
Fixed-End Moment Equations for
Continuous Prestressed Concrete Beams

by Duryl M. Bailey and Phil M. Ferguson*

SYNOPSIS

Fixed-end moments created by prestressing for constant cross-section
beams are given. These fixed-end moments may be used with structural
analysis methods to design continuous prestressed concrete beams. Fixed-
end moments for cable profiles composed of straight line segments or
parabolic segments are presented for both exterior and interior spans. Only
symmetrical cable profiles are given for interior spans. Tables are presented
for aiding in the solution of difficult equations.

CONTINUOUS BEAMS

In recent years there have been
many excellent papers written about
prestressed concrete including the
design and analysis of both simple
and continuous prestressed concrete
beams. Some of these papers were
written by Parme and Paris" 2, Fies-
enheiser; , Moorman', and Line.

Ling has presented a very inter-
esting and useful method in which
he balances the dead load effect
on the beam with the imposed
load of the prestressing forces. This
method eliminates the main difF-
culty in designing continuous pre-
stressed concrete beams. Hence, the
load balancing method is recom-
mended in instances where it can
be used. In cases where the dead
load either is not or cannot he bal-
anced by the prestressing force, the

*Pro ject Engineer, Sails Division, U.S.
Army Waterways Experiment Station,
Vicksburg, Missi.ssippi and Professor of
Civil Engineering, The University of Tex-
cis, Austin, Texas, respectioedl.

following equations and tables are
submitted for use.

A brief description of continuously
prestressed concrete beams will be
given. The assumption is made that
the reader is familiar with the de-
sign and analysis procedures of a
simple prestressed concrete beam,
namely, a prestressed concrete beam
which is simply supported at each
end, not continuous over a support.
It is also assumed that the reader
is familiar with the ordinary analysis
of statically indeterminate beams.

Assumptions which are usually
made in both simple prestressed
concrete beams and continuous
prestressed concrete beams are giv-
en in Moorman's paper'. These as-
sumptions are

1. Hooke's Law is valid
2. The principle of superposition
holds
3. The horizontal component of
the tension in the cable is equal
to the tension in the cable
4. The friction force is negligible
5. The lateral force from the
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cable is either vertical or normal
to the axis of the member
6. the loss of cable tension due
to creep is negligible
7. The reduction in cross-sectional
area because of the cable ducts is
negligible

In simple prestressed concrete
beams, the moment induced by the
prestressing force is equal to the
horizontal force in the cable times
the distance of the cable from the
centroid of the beam. Elastic rota-
tion at the supports and elastic de-
flection along the beam can occur
without creating any moments at the
Supports because of the hinged ends
of the beam. The term hinged-end
refers to a beam whose end is free
to rotate without moments being in-
duced by this rotation. When the
dead load and live load of the beam
is not considered, the line of pres-
sure from the prestressing force, or
stress on the concrete, coincides
with the cable profile.

In a continuous prestressed con-
crete beam without dead load or
Iive load, the line of pressure on the
concrete may or may not coincide
with the cable profile. If the line of
pressure on the concrete does coin-
cide with the cable, the cable is
known as a concordant cable. In
many cases the line of pressure on
the concrete will not coincide with
the cable profile. The reason for this
is as follows:

Moments from the prestressing
cable are induced along the con-
tinuous prestressed concrete beam
as they are in the simple pre-
stressed concrete beam. 'These mo-
ments along the beam cause de-
flections and in turn rotations at the
supports. These rotations are not
free to take place but are restrained
due to the continuity of the beam.
The resistance to these rotations cre-

ates moment at the interior supports
of the beam. These moments at the
support induced by the continuity
of the structure cause the center of
pressure on the concrete to deviate
from the location of the cable pro-
file.

Fig. 1(a) shows an unloaded end
span of a continuous beam with M
the moment created by the beam
restraint at the interior support. The
moment, ill, creates an extra reaction
at each end of the exterior span.
This reaction is really due to the
force in the cable and the continu-
ity of the structure. The extra re-
action gives a moment curve which
varies linearly between supports as
shown in Fig. 1(b). As a result the
center of pressure on the concrete
varies linearly from the cable pro-
file between beam supports. How-
ever, the center of pressure on the
concrete will follow the same in-
trinsic shape as the cable profile.
Fig. 2 shows an assumed cable pro-
ile and an assumed center of pres-
sure on the concrete for a continuous
beam. At the end supports the cable
profile and the center of pressure

R= Z
o	 L	 f r ^1

R= L
(a)

L

ib)

Fig. 1—Moment Creased by Prestressing
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Fig. 2—Cable Profile and Center of Pressure
on Concrete for End Span

on the concrete coincide. At the in-
terior support, the cable profile and
center of pressure on the concrete
do not coincide. At the center line
of the exterior span, the deviation
between the center of pressure on
the concrete and the cable profile
is half the amount it is at the sup-
port.

