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Abstract Often computational models are too expensive to be solved in the
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that we can obtain approximations in the viscous region which are much closer
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obtained by other heterogeneous domain decomposition algorithms from the
literature. We illustrate our results with numerical experiments in one and two
spatial dimensions.
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1 Introduction

The coupling of different types of partial differential equations is an active field
of research, since the need for such coupling arises in various applications. A
first main area is the simulation of complex objects, composed of different
materials, which are naturally modeled by different equations; fluid-structure
interaction is a typical example, and many techniques have been developed for
this type of coupling problems, see for example the book [33], or the review on
the immersed boundary method [32], and [9] for domain decomposition cou-
pling techniques. A very important area of application is the simulation of the
cardiovascular system [16]. A second main area is when homogeneous objects
are simulated, but the partial differential equation modeling the object is too
expensive to solve over the entire object, and a simpler, less expensive model
would suffice in most of the object to reach the desired accuracy; air flow
around an airplane is a typical example, where viscous effects are important
close to the airplane, but can be neglected further away, see the early pub-
lication [10], and also [7] and the references therein. An automatic approach
for neglecting the diffusion in parts of the domain is the y-formulation, see
[27] [5], and there are also techniques based on virtual control, originating in
[11], see [1] for the case with overlap, and [25] for the case without, and also
[12] for virtual control with variational coupling conditions. A third emerging
area is the coupling of equations across dimensions, for example the blood flow
in the artery can be modeled by a one dimensional model, but in the heart,
it needs to be three dimensional, see for example [15]. All these techniques
have become known in the domain decomposition community under the name
heterogeneous domain decomposition methods, a terminology sparked by the
review [36], and the literature has become vast in this field.

We are interested in this paper in the second situation, where the motiva-
tion for using different equations comes from the fact that we would like to use
simpler, less expensive equations in areas of the domain where the full model
is not needed, and we use as our guiding example the advection reaction diffu-
sion equation. We are in principle interested in the fully viscous solution, but
we would like to solve only an advection reaction equation for computational
savings in part of the domain. Coupling conditions for this type of problem
have been developed in the seminal paper [23], but with the first situation
described above in mind, i.e. there is indeed a viscous and an inviscid physical
domain, and the coupling conditions are obtained by a limiting process as the
viscosity goes to zero, see also [24], and [3,8] for an innovative correction layer,
and [6] for the steady case.

Dubach developed in his PhD thesis [13] coupling conditions based on ab-
sorbing boundary conditions, and such conditions have been used in order to
define heterogeneous domain decomposition methods in [18]. A fundamental
question however in the second situation described above is how far the solu-
tion obtained from the coupled problem is from the solution of the original,
more expensive one on the entire domain. A first comparison of different trans-
mission conditions focusing on this aspect appeared in [19]. In [20], coupling
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conditions were developed for stationary advection reaction diffusion equations
in one spatial dimensions, which lead to solutions of the coupled problem that
can be exponentially close to the fully viscous solution, and rigorous error es-
timates are provided. The coupling conditions are based on the factorization
of the differential operator, see also [29], and the exact factorization can be
used in this one dimensional steady case.

In general however, such an exact factorization is not available, and new
ideas are needed. To show how one can still obtain a very efficient coupling
algorithm based on factorization in these situations, we follow a principle al-
ready advocated by Picard!, and study a specific model problem. We present
in Section 2 our new factorization algorithm for a time dependent model ad-
vection reaction diffusion problem in d spatial dimensions. In Section 3 and 4,
we give a detailed analysis of the well-posedness of the new factorization algo-
rithm in one spatial dimension, and prove asymptotic error estimates when the
viscosity is becoming small. Such one dimensional advection reaction diffusion
problems do not pose any computational challenge these days, but they allow
us to mathematically get a complete understanding of the new algorithm and
rigorous error estimates, and also permit a rigorous asymptotic comparison of
the new algorithm with existing techniques from the literature. In Section 5
we present numerical experiments, first in one spatial dimension, which show
that our theoretical error estimates are sharp, and that the new factorization
algorithm gives approximate solutions which are one order of magnitude more
accurate in the viscous region than the best heterogeneous domain decomposi-
tion methods known from the literature. We then show numerical experiments
also in two spatial dimensions, to illustrate that the new factorization algo-
rithm also works beyond the one dimensional case.

2 A new coupling algorithm based on factorization

We now explain how the factorization technique that led to coupling conditions
of excellent quality for one dimensional problems in [20] can be used to obtain a
new coupling algorithm for evolution problems which we will call factorization
algorithm.

1 “Les méthodes d’approximation dont nous faisons usage sont théoriquement susceptibles
de s’appliquer a toute équation, mais elles ne deviennent vraiment intéressantes pour 1’étude
des propriétés des fonctions définies par les équations différentielles que si I’on ne reste pas
dans les généralités et si I’on envisage certaines classes d’équations”, Emile Picard, Sur
P’application des méthodes d’approximations successives a ’étude de certaines équations
différentielles ordinaires, 1893.
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2.1 Model problem

We consider the time dependent advection reaction diffusion equation in {2 =
(=L, Ly) x R4~ with boundaries I'T = {—L;} x R¥ ! and Iy = {Ly} x R4~ 1:

Loqu:=0u—vAu+a-Vu+cu=f in2x(0,T),
with boundary data Biu=g¢1 on I7 x (0,7), (1)
Bou =go on Iy x(0,7T),
and initial data w=h in 2 x {0},

where a = (a,a;),a € R, a, € R%1 is a constant velocity field, v > 0 is the
viscosity, and ¢ > 0 is a reaction term. The B;, j = 1,2 are suitable boundary
operators, representing Dirichlet or absorbing boundary conditions depending
on the sign of the normal component of a. We will consider two situations:

B B
a>0 Id O+a-V+c (2)
a<0 Id Id

In the case a > 0, the flow is given at the inflow boundary, and an absorb-
ing boundary condition is prescribed at the outflow boundary. This can be
compared to the situation of the tail of a wing, where the flow goes from the
complicated model region into the simplified model region. In the case a < 0,
the flow is prescribed at the inflow and outflow boundary, which can be com-
pared to the situation of the front of the wing, where the flow goes from the
simplified model region into the complicated model region, and a boundary
layer forms.

