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Preface
On December 23, 1971, President Richard Nixon signed into law the National Cancer Act, effectively declaring a never-ending war on cancer.
Despite decades of significant investments and the relentless efforts of the medical and pharmaceutical communities, progress in efficacy of
treatment for most cancers remains surprisingly limited. In 2003, the director of the National Cancer Institute issued an ambitious challenge “to
eliminate the suffering and death from cancer, and to do so by 2015.” Although overly optimistic, this heroic goal was supported by the American
Association for Cancer Research in 2005. Sadly, most types of cancer remain incurable and the death rate for cancers in the United States
dropped only about 10 percent from 1975 to 2011.

Needless to say, new research directions and methods are desperately needed to win this ongoing war on cancer. Cancer is largely an evolving
process that expresses different challenges in different patients in the same stage of disease and in the same patient at different stages.
Therefore, consistent calls have been made for individualized treatment strategies, often referred to as personalized medicine. Central to any
such individualization of medical intervention is the requirement for deep understanding of tumor dynamics at a variety of levels, from the whole
organism to individual molecules.

Mathematical oncology is therefore emerging as a foundational discipline for modern treatment innovations. It promises to provide tools for both
quantification of key parameters from patient-specific clinical data and for customizing cancer treatment using carefully formulated mathematical
models. Over the past decade, mathematical oncology has grown into an exciting field evolving at a breathtaking pace. This textbook was
conceived when the two of us (YK and JDN) decided to offer a graduate level course on mathematical medicine at Arizona State University (ASU)
in 2007. We have since taught it many times at ASU, including a variety of mathematical models of cancer and viral infections. The book was
originally set to be delivered in 2008 with the title, Dynamical Models in Medicine. However, teaching mathematical medicine the first time in
earnest rapidly taught us that the book project was too broad and ambitious. After delving deep into the wonderland of mathematical medicine via
research publications, we decided to limit our scope to mathematical oncology. As the years went by we continuously iterated and evolved the
contents, eventually deciding to focus on biologically well motivated and mathematically tractable models that can inspire a deeper understanding
of cancer biology and help design better cancer treatments. Due to these limitations, many timely and important topics of mathematical oncology
are left untouched. We sincerely apologize to any colleagues who may feel slighted by such omissions, and sincerely hope that this text provides
a gateway through which readers can find their way to the many excellent studies not found in these pages.

Indeed, the purpose for writing this book was primarily pedagogical. Although we hope that the book will be useful to professionals, it is intended
to be used as a textbook for both graduate and upper-division undergraduate courses in mathematical oncology. It therefore contains many
exercises and research projects of varying levels of difficulty.

Chapter 1 provides a brief introduction to the general theory of medicine and how mathematics can be essential in its understanding. Chapter 2
introduces the readers to some well-known, practical, and insightful mathematical models of avascular tumor growth and some mathematically
tractable treatment models based on ordinary differential equations. Chapter 3 continues the topic of avascular tumor growth in the context of
partial differential equation (PDE) models by incorporating the spatial structure, and Chapter 4 expands the topic of avascular tumor growth in a
PDE context by incorporating physiological structure such as cell size. Chapter 5 focuses on the recent active multi-scale modeling efforts on
prostate cancer growth and treatment dynamics. Chapter 6 exposes readers to more mechanistically formulated models, including cell quota-
based population growth models with applications to real tumors and validation using clinical data. Chapters 7 through 12 present abundant
additional historical, biological, and medical background materials for advanced and specific treatment modeling efforts.

The text may be used in a variety of ways, allowing instructors to emphasize specific topics relevant to clinical cancer biology and treatment. A
sample single semester undergraduate level course may cover the first three chapters plus Chapter 5. A more ambitious graduate level course
may cover the first six chapters plus selected readings from latter material and cited literature. A full year sequence on mathematical oncology
may cover most of the chapters contained in this book.

A book such as this could not exist without creative input from many sources besides its authors. First and foremost, we would like to thank our
students and colleagues, who in the last eight years have provided us with many helpful inputs and whose interest in mathematical medicine
inspired us. We would also like to thank the School of Mathematical and Statistical Sciences at ASU for allowing us to repeatedly teach the
course on mathematical medicine and for providing a first rate environment for our research efforts in mathematical medicine. We are grateful to
CRC editor Sunil Nair and his team, for their unlimited patience and support during this long period of textbook development.

Last but not the least, we would like to thank our families for their constant support for this seemingly never-ending book project. In particular, YK
would like to thank his wife, Aijun Zhang, for frequently reminding him that it is important to finish this book soon. YK would also like to thank his
daughters Youny and Belany and son Foris for being great kids so that he can spend more time on writing this book. A special thank is due to
Youny for her creative cover design for this book. JDN begs the forgiveness of his wife and daughter, Bethel and Grace, who had to share his
attention with this book and endure many absences, including a months-long trip to Finland. A significant fraction of this text is a result of their
patience and understanding. SEE would like to thank his co-authors for their long mentorship and perseverance in this project. He would also like
to thank his family, in particular his mother and father for their unconditional support in all endeavors, his brother Keenan and sister Greta for the
many friendly arguments that lead to insight, and his fiancée Lindsey, for sharing her time with this book with gentle good humor.

Yang Kuang, John D. Nagy, and Steffen E. Eikenberry

July, 20151
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Chapter 1

Introduction to Theory in Medicine
1.1 Introduction
On September 5, 1976, a man named MabaloLokela was admitted to the Yambuku Mission Hospital in what is now the Democratic Republic of
the Congo [8, Ch. 5]. Gravely ill, Lokela was suffering an intense fever, headache, chest pain and nausea. He vomited blood and had bloody
diarrhea. Medical personnel recognized the signs of a hemorrhagic fever, but they were still largely in the dark. A variety of pathogens cause
hemorrhagic fever, and there was no time to determine which one was causing this particular case. Lokela was clearly in serious trouble.
Unfortunately, his health care workers failed to recognize that they were also in serious trouble.

Roughly speaking, Lokela’s tissues, including his skin, were melting away, causing massive internal bleeding. After a few days he had exhausted
the clotting factors in his blood, and he began “bleeding out.” By then, the hospital staff could do little more than watch him die.

Ominously, just after Lokela’s burial, a number of his friends and family began experiencing similar symptoms. Eventually, 20 of them contracted
the same disease. Two survived. While these 20 people suffered, the hospital in Yambuku started admitting patient after patient with the same
sickness. Eventually, hospital staff, too, began to fall ill. The epidemic spread like wildfire. Within weeks of the outbreak, astonished, and frankly
terrified, scientists and medical professionals around the world scrambled to understand what was happening in Yambuku. Initially they focused
on two questions: what was the pathogen, and how did it pass from person to person? Surprisingly quickly they discovered that the pathogen was
unknown to science (at that time) and that it jumped between hosts via body fluids. Unaware of this latter point early in the outbreak, many
Yambuku medical workers contracted the disease because they failed to protect themselves from their patients’ blood. The hospital became an
amplifier of the epidemic as the pathogen spread from patient to patient, carried at times by the medical workers themselves. Quickly, however,
hospitals throughout Sub-Saharan Africa were made aware of the disease and taught how to handle it. The epidemic died out nearly as rapidly as
it flared.

In this way the world learned of Ebola hemorrhagic fever, also called Ebolavirus disease (EVD). Since then the world has seen a number of other
Ebola outbreaks. In 2014 an Ebola epidemic spread more extensively to West Africa, specifically to Sierra Leone, Liberia and Guinea. This
extremely long lasting outbreak was probably started by a 2-year-old boy died in December 2013 in the village of Meliandou, Guinea. It caught the
world off guard because, unlike previous outbreaks, this one did not flare and rapidly die out on its own, largely due to the poor health
infrastructure and the lack of standard practices to prevent the outbreak in the affected countries. As of November 1, 2015, over 28,607 cases
have been reported, of which over 11,314 patients have died, making it the deadliest Ebola epidemic thus far according to WHO Ebola situation
reports [19]. Despite this tragic human suffering and loss, the dynamics of this epidemic can be reasonably predicted by simple mathematical
models correctly modeling the human behavior change dynamics after some initial period of time [2].

Against the background of the tragedies in Yambuku and West Africa we see the functioning of modern medicine. Here we use the word
medicine in its most general sense—it means “the art of preventing or curing disease” and “the science concerned with disease in all its
relations” [15].1 In Yambuku, the two “arms” of medicine, curative and public health care, complemented each other beautifully. As its name
implies, curative medicine focuses on cures or treatments for diseases—the Yambuku Mission Hospital staff trying to keep MabaloLokela alive,
for example. In contrast, the goal of public health is to prevent disease. In Yambuku, public health professionals (perhaps) slowed the epidemic by
identifying the pathogen and recommending techniques to prevent infection among hospitals in the region. When these two arms of medicine
work together, the effectiveness of medical intervention is maximized. Although popular culture tends to focus on curative medicine— nearly all
health-related movies and shows are set in hospitals with physicians and surgeons treating individual patients, and our experience tends to
suggest that most young students entering so-called “pre-med” undergraduate studies are unaware of the existence of public health as an arm of
medicine—a strong argument can be made that public health is primary. As the developing world shows us daily, inadequate public health care
makes curative medicine superfluous. Without clean water, for example, the number of cases of infectious disease simply swamps curative
efforts (see Section 1.3 below).

The definition above also suggests that medicine is both art and science. The art of medicine typically refers to clinical practice.2 In the clinic,
medical professionals work with individual patients out of necessity—each patient presents a unique case. In contrast, medical science seeks
broad patterns andcausative relationships within the chaos of individual cases. These patterns exist both within and among patients.

As the tragedies of Yambuku and West Africa show, medical science informs, or should inform, the practice of the medical art. Health
professionals in the clinic rely on discoveries made by their scientific colleagues. At least, they should. When they do, we refer to the practice as
evidence-based medicine. Our goal in this book is to explore how mathematics, dynamical models in particular, have in the past and can in the
future advance the practice of evidence-based medicine, specifically as it applies to oncology, the science and art of studying and treating
tumors.

1.2 Disease
Central to all of medicine, and its founding scientific discipline of physiology (see below), is the concept of homeostasis, a concept that includes
both equilibrium and disequilibrium. For example, we say that mammals homeo-statically regulate body temperature because they maintain a
constant body temperature in disequilibrium with the environment. A dead mammal in a thermally invariant environment will maintain a constant
body temperature, but not homeostasis.

Antithetical to homeostasis is the concept of disease. By the standard definition [15], disease is “an interruption, cessation, or disorder of body
function, system or organ.” A more modern outlook would take this down to the level of cells and even molecules. Since almost all organs,
systems, cells and molecules work to maintain homeostasis, it might be tempting to define disease as a threat to homeostasis. However, this
definition would not apply to diseases of the reproductive system, which functions not to maintain homeostasis but to perpetuate the genes.
Nevertheless, homeostatic mechanisms exist, ultimately, in support of the reproductive system in metazoans (multicellular animals).

Like the word medicine, “disease” can be used with subtly different meanings. The word also applies to a sickness with “at least two of these
criteria: recognized [causative] agent(s), identifiable group of signs and symptoms, or consistent anatomic alterations” [15]. A symptom is
something a patient feels that indicates disease, whereas a sign is an outward, objective manifestation of disease. According to these



something a patient feels that indicates disease, whereas a sign is an outward, objective manifestation of disease. According to these
definitions, sore throat is a common symptom of a cold, whereas fever is a common sign of bacterial infection. A collection of signs and
symptoms characteristic of disease is called a syndrome. For example, HIV infection is a disease characterized by acquired immunodeficiency
syndrome (AIDS), signs of which include loss of certain types of immune cells and the presence of various opportunistic infections and cancers,
like Pneumocystis carinii pneumonia and lymphoma, among others.

1.3 A brief survey of trends in health and disease
We adopt the view that any mathematical model of disease dynamics must connect in some way to the clinic. Otherwise the exercise is either
pure mathematics, in which case its origin as a model of disease is hardly relevant, or it reduces to a triviality. This viewpoint justifies our decision
to start with a survey of biomedical science and not mathematical techniques. Our goal is to help both mathematics and science students
interested in theory to develop the skills and understanding necessary to contribute in a meaningful way to pathology—literally, the study of
suffering—with the ultimate goal of alleviating some of that suffering. It is a daunting task that no one should enter without a clear understanding of
what they are up against. Therefore, we include here a survey of the patterns of disease around the world.

About half the people on the planet will die from infection, cancer, coronary artery disease or cerebrovascular disease (primarily strokes).3
However, simple lists like this are misleading because patterns of disease are strongly influenced by socioeconomics at all levels, from
individuals to nations (Fig. 1.1). Speaking generally, poor countries contend primarily with infectious diseases, particularly pulmonary (including
tuberculosis), diarrheal, HIV, malaria and neonatal (among infants) infections. Infectious diseases are less significant in wealthier countries, where
chronic diseases mostly associated with senescence—cancer, CAD, cerebrovascular disease, chronic obstructive pulmonary disease (COPD)
and dementia—are the major killers. This pattern is reflected in life expectancy; in countries the WHO classifies as “high income,” > 2/3 of the
inhabitants reach the age of 70, compared to “low income” countries, where < 1/4 do, largely due to high death rates among children.

Figure 1.1

Main causes of death in the world in 2004, broken down by general income class (high income countries = black, middle income countries =
white, low income countries = grey). Data from the World Health Organization (WHO) Top 10 Causes of Death Fact Sheet. NOTE: Data do not
reflect all causes of death; it is a sum of the top 10 causes of death in each economic class.

That infectious disease is the leading killer tells a somewhat misleading story because the concept “infectious disease” includes many more
disease entities than a simpler concept like “CAD” does. To microorganisms our bodies represent a vast reservoir of natural resources. Not
surprisingly, an enormous diversity of microbes in all but two of the standard kingdoms have evolved to exploit those resources.4 Humans are
particularly susceptible to infections in the lungs. Tuberculosis, a disease caused by the bacterial pathogen Mycobacterium tuberculosis,
commonly, but not exclusively, resides in the lungs, as does an astonishing variety of bacterial, fungal and viral agents. For this reason, respiratory
infection is a major killer in all nations, regardless of income status. Next most vulnerable to infection is the gut, especially the lower intestine.
Here, however, diarrheal disease is a major killer only among the poorer nations. Poor and middle-income countries also suffer
disproportionately from HIV, Mycobacterium, neonatal, and Plasmodium infections. This last agent is a class of eukaryotic (nucleated) parasites
that cause malaria, which is a particularly devastating disease. Even though it ranks sixth in the world list of infectious killers, its impact is perhaps
greater than all the others combined. The disease itself is very common—WHO estimates approximately 173 million cases occurred in 2008,
compared to 2.7 million tuberculosis and the same number of new HIV cases.5 Although largely survivable, malaria causes debilitating,
sometimes recurring fevers that limit an individual’s ability to work and provide for the family. There is a strong negative correlation between
national wealth and malaria incidence, and some have suggested thatthe relationship is causal.

Neoplasia, literally “new growth,” includes all tumors, both benign and malignant. This latter class is synonymous with cancer. As the names imply,
most deaths from neoplasia occur from malignant tumors, but not all. “Benign” tumors are not always benign; pheochromocytomas, for example,
are rarely malignant but can still kill by secreting hormones that generate hypertension (high blood pressure). Like infectious disease, neoplasia
comprises a vast array of distinct disease entities, and patterns of both incidence and mortality vary with economic status. In most high-income



countries like the United States, deadly cancers arise primarily in the lung, breast, colon/rectum and prostate. However, middle and low income
countries bear a much greater burden of stomach and liver cancer. So the global cancer mortality pattern as shown in Figure 1.2 represents only
the total cancer death rates for some major cancers in the world, which may not resemble cancer mortality pattern of any actual countries.

Figure 1.2

Worldwide mortality from the five leading causes of death from neoplasia. Height of each bar represents total number of deaths (in 100,000s) in
the world in 2004. Data from WHO cancer fact sheet, February 2009.

In the last century, wealthy countries like the United States have made tremendous strides in combating infectious disease. In the last few
decades, effective prevention strategies and drugs combating CAD and cerebrovascular disease have significantly decreased the number of
deaths from these causes as well, although they remain leading killers. On the other hand, deaths from diabetes mellitus and chronic lower
respiratory diseases (CLRD) are moving in the opposite direction. Cancer still kills essentially the same number as always over the same time
period (Fig. 1.3).

Figure 1.3

Trends in age-adjusted mortality rate in the United States, 1980-2007, all races and both sexes combined. Data from National Center for Health
Statistics 2009 report [13].

This observation and the fact that a higher proportion of people die from neoplasia than ever before suggests that we are losing the “war on
cancer.” In fact, a subtle relationship among leading causes of death obscures the fact that we are clearly winning. By 2007, cancer death “rates”
(essentially the proportion of individuals killed by cancer in a fixed time interval) have fallen to 70% of their 1975 value among Americans younger
than 65 at time of death (Fig. 1.4). While the number dying from cancer in older age groups is essentially unchanged over the same time period,
deaths from CAD, the leading killer, have dropped tremendously (Fig. 1.4). In fact, the drop in CAD deaths among all age groups should result in
an increase in cancer deaths as those who before would have died from heart attacks (and strokes) survive and become increasingly susceptible
to cancer as they age. But, in fact, cancer death rates have decreased slightly, which itself is significant.

Figure 1.4

Trends in age-adjusted mortality rate from heart disease and neoplasia (all sites) in the United States, 1975-2007 for deaths among individuals <
65 vs. ≥ 65 years of age, all races and both sexes combined. Figure reprinted from the Surveillance, Epidemiology and End Results (SEER)



Cancer Statistics Review, 1975-2007 with the kind permission of the National Cancer Institute.

Trends in 5-year survival statistics also support the notion that, generally speaking, we are treating cancer patients increasingly effectively. As
shown in Figure 1.5, 5-year survival is improving for all four leading killers: lung, colorectal, breast and prostate cancers, particularly the latter two.
Colorectal cancer, while still very deadly with generally poor prognosis, is now considerably more survivable than in 1975; so is lung cancer, but
its prognosis remains extremely poor.

Figure 1.5

Relative 5-year cancer survival in the United States, all cancer types, all races, both sexes combined. Data represent average survival for patients
diagnosed within the period between data points, with the data plotted on the right-hand endpoint of the period. Data from the National Cancer
Institute’s SEER Cancer Statistics Review, 1975-2007.

Lung cancer warns us that, despite recent successes, we still have far to go. Pancreatic and esophageal cancers, along with lung, are in the list of
extremely difficult cancers to treat successfully, despite recent modest improvement. In some cases the story is more complex; the odd pattern of
survivability in Ka-posi sarcoma, for example (Fig. 1.5), is explained largely by its relationshipto HIV/AIDS. Kaposi sarcoma is extremely rare,
arising only in individuals who are already immune-compromised. Therefore, it is a common opportunistic disease characterizing AIDS. When the
HIV epidemic flaired in the early 1980s, Kaposi sarcoma rode along. Then in the late 1990s, fairly effective treatments for HIV became widely
available, which consequently diminished mortality from Kaposi sarcoma because the disease is rarely fatal in immune-competent individuals.

1.4 The scientific basis of medicine
Modern curative medicine is founded on the scientific disciplines of anatomy and physiology, the studies of form and function, respectively, of
living sys-tems.6 However, emphases are shifting. As a direct result of the molecular biology revolution, the scale of focus continues to become
finer and finer. Traditionally, disease processes were understood at the organ system level. With the advance of microscopy, including improved
instruments and staining techniques, tissue- and cell-level processes were added to our descriptions and explanations of disease. Now, new
medical insights arise mostly from molecular biology and so-called “-omics” technologies. Modern medical practice requires competence at all
levels of biological organization from organ systems to DNA.

For example, consider coronary artery disease (CAD), a leading cause of death in the world (see Section 1.3). At the organ system level we think
of the disease as being confined largely to the cardiovascular system—the heart, blood and blood vessels. We describe its most common cause
as atherosclerosis, a narrowing of coronary (heart) arteries caused by plaque development within the vessels. Eventually, blood flow to the heart
becomes blocked, most often by coronary thrombosis (a blood clot blocking an artery of the heart), causing infarction (tissue death caused by
lack of blood flow) of a portion of the myocardium (muscular wall of the heart)—hence, myocardial infarction, or MI. At the tissue level, the arterial
plaques, deposits of lipid and calcium carbonate mixed with smooth muscle cells, originate from inflammation of the artery wall, roughly speaking.
These basic research discoveries led directly to the application of antiinflammatory drugs as preventative treatments for CAD. At the molecular
level, it appears that low density lipoproteins (LDLs) somehow cause the inflammation. Not only does that observation explain why high blood
LDL levels correlate positively with CAD, it led to lifestylerecommendations and new drugs, primarily statins, that have helped people in
developed nations avoid premature deaths. How the body handles LDLs is in part determined genetically, so we recognize DNA as another
potential target for therapy.

This CAD example, although greatly abbreviated, already exhibits many of the basic biology disciplines related to curative medicine—anatomy,
physiology, histology (study of tissues), cell biology,7 molecular biology and ge-nomics (roughly, the study of all genes and DNA sequences in an
organism and their variations among organisms). In addition, a competent biomedical scientist must have proficiency in basic chemistry,
biochemistry, biophysics and classical physics. (Hemodynamics, the study of blood flow dynamics, requires plenty of fluid physics, for example).
In mathematical medicine, we add the powerful tools of dynamical systems and stochastic processes to the mix, among other mathematical tools.

1.5 Aspects of the medical art
On its clinical side, medicine’s primary concerns include diagnosis, prognosis and treatment. Diagnosis refers to the identification of disease
processes and their causes. For example, in MabaloLokela’s case, the disease process was hemorrhagic fever and the cause was Ebola Ebola
virus infection. Prognosis, one of the most difficult aspects of medicine, involves estimation of the likely course of a disease and its threat to
health or survival. A person infected with the same strain of Ebola virus that killed MabaloLokela faces a grim prognosis, for example—the
probability of survival is less than 10%, and death usually occurs within two weeks of the onset of symptoms.

Treatment, of course, means an attempt to alleviate symptoms. One way to do that is to effect a cure, or permanent reversal of the disease



process, usually by eliminating its cause. However, the goal of treatment is not always a cure. In many cases, a disease cannot be cured. In such
situations, treatment may simply manage the disease so that it no longer progresses or presents a threat. The Highly Active Antiretroviral
Treatment (HAART) applied to HIV patients works in this way. Although it cannot cure HIV disease, in most cases HAART allows HIV patients to
live, if not a normal life, one close to it. In extreme cases, like terminal cancer, for example, it is not even possible to manage the disease. In these
cases, standard practice calls forpalliative treatment—an attempt to alleviate symptoms to make the patient as comfortable as possible.

1.6 Key scientific concepts in mathematical medicine
In 1973, Theodosius Dobzhansky, a very highly respected Russian émigré geneticist from Rockefeller University and the University of California,
Davis published an article in The American Biology Teacher with the deliberately provocative title, “Nothing in Biology Makes Sense Except in the
Light of Evolution” [5]. Although Dobzhansky’s argument in that paper may not support the claim’s universality as it is now interpreted, the
subsequent three decades of research in biology and medicine largely have. Certainly, evolutionary concepts, especially the theory of natural
selection, have become a founding pillar of biomedical research and the medical practice, even if its practitioners are not always aware of the
fact. Antibiotic and cytotoxic treatment regimens for infectious agents and cancer, respectively, are now routinely framed around evolutionary
principles, either implicitly or explicitly. If natural selection is ignored, such treatments fail at an unacceptably high rate due to the evolution of
resistance. At a more mechanistic level, molecular data generated by the “genomics revolution” show clearly that the genome is not a collection of
carefully crafted genes constructing a perfectly adapted organism. Rather, genes are typically copies of existing genes jury-rigged to generate
novel, often imperfectly functioning proteins. This commonly results in unnecessarily extravagant genetic regulatory systems with potential failure
modes that a human engineer designing a genetic system from the ground up could eliminate. Evolutionary theory helps make sense of this
otherwise confusing design philosophy, and more excitingly is beginning to be used to explain diseases, predict their course and rationally search
for treatments.

If evolution is one supporting pillar of biomedical science, genetics is an equally important second. Here we use the term “genetics” in its most
general sense—the study of heredity and variation in organisms. Under this definition, essentially all diseases have a genetic component
because a person’s response to disease is unique and largely explained by heredity. Also, as we will see, if “nothing in biology makes sense
except in the light of evolution,” nothing in evolution makes sense except in the light of genetics. That is not to imply that genetics is the queen of
biology because, as we have seen, genetics makes no sense without evolution. Instead, the two are so deeply entwined that appeal to one
without the other either makes no sense or is unnecessarily trivialized.

1.6.1 Genetics

In 1865, an obscure paper entitled Versucheüber Pflanzen-Hybriden [Experiments in Plant Hybridization] was read at two meetings of the equally
obscure Brünn Natural Science Society in the city of Brünn, Moravia (now Brno, Czech Republic). Its author was a monk and teacher from the
Augustinian Order of St. Thomas, a local monastery dedicated to teaching science. He was an amateur without an advanced science degree,
and the results disagreed with what was already known about how traits were passed from parent to offspring. So after the paper was published
in the society’s proceedings the following year, it was roundly ignored. One of the leading authorities on heredity at the time, Carl von Nägeli,
dismissed the results out of hand, despite a series of explanatory letters sent to him by the paper’s author. So the paper died of neglect, and its
author never published again on heredity.

In 1900, three biologists—Hugo de Vries, Carl Correns, and Erick von Tshermak—discovered the basic rules of heredity independently of each
other. Everlasting fame would certainly have been theirs, except that these same rules had already been worked out completely some 35 years
earlier by an obscure monk who published his results in the equally obscure Proceedings of the Brünn Natural Science Society. The author was
by then nearly 20 years in his grave, but it took that long for the scientific culture to mature sufficiently to allow his work’s significance to be
recognized. Today no one but specialists remember who Carl von Nägeli, Hugo de Vries, Carl Correns or Erick von Tshermak were, although
they also made significant contributions. But literally millions around the world know the name of the Augustinian monk from Brünn—Johann
Mendel, given the name Gregor when he took his monastic vows.

Mendel discovered a special class of traits determined by a very simple genetic system. Although traits of this type are generally uncommon
across all organisms, Mendel found seven examples in his experimental species, the garden pea (Pisumsativum). He discovered that each of
these seven traits were determined in a given individual by two immiscible “factors,” one inherited from each parent. These factors come in two
possible forms, which today we call alleles. In modern terminology, we say that each of these simple traits is determined by a single gene that has
two allelic variants. A list of the precise alleles an individual carries is called its genotype, and the expression of the trait is called the phenotype.
Individuals carrying two copies of the same allele are homozygous for the trait, whereas those with two different alleles are referred to as
heterozygous. The transmission properties of these seven traits are further simplified because all exhibit dominance and recessiveness. A
dominant allele, by definition, is expressed in the heterozygote, while a recessive allele is not. We call the phenotype associated with each allele
the dominant and recessive phenotypes, respectively. All seven traits on which Mendel focused show one dominant and one recessive
phenotype.

Mendel’s stature and the importance of his discoveries can easily lead one to the false conclusion that Mendel is the architect of our modern
theory of genetics. He is not. He correctly interpreted the laws of transmission of only the simplest class of inherited traits, which are rare. Mendel
never claimed that these patterns hold for all traits. In fact, toward the end of his paper he identifies a number of exceptions. For example, Mendel
found that flower and seed color in beans (Phaseolus) does not follow the same pattern as he saw in peas. Since Mendel, we have found a
number of patterns that nearly conform to his “laws,” but not quite. For example, snapdragons (Antirrhinum magus) with red flowers crossed with
white-flowered plants have pink-flowered offspring. This type of blending in heterozygotes is now called incomplete dominance. Mendel also
pointed out that flower color in a variety of species is wildly variable, and then came remarkably close to the modern notion of poly-genic
inheritance—that is, traits determined by multiple genes—to explain it. Another common pattern not explained entirely by Mendel’s hypotheses
are codominant traits, in which two alleles are dominant at the same time. The classic example is ABO blood type in humans. Individuals with
blood type AB are heterozygous and are blood type A as well as blood type B; therefore, by definition both phenotypes are dominant, a pattern
Mendel never addressed. In fact, so few traits exhibit Mendel’s patterns that they must be considered the exception rather than the rule, a fact
most biologists at the time, including Mendel himself, recognized.

So, if Mendel’s patterns are so rare, why do we revere him—and we do revere him—as the “father of modern genetics?” Mendel’s hypotheses
were initially considered flawed in part because all competent biologists at the time knew obvious counterexamples to Mendel’s observations, but
also because they completely disagreed with widely accepted contemporary theories based on the incorrect idea that the genetic material was a
sort of fluid. In contrast, Mendel suggested that the material of heredity acted like particles passed from each parent to the child. This—the
particulate nature of inheritance— was Mendel’s great contribution, and it opened the door to the modern genetic theory. The rules he discovered



for the seven simple traits in peas represent the threshold separating ancient and modern ideas of heredity. We therefore codify these rules today
as the following two principles:

Principle 1 (Segregation) For the seven traits Mendel studied, each parent passes exactly one of its two copies of the gene for that trait to its
offspring. The copy chosen is a random draw, with equal probability of either copy being chosen. In other words, the gene copies segregate
randomly among gametes.

Principle 2 (Independent Assortment) The Principle of Segregation acts independently on the seven traits Mendel studied.

Even though here we limit these statements to the traits Mendel studied in peas, the principles extend to some other traits in many other species.
Traits and their controlling genes that obey the Principles of Segregation and Independent Assortment are called Mendelian. Let Ai and ai be
distinct alleles of a gene indexed by i. Suppose two individuals heterozygous for n traits breed. If these traits are all Mendelian, then this breeding
can be represented symbolically as

A1a1A2a2...Anan×A1a1A2a2...Anan.

(Here the symbol × represents a breeding cross.) All possible combinations of genotypes in the offspring and their respective expected
proportions are given by

(12A1+12a1)2(12A2+12a2)2... (12An+12an)2.      (1.1)

By convention we would write AiAi or aiai for homozygotes instead of Ai2 or ai2. (Here the letters represent alleles and act like units; they are not
quantities.) Since allele order does not matter in the genotype, the probability mass function for a single offspring to be homozygous for k (and
heterozygous for n − k) traits is binomial:

Pr{# homozygous traits=k|# traits=n}=(nk)(12)n.

As we have already seen, not all traits are Mendelian. Among the exceptions that Mendel noted are polygenic traits which are determined by the
interaction of multiple distinct genes. In some cases, polygenic traits are expressed as continuous variables—human height, for example—in
which case we call them quantitative. In others, the genes modify expression of a qualitative trait, in which the trait is given a non-numerical value
—like fur color in mice. Even among relatively simple traits determined largely by a single gene, the Mendelian pattern is rare. For example,
distinct traits determined by genes on the same chromosome, called linked traits, often fail to assort independently. Sex-linked traits are a special
case; the genes are carried on only one of the sex chromosomes. Another example is meiotic drive, in which gametes carrying a particular allele
for a particular gene are favored over other gametes carrying another allele for that gene. Meiotic drive represents only one mechanism disrupting
Mendel’s Principle of Segregation. In general, any mechanism interfering with either of Mendel’s principles generates transmission distortion.

Two years after De Vries, Correns and von Tshermak rediscovered Mendel, Walter Sutton of Columbia University discovered “the physical basis
of the Mendelian law of heredity” [16, pg. 39]. By carefully examining cells from the plains lubber grasshopper, Brachystola magna, Sutton
discovered that every chromosome (in this species, and it turns out in many other organisms including humans) has a twin with the same size and
location of the centromere, the structure holding the two halves of the chromosome together. Twin chromosomes are called homologous, which is
a general term for structures orgenes that descend from a single common ancestor. Homologous chromosomes therefore carry copies of the
same genes. Any cell with two complete sets of chromosomes is called diploid, as are organisms in which the majority of cells are diploid. Cells
with only one set are referred to as haploid. Cells in which the number of copies varies, like many cancer cells, are called aneuploid.

Sutton also discovered that during meiosis—the process by which animals produce gametes (sex cells: egg and sperm)—homologous
chromosomes segregate independently, one into each gamete. As a result, gametes from a diploid organism are haploid. Sutton therefore
referred to meiosis as reduction division because it reduced the number of chromosomes by half. When the gametes fuse to form a zygote, the
offspring must get one copy of each homologous chromosome from each parent, thereby reconstituting diploidy of the offpsring. So,
chromosomes come in pairs, one inherited from each parent, and they segregate randomly and independently into gametes. It was obvious to
Sutton that chromosomes are physical objects that obey Mendel’s two principles; therefore, equation (1.1) describes their behavior during
meiosis and subsequent fertilization. Here was a physical manifestation of Mendel’s abstract “factors.”

Fifty-one years after Sutton’s paper appeared, two researchers from the University of Cambridge’s Cavendish Laboratory—an American named
James Watson and a Brit named Francis Crick—published a tiny paper in the journal Nature8 that finally provided the physical foundation for
Mendel’s mechanism of hereditary [17]. Although Sutton’s chromosomes behaved like Mendel’s factors, the number of chromosomes in any cell
was always small, on the order of tens, compared to the number of traits apparently requiring genes, numbering at least thousands. Viewed
naïvely, Watson and Crick’s paper does nothing obvious to resolve this problem; it simply provides a structure for deoxyribonucleic acid (DNA).
However, DNA was known at that time to be the material of heredity, and every competent biologist in the world immediately recognized that
Watson and Crick found the mechanical connection between physics and chemistry on one hand and phenotype on the other.

A gene, as understood today, is a “packet” of information coded in the DNA. The most well-known genes are structural genes, so called because
they determine the structure of a specific biological molecule, usually a protein or RNA molecule. But they also contain control elements that
govern when and how many copies of the molecule are to be constructed at any given time. In general, genes are abstract concepts, not objects.
In eukaryotes—cells with atrue nucleus and membrane-bound organelles—an entire gene cannot be accurately described as existing at a
specific locus (location on a chromosome), as was once thought and still often taught. For example, a single protein coding gene comprises both
localized structural and regulatory sequences along with dispersed regulatory regions. The primary structure (amino acid sequence) of the gene’s
protein product is determined by a coding region adjacent to a set of regulatory sequences collectively called the promoter that in part controls the
gene’s activity. Other regulatory sequences controlling the gene’s activity, called enhancers, are dispersed on the same chromosome hundreds or
thousands of base pairs away from the coding region and sometimes found even on other chromosomes. Together, all these elements determine
both structure and intracellular concentrations of their protein products.

Speaking tersely, a protein coding eukaryotic gene “turns on” when a molecule called a transcription factor binds to the promoter and assembles
a protein complex that constructs a ribonucleic acid (RNA) copy of the DNA. The key element of this complex is a molecule called RNA
polymerase. The poly-merase copies the coding region along with “leader” and “trailer” sequences called untranslated regions (UTRs). This copy
process is called transcription and yields a physical copy of the gene called messenger RNA (mRNA). The mRNA copy contains the information
carried in the coding region along with regulatory sequences in the UTRs that control how many proteins are made.

After the copy process is complete, the mRNA is modified and ushered out of the nucleus into the cytosol. There, an enormous molecular complex



made of protein and other RNA molecules called a ribosome assembles itself around the mRNA. The ribosome then builds a protein to the
precise specifications encoded in the mRNA coding region. The ribosome works its way along the mRNA molecule, reading the information
stored there while it catalyzes the construction of the protein in a process called translation. Afterwards, the protein typically undergoes further
processing and folding into its functional form. Inasmuch as proteins are the major molecular machines performing and regulating cell functions,
as well as forming a nontrivial component of cell structure, a newly minted protein assumes a role in determining its cell’s anatomy and physiology
—in short, its phenotype. The cell’s interaction with other cells and noncellular elements in its immediate environment is determined by its
phenotype and that of the cells with which it interacts. These interactions then determine the phenotypes of tissues, which determine the
phenotypes of organs, organ systems and finally the organism itself. Our understanding of this entire process, and much else besides, traces its
intellectual ancestry back to Watson and Crick’s paper of 1953.

1.6.2 Evolution

Consider a collection of self-replicating entities—concretely, think of organisms or cells. If these entities (i) vary in their characteristics, (ii) that
variation is heritable, and (iii) some variants have, by virtue of their heritable characteristics, consistently higher reproductive success than do
others, then evolution by natural selection follows as a necessary consequence. This argument traces its historical roots back to Charles Darwin,
although it was articulated in this clean way by Richard Lewontin [11] and John Endler [7] (see [9] for a historical treatment). Although the
argument, as stated this way, is elegant, it has some technical ambiguities that need clarification. In particular, “consistently higher reproductive
success,” also called fitness, seems clearer than it actually is. In reality, reproductive success is at least partially random. Therefore, by chance
some “less fit” individuals could out-reproduce more fit individuals even though “on average” that won’t happen. So Lewontin’s and Endler’s
conditions apply only in a “mean field” sense. Nevertheless, if reproducing entities vary, that variation is heritable and consistently associated with
differential fitness, then natural selection can be expected to produce evolutionary change. Randomness and other evolutionary forces may
swamp or negate its effects, but natural selection is still the rule.

Why does evolution and natural selection matter to someone interested in medicine? First of all, replicating entities are ubiquitous in disease
systems. Cancer cells, pathogens and parasites all reproduce. So do the human beings who suffer from disease. These replicating entities vary,
and that variation is heritable. Cancer cells within a single tumor are often genomically unstable and therefore quite genetically diverse.
Replicating cancer cells cannot help but pass these genetic alterations on to their daughters. Pathogens and parasites also vary genetically, both
among and within hosts. Again, replicating microbes pass their genetic characteristics to their “offspring.” Certainly humans vary, and just as
certainly that variation is largely heritable. So, reproduction with heritable variation is without doubt a ubiquitous property of entities of interest to
medicine.

If any of this heritable variation correlates with a fitness advantage vis-á-vis disease, then natural selection almost certainly plays a role in the
disease process. Consider tumor progression, for example. Tumor development is largely explained by a mapping between genetic alterations
and differential reproductive advantage among tumor cells. In addition, some tumor cell variants resist cytotoxic (cell killing) chemo- and
radiotherapy, and therefore have a selective advantage over other variants under treatment. Precisely analogous statements can be made for
every known pathogen—certain variants can outcompete others within and between hosts, and we always find some strains that resist treatment.
As for humans, much of our variation is associated with our immune systems, which has obvious fitness implications in the face of infectious
disease and cancer. Heritable diseases like Duchenne muscular dystrophy or ataxia telangiectasia, which typically kill before the age of 25, have
equally obvious fitness consequences. Some inherited disorders, like sickle-cell anemia and thalassemia, have both fitness costs and benefits.
Both are examples of inherited anemias exhibiting major and minor syndromes. The major syndromes kill the very young from severe anemia and
other complications. The minor form also exacts a fitness cost, either from direct morbidity (a milder form of anemia) or dangerous complications
arising from comorbidity (another disease that arises in someone who already has one of these anemias). But there is also a fitness benefit—
individuals with the minor form resist complications from malaria. These are just a few examples of how heritable variation in fitness affects
disease, and we find it extremely challenging to find a single counter-example, a disease in which heritable variation has no effect on fitness in
any organism (or virus) in the disease system in any way. Therefore, we conclude that evolution by natural selection is a common, probably
ubiquitous, aspect of human disease.

Here we adopt the somewhat narrow view that organic evolution, or just evolution, is change in allele frequencies in a population over time. The
frequency of a given allele, say A, is simply the fraction of all alleles in a given population that are A. Suppose a single gene has exactly m
different alleles, A1, A2, ... Am, and the organisms carrying these genes are diploid. Denote the proportion of individuals in the population with
genotype AiAj as Pij ∊ [0, 1], where the alleles’ order is considered. Biologists would therefore say the genotype frequency of AiAj is Pij (Actually,
geneticists typically disregard allele order, so the conventional genotype frequencies would be Pii for homozygotes and 2Pij,i≠j for heterozygotes
with the understanding that Pij = Pji.) Then the allele frequency of the ith allele is

pi:=∑jPij.      (1.2)

If we view pi as a function of time, either discrete or continuous, then by definition no evolution occurs in a time interval [t0, t1] if and only if

pi(t)=pi(t0)∀t∈(t0,t1],i∈{1,2,...,m}.      (1.3)

Condition 1.3 is expected to fail if different genotypes confer different (mean) fitnesses. As an illustration that introduces the main mathematical
ideas, consider a closed population (no immigration or emigration) with non-overlapping generations. We view time, therefore, as discrete; that
is, t ∊ {0, 1, 2, ...}. Suppose that every individual with genotype AiAj contributes wij offspring to the next generation’s breeding population. We
assume that wij is an invariant property of the genotype, which is typically justified by arguing that the population is infinitely large so that statistical
fluctuations in the number of offspring born to a single individual are “averaged out.” If the effects of all other genes are evolutionarily neutral, then
we can equate wij with fitness. This definition makes no assumptions about the source of fitness variation— the gene could affect juvenile survival,
reproductive success or both. Finally we assume that in every reproductive bout, an offspring’s genotype is determined by two independent
random draws from the population of alleles, with a single draw choosing allele Ai with probability pi. Biologically, this assumption means that
mating is random with respect to gene A, and again the population is large enough that statistical fluctuations are expected to beaveraged out.
Under these assumptions the number of individuals that carry genotype AiAj in the breeding population at time t + 1 will be

pi(t)pj(t)wij.      (1.4)

We define the mean fitness of this population as

w¯(t)=∑i∑jpi(t)pj(t)wij,      (1.5)



which is also the total number of breeding adults contributed to the next generation. Furthermore,

pi(t+1)= ∑jpi(t)pj(t)wijw¯(t).      (1.6)

Now suppose there is no differential fitness; that is, set wij = ŵ for all i, j ∊ {1, 2, ... , m}, where ŵ is a constant. Then

pi(t+1)=∑jpi(t)pj(t)∑i∑jpi(t)pj(t)=pi(t),      (1.7)

because ∑ipi=1. By condition 1.3, no evolution has occurred. An inductive argument based on these observations leads to the following
celebrated result:

Theorem 1.1 (Hardy-Weinberg-Pearson)

Consider a reproductive population with non-overlapping generations. Suppose (i) wij is constant for all i, j ∊ {1, 2, ... , m} (no differential fitness;
i.e., no natural selection); (ii) the proportion of genotype AiAj among offspring after any breeding bout is pipj where allele order is maintained, and
pi is the frequency of allele Ai in the breeding population (mating is random); (iii) there is no immigration or emigration; (iv) no mutations occur in
the gene A; and (v) fitness is invariant over time (the population is infinitely large). Then in a population with non-overlapping generations,
pi(t)=pi(t0)∀t∈{t0+1, t0+2,...} (no evolution will occur).

Condition (ii) is equivalent to assuming that the genotype frequencies (with allele order considered) are given by each term in the expansion of

(p1+p2+...+pm)2.

If we are biologists and disregard allele order in genotypes, then AiAj is the same genotype as AiAj, i ≠ j. With this convention, the results of
Theorem 1.1 and the corollary above imply that the equilibrium genotype frequencies in a population as described in the theorem are

pii for genotypes AiAi,i∈{1, 2, ...m};2pipj for genotypes AiAj,∈{1,2,...,m−1},j∈{i+1,...m}.

These results (and more) were first obtained by Karl Pearson in 1904 [14], and less general versions were formulated independently by Godfrey
Hardy [10] and Wilhelm Weinberg [18] in 1908. For some reason tradition ignores Pearson—Theorem 1.1 is traditionally called the “Hardy-
Weinberg” theorem, and the equilibrium frequencies are called the Hardy-Weinberg equilibrium. In fact, Hardy only focused on the special case in
which m = 2, which reduces the expected equilibrium frequencies of genotypes AA, Aa and aa to p12, 2p1(1−p1) and (1 − p1)2, respectively,
where here we use the convention that A1 = A and A2 = a. This simplification is how the topic is usually introduced in general biology textbooks.

To a biologist, the usefulness of the Hardy-Weinberg theorem comes from its hypotheses (assumptions). Relaxation of any introduces the
possibility that pi(t) ≠ pi(t0) at some time t > t0, implying evolution would be possible. The random mating assumption (hypothesis ii), for example,
can be violated in a number of different ways, a notorious one occurring when organisms choose mates differentially based on phenotypes
conferred by the gene in question. This situation is called sexual selection, and most biologists view it as a special case of natural selection.
Inbreeding is another violation, although alone inbreeding is not a mechanism of evolution. Evolution by gene flow occurs when hypothesis iii fails,
mutational drive arises by relaxation of hypothesis iv, and finally genetic drift results from failure of hypothesis v. In the diseases we study in this
book, natural selection, mutational drive and genetic drift are the dominant evolutionary mechanisms.

As a practical matter, biologists often use the Hardy-Weinberg theorem to determine if a particular gene is evolving in a natural population. If the
population is not evolving (the Hardy-Weinberg theorem applies), then Pij(t) = pi(t)pj(t) since allele frequencies would be constant. If, on the other
hand, Pij(t) ≠ pi(t)pj(t), then at least one of the mechanisms of evolution must be operating.

1.7 Pathology—where science and art meet
The goal of biomedical science is to develop a correct theory of disease. It can be approached, and is by many practitioners, as pure science.
Ultimately, however, all biomedical theory must apply to health and disease in some way. The point of transition from medical science to medical
art is typically the discipline of pathology, which according to a very influential text [3] is “a bridging discipline involving both basic science and
clinical practice and is devoted to the study of the structural and functional changes in cells, tissues, and organs that underlie disease.” Note the
scales in the biological hierarchy on which pathology focuses: from cells to organs. Taking a reductionist view, as we did earlier, organ function
and malfunction can often be understood at the tissue level, which itself derives from interacting phenotypes among cells and so on down to the
genes. So, by necessity pathology involves genetics. As genetics and evolution are deeply intertwined, evolutionary principles can also inform our
understanding of pathology.

At its most general level, pathology attempts to define and explain the association between disease processes and their anatomical and
physiological manifestations. Diseases by definition are deviations from normal function of the body at some level. That deviation is caused by
some set of agents—for example, mutant genes, infectious agents, toxins, allergens and other environmental irritants, congenital malformations,
and autoimmune responses. How these agents cause disease is the pathology subdiscipline of etiology, and the process by which the etiological
agent and host physiology interact to produce disease is referred to as pathogenesis. The derangement of cells and tissues characteristic of
disease generate changes in morphology, and the study of these changes, their cause and effects are the subdisciplines of histopathol-ogy and
cytopathology, respectively. The clinical impact describes a disease’s presentations, prognosis and (sometimes) susceptibility to treatment. The
physiological derangements generating the signs and symptoms of a disease is referred to as pathophysiology. As a practical matter, the
mechanisms by which a disease threatens health are so tightly intertwined with the process generating the disease that pathophysiology often
subsumes much of pathogenesis. These disease expressions, addressed from a scientific standpoint, are used by clinicians to both diagnose
and plan treatment. Here, in the realm of pathology, theory built on mathematical modeling can and is having a great impact on our attempts to
understand and treat disease.
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3This statement is based on data from the World Health Organization’s statistics service. For example, in 2004, infectious disease killed
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cytology as “a branch of biology dealing with the structure, function, multiplication, pathology and life history of cells,” but most modern biologists
studying cell function call themselves cell or molecular biologists.

8A companion paper by Maurice Wilkins, Alec Stokes and Herbert Wilson [20] provided support for Watson and Crick’s hypothesis using what
turned out to be controversial x-ray crystalography. In essence, the molecule’s structure is worked out in part by studying how it defracts x-rays. An
outstanding biochemist, Rosaline Franklin, provided much of the spark, including a key x-ray crystalograph, that led Wilkins’ team to their
discoveries. Wilkins received the Nobel Prize with Watson and Crick. Franklin died of ovarian cancer before the prize was conferred; however,
she was never nominated before she died, although Watson and Crick were.
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Chapter 2

Introduction to Cancer Modeling
2.1 Introduction to cancer dynamics
Describing cancer as “uncontrolled cell growth,” as is frequently done, is a bit like calling a rocket “a stick that moves.” Indeed, rockets move and
cancers grow without a lot of regulation, but something is obviously amiss. First of all, “cell growth,” i.e., cells becoming larger, is not the problem.
Cell replication (proliferation) is. But even saying “cancer is uncontrolled cell proliferation” still fails to uniquely characterize cancer because many
other diseases—elephantiasis, Huntington’s disease, Alzheimer’s disease, diverticulitis and atherosclerosis to name a few—also are
characterized by uncontrolled proliferation.

A more insightful description views cancer as a loss of tissue homeostasis. By definition, homeostasis in metazoa refers to “the maintenance of
relatively stable internal physiological conditions ... under fluctuating environmental conditions” [24]. A dynamicist immediately recognizes this as
a type of stability. From the pathologist’s perspective, in the transition to cancer something about the tissue changes, causing cell proliferation
that appears “uncontrolled.” This phenomenon leads to neoplasia but not necessarily to cancer. Malignancy of the tumor is conferred by two
additional properties: the ability to invade surrounding tissue, and the ability to spawn new tumors elsewhere in the body, a process called
metastasis. These spawn new tumors are called secondary tumors or metastases (mets). So, besides modeling oncogenesis, or the process by
which tumors arise, mathematical oncologists are also interested in modeling how neoplasia becomes malignant (carcino-genesis), how tumors
grow, invade, metastasize and generally cause disease (pathophysiology), and how they can be managed clinically. In this chapter we focus on
simple models of growth of already extant tumors.

2.2 Historical roots
Tumor growth models have their historical roots in the work of Ludwig von Bertalanffy and Benjamin Gompertz. Although neither indicated in print
any particular interest in tumors, both studied general growth equations that were later successfully applied to actual tumor data, along with many
ecological applications. Gompertz is by far the older of the two, publishing in 1825 what has become a foundational treatise establishing the
concept variously called “Gompertz’s Law” or “Gompertzian growth” [14]. Von Bertalanffy’s contribution came some 130 years later, which he
reviewed nicely in another classic paper published in 1957 [6]. Although Gompertz’s work came earlier, we start with von Bertalanffy so that we
can immediately make contact with what is probably a familiar object to both mathematicians and biologists—the logistic equation.

2.2.1 The von Bertalanffy growth model

The fundamental questions, “why does an organism grow at all, and why, after a certain time, does its growth come to a stop?” [6, pg. 217] mark
the starting point of von Bertalanffy’s work. Replacing “organism” with “tumor” shows why his work so obviously applies to oncology. Von
Bertalanffy launches his attack from the well-established observations that many metabolic processes, like pulse rate and basal metabolic rate in
mammals, scale not with body mass or volume but rather with something more akin to surface area. The reason why is not always clear, but often
metabolic measures can be fit very well with a model of the form

M=kW23,

with M the metabolic process, W with organism’s mass and k a constant. The cube root takes a volume measure, proportional to mass, into a
linear unit, which when squared produces something akin to surface area; with a proper choice of k, it is precisely the surface area. However, von
Bertalanffy noted that not all processes scale as a 2/3 power of the mass. In some cases—oxygen consumption rate in certain insects, for
example—the metabolic measure is proportional to mass, and in still others—metabolic rates in certain snails and flatworms—it somehow scales
with something between mass and surface area, perhaps the surface area of an organism changing shape as it grows. The general relation
covering all these cases would be

M=kWλ,

2/3 ≤ λ ≤ 1

To model growth von Bertalanffy starts with the conservation equation: growth equals “births” minus “deaths.” For our purposes here, “births”
equate to cell proliferation and “deaths” means necrosis or apoptosis. (Von Berta-lanffy equated them to anabolism and catabolism,
respectively.) If we assume that these process are essentially independent metabolic mechanisms, then we can immediately write down the
general model for growth in mass (W(t)):

dWdt=αWλ−βWμ,      (2.1)

where the first term represents proliferation and the second cell death. Equation (2.1) can be called the “generalized von Bertalanffy model,”
although Marusic et al. [23] refer to it as the “general two-parameter” model.

One can immediately generate a number of well-known population growth models as special cases of this general model. For example, setting λ
= µ = 1 yields the exponential model,

dWdt=(α−β)W,

where we can interpret α and β as per-capita birth and death rates, respectively. The model predicts either exponential growth or decay
depending on the sign of α − β. If we let λ = 1 and µ = 2, we recover the logistic model typically associated with Verhulst:

dWdt=αW−βW2=αW(1−WK),      (2.2)

where α is the ecologist’s “intrinsic rate of natural increase,” which represents the growth rate when competition is minimized, βW2 is the density-
dependent death rate, and K = α/β can be interpreted as the “carrying capacity.” As is well known, if α > 0, the only biologically interesting case,



then this model has two fixed points: the origin and K. The first is always a source and the second is globally asymptotically stable (see Section
2.7 below). Generalizing a bit, we can let µ vary and fix λ at unity, which produces an autonomous version of Bernoulli’s equation,

dWdt=αW−βWµ,      (2.3)

which has also been applied to population modeling.

Von Bertalanffy’s immediate concerns did not include these special cases per se, although he did note the exponential case. Instead, von
Bertalanffy hypothesized that in most physiologically relevant situations death processes are proportional to mass, in which case his model (2.1)
becomes

dWdt=αWλ−βW,      (2.4)

which with initial condition W(0) = W0 has the solution,

W(t)=(α/β[ α/β−W0(1−λ) ]e−(1−λ)βt)11−λ,λ≠1.      (2.5)

Assuming that proliferation scales with body surface area, one recovers the “classical” von Bertalanffy model,

dW/dt=αW23−βW.      (2.6)

Applied to cancer, equation (2.6) may represent an avascular tumor in which proliferation is nutrient limited, and only cells at some relatively small
distance from the surface have sufficient nutrient to divide. Cell mortality, on the other hand, is constant regardless of depth, and therefore nutrient
content. We explore this geometry in more detail below and in the next chapter.

Following Thieme [37], if we let S(t) represent length in a single dimension and assume that the tissue or body does not change shape as it
grows, then W(t) = γS(t)3, where γ is a constant. Making this substitution into model (2.6) yields the following linear ordinary differential equation
(ODE):

dSdt=13(α^−βS),      (2.7)

which has solution

S(t)=α^β+(S0−α^β)e−β3t,      (2.8)

where S(0) = S0 > 0 and α = α(γ−1/3). From this it is easily seen that Ŝ = α/β is a globally asymptotically stable fixed point and that solutions W(t)
have a sigmoid shape (Fig. 2.2C).

Relaxing the restrictions on λ and µ complicates things considerably, but it is still easy to show that in the most general model (2.1), tumor size
tends to the general carrying capacity (α/β)1/(µ−λ) as long as λ < µ (see exercises).

2.2.2 Gompertzian growth

As with von Bertalanffy, Gompertz [14] was not explicitly interested in tumor growth, or any kind of growth for that matter. Rather, he was interested
in death. What is sometimes called his “law of population growth” derived from an attempt to improve and simplify calculations of life annuities. In
particular, he sought a correct description of the number of people alive as a function of their age x, which he denoted L(x) (translated into modern
notation). Gompertz argued that human life tables show two distinct behaviors. In some cases (countries or range of ages), L(x) decays
exponentially, or if x is discrete as in real life tables, decreases as a geometric series. Death rates in these situations must therefore be constant
across age classes since

L(x)=Loe−αx⇒dLdt=−αL,

where α (the death rate) is a positive constant. On the other hand, some life tables (or portions of them) show a distinctly different pattern, in which
L(x)

declines faster than exponentially, implying that death rate must be increasing with age in these situations. He expressed this notion
mathematically as follows, rendered into modern notation:

dLdx=−aqxL,      (2.9)

where a and q > 1 are constants. Solving equation (2.9) with initial data L(0) = L0 yields

L(x)=L0exp(alnq(1−qx)).      (2.10)

This decay is faster than exponential in the sense that ln(L(x)/L0) = a(1 − qx)/ ln q is not a linear function of age x, but rather is concave down
(Figure 2.1).

Figure 2.1



Example of Gompertzian cohort dynamics in a region in which human death rates appear to be increasing exponentially with time. Circles: Data
from Swedish life tables cited by Gompertz [14, pg. 524] for ages from 10 to 50. Curve: Equivalent Gompertz curve (solution to equation (2.10)
with parameters: a = 0.06, q = 1.38, and L0 = 6013 and time scaled in decades). “Log relative cohort size” = ln(L(t)/L(10)).

In Gompertz’s mind, “[t]his equation between the number of the living, and the age [equation (2.10)], becomes deserving of attention, not in
consequence of its hypothetical deduction, ... [but] because I derive the same equation from various published tables of mortality ... and in fact the
hypothesis itself was derived from an analysis of ... experience” [14, pg. 519]. So, Gompertz sought an equation that fits data, not a mechanistic
understanding of the forces of mortality. Nor was he after a model of population growth. By the mid-20th century, however, biologists began to
apply his insight to their models of population growth that included mechanistic detail [40, 41].

Population models employing Gompertz’s insight in the most transparent way take the following form:

{ dNdt=G(t)N(t),dGdt=−αG(t),      (2.11)

with initial data N(0) = N0 > 0, G(0) = G0 > 0. Here, N(t) is the number of individuals in the population and G(t) represents per capita growth rate
(birth rate minus death rate at time t) and is loosely related to Gompertz’s notion of the “power to avoid death.” Really, however, this model
assumes that for some unspecified reason, the population growth rate decays exponentially over time at rate α, either from increasing death
rates, as Gompertz assumed, or decaying reproduction rates or both. We assume, therefore, that α > 0.

From the second equation in system (2.11), G(t) = G0e−αt, where G0 is some measure of the initial population’s net fecundity. So we can write
the model as a nonautonomous ODE:

dNdt=G0e−αtN(t),      (2.12)

which has solution

N(t)=N0 exp (G0α(1−e−αt))=N0eα−1(G0−G(t)).      (2.13)

Most authors refer to expressions of the form of equation (2.13) as the Gom-pertz equation, although some apply the name to the differential
equation generating it. Figure 2.2 compares the Gompertz curve to a solution of the classic von Bertalanffy model.

Figure 2.2

Comparison of von Bertalanffy and Gompertz growth curves with similar kinetic parameters. Panels (A) and (C) plot the solution to the linearized
von Bertalanffy model, equation (2.8), and its cube, respectively, for α = β = 1. Panels (D) and (B) plot the solution to the Gompertz model,
equation (2.13), and its cube root, respectively, for α = 0.4 and G0=αlnN0−1. In both plots, the initial linear measure was 0.1 units. Note that “tumor



volume” and “diameter” are not scaled consistently; they have been rescaled to force their attractors to unity.

Note that the nontrivial equilibrium in model (2.13) depends on the initial condition; that is,

limt→∞N(t)=N0 exp (G0/α).      (2.14)

If we interpret this limit as a carrying capacity, as we did in the von Bertalanffy model, then we are faced with the biologically implausible
conclusion that the carrying capacity depends on the initial population size.

One can mask this problem, and at the same time transform model (2.11) into a single, autonomous equation, with the following argument [25].
First, let limt→∞N(t)≡K<∞, , assuming such a limit exists, and note that by (2.14), G0=αln(KN0). This and equation (2.13) imply that
G(t)=αln(KN(t)), which gives us the following 1-D, autonomous ODE:

dNdt=αN(t)ln(KN(t)).      (2.15)

Again, following Thieme [37] the substitution x(t) = ln(K/N(t)) into (2.15) yields

dxdt=−αx,      (2.16)

from which one can see that

ln| ln(K/N(t)) |=ln| ln(K/N0) |−αt.      (2.17)

Equation (2.17) suggests, then, that a combination of measurable quantities— namely the tumor size N(t) and its asymptotic limiting size K—
yields a linear function of time if tumor growth is Gompertzian. This observation plays an important role in fitting the Gompertz model to actual data
(see Section 2.3). It is also clear from equations (2.15) and (2.17) that N = K is a globally asymptotically stable fixed point, and that like the classic
von Bertalanffy model, the Gompertz model exhibits sigmoidal growth (Fig. 2.2). Notice that maximum per capita growth rate varies among the
three models (von Bertalanffy, Gompertz and classical logistic) (Fig. 2.3).

Figure 2.3

Comparison of three tumor growth rate functions: logistic N(1 − N), von Bertalanffy N2/3 − N, Gompertz −N ln(N).

One may also notice that

d(ln(N))dt=1NdNdt=G(t)=−1αdGdt.      (2.18)

From this we obtain that for some constant β,

ln(N)=(−G(t)+β)/α,      (2.19)

which is equivalent to saying that G(t) = β − α ln(N). This gives us a third alternative form of the Gompertz model:

dNdt=βN−αln(N)N=N(β−αln(N)).      (2.20)

Note that this function is not defined for N = 0, so we must assume that the tumor has a certain size before applying this model. A key advantage
of this formulation is that the carrying capacity, K = eβ/α, need not be assumed but rather becomes a function of the kinetic parameters α and β.

2.3 Applications of Gompertz and von Bertalanffy models
In a perfect world, one in which we understood all tumor biology, we could write a model that would predict the growth curve of a tumor into the
future given its current state. Of course, we cannot do that because our knowledge is woefully incomplete. Contributing to our ignorance is the fact
that repeated measures of growing tumors—required for any detailed study of dynamics— are very difficult to obtain. Animal models with
implanted tumors offer the best hope of advance because the researcher knows precisely when the tumor “originated,” and relatively invasive
techniques are available. But even in the best case, obtaining accurate size measures of irregular, three-dimensional masses without influencing
the physiology of either tumor or host remains problematic.

Largely because of this difficulty, early theorists sought “growth laws” that attempt to represent general tumor kinetics without reference to any
particular tumor. The first hypothesis that proposed a coherent growth law suggested that tumors grow exponentially, an idea following naturally
from the view that cancer is “uncontrolled proliferation.” The idea is further supported by the analogy with bacteria. In lab cultures, bacterial
colonies grow exponentially and then abruptly stop when they exhaust some limiting resource. As early as the 1930s, however, it was becoming
clear that the exponential hypothesis was wrong. If tumor volume increases exponentially, then so must a one-dimensional measure of its size (in



essence akin to tumor “diameter,” but remember that tumors are irregular solids at best). In other words, log plots of both volume and “diameter”
over time are linear if and only if the tumor is growing exponentially. However, careful studies of tumor growth in animal models show that tumor
“diameter,” not its logarithm, tends to be linear, implying a decreasing volumetric (mass) growth rate over time (Fig. 2.4).

Figure 2.4

Growth kinetics of Fortner Plasmacytoma 1 tumors. Points represent mean mass of subcutaneous tumor implants in mice, and curve is the least-
squares, best-fit Gompertz model (equation (2.13); N0 = 18.4, G0 = 0.789, α = 0.107). Error bars represent ±1 standard error of the mean at each
point. Data from Simpson-Herren and Lloyd [32].

An early hypothesis (1930s) suggested that such a declining growth rate, complete with a “linear” phase of growth, can be explained by a growing
mass obtaining nutrient only on its surface (see Chapter 3 for details). Indeed this hypothesis was verified later in cell culture. Although this
hypothesis cannot strictly apply to most clinically relevant tumors, which absorb nutrients from their vascular infrastructure, the notion has sparked
a great deal of progress. In the 1960s, for example, Anna K. Laird [20, 21], in a series of papers that still rank among the finest contributions on
the subject, proposed a hypothesis that could apply to all tumors, angiogenic or not. In particular, she suggested that doubling time increases
(growth rate decreases) for some reason as the tumors age. It could be due to a lengthening cell cycle, an increasing death rate, or both.
Whatever the mechanism, this notion led Laird to recommend the Gompertz model as a description of tumor growth, since one can interpret that
model as a population in which per capita growth rate is decreasing exponentially over time. To test this idea, Laird attempted to fit the Gompertz
curve to growth data from around 20 different tumors in mice, rats and rabbits, including solid and diffuse tumors, both implanted and
autochthonous. In each case she used a successive approximation technique to obtain least-squares best-fit estimates for α, G0 and N0 in
equation (2.13). In general, this procedure generated far better descriptions of the data than any exponential curve could, although not always.
Later, Simpson-Herren and Lloyd [32], using techniques similar to Laird’s, demonstrated that the Gompertz model provides an excellent empirical
description of viral-induced mammary tumors in a particular tumorigenic strain of mice (Fig. 2.4).

More recently, Rygaard et al. [30] (see also [7]) successfully used the Gompertz model to describe the growth of human lung cancers xenografted
into immune-deficient mice. After implantation, tumors were measured with calipers and the linear measures were transformed into volumes
using a standard relation. Assuming that volumetric growth of these tumors would be Gom-pertzian, Rygaard et al. transformed the data with the
equation, ln | ln(K/Vn)|, where {Vn(t)} are the volume measurements from n mice taken at time points t ∈ {0, 1, 2...m}. The means across mice for
each of the m time points were then plotted against time, and a regression line was fit to the data. The slope parameter estimated α, and the
results generate a remarkably good correlation (see figure 1C of [30]), suggesting an excellent fit between data and the Gompertz model.

Such studies, especially Laird’s, are the foundations of statement after statement in the mathematical oncology literature that real cancer growth
is Gom-pertzian. Nevertheless, one would be wise to retain some skepticism for three reasons. First, while the mathematical model can be fit to
data from animal models and aggregated data from human tumors, it probably does not describe any clinical tumor particularly well, certainly not
from inception to final clinical outcome. Second, a good fit between the Gompertz model and data does not really limit the number of other
mathematical forms that might also describe the data equally well or better. Finally, a good fit does not imply a correct mechanistic description of
tumor growth.

Any attempt to fit the Gompertz curve to tumor data must face the awkward fact that the asymptotic tumor size K generally cannot be measured.
Tumors routinely become life threatening well short of their asymptotic size limit in both humans and animal models. Therefore, anyone wishing to
apply equations (2.17) or (2.20) to real tumors must either find a way to independently estimate K (or α and β, which lack clear biological
meaning) or avoid it altogether. Rygaard et al. chose the first strategy, setting K to the value that produced the “most linear-looking data.” With this
procedure, of course, it becomes a simple task to generate an excellent correlation coefficient since two parameters, K and α, are free to vary.
But with such a flexible family of curves, the fit may be meaningless. Laird successfully avoided estimating K but at the cost of introducing a third
free parameter. The extra parameter makes a good but vacuous fit to data that much easier. What’s worse, one of these parameters, G0, has a
biologically nebulous interpretation that defeats independent verification, even in principle.

In autochthonous human tumors these problems are exacerbated by lack of data. Most cancer patients begin treatment immediately upon
diagnosis. Those few who refuse are rarely monitored with serial follow-up imaging studies, and even then determining tumor mass from clinical
imaging technology presents significant challenges. So, very few untreated tumors have ever been adequately studied. Worse, even in the few
exceptions, followups are relatively sparse. For example, in one study [34], Spratt and colleagues obtained data on tumor growth for 32 women
suffering untreated breast cancer. On average each patient’s data set consisted of 3.4 images, with a maximum of six. Facing this dearth of time
series data, Spratt et al. took the best available course—they aggregated patient data to increase statistical power, as is typical in such studies.
In particular, they fit equation (2.17) to each patients’ tumor measures in the same way Rygaard did in mice. But unlike Rygaard, Spratt et al. had



far fewer time points to work with for any single patient. Also, timing of followup images, initial (at presentation) tumor sizes and tumor growth
rates all varied. So averaging tumor growth across subjects as Rygaard et al. did was impossible. Instead, Spratt et al. measured “fit” between
model and data by regressing each individual patient’s linearized data against time and summing regression mean squared errors across all
patients. Although Spratt et al. fixed K (essentially a guess), α was allowed to vary across patients, so many degrees of freedom were available to
produce a good fit.

Despite all this, one could argue that the model, in fact, has been fit to data; it can produce solutions with the correct qualitative behavior.
Therefore, the model, as a hypothesis, has been tested and verified. Nevertheless, both evidence and theory warn that these verifications may be
more apparent than real. On the evidentiary side, the few untreated tumors followed by sufficient serial imaging tend to suggest that natural tumors
alternate between rapid and slow growth at irregular intervals [29, 35]. Therefore real growth curves exhibit many more inflections than predicted
by the Gompertz equation.

Why, then, does the Gompertz model successfully describe real tumors?

As we saw earlier, these successes tend to be based on fitting the curve to changes in average tumor size over time, Laird’s work being an
important exception. Even if individual tumors grow in a “jerky” fashion, on average one can expect a sigmoidal curve based on current theory.

Consider the following two commonly argued hypotheses explaining saltatory growth in tumors. (“Saltation” literally refers to hopping or dancing;
here it means growing in spurts.) The first suggests that tumors experience ever-changing environmental conditions over time. They often bleed or
otherwise leak fluid from poorly-constructed vascular networks. Pressure inside tumors is often much higher than the surrounding tissue, which
can cause poorly constructed blood vessels to collapse, resulting in ischemic infarction of part of the tumor. As vessels are rebuilt or pressure is
relieved, restored blood flow sparks another round of rapid tumor growth. Cycles of such events would be observed as saltatory growth.

Alternatively, selection on cell phenotypes within the tumor should continually replace less adapted clones with better-adapted, faster-growing
mutants. Since these mutants arise at random times, growth rates of individual tumors “jump” at random times, also resulting in saltatory growth.
Note that these two hypotheses are not mutually exclusive.

In either case, smooth sigmoidal growth “on average” is conceivable. In small tumors, in general the derivative of the growth rate should be
increasing because better adapted clones are evolving and (or) because small tumors are largely free from the ecological catastrophes
generated by complex, poorly integrated vasculature. Still speaking generally, as tumors age they become more susceptible to catastrophic
events, and the host’s physiology is manifestly failing. Evolution continues to select for better adapted mutant strains, but it cannot overcome the
increasing ecological degradation as the host physiology fails. In this degrading environment, selection may switch from favoring more rapidly
proliferating (what ecologists refer to as r-selected) clones to favoring clones that use resources efficiently (K-selected). So on average tumor
growth rate falls as the tumor ages.

That the Gompertz model can be fit to “average” tumor growth is therefore not surprising since the model generates a sigmoid growth curve [].
However, many other relevant population growth models also predict sigmoidal growth, including von Bertalanffy and assorted models obtained
from its generalization like the Verhulst and Bernoulli equations, along with the Beaverton-Holt and Ricker models among others (see Thieme [37]
Chs. 4-6 for an excellent review). So sigmoidal growth does not necessarily imply the Gompertz equation, a point made by Castro et al. [7].
Indeed, Spratt et al. in the work described above found that the autonomous Bernoulli model fit human breast cancer data better, according to
their criteria, than did the Gompertz. We find ourselves, therefore, in the same position as Sewall Wright did in 1926 [41, pg. 114] when he wrote
of the Verhulst, or logistic, model of population growth:

It may perhaps be questioned whether the capacity which this mathematical form undoubtedly possesses for fitting growth and
population curves has any very deep significance. ...there will [likely] be increasing adverse pressure as growth goes on, leading to
damping off and reversal of curvature, and ultimately, if conditions are uniform, to an asymptotic approach to an upper limit. In this we
have simply described a general S-shaped curve, which may take various forms depending on the exact nature of the adverse
process. Anything growing under constant or even changing conditions, provided the changes are sufficiently gradual [or, we might
suggest, averaged], can hardly be expected to grow in any other way. Any flexible mathematical formula which gives this general
shape can hardly fail to give an empirical means of fitting such a curve. The logistic curve [or Gompertz, as the case may be] is,
perhaps, the most convenient but it is by no means the only mathematical form with this property.

Finally, many critics of the Gompertz model make the valid claim that it has a weak physiological basis (for example [38]). On one hand, as we
saw in Section 2.2.2, the function G in model (2.11) can represent cellular aging mechanisms. On the other hand, there are no clear biological
mechanisms involved that would produce an exponential decline in growth rate. This sort of ambiguity limits the model’s applicability to anything
but empirical descriptions and hypotheses. The von Bertalanffy model, which has a much cleaner derivation from biological first principles directly
applicable to tumor biology, is probably a better theoretical foundation, although perhaps not the best empirically.

The von Bertalanffy and Gompertz models are only two of many simple models that have been applied to tumor growth (Table 2.1), and there is
disagreement about which is the best. The disagreement probably arises due to the complexity of the disease. For example, Marus̆ić et al. [23]
compared how well models fit data for a variety of simple one- or two-dimensional models (including all those in Table 2.1, among others).
Although they found that von Bertalanffy and logistic models consistently performed poorly (based on their fitting criteria), the models that gave the
best fit varied by tumor type. They studied only two tumor cell lines implanted into athymic mice, and found that the classical Gompertz was the
best fit for one line while the general 2-parameter model gave the best fit for the other. This result also failed to agree entirely with earlier data
from multicell spheroids [22], a common culture model of tumors (see Chapter 3). Therefore, there probably is no single answer to the question,
which is the best model to fit cancer data. However, there are alternatives to these simple models, including one by Gyllenberg and Webb [15]
that brings both Gompertz and von Bertalanffy models into a single elegant framework.

Table 2.1

A partial list of scalar models that have been applied to cancer dynamics. In each case, parameters α, β, γ, λ, µ and k are positive constants.
Parameter p is a constant.

Name Model

Classical von Bertalanffy Nʹ = αN2/3 − βN



Classical von Bertalanffy Nʹ = αN2/3 − βN

General von Bertalanffy Nʹ = αNλ − βN

Bernoulli Nʹ = αN − βNµ

General growth model Nʹ = αNλ − βNµ

Logistic (Verhulst) Nʹ = αN − βN2

Hyper-logistic Nʹ = (α/β)N1−p(β − N)1+p

Gompertz Nʹ = N(β − α ln N)

General Gompertz Nʹ = Nλ(β − α ln N)

Hyper-Gompertz Nʹ = N(β − α ln N)1+p

Holling II growth N′=αNk+N−βN

Piantadosi N′=αN(k+Nγ)1/γ−βN

2.4 Amore general approach
In science, competing theoretical models often are united when someone demonstrates that they are nothing more than special cases of a more
global theoretical approach. As it turns out, this applies to the Gompertz and von Bertalanffy models, as shown by Gyllenberg and Webb [15], who
bypass insignificant mathematical details to clarify how a simple biological hypothesis generates a family of solutions all with Gompertz- or von
Bertalanffy-like S-shaped growth.

In particular, Gyllenberg and Webb explore the consequences of two simple observations from real tumors: (1) actively proliferating cells can enter
a quiescent state where they stop dividing; and (2) quiescence tends to be more common in large compared to small tumors. Quiescence
appears to be a cellular response to stress, like hypoxia, nutrient limitation, or increased hydrostatic pressure. Such stresses typically increase,
often nonlinearly, with tumor size. It can be reversible or irreversible, as reviewed by Skipper [33].

Gyllenberg and Webb propose a simple, but rather general, model of the transition into and out of quiescence.1 Let P(t) and Q(t) be the number of
proliferative and quiescent cells, respectively. Define N(t) = P(t) + Q(t).

Then the Gyllenberg-Webb model takes the following form:

{ dPdt=(β−μp−r0(N))P+ri(N)Q,dQdt=r0(N)P−(ri(N)+μq)Q,      (2.21)

with initial conditions,

P(0)=P0>0,Q(0)=Q0≥0.       (2.22)

Cells proliferate at per capita rate β > 0, and proliferative and quiescent cells die at rates µp ≥ 0 and µq ≥ 0, respectively. Finally, cells transition
to and from the quiescent compartment at rates r0(N) and ri(N), respectively, where both functions are continuous and defined for N ≥ 0. Since
stressed cells tend to enter a quiescent state, and stresses tend to increase with tumor size, Gyllenberg and Webb assume that r0(N) ≥ 0 and
nondecreasing for all N > 0; therefore, limN→∞r0(N)(≡l0) exists or unbounded (i.e. the limit is ∞). Hence

0≤l0≤∞.      (2.23)

They also assume that stressed cells tend to stay quiescent, so ri(N) ≥ 0, and nonincreasing, so limN→∞ri(N)(≡li) also exists, and

0≤li<∞.      (2.24)

Suppose quiescence to be a permanent condition, and for now assume that quiescent cells never die. Alternatively, equate “quiescence” with
necrosis and assume the necrotic material remains as part of the tumor. Gyllenberg and Webb show that under either interpretation, an S-shaped
growth curve is expected, as summarized in the following proposition [15]:

Proposition 2.1

Let µq = 0 and ri(N) = 0 for all N ≥ 0. Also suppose l0 > β − µp > 0. Then N(t) is monotonically increasing, bounded and has an inflection point N,
where N satisfies

r0(N^)=β−μp,      (2.25)



if it exists. If N exists, then N(t) is convex on N0 ≤ N ≤ N, and concave on N ≤ N < ∞. If N does not exist, then N(t) is concave on N0 ≤ N < ∞. Finally,

limt→∞P(t)=0.      (2.26)

Proof

Since µq and ri(N) are both identically 0, then

dN(t)dt=(β−μp)P(t)      (2.27)

for t ≥ 0. By assumption, β > µp, so N(t) is monotonically increasing. Differentiating again yields

d2N(t)dt2=[ β−μp−r0(N(t)) ]dN(t)dt.      (2.28)

Since Nʹ(t) > 0 and r0(N) is nondecreasing for all t, N ≥ 0, respectively, the inflection point, if exist at N, it must satisfy r0(N) =β − µp. By assumption
β − µp < l0; therefore, continuity conditions guarantee the existence of N if and only if N(0) < N, and also that the solution is (1) concave for all N(t)
> N, (2) convex for all N(t) < N, and 3) concave for all N ≥ N(0) if N does not exist. Integrating (2.28) from t0 ≥ 0 gives,

dN(t)dt=∫N(t0)N(t)[ β−μp−r0(s) ]ds+(β−μp)P(t0),      (2.29)

for t > t0. Therefore, since N(t) is monotonically increasing, l0 > β − µp > 0 and equation (2.29) holds for any to, it must be true that N(t) is bounded
(otherwise, the integral term in the above equation will tend to −∞) and hence limt→∞dN(t)/dt=0. This result and equation (2.27) imply that

limt→∞P(t)=0.

Biologically, the third hypothesis of the proposition, namely that β − µp < l0, assumes a threshold tumor size above which cells transition to
quiescence or necrosis faster than their net proliferation rate. If this were not true, then it is easy to see that N(t) would be convex and the tumor
would grow without bound.

Certainly the restrictive assumptions of proposition 2.1 limit the biological usefulness of the result. They of course can be relaxed, and doing so
allows one to explore conditions leading to S-shaped growth curves, as the following proposition from [15] shows:

Proposition 2.2

Suppose µq > 0, r0(N) > 0 for N ≥ 0, and let the following conditions hold:

l0β−μp>1+liμq,      (2.30)

r0(0)<(β−μp)(1+ri(0)μq),      (2.31)

β−μp<ri(N)+r0(N),N≥0,      (2.32)

ddN(ri(N)ri(N)+r0(N)−β+μp)<0,N≥0.      (2.33)

Then there exists a unique, globally asymptotically stable equilibrium, (P*, Q*), such that P*, Q* > 0. Furthermore, N(t) → N* as t → ∞, where N is
the (unique) solution of

r0(N*)=(β−μp)(1+ri(N*)μq),      (2.34)

and growth fraction G(t) = P(t)/N(t) tends to G* = µq/(β − µp + µq).

We leave the proof of Proposition 2.2 as an exercise at the end of this chapter. The proof in the paper of Gyllenberg and Webb [15] missed some
technical details (such as the details to show the solutions are bounded) and the condition (2.33) which is needed to ensure the positive steady
state is unique. The key to prove this proposition is to convert the model to a system of equations involving only P and N. Conditions (2.30)-(2.33)
together ensure that the isoclines of the resulting P − N system will intersect at the origin and another point which produces the only positive
steady state. The condition (2.32) can be used to eliminate the possibility of periodic orbits.

The great advantages of this approach arise from its minimalist specification of the transition functions r0(N) and ri(N). It admits a rigorous
conclusion without the encumbrance of irrelevant formal details. It also emphasizes that an argument between “Gompertz” or “von Bertalanffy”
models is largely irrelevant—a simple, general model with straightforward biological interpretations produces the same behavior. This approach
brings up the question—what really are the correct forms of r0 and ri, and how do they vary across tumor types? Certainly, more biological details
and realism can be added to this model. But model (2.64) is a more stable theoretical platform on which to found theory than those that are mere
curve-fitting or mechanistically ambiguous models like Gompertz. The Gyllenberg and Webb model also provides an excellent tool to study the
effect of treatment, as described in the next section.

For more realistic and mathematically challenging avascular tumor models, one can incorporate additional biological processes and many such
models are discussed in the classical book of Adam and Bellomo [1] and the comprehensive review article of Araujo and McElwain [4]. Observe
that the model (2.64) assumes that dead cells are removed from tumor instantly by undisclosed process. Removing this assumption yields a more
realistic three dimensional version of model (2.64) which is studied in detail in Alzahrani et al. [2].

2.5 Mechanistic insights from simple tumor models
Despite, or perhaps because of, their simplicity, the models we explore in this chapter have had an enormous impact on modern chemotherapy,
in particular dose scheduling, multi-drug techniques and adjuvant chemotherapy (chemotherapy used to support another treatment modality). (For
reviews, see [8, 9].) Although we will cover these topics in more detail later, it is instructive to set the foundations here.

Chemotherapy entered its modern, theory-based guise with Howard Skip-per’s log-kill hypothesis [33], which is simply the notion that per capita
death rate of cancer cells is constant for a fixed drug concentration. If the drug is given as a bolus dose, then this hypothesis claims that a fixed
fraction of the tumor is killed for a defined time period. This phenomenon is also called fractional kill, or fractional cell kill. The fraction is a function



of dose, but not tumor size. These ideas are intertwined with Skipper’s exponential growth models, which assume a constant per capita growth
rate regardless of tumor size. The hypothesis also implicitly assumes that drug sensitivity does not vary across cells or time, and that under
treatment, a cancer cell’s life span is exponentially distributed. Based on this observation, repeated doses must be administered to continue to
reduce the size of the tumor to zero or near zero.

Although the log-kill hypothesis performed well in animal models, in vivo human tumors typically refuse to respond as the hypothesis predicts.
Seeking a better hypothesis, Richard Simon and Larry Norton [25] began following a lead that Skipper himself suggested, namely that faster-
growing tumors respond better to chemotherapy than do slower-growing neoplasms. Combining this observation with the notion that the
Gompertz model describes a tumor’s life history better than does Skipper’s exponential model, Simon and Norton hit on the idea that response to
therapy would be inversely related to tumor size, since, by the Gompertz model, per capita growth rate is inversely related to tumor size. This
suggestion has since become the Norton-Simon hypothesis [31].

The Norton-Simon hypothesis has informed chemotherapy treatment schedules for decades. Its fundamental contribution is that treatment
schedules which decrease tumor size fastest will always be superior to any other schedule, even if the same drug and overall dose is given, within
the limits of patient tolerance. No mathematics is required to see why this is true—if smaller tumors respond best to chemotherapy, the best
chemotherapy schedule is clearly the one that delivers most of its drug when the tumor is as small as possible. Therefore, treatment should be
scheduled to deliver large early doses to knock the tumor down rapidly, followed by frequent, large-dose episodes to hit the small, fast-growing
tumor and micrometastases . Norton and Simon refer to this as maximizing dose density .

Although Norton and Simon focus almost exclusively on the Gompertz model to support their suggestion, the hypothesis does not depend on the
Gompertz model per se. Rather, the hypothesis simply requires two things: (1) that chemotherapeutic efficacy is inversely related to per capita
growth rate, and (2) that tumor growth rate is a decreasing function of tumor size. As such, Norton and Simon note that the hypothesis is really an
empirical notion and therefore does not depend on the model’s formalism, but rather the qualitative behavior of its solutions. In other words, any
model with sigmoidal solutions, including the Gompertz, von Bertalanffy or Gyllenberg-Webb models among others, would work.

2.6 Sequencing of chemotherapeutic and surgical treatments
A natural next step for theoreticians is to build mechanistic models that may help improve cancer treatment. We present here an interesting
example from Kohandel et al. [19], who study sequencing of surgical and chemotherapeutic treatments for ovarian cancer. Ovarian cancer is one
of the most common cancers in women under age 65. Most ovarian cancers are detected after the disease has spread throughout the abdomen
since symptoms are often vague and easily misdiagnosed. The main treatment for ovarian cancer comprises a combination of surgery
(laparotomy) and chemotherapy, with the former performed first so the disease may be staged as well as treated. Since surgery often fails to
remove all cancer cells, adjuvant chemotherapy is called for. Alternatively, oncologists can opt to apply chemotherapy before surgery (this is
called neoadjuvant chemotherapy), thereby shrinking the tumor and perhaps increasing the efficacy of surgery. Which is the better course remains
an open question.

One recent study compared success of the treatment sequences in women with advanced ovarian cancer [18]. In this study, 336 women were
given chemotherapy first while 334 underwent surgery first. The study only enrolled women with stage IIIc/IV ovarian cancer—that is, metastatic
tumors greater than 2 cm in size had spread into the abdomen—and a large proportion of women in the study had very bulky tumors. The
researchers found no difference between the two treatment sequences either in time to progression of the disease or survival time following
treatment. In other words, an average advanced ovarian cancer patient may experience the same expected outcome whether they have
chemotherapy or surgery first. But this is the expected outcome of an average patient. It is not necessarily true that a given patient should be
ambivalent about the different treatment sequences. This is the essence of personalized medicine—what is the best course of action for this
particular patient? One thing has become clear: the answer is not found in a textbook. However, the means for finding the answer may be, and
mathematical modeling is a way forward.

The hope here is that treatment outcomes of adjuvant (surgery first) and neoadjuvant (surgery second) chemotherapy depend on quantifiable
patient-specific factors. These factors enter into our models as growth- and treatment-related parameters, allowing us to express the problem
mathematically, as follows. Assume a malignant ovarian tumor of size N0 is diagnosed at time t = 0. There are two possible treatment sequences:

1. At a time t0 > 0, surgery is carried out to remove a fixed fraction of tumor cells, and immediately afterward an adjuvant chemotherapy with a
predetermined killing rate is administered. At time tf > t0, the tumor has final size NSC. Let the fraction removed be 1−e−ks, where ks is a
non-negative constant.

2. At a time t0 > 0, a neoadjuvant chemotherapy with predetermined killing rate is administered. At a later time (tf), surgery is performed to
remove a fixed fraction of tumor cells (again, 1−e−ks), resulting in a tumor with final size NCS.

The relevant question is, in what scenarios is NCS < NSC?

Following Kohandel et al. [19], we consider a simple model that incorporates cancer cell growth and the effects of chemotherapeutic and surgical
treatments under various cell-kill hypotheses. Let P(t, N) describe the pharmacokinetic and pharmacodynamic effects of the drug on the cancer
and f (N) be the tumor growth model. For the standard treatment—surgery followed immediately by adjuvant chemotherapy—the number of cells
at time t > 0 may be approximated by following scalar differential equation:

{ dn1dt=f(n1), n1(0)=N0, t∈[ 0, t0 ]dN1dt=f(N1)−P(t, N1), N1(t0)=e−ksn1(t0), t∈[ t0, tf ],      (2.35)

where n1(t) and N1(t) represent tumor size before and after surgery, respectively. Then NSC = N1(tf). In contrast, for the neoadjuvant
chemotherapy treatment we assume that the number of cells at time t > 0 is governed by following scalar differential equation:

{ dn2dt=f(n2), n2(0)=N0, t∈[ 0, t0 ]dN2dt=f(N2)−P(t, N2), N2(t0), t∈[ t0, tf ],      (2.36)

yielding NCS=e−ksN2(tf), where n2(t) and N2(t) represent tumor sizes before and after the onset of chemotherapy, respectively.

Below we compare two cell-kill hypotheses: the log kill, in which P(t, N) = c(t)N; and the Norton-Simon hypothesis, with P(t, N) = c(t)f (N). We
assume that the function c(t) is proportional to drug concentration at time t, and the function f (N) is the Gompertz model (2.15). Kohandel et al.
[19] show that under the first (log-kill) hypothesis, sequencing chemotherapy before surgery results in a smaller tumor size compared to surgery
followed by chemotherapy.



Proposition 2.3

Assume the tumor grows according to Gompertz equation, with

f(N)=βNln(N/K),

and P(t, N) = c(t)N. Let c1(t)≡−∫t0tc(s)eβsds. Then

NCS=Kexp[ e−β(tf−t0)(c1(tf)+lnN0K)−ks ],

and

NSC=Kexp[ e−β(tf−t0)(c1(tf)+lnN0K−ks) ].

Therefore

NCSNSC=exp{ −ks(1−e−β(tf−t0)) }<1.

Proof

First, we compute NCS For convenience, we extend the definition of c(t) to [0, tf] by setting c(t) = 0 for t ∊ [0, t0]. Let x(t) = ln N2(t). Then

dN2dt=f(N2)−P(t, N2)=−βN2lnN2K−c(t)N2

is equivalent to

dxdt=−βx+βlnK−c(t).

Hence

deβtx(t)dt=−eβt(c(t)−βlnK).

Integrating the both sides of the above equation from ti, 0 ≤ ti ≤ t0, to t yields

eβtx(t)−eβtix(ti)=−∫titc(s)eβsds+βlnK∫titeβsds,

which results in

eβtlnN2(t)−eβtilnN2(ti)=−∫titc(s)eβsds+(eβt−eβti)lnK.

We have

N2(t)=N2(ti)e−β(t−ti)e1−eβ(ti−t)lnKee−βt(c1(t)−c1(ti)).      (2.37)

Let ti = 0. For t ≥ t0, the above expression is equivalent to

N2(t)=Kexp[ (c1(t)+lnN2(0)K)exp(−βt) ].

Assume that surgery performed at time tf kills fraction 1−e−ks of the tumor cells. Then with N2(0) = N(0) we obtain

NCS=kexp[ −ks+(c1(tf)+lnN(0)K)exp(−βtf) ].      (2.38)

Observe that

N2(t0)=Kexp[ e−βt0lnN2(0)K ].      (2.39)

Next, we compute NSC. In this case, the surgery is performed first at time t0. From Eq. (2.39), we have

N(t0)=Kexp[ −ks+e−βt0lnN(0)K ].      (2.40)

Chemotherapy is applied on the time interval [t0, tf]. Let ti = t0 in Eq. (2.37), and change N2 to N. We have that for t ∈ [t0, tf],

N(t)=N(t0)e−β(t−t0)e(1−eβ(t0−t))lnKe−e−βtc1(t).      (2.41)

This result with Eq. (2.40) yields

N(t)=(Kexp[ −ks+e−βt0lnN(0)K ])e−β(t−t0)e(1−eβ(t0−t))lnKe−e−βtc1(t).      (2.42)

Hence

NSC=N(tf)=Kexp[ e−βtf(c1(tf)−kse−βt0+lnN(0)K) ].      (2.43)

Dividing Eq. (2.38) by Eq. (2.43) gives us

NCSNSC=exp{ −ks(1−e−β(tf−t0)) }<1.

Therefore, NCS < NSC under our biological assumptions, so chemotherapy before surgery results in a smaller tumor at treatment’s end
compared to surgery followed by chemotherapy.

In contrast to the log-kill assumption made above, the next result shows that if the Norton-Simpson hypothesis is correct, sequencing
chemotherapy before surgery may or may not result in a smaller tumor. We leave the proof as an exercise.



Proposition 2.4

Assume the tumor grows according to Gompertz equation, with

f(N)=−βNln(N/K),

and P(t,N) = c(t)f(N). Let c2(t)≡β∫t0tc(s)ds. Then

NCS=Kexp[ e−βtf+c2(tf)lnN0K−ks ],

and

NSC=Kexp[ e−β(tf−t0)+c2(tf)(e−βt0lnN0K−ks) ].

Therefore

NCSNSC=exp{ −ks(1−e−β(tf−t0)+c2(tf)) }.

Hence, if∫t0tfc(s)ds<tf−t0, then NCS < NSC.

2.7 Stability of steady states for ODEs
Here we provide a summary of mathematical results useful in analyzing one dimensional (i.e., scalar) ordinary differential equation models. A
steady state x* (also called an equilibrium, critical point or fixed point, among other terms) of a scalar ordinary differential equation xʹ = f (x), where
f (x) is continuously differentiable on an interval I, is a solution of f (x) = 0 in I. If x(0) = x*, then x(t) ≡ x* is a solution of xʹ = f (x).

A steady state x* of xʹ = f (x) is stable if for any ε > 0, there is a δ > 0 such that if |x(0) − x*| < δ, then |x(t) − x*| < ε for t > 0. If in addition,
limt→∞x(t)=x*, then we say x = x* of xʹ = f (x) is asymptotically stable. A steady state x = x* of xʹ = f (x) is unstable if it is not stable. The following
local stability theorem is easy to prove and use.

Theorem 2.1

Assume f(x) is continuously differentiable on an interval I, and x* ∈ I is a steady state of the one dimensional ordinary differential equation xʹ = f(x).
If fʹ(x*) < 0, then x = x* is asymptotically stable. If fʹ(x*) > 0, then x* is unstable.

Applying this theorem to the logistic growth model, xʹ = αx(1 − x/K) ≡ f (x) and assuming as before that α > 0, gives us fʹ(0) = α > 0 and fʹ(K) = −α <
0, implying that that origin as a steady state is unstable while the steady state x(t) = K is asymptotically stable.

The following global stability theorem includes the above local stability result as special cases. It is applicable to most single species population
growth models.

Theorem 2.2

Assume f (x) is continuously differentiable on an interval I and has n distinct roots xi*, i=1, 2, ...n such that xi*<xj* if i < j. The following statements
are true.

1. If f (x) > 0 for x∈(xi*, xi+1*), i ≥ 1, then for x0∈(xi*, xi+1*), the solution of xʹ = f (x) with x(0) = x0 tends to xi* as t tends to ∞.
2. If f (x) < 0 for x∈(xi*, xi+1*), i ≥ 1, then for x0∈(xi*, xi+1*), the solution of xʹ = f (x) with x(0) = x0 tends to xi* as t tends to ∞.

Proof

We sketch the proof of case 2. The proof for case 1 is similar. Since f(x) < 0 for x∈(xi*, xi+1*) and x0∈(xi*, xi+1*), we see that the solution
passing through x0 is a strictly decreasing function bounded below by the steady state xi*. Hence it must approach a constant c∈(xi*, xi+1*).
Using the fact that the derivative of a bounded, equicontinuous, differentiable, monotone function g(t) must tend to zero as t→∞, we have

0=limt→∞x′(t)=limt→∞f(x(t))=f(c).

In other words, c is a steady state. Since there is no other steady state in (xi*, xi+1*), we must have c=xi*.

Next we turn to systems of two ordinary differential equations of the form

dx/dt=F(x,y),dy/dt=G(x,y).      (2.44)

Model (2.64) is such a system. We assume that the functions F(x, y) and G(x, y) are continuous and have continuous partial derivatives in some
domain Ω of the xy-plane. This condition ensures that if (x0, y0) is a point in Ω, then there exists a unique solution of the system (2.44) satisfying
the initial conditions x(t0) = x0, y(t0) = y0 [39]. Notice that the functions F and G of system (2.44) do not depend on the independent variable t
explicitly. Such systems are referred to as autonomous. If F or G explicitly depend on the independent variable t, then the system is called
nonautonomous. Differential equation models in physical and life sciences often take the form of autonomous systems since the processes
modeled by such systems often have solutions whose quantitative and qualitative properties depend on initial states but not on the start time of
the processes.

System (2.44) is said to have steady state E* = (x*, y*) if and only if F(x*, y*) = 0 and G(x*, y*) = 0. The steady state E* of system (2.44) is stable if
for any ε > 0, there is a δ > 0 such that if

(x(0)−x*)2+(y(0)−y*)2<δ,

then

(x(t)−x*)2+(y(t)−y*)2<ε



for t > 0. If in addition,limt→∞(x(t),y(t))=E*, then we say E* is asymptotically stable. A steady state E* of system (2.44) is unstable if it is not stable.
The following theorem provides conditions for the asymptotic stability and instability of the steady state E*.

Theorem 2.3

Assume that E* = (x*, y*) is a steady state of system (2.44). The Jacobi matrix J(E*) of the system at E* is a 2 × 2 matrix defined by

J(E*)=(∂F(x*,y*)∂x∂F(x*,y*)∂y∂G(x*,y*)∂x∂G(x*,y*)∂y)

If tr(J(E*))≡∂F(x*,y*)∂x+∂G(x*,y*)∂y<0 and

det(J(E*))≡∂F(x*,y*)∂x∂G(x*,y*)∂y−∂F(x*,y*)∂y∂G(x*,y*)∂x>0,

then E* is asymptotically stable. If tr(J(E*)) > 0 or det(J(E*)) < 0, then E* is unstable.

Readers are referred to the introductory ODE text by Waltman [39] for a concise, more comprehensive reference on the stability steady states of
the autonomous system (2.44).

More realistic models in the medical sciences, such as models of cancer growth with explicit nutrient dynamics or interactions with normal and
immune cells, or models of cancer treatment, often involve more than two ordinary differential equations. In such scenarios, we are concerned with
systems of n ordinary differential equations of the form

dx/dt=F(x),      (2.45)

where x = (x1, x2, ..., xn)T and F(x) = (F1(x), F2(x), ..., Fn(x))T . System (2.45) is said to have steady state E* = (x*) if and only if F(x*) = 0. Assume
E* = (x*) is a steady state of system (2.45). Then its Jacobian at E* is

J=J(E*)=(∂F1(x*)∂x1∂F1(x*)∂x2⋯∂F1(x*)∂xn⋅⋅⋯⋅⋅⋅⋯⋅⋅⋅⋯⋅∂Fn(x*)∂x1∂Fn(x*)∂x2⋯∂Fn(x*)∂xn).

Eigenvalues λ of J are the roots of the characteristic equation P(λ) = 0,

P(λ)≡det(λI−J)=0,      (2.46)

where I is the n × n identity matrix. The steady state E* of system (2.45) is stable if for any ε > 0, there is a δ > 0 such that if

∑i=1i=n(xi(0)−Xi*)2<δ,

then

∑i=1i=n(xi(t)−Xi*)2<ε

for t > 0. If in addition, limt→∞x(t)=E*, then we say E* is asymptotically stable. A steady state E* of system (2.45) is unstable if it is not stable. The
following theorem provides conditions for the asymptotic stability and instability of the steady state E*.

Theorem 2.4

If all roots of the the characteristic equation P(λ) = 0 are negative or have negative real parts, then the steady state E* is asymptotically stable. If at
least one of the roots of the characteristic equation P(λ) = 0 is positive or has positive real part, then the steady state E* is unstable.

Theorem 2.5 provides the conditions for what is typically referred to as local asymptotic stability (as opposed to global) because it gives little
information about which solutions have E* as their (forward-time) limit. All it guarantees is the existence of a neighborhood of E* such that all
solutions with x0 in this neighborhood have E* as their forward-time limit. Further work is required to determine the nature of the exhaustive set of
such initial conditions, often called the basin of attraction of E*.

