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Abstract

The subject ol this thesis is the slurb, of individual voiiices and voit ox. lattices m

unconventional supcicondiK tors In a hist paît A\e use mainly phenomenological

Gm/buig-Lanclau theones lo deieimme the detailed shape of individual voitox fines

and the svmmetiy ol the aoi ttx lattice The second paît ol the thesis is dedicated to

the pioblein ol element au excitations m the vortex cores ol unconventional supeicon

ductois We use the mean-hold BogohuboA-de Germes tlieoiy 1o cleteimme the eneigv

spectia and local density of slates sell-consistently

Unconventional supeiconduct01 s aie matoiials, m which the electron panmg does no!

occui m the mteiaction channel am!h maximal symmetiv (s-wavc) The election pans

then have highei angulat moment urn and the eneigv gap has a general!} more com

plicated dependence on the lelatiAC momentum k shoAAing point 01 line nodes Due

to this leduced svmmetiy m the mteiaction a Auvrllh ol mleie&fing new phenomena

is expected foi Urese matoiials Withm mean-held (Gmzburg-Landau) theoiy, one of

(hose now phenomena is the existence ol induced oiclei paiamotors of difloienf svinmo-

tiy To investigate such admixtures a\o di loiminc the voitox structure m c/3'_y>-Avave

supeiconductois with tctiagonal (IU/, Î and oithoihombic (D^) symmetiy on the ba

sis ol a Gmzbuig-Landau theoiA This order paiameter svmmetiv has tinned out m

lire iccent yeais lo be the most piobablc candidate loi the high lempeiatuie supeicon¬

ductois (TTTSC) Foi the case ol a (diagonal symmetiA, a c/-wavc voitox was found

lo dine an ç-Avavc component with a chaiacteiistic foui-folcl stiuclmc, comprising 1

oil-center voiücos on each ol the hall-axes and a countei-iotatmg confiai voitex Do

cieasmg the Gm/buig-Landau paiametoi beloAV the cibical value k — 2 toads to lire

collapse of the off-cent ei a oil ices \n oilhoihombu clistoition modifies this stiuctrne

signifie a ntl}, with b i 2 oi 0 olPcenfei induced s-aa aAO Aoitiees pi osent, depending

on the magnitude oi the dtstoition

In contiast to the IITSC case, m SiTTiOt the most promising candidate for (he

older paiamctci symmetiv is />AAaAe and coiresponds to an mheicntly Iavo dimen

sionaf icpiosentation of the (diagonal (lAstal gioup (F7 ) Based on this odd-paiity

supoi conducting oiclei paiametei aac investigate the single a ort ex st incline m a weak

coupling model with anisotiopu Pet mi surface Gmybuig-T anclau calculations foi a

single Aoiiex show a km Hold stiuctrne AMth an orientation depending on the micio

scopn Fermi surface piopei ties Ncai the Ioaaoi critical field 7/H an extended London

Ihcoiv is developed to deieimme the AOitex lattice stiuctuie m this field legion We

find ncai Ilci a centeied lectangulai voitox lattice, which shows a second oidci transi¬

tion to a squaie voitox lattice for increasing held This situation is similai to the case

of the boiocaibide supen ondudois, whac the tiansition is due lo nonlocal effects m

(he cutionl-field lelation In the mteimediate held lange aaIioio the voitox lattice has
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squaie symmetiv, we peilonnecl high precision Gmzburg-Landau solutions to investi

gate the detailed sHuduie of the 5-held distiibution Oui icsults agiee qualitatnely

well Avith the expenments and avo pi edict a allies for the Gmzburg-Landau paiametei

is and the Feimi suiface anisotiopv u

In the second pait aac use a Bogohubov-dc Gennes hanultonian to deteimme the

excitation spoctiuin m Iho tnculai svnimcliu AOitices ol /.»-wave supcicouductois

We mtiodiue both sciecmng m chaigc and anient on the length scales Xpp ~ {/] 7

and A/, icspccliAdy We find the pi edit ted onetgA, spec fitim Eri = nu>0, whoio u(}

is the mimgap eneigy Since wo aie woi king at Ioav values foi /w so, we find at low

lempeiatmes a stiong Kramci-Pesch effect as m the s-wavc coies The most inter¬

esting difference between <?- and time-ievoisal svmmetiy breaking p-vvave voiticcs is

obtained m the voitex coic chaigmg Avhucas the 9-wave case shows a substantial

coie chaigc screened on (he length scale 1 // the coic chatge foi the oneigdicalb

stable p-wavo voitox is leclucccl In a laigc ht toi (-- 40) This finding is qualitativen

consistent with Chern-Simons physics introduced m Hie Giii/burg-Lanclau theory clue

to Iho fundamental time-ieveisal svmmetn bicaking

In the last chapter, prohminaiy icsults aie shown foi a solution of the Bogohubov-

cle Gennes (BdG) pioblem on a AOitex lattice A smgulai gauge tiansfoimation is used

to gauge the topological AOiftv phases avvav and to obtain foimally a zcio aveiage

field B The îesultmg BclG pioblem can be solved subject (o Blodi-von Kaimann

bouudaiy conditions Since the numeiical efloit is considciable, the specific icsults

so fai have to be consideied as ptclimmaiv The good qualitative agieement Avith iho

Gmzbuig-Landau solutions and the limiting case of isolated vortices howovoi shows

the potential oi the method



ill

Kurzfassung

Das Ihcma der voi hegenden Disseitatiou ist die Stiuktui von isoheiten Voitices und

von deren Gittern m unkonventionellen Sujiialeitem Im eisten Teil ziehen wn voi

wiegend phänomenologische Crinzbmg landau Theonen bei, um che detailhcile Fotm

der individuellen 1 lusshmen und che Svmmetne der Voitex-Gittei zu unteisuchen

Im zweiten Teil befassen vui uns mit don démontai en Quasiteilchen-Airreguirgen m

doi Kem7onc von solchen Aoifices Wn benutzen den Bogohubov-de Gennes For

mahsmus, um che Enoigiespektien und die lokale Zustandschchtc selbst konsistent zu

beiochnen

Unkonventionelle Supraleitei sind Materialien, m denen die Elcktionenpaaibildung

nicht über den Wcchselvvnkungskanal mit maximaler Symmetrie (s-Kanal) geschieht

Die Elektronenpaaic haben vielmchi holicic Diehimulse, und die Lücke in dei Arne

gungsoneigie hat geneioll eure kompliziottcie Vbhangigkeit vom Rclativimpuls k Die

Bandlucke kann fm spezielle Rithtimgen des Rdat ja impulses Ivnotenlmitn oder Ivno

tenpunkte haben, das hcisst die Lücke acim hvv meld an cht st n Stellen Diese icdu/ieite

Svmmetne in clci Wechselvvukung lasst eine A iclfall von neuen Effekten etvvai lern fm

Rahmen emei Theorie von gemittcltcu Fe klein (Gmzburg Landau Theorie) ist cmci

chosei neuen Efkkte ehe Existenz a on mduzietten Oidnungspaiametein a ei schiedenei

Svmmeliic Um solche Zumischungen zu studieren, bestimmen wn auf dei Basis emei

Gmzbuig-Landau Theorie che Stiuktui a on isoheiten Voitices des dL>_v -1 yps sowohl

hu totiagonale (D(/) wie auch fur otthoiliombische (ZU/) Riistalle Diese sptzielle

Svmmetne des Oicbiimgsparameiei (d7
_, ) hat sich m den letzten Jalnen als viel

Aoispicchendstei Kandidat fm die Besclueibung von Ilochtcmpeiatui-Supialcitei n

hei ausgestellt Fm den Fall dei tetiagonalcn Svmmetne treibt clci d, v
-Wellen

Votlex eine kleine Zumischung eines s-Wcllen Supialerfeis, die eine chaiaktenstische

viei/ahlige Stiuktui hai Nebst einem Knoten mit gegcnlaufigei Phasemotation im

Voitex-Kctn zeigt sie vvciteit aici Knoten auf den Vchsen mit noimatei Phasenclie

hung Senkt man den Gmzbm« Landau Piiametci untcihalb einen kiitischeu Werl

h — 2, so vcischvvmdeti diost zusätzlichen nichtzeutialen Aoiticos Eine oithoiombi

sehe Deformation des Ki ist alls fuhrt zu emei Vielfalt von ähnlichen Stiuktui en mit

6, 1, 2 oclei gai keinen mcht/onlialen AoiPces che abhangig ist von clci Glosse und

Ai) cloi oithoihombischen Stoning

Im Gegensatz /um Fall der Hoclitcmpeiatur-Supialeitei ist fm den keramischen Sn-

pialoitoi Si^RuOi dei wahischembehste Kandidat fur den Oiclnungspaiametor eine

y; Wellen Symmotiie, che zu emei zweidimensionalen Daisfellung der Knstallgiupj^e

gehört (P^,) Wn untei suchen diesen Oidimngspaiametei mit ungcradci Pantat im

Rahmen cmci Ginzbiug-Lanelau Theone mit Koeffizienten che unter Vnuahme von

sehwaehei Kopplung hcigehitet winden 1 m che Phänomene zu ciklaien fnhien wn
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eine Anisotropie m clci Feimi-Flachc cm Ginzbuig-Landau Rechnungen /eigen fui

isolierte Akrticcs ähnliche Aieizahhge Stiuktui en wie im obigen Fall Die Onontie-

ning dieser Stiuktui en hangt a on dei Vmsotropie dei For mi-Fl ache ab In der Nahe

des unteren kiitischon Felds Hr\ entwickeln vvu eine eiweiteitc London-Thooiio um

ehe Symmetiie dos Akitex-Gitfeis zu bestimmen Fur die tiefsten Felder erhalten

wn /entneit rechteckige Gittei che m einem Phasermbeigang zweiten Ordnung zu

quaeliatischen Gittern ubeigehen, wenn man das Feld erhöht Diese Resultate sind

ähnlich denjenigen hu die Boiocaibid-Supialeitei wo diesen Phascnuboigang ctiiieh

eine nichtlokale Beziehung zwischen Stiom und Vektorpotential eiklait weiden kann

Im m ill Ici en Feldbereich wo das A oilex-Gittei quadratische Symmetrie aufweist, ha¬

ben wn pia/isc Gmzbuig-Landau Rechnungen cluichgcfrihrt um che detaillieitc Vci ten-

lung des B-Fckles zu bestimmen Die Resultate stimmen gut mit den Experimenten

uberein, und wir können claiaus VAnto fm don Gmzbuig-Landau Paramotci h und

im ehe Vmsotropie // elei Femu-Flache bestimmen

Im zweiten Teil chesei Disseitat ion beiechnc n \vu das Eueigiespcktrum der angelegten

Zustande m den zukulaisymmetrischen p Wellen A oiticcs Wn beschioiben das Pio

blem duich einen Bogolmbov-de Gennes îîamiltonopeiatoi, m dem che auftauchenden

nicht lokalen Matnxelementc clinch eine Giachenlcncntvvickhmg ausgediuckt weiden

In unseien Rechnungen berücksichtigen aaii che Abschirmung dei Ladungen wie auch

dei Strome Wn finden numeiisch das voiheigesagte Spektium En — nuo, wobei ujq

den Abstand bonachbarfer Eneigieniveaux beschreibt Da wir bei kleinen WAnton fm

/,7 (o aibeitcn, finden wn auch im />-Weilen Fall bei liefen Temperatuicn einen starken

Kiamei Posch Effekt Den interessanteste Unteisehied zwischen 9- und /eitumkehi

vei let/enden p-W eilen tritt beim A ei gleich dei Aoitcxlaclungen auf wählend man m

9-Welleu Fall eine klar tnkennbaie positive Aoilexiaduug findet, isi diese bu p Wellen

dmcli einen grossen Fakt01 (V 10) unterdrückt Dieses Resultat stimmt qualitativ gut

iibcnem mit Resultaten, ehe innerhalb einer eiweiterten Gmzbuig-Landau Thcoue hu

zoitumkohivci letzende Svsteine eiwaitet weiden

Im let7ten Kapitel bespieehen wie eiste Resultate zu einer Losung des Bogohubov-
dc Gennes Problems fur em A 01 tex-Gittci Eine singulare Eichtransfoimation wird

vei wendet um ehe topologischt n Phase ndrehungen bei den A oitexkcinon weg/ueicherr

Gleidr/eilig eihalt man eine lluoiic nut formal veisehwmeierndem mittlenem B-Feld

Dieses Pioblem kann mit einlachen Bloeh-von Kai mann Randbedingungen gelost
weiden Dei numensehe Vulwand ist ahoi dennoch betiaththch, und die Resulta¬

te müssen als voilauhg geweitet werden Die gute Übereinstimmung diesen Losungen
mit entsprechenden Resultaten aus clci Gm/brug-Lanclau Iheoire odci aus den Rech

mmgoir lui isolierte Aoiticos zeigt aber das Potential der Aiefhode auf
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Chapter 1

intr00.1J.C l1on

The discovery of the high temperature superconductors (HTSC) in 1986 bv Bednoiz

and Miillorfl] marks a milestone in the phvsics of superconductivity. Not only did

it shew the experimentalists lhe way to a whole class of new materials exhibiting

extremely high ciitical temporalin or compared to the conventional metallic supercon¬

ductors, it also initiated intense theoretical research towards an understanding of the

quality of these materials. And, last but not, least, since their critical temperatures

of the order of T( ~ 100 K arc markedly higher than the temperature of liquid nitro

gen (T = 77.3 K), these materials aie not onlv of academic interest, but, found theii

application quite soon also in technology.

The PITSC arc layered crystalline compounds containing one or more eoppci oxide

planes, separated by nonmctallic layers. The crystal structure is in most eases tetrag¬

onal, with large anisolropv iu the ededronic properties along the e-axis. All known

HTSC are strong typc-Il superconductors, which means that a large part, of their

phase diagram is dominated bv the coexistence of magnetic field and superconduct¬

ing order parameter. The interplay between magnetic fields and superconducting

order parameter is describeef bv the ratio of two length scales. The typical length
scale for the decav of magnetic fields m a supeiconductor is the penetration depth

A ~ 1500Â. The healing length ol the superconducting condensate is the cohenence

length £ ~ 20A. The îatio h = \,(" is called Ginzburg-Landau parameter and is a

measuie for the stufacc eneigv of the boundary between superconductor and tiefet: in

the type fl case, vvheie h > l/v'2. the sin face energy is negative, and a magnetic

field penetrating the super-oonduetor tenets to split into small portions to maximize

the length of the boundaiv. The field then penedratcs in form of flux tubes, so called

vortices, carrying one superconducting flux quantum <t>0 - hc/2e. The individual flux

lines repel and usually form legulai two-dimensional lattices.

The attempts to un dei stand the physics of the HTSC has led to considerable exten¬

sions of the concept of ftie original BCS-superconductors. Mready before the discovery

1



2 CHAPTER 1. INTRODUCTION

of HTSC, first experimental facts wore presented, that certain heavy fcrmion super¬

conductors as e. g. UBci,<?[2] or UPU[3] diet not fit, into the picture of s-wave pairing.

These materials we-ne believed to show an electron pairing in an anisotropic channel

like a yi-wave spin tiiplot or a eZ-wave spin singled, state. It, turned out,, that, also

the HTSC belong to 1 his class of so-called unconventional superconductors: evidence

has grown in the iccent, yeais. that the coppcr-oxicle superconductors arc of d,,i-tp

symmetry. In the following, we biieffv intioduce the concept, of unconventional super¬

conductivity, and how to set, up a corresponelirrg Ginzburg-Landau theory. We follow

the Review of Sigrisf and Uecla (Ref. [4]).

The pairing wavefmrction, also called gap function, is given in a generalized PCS

theory as a moan-field expression ot the gorieiic matrix form

-,—^

A,s,(fc)= > IV,. , (fc.fc'Ka^,^.,,,), (1.1)
k' ,St, 4 I

where1 Y is the interaction potential, the <ij. s
are usual second quantized annihila¬

tion operators in lecipiocal and spin space, and () denotes the quantum expectation

value. This pairing wavefunction describing the condensate of Cooper-pairs is the

confiai quantity in the theoiv of superconductivity. As will be shown below, it, is in¬

tima lelv related to both the orckr paiameter describing superconducting density and

the excitation enengv gap. The antisvimnetiic nature of the formions requires for the

gap function matrix the symmetry A(fci = -A7 (—k). Therefore, for singlet pairing,

the gap function can be desciibcd by a single even function il'(k)

Î ,-, s ,. , /, x
/ 0 0(fc) \

w) = >",*<*) =

(_m 'Vj. i1-2)

whereas in the triplet case we need an odd vector function d(k)

A (k) = i(d k)a)o,, = \
v

,

*

,
A

, -,
(L3)1 ;

V 'W rf,(fe)+u/w(fc) J
[ ]

Restricting to unitary gap functions (/. e. AA' ex âo whene âo is the unit, matrix),
the energy spectrum in the bulk is given bv

/

Fjt,. -- y C-(k) •- -trAA1 [k). (1.4)

ddie kinetic energy of the free particles is denoted bv e{k). In the case of s-wave

svmmohv, the funedion ij'(k) is equal to a constant A0, and the expression for the

excitation energies fakes the wedl known form \/c2(k) 4 |Ao|2.

The whole electron system is subject to a symmetry group G x (7(1) x T, consisting of

the point symmetry group (/ ol iho crystal, the1 gauge symmetiv group c/(l) and the
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time teveisal symmetry T Thus it makes sense to expand the gap function into the

irreducible ropiesontatious ol this symmetiv gionp Since the point symmetiy gioup

ol a euystal is disci et e theie is a finite numbei ol nieducible lepresentations To

gencnate basis functions m the invariant subspaees ol these nieducible lepresentations,

euro olton takes the piojeclions onto the^e spaces of basis states belonging to the

representations ol 5*0(3) to fixed angular momentum / The type of gap function

is then called s-, />, cZ-vave if the fc-scahng is A(\fc) = \'A(k) with / - 0, 1 2

However, this tcimmologv has not to be < onfused with the effective foim of the basis

functions, which is only determmed bv symmetiy and can be anv superposition of

terms wrth higher angulai momentum[5]

The gap function can now be wiitten as expansion m these symmctrv compatible

basis functions A(P m k)

N(k) = V /y(P, m)A(P m k), (1 5)
7 1

where F denotes the nieducible topicscmation and m inns over the dimension ol the

representation Usually one of these representations has the largest crrtical tempera¬

ture Tr and thus dominates the rest how en en, ehftcient rcpiesentatrons can be admixed

m pi maple (sec Chaptci 2) Finally, the quantities ?y(F m) aie taken as space de¬

pendent otden paiametcis //(r,r, /??), which tiansioim under the symmetiv group like

eooidinates with îespect to the basis finie (ion space given bv the A(F, m, k)

llavmg established the connections between panmg wave function, oiclei paiametei

and eneigv gap, we have the choice between seveial methods to dosciibc the stiucluie

of voitcx lines in unconventional superconductors Leaving the microscopical tewe 1

m lavor ol a moie phenoinenological descnption, the free energy density of the su

perconductmg svdem can be expanded ncai 1( m the (small) or dei parameter The

coiiespondmg expansion called Gmzbuig-Landau fiee eneigy density, consist ol all

lowest older terms m the oiclei paiametei components and the gradient openalois,

which aie mvaiiant under the total svmmetiy group The gcmcnc Gmzbuig-Landau

equation for an s-wave supeie onduetoi with order paiametei //s has in dmiensionless

units the form

/ =-|//
'

' W l D>h\24 B? (1 6)

wlreie D stands loi the gauge mvanant dei native (V — A Minimizing the bee en

eigy density with lespeet to oidcn paiametei and veefoi potential subiect to boundaiv

conditions leads to the spatial stiuclmc of the oiclei paiametei and (he fields

Adule the Gmzbuig-Landau t heoiv describes \eiy well the phvsics of the vortex lines

and the super conducting condensate nianv experiments m the last vcais have urea

suiod the low eneigv bchavioi of unconventional supeiconductois Among this wealth
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of experimentally piobecl quantities which aie sensitive to the low energy states aie

specific heat, London ponetiation depth[6, 7|, unclear magnetic resonance (NMR) re¬

laxation iatos[8], STM tunneling spoctia[9, 10, 11, 12] and angular lesolved photon

emission spectioscopv data ( \RPFS)[13 L fj It is therefoie of great importance to

dot en mine the low eneigv spedium of the \oifex phase, especially for isolated Aor

tices oi legular vent ex anavs V acia successful method to soke this problem is the

TTartiee-hkc self-consistent solution due to BogolmboA and de Gennes The supercon

eluding oiclei paiametei theiebv ae Is as a mean-held potential foi the solution of the

individual quasipartides and is connected to these bv a self-consistency ielation In

tfie s-wavcs, such theoretical investigations have a long tradition and turned out to

be veiv successful The pioblem espeaallv m c/,> (y?-wave symmetiy howevei is far

moie involved" toi the single voitex solution, the presence of the gap nodes destiovs

the circulai symmetry of the pioblem and analytic as well as numeric solutions arc

difficult

The experimental evidence for 14 ISC points y erv cleailv tovvaids </r>_,y?-symmctiA foi

the older paiametei Almost all experiments shew sign a fines ol line nodes m the gap,

and a beautiful senos of phase sensitive expeiunents showed clear agieemetit with

this îeteajl 5, L6, 17 18, 19,20] Ifowevei ivenv interesting material docs not fit into

(his scheme m 1991 SmRuOj was shown to have a supoiconduoting liansition at

1 5fv[2J] Sliucturallv the strontium compound le^embles stiongly the HTSC It is

also a layeied eivstal, however with RuO planes instead ol the CuO planes foi the

JITSC's Theoictical and experimental ptogiess foi this compound during the last

yeais points cleailv towards a lime reversal breaking p-wave super conclue toi The

direct lest via a phase sensitive experiment is still missing but the indued hints are

quite stiong Inspired bv (hose two rmpoitanf cases, we îestiict m this vvoik to the

cases of s-, p- and eZ-wave svmnictiv The --wave case is mainly taken as a reference to

leveal (he differences to the unconventional case Wheie it is cleai from the context,

we will use the shoit notation eZ-wave for d,
_v

-wave and p-wavo for the specific

repi osent at ion F,,, m\ostigated toi the Si,RuO|-sv stenrr

In Uns thesis, we use manih the two viewpoints mentioned above to descube the

unconventional supeie ondudmlv in H ISC and Si>RuOi In Chapten 2, we1 deine

the fiee eneigv densitv for a d
_,

-v\ave Mvpouonduc foi with tetragonal symmetiv

and possible admixtrues ol s- and d
y
wave svmmetiy VII hough these admixtuies

are taken as vanishing m the bulk state tliev can be induced bv mhomogenoiftes

m the mam e/A_y orclei paiametei (s-adnuxfuics) oi by coupling lo magnetic fields

(dnj admixtuies) Ae investigate the ease of an isolated voitex line wheie the ad

mixed eomponenls t mired out to show a a en uch topological stiuduic The case of

oithoihombic crystal s\mmolr\ is also discussed In Chapten ->, a similar calculation

is piesented lor (he most pionnsing /j-wavc oidci paiametei sAmmetiA to descube
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SryRuO/j. Basing on a weak coupling free energy density derived by Agterberg, wx1

discuss the single vortex structure of this two-component order parameter. Near Ff(],

we derive an extended London model to describe the vortex lattice, anel find for B || <

a second order transition between the hexagonal low field phase and a square lattice

at higher fields, provided the Fermi surface has a square-shaped anisotropv. Within

a piccision Ginzburg-Landau solution, the detailed /Afield distiibution in (he voi¬

tex lattice phase is deteimined anel compared with recent, experiments. Chapter 4 is

dedicated to the solution of the single voitex problem within Bogoliubov-de Gennes

theory for the circular symmetric s- and />wave cases. For the latter case, a contin¬

uum model is derived basing on a giaclienl expansion of the nonlocal matrix elements.

Finally, in Chapten 5 a self-consistent solution for the vortex lattice ease for s-, p-

ancl eZ-wave is presented within the Bogoliubov-de Gennes formalism. Although the

numeiical results aie still pieliminaiv. the method certainly shows the potential to

furnish interesting icsults.
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Chapter 2

Ginzburg-Landau Theory for

d-Wave Superconductors

The content of the following chapter has been published m Physical Review B in

Odobei 1996[22]

2.1 Introduction

The discoveiy of lugh-tcmpeiatme supeie onduetors (I1TSC) [1] has initiated a consid¬

erable efîoit m oxplouug then exotic properties. In iccent years, a subject oi intense

discussion has been the svmmcln of the superconducting order paiametei Mowa

davs, a taige numbei of experiments provide good evidence foi an oider paiametei

with cZ-wave symmetiy, i c the gap function has the generic form A(k) = A0(Ä2^Ä )

m momentum spae e Iheoietieal and experimental work has focused on the questions

which phvsieal piopoitics will distinguish a <7-wavc from a conventional s-wave su¬

peie ouchrctor An rmpoitant issue is the presence of nodes m the gap at J,, = 4A,y

w Inch mfliiene e the low-tempei atme piopc ities clue to the piesence of low-lying quasi

particle excitations V second issue is the dned obseivation of the internal phase1

stmdmo of the oidei paiametei In a beautiful seucs ol phase sonsitne experiments

a phase siiuetmc has been obsoned vvlueh is compatible1 with cZ-wave symmetiv m

some tFPSCfk), 18 16 17

In tire lecent veais, the ])ioblem of the sductrue of voitex hues m c/-wave supercon¬

ductors has altiactcd much attention. Voitices aie topological defects m the super

conducting older paiametei / r local/cnos of the supeiconductmg demsity, vvhene

screened flux tubes penetrate1 the supeie onductor[23] Both, isolated voitices and

then arrangement m a lattice have been investigated Sominen el a/[21] applied the
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Bogoliubov-de Gennes theory to electrons on a square lattice with attractive nearest-

neighbor interaction. An admixture of the 9-wave component to the d-wave order

parameter was found in the vicinity of the vortex: core. Berlinsky el; o/.[25] analyzed
the structure of the admixed s-wave orelci paiametei using the Ginzburg-Landau (GL)

theory. Neglecting the effects of the magnetic field they observed that the s-wave com¬

ponent develops a four-lobe st inclure aiourrd a conti al counter-rotating vortex, whore

in each lobe a vortex appeal's with a positive winding. Veiv recently, Franz el, r/Z.[26]
presented a more detailed discussion of the structure of eZ-wave vortices that includes

the magnetic fielet effects self-consistent A. which (0 a large extent is confirmed bv 0111

results below about, tetragonal symmetry. Ren et a I.[27] clerked the GL equation fiom

a phenomenological micioscopic model anel reached similar conclusions foi the vortex

structuie. In a newer work. Au cl al [2Sj present numerical calculations of a single
voitex solution that do not, show the external s-wave vortictvs. Below, we present an

explanation of this resutf. Using (lie qiia^i-classical Eilcnberger equations, Ichioka

et al.[29] recently also reported the Jour-iold vortex structures found in the prenions

woiks.

It is not, clear at present whether it is experimentally feasible to observe (he struc¬

ture1 of a single voitex. Theiefoie the itifluemce of the single voitex structure on the

arrangement of manv vortices is an important, issue. Berlinsky et o/.[2o, 26] con-

dueled liom (heir GL 11 calment that in the high-field limit the vortices should foim

an oblique lattice instead of the standard tiiangular one[9, 30], (he four-fold symmetiv

of the vortex structuie being incompatible with the triangular lattice symmetry. Sim-

ilai results were achieved by Won and I\laki[3f] sturking the Abrikosov-parametci on

the basis of a quasi-classical treatment using linearized Gorkov-cquations, and by Xu

et al.[28] using a GL-encrgv functional dcuvecl from a phenomenological microscopic
moetel.

In the present work wo extend the investigation of the single vortex stiucture in tin ce

wavs: (1) The structure of the '--wave component is analyzed including the effects due

to the presence of a magnetic held. (2) Wheneas previous woiks have been limited to

tetragonal crystal svmmctiv. here, we stuck the effects of 01 thoihombie distortions.

Note that various HTSC's, r. q. YBaAk^Oy. have this lattice structure. (3) We

investigate the admixture of a r/,,rwave component as etiiven bv the coupling lo the

magnetic field.