2.2 The new algorithm based on factorization

Using Nirenberg’s factorization, we can factor the advection-diffusion operator
into a product of two evolution operators in opposite x directions. Such factor-
izations have been used to design absorbing boundary conditions and paraxial
equations for hyperbolic problems, see [2]. For parabolic problems, Nataf and
coauthors [29,34] computed approximations of u via a double sweep, and also
obtained transmission conditions for Schwarz domain decomposition methods
[35], which led to the new class of optimized Schwarz methods, see [17] for an
overview. The same factorization can also be used to obtain incomplete LU
preconditioners [21,22], and is the underlying mathematical structure of the
recently developed sweeping preconditioner [14]. We now use this factorization
to define our new factorization algorithm: we define two subdomains,

2 = (=L1,0) x R 2y = (0, L) x R¥™L Ty = {0} x R,

and want to couple the advection-diffusion equation in §2; with an advection
equation in (2, defined by the transport operator L, = 0y + a- V + ¢. Our
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goal is to obtain a coupled solution which is as close as possible to the fully
viscous solution of the original problem.

We start with the first case described in (2), i.e. @ > 0. Suppose we have a
factorization Loq = Emaﬁa with £, a transport operator propagating to the
right, and L,,, a transport operator propagating to the left, where we use a
tilde here to denote the exact operator which will be later approximated and
the index 'ma’ for 'modified advection’. The original problem

LmaLouw=f in 2x(0,T)

u=g; only x(0,T

Lou=go on Iy x (0,T
u=~h in 2 x {0}

)
)

)

can then be solved by introducing u,;,, := L4,u, and solving the two problems

Laduad = f in .Ql X (O,T),

Uad = g1 on I X (07 T)u (3)
Lolad = Uma on Iy x (0,7,

Uagd = h in 7 x {0},

Zmauma =f in 25 x (0,7,
Uma = g2 on Iy x (0,7,
Uma = Lou in 259 x {0},

which leads to uqq = u)p,. Unfortunately, the exact factorization L.q =

Lomala is not available in general; for the simplest case of a steady prob-
lem in one spatial dimension, see [20]. But we can use an approximation with
a remainder,

= L (Lopala—R) With R = (& + c+a, - V,)2 +a24,,  (4)

where V, and A, stand for the tangential gradient and Laplacian, and where
the modified advection operator is

2
,cma:at—aax+a7-vf+c+%. (5)

The viscous solution u satisfies L£,aLqou = a®f/v + Ru, and the algorithm
corresponding to (3) is

Eaduad = f in Ql X (O,T
Ugd = g1 on Iy x (0,7
Lolgd = Umq on Iy x (0,7
Ugqg = h in 7 x {0}.

);
)7
)7

Lonalmae = %f—i—Ru in {29 x (0,7,
Uma = G2 on Iy x (0,T),
Uma = Latt in 25 x {0},
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Since w is unknown to evaluate the remainder, we approximate it by solving
an advection equation first, and our new factorization algorithm is

Louk = f in {25 x (0,7),
Transport to the right in 2 ’UJI; = ul;;l on I1 x (0,T),
uk =h in {25 x {0},

Lotk = < f+Ruk in 2 x (0,T),

Transport to the left in 2 ufna = g0 on Iy x (0,T), (6)
uk = f+vAh  in 25 x {0},

ﬁaduﬁd = f in Ql X (Oa T)a
uk, =g onIyx(0,7),
LouF, =uk  on Iy x (0,7),

ub,=h  in 02y x {0},

Advection-diffusion in (2

where we start with a given initial guess u®, = ¢°, on Iy x (0, T). We will prove
well posedness of this algorithm in Section 3 in one spatial dimension, and give
precise error estimates when v is small, which show that the new factorization
algorithm gives one and a half orders of magnitude better solutions in the
viscous subregion than the best other coupling algorithms from the literature.

When a < 0, we have the factorization with remainder in reverse order,
Lod = a—l;(ﬁaﬁma — R ), and now the operator £, propagates to the left, and
Lma to the right. The viscous solution u satisfies £, Lqau = a®f /v + Ru, and
introducing u, := Ly,au, the algorithm corresponding to (3) is

Eaduad = f in Ql X (0, T),
Uqd = g1 on 17 X (0,7,

Lmatad = uq on Iy x (0,7,
Ugg = h in 27 x {0}.

Lou, = “—:f—l-Ru in 2 x (0,7,
Ug = Lol on I x (0,7),
Ug = Lmall in 25 x {0},

Since w is unknown to evaluate the remainder and the boundary conditions,
we approximate it again by solving an advection equation, and our new fac-
torization algorithm becomes

Loul = f in 29 x(0,7T),
Transport to the left in (2 u}l = g2 On I5 x (0, T),
ul(-,0)=h in 2y x {0},
Lou2 =< f 4+ Rul in 2 % (0,T),
Transport to the left in 2o uz = ﬁmau}l on Iy x (0,T), (7)
u2 = Lopaul in 25 x {0},

Laduad = f in 91 X (O,T),
Ugd = g1 on 17 x (0,T),

Lmatad = uq on Iy x (0,7,
Ugg = h in 27 x {0},

Advection-diffusion in (2

where one could also directly compute the boundary and initial data from the
first system for the second one as follows: on Iy % (0, T), Lmaul = 20,92+ (2c+
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a?/v)ga+2a,-V,ga— f and at time t = 0, L,qul = f—2ad,h+a?h/v. There
is no iteration for @ < 0 in the algorithm, because the boundary condition
g2 at x = Lo in the first step can not be updated naturally from the viscous
solution uqq in 21. We will study this algorithm in one dimension in Section
4, and show that it gives an order of magnitude better solutions in the viscous
subregion than the other coupling algorithms from the literature.

2.3 Well-posedness results for advection reaction diffusion problems

We focus for our analysis on the one-dimensional case in what follows. We
work in the usual Sobolev spaces in time and space, H*(0,T) and H*({2)
for 2 C R, H*({2 x (0,T)) in the hyperbolic case, and the anisotropic spaces
H"™*(£2x(0,T)) in the parabolic case. For clarity, we will add an index defining
time or space in the Sobolev space, for instance H = H*(0,7T). We introduce
for any domain {2 C R the anisotropic Sobolev spaces (see [28])

H™(2 % (0,T)) = L*(0,T; H"(£2)) N H*(0,T; L*(£2)). (8)
If wis in H™*(£2 x (0,T)), then for any integer j and k, we have
o7 ok nwov ik
z 7 v E_Z_ 1142
57 5F Y € H#Y(2 % (0,T)), where s 1 (r + S). (9)

We introduce the space V™* of traces of functions in H™*(£2 x (0,T)) for the
half-space 2 = R~ (and similarly for 2 = RT). Denoting by fx the trace of
the k-th derivative in time on the initial line, z € R™, and by g; the trace of
the j-th derivative in space on the boundary 2 = 0, ¢t € (0,7T), the trace space
V™% is defined by

Ve i= {(fu,9) € Thauy HP(2) X Ty HY0.7),
kpkzg(sv_k_%)v _Mj:%(r_j_%)v
SO =550, itivE<i-3d+d),

00 1§ s *gi o e _
Jo 15 o) = G ()P <o iR+ E=1- 3G+ D)}
Theorem 1 ([28]) For positive real numbers r, s such that 1— %(%-i——) > 0,
the trace map

(10)

N

wo { (G @ Oy (55 0.0y | (1)

is defined and continuous from H™*({2 x (0,T)) onto V"™5.