The following result provides a reasonably practical tool to assess the properties of the eigenvalues of J. Since the characteristic equation (2.46)
is a polynomial in λ, i.e.,

P(λ)=λn+a1λn−1+a2λn−2+...+an,      (2.47)

the Routh-Hurwitz criteria [10, 37] provide sufficient conditions for all roots of P(λ) = 0 to be negative or have negative real parts. Below we apply
the Routh-Hurwitz criteria to the special cases of n = 2, 3, 4.

Theorem 2.5

All roots of the

P(λ)=λn+a1λn−1+a2λn−2+...+an=0      (2.48)

are negative or have negative real parts if any one of the following three sets of conditions are true.

1. n = 2 : a1 > 0, a2 > 0.
2. n = 3 : a1 > 0, a3 > 0, a1a2 > a3.
3. n = 2 : a1 > 0, a3 > 0, a4 > 0, a1a2a3>a32+a12a4.

2.8 Exercises
Exercise 2.1: Escherichia coli is a type of bacterium commonly found in the lower intestine of warm-blooded organisms. Most strains of E. coli
are harmless, but some can cause serious disease in humans. E. coli are classified as bacilli, meaning they are rod- or cylinder-shaped
prokaryotic organisms. On average, a single E. coli is 0.75 µm in diameter and 2 µm long. Under ideal growth conditions, E. coli populations can



double in just over 20 minutes.

1. If ideal conditions can be maintained and there is no mortality, how long would it take for an exponentially growing population of E. coli to fill
a room of 60m3?

2. If ideal conditions can be maintained and there is no mortality, how long would it take for an exponentially growing population of E. coli to fill
our planet earth?

Exercise 2.2: Consider the general von Bertalanffy model, equation (2.1). Show that the origin is a source and (α/β)1/(µ−λ) is globally attracting if
and only if λ < µ. Analyze completely the case in which λ ≥ µ.

Exercise 2.3: The solution to the logistic equation can be written in the form

y(t)=k1+ea−bt.      (2.49)

Similarly, the Gompertz equation can be expressed in the following general form:

y(t)=ke−ea−bt.      (2.50)

Both, therefore, have an exponential decay term that is a general linear function of time. Pearl and Reed [27] suggested the following
generalization of the logistic:

y(t)=k1+eF(t),      (2.51)

where F(t) is a function satisfying Fʹ(t) = g(F(t)) and g(x) is a suitable function. If F(t) is a general polynomial in t, for example, one recovers the
“general logistic” function of Pearl and Reed [28]. Following Pearl and Reed’s lead, Winsor [40] generalized the Gompertz equation similarly:

y(t)=ke−eF(t).      (2.52)

1. Derive autonomous ordinary differential equation models leading to the generalized equations (2.51) and (2.52). An autonomous ordinary
differential equation model is an ODE system which does not explicitly depend on the independent variable t. It takes the form of xʹ(t) =
F(x(t)), where x and F are vector functions.

2. What would be the biological motivation for introducing the general functions F(t) in equations (2.51) and (2.52)?

Exercise 2.4: This exercise provides a problematic attempt to show that the Gompertz model can be viewed as a limiting case of the von
Bertalanffy model (page 238, [5]).

1. In the general von Bertalanffy model (2.1), let µ = 1, b = α−β and a = β(µ−λ). Show that the von Bertalanffy model can be written as

dNdt=bNλ−aNλN1−λ−11−λ.      (2.53)

2. In equation (2.53), take the limit as λ → 1 from the left, and show that it becomes the Gompertz model (2.20).

3. Is the above argument valid? If not, where is the problem? (Hint: a and β are constants.)

Exercise 2.5: Let y = W1−λ. If W satisfies the following equation

dWdt=αWλ−βW,      (2.54)

then

dydt=(1−λ)(α−βy).      (2.55)

Solve the above equation in y and show that equation (2.54) with initial condition W(0) = W0 has the solution,

W(t)=(α/β−[ α/β−W01−λ ]e−(1−λ)βt)11−λ,λ≠1.      (2.56)

Exercise 2.6: Suppose the growth of a tumor of mass W satisfies the Gompertz growth function,

G(W)=aW(1−bln(W)),

where a and b are positive constants.

1. Find the equilibrium mass of the tumor.
2. Find the maximum growth rate for this tumor. What is tumor’s growth rate when the tumor size is very small? Sketch the graph of G(W) with a

= 0.5 and b = 0.1.

Exercise 2.7: Reproduce Fig. 2.1 and Fig. 2.2.

Exercise 2.8: Using the following MATLAB® program to reproduce Fig. 2.4.

function dataandcurve
n = [20 15 39 71 65 54 87 37 86 92 93 106 58 86 26 73 62 46 32 ...
 21 15 22 18];
sd = [226 173 362 381 709 1054 1164 2591 2567 3176 3278 3371 ...
 3598 3521 3737 3704 3686 5206 5326 4805 4463 6279 4455];
mass = [400 330 470 491 852 1440 1251 4638 3780 4377 5916 ...
 5940 8762 6927 13130 11600 9735 15120 13585 14170 16550 ...



 17970 19865];
time = 4:1:26; E = sd./sqrt(n);
G0 = 0.789; alpha= 0.107; N0= 18.4;
t = [4:.1:30];
N_t= N0*exp(G0/alpha*(1-exp(-alpha*t)));
Figure(1)
set(gcf,’DefaultAxesFontSize’,18)
hold on
plot(t,N_t,’k’)
hold on
h = errorbar(time,mass,E,’ko’);
title(’(A)’)
ylabel(’Tumor mass (mg)’)
xlabel(’Time (days)’)
ylim([0,2.5e4])
xlim([0,30])
Figure(2)
set(gcf,’DefaultAxesFontSize’,18)
semilogy(time,mass,’ko’)
hold on
semilogy(t,N_t,’k’)
title(’(B)’)
ylabel(’log tumor mass’)
xlabel(’Time (days)’)
end

Exercise 2.9: Assume the mass of a tumor has a weight of 0.5 grams on day 1, 1 gram on day 2, 3 grams on day 3, 4 grams on day 4, and 4.5
grams on day 5.

1. Use the following MATLAB program to find a set of parameters that best fits the data to the logistic growth model using fminsearch to
minimize mean squared error (MSE) with a termination tolerance of 10−6 and maximum number of iterations allowed of 200. Try a few sets
of different initial values of the parameters.

% This program attempts to find values for r and K in logistic
% model that best fit a given set of data by using fminsearch
% with respect to mean squared error (MSE).
function estimation %(x0)
clear all
close all
global T M r K
x0=[0.8; 5];
[min, fval]=fminsearch(@er,x0,optimset(’TolX’,1e-6,’MaxIter’,200))
min(1)=r; min(2)=K;
[t,y]=ode23s(@logistic,[1 5],0.5);
plot(t,y,T,M,’o’)
%function for ode solver
function z=er(x)
global T M r K
tt=0:1:60;
% data points from experiment
T=[1,2,3,4,5]’; M=[0.5,1,3,4,4.5]’;
r=x(1); K=x(2);
y0 = [0.1]; y = y0;



[t1 y1] = ode23s(@logistic, tt, y0);
z=sum((y1(T)-M).^2); % minimize this.
function yp = logistic(t,y)
global r K
yp = y; yp(1) = r*y(1)*(1 - y(1)/K);

2. Find a set of parameters of the general von Bertalanffy model that best fit the data using fminsearch to minimize mean squared error (MSE)
with a termination tolerance of 10−6 and maximum number of iterations allowed of 200.

3. Find a set of parameters of Gompertz model that best fit the data using fminsearch to minimize mean squared error (MSE) with a
termination tolerance of 10−6 and maximum number of iterations allowed of 200.

Exercise 2.10: Let b ≡ β − µp in the Gyllenberg-Webb model (2.64).

1. Show that model (2.64) is equivalent to

{ dPdt=(b−ri(N)−r0(N))P+ri(N)N,dNdt=(b+μq)P−μqN.      (2.57)

2. Show that for b = 1, µq = 0, P(0) = 1, Q(0) = 0, ri(N) = 0 and r0(N) = 1 + ln N, then the solution of model (2.64) is also a solution of a
Gompertz model.

3. Show that, for b = 2, µq = 0, P(0) = 1, Q(0) = 1, ri(N) = 0 and r0(N) = N, then the solution of model (2.64) is also a solution of a logistic model.

Exercise 2.11: In the PN-form of the Gyllenberg-Webb model (2.57), assume that

r0(N)=kNaN+1,

and

ri(N)=rN+m.

1. Use pplane8.m to study the phase plane dynamics of model (2.57) and formulate mathematical conjectures regarding its existence and
stability of the positive steady state.

2. Write a MATLAB program to calculate a numerical solution of model (2.57) with several representative sets of parameter values.
3. Establish sufficient conditions for the local stability of the positive steady state of model (2.57).
4. Establish sufficient conditions for the global stability of the positive steady state of model (2.57).

Exercise 2.12: Show that the solution of the Gompertz model

dNdt=−βNlnNK,N(0)=N0

takes the form of

N​ (t)=K(N0K)exp(−βt).

Exercise 2.13: Consider the treatment model (2.35).

1. Assume the tumor grows according to the exponential growth model with f (N) = aN, a > 0 and P(t, N) = c(t)N. Show that NCS = NSC.
2. Assume the tumor grows according to the logistic growth model with f (N) = aN(1 − N/K) and G(t, N) = cN, where a, K, c are positive

constants. Show that NCS < NSC.

Exercise 2.14: Prove Proposition 2.4.

Exercise 2.15: Write a critical review of at least 400 words on the paper by Kohandel et al. on mathematical modeling of ovarian cancer
treatments [19].

Exercise 2.16: In this exercise, we consider a natural extension of the Gyllenberg-Webb model (2.64). Specifically, we would like to include the
dead cell population, say D(t), and allow the transition function to depend on sizes of both the total population and the proliferative population. For
example, if the total nutrient entering the tumor is proportional to the surface area and they are shared by only proliferative cells, then we may
assume that r0(N, P) = f (N2/3/P) and ri(N, P) = g(N2/3/P). This may result in the following model.

{ dPdt=(β−μp−r0(N,P))P+ri(N,P)Q,dQdt=r0(N,P)P−(ri(N,P)+μq)Q,dDdt=μqQ.      (2.58)

Assume that

f(N)=kNaN+1,

and

g(N)=rN+m.

1. Write a MATLAB program to calculate the numerical solution of model (2.58) with several representative sets of parameter values.
2. Establish sufficient conditions for the local stability of the positive steady state of model (2.58).
3. Study the global stability of the positive steady state of model (2.58).

Exercise 2.17: Prove Proposition 2.2.

Exercise 2.18: In this exercise, we assume that dead cells D(t) are removed from an avascular tumor at a constant rate d and extend the



Gyllenberg-Webb model (2.64). We will denote β − µp by b and µq by µ. All parameters below are nonnegative constants. This may result in the
following three-compartment model.

{ dPdt=(b−r0(N))P+ri(N)Q,dQdt=r0(N)P−(ri(N)+μ)Q,dDdt=μQ−dD,      (2.59)

where

N(t)=P(t)+Q(t)+D(t)      (2.60)

and initial conditions are,

P(0)=P0>0,Q(0)=Q0≥0,D(0)=Q0≥0.      (2.61)

We assume the following conditions for r0(N) and ri(N).

(A1): r0(N) ≥ 0 and r′0(N)≥0 for all N > 0 and,

0<limN→∞r0(N)≡l0≤∞.      (2.62)

(A2): ri(N) > 0, but r′i(N)≤0, and

0≤limN→∞ri(N)≡li<∞.      (2.63)

1. Show that the solutions of model (2.71) with positive initial values will stay positive.

2. Assume that b < l0 < ∞ and there is a constant I > 0 such that ri(N)N < I for all N > 0. Then, solutions of model (2.71) are bounded. Moreover,
there is a constant L > 0 such that

limt→∞supN(t)≤L.

3. Assume that r0(N) = kN, k > 0, and there is a constant I > 0 such that ri(N)N(1 + N) < I for all N > 0. Then, solutions of model (2.71) are
bounded.

(Hint: Details can be found in the reference [2]).

2.9 Projects and open questions
We propose some alternative approaches to the modeling efforts in the recent work of Alzahrani and Kuang [3].

Gyllenberg and Webb [15] proposed a two-compartment model of the tumor cells consisting of only proliferating and quiescent cells. They
assumed that the dead cells are somehow removed from the tumor instantly which is not necessary true in reality. Their key contribution is their
hypothesis that in a typical avascular multicellular tumor spheroid, proliferating cells may transit into and out of quiescence. Let P(t) and Q(t) be the
densities of proliferating and quiescent cells, respectively. Since dead cells are pushed away instantly, N(t) = P(t) + Q(t) represents the total
amount of cells in the tumor. Recall that the Gyllenberg-Webb model takes the following form:

{ dPdt=(β−μp−r0(N))P+ri(N)Q,dQdt=r0(N)P−(ri(N)+μq)Q,      (2.64)

with initial conditions,

P(0)=P0>0,Q(0)=Q0≥0,      (2.65)

proliferating cells are assumed to proliferate at a constant per capita rate β > 0, and proliferating and quiescent cells are assumed to die at
constant rates µp > 0 and µq > 0, respectively. In reality, both rates are likely to be dependent on some limiting resource levels.Their key
assumption is that the tumor cells transition to and from the quiescent compartment at rates r0(N) and ri(N), respectively, where both functions are
continuous and defined for N ≥ 0. Gyllenberg and Webb [15] made the following generic assumptions on r0(N) and ri(N).

(A1): r0(N) ≥ 0 and r′0(N)≥0 for all N > 0 and,

0≤limN→∞r0(N)=l0≤∞.      (2.66)

(A2): ri(N) ≥ 0, but r′i(N)≤0, and

0≤limN→∞ri(N)=li<∞.      (2.67)

Alzahrani and Kuang [3] formulated an alternative model that includes features related to resource limitation effects. In their tumor model below,
N(t) = P(t) +Q(t) +D(t), where P and Q are as in the Gyllenberg and Webb model and D represents the dead cells inside the tumor. The resource,
such as oxygen, is assumed to enter the tumor proportional to its surface area that assumed to take the form of S(t) = aN(t)θ where θ is a scaling
parameter with values in [2/3, 1]. Let R(t) be the limiting resource and u(R(t)) be the proliferating cells’ limiting nutrient uptake rate function, then
we have

dR(t)dt=aN(t)θ−u(R(t))P(t).      (2.68)

Since nutrient such as oxygen uptake is probably a process that takes place much faster than proliferation, state switching and death, we may
apply the usual quasi-steady-state argument (for example, see [13]) on R(t) which yields

u(R(t))=aN(t)θP(t).      (2.69)

If a tumor takes the form of a sphere, then θ = 2/3. The model below makes an additional natural modification to the Gyllenberg-Webb model
(2.64): it is assumed that proliferating cells proliferate at a rate of f (u(R(t))), proliferating cells transition to quiescent cells at the rate of g(u(R(t))),
and quiescent cells transition to proliferating cells at the rate of h(u(R(t))). For simplicity, below we assume a = 1 and



and quiescent cells transition to proliferating cells at the rate of h(u(R(t))). For simplicity, below we assume a = 1 and

r(t)≡u(R(t))=N(t)θP(t).      (2.70)

For simplicity, one may assume that the proliferation rate of such newly reemerged cells from quiescent state is proportional to that of the
proliferation rate of the current proliferating cells,

h(r(t))=αf(r(t)),α∈[ 0,1 ].

Since proliferating cells are most likely to enter quiescent state before death, one may simply assume proliferating cells do not die (i.e., µp = 0 in
model (2.64)). All parameters below are nonnegative constants. This may result in the following three-compartment model.

{ dPdt=(f(r(t))−g(r(t)))P+αf(r(t))Q,dQdt=g(r(t))P−(αf(r(t))+μ)Q,dDdt=μQ−dD,      (2.71)

where initial conditions are,

P(0)=P0>0,Q(0)=Q0≥0,D(0)=Q0≥0.      (2.72)

In addition, the following assumptions are made

(F): f (x) is continuously differentiable. f (0) = 0, fʹ(x) > 0 for all x > 0 and,

limx→∞f(x)=fM<∞.      (2.73)

(G): g(x) is continuously differentiable. g(0) = g0 > 0, gʹ(x) < 0 for all x > 0 and,

limx→∞g(x)=0.      (2.74)

2.9.1 Mathematical open questions

Open question 1: Assume α = 0, prove or disapprove that the positive steady state E* of the model (2.71) is globally asymptotically stable.

Open question 2: Assume that a tumor growth can be modeled by (2.71), prove or disapprove that a slow dying quiescent population (with smaller
value of µ) will increase the size of the tumor at the steady state level (see Fig. 2.5).

Figure 2.5

Two sets of solutions of model (2.71) with f(r)=krar+1 and g(r)=cr+m. Except for the dead cell removal rate d, the parameters for both panels are
the same. They are α = 0.1, k = 2, a = 1, m = 2, µ = 0.5, c = 1, θ = 2/3. For panel (a), d = 1 and for panel (b), d = 0.1. The initial conditions are P(0)
= 0.1, Q(0) = D(0) = 0 for both panels. Observe that all the components as well as the tumor size grow like a sigmoid curve and tending to
constants, which is the hallmark of Gompertz tumor growth.

2.9.2 Tumor growth with a time delay

One may consider the fact that cell proliferation takes time τ and hence incorporate it in the proliferation term in model (2.71) resulting in the
following tumor growth model with time delay.

{ dPdt=f(r(t−r))P(t−r)−g(r(t))P+αf(r(t))Q,dQdt=g(r(t))P−(αf(r(t))+μ)Q,dDdt=μQ−dD,      (2.75)

Similar assumptions and set up can be assumed for this model and many interesting mathematical questions can be pursued. For examples,
assume that the dead cells are removed instantaneously, how the time delay length affects the sizes of both proliferating and quiescent
populations? What are the conditions to ensure the tumor size is finite?

2.9.3 Tumor growth with cell diffusion

Once may also consider adding some form of cell movement into the model (2.71) resulting in a partial differential equation (PDE) based tumor
growth model with or without time delay. As in the previous project statement, many interesting mathematical questions can be pursued. For
examples, assume that the dead cells are removed instantaneously, how the dispersion rate affects the sizes of both proliferating and quiescent
populations? What are the conditions to ensure the tumor size is finite? Interested readers are suggested to read the next chapter before
pursuing this PDE based project.
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Chapter 3

Spatially Structured Tumor Growth
3.1 Introduction
In Chapter 2, we introduced Laird’s notion of Gompertzian tumor growth [9, 10] as a phenomenological idea. In contrast, Gyllenberg and Webb’s
model [7] (Section 2.4) is mechanistic in that it suggests an explanation—quiescence— of Gompertz-like dynamics. In 1966, Alan Burton
proposed an alternative hypothesis [2]. Based on William Mayneord’s [13] studies of a type of sarcoma, Burton suggested that necrosis causes
Gompertz-like growth. Specifically, as tumors grow, necrotic regions form and expand faster than the tumor does.

To explore this idea, Burton modeled tumors as ideal spheres with nutrient diffusing into the interior from the surface (Fig. 3.1). He further
suggested that necrosis occurs when nutrient concentration drops below a minimum threshold needed to sustain life. Since all living cells
constantly consume nutrient, a decreasing nutrient gradient would exist from surface to core. Therefore, in his model (see Section 3.2), the larger
the tumor becomes, the more nutrient-starved the interior cells become until eventually they begin to die. The necrotic region grows faster than the
proliferative region, causing an ever-decreasing overall growth rate until equilibrium is reached. At the same time as this model was developing,
Thomlinson and Gray [18] developed a similar model with a different geometry. Together, these two studies sparked one of the most important
threads in mathematical oncology.

Figure 3.1

Idealized cross-sectional geometry of a multicell spheroid. White region represents the annulus of proliferative cells, light gray is the region of
living but quiescent cells and dark gray region is the necrotic core. Variables R0, Rg and Ri represent the outer diameter of each region,
respectively.

Shortly after Burton published his model, experimentalists developed a tissue model of cancer called the multicell spheroid (MCS), or
alternatively, tumor spheroid or avascular spheroid. A “tissue model” is nothing mathematical. Rather, it is a type of cell culture that resembles a
small tumor. In the early 1970s, the MCS was relatively new and exciting, quickly becoming the tissue model of nascent (young) tumors. One can
produce them relatively easily in liquid or gel culture using certain strains of transformed cells. Typically, although not always, the progeny cells
cling together to form a small, roughly spherical clump of tissue. As the spheroid grows, the interior eventually develops a necrotic region in its
center (its “necrotic core”). The necrotic core increases disproportionately until it becomes large enough to halt overall growth of the MCS,
typically when the spheroid reaches about 1 to 2 mm in diameter. Clearly, then, the MCS is an excellent experimental system to study Burton’s
model.

In an interesting historic twist, it turned out that Burton’s model generally does not generate a Gompertz curve, but it does fit actual spheroid data
better than the Gompertz model does. As early as 1938 [7], and confirmed later in numerous MCS experiments, experimentalists recognized that
tumor spheroid growth does not follow Gompertz kinetics. Instead, spheroid growth has three phases: an initial exponential phase, followed by a
“linear” phase (the growth curve is linear; growth rate is constant), followed finally by a continually declining growth rate with asymptotic approach
to an upper limit. Burton (and Thomlinson and Gray) first discovered this behavior in their models, and later Harvey Greenspan [5, 6] extended
Burton’s model to explain this 3-phase growth behavior in detail.

3.2 The simplest spatially structured tumor model
Somewhat like the physiologically structured tumor models of Chapter 4, the models we study here are spatially structured. We start with the
simplest possible model of this type. Imagine a perfectly spherical multicell spheroid (MCS; see introduction) of radius R0(t) at time t (Fig. 3.1).
The spheroid grows in culture media in which some critical nutrient is maintained at a constant level σ∞ Nutrient may only enter the spheroid via
diffusion, so the nutrient concentration, σ(x, t), depends on both spatial position x ∈ 3 and time. Assume σ is continuous with continuous first
derivatives in space and time, as physics demands. Finally, we assume that cells consume nutrient at a constant rate, A, independent of the
nutrient concentration, σ, and spatial position, x.

We ask a few questions about this MCS:

1. How large is the necrotic core (at any time)? and
2. How large will the spheroid be and what proportion of it will be necrotic when it reaches equilibrium size?
3. How fast will be the radial expansion of the MCS in its early growth phase?

3.2.1 Model formulation

Following Burton [2], we assume for now that R0 is fixed. Also, for the moment, we assume that cells survive and consume nutrient no matter how



little nutrient exists. Although these simplifications are obviously inaccurate, they allow us to see important foundational structures that are
obscured by more realistic, and complex, models that we will study presently.

With these assumptions, we arrive at the conservation equation (see Section 3.8 for general formulation details),

∂σ∂t=−∇⋅J(x, t)−m(x, σ, t),      (3.1)

where J(x, t) is the flux of nutrient at spatial point x and time t, and m(x, σ, t) is the rate at which nutrient is consumed by cells at point x and time t.
We have already established that m = A. Assuming Fickian diffusion of nutrient (see section 9.2 in Edelstein-Keshet [3]) or section 1.2 in Logan
[11]),

J(x, t)=−D(x, σ)∇σ,

where D, which is everywhere positive, measures the diffusivity of nutrient at point x. In this case the model (3.1) becomes

∂σ∂t=∇⋅[ D(x, σ)∇σ(x, t) ]−A.      (3.2)

If the spheroid is homogeneous in the sense that D is constant, then model (3.1) becomes

∂σ∂t=D∇2σ−A,      (3.3)

where the functions’ arguments have been removed for clarity. Since we assume ideal spheroidal geometry, we save ourselves a lot of work by
adopting spherical coordinates. To that end, let r be the radial distance from the spheroid center, and θ and φ be the rotational coordinates. That
is,

r=x2+y2+z2,

and

x=rsinϕcosθ,y=rsinϕsinθandz=rcosϕ.

The general Laplacian of a scalar function f (x), x ∊ 3 in spherical coordinates is

∇2f=1r2∂∂r(r2∂f∂r)+1r2sin2ϕ∂2f∂θ2+1r2sinϕ∂∂ϕ(sinϕ∂f∂ϕ).

In addition to perfect spheroidal geometry, we assume that the nutrient field σ is also spherically symmetrical. Therefore, the derivatives of σ with
respect to angles θ and φ in the Laplacian disappear, and we can therefore write model (3.3) as follows:

∂σ∂t=Dr2∂∂r(r2∂σ∂r)−A,      (3.4)

which is the form we will study.

At the boundaries we set

σ(R0, t)=σ∞ for all t≥t0,      (3.5)

and

∂∂rσ(0, t)=0 for all t≥t0.      (3.6)

Condition (3.5) represents constant reconditioning of the media. The no flux boundary condition (3.6) at the spheroid’s center arises for two
reasons. First, it keeps the diffusion term from blowing up. (Expand the outer derivative in the diffusion term and take the limit as r → 0.) Second,
if this were not true, then the assumption of spherical symmetry of the nutrient concentration field would be violated. To see why, imagine the
reflection of the radius R0 through the opposite side of the spheroid; that is, the two radii R0 and −R0 are colinear and represent a diameter line
segment through the spheroid for any combination of θ and φ. Designate points on one radius r ≥ 0 and points on the other −r. That is, one radius
is “positive,” the other is “negative” and the center is the origin. Spherical symmetry is equivalent to the statement: σ(r, ·) = σ(−r, ·) for every r ∊
(−R0, R0) and θ, φ ∊ (0, 2π). Now, suppose ∂σ(0, t)/∂r ≠ 0 at some time t. Recall that we assumed σ to be continuously differentiable in space and
time throughout the entire spheroid. Therefore, there must be an e such that σ(∊, t) ≠ σ(−∊, t), which contradicts the assumption of spherical
symmetry. Therefore, condition (3.6) must hold. This no flux boundary condition is rather technical to ensure the smoothness requirement at the
center. For our practical purpose, it can be replaced by a simple condition on the boundedness of solution.

3.2.2 Equilibrium nutrient profile with no necrosis

Let σ(r) be a steady state solution of model (3.4) with boundary conditions (3.5) and (3.6). This equilibrium nutrient distribution, σ(r), satisfies

0=Dr2∂∂r(r2∂σ^∂r)−A.      (3.7)

Integrating formula (3.7) twice along r, we obtain the following expression for the equilibrium nutrient concentration profile:

σ^(r)=A6Dr2−C1r+C2,      (3.8)

where C1 and C2 are integration constants. The no flux boundary condition (or the condition that solutions must be bounded) requires C1 = 0, and
the outer boundary condition makes

C2=σ∞−A6DR02

Therefore,

σ^(r)=σ∞−A6D(R02−r2),      (3.9)



with the stipulation that

σ∞≥AR02/6D.      (3.10)

We will deal with the causes and consequences of this stipulation below.

First, we note that this steady-state solution has some nice biophysical properties. The nutrient concentration decreases as one moves from the
edge toward the center of the spheroid (Figs. 3.2 and 3.3), as expected since all cells consume nutrient but the only source is diffusion from the
MCS’s edge. As diffusivity, D, increases, total amount of nutrient within the MCS increases (Fig. 3.2), since nutrient supply increases but demand
stays constant, whereas the opposite is true for nutrient consumption rate, A (Fig. 3.3).

Figure 3.2

Solutions of model (3.4) showing steady-state nutrient profiles along the radius of an idealized MCS for various values of the diffusivity, D. In this
figure, basic nutrient consumption rate A, total MCS radius R0 and media nutrient concentration σ∞ are all unity.

Figure 3.3

Solutions of model (3.4) showing steady-state nutrient profiles along the radius of an idealized MCS for various values of the nutrient consumption
rate, A. In this figure, diffusivity D, total MCS radius R0 and media nutrient concentration σ∞ are all unity.

Despite these intuitively pleasing properties, something is seriously wrong with the model. The problem was forewarned by stipulation (3.10),
which is required to avoid a possibly negative nutrient content in the spheroid’s core. This bizarre “negative nutrient concentration” is a
consequence of a biophysically implausible assumption in our formulation of model (3.4).1 Our mistake was to assume that cells consume
nutrient at a constant rate no matter how much nutrient is there, even if no nutrient exists. Suppose, for example, that there were no nutrient at
some point in time directly in the center of the spheroid; i.e., suppose σ(0, t) = 0. Then

∂σ∂t=−A,

because of the no flux boundary condition. Biologically, cells are consuming nutrient that is not there, forcing the concentration to become
negative.

We can correct this problem by appealing to more plausible underlying biology. Specifically, imagine that the nutrient is absorbed into cells
through a transport protein expressed on the cell surface, as many nutrients are. The simplest assumption would have nutrient and transporters
interact via mass action. Mass action describes many chemical reactions very well, and nutrient transport is a chemical reaction. And although we
know that transport kinetics do not obey mass action, often this assumption is a good first approximation. Since we assumed earlier that tissue
density is constant, then nutrient transport would be described by

αp(x, t)σ(x, t),

where α is the mass action constant and p is the concentration of membrane transporters. Now, assume that all cells have equal numbers of
transport proteins in their membranes—an assumption one could perhaps justify with an appeal to the mean field. We expect that the effect
random fluctuations have on the mean field is proportional to 1/N, where N is the number of cells. Since N in the spheroid is large—a spheroid 2
mm in diameter, a reasonable size for actual spheroids, has on the order of 1 million cells—the fluctuations should have a small overall impact.
This assumption and that of homogeneous cell density make p constant. Therefore, the nutrient uptake rate can be expressed as Aσ, where A =
αp = a constant, and our model becomes

∂σ∂t=Dr2∂∂r(r2∂σ∂r)−Aσ,      (3.11)



with the same boundary conditions as model (3.4).

3.2.3 Size of the necrotic core

Now that we have a “chassis” for our model, we attack the first of the scientific questions motivating the model, namely, how large is the necrotic
core? To that end, we propose the following scientific hypothesis: if the nutrient concentration in a cell’s environment dips below a critical level,
designated σl, then the cell instantly dies.

Scientifically, this statement about σl is a hypothesis, and as such represents a reason for producing a model in the first place. The model will be
useful if it generates some sort of practically testable prediction that can be used to evaluate such hypotheses. From a mathematical viewpoint,
however, it is just another assumption. (It is easy to skip past this idea and miss the point of what we are doing.)

Necrosis occurs if the nutrient concentration profile, equation (3.9), goes below σl for some r ∈ [0, R0]. If not, that is if σ(r, ·) > σl everywhere in
this interval, then solution (3.9) completely describes the nutrient profile at equilibrium. However, if σ(r, ·) = σl for some r ∈ (0, R0), then a necrotic
core exists. So, a natural definition of the radius of the necrotic core, Ri, is the following: Ri satisfies σ(Ri) = σl if such a point exists and 0 < Ri <
R0; otherwise, Ri = 0 (Fig. 3.1).

By our (scientific) hypothesis, cells in a necrotic region instantly die, and therefore cease to absorb nutrient (A = 0 wherever necrosis occurs). So,
throughout any necrotic region, σ(r, ·) = σl since σ(Ri, ·) = σl and ∂σ/∂r = 0 for all r ∈ [0, Ri]. Integrating (3.7) first from 0 to Ri, then from Ri to R0
and applying the boundary conditions (3.5) and those just described yields the following solution:

σ(r,⋅)={ σl;0≤r≤Ri;σ∞−A6D(R02−r2)+ARi33D(1r−1R0);Ri<r≤R0.      (3.12)

Notice that Ri is unique, so there are only two possible histological configurations: either no necrotic core exists, or there is a single, spherical
necrotic core concentric with the spheroid. Also, if Ri > 0, then

σ∞−σl=A3D[ 12(R02−Ri2)−Ri2R0(R0−Ri) ],      (3.13)

and we can express the radius of the necrotic core Ri as a function of the nutrient concentration in the media (σ∞), the nutrient necrosis threshold
(σl) and the outer tumor radius, R0, all of which are experimentally measurable. Therefore, Ri, which is itself measurable, represents a practically
testable prediction generated by the model.

3.3 Spheroid dynamics and equilibrium size
We now relax the assumption that R0 is fixed and ask, how will the spheroid grow, and how large will it become? To answer this question we
require a dynamic model of spheroid growth, which can be built from another appeal to mass conservation. (Our development here is a slight
variation of Greenspan’s [5]). We define A as the mass of the spheroid at time t, B the spheroid’s mass at some “initial” time to in the past (t0 < t),
C the amount of mass added via cell proliferation, and D the amount of mass lost through disintegration of necrotic material between time t0 and
t. With these definitions, conservation of mass requires

A=B+C−D.      (3.14)

In this model we assume that when cells die, their (dead) mass does not instantly disappear. Rather, it slowly decays and washes out of the
spheroid at a constant per volume rate, which we denote 3λ. (Why we multiply by 3 will become clear in a moment.) We also assume that tissue
density is homogeneous throughout the spheroid; in particular, densities of living and dead tissue are equal. (In reality both are nearly the same as
the density of water.) In that case, the spheroid’s mass is proportional to its volume, so the conservation law (3.14) can be scaled in units of
volume. That assumption, then, allows us to write

A=43πR03(t),B=43πR03(0),C=4π∫0t∫0R0(t)s(σ)r2dr dt′,D=43π∫0t3λRi3(t′)dt′,

where s(σ) is the per unit volume proliferation rate. (Note the assumption that proliferation depends only on nutrient availability.) Therefore, from
(3.14),

R03(t)=R03(0)+3∫0t∫0R0(t)s(σ)r2 dr dt′−∫0t3λRi3(t′)dt′.      (3.15)

Differentiating with respect to time yields the following differential equation:

R02dR0dt=∫0R0(t)s(σ)r2dr−λRi3(t).      (3.16)

It should be clear now why we described the necrotic disintegration rate as 3λ.

Now we need a model for the proliferation rate, s(σ). For illustrative purposes, and to connect with the model of Greenspan [5], we choose a very
simple, if unrealistic, model as a first approximation. In particular, assume that the proliferation rate is constant throughout the region of living
tissue. That is,

s(σ)={ s ; Ri<r≤R0,0 ; otherwise,      (3.17)

where s is a constant. Applying this assumption to equation (3.16) and adding the nutrient dynamics yields the following model of spheroid
growth:

R02dR0dt=s3(R03−Ri3)−λRi3,      (3.18)

∂σ∂t=Dr2∂∂r(r2∂σ∂r)−A(r),      (3.19)

where

A(r)={ A ; Ri<r≤R0,0 ; otherwise.



We can immediately recognize that diffusion and cell proliferation occur on very different time scales, and therefore somewhat rashly make a
quasi-steady state argument (QSSA) and set ∂σ/∂t = 0. But here we choose to exercise more care, placing the QSSA on a more solid logical
foundation. QSSA is often referred to also as quasi-steady state assumption or quasi-steady state approximation. QSSA is also discussed in the
context of chemical kinetics in Section 12.3.

To that end, rescale time using cell proliferation as the natural unit. That is, let τ = st, making

ddt=sddr.

To scale space, we recommend using the radius of a spheroid on the cusp of developing a necrotic core as the natural unit. Here’s why. Imagine
a tiny spheroid, so small that nutrient can easily diffuse throughout the spheroid, so well that all cells are flush with resources. Intuitively, we expect
all cells to proliferate, causing the spheroid to grow. As it grows, however, nutrient becomes less and less available in the spheroid’s center until
eventually the nutrient concentration reaches the critical necrosis value, σl. At that moment the very first cell is just about to die from nutrient-
deficiency necrosis, but Ri = 0. Therefore, from relation (3.13),

R0=(6D(σ∞−σl)A)12≡Rc.      (3.20)

Scaling space in terms of the “critical radius,” Rc, we define

ξ(t)=R0(t)Rc,η(t)=Ri(t)Rc,      (3.21)

and the model becomes

ξ2dξdτ=13(ξ3−η3)−γη3,      (3.22)

ε1=∂σ∂τ=1ρ2∂∂ρ(ρ2∂σ∂ρ)−A^(ρ),      (3.23)

where ρ = r/Rc, γ = λ/s, ε1=sRc2/D and

A^={ ARc2/D;η<ρ≤ξ,0;otherwise.

Our intuition suggests that diffusion across a sphere of radius Rc is very efficient, and occurs on a much faster time scale than does cell
proliferation; therefore, we assume that sRc2<<D. (Indeed, for oxygen in living tissue, D ≈ 1000 µm2 s−1, and realistically Rc ≈ 150 µm and s <
10−5 s−1.) On this basis we justify letting ∊1 → 0. Therefore, equations (3.13) and (3.20) (properly scaled) apply, allowing us to write

1=ξ2−η2+2η3(1ξ−1η),ξ≥1.      (3.24)

The growth dynamics predicted by this model are naturally partitioned into two phases. The first phase occurs on the time interval [τ0, τ1], where τ1
satisfies ξ(τ1) = 1. In this phase,

ξ(τ)=ξ0e13τ,τ0≤τ≤τ1,ξ(τ0)=ξ0<1.      (3.25)

The moment ξ = 1, a necrotic core begins to form, and the second phase begins. In the second phase, η(τ) > 0 for all τ > τ1, and the dynamics are
governed by equations (3.22) and (3.24), with initial conditions τ = τ1 and ξ(τ1) = 1. We can integrate this model explicitly by introducing the
variable

x=ηξ.      (3.26)

With this change of variables in (3.22), we have

2ξdξdτ=23ξ2[ 1−(1+3γx3) ].      (3.27)

From equation (3.24), we obtain

ξη=ξ3η−η3ξ+2η3(η−ξ),ξ≥1.      (3.28)

Dividing both sides of the above equation by ξ4 yields

ξ−2x=2x4−3x3+x.      (3.29)

Hence

ξ2=1 1+2x )(1−x)2.      (3.30)

Equations (3.27) and (3.30) together imply

9x(1+2x)(1−x)(1−(1+3γ)x3)dxdr=1.      (3.31)

The resulting solution is largely useless for a biologist (see exercises), but its graph shows a spheroid growing monotonically toward an
asymptotic limit (for γ > 0). Biologically, this limit is of great interest, representing as it does the equilibrium spheroid size.

Note that, at equilibrium, the amount of necrosis within the spheroid depends only on γ; specifically,

η^ξ^=(1+3γ)−13≡Γ−13.      (3.32)

From (3.24), a bit of algebra reveals that the equilibrium MCS radius

ξ^=[ Γ13(Γ23−1)(3Γ13−2) ]Γ23−1,Γ>1.      (3.33)

This function has a minimum at



Γ=(3+5)38,

approaches ∞ as Γ → 1, and goes to 3 as Γ → ∞ (Fig. 3.4).

Figure 3.4

Equilibrium spheroid size ξ as a function of Γ = 1 + 3γ for 1 < Γ ≤ 100.

Biologically, γ represents the ratio of the rate at which necrotic debris washes out of the spheroid to the rate of proliferation, or simply the relative
necrotic washout rate. If this washout rate is huge (s << λ), then relation (3.32) predicts a small necrotic core (Fig. 3.5), in agreement with intuition.
Also, equation (3.33) and Fig. 3.5 suggest that the equilibrium spheroid size is insensitive to small (but finite) perturbations of the washout rate
when that rate is high—another intuitively pleasing observation.

Figure 3.5

Necrotic radius as a proportion of the total spheroid radius from equation (3.32) for 1 < Γ ≤ 100.

At the other extreme, as the washout rate declines past its minimum, we see a transition from a spheroid that is mostly living tissue to one that is
mostly necrotic (Fig. 3.5). At the same point, we start seeing large changes in spheroid radius with small changes in Γ (Fig. 3.4). As the washout
rate declines toward zero (λ << s), we encounter an enormous spheroid composed almost entirely of necrotic debris at equilibrium.

3.4 Greenspan’s seminal model
In 1972, H. P. Greenspan published an MCS model [5] that laid the foundation for much of modern mathematical oncology. Building on the work of
Burton [2] and Thomlinson and Gray [18], Greenspan takes on another phenomenon apparent in MCS studies in addition to overall MCS growth
and development of necrosis. Careful analyses of MCSs revealed that between the necrotic core and the outer proliferative rind one tends to find
an annulus of quiescent cells (see Section 2.4 and Fig. 3.1). The question Greenspan addressed is, how does this layer form? He hypothesizes
that tissues within the spheroid produce some sort of inhibitory chemical that causes cells to become quiescent. All other assumptions are
essentially those we introduced in the previous sections.

Call the concentration of the inhibitor β(x, t). We assume for simplicity that β(x, 0) is symmetrical in the sense previously described for nutrient
concentration, and all previous assumptions hold. Therefore, we can describe the inhibitor concentration field as β(r, t). Greenspan hypothesizes
that when β rises above some threshold, denoted βl, cells become quiescent. In the simple models we will consider subsequently, the inhibitor
concentration reaches this threshold at no more than one radial position. Therefore, we can define a radial position Rg analogously to Ri. That is,
Rg satisfies β(Rg, ·) = βl if such a point exists; otherwise, Rg = 0. In intuitive biological terms, Rg could be called the “radius of quiescence.”

From these considerations it is easy to see that the spheroid may have a number of possible histological configurations, depending on the
relative sizes of Ri and Rg. In particular, we have the following possible cases:

1. Ri = Rg = 0. In this case, the spheroid is a solid mass of proliferative tissue.
2. 0 ≤ Rg ≤ Ri < R0. This case produces a spheroid with a necrotic core surrounded by an annulus of proliferative tissue.
3. 0 = Ri < Rg < R0. Here the spheroid has no necrosis, but the core is quiescent, surrounded by proliferative tissue.
4. 0 < Ri < Rg < R0. This produces a spheroid with a necrotic core surrounded by an annulus of living but quiescent tissue further surrounded

by a rind of proliferative tissue (Fig. 3.1).

Greenspan’s inhibitory chemical hypothesis was very speculative. For example, he never suggested what chemicals might be involved. He even
avoided committing himself to a particular origin for the inhibitor. However, he did suggest two possibilities: the inhibitor may be produced in the



necrotic core, or it could somehow be produced by living cells. We will develop the first idea and leave the second as a project.

3.4.1 The Greenspan model

If the inhibitor comes from the necrotic core, then only three histologic configurations are possible—case 3 listed above obviously cannot occur.
To keep things simple in the face of uncertainty, Greenspan assumed that the inhibitor is released at a constant per unit volume rate, P,
throughout the necrotic region. He also assumed a perfectly conditioned media, so as before, σ(R0, t) = σ∞, and in addition, β(R0, t) = 0 for all t >
t0. Biologically, this assumption implies that media conditioning is so efficient that neither spheroid nutrient consumption nor secretion of waste
(=inhibitor) have any effect on the media’s composition. In addition to these, all assumptions that we made in previous sections were also
adopted by Greenspan. Following logic similar to that used to derive model (3.18), (3.19), Greenspan constructed the following model:

R02dR0dt=s3(R03−R^3)−λRi3,      (3.34)

∂σ∂t=Dσr2∂∂r(r2∂σ∂r)−A(r),      (3.35)

∂β∂t=Dβr2∂∂r(r2∂β∂r)+P(r),      (3.36)

where R = max{Ri, Rg},

P(r)={ 0;Ri<r≤R0,P;r≤Ri,

and Dσ and Dβ are the diffusivities of nutrient and inhibitor, respectively. Remaining notations retain their previous definitions. To boundary
conditions (3.5), (3.6) and the assumption of continuous differentiability of σ we add similar conditions for β, namely that β(r, t) ∈ C1 for all r ∈ [0,
R0) and t ≥ t0,

β(R0,t)=0 for all t≥t0,      (3.37)

and

∂β(0, t)∂t=0 for all t≥t0.      (3.38)

Condition (3.37) arises because we assumed that the media is perfectly conditioned, whereas condition (3.38) is required for reasons identical
to those described for σ.

Rescaling as before, we define

ζ=RgRc,Rc=6Dσ(σ∞−σl)12A,      (3.39)

and retain our previous definitions of ξ and η with Rc defined as above. After applying this rescaling along with our previous definition for τ,
equations (3.34) and (3.36) return to (3.22) and (3.23), respectively, and (3.36) becomes

ε2∂β∂τ=1ρ2∂∂ρρ2∂β∂ρ−P^(ρ),      (3.40)

where ε2=sRc2/Dβ and

P^(ρ)={ 0;η<ρ≤ξ,PRc2Dβ;ρ≤η.      (3.41)

Assuming that Dβ and Dσ are of nearly the same order of magnitude, we can let ∊2 → 0; that is, we have a sound basis for assuming diffusive
equilibrium for both inhibitor and nutrient.

In dimensionless variables we now have the following model:

ξ2dξdτ=13(ξ3−max{ η3,ζ3 })−γη3,      (3.42)

0=1ρ2∂∂ρ(ρ2∂σ∂ρ)−A^(ρ),      (3.43)

0=1ρ2∂∂ρ(ρ2∂β∂ρ)−P^(ρ).      (3.44)

3.4.2 Threshold for quiescence

Before continuing, it is instructive to develop an intuitive feel for what model (3.42)–(3.44) predicts. To that end, suppose the initial spheroid is so
small that all cells have access to sufficient nutrient to support proliferation (Ri(0) = 0). At first the spheroid radius would grow exponentially as
described by solution (3.25). It would continue to obey (3.25) until it became so large that cells in the core began to starve for nutrient. At that
moment, the necrotic core begins to form, and spheroid growth dynamics switch to equation (3.31). But now, in addition to retarding the
spheroid’s growth, the necrotic region also produces inhibitor. At first the inhibitor would have no effect on growth or histology, because its
concentration must start below βl. However, as the necrosis spreads (proportionally), the inhibitor concentration increases. At some point it may,
or may not, reach βl in the center of the core. But, if so the spheroid still would be unaffected since the core contains no living cells to be inhibited.
The inhibitor cannot affect spheroid growth unless its concentration exceeds βl somewhere in the living compartment. It is not at all obvious that it
ever will, since intuitively it seems clear that the spheroid could reach its equilibrium (3.33) before ζ (Rg) grows larger than η (Ri). The question
then is, under what conditions will the inhibitor concentration exceed the threshold βl in the living tissue compartment?

The answer, of course, depends on the inhibitor profile. Integrating the quasi-steady state inhibitor concentration field β(p, t) under the conditions
that

∂β(0, t)/∂ρ=0,β(ξ, t)=0,

and assuming continuity of β and its derivative at η, yields

β(ρ, t)={ η3P^3(32η−1ξ−ρ22η3);0≤ρ≤η,η3P^3(1ρ−1ξ);η<ρ≤ξ.      (3.45)



Therefore, a quiescent layer forms whenever

βl<η3P^3(1η−1ξ).      (3.46)

3.4.3 Growth dynamics of the Greenspan model

It is clear that relation (3.24) holds in the Greenspan model. In addition, from (3.46) and the definitions of Rc (3.39) and P (3.41), we can write

Q22=η3(1ζ−1ξ),ξ≥ζ≥1,ζ≥η,      (3.47)

where

Q2=βlDβAPDσ(σ∞−σl).      (3.48)

We have already done most of the work needed to describe the growth dynamics of Greenspan’s model in Section 3.3. From the heuristic
description in the previous section, starting with a small MCS that is not growth limited we expect the following three phases of growth:

1. Phase I: Exponential growth. As before we assume that ξ(t0) = ξ0 < 1. MCS growth dynamics in this initial phase are therefore described by
equation (3.25) until ξ(t) = 1, at which point the necrotic region begins to form and we pass to phase II.

2. Phase II: Formation of the necrotic core. In this phase, dynamics are governed by differential equation (3.31), which continues to apply until
either the inhibitor concentration reaches the threshold described in relation (3.46) in the living layer, or the MCS reaches its equilibrium
size before that happens. If β never exceeds βl in the proliferative (living) region, then the MCS dynamics are covered completely in Section
3.3. Otherwise, growth enters the next phase.

3. Phase III: Three-layer histology. In this phase, η < ζ < ξ, conditions (3.24) and (3.47) hold, and the growth dynamics are governed by the
following ODE:

3ξ2dξdτ=ξ3−ζ3−3γη3,r≥r2,      (3.49)

where τ2 is the moment the quiescent layer begins to form, ξ(τ2) = ξQ is the MCS radius at that moment, and η(τ2) = ζ((τ2).

So there are two possible asymptotic behaviors: either the inhibitor never has any effect and the MCS growth slows only due to necrosis as
described in Section 3.3; or the inhibitor builds up sufficiently to cause a quiescent layer to form. Therefore, two questions arise: (1) under what
conditions will the quiescent layer form, and (2) if it does form, how large will the MCS be when that happens? The following theorem answers the
second question, and sets up the answer to the first.

Proposition 3.1

The critical radius, ξQ, at which an MCS growing according to Greenspan’s model develops a quiescent layer in the living region is

ξQ=Q2xQ2(1−xQ),      (3.50)

where

xQ=Q2+Q9Q2+84(1+Q2),      (3.51)

and Q is defined by relation (3.47).

We leave the proof as an exercise. The following theorem provides the conditions for formation of the 3-layered MCS histology.

Proposition 3.2

Consider an MCS growing according to Greenspan’s model. Then a quiescent layer forms if and only if

Γ−1/3>xQ,      (3.52)

where Γ and ξQ are defined in (3.32) and (3.51), respectively.

Again, we leave the proof to the reader.

To make connection with his method for solving the MCS growth curve in Phase II (see differential equation (3.31)), Greenspan introduces the
new variable,

y=ζξ,      (3.53)

which allows him to write the model in Phase III as follows:

9x(1+2x)(1−x)dxdt=1−y3−3γx3,      (3.54)

with

ξ=1(1−x2)(1+2x),Q22ξ2=x3(1y−1).

and initial conditions,

x(τ2)=y(τ2)=xQ,ξ(τ2)=ξQ.

3.5 Testing Greenspan’s model



Mathematical models are theoretical tools that describe and explain natural phenomena. As theory, however, they are useless unless they make
some sort of experimentally testable prediction. In the case of the Greenspan model, as in most mathematical models, the obvious experimental
test—grow spheroids in culture and compare their size and histological evolution with the model’s prediction—suffers the crushing disadvantage
of impossibility. Such a direct test would require accurate estimates of parameters that, practically, cannot be measured. For example, since we
have no suspects for the inhibitory chemical, how can we measure λ and therefore γ?

Nevertheless, Greenspan’s model can be tested quite rigorously and quantitatively. For example, we can take advantage of the definition of Q2
(3.48) and its role in the model in the following way. Suppose we run two sets of experiments in which MCSs are grown in nearly identical cultures.
In one set, however, the nutrient concentration is higher than in the other set, say it is doubled. Otherwise, all experimental units (individual MCSs)
are treated identically.

Greenspan’s model predicts that the ratio of Q2 (defined in relation (3.47)) between the two sets, say Q12 and Q22, should be

Q1Q2=(2σ∞−σlσ∞−σl)12,      (3.55)

where we have doubled the nutrient in set 1, σ∞ is the nutrient concentration in the set 2 media, and σl is the necrotic threshold for nutrient (which
can be measured in simple assays). Since σ∞ and σl are measureable, we can use them, ξQ and xQ to predict how this manipulation affects the
size of the spheroids and their necrotic core when the quiescent layer first develops. Here is an outline of the procedure (which assumes an MCS
system with reproducible behavior):

1. Obtain an estimate of Q1. Grow spheroids and note the sizes of the MCS and its necrotic core when the quiescent layer first develops.
(Quiescent and necrotic cells can be identified with fairly straightforward assays; there would be some technical issues here since
identifying the quiescent layer requires destruction of the spheroid, but this can be overcome by starting with a large number of MCSs
treated identically, with sacrifice of some small fraction at regular time intervals.) These values give us ξQ and xQ. Then it is straightforward
to determine Q from relations (3.50) and (3.51) (numerically, if necessary).

2. Predict Q2. Now that we have estimates of Q1, σ∞ and σl, solve equation (3.55) for Q2 and take the positive root.
3. Predict the outcome of the experimental increase in nutrient. Use the estimate of Q2 in equations (3.50) and (3.51) to predict ξQ and xQ in

the new experiment.
4. Test this prediction by running the same experiment as before, but now with double the nutrient concentration in the media. Measure the

size of the MCS and necrotic core when quiescence first arises, and compare these measures to the predicted ξQ and xQ.

Other tests may be devised. This simply illustrates how experimentally testable predictions can be generated from a complex model, the direct
dynamics of which cannot be measured.

3.6 Sherratt-Chaplain model for avascular tumor growth
Most of the existing models of avascular tumor growth were influenced by the pioneer work of Greenspan published in 1972 [5], which often have
a structure of a proliferating layer, a quiescent layer and a necrotic core. These compartments are viewed as discrete layers, separated by
artificial and moving boundaries. In 2001, Sherratt and Chaplain [15] developed an alternative model formulated in terms of continuum densities
of proliferating, quiescent and necrotic cells, together with a generic limiting nutrient. Their model solutions are capable of generating the usual
three layer structure in earlier MCS models. Their model admits traveling wave solutions with a minimum speed that can be computed analytically.

We consider a situation that tumor density varies only in one spatial dimension such as in a thin disc shaped domain. Real tumors may differ from
a MCS in its shape. They may initially develop in epithelia (known as carcinomas and represent majority of clinically observed tumors) and hence
form approximately two-dimensional structures before invading surrounding tissues.

Let p(x, t), q(x, t) and n(x, t) stand for the densities at time t and location x of proliferating, quiescent and necrotic cells, respectively. We assume
that necrotic cells do not move. For simplicity, we also assume that cell movement is through diffusion. The growth dynamics of cells is
determined by limiting nutrient density c(x, t). The Sherratt-Chaplain model for avascular tumor growth takes the following form

∂p∂t=∂∂x[ p∂p+q∂(p+q)∂x ]+g(c)p(1−p−q−n)−f(c)p,∂q∂t=∂∂x[ q∂p+q∂(p+q)∂x ]+f(c)p−h(c)q,∂n∂t=h(c)q,∂c∂t=Dc∂2c∂x2+k1c0[ 1−α(p+q+n)
]−k1c−k2pc.      (3.56)

Here we assume that a value of 1 corresponds to a packed population. We assume that the proliferating rate function g(c) is increasing and g(0)
= 1. The cell switching rate functions f (c) and h(c) are decreasing and tend to 0 when c tends to infinity. Since a cell can stay at the quiescent
stage for a long time, it is conceivable that at a given limiting nutrient concentration level, a proliferating cell is more likely to switch to quiescent
state than a quiescent cell is to become dead. Hence we assume that f (c) > h(c). The availability of nutrient is represented by the source term
k1c0[1−α(p+q+n)]. The parameter α is assumed to be in (0, 1], and c0 is the nutrient concentration outside of the tumor. k1 is the nutrient
degradation rate and k2 is the nutrient uptake rate by proliferating cells.

Straightforward numerical simulations of the Sherratt-Chaplain model (3.56) by MATLAB®-supported pdepe-based programs (see such a code
below) suggests that its typical solutions indeed reproduce the familiar structure of proliferating rim and a band of quiescent cells around a
growing necrotic core (Figure 3.6).

Figure 3.6



A numerical solution of the reduced model (3). The parameter values are γ = 9, c0 = 1 and α = 0.8. The rate functions are f (c) = 0.5[1 − tanh(4c −
2)], g(c) = 1 + 0.1c, and h(c) = 0.5f (c). The initial conditions are q = n = 0, p = e0.1x, and the boundary conditions used at x = 0 and x = 200 are px
= qx = 0.

3.6.1 MATLAB® file for Figure 3.6
function MCSwave
m = 0;
x = linspace(0,200,200);
t = linspace(0,14,141);

sol = pdepe(m,@mypde,@myic,@mybc,x,t);
u1 = sol(:,:,1);
u2 = sol(:,:,2);
u3 = sol(:,:,3);

subplot(3,1,1)
hold on

for i=0:2:14
 plot(x,u1(i*10+1,:));
end
ylabel(’Proliferating cells, p’);
xlim([0 200]); ylim([-.1 .6]);

subplot(3,1,2)
hold on

for i=0:2:14
 plot(x,u2(i*10+1,:));
end
ylabel(’Quiescent cells, q’);
xlim([0 200]); ylim([-.1 .6]);

subplot(3,1,3)
hold on



for i=0:2:14
 plot(x,u3(i*10+1,:));
end
ylabel(’Necrotic cells, n’);
xlabel(’Space, x’);
xlim([0 200]); ylim([-.1 1.1]);

% ------------------------------------------------------------
function [c,f,s] = mypde(x,t,u,DuDx)
c = [1; 1; 1];

co = 1; alpha = .8; gamma = 9;
k = (co*gamma*(1-alpha*(u(1)+u(2)+u(3))))/(gamma+u(1));

fc = .5*(1-tanh(4*k-2));
gc = 1+.1*k;
hc = .5*fc;

f = [u(1)/(u(1)+u(2)) * (DuDx(1) + DuDx(2));
 u(2)/(u(1)+u(2)) * (DuDx(1) + DuDx(2));
 0];

s = [gc*(u(1)*(1-u(1)-u(2)-u(3))) - fc*u(1);
 fc*u(1) - hc*u(2);
 hc*u(2)];
% -----------------------------------------------------------
function u0 = myic(x)
u0 = [exp(-.1*x); 0; 0];
% -----------------------------------------------------------
function [pl,ql,pr,qr] = mybc(xl,ul,xr,ur,t)
pl = [0; 0; 0];
ql = [1; 1; 1];
pr = [0; 0; 0];
qr = [1; 1; 1];

Since nutrient movement and uptake are much faster processes than tumor cell growth and movement, it is practical to consider the nutrient
kinetics are operating at a quasi-steady state. Hence we can replace the nutrient equation by the following

c=c0γ[ 1−α(p+q+n) ]/(γ+p),γ=k1/k2.      (3.57)

3.6.2 Minimum wave speed

In the following, we would like to explore the possibility of the existence of wave-like solutions in the Sherratt-Chaplain model (3.56) and estimate
their minimum speed. To this end, we introduce the wave variable z = x − vt and p(x, t) = P(z), q(x, t) = Q(z) n(x, t) = N(z), where v is the wave
speed. Substituting these wave solution forms into (3.56) yields the following system of ordinary differential equations

(P(P′+Q′)∂P+Q)′+υP′+g(C)P(1−P−Q−N)−f(C)P=0,(Q(P′+Q′)∂P+Q)′+υQ′+f(C)P−h(C)Q=0,υN′+h(C)Q=0,C=c0γ[ 1−α(P+Q+N) ]/(γ+P).      (3.58)

We now consider the possible wave speed for solutions of (3.58). The conventional phase plane method to find minimum wave speed will not
work in our situation here. Since near the wave fronts, population levels are low and hence they grow approximately exponentially. We therefore
looking for admissible exponential solutions near the wave fronts. Linearizing (3.58) about P = Q = N = 0 and let Pe-ξz, Qe-ξz, Ne-ξz be the
leading terms of P(z), Q(z), N(z), respectively. We obtain

ξ2P−υξP+[ g(c0)−f(c0) ]P=0,ξ2Q−υξQ+f(c0)P−h(c0)Q=0,−υξN+h(c0)Q=0.      (3.59)

This is equivalent to Ax = 0, where x = (P, Q, N)T , 0 = (0, 0, 0)T, and

A=(ξ2−υξ+[ g(c0)−f(c0) ]00f(c0)ξ2−υξ−h(c0)00h(c0)−υξ).



Thus for nontrivial solutions, we must have det (A) = 0. This yields

ξ=12(υ±υ2−4[ g(c0)−f(c0) ]).

Since P, Q and N must be positive, we require ξ to be real, so that

υ2≥4[ g(c0)−f(c0) ].

Hence we have established the existence of a minimum possible wave speed

υmin=2g(c0)−f(c0).

Many population models have traveling wave solutions traveling at their minimum speed and this is confirmed by numerical simulations for the
Sherratt-Chaplain model (3.56) in Figure 3.6.

3.7 A model of in vitro glioblastoma growth
Glioblastoma multiforme (GBM) is an aggressive and fatal brain cancer. It is characterized by fast proliferation, stealthy infiltration and speedy
migration, which contributes to the difficulty of treatment. Models of this type of cancer growth often include two separate equations to model
proliferation or migration [12]. Stepien et al. [17] proposed a single equation which uses density-dependent diffusion to capture the behavior of
both proliferation and migration. This single equation model is amenable for mathematical analysis, including the existence of traveling wave
solutions and the minimum speed of such solutions. The solution of this model matches well with in vitro experimental data and the accuracy is
comparable to a two population model in Stein et al. [16]. The material of this section is adapted from that of Stepien et al. [17].

3.7.1 Model formulation

The growth and diffusion of glioblastoma cells are governed by many processes including, but not limited to, random diffusion, chemotaxis,
haptotaxis, cell-cell adhesion, cell-cell signaling, and microenvironmental cues such as oxygen and glucose. In Stein et al. [16], two human
astrocytoma U87 cell lines are implanted into gels—one with a wild-type receptor (EGFRwt) and one with an over expression of the epidermal
growth factor receptor gene (ΔEGFR). The resulting spheroids were left to grow over 7 days and imaged every day. One of the fundamental
questions with tumor growth is its speed of advancing. The images allow us to approximate the tumor growth speed. However, it is highly
desirable to quantify tumor spread, not just computationally, but also analytically.

The two population model proposed by Stein et al. [16] models the movement of the migratory cells (ui) based on the experiment described
above. The radius of the tumor core is modeled as increasing at a constant rate based on the experimental data. The model of Stein et al. [16]
assumes that the tumor cells leave the tumor core and become invasive cells to invade the collagen gel at the edge of the tumor core. Their model
takes the form of

∂ui(r, t)∂t=D∇2ui︸diffusion+gui(1−uiumax)︸logistic growth−vi∇r⋅ui︸taxis+sδ(r−R(t))︸shed cells from core,      (3.60)

where ui represents the invasive cells of the tumor at radius r and time t.

As the core of the tumor increases, cells are shed from the front of the expanding core to become invasive cells. Parameter D is the diffusion
constant, g is the growth rate, umax is the carrying capacity, vi is the degree at which cells migrate away from the core, s is the amount of cells
shed per day, and δ is the Dirac delta function. The radius of the tumor core is modeled by R(t) = R0 + vct, where R0 is the initial radius of the
tumor core and vc is the constant velocity at which the tumor core radius increases according to the data.

Stepien et al. [17] formulated a single equation model from a similar base. They considered a density-dependent convective-reaction-diffusion
equation for the tumor cells u(x, t) which takes the form of

∂u∂t=∇⋅(D(uumax)∇u)︸density-dependent diffusion+gu(1−uumax)︸logistic growth−sgn(x)vi∇⋅u︸taxis,      (3.61)

where they consider the equation in Cartesian coordinates but assume there is radial symmetry. Parameters g and vi are as in equation (3.60),
but now they are in relation to the entire tumor cell population instead of just the invasive cell population. The proliferating cells are assumed to
diffuse slowly but grow in population more quickly. On the other hand, the migrating cells diffuse quickly, traveling far in a short amount of time, but
do not grow in population as quickly. Due to slow movement, proliferating cells tend to be in a location with higher cell density. Experimental work
from Stein et al. [16] suggests that diffusion is large for areas where the cell density is small (the migrating tumor cells), but diffusion is small
where the cell density is large (the proliferating tumor cells). This relation could possibly be explained by cell–cell adhesion. To capture this, we let

D(u)=D1−D2(u)nan+(u)n.      (3.62)

For biologically relevant parameters, we assume that D1, D2, g, a, and νi are all positive, n > 1, and D2 ≤ D1 to avoid “negative” diffusion, which
can be a problem both biologically and numerically.

3.7.2 Traveling wave system properties

We would like to explore the existence of traveling wave solutions of (3.61) using the routine phase plane analysis.

Similar to Stein et al. [16], we consider (3.61) in one spatial dimension only. In this case, the governing equation is

∂u∂t=D(uumax)∂2u∂x2+1umaxD′(uumax)(∂u∂x)2−vi∂u∂x+gu(1−uumax).      (3.63)

To simplify our analysis, we rescale the above equation with the following transformations

t*=gt,x*=xg,u*=uumax.      (3.64)

Let



υ=vig,      (3.65)

and, dropping the asterisks and dividing through by gumax, we obtain

∂u∂t=D(u)∂2u∂x2+D′(u)(∂u∂x)2−υ∂u∂x+u(1−u).      (3.66)

A traveling wave solution of (3.66) is a solution of the form

u(x, t)=w(x−kt),      (3.67)

where k ≥ 0 is the speed of the traveling wave and the function w(z) = w(x − kt) is defined on (−∞, ∞) and satisfies

limz→−∞ω(z)=1,limz→∞ω(z)=0.      (3.68)

Substituting (3.67) into (3.66) results in the following equation

w″(z)+1D(w(z))((k−υ)w′(z)+D′(w(z))(w′(z))2+w(z)(1−w(z)))=0.      (3.69)

As usual, we convert (3.69) to a phase plane system of first-order ordinary differential equations,

w′=y,      (3.70a)

y′=−1D(w)((k−υ)y+D′(w)y2+w(1−w)).      (3.70b)

This system has exactly two steady states, (w, y) = (0, 0) and (w, y) = (1, 0).

The Jacobi matrix evaluated at (1, 0) is

J(1, 0)=(011D(1)−(k−υ)D(1)),      (3.71)

from which we have det J(1,0)=−1D(1)<0, implying (1, 0) is a saddle point.

The Jacobian matrix evaluated at (0, 0) is

J(0,0)=(01−1D(0)−(k−υ)D(0)),      (3.72)

from which we have det J(0,0)=1D(0)=1D1>0 and assuming that k > v, then tr J(0,0)=−(k−υ)D1<0 and (0, 0) is a stable node or spiral. Since a
stable spiral cannot result in physiologically relevant solutions, we must have the origin as a stable node. In other words, we must have the
eigenvalues of J(0, 0) as negative numbers. This implies that

k≥kmin=2D1+v,      (3.73)

which in terms of the original dimensional equation (3.63) is

k≥kmin=2D1g+vi.      (3.74)

3.7.3 Existence of traveling wave solutions

We would like to establish the following result on the existence of traveling wave solutions in the partial differential equation (3.66).

Theorem 3.1

There exists a traveling wave solution (3.67) of the partial differential equation (3.66) with boundary conditions u(x, t)→1 as x→−∞ and u(x, t)→0
as x→∞ with 0 < u(x, t) < 1, whose orbit connects the steady states u ≡ 0 and u ≡ 1 if and only if (3.73) is satisfied.

To this end, we would like to construct a positively invariant region in which to trap the unstable manifold of the saddle point. Figure 3.7 illustrates
such a trapping region and the heteroclinic orbit connecting the two steady states for a set of parameters generated by fitting the model (3.61) to
the data reported in Stein et al. [16].

Figure 3.7



Phase portrait of the system (3.70) with parameter values D1 = 5.5408 × 10−6, cm2/day, D2 = 5.3910 × 10−6, cm2/day, a = 0.021188 cells/cm3,
n = 1.2848, g = 0.49120/day, νi = 4.6801 × 10−5cm/day. The solid curve is the unstable manifold, the dashed horizontal line segment is �1, the
dotted slanted line is �2 (3.78) parallel to the eigenvector associated to the most negative eigenvalue of J(0, 0), and the dash-dotted vertical line
segment is �3 (3.79). Arrows show direction of flow. The nondimensionalwave speed k=2D1+υ=2D1+vi/g≈0.0047746

Observe that the solution of the system (3.70) across the line segment

�1={ (w, y):0≤w≤1, y=0 }      (3.75)

perpendicularly downwards. Consider also the line parallel to the eigenvector corresponding to the more negative eigenvalue of the linearized
system at (0, 0), i.e.,

y(w)=α0w,      (3.76)

with

α0=12D(0)(−(k−υ)−(k−υ)24D(0))<0.      (3.77)

We define

�2={ (w,y):0≤w≤1, y=α0w }      (3.78)

and

�3={ (w,y):w=1, α0≤y≤0 }.      (3.79)

We would like to show that there is a value k such that the triangle � formed by �1, �2 and �3 is positively invariant with respect to the solutions
of the system (3.70). To this end, we would like to first establish the following key statement.

Lemma 3.1

The flow at any point along the line y(w) = α0w, for w ∈ (0, 1], crosses that line in the positive y direction for k sufficiently small.

Proof

A normal vector to the graph of (w, α0w) pointing in the positive y direction is (−α0, 1). Along the line y(w) = α0w, the system (3.70) becomes

w′=α0w,      (3.80a)

y′=−1D(w)((k−υ)α0w+D′(w)α02w2+w(1−w)).      (3.80b)

We would like to choose k so that the solution of the phase plane system (3.70) cross the line y(w) = α0w and into the triangle region � . This is
equivalent to requiring that the inner product (−α0, 1) (wʹ, yʹ) ≥ 0 along the graph of (w, α0w) which implies

−α02w−1D(w)((k−w)α0w+D′(w)α02w2+w(1−w))≥0,      (3.81)

which can be rearranged as

−α0wD(w)(α0D(w)+(k−υ)+D′(w)α0w+1−wα0)≥0.      (3.82)

Since α0 < 0 and D(w) > 0 for w ∈ (0, 1], we have

α0D(w)+(k−υ)+D′(w)α0w+1−wα0≥0.      (3.83)

Since (3.83) must hold for all w ∈ [0, 1], then we obtain the condition

k≥υ−maxw∈[ 0, 1 ]{ ddw(D(w)(α0w))−w(1−w)α0w }.      (3.84)

However, since α0 depends on k, substitute (3.77) into (3.84), and after tedious algebraic manipulation the inequality becomes (we leave the
details as an exercise)

k≤υ+minw∈[ 0, 1 ]{ D(w)+wD′(w)−D1(1−w)w(D(w)+wD′(w)−D1) }.      (3.85)

Consider the function

h(w)=D(w)+wD′(w)−D1(1−w)w(D(w)+wD′(w)−D1).      (3.86)

The minimum of h(w) is attained in the interior of the domain [0, 1] if hʹ(w) = 0 for some w ∈ (0, 1). This means that either (i)
D1(1+w)−ddw(wD(w))=0 (ii) D1−D(w)+wddw(wD′(w))=0. In case (i), this means that the diffusion function must be of the form
D(w)=D1(1+w)+C1w, where C1 is an arbitrary constant. In case (ii), the diffusion function must be of the form D(w)=D1+C1w2−1w+iC2w2−12,
where C1 and C2 are arbitrary constants. Since our diffusion function (3.62) is of neither of these forms, the minimum cannot be attained in the
interior of [0, 1] and must be attained at either of the endpoints w = 0 or w = 1.

Since h(w) tends to infinity as w→0 (assuming that parameter n > 1), then the minimum occurs at w = 1, and thus if the condition

k≤υ+D(1)+D′(1)D(1)+D′(1)−D1=υ+(a+1)2D1+(1+a+an)D2(a+1)(1+a+an)D2      (3.87)

is satisfied, then the lemma holds.

Since



2D1≤(a+1)2D1+(1+a+an)D2(a+1)(1+a+an)D2,      (3.88)

the flow across the line �2 is in the positive y direction for at least the minimum wave speed k. For larger speeds, the nonlinearities of the system
require that �2 be nonlinear such that

k≤υ−maxw∈[ 0, 1 ]{ ddw(D(w)f(w))−w(1−w)f(w) },      (3.89)

is satisfied for some function f where f (0) = 0 and f (w) < 0 for w ∈ (0, 1]. The minimum wave speed is determined by taking the infimum on the
set of functions f (Sánchez-Garduño et al. [14]).

The flow across �3 is in the negative w direction. Hence � is a positively invariant set for system (3.70).

We are now ready to prove Theorem 3.1.

Proof

We first show that the unstable manifold of the saddle at (1, 0) remains in the region � all the time.

The vertical (yʹ = 0) nullclines are the solutions to the quadratic equation

D′(w)y2+(k−υ)y+w(1−w)=0,      (3.90)

which are

y+(w)=12D′(w)(−(k−υ)+(k−υ)2−4D′(w)w(1−w)),      (3.91a)

y−(w)=12D′(w)(−(k−υ)−(k−υ)2−4D′(w)w(1−w)),      (3.91b)

Since k > v, the slope of the y+ nullcline at w = 1 is

y′+(1)=1k−υ>0,      (3.92)

and the eigenvector of the linearized system corresponding to the positive eigenvalue at the saddle point (1, 0) is

η→=(1,12(−(k−υ)D(1)+(k−υD(1))2+4D(1)))T.      (3.93)

All trajectories that leave the point (1, 0) in the region  = {(w, y) : 0 ≤ w ≤ 1, y ≤ 0} have the tangent vector η̃ at (1, 0). Comparing the slope of
eigenvector η̃ and the slope of the y+ nullcline at the point (1, 0), we find that the slope of η̃ is less than the slope of y+. Therefore, trajectories
leaving point (1, 0) leave above y+. Since the flow across the nullcline y+ is horizontal in the negative w direction, and y+ is contained in � near
w = 1, the unstable manifold of the saddle at (1, 0) has nonempty intersection with �. For the same reason (the flow across the nullcline y+ is
horizontal in the negative w direction), y+ can not intersect � ∈ for w ∈ (0, 1) since otherwise, the flow will cross � ∈ and leaves

�.

Therefore, the unstable manifold of the saddle at (1, 0) remains in the region � for all time, and furthermore, the ω-limit set of the corresponding
orbit is also in �. Since w' = y ≤ 0 within �, by the Poincaré–Bendixson theorem, there are no periodic orbits or equilibrium points in the
interior of �. The ω-limit set must be contained in the boundary of �, and therefore, the ω-limit set is (0, 0).

Hence, there exists a heteroclinic orbit connecting the equilibrium points (w, y) = (0, 0) and (w, y) = (1, 0) as long as the condition (3.73) is
satisfied, which implies that a traveling wave solution exists, at least for the minimum speed Kmin=2D1+v.

Numerical simulation results confirm that the wave speed of the invasive cells is constant and satisfies condition (3.74) [17].

3.8 Derivation of one-dimensional conservation equation
A starting point of formulating many partial differential equations is the conservation equation, which is also referred as the balance equation. In
this section, we provide a rigorous derivation of the one-dimensional conservation equation. The word of “cells” can be replaced by “populations”
or “particles”.

Figure 3.8

An illustration for the derivation of the one dimensional conservation equation.

To this end, we define the following notations:

u(x, t) = concentration of cells at (x, t),
A(x, t) = the area of cross section at (x, t),



J(x, t) = cell flux at (x, t) which is the number of cells crossing a unit area at x in the positive direction in a unit of time,
p(x, t) = rate of cells produced or died in a unit volume at (x, t).

With the above notations, we can derive the conservation equation in a tubular flow. Let N(x, a, t) be the total number of cells located within the
tube in the interval of (x, x + a) at time t, then

N(x,a,t)=∫xx+au(s, t)A(s, t)ds.      (3.94)

Let P(x, a, t) be the net cell production or death within the tube in the interval of (x, x + a) at time t, then

P(x,a,t)=∫xx+ap(s, t)A(s, t)ds.      (3.95)

The law of conservation of cells implies that

∂N(x,a,t)∂t=J(x, t)A(x, t)−J(x+a, t)A(x+a, t)+P(x, a, t).      (3.96)

Dividing both sides of the above equation by a and letting a tend to zero yields the following general one dimensional conservation equation

∂(u(x, t)A(x, t))∂t=−∂(J(x, t)A(x, t))∂x+p(x, t)A(x, t).      (3.97)

The most common cell movement is diffusion. It is the result of random motion and can be described by the so-called Fick’s law, which amounts
to say that the cell flux due to random motion is proportional to the cell gradient

J(x,t)=−D∇u(x, t).      (3.98)

Assume that the cell flux is purely driven by random motion and the area of cross section is constant, then equation (3.97) is reduced to the
following one dimensional reaction diffusion equation which is often seen in the literature

∂u(x, t)∂t=D∂2u(x, t)∂x2+p(x, t).      (3.99)

3.9 Exercises
Exercise 3.1: Consider the equilibrium nutrient profile for model (3.11).

1. Calculate the general solution of model (3.11) for ∂σ/∂t = 0. By general, we mean do not impose the boundary conditions.

Solution:

σ(r,⋅)=C1sinh(ADr)+C2cosh(ADr)r,

where C1 and C2 are integration constants.

2. Now suppose σ is bounded for all r ∈ (0, R0), and set σ(R0,·) = σ∞. We impose no other conditions. What is the equilibrium nutrient profile
under these conditions?

Solution:

σ(r,⋅)=σ∞R0Sinh(ADr)rsinh(ADR0).

3. Graph this solution on r ∈ (0, 1) assuming all parameters are unity. Ignore the no-flux (Neumann) boundary condition, but impose the outer
boundary (Dirichlet) and boundedness conditions.

Solution: See Fig. 3.9.

Figure 3.9

Equilibrium nutrient profile of model (3.11).

Exercise 3.2: Make the substitution u = rσ into model (3.11); what now is the model’s form? What insight do you gain from this change in form?

Solution:



∂u∂t=D∂2u∂r2−Au.

Exercise 3.3: Show that solutions to model (3.11) cannot become negative for any initial distribution σ(r, 0) = σ0(r) ≥ 0 for all r ∈ (0, R0).

Exercise 3.4: Assume that Ri > 0 in equation (3.13). Let h = R0 − Ri and γ = Ri/R0. Show that equation (3.13) implies

h2=6D(σ∞−σl)A(1+2γ)≤6DA(σ∞−σl).      (3.100)

If γ tends to 1, then h2 tends to2DA(σ∞−σl)

Exercise 3.5: (The next four exercises are adapted from material in Chapter 8 of the book of Britton [1].) Assume that the living cells in a multicell
spheroid (MCS) proliferate at a rate of P and die at a rate of L. Assume the MCS has a volume of V (t) and its necrotic core has a volume of Vi(t).
Assume further that the mass density of the MCS is the same everywhere. Show that

dVdt=P(V−Vi)−LVi.      (3.101)

Assume the MCS has a radius R and its necrotic core has a radius Ri. Show that if the MCS has a finite eventual size (i.e., the limit of V (t) is
finite), then we have

limt→∞Ri3R3=PP+L.      (3.102)

Exercise 3.6: As in the previous exercise, assume that the living cells in a MCS proliferate at a rate of P and die at a rate of L. Assume that the
mass density of this MCS is ρ(r, t) and the velocity field of the cells in this MCS is v(r, t) = ∇v. Assume the MCS has a radius R and its necrotic
core has a radius Ri.

1. Use the mass conservation law to show that the density function satisfies the following equations

∂ρ∂t=−ρL−∇⋅(ρv), r∈(0, Ri),∂ρ∂t=ρP−∇⋅(ρv), r∈(Ri,R).      (3.103)

2. Assume that the densities of the tumor in the necrotic core and the proliferative layer are constants. Show that the conservation of mass
equation become (Hint: Use the gradient formula in spherical polar coordinates which can be found in Section C.2.3 in [1].)

∇.v=1r2∂(r2υ)∂r=−L, r∈(0, Ri),∇.v=1r2∂(r2υ)∂r=P, r∈(Ri, R).      (3.104)

Show that υ(r)=13Pr−13(P+L)Ri3R2.

3. Observe that

dR(t)dt=υ(R(t)).

Show that

dR(t)dt=13PR(1−P+LPRi3R3).      (3.105)

Show that if L is much smaller than P and h = R − Ri, then R can be approximated by 3h(P + L)/L.

Exercise 3.7: In many situations, tumors grow around microvessels which supply them nutrient and hence take the shape of circular cylinders. This
form of tumor is referred as tumor cord. Tumor cords are one of the fundamental forms of solid tumors.

Let C(r, t) be the concentration of the most limiting nutrient for the growth of the tumor cells at time at radius r from the microvessel. Assume C(r, t)
satisfy the following growth equation

∂C∂t=D∇2C−k,      (3.106)

where D is the constant diffusion coefficient and k is a constant standing for the limiting nutrient uptake rate.

1. Using cylindrical coordinate, convert equation (3.106) into an equation in terms of the radius. Let c(r) be the steady state solution of the
resulting equation. Show that

c(r)14kDr2+A ln r+B.

2. Find the maximum outer radius of a tumor cord without necrotic cylindrical shell.

3. Find the limit of the band width of the necrotic cylindrical shell when the outer radius is large relative to it.

Exercise 3.8: Intermediate levels of nutrient may sustain tumor cells but often not enough for them to proliferate. This is often viewed as a
mechanism explaining the existence of a quiescent layer of tumor cell sandwiched between the proliferative layer and the necrotic core.
Formulate such a model with appropriate boundary conditions. Carry out a systematic mathematical analysis similar to the previous exercise.

Exercise 3.9: Substitution (3.26) leading to the differential equation (3.31) is due to Greenspan (see Section 3.4). Use differential equations
(3.22) and (3.31) to reproduce Greenspan’s figure 2, from τ = 0 to τ = 20. Why, biologically, do ξ(τ) and η(τ) vary as they do with changes in γ?

Exercise 3.10: Solve equation (3.31), with initial conditions ξ0 = 1, x0 = 0.

Exercise 3.11: Prove propositions (3.1) and (3.2).

Exercise 3.12: Reproduce Figure 6 in Greenspan [5].

Exercise 3.13: Reproduce Figure 2 in [15].



Exercise 3.14: Assume that the growth dynamics of an avascular cancer cell population can be described by the following reaction-diffusion
equation with logistic growth form, also known as Fisher equation.

∂P∂t=D∂2P∂x2+rP(1−P).      (3.107)

1. Show that traveling solutions to (3.107) must satisfy

dP/dz=-S,dS/dz=rDP(1-P)-vDS.      (3.108)

2. Show that if v > 2(rD)1/2, then (3.107) has a biologically meaningful traveling solution of the form p(x, t) = P(x − vt) (Hint: you need to show
that the heteroclinic orbit is positive. A good reference on this is the section 18 in Kot (2001) [8]).

3. Linearizing (3.108) ahead of the wave (about P = θ, S = 0) and assuming P(z) − θ = Pe−bz, S(z) = Se−bz to leading order. Show that in
order to have b > 0, we must have v > 2(aD)1/2.

Exercise 3.15: Assume that the growth dynamics of an avascular cancer cell population can be described by the following equation

∂P∂t=D∂2P∂x2+rP(P−θ)(1−P),θ∈(0, 1).      (3.109)

1. Show that traveling solutions to (3.109) must satisfy

dP/dz=−S,dS/dz=rDP(P−θ)(1−P)−υDS.      (3.110)

2. Show that if v > (rD)1/2, then (3.109) has a biologically meaningful traveling solution of the form p(x, t) = P(x − vt). (Hint: you need to show
that the heteroclinic orbit is positive.)

3. Linearizing (3.110) ahead of the wave (about P = θ, S = 0) and assuming P(z) − θ = Pe−bz, S(z) = Se−bz to leading order. Show that in
order to have b > 0, we must have v > 2(rθ(1 − 0)D)1/2.

Exercise 3.16: Show that the condition

k≥υ−maxw∈[ 0,1 ]{ ddw(D(w)(α0w))−w(1−w)α0w }

and

α0=12D(0)(−(k−υ)−(k−υ)2−4D(0))

implies that

k≥υ+minw∈[ 0,1 ]{ D(w)+wD′(w)−D1(1−w)w(D( w)+w D ′( w)− D 1) }.

3.10 Projects
We propose some natural alternative approaches to Greenspan’s [5] modeling efforts. These ideas may be pursued by students as a class
project or pursued in an extensive fashion by seasoned researchers leading to possible publications.

3.10.1 Nutrient limitation induced quiescence

Develop a model in which there is only nutrient (no inhibitor), and quiescence and necrosis arise from lack of nutrient. In particular, there are two
thresholds: σq and σn with σq > σn. Cells become necrotic wherever σ ≤ σn, and living cells become quiescent wherever σ ≤ σq. Compare the
dynamics and implications of this model with those of Greenspan’s. Devise an experimental test to differentiate between these two hypotheses.

3.10.2 Inhibitor generated by living cells

Rederive and reanalyze Greenspan’s model with the assumption that the inhibitor is some sort of chemical produced by living cells instead of
necrotic ones. All other assumptions remain unchanged.

3.10.3 Glioblastoma growth in a Petri dish or in vivo

Study the dynamics and the traveling wave solution for the Stepien et al. model (3.61) in a disc domain. One can transform their model into an
one-spatial-dimensional equation using radial symmetry.

One can also study the dynamics and the traveling wave solution for the Stepien et al. model (3.61) in vivo and assume the tumor takes the shape
of a sphere. One can again transform their model into an one-spatial-dimensional equation using radial symmetry.

Moreover, one can formulate various plausible two population reaction diffusion models to probably capture additional properties of the go or
grow population interaction.

3.10.4 A simple model of tumor-host interface

Gatenby et al. hypothesized that the tumor-host interface of an invasive cancer is similar to a traveling wave in which the tumor edge represents
the wave front propagating into the surrounding normal tissue [4]. To see if this can be confirmed by some plausible mathematical model, they
considered the following system of reaction-diffusion equations of Lotka-Volterra type. For simplicity, they considered one dominant tumor
population, T, interacting with one dominant native (normal) cell population, N:

∂N∂t=DN∂2N∂x2+rNN(1−NKN−bNTTKN),∂T∂t=DT∂2T∂x2+rTT(1−TKT−bTNNKT).      (3.111)

where rN and rT are maximum growth rates of normal cells and tumor cells; KN and KT denote the maximal normal and tumor cell densities; bNT



and bTN are the lumped competition terms; DN and DT are cellular diffusion constants.

It can be shown that the trivial steady state (0, 0) is unstable state and hence is biologically irrelevant.

The steady state (KN, 0) corresponds to the tumor free state. One can show that solutions with positive initial values will tend to this state if both
bTN KN/KT > 1 and bNT KT/KN < 1. If the starting point is close to N = KN, T = 0, only the first condition is needed.

The steady state N = 0, T = KT corresponds to the situation that tumor invasion with total destruction of nearby normal cells. It can be shown that
solutions with positive initial values will tend to this state if both bTNKN/KT < 1 and bNT KT /KN > 1. If the starting point is close to N = 0, T = KT ,
only the second condition is needed.

The positive steady state (N*,T*)=(KN−bNTKT1−bNTbTN,KT−bTNKN1−bNTbTN) corresponds to coexistence of tumor and normal cells. The
solutions tend this state if both bNT KT/KN < 1 and bTNKN/KT < 1. One limitation of this model is that if the carrying capacities KN and KT are
limited only by space, this state of coexistence is biologically impossible since if both bTN and bNT are very small, N* will be approximately
equals to KN and T* will be approximately equals to KT and hence N*/KN + T*/KT > 1, violating the spatial constraint rule.

It can be shown that if the tumor invasion is possible (equivalent to say that the steady state N = 0, T = KT is stable which in turn requires
bTNKN/KT < 1 and bNT KT /KN > 1), the propagation speed of total tumor invasion into the tumor free state is given by

υTN≥2rTDT(1−bTNKN/KT).      (3.112)

Since KT is approximately the same as KN, the above inequality implies that tumor invasion is likely if bNT is large, and bTN is small. This
amounts to say that the presence of tumor has a significantly adverse effect on the normal cell population but not the other way around. On the
other hand, if both bTNKN/KT > 1 and bNT KT /KN < 1 are true, then the normal cells can recover from tumor invasion with a speed

υNT≥2rNDN(1−bNTKT/KN).      (3.113)

A key finding of this modeling effort is that tumor treatment must find ways to change some of the crucial parameters related to the tumor-host
interaction in order to be successful. The usual slash and burn approach will not change the tumor-host interaction and hence will do little to
reverse the tumor invasion.

There are several alternative ways this interesting research topic on tumor-host interaction can be considered. For examples, the linear diffusion
terms can be replaced by the cross diffusion terms such as in the work of Sherratt and Chaplain [15] or the density dependent diffusion in Stepien
et al. [17].

There are also many other possibly more realistic ways to describe the tumor and host interaction functions. It will be especially interesting to also
include explicitly a limiting nutrient which is required by both tumor and normal cells.
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Chapter 4

Physiologically Structured Tumor Growth
4.1 Introduction
In this chapter we further explore the hypothesis explaining Gompertz-like tumor growth kinetics proposed by Gyllenberg and Webb. They
extended their original quiescence model (section 2.4) to a more sophisticated framework that increases the realism beyond what simple models
from Chapter 2 can handle. This new framework also introduces an important modeling feature—physiological stage structure (see [9] for an
introduction to such models; detailed theory can be found in [4, 5]). These models, like the MCS models of Chapter 3, are based on partial
differential equations.

Recall that Gyllenberg and Webb’s original model (2.64, section 2.4) assumes that, besides being proliferative or quiescent, all cells are
otherwise identical [7]. In a follow-up paper [8] they relax this assumption and allow tumor cells to vary in size and cell cycle progression.

In the type of model Gyllenberg and Webb used, one studies an object of the form,

P(x,y,t)=∫xyp(s,t)ds,      (4.1)

where P(x, y, t) is interpreted as the number of cells between sizes (alternatively stages or ages) x and y at time t. The density function p(s, t) is
defined on some physiological domain, S, of possible sizes or stages. Intuitively, we tend to equate the biological and mathematical concepts of
“density” by calling p(s, t) cell density. However, at a point s ∈ S, “cell density” p(s, t) has no intuitive meaning. It simply generates the population
size via integration. Also, at this point we avoid the temptation to make the common claim that p(s, t) ds is the number of cells on the interval (s, s
+ ds), which is really correct only approximately. That approximation will be made explicit below.

Gyllenberg and Webb interpret P(x, y, t) as the number of physiologically active (growing or proliferating) cells with a size between x and y in a
tumor at time t. Similarly, they define the number of quiescent cells (neither growing nor proliferating) between u and v at time t to be

Q(u,υ,t)=∫uυq(s,t)ds.      (4.2)

The total number of active and quiescent cells is therefore

P(t)=∫0∞p(s,t)dsandQ(t)=∫0∞q(s,t)ds,      (4.3)

respectively, and the total cell population is

N(t):=P(t)+Q(t).      (4.4)

4.2 Construction of the cell-size structured model
Our goal here is to motivate Gyllenberg and Webb’s size structured model in an intuitive way. The theory of physiologically structured models like
this one is explored in detail in a number of excellent sources [2, 3, 9, 11]. We develop the theory in some detail, focusing on a biological way of
thinking, because this very important and useful class of models has largely gone unnoticed by the medical modeling community.

In biology, population-level models are almost always built from assumptions on the behavior of individuals composing them, although often these
assumptions are implicit. The population level model therefore represents some sort of average, either an average across individuals in a
population or across repeated runs of an implicit stochastic process, what is referred to by physicists as the ensemble average. Here we make
these assumptions explicit. In particular, each individual cell is assigned a particular value of an attribute we will call “size,” s(t), at time t. Although
we call it size, s could represent biomass, amount of a critical nutrient, critical macromolecule, position in the cell cycle or any other continuous
measure of maturity. Whatever it represents, s is the structuring variable, making this a physiologically structured model. In this setting we
construct two models: one for cell growth and another for proliferation. The model is presented schematically in Fig. 4.1.

Figure 4.1

Schematic representation of the size structured Gyllenberg-Webb model. Function definitions and explanations are given in the text.

Cell size, s, is limited to a subset of + as a consequence of two assumptions: (1) new cells arise only from division of existing cells, and (2) cells
can divide only if they are large enough; that is, the probability of division is positive only for s ∈ (s0, s1], where s1 is finite. Cells may grow larger
than s1, but if they do the model loses track of them because it is further assumed that cells cannot shrink and thereby reenter the proliferative
class. Furthermore, cells cannot divide twice without a growth phase in between; in other words, we assume that s1/2 < s0. Finally, cell division is
symmetrical. Therefore, the natural domain of the cell growth model is s ∈ [(1/2)s0, s1], and we can limit

N(t)=∫12s0s1p(s,t)ds+∫12s012s1q(s,t)ds=P(t)+Q(t).      (4.5)

Active cell growth is modeled by the continuously differentiable function g(s), s ∈ [(1/2)s0, s1]. Function g(s) defines the per capita growth rate of
active cells of size s, so

ds(t)dt=g(s).      (4.6)

We assume that g(s) is almost always positive (active cells always grow).

Active cell proliferation is governed by a function, b(s), s ∈ [(1/2)s0, s1], assumed to be continuous, positive on the interval (s0, s1), but 0
elsewhere on its domain; therefore, b(s0) = b(s1) = 0.

When a cell divides, its daughters have a certain probability of entering quiescence instead of the active class. This probability depends on the
mother cell’s size and the total number of cells in the tumor. In particular, transition to quiescence is governed by a continuous function r(s, N), s ∈
[(1/2)s0, (1/2)s1], N ∈ [0, ∞). The function r(s, N) is interpreted as the average number of daughter cells that become quiescent. Therefore,

r:[ (1/2)s0,(1/2)s1 ]×[ 0,∞ )↦[ 0,2 ).

Note that by assumption the probability of entering quiescence is never 1.

Quiescent cells neither grow nor divide. They may, however, reactivate their growth programs, which is assumed to occur at rate ρ(s, N). The
reactivation function ρ is continuous on the interval [(1/2)s0, (1/2)s1]. Both active and quiescent cells die at rates µP (s) and µQ(s), respectively.
Both µP and µQ are continuous and nonnegative on [(1/2)s0, s1] and [(1/2)s0, (1/2)s1], respectively.

Consider s ∈ (s0/2, s1/2) and a tiny interval [s − Δs/2, s + Δs/2], Δs≪1. To model the proliferative cell time dynamics on this interval of length Δs
centered on s we start with the cell conservation law on a tiny time interval, Δs≪1:

(Cells at timet+Δt)−(Cells attime t)=(Cells enteringat age s^−Δs/2)−(Cells leavings^+Δs/2)−(Cells leavingfor division)+(reactivationfrom quiscence)+Births−Deaths.      (4.7)

It is easy to see that

(Cells at timet+Δt)−(Cells attime t)=∫s^−12Δss^+12Δs[ p(s,t+Δt)−p(s,t) ]ds.      (4.8)

From the assumptions above one can see that cells enter and leave our size interval in four ways and their quantities in this tiny time interval can
be expressed accordingly:

1. Cells entering at age s − Δs/2:

∫tt+Δtg(s^−Δs/2)p(s^−Δs/2,τ)dτ.      (4.9)

2. Cells leaving at age s + Δs/2:

∫tt+Δtg(s^+Δs/2)p(s^+Δs/2,τ)dτ.      (4.10)

3. Cells “leaving” via division:

∫tt+Δt∫s^−12Δss^+12Δsb(s)p(s,τ)dsdτ      (4.11)

4. Reactivation from quiescence:

∫tt+Δt∫s^−12Δss^+12Δsρ(s,N)q(s,τ)dsdτ.      (4.12)



∫tt+Δt∫s^−12Δss^+12Δsρ(s,N)q(s,τ)dsdτ.      (4.12)

5. Birth or proliferation (Cell division). Because cell division is symmetrical, new cells are precisely half their mothers’ size. Therefore, the
amount of new cells “born” into the interval s ∈ [s − Δs/2, s + Δs/2] from the interval s̄ ∈ [2s − Δs, 2s + Δs] in the period of [t, t + Δt] is

∫tt+Δt∫2s^−Δs2s^+Δsb(s¯)p(s¯,r)ds¯dτ=2∫tt+Δτ∫s^−12Δss^+12Δsb(2s)p(2s,τ)dsdτ.      (4.13)

Intuitively, the leading factor of 2 represents a “compression” effect; mother cells in a given size interval contribute daughters to a size
interval exactly half as large. Alternatively, think of a monolayer of cells completely covering the surface of a culture dish and imagine all the
cells dividing at the same moment. Then instantly the cell density (number of cells per unit surface area) would double. Upon division, new
cells immediately “choose” whether or not to enter quiescence. The number that return to the active class is, by definition of r(s, N),

∫tt+Δτ∫s^−12Δss^+12Δs2(2−r(s,N))b(2s)p(2s,τ)dsdτ,      (4.14)

while

∫tt+Δτ∫s^−12Δss^+12Δs2r(s,N)b(2s)p(2s,τ)dsdτ      (4.15)

become quiescent. Note that equations (4.9)–(4.15) hold for all s ∈ ((1/2)s0, s1).

6. Death. Dying cells leave the interval as follows:

∫tt+Δt∫s^−12Δss^+12Δsμp(s)p(s,τ)dsdτ.      (4.16)

Using the above expressions, we can restate the conservation law (4.8) as follows:

∫s^−12Δss^+12Δs[ p(s,t+Δt)−p(s,t)
]ds=∫tt+Δtg(s^−Δs/2)p(s^−Δs/2,τ)dτ−∫tt+Δtg(s^+Δs/2)p(s^+Δs/2,τ)dτ−∫tt+Δt∫s^−12Δss^+12Δsb(s)p(s,τ)dsdτ+∫tt+Δt∫s^−12Δss^+12Δsρ(s,N)q(s,τ)dsdτ+∫tt+Δτ∫s^−12Δss^+12Δs2(2−r(s,N))b(2s)p(2s,τ)dsdt−∫tt+Δt∫s^−12Δss^+12Δsμp(s)p(s,τ)dsdτ.      (4.17)

Dividing both sides by ΔsΔt and taking the limit as Δs, Δt → 0 yields the model for proliferative cells:

∂∂tp(s,t)+∂∂s[ g(s)p(s,t) ]=2(2−r(s,N(t)))b(2s)p(2s,t)+ρ(s,N(t))q(s,t)−b(s)p(s,t)−μP(s)p(s,t),      (4.18)

which holds for all s ∈ (s0/2, s1) and t > 0. A similar argument leads to the following model for quiescence:

∂∂tq(s,t)=2r(s,N(t))b(2s)p(2s,t)−μQ(s)q(s,t)−ρ(s,N(t))q(s,t),      (4.19)

for s ∈ (s0/2, s1/2) and t > 0. To preserve cell conservation, this model adopts the left-hand boundary condition that

p(s02,t)=0      (4.20)

for all t > 0. Finally we specify the initial distributions,

p(s,0)=ϕ(s), s∈(s0/2,s1),      (4.21)

and

q(s,0)=ψ(s), s∈(s0/2,s1/2).      (4.22)

4.3 No quiescence, some intuition
Model (4.18)–(4.22) is a natural extension of models originally proposed independently by a number of other authors [1, 10]. These foundational
models differ only in having no quiescence, so they are recovered by setting ρ and r identically to zero. Metz and Diekmann [9] analyze this
simplification in an intuitively clear way, so the following development is largely due to them.

A concept similar to R0 in epidemiology and pathology models can be developed for this type of model. In this context, R0 is the number of viable
new pathogens (or infections) produced by an existing pathogen (or infected person). An infection is therefore viable—the disease-free
equilibrium is unstable—when R0 > 1. The analogous concept here is the number of daughter cells an existing cancer cell produces that survive to
reproduce. We use πo to represent this analogue to R0.

