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FOREWORD 

The: 1993 Annual Technical Session of the SlNCCUraJ Stablhty R~h 
Council wu held In the City of Milwaukee , WisconSin on Apnl 5 and 6 . ThIS 
proved to be. very pleasant venue With ,ood surrourl(hn,s and alln, places. It was 
the first tune the SSRC me1 in Milwaukee. 

Another new venture wu a substantial change 10 the formal of the mteun" 
The presentation ofpapc:rs for the SSRC ITICetin& took place: a' Task Group merlin,s 
on Monday and al • plenary 5eSSJon on Tuesday moman,. 'The reason for this 
chan,e was that the lJ'IdlllonaJ half day theme session wu expanded 10 • 111\ day 
conference With the theme -Is Your Structure SUllably Br'ce(!7- Even With the 
restricted ume for thc SSRC presentations, • total of 27 presentations were 
IChcdulcd. With 14 of them In the plenary JeUlotI All thc.se pipers are contaIned 
In these proccec1Ln,s alan, wllh .Je\'craJ other papers that ~rt submitted but not 
presented The: papers we~ associated wath clcvm different Task Groups and 
linure thanks IS due to all the authors for their drom and partiCipation 

It IS 00( possible to separate. the numba of putlClpanU In the SSRC meetlnl 
(rom the lOCal that also attended the IUbseq~t theme conference. However. the 
Task ,roup meetings .. ere very well auendod and their content was pnmanly 
lOChmca.l In I'IIturt. A head countlNhca.ted that natly 100 wert In atte:ndance at the 
p&enary SCSSlon . The combll'lc:d meetings had over 160 rtlllUants, ~rtSef\tJnl ten 
dIfferent countnes. ThIS .. 'u the lattest auendance ever at an SSRC event Tn Spite. 
of the Inlilal concerns thit the abbreViated SSRC meellng would not be well 
rt.CC1vc:d. the rtspoox of the: panlclpants seemed enthuSlutlc. 

A special note of thanks IS due 10 five loca1 sponsors who conlnbuted 
ftnanciaJly 10 support the meetings. 

CH2M HIli 

Computenzc:d Structural DesIgn 

Graef Anhalt Sch~ ASSOCll~ 

Howard Needles Tammen &. 8c:r&endoff 

Society of Iron &. Sirel Fabncators of WisconSin 



Due to the chan,e In fomw, oonuderab)e CJ:lr'I effort wu rtqUlfed In 
orpnll.ln, and Implementln, the: SSRC mec:tln,. The Pro&rtm Committee c.twred 
by Clarence MIller did a commendable Job In OrlaftlzlnllM technical content of the 
mcctlnl . "The Tuk Group Chaumet"l were especially cooperatIVe In Inlclratln, 
t«hnacal pruenWlons InlO thor mectJn,s Leslel&h FedcnnlC, SSRC AdmlnlstrallVe 
Scc:rewy, and her lUls&ant DIana Walsh. did their usual CJ:cellent jOb of Insunn, 
that n'eryulln& wenl smoothly both bd~ and dunn& the mectJn&. Thanks for the 
extra effon UIIS year. Our new Assocaate Director, Jim Rlcles, ,01. a ,ood Inltl.1.tlon 
and we apprc:clale hIS contnbutloo to the pfO&ram and atran,emenlJ. Also, thanks 
10 the SSRC Director, Lynn 8c:cdle, for his efforts and oversccln, aHthe details that 
had 10 be conSidered The students (rom Marq~te UniverSIty and the UniverslIY 
of WIJCOrISm·MIIW<1Iuttc dese",c recoemtzon for fhelfcfflClCnf ISSIStance dunn, the 
conference. Finally a specl.1.l thanks to Jerry Ifnand Clwrman of the: Finance 
Committee, for the Idea of the: new meetln, format and for InSplratloo to others In 

makin, this a successful meetln'. 

Now we can look forv.'Ud to neAt year which will be tM 50th Anniversary 
Meelln, of the SSRC. This special and CJl.Clun& evenl WIll be held al Ldll&h 
UmvenllY, June 19·22. 1994 The theme. ·SSRC • LAnk Bet ..... een RCKalCh and 
Practice" will be addressed by international experts on all of the vanous stabllllY 
IOpICS Important to SSRC. We hope to come away from thIs meelinl with a ,ood 
VISlOO of the future of mblluy research and desl,n . 

Milwaukee, WisconSin 
Apnl. 199) 

" 

,J:) X -:>,(,- ~,""., 
Donald R herman 
Clwnnan 
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I nl roduction 

Your Building May be Stronger 
Than You Think ; 

The Benefits of 3-D Analysis 

by Mare Houl and I>t.W'e Elhfnnl 

Structural enaineen are always lookin, for ways to make more erticlent use of materials- for 
findln& sc:c:ond:lry uses of members that are already there for another purpox. This is the 
basis for comPOSite construCtion; the sbb is lotn, 10 be presenl anyway SO why not make II 
.. wk as put of a floor beam' Another example is stceI deck. In noors Its pnmary 'uncuon 
II as a oonc~ form. However. properly deli&ned shear connectors can make It work as 
pan of a compoSite slab. In roo's II 'S there 10 keep OUI the weather. bUlllS In·plane shear 
stren.lth can man II work as bl"flCan& for frames and other stNCIural dements. 

In metal buildan& systc:ml and other conventional OfIC-ltory commercial and anduslnal 
bUlldln&s, lOme form of X· bl"flCln& is usually used in the planes of the roor and wall 10 
provide ruastance 10 wind perpendicular 10 the main fmnes . This brKin&. 100, can IieJ"\'C a 
secondary function thaI can only be found through a 3-dimen5'onal analySis of lhe tnlire 
SU"\lClure 

Con\-entional 2-0 Analysi 

A common method of brKln& I slory framed buildings Ii&lnst Wind perpendicular 10 the 
frames IS sho .. n an Filure I . 1lIe X bracin& may be angles, rods, or cables or an very heavy 
structures may e ... en be W·sectIOOS. In most cases, the wumption is made that these 
members are incapable of re5lStlnl compression without bucklinl elasdcly and Iherefore are 
considered 10 act as tension members only. 