We start with well-posedness results for the advection equation, by stating
a general result, applicable to £, in {2 or {25, and L,,, in §25. To this end, we
introduce O = (z1, z2) and consider

Lyv:=0w+b0yv+nu=pin O x (0,T). (12)
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Let My, be the spatial part of the operator Ly, i.e. L, = 9;+M,;. We denote the
boundary point where the flux enters the domain by z~, the other boundary
point by z*, and define the characteristic time 7(x) := inf{t > 0,s.t. z — at ¢
O}.1fb> 0,27 =y and 7(z) = L5 and if b < 0,2~ = x5 and 7(x) = 522,
Note that 7 is a continuous function of x. We therefore equip (12) with initial

and boundary conditions

v('v O) = h7 v(xia ) =9 (13)
The following well-posedness result can be found in [31].
Theorem 2 If p € L*(O x (0,7)), g € L*(0,T) and vo € L*(O), then the

transport problem (12,13) has a unique weak solution v € L2 ,, given by (the
characteristic function of w in R? is denoted by 1,,)

U(ZE, t) = h(I - bt)eint1t<7'(w) + g(t - T(I))eim-(z)lt>r(m)
t 14
+ / p(x —b(t — 5),s)e” %) ds. (14)
(t=7(z)*

If for some v > 0 we have h € HY(O), g € HY(0,T) and p € H'(O x (0,T)),
with the compatibility conditions

k—
dig(0) = (3 (~MyY o ), 0) + (~ M) for 0<k<y 1,

0

—

<

(15)
then v € HY(O x (0,T)) and v(xt,-) € H?(0,T). Furthermore, we have for
0 <k <~ the estimates

1
mlofuls +EIO " s < C10kRIT: +HIoFu(0)Ea+ blldElEs. (16)

Similarly, we also use well-posedness results for the advection reaction diffusion
equation

Logu := O — vO*u+adyu+cu= f  in O x (0,T),
Biu(z1,-) =g1  on (0,T), (17)
Bou(za,) = g2 on (0,T)
u(z,0)=h in O,

)

with boundary operators according to (2). We define M, 4 to be the spatial
part of the operator L.q, i.e. Loq = 0¢ + Mygq.

3 3
Theorem 3 For~y >0, let f € H*7(Ox(0,T)), g1 € H;YJF“, g2 € H,;H“ for
1
negative a, and gz € Hg T for positive a, h € H271(O), with the compatibility
conditions for 0 < k <~y — % and 0 <k <~ — % for negative a given by
k—1

1<j<2, dfgi(0) = (~Maa)*h(z;) + O (~Maa) 07 f)(x;,0),
7=0
(18)
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and for positive a the second compatibility condition is replaced by

k' —1

d¥ g2(0) = v > (~Maa) O TTI02 f (12,0) — vd2 (~ Maa)®
j=0

’

h(x2) = Of f(2s,0),
(19)
then problem (17) has a unique solution u in H*OHDY+1(O x (0,T)).

Proof Existence and regularity results are well-known for Dirichlet boundary
conditions on both sides, see [28,31], so we do not consider the case of negative
advection further. In [31] more precise results with error bounds in v for the
hyperbolic equation (see Theorem 4) can be found. In the case where a > 0, due
to the absorbing boundary, we need to modify the proof on the right boundary,
and we use a Fourier transform in time. A weak solution is obtained by a
variational formulation, like in [30,4] for instance. The regularity is obtained
as follows: we first modify the boundary condition in (17) on the right at

T = w9 to Dirichlet data g € H;Y +%. Because of the compatibility conditions
on the left, and imposing symmetric compatibility conditions on gs on the
right, there is a unique solution @ € H20+1.0+D(0O x (0,T)), see [28]. The
difference v = u — @ is solution of the homogeneous case of equation (23), but
the boundary condition on the right becomes L, (u — @) = g2 := g2 — LoU. By
the regularity results above, g5 is in Hg _i. To estimate v, we will make use
of the Fourier transform. We extend all functions by 0 in R_, and smoothly
into (T, 400), and define

O(w) = %/Re*i“’tv(t) dt.

Since the initial value vanishes, the equation is Fourier transformed in time to

Loq® = —v020 + a0y 0 + (¢ + iw)d = 0 on O x C.

This is for each w an ordinary differential equation, with characteristic roots

A (w) = i(a +va2 +4v(c+iw)), A_(w)= 2—1V(a — Va2 +4v(c+iw)),

2v
(20)
with Re(Ay) > 0 and Re(A_) < 0. The general solution is
Oz, w) = Ly (W)eMT + 0 (w)er7.
Using the boundary conditions, we then get the solution
. . e>\+(m—;ﬂ1) _ e)x,(w—wl)
Oz, w) = G2 (w) , (21)

vAL et (@2men) — A2 eA(w2—a)
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where we have used the relation ¢ + iw + aly = v(A1)?. The value at x = x5
can be equivalently written as

e~ Ap=A)(z2—z1) _ 1

v ((52)2e e mr)ame) 1)

0(r2,w) = G2(w) (22)

In order to estimate the regularity of v(za,-), we need to estimate the multi-
plicative factor on the right for large w. We can see from (20) that Aj(w) ~

A () ~ /2. Therefore [o(zs,w)| ~ |24 ~

G2(w) : =%
T’.Smceqzth , We

3
conclude that v(zs,-) € H, T Then v is solution of the advection-diffusion
equation with Dirichlet boundary conditions, and the data has sufficient reg-
ularity to conclude.

3 Properties of the factorization algorithm for positive advection

We consider the advection-diffusion equation in {2 = (—L1, Ly) with Dirichlet
boundary condition on the left, and absorbing boundary condition given by
the transport operator on the right (see [26]),

Logu = O — v0?u + adyu+cu = f  in 2 x (0,7T),
u(_Lla ) = g1 on (OvT)a (23)
Lau(LQa ) = 92 on (OvT)
u(,0)=h in £.