One obtains π0 with the following intuitive argument. Imagine a cell of size s0, the minimum size at division. We ask, how many of this cell’s
daughters will themselves reach s0? Intuitively, this number depends on the probability of three events: event (A), the mother cell survives long
enough to grow from size so to some s ∈ (s0, s1]; event (B), the mother cell divides at this size s; and event (C), the daughters survive long
enough to grow from size s/2 to s0. Therefore, π0 is the sum (integral) over all s ∈ (s0, s1] of

2(Pr{ C|A,B }Pr{ B|A }Pr{ A }),

where Pr{X|Y} is the probability of event X given event Y . The factor of 2 represents the fact that each mother splits into two daughters.

1. Pr{A}. Consider a cohort of cells all of size so at time to. Let n(t) be the number of cells in this cohort at time t ≥ t0. No new cells are born into
this cohort, and cells can leave in only two ways: death, at rate µP (s); and division, at rate b(s). Therefore, this cohort’s dynamics is
described by the following system of differential equations:

dndt=−(μP(s(t))+b(s(t)))n(t),dsdt=g(s(t)),      (4.23)

with g(t0) = so and n(t0) = no. Solving for n(t) yields

n(t)=n0exp(−∫t0t[ μP(s(τ))+b(s(τ))dτ ]).      (4.24)

Substituting ξ = s(τ) in the right-hand-side of (4.24) yields

n0exp(−∫s0sμP(ξ)+b(ξ)g(ξ)dξ).      (4.25)

Formula (4.25) gives us the number of cells in the cohort that reach size s before dying or dividing, regardless of when they get there.
Therefore,

exp(−∫s0sμP(ξ)+b(ξ)g(ξ)dξ)      (4.26)

can be interpreted as the probability that a mother cell neither dies nor divides between sizes s0 and s ∈ (s0, s1].

2. Pr{B|A}. Let

∫abχ(s)ds,a≥s0,      (4.27)

be the fraction of cells that disappear (either die or divide) between sizes a and b. Therefore,

n0exp(−∫s0sμP(ξ)+b(ξ)g(ξ)dξ)=n0(1−∫s0sχ(s′)ds′).      (4.28)

Differentiating both sides gives us

χ(s)=μP(s)+b(s)g(s)exp(−∫s0sμP(ξ)+b(ξ)g(ξ)dξ).      (4.29)

We can roughly interpret χ(s)Δs, Δs≪1, as the joint probability per unit size that a cell in our cohort successfully grows from size s0 to size s,
and having done so, either divides or dies essentially “at s.” Notice that, by formula (4.26), the exponential term in (4.29) is the former
probability. Therefore, we can interpret

μP(S)+b(s)g(s)

as the conditional probability that a cell disappears at size s. Since “disappearing” includes two disjoint events—a cell cannot both die and
divide—we can partition χ(s) into

χ(s)=χμ(s)+χb(s)=μP(s)g(s)exp(−∫s0sμP(ξ)+b(ξ)g(ξ)dξ)+b(s)g(s)exp(−∫s0sμP(ξ)+b(ξ)g(ξ)),

where χµ(s) and χb(s) are the probabilities of growing from size s0 to s and then dying or dividing at s, respectively. Therefore, the
conditional probability we seek is

b(s)g(s)Δs.

3. Pr{C|A, B}. Using an argument similar to the one for Pr{A} above, we find that a newly minted cell of size s/2 survives to the reproductive
threshold s0 with probability

exp(−∫ξ/2s0μP(η)g(η)dη).      (4.30)

Putting all these arguments together and integrating for all ξ ∈ (s0, s1) yields

π0=2∫s0s1b(ξ)g(ξ)exp(−∫ξ/2ξμP(η)+b(η)g(η)dη)dξ.      (4.31)

We now have π0, our analog of R0 for tumor growth, which bears the same relation to viability its analog does; namely, π0 > 1 implies tumor
growth, and the reverse inequality implies tumor regression.

We now ask what perhaps may seem a surprising question. Suppose we wanted to stabilize this tumor so that it neither grew nor regressed. At
what (constant) rate would we have to add or remove cells on the interval ((1/2)s0, s1) to achieve such a stabilization? In other words, if the tumor
is growing, how fast do we have to kill cells to reach the “break-even” point in which every cell is replaced by exactly one of its daughters (or how
fast would we have to add cells if the tumor is regressing)?

To this end, we define σ ∈ (−∞, ∞) as this fictitious alteration rate of the reproductive cell population. In particular, we define σ such that σ > 0 is



the rate at which we remove cells, and σ < 0 is the rate at which cells are added. Therefore, σ is added as a constant per capita loss (if positive)
or source (if negative) term on the right-hand-side of equation (4.18). Repeating the computations above with σ added alters equation (4.31) to

π(σ)=2∫s0s1b(ξ)g(ξ)exp(−∫ξ/2ξσ+μP(η)+b(η)g(η)dη)dξ,      (4.32)

and so π(0) = π0. The alteration rate we seek therefore satisfies the characteristic equation

π(k)=1;      (4.33)

that is, when σ = k, we have achieved the “break-even” alteration rate, assuming such a (real) solution exists (see exercises). Here is the payoff:
under certain conditions, k is the Malthusian parameter, or what ecologists call the intrinsic growth rate of the tumor cell population. In particular,

k>0⇔π0>1⇒the tumor is growing.

(See Theorem 4.1 below for a restriction of this interpretation.)

4.4 Basic behavior of the model
Ultimately, we want an expression for p(s, t). Experience with the theory of differential equations leads us to suggest a test solution of the form,

p(s,t)=ϕ(s)ekt,      (4.34)

where k solves the characteristic equation (4.33). If this form is correct, then

∂∂tp(s,t)=kϕ(s)ekt.      (4.35)

Therefore, our model (equation (4.18), still assuming r = ρ = 0) becomes

∂∂sg(s)ϕ(s)=4b(2s)ϕ(2s)−b(s)ϕ(s)−μP(s)ϕ(s)−kϕ(s).      (4.36)

On the interval (s1/2, s1] there is no production of new cells, so 4b(2s)ϕ(2s) - 0 here. On this interval we can solve the differential equation (4.36)
to obtain

ϕ(s)=Cg(s)exp(−∫12s1sk+μP(ξ)+b(ξ)g(ξ)dξ),      (4.37)

where C is an integration constant which from here on we set to 1 without loss of generality.

On the remainder of the domain, (s0/2, s1/2], we have to account for production of new cells. But now we have an expression for ϕ(s) ∈ (s1/2, s1).
From boundary condition (4.20), we also have ϕ(s0/2) = 0. So we can solve model (4.36) as an initial value problem on (s0/2, s1/2], which yields

ϕ(s)=λ(s)g(s)exp(−∫12s0sk+μP(ξ)+b(ξ)g(ξ)dξ),      (4.38)

λ(s)=2∫s02sb(ξ)g(ξ)exp(−∫12ξξk+μP(η)+b(η)g(η)dη)dξ.      (4.39)

Now we see mathematically why π(k) = 1; with the boundary condition ϕ(s0/2) = 0, the condition π(k) = 1 is needed to make the equation for ϕ(s)
continuous at s = (1/2)s1. Also, equation (4.53) represents the solution on the entire interval (s0/2, s1) as long as we replace relation (4.54) with

λ(s)={ 2∫s02sb(ξ)g(ξ)exp(−∫12ξξk+μP(η)+b(η)g(η)dη)dξ;s∈[ s02,s12 ],1;s∈( s12,s1 ]. }      (4.40)

Example 4.1

Suppose g(s) ≡ 1, µP (s) ≡ 0 and s0 = 3 and s1 = 5. Let

b(s)={ 2(s−3)(5−s);3≤s≤5,0; elsewhere, }      (4.41)

and suppose there is no quiescence. Find π0.

SOLUTION: From equation (4.31),

π0=2∫352(s−3)(5−s)exp(−∫s/2sb(η)d(η))ds.      (4.42)

=2∫352(s−3)(5−s)exp(−∫3s2(η−3)(5−η)dη)ds,      (4.43)

because cells divide only on the interval s ∈ [3, 5]. Therefore,

π0=2∫352(s−3)(5−s)exp(23s3−8s2+30s−36)ds      (4.44)

=2(1−e−8/3)      (4.45)

≈1.8610.      (4.46)

Since π0 > 1, the tumor must be growing. Of course, this result is in no way surprising given that there is no cell death.

Example 4.2

Once again let g(s) ≡ 1, s0 = 3, s1 = 5 and b(s) be equation (4.41), but now suppose cell death rate µP ≡ 0.2. Find the tumor cell intrinsic rate of
increase (Malthusian parameter) k.

SOLUTION: From the definition of k and equations (4.32) and (4.33), we have

1=2∫352(s−3)(5−s)exp(−∫s/2sk+0.2+b(η)dη)ds.      (4.47)

As before, since cells only divide on the interval s ∈ [3, 5], the integral in the exponential function is naturally partitioned as follows:

∫s/2sk+0.2+b(η)dη=∫s/2sk+0.2dη+∫s0s2(η−3)(5−η)dη      (4.48)

=−23s3+8s2+(k2−29.9)s+36.      (4.49)

Therefore, k satisfies

1=2∫352(s−3)(5−s)exp[ 23s3−8s2−(k2−29.9)s−36 ]ds.      (4.50)

From here one can obtain a numerical estimate of k using equation (4.50), as can be done directly in Maple, for example. Such a numerical
solution places k ≈ 0.1378.

Continuing with this example, we can now find ϕ(s). From (4.53) and the value of k just obtained we have that, on the interval (s1/2, s1],

ϕ(s)=exp[ 23s3−8s2+29.8311s−36 ],      (4.51)

because on this interval λ(s) = 1. To the left, on the interval [s0/2, s1/2],

λ(s)=2∫32s2(ξ−3)(5−ξ)exp(0.5833ξ3−6ξ2+14.8311ξ)dξ,      (4.52)

which can be evaluated numerically, for example using the trap function in MATLAB®. Therefore, ϕ(s) on the interval [s0/2, s1/2] is recovered by
multiplying the r.h.s. of (4.51) by the value calculated for λ(s). This distribution is shown in Figure 4.2, and the solution (4.34) for t ∈ [−10, 10] is
shown in Figure 4.3.

Figure 4.2

Cell size distribution ϕ(s) satisfying equation (4.34) for example 4.1. Vertical line marks s1/2; to the right, λ(s) ≡ 1, and to the left, λ(s) is calculated
with expression (4.52).

Figure 4.3



The solution (4.34) in example 4.1 on the time interval [−10, 10], using ϕ(s) as graphed in Figure 4.2.

In a simple linear ODE model with no feedback between growth rate and population size, exponential growth or decay is the rule. Note that µp(s)
and b(s) do not depend on N; therefore, this structured model is linear in that sense—death and birth rates may be nonlinear functions of s, but
they are linear functions of total population size. So, intuitively we expect exponential growth or decay, and that is precisely what we see except for
one surprising exception. We state this exception in the following theorem. Details can be found in [6].

Theorem 4.1

In model (4.18) — —(4.22), let ρ, r, ψ(s) ≡ 0 and ϕ(s) > 0. If cell growth is not exponential—that is, 2g(s) ≠ g(2s) for some s ∈ [s0/2, s1]—then the
total population growth N(t) is exponential; that is, N(t) = N0ekt, where k satisfies the characteristic equation (4.33). If 2g(s) = g(2s) for all s ∈
[s0/2, s1], then total population growth is not exponential.

In other words, in this simple case tumors grow exponentially if and only if their constituent cells do not grow (physically get larger) exponentially. If
cells do grow exponentially, then tumor growth rate oscillates as cohorts of cells all grow together in the same clump, and we lose touch with k as
the “intrinsic” growth rate. (See Fig. 3 in reference [8].)

This “cohort effect” causing oscillating growth rate under exponential cell growth is obliterated by quiescence. In the simplest case in which
quiescence is linear— i.e., the rate at which cells enter quiescence does not depend on tumor size N— growth synchrony is deranged as some
members of the cohort enter quiescence at every cell division, and then reenter at some later time independent of the size of their proliferating
peers. So, growth rate oscillations decay, and tumors approach exponential growth asymptotically. (See e.g., Fig. 4 in reference [8].)

If the rate at which cells become quiescent does depend on tumor size, then a variety of behaviors are possible. Simple exponential growth is still
possible, as is a Gompertzian (sigmoidal) growth form with a constant fraction of proliferating cells. Gompertzian growth can also be recovered in
a nonlinear version of the necrosis model, in which “quiescence” is a permanent state. In this case, however, the Gompertzian form is artificial—
the tumor mass levels off when all cells become necrotic. As a final example, if cells tend to leave quiescence when they are large or the tumor is
small, then a transient sigmoidal growth form precedes a slow, but unbounded, growth phase. Details of these examples are presented by
Gyllenberg and Webb [8], as are the conditions leading to each. These conditions are closely related to the concepts presented in this chapter,
although the techniques applied are more advanced.

4.5 Exercises
Exercise 4.1: Solve model (4.36) as an initial value problem on (s0/2, s1/2], and show that

ϕ(s)=λ(s)g(s)exp(−∫12s0sk+μP(ξ)+b(ξ)g(ξ)dξ),      (4.53)

λ(s)=2∫s02sb(ξ)g(ξ)exp(−∫12ξξk+μP(η)+b(η)g(η)dη)dξ.      (4.54)

Exercise 4.2: Use MATLAB to reproduce Figures 4.2 and 4.3.

Exercise 4.3: Gyllenberg and Webb suggest the following example for the model with quiescence [equations (4.18) and (4.19)]: Let s0 = 3, s1 = 5,
g(s) ≡ 1, µp(s) ≡ 0, µQ = 0 and b(s) be defined by equation 4.41. Further, suppose cells enter the quiescent state at some constant positive rate
(r(s, N) ≡ r > 0), but if so, they never return to a proliferative state (ρ(s, N) ≡ 0). In this example, we interpret “quiescence” as necrosis because
cells that enter that state never leave. Derive the correct characteristic equation for π0, analogous to equation (4.31), and use it to confirm that if r
= 1.1, then k ≈ 0.096 and if r = 0.7 that k ≈ 0.103.

Exercise 4.4: Let

ϕ(s)=100(s−1.5)(5−s).

Use this and the results from the previous question to reconstruct Figs. 1 and 2 in [8].

Exercise 4.5: Prove that there exists a unique solution to the characteristic equation (4.33).
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Chapter 5

Prostate Cancer: PSA, AR, and ADT Dynamics
5.1 Introduction
The prostate is a walnut-shaped and sized organ that envelops the urethra. Accounting for at most 0.1% (and as little as 0.01%, depending upon
the individual) of the male body mass, it remains something of a mystery why neoplasms of this tiny organ contribute so greatly to cancer burden.
Prostate cancer (PC) accounts for 25% of new cancer diagnoses and 10% of cancer deaths in American men [28].

Prostate cancer incidence and mortality vary widely worldwide, with those in the West far more likely to die of the disease. The natural history of
prostate cancer spans decades, and can begin in the third or fourth decade of life, as shown by autopsies of men who died of other causes. Most
men develop prostate enlargement at some point in life, and by age 90, 90% of men worldwide have developed some form of preclinical prostate
cancer [59]. While it is diagnosed more often than any other cancer (in men), cancer aggressiveness varies widely between individual patients,
and a majority of those diagnosed will not actually die of the disease. Over 90% of prostate cancer cases are diagnosed at local or regional
stages for which survival approaches 100% [28].

The long preclinical phase of this neoplasm suggests a typically slow evolutionary progression toward the malignant phenotype; how ecological
factors drive this selective process is not known. Indeed, the role of androgens in the prostate cancer etiology is controversial; we discuss this in
some depth in Section 5.4.

Since the late 1980s, prostate cancer screening is typically done by measuring the serum prostate specific antigen (PSA). PSA is a proteinase
produced by healthy prostate epithelium, and it is not an intrinsic marker of cancer. Normally, only a very small amount of PSA leaks through the
prostate interstitium into the blood. Thus, elevated levels of blood PSA often correlate with prostatic hyperplasia.

While PSA levels have been generally understood to correlate with prostate neo-plasia mass, the efficacy of PSA screening is unclear and
remains very controversial. A recent study by the U.S. Preventive Services Task Force [33] concluded that the natural history of PSA-detected
cancer is poorly understood, and screening can cause significant psychological harm. The task force recommended that men over 75 not be
screened, as potential harm outweighed the benefits, while the evidence for those under 75 was insufficient to recommend for or against testing.
In light of this controversy, we open this chapter with several simple clinical [9, 66] and dynamical models [61, 67] relating serum PSA and tumor
growth dynamics.

Here, as elsewhere throughout this text, we invoke Theodosius Dobzhansky’s rule that “nothing in biology makes sense except in the light of
evolution” [13] (see also Chapter 1) to help explain the biology and clinical behavior of prostate cancer. This neoplasm’s physiology is intimately
linked to androgens (e.g., testosterone), the male sex hormones. Androgens are essential resources for survival and development of healthy
prostate tissue. These hormones mediate proliferation, apoptosis, oxidative stress, and perhaps inflammation in the prostate. Thus they play a
central role in modulating selection for cancerous cells.

In this chapter we investigate a multi-scale model of prostate cancer that includes dynamics of the concentrations of serum testosterone,
intracellular testosterone and dihydrotestosterone (DHT), the androgen receptor (RA) and its complexes with the two androgens. The primary
observable variable in both model and clinic is serum PSA. We will then apply this model to study androgen ablation therapy, which is a treatment
of last resort for advanced tumors. Since healthy prostate epithelial cells rely on androgen, it is not surprising that prostatic epithelial tumors—the
main type of prostate cancer—rely on androgens for growth and survival, or that androgen blockade (via castration) essentially invariably causes
tumor regression. This type of hormone therapy is called androgen deprivation therapy (ADT) or androgen suppression therapy. The androgen
suppression can be applied continuously or intermittently. Unfortunately, in either case, resistance to the treatment inevitably evolves as androgen
insensitive tumor clones arise and become the dominant phenotypes. The mechanism appears to be natural selection, as clones that have less
need for androgen become favored in the competition for this hormonal “resource.”

Unfortunately, due to the lack of clinical data and the complexity of our comprehensive multi-scale model, we are unable to perform any serious
model validation. Nevertheless, some very limited clinical data sets can be employed to estimate a subset of the parameters in our model. In the
next chapter, we explicitly and mechanistically address nutrient-limited cell growth and competition in the context of prostate cancer dynamics
subject to intermittent ADT. By focusing on just the cell and population scales, we are able to formulate more tractable models and validate them
with clinical data. Understanding the evolution of aggressive prostate cancer in response to androgen ablation therapy has also been the focus of
several mathematical models. If a model can accurately describe this evolution, then it could serve as a guide for rational treatment strategies that
minimize evolution to an androgen-independent phenotype.

5.2 Models of PSA kinetics
The value of PSA in screening for prostate cancer is controversial, but in cases of confirmed cancer, serum PSA correlates with tumor volume
across patients. However, in individual cases, serum PSA correlates poorly with tumor volume and prognosis. For example, grouping cancers
into volume groups can yield excellent correlation between volume group and serum PSA, but the variance is so large that serum PSA cannot be
used to predict individual tumor volumes [39].

Several other metrics have diagnostic and prognostic value, and other PSA kinetic parameters have been studied, including PSA velocity (the
rate of PSA change), PSA density (the ratio of PSA to prostate volume), and the PSA doubling time (or equivalently, the relative PSA velocity).
There has been a great deal of interest in predicting outcomes in response to therapy on the basis of pre-treatment findings. To this end, a
number of statistical models have been employed that use metrics such as serum PSA, PSA density, PSA velocity, positive digital rectal
examination (DRE), prostate volume in transrectal ultrasound, Gleason grade of biopsy samples, and patient age. Such predictive aids are
referred to as nomograms, and a great number have been published [53].

Response to therapy, survival and quality of life are what is ultimately of clinical interest, and nomograms designed to predict tumor volume or
pathological grade are only of secondary clinical interest, as such metrics must then themselves be related to survival and therapeutic response.
However, we restrict our consideration to how PSA kinetics predict tumor volume and changes in tumor volume.

5.2.1 Vollmer et al. model

As an example, we begin with the study by Vollmer et al. [66], who present a model that tracks serum PSA in untreated prostate cancer (i.e.,
watchful waiting). These researchers describe serial measurements of PSA with a log-linear model:

log(y(t))=a+bt,      (5.1)

where y(t) represents serum PSA. This is easily transformed to the familiar case of exponential growth,

y(t)=y0ebt,      (5.2)

where y0 = ea. Parameter a is referred to as PSA amplitude, and

b=ln(2)/(PSA doubling time)

is referred to as the relative PSA velocity. If one wishes to relate it to clinically measured PSA velocity and serum PSA, it can also be expressed



as

b=dy/dty.      (5.3)

Vollmer et al. concluded that PSA amplitude together with the relative PSA velocity best predicted outcomes. The key result of this work is that, at
least in slower growing, untreated cancers, the underlying dynamic describing the change in serum PSA is exponential growth. Moreover, other
authors have found that PSA relative velocity (or doubling time) is a strong marker of disease progression [38], consistent with the notion that
serum PSA changes parallel changes in tumor growth, which is typically characterized by a doubling time.

5.2.2 Prostate cancer volume

Serum PSA is a marker for PSA production by both healthy and cancerous prostate cells. A number of simple mathematical and empirical
relationships can be derived relating PSA to prostate cancer volume. For example, D’Amico et al. [9] derived the “calculated prostate cancer
volume” using simple mathematics to relate prostate volume, as measured by ultrasound (which includes tumor and healthy cells), cancer Gleason
grade in biopsy cores, and serum PSA to estimate volume of the actual tumor. Let serum PSA concentration be y, the volume of benign prostate
epithelium be Vb, the volume of cancerous prostate tissue be Vc, and represent the per-unit volume contribution of PSA to the serum for benign
and cancerous tissue by c1 and c2, respectively. The fundamental relationship between these is

y=c1Vb+c2Vc,      (5.4)

which implies that

Vc=y−c1Vbc2.      (5.5)

D’Amico et al. refer to the numerator as the “cancer-specific PSA,” as it is the total PSA minus the PSA contribution from benign tissues; the
quantity c1Vb is called the “PSA from benign epithelial tissue.” The latter quantity is itself determined as a function of the prostate volume as
determined by transrectal ultrasound and the epithelial fraction of the prostate. Letting Vp represent the total prostate volume and ϕ be the
epithelial fraction gives

Vb=ϕVp.      (5.6)

Finally, cancer volume is calculated in terms of serum PSA, prostate volume on ultrasound, prostate epithelial fraction, and PSA leak from benign
and tumor tissue as follows:

Vc=y−c1ϕVpc2.      (5.7)

Lepor et al. [32] measured a PSA increase of 0.33 ng/ml for every additional cm3 of prostate epithelial tissue, a value D’Amico et al. used to
calculate c1. A more recent measurement by Fukatsu et al. [17] places this value at 1.27 ng/ml per cm3 of epithelium.

The epithelial fraction was measured by Marks et al. [36] in 20 prostate samples from men with benign prostatic hyperplasia (BPH) and ranged
from 0.117 to 0.308 with an average of 0.199, implying that ϕ ≈ 0.20. Thus, from the simple relationship (5.4) it follows that prostate cancer volume
can be estimated using several empirical measurements and parameters. However, these parameters themselves are functions of lower-level
dynamical parameters, and variation between them may still limit the predictive ability of the “calculated prostate cancer volume” in individuals.
Although in their original work, D’Amico et al. found the calculated prostate cancer volume to be a much better predictor of actual volume than was
serum PSA, a subsequent study failed to validate this finding [7].

Using newer estimates of PSA per cm3 of epithelial tissue, or assuming different epithelial fractions depending upon whether BPH is present, are
possible modifications that could improve the ability of the calculated prostate cancer volume to predict the actual cancer volume. But ultimately, it
is not surprising that such a model cannot predict individual tumor volumes, as the parameters c1 and c2 are in reality functions of individually
variable dynamical parameters, as we shall see in the following section.

5.3 Dynamical models
Serum PSA concentration is determined by the balance between input from the prostate into the serum compartment and clearance from this
compartment. The parameters c1 and c2 in equation 5.4 then represent the aggregate result of this flux balance.

Two simple dynamical models have been proposed to account for the dynamics underlying serum PSA kinetics. The first, by Swanson et al. [61],
considers serum PSA dynamics as a function of tumor growth. A later model by Vollmer and Humphrey [67] focuses on production of PSA in the
prostate compartment, PSA transfer to the serum, and its subsequent clearance from this compartment. Below we discuss these models, their
construction, and the insight they give into PSA dynamics.

5.3.1 Swanson et al. model

Because serum PSA level and prostate cancer volume correlate poorly at individual patient level, Swanson et al. [61] proposed a simple
dynamical model to examine the relationship between these two quantities. In their model, serum PSA is produced by healthy and cancerous cells
at different rates and is eliminated from the serum by first-order kinetics. Serum PSA is represented by y(t) (in ng/ml), and Vh and Vc(t) (both in
mm3) give the volume of healthy and cancerous prostatic cells, respectively. Note that Vh is assumed to be constant. These considerations yield
the following linear model:

dydt=βhVh+βcVc(t)−ky(t).      (5.8)

The tumor is assumed to grow exponentially, so

Vc(t)=V0ept.      (5.9)

We have βh as the rate at which PSA is produced by healthy prostate, βc the rate of PSA production for cancerous prostate, and k the rate at
which PSA is cleared, while ρ is the per-unit-volume rate of tumor volume increase, which is related to the doubling time, td, by td = ln(2)/k.

This model can be criticized for its simplicity; the assumption of exponential tumor growth clearly cannot hold for all time, and any number of
background biological processes are neglected. However, it is important to keep the issue that motivates the model in mind, which is the
relationship between tumor volume and PSA serum dynamics. Thus, the simple model can still generate important insight in this area, and can
potentially be more insightful than a more complicated model. Furthermore, this model takes into account the underlying biological process (i.e.,
tumor growth) determining PSA dynamics. This contrasts with the widely employed statistical nomograms, although the scope of the two
approaches differ.

Due to its importance for the scientific predictions, we devote significant space to the parameter estimation process. This model was
parameterized using in vivo data from a nude (athymic) mouse xenograft model of prostate cancer by Ellis et al. [15]. Because it is a xenograft
(human cancer implanted into an immune-deficient mouse), Vh = 0. Parameters V0 and k (from PSA half-life) are given by Ellis et al., while
Swanson et al. estimated the tumor growth rate, ρ, from time-series data for tumor volume (see Table 5.1).

Table 5.1

Parameters (P) obtained from 3 human-derived mouse xenograft sublines (LuCaP 23.1, 23.8 and 23.12) used for Swanson’s PSA model.



P LuCaP 23.1 LuCaP 23.8 LuCaP 23.12 Units

ρ 0.0655 0.0504 0.0487 day−1

βh 0 0 0 ng ml−1

mm−3 day−1

βc 1.7210 2.1841 6.9722 ng ml−1

mm−3 day−1

k 1.2896 1.2896 1.2896 day−1

V0 20–25 20–25 20–25 mm3

Vh 0 0 0 mm3

To determine PSA production rate, Swanson et al. used the analytical solution for y(t) in conjunction with PSA:volume ratios reported in [15]. Here
is the procedure. First, note that

y(t)=βcρ+k(Vc−V0e−kt),      (5.10)

satisfies dy/dt = βcVc − ky, y(0) = 0. Suppose that asymptotically, y and Vc. approach constant values. As t → ∞, e−kt → 0, and we have that

yVc=βcρ+k.      (5.11)

Since the ratio y/Vc and parameters ρ and k are known for all cell lines, it is now a simple matter to calculate estimates for βc Ellis et al. reported
PSA indices (PSA:tumor volume ratios) for cell sublines of human prostate cancer derived from three different metastatic sites in a single patient
(LuCaP 23.1, LuCaP 23.8 and LuCaP 23.12). These ratios were 1.27, 1.63, and 5.21 ng ml−1 mm−3 for LuCaP 23.1, 23.8, and 23.12,
respectively, yielding βc = 1.7210, 2.1841, and 6.9722 ng ml−1 mm−3 day−1. Table 5.1 gives all parameter values for these mouse xenografts,
while Table 5.2 gives likely values for human prostate cancer as derived below.

Table 5.2

Likely parameter values in man under Swanson’s PSA model framework.

Parameter Value Reference

ρ 0.0012–0.0045 day−1 (non-metastatic) [4]

< 0.021 day−1 (metastatic)

βh 2.870 x 10−5 to 1.354 x 10−4 see text

ng ml−1 mm−3 day−1

βc varies

k 0.1754 to 0.4030 day−1 [34]

V0 varies

Vh 3333 to 52333 mm3 epithelium (10000−157000 mm3 total) [65, 60]

Swanson et al. suggested that the dimensionless ratio µ = k/ρ determines the usefulness of the PSA level in predicting tumor volume, and
therefore differences in tumor growth rates can explain the disconnect between measured PSA level and tumor volume. However, on closer
examination, while the data supports the notion that normal variations in parameter value between individuals can explain the poor correlation
between PSA and tumor volume, the aggregate parameter µ is not the key parameter. Rather, we argue that k, the PSA clearance rate, and βc,
the PSA production rate, are much more important.

Parametrization of human prostate cancer. To determine if and how parameter differences impact the PSA:volume ratio, we must first determine
the biologically reasonable parameter range for human prostate cancers. Berges et al. [4] determined tumor doubling times for prostate cancers
at various stages in their evolution. For non-metastatic cancer, the smallest doubling time was 154 ± 22 days (ρ = 0.0045 day−1). The smallest
doubling time overall was for lymph node metastases in hormonally untreated cancer, at 33 ± 4 days (ρ = 0.021 day−1). The largest doubling time
was 577 ± 68 (ρ = 0.0012 day−1) for low-grade localized cancer.

In [4], it is reported that athymic (nude) mice clear PSA seven times faster than humans. Since nude mice were used in [15], this implies a human
half-life of 3.76 days. This corresponds to estimates in the literature that all range between 1.72 days and 3.95 days [19, 34], giving k = 0.1754 to
0.4030 day−1.

For the sake of completeness, we note that normal prostate volume in younger men is around 20 cm3. Vesely et al. [65] measured non-cancerous
prostate volumes and serum PSA mainly in older men. Prostate volume ranged from 10 to 157 cm3, with an overall average of 40.1 ± 23.9.
These values correlate with age: mean prostate size for men under 54 years was 27.5 cm3, while the mean for men under 80 was 48.2 cm3.



Mean serum PSA follows a similar pattern. For all men in the study, serum PSA averaged 3.9 f 4.2 ng/ml, with means of 1.5 ng/ml for men under
54 and 5.4 ng/ml for men under 80. Assuming a stroma to epithelium ratio of 2:1 for a healthy prostate [60], this gives Vh = 3333 to 52333 mm3.
Setting Vc = 0, and assuming a steady state yields the simple relationship,

βh=kyVh.      (5.12)

Using Vh = 9167 mm3, y = 1.5 ng/ml (values for men under 54), and k ∈ [0.1754, 0.4030] yields βh = 2.870 × 10−5 to 6.595 × 10−5 ng ml−1
mm−3 day−1. Using Vh = 16067 mm3, y = 5.4 ng/ml (values for men under 80), and k ∈ [0.1754, 0.4030] yields βh = 5.895 × 10−5 to 1.354 ×
10−4 ng ml−1 mm−3 day−1. These parameter values suggest that older men produce PSA at a higher rate per volume of prostate tissue than do
younger men. Further more, benign prostatic hyperplasia, common in older men, results in a greater stroma:epithelium ratio [60]. Increasing this
ratio yields an even larger βh value, suggesting that our estimate is a lower bound.

Predictions. Using the parameter estimates just derived, it is a simple matter to show that while varying the tumor growth rate does have a small
effect on the PSA:tumor volume ratio, this effect is very minor. We leave it as an exercise to confirm this.

On the other hand, we find that the PSA clearance rate, k, is a key parameter. Longer PSA half-lives (i.e., smaller ks) result in a greater
PSA:volume ratio, as we expect intuitively, and over the realistic parameter range the PSA:volume ratio changes more than two-fold. Moreover,
the per-capita production rate of PSA by cancer cells varies widely. If we examine the PSA:volume ratio under biologically reasonable values of
βc, (at least for the mouse), we see that changes in βc, have a profound effect. Thus, the data and model together imply that, while the raw serum
PSA concentrations may have poor predictive value, the rate at which cancer cells produce PSA is very important. Our results also indicate that
the relative change in serum PSA parallels the relative change in tumor volume, assuming βc, remains constant.

This interpretation of the model and data presented in [61] suggests that variation in tumor growth rates is unlikely to affect how well serum PSA
predicts tumor volume. Instead, variation in the rates at which PSA is produced by cancer cells and cleared in the serum appear to be much more
important in determining the relationship between PSA and tumor volume. From these results we can also conclude that, in individual cases, while
the absolute PSA level cannot reliably predict tumor volume, it may be valuable to track relative changes in PSA level as a marker for the relative
change in tumor volume.

5.3.2 Vollmer and Humphrey model

In 2003, Vollmer and Humphrey [67] developed a simple, two-compartment model for serum PSA kinetics that includes production of PSA in the
prostate and leak into the serum. This model did not explicitly consider tumor growth. Letting f (t) represent tissue PSA (ng/ml) and y(t) represent
serum PSA (ng/ml), the basic model becomes

dfdt=α−βf,      (5.13)

dydt=βfVpVs−ky,      (5.14)

PSA is produced in the tissue compartment at rate α and leaks into serum at rate β, by first order kinetics. PSA concentration is diluted upon
entry into the serum. Therefore the influx βf is modified by the ratio Vp/Vs, where Vp is the volume of the prostate compartment, and Vs is the
serum volume. Serum PSA degrades by first-order kinetics with rate constant k.

The production of tissue PSA is, according to our basic assumption, a function of both benign and cancerous prostate epithelium. We introduce
the flux constants Qb and Qc (in units ng ml−1 day−1) which give the production of tissue PSA per unit volume of benign and cancerous tissue,
respectively. Letting Vb and Vc represent the volumes of benign and cancerous tissue, respectively, the rate of PSA production in ng/day is given
by

QbVb+QcVc.      (5.15)

Normalizing this to tissue concentration gives α (in ng/ml/day) as

α=QbVb+QcVcVp.      (5.16)

We first look at the model steady states; other than the trivial one, (0, 0), a single steady state, (fs, ys), exists and is given as

fs=αβ=QbVb+QcVcβVp,      (5.17)

ys=αVpkVs=QbVb+QcVckVs.      (5.18)

The dependencies upon k, α, Vs, and Vp in ys are biologically expected, but surprisingly, ys does not depend upon β. That is, the model predicts
that serum PSA does not depend upon the rate of PSA leak from tissue to serum, at least at steady state.

With some clever manipulations, Vollmer and Humphrey used this dynamical model to obtain the basic equation relating PSA to benign and
prostatic tissue given in equation (5.4). Recall this fundamental relationship,

y=c1Vb+c2Vc.      (5.19)

To derive this statement from the dynamical model, Vollmer and Humphrey first substitute the right-hand side of equation (5.16) into equation
(5.13) and rearrange, giving

QbVb+QcVcVp=dfdt+βf.      (5.20)

Since serum PSA (y) is what is measured and related in equation (5.4), we need f and df/dt in terms of y. Using equation (5.14) allows f to be
determined in terms of y and dy/dt as

f=(dy/dt+kyβVp)Vs.      (5.21)

Differentiating gives df/dt:

dfdt=(d2y/dt2+kdy/dtβVp)Vs.      (5.22)

Finally, plugging equations (5.21) and (5.22) into equation (5.20) yields the following relationship:

QbVb+QcVc=Vs(d2y/dt2+(β+k)dy/dt+βkyβ).      (5.23)

This relationship is then related to the simple exponential model for serum PSA, which, as Vollmer et al. [66] previously had shown, describes
serum PSA dynamics in untreated cancer. That is,

y(t)=y0eγt.      (5.24)

From this, it follows that dy/dt = γy and d2y/dt2 = γ2y. Plugging these into equation (5.23) and rearranging yields, finally,

y=c1*Vb+c2*Vc,      (5.25)

where



c1*=QbβVs(γ2+(k+β)γ+βk),      (5.26)

c1*=QcβVs(γ2+(k+β)γ+βk),      (5.27)

Thus, from a simple dynamical model, it can be shown that the constants c1 and c2 are functions of PSA production by tissue (Qb, Qc), plasma
volume (Vs), the rate at which PSA leaks into serum (β), PSA serum degradation rate (k), and the PSA relative velocity (γ). However, our analysis
of Swanson et al.’s model, supported by biological studies, indicates that the relative change in serum PSA directly tracks tumor growth. Thus, γ
reflects the growth rate of both benign and malignant tissues.

Vollmer and Humphrey [67] used data from 100 men with prostate cancer who underwent prostatectomy to obtain estimates for c1 or c2. The
volume of benign and cancerous tissue was measured, and serum PSA at prostatectomy was known. Using equation (5.4) gave average values
of c1 = 0.117 and c2 = 1.30 ng/(ml cm3). Vollmer and Humphrey also estimated k and β using data obtained after either biopsy or radical
prostatectomy; these values are reported in Table 5.3 for both free and total PSA. In reality, some PSA is free, while much is complexed to large
serum proteins. However, we restrict our consideration to total PSA. Using a median γ = 4.4 × 10−4 day−1 from the same data set and an
estimated serum volume of Vs = 3, 360 ml, Vollmer and Humphrey estimated Qb = 100 and Qc = 1, 070 ng/(ml ⋅ day).

Table 5.3

Parameters β and k in Vollmer and Humphrey’s 2003 model [67].

Parameter After Biopsy After Prostatectomy

Total PSA

β (day−1) 0.216 (0.03 − 4.0) 5.6 (0.2 − 21.9)

k (day−1) 0.067 (0.0034 − 1.29) .216 (0.031 − 0.57)

Free PSA

β (day−1) 3.74 (0.309 − 4.09) 16.3 (2.66 − 24.6)

k (day−1) 0.406 (0.375 − 0.437) .909 (0.279 − 3.34)

Using these and our previous estimates for parameter values (in the context of Swanson et al.’s model) we examine how changing each
parameter within biologically reasonable parameter space affects serum PSA and the PSA:tumor volume ratio. Initially, we restrict our attention to
a single tissue type influencing PSA, and arbitrarily choose cancerous tissue; all results directly translate to the case when only benign tissue is
present. Since we have set Vb = 0, we also have that

c2=yVc.      (5.28)

In other words, c2 is precisely the PSA:tumor volume ratio, which we also examined in Swanson et al.’s model. From that model, we have argued
that the PSA clearance and production rates are the primary parameters in serum PSA variance. Now, the PSA production rate by cancer cells
has been effectively expanded from a single parameter to two: the actual tissue production, Qc, and the rate of PSA leak, β. From the equation for
c2 it is apparent that serum PSA will increase in direct proportion to Qc. The influence of β is less clear—rearranging gives

c2=QcβVsγ2+Vskγ+Vsβ(k+γ).      (5.29)

Thus, for sufficiently large β, c2 will become unaffected by changes in β. Using numerical values, we find that the effect of β on c2 is generally
insignificant, except in the case of a large γ—i.e., a fast growing tumor. Assuming γ is identical to the tumor growth rate, the largest biologically
feasible is γ = 0.021. For this value of γ, varying β from 0.03 to 4.0 (the range of β determined after biopsy) results in a 69% increase in c2.

Interestingly, the effect of the tumor growth rate, γ, on c2 is most pronounced when β is small. For β = 0.03, ranging γ from 4.4 × 10−4 to 0.021
reduces c2 by nearly one half. It is also interesting that these two effects on c2 are likely competing. That is, as the tumor growth rate increases,
microves-sel density and permeability are also likely to increase, and their effects on PSA:tumor volume ratio may largely cancel each other out.

The two parameters that have by far the greatest effect on c2 are Qc and k. Therefore, the conclusion of this model, when restricting our attention
to a single tissue type, like that of Swanson et al., is that while increasing the tumor growth rate can reduce the PSA:volume ratio modestly, it is
the actual production of PSA by cancerous cells and the serum PSA half-life that likely are the most important factors in inter-individual PSA:tumor
volume variation.

5.3.3 PSA kinetic parameters: Conclusions from dynamical models

Using the relatively simple dynamical models we have examined so far, we can predict the prognostic value and relation to the underlying
dynamics of four widely used PSA kinetic parameters: serum PSA, PSA velocity, relative PSA velocity, and PSA density. We have already
extensively studied serum PSA, finding that it correlates with tumor volume, but PSA half-life and cellular PSA production cause significant
variation.

First, we examine PSA velocity, the rate of change of PSA (i.e., dy/dt). The simple exponential model for serum PSA implies that PSA velocity
alone gives no information that is not given by serum PSA. Recall the model,

y(t)=y0ebt,      (5.30)

Which of course implies the ODE:

dydt=by.      (5.31)

Thus, PSA velocity (dy/dt) is simply a linear scaling of serum PSA and is therefore not a marker of the prostate (or tumor) growth rate. Rather, b is
the meaningful parameter, which can be simply calculated in a clinical setting as

b=dy/dty.      (5.32)

This is simply the relative PSA velocity. This prediction holds under the more complex model of Swanson et al. [61]. For Vh = 0, we have

dy/dty=βcVc−kyy=βcVcy−k,      (5.33)

where



y=βcρ+k(Vc−V0e−kt).      (5.34)

As t → ∞, y → βcVc/(ρ + k), implying that, as t → ∞,

dy/dty=βcVc(βcVc)/(ρ+k)−k=ρ.      (5.35)

Here, ρ is the tumor growth rate, but we have concluded that the PSA growth rate tracks the tumor growth rate very well. Thus, we can conclude
that PSA velocity alone provides no new information, but a clinical measurement for PSA velocity could be used along with PSA level to estimate
the more meaningful relative PSA velocity.

PSA density—i.e., serum PSA/prostate volume—is another common kinetic parameter. Vollmer and Humphrey [67], on the basis of their model
results, claimed that corrections made for prostate volume simply by dividing by prostate volume are invalid, since

PSA Density=yVp=c1Vb+c2VcVp.      (5.36)

This clearly remains of function of c1 and c2, which are complex functions of highly variable parameters. However, before abandoning the PSA
density as useless, consider the scenario of a slow growing prostate—implying small γ—and assume γ≪k, which is universally true for feasible
parameter values. Then,

c1=QcβVs(γ2+(k+β)γ+βk)≈QbβVskβ=QbVsk.      (5.37)

Similarly, c2 ≈ Qc/(Vsk). Plugging these into (5.36) yields

yVp=QbVb+QcVckVsVp=αkVs.      (5.38)

Thus, PSA density reflects the rate of PSA production by both healthy and cancerous tissues as well as serum volume and PSA half-life. If we
divide PSA density by Vp again, we have

yVp2=αVp1kVs.      (5.39)

This new metric reflects PSA production per unit of prostate tissue, which is expected to be higher if cancer is present (as Qc≫Qb). We propose
that this modified PSA density may have greater prognostic value than the standard one.

Vollmer et al. [66] argued on the basis of their clinical data that relative PSA velocity was an essential parameter in predicting outcomes in
prostate cancer. We argue this too, but on the basis of the underlying system dynamics, as the dynamical models of both Swanson et al. [61] and
Vollmer and Humphrey [67] imply that relative PSA velocity tracks tumor growth.

In conclusion, a brief analysis of simple dynamical models implies that PSA velocity gives no more information than serum PSA. PSA density, in
the case of slowly growing prostate tumors, primarily reflects the ratio α/(kVs). Therefore, dividing serum PSA by prostate volume squared (y/Vp2)
would reflect α/Vp; larger values of this index may imply the presence of cancer. Relative PSA velocity is the best marker for underlying disease
progression.

5.4 Androgens and the evolution of prostate cancer
Androgens, the male sex hormones, have long been central to the study and treatment of prostate cancer. Androgens are essential survival
factors for prostate secretory epithelial cells and act by binding with the androgen receptor (AR). Androgens are steroid hormones and freely
cross cell membranes to bind with cytoplasmic AR. Testosterone, the primary androgen in the serum, is converted to dihydrotestosterone (DHT)
by the enzyme 5-α-reductase in the prostate [20]. Testosterone and DHT both bind to AR, but DHT is more active, displaying greater binding
affinity and stabilization of the AR complex [70]. Upon binding, androgen:AR complexes are phosphory-lated, dimerize, and translocate to the
nucleus, where they bind to androgen-response elements in the promoter regions of target genes [30] to modulate the transcriptional activity of at
least several hundred target genes.

The importance of androgens is readily demonstrated by rat castration models. Following castration, over 70% of androgen sensitive cells
undergo apoptosis [20], and the prostate epithelial mass decreases dramatically to only 7% of its original mass at 21 days [50]. Exogenous
androgens induce prostate regrowth [46, 70], but high levels of androgen alone do not generally induce the prostate to grow beyond its normal
size; androgen induced proliferation is apparently regulated by the normal prostate cell count, although the mechanism for this is unclear [46].

Most clinical prostate cancers are AR-dependent, and this observation has motivated androgen ablation therapy. Such therapy consists of
chemical or surgical castration, which reduces serum testosterone by up to 95%, but reduces intraprostatic DHT levels by only 50% [20]. More
complete androgen blockade can be achieved by supplementing castration with anti-androgens such as flutamide, nilutamide, and bicalutamide,
and such therapy is referred to as maximal androgen blockade (MAB) [30]. However, the benefit to MAB over castration is uncertain, and a large
meta-analysis suggested that any additional benefit to MAB is only slight [47].

Most men respond initially to androgen ablation, and often experience dramatic cancer regression. However, most cancers progress to a
hormone refractory (HR) state even with near total androgen ablation. While time to progression can vary greatly [30], patients with metastatic
prostate cancer eventually experience recurrence on average between 12 and 18 months following treatment [20]. Most cancers are more
aggressive following HR recurrence, there are no effective treatments for such cancers, and median survival following progression does not
exceed 15 months [30]. These cancers are often referred to as androgen independent, but most retain at least some dependence on the AR for
survival.

5.4.1 Evolutionary role

Because of their role in protecting against apoptosis and promoting proliferation and the (transient) efficacy of androgen ablation therapy, it has
long been thought that high levels of androgens play a causal role in prostate cancer development. The fact that eunuchs and men with genetic
deficiencies in 5-α-reductase do not typically experience prostate cancer, along with the fact that androgen deprivation causes cancer regression
have long been cited in support of this notion. But as Raynaud recently pointed out [48], such scenarios have little if anything to do with cancer
development under the normal physiologic androgen range. However, in support of the high androgen hypothesis, in several animal models
androgens were capable of inducing cancer, and some clinical studies have suggested a link between high testosterone and cancer incidence
[46, 48].

In 1999, Prehn [46] proposed an alternate hypothesis: that low levels of androgen creates selective pressure for prostate cells that are less
dependent upon androgen for growth. Declining levels of androgen could result in hyper-plastic foci that resist atrophy but remain susceptible to
further neoplastic transformation. In indirect support of this hypothesis, a number of clinical studies have failed to support the notion that high
androgen levels increase the risk of prostate cancer [48, 58], and some data suggests that low serum testosterone is associated with aggressive,
therapy-resistant tumors. In a prospective study including 17,049 men, high serum testosterone did not increase risk of prostate cancer and
lowered the risk of aggressive tumors [55], and Sofikerim et al. recently found a significantly increased risk of cancer detection in men with low
versus high serum testosterone [58]. Such data has led many authors to conclude that normal or high androgen promotes normal differentiation
and function in epithelial cells, protecting against rather than promoting carcinogenesis [48, 55].

Although the role of androgens in predicting the incidence of prostate cancer has not been definitively settled, a broad literature dating from at
least 1981 has consistently demonstrated poorer response to hormonal therapy in men with low pre-treatment serum testosterone (see [14] for a
review of these studies).



In the following sections, we build a multi-scale framework, first presented by Eikenberry et al. [14], for the role of androgens in prostate growth
and cancer evolution. We first present a model of the intracellular kinetics of the AR and androgens. We then use this model of the AR androgen
binding kinetics to inform a higher level model of prostate epithelial growth in response to androgens. This model is finally used to study the
evolution of prostate cells toward a malignant phenotype in early cancer etiology.

We focus upon the evolution of AR expression because of its deep importance in hormone therapy resistance and the fact that higher AR
expression has been correlated with higher grade tumors [20]. We find that low serum testosterone strongly selects for greater AR expression.
We also find that treatment with a 5-α-reductase inhibitor (e.g., finasteride) similarly selects for increased AR expression. Together, these results
suggest that low androgen environments select more strongly for hormone therapy resistance and possibly more aggressive cancer clones than
do normal or elevated androgen environments.

5.4.2 Intracellular AR kinetics model

The intracellular chemical kinetics model is founded on the following assumptions:

1. Free testosterone influx into the prostate is an empirical function of serum testosterone concentration, and this hormone is uniformly
distributed to the intracellular compartment of all prostate cells.

2. Free intracellular testosterone is converted to free DHT by the enzyme 5-α-reductase. The intraprostatic 5-α-reductase level is assumed to
be constant.

3. Free testosterone and DHT both degrade according to first-order kinetics.
4. Free testosterone and DHT bind to AR to form T:AR and DHT:AR complexes according to mass action kinetics. These complexes do not

degrade.
5. Intracellular free AR binds to testosterone and DHT according to mass action kinetics, degrades by first order kinetics, and is produced at a

rate that depends upon the homeostatic AR concentration set-point and current free AR concentration.

The model tracks the following concentrations:

1. TS(t) = Total serum testosterone concentration (nM),
2. R(t) = Free intracellular androgen receptor concentration (nM),
3. T(t) = Free intracellular testosterone concentration (nM),
4. D(t) = Free intracellular DHT concentration (nM),
5. CT:R(t) = T:AR complex concentration (nM),
6. CD:R(t) = DHT:AR complex concentration (nM).

The basic mass action binding between T and DHT with AR and the conversion from T to DHT by 5-α-reductase is illustrated schematically as
follows:

T+R⇄kaTkdTCT:R,

D+R⇄kaDkdDCD:R,

T→5α−reductaseD.

Translating this scheme into an ODE, and also taking into account T influx, AR production, and free T, DHT, and AR degradation yields the
following chemical kinetics model:

dRdt=λ−kaTTR+kdTCT:R−kaDDR+kdDCD:R−βRR,      (5.40)

dTdt=U−kaTTR+kdTCT:R−αkcatTKM+T−βTT,      (5.41)

dDdt=αkcatTKM+T−kaDDR+kdDCD:R−βDD,      (5.42)

dCT:Rdt=kaTTR−kdTCT:R,      (5.43)

dCD:Rdt=kaDDR−kdDCD:R.      (5.44)

The rate of AR production is denoted λ, and AR, T, and DHT degrade at rates βR, βT , and βD, respectively. 5-α-reductase converts T to DHT by
Michaelis-Menten enzyme kinetics, where α is the concentration of 5-α-reductase, kcat is the turnover number—i.e., the maximum rate at which T
is converted to DHT by each unit of enzyme—and KM is the Michaelis constant. Parameters kaT, kdT , kaD , kdD are the mass action rate
constants for T and DHT binding to AR.

The rate of T influx, U, was estimated by Eikenberry et al. [14] as an empirical function of serum T, TS, viz.

U(TS)={
0.02938TS3−0.006729TS2+0.05514TS+0.00048230.01138TS3−0.06751TS2+0.203TS−0.05441−0.0012TS3+0.048TS2+0.42TS−2.9TS≤1.375,1.375<TS≤7,TS>7.      (5.45)

This is an empirical form. An alternative, based on first principles, is given in Section 6.5.4. We also write the total AR concentration, Rt, as

Rt=R+CT:R+CD:R.      (5.46)

We assume that homeostatic mechanisms keep Rt constant, giving the AR production rate as follows:

λ=βR*(Rt−CTR−CDR),      (5.47)

where βR* is the normal AR turnover rate. This assumption is necessary for the model to match data in [71], as discussed in Eikenberry et al. [14].

Serum testosterone (TS), while in reality a function of time, is always imposed in this model and does not vary according to a governing ODE.
Significantly, we have not modeled dimerization of androgen:AR complexes or their nuclear localization and binding to gene promoter regions
under the assumption that the concentrations of androgen:AR complexes can be taken as surrogates for such activities. We have also assumed
that all prostate androgens are intracellular and uniformly distributed among the epithelial cells. Prostate testosterone concentration can be much
higher than serum concentration [37, 71], and DHT prostate concentration can be over 50 times that of serum concentration. This suggests that
most is intracellular, as extracellular androgens would presumably equilibrate with serum androgens. We ignore all the details of transport
between serum, extracellular, and intracellular compartments, and instead have T transported directly into the intracellular compartment.

5.4.3 Basic dynamics of the AR kinetics model

The likely normal physiologic range for serum T (TS) in rat is 3 to 6 nM [1, 2]. Values for most of the basic kinetic parameters, kaT , kdT, kaD, kdD
βR, βT, kcat, and KM are available directly from empirical biological data; these values with references are given in Table 5.4. The other
parameters, λ, U, α, βD, were estimated by Eikenberry et al. [14] using a combination of empirical data and steady state analysis, relying heavily
on data from [71].

Table 5.4

Parameters and baseline values for the AR kinetics model.



Parameter Value Reference

Rt 16–45 nM [14]

kaT 0.14 nM−1 hr−1 [69]

kdT 0.069 hr−1 [69]

kaD 0.053 nM−1 hr−1 [69]

kdD 0.018 hr−1 [69]

βR ln(2)/3 hr−1 [18]

βT ln(2)/3 hr−1

βD ln(2)/9 hr−1 [14, 68]

α 5.0 mg L−1 [14]

kcat 18 ± 15 nmol hr−1 mg−1 [40]

KM 75 ± 33 nM [40]

KI 0.46 ± 0.21 nM [40]

We briefly characterize the basic dynamics of the AR kinetics model. The time-dependent dynamics of the model are demonstrated by initially
setting Rt to a constant and all other variables to 0. Serum T concentration is prescribed, and the model is run to steady state, as shown in Figure
5.1. For baseline parameter values, the free T concentration is always small, as most T is rapidly converted to DHT. There is a transient peak in
T:AR complex concentration early in time, but the DHT:AR complex dominates within several days; this pattern is a consequence of the time it
takes 5-α-reductase to produce DHT. For physiologic values of serum T and prostate AR, once steady state is reached most androgen is bound
to its receptor, and nearly all intraprostatic androgen is DHT. These dynamics are biologically expected.

Figure 5.1

Time-series for the AR kinetics model. Free AR is set to 45 nM as an initial condition; all other variables are initially zero and baseline parameter
values are used. Serum T is prescribed at 5 nM, inducing an influx of testosterone, and the model runs to a steady state.

5.5 Prostate growth mediated by androgens
We now link intracellular androgen concentrations to the proliferation and apoptosis of prostate epithelial cells. While we generally refer to low or
high androgen levels causing a behavior, it is really the concentrations of AR:T and AR:DHT complexes that mediate these androgen-related
activities. We introduce the variable Ct to represent the “effective” androgen:AR concentration. In [71], DHT was 2.4 times as potent as T in
maintaining prostate weight and duct lumen mass, and these quantities varied linearly with either androgen. Therefore, we take Ct to be a simple
linear combination of CT:R and CD:R:

Ct=CT:R+2.4CD:R.      (5.48)

This approach allows the previously studied androgen kinetics model to be coupled directly to a model of prostate growth mediated by
androgens. We let P(t) represent the number of prostate epithelial cells. We assume that the change in P is governed by two distinct death and
proliferation signals; the per-capita proliferation rate is M(Ct, S) and the per-capita death rate is N(Ct, S), yielding the basic model framework:

dPdt=PM(Ct,S)−PN(Ct,S).      (5.49)

We now determine the formal forms for M(Ct, S) and N(Ct, S). Prostate epithelial proliferation and death are regulated by androgens in several
ways.

1. Androgens induce stroma to produce factors, mainly bFGF and FGF-7, that support epithelial growth in a paracrine manner by supporting
the prostate vasculature, induce epithelial proliferation, protect the epithelium from apoptosis, and regulate AR protein levels.

2. Androgens may have a direct mitogenic effect upon epithelial cells through upregulation of proteins required for cell cycle progression.
3. Androgens directly protect against apoptosis by negatively regulating TGF-β and increasing bcl-2 levels.
4. Androgens mediate oxidative stress and the production of reactive oxygen species (ROS) within epithelial cells, which can induce

proliferation, stasis, or death, depending upon the concentration.



Proliferation. It is generally accepted that androgens induce epithelial proliferation in vivo when the cell count is below normal, and androgen
administration following castration induces rapid prostate regrowth in the rat [68, 70]. However, proliferation is thought to be limited, at least to
some degree, by the homeostatic size of the prostate [46]. In our model, we assume that high levels of androgen directly induce proliferation while
low levels cause apoptosis.

Redox state. The prostate redox state is also influenced by androgens, and this may be deeply important in epithelial death, proliferation, and
carcino-genesis. Androgen blockade induces the production of ROS and subsequent oxidative stress. Several rat models have demonstrated
that castration [62, 42] and treatment by either finasteride (5-α-reductase inhibitor) or flutamide (an anti-androgen) are strongly pro-oxidant [6].
Androgen withdrawal also causes vascular regression and prostate hypoxia [56], which in turn can induce ROS and increase expression of
hypoxia inducible factor-1α (HIF-1α).

Androgen administration has also been shown to induce oxidative stress. Tam et al. [63] found that administration of testosterone with 17β-
estradiol resulted in oxidative and nitrosative stress in the lateral lobe of the Noble rat. Ripple et al. [49] found that physiologic levels of DHT
induced ROS in the LNCaP carcinoma cell line, and ROS generation preceded DHT induced proliferation.

Thus, a normal androgen environment likely promotes a balance between antioxidant and pro-oxidant activity [62], but both low and high androgen
environments are pro-oxidant. Therefore, we assume that both low and high levels of androgen induce the formation of ROS.

ROS effects. At low levels, ROS act as important intracellular signalling molecules. A number of transcription factors, including NF-κB and AP-1
are redox sensitive, and modest levels of ROS are mitogenic. Higher levels of ROS can induce growth arrest and apoptosis, while very high levels
can cause necrosis [10].

We assume that both low and high concentrations of Ct induce ROS and that there is some background level of ROS independent of androgens.
We choose S to represent ROS and formally take

S=μ+θ1nCtn+θ1n+CtmCtm+θ2m.      (5.50)

Here, µ is the background ROS level, and ROS is induced by low Ct and high Ct according to the first and second Hill functions, respectively. The
half-maximal Ct for ROS induction by low androgen is θ1, while θ2 is the half-maximal Ct for high androgen induced ROS.

We assume that prostate proliferation is induced by increasing concentrations of such complexes, and a high cell count inhibits proliferation. Low
AR:ligand complex concentration induces apoptosis, and there is always some small baseline turnover rate (1–2% of cells turnover daily in the
healthy prostate [20]). Modest levels of ROS induce proliferation, while higher level cause growth arrest and apoptosis. These assumptions lead
to our formal choices for M(Ct, S) and N(Ct, S):

M(Ct,S)=r2((Ct2φ12+Ct2)︸Androgen​  signal+ϕSe1−ϕS︸ROS​ ​ ​  signal)−σP︸crowding inhibition,      (5.51)

N(Ct,S)=δ2(( φ 2 2 C t 2+ φ 2 2)︸Androgen signal+( S q ω q+ S q)︸ROS signal)+δ0︸normal turnover.      (5.52)

Our incorporation of S as a function of Ct into the equation for dP/dt allows both direct and indirect ROS mediated effects of androgens on
prostate growth to be incorporated into a single differential equation. This construction is somewhat similar to the ecological model of planktonic
algae interaction with vegetation in shallow lakes proposed by Scheffer et al. [54].

The maximum per-capita proliferation rate is r, and the maximum death rate is δ + δ0. The direct proliferation signal due to androgens is modeled
by a Hill function, with the strength of the signal increasing with Ct. The signal due to ROS is strong for low S and attenuates as S becomes large.
Hill functions are used to model the death signals due to both androgen and ROS, with the signals strong for low Ct and high S, respectively. Cells
also die at the background rate δ0, and the −σP term prevents unbounded growth.

The growth of the prostate epithelium in our model is governed solely by the intraprostatic weighted AR:ligand complex concentration, Ct, and the
prostate cell count, P(t). There are two independent proliferation signals, one mediated by Ct and the other by S, and two similar death signals.
The shapes of these signals are determined by the parameters θ1, θ2, φ1, φ2, ϕ, ω, n, m, and q.

Oxidative stress, S, is shown as a function of Ct in Figure 5.2. Figure 5.3 shows the proliferation and death signals due to Ct and S and their
sums; these figures disregard the −σP crowding term as this always depends upon prostate size. The qualitative form of these curves is
preserved over most of the parameter space.

Figure 5.2

Oxidative stress, S, as a function of Ct.

Figure 5.3



Curves for the different growth signals. Attenuation of proliferation by crowding is disregarded. Baseline parameter values are θ1 = 30 nM, θ2 =
225 nM, n = 4, m = 4, φ1 = 110 nM, φ2 = 40 nM, ϕ = 4, ω = 1, q = 8, σ = 1.5 × 10−10 cell−1 hour−1, 6 = 0.004 hour−1, r = ln(2)/24 hour−1, δ =
ln(2)/24 hour−1.

5.6 Evolution and selection for elevated AR expression
In advanced cancers, upregulation of the AR protein is perhaps the single most important pathway by which cancers become hormone refractory.
Chen et al. [8] found that in seven prostate cancer xenograft models, increased androgen receptor expression was the only change consistently
associated with HR cancer progression. Rapid HR cancer recurrence in a xenograft model by Rocchi et al. was always associated with
increased AR expression [51].

Because of the importance of the AR in prostate cancer progression, we investigate how different androgen environments select for cell lines
expressing different levels of the AR; i.e., we examine selection upon Rt. To do this, we use the coupled AR kinetics and prostate growth model
described in the previous section.

We have performed a series of numerical experiments where two or more epithelial cell strains, each having different values of Rt, compete with
each other. Notably, these experiments suggest that selective pressure for increased AR expression varies with Rt and TS, but this nonuniform
behavior makes it hard to gain insight using this simple approach. We suggest that implementing such a two-strain competition model numerically
would be a useful exercise.

5.6.1 Model

To model competition between a large number of cell lines that evolve in time, Eikenberry et al. [14] proposed a state-transition model where cells
transition between states that each represent a different level of Rt expression. We define a set of states

{ Pi }i=1L.      (5.53)

Each state represents a strain of prostate cells with a different AR concentration (i.e., Rt), and Rt varies linearly with i. Cells transition from Pi to
Pi−1 and Pi+1 at rate γ, representing mutation. Populations of each strain grow according to the following coupled kinetics-growth model:

dPidt={
PiM(Cti,Si)−PiN(Cti,Si)−2γPi+γPi−1+γPi+1,PiM(Cti,Si)−PiN(Cti,Si)−γPi+γPi+1,PiM(Cti,Si)−PiN(Cti,Si)−γPi+γPi−1,2≤i<L,i=1,i=L.      (5.54)

We choose our model to have 100 states representing Rt from 15 to 114 nM. That is, we set L = 100 and Rti, the total AR level at state i, to be
14+i nM, i ∈ {1, 2, ..., 100}. The total number of cells in each state is tracked through time, and the average Rt at all time steps is calculated.

5.6.2 Results

Figure 5.4 shows the evolution of average Rt under different serum T levels. In general, results indicate that physiologic serum T selects for
increased AR expression, as do all androgen environments. Thus, the model predicts that even in healthy men, prostate epithelial cells will
increase their potential for malignancy with time. Under high serum T, selection for an elevated Rt is actually slightly weaker. In comparison, low
androgen environments (i.e., low serum T) demonstrate rapid, late selection for increased AR expression. While this selection occurs later in
time, a higher average Rt is ultimately obtained.

Figure 5.4

Evolution of average Rt in the state-transition model under different serum T. AR expression is presumably a marker for the malignant potential of
a strain. Low serum T selects for higher Rt than the normal environment (serum T = 5 nM), but takes longer to do so. High serum T selects for a
slightly lower Rt.



We performed a sensitivity analysis to determine whether this behavior is preserved under other growth model parameter values. We found that
the prediction that low androgen selects for a greater final Rt is always preserved. The parameters θ1, θ2, and µ, which govern the level of ROS,
have the greatest effect on the dynamics. Overall, low androgen appears to select for a greater final Rt in all parameter space, but this selection
becomes apparent later in time than under normal androgen for most parameter space.

These results suggest that a low androgen environment may delay the development of a malignant phenotype, but result in a more malignant or
therapy-resistant strain later in time. This result could also be interpreted to mean that low androgen reduces the overall incidence of cancer, as
the expected time to the development of a malignant strain is increased, but those cancers that do arise may be more aggressive. This notion is
consistent with the results of finasteride treatment in men [64].

Having established one possible model framework by which the role of androgens in early cancer evolution may be studied, we now turn our
attention to several models examining cancer recurrence driven by competition between androgen dependent (AD) and androgen independent
(AI) cancer cell lines following androgen deprivation therapy (ADT). The focus of these models is evolution in a clinically meaningful, aggressive
cancer, rather than long-term evolution predisposing cell lines toward malignancy.

5.7 Jackson ADT model
Jackson proposed a model [24, 25] describing the growth of a tumor spheroid consisting of two populations of cells—one that depends on
androgen for survival and proliferation, and one that does not. Because the mathematical model is similar in form to that of Ideta et al. [23],
discussed in the next section, we restrict our attention to some of Jackson’s key modeling assumptions: (1) the proliferation of androgen
dependent (AD) cells increases in the presence of androgen, (2) the proliferation of androgen independent (AI) cells is unaffected by androgen
levels, (3) the rate at which AD cells undergo apoptosis decreases in the presence of androgen, and (4) the rate at which AI cells undergo
apoptosis increases in the presence of androgen. (As we discuss below, assumption (4) is debatable.)

In [24], Jackson predicted that androgen deprivation therapy would successfully control tumor growth for all time only in a small region in
parameter space. This region is larger for total androgen blockade compared to partial androgen deprivation, but is still small. However, it is likely
that this prediction is a consequence of the assumption that androgens harm AI cells. In [25], Jackson predicted that, following androgen ablation
therapy, cancer could recur either through androgen-independent mechanisms such as upregulation of the anti-apoptotic protein bcl-2 in AI cells
or through AR upregulation in AD cells. These two mechanisms corresponded to two qualitatively different patterns of recurrence, and the reader
may consult the original paper for details.

The essence of the Jackson model is the tumor-wide balance between pro-liferation and death, which is expressed by the following ODE system:

dp(t)dt=αpθp(a)p−δpωp(a)p,      (5.55)

dq(t)dt=αqθq(a)q−δqωq(a)q.      (5.56)

Here, a is the concentration of androgen, assumed to be uniform throughout the tumor. Maximum per-capita growth rates are given by constants
αp and αq, while constants δp and δq(a) represent the maximum per capita death rates for AD and AI cells, respectively. Parameters θp(a) ∈ [0,
1], θq(a) ∈ [0, 1], ωp(a) and ωq(a) mediate cell proliferation and death according to androgen levels.

Androgen-dependent cells are assumed to proliferate at rate αp in the presence of sufficient androgen. This rate decreases as androgen levels
decrease, becoming θ1αp in the complete absence of androgen. AI cells always proliferate at the maximum rate αq. These assumptions can be
satisfied by the following specific expressions:

θp(a)=θ1+(1−θ1)aa+K,      (5.57)

θq(a)=1.      (5.58)

Since 0 ≤ θ1 ≤ 1, then θp(0) = θ1 and θp(a) → 1 as a → ∞. The term a/(a + K) can be thought to represent saturation of a receptor governing the
proliferative response to androgen.

Similarly, apoptosis rate in AD cells is assumed to be a decreasing function of androgen concentration. However, androgens are assumed to
increase the the death rate of AI cells, which again is probably debatable. The functions ωp and ωq take on the same form as that used for θp:

ωp(a)=ω1+(1−ω1)aa+K,ω1>1,      (5.59)

ωq(a)=ω2+(1−ω2)aa+K,0≤ω2≤1.      (5.60)

We require ω1 > 1 to make ωp(a) a decreasing function of androgen. Also we have 0 ≤ ω2 ≤ 1, implying that ωq(a) decreases with increasing
androgen. Parameters δp and δq represent the respective rates of apoptosis for AD and AI cells in a normal (high) androgen environment. As the
androgen level approaches 0, the death rates go to ω1δp > δp and ω2δq < δq, respectively. Thus, ω1 and ω2 are the factors by which AD and AI
cell death rates are modified in the complete absence of androgen.

To monitor the spatial distributions of the different cell types, one can keep track of the fluxes of the two classes of cancer cell, say Jp(r, t) and
Jq(r, t). The net rate of collective cellular motion is determined by the balance between cell growth and death and the diffusive flux. The resulting
partial differential equation model will have a moving tumor boundary. The rate of radial tumor expansion can also be tracked.

Jackson’s model considered both diffusive and advective fluxes. Diffusive flux is due to random cellular motion. Advective flux is often determined
by some vector field. However, Jackson’s model “reverses” this—cells are not transported according to some vector field, but the net rate of
collective cellular motion is given by the vector u, which is itself determined from the balance between cell growth and death and the diffusive flux.
If we let p(r, t) and q(r, t) represent the tumor volume fraction of each class of cell (rather than some other metric such as absolute cell count), then
Jackson’s model takes the form of the following conservation equations:

∂p∂t+∇⋅(up)=Dp∇2p+αpθp(a)p−δpωp(a)p,      (5.61)

∂q∂t+∇⋅(uq)=Dq∇2q+αqθq(a)q−δqωq(a)q,      (5.62)

Noting that p + q = k is constant, adding equations (5.61) to (5.62) yields the following expression for ∇⋅u:

k∇⋅u=(Dp−Dq)∇2p+αpθp(a)p+αqθq(a)(k−p)−δpωp(a)p−δqωq(a)(k−p).      (5.63)

Jackson assumes a spherically symmetric geometry, so the only component of the velocity is the radial component. This gives the rate of radial
expansion for the tumor spheroid, which in turn allows tumor volume to be tracked. Using R(t) to represent the outer tumor radius, one arrives at an
ODE for the rate of radial expansion, which is simply

dRdt=u(R(t),t).      (5.64)

To complete the system, no flux boundary conditions are imposed at the inner (r = 0) and outer boundaries (r = R) of the spheroid. That is, at r = 0
and r = R

Dp∂p∂r(r,t)−u(R,t)p(r,t)=0,Dp∂p∂r(r,t)−u(R,t)p(r,t)=0.      (5.65)

By symmetry, at r = 0,



∂p∂r(0,t)=∂q∂r(0,t)=0.      (5.66)

These, together with no flux boundary condition at r = 0, yield

u(0,t)=0.      (5.67)

The initial tumor radius is assumed to be R0 > 0, and cell conditions are uniform in space, with p(r, 0) = p0 and q(r, 0) = q0.

Finally, androgen levels are modified by treatment. Jackson considered two classes of treatment: castration through either surgical or chemical
means (ADT); and total androgen deprivation (TAD), meaning castration in addition to anti-androgen drugs. The former reduces testosterone
serum levels by up to 95%, but only reduces intraprostatic DHT by 50%, while the latter can reduce prostate DHT levels by 90% [20]. It is
assumed that the androgen level, a(r, t), is at a steady-state until treatment is initiated at time T, at which point it declines exponentially to a new
steady-state, either non-zero in the case of ADT or zero for TAB. Mathematically,

a(r,t)={ a0;t<T,a0e−bt+as;t≥T,      (5.68)

where as > 0 for ADT and identically 0 for TAB. We note that this model does not consider transitions between the cell classes, and the presence
of androgen independent cells must be imposed in the initial conditions.

Jackson derived reasonable parameter values for growth and death rates of AD cells using biological data. Berges et al. [4] reported cell cycle
times varying between 48 ± 5 hours for cancer cells. Based on this, a doubling time of 36 hours was assumed, still well within what is biologically
reasonable (tumor cell doubling times typically vary between 1 and 4 days), yielding αp = αq = 0.4621 day−1. Using the data of Ellis et al. [15], the
same data used to parameterize Swanson et al.’s PSA model [61], Jackson estimated δp = 0.3812, implying an overall growth rate of ρ = 0.0798
day−1. This is somewhat larger than Swanson et al.’s estimates. The parameter estimates for AI cells are more ad hoc. Table 5.5 shows all the
parameters governing growth and death used by Jackson. No values or estimates for K, b, or as were published.

Table 5.5

Parameter values for Jackson’s model, as reported in [24, 25].

Parameter Value

αp 0.4621 day−1

αq 0.4621 day−1

δp 0.3812 day−1

δq 0.4765 day−1

θ1 0.8

ω1 1.18—1.35

ω2 0.25—1.0

p0 0.995

5.8 The Ideta et al. ADT model
Building on Jackson’s work, in 2008 Ideta et al. [23] proposed a model of intermittent androgen deprivation therapy and evolution toward
androgen-independent cancer recurrence. Like Jackson’s, this model considers androgen levels, represented by a(t), androgen-dependent cells,
x1(t), and androgen-independent cells, x2(t). Androgen levels approach some homeostatic set-point that can be modified by androgen
deprivation therapy (ADT). Androgen-mediated growth and death reflect Jackson’s assumptions, but three different hypotheses concerning how
androgens affect AI cell proliferation are considered:

1. Normal androgen levels have no effect on AI cell proliferation.
2. AI cell proliferation is negatively regulated by androgens, and at a defined normal androgen level (a0) proliferation and apoptosis

completely balance each other, giving a net growth rate of zero.
3. AI proliferation is negatively regulated by androgen, and the net growth rate is negative at the normal androgen level.

Androgen-dependent cells mutate to become AI cells at a rate that increases with decreasing androgen levels. This assumption apparently stems
from the notion that low androgen induces transformation into an androgen-independent phenotype. These considerations yield the following
model:

dadt=−γa+γa0(1−u),      (5.69)

dx1dt=α1p1(a)x1−β1q1(a)x1−m(a)x1,      (5.70)

dx2dt=α2p2(a)x2−β2q2(a)x2+m(a)x1,      (5.71)

where, like in Jackson’s model,

p1(a)=k1+(1−k1)aa+k2,0≤k1≤1,      (5.72)

q1(a)=k3+(1−k3)aa+k4,k3≥1,      (5.73)

p2(a)={ 1;for​ hypothesis (1),1−(1−β2α2)aa0;for​ hypothesis (2),1−aa0;for​ hypothesis (3),      (5.74)

q2(a)=1,      (5.75)

m(a)=m1(1−aa0).      (5.76)

Treatment is represented by the effect of u, which is either 1 (treatment on) or 0 (treatment off). Similar to Jackson’s model, AD cells proliferate at



the baseline rate α1k1. As a → ∞, this rate approaches α1 as the proliferative response saturates. For k3 > 1, q1(a) causes the death rate to
increase with decreasing androgen, equaling β1k3 when a = 0. The Ideta et al. model departs from Jackson’s in considering three hypotheses for
AI proliferation in response to androgen and in assuming a constant AI apoptosis rate regardless of androgen concentration (q2(a) ≡ 1).

The rate of transition from AD to AI cells decreases linearly from m1 at a = 0 to 0 when androgen concentration is normal; i.e., a = a0. As
discussed previously, this is controversial. The dependence on a0 in many of the functions causes AI proliferation to become negative if a > a0 for
hypotheses (2) and (3), while m(a) also becomes negative, implying that AI cells begin transitioning into AD cells in a high androgen environment.

Ideta et al. proposed an algorithm for governing treatment in which androgen deprivation is turned on or off depending on the level of system
androgen and the rate of change in tumor growth. It is assumed that, clinically, only the serum PSA level can be tracked, rather than the actual
tumor volume. Represented by y(t), PSA concentration is assumed to be a simple function of AD and AI cells with no lag in production; therefore,

y(t)=c1x1(t)+c2x2(t).      (5.77)

This equation is the same fundamental relationship that we studied earlier in the context of PSA dynamics (see equation (5.4)). Ideta et al. set c1
= c2 = 1, implying that PSA tracks tumor growth precisely. In our earlier exploration of PSA dynamical models, we determined that the PSA level
in individuals correlates poorly with absolute tumor volume, but likely tracks relative changes in tumor volume quite well. Thus, we suggest that this
assumption is only a reasonable initial approximation.

The algorithm for cycling treatment turns treatment on when PSA is both sufficiently high and increasing, turns it off when PSA is both sufficiently
low and decreasing; this is formally modeled as follows:

u(t)={ 0→1when y(t)=r1 and dy/dt>0,1→0when y(t)=r0 and dy/dt<0,      (5.78)

where r1 is the threshold PSA for activating treatment, and r0 is the threshold PSA for ceasing treatment.

Ideta et al. examined the efficacy of cycling androgen deprivation therapy under the three hypotheses for the growth of AI cells in an androgen rich
environment. Importantly, they found that only under hypotheses (2) and (3), where androgens inhibit AI cell proliferation, does intermittent therapy
delay androgen-independent relapse. Since we have argued on biological grounds that these hypotheses are unlikely in an in vivo tumor, or at
most account for only a small fraction of AI tumors, the results under hypothesis (1) are the most clinically relevant.

Figure 5.5 shows how different schedules of intermittent therapy (i.e., different r0s) affect time to AI relapse. Under hypothesis (3), any treatment
cycling at all permanently prevents relapse, while continuous androgen deprivation results in aggressive recurrence. Under hypothesis (2), relapse
is only delayed by intermittent therapy, while under hypothesis (1), intermittent therapy slightly reduces the time to relapse. However, because it
can reduce the side effects of therapy and improve quality of life, a slightly shorter time to relapse may be an acceptable trade-off.

Figure 5.5

Intermittent androgen deprivation therapy in Ideta et al.’s model [23] under the three hypotheses for the effect of androgens on AI cell proliferation.
Parameter values are α1 = 0.0204 (bone mets) to 0.0290 (lymph node mets), α2 = 0.0242 to 0.0277, β1 = 0.0076 to 0.0085, β2 = 0.0168 to
0.0222, k1 = 0, k2 = 2, k3 = 8, k4 = 0.5, γ = 0.08, a0 = 30, and m1 = 0.00005 to 0.0002.

Interestingly, the Ideta et al. treatment algorithm suggests that modifying the one governing parameter, r0, can greatly affect the time to relapse,
with a lower r0 significantly increasing the time to relapse. As can be seen from Figure 5.5, a lower r0 roughly translates to a longer period of
treatment cycling. Moreover, the simplicity of this algorithm makes its clinical use feasible.

5.9 Predictions and limitations of current ADT models
Both the Jackson and Ideta et al. model formulations assume that AI cells are either out-competed or do not arise in normal androgen
environments. As the authors note, this assumption is reasonably justified from the biological observation that such cells are not routinely
observed in untreated prostate cancers. It remains an open question, however, how selection operates on AI cells in an androgen-rich
environment. It is certainly possible that selection disfavors AI cells in such an environment. Alternatively, the AI phenotype may be neutral—neither
favored by selection nor disfavored. In the latter case, one could expect at least a small population of AI cells to exist in prostate cancers before
androgen ablation begins. In a few cases, the population may become quite sizable prior to androgen ablation, since neutral traits can spread
through populations by genetic drift.

The Jackson model specifically hypothesizes that selection acts against androgen-independent clones in environments with high androgen
concentrations. There is some evidence, primarily from in vitro cell line data, that in some cases physiologic androgen levels can induce
apoptosis in androgen independent prostate cancer cells. However, administration of androgens in hormone-refractory cancer nearly always
results in disease flare [20]. Furthermore, AI cells generally retain some dependence upon the AR and usually evolve to a so-called androgen
independent state by activating AR dependent genes through other means. These observations support the alternative hypothesis that androgens
promote proliferation in both AI and AD cells. The degree to which this assumption affects the dynamics and predictions of Jack-son’s model is
unclear. If this alternative hypothesis were true, then the Ideta et al. model would also be affected since it explores the possibilities of androgen
having either no effect on AI cell growth or a negative effect. However, the Ideta et al. model could be extended to explore this possibility and its
effects on treatment cycling.

These models highlight the difficulty of examining evolutionary dynamics when competition between a limited number of pre-defined clones is
considered. However, despite their limitations, the Jackson and Ideta et al. models do make several interesting predictions. Specifically, they
predict that only a small region of parameter space will allow androgen ablation therapy to completely control prostate cancer. Furthermore, in the
case of AI cells whose growth is inhibited by androgens, intermittent androgen deprivation can delay or prevent AI relapse. If the proliferation of AI
cells is unaffected by androgens, then intermittent therapy can slightly reduce the time to relapse. Also, more infrequent cycling of therapy delays
relapse.

5.10 An immunotherapy model for advanced prostate cancer



Cancer immunotherapy has been studied with a mathematical model by Kirschner and Panetta [29]. Their model examines the dynamics
between the adaptive immune system, tumor cells, and the cytokine interleukin-2 (IL-2). The model shows that the immune system can control
tumors with average to high antigenicity at a dormant state. However, their results suggest that treatment with IL-2 alone may not clear the tumor
without administering toxic levels of the cytokine. Partially motivated by the work of Kirschner and Panetta [29], Porta and Kuang [44] formulated a
mathematical model of advanced prostate cancer treatment to examine the combined effects of ADT and immunotherapy.

From previous sections we know that ADT, while initially successful, eventually results in a relapse after two to three years in the form of
androgen-independent prostate cancer. Intermittent androgen deprivation therapy attempts to enhance quality of life and occasionally prevent
relapse by cycling the patient on and off treatment. Over the past decade, dendritic cell (DC) vaccines have been used with some success in
clinical studies for the im-munotherapy of prostate cancer. Although these studies found that the DC vaccines could slow the progression of the
disease in hormone refractory patients, they did not show how the vaccine would affect patients actively undergoing hormone therapy.

In this section we present the Portz-Kuang model, which studies the efficacy of dendritic cell vaccines when used with continuous or intermittent
ADT schedules. Their model may determine if intermittent therapy has any benefits over continuous therapy, other than improved quality of life,
when combined with the use of DC vaccines. The necessary conditions for disease elimination or stabilization using such combined treatments
can also be examined by this model. Numerical simulations of the Portz-Kuang model suggest that immunotherapy can indeed successfully
stabilize the disease using both continuous and intermittent androgen deprivation. This section is adapted from the work contained in Portz and
Kuang [44].

In Portz and Kuang [44], the prostate cancer treatment by immunother-apy and androgen deprivation therapy is modeled by a system of ordinary
differential equations which takes the form,

dX1dt=r1(A)X1︸proliferation and death−m(A)X1︸mutation to AI−e1X1Tg1+X1︸killed by T cells,      (5.79)

dX2dt=r2X2︸proliferation and death+m(A)X1︸mutation from AD−e1X2Tg1+X2︸killed by T cells,      (5.80)

dTdt=e2Dg2+D︸activation by dendritic cells−μT︸natural death+e3TILg3+IL︸clonal expansion,      (5.81)

dILdt=e4T(X1+X2)g4+X1+X2︸production by stimulated T cells−ωIL︸clearance,      (5.82)

dAdt=γ(a0−A)︸homeostasis−γa0u(t)︸deprivation therapy,      (5.83)

dDdt=−cD︸natural death.      (5.84)

The variables used in the model and their meanings are listed in Table 5.6. Parameter interpretations and estimates are given in Table 5.7.

Table 5.6

Variables in the Portz-Kuang model.

Variable Meaning Unit

X1 number of androgen-dependent cancer cells cells

X2 number of androgen-independent cancer cells cells

T number of activated T cells cells

IL concentration of cytokines ng/ml

A concentration of androgen nmol/ml

D number of dendritic cells cells

Table 5.7

Parameters (Para.) in the Portz-Kuang model.

Para. Meaning Value Ref.

α1 AD cell proliferation rate 0.025/day [4]

β1 AD cell death rate 0.008/day [4]

k1 k1 AD cell proliferation rate depen-dence on androgen 2 ng/ml [23]

k2 effect of low androgen level on AD cell death rate 8 [5]

k3 AD cell death rate dependence on androgen 0.5 ng/ml [23]

r2 AI cell net growth rate 0.006/day [4]

m1 maximum mutation rate 0.00005/day [23]

a0 normal androgen concentration 30 ng/ml [23]

γ γ androgen clearance and produc-tion rate 0.08/day [23]



ω cytokine clearance rate 10/day [52]

μ T cell death rate 0.03/day [29]

c dendritic cell death rate 0.14/day [35]

e1 e1 maximum rate T cells kill cancer cells 0 − 1/day [29]

g1 cancer cell saturation level for T cell kill rate 10 × 109 cells [29]

e2 maximum T cell activation rate 20 × 106 cells/day [29]

g2 DC saturation level for T cell ac-tivation 400 × 106 cells [57]

e3 e3 maximum rate of clonal expan-sion 0.1245/day [29]

g3 IL-2 saturation level for T cell clonal expansion 1000 ng/ml [29]

e4 e4 maximum rate T cells produce IL-2 5 x 10−6 ng/ml/cell/day [29]

g4 cancer cell saturation level for T cell stimulation 10 × 109 cells [29]

D1 DC vaccine dosage 300 × 106 cells [57]

c1 AD cell PSA level correlation 10−9 ng/ml/cell [23]

c2 AI cell PSA level correlation 10−9 ng/ml/cell [23]

As in the previous section, the androgen-dependent functions for AD cell growth and mutation are defined as follows:

r1(A)=α1AA+k1−β1(k2+(1−k2)AA+k3),      (5.85)

m(A)=m1(1−Aa0).      (5.86)

The parameters in the expression for r1(A) are chosen such that the net growth rate of AD cells is α1 − β1 when A = a0 or −β1k2 when A = 0. The
value of parameter k2 is chosen such that β1k2 matches the rate of decline of serum PSA concentration during continuous ADT [23]. The net
growth rate of AI cells, r2, is a constant in this version of the model. Ideta et al. proposed two alternatives for r2 which assumed that androgen had
a negative effect on the proliferation rate of AI cells [23]. Mutation from AD to AI occurs at a rate m1 when A = 0, and no mutation occurs when A =
a0. Larger values of m1 result in a shorter time to androgen-independent relapse; thus, relapse time can be used to estimate the value of m1 [23].

Intermittent androgen deprivation therapy is modeled by equation (5.83) where u(t) = 0 indicates an on-treatment period, and u(t) = 1 indicates an
off-treatment episode. During off-treatment periods, the androgen level tends toward the set-point androgen level, a0. Androgen decays at a rate
γ during on-treatment periods. The treatment function, u(t), is controlled by monitoring the serum PSA level as we saw earlier:

y(t)=c1X1+c2X2,      (5.87)

u(t)={ 0→1 when y(t)>L1 and dy/dt>0,1→0 when y(t)<L0 and dy/dt<0,      (5.88)

where y(t) is the serum PSA concentration. Androgen deprivation is switched on when the serum PSA concentration exceeds some level, L1, and
switched off when the serum PSA concentration drops below some level, L0, with L0 < L1.

Since T cells are activated and stimulated through interactions between proteins (antigens and cytokines) and receptors [31], Michaelis-Menten
kinetics are used for all immune response terms in the model. This is the approach taken by Kirschner and Panetta and is reasonable given that
high levels of antigens and cytokines are likely to have a saturation effect on the T cells. IL-2 is included in the model to provide the clonal
expansion dynamics of helper T cells. When stimulated by the antigens presented on tumor cells, the helper T cells produce IL-2. The IL-2 then
stimulates the clonal expansion of T cells in a positive feedback loop [31]. The model assumes a constant ratio of cytotoxic and helper T cells,
which greatly simplifies the model and should not have a significant impact on the long-term behavior of the system. The cytotoxic T cells interact
with and kill the tumor cells based on antigen stimulation. The rate of interaction is assumed to be the same for both AD and AI cells. There is no
biological reason to assume otherwise.

The antigen-loaded dendritic cells are modeled by equation (5.84), which assumes that the DCs undergo apoptosis at a constant rate and are not
being replenished by any mechanisms other than further vaccinations. Vaccinations are administered every 30 days in model simulations. Each
vaccination contains D1 antigen-loaded DCs. The DCs are assumed to activate naïve T cells based on Michaelis-Menten kinetics, as shown in
(5.81). The model assumes that there are always naïve T cells available for activation.

The Michaelis-Menten terms could be replaced by simpler mass action terms to make the non-zero steady states easier to find analytically.
However, the system is repeatedly being perturbed by the administration of DC vaccines, so steady-state analysis has limited use. For this and
several other reasons, the model was analyzed primarily through numerical simulations in Portz and Kuang [44] with Michaelis-Menten terms.

When a dendritic cell vaccine is combined with continuous androgen deprivation, the model shows that the cancer can be eliminated with a
relatively strong (but still within a reasonable parameter range) antitumor immune response. Clinical studies have shown that DC vaccines are
able to stabilize disease progression in some patients with hormone refractory prostate cancer. Since these patients have androgen-independent
cancer, we can safely assume that DC vaccines are capable of stopping the net growth of AI cells. When administered to a patient actively
undergoing hormone therapy, one would expect the DC vaccine to prevent an androgen-independent relapse while allowing continuous androgen
deprivation therapy to eliminate the AD cell population. Thus the results of the above model are reasonable in the case of DC vaccination
combined with continuous androgen deprivation.

An interesting result of the model is that the DC vaccine is able to prevent relapse with a slightly weaker antitumor immune response when



intermittent androgen deprivation is used instead of continuous androgen deprivation. While the difference was only small (e1 = 0.68973
compared to e1 = 0.69197), the result was still surprising considering the effect that intermittent therapy has on relapse time without
immunotherapy. This small difference can likely be attributed to the ability of the immune response to offset the higher mutation rate when
intermittent therapy is used and also to the consistently larger cancer cell population which is necessary to stimulate the clonal expansion of T
cells. With the low toxicity of DC vaccines [57] and the quality-of-life benefits of IAD, the combination of these two treatments could be very
advantageous over continuous ADT for the treatment of advanced prostate cancer.

The hybrid nature of the model—combing continuous treatment dynamics with discrete treatment—makes standard analysis difficult. This
situation forced Portz and Kuang [44] to use specific parameter values to find the desired values of e1, preventing the possibility of having an
algebraic expression for those values of e1. Simplifying the model may be possible by using some simple continuous functions for the D(t) and
u(t), although it would likely make clinical application of the model infeasible.

Accuracy in the estimation of parameter values for the immune response is a significant limitation of the model. Most of the parameter estimates
were based on those used by Kirschner and Panetta [29]. While many of these parameter estimates were based on data from biological studies,
the estimates are for generic antitumor immune responses. The proper parameter values for an immune response against prostate cancer may
be significantly different.

Another serious limitation of the model is the lack of regulatory T cells, which reduce sensitivity to self-antigens and prevent self-destructive
lymphocyte responses [41]. Since targeting cancer cells requires targeting self-antigens, regulatory T cells may have a significant suppressive
effect on antitumor immunity [72]. Several studies have examined ways to target regulatory T cells to reduce their suppressive effect on
immunotherapy [72]. Including regulatory T cells in the model is a possible direction for future work, and the therapies which target the regulatory T
cells could then be examined.

5.11 Other prostate models
While we have primarily restricted our focus to prostate cancer, we would be remiss if we did not mention the model of Barton and Anderson [3]
and its extension by Potter et al. [45] on androgen regulation of prostate growth. It is a complicated, compartmentalized pharmacokinetics model
that comprehensively describes androgen dynamics and may serve as a valuable resource in developing future models more focused on cancer
dynamics.

Jain et al. [26] formulated a comprehensive mathematical model of prostate cancer progression in response to androgen ablation therapy based
on the model framework described in this chapter, which is adapted from the work presented in [14]. Their model includes patient-dependent
parameters and captures a variety of clinically observed outcomes for typical patient data under various intermittent schedules. They fit their
simulations to data reported in the literature, and then project the future course of the disease for the next 5 to 10-year period under either
intermittent or continuous therapy. Their model predicts that intermittent scheduling will yield more benefit if hormone-sensitive cells have a
competitive advantage since it may delay the acquisition of genetic or epigenetic alterations empowering androgen resistance. Subsequently,
Jain and Friedman [27] presented some simplifications and variations to the model and carried out systematic computational and mathematical
analysis of their simplified models. Most noteworthy is their novel mathematical definitions of treatment viability, treatment failure and treatment
failure time. These rigorous definitions enable the authors to effectively compare and contrast prostate cancer response to continuous versus
intermittent androgen ablation therapy via mathematical models. Friedman and Jain [16] also formulated and studied a free boundary partial
differential equation model of metastasized prostatic cancer where they were able to establish the existence and uniqueness of solution for the
model. In addition, they also established the global existence of solutions for the radially symmetric case.

Dimonte, an advanced stage prostate cancer patient and an experienced mathematical modeler, developed a sophisticated cell kinetics model
for prostate cancer progression from diagnosis to final clinical outcome subject to various treatment strategies [11]. To describe hormone
ablation therapy, Di-monte assumed the existence of three cancer cell populations: (1) cells local to the prostate and sensitive to hormones, (2)
regional and hormone sensitive cells, and (3) systemic and hormone resistant cells. The model comprises three coupled first-order differential
equations, each describing dynamics of one of these three populations. Time is scaled to the doubling time of the prostate specific antigen
concentration. The rate at which local cells transition to the systemic compartment is associated with the patient’s Gleason score. The model also
assumes three threshold cell population sizes that represent (1) initiation of tumor spread out of the local compartment, (2) saturation capacity of
the local tumor, and (3) the cell count likely to cause PC-specific death. These parameters can be calibrated using published PC clinical data and
survival tables. Dimonte then applies the model to two individuals (himself and another) with complete PC diagnostic data and calculates the time
to PC-specific death. In a subsequent model, Dimonte et al. [12] introduced a simplification and employed it to clarify the observed variability
among biochemical recurrence nomograms for prostate cancer and suggested that nomograms should be stratified by PSA doubling time to
improve predictive power.

In the same issue of the journal published the work of Dimonte [11], Hirata et al. [22] introduced a mathematical model for serum PSA dynamics in
patients receiving intermittent androgen suppression (IAS) for prostate cancer. The validity of their model is supported by patient data obtained
from a clinical trial of IAS. More specifically, Hirata et al. [21] formulated an intermittent androgen ablation model that comprises two submodels:
an on-treatment linear model; and an off-treatment linear model. Their model considered an AD cell population (x1), a reversible AI cell population
(x2), and an irreversible AI cell population (x3), modeled by the following linear system

ddt(x1(t)x2(t)x3(t))=(w1,1100w2,11w2,210w3,11w3,210)(x1(t)x2(t)x3(t))      (5.89)

for the on-treatment periods, and

ddt(x1(t)x2(t)x3(t))=(w1,10w1,2000w2,21000w3,30)(x1(t)x2(t)x3(t))      (5.90)

for the off-treatment periods. Hirata et al. constrained the parameters so that all those off the diagonal are non-negative, while w3,30>0, and the
cell class can change its volume by at most 20% per day. They model androgen dependence by allowing parameters to vary for each on and off
treatment period as well as among treatment cycles. Their model fits highly nonlinear individual patient data very well. See [21, 22] for further
details.

In contrast, a more mechanistic model of intermittent androgen ablation treatment was formulated by Portz et al. [43]. This model uses androgen
and PSA data from individual patients to calibrate the various model parameters, which are clinically measurable or can be estimated from data
in literature. Their model fits multiple cycles of individual patient PSA data very well, with parameter values obtained from the data well within
observed physiological ranges. We will cover their model and its variations in some detail in the next chapter.

5.12 Exercises
Exercise 5.1: Systematically study the global dynamics of the ODE version of Jack-son’s model, consisting of equations (5.55)–(5.56), with three
different treatment scenarios as described by the following androgen profiles.

a(t)={ a0;t<​ T,for no treatment,a0e−bt+as;t≥T,for ADT,a0e−bt;t≥T,for TAB therapy.      (5.91)

Exercise 5.2: Reproduce the Figure 3 in [24].

Exercise 5.3: Systematically study the global dynamics of the Ideta et al. model under hypothesis (1) (i.e., p2(a) ≡ 1). Show that intermittent ADT
reduces time to relapse as illustrated by the Figure 5.5. In other words, continuous ADT is slightly superior in terms of delaying treatment
resistance.

Exercise 5.4: Systematically study the global dynamics of the Ideta et al. model under hypothesis (2) (i.e., p2(a) ≡ 1). Show that intermittent ADT



increases time to relapse as illustrated by the Figure 5.5. In other words, both intermittent and continuous ADT will result in treatment resistance,
with intermittent ADT being superior in delaying treatment resistance.

Exercise 5.5: Systematically study the global dynamics of the Ideta et al.’s model under hypothesis (3) (i.e., p2(a) ≡ 1). Show that any treatment
cycling at all permanently prevents relapse as illustrated by the Figure 5.5.

Exercise 5.6: In a recent paper by Jain and Friedman [27], the authors formulated a model for prostate carcinoma growth and treatment with
androgen deprivation therapy. The principal species modeled are the following: number of androgen-dependent cancer cells in millions (N),
number of castration-resistant cancer cells in millions (M), and serum PSA concentration in ng/ml (P). When treatment is off (u(t) = 0), N and M
grow at rates αN(1 − ∊M)N and αmM + αN ∊m N, respectively, and have growth rates −βNN and βM M, respectively, when the treatment is on. Jain
and Friedman assume that androgen-dependent cells mutate irreversibly to an androgen-independent phenotype with probability ∊M. Both
androgen-dependent and -independent cells are assumed to produce PSA. These assumptions yield the following model:

dNdt=αN(1−∈M)N(1−u(t))−βNNu(t),      (5.92)

dMdt=(αMM+αN∈MN)(1−u(t))+βMMu(t),      (5.93)

dPdt=θNN+θMM−λPP.      (5.94)

Solve the above system explicitly in cases when the treatment is locked on and locked off.

Exercise 5.7: Reproduce Figure 4 in the paper by Jain and Friedman [27].

Exercise 5.8: Simulate the model of Portz and Kuang [44] with parameters given in Table 5.7. You may use or adapt the following MATLAB®
program.

