡ [t,M ] let [a, y : φ] := M in N ≡ let [a, y] := M in N

M t ≡M t λa. M ≡ λa. M

axRep(~t,M) ≡ axRep(~t,M) indn,~a. φ(n,~a))(t,~t,M) ≡ ind(t,~t,M)

� �Vs§{«t4zO{ m ��oa{�t4t��¯v.zª�«�¯v.t�yWzOs§¥"¦ut4yjyfz~{r�¯su¦§¦¢v³o¦ � {+ç

ØF�k����� þ_»uþ,»uþ�Ö ¾>§
M ↓

O>Q�Rqg
M ↓

�

�e¼H��� tD½5°KzO¥ � { � � £ l�m Ç � zO¥��¯s¹¸Kt4¤r{4�K�¯t+¤�yj{�zO¥ � t4Ç � zO¦usu� m ¤�t4¦§zª�¯suo¥KzO¦2{ m y l o¦§{+¡�x«v.t
¤�t4zO¦§su|'z l s§¦§s¹� m ¤�t+¦µzª��s§o¥WvKzO{²��o_zOq4q+o � ¥��«®Yo¤���v.t4{rt�¥.t+�Ã®Yt'zª� � ¤�t+{4¡]n�t � t+¸.¥.t�¤�t'zª¦§s§|4z l su¦§su� m
o¥.¦ m o¥Èq+¦§o{rt � ®Yo¤�y � ¦µzO{+¡]x«v.t � t+¸K¥³su�¯suo¥"oO®:¤�t4zO¦§su|4t4¤r{«{r�¯z m { � ¥.qwvKzª¥ � t � ç

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»uþNðâÁ ¤�t4zO¦§su|4t+¤^fon�� r ¢ol�n�R8�{O�Rqtupãl�§
λD

�

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»uþQþ ¥,Q�RÊt~R8�"¢£fW¹��%��fh¢£fhOcb`t~Rq¢W�"Ojfmlg
M  φ

�qRqOj��ReRqgÉteR8�"¢£fW¹Rqt~n
M

�"g��
r ¢ol�n�R8��§}ltup�i<¢W�n

φ
fon^�<R>ËFgLR8����b¶OhQ�RF§}l¢h¢ol��fhg<� r ¢W�"i%n�Ren�Ä

M  t = s ≡ M ↓ ∧[[t]] = [[s]]

M  ⊥ ≡ ⊥

M  φ ∧ ψ ≡ M ↓ 〈M1,M2〉 ∧ (M1  φ) ∧ (M2  ψ)

M  φ ∨ ψ ≡ (M ↓ inl(M1) ∧M1  φ) ∨ (M ↓ inr(M1) ∧M1  ψ)

M  φ→ ψ ≡ (M ↓ λx. M1) ∧ ∀N. (N  φ) → (M1[x := N ]  ψ)

M  ∃a. φ ≡ M ↓ [t, N ] ∧N  φ[a := t]

M  ∀a. φ ≡ M ↓ λa. N ∧ ∀t ∈ Tmsc. N [a := t]  φ[a := t]

ý% 



� ��s§{�t4zO{ m �¯o"{�t+tT�¯vKz-�SzO¦§¦N�¯v.t_°³¤�o°Qt4¤��¯s§t+{�oO®¶¤�t4zO¦§su|'z l su¦§s¹� m °.¤�o%©Ot � ®Yo¤
λ→

v³o¦ � ®Yo¤

λH
zª{��t4¦u¦�ç

ØF�k����� þ_»uþ,»uþ�) ¾>§
M  φ Å OhQ�Rqg M ↓

�

ØF�k����� þ_»uþ,»uþ?2 ¾>§
M →∗ N Å O>Q�Rqg M  φ

f y
N  φ

�

ØF�k����� þ_»uþ,»uþ -Â¾>§
M  φ→ ψ

�"g��
N  ψ Å OhQ�Rqg M N  ψ

�

� ¥.t~¥³t+��°.¤ro°2t+¤r� m s§{�¥.t+q4t+{�{¯zª¤ m s§¥Jo¤ � t+¤V��oj��¤�t4zª��zª°.°.¦§suq'zª��s§o¥³{²oO®]��v.t~su¥.t4{r{�t+¥@��sµzO¦
°.¤ro5oO®:¤ � ¦§tOç

ØF�k����� þ_»uþ,»uþ�= ¾>§
φ↔ω φ

′ OhQ�Rqg M ρ φ
f y
M ρ φ

′ �

ÆÇt~l�l�§��@�¯¤¯zªs � v���®YoO¤r��zO¤ � su¥ � � qD�¯suo¥8o¥���v.t � tD¸K¥.su��s§o¥�oO®�¤�t4zO¦§su|'z l s§¦§s¹� m � � {�su¥ � ��v.tf®$zOqD�
�¯v.zª�«®Yo¤�zO¥ m �¯t+¤�y

t
�
[[t]] = [[tn]]

¡
�

YJEZYJE>æ çá�¬����F¯���ÜL�ÒKk��F®èFÌ
λH

x«v.t«¥.oO¤�yWzO¦§su|'zª��s§o¥�°.¤ro5oO®Q°.¤ro5q+t4t � { yWoO{r�¯¦ m � ¥.qwvKzO¥ � t � ¡ x«v³t � t+¸K¥³su�¯suo¥ToO®2zO¥_t+¥�©5su¤�o¥)´
yjt4¥��Vy � {r� l t � ° � zª�¯t � ��ojzOq4q+o � ¥���®Yo¤²�¯v.t�®Y¤rt4t�¸K¤�{��r´Ìo¤ � t+¤«©Ozª¤�sµz l ¦§t+{²s§¥"�¯v³tS{rt4Ç � t+¥@�4¡

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»uþ � Á g"t+¥�©5su¤�o¥³yWt+¥@� Å �<RqgLlO�R8�^��b ρ Å fon���ËFg�fhO�R�dN�"tuOcfj�"¢q§uikg r Ojfmlg*§ut~lp

V ar
O�l
λH

�"g��¤§ut~lp
FV ar

O�l r ¢ol�n�R8��� Á O�Rqtup�n��·Ã�lt+�7O�Rqtup
M Å M [ρ]

�<RqgLlO�Ren

M [x1 := ρ(x1), . . ., xn := ρ(xn), a1 := ρ(a1), . . ., am := ρ(am)]
��Ó�fhp�fh¢W�"tu¢£b Å φ[ρ]

�<RqgLlO�Ren
φ[a1 := ρ(a1), . . ., am := ρ(am)]

� ¼ R���tufhO�R
ρ |= Γ ` M : φ

f §�§}lt©�"¢h¢

a ∈ FVF (Γ,M, φ) Å ρ(a) fon��<R>ËFgLR8�+�"g���§}lt^�"¢h¢ (x, φ) ∈ Γ Å ρ(x)  φ[ρ]
�

Ü��	�@ô>ó�<� þ,»uþ_»uþ . Í ÞJô>ó4�;��
[ø>à%�³ò/øYôQñ�ÐC¾>§
Γ ` Q : Ψ Å OhQ�Rqg�§}lt¶�"¢h¢ ρ |= Γ ` Q : Ψ Å

M [ρ]  Ψ[ρ]
�

&O�



ÆÇt~l�l�§ ¼ o¤dzO¥ m
λH

�¯t+¤�y
M
�
M ′ s§¥8��v.ti°.¤ro5oO® � t4¥.oO��t4{ M [ρ]

zª¥ �
φ′ � t+¥.oO�¯t+{ φ[ρ]

¡
n�tS°³¤�o)q4t4t �Èl@m su¥ � � qD�¯suo¥"o¥"�¯v.t�°³¤�o)oO®:��¤�t+t

Γ ` Q : Ψ
¡ � {���v.t�q'zO{rt4{�q4oO¤�¤�t+{�°Qo¥ � su¥ �

�¯o
λ→

� oj¥.oO��su¥��¯t4¤�zOq+����s¹�¯v"¸K¤�{��r´Ìo¤ � t+¤�{ � l {��¯s¹� � ��s§o¥.{+�.�¯v.t�°.¤ro5oª®Y{«¤�t4yWzOsu¥ � ¥.qwvKzO¥ � t �
®Y¤�oOyÎx«v.t+o¤�t+y��5¡ ù ¡ �$&)¡]n�t��¯v³t4¤�tD®Yo¤�t�{rv.o%�·o¥.¦ m ��v.t�¥.t+��q4zO{�t+{4¡ £ zO{�t

Γ ` Q : Ψ
oª®eç

•
Γ `M : φ

Γ ` λa. M : ∀a. φ

ã m �¯v³tTs§¥ � � q+��s§o¥Äv m °QoO�¯v.t+{�su{4�¢®Yo¤GzO¦§¦
ρ |= Γ ` M : φ

�
M [ρ]  φ[ρ]

¡�n�tT¥.t4t �
��o"{�v.o%�Á��vKzª��®Yo¤�zª¦§¦

ρ |= Γ ` λa. M : ∀a. φ
�
(λa. M)[ρ]  (∀a. φ)[ρ]

¡Tx:zO�Ot
zO¥ m { � qwv

ρ
¡ � �S{ � �jq4t4{��¯oÈ{rv.o%�

λa. M [ρ]  ∀a. φ[ρ]
�P��v.suqwv�su{�t4Ç � s¹©Ozª¦§t4¥�����o

∀t ∈ Tmsc. M [ρ][a := t]  φ[ρ][a := t]
¡�x:zO�ªt_zO¥ m

t ∈ Tmsc
¡
n�tT�@¥.o%���¯vKz-�

ρ[a := t] |= Γ ` M : φ
�
M [ρ][a := t] = M [ρ[a := t]]

zO¥ �
φ[ρ][a := t] =

φ[ρ[a := t]]
¡Wx«v � {+� l�m ��v.tas§¥ � � q+�¯suo¥�v m °QoO��v.t4{rs§{

M [ρ][a := t]  φ[ρ][a := t]

��v.suqwvhsu{²��vKzª���t���zO¥��'¡

•
Γ `M : ∀a. φ

Γ `M t : φ[a := t]

x:zO�OtGzO¥ m
ρ |= Γ `M t : φ[a := t]

¡ ã m �¯v.t
s§¥ � � q+��s§o¥jv m °QoO��v.t4{rs§{4�
M ′

 ∀a. φ′ �
{ro
M ′ ↓ λa. N

zO¥ �
∀u ∈ Tmsc. N [a := u]  φ′[a := u]

¡ � {
t[ρ] ∈ Tmsc

�Q�t
� tD�Ss§¥�°KzO¤��¯s§q � ¦µzª¤

N [a := t[ρ]]  φ′[a := t[ρ]]
¡"�)s§¥.q+t

M t[ρ] = M ′ (t[ρ]) →∗

(λa. N) t[ρ] → N [a := t[ρ]]
zO¥ �

(φ[a := t])′ = φ′[a := t[ρ]]
� � t4yjyfzJ�5¡ú�5¡ú�ªý

� s¹©t+{ � {���v.t�q4¦§zOs§yJ¡

•
Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ

ã m ��v.t�s§¥ � � q+��s§o¥av m °2oO��v.t4{rs§{+�
M ′

 φ′[a := t[ρ]]
¡]x«v � {

[t,M ][ρ] = [t[ρ],M ′] 

∃a.φ′ ��v.s§qwvJs§{²��v.zª����t��²zª¥@�4¡

& ù



•
Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FV (Γ, ψ)

� t+�
ρ |= Γ ` let [a, x : φ] := M in N : ψ

¡ n�tc¥.t+t � �¯o�{�v.o%� �¯vKzª�

let [a, x : φ] := M in N [ρ] = let [a, x] := M ′ in N [ρ]  ψ′ ¡Vã m ��v.tdsu¥ � � qD�¯s§oO¥
v m °2oª�¯v.t+{�s§{+�

M ′
 ∃a. φ′ �>{�o M ′ ↓ [t,M1]

zO¥ �
M1  φ′[a := t]

¡²ã m �¯v³t~su¥ � � qZ´
��s§o¥Äv m °QoO�¯v.t+{�su{~z � zOs§¥6�2®Yo¤�zª¥ m

ρ′ |= Γ, x : φ ` N : ψ
�tavKz'©t

N [ρ′]  ψ[ρ′]
¡

x:zO�Ot
ρ′ = ρ[x := M1, a := t]

¡j�5su¥.q4t
a /∈ FV (ψ)

�
ψ[ρ′] = ψ′ �H{ro N [ρ′]  ψ′ ¡

� o/���
let [a, x : φ] := M ′ in N [ρ] →∗ let [a, x] := [t,M1] in N [ρ] → N [ρ][a :=

t][x := M1] = N [ρ′]
¡ � t4yjyfza�5¡ú�5¡ú�ªý � su©Ot4{ � {«�¯v³tSq+¦µzOsuyh¡

•
Γ `M : φA(~t)

Γ ` axRep(~t,M) : ψA(~t)

ã m ��v.tVs§¥ � � q+�¯suo¥av m °QoO��v.t4{rs§{4�
M ′

 φ′
A(
−→
t[ρ])

¡��5su¥.q4tV°2oO{�{�s l ¦§t
φ′
A

zª¤�tVzO¦§¦>z-�¯oyjs§q
®Yo¤ry � ¦§zO{4���v.s§{�yjt'zO¥.{��¯v.zª�

φ′
A(
−→
t[ρ])

v.o¦ � {�s§¥a�¯v.tV¤�t4zO¦K��oO¤�¦ � ¡ � �{ � �jq4t+{��¯oS{�v³o/�
��vKzª�

axRep(~t[ρ],M ′)  ψ′
A(
−→
t[ρ])

¡ �G� zªs§¥¢�QzO¦u¦H°Qo{r{�s l ¦§t
ψ′
A

zª¤�t~zª�¯oyjs§qª�>{�oi{rs§¥.q+t

axRep(
−→
t[ρ],M ′)

su{azÄ©Ozª¦ � tª���tJo¥.¦ m ¥.t+t � ��o¾©t4¤rsu® m �¯v.t"�¯¤ � �¯våoO®
ψ′
A(
−→
t[ρ])

su¥
��v.t�¤�t4zO¦6�o¤�¦ � ¡ � {²��v.t�¤�t4zO¦¢¥Kzª� � ¤¯zª¦¢¥ � y l t4¤�{«{�zª�¯su{r® m z-½5s§oyj{²oO® �
� �³�¯v³t�q4¦µzªs§y
®Yo¦u¦§o%��{4¡

•
Γ `M : φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` indn,~a. φ(n,~a)(t,~t,M) : φ(t,~t)

ã m ��v.t�su¥ � � qD�¯suo¥~v m °QoO�¯v.t+{�su{4�
M ′

 φ′(0,
−→
t[ρ])∧∀n. φ′(n,

−→
t[ρ]) → φ′(S(n),

−→
t[ρ])

¡
x«v.t+¤�tD®Yo¤�tª�

M ′ ↓ 〈M1,M2〉
�
M1  φ′(0,

−→
t[ρ])

zO¥ �
M2  ∀n. φ′(n,

−→
t[ρ]) →

φ′(S(n),
−→
t[ρ])

¡ ã m � t4yjyfz��)¡ �5¡ú�ªý��¯v³t4¤�tD®Yo¤�tåzO¦u{�o
fst(M)  φ′(0,

−→
t[ρ])

zO¥ �

snd(M)  ∀n. φ′(n,
−→
t[ρ]) → φ′(S(n),

−→
t[ρ])

¡<�5s§¥³q4t
ρ |= Γ ` indn,~a. φ(n,~a)(t,

−→
t[ρ],M) :

φ(t,
−→
t[ρ])

�
t[ρ]

su{Gq4¦uo{�t � �P{�o"s¹��su{Gt4s¹�¯v.t+¤�zi¥ � yjt4¤¯zª¦<o¤�s¹��¤rt � � q+t4{���oÈzi¥ � yWt+¤¯zO¦[¡

&�



ã m � t4yjyfzf�5¡ú�5¡ �-ý.�2s¹�G{ � �jq4t+{���oi{�v³o/����vKzª�G®YoO¤�zO¦u¦H¥ � yjt4¤�zO¦§{
m
�
ind(n,M ′) 

φ′(n, ~t[ρ])
¡]n�t�°.¤ro5q+t4t �Jl�m s§¥ � � q+��s§o¥"o¥

m
ç

¸ � ® m = 0
�
ind(m,

−→
t[ρ],M ′) → fst(M ′)

¡<�5su¥.q4t
fst(M ′)  φ′(0)∧∀n. φ′(n,

−→
t[ρ]) →

φ′(S(n),
−→
t[ρ])

� � t+yWyWza�5¡ú�5¡ú�ªýa{�v.o%��{��¯v.t�q4¦§zOs§yJ¡

¸ � ® m = S(k)
�
ind(m,

−→
t[ρ],M ′) → snd(M ′) k ind(k,

−→
t[ρ],M ′)

¡fn�tW�@¥.o%�
��vKzª�

snd(M ′) ↓ λn. O
zO¥ �

O[n := k]  φ′(k,
−→
t[ρ]) → φ′(S(k),

−→
t[ρ])

¡
ã m ��v.tSs§¥ � � q+�¯suo¥Jv m °QoO�¯v³t4{�su{

ind(k,
−→
t[ρ],M ′)  φ′(k,

−→
t[ρ])

�Q{�o l@m � t+yWyWz
�)¡ �5¡ú�$&

O[n := k] ind(k,
−→
t[ρ],M ′)  φ′(S(k),

−→
t[ρ])

¡ � t4yjyWzW�)¡ �5¡ú�ªýjzO°.°³¦§s§t �
z � zOs§¥È{rv.o%��{V��v.t�q4¦µzªs§yJ¡

•
Γ `M : φ

Γ `M : ψ
φ↔ω ψ

�)��¤¯zOs � v���®Yo¤��²zª¤ �Èl�m � t4yjyfza�5¡ú�5¡ú�"#³¡
�

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»uþ�ÔéÍ Þhô>ó����
$ø>à%�³ò/øYô2ñÒÐT¾h§
`M : φ Å OhQ�Rqg M ↓

�

ÆÇt~l�l�§�x<zª�Ot
ρ
yfzª°.°.s§¥ � zª¦§¦]®Y¤�t+tj¸.¤�{r��´¬o¤ � t4¤�©ªzO¤�s§z l ¦ut4{�oO®

M,φ
�¯oÈ�¯v.t+yW{rt4¦u©Ot4{+¡"x«v.t4¥

ρ |=` M : φ
¡Mã m x«v.t+o¤�t+y �5¡ú�5¡ú�"!³�

M [ρ]  φ[ρ]
��{�o l�m �¯v.t"qwv³os§q+tioO®

ρ
�
M  φ

¡
� t4yjyfzª{V�5¡ �)¡ �Oû_zª¥ � �)¡ �5¡ú�O�_{�v³o/���¯v.t�q+¦µzOsuyh¡

�

ã m £ oO¤�o¦u¦µzO¤ m �5¡ �)¡ ù  5�)�t�vKz'©tp � {��«{�v³o/��¥Èq+o¥.{�su{r��t4¥.q m oO® �
� ¡ � { �
� su{�t4Ç � suq4o¥)´
{�su{r��t4¥��a��su�¯vE� � S �²� � #%&U[� l@m �P� � t4¦cXü{j�)t4q4oO¥ � x«v.t+o¤�t+y ��tÈy � {r�jvKz'©t � {�t � yjo¤�t
°Qo/�t4¤
�¯vKzO¥�z'©ªzOsu¦µz l ¦ut�s§¥¾� � ¡ � o%��tD©t4¤+�Psu�GyWs � v��G{rt4t4y��¯vKz-��su�Gs§{
¥.oO�G��v.tTq4zO{�t ì zª®B�¯t+¤
zO¦u¦��5��v.t�°.¤�o)oO®:zOyjo � ¥��¯{«��oj{rs§yj°.¦§tGs§¥ � � q+�¯suo¥ÈzO¥ � ©t+¤�s¹¸Kq'zª��s§o¥ÈoO®<zª��oyWsuq
®Yo¤ry � ¦§zO{4¡

x«v.t"zO¥³{r�t4¤T¦us§t4{Ss§¥M�¯v.tWs§¥ � � q+��s§o¥�z-½5s§oyJ¡ � ¥�� � �<s¹�~su{dsuyW°Qo{�{rs l ¦utT�¯o�®YoO¤�yWzO¦§su|4t
�¯v³t�°.¤�o)oO®HoO®:zO¦§¦Qs§¥³{r�wzª¥.q4t+{Voª®H��v.t�{�qwv³t4yWzjz-�²�¯v.t�{�zOyjt��¯s§yjtO� l t4q'z � {�t��¯v³t4¤�t�su{²¥.o_��z m
�¯o"q4zO¤�¤ m o � ���¯v³t_s§¥ � � q+�¯s¹©tT°³¤�o)oO®�s§¥���v.t_¥.o¤ryfzª¦§s§|4zª�¯suo¥"�¯v.t+o¤�t+yÝÅ � ¥.su®YoO¤�yj¦ m Æ�®Yo¤GzO¦§¦
®Yo¤ry � ¦µzª{4¡ � o%��tD©t4¤+�5®Yo¤�zª¥ m ¸.¥.su��tV¥ � y l t+¤oO®Q®Yo¤ry � ¦µzª{4��¯v³tV°³¤�o)oO®¢q4zO¥ l t«®Yo¤�yWzO¦us§|4t � �
{�oT� � q4zO¥i°.¤ro%©t�q+o¥.{�su{r��t4¥.q m oO®Nzª¥ m ¸K¥.s¹�¯t�®Y¤¯z � yWt+¥@�oO®Ns¹�¯{¶q4o¥.{��¯¤ � q+��su©tGq4o � ¥���t4¤�°.zO¤r�4¡

&Oû



x«v.t � s§{Bp � ¥.q+��s§o¥å� ¤�oO°2t+¤r� m É � � Ê {r��s§¦u¦�v.o¦ � {4��®Yo¤aq4¦uo{�t � ®YoO¤�y � ¦§zO{4¡ � ��t4qwv.¥³s§q'zª¦
¦§t+yWyWzdsu{ � {�tD® � ¦�ç

ØF�k����� þ_»uþ,»�)�Ö ¾>§
`HA M : φ

�"g��
φ
fon r ¢ol�n�R8� Å OhQ�Rqg�OhQ�Rqt~R�fon{�CO�Rqtup N

nqi r Q�OhQN�"O

`HA N : φ
�"g��

FVF (N) = ∅
�

ÆÇt~l�l�§ � t+�
FVF (M) = ~a

¡ ã m
φ
l t+s§¥ � q4¦uo{rt � zª¥ � � t4yjyWz~�)¡ �5¡ ù û³�

`HA M [~a := ~0] : φ
¡

�

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»�)Nð�Í áÈøc�m×'ö:ñH÷Oò/øYôQñEÕSó-ô����@ó%òu�1Ð�¾h§
`HA φ ∨ ψ

�"g��
φ, ψ

�"teR r ¢ol�n�R8� Å
OhQ�Rqg�RqfhO>Q�Rqt

`HA φ
lt

`HA ψ
�

ÆÇt~l�l�§�ã m � t+yWyWzJ�5¡ �)¡ ù �5�¢�¯v.t+¤�tas§{�zÈ¦µzOy l2� zf��t4¤ry
M

{ � qwv���vKzª�
` M : φ ∨ ψ

¡aã m
� t4yjyfz~�5¡ú�5¡üû�³����t
yfz m zª{�{ � yWtV�¯vKzª�

FVF (M) = ∅
¡ x«v � {�tGq4zO¥ � {rt � t4yjyWzd�5¡ú�5¡ ù !

zO¥ � �¯v³tS°³¤�o)oO®HoO®:��v.t � s§{Bp � ¥.qD�¯s§oO¥h� ¤ro°2t+¤r� m ®Y¤royË��v.t�°.¤�tD©5suo � {�{�t+q+��s§o¥¢¡
�

¼ ¤�oy·��v.t°Qosu¥@�HoO®³©5sut+��oª®Kq4oyj° � �¯zª�¯suo¥KzO¦Os§¥³®Yo¤ryfz-�¯s§oO¥¢�'�¯v.t¶yjo¤�t�s§yj°Qo¤r�¯zO¥��N°.¤�o°)´
t4¤�� m s§{ �V� yWt+¤�suq'zO¦ � ½5su{r�¯t+¥.q4t~� ¤�o°Qt4¤�� m É �
� � Ê ç

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»�)QþéÍ Þ�ö����@ó-ø[÷$�?
¶Û�9Pøc�+ò}�5ñH÷$�JÕ~ó/ô����@ó/òu�1Ð�¾>§
`HA ∃a. φ

�"g��
∃a. φ

fon r ¢ol�n�R8� Å OhQ�Rqg�OhQ�RqteR�fon���g��"Oci<tG�"¢_g�ikp{�qRqt n nqi r Q�OhQN�"O `HA φ[a := nn]
�

ÆÇt~l�l�§cã m � t4yjyfzJ�5¡ú�5¡ ù �³�P�¯v³t4¤�tasu{~zÈ¦µzªy l2� z"��t4¤ry
M

{ � qwv��¯v.zª�
` M : ∃a. φ

¡Wã m
� t4yjyfzJ�5¡ú�5¡üû�³�P�tfyWz m zO{�{ � yWta�¯v.zª�

FVF (M) = ∅
¡iã m £ o¤�o¦u¦µzO¤ m �5¡ú�5¡ ù !³�

M ↓ v
�

` v : ∃a. φ
zª¥ �

v
su{iq4¦uo{�t � ¡ ã m £ zO¥.oO¥.s§q4zO¦ ¼ o¤�yj{4�

v = [t, N ]
¡ ã m � ¥�©t+¤�{rs§o¥¢�

` N : φ1[a := t]
zO¥ �

φ1 =ω φ
¡Tã m � t+yWyWz"�5¡ú�5¡ò#³�

` N : φ[a := tn]
�P{�o l�m � t4yjyWz

�5¡ú�5¡ ù �³�
HA ` φ[a := [[t]]n]

¡
�

YJEZYJEm÷ ß7Ç�Ú]�±�Kk�ÒKk��F®½��®ãõxö

n�tjv.z%©OtW¸K¥.zO¦§¦ m zO¤r¤�s¹©t � zª���¯v³tj{��wz � ta��v³t4¤�tj��tjq'zª¥�°.¤rt4{rt4¥��TzÈ¤�t4zO¦§su{r��s§qTtZ½.zªyW°.¦ut_oO®
q4oOyW° � �wzª��s§o¥�v.s �.� t4¥�s§¥�°.¤�o)oO®Y{+¡ £ o¥.{rs � t+¤_z�{�suyW°³¦§tjtD½³zOyj°.¦§t_± zh® � ¥³q+�¯suo¥¢�<��v³s§qwv
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� s¹©t4¥JzO¥ m ¥Kzª� � ¤¯zO¦2¥ � y l t+¤«¤�tD� � ¤r¥.{
0
su®N��v.t�¥ � y l t4¤²su{²t+©Ot4¥hzO¥ �

1
oO�¯v³t4¤r��su{�tª¡ � tD� � {

¸K¤r{r����¤�s¹�¯t��¯v³tS{r°2t+q4s¹¸Kq'zª��s§o¥6ç

φ(n,m) ≡ (m = 0 ∨m = 1) ∧

((m = 0 → ∃o. n = o+ o) ∧

(m = 1 → ∃o. n = S(o+ o)))

�)°2t+q4su¸.q'zª��s§o¥
: ∀n∃m. φ(n,m)

n�t~°.¤�o%©Ot~�¯v³s§{V{�s§yj°.¦ut��¯v.t+o¤�t+y l�m s§¥ � � q+��s§o¥Èo¥
n
¡ ¼ o¤

n = 0
�K�¯zO�Ot

m = 0
¡ ¼ o¤

n = S(k)
�H�¯zO�Ot

m
®Y¤�oy���v.tjs§¥ � � q+�¯suo¥Mv m °QoO�¯v³t4{�su{4¡ � ®

m
su{

0
�:¤rt+� � ¤�¥

1
�:oO�¯v³t4¤r��su{�t

¤�tD� � ¤r¥
0
¡ x«v.tSq4o¤r¤�t4qD�¯¥.t+{�{�®Yo¦§¦uo%��{²t'zO{rs§¦ m ¡

ã m �¯v³t £ � ¤r¤ m ´ � o%�²zO¤ � s§{royjo¤�°.v³s§{�yJ�]�¯v³t4¤�tJs§{jz�¦µzOy l2� zÄ��t4¤�y
M

{ � qwvE�¯vKzª�
`

M : ∀n∃m. φ(n,m)
¡ � °.¤�o)oO®�zO{�{rs§{��wzO¥��'�N{ � qwv8zO{ �V� °.¤�¦�o¤ £ o)Ç>�Hq4o � ¦ � °.¤�o � � q+t

M

z � ��oyWzª�¯suq'zO¦u¦ m�� � ¤�su¥ � ��v.tÄ°.¤ro5q+t4{r{ioO®�°.¤ro%©5su¥ �
∀n∃m. φ

¡�n�tÄ{�v.o%��o¥.¦ m �¯v.th°KzO¤��
oO®
M

��v.suqwvÂsu{"¤�t4¦ut+©ªzO¥��È®Yo¤i�¯v³tMq+oyj° � �wz-�¯s§oO¥¢�G¦ut'z'©)s§¥ � �¯v³tM¤rt4q+o¥.{r��¤ � qD�¯suo¥�oª®d�¯v³t
oyjsu�r�¯t � �¯t+¤�yj{ É � t4¥³oO�¯t �Äl�m ��v.t�Å"ø�ÆSqwvKzO¤�zOq+��t4¤ Ê �2� m °Qt4{�zª¥ � oO®<�¯v.t~°.¤�o)oO®]��¤�t4t

` M :

∀n∃m. φ(n,m)
�¯o_�¯v³tS¤rt'z � t4¤4¡

M ≡ λn. indn,m. φ(n,m)(n, 〈M1,M2〉)

M1 ≡ [0, 〈inl(eqReflRep(0)),
ø
〉]

M2 ≡ λn. λx. let [m, y] := x in M3

M3 ≡ case(fst(y), x. [1, 〈inr(eqReflRep(1)),
ø
〉], x. [0, 〈inl(eqReflRep(0)),

ø
〉])

n�t���zO¥��
��o � {�t
M
zO{Vza°.¤�o � ¤¯zOy

P
��v.s§qwv6� � su©t+¥�zª¥ m

n
�K°.¤�o � � q+t4{Gza¥ � y l t+¤

m

{ � qwvh�¯v.zª�
m = n mod 2

¡ x«v.tS°.¤�o � ¤¯zOy
P
� � su©Ot4¥

n
�³�o¤��@{
zO{«®Yo¦§¦uo%��{4ç

•
� ��q+o¥.{��¯¤ � q+�¯{

M n
�.��v.s§qwvJs§{«oª®:��v.t�� m °Qt

∃m. φ(n,m)
¡

•
ã m � o¤ryfzª¦§s§|4zª�¯suo¥¢�

M n ↓ v
¡�ã m � t4yjyWza�5¡ �)¡ ù !5�

v : ∃m. φ(n,m)
¡�ã m £ zª¥.o¥5´

suq'zO¦ ¼ o¤ryW{+�
v = [m,N ]

®YoO¤«{�oyjt�¥Kzª� � ¤¯zO¦¢¥ � y l t+¤
m
zO¥ � �¯t+¤�y

N
¡

&$&



•
� �«��v.t4¤rt+®Yo¤rt~¥³o¤�yWzO¦§su|4t+{

M n
��o

[m,N ]
zO¥ � ¤�tD� � ¤r¥.{

m
¡

� t+� � { � t+¥.oO��t l�m
P (n)

�¯v³tS¤rt4{ � ¦u��oO®
P
o¥Jz_¥ � y l t4¤

n
¡¶ã m �¯v.t � tD¸K¥.s¹�¯s§oO¥"oO®

P
zO¥ �

�¯v³t~°.¤ro°Qt4¤r��s§t+{Voª®
λH

�.®Yo¤�zO¥ m ¥Kzª� � ¤¯zª¦P¥ � y l t+¤
n
�tdvKz'©Ot

HA ` φ(n, P (n))
¡�x«v � {4�

�¯v³tS°³¤�o � ¤�zOy
P
{¯zª��s§{r¸.t4{�su��{«{�°Qt4q4s¹¸Kq'z-�¯s§oO¥¢¡

x:ohyfzª�OtW��v.s§{SzOq+q4o � ¥@�Tz l s¹�S¦§t4{r{dz l {r��¤¯zOqD�'�<¦ut+� � {S{�t4tW�¯v.tjq4oyj° � �¯zª�¯suo¥�oO®
P (0)

zO¥ �
P (1)

¡ ¼ o¤
P (0)

�³�tSv.z%©OtOç

M 0 ≡

(λn. indn,m. φ(n,m)(n, 〈M1,M2〉)) 0 → indn,m. φ(n,m)(0, 〈M1[n := 0],M2[n := 0〉)) →

fst(〈M1[n := 0],M2[n := 0]〉)) →M1[n := 0] ≡

[0, 〈inl(eqReflRep(0)),
ø
〉]

x«v.t+¤�t+®YoO¤�tO�
P (0)

¤�tD� � ¤r¥.{
0
¡

x«v.tT¤rt � � qD�¯suo¥Ä{�t+Ç � t4¥.q+t_®Yo¤
P (1)

su{Gz l su�
¦§o¥ � t4¤4¡�n�t_z l.l ¤rt+©)sµz-�¯t
eqReflRep

l�m

&"#



eqRR
¡

M 1 ≡

(λn. indn,m. φ(n,m)(n, 〈M1,M2〉)) S(0) →

indn,m. φ(n,m)(S(0), 〈M1[n := S(0)],M2[n := S(0)]〉)) →

snd(〈M1[n := S(0)],M2[n := S(0)]〉)) 0 indn,m. φ(n,m)(0,

〈M1[n := S(0)],M2[n := S(0)]〉)) →

M2[n := S(0)] 0 indn,m. φ(n,m)(0, 〈M1[n := S(0)],M2[n := S(0)]〉)) ≡

(λn. λx. let [m, y] := x in M3) 0 indφ(n,m)(0, 〈M1[n := S(0)],M2[n := S(0)]〉)) →

λx. let [m, y] := x in M3) 0 indφ(n,m)(0, 〈M1[n := S(0)],M2[n := S(0)]〉)) →

let [m, y] := indn,m. φ(n,m)(0, 〈M1[n := S(0)],M2[n := S(0)]〉) in M3 →
∗

let [m, y] := [0, 〈inl(eRR(0)),
ø
〉] in M3 →

M3[m := 0][y := 〈inl(eRR(0)),
ø
〉] ≡

case(fst(〈inl(eRR(0)),
ø
〉), x. [1, 〈inr(eRR(1)),

ø
〉], x. [0, 〈inl(eRR(0)),

ø
〉]) →

case(inl(eRR(0)), x. [1, 〈inr(eRR(1)),
ø
〉], x. [0, 〈inl(eRR(0)),

ø
〉]) →

[1, 〈inr(eRR(1)),
ø
〉]

x«v.t+¤�t+®YoO¤�tO�
P (1)

¤�tD� � ¤r¥.{
1
¡

x«v.t�°.¤�o � ¤¯zOyj{]�¯v.zª� q'zª¥ l t«tD½)�¯¤�zOq+��t � ®Y¤�oy �
� °.¤ro5oO®Y{<s§¥.q+¦ � � t�zª¦§¦5® � ¥.q+��s§o¥.{ °³¤�o%©�´
z l ¦ m ¤rt4q � ¤�{rsu©tasu¥�� � ¡Px«v³s§{�q4¦§zO{�{�su¥.q4¦ � � t+{�zO¦§¦:°.¤�suyWs¹�¯s¹©tS¤�t4q � ¤�{rsu©Otj® � ¥³q+�¯suo¥.{+� � qw�Ot+¤�´
yWzO¥.¥,X {G® � ¥.qD�¯suo¥¾zO¥ � y � qwv¾yWo¤rtO¡S�5t+t S ��»  ��U:®Yo¤�zO¥¾tZ½³zOyW°³¦§tToO®¶zf® � ¥.q+��s§o¥���v³s§qwv
s§{²gLlO�°.¤�o%©ªz l ¦ m ¤�t+q � ¤r{�s¹©tSs§¥ �
� ¡

&�



£ �V� � x ��� û
ÜaÑSß�ÔiÓiáÄÙE×aÑjâ�Õ�AÈÜ²Ô�Ü~Ð%ÑjÞhÔ"ØxAÈÞ�á"Û�ÓJÙPÜ²Ô"Þhá"Ð4Þ¾ÒÍÑjíîÙ¢Û�Ü

ÜdÖJÛ~ÑaÓz¡ïÐ%Ð��Ù6Û�Ü_Ù

� z'©)s§¥ � � t+¸K¥³t � �¯v.tGs§{�oOyWo¤r°.v.su{�y ®Yo¤¶{�suyW°.¦ut
{ m {r�¯t+yW{+�³�t�q'zO¥i¥³o/�Ãyjo%©tG��o/��zO¤ � {
yjo¤�ta°Qo/�t4¤�® � ¦¶zO¥ � z l {��¯¤¯zªq+�~{ m {r��t4yj{4¡fn�v.t+¤�t4zO{~su¥M��v.ta°.¤�tD©)s§o � {SqwvKzO°5�¯t4¤��¯v³tWyWzOs§¥
¤�oO¦§tT��zO{d°.¦§z m t �Ml�m �¯v.ta¥Kzª� � ¤¯zª¦ ¥ � y l t+¤�{+�<o¥.tjoO®¶�¯v.tjyjo{r�Sq4oO¥.q4¤rt+�¯tjyWzª�¯v.t+yfz-�¯s§q4zO¦
o l prt+q+��{<s§¥StD½5su{r�¯t+¥.q4tª��¯v.su{NqwvKzO°³��t4¤:��su¦§¦ l t � oyWsu¥Kzª��t ��l�m y � qwvTyjo¤�t¶z l {��¯¤�zOq+�:t4¥��¯s¹�¯sut4{4ç
{�tD�¯{+¡~n�v.su¦§td�tT��s§¦u¦:q+o¥.{�s � t4¤�oO¥.¦ m {�tD�¯{�oO®¶¥Kzª� � ¤¯zª¦]¥ � y l t4¤�{�su¥M�5t4qD�¯suo¥�û³¡ ù �6�¯v³tT® � ¦§¦
{�tD���¯v.t+o¤ m ��su¦§¦¢t+¥��¯t4¤�su¥��)t4q+��s§o¥Jû³¡ú�5¡

�ªEGD HJI_°LF®�ì¿ë�¬?ì�I,¬é��¬?�ZKk�z��ILKk��°

x«v.tÈ®Yo¤�y � ¦µzª��s§o¥�oª®�zO¤rsu�¯v³yWtD�¯s§qf°.¤�t+{�t4¥���t � su¥å��v.th°³¤�t+©)suo � {jqwvKzO°³��t4¤a�²zO{ � tD©t4¦uo°Qt �
q'zª¤�t+® � ¦§¦ mfl�m ¦§o � suq4s§zO¥.{��¤ m s§¥ � ��ojq4zO°³� � ¤�tSs§¥�� � su�¯suo¥.{«z l o � ��¥ � y l t+¤�{ � {�su¥ � ¸K¤�{��r´¬oO¤ � t+¤
¦§o � s§qª¡ � o%��tD©t4¤+�)��v.t«o¤rs � su¥KzO¦)�:t4zO¥.oSz-½5s§oyWzª��s§|'z-�¯s§oO¥~su{JgLlOH¸.¤�{r��´¬o¤ � t4¤+¡]x«v.t«su¥ � � qD�¯s§oO¥
z-½5s§oOyÁs§¥ S �:t4z$!$ "UKsu{]Å � ¥ m n�RqO q+o¥��wzOsu¥.s§¥ �

0
zª¥ � q+¦§o{rt � � ¥ � t+¤¶��v.t�{ � q+q4t+{�{�oO¤�o°Qt4¤�zª�¯suo¥

q4oO¥@�¯zOs§¥³{]zO¦u¦)¥.zª� � ¤�zO¦@¥ � y l t4¤�{eÆw¡:x«v � {4�@zO¥_z l {r��¤¯zOqD�]¥.oO��s§o¥~oO®>zG{rt+�<oO®>¥Kzª� � ¤¯zO¦@¥ � y l t4¤r{
��zO{ � t4t+yWt � ¥.t+q4t4{r{¯zO¤ m �¯oa�wzO¦u�fz l o � ��¥Kzª� � ¤¯zO¦P¥ � y l t4¤r{4¡

� ¦¹�¯v.o �³� v�¸K¤r{r�r´Ìo¤ � t4¤�z/½³suoyWzª�¯su|'zª��s§o¥"su{Gyjo¤�t~t4¦§t+yWt+¥��wzO¤ m zª¥ � � {rt+® � ¦H®Yo¤
©ªzO¤rs§o � {
° � ¤r°2oO{�t4{+�Qza{rt4q+o¥ � ´Ìo¤ � t+¤qù²z-½5s§oyWzª��s§|'z-�¯s§oO¥fs§{«q+¦§o{rt4¤²��oW�Ht'zO¥³o?Xü{�o¤rs � su¥KzO¦Qs � t4zO{4�³y � qwv
yjo¤�tTtZ½5°.¤�t+{�{�s¹©tWzO¥ � �6yWo{���s§yj°Qo¤r�¯zO¥��¯¦ m ®Y¤roy�o � ¤�°Qos§¥���oª®¶©)sut+���Psu��s§{�zi{rs � ¥.s¹¸Kq'zª¥@�
{r��t4°Ès§¥fo � ¤Npro � ¤�¥.t m ��o/��zO¤ � � ¥ � t+¤�{r�¯zO¥ � su¥ � q4oOyW° � �wzª��s§o¥Ws§¥i{rt+�«�¯v³t4o¤ m ¡ x«v � {«s§¥W�¯v.su{
{�t+q+��s§o¥È��t~s§¥�©t+{r��s � zª��t�{�t4q+o¥ � ´Ìo¤ � t4¤ � t m ��s§¥ � zO¤�s¹�¯v.yjt+��s§qO�)��v.s§qwvJ��tSq'zª¦§¦ �
� �2¡2}ho¤rt
s§¥5®Yo¤�yWzª�¯suo¥foO¥h{rt4q4oO¥ � ´�zO¥ � v.s � v.t4¤e´¬o¤ � t4¤²¦uo � suq4{²q4zO¥ l t�®Yo � ¥ � s§¥ S � t4so Oý4U[¡

x«v.t�fhg�Oji<fhOcfmlg�fonqOjf r n�R r lg��"�8lt8�<Rqt¿¢ol8�"f r � � ¥ � t4¤r¦ m s§¥ �~�
� �2��s§{¶zO¥WtD½)�¯t+¥.{�suo¥foª® �e¼H��� ¡
� ¥³®Yo¤ryfzª¦§¦ m �<�¯v³tJtZ½)�¯t4¥³{�s§oO¥äq4oO¥.{�su{r�¯{aoO®Gz �.� s§¥ � {rt+�¯{joO®
s§¥ � su©)s � � zO¦§{S�¯o¾�¯v.tÈ¦§zO¥ �� z � tO�
újûjücýGþ�ÿ��������mý	�Èý
�Zü��cÿ����ý����qþ	�������������6ÿ����6þ1ý
�4þ�ÿ������ücücýGü,ücý	�Zü,ÿ�������� ��!��"�$#����(ü&%

&"!



�¯o � t+��v.t4¤T��s¹�¯v��¯v.t"q4zO°Kz l s§¦§s¹� m oO®VÇ � zO¥��¯su® m su¥ � o%©t4¤_��v.t4y zª¥ �c� s§{rq � {r{�s§¥ � ��v³t+�¯v³t4¤jz
¥ � y l t4¤�s§{�z_yjt4y l t4¤«oª®]z_{�tD�'¡

¼ o¤�yWzO¦§¦ m ���t�¸K¤�{��«¸³½ÈzTq+o � ¥��wz l ¦§t�{rt+��oO®�n�RqOFv�"tufj�%��¢oRen
SV ar

¡ � ¦§t4yjt4¥���{«oO®
SV ar

��s§¦u¦ l t � { � zO¦§¦ m�� t+¥.oO�¯t �dl�m ¦§tD���¯t+¤�{
X, Y, Z

¡Nn�t¶��su¦§¦�{�oOyWtD�¯s§yjt4{HzO¦u{�oVq'zO¦u¦�¯v.t+yÚn�R r lg��"�
ltG�<Rqtªv�"tqfj�%��¢oRenD¡ ¼K� ¤r��v.t4¤ryWoO¤�tO��t�tD½)�¯t+¥ � ��v.t � tD¸K¥.su��s§o¥_oª®2��t4¤�yj{�zO¥ � ®Yo¤ry � ¦§zO{4¡ � ¥³t
{�s � ¥.s¹¸Kq'zO¥�� � sWV6t+¤�t+¥.q4t]®Y¤roy �e¼H��� s§{2�¯vKzª�Hsu¥�{�t4q+o¥ � ´Ìo¤ � t4¤N¦§o � s§q<��t4¤�yj{NzO¥ � ®Yo¤ry � ¦§zO{PzO¤rt
� tD¸K¥.t � �¯o � tD�¯v.t+¤4� l�m y � � � zª¦Ps§¥ � � q+�¯suo¥¢¡�}Jo¤�tS{�°Qt4q+su¸Kq4zO¦§¦ m �K�¯v.t+¤�tSs§{
zj¥³t+��{ m ¥��wzªq+�¯suq
�@s§¥ � oO®³��t4¤ryW{+�-��v.suqwv~�t�q4zO¦§¦Nn�RqO,O�Rqtup�nD¡:x«v³t�{�tD�:��t4¤ryW{:zO¤�t � t+¥.t4¤�zª�¯t �dl�m �¯v.t�®Yo¦§¦uo%��s§¥ �
z l {��¯¤�zOq+� � ¤�zOyWyWzO¤+ç

A ::= X | {a | φ},

��v.t+¤�t
φ
su{²zO¥ÈzO¤ l su��¤¯zO¤ m ®Yo¤�y � ¦µzS��s¹�¯vi��v.tG¸K¤r{r�r´Ìo¤ � t4¤�©ªzO¤rsµz l ¦ut

a
l o � ¥ � su¥.{�s � tO¡ � ¥�� � ´

su��su©Ot4¦ m �K�¯v.tS�¯t4¤ry
{a | φ}

� t+¥.oO��t4{G��v.td{rt+��oª®�zO¦§¦
n
{ � qwvÄ��vKzª�

φ[a := n]
v.o¦ � {4¡�x«v � {4�

�¯v³t²o¥.¦ m {rt+��{ �
� �dq'zO¥Tyjt4¥���s§o¥_zª¤�t�{rt+��{]oO®>¥Kzª� � ¤¯zª¦5¥ � y l t4¤r{4¡<n�t���su¦§¦@q'zO¦u¦��¯v.t
{a | φ}

�¯t+¤�yj{ r lp�d�teReQ�RqgNnqfmlg�O�Rqtup�nGo¤Jn�RqO1O�Rqtqp�nD¡:n�t���s§¦u¦ � {�tV¦§tD����t4¤�{
A,B,C

tZ½³q+¦ � {rsu©Ot4¦ m su¥
�¯v³s§{¶{�t4qD�¯suo¥f�¯o � t4¥.oª�¯tG{rt+�²��t4¤ryW{+¡]x«v.t�{rt+�²oª®HzO¦§¦K{rt+�²��t4¤�yj{���s§¦§¦ l t � t+¥.oO��t �"l�m

STms

zO¥ � �¯v³tS{rt+�VoO®<zO¦§¦2q4¦uo{�t � {rt+���¯t+¤�yj{ l�m
STmsc

¡
n�tGtD½)�¯t+¥ � �¯v.t � t+¸K¥³su�¯suo¥foª®¢®Yo¤�y � ¦µzO{��¯o~s§¥.q+o¤�°Qo¤�zª�¯tV¤�t4zO{�o¥³s§¥ � z l o � ��{rt+�²��t4¤�yj{4¡

x«v.t
tD½)�¯t+¥.{�suo¥fq+o¥.{�su{r��{�oO®¢z �.� su¥ � oO¥.t
¥³t+�Ãzª��oyWsuq²®Yo¤�y � ¦µz�zO¥ � �¬��o~¥.t+��Ç � zª¥@��su¸Kt+¤�{+ç

φ ::= . . . | t ∈ A | ∀X. φ | ∃X. φ

x«v.tT©ªzO¤�s§z l ¦ut
X
s§¥���v.t � tD¸K¥.su��s§o¥ l s§¥ � {Gsu¥

φ
¡ ¼ o¤ry � ¦§zO{�q'zO¥Ä��v.t4¤rt+®Yo¤rtTvKz'©td�¬�o

�@s§¥ � {PoO®5©ªzO¤rsµz l ¦§t4{>±ï¸K¤�{��r´2zO¥ � {rt4q4oO¥ � ´¬oO¤ � t+¤4¡:n�t � t+¥.oO�¯t ��v.t ®Y¤�t4t]¸.¤�{r��´¬o¤ � t4¤¢©ªzO¤rsµz l ¦§t4{
s§¥hzj®YoO¤�y � ¦§z

φ
l�m

FVF (φ)
�Q��v.t�®Y¤�t4t~{�t+q4o¥ � ´¬o¤ � t4¤V©Ozª¤�sµz l ¦§t+{ l@m

FVS(φ)
zO¥ � zª¦§¦¢®Y¤�t+t

©ªzO¤�s§z l ¦ut4{ l�m
FV (φ)

¡ x«v³t4{�t � tD¸K¥.su��s§o¥³{�zO¤�t�tD½)��t4¥ � t � ��ojq+o¥��¯tZ½5��{Gsu¥Èzj¥Kz-� � ¤�zO¦6��z m ¡
x«v.t²¥.t+t � ®Yo¤:y � � � zO¦)s§¥ � � q+�¯suo¥dsu¥~��v.t � tD¸K¥.s¹�¯s§oO¥d{�v³o � ¦ � ¥.o%� l t�q+¦§t4zO¤N±Í®Yo¤�y � ¦µzO{

q'zª¥hyjt4¥��¯suo¥"{�tD�
��t4¤ryW{+�³��v.s§¦ut�{�tD�V��t4¤ryW{�yWz m q4o¥��¯zOs§¥"®Yo¤ry � ¦µzª{4¡

&" 



t ::= a | 0 | S(t) | t+ t | t ∗ t

A ::= X | {a | φ}

φ ::= t = t | ⊥ | φ→ ψ | φ ∧ ψ | φ ∨ ψ | ∀n. φ | ∃n. φ

t ∈ A | ∀X. φ | ∃X. φ

Γ, φ ` φ
Γ ` ⊥
Γ ` φ

Γ, φ ` ψ

Γ ` φ→ ψ

Γ ` φ→ ψ Γ ` φ

Γ ` ψ

Γ ` φ

Γ ` φ ∨ ψ

Γ ` ψ

Γ ` φ ∨ ψ

Γ ` φ ∨ ψ Γ, φ ` ϑ Γ, ψ ` ϑ

Γ ` ϑ

Γ ` φ Γ ` ψ

Γ ` φ ∧ ψ

Γ ` φ ∧ ψ

Γ ` φ

Γ ` φ ∧ ψ

Γ ` ψ

Γ ` φ

Γ ` ∀a. φ
a /∈ FVF (Γ)

Γ ` ∀a. φ

Γ ` φ[a := t]

Γ ` φ[a := t]

Γ ` ∃a. φ

Γ ` ∃a. φ Γ, φ ` ψ

Γ ` ψ
a /∈ FVF (Γ) ∪ FVF (ψ)

Γ ` φ[a := t]

Γ ` t ∈ {a | φ}

Γ ` t ∈ {a | φ}

Γ ` φ[a := t]

Γ ` φ

Γ ` ∀X. φ
X /∈ FVS(Γ)

Γ ` ∀X. φ

Γ ` φ[X := A]

Γ ` φ[X := A]

Γ ` ∃X. φ

Γ ` ∃X. φ Γ, φ ` ψ

Γ ` ψ
X /∈ FVS(Γ, ψ)