The coupliug strength between lire oiclei paiametcr and the magnetic field is given by
the GL-paramctei a — A/A (A denotes (he London pcnctiation depth anel (d is flic

cohoienrcc length of the eZ-wave component). The ease a = 00 (c = 0) coriesponcls to

vanishing coupling, which was the limit eotisicktocl in the works mentioned above(25.
27]. A linke coupling a has two main consequences: The oil-center vortices of the

,s-wavT oiclei paiamoten are suppressed. \s a function of a the position of these
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four vortices moves gradually away from the center The effect becomes appieciablo,

howevei, only m the range 0 < a < 10 For a < 2, close (o the type I icgimc, the

olbeeuitoi voitices ehsappeai complefelv Plie study of the asymptotic long distance

behavioi shows a chfleienee between (he eases a, — X) (c — 0) and / < rx) In

the former case the admixed s-vvavc component ?ys vanishes algebiaicallv, while m

the lattci case seieemng efleds lead to an exponential decay beyond the London

penetration depth \ lollownrg Fianz (I al !26] theie exists an mteimeehate legion,

s,? <C / <A A vvdreie the algebraic decav ?y,| ~ I//2 is still valid Phis is due to the

weak variation of the hold m the lanac / A \

11 the tetragonal lattice is distorted oithoihombically leaving the <- and y-axrs as

the mam axes, we cannot distinguish s anel (/-wave by symmetiy anymoic The two

components couple and a finite c/-wave en dei parameter always induces a finite s-Avavc

component even y wheie m the bulk This propeih has been applied to explain the

losenphson tunneling anient s measured bv Sun cZ al [32] m a Pb-YBCO junction with

the sin face peipendiculai to the c-axis II A BCO were a pure cZ., ^y-supoiconductoi,
one would exped a zero tunneling anient The induced s-wave component m (he

orthorhombrc YBCO howevei couples to the s-wave supeie ondudoi and juoduccs an

obseivable tunneling anient (foi a more detailed discussion including heavily twinned

matoiials see[33] ) The lion-vauishmg ^ wave component has consequences foi the

voitex structuie as well paiticnlailv toi the position of the otkcentei voitices Foi

small chstoitions we find thai mote voitices can appeal with the original voitices

displaced awav fiom tfie center along one and towaids the center along the other

mam axis

the d-,
I;

- and cZT,y-wave states < in combine into d,>_,^ + idlin 1 e a complex state

which bieaks time i ever sal svmmetiv anel which has an intrinsic magnetic moment

along flic -axis Thciefoie wo can find an admixture ol the eZuy-vvaAO component

m the viemitv of a d,
_y

-wave vokex due to the piesenee of the magnetic held ft

is shown that the both comp» on ait s have the same phase winding stiuctuie and no

vortices m the admixed oidei paianie lei ipj>eai away fiom the cenlei

2.2 Ginzburg-Landau free energy density

In Gmzbuig-Landau theoiv Mipe iconduetnitv isdosenbedbv a bee eneigv functional

that depends on a corrrplex order parameten //(r k) fgaji frmction) floie, r and k

denote the center of mass and the relative momentum of the two electrons foimmg a

Coopoi-pan A'e aie interested m \ortex stiuetrnes ol lavered materials with small

nitcnlavei-couplmg Vssiimmg the exténuai field to be pe tpeiiclicular to the layers,
we îestrrct ourselves to a (wo-ehme nsional problem In addition we lequuo (he hoc
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D|/,-invauant teims

2"d oidei |r/s|2, |ryf/|2, |av|2
ith i I 11 I ! I 1 111 IU I ? I 121 ! ° I ! ° I 12
1 oiclei |//A |//f/|L IkH , lAlM \ih\\nti'\ , \Vd\ hi'\,

nW Euf/ ri>id>

giad. terms |Dr/s ', \D))d ', \Dpa 1

D) psD, pd - D]ppDvp, DYtDvpd 4- Dip, D, pcF,

D[!](l, Dvip, - Dvn}D, p,j

D?/,-mvaiiant tennis

2nd oidei |?/s|2, |/y(/|2, \pd<\2 ip>](,

4"' oiclei |/;,|l, |/y,/I', \pd>\1 I^I'Ia1' l'hll'hi'W |k/|2|k/'|2

vîvdz> 'feu' uW I a a 'h, dé'il na

\>h\2>hnïi, Ma a

giad. teims Drp3D\p^ DvrpD)ps D,p,D^Y ]YpdDvpd.,
D

t pd> D L if(j, D,j //,, D /x D //; 141 p(l, D^ D,j qd

D'l'htYppr, Pyr/sD,/// D p,D,pi(h D'^p^D.ipi

Table 2 L Invauant tenus of Gmzbmg Landau liée eneigv densities up to toiuth oiden

loi I eh agonal (£>|/,) and oithoihombic [D /) ^vnmietiy Adchtion of hennit ran conjugate

tenus to guarantee reahtv is not exphcrtlv wirken The most general FED up to lourth

or dei compatible with D|/, is the sum ol all ZA|/,-mvaiiaiit teims each one multiplied by

a leal coefficient

eneigy and also the fiee enier gv cleirsih (1ED) to be mvaiiant under the svmmetiy

group G x (7(1) x A wheie G denotes the point group of (fie crystal (G is eithei D\i,

(let i agonal symmelt\ ) oi D>/, (oithoihombic svmmetiv)), (7(1) is the gauge symmetiv

gionp and K lopiesents the time icveisal o]">eiatrou AVc ox|iand the oidei paiametei

)](r k) m it-dependent basis functions ol the nieducible representations of the point

gioup

p{r k) = pCr) + pl(Eul - kl) + >h, (r) (f f) (2 1)

which eoiiesponds to even pantv (spm smgld ) pans and / < 2 The FED is a scalai

expansion m the oiden paiametei components i],(r) ?/f;(r) and ?y,/<(r) up to (oiuth

oiclei including gtaebent tonus (see Pel I ) In lablc 2 I we list all mvananl teims

loi Da, and Do/,, wheie we use the cewaiiant gradient

Z} = (^/V^2cA) (2 2)

to guaianfee gauge imaiianee In this wav we can construct the most genenal scalai

FED, wheie each mvaiiant tcini has a matenal dopenclenrl real coefficient As an

example, we give heie the FED for tetiagonal svmmetiv vvrth ?y<, anel pdi neglecting
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t]di, as was discussed e q by loynt[34]'

/ l |2 ,
Zk I I i I i~i >

/ = n, ;;s f --

//, -

D//,]
2 2 m

s

i
1

i
(l I 14 , I T-i [21 A/ A A
-

M ^^—\D'ld\
2 2m(,

N\iiyi>]d\2~-Yjruid2 E'fjild)

H o,((D;/ys)(/Ak/) - (Dln\)(DvVd) + h c ) + (2 3)

With

DXAik/ - A ^^7/ \ >VM Dß'ld) (2 I)

and neglecting sruface effects (see below ) we can icplace the term (D\pks)(D1r}d) —

(DlnDiDyVd) by ill(D2 - Dj;),p, m the FED

2.3 Tetragonal symmetry D[p: ^-admixtures

hi this section, wre leslnct the anaksis to //, and //,/ bin theimoie, pd shall be the1

dominant oidei paiaraedei component {Td > TA Ae lutiodtico the units (d =

(2md\ad\)~1/9 foi the length (ek/)~j foi the A-field, 2aj/ßd foi the eneigv density

and \/2|o,|//7 toi the oidei jxnameteus /; in oidei to obtain a chmensionless Gmzbuig-

Landau bee eneigv densitv

ld\2I - o|//s|2-r-n|//,|' 4-/aD//,|2- byf,|2A \qd\^ A \Dpd
i

~ I |2| |2 ,
- 2 i2 , -<2 2\

+ i\\Vs\ M E-nnuid a//, n,i)

+ 5(pAD2 ~ D])pf -hr) + 2*2B2 (2 5)

The tesc aleet paiametei s q expressed m teims ol the original jiaiameteis q m Eq (2 3)
are

~

_

d°
"

_

»kAkk| >
__

X2
^

8dm2

n, 7 od

/, =2^' , = 2- - )-24m(M -^ 2 6
Ad' 7 IO

,
I' kind

Also, we have introduced the screening length \ = \/TE(p)dl{[_67iAjaf/|) In the absence

of a mieioscoprc thcoiv we treat C\ p ,
ö and a as the1 phenomenological jiararn

eleis of oui theoiv Woiking m a tempeiatuie tango vvhoio the lowest oidei Tavloi

oxjwnsion in T/T' for n, and ;, is valid we have

n?(J--lï a°-0
.7

e oust .
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and t h or of01 e

Vn'7 iT-Tl
°

ß \a,l \J -Td

„ =
.xd''A^d! (28,'

?nGun,J T- ld

Ak find a to be large at iompcnahiies < lose to lj anel small at tempeiatuies close to

T(s Ad will further rest net ourselves to the hist case, e q the tempeiatuie lange

whore ö > 1 This excludes homogeneous solutions with non-zeio 6-waves (note, that

in the parametoi range 0 < a < I, 2d -^ 2\ ?| "^ < 2\/o a global minimum with

|r/^|2 / 0 can exist ) \ssummg /??,/ ^ m anel 7, ^ ^ (compare Red [27]), we find the

relation

n^,r (2 9)

The paiametei s -ii A> and <) aie treat cd heic as essentiallv bee phenomenological

paramctets (see Pels [27 35 ÀA tot values derived from diffeient muioscoprcat mod¬

els) Pestuctions on them can be obtained bv demanding the FED to be bounded

fiom below,

vIcT - (21 d - ,) (2 LO)

Together with cv > 1 tins condition is equnahmt to Eq (2) m kef [26] Under the

conditions n > 1 and Eq (2 10) we hnd the homogeneous solution foi pure rZ-wavcs

I')
'

= o hi\2=
2

(2l!l

which is stable with îespcit to global changes of the oiclei parameters Ftufheimore,

wo considei the stabihtv of this solution against spatial modulations, and the coiie¬

spondmg bneai stabihtv anah sis provides the condition

//-7 (2 12)

minig out spontaneous small-scale moduhtions ol the oidei paiamcteis

2.3.1 Vortex solution in the limit l//,| <C \rjd\

Ae now study the single voitex solution for |//,| A \pd\ In this limit, we mav neglect

the feedback ol the s-wave component and assume the zero oiden solution for //,/ and

A, which is the single voitex solution ol the pruc cZ-wave ease

p, = d(i)ct0 d(i) el

A - Up)ê0 (2 n)
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The functions d(r) and A(r) are skll unknown. For /ys, we pei form a partial wave

expansion
-r V>

wheie the s„(/) aie complex functions Ae obtain a coupled set of second oiclei

diffeiential equations foi the1 functions d(i) l(/) and \?(/) In Appendix A L we

show bv minimization of the bee eneigv fmictionat, that only (he ical pails ol the

functions s_i(k) and sAA aie non-zeio The lemammg equations m d(i ), A(i 1, s_L(?)
and Sj(/) have to be solved both toi a

—

\c (t = 0) and a < cxd To obtain analytical

icsults, wo consielei the Gni7bnrg-Landarr eqrralron foi ;ys,

7?s = ^2|,/s(2,ys - ^(DYp) - ;±|V(/ ,h - l^ifrll - iiP2 - D2)pd (2 1 Y)
a a o o

'

We fust state, that loi S = 0, the pine Asolution is stable against admixture of //,

fhiough the -ri and -^Aotms, as caa h<" shown bv a hneat stability analvsis Thus

I he A~ and O^-toi rus aie not î élevant to ûotic-nate an s-wave component Lhe giadient

term m ip is of oieten |//s|/7/n which is small compaied to //<, m the tempeialure îauge

considenecf, as p/a <d 1 Fuithermoie we can negfeet the terms of thud order m

/ys. Obviously, the mixed giadient toi m piopoitional to S is ciuaal loi oui pioblem

Using i)d
— d(r)('° we ainvo at the souiee term

A « J)A.D] ~ D2u)d(,)< °

o

=
J} (A(j" +±d'-2 Yl' - -\e/+

—d - 2A2cZ - A'd)(il°
d V 2 2/ 2i2 r I

~-(--d"- -d'-2Ad'-> ^1d+~d~2A2d + A'd)<~")
(\ \ 2 2i 2/7 /

= --/C,p:/ i)e "--k- (d,A)e
,0
= Y,A (2 16)

o n

genenatmg a [mite Older paiametei /y< koto that the onlv ^-dependences aie ol the

foiin c~'° oi cYJ'° In evtmdiieal eoordmates the (etiagonal svmmctry of the opeiatoi

(D2 — D2) is essentiallv idled ed bv an angulai elcpendein c ol the foun cos 20 oi sin 2(7

which, combined with the voitox jdraso tum i
l)

gives the phase faetois discussed

above V qualitative unelenstanding ol the1 induced s-wave is based on the structuie ol

this some e term Ifwenegleet the vector potential 1 we e an inter piet the derivatives

as a discrete sum ol lour shifted copies of the eZ wavo-voikx,

?ys^Z2(V^V;y)r/(/,/y)^eZf/ '

y) i «/(, - /, ?;) _ ,/(t, y +/) d(r,q I) (2 17)

wheie Z2 = à/a has to be <sc 1 in order to provide a good approxririafion to the

cteuvatives Choosing foi d(i q) an appiemulative solution of the rZ-vvavo pioblem
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we already find a qualitatively coirect behavioi for the s-wave For example a fit

d(, y)=d{, )<">={ ff',n
'

"'

(218)
4e'fl i > r

produces tor c < d an s-wave exhibiting a ccntial countei-iotatmg voitex and ioui

ofbcentei voitices with positive phase tum on the half-axes (see1 Figs 2 12 1) koto,

that the position ol the edkconkn s-wave voitnes does not liivially match up with

the sink vedoi /, but depends on the details of the eZ-wave solution Using a more

reasonable fit

d(i,q) = d(i)t,(> = -* tanh(-)c70, (2 19)

we obtain quantitativeiv couee t icsults

d \\n\L

AY

+

œo-

+

Figuie 2 I Aheniatie illustrât ion of the topolocy of the d-\v<\vc and the ad¬

mixed s-wave m the smok-\oitex ease of a tetragonal d wave sapeiconductot

ten a
—

ro {(
-~ 0) The phase nuns oi the voitices are maikcd with little

anows and a mgji (+ toi posit rt phase (urn)

The positions of the olkconteu voikees he loi this fit at the loots /0 oi the equation

tanh(- -) -tanlif' 2-7=-_=tanh =0

\n' A2 V r

2 20
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Wo choose c = 1 715, which coiiectly lepioduces the initial slope of the eZ-wave at

/ = 0 (see Hu[37]) In the limit Z A 1 we find the voitex positions at /o =- 2 81

All hough this icsiib is m good accoi dance with the value r0
— 2 80 which we obtain

by numeiical solution of the bill problem (see Pig 2 3) one has to be caioful with

quantitative results based on this simjile explanation since the value 2 SI stiongk

depends on the bchavioi of the ht neat ? = 3

In the following we will mvestigile this source teim more elosely foi the two cases

a
—

oo (c = 0) arret a < oc

Solutions in the limit a = x> (c - 0)

We stait with the simplen ease a = "v (r — 0) Based on the pievious discussion

and the asymptotics calculated m \ppe ndix V 2, we airak/e the piOj)oitios of the

source term E = 7 t-o Ae ire niton sied m the topological stiuctrne of the s

wa\e componenit, m paikeulai m the location ol the s-wave vortices and then phase

stiudme Since the orekn paiametei y — 7 vanishes m (he eoie of a vokex we look

loi pomt-hkc /clos of the souice teim 7

Foi this puiposc the amplitude1 of the s-wave e omponcnt is not important anel we

ignore the prefaetoi e)/n m 7 foi couve me nee

Reviewing Eq (2 10) foi / sc (e = 0) we find

\- Epd)i
°
-*,_, (//)<--" (2 21)

which can have1 pomt-hkc zeros it / - /0 onlv il one ol two conditions is fulfilled

(/ e L)
0-1- 0 - -A. {d(,))-JC^(d(r))\l=l0

- d"Y)~N]i(,) . fcZ(/)U;o,
0 = TAZ 0 - _x <(</(/))4 A_L(c/C/ ))|,-,0

- -MO ' rrf(')li=io (^22)

On the diagonals ; - Lq [i < 0 -

- - Z -) Fq (2 22) ieduces to

i d'à) -cZ(4) (2 23)

The c/wave comjionrnt has i monotoniealk de a easing domaine c/'(/),

id\i)^i =d(i) f-2 1)

and we find that Fq (2 2]) is satisfied onb at / - 0

Thus iro Aortiecs appear on the diagonals ( i
— Eq) On the /- and y-axis [0 = 1 Y)

Fq 1^2 22) icads

d"[t) --d'(,) --d(p) -0 (2 23)
/ / -
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From the asymptotic behavioi of d(r) at / -A) we find

d{i) = dp - 1Ar' + 0(/l)J (2 26)

so that Eq (2 25) leads to

r/"(A--c/'(d--^eZlk = --r/,/ + Oil Y < 0, (2 27)
/ ?

- 2

since we have d\ > 0 On the1 other hand wilh the /-dependence of d(Y foi / —> oo

given in Eq. (A 18) we find

d"(r) - -(/'(/) I- ^d(,) = -

L
- -

9— +()(\) > 0 (2 28)
? '

a 2/2 2\/2k1 ?

Then clore, at least one zeio appeals at a finite /0 (Generalk an odd numbei of /eios,

if we count degeneiate /eios with (hen ekü,onciacv) In addition, we can determine

the jdiasc portiarl m the legions around anv /eio of 7 We consider lire behavioi

of the phase on the jAoskive (-axis (/ — 01 \n off-cenfeu voitex shows a jiosrlnc

(negative) phase tum, if —k-] A._i chanties sign fiom - to + (+ lo — ) foi meieasmg

/ in the extreme tvpe ÎT case1 with onlv oue /eio (one exlemal voitex), we find a

positive phase (urn M the ofl-eenter aoiUcos at / /0 On the -//-axis, the jiicttuc is

not changed quafitakveh (the phase tum has the same sign) but the oveiall phase is

shifted bv 3tt/2 Combined with the negative phase turn at the confiai voikx / = 0

as /ys ~ E^](d)c~'f> for small / this leads to an oveiall phase turn of 6ai at laige /

(Fig. 2.1). Smulai results weie obtained bv Beilmsko el cd [25, 26].

A blither remark concerns the paiametei à The souice term E (Eq (2 21)) rs pio-

poihonal to c) Thus a sign change m ö sinks the phase of E by 7i and has no

othen influence A7 also investigated the [noblem by numeiical minimization ol (he

FED Eq (A 6) obtained bom (he paitial wave expansion According to the results m

the beginning ol Section 2 3, we have chosen à signifrcanfk larger than 1 (ppicalp
n =- 100), and p = To following Eq (2 94 In the limit |/ys| A \pd\ and a = oo (c — 0)
the analytic results aie icpioduced (Fig 2 2 As chosen close to the maximal allowed

value / c à A \/p — vkl) If 3 = 0 no s-wavcs occru independent of the values ol

the othei paiameteis. IXJoicovei the amplitudes ol the a -paitial waves aie roughly

jiiojioitional to ö jiiovicled that the values of 7 <-rnd À aio small with icspect to d

Lai go ^,-v allies influence the foim oi the solution but then do not gencnate a non-

knial s-wave connponcnt In all the simulations vx peifoimed, one external voitex

along each half-axis appeals Vs long as the1 paiametei d is taken to be laige enough,
the location ol these external voitices is onlv weaklv dependent on (he parameters

/7 7 A/2 cmci à Smalloi o tend lo push the voitices to kit got /-values

dire lelatne size ol the losultmti, s-wave admixtuie depends on the values of the

paiametei s Since1 max|/ys n loughlv piopor tional to AA, laige s-waves oceui (or
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Figure 27: Absolute value of the admixed order parameter r/s at, angle 0 = 0,

as well as s^ and s_t plotted veisus ihe radius r for difTercnt, values of the

Ginzbuig-Laudau parameter a. The1 values of the parameters are o = 100,

/7 = \/(\ = 10. 7i = 72 — 0. 3 = 3 16. Choosing 8 = 3.16 corresponds lo

maximal .s-waves due to ft > Y

large ci and small ck Because of the relations 1 < ä < fr and ft, < (Y we find the

laigest s-wave components for /7 o; 3 oi 3 o; f. Numerical results in this lange show

the relative size of |/ys| to be of the oiden of O.f. Ignoring the restriction n< > 1, own

largei s-waves can be obtained

Solutions for a < oo

Again, we first stuck the pioblem analvticalfv. According (o the resufts of Appendix

A.2, we find along the .(-axis the behavior

/ -*0 : 7S = JdA-A4i) s.0.

/ -> oo : //, ^ A(r) - C\s\gn(±f-j-})r~le--,AA

wdiilc along the diagonals, we have

/ >0 \ —- —4/ (db, — r/!c/|k7"7

(2.20)

/• -d ^x? : //,, =
— s (i )( -AA.k i-îp-h'eJ'"\

.30)
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wheie C'i and C-z aie positive constants Note, that lot the large-r limit we consideied

duee tly the asymptotics of //b calculated m Appendix A 2 instead of the souice teim

As m the pievious section we deteimme w he thei theic is an even or an odd number of

voitices on the axes anel on the diagonals bv e ompaiing the phases of rp ~= 7 lor small

anel huge /. With A, ^ 0 (as explained m Appendix A 2) we find an even nrimbei

(gencnally 0) on the diagonals Tins agrees \Aith the / = -x) (c — 0) case discussed

above On the hall-axes howevei the situation is moie mteiestmg due to the sign

facfoi m the laige1-/ asymptotics we find an oelet number of vortices if a > 2, and an

even number il \/2 < a < 2 This means that loi laige a we expect to find one voitex

as in the extieme Ape 11 case, whereas for small enough a these voitices will vanish

as a tesult ol the coupling to the i-field This effect may be the explanation foi the

absence of voitices m the numeiical calculations recently published by Au cl al [2S]
at a = 2, which is evadlv the unreal value foi / following our above argumentation

An analysis ol the phase behavioi shows that the jdiase turn of the r?-th voitex

(located at /„, where1 the labeling goes horn small to laige / omitting the eemkal

vortex) in the cliiedron ol a hall axis is cepial to (- i)"+i sign(AA[(? n))2n Assuming
k _| to be stuctly positive we find the oveiall phase trims

/ -A -> 6ti
,

\r2 ^ i ~„ 2 ^> 2n (2 A)

Phis lesult lor the oveiall phase tum is equivalent lo (he lesult obtained bv, mtegiatmg

the giadient of the complex phase ol // along a encle of laige lachus Ae have

calculated the solutions tor finite / also nnmeucall) To investigate the influence ol

deer easing a, we have chosen all othei paiametei s to be constant As a result wo

find m oui simulations euthei one oi no external voitex m each dncction ±r and Eij

(Fig 2 2) A closer investigation ol the dependence ol the votkx position on tfie

Gm/buig-Landau paiametei / is shown m kig 2 3 One notices, that a small a ? e

a slicing coupling to the 1-ficld tends to push the location of this vortex to large /

The uitical value of / can be estimated numeiicallv; as rorighk 2, ? e the same value

as jiie dieted b\ (he auaktual treat merit

2.3.2 Numerical results

The mam cbfleience between the gencial solution and the limiting case |a\| -C j//f/|
is, thai as soon as |/ys| ~ \plf the influence of /y, on pd and I can no longei be

ueglected This has two consequences hist the equation // = S [ is no longei valid

Although the eonsiduatious above legaidmg the souice reim romain tiuc, we1 loose

much infoimafion about the fotm ol //<, sire uadicnrt and coupling tenms aie not
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Figure 2.3: Dependence of the melueed s-wave vortex position r$ on (he

Ginzburg-Landau parameten k m a tetragonal svmmcnry. The parameters are

the same as in Fig. 2.2. One notices, that the vortex moves to infinitv lor

/r —> 2, whereas the large a value foi the vortex position is tq = 2.8.

negligible, second, the ansatz //,/ = d{t)('°) A = A{i)ëo is no longei valid. For

example, a large s;-par1ial wave favois the existence of a A-wave, %. c. a partial wave

of ?y,/ with the jihase cy'°, which consists of the single phase turn e'° times a fomfold

anisotropy. Thcnefoic, the geneial problem is much more complex than the small-|//s|
case. Results in this lange of paiamcteis can be obtained only numerically. 337 use

a minimization method for the full FED eliscretkod on a kvo dimensional grid. We

have calculated two significant cases, one with laige ä and large k (—> small ps and d,

Fig. 2.1)) and one with small a and small a, (-> large /y, and A). The most, interesting

result is that indeed in the ease of targe s-waves, (he Avave is no longer' radiallv

svinmetiic but shows a tetragonal cktormation. In both enses, we find for (he s-waves

foui external voitices (Fig. 2.4). The vcctoi plot of the s-wave coiiesponcling to the

first data set (Fig. 2.3) shows the phase j>ortrait with a negative phase dun at, the1

origin and positive phase tuins at the external voitices. leading to an oveiall phase

t urn of 6tt at huge values of /. Thus, all the statements about the phase pi edictod from

our asymptotic anafvsis aie lepioducod in the numerical icsults. Similar figures were

receiitlv published bv Finn? cl cl r26] neglecting the magnetic held in their numerical

calculations, anel bv \u cl al 28]. As we showed abenx. the absentee of external s-wave
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Figure 2.4: Contour plot, of the absolute value of the order parameter /ys for

tetragonal svmmetrv. The1 parameter are cv — 100, ft, — 10, 71 =0, 72
~ 3,

6 = 3.16, and a
— L0. Theic aie 15 ee|uielistant contours ranging from 0 (o

0.006. The external voitices appear as zeros on the hall-axes.

vortices in the latter work is most probably due to the fact that, they work with /,
— 2.

2.4 Tetragonal symmetry D+pi ^//-admixtures

In this section, we considen a //-wave superconductor wnth tetragonal svmmetrv, that

shows admixtures of the //f/'-coinjieinent.

The FED them differs from the drA-ease onlv in the important gradient-gradient

coupling teim (Table 2.1). which is now

D;,1(rDu,lrl~ D'yifdlDpnd- (2.32)

A partial integration leads to a coupling to the iAdkkl oft he form ex (?i3://f;,/y(/H-/?.c.).
Pen forming the same scaling as m the /?(/-/g-ease (Eq. 2.6). we find the rescalcd FED

k'ouosponding to the FED Eq. (2.7)

/' - (y\Vd'\2 3 n I//,/!
'
4- /7D//f//|2 - |;/d|2 + |//f/|4 + |D/yf,(2

Ad|7/'i'''7" t-ÀldrA2 + TPl2i)
- 2iSB.irJd,i](l - typ,,) -t 2h2B2. (2.33)
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Figure 2.5: Vedoi plot ol the oiden parameter ?/<, lor tetragonal symmetry.
The parameters are the same as m big. 2.1. 4lie central vortex shows a

negative phase turn ami the four ofi-cemter vortices have positive phase turns,

leading to an overall phase turn ol (>t.

Due to the corijding to (he /)Afield. vx sec that there is no %/-admixture in the

extreme type It limit (k = oc. e = 0). since we have B = 0. (Note that B is a

resealed field which is zero for r = 0 ) For i< < oo, we make the ansak (2.13) for

small admixtures arrd peifoim a par tial wave expansion for pd>

--s,

A- J2 tni^e'"0. (734)
71 = — X)

A iiiinimization aigiiment explained in the Appendix A.i gives the only non-vanishing

comjioncnf of pp to be 1 bo imaginaiv pan of the /'-partial wave, furthei denoted bv

/(/) 7»,

pd =- //(7)c;(;. (2.35)

Since there is onlv one non-kivial partial wave eomponcnl /(/ ). \pdf is independent of

the angle. Coiisequentlv, point-like zeros cannot occur but in the origin, and a zero in

/(/•) at /' = /-Q coiiesponds tee a vanishing order parameter component pdr on a eircle

of radius i-q.

Investigating the1 asvmptotres, vat find (hat no off-ccnteied zeros are jiossible. For
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small /, one finds a imear behavior

/(/)-6,/ - O(t') (2 36)

The sign of the coefficient lp can be deteimined bom the coupling teim \5B~td which

has to be negative \ssummg that B and d aie positive A has the opposite sign ol

(ho paiametei 6 Foi laige-/ asvmptotics we find (e oinpaie with Vppencbx V 2)

21

l(i) - I^i (-hl

dit) ~ ^ D^-lr2R't (2 37)

wr ( h

U 4^V^V I 0(?) (2 3A
C t - 2p

anel an exponent A given for small ) bv

A V G ' — 2// /

wheie G~ = 2d + A - 2A Smc e 4^ < 0 (se e Vjipendix V 2) we find that t(i ) has lor

large / also the opposite sign of the paiametei d Fiom this lesult, we would expect

an ewn numbei of ladial zeros Foi small ty anel small holds, /(/) is proportional

to the product B (t)d(i) and fhcnefoie has no zeios ft is leasonable to assume that

there arc no qualitative changes loi laigci t]d which is also confhmccl numeriealk

The eenlial //f//-voi tex shows the same phase turn as the ryf/-voitex, but with a relative

phase ol ±7t/2

2.5 Orthorhombie symmetry D>h

We eonsidei the change in Iho kED due lo oithoihombic distoitions of the tetragonal

symmetry, ? c we keep the notion ol s- anel cZ-wave conijioncnts and take then

additional coupling due to the distention into ac coinu \s m Section 2 1 we assume

t'Pi 0 We ainvo at the unsealed kED

t I 2 ,

'
1

^
n |2 ,

-^
I 70 |2

/ -= " \>h
l

~T A -^r- D," +T~\Dln,\2 2ttp 2ml

A/A/ -7'//
l n(//f/ _) —r Dd?f/

3 o7/ '//- Ad) Ad Ai2M~ 372(377 ^>ll2v't)
J l'/s ''{>] A ->7 'Z/)-4- A Ai'0/Ar/-Ak)

i?2
A 0 f D // D pd A Zm) - /> {D'ffDjtp, \ h c ) + —- (2 10)
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Note, that the lekiagonal FED (Eq 2 3) is a special case of this FED, namely foi

j0
—

j^ =; ji = Q and 35, = —3,/ As a simplification, we assume

(!A
/?)s

m

m
(2 11)

Srnee the tennis vvrth e oeffu rents ^
-1 md "a are not rekvark for the qualitative

behauen, we neglect them m the fmthci analvsis With the dehmtrou ?ns
= m\(=

r-2m'Y, m d — nYd(— ""'/»{) and the lepaiamotri/atioir

'/
y

a
iuO) = (\// -t- q1 aictan-),

i

(2 12)

we1 find that the free eneigv elensitv again has a structuie that allows foi a paitial

wave expansion m the limit a = -x/ {e = 0) Peifoimmg the same scaling as m the

tetragonal case (Eqs (2 5 2 0)) we obtain the lescalcd FED

/ -= n|/g
'

-t nbys - // Di] P - 3/J2 A |d/|[ A |D/yc/|2

A -oiipv'd A /y ijci) i|d/ 2{iptid A J) pi)

5 ö ip D]pd~hi ) ^<YiipD]pd Vh< )A2AB\ (247

AAifh the paiamele is

7o / h
To =

\°d\

A )/ Cl,

CPl k / > n

/ =-^T
G/

f A7 ,3d"

8^eA2

cb -= 2e);//7f/
is <d/|

o, _

V''s <di

The paiametei s o and p aie defined as m the tetiagonat case Notice that the redefi¬

nitions of (he paiametei s a and 5, include the paiametei desciibmg the amsotioriy

ol the effective masses of the chaige camus

2.5.1 Homogeneous solution

As m the tetiagonal case we want to hnel hist the minimal homogeneous solutions

73c notice thai the homoaene oris I ED depends onlv on the absolute values \t;d\ and

\tp\ anel the îelatne phase 0 of /y anel //, Choosing the phase of pd to be /eio, we

find via minimization

0 = -

t]i +2lpi -*- ii/ys|eos(9 I 3oi|'/(/|'|/ys| cost?

0 o|/y | 2ei i], J'+ o Od cos 0 A (Ak (os (7

0 = - i|/y /// smfZ i // | //r/|Ani(9 (2 45)
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The thud equation has solutions at

9 = Ä ,i -•
n, e R

tp = 0 - Id/P I- (2 16)

A
" 0 -> /)„ - /y(/ = 0

and

7, -

, //,/!' = 0 (2 17)

Wo eonsidei only the 0 - 1 i solutions thus we choose //,/ = |/yf/| real and positive and

abseiib the sign of the eos(Z teims bv leplaemg \pf\ by /y, e IR Rcstiicting omselves

to the mtciestmg solutions tp t]d A 0 and introducing the ratio of amplitudes t,

V = Ad (-?48)

we obtain a polynomial eenratiou ol fourth oiden m ; bom Eqs (2 45)

23/odi'^23/'- kkA)^ (2-o-i^2d)e ^ (5, + 2-yo) = 0 (2 19)

The condition loi the solution deseirbmg a local minimum rs, that the niatux S of

second eleuvatncs of the FED with respect to the fklds is posit no definite. Calculating
the niatux elements one finds

<sd,, — ~L (rip, + 63/4 r?fd

sn,? —

i 2
> do

A? ;/
=

v -)

Sd n = <i>, „
- Ü

<S,),} __
-

AA ~ 101ÏB (2 50)

Plins the conditions loi an (at least locallv ) stable minimum aie

S,-,,,,, S„ ,, Soo "- 0 and 5,? ,, «S„ ^ S]irf (2 51)

Assuming Ôo, d A cr which means ? <a 1 we find ihe approximate solution ? =

— (270 Adi)/(2d k 2-)o A) ^hi< h < oiiesponds to a stable mmrmutii We will la lei use

numeiical determination ol the lowest stable minimum using Eqs (2 19-2 51) to find

the couect asymptotic values for the numeiical simulations m the oithoihombic ease.