-----------------------------------------------------------
% MATLAB program to simulate a prostate cancer model with intermittent
% ADT and dendritic cell vaccine immunotherapy
tstart = 0; tfinal = 1200;
x0=[15;0.1;0;0;30;0]; % initial conditions (billions of cells)
% treatment parameters
u = 1;  % androgen-ablation on/off state
L0 = 3; % androgen-ablation off PSA value
L1 = 13; % androgen-ablation on PSA value
%D1 = 0.3; % number of DCs (billions) in single infusion
D1 = 0;
tstep = 1200;
%tstep = 30; % days between immunotherapy injections
% tumor size to PSA level correlation parameters
c1 = 1; c2 = c1;
tout = tstart; xout = x0.’;
teout = []; xeout = []; ieout = [];
options = odeset(’Events’, @(t,x)events(t,x,c1,c2,L0,L1,u));
first = true;
tprev = tstart;
while tstart < tfinal
 [t,x,te,xe,ie] = ode45(@(t,x)f(t,x,u),...
  [tstart min([tprev+tstep tfinal])],x0,options);
 nt = length(t);
 tout = [tout; t(2:nt)];
 xout = [xout; x(2:nt,:)];
 if isempty(ie)
   % administer DC vaccine
   D = x(nt,6)+D1;
   tprev = t(nt);
 else
   % toggle androgen ablation therapy
   u = 1 - u;
   D = x(nt,6);
 end
 % adjust initial conditions
 x0 = x(nt,1:5);
 x0(6) = D;
 options = odeset(’Events’, @(t,x)events(t,x,c1,c2,L0,L1,u),...
  ’InitialStep’,t(nt)-t(nt-1),’MaxStep’,t(nt)-t(1));
 tstart = t(nt);
 end

!

y = c1.*xout(:,1) + c2.*xout(:,2);



Figure(1);
hold off
plot(tout,y,’k’,’LineWidth’,1.5);
xlabel(’time (days)’); ylabel(’PSA (ng/mL)’);
set(gca,’xlim’,[0 tfinal],’ylim’,[0 40]);
box on

Figure(2);
hold off
plot(tout,xout(:,5),’k-’,’LineWidth’,1.5);
xlabel(’time (days)’);
ylabel(’Androgen (nmol/L)’);
set(gca,’xlim’,[0 tfinal],’ylim’,[0 40]);
box on

Figure(3);
hold off
subplot(2,1,1);
plot(tout,xout(:,1),’k’,’LineWidth’,1.5);
xlabel(’time (days)’); ylabel(’AD cells’);
subplot(2,1,2);
plot(tout,xout(:,2),’k-’,’LineWidth’,1.5);
xlabel(’time (days)’); ylabel(’AI cells’);
% --------------------------------------------------------------
function dxdt = f(t,x,u)
X1 = x(1); X2 = x(2); T = x(3); IL = x(4); A = x(5); D = x(6);
alpha1 = 0.025; beta1 = 0.008;
k1 = 2; k2 = 8; k3 = 0.5; alpha2 = 0.025; beta2 = 0.019;
m1 = 0.00005;  % mutation rate
a0 = 30;   % normal androgen level
gamma = 0.08;  % androgen clearance rate
c = 0.14;  % DC death rate
e1 = 0.6897325;
g1 = 10; e2 = e1; g2 = g1;
e3 = 0.02;  % T-cell sensitivity to dendritic cells
g3 = 0.4;
e4 = 0.1245; % T-cell sensitivity to IL-2
g4 = 1e3;
e5 = 5e3;  % IL-2 production from T cell stimulation
g5 = 10;
mu = 0.03; % T-cell death rate
omega = 10; % IL-2 clearance rate

r1 = alpha1*A/(A+k1) - beta1*(k2+(1-k2)*A/(A+k3));
r2 = alpha2 - beta2;
m = m1*(1-A/a0);
dX1 = r1*X1 - m*X1 - e1*X1*T/(g1+X1);
dX2 = r2*X2 + m*X1 - e2*X2*T/(g2+X2);
dT = e3*D/(g3+D) - mu*T + e4*T*IL/(g4+IL);
dIL = e5*T*(X1+X2)/(g5+X1+X2) - omega*IL;
dA = gamma*(a0-A)-gamma*a0*u;
dD = -c*D;
dxdt = [dX1; dX2; dT; dIL; dA; dD];
% --------------------------------------------------------------
function [value,isterminal,direction] = events(t,x,c1,c2,L0,L1,u)
% hysteresis relay
isterminal = 1;
if u == 1
 value = c1*x(1) + c2*x(2) - L0;



 direction = -1;
else
 value = c1*x(1) + c2*x(2) - L1;
 direction = 1;
end
-----------------------------------------------------------

Exercise 5.9: Consider a special case of the model in Portz and Kuang [44] in which there is just one type of tumor cells X1. This can be achieved
by assuming X2(0) = 0 and m(A) = 0. Assume also that both the dendritic cell density and the androgen level are constant so that their model is
reduced to a system of just three equations. In addition, assume that the term describing T-cells killing cancer cells can be modeled by a mass
action term and same for the term describing the IL-2 production due to T-cell stimulation. Study the boundedness of solutions, existence of
steady states and the stability of the steady states of this reduced system.

Exercise 5.10: In addition to the assumptions presented in the previous exercise, apply a quasi-steady state approximation on the IL-2 equation.
This shall reduce the model to a system of two equations. Study the boundedness of solutions, existence of steady states, the local and global
stability of the steady states of this dramatically reduced system.

5.13 Projects
Here, we briefly suggest some modifications or extensions of existing dynamical models that could be pursued as meaningful projects by the
interested students.

5.13.1 The epithelial-vascular interface and serum PSA

A surprising and important prediction of Vollmer and Humphrey’s model is that at steady state the serum PSA does not depend upon β, the rate
of transport from the interstitium to the serum, which is a marker for the extent of the epithelial-vascular interface. Moreover, we have found that
when PSA is increasing according to an empirical exponential model, β has a minimal effect on PSA over most biologically reasonable
parameter space. It is important to determine if this prediction is robust under different model constructions. For example, one can model
transport as a function of the vascular surface area, A, the PSA concentration difference in the tissue and serum compartments, (f − y), and a
permeability coefficient P. This gives the new model,

dfdt=α−PA(f−y)1Vp,      (5.95)

dydt=PA(f−y)1Vs−ky.      (5.96)

Some simple calculations show that the steady state for this model is

fs=αVpPA+αVpkVs,      (5.97)

ys=αVpkVs,      (5.98)

Thus, while the tissue PSA steady state is more complex and explicitly depends on the transport parameters P and A, serum PSA is unchanged
from the original model, remaining independent of the vasculature. An important advantage of this formulation is that the parameters P and A may
be estimated directly from empirical biological data.

We now return to the original model, but suggest that the PSA in the tissue compartment should also degrade at some rate µ. This yields another
modified model:

dfdt=α−βf−μf,      (5.99)

dydt=βf−ky.      (5.100)

The steady state is now

fs=αβ+μ,      (5.101)

ys=αβk(β+μ)VpVs.      (5.102)

Thus, PSA degradation in the tissue compartment causes steady state serum PSA to depend upon β, and therefore the epithelial-vascular
interface. We suggest that the interested student more thoroughly examine and characterize the dynamics of these modified models, and as a
final modification, combine the two. This would allow a more detailed understanding of how tissue compartment PSA dynamics and transport
parameters interact to determine serum PSA, hopefully giving deeper insight into the importance of the tissue-vascular interface in determining
serum PSA.

5.13.2 A clinical algorithm based on a dynamical model

Our analysis of the models of both Swanson et al. [61] and Vollmer and Humphrey [67], among other things, suggests that serum PSA is not a
reliable predictor of tumor volume in individual cases. Indeed, serum PSA in the 4 to 10 ng/ml range is not a reliable predictor of the presence of
clinically meaningful cancer. Therefore, in order to determine if an individual patient’s PSA indicates the existence of cancer, we propose the
following example algorithm:

1. Assume cancer does not exist.
2. Use several serial PSA measurements to determine PSA velocity.
3. Measure prostate volume by transrectal ultrasound and estimate epithelial fraction.
4. Calculate the likely range of serum PSA under equation (5.25) derived by Vollmer and Humphrey [67] (but with Vc = 0).

In other words, we are deriving a PSA interval implied by a null hypothesis— viz. that cancer is not present—based on several individually
measured parameter values and the normal value range for the other parameters. If the PSA is outside the range predicted by the null hypothesis,
then we may accept the alternative hypothesis that cancer is present. An algorithm along these lines, tested on a clinical data-set, could be of
clinical use.

5.13.3 An extension of Vollmer and Humphrey’s model

As it stands, γ, the relative PSA velocity, reflects the growth of both benign and cancerous tissues. Both c1 and c2 are affected by γ. One could
productively extend Vollmer and Humphrey’s model by adding an explicit model of tumor growth. A simple exponential growth model could be
used as a first approximation; e.g.,

Vc=V0eγt.      (5.103)

Total prostate volume,



Vp=Vb+Vc,      (5.104)

would cease to be constant. Further analysis of this or a similar model could give a better understanding of the relative contribution to PSA
change by cancerous tissue compared to benign tissue. Growth in the benign tissue compartment could also be considered explicitly.

5.13.4 Androgens positively regulating AI cell proliferation

In the model of Ideta et al. [23], we can assume that androgens increase AI proliferation, and even in the absence of androgens there is some
small but positive proliferation rate. Therefore, AI cells will have a proliferative advantage when androgen deprivation is in effect, but disease may
flare differently when androgens are re-introduced as compared to the predictions of other hypotheses. This hypothesis can be formalized and
used to examine, both numerically and mathematically, how intermittent androgen ablation affects AI recurrence.

5.13.5 Combining androgen ablation with other therapies

Another interesting extension of Ideta et al.’s model [23] would include an examination of AI recurrence following androgen ablation therapy
combined with surgical resection of a portion of the tumor. In a numerical ODE setting, surgical treatment can easily be simulated by setting x1
and x2 to some fraction of their previous value; a lower fraction implies more complete surgery.

It is not intuitively obvious whether cancer would be better controlled by surgical resection of a portion of the tumor at the beginning of therapy or at
some later time, nor how different schedules of androgen ablation may interact with surgery. Numerical experiments may give insights into this
problem.

Cytotoxic chemotherapy of the tumor in combination with intermittent androgen ablation therapy may also be studied. As a first approximation,
one can model chemotherapy very simply by adding an additional, first-order death term to the governing ODE for x1 and x2. Some simple
schedules of chemotherapy that could be studied include:

1. A course of chemotherapy at the onset of treatment.
2. A course of chemotherapy upon AI recurrence.
3. Chemotherapy only concurrent with androgen ablation therapy.
4. Chemotherapy and androgen ablation therapy in alternating schedules.
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Chapter 6

Resource Competition and Cell Quota in Cancer Models
6.1 Introduction
In its early growth phase, a malignant tumor often exhibits rapid growth due primarily to a high proliferation rate. Although this may not be true for
all cancers (see [11]), rapid proliferation must be fueled by abundant resources. As the tumor expands, it is widely thought that competition for
resources tends to increase, because more cells compete for fewer resources as tumor vasculature becomes increasingly deranged. As a result,
tumor growth rate tends to decrease as the tumor ages and key resources become limiting (see Chapter 2). This limitation also provides the
impetus for a long lasting and intensive evolutionary process that enables cancer cells to eventually resist almost any known treatments.

In order to reasonably model limiting resource driven evolutionary cancer dynamics, we must model the resource dynamics explicitly and
accurately. In view of the fact that evolutionary cell population growth is intrinsically a multi-scale process in both time and structure, a natural
question is how to realistically model these multi-scale phenomena and validate the resulting model. To deal with the evolutionary nature of the
cancer cell growth, one may start by modeling just two types of competing cancer cells. To reasonably and accurately model cell population
dynamics, one may explicitly keep track of the most limiting nutrient driving the cell growth. A natural way to validate models of complex biological
processes is to compare the model outputs to good clinical data which enables modelers to exclude both simplistic and overly complex models.

In this chapter, we present several case studies where the rigorously tested cell quota based Droop model and the ideas from the growing field of
ecological stoichiometry are successfully applied to model cancer growth and treatments. Ecological stoichiometry is the study of the balance of
energy and multiple chemical resources (elements) in ecological interactions [41]. Readers are referred to [9] for a concise introduction to the
concept and applications of the theory of ecological stoichiometry. In the following, we present and compare some cell quota based and clinical
date validated treatment models of prostate cancer and chronic myeloid leukemia with some standard population level models in the literature.
Some noteworthy advantages of cell quota based population models include: (1) the models use well-defined and measurable biological
parameters [33]; (2) the models generate good data fit with biologically realistic parameter values [14]; (3) the model parameters are actually
functions of the dynamic cell quota and hence generate rare and valuable evolutionary insights from the parameter dynamics [31]; (4) the models
can be expected to simultaneously fit multiple highly nonlinear or oscillatory data sets depicting several variables observed in the same
experimental settings [32].

6.2 A cell-quota based population growth model
Cell population growth is determined by its birth and death processes. Cells grow through division, but can die in many ways. Hence, in general,
cell death mechanisms are more numerous and difficult to study than cell division mechanisms in a lab or field setting. In a very short time period,
growth dynamics can be approximated by a linear differential equation with slope representing the net growth rate. Longer term, this growth rate
shall be regarded as time dependent since it is often density dependent. The so-called Droop equation [6, 7] provides a time and experiment
tested simple mathematical expression for biomass growth rate. It provides a natural starting point for formulating mechanistic cell population
growth models. Indeed, it provides a simple mechanism for us to understand the classical logistic growth equation as pointed out by Kuang et al.
[21] and which will be fully explored in the next section.

In 1968, Droop [6] published some ground-breaking experimental and theoretical results describing the kinetics of vitamin B12 limited growth in
the photosynthetic alga Monochrysis lutheri. Contrary to earlier belief, Droop found that the specific growth rate did not depend directly on the
medium substrate concentration, but was rather a function of the intracellular vitamin B12 concentration, the so-called cell quota, Q. Before
continuing, we define Q as C/x, where C is the concentration of substrate across all cells (nM), and x is the cell mass concentration measured in
cells L−1. However in many applications, Q can be a scalar representing the percentage of the nutrient weight in a unit weight of cell mass. See
Table 6.1 for all variables and parameters.

Table 6.1

Variables and parameters for the Droop model.

Symbol Meaning Units

Q Cell quota, equals C/x nmol cell−1

Y Yield constant, x/C cells nmol−1

x Cell mass cells l−1

C Concentration of substrate in cells nM (nmol l−1)

s Medium substrate concentration nM (nmol l−1)

Ks Michaelis constant for uptake nM (nmol l−1

µ Specific growth rate day−1

µm Max specific growth rate day−1

u Specific overall rate of uptake nmol cell−1 day−1

um Maximum specific rate of uptake nmol cell−1 day−1

q Subsistence quota nmol cell−1

Androgens represent a limiting “nutrient” for prostate epithelial cell growth. This motivates our discussion of the Droop (or cell quota) model. But
first, we must give history its due. Justus von Liebig, who in his 1840 treatise [25], studied the “matters which supply the nutriment of plants,”
recognized the vital role of nitrogen and various minerals in plant growth. And his Law of the Minimum endures, as discussed in “The Natural Laws
of Husbandry,” [26]

Every field contains...a minimum of one or several other nutritive substances. It is by the minimum that the crops are governed...Where
lime or magnesia, for instance, is the minimum constituent, the produce of corn and straw, turnips, potatoes, or clover, will not be
increased by a supply of even a hundred times the actual store of potash, phosphoric acid, silicic acid, etc., in the ground.

It was also recognized by other early investigators such as Lotka in 1925 [29] that one essential nutritional currency could limit growth rate, similar
to crop yield.

The Monod model for nutrient-limited growth preceded Droop’s, and takes the specific growth rate, µ, to be a saturating function of medium
concentration, s,



μ=μmsKs+s.      (6.1)

In a closed growth environment, the total nutrient in the environment is constant C0. In such an environment, the Monod model also stipulates that
nutrient consumption is converted to cell growth at a constant rate. The conservation law of nutrient yields

1Yx(t)+s(t)=C0.      (6.2)

where x is cell mass, and Y is the yield constant. The conservation of nutrient in a closed growth environment can also be expressed in terms of
the cell quota Q(t) in the following form

Q(t)x(t)+s(t)=C0.      (6.3)

Together with equation (6.2), we see that Q(t) = 1/Y.

Differentiate the equation (6.2) yields

dxdt=−Ydsdt⇒Y=−dxds.      (6.4)

A note on the units: it is equally valid to think of the cell quota as either an amount of substrate per cell (nmol cell−1, as in Table 6.1) or as an
intracellular concentration (convert using volume per cell). Now, Droop empirically found the relationship between cell quota and specific growth
rate to take the form:

μ(Q)=μm(1−qQ).      (6.5)

This is the Droop model or Droop equation. The subsistence quota, q, is the minimum quota necessary to sustain life. Figure 6.1 depicts the
function µ(Q).

Figure 6.1

Plot of Droop function μm(1−qQ) with µm = 0.8 and q = 3.

Note that

dxdt=μx.      (6.6)

We still need to determine an expression for the cell quota, Q = Q(t). In general,

dQdt=u−Φ.      (6.7)

Where u is the specific rate of substrate uptake, and Φ is the rate of substrate depletion inside the cells. Assume the cell quota is at a steady-
state. Since Q is unchanging, we have that the specific growth rate is constant, and the relation in equation (6.4), which states that medium
substrate depletion is converted to (net) growth at a constant rate, holds, giving:

Y=−dxds⇒Q=−dsdx.      (6.8)

The conservation of substrate implies that

dsdt=−ux      (6.9)

which is equivalent to

u=−dsdt1x=Qdxdt1x=μQ.      (6.10)

This follows from the chain rule,

dsdt=dsdxdxdt=−Qdxdt      (6.11)

and from equation (6.6). Finally, from the steady-state assumption for Q, we have

dQdt=0=u−Φ=μQ−Φ⇒Φ=μQ=μm(Q−q).      (6.12)

As to the form of the uptake term, u, Droop found a simple saturating function to describe the data well:

u=umsKs+s.      (6.13)

This completes the derivation of the basic cell quota model, which we restate in full:

dxdt=μx,      (6.14)

dQdt=u−μQ=u−μm(Q−q),      (6.15)

dsdt=−ux,      (6.16)

μ=μm(1−qQ),

u=umsKs+s.

The above model shall be supplemented with appropriate nonnegative initial conditions for all the variables and the additional requirement that
Q(0) > q. Note that as long as Q(0) ≥ q, then Q(t) ≥ q.

There are several straightforward modifications to the basic framework that we may consider. The most obvious follows from the reality that the
cell quota must have some upper limit, giving the common modification:

u=umsKs+sqm−Qqm−q,      (6.17)

where qm is the maximum cell quota. In this case, the rate of uptake decreases linearly with cell quota. Alternatives include the addition of a
Michaelis-Menton (Hill) term.

Growth rate subject to two potentially limiting nutrients may be modeled by the following cell quota based equation

μ=μmmin(1−qAQA,1−qBQB).      (6.18)

6.3 From Droop cell-quota model to logistic equation



The main purpose of this section is to derive the logistic model via Droop equation. We consider a single species growing in a closed
environment where there is a single most limiting nutrient. For convenience, we assume below that this species is an species of algae and the
limiting nutrient is phosphorous P. Observe that the total amount of phosphorus PT in this closed growth environment remains constant.

If we let Px and Pf be the phosphorus in the algal cells and the free phosphorus respectively, then PT = Px + Pf. Let x = x(t) be the algal cell density
and Q = Q(t) be the algae’s cell phosphorus quota. Then Px = Qx. Hence

PT=Pf+Qx.      (6.19)

In the following, we let q be the algae’s minimal cell quota of P, µm be the species’ maximal growth rate, D be its natural death rate. By (6.5), we
have the following equation for the species growth:

dxdt=μm(1−qQ)x−Dx.      (6.20)

The free phosphorus changes according to

dPfdt=−αPfx+DxQ.      (6.21)

The first term describes the loss of phosphorous due to the uptake by x cells which may be simply approximated by a mass action process. The
second term assumes that the dead algal cells immediately release their phosphorous back to the growth environment.

We still need an equation governing the dynamics of Q, the species’ cell quota for P. However, this equation can be derived from the nutrient
conservation equation (6.19). We have

0=P′T=P′f+(Qx)′=−αPfx+DxQ+μm(Q−q)x−DxQ+xQ′.      (6.22)

This results in the following simple equation

dQdt=αPf−μm(Q−q)≡α(PT−xQ)−μm(Q−q).      (6.23)

We assume that Q(0) ≥ q and PT > x(0)Q(0). Mathematically, this ensures that Q(t) ≥ q for all t > 0.

Since the cell metabolic process operates at a much faster pace than the growth of total biomass of a species, the quasi-steady-state argument
allows us to approximate Q(t) by the solution of

αPf−μm(Q−q)=0,      (6.24)

which takes the form of

Q=αPf+qμmμm.      (6.25)

This together with (6.19) yields

Pf=μmμm+αx(PT−qx).      (6.26)

Substituting (6.26) into (6.25) yields

Q=q+αμm+αx(PT−qx).      (6.27)

Substituting the above into (6.20) yields

dxdt=μmxPT−qxPT+μmqα−1−Dx.      (6.28)

The above equation can be rewritten as

dxdt=μmx(1−qx+μmqα−1PT+μmqα−1)−Dx.      (6.29)

We can further rewrite the above equation as

dxdt=(μm−D)x[ 1−x+μmα−1[ (μm−D)/μm ][ μmα−1+PT/q ] ].      (6.30)

Or equivalently,

dxdt=(μm−D)PTq−1−Dμmα−1PTq−1+μmα−1x[ 1−x(μm−D)PT(qμm)−1−Dα−1 ].      (6.31)

It clearly takes the form of the classical logistic model

dxdt=rx[ 1−xK ]      (6.32)

with

r=(μm−D)PTq−1−Dμmα−1PTq−1+μmα−1      (6.33)

and

K=(μm−D)pT(qμm)−1−Dα−1=(PTqμm+α−1)r.      (6.34)

From Eq. (6.34), we see that r and K are not independent. Indeed, they are linearly dependent. It is easy to observe that both r and K are
increasing functions of α and decreasing function of D. This makes good biological sense. It should be pointed out here that we did not assume
the population suffers from a crowding effect explicitly. However, this crowding effect is implicitly provided by the fact that the total nutrient in the
system (here P) is fixed, and individuals have to compete for this resource. Observe that the expression of K is different from the intuitive carrying
capacity of the form PT/q. The expression of K says that while in theory the environment may sustain a maximum of PT/q cells, the actual upper
limit for the algae biomass can attain is K = (µm − D)PT /(qµm) − Dα−1, which is less than PT/q. The reason that the intuitive carrying capacity
PT/q cannot be reached in practice is that the death process in a population keeps the population below its potential maximum. However, the
equation (6.34) says clearly that a population with a relatively low death rate will likely amass more biomass than a population with a relatively high
death rate.

Droop equation based population models are capable of generating rich and often intriguing dynamics that realistically match those observed in
field and lab experiments ([27, 28], [41]).

6.4 Cell-quota models for prostate cancer hormone treatment
In the following, we present two cell-quota based models for prostate cancer hormone treatment due to Portz, Kuang and Nagy [33]. Their models
aim to produce solutions match the data of clinical trials. With a data validated model, we can hope to gain a greater understanding of the
processes at work in prostate cancer and androgen suppression therapy. Moreover, a model capable of predicting the course of an individual
case of prostate cancer would be useful in developing a treatment schedule in a clinical setting. Their models are based on the works of Jackson
et al.[18] and Ideta et al.[17]. These earlier models include an androgen-dependent (AD) cell population and an androgen independent (AI) cell
population with mutation from the AD population to the AI population at a rate based on the androgen concentration. The material of this section is
adapted from the content of Portz, Kuang and Nagy [33].

6.4.1 Preliminary model

In an initial model formulated by Portz, Kuang and Nagy [33], the growth rate of the AD cell population is given by Droop’s cell quota model. The
cell quota model introduces a new variable, Q(t), which is the cell quota for androgen. The AD and AI cell populations are modeled by

dX1dt=μm(1−qQ)X1−δX1−m1(Q)X1+m2(Q)X2,      (6.35)

dX2dt=rX2−m2(Q)X2+m1(Q)X1.      (6.36)



The proliferation rate of the AD cell population is zero when Q(t) is at the minimum cell quota q. As Q(t) increases, the growth rate approaches its
maximum, µm. The apoptosis rate of the AD cell population and the net growth rate of the AI population excluding mutation are assumed to be
constant.

This model includes mutation between both cell populations. This change is made under the hypothesis that androgen dependence can be
regained by AI cells in an androgen-rich environment with some sort of switching behavior. The switching rates are given by hill equations,

m1(Q)=k1K1nQn+K1n,      (6.37)

m2(Q)=k2QnQn+K2n.      (6.38)

The AD to AI mutation rate, m1(Q), is low for normal and high androgen levels and high for low androgen levels. In contrast, the AI to AD mutation
rate, m2(Q), is high for normal and high androgen levels and low for low androgen levels.

The cell quota for androgen within the AD cells is modeled by

dQdt=υmqm−Qqm−qAA+υh−μm(Q−q)−bQ.      (6.39)

Androgen within the cells is used for growth up to the minimum cell quota at a rate µm and is also assumed to degrade at a constant rate b.

The serum PSA concentration, P(t), is modeled as a linear function of the two cancer cell populations:

P(t)=c1X1(t)+c2X2(t).      (6.40)

6.4.2 Final model
In the final model, Portz, Kuang and Nagy use the cell quota model for both the AD and AI cell populations [33]:

dX1dt=μm(1−q1Q1)X1−d1X1−λ1(Q1)X1+λ2(Q2)X2,      (6.41)

dX2dt=μm(1−q2Q2)X2−d2X2−λ2(Q2)X2+λ1(Q1)X1,      (6.42)

Both cell populations have the same maximum proliferation rate µm. To give the AI cells greater capacity for proliferation in low androgen
environments compared to AD cells, they select a lower minimum cell quota for the AI cells, q2 < q1.

The relevance of the cell quota model follows from the nature of androgen’s action and how its signal is transduced. The AR is intracellular, so only
intracellular androgen can be sensed, and proliferation depends on AR:androgen binding. Hence androgen is clearly a resource. For the AI cells,
androgen receptors are typically either activated in an androgen-independent way, are amplified, or are otherwise activated by mutated
regulators [22]. In any of these cases, the androgen receptor is still active and some AR:androgen response remains. However, far less androgen
is required to achieve the same level of proliferation, which the Droop formalism captures very nicely with the constraint q2 < q1.

The cell quotas for androgen are modeled by the same equation as the preliminary model,

dQidt=υmqm−Qiqm−qiAA+υh−μm(Qi−qi)−bQi.      (6.43)

However, there are now two cell quota variables, Q1(t) for the AD population and Q2(t) for the AI population.

The switching rates between the AD and AI cell populations take the same form as in the preliminary model,

λ1(Q)=c1K1nQn+K1n,      (6.44)

λ2(Q)=c2QnQn+K2n.      (6.45)

With this final model, a new model for the serum PSA concentration is introduced:

dPdt=σ0(X1+X2)+σ1X1Q1mQ1m+ρ1m+σ2X2Q2mQ2m+ρ2m−δP.      (6.46)

It is assumed that PSA is produced by both AD and AI cells at a baseline rate σ0 plus an additional androgen-dependent rate. Experimental
evidence supports the assumption that PSA production is dependent on androgen levels [15]. Hill functions are used for the androgen-dependent
rate so that it increases with the cell quota toward a maximum rate σi. The androgen-dependent rate is split into two terms, one for each cell
population, because the two populations respond differently to androgen. It is also assumed that PSA is cleared from the blood at a constant rate
δ.

6.4.3 Simulation

In a clinical study [1], seven men with stage C and stage D prostate cancer were treated with intermittent androgen suppression therapy.
Androgen withdrawal was maintained for 6 or more months and then interrupted for 2 to 11 months. Serum androgen and PSA concentrations
were measured on a monthly basis. When serum PSA concentrations exceeded a threshold of about 20 ng/mL, androgen withdrawal was
resumed. This treatment cycle was continued over periods of 21 to 47 months. Portz et al. used the androgen and PSA time series data from the
seven cases to simulate and fit the models [33]. Using clinical data from an intermittent androgen suppression trial provides a better assessment
of the dynamics of prostate cancer as responses to both the initiation and withdrawal of treatment can be observed as opposed to continuous
androgen suppression where only a single on-treatment period is observed.

The serum androgen data from the clinical cases is used directly as A(t) for fitting rather than modeling the androgen concentration. However, the
coarse androgen data must be interpolated before it can be used as an input to the numerical simulations. Using linear interpolation results in the
peaks of the PSA concentrations being significantly delayed. These delays are caused by the slow linear decline in androgen concentration
between off-treatment and on-treatment periods in the simulations when the actual androgen concentrations drop very quickly. To obtain more
accurate results, an exponential fit is used between the last off-treatment data points and the first on-treatment data points,

A(t)=A(tf)+(A(ti)−A(tf))e−γ(t−ti),      (6.47)

where ti is the time of off-treatment data point, tf is the time of the on-treatment data point, and γ is the serum androgen clearance rate. The
remaining segments of the androgen data are interpolated using piecewise cubic hermite splines to give smoother responses in the simulations.

The parameters of the models are initially fit by hand to provide good qualitative fits with the clinical PSA data. Once a reasonably close fit has
been obtained, a simplex search method is used to minimize the mean square error between the clinical PSA data and the simulated PSA
concentrations. This parameter fitting is performed for each of the seven cases on all three models.

The simulation result for the final model for subject 1 described in [1] is shown in Figure 6.2. This model is better at fitting the clinical PSA data
than either the preliminary model or the model of Ideta et al. [33].

Figure 6.2



Final model results, case 1. In general, the PSA data is matched very accurately.

Table 6.2 shows the mean squared error between the simulated PSA levels and the clinical PSA levels for each case and model as reported in
[33]. The table also presents a comparison based on the Schwarz Bayesian Criterion, which includes an adjustment for the number of free
parameters. The results clearly confirm that the final model produces the best fits out of the three.

Table 6.2

Comparison of model fits, including mean squared error (MSE) and Schwarz Bayesian Criterion (SBC). Lower values indicate better fits for both
MSE and SBC.

MSE SBC

Case Ideta Prelim. Final Ideta Prelim. Final

1 21.21 30.61 2.960 145 145 68.0

2 25.65 96.05 2.790 85.9 112 41.5

3 216.6 238.2 46.42 185 188 139

4 12.26 13.60 3.924 93.5 96.4 61.6

5 358.1 497.3 41.81 101 105 70.7

6 44.59 41.91 0.3985 96.9 95.7 2.57

7 6.655 6.588 3.710 67.7 67.5 53.7

Overall 81.40 106.3 13.46 806 853 491

6.4.4 Predictions

The result of running the final model for another treatment cycle beyond the clinical data for subject 1 is shown in Figure 6.3 and the results for the
other subjects can be found in [33]. It is known that the patients in cases 1, 2, 3, and 5 had stage C cancer, while the patients in cases 4, 6, and 7
had stage D (metastatic) cancer [1]. The final model can be used to predict uncontrolled growth in the AI population for the stage D cases even
though the PSA concentrations do respond to the final on-treatment period in cases 6 and 7. The model also predicts a poor response to another
treatment cycle for the patient in case 3, who had already undergone two long treatment cycles.

Figure 6.3

Prediction of the final model, case 1. The dashed vertical line separates the clinical fit and the prediction. The PSA concentration and AI
population increase significantly with another off-treatment period. However, the subsequent on-treatment period remains effective in stopping
further growth.

In [13], Everett, Packer and Kuang extended the above final model in two ways and tested their models predictive accuracy, using only a subset of
the data to find parameter values. The results are compared with the piecewise linear model of Hirata et al. [22] which does not use testosterone
as an input (see Section 5.11). Based on a small set of data from seven patients contained in [1], their results showed that the piecewise linear
model actually produced slightly more accurate results while the two more biologically plausible predictive methods are comparable. However,
this comparison did not penalize the excessive number of parameters (since each on and off treatment requires a new set of parameter values)
used in the piecewise linear model of Hirata et al. [22]. Nevertheless, it suggests that a simple piecewise linear model may still be useful for a
predictive use despite its simplicity and lack of close biological connections.

6.5 Other cell-quota models for prostate cancer hormone treatment
In Section 6.4, we described two cell-quota models for prostate cancer hormone treatment due to Portz et al. [33]. They modeled androgen-
limited growth in prostate cancer using a Droop model, with androgen-dependent and independent cell lines characterized by different
subsistence quotas (q), and modeled intermittent androgen suppression therapy. Excellent agreement between the model and clinical data was
achieved with this approach. We develop below several similar models for competition between AI and AD cells.

6.5.1 Basic model



We consider a model very similar to that of Portz et al. [33]. We have two strains of cell, X1(t) and X2(t), with differing sensitivities to androgen.
We let these variables represent the absolute numbers of cells, rather than cells l−1 as above (which follows Droop’s original derivation). The cell-
quota model above can be reformulated using absolute cell count and substrate amount, and it remains essentially identical, although care must
be taken to appropriately convert substrate amount to concentration, based on medium volume. For parametrization, we take cell quota to be in
units of concentration (nM), by converting from nmol cell−1 to nmol l−1 (nM).

The cell quota for this model is intracellular androgen concentration (presumably complexed to its receptor, with units nM), still represented by Q.
The basic cell quota model for androgen-mediated growth is:

dX1dt=μ1X1−d1X1−m1X1+m2X2      (6.48)

dX2dt=μ2X2−d2X1−m1X1+m2X2      (6.49)

μ1=μm(1−q1Q1)

μ2=μm(1−q2Q2).

The mutation rates between strains are given by m1 and m2, and, unlike in Ideta’s or Portz et al.’s models, are constants, and background cell
death occurs at rates d1 and d2. We have the cell quotas governed by:

dQidt=umiAKAi+AKQiKQi+Qi−μiQi−bQi,i=1,2.      (6.50)

Androgen uptake is saturable according to the KAi parameters, and cell quota is limited by the second Hill function in the uptake term. Finally,
androgens positively regulate the expression of PSA by prostate epithelium, so rather than take the serum PSA level as a simple linear
conversion from cell mass as done by Ideta et al. [17], we model PSA dynamic quantity with the same governing equation as done by Portz et al.
[33] which is identical to (6.39):

dPdt=σ0(X1+X2)+σ1X1Q1mQ1m+ρ1m+σ2X2Q2mQ2m+ρ2m−δP      (6.51)

where σ0 is the baseline level of PSA production by all cells, and androgen induces each strain to increase production according to their
respective Hill functions.

6.5.2 Long-term competition in the basic model

Portz et al. [33] modeled increased sensitivity to androgens by AI cells, X2(t), by making the subsistence quota for such cells smaller than that for
AD cells, namely q2 > q1. While apparently reasonable, such a choice results in the cell quota for AI cells being smaller than for AD cells (a growth
advantage does still exist for such AI cells). We argue that, under the basic model, modifying the uptake parameters KA2 and KQ2 may better
represent increased sensitivity to androgen via such AR upregulation or other common mechanisms. And indeed, making either KA2<KA1 or
KQ2>KQ1 results in a greater Q2 and a selective advantage for AI cells that stems from their larger cell quota.

Before examining intermittent androgen deprivation, we briefly re-address the evolutionary question posed in Section 5.4: how do serum
androgen levels affect the early evolution of prostate cancers? The model of Eikenberry et al. [8] suggested that low systemic androgen may
induce selective pressure for highly androgen-sensitive strains, which may have higher malignant potential or give rise to cancers poorly
responsive to treatment. We apply the basic model just presented to this problem by letting KA2=KA1/10. We also make growth space-limited as
follows:

μi=μm(1−qiQi)(1−X1+X2K)      (6.52)

where K is the carrying capacity of the normal prostate. This change also necessarily affects the cell quota loss term, −µiQi. We simulate the
model starting with AD cells at their approximate equilibrium point with no AI cells present, and we set the serum androgen level, A, to a constant.

Figure 6.4 shows the evolution of the two strains under different values for A. As in Section 5.4, this model, independently derived from quite
different principles, suggests that low systemic androgen selects for cell strains with reduced androgen dependence. Again, more androgen-
sensitive strains are also ultimately selected for in normal and high-androgen environments, but in such environments the selective pressure is
weaker. The time from the start of the simulation until AI cells become a majority is plotted in Figure 6.5, and this time increases nearly linearly
with serum androgen.

Figure 6.4

Competition between AD and AI cells in a prostate under the basic cell quota model with space-limited (logistic) growth. AI cells have greater
uptake of androgen, with KA1=3 and KA2=0.3nM. From left to right, A is fixed at 1 nM, 10 nM, and 100 nM. Parameter values are µm = 0.035, d1
= d2 = 0.01, q1 = q2 = 0.3, m1 = m2 = 10−5, b = 0.09, KQ1=KQ2=5, KA1=3, KA2=0.3, um = 0.275, σ0 = 10−10, σ1 = σ2 = 5 × 10−10, m = 2, ρ1
= ρ2 = 1.2, δ = 0.2.

Figure 6.5

Under the same model as in Figure 6.4, the time until AI cells become a majority as a function of serum androgen, A.

Reasonable parameter values for the model, based on the chemical kinetics model of Section 5.4.2, Ideta et al. [17], and Portz et al. [33], are
reported in the caption of Figure 6.4.

6.5.3 Intermittent androgen deprivation



Akakura et al. [1] used the following algorithm in a clinical study of intermittent androgen deprivation: androgen withdrawal was initiated
pharmacologically. Following 6 months of PSA in the normal range, treatment was stopped; it was resumed once serum PSA exceeded 20 ng/ml.
Portz et al. [33] achieved an excellent match between his model and the clinical data in this study. Figure 6.6 shows the results of intermittent
androgen suppression with A set at either 0.5 nM or 0.1 nM during therapy and at 15 nM off therapy. Treatment is given for a fixed period of 180,
90, or 30 days, and resumed when PSA > 20 ng/ml.

Figure 6.6

Intermittent androgen deprivation therapy under the Droop model presented in Section 6.5.1. Parameter values are as in Figure 6.4, except µm =
0.025, m1 = m2 = 10−6, and KA1=0.1. Note that the advantage to continuous depravation in the lower panel disappears if KA2 is made
sufficiently small.

From Figure 6.6, it can be seen that all suppression periods generate essentially identical results. When androgen deprivation is severe,
continuous deprivation may be superior to intermittent therapy. However, this result depends entirely on the androgen sensitivity of the AI line. If
the AI line is capable of responding to even very low androgen levels, i.e. KA2 is made sufficiently small, this advantage disappears.

The Droop model predicts then, that even very brief periods of androgen deprivation are likely to suppress tumor growth as well as other
schedules. Since clinically maximal androgen blockade has not proven superior to standard therapy, it is likely that brief intermittent therapy is
nearly as good as continuous therapy.

6.5.4 Cell quota with chemical kinetics

We now propose a somewhat more complex model that takes the intracellular chemical kinetics of androgens into account. For simplicity, we
consider only testosterone (T) and disregard DHT for the moment. The cell quota, Q, is now taken to be the intracellular T:AR complex
concentration (nM). From first principles, we have that T is a steroid hormone that freely crosses cells membranes, and we have a system for
intracellular free testosterone, Ti, free AR, Ri, and T:AR complex Qi, all in nM units:

dTidt=PAi(TS−Ti)γ−kaTiRi+kdQi−βTT      (6.53)

dRidt=−kaTiRi+kdQi      (6.54)

dQidt=kaTiRi−kdQi.      (6.55)

Note that we disregard production and loss of both free and complexed AR. In the chemical kinetics model of Section 5.4.2 we did consider these
behaviors, but the model was such that the total AR concentration within the cell remains constant. Our simplification here is therefore a “shortcut”
to the same essential behavior.

The parameter Ai is the surface area of vasculature associated with strain i and can be calculated as:

Ai=αXi      (6.56)

where α is a constant with units m2 cell−1. The permeability coefficient of testosterone is P (m hr−1), and γ is a constant giving the volume in L
per cell. The other kinetic parameters are as in Section 5.4.2.

This model allows us to more realistically model upregulation of the AR as a mode of androgen independence. We leave such investigation to the
student. We also leave it as an exercise to extend the model to consider conversion of T to DHT by 5α-reductase, and the appropriate
modification of the cell quota.

6.6 Stoichiometry and competition in cancer
Tumors compete for resources with their hosts. As we have discussed at various points in this and other chapters, healthy cells and multiple
strains of cancer cell must compete for space, oxygen, glucose, growth factors, and, as we discuss here, elemental nutrients. A striking
demonstration of a tumor’s effect on the host physiology is cancer cachexia, a complex wasting syndrome characterized by weight loss, anorexia,
and neurohormonal abnormalities. A combination of tumor and host factors cause progressive breakdown of skeletal muscle, fat, and bone that is
not reversible by nutritional supplementation; resting energy expenditure is often increased and there is increased glucose production and
catabolism [43].

Ecological stoichiometry is an increasingly important field which studies the balance of elements in ecological systems. In particular, organisms
vary greatly in their relative nitrogen (N), carbon (C), and phosphorus (P) content. Phosphorus is a key element in ecological systems, and multiple
lines of evidence point to it being a key resource that healthy and cancerous cells may compete for. Phosphorus is an essential component of
DNA and RNA, and the majority (about 80%) of RNA is incorporated into ribosomes, vast molecular factories that translate mRNAs into proteins.
The proteins produced by ribosomes are essential for rapid cell growth and proliferation, and multiple studies indicate that ribosome synthesis is
essential to rapid cancer cell proliferation [23]. Hence, the importance of phosphorus. Note also that nitrogen is an essential component of both
the nitrogenous bases that make up RNA and DNA, and of the amino acids that compose proteins. Glucose, a six-carbon chain, provides energy.
Thus, the three elements studied in ecological ecology are essential factors in the tumor-host ecology as well.

The growth rate hypothesis posits that organisms with a rapid growth rate require a high P content in biomass, due to the requirement for high-P
content ribosomes [10]. Thus, rapid growth as an evolutionary strategy has the cost of increased dependence on environmental or dietary
phosphorus. Translating this to tumor biology, the hypothesis predicts that rapidly growing tumors should have a high P content, but there is an
evolutionary cost in P-limited environments.

6.6.1 KNE model

Kuang, Nagy and Elser have recently applied ideas from ecological stoichiometry to tumor growth, and have proposed a mathematical model for
phosphate-limited growth in human cancer [23]. The model considers a cancer of some organ which, for concreteness, we take it to be the lung.
Let x represent the mass of healthy cells in the organ, yi represents cancerous cells of strain i, and z is the total tumor microvessel mass. We
assume the organ has an overall mass of KH, and the tumor’s maximum size is KT.

Phosphate-limited growth. Now, considering phosphorus mass, P, we assume the total phosphorus in the organ remains constant. We assume n
represents the average amount (grams) of phosphorus per kg of healthy tissue; likewise mi is phosphorus mass per kg of cancerous tissue of
strain i. That is, these are units of concentration. Thus, we have:

P−(nx+nz+∑imiyi)≡Pe      (6.57)

where Pe is mass of extracellular P within the organ. The extracellular volume is given by f × KH, where f is the fraction of organ mass that is
extracellular (about 1/3), and KH is the organ mass. Therefore, extracellular concentration is simply:

[ Pe ]=PefKH      (6.58)



Now, we assume that if the extracellular P concentration, [Pe], falls below the mean for healthy cells, n, then the maximal proliferation rate, a, is
impaired. That is, cells proliferate at rate a when sufficient P is present ([Pe] ≥ n), and at rate

a[ Pe ]n=aPefKHn      (6.59)

when [Pe] < n. Malignant cells similarly depend on [Pe] and mi and have maximum growth rate bi.

Vasculature-limited growth. Tumor growth requires a sufficient vasculature. We define L as follows:

L=g(z−α∑iyi)∑iyi      (6.60)

Here, α is the mass of cancer cells that can just barely be supported by a unit of blood vessels, and g measures the sensitivity of tumor cells to
hypoxia. If L ≥ 1, then proliferation is unimpaired, but if L < 1, then the growth rate is modified by the factor L. We also assume that cancer cells
generate some signal that recruits immature endothelial cells to form blood vessels at rate c. We can incorporate a delay into the model by
assuming it takes τ time units for vessels to form in response to this signal.

Space-limited growth. We have growth limited by organ size. Healthy cells grow to a carrying capacity of KH, with all cells competing for this
space. The tumor mass grows to a carrying capacity of KT. Healthy cells do not affect the maximum tumor size, from the assumption that cancer
cells better compete for space. We also assume that healthy, malignant, and endothelial cells undergo death at per-capita rates dx, di, and dz,
respectively.

Model. The above considerations give the model for two strains of cancer cells, i = 1, 2:

dxdt=x(amin(1,[ Pe ]n)−dx−(a−dx)x+uKH)dyidt=yi(bimin(1,βi[ Pe ]mi)min(1,L)−di−(bi−di)uKT)dzdt=cmin(1,[ Pe
]n)(y1(t−τ)+y2(t−τ))−dzzu=y1+y2+z.      (6.61)

Note that we have added the coefficient βi to represent the relative efficiency of P uptake by cancer cells. Finally, the model may be modified to
consider a changing phosphate load in the organ. We assume a constant influx of P at rate r, representing dietary intake. When cells die, they
liberate P; a small amount of the liberated P will not be recycled, but will be lost to the circulation. We let γ represent the fraction lost, and have:

dPdt=r−γ(n(dx+dzz)+(a−dx)nxx+y1+y2+zKH+∑i=12midiyy+y1+y2+zKT∑i=12mi(bi−di))      (6.62)

6.6.2 Predictions

Kuang et al. [23] estimated the phosphorus content of the lung to be roughly 150 g. We also assume that growth rate for different cell lines scales
linearly with cellular phosphate concentration (i.e., a 10% increase in P increases the specific growth rate by 10%). From numerical simulation of
the model with fixed P (results are essentially the same using equation (6.62) for P dynamics), it is clear that when total organ phosphorus is
below some threshold, rapidly growing cancer strains may dominate early in time, but slower growing lines dominate with large time, and the
faster growers are driven to extinction. If organ phosphorus is sufficiently plentiful that space becomes limiting before phosphorus, then rapid
growers dominate. However, in this case there is coexistence of the slow and rapid growers. These results are summarized graphically in Figures
6.7 and 6.8.

Figure 6.7

KNE model for phosphate-limited tumor growth under different values of total organ phosphorus, P. Parameter values are a = 0.3; n = 10, b1 =
0.6, m1 = 20, b2 = 0.72, m2 = 24, dx = d1 = d2 = 0.1, dz = 0.2, c = 0.1, α = 0.05, g = 100, KT = 5, and KH = 10.

Figure 6.8

The left panel gives long-term total tumor mass (y1 + y2), healthy cell mass (x), and the ratio of healthy to cancerous tissue (x/(y1+y2)), for different
values of total organ phosphorus under the KNE model. The right panel gives the long-term population size of slowly (y1) and rapidly growing (y2)
tumor cell strains. See Figure 6.7 for parameter values.

This gives the counterintuitive prediction that slow-growing cell lines can dominate the tumor over time and continually threaten faster-growing
lines with extinction. Kuang et al. suggested that this may provide the evolutionary impetus for aggressive growers to spread metastatically to
distant sites, replete with phosphorus.

On the surface, phosphate-limited tumor growth suggests limiting phosphate by dietary restriction or with pharmacologic phosphate binders as a
clinical treatment strategy. However, limiting P also harms the healthy tissue. From Figure 6.8, it can be seen that the ratio of healthy to tumor
tissue is maximized when P is about 150 g (at least for this parameter set). Decreasing P reduces both tumor and healthy cell mass, but is
relatively more deleterious to healthy cells. Increasing P fuels tumor growth to the detriment of healthy tissue, and there is a region where tumor
mass is quite sensitive to increases in P.

6.7 Mathematical analysis of a simplified KNE model
For realistic parameter values and initial conditions, the ultimate outcome of the KNE model (6.61) is that solutions tend to a positive steady state
where phosphorus limits both healthy and tumor cell growth. Unfortunately, it is difficult to find an analytic expression of this positive steady state
and even more daunting to determine its stability properties. However, near this steady state, tumor growth shall be minimally limited by its blood
vessel infrastructure since it has enough time for the infrastructure to be put in place. This presents a realistic simplification of the KNE model.
Therefore, in this section we will assume that

(A1): The construction of blood vessels is not limited by phosphorus supply.



With (A1), the KNE model (6.61) becomes the following simplified model:

dxdt=x(amin(1,PefnKh)−dx−(a−dx)x+y+zKh),dydt=y(bmin(1,βPefmKh)min(1,L)−dy−(b−dy)y+zKt),dzdt=cy(t−τ)−dzz,L=g(z−αy)y.      (6.63)

Additional support for the validity of assumption (A1) comes from the fact that the difference between ultimate sizes of tumors described by the
KNE model (6.61) and the simplified KNE model (6.63) are negligible.

In the following, we will study the stability of the positive steady state E* of model (6.63). Our analysis is simplified by the following observation
from simulation results: at this steady state E*, PefnKh<1 and L > 1 (see Figure 6.9). Hence we assume further that

Figure 6.9

A solution for model (4.1) with a = 3, m = 20, n = 10, Kh = 10, Kt = 3, f = 0.6667, P = 150, α = 0.05, b = 6, τ = 7, c = 0.05, dx = dy = 1, dz = 0.2, g =
100 and (x(0), y(0), z(0)) = (9, 0.01, 0.001). Here we assume no treatment blocking phosphorus uptake by tumor cells (β = 1) and the construction
of blood vessel is NOT phosphorus limited. Notice that PefnKh<1 and L > 1 at E* for model (6.63).

(A2): For model (6.63), PefnKh<1 and L > 1 at E*.

Clearly (A2) implies that βPefmKh<1. With this additional assumption, model (6.63) is further reduced to

dxdt=x(aPefnKh−dx−(a−dx)x+y+zKh),dydt=y(bβPefmKh−dy−(b−dy)y+zKt),dzdt=cy(t−τ)−dzz.      (6.64)

This reduced model has a unique positive steady state E* = (x*, y*, z*):

x*=Kha−dlx[ anβbm(dy+(b−dy)y*+z*Kt) ]−y*−z*,y*=dzKtN/D,z*=cKtN/D.      (6.65)

where

N=aPbβ−dxPbβ−dyKhma−afmKhdy+bβndxKh+fdxmKhdy

and

D=−fdxdzmKhb−adzfmKhdy−fdxcmKhb−acfmKhdy−adzmKhdy+adzmKhb+acfmKhb+adzmKtbβ+fdxdzmKhdy−dxdzmKtbβ+adzfmKhb−Ktbβdzna+Ktbβdzndx+fdxcmKhdy+acmKhb−acmKhdy.      (6.66)

Notice that y* = 0 if and only if

N=aPbβ−dxPbβ−dyKhma−afmKhdy+bβndxKh+fdxmKhdy=0.

This yields a threshold value for β, which we denote by β*,

β*=dyKhma+afmKhdy−fdxmKhdy(a−dx)Pb+bndxKh=mbKhdya(f+1)−fdx(a−dx)P+ndxKh.      (6.67)

In order to study stability aspects of the steady state E* of model (6.64), appropriate methods from the theory of delay differential equations are
needed. The recent textbook on this subject by Smith [39] is a timely and easy to follow reference. However, to obtain some quick result, we can
apply the following lemma, the proof of which follows directly from that of Theorem 6.5.2 (page 227) in Kuang, 1993 [20].

Lemma 6.1

Assume that the parameters in the following system are positive, and x* > 0, y* > 0, z* > 0:

dxdt=−x(A1(x−x*)+A2(y−y*)+A3(z−z*)),dydt=−y(B1(x−x*)+B2(y−y*)+B3(z−z*)),dzdt=−(−c(y(t−τ)−y*)+dz(z−z*)).      (6.68)

If there are positive constants c1, c2 such that

(1): dz > c/c2,
(2): B2/c2 > B3 + B1/c1,
(3): A1/c1 > A1 + A2/c2

then the steady state E* = (x*, y*, z*) is globally asymptotically stable.

Near the steady state E*, model (6.63) can be rewritten in the form of system (6.68) with

A1=1Kh(af+a−dx)=A3,A2=1Kh(amfn+a−dx)      (6.69)

and

B1=bβnfKhm,B2=bβfKh+b−dyKt,B3=bβnfKhm+b−dyKt..      (6.70)

For a = 3, m = 20, n = 10, Kh = 10, f = 0.6667, P = 150, b = 6, dx = 1, dy = 1, β = 1, we can chose c1 = 0.5 and c2 = 0.2 to satisfy conditions 1)
through 3) in Lemma 6.1. In other words, we have shown that for this set of parameters, the positive steady state E* of model (6.64) is locally
asymptotically stable. However, simulation suggests that it is actually globally asymptotically stable. So, this mathematical question remains open.

As we increase P in model (6.64), the condition PefnKh<1 may be violated, and the positive steady state may become the positive solution of

x*+y*+z*=Kh,B1x*+B2y*+B3z*=bβPfmKh−dy,cy*−dzz*=0,      (6.71)

where Bi, i = 1, 2, 3 are given by equation (6.70). In this case, we have

y*=(bβP)/(fmKh)−dy−B1KhB2−B1+(B3−B1)c/dz.      (6.72)

Using Lemma 6.1, we can also show that this steady state is locally asymptotically stable.

A sufficiently large increase in P will lead to a scenario in which βPLefmKh>1.

For example, when a = 3, m = 20, n = 10, Kh = 10, f = 0.6667, P = 150, b = 6, dx = 1, dy = 1, β = 1, we need P > 257.34. In such a case, the
positive steady state is simply E* = (Kh − Kt, dzKt/(c + dz), cKt/(c + dz)), which again by Lemma 6.1, is locally asymptotically stable.

We summarize the above statements into the following theorem.

Theorem 6.1

Assume that in model (6.64) there is a unique positive steady state E* = (x*, y*, z*). Assume further that there are positive constants c1, c2 such



that

(1): dz > c/c2,
(2): B2/c2 > B3 + B1/c1,
(3): A1/c1 > A1 + A2/c2

where A1, A2, B1, B2, B3 are given by equations (6.69) and (6.70). Then the steady state E* = (x*, y*, z*) is locally asymptotically stable.

In an interesting special case when ma = nb, dx = dy, β = 1, we have

y*=aP−fnKhdxfn(a−dx)(ρ+1+σ)+a(np+m+nσ)=bP−fmKhdyfm(a−dy)(ρ+1+σ)+b(np+m+nσ),      (6.73)

where

σ=cdz,ρ=(b−dyKt−a−dxKh)Kh(1+σ)a−dx.

This expression of tumor steady state size shows that P plays a prominent role in determining its value. We observe that the tumor dies out if one
can increase the tumor’s death rate or the tumor’s P requirement m, or lower the tumor’s proliferation rate to certain threshold levels.

6.8 Exercises
Exercise 6.1: Explicitly derive a version of the Droop model that considers cell mass in terms of absolute cell count (units cells) rather than cells
l−1. Confirm that the cell quota Q has the same units as before.

Exercise 6.2: The basic cell quota model of biomass growth in a batch culture (a closed system in which cells are grown in a fixed volume of
nutrient culture medium under specific environmental conditions) takes the form of

dxdt=μm(1−qQ)x,      (6.74)

dQdt=umsKs+s−μm(Q−q),      (6.75)

dsdt=−umsKs+sx,      (6.76)

with positive initial values. All parameters are assumed to be positive constants. Show that

i): Explain the model formulation. (Hint: s(0) = s(t) +x(t)Q(t))
ii): If Q(0) ≥ q, then Q(t) ≥ q, ∀t≥0;
iii): The solution tends to a nonnegative steady state that is dependent on its initial condition.

Exercise 6.3: Use IVIATLAB ® to simulate model system (6.74)-(6.76) with your own positive parameter values and appropriate positive initial
value. Print out several representative simulation figures.

Exercise 6.4: Chronic myeloid leukemia (CIVIL) is a cancer of the white blood cells. CIVIL can be molecularly diagnosed by detecting the
presence of the Philadelphia (Ph) chromosome and the fusion oncogene BCR-ABL. This oncogene is the result of translocation of the BCR, or
breakpoint cluster, gene located on chromosome 22 and the ABL, or Ableson leukemia virus, gene located on chromosome 9. The growth rate of
the BCR-ABL dependent and independent cell populations are modeled using the Droop’s cell quota model, where Q(t) represents the cell quota
for BCR-ABL. The BCR-ABL dependent, BCR-ABL independent, and normal populations are modeled respectively by the following [14]:

dx1dt=r1(1−q1Q)x1−d0x1−m12(Q)x1+m21(Q)x2,      (6.77)

dx2dt=r2(1−q2Q)x2−d0x2+m12(Q)x1−m21(Q)x2,      (6.78)

dx3dt=(r31+p3(x1+x2+x3))x3−d0x3,      (6.79)

dQdt=υmqm1−Qqm1−q1BB+υh−μm(Q−q1)−bQ.      (6.80)

We assume that the proliferation rates, ri(1−qiQ) , i = 1, 2, of both BCR-ABL dependent and independent populations are BCR-ABL cell quota
dependent while the proliferation rate, r31+p3(x1+x2+x3) , for the normal population is density dependent. We assume q1 > q2,

m12(Q)=k1K1nQn+K1n,m21(Q)=k2QnQn+K2n,B=p(d1+u(t)).      (6.81)

All parameters are positive constants. Show that the solutions of (6.77)-(6.80) stay in the region {(x1, x2, x3, Q) : x1 ≥ 0, x2 ≥ 0, 0≤x3≤max{
1d0p3(r3−d0),x3(0) } , q1μmμm+b≤Q≤qm1} provided that x1(0) ≥ 0, x2(0) ≥ 0, x3(0) ≥ 0, qm1 ≥ Q(0) ≥ q1.

Exercise 6.5: Show that the system (6.77)-(6.80) has two possible boundary equilibria: E0 = (0, 0, 0, Q1), E1=(0,0,r3−d0p3d0,Q1). Can it have
any interior equilibrium? Find the local stability conditions for the boundary equilibria. Show that the system (6.77)–(6.80) has no positive periodic
solutions.

Exercise 6.6: Consider the following case of phosphorus-limited growth in some species. Let Pt = total environmental P, which remains constant.
Let Pf be the free P, and we have the total intracellular phosphorus as Px = Qx. Hence

Pt=Pf+Qx      (6.82)

Assume that P uptake increases linearly with free phosphorus Pf and the difference of the maximum cell quota and the current cell quota of the
phosphorus, giving:

dQdt=αPfQM−QQM−q−μm(Q−q)      (6.83)

and use the following equation for species growth,

dxdt=μm(1−qQ)x−dx      (6.84)

which is simply the Droop equation for growth supplemented by a constant death rate.

1. Using a quasi-steady-state argument for Q, show that when QM >> 1, this model can be approximated by the classical logistic growth
model of the form

dxdt=rx(1−xK)      (6.85)

where

r=q(μm−d)Pt−1−dμmα−1Ptq−1+μmα−1K=(μm−d)Pt(qμm)−1−dμmα−1.

2. Show that both r and K are increasing functions of α and decreasing function of d.

3. Give a biological interpretation of these results.
(a) Consider the simplified case where d = 0. What do r and K reduce to, and give a biological interpretation. What is the significance
of the ratio Pt/q?
(b) How do you expect a species with high turnover (i.e., high specific growth rate and death rate) would compete with one with low
turnover?
(c) How does increasing µm affect r and K if phosphorus uptake (α) is not increased?
(d) How does increasing α affect r and K?

Exercise 6.7: Derive the equation (6.67) for the expression of β* and the equation (6.72) for the expression of y*.

Exercise 6.8: Reproduce Figure 6.9.

Exercise 6.9: Apply the Theorem 6.5.2 (page 227) in Kuang, 1993 [20] to prove Lemma 6.1.



Exercise 6.10: The following simple delay differential equation model was introduced in Everett et al. [12] to describes ovarian tumor growth and
tumor induced angiogenesis, subject to on and off anti-angiogenesis treatment. Let y represent the vascularized tumor volume and Q represent
the intracellular concentration of necessary nutrients provided by angiogenesis, or the cell quota of some limiting nutrient from angiogenesis. The
model takes the following form:

y′=μm(1−qQ)y︸growth−dy︸death,      (6.86a)

Q′=αy(t−τ)y(t)︸nutrient uptake−μm(Q−q)︸dilution.      (6.86b)

The above model assumes that it takes τ units of time for the vascular endothelial cells to respond to the angiogenic signal and mature to fully
functional vessels and that the nutrient uptake rate is proportional to the nutrient concentration in the interstitial fluid, which in turn is proportional to
the blood vessel density τ time units in the past. The delay arises because the tumor is assumed to grow into regions that are unvascularized, and
it takes τ units of time for them to vascularize. Parameter α represents both uptake rate of the nutrients in the interstitial fluid and resulting nutrient
concentration per tumor unit.

Show that the solutions of the system (6.86) with the initial conditions Qm > Q(t) > q and y(t) > 0 for t ∈ [−τ, 0] will remain in that region for all t > 0,
where QM=max{ Q(s),q+αμmedr,s∈[ 0,τ ] } If µm ≤ d, then limt→∞ y(t) = 0.

Exercise 6.11: The uptake of nutrients is usually on a faster time scale than the population growth dynamics. If we apply a quasi-steady state
argument on the cell quota equation in system (6.86) by allowing Qʹ = 0, we have

Q′(t)=0=αy(t−τ)y(t)−μm(Q*(t)−q)

and so

Q*(t)=αy(t−τ)μmy(t)+q.

1. Show that

y′(t)=f(y(t),y(t−τ))≡(μmαy(t−τ)αy(t−τ)+qμmy(t)−d)y(t).      (6.87)

2. Show that if d>μmαα+qμm, then the solutions of the limiting system (6.87) tend to y = 0.

Exercise 6.12: Motivated by the off-treatment tumor growth data in [19], Everett et al. [12] looked for the existence of a dominating exponential
solution. Let y(t) = y0eλt. Then

eλτ=α(μm−λ−d)μmq(λ+d).      (6.88)

1. Show that if α(µm − d) > µmqd, then there exists a unique real eigenvalue, 0 < λ1 < µm − d, that satisfies (6.88).
2. Show that (y1(t), Q*) is a solution to the limiting system (6.87) where

(y1(t),Q*)=(y0eλ1t,αe−λ1τ+μmqμm).      (6.89)

Exercise 6.13: Show that if α(µm − d) > µmqd and α<μmqeλ1τ, then λ1 ≥ sup{Re(λ) : λ is any solution of (6.88)}.

This result provides a sufficient condition that ensures λ1 as the dominant eigenvalue, i.e. when the solution can be approximated by (6.89) for
some y0 > 0. Also, note that since y1(t)=y0eλ1t is a solution to the system, we know that y(t) is not bounded above.

Exercise 6.14: Show that if μmα(αe−2λ1τ+qμm)(αe−λ1τ+qμm)2<d<μmαα+qμm, then the solution y1=y0eλ1t of equation (6.88) is unstable.

Exercise 6.15: During an anti-VEGF treatment, the blood vessel growth will be impaired due to the inhibition of VEGF, but existing vasculature is
likely not to be affected by the treatment. In that case nutrient delivery remains constant due to the static vasculature. One may assume that blood
vessel sprouts that began forming within τ time units before the onset of treatment will not be fully formed and functional. Let t0 represent the time
of treatment onset and ȳ = y(t0 − τ). Then nutrient delivery is dependent upon ȳ, and the delay differential equation model (6.86) becomes an
ordinary differential equation model:

y′=μm(1−qQ)y︸growth−dy︸death      (6.90a)

Q′=αpy¯y(t)︸nutrient uptake−μm(Q−q)︸dilution      (6.90b)

1. Show that the solutions of the system (6.90) are bounded away from zero.
2. Show that the solutions to the system (6.90) are bounded from above.
3. The only positive equilibrium point E*, when exists, is globally asymptotically stable with respect to positive initial value (y0, Q0) such that

QM > Q(0) =Q0 > q and y0 = y(0) > 0 where QM=max{ Q(s),q+αμmedτ,s∈[ 0,τ ] }.

Exercise 6.16: Fit model system (6.86) to the on and off treatment preclinical data sets from Mesiano et al. [19] with τ = 10, µm = 0.41, d = 0.28, q
= 0.0064, α = 0.050, p = 0.17, Q0 = 0.014. You can use some computer program such as Plot Digitizer to approximate the on and off treatment
data from Mesiano et al. [19].

6.9 Projects
The KNE model described in this chapter shall be viewed as only an initial attempt to understand the growth dynamics of a single vascularized
solid tumor growing within the confines of an organ, such as a primary lung or breast tumor. In this section, we point out one of its main limitations
and some opportunities for alternative model formulations and some natural extensions. In addition, we briefly mention a few other biomedical
examples of nutrient-limited growth or resource competition that may be of interest to the readers.

6.9.1 Beyond the KNE model

6.9.1.1 Phosphate homeostasis

The most significant limitation of the KNE model is that it makes phosphate regulated at the level of total organ phosphate, rather than
extracellular serum phosphate. In reality, serum phosphate concentration is held within a narrow range by endocrine regulation, about 3–4.5 mg/l.
Because bone mineral is made of calcium-phosphate complexes in the form of hydroxyapatite, Ca5(PO4)3(OH), phosphate homeostasis is
intimately linked to calcium homeostasis, and skeletal bone serves as a dynamic reservoir and buffer for both phosphate and calcium. Indeed,
about 85% of the body’s phosphate is stored in the bone, and total body phosphate is at a dynamic steady state governed mainly by dietary
intake (about 16 mg/kg/day), liberation and storage in the bone (about 3 mg/kg/day), and renal excretion (about 16 mg/kg/day) [3].

6.9.1.2 Intracellular phosphate: A Droop approach?

Extracellular phosphate levels are hormonally regulated to remain within a narrow range, and the intracellular concentration of ribosomal
phosphate is clearly the relevant metric for determining cellular growth rate, suggesting that a Droop-like model may be well-suited to this
problem. Indeed, our Droop model for androgen-limited growth discussed in Section 6.5.4 could be adapted.

6.9.1.3 Tumor lysis syndrome

Tumor lysis syndrome (TLS) is a complication of chemotherapy where large numbers of dying cancer cells release their intracellular contents into
the systemic circulation, leading to high levels of phosphate, potassium, uric acid, and consequence hypocalcemia. These derangements can
lead to life-threatening kidney failure and cardiac arrhythmias [16]. We can speculate that the phosphate liberated by chemotherapy, even if it
does not lead to overt TLS, could fuel fast-growing cancer cell lines, causing a post-therapy tumor growth burst. Moreover, this abundant
phosphate could give fast growers at least a transient selective advantage, possibly increasing the aggressiveness of a recurring tumor. Such an
idea could be tested mathematically with a model that considers the positive contribution of cell death to serum phosphate concentration.

6.9.2 Iodine and thyroid cancer

In response to pituitary thyroid stimulating hormone (TSH), the thyroid gland produces thyroid hormone (TH), which modulates metabolic activity



by nearly every cell of the body. Iodine is an essential component of the thyroid hormones, and iodine dietary intake clearly affects the incidence of
thyroid cancer. Chronic iodine deficiency greatly increases the risk of benign thyroid goiters and nodules, which in turn are susceptible to
malignant transformation. Thus, iodine deficiency is clearly associated with an increased cancer risk. The effect of excess iodine is less clear, but
it too may increase cancer risk [30].

Iodine deficiency continues to affect a significant proportion of the globe, although iodization of salt has ameliorated the problem in much of the
world. Introducing iodine to chronically iodine-deficient populations can also result in reactive hyperthyroidism, as thyroids adapted to low iodine
levels are suddenly flush with the element.

6.9.3 Iron and microbes

Iron is an essential nutrient required by all pathogenic microorganisms as well as the hosts they infect. Unlike essentially all other nutrients, iron is
not freely available to pathogens, and its transport and storage is tightly regulated by the host. Thus, iron can be viewed as the critical limiting
element in pathogen growth [34].

Iron acts on several levels in infection. It is an essential cofactor in a number of metabolic pathways required for energy production and cellular
replication. Iron is also essential to innate host immune responses, being required for energy production and the generation of nitric oxide and
other reactive oxygen species (ROS) that play an essential role in destroying intracellular pathogens [5]. In a variety of microbial infections both
iron overload and deficiency can increase morbidity and mortality [5]. Thus, competition between the host and pathogen for iron is essential in
determining the course of disease.

Salmonella, for example, infect macrophages which destroy most bacteria within hours by iron dependent mechanisms (e.g. the respiratory
burst). Surviving bacteria enter a cytostatic state of bacterial persistence, and iron load may be crucial to the switch to bacteria persistence.
Epidemiologically, iron overload and deficiency increase both salmonella infection and disease virulence.

Intracellular pathogens compete with and/or exploit host iron trafficking mechanisms in a number of ways. For an exhaustive review of iron
trafficking and metabolism in bacterial pathogens, see [34].

6.9.3.1 Salmonella infection

Salmonella primarily infects mononuclear macrophages, and intracellular survival in these cells is essential to in vivo virulence. When responding
to a salmonella infection, macrophages execute two killing programs. The first is the respiratory burst, which primarily contributes to early killing.
Inducible nitric oxide synthase (iNOS) is one of three key enzymes generating nitric oxide (NO). NO generation by iNOS is the second major
pathway, and contributes to both early and late stage killing [44]. Both pathways are dependent upon iron, and NO may act synergistically with
oxygen radicals generated by the respiratory burst.

This response leads to a pattern of infection where 99% of bacteria are killed within the first few hours of infection, while the survivors enter into a
cytostatic state of bacterial persistence [44]. There is a delicate balance between pro-oxidant and antioxidant effects of NO in salmonella; this
balance is largely mediated by iron, and iron load may be crucial to the switch to bacteria persistence. This is particularly relevant as 2–5% of
infections can lead to asymptomatic chronic carrier states.

Epidemiologically, iron overload and deficiency both increase salmonella infection and disease virulence. Treatment with the intracellular iron
chelator deferoxamine resulted in a 2–3 log increase in bacterial load, while extracel-lular iron chelation did not affect the disease [5].

An interesting area that could be investigated with modeling is understanding how iron load affects progression to a bacteriostatic state, and how
dietary intervention or treatment with chelators could influence the chronic infection state.

6.9.3.2 Malaria

Malaria induces a cytokine mediated host response that induces iNOS and NO production. Malaria infection causes anaemia, but can increase
iron concentration in the liver and spleen due to recycling of heme-bound iron stored in both infected and uninfected erythrocytes eliminated by
macrophages. This inhomogeneous iron load may affect the course of disease, and salmonella co-infection with malaria may be an interesting
and important area to study.
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Chapter 7

Natural History of Clinical Cancer
7.1 Introduction
The natural history of a disease refers to its uninterrupted course in the absence of intervention, from initiation through its end stage—resolution,
chronic illness or death. Any model for natural history of clinical cancer, either conceptual or formal, must address at least two central dynamics:
(1) the growth kinetics of the primary tumor, and (2) the dynamics of metastatic spread to both regional (e.g., lymph nodes) and distant sites.
Ultimately, our motivation to study cancer natural history is not purely intellectual interest. After all, cancer is very rarely left to follow its unperturbed
natural history, so at first glance this might be considered an irrelevant problem. However, rational a priori design of treatment protocols and
optimized screening programs requires models that accurately reproduce disease dynamics in the absence of intervention. It is with such clinical
goals in mind that we proceed.

Breast cancer, more than any other malignancy, has undergone radical shifts in the prevailing conceptual model for its natural history.
Furthermore, these models have motivated shifting treatment paradigms. From the end of the 19th century to the middle of the 20th, breast cancer
was viewed as a local disease that spread outward from its epicenter. This view informed the decision to treat the disease with radical
mastectomy. This paradigm was supplanted by the notion that breast cancer is primarily a systemic disease that metastasizes very early in its
history, prior to clinical detection. Under the latter view, local therapy was minimized and systemic chemotherapy was used to target occult
metastases. However, the systemic theory cannot successfully explain all clinical observations either, and many authors now view breast cancer
as something between a purely local and purely systemic phenomenon. More recently, interest has turned from the local/systemic debate to
understanding the role of the host environment in cancer progression. Of particular interest is the hypothesis that metastasis dormancy, which is
influenced by interaction with the primary tumor and host environment, plays an important role in the dynamics of disease recurrence following
local treatment.

In recent years, formal dynamical models have begun to contribute to our understanding of the natural history of breast cancer and the optimal
treatment strategy. The Gompertz model has a relatively long history of motivating chemotherapy strategies. Other models have been used to
study treatment strategies to control the primary tumor and development of metastases. More recent models suggest that tumor dormancy plays
an important role in delaying metastatic recurrence following initial therapy. One prominent recent example is a set of models designed to predict
the effect of different mammography screening regimes on breast cancer mortality, which have led to new screening guidelines [54, 77].

In this chapter we focus on the evolution of both conceptual and formal models of cancer’s long-term natural history and inferences about proper
treatment strategies that may be deduced from these models about proper treatment strategies. Breast cancer will serve as the primary
illustration. We also include relevant models for metastatic spread in prostate and melanoma cancer, as the metastatic cascade is believed to be
similar in all neoplasms. We further address the issues of tumor dormancy and primary tumor-metastasis interaction, and the evolutionary
dynamics that drive metastatic spread. We finally address the role of modeling in understanding the effect of mammography screening on breast
cancer mortality and optimization of screening schedules.

7.2 Conceptual models for the natural history of breast cancer: Halsted vs. Fisher
Models for the natural history of breast cancer have focused primarily on the relationship between the primary tumor and metastatic spread.
Classically, breast cancer has been viewed as either (1) a primarily local lesion that spreads continuously and predictably away from the primary
tumor (Halsted model), or (2) a systemic disease with metastases already present at the time of diagnosis (systemic/Fisher model) [67]. More
recently, tumor ecology’s role—including its micro-, global, and host hormonal environments— in modulating tumor growth has come to the fore.
Early treatment paradigms focused on the Halsted concept, and therefore called for disfiguring radical mastectomy to obtain maximal local
control of the primary tumor. Later, as the Fisher concept gained prominence, standard of care shifted away from radical treatment of the primary
lesion in favor of distal disease control using systemic treatments. The most recent concepts now call for growth suppression by alteration of the
host environment. Here we review the history of these paradigms; the reader may consult similar reviews in [46, 67] and especially [5].

7.2.1 Surgery and the Halsted model

From antiquity to the late 19th century, surgical removal of a breast cancer lesion was largely regarded as a futile endeavor. While removal of
small tumors was sometimes performed, the disease inevitably and rapidly recurred. Surgery was often considered more detrimental than
beneficial [5]. Such (justified) pessimism persisted through the late 19th century. It was not until the advent of anaesthetics and antisepsis that
radical operations with any hope of cure could be attempted.

Significant progress was not made until the very end of the 19th century, when the great Johns Hopkins surgeon William S. Halsted reported
success in preventing local cancer recurrence by the “complete radical mastectomy” [41]—i.e., mastectomy with complete removal of the
underlying pectoralis major muscle and complete dissection of the fascia and glands of the axilla (armpit). This “cleaning of the axilla” (generally
the first site for lymphatic metastases) was regarded as especially important if hope for a cure was to be entertained. Before this, nihilism
concerning the course of disease was the rule. In his 1894 paper [41], Halsted reported that

Every one knows how dreadful the results were before the cleaning out of the axilla became recognized as an essential part of the
operation. Most of us have heard our teachers in surgery admit that they have never cured a case of cancer of the breast. The younger
Gross did not save one case in his first hundred. D. Hayes Agnew stated in a lecture, a very short time before his death, that he
operated on breast cancers solely for the moral effect on the patients, that he believed the operation shortened rather than prolonged
life. H. B. Sands once said to me that he could not boast of having cured more than a single case, and in this case a microscopical
examination of the tumor had not been made.

The success of the Halsted operation (Fig. 7.1) in controlling local disease provided validation for the paradigm of breast cancer as a local
disease that spread progressively away from the primary lesion. It was understood that cancer cells invaded first through local lymphatic channels
to regional lymph nodes, from which they invaded secondary lymphatics, before finally spreading as distant metastatic disease. As described by
Baum et al. [5], various lymphatic levels (sentinal, secondary, tertiary, etc.) were viewed as defenses against metastatic spread “like the curtain
walls around a medieval citadel.” Metastatic disease occurred when local layers of defense were at last overwhelmed.

Figure 7.1

Bloom et al. [7] reported the survival data for 250 women diagnosed with breast cancer between 1805 and 1933 who refused treatment. Median
survival time from onset of symptoms was 2.7 years, and one woman lived 18 years and 3 months. For comparison, 5, 10, and 15 year survival for



women treated locally by radical mastectomy with or without axillary radiation between 1936 and 1949 is included. Note, however, that many
women in the Bloom data set were only identified when their symptoms became serious, years after the initial onset. Therefore, this data set is
biased and does not establish that untreated breast cancer is uniformly fatal, as has been asserted elsewhere.

The Halsted model and its corollary of radical local cancer resection dominated treatment paradigms until the latter half of the 20th century. Yet,
despite preventing local recurrence, such radical operations failed to yield long-term survival for the majority of patients because tumor recurrence
in distant metastases was almost universal.

7.2.2 Systemic chemotherapy and the Fisher model

The Fisher concept arose in the 1970s in response to Halsted’s.1 Fisher took the view that breast cancer metastasizes very early in its natural
history, with metastasis occurring generally throughout the systemic vasculature. Local lymphatics were thought to be no defense against distant
spread. This notion recommended systemic chemotherapy to eliminate occult metastases expected to be present at time of diagnosis. Surgical
treatment of the primary tumor was deemphasized since local recurrence was considered unlikely to affect distant recurrence and overall survival.
Moreover, the classical Fisher model asserts a kind of “metastatic predestination”—i.e., there exist two distinct classes of tumors: one that
metastasizes essentially immediately, and another that never does.

Several factors influenced development of the Fisher concept. One was the development of effective systemic chemotheapeutics following the
Second World War. But most importantly, progressively more radical operations inspired by the Halsted approach routinely failed to control the
disease. Under the Fisher model, this failure was not surprising since the Halsted model is faulty. Two early clinical trials, NSABP B-04 and
NSABP B-06, found that increased local control did not translate into improved survival or lower metastatic burden [67, 28]. These trials were very
important in establishing the Fisher paradigm. More recently, meta-analysis of 194 trials by the Early Breast Cancer Trialists Collaborative Group
(EBCTCG) demonstrated that anthracycline-based chemotherapy regimens reduce mortality.

Even though these results largely support the Fisher model, more recent data shows that local tumor control improves long-term (i.e., 15-year)
survival. As pointed out in [11], this benefit is likely to accrue only in cases where a locally recurring tumor serves as a source for metastatic
spread. If so, a significant lag-time between metastatic seeding and the emergence of clinically detectable metastases is expected. Therefore,
local recurrence is likely to have little effect on short-term survival, and its importance should only become apparent when examining long-term
(e.g. 10- or 15-year) survival. A separate meta-analysis by the EBCTCG [11], incorporating 78 trials with 42,000 patients, indeed demonstrated
that improved local control has a small but real effect on long-term survival—less local recurrence at five years was associated with a proportional
decrease in mortality at 15 years.

Furthermore, it is now well established that mammography screening can reduce breast cancer mortality, implying that at least a subset of tumors
have long-term metastatic potential that can be averted if the primary tumor is removed early enough [67]. This contradicts Fisher’s notion of
“metastatic predestination.”

Finally, from first principles it would seem that the Halsted/Fisher dichotomy is a false one. Of course metastases arise and spread from a local
lesion (Halsted view), but the dynamics may be such that distant metastasis has occurred long before clinical detection (Fisher view). The real
question becomes, how do both local and systemic therapies perturb an ongoing metastatic process and affect existing metastases?

We can conclude that the evidence supports neither “pure” version of the Halsted nor Fisher models. Nevertheless, both are useful conceptual
models that offer explanations for various therapeutic successes and failures. We might conclude, then, that the truth is somewhere between
these two extremes, and indeed, modern standard of care refers to both models simultaneously.

7.2.3 Integration of Halsted and Fisher concepts: Surgery with adjuvant chemotherapy

Early research into tumor kinetics and response to cytotoxic chemotherapy by Howard Skipper and colleagues (e.g. [62]), among others, led to
one of the most influential concepts in the clinical management of malignancy. Inspiration for this concept came from studies that established the
following observations: (1) rapidly proliferating cells are preferentially sensitive to cytotoxic drugs; (2) the fractional cell-kill in such populations
increases logarithmically with linear increases in drug dose; (3) the doubling time and growth fraction— therefore, the fraction of cells vulnerable
to drugs—decreases with tumor size. The second observation is closely related to the log-kill (or log-linear) model of chemotherapy, which states
that a given dose of a cytotoxic drug kills a fixed fraction of reproducing cells exposed to the drug (see Section 2.5). Together, these observations
suggest that, since small metastatic foci are less crowded and therefore grow faster than the primary tumor, rapidly growing metastatic disease
could be eliminated by cytotoxic therapy, even if the primary tumor was resistant. Support for this idea came from studies showing that metastatic
tumors could be “cured” in animal models if therapy were initiated early enough or if the primary tumor were surgically resected prior to systemic
therapy [62], which argues in favor of a combined Halsted-Fisher paradigm.

These notions were extended and modified into the Norton-Simon hypothesis (see Section 2.5), which proposes that the cytotoxic effect of
chemotherapy is proportional to the intrinsic (unperturbed) tumor growth rate as described by the Gompertz model [64]. Both log-kill model and
Norton-Simon hypotheses helped motivate the “hit’em hard and hit’em fast” approach to adjuvant chemotherapy that has come to dominate
clinical thinking. These hypotheses also serve as the basis for the hypothesis of kinetic resistance to chemotherapy, contra the notion of acquired
resistance driven by the preferential survival of resistant mutant clones. The former suggests that recurrent tumors arise largely from cancer cell
populations untouched by the chemotherapy agent, e.g., because the cells were quiescent or in a tissue compartment into which the agent could
not enter. The latter posits that recurrence occurs when mutant clones that resist the cytotoxic action of the agent arise within the tumor. Here we
have yet another interesting, if too simple-minded, dichotomy that promises to advance cancer biology and treatment.

7.3 A simple model for breast cancer growth kinetics
Mathematical models provide a rigorous framework for formalizing conceptual models like those described above. In this chapter we introduce
models that can serve as guide to understanding (1) the different possible dynamics of breast cancer growth, (2) the treatment implications of
various hypotheses for metastatic growth and spread.

Here we focus on kinetics of primary tumor growth without worrying about metastatic disease. Although relatively simple and limited mainly to
early tumor growth, these models have informed treatment strategies, although not without controversy. Also, they can be used to evaluate
mammography screening protocols, which we discuss later.

We begin our study of the natural history with the Gompertz model, perhaps the most commonly used model of primary tumor growth. The
discussion in Chapter 2 makes several points of immediate importance here:

1. In general, the Gompertz model has been fit to aggregated and therefore “smoothed out” tumor growth curves. Individual growth curves,
even in animal models, are likely much more erratic, with many inflections. Such behavior cannot be captured in an unmodified Gompertz
model.

2. The Gompertz model has been applied to clinically detected cancers or xenografts, which do not necessarily (and likely do not) have the
same growth dynamics as early pre-clinical cancers.

3. It is unsurprising that a population growth model with several degrees of freedom can be made to fit aggregated growth data with a
sigmoidal form; therefore, any such fit may be uninformative.

4. Finally, the widespread acceptance of the Gompertz model as an almost universal description of tumor growth is based on a limited amount
of early, primarily animal, data.

The growth dynamics of pre-clinical cancers remains poorly understood. It was long believed that cancer inevitably progressed from a single
altered cell to an invasive malignancy. However, newer evidence suggests that many, perhaps the vast majority, of nascent cancers never grow
beyond a very small size. Such tumors may remain static for the lifetime of the host, spontaneously regress, be destroyed by the immune system,
or progress to a clinical cancer.

In addition, it is widely believed, at least for cancers of epithelial origin (i.e., carcinomas), that tumors pass through at least two distinct growth
phases: avascular followed by vascular. Nascent avascular tumors are thought to grow asymptotically to some small size determined by the ability
of diffusion to transport oxygen and nutrients, primarily glucose, from the tumor’s surface to the cancer cells. (See Chapter 3 for a discussion of
avascular tumor growth and Greenspan’s seminal model.) This hypothesis suggests that avascular tumors may remain in this static state for many
years before undergoing the so-called “angiogenic switch,” when tumor cells begin promoting neoangiogenesis constitutively. This flush of new
blood vessels initiates a second phase of growth characterized by tumor angiogenesis and tissue invasion.

The unmodified Gompertz model simply cannot yield such stop-and-go behavior, nor can any model with simple sigmoidal solutions (e.g., the



models of von Bertalanffy or Verhulst; see chapter 2). Nevertheless, it is hard to overstate the importance of the Gompertz model in our
developing understanding of cancer natural history—most work in this direction is either based upon or is, at least in part, a response to the
Gompertz model.

7.3.1 Speer model: Irregular Gompertzian growth

In 1984, John Speer and colleagues [74] developed a primary breast cancer model in which tumors grow by simple Gompertzian kinetics
punctuated with occasional sudden changes in parameter values. Such a model is intuitively appealing, seemingly capturing the “multiple genetic
hits” leading to malignant transformation. Indeed, Speer et al. were motivated by earlier Gompertzian models that implied implausibly short
durations of pre-clinical disease originating from a single cell.

Recall from Chapter 2, equation (2.13), that the solution to the Gompertz differential equation model takes the form,

N(t)=N0exp[ G0α(1−exp(−αt)) ],

and that the limiting tumor size

N∞=N0exp(G0α),

where N0 = N(0) and G0 and α are constants. Speer et al. simulate saltatory changes in growth rate by introducing a stochastic parameter, R,
taken from the unit interval that modifies the parameter α. (G0 stays fixed.) Every five (simulated) days the simulation changes parameter R with
probability p. If R is scheduled to change at a given 5th time step, then a new R is chosen with probability uniformly distributed over the unit
interval. A new alpha is set at

α=α⌢1+aR,      (7.1)

where α and a are constants. The simulated tumor then grows according to the Gompertz solution (2.13) with this new parametrization and initial
N0 equal to the tumor size at the end of the previous 5 “days.” After another 5 “days,” the simulation checks to see if R changes (always with
probability p) and the process repeats indefinitely. Figure 7.2(a) shows an example of several typical simulations (compare to Chart 2 in [74]).

Figure 7.2

Tumor growth curves under the Speer model.

7.3.2 Calibration and predictions of the Speer model

Speer et al. calibrated the model parameters using several clinical data-sets: Bloom et al.’s [7] data on survival of 250 untreated breast cancer
cases (Fig. 7.1), serial mammography data from Heuser et al. [47], and data from Fisher et al. [29] giving survival following surgical treatment of
the primary tumor. Tumor size at detection was between 1 × 109 and 5 × 109 cells, and lethal tumor size was assumed to be 1012 cells.
Parameter optimizations for the Bloom and Heuser data imply that tumors grow 7.8 ± 3.9 years before clinical detection, with post-detection
patient survival of 3.3 ± 2.5 years. The Fisher data predicts that the number of metastatic sites, S, is related to the number of positive lymph
nodes N at diagnosis by the equation S = 0.24 + 0.35N.

Retsky et al. [71] later used the Speer model to study several data-sets of tumors treated by chemotherapy. In this work, they concluded that
chemotherapy reduces the tumor burden by 1 or 2 orders of magnitude, and while it increases median survival time, long-term survival is
unaffected. Based on the fact that individual tumors experience many growth plateaus in the model, both Retsky [71] and Speer [74] suggested
that long-term maintenance chemotherapy may be a viable alternative to short-term intense chemotherapy. The Speer model has also been used
to study tumor dormancy, as discussed later in this chapter.

One should be careful not to rely on these modeling predictions. For example, a large meta-analysis of clinical trials clearly demonstrates that (1)
multi-agent chemotherapy significantly improves long-term survival, and (2) compared to short chemotherapy regimes (mean 5.0 months),
prolonged episodes (mean 10.7 months) offer little to no benefit [23].

7.3.3 Limitations of the Speer approach

While the Speer model can produce survival curves that match clinical data, its dynamics are somewhat problematic. Although individual growth
spurts are Gompertzian, tumor growth is ultimately unbounded. Furthermore, aggregated simulated growth curves do not reproduce the expected
sigmoidal pattern. Instead, they show an initial Gompertzian growth phase that rapidly equilibrates, followed by irregular but roughly exponential
growth (Figure 7.2(b)). This pattern is contradicted by observations from experimental systems, e.g. [15].

The Speer model also predicts a different dynamic for the tumor growth fraction (GF) (fraction of cells actively proliferating at the given time)
compared to sigmoidal growth models like the simple Gompertz model. Figure 7.2(b) shows the approximate GF, which is estimated by the
formula:

F=τN′Nln2,      (7.2)

where F is the GF, τ is the time it takes for a cell to pass through the cell cycle, and N′ is the time derivative of the tumor size. We leave the
derivation of this formula as an exercise. (Hint: first consider simple exponential growth. In that case, N′ = αN and we have F = τα/ ln 2. If all cells
are proliferating, then τ is the same as the cell cycle time and F = 1.) The GF is an important prediction because it estimates the tumor’s
chemosensitivity, since actively proliferating cells are much more susceptible to most cytotoxic agents.

The Speer model predicts that, on average, the GF for all tumors is roughly fixed, regardless of their size, except very early in their growth. On the
other hand, the Gompertz model predicts a continuously decreasing GF, which has more support from experimental data. Therefore, we conclude
that, despite making some interesting predictions, the Speer model is an unsatisfactory description of a tumor’s natural growth history. However,
we will return to the Speer model when we examine the role of multiple genetic hits in the evolution of cancer later in this chapter.

There is also a spirited debate between those championing the Speer approach and those in the Norton-Simon camp [70] that arises because
both Speer and Gompertz models can be made to fit data. The ability of two very different models to describe at least some clinical survival data
equally well suggests that curve-fitting is a poor way to judge the merits of a model. We are likely better served by examining the hypotheses that
different models generate. Furthermore, we may need to move from such simple phenomenological models to more complex, mechanistic
models for tumor growth.

7.4 Metastatic spread and distant recurrence
Following the Halsted-Fisher pattern, we now move on to some formal models of metastatic spread from a primary tumor. We also take this
opportunity to discuss several models that have addressed the evolutionary pressures that give rise to the metastatic phenotype in the first place.
We close this section with a discussion of some open questions related to metastatic spread and the potential for models to address these.



7.4.1 The Yorke et al. model

In 1993, Yorke et al. [82] proposed a model for metastasis development in prostate cancer which represents a good baseline approach to the
problem. Although this model was motivated by attempts to understand metastasis in prostate cancer, it addresses one of the central questions in
breast cancer treatment—does local tumor control play a role in preventing distant metastasis? The key assumptions of this model are the
following:

1. The primary tumor grows by Gompertzian kinetics from initial size N0 to the size at which it is detected, ND. Time TD represents the sojourn
time from tumor initiation to detection.

2. Mutants with metastatic capability arise within the primary tumor according to the Goldie-Coldman model [28]. Metastatic foci are seeded at
a rate directly proportional to the number of metastatically capable cells.

3. Metastases grow by simple Gompertzian kinetics and themselves become detectable after time TM.
4. Following clinical detection at time TD, the primary tumor is treated. If treatment is successful, we set n(TD) = 0. If not, the tumor regrows

and continues to seed metastases.

In this model, N(t) denotes the total number of primary tumor cells, µ(t) is the (mean) number of metastatically capable mutant cells within the
primary tumor, and m(t) represents the number of metastatic foci at time t. The following form of the Gompertz model is used to model the growth
of the primary tumor:

N(t)=N0exp(k(1−e−αt)),      (7.3)

where

k=G0α=ln(N∞N0).

As before, N(0) = N0, the asymptotic tumor size is N∞, and α is the growth rate. Since the tumor is detected at size ND,

TD=−1αln(−ln(ND/N∞)k),      (7.4)

where, again, TD is the time from tumor initiation to detection. As the tumor grows, mutants with metastatic capability arise at a small stochastic
rate. This process is modeled by a modified Goldie-Coldman model, which originally was used to describe dynamics of chemotherapy-resistant
mutants [28, 29]. In particular, the number of metastatically capable cells within the primary tumor, µ(t), is determined by the following equation:

dμdN=μN+p(1−μN).      (7.5)

where p is the probability that a dividing cell mutates to the metastatic phenotype. Assuming an initial condition µ(N0) = µ0, we have the following
solution for µ in terms of N(t):

μ(N)=N(1−N0pN−p[ 1−μ0N0 ]).      (7.6)

If µ0 = 0 and N0 = 1, solution (7.6) reduces to

μ(N)=N(1−N−p)      (7.7)

Furthermore, for small p, we have that N−P=exp(−p ln N)≃1−pln N, so

μ(N)≃pNlnN.      (7.8)

The above form of the model is useful, but it may be easier to understand the development of metastatic capability in terms of its change with
respect to time. The time dependent change in mutant cells is:

dμdt=pdNdt(1−μN)+(μN)dNdt.      (7.9)

The first term represents mutation from wild-type cells at a rate proportional to the tumor growth rate, and the second expresses proliferation of
existing mutants. Since dN/dt represents the overall tumor growth rate, while (1 − µ/N) and (µ/N) are the tumor fractions that are wild-type and
mutant, respectively, mutant cells are assumed to grow with the same kinetics as the wild-type cells. Rearranging equation (7.9) yields equation
(7.5). A direct derivation of equation (7.5) is given in Section 9.5, where we discus the Goldie-Coldman model in depth. This formulation is useful
in that it makes the rate of metastatic spread a function of primary tumor mass and growth rate in a natural and mechanistic, rather than empirical,
manner.

Now that we have the number of metastatically capable cells in the primary tumor, we must determine the actual number of metastatic foci seeded
at time t which we represent it by m(t). Yorke et al. modeled this by (implicitly) assuming that as metastatically capable cells arise they are
instantaneously converted into metastases according to some efficiency parameter η. Metastatic seeding ceases when treatment of the primary
tumor begins (time TD). Formally,

dmdt={ ηdμdt;t<TD,0;t≥TD,      (7.10)

which implies

m(t)={ ημ(t)(≃ηpNlnN);t<TD,m(TD);t>TD.      (7.11)

So this model predicts that the expected number of metastases is (approximately) proportional to ηp, which serves as a measure of the intrinsic
tendency of a tumor to metastasize. While this formulation’s simplicity makes it useful, biologically we expect the rate of metastasis seeding to be
a function of the absolute number of metastatic capable cells.

The variable m(t) represents an expectation or average number of metastatic foci across an infinite number of essentially identical patients.
However, comparing the model results to patient data requires calculation of the probability that metastases are clinically detectable at a given
time in a given patient following diagnosis of the primary tumor. Let X(t) be a random variable expressing the number of metastases in our patient
at time t. We assume that seeding events occur independently at some time-dependent rate. From these assumptions and the model formulation,
we naturally assume that {X(t), t ≥ 0} is a nonhomogeneous Poisson stochastic process with rate m(t). Therefore, the probability that no
metastases are present at time t is simply

P(X(t)=0)=exp(−m(t)).      (7.12)

Once established, each metastasis grows by Gompertzian kinetics until it becomes detectable at time TM with size NM. The equation for TM is
similar to that for TD (equation (7.4)). Therefore, the probability that no metastases are detectable at time t is simply the probability that no
metastases are present at time t − TM (with, of course, t ≥ TM since no metastasis could be detectable before then). We denote this probability
by Sp (Survival, no metastasis from the primary tumor), so

Sp(t)=exp(−m(t−TM)).      (7.13)

The general approach taken here is common; that is, metastasis seeding is widely modeled as a (nonhomogeneous) Poisson process where the
rate of seeding (intensity function) often depends upon tumor size. This model has the advantage of expressing this dependency in a mechanistic
way.

Up to this point we have treated only pre-clinical tumor growth and metastasis. When the primary tumor is detected at time TD, we assume that
local treatment is initiated. To describe recurrent growth and metastasis from the residual primary tumor, we simply introduce a new set of
variables, N(t), µ(t), and m(t) with definitions analogous to those above. The initial size of the residual primary tumor is N0, with some number of
these, µ0, metastatically capable. We assume that the fraction of metastatic cells is unchanged by local treatment, so

μ⌢N⌢0=μ(ND)ND.      (7.14)

Applying the above reasoning to the post-treatment situation, the probability that no detectable metastases have been spawned by the recurring
tumor (rather than the primary tumor) by time t is equal to the probability that no metastases are present at time t − TM, where TM is the time
needed for a metastasis seeded by the locally recurrent tumor to become clinically detectable (where, again, t ≥ TM). We denote this probability
by Sr, so



Sr(t)=exp(−m⌢(t−T⌢M)).      (7.15)

Assuming that the probabilities of being free from metastases seeded by the primary and locally recurrent tumor are independent, the overall
probability of metastasis-free survival (S) is simply

S(t)=Sp(t)Sr(t).      (7.16)

In the literature, S(t) is frequently called distant-metastasis-free survival, or DMFS.

7.4.2 Parametrization and predictions of the Yorke model

Yorke et al. [82] followed the example of Norton [53] by assuming the Gom-pertz growth parameter, α, has a log-normal distribution with mean
0.0283 month−1 and standard deviation 0.98. However, under these parameters a significant fraction of tumors take over 50 years to become
detectable, so for demonstrative purposes (i.e. in the figures) we use α ~ LOGN(µ = −2.9, σ = 0.71) with units month−1.

Yorke et al. estimated parameter values by calibrating to cumulative DMFS values from patients whose local tumors were successfully controlled.
However, these parameter values achieved only poor concordance with the DMFS data from patients experiencing local tumor recurrence—
typically, parameter values derived from primary tumors overestimate DMFS for recurrent tumors. From these observations, Yorke et al.
concluded that locally recurrent tumors are intrinsically more metastatic than those that do not recur, and they also contribute significantly to
metastatic recurrence. Therefore, they predicted that control of tumors likely to recur locally should improve long-term survival, but the prognosis
remains worse in these cases compared to tumors with little propensity for recurrence. This conclusion argues against the “strong form” of
Fisher’s conceptual model. If this interpretation is correct, then tumors are not “predestined” to be either metastatic or not regardless of local
control. This does not argue that no tumors are intrinsically more metastatic than others, but even in such cases, local control probably improves
prognosis. There is a caveat—these results are derived from prostate cancer data. So these conclusions rely on the assumption that the Yorke
model sufficiently describes metastasis in breast cancer.

7.4.3 Limitations of the Yorke approach

To be used, the Yorke model requires introduction of a new set of variables for every episode of treatment. Complex interventions, such as
prolonged systemic chemotherapy or a fractionated course of radiotherapy, are therefore very difficult to incorporate into the basic framework.
The assumption that the rate of metastatic seeding is a function of the rate at which cells acquire the metastatic phenotype, rather than the number
of cells with that phenotype, should raise some eyebrows among cancer biologists and may represent another limitation of the approach.