(eqRefl) ∀n. n = n (eqSymm) ∀n,m. n = m→ m = n
(eqTrans) ∀n,m, o. n = m ∧m = o→ n = o (eqS) ∀n,m. n = m→ S(n) = S(m)
(P3) ∀n. S(n) = 0 → ⊥ (P4) ∀n,m. S(n) = S(m) → n = m
(plusZ) ∀n. n+ 0 = 0 (plusS) ∀n,m. n+ S(m) = S(n+m)
(mulZ) ∀n. n ∗ 0 = 0 (mulS) ∀n,m. n ∗ S(m) = n ∗m+m

(IND) ∀X. 0 ∈ X → (∀n. n ∈ X → S(n) ∈ X) → ∀n. n ∈ X

¼ s �O� ¤�t�û5¡ ù ç¶�)t4q4oO¥ � ´¬oO¤ � t+¤ � t m �¯su¥ �a� ¤�s¹�¯v.yjt+��s§q É �
� � Ê

#�



x«v.tG¦uo � suq«¤ � ¦ut4{¶zO¤�tVtD½)��t4¥ � t � �¯oS�wzO�ªt
su¥��¯o~zOq4q+o � ¥���¥³t+��®Yo¤ry � ¦µzª{ s§¥a�¯v.t�®Yo¦§¦uo%��s§¥ �
��z m ç

Γ ` φ[a := t]

Γ ` t ∈ {a | φ}

Γ ` t ∈ {a | φ}

Γ ` φ[a := t]

Γ ` φ
Γ ` ∀X. φ

X /∈ FVS(Γ)
Γ ` ∀X. φ

Γ ` φ[X := A]

Γ ` φ[X := A]

Γ ` ∃X. φ
Γ ` ∃X. φ Γ, φ ` ψ

Γ ` ψ
X /∈ FVS(Γ, ψ)

x«v.tisu¥�� � s¹�¯su©Ot�p � {r�¯s¹¸Kq'z-�¯s§oO¥�oO®�¥.tD�À¤ � ¦ut4{d{rv.o � ¦ �8l tiq4¦ut'zO¤+¡ � oª�¯tW��v.ti{ m yjyjt+�¯¤ mMl tZ´
�¬�t4t4¥��¯v³t�¸K¤�{��i�¬�o�¤ � ¦ut4{ ì s¹�f��su¦§¦ l t�q4¤ � q4sµzª¦
®Yo¤ � t+©Ot4¦§oO°.s§¥ � �¯v.t¾¦§zOy lQ� z�q4zO¦§q � ¦ � {
q4oO¤�¤�t+{�°Qo¥ � su¥ � �¯o �
� �"°³¤�o)oO®Y{4¡

�
� �fs§{ � t4t+°.¦ m s§yj°.¤�t � s§q4zª�¯s¹©tª¡ £ o¥.{rs � t+¤4�@®Yo¤�tZ½³zOyW°³¦§tO�@�¯v³tG{�tD�
D ≡ {n | ∀X. n ∈

X}
¡<x«v.s§{�s§{�z�{�tD��oª®6¥Kz-� � ¤�zO¦K¥ � y l t4¤�{zO¥ � zO{�{ � qwv¢�5s¹��q'zO¥ l t � {rt � �¯o�s§¥.{��wzO¥���sµzª��t�zO¥ m

{�t+q4o¥ � ´¬o¤ � t4¤ � ¥.su©Ot4¤r{¯zO¦)Ç � zO¥��¯s¹¸Kt4¤+¡<x«v � {4��{rs§¥.q+t�su¥do¤ � t4¤H�¯o � t+�¯t+¤�yjs§¥.t���v.tD�¯v.t+¤
n ∈ D

�t¥.t+t � �¯oV�)¥³o/����v.t+��v.t4¤
∀X. n ∈ X

�-s§¥�°Kzª¤r�¯suq � ¦§zO¤6�t{rv.o � ¦ � �@¥.o%�czª¦§¤�t4z �³m ��v³t+�¯v³t4¤

n ∈ D
¡ x«v.su{�°2t+¤�q4t+su©Ot � q+s§¤rq � ¦§zO¤�s¹� m su{«{r�¯su¦§¦ � s§{rÇ � s§t+��s§¥ � ��oa{�oyjt�yfzª��v.t4yWzª��s§q4s§zO¥.{¶��v.o

{ � l {�q+¤�s l t²�¯o���v.t²©)s§tD�E��vKzª� yWzª�¯v³t4yWzª�¯suq4{<{rv.o � ¦ �_l t«°³¤�t � s§q'z-�¯su©OtO¡]�5t4t S ¼ t+®$�%&�U.®Yo¤]yjo¤�t
s§¥5®Yo¤�yWzª�¯suo¥¢¡

� z'©)s§¥ � tD½)�¯t+¥ � t � ��v.t�¦uo � suqO�%��t�°.¤�o)q4t+t � ��o�zOyjt4¥ � �¯v.t�z-½5s§oyj{NoO® �
� ¡ªx«v³t«zOyjt4¥ � ´
yjt4¥��¶zOyjo � ¥��¯{ �¯oSz-½5suoyfz-�¯s§|+s§¥ � s§¥ � � q+��s§o¥_su¥a��v.t«{�°³s§¤�s¹� q4¦uo{�t+¤ �¯o��¯v.tV�Ht'zO¥.oNXü{�o¤rs � su¥KzO¦
� tD¸K¥.su��s§o¥6ç

áB�%º]ñHøYò%ø$ôQñ ),»$ð�»$ð � Á Ó��"tqfon�Ren���b¶t~R�d�¢W� r fhg<�¶OhQ�R^fhg��"i r Ojfmlg��}�$fmlpµn r Q�Rqp{�¶fhg�� Á ��b
lgLR^�}�$fmlp{Ä

(IND) ∀X. 0 ∈ X → (∀n. n ∈ X → S(n) ∈ X) → ∀n. n ∈ X

� oO��t��¯vKzª� �V� �"q4o¥��¯zOs§¥.{ �V� ç

ØF�k����� )_»$ð�»uþ � Á Ó
` HA

�

# ù



ÆÇt~l�l�§ � �f{ � �jq+t4{"�¯o�{�v.o%���¯vKzª�izO¦§¦�su¥.{r�¯zO¥.q4t+{ioO®���v.t�su¥ � � qD�¯s§oO¥�z-½5s§oy {rqwv.t4yWz�zO¤rt
°.¤ro/©ªz l ¦§tO¡ � t4q4zO¦§¦2�¯vKzª�«��v.t�{�qwv.t+yfzavKzO{«��v.t�®Yo¦§¦uo/��su¥ � ®Yo¤ryhç

(
s§¥ �

φ(n,~a)) ∀~n. φ(0, ~n) → (∀n. φ(n, ~n) → φ(S(n), ~n)) → ∀n. φ(n, ~n)

x:zO�Ot"zª¥ m
~n
�]{ � °³°2o{rt

φ(0, ~n)
zª¥ �

∀n. φ(n, ~n) → φ(S(n), ~n)
zO¥ � �¯zO�OtfzO¥ m

n
¡hn�t

¥.t+t � �¯o"{�v³o/�
φ(n, ~n)

¡~x<zª�Ot
X = {a | φ(a, n)}

¡Sx«v.t+¥
0 ∈ X

zª¥ �
∀m. m ∈ X →

S(m) ∈ X
�.{�o

∀m. m ∈ X
¡ � ¥h°.zO¤r��s§q � ¦µzO¤+�

n ∈ X
{�o
φ(n, ~n)

¡
�

�ªEGDFE�D
λS

°L�F¯�°L±�¯�±*M

n�tS¥³o/�·°.¤�t+{�t4¥��Gzj¦§zOy lQ� zTq'zª¦§q � ¦ � {
λS

®Yo¤ �V� �2¡Kn�t~z �.� ��o
λH

�¯v.t�¥.tD��{ m ¥��wzªq+�¯suq
q'z-�¯t � o¤ m oª®�{rt+���¯t+¤�yj{4�P��v.s§qwvMzO¤rtatD½³zOq+��¦ m ��v.ta{�tD�S��t4¤ryW{�oO® �
� �2� � t+¥.t4¤�zª�¯t ��l�m �¯v³t
{¯zªyWt � ¤�zOyjyfzO¤+ç

A ::= X | {a | φ}

n�t~t+¦§s§yjs§¥.zª�¯tV�¯v.tSs§¥ � � q+��s§o¥È�¯t+¤�yj{�®Y¤roy �V� zO¥ � tD½)��t4¥ � ��v.t�¤�t+{ � ¦¹�¯s§¥ �W� ¤�zOyjyfzO¤ l@m
�¯v³t�®YoO¦§¦§o%��su¥ � q4¦§z � {rt4{4ç

M ::= M A | λX. M | [A,M ] | lets [X, x : φ] := M in N |

sepRep(t,M) | sepProp(t,M) | ind(t,M)

x«v.t�¸K¤r{r�Ä®Yo � ¤�¥.tD� �¯t4¤ryW{hyWsu¤�¤ro¤"�¯v.t+s§¤�q+o � ¥��¯t+¤�°Kzª¤r�¯{�s§¥Â��v.t�¸K¤r{r�r´Ìo¤ � t4¤�¦uo � suqO¡
x«v.t

ind(t,M)
�¯t+¤�y q4oO¤�¤�t+{�°Qo¥ � {~�¯oh��v.tjs§¥ � � q+�¯suo¥8z/½³suoyJ¡fx«v.t

sepRep(t,M)
zO¥ �

sepProp(t,M)
��t4¤�yj{dq+o¤�¤rt4{r°2o¥ � �¯oJ�¯v.tW°.¤�o)oO®«¤ � ¦§t+{ � o%©Ot4¤�¥³s§¥ � ��v.tfq+oyj°.¤�t+v.t4¥.{rs§o¥

�¯t+¤�yj{4¡ � ¥5®Yo¤�yWzO¦§¦ m �]s¹®
M

su{_z¾°.¤�o)oO®VoO®
φ(t)

� �¯v.t+¥
sepRep(t,M)

s§{az¾°.¤�o)oO®VoO®
t ∈

{n | φ(n)}
¡�� m yjyjt+�¯¤rs§q4zO¦§¦ m �Ksu®

M
s§{
zf°.¤ro5oO®]oO®

t ∈ {n | φ(n)}
�2��v.t4¥

sepProp(t,M)

s§{�z_°.¤ro5oª®<oO®
φ(t)

¡ x«v³s§{�{ m yjyWtD�¯¤ m s§{«q4¤ � q4s§zO¦6®Yo¤²��v.t�q4o¥³{r�¯¤ � q+��s§o¥JoO®
λS
¡

x«v.tS¤�t � � q+��s§o¥È{ m {��¯t4yÝsu{«tD½)�¯t+¥ � t �hl�m �¯v.t�®Yo¦u¦§o%��s§¥ � ¤�t � � q+��s§o¥J¤�t+¦µzª��s§o¥³{4ç

(λX. M) A→M [X := A] lets [X, x : φ] := [A,M ] inN → N [X := A][x := M ]

#��



ind(0,M) → fst(M) ind(S(t),M) → snd(M) t ind(t,M),
��v.t4¤rt

t
s§{«q4¦uo{�t �

ind(t,M) → ind(tn,M),
��v.t4¤rt

t
s§{�zaq4¦uo{�t � ¥³o¥5´¬¥ � yjt4¤�zO¦

sepProp(t, sepRep(u,M)) →M

x«v.tj¦µzO{���¤�t � � q+��s§o¥M¤ � ¦§tas§{�{�s � ¥.s¹¸Kq'zO¥���¦ mh� s�V2t4¤rt4¥��~®Y¤roy zO¦u¦]¤ � ¦§t4{��tWt+¥.q4o � ¥��¯t4¤rt � {ro
®$zO¤+¡ � �G°.¤�o%©)s � t+{�zW��z m ��oft+¦§s§yjs§¥.zª�¯t�°Qo{�{rs l ¦ut~¤rt � � ¥ � zO¥.q+s§t+{�s§¥��¯¤ro � � q4t �Äl�m ��v.tdq+oya´
°.¤rt4v.t+¥.{�suo¥8z-½5suoyh¡ ¼ o¤�tZ½³zOyW°³¦§tO�P��v.ta°.¤�o)oO®¶Å

0 = 0
�N{�o

0 ∈ {a| 0 = 0}
�N{�o

0 = 0
Æ

s§{�q+¦§t4zO¤�¦ m ¤�t � � ¥ � zO¥��TzO¥ � ��v.ta¤ � ¦ut_��o � ¦ � ¤�t � � q4tjsu����oiÆ
0 = 0

Æw¡Tn�tj¤rt+�¯zOs§¥¾�¯v³t
→ω

¤�t+¦µzª��s§o¥ � ¥.qwvKzO¥ � t � ¡
x«v.tS¥.t+�Ât+©ªzO¦ � zª�¯suo¥"q4o¥���tD½)�¯{
zO¤�tªç

[◦] ::= . . . | [◦] A | lets [a, x : φ] := [◦] in N | ind([◦],M)

x«v.tS¥.t+��©Ozª¦ � t+{Vsu¥i�¯v.t�q4zO¦§q � ¦ � {�zª¤�tOç

V ::= . . . | sepRep(t,M) | λX. M | [A,M ]

x«v.t�� m °³s§¥ � { m {��¯t4yÝoO®
λH

su{«tD½)�¯t+¥ � t ��l�m �¯v.t�®Yo¦u¦§o%��s§¥ � � m °.s§¥ � ¤ � ¦§t+{4ç

Γ `M : φ

Γ ` λX. M : ∀X. φ
X /∈ FVS(Γ)

Γ `M : ∀X. φ

Γ `M A : φ[X := A]

Γ `M : φ[X := A]

Γ ` [A,M ] : ∃X. φ

Γ `M : ∃X. φ Γ, x : φ ` N : ψ

Γ ` lets [X, x : φ] := M in N : ψ
X /∈ FVS(Γ, ψ)

Γ `M : 0 ∈ A ∧ ∀n. n ∈ A→ S(n) ∈ A

Γ ` ind(t,M) : t ∈ A

Γ `M : φ[a := t]

Γ ` sepRep(t,M) : t ∈ {a | φ}

Γ `M : t ∈ {a | φ}

Γ ` sepProp(t,M) : φ[a := t]

� oª�¯t«�¯v.t�{rs§yjs§¦µzª¤�su� m�l t+�¬�t4t+¥W��v.t«¸K¤�{��¶®Yo � ¤�¤ � ¦ut4{�zO¥ � �¯v³tV¤ � ¦§t+{ s§¥_�¯v³t�¸.¤�{r��´¬o¤ � t4¤�q4zO{�tª¡
x«v.t+¤�tVs§{ ¥.o�{�s � ¥.s¹¸Kq'zO¥�� � sWV6t+¤�t+¥.q4t ì ��v.s§{]��su¦§¦³yWzO�ªtVo � ¤ °.¤�o)oO®Y{ oO®Q�¯v³tV{��wzO¥ � zO¤ � ¦§t+yWyWzO{
y � qwvJ{�v³o¤r��t4¤4¡

x«v.tSq4o¤r¤�t4{r°2oO¥ � t4¥³q4tSq4o¥��¯su¥ � t4{��¯oav.o¦ � ç

#û



ØF�k����� )_»$ð�»�)`Í ×döNó-ó��L�¯Öhô)ÿ��.ó-õ�øj�4ô���ô>ó��1�Høj�}�sÐ�¾>§
Γ ` O : φ

O>Q�Rqg
rg(Γ) `HAS

φ
�·¾h§

Γ `HAS φ Å OhQ�Rqg`OhQ�RqteRTRG�$fonqO>nC�;O�Rqtqp M
nqi r Q|OhQN�"O

Γ ` M : φ Å �1Q�Rqt~R Γ =

{(xφ, φ) | φ ∈ Γ}
�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥ � � q+�¯suo¥"o¥È�¯v.t�°.¤ro5oª®H��¤�t+t
Γ ` O : φ

¡
�

�ªEGDFEmY «©¬?�]�I,¬<Kk��I_M·FÌ
λS

x«v.t�°.¤ro°2t+¤r��s§t4{VzO¤rt�tD½)�¯t+¥ � t � yWoO{r�¯¦ m su¥Jza°³¤�t � s§q+�¯z l ¦ut��²z m ¡

ØF�k����� )_»$ð�»È2âÍ Ð+ñ@Ñ��@ó4�4ø$ôQñÒÐ;Ó�i�d%d�l�n�R
Γ ` Q : Ψ

�*Ó�i�d%d�l�n�R
Q
fon�l�§PO>Q�RF§}ltup{Ä

• λX. M
��¥,Q�Rqg

Ψ =ω ∀X. φ
�"g��

Γ `M : φ
�

• M A
�{¥,Q�Rqg

Γ `M : ∀X. φ
�"g��

Ψ =ω φ[X := A]
�

• [A,M ]
�¶¥,Q�Rqg

Γ `M : φ[X := A]
�"g��

Ψ =ω ∃X. φ
�

• lets [a, x : φ] := M in N
��¥,Q�Rqg

Γ ` M : ∃X. φ
�"g��

Γ, x : φ ` N : Ψ1

�"g��

Ψ =ω Ψ1
�

• sepRep(t,M)
��¥,Q�Rqg�§}lt�n�lp�R

φ Å Ψ =ω t ∈ {a | φ}
�"g��

Γ `M : φ[a := t]
�

• sepProp(t,M)
�¶¥,Q�Rqg^§}lt²n�lp�R

φ Å Ψ =ω φ[a := t]
�"g��

Γ `M : t ∈ {a | φ}
�

• ind(t,M)
�¶¥,Q�Rqg^§}lt*n�lp�R

A Å Ψ =ω t ∈ A
�"g��

Γ `M : 0 ∈ A∧ ∀n. n ∈ A→

S(n) ∈ A
�

ØF�k����� )_»$ð�» - Í ×^�KñNôQñ:ø$÷$��
�íPô>ó�Ê�Ð;Ó�i�d%d�l�n�R
Q
fon¶�Tv�"¢£i�R Å ` Q : Ψ

�"g��
Ψ
fon�l�§

OhQ�RF§}ltqp{Ä

• t ∈ {a | φ}
�Ú¥,Q�Rqg

Q = sepRep(t1,M) Å ` M : φ1[a := t1] Å φ1 =ω φ
�"g��

t1 =ω t
�

• ∀X. φ
�{¥,Q�Rqg

Q = λX. M Å `M : φ1
�"g��

φ1 =ω φ
�

#Oý



• ∃X. φ
�{¥,Q�Rqg

Q = [A,M ] Å M : φ1[X := A]
�"g��

φ1 =ω φ
�

x«v.tS{ � l {��¯s¹� � ��s§o¥È¦§t+yWyWzO{�zO¤�t�°.¤ro/©Ot � ��su�¯vÈ¥.oj¥.tD� � sW�Wq � ¦u��s§t+{4ç

ØF�k����� )_»$ð�»�= ¾>§
Γ, x : φ `M : ψ

�"g��
Γ ` N : φ Å O>Q�Rqg Γ `M [x := N ] : ψ

�

ØF�k����� )_»$ð�» �á¾>§
Γ ` Q : Ψ Å O>Q�Rqg;§}lt7�"g�bCËFt~nqOj�8ltG�<Rqt�v�"tqfj�%��¢oR b �"g��éO�Rqtqp u Å

Γ[b := u] ` Q[b := u] : Ψ[b := u]
�

n�t�¥.t+t � za¥³t+��{ � l {r��su� � �¯suo¥"¦§t+yWyWz³�5®YoO¤«{�t4q+o¥ � ´Ìo¤ � t4¤«©ªzO¤�s§z l ¦§t+{4ç

ØF�k����� )_»$ð�» .Â¾>§
Γ ` Q : Ψ Å OhQ�Rqg Γ[X := A] ` Q[X := A] : Ψ[X := A]

�

ÆÇt~l�l�§c�)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥ � � q+�¯suo¥�o¥
Γ ` Q : Ψ

¡ax«v.tj°.¤�o)oO®s§{�©Ot4¤ m {rs§yjs§¦µzª¤V��oJ��v.t
°.¤ro5oO®:oO® � t4yjyfz_û³¡ ù ¡ú�5¡

�

ØF�k����� )_»$ð�»�Ô`Í Ù¢ö��L×��)÷OòjÓ+�)õ:öH÷Oò/øYô2ñFØ<ÕSó��<���@ó�ÑN�³ò/øYôQñ�Ð©¾>§
Γ ` O : Ψ

�"g��
O → P Å

OhQ�Rqg
Γ ` P : Ψ

�

ÆÇt~l�l�§�ã m su¥ � � qD�¯suo¥�o¥¾�¯v.t � tD¸K¥.su��s§o¥¾oª®
O → P

¡_x«v.ta°.¤ro5oª®Y{�oO®�yjo{���oO®��v.ta¥.t+�
q'zª{�t4{�yjs§¤r¤�o¤¶�¯v.t�¸K¤r{r�r´Ìo¤ � t4¤«q'zª{�t4{�su¥i�¯v.t�°.¤ro5oO®Hsu¥J�5t4qD�¯s§oO¥��)¡ �5¡:n�t�°.¤rt4{�t+¥��V��v.t4¤rt+®Yo¤rt
�¯v³tSoO¥.¦ m {�s � ¥.su¸Kq4zO¥��¯¦ m ¥.tD��q'zª{�tO¡ £ zO{rt

O → P
oª®eç

•

sepProp(t, sepRep(u,M)) →M

ã m � ¥@©Ot4¤r{�s§oO¥¢�5®Yo¤ {royjt
φ
�
Ψ =ω φ[a := t]

zª¥ �
Γ ` sepRep(u,M) : t ∈ {a | φ}

¡
ã m � ¥@©Ot4¤r{�s§oO¥�z � zOs§¥¢�¢®YoO¤�{�oyjt

φ1

�
t =ω u

�
φ1 =ω φ

zª¥ �
Γ ` M : φ1[a := u]

¡
x«v � {
zO¦§{ro

Γ `M : φ[a := t]
zª¥ � q+o¥.{rt4Ç � t4¥���¦ m

Γ `M : Ψ
¡

�

ØF�k����� )_»$ð�»$ð:Ö�Í ÕSó-ô��>ó��<�}�Ð©¾>§
` P : Ψ

�"g��
FVF (P ) = ∅

O>Q�Rqg�RqfhO>Q�Rqt
P
fon���v�"¢£i�R

ltPO>Q�Rqt~R�fon
Q
nqi r Q�O>QN�"O

P → Q
�

#%&



ÆÇt~l�l�§"ã m s§¥ � � q+�¯suo¥_o¥_�¯v³t«¦§t4¥ � �¯vaoO®
P
¡<x«v.t�°.¤ro5oO®Y{ oª®2yjo{���oO®>�¯v.t�¥.tD��q'zª{�t4{�yjs§¤r¤�o¤

�¯v³t�¸.¤�{r��´¬o¤ � t4¤�q4zO{�t+{
su¥J�5t4qD�¯s§oO¥Ä�5¡ú�5¡]n�t�°.¤�t+{�t4¥��V�¯v.t�¤rt4yWzOs§¥.su¥ � q4zO{�tªç

• P = sepProp(t,M)
¡Ýã m � ¥�©t4¤r{�suo¥¢��®Yo¤J{�oyjt

φ
�

Γ ` M : t ∈ {a | φ}
¡

ã m ��v.t�su¥ � � qD�¯suo¥�v m °QoO�¯v.t+{�su{4�St4su��v.t4¤
M

su{�z�©ªzO¦ � tMo¤
M → M ′ ¡ � ¥Â�¯v³t

®Yo¤ryWt+¤¾q'zO{rtO� l�m £ zO¥.o¥³s§q'zª¦ ¼ oO¤�yj{Ä®Yo¤¾{�oyjt
t1
�
M = sepRep(t1, N)

zO¥ �
{rs§¥.q+t

sepProp(t, sepRep(t1,M)) → M
�Q�¯v.tdq4¦µzªs§yÎ®Yo¦u¦§o%��{4¡ � ¥Ä��v.td¦§zª����t4¤Vq'zO{rtO�

sepProp(t,M) → sepProp(t,M ′)
¡

�

� oO��tT�¯v.t_suyW°Qo¤��wzO¥.q+tToO®��¯v³t_¤�t � � q+��s§o¥�¤ � ¦§t
sepProp(t, sepRep(u,M)) → M

�¯o
�¯v³tÄ°.¤�o)oO® ì vKz � s¹�i¥.oO� l t+t4¥�®Yo¤j�¯v.su{f¤ � ¦§tª�²�¯v.tÄ¤rt � � q+�¯suo¥.{iyjs � v@�W{r��o°ä�t4¦u¦ l t+®Yo¤rt
¤�t4zOqwv.su¥ � �¯v.t�©ªzO¦ � t4{4¡

�ªEGDFEj� ÛaI_�F¯���Ü@��Ýz��¯���K4\½Ìe�¬`õxöxH

� ¥ �
� �Q�P°.¤�o%©)s � su¥ � zÈã � æÎsu¥��¯t4¤r°.¤�tD�wzª��s§o¥ l t4q+oyjt4{�qwvKzO¦u¦§t4¥ � s§¥ � ¡dn�vKzª�S{�v³o � ¦ � �¯v³t
q4oO¥.{r��¤ � qD�¯s§oO¥W®Yo¤

∃X. φ
l t$'h��¤rt4{ � yfz l ¦ m zS{�t+��oO®¢¥.zª� � ¤�zO¦Q¥ � y l t+¤�{

A
zª¦§o¥ � ��su��vW��v.t

q4oO¥.{r��¤ � qD�¯s§oO¥~oO®
φ[X := A]

¡ � o/�t+©Ot4¤+�{ � qwvTzO¥dzª°.°.¤�ozOqwvS�o � ¦ � °³¤�t4{ � yjtsu¥ � t4°Qt4¥ � t4¥��
tD½5su{r�¯t+¥.q4t"oª®�{�t+��{_oO®�¥Kzª� � ¤¯zª¦�¥ � y l t4¤r{ ì t+¥��¯su��s§t+{d¥.oO�Tzª�azO¦u¦�s§¥�� � s¹�¯s¹©tizª¥ � zOq4q+t4°³�¯z l ¦ut
®Y¤�oOy zJq+o¥.{r��¤ � qD�¯s¹©tf°Qosu¥@�SoO®©)s§t+��¡ � ¦u��v.o �.� vM{�oOyWtj{ � l {r�¯s¹� � ��t4{~tD½5s§{��'�H{ � qwvczO{��¯v³t
{�tD�SoO®zO¦§¦H® � ¥.q+��s§o¥³{�®Y¤�oy

N
�¯oJzf�¬�oª´¬t+¦§t4yjt4¥���{rt+�'�Nsu¥�zÈq+o¥.{��¯¤ � q+�¯s¹©t_�o¤�¦ � ��v.t mÄ� o

¥.oO��¤rt'zOqwvJ® � ¦§¦ � t4¥³t4¤¯zª¦§su� m oO®<zO¤ l s¹�¯¤�zO¤ m { � l {rt+��{
oO®:¥Kzª� � ¤¯zª¦P¥ � y l t+¤�{+¡
n�tW�¯v.t+¤�t+®YoO¤�t"zª�S�¯v³s§{d°Qosu¥@�~¦§t4z'©t"ã � æ s§¥��¯t+¤�°.¤rt+�wz-�¯s§oO¥.{ l t4v.su¥ � �:°.¤�o%©)s � su¥ � oO¥.¦ m

¤�t4zO¦§su|'z l s§¦§s¹� m ¤�t4¦§zª�¯suo¥.{�su¥.{r��t'z � ¡jn�tWzO¤rtj¥³oO�~�o¤r¤�s§t � z l o � �S��v.tjtD½5s§{��¯t4¥³q4tfoª®²{�tD�¯{SoO®
¥Kzª� � ¤¯zª¦:¥ � y l t4¤r{4�¢¥³o¤�t+©Ot4¥MzO¤ l su��¤¯zO¤rs§¦ m ¦µzO¤ � td{rt+��{�zO{G�tT{�v.zO¦§¦H{�t+t_¦µzª��t4¤4¡Vn�td¤�t4yjs§¥ �
�¯v³t�¤rt'z � t+¤"�¯vKzª�Jsu¥Ão � ¤"©5sut+����v.t¾�¯v.t+o¤�sut4{"�t�q4oO¥.{�s � t4¤JzO¤rtMq+o¥.{��¯¤ � q+�¯s¹©t�q4o¤rt4{ÈoO®
q4¦§zO{�{rs§q4zO¦K�¯v.t+o¤�sut4{4�)°.¤ro/©)s � s§¥ � s§¥³®YoO¤�yWzª�¯suo¥az l o � �¶�¯v.t+s§¤¶q4oyj° � �¯zª�¯suo¥KzO¦.q+o¥��¯t+¥@�4¡�x«v.t4su¤
°.v.su¦§o{ro°.v.suq'zO¦/p � {r��su¸Kq4zª�¯suo¥Wsu{�oO®¢¥.o~q4o¥³q4t4¤r¥f�¯o � {4¡]n�v.zª��su{�s§yj°2o¤��wzO¥���su{���v.tGyjt+��v.o �
�¯o_�¯zOqw�@¦§t�s§yj°.¤�t � s§q4zª�¯s¹©)su� m � � t+¥.t4¤�zO¦§su|4s§¥ � {�yjo5oª�¯v.¦ m ��oWo � ¤²¸K¥KzO¦ � ozO¦�ç<��v.t�{�tD�V��v.t4oO¤ m ¡

#$#



� { l t+®Yo¤rtO�%��t�{��wzO¤��P��su�¯v���v.t�t4¤�zO{ � ¤rt yfzª°¢�/t4¤¯zª{�s§¥ �
λS

�¯o
λS
¡ � suyW°Qo¤r�¯zO¥��6®Yt4zª� � ¤rt

oO®
λS

s§{�¯vKzª�«��v.t�{�t+q4o¥ � ´¬o¤ � t4¤²��t4¤ryW{«°.¦§z m ¥.o_¤ro¦§t�su¥"¤�t � � q+��s§o¥³{ ì q4oO¥@��¤¯zO{��«�¯v.su{���su��v
�¯v³t~¸K¤r{r�r´Ìo¤ � t4¤
��t4¤ryW{+�2��v.suqwv¾zO¤�t~¥.t4q+t4{r{¯zO¤ m ®Yo¤��¯v.td¤�t � � q+��s§o¥h¤ � ¦utdq4oO¤�¤�t+{�°Qo¥ � su¥ � ��o
�¯v³tGs§¥ � � q+��s§o¥fz-½5s§oyJ¡<x«v³t�t4¤�zO{ � ¤rt�yWzO°f�wzª�Ot4{�¯v.su{�s§¥���oTzOq+q4o � ¥���zª¥ � ¤�t+°.¦µzªq4t4{²zO¦§¦K�¯v³t
{�t+q4o¥ � ´¬o¤ � t4¤²��t4¤ryW{ l@m �¯v.t���t4¤ry

∅ ≡ {n | ⊥}
¡]n�t�°.¤rt4{rt4¥����¯v.t�¤rt4°.¤rt4{rt4¥��wzª��su©OtSq4zO{�t+{4¡

M A = M ∅ λX. M = λX. M [A,M ] = [∅,M ]

lets [X, x : φ] := M in N = lets [X, x] := M in N

sepRep(t,M) = sepRep(M) sepProp(t,M) = sepProp(M)

x«v.t�yWzOs§¥"¦ut4yjyfzTsu{«{r�¯su¦§¦Q©Ozª¦§s � ç

ØF�k����� )_»$ð�»$ð>ð ¾>§
M ↓

O>Q�Rqg
M ↓

�

x«v.t²yjoyjt4¥��N��t���¤ m �¯oV��¤�s¹�¯t²zV¤�t4zO¦§su|'z l su¦§s¹� m ¤rt4¦µz-�¯s§oO¥~su¥dzG¥.zOsu©Ot¶��z m ��t²t4¥.q+o � ¥��¯t+¤
�¯v³t�®Yo¦§¦uo/��su¥ � °.¤�o l ¦§t4yJ¡]x«v.t�yjt'zª¥.s§¥ � oO®:zd�¯t4¤ry

{a | φ}
{�v.o � ¦ � {�oOyWt+v.o%� l t�¤�t+¦µzª��t �

�¯o"��v.tD�¯v.t+¤
φ
s§{�¤rt'zO¦us§|'z l ¦§t~o¤�¥.oO�4¡ � ¥¾�¯v.taoO��v.t4¤�v.zO¥ � �P¦uo5o�@su¥ � zª��¤rt'zO¦us§|4z l s§¦usu� m ®Yo¤

�
� �O�t��o � ¦ � °.¤�o l z l ¦ m ¦§su�Ot���oSv.z%©Ot
M  ∀X. φ

su®>®Yo¤ zª¦§¦5��t4¤ryW{
A
�
M  φ[X := A]

¡
� {

A
yWz mhl tTzO¤ l su��¤¯zO¤ m �Qs§¥Ä°Kzª¤r�¯suq � ¦§zO¤�q4o¥��¯zOs§¥.su¥ �

∀X. φ
z � zOsu¥¢�>su��{rt4t+yW{G��vKzª�G{�oyjt

q4su¤�q � ¦µzO¤rsu� m su{~su¥�©o¦¹©t � ¡ � ¥ � su¥ � t4t � �:��v.t4¤rtfsu{~¥.oh�²z m �¯oJ��¤�su��tfz � t+¸.¥.su��s§o¥�s§¥��¯v.su{
yWzO¥.¥.t+¤4¡ x«v.su{V{rv.o � ¦ � ¥.oO��q4oOyWt�zO{Vz_{ � ¤�°.¤rs§{�tª�>zO{ �
� �Èsu{«y � qwvJyWoO¤�t�°Qo/�t4¤�® � ¦¢�¯v.zO¥
�
� ¡.�)s§¥.q+t�¤�t4zO¦§su|'z l su¦§s¹� m q4zO¥ l t � {�t � zO{«z~��o5oO¦>��oT°.¤ro/©OtG�¯v³t�¥.o¤ryfzO¦us§|4zª�¯suo¥_oO®

λS
zª¥ �

q4oO¥.{�t+Ç � t4¥��¯¦ m �¯v.tGq4o¥.{rs§{��¯t4¥³q m oO® �V� �2�5{�suyW°.¦utGsu¥ � � qD�¯s§oO¥W®Yo¤ryfzO¦us§|4z l ¦§t�su¥ �
� q4zO¥.¥.oª�
{ � �Wq+tO¡

n�t¾¥³t4t � ��o � �¯su¦§su|4tJs§¥�zO¥�t+{�{rt4¥��¯s§zO¦G��z m �¯v.t�s§yj°.¤�t � s§q4zª�¯s¹©5s¹� m oO®GÅe¤rt'zO¦ ÆJ¥Kzª� � ¤¯zO¦
¥ � y l t4¤r{4¡ ¼ o¤²�¯v.su{«° � ¤r°2o{rtO�K�tSsu¥��¯¤�o � � q+tSza¥³oO�¯suo¥"oO®

λ
�mn�RqOZç

áB�%º]ñHøYò%ø$ôQñ ),»$ð�»$ð5þÂÁ
λ
�mn�RqOJfon���n�RqO�l�§ªdN�"fht~n

(M,n) Å �1Q�Rqt~R M fon�� r ¢ol�n�R8�+O�Rqtup l�§

λS
�"g��

n
fon^��g��"OjiktG�"¢_g�i<p{�qRqt��

#��



x«v.t É � ¥.q4o � ¥@�¯z l ¦ut Ê {�tD�GoO®<zO¦u¦
λ
´¬{�tD�¯{«��s§¦u¦ l t � t4¥.oª�¯t �hl�m

Hλ
¡¶}ho¤rt�®Yo¤�yWzO¦§¦ m ç

Hλ ≡ P (λSc × N),

��v.t+¤�t
P
� t+¥.oO��t4{«�¯v.t�°Qo%��t+¤«{�tD�
oO°2t+¤¯zª��s§o¥"zª¥ �

λSc
� t4¥³oO�¯t+{²�¯v.t�{rt+�VoO®:zO¦§¦2q4¦uo{�t �

λS

�¯t+¤�yj{4¡

Hλ
� su©Ot4{ � {:�¯v.t«¥.t+q4t+{�{¯zª¤ m ¦ut+©t+¤¯z � t��¯o � tD¸K¥.t«¤rt'zO¦us§|'z l s§¦usu� m ®Yo¤ �
� �2¡x«v.t«t+¦§t4yjt4¥���{

oO®
Hλ

��s§¦§¦ l t � t+¥.oO��t ��l�m ¦ut+�r�¯t4¤r{
D,E, F

¡
n�ti��su¦§¦ � {rti�¯v.ti{rt+��{T®Y¤�oy

Hλ
s§¥��¯v.ti¤rt'zO¦us§|4z l s§¦usu� m ¤�t4¦§zª�¯suo¥¢¡ ¼ o¤S�¯v.su{d° � ¤�°Qo{�tª�

�tTs§¥��¯¤ro � � q4tSt4¥�©)s§¤ro¥.yjt4¥��¯{V�¯ofo � ¤G¤rt'zO¦us§|'z l s§¦usu� m ¤�t+¦µzª��s§o¥.{VzO{V��t+¦§¦[¡Vx«v³t4¤�tS��s§¦u¦ l t~¥.o
q4oO¥³® � {�suo¥ l t+�¬�t4t+¥"�¯v.t+{�t�t+¥@©)su¤�o¥.yjt4¥���{²zO¥ � �¯v.t
o¥.t4{ � {�t � ®Yo¤�¥³o¤�yWzO¦§su|'zª��s§o¥d°.¤�o)oO®Y{ ì
�¯v³tSq+o¥��¯tZ½5�V��s§¦u¦¢zO¦¹�²z m {�yfzª�Ot��¯v.t�{rsu� � zª�¯suo¥"q4¦ut'zO¤+¡

áB�%º]ñHøYò%ø$ôQñ ),»$ð�»$ðk)ÂÁ gjt4¥�©)s§¤ro¥.yjt4¥��Jfon���ËFg�fhO�R�§ui<g r Ocfmlg�p{�qd%d�fhg<�Jn�R r lg��"�8ltG�<RqtÒv�"tufh�
�%��¢oRenPO�l

Hλ
�

n�t���su¦§¦ � {�t��¯v.t�¦ut+����t4¤
ρ
�¯o � t+¥.oO�¯t�t+¥@©)su¤�o¥.yjt4¥���{4¡

¼ ¤�oy�¥.o%�co¥6�O¤�t4zO¦§su|'z l s§¦§s¹� m ¤rt4¦§zª�¯suo¥.{P��s§¦u¦ l t°KzO¤¯zªyWtD�¯t4¤rs§|+t �dl�m t4¥�©)s§¤ro¥.yjt4¥��¯{+¡<n�t
��s§¦u¦P��¤�su��t

M ρ φ
zO¥ � ¤�t4z � Å

M
¤�t'zª¦§s§|+t4{

φ
su¥¾zO¥Ät+¥�©5su¤�o¥³yWt+¥@�

ρ
Æw¡
n�tTsu¥.q4o¤r°2oO¤¯zª��t

�¯v³t � t+¸K¥.s¹�¯suo¥ÈoO®]zayjt'zO¥.su¥ � oO®<za��t4¤ry¿s§¥��¯o_��v.t�¤�t'zª¦§s§|4z l su¦§su� m ¤rt4¦§zª�¯suo¥¢¡ � { l t+®Yo¤rtO�.�t
� tD¸K¥.tV¤�t'zª¦§s§|4z l su¦§su� m o¥.¦ m o¥_®Yo¤�y � ¦µzO{

φ
{ � qwvj�¯vKzª�

FVF (φ) = ∅
¡ � o%�t+©t+¤4�

φ
q'zO¥jvKz'©t

®Y¤�t+ti{�t+q4o¥ � ´¬o¤ � t4¤~©Ozª¤�sµz l ¦§t+{ ì ��v.t4su¤dyjt'zO¥.su¥ � ��su¦§¦ l tW¸³½5t ��l�m �¯v.tft4¥�©)s§¤�oO¥.yWt+¥��'¡ � {
l t+®Yo¤rtO�_t~R8�"¢£fW¹Rqt~n~zO¤�t�q+¦§o{rt � �¯t4¤ryW{«oª®

λS
¡

áB�%º]ñHøYò%ø$ôQñ ),»$ð�»$ð:2 ¥,Q�R�t~R8�"¢£fW¹��%��fh¢£fhOjb¤teRq¢W�"Ojfmlg�§}ltz� Á Ó Å ��tufhOcO�Rqg7�n M ρ φ Å teRq¢W�"O�Ren
t~R8�"¢£fW¹Rqt~n���fhO>QC§}ltup�i<¢W�n

φ
nqi r QéO>QN�"O

FVF (φ) = ∅
§}lt�Rqg�v�fhtelg�p�Rqg�Ohn

ρ
�<R>ËFgLR8�·lg

FVS(φ)
�{¥,Q�Rzp�R8�"g�fhg<�¶l�§²� r ¢ol�n�R8��O�Rqtup

T
fhg��"g�Rqg�v�fht~lg�p�Rqg�O

ρ
fonP�<RqgLlO�R8�¶��b

[[T ]]ρ
�

#$!



¥,Q�Rqb��"teR��<R>ËFgLR8�+��b¶OhQ�RF§}l¢h¢ol��fhg<� r ¢W�"i%n�Ren�Ä

[[0]]ρ ≡ 0

[[S(t)]]ρ ≡ [[t]]ρ + 1

[[t + s]]ρ ≡ [[t]]ρ + [[s]]ρ

[[t ∗ s]]ρ ≡ [[t]]ρ ∗ [[s]]ρ

[[X]]ρ ≡ ρ(X)

[[{a | φ}]]ρ ≡ {(sepRep(M), m) | M ρ φ[a := mn]}

M ρ t = s ≡ M ↓ ∧[[t]]ρ = [[s]]ρ

M ρ t ∈ A ≡ M ↓ v ∧ (v, [[t]]ρ) ∈ [[A]]ρ

M ρ ⊥ ≡ ⊥

M ρ φ ∧ ψ ≡ M ↓ 〈M1,M2〉 ∧ (M1 ρ φ) ∧ (M2 ρ ψ)

M ρ φ ∨ ψ ≡ (M ↓ inl(M1) ∧M1 ρ φ) ∨ (M ↓ inr(M1) ∧M1 ρ ψ)

M ρ φ→ ψ ≡ (M ↓ λx. M1) ∧ ∀N. (N ρ φ) → (M1[x := N ] ρ ψ)

M ρ ∃a. φ ≡ M ↓ [t, N ] ∧N ρ φ[a := t]

M ρ ∀a. φ ≡ M ↓ λa. N ∧ ∀t ∈ Tmsc. N [a := t] ρ φ[a := t]

M ρ ∃X. φ ≡ M ↓ [∅, N ] ∧ ∃D ∈ Hλ. N ρ[X:=D] φ

M ρ ∀X. φ ≡ M ↓ λX. N ∧ ∀D ∈ Hλ. N [X := ∅] ρ[X:=D] φ

� oO��tG�¯v.zª�²�¯v³s§{ � t+¸K¥.s¹�¯suo¥is§{ � t4t+°.¦ m s§yj°.¤�t � s§q4zª�¯s¹©tª¡<x«v.t�yjt'zO¥³s§¥ �
C
oO®HzTq+oyW°³¤�tD´

v.t+¥.{�suo¥��¯t+¤�y
{a | φ}

s§{Gzf{�tD�G®Y¤roy
Hλ
¡ � ¥Äo¤ � t4¤G��o � tD�¯t+¤�yjs§¥.tS�¯v.tTyjt4y l t+¤�{VoO®

C
�

�tdyWz m ¥³t4t � �¯ofÇ � zª¥@��su® m o%©t+¤�zO¦u¦P{�tD�¯{�su¥
Hλ
�>su¥.q4¦ � � s§¥ �

C
¡«x«v.t~�¬�o �O� s§¦¹� m q4¦§z � {�t+{

s§¥"��v.t � t+¸K¥³su�¯suo¥ÈzO¤rtOç

M ρ t ∈ A ≡ M ↓ v ∧ (v, [[t]]ρ) ∈ [[A]]ρ

M ρ ∀X. φ ≡ M ↓ λX. N ∧ ∀D ∈ Hλ. N [X := ∅] ρ[X:=D] φ

¼ o¤ÄtD½³zOyj°.¦utO�~�¯zO�@s§¥ � z � zOsu¥
D ≡ {n | ∀X. n ∈ X}

�S��tc{�t+t8�¯vKz-�
[[D]]ρ ≡

{(sepRep(M), m) |M ρ ∀X. mn ∈ X}
��v³s§qwvas§{]t+Ç � zO¦³��o

{(sepRep(M), m) | ∀C ∈

Hλ. M [X := ∅] ρ mn ∈ C}
¡J�5s§¥.q+t

[[D]]ρ ∈ Hλ
�<su¥�o¤ � t4¤��¯o � t+��t4¤�yjs§¥³tj��v.tD�¯v.t+¤

#$ 



(sepRep(M), m) ∈ [[D]]ρ
�<su�~{�t+t4yj{d�¯v.zª�~�t"zO¦u¤�t4z �³m ¥.t4t � �¯o�vKz'©tf��v.tfsu¥³®Yo¤�yWzª��s§o¥

z l o � ��yjt4y l t4¤r{«oO®
[[D]]ρ

¡ � t4{r°.su��t���v.s§{«®$zOqD�'�³��v.t � t+¸.¥.su��s§o¥"su{«¥.oO�Vq4su¤�q � ¦µzO¤+ç

ØF�k����� )_»$ð�»$ð -¦¥,Q�R^�<R>ËFg�fhOcfmlg7l�§PteR8�"¢£fW¹��%��fh¢£fhOjb¤fonP��Rq¢h¢£�(§}li<g��<R8�%�

ÆÇt~l�l�§�¨
{rtM��v.t�yWt4zO{ � ¤�tÄ® � ¥.qD�¯suo¥
m
��v.suqwvÃ�¯zO�Ot+{�z�q4¦§z � {rtMsu¥��¯v.t � tD¸K¥.s¹�¯s§oO¥�zª¥ �

¤�tD� � ¤r¥.{VzO¥Jt4¦§t+yWt+¥���oO®
N

2 ��su�¯v"��v.t�¦§tD½5suq4o � ¤�zO°.v.suq'zO¦2o¤ � t4¤4ç

m(M ρ φ) = (
Å¬��v.t�¥ � y l t4¤�oO®:q4oyj°.¤�t+v.t4¥³{�s§oO¥È��t4¤ryW{�s§¥

φ,

Å¬{r��¤ � qD� � ¤�zO¦Pq4oyj°.¦utD½5su� m oO®
φ
Æ
)

m([[t]]ρ) = (
Å¬��v.t�¥ � y l t4¤�oO®:q4oyj°.¤�t+v.t4¥³{�s§oO¥È��t4¤ryW{�s§¥

t, 0)

x«v.t+¥��¯v.tjyjt'zO{ � ¤�tWoO®���v.t � tD¸K¥.sut4¥ � � yïsu{SzO¦u��z m { � ¤�t4zª�¯t+¤��¯vKzO¥M�¯v.tWyWt4zO{ � ¤�tjoO®²�¯v³t
� tD¸K¥.s§t+¥.{4¡ � oO��t¶��vKzª�:s§¥��¯v.t¶q4¦§z � {rt4{N®Yo¤P®Yo¤�y � ¦µzO{¢��v.t{��¯¤ � q+� � ¤¯zO¦)q4oOyW°.¦utD½5su� m�� t4q+¤�t'zª{�t4{+�
��v.su¦§t��¯v³t~¥ � y l t4¤VoO®<q4oyj°.¤�t+v.t4¥³{�s§oO¥J��t4¤�yj{ � o)t4{V¥.oO� � ¤�o%�Â¦µzO¤ � t4¤+¡²}hoO¤�t4o%©Ot4¤4�Qs§¥È�¯v³t
� tD¸K¥.su��s§o¥"oª®

[[{a | φ}]]ρ
�Ko¥.t�q4oOyW°.¤rt4v.t+¥.{�suo¥"�¯t+¤�y � su{¯zO°³°2t4zO¤�{+¡

�

� �Vs§{«t'zª{ m �¯oa{rt4t��¯vKz-�V��v.t�{r�¯zO¥ � zO¤ � ¦ut4yjyfzª{�q4oO¥@��s§¥ � t��¯ojv.o¦ � ç

ØF�k����� )_»$ð�»$ð<= ¾>§
M ρ φ Å OhQ�Rqg M ↓

�

ØF�k����� )_»$ð�»$ð �á¾>§
M →∗ N Å O>Q�Rqg M ρ φ

f y
N ρ φ

�

x«v.t4¤rt�s§{o¥.t
¥.t+� � t4yjyWz³�@{r�wz-�¯s§¥ � �¯v.zª�²t+¥@©)su¤�o¥.yjt4¥���{�Åeq+oyjy � �¯tZÆ���su��vf{ � l {r��su� � ´
�¯suo¥.{+ç

ØF�k����� )_»$ð�»$ð .
[[s[a := t]]]ρ = [[s[a := ([[t]]ρ)n]]]

�"g��
M ρ φ[a := t]

f y
M ρ

φ[a := ([[t]]ρ)n]
� Á ¢6n�l Å [[A[X := B]]]ρ = [[A]]ρ[X:=[[B]]ρ]

�"g��
M ρ φ[X := B]

f y

M ρ[X:=[[B]]ρ] φ

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥ � � q+�¯suo¥"o¥È�¯v.t � tD¸K¥.s¹�¯s§oO¥"oO®<¤rt'zO¦us§|4z l s§¦usu� m ¡
�

�O�



�ªEGDFE>æ çá�¬����F¯���ÜL�ÒKk��F®èFÌ
λS

x«v.t«¥.oO¤�yWzO¦§su|'zª��s§o¥�°.¤ro5oO®>su{]¥.oO�]qwvKzO¥ � t � y � qwvaq4oyj°KzO¤rt � ��o
λH

¡:n�t«¥.t4t � ��o�tD½)�¯t+¥ �
�¯v³tS¥³oO�¯suo¥"oO®<zO¥ht+¥�©5su¤�o¥³yWt+¥@�4¡

áB�%º]ñHøYò%ø$ôQñ ),»$ð�»$ðkÔÂÁ g"t+¥�©5su¤�o¥³yWt+¥@� Å �<RqgLlO�R8�^��b ρ Å fon���ËFg�fhO�R�dN�"tuOcfj�"¢q§uikg r Ojfmlg*§ut~lp

V ar ∪ FV ar ∪ SV ar
O�l
λS ∪ Tmsc ∪H

λ
nqi r Q�O>QN�"O

ρ→(V ar) ⊆ λSc, ρ
→(FV ar) ⊆

Tmsc
�"g��

ρ→(SV ar) ⊆ Hλ
�

n�t � t+¸K¥.t
M [ρ]

zO¥ �
φ[ρ]

t+{�{�t+¥��¯sµzª¦§¦ m zO{ l tD®Yo¤�tªç

M [ρ] ≡ M [~x :=
−−→
ρ(x),~a :=

−−→
ρ(a)]

φ[ρ] ≡ φ[~a :=
−−→
ρ(a)]

� oª�¯t��¯vKzª��zO¥ m
ρ
q4zO¥ l t � {�t � zO{z~¤�t4zO¦§su|'z l s§¦§s¹� m t4¥�©)s§¤�oO¥.yWt+¥��'� l@m q+o¥.{�s � t4¤rs§¥ � o¥.¦ m su��{
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Hλ
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ρ

zª¦§{�oT®YoO¤²�¯v.t+{�tSt4¥�©)s§¤�oO¥.yWt+¥��¯{
ρ
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n�t~��¤�su��t
ρ |= Γ ` M : φ

s¹®]®Yo¤
zO¦§¦
(x, φ) ∈ Γ

�
ρ(x) ρ φ[ρ]

zO¥ �
ρ
s§{ � t+¸K¥.t � o¥

FV (Γ,M, φ)
¡ � �«su{²t'zO{ m ��o_{�t+t��¯vKzª��su®

ρ |= Γ `M : φ
�5�¯v³t4¥

M [ρ] ρ φ[ρ]
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Γ ` O : Ψ Å OhQ�RqgT§}ltB�"¢h¢ ρ |= Γ ` O : Ψ Å