V last icmailv cone ems the allowed parameter range Assuming vanishing 71. A> <*nd

37, the relation

o > — 1

'

(2 52)

10 { J

is sulheienl foi the bED to be1 bounded born below
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2.5.2 Vortex solution in the limit |r/s| -C |?/v|

3s m the tetiagonal ease (Section 2 3 1) we use the Ansatz (2 13) loi pd and 1

and peifoim a paitial wave expansion foi ?y The icsultmg coupled system ol iachat

equations obtained Ija minimization ( Vpponchx V 1) involves onlv the functions c/(/)

A(i), and the ical riarts oi the partial vv eves s_j(/) s (/) and sx(/) The addition il

S|(/) pailial wa\c appeals due to the oithoihombic distoitions To obtain anak tical

results, we again eonsidei (he Gmzburg 1 andui-equation foi /ys, which leads

p
- -2\nd n-,- (J3 » ) — a HAAA

n o a

h-(D tpp -\d, >],) (2 5i)
o D

We restrict oui solves to the ease ol small oithoihombic distoitions choosing

, A o (2 51)

Using lui flier the aiguments leading t > I q (2 10) we fmd the i élevant souice tarn

foi tp

rp x 1 eZ Z7 + -"D )d{i)e
von ei n i

d; i d,d »
_ +(Ad) ( y A - A/ -X, h, pp »

rv o / V n ' V 2 2/ 2A / /

-(^ )(-V
+ l/A 17- -ic/

, Hz-2 lA/- l'A"
V 2n A 2 2/ 2d / /

-(V )(a,,"-2l'/--w' 77 "+r'-24''rf+ A'"

= _(2°,/i VH i-A 0 l))c'"
V n er n /

-A* ~'Aur/ llV 0-fÔ^2^u(A 1)V ö
= E5l'/7 (2 55)

V 2c\ ) V 2o /

For simplicity v\e chop m the following the fields \(i), i ( work m the limit / = co

(e - 0) kiomthe last oxjiie ssmn m Eq (2 55) we notice (hat the teims jnopoitional

(o e
~ Amd A ° have the same stuietuie is m the tetragonal e isc 4 he pait that bteafs

tcliagonal svmme kv (piopoitronal to r }) splits up into two pails The hist is of the

tor m

A ±d--ld)c '

(2 A)
V o o /

Fins te ira acids a (shghtk deformed) cential voitex with jioskivc phase tum to the

tetragonal solution Foi / * x the teim idled s the finite bulk value of // The

exact asvmptotie valut ol /y is

ih = — J(>)<
°

(2 57)
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wheie \p,\hom <5io the homogeneous bulk solutions foi the same phenomenological

paiamcteus To investigate the influence ol this teim m detail, we simplify the pioblem

bv sotting 71 — 0, since the ar and the " i-tenm ad qualitatively the same wxiv

Fmthei we fix ö, —
—

ot à ^ q a]K[ „sfl from Section 2 3 1 we know, thai on

I he (-axis the I diagonal souice teim 7 h n negative sign at small i, then < losses the

t-axis at the core ol the external voitex and has positive sign at huge / To this souice

term, the oithoihombic conti ibid ion -~

) (ul has to be added Foi small enough q0,

the external voitex is them moved to laige i /-values and a second vortex is genoiated

at fingen / with negative phase turn Foi laigei o this voitex-anttvoitex pan skunks

and finally annihilates (see Fig 2 0)

On the //-axis, the 1 diagonal solution has the same radial behavior as on the r-

axrs, multiplied bv a global phase A '
In addition to this tetiagonal result the

oithoihombic pail eontubutes ( 0/n)e/A
^

such that the voitex moves towaids the

eerrtci. and no othei voitices appear 4lie total phase tum ol the s-wave is therefore

2/r, as is expenkd bom the asvmptotic solution Fq (2 57) Iho second svmmetiv

bieakmg teim has (he loi m

-(- 0A)MAfl (2 58)

We assume ^o = d = 0 anel 3 > - 3 > 0 K.\ (d) is even wheie positive, such that

on the i-axis the te national voitex positron is again moved to laigei /-values anel on

the //-axis towaids the eentoi Sun e no additional antivoilrces appeal on the /-axis,

the oveiall phase1 turn in this situation is o~ as m the tetiagonal case

2.5.3 Numerical results

3gam we compaie out anah tie al icsults to a numeiical simulation Fust, we discuss

(he icsults oi the paitial wave apjnoaeh lestncted to the extreme tvpc II ease Note

thai all icsults anel plots are expiesscel m the icpaiameki/cd units ol Ecjs (2 12) Fo

obtain the ougmal unsealed te suit one has to scale the plots along the (/-axis wnth

the laden
o

The amsotiojw ol the orumal paiametei o is laigei bv the faetoi A

(Y/Y) ~ s23,/e)y In the following we fix the paiametei s n = 100 // = 10, <)-, — 3 16

and 01=0 The values foi n // and d aie chosen as m Section 231 7s discussed

above, the influence of non-vamshmg ~0 and -<

{ rs quahtativolv the same theiefoie

wo lestnct oui selves to the case j
= 0 Fhe values ol 5y and ön aie variable Fust,

we e \amme the moelihcations w hen the sa stem is gi adualk distorted to oithoihombic

sunnretrv bv variation of the paiametei -, Ae (hciefoie keej) the tetiagonal mixed

gi adicnt couplnu, <), -a
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Figure 2.6: Absolute value of the order parameter ax atong the rr-axis (up¬
per graph) and along the //-axis (lower graph) for different values of 70 ira

orthorhombie svmmetiv. The parameters are e7 = 100, ft, = 10, 71 = 0,
7 = 3,, = 3.16. a = xx aid 70 = 0.04 (solid), 0.1 (dashed) and J (dot-

dashed). The ease 5o — 0 corresponds to tetragonal symmctrv, 1. e. syinuict-

ric vortex positions on the r- anel //-axis. A larger 70 leads to a non-vanishing
large1-?' value oi </,. and to the loi mat rem ofantivortiees on the r-axis, which

annihilate with (he external voitices on the .r-axis for larger yo- The position
of the voilex-ant ivortex pahs (01 me teasing A is indicated bv the arrows in

(he inset.

As we expect from the discussion in the piovnous section, the existence of small go

eloes not dränge the form of the s_r and «rwaves. but induces a finite ,9-[-wave due to

the strong coupling to the e/-wavo. 337 see in Fig. 2.6 that the vortices on the r-axis

move to larger r-values and soon annihilate with the second vortex ge-me-natccl by the

orthorhombie deformation, kg. foi A = 0 04. we still have two vortices em the r-axis,

whereas for 70 — 0.1 thev both have disappeaiocl. (On the //-axis, we find the vortices
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Figure 2.7; Absolute value ol the enden- parameter //,, along the .r-axis (up¬

per graph) and along the1 //-axis (lovvei graph) for clifieront, values of c5y in

orthorhombie symmetry. The parameters are ä = 100. ft — 10, 70 = 71 -- 0,

ei, = 3.16, k
—

00. and ,), = -0.8 eb (solid), 5tJ ~ —0.5 Y (elashcd) and

(fj = —0.1 3, (dot-dashed). Choosing Sv = —8% corresponds to the tetragonal

case. An asymmetry between 7 and S0 leads to asvmmetrie vortex posh ions

on the T- and /y-axis. but not to a non-vanishing bulk-value of ?g.

moving towaids the1 origin (Fig. 2.07 Results foi the total s-wave at 8 = ;r/4 show

that, no vortices appeal on the diagonals.

For the second set ol calculations we use 7i = 0, but vary 47. The sv and s_rvvawR

change substantially with respect to the tetragonal case. This is not surpiising, since

bv ehanging 5,y, we1 change also the tetragonal source term 7 (see Eqs. (2.21) anel

(2.55)) anel therefore directk the s_,- anel .s.-components. As irr the liisf case, we

finel the sreomponerit having langea amplitude1, the more 5, differs from the tetragoiiaf

value —55. The1 eonseepiorree1 n that as m tin1 fust sd of calculations, the voitices on
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the /-axis move to laigei /-values, while the voitices on the y-axis move towards the

ongin (Fig 2 7) Foi small Sv, the vortex on the r-axis moves towaids infinity, while

the voitex on the //-axis chsappeais towaids zeto If we mt etc hange the role of bv and

4, c q Sy = —3 f6 and changing ö we srmpb lmeit the sign of (he S|-componeni(

(Eq (2 55)) without (hanging the tetiagonal j>ait Fins lelative sign between the

si-component and the tetiagonal pait de tcuumes the ehffcient behavioi along the t-

and //-axis With the pioposed values ù — -A 16 and 5, < 3 16 we would get the

same icsults as belote pup to an rudevant phase lactor), lofatecl by zr/2 [t c r and

y mteichangexl) rrrralk we solved (he lull pioblem also for the oithoihombic case

with a < co by minimization of Iho I FD discietizcd on a two dimensional gnd In

Figs 2 8 and 2 9, wo show a tvjucal com oui plot (suifaee plot) of /;s loi the values

a = 100, /; = 10,7o 0 5 5, — -3 -A lb a — 10 and all olhei paiameders equal to

zero One cleailv recognizees the results dise ussed above the voitices on the / axrs

have disappeaied while the /y-vokieos aie st dl cleailv visible

Flgme 2 8 Contour plot of the absolute value of the enden paiametei //s

loi oithoihombic svmmetiv The pai miete is are a = 100 // — 10 7} = 05

yi = 0, Y = ek — 3 16 and / — 10 Iheie aie 15 eqtudis(aut e ont oui s

Langiug iiom 0 to 0 0063 On the // 1x1s theie are two off contci vortices

wire 1 cas on the /-axis the voitex antiv01 te v-pans have itmihilalod
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Figure 2 9 Siutaec plot oi the absolute value of the orelei paiametei rp for

oithoihombic svimnetiv The paiamotens are the same rs m Fig 2 8 7o(ice

the finite bulk value oi the q wave

2.6 Conclusion

We have analvzed both anak tie alb and numeiicallv the piopcities of smgte-AOitex

solutions of seveial Gmzbuig-f aiielau models foi ri-wave sripoiconduckvitv The pd-

eomponent of the supineondue tor is abvavs assumed to be the main siipctconducting

componenit The results depend qualitatively on the Gm/brng-T andau paiamelei

a Foi (diagonal svmmetn we have found foi the extieme tvjie fl limit (a = oo,

e
— 0) possible s-wave admixtures showing the well-known[2 1 25 26. 27, 28] foru-

lobo stiuduic vvrth one counki-iotatmg voitex at the ceutei anel foru voitices with

positive phase (run ^28 cohenence lengths awav bom the ccntial voitox on the half-

axes [he deeav loi large / is piopoitional lo J 32 as found bv Beihnskv et al [24]
For huge a (a < cv) the locatroii of the oil-center voitices moves to taigen /-values

and the asvmplolie deeav turns to an exponential behavioi foi / 3> A siqrpiossmg

the visibibtv ol the oft-ccntei voitiees eonsideiabl\

Vs discussed bv Ftanz cZ al 2b| flic s-wave deeav s still algebiaieallv ~ \/Y2 m the

intermedia to legion A ^ ? \ \ Foi a v 2 we have shown anatv trealk and numei-

tcalb that the ofl-e enter voitiees disappeai which explains the absence of external
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s-wave vortices in the numerical calculations of Xu et a/.[28].

Possible //f//-admixtures in tetragonal svmmetiv couple via a F^-field to tfie pd eom-

jionenf and thus eio not appear in the extreme tvqie II limit (?'. e. t< = oo, e
— 0). Foi

h < oo, the absolute value ]pdi\ is independent of the angle and shows no off-center

zeros. The central //j/-vortex has a jmsiuve phase turn.

Finally, the influence of orthoihombic distoitions on the s-wave admixtuies has been

studied. Two qualitatively different kinds ol orthoihombic distortion have been con¬

sidered. Introduction of coupling terms of the foim !)d!fl k p'dip leads to homogeneous

solutions with a non-vanishing Â^-componemt. This homogeneous s-wave admixture

can explain non-vanishing Josephson tunneling currents between .s-wave1 supercon¬

ductors and ortlioihombically distoited :1 p_,p~\vaYC superconductors [32]. Moi cover,

measurements of the tunneling crurent e ould piovidc a possibility of deteimining the

ratios 7o/c7 and 7/7. binning to the voitex solution in D2/,-symmotrv, the non-

vanishing homogeneous bulk-value of /y, leads to an asymptotically non-vanishing

'/ys-componcnb As a consequence, we find zero, one or two vortices on the axes. The

four-fold symmetry is reduced to a two-fold symmetry. Orthoihombic distoitions can

also be realized by elioosing an asvmmotiic giadient-giadiont-coupliiig, 3, / —öv.
The solutions then decay to zero for huge / and show zero or one voitices on each

axis direction. The two mechanisms can also occur together, the prediction of the

solutions (vortex positions) is then more1 difficult.
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Chapter 3

Phenomenological Approach for

Sr2RuO/4

Sections 3 1 - 3 3 of this chajitei have bee n published m Phvsical Review E m Maieh

1999[38], howevei with a mmoi but concojkualh mipoitant diffeiencc A hen this

papei was wtitlon the exjieinuental ouentation of the voitex lattice was icpoited to

be aligned wnth the avstal axes of Si RuOj[39] In the meantime, il liunecl out (hat

(his finding was wiong arret the two lattie es aie misaligned by an angle of 15°[ 10] In

contiast to the ougmal jiajioi we iclv m the text below on the coned onentation

ol the vortex lattrce the numeiical îeailts of Section 3 f aie part of a collaboration

with an expeumemlal gioup and will be published m Physical Review kettens[4f]

3.1 Introduction

Willi the1 obscnvation of /oo lesistuitv m Si >RtiO t below I, = 0 95k Afaono el al [21]

dise oven eel the fust laveied peiovskite eompound wrlhoul CikA planes showing su-

pen conclue tivilv Roe em cxpeumental and theoretical resraich provides eonsidei able

CAudene e (hat (he1 snpoieondne rm_, state ol SmRuOi rs ol an odd-pautv n-waAO sun

meti a

Classrkmg the super e onduc ting states ol a generalized EC S theoiv [4], t he mean hole Is

ASS(AM= - £ ï
s ,(k k')[Ck d A a) H 1)

A n t

aie split into singlet and triplet pairing a ales making use of the antisvmiuotiv con¬

dition A(fc) = -A' ( k) A Ink singlet states aie descubed (Inongh an oveni scalai

fuudion il'(k) m the fotm X{k) = >ctp. (k) tuple! states take (he foun

X{k) -x t(dik) (r)cr,, (3 2)

33
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wheie d(k) — d(—k) is an odd vcctoi funckon[42] Taking into account the ciystal

symmetiy, the fc-depenident functions ipik) and dik) have to belong to an irreducible

lepiesenfation of the lattice point gioup, m oui case the tetiagonal point gionp D\h

Initial proposals ol odd jiautv sujieicondiietivitv m SiTRuOi weie founded on the

itinerant Icuomagnetism ol related luthenate compounds and on the similarities

be!ween Si2RuO] and 3tfe m the Feuni liquid collections jnoduood bv; eleetiomc

couolations[43] Reecntlv muon spm îotation (/-/SR) raeasutemeiits[li] have revealed

that a spontaneous magnetization begins to develop below T( Ihis finding is most

nakualh. explained m tenus ol a time-ieveisal (T) svmmetiy breaking state imply¬

ing a multiple conijionenf (? e higher dimensional) lepreseutatron of the D\/ pom!

gtoup Fuithermoie since the eleetiomc stiuetuie of Sr2RuOi is quasi-lwo dimen¬

sional a gap function with a stiong Z -dependence is unlikely Of the remaining twro

odd oi even kvo-componeik lepiosentations ol D\) the odd Vfu îcjii escalation with

basis functions {d\[k) d>(k)} — [zl zl } is the onlv, without nodes at Z, = 0 and

thoiefoie is most hkelv to bo realized m Si RuOt

fir Gmzbuig-Landau (GL) theoiv we eleil with oidei parameteis >]?(R) depending

only on the cenloi-ot-mass coordinate J? defined Enough

)

MR *•) -JZ^fR) /(rf7(fc) a)ov (3 3)
/=i

As usual[f] we switch the ttausfoirnatioti behavior horn the basis functions dj(k) to

the oiden paiametei eomponenls /y; The components (r/j, tj2) then shaie Ihe toiatiou-

mveision svmmetiv piopcitres of {E, 1 ,) and the broken /"-state is (//i,/y>) x (I A/)
Based on this oiclei paiametei Agteibeig 15] examined the voitex lattice stiuctuies

ol SipRuOi near lip foi c\n applied finite hold // along a high symmetiv dueclion

in the basal ck-plane two voitex lattice phases have been found with a second su¬

perconducting transition between them while a squaie \oitex lattice has minimal

eneigv, when the held is along the e-axis Band stiuctrne calculations[4G, 17, 18] re¬

veal that the deusitv ol states near the Fermi suifaee is mamlv due to the foui Ru

4eZ elections, which liAbudize dionglv with the O 2p orbit als and give use to thiec

bands eiossmg the Fenmi suilaee labeled ei i and ^ (see Ref [46]) The measured

values of the pemclration depth \ anel the eolieience length c,[39] indicate that the o

shed (etue to the / // 55anniei functions) of the 1 cum suilaee shows the supeueoiidue k

mg tiansition[15] Vssummg that feiiomagnetic spm fluctuations are responsible loi

the sujie-nconclue trug state tins hnclin^ rs m agieement with ' O NA1R expeiuncnlsf 19]
showing stiong le riomagiretic spm enhalie erne nts onlv m the Ru 4r/wy oibitals 53 ithm

the model ol cubital dependent supeieonclne tivitv 7)0] the orientation of the squaie

latino mentioned above depends on the sign ol the square amsotiopv // of the keurar

suilaee1 shed relevant foi snpere oudiie tiv itv Band stiuduic ealculakons hist pointed
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towards // > 0 for the ev, ß bands and v < 0 for the 7 band[5f]. Recent experiments

using SANS[40, 41] show a square vortex lattice aligned wnth the diagonals of the crys

tal lattice in a wide range of the phase cliagiam. which suggest a positive1 auisotrojw*

v (see below). This would be inconsistent with the assumption of 7-band supercon¬

ductivity pointed out above. However, newvci band structure calculations obtain also

a positive sign for the anisotiojw a of the "-band[52].

Irr this chapter we investigate the single voitox core structure and the geomefrv of the

vortex lattice near' the lower ciitical field Tip. Y\c start from the Ginzburg-Landau

theory for the Iwo-component oieler parameter (»i./yj) and soke liumoikallv for the

vortex core stiucture of an isolated vortex. 4Ac individual vortex cores show squaie

deformations. This vortex core stiuetuie is observable thiough scanning tunneling

microscopy (STM) measurements since the in-plane coherence length of 900 A is wall

within the spatial lcsohition requiied bv STM. In Section 3.3, we derive an extended

bone Ion model valid for holds near II,, and large GL parameters a; and ckfenminc the

geometr ic structuie of the voitex lattice. We find hexagonal lattices near H( 1. deform¬

ing into square lattices upon ma easing the applied field. The transition to the squaie

lattice is of second order, as piedktocl also foi borocarbides earlicr[53, 54]. Taking the

7 sheet as relevant, for siipeuconductivitv. the oiieutation of the square lattices is in

agreement with experiments 40. ff). Bitten elceoiation studies near Hp can be used to

detect, the predicted field dependent transition between hexagonal and squaie lattice,

whielr would complete the jucture found bv SANS-measurements for higher applied

fields[89, 40. 4ij. A further e ha ract eristic of the hex-to-squai'e transition is the peak

splitting in the lieiel distnbut ion e alculaled in See1. 3.3.2 and measurable in //SR expor-

imemts. As mentioned aheaek. a similar transition has been predicted in borocarbicle

[53, 54] and high-/) superconductors [331 and has been obsoived receiitlv in (lie boro¬

carbicle materials [56]. Finally in Section 3.4 we investigate the detailed stiucture of

the focal field B at arbitiaiv applied fields within two-component Ginzburg-Landau

llmory. Filling (he lowest two Fouriei components of B foi différent ajipliecl fields

to the experimentally eleteimmed valuesdll. we finel leasonabk values for (he fitting

jiarameters a and a. Moroovoi. the stiuetuie of the local B-fiekt shows field min¬

ima bedween nearest neighboi vortices within oui two-ceimponcnf approach, a, feat me

which is also found expcumumtallvkLj. Since single component, Ginzburg-Landau the

oiies do not seem to be able to explain (his qualitative featme, this finding is a strong

point iu favoi of a two-oonijxvneuit ordet jxiiameter.
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3.2 Isolated vortices: Ginzburg-Landau theory

Wo start from the Ginzbnrg-Laiidau fioo-eneigv density (/) for the two-dimensional

representation F5,, of the fern agonal point group, with the Ginzburg-Landau coeffi¬

cients determined vitfiin a weak-coupling ajipioximation in the clean limit. These

two apjuoximations seem reasonable foi SmRuOi given the iatios[57] Tc/cp ~ \iY"[

and l/( p^ 8 (here Tc denotes (lie critical température. cF the Fermi energy. I the mean

free path and ( the coherence length). In usual dimensionless units, we havc[58]

/ = ^(|ry+|2A|^|2)A^(I//+|lk|//-,1A-2 //, p\pM A ^ [(V-V+? A (v'-V+)2]

+B2 A \Dpp\2 + j-D/yA"

1+7yl(/kdz+)(/7,/k)' -(7) n-nD,,hv\
2

k /z

A [(/}r//y+)(/3,y'/y_-k | i/V,_b/V^r]

+ -2-^f(A/;+)(Dv;;_)' + (Dv/;_)(i)l;;_)1]

[(r>,77H)l(Dv/;_,H-iD(,// F (A//-)!, (3.1)

w

L - v
__

Irene p+_ = (?yi A ii]2)/V2, B — V \ A. /),, — — y V^/T, — d/n /' is in units Bfj Y.

lengths aie in units of the jxurekation clemth A, B is in units \Y2BC ~ 4k/(2/rAi;).
er = ev()(T - A), and /,- = A/s7 The amsotiopv v = (33A - 3(^>)/(<>?) A (c2c2)) is

a parameter that, measures the tetragonal distortion of the Fermi surface (() denotes

averaging over fire Fermi suifaee: note ,if < 1 and v = 0 for a cylindrical geometry).
The free energy / is invariant, under a smmltaneons rotation of 45° around the oaxis

and changing sign of v. This implies that all results clerked below for v > 0 can be

transformed into the corresponding results for' negative v < 0 by a simple rotation,

and we limit, ourselves to the ease v > 0 Further we deal only with external fields

applied along the c-axis allcwvmg us to omit all tennis containing ^-derivatives.

At zeno applied heid the two elegenenafe solutions (?/+,/y_) ~ (1,0) and (;y_L,/y_) =

(0, I) minimize the fixe em ergv /. For nonzero applied field, the degeneracy is lifted,
anel depending on (lie direction of the aj^phexl held onlv one1 component /?> is stable.

Thioughout this section wre will fix the dominant oiclei paiametei to be /]_ and discuss

the etificucures between the stable anel the unstable case. The asymptotic vorkeitv of

(he dominant ;y_ -component e loten mines the (vortex generated) fietd direction along
the positive or negative :-axis. In the spatially inhomogeneous situations eonsielcicd

below, the second contjioncnf /y+ is diivcn tluough the mixed gradient forms [giadient
teims such as (D,//L)'(D(//y_)] and decays fai awav from (he defect. Nob1, that to

eack solution f/y_, //,_. B) a svnimetiie conn!erpait wnth reweised fkid diieetion exists

{>/-.//-. 0} -» {tp.nY^B). (3.5)



2 ISOLATED VORTICES GINZBURG-LANDAU THEORY 37

3.2.1 Asymptotic solution

Below, we hist examine the asvmpiotie solutions ol the GL-ecmatroris lor v = 0

Second, we use the v = 0-solution and cum out peitmbalron theory m v to obtain

the asymptotic solutions foi v ^ 0 (we l^noie the coujilmg to the vcetoi potential m

the latter case) Ae aie ml ci est eel mamk m the qualitative behavioi of the solutions

lor small and laige / In (he cvlmehreal ease {v - 0) the pioblem exhibits rotational

1 oo

o°s •

A

0 90 -

0 85

Figrue 3 1 Exponent V govenmng the decay of v — 0 solutions

symmelrv, Restuding to fields B = B{i )e~, the solution has the structuie

i]_{r) =
„0
nM

i} (A -

i "~2y),~i (7

A{r) - A{i)en (3 6)

wheie (/,(?) aie polai cooi durât es and n de noies the phase winding of the topological

clolee f cbivmg the voitex m the mam supeie onduefmg conijionent The relative phase
Y20 bedween //_ and /y conesj)onek to an angulai momentum ehffoioiico AZ -=- 2 and

e ornes m through the spec die toi m ( /) t- iD,7 of the mixed gi adient tenus (oi v = 0

The solutions foi n — _A aie the most stable ones We expect the /?
— 1 case to

bo enoigoticallv slightk favoied smee the countei-iotatmg aurenit coutubulroii of

Ihe admixed oiden paiametei component tends to reduce the kmctic enengv ol the

(mi outs The small / ex]>ansion to cubic oiclei rakes the (oim

i

// =- 1 il-(r)
o

m i / p ^ w 1 - -al
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n+(r) ~

pW(J

,0V2

YY> ,2«0

i'ttp
1(;) ~

^--37^' (3 7)

„ = -L ,,_(r) . ^,+^^pMcnM ^»{rno + p^r-y °

fi, i

' ( ,d' „J
^
„0 / 0 , ,,0A \

„ 1 „

0V+(r) ~ U'M V
>"-/'!

^<K^AJ)h r

6 V 2
l ' l

a

.o,
77 cm

4(/ -

cYp
-

^ —'—± A, (3 8)

where m,, p^-,, and a(( aie the fus I expansion eoefhcicnts of /y_, /y+, anel I to be

deteimined by mate lung this small / cxjimsion to the asv; nvptotics at / -> 'xo Ihe

kit ten leads

,Mr) - \-npt))c"°,

p (r) = ]HI ) e

J V;

if/) - _^ -«(/) (39)

where the ± stands foi /? — 5 f Flic asvmptotic foim ol the GL-equations reermres

the tluee functions ni(r), p(t) and ait i to bo of the foim

d iA

pYr) - (1 -^-^Je
; 0

n - 2n
tj^Y) ^ -j-j- A"+^, (3 10)

if we1 ignoie the veetoi ])otential !(/) — 0 (e/(/) — 0) Foi the general case ( 1(/) 7" 0)

the mam asvmptoties is an exjiorrtnlial deeav

(dp) mil) p(/)~ A'/v, (3 11)

which is a conséquence of tiansveuse screening Fiom Fig 3 1 we see that foi leason-

abk huge a this exponent V ajipioaehes L which equals the usual pciioliafion depth

in ehmensionless units

We proceed now with the anisotiojuc e isc / -/- 0 (here we neglect the vedoi poten¬

tial) Vn expansion to first oidei m / pioduees the following result foi small /

p
' nMl2p\X

0
( t

/A7AiAf2yk! Yj°_ X
, _„n=l n_(r) -

[nXp
L_-'_

Y]^
«

/ ,
--

---^pi

A A) - PV <
"

A3 ' c-" (3 12)

/? = -l p^r) ~ [m\i-
'

(p°-2w})i )c °
+ vq° t c

1
i,, h, \

D

. .
/i .1-10k(r) - y/,3 «

T-[m-2pl),
Y "

. / jf ,Y~UI (3 L3)
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and foi laige r

^(r) -. Ulli", ' >* /^iT(( l»'Gd^fg^2d) (3J1)

Ehe additional coefficients ey° ^
anel /]( ate the hist expansion coefficients of the

tiighet angulai momentum states (/° bom p ^ f4»i2di)c? anc| |-o ^
fl0m ^_ rv

^(nXi)//^ winch anse foi 1/ ^ fl Conniaimg the condensation cneigy loi the two

eases // — ±1 wo find that the (/? = — k ease is energetically favoicd as mentioned

eaihoi, the anient contribution of the admixed oidei paiamedei ojiposes the mam

anient diieetion and Iowas thus the knit tie eneigv Fuithci, the admixed //, order

paiametei uses lmearlv 111 the centei rat he 1 than e ubie as is the case loi n
— 1 and the

asymptotic phase turns of // ( aie the same m t he < enter and lor large / (w hie h is also an

aigument against off-cent01 od zenoes as smi loi example m c/^_,y'-supeneoirdnclors)
Both points lead to a lughci gam 111 eondeiisafion eneigv which should stabill/e (he

(a = Absolution Our numeiical Gmzbrug-bandau îe suits (described 111 the next

jraiagraph) loi the ciikcal he Ids 77 i - t>h/ It confirm fins finding foi a
- 2 5 and

Figure 3 2 Contom plot ol the absolute value oi (he |/?|-ficld for (he same

parameters as m Fig 3 1 \olice (he shone, scruarc dcformitions of the voi (ex

core »long (he axes o( the cnstil lattice Ihe conduis ne 0 03 0 06,

0 12

;:
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v
— 0.3, we obtain

UpMi = -11 = 0.437k,

Z/fl(/? = k = 0.47/7,,

demonstrating the stability of the (n — -Absolution compared to (n = L). The

corresponding s-wave result is Hp =0 (SD,

3.2.2 Numerical solution for isolated vortices

To obtain complete numerical solid ions, wo minimize the bee energy density on a two-

dimensional grid. The minimization is caumd out by i el axing an initial configuration

?y.i = 0, 7ya = tanh(/') c±l° and A — 0 iteiatively. The phase turn of the dominant

order parameter p deteimined the held diieetion along the z axis. Indeed wo find

that !he energetically favorable (/? = - k-solution shows no off-centered zeroes in

?y+ (Fig. 3.4). The admixed /y.L solution shows a fourfold structure with a maximal

amplitude along the diagonals.