3

We suppose in this section that f and g; are compactly supported in (0,77,
that h is compactly supported in 2; = (—L1,0), and that for each ¢ the func-
tion f(-,t) is compactly supported in (2. We further assume that the bound-
ary condition at Lo is absorbing, that is go = 0. Therefore the compatibility
conditions are satisfied to any order on both ends of the interval {2, and for

FeHS(0Qx(0,T)),h € HyY ,and g € H, wis defined in H5 % (2x (0, T)).

3.1 Well-posedness
The remainder R for computing u¥,, in the new factorization algorithm (6)
contains two time derivatives, which lead to an important loss of regularity
at each iteration. We will however see that the error order in v can not be
improved further after two iterations, and hence we only study the first two
iterations in detail. We start with the well-posedness of the algorithm.
Algorithm (6) starts with an initial guess ggd as boundary condition for
u,. We assume that ¢°, € H} and is compactly supported in (0,7]. Using
that f € H*(£22 x (0,7)), that h vanishes in (25, and that the compatibility
conditions at x = 0, ¢t = 0 are satisfied, the solution of

Loul = fin 2y, ul(0,)=g%, ul(-,0)=0
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satisfies ul € H*(29 x (0,T)).
The right hand side for the modified advection equation in (6) is then
. = a—jf + Rul € H*(£25 x (0,T)), and solving

‘Cmau}na = fﬁma in 925 u7171a(L27 ) = Oa u}na('v O) = 07

the compatibility conditions at © = Lo are again satisfied to any order, which
implies that ul,, € H%(22 x (0,T)) and ul,,(0,-) € H*(0,T). The latter then
becomes the right boundary data for the advection diffusion problem in {2y,

Eadu}ld = fin {2, u}ld(—Ll, ) = g1, Lau}ld((), )= ul (0,4), u}ld(~,0) = h.

ma

We have seen already that the compatibility conditions on the left are satisfied,
and on the right, at the corner (0, 0), with the regularity of u},,, the condition
ul (0,0) — vd2h(0) = £(0,0) holds, since both sides of this equality vanish.
Since f € H21(2x (0,T)), h € Hx%, g1 € H?, and u! ,(0,-) € H?, we obtain
ul, € H%% (£, %(0,T)) and ul,(0,) € HE, and at the corner (0, 0), we have
for gl :=ul,(0,)

g;d(o) = h(O), dtg;d(o) + Madh(o) f(07 0)7
d7gaq(0) — M24h(0) = 9, £(0,0) — Maaf(0,0).

We now start the second iteration with the computation of u2, using ul(0,-) =
g, = ul,(0,-) € HP. Since h is compactly supported in 2y, M? h(0) =
MPh(0) = 0, and (24) are appropriate compatibility conditions to compute
u2 € H3(f25 x (0,T)). We define the new right hand side

2
2= Sf+Rul e H(Q x (0,T)),

ma
and compute the solution of
Loyau?,, = f2.in 02y, 2 (La,-)=0, u?,(-,0)=0.

We thus obtain u2,, € H' ({23 x (0,7T)) and u2,,(0,-) € H'(0,T). The last step
of the second iteration is to compute ugd solution of

Eaduid = f in Qla uzlzd(_le ) = g1, Lauzlzd(ov ) = ufna(oa ')a uzlzd('v 0) = hv

and we need only to satisfy a compatibility condition on the left, which implies
that u2, € H21(2 x (0,T)).



12 Martin J. Gander et al.

3.2 Error estimates for the factorization algorithm

We present now asymptotic error estimates for small viscosity v when u, the
viscous solution of (23), is approximated by (u¥,;, u¥), the solution obtained by
our new factorization algorithm (6). We define the error quantities e := u* —u,
ek =k, —wu, ek =k, — Lou =k, — w4, and suppose that all our
data is C* in all variables. The error equations are

Eade’;d =0in {24,

Lok = —vd%u in (2, Lomaek,, =Rek in 2y, k(2T =0
65(05 ) = 6551(07 ')7 efna(L% ) = 07 ad k . k,
ek (0) =0 ek (0) =0 £aaa(0:) = ema(0,),
a\> s ma\ ’ eléd(';o) — O,
(25)
with €2,(0,-) := g%, — u(0,-). We need more precise estimates than those

provided by Theorems 2 and 3. First, we state precisely the initial conditions
for all the equations involved: the parabolic problems in {2 and §2; will use

Ofu(-,0) = (~Maa)®h and  Ofu?,(-,0) = (—Maa)*h,
the forward hyperbolic problem in (25 uses
85”2('7 O) = (_Ma)kh =0,
and the backward hyperbolic problem in {25 uses
afu%a('v O) = Z(_Mma)‘jaf_l_Jfﬁﬂba('u O) + (_Mma)kuma,O =0.
j=0
The solution of the exact backward hyperbolic problem in 2> has as initial
condition
k-1 _ ‘
afuma('7 O) = Z(_Mmayaf_l_]fma('u 0) + (_Mma)kuma,O = 07
j=0
from which we infer the initial values for the errors such that

OFel (-,0) =0in 1, OFel(-,0) =0 and dFe, . (-,0) =01in 2.  (26)

ma

We start with estimates for the solution of the advection-diffusion equation
(23) with vanishing initial data and vanishing boundary data ¢;. A first lemma
gives results for the problem with go = 0, based on energy estimates, and a
second lemma gives estimates where only the right-hand side f is non-zero.

Lemma 1 Suppose that a > 0, and that h vanishes identically in §2, g1 and
g2 vanish on (0,T), and that f is in C5°(£2 x (0,T]). Then there is a positive
constant C' such that for any v > 0, and any k < =, the solution u; of (23)
satisfies the estimates

10Fuill3a, + 10Fur (Lo, )3 + vl drunlla, < ClOFFIZ2 . (27)
v|oFo2usl e, < 110 fllza - (28)
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Proof Since the compatibility conditions are satisfied, u; is in H*°, and the
initial value of dFu; vanishes as well. We start with k& = 0: multiplying the
equation by w; and integrating over 2, taking into account that u; vanishes
at —L; gives

1d

Sl (DI + ellus () + V0 ()22

+ guf(LQ,t) — v(u10yur)(La,t) / flx, tyuy (z, t)dx

Using the boundary condition at Lo yields

&.|Q

14
c(lua (50172 + —ui(L2,1) + cllua ()72 + w0 ()72

N~

+(g+yau1Lz, /fxtuwt)

and by Cauchy-Schwarz and Young’s inequality we obtain

c 1
[z, thui (2, t)de < |lua ()2 G Oz < §IIU1(',t)||2Lg + %Ilf(',t)llig-

£2

Integrating in time over (0,7), and dropping the first term which is positive,
we obtain, since the initial data vanishes, the inequality