M [ρ] ρ Ψ[ρ]
�
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M
�
M ′ s§¥��¯v.ti°³¤�o)oO® � t4¥³oO�¯t+{ M [ρ]
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Γ ` O : Ψ

oO®eç

•
Γ `M : φ

Γ ` λX. M : ∀X. φ
X /∈ FVS(Γ)

x:zO�Ot�zO¥ m
ρ |= Γ ` λX. M : ∀X. φ

¡ n�t�¥.t4t � ��oE{rv.o%���¯vKz-�"®Yo¤ÈzO¦§¦
D
�

M [ρ][X := ∅] ρ[X:=D] φ[ρ]
¡·x:zO�OtÄzO¥ m { � qwv

D
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ρ′ = ρ[X := D]
¡
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ρ′ |= Γ ` M : φ

�N{�o l@m ��v.tas§¥ � � q+��s§o¥�v m °2oO��v.t4{rs§{+�
M [ρ′] ρ′ φ[ρ′]
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M [ρ][X := ∅] = M [ρ′]
zO¥ �

φ[ρ′] = φ[ρ]
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•
Γ `M : ∀X. φ

Γ `M A : φ[X := A]

x:zO�Otazª¥ m
ρ |= Γ ` λX. M : ∀X. φ
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ρ |= Γ ` M : ∀X. φ

¡�ã m �¯v.t
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M ′ ↓ λX. N
zO¥ � ®Yo¤�zO¦u¦

D
�
N [X := ∅] ρ[X:=D] φ

¡ � ¥
°Kzª¤r�¯suq � ¦§zO¤4�Q�wzO�@su¥ �

D = [[A]]ρ
�
N [X := ∅] ρ[X:=[[A]]ρ] φ
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N [X := ∅] ρ φ[X := A]
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M A[ρ] = M ′ ∅ →∗ (λX. N) ∅ → N [X :=

∅]
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•
Γ `M : φ[X := A]

Γ ` [A,M ] : ∃X. φ

x:zO�OtjzO¥ m
ρ |= Γ ` [A,M ] : ∃X. φ
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D
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M ′

ρ[X:=D] φ
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M ′
ρ φ[X := A]
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•
Γ `M : ∃X. φ Γ, x : φ ` N : ψ

Γ ` lets [X, x : φ] := M in N : ψ
X /∈ FVS(Γ, ψ)

x:zO�Ot�zª¥ m
ρ |= Γ ` lets [X, x : φ] := M in N : ψ

¡<ã m ��v.t²su¥ � � qD�¯s§oO¥Tv m °QoO��v.t4{rs§{4�

M ′
ρ ∃X. φ[ρ]
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M ′ ↓ [∅,M1]
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D
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M1 ρ[X:=D] φ
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lets [X, x] := M in N →∗ lets [X, x] := [∅,M1] in N ′ → N ′[x := M1]
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N ′[x := M1] ρ ψ
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ρ′ ≡ ρ[X :=

D, x := M1]
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ρ′ |= Γ, x : φ ` N : ψ
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N [ρ′] ρ′ ψ[ρ′]
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X /∈ FVS(ψ)
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N [ρ′] ρ ψ[ρ]
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N [ρ′] = N ′[x := M1]
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Γ `M : 0 ∈ A ∧ ∀n. n ∈ A→ S(n) ∈ A

Γ ` ind(t,M) : t ∈ A
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•
Γ `M : φ[a := t]

Γ ` sepRep(t,M) : t ∈ {a | φ}

x:zO�OtdzO¥ m
ρ |= Γ ` sepRep(t,M) : t ∈ {a | φ}
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M ′
ρ φ

′[a := t[ρ]]
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M ′
ρ φ

′[a := ([[t[ρ]]]ρ)n]
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•
Γ `M : t ∈ {a | φ}

Γ ` sepProp(t,M) : φ[a := t]

x:zO�Ot�zO¥ m
ρ |= Γ ` sepProp(t,M) : φ[a := t]
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M ′ ↓ v
zO¥ �

(v, [[t[ρ]]]ρ) ∈ [[{a | φ}]]ρ
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N
�

v = sepRep(N)
zO¥ �

N ρ φ[a := ([[t[ρ]]]ρ)n]
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sepProp(M ′) →∗

sepProp(sepRep(N)) → N
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su��su{«°2oO{�{�s l ¦§t
�¯oWzO°.°.¦ m o � ¤«yjt+��v.o � {VzO¦§{roT�¯o ��»¢¼

C

�>zO{²�tS{�v.o%�·su¥h�5t4qD�¯s§oO¥hý.¡ú�5¡
�5s§yjs§¦§zO¤�¦ m ��o �
� �2��{royjth�¯t+¤�yj{foO® ��»¢¼

R

zª¤�t�°.zO¤¯zOyjt+��t4¤rs§|4t ��l�m ®YoO¤�y � ¦§zO{4¡�n�t
�¯v³t4¤�tD®Yo¤�t � t+¸K¥³tf�¯t+¤�yj{TzO¥ � ®Yo¤�y � ¦µzO{~zª�S�¯v.ti{�zOyjtW�¯suyWtª� l�m y � � � zO¦¶s§¥ � � q+�¯suo¥8zª¥ �
�¯v³t�®YoO¦§¦§o%��su¥ � z l {��¯¤�zOq+� � ¤�zOyWyWzO¤+ç

t ::= a | ∅ | {t, t} | ω |
⋃

t | P (t) | S
a, ~f. φ(a, ~f)(t,~t) | Ra,b, ~f . φ(a,b, ~f)(t,~t)

φ ::= ⊥ | t ∈ t | t = t | t ∈I t | φ ∨ φ | φ ∧ φ | φ→ φ | ∀a. φ | ∃a. φ

x«v.tV�¯t4¤ryW{
S
a, ~f. φ(a, ~f)(t,

~t)
zO¥ �

R
a,b, ~f. φ(a,b, ~f)(t,

~t)
q+o � ¦ �Wl t � su{�°.¦§z m t � yjo¤rtV®$zOyjs§¦usµzO¤r¦ m

zO{
{c ∈ t | φ(c,~t)}

zO¥ �
{c | (∀x ∈ t∃!y. φ(x, y,~t))∧(∃x ∈ t. φ(x, c,~t))}

�¤�t+{�°Qt4q+��su©Ot4¦ m �
��v.t+¤�t

∃!y. φ
su{�zO¥�z l.l ¤�tD©ªzª�¯suo¥i®Yo¤Å¬��v.t4¤rt�tD½5s§{��¯{�tD½³zOqD�¯¦ m o¥.t

y
{ � qwvh�¯v.zª�

φ
Æ¯¡

x«v.ta¤ � ¦ut4{�oO®��¯v³ta¸.¤�{r��´¬o¤ � t4¤�¦uo � suqT¤�t+yfzOsu¥ � ¥.qwvKzª¥ � t � ¡_x«v.tfz/½³suoyj{G®Yo¦§¦uo%���2��su��v

S(t)
z l.l ¤�tD©)sµzª��s§¥ �

t ∪ {t, t}
¡

•
É �e��Ê

∀a, b. a ∈ b↔ ∃c. c ∈I b ∧ a = c

•
É �43SÊ

∀a, b. a = b↔ ∀d. (d ∈I a→ d ∈ b) ∧ (d ∈I b→ d = a)

�$&



•
É � }�� x�� Ê

∀c. c ∈I ∅ ↔ ⊥

•
É � �
�e�GÊ

∀a, b∀c. c ∈I {a, b} ↔ c = a ∨ c = b

•
É �e�G¼ Ê

∀c. c ∈I ω ↔ c = 0 ∨ ∃b ∈ ω. c = S(b)

•
É � � �

φ(a, ~f)

Ê
∀~f∀a∀c. c ∈I Sa, ~f. φ(a, ~f)(a,

~f) ↔ c ∈ a ∧ φ(c, ~f)

•
É ¨ �V�����GÊ ç

∀a∀c. c ∈I
⋃
a↔ ∃b ∈ a. c ∈ b

•
É � � n ���GÊ

∀a∀c. c ∈I P (a) ↔ ∀b. b ∈ c→ b ∈ a

•
É �
� � �

φ(a,b, ~f)

Ê
∀~f, a∀c. c ∈I Ra,b, ~f . φ(a,b, ~f)(a,

~f) ↔ (∀x ∈ a∃!y. φ(x, y, ~f)) ∧

(∃x ∈ a. φ(x, c, ~f))

•
É �e�G�

φ(a, ~f)

Ê
∀~f.(∀a.(∀b ∈I a. φ(b, ~f)) → φ(a, ~f)) → ∀a. φ(a, ~f)

Û�9¢ò}�5ñ��'øYôQñ���
$øBòq�Ê�Kñ:õ�Ð�3�í
R

x«v.t+¤�tazO¤rtT�¬��oÈz-½5suoyW{
{�t+t4yjs§¥ � ¦ m yjs§{r{�su¥ � ®Y¤roy ��»¢¼
R

¡�x«v.tT¸K¤r{r��o¥³t_s§{
��v.t � t4s l ¥.s§|
z-½5s§oOyÎ{�qwv³t4yWz³ç

(
�
φ) ∀a, b, ~f . a = b ∧ φ(a, ~f) → φ(b, ~f)

x«v.t�{�t+q4o¥ � s§{ � ½)�¯t+¥.{�suo¥KzO¦usu� m ç

É ��5 x Ê
∀a, b. a = b↔ ∀c. c ∈ a↔ c ∈ b

x«v.t+s§¤È°.¤�t+{�t+¥.q4t8su¥�{rt+�J�¯v.t+o¤�sut4{Ès§{"��v.t�¤rt'zO{ro¥�®YoO¤Jsu¥.q4oO¤�°Qo¤¯zª��s§o¥�oª®d�¯v³t�¤rt4¦µz-�¯s§oO¥KzO¦
{ m y l o¦

∈I
su¥Jo � ¤�¦§o � suq�zO¦§oO¥ � ��su��v É �e��Ê zO¥ � É �43�Ê z/½³suoyj{4¡�n�t���s§¦u¦¢¥.o%��{rv.o%�·�¯vKz-�

l oO�¯v � t+s l ¥.su|fzª¥ � � ½5��t4¥.{rs§o¥.zO¦§s¹� m z-½5s§oyj{dq4zO¥ l t � t4¤rsu©Ot � ¡�}Jo¤�t+o/©Ot4¤+���ti{rvKzO¦§¦¶{�t+t
�¯v.zª�²�¯v³t�¤�t4{���oO®N�¯v.t�z-½5s§oyj{�oO® ��»¢¼

R

v.o¦ � ��su�¯v
∈I
¤�t+°.¦µzOq+t �"l�m ��v.t�yjo¤�tV®$zOyWsu¦§s§zO¤

∈
¡

x«v.t+¤�t+®YoO¤�tO�.z � {�t+¤«oO®No � ¤²°³¤�t4{rt4¥��wz-�¯s§oO¥"oO® ��»¢¼
R

� o5t+{²¥.oO�«¥³t4t � ��od��oO¤�¤ m z l o � �
∈I
�.zª{

�¯v³tS{��wzO¥ � zO¤ � °.¤rt4{�t+¥��wzª��s§o¥Js§{ � t+¤�s¹©Oz l ¦§tª¡
¼ ¤�oyÀ¥.o%�·o¥"su¥i�¯v.su{²{�t+q+��s§o¥¢�5��t��o¤��isu¥ ��»¢¼

R

¡ x«v.t�®Yo¦§¦uo%��s§¥ � {�t4Ç � t+¥.q4t~oO®H¦§t+ya´
yWzO{�t4{��wz l ¦us§{rv.t4{���vKzª��t4Ç � zª¦§su� m zO¥ � yjt4y l t4¤r{�v.su° l t4v.z%©OtWsu¥Ä�¯v.taq+o¤�¤rt4q+����z m ¡j�)�¯zª�¯tZ´
yjt4¥��¯{~{�s§yjs§¦§zO¤�s§¥�{�°.su¤�s¹�dzª¤�tizª¦§{�oh°.¤�o%©Ot � s§¥M�¯v.tWq4o¥���tD½)�_oO®Vã�o)o¦ut'zO¥5´�©ªzO¦ � t � yWo � t4¦u{4¡

�"#



��� ¤��¯¤rt'zª��yWt+¥���{�¦§s � v��¯¦ m {rs§yj°.¦§s¹¸Kt4{V�¯v.ta{��wzO¥ � zO¤ � °.¤rt4{�t+¥��wzª��s§o¥ l�m z'©os � s§¥ � �¯v.ta¥.t+t �
®Yo¤«y � � � zO¦6s§¥ � � q+�¯suo¥¢¡

ØF�k����� )_»uþ,»$ð Ã�lt��"¢h¢
a Å a = a

�

ÆÇt~l�l�§�ã m
∈
´¬su¥ � � qD�¯suo¥Èo¥

a
¡¶x:zO�Ot~zO¥ m

b ∈I a
¡�ã m �¯v.t�su¥ � � qD�¯s§oO¥Jv m °QoO�¯v.t+{�su{4�

b = b
�

{�oWzO¦u{�o
b ∈ a

¡
�

×~ô>ó-ô�
j
j�³ó�� ),»uþ,»uþ ¾>§
a ∈I b Å OhQ�Rqg a ∈ b

�

ØF�k����� )_»uþ,»�) Ã�lt��"¢h¢
a, b Å f § a = b Å OhQ�Rqg b = a

�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � ¡
�

ØF�k����� )_»uþ,»È2 Ã�lt��"¢h¢
b, a, c Å f § a = b

�"g��
b = c Å O>Q�Rqg a = c

�

ÆÇt~l�l�§cã m
∈
´¬su¥ � � qD�¯suo¥�o¥

b
¡ ¼ su¤�{r���¯zO�OtWzO¥ m

d ∈I a
¡fã m

a = b
�
d ∈ b

�H{�oÈ�¯v.t+¤�tas§{

e ∈I b
{ � qwvJ��vKzª�

d = e
¡�ã m

b = c
�
e ∈ c

�.{�o_�¯v³t4¤�t�su{
f ∈I c

{ � qwvÈ�¯vKzª�
e = f

¡ ã m ��v.t
s§¥ � � q+��s§o¥"v m °QoO�¯v.t+{�su{V®Yo¤

e
�
d = f

�.{�o
d ∈ c

¡
x«v.t_oO��v.t4¤ � s§¤�t+q+��s§o¥Äsu{�{ m yjyWtD�¯¤rs§qTzª¥ � °.¤�o)q4t+t � {�®Y¤roy

c
�¯o
a
¡�x:zO�Otazª¥ m

d ∈I c
¡

ã m
b = c

�
d ∈ b

�P{�o"��v.t4¤rt_s§{
e ∈I b

{ � qwvM��vKzª�
d = e

¡Tã m
a = b

�
e ∈ a

�¢{ro"�¯v.t+¤�t_s§{

f ∈I a
{ � qwvh��vKzª�

e = f
¡ x«v.t�su¥ � � qD�¯s§oO¥Jv m °QoO�¯v.t+{�su{ � s¹©t+{²�¯v.t�q4¦§zOs§yJ¡

�

ØF�k����� )_»uþ,» -ÉÃ�lt��"¢h¢
a, b, c Å f § a ∈ c

�"g��
a = b Å OhQ�Rqg b ∈ c

�

ÆÇt~l�l�§��5su¥.q4t
a ∈ c

�¢�¯v³t4¤�t_su{
d ∈I c

{ � qwv¾��vKzª�
a = d

¡~ã m °.¤rt+©)s§o � {�¦§t+yWyWzO{���tjzO¦u{�o
vKz'©t

b = d
�³{�o

b ∈ c
¡

�

ØF�k����� )_»uþ,»�= Ã�lt��"¢h¢
a, b, d Å f § a = b

�"g��
d ∈ a Å OhQ�Rqg d ∈ b

�

ÆÇt~l�l�§�� � °³°2o{rt
d ∈ a

�.�¯v.t+¥J��v.t4¤rt~su{
e
{ � qwvh��vKzª�

e ∈I a
zO¥ �

d = e
¡¶ã m

a = b
�
e ∈ b

¡
ã m � t+yWyWz_û³¡ú�5¡(&)�

d ∈ b
¡

�

��



ØF�k����� )_»uþ,» � Í Û�96ò��)ñ��'øYôQñ��?
[øBòu�1ÐT¾>§1§}lt��"¢h¢
d Å d ∈ a

f y
d ∈ b Å O>Q�Rqg a = b

�

ÆÇt~l�l�§�x:zO�ªtazO¥ m
d ∈I a

¡�ã m £ o¤�oO¦§¦µzª¤ m û³¡ú�5¡ú�
d ∈ a

�2{�o l�m � t+yWyWzfû5¡ �5¡ò#izO¦u{�o
d ∈ b

¡
x«v.t�oO��v.t4¤ � su¤�t4qD�¯suo¥"s§{�{ m yjyWtD�¯¤rs§qO¡

�

� ¦u¦H��v.t_¦§t+yWyWzO{
z l o%©Ot_vKz'©t l t4t4¥¾yjt4qwv.zO¥.s§q4zO¦§¦ m ©t+¤�su¸.t � �¢��s¹�¯vÄ�¯v³tTv.t4¦u°¾oO®¶zf�¯o m
°.¤ro/©Ot4¤���t���¤roO�¯t��¯oatZ½³°Qt4¤rs§yjt4¥�����su��v ��»¢¼

R

¡

ØF�k����� )_»uþ,» . Í Ü^����Ø��)ø>�<ñHøjàC�N9Pø$ô��sÐ7Ã�lt��"g�b�O�Rqtup
t(a, ~f)

�"g��P§}ltup�ik¢W�
φ(a, ~f)

gLlO r lg�OZ�"fhg�fhg<�
∈I Å f § a = b Å O>Q�Rqg t(a, ~f) = t(b, ~f)

�"g��
φ(a, ~f) ↔ φ(b, ~f)

�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � y � � � zO¦¢s§¥ � � q+��s§o¥Èo¥ � t+¥.t4¤�zª�¯suo¥ÈoO®
t
zO¥ �

φ
¡]n�t�{�v.o%��{royjt

¤�t+°.¤�t+{�t+¥@�¯zª�¯s¹©tSq'zO{rt4{+¡ £ zO{rt
t
o¤
φ
oO®eç

•
⋃
t1(a)

¡ � ®
c ∈I

⋃
t1(a)

�H��v.t4¥M®Yo¤�{�oyjt
d
�
c ∈ d ∈ t1(a)

¡iã m ��v.tWsu¥ � � qD�¯suo¥
v m °2oª�¯v.t+{�s§{

t!(a) = t1(b)
�H{�o l�m � t4yjyfzÈû³¡ú�5¡ò#

d ∈ t1(b)
�:{�o

c ∈I
⋃
t1(b)

zO¥ �
l�m £ oO¤�o¦u¦µzO¤ m û5¡ �5¡ú�TzO¦u{�o

c ∈
⋃
t1(b)

¡�x«v.t�oª�¯v.t+¤ � s§¤rt4q+��s§o¥fs§{²{ m yjyjt+�¯¤rs§q�zª¥ �"l�m
��v.t É �43�Ê z-½5s§oyÀ��t � t+�

t(a) = t(b)
¡

• Sa, ~f . φ(a, ~f)(t1(a), ~u(a))
¡ � ®

c ∈I Sa, ~f . φ(a, ~f)(t1(a), ~u(a))
�«��v.t4¥

c ∈ t1(a)

zO¥ �
φ(c, ~u(a))

¡�ã m �¯v.t�s§¥ � � q+�¯suo¥�v m °2oª�¯v.t+{�s§{+�
t1(a) = t1(b)

�
~u(a) = ~u(b)

�
zO¥ � �¯v � {

φ(c, ~u(b))
zO¥ �

c ∈ t1(b)
�:{�o

c ∈I Sa, ~f . φ(a, ~f)(t1(b), ~u(b))
zO¥ � zO¦u{�o

c ∈ S
a, ~f
. φ(a, ~f)(t1(b), ~u(b))

¡

• t(a) ∈ s(a)
¡«ã m ��v.t~su¥ � � qD�¯suo¥hv m °QoO�¯v.t+{�su{4�

t(a) = t(b)
zª¥ �

s(a) = s(b)
¡²x«v � {

l�m � t4yjyWz_û³¡ �)¡6#
t(a) ∈ s(b)

zO¥ �Jl@m � t+yWyWz_û³¡ú�5¡6&
t(b) ∈ s(b)

¡

• ∀c. φ(c, a, ~f)
¡�x<zª�Ot¾zO¥ m

c
�«�tÄvKz'©t

φ(c, a, ~f)
�V{ro l�m su¥ � � qD�¯s§oO¥�v m °QoO��v.t4{rs§{

φ(c, b, ~f)
�K{�o

∀c. φ(c, b, ~f)
¡

�

ØF�k����� )_»uþ,»�Ô Ã�lt��"g�b{O�Rqtqp
tA(~a) Å c ∈ tA(~a)

f y
φA(c,~a)

�

ÆÇt~l�l�§�x«v.t_¤rs � v���´Ì�¯o-´¬¦§tD®B� � s§¤rt4q+��s§o¥h®Yo¦§¦uo/��{
s§yjyWt � sµz-�¯t4¦ m"l�m £ o¤ro¦§¦§zO¤ m û³¡ú�5¡ú�5¡ ¼ o¤G�¯v³t
¦§tD®B�r´��¯oª´Ì¤�s � v@� � s§¤rt4q+��s§o¥6��{ � °.°Qo{rt

c ∈ tA(~a)
¡]x«v.t4¥W�¯v.t+¤�tVs§{

d
{ � qwvi��vKzª�

d ∈I tA(~a)
zO¥ �

c = d
¡ x«v³t4¤�tD®Yo¤�t

φA(d,~a)
v³o¦ � {�zO¥ �il�m �¯v.t � t+s l ¥³s§|�z/½³suoy �t�zO¦§{ro � tD�

φA(c,~a)
¡

�

�"!



ØF�k����� )_»uþ,»$ð:Ö Ã�lt��"g�b��}�$fmlp
A
l�§ª¾�6,Ã

R Å ¾�6,Ã R` A[∈I :=∈]
�

ÆÇt~l�l�§ � t+yWyWzSû³¡ �)¡6 �{�v.o%��{���v.tVq4¦µzªs§yÁ®Yo¤zO¦u¦.�¯v.t
z-½5s§oyj{¶zO°KzO¤��®Y¤roy
∈
´ � ¥ � � q+��s§o¥¢¡ �5o

{ � °.°2oO{�t
∀a. (∀b ∈ a. φ(b, ~f)) → φ(a, ~f)

¡]n�tG¥.t+t � ��oT{�v.o%�
∀a. φ(a, ~f)

¡]n�t
°.¤�o)q4t+t �
l�m

∈I
´¬s§¥ � � q+��s§o¥�o¥

a
¡ � �d{ � �jq4t4{S�¯oÈ{�v³o/�

∀c. (∀d ∈I c. φ(d, ~f)) → φ(c, ~f)
¡jx<zª�Ot

zO¥ m
c
zO¥ � { � °.°Qo{rt

∀d ∈I c. φ(d, ~f)
¡<n�t
¥.t+t � �¯od{rv.o%�

φ(c, ~f)
¡<x<zO�ªt

a
��o l t

c
su¥j��v.t

zO{r{ � yj°³�¯suo¥¢�5{�o_su��{ � �jq+t4{²�¯o_{rv.o%����vKzª�
∀b ∈ c. φ(b, ~f)

¡ x:zO�ªt�zO¥ m
b ∈ c

¡ x«v³t4¥"�¯v.t+¤�t
s§{
e ∈I c

{ � qwvh��vKzª�
e = b

¡�ã m ��v.t~su¥ � � qD�¯suo¥Èv m °QoO�¯v³t4{�su{
φ(e, ~f)

v³o¦ � {VzO¥ � v.t+¥.q4t l�m
�¯v³t � t+s l ¥.su|�z-½5s§oyÀ��t � tD�

φ(b, ~f)
�.��v³s§qwvJ{�v.o%��{��¯v.t�q4¦§zOs§yJ¡

�

x«v.t4¤rt+®Yo¤rt�z � {�t+¤ oO® ��»¢¼
R

q4zO¥_s � ¥.o¤�t¶�¯v.t
∈I
{ m y l o¦³zO¥ � �¯v.zO¥.�@{]�¯o � t4yjyWz�û³¡ú�5¡ ù �

� {rtS��v.t
∈I
´�®Y¤�t+t�z-½5s§oyWzª�¯su|'zª��s§o¥6¡

Ü��	�ÄÓ+�:��
j�.÷$�k�;�5ñQò¤�N9NøYô@�

� yjo¤rt®$zOyjs§¦usµzO¤6®YoO¤�y � ¦§zª�¯suo¥SoO® � t4°.¦§zOq4t+yWt+¥@�]q4o � ¦ �Tl tOç¢Å ¼ o¤:zO¦§¦ ~F ,A �ªsu®K®Yo¤:zO¦u¦ x ∈ A

�¯v³t4¤�t_su{�tD½³zOqD�¯¦ m o¥.t
y
{ � qwv��¯v.zª�

φ(x, y, ~F )
v.o¦ � {4�¢��v.t4¥¾�¯v³t4¤�t_su{�z"{�tD�

D
{ � qwv��¯v.zª�

∀x ∈ A∃y ∈ D. φ(x, y, ~F )
zO¥ � ®Yo¤GzO¦§¦

d ∈ D
�¯v.t+¤�t_s§{

x ∈ A
{ � qwv¾�¯v.zª�

φ(x, d, ~F )
Æw¡

� t+� ��v.s§{]®Yo¤ry � ¦§zª�¯suo¥ToO® � t4°.¦§zOq4t+yWt+¥@� l t�q'zO¦u¦§t � É �V� � � �
φ

Ê ��¦ut+� É
Rφ

Ê l t«�¯v³t���t4¤rya´�®Y¤�t4t
{r�¯zª�¯t+yWt+¥��
oª®<o � ¤ � t+°.¦µzOq+t4yjt4¥��
z-½5s§oyJ�5��vKzª��su{4ç
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let [a, x : φ] := [t,M ] in N → N [a := t][x := M ]

axProp(t, ~u, axRep(t, ~u,M)) →M

ind
a, ~f. φ(a, ~f)(M,~t) → λc. M c (λb.λx : b ∈I c. ind

a, ~f. φ(a, ~f)(M,~t) b)

� ¥J��v.t�¤�t � � q+��s§o¥J¤ � ¦§t4{²®YoO¤
ind

�¯t+¤�yj{4�.��v.t�©Ozª¤�sµz l ¦§t
x
s§{«¥³t+��¡

x«v.tSt+©ªzO¦ � zª�¯suo¥iq4oO¥@��tD½)�¯{
q4o¥���s§¥ � t��¯o � t+{�q4¤rs l t��¯v.t�¦µzª| m tD©ªzO¦ � z-�¯s§oO¥"o¤ � t+¤4ç

[◦] ::= fst([◦]) | snd([◦]) | case([◦], x.N, x.O)

axProp(t, ~u, [◦]) | let [a, x : φ] := [◦] in N | [◦] M | magic([◦])

x«v.tT©ªzO¦ � t4{Goª®
λZ

zª¤�t � t+¥.t4¤�zª�¯t �¾l�m ��v.td®Yo¦u¦§o%��s§¥ � z l {��¯¤�zOq+� � ¤¯zOyjyfzª¤4�K��v.t4¤rt
M

s§{�zª¥�zO¤ l su��¤¯zO¤ m ��t4¤ryh¡

V ::= λa. M | λx : φ. M | inr(M) | inl(M) | [t,M ] | 〈M,N〉 | axRep(t, ~u,M)

x«v.td� m °Qt_{ m {r��t4yà®YoO¤
λZ

®Yo¦u¦§o%��{4¡Vx m °Qt4{SzO¤rt ��»¢¼
R

®Yo¤�y � ¦µzO{+�6zª¥ � �¯t+¤�yj{�zO¤rt
λZ

�¯t+¤�yj{4¡ £ oO¥@��tD½)�¯{
Γ
zO¤�t�¸K¥.s¹�¯tV{�tD�¯{�oª®¢°KzOsu¤�{

(xi, φi)
¡]x«v³t
¸K¤r{r�{�t+��oO®¢¤ � ¦§t+{q+o¤�¤rt4{r°2o¥ � {

�¯o_��v.t�¸K¤�{��r´¬oO¤ � t+¤V¦uo � suqO¡

Γ, x : φ ` x : φ

Γ `M : φ→ ψ Γ ` N : φ

Γ `M N : ψ

Γ, x : φ `M : ψ

Γ ` λx : φ. M : φ→ ψ

Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

Γ `M : φ ∧ ψ

Γ ` fst(M) : φ

Γ `M : φ ∧ ψ

Γ ` snd(M) : ψ

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x : φ. N, x : ψ. O) : ϑ

Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVF (Γ)

Γ `M : ∀a. φ

Γ `M t : φ[a := t]

Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ

Γ `M : ⊥
Γ ` magic(M) : φ

Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FVF (Γ, ψ)

x«v.t�¤�t+{r�
oO®H�¯v.t�¤ � ¦§t4{«q+o¤�¤rt4{r°2o¥ � �¯o ��»¢¼
R

z-½5s§oyj{4ç

!Oý



Γ `M : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

Γ ` eqRep(t, u,M) : t = u

Γ `M : t = u
Γ ` eqProp(t, u,M) : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

Γ `M : ∃c. c ∈I u ∧ t = c

Γ ` inRep(t, u,M) : t ∈ u
Γ ` t ∈ u

Γ ` inProp(t, u,M) : ∃c. c ∈I u ∧ t = c

Γ `M : φA(t, ~u)

Γ ` axRep(t, ~u,M) : t ∈I tA(~u)

Γ `M : t ∈I tA(~u)

Γ ` axProp(t, ~u,M) : φA(t, ~u)

Γ `M : ∀c. (∀b. b ∈I c→ φ(b,~t)) → φ(c,~t)

Γ ` ind
a, ~f . φ(a, ~f)(M,~t) : ∀a. φ(a,~t)

� {�tD½5°Qt4qD�¯t � �Q�t�vKz'©t��¯v.t�q4oO¤�¤�t+{�°Qo¥ � t+¥.q4t l tD�¬��t+t4¥ ��»¢¼
R

zO¥ �
λZ
ç

ØF�k����� )_»uþ,»$ð<) ¾>§
Γ ` O : φ

O>Q�Rqg�¾�6,Ã
R+rg(Γ) ` φ Å �1Q�Rqt~R rg(Γ) = {φ | (x, φ) ∈

Γ}
�â¾>§{¾�6,Ã

R+Γ ` φ Å OhQ�Rqg�O>Q�Rqt~R�RG�$fonqOhnT�ÊO�Rqtup M
nqi r QsO>QN�"O

Γ ` M : φ Å �1Q�Rqt~R

Γ = {(xφ, φ) | φ ∈ Γ}
�

ÆÇt~l�l�§�ãoO�¯v"°Kzª¤r�¯{®Yo¦§¦uo/� l@m t'zª{ m su¥ � � qD�¯suo¥fo¥i��v.t�°.¤ro5oª®e¡]x«v.tG¸K¤r{r��°Kzª¤r�²su{�{��¯¤¯zªs � v��r´
®Yo¤��²zO¤ � �K�¯o � t+����v.t~q+¦µzOsuyÎ{rs§yj°.¦ m t4¤¯zª{�t~��v.t�¦µzOy l2� zT��t4¤�yj{«®Y¤�oy¿��v.tS°.¤�o)oO®H�¯¤�t+tO¡ ¼ o¤
�¯v³tS{rt4q+o¥ � °.zO¤r�4�³��tS{�v³o/���¯t+¤�yj{
zª¥ � �¯¤�t+t4{Vq4o¤r¤�t+{�°Qo¥ � su¥ � �¯o ��»¢¼

R

z-½5s§oOyW{+ç

•
� tD�

φ
l tåo¥.tcoO®j�¯v.t ��»¢¼

R

z-½5s§oOyW{�zO°.zO¤r�¾®Y¤roy
∈
´ � ¥ � � q+��s§o¥¢¡ x«v.t+¥

φ =

∀~a. ∀c. c ∈I tA(~a) ↔ φA(c,~a)
®YoO¤a��v.tJz-½5s§oy É ��Ê ¡ � t4q'zª¦§¦���vKzª�

φ1 ↔ φ2

su{
zO¥8z l.l ¤rt+©)sµzª��s§o¥�®Yo¤

(φ1 → φ2) ∧ (φ2 → φ1)
¡ � t+�

T
l tW��v.tf®Yo¦u¦§o%��s§¥ � °³¤�o)oO®

��¤�t4tªç
Γ, x : φA(c,~a) ` x : φA(c,~a)

Γ, x : φA(c,~a) ` axRep(c,~a, x) : c ∈I tA(~a)

Γ ` λx : φA(c,~a). axRep(c,~a, x) : φA(c,~a) → c ∈I tA(~a)

� t+�
M ≡ 〈λx : c ∈I tA(~a). axProp(c,~a, x), λx : φA(c,~a). axRep(c,~a, x)〉

¡
x«v.t+¥h��v.t�®Yo¦§¦uo%��s§¥ � °³¤�o)oO®:��¤�t+tS{rv.o%��{V��v.t�q4¦§zOs§yJç

Γ, x : c ∈I tA(~a) ` x : c ∈I tA(~a)

Γ, x : c ∈I tA(~a) ` axProp(c,~a, x) : φA(c,~a)

Γ ` λx : c ∈I tA(~a). axProp(c,~a, x) : c ∈I tA(~a) → φA(c,~a) T

Γ `M : c ∈I tA(~a) ↔ φA(c,~a)

Γ ` λ~aλc.M : ∀~a. ∀c. c ∈I tA(~a) ↔ φA(c,~a)

!%&



•
� tD�

φ
l t���v.t

∈
´Ìs§¥ � � q+�¯suo¥·z/½³suoyJ¡ � tD�

M = λ~fλx : (∀a.(∀b. b ∈ a →

ψ(b, ~f)) → ψ(a, ~f)). ind
ψ(a, ~f)(

~f, x)
¡<x«v³t²®Yo¦§¦uo/��su¥ � °³¤�o)oO®K�¯¤rt4t²{rv.o%��{���v.t²q+¦µzOsuyhç

Γ, x : ∀a.(∀b. b ∈I a→ ψ(b, ~f)) → ψ(a, ~f) ` x : ∀a.(∀b. b ∈I a→ ψ(b, ~f)) → ψ(a, ~f)

Γ, x : ∀a.(∀b. b ∈I a→ φ(b, ~f)) → ψ(a, ~f) ` indψ(a, ~f)(
~f, x) : ∀a. ψ(a, ~f)

Γ `M : ∀~f.(∀a.(∀b. b ∈I a→ ψ(b, ~f)) → ψ(a, ~f)) → ∀a. ψ(a, ~f)

�

�ªEZYJEj� «©¬?�]�I,¬<Kk��I_M·FÌ
λZ

x«v.tV°.¤�oO°2t+¤r�¯sut4{¶zO¤rtVtZ½)�¯t4¥ � t � ®Y¤roy
λH

s§¥WzO¥Wt+¥��¯s§¤rt4¦ m °.¤rt � suq+�wz l ¦§t«��z m ¡ � oO��t«�¯vKzª���t
� oS¥.oO��vKz'©OtV��oS�o¤�¤ m z l o � ���¯v³t

=ω

¤�t4¦§zª�¯suo¥azO¥ m yWoO¤�tO� l t4q4z � {�t��¯v³t4¤�tVzO¤rt�¥.o~¥ � y l t+¤
�¯t+¤�yj{�zO¥ � q4o¤r¤�t+{�°Qo¥ � su¥ � ¤�t � � q+��s§o¥J¤ � ¦ut4{«su¥È��v.t�¦§o � s§qO¡

ØF�k����� )_»uþ,»$ð%2âÍ Ð+ñ@Ñ��)ó�'øYôQñ�Ð7Ó�i�d%d�l�n�R
Γ ` Q : Ψ

�*Ó�i�d%d�l�n�R
Q
fon�l�§POhQ�RF§}ltup{Ä

• inRep(t, u,M)
�{¥,Q�Rqg

Ψ = t ∈ u
�"g��

Γ `M : ∃c. c ∈I u ∧ t = c
�

• inProp(t, u,M)
�¶¥,Q�Rqg

Ψ = ∃c. c ∈I u ∧ t = c
�"g��

Γ `M : t ∈ u
�

• eqRep(t, u,M)
��¥,Q�Rqg

Ψ = t = u
�"g��

Γ ` M : ∀d. (d ∈I t → d ∈ u) ∧ (d ∈I

u→ d ∈ t)
�

• eqProp(t, u,M)
�s¥,Q�Rqg

Ψ = ∀d. (d ∈I t → d ∈ u) ∧ (d ∈I u → d ∈ t)
�"g��

Γ `M : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)
�

• axRep(t, ~u,M)
�¶¥,Q�Rqg

Ψ = t ∈I tA(~u)
�"g��

Γ `M : φA(t, ~u)
�

• axProp(t, ~u,M)
�¶¥,Q�Rqg

Ψ = φA(t, ~u)
�"g��

Γ `M : t ∈I tA(~u)
�

• ind
a, ~f . φ(a, ~f)(M,~t)

�É¥,Q�Rqg
Ψ = ∀a. φ(a,~t)

�"g��
Γ ` M : ∀c. (∀b. b ∈I c →

φ(b,~t)) → φ(c,~t)
�

ØF�k����� )_»uþ,»$ð - Í ×^�KñNô2ñHø$÷$��
Ç�Ìô>ó�Ê�Ð;Ó�i�d%d�l�n�R
Q
fon��Bv�"¢£i�R Å ` Q : Ψ

�"g��
Ψ
fon{l�§

OhQ�RF§}ltqp{Ä

!$#



• t ∈I tA(~u)
�¶¥,Q�Rqg

Q = axRep(t, ~u,M)
�

• t ∈ tA(~u)
�{¥,Q�Rqg

Q = inRep(t, ~u,M)
�

• t = u
�¶¥,Q�Rqg

Q = eqRep(t, u,M)
�

x«v.t�°.¤ro°2oO{�su��s§o¥.zO¦6zª¥ � ¸K¤�{��r´¬oO¤ � t+¤V� � l {��¯su� � �¯suo¥ � t4yjyfzª{²q4o¥���s§¥ � t��¯o_v.oO¦ � �³��o � tD�¯v.t+¤
��su��v"n�t4zO�Ot+¥.s§¥ � ¡

ØF�k����� )_»uþ,»$ð<=`Í Ù¢ö��L×��)÷OòWÓ��5õHöH÷Oò/ø$ôQñFØ<ÕSó��k���)ó�ÑN�³ò/øYô2ñÒÐ©¾>§
Γ ` P : Ψ

�"g��
P →

Q Å O>Q�Rqg Γ ` Q : Ψ
�

ÆÇt~l�l�§�ã m su¥ � � qD�¯suo¥fo¥W�¯v.t � t+¸K¥³su�¯suo¥foª®
O → P

¡ � { � { � zO¦��@��tG{�v.o%���¯v.tG¥.t+�Ãq'zª{�t4{+¡
£ zO{rt

O → P
oO®eç

• axProp(t, ~u, axRep(t, ~u,M1)) →M1

¡ x«v.t~°³¤�o)oO®N�¯¤�t+t�y � {r�Vt+¥ � ��s¹�¯v¢ç

Γ `M1 : φA(t, ~u)

Γ ` axRep(t, ~u,M1)) : t ∈I tA(~u)

Γ ` axProp(t, ~u, axRep(t, ~u,M1)) : φA(t, ~u)

x«v.t�q+¦µzOsuyÀ®Yo¦u¦§o%��{«s§yjyjt � s§zª�¯t+¦ m ¡

• ind
a, ~f . ψ(a, ~f)(M1,~t) → λc. M1 c (λb.λx : b ∈I c. ind

a, ~f. ψ(a,~b)(M1,~t) b)
¡"x«v.t

°.¤ro5oª®:��¤�t4t�y � {r��t4¥ � ��s¹�¯v¢ç

Γ `M1 : ∀c. (∀b. b ∈I c→ ψ(b,~t)) → ψ(c,~t)

Γ ` ind
a, ~f. ψ(a, ~f )(M1,~t) : ∀a. ψ(a,~t)

n�t�qwv.o)o{�t
b, c, x

�¯o l tG®Y¤rt4{�v6¡ã m zO°³°.¦ m s§¥ �
α
´Ìq4o¥�©t+¤�{rs§o¥i�t�q'zO¥ÈzO¦u{�oTo l �wzOsu¥"z

°.¤ro5oª®¶��¤�t+t_oO®
Γ ` M1 : ∀e. (∀d. d ∈I e → ψ(d,~t)) → ψ(e,~t)

�6��v³t4¤�t
{d, e} ∩

{b, c} = ∅
¡ x«v.t+¥ l�m n�t'zO�ªt4¥.su¥ � ��t � t+�

Γ, x : b ∈I c `M1 : ∀e. (∀d. d ∈I e→

ψ(d,~t)) → ψ(e,~t)
�>{�ofzO¦§{ro

Γ, x : b ∈I c ` ind
a, ~f . ψ(a,~b)(M1,~t) : ∀a. ψ(a,~t)

¡ � tD�
��v.t�°.¤�o)oO®N�¯¤rt4t

T
l t � t+¸K¥.t � zª{4ç

Γ, x : b ∈I c ` ind
a, ~f. ψ(a,~b)(M1,~t) : ∀a. ψ(a,~t)

Γ, x : b ∈I c ` ind
a, ~f. ψ(a,~b)(M1,~t) b : ψ(b,~t)

Γ ` λx : b ∈I c. inda, ~f . ψ(a,~b)(M1,~t) b : b ∈I c→ ψ(b,~t)

Γ ` λb.λx : b ∈I c. ind
a, ~f. ψ(a,~b)(M1,~t) b : ∀b. b ∈I c→ ψ(b,~t)

!��



x«v.t+¥h��v.t�®Yo¦§¦uo%��s§¥ � °³¤�o)oO®:��¤�t+tS{rv.o%��{V��v.t�q4¦§zOs§yJç

Γ `M1 : ∀c. (∀b. b ∈I c→ ψ(b,~t)) → ψ(c,~t)

Γ `M1 c : (∀b. b ∈I c→ ψ(b,~t)) → ψ(c,~t) T

Γ `M1 c (λb.λx : b ∈I c. ind
a, ~f. ψ(a,~b)(M1,~t) b) : ψ(c,~t)

Γ ` λc. M1 c (λb.λx : b ∈I c. ind
a, ~f. ψ(a,~b)(M1,~t) b) : ∀c. ψ(c,~t)

�

ØF�k����� )_»uþ,»$ð � Í ÕSó-ô��>ó��<�}�Ð©¾>§
` P : Ψ

OhQ�Rqg¨RqfhOhQ�Rqt
P
fon��7v�"¢£i�RTltBO>Q�Rqt~RBfon

Q

nqi r Q�O>QN�"O
P → Q

�

ÆÇt~l�l�§ � ¥ � � q+�¯suo¥Jo¥"�¯v.t�¦§t+¥ � ��vJoª®
P
¡ £ zO{�t

P
oO®eç

• axProp(t, ~u, O)
¡ ã m � ¥@©Ot4¤r{�s§oO¥¢�K�¯v.t�°.¤ro5oO®H�¯¤rt4t�t4¥ � {«��su�¯v6ç

` O : t ∈I tA(~u)

` axProp(t, ~u, O) : φA(t, ~u)

ã m �¯v.t�s§¥ � � q+�¯suo¥_v m °2oO��v.t4{rs§{+��t4su��v.t4¤
O
s§{]zG©Ozª¦ � t²oO¤<�¯v.t+¤�t«su{

O1

{ � qwv_�¯v.zª�
O →

O1

¡ � ¥��¯v.t ®Yo¤ryWt+¤¢q'zO{rtO� l@m £ zO¥.o¥.suq'zO¦ ¼ oO¤�yj{4�
O = axRep(t, ~u, P )

zª¥ �
M → P

¡
� ¥È�¯v.t�¦§zª����t4¤4� l�m �¯v.t�t+©ªzO¦ � zª��s§o¥i¤ � ¦§t+{

axProp(t, ~u, O) → axProp(t, ~u, O1)
¡

• axRep(t, ~u, O)
su{�za©ªzO¦ � tO¡

•
x«v³tSq4zO{�t+{V��v³t4¤�t

P
su{�zT�¯t4¤ry¿q4oO¤�¤�t+{�°Qo¥ � su¥ � �¯o_�¯v³tSt+Ç � zO¦§s¹� m zO¥ � yjt4y l t4¤r{�v.su°

z-½5suoyW{��o¤r�"s§¥i��v.t�{¯zOyjt��²z m ¡

•
x«v³t

ind
�¯t+¤�yj{
zª¦u��z m {�¤�t � � q+tO¡

�

�ªEZYJE>æ ÛaI_�F¯���Ü@��Ýz��¯���K4\½Ìe�¬aÞ=/�ê 1
� t'zO¦us§|'z l s§¦usu� m ®Yo¤ ��»¢¼ �²zO{ l o¤r¥ÄzO¥ � zª�G��v.td{�zOyjt~�¯suyWt � {rt � ®Yo¤
zO¥¾zªyfzO|+s§¥ � ©ªzO¤�sut+� m
oO®HzO°³°.¦§suq'zª��s§o¥.{�su¥f�¯v.t���v6¡ � ¡5��v.t4{rs§{²oO® � z%©)s � }hq £ zª¤r� m�S }hq £ !Oý$U��)��¤�s¹���¯t+¥ � ¥ � t4¤²�¯v³t
� su¤�t4qD�¯suo¥Woª® � zO¥.zT�5q+oO���4¡]x«v.t � t+¸K¥.s¹�¯suo¥jzO¥ � ��v.t��¯v.t+{�s§{��t4¤�tGz~yWz/pro¤ su¥.{�°.su¤¯zª��s§o¥_®Yo¤
o � ¤«°³¤�o)oO®<oª®<¥.oO¤�yWzO¦§su|'zª��s§o¥WoO®

λZ
¡

!$!