Another weakness of the Yorke model is that it does not consider secondary metastatic spread—i.e., seeding of new metastases from existing
metastases. However, an extension of Yorke et al.’s approach to include such behavior should be straightforward and yield very interesting
results.

7.4.4 Iwata model
A more detailed model of metastasis, including age structure of metastatic tumors, has been introduced by Iwata et al., [49], and has received
more recent attention by other authors [20, 3]. In this model, primary tumor growth is described by an ODE, while a PDE governs the size or age
distribution of metastatic colonies. Both the primary tumor and metastases grow at rate g(x), where x is the number of cells in the tumor. New
metastases are seeded at rate β(x) by both primary and existing metastatic tumors of size x. Let xp(t) represent the number of primary tumor cells
at time t. Then we consider the initial value problem for the primary tumor:

dxpdt=g(xp),xp(0)=1.      (7.17)

Figure 7.3

Some results from the basic Yorke model with complete local control. Note especially that the DMFS curve unexpectedly appears to approach an
asymptotic curve as ryα increases. This is not seen when using the agent-based simulation model, as in Figure 7.4. Also, compare the prediction
in (b) to that for drug resistance under the Goldie-Coldman model discussed in Chapter 9.

Figure 7.4

Kaplan-Meier survival curves generated using agent-based simulation of the Yorke model. Patient survival data is often reported and displayed
using a Kaplan-Meier survival curve which gives the cumulative probability of the patient survival at any time. See exercise 7.4 for a method of
generating such a curve.



To describe the metastases, let ρ(x, t) be density of metastatic colonies composed of x cells at time t. It is easy to see that ρ(x(t), t) is a constant if
colonies do not disappear on their own. Hence it obeys a von Foerster (age-structured) model, as follows:

∂ρ(x,t)∂t+g(x)∂ρ(x,t)∂x=0,      (7.18)

with initial and boundary conditions

ρ(x,0)=0,      (7.19a)

g(1)ρ(1,t)=∫1∞β(x)ρ(x,t)dx+β(xp(t)).      (7.19b)

Details of how one constructs and interprets such physiologically structured models can be found in chapter 4.

Initially there are no metastatic colonies of any size (condition (7.19a)). The (left) boundary condition (7.19b) is the rate of metastatic colony
formation. All metastatic colonies begin with a single cell (at size 1). Integrating β(x)ρ(x, t) dx over all possible sizes gives the rate of seeding by
existing metastases, while the primary tumor spawns new metastases at rate β(xp).

Finally, we assume that the rate of metastatic seeding is proportional to the number of tumor cells in contact with blood vessels. That is,

β(x)=kxξ      (7.20)

where k is the “colonization coefficient,” and ξ is the fractal dimension of the tumor vasculature. For a homogeneous vasculature servicing the
entire tumor, ξ = 1, whereas a vasculature supplying only the outer tumor surface would have ξ = 2/3.

Iwata et al. considered both Gompertz and exponential growth functions for g(x) and found explicit solutions for both cases. Furthermore, they
calibrated the model using data from a case of primary hepatocellular carcinoma with multiple liver metastases tracked by three serial CT scans.
Interestingly, their calibration suggested that ξ was very close to 2/3, suggesting superficial vasculature.

This model allows the size distribution of metastatic colonies to be tracked through time. Because of its generality, it would be straightforward to
explore the effect of therapeutic intervention on the size distribution of metastases. Adjuvant therapy could be easily modeled by adding a
negative term to the growth function, g(x).

7.4.5 Thames model

Thames et al. [76] used a model to address the question of whether it is better to treat with chemotherapy before (“neoadjuvant” therapy) or after
surgical resection of the primary tumor. They concluded that for early T1 cancer it is better to treat surgically first, but more advanced tumors may
be better treated by neoadjuvant chemotherapy.

7.4.6 Other models

Chen and Beck [10] recently derived a mechanistic model for metastatic spread using superstatistics, which performed well against some SEER
breast cancer survival data. Several other examples of stochastic models for metastatic spread can be found in [4, 42, 83]. Withers and Lee [80]
discussed the implications of different tumor growth and metastasis dissemination kinetics on the distribution of metastases and the possibility of
curative therapy.

7.5 Tumor dormancy hypothesis
Most continuous growth models for metastatic spread implicitly assume that tumors grow most rapidly in the earliest phases of their history, which
follows naturally from the assumption of sigmoidal growth. Support for these assumptions rests on comparisons of model predictions to patient
survival curves (e.g., Speer et al. [74] and Norton [53]). However, such data miss an important aspect of malignancy—cancer recurrence—that
challenges the insightfulness of simple tumor growth models. In particular, the hazard function for both local and distant metastatic recurrence of
breast cancer following treatment exhibits two peaks: a large one at about 18 months followed by a smaller peak at 60 months [17]. This pattern
was first observed in data from the Milan National Cancer Institute for women treated by surgery alone [14], and has since been observed in other
unrelated data sets [16]. It was not seen in the Bloom data [7], which has a single peak in mortality following diagnosis [18]. However, the Bloom
data includes only untreated tumors and has a slight bias. So the two-peak mortality pattern appears to be a real characteristic of treated breast
cancer.

On the basis of this pattern and other data challenging the continuous growth model for primary tumors, Demicheli, Retsky, and colleagues
proposed the tumor dormancy hypothesis in 1997 [17, 69]. More recent reviews by this group (the hypothesis is essentially unchanged) can be
found in [5, 16, 68].

This hypothesis proposes that metastatic colonies experience periods of dormancy that tend to end with removal of the primary tumor, at least
transiently. Such stimulation of metastatic growth following primary tumor removal has been observed in a variety of cancer types in both animal
models and human data-sets.

Demicheli and Retsky et al. proposed that distant micrometastases potentially experience two distinct phases of both dormancy and growth.
Following seeding, the metastatic cells are in the first dormant state, S1, until some stimulus induces them to enter the first avascular growth
phase, S2, where they grow until reaching the maximum avascular size, estimated to be between 2 × 103 and 1.5 × 105 cells. The first dormancy
phase occurs when the tumor reaches diffusion limitation. (See Chapter 3.)

The final growth phase, S3, occurs when avascular colonies induce angio-genesis and switch to vascular growth. Demicheli and Retsky
considered two possible mechanisms. The first was essentially evolutionary—metastatic cells initially lack the angiogenic phenotype and then
switch to S3 by genetic alterations that confer angiogenic potential. The second possibility came from studies by Judah Folkman [30] and others
suggesting that dormant mi-crometastases are held in an avascular state by secretions from the primary tumor, including endostatin and
angiostatin. Removal of the primary relaxes the inhibition, allowing metastatic tumors to switch to an angiogenic phenotype, reigniting their
growth.

Retsky et al. [69] simulated this hypothesis and compared the results to the Milan data. The simulation’s assumptions include the following:

1. The primary tumor grows according to the Speer model for irregular breast cancer growth.
2. At the onset of tumor vascularization, the primary tumor begins shedding metastatic cells.
3. Larger tumors shed more cells than smaller tumors.
4. New metastases always start in the first dormant state S1. They transition stochastically to the first growing state S2, where they expand

according to the Gompertz model to their maximum avascular size. They then randomly transition to vascular growth, S3, which is also Gom-
pertzian but with a much larger limiting size. Cells may also transition directly from S1 to S3.

5. Upon clinical detection, the primary tumor is removed, and metastasis ceases.
6. When a distant relapse occurs—that is, when a metastatic tumor in S3 reaches clinical detection—the simulation ends.

This model is depicted schematically in Figure 7.5. Retsky et al. did not present the model in a traditional mathematical framework. Doing so
would be fairly straightforward and likely to clarify precisely how the model works. For example, it is only reported that metastases are seeded
from the primary tumor at a stochastic rate: it is unclear what the distribution of this rate is or precisely how it depends upon the primary tumor size
and node status. Presumably the stochastic process is Poisson, but how the rate is determined is unclear.

Figure 7.5



Schematic for the Retsky-Demicheli model for metastasis dormancy.

This model cannot be compared to clinical data without parametrization. Unfortunately, no details on the Gompertz growth parameters were
published, other than that they were based on published values for animal (e.g., LoVo xenografts in nude mice in [15]) and human data (e.g.,
testicular cancer lung metastases in [13]). Details about the primary tumor growth model are also absent, as is a precise description of when in its
history it begins to shed metastases. These weaknesses make it difficult to replicate or expand the results.

Retsky et al. use their model to distill the following conclusions and predictions:

1. Simple stochastic transitions between the S1, S2, and S3 states can yield a two-peaked hazard function, but the first peak is unrealistically
early and narrow compared to data.

2. State transitions must be transiently enhanced following surgery to satisfactory fit the data. That is, a pro-growth stimulus following surgery
spurs transition from S1 → S2, and a pro-angiogenic signal increases S2 → S3. Both may give an S1 → S3 transition.

3. The first peak of relapses represents metastases whose growth was stimulated by primary tumor removal. Unperturbed micrometastases
follow a slower growth pattern and give a broader second peak.

4. More advanced tumors with metastasis-positive lymph nodes may respond best to chemotherapy, as they will be characterized by S2 → S3
transitions, implying that metastases will be vascularized and rapidly growing, and hence more responsive to chemotherapy.

5. Smaller primary or larger, node-negative tumors are likely to be characterized by early metastases and S1 → S2 transitions following
surgery. Since avascular tumors may respond poorly to chemotherapy, earlier detection may antagonize efficacy of chemotherapy. Long-
term suppressive therapy is therefore a potential alternative to short-term chemotherapy.

The final two predictions are potentially important clinically. However, the notion that advanced tumors respond better to therapy because of a
predominant S2 → S3 shift is questionable. Overall, it is likely that many S1 → S2 transitions would still occur. Thus, early stage metastases are
likely to be equally present in more or less advanced tumors. Because continuous metastasis seeding by a primary tumor will always give a
metastasis distribution with many early-stage metastases, early detection may antagonize chemotherapy in the short term, it still must improve the
absolute benefit.

This model matches distant recurrence data fairly well and offers an interesting dynamical description of tumor dormancy, and indeed, it seems
fairly certain that some departure from continuous growth kinetics must explain the extremely delayed recurrence seen in breast cancer. However,
a major challenge to the conclusions and model is that, in the data, the two peaks of distant recurrence are paralleled by two peaks in local
recurrence. How can we account for this? It may be that a similar tumor-host dynamic governs the growth of both occult metastases and residual
primary tumor, and a transient pro-growth stimulus following surgery might affect both similarly. But residual local disease is unlikely to be
described by the same S1 → S2 → S3 sequence as metastases.

The tumor dormancy hypothesis is an intriguing one and well worth further investigation. Therefore, it would be a valuable project to develop this
model in an ODE setting that can more easily be expanded upon. Such a model could be used to more formally study the effect of adjuvant
therapy on metastatic recurrence and relative efficacy for different primary tumor types. Also, the model should be expanded to explicitly consider
residual local disease, and the relationship between local and metastatic recurrence could be further studied, as discussed above.

7.6 The hormonal environment and cancer progression
While we present no new models here, it is important to at least mention the role of hormones and breast cancer. Breast cancer, unlike most other
solid malignancies, is characterized by extremely delayed recurrence that may occur up to two decades after apparently successful initial
treatment. The hormonal environment probably plays a key role in such delayed recurrence along with mediating metastasis dormancy. The
estrogen receptor (ER) promotes survival and mitosis in both normal and cancerous breast epithelium, and a majority of breast cancers are ER-
positive at diagnosis, although a significant minority are not (perhaps 25%). A role for hormones in breast cancer progression and recurrence is
supported by the success of hormonal therapy. Efficacy of oophorectomy (removal of the ovaries) was recognized as early as 1896 [26]. A more
recent study showed that treatment using the ER antagonist tamoxifen reduces annual breast cancer mortality by 31% [23], and this benefit
persists for up to 15 years, with continually increasing mortality divergence between treated and untreated groups. Further support comes from
the Women’s Health Initiative, which in 2002 first showed that hormone replacement therapy (HRT) increases breast cancer risk. Significantly,
while ER-positive tumors respond to hormonal therapy and have a better prognosis than ER-negative tumors, essentially no ER-negative tumor
recurs more than five years after diagnosis, while the risk of recurrence in ER-positive tumors continues for 15 years or more [26].

Drawing on the work of Demicheli and others studying irregular breast cancer growth kinetics (see Section 7.5), Love and Niederhurber [52]
endorsed a model suggesting that breast cancer is a disorder of host or environmental control, rather than simply “uncontrolled growth” that can
only be stopped by annihilating tumors to the last cell. These authors also commented upon a surprising result: surgical oophorectomy in
premenstrual women confers a significant survival benefit, yet this benefit appears to be restricted to women in whom surgery was performed
during the luteal phase of the menstrual cycle. This observation led to the progesterone trigger hypothesis:

1. High systemic levels of progesterone during the luteal phase support metastasis survival and vasculature;
2. Sudden withdrawal of progesterone by luteal oophorectomy leads to mi-crometastasis arrest, perhaps by withdrawal of survival signals or

regression of the vasculature.

Finally, we note that early pregnancy, which exposes the breast to sustained, high levels of estrogen, is strongly protective against breast cancer.
This pattern seems puzzling if we view estrogen as a driver of cancer growth, as suggested by the adverse effects of HRT in later life. Possible
explanations for the protective effect of estrogen include the following: (1) hormones of pregnancy drive a population of cells susceptible to
neoplastic transformation to a mature, terminally differentiated state incompatible with malignant transformation, (2) early neoplastic cells are
differentially sensitive to high levels of estrogen and are killed rather than supported, or (3) pregnancy alters sensitivity of cells to estrogen such
that neoplastic cell survival cannot be supported [39].

7.7 The natural history of breast cancer and screening protocols
The impact of different screening protocols on cancer mortality has been the subject of various statistical and dynamical models. The efficacy of
any cancer screening program can only be definitively established by randomized trials that track cancer mortality. Increases in survival time
related to screening do not necessarily indicate a benefit to screening, due to lead-time and length-time biases. Lead-time is the survival time
gained by detecting a disease earlier in its natural history. For example, assume a cancer is initiated at year 0 and destined to cause death at
year 10. Further assume that the disease will become clinically evident at year 8, but screening detects it at year 5. In this case, screening
increases survival by 3 years, even though the course of disease is unaffected by early detection. Length-time bias refers to the tendency of
screening to detect diseases with longer natural histories. Figure 7.6 depicts these biases schematically. Both biases are inherent to screening
and cannot be simply adjusted away. Therefore, it is difficult to know if earlier detection improves treatment efficacy without prospective trials that
measure mortality.



Figure 7.6

Schematic depictions of lead time and length time bias in screening.

Randomized prospective trials have, in fact, demonstrated that mammography screening reduces breast cancer mortality by perhaps 15–20% for
women aged 40–74. Absolute benefit increases with patient age, and relative benefit may also reach its maximum in the 60–69 age group [61].
The appropriate use of screening remains controversial younger (aged 39–49) and older (over 74) women. For younger women, screening
efficacy, while real, is very small (the number needed to screen to prevent one death is 1,904), and younger women may also be most likely to
suffer false positives [61].

The two major risks associated with any screening test include false positives and overdiagnosis. Overdiagnosis, which may be considered the
limiting case of length-time bias, refers to screen-detected cancers that would never have caused symptoms. Treating such a cancer can
therefore only cause harm. Estimates of breast cancer overdiagnosis by mammography range from less than 1% to 30%, but most are in the 1–
10% range [61]. Mammography in particular also exposes women to low-dose chest radiation.

7.7.1 Pre-clinical breast cancer and DCIS

Optimizing the value of screening is hindered by the fact that little is known about the natural history of pre-clinical breast cancer. Since the advent
of mass mammography screening the incidence of ductal carcinoma in situ (DCIS) has increased dramatically. It now accounts for about 20% of
new breast cancers, compared to less than 2% in the past, and this increase is largely attributable to mammography. DCIS is a neoplasm of
ductal epithelial cells that has not penetrated the basement membrane to invade the surrounding stroma, although it may have spread widely
within the duct lumen.

DCIS is generally believed to represent an early stage in the evolution of invasive carcinomas, and it shares many of the genetic and
morphological characteristics of invasive disease. However, recent research has shown that not all cases of DCIS will progress to invasive
cancer, and the proportion that do is unknown. Moreover, some more aggressive cancers may lack a recognizable in situ phase. Several studies
have examined the rates of invasive carcinoma in women who received only a biopsy for DCIS and were initially misdiagnosed as having benign
disease. These studies suggest that 14–53% of DCIS gives rise to invasive disease, but they had small sample sizes and considered only low-
grade DCIS [25].

Welch and Black [79] reviewed seven autopsy series of women who died without evidence of breast cancer during life, and found the median
prevalence of undetected DCIS to be 8.9%, although the prevalence was higher in studies that sampled more breast tissue (up to 14.7%).
Furthermore, the prevalence was much higher in younger women. At the upper limit, 39% of women aged 40–49 had in situ disease, and another
12% had atypical ductal hyperplasia. This result suggests that a large pool of DCIS in younger women becomes depleted with increasing age.
Depletion could occur either by spontaneous regression or progression to invasive cancer.

In accordance with Welch and Black’s results, other evidence points to markedly decreasing DCIS incidence detected by screening after age 70
[24]. In addition, invasive cancers in older women tend to be lower grade with more favorable prognostic factors [24, 25]. The cause of this shift in
incidence and grade remains unclear at the time of this writing.

7.7.2 CISNET program

Cancer Intervention and Surveillance Modeling Network (CISNET) is a consortium of National Cancer Institute (NCI) sponsored investigators that
use statistical modeling to improve our understanding of cancer control interventions in prevention, screening, and treatment and their effects on
population trends in incidence and mortality.

Given that randomized trials have established a mortality benefit to breast cancer screening, we turn our attention to optimum screening
schedules. Here, modeling comes into its own because it is logistically infeasible to test all possible screening regimes using prospective trials.

Two major approaches for modeling natural history in screening trials exist: (1) stochastic state-transition models, where tumors transition through
a variety of pre-clinical phases, and (2) continuous growth models, which typically assume exponential or occasionally Gompertzian growth
kinetics. These two approaches may also be combined.

The CISNET Breast Cancer Program, sponsored by the National Cancer Institute, was a collaborative effort to model the effect of screening and
adjuvant therapy on breast cancer mortality and incidence between 1975 and 2000 [12]. Of the seven groups, six developed models for the
natural history of breast cancer, and we review them here. The other used Bayesian simulation modeling [6], and we do not discuss it. The reader
may also consult [12] for a comparative review of these models.

The CISNET models employ “discrete-event microsimulation,” in which individual patient life histories are simulated and the results aggregated. In
general, all CISNET models have the following components:

1. A patient population component, typically divided into birth cohorts.
2. Breast cancer incidence component, where incidence rates by birth cohort are given as a model input.
3. The tumor natural history component, including clinical cancer detection.
4. The screening component, which takes into account changes over time in both mammography practice and the size threshold for tumor

detection.
5. Adjuvant treatment component, where the probability of a given therapy option being used and probability of tumor cure both depend on



tumor characteristics at detection. The cure probabilities typically distilled from results of a meta-analysis of adjuvant therapy efficacy by the
Early Breast Cancer Trialists Collaborative Group (EBCTCG).

All CISNET models included the following fixed inputs (base case inputs) [36]:

1. Mortality in the population from causes other than breast cancer.
2. Secular (long-term) trend in breast cancer incidence.
3. Mammography screening dissemination.
4. Adjuvant therapy dissemination.

The efficacy of adjuvant therapy and the probability tumors are estrogen-receptor positive are also generally determined by empirical data. This
leaves parameters governing the natural history submodel and the threshold for detection by screening as free parameters determined by
calibration to data. We will return to model calibration after we address the natural history submodels in the next section.

7.7.3 Continuous growth models

Four CISNET models [36, 75, 66, 43] described tumor natural history using continuous growth formalisms. Three used exponential growth without
an explicit metastasis component [75, 66], while the Wisconsin group [36] used a more sophisticated Gompertzian model that explicitly included
early tumor dormancy and regression, along with a simple model for metastatic spread. The latter work is an excellent example of how a good
model confronted with data can be used to generate predictions about unobservable early tumor history.

MISCAN-Fadia model. The MISCAN computer model [40] is a state-transition model used to study screening for a number of malignancies. For
example, Boer et al. [8] used a MISCAN breast cancer model to study disease progression from disease free through DCIS and on through four
invasive cancer stages (T1a, Tab, T1c, T2+). Dwell-time in each stage was exponentially distributed, and probability of detection by screening
depended upon stage.

In a modification of this basic approach, Tan et al. [75] altered the natural history component of the MISCAN framework to an exponential growth
model, making tumor size the primary metric (rather than stage). Furthermore, they used the notion of a “fatal diameter” (“Fadia”): a tumor
diameter unique to each patient at which the tumor becomes fatal; this diameter is (implicitly) assumed to be the point that fatal metastasis is
initiated. This model assumes an initial spherical tumor of 0.1 mm diameter. The exponential growth rate is assigned randomly according to a
log-normal distribution. The fatal diameter is selected from a Weibull distribution, and the survival time after reaching the fatal diameter is log-
normally distributed. The tumor may be detected by screening or clinical detection of either the primary tumor or metastases. Screening and
clinical detection of the primary tumor depend on tumor diameter thresholds, while clinical detection of metastases is a function of the time since
a tumor became fatal.

Metastasis is not modeled other than to assume that tumor diameter is a marker for the probability of metastatic disease, i.e., the notion of the
fatal diameter. DCIS is handled by the un-modified MISCAN DCIS submodel, which tracks incidence of two DCIS subtypes: (1) tumors that
ultimately regresses, and (2) those that progress to an invasive cancer. Finally, adjuvant treatment is modeled by modifying a patient’s fatal
diameter, implying a greater probability of cure at detection. The MISCAN-Fadia model is the simplest of the continuous growth models, and
likely the least biologically reasonable.

Nevertheless, it matches SEER breast cancer incidence rates by tumor size reasonably well, with the exception of DCIS. From 1985 onward, the
predicted DCIS incidence is increasingly too low. While the model mortality curve reflects the actual SEER mortality curve in shape, the model’s
predicted mortality is too high.

Plevritis et al. model. Plevritis et al. [66] also assumed exponential growth for their natural history model, from the onset of invasive growth at a
diameter of 2 mm until clinical detection. In particular,

V(t)=c0exp(tR)      (7.21)

where V (t) is tumor volume, and the inverse growth rate R is gamma distributed. Their model for local to regional to metastatic spread is
proposed in terms of hazard functions. The hazard function for the time to the onset of regional (or nodal) disease, TN, is given by:

P(TN∈[ t,t+dt )|TN≥t)=η0dt+η1V(t)dt+o(dt).      (7.22)

That is, there is some constant baseline hazard of regional spread, η0dt. The second term, η1V (t)dt, implies that the risk of regional spread
increases in proportion to tumor volume. The o(dt) term represents un-modeled higher order terms.

The hazard function for the time of metastatic disease, TM, is very similar. The only difference is that regional disease must be established, i.e.,
TM ≥ TN, before distant spread can occur. Therefore, this model implicitly takes the view that metastatic disease spreads from the primary tumor
in an orderly manner (Halsted model). The formal hazard function is:

P(TM∈[ t,t+dt )|TM≥t,TN=tN)={ ω0dt+ω1V(t)dt+o(dt)t≥tN,0t<tN.      (7.23)

The hazard function for clinical detection within a given time interval depends only on tumor volume, and the probability of detection is linearly
related to tumor volume:

P(TD∈[ t,t+dt )|TD≥t)=γV(t)dt+o(dt).      (7.24)

Finally, screening detection is modeled with a hazard function defined in terms of tumor volume intervals because screening occurs at discrete
time intervals. The probability of detection by mammography is assumed to be proportional to tumor cross-sectional area, which is proportional to
V2/3. Therefore, the hazard function for the threshold volume of detection, VTH is

P(VTH∈[ υ,υ+dυ )|VTH≥υ)=λυ2/3dυ+o(dυ).      (7.25)

A lower limit of detection is also imposed at a tumor diameter of 2 mm.

Adjuvant therapy efficacy is modeled by using published hazard ratio and varies by age and estrogen receptor status. The probability that a
patient’s tumor is ER positive is determined by SEER data.

Significantly, Plevritis et al. did not attempt to model DCIS, and did not compare their model results to stage-specific SEER incidence rates, but
only to the overall mortality curve. As in the MISCAN-Fadia model, the predicted mortality curve had the same shape as the SEER curve.

The negative results of these two models suggest that that DCIS and invasive cancer behave fundamentally differently. The MISCAN-Fadia model
fails to predict increasing incidence of DCIS following introduction of widespread screening. The Plevritis et al. model does not attempt to model
DCIS. It matched incidence rates well but overestimated mortality, which could not be resolved even if all tumors less than 1 cm in diameter were
assumed to be DCIS destined to pose no risk. However, other explanations, such as increases in treatment efficacy, may explain Plevritis et al.’s
mortality overestimate, so one should not read too much into these results.

Rochester model. Briefly, the Rochester model [43] considered the probability density function of the time of tumor initiation to be determined by a
two-stage stochastic model of cancer incidence. Such models are discussed in Section 7.8.2. The random variable W gives the time from tumor
initiation to detection, and its distribution is determined using continuous exponential tumor growth.

Wisconsin model. The Wisconsin group [36] simulated the female population of Wisconsin between 1950 and 2000, aged 20–100 years, divided
into birth cohorts. This population includes 2.95 million women. The simulation was run in 6-month cycles, with a 25 year “burn in” period between
1950 and 1975 to establish breast cancer prevalence at 1975. Results were compared to measured 1975–2000 breast cancer rates.

The Wisconsin study’s natural history submodel assumes Gompertzian primary tumor growth with an initial occult mass with 2 mm diameter and
an asymptotic diameter of 8 cm. The growth rate for individually simulated patients is selected from a gamma distribution, with mean and
variance calibrated by data.

A nonhomogeneous Poisson process governed metastatic spread. Metastasis from primary tumor to local lymph nodes was modeled as a
function of absolute tumor size and growth rate, as proposed by Shwartz [72]; that is, if n(t) is the rate at which groups of lymph nodes become
positive, then



n(t)=b1+b2V(t)+b3(dV(t)/dt),      (7.26)

where the bi are all constants. In each 6-month simulation cycle, the number of new lymph node metastases is determined by random draw from a
Poisson distribution with parameter n(t). While the assumption that regional spread correlates with both tumor size and growth rate is intuitively
reasonable, there is no mechanistic basis for this rate function. The Yorke model (see Section 7.4.1) makes metastasis a function of tumor
volume and growth rate in a much more mechanistic way.

A key feature of the Wisconsin model is that it considers DCIS to be an early stage of invasive breast cancer. Based on the primary tumor size
and number of positive nodes, tumors are mapped to four historical SEER stages: (1) in situ (DCIS)—tumors without positive nodes and below a
critical diameter, determined to be 0.95 cm, (2) locally invasive—tumors above the threshold for in situ disease, but with negative nodes, (3)
regional spread—any tumor with 1–4 positive nodes, and (4) distant spread—5 or more positive nodes. Upon reaching the distant stage, the
survival time distribution is derived from SEER data.

The probability that a screening test detects a tumor is assumed to be a function of tumor diameter and varies with time to reflect changes in
mammography technology. Similarly, tumors emerge clinically with some probability determined by their diameter. The probability curve for
clinical surfacing was determined in model calibration.

Therapy is modeled as a cure/no-cure process. That is, either a detected tumor is immediately eliminated or there is no effect at all upon the
tumor’s natural course. The latter assumption is of course problematic, as non-curative therapy can still significantly extend survival time, but this is
a reasonable first-approximation. Therapy is modeled as follows: baseline treatment, consisting of mastectomy with or without radiation was
assumed to be applied to all patients. The probability of a cure from baseline treatment alone depends upon the stage. In addition to baseline
treatment, one of five adjuvant therapies may be applied: (1) chemotherapy alone, (2) tamoxifen for 2 years, (3) tamoxifen for 5 years, (4)
(cytotoxic) chemotherapy plus tamoxifen for 2 years, or (5) chemotherapy plus 5 years. The probability of each therapy is determined according to
various published data and whether the tumor’s ER status is known. Survival probability is modified by each treatment according to a published
meta-analysis [22].

The most important result of the model was its prediction that a significant fraction of occult-onset tumors grow only to a small size and ultimately
regress. This conclusion reinforces other evidence that many DCIS tumors spontaneously regress (see the introduction to this section). We
outline the steps leading to this prediction [36]. The rate of occult tumor onset, i.e. the rate at which 2 mm Gompertzian tumors are initiated, is
estimated from the age-period-cohort (APC) model of Holford et al. [48] (a common CISNET input). However, since clinical incidence and occult
onset are not the same, as some women may die of other causes before their cancer is detected, we define the “onset proportion” as the ratio of
occult onset to clinical incidence:

onset proportion=occult onset rateclinical incidence rate.      (7.27)

We define the onset lag l as the average time between occult onset and clinical presentation. If all tumors are eventually detected, the tumor
incidence rate in year Y is simply the onset rate in year Y − l. Taking into account the proportion of onset cancers that become incident, we have
the following expression for the rate of occult onset in year Y :

Occult onset(Y)=Incidence(Y+l)×onset proportion.      (7.28)

This expression is valid only if all occult onset cancers are destined to become clinically incident. Fryback et al. [36] found that this expression
does not yield the observed high rate of in situ disease following introduction of mass-screeing. It follows that not all occult onset cancers will
become invasive. Therefore, we introduce a class of “limited malignancy potential” (LMP) tumors that grow to “Max LMP size,” remain at this size
for “LMP Dwell time,” and then regress. Some fraction, the “LMP fraction,” of all occult onset tumors are randomly chosen to be LMP tumors. With
this new class of tumors, we derive a new expression for the rate of occult onset as a function of the predicted clinical cancer incidence. First,
redefine onset proportion as the ratio of non-LMP onset to clinical incidence:

onset proportion=non-LMP occult onset rateclinical incidence rate.      (7.29)

Now, determine total onset rate using the following relations:

total onset=LMP onset+non-LMP onset,      (7.30)

LMP onset=LMP onset1−LMP fraction−non-LMP onset,      (7.31)

non-LMP onset=Incidence(Y+l)×onset proportion.      (7.32)

With some simple rearrangement we have the final expression for total occult tumor onset:

total onset=Incidence(Y+l)×onset proportion×(11−LMP fraction).      (7.33)

Thus, we have total onset in terms of the predicted clinical incidence rate, a model input, and two parameters with values determined by model
calibration. The inclusion of a subset of small tumors destined to regress was needed to avoid depleting the pool of early tumors detected by
screening in SEER data. It was also necessary to introduce two classes of hyperaggressive tumors to successfully match SEER data. In this
case, some small fraction of onset tumors were assigned 4 nodes (regional stage) at 2 mm onset, while another fraction of tumors was assigned
to the distant stage (5 nodes) at 2 mm onset.

Model calibration yields the following parameter values:

LMP fraction=0.42, Max LMP size=1cm , LMP Dwell time=2years , Percent 4 nodes=1% , Percent 5 nodes=2% ,

Thus, the model predicts that slightly less than half of all breast cancers that reach 2 mm in diameter are destined to regress by the in situ or early
invasive stage of growth. This is in broad accord with studies tracking the incidence of invasive disease arising from in situ carcinomas
misdiagnosed as benign [25] and autopsy studies revealing a surprisingly high prevalence of undiagnosed DCIS in younger women [79], as
discussed earlier. We note that since a tumor of 2 mm diameter contains about 4.2 × 106 cells (assuming 106 cells per mm3), it is unclear how
modeling tumor initiation from a single cell would alter this prediction.

State-transition models. The so-called SPECTRUM model [55] and another by Lee and Zelen [51] describes tumor natural history as a series of
stage transitions. Notably, the SPECTRUM model always underestimates DCIS incidence following screening, and the authors considered this
indirect evidence that many DCIS never progress to invasive disease, and many screen-detected DCIS may be over-treated.

7.7.4 Conclusions and optimal screening strategies

The SPECTRUM and MISCAN-Fadia models fit clinical data well, with the exception of the increasing DCIS incidence following widespread
screening. The Wisconsin model predicts that a fraction of DCIS is destined to regress. These results, along with previously discussed autopsy
series [79], suggest that a significant fraction of DCIS not only never surface clinically, but fully regress.

The CISNET models were also recently applied to a more pressing clinical problem: the optimal mammography screening strategy [54]. A set of
screening strategies that varied by starting and stopping age (e.g. 40–84 vs 50–74) and screening interval, either annual (A) or biennial (B), were
tested using six of the CISNET models. A screening strategy is considered “inefficient” or “dominated” if it both (1) results in worse health
outcomes (mortality reduction and increase in life-years), and (2) requires more resources (mam-mographies per 1000 women) than any other
strategy considered. Across all models, eight strategies were found to be non-dominated. All but one (A40– 84) used biennial screening and all
but two began screening at age 50 rather than age 40.

This work further found that screening women beginning at age 40, rather than age 50, does decrease mortality, but only by about 3%. Due to the
low incidence of cancer in the 40–49 age group, the absolute benefit is therefore very small, perhaps less than harm due to the screening
procedure. Moreover, more resources are consumed and more false positives occur. Also, mortality is predicted to decrease more by screening
older patients (over 74) than by screening younger women, but screening younger women should add more overall life-years (total years of life
gained).

These results helped motivate a recent statement by the U.S. Preventive Services Task Force [77] that recommends (1) against routine
mammography for women aged 40–49, and (2) biennial screening for women of ages 50– 74. This recommendation to reduce screening has
been very controversial and in some cases vehemently condemned. While certainly debatable, the recommendations are based on data, and
represent a significant contribution of modeling to an important clinical problem.



7.8 Cancer progression and incidence curves
Most models we have discussed so far consider cancer growth under a constant parameter regime. Yet, cancer growth rates evolve. Therefore,
the parameters describing tumor growth kinetics almost certainly cannot remain constant over the entire tumor history. However, simple
Gompertzian models in which tumors, after initiation, progress according to constant parameter values most naturally assume cancer as an
essentially “one-hit process.” However, it is well known that most tumors arise from multiple “hits” to their genomes. So we have another challenge
to the simple Gompertz view of tumor growth.

7.8.1 Basic multi-hit model

Cancer incidence increases dramatically with age, a fact initially regarded as inconsistent with the hypothesis that cancer arises from mutation in
normal cells [62]. If clinical cancer is sparked by a single aberrant mutation, then age-specific cancer incidence rates should be constant, at least
among adults if there is a significant delay between cancer initiation and clinical presentation. However, the epidemiological evidence shows
clearly that age-specific incidence is not constant, an observation that motivated the first explicit multi-hit models, which we now discuss.

By the early 1950s it was well known that many carcinogenic agents are also mutagenic, and there is typically a latency period between
carcinogen exposure and clinical cancer. In 1953, Nordling first proposed that malignant transformation of a single cell requires a sequence of
multiple mutations [62]. He argued that if a single mutation sufficed, then cancer incidence would be the same for all ages. If two mutations were
required, then the number of cells carrying a single “hit” (cancer-causing mutation) would increase in direct proportion to age, and so the
incidence (requiring the second hit) would be directly proportional to age. If three hits were needed, incidence would increase as the second
power of age, and so on. Nordling then examined cancer mortality data for adult men in the U.K., excluding children and the very old, and
observed that mortality increased with the sixth power of age, implying that, on average, seven mutations are necessary.

Armitage and Doll [1], in 1954, reached a similar conclusion using more rigorous probabilistic reasoning. If malignant transformation requires r
mutations, the ith mutation occurs with probability pi per unit time, and if these mutations must occur in a particular order, then the probability that
a cell becomes malignant (acquires the rth) in the time interval (t, t + dt), is

p1p2...prtr−1r−1dt.      (7.34)

(If the mutations can occur in any order, the following result still holds.) It follows that the cancer incidence rate, I(t), is proportional to the (r − 1)th
power of time (i.e. age); i.e.,

I(t)∝p1p2...prtr−1=ktr−1.      (7.35)

where k is constant. Taking the logarithm of both sides yields

log(I(t))=log(k)+(r−1)log(t),      (7.36)

which implies that a log-log plot of cancer incidence versus age should be a straight line with slope (r − 1). Data from nine different types of
cancer gave slopes between 4.97 and 6.48. The slope for colon and rectal cancer came out to be approximately five, suggesting six rate-limiting
steps for this particular neoplasm.

Armitage and Doll’s model has become the classic multi-hit model for cancer incidence. It assumes that intermediate mutations confer no
selective advantage or functional change to the cell, and that cancer arises only after all hits have occurred. In this case, mutation order cannot
matter, and all mutations are mathematically equivalent. However, if mutations confer differential selective advantages, then mutation order does
matter because selection dynamically alters the pool of cells which may be mutated. Therefore, there is a slight conflict between Armitage and
Doll’s original analysis, which assumed a particular order is necessary, and the actual model which implies that order does not matter.

We can also recast the basic multi-hit model as a simple system of differential equations, as done by Frank [31]. Letting xi(t) represent the
number of cells with i mutations at time t, Frank proposed the following simple model:

dx0dt=−u0x0,      (7.37)

dxidt=ui−1xi−1−uixi,i=2,...,r−1,      (7.38)

dxrdt=ur−1xr,       (7.39)

where ui is the rate at which cells with i mutations mutate. This formulation helps point out some issues with rate parameters. It is natural to
assume that transition rates should be the same, at least in first approximation, since one may expect genes to mutate at roughly the same rate.
However, the basic multi-hit model requires that mutations are unordered (see discussion above). Since the number of genes available for
mutation decreases with each hit, transition rates must vary among stages.

If the order of mutations does matter, then transition rates will be constant (at least under the assumption that mutations never occur out of
sequence). This may be the better assumption, at least in some cases. For example, colon carcinoma seems to exhibit a preferred progression
of genetic changes during transition from dysplasia to clinical cancer. Interestingly, the slope of the log-log plot is constant whether or not the ui
vary, implying that incidence curves give no information on whether mutations are ordered or not.

This discussion highlights the complexities introduced when mutations confer selective advantage. In such cases, one must be very careful to
define the mutation mechanism and transition rates among mutant states correctly. Moreover, if mutation order is indeed unimportant, the rate at
which pre-cancerous lesions evolve toward malignancy may reach its maximum at an intermediate number of mutations, but slow as more hits are
acquired.

7.8.2 Two-hit models

We now turn to another model by Armitage and Doll, this one from 1957 [2]. Here the authors do consider the role of selection in a pre-cancerous
tumors. They showed that such selection can yield cancer incidence proportional to the sixth power of age with only two genetic hits required for
cancer. The model considers the influence of two carcinogenic agents. The first acts as an initiator, and cells acquire the initial mutation at a rate
proportional to dose. These precancerous cells undergo exponential clonal expansion and are susceptible to malignant transformation by the
second agent. Let d1 and d2 be the doses of initiating and transforming agents, respectively, and nt represent the number of precancerous cells
at time t after exposure to the first dose. Then

nt∝d1ekt,      (7.40)

I(t)∝d2nt=d1d2ekt.       (7.41)

Relation (7.40) expresses the exponential expansion of premalignant cells following exposure to the initiating agent. Using probabilistic
arguments, Armitage and Doll arrived at the following equation for cancer incidence:

I(t)=Np1(1−exp[ −p2k(ekt−1) ]),      (7.42)

where N is the number of persons at risk for the first mutation and, as before, I(t) is cancer incidence at time t. Here, p1 is the probability per unit
time that a normal cell undergoes the first mutation and is proportional to d1; p2 is the per unit time probability of the second mutation and is
likewise proportional to d2.

We arrive at expression (7.42) by the following arguments. Suppose a clone has undergone the initiation step at time t − T, but has not
transformed by time t. Then the clone transforms to malignancy with probability p2 exp(kT) per unit time. The probability that the second change
occurs in the small time interval (t, t + dt), but not before, is therefore approximately

=p2ekTdt×P(no change occurred in(t−T,t)),=p2ekTdt×P(no change occured in(0,T)).      (7.43)

Transitions from the intermediate class to malignancy is governed by a Poisson process with a non-constant rate proportional to the number of
intermediate cells. Therefore, the transition rate parameter on the interval (0, T) is λ = p2 exp(kT). It follows from probability theory that:



P(no change occurred in(0,T))=exp(−∫0Tλdt)=exp[ p2k(1−ekT) ].      (7.44)

The probability of the second change in (t, t + dt) is

p2ekTdtexp[ p2k(1−ekT) ].       (7.45)

Now, we need the probability that the first change occurs in the interval (t − T, t − T + dT). The time to the first mutation is exponentially distributed
with parameter p1, so

P(1st change in(t−T,t−T+dT))=1−exp(−p1dT).      (7.46)

It follows from the Taylor series of the exponential that, if p1dT is small, we can approximate 1 − exp(−p1dT) as

p1dT.      (7.47)

The probability we seek is therefore the product of equations (7.45) and (7.47) (given with some rearrangement):

p1p2exp(p2k)exp(kT−p2kekT)dtdT.      (7.48)

All that remains is to integrate over time between the first and second mutations, T, to get the final probability of a second mutation in the interval
(t, t + dt):

p1p2ep2/kdt∫0texp(kT−p2kekT)dT=p1(1−exp[ −p2k(ekt−1) ])dt.      (7.49)

We recover relation (7.42) by multiplying the right-hand side of equation (7.49) by N, the number of persons at risk.

This model successfully matched mortality data for stomach, intestine, colorectal, and pancreatic cancer for persons aged 25–74 years. In many
hormone-dependent cancers, such as breast and ovarian cancer, the slope of the incidence curve decreases in later life. Armitage and Doll
suggest that this model could be made to match these cancers as well if hormones were promote clonal expansion of singly mutated cells.

From equation (7.42), we can make several predictions concerning cancer incidence. First, it should increase linearly with exposure to the
initiating carcinogen and increase exponentially with exposure to the transforming carinogen. Furthermore, as t → ∞, we have I → Np1. Thus, the
model predicts that all age-incidence curves should eventually become constant, which accords well with the observation that cancer incidence
curves tend to flatten with age.

Finally, we note that as with the basic multi-hit model, we may also reformulate this model in terms of differential equations:

dx0dt=−p1x0,       (7.50)

dx1dt=p1x0−p2x1+kx1,       (7.51)

dx2dt=p2x1.      (7.52)

In this case, I(t) ∝ dx2/dt.

Retinoblastoma, a rare childhood tumor of the eye, has been examined in the context of two-hit models by Kundson and colleagues, beginning
with a seminal paper in 1971 [50]. This tumor often shows a hereditary pattern, but can also arise spontaneously. In either case, both copies of a
key tumor-suppressor gene, called Rb, must be inactivated for cancer to occur. Incidence data and probabilistic arguments led Knudson et al. to
hypothesize that hereditary retinoblastoma arises when one of the Rb genes is already mutated in the germ line (lineage of cells that produces
gametes). Therefore, they hypothesize that only one additional hit is necessary to spark the cancer. In contrast, spontaneous cases would require
both alleles to be inactivated, implying a two-hit incidence pattern. Beyond being among the first cancers to which the two-hit etiology has been
applied, retinoblastoma also provided the first evidence for tumor suppressor genes. Frank also recently revisited this hypothesis using a simple
mathematical model [32].

Figure 7.7

Simple schematic for the two-hit model, or two-stage clonal expansion model.

Following Knudson et al.’s lead, Moolgavkar, Knudson, and others have developed many two-hit stochastic models for tumor growth [59, 58]. In
these models, healthy stem cells transition via mutation to intermediate cells with a slight proliferative advantage. This expanding clone may then
undergo a second mutation to become malignant. Like the model of Armitage and Doll, tumor initiators cause the first transition, while tumor
promoters increase the proliferation rate of intermediate cells without inducing mutation [58]. This two-hit framework, sometimes referred to as the
two-stage clonal expansion model (TSCE), has been widely used to model carcinogenesis. The TSCE is essentially equivalent to a common
conceptual framework called the initiation-promotion-progression “model.”

7.8.3 The case of colorectal cancer

While two-hit or initiation-promotion-progression models are popular, they are almost certainly too simple. Most adult carcinomas require multiple
genetic modifications. Colorectal cancer, for which the key molecular events driving progression are reasonably well defined, provides an
example.

The morphologic progression from early adenoma to invasive cancer is driven by genetic and genomic instability that arises early in this tumor’s
evolution; it characterizes nearly all colorectal carcinomas and adenomas. Two major forms of instability are observed: (1) chromosomal
instability (CIN) which leads to aneuploidy, present in about 85% of cases, and (2) microsatel-lite instability (MSI), associated with defective DNA
mismatch repair (MMR) and present in 15% of cases. These two phenomena tend to be mutually exclusive [81], suggesting that genetic stability
plays an important functional role in carcinogenesis irrespective of its molecular basis.

A set of key genetic changes that occur in cancers arising by CIN, termed the “traditional pathway,” were characterized in 1988 by Vogelstein,
Fearon, and colleagues [78, 27] based on molecular analysis of 172 colorectal cancers. Morphologically, these lesions typically progress through
the following stages: (1) normal epithelium, (2) aberrant crypt focus (ACF), (3) early adenoma, (4) late adenoma, (5) invasive cancer, and finally
(6) metastatic disease.

Genetically, the earliest change is either loss of the APC gene on chromosome 5q or a mutation of the K-ras gene, which gives rise to a
dysplastic ACF. While the K-ras mutation may actually occur first [81], sources traditionally list APC as the initiating mutation [27]. Inactivation of
APC leads to loss of proliferation suppression by the Wnt signaling pathway and may contribute to the development of CIN. Further progression
to invasive cancer is associated with mutations in the K-ras oncogene, loss of 18q, causing inactivation of DCC, SMAD2, and SMAD4 tumor
suppressor genes, and loss of 17q, which causes p53 tumor suppressor inactivation (Figure 7.8). This set of genomic alterations is unlikely to be
sufficient to cause cancer. A number of other genetic and epigenetic alterations are also associated with cancer progression, and non-invasive
adenomas with all four changes exist [27]. While there is a preferred order for these changes, their net accumulation is likely more important than
the order [27]. The apparent ordering may be a function of the selective advantage or genomic instability conferred by individual mutations.

Figure 7.8

Traditional pathway of colorectal tumorigenesis. Depicted are the canonical genetic hits associated with morphological progression.

Most tumors do not actually harbor all canonical changes of the traditional pathway [81], suggesting that they arise through functional changes in
phenotype. The traditional pathway may (partially) represent only one of many ways to generate the same phenotype. This view accords well with



the hallmarks of cancer, which include a limited number of rate-limiting steps generating malignant phenotypes. But a given phenotype may be
conferred by a variety of genotypes.

Thus, from the biology we can see that a two-hit model clearly cannot describe colon cancer, and some form of a multi-hit model is required.
Recall from above that Armitage and Doll’s 1954 work suggested that six mutations are necessary for colon cancer. However, the fact that
adenomas arise at all and accumulate genetic changes as they grow argues for a selective advantage conferred to pre-cancerous clones. It is
generally accepted that adenomas advance by successive rounds of clonal expansion, where more fit clones out-compete the existing adenoma
population [27]. Therefore, the basic multi-hit model without clonal expansion cannot be applied either. A clonal expansion model similar to that
proposed by Frank [31] may be more appropriate. By modifying mutation rates it could also be made to handle genetic instability.

Several recent mathematical models have been used to study colon cancer [53, 65, 57]. Nowak et al. [65] studied a simple mutation network to
determine the role of CIN in APC inactivation in early colon cancer. Later, Michor et al. [57] used a somewhat similar model to study CIN’s role in
tumor suppressor inactivation in a more abstract setting. While Nowak et al. used stochastic methods to study their model which we do not cover
here, we briefly outline the studied mutation network, parametrization, and model conclusions.

It is frequently the case that one copy of APC is inactivated by a point mutation in the gene, while the second is lost via a gross chromosomal
deletion, a so-called loss-of-heterozygosity (LOH) event. Chromosomal instability increases the rate of LOH by orders of magnitude; therefore,
induction of CIN may be the rate-limiting step in tumor evolution, rather than the LOH event itself. Nowak et al.’s model considered a population of
colon crypt cells in two basic classes: with and without CIN. Let xi, i ({0, 1, 2} be the mass of cells in the first class (without CIN) with i inactivated
copies of APC. Similarly, y0, y1, and y2 be CIN cells with 0, 1, and 2 inactivated copies of APC. They assume that active APC genes in all cells
become inactivated by point mutations at rate u ≈ 10−7 per cell division. Transition from i = 0 to i = 1 therefore occurs at rate 2u (to account for the
two ways in which this transition can occur). The second APC gene becomes inactivated either by a second point mutation at rate u, or by LOH,
assumed to occur in non-CIN cells at rate p0. LOH in CIN cells arises at a much higher rate, p > p0, estimated to be about 0.01 per cell division.
Finally, they allow caretaker genes (the products of which maintain genomic stability) to mutate, resulting in a transition from non-CIN to CIN.
Assuming nc caretaker genes exist, then the transition xi → yi occurs at rate 2ncu.

Based on their simulations, Nowak et al. [65] concluded tha CIN typically arises early in tumorigenesis. However, since CIN alone decreases cell
fitness, then it probably follows inactivation of the first APC gene, while the second most often is deleted via LOH. However, if CIN is neutral or
advantageous, then CIN may be the initiating event in tumorigenesis. In either case, the model suggests that CIN is an early and rate-limiting
event in tumorigenesis. Michor et al. [57] reach essentially the same conclusion.

Luebeck and Moolgavkar [53] extended 2-hit colon cancer incidence models to include 3, 4 or 5 premalignant steps. The four-stage model best
matched SEER data on colon cancer incidence. Moreover, their best-fit parameter estimates suggested that colon cancers are initiated by two
rare genetic events (e.g. mutations) followed by a single high-frequency event, giving rise to clonal expansion of the premalignant population from
which the final event sparks malignancy.

This prediction coincides with Nowak et al.’s [65] suggestion that a point mutation in APC is followed by induction of CIN. The two slow steps
predicted by Luebeck and Moolgavkar may be mutation of one APC and onset of CIN. Following CIN, the tumor likely rapidly inactivates the
second APC and begins clonal expansion. A final p53 mutation, which is likely to occur in short order following CIN, may be the Luebeck and
Moolgavkar’s fourth rate-limiting step. We now have a plausible reconciliation between the biological necessity that more (and probably far more)
than four mutations are necessary to yield invasive cancer and the epidemiological agreement between a four-stage model and colon cancer
incidence. This view also suggests that early tumor formation may be dominated by rare, stochastic genetic events; however, following CIN and
the onset of rapid genome derangement, growth may be modeled reasonably well by deterministic kinetics.

7.8.4 Multiple clonal expansions

One important aspect of tumorigenesis that we have not yet encountered in tumor models is multiple rounds of clonal expansion. Such a behavior
was considered by Frank [31]. He modified the continuous version of the basic multi-hit model (see above) to consider logistic growth of each
clone individually. Clones grew independently with a limiting size that depended only on the clone’s size, not the tumor’s, an assumption that can
be challenged on biological grounds.

Nevertheless, this model yields theoretical cancer incidence curves that match several observed phenomenon. In particular, it predicts the
flattening log-log incidence curve that occurs in advanced age. Frank termed this phenomenon a decrease in the “age-specific acceleration” of
cancer.

7.8.5 Smoking and lung cancer incidence

We close by mentioning the case of lung cancer and smoking. Cigarette smoke is generally believed to act as both tumor initiator and promoter.
That is, it directly induces genetic mutations and promotes a host environment permissive of neoplasia. Smoking’s enhancement of cancer risk is
well documented, and its effect on risk for ex-smokers has been tracked in large data-sets that provide excellent opportunities to test the
predictive ability of multi-stage models.

After cessation of smoking, the excess risk for lung cancer declines fairly rapidly, and continues to decline for about two decades. However, the
absolute cancer risk declines slightly and remains fairly static, or “frozen,” over time.

The basic multi-hit model was first applied to this problem by Doll in 1978 [21], who concluded that smoking affects the first stage and a late,
perhaps the last, stage. (Later work generally assumes it affects the penultimate stage.) These conclusions are supported by data. That smoking
affects an early step in tumor progression follows from the fact that, when cancer incidence is plotted against time of exposure, both smokers and
non-smokers show the same power relationship. That smoking accelerates a later step is implied by the observed rapid reduction in cancer risk
after smoking cessation. Finally, Doll observed a quadratic relationship between the dose rate (i.e., cigarettes smoked per day) and incidence,
again suggesting that two stages are affected.

In related work, Brown and Chu [9] used a multi-hit model to estimate the rates of the two events affected by smoking. Their results predicted that
cigarette smoking increases the rate of the late event by twice as much as it does the early event. They concluded that the greater part of total
cancer risk is due to smoking’s effect on the penultimate event.

Importantly, the multi-hit models of smoking’s effect on cancer risk tend to predict, contra the data, that when a person stops smoking, the excess
lung cancer risk continues to rise. This is discussed extensively by Freedman and Navidi [35]. They predicted the existence of a mechanism to
repair smoking-induced lesions as a possible explanation for the reduction in excess risk and the failure of multi-hit models [35].

More recently, several two-stage clonal expansion models [45, 44, 19] have been applied to the problems of lung cancer incidence and smoking.
All have concluded that smoking acts primarily as a tumor promoter. It may also be an initiator, and initiation and promotion may interact
synergistically to increase risk [44].

7.8.6 Summary

While we have largely focused on kinetic models in this chapter, we have introduced multi-hit epidemiological models because of their historical
importance on understanding the etiology of cancer, and because they address a key facet of the natural history of cancer. We are also motivated
to examine such models because the genetic changes that occur in cancer etiology must necessarily affect tumor growth dynamics.

Very different genetic hit models can give similar cancer incidence curves, implying that while incidence curves have been instrumental to
understanding the genetic basis for cancer, they cannot tell us the whole story. It remains an open question how mutations give rise to gross tumor
growth kinetics. It is generally accepted that repeated rounds of clonal expansion drive both genetic and morphologic evolution, at least in the
case of colon cancer. But aside from an intermediate period of exponential growth for two-stage models, the genetic hit models do not address
growth kinetics. The models of Nowak et al. [65] and Luebeck and Moolgavkar [53] suggest that kinetic models may describe tumor growth
reasonably well following CIN, after which rare genetic events may no longer be rate-limiting (although further genetic changes would continue to
be necessary). Nevertheless, kinetic models of gross tumor growth have yet to be systematically unified with models of molecular etiology of
cancer.

7.9 Exercises
Exercise 7.1: Show that if



N(t)=N0exp(k(1−e−αt)),      (7.53)

then

k=ln(N∞N(0)),

where the asymptotic tumor size is N∞. Assume the tumor is detected at size ND at time TD. Show that

TD=−1αln(−ln(ND/N∞)k).      (7.54)

Exercise 7.2: Let P be a constant. Show that the solution of

dμdN=μN+p(1−μN).      (7.55)

is

μ(N)=N(1−N(0)pN−p[ 1−μ(0)N(0) ]).

Exercise 7.3: The Yorke model is stochastic and too complex to be easily amenable to analysis. Therefore, to gain insight implement and study
the basic model computationally:

1. Implement the basic model for primary tumor growth and metastasis seeding. Generate the distant metastasis free survival curve for a set
of simulated patients, assuming no local recurrence occurs. For a more challenging extension, add local recurrence.

(a) We assume that the metastases have a different growth rate than the primary tumor, randomly drawn from the same distribution.
Also, the model construction necessitates that all metastases have the same growth rate. Are these realistic assumptions?
(b) From Figure 7.3(a), we see that the DMFS curve approaches an asymptote. This is obviously not realistic. What model
assumption could be responsible for this behavior, and how might it affect predictions?

Exercise 7.4: In the clinical medicine literature, patient survival data is widely reported and displayed using Kaplan-Meier survival curves. Such a
curve gives the cumulative probability of survival at any time, and can be approximated (but not replicated) by the DFMS curves of the basic
model. We note that Kaplan-Meier plots are valuable because they can incorporate censoring, i.e. patient loss. To generate such curves using a
model it is not enough to know the probability of death at a given time: the individual times of death must be known exactly. Implement a simulated
version of the Yorke model and use it to generate a Kaplan-Meier curve. A very brief pseudocode follows:

1. Pre-define the simulation time as (0, T_max).
2. For all N simulated patients:
 1. Randomly determine primary tumor growth parameter.
 2. Calculate time to detection, T_D.
 3. Divide the pre-clinical history, t = (0, T_D) into Q discrete steps of length T_s.
 4. At every time-step, calculate the number of metastatically-capable cells, m(t), as a function of the number of primary tumor cells:
 m(t) = (1 −n(t)^(-alpha)) * n(t). Also:
 A. The number of mets successfully seed during each time-step is Poisson-distributed with parameter: (eta) * m(t) * T_s.
 B. Randomly seed metastases with unique, random growth rates. Calculate the time to detection and time to death for each met. If this is the minimum, store this value.
 C. Store the time of met seeding and growth rate for all mets.
 5. Use the data from (C) to determine the total metastatic burden at all times. Use this to determine if death occurs at an earlier time than previously determined.
 6. Have local recurrence randomly occur with some probability.
 7. If recurrence happens, follow a similar algorithm to that above.
3. Discretize the time domain (0, T_max) and, from the individual patient data, store the total number of patients still alive and recurrence-free at each time-point.
4. Plot the fraction of patients still alive at each time-point as a stair-plot, giving a Kaplan-Meier plot.

1. Use the simulated model to determine how sensitive survival (in terms of both the shape of the cumulative survival and long-term survival) is
to the following:

(a) Tumor size at diagnosis.
(b) Intrinsic metastatic potential, as measured by α and η.
(c) The probability of local recurrence.
(d) The residual tumor size following local treatment.
(e) Tumor growth rate (parameter b).

2. Following 1(e), all else being equal, do faster-growing tumors have a better or worse prognosis than slow-growing tumors? Note that,
clinically, faster tumor growth is clearly correlated with poorer survival. What does this suggest about the validity of the model?

3. The degree to which disease free survival (DFS) (i.e. the minimum of DMFS or time to local recurrence) correlates with survival after
recurrence (SAR) is controversial. How well do these metrics correlate under different probabilities of local recurrence?

Exercise 7.5: The current model assumes that it takes only one genetic hit for cells to become metastatically capable. Biologically, what
capabilities must a cell acquire to enter the bloodstream and survive to found a distant colony? Are these likely to be conferred by a single hit?
Develop an alternative model in which two or more hits are required for metastatic capability.

Exercise 7.6: Implement a cancer-screening program under the Yorke model. That is, for every patient, during the pre-clinical period, t < TD, at
regular intervals (say, every year) check to see if the tumor has passed some more smaller threshold size, TD, and if it has, initiate treatment.
Characterize the effect of screening on both short-term and long-term survival under this model.
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Chapter 8

Evolutionary Ecology of Cancer
8.1 Introduction
In Chapters 2 and 3 we explored the foundations of two major themes in mathematical oncology—one stemming from the pioneering work of
Laird and her application of the Gompertz formalism to tumor growth, and the other originating with Greenspan’s extension of the PDE approach
taken simultaneously by Burton, Thomlinson, and Gray. In this chapter we continue our exploration of these themes in a more modern setting.
However, since both themes unleashed floods of research with rivulets in many different directions, we limit ourselves to theoretical attacks on
how two important characteristics of cancer arise—necrosis and tumor cell diversity.

Modern cancer research has tended to focus on genomics. However, an adequate theory of cancer must recognize that tumor behavior is at least
as much an ecological and evolutionary problem as a molecular one. Natural selection has long been recognized as the ultimate driver of cancer
progression and pathogenesis (see [52] for a recent review; see also [133]). In early stages of tumor progression, heterogeneous populations of
malignant and healthy cells compete for available resources. Tumor cell clones that have acquired, via mutation and epigenetic effects, malignant
“hallmark” phenotypes [56, 57] gain proliferative and (or) survival advantages relative to other lineages in their tumor microenvironment. Eventually
the hallmark-carrying mutant clones come to dominate the tumor and destroy tissue homeostasis. If this interpretation is correct, then the
mechanism causing malignancy—heritable variation conferring advantages to particular clonal lineages—is precisely evolution by natural
selection.

Host physiology and the tumor microenvironment are critical because they largely generate the selection pressures acting within the tumor at any
given time. Therefore, any accurate theory must also include interactions among a variety of genetically distinct tumor cell types, perhaps
genetically altered stromal cells, and unmutated healthy cells, both peritumoral and distant. Although these interactions certainly are influenced by
genomes, all genomes, both cancerous and healthy, interacting within the tumor’s “ecosystem” are involved.

Although cancer theory derived from molecular and cellular biology largely ignores evolutionary and ecological relationships, the same cannot be
said for theory developed by mathematical and computational biologists, who for the last thirty years have produced an enormous variety of
mathematical models of malignant neoplasia. Given the complexities of the problem, most of this work has concentrated on simulations and
computational treatments and therefore lies somewhat outside the scope of this text. Therefore, in this chapter we focus on seminal dynamical
models that can be used as a springboard into the rapidly expanding study of evolutionary oncology, or the evolutionary ecology of tumors. Also,
although evolution by natural selection is well-recognized as an important process during tumor treatment, we explore those relationships in the
treatment chapters.

8.2 Necrosis: What causes the tumor ecosystem to collapse?
Malignant tumors in vivo and, as we saw in Chapter 3, multicell spheroids in vitro often develop regions of necrosis in which large portions of the
tissue dies (Fig. 8.1). Necrosis in multicell spheroids (MCSs) is typically ascribed to “lack of nutrient,” as Burton and others originally
hypothesized (see Chapter 3). Nutrient depletion occurs in the spheroid core as cells continuously consume whatever the nutrient is, but its only
source is the spheroid’s surface. As we mentioned in Chapter 2, tumors in vivo avoid this problem by enticing new blood vessels to grow within
them through a process called an-giogenesis. Nevertheless, tumors in vivo still can develop necrosis (Fig. 8.1). Various hypotheses have been
presented in the mathematical and theoretical literature to explain in vivo necrosis. Possible immediate causes include deficiencies in oxygen,
glucose, or perhaps other nutrients, such as phosphorus [38, 69] or iron [34, 59, 72, 107]. Some researchers suggest that inhibitory chemicals,
which could be metabolic waste or other compounds, might play a role. Still others implicate mechanical destruction of cells. At one level removed
from the immediate cause, if nutrient deficiency, toxin production, or both are to blame, local ischemia is almost certainly involved. But then what
causes the ischemia—inefficient neoangiogenesis (the tumor “outgrowing” its blood supply), blood vessel collapse, variation in hematocrit
distribution in a microvascular net, or some combination of the three? All of these hypotheses have been the subjects of mathematical
investigations.

Figure 8.1

Squamous cell lung cancer, H. & E. stain, 100× original magnification. Regions labeled “N” are necrotic, and arrows point to examples of
extracellular matrix (ECM). Dark dots in the necrotic regions are mostly immune cell nuclei, primarily of neutrophils. Note how cancer cells form
deranged sheets reminiscent of epithelium but with a highly disturbed architecture.

8.2.1 Necrosis in multicell spheroids

The obvious hypothesis explaining the characteristic histological pattern in MCSs—that cells in the interior die or stop reproducing because they
suffer a profound lack of nutrient caused by diffusion limitation and competition (Fig. 3.1)—is compelling but probably too simple. The Greenspan
model introduced in Chapter 3, for example, introduced the notion that necrosis could be caused by accumulation of some toxin within the
spheroid. This model has been instrumental in refining the diffusion-limitation hypothesis. In parallel with these studies, another formalism
developed from the Thomlinson and Gray work that also has been used to probe diffusion limitation. This set of models focuses on tumor cords,
essentially spheroids turned inside-out. Below we outline some of the main results from both types of models.

Among the more influential research threads using multicell spheroids to study necrosis is a series of papers by Helen Byrne and Mark Chaplain
[26, 27]. These models represent a small spheroid, which Byrne and Chaplain interpret as a tiny in vivo tumor. The first of these models [26]
assumes that no necrotic core exists and takes the following form under the quasi-steady-state approximation of diffusive equilibrium for both the
nutrient and inhibitor:

{ R2dRdt=∫0R(t)S(σ,β)r2dr,0=D1r2∂∂r(r2∂σ∂r)+Γ(σB−σ)−λσ−g1(σ,β),0=D2r2∂∂r(r2∂β∂r)−g2(σ,β),      (8.1)

where R is the radius of the spheroid; S(σ, β) is cell proliferation rate; D1 and D2 are diffusivities of nutrient and inhibitor, respectively; Γ
measures vascular delivery of nutrient; σB is concentration of nutrient in the blood plasma; g1 and g2 represent sources and sinks of nutrient and
inhibitor, respectively, within the spheroid; and all other notation is consistent with that in Chapter 3. Byrne and Chaplain subsequently apply
Buron’s original hypothesis that necrosis occurs whenever the nutrient concentration falls below some critical value to obtain this model [27] :

{ R2dRdt=∫0R(t)[ S(σ,β)H(r−ri)−N(σ,β)H(ri−r) ]r2dr,0=D1r2∂∂r(r2∂σ∂r)−[ Γσ+γ1β ]H(r−ri),0=D2r2∂∂r(r2∂β∂r)−γ2βH(r−ri),      (8.2)

with N the rate at which necrotic cells disintegrate and γ1 and γ2 the rates at which the inhibitor decays within the proliferative and necrotic
regions, respectively. All other notation is as before, with one exception—in model (8.2), Γ represents the consumption rate of nutrient by living
cells. Furthermore, nutrient is delivered to the interior by diffusion from the media or interstitium, not through an interior vascular network as in



(8.1). There is no quiescent layer in either model.

Among the advances introduced by models (8.1) and (8.2) is a more realistic action for the inhibitor than that proposed by Greenspan. Instead of
causing quiescence, the inhibitor is hypothesized to increase cell mortality within nonnecrotic regions of the spheroid, which Byrne and Chaplain
equate to apoptosis. Therefore, S(σ, β) is interpreted as pointwise differences between births and deaths and generally increases with σ and
decreases with β. This hypothesis allows richer dynamics than Greenspan’s model. Of particular importance, model (8.1) shows that spheroids
can reach a steady state without necrosis. (See [32, 42] for more details.) In fact, a sufficiently large apoptosis rate can cause complete spheroid
regression without development of a necrotic core in both models. Model (8.2) also predicts that spheroids with a necrotic core arise only if loss
to apoptosis is less significant than loss to necrosis and if the external oxygen concentration is not too large. More precisely, they show that for a
particular realization of g1 and g2, the width of the proliferating rim is proportional to σ∞−σl, where σ∞ is the nutrient concentration in the media
and σl is defined above.

More recently, Davide Ambrosi and Francesco Mollica [6, 7] modeled nutrient deficiency in multicell spheroids cultured either free in suspension
or embedded in agarose. These models introduce mechanical stress generated within the tumor and externally through the agarose gel under the
assumption of an elastic spheroid. As in the previous models, nutrient is assumed to diffuse into the spheroid from the media very rapidly relative
to cell proliferation rates. Since Ambrosi and Mollica imagine the nutrient to be a storable form of energy to power cell proliferation, one can
interpret it as glucose. They assume that glucose determines reproductive potential of cells within the spheroid. In particular, if we let n be the
nutrient concentration and g be the growth potential (birth rate minus death rate) at a certain point within the spheroid, then g is an increasing
linear function of glucose concentration such that g(n, ·) < 0 for 0 ≤ n < n0 < ∞, reflecting the dominance of deaths over births in low-glucose
environments. In addition, g decreases with a measure of stress on the cells.

The complexity of Ambrosi and Mollica’s formalism takes a complete description of their model outside the scope of this chapter. However, their
results are of interest. Numerical investigations show that the spheroid naturally develops an outer proliferative rim with a core dominated by lack
of nutrient. Predictions about necrosis per se cannot be made from their analysis, because they chose n0 = 0. However, their formalism hints at
the possibility of combining the nutrient-deficiency and mechanical-deformation hypotheses (see Section 8.2.4) into a single model, which
promises an incisive instrument to tease these two hypotheses apart.

8.2.2 Necrosis in tumor cords

The tumor cord is a concept introduced around the same time that theorists started modeling multicell spheroids [61, 129]. In essence, the tumor
cord turns the spheroid inside-out, placing the source of nutrient in the center, and transforms it from a sphere to a cylinder. The cord itself is a
sleeve of tumor tissue surrounding a microvessel, which supplies nutrients and waste removal services. The outer portion of the cord is often
necrotic (Fig. 8.2). Tumor cords can be observed in certain regions of certain tumors (see [64] for example) but not all (see Fig. 8.1 for example).

Figure 8.2

Idealized section of a tumor cord. The middle tube represents a microvessel with radius r0. Surrounding the vessel is a sleeve of living tumor
tissue with outer radius R that is further surrounded by a necrotic rind of radius B. (Based on Fig. 1 of [16, p. 163]).

Recently, Alessandro Bertuzzi, Alberto Gandolfi, and their colleagues [15, 17, 18] (reviewed in [16]; see also [37]) have studied tumor cords
theoretically. In their models, we imagine a rigid-walled capillary of radius r0 surrounded by a cylinder of tissue. The maximum (fixed) width of the
cord is R. In later work, they also introduce a necrotic rind of outer radius B. As in the spheroid models of Chapter 3, surface tension and
incompressibility of cells and interstitium maintain the cord’s shape, and the tissue can exist as a mosaic of both proliferative and quiescent cells.
The rate at which cells become quiescent decreases with local nutrient concentration. However, a distinct annulus of quiescent cells can arise
when nutrient concentration falls below a prescribed threshold. In some of these models, the active cell population is structured by age. Within the
tissues, both living and necrotic, the volume is entirely exhausted by three components: living cells (νp), necrotic cells (νn), and extracellular space
(νe). Cell packing is assumed to be homogeneous (νe and νp + νn + νe are constants).

These assumptions lead Bertuzzi et al. [15] to a model that really consists of two submodels for the cell dynamics. The first, expressed generally
as

{ ∂vp∂t+∇⋅(uvp)=χ(σ)vp−[ μ(σ)+μ(c,σ)+μr(σ,t) ]vp,∂vn∂t+∇⋅(uvn)=[ μ(σ)+μc(c,σ)+μr(σ,t) ]vp−μnvn,      (8.3)

describes dynamics in the region of living tissue (r0 < r < R). The second,

∂vn∂t+∇⋅(uvn)=−μ˜nvn,      (8.4)

valid for R < r < B, models the necrotic region, because no living cells are present there (νp ≡ 0). The vector u represents a cell velocity field that
arises as cells push on one another as they reproduce or are squeezed together as some die. If one assumes that this motion is confined to the
radial plane in a perfect cylinder, then u = u(r), where r is the radial position. In addition, χ(σ) is the per-capita proliferation rate, which depends on
nutrient concentration σ; µ(σ) is the “natural” mortality rate; and µn and µ̃n represent the disintegration rate of necrotic cells in living tissue and the
necrotic rind, respectively. The additional death terms µc(c, t) and µr(σ, t) denote death rates from chemotherapeutics and radiation treatment,
respectively, where c is the drug concentration. The dependence of µr on σ arises because the authors assume the nutrient is oxygen, and
radiation-induced mortality is well known to depend on local O2 concentration [61].

Nutrient is assumed to move entirely by diffusion on a much faster time scale than cell velocity. Therefore, they assume that

Δσ=f(σ)v,      (8.5)

where f depends on the diffusivity of O2 and the rate at which the tissue consumes it. Nutrient enters the cord only across the microvessel wall at a
constant rate, reflecting blood O2 homeostasis. They also impose a no-flux condition for O2 at the outer cord boundary. As with the spheroid
models, these authors assume that all cells become necrotic whenever O2 concentration falls below some threshold σn Cells enter a reversible
quiescent state, modeled in χ(σ), if O2 drops below another threshold, σq > σn.

Interestingly, this model predicts that the boundary between necrotic and living tissue cannot always be identified as the point at which σ drops
below σn. For example, suppose the cord sits at its steady-state radius with the demarcation of its necrotic region rn defined by σ(rn) = σn.
Suppose further that a chemotherapeutic attack kills a large number of tumor cells. Afterward, competition for oxygen among survivors transiently
slackens, and the cord begins to grow, pushing the necrotic region outward. Then for a short period the boundary of the necrotic region is
determined by history and not by nutrient availability. One can therefore in principle use this model to predict the transient dynamics of a tumor
cord following cytotoxic treatment as a way to test the hypothesis that necrosis is caused by a lack of O2 or, with proper modification, some other
nutrient. More mundane phenomena, in particular the size of the viable and necrotic sleeves as a function of O2 delivery, can be used for a similar
purpose, at least in principle.

8.2.3 Diffusion limitation in ductal carcinoma in situ

Whole autochthonous tumors are often much more difficult to model than laboratory systems, such as multicell spheroids, or special in vivo
systems, such as tumor cords or explants, because their geometries are usually much more irregular. However, breast ductal carcinoma in situ
(DCIS) is something of an exception and so has attracted the attention of mathematical oncologists [41, 137]. By definition, this lesion is confined
to the lumenal side of the duct’s basement membrane, which means it is usually forced to grow in a cylindrical shape around 700 µm in diameter
on average [41]. Unlike tumor cords, however, nutrients are delivered to the cancer cells via diffusion from the external surface of the cylinder



rather than a central blood vessel. (See also Chapter 7 for more on DCIS.)

A model of early DCIS by Susan Franks et al. [41], although including no explicit mechanism of necrosis, helps explain why some such lesions
have a necrotic interior that others lack. In their investigation, Franks et al. imagine a tumor growing within a rigid-walled cylinder representing a
milk duct. Tumor cell proliferation therefore generates pressures that force cells to move with velocity v(x) at point x. The portion of the model
describing tumor volume and nutrient concentration takes the following form:

{ ∂n∂t+∇⋅(nv)=Dn∇2n+(km(c)−kd(c))n,∂m∂t+∇⋅(mv)=Dm∇2m+kd(c)n,∂ρ∂t+∇⋅(ρv)=Dρ∇2ρ,∂c∂t+∇⋅(cv)=Dc∇2c+−βkm(c)n,      (8.6)

where n and m are densities of living and dead cells, respectively; ρ is the density of interstitial fluid; and c is nutrient concentration. Functions km
and kd represent per-capita births and deaths, respectively. Generally, km increases with c, and kd decreases with c. Diffusion coefficients are
represented as Di, i ∈ {n, m, ρ, c}, and β is the amount of nutrient required to produce a new cell. Dead cells never disintegrate, and living,
nondividing cells do not consume nutrient. By assuming that the tumor mass is exhausted by living cells, dead cells, and interstitial material, they
show that

∇⋅v=km(c)n.      (8.7)

They then complete the model by using Stokes’s law to derive expressions for intratumoral pressure.

This model produced no necrosis, because the duct diameter was so small that nutrient concentration favored proliferation over mortality
everywhere in the tumor interior. However, the authors point out that allowing the duct wall to distend will decrease nutrient concentration in the
tumor core, perhaps to the point where necrosis develops, as in comedocarcinoma [73], for example. The model could be extended to allow one
to probe this scenario empirically, either in animal models or human histopathology samples, as a test of the nutrient-deficiency hypothesis.

8.2.4 Necrosis caused by mechanical disruption of cells

In distinct contrast to the nutrient-limitation hypothesis, Colin Please et al. [109, 110] hypothesize that necrotic regions form because cells are torn
from their anchors to the extracellular matrix (ECM) and each other by pressures within the tumor. This mortality could arise either from literal
destruction of the plasma membrane or apoptosis caused by loss of cell-ECM or cell-cell contact. The basic models [109] assume that the
tumor’s interior consists of two “phases”—cells and interstitial fluid. (ECM is not explicitly modeled in these early explorations.) Please et al.
assume that cell interiors are composed of the same material as the interstitial fluid; therefore, fluid moves between phases, entering cells through
the process of proliferation and reentering the interstitium as dead cells disintegrate. The models are thereby controlled primarily by conservation
of this fluid. The requirement for fluid conservation produces pressures within the tumor that cause both cell and fluid movement. For example, as
cells proliferate, fluid entering the cell phase produces an “outward” pressure, pushing the cell phase outward. Cells move freely in response to
this force, because unlike the previous models, cells in this system do not adhere to each other. On the other hand, pressures in the fluid phase
force interstitial fluid to move among the cells as if the tumor were a porous medium. Therefore, two pressures must enter the model: (1) the
pressure on the interstitial fluid (Pe) and (2) the pressure exerted cell-to-cell via the ECM scaffold (Pc). The intracellular pressure is not modeled.

If in any region within the tumor Pc > Pe, then the cells in that region feel a compressive force through the surrounding ECM. If the inequality is
reversed, then cells are assumed to be torn apart as tension forces rip them from the ECM. Although Please et al. hypothesize that this form of
cell destruction occurs only to physiologically stressed cells, as in hypoxia, in the model any cell in such an environment is destroyed. This, then, is
the mechanism of necrosis under investigation.

Although nutrient deficiency does not cause necrosis here, nutrients still play a role. As before, the nutrient moves primarily by diffusion on a much
faster time scale than cell kinetics, so the nutrient concentration, denoted C(x), is assumed to be in a quasi-steady state. Please et al. assume
that cells proliferate at a rate proportional to the nutrient concentration and die at a constant per-capita rate; that is, at x the per-capita growth rate
density is dC(x) − e. If we let k be the constant permeability of fluid through the inter-stitium and ϕ be the proportion of the tumor volume taken up
by interstitial space, also assumed to be constant throughout the tumor, then the above assumptions can be modeled as follows [110]:

k(1−ϕ)2∇2Pc=e−dC.      (8.8)

Consider the application of this model to a multicell spheroid. Again we assume perfect spherical symmetry and a nutrient diffusing into the
spheroid from the external media (see [110] for the detailed boundary conditions). Then once again dynamics vary only over the radial position,
so we can replace x with r defined in Section 8.2.1. In this case, the O2 concentration obeys the following relation:

C(r,t)=R0[ sinh(r−Ri)+Ricosh(r−Ri) ]r[ sinh(R0−Ri)+Ricosh(R0−Ri) ],      (8.9)

with R0 and Ri defined as in Section 8.2.1 except that the necrosis condition is now Pc < Pe. In addition, the tumor and necrotic radii must satisfy
the following conditions:

R02dR0dt=∫RiR0r2(C(r,t)−α)dr,      (8.10)

0=∫RiR0(r−r2R0)(C(r,t)−α)dr,      (8.11)

where α = e/dC(R0).

Superficially this model predicts observed spheroid behavior. Starting with a small spheroid, the radius grows exponentially until the moment a
necrotic core begins to develop in the center. At that time, it enters a “linear” growth phase with a necrotic core eventually growing at the same
rate, producing the proper histology. The depth of the proliferative layer will in general differ from that predicted by nutrient-deficiency models and
can therefore be used to contrast the two hypotheses empirically.

Unfortunately, this model makes a disturbing prediction—in the absence of surface tension, the spheroid grows without bound. In fact, this result is
general across choices of cell-growth models as long as cell proliferation is nondecreasing with oxygen concentration. However, Please et al.
show in [110] that one can relax the assumption of inviscid cells and allow a (small) surface tension that can halt runaway growth. Doing so
requires only the addition of the term 2Γ/R0 to equation (8.11), where Γ is a measure of surface tension.

Working from an extension [71] of the previous model, C. Y. Chen et al. [30] investigate the mechanical disruption hypothesis in spheroids
growing in agarose gels. The gel is assumed to be elastic and therefore exerts pressure on the spheroid as it grows. Once again the tumor
consists of cellular and extra-cellular fluid phases permeated by a nutrient, all of which obey the following relations:

{ ∂φ∂t+∇⋅(φUc)=φS(C),∂(1−φ)∂t+∇⋅[ (1−φ)Ue ]=−φS(C),D∇2C=φ∑ (C),      (8.12)

where φ is the cellular volume fraction within the tumor (≡ 1 − ϕ for ϕ defined above); Uc and Ue represent velocity fields for cell and extracellular
fluid, respectively; S denotes cell-growth rate; D is oxygen diffusivity through the tumor; Σ represents rate of nutrient consumption; and all other
notation is defined earlier in this section. Following [71], Chen et al. include in the force balance equations hydrodynamic drag, hydrostatic forces
in the interstitial fluid, and forces among cells transmitted by an ECM scaffold. In the nonnecrotic region, by definition Pc, > Pe and cells are
maximally packed such that φ = φ0, φ0 a constant; however, in the necrotic core, Pe = Pc, but φ ≤ φ0.

The model becomes quite tractable if one limits the investigation to a perfect sphere, defines Σ(C) = 1, and sets

S(C)={ 1ifC>α,−ρifC≤α,      (8.13)

where α represents a lower O2 threshold below which cell death predominates and ρ is a positive constant representing sensitivity of cells to
nutrient deficiency. With this definition of the growth function, spheroids obeying model (8.12) can develop three histologically distinct regions: a
necrotic core, a middle annulus characterized by cell mortality dominating proliferation, and an outer annulus of proliferative tissue. As in [110],
this model predicts that spheroids suspended in liquid media (zero gel stiffness) obtain the traditional histology, including a necrotic core, but
contrary to observation tend to grow without bound. In a gel, however, spheroids always asymptotically approach a limited size, with or without a
necrotic core.

For our purposes the most important prediction made by this model involves the relationship of necrosis to gel stiffness. In a very rough sense,
spheroids in stiffer gels tend to be smaller at their steady-state size, with a lower likelihood of becoming necrotic than spheroids in more elastic
gels. Even if necrosis does develop, it tends to arise later in stiffer gels. Apparently, stiff gels squeeze fluid out of the spheroid while favoring cell
compression, so the necrosis conditions are less likely to be met. Therefore, this model encourages one to test the mechanical disruption
hypothesis against nutrient deficiency by varying gel stiffness and nutrient availability using a fully crossed, factorial experimental design. (See
[62] for example.)

8.2.5 Necrosis from local acidosis

A series of investigations by Robert Gatenby and his colleagues focusing on how malignant neoplasms invade surrounding tissue has also



produced an explanation of necrosis that harkens back to the inhibitors hypothesized by Greenspan, Byrne, and Chaplain. In this case, Gatenby
and his colleagues identify the inhibitor as acid. Most malignant tumors acidify their local environments because parenchyma cells metabolize
glucose via glycolysis and fermentation, which produces lactate that cells then secrete [47, 49, 114] (see Section 8.3.2.2 for an elaboration of this
idea). Gatenby et al. [45, 46, 106] suggest that this acidification selects for tumor cells able to withstand acidosis, allowing them to outcompete
and therefore invade adjacent healthy tissue. In one model of this hypothesis [45, 46], one represents the densities of cancer and healthy cells with
N1(x, t) and N2(x, t), respectively, at point x in the tumoral or peritumoral environment at time t. The excess hydrogen ion or lactate concentration is
denoted L(x, t). With this notation, Gatenby et al.’s model becomes

{ ∂N1∂t=r1N1(1−N1K1−α12N2K2)−d1LN1,∂N2∂t=r2N2(1−N2K2−α21N1K1)−d2LN2+∇⋅[ DN2∇N2 ],∂L∂t=r3N3−d3L+DL∇2L,      (8.14)

where d1 and d2 are excess death rates of the two cell types due to local acidosis; DN2(N1,N2) represents cancer cell motility, modeled in
particular as either D2(1 − N1/K1) or D2(1 − N1/K1 − N2/K2); r3 is the per-cancer-cell H+ secretion rate; d3 is the rate at which hydrogen ions
wash out in blood or are absorbed by physiological buffers; and DL is the acid diffusivity through tumor tissue. A cellular automaton (CA) analog
of this system, with an addition of glucose delivery through a vascular net, has also been studied [46, 106].

Both model (8.14) and its CA analog support the notion that acid secretion facilitates invasion, even in small tumors. These models also suggest
a relationship between the morphology along the tumor edge and invasiveness; namely, a gap between tumor and healthy tissue tends to form in
more aggressively invasive cancers. More important for our current purposes is the observation of necrosis in the CA model. Under certain
circumstances, Aalpen Patel et al. [106] show that areas within the tumor can become so acidic that all cells are destroyed, yielding a region of
necrosis.

Although this mechanism is distinctly different from all others presented above, it may be hard to tease apart from the nutrient limitation hypothesis
for the following reason. Cancer cells might evolve to rely on glycolysis instead of the tricarboxylic acid cycle precisely because of nutrient
limitation in nascent tumors [47, 49]. So areas where nutrients are limited are precisely those areas where selection favors cells that acidify the
environment, resulting in a spatial correlation between nutrient deficiency and acidosis. However, the acidification hypothesis predicts that in
older tumors at least regions with a higher density of parenchyma cells and therefore regions of high acid secretion, should be more prone to
necrosis than regions with a more mixed histology, even if nutrient delivery does not vary between the areas. Models such as (8.14) and those
presented in Sections 8.2.1, 8.2.2 and 8.2.6 may be employed to refine this prediction into something empirically testable.

8.2.6 Necrosis due to local ischemia

The irregular pattern of necrosis often observed in real tumors begs for more complex hypotheses than those presented above. In particular, how
necrosis-inducing conditions arise in larger, irregularly shaped tumors in the face of vascularization needs explanation. If necrosis is caused by
nutrient limitation, for example, then what determines where it occurs within a vascularized tumor? If, on the other hand, mechanical disruption of
cells causes necrosis, then can one predict where such necrotic regions will crop up within a growing tumor given its location within the body?

Little theoretical work has been done on the mechanical-disruption hypothesis in an in vivo setting, probably for two reasons. The first is the
obvious complexity involved; the region of the body itself would have to be modeled, including organ shape and tissue compositions. The
importance of these factors is highlighted by the observation that multicell spheroid behavior depends in part on the stiffness of the media (see
Section 8.2.4). Second, the hypothesis itself is relatively young and so has not been fully analyzed beyond the simplified geometry of a spheroid.

On the other hand, three distinct variations of the nutrient-limitation hypothesis have been proposed to explain necrosis in vascularized tumors. All
three point to local ischemia (lack of blood delivery at the tissue level) as the culprit, but they disagree on what causes the ischemia. One,
commonly cited in oncology texts, suggests that tumors “outgrow their blood supply”; that is, parenchyma growth exceeds vascular growth in some
region within the tumor, resulting in a local ischemic necrosis. The viability of this hypothesis is questionable, because the net proliferation rate
appears to depend on local perfusion, so it is unclear how the parenchyma could overshoot its local “carrying capacity” so wildly. Nevertheless,
such a mechanism could account for some subtle oscillations in growth rate [95] (see Section 8.4 below). In the second variation, local ischemia
is caused by compressive pressure within the tumor, which collapses tumoral blood vessels. This compression is thought to arise in part through
high fluid pressure in the interstitium [89], although bulk pressure from cells probably plays a dominant role [66]. Finally, the third variation places
the blame on irregular distributions of blood flow and hematocrit that can arise even within a highly organized microvascular net. Here, we focus
only on models of these last two variations.

One version of the collapsed blood vessel hypothesis has been modeled by Mollica et al. [89] at the level of a single microvessel. In this model we
imagine a capillary of length L situated within a tumor. The interstitial fluid pressure, eri, is assumed to be constant, so the pressure acting on the
capillary at location x along its length at time t, denoted p(x, t), is π(x, t) −πi, where π represents the vessel pressure. If p < 0, then the capillary
feels a compressive force and will begin to collapse. Sufficient compression causes the capillary to buckle, resulting in almost complete
cessation of blood flow. On the other hand, the capillary is assumed to have some elasticity, so it may dilate in response to the distending force
the capillary feels when p > 0.

If we let u(x, t) be the displacement of the capillary wall from its average width h0, then the main model equations take the following form:

{ −T∂2uw∂x2+Φ(u)−p+c∂u∂t+pH∂2u∂t=0,−∂∂z((h0+u)3∂p∂x)+3kpw∂+3μw∂u∂t=0,      (8.15)

where T represents capillary wall tension, w normalizes the vessel cross section so changes in its area can be equated to changes in the height of
a rectangle of equal area, Φ(u) represents the capillary wall stiffness, c is a drag coefficient, ρ represents interstitial fluid density, H is the virtual
mass coefficient, δ is the capillary wall’s thickness, k denotes the permeability of the capillary wall to serum, and µ is blood viscosity. At the
venous and arterial ends, the capillary is held at fixed width h0, and the entrance (arterial, πa) and exit (venous, πv) pressures are also fixed, with
πa > πv.

Numerical investigation of this model uncovered a regime in which blood flow through the vessel cycles on a 100-millisecond time scale. The
cycles appear to be chaotic and persistent, indicating a continuous “pulsing” of blood through the capillary independent of the cardiac cycle, which
was not modeled. The original purpose of the model was to investigate observed variation in blood flow rate and direction in actual tumors.
Mollica et al. note that their results, while intriguing, fail to explain observed behavior because the oscillations occur much too rapidly. However,
they suggest that a network of such capillaries and relaxation of certain simplifying assumptions may yield more realistic behavior. A similar
cautionary remark applies to the use of this model to study necrosis. The basic premise is promising, but a more coarse-grained scale is
probably required. Nevertheless, this model is an important mechanistic attack on the problem.

Although it is well known that tumors frequently suffer disrupted circulation [66, 114], vessel collapse from compressive pressure is not the only
possible mechanism. Tomas Alarcón et al. [3, 4] investigated an alternative in which ischemia arises as a result of capillary accommodation
responses and heterogeneous distribution of hematocrit throughout a tumor. Using a “hybrid” cellular automaton model, so called because it
includes a traditional diffusion formalism along with the CA mechanism, they studied the effects of heterogeneous blood distribution on
competition between tumor cells and healthy cells. The setting is a prescribed, two-dimensional vascular net overlaying a 60-by-60 pixel CA grid.
Each pixel in the grid represents one (biological) cell, so the domain is about 1200 µm2, assuming an average cell diameter of 20 µm. The
vascular bed is a regular “hexagonal” net with anastamoses every 80 to 90 µm or so. This arrangement results in a maximum avascular interval of
160 µm along the vertical axis and 240 µm along the horizontal.

The vessels themselves are not inert tubes. Rather, they change diameter in response to changes in transmural pressure (pressure across the
vessel wall), sheer stress, effective oxygen delivery and intrinsic mechanisms. In short, if we let Ri,t be the diameter of the ith capillary section at
time step t, then accommodation dynamics of the capillary are described by the following equation, which because of the CA formalism is
expressed in discrete time steps of length Δt:

Rt+Δt−RtΔt=R[ ln(τwτ(P))+kmln(Q˙rHQ˙+1)−ks ],      (8.16)

where the i subscripts have been dropped, τw is the sheer stress along the capillary wall, Q̇ is whole blood flux, Q̇r measures constant oxygen
demand of cells serviced by the capillary, km measures how sensitive the capillary response is to discrepancies between O2 demand and O2
delivery, and ks represents an innate tendency of the capillary to shrink in the absence of other modifiers. In addition, the authors assume that
capillaries homeostatically regulate sheer stress around a set point that can vary with transmural pressure, P; that set point is represented by τ(P)
and was determined empirically. The variable H is a measure of red blood cell count or, alternatively, moles of O2 and can be thought of as
proportional to the hematocrit, the red cell volume fraction of whole blood.

The most important aspect of this paper is the recognition that hematocrit tends not to remain homogeneous in a microvascular net; therefore, if
hema-tocrit in one region of a tumor became very low, nutrient delivery would be impaired and necrosis might result. The mechanism causing
hematocrit inhomogeneity is the tendency of erythrocytes to disproportionately enter branches with larger flow rates per unit area in the branch’s
cross section. To model this phenomenon, Alarcón et al. assume that at a vessel bifurcation, erythrocytes prefer to enter branches with a larger
flow rate. In fact, if the difference in flow rates is large enough, all erythrocytes enter the faster branch.

Results of this model showed that both blood volume and hematocrit can vary wildly throughout a microvascular net. Unfortunately, Alarcón et al.
did not use this model to investigate it as a mechanism of necrosis, but certainly this intriguing hypothesis is worth following up.



8.3 What causes cell diversity within malignant neopla-sia?
Along with necrosis, cell diversity is another biologically and clinically significant feature of malignant neoplasia, the explanation of which benefits
from an ecological perspective. This cellular diversity exists on two levels. The first, which for convenience we will call “Type I” diversity, includes all
types of cells within malignant tumors, including parenchyma cells, “healthy” cells of the reactive stroma—primarily fibroblasts and myofibroblasts
—and cells of the circulatory infrastructure—blood and lymph endothelial cells, pericytes, smooth muscle cells, and a few others. In addition,
immune reactive cells, including lymphocytes, macrophages, and neutrophils, are also present (Fig. 8.1).

The second type of diversity, “Type II,” is variation in parenchyma cell anatomy and physiology. Anatomical variation alone is typically referred to
as cellular pleomorphism, or more specifically nuclear pleomorphism if one focuses on that organelle. But cancer cells also vary in genomic
architecture and general physiology. Any variation primarily generated by genetic differences tends to be called clonal variation. Although
mathematical attacks on the causes of necrosis have a deeper history than studies of tumor cell diversity, theories for both types have appeared,
as reviewed below.

8.3.1 Causes of Type I diversity

Cancer can be understood as a result of natural selection favoring certain cell lineages that one can describe as “selfish ‘cheats’ that exhibit
antisocial characteristics” [100, p. 493]. In the short term, selection favors aggressive mutant cells over “healthy,” cooperating cells at the expense
of integrated tissue architecture. Tissue integration breaks down because mutant cells enter a competition for resources that otherwise would not
exist among cooperating, genetically similar clones. Since this destruction of tissue architecture, which defines malignancy, arises through
disrupted relationships among all cell types within the lesion, Type I diversity has become a major focus of theoretical oncology. However, despite
efforts to model angiogenesis (see [9, 28, 29, 74, 75, 82, 108, 119] for reviews) and interactions between parenchyma and ECM [29], the most
modern empirical research of phenomena at this level of diversity (which can be thoroughly explored in [19, 33, 65, 76, 80, 105, 113, 115, 117,
134]) has attracted surprisingly little attention from the theoretical oncology community.

Despite the relative paucity of effort directed at Type I diversity, at least three hypotheses explaining how it arises can be derived from existing
research. The first suggests that invading parenchyma cells cannot entirely outcompete the original healthy population, leaving remnants of the
healthy population in pockets or spread evenly throughout the tumor. The second supposes that tumor tissue invades surrounding healthy tissue
with fingerlike projections, like the fungiform invasion described in pathology texts, caused by known reaction-diffusion mechanisms. Finally, the
third hypothesis is an extension of the first. Complex interactions among parenchyma, healthy, and immune cells within the lesion cause Turing-
like patterns to arise in which densities of the various cell types vary throughout the tumor, with some areas inhabited primarily by parenchyma,
others by normal cells. Each of these ideas is explored more fully below.

8.3.1.1 Incomplete competitive exclusion

Perhaps the most straightforward way to represent competition among cell types characteristic of malignancy is a direct application of the Lotka-
Volterra model, as was made by Gatenby [44]:

{ dNdt=rNN(1−N+αTKN),dTdt=rTT(1−T+βTKT),      (8.17)

where N(t) and T(t) represent the number of healthy cells and tumor cells, respectively; Ki is the “carrying capacity” for a body made exclusively of
cell type i; α measures the competitive impact of tumor cells on healthy cells; β is the competitive impact of healthy cells on tumor cells; and ri is
the intrinsic rate of increase for cell type i. The dynamics of this model are well understood [63, 93]; the novelty is Gatenby’s interpretation of the
behaviors. He views parameter regions that allow an attracting interior (nonboundary) fixed point as benign neoplasia. Malignancy is recognized
as an attracting fixed point on the boundary for which N = 0 and T = KT . Later, Gatenby et al. [48] used this system in a general reaction-diffusion
model,

∂n∂t=f(n)+D∇2n,      (8.18)

where n(x, t) is a vector of cell population densities for all cell types at point x and time t, D is a matrix of cell motility coefficients, and f(n) is a
generalization of model (8.17) that includes an arbitrary number of cell types competing at a point in space. In their application, Gatenby et al. limit
the model to one space dimension and two competing species, again cancer versus healthy cells, so f(n) is the right-hand side of model (8.17).

Again, model (8.18) is well studied [94] and known to admit travelling-wave solutions with well-characterized velocities, interpreted by Gatenby et
al. as tumor invasion of surrounding tissue. In particular, if

αKT>KN      (8.19)

and

βKN<KT,      (8.20)

then the tumor will invade surrounding healthy tissue, completely replacing it, at a speed no less than

rTDT(1−βKNKT)2.      (8.21)

However, if the inequality in equation (8.20) is reversed, then the tumor still invades but does not entirely eliminate surrounding healthy tissue. This
result is interpreted as desmoplasia, a mixture of cancerous and noncancerous cells within a tumor. Therefore, this model explains tumor cell
diversity as incomplete competitive exclusion.

Model (8.18) makes some interesting practical predictions about how tumors will respond to treatment. Most basically, any successful treatment
must reverse both inequalities (8.19) and (8.20). If the treatment is successful and scar-forming tissue has essentially the same properties as the
original healthy tissue destroyed by the tumor, then the lesion will scar over at a minimum speed given by an expression formally equivalent to
(8.21), with subscripts switched and α replacing β. Also, as Gatenby et al. point out, cytotoxic therapy can kill tumor cells directly and may blunt the
tumor pop-ulation’s intrinsic rate of increase rT . In neither case will it have an effect on the asymptotic behavior of the tumor—rT does not
determine the stability properties of the steady states—unless the tumor is entirely eradicated. This observation may help explain why cytotoxic
therapy often fails.

Gatenby et al. use this insight to identify other parameters that might make more promising targets for therapy. In fact, this model supports attacks
on a potential target already identified—tumor vasculature [40]. In this context, an attack on tumor angiogenesis at the least reduces KT , which
will tend to reverse both inequalities (8.19) and (8.20). If all else remains equal, angio-genesis inhibition could therefore cause stability of the
boundary equilibria to switch, in which case the tumor would regress without further cytotoxic treatment. In essence, the body itself would destroy
the tumor by outcompeting it. However, whatever effect such a treatment has on KT , it must not equally degrade KN, as is clear from relations
(8.19) and (8.20).

These inequalities also suggest that one might profitably attack the tumor by altering the competitive relationship between cancerous and healthy
cells since decreasing α and increasing β will also tend to favor healthy cells. Gatenby et al. suggest that techniques to decrease tumor cell
nutrient uptake and perhaps increase healthy cell uptake might work. This idea is in line with results obtained by [69]. Gatenby et al. also
recommend looking for ways to decrease protease expression and acid secretion as ways to decrease α. They also suggest one might consider
trying to increase KN by somehow attenuating contact inhibition among normal cells.