On Ihe other hand, in the unstable (/? = lkease the admixed component pp exhibits a

negative jihasc trim around the center, anel consequently four off-centered zeroes with

positive phase tum aie needed to match up this phase c"'° at small r to the asymptotic

phase ch0 at large r (Fig. 5.6). In addition the vortex core center of the dominant

ordeu parameter (Fig. 3.3) is dktoited with marked elongations along the axes of the

crystal lattice foi a d 0 (and analogously along the diagonals for v < 0). This behavioi

is understood recalling the pioj)eities of the Fermi surface. For v > 0, the density of

states (DOS) at, the Fenmi suifaee is laigei along the diagonals than along the axes. A

larger DOS howevei implies ako a largei effective mass, which reduces the coherence

length and thus 1 he size of the voitex. Finally, the distiibution of the absolute value of

the /k-field (Fig. 3.2) also shows e leai squaie deformations lotatocl bv 45° with respect,

to Ihe undo lying eivstal lattice. This pattern is qualitatively well known from analog

GL-calculations for s-admixtuie m dp^,p high-/) superconductors[22. 24, 25. 20, 29].
The dominant comjionont //.. and the D.-helcl show similar features as in Ihe stable

ease discussed above (Fig. 3.5).

3.3 Vortex lattice: London theory

3.3.1 Extended London theory

3A31 wish to deter mine the foim of the vortex hit tiee1 close to H, [. Instead of solving the

Ginzburg-Landau five1 eneigv diieetlv. heie wo follow an idea receiitlv dcwcloped in the
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context of ci,2_,;2-wave superconductors wnth a weak admixing of an s-component[55]
Wo first integrate otrt the admixed component leading to a one-component bee oneigy

densitv We assume /, ^ I to be able to use fondon appioximation and ovpaird

m v <C L We obtain an effective bee eneigv densitv wdnch depends onlv on the

held B and which can be minimized with respect to the geonretrv, ol the vortex

lattice Though oui results will be quantitatively mace mate foi the low-a Si^RuOj

mafeual, we still expect to obtain a qualitativ eh couec I picture The Gmzbuig-

Landau equation loi /y_i_ to hist order 111 1// /j/y-J leads

0--/y, A2|/7A2//h \D2tp I -^A7d - D2) ;,_

L
~ (D7 D„ A Dy DT) //_ (3 15)

Wrthm London theoiv the dominant component //_ has modulus unity (see Ec| (3 18))
and the fust tlnee teims lead to the expression (i f D2) p+ Solving foimalb foi tp

and substituting this expiossion nrto the bee eneigv density, we obtain the effective1

one-component Gmzbuig-Landau bee cmeigv

/= -|?/_|2 + ^|ï7_|l I \Di) \2-y_PiD tc)(l+D2ylP{D,ic)n~ 3D' (3 16)

with

P(D //)- - 2-(D,-D])--~y(D,D,l I 77,77,) (3 17)

Ifeie Ave have consistenth neglected all tenus of oidei pi, Any2, and highei Following

the usual scheme ten bondon approximation we icplacc the oiclei paiametei ?y_ and

its dei native bv (he1 supeifhud veloeirv v

p -- c
*

Dp^ - (- VcF.r) - A) e"i)(%) = -v c"l'{^ (3 18)
A t\,

Keeping onlv, tonus up to second oiclei m v and up to hist oidci m the anrsotropv

paiametei /z, vve obtain the I on don hoe eneigv m Founei representation

/(*) - -{- ^v2 ^ 0 19)
2 1

1 I

(Z v - 2,Ad;^A7(A '~)~(2l ZkPdkV)4/ ! l + Z 7/

Here, allquaehatic expressions m v and B have to be nuclei stood as up>? - tq(k)u7[—k)
(the tesulfs E01 votticik // ±1 aie the same on this level of calcula!ion they would

clillei if one included highei oicleis m v)

Next we eliminate v Ae obtain an equation connecting 77 and v bv vauation ol

the London bee eneigv Fq (3 JO) with icspeet to the vedoi potential A The cone

spondmg Eulcn-I agiange equation leads

/ /k kAB -- (3 20)
I1

Ikb a

'

2

Li

/dv-T—
., -\J\' 1 2v (f^ Z~)(e,F r,jû) (2k,Lv)(i\y + vvx)])
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2-TU/AZ4

We sofve this equation for v up to first order in v anct substitute the solution back

into the London free energy density (Ec|. (3.f9)), to obtain

m - M
t

q-
f -f- q' h" ,- —r" f * - er —

(1—(cy-Tl 4' ^

3
i iMYIt-'IY (2qrgv)

=
-- + .l{q.v.h)B\

Bz

(3A4)

whore we introduced the short notation q -= (1 hX)k. The vaiiation wnth lespect to

B{k) leads to the extended London equation

d{qpv.h)Blk)^ 0 (3.22)

where we recover in the limit a —> xo the1 wedl-known result (f -|- )Y)B(k) — 0 (no

sources).

3.3.2 Vortex lattice close to E(\

We parameterize the unit cell in ical space through the angles A and A, the ratio

of the lengths of the unit vextens s and the average field B (see Fig. 3.7), where

the Hist, three paiametei s desciibe the geometry anel B (Ire size of the cell. The

lattice geometry dcupemcls on the applied Ikld PI and is dot en mined by minimizing the

Gibbs free energy G(B) given in Eq. (3.24) with respect to the unit cell paiamcters.

We generate the vortex lattice bv introducing the corresponding source terms at the

vortex core positions into the London equal ions. A convenient form for those source

Figure 3.7: Schcniiatk illustration of the real unit cell. 02 demotes the opening

angle between the primitive basis vectors, whereas A denotes the orientation

of a with respect to the crystal /-axis.
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a) k=25

45

95

-• v=0 1

» ->-»-»-

Figure 3.8: Vortex lattice structure as function of the applied held ff. The

Gb-parametei is t;
~ 25 (a) and a = 5 (b), and Oo denotes the angle between

the unit, cell vectors minimizing the tree energy density given in Eq. (3.23).
Note that in the small field lange necessary for our approach, the second order

transition to t lie square lattice is visible only for high values of the anisotropy
v.

tenus is[59]

n[r) =- a \ c
—f-ir r

(3.23)

wheue the sum runs over all positions r, of tfie voiles lattice. The magnetic held and

the Gibbs bee energy for the vortex lattice read

B(r) =. BJ2
f/ihq,r (~Ppl

TINTÂT



46 CHAPTER 3 PHENOMENOLOGICAL APPROACH FOR Si2Ra04

-q2

gw - ß2 E Y^-^ - 2UÈ> (3 24)
q ^i *

wdreie (he specific form of the vent ex fattiee is given bv, the leeipiocal lattice veetois

q) Wntmg the opeiatoi J{q v / ) m the hum

/(q,;//)- l4 ^rhupyif ' \q' O/'^4^), (3 2rt)

it is obvious that a change of sign m v stiff eonesponds to a rotatron in real anel

reciprocal space bv, 15° Ae thus îestuet the clrse ussion again to positive values of v

The lesultmg voitex lattices exhibit a ecnteicd loctangular unit cell with the mam

axes aligned along the axes ol (he underkmg eivstal Without loss ol gencnahtv vve

thus assume 0\ —

— e'A 2 and g 1 m the lemamden oi this section In kig 3 8 avc

plot Ihe angle i92 minimizing the Gibbs bec eneigv foi ehlleiont values of u vetsns the

held II (Fig 3 8a /
— 25 0 Fig 3 sb / - 5 0) Foi huge enough values of the

amsotiopy paiametei t> the voitex lattice evolves fiom hexagonal at low applied fields

lo squaie at high holds 4he lattices found m out calculations (// > 0) aie atwavs

5

Figuic 3 9 Contom plot oi the field distiibution loi / -=04/ — 2 5, 77 =

0 25 The horizontal and vcitrcal rxes ol the plot ccnuosponcl to the diagonals
of the underbmg ervst 4 kttue The held distiibution sliows i sqinic lattice

rotrtcd bv 45 with îospuU to the civst 4 r\es a\rflr weak sqinie shaped
ddormitions of the v on ex e oie s
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k=25, H=3.1

250 0

200 0

150 0

A

55

100 0

soo

00
3 090 S 095 S 100 3 105 3 110

k=5 0, H=0 5

60 0

40 0

A

A

20 0

00
0 45 0 46 0 47 0 48 0 49 0 50

BH\2

Figure 3 10 Field distiibution P(B) loi différent values of the amsotiopv v

at a - 2 5 // - 0 3 (a) and a
- 25 0 II -= 3 f (b)

aligned with the diagonals of the underIvmg lattice (see Fig 3 9) Foi decreasing a,

the crossover to a sepiaie lattice approaches to the lowei entieal field Up and occuis

at lowei amsotiopios u an effect which is behoved to be even stiongeu if one would

include all nonlineauties into the theoiv Those results aie m good agieement with

leccnil exjicnmcnlal data of Foigan ct al 10 If who find m Si TRuCk ^ squaie laitue

lotaled bv 15° with lcspeet to tfie civ stal lattice down to veiv small fields in the phase

diagram (This is is conkast to (he caihe r icsults of the same group[39| ) The shajic
ol the mdrv rdual /Afield flux lures mound the voitex coie is pen lectlv eueulai loi v 0

ovei (he whole lange ol the applied held II wheicas we find squaie deloimafions of

the1 A-holel foi positive valines of v (see Fig 3 9) Tins is m agieement with the single

vortex lesrrlts obtained m the jirevious section

Apait loi m the voitex lattice svmmetiv the coiiespondmg field distnbutions are ol

T ,,, , , , , , P

\=0 0 (H=0 5 K-5 0)
\=0 2
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interest. Experiments using y./SR can observe the field distribution

P(B) - -4- f d2r 6(B- B{r)). (3.26)
Ek ./\u,

In Fig. 3.10, characteristic results are shown for two cases a — 25.0,77 = 3.1 (a) and

tv = 5.0,77 — 0.5 (b). While at \> — 0 the field distribution shows only one jieak

with a small shoulder towaids the minimal field value, the situation for v ~X 0 is quite

différent. With incicasing |a| the v
— O-jieak splits info two ehre to the appearance

oldwo nonequivalont classes of saddle points in the Zklielcl, Upon further increase of

|/z|, the low field peak gradually vanishes anel finally develops into a broad shoulder.

3.4 Vortex lattice: Ginzburg-Landau theory

3.4.1 Free energy density in gauge invariant fields

In the1 preceding sections we have eateulated the structure of isolated vortices as

avoII as the properties of the voitex: lattice ncai the squareAo-hcx transition. Both

calculations correspond to (he situation with low vortex derrsity near the lower critical

field H,\. In the meantime, (he1 experimental juogress has drawn the attention also lo

the situation with intcumediate appticd fields. 37iy high quality small angle neutron

scat!cuing (SANS) cixpcrimenifs[39. 40. fl] have made it possible (,o deteimme the

lower few Fourier components of the 73-field distribution in the vortex lattice1 within a

largo range of applied fields 77. It is an inteiesting question whether those values for

the Fourier coefficients can be rcjuoducod within our simple Ginzburg-bandau theory.
To solve the vortex lattice jirobhmi within Ginzburg-Landau theory, we first tried to

extend the numeiical solution designed foi s-wave superconductors[60] to the p-vvave

FED. In contrast lo the s-wave1 case, vyhere this method converges very efficiently, it,

turned out in the //-wave ease that the method was eventually unstable. Howevei. the

fust, few delation slops convoi go verv fast towaids the physical solution and lead to

a veiv good starting point foi a conventional minimization algorithm using Fourier

decomposition. This combination of two minimization methods tinned out, lo be

efficient enough lo juoduee good icsults on the voitex lair roe paramcteis.

In (his chaptei we will hist desciibe the basic ideas of this minimization technique
ink educed by Brandt,, the details of which are desciibed in Appendix B. Since this

minimization assumes a given mean penetiatiiig field Z3, the folfownng minimization

with constant ajiplied field 77 has to make rrse of some intenesfing scaling relations of

Ihe free energy density, introduced for s-waves bv Doria eZ e/Z.jOl, 02]. We then will

compare orrr icsults with the recent SANS measmements of kealey cl e/Z.(4l].
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We stait with the Gmzbuig-Landau FED Eq (3 4) m dimcnsionless units as intro¬

duced m Sottion 3 2

v
I (\ \~> I C>\ di I,! tV i -> I 111 \ >

, \ / V'i/s \>l
/ = -{\n+\ i-|'7-l) TAZ A7-i ) A2|/y O/yd t -[(n-V+) 4 (// //A ]

ATA b|D/y l'-^|D//_

A-^f(7dr/yO(7> //-) 1 (Z7,/yA(7d(/y,) ]

-l-y-liDrfJiD,,! r-MD,/? H^3Z0]

1 -7Z

.

2?
[(Ak-)(^A ) I (A,// )(D,p1Yn

-~^Y[(Dpp)\DpM k ^p]+Y(Dpi-)], 0 27)

wheie the gauge mvaiiant deinatne is gnon as beioic by Dt, -= t V, // — 1;, lo

vviite the whole bee eneigv clensitv m gauge mvaiiant quantities, vve mtioduce

, >

l I (t)
//_ = \p \C

{ '

tp
- (/y-/ex)f' (t)

Q = A
V°

(3 28)
A

wheie // and a ate real quantities to desenbe the admixed componenit, and obtain the

gauge mvaiiant form

y = - ) i -|—- -- hit,? (Z?
2 \h~u)

-ipMa') | -(/y2 1 eA)° + 2w(?72 + ck) \-vujtf - a2)

Va nV /V7 ^

+ (f ^ (0/;-^) + 2^^(^ TAo)) (idd,)

k(L / ) (q u, ((No 4 ^ nj ^ ^ (q i i (^aj\ 1 (i ddy) (3 29)

A3 douve Gmzbuig-Landau equations m the gauge mvaiiant quantities b\ derivation

of / with lespect lo u, /y er and Q Bv taking the lotation of the GL-ecnuakoti loi Q,
vve end up with dn c quatron including the 77-field The k suiting sel of four equations

can be wntten m the foim

(-V1 I 2a9) o = f/,(a r] o Q)

t-V' 1 1)B = c/Au. y a Q)

(-V 2A)/y = d U /;,d Q)

l-V' + iV - <h{ p o Q) (3 30)
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where u is the average order parameter and the detailed form of the expressions g1

are given in Appendix B (Eq. (B.3)).

In contrast, to the calculation of the voitox lattice symmetry of the last, section, vve

parametrize the vortex lattice in a slightly adapted form. Starting from the results of

the London theory, we concenliate on lattices oecuning m the squarc-to-hex transi¬

tion, which are of centered reef angulai svmmetry with respect, to the diagonals (axes)

for negative (positive) anisotropy v. Awaie of the symmetry between positive and

negative v mentioned above (Sec. 3.2). vve restrict ourselves to v < 0 in the following.

In contrast to actual understanding 40. 41]. this was the experimentally favored value

when we performed our calculations.

For a given lattice unit cell (which implies a given B and a definite lattice symmetry),

we expand the order parametens and (he Afield in the conesponding reciprocal lattice

vectors

COS A,A'^(r) -

fMa,v'(
iv n

—,/

B(r) B + 2_^ b,v ,,
cos AA*

m n

Q(r) = Q Xr)~y2 br" " ^tj2^ siu km.»r
m r, h'm,ii

>l(r) = 2_ c"> AL -tosfc,„„r)

it n

where the primed sum stands for summation ewer all (m, it) y^ (0, 0). QA is (lie gauge

invaiianf velocity held of an s-vvave Abrikosov solution, vvdrich satisfies

PID

i !

VAQ,= ß- 4k >
j

<Yv(r
- A,;) z. (3.32)

The singulai contribution comes from the voitex phase field and produces a vanishing

avotage rotation of Q and Q ,.
Fmthei we have VQ — VQ (

= 0. As initial

condition for the minimization we1 use the .Vbiikosov solution near B(2 foi the main

oiden paiametei component and the B-field. and zero for the admixed component, (see

App. B. Rofs. [63, 64]).

The above set, of equations loads to a veiv efficient minimization algorithm for ,s-

waAxsJkO]. For p-waves, the first few iterations afso converge very fast towards the

physical solution, howevei fun hoi iter anon leads in most eases to oscillai ions between

seveial locally minimal solutions. We use Bandore the first, lew Brandt minimization
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slops only to obtain good initial solutions for a conventional GL minimization scheme

(see App. B).

3.4.2 Minimization of Gibbs free energy

An expansion in reciprocal vedoi s of a fixed vortex lattice geometry as il was pci-

foimeel above assumes a knowledge of the mean penetiatiiig fiedd B. All length scales

connected to the lattice unit cell are cktermined basically by L/vZk However, in

typical experiments measmmg vortex fattiee properties, the externally applied field

H is controlled rat hoi than 73, which means that the Gibbs free energy has to be min¬

imized. Generalizing the scaling argument to the p-wave case, which was presented

oiiginally foi s-waves by Doiia cl al [61, 02], we deduce a simple equation governing

the avenage field A Togethci with the Gmzbuig-Landau equations of the last section,

the minimization of the Gibbs bee eneigv is then possible.

We start, with a typical Ginzburg-Landau free encigy pei volume

F(%b(x).A(x).B) =

~ f d'x (f2(iXx)) k / '(i/X») k MYDif(x)) + B(x)2) (3.33)

wheie f2, fA aie quadratic and (omth oiden tennis in the order parameters and f!in
denotes the second oiclei giadient teim. Be awatc that, this free energy efepenefs on

the multi-conijionenit order paiametei iß(x), the vector potential A(x) and the mean

field A provided that the foim of the voitex lattice is given. We perform the following

scaling transformation

x —> —

= x'
X

ilp(x') = if(Xx')

A\(x') = XA(Xx'). (3.34)

It can be shown[6k 62], that B (defined as a contom integral and thus basically a

topological quantity) translonns as

BX^X2B. (3.35)

Under this tiansloimation, the GL bee eneigv is

AA(A,aa(.t).A) = ~7///V(/2(Av(^))a/'4(A^'))
+~ fh"(DNx(x')) k ^A(^)2)- (3-36)
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The functional form of F has changed only in the préfacions I/A2 and I/X4 and the

fact that B —> Av = X2B. On the other hand, the constrained minimum is still the

same by construction. Thus, differentiation with respect to A loads to

(IF
0 - -2FÄ"7 - 3 Fl,ch' k ---277. (3 37)

OB

and together aaüIi the thermodynamic ielation

we obtain

B = —(Fhv k 2Fl,rh') = L(2F/,f'f/ - F2 - 2FA). (3.39)

The last equation makes use of F'0' = /A -A A Fh" -|- F^'üd and F'°' = -F' A F/?üW

(see Eq. (B.7)). To find the minimal Aiorkx lattice configuration for given ajiphed

held H, we have to minimize the Gibbs bee energy

G = — / c/'a; (j (i/j(x), Dil>(x).. B(x), B) - 2HB{x)) =F- 2HB. (3,40)
Kr A„c

Compared to the case with constant A we have identical Ginzburg-Landau equations

foi if(x) anct A(x), and an additional equation foi B

7(7 d
--= = —F -211. (3.41)

dB OB
v ;

Using Eq. (3.37), vve find

r)G A7" FI "ut

yA = i__ + 2—^- -277, (3.32)DB B B
K }

and the Gibbs-GL equation foi B can thus be wuitten as

Fhn + 2^2^ _ 2H]j = {l (3A3j

This equation, which governs the average size of iho magnetic fielet when the applied

fieiel H is given, completes the set oi Ginzburg-Landau equations given in the last,

sod ion.

3.4.3 Results

Recently, the group of E. M. Forgan[39, 10. 41] has performed measurements of higher
order Bragg rcfleeiions fiom the scattering of neutrons from the flux line lattice of

Si'TbuOi (see Fig. 3 f L). In eaihei oxponmemA thev found a square fattiee in the

whole lomperaluie and field lange Due1 to an alignment error, the orientation of this
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Figure 3.11: Contour' plot of (he small angle neutron scattering results for

the flux line lattice of Sr2Ru04 at 77 = 20mT and T = 100raK[41]. The [110]
axis of the crystal is parallel to lire vertical axis of the plot.

square lattice was first claimed to be parallel to the crystal la,tticc[39]. Later, this error-

was corrected and the lattice was formet to be rotated by 45° with rcsjiect, to the crystal

lat,tice[40, 41]. The foffowing discussion of exact higher order Fourier components is

therefore restricted to this Sjiecific symmetry of the vortex lattice. (Note that our

results are still symmetric under simultaneous change of sign of v and rotation of the

vortex lattice by 35°.) Given a reciprocal lattice vector km,n (see Ajipendix B), the

corresponding diffracted neutron Bragg peak has an integrated intensity lmn

hn.n Cv

IF I2
'-
mp j

Ik i
:

where. A? «
is a sjiatial Fourier component of the focal B field

Bir) = y? plkn

(3.44

(3.45)

In the Abrikosov solution for a single component Ginzburg-Landau (SC-GL) theory-

near the upper critical field Ill2. these coefficients arc given for a square lattice by

7A„ oc-(-lV""+mn+'lki

m J! (3.46)

anel decay very quickly, whereas tire single component London solution valid for large

k and lower fields leads to

iL
1

1 h Km.n
53.47)
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Model h ilh o d o/h o •^2,1/ U,0

London (SC) 0 1768 0 0313 0.0179

/Vbiikosov (SC) 0 0306 0 00004 0 000002

SC-GL (B = 20 niT) 0 0783 0 00091 0 000298

EC-GL ncai B(2 {v = 0 0) 0 2263 0 00552 0 00056

TC-GL noai Bp> {v ^ -0 2) 0 1205 0 00222 0 00113

TC-GL (77 - 20 niT) best fit 0 1658 0 00018 0 00093

Exp (77 = 20 ml T 100 mlO 0 197(2) 0 011(3) 0 007(1)

Tabte 3.1 Neution seatteung intensities horn seveial Iheoietieal moekls

compaied to the experimental values' k The single component (SC) models

have genoially voiy small intensities, wheicas the two component GL (TC-GL)
solutions show satistaetoiy agreement it least m the lowest older Btagg peaks

Figmc 3 12 Numerical results loi Foui ici components Fi o mid F\ \ ol local

Tkficlcl vei s us applied held 77 compaied with the ineasiu eel values (thick lines)
The set of lines with a = 1 2 (its the experiments best the dependence on v

is only wevik

Using the exact numeiical solution toi the single component case at mteimechate

fiokls[60], more realistjc values foi intermediate fields can be calculated Specific
values (or srreh a single component Gk theoiv at field H — 20mT aie given m Ta-
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bio 3 f Within the two component oiclei paiametei theory (TC-GL) for Sr^RuOi,

Agterberg[45, 58] determined the solution neai the upper cntical field, coiiespondmg

to the Abiikosoy solution foi s-wavos A\ ilh oui solution of the full Gmzbuig-Landau

pioblem, Ave could calculate the Fouiiei components ol the Tkholds at aibitiaiy ap

jihocl field 73? and could do a systematic ht m the paiametei s a, and / The lesults of

Agfeibcig's calculations as well as oui best fit values ate displayed in Table 3 1 Lot

om fit, vve used the experimental values loi the Louiiei components F\ 0 and 77 i a I

T = lOOmK and applied holds 77 = 13 20
,
lOmT In 1 rg 3 12 we show the icsults

lor the untescalcd Foruioi components F\ 0 and E\ \ compaied with the expérimental

values (thick line) Ihe tmiescalod Fomien components depend moie stiongly on a

eaihoi than on v and the compauson with the oxpoiimont suggests a value a ^ I 2

On the othet hand the lesealed Fouiiei eocflicients |A ll/l-'u o| turned out to be moie

sensitive to changes m v Compaimg with the expcumental results leads to a vorv

small value of a 7 Q 05 (see Frg 3 f3) AAc did not include highei oiclei Fourier

07

06

LL 0

04

03

exp icsults

-av-0 0

v~0 05

• \ -0 05

k=I 2

K-1 1

K-1 2

- v 0 05 k=1 3

-3\-0 1 k=1 2

150 200 250 300

H [Gauss]

350 400

kigure 3 l 3 Numene 4 icsults lor the utro F\ \f\E\. o| vei sus applied held H

eouipaied with the me ismed vihies ((luck line) Deteimmmg the amsotrojiy

pai mietet v m the highei held region wheie oui icsults aie expected to de¬

senbe the experiments best leads (o r value /> ff 0 05 The dependence on a

is veiy weak

components into om fitting Although the numeiical results lepioduoe the moasmed

values qualitative b anel also quantitative h vei y well, theie aie some chawbacks to

these lesults From Table 3 1 wo leant that the icsults fen highei oidei Biagg jreaks
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are generally much too small for TC-GL theories, in our results, the (2, 0) peak is even

more suppressed than in the Hc2 results of Agterberg. As can be scon from Fig. 3.14,

this is clue to a sign change: in all two component, theories, the sign of A,o for high
ficlets is negative, whereas for fields near Bip the London signs are valid (positive signs

for all components). In om best fit results, vve are exactly in the intermediate field

-A

np. values (H=Ho2)
A
koi

« e 1

°-
—e —

1

__

i i > i

U'^150 200 250 300 350 400

H [Gauss]

Figure 3.44: Numerical results for Ihe ratios Fi,i/|F[,q|, ZA/AloI ail(f

A,i/|Fjo| versus applied fiedd 7Z compared with the asymptotic values for

applied field 77 « H,2 (solid lines). The parameters used arc v = 0.05 and

a, = 1.2.

region where the (2,0) component is almost zero. The second drawback concerns the

low field results. If turned our. 1 hat in the experiments, there is basically no difference

between apjiliod field H and mean penetrating field B also at low applied fields. This

is most probably clue to voitex jiinning. which prevents an adjustment to the thermo¬

dynamic equilibrium state in lire field cooled samples. Our numerical results howevei

are Iheumallv equilibrated solutions anel show mai keel supjiression of 73 for fow exter¬

nal Hotels (77 < 20ml1). AAdrile this cliseiojiancv certainly influences the c|uanti(,ativc

eompaiison of onr icsults to this specific experiment for the lowest fields, the results

obtained from fitting in the high fiefef region are not affcdecf. An intoresling detail

in this context is, that, our calculations show the transition to the Meissner state al,

fiolefs I OmT < 77 < L5mT. Recent, measiiienicnts[65j point towards an expenimental

result, of the same size, in ace-oidance with earlier estimates {Hci\\< = JkuT[66].) A

reconstruction of (he local Zk field shows, that the two component solutions aie also

0.6

0.4

asyn
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Q H F, /I
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qualitatively quite different from single component solutions (Fig. 3 15) While in the

latter case the minimum field points lies m the center of a squaie of four voitices, m

(he two component ease it lies between adjacent vortices This feature is qualitatively

independent oi the amsotiopv jiaiametei / and can thus be legaidecl as lnheieut to

this two component model Those mtcivoitex minima aie even more piomment m

the leconstiuckon of the experimental data which is a stiong point m favoi ol a two

component theoiv

3.5 Conclusion

We have investigated the single voitex and voitex fa!lice structure of S^RuOi, as¬

suming a wcak-coujilmg, clean limit cksonptiou ol the 2D odebparrfy r^j svmmetiv

ol the superconclue I mg state m SidkiOi Asunung the leading ordei paiametei

to be //_, the stable single voitex solution [denoted (1,-1)) takes the asymptotic

foim (/7+,r/_) — (_/-»(')c °, [I — m(i)]c~n) V second low eneigv voitex solution has

Iho asymptotic foim (//_) /•/_) -(p(t)r''0 1 - m(i )]Ye) (denoted (3,1)) Solutions of

the lattoi type appeal to be (ho minimal ones fot ckwavc superconductors with an

admixed s-wave component bleio the svmmetiv, allows foi the competing (1 —1)-
solution which has lowei eneigv as it has i educed eunents, contains lowei nodes anel

decavs slower neai the voitex coie The stable (I - l)-sobikoii shows cleai foui fold

deloi mations clue to the amsotiopv ol the density of stales at the Feinu surface du¬

rent expérimentât icsults on (he vortex fattiee structuie point towaids an elongation
of the voiiex along the ciysial lattice axes m agieement with om theoiekcat analysis

A du cet piool ol such a stiuctrne should be obseivablc thiough S 4 M measm em cuits

The structure of the vortex lattice neai lip has been deteimined using an extended

London approach wheie the admixed p component has been mtegialod oui The

resulting London theoiv jncduts that with mcieasmg held the voikx lattice will

continuously elcfoim bom a hexagonal to a squaie lattice The ouentation ol the

squaie voitex lattice depends on the anisotiojiy paiametei v Foi v < 0 Hie squaie

voikx lattice is aligned with the eivstal lattice wheieas foi v > 0 the orientation

of Ihe voitex lattice is lotatcel bv 15 Companng to ice out expcumcntal icsults of

Kealey of al [40, 11] who found the voitox and eivstal lattices misaligned bv an angle
ol 45° m almost the ont ne field îauge we conclude thai 7 > 0 The second oidei

hox-to-sqtiaic transilion should be obseivablc thiough Bitten decotakon cxpeumcnls

Vn alternative signature of (his transilion is given thiough the splitting m the peak

of the held distiibution P{B) Ihcse field distributions should be obseivablc in //SR

oxjierimcnts

Finally, the detailed stiuctme of (he square voitex lattice at aibrtiaiy applied fields
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ZA < H < IIl2 was examined using a full Gmzbuig-Landau appioach Calculating
the Former conijionents of the tocat Zkheld lot sevciat applied fields 77, we elctci-

nimeel the bee paiametei s h anel v bv fitting to experimental result s[41] The most

piouusmg values ate / ^ Ï 2 and lAO 05 Fxponmental icsults for h obtained bom

determining A and £ lange bom h as I 2[66, 67] to k
~ 1 0[39] (Note that the lesult

h(ip = 26 obtained m the lattei publication withm the liamewoik of an s-wave su

poioonductoi has to bo collected bv a fadoi kAr
~ 0 7t[58]) The calculated value

loi the amsotiopv paiametei v is still a matter of contioveisy[5f, 52] Although the

detailed eompaiison between experiment anct our calculation may be influenced bv,

Iho jiiesenee of voitex jinmmg m the exjienments, the stiucture of the local 73-field

distiibution shows the same cumulative leatnies in the cxpeuments as m oui immeii

cat icsults Smee this is not (nie toi single eompoirent Gmzbuig-Landau theoiies this

makes foi a stiong point m favoi of the two-component theory
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Chapter 4

Quasiparticles in p-Wave Vortex

Cores

4.1 Introduction

While the two-component Gmzbuig-Landau theoiv fen ]>vvavc super conduct oi s has

mlerisrvely been studied m the last veais and has been shown to desenbe the oxjioii-

mental findings at least quahtativelv well the piopeitres of quasijiaiticle excitations

m the1 voitox coic have not gamed much attention fn the s-wave ease, extensive qua

sielassieal (A so ^ 0 <Tnd quantum limit (/ r'0 )55 1) calculations have succcssfullv ex

jilamed many fcatmes found bv scanning tunneling microscopy (SIM) nicasmcmcnls

Ac1 piescnt m this ehajitoi a self-consistent solution of the Bogohubov-clc Gennes voi¬

kx jiroblom loi a p-wave supeie onduetoi ncai the quantum limit

In 1968, Eilonbeigoi[68] managed to oven ome the substantial complexifies the Goik

hov theoiv poses loi the solution of spalialh inhomogeneous situations bv liansfoim

mg the Croikhov ec|iiatiems into a set of fust-oidci equations, latei usuafk lefened

to as Eilenbcngei ot quasie lassie al oejiialions This was clone thiough mtegiafmg out

the encrgv variable of the Gteen s function Manv mrpoikmt quaniitics as foi ex¬

ample eutionts, locat clensitv of states, oi the oidei paiametei can bo dcteimmcd

fiom this cpiasielassical ajijiioaeh as long as the paiametei ZAo Y> 1 This method

was kit ci used bv kiamei and Fcsch[69 to deteimme tire (totalled stiuduic of the

s wave voitox coie niiniencallv hireling that the effective vortex coie size 7 is sub

stantiallv suppiessed loi low tempciaiuies compared with the BCS-coheience length

A = "/ /A0 Fins work coutlasted air oailiei analvlieal approach bv do Gennes

Caioli anel Matncon[70 71 ' who assume el the eohcieuro length to bo lompeiakno

mdojxmdoiit anel found anilvkcalk the lamotis low eneigv level spectium m the s

wave voitex coie F, — a-0k
' -) with n = 0 1 2 and the mimgap a n

^ Ml^r

01
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Kramer and Posch suggested this minigap to be modified by a factor ex In A/^4 dwe

to the vortex core narrowing. In the carlv years of this decade, the beautiful series

of STM experiments on NbSe2 bv Hess anel coworkers[72, 73, 74] gave a strong now

inijiaot to the field. Thcv measured local density of states (LDOS) patterns which

showed clear zero bias jieaks at the voitex cores which split up into (wo peaks at

higher energies upon leaving the voitex coie eeirtcr. At the same time, the problem of

an isofatcd vortex was reexamined numeric-ally within Bogoliubov-de Gennes theory

first by Shore et al.[75] who managed to explain the zeio bias peak, anel latci in a

beautiful work by Gygi and Schlüter [76. 77]. Deteimining the electronic properties of

an isolated vortex core fully selkeonsistentlv at, inteimediate values A6o ~ 40, they

conlel verify the earlier quasiclassical calculai ions about the Kramer-Pesch effect, find¬

ing also a strong reduction of the vortex < oic size at, low temperatures. Theii lesults

for the LDOS profile using the -parameter of (he experiment was qualitatively very

satisfying. Adding sixfold perturbations to the eivstal potential and vector field[78].

tliey obtained a good agreement with the sixfold starlike LDOS patterns measured

by Hess el, al. These successes initiated fuithei work in the field. Using quasiclassi¬

cal theory, Hayashi et cj/.[79, 80] presented a more detailed analysis of the tunneling

conductance in NbScj. To explain finer details in the measured LDOS such as a

splitting of the lobes of the starlike LDOS pattern anel several additional ridges, they

introduced a sixfold gaji-anisoirojiv (anisotiopic ,9-wave pairing), which was showed

to be crucial for the rojiioduckon of these effects, fn a di lieront work, they eonsidei eel

also the situation in the vortex lattke|8lj. Very recently*, the earlier woik of Gygi
et al. was rccxaminated verv close1 to the quantum limit in a more systematic way

by Hayashi and cowoikers[82. 83|. Thcv show a detailed study of the Kramer-Pesch

effect at, very low Aso aricl tempera!inos.