When wlIld blo ... s lillnst the end wall of this buildin&, loads an: transferred throulh tnc: end 
... -all columns. throu.&h struts III the roof. and into the: bracina system WhiCh, with the 
auumptlOO menlloned above. becomes a Slmple ProUt ll\ISS. For this case I ) dimenSional 
analysIS would be of IIIOe value 

I Dr Marc HOIl. Anoeiate Professor of Civil Encanec:nn&, UmversllY of Flonda 

1 Dr. Duane Elhfnn. Profeuor of Civil En&incenn,. UnlvenllY of Aonda 
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There are certaIn types of similar structures, however, where: a 3·0 analysis can be most 
bencficw. 

Hangar Building 

BuildmiS which are built (or l&rIc aircraft maintenance facilities aenenl1y have IUJc doors 
in the end waJls. as in Filure 2. In these caseJ , there can be no end wall columns 10 transfer 
wInd load, SO it is common to build a cantilever door support assembly that transfers the load 
back 10 an interior (ntmc by means of an inclined compression strut, as shown in Fi&ure 3. 
This pull an upward force on me frame to which this inclined strut is altached . An upward 
dcnection of IhlS (rame means an inward horizonta1 movement at the top of the slidmc doors. 
Too much movement may ClUJe damage to the door!. 

A lypica1 2-D analysIS, medellin, the fnme stiffness as spO"I' in-plane. may show very 
I.,..c honzonlal dc:nccllOlU al lhc: door tracks as seen In Fi,ure 4. Tlus may ClU,te the 
deJ.i,ner w bchc'¥c tnal • heavier frame is needed , but increa.sln, the (Dme stiffness comes at 
the cost of dramlllcaJly Incn2sml the welcht of thai (rame. A better IOlulIOI'I is 10 uulize 
somtlhm, that IS already present anyway-the wind brxlnl. The benefiCial effect of thIS can 
onl), be found by perfomunla 3-D amJysis of the enllre buildm,. 

3-0imensional Analysis 

A mrc:e dimensional analysIS will show that the upward force on the tccOnd frwne IS actually 
restramed by the roof braelnl which transfers some of mis force to adJ~1 frames, For a 
nat roof build,", . mlJ efrect is negligible, but for a ,abled frune: buildln,lI can be 
sianlficanl . Look II the simplified 2-bay model in Fi,Ure: 5. In Fi,ure: 5(1) the upward fOrtt 
is perpendicular to me plane of the diagonal bracinl, so the brae'"l will not resist much load 
until lar&e dtnecllons talce place. In Figure 5(b). the d1aaonal braeln& is alread), positioned 
to proVide a verllcal component of reaction to the applied upward load . 

It should be noted mal mis works because only one fAme; is lpadcd nus comes from 
havln, (he end wall wind reactJons carried bad:: to the fim inferior frame on an inclined 
member, producln, an upward component of force , The same principle would not work if 
all frames are equaJly 10Ided, IS in uniform wind uplift on the roof, 

It should also be noted mat usc: of this procedure: may result in very IllIe forces In the 
bracina members and their connecuons, The deSilnet must msure: that these members and 
their connections are adequate for the increased forces from the door headen, The common 
pracuCt: of usm, a sm,le rod lhrough a hole In the web JIliY not be suffiCient for sIKh 
forces. 



Analysis Example - Modeling 

As an eumple. the results of a three-dimensional analysis will be compared to the more 
conventionallwo-dimensional analysis (or a typical han&ar build!oC like the one in Fi,urc 2. 
The dimensions of the buildln, are shown in Figure 6. The buildmc IS ten bays lon" 
symmetncal about a vertical plane throu&h the: ridge and has slidtnt doors In both end Wills 
and I door supporting assembly similar 10 that of Figure 4. 

For the analysIs, a finite element program called SSTAN will be used. SSTAN is lthree 
dimensional static analysis procram that handles trusses, frames, plates, membranes, shells 
and solid elements. It can also include P-Delta and non-compreJsion member effects. 

In order to simplify the modc:hne and reduce its size, we will model only the first three 
frames and use symmetry about the peak. In finite dements, symmetry can be Iwldled by 
modehn& only the symmetric ponion of the structure and adjustina the boundary conditions 
to account for the ~ of the structure. This method is exact for linear structures subJccted 
to symmetric 1oadma. Gentra11y. symmeli)' can not be used In a non-linear analYSIS. ThIs IS 
because as membrrs YIeld or change properties. the structure becomes non-symmetnc . In 
this case, the only non-lineanty being mcluded is non-compression bracing members. The 
symmetric loading will live symmetric results even with this non-linearity. Therefore the 
use of symmetry is corm;t for thiS case. 

By Inclu(ilnl only the fim three frames In the structure, the assumption IS made that most of 
the load is resa ted by these frames . If this were 001 the c.aJC: . the entire structure would 
have had to be used. Even though only the first three frames are beln, modeled , some 
method must be used to account for the effect of the rest of the StructUfC. The nwn effect 
that needs to be represented IS the resislanCe 10 deflecl10n offered by the other frames . The 
typical Wily to account for ponlons of a structure is to replace it with simple springs . In a 
linear example, this method can br exact. 

In order to model the rest of the structure with springs , the stiffness value 10 use for these 
springs must be determined . The exact way is to model the rest of the structure. then apply 
a load at each node where there is a connection between the first three frames and thiS 
model. The load applied diVided by the deflection caused by the load is the stiffness value . 
In a linear model, thiS load can be a umt load and the stiffness is an CJlact representation of 
the structure. In a non ·linear problem, the load must be equal to the real load the structure 
will sec. Clearly the real load is nO( known and either must be found in I lIerallve manner 
or the entire structure must be modeled . 