In continuous prestressed concrete
the line of pressure on the concrete
is of the utmost importance in the
elastic analysis of the beam. The
line of pressure must fall within a
limiting zone along the beam. The
limiting zone is determined from
the maximum and minimum mo-
ment curves which are created from
external loads, cross-sectional prop-
erties of the beam, the allowable
tension in the concrete used, and
the force of the prestressing cable.
Lin discusses the Iocation of the
limiting zone in his book. The limit-
ing zone will be briefly discussed
here. Fig. 3 shows an elevation of

-C^	 amm.	 3..,,n

Hof yam M^.n

am,n

Fig. 3--Possible limiting Zone for End Span

the end span of a continuous beam.
The vertical scale of the beam is in-
creased for convenience of plotting
the limiting zone. The usual beam
sign convention is used. A positive
moment creates compression stress
at the top fiber of the beam. M,rt„s

is the largest algebraic moment
along the beam. M,,,;n is the smallest
algebraic moment along the beam.
For clarification, M,,,mr is associated
with the maximum positive moment
in a beam span and M,,,, is asso-
ciated with the support moment for
a continuous beam_ F is the pre-
stressing force of the cable. When
no tension stress is allowed in the
concrete, the limiting zone is de-
termined by plotting from the kern
lines of the beam. Fig. 3 shows a
beam in which no tension stress is
allowed in the concrete. The top
portion of the limiting zone is de-
termined by the M,,,a curve. Let
an,nr = Mma.r/F. 7 hen a,,,,,r is plotted
from the top kern fine and varies
along the beam. When M, n ,,,x is posi-
tive, n,,,., is plotted below the kern
line. When M,nua• is negative, u,,,a .r is
plotted above the kern line. Let
a.Fn = M„ri„/F. When M,n tiq is posi-
tive, d,,, i„ is plotted below the bottom
kern line. When M,,,, is negative,
a„,,,, is plotted above the bottom
kern line. The zone between the
curves obtained by plotting the
values of a,,,,,,. and a n, i, is the limiting
zone of the beam.

The method used in this discus-
sion is the method of equivalent
loads. By this procedure, forces
which are created by the action of
the prestressing cable pressing
against the concrete are determined.
These equivalent loads have been
determined previously by other writ-
ers 1.2 4 5. For clarification, these loads
will also be derived in this paper.

Fixed-end moments due to pre-
stressing will he derived for various
cable profiles. These fixed-end mo-
ments may he used in the Moment
Distribution Method or Slope-De-
flection Method to determine sup-
port moments in the beam due to
the prestressing force. By using these
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support moments in the beam, with
no live load or dead load considered,
the location of a corresponding cen-
ter of pressure on the concrete at
the supports can be determined. The
support moment due to prestressing
when divided by the prestressing
force in the cable Iocates the center
of pressure on the concrete at the
supports. Between supports the cen-
ter of pressure on the concrete varies
linearly from the cable profile.
Hence, the center of pressure of the
concrete from cable alone, can be
Iocated throughout the continuous
beam.

CABLE PROFILES
STRAIGHT LINE SEGMENTS

Fig. 4 is a portion of a beam in
which sharp bends in the cable oc-
cur at Section A-A and Section B-B.
The cable between these sections is
a straight line. The cable makes an
angle, a, with the horizontal axis
of the beam. Assume no friction loss
in the cable between the two sec-
tions. Also, assume the horizontal
component of the cable force is
equal to the cable force. The vertical
component of the cable force, F, at
Section A-A and Section B-B is

P_4 = P„ = F tan a	 (1)

However, since tan a = t/kL, Eq. Z
becomes

P:. = Px =	(2)

These are likewise the forces the
concrete has to exert on the cable
at A and B to keep the cable in the
position shown in Fig. 4 when the
cable is made horizontal to the left
of A and to the right of B. Hence
Eq. 2 gives the magnitude of the
equivalent concentrated load due to
this form of prestressing. From Eq.
2, note that the equivalent concen-

A	 8

g	 kL

Fes+

Cabla	 ^

f ^sn tee of Cro..iy	 fj
A 

farces oc i^n 6n Canc/ae Ore shown
Forces on .5"&r: ar t' SOme rn appos.M awe ,an.