}hq £ zª¤r� m Xü{d¤�t'zª¦§s§|4z l su¦§su� m ¤rt4¦§zª�¯suo¥¾s§{�°.¤rt4{�t+¥��¯t � s§¥�zÈq+o¥�©t+¥@��s§o¥.zO¦¶��z m ¡ � �~¤rt4¦§zª�¯t+{
¥Kzª� � ¤¯zª¦�¥ � y l t+¤�{+�ªsu¥@��t4¤r°.¤�tD�¯t � zO{N°KzOsu¤�{4�/x � ¤�su¥ � yfzªqwv.s§¥.t su¥ � suq4t4{HzO¥ � oª�¯v.t+¤Hq+o¥.{��¯¤ � q+�¯{+�
��su��vT{�tD�r´��¯v.t+o¤�tD�¯s§q®Yo¤�y � ¦µzO{+¡ ��� ¤ � t+¸K¥³su�¯suo¥¢�OzO{ � { � zO¦�� � {�t+{ ¦µzOy lQ� z��¯t4¤ryW{]zO{:©Ot4v.suq4¦§t+{
®Yo¤�q+oyW° � �wzª��s§o¥.zO¦<q+o¥��¯t4¥��4¡ � ��{rt4t+yW{��¯vKz-���¯v.t � tD¸K¥.su��s§o¥³{ l t+vKz'©tjyWoO{r�¯¦ m {rs§yjs§¦µzª¤�¦ m
®Y¤�oOyº�¯v.tjq4oOyW° � �wzª��s§o¥Kzª¦]°2oOs§¥��SoO®�©)s§tD��¡fn�tWq+o¥-prt4qD� � ¤rtO�]v³o/�t+©Ot4¤+�<�¯vKz-�ds¹®²z"®Yo¤�yWzO¦
q4oO¤�¤�t+{�°Qo¥ � t+¥.q4tS��t+¤�tS�¯o l t � tD¸K¥.t � zO¥ � {��wzª��t � �>{royWt � sWV6t+¤�t+¥.q4t+{V�o � ¦ � {�v³o/� � °�su¥
�¯v³t���¤�t4zª�¯yjt4¥���oO®:tD½5s§{��¯t+¥@��sµzO¦PÇ � zª¥@��su¸Kt+¤4¡

� { � { � zO¦��N��tj{r�¯zO¤r�S��su��v¾�¯v.tjt4¤�zO{ � ¤rtfyWzO°¢¡ � ¥
λZ
�H¤�t � � q+��s§o¥³{dzO¤rt+n�RqOc�8l"��¢£fhv�fmli%n

± ��v.t�{�tD�²�¯t+¤�yj{ � o_¥.oª�²°.¦§z m zO¥ m ¤�o¦utGs§¥"¤rt � � q+�¯suo¥.{+¡]n�tG��v.t4¤rt+®Yo¤rt�t4¤�zO{�t���v.t4yÀ�¯o
∅
¡

x«v.t�t4¤�zO{ � ¤�tSyfzO°Èsu{«s§¥ � � q4t �Jl�m �¯v³t�®YoO¦§¦§o%��su¥ � q'zª{�t4{+ç

axRep(t, ~u,M) = axRep(M) axProp(t, ~u,M) = axProp(M)

inda, ~f. φ(a, ~f)(M,~t) = ind(M)

λx : φ. M = λx. M let [a, x : φ] := M in N = let [a, x] := M in N

case(M,x : φ. N, x : ψ. O) = case(M,x.N, x.O)

x«v.t¾t+¤¯zO{ � ¤�t�o¥���v.t¾¤�t+{r�JoO®��¯v.tÄ��t4¤ryW{isu{ � tD¸K¥.t � s§¥�z8¥.zª� � ¤�zO¦
��z m �G®YoO¤itD½³zOyj°.¦§t

〈M,N〉 = 〈M,N〉
�
[t,M ] = [∅,M ]

zO¥ �
M t = M ∅

¡ � { l t+®YoO¤�tO�Q��tdq'zO¦u¦N��v.tdq+¦§o{rt �
�¯t+¤�yj{GoO®

λZ
t~R8�"¢£fW¹Rqt~nD¡Vx«v.td{rt+��oO® zO¦§¦N¤�t4zO¦§su|4t+¤�{���s§¦§¦ l t � t+¥.oO��t �¾l�m

λZc
zª¥ � �¯v³td{�tD�

oO®<zO¦§¦
λZ

©ªzO¦ � t4{²��v.suqwv�zO¤rt�¤�t'zª¦§s§|+t4¤r{²��s§¦§¦ l t � t+¥.oO��t �Jl@m
λZvc

¡

ØF�k����� )_»uþ,»$ð .Â¾>§
M

gLltup{�"¢£fW¹Ren Å n�l��<l�Ren M �

� z'©)s§¥ � � tD¸K¥.t � ¤�t'zª¦§s§|+t4¤r{4����tV°.¤ro5q+t4t � �¯o � t+¸.¥.t
��v.t
¤rt'zO¦us§|4z l s§¦usu� m ¤�t+¦µzª��s§o¥6¡]ë � {��²zª{
�t � {rt �

λ
´Ì{�tD�¯{�s§¥ �
� �2�.�t � {rt

λ
��g��"p�RenSsu¥ ��»¢¼

R

ç

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»$ðkÔÂÁ n�RqO
A
fonC�

λ
��g��"p�R¶f y

A
fonC��n�RqO^l�§PdN�"fht~n

(v, B)
nqi r QÊOhQN�"O

v ∈ λZvc
�"g��

B
fon��

λ
��g��"p�R��

!$ 



� ¥ÄoO��v.t4¤V��o¤ � {4�
λ
´Ì¥KzOyjt4{
zO¤�t~{�t+��{�v.t+¤�t � su�wzª¤�s§¦ m ¦µz l t+¦§¦§t �hl�m

λZ
©ªzO¦ � t4{
��v³s§qwv¾zO¤rt

¤�t4zO¦§su|4t+¤�{4¡

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»uþ�Ö ¥,Q�R r ¢W�nen�l�§
λ
��g��"p�Renzfon��<RqgLlO�R8����b

V λ
�

x«v � {4�QzO¥ m
λ
´¬¥KzOyjt�vKzª{���v.t�®Yo¤�yJç

{(v, A) | v ∈ λZvc ∧ A ∈ V λ}

¼ o¤�yWzO¦§¦ m �
V λ

s§{ � t4¥³t4¤¯z-�¯t ��l�m ��v.ta®Yo¦§¦uo/��su¥ � �¯¤�zO¥.{r¸.¥.su��tjsu¥ � � qD�¯s¹©t � t+¸K¥³su�¯suo¥Mo¥
o¤ � s§¥Kzª¦§{4ç

V λ
α =

⋃

β<α

P (λZvc × V λ
β ) V λ =

⋃

α∈
���V� V

λ
α

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»uþNð ¥,Q�R
λ
´¬¤�zO¥.�©l�§��

λ
��g��"p�R

A Å �<RqgLlO�R8����b λrk(A) Å fonªOhQ�R¿nqp{�"¢h¢oRenqO

α
nqi r QCOhQN�"O

A ∈ V λ
α

�

n�ta¥.o%� � t+¸K¥.t_��v.¤�t+tfz � ½³su¦§s§zO¤ m ¤�t+¦µzª��s§o¥³{ l tD�¬��t+t4¥8¤rt'zO¦us§|+t4¤�{�zª¥ � °.zOs§¤r{�oO®�{rt+��{~su¥

V λ
�Q��v.s§qwv¾�td��¤�s¹�¯t_zO{

M  A ∈I B
�
M  A ∈ B

�
M  A = B

¡�x«v.t4{rt_¤�t+¦µzª��s§o¥.{
zO¤rt~z_°.¤rt4¦ � � t��¯o_�¯v³t � t+¸K¥.s¹�¯suo¥"oO®:¤�t'zª¦§s§|4z l su¦§su� m ¡

M  A ∈I B ≡ M ↓ v ∧ (v, A) ∈ B

M  A ∈ B ≡ M ↓ inRep(N) ∧N ↓ [∅, O] ∧ ∃C ∈ V λ. O ↓ 〈O1, O2〉∧

O1  C ∈I B ∧ O2  A = C

M  A = B ≡ M ↓ eqRep(M0) ∧M0 ↓ λa. M1 ∧ ∀D ∈ V λ. M1[a := ∅] ↓ 〈O,P 〉∧

O ↓ λx. O1 ∧ ∀N. (N  D ∈I A) → O1[x := N ]  D ∈ B∧

P ↓ λx. P1 ∧ ∀N. (N  D ∈I B) → P1[x := N ]  D ∈ A

x«v.tS¤�t4¦§zª�¯suo¥.{
M  A ∈ B

zª¥ �
M  A = B

zO¤�t � tD¸K¥.t � �¯o � t+�¯v³t4¤�s§¥Jza{r�wzª¥ � zO¤ �
��z mÈl�m ��¤¯zO¥³{r¸K¥.s¹�¯t�¤�t+q � ¤r{�suo¥¢¡¶�5t+tS®Yo¤«tZ½³zOyW°³¦§t S � zª�¯�%&Oz�U¢®Yo¤«yjo¤�t � tD�wzOsu¦§{+¡

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»uþQþ Ã�lt��"g�b�n�RqO
C ∈ V λ Å C+ �<RqgLlO�Ren

{(M,A) | M  A ∈ C}
�

 �



� ¥_¤�t4zO¦§su|'z l su¦§s¹� m ®Yo¤ �
� �2�ª��v.t²t4¥�©)s§¤ro¥.yjt4¥��¯{:��t+¤�t � {rt � �¯oG{r�¯oO¤�t¶Å¬{�t4yWzO¥��¯suqDÆ¶o l prt4q+��{
± �¯v³tht+¦§t4yjt4¥���{joª®

Hλ
¡cx«v.su{as§{jzO¦§{ro � os§¥ � �¯o l t"�¯v³tJq4zO{�tJs§¥ ��»¢¼

R

ì v.o%�t+©t+¤4�«su¥
o¤ � t4¤��¯o � su©Otdza{�yjo5oª�¯vJ°.¤�t+{�t4¥��¯zª�¯suo¥¾zO¥ � yfzª�Ot��¯v.t~zOq4q+o � ¥���q+¦§o{rt4¤��¯oa�¯v.t~{r�¯zO¥ � zO¤ �
zOq+q4o � ¥���{ToO®²¤rt'zO¦us§|4z l s§¦usu� m ®Yo¤Sq4o¥.{��¯¤ � q+��su©tf{�t+�~�¯v.t+o¤�sut4{ S }Jq £ !OýK� � zª�w�Oý5� � zª�¯�$#U[�:�t
yWzO�Ot�s¹�²°Qo{�{rs l ¦ut
®Yo¤�¯v.tG®YoO¤�y � ¦§zO{��o_yWt+¥��¯s§oO¥iq4o¥³{r�wzª¥@��{²®Y¤�oy

V λ
zO{��t4¦u¦�¡ ¼ o¤ryfzª¦§¦ m �

�t~tZ½5��t4¥ � �¯v.t�¸K¤r{r��´¬o¤ � t4¤«¦§zO¥ �� z � t�oO® ��»¢¼
R

s§¥"��v.t�®Yo¦§¦uo/��su¥ � ��z m ç

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»uþ�)ÂÁ 7 r ¢W�nenq�mnqfW¹R8� : ËFtenqOj�8ltG�<Rqtz¢W�"g<�"iN���<R L(V λ)
�"tufon�RenÒ§ut~lp¦Rqg�tuf r Q<�

fhg<�¶OhQ�R�¾�6,Ã
R

nqfW�"g��"Ojikt~RP��fhOhQ r lgNnqOZ�"g�Ohn�§}lt^�"¢h¢
λ
��g��"p�Ren��

n�tS¦ut'z'©tSzO{VzO¥ÈtZ½³t+¤�q+s§{�t~z_¤�tD®Yo¤�y � ¦µzª��s§o¥ioª®<o � ¤ � t+©t+¦§o°³yWt+¥@�V¥.oª� � {�su¥ �
L(V λ)

¡
¼ ¤�oy�¥.o%�co¥ � ¥@��s§¦@�¯v.tt4¥ � oO®K�¯v.su{:{rt4qD�¯s§oO¥¢�{ m y l o¦u{

M,N,O, P
¤¯zª¥ � t¶tD½5q4¦ � {�s¹©t4¦ m

o%©t+¤S¤rt'zO¦us§|+t4¤�{+�6¦ut+����t4¤r{
a, b, c

©ªzO¤ m o%©t+¤�¸K¤�{��r´¬oO¤ � t+¤�©Ozª¤�sµz l ¦§t+{Gs§¥Ä��v.t_¦µzª¥ �� z � tO�6¦ut+�r�¯t4¤r{

A,B,C
©ªzO¤ m o%©Ot4¤

λ
´¬¥.zOyWt+{4¡ � ¥�©)s§¤�oO¥.yWt+¥��¯{Tzª¤�ta¸K¥.su��tW°.zO¤r��sµzO¦]® � ¥³q+�¯suo¥.{�®Y¤�oy�¸.¤�{r��´

o¤ � t4¤«©ªzO¤�s§z l ¦ut4{²su¥
L(V λ)

�¯o
V λ
¡

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»uþ�2 Ã�lt��"g�bz§}ltup�i<¢W�
φ
l�§
L(V λ) Å �"g�bBO�Rqtup t

l�§
L(V λ) Å ρ �<R>ËFgLR8�

lg��"¢h¢<§ut~ReR�v�"tqfj�%��¢oRen¤l�§
φ
�"g��

t Å �"g�bBt~R8�"¢£fW¹Rqt M Å ��R��<R>ËFgLR���b�p�RqOZ�"¢oRqv"Rq¢�fhg��"i r Ojfmlg
�¶t~R8�"¢£fW¹��%��fh¢£fhOjb{t~Rq¢W�"Ojfmlg

M ρ φ
fhg��"g;Rqg�v�fht~lg�p�Rqg�O

ρ
�"g��+�{p�R8�"g�fhg<�Bl�§���O�Rqtup

[[t]]ρ
fhg7�"g;Rqg�v�fht~lg�p�Rqg�O

ρ
Ä

> �
[[a]]ρ ≡ ρ(a)

? �
[[A]]ρ ≡ A

@ �
[[ω]]ρ ≡ ω′ Å �1Q�Rqt~R ω′ fon^�<R>ËFgLR8�¶��b¤O>Q�RPp�R8�"gNn^l�§²fhg��"i r Ocfhv"RP�<R>ËFg�fhOcfmlg�Ä ω′ fonPOhQ�R
nqp{�"¢h¢oRenqOÒn�RqO�nqi r QCOhQN�"OmÄ

• (infRep(N), A) ∈ ω′ f § N ↓ inl(O) Å O ρ A = 0
�"g��

A ∈ V λ
ω

�

•
¾>§

(M,B) ∈ ω′+ Å O>Q�Rqg (infRep(N), A) ∈ ω′ f § N ↓ inr(N1) Å N1 ↓ [∅, O] Å
O ↓ 〈M,P 〉 Å P ρ A = S(B)

�"g��
A ∈ V λ

ω

�

 ù



Ù lO�RzO>QN�"OFf §
(M,B) ∈ ω′+ Å O>Q�RqgTO>Q�Rqt~R²fonP�ªËFg�fhO�R�ltG�"fhg��"¢ α nqi r QBOhQN�"O B ∈ V λ

α

�
A �

[[tA(~u)]]ρ ≡ {(axRep(N), B) ∈ λZvc × V λ
γ | N ρ φA(B, [[~u]]ρ)}

��¥,Q�R¶ltG�"fhg��"¢

γ
��fh¢h¢	�qR��<R>ËFgLR8�¶�qRq¢ol���

B �
M ρ ⊥ ≡ ⊥

C �
M ρ t ∈I s ≡M  [[t]]ρ ∈I [[s]]ρ

D �
M ρ t ∈ s ≡M  [[t]]ρ ∈ [[s]]ρ

E �
M ρ t = s ≡M  [[t]]ρ = [[s]]ρ

F �
M ρ φ ∧ ψ ≡ M ↓ 〈M1,M2〉 ∧ (M1 ρ φ) ∧ (M2 ρ ψ)

> ;"�
M ρ φ ∨ ψ ≡ (M ↓ inl(M1) ∧M1 ρ φ) ∨ (M ↓ inr(M1) ∧M1 ρ ψ)

>G> �
M ρ φ→ ψ ≡ (M ↓ λx. M1) ∧ ∀N. (N ρ φ) → (M1[x := N ] ρ ψ)

>H? �
M ρ ∃a. φ ≡M ↓ [∅, N ] ∧ ∃A ∈ V λ. N ρ φ[a := A]

>I@ �
M ρ ∀a. φ ≡M ↓ λa. N ∧ ∀A ∈ V λ. N [a := ∅]  φ[a := A]

x«v.t � t+¸K¥³su�¯suo¥_oO®Q�¯v.t�o¤ � s§¥.zO¦
γ
s§¥asu��t4y�ý � t4°Qt4¥ � {¶o¥

tA(~u)
¡:x«v.s§{�o¤ � s§¥Kzª¦³s§{ q+¦§o{rt

�¯o"��v.t_¤¯zO¥³��oO®¶�¯v.t_{rt+� � t+¥.oO��t �Ml@m
tA(~u)

zO¥ � s§{�qwv³o{�t+¥�{roÈ��vKzª� � t4yjyWz"û³¡ �)¡úû$!iq4zO¥
l tS°³¤�o%©t � ¡ � tD�

~α =
−−−−−−→
λrk([[u]]ρ)

zª¥ � ¦ut+�
~α = (α1, . . ., αn)

¡ £ zO{�t
tA(~u)

oO®eç

• {u1, u2}
±

γ = max(α1, α2)

• P (u)
±

γ = α1 + 1
¡

•
⋃
u
±

γ = α1

¡

• S
a, ~f. φ(a, ~f)(u, ~u)

±
γ = α1

¡

• Ra,b, ~f. φ(a,b, ~f)(u, ~u)
¡²x«v.s§{�q4zO{�t~s§{�yWoO¤�t�q4oyj°.¦us§q'z-�¯t � ¡x«v.tS¥KzOyjt4{+�>{ � qwv¾zª{

N21
�

zO¤rt�qwv.o{rt4¥È�¯oayfz-�¯qwv"�¯v.t�q+o¤�¤rt4{r°2o¥ � s§¥ � q+¦µz � {rt�s§¥i��v.t�°.¤�o)oO®HoO® � t4yjyfz_û³¡ú�5¡üû$!³¡
� t+�

G = {(N1, (N21, B)) ∈ λZc × [[u]]+ρ | ∃d ∈ V λ. ψ(N1, N21, B, d)}
�¢��v.t+¤�t

ψ(N1, N21, B, d) ≡ (N1 ↓ λa. N11) ∧ (N11[a := ∅] ↓ λx. O) ∧ (O[x :=

 ��



N21] ↓ [∅, O1]) ∧ O1 ρ φ(B, d,
−−→
[[u]]ρ) ∧ ∀e. φ(B, e,

−−→
[[u]]ρ) → e = d)

¡�x«v.t4¥
®Yo¤�zª¦§¦

g ∈ G
�¯v.t+¤�t�s§{

D
zO¥ �

(N1, (N21, B))
{ � qwvJ�¯vKz-�

g = (N1, (N21, B))
zO¥ �

ψ(N1, N21, B,D)
¡<¨V{�t £ o¦u¦§t+q+�¯suo¥��¯o�q4oO¦§¦§t+q+�H�¯v.t+{�t

D
X {]su¥To¥.t{�t+�

H
�O{�o���vKzª�]®YoO¤

zO¦u¦
g ∈ G

��v.t4¤rt~su{
D ∈ H

{ � qwv���vKzª���¯v³t~°.¤ro°Qt4¤r� m v³o¦ � {+¡ � °.°.¦ m � t+°.¦µzOq+t4yjt4¥��
��o
H
�¯o � t+��¯v.t�{rt+�«oª®

λ
´Ì¤¯zO¥.�@{²oª®N{�t+��{«s§¥

H
¡ x«v.t4¥

β ≡
⋃
H
s§{�zO¥io¤ � s§¥.zO¦6zª¥ �

®Yo¤GzO¥ m
D ∈ H

�
λrk(D) < β

¡�x«v.t+¤�t+®YoO¤�tT®Yo¤�zª¦§¦
g ∈ G

�¯v.t+¤�t_s§{
D ∈ V λ

β

zª¥ �

(N1, (N21, B))
{ � qwvÄ��vKzª�

g = (N1, (N21, B))
zO¥ �

ψ(N1, N21, B,D)
v.o¦ � {4¡
�5tD�

γ = β + 1
¡

x«v.ta°.¤�o)oO®oO®¶��t+¦§¦¹´�®Yo � ¥ � t � ¥.t+{�{�oO®��¯v³tj¤rt'zO¦us§|4z l s§¦usu� mÈ� tD¸K¥.s¹�¯s§oO¥¾s§{p � {��SzÈ¦usu�r�¯¦§t l su�
yjo¤�t � sW�jq � ¦¹�²�¯vKzª¥J��v.t�{�s§yjs§¦§zO¤¶°.¤�o)oO®H®Yo¤ �
� �2¡

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»uþ -ÉÃ�lt{�"g�b r ¢ol�n�R8�TO�Rqtup
s Å ��R¶�<R>ËFgLR¤g�i<p{�qRqt+l�§�l rer iktut~Rqg r Ren+l�§ s

fhg|�"g�bBO�Rqtup
t
�"g��²§}ltup�ik¢W�

φ Å �<RqgLlO�R8����b Occ(s, t) �"g�� Occ(s, φ) Å t~Ren�d�R r Ojfhv"Rq¢£b Å ��b
fhg��"i r Ocfmlg©lgCO>Q�R²�<R>ËFg�fhOjfmlg�l�§�O�Rqtup�n²�"g���§}ltup�i<¢W�n�� ¼ RªneQ�l�·teR�d�t~Ren�Rqg�Om�"Ocfhv"R r ¢W�"i%n�Ren
l�§POhQ�R^�<R>ËFg�fhOcfmlg�Ä

• Occ(s, s) = 1
�

• Occ(s, a) = 0 Å �1Q�Rqt~R a fon���v�"tqfj�%��¢oR��

• Occ(s, tA(~u)) = Occ(s, u1) + . . .+Occ(s, un)
�

• Occ(s, Sφ(t, ~u)) = Occ(s, φ) +Occ(s, t) +Occ(s, u1) + . . .+Occ(s, un)
�

• Occ(s, t ∈ u) = Occ(s, t) +Occ(s, u)
�

• Occ(s, φ ∧ ψ) = Occ(s, φ) +Occ(s, ψ)
�

¾qg7�¶nqfhp�fh¢W�"tPp{�"g�gLRqtP��R��<R>ËFgLR�O>Q�R^g�i<p{�qRqt¤l�§�§ui<g r Ocfmlg©nqbp{�ql¢6n
FS

fhg;�+O�Rqtup¦�"g��
§}ltup�ik¢W�%�

ØF�k����� )_»uþ,»uþ�= ¥,Q�R^�<R>ËFg�fhOcfmlg7l�§PteR8�"¢£fW¹��%��fh¢£fhOjb¤fonP��Rq¢h¢£�(§}li<g��<R8�%�

 û



ÆÇt~l�l�§�¨
{rtM��v.t�yWt4zO{ � ¤�tÄ® � ¥.qD�¯suo¥
m
��v.suqwvÃ�¯zO�Ot+{�z�q4¦§z � {rtMsu¥��¯v.t � tD¸K¥.s¹�¯s§oO¥�zª¥ �

¤�tD� � ¤r¥.{VzO¥Jt4¦§t+yWt+¥���oO®
N

3 ��su�¯v"��v.t�¦§tD½5suq4o � ¤�zO°.v.suq'zO¦2o¤ � t4¤4ç

m(M ρ φ) = (Occ(ω, φ), FS(φ),
Åe{��¯¤ � q+� � ¤¯zO¦>q4oOyW°.¦utD½5su� m oO®

φ
Æ
)

m([[t]]ρ) = (Occ(ω, t), FS(t), 0)

x«v.t+¥��¯v.tjyjt'zO{ � ¤�tWoO®���v.t � tD¸K¥.sut4¥ � � yïsu{SzO¦u��z m { � ¤�t4zª�¯t+¤��¯vKzO¥M�¯v.tWyWt4zO{ � ¤�tjoO®²�¯v³t
� tD¸K¥.s§t+¥.{�± s§¥a�¯v³tGq4¦§z � {rt4{®YoO¤�®YoO¤�y � ¦§zO{ �¯v.t
{r��¤ � qD� � ¤�zO¦>q4oyj°.¦§tZ½5su� m � o)t4{ � o%��¥¢�5��v³s§¦§t
�¯v³td¤�t+{r��oª®�°KzO¤¯zªyWtD�¯t4¤r{ � of¥.oO� � ¤�o%��¦µzO¤ � t4¤+¡ � ¥Ä�¯v.t � t+¸K¥³su�¯suo¥�oª®

[[ω]]ρ
�6o¥³t

ω
� su{¯zO°5´

°Qt'zO¤r{4¡ ¼ su¥KzO¦§¦ m �2s§¥¾�¯v.t � t+¸K¥.s¹�¯suo¥�oO®
[[tA(~u)]]ρ

�P�¯v.t_�¯oO°.yWoO{r�
tA
� su{¯zO°³°2t4zO¤�{+�N��v³s§¦§td¥.o

¥.tD�
Vi
Xü{VzO¥ �

ω
X {VzO°.°Qt'zO¤+¡

�

x«v.t��¯v.¤rt4t�q4¤rsu�¯suq'zO¦2q4¦§z � {�t+{�oO®<o � ¤�¤�t'zª¦§s§|4z l su¦§su� ma� t+¸K¥.s¹�¯suo¥ÈzO¤�tªç

• [[tA(~u)]]ρ ≡ {(axRep(N), B) ∈ λZvc × V λ
γ | N ρ φA(B, [[~u]]ρ)}

• M ρ t ∈I s ≡M  [[t]]ρ ∈I [[s]]ρ

• M ρ ∀a. φ ≡M ↓ λa. N ∧ ∀A ∈ V λ. N [a := ∅]  φ[a := A]

x«v.t+{�t�q4¦§z � {�t+{�tD½5v.s l su� � t+t4°js§yj°.¤�t � s§q4zª�¯s¹©)su� m oO®Q{�tD� �¯v.t+o¤ m ¡]x«v.t«�¯¤rs§qw�S��t � {rt²�¯o��wzOqw�@¦ut
�¯v³t²s§yj°.¤�t � s§q4zª�¯s¹©)su� m su{<t4{r{�t+¥@��sµzO¦u¦ m �¯v³t²{¯zOyjt²zª{<�¯v.t�o¥.t�t�zO°.°³¦§s§t � ®Yo¤ �
� �2¡OxHo � t+¸.¥.t
�¯v³t�¤�t4zO¦§su|'z l su¦§s¹� m q+¦µz � {rtG®Yo¤��¯v.t � ¥.su©Ot4¤r{¯zO¦2Ç � zO¥��¯su¸.t4¤4�)��tGÇ � zO¥��¯su® m o%©t+¤«zO¦§¦>{rt+�¯{«su¥

V λ
¡

�5su¥.q4tS�¯v.tSyWt4zO¥.su¥ � oª®�zO¥ m �¯t4¤ryÝs§{
zWyjt4y l t4¤VoO®
V λ
�>�¯v³tdq4oO¥.{r��¤ � qD�¯s§oO¥�yWzO�Ot+{G{�t+¥.{�tª�

zO{«�t²p � {r�V{¯z'��su¥ � t+yWyWzaû³¡ú�5¡ �4#³¡
� {�tD½5°Qt4qD�¯t � �2¤rt'zO¦us§|'z l s§¦usu� m Åeq+oyjy � �¯t+{�Æ
��su��vh{ � l {r��su� � �¯suo¥¢ç

ØF�k����� )_»uþ,»uþ �
[[t[a := s]]]ρ = [[t[a := [[s]]ρ]]]ρ = [[t]]ρ[a:=[[s]]ρ]

�"g��
M ρ φ[a := s]

f y

M ρ φ[a := [[s]]ρ]
f y
M ρ[a:=[[s]]ρ] φ

�

ÆÇt~l�l�§fã m s§¥ � � q+��s§o¥~o¥T�¯v³t � t+¸.¥.su��s§o¥~oO®Q¤�t'zª¦§s§|4z l su¦§su� m ¡6n�t²{�v.o%�E¤�t+°.¤�t+{�t4¥��¯zª�¯s¹©t�q'zO{rt4{+¡
£ zO{rt

t
oO®eç

• A
± ��v.t4¥

[[t[a := s]]]ρ = [[t[a := [[s]]ρ]]]ρ = [[t]]ρ[a:=[[s]]ρ] = A
¡

 Oý



• a
± �¯v³t4¥

[[t[a := s]]]ρ = [[s]]ρ
�

[[t[a := [[s]]ρ]]]ρ = [[[[s]]ρ]]ρ = [[s]]ρ
zª¥ � zO¦§{ro

[[t]]ρ[a:=[[s]]ρ] = [[s]]ρ
¡

• tA(~u)
¡Jx«v³t4¥

[[t[a := s]]]ρ = {(axRep(N), A) | N ρ φA(A, ~u[a := s])}
¡Jã m

��v.t�su¥ � � qD�¯s§oO¥Âv m °2oO��v.t4{rs§{+�S��v.s§{hs§{Jt4Ç � zO¦S�¯o
{(axRep(N), A) | N ρ[a:=[[s]]ρ]

φA(A, ~u)} = [[t]]ρ[a:=[[s]]ρ]

zª¥ � zO¦u{�o��¯o
{(axRep(N), A) | N ρ φA(A, ~u[a :=

[[s]]ρ])}
zO¥ � �¯v � {��¯o

[[t[a := [[s]]ρ]]]ρ
¡

¼ o¤ ®Yo¤�y � ¦µzO{+��¯v.tGzª�¯oOyWsuq«q'zO{rt4{®YoO¦§¦§o%� l�m ��v.tG°³¤�o)oO®Pz l o%©t
zO¥ � ��v.tV¥.o¥5´¬zª�¯oyjs§q«q4zO{�t+{
®Yo¦u¦§o%�Ãs§yjyWt � sµzª��t4¦ mal@m zª°.°.¦§suq'zª��s§o¥WoO®<��v.t�s§¥ � � q+��s§o¥Èv m °2oª�¯v.t+{�s§{+¡

�

x«v.tS{r�wzª¥ � zO¤ � ¦ut4yjyfzO{q4o¥���s§¥ � t��¯oav.o¦ � ç

ØF�k����� )_»uþ,»uþ .Â¾>§
(M ρ φ)

OhQ�Rqg
M ↓

�

ØF�k����� )_»uþ,»uþ�Ô ¾>§
M →∗ M ′ O>Q�Rqg M ′

ρ φ
f y
M ρ φ

�

ØF�k����� )_»uþ,»�)�Ö ¾>§
M ρ φ→ ψ

�"g��
N ρ ψ Å OhQ�Rqg M N ρ ψ

�

x«v.t�®Yo¦§¦uo/��su¥ �_� t4yjyWzTs§{«{r��¤�suq+�¯¦ m ��t4qwv.¥.suq'zO¦[ç

ØF�k����� )_»uþ,»�)Pð ¾>§
ρ
���"t~ReRen���fhO>Q

ρ′
lg

FV (φ) Å OhQ�Rqg M ρ φ
f y

M ρ′ φ
�á¾ug

dN�"tuOcf r i<¢W�"t Å f § a /∈ FV (φ) Å OhQ�Rqg M ρ φ
f y
M ρ[a:=A] φ

�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zª¤ � s§¥ � � q+��s§o¥¾oO¥Ä�¯v.t � tD¸K¥.s¹�¯s§oO¥¾oO®¶¤�t'zª¦§s§|4z l su¦§su� m ± �¯v.t_t+¥�©5su¤�o¥)´
yjt4¥��]su{ � {rt � o¥³¦ m �¯o
°.¤�o%©)s � t�¯v³t�yjt'zO¥.su¥ � oª®.�¯v.t¶®Y¤�t+t©ªzO¤�s§z l ¦ut4{HoO®.�¯t+¤�yj{:su¥Tz
®YoO¤�y � ¦§z³¡

�

n�td¥.o%��t4{r�¯z l ¦us§{�vh{�tD©t4¤�zO¦]°.¤ro°Qt4¤r��s§t+{
oO® ��v.td¤rt'zO¦us§|4z l s§¦usu� m ¤�t+¦µzª��s§o¥¢�K��v.suqwvÄyjo{r��¦ m
{r�¯zª�¯ta�¯v.zª�~��v.ta�¯¤ � �¯vMs§¥��¯v.tj¤�t4zO¦§su|'z l su¦§s¹� m � ¥³su©t+¤�{rtWsu{~¥.oª�S®$zª¤�®Y¤roy��¯v³tj��¤ � ��v�s§¥��¯v³t
¤�t4zO¦���o¤r¦ � �<zO{�®$zO¤dzª{d¤¯zª¥.�@{doO®«{rt+��{_zO¤�tjq4oO¥.q4t+¤�¥.t � ¡¾�5tD©t+¤¯zO¦¦§t4yjyWzO{�yWsu¤�¤�oO¤�{�s§yjs§¦§zO¤
®$zOqD�¯{«®Y¤�oy¿}hq £ zª¤r� m Xü{V�¯v.t+{�su{ S }hq £ !Oý"U[¡

 %&



ØF�k����� )_»uþ,»�)>þ ¾>§
A ∈ V λ

α Å OhQ�Rqg�O>Q�Rqt~RCfon β < α
nqi r Q·OhQN�"OF§}lt��"¢h¢

B Å f § M ρ

B ∈ A Å OhQ�Rqg B ∈ V λ
β

�©¾>§
M ρ B = A Å OhQ�Rqg B ∈ V λ

α

�©¾h§
M ρ B ∈I A Å OhQ�Rqg

λrk(B) < λrk(A)
�

ÆÇt~l�l�§äã m su¥ � � qD�¯s§oO¥8o¥
α
¡Äx<zª�Ot"zO¥ m

A ∈ V λ
α

¡�ã m ��v.t � t+¸K¥.s¹�¯suo¥8oO®
V λ
α

�:�¯v.t+¤�tisu{

β < α
{ � qwv��¯v.zª�

A ⊆ λZvc × V λ
β

¡a� � °.°Qo{rt
M ρ B ∈ A

¡Tx«v³t4¥
M ↓ inRep(N)

�

N ↓ [∅, O]
�
O ↓ 〈O1, O2〉

zO¥ � �¯v.t+¤�tSs§{
C
{ � qwv��¯vKz-�

O1  C ∈I A
zO¥ �

O2  B = C
¡

x«v.t+¤�t+®YoO¤�tO�
O1 ↓ v

zª¥ �
(v, C) ∈ A

¡�x«v � {
C ∈ V λ

β

�2{�o l�m ��v.tTs§¥ � � q+��s§o¥�v m °QoO�¯v³t4{�su{
zO¦u{�o

B ∈ V λ
β

zª¥ � �t � t+����v.t�q4¦µzªs§yÀoO®:��v.t�¸K¤�{��V°KzO¤r��oª®:��v.t�¦§t4yjyWz³¡
¼ o¤²�¯v.t�{rt4q4oO¥ � °Kzª¤r�'�³{ � °.°Qo{rt

M ρ B = A
¡�x«v.su{Vyjt'zª¥.{«�¯vKzª�

M ↓ eqRep(M0)
�

M0 ↓ λa. M1

zO¥ � ®Yo¤�zO¦u¦
D
�
M1[a := ∅] ↓ 〈O,P 〉

¡]}ho¤�t+o%©t4¤+�
O ↓ λx. O1

zO¥ � ®Yo¤²zO¦§¦

N ρ D ∈I B
�tavKz'©t

O1[x := N ] ρ D ∈ A
¡ � ¥�°KzO¤r��s§q � ¦µzO¤+�6s¹®

(v,D) ∈ B
�2�¯v.t+¥

O1[x := v] ρ D ∈ A
¡Èã m ��v.tj¸.¤�{r�d°KzO¤��~oª®²�¯v.tj¦§t+yWyWz³�HzO¥ m { � qwv

D
s§{�su¥

V λ
β

®Yo¤
{�oOyWt

β < α
�³{�o

B ∈ V λ
α

¡
x«v.t��¯v.su¤ � °KzO¤���s§{²�¯¤rsu©)sµzª¦�¡

�

ØF�k����� )_»uþ,»�)�)
M ρ A = B

f y
M ↓ eqRep(N)

�"g��
N ρ ∀d. (d ∈I A →

d ∈ B) ∧ (d ∈I B → d ∈ A)
� Á ¢6n�l Å M ρ A ∈ B

f y
M ↓ inRep(N)

�"g��

N ρ ∃c. c ∈I B ∧ A = c
�

ÆÇt~l�l�§��5suyW°.¦ m tZ½5°KzO¥ � ��vKzª��su��yjt'zª¥.{«®Yo¤
M
��oa¤�t'zª¦§s§|+t�¤�t+{�°Qt4qD�¯su©OtS®YoO¤�y � ¦§zO{4¡

�

x«v.t�®Yo¦§¦uo/��su¥ � �¬�od¦ut4yjyfzª{:��s§¦u¦ l t � {�t � ®Yo¤]��v.t«�¯¤�t4zª�¯yjt4¥���oO®
ω
s§¥ � t4yjyfz�û³¡ú�5¡üû$!³¡

ØF�k����� )_»uþ,»�)?2 ¾>§
A,B ∈ V λ

α Å O>Q�Rqg [[{A,B}]]ρ ∈ V λ
α+1

�

ÆÇt~l�l�§�x:zO�OtjzO¥ m
(M,C) ∈ [[{A,B}]]ρ

¡~ã m �¯v.t � tD¸K¥.s¹�¯s§oO¥ÄoO®
[[{A,B}]]ρ

�PzO¥ m { � qwv
C

s§{«su¥
V λ
α

�.{�o
[[{A,B}]]ρ ∈ V λ

α+1

¡
�

ØF�k����� )_»uþ,»�) -Â¾>§
A ∈ V λ

α

�"g��
M ρ B = S(A) Å OhQ�Rqg B ∈ V λ

α+3

�

 $#



ÆÇt~l�l�§
M ρ B = S(A)

yWt4zO¥.{
M ρ B =

⋃
{A, {A,A}}

¡�ã m � t4yjyfzMû³¡ú�5¡úû�5�
su�S{ � �jq4t4{S�¯oJ{�v.o%�î��vKzª�

[[
⋃
{A, {A,A}}]]ρ ∈ V λ

α+3

¡ � °.°.¦ m su¥ �h� t+yWyWzÈû³¡ú�5¡úûªýÈ�¬��suq4tª�
�t�¸K¥ � �¯v.zª�

[[{A, {A,A}}]]ρ ∈ V λ
α+2

¡¿ã m ��v.t � t+¸K¥.s¹�¯suo¥�oO®
[[
⋃
{A, {A,A}}]]ρ

��s¹®

(M,C) ∈ [[
⋃
{A, {A,A}}]]ρ

�H��v.t4¥
C ∈ Vλrk([[

S

{A,{A,A}}]]ρ)

�:{�o
C ∈ V λ

α+2

¡Wx«v.t4¤rt+®Yo¤rt

[[
⋃
{A, {A,A}}]]ρ ∈ V λ

α+3

��v.suqwvh{rv.o%��{V��v.t�q4¦µzªs§yJ¡
�

ØF�k����� )_»uþ,»�)�= ¾>§
A,B ∈ V λ

α

�"g��
M ρ C = (A,B) Å OhQ�Rqg C ∈ V λ

α+2

�

ÆÇt~l�l�§��5suyWsu¦µzO¤²��of�¯v³t_°.¤�o)oO® oO® � t4yjyWzfû³¡ú�5¡üû%&5� � �¯s§¦us§|+s§¥ �W� t4yjyfzO{Gû³¡ú�5¡úûªý"zO¥ � û³¡ú�5¡üû��5¡

�

n�t���su¦§¦6¥³t4t � o¥.t�v.t+¦§°³® � ¦6¤�t'zª¦§s§|+t4¤+�.yWsu¤�¤ro¤�su¥ � ��v.t�°.¤�o)oO®:oO® � t+yWyWz_û³¡ú�5¡ ù ç

ØF�k����� )_»uþ,»�) �½¥,Q�RqteR²fon���O�Rqtup
eqRefl

nqi r Q�OhQN�"O
eqRefl ρ ∀a. a = a

�

ÆÇt~l�l�§ix:zO�Ot��¯v.t«��t4¤�y
eqRefl ≡ ind(M)

�@��v³t4¤�t
M = λc. λx. eqRep(λd. 〈N,N〉)

zO¥ �

N = λy. inRep([∅, 〈y, x ∅ y〉])
¡<x«v.t+¥

eqRefl → λa. M a (λe. λz. ind(M) e)
¡ � ��{ � ®µ´

¸Kq+t4{��¯o�{�v³o/�ä�¯vKzª� ®YoO¤ zO¥ m
A
�
M ∅ (λe. λz. ind(M) e) ρ A = A

¡Hn�t�°.¤ro5q+t4t �jl�m s§¥)´
� � qD�¯suo¥ao¥

λ
´Ì¤¯zO¥.�~oO®

A
¡:n�t«vKz'©Ot

M ∅ (λe. λz. ind(M) e) ↓ eqRep(λd. 〈N,N〉[x :=

λe. λz. ind(M) e])
¡ � �G{ � �jq4t+{��¯oi{rv.o%���¯vKzª�
®Yo¤
zO¦§¦

D ∈ V λ
�Q®YoO¤�zO¦u¦

O ρ D ∈I A
�

inRep([∅, 〈O, (λe. λz. ind(M) e) ∅ O〉]) ρ D ∈ A
¡ x:zO�Ot�zª¥ m

D
zO¥ �

O ρ D ∈I A
¡

ã m � t4yjyWz"û³¡ �)¡úû��)�
λrk(D) < λrk(A)

¡an�tj¥³t4t � �¯oJ{�v.o%� ��v.tatD½5s§{��¯t+¥.q4tWoO®
C
{ � qwv

�¯v.zª�
O ρ C ∈I A

zO¥ �
(λe. λz. ind(M) e) ∅ O ρ D = C

¡�x:zO�@s§¥ �
C ≡ D

�
�¯v³tJ¸K¤r{r�f°KzO¤r�a®Yo¦u¦§o%��{_�¯¤rsu©)sµzO¦u¦ m ¡ä�)s§¥.q+t

(λe. λz. ind(M) e) ∅ O →∗ ind(M) ∅ →

M ∅ (λe. λz. ind(M) ∅)
� �t � t+�_�¯v³t"q4¦µzªs§y l�m � t4yjyfz�ý³¡ �5¡ ùù zO¥ � ��v.t"s§¥ � � q+��s§o¥

v m °2oO��v.t4{rs§{+¡
�

x«v.t�®Yo¦§¦uo/��su¥ � ¦ut4yjyfzd{��wzª��t4{«�¯v³tSq+¤ � q+sµzO¦6°.¤�o°Qt4¤�� m oO®:o � ¤«¤�t4zO¦§su|'z l s§¦§s¹� m ¤�t+¦µzª��s§o¥¢¡

ØF�k����� )_»uþ,»�) .
(M,C) ∈ [[tA(~u)]]ρ

f y
M = axRep(N)

�"g��
N ρ φA(C,

−−→
[[u]]ρ)

�

 ��



ÆÇtel�l�§�x«v³t~°.¤ro5oª®]°.¤ro5q+t4t � { l�m q'zO{rtTzO¥.zO¦ m {�su{�o¥
tA(~u)

¡�n�tS¸K¤r{r� � oW��v.tS°.¤�o)oO®<®YoO¤
zO¦u¦2�¯t+¤�yj{VzO°KzO¤��«®Y¤�oy

ω
�³�¯v.t+¥J�tS{�v.o%�·��v.t�q4¦µzªs§y ®Yo¤

ω
¡

¼ o¤²zO¦u¦Q��t4¤ryW{+�³{¯z'©Ot
ω
�@�¯v³t�¦§t+®B��´Ì��oª´¬¤rs � v�� � s§¤rt4qD�¯s§oO¥fs§{�s§yjyWt � sµzª��tO¡ ¼ o¤��v.t�¤�s � v��r´��¯oª´

¦§tD®B� � su¤�t4qD�¯suo¥¢�V{ � °.°Qo{rt
N ρ φA(C,

−−→
[[u]]ρ)

zª¥ �
M = axRep(N)

¡îxHoc{�v.o%�à�¯vKzª�

(M,C) ∈ [[tA(~u)]]ρ
�T��tå¥.t+t � ��o�{�v.o%� ��vKzª�

C ∈ V λ
γ

¡ � t+�
~α =

−−−−−−→
λrk([[u]]ρ) =

(α1, . . ., αn)
¡ £ zO{rt

tA(~u)
oO®eç

• {u1, u2}
¡Ã� � °.°Qo{rth�¯v.zª�

N ρ C = [[u1]]ρ ∨ C = [[u2]]ρ
¡�x«v.t4¥ät4su��v.t4¤

N ↓

inl(N1) ∧ N1 ρ C = [[u1]]ρ
o¤
N ↓ inr(N1) ∧ N1 ρ C = [[u2]]ρ

¡�ã m � t4yjyWz
û³¡ú�5¡üû��5�.su¥i�¯v.t�®Yo¤ryWt+¤«q'zO{rt

C ∈ V λ
α1

�Ks§¥i�¯v³tS¦§zª����t4¤
C ∈ V λ

α2

�.{ro
C ∈ V λ

max(α1,α2)

¡

• P (u)
¡f� � °.°Qo{�ta�¯vKz-�

N ρ ∀d. d ∈ C → d ∈ [[u]]ρ
¡jx«v.t4¥

N ↓ λa. N1

zª¥ �

∀D. N1[a := ∅] ρ D ∈ C → D ∈ [[u]]ρ
�O{�o

∀D. N1[a := ∅] ↓ λx. N2
zO¥ � ®Yo¤<zO¦§¦

O
�Ksu®

O  D ∈ C
�¯v.t+¥

N2[x := O] ρ D ∈ [[u]]ρ
¡�x<zO�ªtdzª¥ m

(v, B) ∈ C
¡x«v.t4¥

inRep([∅, 〈v, eqRefl ∅〉]) ρ B ∈ C
��{ro

N2[x := inRep([∅, 〈v, eqRefl ∅〉]] ρ

B ∈ [[u]]ρ
¡ x«v � { l�m � t4yjyWz_û³¡ �)¡úû��_zO¥ m { � qwv

B
su{«s§¥

V λ
α1

�K{�o
C ∈ V λ

α1+1

¡

•
⋃
u
¡S� � °³°2o{rt

N ρ ∃c. c ∈ [[u]]ρ ∧ C ∈ c
¡Sx«v³t4¥

N ↓ [∅, N1]
zO¥ � �¯v.t+¤�tTsu{

B

{ � qwvM��vKzª�
N1 ρ B ∈ [[u]]ρ ∧ C ∈ B

¡dx«v � {
N1 ↓ 〈N1, N2〉

�
N1 ρ B ∈ [[u]]ρ

�

N2 ρ C ∈ B
¡�ã m � t4yjyWz_û³¡ �)¡úû��)�KzO¥ m { � qwv

B
s§{«su¥

V λ
α1

�K{�ojzO¦u{�o
C ∈ V λ

α1

¡

• Sa, ~f. φ(a, ~f)(u, ~u)
¡i� � °.°Qo{rt

N ρ C ∈ [[u]]ρ ∧ φ(C,
−−→
[[u]]ρ)

¡jx«v.t+¥
N ↓ 〈N1, N2〉

zO¥ �
N1 ρ C ∈ [[u]]ρ

¡�x«v � {
C ∈ V λ

α1

¡

• R
a,b, ~f. φ(a,b, ~f)(u, ~u)

¡ � � °³°2o{rt
N ρ (∀x ∈ [[u]]ρ∃!y. φ(x, y,

−−→
[[u]]ρ)) ∧ ∃x ∈

[[u]]ρ. φ(x, C,
−−→
[[u]]ρ)

¡ax«v.t+¥
N ↓ 〈N1, N2〉

zO¥ �
N2 ρ ∃x ∈ [[u]]ρ. φ(x, C, ~[[u]]ρ)

¡
x«v � {

N2 ↓ [∅, N20]
�
N20 ↓ 〈N21, N22〉

zO¥ � �¯v³t4¤�t¶s§{
B
{ � qwvd�¯v.zª�

N21 ρ B ∈ [[u]]ρ
zO¥ �

N22 ρ φ(B,C, ~[[u]]ρ)
¡]n�tSzO¦u{�o_vKz'©Ot

N1 ρ ∀x ∈ [[u]]ρ∃!y. φ(x, y, ~[[u]]ρ)
�.{ro

N1 ↓ λa. N11

zO¥ � ®YoO¤�zO¦u¦
C
�
N11[a := ∅] ↓ λx. O

zO¥ � ®Yo¤�zª¦§¦
P ρ C ∈ [[u]]ρ

�

O[x := P ] ρ ∃!y. φ(C, y,
−−→
[[u]]ρ)

¡·�5o��wzª�)su¥ �
C = B

zO¥ �
P = N21

�²��v.t4¤rt
su{
D
{ � qwv���vKzª�

N1 ↓ λa. N11

�
N11[a := ∅] ↓ λx. O

zO¥ �
O[x := N21] ↓

 $!



[∅, O1]
zO¥ �

O1 ρ φ(B,D,
−−→
[[u]]ρ) ∧ ∀e. φ(B, e,

−−→
[[u]]ρ) → e = D

¡�x«v.t+¤�tD®Yo¤�t

(N1, (N21, B)) ∈ G
®Y¤roy��¯v.t � t+¸.¥.su��s§o¥�oO®

γ
�]{�oh�¯v.t+¤�tfsu{

D ∈ V λ
γ

{ � qwv8�¯vKz-�

N1 ↓ λa. N11

�
N11[a := ∅] ↓ λx. O

�
O[x := N21] ↓ [∅, O1]

zO¥ �
O1 ρ

φ(B,D, ~[[u]]ρ) ∧ ∀e. φ(B, e, ~[[u]]ρ) → e = D
¡"�)o

O1 ↓ 〈O11, O12〉
zO¥ �

O12 ρ

∀e. φ(B, e, ~[[u]]ρ) → e = D
¡Gx«v³t4¤�tD®Yo¤�tª�

O12 ↓ λa. Q
�
Q[a := ∅] ↓ λx. Q1

zª¥ �

Q1[x := N22] ρ C = D
¡�ã m � t+yWyWz_û³¡ú�5¡úû�5�

C ∈ V λ
γ

¡

� o%����t_�¯zOqw�@¦§t
ω
¡ ¼ o¤G�¯v³t_¦§t+®B��´Ì��oª´¬¤rs � v�� � s§¤rt4q+��s§o¥6�6o l ©)s§o � {�¦ m

M = infRep(N)
¡ ¼ o¤

�¯v³tSq+¦µzOsuyÎz l o � �
N
��tS°.¤�o)q4t+t �Jl�m s§¥ � � q+��s§o¥Èo¥"�¯v³t � t+¸K¥.s¹�¯suo¥ÈoO®

ω′ ç

•
x«v³t l zO{�taq'zª{�tO¡ax«v.t+¥

N ↓ inl(O)
zO¥ �

O ρ A = 0
�P{�o

N ρ A = 0 ∨ ∃y ∈

ω′. A = S(y)
¡

•
� ¥ � � q+��su©OtT{r��t4°¢¡Vx«v.t4¥

N ↓ inr(N1)
�
N1 ↓ [∅, O]

�
O ↓ 〈M ′, P 〉

�
(M ′, B) ∈ ω′+ �

P ρ A = S(B)
¡²x«v.t+¤�tD®Yo¤�tª�Q��v.t4¤rtds§{

C
É ¥.zOyWt+¦ m

B
Ê { � qwv���vKzª�

M ′
ρ C ∈ ω′

zO¥ �
P ρ A = S(C)

¡Sx«v � {
[∅, O] ρ ∃y. y ∈ ω′ ∧ A = S(y)

�2{�o
N ρ A =

0 ∨ ∃y ∈ ω′. A = S(y)
¡

¼ o¤��¯v.tj¤�s � v��r´Ì��oª´¬¦ut+®B� � su¤�t+q+�¯suo¥¢�H{ � °³°2o{rt
N ρ A = 0 ∨ (∃y. y ∈ ω′ ∧ A = S(y))

¡
x«v.t+¥åt+su��v.t4¤

N ↓ inl(N1)
o¤
N ↓ inr(N1)

¡ � ¥8��v.tf®Yo¤ryWt+¤~q4zO{�tª�
N1 ρ A = 0

�<{�o
l�m � t4yjyWz�û³¡ú�5¡üû��

A ∈ V λ
ω

¡ � ¥8��v.t"¦µzª�r�¯t+¤4�
N1 ρ ∃y. y ∈ ω′ ∧ A = S(y)

¡Äx«v � {

N1 ↓ [∅, O]
zO¥ � ��v.t4¤rt_s§{

B
{ � qwv��¯vKzª�

O ρ B ∈ ω′ ∧ A = S(B)
¡d�5o

O ↓ 〈M ′, P 〉
�

(M ′, B) ∈ ω′+ zO¥ �
P ρ A = S(B)

¡cx«v.s§{asu{_tD½³zOq+��¦ m ��v.tÈs§¥ � � q+�¯s¹©tÈ{r��t4°åoO®G��v.t
� tD¸K¥.su��s§o¥JoO®

ω′ �Q{�ojsu�V¤�t+yfzªs§¥.{«�¯oj{�v³o/����vKzª� A ∈ V λ
ω

¡«�5s§¥.q+t
(M ′, B) ∈ ω′+ �K��v.t4¤rt~su{

zT¸K¥.s¹�¯t�o¤ � s§¥KzO¦
α
{ � qwvJ�¯vKzª�

B ∈ V λ
α

¡¶ã m � t+yWyWz_û³¡ú�5¡üû%&5�
A ∈ V λ

α+3

�.{�oWzO¦u{�o
A ∈ V λ

ω

zO¥ � �t � t+���¯v.t�q+¦µzOsuyh¡
�

 $ 



�ªEZYJEm÷ çá�¬����F¯���ÜL�ÒKk��F®èFÌ
λZ

� ¥Ä�¯v³s§{G{rt4qD�¯s§oO¥¢�6t+¥@©)su¤�o¥.yjt4¥���{
ρ
zO¤�t~¸K¥.su��td°Kzª¤r�¯s§zO¦P® � ¥.qD�¯s§oO¥.{GyWzO°.°.su¥ � °³¤�o°Qo{�s¹�¯suo¥KzO¦

©ªzO¤�s§z l ¦ut4{��¯oÄ¤rt'zO¦us§|4t+¤�{~zO¥ � ¸K¤r{r��´¬o¤ � t4¤S©Ozª¤�sµz l ¦§t+{S��o
V λ
¡ � ¥�oO�¯v.t+¤d�o¤ � {+�

ρ : V ar ∪

FV ar → λZc ∪ V
λ
�
ρ→(V ar) ⊆ λZc

zª¥ �
ρ→(FV ar) ⊆ V λ

¡ � { l t+®Yo¤rtO�6zO¥ m
ρ
q4zO¥

l t � {rt � zO{Tzh¤�t'zª¦§s§|4z l su¦§su� m t4¥�©)s§¤ro¥.yjt4¥�� l�m q4o¥.{rs � t+¤�su¥ � o¥.¦ m �¯v.tfyfzO°³°.s§¥ � oO®«¸K¤r{r��´
o¤ � t4¤�©ªzO¤�s§z l ¦ut4{��¯o

V λ
¡ax«v.t+¤�tD®Yo¤�ta��ta��s§¦u¦ l t � {�s§¥ � ��v.ta¥.oO�wz-�¯s§oO¥

ρ

zO¦§{roÈ®YoO¤���v.t4{rt
t4¥�©)s§¤ro¥.yjt4¥��¯{

ρ
¡

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»�)�Ô Ã�ltB�©n�R8³�i�Rqg�O
Γ ` M : φ Å ρ |= Γ ` M : φ

p�R8�"gNn�O>QN�"O
ρ
fon

�<R>ËFgLR8�Clg
FV (Γ,M, φ)

�"g���§}lt��"¢h¢
(xi, φi) ∈ Γ Å ρ(xi) ρ φi

�

� oO��tS��vKzª�
su®
ρ |= Γ ` M : φ

�K�¯v.t+¥h®Yo¤
zO¥ m �¯t+¤�y
t
su¥

Γ, φ
�
[[t]]ρ

s§{ � tD¸K¥.t � zO¥ � {ro
s§{²��v.t�¤�t4zO¦§su|'z l su¦§s¹� m ¤�t4¦§zª�¯suo¥

M ρ φ
¡

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»È2@Ö Á n7i%nqi?�"¢ Å M [ρ] ≡ M [x1 := ρ(x1), . . ., xn := ρ(xn)] Å �1Q�Rqt~R

FV (M) = {x1, . . ., xn}
�

Ü��	�@ô>ó�<� ),»uþ_»È2Hð|Í ÞJô>ó4�;��
[ø>à%�³ò/øYôQñ�ÐC¾>§
Γ ` M : ϑ

OhQ�Rqg+§}lt¶�"¢h¢
ρ |= Γ ` M : ϑ Å

M [ρ] ρ ϑ
�

ÆÇt~l�l�§ ¼ oO¤<zO¥ m
λZ

�¯t+¤�y
M
�
M ′ s§¥��¯v.t°.¤�o)oO® � t4¥.oO��t4{ M [ρ]

¡<n�t°³¤�o)q4t4t �_l�m yjt+�¯zO¦§tD©t+¦
s§¥ � � q+��s§o¥�o¥

Γ ` M : ϑ
zO¥ � {�v.o%�À{�oyjtfq4zO{�t+{d��v.t+¤�tf��v.tW��¤�t'z-�¯yjt4¥��T{rs � ¥.s¹¸Kq'zª¥@��¦ m

� sWV6t+¤�{²®Y¤�oOyÎ�¯v.t�¥.oO¤�yWzO¦§su|'zª��s§o¥j°.¤�o)oO®H®Yo¤
λH

¡ £ zO{�t
Γ `M : ϑ

oª®eç

•
Γ `M : φ

Γ ` λa. M : ∀a. φ

ã m ��v.tis§¥ � � q+��s§o¥�v m °QoO��v.t4{rs§{4�]®YoO¤dzO¦u¦
ρ |= Γ ` M : φ

�
M [ρ]  φ

¡Jn�tW¥.t4t �
��oh{rv.o%�î�¯vKzª�S®Yo¤SzO¦u¦

ρ |= Γ ` λa. M : ∀a. φ
�
(λa. M)[ρ] ρ ∀a. φ

¡fx«v.su{~su{
t+Ç � su©ªzO¦§t+¥��S��o

λa. M [ρ] ρ ∀a. φ
¡fx:zO�OtWzO¥ m { � qwv

ρ
¡fn�ta¥.t+t � ��oh{rv.o%� �¯v.zª�

ù ��



∀A. M [ρ][a := ∅] ρ φ[a := A]
¡Sx<zO�ªtazO¥ m

A
¡T�5su¥.q4t

ρ[a := A] |= Γ ` M : φ

zO¥ �
M [ρ][a := ∅] = M [ρ[a := A]][a := ∅]