This method is useful when replacing a very complex ponion of a structure by an accurate 
simple representation . This replacement allows us to study the rest of the structure Without 
the complexity . Often, an approximate model of the rest of the structure is used Since the 
difference: In the approxln\lte and exact models causes only I very small change In the results 

3 
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of the portion bel", studied. 

In this uample. the approximate stiffness is accu .... te enouah since its effect will not chan,e 
much with more accurate modeling. Therefore, the rm of the structure is modeled by an 
approximate structure. Fewer nodes and members are used lO represent the tapered sections. 
Only the nodes thai connect to the three frames are included. These frames are bein, loaded 
about their weak axes so the taper does not effect the moment of inenia. In addition, a unit 
load is used to calculate the spring stiffness. This is not exact since nOI all compression 
members at hi,her loads will be ignored. In addition, the additiorW frames do not rtsist 
much of the wind load since the braeln, transfers most of the load to the first three frames. 

Symmetry is also used on the spring evaluation model. Again. only the symmetric portion 
about the vertical plane along the ridge is used for the spring evaluation. Here, the unit load 
must be applied as a combination of a symmetric and anti·symmctric part to get the correct 
displacement This is because with symmetry, loading is assumed to be the same on the 
symmetric portion of !he strucrure. In dderrnining !he spring values we only want a single 
load. Using anti-symmetric load method (changing the boundary conditions) we can let this 
effect. The plot of the structure used to determme the spnnl stiffness is given in Figure 7. 

The three rigid f~rnes on the windward end of the buildmg are modeled fairly accurately. 
Also included in the model are the purims connecting the frames and the springs calculated 
for the rest of the Slnlcture. The door support assembly is modeled including the diagonal 
brace used to transfer load back to the interior frame. Two versions of the analySIS model 
were created . The first simulates a two dimensionaJ analysis. This model does not include 
any roof blVing. The ~d model adds the full roof bracing to the model. 

The no-roof-braclnl model will give exactly the same arlS\,·en 1$ the simplified mode:! shown 
in Filure 3. The spnng values used in the simplified model can be calculated uSing a two 
dimenSional model of a single rigid frame . A full Three DimenSional model was actually 
used for the un ·braced frame analysis since the model had to be developed for the braced 
analysis. Figure 8 shows the structure used. If wind load is applied to the un-braced model 
very large deflections result as shown in Figure 9. The plot shows deflections in an 
exaggerated form . However, the dramatic shape can only come from extremely large values. 
Looking al the bottom of the door support assembly al the peak, note that the horizontal 
deflection is 70" . The vertical dtfleclion is 12" . These deflections are clearly unacceptable 
for a connecled door. 

A plot of the braced model can be seen m Figure 10. Applying the same wind load Ihat was 
used on the un-braced model, the results are shown in Figure II. Here the shape is nOI 
distorted . AI the same support locauon, a horizontal deflection of 20" and a vertical 
deflection or 6" can be seen. The bracing added an enormous amoun! of stiffness to the 
sU'Ucture and helped to distribute the force rrom the door hanger assembly into adJlC(nt 

frames . 



Conclusions 

Any structure is going to behave the way it wants 10, regardleu of how it is analyztd . A 
typical two-dimensional analysis, while conservative, may overlook some reserve strength in 
a structure thaI can only be revealed in a three-dimensional analysis. This is the caJe in the 
example of me aircraft hangar shown . Conventional wind braeing, placed there for 
alignment during erection and to resist longitudinal wind forces , is in reality performing a 
third function of dlstnbuting the upward force on the first interior frame5, due to wind on the 
hangar door, to adjoining frame5. This may require incrta5ing the size of the bracing 
members found through a two dimensional analysis and improving their connections but at 
least it is a structural element mat is already there. Critical for the gains to occur is having a 
pitched roof. It is because of this pitCh thaI the bracing offers a vertical stiffness component. 
Flat roofs do not offer any such advantage5. 

In summary, a three dimensional analysis does not make a building stronger; it may, 
however, show that the structure is stronger than you mought it wu. 

5 
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Figure 1 - Conventional Wind Bracing 

... ombly 

IlIdlng_ 

Figure 2 - Typical Hangar 



Figure 3 - Wind Loads on Door Support 
Assembly 
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Figure 4 - Schematic of 2-D Deflections 
In Door Support Assembly 
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(a) Flat Roof 

-
--

(b) Gabled Roof 

Figure 5 - How Diagonal Bracing Resists 

Uplift on a Single Frame 
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Figure 6 - Building Dimensions 

Figure 7 - Frame for Spring Stiffness 
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Figure 8 - Unbraced Model 

Figure 9 - Defonned Plot 
of Unbraced Model 
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Figure 10 - Braced Model 

Figure II - Deformed Plot 
of Braced Model 
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Tal IPPICTIVE LENGTH or COLUKN8 1M pa •• AY PRAMII 

by 

Claudio Bernuzzi and Riccardo Zandan!n! 

Depart.ant of Structural "~chanic. and o.aign Autoaation 
University of Trento - Italy 

Ab.tract 

The paper intend. to pre.ent ao •• of the result. of a project ai.ad 
at inv.stigating the atability of .eNi-rigid away fram ••. 
Attention i. focu •• ed in particular on the coluan effective length. 
which etill i. a basic concept of siaplified d •• lgn analyeie. The 
etfect of colua" yielding .e well .e of initial iaperfection. and 
of joint nonlin.arity i. discussed. The use in deeign analy ••• ot 
the ettective length based on the elastic critical load, incorpor­
ating joint flexibility. i. finally considered. 