1
cluallfz , +2v0zualliz , + allur (Lo, )7z < <117z,

which proves (27) for & = 0. To prove (28), we multiply the equation by —d2u;
and integrate in x,

VHaiul(vt)”QLg - (atul('vt)vagul('vt)) - a(aﬂﬂul( ) (9 1(-,¢))
_C(ul('vt) ( )) ( (7 )76§u1('7t))'

An integration by parts leads to
a
v[ozun (5 )Zz + 5 dtlla ur (5 8|72 + elldaun (- )l[72 = [Orua (1) (Grur + 505w
+ Cul)('v t)]szl = _(f('v t)a aiul('a t))
By the boundary conditions, the boundary terms become
1
a(@mu1)2(—L1,t) + E(atul + C’ul)Q(Lg, t) >0

We can now integrate in time and use Cauchy-Schwarz and Young’s inequality
to obtain

1 2
R

The estimates with the time derivative are obtained by applying the equation
to Ofu.

v dFu |72
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Lemma 2 Assume that a > 0. Then there are constants v > 0 and C > 0
such that for v < v, and for any g2 € C§°((0,T)), the solution uz of (23) with
zero data h, f and g1 satisfies for all k <~ the inequalities

Vz € [=Ly, Lo], [|0fua(x,-)| 12 < Cvllgall g, (29)
3 1
< Cvillgallgp, 11020 uzll 2, < CvZ|lg2]l g

1070 uall .2

z,t

l0Fusllyz

1
< Cv2||gal| -

Proof We use a Fourier transform argument as in the proof of Theorem 3, and
rewrite (21) as

e~ (A=A )(z+L1) _q

VA2 ((i—’)Qe*(AJr*)\f)(Lerl) _ 1) '
N

:EfLQ)

Go(z,w) = Go(w) e M (30)

Now we search for estimates in v that are uniform in w. We have for the roots
A+ the estimates
[A_/Ap| <1, Re(Ax —A_) >a/v, |Xi| >a/v.

The numerator in (30) is bounded by 2. A lower bound for the denominator
is obtained by writing [vA% | > i—z together with

A 2
1— (22 ) e~ Or=2A)(L2tLa)
X

2

A e~ ReQr =2 )(La+Ll) > 1= 8(Latla),

>1—|—
B ’)\Jr

Inserting these estimates into (30) gives

. 2v oM (2 1
ia( )] < 3@l N T s

Since 1/|1 — | < 2 for u < 1/2, for v sufficiently small so that e~ #(F2+11) <
1/2, we have for any w,

N 4v . eXs (m— .
lG2(z, W) < — |Ga(w) [T+ E2) < Cu [ga(w)]. (31)

By Parseval’s identity, we obtain
[uz(z, 2w,y < Cv l|g2llL2r,)- (32)

Modifying now g2 to vanish in [T + €, 00), the solution in (0,7") remains unaf-
fected by causality and for any positive e,

lluz(z,-)||L2¢0,7) < CV 1|92l L2 (0, 74¢)-

Since € is arbitrary, we conclude that

luza(z, ) £200,7) < OV [lg2ll£2(0,1)-
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From (31) we also obtain for all w

X cv? . .
a2, w)ll72 < Rens |g2(w)[* < CV? |ga(w)].

We thus obtain

3
luzllz2, < Cv? [lgallr;-
For the derivative in space, we compute

. R >\+6)\+(m+L1)_>\76>\,(z+L1)
aﬂﬁu?(wi) = 92((0) y)\ie/\+(L2+Ll)71/)\278/\’(L2+L1)

1_18*0\+*>\7)(m+l‘1),1

— .
VA4 ((t)% Ay %7)(L2+L1),1)

= g2 (w) e>‘+ (17L2)

For small v, we therefore get as before

] 4 ~ e xr— 4 ~ e r—
|0z iz (2, w)| < m|g2(w)|eR Arle=la) < E|92(w)| elter+ (@=La)

which gives [|0t2(72(gxry < CV[|92]|7 (), and using the same arguments as
before,

10suall 2, < Cv2 g2l 2.
In the same way we find that
[02us| 2, < Cv™ % gal| 2.
Theorem 4 Let a > 0. Then there exist positive constants C' and v such that
for any v < ©, and for any set of data h € C§°(£2), f € C§(£2 x (0,T)),
g1 € C5°((0,T)) and g2 =0, if U is the solution of the transport equation
LU= f1in2x(0,T), U(0)=h U(-L1,) =g, (33)

then the solution u of the advection-diffusion equation (23) satisfies the esti-
mate

107 (u = U122, + 10F (u = U)(La, )17z + v0F 0 (u = U172, (34)
+ 12070 (u—U)|7: < CV2(|0F02U |72 .

Hence u also satisfies the estimate

|0FullZs , + 0 u(La, )12 + |9F0.ull3 (35)
T 10F0ulZ; , < CUNIpusn + 1AlZgen + lgalZpesa):
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Proof Since the data is compactly supported, the compatibility conditions are
automatically satisfied, so that the solutions of the parabolic and hyperbolic
equations are in C§°(£2x (0, T]). The estimates (34) follow directly from Lemma
1, using that u — U is solution of the advection-diffusion equation in {2 with
right hand side v92U, and zero initial and boundary conditions on the left. The
boundary condition on the right also vanishes, £, (u—U) = —f(La,-) = 0, since
f is compactly supported in 2. We define now By, = ||f||§{,; t—|—|\h|\§{§ + g1l

and use for U the hyperbolic estimates (16) in O = (2,

2
HE?

107U | + 107U (L2, )| 75 < CBy.
Next, from the advection equation, we deduce that
a0, U = —(0y +c)U + f, and a?02U = (0; + ¢)*U + (ad, — (0 + ¢)) f,

so that
HafaﬂCU”%it < OBy, ||3535UH%§¢ < CBpya,

and from (34) we obtain

10 (= U)22 , + 10w — U)(La, )l < Cv*Busa,

|00 (0~ U)|2s | < CuBiya, 1902(u— D)3, < OBips.
Writing u = u — U 4+ U gives

07 ulZz , + 10Fu(La, )Z; < C(Bi + v Brsa),
|10F0zullF2 | < C(Bis1 +vBita), [0f07ull72, < CBjyo.

Therefore there is a new constant C' and v such that for v < v, (35) holds.

We now present an improved estimate for the solution of the modified
advection problem in (25.