8.3.1.2 Fungiform invasion

As an alternative to the incomplete-competitive-exclusion hypothesis, a model by Shusaku Tohya et al. [126] suggests that nutrient dynamics
within the tumor drives Type I diversity. This model was originally designed to explore the irregular penetration of dermis by nodular lesions of
basal cell carcinoma (BCC), a largely curable form of skin cancer. In this model, we look at a cross section through a BCC lesion perpendicular to
the skin. All dynamics occur on the plane of the cut, so it is convenient to let x and y be the dimensions parallel and perpendicular to the skin’s
surface, respectively. Also, let 0 ≤ x ≤ X and 0 ≤ y ≤ Y . Nutrient is delivered to tumor cells by a capillary that lies along the basal edge of the tumor,
so the nutrient along the line y = Y for all allowable x is fixed at n0. Cells take up this nutrient, metabolize it, and use it for both movement and
growth. If we let n(x, y, t) and c(x, y, t) be the nutrient concentration and cancer cell density, respectively, at point (x, y) and time t, then Tohya et al.’s
model becomes

{ ∂n∂t=Dn∇2n−knc,∂c∂t=∇(Dc(n,c)∇c)+θf(n,c),      (8.22)

where Dn is the diffusivity of nutrient; k is the base rate at which cells uptake and metabolize nutrient; Dc(n, c) = σnc, σ constant, expresses
cancer cell motility; and θ measures how efficiently cells convert nutrient into new growth. Initially the lesion starts as a flat layer of cells of fixed
thickness y0, with the remaining space y0 < y < Y for all allowable x considered to be normal dermal tissue.



Despite this model’s formal simplicity, it produces an intriguing hypothesis. Under certain conditions, in particular when n0θ/Dn is sufficiently small
and with the proper initial conditions, the lesion extends tumorous “fingers” into the dermis. If sectioned in any way other than exactly
perpendicular to the skin surface, a microscopic examination of such tissue would look like islands of normal tissue within a sea of cancer tissue,
or vice versa. Alternatively, it is not hard to imagine a more realistic extension of model (8.22) in which these fingers grow together, engulfing
islands of healthy tissue and yielding a realistic histology. As it stands, the simulations make certain predictions about the width of the tumorous
fingers and the rate at which they grow as functions of parameters that may help guide empirical investigation.

8.3.1.3 Turing instabilities

A model by Markus Owen and Jonathan Sherratt [104] offers a distinctly different explanation of Type I diversity from either the incomplete-
competitive exclusion or fungiform-invasion hypotheses. Their model is a spatially explicit description of macrophage-tumor interactions that
includes dynamics of a chemical regulator secreted by cancer cells that both attracts and activates macrophages. Macrophages are seen as able
to bind to parenchyma cells to form a parenchyma-macrophage complex. Such complexes then fall apart, yielding an intact macrophage and
unmodeled debris. If we let

l(x, t) = macrophage density at spatial point x at time t,

m(x, t) = cancer (parenchyma) cell density,

n(x, t) = healthy cell density,

f (x, t) = concentration of the chemical regulator, and

c(x, t) = parenchyma cell-macrophage complex density,

then the following is a nondimensional version of Owen and Sherratt’s model:

{
∂l∂t=Dl∇2l−χ∇(l∇f)+αfl(N+1)N+l+m+n+I(1+σf)−k1flm+k2c−δll,∂m∂t=Dm∇2m+ξm(N+1)N+l+m+n−m−k1flm,∂n∂t=Dn∇2m+n(N+1)N+l+m+n−n,∂f∂t=Df∇2f+βm−δff,∂c∂t=Dc∇2c+k1flm−k2c−δcc.      (8.23)

Everything in this model moves about by simple diffusion with diffusion constants Di, i ∈ {l, m, n, f, c}, and macrophages tend to migrate up the
chemical regulator gradient with basic motility χl. All cell proliferation terms have the form

φ(N+1)N+l+m+n,      (8.24)

with φ some simple function of assorted dependent variables and N a parameter that describes sensitivity of cells to crowding. The healthy cell
population reaches equilibrium whenever l+m+n = 1 in the absence of diffusion. Therefore, the variables are scaled such that when total cell
density is unity, a sort of “carrying capacity” for healthy cells is reached. Note that in this model crowding inhibits only proliferation, not mortality.
The remaining parameters include the rates at which macrophages proliferate in response to the chemical regulator (α), macrophages leave
blood vessels to enter the tumor interstitium (I), blood-borne macrophages enter the tumor interstitium in response to the chemical regulator (σ),
the macrophage-tumor cell complex forms (k1) and dissociates (k2), free macrophages disappear (δl), the chemical regulator is secreted by
cancer cells (β), the chemical regulator decays (δc), and macrophage-cancer cell complexes dissociate. Finally, ξ > 1 measures the proliferative
advantage cancer cells enjoy over healthy cells.

If one simplifies this model by turning chemotaxis off (χl = 0), then numerical investigation reveals two interesting regimes. The first represents a
smooth wave-front of cancer tissue infiltrating and completely eliminating surrounding healthy cells. In this regime, the wave speed is
approximately 2[ Dm(ξ−1) ]12 per time, to first order. Their parameter estimates applied to this formula indicate that a 1 mm diameter tumor
would take on the order of 100 days to grow.

The second regime is dynamically more surprising and shows the potential importance of immune attack on Type I diversity within a tumor. If the
chemical regulator diffuses sufficiently well (Df is large enough), then behind the invasion front a Turing pattern of alternating regions of high and
low cancer cell density develops. In one dimension, the healthy cell density becomes very ragged as it decays outward in a pattern reminiscent of
actual cancerous lesions. These patterns form because local areas in which cancer cell density, and therefore chemical regulator production, is
high cause a sharp chemical gradient to form. Since both the gradient and diffusion constant are large, most of the chemical regulator moves out
of areas of high cancer cell density. As a result, macrophages, following the chemical regulator, tend to cluster in areas of relatively low cancer cell
density. Since these areas contain very few cancer cells, and therefore produce very little chemical regulator of their own, the gradient is
maintained as long as the chemical regulator decay rate is sufficiently high. These patterns were observed in both one- and two-dimensional
solutions.

Allowing macrophages to migrate up the chemical regulator gradient (allowing χl > 0) stabilizes these Turing patterns in the following sense:
chemotaxis tends to increase the critical value of Df above which these patterns form. However, chemotaxis also appears to favor even wilder
behavior once Df gets high enough. The pattern following the invasion wavefront, which before was more or less regularly repeating regions of
high and low cancer cell density, can become highly irregular, exhibiting the mixed histology often characteristic of malignant neoplasia.

8.3.2 Causes of Type II diversity

As already mentioned, diversity within malignant neoplasms is not limited to differences between parenchyma and a few “healthy” cell types. Even
among parenchyma, cellular pleomorphism and clonal variation are common features [83] and may predict prognosis in some cases [81],
although the amount of variation itself varies among tumors and even within the same tumor over time, typically declining as the tumor ages [77].
The question we now address is, how does anatomical and physiological pleomorphism arise? At least three hypotheses exist [83]. First, as
already discussed, a number of different aspects of the tumor microenvironment—nutrient concentration, hydrostatic and mechanical pressure,
among other things—vary both temporally and spatially. Since cells are physiologically plastic, they can change their behavior and even form to
accommodate the demands of their local environment. Therefore, pleomorphism may represent nothing more than accommodation of cells to
different environmental conditions. We have already seen an example of this idea in the quiescent layer of some multicell spheroids. Also, it is
well established that cancer cells change phenotype between differentiated epithelia-like cells and less differentiated mesenchyal cells [111]. This
epithelial-mesenchymal transition (EMT) appears to be controlled in part by epigenetic mechanisms [123]. Cancer cells may also be
phenotypically plastic with respect to their metabolic response to variation in oxygen tension [67].

A second hypothesis focuses on what evolutionary biologists would call mutation pressure. Parenchyma cells have long been known to exhibit
striking genetic variation caused in part by dysfunction of their DNA-maintenance machinery [78, 91]. From this observation an explanation of
cancer cell variation almost immediately follows—pleomorphism is in fact clonal variation driven by genetic polymorphism caused by the rapid
accumulation of mutations among cancer cells. This hypothesis has been applied directly to explain variations in proliferation rate, invasion and
metastasis potential, anaplasia (lack of differentiation), and senescence, in addition to cellular and nuclear anatomy (reviewed in [21, 22]).
Although elegant, this hypothesis rarely has been used in the mathematical oncology literature (see [120] for an exception).

The third hypothesis is really an extension of this genetic polymorphism idea but adds natural selection. The history of mutations among cancer
cells, while important, is still insufficient to explain the pattern of pleomorphism within any given tumor. One must also know how natural selection
then sifted through the mutations to understand fully the diversity and frequency of parenchyma cell phenotypes. The role that natural selection
plays depends critically on the functional nature of the pleomorphism. That is, are tumors integrated tissues, with a variety of cell types working
together for their mutual benefit? Or are tumors a collection of uncooperative cell types competing for scarce resources? If the latter, then
pleomorphism is a manifestation of niche segregation, and damaging or removing one cell type should have little effect on overall tumor growth. If
the former, then pleomorphism is an adaptation of the tumor to the host; destruction of one subpopulation will cause disproportionate damage as
the disruption of integrated function will ripple throughout the tumor.

Although the idea that natural selection acts within tumors is old [99, 103] and presented dogmatically in standard texts, the magnitude of
selection’s impact still demands evaluation. For example, if mutation rates are very high and environmental conditions extremely spatially and
temporally variable, no consistent selection pressures will exist, thereby minimizing natural selection’s role. Therefore, one should maintain natural
selection and genetic polymorphism as distinct hypotheses.

For the remainder of this section we focus on the natural-selection hypothesis and ask, what traits does selection favor in the competition among
parenchyma cell types? Certainly growth rate is an obvious candidate, but others have also been proposed, including efficient nutrient use and
decreased dependence on oxygen. Below we review models of each of these suggestions.

8.3.2.1 Natural selection favoring proliferation rate and efficient nutrient use

As with Type l diversity, the earliest models of pleomorphism, by Seth Michelson et al. [86], grew from the Lotka-Volterra competition models.
However, unlike Gatenby, Michelson et al. interpret the species as two different strains of cancer cells within a single tumor. In essence, the model



“begins” after mutation has already created a challenger to the resident parenchyma strain. The question then is, will one strain eventually
dominate or will a polymorphism result? ln one variation, for example, Michelson et al. (see also Michelson and Leith [85]) allow one cell type to
mutate into the other. In this model they represent the population sizes of the two cell strains as x and y and define the following model:

{ dxdt=r1x(1−xK1−λ1y)−px,dydt=r2y(1−yK2−λ2x)+px,      (8.25)

with ri and Ki the intrinsic rate of increase and carrying capacity, respectively, of cell type i; λi the effect of competition on strain i; and p the rate at
which cell type 1 mutates into cell type 2. This model can have three fixed points: the origin, the point (0, K2), and a point in the interior
representing a polymorphism. The authors use Dulac’s criteria to show that no relevant limit cycles exist. The origin is never asymptotically stable
if one assumes both ri > 0; so, the dynamics are (almost always) well characterized. In short, if p > r1(1 − λ1K2), then solutions always approach
the boundary fixed point, representing a monomorphic y-type population. If the inequality is reversed, the population approaches a well-
characterized polymorphism asymptotically. So, if the x-type population suffers either a low intrinsic reproductive rate or high mortality, then
selection will favor its complete annihilation. We can also see in this model selection punishing cells that use nutrients or space inefficiently—if y-
type cells are inefficient, manifested as a limited “carrying capacity” (K2 small), then x-type cells are less likely to be completely excluded.

A more sophisticated extension to these simple competition models provided by Gatenby and Thomas Vincent [49] can be used to predict how
tumor populations are likely to evolve in the face of competition for resources, in this case glucose. Consider a tumor that contains one healthy cell
population and p − 1 subpopulations of parenchyma cell types. The number of healthy cells at time t is denoted N1(t), while Ni(t), i ∈ {2, ... , p},
represents the size of the ith cancer subpopulation. Cells of all types take up and metabolize glucose, the absolute amount of which is denoted
R(t). Gatenby and Vincent then write the following model to represent competition for glucose within this heterogeneous tumor:

{ dN1dt=αn(1−N1Kn)(EnR2Rn2+R2−mn)N1,dNidt=αc(1−SKi)(EnR2Rc2+R2−mc)Ni,i∈{ 2,...,p
},dRdt=r−EnR2Rn2+R2N1−∑i=2pEiR2Rc2+R2Ni,r=re(mnN1+mcS),S=∑i=2pNi,      (8.26)

where αn and αc are intrinsic rates of increase for healthy and cancer cells (invariant across strains), respectively; Ki and Ei, i ∈ {1, ... , p}, are
“carrying capacities” and maximum substrate uptake rates for all cell types, respectively; Rn and Rc measure the sensitivity of nutrient uptake to
changes in nutrient concentration, and mn and mc represent glucose oxidized for purposes other than proliferation, which one can think of as
maintenance metabolism. The function r represents glucose delivery through the blood, which increases with tumor size. Gatenby and Vincent
appear to assume that microvessel density varies in proportion to glucose demand for maintenance metabolism, so they modify the basic
glucose delivery rate, re, by the weighted average of basic glucose demand.

In this model the parameters assumed to be under selection are K and E and are considered to be random variables. They assume that normal
cells’ carrying capacities and basic nutrient uptake rates distribute normally around means µK and µE, with variance σn2 for both distributions.
Similarly, parameter values for cancer cells are normally distributed with means νK < and νE and variance σc for both. To determine how the
population evolves, Gatenby and Vincent exploit a method involving fitness-generating functions that essentially allows them to write an
expression for the fitness of all possible cell types for any given population composition. With this adaptive landscape, they can then write a
differential equation for the change in population size for any strategy in any population. With such an equation one can find evolutionary equilibria,
equivalent to evolutionary stable strategies [50, 84], by finding the population configuration at which the fitnesses of all cell types are zero.

The results of this model suggest that when cancer arises, glucose concentration tends to decline, because the basic metabolic rate of the tissue
(tumor) increases. Because glucose becomes scarce, natural selection favors cells that can sequester and metabolize glucose efficiently
(maximize both K and E). So over time the tumor is able to maintain its proliferation rate in the face of fierce competition for glucose. In addition,
this model is among the first to reproduce the observed decline in tumor pleomorphism as tumors progress.

Further support for the hypothesis that selection favors efficient nutrient use comes from a model by Yang Kuang et al. [69]. In this model we
imagine a tumor growing in an organ with mass x(t). The tumor contains two different parenchyma cell types with masses y1(t) and y2(t). Nutrient
is delivered to the cells through a dynamic vascular network with a total mass of vascular endothelial cells (VECs) of z(t). Total tumor phosphorus
is denoted by P and is partitioned into five different compartments: the interstitial fluid, healthy cells, cells of the first parenchyma type, cells of the
second parenchyma type, and VECs. Each unit mass of healthy cells, including VECs, contains n units of phosphorus, while parenchyma cells of
types 1 and 2 hold m1 and m2 units, respectively. Therefore, if we denote extracellular phosphorus as Pe, then Pe = P − [n(x + z) + m1y1 + m2y2].
With this notation, Kuang et al. suggest the following model (see Section 6.6.1):

{ dxdt=x(amin[ 1,Pefnkh
]−dx−(a−dx)x+y1+y2+zkh),dy1dt=y1(b1min(1,β1Pefm1kh)min(1,L)−d1−(b1−d1)y1+y2+zkt),dy2dt=y2(b2min(1,β2Pefm2kh)min(1,L)−d2−(b2−d2)y1+y2+zkt)dzdt=cmin(1,Pefnkh)(y1(t−τ)+y2(t−τ))−dzz,      (8.27)

where L = g(z − α(y1 + y2))(y1 + y2), a, b1, b2, and c represent intrinsic rates of increase of all cell types; all terms di are basic death rates; kh and
kt represent limiting sizes for the healthy organ and tumor, respectively; f is the intracellular fluid fraction; and L is a measure of vascular supply. In
particular, α represents the mass of tumor cells one unit of blood vessels can just barely maintain, and g measures sensitivity of tumor tissue to
lack of blood. Also, Kuang et al. assume that tumor tissue starved for blood releases an angiogenic signal. This signal is distilled by VECs from a
complex mix of pro- and antiangiogenic chemical growth factors released by all cells in the tumor. Upon receipt of the signal, VECs respond by
reproducing, moving toward the blood-starved region and forming new microvessels. Kuang et al. further assume that the VEC response is
delayed by τ time units, representing the time needed for cells to transduce and respond to the chemical signal and complete their reproductive,
motility, and differentiation programs. Finally, parameters βi represent the effect of a drug able to modulate, generally inhibit, cell type i’s ability to
sequester phosphorus from the interstitium.

Model (8.27) admits two possible limiting factors: blood supply and phosphorus. However, simulations with reasonably realistic parameter values
suggest that phosphorus is the key limiting factor, determining both growth rate and final tumor mass. In this case, then, what type of cell does
natural selection favor—cells with a high or low phosphorus requirement (high or low mi)? The nutrient-use efficiency hypothesis suggests that
selection will favor the most efficient type; that is, the type that minimizes mi. However, the reality is complicated by the fact that phosphorus use
relates to growth rate [38, 69, 118] in the following way. Cells require phosphorus primarily for nucleic acid, and rapidly proliferating cancer cells
must synthesize large amounts of nucleic acids, primarily in the form of ribosomes [118], to build proteins needed for cell division. In fact the
number of ribosomes in cancer cells appears to correlate with cancer aggressiveness (reviewed in [38]). Therefore, selection for the aggressive
cell type can work directly against selection for efficient nutrient use.

Model (8.27) suggests that selection’s choice between nutrient-use efficiency and aggressive proliferation depends on the state of the tumor. In
particular, when tumors are small and well supplied with phosphorus and blood, the more aggressively proliferating cell type may have the
advantage, growing faster than its less aggressive competitor. However, as the tumor approaches its asymptotic limit, competition for
phosphorus increases as it becomes limiting. Then selection changes favor and gives the advantage to the more efficient type, which eventually
drives the aggressive phenotype to extinction (Fig. 8.3). Therefore, this model predicts that as tumors age they become less aggressive and
more miserly with nutrients.

Figure 8.3

A numerical solution to model (8.27) with a = 3, b1 = 6, b2 = 6.6, c = 0.05, dx = 1, dz = 0.2, d1 = 1, d2 = 1, f = 0.6667, g = 100, kh = 10, kt = 3, m1
= 20, m2 = 22, n = 10, Pe = 150, α = 0.05, β1 = 1, 02 = 1, τ = 7, and [x(0), y1(0), y2(0), z(0)] = [9, 0.01, 0.05, 0.001]. This example shows that
selection appears to favor neither cell type until phosphorus becomes limiting.

8.3.2.2 Natural selection favoring insensitivity to hypoxia



As already discussed (Section 8.2.5), malignant tumors and their peritu-moral environments tend to be relatively acidic, probably because tumor
cells favor glycolysis and fermentation over the tricarboxilic acid cycle. Gatenby and his colleagues [47, 49, 114] suggest that natural selection
provides the answer as to why. Carcinomas by definition begin within epithelial tissue. This tissue is defined by the presence of a basement
membrane upon which the epithelial cells live. Usually the vasculature servicing such tissue lies on the opposite side of the basement membrane;
therefore, premalignant carcinoma precursors, which by definition cannot penetrate the basement membrane, are constrained to expand away
from the blood supply. (Such geometry raises doubts about the validity of tumor cell spheroids as models of nascent carcinoma.) In such a
situation, cells able to produce ATP under hypoxic conditions will then be favored. Since these geometrical constraints apply to essentially all
carcinomas, selection favoring glycolytic oxidation of glucose will be nearly ubiquitous [47, 49, 114].

Two recent models [43, 125] connect this hypothesis with molecular biology of cancer cells through the tumor suppressor gene p53, whose
product, p53, the editors of Science declared “molecule of the year” in 1993. Among its many demonstrated functions, p53’s product activates the
apoptosis mechanism in “stressed” cells. One form of stress to which p53 appears to respond is hypoxia. Evidence for this conclusion comes
from studies of p53-deficient cells in culture, which commit apoptosis less frequently than intact wild-type cells in hypoxic environments [51, 116].
This observation is profoundly significant to cancer biologists, because p53 is widely regarded as the most commonly disrupted gene among
cancers as a whole, mutated in over 50% of all malignant neoplasms, and many cancerous tumors suffer regions of local hypoxia (see Section
8.2.6). If selection frequently favors cancer cells able to withstand hypoxia, as Gatenby and colleagues have suggested, perhaps p53 disruption is
a common mechanism, along with other metabolic changes, by which cells acquire the favored trait. Empirical support for this interpretation
comes from observations of cell populations evolving a dysfunctional p53 gene when exposed to hypoxic environments [92].

Selection for dysfunctional p53 was studied quantitatively by David Gam-mack et al. [43]. Building on the earlier model of Kevin Thompson and
Janice Royds [125], Gammack et al. model the dynamics of three quantities: the number of tumor cells with the wild-type (normal) p53 gene (N(t)),
the number of tumor cells with the mutated p53 gene (M(t)), and molecular oxygen concentration (C(t)). Tumor cells of both types consume oxygen,
proliferate, and die at rates dependent on O2 concentration. Oxygen is supplied to cells in one of two ways, depending on whether the model
represents cells in culture in some virtual experiment or an in vivo tumor. In the in vitro situation, O2 is supplied exogenously in the media. We
imagine the researchers of this virtual experiment varying the O2 concentration in the following way: for a period of length δ, oxygen is maintained
at physiologically normal levels (normoxia); then a period of hypoxia that lasts for τ time units follows. We imagine that the researchers control δ
and τ and repeat the procedure some number of times. In the model of an in vivo tumor, cells can also be exposed to repeated rounds of
normoxia and hypoxia but only if blood vessels collapse from internal pressures (see Section 8.2.6). This occurs whenever total cell numbers
reach a prescribed threshold, N*. Once N + M = N*, hypoxia begins for a fixed period of time, τ, representing the time required for angiogenesis to
reconstruct a sufficient vascular infrastructure.

From these assumptions, Gammack et al. build the following model:

{
dNdt=ANCpCN1p+CpN−BM(1−σNCqCN2q+Cq)N(N+M),dNdt=AMCpCM1p+CpM−BM(1−σMCqCM2q+Cq)M(N+M),dCdt=λCex(t)−ΓNANCpCN1p+CpN−ΓMAMCpCM1p+CpM−ΓCC.      (8.28)

Parameters Ai and Bi represent maximum proliferation and mortality rates of cell type i, respectively; CN1p and CM1p measure how sensitive
each cell type’s reproductive response is to changes in O2 concentration. Similarly, CN2p and CM2p measure how sensitive mortality rates are
to changes in O2 concentration. Both p and q are free parameters with no obvious physiological meaning beyond making the response to
changes in oxygen tension more or less switch-like. Parameters σN and σM can be interpreted as a measure of basal mortality that occurs even
in a perfect environment; that is, as the O2 concentration gets large, mortality asymptotes at Bi(1−σi). However, actual estimates of σ from cell
culture data reviewed by Gammack et al. put it very close to unity for both wild-type and p53-deficient cell lines, indicating that mortality in these
assays was negligible when O2 concentration was high. The function λCex(t) represents the rate at which O2 is supplied to the system as
described in the previous paragraph. Oxygen is consumed by cells at base rates Γi for cell type i ∈ {N, M}, and total O2 consumption depends on
the growth rate of each cell type. Finally, O2 diffuses out of the system or is consumed by other processes at linear rate ΓC.

Data from Thompson and Royds [125] indicate that wild-type and p53-deficient cell lines differ mostly in basic mortality rates and sensitivity to O2.
Roughly speaking, wild-type cells have a larger basic mortality rate (BN > BM) and suffer more from hypoxia (CN1>CM1andCN2>CM2). Not
surprisingly, p53-deficient cells tend to outcompete wild-type cells in the virtual experiment. In one run, for example, with an initial cell culture in
which wild-type cells outnumbered p53-deficient mutants by orders of magnitude and periods of normoxia were only slightly longer than hypoxic
periods, mutants became the dominant cell type between the fourth and fifth hypoxic episode. Of course, the length of time it takes for mutants to
become dominant depends strongly on how long hypoxic and normoxic periods last. In general, Gammack et al. found that higher oxygen
availability—either from longer periods of normoxia or higher O2 concentrations during normoxic episodes— favors mutant invasion. In contrast to
the nutrient-use efficiency hypothesis presented in Section 8.3.2.1, changes in the rate at which mutant cells consume oxygen, ΓM, had very little
effect; however, increasing oxygen consumption by mutant cells very slightly decreased the invasion rate, as predicted by the nutrient-use
hypothesis.

Results of the in vivo case were similar. Once again, under the estimated parameters, p53-deficient mutants tended to invade tumors in which
they were initially rare, whether solutions permitted oscillations or not. Oscillatory solutions like those in the in vitro case arose when the oxygen
concentration during normoxic episodes was sufficiently high, and the rate at which mutants consumed O2 was sufficiently low. Once again,
variations in ΓM hardly affected the mutant invasion rate, which was once again driven primarily by the duration of the hypoxic episode.

8.3.2.3 Natural selection favoring fungiform invasion

As noted in Section 8.3.1.2, malignant tumors characteristically invade surrounding tissues. To invade, carcinomas—malignant tumors originating
in epithelial tissue—must degrade and rupture the epithelial basement membrane. This requires the tumor to elaborate or otherwise activate
enzymes that digest connective tissue proteins in the matrix, referred to generally as matrix degrading enzymes (MDEs). There is an important
side effect of matrix degradation by MDEs. As the matrix degrades, a variety of signaling molecules are solubilized that activate migration,
proliferation and angiogen-esis programs, among others, in cancer cells. This process often creates a kind of “positive feedback,” in which an
active, invasive tumor releases signals from its surrounding that make the tumor more active and invasive. Tumors differ in their tendency to
invade, and some of this variation may be explained by the fact that tumor cells vary in their ability to express, either directly or indirectly, matrix
degrading enzymes. The question we address here is, how does natural selection act on matrix degradation ability in carcinoma, and how does
evolution of this trait affect tumor growth and morphology?

This question was addressed by Anderson and colleagues [8, 10] using a hybrid model comprising a system of coupled partial differential
equations linked to a stochastic process. The PDEs describe spatial dynamics of matrix degrading enzyme concentration (m(x, t)), density of
extracellular matrix (f (x, t)) and concentration of oxygen (c(x, t)) at spatial point x ∈ 2 and time t. The stochastic process is an individual-based
model in which individual cells move, proliferate and die within the concentration fields governed by the PDEs. The PDE model takes the
following form:

∂m∂t=Dm∇2m+μNi.j−λm,      (8.29a)

∂f∂t=−δmf,      (8.29b)

∂c∂t=Dc∇2c−αc−γNi,jc+βf.      (8.29c)

In this model, both matrix degrading enzymes and oxygen diffuse with (constant) diffusion coefficients Dm and Dc, respectively. This diffusion
occurs in a continuous space that overlays a 2-D lattice of discrete positions that may contain a number of cancer cells (including 0). The number
of individual cancer cells in lattice position (i, j) is Ni,j. Anderson et al. assume that matrix degrading enzymes are elaborated from individual cells
at essentially the same constant rate (in this instance), namely µ > 0. MDEs themselves degrade naturally with first-order kinetics at per-unit rate
λ. Matrix degradation is assumed to be a mass-action process with rate δ. Oxygen is absorbed by various entities in the model domain at rates
proportional to its concentration: individual cells absorb oxygen at rate γ, while other elements, which are not dynamic in this model, absorb O2 at
rate α. Finally, oxygen is released by blood vessels within the extracellular matrix. As a first approximation Anderson et al. assume that vessel
density is proportional to ECM density; therefore, oxygen is released at per-unit rate β.

The rules and simulation procedures for the individual-based stochastic process are outside the scope of this book. However, three aspects of
this part of the model are key. First, individual cells can move, and they move both by Fickian (random) diffusion and in a biased way up the ECM
density gradient (haptotaxis). Therefore, cells tend to congregate in the most dense portions of the matrix, which of course increases the rate at
which the matrix is degraded. Second, cell proliferation and death are both oxygen dependent. Finally, individual cells can vary in their motility
(both random and biased), proliferation probabilities, O2 consumption rates, and rates at which they elaborate degrading enzymes. In the model,
trait variations arise via mutation, and Anderson et al. explore evolution of these traits in a variety of mutational settings. The model predicts that
tumor edge morphology— the size and depth of the invasive “fingers”—depends critically on the initial matrix density distribution, but natural
selection acting on the traits listed above tends to promote a more invasive morphology. Therefore, this model links natural selection to one of the
key characteristics of malignancy.

8.4 Synthesis: Competition, natural selection and necrosis



Here we address the niche segregation hypothesis proposed to explain clonal diversity in tumors. A game theory model by Lars Bach et al. [13]
represents an early foray in this direction. Their model, based on earlier work by Ian Tomlinson and Walter Bodmer [128, 127], assumes that two
different strains of parenchyma cells exist within the tumor. One strain, denoted by A+, secretes some chemical that is beneficial to the cells in its
neighborhood—say, an angiogenesis signal. The other strain, A−, does not. Otherwise, all cells are identical. In Bach et al.’s model,
neighborhoods consist of three cells. It is assumed that, if only one cell in the neighborhood secretes the chemical, then the group gains no benefit
because the chemical concentration remains too small to elicit the effect. However, if at least two of the three cells secrete the chemical, then all
three enjoy an increased reproductive output of j units above normal. On the down side, there is a cost associated with making the chemical;
those that do suffer a deduction of i to their expected reproductive output. These considerations lead to the evolutionary payoff matrix shown in
Table 8.1.

Table 8.1

Evolutionary payoff matrix for the model by Bach et al. [13]. Strain A+ secretes an angiogenesis factor, whereas strain A− does not. Adapted from
[13].

Neighborhood A+ A−

A+, A− 1 − i − j 1 + j

A+, A− 1 − i − j 1

A−, A− 1 − i 1

A discrete-time dynamical system model of these payoffs shows that selection can allow coexistence of both strains under certain circumstances.
However, niche segregation cannot explain this behavior, for the following reason. If a tumor starts with “cooperators” that secrete the
angiogenesis factor and is later invaded by a mutant “defector” strain that does not, then both defector and cooperator populations can persist.
However, if the roles of resident and potential invader are reversed—that is, a population of defectors is challenged by cooperators—the
cooperators die out, leaving a monomorphic defector population. One can interpret these results biologically as follows: defectors can invade a
tumor full of cooperators as a sort of parasite living off of the cooperator’s ability to bring in resources; however, cooperators are always hurt by
the presence of defectors. Therefore, polymorphism can be explained as parasitism instead of niche segregation.

This conclusion was corroborated in a series of studies using dynamical models that are biologically analogous to the Back et al. model but
formally very different [20, 95, 96, 97, 98]. The simplest of these models assumes that the tumor contains two competing clones that differ in their
abilities to secrete angiogenesis signals. Unlike Bach et al.’s model, this one allows dynamic population sizes and a broader array of potential
differences among cell types. Similar in construction to models by Zvia Agur, Levon Arakelyan and their colleagues [2, 11], this model tracks
masses of the two clones, denoted by x1(t) and x2(t). In addition, the model also follows the total mass of immature VECs from which mature
microvessels are made, y(t), and the total length of microvessels within the tumor, z(t). With this notation, the model becomes

{ dx1dt=Φ1(v)x1,dx2dt=Φ2(v)x2,dydt=(αH(x1,x2,z)−β)y,dzdt=γy−δvz,      (8.30)

where v(t) = z/(x1 + x2), H(x1, x2, z) = (x1h1(v) + x2h2(v))/(x1 + x2), ϕi represents per-capita growth functions for both types of parenchyma, α is the
rate at which immature VECs convert the angiogenesis signal into growth, H is the mean angiogenesis secretion rate within the tumor, hi is the
per-capita angiogenesis secretion rate for cell type i, β expresses both the VEC death and maturation rates, γ represents the rate at which
maturing VECs convert themselves into new blood vessels, and δ is the base rate at which blood vessels are broken down during remodeling. In
numerical analysis, the functions ϕ take a form similar to that of model (8.28) without the crowding term; that is,

Φi(v)=AiC(v)pic^i1pi+C(v)pi−Bi(1−σiC(v)qic^i2qi+C(v)qi),      (8.31)

where C(v) is the oxygen pressure and all other parameters equate to their analogues in model (8.28). The cell type-specific angiogenesis
secretion rate obeys a function like the following:

hi(v)=riC(v)e−ξiC(v),      (8.32)

where ri measures a type i cell’s commitment to producing the angiogenesis signal and ξi expresses how sensitive this commitment is to
changes in local oxygen pressure.

This model supports the hypothesis that natural selection favors aggressively proliferating cell types, at least early in tumor growth, but with a twist.
If clones differ only in their basic proliferation rates such that A1 > A2, strain 1 always ends up dominating the tumor regardless of initial
conditions. In fact, one can show that for a broad array of forms for the growth functions Φ, aggressively proliferating cell types are always favored.
However, a tumor invaded by a more aggressive strain may end up clinically less aggressive. This paradox arises when the invading, aggressive
cell type is sufficiently inept at producing the angiogenesis signal. Natural selection is blind to angiogenesis secretion and so always favors the
aggressive invader. But because the favored clone cannot entice new blood vessels to grow very well, the tumor eventually ends up with a lower
microvessel density and is therefore relatively hypoxic. In certain circumstances, this hypoxia can become so profound that the tumor regresses.
One can describe such circumstances as a hypertumor—one tumor invading and destroying part of an existing tumor. And once again we see
competition resulting in something akin to parasitism.

This hypertumor phenomenon hands us yet another hypothesis explaining necrosis. Superficially, one can view it as a variant of the nutrient-
limitation hypothesis. However, certain predictions distinguish it from the other ideas. In particular, one will recognize a hypertumor not just as
regions of nutrient deficiency but as regions of nutrient deficiency that always correlate with invading cells displaying cytological or genetic
features of aggressive proliferation.

8.5 Necrosis and the evolutionary dynamics of metastatic disease
An advanced tumor is a harsh environment, as evidenced by the necrosis we have been studying in this chapter. Whatever its cause, necrosis
represents ecological collapse within the tumor. In Nature, organisms living in failing ecosystems often disperse, seemingly in search of more
permissive living spaces. By analogy, one might guess that metastasis is an evolutionary strategy by which cancer cells escape a failing tumor
ecosystem. Support for this hypothesis comes from the observation that metastatic ability is an acquired trait—healthy epithelial cells do not
normally circulate—and in general metastatic potential correlates with tumor stage and therefore likelihood of ecosystem derangement.

However, while metastasis might allow the occasional mutant cell to avoid ecological challenges in the primary tumor, this alone cannot explain
why tumors tend toward greater metastatic potential with age. Selection in the primary tumor occurs exclusively within the environment of the
primary tumor, unless metastatic colonies exert some unknown feedback to the tumors that spawned them. At the moment, however, it appears
that the success or failure of distant metastatic seeds does not directly affect the fitness of cells confined to the primary tumor. Selection
pressures within the primary lesion alone apparently favor the metastatic phenotype.

8.5.1 Pre-metastatic selection hypothesis

Thalhauser et al. [124] proposed the “pre-metastatic selection hypothesis” to address this issue. The hypothesis posits that vascular collapse
within the primary tumor selects directly for cells with a migratory phenotype. The hypothesis was generated by a model of a collection of tumor
cords (Fig. 8.2). As before (Section 8.2.2), tumor density is assumed to be both radially and axially symmetric around the central vessel, allowing
the three-dimensional problem to be reduced to one dimension. The vessel wall is the innermost point of the domain at radius Rin, and the cord
extends to radius Rout. Oxygen is supplied at the vessel wall and diffuses into the surrounding tissue where it is consumed by cancer cells.

The key to Thalhauser’s model is the assumption that cellular migration and proliferation are separate and competing processes, following the
“go-or-grow” hypothesis derived from observations of glioblastoma multiforma (GBM) tumors. A high cellular density causes proliferating cells to
take on a migratory phenotype. Motile cells transition to the proliferating class when the cellular density is sufficiently low. Proliferation is governed
by the local oxygen tension and cell density, and cell death occurs where oxygen tension is low. The model variables are G(r, t), M(r, t), and O(r, t),
representing the density of proliferating cells, migrating cells, and oxygen, respectively, at time t and radial distance r. The complete model is the
following:

∂G∂t=AOpC1p+Op(1−TTmax)G−BC2qC2q+OqG−λG,MG+λM,GM,      (8.33)

∂M∂t=DT∇⋅(M∇M)−BC2qC2q+OqM+λG,MG−λM,GM,      (8.34)



∂O∂tDO2∇2O−γAOpC1p+Op,      (8.35)

where

λG,M=∈kT2T2+KM2,

λM,G=kKG2T2+KG2,

T=M+G.

Oxygen concentration at the vessel wall is imposed by a Dirichlet boundary condition, O(Rin, t) = O0, and all other boundary conditions are no-flux.
Consistent with the go-or-grow notion, there is assumed to be a continuum of phenotypes, with “aggressive grower” at one extreme and
“aggressive mover” at the other. The location of a clone on this continuum is determined by the KG/KM ratio and the parameter ∊; the larger the
ratio and (or) smaller the ∊, the farther out the phenotype is in the “aggressive grower” direction of the spectrum.

In this model, aggressive movers form a tumor cord that is less dense with fewer cells at the vessel wall, while aggressive growers form dense
tumor cords. A high cellular density exerts compressive force on the vessel wall, which may cause local vascular collapse, ischemia, and
necrosis. Therefore, somewhat paradoxically, prevention of ischemia may select for motile phenotypes and higher metastatic potential.

Thalhauser et al. also connected this result to Nagy’s [95] theoretical notion of a hypertumor (see Section 8.4). Recall that a hypertumor occurs in
a vascular tumor when a clone with inferior angiogenic potential but superior growth potential invades an existing tumor. The angiogenic clones
are out-competed, causing a type of “evolutionary suicide” in the non-spatial ODE version of the model. The tumor ecosystem completely
collapses as the nonangiogenic clone comes to dominate the tumor. In Thalhauser’s tumor cord model, aggressive growers are the counterpart to
the hypertumor. It is plausible that “local hypertumors” may be responsible for the regions of necrosis frequently observed in advanced tumors.

Thalhauser et al.’s model addresses the selective forces at work in the primary tumor. However, it is also probable that metastatic cells continue
to evolve once they have colonized distant sites. Here, the Halstedian curtain wall model of metastatic spread may have some utility. We can
imagine that a spontaneously arising mutant in the primary tumor is capable of colonizing, say, a lymph node. Thus, the first curtain wall has been
colonized. Now that a basic metastatic capability has been acquired, another mutant may arise in this colony with the ability to spread further.
Thus, mutants could drive the continued distal expansion of disease, where further metastatic capability is acquired at each subsequent site. We
suggest the development of a formal model for such a process as a project for the interested student.

Such evolutionary dynamics likely interact with the physical dynamics of tumor cell dissemination within the vascular and lymphatic systems to
determine the overall pattern of spread in a clinical cancer.

8.5.2 Reproductive fitness and export probability

A recent series of studies by Michor, Iwasa, Dingli, Haeno, and colleagues [36, 58, 87, 88] have examined the interaction between mutation to a
metastatic phenotype within the primary tumor, the mutant’s reproductive fitness within the tumor, and mutant’s export probability from the primary
tumor. These models are generally cast as stochastic birth-death processes, and we briefly present Dingli et al.’s [36] model as an example.

Consider a quasi-steady state tumor with a total of N cells, M of which are mutants with metastatic capability and relative fitness r within the
primary tumor. The model is a discrete, stochastic model. Cell divisions occur at some rate, λ, and with each replication a mutation occurs with
probability µ. The probability that an existing mutant replicates depends on its relative fitness, r, and is given as:

pM=rMrM+N−M.      (8.36)

Note that if r = 1, then pM = M/N. The probability that a wild-type cell replicates is pN = 1 − pM. Following replication of a mutant or a de novo
mutation, the daughter cell metastasizes with probability q. If, after all of this, the cell population is greater than N, mortality is assumed to reduce
the population back to N cells. While Dingli et al. studied this system in the context of agent-based stochastic simulations, the model can be
recast as a system of ODEs (which yields similar numerical results) as follows:

dMdt=λpM(1−q)N+μλpNN−λMN(1−q)pMN−λMNpNN,      (8.37)

dEdt=λNq(pM+μpN),      (8.38)

where E(t) is the total number of metastatic cells exported. If r = 0 (mutations are neutral) and the probability of metastasis is nonzero (q > 0), then
this model predicts that mutants will make up only a very small fraction of the tumor and the metastatic rate will be low at equilibrium. However,
when mutants have a high relative fitness, the export rate and survival advantage within the primary tumor compete. That is, a high export
probability depletes the tumor of mutants and ultimately lowers metastasis rate. Somewhat surprisingly, the tumor fraction of the tumor composed
of mutants at steady-state switches quite suddenly from 1 to nearly 0 as q increases.

Michor et al. [87] considered a very similar model, but without the explicit removal of mutant cells from the primary tumor by metastasis. This work
concluded that the probability of establishing distant metastases is negligible for mutants with r ≤ 1 unless the export rate, q, is very high,
suggesting that most mutations that confer metastatic ability also increase the mutant’s fitness within the primary tumor. Michor et al. reached
essentially the same conclusion in a second paper [88], where two mutations were required to confer metastatic ability. This result relates to
Thalhauser et al.’s [124] prediction that increased motility, which may predispose to to metastasis, confers a survival advantage within the primary
tumor.

8.5.3 Tumor self-seeding

Finally, we briefly discuss recent experimental results on tumor re-seeding by metastatic cells. While metastasis has been traditionally viewed, in
both the modeling and basic biology literature, as a unidirectional process where cells spread strictly from the primary tumor to distant sites, cells
from metastatic colonies may also return to, or “self-seed,” the original tumor site. Kim et al. [68] recently showed that tumor self-seeding by
aggressive circulating tumor cells occurs in a variety of experimental cancer systems. Moreover, they showed that the most aggressive circulating
cells preferentially reinvade the primary tumor mass. These aggressive cells were capable of increasing primary tumor growth rate by releasing
cytokines that influence the tumor stroma and foster angiogenesis and invasion.

We now have a dynamical picture where the primary tumor continually sheds cells into the circulation. The primary tumor itself is fertile soil for
such potentially metastatic cells, as they are already adapted to the tumor microenvironment, and the leaky tumor vasculature is a weak barrier to
ex-travasation. The most aggressive and metastatically capable cells colonize the primary tumor site, increasing its growth rate and inducing
further angio-genesis. With increasing vascularization, more cells are shed into the circulation and ever more return to the tumor. The tumor
comes to be dominated by clones with increasing metastatic capability, eventually leading to distant metastasis. Distant metastatic colonies
themselves may shed cells into the circulation that seed the primary tumor, further influencing its evolution.

However, the interaction between circulating tumor cells and the primary tumor is likely not so straightforward. Kim et al. [68] also speculate that a
large primary tumor may filter many aggressive cells from the circulation, perhaps decreasing the overall metastatic potential of the tumor. The
interaction between the vasculature, circulating cells, and primary cells could be explored in a formal setting, and we suggest it as a potential
project.

8.6 Conclusion
Perhaps the most obvious conclusion one can draw from this review is that existing mathematical theory provides significant insight into the
causes of necrosis, overall tumor diversity (coexistence of different developmental lineages within the tumor), clonal diversity (diversity within the
malignant lineage) and metastasis. Mathematical oncology provides a much richer theory than that underlying explanations of these phenomena
in standard pathology texts or even the massive compendium edited by Vincent DeVita et al. [35]. In essence, these more clinical sources either
treat them as largely explained or ignore them altogether. But as insights from existing theory make clear, these phenomena are far from
adequately explained.

Unfortunately most of these insights have gone largely unexploited by the empirical cancer biology community. To see this in a very profound way,
compare the literature-cited sections of the basic cancer biology chapters in [35] and the historical review of mathematical oncology in [12]. The
former is a compendium of modern cancer biology from a pathologist’s or clinician’s standpoint, and the latter is an outstanding review of the
major themes in mathematical oncology. Despite their focus on the same disease, these two sources share very few citations, especially theory
papers. Traditionally, each group tends to be unaware of the other’s literature, although there are some notable exceptions.

Trying to establish why mathematical oncology has influenced the work of experimentalists and medical doctors so lightly is dangerous business,
but ignoring it is even more dangerous. One possibility, perhaps the most obvious, may be that the two groups by and large cannot communicate



because they speak different technical languages, and translators are rare. Hopefully this situation is changing as more students seek training in
both advanced molecular biology and mathematics—the very students to whom this text is addressed. Nevertheless, despite its obvious appeal,
this explanation cannot be the only reason for the disconnect, because although rare, very talented translators have always existed between the
empirical and theoretical communities.

Another contributing factor to the lack of knowledge transfer may also be the wildly different research focuses of the two groups. As discussed in
the introduction, empirical cancer biologists tend to focus on the molecular biology of cancer cells, as is obvious from a casual inspection of any
empirical cancer journal from the last four decades. Mathematical oncologists, on the other hand, tend to focus on aspects of tumor ecology like
those reviewed here, plus immune predation, the effects of cytotoxic chemotherapy and radiation therapy on competition among tumor clones,
and other aspects of tumor ecology. So, the outlook, interests, and research tools characteristic of experimentalists and theoreticians have
traditionally differed so much that there has been very little overlap in research programs. Again, a look through DeVita et al. [35] makes clear that
the practice of oncology would hardly be changed if no one had ever written a mathematical model of cancer.

The question then becomes, where, if anywhere, will empirical and mathematical oncology meet? In particular, how best can mathematical
oncology serve experimentalists by helping direct their work in the lab and clinic? Certainly the insights gained so far by mathematical oncology
should not be abandoned, and work on specific systems, especially drug trials on cell cultures and angiogenesis inhibition, along with other recent
collaborations between empiricists and theoreticians, are increasingly building momentum. However, one major question of growing importance
appears to be a perfect place where the interests and tools of molecular biologists, experimental cell biologists, and mathematical biologists
meet. That question is, what precisely is the role of the tumor microenvironment—including the malignant lineage(s), ECM and stromal cells,
vascular, immune and peritumoral cells—in generating, promoting and maintaining malignancy? This question obviously involves molecular and
cellular biology. Genes for growth factors like the various forms of VEGF, their receptors, such as flt-1, matrix metalloproteinases, and a host of
other molecules, choreograph all interactions among all cell types and even nonliving elements within malignant and premalignant tumors. But
these interactions are primarily ecological in nature, ultimately determining the outcome of competition, cooperation, and predation. Mathematical
oncologists can attack this problem with extensions of formalisms already in place, like multicell spheroids with mixtures of cell types currently
under investigation by empiricists [91]. More important, mathematical oncologists must move beyond the MCS and build formalisms
representative of more realistic geometries encountered in carcinoma, especially when modeling nascent tumors. But, no matter how one attacks
the problems posed by malignant neoplasia, the time has arrived to begin melding the molecular and evolutionary ecology approaches to cancer
biology, and the mathematical oncology community has, above all others, the skill set to do it.

8.7 Exercises
Exercise 8.1: For the angiogenesis model (8.30), assume that x2(t) ≡ 0, x1(0) > 0. Further, suppose Φ1(v) ∈ C1, is monotonically increasing with
Φ1(0) < 0 but limv→∞ Φ1(v) > 0. Also, suppose that h1(v) ∈ C1, is unimodal (monotonically increasing to the left and monotonically decreasing to
the right of the mode), and that h1(0) = limv→∞ = 0. Finally, let w = y/x and v = z/x. Assume that x(t) > 0 for all t.

1. Interpret in words the biological meanings of the variables w and v.
2. Show that model (8.30) can be written in the form:

w=f1(w,v),      (8.39a)

v=f2(w,v).      (8.39b)

3. Show that there are two “boundary” fixed points of model (8.39): the origin (i.e., the point (0, 0)) and the point (v,̃ 0), where v ̃satisfies

Φ1(v )̃+δv˜=0.

4. Show that, if there is an “interior” equilibrium (one in which w, v > 0), then v = v̂, where v̂ satisfies

Φ1(v^)=Ψ(v^),Ψ(v)=αh1(v)−β.

5. Analyze the local stability of these interior fixed points, assuming any exist.

Exercise 8.2: As an advanced project, develop the model suggested in Section 8.5.1. That is, develop and analyze as far as you can a model of
subsequent colonizations of successive “Halstedean curtain walls” and selective forces driving metastasis in each. What predictions does your
model make about how metastatic aggressiveness will change as disease burden increases over time in a single patient?

References
[1] Adam JA: General aspects of modeling tumor growth and immune response. In: A Survey of Models for Tumor-Immune System Dynamics.
Adam JA, Bellomo N, eds. Berlin: Birkhäuser, 1997, 15–87.

[2] Agur Z, Arakelyan L, Daugulis P, Ginosar Y: Hopf point analysis for angio-genesis models. Disc Cont Dyn Sys B 2004, 4:29–38.

[3] Alarcón T, Byrne HM, Maini PK: A cellular automaton model for tumor growth in inhomogeneous environment. J Theor Biol 2003, 225:257–
274.

[4] Alarcón T, Byrne HM, Maini PK: Towards whole-organ modelling of tumour growth. Prog Biophys Mol Biol 2004, 85:451–472.

[5] Alberts B, Bray D, Lewis J, Raff M, Roberts K, Watson J: The Molecular Biology of the Cell, 3rd ed. New York: Garland, 1994.

[6] Ambrosi D, Mollica, F: On the mechanics of a growing tumor. Int J Eng Sci 2002, 40:1297–1316.

[7] Ambrosi D, Mollica F: The role of stress in the growth of a multicell spheroid. J Math Biol 2004, 48:477–499.

[8] Anderson ARA: A hybrid mathematical model of solid tumour invasion: The importance of cell adhesion. Math Med Biol 2005, 22:163–186.

[9] Anderson ARA, Chaplain MAJ: Continuous and discrete mathematical models of tumor-induced angiogenesis. Bull Math Biol 1998, 60:857–
900.

[10] Anderson ARA, Weaver AM, Cummings PT, Quaranta V: Tumor morphology and phenotypic evolution driven by selective pressure from the
microenviron-ment. Cell 2006, 127:905–915.

[11] Arakelyan L, Merbl Y, Daugulis P, Ginosar Y, Vainstein V, Selitser V, Kogan Y, Harpak H, Agur Z: Multi-scale analysis of angiogenic
dynamics and therapy. In: Cancer Modeling and Simulation, Preziosi, ed. Boca Raton, Fl: Chapman and Hall/CRC, 2003, pp.185–219.

[12] Araujo RP, McElwain DL: A history of the study of solid tumor growth: The contribution of mathematical modelling. Bull Math Biol 2004,
66:1039–1091.

[13] Bach LA, Bentzen SM, Alsner J, Christiansen FB: An evolutionary-game model of tumor-cell interactions: Possible relevance to gene
therapy. Eur J Cancer 2001, 37:2116–2120.

[14] Barcellos-Hoff MH, Ravani SA: Irradiated mammary gland stroma promotes the expression of tumorigenic potential by unirradiated epithelial
cells. Cancer Res 2000, 60:1254–1260.

[15] Bertuzzi A, D’Onofrio A, Fasano A, Gandolfi A: Regression and regrowth of tumour cords following single-dose anticancer treatment. Bull
Math Biol 2003, 65:903–931.

[16] Bertuzzi A, D’Onofrio A, Fasano A, Gandolfi A: Modelling cell populations with spatial structure: Steady state and treatment-induced evolution
of tumor cords. Disc Cont Dyn Sys B 2004, 4:161–186.

[17] Bertuzzi A, Fasano A, Gandolfi A, Marangi D: Cell kinetics in tumour cords studied by a model with variable cell cycle length. Math Biosci
2002, 177 & 178:103–125.

[18] Bertuzzi A, Gandolfi A: Cell kinetics in a tumor cord. J Theor Biol 2000, 204:587–599.

[19] Bhowmick NA, Neilson EG, Moses HL: Stromal fibroblasts in cancer initiation and progression. Nature 2004, 432:332–337.

[20] Bickel ST, Juliano JD, Nagy JD: Evolution of proliferation and the angiogenic switch in tumors with high clonal diversity. PLoS ONE 2014,
9:e91992.



[21] Bignold LP: The mutator phenotype theory can explain the complex morphology and behaviour of cancers. Cell Mol Life Sci 2002, 59:950–
958.

[22] Bignold LP: The mutator phenotype theory of carcinogenesis and the complex histopathology of tumours: Support for the theory from the
independent occurrence of nuclear abnormality, loss of specialization and invasiveness among occasional neoplastic lesions. Cell Mol Life Sci
2003 60:883–891.

[23] Britto Garcia S, Novelli M, Wright NA: The clonal origin and clonal evolution of epithelial tumours. Int J Exp Pathol 2000, 81:89–116.

[24] Burton AC: Rate of growth of solid tumours as a problem of diffusion. Growth 1996, 30:157–176.

[25] Byrne HM: Modelling avascular tumor growth. In: Cancer Modelling and Simulation. Preziosi L, ed., Boca Raton, FL: Chapman and Hall/CRC,
2003.

[26] Byrne HM, Chaplain MAJ: Growth of nonnecrotic tumors in the presence and absence of inhibitors. Math Biosci 1995, 130:151–181.

[27] Byrne HM, Chaplain MAJ: Growth of necrotic tumors in the presence and absence of inhibitors. Math Biosci 1996, 135:187–216.

[28] Chaplain MAJ: Mathematical modelling of angiogenesis. J Neurooncol 2000, 50:37–51.

[29] Chaplain MAJ, Anderson ARA: Mathematical modelling of tumor invasion. In: Cancer Modeling and Simulation. Preziosi, ed., Boca Raton,
FL: Chapman and Hall/CRC, 2003. pp.269–297.

[30] Chen CY, Byrne HM, King RJ: The influence of growth-induced stress from the surrounding medium on the development of multicell
spheroids. J Math Biol 2001, 43:191–220.

[31] Cotran RS, Kumar V, Collins T: Robbins’ Pathologic Basis of Disease, 6th ed. Philadelphia: Saunders, 1999

[32] Cristini V, Lowengrub J, Nie Q: Nonlinear simulation of tumor growth. J Math Biol 2003, 46:191–224.

[33] De Wever O, Mareel M: Role of tissue stroma in cancer cell invasion. J Pathol 2003, 200:429–447.

[34] Deugnier Y: Iron and liver cancer. Alcohol 2003, 30:145–150.

[35] DeVita VT, Hellman S, Rosenberg SA (eds.): Cancer: Principles and Practice of Oncology, 5th ed. Philadelphia: Lippencott Raven, 1997.

[36] Dingli D, Michor F, Antal T, Pacheco JM: The emergence of tumor metastases. Cancer Biol Ther 2007, 6:383–90.

[37] Dyson J, Villella-Bressan R, Webb G: The steady state of a maturity structured tumor cord cell population. Disc Cont Dyn Sys B 2004, 4:115–
134.

[38] Elser JJ, Nagy JD, Kuang Y: Biological stoichiometry: An ecological perspective on tumor dynamics. Biosci 2003, 53:1112–1120.

[39] Evan GI, Vousden KH: Proliferation, cell cycle and apoptosis in cancer. Nature 2001 411:342–348.

[40] Folkman J, Hahnfeldt P, Hlatky L: Cancer: Looking outside the genome. Nat Rev Mol Cell Biol 2000, 1:76–79.

[41] Franks SJ, Byrne HM, King JR, Underwood JCE, Lewis CE: Modelling the early growth of ductal carcinoma in situ of the breast. J Math Biol
2003, 47:424–452.

[42] Friedman A, Reitich F: Analysis of a mathematical model for the growth of tumors. J Math Biol 1999, 38:262–284.

[43] Gammack D, Byrne HM, Lewis CE: Estimating the selective advantage of mutant p53 tumour cells to repeated rounds of hypoxia. Bull Math
Biol 2001, 63:135–166.

[44] Gatenby RA: Models of tumor-host interaction as competing populations: Implications for tumor biology and treatment. J Theor Biol 1995,
176:447–455.

[45] Gatenby RA, Gawlinski ET: A reaction-diffusion model of cancer invasion. Cancer Res 1996, 56:5745–5753.

[46] Gatenby RA, Gawlinski ET: The glycolytic phenotype in carcinogenesis and tumor invasion: Insights through mathematical models. Cancer
Res 2003, 63:3847–3854.

[47] Gatenby RA, Gillies RJ: Why do cancers have high aerobic glycolysis? Nat Rev Cancer 2004, 4:891–899.

[48] Gatenby RA, Maini PK, Gawlinski ET: Analysis of tumor as an inverse problem provides a novel theoretical framework for understanding
tumor biology and therapy. Appl Math Lett 2002, 15:339–345.

[49] Gatenby RA, Vincent TL: An evolutionary model of carcinogenesis. Cancer Res 2003, 63:6212–6220.

[50] Geritz SAH, Kisdi E, Meszéna G, Metz JAJ: Evolutionarily singular strategies and the adaptive growth and branching of the evolutionary tree.
Evol Ecol 1998, 12:35–57.

[51] Graeber TL, Osmanian C, Jacks T, Housman DE, Koch CJ, Lowe SW, Giaccia AJ: Hypoxia-mediated selection of cells with diminished
apoptotic potential in solid tumours. Nature 1996, 379:88–91.

[52] Greaves M, Maley CC: Clonal evolution in cancer. Nature 2012, 481:306–313.

[53] Greenspan HP: Models for the growth of a solid tumor by diffusion. Stud Appl Math 1972, 52:317–340.

[54] Greenspan HP: On the growth and stability of cell cultures and solid tumors. J Theor Biol 1976, 56:229–242.

[55] Hahn WC, Weinberg RA: Modelling the molecular circuitry of cancer. Nature Rev Cancer 2002, 2:331–341.

[56] Hanahan D, Weinberg RA: The hallmarks of cancer. Cell 2000, 100: 57–70.

[57] Hanahan D, Weinberg RA: The hallmarks of cancer: The next generation. Cell 2011, 144:646–674.

[58] Haeno H, Michor F: The evolution of tumor metastases during clonal expansion. J Theor Biol 2009, doi:10.1016/j.jtbi.2009.11.005

[59] Hann HW, Stahlhut MW, Hann CL: Effect of iron and desferoxamine on cell growth and in vitro ferritin synthesis in human hepatoma cell lines.
Hepatology 1990, 11:566–569.

[60] Hayward SW, Wang Y, Cao M, Hom YK, Zhang B, Grossfeld GD, Sudilovski D,Cunha GR: Malignant transformation in a nontumorigenic
human prostatic epithelial cell line. Cancer Res 2001, 61:8135–8142.

[61] Hellman S: Principles of cancer managemant: Radiation therapy. In: Cancer: Principles and Practice of Oncology. DeVita VT, Hellman S,
Rosenberg SA, eds., Philadelphia: Lippencott-Raven, 1997. ch. 16, 307–332.

[62] Helmlinger G, Netti PA, Lichtenbeld HC, Melder RJ, Jain RK: Solid stress inhibits the growth of multicellular tumor spheroids. Nature Biotech
1997, 5:778–783.

[63] Hirsch MW, Smale S, Devaney RL: Differential Equations, Dynamical Systems, and an Introduction to Chaos, 2nd ed. Amsterdam: Elsevier,
2004.

[64] Holash J, Maisonpierre PC, Compton D, Boland P, Alexander CR, Zagzag D, Yancopolous GD, Weigand SJ: Vessel cooperation,
regression and growth in tumors mediated by angiopoietins and VEGF. Science 1998, 221:1994–1998.

[65] Ingber DE: Cancer as a disease of epithelial-mesenchymal interactions and extracellular matrix regulation. Differentiation 2002, 70:547–560.

[66] Jain RK: Normalization of tumor vasculature: An emerging concept in an-tiangiogenic therapy. Science 2005, 307:58–62.



[67] Kianercy A, Veltri R, Pienta KJ: Critical transitions in a game theoretic model of tumour metabolism. Interface Focus 2014, 4:20140014.

[68] Kim MY, Oskarsson T, Acharyya S, Nguyen DX, Zhang XH, Norton L, Mas-sagué J: Tumor self-seeding by circulating cancer cells. Cell 2009,
139:1315–26.

[69] Kuang Y, Nagy JD, Elser JJ: Biological stoichiometry of tumor dynamics: Mathematical models and analysis. Disc Cont Dyn Sys B 2004,
4:221–240.

[70] Kunz-Schughart LA: Multicell tumor spheroids: Intermediates between mono-layer culture and in vivo tumor. Cell Biol Int 1999, 23:157–161.

[71] Landman K, Please CP: Tumor dynamics and necrosis: Surface tension and stability. IMA J Math Appl Med Biol 2001, 18:131–158.

[72] Le NT, Richardson DR: The role of iron in cell cycle progression and the proliferation of neoplastic cells. Biochim Biophys Acta 2002,
1603:31–46.

[73] Lester SC, Cotran RS: The breast. In: Robbins’ Pathologic Basis of Disease, 6th ed. Cotran RS, Kumar V, Collins T, eds., . Philadelphia:
W.B. Saunders, 1999, ch. 25, 1093–1119.

[74] Levine HA, Pamuk S, Sleeman BD, Nilsen-Hamilton N: Mathematical modeling of capillary formation and development in tumor
angiogenesis: Penetration into the stroma. Bull Math Biol 2001, 63:801–863.

[75] Levine HA, Sleeman BD: Modelling tumor-induced angiogenesis. In: Cancer Modelling and Simulation. Preziosi L, ed., Boca Raton, FL:
Chapman & Hall/CRC, 2003.

[76] Liotta LA, Kohn EC: The microenvironment of the tumour-host interface. Nature 2001, 411375–379.

[77] Loeb LA: A mutator phenotype in cancer. Cancer Res 2001, 61:3230–3239.

[78] Loeb LA, Loeb KR, Anderson JP: Multiple mutations and cancer. Proc Natl Acad Sci USA 2003, 100:776–781.

[79] Lundberg AS, Weinberg RA: Control of the cell cycle and apoptosis. Eur J Cancer 1999, 35:1886–1894.

[80] Lynch CC, Matrisian LM: Matrix metalloproteinases in tumor-host cell communication. Differentiation 2002, 70:561–573.

[81] Maley CC, Galipeau PC, Finley JC, Wongsurawat VJ, Li X, Sanchez CA, Paulson TG, Blunt PL, Risques R-A, Rabinovitch PS, Reid BJ:
Genetic clonal diversity predicts progression to esophageal adenocarcinoma. Nat Gen 2006, 38:468–473.

[82] Mantzaris NV, Webb S, Othmer HG: Mathematical modeling of tumor-induced angiogenesis. J Math Biol 2004, 49:111–187.

[83] Marusyk A, Polyak K: Tumor heterogeneity: Causes and consequences. Biochim Biophys Acta 2010, 1805:105–117.

[84] Maynard Smith J, Price GR: Logic of animal conflict. Nature 1873, 246:15–18.

[85] Michelson S, Leith JT: Positive feedback and angiogenesis in tumor growth control. Bull Math Biol 1997, 59:233–254.

[86] Michelson S, Miller BE, Glicksman AS, Leith JT: Tumor micro-ecology and competitive interactions. J Theor Biol 1987, 128:233–246.

[87] Michor F, Iwasa Y: Dynamics of metastasis suppressor gene inactivation. J Theor Biol 2006, 241:676–89.

[88] Michor F, Nowak MA, Iwasa Y: Stochastic dynamics of metastasis formation. J Theor Biol 2006, 240:521–30.

[89] Mollica F, Jain RK, Netti PA: A model for temporal heterogeneities of tumor blood flow. Microvasc Res 2003, 65:56–60.

[90] Mueller-Klieser W: Three-dimensional cell cultures: From molecular mechanisms to clinical applications. Am J Physiol 1997, 273:C1109–
C1123.

[91] Mueller-Klieser W: Tumor biology and experimental therapeutics. Crit Rev Oncol Hematol 2000, 36:123–139.

[92] Murphy BJ: Regulation of malignant progression by the hypoxia-sensitive transcription factors HIF-1α and MTF-1. Comp Biochem Physiol B
2004, 139:495–507.

[93] Murray JD: Mathematical Biology I: An Introduction, 2nd ed. Berlin: Springer, 2002.

[94] Murray JD: Mathematical Biology II: Spatial Models and Biomedical Applications, 2nd ed. Berlin: Springer, 2002.

[95] Nagy JD: Competition and natural selection in a mathematical model of cancer. Bull Math Biol 2004, 66:663–687.

[96] Nagy JD: The ecology and evolutionary biology of cancer: A review of mathematical models of necrosis and tumor cell diversity. Math Biosci
Eng 2005, 2:381–418.

[97] Nagy JD, Victor EM, Cropper JH: Why don’t all whales have cancer: A novel hypothesis resolving Peto’s Paradox. Int Comp Biol 2007,
47:317–328.

[98] Nagy JD, Armbruster D: Evolution of uncontrolled proliferation and the angiogenic switch in cancer. Math Biosci Eng 2012, 9:843–876.

[99] Nowell PC: The clonal evolution of tumor cell populations. Science 1976, 194:23–28.

[100] Nunney L: Lineage selection and the evolution of multistage carcinogenesis. Proc R Soc Lond B 1999, 266:493–498.

[101] Ohuchida K, Mizumoto K, Murakami M, QianL-Q, Sato N, Nagai E, Matsumoto K, Nakamura T, Tanaka M: Radiation to stromal fibroblasts
increases invasiveness of pancreatic cancer cells through tumour-stromal interactions. Cancer Res 2004, 64:3215–3222.

[102] Olumi AF, Grossfeld GD, Hayward SW, Carroll PR, Tlsty TD, Cunha GR: Carcinoma-associated fibroblasts direct tumour progression of
initiated human prostatic epithelium. Cancer Res 1999, 59:5002–5011.

[103] Ono S: Genetic implication of karyological instability of malignant somatic cells. Physiol Rev 1971, 51:496–526.

[104] Owen MR, Sherratt JA: Mathematical modelling of macrophage dynamics in tumours. Math Mod Methods Appl Sci 1999, 9:513–539.

[105] Park CC, Bissel MJ, Barcellos-Hoff H: The influence of the microenvironment on the malignant phenotype. Mol Med Today 2000, 6:324–
329.

[106] Patel AA, Gawlinski ET, Lemieux SK, Gatenby RA: A cellular automaton model of early tumor growth and invasion: The effects of native
tissue vascularity and increased anaerobic tumor metabolism. J Theor Biol 2001, 213:315– 331.

[107] Pescramona GP, Scalerano M, Delsanto PP, Condat CA: Non-linear model of cancer growth and metastasis: A limiting nutrient as a major
determinant of tumor shape and diffusion. Med Hyp 1999, 53:497–503.

[108] Plank MJ, Sleeman BD: Lattice and non-latice models of tumour angiogenesis. J Math Biol 2004, 66:1785–1819.

[109] Please CP, Pettet G, McElwain DLS: A new approach to modelling the formation of necrotic regions in tumours. Appl Math Lett 1998,
11:89–94.

[110] Please CP, Pettet G, McElwain DLS: Avascular tumour dynamics and necrosis. Math Mod Meth Appl Sci 1999, 9:569–579.

[111] Polyak K, Weinberg WA: Transitions between epithelial and mesenchymal states: Acquisition of malignant and stem cell traits. Nat Rev
Cancer 2009, 9:265–273.

[112] Ponder BAJ: Cancer genetics. Nature 2001, 411:336–341.

[113] Quaranta V: Motility cues in the tumor microenvironment. Differentiation 2002, 70:590–598.

[114] Raghunand N, Gatenby RA, Gillies RJ: Microenvironmental and cellular consequences of altered blood flow in tumours. Br J Radiol 2003,



76:11–22.

[115] Roskelley CD, Bissel MJ: The dominance of the microenvironment in breast and ovarian cancer. Cancer Biol 2002, 12:97–104.

[116] Royds JA, Downer SK, Qwarnstrom EE, Lewis CE: Responses of tumour cells to hypoxia: Role of p53 and NFκB. Mol Pathol 1998, 51:55–
61.

[117] Shiomi T, Okada Y: MT1-MMP and MMP-7 in invasion and metastasis of human cancers. Cancer Metastasis Rev 2003, 22:145–152.

[118] Sterner RW, Elser JJ: Ecological Stoichiometry: The Biology of Elements from Molecules to the Biosphere. Princeton, NJ: Princeton
University Press, 2002.

[119] Stoll BR, Migliorini C, Kadambi A, Munn LL, Jain RK: A mathematical model of the contribution of endothelial progenitor cells to
angiogenesis in tumors: Implications for antiangiogenic therapy. Blood 2003, 102:2555–2561.

[120] Subramanian B, Axelrod DE: Progression of heterogeneous breast tumors. J Theor Biol 2001, 210:107–119.

[121] Sutherland RM: Importance of critical metabolites and cellular interactions in the biology of microregions of tumors. Cancer 1986, 58:668–
1680.

[122] Sutherland RM, McCredie JA, Inch WR: Growth of multicell spheroids in tissue culture as a model of nodular carcinomas. J Natl Cancer Inst
1971, 46:113–120.

[123] Tam WL, Weinberg RA: The epigenetics of epithelial-mesenchymal plasticity in cancer. Nat Med 2013, 19:1438–1449.

[124] Thalhauser CJ, Sankar T, Preul MC, Kuang Y: Explicit separation of growth and motility in a new tumor cord model. Bull Math Biol 2009,
71:585–601.

[125] Thompson KE, Royds JA: Hypoxia and reoxygenation: A pressure for mutant p53 cell selection and tumor progression. Bull Math Biol 1999,
61:759–778.

[126] Tohya S, Mochizuki A, Imayama S, Iwasa Y: On rugged shape of skin tumor (basal cell carcinoma). J Theor Biol 1998, 194:65–78.

[127] Tomlinson IP, Bodmer WF: Modelling the consequences of interactions between tumour cells. Br J Cancer 1997, 75:157–160.

[128] Tomlinson, IPM: Game-theory models in interactions between tumor cells. Eur J Cancer 1997, 33:1495–1500.

[129] Tomlinson RH, Gray LH: The histological structure of some human lung cancers and possible implications for radiotherapy. Br J Cancer
1955, 9:539–549.

[130] Valk-Lingbeek ME, Bruggeman SWM, van Lohuizen M: Stem cells and cancer: The polycomb connection. Cell 2004, 118:409–418.

[131] Vogelstein B, Fearon ER, Hamilton SR, Preisinger AC, Willard HF, Michelson AM, Orkin SH: Clonal analysis using recombinant DNA
probes from the X-chromosome. Cancer Res 1987, 47:4806–4813.

[132] Weinberg RA: One Renegade Cell. New York: Basic Books, 1998.

[133] Weinberg, RA: The Biology of Cancer. New York: Garland, 2007.

[134] Wernert N: The multiple roles of tumour stroma. Virchows Arch 1997, 430:433–443.

[135] Wernert N, Löcherbach C, Wellman A, Behrens P, Hügel A: Presence of genetic alterations in microdissected stroma of human colon and
breast cancers. Anticancer Res 2001, 21:2259–2264.

[136] Wogan GN, Hecht SS, Felton JS, Conney AH, Loeb LA: Environmental and chemical carcinogenesis. Sem Cancer Biol 2004, 14:473–486.

[137] Xu Y: A free boundary problem model of ductal carcinoma in situ. Disc Cont Dyn Sys B 2004, 4:337–348.



Chapter 9

Models of Chemotherapy
Modern chemotherapy and antibiotics arose in the same era, between the two world wars through World War II. The sulfonamides were
introduced in 1935, and penicillin followed in 1940. The era immediately before and after World War II was revolutionary in the treatment of
infectious disease.1 Rapidly fading was the therapeutic nihilism of the previous era, and many once deadly diseases were now easily curable. As
Papac points out in her review of the beginnings of cancer chemotherapy [57], there was a (sadly doomed) hope that the “magic bullet” concept
enjoying so much success in antimicrobial therapy would be applicable to cancers. Despite (and partly because of) their success, from the
moment of their introduction, both antibiotic and anticancer agents have been plagued by the evolution of resistance. Understanding the evolution
of resistance in cancer is a central goal of this chapter.

Cancers are resistant to systemic chemotherapy for at least three major reasons. First, as tumors advance, their growth fraction decreases.
Therefore, since chemotherapy preferentially targets rapidly dividing cells, kinetic resistance to treatment tends to develop. Second, drug
penetrance into the tumor microenvironment often declines due to high interstitial fluid pressure, drug wash-out, impaired blood flow and large
inter-capillary distances within advanced tumors. Finally, and most importantly, heritable resistance to essentially any drug can be conferred by
random genetic mutations followed by natural selection, which readily results in tumors (or microbial populations) refractory to treatment.

The “Norton-Simon” and “Goldie-Coldman” hypotheses have been influential in understanding kinetic and genetic resistance, respectively, and
optimizing treatment regimens to minimize resistance. The Norton-Simon hypothesis, which describes tumor growth using the Gompertz model,
has led to the notion of dose-density in chemotherapy scheduling. The Goldie-Coldman model considers the acquisition of drug resistance via
random mutations in individual cells. We devote a significant portion of this chapter to these historically important models and several extensions
and modifications of them. In addition, we look at antimicrobial chemotherapy, including the mutant selection window hypothesis and the role of
synergy in selecting for resistance in multi-drug regimens.

In this chapter we also introduce pharmacokinetics and pharmacodynamics models, which describe distribution of drugs in the body and their
physiologic effects. These highly mathematical fields have long been informed by dynamical models of the physiologic systems studied.
Pharmacokinetic models, some more complex than others, are used to study the distribution into the body of essentially all drugs. Dose-response
curves, which describe the relationship between drug dose, exposure time, and cytotoxicity to cancer cells, can be understood using simple
dynamical models. More complex dynamical models have also been proposed to describe the uptake and intracellular action of antineoplastic
agents. Several mathematical models specifying a given spatial geometry have been used to study the delivery of chemotherapy to tumors, the
tumor spheroid and tumor cord being the two most common geometries used.

Our goals for this chapter are to (1) develop a basic mathematical basis for commonly observed dose-response curves for anticancer cancer
agents, and to further study representative models of in vitro uptake and the intracellular dynamics, (2) develop the basic principles of
pharmacokinetics and drug transport within the body and the spatial environment of the tumor, (3) optimize chemotherapy regimes to overcome
kinetic resistance, (4) model the evolution of drug resistance in neoplastic cells.

9.1 Dose-response curves in chemotherapy
In Chapter 11 we largely focus on cellular response to radiation and how repair processes give rise to the observed dose-response curves. Here,
in the context of chemotherapy, the situation is complicated by the dynamics of agent delivery and its intracellular processing, which we briefly
discuss.

9.1.1 Simple models

The log-kill model for cancer cells was first established by Skipper and colleagues [62, 63] in the 1960s and early 1970s, who studied
experimental tumors and found that the cell-kill of exponentially expanding tumor cell populations increased logarithmically with dose, giving the
log-kill or log-linear model. That is, the surviving cell fraction, S, is given by

S=exp(−kD),      (9.1)

where D is the total dose and k is a scaling parameter. An extension of this includes dependence upon drug concentration, C, and the time of
drug exposure, T:

S=exp(−kC×T).      (9.2)

The quantity C × T is the area under the curve (AUC) for the drug concentration vs. time curve. (Note that this notation is used even for non-
constant drug concentrations.) For specific agents, survival relationships are generally determined by in vitro assays. There are a number of such
assays, but the standard is the clonogenic assay. That is, an assay is performed where two cell populations of equal initial size are grown under
conditions for exponential expansion. One population, NT , is exposed to the agent being tested, and the other, NC, serves as the untreated
control. The surviving fraction S after time T is given as

S=NT(T)NC(T).      (9.3)

This is taken as a surrogate for the expected cell kill, K = 1 − S. However, even for cell-cycle nonspecific drugs, cell kill is usually greater for
actively proliferating than quiescent cells. The latter can make up a substantial portion of an in vivo tumor, and in vitro cytotoxicity does not directly
predict in vivo toxicity, but the two are generally assumed to be correlated.

The log-linear model for the AUC can successfully predict in vitro cell survival and clinical response for a number of agents, and is generally
considered to apply well to most cell cycle phase-non-specific (PNS) drugs. Several representative dose-response curves from Drewinko et al.
[18] that can be described to some degree using the log-kill model are shown in Figure 9.1.

Figure 9.1



Dose-response curves for three anticancer agents incubated in agent-containing medium for 1 hour. The data is from Drewinko et al. [18], and
response curves for both exponential growth phase (proliferating) and plateau phase (non-proliferating) cells are shown. Note that proliferating
cells are usually, but not always, more sensitive. The log-kill model applies directly for the first agent, doxorubicin. The curve for BCNU displays a
“shoulder” region, where the surviving fraction is linear in AUC. This is generally interpreted as signifying recovery by some cells from sublethal
damage, and the shown curve-fit is a superposition of a linear and exponential model. The curve for bleomycin is biphasic and is described by a
double-exponential model.

Figure 9.2

Dose-response curves when the growth dynamics of the clonogenic assay are logistic (see Exercise 9.2). Constant parameter values are K = 10,
α = 1, and N0 = 1. They are ad-hoc and for demonstrative purposes only.

For many cell cycle phase-specific (PS) drugs, cytotoxicity is not a simple function of AUC. Time of exposure may be more important than drug
concentration, and plateaus in cytotoxicity are observed with increasing drug concentrations. One modification of the AUC model that accounts
for differential importance of concentration and time is the pharmacodynamic model applied to chemotherapy by Adams [1]:

Cn×T=k,      (9.4)

where n and k are empirically determined parameters. When n = 1, drug concentration and time are equally important and the model is equivalent
to the AUC model. If n < 1, cell kill increases less with increasing dose than predicted by the AUC, and concentration is, in a sense, less important
than exposure time. If n > 1, cell kill is greater than predicted by the AUC for a given concentration, and drug concentration or dose is more
important than exposure time. Broadly speaking, this model can predict whether it is better to maximize drug concentration or exposure time for a
given antineoplastic agent. Several other groups have also used a Hill function to model cell survival, e.g. [22, 23, 46].

9.1.2 Concentration, time, and cyotoxicity plateaus

While the simple log-linear model describes some data sets well, many dose-response curves have a two-phase appearance in which
cytotoxicity plateaus with either dose or exposure time. Such curves are sometimes described as concave upward. Some authors have
interpreted a concave upward curve as indicating the existence of a resistant sub-population of cells. There are several mechanisms that can
explain a two-phase response (cytotoxicity plateau) for large drug doses for both cell cycle phase-specific (PS) and non-specific (PNS) drugs. In
summary, saturation effects in either drug transport or saturation of the drug target can cause a plateau for either drug class. The instability of
some PNS drugs in medium explains plateaus for these agents. Toxicity in PS drugs can be explained as a direct consequence of cell cycle
specificity. We defer further discussion of cell-cycle specific chemotherapy to Section 9.6.

9.1.3 Shoulder region

The shoulder region seen in chemotherapy dose-response curves is similar to that seen in radiotherapy dose-response curves. Such a curve is
predicted by models of DNA double-strand break interaction and repair in radiotherapy, and it has been generally assumed that a similar
mechanism is at work in chemotherapy curves.

9.1.4 Pharmacodynamics for antimicrobials

We briefly mention dose-response pharmacodynamic models, which have been mostly applied to antimicrobial agents; the reader may consult



Mueller et al. [52] for a more substantive treatment. A common measure of drug efficacy remains the minimum inhibitory concentration (MIC). The
MIC is usually defined as the lowest concentration that completely inhibits visible bacterial growth in vitro after a 24-hour incubation period [52].

The efficacy of an in vivo course of therapy is often estimated using the serum concentration of the drug and the MIC as determined in vitro. The
most commonly used metrics are the time above the MIC (T > MIC), the ratio of peak serum concentration to MIC (Cpeak / MIC), and the serum
AUC over the MIC (AUC / MIC) [52]. Such approaches are problematic for many reasons; e.g., serum concentration does not necessarily reflect
drug concentration at the infection site, and using the MIC alone falsely assumes an effect/no-effect phenomenon for microbes exposed to a drug.

The cytotoxic response saturates with drug concentration for many antimicrobials, leading to the fairly commonly used Emax model for drug effect.
For exponentially growing bacteria, N(t), drug-induced death is modeled by a Hill function and we have the simple equation:

dNdt=N(k0−kmaxCtEC50+Ct),      (9.5)

where Ct is the drug concentration at a given time, k0 is the unperturbed growth rate, kmax is the maximum killing rate, and EC50 is the drug
concentration of half-maximal activity. Example Emax models may be found in [41, 71]. These models are also interesting because they combine
non-trivial pharmacokinetics for the experimentally determined drug distribution within the body with a pharmacodynamic Emax model.

9.2 Models for in vitro drug uptake and cytotoxicity
Drug transport across the cell membrane generally occurs by three different mechanisms: (1) passive diffusion, (2) facilitated diffusion, (3) active
carrier-mediated transport. At least some passive diffusion occurs for most small drugs, and it is the only means of transport for many anticancer
agents. For passive diffusion, the flux across the membrane is proportional to the concentration difference across the membrane and the
membrane surface area:

J=PA(SE−SI),      (9.6)

where A is the surface area, SE is the extracellular concentration, SI is the intracellular concentration, and P is a permeability constant. Passive
diffusion is also generally taken to imply that uptake and efflux are linearly related to extracellular and intracellular drug concentration, respectively.
The ratio of drug concentration in the intracellular water to extracellular drug concentration never exceeds unity for drugs that are transported only
by diffusion. Note that this does not imply that the overall intracellular:extracellular drug ratio never exceeds unity, as intracellular drug can bind
extensively to cellular components.

Many drugs are incidentally similar to natural substances that are transported by membrane-bound carriers, and active transport is the dominant
mechanism for trans-membrane transport for a number of anticancer agents.

Once inside the cell, the drug must exert its effect by interacting with intracellular elements, such as DNA. It also may be metabolized or actively
excreted by the cell, and damage may be repaired by cellular mechanisms.

9.2.1 Models for cistplatin uptake and intracellular pharma-cokinetics

We briefly mention cisplatin as a model drug to study the mechanistic basis for dose-response curves. Cisplatin forms mono- and bifunctional
DNA adducts that cross-link the cellular DNA, and the kinetics of such DNA interaction have been quantified. Binding to intracellular thiols
detoxifies cisplatin, and DNA repair mechanisms can repair cisplatin:DNA lesions.

Sadowitz et al. [60] developed a simple model to describe cisplatin uptake and intracellular detoxification, and it considers the following
behaviors: (1) uptake from the extracellular medium to the cytoplasm, (2) transfer of cisplatin from cytoplasm to the nucleus, (3) reaction of
cistplatin with cytoplasmic thiols, (4) binding of cisplatin to the DNA to form DNA adducts, and (5) repair of platinum:DNA adducts.

The variables considered, all in units of concentration (µM), are cytoplasmic cisplatin, C(t), nuclear cisplatin, N(t), cytoplasmic thiol (sulfhydryl),
S(t), free nuclear DNA, D(t), and cisplatin:DNA adducts, A(t).

Transport across the cell membrane is assumed to occur by simple diffusion, and transfer between the cytoplasmic and nuclear compartments is
similarly assumed to be a diffusion process. The DNA and nuclear cisplatin interact according to second-order kinetics, as do cytoplasmic
cisplatin and thiols. Thiols also enter the cell by simple diffusion, and DNA is repaired according to first-order kinetics. These considerations yield
the full model:

dCdt=ka(Ce−C)−kbCS−kc(C−N),      (9.7)

dNdt=kc(C−N)−kdND,      (9.8)

dSdt=−kbCS+kf(Se−S),      (9.9)

dDdt=−kdND+keA,      (9.10)

dAdt=kdND−keA,      (9.11)

where Ce and Se are the constant extracellular cisplatin and thiol concentrations, respectively, and all other parameter meanings are
straightforward to interpret. Assuming that the free DNA concentration is nearly constant, the term kdN D for cisplatin-DNA interaction can be
replaced by kdD0. We present this model as an example of applying basic chemical kinetic concepts to the topic and do not comment on it
further. El-Kareh and Secomb [22] also proposed a simple model for cisplatin uptake and DNA binding by first-order kinetics.

9.2.2 Paclitaxel uptake and intracellular pharmacokinetics

We study a model of paclitaxel uptake and intracellular pharmacokinetics developed by Kuh and colleagues [44] that successfully described
paclitaxel in vitro dynamics. Paclitaxel is a mitotic inhibitor that binds to tubulin and induces polymerization of microtubules. Paclitaxel inhibits
microtubule dynamic remodeling, and at high doses it increases cellular microtubule mass. It is highly protein bound in the extracellular space,
and within the cell it is almost entirely bound to cellular components. Overall, the model accounts for the following behaviors.



1. Transport across the cell membrane of free drug by simple diffusion.
2. Saturable binding of paclitaxel to extracellular proteins within the medium.
3. Saturable and non-saturable binding of paclitaxel to cellular components.
4. Time and concentration dependent changes in microtubule mass. Such microtubules serve as cellular paclitaxel binding sites, and this

increase in microtubule mass increases cellular saturable binding.
5. Time and drug concentration dependent changes in cell number.

The model derivation is somewhat non-standard and clever. The experiment considered 106 cells incubated in 1 ml of medium. Six drug
populations are explicitly considered in the model derivation: the total amount of intracellular drug (AT,c), the total amount of drug in the medium
(AT,c), the total concentration of intracellular drug (CT,c), the total concentration of drug in medium (CT,m), and the concentrations of free (versus
bound) drug within the cell (CF,c) and medium (CF,m).

The total amounts of cellular and extracellular drug are simply

AT,c=Vc×CT,c,      (9.12)

AT,m=Vm×CT,m,      (9.13)

where Vc is the total cellular volume, and Vm is the volume of the medium. Differentiating and applying the product rule implies that

dAT,cdt=VcdCT,cdt+CT,cdVcdt,      (9.14)

dAT,mdt=VmdCT,mdt+CT,mdVmdt.      (9.15)

It is assumed that the volume of the medium stays constant, so the second term for extracellular drug can be neglected. The change in both drug
amounts can also be expressed as a function of the concentration differences of free drug across the membrane. Therefore, altogether we have
that changes in the total drug amounts can be expressed as follows:

dAT,cdt=VcdCT,cdt+CT,cdVcdt=CLfN(CT,m−CT,c),      (9.16)

dAT,cdt=VmdCT,cdt=CLfN(CT,c−CT,m),      (9.17)

where CLf is the clearance (i.e., diffusion) rate of free drug across the cell membrane per cell, and N is the total number of cells.

The total number of cells, and hence the total cellular volume, Vc, is not constant, as the cell population in this experimental setup either expands
or contracts exponentially. At low paclitaxel concentrations there is a small growth rate overall, while at higher concentrations there is net death.
Instead of making the change in N a function of cellular drug concentration, Khu et al. determined clonogenic expansion as an empirical function of
drug concentration in the medium. That is,

N(t)=N(0)ekNt,      (9.18)

where the parameter kN is determined empirically as a function of the initial drug concentration in the medium; i.e., kN = kN(Ctotal,m(0)). Also,
total cellular volume can be expressed as

Vc=V0N=V0N(0)ekNt,      (9.19)

where V0 is the volume of a single cell.

Next we consider drug binding to cellular components and proteins. Instead of explicitly modeling the time-dependent binding of intracellular drug
to cellular components and extracellular drug to proteins, the authors use the steady-state expressions for total drug concentrations as a function
of free drug. For saturable binding of a ligand to a protein, the concentration of bound protein:ligand can be expressed as a function of free ligand
in general terms. Specifically,

BCK+C,      (9.20)

where B is the number of binding sites, C is the concentration of free ligand, and K is a constant. This follows from standard chemical kinetics
analysis. For non-saturable binding, Khu et al. assumed that the bound drug is a linear function of free drug. It follows that total drug concentrations
can be expressed as

CT,c=CF,c+BcCF,cKd,c+CF,c+NSB×CF,c,      (9.21)

CT,m=CF,m+BmCF,mKd,m+CF,m,      (9.22)

where Bc(t) and Bm are the total number of intracellular and extracellular saturable binding sites, respectively. Note that Bc(t) is a function of time,
and N S B is the proportionality constant for non-saturable binding sites within the cell; there is no non-saturable binding in medium.

These equations are quadratic in CF,c and CF,m. Some algebra yields the (positive) solutions for CF,c and CF,m in terms of CT,c, CT,m, and
several parameters:

CF,c=−B+(B2+4(1+NSB)Kd,cCT,c)122(1+NSB),      (9.23)

CF,m=−A+(A2+4Kd,mCT,m)122,      (9.24)

A=Kd,m+Bm−CT,m,      (9.25)

B=(1+NSB)Kd,c+Bc(t)−CT,c.      (9.26)

We now discuss the time dependency of Bc(t). Paclitaxel binds saturably to tubulin and microtubules. However, such binding also increases the
stability of microtubules and, at high drug concentrations, increases the mass of microtubules. Therefore, the number of intracellular binding sites
available to paclitaxel increases with intracellular paclitaxel binding. This feedback loop was not directly modeled by Khu et al., but the time-
dependent increase in microtubule mass was instead determined as an empirical function of the initial extracellular drug concentration:



Bc(t)=Bc0(1+kB,ct),      (9.27)

kB,c=kB,c(CT,m(0)).      (9.28)

The number of binding sites increases linearly in time with slope kB,c, which is determined empirically as a function of the initial drug
concentration in the medium.

Finally, using equations (9.14) and (9.15), solving in terms of dCT,c/dt and dCT,m/dt and substituting the algebraically determined solutions for
CF,c and CF,m yields a final system of 2 differential equations:

dCT,cdt=(CF,m−CF,c)CLfV0−kNCT,c,      (9.29)

dCT,cdt=(CF,c−CF,m)CLfN0ekNtVm.      (9.30)

9.3 Pharmacokinetics
Pharmacokinetics describes how drugs are distributed in and eliminated from the body. Three broad approaches have traditionally been used in
this field. The first is compartmental modeling, where the body is divided into one or more discrete compartments (often aggregations of multiple
tissue types) into which drug distributes. Typically, exchange occurs between the compartments according to first-order kinetics. Physiological
modeling employs anatomical compartments (plasma, liver, kidney, etc.) and blood flow rates between the compartments govern drug
distribution. Model-independent pharmacokinetics are used to characterize the distribution and elimination of drug in plasma without using any
complex underlying model. Simple quantities such as plasma area under the curve (AUC), volume of distribution (VD), and elimination half-life
(t1/2) are measured under this approach.

One-compartment model. It is necessary to introduce a few basic concepts, which we do so in the context of a one-compartment model with
intravenous drug infusion. The dynamics of such a model are shown schematically in Figure 9.3. The first important concept is the (apparent)
volume of distribution (VD), which is the volume that the drug in plasma is “effectively” diluted in. That is, the plasma concentration, C, is related to
the amount of drug in the body, A, as follows:

C=AVD.      (9.31)

Figure 9.3

Schematic for one-compartment pharmacokinetic model with either continuous drug infusion at rate ka for time T, or a bolus of total dose D.

This yields VD:

VD=AC.      (9.32)

The volume of distribution gives an idea of how extensively a drug distributes from the plasma to body tissues. Typical volumes of body
compartments are 3 L for the plasma (the non-cellular component of blood), 5 L for blood, 15 L for all extracellular water, and 42 L for total body
water [68]. Therefore, if VD = 3 L, then the drug is sequestered entirely in the plasma; a VD of 5 L implies that it stays within the blood but freely
enters erythrocytes. In general, the larger the VD the more extensively a drug distributes into body tissues. Many drugs also bind extensively to
plasma proteins, principally albumin. Such bound drug is very slow to exit the plasma, and only free drug should be considered in VD calculations.

The first order plasma elimination rate, kel, is (obviously) the rate at which drug is eliminated from plasma. It is important to note that this rate
depends upon the distribution of drug between plasma and tissues, and thus depends upon the volume of distribution.

The plasma clearance Clp, unlike kel, is independent of VD. Plasma clearance rate has units of volume per time (e.g. L/hr), and reflects the
volume of plasma from which drug is completely removed in a unit of time. Thus, it simultaneously measures both the rate at which the clearing
organ excretes the substance and the rate of plasma flow through the organ [64], which is typically the kidney. Assume the kidneys are
responsible for the clearance. Plasma flow through the kidneys is constant and a certain volume of this plasma will be cleared per unit time; this is
precisely the clearance parameter Clp. If the volume of distribution is large, the plasma drug concentration will be small. Only a small amount of
drug will be cleared per unit time and therefore kel will be small. Mathematically, we have the following relationships:

dAdt=ClpC=−kelA=−kelVDC,      (9.33)

Clp=kelVD.      (9.34)

The plasma area under the curve (AUC) is simply the integral of drug concentration C(t) over time:

AUC=∫0∞C(t)dt.      (9.35)

The AUC has units concentration × time (e.g., mg hr L−1). Interestingly, dose, plasma clearance, and plasma AUC are all related. For bolus of
size D, the initial drug concentration is C0 = D/VD, and C(t) = C0 exp(−kelt). Integrating gives:

AUC=∫0∞DVDe−keltdt=DVDkel=DClp.      (9.36)

This relationship also holds for any infusion schedule as long as the total dose delivered is D.



Finally, using these concepts we can easily frame the dynamics of the one-compartment model with an initial bolus of size D in the following way:

dAdt=−kelA=−kelVDC=−ClpC=−ClpAVD=−DAUCC,      (9.37)

dCdt=1VDdAdt,      (9.38)

A(0)=D,      (9.39)

C(0)=DVD.      (9.40)

For a continuous infusion at rate ka from time 0 to T the equations are similar, but with a “+kaH(T − t)” term on the right side.

Two-compartment model. We now present the two-compartmental pharmacokinetic model, which explicitly models the distribution of drug from
the central compartment (plasma) to the peripheral compartment (tissue) (Figure 9.4). The time course of plasma drug concentration for a two-
compartment model is markedly different from the one-compartment model. It is characerized by two phases: the initial distribution (α) phase
where plasma drug concentration rapidly drops as it is sequestered in tissue, and a much slower elimination (β) phase where plasma and tissue
drug are essentially at equilibrium and drug clearance (i.e., kel) is slower. This pattern is shown in Figure 9.5.

Figure 9.4

Schematic for a two-compartment pharmacokinetic model.

Figure 9.5

Two-phase plasma drug concentration dynamics for a two-compartment model. Shown is the two-compartment model for doxorubicin plasma
concentration from Greene et al. [31] with A = 4425 nM, α = 4.159 hr−1, B = 87 nM, and β = 0.02530 hr−1.

Using the so-called microscopic rate constants, the differential equations describing the amount of drug in the two compartments are the
following:

dA1dt=k21A2−k12A1−kelA1,      (9.41)

dA2dt=k12A1−k21A2,      (9.42)

where A1 is the amount of drug in the central compartment (plasma) and A2 is the amount in the peripheral compartment (tissue). Typically, the
drug concentration in the central compartment (plasma) is of interest and can be easily measured.

For a bolus infusion, the plasma concentration, C, is usually reported using the following model:

C(t)=Ae−αt+Be−βt.      (9.43)

This model is popular because of its simplicity and because the so-called macroscopic rate constants A, α, B, β can be estimated graphically
from a plot of plasma concentration vs. time. In general A » B and α » β. Heuristically, this model can be thought of as the superposition of two
separate models. Because A » B, in early time A exp(−αt) » B exp(−βt), and during this time the drug is distributing from the plasma to peripheral
tissues, and C(t) = A exp(−αt) is the model for the distribution phase. The concentration in this model quickly goes to zero, as α is large. Following
distribution, C(t) = B exp(−βt) is the model for plasma concentration during the elimination phase. Explicit expressions relating the macroscopic



and microscopic rate constants can be derived (see [68] for details).

Extensions. The two-compartment model above can be extended to consider an arbitrary number of compartments, which may have various
physical interpretations. The usual notation for a three-compartment model is:

C(t)=Ae−αt+Be−βt+Ce−γt.      (9.44)

Another useful extension is to consider infusing a total dose D over the time interval (0, T), considering the two-compartment model as the explicit
summation of two independent compartments:

dC1dt=ATH(T−t)−αC1,      (9.45)

dC2(t)dt=BTH(T−t)−βC2,      (9.46)

C(t)=C1(t)+C2(t).      (9.47)

An analytic solution for C(t) can be found by integration. (We leave this as an exercise.)

9.4 The Norton-Simon hypothesis and the Gompertz model
Having covered some basics, we devote the next block of this chapter to models focusing on the optimal scheduling of treatment regimes. The
influential Norton-Simon and Goldie-Coldman models are our major focus.

We begin our discussion of modeling in vivo cancer treatment with a coupling of the log-kill model and the Gompertz model for in vivo tumor
growth. The Gompertz model is a sigmoidal growth curve often used to describe tissue growth. While derived from an actuarial model unrelated
to biology, it can be interpreted as a model for growth that is initially exponential, but the rate of growth decreases exponentially with either time or
organ size. There are multiple mathematical forms of the model, and the reader can consult Chapter 2 for a detailed discussion of growth curves
in cancer. This simple growth law has been applied to human tumors and has motivated “dose-dense” treatment schedules for breast cancer
chemotherapy.

9.4.1 Gompertzian model for human breast cancer growth

In 1988, Norton fit a Gompertzian model to human breast cancer growth [53], which we use as our tumor growth model for the remainder of this
section. Recall from Chapter 2 that the model can take the following form:

dNdt=bNln(N∞N),      (9.48)

which has solution,

N(t)=N0exp(k(1−exp(−bt))),      (9.49)

where

k=ln(N∞N0).

Using this model, Norton estimated that breast cancer was typically diagnosed at a volume of about 5 mL of packed cells, corresponding to N0 =
4.8 × 109 cells. Death occurred at a total cancer burden of 1 L, giving the lethal load NL = 1012 cells. Furthermore, N∞ = 3.1 × 1012 cells (3.1
liters), and b had a log-normal distribution with mean −2.9 and standard deviation 0.71.

9.4.2 The Norton-Simon hypothesis and dose-density

Chemotherapy primarily targets rapidly dividing cells, and when multiple treatments are delivered, there is tumor regrowth between them. Under
the Gompertzian model, the tumor growth rate attenuates with tumor age and size, implying that smaller tumors are relatively more susceptible to
chemotherapy. Using this as theoretical motivation, Norton and Simon proposed the “Norton-Simon hypothesis”:

Therapy results in a rate of regression in tumor volume that is proportional to the rate of growth that would be expected for an
unperturbed tumor of that size.