Fig. 4—Portion of Beam with Straight Cable

trated load is a function only of the
force in the cable and the dimen-
sions of the cable profile.

Figs. 5(a) and 5(b) show cable
profiles for an end span. The cable
profile is composed of straight line
segments with sharp bends. The
beams are shown with a hinged-end
at A and a fixed-end at 13. The fixed-
end moment at B will be determined
For the cable profile shown in Figs.
5(a) or 5(b) where R and S are
fractional factors applied to the de-
flection y. Two equivalent concen-
trated loads due to prestressing will
occur in the span. Two other con-
centrated loads due to prestressing
will occur at the supports. However,
the loads at the supports will not
affect the fixed-end moment at B.

aL	 DL	 c(

R	 Cab/^ Sy	 y^ V

4	 L	 ,I

(a)

E_..-aL	 bL	 c_
•H	 _+1+ 

	

} _	 C. G. ^Ry GabN Sv ^ 

	

,. ^	 y

L

(b)

Fig. 5—Possible Straight Line Segment Cable
Profile for End Spans
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Fig. 6—Propped Cantilever Boam with Two
Concentrated Loads

Fig. 6 shows a beam which is sub-
jected to two concentrated loads.
These concentrated loads are as-
sumed positive when acting in a
downward direction. The sign con-
vention to be used for the fixed-end
moments is the beam bending mo-
ment sign convention, that is, a posi-
tive moment is a moment which
causes compression stress on the top
fiber of the beam. By using Eq. 2
and the symbols and dimensions
shown in Figs. 5(a) and 5(b), values
for Pt and P2 shown in Fig. B can
be obtained.

P1=—F
L
R+ P ' 8 ' 1L  

F'y[ R(a+b) —aS 1 	 (3)

LL	 ab

and

P^ —FIL + sy bL 
yJ

Fy b+c(S—R)]	 (4)

LL	 cb

A statically determined moment,
m, is applied at the hinged end A
by the cable profiles in Figs. 5(a)
and 5(b). The value of m is

m = Fe$ 	(5)

where F is the prestressing force
and e.4 is the distance of the cable
from the centroid of the beam at
support A. When the cable is above
the centroid of the beam, e A is
positive.

Fig. 7 shows a propped cantilever
beam with a concentrated load, P,
at a distance x from the hinged-end.
The equation for the moment, MR,
can be found in several engineering
handbooks.

_ Px (L2 — x")	 (6)
M"	 2V 

If P = P I and x = aL arc substi-
tuted into Eq. 6 and if P = P2 and
x = (I — c)L are substituted into Eq.
6 and these results are combined

P

x	 L—x

A	 B

Fig. 7—Propped Cantilever Beam with One
Concentrated Load

algebraically into one equation, the
following result is obtained

P, La (I — al)
=—	 2

P2 (1 —c) I, [L2 — (1 — c) 2 L21	 (7)
2L2

Substitute the values of P t and P_
that are given in Eqs. 3 and 4 into
Eq. 7.

bf, =J{ [a(R—S)+bR] (1 —a2)+

[b+c(S—B)] (1—c)(2—c)}

(8)

Fig. 8 shows a propped cantilever
beam with an applied moment, m,
at the hinged end. The fixed-end
moment at B due to the applied
moment at A is

rn	 FeA
(9)
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these values in Eq. 8. The result is

A	 B

Fig. 8—Propped Cantilever Beam with Moment
Applied at Hinged End

since the applied moment at A is
given in Eq. 5.

If Eqs. 8 and 9 are added together
algebraically, the fixed-end moments
due to prestressing are determined
for the cable profiles shown in Figs.
5(a) or 5(b).

MB = 2h { [a(R—S)+bR](1—a')+

[b+c(S—R)] (1—c)(2—c)1
FeA

— 2	 (10)

Eq. 10 contains 7 independent
variables and one dependent vari-
able. The independent variables are
F, y, e., a, b, R and S. Since
a + b + c = 1, cis not a variable
after a and h arc assigned values.
The dependent variable of Eq. 10
is A91^,

One design chart that included all
the variables of Eq. 10 would be
very difficult to construct. However,
three separate design tables are pre-
sented which will allow rapid calcu-
lation of M,1. Eq. 9 was added
algebraically with Eq. 8 to obtain
Eq. 10. Eq. 9-is a very simple equa-
tion. Therefore, it will not be in-
cluded in the design tables. Eq. 9
reveals that the fixed-end moment,
Mh., is equal to one-half the magni-
tude and opposite in sign to the
applied moment created by the pre-
stressing at support A.