IIfTltODUCTIOM 

Joint behaviour aftect. signi(icpntly the re.pon •• and stability 
of st •• l fra ••• : a nuaber ot studi •• have h.nc. be.n r.cently 
c.rried out, or .r. underway •• i.inq at investig.tinq the beh.viour 
ot s .. i-continuous tr ..... nd at dev.loping .uitable •• thod. of 
.n.ly.i. and d •• ign. A co.pl.t. tr •••• naly.i. incorporating all 
sourc •• o( nonlin.arity (i .• aaterial and joint behaviour aa '01.11 
aa s.cond ord.r .ft.ct.) i. now viable also to practition.r •• and 
pr.a.nt co.puter capabiliti ••• ak. it aor. and .or. "aftordabl." 
.ven In .veryday d •• ign practice. Hor.over. tull (ra ... naly.i. 
r.present. the .ost reliable and etf.ctiv. d •• ign tool in the case 
o( away (ra •••. Non.th.l •••• ailllpliti.d lIIethods will c.rtainly 
continu. to play an important role in de.ign, at l.a.t in the 
pr.li.inary .i~inq phase •. These .ethods are g.nerally ba.ed on 
tir.t ord.r .la.tic an.lysi ••• nd pos.ibly on .iapl. beh.viour.l 
.od.ls (or the whole structur. to co.pute the .tr •• a r •• ult.nta, 
.nd .ak. u •• o( • ch.cking procedure by COMponents (colu~na. bea •• 
and joints). 
Aa a part ot • re •• arch proj.ct on the at.bility o( •• ai-rigid sw.y 
traaea (1,2), the author. have been inve.tigating ao.e aapecta ot 
this type o( approach.a. concentrating in particular the .tt.ntion 
on the ".f(.ctiv. l.ngth" ot parti.lly re.trained away coluan •. 
Pr.vious studi •• of this probleM aainly r.late to the .lastic 
atability of coluan. reatrained by lin.ar elaatic jointa [l,4). The 
li.ited knowledge about interaction between ••• ber and joint non­
lin.aritl.s .0 (ar ha.pared the develop.ent o( ap.cific r.coa­
•• ndationa for d.t.raining the .ttectiv. length of coluan. in ae.i­
rigid (r ..... Eurocod. ) (5] just at.t •• that "wh.r •• beaa ha • 
••• l-rigid conn.ctiona, it •• ft.ctiv •• tittn ••• coetfici.nt (to be 
uaed in .tr.ctiv. l.ngth co.put.tion.) .hould be r.duced according­
ly". 
Thi. paper int.nd. to preaent and diacuaa 80 •• r.aulta, obtain.d 
vie a nua.rical siaulation prograa v.lidated in a previoua pha •• 
of the r •••• rch proj.ct [6], which .llow a tirat underst.nding to 
be achi.v.d o( the .((.ctive l.ngth proble., .nd In p.rticular ot 
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1. 
(1) the intluence of difterent sourc •• of ncnlin.aritl •• (r •• ponses 
o! ~ ••• , coluans and joints). (2) the type of qeo.etrical i.per­
tection and (3) the loading condition (i.e. the relative iaportance 
of distributed bea. loads with respect to concentrated nodal 
lOads). The study considers two limited tra •••. The firat, a colu .. n 
.uba •••• blage, enables investigation of the intluence of the colullln 
and joint nonlinearity on the stability of individual coluana. The 
second, a storey 8ubaas.ablage. allowa t.o extend the study to 
condition. aore typical of columns in tra ••• y.t •••• including as 
well the effect of beam loads. With reference to d.sign analysis, 
the degree of approximation was then checked inherent in the use 
ot the elastic value ot the ettective lenqth to deter_ina tha 
ultimate load carrying capacity ot a column. The results underline 
that the uae ot the elastic ettective length aay lead to unsate 
design . Besides, the need tor a consistent detinition or the trame 
impertections ro~ rul1 trame analysis is pointed out. 

When columns are the elements governing the ulti.at. strength or 
the .yst •• , tra.e design by components traditionally relies on the 
concept at ettective length to account tor the ettect ot the inter­
action between the colUmn and the remainder ot the structure. The 
meaning and determination ot the etrective length or columns in 
frame. are well established (71, when reterence ia made to the 
elastic critical load ot rigidly jointed sysums (Fig. 1). The 
principal aethoda enabling deteraination ot the ettective buckling 
length factor 8. for columns in rigid fra_evor.!ts can be easily 
extended to the case ot columns in PR trames with linear elastic 
joints (3.4). However. the attainment of the uitilllate load carrying 
capacity generally involves inelastic tralle behaviour. due to 
.embttr yielding and/or to connection nonlinear respon.e. These 
tactora aight attect remarkably column response and column-trame 
interaction. and hence column ultiaate buckling atrength. Their 
intluence ahould therefore be recognized in the deaign analysi •• 
i . e. in the value at the ettective colUmn length BH. 
The question than arises at the detinition ot this parallleter 
allowing tor a reliable design at columns in inelastic seai-rigid 
frames. To this aim, it seems appropriate [8,9] to refer to the 
maxilllull strength o! an end restrained colUmn and detine the 
"slaatic-plastic" value B.pH ot the eftective length, on the basis 
o! the procedure of equivalence ahovn in tiljur. 2. i.a. as the 
value at column length which. when used in conjunction with the 
stability curve tor the pinned-.nd condition. allows the salDe 
atrenqth as tor the end-restrained condition to be Obtained. 
Studies were conducted by severa 1 authors [8] at the ettecti ve 
slenderness at partially restrained non sway compre.sion .e.ber., 
as aftected by aaterial and restraint nonlinearity. which adopted 
the above definition . A possible procedure tor the incorporation 
or the re.ults in the de.ign at columna in braced trame. was alao 
developed [10.11). The sallie problem. but tor the caa. ot sway 
tra •••• received only little attention. and li.ited to the influ­
ence ot coluan yielding [9.12J. i.e . no con.ideration was given to 
the ettect ot the nonlinearity ot joint and beam response • . Be­
sides. the procedure to evaluate 8cp proposed in [12} refers to 
ineh.atic buckling by equilibrium bifurcation, hence disregards the 
ettect ot geoaetrical imperfections on the apreading ot plasticity 
in the col ullin and on the ettectivene •• ot the beaa-to-coluan 
restraint. The appropriate detinition of geoaetrical imperrections 
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to be •• lected when •••••• ing the p~ factor ia • further •• pect 
to be considered. 