It follows from the Gompertz model (or any model of sigmoidal growth) that more closely spaced treatments will result in greater cell kill, as less
regrowth will occur between treatments. Moreover, the tumor at the start of each treatment will be smaller, implying that the growth rate will be
greater than for a larger tumor, and per the Norton-Simon hypothesis therapy will result in greater rates of regression.

9.4.3 Formal Norton-Simon model

In Norton and Simon’s original 1977 work [54], they proposed that cell kill due to some chemotherapy occurs at a rate proportional to the tumor
growth fraction, giving the general tumor growth law under therapy:

dNdtGF(N)N(t)−L(t)GF(N)N(t),      (9.50)

where GF(N) is the tumor growth fraction and L(t) is the current “level” of chemotherapy. Applying this concept to the Gompertz model, we have:

dNdt=bln(N∞N(t))︸growth fraction(N(t)−L(t)N(t)).      (9.51)

Note that if L(t) = L0 is constant over time, then the analytic solution is simply

N(t)=N0exp((N∞N0)(1−e−b(1−L0)t))).      (9.52)

Using this simple theoretical model, we can make several predictions concerning optimal scheduling of a total dose of chemotherapy, DT ,
delivered in K treatments. Norton and Simon’s primary result was that dose-density should be maximized. That is, the time interval between



doses should be minimized. Dose-density is a somewhat nebulous concept, as there is no precise way to compare the “density” of two different
regimes. Note that dose-dense is not equivalent to high-dose, as high doses widely spaced may not be very “dense” in time. Dose-density is also
not equivalent to dose-intensity, which is the dose delivered per unit time. We can say that for a fixed total dose, a more intense schedule is also
more dense.

The efficacy of a treatment regime is typically measured using two primary metrics:

1. Cancer cell nadir: The lowest cancer cell count achieved. If the predicted nadir is very low, perhaps less than several hundred cells, then
chemotherapy may be curative. That is, there is a reasonable probability that all cancer cells are eliminated and the cancer is totally cured. If
there is a reasonable chance of cure, then the goal of chemotherapy is to minimize the nadir.

2. Survival time: The total amount of time that the patient survives when chemotherapy is not curative. If there is not a reasonable chance of
chemotherapy being curative (the tumor burden is too high, the tumor is metastatic, or poorly responsive to therapy, etc.) then the goal of
chemotherapy is to maximize survival time.

We examine the Norton-Simon hypothesis applied to the Norton model for Gompertzian breast cancer growth computationally, using N0 = 4.8 ×
109 and assuming that death occurs at the lethal load NL = 1012 cells. For each treatment, we impose a constant level of drug, L(t), over some
relatively brief interval—e.g., 24 hours. Our results may be summarized as follows:

1. For a given dose DT divided into K treatments, the earlier that treatment is initiated the lower the cancer cell nadir. However, survival time is
not affected by the time of treatment initiation.

2. Spacing treatments more closely—i.e., using a more dose-dense treatment schedule—results in a lower cell nadir, but inter-treatment time
does not affect survival time (see Figure 9.6).

3. The number of treatments, K, into which a constant total dose is divided does not affect survival time, except if K is so large that tumor
growth is markedly positive. Cell nadir increases monotonically with K.

4. Increasing dose-density is relatively more beneficial, in terms of cell nadir, for more rapidly growing tumors.

Figure 9.6

The left figure shows 10 treatments spaced either 15, 30, or 45 days apart under Gompertzian growth and the Norton-Simon hypothesis. The
former, more dose-dense regime results in a lower cancer cell nadir, but all regimes converge to the same asymptotic growth curve and overall
survival time is equivalent. The upper dashed line is the unperturbed growth curve, and patient death is expected to occur at the solid line for
unperturbed growth and at the dotted line when treatment is applied. The right figure plots the cancer cell nadir vs. inter-treatment time (for 10
treatments) for tumors with different growth rate parameters (b), demonstrating that the benefit to dose density is greater for faster growing
tumors.

Overall, the Norton-Simon model predicts that survival time, in the absence of a cure, is remarkably independent of the treatment schedule: the
time at which therapy is initiated, the number of treatments, and the inter-treatment time are all unimportant. However, if the goal of therapy is to
cure the tumor by eradicating all cancer cells—i.e., minimize the cancer cell nadir— then treatment should be initiated as soon as possible, inter-
treatment time should be minimized (dose-density), and the total dose should be delivered in as few infusions as possible.

Since decreasing the cancer cell nadir transiently reduces the tumor burden without affecting overall survival time, dose-dense regimes may
improve early survival and perhaps increase median survival time without affecting the longterm survival rate.

9.4.4 Intensification and maintenance regimens

Norton and Simon [54] argued that their model supports a treatment plan of initially moderately intense treatment to decrease tumor size and
hence increase growth rate, followed by late intensification to take advantage of the increased growth fraction of a smaller tumor. Moreover, they
argued that low-dose maintenance therapy likely has little effect on survival. From simulations, however, we can see that if the same total dose is
delivered, it is irrelevant whether treatment employs a constant dose or early or late intensification. Under any model where cell-kill is proportional
to drug concentration, if intensification involves an increase in total dose then it will be beneficial, but this is no profound result.

9.4.5 Clinical implications and results

In practice, drug sensitivity in tumors is heterogeneous, so combination chemotherapy with several agents is used, with agents given either
sequentially, concurrently, alternating, or in some combination. The Norton-Simon model is interpreted to predict that dose-dense schedules with
agents given in sequence, rather than concurrently or in alternating schedules, are best. The strategy is to eliminate all cells sensitive to each
agent independently, which is best accomplished by a dose-dense schedule. Sequential delivery is therefore preferred because the dose level
and density can be maximized when toxicity from concurrently delivered agents is absent.

When tested in clinical trials, dose-dense strategies have enjoyed modest success. The major trial supporting dose-density is the Cancer and
Leukemia Group B Trial 9741 (CALGB 9741) [14], in which patients were treated with combination therapy by doxorubicin (A), paclitaxel (T), and
cyclophos-phamide (C), in one of four sequences: (1) A-T-C with doses every 3 weeks, (2) A-T-C with doses every 2 weeks, (3) AC-T (i.e., A and
C concurrent) every 3 weeks, or (4) AC-T every 2 weeks.

Dose-density was associated with improved disease-free and overall survival, and sequential and concurrent schedules were equally effective.



This trial is important as it was purely a test of dose-density, while the interpretation of most trials purporting to test dose-density is complicated
due to variations in treatment arms (e.g. total dose, number of cycles, etc. See [12] for a recent meta-analysis and review of such studies).

As an aside, we point out that any model with tumor regrowth between treatments, even simple exponential growth, would predict that a more
dose-dense regime would result in a lower cancer cell nadir. Therefore, we cannot reasonably infer from modest clinical results that the Gompertz
model is an accurate description of the natural history of individual breast cancers. See Chapter 7 for a discussion of associated controversies
concerning the natural history of breast cancer.

9.4.6 Depletion of the growth fraction

We can see from its basic mathematical expression that the Norton-Simon model assumes that tumor growth fraction following treatment is
equivalent to that of an unperturbed tumor allowed to grow to the same size:

dNdt=GF(N)N(t)−L(t)GF(N)N(t).      (9.53)

The growth fraction is a function only of the current tumor size; i.e., GF = GF(N). This directly implies the basic tenant of the Norton-Simon
hypothesis:

The efficacy of chemotherapy is proportional to the rate of growth of an unperturbed tumor of equivalent size.

Unfortunately, this ignores the perturbation in the underlying population age-structure caused by treatment. Proliferating cells are exclusively
targeted under the Norton-Simon hypothesis, so there must be a dramatic reduction in proliferating cells following treatment. The growth fraction
(at least immediately) following treatment is most likely reduced, not increased. Therefore, we have GF ≠ GF(N), and the growth fraction is a
function of the number of actively proliferating cells, which is not a simple function of N (at least when the tumor cell population is not at a steady
state distribution, which it most definitely will not be following cytotoxic treatment).

Gyllenberg and Webb showed that a system in which cells transition between quiescent (Q) and proliferating (P) compartments can exhibit Gom-
pertzian growth kinetics [33]. (See Chapters 2 and 4 for details.) Kozusko, Bajzer, and colleagues [42, 43] later studied treatment under this
model, and concluded that following treatment the tumor “is not the same tumor” and the Gompertz growth equation cannot be directly reapplied to
determine the growth trajectory. Nor can it, then, necessarily be used to predict response to treatment.

In [43], analytic solutions for tumor growth following treatment are derived which demonstrate that treatment fundamentally alters the growth
trajectory by changing the asymptotic tumor size, Nom, and if N/P is sufficiently small, tumor growth will be negative following the end of treatment.
The authors also concluded, like Norton and Simon, that a dose-dense schedule is preferable and faster growing tumors respond better to dose
density. However, they compared increasing, constant, and decreasing dose schemes and found that a decreasing schedule is best,
contradicting Norton and Simon, who suggested dose intensification as a treatment strategy. Thus, a model giving gross Gom-pertzian kinetics
but with an underlying population structure can differ in its predictions for optimizing therapy.

9.5 Modeling the development of drug resistance
While kinetic resistance plays a role in cancer treatment failure, evolution of intrinsically resistant cells is the major cause of treatment failure and
ultimately death in cancer. This situation is somewhat analogous to the evolution of widespread antibacterial resistance among bacteria
populations, which represents a growing threat to public health. Therefore, in this section we extend our discussion to models for antibacterial
resistance as well. We begin with the enormously important work of Luria and Delbrück and later extensions by Lea and Coulson [45] which
established the cause of resistance to viral attack in bacteria.

9.5.1 Luria-Delbrück fluctuation analysis

In their landmark 1943 paper [47], Luria and Delbrück attempted to determine the cause of bacterial resistance to bacteriophage infection. When
bacterial cultures are challenged with a phage virus, the vast majority of bacteria are killed. However, the cultures tend to regrow, and when they
do they resist infection by the same phage. Prior to Luria and Delbrück’s paper, two hypotheses had been suggested to explain this
phenomenon. The first supposed that mutations conferring resistance arise prior to infection. When exposed to the phage, clones carrying these
resistance mutations survive and repopulate the culture, passing their resistance to their offspring. In other words, resistance evolves by natural
selection, although, oddly, Luria and Delbrück and most researchers following in their footsteps resist expressing the hypothesis in explicit
Darwinian terms. The second hypothesis posits that bacteria develop a sort of immunity to the phage, analogous to mammalian immune memory.
Under this hypothesis, the initial bacterial die-off is not complete; some bacteria, for whatever reason, heritable or otherwise, resist being killed.
Those that survive then acquire some mechanism that blocks bacterial infection, and this acquired mechanism is somehow passed to their
offspring. So, in summary, hypothesis one claims that resistance to the phage evolves, whereas hypothesis two supposed resistance is acquired.

Luria and Delbrück’s experimental test of these hypotheses has led to an experimental design called fluctuation analysis. Here is the approach:

Step 1. From a large parental culture of bacteria, take a number of samples and plate them on phage-impregnated media, so that only resistant
variants will grow. If resistance is acquired, then some fraction of cells will acquire resistance and, assuming the probability of becoming resistant
is small, the number of resistant variants will be approximately Poisson distributed (the actual distribution is binomial). That is, the variance equals
the mean. If resistance is due to spontaneously arising, pre-existing mutants, the number of resistant variants recovered simply reflects the
prevalence of mutants in the parental population and will also be Poisson distributed.

Step 2. Now, take a number of small samples from the parental culture (so that the likelihood of pre-existing mutants is vanishingly small) and
expand these cultures in parallel to a fixed size. Then re-plate on selective media to determine the number of resistant variants. Under the
acquired resistance hypothesis, resistance is not induced until the final challenge, and the total number of resistant variants should again be
Poisson distributed. However, if resistance is due to selection for resistance mutations, the number of resistant cells will vary (“fluctuate”) widely
as a consequence of rare mutations occurring at different points in time. In this case, variance will be much greater than the mean (rare early
mutations imply a large mutant population). Analysis of these fluctuations provides a means to estimate mutation rates.

In the following sections we largely follow Luria and Delbrück’s original argument. Although it is a bit old-fashioned and not up to modern
standards of rigor, we stick with it to help those interested in reading the original paper interpret the result. In outline, Luria and Delbrück first
generate equations for the expected number of mutation events and the expected (or average) number of resistant cells (with some hand-waving).



Then, they calculate the variance for resistant cells under the two competing hypotheses. Experimental results confirmed the predictions
associated with the mutation-selection hypothesis, indicating that resistance arises by selection on pre-existing mutants rather than an acquired
resistance. This process is summarized schematically in Figure 9.7.

Figure 9.7

Schematic for Luria-Delbrück fluctuation analysis to distinguish between hypotheses for resistance to viral attack in bacteria.

9.5.1.1 Step 1: Expected number of mutations and resistant cells

Luria and Delbrück start with the assumption that laboratory bacterial populations grow exponentially. They normalized time such that a unit of
time equals the average bacterial division time divided by ln 2. Therefore,

dNdt=N⇒N(t)=N0et,      (9.54)

where N(t) is the bacterial population size at time t. (They use the notation Nt for N(t).) They also assumed that resistance mutations occur with a
fixed probability with each cell division. They argue that, given their choice of time units, the probability that a single bacterium acquires a
resistance mutation in a small time interval dt is α dt, and number of mutations, dm, which occur in this interval is given by

dm=αN(t)dt.      (9.55)

To get the average number of mutations that occur in t ∈ (0, T), they integrate the following:

m=∫0Tdm=∫0TαN(t)dt=∫0TαN0etdt=α(N(T)−N0).      (9.56)

Assuming that the rate of mutations is small, Luria and Delbrück argue that the number of mutation events is Poisson-distributed. Therefore, the
probability a culture of bacteria experiences no mutational events, P0, would be

P0=e−m.      (9.57)

This is all well and good, but we are really interested in the number of resistant cells, not just the number of resistance mutations, that have arisen.
Since mutations are passed vertically from mother to daughter cells, the number of mutant cells expands exponentially from all original mutant
“foundresses.” So, let ρ(t) be the number of resistant cells in a bacterial population. Assuming these cells proliferate with the same kinetics as
drug-senesitive cells,

dρdt=ρ+αN(t).      (9.58)

Luria and Delbrück then integrate over the interval (0, T) assuming that no resistant cells are initially present (ρ(0) = 0) to obtain the expected
(average) number of resistant cells:

ρ=αTN(T).      (9.59)

From here, Luria and Delbrück argue that most experimental bacterial populations will not conform to this average. Because mutations in early
generations are highly unlikely due to the small population size, in real experiments one typically sees ρ « αT N(T). Occasionally, however, early
mutations will generate a very large resistant population, so it can happen that ρ » αT N(T). Nevertheless, for experiments of limited size, the
observed average will typically be lower than that predicted by equation (9.59), making the average less useful in actual experiments. So, Luria
and Delbrück derive an expression for the “likely average ρ” one can expect to see in real experiments, which they denote r. To find r, they solve
equation (9.58) over the interval (T0, T) to obtain

r=αT(T−T0)N(T),      (9.60)

where T0 is set to be the average time by which only a single mutation occurred in a group of C cultures. (So, T0 is a function of C.) From this and
equation (9.56) they find that

1=αC(N(T0)−N0).      (9.61)

Assuming N0 = 0 and noting that N(T0) = N(T) exp(T0 − T), substitution and some rearrangement of equation (9.61) yields

T−T0=ln[ αCN(T) ].      (9.62)

Substituting this into equation (9.60) yields a transcendental equation for r,

r=αN(T)ln[ αCN(T) ].      (9.63)

From here, two methods have been developed to estimate the mutation rate, α. The first, called the method of means, is to solve the



From here, two methods have been developed to estimate the mutation rate, α. The first, called the method of means, is to solve the
transcendental equation (9.63) numerically for α. The second, or P0 method, uses P0, the fraction of cultures without resistance present. As
above,

P0=e−m=e−α(N(T)−N0)≈e−αN(T)⇒α=−mN(T)−lnP0N(T).      (9.64)

We have now generated predictions assuming the mutation hypothesis is true. The second step of Luria-Delbrück fluctuation analysis is to
analyze the fluctuations to test these predictions.

9.5.1.2 Step 2: Test the mutation-selection hypothesis

To test hypothesis, Luria and Delbrück produce an estimate of the variance in number of resistant cells. They begin by estimating the partial
distributions of number of resistant bacteria due to mutations arising in the time interval (T − τ, T − τ + dτ). We estimate that, in this interval,

dm=αN(τ)dτ=αN(T)e−τdτ.      (9.65)

At the time of observation, T, they argue that each mutant clone arising in dτ has grown to size eτ. Therefore, the distribution of number of mutants
from dτ has a mean eτ times greater and a variance e2τ times greater than the mean of the distribution of number of mutation events. Since this
latter distribution is assumed to be Poisson, one has that

dρ=μN(T)dτ,      (9.66)

vardρ=αN(T)dτ,      (9.67)

Integrating over either (0, T) or (T0, T) gives:

varρ=αN(T)(eT−1),      (9.68)

varr=αN(T)(eT−T0−1).      (9.69)

Substituting T − T0 from equation (9.62) yields

varr=Cα2N(T)2.      (9.70)

Finally, the ratio of variance to mean becomes

varrr=αCN(T)lnαCN(T).      (9.71)

It follows that varr » r if αC NT » 1. This latter quantity represents the total number of mutants, so the variance will be very high as long as we
expect a significant number of mutants to arise. In experiments, it is indeed observed that variance » mean, confirming the mutation-selection
hypothesis.

9.5.1.3 Later work

In 1949, Lea and Coulson [45] derived a probability generating function for the distribution of mutants and proposed several new methods to
estimate the number of mutants, and hence rate of mutation. For a review of theoretical work that followed over the next half century, see Zheng
[70]. Foster [24] gives a fairly concise review of practical methods for estimating mutation rates.

9.5.2 The Goldie-Coldman model

Work following that of Luria and Delbrück confirmed and amplified their results so that by the time Goldie and Coldman published their original
1979 paper [28], it had become well established that microbial populations develop drug resistance through spontaneous, inheritable mutations
that arise independently of the agent, and that the emergence of resistant phenotypes is the primary cause of antibiotic treatment failure.
Assuming a similar process occurs during cancer treatment, Goldie and Coldman derived a simple, testable model for cancer chemotherapy
resistance. The model assumes that all cancer cells have unlimited replicative potential, considers treatment with only a single drug, and assumes
that cells are either sensitive or totally resistant to the drug. Let N represent the tumor size (say, mass of cells), µ be the mass of resistant cells,
and let α and β be the rates per cell division at which cells mutate in and out of the resistant class, respectively. Furthermore, normal and mutant
cells are assumed to follow the same growth kinetics. From these assumptions, Goldie and Coldman argued that the change in µ with a small
change in N (ΔN) can be expressed as follows:

μ(N+ΔN)=μ+μNΔN︸growth of mutants+α(1−μN)ΔN︸mutation in−βμN︸mutation out.      (9.72)

Expanding µ(N + ΔN) using Taylor’s theorem yields

μ(N+ΔN)=μ+dμdNΔN+O(ΔN2).      (9.73)

Equating the two expressions, dividing by ΔN, and letting ΔN → 0 gives

dμdN=μN+α(1−μN)−βμN.      (9.74)

If one assumes that resistance is a permanent condition (β = 0), then we have the following solution for µ under initial conditions N(0) = 1 and µ(0)
= 0:

μ(t)=(1−N(t)−α)N(t).      (9.75)

From this it easily follows that the fraction of resistant cells within the tumor at any time, F, is given by:

F(t)=μN=1−N−α,      (9.76)

where time dependencies on the r.h.s. have been suppressed for brevity.



Alternatively, as mentioned in Chapter 7, one can derive the model from a differential equation giving the rate of change of µ with respect to time
from first principles:

dμdt=(μN)dNdt︸growth of mutants+αdNdt(1−μN)︸muttion in−βdNdt(μN)︸mutation out.      (9.77)

Note that model (9.77) is not particular to chemotherapy resistance; it represents a general model for the emergence of any mutant from a wild-
type population.

An attractive property of this model is that the number of mutants does not depend upon any underlying growth law for the primary tumor: the
instantaneous tumor size at any time gives the expected number of mutants. However, we can see that this is a consequence of the assumption
that the cell division rate is precisely equal to dN/dt, which is not necessarily the case. For example, rapid proliferation nearly balanced by rapid
cell death gives a very small dN/dt, but mutants will emerge far faster than predicted by the model. An alternative model can be derived that
accounts for this behavior, and we suggest it as a student project.

Now let us return to the model and its predictions. As pointed out in the original paper, rare mutations early in time lead to a large mutant
population later in time. Such mutations have a disproportional effect upon the mean number of mutant for a given tumor size, and therefore the
number of mutant has a highly right-skewed distribution, and the expected value, µ, gives limited information. Goldie and Coldman confirmed this
using a stochastic simulation of the model.

Now assume that the presence of any resistant mutants leads to treatment failure. To determine the probability that a tumor can be cured, we
must determine the probability that a resistant colony has arisen at the time of diagnosis—i.e., the probability that at least one mutation has
occurred. Because of its right-skewed distribution, the mean number of mutant cells µ is not a surrogate for the expected number of mutation
events. Using arguments similar to those above, we can derive an expression for the probability that no resistant colonies exist in a tumor of size
N, which we designate as P(N). Expanding P around N using Taylor’s theorem gives:

P^(N+ΔN)=P^(N)+dP^dNΔN+O(ΔN2).      (9.78)

For the small population increment ΔN, the rate at which mutants arise is approximately equal to the constant value αΔN. Therefore, the (random)
number of mutations is approximately Poisson-distributed, and the probability that no mutation occurs during the interval ΔN is approximately

P^(ΔN)=exp(−αΔN).      (9.79)

Finally, we have the following relationships:

P^(N+ΔN)=P^(N)×P^(ΔN)=P^(N)exp(−αΔN)=P^(N)(1−αΔN+O(ΔN2)).      (9.80)

The last step uses the Taylor-series expansion for exp(−αΔN). Equating the right-hand sides of (9.78) and (9.80), dividing by ΔN and neglecting
terms of O(ΔN2) gives the following:

dP^dN=−αP^(N).      (9.81)

Integrating and applying initial conditions P(1) = 1 yields our final expression for P(N):

P^=exp(−αN+α).      (9.82)

So, the probability that no cell in the population acquires a mutation decreases exponentially with the total tumor size at a rate equal to α, the
mutation rate per cell cycle. This and the expected number of mutant cells, µ, as a function of the logarithm of tumor size, ln N, are shown in Figure
9.8. From the figure it is apparent that the model predicts that with increasing tumor size there is a rapid transition from nearly curable to nearly
incurable. This can also be seen with a few simple calculations. Suppose P = 0.95; then we can solve for the tumor size with that characteristic,
which we denote N95. We can likewise solve for a tumor size yielding P = 0.05, namely N05. Then, for any value of α, we have

ln(N05N95)=4.067=eln(2)×5.87.      (9.83)

Figure 9.8

The expected number of mutant cells, µ, and the probability that no mutant colony exists, P, as a function of total tumor size N. Here, α = 10−6.
Also note that when P = 0.5, we have µ ≈ 9.32.

The last point shows that under an exponential tumor growth model it takes just under six doubling times for a tumor to become nearly incurable.
Therefore, the model predicts that treatment should be initiated as soon as possible, lest the window of opportunity be missed.

A reasonable range for α is between 10−5 and 10−8. Since about 109 cells must be present for cancer diagnosis, the probability that no
treatment-resistant mutant exists by the time of diagnosis is essentially negligible. Even under very optimistic parameter values—e.g., α = 10−8
and N = 108—the probability of cure with a single agent is small. Therefore, the basic Goldie-Coldman model makes the following broad
predictions:



1. Treatment-resistant mutants arise early in a tumor’s natural history and are likely present at the time of clinical diagnosis.
2. The tumor fraction that is resistant increases with tumor size.
3. Treatment must be initiated as early as possible, as tumors rapidly transition from curable by a single agent to nearly incurable.

9.5.3 Extensions of Goldie-Coldman and alternating therapy

9.5.3.1 Two-drug Goldie-Coldman model

Several years after they published their original model, Goldie and Coldman extended their basic model to consider resistance to two non-cross-
resistant drugs [30]. From this model, they concluded that non-cross-resistant drugs should be alternated as quickly as possible to minimize the
probability that multi-drug resistant mutants arise during treatment. In the literature, this is generally regarded the major prediction of the Goldie-
Coldman hypothesis.

The model considers two drugs, T1 and T2, and three populations of resistant cells. We represent singly-resistant mutants by R1 and R2, which
are resistant to T1 and T2, respectively. Doubly resistant mutants are represented by R12. Cells mutate to become resistant to T1 and T2 at rates
α1 and α2 per cell division; these rates are the same whether mutating from sensitive to singly resistant or from singly to doubly resistant classes.
It is assumed that resistance to both agents must be acquired in a step-wise manner. Furthermore, the tumor is assumed to grow exponentially.
These assumptions give a basic model similar to the one above:

dR1dN=α1(1−R1+R2N)−α1R1N+R1N,      (9.84)

dR2dN=α2(1−R1+R2N)−α2R2N+R2N,      (9.85)

dR12dN=(α1+α2)R1+R2N+R1+R2N.      (9.86)

This model can also be rewritten using differential equations with respect to time, which we leave as an exercise. As above, the mean number of
resistant cells does not tell the whole story, as rare mutants that arise early in time expand the mutant population greatly. The distribution of
mutants is rightskewed, and we must determine the probability that no doubly resistant colony has arisen at the time of diagnosis or following
treatment. To this end, first assume that when there are N0 sensitive cells, the number of cells resistant to Ti is Ri(N0). Following some interval of
tumor growth after which N sensitive cells are present, Ri(N) is approximated as follows:

Ri(N)=R1(N0)NN0+αiNln(NN0).      (9.87)

Using arguments similar to those for the single mutant model (see [30] for details), one can derive the following expression for the probability that
no doubly resistant mutants exist when the tumor has size N2, given that no such mutants were present at size N1:

P(R12=0whenN=N2|R12=0whenN=N1)=exp(−α[ R1(N2)−R1(N1) ]−α1[ R2(N2)−R2(N1) ]+2α1α2(N2−N1)),      (9.88)

where Ri(Ni) is the number of singly resistant mutants at tumor size Ni. For initial conditions:

N1=1,R1(1)=0,and R2(1)=0,

equation (9.88) reduces to:

P(R12=0for a tumor of size N)=exp(−2α1α2[ 1+(ln(N)−1)N ]).      (9.89)

For a given initial tumor size, equation (9.89) gives the probability that the tumor is incurable—i.e., a doubly resistant colony exists. Then a
treatment regimen with tumor regrowth may be imposed. Equations (9.87) and (9.88) can be used to determine the probability that resistance
arises as a tumor regrows following a treatment that instantaneously reduces the tumor size. Such calculations can be done for different regimens
of T1 and T2 and are tedious but straightforward. Goldie and Coldman performed such numerical calculations assuming that a single treatment of
either T1 or T2 reduces the population of sensitive cells by two orders of magnitude (i.e., 2 log kill). Testing different regimes, they concluded that,
if the two treatments could not be given simultaneously, then it is best to alternate them as rapidly as possible to minimize the probability that
doubly resistant mutants arise.

9.5.3.2 Stochastic two-drug Goldie-Coldman model

Goldie and Coldman proposed a stochastic version of their two-drug model [29] using a simple stochastic birth-death process to model tumor
growth. In this model, only a subset of cells were considered to be tumor stem cells— i.e., have unlimited replicative potential. Using this model
they made an interesting prediction concerning the response of slow-growing versus fast-growing tumors.

Rapidly growing tumors typically respond much better to chemotherapy. For a number of acute leukemias, multi-agent chemotherapy is now
frequently curative. However, chronic slow-growing leukemias have a much poorer response and, while survival in such cancers is long due to
their indolent clinical course, treatment is very rarely curative. Such differences in response are traditionally ascribed to kinetic differences and the
much lower growth fraction of chronic versus acute cancers. However, as Goldie and Cold-man pointed out, many chronic leukemias are
characterized by a so-called blast crisis—a terminal phase in which growth accelerates rapidly. If kinetics were the only mechanism for
resistance, then cancers should become highly responsive in the blast crisis, yet response to traditional chemotherapy is dismal. The stochastic
Goldie-Coldman model suggests an explanation.

Slow-growing tumors are characterized by a near balance between birth and death that is tipped only slightly in favor of birth, while rapidly
growing tumors have relatively little internal death. Therefore, far more generations may pass in a chronic tumor, inducing genetic heterogeneity
that is orders of magnitude greater than that seen in acute tumors, implying that chronic tumors are far more likely to harbor many multi-agent
resistant clones than do acute tumors.

9.5.3.3 Relaxation of the “symmetry assumption”

Day, in 1986 [16], relaxed the “symmetry assumption” that both drugs are equally effective against the target population of the original Goldie-
Coldman model. Day developed a stochastic birth-death model of resistance to two drugs in which growth for all cell classes is approximately



exponential. It is essentially a stochastic version of the two-drug Goldie-Coldman model [30] in which all cells are stem cells. The model scheme is
outlined in Figure 9.9. The essential feature of this model is that the cytotoxic effect of the two drugs on the target populations vary asymmetrically,
and this significantly changes the model predictions for optimal scheduling. Day also considered asymmetry in other parameters, such as birth
rate. Treatment follows a stochastic log-kill model, implying that the number of survivors is binomially distributed.

Figure 9.9

Schematic for Day’s 1986 [16] stochastic version of the Goldie-Coldman model.

Birth-death process. While we have minimized our discussion of stochastic processes (with the notable exception of the Poisson process), we
briefly motivate the stochastic birth-death process and develop the basic algorithm for simulating Day’s model. Consider a one-dimensional birth-
death process for a single population of cells, letting N(t) represents the population size at time t. Let

λ = per-capita growth rate, and

µ = per-capita death rate:

We assume that births occur at the exponentially distributed rate λN = λN, and deaths occur at the exponentially distributed rate µN = µN. This
gives us a set of parameters, { λN }N=0N=∞, { μN }N=0N=∞, that describe transition rates for our Markov chain. Thus, at any state N, we have:

P(birth event)=PN,N+1=λNλN+μN

P(birth event)=PN,N−1=μNλN+μN

The overall rate of transition is exponentially distributed with rate λN + µN. This process approximates exponential growth with rate λ − µ.

Implementation of the Day model. For the Day model, we have a birth-death process that is “distributed” between 4 populations. The simplest
implementation of this model is given by the following algorithm:

Define T_max as time to run simulation.
N = Total number of cells.
Loop from time T = 0 until T = T_max
 1. Determine time until the next event according to random draw from an exponential distribution with mean 1 / (mu + lambda)
 2. Randomly determine if event is birth or death.
 3. If birth, set N = N + 1, else set N = N − 1.
 4. If birth, randomly choose progenitor cell based on frequency of each type.
   4A. If mother = S, generate one daughter R1 or R2 with probability alpha_1 and alpha_2, respectively
   4B. If mother = R1, generate one daughter R12 with probability alpha_2. Similar if mother = R2.
 5. If death, randomly select a population, S, R1, R2, or R12 to reduce by 1, based on the relative frequency of each.
 6. Advance time by time to next event.
 7. Impose cell death at appropriate treatment times.
End Loop

Unfortunately, this algorithm becomes prohibitively computationally expensive for more than about 108 cells. To handle larger cell counts, we
develop a hybrid stochastic and deterministic model. The basic algorithm for the case with resistance to a single drug follows (i.e. only S and R1
are considered):

Define N_threshold as the population size to switch from stochastic to deterministic dynamics.
Iterate through each day:
 1. If S < N_threshold:
   A. Run a birth-death process for 1 day and track the number of mutations.
   B. Transfer mutant cells to the R population
 2. If S > N_threshold
   A. Increase S according to the exponential growth function.
   B. Calculate the number of cell divisions that occurred.
   C. From the # of divisions, calculate the expected number of mutations.
   D. If the number of mutations is > than M_threshold, just add them to R.



   If not, iterate through each division and randomly determine if a mutation event occurred and add individual mutations to R.
   3. If R < N_threshold, run a birth-death process for 1 day.
   4. If R > N_threshold, expand the R population exponentially.
   5. Impose cell death at appropriate treatment times.

It is straightforward but somewhat tedious to extend this approach to the two drug situation, and we leave this as an exercise.

Predictions. Day confirmed, using simulations, that alternating schedules are excellent in the symmetric case, but in many asymmetric cases, a
simple alternating schedule is often far from optimal. While no universal principle applied to every case, Day found a “worst drug rule” to be
broadly applicable. That is, use the weaker of two drugs either first or for a greater duration than the stronger drug; an example of such a
treatment is given in Figure 9.10. This approach, somewhat counterintuitively, tends to increase survival as it better suppresses cells resistant to
the stronger drug and hence minimizes the emergence of two-drug resistant clones. This prediction runs counter to common clinical practice.

Figure 9.10

Example realization of treatment under the stochastic Day model using a simple birth-death process. Three treatments of the weak drug are
followed by three of the strong; parameters are λ = 1.0, µ = 0.4, α1 = α2 = 0.001. These are chosen so that the granularity of the stochastic
process can be displayed, and resistance emerges in an unrealistically small tumor.

9.5.3.4 Goldie-Coldman contra Norton-Simon

The Goldie-Coldman and Norton-Simon models are somewhat at odds in their predictions for optimizing therapy. Goldie-Coldman attempts to
minimize the emergence of new resistance during the treatment period by alternating drugs. As also discussed in Section 9.4.5, the Norton-
Simon model prescribes sequential dose-dense therapy, under the implicit premise that clinically relevant heterogeneity in drug sensitivity is
already present when treatment is initiated. Indeed, the Goldie-Coldman model itself predicts that drug resistance arises very early in a tumor’s
natural history.

Several clinical trials have tested alternating therapy versus standard chemotherapy for breast cancer [10, 17], but all have failed to demonstrate
any benefit to alternating over standard schedules. The CALGB 9741 trial [14] is the major trial supporting dose-density, although it does not
address sequential versus alternating therapy. Several other trials evaluated sequential versus concurrent or alternating therapy, and seem to
suggest a slight benefit to sequential therapy. For example, Bonadonna et al. [11] found sequential DOX → CMF schedule superior to alternating
DOX/CMF. However, CMF → DOX was no better than standard CMF, suggesting a simple “sequential is better” interpretation is not really
correct, and the order in which these particular agents are administered matters.

A problematic argument based on kinetic resistance suggests that sequential therapy should be generally superior to alternating schedules.
Assume that a tumor is evenly divided between two subpopulations, each of which is sensitive to only one of two agents. Then alternating the two
agents might be expected to increase kinetic resistant since individual subpopulations would have more time to regrow between treatments.
However, if growth rate is modulated by the total tumor population and not the size of any single subpopulation, then the overall response of each
subpopulation will be similar whether drugs are alternated or given sequentially, assuming each is equally effective against the sensitive
subpopulation.

From this, we argue that, while the clinical data lends more support to the Norton-Simon approach over the Goldie-Coldman, there is no
fundamental conflict between the two models. Rather, the conflict arises because the dichotomy between treatment strategies that focus on dose-
density vs. those that focus on alternating (or concurrent) treatment are clinically incompatible. The data suggests that maximizing dose-density is
more important.

9.5.4 The Monro-Gaffney model and palliative therapy

In the previous two sections we discussed the most influential models in modern clinical oncology. In particular, the log-kill model and the Norton-
Simon hypothesis have helped motivate a treatment model where therapy is given as soon as possible in a relatively brief, intense period. Under
the Norton-Simon model, an intensive dose-dense regime yields the lowest cancer cell nadir and consequently the best chance for cure.
However, as we shall see, when reasonable hope for a cure cannot be entertained, lower-dose, long-term therapy may better increase survival
time.

9.5.4.1 The model

Recently, Monro and Gaffney [51] proposed a relatively simple dynamical model that combines the Norton-Simon and Goldie-Coldman notions—
that is, the model assumes that chemotherapy efficacy and per-unit time probability of a resistance mutation are both proportional to the
unperturbed Gompertzian tumor growth rate. One drug and two classes of cells—drug-sensitive (S) and resistant (R)—are considered. Let, at
time t,



NS(t) = number of chemosensitive cells, and

NR(t) = number of cells with complete resistance to the drug:

The total number of cells in the tumor is therefore N(t) = NS(t) + NR(t). Both classes proliferate via identical Gompertzian kinetics and mutate
between class. Mutation from the sensitive to the resistant class occurs at rate τ1 per cell cycle, and back mutations occur at rate τ2 per cell cycle.
These considerations give the following model:

dNSdt=βln(N∞N)[ NS+τ2NR−τ1NS−λCNS ],      (9.90)

dNRdt=βln(N∞N)[ NR+τ1NS−τ2NR ].      (9.91)

The first term in both equations gives Gompertzian growth modulated by the total cell count. The per-capita growth rate is β ln(N∞/N), and this term
governs the rates of mutation between the classes and the response to treatment. From this it follows that τ1 and τ2 are mutation rates per cell
cycle, rather than simply per unit time. The term −λC NS represents the death rate of sensitive cells in response to some concentration of the
drug, C, which is also proportional to the proliferation rate. We can also lump λC into a single parameter, C0.

This model represents an explicit union of the two most influential cancer treatment models, and it is simple but potentially powerful framework
with which we can evaluate the Norton-Simon notion of dose-density while explicitly taking Goldie-Coldman into account. Moreover, it would be a
straightforward exercise to expand this model to consider the effects of two non-cross-resistant drugs and determine if the Goldie-Coldman
prediction that drugs should be rapidly alternated is preserved when Norton-Simon is taken into account. These are important and straightforward
projects, but Monro and Gaffney turned their attention toward the problem of maximizing survival in the setting of palliative chemotherapy, rather
than maximizing cure probability by minimizing cell nadir or the probability of a resistant mutant arising.

9.5.4.2 Predictions of the Monro-Gaffney model

Optimal dose. Monro and Gaffney hypothesized that overly aggressive treatment in a palliative setting could accelerate selection of treatment
resistant mutants and therefore ultimately decrease response to therapy and survival. Numerical simulation of the model indeed supports this
suggestion. This is because resistance emerges quickly in response to high-dose therapy, leading to treatment failure no matter how much
chemotherapy is given. However, an overly low dose does not sufficiently inhibit sensitive cells, and survival is also decreased. The optimum dose
suppresses sensitive cells, but not so much that resistant cells have a strong survival advantage. This is summarized in Figures 9.11 and 9.12.

Figure 9.11

Response to therapy for three different levels of continuous chemotherapy under the Monro-Gaffney model. The solid vertical line indicates the
start of therapy, and the dotted line is the expected time of death. Too little therapy, and the growth of sensitive cells is not sufficiently suppressed
(left panel), but too much promotes the rapid overgrowth of resistant cells (right panel). The optimal level, shown in the center panel, leads to a
rough balance between sensitive and resistant cells. Parameter values are N∞ = 2 × 1012, β = 5.928 × 10−3 day−1, τ1 = τ2 = 10−6. Death is
assumed to occur at a total tumor burden of 5 × 1011 cells, and treatment is initiated when N = 1010 cells.

Figure 9.12

The left panel gives relative survival time (survival time under treatment / survival time without treatment) for continuous chemotherapy following
initiation at a tumor size of 1010 cells under different values of C0, representing the strength of chemotherapy. The right panel gives relative
survival time when therapy is initiated at different tumor burdens with a fixed C0 = 0.75.

Treatment delay. A second interesting result of the Monro-Gaffney model is its suggestion that a moderate treatment delay can improve survival
time, as shown in Figure 9.12. This is corroborated by results for the clinical treatment of some slow-growing, chronic cancers, in which no survival
advantage is conferred by initiating treatment earlier. For example, chronic lymphocytic leukemia (CLL) is incurable but is characterized by a
long, indolent clinical course. Early treatment offers no survival benefit in this disease, and therapy is generally deferred until there is clear
evidence of disease progression [38].



A large study [48] found, in accord with other results, that androgen deprivation therapy for localized, low-risk prostate cancer actually decreased
cancer-specific survival (although it did not affect overall survival). The authors suggested one possible explanation:

Suppression of moderately or well-differentiated cells not destined to harm a patient’s overall survival may allow for the establishment
or overgrowth of more rapidly growing malignant clones.

While this study examined hormonal treatment for prostate cancer, the results of the Monro-Gaffney model are likely generalizable to it.

The results in [48] also highlight one aspect of drug resistance that we have not yet taken into account in a model: resistance can be achieved by
fairly general mechanisms such as increased proliferation rate or reduced apoptosis, which are expected to translate into a more aggressive
phenotype. We also note that, under the model, the longer therapy is delayed, the greater the optimum level of chemotherapy.

Dose-density. Monro and Gaffney also studied non-continuous dosing computationally, and found that protracted dose-densification and
intensification schemes generally decrease survival time in the palliative setting, which is unsurprising given the results for continuous therapy.
However, they noted that brief dose-dense schemes for “marginally curable” tumors may give an increased chance of cure and minimally affect
survival time, and therefore may be appropriate for potentially curable cancers.

9.5.4.3 Summary

The Norton-Simon and Goldie-Coldman models predict that, to maximize probability of a cure, therapy should be initiated as soon as possible
and be as dose-dense as possible. That is, “hit ’em hard and fast.” The Goldie-Coldman model and variations of it make further predictions about
the alternating or sequential scheduling of agents. This is when the goal of therapy is to eliminate all cancer cells from the body. Sadly, for most
advanced or metastatic solid tumors, curative therapy remains elusive, and the job of the medical oncologist is largely to provide palliative care,
using chemotherapy to extend life or reduce tumor-related symptoms, but not to cure. In this case the Monro-Gaffney model suggests the “less-is-
more” approach just discussed. We note that the role of chemotherapy toward the end of life is a complex emotional and sociological issue, and
the reader may consult [37] for an introduction to this perplexing but important subject.

At least some data supports the notion that less aggressive therapy in the palliative setting is superior. Palliative chemotherapy has clearly been
shown to extend survival in many malignancies [37], but beyond first- or second-line chemotherapy the benefit is less clear. In the case of non-
small cell lung cancer (NSCLC), one study [49] found the response rate to third- or fourth-line therapy to be 2.3% and 0%, respectively. The
deleterious effect of aggressive therapies on the failing physiologies of terminal cancer patients also doubtless plays a role in the influence on
survival, either positive or negative, of chemotherapy given near the end of life. Von Gruenigen et al. [32] found that aggressiveness of care near
the end of life in ovarian cancer patients was associated with lower survival, as was chemotherapy during the last three months of life. Hospice
care, which forgoes any attempt at curative chemotherapy or other aggressive treatments, was associated with longer survival compared to non-
hospice care for certain terminally ill cancer patients [15]. These results are likely more related to the effect of aggressive therapy on the patient
rather than any effect on tumor biology.

9.5.5 The role of host physiology

We have exclusively focused on the effect of chemotherapy on cancer cells, but we must at least note the importance of host physiology, as
toxicity to healthy tissues is dose-limiting in cancer therapy, and also can have a detrimental effect on survival. Several authors have considered
bone marrow suppression, the most common toxicity. Panetta, for example, considered this in a very simple context [56], while Scholz et al. [61]
have proposed a complex model for granulopoiesis, suppression by chemotherapy, and exogenous granulocyte colony-stimulating factor (G-
CSF, a growth factor promoting granu-lopoiesis) support.

9.6 Heterogeneous populations: The cell cycle
A number of models have examined treatment on a tumor with sensitive and resistant populations where sensitivity is determined (at least partly)
by whether the cell is quiescent or passing through the cell cycle. Therefore, we turn our attention to the cell cycle and how it influences resistance
to and scheduling of chemotherapy.

9.6.1 The Smith-Martin conceptual model

It is worthwhile to take this opportunity to explicitly present the cell cycle and some models of the process. The cell cycle classically consists of four
phases: G1 (Gap 1), S (Synthesis), G2 (Gap 2), and M (Mitosis). In G1, the cell increases in size while proteins necessary for DNA synthesis are
produced. DNA replication occurs in S phase. The cell is readied for mitosis in G2, and the DNA is divided between two daughter cells in M
phase. Interphase comprises G1, S, and G2. Chemotherapy generally acts on actively cycling cells, and a number of agents primarily or only
affect cells in particular phases. For example, mitotic inhibitors such as the taxanes and vinca alkaloids are G2/M phase-specific, while
antimetabolites like methotrexate inhibit DNA synthesis and are therefore specific for S phase. Cells that are not actively passing through the
cycle are sometimes said to be in G0, which may be considered a precursor or extension of G1.

Smith and Martin proposed a conceptual kinetic model for cell proliferation in a classic 1973 paper, “Do Cells Cycle?” [65]. They proposed that
following mitosis cells enter some state (A) in which they remain for a variable length of time, but exit with a constant probability, P. That is, the
time until exit is an exponential random variable, and in a continuous model the rate of exit is first-order with respect to A-state cells. On leaving A-
state, cells enter B-phase, which lasts a fixed amount of time, TB, and represent passage through the cell-cycle. Following mitosis, cells re-enter
the A-state. Thus, the aggregate growth rate of a cell population is a function of the probability (i.e. exponentially distributed rate) at which cells
exit A-state, the length of B-phase, and the cellular death rate. For the interested reader, Smith and Martin [65] present equations with which P
can be explicitly determined from the gross cell growth rate and TB. The model is illustrated schematically in Figure 9.13.

Figure 9.13



Schematic of the conceptual kinetic model for cell proliferation proposed by Smith and Martin (see also Figure 1 of [65]).

Smith and Martin also noted that, if the cell cycle were a fixed-length process and all cells were committed to cycling, then cells starting from the
same point in the cell cycle should divide in synchrony. This prediction can be tested by labeling cells with a pulse of [3H]dT (radio-labeled
Thymidine, a component of DNA). Only cells in S phase will pick up the label, so in a culture with cells in various stages of the cycle, a single
cohort can be marked. If cells progress through the cell cycle together, then this cohort will all divide at the same time, and no non-labeled cells will
divide at that time (because unlabeled cells must have been in a different portion of the cell cycle when the label was applied and would therefore
enter mitosis at a different time if the cell cycle were of unvarying length for all cells). In such experiments, one can measure, at any given moment,
what fraction of cells undergoing mitosis are labeled (in the marked cohort). This measure is called the fraction of labeled mitoses, or FLM. So, if
the cell cycle length were invariant, then the FLM would either be 100% (the cohort is in mitosis) or 0% (the cohort is in interphase). Therefore, the
FLM as a function of time would (ideally) be a Heaviside function, jumping instantly to 1 when the cohort entered mitosis and dropping instantly to
0 as the cohort leaves mitosis. This pattern is observed to some degree in actual experiments; however, over time successive peaks or jumps
are dampened; i.e., they become more spread out until eventually the FLM approaches an equilibrium proportion between 0 and 1. Smith and
Martin explained this dampening by suggesting that the time spent in the A-phase varies among cells, and their model predicted that the
dampening in the FLM oscillations should be exponential. This result generally agrees well with experiment. The period of the oscillations are not
affected by P (the probability a cell exits the A-state), but the rate of dampening is.

9.6.2 A delay differential model of the cell cycle

The Smith-Martin model translates perfectly into a delay differential equation. Suppose we have a class of cells in the A-state—i.e., they are non-
cycling, quiescent, or in G0. Let Q(t) be the number of these quiescent cells. The number of actively cycling B-state cells, on the other hand, we
denote P(t). We assume that cells transition from quiescent to cycling states at constant rate k, taking exactly τ units of time to complete the cell
cycle. Following passage through the cell cycle, each cell gives rise to two daughter cells that re-enter the quiescent compartment. Disregarding
cell death for the moment, we can express this biology with the following model:

dQ(t)dt=−kQ(t)+2kQ(t−τ),      (9.92)

dP(t)dt=kQ(t)−kQ(t−τ),      (9.93)

with appropriate initial conditions. This basic model can be extended to include details of the cell cycle. For example, one can subdivide the
cycling cell class (P(t)) into number of cells in interphase, say I(t), and number in mitosis, M(t). Furthermore, define τ0 and τ1 to be the time it takes
to pass through interphase and mitosis, respectively. Ignoring death again gives

dQ(t)dt=−kQ(t)+2kQ(t−τ0−τ1),      (9.94)

dI(t)dt=kQ(t)−kQ(t−τ0),      (9.95)

dM(t)dt=kQ(t−τ0)−kQ(t−τ0−τ1),      (9.96)

again with appropriate initial conditions. This slightly more complicated model agrees extremely well with the dynamics predicted by Smith and
Martin. Starting with a population of quiescent cells at time 0 with all other variables and history set to 0, we observe damped oscillations in the
number of cells in mitosis (as well as interphase and quiescence; Figure 9.14). Moreover, as predicted, these oscillations are characterized by a
rapid rise to a peak followed by exponential decline. For smaller k (slower transition from quiescence to the cell cycle), oscillations are damped
more quickly, which was also predicted by Smith and Martin. Following an early period of irregular growth with oscillations in the different
compartments, there is fairly rapid convergence to a constant distribution of cells among states and exponential growth (Figure 9.14). Genrally,
dynamics of this and the simpler model that considers only P and Q are similar.

Figure 9.14

Basic dynamics of a delay model for the cell cycle considering quiescence, interphase, and mitosis derived from Smith and Martin’s conceptual
model. The insert shows the dynamics on a log-scale and demonstrates that the model converges to exponential growth.

Having formulated a basic model that gives realistic dynamics, we now introduce cell cycle-specific treatment to this framework. First we consider
a treatment that targets only actively cycling cells with the simpler formalism. Suppose drug efficacy (cell-kill rate, δ) is proportional to



concentration, C(t), and suppose C(t) is piecewise constant—i.e., either chemotherapy is present at a constant dose or it is not present at all. Our
model then becomes the following:

dQ(t)dt=−kQ(t)+2kQ(t−τ)e−δ∫t−rtC(s)ds,      (9.97)

dP(t)dt=kQ(t)−kQ(t−τ)e−δ∫t−rtC(s)ds−δC(t)P,      (9.98)

(9.99)

where

C(t)={ C0(treatment on),0(treatment off).

With this model one can examine how an exponentially growing tumor responds to cell cycle-specific drugs while explicitly accounting for age
structure. During the period of time in which the drug is administered, t ∈ [0, T], the drug concentration, measured as area under the curve (AUC),
is

AUC=∫0TC(s)ds=constant.      (9.100)

We use two metrics when evaluating drug efficacy: (1) tumor size at the end of treatment, and (2) tumor size after some large time, Tmax. The
former is similar to cell nadir but accounts for positive growth during treatment time, and the latter is a surrogate for survival time. Note that tumor
size after T is not a reliable marker for long-term response because of perturbations in age-structure. The basic dynamics of response to
treatment for several simple infusion schedules are shown in Figure 9.15.

Figure 9.15

Time-series of tumor response to either one bolus infusion of chemotherapy or the same dose divided between four episodes.

According to this model, if the same cumulative dose is delivered in a single constant infusion, it is universally better to prolong the infusion time
(Figure 9.16). Also, increasing the concentration of chemotherapy for a single infusion of fixed time gives diminishing returns with increasing
dose, comparable to the plateau in cytotoxicity discussed in the section of dose-response curves.

Figure 9.16

This figure demonstrates that the same dose delivered over a long time dramatically improves response, but the efficacy eventually plateaus.
Increasing the dose delivered in a fixed time also results in increasing cytotoxicity that plateaus with increasing dose due to depletion of the
sensitive cell population.

Numerical investigations reveal that dividing a single treatment into multiple treatments delivered in the same net amount of infusion time gives
results that vary with cell proliferation rate, k, and with the drug’s efficacy, δ. In general, the cell nadir is lowest when a single treatment is given, an
unsurprising result as this scenario represents the most dose-dense option. (See the discussion of the Norton-Simon model above.) However,
dividing the dose into many treatments, while typically increasing cell nadir, can also increase survival time, unlike the basic Norton-Simon model.
However, the picture is not that simple. In certain regions of parameter space, a smaller number of longer treatments is inferior to more, shorter
treatments, especially in the case of a rapidly growing tumor (large k) or a strong drug (large δ). Thus, the model suggests that for highly
responsive tumors either very few treatments or very many treatments should be given. The former should be done if the curative therapy is the
goal, the latter if one is attempting to maximize survival. We leave confirmation of these results as an exercise.

9.6.3 Age-structured models for the cell cycle



Now we return our attention to age-structured models (see Chapter 4). The basic model for quiescent and cycling cells we studied above is in fact
equivalent to an age structured partial differential equation (PDE) model, as we now demonstrate. Recall that P(t) is the number of cells in the
cycling compartment. Cells enter this compartment at rate kQ(t) and complete division in exactly τ units of time. We let

p(t, a) = The population density of proliferating cells of age a, a ∈ [0, τ].

This is the density of cells of age a, the integral of which gives us number of cells. Now, we have that cycling cells suffer mortality at rate δC(t) at
time t. This gives us an advection PDE describing the passage of cells through time and age:

∂p∂t=−∂p∂a−δC(t)p(t,a).      (9.101)

We impose boundary conditions at age 0 and age τ as:

p(t,0)=kQ(t)andp(t,τ)=kQ(t−τ)exp(−δ∫t−rtC(s)ds).      (9.102)

To complete the model, we include the governing equation for Q(t),

dQ(t)dt=−kQ(t)+2kQ(t−τ).      (9.103)

To see that the age-structure model is equivalent to the delay differential model, we integrate over age to get the number of cycling cells at time t:

P(t)=∫0τp(t,s)ds.      (9.104)

Integrating (9.101) from 0 to τ with respect to age a yields

dP(t)dt+p(t,τ)−p(t,0)=−δC(t)P(t).      (9.105)

Applying the boundary conditions defined in (9.102) returns us to the expression for dP(t)/dt in (9.99):

dP(t)dt=kQ(t)−kQ(t−τ)exp(−δ∫t−τtC(s)ds)−σC(t)P(t).      (9.106)

A number of authors have proposed various age-structured models of the cell cycle for tumor cells and their response to cell cycle-specific
chemotherapy. Spinelli et al. [66] proposed a model for proliferating and quiescent cells somewhat similar to that above. Basse et al. proposed
several models for the cell cycle in tumor cells which explicitly consider multiple stages of the cell cycle [2, 3, 4]. However, in these models cells
cycle continuously with no quiescent state (A-state). The most general formulation is given in [4].

Gaffney [25, 26] also proposed several age-structured models that considered mutation to resistance, as in the Goldie-Coldman model, and used
these models to study the scheduling of S-phase specific chemotherapies.

A number of models have also been proposed for the response of cycling cells to continuous low-dose irradiation, including several age-
structured models [13, 35, 36, 69]. For example, Chen et al. [13] proposed a similar model to that studied above. Letting n(t, a) represent the
population density of cells with age a, a ∈ [0, ∞), we have the model,

∂n∂t=−∂n∂a−D˙α(a)n−g(a)n,      (9.107)

where Ḋ is the radiation dose-rate, α(a) gives first order killing that depends upon cell age, and hence position in the cell cycle, and g(a)
represents the rate at which cells of age a produce two daughter cells of age 0. The daughters immediately re-enter the cell cycle with no
quiescent phase. The domain here is semi-infinite, as cells exit the cycle according to the age-dependent probability distribution g(a) and no right
boundary condition is imposed. On the left boundary, however,

n(0,t)=2∫0∞g(s)n(s,t)ds.      (9.108)

While this model was meant to represent continuous irradiation, it is equivalent to the case of continuous chemotherapy we consider above. Note
that this model ignores any cell death that is quadratic with the dose (as in the linear-quadratic model) or repair of sublethal damage; such models
are discussed more extensively in Chapter 11. Similar to our conclusion using the delay model, the model of Chen et al. [13] and later extensions
by Hahn-feldt and Hlatkey [35, 36] suggest that protracted irradiation schedules may kill cells better than more intense irradiation. However,
intracellular DNA repair/misrepair dynamics of radiation-induced lesions imply that shorter irradiation times lead to greater cell death (again,
discussed in Chapter 11). Thus, cell cycle redistribution and DNA repair are competing intracellular dynamics that determine optimal treatment
time.

This last point highlights the very important observation that applies to chemotherapy. The pharmacokinetics of the drug in plasma, delivery to the
target tumor site, cellular uptake, detoxification, and repair of intracellular lesions will affect optimal treatment in a way that cannot be simply
accounted for with first-order cell killing.

9.6.4 More general sensitivity and resistance

Many other models designed to study sensitive and resistant tumor cell populations use simpler ODE formulations for the cell cycle or for transfer
between quiescent and proliferating compartments. One of the earliest was that of Birkhead et al. [9], who considered proliferating and quiescent
cells which were either genetically susceptible or resistant to some chemotherapy. Let SP(t) and SQ(t) represent the number of proliferating and
quiescent cells that are sensitive to the drug, respectively. Similarly, let RP(t) and RQ(t) be the amount of proliferating and quiescent resistant
cells, respectively. Cells transition between quiescent and cycling states at constant per-capita rates, and sensitive cells mutate to become
resistant at rate c per cell division. Only genetically susceptible cells that are actively proliferating are vulnerable to chemotherapy. This leads to
Birkhead et al.’s formal model:

dSPdt=αSP−ηSPμSP−μSP−∈SP+λSQ,      (9.109)

dSQdt=μSP−λSQ,      (9.110)

dRPdt=∈SP+αRP−ηRP−μRP+λRQ,      (9.111)



dSQdt=μSP−λSQ.      (9.112)

This is a basic ODE framework in which the notions of cell cycle specifity considered in the previous section may be combined with mutation to
resistance as in the Goldie-Coldman models.

Panetta and Adam [55] later considered a model for cell cycle specific chemotherapy essentially identical to that of Birkhead et al., but without a
class of resistant cells. Hahnfeldt et al. [34] also used a similar framework to study two types of proliferating cells, with transitions between
compartments, that are differentially sensitive to treatment.

These models tend to agree that intense treatment yields diminishing returns as treatment-sensitive cells become depleted. Hahnfeldt et al.
concluded that long term, low dose, “metronomic” therapy may be a better strategy to suppress tumor growth in the long term rather than trying to
destroy all cells in the short term.

9.7 Drug transport and the spatial tumor environment
The deranged tumor microenvironment represents a significant barrier to drug transport into the tumor, which can become another mechanism
generating treatment resistance. In this section we present some basic transport principles, and then mention how these concepts relate to the
tumor spheroid, and tumor cord, geometries (see Chapter 3).

9.7.1 Solute transport across tumor capillaries

Solute exchange between the vascular and extravascular spaces is governed by diffusion and convection. Specifically, exchange is determined
by transcap-illary concentration gradient, the hydrostatic and osmotic pressure gradients, vascular surface area for exchange, A (mm2), and three
key transport parameters: the hydraulic permeability (or hydraulic conductivity) Lp (mm / hr / mmHg), the diffusional permeability P (mm / hr), and
the osmotic reflection coefficient σ (unit-less) [39]. The reader may consult the 1987 review by Jain [39] for an extensive discussion of
transcapillary transport in tumors.

Consider the concentration of some solute, S, in a small section of capillary. According to Starling’s hypothesis, fluid flow across the capillary wall,
JF, is

JF=LpA[ PV−PE−σ(∏V−∏E) ].      (9.113)

Here, PV − PE (mmHg) is the hydrostatic pressure difference, and ΠV − ΠE (mmHg) is the osmotic pressure difference.

The total flow of solute, JS, in units of mass per time (mg / hr), from plasma into the tumor extracellular space occurs by passive diffusion and
convective transport across the capillary wall according to the Staverman-Kedem-Katchalsky equation [39]:

JS=PA(SV−SE)︸diffusion+JF(1−σF)ΔSlm︸convection,      (9.114)

ΔSlm=SV−SEln(SV/SE),      (9.115)

where SV is the solute concentration (mg / mm3) on the vascular side of the capillary, and SE is the concentration on the extracellular side.
Therefore, ΔSlm is the solute log-mean concentration difference. The first term in equation (9.114) gives transport by diffusion, and the second is
transport by convection. Constants P and A are defined above.

Another key transport parameter, the hydraulic permeability Lp, is defined as the flow of water through a unit area of capillary wall per unit
difference in hydrostatic pressure across the wall [50]. The diffusional permeability P is the mass transport of the solute per unit area of capillary
wall per unit of solute concentration difference when the fluid flow is zero [50].

The osmotic pressure is determined by the molarity of dissolved solutes in solution; i.e., Π ∝ M RT, where M is molarity, R is the universal gas
constant, and T is temperature. The osmotic pressure gradient across the capillary wall induces fluid flow. The osmotic reflection coefficient σ can
be thought of as the fraction of solute that is “reflected” at the capillary wall during ultrafiltration, as opposed to that which flows freely across [50].
Only the fraction reflected can exert osmotic pressure. The value of σ depends, in part, on size of the solute; it is close to 1 for macromolecules
such as albumin, and closer to 0 for micromolecules.

The solvent-drag reflection coefficient, σF , measures the coupling between fluid flow and solute flow [39]. If σF is small, then the solute is readily
transported by fluid flow. For a given substance the solvent-drag reflection coefficient, σF , tends to be similar in value to the osmotic reflection
coefficient, σ [19].

Another important ratio is the Peclet number (Pe):

Pe=JF(1−σF)PA=Lp(1−σF)P[ (PV−PE)−σ(∏V−∏E) ].      (9.116)

The Peclet number indicates the relative importance of diffusive versus convective transport [39]. If Pe is small, which tends to be the case for mi-
cromolecules, then diffusive transport is dominant. In this case, JS can be approximated using an effective permeability coefficient PEff, as
follows:

JS=PEffA(SV−SE).      (9.117)

In tumors, the intercapillary distance is typically much greater than normal tissue, hampering drug delivery. Moreover, blood flow is heterogenous
and vessels are prone to collapse, causing heterogeneity in delivery. The vas-culature is malformed, immature, and quite leaky. This fact allows a
great deal of fluid extravasation into the tumor and leakage of macromolecules, giving high hydrostatic and osmotic pressure in the tumor
interstitium. Thus, the hyrdostatic pressure and osmotic pressure differences are minimal. On the other hand, the diffusional permeability, P, and
hydraulic conductivity, LP, are much higher in leaky tumor vessels compared to normal, well-formed capillary beds.

9.7.2 Fluid flow in tumors

Flow through the tumor interstitium may be modeled by Darcy’s law for flow in a porous medium, which gives volumetric flow rate, Q (mm3 / hr),



as:

Q=−AK∇P,      (9.118)

where A (mm2) is the cross-sectional area of flow, K (mm2 / mmHg / hr) is the hydraulic conductivity of the medium, and ∇P is the interstitial
pressure gradient. Dividing by A gives the flux (or “Darcy flux”), u:

u=−K∇P.      (9.119)

We also have the continuity equation for fluid flow:

dρdt+∇⋅(ρu)=ϕ(x),      (9.120)

where ρ is density and ϕ is the source/sink term (in units of volumetric flow per unit volume of tissue). In the case of an incompressible fluid, this
reduces to:

∇⋅u=ϕ(x).      (9.121)

Combining equations (9.119) and (9.121) gives:

∇⋅(−K∇P)=ϕ(x).      (9.122)

Baxter and Jain applied these basic equations to describe fluid flow in a tumor spheroid [5], and also describe interstitial solute flow in the
spheroid by a convection-diffusion equation.

Volumetric flow through a capillary is proportional to the product of the hydrostatic pressure drop from the arterial to the venous ends of the
capillary and the resistance to flow [40]; that is,

Q=ΔPFR.      (9.123)

In the case of laminar fluid flow in a cylinder of length L and radius R the Hagen-Poiseuille law gives flow resistance as:

FR=8ηLπR4.      (9.124)

Pozrikidis and Farrow [58] further describe fluid flow in a tumor at the mi-crovessel level.

9.7.3 Tumor spheroid

The tumor spheroid geometry has been widely used to model delivery of cytotoxic drugs. A series of papers by Baxter and Jain [5, 6, 7] modeled
fluid flow and macromolecule (e.g. antitumor monoclonal antibodies) delivery to tumors using the spheroid as the base geometry. One of the most
important results is that tumors have high interstitial fluid pressure in the core, but this pressure drops off in the periphery. This causes radially
outward fluid flow and convective transport of macromolecules out of the tumor. Also, continuous or divided drug infusions can better maintain a
transcapillary solute gradient.

9.7.4 Tumor cord framework

The other major geometry that has been used to model in vivo tumors is the tumor cord. Tumor cords are one of the fundamental
microarchitectures of solid tumors, consisting of a microvessel nourishing nearby tumor cells [8]. This simple architecture has been used by
several authors to represent the in vivo tumor microenvironment [8, 19, 67], and a whole solid tumor can be considered an aggregation of a
number of tumor cords.

Doxorubicin (DOX), an important and potent antitumor agent, is characterized by poor penetration into the tumor mass. Eikenberry [19] extended
a previous model by El Kareh and Secomb [21], which modeled DOX plasma pharmacokinetics (using a three-compartment model by Robert et
al. [59]) and diffusional transport into a non-spatial tumor, to consider transport into a tumor cord geometry using the solute transport laws
discussed above.

9.8 Exercises
Exercise 9.1: Consider two exponentially expanding populations of cells, one treated, NT , and one a control, NC. Assume the treatment
population is exposed to a constant concentration of drug, C, and exposure induces death at the per capita rate β per unit of drug. Show that for a
total exposure time T, we arrive at the log-linear model:

S=NTNC=e−βC×T      (9.125)

Exercise 9.2: We do not arrive at a simple log-kill model if the underlying cellular growth dynamic is not exponential. Consider the case of logistic
growth:

dNCdt=αNC(1−NCK)      (9.126)

dNtdt=αNT(1−NTK)−βCNT.      (9.127)

1. Find the analytic solution to the system and confirm that for constant C the surviving fraction can be expressed as:

S=NTNC=e−αT(K−N0)(β0+α)+N0(β0+α)eT(β0−α)(Kβ0+Kα−N0β0)+N0β0      (9.128)

where we let β0 = βC.

2. Find conditions on the parameters for a log-kill model to approximate survival, i.e. when:

S≈e−βC×T=e−β0T      (9.129)



S≈e−βC×T=e−β0T      (9.129)

Why are these conditions unsurprising?

3. Reproduce Figure 9.2, which plots S versus either β0 or T on a semi-logarithmic scale. These plots demonstrate a shoulder region when
concentration is varied and a roughly bi-exponential curve when exposure time is varied. This suggests non-exponential cell growth as a possible
explanation for departures from the log-kill model.

Exercise 9.3: Norton and Simon assume that the tumor growth fraction is equivalent to the per-capita growth rate, bln(N∞N(t)). Show that this is in
error (consider the cell cycle time). Does this error affect the model’s predictions?

Exercise 9.4: Apply the general Norton-Simon model, dN/dt = GF(N)N(t) − L(t)GF(N)N(t), to different basic growth laws for tumor-growth, e.g.
exponential, logistic, or von Bertalanffy. Determine which model predictions are preserved for sigmoidal growth versus the simple exponential
growth.

Exercise 9.5: So far, we have only considered a constant level of chemotherapy that is either on or off. Implement 1−, 2−, and 3−compartment
pharmacokinetics models for chemotherapy into the model. Parameterized 2- and 3-compartment models for the agent doxorubicin can be found
in [20, 31, 59]. Do more realistic pharmacokinetics change the qualitative predictions?
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Chapter 10

Major Anticancer Chemotherapies
10.1 Introduction

Diseases desperate grown

By desperate appliance are relieved,

Or not at all

William Shakespeare, Hamlet, Act IV, Scene 3

Cancer has been treated surgically since antiquity. Following the discovery of X-rays in 1896, physicians and scientists were quick to adapt
radiation as an anticancer therapy. With the development of modern systemic chemotherapy in the latter half of the 20th century, the treatment of
solid tumors came to follow a “cut-burn-poison” model. In the previous chapter we covered the “poison” of chemotherapy, and we discuss the
“burn” of radiation in the next. Here, we follow the previous chapter with additional history and background on some of the particular poisons in
common use. The name is apt—white arsenic, a favorite poison of the Middle Ages, was used effectively against chronic leukemia in the late
1800s. Although arsenic subsequently fell out of favor as an anticancer drug, arsenic trioxide was recently revived as a highly effective therapy for
promyelocytic leukemia (PML) [39, 53]. Indeed, arsenicals enjoy a colorful history as a therapeutic for a variety conditions that dates to antiquity
[53]. Just as appropriately, modern cancer chemotherapy arose from poison gas research that followed the First World War and blossomed
during the second.

In early 1942, several investigators at Yale University, in coordination with the wartime Office of Scientific Research and Development, began
studying the nitrogen mustards [19], a class of chemical derived from the sulfur mustards, the infamous “mustard gas” that had been used to
terrible effect on the battlefields of World War I. By this time, it was well established that both mustard gas and its less reactive cousin, nitrogen
mustard, were potently cy-totoxic to rapidly proliferating cells, particularly those of the hematopoietic (blood-forming) system and the
gastrointestinal tract. Moreover, the effect of nitrogen mustard on cells appeared similar to that of X-rays (and indeed, both induce similar breaks
in the DNA, although by different mechanisms). Motivated by such data, Gilman and colleagues took, at first, a single mouse with a transplanted
lymphoid tumor and treated it with nitrogen mustard until the tumor completely disappeared. After some time, the tumor recurred and was treated
again, only this time regression was less complete. When it recurred a third time, no further treatment affected it.

Despite this and other studies with similar results, the compound eventually was tested in humans.1 Initially, a patient with terminal
lymphosarcoma, moribund and riddled with tumors, was selected and treated to extraordinary effect, his tumors shrinking and disappearing in
days. However, mirroring the mouse, the cancer recurred, and a second course gave a diminished response. When the disease began to
progress again, further treatment had little effect. The clinical trajectories of these early trials in both mouse and human foreshadowed the clinical
experience of chemotherapy in the decades to come, and it remains a common trajectory to this day: the development of treatment resistance
has always been the hobgoblin of chemotherapy (see Chapter 9 for more details.)

Because of the secrecy of the chemical gas program, these and other trials were conducted behind closed doors, with patient charts even
reporting treatment by “0.1 mg. per kg. compound X given intravenously” [19]. In 1946 wartime secrecy restrictions were lifted, and a series of
publications reporting these results ushered in the modern era of cancer chemotherapy. In the next two decades, a host of similar agents with
antitumor activity would be developed. Our goal in this chapter is to introduce the biological and medical aspects of some particular
chemotherapies in widespread use, as well as some particular mathematical treatments, contra the more general treatment given in the prior
chapter.

10.2 Alkylating and alkalating-like agents
The alkylating agents make up the largest and oldest class of chemothera-peutics. They target the DNA, RNA, and proteins, although their
interaction with DNA is generally considered to be the dominant mechanism for cytotox-icity. Many alkylating agents are small organic molecules
with two reactive functional groups. The first forms a covalent link to a nitrogenous base in the DNA, forming what is called a monofunctional
adduct. The second functional group can then react with another base, covalently cross-linking them to form a bifunctional adduct. These cross-
links may be either intra-strand or cross-strand, and they interfere with DNA processing machinery (e.g., for replication and (or) transcription) and
often distort the helical structure of the DNA.

Alkylating agents are widely used to treat various leukemias, but they have limited selectively for tumor cells, often causing “collateral” damage to
non-target cells. What selective cyotoxicity they possess is believed to be primarily due to (1) high proliferation rates of tumor cells, and (2)
deficiencies in DNA repair mechanisms in tumor cells. The latter is particularly important in testicular cancer, as defective DNA repair is linked to
hypersensitivity to cisplatin in this disease [33].

10.2.1 Nitrogen mustards

The nitrogen mustards were the first anticancer chemotherapies, and are derivatives of the sulfur mustards, which, as mentioned above, are
chemical warfare agents. Their antitumor activity was discovered by a group studying such agents during World War II, and they were secretly
tested on the first human subjects in 1942. It was not until secrecy restrictions were lifted in 1946 that these investigations were published publicly
[19]. They are classified as alkylating agents and produce DNA cross-links by the mechanism outlined above. The first agents studied were tris(β-
chloroethyl)amine and methyl-bis(β-chloroethyl)amine (mustine). All other drugs in the nitrogen mustard class are based on mustine, and the basic
structure of such drugs is shown in Figure 10.1. Nitrogen mustards covalently bind to guanine residues in the DNA to form adducts and form
cross-links between opposite strands of DNA.

Figure 10.1



The basic structure of the nitrogen mustards, along with some of the specific drugs in this class.

In the 1950s and 60s two major classes of nitrogen mustard derivatives were developed specifically to target tumor cells. The reactivity of the
nitrogen mustard base is also reduced in these drugs, which allows more of the drug to reach the DNA target intact. The aromatic nitrogen
mustards replace the methyl group of nitrogen mustard with an (R-Phe) group, stabilizing the nitrogen and reducing drug reactivity. Chlorambucil
and melpha-lan are two such drugs. Melphalan (L-phenylalanine mustard) incorporates the amino acid residue L-phenylalanine, allowing it to be
taken up by the L-phenylalanine active transport mechanism. Therefore, it may selectively target cells undergoing rapid protein synthesis, such as
rapidly proliferating tumor cells. An advantage of the aromatic nitrogen mustards is that they can be given orally.

The oxazaphosphorines are nitrogen mustard pro-drugs—inactive agents that become activated by metabolic mechanisms after introduction to
the body. The major drug in this class is cyclophosphamide, an inactive transport form of the drug with a much higher therapeutic range than do
agents with direct alkylating ability. Ifosfamide is a derivative of cyclophosphamide that is metabolized more slowly and has a somewhat different
therapeutic profile. Moreover, fractionation of ifosfamide dose schedules and delivery by continuous infusions of between 1 and 5 days
decreases off-target toxicity, increases the maximum allowable dose, and improves therapeutic efficacy.

The uptake and efflux mechanisms for many of the nitrogen mustards have been well quantified, and many enter the cell by carrier-mediated
transport. Mustine enters cells primarily by active transport mediated by the choline carrier; choline is a natural substance similar in structure to
mustine [20].

Uptake of melphalan appears to be mediated by two separate active transport mechanisms involved in amino acid transport [4, 21], while efflux
likely occurs only by simple diffusion. Goldenberg et al. [21] measured cell-to-interstitium concentration ratio for melphalan to be 11.0 ± 3.1 in
physiological conditions, and Begleiter et al. [2] showed that about 80% of intracellular drug was exchangeable with the extracellular
compartment. The rate of change in intracellular concentration of the drug can be described as the sum of two Michaelis-Menten terms for uptake
and a first-order term for efflux:

dCdt=Vmax1[ S ]Km1+[ S ]+Vmax2[ S ]Km2+[ S ]−kC,      (10.1)

where C(t) and [S] are intra- and extracellular drug concentrations, respectively, Vmax1 = 1.1 ± 0.4 × 10−16 mol/cell/min, Km1 = 8.0 ± 3.0 × 10−5
M, Vmax2 = 2.2 ± 2.4 × 10−17 mol/cell/min, Km2 = 1.0 ± 0.7 × 10−5 M [4], and k = 0.13 ± 0.05 [2].

Cyclophosphamide is similarly transported into the cell by two saturable processes [22], and the kinetics of DNA damage by cyclophosphamide
have been studied both in vitro [7] and in vivo [9, 50].

Chlorambucil is more water-soluble than other nitrogen mustards [49], and transport across the membrane occurs by passive diffusion, with
intracellular concentration reaching equilibrium with the extracellular concentration very rapidly [1]. The kinetics of chlorambucil metabolism and
binding to DNA, RNA, and proteins have been studied quantitatively by several groups [1, 27].

For a comprehensive quantitative review of membrane transport of the nitrogen mustards the reader may consult the 1980 review by Goldenberg
and Begleiter [20]. To our knowledge, the nitrogen mustards have not been studied using more complicated dynamical models.

10.2.2 Platinum-based drugs

The cytotoxic action of cisplatin (cis-diamminedichloroplatinum(II)) was accidently discovered in 1965. It was first used in humans as an
anticancer agent in 1971 and approved by the FDA in 1978 [33]. It remains a frontline treatment for ovarian and testicular cancer and has been
the focus of several mathematical models. Metastatic testicular cancer in particular is often hypersentitive to cisplatin, and cisplatin-based
chemotherapy regimes have increased 5-year survival rates from 5% to over 80% [33] making it one of the few solid metastatic tumors for which
systemic chemotherapy is curative. All other platinum-based drugs are based on cisplatin, which has the chemical structure cis-[Pt Cl2 (NH3)2;
the structures of this and several other platinum drugs are shown in Figure 10.2.

Figure 10.2



The three FDA approved platinum-based drugs. All are based on cisplatin.

Cisplatin’s major mechanism of action as a cytotoxic agent requires intracellular activation of the molecule by aquation (displacement by water) of
one of the two Cl groups. This allows activated cisplatin to bind covalently to purine DNA bases to form a cisplatin-DNA adduct. Aquation of the
other Cl group leads it to bind to a second DNA base, thus cross-linking the DNA strand [33]. The formation of such mono- and bifunctional
adducts interferes with replication and transcription and ultimately leads to cellular apoptosis by a sequence of events that is not yet fully
understood.

Platinum-based drugs are often classified as alkylating agents, and while their mechanism of action is similar to alkylating agents they contain no
alkyl group and therefore such a classification is technically incorrect.

Cisplatin can cause severe damage to the kidneys (nephrotoxicity) and gastrointestinal tract. Carboplatin (cis-diammine(l,l,-
cyclobutanedicarboxylato)-platinum(II)), a second-generation compound, replaces the chlorine groups with a more stable leaving group, and has
vastly reduced nephrotoxicity compared to cisplatin [33, 35]. Myelosuppression (inhibition of bone marrow) is the dose-limiting toxicity for
carboplatin. Cisplatin and carboplatin have similar efficacy in the treatment of ovarian cancer [33].

Cisplatin is highly polar, which limits its diffusion across the non-polar cell membrane. Copper transport proteins appear to determine cisplatin
uptake and efflux. Copper transporter-1 (CTR1) plays a major role in uptake, and copper efflux proteins remove cisplatin from the cell. Intracellular
thiols detoxify cisplatin, and DNA-repair mechanisms can repair cisplatin lesions [33].

There is a great deal of quantitative information on the kinetics of cisplatin-DNA binding and cross-linking as well as binding kinetics between
various thiols and cisplatin. Several models of in vitro uptake and cytotoxicity have been developed. The relatively simple mechanism of action
and the relative wealth of quantitative data for cisplatin and previous work make it an excellent choice for modeling.

There are several studies on the pharmacokinetics of plasma cisplatin, which can be reasonably described by a one-compartment model. The
kinetics of DNA binding and cross-linking by both cisplatin and carboplatin were quantified by Knox et al. [35], and later studies have quantified
the kinetics of cisplatin binding to thiols such as glutathione [8, 25] and metallothionein [24]. Based on their experimental data, Sadowitz et al.
proposed a simple mathematical model accounting for cisplatin transport across the cell membrane, detoxification by intracellular thiols, and
binding to the DNA [44]. El-Kareh and Secomb have developed several dynamical models of the uptake kinetics and cytotoxicity of cisplatin [15,
16].

10.2.3 Nitrosoureas

The nitrosoureas were developed in the 1960s, following the finding by the Cancer Chemotherapy National Service Center screening program
that ni-trosoguanidines had weak activity against intraperitoneal leukemias in mice. The nitrosoureas are structurally similar, are very lipophilic,
have a low extent of ionization, and do not readily bind plasma proteins. Therefore, they can cross the blood-brain barrier and enter the central
nervous system (CNS). Interest in these agents began with the discovery that the drug was partially effective against leukemia cells implanted
intracerebrally [45]. At that time, no other agents had activity against CNS tumors, so this finding spurred development of this class of drugs.

The two most successful and commonly used nitrosoureas are 1,3-bis(2-chloroethyl)-1-nitrosourea (BCNU, carmustine) and 1-(2-chloroethyl)-3-
cyclo-hexyl-1-nitrosourea (CCNU, lomustine). Because of their ability to cross the blood-brain barrier, they are frequently used to treat CNS
malignancies, including malignant gliomas (primary brain tumors). Delayed bone-marrow suppression is the dose-limiting toxicity. While there is
conflicting data, the evidence overall suggests that the nitrosoureas are equally cytotoxic to non-proliferating and proliferating cells [11, 26].

In the body, BCNU and CCNU break down fairly rapidly into 2-chloro-ethyldiazene hydroxide and isocyanate [3, 49]. The former undergoes further
reactions to form a chloroethyl carbonium ion which in turn forms mono-and bifunctional DNA adducts [49]. In solution, the half-lives for BCNU and
CCNU have been variously measured as 46 and 53 minutes [52], and 57 and 64 minutes [3], respectively. Both agents appear to cross the cell
membrane by passive diffusion, and the isocyanate decomposition product readily enters cells by diffusion. However, the carbonium ion that
alkylates the DNA is not taken up [3], and therefore breakdown of the nitrosoureas before they have reached their cellular target may represent a
barrier to therapy. This is one aspect of these drugs that could be studied with a theoretical model.

Weikam and Deen [52] developed a quantitative kinetics scheme that described DNA alkylation by the nitrosureas that successfully explained in
vitro dose-response curves in 9L rat glioma cells. Kohn [34] reports some quantitative data on the kinetics of DNA crosslinking by nitrosoureas.

10.2.4 Methylating agents

Methylating agents form monofunctional DNA adducts and typically add a methyl group to guanine residues. Important methylating agents are
dacar-bazine, procarbazine, and temozolomide.



10.3 Antitumor antibiotics
In general, the term antibiotic can refer to any compound derived from a microbial source—like bacteria of the genus Streptomyces, for example
—that kills cells. A number of such compounds effectively kill cancer cells and are hence called antitumor or antineoplastic antiobiotics to
distinguish them from their more famous siblings, the antimicrobial antibiotics. A number of such antineoplastic antibiotics are in common use in
chemotherapy. Their primary modes of action are to inhibit nucleic acid function in some way.

10.3.1 Anthracyclines

The anthracyclines are a class of antitumor antibiotics derived from Step-tomyces bacteria with a variety of mechanisms of action. They are
currently one of the most useful and widely used chemotherapies, with activity against a very broad range of neoplasms. The most commonly
used are daunorubicin, doxorubicin, idarubicin, and epirubicin. All are very similar to doxorubicin, which remains the standard and most
commonly used anthracycline.

Doxorubicin has received a great deal of attention from theorists, who have proposed many competing mathematical models for treatment using
this agent [12, 14, 17, 28, 41, 46]. (For details, see Chapter 9.) Its plasma pharma-cokinetics have been quantified using two- and three-
compartment models [13, 23, 42].

10.3.2 Mitomycin-C

One agent of particular interest is mitomycin-C, which produces intra-strand DNA cross-links by a complex mechanism that requires enzymatic
reduction for activation [49]. The requirement for bioreduction suggests that mitomycin-C, unlike most other chemotherapeutics, may have
significant activity in hypoxic tumors since such environments are reducing. Indeed, Te-icher et al. have consistently found mitomycin to be toxic to
hypoxic cells [48, 47], and it is equally effective against proliferating and non-proliferating cells [11].

10.3.3 Bleomycins

The bleomycins are a family of glycopeptides first isolated from Strep-tomyces verticullus in 1966. They are used in combination chemotherapy
against several lymphomas, head and neck cancers, and germ-cell tumors [6]. Bleomycin is most successfully used in cisplatin-etoposide-
bleomycin combination therapy, which is 80% curative for testicular cancer [6, 33]. The bleomycins are fairly large molecules (MW ~ 1500 Da)
with a common core structure and a variable sugar moiety and positively charged tail [6]. The commercial formula is called Blenoxane and is a
mixture primarily of bleomycins A2 and B2. The term bleomycin therefore refers to a variety of similar molecules, although “bleomycin” is typically
regarded as a single agent in the literature.

Bleomycin targets the DNA by several related pathways that induce single and double stranded DNA breaks. Such damage is very similar to that
induced by ionizing radiation (see Chapter 11). Bleomycins are hydrophilic and do not diffuse across the cell membrane. They bind to a surface
receptor and enter the cell by receptor-mediation endocytosis [6, 37]. Although membrane transport of bleomycins is inefficient, internalization of
only a few hundred molecules is needed to cause cell death [37].

Once inside the cell, bleomycin must be activated by an oxygen species and a reduced transition metal co-factor (nearly always Fe2+). The
activation cascade and subsequent mechanism for DNA damage is complex and variable. For a thorough characterization of the process that
includes a partial quantification of the kinetics the reader may consult the review by Burger [5]. In brief, reduced iron (Fe2+) and O2 form a
complex with bleomycin. The O2-Fe2+-BLM complex equilibrates with O2•−-Fe3+-BLM. The latter complex is converted to activated bleomycin,
Fe3+-BLM-OOH [5]. Several other pathways involving superoxide and hydrogen peroxide can also generate activated bleomycin [5].

In the absence of a DNA target, activated bleomycin is unstable and undergoes irreversible molecular suicide. Otherwise, it associates with DNA
in a sequence specific manner. That is, it targets GpC or GpT sequences with a specificity that is also affected by nearby nucleotides [5].
Bleomycin also tends to target DNA linker regions (between nucleosomes) of genes being actively transcribed [6], and “hot spots” for attack
appear to exist [5]. Once associated with the DNA, bleomycin always attacks the C4ʹ position of the doexyribose sugar, removing the hydrogen
and forming a DNA radical. A series of radical reactions then occur following one of two pathways. If O2 is available a break in the DNA
backbone is created. If not, an abasic site in the DNA (monomer location lacking either a purine or pyrimidine) is produced [6, 5].

Following formation of the initial DNA lesion, bleomycin is rapidly reactivated. Since reactivation apparently occurs faster than dissociation of
bleomycin from DNA [37], a second lesion is often formed near the first, accounting for the large number of double-stranded DNA breaks induced
by bleomycin. It has been estimated that a single bleomycin molecule can induce 8–10 DNA strand breaks [37], and 10–20% of DNA cleavage
events are double-stranded breaks [5].

The in vitro dose-response curve for bleomycin toxicity is always concave upward (it plateaus) when plotted on a semilogarithmic plot.

10.4 Antimetabolites
The principle antimetabolites in cancer chemotherapy are the antifolates, which primarily interfere with nitrogenous base synthesis, thereby
inhibiting DNA and RNA synthesis. The antifolates are generally considered to be S-phase specific.

Folic acids are part of the biosynthetic pathway that produces thymidylate, or deoxythymidine monophosphate (dTMP), one of the nucleosides
required for DNA synthesis. The pathway converts dUMP (deoxyuridine monophos-phate) to dTMP. The key enzyme is thymidylate synthase (TS),
which oxidizes N5,N10-methylenetetrahydrofolate (5,10-CH2FH4) to 7,8-dihydrofolate (7,8-FH2), after which tetrahydrofolate must be
regenerated. This is accomplished in two steps: the first is catalyzed by dihydrofolate reductase (DHFR) and the second by serine hydroxymethyl
transferase.

Antifolates disrupt dTMP synthesis either by directly targeting TS or by inhibiting DHFR and thus depleting the 5,10-CH2FH4 necessary for TS
activity. Tetrahydrofolates are necessary for de novo purine synthesis, which is also blocked by DHFR inhibition.

DHFR inhibitors have been in use for over 60 years, beginning with am-inopterin in 1948. It was replaced by methotrexate (MXT) in 1956, which
is still commonly used. Another compound, 5-fluorouracil, is a pyrimidine analog that binds to and permanently deactivates TS. As a uracil



analogue, it also has antitumor activity through incorporation into RNA.

10.5 Mitotic inhibitors
The mitotic inhibitors primarily interfere with microtubule dynamics, generating a dysfunctional mitotic spindle causing G2/M phase block or death
during M phase. Therefore, although they do affect cells during interphase, they are considered M-phase specific drugs. The two major classes of
mitotic inhibitors are the vinca alkaloids and taxanes, although other mitotic inhibitors exist. Such drugs have been the (at least indirect) focus of
many mathematical models studying the efficacy of cell-cycle specific chemotherapies (see Chapter 9).

10.5.1 Taxanes

The taxanes are a relatively recent development in cytotoxic chemotherapy, only coming into widespread use in the 1990s, although their
development spanned several decades. In the 1960s, National Cancer Institute (NCI) screening programs found that the crude extract of Pacific
yew tree (Taxus brevifolia) bark had anticancer activity. In 1971, the active ingredient pacli-taxel was identified, and in 1983 clinical trials began.
Trials were hampered by hypersentivity reactions, which were eventually tempered with pre-treatment steroids and a switch to long (e.g., 24
hours) infusion times. Finally, in 1992 the FDA approved paclitaxel for advanced ovarian cancer [40].

The two major taxanes in clinical use are paclitaxel (Taxol) and docetaxel (Taxotere). Like the vinca alkaloids (see below), they are considered
mitotic spindle inhibitors, although they act by stabilizing, rather than inhibiting, microtubule formation. Both pacli- and docetaxel comprise a
complex taxane ring system and an ester side chain. The drugs differ in this side chain [40].

Paclitaxel acts on tubulin, a major building-block of the cytoskeleton. Tubu-lin is a dimer, with subunits α and β, that polymerize to form
microtubules. Microtubules are normally in dynamic equilibrium with tubulin dimers, and paclitaxel binds reversibly to tubulin (preferably the β
subunit) shifting the equilibrium to favor microtubule formation [40].

Paclitaxel binding greatly increases microtubule stability, but microtubules are inherently dynamic polymers that undergo constant and rapid
remodeling. The two remodeling processes are dynamic instability, where micro-tubules transition between lengthening and shortening phases at
their ends, and treadmilling, where tubulin is added to one end of the microtubule at the same rate at which it is removed from the other [31]. At
low concentrations, paclitaxel inhibits these dynamic processes, and the microtubules that form are dysfunctional. Microtubules are one of the
polymers that make up the cellular cytoskeleton, and microtubule dysfunction can affect cell motility, intracellular transport, and response to growth
factors. However, their most dramatic role is in forming the mitotic spindle during mitosis, which has a deranged morphology in taxane-treated
cells [31]. The taxanes are therefore considered to be M-phase specific, inhibiting cell proliferation primarily by blocking the cell cycle at the G2-M
phase transition [43]. Cytotoxicity increases three-fold from G1 to G2 [10]. Taxanes also may retard the cell’s response to growth factors during
interphase [43].

Cells treated with paclitaxel develop abnormal asters and bundles of micro-tubules. The asters appear in G2/M phase and have not been
associated with toxicity. On the other hand, microtubule bundles form throughout the cell cycle and are associated with toxicity, while decline of
these structures correlates with paclitaxel resistance [43]. However, the jury is still out regarding the precise mechanism of cytotoxicity, and more
subtle effects than these on microtubule dynamics may be clinically more important [31].

The taxanes are characterized by biphasic plasma pharmacokinetics and are highly protein-bound [40]. Transport across the membrane occurs
by passive diffusion, but P-glycoprotein expression associated with multi-drug resistance (MDR) causes active efflux of the drug [40]. At
equilibrium, the intracellular drug concentration is several hundred times greater than extracellular concentration, as nearly all intracellular drug
binds to cellular components [36]. Kuh et al. [36] developed a model of intracellular pharmacokinetics for paclitaxel. Panetta [38] proposed a
mathematical model of paclitaxel treatment of an in vivo tumor consisting of proliferating and quiescent cells (see Chapter 9).

10.5.2 Vinca alkaloids

The vinca alkaloids were isolated from the Madagascar periwinkle plant (Catharanthus roseus, formerly Vinca rosea) in the 1960s. Periwinkle
had been used extensively in folk medicine to treat various disorders, including diabetes. This prompted laboratory investigation, and although the
anti-diabetic activity failed to be substantiated, the vinca alkaloids were found to suppress the bone marrow and have antileukemic activity [29].
The earliest, best studied, and most widely used vinca alkaloids are vincristine and vinblastine.

At high concentrations, the vinca alkaloids cause concentration-dependent disintegration of microtubule polymers, and this was the first
mechanism for cytotoxicity identified. However, at much lower concentrations the vinca alkaloids kinetically stabilize microtubules, causing subtle
disorganization of the mitotic spindle [30]. This inhibition of mitotic spindle function causes cells to become arrested at metaphase; this in turn
correlates strongly with inhibition of cell proliferation.

Therefore, while the taxanes induce microtubule polymerization and the vinca alkaloids inhibit polymerization, both classes of drugs inhibit micro-
tubule dynamics at low concentrations, which may represent a common mechanism for their clinical anticancer activity [31, 32]. Interestingly, the
differential effects at different concentrations may be explained (for vinca alkaloids) by the fact that vinblastine has two binding sites. At low
concentrations, it binds with high affinity to sites at the microtubule ends (Kd = 1.9 µm, 16-17 binding sites / microtubule), thus inhibiting
microtubule remodeling without significantly affecting overall mass. At higher concentrations it binds to low affinity sites on the microtubule surface
to cause depolymerization [30].

The vinca alkaloids also appear to have a profound ability to destroy tumoral vasculature. The cytoskeleton of endothelial cells can be very rapidly
destabilized by vinca alkaloids, leading to cell death and loss of blood flow to the tumor within minutes. Moreover, endothelial cells of the
developing and immature tumor vasculature appear to be selectively targeted [32]. Jordan and Wilson [32] published a nice review of agents that
target microtubules.

Like the taxanes, the vinca alkaloids bind extensively to cellular components, and at equilibrium the intracellular concentration is much greater
than the extracellular concentration [30].

10.6 Non-cytotoxic and targeted therapies
A number of treatment modalities other than cytotoxic chemotherapies exist, as we briefly discuss here. Prostate and breast cancers are treated



hormonally: androgen deprivation by castration or anti-androgens has long been the cornerstone of prostate cancer treatment (see Chapter 5 for
a thorough discussion), and anti-estrogens are used to prevent breast cancer recurrence. More recently, monoclonal antibodies targeting either
cancer-specific, mutated proteins, or cytokines involved in cancer progression, have also been used. In [18], the authors discussed at length
another targeted therapy, the treatment of chronic myelogenous leukemia with the drug, imatinib.
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Chapter 11

Radiation Therapy
11.1 Introduction
On December 28, 1895, Wilhelm Röntgen (often spelled “Roentgen” in English) presented to the Physical Society of Würzburg a report detailing
his discovery of a type of extraordinary new rays. These rays were capable of passing through black cardboard to light a paper, coated in barium
platinocyanide, with a “brilliant fluorescence.” These unknown “X-rays” (so named since x is often the unknown variable) passed through all
materials, but with varying permeabilities that related loosely to the materials’ density, biological materials included; in Röntgen’s original report:1

If the hand be held before the fluorescent screen, the shadow shows the bones clearly with only faint outlines of the surrounding
tissues.

Photographic plates were also affected by X-rays, as demonstrated famously by the skeletal image of a hand with a visible ring shown in Figure
11.1, and their diagnostic potential was immediately recognized. Within a few short months high quality medical radiographs had already been
produced, and, before the end of 1896, the Edison Roentgen Ray Apparatus was being manufactured by General Electric. In one illustration of
how quickly X-rays were adopted for medical use, Williams wrote in 1903, in the preface to what was already the third edition of his textbook (the
first had been published in 1901), The Roentgen Rays in Surgery and Medicine,

Figure 11.1

Photographic plate of a living human hand exposed to X-rays from Röntgen’s original 1895 report. Figure adapted from [33], a reprint of the
translation in [32].

I planned to include as complete a list as possible of the publications on the medical and surgical uses of the Roentgen rays, but when
it was found that the list would add nearly one hundred pages, it was omitted...

The exact origins and credit for using X-rays therapeutically, as opposed to diagnostically, are shrouded in some mystery and controversy. A fair
number of sporadic attempts to treat various cancers and other maladies by X-rays were carried out in the first few years following Röntgen’s
discovery, but these were generally unscientific, poorly documented interventions of uncertain benefit.2 Leopold Freund, now regarded as the
father of radiotherapy as a scientific specialty, performed the first rigorous investigations of radiotherapy. Beginning on November 24, 1886, he
performed three experimental X-ray treatments of a giant hairy nevus (a congenital pigmented skin lesion) [23]. Freund also founded the method
of fractionated radiotherapy, where a large cumulative radiation dose is divided into small daily doses. Fractionated radiotherapy endures today,
and we devote a significant portion of this chapter to models geared toward optimizing fractionation schedules. By the very early 1900s, a number
of reports of X-ray treatments for various cancers had appeared in the literature (e.g., by Pusey in 1902 [29]), and an early consensus began to
emerge that radiotherapy affected biological tissue, and it could at least slow the course of disease in many patients.

It is of note that Röntgen never applied for any patents related to X-rays, nor did he ever benefit financially from his monumental discovery. When,
in 1901, he received the first Nobel Prize in Physics, Röntgen donated the prize money to the University of Würzburg.3

X-rays represent the first and still most important type of medically used ionizing radiation. By far the most important non-diagnostic use of
radiation is cancer treatment, and this is the sole topic of the remainder of this chapter. Ionizing radiation exerts its effects by generating ions in
biological material, which in turn induce damaging radical chain reactions that damage many cellular components. The most important target is
the DNA, and radiation-induced DNA lesions can cause mutations, loss of genetic material, genetic and genomic instability, and cell death. This
cytotoxic effect is the basis for its efficacy against a wide variety of cancers (as well as other neoplastic and hyperproliferative conditions).

Quantitative models have been fairly widely used in radiation therapy, and at least three major areas have received significant theoretical
attention: (1) the underlying mechanisms for lethality in relation to dose-response curves, (2) the kinetics of radiation-induced damage repair, and
(3) optimal fractionation of radiation regimes for various cancers. DNA repair is the central dynamic determining the cellular response to
radiation, and all models focus, in essence, on the interaction between DNA lesions and associated repair enzymes.

While dose-response curves in chemotherapy have received relatively modest theoretical attention, dose-response curves in radiotherapy have
been studied extensively with mechanistic models. Explaining the details of such curves has been the primary motivation for models of the
mechanisms of radiation-induced damage. These models also form the foundation for quantitative predictions of dose/fractionation dependence
in modern radiotherapy. Such models also must take into account the kinetics of damage repair, and therefore are the most fundamental to our
study of radiotherapy.

All dose-response curves are exponential for sufficiently high doses, but most are characterized by a shoulder region at low doses [27], as shown
in Figure 11.2. A great deal of work has focused on understanding the underlying mechanism producing the shoulder, and at least three non-
mutually exclusive hypotheses exist.

Figure 11.2



Example dose-response curve for irradiated cells on a log-linear scale. The shoulder region, as discussed in the text, is predicted to be a
consequence of DNA lesion repair by most models. As shown in the insert, all dose-response curves become exponential for sufficiently large
radiation doses. Note that this curve is only for demonstrative purposes, and it is not based on any particular data.