�>�t � tD�
��v.tdq+¦µzOsuy l�m ��v.tSs§¥ � � q+�¯suo¥
v m °2oª�¯v.t+{�s§{+¡

•
Γ `M : ∀a. φ

Γ `M t : φ[a := t]

ã m �¯v.t_su¥ � � qD�¯suo¥Äv m °2oO��v.t4{rs§{+�
M ′

ρ ∀a. φ
�¢{ro

M ′ ↓ λa. N
zª¥ �

∀A. N [a :=

∅] ρ φ[a := A]
¡ � ¥Ä°Kzª¤r�¯suq � ¦§zO¤

N [a := ∅] ρ φ[a := [[t]]ρ]
¡�ã m � t+yWyWzfû³¡ú�5¡ú��5�

N [a := ∅] ρ φ[a := t]
¡"�5su¥.q4t

M t[ρ] = M ′ ∅ →∗ (λa. N) ∅ → N [a := ∅]
�

� t4yjyWz_û³¡ �)¡ �" � s¹©t+{ � {���v.t�q4¦§zOs§yJ¡

•
Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ

ã m �¯v.tasu¥ � � qD�¯s§oO¥¾v m °QoO�¯v³t4{�su{4�
M ′

ρ φ[a := t]
�P{�o l�m � t4yjyfz"û³¡ú�5¡ú��5�

M ′
ρ

φ[a := [[t]]ρ]
¡�x«v � {4�>�¯v.t+¤�t�s§{�za¦µzOy l2� z/´¬¥KzOyjt

A
�K¥KzOyjt4¦ m

[[t]]ρ
�K{ � qwvh�¯v.zª�

M ′
ρ

φ[a := A]
¡�x«v � {4�

[t,M ][ρ] = [∅,M ′] ρ ∃a.φ
�.��v.suqwvhsu{²��vKzª����t���zO¥��'¡

•
Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FV (Γ, ψ)

� t+�
ρ |= Γ ` let [a, x : φ] := M in N : ψ

¡ n�tc¥.t+t � �¯o�{�v.o%� �¯vKzª�

let [a, x : φ] := M in N [ρ] = let [a, x] := M ′ in N [ρ] ρ ψ
¡«ã m �¯v³t~su¥ � � qD�¯s§oO¥

v m °2oª�¯v.t+{�s§{+�
M ′

ρ ∃a. φ
�2{ro

M ′ ↓ [∅,M1]
zO¥ � ®Yo¤
{royjt

A
�
M1 ρ φ[a := A]

¡
ã m ��v.t�su¥ � � qD�¯suo¥Âv m °2oª�¯v.t+{�s§{�z � zOsu¥¢�G®Yo¤hzO¥ m

ρ′ |= Γ, x : φ ` N : ψ
��t

vKz'©Ot
N [ρ′] ρ′ ψ

¡åx<zª�Ot
ρ′ = ρ[x := M1, a := A]

¡��5su¥.q4t
a /∈ FV (ψ)

� l�m
� t4yjyWzWû³¡ú�5¡üû ù

N [ρ′] ρ ψ
¡ � o%���

let [a, x : φ] := M ′ in N [ρ] →∗ let [a, x] :=

[∅,M1] in N [ρ] → N [ρ][a := ∅][x := M1] = N [ρ′]
¡ � t4yjyfz_û5¡ �5¡ú�" � s¹©t4{ � {��¯v³t

q+¦µzOsuyh¡

ù � ù



•
Γ `M : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

Γ ` eqRep(t, u,M) : t = u

ã m ��v.t�s§¥ � � q+��s§o¥jv m °QoO��v.t4{rs§{4�
M ′

ρ ∀d. (d ∈I t→ d ∈ u)∧ (d ∈I u→ d ∈ t)
¡

ã m � t4yjyfz�û5¡ �5¡ú��5�
M ′

ρ ∀d. (d ∈I [[t]]ρ → d ∈ [[u]]ρ)∧(d ∈I [[u]]ρ → d ∈ [[t]]ρ)
¡

ã m � t4yjyfz"û³¡ú�5¡üûû³�
eqRep(M ′) ρ [[t]]ρ = [[u]]ρ

¡ � t+yWyWz"û³¡ú�5¡ �O�izO°.°.¦us§t � z � zOsu¥
� s¹©t+{ � {���v.t�q4¦§zOs§yJ¡

•
Γ `M : t = u

Γ ` eqProp(t, u,M) : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

ã m ��v.tSs§¥ � � q+�¯suo¥Jv m °QoO�¯v³t4{�su{4�
M ′

ρ t = u
¡²ã m � t4yjyWzjû5¡ �5¡ú��5�

M ′
ρ [[t]]ρ =

[[u]]ρ
¡hã m � t+yWyWz�û5¡ �5¡üûû³�

M ′ ↓ eqRep(N)
zO¥ �

N ρ ∀d. (d ∈I [[t]]ρ → d ∈

[[u]]ρ) ∧ (d ∈I [[u]]ρ → d ∈ [[t]]ρ)
¡��5su¥.q4t

eqProp(t, u,M) = eqProp(M ′) →∗

eqProp(eqRep(N)) → N
� l�m � t+yWyWz�û³¡ú�5¡ �4 

eqProp(t, u,M) ρ ∀d. (d ∈I

[[t]]ρ → d ∈ [[u]]ρ) ∧ (d ∈I [[u]]ρ → d ∈ [[t]]ρ)
¡ � t+yWyWz_û³¡ú�5¡ �O�azª°.°.¦§sut � o¥.q+tSz � zOsu¥

� s¹©t+{ � {���v.t�q4¦§zOs§yJ¡

•
¼ o¤

inProp
zª¥ �

inRep
�.��v.t�°.¤�o)oO®Hs§{«{rs§yjs§¦§zO¤¶��oj��v.t��¬��oj°.¤rt+©)s§o � {Vq4zO{�t+{4¡

•
Γ `M : φA(t, ~u)

Γ ` axRep(t, ~u,M) : t ∈I tA(~u)

ã m �¯v.t�s§¥ � � q+��s§o¥�v m °QoO�¯v.t+{�su{4�
M ′

ρ φA(t, ~u)
¡:ã m � t+yWyWz«û³¡ú�5¡ �O��¯v.su{Hsu{Pt4Ç � s¹©Oz/´

¦ut4¥�����o
M ′

ρ φA([[t]]ρ,
−−→
[[u]]ρ)

¡]ã m � t+yWyWzdû³¡ú�5¡üû$!
(axRep(M ′), [[t]]ρ) ∈ [[tA(~u)]]ρ

�
{ro

axRep(M ′) ρ t ∈I tA(~u)
¡

•
Γ `M : t ∈I tA(~u)

Γ ` axProp(t, ~u,M) : φA(t, ~u)

ã m �¯v³t"s§¥ � � q+�¯suo¥�v m °QoO�¯v.t+{�su{4�
M ′

ρ t ∈I tA(~u)
¡¾x«v.su{Tyjt'zO¥.{~�¯vKzª�

M ′ ↓ v

zO¥ �
(v, [[t]]ρ) ∈ [[tA(~u)]]ρ

¡ ã m � t4yjyWzäû³¡ú�5¡üû$!³�
v = axRep(N)

zO¥ �
N ρ

ù ���



φA([[t]]ρ,
−−→
[[u]]ρ)

¡:ã m � t4yjyWz²û³¡ú�5¡ �O�5�
N ρ φA(t, ~u)

¡<}Jo¤�t+o/©Ot4¤+�
axProp(t, ~u,M) =

axProp(M ′) →∗ axProp(axRep(N)) → N
¡ � t+yWyWz~û5¡ �5¡ú�" � su©Ot4{ � {��v.t
q+¦µzOsuyh¡

•
Γ `M : ∀c. (∀b. b ∈I c→ φ(b,~t)) → φ(c,~t)

Γ ` ind(M,~t) : ∀a. φ(a,~t)

�5su¥.q4t
ind(M ′)

¤�t � � q4t+{��¯o
λc. M ′ c (λb. λx. ind(M ′) b)

� l�m � t+yWyWzfû³¡ú�5¡ú�" fs¹�
{ � �jq4t4{j�¯o�{�v³o/�Î�¯vKzª�a®Yo¤azª¦§¦

C
�
M ′ ∅ (λb. λx. ind(M ′) b) ρ φ(C,~t)

¡cn�t
°.¤ro5q+t4t �ål�m s§¥ � � q+��s§o¥8oO¥

λ
´Ì¤¯zO¥.��oO®

C
¡¾x<zª�OtÈzO¥ m

C
¡�ã m �¯v³t"s§¥ � � q+�¯suo¥8v m ´

°QoO�¯v³t4{�su{4�
M ′

ρ ∀c. (∀b. b ∈I c → φ(b,~t)) → φ(c,~t)
��{ro

M ′ ↓ λc. N
zO¥ �

N [c := ∅] ρ ∀b. b ∈I C → φ(b,~t)
¡]ã m � t+yWyWzdû³¡ú�5¡üû�³�)su�{ � �jq+t4{²�¯od{�v.o%���¯vKz-�

λb. λx. ind(M ′) b ρ ∀b. b ∈I C → φ(b,~t)
¡<x:zO�Ot
zO¥ m

B
zO¥ �

O ρ B ∈I C
���t

¥.t+t � �¯oa{�v.o%�·��vKzª�
ind(M ′)[x := O] ∅ ρ φ(B,~t)

¡ � {
x /∈ FV (M ′)

�.s¹��{ � �jq+t4{
��oT{�v.o%���¯v.zª�
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` M : t ∈ ω
zO¥ � ¤�t+� � ¤�¥³{�zi¥Kzª� � ¤¯zO¦H¥ � y l t4¤

n
¡
F
��oO¤��@{�zO{

®Yo¦u¦§o%��{4ç
� �SzO°.°.¦us§t+{ � t4yjyfziû5¡ �5¡ò f�¯oÈo l �wzOsu¥¾z"°.¤�o)oO®

` N : t = 0 ∨ ∃y ∈ ω. t = S(y)
¡
F

�¯v³t4¥c¥.o¤ryfzO¦us§|+t4{
N
�¯o¾t4s¹�¯v.t+¤

inl(O)
o¤

inr(O)
¡ � ¥��¯v³ti®Yo¤�yjt4¤Tq4zO{�tª�

F
¤�tD� � ¤r¥.{

0
¡

ù ���



� ¥���v.ti¦µz-���¯t+¤4�
` O : ∃y. y ∈ ω ∧ t = S(y)

¡ � o¤ryfzª¦§s§|+s§¥ �
O
su� � tD�¯{

[t1, P ]
�H��v.t4¤rt

` P : t1 ∈ ω ∧ t = S(t1)
¡ � oO¤�yWzO¦§su|4s§¥ �

P
s¹��o l �wzOsu¥.{

Q
{ � qwvi�¯v.zª�

` Q : t1 ∈ ω
¡]x«v³t4¥

F
¤rt+� � ¤�¥.{

F (` Q : t1 ∈ ω) + 1
¡

x:oE{�v.o%����vKzª�
F
�¯t+¤�yjs§¥Kz-�¯t4{i®YoO¤hzª¦§¦�s¹�¯{JzO¤ �O� yWt+¥��¯{4�Gq4o¥.{rs � t+¤J��v.tM{�t4Ç � t+¥.q4t�oO®

�¯t+¤�yj{
t, t1, t2, . . .

o l �wzªs§¥.t � �¯v³¤�o �.� v.o � �V�¯v.tStD½5t+q � ��s§o¥Äoª®
F
¡²n�tSvKz'©t ��»¢¼

R` t ∈ ω
�

��»¢¼
R` t = S(t1)

� ��»¢¼
R` t1 = S(t2)

zO¥ � {�o�oO¥¢¡äx«v.tJ¦§t+¥ � ��vEoO®
�¯v.tÈ{rt4Ç � t4¥³q4tÄsu{
�¯v³t4¤�tD®Yo¤�t�tZ½.zªq+�¯¦ m �¯v³tS¥.zª� � ¤�zO¦¢¥ � y l t4¤ � t+¥.oO��t ��l�m

t
¡

×~ô>ó-ô�
j
j�³ó�� ),»uþ,»È2 . Í Þ�ö����@ó-ø[÷$�?
¶Û�9Pøc�+ò}�5ñH÷$�JÕ~ó/ô����@ó/òu�1Ð�¾>§^¾�6,Ã
R` ∃x ∈ ω. φ(x) Å

OhQ�Rqg�OhQ�RqteR�fon��²g��"OjiktG�"¢Ng�i<p{�qRqt
n
�"g��²O�Rqtup

t
nqi r Q�OhQN�"O�¾�6,Ã

R` φ(n) Å �1Q�Rqt~R n �<RqgLlO�Ren
OhQ�R�¾�6,Ã

R

g�i<p�Rqt8�"¢ r ltut~Ren�d�lg��"fhg<�{O�l
n
�

ÆÇt~l�l�§ � { l t+®YoO¤�tO� � {rti�¯v.t £ � ¤�¤ m ´ � o%�²zª¤ � s§{�oOyWo¤r°.v.su{�y �¯o � tD�azÄ©Ozª¦ � t
[t,M ]

{ � qwv
�¯v.zª�

` [t,M ] : ∃x. x ∈ ω ∧ φ(x)
¡Mx«v � {

` M : t ∈ ω ∧ φ(t)
��{ro

M ↓ 〈M1,M2〉

zO¥ �
` M1 : t ∈ ω

¡Tx:zO�Ot
n = F (` M1 : t ∈ ω)

¡_ã m °.zª�¯qwv.su¥ � �¯o � t+�¯v³t4¤��¯v.t_°³¤�o)oO®Y{
��»¢¼

R` t = S(t1)
� ��»¢¼

R` t1 = S(t2)
�<¡4¡4¡�� ��»¢¼

R` tn = 0
o l �¯zOs§¥³t � �¯v³¤�o �.� v.o � ����v.t

tD½5t+q � ��s§o¥JoO®
F
�.�t � t+� ��»¢¼

R` t = n
¡�ã m �¯v.t � t4s l ¥.su|�z-½5s§oyJ� ��»¢¼

R` φ(n)
¡

�

x«v.t4¤rtdzª¤�tSzO¦§{roT�¬��oj°.¤ro°2t+¤r��s§t4{�qwvKzª¤¯zOqD�¯t4¤rs§{��¯s§q�oª®<q+o¥.{r��¤ � qD�¯s¹©tS{�t+����v.t4o¤rs§t+{4ç

×~ô>ó-ô�
j
j�³ó�� ),»uþ,»È2LÔéÍ Ü��@ó� Û�9Nøj�+ò��)ñH÷$�hÕSó/ô����@ó%òu�1Ð�¾>§P¾�6,Ã
R` ∃x. φ(x) Å O>Q�Rqg;O>Q�Rqt~R

fon��¶O�Rqtup
t
nqi r Q�OhQN�"OÒ¾�6,Ã

R` φ(t)
�

ÆÇt~l�l�§¾ã m �¯v.t £ � ¤r¤ m ´ � o/��zO¤ � su{�oyjo¤�°³v.s§{ryh�@�¯v.t+¤�t�s§{�z
λZ
´Ì��t4¤ry

M
{ � qwvh�¯v.zª�

`M :

∃x. φ
¡Gã m ¥.oO¤�yWzO¦§su|4s§¥ �

M
zO¥ � zª°.°.¦ m su¥ � £ zª¥.o¥.suq'zO¦ ¼ o¤�yj{4�K�t � t+�

[t, N ]
{ � qwvÄ�¯v.zª�

` N : φ(t)
zO¥ � ��v � { l�m ��v.t £ � ¤�¤ m ´ � o%��zO¤ � s§{royWoO¤�°.v.su{�y ��»¢¼

R` φ(t)
¡

�

×~ô>ó-ô�
j
j�³ó�� ),»uþ,» - ÖaÍ ÙL�@òjÛ�9Pøc�+ò}�5ñH÷$��ÕSó/ô����)ó%òu�1Ð©¾>§B¾�6,Ã
R` ∃x. φ(x)

�"g��
φ(x)

fon
O�Rqtqp��(§ut~ReR Å OhQ�Rqg+OhQ�RqteR¿fon*�^O�Rqtqp��(§ut~ReRL§}ltqp�i<¢W� ψ(x)

nqi r Q¤O>QN�"OL¾�6,Ã
R` ∃!x. φ(x)∧ψ(x)

�

ù �$!



ÆÇt~l�l�§�x:zO�ªt
t
®Y¤roy x:t+¤�y � ½³su{r��t4¥.q+t���¤ro°Qt4¤r� m �
{ro8�¯vKz-� ��»¢¼

R` φ(t)
¡Ân�tÄ{�v³o/�t �

l t+®Yo¤rtJ��vKzª� ��»¢¼
R

s§{jz � t+¸K¥.s¹�¯suo¥KzO¦²tZ½)�¯t4¥³{�s§oO¥�oO®�s¹�¯{_�¯t+¤�y_´Ì®Y¤rt4t"©t+¤�{�suo¥¢�²{ro���v.t4¤rthsu{
z¾�¯t4¤rya´�®Y¤�t+tÈ®YoO¤�y � ¦§z

ψ(x)
� t+¸K¥³s§¥ �

t
{ � qwvE�¯vKzª� ��»¢¼

R` (∃!x. ψ(x)) ∧ ψ(t)
¡�x«v.t+¥

��»¢¼
R` ∃!x. φ(x) ∧ ψ(x)

q'zO¥ l t�t'zO{rs§¦ mf� t4¤rsu©Ot � ¡
�

n�t�q+o � ¦ � ¥.o%��°³¤�t4{rt4¥��Gzaq+o¥.q+¤�t+��t~tZ½³zOyW°³¦§t�oO®:°.¤�o � ¤¯zOyÎtD½)�¯¤�zOq+��s§o¥Ès§¥ ��»¢¼
R

�ªp � {��
zO{ �t � s � ®Yo¤ �
� zO¥ �

λH
¡ � o/�t+©Ot4¤+�³{ � qwvizO¥jtD½³zOyj°.¦§t²�o � ¦ �al t�°.¤rov.s l su�¯s¹©t+¦ m ¦µzO¤ � tO�

� s¹©t4¥å�¯v.thzOyjo � ¥��joO®�°.¤rt4¤rt4Ç � s§{rsu��t � tD©t+¦§o°.yjt4¥��Ws§¥å{�tD�f�¯v³t4o¤ m ¥.t4q+t4{�{�zO¤ m �¯o � t+¸.¥.t
t+©Ot4¥¾zª¥Äz �.� su�¯suo¥i® � ¥.qD�¯suo¥¢¡ � ¥³{r�¯t4z � �>��t~{�v.o%��z � t+¥.t4¤�zO¦P�²z m oO®]°³¤�o � ¤�zOy¿tZ½5��¤¯zOqD�¯suo¥
®Y¤�oOy ��»¢¼

R

�²s§¥ � t4°Qt4¥ � t+¥��foO®
�¯v.t � ¥ � t4¤�¦ m s§¥ � ¦µzOy l2� z¾q4zO¦§q � ¦ � {jzO¥ � � {rs§¥ � o¥.¦ m � �H�
�G� ��zª¥ � x � �H¡

�ªEc� «©¬N4Q�¬N�Ç� I�.JK<¬?�F°�Kk��F®
n�tS¥³o/� � t4{rq4¤�s l tSz � t4¥³t4¤�suq�°.¤�o)q4t � � ¤�tSoO®:tD½)�¯¤�zOq+��s§o¥È®Y¤�oOy ��»¢¼

R

°.¤ro5oO®Y{+¡�x«v.t~¤rt4{ � ¦u��{
oO®��¯v³s§{�{rt4q+��s§o¥MzO¤rtazO¦§{ro"z'©ªzOs§¦§z l ¦§tSs§¥ S £ }��$#U�¡~x:o"®$zOq+s§¦§s¹�wzª��t��¯v.t � t+{�q4¤rs§°³��s§o¥6�6��tT��su¦§¦
� {rtdzT©t+¤ m {rs§yj°.¦§tG®Y¤�z � yjt4¥���oO®H� m °2t��¯v³t4o¤ m �.��v.suqwvJ�t~q4zO¦§¦

TT 0 ¡
x«v.t{Ocbed�Ren~oO®

TT 0 zO¤�t � t+¥.t4¤�zª�¯t �hl�m ��v.t�®Yo¦§¦uo%��s§¥ � z l {r��¤¯zOqD� � ¤¯zOyjyfzª¤4¡

τ ::= ∗ | Pφ | nat | bool | (τ, τ) | τ + τ | τ → τ

n�tizO{r{�o)q4sµz-�¯ta��su�¯v�t'zOqwv8� m °Qt
τ
oO®
TT 0 �]zJ{�t+�ToO®«su��{~t+¦§t+yWt+¥@��{4�H��v.s§qwv�zª¤�tW¸.¥.su��s§{r��s§q

o l prt+q+��{4¡"x«v.tj{�tD�ToO®�t4¦§t+yWt+¥��¯{SoO®
τ
s§{ � t+¥.oO�¯t ��l�m

El(τ)
zO¥ ��� t+¸K¥³t �8l�m {r��¤ � qD� � ¤�zO¦

s§¥ � � q+��s§o¥"oO¥
τ
ç

• El(∗) = {∗}
¡

• El(Pφ)
s§{²��v.t�{�t+�VoO®<zO¦u¦ ��»¢¼

R

°.¤ro5oª®Y{«oO®:®YoO¤�y � ¦§z
φ
¡

• El(nat) = N
�.�¯v³tS{rt+�VoO®:¥Kzª� � ¤¯zO¦6¥ � y l t+¤�{+¡

• El(bool)
q+o¥��wzOsu¥.{²�¬�ofo l prt+q+��{4ç

true, false
¡
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• M ∈ El((τ1, τ2))
su{G�¯v³t_{�t+��q+o¥.{rs§{r��s§¥ � oª®�zª¦§¦<°.zOs§¤r{

(M,N)
{ � qwvM��vKzª�

M
s§{Gs§¥

El(τ1)
zª¥ �

N
su{«s§¥

El(τ2)
¡

• M ∈ El(τ1 + τ2)
sWV8t+su�¯v³t4¤

M = inl(M1)
zO¥ �

M1 ∈ El(τ1)
o¤
M = inr(M1)

zO¥ �
M1 ∈ El(τ2)

¡

• M ∈ El(τ1 → τ2)
s�V

M
s§{fz�yWtD�¯v.o � ��v³s§qwv � s¹©t4¥�zª¥ m t4¦ut4yjt4¥��ioª®

El(τ1)

¤rt+� � ¤�¥.{VzO¥Jt4¦ut4yjt4¥���oO®
El(τ2)

¡

� ¥S��v.t ¦µzª{r�Pq+¦µz � {rtO�%�t � {�t¶zO¥Sz l {��¯¤¯zªq+�N¥.oO��s§o¥�oª®�Å¬yWtD�¯v.o � Æ¯¡ � �P��s§¦§¦ª¥.oO� l t ¥.t4q+t4{r{¯zO¤ m
�¯oÈ®Yo¤ryfzO¦us§|+tTsu�4� l � �~®Yo¤���v.tWsu¥��¯t4¤rt4{��¯t � ¤�t'z � t4¤+�]zO¦u¦HÅeyjt+��v.o � {eÅa�t � {rtfzª¤�ta® � ¥.q+��s§o¥³{
°.¤ro/©ªz l ¦ m ¤rt4q � ¤�{rsu©tSs§¥

ZF + Con(ZF )
¡ x«v.su{�s§{ l t4q4z � {�t��¯v³tS¥³o¤�yWzO¦§su|'zª��s§o¥a�¯v³t4o¤rt4y

q'zª¥ l t ®Yo¤�yWzO¦§su|4t � � su©Ot4¥~zVyjo � t4¦oª® ��»¢¼
C

zO¥ � »¢¼ s§{Pt+Ç � s§q+o¥.{�su{r��t4¥��:��s¹�¯v ��»¢¼
C

S ¼ ¤rsB�Oû�U�¡
x«v.tS¥.oO�wz-�¯s§oO¥

M : τ
yjt'zO¥³{���vKzª�

M ∈ El(τ)
¡

n�tjq'zª¦§¦ z
TT 0 � m °2t�d�i<teRjs¹®�s¹� � o)t4{�¥.oO�Sq4oO¥@�¯zOs§¥ ∗

zO¥ �
Pφ
¡Wx«v.t+¤�tjs§{�zÈ¥Kzª� � ¤¯zO¦

yWzO°.°.su¥ � oO®:° � ¤�t�� m °Qt4{
TT 0 �¯oj{�tD�¯{ τ → [[τ ]]

� � t+¸.¥.t � zO{«®Yo¦§¦uo/��{+ç

• [[nat]] = N
¡

• [[bool]] = 2
¡

• [[(τ, σ)]] = [[τ ]] × [[σ]]
¡

• [[τ + σ]] = [[τ ]] + [[σ]]
�>��v.t � s§{Bpros§¥�� � ¥.s§o¥ÈoO®

[[τ ]]
zO¥ �

[[σ]]
¡

• [[τ → σ]] = [[τ ]] → [[σ]]
¡

� ®:zT{�tD� É ¤�t+°.¤�t+{�t+¥@��t �hl@m zO¥ ��»¢¼
R

��t4¤ry Ê s§{²su¥ÈzTq4o � oyWzOs§¥WoO®N�¯v.t�yWzO°"z l o%©tª�³��t�q4zO¦§¦
su�¤Ojbed�Rq��¢£fRP%RD¡ � ®²zJ{rt+�

A
su{�� m °QtD´Ì¦§su�OtO�N�¯v³t4¥���v.t4¤rtWsu{�z � ¥.s§Ç � tj° � ¤rtj� m °Qt

τ
{ � qwv��¯v.zª�

[[τ ]] = A
¡]n�t � t+¥.oO�¯t��¯v³s§{²� m °2t

Type(A)
¡

ã�t+®YoO¤�t���t¶°.¤�o)q4t+t � ® � ¤r��v.t4¤+�ª¦ut+� � {HtD½)�¯t+¥ �
TT 0 ��s¹�¯vSz�¥.t+�8� m °Qt Qτ

�/��v.t4¤rt
τ
s§{Nzª¥ m

° � ¤rt~� m °QtdoO®
TT 0 ¡«x«v.t~yWt+y l t4¤�{VoO® El(Qτ )

zª¤�tS°KzOs§¤r{
(t,P)

{ � qwvÄ�¯v.zª�
P ` t ∈ [[τ ]]

É
P
su{GzO¥ ��»¢¼

R

°.¤ro5oO®<oO®
t ∈ [[τ ]]

Ê ¡ � oª�¯t��¯vKzª�GzO¥ m ¥Kzª� � ¤¯zO¦P¥ � y l t+¤
n
q'zO¥ l tSs§¥-prt+q+��t �

s§¥���o
Qnat

¡
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n�tJ¸K¤�{�� � t+¸K¥.t�z�v.t+¦§°Qt4¤a® � ¥.qD�¯s§oO¥
T
����v.suqwvE�¯zO�Ot+{iz�° � ¤�tJ� m °Qt

τ
zO¥ � ¤�tD� � ¤r¥.{

zO¥.oª�¯v.t+¤¶� m °QtO¡ � ¥�� � s¹�¯su©Ot4¦ m �
T (τ)

su{¶��v.t
� m °QtGoO®¢��v.tGtZ½)�¯¤¯zªq+��®Y¤roy z~{��wzª��t4yjt4¥��
∃x. x ∈

[[τ ]]
¡
T
s§{ � tD¸K¥.t �hl�m s§¥ � � q+�¯suo¥"o¥

τ
ç

• T (bool) = bool
¡

• T (nat) = nat
¡

• T ((τ, σ)) = (T (τ), T (σ))

• T (τ + σ) = T (τ) + T (σ)
¡

• T (τ → σ) = Qτ → T (σ)
É su¥�oO¤ � t+¤���o � �¯s§¦us§|+t_zO¥ ��»¢¼

R

® � ¥.q+��s§o¥¾®Y¤�oOy
[[τ ]]

��o

[[σ]]
��t�¥.t+t � �¯oa{ � °³°.¦ m zª¥Jt+¦§t+yWt+¥@�VoO®<z_{�tD�

[[τ ]]
�>�¯vKzª��su{�zO¥Èt4¦ut4yjt4¥��VoO®

Qτ

Ê

� o%����t�zO{r{�s � ¥ä�¯o�t4zOqwv�®Yo¤ry � ¦µz
φ
oO® ��»¢¼

R

z
TT 0 � m °Qt φ �«��v.suqwv�s§¥�� � s¹�¯s¹©t4¦ m

� t+{�q4¤rs l t4{���v.t r lp�d�i<OZ�"Ojfmlg��"¢ r lg�O�Rqg�O¶oO®HzO¥ ��»¢¼
R

°.¤ro5oª®NoO®
φ
¡<n�tG��su¦§¦ � {�t
�¯v.tG� m °Qt

∗

�¯oayWzO¤��W°KzO¤��¯{�oO®H�¯v.t�°.¤ro5oO®Y{²�t~zO¤�t�¥.oª�
su¥��¯t4¤rt4{��¯t � s§¥6¡]n�t � oasu� l�m su¥ � � qD�¯suo¥Èo¥
φ
ç

• a ∈ b = ∗
¡

• a = b = ∗
É zª�¯oOyWsuqG®Yo¤�y � ¦µzO{�q'zO¤r¤ m ¥.o � {rt+® � ¦Nq+oyW° � �wzª��s§o¥.zO¦6q+o¥��¯t4¥�� Ê ¡

• φ1 ∨ φ2 = φ1 + φ2
¡

• φ1 ∧ φ2 = (φ1, φ2)
¡

• φ1 → φ2 = Pφ1
→ φ2

¡

• ∃a ∈ A. φ1 = (T (Type(A)), φ1)
�.su®

A
s§{²� m °QtD´Ì¦§s§�ªtO¡

• ∃a ∈ A. φ1 = ∗
�Ksu®

A
s§{«¥.oO�«� m °QtD´Ì¦§s§�ªtO¡

• ∃a. φ1 = ∗
¡

• ∀a ∈ A. φ1 = QType(A) → φ1
�Ksu®

A
s§{²� m °QtD´¬¦us§�ªtO¡

• ∀a ∈ A. φ1 = ∗
�Ksu®

A
s§{«¥.oO�«� m °QtD´Ì¦§s§�ªtO¡

• ∀a. φ1 = ∗
¡
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x«v.t � t+¸K¥³su�¯suo¥¾s§{��¯zOs§¦uo¤�t � ®Yo¤��¯v³t � t+©t+¦§o°³yWt+¥@��{~su¥��5t4qD�¯s§oO¥Ê&5� l � �Ssu��q'zª¥�t4zO{�su¦ m
l tJtZ½)�¯t4¥ � t � ��o�zª¦§¦§o%�ËyWt4zO¥.su¥ � ® � ¦²tZ½)�¯¤¯zªq+�¯suo¥�®Y¤�oy zM¦§zO¤ � t+¤_q4¦§zO{�{aoO®
®Yo¤�y � ¦µzO{+�¶®Yo¤
tD½³zOyj°.¦utÈ�tJq4o � ¦ � tZ½)�¯¤¯zªq+�"z¾�¯t+¤�y ®Y¤roy

∃a. φ1

� {�s§¥ � x � �:¡ ¼ o¤a¥.o%�����th°³¤�t4{rt4¥��
{�oOyWt�¥Kz-� � ¤�zO¦PtD½³zOyj°.¦§t+{«oO®:o � ¤«�¯¤�zO¥.{�¦§zª�¯suo¥isu¥hzªq+�¯suo¥¢ç

ù ¡
∃x ∈ N. x = x = 〈nat, ∗〉

¡

�5¡
∀x ∈ N∃y ∈ N. φ = Qnat → 〈nat, φ〉

¡

û³¡
∀f ∈ N → N∃x ∈ N. f(x) = 0 = Qnat→nat → 〈nat, ∗〉

¡

x«v.tStD½)�¯¤�z
∗
q'zª¥ l t�t'zO{rs§¦ mW� su{�q'zª¤ � t � ®Y¤royÎ� m °2t+{ É zO¥ � tD½)��¤¯zOqD�¯{ Ê ¡
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M(N)
Ä
V (x)

§}lt��"g�b+g�ikp{�qRqt

i
t~RqOjiktugNn

Occ(Vi, x) Å §}lt x �qRqfhg<�CRqfhOhQ�Rqt���O�Rqtup¦lt^�*§}ltup�ik¢W�%�

ØF�k����� 2�»$ð�»�= ¥,Q�R^�<R>ËFg�fhOjfmlg;l�§Pt~R8�"¢£fW¹��%��fh¢£fhOcb¤fonP��Rq¢h¢£�(§}li<g��<R8�%�

ÆÇt~l�l�§�¨
{rtM��v.t�yWt4zO{ � ¤�tÄ® � ¥.qD�¯suo¥
m
��v.suqwvÃ�¯zO�Ot+{�z�q4¦§z � {rtMsu¥��¯v.t � tD¸K¥.s¹�¯s§oO¥�zª¥ �

¤�tD� � ¤r¥.{VzO¥Jt4¦§t+yWt+¥���oO®
M(N) × N

3 ��su�¯v"��v.t�¦§tD½5suq4o � ¤�zO°.v.suq'zO¦Qo¤ � t4¤+ç

m(M ρ φ) = (V (φ), Occ(ω, φ), FS(φ),
Å¬{r��¤ � qD� � ¤�zO¦Kq4oyj°.¦utD½5su� m oO®

φ
Æ
)

m([[t]]ρ) = (V (t), Occ(ω, t), FS(t), 0)

x«v.t+¥��¯v.tjyjt'zO{ � ¤�tWoO®���v.t � tD¸K¥.sut4¥ � � yïsu{SzO¦u��z m { � ¤�t4zª�¯t+¤��¯vKzO¥M�¯v.tWyWt4zO{ � ¤�tjoO®²�¯v³t
� tD¸K¥.s§t+¥.{�± s§¥a�¯v³tGq4¦§z � {rt4{®YoO¤�®YoO¤�y � ¦§zO{ �¯v.t
{r��¤ � qD� � ¤�zO¦>q4oyj°.¦§tZ½5su� m � o)t4{ � o%��¥¢�5��v³s§¦§t
�¯v³tS¤rt4{��
oª®<°Kzª¤¯zOyjt+��t4¤�{ � oj¥.oO� � ¤�o%�·¦§zO¤ � t+¤4¡ � ¥È�¯v³t � t+¸K¥.s¹�¯suo¥ÈoO®

[[Vi]]ρ
�.oO¥.t

Vi
� su{¯zO°5´

°Qt'zO¤r{
¤rt4°.¦§zOq4t ��l�m �¬��o
Vi−1

Xü{+¡ � ¥h�¯v³t � tD¸K¥.s¹�¯s§oO¥hoO®
[[ω]]ρ

�>o¥.t
ω
� su{¯zO°.°Qt'zª¤�{4¡ ¼ s§¥Kzª¦§¦ m �

s§¥W�¯v.t � tD¸K¥.s¹�¯s§oO¥ioO®
[[tA(~u)]]ρ

�5��v.t��¯oO°.yWoO{r�
tA
� s§{�zO°.°Qt'zO¤r{4�³��v.su¦§t
¥.o_¥.t+�

Vi
X {�zO¥ �

ω
X {

zO°.°Qt'zª¤4¡
�

n�t�¥.t+t � z�®YtD��yjo¤�t²��t4qwv.¥³s§q'zª¦K¦§t4yjyWzO{:��oS¤rt'zOqwv � t4yjyfz�ý.¡ ù ¡ ù ý.¡:x«v.t m zOyjo � ¥��]��o
�¯t � s§o � {«q4oyj° � �¯zª�¯suo¥.{«oO®:¤¯zª¥.�@{4�K¥.t+q4t4{r{¯zO¤ m �¯oa{�v.o%�·��v.t�¥.t+�Âq'zO{rt~su¥ � t+yWyWzTý.¡ ù ¡ ù ý.¡

¼ s§¤r{r�4�³��t�¸³½ÈoO¥.t�tD½)�¯¤�za¤rt'zO¦us§|+t4¤4ç

ØF�k����� 2�»$ð�» �½¥,Q�Rqt~R�fonJ�zt~R8�"¢£fW¹Rqt
lei
nqi r Q�O>QN�"O

lei ρ ∀a, b, c. a ∈ c∧a = b → b ∈ c
�

ÆÇt~l�l�§ ¼ o¦§¦uo%��{ l�m � t+yWyWzO{«û5¡ �5¡6&5�Kû5¡ �5¡ ù ûazO¥ � x«v.t+o¤�t+y û³¡ú�5¡üý ù ¡
�

ù �Oû



ØF�k����� 2�»$ð�» .
λrk(C) ≤ rk(C+) + ω

�

ÆÇt~l�l�§ � ®
(M,A) ∈ C

�¢�¯v.t+¥
M ρ A ∈I C

¡Tn�t_vKz'©t
inRep([∅, 〈M, eqRefl ∅〉]) ρ

A ∈ C
�P{ro

(inRep([∅〈M, eqRefl ∅〉]), A) ∈ C+ ¡_x«v.tjtD½)��¤¯z ω su{��¯v.t+¤�t_�¯o � t4zO¦<��su��v
°Qo{�{rs l ¦ut � s��jq � ¦u��s§t4{~��su�¯v�¸K¥³su�¯t

C
X {4�zO{T�t � oM¥³oO�a�@¥.o%� z¾°.¤�suo¤�s¶�¯v.t"¤�zO¥.��oO®G{rt+��´

�¯v³t4o¤rt+�¯suq�t4¥.q+o � s§¥ � oO®
inRep([∅, 〈M, eqRefl ∅〉]

¡
�

ØF�k����� 2�»$ð�»�Ô ¾>§
N ρ ∀x ∈ A. φ

OhQ�RqgT§}ltB�"¢h¢
(O,X) ∈ A+ Å N ↓ λa. N1

�"g��

N1[a := ∅] ↓ λx. N2

�"g��
N2[x := O] ρ φ[x := X]

� Á ¢6n�l Å f § N ρ ∃x ∈ A. φ
O>Q�Rqg

OhQ�RqteR�fon
(O,X) ∈ A+ nqi r QCOhQN�"O

N ↓ [∅, N1] Å N1 ↓ 〈O,N2〉
�"g��

N2 ρ φ[x := X]
�

ÆÇt~l�l�§ � ®
N ρ ∀x ∈ A. φ

�¯v.t+¥
N ↓ λa. N1

zO¥ � ®YoO¤<zO¦u¦
X
�
N1[a := ∅] ρ X ∈ A→ φ

�
{�o
N1[a := ∅] ↓ λx. N2

zO¥ � ®Yo¤«zO¦u¦
O
{ � qwvh��vKzª�

O ρ X ∈ A
�
N2[x := O] ρ φ[x :=

X]
¡�x«v.s§{asuyW°.¦us§t+{~�¯v.zª�_®Yo¤azO¦u¦

X
� ®Yo¤azO¦u¦

O
��s¹®

O ρ X ∈ A
���¯v.t+¥

N ↓ λa. N1

�

N1[a := ∅] ↓ λx. N2

zª¥ �
N2[x := O] ρ φ[x := X]

�6��v³s§qwv¾°.¤ro/©Ot4{��¯v³td¸K¤�{���°KzO¤���oO®
�¯v³tSq+¦µzOsuyh¡

� ®
N ρ ∃x ∈ A. φ

�P��v.t4¥
N ↓ [∅, N1]

zO¥ � �¯v.t+¤�tas§{
X
{ � qwv��¯v.zª�

N1 ↓ 〈O,N2〉
�

O ρ X ∈ A
zO¥ �

N2 ρ φ[x := X]
�K{�oa�¯v.t+¤�tSs§{

(O,X) ∈ A+ { � qwv��¯vKz-� N ↓ [∅, N1]
�

N1 ↓ 〈O,N2〉
zO¥ �

N2 ρ φ[x := X]
¡

�

ØF�k����� 2�»$ð�»$ð:Ö Ó�i�d%d�l�n�R
A ∈ Ui

�"g��
N ρ å C fon��Ç§uikg r Ojfmlgz§ut~lp

A
fhg�O�l

Vi å ��¥,Q�Rqg

C ∈ V λ
Γi

�

ÆÇt~l�l�§ ¼ su¤�{���¦§tD� � {���¤rsu��t~®Yo¤ryfzO¦u¦ m ��v.t_{r�¯zª�¯t+yWt+¥��
Å
C
s§{Gzf® � ¥.qD�¯s§oO¥�®Y¤�oy

A
su¥��¯o

Vi
Æw¡

x«v.su{Vyjt'zª¥.{�Å¬®Yo¤�zO¦u¦
x ∈ A

��v.t4¤rt~su{«tD½³zOq+��¦ m o¥³t
y ∈ Vi

{ � qwvJ�¯vKzª�
(x, y) ∈ C

zO¥ � ®Yo¤
zO¦u¦

z ∈ C
��v.t4¤rtfs§{

x ∈ A
zª¥ �

y ∈ Vi
{ � qwv8�¯vKz-�

z = (x, y)
Æw¡Wx«v � {

N ↓ 〈N1, N2〉
�

N1 ρ ∀x ∈ A∃!y ∈ Vi. (x, y) ∈ C
zO¥ �

N2 ρ ∀z ∈ C∃x ∈ A∃y ∈ Vi. z = (x, y)
¡

�5o
N1 ρ ∀x ∈ A∃y ∈ Vi. (x, y) ∈ C ∧ ∀z. (x, z) ∈ C → z = y

¡Vã m � t4yjyfzaý.¡ ù ¡6 5�
®Yo¤_zª¦§¦

(O,X) ∈ A+ �¯v.t+¤�t"su{
(P, Y ) ∈ U+

i

{ � qwvc�¯v.zª�
φ(O,X, P, Y )

v.o¦ � {4� ��v.t+¤�t

ù �ªý



φ(O,X, P, Y )
s§{ � tD¸K¥.t � zO{+ç

φ(O,X, P, Y ) ≡ (N1 ↓ λa. N11) ∧ (N11[a := ∅] ↓ λx. N12) ∧

(N12[x := O] ↓ [∅, N13]) ∧ (N13 ↓ 〈P,Q〉) ∧ (Q ↓ 〈Q1, Q2〉) ∧

(Q1 ρ (X, Y ) ∈ C) ∧ (Q2 ρ ∀z. (X, z) ∈ C → z = Y )

� t+�
ψ(O,X, P, Y )

l t � t+¸.¥.t � zO{4ç

ψ(O,X, P, Y ) ≡ ∃Q1, Q2. (Q1 ρ (X, Y ) ∈ C) ∧ (Q2 ρ ∀z. (X, z) ∈ C → z = Y )

� l ©5suo � {r¦ m � s¹®
φ(O,X, P, Y )

�¯v³t4¥
ψ(O,X, P, Y )

¡��)oÄ®Yo¤_zO¦u¦
(O,X) ∈ A+ �¯v.t+¤�tisu{

(P, Y ) ∈ U+
i

{ � qwvh��vKzª�
ψ(O,X, P, Y )

v.oO¦ � {+¡
� t+¸.¥.t"zJ® � ¥.q+��s§o¥

F
��v.s§qwvM�wzO�ªt4{

(O,X) ∈ A+ zO¥ � ¤�tD� � ¤r¥.{~��v.tf{rt+�
{(P, Y ) ∈

U+
i | ψ(O,X, P, Y )}

¡ � � °.°2oO{�t
(P1, Y1), (P2, Y2) ∈ F ((O,X))

¡Àx«v³t4¥���v.t4¤rt�zª¤�t

Q11, Q12, Q21

{ � qwv��¯vKzª�
Q11 ρ (X, Y1) ∈ C

�
Q12 ρ ∀z. (X, z) ∈ C → z = Y1

�

Q21 ρ (X, Y2) ∈ C
¡�ã m � t+yWyWz�ý.¡ ù ¡ò ³�

Q12 ↓ λa. R1

�
R1[a := ∅] ↓ λx. R2

zª¥ �

R2[x := Q21] ρ Y2 = Y1

¡��5s§¥³q4t
eqSymm ∅ ∅ R2[x := Q21] ρ Y1 = Y2

� l�m � t4yjyWz
û³¡ú�5¡üû��j�¯v³t

λ
´Ì¤¯zO¥³�){GoO®

Y1, Y2
zO¤�td��v.tT{�zOyWtdzO¥ � �6{�s§¥³q4t_zO¥ m { � qwv

(P, Y )
s§{�ziyjt4y l t+¤

oO®
U+
i

�@�¯v.t m zª¤�tG{ryfzª¦§¦§t+¤ �¯vKzO¥
Γi
¡ � ¦u{�o.�@®Yo¤zO¥ m

(O,X) ∈ A+ � F (O,X)
s§{¶s§¥.v.z l su��t � ¡

¼K� ¤r��v.t4¤ryWo¤rtO� � t+¸.¥.tÄzÄ® � ¥.qD�¯suo¥
G
®Y¤�oy

A+ ��o
Γi
���v.suqwvE�wzª�Ot4{

(O,X) ∈ A+

zO¥ � ¤rt+� � ¤�¥.{ ⋃
{λrk((P, Y )) | (P, Y ) ∈ F (O,X) ∧ ψ(O,X, P, Y )}

¡�x«v.t+¥å®YoO¤TzO¥ m

(O,X) ∈ A+ � G(O,X)
su{"zO¥�o¤ � s§¥Kzª¦
{ryfzO¦u¦§t+¤W�¯v.zO¥

Γi
zª¥ � su®

(P, Y ) ∈ U+
i

zª¥ �

ψ(O,X, P, Y )
�Q��v.t4¥

(P, Y ) ∈ V λ
G(O,X)

¡�}Jo¤�t+o/©Ot4¤+�PzO{
Γi
su{Gsu¥KzOq4q+t4{r{�s l ¦§tO�

G ∈ R(Γi)
�

��v.t+¤�t
R(Γi)

� t+¥.oO�¯t+{���v.t
Γi
´Ì��v�t+¦§t4yjt4¥��MoO®j�¯v.tå{r�¯zO¥ � zª¤ � q � y � ¦µzª��su©t�v³s§t4¤�zO¤�qwv m ¡

x«v.t+¤�t+®YoO¤�t ⋃
ran(G)

su{_zO¦§{ro�zO¥co¤ � s§¥KzO¦¶{�yWzO¦u¦§t4¤S�¯vKzª¥
Γi
¡Mn�t � tD¸K¥.tJzO¥co¤ � s§¥Kzª¦

β

�¯o l t
max(λrk(A),

⋃
ran(G))

¡
� o%�Á�¯zO�OtjzO¥ m

(M,B) ∈ C+ �N{�o M ρ B ∈ C
¡_x«v.t4¥¢� l�m �¯v³t � t+¸K¥³su�¯suo¥�oO®

N2

zO¥ � � t4yjyfzTý³¡ ù ¡ò T�¯v.t+¤�t�s§{
(O,X) ∈ A+ zO¥ �

(O1, Z) ∈ U+
i

{ � qwvh��vKzª�
N2 ↓ λa. N21

�

N21[a := ∅] ↓ λx. N22

�
N22[x := M ] ↓ [∅, N23]

�
N23 ↓ 〈O,N24〉

�
N24 ↓ [∅, N25]

�

ù �$&



N25 ↓ 〈O1, R〉
zO¥ �

R ρ B = (X,Z)
¡ � t+�

M1 = lei ∅ ∅ ∅ 〈M,R〉
�<��v.t4¥

M1 ρ

(X,Z) ∈ C
¡]x:zO�ªt�zO¥ m t4¦§t+yWt+¥��

(P, Y ) ∈ F (O,X)
zO¥ � zOq4q+oyj°KzO¥ m s§¥ �

Q1, Q2

¡ x«v³t4¥

Q2 ↓ λa. Q3
�
Q3[a := ∅] ↓ λx. Q4

zª¥ �
Q4[x := M1] ρ Z = Y

¡Âã m � t+yWyWz
û³¡ú�5¡üû��5�

λrk(Z) ≤ λrk(Y )
zª¥ � ��v � {

λrk(Z) ≤ β
¡��5s§¥.q+t

(O,X) ∈ A+ � λrk(X) ≤ β
�

�¯o)o.¡hã m � t+yWyWzJû³¡ �)¡úû$#5�
λrk(B) ≤ β + 2

¡Äã m � t4yjyfzJý.¡ ù ¡6!5�
rk(B) ≤ β + ω

�]{�o

rk(C+) ≤ β + ω + 1
¡�ã m � t4yjyfzjý.¡ ù ¡6!iz � zOs§¥6�

λrk(C) ≤ β + 2ω
¡��5s§¥.q+t

β + 2ω
s§{

{r��s§¦u¦6{�yWzO¦u¦§t4¤�¯vKzO¥
Γi
�.�t � t+�«��v.t�q4¦µzªs§yJ¡

�

ØF�k����� 2�»$ð�»$ð>ð ¾>§
M ρ A ∈ Ui,γ Å O>Q�Rqg M ρ A ∈ Vi

�

ÆÇt~l�l�§ � ®
M ρ A ∈ Ui,γ

�2�¯v³t4¥
M ↓ inRep(N)

�
N ↓ [∅, O]

�
O ↓ 〈O1, O2〉

zO¥ � ��v.t4¤rt
s§{
C
{ � qwv��¯vKz-�

O1 ↓ v
�
(v, C) ∈ Ui,γ

�
O2 ρ C = A

¡Äx«v.t4¥åzO¦u{�o
(v, C) ∈ Ui

� {ro

O1 ρ C ∈I Vi
�K{�oWzO¦u{�o

M ρ A ∈ Vi
¡

�

ØF�k����� 2�»$ð�»$ð)þ ¾>§
N ρ ψi(C,Ui,γ) Å �1Q�Rqt~R ψi fonBlgLR�l�§¶OhQ�RªËFv"R r ¢W�"i%n�Ren¶�<R>ËFg�fhg<�

φi1(C,Ui,γ)
fhg�O>Q�Rg(�R>ËFg�fhOjfmlg A � > � > Å O>Q�Rqg N ρ ψi(C, Vi)

�

ÆÇt~l�l�§Äx«v.t+¤�t~zO¤�t�¸.©OtSq4zO{�t+{V��oaq4o¥.{rs � t+¤4ç

• N ρ C = Vi−1

¡�x«v.su{«q'zO{rt~su{²�¯¤rsu©)sµzO¦[¡

• N ρ ∃a. a ∈ Ui,γ∧c ∈ a
¡]x«v.t4¥T��v.t4¤rt«s§{

A
{ � qwv_�¯vKzª�

N ↓ [∅, O]
�
O ↓ 〈O1, O2〉

�

O1 ρ A ∈ Ui,γ
�
O2 ρ C ∈ A

¡Jã m � t4yjyfzÈý.¡ ù ¡ ùù �
O1 ρ A ∈ Vi

�<{�oÄzO¦§{ro

N ρ ∃a. a ∈ Vi ∧ c ∈ a
¡

• N ρ ∃a. a ∈ Ui,γ ∧ c =
⋃
a
¡Îx«v.t+¥Â�¯v.t+¤�tMs§{

A
{ � qwv��¯vKzª�

N ↓ [∅, O]
�

O ↓ 〈O1, O2〉
�
O1 ρ A ∈ Ui,γ

�
O2 ρ C =

⋃
A
¡�x«v � { l�m � t+yWyWzÄý.¡ ù ¡ ùOù

O1 ρ A ∈ Vi
zª¥ � �t � t+����v.t�q4¦µzªs§yÀs§¥i�¯v³tS{�zOyjt���z m zO{«s§¥"��v.t�°.¤�tD©5suo � {�q'zª{�tO¡

• N ρ ∃a. a ∈ Ui,γ ∧ C = P (a)
¡¶�5suyWsu¦µzO¤��¯o_��v.t�°.¤�tD©5suo � {�q'zª{�tO¡