An interesting new aspect in the discussion of ^-wave vortices is a possible vortex

charging effect[84, 85]. Blatter el e//.[86] ptointcd out, that for an ,9-wavo supeicon¬

ductor with particle-hole asvmmetiv. the main contribution to the vortex chaigc is

piojior tional to the slope of the density of states at the Feimi level. Assuming a 3D

parabolic dispersion, thcv del ei mined the1 line chaigc accumulation within a vortex

coic of size ( to be of (tie oiden Q ^ cAf 5; f/Y)2- vvhoie 1//, F enters the expression

as tvpicat value for the inter laver spacing. In a later work. Havashi ct o/.|87] calcu¬

lated vorkx chaiges within the Bo»ohubov-de Gennes formalism self-consistenfly foi

a single voitox line without seieemng. AVoiking in two dimensions with a, dispersion
with vanishing slope of the density of stales, thcv considered the vortex charge to be

mainly determined bv the detailed electronic stiucture in the vortex core, al, feast for

the small values of /,Ao used in their calculation.

For the nodeless /r-wave supcaconductors as discussed in (he context of Siz>RuO,|

(cf. Chapter 3), lire interest in electronic piojicities arose only recently. Pioneei-
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ing work on the low energy excitations was done in the context of the supcrffuict

Ae-A phase[88]. Volovik used Sommerfeld quantization on a quasiclassical funda¬

ment t,o show that the lewv energy spectrum for /i-wave superconductors with vorticity

±f has the form En -- ^n lather than E„ —- uo(n k I) as for the .s-wave case.

The expression for Ihe nrinigaji lc() is formally the same in both cases and depends

only on the specific radial foim and size of the dominant order paramotei and on

/.> and Y Within Bogoliubov-de Gennes theory, a ncm-selkonsistent calculation for

the isolated vortex was presented recently bv Mafsumoto and Sigrist[89]. The au¬

thors showed, that in pnnciplc a distinction of ,s- and /i-wavc superconductivity is

possible through chiral optical absorption measurements. Very recently, several au¬

thors pointed out, that in addition to the GL-free energy density presented in (he1

last, sections, P- and T-violating terms in the electromagnetic jiotontials arc impor¬

tant for p-wave siiporeonetuetois[90. 9k 92. 93]. These contributions are bilinear in

the electromagnetic jrotemtials and of fiisi order in derivative and are equivalent to

the Chorn-Simoiis terms in the static limit. Foi time-icversal breaking gaj) func¬

tions, unusual couplings between chaîne, current and the electromagnetic jiotontials

arc cxj)ccfed[93j. Gorvo pointed out 90. 91, 92], that these Cheni-Simons teims lead

to an exactly quantized voitex charge of size —nc/A, where n is the vorticity of the

dominant order paramotei. Since this charge depends on the sign of the vorticity, it

should be distinguishable from othen voitex eh ai ging effects as for example clue to the

zero energy state[94]. Howevei. within the light (hat the total vortex charge is zero,

it is i ather questionable viiothei this concept, of fractional charge is meaningful in the

e-onkxt, of p-wave superconductors.

In the following chapters, we présent a numerical self-consistent investigation of the

isolated j>wave vor!ex coie within the two-component order parameter thcorv of

Agfoi berg[50, 45, 58] near the quantum limit. Since the parameter As7 f°r Sr2RuO[

is believed to be large (of the oiclei of 1000), our work does certainly not, give quanti¬

tative predictions for this specific material. However, on a more qualitative level we

believe t,o gain a elosen insight into the consequences of the p-wavc symmetiy of the

orden- paramotei on the electronic propeities of an isolated vortex line. Note Ural, vve1

use throughout the whole ehaptoi the convention r = |e|.

4.2 Bogoliubov-de Gennes formalism

A31 start, with the textbook ellodive hamiltoniaii for interacting etectrons[95]. Defining
the mean-field gap function in the usual wav loi lowing e. g. Ref. [95], we obtain aftcu
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a standard Bogohubov tiansfoimation the goneiic Bogolmbov-de Gennes equations

l'o(r)nQvn(r)+ f e/V'A(r r')on(r') \=p ( un(r) \

j (Pr'Mir' r),t (A) - 30(r)(T„a, (r) J
" { vn(r) ) ' ^

wheie 70(r) 1S fh° single paitiele hamiltoman, //„ ;
„
aie the space dependent Bogoh¬

ubov tiansfoimation matures between jiauiele anel quasipailicle opeiatois, and a{)

denotes the unit niatux The gaji niatux X(r r') is defined as mean field paning

wavobmction in leal space {^f(r, Y being the usual election held opeiatoi)

A,Ar r')-Yï, ,, (r AA(r',s3)*(r,Sl)) (4 2)
S S ]

As demonstrated m the introduction ( r/ Chapten 1) (he spm properties of the spm

singlet case (s-, eZ-wave) as will as the nnilet ease with s = 0 (p-wave foi SnRuOj)
can be described by an off-diagonal gap m mux

^-{MpAr])>
wheie the upper (lowei) sign stands foi the triplet (single!) state Due to the special

foim of (he gap matnx and making use ol the spm îeveisal sv mmetiy, the Bogolmbov-

de Gennes equations can be consideiabh mnpificd to the form

/70(r)«,(r)+/f/r'A(r rA „(A) \=F ( Mr) . ,

d/e7r'A>(r,Ad,(r') h0(r)ln(r) J " I o„(r)
' ' [ '

where the single paitiele hamiltoman is given through

ht)(r) = ~ (-V- C-A(r)) -E! - (Y(r) (15)
(

We have used the t elation A (Y r) - X (r r') 7eeman-teims haw been neglect eel

m all cases investigated below This foim oi the Hanultonian is valid for both tuple!
anel singlet supcu conclue lois as long as the gap matnx m spin-space is off-diagonal

Again, (he upper (lowei) sign eonesponds lo (he ^-wave (s/4/-wa\o) 537 assume foi

the interaction potential a univeisal foim

Ï
,s s,(r,A) = ^A(r k)A <A - > 7 ,)k^5(r r7Ag51e7,3 Ab A,s ),

(4 6)
wheie the potentials \

,
and A lot the smglot and triplet ease have the loi m

f (r r') - pYilr r) (4 7)
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where Uq = \v0\ stands for the interaction strength and the index I for the type of

superconductivity (s = s-wave, d = Awave, p — />wave). Inserting the Bogoliubov

11 ansformations into the soll-consistenev ielation and thus expressing it in teims of

the quasiparticle vvavofimctions, wo obtain

A(r,r') = ^/)(r. r') ^ ( T b5r)g;(r') + d(r)ii;,(r')) lanlif^j
= a<Yi(r.rXD(r.Y) (4.8)

where the plus sign stands fen p-vvaves and the minus sign for s/r/-waves

We assume now a model potential of the form ksf(r,r') — u0fi(p) wheie p ~~~ r — r'

is the relative cooidinate. with

Y(p) = Y),twk = ^r/r/Ae^
IM = T4,Y'nkf = YhY^Vk"'P% (4 9)

Up) - Ea'^Ma1" = fa^^^a1
The detailed foims of the poteukals have lo be understood as a generic model. We

concentrate on the deiivation of the p-ease. vvdiich shows all relevant techniques. A

corresponding analysis of the <;- and ebvave case is found in Appendix C.l. I. In oiclei

lo obtain a Bogolmbov-de Gennes problem depending on one real-space coordinate

only, we tiairslorm the self-consistency ielation foi the oieter paramotei to center

of mass eocudinafes in reat Sjiacc R and ictative coordinates in Fouiiei Sjiaee k.

A ft ei homier transformation in the relative coordinate p, we obtain foi the above

p-wave model potential (Vu deuoies the derivative of D(R, R) with lespecl to the

fust/second argument)

Ap(R,k) =

1

f dipA]){r.r')c-"'k

7~-J d'p r/V 4
>

<
""' 'D(R^- -o. R - pp)e-'pk'

2/T d 21, p 2 2

°() f
c/> A/7 ^ye'"*' [ 1 + M)VX

- ^pV2 A 0(p2d,d,)) D(R, R)<-'pk
[2k)\J

"

21] \ 2r
'

2

jp^yl d"'pd''k' (i. 1 iV,^VY^Y()[i2dp(\idpl1))D(R,R)^jcl^k2^

tk

YÏJ,
uo-^-(yl~V2)D(R.R). (4 10)
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In the last step, the cwcn terms m k vanish because of the specific symmetiy of the

e^xpicssion D(R,R) due to the spm tiiplot mteiaction, and wc obtain the elosuod

loi m of the oidci paiametei (Eq (i 11)) as expected bom symmetiy classification

(see Chaptci J) The two component oidci paiametei r](R) — (p, (R),7)V(R)) is thus

defined thiough

q(R) k (ffl)M[Rk) =

-h

Going oven lo (tie ehnal combinations

1

pp(R)=^=(p {R)^IVl(R)), ( I 12)

this order paramotei couesponds exacth to the oidei paiametei dealt with m the

Gmzburg-kandau calculations presented eailiei (see Chaptei 3) In lenms of ihe

quasipaiticle amplitudes this definition h tels lo the selkeonsislcncy lelation (TA =

(cX A ,0,))

nAR)=-
2v/2/r

"o £(',(i?)£ i' iR^-un(R)U±v,XR^Unh(^\ (4 13)

lu the same mannen vve can transform also the off-diagonal inlegials, which then icacl

m the c a se ol p-wave

r/VAdr r')i (A) =

»3
1

A-
d'rdl k ti[R)—( pkv(r')

1 i

i pk

YwY
I d'Yd fc(lr')T7(J?)'^-e'-

/ A

-~- j c/kA/A c
pL (, (r')\(Vq)\R 5 17(H)(Vt)

= —- A (E V?7(r) 1 ri(r)V( (p
1 r \

01, using the moie convenient oider paiamedei s p±

I (Br'Xp(r r')t (A) ^ --L-^^l (r)3 I
± (d // (r))) t (r)

bikb

(115)

The derivation pic sent eel above makes onlv serrsc if it îesriocts the gauge mvauance

For ttio s-wave case tins is immodratelv clear howevei foi the higher ordei svminetucs

it is not obvious In Vppendix C L 2 we show at the example ol the ?>wave ease that

gauge transforma lions commute with the uaehent expansion peifouned above, and

thus the gauge mvauance is indeed le^jieeted
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4.2.1 Bogoliubov-de Gennes equations in center-of-mass co¬

ordinates

With the woik done above we aie teach lo write down the full self-consistent pioblem

Since we want to discuss puiolv 2-dimeiisional problems, d is convenient to restrict

lo the i (/-plane and neglect all -dcpenrdcncies Theic aie soveiat possibilities lo do

(his, eithoi by enhancinc, ttt which leads basically to a de lia peak m density of state s

at 77 — 0, oi bv lellmg vt go to zeio which (together with the enengv cutoff)

would allow onlv the / 0 mode and thus lead to Z -dependent results In oui

approach, wo basicafk follow the hist, method taking mto account the density of

states m --diieetion m all summations ovei the quasipailicle states as an additional

laeloi n~ = N7/L ffavnng the original quasipaitioles noimahzed to unity (denoted

heic by », (5)
'

d\(\vYE\ - WYr)A =1 (1 10)

wo change to quasipaifreies noimahzed to unity m two dimensions (x = (qt, (/))

Y,(r) \ !,.„,, -„,-,. , (4ir

The1 matrix tiansfoniiation is puiolv loi convenience we choose o - 0 loi s- and

eZ-wavos and o = tt/2 toi p-waves to get ml of miagmaiy pads Additionally we wute

the pioblem m dimensionless units using the following sealmgs

0) = A„A = i^K(F
°!

Y, -

so
- -r-

d()

A
Ik ft, it

iiYo

chn
1 = -

Aol

Y
e /;

7;

C It

Ps =- ~ (1 18)
SO

ffete1 A0 etenoles the spectial eneigv gap at zeu o tcmpeialure, (o IS the BCS coherence

length, atid cp anel ftp elide due constant arret jieimeatiihlv, lespeckvelv In addition

wc haw the relations

A =
J ~i / r

L] ~~

2m A 2
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e<A

< 2 i

SO l
A _

A/
pO

zx0 =p^hr)
Pr'/so

(4 19)

wheie /is is the two dimensional election density The self-consistency relations loi

cuiront and chaigc aie dein od elneetlv from the (4> A)~dej)cndent pari ol (he hanul¬

tonian by variation with icspee t to (Y A)

j(r) = -c

Pe(r)

SPIpi

()A(r

elirt^ 1

2rA]p

1

y2\c [V3-pA)v-,I(E„) 3e„ f-+^A )<( 1 - /(/?„)

2
E

\7
(/;. I —a |7l I </ /(ZA

V

577
~c

ÜI

6<b(r]
(IK 1

737A
So Ar

E"«""^7--1 ' ( (L"/(^))

Y,u>nf(E„) f-Gd(l-/{L ï)

kyk^ c7,(l~/(A))
t3 r

Ik

( I 20)

The lactoi n stems bom the summation ovei ihe states 111 "-direction (TV ) and (he

noun of 1he tildeel slates (1/ L ) Togethei with (he Maxwell t (dations (using VA — 0)
we obtain a complete sol ol expiations

/ = VkVAdL

= ^v27L 121)

and

P = p4 k Ik -VA 122)

where pv --
—A— J pAp( (r) is (he unifoim chaigc densrtv of the positive backgi01111c!

and is held fixed to the concsjionebng noimal state value p0 bv adjusting the Feimr

end gv These sc ll-eoiisisteme v equations an independent on the svmmetiv of the

oiclei paiametei smeelhev rob onh on the kme tie pad ol the Bogohubov-de Gennes

hanultonian and not on the oJkchagonal pads fogothci with the lelations feu (he

oiden paiameteis piesented 111 the next three pai a graphs we have a full set ol self-

consistent expiations Nolo lhat we define below an effective mteiaction constant as

(; = ip)lY^
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s-wave case

Bogolmbov-de Gennes equations

':x)(::H ::>

wit h

70(r) = |f f|v 3 i^r)) - A - 7*$(r) (12 1)

Sedl-consistcncy i elation foi the gap funetion

f 3En\
pYr) = V2j)v2_^i irk/Ar)tanh

o

"I (125)

/i-wave case

Bogolmbov-de Gennes equations

*o A^ (»-- l-5(Dd/i))^
kfcSL('( Aa^a) -*S

d,
...

/ ((,
= EX

d / \ 1»,;

Self-consistency i elation foi the cap fund ion.

(126)

,±M = -Ag-«£ (,,na=1±„,,,-) - ,,«),;(,)) u„h (^) (4 2,

c/-wavc case

Bogolmbov-de Gennes equations

A -^-Vdidï-û,) - (kl ;>,)d, -(<?,%)<?,,) k \((d2p~-d2)p(l)
-Tf'fÀOMO2) \ {(0 nd)d, \0,,hl)d)-> \({<V d;Yp,) -hi

"(":
Sotkconsrsbuicv icfatioii for the gap funetion

n,i(r) - -^jv1^2[iin(d2-0])iir,\tin{d:i-d2l)i (-2^3p)nc3((/,1-7,/üAdk))taiihk
lEY

2

128
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Summation Convention

Fo obtain a self-consistent solution, vve have fuitheimoie to fix the summation lange m

all Ihe sums above Following geneial ideas we e an wide the Bogohubov Hamiltoman

eit he i m ejuasipaikc los with definite spin direction and positive as well as negative

enoigies, oi bv spm îevcisal svmmetrv

A d A '--^-/„,<-/„,-F„,-s (129)

m quasiparticles with both up and down spins but onlv, positive eneigv. We use in the

whole appioach the first convention so vve alvvavs sum oven all positive and negative

cmasipaiticlc eneigios occurring m ihe solulion ol the BdG-pioblem On the othcu

hand vve have lo dehne the range of the atttadive m toi act ions between the elections

foimmg Coopei-pans Here vve adopt the usual convention limiting the mteiaction to

the plane wave stales with eneigios smallei than a cutofl emcrgv E( = hu( moasmed

with îesjiect lo the Fen mi eneigv

|A|= n- E°r\< E (4 30)

[u om numerical simulations we com einen tk take Ec = El]

4.3 Bulk solution

Within Gmzbuig-Landau theoiv it has been shown that the homogeneous bulk so¬

lulion m the p-wave case has two degeneiate solutions where onlv eithei // oi //_ is

present and equal to the bulk value p^

C/b n ) = 17/00 0) (131)

Wo take plane waves m a finite box loi the quasi paitiele amplitudes

itiXx

A A) / s/ï
(4 32)

The hamiltoman leads

A

p> Av l 'L y p

and chagonahzatioii ol ihe eigenvalue problem leads to

= r, tip
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A = ±,
> ^ 12*!

dA koo| /2
A

n oa

d = 737 1T

wdieie the phase is deteimined through

kA

IA

/

134)

4 il

bisenting tins icsult mto the gap equation, vve obtain (using v = u0N )

p^ =

v i

"A4'

?/ k YA _.,. //^A

=r -( \
/ 7c

i t-/n n.
ta nh

//

fpUY
\ 2

failli

Thus the sclf-consistencv equation for the bulk emeu g) gaji A0 — |?a[/'

bniipenatuic leads

(4 56)

^2 at zeio

u \- r i

AAA E
A>

/

A 7
/ J-k

uJX2n(Q)

2~ 2

uN2D(0)

SA -t

d/,

~l \f(+A,A3l)

n
(IA lk)J

A2
A° An
277/

2 k, A it~" A 21!
j p

YE,
A
* 4 2TT
r

kVA«k 2 A
In —— k

whete N2n(Q) - } ,dYrl2 E, = A/)/ r/ A0 is the dcusitv of stales at A including

tfie spm values, and

A
— \ i E] -r Ay [ I 1 ~-

In îoscalcd units we have simplv to put A0 1 1 oi comparison vve add

feu the s-wave ease which loids

FAl

(4 38)

the lesult

(
/ 3 Ao)

1
^

— I 111

-1
(

h II

wheie

Tl = \ L -t- Ap (4 10)

Note thai tins ie sub is eqmv be nt to the usu rl re suit il / ">• Ao
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4.4 Vortex solutions

Assuming a, ciicular Fermi suifaee. the s-vvave as well as the p-wave single voitox

problem on a disk shows peifect lotalional invaiiaucc clue to the abseuce of gap

nodes. This means, that angulai momentum is a good quantum numbei and the

problem actually can be wirken as a set ol one-dimensional ladial problems in different

subspacos with constant angulai momentum. Consequently, all physical quantifies

occur in rotationalIv invariant foim

A(r) -- 7(')a

B(r) == B(i)e,

fir) == /(>-)a

47 r) == *(')

E(r) -- E(t)c,

f)(r) == P(r)

and the corresponding Maxwell oe|iialions read in dimcnsioiiloss form

B -. -,!,(, A)

f = -ô, ^ar(rÄ))
E -= -à, Y

p = --0 (id/Y). (4.42)

Note that the /Alfelds occuning due to chaiging effects are radial and thus ortfiogonal

to the currents, which means that thcv do not, contribute to ohmic resistance. To bo

able to solve the Maxwell equations, we uood to have reasonable boundary conditions.

For A and B vve lake the vyedl known conditions

.1(0) _0. B(R) = 0 (4.43)

and the fact that, the d-field is lineai ueai / = 0. For the potential 4> and the ZAlklcl

it is convenient to take

/ Y(,)tdi -0. 7(0) = 0. (4.4-1)

The fiist equation basically defines Y as a fluctuation of the electrostatic potential

with respect to a constant, backgiound included in the chemical potential (Feimi

otieigy) due to chaiging effect. As mentioned above, we keep the total positive back¬

ground charge fixed to the1 value of the liounal slate and adjust the Feimi energy

eorrosjioncbirgly (o obtain charge neukahtv.
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fti p-wave smierconductois, we have foi a fixed Zkholcl ouentation two possible voitex

states This is due to the two dimensional representation ol the point gioup and due

to the fact, that m the bulk slate the two solutions (;p , //-,-) = (p^^ 0) aie degeneiate

Fixing B || +z, we have oithei

(A t]^(i p)-xt^iiY- J

t^(t ip) cc ip(])e"fi,

(V) if (pp) -x tpip)( iMyy) (X '/-(')c~3'v')

wheie the components with phase tum e aie the dominant componc-nt foi oui

hxod field orientation We denote the two possible (mentations of the p-wave ease by S

(stable) and U {unstable) aecoidmg to (he1 result s ol the GL-smgle voitex calculations

wheie the k-ease tinned out to be eneigeiieallv lavoied In the s-wave we have simply

one possibility

A ) x//(;)( "* (I 10)

Solving the two dimensional single voitex juoblcm on a disk of ladms 77, wo can choose

different basis sets wnth differ en! boundau conditions The Iwo bormdaiv conciliions

investigated by us are vanishing basis functions or vanishing noimal clciivatives ol the

basis functions at the bonndaiv, 53e work with the usual Bessol-fimcfion basis sots

<M' Y) = ^pe'N!p,)^^==e^Nl)Il,](Z^,) (147)
Y 2n Y 2ix -er

The I\i\(t) aie Bossel functions ol oidei / whereas 75 7
is a notmahzation lac ten anel

Z\ j
are specific constants to fulfill the bonndaiv conciliions mentioned above We

have

v A
A, =

-K i\t\p\(Z] a

Z,, = /-thzciool 7j,|(r) (148)

loi (be case with vanishing timet ions al the bonndaiv, and

7/ -

7?|7|/|(7A l^/
'

"Z\
A, = /dhzenoof 7A|/j(/) (149)

feu Hie case with vanishing dei natives Both svstems are c omplcte oithonotmat bine

tion sets on a disk ol ladrrts R ft was cheeked that the choice of the basis is completely

nieieumt loi the behavioi ol the results ne ai the voitex coie thus all results piesontod

below aie e ale ulateel within the Pud basis sei (vanishing w av elrmc 1 ions at the bonnd¬

aiv) 55c1 expand Ihe quasipaitiiles m this basis

7 k,Ni = ^A "i in' [l ']

11
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f

^E"aMO
'2ti

i

d

^Y
"nl(>), (1 50)

s-wave k7 A" / V

-»-, v'X,p - AA, -/

p-wavc (S) "/" a/' E? / -- A, uY -^/ _/

p-vvave (U) »"-i 7% A," / _> -<£,+. «L_ -E_\, A

witli ddk) treated analogouslv In the second step we have used, thai due lo ro¬

tational symmetiy the pioblem splits mto different subspaccs with constant angutai

momentum The off-diagonal blocks m (he hamiltouiaii clue lo the gap lunction then

define, which specific angulai momentum components of ii(r) and v(r) are coupled

For orrr three cases we find

s-wave (// vd Dip i

p--\\<A\C (S) '/; < v
V/ ( i 5f)

p-vvavo (Y) '/ _i v-> ü/ li

Using Ihe spm leveisal svmmetiy, wo tmet the following tianslotmattons loi the ladial

quasiparlrclo wavefunc tions between negative and positive /

4 52)

which allows us to restrict ourselves to / 7 0 m all Hugo cases The detailed imple¬

mentation of the Bogohubov hamiltouiaii and the self-consistency equations can bo

found m Appendix 0 ">

4.4.1 Numerical results

In the following section we piesent the results ol oui ealeulafions feu single voitex

linos m p-wavo sujicHondiietors Ihe coiiespondmg mostlv well known lesults loi

s-wavo symmetiv aie given as a lefeienc c Vs meutioned above, we woik ou a eueulai

disk with melius 7? Smee the bonndaiv effects (or the p-wavo case aie long langed,
the e ale illations had to be clone on a laige ladial interval 1 his is mamk due to lire

fact Ilia! the bonndaiv stabilizes m (he p-\\à\e ease an oiden paiametei combina¬

tion ehffeient bom the homogeneous bulk ease br quasielassieal calculations dealing
wnth a one~climensional boimdaiv Malsumoto et al [96] found the oiden paiametei

component penjioncircular to the bonndaiv to bo suppressccl to zero hoi our eueulai

bonndaiv with noniial vedoi (cose sin pi this condition leads n, cosep Apsm<p
— 0

Indeed, vve find nunioncalk

p -+- //_ p c

~

--

p c p, cos« k //„snip = 0 (i 53)
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1/1=0 01

2

dY

Figuie 4.1 Or dei paiametei loi the1 s-wave ease lor ditieient temjieialures

and Ako " 7

08

06

04

02

T/T„=0 8

1/1=0 6

T/T =0 4

T,TC=0 2

LT, =0 01

2

Figure 4.2 Oiden paiametei loi the s-wave ease foi eblferent temperatmes
anel Arso = (6 Note the nanowing of ihe voitex core for deeieasmg tem¬

per atme (Kramci-Pesdi dice I) For very low tcmpcnalures, the effects oi

mdivielual quasipai tides become visible as ose illations on Ihe lengths scale

L/Ako (conipaie ako lug 1 1)



CHAPTER 4 QUASIPARTICLES IN p-WAVE VORTEX CORES

Figure 4 3 Oiclei paiametei loi Hic stable (S) pvvwe ease loi diffeienl

temperatures and / rA =- 1

1 —

08

0 6

04

02 7

/ /

,/

T/Tc=0 8

T/To=0 6

T/To=0 4

- - TTr-0 2

TT -0 01

-0 2 3

-0 4

15
S>0

1 rgure 14 Oidei paiametei toi the stable (S) p-wivc case lot dilleient

lempeiatiues mcl kj d =16 Vs m the ^-vvave ease it low tempeiatuies a

sliimkmg ol the core si/( ls visible 4he aehmxeel componenit shows i linear

rise near the core (comp ne ako Fig 4 k
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t/A

Figme 4 5 Older paranielei kr the mislable (k) p-wavc case toi chlkieut

temperatures and Aso = I

08

0 6

04

02

7

h-

T/Tr-0 8

T/TL=0 6

T/Tc=0 4

TH>0 2

T/T„=0 01

r/;
'0

Figme 4 6 Ordei parameter loi (he unstable (U) /r-wave case foi different

lompenatuios and k] Co = 16 As m the s-wave ease, at low temperatmes a

shtmkiiig ol the eoie size n visible The admixed component shows a cubic

use neai the core (compare also Fig 1 5)
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1 2

08

up
u p

O - O k -4

A A k -b

V V kF-8
"V

-t> k -16

ta

13-

04

—o

0

02 04 06

T/T

Figure 17 Ki amor-Posch effect lor ^-vvave case Effective voitex size 7/so
vei sus noimili7od tempera! rue T 1 loi dilfeient I j so

1 5 -
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1 igtne 4 S Kiamei Posch eflcet lor stable (S) p wave case Rffeetive vor I ox

size 7/so versus normalized tempeiature 7737 foi diffeienl / / 7)



/ i VORTEX SOLUTIONS 79
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ËA-

04

O
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Ofa

Figme 19 Kiamer Posch effect toi unstable (U) y; wave case Effective

venlex size A/so versus noimihzerl temperature T/Ti foi eliEerent k] Co

ncai ihe boundaiv thus a suppiessed pcipe nein ulai component m accoiclancc with the

quasiclassieal icsults and m c ont i ast to the bulk solution Using huge îadial intervals

clej)emdmg on the value loi / / A (tvpicalk R/Co ^2 foi A(o = 2,4 k/so = 16 foi

A so
= 6) 8) 'itid R/Co = S foi / / k) = 12 16), the voitex coie piopeitres tum out (o

be independent on the disk laelms with (he oidei paiamefeis salmatmg to the bulk

solution m (he mtcumediale re non For simplicity, loi this model calculations vve

have chosen om cutofl enoi-p to be Cr - E(f and ihe tempeiatuies are moasmed in

runts of 75) = Ao/1 76 I In contrast lo e aihcu results, vve have included full seieemng

m both ciment (London seieeumg) anel charge ( Lnomas-Peimi seieemng) Foi the

scieenmg lengths we chose \/ - 2 inel Vr — lAr 7he total eleetiomc charge

rs fixed to the noimal state value and chaigc neutialitv is achieved bv iteiakvelv

adjusting the Feimi eneigv In 1 igs If 16 wc show the oidci paiametei s ?p (s-wave)
and i]_/\/2 (p-vvave) foi ehlfcient tempeiatuies and / Ao — 4,16 (Note that with

oui definition of the oiclei paiame ici the asvnijitoiie bulk value m the p-vvave case

is \/2, wheicas the spec tral gap it T = 0 is A0 = I ) In the p-\\Ci\o case (he results

show meek lire asvmptotic belnvror of ilie admixed components /p ex / (p_ <x / )
for the stable (unstable) ease Ihe admixed component deeavs on a length scale ol

the oi dei of 47), as is expected bom the fact that these admixtuies aie driven by the

inhomogenem ol the mam dominant paiametei In accordance with this effect, Iho

decay is slowei loi highei tonijie latinos where 7} increases The i eduction ol the bulk
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value of Ihe oidei parameter follows mccly the BCS-law also foi p-waves The s-wave

results slrcwv for low tempeiatuies oscillations on the scale ol L/A reported alieadv m

eaitrci works[82, 81] wheicas these oscillations aie almost absent m the p-vvave case.