THE STUDY 

Two •• ri •• ot analy ••• were conducted using a finite el ••• nt 
foreulation previously developed [6]. which allow. in plane fr ••• 
analyst. to be conducted, taking into account.: i) spr.ading of 
yieldin9 along both the ••• ber cro •••• ction and length; il) •• cond 
order qea •• trical eftecta; iii) joint Inelaetic r •• pon ••. Th • 
•• thod wa ••• tl.tactorily validated Against experi •• ntal r •• ult. 
related to full acale atability tests on limited and complete 
rr •••• (11]. The first •• ries considered the column auba ••• mblage 
shown in figure 1, who •• geo •• try 1. cona1atent with the tradi­
tional assumption (7), as to the buckling configuration, on which 
the .ethod. tor t.he cOlliputation at t.h. elast.ic etrect.ive lengt.h are 
based. i.e. t.hat ~a.s are bent. in double curvature. For the .ake 
at silliplicity, the ettect at column cont.inuit.y is di.regarded. The 
study considered t.he maIn parameters which attect. t.he lIIem~r in­
ela.t.ic behaviour and the eftectivene •• of the re.traint oftered 
by the joint.-beaa .ystea: I) the coluan .ection •• lenderne •• ratio 
H/i and plane at buckling; ii) the ratio ~t .... een the flexural 
atittne .. (0 - (I .. /L,,) I (I,/H» and the bending plastic strength 
(M, ... /M. ." ot the bea.(.) and at the coluan; iii) the constitutive 
law of the joints (i . e. initial .tittn •••• ulti.ate .t.rength and 
shape at the M-. curve): Lv) the shape and all.plitude ot the 
geo.etrical and aechanical iapertections. wit.h reterence to these 
factor., the tollowing a •• u.ption. were .ade in the atudy : (1) the 
column .ection (an HE200A) and plane at buckling (about the strong 
axis at inertia) were kept the .... throughout all the analyses, 
whilst the alenderness ratio was varied: value. at H/i - 50, 100 
and 150 were considered: (2) all the bea.s were ot length 1000 .. 
(corresponding to a span L" at 6000 •• ). Two sections were included 
in the study: the 1PE 220 .nd the IPE 160, allowing the be •• to 
colu.n stlttness ratio 0 to range troa 0.52 to 9.11. Besides, 
section 1PE 220 has tull plastic aoaent (H. ... ) equal to 0 . 61 ot the 
pl.st.ic ao.ent at the coluan M,~ , whilst tor section IPE 160 the 
ratio "" ,b/~,c is :L17. Li.ited tra_. with the fora.r beall shape 
say then be considered as typical of syste •• de.igned on the basi. 
ot the strong colu.n-wea~ beaa criterion, whilst li.ited trames 
with the latter beaa section aay be considered aa t.ypical ot weak 
colullln-strong bea. systells; el) the baaa-to-column joint. were 
assumed to be full strength joints, i.e. to have ultimate moment. 
capacity 1\. .. equal to the bealll plastic lIIo.ent H,.b' To inve.tigate 
the influence ot joint flexibility, a reterence piecewi.e linear 
aOllent-rot.ation relationShip was tir.t deduced (rig. 4.), trolll • 
M-. curve typic.l ot joints with extended end plate connections 
(11]. The ela.tic range, ot .tittne •• Ko, i. a.sullled to extend up 
to ~ - 0.4 "-.b' Different joint responses were then simulated by 
v.rying the {nitial stirfness Ko fro. o.~ to 2~ tt.e. the flexural 
stUtne •• E1 .. /L" or the connected bea., whiht the stittn.s. ratio. 
batw •• n the branches of the linearized law were kept con.tant. The 
M-~ laws considered covered the whole se.i-rigid range in accord­
ance to [urocode 1 (Pig. 4b). The r.tio batween the elastic flex­
ur.l at1rfne.s ~ .. ot the joint-beam syate. and or the colu.n range. 
fro. 0.25 to 46.0 and, correspondin9ly, the elaatic value or the 
.frective length tactor 8. rrolll 1.02 to 1.25, .0 covering the range 
of pr.ctical intereat. In order to point out ae well the erfect of 
nonline.rity or joint response, biline.r "elastic plastic" laws 



w.r •• bo ••• uaed. Joint tlexibility h the .nd result at the 
deto~tion at • nodal zone of tinite diaen.iona. including the 
conn.ction and colu.n ~o.ponents. The analysis .athod conc.ntrat. 
joint tlex1bility at a .pecific location alonq the bea.-joint 
tinit •• l ••• nt. In ord.r to point out the po •• ibl. intlu.nc. at 
joint "location" in the .odel the analy ••• w.r. conduct.d conc.n­
trating joint tl.xibility either at the coluan fac. or at the 
int.r •• ction betw •• n the bea. and colu.n ax •• ; (4) the tour initial 
d.tl.ct.d .h.pe. in tigur. 5 were .el.ct.d: - the tir.t r.t.r. to 
the .laatic buckling aod. and as.ueea a .e.ber d.tl.ction with 
aaxiau •• aplitud. equal to H/250 (i.e. to the v.lu. giv.n in [14J 
tor the r.l.vant atability curve (curve b)) and ahape. co.inu.oid­
al •• qual to the critical one at a coluan with rigid rotational .nd 
r •• traint.); - the oth.r three type. of i.pert.ction r.pr-••• nt 
dift.r-.nt alt.rnativ ••• which eight be adopt.d in •• cond ord.r 
tra •• analy.i.: type 2 i. a sway detlection with .way angle 1/200. 
i .•.• qual to the value .peciti.d tor a .inql. coluen by the •••• 
docu .. nt. whil.t type. 1 and 4 are co.bination. at the .way .nd 
cuirvatur. d.tl.ction. All sections ar. con.ider.d tr •• at re.idual 
.tr •••••• who ••• tt.ct i. how.ver included in the value adopted for 
the aaplitud. at the initial detlectlon; (5) the .t •• l i. at qr.d. 
F.160 with yi.ld .tr.ngth t,. 215 "Pa. 
Th •• econd •• ri •• at an.ly.es considered the .tor.y .ube •••• bl.g. 
at tigur. 6. Th. aain par.aeters investigated w.re the .aa. a. in 
the fir.t •• ri ••• although the r •• ult. r.lated to the colu.n 
.uN •••• bl.g. .nabled reduction at the ca.e. inv •• tigated. A 
turther i.port.nt par ••• t.r was the distribution at the la.d on the 
.uba •••• bl.g.. Be.ide. the load case with tore •• P appli.d at the 
upper nod ••• loading conditions were con.id.r.d. wh.r. the ratio 
R bet.., •• n the total distributed load 1ql and the total conc.ntrated 
load 1P w •• varied tro. 0 to 2. 
80th typ •• at .uba •••• blag. were analyzed up the ulti.at. condi­
tion. both in the .la.tic and .la.tic-pla.tic rang •. 