• N ρ ∃a. a ∈ Ui,γ ∧ C ∈ a → Ui,γ
¡Wx«v.t4¥M�¯v.t+¤�tjs§{

A
{ � qwv���vKzª�

N ↓ [∅, O]
�

O ↓ 〈O1, O2〉
�
O1 ρ A ∈ Ui,γ

�
O2 ρ “C

s§{_z�® � ¥³q+�¯suo¥8®Y¤�oOy
A
su¥��¯o

Ui,γ
Æw¡

ù �"#



ã m � t4yjyfz�ý.¡ ù ¡ ùù �
O1 ρ A ∈ Vi

¡ � ½³°.zO¥ � su¥ � �¯v.t�{�t4q+o¥ � °KzO¤��'�«��t¾v.z%©Ot

O2 ↓ 〈P1, P2〉
�
P1 ρ ∀x ∈ A∃!y ∈ Ui,γ. (x, y) ∈ C

zª¥ �
P2 ρ ∀z ∈ C∃x ∈

A∃y ∈ Ui,γ . z = (x, y)
¡]n�t���su¦§¦Q�wzOqw�@¦§t

P1
zO¥ �

P2
{�t+°KzO¤�zª�¯t+¦ m ¡

¸ ¼ o¤
P1

�>�tdv.z%©Ot~®Yo¤VzO¦u¦
X
�
P1 ↓ λa. P11

�
P11[a := ∅] ↓ λx. Q

zª¥ � ®Yo¤VzO¦u¦

R ρ X ∈ A
�¯v³t4¤�tasu{

Y
{ � qwv���vKzª�

Q[x := R] ↓ [∅, Q0]
�
Q0 ↓ 〈Q1, Q2〉

�

Q1 ρ Y ∈ Ui,γ
zO¥ �

Q2 ρ (X, Y ) ∈ C ∧ ∀z. (X, z) ∈ C → z = Y
¡Vã m

� t+yWyWzTý.¡ ù ¡ ùOù ��tSzO¦u{�o_vKz'©Ot
Q1 ρ Y ∈ Vi

�.{�oazO¦u{�o
P1 ρ ∀x ∈ a∃!y. y ∈

Vi ∧ (x, y) ∈ C
¡

¸ ¼ o¤
P2
�
�t�v.z%©OtM®YoO¤ÈzO¦§¦

Z
�
P2 ↓ λa. P11

�
P11[a := ∅] ↓ λx. Q

zO¥ �
®YoO¤izO¦u¦

R ρ Z ∈ C
�¯v.t+¤�t�zO¤�t

X, Y
{ � qwv��¯v.zª�

Q[x := R] ↓ [t1, Q0]
�

Q0 ↓ 〈Q1, Q2〉
zO¥ �

Q1 ρ X ∈ A
¡S}ho¤�t+o%©t4¤+�

Q2 ↓ [∅, S0]
�
S0 ↓ 〈S1, S2〉

zª¥ �
S1 ρ Y ∈ Ui,γ

¡~ã m � t+yWyWzfý.¡ ù ¡ ùù �tWzª¦§{�ofvKz'©t
S1 ρ Y ∈ Vi

�P{ro
zª¦§{�o
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»¢¼ £ zª¥ � zª¦§¦6��v.t l t+¥.t+¸.��{�oO® £ oO¦§¦§t+q+��s§o¥Èzª��s¹�¯{ � su{�°Qo{¯zª¦�¡

x«v.t�s§yj°Qo¤r�¯zO¥.q4t
oO®Nq4oO¥.{�su{r�¯t+¥.q m ¤�t4{ � ¦u��{«s§¥f��v.s§{²zO¤�t4zdq'zO¥³¥.oO� l t�o%©t4¤rt4{��¯s§yWzª��t � �Kzª{
�¯v³t4o¤rs§t4{²��t4¥ � ��o � ��t+¦§¦¢q+¦§o{rt��¯oas§¥.q+o¥.{rs§{r��t4¥.q m ¡�x«v.su{«s§{²o¥³t�¤�t'zª{�o¥"®Yo¤²��v.t�¤�t+{r�¯¤rs§qD�¯s§oO¥
oO®

Σ
´Ì� m °Qt4{T�tÈz � o°5�'� ��v.s§qwvczªyWo � ¥@��{d�¯o � s§{¯zª¦§¦§o%��su¥ � ��v.t"{r�¯zO¥ � zª¤ � ¤�t � � qD�¯s§oO¥�¤ � ¦ut

ù û�



π1([t,M ]) → t
¡ � ¦u��v.o �.� v ��»¢¼

D

��su��v � ¥.¤rt4{r��¤�suq+�¯t �
Σ
´Ì� m °Qt4{"t4¥/pro m { � {�t+® � ¦G°.¤ro5oO®µ´

�¯v³t4o¤rt+�¯suq °.¤�oO°2t+¤r�¯sut4{+�ª{ � qwvdzª{<� � l prt4qD� � t � � q+��s§o¥¢�%�t�{�v.o%�8��vKzª�Nsu�¢s§{NzO¦u{�o�s§¥.q+o¥.{rs§{r��t4¥��'¡
n�tj°.¤ro5q+t4t � �¯oh°.¤�t+{�t4¥�� ��»¢¼

D

¡ � o%��tD©t+¤4��zO{�q4oOyWyjo¥¾��su��v � t+°2t+¥ � t4¥��~�¯v.t+o¤�sut4{4�
za{�t4°.zO¤¯zª��t~°³¤�t4{rt4¥��wz-�¯s§oO¥�oO®:®Yo¤�y � ¦µzO{+�³�¯t+¤�yj{
zª¥ � ¦§zOy lQ� zT�¯t+¤�yj{Vsu{�s§yj°2o{r{�s l ¦§tª¡ ��»¢¼

D

s§{Vo¥.tS¦µzª¤ � t�¦µzªy l2� zaq4zO¦§q � ¦ � {V��s¹�¯vÈ� m °Qt4{+�2��v.oO{�tVp � � � yWt+¥��¯{Vs§¥.q+¦ � � t�°.¤ro%©Oz l ¦§tS{r�¯zª�¯tZ´
yjt4¥��¯{+�.©Ozª¦§s � ��t4¤ryW{�zO¥ � ®Yo¤ry � ¦§zO{4¡

æ�EZYJE�D Þ0/�ê2j
x«v.td��v.t4oO¤ m ��»¢¼

D

su{Gz � t4°Qt4¥ � t+¥���©t+¤�{�suo¥¾oO® ��»¢¼
R

¡ � ��zO¤rs§{�t+{ l�m tD½)�¯t+¥ � s§¥ � �¯v.t~q4o¥)´
{r��¤ � qD�¯s¹©t¸.¤�{r��´¬o¤ � t4¤H¦§o � s§q�oO® ��»¢¼

R

��su�¯v � t4°Qt4¥ � t4¥��]®Yt4zª� � ¤rt4{+¡ � {:zO¥ mS� t+�¯zOs§¦ut � zOq4q+o � ¥��
oO®³z��¯v.t+o¤ m�l zO{�t � oO¥ � t4°Qt4¥ � t+¥��<¦uo � s§q:s§¥�©oO¦u©t+{Hz�¦§zO¤ � t zOyjo � ¥��PoO®5{ m ¥��wz-½2�-��t�°Qo{r��°2o¥³t
�¯v³t�®YoO¤�yWzO¦2��¤�t'z-�¯yjt4¥����¯o_�¯v.t�¥.tZ½)�
{rt4qD�¯s§oO¥�zO¥ � ¸.¤�{r� � t+{�q+¤�s l t��¯v.t���v.t4o¤ m s§¥³®YoO¤�yWzO¦§¦ m ¡

� ¥�� � s¹�¯su©Ot4¦ m �N�¯v.tWz-½5s§oyj{�oO® ��»¢¼
D

zª¤�tOç � yW°³� m �)t+�'�:�<zªs§¤�su¥ � � � ¥³¸K¥³su� m �:�:o%�t4¤T�5t+�4�

∈
´ � ¥ � � q+��s§o¥EzO¥ �å� t4°Qt4¥ � t4¥��È�)t4°KzO¤�zª�¯suo¥åzO¥ � � t+°.¦µzªq4t4yjt4¥��4¡Ex«v.t � ¥ � t4¤�¦ m s§¥ � ¦§o � s§q
s§{azª¥åtZ½)�¯t4¥³{�s§oO¥EoO® �e¼H��� l�m�� t+°2t+¥ � t4¥��Ws§yj°.¦§suq'zª��s§o¥³{4�<q+o¥-p � ¥³q+�¯suo¥.{azO¥ � ¤rt4{r��¤�suq+�¯t �

Σ
´Ì� m °Qt4{+¡ ¼ o¤�yWzO¦§¦ m � ��»¢¼

D

� o)t4{�¥³oO��vKz'©tjzO¥ m z-½5s§oyj{Gsu¥Ä�¯v.tT��¤¯z � s¹�¯suo¥KzO¦N{�t+¥.{�t ì s¹��su{
za¦§o � suq�°2o%�t4¤�® � ¦Nt4¥.o �³� vh��o��<Rqtufhv"R~zO¦§¦2�¯v.t�®Yo¤�y � ¦µzO{«¦us§{��¯t � s§¥ ¼ s �� ¤�t�ý³¡ ù ¡ � o%��tD©t4¤+�
�¯v³t4{�t�®Yo¤ry � ¦µzª{«zO¤�t�v³t4¦§°5® � ¦Ps§¥ � tD¸K¥.s§¥ � zª¥ � � ¥ � t4¤r{r�¯zO¥ � su¥ �W��»¢¼

D

¡
� {�s§¥ ��»¢¼

R

�³��v.t�z-½5s§oOyW{ É �e��Ê zª¥ � É �43�Ê zO¦§o¥ � ��su��vi�¯v.t�s§¥���t4¥.{rs§o¥Kzª¦6yjt4y l t4¤r{�v.su°
{ m y l o¦

∈I
®YoO¤�y�z l zªqw� l o¥.t«oª®.�¯v.t � t+s l ¥³s§| É

∀~f, a, b. a = b→ φ(a, ~f) → φ(b, ~f)
Ê zO¥ �

� ½)�¯t4¥³{�s§oO¥KzO¦§s¹� m É
∀a, b. (∀c. c ∈ a ↔ c ∈ b) → a = b

Ê z-½5s§oOyW{+�6��v.s§qwv�zO¤rt � t4¤rsu©ªz l ¦ut
s§¥Jo � ¤Vz-½5suoyfz-�¯s§|4zª�¯suo¥¢¡�5suyWsu¦µzO¤r¦ m � ��»¢¼

D

q'zª¥�°.¤ro/©OtTzO¦u¦¢�¯v.t~z-½5s§oOyW{«��su��v
∈I
¤rt4°.¦§zOq4t �

l�m
∈
¡ � q+¦§o{rt4¤�¦uo5o�Èz-���¯v.tdq4o¤r¤�t4{r°2oO¥ � s§¥ � °.¤�o)oO®Y{�su¥��5t+q+�¯suo¥¾û³¡ú�f¤�tD©t4zO¦§{G��vKzª����v.t4{rt

{r�¯zª�¯t+yWt+¥��¯{izª¤�tÈ�¯¤ � tho¥³¦ m ®Yo¤_¸K¤r{r��´¬o¤ � t4¤a®Yo¤�y � ¦µzO{+¡��5t+th��v.t � s§{�q � {�{rs§o¥Es§¥ä�5t4qD�¯suo¥
ý.¡ú�5¡ú�5¡

x«v.t � ¥ � t+¤�¦ m su¥ � ¦uo � s§qhs§¥.q+¦ � � t4{ � t+°2t+¥ � t+¥@�JsuyW°.¦us§q4zª�¯suo¥.{jzO¥ � q+o¥-p � ¥.qD�¯suo¥.{4� � tZ´

ù û ù



•
É �e��Ê

∀a, b. a ∈ b↔ ∃c. c ∈I b ∧ a = c

•
É �43SÊ

∀a, b. a = b↔ ∀d. (d ∈I a→ d ∈ b) ∧ (d ∈I b→ d ∈ a)

•
É � }�� x�� Ê

∀c. c ∈I ∅ ↔ ⊥

•
É � �
�e�GÊ

∀a, b∀c. c ∈I {a, b} ↔ c = a ∨ c = b

•
É �e�G¼ Ê

∀c. c ∈I ω ↔ c = 0 ∨ ∃b ∈ ω. c = S(b)

•
É � � �

p,a, ~f. φ)

Ê
∀~f, a∀c. c ∈I Sa, ~f. φ(a,

~f) ↔ (p : c ∈ a) ∧ φ[a := c]

•
É ¨ �V�����GÊ

∀a∀c. c ∈I
⋃
a↔ ∃b ∈ a. c ∈ b

•
É � � n ���GÊ

∀a∀c. c ∈I P (a) ↔ ∀b. b ∈ c→ b ∈ a

•
É �
� � �

p,a,b, ~f. φ

Ê
∀~f, a∀c. c ∈I R

p,a,b ~f. φ
(a, ~f) ↔ (∀x. (p : x ∈ a) →

∃!y. φ[a, b := x, y]) ∧ (∃x. (p : x ∈ a) ∧ φ[a, b := x, c])

•
É �e�G�

φ(a, ~f)

Ê
∀~f. (∀a. (∀b. (b ∈I a) → φ(b, ~f)) → φ(a, ~f)) → ∀a. φ(a, ~f)

¼ s �O� ¤�t�ý³¡ ù ç x«v³tdz-½5suoyW{�oO® ��»¢¼�5

¥.oO��t �ål�m
(p : φ) → ψ

zO¥ �
(p : φ) ∧ ψ

¡�x«v.t4{rt�q'zª¥ l ti®Yo � ¥ � s§¥���v.th�5t4°Kzª¤¯zª��s§o¥
zO¥ � � t+°.¦µzOq+t4yjt4¥��dz-½5s§oyj{4¡"x«v.t+s§¤~°KzO¤¯zªyWtD�¯t4¤rs§|+s§¥ � ®Yo¤ry � ¦µzª{Sq4zO¥ � t+°2t+¥ � o¥�°.¤�o)oO®Y{4�
� t+¥.oO�¯t �Äl�m

p
¡ � ¥�� � s¹�¯s¹©t4¦ m �>s§¥ ��»¢¼

D

°³¤�o)oO®Y{VzO¤�t~zj©ªzO¦us � { � l prt4q+��oO® � su{�q+o � ¤�{rtO¡�x«v.su{
su{
�¯v³tGyWzOs§¥j®Yt'zª� � ¤�tV��v.s§qwv � s§{r��s§¥ �O� s§{rv.t4{¶�¯v.tGz-½5s§oyj{oª® ��»¢¼

D

®Y¤royî�¯¤¯z � su��s§o¥Kzª¦Kz-½5s§oyWz-´
�¯su|'zª��s§o¥³{4¡ � ¥�°.zO¤r��s§q � ¦µzO¤+�Q¥³oO�¯t��¯vKz-�
��v.tTz-½5suoyW{VoO® ��»¢¼

R

zª¤�td°³¤�t4q+s§{rt4¦ m ��v.zª��¤rt4yWzOs§¥.{
su®N��v.t�{�qwv.t+yfzO{
zO¤rtS¤rt4{��¯¤�suq+��t � �¯oa° � ¤rt4¦ m ¸K¤�{��r´Ìo¤ � t+¤«®Yo¤�y � ¦µzO{+¡

æ�EZYJEmY [��*IxKkI,¬���M|FÌ
λD

x«v.tT��t4¤�yj{�oO®
λD

zO¤�t � s¹©)s � t � s§¥��¯oi��v.¤�t+t_{ m ¥��wzOqD�¯s§q_q4zª�¯t � o¤rs§t4{+�Pt4¥.q+oyj°KzO{�{rs§¥ � °³¤�o)oO®
�¯t+¤�yj{4�/{�tD�P�¯t+¤�yj{NzO¥ � ®Yo¤�y � ¦µzO{+�'¤�t+{�°Qt4qD�¯su©Ot4¦ m ¡:n�t]��s§¦u¦ � t4¥.t+¤¯zO¦u¦ m � {�t�¦§tD����t4¤�{

M,N,O, P

®Yo¤a°.¤ro5oO®V�¯t+¤�yj{4�
s, t, u

®Yo¤a{rt+�j�¯t4¤ryW{+�
φ, ψ, ϑ

®Yo¤_®Yo¤�y � ¦µzO{azO¥ �
T, S

®Yo¤jzO¤ l s¹�¯¤�zO¤ m
�¯t+¤�yj{4¡ x«v � {+�³��v.t4¥³t+©t+¤«o¥.t
oO®P�¯v.t+{�t�{ m y l oO¦§{¶s§{�t+¥.q4o � ¥��¯t4¤rt � s§¥j�¯v.tV�¯tZ½5�4�5��v.t�¤�t4z � t+¤
{�v³o � ¦ � zO{r{ � yjt��¯vKzª�Vs¹��vKzO{ l t+t4¥ � t4¥.t+¤¯zª��t �Jl@m ��v.tSq4o¤r¤�t4{r°2oO¥ � s§¥ � °Kzª¤r�VoO®H�¯v.t � ¤¯zªya´
yWzO¤4¡:x«v.t4¤rt
zª¤�t²�¬�o~�@s§¥ � { oO®Q©Ozª¤�sµz l ¦§t+{4¡Hx«v.tV¸.¤�{r��oO¥.tO� � t+¥.oO�¯t �Wl�m ¦ut+�r�¯t4¤r{

p, q, x, y, z
�

zO{ � { � zO¦]q+o¤�¤rt4{r°2o¥ � {��¯o"�¯v.t_°³¤�o°Qo{�s¹�¯suo¥KzO¦Hs§yj°.¦§suq'zª��s§o¥³{4¡�x«v.ta{rt4q4oO¥ � oO¥.tO� � t+¥.oO��t �

ù û��



� { � zO¦§¦ mMl@m ¦§tD����t4¤�{
a, b, c

� su¥�� � s¹�¯su©Ot4¦ m q4o¤r¤�t4{r°2oO¥ � {T�¯oh�¯v.tf¸.¤�{r��´¬o¤ � t4¤dÇ � zO¥��¯su¸.q'zª��s§o¥¢¡
n�t¶q4zO¦§¦ª�¯v.t+yád�tel�l�§TzO¥ � n�RqO¢©ªzO¤�s§z l ¦§t+{4�%¤rt4{�°Qt4qD�¯s¹©t4¦ m ¡:x«v.t¶®YoO¦§¦§o%��su¥ � z l {��¯¤�zOq+� � ¤�zOyWyWzO¤
� tD¸K¥.t4{��¯v³t���t4¤ryW{�oO®

λD
¡ x«v.t�¸K¤�{��
°.zO¤r� � t+¥.t4¤�zª�¯t+{���v.t�°.¤�o)oO®H�¯t+¤�yj{4ç

M ::= x | M N | λa. M | λx : φ. M | inl(M) | inr(M) |

fst(M) | snd(M) | [t,M ] | M t | 〈M,N〉 |

case(M,x : φ. N, x : ψ. O) | magic(M) | πa.φ2 (M)

ind
a, ~f. φ(a, ~f)(M,~t)

inProp(t, u,M) | inRep(t, u,M)

eqProp(t, u,M) | eqRep(t, u,M)

pairProp(t, u1, u2,M) | pairRep(t, u1, u2,M)

unionProp(t, u,M) | unionRep(t, u,M)

sep
p,a, ~f.φ

Prop(t, u, ~u,M) | sep
p,a, ~f.φ

Rep(t, u, ~u,M)

powerProp(t, u,M) | powerRep(t, u,M)

infProp(t,M) | infRep(t,M)

repl
p,a,b, ~f.φ

Prop(t, u, ~u,M) | repl
p,a,b, ~f.φ

Rep(t, u, ~u,M)

� { l t+®Yo¤rtO����tVz � o°³� �¯v³t«q4o¥�©t+¥��¯s§oO¥foO® � {�su¥ �
axRep

zO¥ �
axProp

�¯t4¤ryW{]��o��wzOq+su�¯¦ m
yjt'zO¥hzO¦§¦

Rep
zO¥ �

Prop
�¯t4¤ryW{+�K®Yo¤

ax
l t+s§¥ � o¥.tSoO®

in
�
eq
�
pair

�
union

�
sep

�
power

�

inf
zO¥ �

repl
¡

x«v.tS{�t4q+o¥ � °KzO¤r��oª®:��v.t � ¤¯zOyjyWzO¤ � t+¥.t4¤�zª�¯t+{V��v.t�{�tD�V��t4¤ryW{+ç

t ::= a | πa.φ1 (M) | ∅ | {t1, t2} | ω | P (t) |
⋃

t |

S
p,a, ~f.φ

(t,~t) | R
p,a,b, ~f.φ

(t,~t)

ù ûû



x«v.tT�¯t+¤�y
Sp,a, ~f.φ(t,~t)

s§¥�� � su��su©t+¦ m q+o¤�¤rt4{r°2o¥ � {��¯of��v.tT{rt+�
{(p : a ∈ t) | φ}

¡Gx«v³t
�¯t+¤�y

R
p,a,b, ~f.φ

(t,~t)
s§¥�� � s¹�¯s¹©t4¦ m q4o¤r¤�t4{r°2oO¥ � {P�¯o²��v.t�{�t+�

{y | (∀(p : x ∈ t)∃!y. φ[a, b, ~f :=

x, y,~t]) ∧ (∃p : x ∈ t. φ[a, b, ~f := x, y,~t])}
¡ x«v.t��¯t+¤�y

πa.φ1 (M)
q4zO¥ l t��¯v³o �.� v��VoO®<zO{

z � t4°Qt4¥ � t4¥��d©Ot4¤r{�s§oO¥�oO®¶�¯v³t � s§¦ l t+¤r�}X {�t+°.{�su¦§o¥�o°Qt4¤�zª�¯o¤
εa. φ

¡_x«v.t+{�tjs§¥�� � s¹�¯suo¥.{�zO¤rt
p � {��¯su¸.t �Jl@m �¯v.t�� m °.s§¥ � { m {��¯t+y s§¥h�5t4qD�¯suo¥Èý.¡ �)¡ �5¡

x«v.t��¯v.su¤ � °KzO¤�� � t4¥.t+¤¯zª��t4{��¯v.t�®YoO¤�y � ¦§zO{«oO® ��»¢¼
D

ç

φ ::= ⊥ | (x : φ) → ψ | (x : φ) ∧ ψ | φ ∨ ψ | ∀a. φ | ∃a. φ

x«v.t
®YoO¤�y � ¦§zO{
(x : φ) → ψ

zO¥ �
(x : φ)∧ψ

zO¤�t � t+°2t+¥ � t4¥��©t4¤r{�suo¥.{�oª®¢s§yj°.¦us§q'z-�¯s§oO¥
zO¥ � q+o¥-p � ¥³q+�¯suo¥¢¡�x«v.tT©ªzO¤rsµz l ¦ut

x
l su¥ � {�s§¥

ψ
�6��v³s§qwv�q'zO¥¾yjt4¥���s§o¥

x
É su¥.{�s � tdoª®

πa.φ1

�¯t+¤�yj{ Ê ¡hxH¤¯z � su�¯suo¥KzO¦]®YoO¤�y � ¦§zO{
φ → ψ

zO¥ �
φ ∧ ψ

zO¤�t � t+¸.¥.t � zO{dz l.l ¤rt+©)sµz-�¯s§oO¥.{S®YoO¤

(x : φ) → ψ
zO¥ �

(x : φ) ∧ ψ
�5��v.t4¤rt

x
s§{²®Y¤rt4{�v6¡

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»$ðâÁ ¦§zOy lQ� zV��t4¤ry fon��^O�RqtupÂ�<RqgLRqtG�"O�R8�^��bPO>Q�RLËFtenqO?dN�"tuOÒl�§JOhQ�RÇ�"tG�"p��
p{�"t�� Á {�tD���¯t4¤ry½fon*�^O�RqtqpÉ�<RqgLRqtG�"O�R8����b�O>Q�R�n�R r lg��ªdN�"tuO�l�§ªOhQ�RÇ�"tG�"p�p{�"t�� Á ®Yo¤ry � ¦µz
fon��¶O�Rqtupó�<RqgLRqt8�"O�R8�+��b{O>Q�R�OhQ<fhtG��dN�"tuOªl�§²OhQ�R��"tG�"p�p{�"t��

x«v.tÄ®Y¤�t+t�©ªzO¤�s§z l ¦ut4{joO®Sz��¯t+¤�y
M

zO¤�t � t4¥.oª�¯t ��l�m
FV (M)

¡�x«v.t � tD¸K¥.s¹�¯s§oO¥äoO®

FV (M)
�zO{d�t4¦u¦«zO{T�¯v³t � t+¸K¥³su�¯suo¥8oO®���v.t É q4zO°³� � ¤�tD´¬z'©os � s§¥ ��Ê { � l {r��su� � �¯s§oO¥¢�]®Yo¦§¦uo%��{

�¯v³t � ¤¯zOyjyfzª¤fs§¥Ãzc¥Kzª� � ¤¯zO¦
�²z m ���¯zO�@s§¥ � su¥@��oczOq4q+o � ¥��J�¯v.t¾®Yo¤ry � ¦µzª{"zO°.°Qt'zO¤rs§¥ � su¥
{ � l {�q+¤�s§°5�¯{"zO¥ � { � °Qt4¤r{�q+¤�s§°5�¯{ioO®���t4¤ryW{+¡Ãn�t�{rv.o%�à�¬�o8¤�t+°.¤�t+{�t+¥@�¯zª�¯s¹©t¾q4zO{�t+{ioO®��¯v³t
� tD¸K¥.su��s§o¥6ç

FV (πa.φ1 (M)) = (FV (φ) \ {a}) ∪ FV (M)

FV (sep
p,a, ~f.φ

Rep(u, ~u,M)) = (FV (φ) \ {p, a, ~f}) ∪

FV (u) ∪ FV (~u) ∪ FV (M)

x«v.t�¤�t � � q+��s§o¥È¤rt4¦µz-�¯s§oO¥¢� � t4¥.oO��t �Jl�m
→
�³su{ � t+��t4¤�yjs§¥³s§{r��s§qGzO¥ �È� t+¸.¥.t � o¥È¦µzªy l2� z

ù ûOý



�¯t+¤�yj{4¡ � �
zO¤rs§{�t+{«®Y¤�oyÀ�¯v.t�®Yo¦u¦§o%��s§¥ � ¤�t � � q+��s§o¥È¤ � ¦§t4{VzO¥ � tD©ªzO¦ � z-�¯s§oO¥"q4o¥��¯tZ½)�¯{4ç

(λx : φ. M) N →M [x := N ] (λa. M) t→M [a := t]

fst(〈M,N〉) →M snd(〈M,N〉) → N πa.φ2 ([t,M ]) →M

case(inl(M), x : φ. N, x : ψ. O) → N [x := M ]

case(inr(M), x : φ. N, x : ψ. O) → O[x := M ]

axProp(t, ~u, axRep(t, ~u,M)) →M

inda, ~f . φ(M,~t) → λc. M c (λb.λx : b ∈I c. inda, ~f. φ(M,~t) b)

x«v.tSt+©ªzO¦ � zª�¯suo¥iq4oO¥@��tD½)�¯{
{r��s§¦§¦ � t4{rq4¤rs l tSq4zO¦§¦ ´ l�m ´¬¥.t+t � É ¦§zO| m Ê tD©Ozª¦ � zª��s§o¥"oO¤ � t+¤4ç

[◦] ::= fst([◦]) | snd([◦]) | case([◦], x : φ. N, x : ψ. O) |

πa.φ2 ([◦]) | axProp(t, ~u, [◦]) | [◦] M | magic([◦])

x«v.tf{��wzO¥ � zO¤ � ¤�t � � q+��s§o¥M¤ � ¦§t
πa.φ1 ([t,M ]) → t

su{S¥³oO�S°.¤�t+{�t4¥��4¡"x«v.tW¤rt'zO{ro¥.{S®Yo¤
�¯v³s§{«oyjs§{r{�s§oO¥i��s§¦§¦ l t+q4oyjt�q4¦ut'zO¤«su¥h�5t4qD�¯s§oO¥hý.¡ú�5¡ú�5¡

x«v.tj{�t+�~oO®
λD
´Ì©ªzO¦ � t4{���s§¦u¦ l t � t4¥.oª�¯t ��l�m

λDv

¡ � ¥���v.t � t+¸K¥³su�¯suo¥¢�
t, ~u, φ,M,N

zO¤rt~zª¤ l s¹�¯¤¯zª¤ m �¯t4¤ryW{+¡

V ::= λa. M | λx : φ. M | inr(M) | inl(M) | [t,M ] | 〈M,N〉 | axRep(t, ~u,M)

n�tW¥.o%� s§¥��¯¤ro � � q4tWzÈ� m °Qtf{ m {��¯t+yï®Yo¤
λD

¡ £ o¥��¯tZ½5��{4� � t4¥.oO��t �8l�m
Γ
�]zO¤rtj¸.¥.su��t

{�t+Ç � t4¥.q+t4{²oª®¢°KzOsu¤�{
(z, T )

����v.t+¤�t
z
s§{¶z�©ªzO¤�s§z l ¦§t�zª¥ �

T
s§{�t4s¹�¯v.t+¤¶z�®YoO¤�y � ¦§z�o¤¶zS{��¯¤�su¥ �

Set
¡åx«v.t��<lp{�"fhg�oO®GzMq+o¥��¯tD½)�

Γ = z1 : T1, . . ., zn : Tn
� � t4¥³oO�¯t �äl�m

dom(Γ)
�su{

�¯v³t_{�t4Ç � t+¥.q4t
z1, . . ., zn

�¢��¤�t'z-�¯t � zO{G{�t+����v³t4¥Mq4o¥�©t+¥.s§t+¥��'¡Tx«v.t+¤�tjzO¤rtd�¯v.¤rt4ta�@s§¥ � {�oO®
� m °.s§¥ � p � � � yjt4¥��¯{+ç

• Γ ` t : Set
�K¤�t'z � zO{Å

t
s§{�z_{�tD�V��t4¤ry¿s§¥"�¯v³tSq+o¥��¯tZ½5�

Γ
Æw¡

• Γ ` φ : Form
�³¤�t'z � zO{�Å

φ
s§{�zT®Yo¤ry � ¦§zTs§¥i�¯v³tSq+o¥��¯tZ½5�

Γ
Æw¡

• Γ `M : φ
�K¤�t4z � zO{4ç<Å

M
s§{�z_°.¤ro5oO®:oO®H�¯v.t�®Yo¤ry � ¦§z

φ
s§¥"�¯v.t�q+o¥��¯tD½)�

Γ
Æw¡

ù û%&



n�t��¯v.t+¤�tD®Yo¤�ts§¥.q+o¤�°Qo¤¯z-�¯t��v.t � t+¸K¥.s¹�¯suo¥doO®K��t4¤ryW{<zO¥ � ®Yo¤ry � ¦µzª{:su¥~�¯v³t�� m °.s§¥ � { m {r��t4yJ¡
x«v.su{�s§{¶¥.t+q4t4{r{¯zO¤ m su¥Wo¤ � t4¤¶�¯o~t4¥.{ � ¤�tG��vKzª��¯v.tGzO¤ �� yWt+¥@��{oª®

πa.φ1 (M)
��t4¤ryW{zO¤�tV©ªzO¦§s �

°.¤ro5oO®Y{«oª®
∃a. φ

¡�n�t�{r�¯zO¤r����s¹�¯vÈ¤ � ¦ut4{«®Yo¤²��t4¤�yj{4ç

Γ, a : Set ` a : Set
a /∈ dom(Γ)

Γ ` ~u : Set
Γ ` tA(~u) : Set

Γ ` t,~t : Set Γ, a, ~f : Set, p : a ∈ t ` φ : Form

Γ ` S
p,a, ~f. φ

(t,~t) : Set

Γ ` t,~t : Set Γ, a, b, ~f : Set, p : a ∈ t ` φ : Form

Γ ` R
p,a,b, ~f. φ

(t,~t) : Set

¼K� ¤r��v.t4¤ryWoO¤�tO�5��t � t+¸.¥.t��¯v.t�®Yo¤ry � ¦µzª{4ç

Γ ` φ : Form

Γ, x : φ ` x : φ
x /∈ dom(Γ)

Γ ` ⊥ : Form
Γ ` t : Set Γ ` u : Set

Γ ` t ◦ u : Form
◦ ∈ {∈I ,=,∈}

Γ ` φ : Form Γ ` ψ : Form

Γ ` φ ∨ ψ : Form

Γ ` φ : Form Γ, x : φ ` ψ : Form

Γ ` (x : φ) ◦ ψ : Form
◦ ∈ {→,∧}

Γ, a : Set ` φ : Form

Γ ` Qa. φ : Form
Q ∈ {∀, ∃}

� ¥ � ¸.¥KzO¦§¦ m �'�t � t+¸K¥³t���v.t °.¤ro5oO®Y{+¡ ¼ s§¤�{��'�'��v.t ¤ � ¦ut4{ � o%©Ot4¤�¥³s§¥ � �¯v³t � t4°Qt4¥ � t4¥��<¦uo � suqO¡¢n�t
¥.t+t � �¯ods§¥.q+o¤�°Qo¤¯z-�¯t
n�t'zª�Ot4¥³s§¥ � su¥@��o~��v.tG®Yo¤ryfzO¦>{ m {��¯t+yh�Kzª{�su��s§{¥.oT¦§oO¥ � t4¤¶°.¤ro/©ªz l ¦§tO¡

Γ ` S : T
Γ, a : Set ` S : T

a /∈ dom(Γ)
Γ ` S : T Γ ` φ : Form

Γ, x : φ ` S : T
x /∈ dom(Γ)

Γ, x : φ `M : ψ

Γ ` λx : φ. M : (x : φ) → ψ

Γ, a : Set `M : φ

Γ ` λa. M : ∀a. φ

Γ `M : (x : φ) → ψ Γ ` N : φ

Γ `M N : ψ[x := N ]

Γ `M : ∀a. φ Γ ` t : Set

Γ `M t : φ[a := t]

Γ `M : φ Γ ` N : ψ[x := M ]

Γ ` 〈M,N〉 : (x : φ) ∧ ψ

Γ `M : (x : φ) ∧ ψ

Γ ` fst(M) : φ

Γ `M : (x : φ) ∧ ψ

Γ ` snd(M) : ψ[x := fst(M)]

ù û$#



Γ ` t : Set Γ `M : φ[x := t]

Γ ` [t,M ] : ∃a. φ

Γ `M : ∃a. φ

Γ ` πa.φ1 (M) : Set

Γ `M : ∃a. φ

Γ ` πa.φ2 (M) : φ[a := πa.φ1 (M)]

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x : φ. N, x : ψ. O) : ϑ

Γ `M : ⊥
Γ ` magic(M) : φ

�5t+q4o¥ � �>�t�°.¤�t+{�t+¥@�V�¯v³tS¤ � ¦§t+{�q4o¤r¤�t4{r°2oO¥ � s§¥ � ��oa{�t+�V�¯v³t4o¤ m ¡

Γ `M : ∀c. (∀b. b ∈ c→ φ[a, ~f := b,~t]) → φ[a, ~f := c,~t] Γ ` ~t : Set

Γ ` inda, ~f. φ(M,~t) : ∀a. φ[~f := ~t]

Γ `M : φA(t, ~u) Γ ` t, ~u : Set

Γ ` axRep(t, ~u,M) : t ∈I tA(~u)

Γ `M : t ∈I tA(~u)

Γ ` axProp(t, ~u,M) : φA(t, ~u)

Γ `M : ∃c. c ∈I u ∧ t = c

Γ ` inRep(t, u,M) : t ∈ u
Γ `M : t ∈ u

Γ ` inProp(t, u,M) : ∃c. c ∈I u ∧ t = c

Γ `M : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

Γ ` eqRep(t, u,M) : t = u

Γ `M : t = u
Γ ` eqProp(t, u,M) : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

n�tj��¤rsu�¯t
Γ ` T : S

�N��v.t4¥��¯v.su{²p � � � yjt4¥��dq4zO¥ l t � t4¤�s¹©t � � {rs§¥ � �¯v.ta� m °.s§¥ � ¤ � ¦ut4{+¡
x«v.t²��v.t4o¤ m ��»¢¼

D

zO¤�su{�t+{<®Y¤�oy���v.t�� m °.s§¥ � { m {r��t4yJ� l@m q4o¥³{�s � t4¤�su¥ � ��v.t�®Yo¤ry � ¦µzª{
φ
{ � qwv

�¯v.zª�
`M : φ

®Yo¤«{�oOyWt��¯t+¤�y
M
�.�¯o l t�°.¤ro%©Oz l ¦§t�su¥ ��»¢¼

D

¡
}ho{��GoO®<�¯v.tS¤ � ¦ut4{VzO¤rt~{��wzO¥ � zO¤ � ¡�x«v.t~� m °.su¥ � { m {r�¯t+yàsu¥.q4oO¤�°Qo¤¯zª��t4{«�¯v³t � tD¸K¥.s¹�¯s§oO¥

oO®K®Yo¤ry � ¦§zO{<zª¥ � �¯t+¤�yj{<oO®>{rt+�]��v.t4o¤ m ¡]x«v³t²�¯t4¤ry
πa.φ1

q'zª¥ l t���v.o �.� v@�<oO®QzO{ zV©t4¤r{�suo¥_oO®
�¯v³t � s§¦ l t4¤��}X {«t4°.{rs§¦uo¥hoO°2t+¤¯zª��o¤4�>zO{Vsu��°³¤�o%©)s � t+{Gz_��su��¥.t4{r{
�¯oWzO¥ m °.¤ro/©ªz l ¦§t�tD½5s§{��¯t+¥@��sµzO¦
Ç � zO¥��¯s¹¸Kt4¤+¡ ¼ o¤TtZ½³zOyW°³¦§tO� s¹®

` M : ∃a. a = P (ω)
�]�¯v.t+¥

πa.φ1 (M)
s§{�Å¬�¯v³tDÆ

A
{ � qwv

�¯v.zª�
A = P (ω)

ç
` πa.φ2 (M) : πa.φ1 (M) = P (ω)

¡ � ¥h®$zOq+�4�2z � t+°2t+¥ � t4¥���©Ot4¤r{�s§oO¥�oO®]��v.t
� su¦ l t4¤��}X {~z/½³suoy s§{S°.¤ro/©ªz l ¦§tO�<zO{ds¹�dsu{~t4zO{ m ��oÄ{�t+tW�¯v.zª�

` λx : ∃a. φ. πa.φ2 (x) : (x :

∃a. φ) → φ[a := πa.φ1 (x)]
¡

ù û��



ÞhôQñ,�~�%9¢ò}�5ñ��'øYôQñ���
$øBòq�cô��
πa.φ1

ô����@ó�5ò%ô>ó »

x«v.t
πa.φ1

o°Qt4¤�zª�¯o¤
s§{V¥.o¥5´ÌtD½)�¯t+¥.{�suo¥KzO¦P± ®Y¤roy �¯v.t~®$zOq+��{
�¯v.zª�
M : ∃a. φ

�
N : ∃a. ψ

zO¥ �
O : ∀a. φ ↔ ψ

�tjq4zO¥.¥.oª� � t4¤�s¹©t
πa.φ1 (M) = πa.ψ1 (N)

¡ ¼ o¤��¯v³s§{�¤�t4zO{�oO¥¢�P�¯v.t+¤�t
zO¤rt"s§¥.{��wzO¥.q+t4{aoO®V�¯v.t � t4s l ¥.su|"z-½5s§oy ¥.oO�a°.¤ro%©Oz l ¦§t"su¥ ��»¢¼

D

�¶{ � qwvEzO{
(∗) a = b →

π
c.φ(a)
1 (M) ∈ e→ π

c.φ(b)
1 (M) ∈ e

¡ � o%�t+©t+¤4� ��»¢¼
D

� o)t4{«{rv.o%�
∀a, b. a = b → φ(a) →

φ(b)
®Yo¤SzO¦§¦<®YoO¤�y � ¦§zO{�¥.oO�~yjt4¥��¯suo¥.s§¥ �

πa.φ1

��t4¤ryW{+¡"}ho¤rt4o%©t+¤4�H�¯v.ta®Yo¤�y � ¦µz Élk Ê � o5t+{
¥.oO�¶q+o¤�¤rt4{�°Qo¥ � �¯oS¤�t'zª{�o¥.su¥ � s§¥jyfzª��v.t4yWzª��s§q'zª¦³°.¤�zOq+��s§q4tª¡<n�t
v.oO°2t��¯oSs§¥�©t+{r��s � zª��t«�¯v.su{
�¯oO°.s§q�® � ¤��¯v.t+¤�s§¥i�¯v³t�® � � � ¤rtO¡

� ¦¹�¯v.o �³� v ��»¢¼
D

yjs � v��~{�t+t4y ®YoO¤�yjs � z l ¦§tWzª�d��v.tf¸K¤r{r�a{�s � v��'�<�t"¤�t+yfzª¤����¯vKzª�Tsu�¯{
q4oOyW°.¦utD½5su� mj� o)t4{«¥³oO�«{ � ¤�°KzO{r{«�¯vKzª�²oO®NoO�¯v³t4¤²®Yo¤ryfzO¦>{ m {��¯t+yW{�s§¥���t4¥ � t � ®Yo¤ � t+¥.t4¤�zO¦ � {rt
S x«v.t'�OýK�K} � |} Oû.�Kæ�¤�t'��U�¡
�³z � ¦ m � ��»¢¼

D

� o5t+{�¥.oª��°Qo{�{rt4{r{�¯v³tG¥.suq4tV°.¤�o)oO®µ´Ì��v.t4oO¤�t+��s§q«°.¤ro°Qt4¤r��s§t+{¶�t�zO¤rtG{ro � {rt �
�¯o³¡ � ¥�°Kzª¤r�¯suq � ¦§zO¤4�¢� � l prt+q+� � t � � qD�¯s§oO¥�zª¥ � � ¤ro � ¤�t+{�{¶�<lCgLlO�v³o¦ � ¡dx«v.tW¤rt'zO{ro¥.{SzO¤rt
yjo{r��¦ m tD½5°.¦µzªs§¥.t �Ml t4¦uo%��± zO¥�tZ½5��t4¥.{rs§o¥MoO® ��»¢¼

D

yfzª�)su¥ � s¹��°2o{r{�s l ¦§td��oÈ°.¤�o%©ta�¯v³t
{r�¯zO¥ � zª¤ � °.¤�o°Qt4¤��¯sut4{_yWzO�Ot+{a��v.ti�¯v³t4o¤ m s§¥.q+o¥.{rs§{r��t4¥��'¡ ¼ ¤roy ��v.t"°.¤¯zªq+�¯suq'zO¦�°2osu¥��_oO®
©)s§tD���¢�¯v.su{G{�v³o � ¦ � ¥³oO� l t_q4o¥.{rs � t+¤�t � zi{rv.o¤��¯q4oOyWsu¥ � ¡S�5t+tT�¯v.t � s§{�q � {�{rs§o¥�su¥��5t4qD�¯suo¥
ý.¡ú�5¡ò#³¡

AÈñHó��<�+ò%ó-ø$÷Oò��)õ�Ù¢øj�����<��òu�_���<�

� t4q'zª¦§¦2��vKzª�
=→

� t4¥.oª�¯t4{«��v.t�{�yWzO¦§¦ut4{r��t4Ç � s¹©Ozª¦§t4¥³q4t�¤�t+¦µzª��s§o¥ftD½)�¯t+¥ � s§¥ �
→
¡ x«v.t+¤�tSzO¤rt

�¬�oÄ¥Kzª� � ¤¯zO¦¶¤ � ¦§t4{~yWsu{�{rs§¥ � ®Y¤�oy
λD

çT��v.tf¤rt � � qD�¯suo¥8¤ � ¦§t
πa.φ1 ([t,M ]) → t

zO¥ � ��v.t
� m °.s§¥ � ¤ � ¦§tªç

Γ `M : ψ

Γ `M : φ
φ =→ φ (∗)

� t+� ��»¢¼ Σ
D

� t4¥.oª�¯t ��»¢¼
D

tZ½)�¯t4¥ � t � ��s¹�¯vÈ�¯v.t+{�td¤ � ¦§t+{4¡«¨V¥.¦§su�Ot ��»¢¼
D

� ��»¢¼ Σ
D

t4¥/pro m {
¥.s§q+t
°.¤ro5oO®µ´��¯v.t+o¤�tD�¯suqd°.¤ro°2t+¤r��s§t4{+�P{ � qwv�zO{S� � l prt4qD� � t � � q+��s§o¥6¡ � o%�t+©Ot4¤4�:zO{���v.tT®Yo¦§¦uo%��s§¥ �
�¯v³t4o¤rt4y¿{rv.o%��{4�>su�VzO¦u{�oa{ � V6t+¤�{«�¯v.t�°.¤ro°Qt4¤r� m oª® l t4su¥ � s§¥.q+o¥.{rs§{r��t4¥��'¡

ù û$!



Ü��	�@ô>ó�<� 2	»uþ_»uþ ¾�6,Ã Σ
D

fonPfhg r lgNnqfonqO�Rqg�Om�

ÆÇt~l�l�§ � t4q4zO¦§¦�¸.¤�{r�_��vKzª�_su¥�{�tD�j��v.t4oO¤�s§t+{4�
0 = ∅, 1 = {∅}

¡ ¼ o¤d��v.t"s§¥5®Yo¤�yWzO¦¶°.¤�o)oO®e�
q4oO¥.{�s � t4¤��¯v³tW{rt+�

B = {x ∈ 1 | ∃a. a = a}
¡jn�taq'zª¥�{�v³o/�Á�¯vKzª��®Yo¤�zª¥ m

p
°.¤ro%©5su¥ �

x ∈ B
�2��v.t4¤rtTs§{
tD½³zOqD�¯¦ m o¥³t

y
��v.s§qwvÄ��s¹�¯¥.t+{�{�t+{��¯v.t~®Yo¤�y � ¦µz

∃a. a = a
�6¥KzªyWt+¦ m �¯v.t

{�tD�
A
� {rt � ®Yo¤]°.¤ro%©5su¥ �

p
¡ ¼ o¤�yWzO¦u¦ m �/�t«{�t+�

y = πa. a=a1 (snd(sep∃a. a=aProp(x, 1, p)))
¡

ã m ��v.t � t4°.¦§zOq4t+yWt+¥��Gz/½³suoyJ�>zO¦§¦¢��v.t4{rt
y
Xü{Vq'zª¥ l t~q+o¦§¦ut4q+��t � s§¥Jo¥.t~{�t+�

C
¡ � o%�·�wzª�Ot

zO¥ m {rt+�
D
zO¥ � � {rt�su�]��o�{�v.o%�ä��vKzª�

∃a. a = a
zO¥ � ® � ¤r��v.t4¤ryWoO¤�t���vKzª�

0 ∈ B
¡ � °.°³¦ m s§¥ �

Élk Ê ��of�¯v.t
y
q4o¤r¤�t4{r°2oO¥ � su¥ � �¯oj�¯v.su{G°.¤ro5oª®e�>�tTt4zO{�su¦ m ¸K¥ � �¯vKzª�

D ∈ C
¡
x«v³t4¤�tD®Yo¤�t

C

q4oO¥@�¯zOs§¥³{
zª¦§¦6{rt+��{GzO¥ � ��v � {
su{«{ � l prt4q+�V�¯o ��� {�{rt4¦u¦mX {V°.zO¤¯z � o%½2¡ ù
¼ o¤~��v.tf®Yo¤ryfzO¦�°.¤ro5oª®e�<��t"oO¥.¦ m °.¤rt4{�t+¥��_�¯v.t"¤rt4¦§tD©ªzO¥��d�¯t+¤�yj{_zO¥ � °.¤�o%©ªz l ¦utSp � � � ´

yjt4¥��¯{+¡ � tD�
eqRefl

� t+¥.oO�¯tj�¯v.tj�¯t+¤�y q4oO¤�¤�t+{�°Qo¥ � su¥ � ��oh��v.tf°.¤ro5oª®²oO®
∀a. a = a

�<¦ut+�

0in1
� t4¥.oO��t~��v.td�¯t+¤�yÝq4oO¤�¤�t+{�°Qo¥ � su¥ � ��oW�¯v³td°.¤ro5oO®]oO®

0 ∈ 1
zO¥ � ¦ut+�

russ
� t+¥.oO�¯t~�¯v.t

°.¤ro5oO®���t4¤�y q4o¤r¤�t+{�°Qo¥ � su¥ � �¯o¾�¯v.t"°³¤�o)oO®VoO®
∀a. (∀b. b ∈ a) → ⊥

¡8x«v.t"�¯t+¤�yj{azO¤�t
ú	m\#ümüjý&���Rn ü+����������ÿpo��(üG��ÿ��0��ýGþ�ýGümü9���9q\�mÿ���ý&�9�r!qý�þ�ÿ��s�9�t���$�(þl���òÿ��+u&��ü

∈ v ����� #þl���òÿ��M�cÿ��qý	����ý
�=w\�x��� C ∈ C�(ü\���(üjÿ¿þ�ÿ��s�9�t���$�(þl�mÿ���q�%
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°.¤ro l z l ¦ mil t4{��
¤rt'z � s§¥Jz l oO����oya´ � °i®$zO{rv.s§o¥6¡

B ≡ S∃a. a=a(1)

t ≡ πa. a=a1 (snd(sep∃a. a=aProp(x, 1, p)))

M ≡ 〈eqRefl t, λz. λq : z = t. q〉

N ≡ λx. λp : x ∈ B. [t,M ]

` N : ∀x. (p : x ∈ B) → ∃!y. y = t

C ≡ Rp,x,y. y=t(B)

P ≡ sep∃a. a=aRep(0, 1, 〈0in1, [a, eqRefl a]〉)

a : Set ` P : 0 ∈ B

Q ≡ λa. replp,x,y. y=tRep(a, B, 〈N, [0, 〈P, eqRefl a〉]〉

` Q : ∀a. a ∈ C

` russ C Q : ⊥ �

æ�EZYJEj� ÛaI_�F¯���Ü@��Ýz��¯���K4\

� {V��tdyWt+¥@��s§o¥³t � t4zO¤�¦us§t+¤4�K��t~¥.t4t � �¯o � {�t_zj{r��¤�o¥ � ©t4¤r{�suo¥ÄoO®]��v.t � ½5s§oyÝoO® £ v³os§q+t
�¯o � tD¸K¥.t��¯v.t�¤rt'zO¦us§|'z l s§¦usu� m ¤�t+¦µzª��s§o¥6¡ � t+� »¢¼H� l t¾�¯v.t » t4¤ryWt+¦§oª´ ¼ ¤¯zOt+¥.�Ot+¦G{�tD�È�¯v.tZ´
o¤ m tD½)�¯t+¥ � t � ��su��v¾�¯v.t l su¥KzO¤ m ¤�t+¦µzª��s§o¥Kzª¦:{ m y l o¦

<
zO¥ � ��v.tjz-½5s§oyà{r�wz-�¯s§¥ � �¯vKzª�

<

�t4¦§¦ ´¬o¤ � t4¤r{~��v.t � ¥³su©t+¤�{rtO¡ � ¥8�¯v³s§{d{rt4qD�¯s§oO¥���tW��o¤r��su¥ »¢¼H� ¡ � ¦u��v.o �.� v »¢¼:� yjs � v@�
{�t+t4yËtD½5q4t+{�{�s¹©t~zO{«zdyjt+�¯zª�¯v³t4o¤ m ®Yo¤¶�¯v.tG° � ¤�°Qo{rt�oO®N°.¤�o%©)s§¥ � ¥.o¤ryfzO¦us§|4zª�¯suo¥aoO®:zdq4o¥)´
{r��¤ � qD�¯s¹©t�{ m {r��t4yJ�³�tS¤rt4yWzO¤��a�¯v.zª�«��su��vÈz l su�«yjo¤rt�t�V2o¤r�«zO¥ � {�¦us � v��¯¦ m yWo¤rt�o l {rq � ¤rt
°.¤rt4{�t+¥��wzª��s§o¥¢�5��t�q4o � ¦ � q'zª¤�¤ m o � �«��v.t�°.¤�o)oO®Hs§¥ »¢¼ É ¤�t+¦µzª��su©)s§|+s§¥ � zO¦§¦2{r�wz-�¯t4yjt4¥���{���o

L
�

zi¥Kzª� � ¤¯zª¦§¦ m �t4¦u¦¹´Ìo¤ � t+¤�t � � ¥.su©Ot4¤r{�t Ê ¡_}hoO¤�t4o%©Ot4¤4�¢�t_q4oO¥-prt4qD� � ¤rta��vKzª����v.tT°.¤ro5oª®�q4o � ¦ �
l ti®Yo¤�yWzO¦§su|4t � s§¥ ��»¢¼

D

¡Mx«v � {4��s¹®«�¯v.t"q+o¥-prt+q+� � ¤�t"s§{T��¤ � tª� ��»¢¼
D

s§{Tq4zO°Kz l ¦§tioO®V{rt4¦u®µ´

ù ý��



©ªzO¦§s � zª��s§¥ � su��{�t4¦¹®e¡�x«v.ta¤�t'zª{�o¥¾®Yo¤�o � ¤ l t4¦§sut+®�su¥Ä�¯v.t_q+o¥-prt4qD� � ¤rt_s§{���vKzª����v.tT®Yo¦§¦uo%��s§¥ �
� tD¸K¥.su��s§o¥6�Pq4¤ � q4sµzª¦<®Yo¤��¯v³t_s§¥��¯t+¤�°.¤rt+�wz-�¯s§oO¥Moª®

πa.φ1 (M)
��t4¤ryW{+�Pt4{�{rt4¥��¯s§zO¦§¦ m �<R>ËFgLRena��v.t

πa.φ1 (M)
��t4¤�yÎs§¥"�¯v.t�¸K¤r{r��´¬o¤ � t4¤�{�tD�r´��¯v.t+o¤�tD�¯s§q�{rt+�r�¯s§¥ � ç

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»�) ¾>§
φ(a)

fonJ�-6,Ã¿î�§}ltup�i<¢W� Å OhQ�RqgaÅÌ�¯v.t]¸.¤�{r� a { � qwv~��vKzª� φ Æzfon��<R>ËFgLR8�
O�l��qR�Ä

•
¥,Q�R�Rqp�d�Ocb�n�RqO Å f §zO>Q�Rqt~R�fon�gLl A nqi r Q�OhQN�"O

φ(A)
�

•
¥,Q�R�nqp{�"¢h¢oRenqO�n�RqO

A
fhg�O>Q�R�ltG�<Rqtufhg<�

<
nqi r Q�O>QN�"O

φ(A)
Q�l¢W�n Å lOhQ�Rqtq��fon�R��

� { � { � zO¦u¦ m �-��t«t+yW°³¦§o m �¯v.t²t+¤¯zO{ � ¤�t�yfzO°~®Y¤�oy
λD

�¯o
λD

¡<x«v³t«¤�t � � q+��s§o¥.{]zO¤�t{r�¯su¦§¦
¸K¤r{r�r´Ìo¤ � t4¤�s � ¥.o¤�zO¥��'�Q{�oi�tT¤�t+°.¦µzOq+td�¯v³td¸K¤�{��r´Ìo¤ � t+¤G�¯t+¤�yj{ l�m

∅
¡�x«v.t_yWzO°�su{ � t+¸.¥.t �

s§¥ � � q+��su©Ot4¦ m o¥hzO¦§¦Q�¯t4¤ryW{�su¥ÈzO¥ho l ©)suo � {²��z m ¡¶n�t�{�v.o%��{rt+©Ot4¤¯zª¦H¤rt4°.¤rt4{rt4¥��wzª��su©Ot~q4zO{�t+{4ç

x = x a = ∅ M N = M N (λa. M) = λa. M

πa.φ1 (M) = ∅ (tA(~u)) = ∅ λx : φ. M = λx. M

πa.φ2 (M) = πa.φ2 (M) axRep(t, ~u,M) = axRep(M)

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»È2ÉÁ ¤rt'zO¦us§|4t+¤^fon��"g�b r ¢ol�n�R8�¶O�Rqtupãl�§
λD

�

x«v.tS{r�wzª¥ � zO¤ � � t4yjyWzTq4o¥��¯su¥ � t4{«�¯ojv.o¦ � ç

ØF�k����� 2�»uþ,» -Â¾>§
M

gLltup{�"¢£fW¹Ren Å O>Q�Rqg�n�l¶�<l�Ren M �

n�t�°³¤�o)q4t4t � �¯o � tD¸K¥.t��¯v³t�¤�t'zª¦§s§|4z l su¦§su� m ¤�t4¦§zª�¯suo¥
M ρ φ

�³¤�t'z � zO{¶Å
M
¤�t'zª¦§s§|+t4{

φ
Æw�

��v.t+¤�t
M

s§{Gzi¤�t'zª¦§s§|+t4¤GzO¥ �
φ
q+oyWt+{G®Y¤�oOyÝ��v.t_tD½)��t4¥ � t � ¦§zO¥ �� z � t

L
� tD¸K¥.t �Ml t4¦uo%��¡

x«v.t�q4¦§zO{�{�oO®
λ
´¬¥KzOyjt4{«su{ � t+¸.¥.t � zO{ � { � zª¦�ç

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»�=ÂÁ n�RqO
A
fon��

λ
��g��"p�R�f y

A
fon©�7n�RqO{l�§�dN�"fht~n

(v, B)
nqi r QéOhQN�"O

v ∈ λDvc

�"g��
B
fon��

λ
��g��"p�R��

ù ý ù



áB�%º]ñHøYò%ø$ôQñ 2	»uþ,» �½¥,Q�R r ¢W�nen�l�§
λ
��g��"p�Ren²fon��<RqgLlO�R8�+��b

V λ
�

� { � { � zO¦[���tÄ¥.o%��tD½)�¯t+¥ � �¯v.th¦µzO¥ �� z � tJoO® ��»¢¼
D

�¯o�t4¥.q+oyW°.zO{�{j�¯v.t
λ
´Ì¥KzOyjt4{4¡

n�tGzO¦u{�oS¤�t+{r�¯¤rs§qD�¶��v.t�®Yo¤�y � ¦µzO{ l�m zO¦§¦uo%��s§¥ � o¥³¦ m ¤�t4zO¦§su|4t+¤�{
R
zª{�zO¤ �� yjt4¥��¯{¶oO®

πa.φ1 ([◦])

�¯t+¤�yj{4¡Nn�t¶q'zª¦§¦�¯v³t¤rt4{ � ¦u�¯su¥ � q4¦§zO{�{e´¬{�su|4t � ¦§zO¥ �� z � t
L
¡Hx«v � {4�ª�¯v.t � ¤¯zªyWyWzO¤¢su{HtZ½)�¯t4¥ � t �

zO¥ � yjo � s¹¸Kt �"l�m ç

t ::= A | πa.φ1 (R) | . . .