In Figs 4 7-19 we show an anabsis ol the Kiamci-Pcseh effect for the thiec eases

Unlike othei lefeienccs, wheie the effective voitox size rs defined as

.im-^Ly' (4 5 1)

wo use the moie e omfottablo definition (m dimensionless units)

k = (hm^U
'

(155)

which gives (he efkcttve voitex core size For low tempeiatuies wheie the bulk gap

equals Ihe bulk gap at zeio iompeiatme the two definitions coincide Vecoidmg to

Kiamei and Pesch, this effectue core size should follow the law

s<7lA^-3l7l)A7-777)2 (156>
\C CIYp^Y )J A \7ooAA

for temporal rues laigei than Zn ^ A] A s. 2//,r, and

5iA) -

7 (4 57)

ten lowei tempeiatuies The exjuessron Fq (4 56) can be simplified m the legion

A ^ E < A 1° ffi^ leading behavioi

kfI7-A (l58)

hi Figs t 7-5 9 wo obseive that this efiec t is ic|)ioduced m the numeiical lesrrlts Foi

tempeiatuies T < 0 67) the dopendenee of ti(T) is lmcai and satmalcs to a value

loughlv piopoilional to 1/A Fee Fig f 10) This satmation is duo lo the lowest

eneigv states, which have oscillations on the scale 1//; and thus then significant

conti ibiitions to the1 gap function at jiosiuon / ^ 1 A The saturation takes jdaee

al highei tempeiatuies il //Fi is small m ae c oi dance with the predicted F0 ^ 2/kp
dote Inilhei that (he1 voitox coic size k(7) is bv loughlv a lac toi two laigei m the

p-vvave svslom than in the s-^avo case
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Foedving at the eneigv sj)cctia at low lempeialuies T — 0 0175 (Figs 111-4 1 5), vve

find thai for these small values of / Ao {dc towest fewv etgenstates efrlfcr consrdorablv

bom (he naively expected results k = i0{n k 1/2) foi s-wavo and En = co0tt foi

p-vvave symmetiv, with op ~ T^A/ = 2 Aso (note thai we work m dimensionless

units) Using a qiiasiclasstc al deiivation with additional Sommeifeld-quantization,

Volovik obiamod toi the mimgap the c^xpiessionlO I]

r e/sA0(drt¥r

e/sbfp-
159)

with 4k(s) = exp( /() ek'AA't ir) m aeeoidanee with eaihei icsults foi the s-wave

case[70 69] Using A(s) — Aoiaiilps/A) ^o obtain (he nimigap cu0 = 0 85/ACo

Compaied with om numeiical data (his naive expectation pi edicts lai too low eneigios

e spec lallv loi huge i values ol A A The mistake is obv ions due to the kiamen-Pcse h

efle e i the reduced voitex coie size fen low tempeiatme s enhances the effective mmigaj)

m the low eneigv speed tun This was pointed out bv several ant hot s [69 82 83] foi

the s-wavc case Tn Frg I 1 I we show that the qualitative dependence ol the lowest

énergies of Aso ^ quite well described bv the foimufa

E ~ I[P) ; ;
— X I {/Tu

IN

'

J 00)
st
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where e is a constant of oïdcr unity This expiossion is the Kiamei-Poseh result foi

the mimgap eneigv ai0 foi iompoiatuios lowei than ea0, which is an approximation to

Eq (I 59) feu veiv small voitox cores A <v A ^m à moie quantitative lesult, vve

should use Fq ( i 59) dnecth \ssummg a voi tcx A(; ) = A0 tanh(/ /(i) wnth i educed

size A wo obtain neai 3 0 loi the mmigaji the expiession

I
. Ai

A3s) VsO

6 F

wil h

/ s
ITdtE21 '/Ink i kA-1)

, ,

f(*) =
h

7^„ ,7-7=-==
" ([62)

i f^AAAv^l

Inseitmg the values obtained numeiicallv for the effective voitex size A ^ hutl am

excellenl agieement with (he numeric al lovve st non-zeio eneigv states Foi k0 ft the '-

wave and E\ in the p-wave case the coiiosponding resulfs aie shown as dot (eel lines m

Figs 1 1 L-i 11 Since this apjiioach is limited lo eneigies En <Y A0, the highei eneigv

stales aie not as well close ubecl bv this loi inula Vs is expee ted, the zeio eneigv stale

occurring m Ihe p-vvave ease does not show such eneigv shifts Its small enhancement

m eneugy feu the lowest values ol / Ao ls tdhei an artifact ol the calculation since

the zeio energy state skonglv hvbndizes with its countoipait at the bonndaiv and

thus is moie sensitive to bonndaiv effects

Fmalk, m Figs 4 15-1 17 we1 show the lesults lot the voitex coie chaiging As

mentioned above, m conliast to the icsults piesent eel by Ilavasln et al [87], om icsults

are calculated including ciment and chaigc scieenmg on the length scales A/, = 2 anel

A7/ — 1//,/ Smee we work vvrth a 2D paiabolie eneigv spectrum which has vanishing

slope ol the density of states at the hciun level Ihe main contiibuiion to the voitex

charge following Blatten <l al SOj gi\es no coiilubukoii The positive voitex chaigc

is rathei duo to the edeclne field < ompensatmg the eentnpctal foice of the rotating

supoifkud[86 81] Foi p-waves the mteiestmg new featrue is the stiong suppiessron

of voikx chaigc feu the stable voitex eonhguialion Compaied wnth the unstable

solution, vvdiich shows v 01 lev chaiging of snmtai srze as Ihe s-wave si stem, Ihe si able

p-vvave1 case has a voitex c liai go which is a faciei 30 smallei The reason for this

feature is not vei compkdclv clear However (his finding seems to be ml una! eh

1 elated to the time icvemal breaking propeitv of the superconducting state Receiitlv;,

it has been show n [90 91 92 95 that integrating out the pat tide fields ol an effective

hamiltoman foi the p-wavc1 svstem hack to an anomalous coupling between ehaigcs

eiineuk and electtouiagnelie potentials These anomalous teims are piopoilional to

Ihe1 ehnalik of 1 Lie supeiconclue (mg state The chnalitv g is donned as the winding of

the gap function in it-space along the Feimi surface 01 m ici 111s. of the siipeieondiidiiig

oiden paiamclois as \
- sgn( p_A — |p A Ln time reversal svmmetne eases (e g
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Figure 4.fob Charge density at /

A.

0 for s-wave case versus T for different

(tl,,i},j) :
- (FO)). the ehiialitv is zero and the anomalous forms are absent. Within

Ginzbiug-Fandan theory, this effect appears if one includes in the bee energy density

all symmetry-allowed lenms containing the scalar potential Ao and lbs doiivativos lo

lowest, order (E —

- VA0)[93|. In addition to the usual Screening contributions to the

chaige and curiont, equations, one then finds in the bulk situation terms pioportional

lo the chirality of the state. In our single1 vortex situation, these terms take the form

Panrnn y ) "*•

-Ave/ ((A - 5lA - Uli - 7/i)A(7 )) for (S)

-KOAi-ir.- 3ni [if -AAA loi (U)
.63)

vvdieie h is a phénoménologie al jiaiamotoi. and

l„n,,nXl ) X 2ZA/1 " pp)E(l). (4.64

Note, that, cine to (hose terms, rhe B-hold eontiibntes to the charge screening and an

eleelric field gemeintes a peipendieiilai crurent. Within a weak-coupling deiivation,

the jihcuonienological parameter K has been shown to be positivc[93]. For our vortex

situation, iuseilmg the asymptotic behavior of the order paiametei components, wo

fine I

/ -Ki2-\0(r>) foi (S)
/XnnrPY) 'X

A'U 3 AAA) foi (U
4.65
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and

Pin, 7 OC
2/Y"(p2--/-)#(r)«0 for (S)
27AA7) for (U)

(4.66)

The numeiical results aie in qualitalive accoidance with these1 findings. Looking at the

charge distribution, we oxpocl bom Ecp (4 95) a stronger positive vortex charging for

the unstable1 case than the stable, which is easily seen in Figs. 5.18,4.19. In the stable

ease, this results in an almost vanishing voitex charge. The electric liefet I hero foie

is close to zero, and according fo Eq. (f.66). no anomalous current contribution is

expected. On the other hand, the electiie held in the unstable case shows a positive

peak at, roughly r
— O.Ao (A Fig. 4.20), and thus wc expect a positive anomalous

contribution fo the current in (his legion. Indeed, the comparison of Fig. 4.18 and

Fig. 4.19 shows that the cuiront in the unstable case is enhanced in this icgion with

respect lo (he stable case. It is important to note, that in contrary to the bulk

situation, the effect on the vortex chaigc does not come directly from the tennis

propoilional to the cbiralifv \. but from teims which dcsciibe lire asymptotic behavior

of the order paramcteis in the1 eoie

An alternative explanation to the difknence in the vortex coic charge could be given

in terms of the individual energy levels m the cores. Assuming T = 0, in the stable
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Figure 1.20: Radial decide field E(t ) for rhe stable (S) and unstable (U)

p-vvavo case lor Aso
=- 16 and different T. Note that, the scale for the (S) ease

is a fact oi 10 smafter than for (Lb
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p-wavo case (S), the zeio oneigy level (uotU'oi) has angulai momentum / = 0 and

thus has a contubiition proportional to a Bessebbmction |J0(0)|2 to the ehaige den

sity p = —A/ =o IaP " 2 Ar so A P hi ffif unstable ease (U), all quasipaificle

amplitudes wnth positive ouengv which contribute to the ehaige density have highei

angulai momentum and thus vanish at the coie Compaied with the unstable ease

one (heiefoic expects an oxtia negative ehaige m the eoie ol the stable case due to

ihe / — 0-eontirbution m qua!native agieement with the numerics This discussion

is closelv, i elated to a kontinent of the s-wave ease[87]

At the moment both explanations aie eeitaiiilv onlv of a qualitative natme \ moie

quantitative apptoach to decide between the two ideas is subject of cm i out leseaich

4.5 Conclusion

In this chapten, we have solved the pioblem of a single p-wave voitex eoucspondmg to

the F^ svpuraehv sell-consistently withm Bogohubov-do Gennes thcoiy Om lesulk

me hide lull scieenmg m both chaigc anel < un ont and aie pcrfoimed ncai the quantum

limit (values /, Ao k 1A The two eomponeut oiclei paramotei shows near flic coic

the expected behavioi found alieadv m the Gmzbuig-Landau calculations ol the last

chaptei (c/ Chaplei 3) foi fixed diieetion of the /kfield m jiosrlrvo „-chioc iron, the

dominant oidei paiametei p_ (?p ) loi the stable (unstable) case shows a hneai use m

the coie and satinâtes to the bulk value foi laige 7 The admixed oidei paiamokus

uses lincaily loi the stable ease and cubic toi the unstable ease, decaying to zeio al

huge ladn t \t low tempeiatuies the voitex eoie size shrinks eonsidenably aceoiding

to the Kiamci-Pcsch effext Vs m che s-wave ease the tempcratme dependence ol

this effective voitox size A 1S given bv the Kiamei-Pcsch result Ci ^ A/75, saturating

at k s. \/fj [or \eiy low tenipcuatiuc^ 11ns naiiovving ol the voitox core1 affccls

dnedly the quasipaificle eneigv sjieetnim Instead of an equidistant eneigv spec dum

A = Ar» with a mimgaj) m ~ A-, 77/ wo observe the fust non-zeio eneigv stale1

lo be substantrallv enhanced m eneigv Ihe numeiical icsults foi Ihe eneigies E\

agree poilectlv with a quasulassu al calculation using the leduced voitex size C\ 7k

conclude that the shift m itieigv is pnmaiilv due fo the Kiamci-Pesch (Fleet V

siupnsmg lesult is obiamed toi the vortc v charging m these 71-vviiw systems While

one finds a substantial vortex chaiging m the s-vvavc ease anel the unstable p-\\d.\c

ease the voitex ehaige m the stable p-wave case is suppiossed lp a huge factoi

jMosI piobablv (Ins effect can be explained in teims ol anomalous change auel eiuicnl

condibutions lefleeting the tune îoveisal svmmetrv bieakmg of this supeie oneiric ting

oiclei paiametei While a qualitative explanation of the leclucecl voilox chaigmg is

possible luithei investigation is needed fen a moie cjuanfitative eompaiison
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Chapter 5

Vortex Lattices within Bogohubov

de Gennes Theory

5.1 Introduction

4 lie jiroblem of a single isolated voitex as pi osented in the last, chapter is numeri¬

cally quite easily solvable foi situations with pen fed, ot at least approximate circulai

symmetry, ff this calculai symmetiv is broken either clue to anisotropic paiiing as

foi example in the cA-d sydonr or due to periodic bormdaiy conditions occiuiing in

vortex lattices, the jiroblem is far more involved, ff gap nodes arc present, as in the

ease of a, A-d~Avav0 super Conducton the question arises whether the low energy ex¬

citations in a voitex core aie localized as in (he fully gapped s-wave case, or extended

along the gap nodes. Since the natmc of the quasiparticfe excitations is euucial for

the undeistanding of the low-energy physics of the mixed state, this question is of

gieat importance.

Early theoretical investigations on the dp _,p-wave spoctium were performed bv Volo-

vik, using quasiclassical aigiimetits[977 In the limit of small applied fields 77 and

large /p,A> he deteimined the averaged density of stales at, the Fermi level 7V(0) to be1

propoi tional to A/7 instead of 77 lounel for the s-wave system. In its simplest, form.

the1 777 behavioi can be derived bv observing that the sujiercruient around each in¬

dividual vortex Dopplor-shifts the local qnasipaiticlo sped nun A —> Z5\. — vp(r)k.

This resufts in a finite local density of states A70.A <x (\(r) ex 1/c Integrating

the LDOS up to the hit envoi i ox distance /? ~-, yl-f^EI and imrlti jibing wnth the

voitox density 77/cpQ leads to the vkZ-bcdiavior. This piexliction was expeiimemtally

confirmed by eailv measmements of the specific heat at low tempctatiiios[98]. Aftei

first calculations due to Sommern at al 2 1]. Wang anel Mae Donald presented a im-

nieric-al investigation of the e/p_(p-vyavo Bogohubov de-Gennes equations for a vortex

91
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lattice[99]. Using a single band lattice hamiltonian, they found a local density of

stales which showed a broad peak m the voitex core. Their average focal density

of states ZV(0) seemed to lit the picdicted A/Z-lavv. In a refined quasiclassieal cal¬

culation, Schopohl and MakflOO, 101] showed the local density of states of a single

vortex fo have a significant lorn fold stuictme, in sharp contiast to the s-wave ease.

Following Ichioka cl e//.[29j. (his fomf'otd patrern is clue to four specific quasiclassieal

particle orbits which follow asvmptoticalb the directions of the gap nodes. A very

important contribution fo the discussion about the local density of states in dp_,p-

vvave1 vortex cores were the scanning tunneling micioscopv (STM) measurements by

the1 Geneva group[J0, 9, II, 12b The tunneling conductance of the STM tip dl/dV

is in first, approximation proportional to the (thermally broadened) local density of

states. Scanning a voitex al fixed bias ck leads therefore to a complete map of the

LDOS at this cnergv. The dl /<}}' spec tin at zero applied fiefef are clearly diffoicnt, for

BiSCCO and YBCO. While1 the hist shows a DOS which is uillier close to a simple

dpi _,p~wavo spectrum, in YBCO a veiv laige zero bias conductance is measiucd. and

several nontiivial subpeaks al eneigies smaller than the gaji are observed. The LDOS

in the vortex core shows feu YBCO two chaiactcristic peaks at, energies ~ ±A0/4-
These measured stibgap peaks m the LDOS of a vortex core were first lenfativelv

identified as the lowest bound states of a --wave like spectrum for the veiv low num¬

ber Aso ~ 2, suggesting an essentially localized characleu ol the lowest excitations

in the c7,.->_,p-vvave core, knfortunatelv. the STM-mcthod has still not enough spatial

resolution to decide about the predicted fourfold anisotropv in the LDOS[l00, 101].

After some quite controversial attempts to solve tint Bogoliubov-de Gennes equa¬

tions appioximativoly[102, 108, 1045 Franz anel Tcsanovic[l05] prcsenled a first solf-

consisteiif solution of (ire single1 voitex pioblem. Using an interaction potential with a

fomfold structure in the i dative1 eooidinate \Xp.p) = VA'os2(2p)e)(?-—a)/a, they found

the lowest, energy stales to bo stionglv peakexl near the voitox core, howevei exlended

along the gap nodes Their calculated LDOS showed a seues of peaks at, veiv low en¬

eigios. in direct contradiction to the expenimental finding. Suggesting a fully gapped

mixed eA-d +'/cdnj order parameter with a magnetic field induced dTIJ eoitijionenit

(c < 1) led them to qualitatively satisfying LDOS speed a showing a small minigap

to tfie lowest eneigv peaks. Aon recently rhe held has gained new impulse thiough

several interesting works. Gorkhov and Selnieffei made a remarkable prediction, that,

in a e/,2_,p-\vayo sirpoioorrdnctoi at nit en mediate fields Tip A 77 <k Hr2, the quasipar-

tieks will form Landau levek (Lip with a discrete energv spectrum E„ — EhuJns/v
where Uff = 2\/urXo/lt with ~j, — cB/mc being the cvclotion ficquoncv. However, in

this approach the influence oi the spatially vaiying srqieiciments is neglected, vvdiich,

following Mchrikov[f06]. strongly mix the individual Landau levels. Based on a sys¬

tematic group Iheoietieal lieatment of the magnetic translation group[107. 108. 109].
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Yasiii and Kita jircsentcd a fully self-consistent calculation of the enen-gy spectrum of

a continuum dp ,p model] 110]. They cxxpniided the Bogoliubov-de Gennes hamilto¬

nian into oigcnstates of (he magnetic tiaiislation group, deteimined by a Landau level

index and a magnetic Bloch vedoi. Wliile the .s-wave case shows for low magnetic

fields an essentially fiat qunsipaitiole disjieision coucsponding to the hopping bands

of localized states, foi the Amp-wave system (hev obtain energy bands i caching zeno

energy and showing largo dispcision. The lesutts for the LDOS in the vortex coie

show a large zero bias peak for low applied fields B/Hr2 ~ 0.05, which splits into

two peaks at fields B/H(-> = 0.3. Introducing a Held induced time reversal symmetiv

breaking idiy component does not altei the jiietrrre also for substantially high values

for- this admixture. While the qualitative jvi< turc resembles the experimental findings

quite well, the STM results wore taken at considerably smaller fields. Recently, Franz

anel Tesanovicfl 11] pioposod an intcnesting approach using a singular gauge dansfoi-

înation (see below) to get lid of the oidei paiametei phase singulaiities at the voitox

coies. The resulting problem is formalh equivalent to a problem of qriasijiailicles

in zero average field and can be tieafod bv band structure techniques. Tn a non-

selfeonsistent, appioach to the low eneigv spectium, the authors found a vanishing

LDOS at the Feimi level, in contiast, to the works using Landau levels, anel a seiies

of jieaks due fo van Hove singulaiities. Fliov concluded, that the superlbrid response

of a supeneondudor ensures that the olid tive magnetic field Ap; seen bv a fermionic

ciuasijiaitiolo is zero on average, even m the vortex state. This notion is not ecu reef,

as vve will show later, since (he singular contributions of the gauge transformai ion

have no effect on the quasipaitielcs at all.

Tn this chapter wc extend the singular gauge methoef fo soke the Bogoliubov-cie Gennes

problem for a voitex lattice selbeousistenrly. The main problem of the description

of magnetic flux lattices is. that a non-vanishing average Zkfiekl leads to vedoi po¬

tentials which are fundamentally not poiioclic. Thus, the whole system foi undated

in quasijiaiticles cannot be empaneled in usual Block-states (see Rcf.[ff f] for a nice

on I line of the pioblemk Finis one is eithei bound to a description within basis func¬

tions of the magnetic translation gionp nee Ref [110]). oi one uses a singular gauge1

tr ansfounation to be able to expand m usual Bloch veclots. The idea fo apply such

gauge transformations in the description of clockonic properties near periodic mag¬

netic fields was presented bv kieken and ffedcgard(112. I 13]. Thev intioduced the

method to investigate a two dimensional electron gas subject to peiiodie oi disordered

distnbutions of magnetic flux quanta. The basic idea is. (hat a paitiele with ehaige

c can not, feel an infinitely thin solenoid carrying a flux equal fo an intogei multiple

of lire elect rouie flux quantum I3i = A3 (corresponding to an even multiple of the

superconducting flux epiantum dp = h Ac). The reason is the vanishing spatial ex¬

tent, of the 7?-field on the one hand and rhe vanishing of -Yhaionov-Bohm type effects
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due to Ihe special size of the enclosed flux on the other hand. Tins point goes ap¬

pâtent Ty back to Duao[114, 115], and consequently such strmg-hke objects caiiymg

single flux quanta aie usually called Duac voitices 557 will apjih this method on om

Bogohubov-de Gennes problem on the voitex lattice mtioducod in this chapten and

ouiline the stiuduic of the gauge transformed pioblem ff turns out, that despite

ol the deeonijiosilron ol the juoblem mto subspacos with constant Bloch vedoi the

numeiical effoit to solve the model is eonsidei able and loqunos moie efficient aigo

uthms Piehmmaiv results on smallei sv stems are piesented in the last see lion, which

dcmonstiatc the pnncipal appbcabihtv of the method

5.2 Rogoliubov-de Gennes equations for vortex lat¬

tices

5.2. L Introduction

\s stalling pom! we use the Bogohubov-de Gennes foimahsm m dimension less units

developed m (he last ehaptei (Section 1 2) koto that vve use slightly difleieuit se ales

toi length, encigy and vec toi jiotondal

7 —

S

L
L

— Lp

A
_

he
1

t
_

Si

"

C(a
(5 1)

where Ca 1S <i length of the older ol the BCS coherence length The kinetic pait of the

hamiltonian m these scales then leads

Ad) -lfiv^A(r)^ - 1 (5 2)

V fm then chlfeiencc (o foimei sections occuis m the p-wave case smee feu lattice

solutions wo loose the eueulai svmmetiv it is moie convenient to use the older pa¬

iametei components (//, ip) îalliei thin pp. //_) Instead ol Fqs (117,126) we use

i hoi ofoi c

( "Ar) \
=-

I < A) A

anel

(5 3)

Ip ,

- (??V - -(Vt7)) \ ( u \ _

/ 77,

, (n V - \(Vri )) ~h
5 1)
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The self-consistency relation for the gap function reads

rj(r) -

--—— u0 Y2 ( A (A Vf/,, (r) - ü„ (r) V7p (r)J tanh I —^
n

^

'A?7 V-7 ^ , / x^ ., A
, ,

A?A
23 J2 (xXMVu^x)

-

c/„(ar)V(A^)) tanh (~A- (-75)

Further, for simplicity we neglect self-consist on! screenings in current and ehaige

and work with a fixed vedoi pol eukal corresponding to Gaussian Zkfiolet peaks (see

below). The introduction of self-consist one v in the electromagnetic quantities poses

no piineipal problem in our formalism, smee1 the jihysical quantities are peiiodic with

respect to the voitex lattice anel can easily be expanded in the corresponding unit

vectors. However, self-consistent calculations including screening have lo bo relaxed

venv slowly and thus the calculation 111110 me leases considerably.

5.2.2 Geometry

The unit cell of the two-dimensional voitox lattieo is determined by the two piimitivo

veetors op and Op. Below vve will sec. that vve have to woik with a unit cell which is

twice as large, called magnetic unit cell. We use for reasons of symmetry the diagonal

unit cell defined through the vectois

C\ — ai - a2

c-> = a- -I- a2. (-5.6)

We denote the opening angle measured from eg in positive direction to c-, with 0 and

the angle between the r-axis anel <p with p. Using

C\ \c2 = 2A, = kA<k| sin(9

[0.1
c

loads lo the roi a lions

c> = np ( cos gpk 0). sin (pk °))
1 9T"

/ A "5

s) Sill 0

„ I ,
- k,( S

/- oV
A - \, —^r 0.8)

\ sin (I
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Foi the components of the leeipiocal vectois we obtain

2tt '

d^ =

A -(c2Az) = 2rY^ ^-—(sin(^0),-cos(<p-f 0))

d2 = -

"- (cj Az) =-2-, — -(-sm^coso) ^59)
21

uc y -d d ^in7 V 7

5.2.3 Self-consistent equations for the vortex lattice

As outlined above, the mam idea of this ajpnoach is that vve gauge away the topologu al

phase singulaiities at the voikx cores thiough a smgulai gauge transfoimation This

gauge tiansfoiination has a fixed foim and basicallv leads to an addition of Duac

ckpeaks ol strength - A U1 ^10 -ö-held which exae th cancel out Hie avoiage magnetic

field 44iese ckpeaks m the Zkfield have no (fleet on the quasrpaideles smee thcv

have funic size and Jive on a vanishing aiea then do no! affect the quasrpai ticks

directly, and a possible \haionov-Bohm elle < t vanishes due lo the flux being equal fo

the oloe dome flux quantum which rs given m oui chmcnsionless units as

lu he
A -

— ^2tt A IA
' < XiFc

5Ve stait with the dominant oiden jiaiamotoi componenit noai a voitex coie at position

r, given as

7/(rW?/tr)(-?(,(^ (5 11)

wheie é,(r) is the jiuie topological phase smgulaiitv obevmg

V WeAA _ -2Trd(r-r,) (5 12)

The oidei jiaiamotoi p(r) mav sldl canv a complex phase, but vvnlhoul topological
delects Having m mind the sc lf-< onsislene v lelabon n(r) ex lAdAAA)' 7 is

obvious that the smgulai gauge tiansfoimafion can bo implement eel as

with e>,AA Xt(E o,(r) However smee the pliage opir) < or responds to one phase
trim a splitting of o,(r) into two nonzero c oiitubiitions would load lo quasnpaidcle

vvavefune fions tt,, arret tn which are nol smgle-valued Theieloie k is lav oi able to

conijioiisato ewoiv voitex phase dun eithei bv a phase transfoimation m the paitiele

en m the hole pad In ])imciple one is bee to choose such <m assignment II is

convenient to decompose the \oitcx lattice mto (wo sublaidces 1 and B wheie wo

choose lot I the diagonal lattice foimeel thiough the vectois en and r-> and loi B the
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same lattice translated by A + c2)/2. 35k define the unitary gauge transformation

(:iH'T,a,)(a)
wheie the phase functions <> \ n canv now (be topological phase singulaiities of the

siibladico A (B analogoiislv )
"D1-

VAVos(r) -=-2,t JA5(r-r,). (5.15)

This term is actually the contribution of the smgulai gauge transformation lo the

vecloi potential A(r). Compaiing with Eq (5 10) we see that a Dirae vortex opposing

the average field dncction with the size ol two superconducting flux quanta is induced

in every sublatkee cell This contribution exactly cane(4s the avciage field 73 =

AAA- Having the avciage Zkfield now equal to zero, it is possible to peifoim a

simple Bloch wave exjiansion in all oceuiimg quantities. In the following vve apph

this gauge transformation to the Bogolmbov-de Gennes system of the last chap I en.

Diagonal parts

Fust wc implement this gauge transfoun on the diagonal blocks (kinetic eneigy teims).

and obtain foi the uppei diagonal bloe k

< '01/?nc"'M - <- ,li l-V + A(r) I e'^l-l
I, yt

L A.
x 2

}J ;VYVop{r)TA(r)) -1

A
\ i

k
V QA)) -l- (5-16)

r

where wc defined (ho vector potential nr tins singular gauge as

Qdr) = ~Vo\(r) AIE (5.17)

The equations foi the lower diagonal are couespondingly

C^(-//nV-"'* = _^_IV-Qn(r)) ~L (5,18)

with

Qn[r) = ~Voü{r) A\r) (5.19)
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Note, that as outlined above, the vector potential has vanishing average curl, which

means that the average Zkfield is zero

(VAQ4)ß)il|( ~/-B{r) + 2x Y, Ar -r>)) ^^ +AA = 0- (5'2°)

- * lie

This is true, since the superconducting flux quantum in our units is Ip) — 7\ as deiived

earlier. Next, we implement the siugulai gauge dansfoimation on the oil-diagonal

I onus for the d if fen em t svnimedios of gap functions.

Off-diagonal parts: s-waves

The s-wave case is paiticularlv easv to k anslorm. For the off-diagonal terms wo define

7g = c' s~l,Ap (7.24)

and obtain

e-'Au"""' =--/%. (5.22)

The lower left off-diagonaf block consequently reads

< "Ac" >
= nl (5.23)

and for the self-consistency equation wo obtain

p(r) = A'lI,^°A5pr]rY7dA>?,A7Aanh (^~-

V2nrJ2<:<i„\*nh(^). (5.24)
2

p-waves

The occurrence of derivatives in both the off-diagonal part of the Bogoliubov-de Genmes

hamiltonian and the sclf-consistencv relation for (he order parameter complicates ihe

situation eonsidei ably. Foi the off-diagonal terms we define as above

r/ = d,<,,1+('"A7 (5.25)

and obtain

A"M (A— (y" '--'"^V + ^VA"1-"*^)^ N,(l,p

k

j z .—y y—y I \ , I / ii-T ——- f —. > \ -..