The classical “target-hit” hypothesis posits that there are discrete “targets,” presumably double-stranded DNA, which can be “hit” by ionizing
radiation. Such hits are assumed to be independently and randomly distributed throughout the cell population and occur in direct proportion to the
dose of radiation delivered. Cell death is assumed to follow from absorption of a sufficient number of hits. This hypothesis accounts for no repair
processes or further interactions between lesions [15]. Classical theory predicts that the shoulder region arises as consequence of multiple hits
being necessary for lethality. Indeed, a cell almost certainly must suffer many hits for death to ultimately occur, but as we shall see, this is more a
consequence of various repair processes rather than an intrinsic property of the cellular damage response. A single double-stranded break is
sufficient to cause death [28]. While in many ways insightful, classical theory is fatally flawed in its disregard of repair.

Two more modern hypotheses for radiation damage explain the shoulder region in a more biologically plausible way. The first, which leads to
lesion-interaction models, posit that two (or more) sublethal or potentially lethal lesions initially formed by independent radiation tracks interact to
become lethal lesions. The second, expressed as saturable repair models, suggests that saturable enzymatic repair processes can repair some
otherwise lethal damage induced by radiation. Both hypotheses assume a time-window in which repair reactions occur. After this time lesions
become permanent, or as we say somewhat awkwardly,“fixed.” (Here, the word “fix” is used to mean “made stable” or unchanging, as in fixation. It
does not mean to mend.) Models of these hypotheses tend to assume that the fraction of the cell population with unrepaired lesions dies.

A quasi-mechanistic model of the lesion-interaction type—the linear-quadratic (LQ) formalism—successfully describes the shoulder region of
radiation dose-response curves and is now used nearly universally to predict response under different delivery schemes for radiation therapy.
This simple formalism encapsulates a great deal of underlying biology and is predictive and powerful. It has supplanted older empirical
relationships such as nominal standard dose (NSD), time, dose, and fractionation (TDF), and cumulative radiation effect (CRE), formulas that all
have obvious problems and have lead a leading practitioner to declare that, “Perhaps the main [problem with these empirical methods] is the
availability of easy-to-use tables that have discouraged clinicians from thinking about the real biological factors involved” [11].

Many of the more mechanistic lesion-interaction and even saturable repair models of radiation-induced cell death approximate the LQ model
within the clinically relevant range of radiation doses. However, for high-dose radiation schemes, predictions of the LQ model can diverge
significantly from those of other models. In this section, we first discuss the molecular mechanisms by which radiation causes cell death and
various models of these mechanisms. We also discuss models of DNA break repair kinetics, as this is intimately related to cytotoxicity. Finally,
we discuss the LQ model and its most common mechanistic interpretation, and the application of the LQ model to radiation fractionation
scheduling.

11.2 Molecular mechanisms
Ionizing radiation exerts its biological effects by imparting energy to the target material. This energy induces ionizations which leads to the rapid
production of free radicals. Such radicals diffuse and react with cellular components, the most important being DNA, and damages them. This
damage is detected by the cell, which activates a cellular response that can lead either to successful damage repair or cell death. Improper or
incomplete repair of DNA damage can cause cell death or a variety of mutations, chromosomal aberrations, and genetic instability [28].

Radiation damage occurs almost instantaneously. Following an acute dose of radiation, ionizations are complete within 10−15 s, and DNA
lesions have been induced within a microsecond. However, delayed radical reactions may occur over a time-scale of minutes, and cellular
responses to radiation can occur over hours or days [28].

In the past, radiation was measured using units of radiation exposure. Now radiation is measured using units of absorbed dose. The SI unit for
absorbed dose is the gray (Gy), which is defined as the absorption of 1 joule of energy per kilogram of material (1 J/kg). The Gy has replaced the
older rad (radiation absorbed dose) unit, and 1 Gy = 100 rad. To simplify historical comparisons and avoid conversion, the centigray (cGy) is
sometimes used in the literature [27].

While the Gy unit reflects the total amount of energy imparted to target material, the notion of linear energy transfer (LET) quantifies the spatial
distribution of energy deposition along a radiation track. For a given radiation type, LET is roughly defined as the energy lost per unit distance
through the target material, or as the ratio of total energy lost to the material over the path length through the material. LET is typically measured in
units of KeV / µm. Low-LET radiation includes X-rays, β particles (electrons) and secondary effects from -γ-rays, while high-LET radiation
includes neutrons, protons, and α-particles (helium nuclei). Low-LET radiation is sparsely ionizing, causing ionizations over a large target volume
[28]. High-LET radiation, on the other hand, is densely ionizing.

A related concept is that of relative biological effectiveness (RBE). For a given test radiation type, its RBE is defined as the ratio of a standard X-
ray dose to the dose of the test type required to produce the same biological effect (e.g. mutation, cell kill, etc.). That is,



RBE=Dose of standard X-rays (250 KeV)Dose of test radiation type.

All low-LET radiation has an RBE of 1, while generally RBE > 1 for high-LET radiation. While dose-response curves for low-LET radiation display
a shoulder region, the curves for high-LET radiation are purely exponential [27, 28]. However, all curves become exponential for sufficiently large
radiation doses [27]. Most medical radiation is low-LET.

11.2.1 Ions and radical reactions

Acute doses of ionizing radiation rapidly induce double-stranded breaks (DSBs) through free-radical reactions in the nuclear DNA (chromatin),
and such breaks are widely believed to be the principle cause of radiation-induced cell death. Low-LET radiation interacts with electrons in the
target material and displaces high-energy electrons from their atomic orbitals. Displaced electrons (δ-electrons) with sufficient energy can further
react to displace other electrons. Such electron chain reactions are produced at the track ends of low-LET radiation [28]. These ionizing events
form a positive ion and a free electron. The abnormal ions are charged and have an unpaired electron, making them extremely unstable, and they
quickly react to form uncharged free radicals (elements containing an unpaired electron) [27]. Oxygen radicals in particular are extremely reactive
and can set off damaging chain reactions. Massive radical-induced damage can cause cell death either by apoptosis or necrosis.

Radiation may directly ionize various biological molecules, but of primary importance is the ionization of water, which sets off a series of reactions
that produce potent oxygen radicals. Water ionization rapidly produces free electrons, e−, hydrogen cations (free protons), H+, hydrogen radicals,
H•, and hydroxyl radicals, HO•, by the following reactions [27]:

H2O→H2O•++e−,H2O•+→H++HO•,H++e−→H•.

The hydroxyl radical is potently reactive and can damage a variety of organic molecules. It is the principle species responsible for DNA damage,
being able to react with both the base and sugar moieties of DNA [28]. Oxygen can react with the other products of water ionization to form the
superoxide anion, O2•−, and hydrogen peroxide, H2O2. Superoxide and hydrogen peroxide, which along with the hydroxyl radical (among others)
are referred to as reactive oxygen species or ROS, can participate in many subsequent chain reactions to generate hydroxyl radicals, radical
halogens, and other damaging species. Therefore, tumor oxygenation is an important determinant of the effectiveness of radiation therapy [27].
Moreover, iron can react with O2•− and H2O2 to produce HO• in the Haber-Weiss cycle.

The radical products of ionization are not generated homogenously throughout the cell, but are localized to “clusters of ionization” generated at
radiation track ends in low-LET radiation [28]. DNA lesions therefore tend to occur in clusters [27]. The cascade of ionizations induced by
irradiation is depicted in Figure 11.3.

Figure 11.3

Schematic of radical reactions leading to cell injury.

Radiation-induced radicals can damage an array of cellular components. Their most important effects are single- and double-stranded DNA
breaks. Single-strand breaks (SSBs) can be repaired relatively easily, and most DSBs are also repaired [27]. Unrepaired DSBs can cause the
cell to undergo apop-tosis when it attempts to pass through mitosis.

11.2.1.1 DSB repair mechanisms

Following formation of DSBs, cell-cycle arrest occurs and DNA repair processes are activated. Cell-cycle arrest is necessary for cells to have
sufficient time to repair damage, and several signalling kinases are known to induce G1 and G2 block in response to DSB formation [44]. DSBs
in mammalian cells are repaired by two known enzymatic mechanisms: homologous recombination (HR) and non-homologous DNA end-joining



(NHEJ). In HR, a homologous section of DNA in either the sister chromatid or (rarely) the homologous chromosome “invades” the broken DNA
strand and serves as a template for repair. In NHEJ, two free DNA ends are ligated together in a process that requires little or no homology
between the strands.

HR is a highly accurate repair process, while NHEJ is error-prone. While NHEJ is believed to be the dominant repair process in mammalian cells,
the relative contributions of the two processes is controversial. Between 10% and 50% of DSBs may be repaired by HR in mammalian cells.
Because HR generally requires the presence of a sister chromatid, it is likely only active in the S and G2 stages of the cell cycle. It is generally
accepted that NHEJ is by far the dominant process in the G1/G0 phases [43].

11.2.1.2 Radical detoxification mechanisms

Cells are constitutively exposed to endogenous oxidative stress resulting from cellular respiration and inflammatory processes. Therefore, they
are equipped with ROS detoxifying molecules and damage surveillance systems. ROS-detoxifying systems can prevent radiation damage to
some degree. Radical scavengers with a thiol (sulphydryl, SH) group can detoxify free radicals by donating a hydrogen atom to the radical.
Superoxide dismutase (SOD) reduces superoxide (O2•−) to H2O2, which can then be further reduced to water by catalase or glutathione (GSH)
peroxidases.

11.2.2 Oxygen status

As mentioned above, tumor oxygenation status helps determine response to therapy, and tumor hypoxia is an important cause of radioresistance.
Within most tumors there exists a radioresistant and severely “hypoxic fraction,” which ranges from 0–50% of the tumor mass before treatment.
Cells are maximally radioresistant at or below an oxygen partial pressure (PO2) of about 0.5 mmHg and are fully radiosensitive above 20 mmHg
[47]. A very important parameter is the oxygen enhancement ratio (OER) which is defined as the ratio of the dose under hypoxic conditions over
the dose under aerobic conditions necessary to produce the same cell kill. Perhaps more intuitively, one can view it as a “dose multiplier:”

OER×Dose under normoxia=Dose under hypoxia

to achieve the same kill. Experiments using high radiation doses yield an OER of 2.5–3.0 for severely hypoxic cells [8]. Although written and
thought of as a constant coefficient, the OER appears to be a function of the kill efficacy, which in turn depends on dose under normoxia. It turns
out that the OER is somewhat smaller for lower “normal” doses, suggesting that tumor hypoxia is slightly less of a barrier to therapeutic success
for lower dose medical radiation than it is in experimental settings.

11.2.3 The four R’s

Finally, we mention the “four R’s” of radiotherapy: repair, regrowth, re-oxygenation, and redistribution (of cells within the cell cycle). The first is
ubiquitous to our discussion; the latter three are most relevant in the context of fractionation schedules, because during prolonged courses of
radiation, tumors have opportunity for regrowth, reoxygenation (as the tumor shrinks so does the hypoxic fraction), and cell cycle redistribution.
We address these with the LQ model toward the end of this chapter.

11.3 Classical target-hit theory
The formal multi-target, multi-hit models of classical radiation theory only consider immediate effects of radiation on DNA. As outlined above, the
classical theory posits that if a sufficient number of DNA “targets” are “hit” or damaged by a volley of ionizing radiation, then a cell dies. No repair
processes or further interactions between lesions are accounted for [15].

The multi-target single-hit model is founded on the assumptions that multiple targets exist, some number of which must be hit at least once to
cause cell death. It is essentially a stochastic model that assumes “hits” occur as described by a Poisson process. The main result is the following
expression of the survival fraction, S, as a function of radiation dose, D:

S=1−(1−e−D/D0)N.      (11.1)

This expression can be derived from the following argument. Suppose a large number, n, of DNA targets exist in a single cell. For a fixed dose of
sparsely ionizing radiation, we assume that the target “hit” probabilities for all n targets are independent and identically distributed with constant
probability p. Let X be the number of targets hit in a single course of radiation treatment. Then X is a binomially-distributed random variable with
parameters n and p, i.e., X ~ BIN(n, p). For n sufficiently large and p sufficiently small, the number of hits is approximated by a Poisson random
variable with parameter λ = np. If we assume that death follows from only a single hit, then

Pr(lethal damage)=Pr(X≥1)=1−Pr(X=0)=1−e−λ.      (11.2)

Similarly, if death requires N damaged targets, then the probability of lethal damage is

P(X1≥1,X2≥1,...,XN≥1)=∏i=1NP(Xi≥1)=(1−e−λ)N..      (11.3)

Since the expected value of a Poisson random variable is λ and it is assumed that the number of hits is directly proportional to the dose D, we
have λ = D/D0, where D0 is the dose to give a mean of 1 hit per target [24]. The parameter D0 is also frequently given as the dose at which S =
exp(−1) ≈ .37 and this parameter is used to quantify the intrinsic radiosensitivity of a cell lineage. Note that the two definitions for D0, i.e., the dose
for a mean of 1 hit per target and the dose for a surviving fraction of exp(−1), are only equivalent if a single hit is lethal. The latter is the definition
more commonly encountered in the literature. Finally, the surviving fraction,

S=1−P(lethal damage)=1−(1−e−D/D0)N.      (11.4)

According to this derivation N, also called the extrapolation number, is the number of targets that must be hit to cause cell death. However, on
parameter estimation many dose-response curves fail to give integer values for N [27].

If death is caused by a single hit, then

S=exp(−D/D0)      (11.5)



Such a “log-linear” relationship motivates most later models for radiation damage. Fowler [10] discusses a more general multi-target multi-hit
model and the multi-hit single-target model. Dienes [9] proposed a simple kinetics model where radiation damage occurs in a series of kinetic
steps. He showed that equations from hit theory can be derived from this kinetics model.

Classical target theory does not take into account the cell’s ability to deal with damage, and incorrectly assumes that the cell’s fate is sealed
immediately following irradiation. Damage repair and its consequences are discussed in the next section.

11.4 Lethal DNA misrepair
While most DSBs are successfully repaired, the NHEJ repair mechanism is error-prone and can ligate free DNA ends from two different
chromosomes. Misrepair of DSBs can result in catastrophic chromosomal aberrations that prevent the cell from undergoing successful mitosis.
The most important of these appears to be the dicentric chromosomal aberration [3, 27], which is produced by the improper repair of two broken
chromosomes (Figure 11.4).

Figure 11.4

Induction of structural aberrations in chromosomes by radiation. DSBs are induced in direct proportion to the absorbed radiation dose. Two
broken nonhomologous DNA strands can interact by second-order kinetics to form aberrant structures, like dicentric chromosomes, which
possess two centromeres and tend to be lethal to the cell. Another possibility is reciprocal translocation, which is not necessarily lethal. The two
structures are formed with equal probability. Note that a dicentric aberration is considered a single lethal lesion.

Models that consider lethal misrepair of DNA lesions as a primary mechanism for radiation cytotoxicity are known as lesion-interaction models.
Broadly, the lesion-interaction models adopt either one or both of the following assumptions: (1) there exist both lethal and sub-lethal lesions—
sublethal lesions may interact to yield lethal lesions—and (2) there exist potentially lethal lesions which may be repaired but can also interact by a
second order process to produce irreparable lethal lesions. In this section we discuss several historically related and very similar models: the
repair-misrepair model, the lethal-potentially lethal model, and briefly, the two-lesion kinetic model. The linear-quadratic formalism, which is
discussed later in this chapter, is a quasi-mechanistic model also of the lesion-interaction type.

11.4.1 Repair-misrepair model

The classical repair-misrepair (RMR) model first proposed by Tobias et al. [42] is an instructive introduction to this formalism. Here, we present a
modified version similar to that discussed by Sachs et al. [37].

The RMR model considers the number of DSBs in the DNA, U(t), and the number of lethal lesions, L(t), that ultimately result from these breaks.
The RMR model assumes that most breaks are successfully repaired, and the number of DSBs produced increases linearly with the total dose of
radiation, D. The latter assumption is supported by empirical data [37, 42], which presumably implies that the rate of DSB production is linearly
proportional to the rate of radiation delivery to tissue, Ḋ.

The rate of repair of DNA breaks is a function of the total number of breaks; in particular, it is a first-order process. The misrepair of two broken
DNA strands to form a chromosomal aberration, however, requires the interaction of two DNA strands and is therefore (at least in a well-mixed
setting) a second-order process. Since broken DNA strands can be treated as equivalent, the rate of misrepair is proportional to U2, assuming
mass action. These assumptions yield the following model:

dUdt=δD˙︸damage−λU︸repair−κU2︸misrepair,      (11.6)

dLdt=(1−ϕ)λU︸unsuccessful repair+σκU2︸lethal misrepair,      (11.7)

where δ is the number of DSBs induced per Gy of radiation (δ ≈ 40 DSBs / Gy [37]), λ is the rate at which DSBs are repaired (λ = 0.35 to 1.39



per hr [1]), κ is the rate constant for second-order DSB interaction, and ϕ is the fraction of simple repairs that are successful. The fraction of
misrepairs that result in a lethal lesion is σ, which was taken to be 1 in Tobias’ original model. However, Sachs has argued that the rate at which
lethal lesions are produced by misrepair is only 1/4 the rate at which misrepairs occur, since it takes two DSBs to form a single lesion, and on
average only half of all misrepairs result in a lethal dicentric aberration. Therefore, σ should be 1/4 (see Figure 11.4).

Assuming that lethal lesions are Poisson-distributed among the cell population, which appears to be valid for lower dose low-LET radiation [2],
the (time-dependent) surviving fraction of cells,

S(t)=exp(−L(t)).      (11.8)

Lethal chromosomal lesions do not necessarily induce immediate cell death. Rather, death occurs when the cell attempts to divide. This explains
the phenomenon of delayed toxicity, where tissues with cells that turnover slowly can experience toxicity months following therapy. Moreover, cells
may be “sterilized,” i.e., they lose reproductive capacity without being killed [27]. From the perspective of tumor control, sterilization and death are
equivalent.

A simplified version of the model, presented in [42], can be used to gain deeper analytical insight. Assume an acute dose of radiation, D, is
delivered, giving the initial condition U0 = δD. Moreover, assume that fraction ϕ of first-order repairs are successful and that all misrepairs are
lethal. In this case the model reduces to the following:

dUdt=−λU−κU2,      (11.9)

U(0)=U0=δD.      (11.10)

The solution is

U(t)=U0e−λt1+(U0T)/(∈),      (11.11)

where

T=1−exp(−λt),      (11.12)

∈=λκ.      (11.13)

We may now integrate to calculate the total number of lesions repaired by first-order repair, RL(t), and the number of quadratic misrepairs, RQ(t):

RL(t)=∫0tλU(s)ds=∈ln(1+U0T∈),      (11.14)

RQ(t)=∫0tκU(s)2ds.      (11.15)

Also,

U(t)=U0−RL(t)−RQ(t).      (11.16)

Since all lesions will ultimately be repaired either by first- or second-order processes, limt→∞ U(t) = 0, which yields an expression for the number
of quadratically misrepaired lesions as t → ∞:

limt→∞RQ(t)=U0−limt→∞RL(t).      (11.17)

The number of lethal lesions, L(t), is the number of quadratic misrepairs plus those first-order repairs which were unsuccessful, so

limt→∞L(t)=U0−ϕlimt→∞RL(t).      (11.18)

Combining this final expression with the relation S = exp(−L(t)) yields the expected survival fraction when sufficient time is allowed for all repair
process to reach completion:

S=exp(−L¯(t))=e−U0(1+U0∈)ϕ∈=e−δD(1+δD∈)ϕ∈,      (11.19)

where L̄(t) = limt→∞ L(t). Note that the first term, exp(−δD), represents the expected log-kill curve that would result if no repair processes were
active. This curve is modified by the second term, which represents the effects of the first and second-order repair processes. If the amount of
time for repair is finite (say, of length tr), and lesions at the end of that time interval, U(tr), become lethal, then

L(tr)=U(tr)+RQ(tr)+(1−ϕ)RL(tr)=U0−ϕRL(tr).      (11.20)

Thus, we arrive at a similar expression for the time-dependent survival of irradiated cells:

S(t)=exp(L(tr))=e−δD(1+δDTr∈)ϕ∈,      (11.21)

where Tr = 1 − exp(−λtr). With this expression, we can examine how the survival curve responds to changes in parameter values. The second term
is always ≥ 1, implying that while second-order misrepair contributes to the lethality of radiation, overall the repair process always increases cell
survival. Moreover, increasing the time available for repair always increases survival, so there is no point at which the cost of second-order
misrepair “outweighs” the benefits of first-order repair. This is an important point, as it is easy to incorrectly conclude, as some authors have, that
the RMR model (and other lesion-interaction models) suggests that the shoulder region represents an increase in the number of lethal lesions that
would have otherwise occurred in the absence of the repair process. Also, when there is sufficient time for all lesions to be resolved and all first-
order repair is successful—i.e.,ϕ = 1—then S → 1 as κ → 0. In general,

limκ→∞S=e−δD(1−ϕ),      (11.22)

and any cell death is due to first-order misrepair (we leave the proof of this result as an exercise). Therefore, the RMR model implies that repair
following irradiation always increases cell survival, but misrepair is the main cause of cell death in the long term.



Increasing the time available for repair, tr, and the first-order repair rate, λ, both increase survival, whereas a larger rate of second-order
misrepair, κ, reduces survival. At the other extreme, if no time is allowed for repair then the survival curve decreases exponentially with dose,
namely exp(−δD). Figure 11.5 shows some representative dose-response curves under the RMR model.

Figure 11.5

Dose-response curves for the RMR model as t → ∞ under different values of r., the second-order misrepair constant. Using survival data, Tobias
[42] estimated parameter values of δ = 1.6 Gy−1, λ = 0.022 min−1, ϕ = 0.89, and κ = 0.00078 lesion−1 min−1. These values are used for all
parameters other than κ in the figure.

We can also see from equation (11.21) that as the dose D becomes large, the survival curve approaches that of a simple exponential with slope
−δ on a loge-linear plot. To see this, first note that

ln(S(t))=−δD+ϕ∈ln(1+δDT∈).      (11.23)

Differentiating with respect to dose D gives

ddDln(S(t))=−δ+ϕδ(1+δDT∈)−1.      (11.24)

At extreme doses,

limD→∞(ddDln(S(t)))=−δ.      (11.25)

Thus, we see that repair essentially “pushes” the unmodified log-linear survival curve to the right, and the shoulder region represents convergence
to this ultimate exponential behavior. This is an important model prediction, as all empirical survival curves become exponential with sufficiently
large radiation doses. As we shall see, while the RMR, lethal-potentially lethal, and saturable repair models all share this prediction, the ubiquitous
linear-quadratic formalism fails to preserve this fundamental result.

Figure 11.6

Dose-response curves for the RMR model for different repair time intervals, t. Note that the survival curve approaches an asymptotic curve within
several hours. Other parameter values are the same as in Figure 11.5.

11.4.2 Lethal-potentially lethal model

Like the RMR model, the lethal-potentially lethal (LPL) model includes cytotoxicity from incorrectly repaired and initially irreparable, lethal DSBs.
However, it also includes the notion that some reparable lesions become lethal if not repaired (“potentially lethal” lesions). Here we present the
model proposed by Curtis [6] with some changes in notation. The model arises from the following assumptions:

1. Potentially lethal and lethal lesions are each produced at a rate linearly proportional to the radiation dose-rate.
2. Lethal lesions cannot be repaired and always induce cell death.
3. Potentially lethal lesions are repaired according to first-order kinetics and are misrepaired to form irreversibly lethal lesions according to

second-order kinetics (binary misrepair as in the RMR model).
4. Following some prescribed amount of time, the remaining potentially lethal lesions become “fixed” and irreversibly lethal. Such lesion

fixation may be due to cells entering the cell cycle.



Letting P(t) and L(t) represent the number of potentially lethal (reparable) and lethal (irreparable) lesions, respectively, we have the following
model:

dPdt=δηD˙︸reparable damage−λP︸repair−κP2︸misrepair,      (11.26)

dLdt=δ(1−η)D˙︸irreparable damage+κP2︸lethal misrepair,      (11.27)

where η represents the fraction of radiation induced DSBs that are reparable, and all other parameters are the same as for the RMR model. We
also note that, as in the RMR model, the term for the addition of lethal misrepair is more properly (1/4)κP2, but we have left it as is so that
parameter values reflect those of the original model.

Explicit solutions to the model equations are given in [6], and they are somewhat similar in form to those for the RMR model. One interesting
prediction of the LPL model, which is corroborated by data, is that the dose-rate (i.e., rate at which radiation is delivered to tissue), has a strong
effect on the cell survival curve. Curtis [6] showed that for a sufficiently low dose-rate, cell survival is approximated by the expression,

S=exp(−δ(1−η)D).      (11.28)

This result implies that for very low dose-rates the interaction between potentially lethal (or sublethal) lesions becomes negligible, and cytotoxicity
is determined solely by the ability of single-track radiation to form irreparable DNA breaks. We will encounter this notion again when discussing
the LQ model (see Section 11.7). An important potential application of this result and the model generating it is brachytherapy, where implanted
radioactive seeds slowly deliver radiation to the target tissue. The effect of dose-rate upon survival under the LPL model is shown in Figure 11.7.

Figure 11.7

Dose-survival curves under the LPL model for different dose rates. The dotted line gives the analytic approximation for a vanishingly small dose-
rate. Note that there is an asymptotic survival curve for both small and large dose-rates (compare to Figure 3 in [6]). Parameter values are δ =
0.7366 Gy−1, η = 0.82, λ = 0.5 hr−1, and κ = 0.055 lesion−1 hr−1.

We have chosen to highlight the LPL model because it highlights the concept of “sublethal,” potentially reparable lesions that can still induce cell
death if they become fixed. Thus, we can be clear that DSBs are lethal if unrepaired, can be misrepaired to form irreversibly lethal lesions, or can
be successfully repaired. There is no need to invoke a separate “sublethal” class of DNA damage. This is an important interpretation, since the
precise meaning of “sublethal lesion” has generated chronic debate.

11.4.3 Parametrization

Both the RMR and LPL model can be parameterized to compare favorable with dose-response data, and we briefly discuss the implications of
the derived parameter values. The first-order repair rate, λ, has been estimated to be between 0.6 and 1.32 hr−1 (t1/2 between 0.53 and 1.16 hr)
for the RMR model [42] and 0.5 hr−1 (t1/2 = 1.39 hr) for the LPL model [6]. These values are well within the empirically expected range.
Interestingly, Tobias estimated that 11% of lesions are improperly repaired (ϕ = 0.89) under the RMR model, and Curtis estimated that 18% of
single-track lesions are irreparable (η = 0.82). However, under curve-fitting, both models predict much lower rates of DSB formation than
indicated by empirical data. The RMR model predicts S between 1.6 and 2.058 Gy−1, and the LPL predicts δ = 0.7366 Gy−1. However, direct
measurements estimate that about 40 DSBs are formed per Gy of radiation [27, 37]. It is possible that this disconnect is due to all misrepaired
lesions being equated to a lethal lesion in both models, when in reality four misrepaired DSBs are needed on average to form single a dicentric
chromosome. In any case, this suggests a problem with both models that could be resolved in future work. This is yet another demonstration of the
importance of constraining parameter values by empirical data.

Finally, we briefly mention the two-lesion kinetic (TLK) model of Stewart [40], which was proposed as an extension and refinement of the RMR
and LPL models. The TLK model is, in essence, the RMR model but with two classes of sublethal lesions with distinct kinetic parameters that can
interact by binary misrepair. Stewart calibrated the TLK model to survival data and showed that it, unlike the LPL model, yielded reasonable
predictions for both number of DSBs Gy−1 and rate of DSB rejoining. Interestingly, results further implied that the two classes of DSB must be
repaired at vastly different rates. This model is also discussed in the section on the kinetics of damage repair.

11.5 Saturable and enzymatic repair
While chromosomal aberrations caused by misrepair of DSBs are significant causes of lethal damage, unrepaired double-stranded breaks also
cause cell death. Repair of such breaks is an enzymatic, and therefore fundamentally saturable, process. Saturability of DNA repair lies at the
heart of the main hypothesis competing with lesion-interaction to explain the shoulder region of dose-response curves. In many experimental
models, the half-time for DNA repair (time it takes to repair half of the DNA lesions) following irradiation increases linearly with radiation dose [31,
45]. Such studies characterize the repair process as either unsaturated (implying first-order kinetics of repair), partially saturated, or fully
saturated (implying zero-order kinetics for repair). For example, the half-time for repair in rat 9L glioma cells did not depend on dose below about
6 Gy, but increased roughly linearly with doses > 12 Gy [45], suggesting saturation. Moreover, graphical comparisons of DNA repair halftime to



the cell-survival curve suggest that repair saturation at least partially explains the shoulder region. Such experimental evidence has motivated the
saturable-repair models we now review.

11.5.1 Haynes model

In 1966 Haynes [15] demonstrated, among other things, that cell survival in yeast cells following radiation exposure increased dramatically if the
survival assay was delayed by 48 hours. This observation led him to propose a simple mathematical model for lethality as a function of the
expected number of unrepaired lethal hits per cell for a given time for repair. A lethal hit here is defined as a DNA defect which irreversibly blocks
DNA synthesis. Formally, the survival fraction, S, for a dose of size D is given by

−lnS=F(D)−R(D),      (11.29)

where F(D) is the number of lethal DNA defects per cell and R(D) is the number of defects that are repaired in the available time. The exponential
dependence of survival on the total number of lesions is a consequence of the assumption that hits are Poisson-distributed throughout the cell
population. If R(D) = 0, then the model is equivalent to a classical 1-target 1-hit model. Under Haynes’ model, repair can presumably continue until
the cell attempts to enter S phase and replicate its DNA. As in both classical and lesion-interaction theory, the number of lethal hits is assumed to
be directly proportional to dose, and F(D) = kD.

Haynes’ method for deriving R(D) is a good example of a heuristic derivation of a functional form. Haynes claimed a reasonable form of R(D)
should meet three requirements:

1. It must pass through the origin; i.e., no repair occurs if no damage occurs.
2. The number of defects repaired should be proportional to the number of defects at low doses.
3. R(D) should plateau at high doses.

To satisfy these requirements, Haynes chose a simple saturation function,

R(D)=α(1−e−βD),      (11.30)

where α is the maximum number of defects that can be repaired in the available time, and β is defined such that ln 2/β equals the radiation dose
at which half of the repairable defects are repaired. Since what is being modeled is the saturation of repair enzymes, a Michaelis-Menten term
would also be appropriate here.

From these choices of F(D) and R(D) we arrive at:

−lnS=kD−α(1−e−βD).      (11.31)

Much later, Sanchez-Reyes derived an equivalent model for saturable repair [38]. Because the parameter α represents the absolute number of
lesions that can be repaired, it must depend upon the number of lesions actually produced and hence the dose D. It will be unique for all data-
sets.

While very simple, this model makes some interesting predictions concerning dose-response curves. First, note that the derivative of equation
(11.31) with respect to dose (the slope of the dose-response curve) is

d(−lnS)dD=k−αβe−βD,      (11.32)

which is equal to k − αβ when D = 0. Now, Haynes defined the efficiency of repair as the fraction of lesions that are repaired:

Efficiency=R(D)F(D)=αβk(1−βD2+β2D26+...).      (11.33)

This can be seen from the Taylor series expansion for the exponential function. Clearly, efficiency ≈ (αβ)/k when βD is small. If k = αβ, then
efficiency = 1 (100%) when D = 0, and therefore the initial slope of the survival curve, k − αβ, is 0. From this we can conclude that if the initial slope
is greater than 0, then k > αβ, and the initial efficiency < 1. But in that case there must exist irreparable lesions (or the repair process must be
fundamentally flawed). Thus, the model predicts that a non-zero initial slope indicates the induction of irreparable lesions.

Moreover, studies of survival of E. coli exposed to UV light suggest that the efficiency of repair is high even when significant population-wide
mortality occurs [15]. When survival was reduced to a tenth (S = 0.1), efficiency of repair was reduced to 95%. Surprisingly, efficiency was still
88% for S = 10−6, suggesting that even a relatively modest reduction in repair efficiency is associated with an increase in mortality by many
orders of magnitude.

11.5.2 Goodhead model

An early saturable-repair model by Goodhead [13] posited that DSB repair is carried out by a pool of “suicide enzymes,” leading to a simple
model for the DSB repair rate:

dndt=−kcn,      (11.34)

where n is the number of DSBs, c is the number of repair enzymes, k is a mass-action constant. Goodhead assumed that repair enzymes are not
recycled, so dc/dt = dn/dt. This model compared favorably to data and demonstrated that various dose-response phenomena could be
interpreted differently under the saturable-repair framework vs. the lesion-interaction framework. However, the notion of enzymatic repair as a
suicide process does not fare well against modern data.

11.5.3 General saturable-repair model

While the models above make interesting predictions, it may be more parsimonious to apply simple Michaelis-Menten kinetics and a kind of
lethal-potentially lethal model to study saturable DNA repair’s implications for dose-response. To that end, let P(t) represent the number of
potentially lethal lesions, L(t) represent the number of irreversibly lethal lesions, Vmax be the maximum rate at which lesions are repaired, and θ
be the number of lesions where repair is half-maximal. We assume that fraction ϕ of initial DSBs are reparable. Incorporating the idea of DSB



misrepair, we can further assume that fraction 77 of enzymatic-mediated repairs erroneously create a lethal aberration, yielding the following
model:

dPdt=ϕδD˙−Vmax(PP+θ),      (11.35)

dLdt=(1−ϕ)δD˙+ηVmax(PP+θ).      (11.36)

As usual, we assume that S(t) = exp(P(t) + L(t)) and allow time tr for repair. Consider the simplest case, where ϕ = 1 and η = 0; i.e., all lesions are
reparable, and none are misrepaired. Such a model yields dose-response curves with an initial slope that may be non-zero and a shoulder region
that converges to a simple exponential. In this model, as in that of Goodhead [13], a non-zero initial slope may merely be the consequence of
limited time available for repair, and not irreparable lesions as predicted by Haynes [15]. We leave investigation of the effects of modifying the
rate of misrepair, η, and other parameters as exercises.

Significantly, if no misrepair or irreparable lesions are allowed, then this model predicts that cell survival approaches 1 as t → ∞, in contrast to
data. For example, Reddy et al. [31] found that repair in Chinese hamster V79 cells saturates for minuscule radiation doses, yet cell survival
plateaus at a value < 1 after some time interval for repair. Such behavior is predicted by the RMR and LPL lesion-interaction models (see Figure
11.6), but not by any of the saturable repair models that we have examined so far. In fact, on the basis of this data Reddy et al. proposed that
repair of damage is a saturable process, but that reparable lesions interact to yield irreparable lesions.

11.6 Kinetics of damage repair
As the models reviewed above suggest, misrepair of sublethal lesions has been traditionally and widely assumed to be a second-order process
while normal repair has generally been considered a first-order process. Many groups have quantified the time-course of SSB and DSB repair
following irradiation in mammalian cells. Let n0 represent the number of DNA lesions immediately following irradiation and nt be the number
remaining after time t. If damage repair is a first-order process, then

dndt=−λn⇒ntn0=e−λt.      (11.37)

Also this simple “mono-exponential” model performs well against some datasets, it is also contradicted by many others. It has been widely
observed that the rate of DSB repair slows with time. In one study, 30-35% of DSBs were repaired within 5 minutes [14], yet the half-time for
further, slow repair is generally on the order of an hour or more [26, 37]. Such observations have led to the proposal of bi- or multi-exponential
models to describe the rate of damage repair. A bi-exponential model, for example, would have the form,

ntn0C1e−λ1t+C2e−λ2t.      (11.38)

Many authors use bi-exponential models with fast and slow components to describe DNA repair (e.g., [26]). More complex multi-exponential
models typically represent hypotheses of multiple lesion types with different repair rates. Complex lesions might consist of close clusters of DSBs,
a DSB in conjunction with other types of damage, or a dense cluster of non-DSB damage. Presumably, complex DSBs take longer to repair.
Chromatin is heterogeneous, so some regions may also be less accessible to repair enzymes, leading to different rates of repair.

Multi-exponential models are not derived directly from any underlying dynamical model, but are rather empirical descriptions of the data. However,
the hypothesis can also easily be incorporated into any of the dynamical models we have discussed. For example, the RMR model may be
modified to include two types of sublethal/potentially lethal lesion [42]:

dU1dt=δ1D˙−λ1U1−κ1U12−κ^U1U2,      (11.39)

dU2dt=δ2D˙−λ2U2−κ2U22−κ^U1U2,      (11.40)

dLdt=(1−ϕ1)λ1U1+(1−ϕ2)λ2U2+σ1κ1U12+σ2κ2U22+σ^κ^U1U2.      (11.41)

Radivoyevitch et al. [30] examined data on the disappearance of DSBs and appearance of misrepaired aberrations at high radiation doses using
simple binary misrepair models. They found that the standard RMR model was inconsistent with the data, greatly overestimating the number of
chromosomal aberrations. However, if two lesion types were considered, only one of which interacted with other lesions of the same type to form
aberrations, the model compared favorably with data. Letting M be the number of chromosomal exchange aberrations and U1 and U2 be the two
lesion types, the model is simply:

dU1dt=−λ1U1,      (11.42)

dU2dt=λ2U2−κU22,      (11.43)

dMdt=κU22.      (11.44)

The two-lesion kinetic (TLK) model of Stewart [40], mentioned in the section on lesion-interaction models, was proposed as a general extension
of the RMR and LPL models and considers interaction between simple and complex DSBs. Lesions of either type freely interact with others of
either type by second-order misrepair. DSBs are repaired by first-order kinetics, which, as in the RMR model, may be successful or unsuccessful.
Unlike the RMR and LPL models, sublethal/potentially lethal lesions become fixed by some first-order physiologic process—e.g., binding of a
broken DNA end to a histone protein. While formulated in more general terms, the simplified model considered by Stewart for calibration to data
is identical to the modified RMR system above (equations (11.39)–(11.41)). The TLK model predicts that the half-times for simple and complex
lesions vary significantly (1 hr vs. 12–15 hrs) and gives roughly bi-exponential kinetics for DSB rejoining.

More recent experimental results suggest that over 70% of complex DNA damage induced by radiation consists of clusters of either abasic,
oxidized purine, or oxidized pyrimidine sites, not double-strand breaks [41]. These lesions are difficult to repair, and cellular processing of such
complex lesions can lead to the production of new DSBs following initial irradiation [14].

Fowler [12] has suggested that second-order repair may be a simpler explanation for the observed lesion repair kinetics than the hypothesis of
multiple classes of damage. It is somewhat curious why misrepair models have generally treated misrepair as a second-order process yet
assumed that successful repair is first-order, especially when the same enzymes mediate both types of repair. A model for repair as a second-
order process naturally implies that the rate of repair should slow with time, making multi-exponential models potentially unnecessary. Let n(t)



represent the number of free DNA breaks, with initial condition n(0) = n0. The change in n via a single second-order repair process is then,

dndt=−Cn2,      (11.45)

where C is some constant. Solving gives,

1n(t)=1n0+Ct⇒n0n(t)=1+n0Ct.      (11.46)

We define τ to be the first half-time of repair. That is, τ = t when n0/n(t) = 2, giving τ = 1/(n0C). Plugging τ into the equation above and rearranging
gives

n(t)n0=ττ+t.      (11.47)

Solving for intervals of τ, we see that the fraction of unrepaired damage progresses as 12, 13, 14, 15, 16, ... with each interval of τ, the first half-
time of repair. Comparing this to the progression for simple exponential repair, 12, 14, 18, ... we can see that second-order repair predicts a
dramatic slowing in repair later in time, but there is reasonable agreement between the models up to two half-times of repair [12]. This pattern of
damage decrease is referred to as a reciprocal-time pattern, and it compares favorably to several datasets. See [7] or [12] for a more thorough
discussion.

Fundamentally, whether (correct) repair of DSBs is a kinetically first-order or second-order process likely depends on whether the DNA break is
seen as a single lesion (single break) or two lesions (two free DNA ends). The former implies first-order kinetics for damage repair while the latter
implies second-order kinetics. Since misrepair requires significant diffusion of free ends that join in a stochastic manner, it is likely that this is a
second-order process at all times. However, immediately following irradiation the free ends of a DSB may be close enough that significant
diffusion has not occurred and, even though repair requires the joining of the two ends, repair may resemble a first-order process.

More recently, Cucinotta and colleagues [4, 5] have proposed more explicit kinetic models for the interaction between repair enzymes and DSBs.
In [4], they demonstrate that enzyme kinetics can give rise to apparently biphasic repair kinetics.

11.7 The LQ model and dose fractionation
The linear-quadratic (LQ) formalism is a semi-mechanistic model along the same lines as the RMR formalism and considered to be among the
lesion-interaction class of model. However, the mechanistic justification is, to some degree, post hoc. It is approximated at low doses by many
more complex models that posit second-order lesion interaction as the mechanism for cell death [37], but its success can be attributed to the fact
that it describes dose-response data well, and this is a key point to keep in mind when it comes to this and other semi-mechanistic models, such
as the Gompertzian model for cancer growth. The basic LQ formula states that the effect, E, of an acute radiation dose, D, is described as

E=αD+βD2.      (11.48)

The parameters α (Gy−1) and β (Gy−2) are constants. The surviving cell fraction for such an effect is

S=e−E=e−D(α+βD).      (11.49)

The mechanistic interpretation of the LQ model varies slightly from author to author, but the binary misrepair concept (second-order misrepair) is
central to all. Brenner [3] uses the following assumptions to justify the LQ model (see also [1] for a variation on this theme):

1. Radiation produces double-stranded DNA breaks with a yield linearly proportional to absorbed dose, D.
2. DSBs are repaired by first-order kinetics at rate λ. The repair half-time is approximately between 0.5 and 2 hours.
3. Binary misrepair of DSBs produced independently by different radiation tracks produces lethal lesions with a yield linearly proportional to

the square of the dose, D2. This gives the βD2 term in the LQ formalism.
4. Single radiation tracks produce irreparable lethal lesions in direct proportional to the dose, giving the αD term.

The most important and consistent interpretation is that α represents the contribution of single-track radiation damage (i.e., single lethal lesions)
to cytotoxicity, while β represents the second-order interaction of sublethal or potentially lethal lesions produced by different radiation tracks to
form lethal lesions. Interestingly, this interpretation is supported by the LQ approximation for the LPL model. That is, it can be shown that when the
time for repair is large and the dose, D, is low, the LPL model approximates the LQ formalism with the following coefficients:

α=δ(1−η),      (11.50)

β=(δη)22∈=(δη)2κ2λ.      (11.51)

Recall that δ(1 − η) is simply the number of immediately irreparable DSBs formed per Gy. The number of potentially lethal lesions per Gy is δη.
From the approximation for β, we can also see that first-order repair and second-order misrepair are competing processes—small ∊ = λ/κ.
implies large β.

Similarly, the RMR model approximates the LQ formalism at low doses [42] with coefficients

α=δ(1−ϕ),      (11.52)

β=δ2ϕ22∈=δ2ϕ2κ2λ.      (11.53)

In this case, α represents unsuccessful first-order repairs, and β is similar to the LPL model.

The LQ model describes the shoulder region for dose-response curves well. It has also become extremely useful when comparing efficacy of
different dose fractionation schedules. Because the effect of radiation increases nonlinearly with dose size, cytotoxicity is maximized by dividing
the total dose into as few treatments as possible (Figure 11.8). However, since healthy tissues are also affected by radiation, the goal of schedule
optimization is to maximize tumor kill while minimizing damage to healthy tissues.

Figure 11.8



Dose-response curve for the LQ model (left panel) and cell survival for a total dose of 20 Gy divided into 10 fractions, 5 fractions, and a single
fraction (right panel). Parameter values are α = 0.15 Gy−1 and β = 0.025 Gy−2.

For reference, a standard radiotherapy schedule is 35F × 2 Gy = 70 Gy in 7 weeks [11], generally given 5 times per week with weekends off. In
designing a fractionation schedule, three factors must be considered: acute (early) reactions, late complications, and tumor control. The division
of complications into acute and late reactions is required because irradiated cells do not die until they attempt to divide. Acute reactions occur in
tissues with a high regenerative capacity and therefore high cell turnover rates. Cells quickly die from radiation, and compensatory proliferation
repairs the damaged tissue. Therefore, sufficient time between treatments can ameliorate acute reactions by allowing sufficient tissue
regeneration. However, late reactions become significant in tissues with limited regenerative capacity. Such tissues are less affected by inter-
treatment layoff time, as cell death and compensatory proliferation may not occur until several months following treatment [11].

Most tumors respond like early-reacting tissues with rapid cell proliferation, although a few slowly growing tumors, such as prostate cancer, may
actually act more like late-reacting tissues. Late reactions are generally dose-limiting. Therefore, the focus of dose fractionation is to minimize
late reactions while maximizing tumor control. To this end, the LQ model and the notion of the biologically effective dose (BED) have allowed a
rigorous comparison of fractionated schedules.

The BED was derived by Barendsen in 1982 [1] and has been widely used since. We divide a total dose of size D into n dose fractions of size
Dn, each (D = nDn). Assuming that all sublethal lesions are repaired between each treatment, which is reasonable for most inter-treatment times,
and that all doses are equally effective, the effect E becomes

E=n(αDn+βDn2)=nDn(α+βDn)=Dα(1+Dnα/β).      (11.54)

A useful notion called effectiveness per unit dose (units Gy−1) is defined, for a total dose D, as

ED=ED.      (11.55)

In the case of fractionated therapy, for which E is given in equation (11.54),

ED=α+βDn=α(1+Dnα/β).      (11.56)

The key point here is that the effectiveness per unit dose does not depend directly on total dose, but on the dose per fraction. Dividing through by
α gives the unit-less relative effectiveness (RE):

RE=EDα=1+βDnα.      (11.57)

It easy to see that as Dn approaches 0, RE → 1 and ED → α; that is, the contribution to treatment effectiveness made by binary misrepair
(second-order interaction of sublethal lesions) goes to 0, and the effectiveness per unit dose depends only upon α. Therefore, α can be
understood as the efficacy of radiation that is independent of dose fractionation and size.

An example by Barendsen [1] will help clarify the utility of these observations. Suppose α/β = 5 Gy, and that doses are delivered in fractions Dn =
5 Gy. Then ED = 2α and RE = 2. Thus, the effectiveness per unit dose has doubled compared to the case when only the linear term contributed to
effectiveness (Dn = 0, ED = α). It follows that in this case the quadratic term contributes equally to effectiveness. This leads to the interpretation
that the ratio α/0 is equal to the dose at which the linear and quadratic terms contribute equally to the production of lethal lesions.

Finally, dividing the effectiveness E by α gives what Barendsen termed the “extrapolated tolerance dose,” although it was later renamed the
biologically effective dose (BED):

BED=Eα=D(1+βDnα)=D×RE.      (11.58)

Different tissues are characterized by different α/β ratios in a predictable way, and this fact allows the BED to be calculated for late-reacting and
tumor tissues. From this, the comparative efficacy of fractionation schedules can be determined. For early-reacting tissues such as skin and
mucosa, α/β ≈ 6 − 14 Gy, while for late-reacting tissues α/β is typically between 1.5 and 5 Gy [46]. Barendsen [1] reported α/β ≈ 5 Gy for
connective tissue damage and CNS demyelination, and α/β ≈ 2.5 Gy for the lung, kidney, white matter, and CNS vasculature. For fast-growing
tumors, α/0 is similar to that of early-reacting tissues [11].

Heuristically, it makes sense that α/β should be large for early-reacting and small for late-reacting tissues. In the LPL model, potentially lethal
lesions are repaired by first-order kinetics, interact to form lethal lesions by second-order kinetics, and are (presumably) fixed upon entry into the
cell cycle. For low-LET radiation most lesions will be reparable. For late-reacting tissues, the time delay between radiation damage and
proliferation is large, leaving a long time for repair before the damage becomes lethal. Hence, binary misrepair is the dominant mechanism for
cytotoxicity, and α/β will be small. For early reacting tissues, there is less time for rapidly dividing cells to repair potentially lethal damage, so the
effect of binary misrepair will be discounted. Thus, single-track lethal lesions are more important, and α/β will be large.



Altered fractionation regimes have received a great deal of attention in the context of head and neck squamous cell carcinomas, which are rapidly
growing with high α/β ratios. Therefore, they are an ideal test model for the BED. We demonstrate the utility of the BED by comparing its
predictions to the results obtained in a hyperfraction trial by the EORTC group [16], similar to an approach taken by Fowler [11]. In this trial,
oropharyngeal carcinomas were treated according to standard schedules: 35F × 2 Gy = 70 Gy in 7 weeks, or the hyperfractionated schedule of
70F × 1.15 Gy = 80.5 Gy in 7 weeks. Using α/β = 4.5 Gy for late-reacting tissues and α/β = 15 Gy for the tumor [16], one obtains the following
BEDs:

Standard (35F × 2Gy) Hyperfractionated (70F × 1.15Gy)

Tumor BEDStd = 79.33 Tumor BEDHyper = 86.67

Late BEDStd = 101.11 Late BEDHyper = 101.07

Thus, the BED predicts that tumor control is superior under the hyperfrac-tionated regime, while late complications are nearly identical. Indeed, if
we use the LQ model to directly predict survival, under one set of biologically reasonable α and β parameters tumor cell kill is nearly an order of
magnitude greater under hyperfractionation, while late-reacting tissue cytotoxicity differs by a negligible amount (Figure 11.9). Figure 11.9 also
helps demonstrate that the absolute values of the BED cannot be meaningfully compared. The BED values are based on the ratio α/β, but actual
survival depends on the actual values of α and β. For example, while the ratio Late BEDStd : Tumor BEDStd is always 1.24, the actual survival
ratios differ greatly depending on the choices for α and β and may be either more or less than unity for reasonable choices.

Figure 11.9

Cell survival in tumor vs. late-reacting healthy tissue under standard and hyperfractionated radiotherapy regimes. Parameter values for the tumor
are α = 0.3 Gy−1 and β = 0.02 Gy−2 (α/β = 15 Gy); for healthy tissue α = 0.2 Gy−1 and β = 0.0444 Gy−2 (α/β = 4.5 Gy).

11.8 Applications
The concepts and models presented above have a wide range of clinically important applications. We finish this chapter with an outline of some
of the most important.

11.8.1 Tumor cure probability

One widely used concept informed by the models above is that of tumor cure probability (TCP), which is defined as the probability that there are
no surviving clonogenic tumor cells after completion of therapy. By clonogenic, we mean cells capable of sustaining tumor growth, so sterilized or
terminally differentiated tumor cells would not be considered clonogenic. Suppose there are initially C0 clonogenic cells. The number remaining
after a treatment period of time T is simply

CT=C0e−ET,      (11.59)

where ET is the total effect obtained from the standard LQ model or a modified form of it. Here, we interpret CT as the expected (or average)
number of tumor cells surviving treatment. The actual number of surviving cells in a given patient will be best represented by a random variable
with mean CT . If we assume that the probability distribution of this random variable is Poisson, the Poisson parameter λ equals CT . Since TCP
is the probability that the number of survivors is zero,

TCP=e−CT=e−C0e−ET.      (11.60)

Note that the TCP depends only upon CT , which we can estimate using a variety of methods, including variations of the LQ model.

11.8.2 Regrowth

The major weakness of the unmodified BED is that it does not account for tumor regrowth over the course of treatment. For example, in fast
growing squamous cell carcinomas the total treatment time strongly effects efficacy of radiotherapy [25], but significant tumor regrowth can occur
over the course of longer schedules. The conundrum we face is to determine the optimal treatment length given these contrasting costs and
benefits—increased efficacy on one hand and increase regrowth on the other. These contrasts can be quantified within the LQ and BED
framework [11]. Consider a treatment schedule of total time duration T comprising n treatments with fixed time interval I separating each



treatment; that is, T = (n − 1)I (the time taken to deliver the radiation dose is considered to be negligible compared to I). The effect per treatment,
En, is calculated as follows:

En=En=αDn+βDn2.      (11.61)

Following the initial treatment, the surviving fraction is S(0)=e−En. During intertreatment intervals, the clonogenic tumor cell population expands
exponentially at rate γ. Therefore, using the notation S− to represent the surviving fraction before treatment and S+ to represent the surviving
fraction immediately after treatment, we have

S−(I)=e−En+γI,S+(I)=e−2En+γI,S−(2I)=e−2En+2γI,S+(2I)=e−3En+2γI,⋮S−((n−1)I)=e−(n−1)En+(n−1)γI,S+((n−1)I)=e−nEn+(n−1)γI=e−nEn+γT

The modified effect, E, is

E=nEn−γT=n(αDn+βDn2)−γT,      (11.62)

and the modified BED becomes

BED=Eα=D(1+Dn​ α/β)−γTα.      (11.63)

The term γ/α is frequently represented by the single parameter K. Jones et al. [21] suggest that reasonable values of K are between 0.5 and 0.9
Gy/day for squamous cell carcinomas, 0.25 and 0.5 Gy/day for rapidly proliferating glioblastoma and ovarian cancers, and perhaps 0.1 Gy/day for
slowly growing tumors. These values are probably the best available if estimates for α and γ are unavailable.

For fast growing tumors the inclusion of a time-factor in the BED is essential. Accelerated fractionation (AF) schedules have been proposed,
where the total treatment time is reduced to (hopefully) limit tumor regrowth during treatment. The modified BED successfully predicts that AF
regimes are better for fast growing tumors, while the unmodified BED fails. The modified BED can also be directly employed in the clinic to
determine how missed doses should be properly compensated (see Jones et al. [21] for examples).

During radiation therapy, a phenomenon known as accelerated tumor re-population occurs, where the tumor growth rate increases as the tumor is
shrunk by radiation. Such a dynamic naturally follows from sigmoidal growth models for tumor growth, such as the Gompertz or von Bertalanffy
models, discussed extensively in Chapter 2. While the effective tumor doubling times for human cancers before treatment are often quite long
(studies using serial radiographs and an exponential model of tumor growth suggest doubling times between several weeks and several years
[39]4), this is often due to a high rate of cell loss, not low proliferation. The potential tumor doubling time gives the rate at which a tumor could grow
if all cells survived, and this may be on order of days. Poor perfusion and hypoxia are a major reason that cells die in tumors, but as the tumor
shrinks during radiotherapy, perfusion and oxygenation typically improve, thus increasing the rate at which tumor regrowth can occur. Thus,
radiotherapy can “unmask” the potential doubling time, and increasing doses of radiation may be needed to control tumor with a small potential
doubling time.

Jones and Dale [17] suggested a modification of the LQ model to account for accelerated regrowth. We define the cell loss factor, ϕ, as the
fraction of cells produced in a tumor that fail to survive. Defining TD as the effective tumor doubling time and Tpot as the potential doubling time,
we have

ϕ=1−TpotTD.      (11.64)

If ϕ = 0 then TD = Tpot. By the hypothesis being modeled, ϕ decreases with increased treatment as tumor perfusion improves, which Jones and
Dale approximated by assuming ϕ decreases exponentially with time, giving:

ϕ(t)=ϕ0e−zt,      (11.65)

where z is the rate of decay in ϕ. Assuming exponential tumor regrowth,

ln2Tpot(1−ϕ(t))=ln2Tpot(1−ϕ0e−zt).      (11.66)

We integrate over the total time T to determine total repopulation, R:

R=∫0Tln2Tpotϕ0e−ztdt=ln2Tpot(T+ϕz(e−zt−1)).      (11.67)

Factoring this into the survival fraction gives a modified effect,

E=n(αDn+βDn2)−ln2Tpot(T+ϕz(e−zt−1)),      (11.68)

and the BED follows as E/α. It is also straightforward to include a delay of time τ between the start of therapy and the onset of accelerated
regrowth. In this case we have ϕ(t) = ϕ0 when τ ≤ T and ϕ(t) = ϕ0 exp[−z(T − τ)] when τ > T. Calculations similar to those above show the modified
effect in this case to be

E=n(αDn+βDn2)−ln2Tpot(T−ϕ0τ+ϕz(e−z(T−τ)−1)).      (11.69)

11.8.3 Hypoxia

Hypoxia is an important cause of chemoresistance, as production of reactive oxygen species by radiation is limited in a low oxygen environment.
Recall that the effect of hypoxia is quantified by the oxygen enhancement ratio (OER). The OER can be incorporated into the LQ model most
simply by assuming that OER modifies the dose, giving the effect under severe hypoxia as [19, 47]:

E=nDn(αOERα+βDnOERβ2).      (11.70)

The use of OERα and OERβ for the linear and quadratic terms, respectively, accounts for slight variations between the OER at low and high
radiation doses. Under the LQ model, the linear term dominates at low doses, so we take OERα to be the OER at low doses, which is about 2.5
[47]. The quadratic term is dominant at high doses, and we take OERβ to be OER at high dose, about 3.0 [47]. We can also take heterogenous
oxygenation and intermediate hypoxia into account by making the OER a function of the local PO2 [47].



Several authors have studied the effect of hypoxia with the LQ model. For example, Wouters and Brown [47] applied a modified LQ model to a
simple tumor cord geometry that considered diffusion of oxygen from a central vessel into the surrounding tissue. They predicted that, in a clinical
rather than experimental setting, moderately hypoxic cells may be more important in determining the response to therapy than a severely hypoxic
fraction that is highly radioresistant. Daşu and Denenkamp [8] also modeled response to radiation under hypoxia and normoxia using several
versions of the LQ model and predicted that the OER depends upon the fractionation scheme and decreases for low, clinically relevant doses.

11.8.4 Radiation with chemotherapy

We end this chapter with a brief discussion of models combining chemo- and radiotherapy using the LQ framework. In 2005, Jones and Dale [20]
proposed a method to quantify chemotherapy’s contribution to cell kill in a combined chemo-radiotherapy regimen. They start by assuming that
drugs either:

1. Potentiate the effect of radiation. In this case a dose D is modified to the equivalent dose sD, where s is the “dose enhancement factor.”
2. Independently kill cells. In this case, the radiation dose D is not modified, but an additional term is added to the total effect, E.

In the first case (sensitization), the modified effect for a fractionated regimen is calculated as

E=n(αDn2s+βDn2s2),      (11.71)

and as usual the BED is E/α. We can also calculate the TCP in the presence (TCP2) and absence (TCP1) of a sensitizing agent:

TCP1=exp(−C0e−αD(1+βDnα)),      (11.72)

TCP2=exp(−C0e−αDs(1+βDnsα)),      (11.73)

where D = nDn is the total dose delivered. Dividing TCP1/TCP2 and doing some algebra gives an expression for s:

s=α2D2(α/β)2−4αDnD(αDDn−αD(α/β)−(α/β)ln(lnTCP1lnTCP2))−αD(α/β)2αDnD.      (11.74)

This expression allows s to be estimated from clinical survival data.

The case where chemotherapy independently kills cells is a simpler matter. One just adds an effect EC to the total effect equation:

ET=n(αDn2s+βDn2s2)+EC,      (11.75)

assuming a simple log-kill model for the effect of chemotherapy (see Chapters 2 and 9). TCPs in the presence and absence of chemotherapy can
be similarly defined and used to calculate the expression for EC:

EC=ln(lnTCP1lnTCP2).      (11.76)

This value can be converted to a BED for a given radiation regimen by dividing by α as usual. The value of this approach comes from the fact that
clinical trials report survival or tumor control data, which give the tumor control probability for different treatment arms. Since the radiobiological
parameters α and α/β and the fractionation schedule are known, the effect of chemotherapy on cell survival can be calculated and cast in terms of
the BED.

Conversely, if the efficacy of a course of chemotherapy can be estimated, this model provides a simple framework to estimate the impact of
including it with various courses of radiotherapy. In the case of cytotoxic therapy, EC, is the loge cell kill. As an example, suppose a tumor with
parameter values C0 = 5 × 109 cells, α = 0.3 Gy−1, α/β = 10 Gy, and a constant exponential growth rate γ = 0.0693 day−1 (i.e., a doubling time of
10 day). Delivering a standard radiation course of 35F × 2 Gy = 70 Gy in 7 weeks with regrowth gives total treatment effect E = 21.8. We
calculate the expected number of cells following treatment to be CT = 1.704 cells, corresponding to a TCP of 18.2%. If EC = 3, corresponding to a
cell kill of 3 loge and a BED of 10 Gy, TCP increases to 91.9%.

An earlier model by Jones and Dale [18] considered radiation combined with either cytostatic therapy that inhibits tumor regrowth but is neither
directly toxic nor a radiosensitizing agent. This model also considered accelerated regrowth of the tumor using the model in [17] and discussed
above. Moreover, as increased tumor perfusion leads to accelerated regrowth, it may also improve the delivery of drugs to the tumor mass, and
this was also taken into account.

Several later works have quantified the effect of chemotherapy in clinical cancers. For example, Jones and Sanghera [22] estimated the BED of
temo-zolomide chemotherapy to be 11.03 Gy for α/β = 9.3 Gy in high-grade malignant gliomas treated by chemoradiation. In an unrelated effort,
Rockne et al. also used the LQ formalism in models of malignant glioma growth [35, 36].
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Chapter 12

Chemical Kinetics
12.1 Introduction and the law of mass action
By chemical kinetics, we mean the study of the rates of chemical reactions. Chemical kinetics are fundamental to understanding biochemical and
enzymatic reactions in living systems, and ideas from chemical kinetics have been widely used to describe (with varying validity) interactions
between other biological agents, such as infection of healthy cells by virions. Similar discussions of this topic can be found in other textbooks,
such as Keener and Sneyd [1] or Nelson and Cox [2]. Of central importance is the law of mass action, which essentially states that two chemical
species react at a rate proportional to their concentration. In the simple case of species A and B reacting to form a product C,

A+B→C,      (12.1)

we have the rate, or velocity, of the reaction, v, as

v=dCdt=k[ A ][ B ],      (12.2)

where k is the rate or mass-action constant, and the brackets in [A] and [B] denote concentration. The law may be justified in terms of collision
theory: rate of reaction is proportional to the rate of collisions between the molecules and the probability that such collisions are sufficiently
energetic to overcome the energy of activation for the reaction. In a well-mixed system, the rate of molecular collisions increase in direct
proportion to an increase in either reactant.

We believe it is instructive to sketch the historical development of this law. The basic question of chemical kinetics is, simply, why do chemicals
react? Much early thought, beginning around the time of Newton, attempted to frame chemical reactions in terms of forces between chemicals
similar to the force of gravity [3]. Such forces were believed particular to the chemicals involved, and in 1780, Bergman advanced the theory that
all substances have a particular intrinsic affinity for every other substance that is independent of mass. Consider the case of two species, A, and
B, that react to form products, C and D:

A+B→C+D.      (12.3)

According to Bergman’s theory, this reaction (and all others) should progress to completion and be wholly irreversible. At the turn of the 18th
century, Berthollet proposed that the affinities between two substances are modified by their physical characteristics and, most importantly, their
respective masses. Thus, a reaction like the one above will not necessarily go to completion, as long as there is some “affinity,” even very small,
between C and D which forces the reaction backwards. Thus, the reaction will reach an equilibrium point based on opposing forces. This was a
dramatic conceptual improvement, as it explained the fact that many reactions do not, in fact, proceed to completion, and the reverse reaction can
occur. Thus, our model system becomes reversible:

A+B⇄C+D.      (12.4)

In the second half of the 19th century, quantitative chemical kinetics came about, drawing on both the earlier idea of a chemical affinity force
driving reactions and the newly emerging field of thermodynamics. In 1850, Wil-hemy quantitatively studied the rate of inversion of sucrose. In
1864, building on 1862 work on esterification reactions by Bertholet and Giles, Waage and Guldberg [5] presented the first statement of the law
of mass action:

The substitution [reaction] force, other conditions being equal, is directly proportional to the product of the masses provided each is
raised to a particular exponent.

This was supplemented with a law of volume action, implying that concentration rather than absolute mass is the determining factor. That is, the
force causing A and B to react is:

k[ A ]α[ B ]β.      (12.5)

Note that the law as originally imagines that some “affinity force” drives reaction, and criticisms of this ignore the conceptual environment in which
they worked. Waage and Guldberg initially considered k, α, and β to be empirically derived constants, but for elementary reactions, α and β are
equal to the stoichiometric coefficients of A and B. In subsequent papers (see Lund [4] for a review), they considered reaction rates to be
proportional to the chemical force, and cast their ideas in terms of the “active mass” (concentration). Consider the reaction scheme:

A+B⇄k−k+C+D      (12.6)

where k+ and k− are the constants for the forward and reverse reactions, and let us assume that α and β equal 1, i.e. this is an elementary
reaction. Let x be the concentration of reacted substrate for both A and B (the concentrations are necessarily equal), and let p, q, s, and u
represent the original concentrations of A, B, C, and D, respectively. Then we have that the velocity of the forward reaction is:

v=dxdt=k+(p−x)α(q−x)β      (12.7)

and the velocity, v́, of the reverse reaction is:

v′=dxdt=k−(s+x)γ(u+x)δ.      (12.8)

At equilibrium, the rates of the forward and reverse reactions are equal, implying dx/dt = 0, and we have

k+k−=(s+x)γ(u+x)δ(p−x)a(q−x)b=[ C ]eq[ D ]eq[ A ]eq[ B ]eq=Kc      (12.9)

where [A]eq, [B]eq, [C]eq, and [D]eq are the equilibrium concentrations of the respective species. The ratio k+/k− is referred to as the equilibrium
constant, K, Kc or Keq. In their final publication, in 1879, Waage and Guldberg [7] justified the law of mass action in terms of collision theory.
Consider an elementary reaction with arbitrary stoichiometric coefficients:

αA+βB⇄k−k+γC+δD.      (12.10)



From collision theory, the forward reaction rate is k+[A]α[B]β and the reverse is k−[C]γ[D]δ, and we have

Kc=k+k−=[ C ]eqγ[ D ]eqδ[ A ]eqα[ B ]eqβ.      (12.11)

In sum, Waage and Guldberg were the first to propose the law of mass action, and were first to determine the general form of the equilibrium
equation. Their derivation was based on general arguments using the notion of a chemical force [4]. This concept of a chemical force has since
been abandoned, and the modern derivation of the equilibrium constant is based on the Gibbs Free Energy of the chemical system.

Elementary reactions. As mentioned above, elementary reactions are those that occur in a single mechanistic step, i.e. they proceed directly from
a collision between the reactants. Elementary reactions follow the law of mass action. Many reactions proceed by multiple steps, each consisting
of an elementary reaction, and the overall reaction does not necessarily (and likely does not) follow mass action kinetics.

12.1.1 Dissociation constant

Consider a single chemical with the general formula AxBy, that dissociates into its subunits completely and irreversibly:

AxBy⇄kakdxA+yB.      (12.12)

Here the dissociation constant, Kd, is defined as:

Kd=[ A ]x[ B ]y[ AxBy ]=kakd.      (12.13)

Note that this is simply the inverse of the equilibrium constant (also called the association constant, Ka, in this context). Consider the biochemical
example of a protein, P, binding a single ligand, S:

P+S⇄kakdPS.      (12.14)

Then we have the dissociation constant:

Kd=[ P ][ S ][ PS ].      (12.15)

We can express the fraction of protein that is ligand-bound. θ, as:

θ=[ PS ][ PS ]+[ P ].      (12.16)

Substituting Kd/([P][S]) for [PS] and rearranging gives [2]:

θ=[ S ][ S ]+Kd.      (12.17)

This is also known as the Michaelis-Henri equation and is related to the Hill equation, which we discuss in Section 12.5. Note that when [S] = Kd,
then θ = 1/2, and half the ligand binding sites are occupied.

12.2 Enzyme kinetics
Enzymes catalyze chemical reactions and are essential to life. Most biologically useful reactions do not occur at appreciable rates in the absence
of enzymes, which increase the speed of such reactions by many orders of magnitude by lowering the activation energy. Enzymes are generally
unchanged by the reaction, although so-called suicide enzymes are consumed in the reactions they catalyze. Essentially, enzymes allow reactions
to be regulated (a reaction that always occurs everywhere is not much use in most biological systems), and enzyme expression and activity is
generally regulated by multiple systems of positive and negative feedback. Nearly all enzymes are proteins, the only known exceptions being
catalytic RNAs.

Enzymatic reactions do not follow the law of mass action, as they are the summation of several elementary reactions. In 1913, Michaelis and
Menten [9] first described such kinetics quantitatively. Consider an enzyme E that catalyzes the conversion of a single substrate S to a product, P.
An essential idea in enzyme kinetics is that the substrate and enzyme combine to form an enzyme-substrate (ES) complex; this complex then
dissociates to yield the product and free enzyme. Schematically:

S+E⇄k−1k1C→k2P+E.      (12.18)

Note that the second step is, in general, reversible, but we disregard the reverse reaction for simplicity. The Michaelis-Menten equation describes
the rate of this reaction:

V=d[ P ]dt=Vmax[ S ]K+[ S ].      (12.19)

The parameter K can have two different meanings, depending on the derivation of the equation. From the law of mass action, we define a system
of differential equations:

d[ S ]dt=k−1[ C ]−k1[ S ][ E ]      (12.20)

d[ E ]dt=k−1[ C ]+k2[ C ]−k2[ S ][ E ]      (12.21)

d[ C ]dt=k1[ S ][ E ]−k−1[ C ]−k2[ C ]      (12.22)

d[ P ]dt=k2[ C ].      (12.23)

12.2.1 Equilibrium approximation

In Michaelis and Menten’s original analysis [9], they made use of the equilibrium approximation, which assumes that the enzyme and substrate
are always in equilibrium. This equilibrium is (necessarily) assumed to be achieved instantaneously, implying that d[S]/dt = 0, and we have

k1[ S ][ E ]=k−1[ C ]⇒[ S ][ E ][ C ]=k−1k1=Kd.      (12.24)

Note that such an assumption demands that the dissociation of the enzyme-substrate complex to yield product be the rate-limiting step. Now,
observe that the total amount of enzyme, Et, either complexed or free, is constant, implying that [E] + [C] = [Et]. Substituting [Et] − [C] for [E] and



observe that the total amount of enzyme, Et, either complexed or free, is constant, implying that [E] + [C] = [Et]. Substituting [Et] − [C] for [E] and
doing some algebra gives

[ C ]=[ Et ][ S ]Kd+[ S ]      (12.25)

with Kd = k−1/k1. The velocity of the overall reaction, V , is the rate at which product is formed, and we have

V=d[ C ]dt=k2[ C ]=k2[ Et ][ S ]Kd+[ S ]=Vmax[ S ]Kd+[ S ]      (12.26)

where Vmax = k2[Et].

12.3 Quasi-steady-state approximation
In 1925, Briggs and Haldane [10] proposed an alternative theoretical derivation of the Michaelis-Menten equation based on the quasi-steady-
state assumption (QSSA), which is generally considered the modern basis for the equation. Briggs and Haldane assumed that the total amount of
enzyme is negligible compared to the total amount of substrate, except at the very beginning of the reaction when the substrate is “loading” onto
the enzyme and [C] increases rapidly from 0. Now, following this initial loading phase, d[C]/dt is strictly negative, and since [C] is negligible
compared to [S] and [P], it must also hold that d[C]/dt is negligible compared to d[S]/dt and d[P]/dt. If not, the reaction would rapidly cease as all
enzyme would be set free [10]. This line of argument justifies the QSSA that d[C]/dt = 0, and we have that the rates of complex formation and
breakdown are equal:

k1[ S ][ E ]=k−1[ C ]+k2[ C ].      (12.27)

Again substituting [Et] − [C] for [E] and doing some algebra gives:

[ C ]=[ Et ][ S ]k−1+k2k1+[ S ]=[ Et ][ S ]Km+[ S ]      (12.28)

where Km = (k−1 + k2)/k1 is the so-called Michaelis constant. Similar to the equilibrium approximation,

V=d[ C ]dt=k2[ C ]=k2[ Et ][ S ]Km+S=Vmax[ S ]Km+[ S ].      (12.29)

Thus, we get an equation of the same form under either derivation, but with differing meanings for the constant K. If we assume that step 2 is rate-
limiting in the sense that k2 « k−1, then Km ≈ Kd, as Km/Kd = 1 + k2/k−1. In this case, the half-maximal substrate concentration depends only on
the enzyme-substrate binding kinetics. However, regardless of the relative magnitudes of the rate constants, for a sufficiently high substrate
concentration the reaction rate is always limited by [Et] and k2, i.e. Vmax.

Figure 12.1 illustrates how the reaction velocity changes with substrate concentration, and also shows graphically how the Michaelis-Menten
equation approximates the rate of product formation very well, except for an early transient when substrate is loading onto the enzyme.

Figure 12.1

The left panel shows the reaction velocity, V = d[P]/dt, under the Michaelis-Menten equation as a function of substrate concentration, [S]. The right
panel gives the total product formed as a function of time under direct numerical solution of the two-step Michaelis-Menten system and the product
formed under the Michaelis-Menten approximation. Early in time there is a loading phase, where the enzyme-substrate complex is being formed
and the QSSA assumption is violated. The enzyme-substrate concentration, [C], is also shown.

12.3.1 Turnover number

The turnover number, kcat, can be defined as the maximum number of substrate molecules that a single enzyme molecule can convert to product
per unit time. For the Michaelis-Menten equation, kcat = Vmax/[Et], and if the two-step reaction discussed above holds, then it is also true that
kcat = k2.

12.3.2 Specificity constant

The specificity constant, kcat/Km, is a measure of how efficiently an enzyme converts substrate to product. When the enzyme is far from
saturated, i.e. [S] « Km, then we can approximate V as:

V=VmaxKm[ S ]=kcatKm[ Et ][ S ]      (12.30)

and kcat/Km is the approximate second-order rate constant for the reaction [2].

12.3.3 Lineweaver-Burk equation

To determine the kinetic parameters Km and Vmax from experimental data, it is convenient to take the reciprocal of both sides of the Michaelis-
Menten equation, which gives the Lineweaver-Burk equation:



1V=1Vmax+KmVmax1[ S ].      (12.31)

Plotting 1/V versus 1/[S] gives a straight line with slope Km/Vmax, y-intercept 1/Vmax, and x-intercept −1/Km. In general, the initial substrate
concentrations and reaction velocities from multiple experiments are used to generate the plot, rather than using multiple data points from a single
experimental run, as it is difficult to measure changes in substrate concentration with time.

12.4 Enzyme inhibition
Enzyme activity may be inhibited in several ways. The first is competitive inhibition, where some inhibitor competes with the normal substrate for
the active site on the enzyme. Unlike competitive inhibitors, allosteric inhibitors bind at a site different from the active site, an allosteric site, which
affects the activity of the enzyme.

12.4.1 Competitive inhibition

Consider the simpler case of competitive inhibition where the inhibitor, I, binds to the free enzyme and no further reaction takes place. Letting C1
represent the ES complex and C2 represent the EI complex, we have:

S+E⇄k−1k1C1→k2P+E      (12.32)

I+E⇄k−3k3C2.      (12.33)

As before, we can easily derive the complete system of differential equations from the law of mass action, but we need only consider those
governing C1 and C2:

d[ C1 ]dt=k1[ S ][ E ]−k−1[ C1 ]−k2[ C1 ]      (12.34)

d[ C2 ]dt=k3[ I ][ E ]−k−3[ C2 ].      (12.35)

In this case, [E] + [C1] + [C2] = [Et], with [Et] constant. Applying the QSSA that d[C1]/dt = 0 and d[C2]/dt = 0 and substituting [Et] − [C1] − [C2] for
[E], we solve for [C1] and [C2] (at quasi-steady state):

[ C1 ]=[ Et ][ S ]Km(1+[ I ]KI)+[ S ],      (12.36)

[ C2 ]=[ Et ][ I ]KI(1+[ S ]Km)+[ I ]      (12.37)

where KI = k−3/k3. The reaction velocity is

V=d[ P ]dt=k2[ Et ][ S ]Km(1+[ I ]KI)+[ S ]=Vmax[ S ]αKm+[ S ]      (12.38)

where

α=(1+[ I ]KI).

Thus, the presence of a competitive inhibitor modifies Km by the factor α, but the maximum reaction rate, Vmax is unchanged. This makes
intuitive sense, as if enough substrate is introduced into the system it will nearly completely out-compete the inhibitor for active sites, causing the
probability of the inhibitor binding to approach zero.1

12.4.2 Allosteric inhibition

Allosteric inhibitors bind to an allosteric site different from the active site. Uncompetitive inhibitors are a type of allosteric inhibitor that only binds
the enzyme when it is complexed with substrate. Letting C3 represent the EIS complex, we have

S+E⇄k−1k1C1→k2P+E      (12.39)

I+C1⇄k−4k4C3.      (12.40)

Also, let ḰI = k−4/k4. Once again we use the law of mass action to derive a system of equations and apply the QSSA, d[C1]/dt = d[C3]/dt = 0, and
after some work arrive at the reaction velocity:

V=d[ P ]dt=k2C1=k2[ Et ][ S ]Km+[ S ](1+[ I ]KI)=Vmax[ S ]Km+α′[ S ]      (12.41)

where

α′=1+[ I ]K′I.

In this case, as [S] → ∞, V → Vmax/ά, and therefore uncompetitive inhibition decreases the maximum reaction rate. Note that half-maximal
substrate concentration is also decreased by the factor ά to Km/ά. Since uncompetitive inhibitors affect Vmax, while competitive inhibitors do not,
these two types of inhibition can be distinguished experimentally using a Lineweaver-Burk plot.

Finally, we consider the case of a mixed inhibitor, which can bind the enzyme whether it is complexed with its substrate or not, giving the scheme
shown in Figure 12.2. While this system can be analyzed using the QSSA, the solution for V is horribly complex, and one should only attempt to
solve it with the aid of a computer algebra system.2 A more tractable approach is to use the equilibrium approximation. We assume that the 4
protein-ligand interactions in the reaction scheme are at equilibrium, and we define the dissociation constants as Kd = k−1/k1, KI = k−3/k3, Ḱd =
k−5/k5, and ḰI = k−4/k4. Assuming equilibrium, we have from mass action:

Kd=[ S ][ E ][ C1 ]      (12.42)

KI=[ I ][ E ][ C2 ]      (12.43)

K′d=[ S ][ C2 ][ C3 ]      (12.44)

K′I=[ I ][ C1 ][ C3 ].      (12.45)



Figure 12.2

Schematic for a reaction involving an enzyme, substrate, and mixed inhibitor. The inhibitor binds both the free enzyme and the enzyme-substrate
complex. The grayed reaction is for the case when the enzyme-substrate-inhibitor complex still has catalytic activity.

Substituting [Et] − [C1] − [C2] − [C3] for [E], as usual, gives a linear system of equations that is overdetermined unless we set ḰI = KI and Ḱd = Kd,
in which case the system has rank 3 and we can find a unique solution for [C1], [C2], and [C3]. After more tedium, we get

[ C1 ]=[ Et ][ S ]Kd+[ S ]KIKI+[ I ]=[ Et ][ S ]αKd+α[ S ]      (12.46)

with

α=1+[ I ]KI

And, of course

V=k2[ C1 ]=k2[ Et ][ S ]Kd+[ S ]KIKI+[ I ]=Vmax[SαKd+α[ S ].      (12.47)

From this, we have that mixed inhibition reduces the maximum reaction rate to Vmax/α. Perhaps surprisingly, the half-maximal rate occurs when
[S] = Kd.

We can generalize a little from this model to an inhibitor that modifies the reaction rate, rather than block the reaction entirely. Enzyme activity is
frequently modified allosterically, most frequently by phosphorylation (addition of a phosphate group), and such modifications can either increase
or decrease enzyme activity. Suppose that the EIS complex retains enzyme activity and dissociates with rate constant k6 to yield free product,
inhibitor, and enzyme. The rate equations for [C3], [P], and [I] will be modified accordingly. The reaction rate becomes V = k2[C1] + k6[C3], and
the solution for [C3] is:

[ C3 ]=[ Et ][ S ]Kd+[ S ][ I ]KI+[ I ]      (12.48)

and the reaction velocity is modified to:

V=k2[ C1 ]+k6[ C3 ]=[ Et ][ S ]Kd+[ S ](k2KI+k6[ I ]KI+[ I ]).      (12.49)

12.5 Hemoglobin and the Hill equation
Many proteins bind multiple ligands, and it is often the case that the binding of one ligand modifies the kinetics of further binding. Hemoglobin,
which carries oxygen in the blood, is the classical example of such behavior. Each hemoglobin molecule is made up of four subunits, each of
which can bind one molecule of oxygen. Hemoglobin faces a challenge in that it must avidly bind oxygen diffusing from the air while circulating
through the lungs, where oxygen concentration is high, but it must easily release to peripheral tissues, where oxygen concentration is low. Recall
from Section 12.1.1 that, for a single ligand the fraction of ligand bound to a protein, θ is:

θ=[ S ][ S ]+Kd.      (12.50)

If this were the case, the oxygen saturation curve would be hyperbolic, and hemoglobin would be unable to both tightly bind oxygen in the lungs
and deliver it to tissue [2] (see Figure 12.3). Instead, hemoglobin oxygen saturation changes sigmoidally. This is a consequence of cooperativity:
when an oxygen molecule binds to a single subunit, the overall conformation of the molecule is changed so that it becomes much easier for
oxygen to bind to the other subunits.

Figure 12.3

Hypothetical oxygen-hemoglobin dissociation curves. The two dotted curves are examples of no cooperativity: the top curve binds oxygen
adequately in the lung, but does not release oxygen in the tissues, where it is needed. The lower curve releases oxygen to tissue, but binds it
poorly in the lungs. The sigmoidal curve, which approximates actual dissociation curves, performs both tasks adequately, and is the solution to a
Hill equation with Km = 27 and n = 3. Thus, cooperativity is essential to proper hemoglobin function.

The simplest and earliest model for cooperative binding was proposed by Hill in 1910 [8]. Hill was concerned with the binding of oxygen to



aggregates of hemoglobin subunits in solution, and considered the case of an n subunit aggregate, Hbn, binding n oxygen molecules:

Hbn+nO2→←KdHbnO2n      (12.51)

where Kd is the dissociation constant for Hb-O2 binding. Hill determined that an equation of the type

θ=xnxn+K,      (12.52)

where x is O2 concentration, could explain observed oxygen-dissociation curves. He did not ascribe any mechanistic meaning to the equation,
i.e. it is empirical. Following Nelson and Cox [2], the Hill equation can be taken to represent the scenario of perfect cooperation in ligand binding:
either all ligands bind simultaneously and saturate the protein, or none do. To see this, consider n ligands, S, binding a protein:

P+nS⇄KdPS.      (12.53)

Following reasoning similar to that in Section 12.1.1, we arrive at the Hill equation:

θ=[ S ]n[ S ]n+Kd.      (12.54)

We can rewrite this as:

log(θ1−θ)=nlog[ S ]−logKd.      (12.55)

A plot of log(θ/(1− θ)) versus log[S] is called a Hill plot, and if cooperation is perfect, then the slope, nH, should equal n. In practice, cooperation is
never perfect (nH < n), and nH, called the Hill coefficient, approximates the degree of cooperativity. If nH > 1, then there is positive cooperativity. If
nH < 1, a rare occurrence, then cooperativity is negative, i.e. binding of one ligand inhibits bind by others.

12.6 Monod-Wyman-Changeux model
In 1965, Monod, Wyman, and Changeux [12] proposed a model (MWC model) for cooperative binding of ligands to protein, with hemoglobin
principally in mind. We define an oligomer as a polymeric protein with several identical subunits, and define a single subunit as a protomer.
Monod et al. based their model on the following assumptions:

1. An allosteric protein is an oligomer, and all its promoters occupy equivalent positions, implying that there exists at least one axis of
symmetry.

2. There is exactly one ligand binding site on each protomer, and each site is identical.
3. The oligomer has at least two conformational states, which it may reversibly transition between.
4. When the protein goes from one state to the other, its molecular symmetry is conserved. That is, all protomers must always be identical.

Following Monod et al.’s original derivation and notation, we consider the case of a single ligand, F, binding an oligomer. We assume that
oligomer has exactly two states, a “tight” state that has low ligand affinity, and a “relaxed” state that has high affinity for the ligand. As a
consequence of the symmetry assumption, a change in protein conformation changes the ligand affinity of all binding sites. When free of all
ligands, these two states are in equilibrium with equilibrium constant L. Let n represent the number of protomers and hence the number of
homologous binding sites. A oligomer with i ligands bound is represented by Ri or Ti, whether it is in the tight or relaxed state. Let KR = krd/kra
and KT = ktd/kta be the dissociation constants for ligand binding to a single stereospecific site. Importantly, the model does not allow transition
between the Ri and Ti for i > 0. Therefore, cooperativity in this model refers to the ability of ligand binding to (temporarily) “lock” the protein into the
relaxed (or tight) state. We have the reaction scheme:

R0⇄LT0R0+F→←krdnkraR1T0+F→←ktdnktaT1R1+F→←2krd(n−1)kraR2T1+F→←2ktd(n−1)ktaT2R2+F→←3krd(n−2kra)R3T2+F→←3ktd(n−2)ktaT3⋯
⋯Rn−1+F→←nkrdkraRnTn−1+F→←nktdktaTn.

It is important to note that the rate constants vary, reflecting the number of binding sites available and the number of ligands currently bound. We
assume that the system is in equilibrium, yielding the equilibrium equations from mass action:

T0=LR0(12.56)R1=R0nFKRT1=T0nFKT(12.57)R2=R1n−12FKRT2=T1n−12FKT(12.58)⋯⋯(12.59)Rn=Rn−11nFKRTn=Tn−11nFKT(12.60)

Finally, the fraction of protein in the R state is given by

R¯=(R1+R2+...+Rn)(R1+R2+...+Rn)+(T1+T2+...+Tn),      (12.61)

and the fraction of actual ligand-binding sites bound is:

Ȳ F=(R1+2R2+...+nRn)+(T1+2T2+...+nTn)n(R1+R2+...+Rn)+n(T1+T2+...+Tn).      (12.62)

Using the equilibrium equations, we arrive at

R¯=(1+α)nL(1+cα)n+(1+α)n      (12.63)

Ȳ F=Lcα(1+cα)n−1+α(1+α)n−1L(1+cα)n+(1+α)n      (12.64)

where

α=FKRc=KRKT.

Monod et al. determined graphically that cooperativity, as measured by the curvature of the lower part of a ȲF versus α curve, is most pronounced
when c is small and L is large. If c is small, then KR≪KT and ligand binding in the relaxed state is much stronger. If L is large, then the free
oligomer has a strong tendency to be in the tight state. Ligand binding “locks” the previously free protein into the relaxed state, subsequent ligand
binding will occur far more readily, and cooperativity is therefore strong. Thus, these two observations make physical sense.

Note that if c = 1, i.e. ligand binding occurs at the same rate in the tight and relaxed states (KR = KT), then regardless of the value of L, ȲF
reduces to the case where there is no cooperativity:

Ȳ F=FKR+F.      (12.65)



This also makes perfect physical sense.
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could safely be relegated to anyone else if machines were used.”



Chapter 13

Epilogue: Toward a Quantitative Theory of Oncology
Medicine is both art and science. As promised in the introduction, this book has focused primarily on the scientific side of the medical subfield of
oncology. Specifically, we explored applications of mathematics, primarily dynamical systems, to cancer biology and treatment. We have
attempted to give readers a glimpse of a few major research threads in the developing field of mathematical oncology, with an emphasis on
seminal work, applications to treatment, and biological background and motivations.

The growth of the field in the last 10 years alone precludes any attempt on our part at a comprehensive survey, and for this we owe many of our
colleagues, whose work we deeply appreciate, an apology. We hope that anyone who feels slighted in these pages will recognize and take
comfort in our attempt to give students the tools necessary to study and place into context any work we have omitted.

But in addition to these conscious (and unconscious) omissions, this book is missing something vital, because the field itself is missing a critical
piece connecting the art and science of medicine. We realize that this sounds like hyperbole. It is not. As we pointed out in Chapter 1, medical
practice is considered evidence-based when the art is informed by science. Science’s main product is theory. Here we use “theory” not in the
journalistic sense of a hunch or shot-in-the-dark, but in the sense expressed by the U.S. National Academy of Sciences as “[a] well-substantiated
explanation of some aspect of the natural world that can incorporate facts, [natural] laws, inferences and tested hypotheses” [19, p. 2], or in the
substantially similar but more complete expression by Gerald Holton and Stephen Brush [11, p. 27]:

[A theory] is a conceptual scheme we initially invent or postulate in order to explain to ourselves, and to others, observed phenomena
and the relationships among them, thereby bringing together into one structure the concepts, laws, principles, hypothesis and
observations from often very widely different fields.

In other words, theory expresses our current understanding of the natural world and is generally “well-substantiated.” When we say that science
informs the medical art, we mean that medical practice refers primarily to the best theory currently available.

And here we find the missing piece. Medicine largely lacks coherent, quan-titative—or better, mathematical—theories. One may wonder how we
can say such a thing at the end of a book full of medical theory couched in mathematics, but the key word in the claim is coherent. Scientific
medicine simply has not produced mathematical theory applicable to broad areas of medicine. To be clear, we presume no sort of “grand unified
medical theory”; indeed, such a pretension seems, to us, preposterous. But what has become glaringly obvious to us while putting this text
together is the ad hoc manner in which mathematical models are applied to biological and physical phenomena relevant to medical oncology.
And we thoroughly expect that deepening the connections among traditionally disjointed theoretical constructs will increase the power theory will
have to inform medical art.

In this day and age, one may counter-argue that medicine, and oncology in particular, needs no coherent mathematical theory. Medical oncology
already boasts one of the best theories in all of medicine, expressed by Hanahan and Weinberg as the “hallmarks of cancer,” a list of necessary
and sufficient phenotypes a cell must acquire to become malignant [9, 10]. The theory is completely coherent, highly successful, becoming
increasingly comprehensive and yet devoid of mathematics. From a more general perspective, medicine looks toward genomics for its theory,
and to argue that genomics is not a sufficient source of coherent theory is to argue against the dominant intellectual tradition of early 21st century
biology. But this is precisely what we argue here. In fact, we go so far as to claim that genomics is the opposite of theory. Theory identifies
patterns within chaos. Genomics generates chaos.

The general genomics program, as applied to a given species, attempts to generate a consensus sequence for the entire genome of that
species, characterize all or most variation in homologous DNA sequences among individuals, and identify the function(s) of all functional DNA
sequences. Clearly this is an ideal. However, as of this writing the genomic program has produced draft genomes, with accounts of variation, for
humans—both modern and Neanderthal—many important human pathogens and an array of species of varying importance to human health. And,
as a generator of information and knowledge, the genomics program has enjoyed many outstanding successes. Genomics has identified
hundreds (or more) of genetic variations— genotypes—associated with cancer progression, pathogenesis and treatment resistance, some of
which we exemplify in this book. Genomics has shown us broad patterns of gene regulation, like upregulation of ribosome structural genes, that
led to new hypotheses about the biological nature of the disease [5, 6, 13]. Most importantly, it has unveiled the fundamental complexity of life at
the level of macromolecules. Genomic organization, for one thing, is not as originally envisioned. The early notion of “one gene, one molecule”
(i.e., protein) is deeply flawed—there appear to be around 20,000 traditional coding genes in the human genome, but our cells make more than
100,000 proteins by traditional transcription and translation, let alone other molecular products of transcription, like rRNA, iRNA, eRNA and
others. Furthermore, the idea that a gene—however one wishes to define such a thing—occupies a specific locus in the genome is also
contradicted. Even the most traditional of genes is regulated by enhancers scattered in remote locations of the genome. To give a single,
medically relevant example, one genotype causing lactose persistence in humans—i.e., expression of the enzyme lactase-phlorizin hydrolase,
which declines significantly as individuals with “adult lactose intolerance” age—is not determined by the sequence of the LCT (lactase) gene.
Rather, the persistence mutation1 is found more than 10,000 base pairs upstream of the LCT promoter in a gene called MCM6. The “normal”
gene product of MCM6 has nothing to do with lactose metabolism. However, a region within it, where the mutation is found, acts as an enhancer
for LCT. This sequence in MCM6 is therefore a very real part of the LCT gene, although tradition says it is not. This tradition is likely to be
abandoned as the dominant role of enhancer and other regulatory regions becomes more clear (see, e.g., [1, 20]).

As these few examples illustrate, genomics has been successful in that it has forced us to reorganize our thinking—that is, it has forced us to build
theory to explain the cascade of new observations. But this theory has been by and large ad hoc and essentially qualitative. Nevertheless, the
successes have given medical science a case of “-omics fever,” a proliferation of research programs attempting, like their genomic parent, to
produce enormous lists of all intracellular proteins (proteome), RNAs (transcriptome), smaller molecules (metabolome) and molecular interactions
(interactome), among other “-omes.”

As useful and interesting as they are, such gobs of data are not theory and therefore are not considered an end product by the research
community. The main theoretical attacks employed in the classical -omics program involve cataloguing and cross-referencing all the data, with
some attempt to identify patterns (bioinformatics), and an attempt to understand the cell from an engineering perspective, in which one identifies
the general behavior of sets of interacting molecules without slogging through all the details of every interaction (systems biology). The product of
the systems biology program would be what is now dubbed the “systeome,” another list, this time of all systems in the cell, their properties and
their connections to other systems. Beyond this, the ultimate end point—the final theory—generated by this program is only ever vaguely



expressed at best. The literature expresses little discomfort with the end goal being yet another list—there seems to be an assumption that
eventually we will hit on a list so simple that the patterns will be obvious from inspection. But at some point we must move beyond lists. One such
path might be thought to lead to a brute-force integration of the “systeome” into an immense computational program simulating all molecular
activities within a cell.

Neither of these end points—another list or a brute-force simulation—are satisfactory. The former is obviously not an end-goal. At some point we
have to integrate the elements of the list—molecules or systems or whatever—into a comprehensible formulation, one also capable of describing
variation among the 200 different cell types in a healthy mammalian body, not to mention all pathological cells. And while a complete simulation of
the cell would without question be such an integration, it is not practical. Certainly, such a simulation at the molecular level is absurd. It would
require estimates of the number of each chemical species as they vary over time. Due to intracellular concentration and compartmentalization,
these concentrations would be best represented as random variables, requiring stochastic characterization in the models. In addition, all
parameters governing all possible dynamic interactions among these molecules would have to be accurately assigned. If molecular interactions
require on average p unique parameters to be correctly modeled in a single cell, and each molecule interacts on average with n others, then one
must accurately estimate on the order of p(n − 1) 105 parameters to simulate only protein interactions in a single cell. Even if p and n are modest
(10 or less), an accurate model of the proteomes of the 200 types of cells in the healthy human body could easily require hundreds of millions to
billions of parameter estimates before one even begins to address the transcriptome, the metabolome or any other -ome. More would be needed
to characterize diseased cells and pathogens. And we have not even mentioned intracellular interactions, which are clearly critical in many if not
most disease states.

This is chaos (in the literary, but probably also mathematical, sense). Detailed modeling of chaos like this has never, in the history of science,
been the way forward. Recognition of this fact was one factor motivating the systems biology program, which in part attempts to represent
cascades of molecular interactions as individual “systems” with relatively simple inputs and outputs that can be easily modeled. And, although this
program has generated insight and testable explanations or descriptions (the primary goals of theory), how these systems are to be integrated
into simple patterns, common themes, understandable descriptions and explanations that fit together into a more-or-less comprehensive narrative
(the ultimate goal of theory) remains an open question.

One should not mistake our message. We claim that -omics and systems biology programs have immense value. One must have an accurate,
clear view of the chaos before one can begin to discern patterns. Hence, our claim above that genomics generates chaos means that it provides
the fodder needed to sustain theory-builders. Systems biology is a step in the right direction. However, at some point we must begin to
emphasize a mathematical and computational program that rises above the ad hoc models of the past and connects them in a single, descriptive
and explanatory framework.

Luckily, classical biology has such a theoretical framework ready-made— evolution. Another general lesson we learned while putting this book
together is that the mechanisms of evolution, particularly natural selection and genetic drift, arise either explicitly or implicitly, but always naturally,
in nearly every explanation of cancer etiology, pathogenesis and treatment. This includes both empirical and theoretical studies, and this book
provides many examples of the latter. Revealingly, in an astonishing number of cases, when researchers recognized the evolutionary theme in
their own results, they gave every appearance of reinventing Darwin’s wheel. For example, Darwin’s evolutionary insight is more frequently
referred to as “mutation” than “natural selection,” especially in the empirical literature. Also, many researchers avoided the well-defined, well-
understood term “genetic drift” in favor of a new term they themselves coin, usually built around either “random” or “stochastic.” Imagine reading a
research article in which the authors never use the word “cell,” but talk instead about “living boxes” (equivalent to calling drift, “random change”) or
using the word “phenotype” to mean a DNA sequence (equivalent to conflating mutation with selection). If they otherwise describe and explain
everything accurately, we might conclude that the researchers correctly identified a classic, well-known pattern but for some reason did not know
what to call it. This is the situation we find in so many studies of cancer biology and treatment. Evolution is so obvious to these researchers that,
for whatever reason, they fail to couch their explanations in classical terms, even though they get the explanation right.

Observations like these, and the ubiquity of evolutionary themes in this book, suggest that evolution can serve as a unifying, quantitative theory of
oncology, and we are by no means the first to hit on this suggestion. That evolution, and natural selection in particular, underlies malignant
transformation and treatment resistance are old, well-established ideas [14, 18, 21]. But the last decade has seen an explosion of interest in
evolutionary oncology [2, 3, 4, 7, 8, 12, 15, 16, 17]. These references (and more), and indeed this text, make clear that evolution touches
essentially every aspect of oncology— etiology, pathogenesis, tumor progression, morphology, prognosis and, perhaps most importantly,
treatment. And the concept of evolution even subsumes the beautiful theory of Hanahan and Weinberg—cancer hallmarks are phenotypes that are
caused by evolutionary forces, primarily natural selection and perhaps genetic drift. These traits then alter tumor ecology by changing the
environment, both locally (in tissues within and immediately around the tumor—it’s microenvironment) and globally (the host physiology). We
suggest, therefore, that cancer theory should explicitly strive to build an evolutionary narrative that connects genetic and genomic alterations with
phenotypic traits and their interactions with tumor ecology. We say explicitly because this appears to be the path the field is taking naturally.
However, many cancer researchers appear not to realize it, treating evolutionary ecology as a fringe idea instead of the core notion of oncological
theory.

Finally, we observe that this theory “narrative” will be written in the language of mathematics. Evolution, by definition, is dynamic. Mathematics,
including numerical schemes implemented on computers, provides the most powerful tools ever devised by humans to handle the theories of
dynamic processes. Without doubt, evolutionary theory applied to oncology and medicine in general promises to produce not only a coherency to
scientific medicine, but also beautiful new mathematics.
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