¼ ¤�oy�¥.o%�co¥ � ¥@��s§¦@�¯v.tt4¥ � oO®K�¯v.su{:{rt4qD�¯s§oO¥¢�{ m y l o¦u{
M,N,O, P

¤¯zª¥ � t¶tD½5q4¦ � {�s¹©t4¦ m
o%©t+¤
¤rt'zO¦us§|4t+¤�{+�³¦§tD����t4¤�{

a, b, c
©Ozª¤ m o%©t+¤
{rt+��©ªzO¤�s§z l ¦ut4{²su¥È��v.t�¦µzO¥ �� z � tª�³¦ut+����t4¤r{

A,B,C

©ªzO¤ m o%©t+¤
λ
´¬¥KzOyjt4{+�5¦ut+�r�¯t4¤r{

φ, ψ
o/©Ot4¤¶®Yo¤�y � ¦µzO{¶s§¥

L
¡ � ¥�©)s§¤ro¥.yjt4¥��¯{�zO¤�tV¸K¥.s¹�¯tV°KzO¤r��sµzO¦

® � ¥.qD�¯suo¥.{²®Y¤�oOy¿{�tD�V©ªzO¤rsµz l ¦§t4{�¯o
V λ
¡

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,» .ÉÃ�lt��"g�b�§}ltup�ik¢W�
φ
l�§
L Å �"g�b�n�RqO¿O�Rqtup t

l�§
L
�"g��

ρ
�<R>ËFgLR8�Tlg

�"¢h¢�§ut~ReR¿v�"tufj�%��¢oRen*l�§
φ
�"g��

t Å ��R��<R>ËFgLRª��b�p�RqOm�"¢oRqv"Rq¢Nfhg��"i r OjfmlgC��t~R8�"¢£fW¹��%��fh¢£fhOjb�t~Rq¢W�"Ojfmlg

M ρ φ
fhg��"gÊRqg�v�fht~lg�p�Rqg�O

ρ
�"g��C�+p�R8�"g�fhg<��l�§��+O�Rqtup

[[t]]ρ
fhg;�"gÊRqg�v�fhtelg�p�Rqg�O

ρ
�

¼ R²neQ�l�`OhQ�RPgLRq� r �n�RenPfhg©OhQ�R��<R>ËFg�fhOjfmlg r lp�dN�"t~R8�{��fhOhQ�¾�6,Ã
R

Ä

• [[πa.φ1 (M)]]ρ
fon�O>Q�R�ËFt~nqO

A
nqi r Q�O>QN�"O

M ↓ [∅, N ]
�"g��

N ρ φ[a := A]
�

• [[tA(~u)]]ρ ≡ {(axRep(∅,~∅, N), B) ∈ R× V λ
γ | N ρ φA(B, [[~u]]ρ)}

�{¥,Q�R�ltG�"fhg��"¢

γ
fon^�<R>ËFgLR8���qRq¢ol���

• M ρ (x : φ) ∧ ψ ≡M ↓ 〈M1,M2〉 ∧ (M1 ρ φ) ∧ (M2 ρ ψ[x := M1])

• M ρ (x : φ) → ψ ≡ (M ↓ λx. M1) ∧ ∀N. (N ρ φ) → (M1[x := N ] ρ

ψ[x := N ])

x«v.t � tD¸K¥.su��s§o¥hoO®]��v.tTo¤ � s§¥Kzª¦
γ
su¥�su��t4yÝýi{��wz m {�tD½³zOq+��¦ m �¯v³tT{¯zOyjt~®YoO¤�zO¦u¦N��t4¤ryW{+�

zO°Kzª¤r�T®Y¤roy �¯v.t � t4°.¦§zOq4t+yWt+¥��d�¯t+¤�yJ�]��v.t4¤rti�¯v.t � t+¸K¥.s¹�¯suo¥8s§{~{�¦us � v��¯¦ m qwvKzO¥ � t � ç � tD�

~α =
−−−−−−→
λrk([[u]]ρ)

zO¥ � ¦§tD�
~α = (α1, . . ., αn)

¡ £ zO{rt
tA(~u)

oª®eç

ù ý@�



• Rp,a,b, ~f. φ(u, ~u)
¡�xHojyWzO�ªt���v.tSzOq4q+o � ¥��Vq4¦ut'zO¤rt4¤4�5��tS{�tD�'ç

φ(M,A,B, ~F ) ≡ φ[p, a, b, ~f := M,A,B, ~F ]

� t+�
G = {(N1, (N21, B)) ∈ λDc × [[u]]+ρ | ∃d ∈ V λ. ψ(N1, N21, B, d)}

�6��v.t+¤�t

ψ(N1, N21, B, d) ≡ (N1 ↓ λa. N11) ∧ (N11[a := ∅] ↓ λx. O) ∧ (O[x := N21] ↓

[∅, O1]) ∧ O1 ρ φ(N21, B, d,
−−→
[[u]]ρ) ∧ ∀e. φ(N21, B, e,

−−→
[[u]]ρ) → e = d)

¡hx«v.t4¥
®Yo¤�zª¦§¦

g ∈ G
�¯v.t+¤�t�s§{

D
zO¥ �

(N1, (N21, B))
{ � qwvJ�¯vKz-�

g = (N1, (N21, B))
zO¥ �

ψ(N1, N21, B,D)
¡<¨V{�t £ o¦u¦§t+q+�¯suo¥��¯o�q4oO¦§¦§t+q+�H�¯v.t+{�t

D
X {]su¥To¥.t{�t+�

H
�O{�o���vKzª�]®YoO¤

zO¦u¦
g ∈ G

��v.t4¤rt~su{
D ∈ H

{ � qwv���vKzª���¯v³t~°.¤ro°Qt4¤r� m v³o¦ � {+¡ � °.°.¦ m � t+°.¦µzOq+t4yjt4¥��
��o
H
�¯o � t+��¯v.t�{rt+�«oª®

λ
´Ì¤¯zO¥.�@{²oª®N{�t+��{«s§¥

H
¡ x«v.t4¥

β ≡
⋃
H
s§{�zO¥io¤ � s§¥.zO¦6zª¥ �

®Yo¤GzO¥ m
D ∈ H

�
λrk(D) < β

¡�x«v.t+¤�t+®YoO¤�tT®Yo¤�zª¦§¦
g ∈ G

�¯v.t+¤�t_s§{
D ∈ V λ

β

zª¥ �

(N1, (N21, B))
{ � qwvÄ��vKzª�

g = (N1, (N21, B))
zO¥ �

ψ(N1, N21, B,D)
v.o¦ � {4¡
�5tD�

γ = β + 1
¡

� �dsu{�t'zO{ m ��o�{rt4ta�¯vKzª�S�¯v³s§{ � t+¸.¥.su��s§o¥MoO®²¤rt'zO¦us§|4z l s§¦usu� m s§{SzO¦u{�oÈ��t+¦§¦¹´�®Yo � ¥ � t � ¡Wx«v.t
{r�¯zO¥ � zª¤ � ¦§t4yjyWzO{²q4oO¥@��s§¥ � t��¯oav.oO¦ � ç

ØF�k����� 2�»uþ,»�Ô
[[t[a := s]]]ρ = [[t[a := [[s]]ρ]]]ρ = [[t]]ρ[a:=[[s]]ρ]

�"g��
M ρ φ[a := s]

f y

M ρ φ[a := [[s]]ρ]
f y
M ρ[a:=[[s]]ρ] φ

�

ÆÇt~l�l�§�n�t�{�v.o%���¯v.t�¥.tD�ºq4zO{�tª�G�¯vKz-�"s§{
t = πb.φ1 (M)

¡ � ¥��¯v.su{i{�s¹� � zª��s§o¥6�
[[t[a :=

s]]]ρ = [[π
b.φ[a:=s]
1 (M [a := s])]]ρ

¡8�5s§¥³q4t
M

s§{_zÄ¤rt'zO¦us§|+t4¤4�
M [a := s] = M

¡8x«v.su{Ts§{
�¯v � {��¯v³tj¸K¤r{r�

A
{ � qwvM�¯vKzª�

M ↓ [∅, N ]
zO¥ �

N ρ φ[a := s][b := A]
¡ ¼K� ¤r��v.t4¤ryWoO¤�t

[[t[a := [[s]]ρ]]]ρ = [[π
b.φ[a:=[[s]]ρ]
1 (M)]]ρ

�6��v.s§qwv¾su{G�¯v³td¸K¤�{��
A
{ � qwvM��vKzª�

M ↓ [∅, N ]
zO¥ �

N ρ φ[a := [[s]]ρ][b := A]
¡fã m �¯v³tWsu¥ � � qD�¯s§oO¥Mv m °QoO�¯v.t+{�su{S®Yo¤

φ
�H��v.s§{�su{St+Ç � su©ªzO¦ut4¥��

�¯o
N ρ φ[a := s][b := A]

¡ ¼ s§¥.zO¦§¦ m �
[[t]]ρ[a:=[[s]]ρ] = [[πb.φ1 (M)]]ρ[a:=[[s]]ρ]

����v.s§qwv�su{
�¯v³ti¸K¤�{��

A
{ � qwvc�¯v.zª�

M ↓ [∅, N ]
zO¥ �

N ρ[a:=[[s]]ρ] φ[b := A]
¡�ã m �¯v.t"su¥ � � qD�¯suo¥

v m °2oO��v.t4{rs§{G®YoO¤
φ
�Q��v.s§{Vs§{Vt4Ç � s¹©Ozª¦§t4¥��
�¯o

N ρ φ[b := A][a := s]
�>��v.suqwvÄs§{Vt4Ç � s¹©Ozª¦§t4¥��

�¯o
N ρ φ[a := s][b := A]

¡
�

ù ý�û



x«v.tS{r�wzª¥ � zO¤ � ¦ut4yjyfzO{q4o¥���s§¥ � t��¯oav.o¦ � ç

ØF�k����� 2�»uþ,»$ð:Ö ¾>§
(M ρ φ)

OhQ�Rqg
M ↓

�

ØF�k����� 2�»uþ,»$ð>ð ¾>§
M →∗ M ′ O>Q�Rqg M ′

ρ φ
f y
M ρ φ

�

� t'zO¦us§|'z l s§¦usu� m su{«zO¦u{�oTsu¥@©ªzO¤rsµzO¥��¶��su��v"¤�t4{r°2t+q+�«��oT¤�t � � q+��s§o¥³{«oO®N¦µzOy l2� z��¯t+¤�yj{²s§¥.{rs � t
oO®
{�tD���¯t4¤ryW{VzO¥ � ®YoO¤�y � ¦§zO{4ç

ØF�k����� 2�»uþ,»$ð)þ ¾>§
M →∗ N Å OhQ�Rqg [[t[x := M ]]]ρ = [[t[x := N ]]]ρ

�"g��
O ρ φ[x :=

M ]
f y
O ρ φ[x := N ]

�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo¤��²zO¤ � s§¥ � � q+�¯suo¥"o¥È�¯v.t � tD¸K¥.s¹�¯s§oO¥"oO®<¤rt'zO¦us§|4z l s§¦usu� m ¡
�

x«v.tS�Ot m {��¯o¥.t~s§¥i��v.t�¥.o¤�yWzO¦us§|'z-�¯s§oO¥f°.¤ro5oO®:s§{«°³¤�o%©t � {�suyWsu¦µzO¤r¦ m zª{ l t+®YoO¤�tOç

ØF�k����� 2�»uþ,»$ð<)
(M,C) ∈ [[tA(~u)]]ρ

f y
M = axRep(N)

�"g��
N ρ φA(C,

−−→
[[u]]ρ)

�

ÆÇt~l�l�§in�t�o¥³¦ m {rv.o%���¯v.t�¤rs � v��r´��¯oª´Ì¦§tD®B�]°KzO¤���®Yo¤]�¯v.t��¬�oS��t4¤�yj{ ��v.t4¤rt
��v.t�°.¤�o)oO® � s�V2t4¤r{
®Y¤�oOyÎ�¯v.tS°.¤ro5oO®:oO® � t+yWyWz_û³¡ú�5¡üû$!³¡�� � °.°Qo{�t

N ρ φA(A,
−−→
[[u]]ρ)

zO¥ �
M = axRep(N)

¡
xHo�{�v.o%�ä��vKzª�

(M,A) ∈ [[tA(~u)]]ρ
���t«¥³t4t � �¯o�{rv.o%�ä��vKzª�

A ∈ V λ
γ

¡ � t+�
~α =

−−−−−−→
λrk([[u]]ρ)

¡
£ zO{rt

tA(~u)
oO®eç

• Sp,a, ~f. φ(u, ~u)
¡J� � °³°2o{rt

N ρ p : A ∈ [[u]]ρ ∧ φ[a, ~f := A,
−−→
[[u]]ρ)

¡"x«v.t4¥
N ↓

〈N1, N2〉
zª¥ �

N1 ρ A ∈ [[u]]ρ
¡ � t4yjyWz_û³¡ �)¡úû��T{rv.o%��{V��v.t�q4¦µzªs§yJ¡

• R
p,a,b, ~f. φ

(u, ~u)
¡ � { l t+®Yo¤rtO�³��oWyWzO�ªt��¯v.tSzOq+q4o � ¥��
q4¦ut'zO¤rt4¤4�5��t�{�tD�'ç

φ(M,A,B, ~F ) ≡ φ[p, a, b, ~f := M,A,B, ~F ]

� � °.°2oO{�t
N ρ (∀p : x ∈ [[u]]ρ∃!y. φ(p, x, y,

−−→
[[u]]ρ))∧∃p : x ∈ [[u]]ρ. φ(p, x, A,

−−→
[[u]]ρ)

¡
x«v.t+¥

N ↓ 〈N1, N2〉
zª¥ �

N2 ρ ∃x. (p : x ∈ [[u]]ρ) ∧ φ(p, x, A, ~[[u]]ρ)
¡"x«v � {

N2 ↓ [∅, N20]
zO¥ � �¯v³t4¤�t�su{

B
{ � qwvh��vKzª�

N20 ↓ 〈N21, N22〉
zª¥ �

N21 ρ B ∈ [[u]]ρ
zO¥ �

N22 ρ φ(N21, B, A,
−−→
[[u]]ρ)

¡Än�t"zO¦§{roÄvKz'©t
N1 ρ ∀x. (p : x ∈ [[u]]ρ) →

ù ýý



∃!y. φ(p, x, y,
−−→
[[u]]ρ)

�¢{�o
N1 ↓ λa. N11

zO¥ � ®Yo¤�zO¦u¦
C
�
N11[a := ∅] ↓ λx. O

zO¥ �
®Yo¤
zO¦u¦

P ρ C ∈ [[u]]ρ
�
O[x := P ] ρ ∃!y. φ(P,C, y,

−−→
[[u]]ρ)

¡
�5oj�wzO�@su¥ �
C = B

�
zO¥ �

P = N21

����v.t4¤rt�s§{
D
{ � qwv��¯v.zª�

N1 ↓ λa. N11

�
N11[a := ∅] ↓ λx. O

�

O[x := N21] ↓ [∅, O1]
zO¥ �

O1 ρ φ(N21, B,D,
−−→
[[u]]ρ) ∧ ∀e. φ(N21, B, e,

−−→
[[u]]ρ) →

e = D
¡�x«v.t4¤rt+®Yo¤rt

(N1, (N21, B)) ∈ G
®Y¤�oy �¯v.t � t+¸K¥.s¹�¯suo¥�oO®

γ
�
{ro8�¯v.t+¤�t

su{
D ∈ V λ

γ

{ � qwv��¯vKzª�
N1 ↓ λa. N11

�
N11 ↓ λx.O

�
O[x := N21] ↓ [∅, O1]

zª¥ �

O1 ρ φ(N21, B,D,
−−→
[[u]]ρ)∧∀e. φ(N21, B, e,

−−→
[[u]]ρ) → e = D

¡ �5o
O1 ↓ 〈O11, O12〉

zO¥ �
O12 ρ ∀e. φ(N21, B, e,

−−→
[[u]]ρ) → e = D

¡�x«v.t4¤rt+®Yo¤rtO�
O12 ↓ λa. Q

�

Q[a := ∅] ↓ λx. Q1

zª¥ �
Q1[x := N22] ρ A = D

¡Àã m � t4yjyWzåû5¡ �5¡üû��5�

A ∈ V λ
γ

¡
�

æ�EZYJE>æ çá�¬����F¯���ÜL�ÒKk��F®

n�t�zO¤�t
¥.o%�Â¤rt'z �5m ��oT°.¤�o%©Ot��¯vKzª�
λD

¥.o¤�yWzO¦us§|4t+{4���¯v � {«t+¥Kz l ¦us§¥ � °.¤�o � ¤¯zOy tZ½5��¤¯zOqD�¯suo¥
®Y¤�oOy ��»¢¼

D

°.¤ro5oª®Y{4¡�x«v³t"t4¥�©)s§¤�oO¥.yWt+¥��¯{as§¥8��v.s§{T{rt4qD�¯s§oO¥Ezª¤�ti¸K¥.s¹�¯t"°Kzª¤r�¯s§zO¦�® � ¥.q+��s§o¥³{
��v.suqwv"yfzO°W{�tD�²©ªzO¤�s§z l ¦§t+{¶��o

V λ
zO¥ � °.¤�o)oO®¢©ªzO¤rsµz l ¦§t4{��¯od¤�t'zª¦§s§|+t4¤r{4¡ � { � { � zO¦��³zO¥ m { � qwv

t4¥�©)s§¤ro¥.yjt4¥���q'zª¥ l t � {rt � zO{�zi¤rt'zO¦us§|4z l s§¦usu� m t+¥�©5su¤�o¥³yWt+¥@� l�m s � ¥.oO¤�s§¥ � �¯v³t_yfzO°³°.s§¥ �
oO®:°.¤�o)oO®H©ªzO¤�s§z l ¦§t+{4¡

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»$ð:2 Ã�lt��"g�b�O�Rqtup
T
��fhO>Q^§ut~ReR�d�t~l�l�§^v�"tqfj�%��¢oRen

x1, . . ., xn
�"g��

ρ
�<Rq�

ËFgLR8�Clg
x1, . . ., xn Å T [ρ]

�<RqgLlO�Ren
T [x1 := ρ(xi), . . ., xn := ρ(xn)]

�

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»$ð -ÉÃ�lt{��n�R8³�i�Rqg�O
Γ ` M : φ Å ρ |= Γ

p�R8�"gNn¤OhQN�"O
ρ
fon��<R>ËFgLR8��lg

dom(Γ) Å §}lt{�"¢h¢ (ai, Set) ∈ dom(Γ) Å ρ(ai) ∈ V λ
�"g���§}lt{�"¢h¢

(xi, φi) ∈ Γ Å ρ(xi) ρ

φi[ρ]
�

Ü��	�@ô>ó�<� 2	»uþ_»$ð<=`Í ÞJô>ó4�;��
[ø>à%�³ò/øYôQñ�ÐC¾>§
Γ ` O : ϑ

OhQ�Rqg¿§}ltÇ�"¢h¢
ρ |= Γ Å O[ρ] ρ ϑ[ρ]

�

ÆÇt~l�l�§¾n�tS°.¤�o)q4t+t �Äl�m yjt+�¯zO¦§tD©t4¦Nsu¥ � � qD�¯s§oO¥ho¥
Γ ` O : ϑ

¡ � { � { � zO¦[�K��tS��¤�su��t
O′ ��o

� t+¥.oO�¯t
O[ρ]

�³��v.t4¤rt
ρ
s§{q4¦§t4zO¤®Y¤royî�¯v.tGq4o¥��¯tZ½)�'¡ � oO��t
¸K¤r{r�²��vKzª�

O′ s§{�zd¤�t4zO¦§su|4t4¤+¡<n�t

ù ý:&



o¥.¦ m {rv.o%�·�¯v.t�¥.tD�·q4zO{�t+{
su¥È��v.t�°.¤�o)oO®e¡ £ zª{�t
Γ ` O : ϑ

oª®eç

•
Γ `M : ∃a. φ

Γ ` πa.φ2 (M) : φ[a := πa.φ1 (M)]

x:zO�OtJzO¥ m
ρ |= Γ

¡ � oO��tÈ��vKzª�
(φ[a := πa.φ1 (M)])′ = φ′[a := πa.φ

′

1 (M ′)]
¡�ã m

��v.t"s§¥ � � q+��s§o¥8v m °QoO�¯v.t+{�su{4�
M ′

ρ ∃a. φ′ ��{�o M ′ ↓ [∅, N ]
zª¥ � �¯v.t+¤�t"su{T{�oyjt

A
{ � qwv¾�¯vKz-�

N ρ φ
′[a := A]

¡ ¼K� ¤��¯v.t+¤�yjo¤�tª�
[[πa.φ

′

1 (M ′)]]ρ
s§{V�¯v.tT¸K¤r{r�

A
{ � qwv

��vKzª�
M ′ ↓ [∅, Q]

zO¥ �
Q ρ φ

′[a := A]
�K{�oWzO¦§{ro

N ρ φ
′[a := [[πa.φ

′

1 (M ′)]]ρ]
¡¶ã m

� t4yjyWzJý.¡ú�5¡ò ³�
N ρ φ

′[a := πa.φ
′

1 (M ′)]
¡��5s§¥.q+t

πa.φ
′

2 (M ′) →∗ N
� l�m � t+yWyWz

ý.¡ú�5¡ ùù
πa.φ

′

2 (M ′) ρ φ
′[a := πa.φ

′

1 (M ′)]
�³��v.suqwvh{rv.o%��{
��v.t�q4¦§zOs§yJ¡

•
Γ `M : φ Γ ` N : ψ[x := M ]

Γ ` 〈M,N〉 : (x : φ) ∧ ψ

x:zO�OtTzO¥ m
ρ |= Γ

¡Vã m ��v.tTs§¥ � � q+��s§o¥Jv m °2oO��v.t4{rs§{+�
M ′

ρ φ
′ zO¥ � N ′

ρ ψ
′[x :=

M ′]
�.��v.suqwvhsu{«°.¤�t+q4su{�t4¦ m ��vKzª��¥³t4t � {V��o l t�{�v.o%��¥¢¡

•
Γ `M : (x : φ) ∧ ψ

Γ ` fst(M) : φ

x«v.t�°.¤ro5oª®<su{²�¯v.t�{¯zªyWt�zO{�su¥Jq4zO{�t�oO®
λZ
¡

•
Γ `M : (x : φ) ∧ ψ

Γ ` snd(M) : ψ[x := fst(M)]

x:zO�OtWzO¥ m
ρ |= Γ

¡fã m ��v.tjs§¥ � � q+�¯suo¥�v m °QoO��v.t4{rs§{4�
M ′ ↓ 〈M1,M2〉

zO¥ �
M2 ρ

ψ′[x := M1]
¡ � {

snd(M ′) →∗ M2

� l�m � t+yWyWzfý.¡ú�5¡ ùù s¹��{ � �Wq+t4{���o"{�v.o%���¯vKz-�

M2 ρ (ψ[x := fst(M)])′
����v.suqwväs§{_t+Ç � su©ªzO¦ut4¥��a�¯o

M2 ρ ψ
′[x := fst(M ′)]

¡
�5su¥.q4t

fst(M ′) →∗ M1

zª¥ �
(ψ[x := fst(M)])′ = ψ′[x := fst(M ′)]

� � t4yjyWz
ý.¡ú�5¡ ù �T{�v.o%��{��¯v.t�q+¦µzOsuyh¡

ù ý%#



•
Γ `M : (x : φ) → ψ Γ ` N : φ

Γ `M N : ψ[x := N ]

x:zO�OtWzO¥ m
ρ |= Γ

¡fã m ��v.tas§¥ � � q+��s§o¥�v m °2oO��v.t4{rs§{+�:®Yo¤�{royWt
φ1

�
M ′ ↓ λx. M1

�

N ′
ρ φ

′ zO¥ � ®Yo¤Gzª¦§¦ P ρ φ
′ � M1[x := P ] ρ ψ

′[x := P ]
¡�x«v � {�s§¥h°KzO¤r��s§q � ¦µzO¤

M1[x := N ′] ρ ψ
′[x := N ′]

¡ � {
(M N)′ = M ′ N ′ →∗ (λx. M1) N

′ →

M1[x := N ′]
zª¥ �

(ψ[x := N ])′ = ψ′[x := N ′]
� � t+yWyWz�ý.¡ �)¡ ùù {�v.o%��{²�¯v³tGq4¦§zOs§yJ¡

•
Γ, x : φ `M : ψ

Γ ` λx : φ. M : (x : φ) → ψ

x:zO�OtfzO¥ m
ρ |= Γ

¡"n�tW¥³t4t � ��o�{rv.o%�î�¯vKzª�S®Yo¤~zO¥ m
N ρ φ

′ � M ′[x := N ] ρ

ψ′[x := N ]
¡�x<zO�ªt_zO¥ m { � qwv

N
¡G�5s§¥.q+t

ρ[x := N ] |= Γ, x : φ
� l�m �¯v³tds§¥ � � q+��s§o¥

v m °2oª�¯v.t+{�s§{
M [ρ[x := N ]] ρ ψ[ρ[x := N ]]

¡ � �Ws§{ft4zO{ m �¯o�{�t+t��¯vKz-�f�¯v³s§{js§{
t+Ç � su©ªzO¦§t+¥��«�¯o

M ′[x := N ] ρ ψ
′[x := N ]

¡
�

×~ô>ó-ô�
j
j�³ó�� 2	»uþ,»$ð � Í Þhô>ó����
$ø>à%�³ò/øYô2ñÒÐT¾h§
`M : φ Å OhQ�Rqg M ′ ↓

�"g��¶OhQ<i:n��"¢6n�l
M ↓

�

×~ô>ó-ô�
j
j�³ó�� 2	»uþ,»$ð .Â¾�6,Ã
D

fon r lgNnqfonqO�Rqg�Om�

� {S��tiyjt4¥���s§o¥.t � �
λD

� o5t+{d¥.oO�dvKz'©tf��v.t"� � l prt4qD� � t � � qD�¯suo¥�°.¤ro°Qt4¤r� m ¡hx«v � {+�
��»¢¼

D

� o)t4{�¥.oª��¥.t4q+t4{�{�zO¤�su¦ m v.z%©OtjzO¥ m oO®��¯v.t � { � zO¦ °.¤ro°Qt4¤r��s§t+{4ç � �H� �G� �·zO¥ � x � �H¡
x«v.su{Ssu{��¯v.tj°.¤rs§q4tT�tj°Kz m ®Yo¤�z'©os � s§¥ � su¥.q4o¥³{�s§{��¯t+¥.q m oª® � ¥.¤rt4{��¯¤�suq+��t �

Σ
´Ì� m °2t+{4¡Wx«v.t

l t4¥.tD¸.�¯{
zO¤�t�°³¤�t4{rt4¥��¯t � s§¥"��v.t�®Yo¦§¦uo/��su¥ � {rt4q+��s§o¥6¡

æ�EZYJEm÷ [��*Iá]�¬N�]�I,¬<KN��I_M·FÌ
λD

� ¥���v.s§{~{�t4qD�¯suo¥¢�<�ti¤�t+¦µzª��t ��»¢¼
D

zO¥ � su�¯{~q4¦§zO{�{rs§q'zª¦¶q+o � ¥��¯t+¤�°Kzª¤r�d��o��t4¦§¦ ´¬�@¥.o%��¥�¸K¤r{r��´
o¤ � t4¤�{�tD���¯v.t+o¤�sut4{4¡

Ü��	�@ô>ó�<� 2	»uþ_»$ð<Ô ¾�6,Ã
D

d�t~lv"Ren*¾�6,Ã
C

�

ù ý@�



ÆÇt~l�l�§�x«v.t�°³¤�t4q+s§{rt�®YoO¤�y � ¦§zª�¯suo¥joO®N�¯v.t�q+¦µzOsuyÀsu{4ç]s¹® ��»¢¼
C` φ

�5��v.t4¥"®Yo¤²{royjtG�¯t+¤�y
M
�

��»¢¼
D ` M : φ

¡~n�tT®Yo¤�y � ¦µzª��t ��»¢¼
C

zO{ ��»¢¼
R

tD½)�¯t+¥ � t � ��su��vÄ�¯v.t £ oO¦§¦§t+q+��s§o¥¾z/½³suoy
{�qwv³t4yWz³ç

∀~f. ∀a. (∀x ∈ a∃y. φ) → ∃b. ∀x ∈ a∃y ∈ b. φ

xHoh{rv.o%�Á�¯v.zª� ��»¢¼
D

s§¥��¯t+¤�°.¤rt+��{ ��»¢¼
R

�P�tj¸K¤r{r�S¥.t+t � �¯oÈ°.¤�o%©Otj��vKzª��su��su¥��¯t4¤r°.¤�tD�¯{��¯v³t
¤ � ¦§t4{"oª® �e¼H��� ¡�}ho{��hoª®~��v.t4y zª¤�t¾°.¤rt4{�t+¥���su¥��¯v.t¾� m °2t�{ m {��¯t+y oO®

λD
zO{"{�°Qt4q+sµzO¦

q'zª{�t4{«��v.t+¥ � t4°Qt4¥ � t4¥.q+s§t4{VzO¤rt�¥.oO� � {�t � ¡x«v³t�o¥.¦ m yjs§{�{rs§¥ � ¤ � ¦ut�s§{�t4¦§suyWsu¥Kzª��s§o¥aoO®N�¯v³t
tD½5su{r�¯t+¥��¯sµzª¦PÇ � zO¥��¯su¸.t4¤4¡

Γ ` ∃a. φ Γ ` ∀a. φ→ ψ

Γ ` ψ
a /∈ FV (ψ)

� �Vs§{«t4zO{ m ��oj{rv.o%�·�¯v.zª��s§¥ ��»¢¼
D

�¯v³t�®YoO¦§¦§o%��su¥ � ¤ � ¦§t�s§{�z � yWsu{�{rs l ¦utO�5��vKzª��su{Vs¹®:zO{�{ � yW°)´
�¯suo¥.{�zO¤rt � t4¤rsu©ªz l ¦utO�³��v.t4¥J{�ojs§{²��v.t�q4o¥³q4¦ � {�s§oO¥¢ç

Γ `M : ∃a. φ Γ ` N : ∀a. φ→ ψ

Γ ` N (πa.φ1 (M)) (πa.φ2 (M)) : ψ
a /∈ FV (ψ)

�5t+q4o¥ � �]��ti¥³t4t � ��o�°.¤ro%©5s � tf��v.tfsu¥@��t4¤r°.¤�tD�wzª��s§o¥�oO® ��»¢¼
R

�¯t+¤�yj{ds§¥ ��»¢¼
D

zO¥ � {�v.o%�
�¯v.zª�~��v.t m {�zª�¯su{r® m ��v.tW¤rt4{r°2t+q+�¯s¹©tfz-½5s§oyj{4¡Wx«v.s§{Ss§{�{r��¤¯zOs � v���®Yo¤��²zª¤ � �:zO{Ssu�S{ � �jq+t4{~��o
z �.� tZ½5��¤¯zO¥³t4o � { l s§¥ � t+¤�{�®Yo¤��5t4°Kzª¤¯zª��s§o¥�zO¥ � � t4°³¦µzOq+t4yjt4¥����¯t+¤�yj{4¡ ¼ o¤�tD½³zOyj°.¦utO�6�t
s§¥���t4¤�°³¤�t+�

{x ∈ a | φ}
zª{

{p : x ∈ a | φ}
�³��v.t+¤�t

p
s§{²®Y¤�t+{�v¢¡

x«v.tÄo¥³¦ m ¥.o¥��¯¤rsu©)sµzª¦���v.s§¥ � ¦§tD®B�isu{j��v.tÄs§¥���t4¤�°³¤�t+�¯zª�¯suo¥äoª®��¯v.t £ o¦§¦ut4q+��s§o¥äz-½5s§oyJ¡
� ¥�� � s¹�¯s¹©t4¦ m �Qsu�V®Yo¦§¦uo%��{V®Y¤roy � t+°.¦µzOq+t4yjt4¥��'�2zO{ � {�su¥ � � t+°2t+¥ � t4¥���suyW°.¦us§q4zª�¯suo¥ÈzO¥ �

πa.φ1

�¯t+¤�yj{4�]�t"q'zO¥8��¤¯zO¥³{r®Yo¤ryÍzÄ°.¤ro5oª®
p
oO®

∀x ∈ a∃y. φ
s§¥���o

∀q : x ∈ a∃!y. φ ∧ y =

πa.φ1 (p x q)
¡ ¼ oO¤�yWzO¦§¦ m � ��thtD½5v.s l su�j�¯v.tJ°.¤ro5oO®G�¯t4¤ryW{+¡�x:o�s§¥.q+¤�t4zO{�th¤�t'z � z l su¦§su� m �¶�t

� su{�°.¦§z m
∀x. (p : x ∈ a) → φ

zO{
∀p : x ∈ a. φ

�
∃x. (p : x ∈ a) ∧ φ

zO{
∃p : x ∈ a. φ

zO¥ �
R
p,x,y, ~f. φ

(t,~t)
zO{

{y | (∀p : x ∈ t∃!y. φ[~f := ~t]) ∧ (∃p : x ∈ a. φ[~f := ~t])}
¡

ù ý%!



M1 ≡ 〈πy.φ2 (p x q), eqRefl πy.φ1 (p x q)〉

`M1 : ψ

M2 ≡ λz. λr : φ[y := z] ∧ z = πy.φ1 (p x q). snd(r)

`M2 : ∀z. φ[y := z] ∧ z = πy.φ1 (p x q) → z = πy.φ1 (p x q)

M3 ≡ λq : x ∈ a. [πy.φ1 (p x q), 〈M1,M2〉]

`M3 : ∀q : x ∈ a∃!y. ψ

M4 ≡ [x, 〈q, 〈πy.φ2 (p x q), eqRefl πy.φ1 (p x q)〉〉]

`M4 : ∃q : x ∈ a. ψ

M5 ≡ replq,x,y,̃f.ψRep(πy.φ1 (p x q), a, ~f , 〈M3,M4〉)

`M5 : πy.φ1 (p x q) ∈ t

M6 ≡ λx. λq : x ∈ a. [πy.φ1 (p x q), 〈M5, π
y.φ
2 (p x q)〉]

`M6 : ∀x ∈ a. ∃y ∈ t. φ

ψ ≡ φ ∧ y = πy.φ1 (p x q)

t ≡ {y | (∀q : x ∈ a∃!y. ψ) ∧ ∃q : x ∈ a. ψ}

N ≡ λ~f. λp : ∀x ∈ a∃y. φ. [t,M6]

` N : ∀~f. (∀x ∈ a∃y. φ) → ∃b. ∀x ∈ a∃y ∈ b. φ �

x«v.t+¤�t+®YoO¤�tO� l�m �¯v.tW¤�t+{ � ¦¹�¯{doª® S ¼ ©k!%&�U[�<��v.ti°.¤ro5oO®µ´��¯v.t+o¤�tD�¯suqj{��¯¤rt4¥ � ��v�oO® ��»¢¼
D

t4Ç � zO¦u{
�¯v.zª��oO® »¢¼ £ ¡

n�tS¥.o%�·q+o¥.{rs � t+¤
zaq4¦§zO{�{rs§q4zO¦6©t+¤�{rs§o¥hoO® ��»¢¼
D

¡ � tD� »¢¼
D

l t ��»¢¼
D

tD½)�¯t+¥ � t � ��su��v
�¯v³t«tD½5q4¦ � � t � yjs �.� ¦ut²z-½5suoy � }�¡ªn�t«{rv.o%�ä�¯v.zª� »¢¼

D

su{ q4o¥.{rs§{��¯t4¥��4¡ ¼ o¤<�¯v³s§{]° � ¤�°Qo{�tª�
�wzª�Ot~za®Yo¤ry � ¦§zª�¯suo¥ioO® »¢¼:� ��su��vh{rt+�V�¯t4¤ryW{+�K{ � qwvÄzO{ ��»¢¼

R c � } c ÅÌ�¯v.t � ¥³su©t+¤�{rt~su{
�t4¦§¦ ´¬o¤ � t4¤rt �_l�m

<
Æ¯¡ � tD¸K¥.t
zO¥_t4¤�zO{ � ¤�t�yfzª°_o¥T®Yo¤�y � ¦µzO{<zO¥ � {�tD� �¯t+¤�yj{ oO®

λD
�ª��v.s§qwv

¤�tD� � ¤r¥.{
®YoO¤�y � ¦§zO{�zO¥ � {�tD�G�¯t+¤�yj{�oO® »¢¼H� ¡Kx«v.td¤rt4°.¤rt4{�t+¥��wzª��su©t~q'zO{rt4{
oO®]�¯v³t � tD¸K¥.s¹�¯s§oO¥
®Yo¦u¦§o%���5��v.t+¤�t

ιa.φ
� t4¥.oO��t4{�Å¬��v.t�¸K¤�{��

a
{ � qwvJ�¯vKz-�

φ
Æ¯ç
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a = a πa.φ1 (M) = ιa.φ ∅ = ∅ {t1, t2} = {t1, t2} ω = ω

(p : φ) → ψ = φ→ ψ S
p,a, ~f.φ

(t,~t) = {a ∈ t | φ(a,~t)}

R
p,a,b, ~f.φ

(t,~t) = {y | ∀x ∈ ~t∃!y. φ(x, y,~t) ∧ ∃x ∈ ~t. φ(x, y,~t)}

n�su��v��¯v.tÄyWzO°�z-�"vKzO¥ � ���t¾q'zª¥�t'zO{rs§¦ m °.¤ro/©Ot l�m s§¥ � � q+��s§o¥Eo¥��¯v³t¾°.¤�o)oO®��¯v³t
q4oO¥.{�su{r�¯t+¥.q m ¤rt4{ � ¦u�4ç

Ü��	�@ô>ó�<� 2	»uþ_»uþ�Ö ¾>§g6,Ã
D` t : Set Å O>Q�Rqg t fon��+O�RqtupÀl�§g6,Ã¿îª�L¾>§g6,Ã

D` M : φ Å O>Q�Rqg
6,ÃJî

` φ
�{¥,Q<i:ny6,Ã

D

fon r lgNnqfonqO�Rqg�OZ�

Ü��	�@ô>ó�<� 2	»uþ_»uþPð 6,Ã
D

fhg�O�RqtZd�t~RqO>ny6,Ã��
ÆÇt~l�l�§fã m x«v.t+o¤�t+y�ý³¡ �5¡ ù  ³� ��»¢¼

D

su¥��¯t4¤r°.¤�tD�¯{ ��»¢¼
C

¡ �5su¥.q4t »¢¼Mz���»¢¼
C c � }��-�¯v.tq4¦µzªs§y

®Yo¦u¦§o%��{4¡
�

æ�EZYJE|{ «©¬?<Q�¬?��� I�.JK<¬N��°�Kk��F®
x«v.t�°.¤ro � ¤�zOyËtZ½)�¯¤¯zªq+�¯suo¥iyjt+��v.o � �t � t+{�q4¤rs l t � s§¥"�5t4qD�¯s§oO¥Èû³¡úûTsu{ l zª{�t � o¥ � �:� �
� �
zO¥ � x � �:¡ � su©t+¥S��vKzª� ��»¢¼

D

� o)t4{N¥.oO�H°Qo{�{rt4{�{]� � l prt+q+� � t � � qD�¯s§oO¥~°.¤ro°Qt4¤r� m �ª�tq4zO¥.¥.oª�
� {rtTo � ¤�{��wzO¥ � zO¤ � �¯o)o¦§{��¯oi°³¤�o%©tT��v.t4{rt_°.¤�o°Qt4¤��¯sut4{
®YoO¤ ��»¢¼

D

¡ � o%�t+©t+¤4�Nsu�
s§{
t'zO{ m ��o
� t+¤�su©Ot��¯v.t+yÎ®Yo¤²�¯v³tS¤rt'zO¦us§|4z l s§¦usu� m yjo � t4¦��5s§¥"�¯v³tS{rt4¥.{rtS�t~zO¤�t�z l o � ����o � t+¸K¥.tª¡

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»uþQþ ¥,Q�R�§}ltup�i<¢W�
φ
fonÈ�¯¤ � t�fhgsOhQ�R�teR8�"¢£fW¹��%��fh¢£fhOjb�p�l��<Rq¢�f §{OhQ�Rqt~R+fon+�

t~R8�"¢£fW¹Rqt
M

nqi r QBO>QN�"O
M ∅ φ

�

n�t���¤rsu��t
V λ |= φ

�.��v.t+¥
φ
s§{²��¤ � t�su¥i�¯v.t�¤�t4zO¦§su|'z l s§¦§s¹� m yWo � t+¦�¡

ØF�k����� 2�»uþ,»uþ�)
V λ

QN�nPOhQ�Rg(zÆ Å Ù *FÆÂ�"g��7¥U*FÆ·d�teled�RqtuOjfmRen��
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ÆÇt~l�l�§Èx«v.t�q4¦§zOs§y zOyWo � ¥��¯{��¯od¤rt4°.¦§zOq4su¥ � °.¤�o%©ªz l su¦§su� m s§¥a�¯v.t
{r�wzª¥ � zO¤ � ®Yo¤�y � ¦µzª��s§o¥³{ l@m
¤�t4zO¦§su|'z l s§¦§s¹� m ¡

x:oJ{�t+tj��vKzª� � �·v.oO¦ � {+�:zª{�{ � yWt
V λ |= φ ∨ ψ

¡Wx«v³t4¥���v.t4¤rtas§{Sz"¤�t'zª¦§s§|+t4¤
M

{ � qwv
�¯v.zª�

M ∅ φ ∨ ψ
�2{ro"t4su��v.t4¤

M ↓ inl(N)
zO¥ �

N ∅ φ
o¤
M ↓ inr(N)

zª¥ �
N ∅ ψ

¡
� ¥È�¯v.t�®Yo¤ryWt+¤²q'zO{rt

V λ |= φ
�.s§¥"��v.t�¦µzª�r�¯t4¤

V λ |= ψ
¡

�G� �¿s§{"°³¤�o%©t � s§¥�tZ½.zªq+�¯¦ m �¯v³tM{�zOyjt¾yfzO¥³¥.t4¤W± yjs§¤r¤�o¤rs§¥ � ��v.t�°.¤�o)oO®S®Yo¤i�¯v³t
°.¤rt+©)s§o � {h¦§zOy lQ� z�q'zO¦uq � ¦usG��t � t4{rq4¤rs l t � ¡ ¼ o¤"x � �:�
zO{r{ � yjt

V λ |= ∃a. φ
¡Îx«v.t4¥

�¯v³t4¤�tWs§{~zh¤rt'zO¦us§|4t+¤
M

{ � qwv8��vKzª�
M ∅ ∃a. φ

�<{ro
πa.φ2 (M) ∅ φ[a := πa.φ1 (M)]

�<{�o

V λ |= φ[a := πa.φ1 (M)]
¡

�

x«v � {4� � {rs§¥ � �¯t4qwv³¥.s§Ç � t+{�®Y¤royà�5t4qD�¯suo¥¾û³¡üû³�2�t_q'zª¥¾tD½)�¯¤�zOq+��°³¤�o � ¤�zOyj{V®Y¤roy ��»¢¼
D

°.¤ro5oO®Y{T©)s§z¾��v.tJ¤�t'zª¦§s§|4z l su¦§su� m yjo � t4¦[¡ � ® ��»¢¼
D` M : φ

��v.t4¥EzO¦§{ro
M ρ φ

��®Yo¤jzO°5´
°.¤ro°.¤�s§zª�¯t

ρ
zª¥ � �taq'zO¥�¥.o%� zO°.°.¦ m � t4yjyWziý.¡ �)¡ �Oûf��oÈo l �wzªs§¥¾¥.t+q4t4{r{¯zO¤ m °.¤�oO°2t+¤r�¯sut4{+¡

x«v.t � o%��¥.{�s � tfoO®��¯v.su{dzO°³°.¤�o�zªqwv¢�]q4oOyW°Kzª¤�t � �¯oJo � ¤~°.¤�tD©5suo � { � t+©Ot4¦uo°.yjt4¥��¯{+�]s§{��¯vKz-�
�¯v³t¾tD½)�¯¤�zOq+��t � °.¤�o � ¤¯zOyj{"zO¤rt¾q4o¤r¤�t4qD�"��su��vÃ¤rt4{r°2t+q+�È�¯o8��v.t¾¤�t4zO¦§su|'z l su¦§s¹� m yWo � t+¦���s§¥5´
{r��t'z � oO®<��v.tSo¤�s � s§¥Kzª¦2�¯v³t4o¤ m ¡²x«v � {+�2s¹®:�tdtZ½5��¤¯zOqD��za¥Kzª� � ¤¯zª¦P¥ � y l t+¤

n
®Y¤�oOy zj°³¤�o)oO®

��»¢¼
D` M : ∃a ∈ ω. φ

��¯v.t+¥ä��thq'zO¥äo¥.¦ m zO{�{rt4¤r�f�¯vKzª�
V λ |= φ[a := nn]

¡�x«v.su{
� su{r�¯su¥.q+��s§o¥h��o � ¦ � ¦§su�Ot+¦ mJl t_oª®¥³o"{�s � ¥.su¸Kq4zO¥���q4oO¥.q4t+¤�¥�s§¥�zO°³°.¦§suq'zª��s§o¥.{+�6zª{��¯vKzO¥³�){���o
x«v.t+o¤�t+yîý.¡ �)¡ ù #G�t��@¥.o%���¯vKz-� �¯v.t«�¯¤ � �¯vasu¥a��v.t«¤�t4zO¦§su|'z l s§¦§s¹� m ��oO¤�¦ � su{ q4o¥.{rs§{��¯t4¥�����su��v
{r�¯zª�¯t+yWt+¥��¯{²°.¤ro%©Oz l ¦§tVs§¥ ��»¢¼

D

¡¶}hoO¤�t4o%©Ot4¤4�³su�¶s§{t'zO{ m ��oTyWzO�OtV�¯v.t
°.¤�o l ¦§t4y � s§{¯zª°.°2t4zO¤4�
l�m �}�$fmlp{�"OjfW¹�fhg<�"� � l prt+q+� � t � � q+��s§o¥Èsu¥ ��»¢¼