THB COLUKN BOBA88EXBLAGE 

Th •• tudy at the colUmn sUDassemblage (Fig. ) involved lIore than 
)50 analy ••• under a v.rtical load P increased .tep by .tep up to 
the attain.ent at the buckling .trength. On the ba.i. at a pr.lllli­
nary calibration .tudy. tive finite element. were u •• d to lIIodel the 
coluen. whU. only on. joint-bea •• lellent was adopt.d tor .ach 
"ar.- ot the .uba •••• blag •. 
In ord.r to aingl. out the .tt.ct ot •• aber yi.lding. the tir.t 
•• ri •• ot analy ••••• au.ed joint behaviour .s Un.ar .laatic up to 
the ultillat. ao .. nt r.sist.nc.; besides. joints war •• ad.lled vi. 
springs located .t the coluan (ace . Nu •• rical r •• ult. allow the 
r.l.tion.hlp betw •• n the ulti.-te load carrying c.pacity at the 
coluan .nd the .tittn.ss tt,. at t.h. joint-bea. a •••• bly to be 
obtain.d. Typic.l curv.s .re plotted in tigur •• 7a and 7b. wh.r • 
• tlttn •• a ~ and the ultiaat. bUckling lo.d N •• r. noraali.ed with 
r.t.r.nc. to the ati ttn •• a ~ at the coluan .nd to the colu.n .qu.sh 
load N, r •• pectiv.ly. Th •• lastic critical curv ••• r •• 1.0 plott.d. 
As .xpected on the ba.i. at previous studi •• (1.2.15.16). the 
.l •• tic .nd .l •• tic-pla.tic curves do have a v.ry si.il.r .hape. 
wit.h • sharp incr •••• at colulln str.ngth in the fi.ld at low .nd 
r.straint .tittn •••• and. proqres.ive shallowing a. KJb incr •••••• 
which aak •• practic.lly un.fr.ctiva any turth.r incr •••• ot this 
p.r ••• t.r beyond. v.lu. d.pending on the slend.rn ••• ratio and on 
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the type ot coluan behaviour (elaatic or elaatic-plaatic) : elaatic­
pl •• tic end r •• trained coluans tend to attain the aaxiaua value of 
the buckling strength co.patibl. with their alendern ••• ratio HI! 
tor valu •• of ~~/Kc lower than tor the corr •• ponding elastic ca ••. 
InelastIc coluan buckling ia attained via • proqr ••• ive deteriora­
tion of the a.aber flexural at it tn ••• consequent to the concurrent 
increa •• of axial load and ot yielding. In a away coluan pl.stic 
zon •• are located at the ends. Hence, unlike for non away coluan., 
yielding ha. eftecta, which are to a certain extent counteractive: 
on the one hand the a •• ociated d.cr •••• in ••• ber etittn •••• ak •• 
the reatraint "atitter" relatively to the colusn, on the other hand 
ao.ent tran •• tasion troa the joint-~a •• y.t •• i. hamperad and 
h.nc. tha ra.traint attactivene •• i. raduc.d. In.lastic curvaturea 
at the column ends require an incr.asingly great.r sway tor the 
aa •• incr •• ent at re.training .o.ent to be davalopad. Further.ore. 
the re.training .o.ent is liaited by tha pla.tic aoaant at the 
column a.ction, a. reduced by the axial thruet. As a conaequanee, 
r.latively low value. ot .tittne •• are .uttici.nt to the re.traint 
ayet •• to attain ite aaxiaua ettectivene •• when .ore aigniticant 
ia tha role ot yielding. Le. in the range at low .lendern ••• 
ratio.: tor H/i • 50, the increa.e ot NM wh.n ~. exceed. the value 
of 4 ~ i. n.gligible (fig. 741). Aa the .l.nd.rna •• ratio H/i 
incr.a •••• yi.lding bacoae. les. an. Ie •• i.portent and the .hape 
ot the inela.tic and ela.tic curve. (i .•. the .tt.ct ot incr ••• nt. 
ot the r.straint .titfne •• on colu.n stability) tenda to be auch 
the .a ... a. it already appear. froa tigur. 7b related to H/i -
100. Such general con.ideration. do not d.pend upon the type ot 
initial g.o.etrical i.pertection, although the a.eu.ed detor.ad 
contiguration tor the coluan varies re.arkably both in .hape and 
a.plitude (Fig. 5). I.pertection •• ay attect substantially coluan 
re.ponse: iaportant ditterence. wera observed in the load-detl.ct­
ion relationship, and in the banding ao.ent di.tribution, and hence 
in the .xtanaion and location ot the pl •• tic tona. in the coluan 
and in the .tr ••• atate ot the jointe. Thi. laad. to non negligible 
ditt.r.nc •• in the values ot ulti.ate buckling .tr.ngth. The lowe.t 
valua ot buckling .tr.ngth Nil is as.ociat.d with tha d.tlected shape 
type 1. which is the closest to the coluan alaatic buckling mode. 
B.aid •• , .uch an i.pertection has the gr.at •• t amplitud •. Th. 
high •• t r •• istanc. i. a.sociated with the initial contiguration 
type 4. R.r.rence to thla latter iMpartectlon entaila increment. 
at .axiaua .tr.ngth up to 201 (with r •• pect to the d.tl.cted shape 
type 1) tor H/i - 50. 241 tor H/i - 100, and 191 tor H/i - 150. Th. 
incr ••• nt. of the buckling re.istanc. a.aociat.d to impert.ction 
type 2 ar. acr. 1i.itad. Howevar, they aay atill ba a. high a. the 
171. In ganeral, the s.nsitivity to iapart.ctions was found to 
d.pand only acderately upon the column .l.nd.rn •••• though it was 
.lightly higher tor inter-ediate value. at thie para.et.r. With 
r.ference to the co.bination ot the d.tl.ctions due to sway and to 
••• bar curvature. the result. relat.d to the initial deflected 
shapes 2 and 3 (ba.ed on [14]) •••• to indicat. that the additional 
sinusoidal deflection due to coluan curvature atf.cts only .cder­
at.ly both column r •• pon.e and ultiaate load capacity. As to this 
latter paramet.r, ditterences are ot 3.21 in averag •• and nev.r 
higher than 71. In the ca.es studi.d the sway detlection 1. the 
gov.rning coaponent, the curvature iapartection not having enough 
"weight" relativa to the sway i.pertection to change the acde or 
tailur. froa a away acde to a buckling aod. by banding betwe.n the 
.upporta. 
It ••••• appropriate to appraise thes. results also tro. a ditter-
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ent point of view, i . e . to consider thea with reference to deaign 
apecificationa. To this aia, it should be noted that the initial 
deflected configuration type 1 is the only one aaking the analyaia 
of a colu.n in a frame conaistent with the analyaia of an iaolated 
colUmn. Thia atands not true for the other type. ot geo.etrical 
imperfection . Hance, colUmn buckling analyae. aiaed at deter.ining 
the elastic-plastic value of the effective length factor 6ep ahould 
be based on imperfection type I, in order to ensure the needed 
conaistency in the stability checka of compression .e.bers. 
Beside., apecifications related to design via full frame second 
order analysis refer to initial column configurations different for 
shape and ampli tude, such as imperfections 2 to 4 (5, 14). Thh 
involves a maximum strength for the "framed" column always higher 
than that determined for the same column on the basis of an 
appropriate effective length, i.e. methods ot away frame design 
based on full analysis are not consistent with methods of design 
by components. It would be certainly desirable to avoid such an 
inconahtency. This might be a further aspect indicating that 
reconsideration of the geometrical impertections to be assumed in 
trame analysis is appropriate (17). 