Theorem 5 Leta > 0. Then there exist positive constants C' and v such that,
for v <, and for any right hand side p compactly supported in 25 x (0,71,
the solution v of the initial boundary value problem with modified advection

Lmav =pin (0, Ls) x (0,7T),
v(La,-) =0 o0n (0,7,
v(-,0) = 0 in (0, La)
satisfies the estimate

aLo
v

10F0(0. )13 < O (10500, )22 + e > % [0k p(La, )3 + viIofol3 ).

(36)
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Proof We first extend p by 0 on (T, +00). As in Theorem 2, v can be obtained
using the method of characteristics,

t
v(0,t) = / . pla(t — o), 0)e =g,
max(t—=2,0)

where ¢ = c+a?/v. Integrating by parts, and denoting by d; the characteristic
derivative, i.e. dip = Oy — a0, we obtain

1 0 for t < Lo/a,
(0, 1) = t(p(o,lt)— L\ a2
C\—~~ | p(Lo,t —2)e ¢« fort>Ly/a
I
I
t ~
- / dip(a(t — 0),0)e = do )
max(thTz.,O)
111
The norm of the first term is [|7]|2 = |[p(0, -)|| 2, and the norm of the second

term can be estimated as

T2, = oo 2 Ly, gt < o—2Ls/a 2
| ”Lf = p (Lot — —)e cdt<e ||p(L2,')HL§-

Lo a
a

For the norm of the third term, we get

Ly

a t _ 2
1113 = [ ([ divtatt— ).01e %) do) " ae
! 0 0
—+o0 t ~ 2
+/ (/ dip(a(t — o), 0)e ¢t do) dt,
Lo

La
“a

and using the Cauchy-Schwarz inequality, we obtain

HIIIH%? < %(/012l2 /Ot(dtp)2(a(t —0),0) dodt-i-/j::oo /;Lz (dip)*(a(t — o), 0) dodt)

a

1 +o0 Lo ) 1 )
<5 (dip)” (@, t)dx dt < —||pll7 (37)
cJo 0 2 ot

c

which finally leads to the estimate

c _ogl2 1
00,9125 < 5 (190012 + ¢ Ip(La % + elpliZ )

()

a

Since ¢ > —, we get

0
_galay
100,125 < v (Ip(0. )13 + e > [Ip(La. )22 + vl )

on the enlarged time interval (0,+00). Using that the extension is vanishing
for t > T + € gives the estimate (36) for k& = 0 for any €, and thus on (0,7).
Applying (36) to OFv gives then the general result.
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Theorem 6 Assume that a > 0, and let By, := | flI%. + [|hl3 + [lg1]% -
Then there exist positive constants C and U such thdt, for any data h €
Cee(), f e C5(2 x(0,T7), g1 € C§°((0,T)) and g2 = 0, and for any ini-
tial guess g°; € C5°((0,T]) and any v < U, the approzimation from the new
algorithm (6) satisfies the error bounds

lu—ubl?s, < CBat lgalZ). = uballds, < Cv*(Bs + lalallls)
(38)

lu—u2l3s, < OV (Bs + 72 lg0l). llu—w2all3s, < CvP(Bs + vllgallle).
(39)

Proof We start with the proof for the first iteration of the new algorithm (6),
with the initial guess g°,, which gives €2, = ¢%, — (0, -) in the algorithm (25)
satisfied by the errors:

Advection: The error e}l is solution of an advection equation in {25 with
right hand side —v9%u. Since the initial conditions vanish as described in (26),

the hyperbolic estimate in Theorem 2 gives
107 eallZs , + 10F ea(La, IE; < CW2 07 FullZz | + leqall s )-

We bound g ll gz by lgaall s +(0, )|z - From (35), for small v, |05 u(0, -)I|72
(by the trace theorem) and ||0F92ul|2, , are bounded by CBj.+2, which gives

0kl 22 +0Fel (Lo, )IEs < COPBryartlebulde) < OO Bisa+lglp+ Brsa).
| (40)
This equation gives for kK = 0 and small v the first estimate in (38).
Modified advection: Let pl(0,-) := (0; + ¢)%el(0,-) = (0, + ¢)?€2,. We

estimate dFel . at z = 0 using Theorem 5,

aL

2
v || 0FpL(La, s + V”afp;"%fé,t)

10F k(0,113 < CoA(105DE(0, )12 + ¢

< CV2(ehgllZers + €2 |0FDh (L2, V3 + 19D ).
(41)
For the last term on the right, we obtain
0EBL I = I08pLIZs  + 108 pLI2s  + IOFH LI,
< C(||p¢11||§{k+1(0,T;L§) + ||awp(11||12r{k(o,T;L§))
< C(||6111||§Ik+3(0,T;L§) + ||5w€;||§{k+2(o,T;Lg))-
Since Lyel = —vd2u, we get el = —1(v02u + (0, + c)el), and hence

||5w€¢11||Hk+2(0,T;L§) < C(V||8£u||H’C+2(O,T;L§) + ||€l11||H’v+3(0,T;L§))- Using (40),
we finally obtain

||5fp(11||§{;m < C(V*Bis + ||€2d||i1tk+3 + V21 07ul Fiva 0,7522))-
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We use now (35) which gives |\8£u|\§{k+2(07T;Lg) < CBy44 and return to (41).

From the hyperbolic estimate (40), we see that [|9fel(Lz,-)||2. and [|0fel||2.
t x,t

a

are bounded by the same quantity, and hence we can also use the same bound
_gala

for =252 0fph (La, 2, and v|ofphl3,

197 €ma (0 )7z <CW2lleqallFns + v° Brys)- (42)

Advection-diffusion: e}, is solution of the advection-diffusion equation

with non-zero data only on the right. Therefore, applying Lemma 2 in 2; with
g2 = el .(0,-), we obtain

lekallZs , < OVPlet,a 0, )]
Using (42) with k& = 0 for the last term, we obtain
leballZs | < CVP(leSul% +v2Bs) < CoP (Bs + loallh). (43)

This equation gives the second estimate in (38), but we will also need to
estimate the value of el ; at z = 0. Using (29) we get

[0Fe (0, )25 < Co2 [0k el o 0, )22,
which gives by (42) again
107 €aa(0, N7z <Cv(V° Brys + lleqallnra)- (44)
In particular, we have

IR eha(0, )13 < CV* 0By + [[e2ll%e). (45)

We now prove the error estimates for the second iteration:
Advection: We again use the hyperbolic estimates for e2. Since the initial
values are also vanishing, we obtain as in (40) the estimate

98225+ 1082 (Lo, V25 < COABuya + €20, )]3y).  (46)
Inserting (44) we get
1062 (Lo, g + 10623 | < COPBra + 0 (07 Burs + el o))
< CV2(Bk+5 + V2H€2d||§{:c+3) (47)