The three design tables will be
determined from Eq. 8.

Assume R = S = 0 and substitute

	

MB= Fy(1—?)(2—c)	 (lI)

Divide each side of Eq. 11 by Fy.

Mn=(1—c)(2—c)F	 2	 {12)

The following equation is obtained
from differential calculus:

AM p = r7Mr; 
AR— aR ^	 (13)

Where OMB is the change in the
fixed-end moment M,,, AR is the

change in the variable R, and ` ,

is the partial derivative of MB with
respect to R. Take the partial deriv-
ative of Eq. 8,

OMR _ 
b
y.F'

r7R	 2 [(a+bX1 &!)—

c(1—c)(2—c)]	 (14)

Substitute Eq. 14 into Eq. 13,

AM,  = iY [(a+bX1—a2)—

c(1—c) (2--,c) ] (AR) (15)

The following equation also comes
from calculus:

AM], ( -^s°= 	 ) (AS)	 (16)

Applying calculus to Eq. 8,

reMB F J
c7S = 2h [—a(l—a-)+

c(1—c)(2—c)] A S (17)

Substitute Eq. 17 into Eq. 16,

AM,, = 2 [—a(l—a=)+

c(1—c)(2—c)] AS) (18)

Let R = R in Eq. 15 and divide
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both sides of Eq. 18 by FyS.

e?^I - (a+bx1-a2) +
FAR	 2I^

c(1-c)(2-c)	 ( 19)
2b

Let A S = S in Eq. 18 and divide
both sides of Eq. 18 by FyS.

dh1, 	 -all-a°) +
FyS - 2b

c(1-c)(2-c)	 (20)
2b

The change of the fixed-end mo-
ment due to prestressing which is
caused by the variables R and S
can be calculated by Eqs. 19 and 20.
Eq. 12 can be used to calculate Ill,,
when R = S = 0. Hence, if Eqs. 12,
19 and 20 are added together alge-
braically, the fixed-end moment due
to prestressing can he calculated.

The solutions of Eqs. 12, 19 and
20 are given in Tables 1, 2 and 3
respectively. The increments of the
tabulated values are such that
straight line interpolation may be
used while creating a maximum
error of 10 in the fifth decimal place.

Fig. 9(a) shows a propped canti-
lever beam with a cable profile. The
magnitude of the prestressing force
is assumed constant along the en-

075'
R=PS"	 s riao'

	

aL•L'	 bL+4 	 CL• E'

(a)

	

r^ CG.	 -aeB7'	
4`u

(b)
Fig. 9-Straight Line Segment Profile for End
Span

tire span. The design tables, Tables
1, 2 and 3, will be used to calculate
the fixed-end moment. Eq. 9 also
will be used to calculate the fixed-
end moment for F = 100 kips.

Fe.{ = 100 (0.25)
I4ir.^=- 	 -	 2

-12.5 kip-ft.

When a = 0.2 and c = 0.4, the fixed-
end moment due to Table 1 is

MI - = +0.48 F^!
= +0.48 (100) (1.5)
= +72 kip-ft.

When a = 0.2, c = 0.4 and R =?s,

Table 1-Values of
Fy I

_ (1 - c) (2 - c)
-	 2

C Value C Value C Value C Value

0.00 1.0000 0.20 0.7200 0.40 0.4100 0.10 0.2800

0.02 0.9702 0.22 0.6942 0.42 0.4582 0.62 0.2622

0.04 0.91,08 0.24 0.6688 0.44 0.4368 0.64 0.2448
0.06 0.9118 0.26 0.6438 0.46 0.4158 0,66 0.2278

0.03 0.8832 0.28 0.6192 0.48 0.3952 0.68 0.2112

0.10 0.8550M-30 0.5950 0750 0.3750 0.70 O.1950
0.12 0.8272 0.32 0.5712 0.52 0.3552 0.72 0.1792

0.14 0.7998 0.34 0.5478 0.54 0.3358 0.74 0.1638

0.16 0.7728 0.36 0.5248 0,56 0.3168 0.76 0.1498
0.18 0.7462 0.38 0.5022 0.58 0.2982 0.78 0.1342

82	 PCT Journal



14
ct

a-c

cnw

Table 2-Values ofM„ _ (a + b) {i - a') + c (1 - c) (2 - c)
FyR -	 2b
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the fixed-end moment due to Table 2
is

M,:s = +0.24 FyR
_ +0.24 (100) (1.5) (M)

+12 kip-ft.