The el.stic-plastic value of the effective length waa deterained 
with the procedure illustrated figure 2. This procedure requires 
the knowledge of a reference stability curve for the pinned-end 
condition, which was computed numerically adopting an initial 
sinusoidal deflected shape of amplitude equal to H/2S0. Aa it was 
already noted, the detinition of ettective length would require 
full consistency between the two stability curve. (reterrinq to the 
pinned-end and restrained condition, fig . 1), and hence it strictly 
allowa the value of 6 to be computed only for the case ot imperfec­
tion 1. However, for the sake of coapletenesa the effective length 
factor was deterained for all the iaperfections considered. Figure 
a compares the effective length factors 6q ao obtained tor the caae 
Hli - 50 and its elastic value (fJ.) . Column yieldinq appears to have 
a beneticial etfect on the factor 6,: the elastic-plastic value is 
always lower than the elastic one . The poaitive etfect ot column 
plasticity, due to a consequent increase in the stiffness of the 
end restraints relative to the column, seems to prevail on the 
negative effect on the eftectiveness of restraining moment trans­
fer. For imperfection type 1, the value of 6,p tends to 6"whUe it 
tends to values lower than fJe for the other inpe~fections, which 
in etrect might entaU values of fJfp lower than 1.0 (i.e. column 
effective lengths lower than the storey height). Difterences 
between the elastic and elastic- plastic value of fJ tends to 
diminiah for all types of imperfection when the slenderness ratio 
Hli increases, due to the decreasing importance of the role played 
by meaber plasticity: such differences almoat vanish for Hli - ISO 
and imperfection 1. 
The value of 8~ depends on all the tactors affecting aeaber 
yielding: i.e. slenderness rat i o, aember shape and axis of bending, 
presence and magnitude of residual stress.s, type and amplitude of 
geo.etrical imperfections. An accurate definition of the inelastic 
effective length factor is beyond the scope ot this study. However, 
the results indicate that the elastic value ot 6 might be conser­
vately u.ed. In figure 9 the values of N. obtained for iaperfections 
1 and 4 are plotted against the column stability curve, by deter­
mining the effective slendern •• a ratio on the base of 6, . It ia 
apparent that the use of 8, might be acceptable for aediu. to high 
value. of Hl i if reference is "consistently", and in the opinion 
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of the author. correctly. aade to iaperfection 1. In the rang_ of 
low HI!, and it reference ia aade to other i.pertectiona, the u •• 
of fl. aight lead to a significant. under.atiaation ot the coluan 
carrying capacity (up to more than 50\ tor i.pertection 4) . 