77(V
-

iVorT -+-
.- ( (V -t- tVo \ Y iVoB)r]

-^ Uv - ava
-

a (VchB - va ,,

^iAiV -i(Vf^-ii)(Qß-Q,)V (5.26)
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The lower left off-diagonal block consequently loads

f'0" ( -A ( L~!< »
' A

/, /

/ /
_

1
_ ,

/

rfV -J- -(Ve~'(,p ' ' (*°)r)*) J ) M'

A 2

and foi the sclf-consistencv i elation we obiain

ri V t -~(Vri ) I -^(QH-Q '5 27'

AA = f-'(rt'-"*«) (- A7< ) E G" 7,VA An - c>" FAVAdg)) tanh (^)

A; <;E (a>(v +/Vo ^"" ""(v + 'v««)0»)lanh (aa
/ 1' "1 7 1 V

— /
\ I I ) I _J

YE~
l E (,' '

v"" ~

"' v'
'

~~ ;((^B ~ c^ l)ü' l/"J 1anh 28)

c/-wavcs

Fmallv wc calculate the (/-wave ease with the definition

>// = < 1+fH/f/ (5 29)

we obtain lor the iqpmi right oil-diagonal part

a'"1 ( jj-{(,{c"-éll)Uo;-d]) M(Op,("i,(pr)ipJ)d^(dtJcl{c/,i""n)'iM)

=

—jj \X{d> ty'l'i " (Ap/'77, - (Ak/)AJ +r)d(d, - à2)

-np((Q\ - CA 77 AA Q'iMi ) - '2({Q\ - CAAdd - (Q\ - CAAdk)

-'^hi(0AQy Q'n)-0 1QX- Q'^)- ^liidl-tfKôi+on)^ (5 30)

The lowei left ofbdiagonal block has almost exactlv the same foim howewei with all

if,i leplaeed bv ij(l anel with the last sign r ewer seel m li out of the I mm pi opoi denial to

(6 i g wn) The selkconsistenew equation fmallv icads

ipir) = ~e
Y^ YlxElTJ2L"Y,(d2~d2)(i A? ^(' >»„(%-fyt,,
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^2(A(A'A)A(e'fAA,) - AA^KA^A))) knh (ËEil\

- -^Z(^,-<V>'' -" ^'-^/K 2(App)(e)p7„)^(Ak)(Ad)))

-k.k (AA QA7 - «? !
- A ) - 'k„(g' - (p;)(A a 7A

-A/p ((kA~bAA -fOt-o, )c))d

+2/»„((^\-g,B)c), - (Q[ -Q, )A) d) f'inh f^fA (5 51)

Skutmg fiom heie, wc simpbfv tfie notation and let all hats away, dealing with the

now quasipaiticles and gap functions onlv

5.2.4 Bloch ansatz

As mentioned already, in this gauge all phvsical e|uantities oce uiung in the Bogolmbov-

de Gennes hamiltonian can be shown to be peuochc with lesjieet to the magnetic unit

cells defined above Wblh of hoi woich ihe hamiltoman commutes with the lattice

tianslation gioup conespondmg to the'' niagnelic unit cell If is thcuefoie jiossible to

use a Bloch ansatz to decouple the pioblem 53e assume periodic bouridaiv conditions

oven many magnetic unit cells

i (r) = < irk R) (5 i2)

with /? — (2N — !)(•] 3 (2 3 1 A Tn this wav we obtain the magnetic Bloch vectors

K = iDx+uD, i wX{-N\N, ,77^1} (533)

vvdieic wo defined the Bloch mm vodots as

D =-
_J j
2 N - L

l

D = —l_-d. 0 3 1)

Given the Bloch vodois K we define the basis hmcboiis

„Äll,.m_A=_r— (-,3-,,

vvrth the vectois of the leeipiocal lattice

k kn = 7/7<Zi ttd-i (3 36)
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As m the last ehaptei, wo woik with a two-dimensional circular Feimi suifaee. Since

wo have no self-consist one y m charge and current, wc could restrrct our Hilbeit space

to the states contubutmg to ihe self-c onsisleiit order paramotei Howevei, it turned

out to be lavoiablc to take the llilbeit space laigoi and uitioduce a smooth crrtoll

foi the solf-consistcncv equadon Wo take the Hilbeit space as a sheet with thickness

EEff around the Pcum suifaee The necessarv condition foi a leeipiocal vectoi km „

to belong to this llilbeit space is theiefoie

1 - Eu < -^pki
„

= ~(d\nr A e/A2 A 2d,d2m,t) < 1 vEn (5 37)
A A

As an upper bound loi the values feu 7?) and 77, vve deteimme

77 4-A l

c?=^f(JkAr) -L"; ---y'(di
- A)A A(d]dY)2 (5 38)

5.2.5 Field distribution

Feu simplicity vve assume a fixed 73 field ol Gaussian foim feu evoiy voitox line, con¬

ti dinting one flux quantum

cA,v>ppAr:) '539)

Feu the lotations of the vectoi potential m smgulai gauge wc find

VAQ1-2x}Akr-r)-2LX:^^j: (5 40)
? e 1 i£ \.B

We e aleulato the Fouiiei eomponenls oi the second part

-Bk
-A I iE'^-*

iC 1
B

(l+kr(ra1,)) (5 4L)

21 A 2m
1

P\
B

k

Ai
"'

where we used A = 0 foi 4 and 7'
— 1 toi B)

Ci h C

r,knl „
= (pc\ !- qc-,

-J- t; A77A - nd2) — 27r(mp Y qn) + vii(m + n) (5 42)

The Fou 1 lei component ot the lust pad is calculated analogously

ck =.— /_!(-'-'""», f0l Sllblattice B ) , (5 45)
Ac V k( /
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and vve obtain for the curl of QAB

foi A

B

(5.44)

VAQ,»^£<'*-"P 2-(1 + '~"
-

-

n -(-) foi/3

anet feu Q ( ^
the expicssion

q^-a e ('^"'^-(fke-'^'-v-^")
,2fcA\ zfcm „A2 I 1 feu A

m,n f-(Ofi)
k2„hn [e-^'n+"l foi 77

(5.45)

In the conventional gauge, the phase faetoi of a supeiconducting vortex has a topolog¬

ical singuhuity, which suppresses the absolute value of the order parameter to zero in

the vortex core. Since this is a topological effect, it is present also in microscopic ap¬

proaches where the spatial resolution is given bv the inverse Fermi waveveetor 1/A.

In 1he singular gauge used above, this tojiofogieal restticlion has disappeaied, and

expanding the pioblem in a finite basis one could exjieel a non-zeio order paiame¬

tei in the voitox core on a length scale ol 1/A- Howevei, it is easily soon thai the

Qa c(r ~~ A) terms occuning m the diagonal blocks have divergencies foi r —> r,. To

avoid infinite conti ibut ions fo the eigenvalue pioblem, the quasiparticlc wave function

have to vanish at (he location ol (he divergences. More precisely, clue to the special

form of the gauge tiansfounadon the eke lion pait of the wavefunction has lo vanish

on the sublattiec ,4, wheieas the hole pail vanishes on the subladice 77. For the

s-wave case, this leads again fo vortex cores vvdiich are exactly zero on both sublat-

lices, since ?p oc XpJll vnun- Pen fh<? h>s simple sell-consistency relations for the p- and

(/-wave case, this is no longer tine. Indeed m the numerical results, the vortex cores

do not vanish on length scales smallen than f/A- Similar arguments can be found for

the expansion in Bloch wave states.

5.3 Vortex lattice results

5.3.1 Implementation

With the piepaialions outlined in ihe last sections, it, is possible to implement the

jiioblom lor numencal solution. We use the Bloch wave basis given in Eq. (5.35) with

eneigios in a shell ol width En aiound the Feimi eneigy 1 — Ejj < A 7 I + Ru (Note
that Er ~ I in dimeusioiiless units). The problem decomposes into subspaces with

basis timet ions having constant Bloch vavevectoi K. The corresponding expressions

foi Ihe maliix elements of the Bogolmbov-de Gennes problem are derived in Appendix

D.I.
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The order parameter and the vector potential arc expanded in the reciprocal unit cell

vectors

ikr

p(r) = ^ 7/,c'

7'AA

Q(r) = E Q*e'kr- (5AG

PK?7,/

The cutoff for the vector potential components is given by 2Ar, where kÏT = kp\/l A En

is the maximal |fc| in the Hilbeit space. Components with larger |fc| values do not In¬

tel act with quasiparficles in the Hilbeit sjiacc. For the order parameter components, a,

cutoff of the order Xpi turned out to be suilkient. The range of the interaeiion leading

fo the superconducting order parameter was modeled by a smooth exponential cutoff

centered at Ec = F///4: quasiparficles with wave vectors k enter the self-consistency

relation with a contribution proportional to exp [—((k2 — A)/A)A '^0 lpchico com¬

putational effort, vve used the invcision symmetry of the lattice. All results presented

in the next sections are calculated for scpiare vortex fatticcs, afthougfi the methoef is

implemented for the general case. For p-wave symmetry, vve restrict to the stable case

(cf. Chapters 3, 4).

5.3.2 Numerical results

The lesults described below aie to a certain extent preliminary. K, tinned out, thai,

although vve restrict to small values of the Feimi wavelength, the scaling of the nu¬

merical effort is quite bad in oui code. Given the average magnetic field B which

determines the primitive recijirocal lattice vectors (ex vB), and the typical size of the

Hubert Sjiaco ex lYp, the numbei ol basis vectors per Bloch quantum number is of the

older of

A x §- (5.47)

Since Ike computing time ineieasos at least, with N,l) per Bloch quantum number, the

problem is cpiito hard to solve and we are1 bound to small values of A and not too

small average fields B. Tn (he1 following wc present the lesults of these self-consistent

calculations. We chose for all calculations a value kpCa = 75, which is reasonably

large to avoid problems with the resolution of vortex coies (cf. the comments above),
and small enough to handle small 77-fielcls. To obtain stable icsults for local density

of states and order paiamclers, it, turned out that only few Bloch vectors were needed.

Most lesults vveue done with A7 = 0. eonespondiiig to periodic boundary conditions

over 2A — L = LI magnetic unit cells in both i- and y-diieclion. The Hubert space1

cutoff is taken as En = 0.8. and the interaeiion potential strength v]'2D — 0.057
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leading to bulk energy gaps A° = 0.J4ZA, A0. = 0.15ZA, and A°d = 0.18ZA- The

calculations are performed at temperatures near T = 0. In Fig. 5.2, vve show

b)

-X
/ «^

r

M

X

Figure 5.1 Schematic plot of (he teal space magnetic unit cell (a) and

corresponding Bulloimi zone (b) The path where the hDOS is calculated is

marked by a thick line with atiows m (a), and the path m the Brillouiu zone

where the band energies are shown is marked by arrows in (b).

the calculated energy spectra loi the /i-vave ease for diffeuent average fields ranging

from Z5 = 1.2 — 0.2. Along the hoiizontal axis, the position of the Bloch vectois

is indicated by the crvstallographrc svmmetiv points of the magnetic Bdllouin zone

(sec1 Fig. 5.1 (b)). Wc encouiilei a situation which is in many respects close to the

situation in an atomic crystal. Instead ol atoms with a specdum ol cleciionic states

which foim energy bands thiough (heir ovoilap with states of neighboring atoms, vve

have a discietc spectrum of quasipaideles living in the fully gapped voi tex coies.

Since the intervortcx distance is lai laigei than the typical crystal lattice constants,

the concsponding Bdllouin zone of the voitex lattice is much smaller. For snrall

average fields, where the voitex density is small, we expect, the Bloch bands lo be

centeued at the bound state levels of the single voitex showing virtually no dispoision.

As shown in Fig. 5.2, flat bauds which qualitatively coucspond to the single vortex

eneigios (cf. Fig. 4.12) aie observed. The zero energy state, howevei, is considerably

enhanced to a finite eneigv (note that the states at exactly zero energy are1 ailifacis of

the calculation and have no phvsical meaning). The reason foi this is not cloai and is

subject of current investigation Feu mcieasmg average field, the vortices come closei

and the ovcilap of the bound stale vavofunetions of neighboiing vortices increases.

Thus the bands show stiongei disjieision (see Fig. 5.2, B — 1 2. 1.0) due to incieasccl

hopping piobabilitv, especially for energetically higher bands. If is inipoitant to

note Hi at foi holds vvheic the bands show nonzero dispoision, these band slruelmcs

are vei y sensitive to the hit ei voitex distance and thus to the average B field. This

contrasts to the ease m atomic laitices, wheie vauabons of a few percent in the lattice
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Figrue 5 2 Quasipntie k sp< m 1 toi tire p vv we svs(em for dilleienl rvciage

fields B and / rA = A On the houzonlal rus, (he positron withm the

magnetic Bnllomn zone is marked bv the civslallogi iphic svmmetiy points

(cf Fig 5 1) 4 he range of the ve ideal axis denotme, (he par hole eneigy

eoiiesponds to the bulk gap Ap — 0 f5E3 Note, thai ihe points at exactly

zeio eneigy aie aititacts of the calculation and efo not coiiespond (o physical

slates

constant does not change the band sduedue qualbadveh The reason foi (his fcatmc
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is clear: the band stiucture is defined thiough overlap integrals, which vary on a scale

of the quasiparticlo wavelength A ex l/kp. Thus the bands change qualitatively, if

the lattice constant is changed by A. Since the lattice constant for atomic bit dees is

also of the ordei L/A?. substantial changes in the lattice constant are necessaiy to

change the band structure consideiablv fn oui vortex lattice band stiuctuies, the

lattice constant is a = \/2tt/B, which is much largei than A ex l//,> for small enough

B. The band structures should be essentially constant only for changes in the lattice

constant, Ac/ < 1/7,p, which couesponds to small changes in the average ZAfrold of

1A77J ^^v/ttZA (5.48)

fnefeed this bediavdoi was vcdhod in the field lange B > 1 0, wheie the vortices arc

close enough to show a significant dispersion. A simitar behavior as in the p-wave case

is found in (he .s-wavc case (Fig. 5.3, uppoi graphs). The qualitative eompaiison of

the low field icsults with the single voitex ease shows good agreement. In the ci-wave

case the situation is completely different (Fig. 5.3, lower graphs): The presence of the

gap nodes leads to a complicated low eneigv speed urn without clear bound states.

Most piobably, the low eneigv stales aie extended along the gap nodes, and lead thus

to a substantial dispersion in the eneigv bands (cf. Ref. [110]), in contrast to the

cases without gap nodes. With onr lesoludon in the Biilfouin zone, it is difficult lo

identify bandlikc stiuctures 4o obtain more loliablc results on the energy spectrum

foi the eZ-wave case, the numbei of Bloch v ee tons should be enhanced con,si den ably.

In Fig. 5.4 the admixed order paiametei foi p-wave symmetiy is shown for different

average fields B. Foi largo holds B > 0 3. (he admixed older parameter shows distinct

maxima on the bonds bei ween neighboiing vortices. Decreasing the average field

i educes these maxima and leads fmallv to a lattice of distinct, approximately circular

symmetric strucdues, vvdiich eeiiicsponcl to (he foim of the admixed order parameter

for isolated vortices. The dominant oiclei paiametei (not, shown here) shows increasing

fomfold anisotiopy feu increasing aveiagc held 44iese stiuctuies of the dominant and

admixed orclci paiametei' aie quahtativelv close to (he coiiespondmg results for the

same average 73-fields obtained wuhm the two-component Ginzburg-Landau theory

pi osent ed in Chapter 4. A quantitative eompaiison anel a systematic investigation of

the differences, giving infoimation about concédons to the standard Ginzburg-Landau

theory, is left foi the fut mo.

Finally, in Figs. 5.5 - 5.7. vve pieseiu ihe icsults of oui calculations for the local density

of states (LDOS) in the voitox lattice at low aveiage magnetic fields B = 0.2. We show

(he LDOS along a path ciossmg (he voitex core at the ponrt 4 as indicated m Fig. 5.1

(a). As it is expected foi the s-vvave ease (Fig. 5.5). two ndges of enhanced LDOS are

visible connecting peaks at small eneigies ncai the core with (he enhanced LDOS at
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Figuie 5 3 Quasipartrcle -peotii loi flic à-wave system (uppei hue) and

the d wave system (lower line) loi ivciagc fields 77 — 0 3,0 4 and kpYi — 15

On the horizontal axis the position witInn the magnetic Brrlloum /one is

mai keel by the ciystallogiapluc svmmetiy points (cj Fig 5 1) The 1 ange

of the veitical axis denoting (he putiele energy couesponds to the bulk gaps

A,, = 0 LIE/ and Af/ 0 lS73r respectively Note, that the points at exactly

zero energy arc artifacts of the cilculition and do not eonespond to physical
states

the gap eneigv lar from the core These neiges aie due lo the* bound states, which have

then weight (? e then quasiclassieal 01 bit) al laigei ladn feu mcieasing eneigv The

icsults aie 111 good qualitative agieement with ealeulafions of single voitiees foi small

values of /,/ Co[83] The ndges of enhanced LDOS weie investigated 111 gieat detail irr

STM-ovpoiiments of NbSep 72 75, 74] and quasiclassieal e alciiiabons[78, 70, 80] Foi

the p-wave case (l ig 5 6) the 1 DOS shows sirmlai ndges as 111 the s-wave case Fins

finding agices with the quasiclassieal expectation since the mam difference between

s and p-vvave coic states is the quantizai 1011 of the onoioy at very low energies The

ndgc phenomena howevei aie due to quasiclassieal pathos which aie basically the

same lor the two svmmdues The difference m oibiiat quantization should only be

seen (01 isolalod vodex coies vvheic one would expect a LDOS peak at cxaeth zeio
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Figiue 5 4 Admixed oidei parameter rp m (he p-wave system foi foui ehlleienl average

fields (bom upper left to lower right) D = 0 J 0 2,0 L5,0 08 and If A = 15 For fields B >

0 3, the admixed oidei paiametei shows ehstuie ( maxima on the bonds between neighboung
vortices Reducing the avciage field giaduallv reduces these maxima and finally leads (o a

lattice of nearly isolated vortices

eneigy due to the topological /eio eneigv state 7s mentioned above, this zeio energy

state is shifted to laigei eneigies and theieloie no zeio eneigy peak is obsetved m

out data Finally, m Fig 5 7 the lesult foi the LDOS of a prue ebvvave svmmetiy is

shown The situation heic is compleleh difloient as m the piecedmg cases, since the

gap nodes lead to different quasiclassieal pathos Although the low eneigv, spectium

has shown to fie complicated the LDOS shows also quite distinct features which

aie stable against lower nig the held or men asmg calculation precision Generally (he

LDOS shows Fiiedcl-bke oscillations in the whole eneigv lange Fai fiom the coie, (he
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Figme 5 5 bocal densitv of states (LDOS) for (lie s-wave svs(em at the

average field B = 0 2 Tfie path along which the LDOS is depicted m Fig 5 1

(a)

influence of the low eneigv, slates m the gap nodes is seen m their nonzero contribution

to the LDOS loi eneigios lower than the gap eneigy Approaching the vortex coie,

as m s- and p-waves (wo ndges of enhanced LDOS are visible Qualitatively similai

ndges vveic aheaefy presented based on quasiclassieal calculations by Ichioka et al [29]
These ndges aie duo lo lorn quasiclassieal pathos loi fixed eneigy, which entoi and

leave* the voitox coic m the diieetion ol the gap nodes V futrue more systematic

evaluation of the LDOS at dilleient angles with respect to the voitex lattice should

point out the difference between the ebwave rase and the former cases moie clearly

5.4 Conclusion

In cone fusion, vve have piosonted m this chapten a self-consistent solution of the voitex

lattice pioblem foi s-, p~ and 3-vvavc svmmetiv, within Bogolmbov-de Gennes theoiv

53k used the smgulai gauge daiistoimation uitiodueed oailiciff 13 112, 111] to gauge
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Figure 5.6: Local density of states loi the p-wave system at, the average field

B = 0.2. The path along which the LDOS is depiriod in Fig. 5.1 (a).

away Iho topological voitox phase singulaiities and (o obtain a zero average 73-Gelcf

simultaneously. Although the numeiical effort to solve the pioblem in the interesting

range of paiametei s is eonsideiable. fust icsults presented in this chapter reveal (he

method to be promising. The s-vvavc system merely was deal eel as a, test, system to

check the main characteristics of (he method. Foi the p-wavc system, the results for

the admixed oider paiamoten. which rs the moie sensitive quantity than the dom¬

inant oielcr parameter, shows veiv good qualitative agieement with coiresponding

two-component Gmzbuig-Landau icsults. Afaxima along the nearest neighbor bonds

at large fields ate gradually leduced foi cleeioasmg fields, until a lattice of virtually

isolated vortices is achieved. The local density of states shows a similai picture as in

the ,<;-wave case with subgap ridges of enhanced LDOS due to the bound states. The

energy spectrum at low magnetic fields shows the expected flat bands with energies

comparable to the bound state levels of the single vortex problem. Foi higher mag¬

netic hclels, the bands show stiong dispoision due fo the ovoilap of the bound state

wavofimctions. This band scheme lives on a veiv small Rrillouin zone anel is strongly

dcpeaident on the avoiagc magnetic held, smee the ovei lap integrals determining the
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Figure 5.7: Local density of states foi the rT-wave system at the average field

B = 0.2. The path along which the LDOS is depicted m Fig. 5.L (a).

band structure are sensitive fo changes m the lattice constant of the order of l/7p.
It is an open question, whether such band structuies can be observed experimentally.

Finally, for the e/-wavc system the band structure is considerably more complicated

than in the previous cases and has no flat bound state bands. The local density of

states, however, shows a distinct featuie of ridges of enhanced LDOS, merging into a

small peak at zeio bias. 4Tis imdmg is in accordance with former result s [29].

In surnmaiy. this method to solve* sdbconsistentlv the voitex fattiee problem fen

cliff ei out symmetries of the oidei paiametei has piovod to give qualitatively satisfying

lesults. Cleaily the method has to be ich nod considerably to obtain also quantitative

icsults which go bovond the known features from other techniques. This is especially

tine for the vortex centci legion, vvheic the method works not, entirely satisfactory

bfowovor, since the method does not contain any quasiclassieal appioximadons, if is

a useful toot to investigate the plnsics ol supet conduct oi s neai the quantum limit.
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Appendix A

Partial Wave Decomposition

A.l Partial wave expansion in the limits [r/s|, \rjrjt\ <C

\Vd\

We eonsidei the tetragonal FED Eq (2 5) with the Ansatz

n, - d(,)(
°

d(,)eR

A =- \())ee (A J)

anel the paitial wave expansion lor p

To establish the ladial pioblem, vve mtegiato the FED ovei the angle 9

E(t) -
-!- / dOf(, 9)
2 i /o

- A/ " pkL 1 A Ni „p t 2_^ hn -n d

>t

-r F^, 4 2/ 273" (A 3)

The positive definite leim Fsn contains all fomth ordei expressions m s,, F,j rs the

usual puic ebwave FED and the othei te 1111s have the sduedue

A„ _„12
—

- n(|s„r his -i1)- //us;111 ./_„,./)

fb("-^) Ik,1 /*(-";-- 2.l)'|5-n+'|2
13
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I Jid2(\sn\2 + \s^n2\2) ^2p2d2(sns^n+2 + YnY^n+2)

77-1 =

= Ti-id c)(s3 | sO/C3(e/ l)ke5(s , + s„] ) /C7L(ef, A) (Ai)

The functions L, aie defined m Eq (2 16) One advantage of this paitial wave de¬

composition is, (hat paitial waves s, (?) couple onh m distinct pans, if wo etisiegaid

the small fouith oidei coupling teims 53 nh the assumption |//(/|2 < ~, the FED-paits

T,u _,H 2 aie positive definite, il

2a > (2 ,!--),) (A 5)

This condition is fulfilled because ol (ho stability cntciion (2 10) and our choice c\ > 1

The teim T\ L is positive definite as well Since the F„-„\2, (" ¥" ~~h ^) fUe /Cl°

foi |s„| = |s_„+2| — 0, the solution minimizing F has onh the two non-zeio partial

waves, s_i and si The îealitv of s^j and g is shown m a sinulai way Fho remaining

pioblem is to minimize the bee eneigv, J xii F(t) with

E(i) = {n({sV s?) \ (si k4s2,s2 fs]))

L 3if/2(c'i| A d) l^^-ki

4 25(sA](e/, 4)ds , A—, (c/ 1))
4 9

-ef' + c/M cf' + (--24.) c/?

+ 2k'( r2--+ i'2)} (A 6)

Foi oithoiliombie svnimefiv the final FED is obtained m a similai way anel leads

•n>) = {a((s l
+ ^; ^d

A(sl1 I sf hs] l lsli,L 4d^ f 4sfs]d ls^9_,s0)

/'(s'-.-s';.^:-! (-1 -M) slH (L 2lVp , fl-2lVs
/

i «

v,
-

V ^ '

v? -a ^

I 2A)f/s| t- 2"* p/ s|

I 5,(s Ai(7 l)k2s1/vJ(7 1) | ^,/vA^rf, 4))

-57(s/A(c/ \)-2pXyYd 1) I s_1/C^,(c7,A))

-Ake7 r/'^(i 2l)\/
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Foi tetiagonal symmetiy with non-vanishing pp and p(/, wo poiform the partial wave

e vpansion foi if i

r
t

= — ~K

Y
= Yj ><i[i)cm0 ({&

The onlv non-vanishing paitial wave is then Iho uuagmaiy pad of l\(t), vvdiich is

denoted simply by /(?) Flic FED then leads

A(;) = {n(h fdl)5 //(/,2^-(|-2 l)V)
^e/2 + e/'4 e/,2k (X 2 l) r/9

1 7lr/2f2-27?f/'/ A k(-4- i')ek 1 2/,2(4- +2—'+4'')} (A 0)

A.2 Asymptotics

We calculate the asymptotic behavioi oi dip) \(t) s__i (?), and spp ) at smalt / and a I

huge / m the case of tetiagonal svmmetiv with ?;(/ = 0 Other eases can bo calculated

m a snnilai wav and aie not pcdoimod hero explicitly Fust, we eonsidei (he asymp

todesfot/-, < oo In the limit / —^ 0 we e xpand (he functions A(i ), i-i(0 d(') anel

e/f/) m poweis ol ; Up to /Ah oiclei, we find 4« equations anel In 3 I unknown pa

i ameteis The missing foui equations ate giv en bv the boundaiy conditions at mhnik

To (hud otdei, wc obtain the asvmplodc Vnsatz (/ —> 0)

i = ap \ ap \

*-l - bp Yhp\
i

< 7

d =- din (IpX (A 101

wheie the eoelheients sadsfv

2ab\ - 16//A 5 5/;c;,/p ScA, -Sckph = 0,

2c/j I 16(7H 8(7,c/ kSdqk A83ckk2L5ei - 0,

Itb^-dl 8/Ap = 0 (All)

Note, (hat m (he case wilhont induced s waves (a — 0) we have

d{ - -3/ rp,

d - (-- \apjd, (\U)
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Foi / —> oo and small s-wavcs, we expect exponential decays of ci(7) and s_i(r), s^r)
towards thou bulk values t/v/2 and 0, lespeodvely, whcieas for the TLfield, the total

enclosed flux lequnes a pnrnaiv asvmptotic behavioi 1/2; m oui units Wit h the

Ansatz d = l/\/2 d(t) and Up) - 17? 4 4(/) and (he convenient definition

s
'
— s^i ± 63, the asvmptotic solution can be* expressed as

Lp) ~ -W" (
hi

Ell) ~ S^ ,- c'hX

N(X) ^ sp-'f-^1

dit) - FAa'a2^ (A 13)

The expoucnt 7v is given loi small 3 bv

.
>

A' = -,(H
, -—9

t-Otf1)), (Vli)
a V G / — 2// J

and has the coned limit 7v — 1// loi à -v 0 55e have introduced G"1 = 2o fdi A2)2)
and the minus sign m bout ol the squaie 100t gives the solution valid loi G > p

Thus, the s-wave components niodih the exponential decay of the ci-wave and the A-

held Since A vanishes fasten than s vve find foi the paitial waves the asvmptofics

s_, --s - S^/ "AAk (V15)

Fmallv, wc eonsidei the coefficients 1^ ^4,, and D^. 533* have A^ < 0 smee the

included flux 111 a circle vvrth ladms / is small« than the flux quantum 4>o Foi S d 0,
the otfiei eoefheionts obev

Do, - :pE^ '-'(à2),

y Y^P + o(s<)
Gi" — 2ft

~ U M2 //Y - \\
^ =, a-!--^(-_) L(5,3) (A 16)

1

lex cannot be deteimined bom the asvmptotic equations Especially important is the

behavioi ol the eoelheient S^ which shows a /,-ikpendeiit sign change at h =- 2 Tins

will latei bo inipoitant feu dot en mining the possible numbei of voitices of the s-vavo

Let us now turn to the limiting ease / = -x (c = 0) Iho asvmpfotics at small / aie

obkunod bom Eq (A If) bv chopping the* last equation and putting all coefficients

a, ~ 0 This couesponds to the* tad that wo have no vectoi potential A(i) 111 the

pioblem The special case without induced s-wavcs (<) = 0) leads to

d, = -l-d, (A 17)
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Foi largo r. the s-waves decay algebraically, as Berlinsky et al.[25] have shown:

S i r*~> B1
t

r
L

d - G-.

d{i) =-
-L ^. (A. 18)
V 2 J '

"

The coefficients 732 and Ck have the propeities \B2/C2\ Y 1, implying |5_i| d |sg|-

and B2/C2 < 0 (provided that 2ev 4- pi d - 6 "2). which determines the relative phase*

of s_i and sp to be jt.
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Appendix B

Ginzburg-Landau Theory for

Vortex Lattice

The minimization proeeduio proposed bv Riandt[60] for s-waves consists basically

ol Ihiee stops, frr a fust step, the bee eneigv density is vviitten in gauge invariant

quantities only, and a sot of e oiicsponding Ginzbuig-bandaii type equations is derived

Second, these gauge invanant quantities can be expanded conveniently in reeipiocal

space, making use of the known moan penetrating held 77 and the geomoti y of (he unit

cell. The GL equal ions then can be wiitten in the foim ( —V2 + 2/A)cu — e/pA, p, a. Q),
where q, is tieatod as an mhomogcneity of this London-type equation. Insertion of (he

reciprocal space decomposition and extiaedon of single components by aveiaging ovei

cos fer leads to a well defined delation scheme foi the reciprocal space components.