For a = 0.2, c = 0.4 and S = 2/i, the
fixed-end moment given by Table 3
is

M 4 _ +0.24 Fy5
_ +0.24 (100) (1.5) (3)

+24 kip-ft.

Hence, the fixed-end moment for the
beam shown in Fig. 9(a) is obtained
by the following algebraic summa-
tion.

AIB=-12.5+72+12+24=
+95.5 kip-ft.

If Fig. 9(a) is one span of a two-
span continuous beam with equal
spans, a concordant cable can be
obtained in the following manner.
Assume the cable profile can be
raised or lowered. Also assume that
the cable must keep the same de-
fiecteci shape as in 9(a). Thus, if
only e :, may be varied and R and S
must be retained, the values from
the tables remain the same as in
the previous calculations. The alge-
braic summation from these three
charts is M„ =72+24+12= 108
kip-ft. The fixed-end moment when
C.4 is a variable is

Mr;=108—Fe-,

108-50e ..1 	(20a)

For the cable to be concordant, the
fixed-end moment must be equal to
the force in the cable times the dis-
tance of the cable from the centroid
of the beam. Hence,

M,f=+F(e.., — 1.00+1.50)
+100 (e4 + 0.50)	 (21)

Set Eq. 20a equal to Eq. 21 and
solve for c..1.

100 (e_4 + 0.50) = 108 — 50e.4

	

CA _	 .- 0.387 ft.

Hence, Fig 9(b) shows a cable pro-
file which is a concordant cable for
a two span continuous beam of
equal spans. The beam and cable
profile is symmetrical about sup-
port B.

Fig. 10 shows a symmetrical cable
profile for an interior span com-
posed of straight line segments with
sharp bends.

Cable	 G
A	 -

riiiz

	

L	 aL
L

Fig. Ip—Symmetrical Straight Line Segment Pro-
file for Interior Span

In a three-span continuous unit,
the moment curves will usually be
symmetrical about the center-line of
the middle span. In a four-span con-
tiunous unit, the point of maximum
positive moment will not occur ex-
actly at the centerline of the interior
span. However, the maximum posi-
tive moment will occur closer to the
centerline of the interior span than
it will in the exterior span. Only a
cable profile which is symmetrical
about the centerline of span will be
considered.

Two equivalent concentrated loads
due to prestressing will be created
by the cable profile shown in Fig. 10.
These loads will be Iocated at a
distance aL from each support. Fig.
11(a) shows equal positive, i.e.,
downward, loads acting on the
beam. Applying the dimensions
shown in Fig. 10 with Eq. 2, the
magnitude of the equivalent concen-
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(a) Fixed-End Beam with Symmetrical Concen-
trated Loads

aL L(1-2a, a!-

PL.
L

(b) Simple Beam Moment Diagram

M^

A55urred Q

®	 ^V
L

(c) Moment Diagram Due to Fixed-End Moments

Fig. 11—Fixed•End Beam

trated loads due to prestressing is

P = — ny	(22)

Fig. 11(b) shows the moment dia-
gram for a simple beam with two
equal concentrated loads at a dis-
tance aL from each end. Fig, 11(c)
shows the moment diagram which
is created by equal end moments.
When a beam is fixed at each end
and subjected to the symmetrical
loads shown in Fig. 11(a), the total
moment diagram for the beam can
be obtained by combining the mo-
ment diagrams shown in Figs. 11(b)
and 11(c) to make the total area

equal to zero (zero angle change
from A to B). The fixed-end mo-
ments are then

MA = 1t1 n = —PaL(1— a) 	 (23)

Substitute Eq. 22 into Eq. 23,

MA = AT 1,= +Fy(1 — a)	 (24)

Eq. 24 gives the fixed-end moments
due to prestressing for the cable pro-
file shown in Fig. 10.

CABLE PROFILE
PARABOLIC CURVES

Fig. 12 shows a portion of a beam
with a constant cross-section that
has a parabolic shaped cable pro-
file. Section 13-B is passed through
the beam where the slope of the
parabola is horizontal. Section A-A
is a section which is a distance kL
From Section B-B. The equation of
the parabola with respect to its hori-
zontal tangent at Section B-B is
z=cx'.