D

�.�¯v.zª��s§{�z �³� s§¥ � ��v.t�¤ � ¦utOç

Γ ` N : φ

Γ `M : φ
(M → N) ∨ (N →M)

x«v.su{Vsu{�zOq+� � zO¦u¦ m �¯v.tSzO°.°³¤�o�zOqwvhz � oO°³�¯t � su¥ �
� °.¤r¦�¡
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∀α : (α → prop) → prop ∃α : (α → prop) → prop εα : (α→ prop) → α

0 : nat S : nat → nat false : bool true : bool

n�tV°.¤rt4{�t+¥����v.t
°³¤�o)oO®6¤ � ¦§t+{ ®Yo¤ ����� s§¥jz�{�t+Ç � t4¥��r´ l zO{�t � ¥Kzª� � ¤¯zª¦ � t � � q+�¯suo¥j{r� m ¦§tª¡
� n�R8³�i�Rqg�O�su{dzJ°KzOs§¤

(Γ, t)
�N��v.t4¤rt

Γ
su{dzJ¦§s§{���oO®²®Yo¤ry � ¦§zO{�zO¥ �

t
s§{SzJ®Yo¤ry � ¦§z³¡ ¼ ¤�t+t

©ªzO¤�s§z l ¦ut4{SoO®Vz�q4oO¥@��tD½)�azO¤rtf�¯v³tW®Y¤�t+tf©ªzO¤�s§z l ¦ut4{SoO®VzO¦§¦�s¹�¯{~®YoO¤�y � ¦§zO{4¡ � {rt4Ç � t4¥��
(Γ, t)

s§{V��¤�s¹���¯t+¥�zO{
Γ ` t

¡�n�td��¤rsu��t l s§¥.zO¤ m q4oO¥.{r�¯zO¥��¯{ É t+Ç � zO¦§s¹� m �6suyW°³¦§s§q4zª�¯suo¥¢�.tD�¯qª¡ Ê¾� {�su¥ �
s§¥5¸³½_¥.oª�wzª��s§o¥¢¡Nn�t � {�t«{��wzO¥ � zO¤ � z l.l ¤�t+©)s§zª�¯suo¥.{<®Yo¤<Ç � zO¥��¯su¸.t4¤�{+ç

∀a : τ. φ
z l³l ¤�tD©5s§zª�¯t+{

∀τ (λaτ . φ)
�K{rs§yjs§¦§zO¤�¦ m ��su��v

∃a : τ. φ
¡ x«v.t~°³¤�o)oO®H¤ � ¦ut4{«®Yo¤ ����� zO¤�tªç

Γ ` t
t ∈ Γ

Γ ` t = t
Γ ` t = s

Γ ` λxτ . t = λxτ . s
xτ /∈ FV (Γ)

Γ ` t Γ ` s
Γ ` t ∧ s

Γ ` t ∧ s
Γ ` t

Γ ` t ∧ s
Γ ` s Γ ` >

Γ ` t
Γ ` t ∨ s

Γ ` s
Γ ` t ∨ s

Γ ` t ∨ s Γ, t ` u Γ, s ` u
Γ ` u

Γ, t ` s
Γ ` t→ s

Γ ` s→ t Γ ` s
Γ ` t

Γ ` s = u Γ ` t[u]

Γ ` t[s]

Γ ` fα→prop tα
Γ ` ∃α(fα→prop)

Γ ` ∃α(fα→prop) Γ, fα→prop xα ` u

Γ ` u
xα
¥.t+�

¼ s§¥.zO¦§¦ m �@��tS¦§su{r� �G��� z-½5s§oyj{4¡

ù ¡ É ¼5��� � �¶Ê
⊥ = ∀b : prop. b

¡

�5¡ É ¼5��� � ���G� x«x � ¨ �¶Ê
false = true → ⊥

¡

û³¡ É ã � x ��Ê
(λxτ . tσ)sτ = tσ[xτ := sτ ]

¡

ý.¡ É � x ��Ê
(λxτ . fτ→σ xτ ) = fτ→σ

¡

&5¡ É ¼:�������N�HÊ
∀α = λPα→prop. (P = λxα. >)

¡

#³¡ É �¶û Ê
∀n : nat. (0 = S(n)) → ⊥

¡

�5¡ É ��ý Ê
∀n,m : nat. S(n) = S(m) → n = m

¡

ù &�



!³¡ É �Ç& Ê
∀P : nat → prop. P (0)∧(∀n : nat. P (n) → P (S(n))) → ∀n : nat. P (n)

¡

 ³¡ É ã �����HÊ
∀x : bool. (x = false) ∨ (x = true)

¡

ù �³¡ É � } Ê
∀x : prop. (x = ⊥) ∨ (x = >)

¡

ùù ¡ É £ ����� £ �¶Ê
∀P : α→ prop. ∀x : α. P x→ P (ε(α→prop)→α(P ))

¡

��� ¤_qwv.osuq4tÈoO®V¤ � ¦ut4{azO¥ � z-½5suoyW{~s§{_¤rt � � ¥ � zO¥��'¡c� ¤�oO°2o{rsu��s§o¥Kzª¦q+o¥.¥.t+q+�¯s¹©t+{4��®Yo¤
tD½³zOyj°.¦utO�Pq4o � ¦ ��l t � t+¸K¥.t � su¥Ä�¯t4¤ryW{�oO®Ç � zO¥��¯s¹¸Kt4¤r{SzO¥ �

bool
¡ � o%�t+©Ot4¤4�H��t l t4¦us§t+©Ot

�¯v.zª���¯v³s§{GyWzO�ªt4{��¯v³t_zOq4q+o � ¥���oO®��¯v³tT{�t+yfzO¥���s§q4{Gq4¦§t4zO¤�t+¤�zO¥ � {rv.o%��{�v.o%�Át4zO{ m su�Gs§{
��o
� tD¸K¥.t~za{ro � ¥ � {�t+yfzª¥@��s§q+{�®YoO¤«{ � qwvh{ m {r��t4yJ¡

x«v.t��v.t4oO¤ m £ ����� É £ oO¥.{r��¤ � qD�¯su©Ot �G���HÊ zO¤�su{�t+{ l�m �wzO�@su¥ � z'��z m ®Y¤roy ����� z-½5suoyW{
É £ �G��� £ �Ê zO¥ � É � } Ê ¡
n�t���¤�s¹�¯t

`H φ
zO¥ �

`C φ
�¯o � t+¥.oO�¯t��¯v.zª� ����� zO¥ � £ ����� �K¤�t+{�°Qt4qD�¯su©Ot4¦ m �>°.¤�o%©Ot4{

φ
¡in�ta��s§¦§¦ � t4¥.t+¤¯zO¦u¦ m � {rtf¦ut+����t4¤r{

P,Q
��o � t+¥.oO�¯tW°.¤�o)oO®�¯¤�t+t4{+¡ � ¥.oO�¯zª�¯suo¥

P `C φ

yjt'zO¥.{«��vKzª�
P
su{�za°³¤�o)oO®:��¤�t+tSsu¥ £ ����� oO®

φ
¡

÷JEZY HJI	����®�KN��°@M

� ¥T�¯v³s§{]{rt4q+��s§o¥6�O��t²��su¦§¦ � t+¸.¥.t«{�tD�r´Ì��v.t4oO¤�t+��s§q²{rt4yWzO¥��¯suq4{:®YoO¤ ����� zO¥ � £ �G��� ¡On�t²{��wzO¤��
l�m ¸³½5s§¥ � {�t+©Ot4¤�zO¦ � tD¸K¥.s¹�¯s§oO¥.{dzª¥ � °.¤ro%©5su¥ � {rt+©Ot4¤¯zª¦�t'zª{ m ¦§t+yWyWzO{�s§¥�q4o¥³{r�¯¤ � q+��su©Otf{�tD�
�¯v³t4o¤ m ¡

÷JEZYJE�D H¿ILK|Kk��I_�¬N\

x«v.t²{rt+��´Ì�¯v³t4o¤rt+�¯suq�{rt4yWzO¥��¯s§q+{<¥.t+t � {]zG{�yWzO¦§¦�°.zO¤r�<oO®K�¯v.tq � y � ¦µzª��su©Otv.sut4¤�zO¤�qwv m ±
Rω+ω

s§{
{ � �jq+s§t4¥�����oiq'zO¤r¤ m o � ��zª¦§¦P�¯v.tdq4o¥.{��¯¤ � q+��s§o¥.{+¡�x«v.t � ½5suoyàoª® £ v.os§q+tTs§{
¥.t4q+t4{r{¯zO¤ m
s§¥ho¤ � t4¤��¯o � t+¸K¥.tS�¯v.t~yWt4zO¥.su¥ � oª®]�¯v.t

ε
q4o¥³{r�wzª¥@�4¡ ¼ oO¤V��v.s§{V° � ¤r°2o{rtO�

C
��s§¦u¦ � t4¥.oª�¯t

ù &"!



z<ù l ¦µzª�¯zO¥��¯¦ m ¥.o¥5´Ìq4o¥³{r�¯¤ � q+��su©Oth® � ¥.qD�¯suo¥ä{ � qwvä�¯v.zª�W®YoO¤fzO¥ m
X, Y ∈ Rω+ω

�²su®
X
su{

¥.o¥)´¬t4yj°³� m �.�¯v.t+¥
C(X, Y ) ∈ X

�KzO¥ � su®
X
s§{«t+yW°³� m �¯v.t+¥

C(X, Y ) = Y
¡

� t+q'zO¦u¦��¯vKzª�:s§¥S�¯v.t¶��oO¤�¦ � oO®K{rt+�<��v.t4oO¤ m �
0 = ∅

�
1 = {0}

zª¥ �
2 = {0, 1}

¡ £ ¦µzª{�{�suq'zO¦u¦ m

P (1)
�³�¯v³t~{rt+�
oO® zO¦u¦¢{ � l {�tD�¯{Goª®

1
�Ksu{«t4Ç � zO¦P��o

2
¡¶x«v.su{
su{«¥.oO���¯v.tSq'zª{�tSq4o¥.{��¯¤ � q+��su©t+¦ m ì

�¯v³t4¤�tVs§{�¥.o � ¥.s¹®Yo¤�y��²z m oO®2�¯¤¯zª¥.{r®Yo¤ryWsu¥ � zO¥WzO¤ l s¹�¯¤�zO¤ m { � l {rt+�
A
oª®

1
s§¥��¯o~zO¥jt4¦ut4yjt4¥��

oO®
2
¡

ØF�k�����;- »uþ,»$ð ¾>§
P (1) = 2 Å O>Q�Rqg�§}lt��"g�b φ Å φ lt ¬φ �

ÆÇt~l�l�§å� � °.°Qo{rt
P (1) = 2

zO¥ � �wzO�ªtfz"®Yo¤ry � ¦µz
φ
¡ £ o¥³{�s � t4¤

A = {
ø

∈ 1 | φ}
zª¥ �

B = {
ø

∈ 1 | ¬φ}
¡8�5su¥.q4t

A ∪ B ∈ P (1)
�
A ∪ B ∈ 2

� {�o¾t+su�¯v³t4¤
A ∪ B = 0

oO¤

A∪B = 1
¡ � ¥i�¯v.t
®Yo¤�yjt4¤¶q'zO{rtO�

0 /∈ A
zO¥ �

0 /∈ B
¡ � o/���³su®

φ
�)��v.t4¥

0 ∈ A
zO¥ � su®

¬φ
�

�¯v³t4¥
0 ∈ B

�>�¯v³t4¤�tD®Yo¤�tS��t~vKz'©t l oO��v
φ
zO¥ �

¬φ
�K��v.s§qwvÄsu{
suyW°Qo{r{�s l ¦§tO¡x«v.s§{Vyjt'zO¥.{��%¡

�¯v.zª�
A ∪ B = 1

¡Vx«v.t4¤rt+®Yo¤rt
0 ∈ A ∪ B

�6{roft+su�¯v³t4¤
0 ∈ A

s§¥h��v³s§qwvÄq4zO{�t
φ
�Qo¤

0 ∈ B

s§¥"��v.suqwvhq4zO{�t
¬φ
¡�5oat+su�¯v³t4¤

φ
o¤

¬φ
¡

�

x«v.t�®Yo¦§¦uo/��su¥ � v.t+¦§°³® � ¦¢¦§t+yWyWz³�)v.o%��tD©t4¤+� � o5t+{Vv³o¦ � s§¥Jz_q4oO¥.{r��¤ � qD�¯su©OtS�o¤r¦ � ç

ØF�k�����;- »uþ,»uþ ¾>§
A ∈ P (1) Å O>Q�Rqg A = 1

f y
0 ∈ A

�

ÆÇt~l�l�§ � tD®B�r´Ì��oª´¬¤rs � v�� � s§¤rt4qD�¯s§oO¥is§{s§yjyWt � sµzª��tO¡ ¼ o¤��v.t�¤�s � v��r´��¯oª´Ì¦§t+®B� � su¤�t+q+�¯suo¥¢�@��t�v.z%©Ot

A ⊆ 1
zO¥ � ¥³t4t � ��oi{�v³o/����vKzª�

1 ⊆ A
¡�� � °.°Qo{rt

B ∈ 1
�2�¯v³t4¥

B = 0
� l � �

0 ∈ A
�2{�o

B ∈ A
¡

�

� t+� � {�zO¦u{�o � t+¸K¥.t�°.¤rt4q+s§{�t+¦ m �¯v.t�® � ¥.q+��s§o¥azO°³°.¦§suq'zª��s§o¥~o°2t+¤¯zª��s§o¥ds§¥_{�tD� �¯v.t+o¤ m ¡<n�t
l o¤�¤ro/���¯v.t � t+¸K¥.s¹�¯suo¥"®Y¤�oy � q4|4t+¦ S � q+|} $ "U[¡

App(f, x) = {z | ∃y. z ∈ y ∧ (x, y) ∈ f}

x«v.t"z � ©ªzO¥��wz � tjoO® � {�s§¥ � �¯v.su{ � t+¸K¥.s¹�¯suo¥�o%©t+¤TzO¥�s§¥�� � s¹�¯s¹©tao¥.t É Å¬��v.t � ¥.s§Ç � t
y
{ � qwv

�¯v.zª�
(x, y) ∈ f

Æ Ê s§{��¯vKzª�Vs¹�
su{ � t+¸K¥.t � ®Yo¤
zO¦§¦P{rt+��{
f
zª¥ �

x
¡��:zO¤r��sµzO¦usu� m oª®

App
�o � ¦ �

ú	�	ÿ��cý��9�����_�x�Xw@ý�wU���s���cÿ� �r� �4ÿ����s�
C
u wLý���ý�ý����mÿ��ücü9# �Jý���ÿ��cý��9����������u �qü��9�ý1ý
o$�6ü|�cý&�þ�ýÒÿ������ý
���������òý�þt��ÿ��6þ�ý���#��þl���òÿ��-�Èÿ��

Rω+ω

�6üU��ÿ��_� �mÿ�!p��� �6ý��r�e�I�X��%�
�^ý<���cý�#ü9�r� ���ý
�mýM�)���x�_# ����� �r�s�9# ���9�r!qý4���s�9#��x���òÿ�� �6ü|�9�(þ�����#$�cÿ��òÿ���qy�
(((φ ∨ ψ) ∧ ¬φ) → ψ)

ù &" 



t4¥��¯zOs§¦�{�t+¤�suo � {S°.¤�o l ¦§t4yj{�s§¥Mq4o¥³{r�¯¤ � q+��su©Otf{�tD����s§¥ � {�± {�t4t S }Jo5q4���U�®Yo¤ � t4{rq4¤rs§°³��s§o¥MoO®
{�oOyWt�oO®H�¯v³tS°³¤�o l ¦ut4yj{4¡

x«v.s§{ � tD¸K¥.s¹�¯s§oO¥"s§{�t4Ç � s¹©Ozª¦§t4¥��«��oa��v.t�{r�¯zO¥ � zO¤ � oO¥.t���v.t4¥
f
s§{�zT® � ¥.qD�¯s§oO¥¢ç

ØF�k�����;- »uþ,»�) ¾>§
f
fon¶��§ui<g r Ojfmlg�§ut~lp

A
O�l
B
�"g��

x ∈ A Å O>Q�Rqg App(f, x) fon¤OhQ�R
i<g�fj³�i�R

y
nqi r QCO>QN�"O

(x, y) ∈ f
�

ÆÇt~l�l�§ � t+�
y
l t«��v.t � ¥.s§Ç � tVt4¦ut4yjt4¥��¶oO®

B
{ � qwvf�¯v.zª�

(x, y) ∈ f
¡ � ®

z ∈ App(f, x)
��v.t4¥

�¯v³t4¤�tWs§{
y′
{ � qwv8�¯v.zª�

z ∈ y′
zO¥ �

(x, y′) ∈ f
¡È�5su¥.q4t

y′ = y
�
z ∈ y

¡ ¼ o¤��¯v.tjoO�¯v³t4¤
� su¤�t4qD�¯suo¥¢�³s¹®

z ∈ y
�³��v.t4¥Jo l ©)s§o � {r¦ m

z ∈ App(f, x)
¡

�

¼ ¤�oy ¥.o%� oO¥¢���¯v³th¥.oª�wzª��s§o¥
f(x)

yjt'zª¥.{
App(f, x)

¡än�tÈ��s§¦§¦ � {�th��v.tJ¦µzOy lQ� z
¥.oO�¯zª�¯suo¥�s§¥S{�tD�:��v.t4o¤ m �¯o � t+¸.¥.t¶® � ¥.q+��s§o¥.{+ç

λx ∈ A. B(x)
yWt4zO¥.{

{(x,B(x)) | x ∈ A}
¡

÷JEZYJEmY [��*Iðì�IU��®��ZKk���®èFÌ¶Kk��IðM<I	���F®ÇKk��°LM

n�t�¸.¤�{r� � tD¸K¥.t~z_yWt4zO¥.s§¥ �
[[τ ]]

oª®]z_� m °2t
τ
l�m {r��¤ � qD� � ¤�zO¦Ns§¥ � � q+��s§o¥"o¥

τ
¡

• [[nat]] = N
¡

• [[bool]] = 2
¡

• [[prop]] = P (1)
¡

• [[(τ, σ)]] = [[τ ]] × [[σ]]
�<��v.t4¤rt

A × B
� t+¥.oO�¯t+{~��v.tWq4zO¤r��t4{rsµzO¥M°.¤�o � � qD�doª®«{�tD�¯{

A

zO¥ �
B
¡

• [[τ1 → τ2]] = [[τ1]] → [[τ2]]
�K��v.t+¤�t

A → B
� t+¥.oO�¯t+{
��v.t~{rt+�
oO® zª¦§¦¢® � ¥.qD�¯suo¥.{«®Y¤�oy

A
�¯o
B
¡

x«v.tSyWt4zO¥.s§¥ � oO®]z_q+o¥.{r�¯zO¥��
cα
s§{ � t+¥.oO�¯t �hl�m

[[cα]]
zª¥ � s§{ � tD¸K¥.t � zO{«®Yo¦§¦uo%��{4¡

• [[=α]] = λ(x1, x2) ∈ ([[α]] × [[α]]). {x ∈ 1 | x1 = x2}
¡

• [[→]] = λ(b1, b2) ∈ [[prop]] × [[prop]]. {x ∈ 1 | x ∈ b1 → x ∈ b2}
¡

ù #�



• [[∨]] = λ(b1, b2) ∈ [[prop]] × [[prop]]. b1 ∪ b2
¡

• [[∧]] = λ(b1, b2) ∈ [[prop]] × [[prop]]. b1 ∩ b2
¡

• [[false]] = [[⊥]] = 0
¡

• [[true]] = [[>]] = 1
¡

• [[∀α]] = λf ∈ [[α]] → [[prop]].
⋂
a∈[[α]] f(a)

¡

• [[∃α]] = λf ∈ [[α]] → [[prop]].
⋃
a∈[[α]] f(a)

¡

• [[εα]] = λP ∈ [[α]] → [[prop]]. C(P−1(1), [[α]])
¡

• [[0]] = 0
¡

• [[S]] = λn ∈ N. n+ 1
¡

x«v.t�{r�¯zO¥ � zO¤ � {�t4yWzO¥��¯suq4{+�-°³¤�t4{rt4¥��¯t � ®Yo¤6tD½³zOyj°.¦§t l�m � o¤ � o¥�zO¥ � }ht+¦§vKzªy S � }T û4U[�
� {rt4{
za��¤ � ��vÈ�¯z l ¦ut�zO°.°.¤ro�zOqwvi± zª¥JsuyW°³¦§s§q4zª�¯suo¥

φ→ ψ
su{�®$zª¦§{�t�sWV

φ
s§{²��¤ � tSzO¥ �

ψ
su{

®$zO¦u{�tdtD�¯qª¡ � ��su{Gt4zO{ m �¯oi{rt4td��vKzª�
��su�¯vhtD½5q4¦ � � t � yjs �³� ¦§tª�Qo � ¤
{rt4yWzO¥��¯suq4{�su{
t+Ç � su©ªzO¦§t+¥��
�¯o_��v.t�{r�wzª¥ � zO¤ � o¥³tO¡x�

x:oÈ°.¤rt4{rt4¥����¯v.t_¤rt4{r��oª®¶��v.t_{�t+yfzª¥@��s§q+{4�6�ta¥.t4t � ��o"s§¥��¯¤ro � � q4t_t+¥@©)su¤�o¥.yjt4¥���{4¡ � ¥
Rqg�v�fht~lg�p�Rqg�ONs§{]z
°KzO¤r��sµzO¦�® � ¥³q+�¯suo¥d®Y¤roy ����� ©ªzO¤rsµz l ¦§t4{N�¯oG{�t+��{ { � qwvT��vKzª�

ρ(xτ ) ∈ [[τ ]]
¡

n�t���su¦§¦ � {�t��¯v.t�{ m y l o¦
ρ
tZ½³q+¦ � {rsu©Ot4¦ m ®YoO¤ t4¥�©)s§¤�oO¥.yWt+¥��¯{4¡<x«v.t
yjt'zª¥.s§¥ �

[[t]]ρ
oO®¢z��¯t+¤�y

t
su{«°KzO¤�zOyWtD�¯t+¤�s§|+t �Èl�m zO¥Jt4¥�©)s§¤ro¥.yjt4¥��

ρ
zª¥ �h� t+¸K¥.t ��l�m {��¯¤ � q+� � ¤¯zO¦Ns§¥ � � q+��s§o¥"oO¥

t
ç

• [[cτ ]]ρ = [[cτ ]]
¡

• [[xτ ]]ρ = ρ(xτ )
¡

• [[s u]]ρ = App([[s]]ρ, [[u]]ρ)
¡

• [[λxτ . u]] = {(a, [[u]]ρ[xτ :=a]) | a ∈ [[τ ]]}
¡

• [[(s, u)]]ρ = ([[s]]ρ, [[u]]ρ)
¡

�&��ÿ�������ý���s�mý
�mýGü|�cý&�y�cý�����ý&�&u$ÿ�#�����ý
��� ���9�6ÿ���ÿ��O����ý�Jý&������� �*ÿ��K�6ÿ����6þ&���?þ�ÿ��ü��t���s�mü��(ü�ý8ücücý
�s���r�����rqy�
þ�ÿ��4� �r�����9�6ÿ���ÿ�������ýU���qþ	�X�������O���sqFþ�ÿ��� �6ý	�mý��"���9�9�(þ�ýUw\���9��ücý
#���ÿ v þ�ÿ��� �6ý
�Jý
�s�Zü0�(üW����ÿ$��ý&�$�Èÿ���� �r���ý
� vÿ��t��ý&�K�6ÿ����(þ��������������

P (1)
�(ü���þ�ÿ��� �òý
�cý��r���|�9�(þ�ý�w\���9�]�üjý&#���ÿ v þ�ÿ��� �6ý
�Jý
�s����ý
����ý����r���9�ýÒþ
�r��#ücý_�Èÿ��

⇒
%K�}ý�ý�� m��$���p�+�Èÿ��\�Jÿ��cý���� �Èÿ�������9�6ÿ������"ÿ�#$�\����ýGücý���ÿ����òÿ��ü&%

ù # ù



÷JEZYJEj� «©¬?�]�I,¬<Kk��I_M

x«v.t+¤�tazO¤rtT{�tD©t4¤�zO¦ {r�¯zO¥ � zª¤ � °.¤ro°2t+¤r��s§t4{GoO® �¯v.t_{rt4yWzO¥��¯suq4{G�t_vKz'©t � tD¸K¥.t � ¡~x«v³tT®Yo¦¹´
¦§o%��su¥ � �¬��oj¦§t+yWyWzO{«zª¤�t�°.¤�o%©Ot ��l�m su¥ � � qD�¯suo¥"o¥

t
ç

ØF�k�����;- »uþ,»È2âÍ Ù¢ö����+ò/øBò/öPò/øYô2ñs
>�k�����@Ð�Ã�lt��"g�b©O�Rqtup�n
t, s

�"g��;Rqg�v�fht~lg�p�Rqg�O>n
ρ Å

[[t]]ρ[x:=[[s]]ρ] = [[t[x := s]]]ρ
�

ÆÇt~l�l�§¾ã m su¥ � � qD�¯suo¥Èo¥
t
¡ £ zª{�t

t
oO®eç

• c
± �¯v.t�q4¦§zOs§yÀs§{�o l ©)s§o � {4¡

• x
¡�x«v.t+¥

[[x]]ρ[x:=[[s]]ρ] = [[s]]ρ = [[[x := s]]]ρ
¡

• u v
¡�x«v.t+¥

[[u v]]ρ[x:=[[s]]] = App([[u]]ρ[x:=[[s]]ρ], [[v]]ρ[x:=[[s]]ρ])
¡Ãã m ��v.t�su¥ � � qD�¯s§oO¥

v m °2oª�¯v.t+{�s§{+�)��v.s§{ su{�t4Ç � zO¦K�¯o
App([[u[x := s]]]ρ, [[v[x := s]]]ρ) = [[u[x := s] v[x :=

s]]]ρ = [[t[x := s]]]ρ
¡

• (u, v)
¡��)s§yjs§¦µzª¤¶��oa��v.t�°.¤�tD©)s§o � {�q4zO{�tª¡

• λyτ . u
¡ºn�s¹�¯v.o � �Ä¦§oO{�{�oª® � t4¥.t+¤¯zO¦usu� m �t8yfz m zO{r{ � yjt��¯v.zª�

y 6= x
¡ x«v.t4¥

[[t]]ρ[x:=s] = {(a, [[u]]ρ[x:=[[s]]ρ][y:=a] | a ∈ [[τ ]]}
¡ ã m ��v.t¾s§¥ � � q+��s§o¥�v m °QoO�¯v.t+{�su{4�

��v.s§{_su{jt+Ç � zO¦²�¯o
{(a, [[u[x := s]]]ρ[y:=a]) | a ∈ [[τ ]]} = [[(λyτ . u[x := s])]]ρ =

[[t[x := s]]]ρ
¡

�

ØF�k�����;- »uþ,» -ÉÃ�lt��"g�b
ρ Å [[tα]]ρ ∈ [[α]]

�

ÆÇt~l�l�§�n�tS°³¤�o)q4t4t �hl�m su¥ � � qD�¯s§oO¥"o¥
t
¡ £ zª{�t

t
oO®eç

• x
¡�x«v.t�q+¦µzOsuyÀ®Yo¦u¦§o%��{ l�m °.¤ro°2t+¤r��s§t4{«oª®<t+¥@©)su¤�o¥.yjt4¥���{4¡

• cτ
¡]n�t�°.¤�o)q4t+t ��l�m q4zO{�t~zO¥Kzª¦ m {�su{²oO®

c
¡ n�tS{rv.o%�Â��v.t�s§¥��¯t+¤�t4{��¯su¥ � q'zO{rt4{4¡

¸ ∀α
¡x«v.t�� m °Qtdoª®

c
s§{

(α → prop) → prop
¡¶n�t�¥.t+t � ��oW{rv.o%�·�¯vKz-�
s¹®

f
s§{

zi® � ¥³q+�¯suo¥¾®Y¤�oy
[[α]]

�¯o
P (1)

�6�¯v³t4¥ ⋂
a∈[[α]] f(a)

su{�s§¥
P (1)

¡Tã � ��®Yo¤�zO¥ m

a ∈ [[α]]
�
f(a) ∈ P (1)

�Kzª¥ �
P (1)

s§{«q+¦§o{rt � � ¥ � t+¤�s§¥��¯t+¤�{�t+q+��s§o¥.{+¡

ù #��



¸ ∃α
¡�5suyWsu¦µzO¤+��®Yo¦§¦uo/��{ l@m �¯v.t�®$zOqD�V��vKzª�

P (1)
s§{«q4¦uo{�t � � ¥ � t+¤ � ¥³s§o¥.{+¡

¸ εα
¡]x«v³t
� m °2t
oO®

c
s§{

(α→ prop) → prop
¡ x:zO�OtGzO¥ m ® � ¥.q+��s§o¥

P
®Y¤�oy

[[α]]

��o
P (1)

¡�x«v.t+¥
P−1(1) ⊆ [[α]]

�P{�o"�¯v³t_q4¦µzªs§y ®Yo¦§¦uo%��{ l�m �¯v³t � t+¸K¥³su�¯suo¥ÄoO®

C
¡

�

� ¥�°KzO¤��¯s§q � ¦µzª¤4�:��v.s§{~s§yj°.¦§sut4{��¯vKz-�d®Yo¤dzO¥ m ®Yo¤ry � ¦§z
t
�
[[t]] ⊆ 1

¡��)o¾su®²�ti�²zª¥@�d�¯o
°.¤ro/©OtS��vKzª�

[[t]] = 1
�³��v.t4¥ l�m � t4yjyfz¤&5¡ú�5¡ú�Tsu�«{ � �jq4t4{V�¯oa{�v³o/�Â�¯vKzª�

0 ∈ [[t]]
¡

÷JEZYJE>æ H¿F±�®*ì�®�I_M<M

x«v.tÄ{ro � ¥ � ¥.t4{r{i�¯v.t+o¤�t+y t+{r�¯z l ¦§su{�v.t+{f©ªzO¦§s � su� m oO®��¯v³t�°.¤ro5oO®�¤ � ¦ut4{izª¥ � z-½5s§oOyW{_��su��v
¤�t+{�°Qt4qD�
��oa��v.t�{�t+yfzO¥���s§q4{+¡

áB�%º]ñHøYò%ø$ôQñ`- »uþ,»�=
ρ |= Γ ` t

p�R8�"gNnPOhQN�"O
ρ
fon��<R>ËFgLR8�¿§}lt

xτ ∈ FV (Γ) ∪ FV (t)
�

ã m ��v.t � t+¸K¥.s¹�¯suo¥�oO®5t4¥�©)s§¤�oO¥.yWt+¥��¯{4�ªsu®
ρ |= Γ ` t

�/�¯v³t4¥�®Yo¤NzO¦§¦
xτ ∈ FV (Γ)∪FV (t)

�

ρ(xτ ) ∈ [[τ ]]
¡

áB�%º]ñHøYò%ø$ôQñ`- »uþ,» � ¼ R���tufhO�R
[[Γ]]ρ = 1

f §
[[t1]]ρ = 1, . . ., [[tn]]ρ = 1 Å �1Q�RqteR Γ =

t1, t2, . . ., tn
�

Ü��	�@ô>ó�<� - »uþ_» . Í Ù¢ôQöHñ:õHñ��<�}��Ð7¾>§
Γ ` t Å OhQ�Rqg�§}lt��"¢h¢ ρ |= Γ ` t Å f § [[Γ]]ρ = 1 Å O>Q�Rqg

[[t]] = 1
�

ÆÇt~l�l�§��)�¯¤�zOs � v��r®Yo¤r��zO¤ � s§¥ � � q+��s§o¥Jo¥
Γ ` t

¡«n�t~{rv.o%��{royjt~su¥@��t4¤rt4{r��s§¥ � q'zª{�t4{+¡ £ zª{�t

Γ ` t
oO®eç

•

Γ ` t
t ∈ Γ

x«v.t�q+¦µzOsuyËsu{²�¯¤�s¹©)sµzO¦[¡

ù #û



•
Γ ` t = s

Γ ` λxτ . t = λxτ . s

x:zO�Ot�zª¥ m
ρ |= Γ ` λxτ . t = λxτ . s

¡<n�t²¥.t+t � �¯o�{rv.o%�E��vKzª�
{(a, [[t]]ρ[xτ :=a]) | a ∈

[[τ ]]} = {(a, [[s]]ρ[xτ :=a]) | a ∈ [[τ ]]}
¡
x«vKz-�Gsu{4�>�¯vKzª�V®Yo¤
zO¥ m

a ∈ [[τ ]]
�
[[t]]ρ[xτ :=a] =

[[s]]ρ[xτ :=a]

¡ � t+�
ρ′ = ρ[xτ := a]

¡��)s§¥.q+t
ρ′ |= Γ ` t = s

� l�m ��v.tÈs§¥ � � q+�¯suo¥
v m °2oª�¯v.t+{�s§{«�t � t+���¯v.t�q+¦µzOsuyh¡

•
Γ ` t Γ ` s

Γ ` t ∧ s

� � °.°2oO{�t
[[Γ]]ρ = 1

¡Èã m �¯v³tfs§¥ � � q+��s§o¥Mv m °2oO��v.t4{rs§{+�
0 ∈ [[t]]ρ

zO¥ �
0 ∈ [[s]]ρ

�<{ro

0 ∈ [[t]]ρ ∩ [[s]]ρ
¡

•
Γ ` t ∧ s

Γ ` t
Γ ` t ∧ s

Γ ` s

� t+©Ot4¤�{rtS��v.t�°.¤�tD©)s§o � {�q4zO{�t��¯o � tD�«�¯v.t�q4¦§zOs§yj{4¡

•
Γ ` t

Γ ` t ∨ s
Γ ` s

Γ ` t ∨ s
Γ ` t ∨ s Γ, t ` u Γ, s ` u

Γ ` u

x«v.ti¸.¤�{r�_�¬�o�q'zO{rt4{jzO¤rtit'zO{ m ¡ ¼ oO¤d�¯v.t"¦§zO{r�do¥.tª�¶{ � °.°Qo{�t
[[Γ]]ρ = 1

¡�ã m ��v.t
su¥ � � qD�¯s§oO¥åv m °QoO�¯v.t+{�su{4�²�t��@¥.o%�¿�¯v.zª�

0 ∈ [[t]]ρ ∪ [[s]]ρ
�{�o�t+su��v.t4¤

0 ∈ [[t]]ρ
oO¤

0 ∈ [[s]]ρ
¡ � ¥ l oª�¯vÈq'zO{rt4{+� l�m �¯v³tS¤rt4{��
oª®<�¯v³tSsu¥ � � qD�¯suo¥Èv m °QoO�¯v³t4{�su{4�

0 ∈ [[u]]ρ
�K{ro

�t � t+���¯v³tSq+¦µzOsuyh¡

•
Γ, t ` s

Γ ` t⇒ s

� � °.°2oO{�t
[[Γ]]ρ = 1

¡�n�tS¥.t4t � ��oW{rv.o%�·�¯vKz-�
0 ∈ {x ∈ 1 | x ∈ [[t]]ρ → x ∈ [[s]]ρ}

¡
�5su¥.q4t

0 ∈ 1
�ªzO{r{ � yjt

0 ∈ [[t]]ρ
¡<x«v³t4¥

[[Γ, t]]ρ = 1
�-{�o l�m ��v.t�s§¥ � � q+��s§o¥Sv m °QoO��v.t4{rs§{

[[s]]ρ = 1
zO¥ �

0 ∈ [[s]]ρ
¡

ù #Oý



•
Γ ` t→ s Γ ` t

Γ ` s

� � °.°2oO{�t
[[Γ]]ρ = 1

¡�ã m ��v.t�s§¥ � � q+��s§o¥"v m °QoO�¯v.t+{�su{4�
0 ∈ {x ∈ 1 | x ∈ [[t]]ρ → x ∈

[[s]]ρ}
zO¥ �

0 ∈ [[t]]ρ
�K{roWt4zO{�su¦ m

0 ∈ [[s]]ρ
¡

•
Γ ` s = u Γ ` t[x := u]

Γ ` t[x := s]

x«v.tV°.¤ro5oO®Qsu{¶{��¯¤�zOs � v��r®Yo¤r��zO¤ � � � {�su¥ � �¯v.t
� � l {r�¯s¹� � ��s§o¥ � t4yjyWz³¡ � {�{ � yWt
[[Γ]]ρ =

1
¡~ã m �¯v³tTs§¥ � � q+��s§o¥¾v m °2oª�¯v.t+{�s§{+�

[[s]]ρ = [[u]]ρ
zO¥ �

[[t[x := u]]]ρ = 1
¡~�5o � {�su¥ �

��v.tJ� � l {��¯s¹� � ��s§o¥ � t+yWyWzh�t � t+�
[[t[x := u]]]ρ = [[t]]ρ[x:=[[u]]ρ] = [[t]]ρ[x:=[[s]]ρ] =

[[t[x := s]]]ρ
¡

•
Γ ` f tα

Γ ` ∃α(fα→prop)

� {�{ � yWt
[[Γ]]ρ = 1

¡8n�tJv.z%©OtJ��o�{rv.o%�Î��vKzª�
0 ∈

⋃
a∈[[α]][[f ]]ρ(a)

�¶�¯vKz-�as§{T�¯v.zª�
��v.t4¤rt~su{

a ∈ [[α]]
{ � qwvh��vKzª�

0 ∈ f(a)
¡ã m � t4yjyfz{&5¡ú�5¡6&5�

[[tα]]ρ ∈ [[α]]
�>{�oj�wzO�@su¥ �

a = [[tα]]ρ
�t � t+�«�¯v³tSq+¦µzOsuy l�m ��v.t�s§¥ � � q+�¯suo¥"v m °2oO��v.t4{rs§{+¡

•
Γ ` ∃α(fα→prop) Γ, f xα ` u

Γ ` u
xα
¥.t+�

� � °.°2oO{�t
[[Γ]]ρ = 1

¡~ã m ��v.t_s§¥ � � q+��s§o¥¾v m °QoO�¯v.t+{�su{4�¢�¯v³t4¤�tasu{
a ∈ [[α]]

{ � qwvM��vKzª�

0 ∈ [[f ]]ρ(a)
¡ � t+�

ρ′ = ρ[xα := a]
¡�x«v.t+¥

ρ′ |= Γ, f xα ` u
�³{�o l�m �¯v.t�su¥ � � qD�¯s§oO¥

v m °2oª�¯v.t+{�s§{«�t � t+�
0 ∈ [[u]]ρ

�.��v.s§qwvJs§{²��vKz-�V�t��²zª¥@�4¡

•

Γ ` ∀α = (λPα→prop. P = λxα. >)

n�t�¥.t4t � ��oj{rv.o%�Â��vKzª�
[[∀α]]ρ = [[λPα→prop. P = λxα. >]]

¡ ¼ s§¤�{��'�
[[∀α]]ρ = λf ∈

[[α]] → P (1).
⋂
a∈[[α]] f(a)

¡ � tD� � { � t4¥.oª�¯tf��v.s§{S® � ¥.q+��s§o¥�s§¥8{rt+�T��v.t4oO¤ mMl�m
F
¡

x«v.t � oOyfzOsu¥"oO®
F
s§{

[[α]] → P (1)
¡

ù #%&



�5t+q4o¥ � �:¦ut+�
G = [[(λPα→prop. P = λxα. >)]]ρ

¡ax«v.t4¥M��tavKz'©t
G = {(a, [[a =

λxα. >]]ρ[P :=a]) | P ∈ [[α]] → P (1)}
¡ � oO��t"�¯vKzª�

G
su{azO¦§{roMz�® � ¥³q+�¯suo¥���su��v

��v.t � oyWzOs§¥
[[α]] → P (1)

¡�x«v � {4����o�{rv.o%�¿�¯vKz-�
F = G

��s¹�a{ � �jq4t+{j��o�{rv.o%�
��vKzª��®Yo¤�zO¥ m

P ∈ [[α]] → P (1)
�
F (P ) = G(P )

¡ax:zO�OtWzO¥ m { � qwv
P
¡_n�tWv.z%©Ot

F (P ) =
⋂
a∈[[α]] P (a)

zO¥ �
G(P ) = {x ∈ 1 | P = λx ∈ [[α]]. 1}

¡ � o%�
b ∈ F (P )

sWV¾®Yo¤VzO¦§¦
a ∈ [[α]]

�
b ∈ P (a)

s�V¾®YoO¤GzO¦u¦
a ∈ [[α]]

�
P (a) = 1

sWV
P = λa ∈ [[α]]. 1

�
sWV
b ∈ {z ∈ 1 | P = λa ∈ [[α]]. 1}

¡
�

� z'©)s§¥ � ©t4¤rsu¸Kt � �¯v.t
{�o � ¥ � ¥.t+{�{�oO®¢��v.t ����� °.¤ro5oO®¢¤ � ¦ut4{4�@�t�°.¤�o)q4t+t � ��od©t+¤�su® m �¯v³t
{�o � ¥ � ¥.t+{�{
oO®:��v.tSz-½5s§oyj{4¡

Ü��	�@ô>ó�<� - »uþ_»�Ô Ã�lt��"g�b+�}�$fmlp
t
l�§���îÇï`�"g��+�"g�bBRqg�v�fht~lg�p�Rqg�O

ρ Å 0 ∈ [[t]]ρ
�

ÆÇt~l�l�§�n�tS°³¤�o)q4t4t � z/½³suoy l�m z-½5suoy¿zO¥ � {r�OtD�¯qwv���v.t�¤�t4{r°2t+q+��su©tS°.¤ro5oO®Y{+¡

•
É ¼5�G� � �Ê

[[⊥]]ρ = ∅ =
⋂
a∈P (1) a = [[∀b : prop. b]]ρ

¡:x«v.t«{�t+q4o¥ � t+Ç � zO¦§s¹� m ®Yo¦§¦uo/��{
l�m

0 ∈ P (1)
¡

•
É ã � x ��Ê"¼ oO¦§¦§o%��{ l�m ��v.t�� � l {��¯s¹� � ��s§o¥ � t4yjyWz³¡Án�tMv.z%©Ot

[[(λxτ . tσ)sτ ]]ρ =

App([[λxτ . tσ]]ρ, [[sτ ]]ρ) = App({(a, [[t]]ρ[x:=a]) | a ∈ [[τ ]]}, [[sτ ]]ρ) = [[t]]ρ[x:=[[sτ ]]ρ] =
É l@m �¯v.t~� � l {r�¯s¹� � ��s§o¥ � t4yjyWz Ê

= [[t[x := s]]]ρ
¡

•
É � x ��Êd¼ o¦§¦uo/��{ l�m ��v.tf®$zOqD�d�¯v.zª�d® � ¥³q+�¯suo¥.{Tsu¥8{�tD�T�¯v³t4o¤ m zO¤rti¤�t+°.¤�t+{�t+¥@��t �ål�m
��v.t4su¤ � ¤¯zO°³v.{4¡ n�tSv.z%©OtOç

[[(λxτ . fτ→σ
xτ ]]ρ = {(a, [[f x]]ρ[x:=a]) | a ∈ [[τ ]]} =

{(a, App([[f ]]ρ[x:=a], a)) | a ∈ [[τ ]]} = (
{rs§¥.q+t

x /∈ FV (f))

{(a, [[f ]]ρ(a)) | a ∈ [[τ ]]} = [[f ]]ρ,

{rs§¥.q+t l�m � t4yjyfz;&5¡ú�5¡(&)�
[[f ]]ρ ∈ [[τ ]] → [[σ]]

zO¥ � ® � ¥.qD�¯s§oO¥.{Wsu¥E{rt+�j�¯v.t+o¤ m zO¤rt
¤rt4°.¤rt4{�t+¥��¯t ��l@m �¯v.t+s§¤ � ¤�zO°.v.{+¡

ù #$#



•
É ¼H�������N�HÊ n�tSv.z%©OtOç

[[∀α]]ρ = {(Q,
⋂

a∈[[α]]

Q(a)) | Q ∈ [[α]] → P (1)}

� ¦§{�o³ç

[[(λQα→prop. Q = λxα.>)]]ρ = {(Q, {x ∈ 1 |Q = λx ∈ [[α]]. 1}) |Q ∈ [[α]] → P (1)}

x:zO�OthzO¥ m
Q ∈ [[α]] → P (1)

¡ � �a{ � �jq4t+{W�¯o�{rv.o%�¿�¯vKz-� ⋂
a∈[[α]]Q(a) = {x ∈

1 | Q = λy ∈ [[α]]. 1}
¡�ã � �

x ∈
⋂
a∈[[α]]Q(a)

s�V¾®YoO¤GzO¦u¦
a ∈ [[α]]

�
x ∈ Q(a)

zª¥ �

x = 0
¡]x«v³s§{�v.zO°.°Qt4¥.{²s¹®PzO¥ � o¥.¦ m su®

x = 0
zª¥ � ®Yo¤zO¦§¦

a ∈ [[α]]
�
Q(a) = 1

��v.s§qwv
su{~t+Ç � su©ªzO¦§t+¥��~��o

x ∈ {x ∈ 1 | Q = λy ∈ [[α]]. 1}
¡Èx«v.tW{�t+��{Ts§¥MÇ � t4{��¯suo¥�zO¤rt

��v.t4¤rt+®Yo¤rtSt+Ç � zO¦�¡

•
x«v³tWz/½³suoyj{

P3, P4, P5
®YoO¦§¦§o%� l�m ��v.t_®$zOq+����vKzª��¥Kz-� � ¤�zO¦]¥ � y l t4¤r{S{�zª�¯su{r® m �¯v.t

¤rt4{�°Qt4qD�¯s¹©t~�:t'zª¥.ofz/½³suoyj{4¡

•
É ã �����:Ê n�tT¥³t4t � �¯o"{rv.o%����vKzª�

[[∀bool. (λxbool. x = false ∨ x = true)]]ρ = 1
¡

¨V¥@��su¥ � su¥ � ��v.t � tD¸K¥.s¹�¯s§oO¥¢�Q��v.s§{Vs§{
t4Ç � s¹©Ozª¦§t4¥��V�¯o ⋂
x∈2({z ∈ 1 | x = 0} ∪ {z ∈

1 | x = 1}) = 1
¡äzO¥ � ® � ¤r�¯v³t4¤�yjo¤rtÈ��o.çÈ®Yo¤jzO¦§¦

x ∈ 2
�
x ∈ {z ∈ 1 | x =

0} ∪ {z ∈ 1 | x = 1}
¡ � ®

x ∈ 2
�¢��v.t4¥Mt4s¹�¯v.t+¤

x = 0
o¤
x = 1

¡ � ¥¾�¯v³ta®YoO¤�yjt4¤
q4zO{�tª�

0 ∈ {z ∈ 1 | x = 0}
�Ks§¥i�¯v³tS¦§zª����t4¤

0 ∈ {z ∈ 1 | x = 1}
¡

•
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[[∀prop. (λxprop. x = ⊥∨x = >)]]ρ = 1
¡ � t'zO{ro¥.su¥ �

zO{¶s§¥j�¯v.tVq'zª{�tGoª® É ã �����HÊ ���t
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x ∈ P (1)

�

x ∈ {z ∈ 1 | x = 0} ∪ {z ∈ 1 | x = 1}
¡¶� � °.°Qo{rt

x ∈ P (1)
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x
s§{�z�{ � l {rt+�

oO®
1
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x = 0
o¤

x = 1
¡ � o%��tD©t4¤+�>q4¦µzª{�{�suq'zO¦u¦ m � � {�s§¥ � �¯v.t�¤ � ¦§t
oO®HtD½5q4¦ � � t � yjs �.� ¦§tO�

P (1) = 2
zO¥ �
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[[∀α→prop(λPα→prop. ∀α(λxα. Px⇒ P (ε(α→prop)→α(P ))]] = 1
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[[∀α→prop(λPα→prop. ∀α(λxα. Px⇒ P (ε(α→prop)→α(P ))]] = 1 ↔

⋂

P∈[[α]]→2

[[∀α(λxα. Px⇒ P (ε(α→prop)→α(P ))]] = 1 ↔

⋂

P∈[[α]]→2

⋂

x∈[[α]]

[[Px ⇒ P (ε(α→prop)→α(P ))]] = 1 ↔

⋂

P∈[[α]]→2

⋂

x∈[[α]]

[[Px ⇒ P (ε(α→prop)→α(P ))]] = 1 ↔

⋂

P∈[[α]]→2

⋂

x∈[[α]]

{a ∈ 1 | a ∈ P (x) → a ∈ P (C(P−1({1}), [[α]]))} = 1
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P ∈ [[α]] → 2

�P®Yo¤�zª¦§¦
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s¹®

0 ∈ P (x)
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0 ∈ P (C(P−1({1}), [[α]]))
¡�x:zO�ªt�zO¥ m
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zO¥ �

x
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0 ∈ P (x)
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C(P−1({1}), [[α]])) ∈
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¡

φ ::= ∀x : τ. φ | ∃x : τ. φ | φ⊕ φ | ⊥ | t = t,
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` φ
�Q�¯v.t+¥ ��»¢¼

R` 0 ∈ [[φ]]
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É ��su�¯v�°2oO{�{�s l ¦ m ®Y¤rt4tW©ªzO¤rs¹´

z l ¦ut4{ Ê �t � t+¸K¥.tfzÈ®YoO¤�y � ¦§z
φ′ { � qwv���vKzª� ��»¢¼

R` 0 ∈ [[φ]] ↔ φ′ ¡ix«v.ta®Yo¤�y � ¦µz φ′ su{
t4{r{�t+¥@��sµzO¦u¦ m

φ
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¡ £ zO{rt
φ
oO®eç

• ⊥
¡�x«v.t4¥

φ′ = 0 ∈ [[⊥]]
¡

• t = s
¡�x«v.t+¥

φ′ = 0 ∈ [[t = s]]
¡

• φ1∨φ2

¡
0 ∈ [[φ1∨φ2]]

s�V
0 ∈ [[φ1]]

o¤
0 ∈ [[φ2]]

¡ ã m ��v.t«s§¥ � � q+��s§o¥_v m °2oª�¯v.t+{�s§{ �t
� tD�

φ′
1

zO¥ �
φ′

2

{ � qwvW�¯v.zª�
0 ∈ [[φ1]] ↔ φ′

1

zª¥ �
0 ∈ [[φ2]] ↔ φ′

2

¡:x<zª�Ot
φ′ = φ′

1∨φ
′
2

¡

• φ1 ∧ φ2

¡Tx«v.t+¥
0 ∈ [[φ]]

sWV
0 ∈ [[φ1]]

zO¥ �
0 ∈ [[φ2]]

¡_x<zO�ªt
φ′

1

zO¥ �
φ′

2

®Y¤�oOyà�¯v³t
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φ′ = φ′
1 ∧ φ

′
2

¡

• φ1 → φ2

¡Ex«v.t4¥
0 ∈ [[φ1 → φ2]]

sWV
0 ∈ {x ∈ 1 | x ∈ [[φ1]] → x ∈ [[φ2]]}

sWV
0 ∈ [[φ2]] → 0 ∈ [[φ2]]

¡�ã m �¯v.tÄsu¥ � � qD�¯suo¥�v m °2oO��v.t4{rs§{ � tD�
φ′

1

{ � qwv��¯vKz-�

0 ∈ [[φ1]] ↔ φ′
1

zO¥ �
φ′

2

{ � qwvJ�¯vKz-�
0 ∈ [[φ2]] ↔ φ′

2

¡¶�5t+�
φ′ = φ′

1 → φ′
2

¡

• ∀a : τ. φ1

¡dx«v.t+¥
0 ∈ [[φ]]

s�V�®Yo¤�zO¦u¦
A ∈ [[τ ]]

�
0 ∈ App([[λa : τ. φ1]], A)

s�V�®YoO¤
zO¦u¦

A ∈ [[τ ]]
�
0 ∈ App({(x, [[φ1]]ρ[a:=x]) | x ∈ [[τ ]]}, A)

sWV�®Yo¤dzª¦§¦
A ∈ [[τ ]] 0 ∈

[[φ1]]ρ[a:=A]

s�V:� l�m �¯v.ta� � l {r��su� � �¯suo¥ � t4yjyWz³�Q®YoO¤�zO¦u¦
A ∈ [[τ ]]

�
0 ∈ [[φ1[a := A]]]
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A ∈ [[τ ]]
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1
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1
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0 ∈ [[φ]]
s�V
A ∈ [[τ ]]
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1
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φ
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P
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