< Cv*(Biys + v*| gaall fyss + v Brys)-

The last estimate with k = 0 gives the first result in (39).
Modified advection: Defining p? := Re2 = (9; + ¢)?e2, we obtain using
(47)
108D (Lo ) + 1082 | < OV (Brar + [ €0ullZes). (48)
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We estimate e2,, at z = 0 by Theorem 5,
_gala
120,125 < OO0, )2 + ¢ 5 IR (La, ) s + bl ) (49

As in the first step, the term at the boundary x = Lo is absorbed in the volume
term, and p2(0,-) = Rel,(0,-), which can be estimated by (45). To estimate
the term |[p2|| 1 ,, we proceed as in the first iteration, to obtain

Hpiﬂff;’t < C(||62H%I3(0,T;L§) + V2H3§U||§{2(0,T;Lg))
< C(llexl5s0,r,12) + v Ba)
< Cv?(Bs + v*||eqqlls)- (50)
Inserting (45) and (50) into (49) we get
62,0 0, )2 < CV2(A (W By + eallls) + 7 (Bs + 12llelll )
< CVP(By + vl ellZe).
Advection-diffusion: eid is solution of the advection-diffusion equation

with data only on the right. Therefore, applying Lemma 2 in (21 with g5 =

e2,.(0,-), we obtain

le2all3s < OV €300, )3s < OV (Bs + wlledl4e).

4 Properties of the factorization algorithm for negative advection

We consider now the advection-diffusion equation for a < 0 in 2 = (=L, L2)
with Dirichlet boundary conditions on both sides,

Logu := 0t — Oy + adpu+cu = f  in 2 x (0,T),
U(—Ll, ) =91 in (OaT)u
’LL(L27 ) = 92 in (OvT)a
u(+,0) =h in 2.

(51)

We suppose again that f and (g1, ¢92) are compactly supported in (0, 7], but
now that h is compactly supported in 25 = (0, Ls). We also assume that for
each t the function f(-,t) is compactly supported in (2.

4.1 Well-posedness of the factorization algorithm

For u!, suppose that f € H3T%(2 x (0,T)), go € H¥*3(0,T), h € H3+3(02),
and that the compatibility conditions (15) are satisfied. Then we have a unique
solution ul in H3+3 (2, x (0,T)). For u2, using the previous result, we have
f—Rul e H'Wi(2, x (0,T)), and Lyaul € H>T5 (25 x (0,T)). Therefore
the traces at = Ly and ¢ = 0 are in H**3 and compatible. Thus (7) de-
fines a unique u2 in H*3 (2, x (0,T)). Furthermore u2(0,-) € H%(0,T).
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For wqq, Theorem 3 applies with v = and (7) defines a unique w4 in

4,
H%’%(Ql x (0,7)). Finally for wu, using the regularity assumptions above,

u € H*OHD 410 % (0,T)) with v = i

4.2 Error estimates for the factorization algorithm

We need a further lemma in order to obtain our asymptotic estimates.

Lemma 3 Suppose a < 0, and let g € L*(0,T). Then there exists a constant
C > 0, such that for all v > 0 the solution v of

Laav =0 in §21 x (0,7),
v(=L1,") =0 on (0,7T),
(0 — ady + (% +))w(0,-) =g on (0,T),
v(+,0) = in 21,

(52)

satisfies the a priori estimate
2 201112
[ol2s < Cv2llgl2s

Proof Multiplying the equation by v, integrating on (—Ly,0) and using the
boundary condition at = —L; yields

e o )13 2200, ) 4900 )13 000 (0, 0000, el D3 = 0.

Inserting the boundary condition at © = 0 we obtain

1d v la| =~ ve
(0l + 220,y + s Z.n

1%
2] 0av (-, )ll72 + cllo( 172 = mg(t)v((),t)-

Using the inequality v|g(t)v(0,t)|/]a] < ‘—3 g*(t) + 5 v2%(0,t) and integrating
on the time interval (0,7 gives for all ¢t € (0,T)

2 s 2
vl < i [

We can now prove our main theorem for negative advection.

Theorem 7 Suppose a < 0. Then there are positive constants C and U such
that for any h € C§°(§22), f € C5° (2% (0,T)), g1,92 € C5°((0,T)), and for any
v < 1, the solution obtained by the new factorization algorithm (7) satisfies
the estimates

lu—ugliz, < Cv|dFulLz (53)

lu = adllzz, < Cv2(lulliz , + £ )z + [ll s + 102u(Las ) 22),
(54)
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which implies that

lu—ugllrz, Svo llu—tadll Lz, Sv*
Proof We define the errors el := ul —u, eqq := g — u, and €2 := u2 — L,,qu.
Since Lqu(-,0) = f(-,0) — 2ad,h + a*h/v + vd?h, the equations for the error
are

Lageaqa = 0in 29,

Loel = —vd?uin 2y, (Laee2 =Rel in 2, (—L1,-) =0
p(la,) =0, y(Lar) = (Do), 3 70 60y 220,
a(0) =0, a(,0) = —vdzh, ol 0) = 0

We now analyze each of the three solves separately:
First advection equation in (25: With Theorem 2, we find that the error
el satisfies for k = 0,1 and 2 the estimate

0keblZa  + lallofeh(0. )3 < € (10ka2ulls + 10Feb(0)3:) . (55)
The case k = 0 yields the first result of the theorem. We further compute
orel(-,0) = —vd2h, 9lel(-,0) = v(ad, + c)d2h — vd20,u(-,0),
with dyu(-,0) = f(-,0) — (adyh + ch — vd2h), so that
10eea (-, 0)I72 < V2 [Ihllmz,  1107ea(- 0)1* < v2(If (-, 0)F2 + 1All7s).
We thus obtain for Rel = (¢ + 9;)%el the estimate
IRekZ:, < OV (Il + 17 0) s + 1l (56)

Second advection equation in (25: Using again Theorem 2, we obtain
the estimate

1200, )12 < CUIRELR , + V211Rl3s + 1 Cmael(La, ) 25).

To evaluate Lqel(La, ), we observe that u(Lz, ) = uq (L2, -), so that we have
Lomael(La, ) = —adyel(La, ) = vd?u(Ls, ). Therefore, using (56), we get

120,12 < C2(lullye, + 17C.0) 3 + -l + 102u(La, 35, (57)
Advection-diffusion equation in (2;: With Lemma 3 we obtain
leadl2s , < 21200, )12

We can thus conclude using (57).