'	 Cable—	 C,^^
z-cxz 	^z

ILLS ISA III ILS4LS III F

	

WF	 fl . -

Fig, 12—Equivalent Uniform Load Due to Para-
bolic Cable

Since the cable profile is para-
holic, the moment curve induced by
the prestressing force is parabolic.
From elementary structural theory,
if a moment curve is a parabola, the
load condition which produces it is
a uniform load. Again it is assumed
that the loss due to friction is negli-
gible and the horizontal component
of the cable force taken is equal to
the total force on the cable. Section
B-B is a point of zero shear because
the slope of the moment curve, like
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the cable, is horizontal when the
beam is considered under the action
of the prestressing force alone, Let
w b, be the equivalent uniform load
due to prestressing. F is the force
in the cable, t is the vertical rise of
the parabola, and kL is the hori-
zontal length of the parabola being
considered. Take moments at Sec-
tion A-A at the point of the cable
and set this moment summation
equal to zero.

IM = Ft — i°^ k L ^ =0	 (25)2

Solve Eq. 25 for wF.

2Ft	
(26 )tcF = k, L, 

Fig. 13 shows an end span with
a cable profile composed of three
different parabolas. The cable pro-

aL	 bL	 cL

z	 H '	 n

eA ^	 CG_	 z b' y

py^ Eq	 `q	 G^bfr—^ m

L	 F

the two curves. Eq. 29 has a hori-
xontal tangent at the fixed end of
the beam, For Eq. 28 and 29 to have
a common tangent at their intersec-
tion, the derivatives of each curve
must be equal at point H. The
derivative of Eq. 28 at x = bL is

dz 2mx  2rn	
(30)dx b= L bL

The derivative of Eq. 29 at x = cL is

dz _ 2nx 	 2n	
31}

c = — cL

Equate Eqs. 30 and 31 and com-
bine terms,

m bJz = C	 (32)

From Fig. 13, it can be seen that
a+b+c=1 and m+n.=y. Thus
with these two equations and Eq.
32, m and n can he expressed in
terms of c, b, a and y.

nhn= —►n=!--=
C

rte — rte
a+b (1—c)	

(33)

Fig. 13—Possible Parabolic Profile for End Span	 and

file is continuous and the parabolas
have a common tangent at their
points of intersection at G and H.
The equations for these curves are

	

x2 Ry	 (27)z= 

	

—a2m	
(28)

at) d

	

z=--
 x'= t1	

(29)
C- L^

Eq. 27 and 28 have horizontal tan-
gents at their origins, i.e., x = 0,
which is the common point between

cm
m= f— n =y— b =

yb — yb	 (34}
c + b (1-a)

Let wR be the equivalent uniform
load over the aL portion of the span,
w the equivalent uniform load over
the bL portion of the span, and w,
the equivalent uniform load over the
cL portion of the span. The uni-
form loads are considered positive
when acting in a downward direc-
tion. Using the above load notation
and the dimensions shown in Fig.
13, the Eqs. 26, 33 and 34, the equa-
tions for the equivalent uniform
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loads are

2F Th1,

	

	 (35)= — a2L'
2F^

to — — b (1 — a) L2	
(36)

and

2 F= y	 (37)

Equations for the fixed-end mo-
ments of a propped cantilever beam
with a uniform load over portions
of the span will now be. derived.
Fig. 7 shows a propped cantilever
beam with a concentrated load at
x distance from the hinged-end. The
equation for the fixed-end moment
for the beam in Fig. 7 is

R4,	
Px (L2 — x2)	

(6)2L2

Fig. 14 shows a method of express-
ing a uniform load as an infinite
number of concentrated loads along
a beam. The magnitude of these con-

P= wdx

u x/2

dx

Fig. 14— Method of Expressing Uniform Load as
Infinite Number of Concentrated Loads

centrated loads is P = w dx, where
w is the uniform load on the beam
and dx is an infinitely small length
of the beam. Substitute this value

of the concentrated load into Eq. 6.

MI
; — (tvdx) x (L 2 — x2)	

(38)
2L2

Eq. 38 is the equation for the fixed-
end moment of a propped cantilever
beam due to a uniform load over an
infinitely small length of beam at a
distance x from the hinged-end. The
equation for fixed-end moment due
to a uniform load over a portion of
the span can he obtained by inte-
grating Eq. 38 between the limits
of the Ioad,

In Eq. 38, let w = w, and inte-
grate between the limits of x = 4
and x = aL.

" r w„x(L--x)dx
?if  =	

2L2

W	 L` x 2	 x41 ,rf.

2L-1 2	 4]o

_ — wa L a' (2 a')	 (39)8

Eq. 39 is the equation for the fixed-
end moment at B for the beam in
Fig. 15(a).