B.l Formulation in gauge invariant quantities

To write the whole free eneigv density in gauge mvaiiant quantities, wc hiboduee

, y

n- = ip\c,a{x)

i). = Y}Yi(Y)Y0{^
Vc>

Q = A (B.l)
h

and obtain the gauge invanant form (sec Eq. (3.29))

a)" ( Vu,' P , ,

/ = -^ I- T
+

^-r J-a'Q'- E
2 h - u,'

( 1
i W ,2 2\2 -^ t > 2\ , , 2 2\

-(// 3~ o~ ) i -[if -er )
-

2„c(ip
—

(r) k i2u'(tp -a")

L10
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Ver
QV

V/7

/,
n/^ */\ ^dT\ I O^uj (dpf

+ (1 A ?/) Q ew- K? k? - — Ar — A Q
V V h l ~h uj V '*

+ (l- J^){Qp^[QprY
àii] 1 dyu .

-\QiV
-

Sh u) '

(7

(lr(T

/i

- ( r -H- y)

k(rPP(/) (B2)

Wo derive gauge mvaiiant Gmzbmg-baiiclau equations bv deiivation of / with îespect

to lo, if, o, and Q, rospectiveb Fmallv we* take the cuil of the Q-equation lo obtain

an equation including B The coiiespondmg sot ol equations is (using VQ = 0)

-V2A2/7) 2/P
, (VA1

4/-, A
'Qy — (2 + iAioip — (2 — v)u)0~

I' 1

2
Qiv-2Q --

c3pT c)tQt e32p
o —„ ( x <->> (/)

n n , ^
^d/

. n
dpf dyQi 0,0„a

1 h tv h-

I (j d> y)

'-V2 3k)B = -{lo E)B-(d^Qr OpjQ%)

\--(0,nO,jO -dPlOpj) ~2r/(d,pQy-dpfQ,)
h

-2o (OjaQy-O crQ1)--(iF+o2)(d1Qlj-dvQr)

o XO d, ^ (01u)(dllUy)\ 2u?

-d^dtj(j
14-7/

2 7* V
"

2ar

k2o;-(7p?C7y 7 AA)

k--(ek.(7;4 7,A),)A2//a7I((9A^k7,yQr)
La *

1-//
+ -

o

-/ p.p-p)-1 pp-ppp iA
, ,

CT

2w {D,oQ, Op^dYJ)--Yd'PoQ,-dtlujQ,I)
LO

-2a.NY.0dl -0 Q )

(^V2A2/7)// - h k7-//(?/T-(k) (2^/')a/A -(Vcr)Q-Q2n

din: ' bk (Au.02

lAuA2h
"'

(r d> y)

1-;/ / 0, A7 o kV} ^' (c),Q„)a,
> * 2k

7-7 dip <r> lj)



B 2 GEOMETRY AND D1SCRET1ZATI0N E21

V2 A 2k2W 3cj^c7(p24 aV(2-^)wer--(V?7)Q^Q2e7

f 1 v ( Q,Op
_

iOY-Y)(o

2

1 //

I u

- I -(i<->y)

0,Ot/Lu (c%lo)(ö„lo)

1

(YQ^'-^-ddN^ v-<~m~„~,

]+(l ^y)lt; ) V ip
2k (i- 4/i Au

(B 3)

In addition to the* well known Gmzbuig-Landau equations domed above, fuithei

equations aie fufhllod m the minimal conhguiation One equation paiticukuh helplul

m the s-wave case (see Rel [60|) is the derivative with lespect fo the absolute value

ol the oidci paiaineteis Willing the bee eneigv density as

/ = /(<> v, ?; c, a) B

and deriving with respect to </> anel t, loads to the equations (aftei multiplication with

e and A respectively)

a,

'

= u — ajQ —-— -(2 k v)uoif — (2 — 12)00a"
4/\

ft// 1 v
- Y , Iv-ui fB5)

X p a2 — (,-j? p. (72y p- (2 . iYu,p - [2 - v)lo(j2 5 f Qp\ A I —

1J // L //

1J ; 7-M

Qa

(B6)
2 2

wheie (he tenus /] ), aie the coiiespondmg expiossions of Eq (3 29) wnth leading

fact01s (1 A 12) Subdactron of the two above equations Eqs (B 5,B 0) from the*

expression foi the fiee eneigv etensitv Eq (3 29) leads to an alternative oxpiession foi

the bee eneigy densitv m the minimal configmation

or

/ =-y
- ,(725 er'7 12-Y) p -(2 ,2)ua2 + h2=r (f[) + B2 (B 7)

B.2 Geometry and discretization

The ge*omedv ol (he unit cell can be dese nbed bv loin par am etei s 0y, B, 2,, ep, which

aie connect od to the basic quantities bv the following relations
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Figure B J Schema lie illusdation oi the cpometiy paiametei s The shaded

aiea is the halt mut cell (ouenteel ilori-, the unit cell diagonal), in which (he

FED is rnmuiu/ed

i i —

7 -

I

V 7

i i

'/2

7 = kvAlk p)2 \-ijf

,

1
c IJi

h =

, -p-p=.—= -^

f' \3dkp)2 + A

(V — aid an | — aie tan
'/

We then have the la (dee vectors

:bs)

R,,„= ((tn i i J-inX)(osOi nu -unk I'" i i Y ni2) sink 3- tap cos 0\ j (B 9)

and (he leeipiocal lattice vectois

2/r
fe,

fe2
??7 n

I

A
__

(mn ;/ii)sm(?[ 3 mqi c os A (// ; i
— in i 7 cos A A me/2 sin (7 )

{mt, - »p7 + (?;?(/,)') (B 10)
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Ghoosmg nci points on the mteival (0,c//2), and coirespondmgly an (even) number ol

points ;?/, on ( 3/2,7/2)

n,=n,^ (Bll)
c/

d :—l)d+(h ;-^
_
Ah

we obtain (he grid point vee tens

—)-,-
271,1 J V "h

= ((aT^) ((A M kosf7, -kAiiif?,)

k I 2 3 J E
? -4. t,) sm (?i k P2 cos c9| 1 J x

3 ((\~ j ((A- ' Auk), 1-1/2 cos a)

f;-ZXZ^V^U| . ? 0 cose?, -^sinö^Vt/ (BJ2)

As cut off paiametei in (he leeipiocal sp ie o wo use (along Biandt[60])

rYxv

\kmi\<f i-dc^r (B15)
V » vc

with (
— 10,20 and N = ip nci the numbei of gnct points Wc expand the* oidci

paiametei s and the* Tkfrekl rn leeipioc il lad ice vectois

in n

B(r) = B J^ftmn cosfrm,,r

Q(r) - Q , (r) Y Y2 h'»< " —rr^ sm *A A
ni 77

7 7

ö(r) = X^(/,'li cosfem»J^) (B 1 [)
7 )

wheie the pinned sum stands (oi sumniatiorr over all {m n) Y (0 0) Further wo find

VQ = VQ |
-= 0 and

V3Qr- ß-F^7,}(f R,nz, (B15)

where the singular conmbution commg bom the voitex phase held leads to vanishing

average nul of the gauge mvaiiant veloertv held Q As initial condition vve use the*



124 APPENDIX B GINZBURG-LANDAU THEORY FOR VORTEX IATTICF

Abnkosov solution ncai Bc2 fen the mam oidci paiametei component and the 73-fietd,

and zero for the admixed component The coiiespondmg expression lor the ordei

paiametei has the e oefhcien(s[G3 64)

"L "-(-IP ""•,,e^p(-A';inl/c8/I),

anel foi the gauge mvaiiant velocik we finel

Va' { X Z ( 0 .0 { 0TUJ
Qi-

2/, U/ \ 2hjj \ 2hco i

fBtb)

(B f,

B.3 Minimization technique

Taking the aveiago ol Eqs (3 30) multiplied bv c os(fem nr) over (ho half unit ccfl, vve

delciinme lteiativeh the Fouiiei components ol older paramoteis and Tkholds Fhe

leit hand side leads (krn „ pü)

/ \
(|(-V2 A 2,Y)uo eos(fe„, ;pk

= (kmr, A 2A) (A CC)S(fe7 , E)j

= -(k2ri1l 1-2/, h ^T a \ cos(fc,„> pr)(oYKkmnr)J

- -{k2n h2A)e

and thus wc obtain (he Bianelt delation equations

(/ h s )eos(fe„7î,r))
U
m n

Y
,

K 1,
+ ïi1

P 3 s )eos(fenilp') )

~k' UJ

h s Aos(7p „r) )|
A.

a-m n

11

X h s )cùYkm nr)j Y

fe:, - 2/
''

(B 18]

03 79)

Togothei with an ee(uanon eommg boni Le] (B 5), winch lolaxcs the absolute value*

ol the dominant oidei paianrc ici sopaiabh this itoiative pioeeduie is veil List con¬

vergent loi s-vvavosOO] loi/; waves the hist lew it ei al ions also conveigc veiv, last
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towards the physical solution, however further iteration leads in the most cases to

oscillations between several locally minimal solutions.

To minimize the Gibbs-Ginzburg-Landau functional to its global minimum, vve simply

formulate the free energy expression Ecp (3.29) in terms of the (reseated) recdprocal

space components anhn,bm njB.cinv arrel d,„n and the average field B used in the

Brauctt steps, and use a slandaid relaxation method. Since the minima of Apical

Ginzburg-Landau free energy frmedonak arc usually very shallow in terms of the

reciprocal space vectors, it is inipoitant lot an efficient solution to have a good initial

guess, which in this context is given by the output of the Brandt method.
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Appendix C

Implementation of Vortex

Solutions

C.l Bogoliubov-de Gennes formalism: Details

C.L.I BdG-equaiions for s- and ei-wave symmetry

As mentioned m Section 4 2 we dome here bnelly the equations lor the gap lunedon

foi s- and eT-wavo svmmetiv m < ente r-obmass cocu durâtes In the case of s-wavos, the*

lesult is immédiat oh elcai since the mteiaction potential is basically a (kfunetiou

we end up with the zeio order deiivatne teims leading to the usual equation

A {R k) - l0D(RM), (C 1)

and with the dehuidon

X(Rk) = ^p(R) (C2)

(C

wc obtain the selbeonsrskni gap equation

The off-diagonal mtegial is ako c asih peifoiincel loading to

/f/VA (r rX(r')^ pXpXiir) (C 1)

More* involved is the situation tot the (/-wave symmetiv bsmg Ihe model potential

given m Eq (19) we find

\t(R k) =

127
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= ^ j d'pAd(r,E)e
a- ipk

^/ekpe/V {l^plpf- D(R+Lp,R- \.p)e-,*
r

UoiVllJÖ: _ '( ;; )(/; /;)(V!-v,
4/f3 21 j \-kv

-4} !-(>?- ' J) Kc^ -^;) H k^ -#„) 2(0,,c>2,-<V?2v)]

1

/ AyAj. v2 ^ 2V V) )D(R R)
8/, 7'
A

+ 77T2/,
' Iv'i [0], Ohj I ek, kp - 7,, 02tl - Ou,0->, ]

4/,r

f;
:^-^)[(^t-<)4 Icf -dp)-2(0p0p-0p/d2l/)}D(R R) (C5)

While the odd lei ms in k vanish due to svmmetiv leasons all oven ternis m k lead

in pnneiple to non-vanishmg panmg In the last line, vve thus lestncled to the etc*-

sued mteiaction channel given heie thiough the I2 — /2-svinmedy m (he redatrve

momenlum Fins is also whv highei oidei giadient s weio not taken mto account in

the derivation above Defining

\,(R k) = p^p ,hpR)(lY -A,;), (C6)

we end up with the self-consist cm gap equation

>h,(R) = jr« o E( Wtô ~ 7;))ee/1(i?)kd7(ß)(^ - O^oJR)

~2(0p (R)0p,JR)-0pj:Xm0Yi,,(R)))i^h^) (G7)

foi c/-waves Fmallv (ho oil-diagonal nitcgial is peifoinied analogously as m the* p-

wave ease, leading to

j dJ'r'Xd(r,E)o{r') -- -^L,(r)(0~' - 0]) - (k7k(r))c)t - (c5yp(r))e9(/)

\(W c52)//3r)))e(r) (C 8)

C.L.2 Gauge invariance

In ffus section, we pi ovo the spuge nivaiianeo of the giadient expansion used abewe Tn

etotail, wc show that (his dansfoimation commutes with die gauge mvauance, which
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means that fust peiforming a gauge dansfoimation m the full system and expanding

the tiansfoimed svstem has Ihe same effect as hist doing the giadient expansion

and then implementing the1 gauge nanskmiation A gauge transformation m the

cpiasipaiticle amplitudes has the cfleet

whcio \(r) couesponds to a local opugc iiansfoimation It is cleai that the gap

[unction then tiansioims as

X(r E) -^ Air r')( x{r) x(l }) (G 10)

Foi foimmg (ho giadient expansion on this tiansfoimed gap lunction, wo obtain

Allulp(R,k) =

= ^- I d'pA(r r') t
\ " \ ' '< A

A / ,i ,,,/

k'

A
1 1

dipM
E

t ^D(R+lp R -1p)c'(UR+l/')tv(« i/>))f-'P*
(2ny )

'

21]
K '

2K 2'

A / ,i
_

p,,
k

k ( 1 1

» j d'pd'k' ^j<pk (i-J,/>V -i-pVoYO((d0 01)\D(R RY'^

[)P(/V\-iV\) I 0(p2c,(R)) \<~lph

= 7^At2'A(R) I'd'pcPk'fi-iV, V?)lV-K A O(d0h dp0707)

-o(p2q(R))y(R,R)^Y^-V
- A(i?,fc)e^(R) (Gil)

wdioie we used (Fq ) and D{R R) — 0 Consoquonlh ye find

// ( R) > // (Ä)c uïï) (G 12)

On the olhci hand we c an use the centei okmass foim of the self-consistency i elation

and peifoim the gauge dansfoimation again on ihe level of quasrpai deles and hnet

( uguments R suppiessed)

'k U msi =

l~\ \^7 >
-

^ lr. > 3, ,
(dEn

7=P—' n

2 YEY
YI ('( xz "(

x
- " c x°a v x)Unh (^T1)

-3^77'«(ME(Mr. ,n=x),, -„„(tk ,d xh,)tanh (^
= >7±c^ (Cb)
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which is obviously compatible with the loi mer icsult

Fhe same pioceduie can be done with the off-diagonal elements. The hist appioach

loads to

e/VA(r r')i(r')
It \i A

.

., ,,
cPEd'kt kp ~ri(RX2xmiiC)e-'x(l }

(2k ) / / / r

(I d'Ed'ke'^V, (rpR)c2'^R)o(E)(-^r'A(2,AH,

( v-^Dc'^Ttrp AV\ (Vc)T7c^kü77c^(-?)V\ )
'•r \ 2 J

i\{r)

h
'n(EV - AV7?(k> \ i(r

= ('\(k I (X'r'X(r r')i(r')

which is compatible with (aiguments r suppicssod)

_x:uuT+IiL „ .p

(C f f)

/2*

72/

X; e2Apa
1 /_

in isi

(c2ikp)) 1 (ic
'^

Wp p^-^-x) r

'

(27(nTv)r?t + aT^)))

177'x^- 4>l~"»" (C15)

C.2 Bulk solution

3s in the p-wavo ease* wo assume //
—

?/^ auel use plane wave solutions to ex.piess the

hamiltonian m the following form

Y n A

A

- k.

d
(C to)

Diagonahzadoii of the eigenvalue pioblem loads to

A =

\ A 7



C.3. VORTEX SOLUTIONS 131

ilk =

A =

/ 2 77,

' •->('<
whc*io (he phase is determined thiough

Inserting this icsult into the gap-equation, we obtain

n i ") »a'i. tanh

/1.

= ( > —--tanh
,

2Lf \ 2
k

r

2

ßEk

and thus the sclf-consistencv equation (7^0)

1 'Es>Aï-Ei
X2"i(Y fu° ,

f\APpy /-/d

i

27p

-d Vsfc

cA2A0)h

1 -"Ar
'

i?7

2t A
log
3 +_W_
37k., + w

vvheic

IF — \
' F2 + IA 2

In ic*scalcd units, wc* have srmph to put iAj^ = L.

fC.i:

;G.i8)

(C.I 9)

(C.20)

(C.21)

C.3 Vortex solutions

7s outlined in Seedon 4.4. wc* vvnte (he quasipaidclos m (he Bessel-lunctiou basis

sol, given in Eep (1.47). Below we* calculate the hariirbonian m the subspaces to

constant I in tenus of these basis functions as well as all self-consist enev relations in

radial coordinates. Together with the Maxwell eciuadons. we have complete sets ol

ee | nations.
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C.3.1 s-wave

The Iramiltoiiian leu angulai momentum numbei / i eads

ix V1//

T2-'/" -h~(l A

<C 22)

vv il h

77p /
,

I I2 2Y i [(,
/>/(0 = -T7KI ^-pp-^-^-- \ Fb,) ) - Ej - 7**0 ) (C 23)

The solFconsisteme v i elation toi the gap function toads

wit h

//(/ A = ^,pkA'^ (C24)

77) = 2)Tp pu panh(^), (G 25)
2

7) /M

and the two lemammg sell-consist cue v lelanons foi current and chaigc aie*

/>,(/) = —X>^CE,,,1-^, i(1 -/(C»/)) (C26)
;i 0

Finally, the local densitv ol states leads

^'•E^K,7k""'<^^^'"'dCyd)^) <"7>

Matrix elements

With the* basis functions

] e<^("=i:»'^';u/i(^')d, ,\A

A/ i(/) - 2_sl'i i ''-i '(;) (C28)

we obtain loi the diagonal blocks

Hi,, - / li (X)hih ,{Yidi

F? /A A2
„

\
.

r? fR

0 / 7 \ \ pO pli

y{-Jf) -£r]ù,,-jj- /o 2/i, Up)f,l(,)fl](,)dt

j (^LA Y(Y- dtqk] /, [l)fll{i),dt (G29)
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wheie the lowei light diagonal block is —Ht+\ hl
with the lower sign The upper nght

off-diagonal block then is

HI, = ^ T lp(i)il(>)fpi,(')>cl> (G30)
IT P,

and the sclf-consistencv lelation

,,(,) = 2^ A/(d' > t(0(anh(^] (C 81)

C.3.2 p-wave (S)

The hamiltonian foi angulai momentum numbei / reads

hi s^fE (7 W±J) + !((9a!)p))

with

The solf-consistoncv ielation foi the gap lunction leads

wn

(C 32)

AO ) = - ff (of 3 U - I' 2'^ p\A2(, )) - Er - 7*«>(, ) (C 33)

/,-(/ k) = ^r^k(0e"" (Ckl)

n±(> ) - - YI (2 ~ (1)/ ^ ( """'""'n i "+ '3 '^, >'» I u» A, A , J tanh I -^Xi J (y yp

and the two lemainmg solf-eonsisrenev i (dations loi ciinent and chaißo aie

. ,
f

1(1
LA
E (2-*„)(,/; (j- ^hEn])-il(j-^AJ{i.-1(Enl)fjd,

n /po

Ad)- ~rYl(2-d>n]('2"hL< )-k'(^-/(^^)) (G 36)
7! /"M)

Fmalh, the* local deusitv of states reacts
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Matrix elements

With (he basis functions

'lnl(') - z2y,Iy(Y -X/'k^7l'l( ft'7
/ ;

X>Vdh) {C 38)' l[ll -

,

I

wc obtain foi the diagonal blocks

fn
Eip, - / //,(/)////,,(/be//

/oo

Enr (Z,X \ E] "

j- I jP J - Ll I > ~

J / ^'71 kd/dP/PIp-T, h -p' /

2/7

j
l(/)/3?(,)/f/(/)e//

/ v Jl / / A 7o

3^'(y'V14;(/W 4pk] /,,(,)/,,(,),A (C 39)

wheie the lowei ughf diagonal block is - Hi
;
with the lower sign The uppci light

ofbdiagonal block (hen is

HP-^['cAr!\z(,pn(,pVLXA)fiP)iti
!>,«•' P

, , s, ,v- I

S„p/„
'"t'"''"1 Ajk"^'))'*

g/>"-'-|"H(^v"(T)'""H"f
k^E / (/? (O-,,_(,))/A (,)/ pdr/5 (G fO)

871/7 k V '

auel (ho self-consist one v i elation

'71 I'H 7 (/) - 2^(2- w( d/(/)X]k ^V ^(77')
» i'As^^duCF'))1''"'-'^

,;,(,)-'(-(,) = S Y2 -n, ,{i)i ,(, Haiilbl d)
, , ,

'C Ik
/ \ 2 /

/ o



C3 VORTEX SOLUTIONS 135

C.3.3 p-wave (U)

The hamiltoman loi angulai momentum numbei / loads

hrrT,An-(à, '-')- MO^—M) -*-('-)
(C42)

vvi( h

/7,(/)= -y| (# + 7^-f _^l^_0y2(,)^-/i;r-7<Ii$(,) (G 13)

The sclf-consistencv relation foi the gap function reacts

»±(> r)= -^-riuuv^-^ (Gf4)
A 2 / r

with

2/

n±v) y^(2-^t)(- bndOi-i + OwH^O'nf t

-//, /_i7pinMJ J tanh ( —y^)> Ie i5)

and the two lemammg selkc onsistencv relations lor cuiieut and charge are

= ~^X> f)'"](" - (V 74i4)/(/d7/)

^7;p,(LÜ--7a/l)(l^/(^/)))
A(0 = -i^(2-^o)(",,_ /frilf) i ^,+1(l -/(£„,))) (C46)

k°

Fmallv the local detisitv of states icads

'V(''F) = ) (jd2 - ' »'"' < p- pp^ip
'
"»'+-iFpppTyy

(C 47)

Matrix elements

Willi the basis functions

;

7 ,m(>) - X]' d' "(/1 lC i8)
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we obtain foi the diagonal blocks

Et
,
= / /,_, (,)lp !/,_,,OW/

0

F° / Y, \' \ F° f,l
1
(-1) -Fljö^jflQ 2(/-ih,i(/)/,_J (/)/,_, y0M'

fr \ R

n / / o

+ /' (fh' 12(') -kb(A^) /,_! (;)/,_, 7(/),e/,, (G 19)

where* the lowei light diagonal block rs -7/
,
with the lowei sign Flic iqipei ught

ofl-cliagoiial block then is

«p =
FA/7

„[,!£(,
„.( j_'-_Ai^iW ,M ,,(,,„„

sa; a
' '

^ v \
^

/ 2/

^ (R
i ,i ,a-i
//-i i')/' iA'^,^] (/))"//

7 (0 i 'MOUf-p ^3

„/nmI^I/,
i,(7)

8?r/
, /0

A/d / ( / \ ,
x,p 4 f/i_\

^ T ( Z\—\

Stt/, /0 A
v '

'~^/2 \ A
' "'i'-^'1 \ i?

/
_

>

\/ I
^

/A
/ ai

Em fh
Q j, , (VO^ ii-id))ji-i (i)fl+i1(t)(l 8,0)di

5yjy j (v (i)-ilYp))l f^ (,)f!p,(,)dp (G 50)

and (ho sell-consist one v i elation

(Ok// (/) - 2Y/(2-ö,o)ßu •- (l)Vnl r(0

( / A)Y> -p!

'

Vi,/|/ i

Zl \
j I Z]-y

R
'"' ' '' J' '

V R

mA^ Vv"/"-(^r''))lanh("^
'I 0) n (') = S^A,, ,_,l,l, ,_(,UarAk7) (C 31)

/-Ml

C.4 Varia

C.4.1 Density of states

All following quantities aie de (med including the degeneiaev m the spm vanable



C l VARIA Eil

Number of slates in a volume with eneigv smallei than 77,

— i

r2D

2m7k\ 4 ( 1

2m E(

~lx~~

7

2~r

2mE,V Vrw

IF J 3vT

2rnEr\ V2D

^1Y

Density ol elections at Ej

ED =

3 n[E1) Ex
~

'EY

,Yn :=. A
_'J

Density ol slates at Ep

1/1/3

Xw(0) =

V2/,(0) -

U 1 1 J- 1

_

c)F

i ^/;
2-1,

k

r Ar

2AE/

Density ol slates al Ep pci volume

,,-mi =

*' !'E)

W

E

01

r

iXLYO =

i i
2/ *~L i

IP

2-r, iE

(C 52)

(C5oo

(C 5 1)

(G Ai)

Be* avvaio that the definition of the donsitv ol states eoiiesponds to the wav if is used

m ihe text (the sum is lesdictod to the ffilboit space with \(t,\ < E()

r, >o

L T UI

dyk-= -r— I kdl

\ V1,11 ' '

2- n /.,
''-' = m-A' *

-/ jr )-i

SA

V?,2(0)
Ac

dtk (C 36)

C.4.2 Screenings

fiom Fondon appioach we have

till IIA

A- i = —

n uX ft: n 'd
n
y'AzA \;v2a,

and thus the Fondon peiredadon depth (m phvsreal runts)

A -

mc

\ xyOi ip

(C 57)

(G 58)
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and the permeability p in dimensioniess form (using the Maxwell equations)

p = pP^ = Y (C.59)

For the Thomas-Fermi screening' we find

4> = —^pp = -%^V2$ ee .X2 V2*, (C.60)
nAL'e* p'>c>(:^

and thus the Thomas-Fermi penetration depth (in physical units)

XTF = v/A^- (C61)
V ei^kA

and tire dielectricity e in dimensioniess form (using the Maxwell equations)

e = eP^-A = l. (C.62)
/d A

C.4.3 Temperature dependent local density of states

Instead of the expression for the local density of states used abewe (here for s-waves,

generalization to other types correspondingly)

N6{r, e) = 1(y, <ajw~
e-e-^y +

v^7wrjr-vTv) (c'63)
tt \ kp- [E - Enip a- b- (E Y En4p A ek I

\n.!>0 /

with the artificial smearing parameter 5. there is a, more natural expression using

thermal smearing

(AYn2~E) eßpP,,jA-E) \

N(r> E)=ß{^n <l
(rT)dk7AApy7

+ <di JTIlYiEXYYEf^ I - (C-64)



Appendix D

Implementation of Lattice

Solutions

D.l Expansion in Bloch basis

In the following wo piesent the detailed foim ol the matnx elements of the bamiltoman

with lospect to the basis lune dons given m Eq (5 35) The calculations aie oasv and

make icpoafod use ol the vanishing chveiepiice of the \eetor potential m smgulai

gauge ((k — k')Qk k>
— 0) anel the svmmetiv properties of the occuning quantities

as outlined below The quasipaificle waved unctions aie decomposed as (12D = V)

ii)lK(r) = Y^Hn RkORk(r) -^2unKh-j==e,(-Ka)'
k k

V \

XiR(r) ~~ YI1" KkfiRi(r) (D 1)

D.I. J s-wave

Foi the uppei left diagonal block vve obtain

/

1 / 1
EKkl - /<»R, 7j (7V -Qx[r)j -I XKLd2r

[K-p~~~ -\)*kk - ±r(2K 1 k Y k')Q , k_ki
N I / p

1
^

39



140 APPENDIX D IMPLEMENTATION OF LATTICE SOLUTIONS

and correspondingly for the lowei light block

2 Z_jQr qQhk-k -q
(hp

7 2
A p'

q

The uppei ludit oil-diagonal bloek loads

17'/

'Ac k k
A

/ '}RkdY)RL'd2r

>l\-k P4)

and the lowei left block

HKkk >n-k, (Do)

whcio vve used the convention

A-7p) (D6)

Fmallv, the selbeoiisistonev equation lot the oiclei paiametei can be vvnlten as

)E„
>h = I i > i u, lanh —

= ' E ' m" AA'C^-^Aanh^, (D
n K k k

and thus the Fouuoi components obe\ the selkc oiisistoncv equation

Aa
"

a,
- / e~'q'i],(r)d2r

'E E ('» A A."« K ^ 9
lanU -\" (D 8)

Y iiii'niiW* I ./i rimrf i /

7 A V k

D.1.2 p>~wave

The implementation foi the* p-wavo is snmlai as above Ehe diffeience oecriis m

(he* oil-diagonal blocks and the order paramotei which au* both consideiablv more

complicated Foi flic* uppei nght bloek ol the hamiltoman we find

Kkk = l^^/^'lV^Nl^fQ^Q^A^
= p^m^k(2K-k + kX ~ E^^k-QtJ. (Df))

1



D / EXPANSION IN BLOCH BASIS Ell

and consequently foi the lower left btock

7/
f

A k A' 2/
r,'k,^(2KxkYk') ~2^\2r,^Llq(QBq-Qlq

21
(D 10)

The self-consistenev e*qiiatioii foi (he orele i paramelei can bo vvnlten as

77

0E„

21,
E(k)V'5' ~ '0 v7 ~i(Qb ~ Q \)lid'n) tanh—''-

21
K A A'

A -A 1
XEn

2K \-k+k' +QB-Q Jiàïùi—1, (D ff
1

'

and (he Fouiiei components obey the solf-eousisteney equation

1

^ =

21
(-'q'r](r)d\

ne 12V,

21
E LEAaaAAA q[2K + k + k')
R \ A

X/ î a a" a a (Qb - Q W^-Ap A
tanh

777

A A'

D.I.3 d-wave

CD 12)

Ifeie, the upper ughi off-diagonal block is calculated to be

n
A A A

= /yi^kd \(E l/0)2Aa^a'-{^7>

-/-(a.-1-^. l/>:))X> A--, -{^v>

1/

1//

E"^-J^lv Wl ~{l-i/>

^V'k-k-q (C)21 -02j)(o\ + (f>B) (D 13)

The expression leu the lowei lob bloek is the same but with iffik-k'-q toplaced bv

'IdV-i 1 a
aRfl ^hh the last sign ic \e ised 111 front of the term pioportioual to (<p \Y(Db)

The Fomtoi components of the seb-eonsistent 01 dei paiametei then obov the equation

n<u
\E ^
»vuv,

K kX'i A A

A *- A

A A

11 A A A K A

q{EE-,-YTESd (EIp, |-/(/ • Ev)2)

(tQ\-QlB)2-{Q\-Q'n)\-k>-k
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^[(d'l-02)((ßAE(h)}q^Pk

-2\(Q\ - Q)3)q pll(2kX - 1
i Eldn) - {A - y}])) tanh^

D.I.4 Details of implementation

Initial guess for the dominant order parameter

In îeal space, om initial guess loi the order parameter is

\r — r,\
n - 7oo M - ^ M - tanh

\ .(31 mi \ c
S

which leads to (he Fouriei components

1

//, = -—/ n(r)c-"> Yl2r
* *

ne ki
,

(DM)

= necà», „ oo
- ^ Y I ( 1 - ianh t^T) «,->*„ »rf/2r

2\
„ 7"7D ki v s /

= /NÂ„„no-^p (1-A "-")^l^(anh^c-'A'-k/2r
= /;oo^m,oo- ^--(l -("

'

~n>) l""di, A-(anh0 J0(A). (D L6)
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