It remains to estimates [|07u(Lz,)| 12 and |[0Ful|L2(2,x(0,y)- If the data
is compactly supported, there is only one boundary layer, at x = —L;, and
(see [31])

u(t,z) = U(t,z) + e/ (1 0) + O(),  (note a < 0).
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Fig. 1 Left: contour plot for the right hand side in space and time. Right: initial condition
a > 0.

Here, U is the solution of the advection equation in {2 with data go at © = L.
The norm of d,,u, though not bounded in the entire interval {2, is bounded
in {2, since

a 3 a 3
et | g = oot — gttariariey o WL rorare,

which tends to zero as v goes to zero, because a < 0. Similarly the value at
Lo is bounded.

5 Numerical Experiments

We start with numerical experiments in one spatial dimension. We use a Crank-
Nicolson scheme for the advection-diffusion equation and an implicit upwind
scheme for the advection equation. We discretize {2 := (—1, 1) with N = 64000
points, which leads to a spatial step Az = 3.125 x 107° and the time step
At = Az. We choose c =1, g1 = g2 =0, T = 1 and the right hand side, shown
in Figure 1 on the left, is

flzt) = ft)fa(z,),
fi(t) = (sin?(4m(t — to)) + sin* (27 (t — t0))/2)Xt>1y, to = 0.1,
fg(ac,t) _ 6710012/4 + 67100(ac7t/470.4)2 +67100(z+t/2+0.4)2'

For the case of positive advection, we choose a = 1, with the initial condi-
tion, shown in Figure 1 on the right,

up(x) = eilOO(I*IU)Q, with g = —0.6.

Figure 2 shows first snapshots in time of the right hand side, and then of
the viscous solution (23) and the solution obtained by the factorization algo-
rithm (6) after one and two iterations when v = 1073. We see that in the first
iteration the solution u!; is very close to the viscous solution. This solution is
improved with the second iteration when u, is also improved.
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Fig. 2 From left to right: snapshots at time ¢t = 0.25, 0.5 and 0.75. First line: right hand side.
Second line: solution of Algorithm (6) at iteration k = 1. Third line: solution of Algorithm

(6) at iteration k = 2.
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Fig. 3 Errors for a > 0 as the viscosity becomes small for our factorization algorithm
compared to other coupling algorithms from the literature. Left: ||u — uqql|;2 . Right:
x,t

lu = wall g2 -
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Fig. 4 Errors for a < 0 as the viscosity becomes small for the factorization algorithm
compared to other coupling algorithms from the literature. Left: ||u — uqql|;2 . Right:
x,t

= wall 2,

Figure 3 shows the L? space-time error as a function of the viscosity becom-
ing small for the factorization algorithm (6) and gives a comparison to algo-
rithms from the literature. These algorithms solve an advection-diffusion equa-
tion Lgquqq = f in {21 and an advection equation L,u, = f in {29, and use for
a > 0 either non-variational transmission conditions 0;u.q(0,:) = Ozua (0, -)
and uaq(0,-) = uq(0,-), see [13,23], or variational transmission conditions
V0, uqa(0,-) = 0 and uqq(0,-) = uq(0,-), see [23,24]. We see that the vari-
ational transmission conditions do not need an iteration in this case, one can
first solve advection-diffusion, and then advection. The error is however O(12)
in the viscous region {2;. With only one iteration of the factorization algorithm,
the error is already O(%), and with two iterations we get O(v4), both corre-
sponding to our theoretical results in Theorem 6. The non-variational trans-
mission conditions also give an error O(V%), as good as with one iteration
of the factorization algorithm, but one needs to iterate and choosing a good
relaxation parameter to ensure convergence is not easy; we chose heuristically
0= ﬁ; in our computations. In the inviscid subregion (25, the error of all

methods is O(v), only the initialization step in the factorization algorithm has
an error of O(1), as predicted by Theorem 6.
We now consider a negative advection example, a = —1, with initial con-
dition
uo(x) = 87100(1710)2, with g = 0.5.

Figure 4 shows the L? space-time error between the viscous solution and the
solution of the factorization algorithm (7), and also a comparison to the errors
of the other coupling algorithms from the literature; the variational coupling
conditions for a < 0 are —v0uqq(0,-) + auqq(0,-) = augy(0,-), and the non-
variational ones are u,q(0, ) = u4 (0, -). Once again the error in 25 is O(v) for
each algorithm, since each algorithm solves the same advection equation in 2.
However the factorization algorithm solves then a second advection equation
which provides a better boundary value for the advection-diffusion problem in
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7 and thus can provide an error O(v?), whereas the other algorithms only
give an approximation O(v) in (2;.

We finally consider a 2-dimensional problem on the domain 2 = (—1,1) X
(0,1). We choose a = (2,1),¢=1,r=0.02, g1 =0, go =0 and T = 0.5, and
impose periodic boundary conditions in the y-direction. We use as right hand
side

f(:z:,y,t) :fl(t)fQ(xvt>f3(yvt)a

fi(®) = (sin*(47(t — to)) + sin® (27 (¢ — 1)) Xe>to,  to = 0.05,
fa(z,t) = ~1002%/4 4 o—100(z—t/4=0.4)" 4 —100(z+t/2+0.4)*
fa(y,t) — ¢~ 100(y—t/4-0.4) +e—1oo(y+t/4+o.4)27

and the initial condition is ug(z, y) = e~ 100((@+0-5)"+(y=0.5)%)

Figure 5 shows the solution at several snapshots in time: on the left the
fully viscous solution, in the middle the solution of the factorization algorithm
after the first iteration, and on the right after the second iteration. We see
that already after the first iteration the approximation obtained from the
factorization algorithm in the viscous region is of excellent quality, while u}
is not at all close to the viscous solution. This is as expected, since we solve
the advection equation with zero as Dirichlet boundary condition, but solving
the modified advection equation allows ul, to be already very close to the
viscous solution. At the second iteration, the global coupled solution gives
now an overall better approximation, with even higher accuracy in the viscous
region one is interested in: when Az = At = 0.01, the error in L between
the viscous solution and the solution in 2; goes from 2.591072 to 5.810~*
between the first and second iteration.

6 Conclusions

We introduced a new algorithm to solve time dependent advection reaction
diffusion problems with advection reaction approximation in a subregion. We
call this algorithm factorization algorithm, because it is based on a factor-
ization of the underlying operator. We proved rigorous error estimates in one
spatial dimension that show that our new algorithm gives solutions that are
closer to the fully viscous solution of interest than other coupling algorithms
in the literature. Our numerical experiments indicate that our estimates are
sharp, an issue we are currently investigating using multiscale expansions, and
that our new algorithm also works in higher spatial dimensions.
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