Let w = wb in Eq. 38. Integrate
Eq. 38 between the limits of x = a.L
and x=(a +b)L.

,'+ b,L 
—wb x (L- — x') dx

241,0— ^ ... 	 2L'-	 _
u +bll.

w,, L- x- 	 x^
2I.'[ 2	 4 a,

— Wb [2L4(a+b)2-
2 L"

(a+b)'L 4 -2a2L4 +a4L-'] =

— wvL2 
[(a+b) 2 [2—(a+b)"l —

8
a'(2—a2)]	 (40)

Eq. 40 is the fixed-end moment at
B for the beam in Fig. 15(b).

The equation of the fixed-end mo-
ment for the beam in Fig. 15(e)
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we

L

(b)

aL _ , _	 bL,	 cd

®	 ® 

I ^ Ma

(c)

Fig. 15—Three Loading Conditions for Uniform
Load Applied to a Propped Cantilever Beam

will now be derived. Let w = to, in
Eq. 38. Integrate Eq. 38 between
the the limits of r = (1 — c)L and
x = L.

ty,x(L2—x2)dx
Mri= —

U- m	 2
— we.	 L2 x	 i r

w^ L" 
_ - 8 [i—(1—•c)°]

	

w,L2 c2 (2 —c)2	
(41)8

The equation for the fixed-end
moment of a propped cantilever
beam due to an applied moment at
the hinged-end has appeared pre-
viously. This equation was

^1f n = — 2 = _ FCA	 (9)

Add algebraically Eqs. 39, 40, 41
and 9.

Mlj _ ur,L2 a2 (2—a') — ty L'
-	 8	 8

[ 	 [2—(a+b)2 ] —a2(2—a°)j

—w`.L2c2(2---c1" _ 2 (42)

Substitute Eqs. 35, 36 and 37 into
Eq. 42.

f
MR =- [ (2—a'-) (R— b(i—) )+

[ (a+b)'1[2—(a+b).,] _b(1--a)
c(2--c)"	 Fea (43

(1—a) I — 2

If the cable location at A coin-
cides with the centroid of the beam.

= 0. If e,t = 0, Eq. 43 reduces to

111,1 + Y [(2—a2) (I1a))
+ (a+b)2 [2—(a+b)] 

b(Z—a)

c(2—c)'=	
(I1)

(I—a)

Substitute a + b = 1 — c into the
middle term of Eq. 44.

(1—c) (1+2c—c^)
b(1—a)

c(2—c)''	
(45)

(1 —a)

Eq. 44 or Eq. 45 will be used to
develop design tables that will en-
able a rapid calculation of M D . A
correction can easily be made if e,,
does not equal zero.

Design tables for Eq. 44 or Eq.
45 are Tables 4 and 5. In calculus
it was shown that

A f_	 r) AR	 (46)
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In Eq. 46, A M,i is the change in
the fixed-end moment at B, !] R is
the change in the variable R, and

is the partial derivative of Mu
dR
with respect to R. The partial deriv-
ative of Eq. 45 is

iR, = 4y (2-a2)	 (47)

Substitute Eq. 47 into Eq. 46,

AMR= +4y (2-a2)(AR) (48)

If F, y and a are constant in Eq. 48,
then the change in M„ is propor-
tional to the change in R. Eq. 48
reveals that if the value of a is con-
stant, R produces a linear effect on
the fixed-end moment at B.

For Tables 4 and 5, straight line
interpolation may be used with the

same accuracy that occurs in Tables
1, 2 and 3. From Tables 4 and 5, it
is observed that if the variables, R
and a, are held constant, My de-
creases when c is increased. If the
variables, R and c, are held con-
stant, Mit increases when a is in-
creased.

Parme and Paris2 have derived a
formula for the fixed-end moments
due to prestressing for an interior
span. The cable profile is made of
parabolas and is symmetrical about
the centerline of the interior span.
The equation which they derived,
expressed in the notation of Fig. 16
is

Fy(1-a)	
(49)

1.5

Beam sign conventions apply to
Eq. 49.

Table 4

]M,;	 (2 - a')
Solution of	 =

Fy (AR)	 4

2-a2
a 4

O. 0.469375
0.3 0.467600
0.37 0.465775
0.38 0.463900
0.39 0.461975
0.40 0.460000
0.41 0.457975
0.42 0.455900
0.43 0.453775
0.44 0.451600
0.45 0.449375
0.4 0.447100
0.47 0.444775
0.4$ 0.442400
0.49 0.439975
0.50 0.437500

O	 y	 G. G
Cable-

^L	 aL

	

L^2	 I

Fig. 16-5ymmetrical Parabolic Cable Profile for
Interior Span

Next an elastic design example
will be given illustrating the use of
Tables 4 and 5. Fig. 17 shows a
three span continuous beam (50.0 ft.
-60.0 ft.-50.0 ft.) subjected to a
uniform load of 600 lbs. per foot
and a uniform live load of 1000 lbs.
per foot, For simplicity, no partial
span loading of the live load is
used. Fig. 18 shows the maximum
and minimum moment curves for
this beam.

Fig. 19 shows the selected beam
which has a kern distance of 7.0
inches. The limiting zone for the
center of pressure on concrete is
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Table 5

Solution of M11 = 1	 a' (2 - a'} + (1 - c)2 (1 + 2c - c') - c (2 - c)2
4 [- b {1 - a}	 b (1 - a)	 (1 - a)Fy 

o, a, a, 0. 0. 0.+ 0 0.! 1 a, 2 a.r- o. .!C 0.e 0. 6 0. 8 r ,44 0. o
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Live Load• loan%

LIVE LOAD: CASE D

Fig. 17—Design Loads for Three Span Continu-
ous Beam

also designated. No tension stress is
permitted in this beam.

A concordant cable consisting en-
tirely of parabolas will be deter-
mined for this beam. For this design
a prestressing force of 450 kips will
be used. By inspecting Fig. 19, the
following values have been chosen
for span AB: a=0.42, c=0.08,
R = 0.4, y=1.073ft.

From Table 4, when a = 0.42, the
value is 0.455900 and from Table 5
when a = 0.42 and c = 0.08, the val-
ue is 0.4373. Hence the constant to
calculate the fixed-end moment at
end B of span AB is 0.4373 + 0.4
(0.455903) 0.6197. Thus the fixed-
end moment is

Ali = 0.6197 Fy
= 0.6197 (450) (1.073)
= 300 kip-ft.

The stiffness of span AB at joint
B is a 3 EI/L member and due to
symmetry of loading, the stiffness of
span BC is a 2 EI/L member.
Hence, the distribution factors in
the moment distribution analysis is
0.643 for member BA and 0.357 for
member BC.

Fig. 19 shows that the cable is
located 0.644 ft. above the centroid
of the beam. For the cable to be
concordant, the final moment must
equal 450 (0.644) = 290 kip-ft. The
final moment is now known and
the fixed-end moment in span
AB is known. Now a cable profile
and a fixed-end moment in span BC
must he chosen such that the cable
will he concordant. Let e be the
unknown fixed-end moment in span
BC and solve for a using moment
distribution (see Fig. 20).
Thus

+290 = + v + (300-v)0.357
c = 284 kip.-(t.

From Eq. 23, the cable profile in
span BC is determined.

v=284= 
Fy(1—a)

1.5
450y(1—a) 

=300y(1—a)
1.5

The value of a is selected to he
0.08. Hence,

Y = 300 o 92) = 1.03 ft.

Fig. 19 shows a concordant cable
for the beam and presents an elastic
design solution.

CONCLUSION

Data presented in Tables 1 and 4
are parabolic data. Also data pre-
sented in Tables 3 and 5 are para-
bolic in both the a and c directions.
Data presented in Table 2 are para-
bolic in the c direction and linear
in the a direction. When data are
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Fig. 18—Maximum and Minimum Moment Curves for Three Span Continuous Beam

Fig. 19—Limiting Zone and Cable Profile for Three Span Continuous Beam
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Fig. 2o—Moment Distribution Calculation to De-
termine Concordant Cable

parabolic, exact values may he cal-
culated by use of parabolic interpo-
lation coefficients which may be
developed by using Lagrange's In-
terpolation Polynominals. For those
not familiar with this method and
for those who do not feel that this
refinement is necessary, straight line
interpolation will give accuracy
equal to or Iess than I in the fourth
decimal place.

Equations and data for fixed-end
moments for the end-spans of con-
tinuous units have been computed
and derived for a beam fixed at one
end and simply supported at the
other end. These boundary condi-
tions must he considered when using
these fixed-end moments in the
structural anlaysis of the beam.

The tables and equations pre-
sented in this paper offer the de-
signer great flexibility in selecting
his cable profile and a rapid method
of calculating fixed-end moments
due to prestressing for further use

in structural analysis.
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