The results ao tar discuased were obtained under the •• aumption the 
behaviour of joints is linear, and then tully d.tined by it. 
initial .tittn •••. The aaxillua lIo •• nt level in the joint. at colua" 
collapa. i. hence a further important paraa.ter, which allowa • 
firat appraisal of the po •• ible influence ot the nonlinearity of 
the M - ~ relationship to be achieved. Figure lOa ahowe the 
relationship, obtained by evaluation of the numerical data, betwe.n 
the moment ~R acting on the right upper joint (which ia the moat 
streaaed oner and the restraint stiftnesa ~b: the.e para.eters are 
referred to the plastic moment at ~he beam "-P,b and to the flexural 
stiffness at the column Kc respect~vely, The shape of the curvea, 
which sho~ an initial sharp decrease of moment, the attainment of 
a minimum and a following eteady increase, might be explained if 
the tactors contributing to the joint moment in the subassemblage 
a~e singled out . A. it i. schematically cepresented in fiqure lOb, 
bending mo.ent is induced in the joint due to column bending (which 
iaplies joint rotation) and to colu.n shortening (which iapliea 
jOint translation). These contributions add up at the upper right 
jOint. In t.he range of low values of ~b/K~ (i.e. KJIt/~ < 2), where 
the column ettective slenderneas is t~e higheat and .0 are column 
sway displacements, the rotation contribution prevails; joint 
mO.ent therefore decreasea with increaaing atiffness of the 
joint-beam system, due to the reduction i n colUmn sway flexibility. 
A. ~lt/~ increases further on, the contribution of the translation 
tenaa to beco.e the aost important, and joint moment increases wi t.h 
the j oint-beam atiffness. The analysis ahows that when the beaas 
have stiffness and strength significantly greater than the column, 
as in the ca.e of section IPE 360 (strong beam - weak column 
deaign) the colUmn sway flexibility i. relatively low (the effec­
tive slenderne •• ratio is clo.e to unity), and the maximum joint 
ao.ent at column buckling tends to re.ain in the first elastic 
bunch of the M - "curve ("J.K < 0.40 "-pit in fig. lOa): this 
indicates that a linear elastic model of the Joint. ia sufficiently 
accurate. When, on the other hand, the beam has stiffness and 
strength of the aame order of magnitude than the column, or even 
lower as in the case of section IPE 220 (weak beam - strong colUmn 
d.sign), the joint state enters well into the nonlinear range of 
the IIOllent rotation curve (moments up to 8 5 ' of K, It were attained) , 
and a linear aodel might hence be no more adequate for a buckling 
analy.i •. Therefore all these cases were reanalyzed, for which 
jOint nonlinearity were pr.su.ably affecting column stability. The 
complete" - " relationship waa aasu.ed in the si.ulation, and the 
ultimate loading capacity recomputed aa well as the etfective 
length factor 8. The values at both these parameters were found to 
difter of only tew percent frolll the on.s obtained under the 
a.au.ption at linear joints. This result might have been expected, 
cons i dering that the value of moaent M l at collapse is aostly 
"built up" in the very vicinity of the ul~'iaate load. Moreover, the 
atre ••• tate in the other joints result. to be lower, a1ao signifi­
cantly, than in the upper right joint, and in aany case. atill in 
the elaatic range. The resulta obtained under the as.umption of 
linear jointa, and previously discu •• ed, lIIaintain hence their 
general validity. 
Pinally, in order to investiqate the i nfluence ot joint zone 



.odellinq, all the cas •• were reanaly •• d. but concentrating 
connection flexibility at the coluan axis. Ditterences in the tr ••• 
behaviour were round to be modest: with reterence to the ultiaate 
carrying capacity, the reduction due to the greater flexibility 
i.plied by the modal for the joint-beam ayst •• didn't attain the 
.,. Though a aore important influence might be expected tor deeper 
colUmn •• ctiona Caection HE200A haa a depth which only l/Jlth ot 
the •• su.ed apan). the prediction ot column stability behaviour in 
away tra •••••••• only aodestly sensitive to the location a.aumed 
in the numerical model tor the elements simulating the rotational 
flexibility ot the joint zone. 

THE STOREY 8UBA88ZK8LAG! 

The analy ••• of the .torey frame (Fig. 6) under concentrated loads 
(R - 00) at the upper nodes pointed out that the main features of 
the general behaviour are consistent with the result. obtained for 
the column .ubframe, and presented in the previoua aection. In 
particular, the relationship between the ultimate load in the most 
.tr •••• d colUmn and the joint relative stiftne •• a. w.ll a. the 
influence of geometrical impertection. are fairly .iailar, as 
appar.nt froa figure 11. The uneven distribution of the appli.d 
load •• ong the column. implies that the exterior "stronger" column. 
ao.ewhat brace the interior "weak.r" columna, as alao indicated by 
the elastic buckling analysis, which provide. buckling loads for 
the inner colu.na great.r than tho.e obtained tor the re.trained 
column of about 20\ in average. This favourable interaction affecta 
inelaatic instability loads as well, which increa.e r.markably 
(column. with imperf.ction type 2 and Hli - 50 almoat attain the 
aquash load when joint .tiffness is enhanCed). 
However, the aingle factor which has the most dramatical influence 
on fra.e stability, at lea.t for low slenderne •• ratioa, ia the 
presence of beaa load: the values of N~ for the caae of beaN loads 
only (R - 0) ar. up to 63\ lower than the values of the correspon­
ding trame loaded at the nodes (R -~, Fig. lla). The magnitude and 
spread of plasticity in, and a.ong. the aeaber. as well a. joints 
nonlin.ar response are substantially affected by load diatribution, 
.aking the failure mode to change frON instability of columns with 
ba.ically ela.tic restraints to column instability combined with 
significant atittne •• deterioration of the joint-beam system and, 
finally, to beam plastic collapse (for the trame. with weak bea •• 
(IPE 220) and .tiff semi-rigid joints). Although these last cases 
where disregarded in the evaluation ot the results, the interaction 
among instability, member plasticity and joint nonlinearity i. a 
fairly complex pheno.enon, of which only few a.pect. where so far 
appraised. The presence of load on the bea •• aodify frame stress 
atate and deforaation, and hence also the restraining aechani •• of 
the colu.na by the bea.s changes. With refer.nce to the inn.r 
colu.n., only one bea. i. effectively providing re.traint, whilst 
the bea. on the other aide i. on the contrary tran.ferring in.tabi­
lizing ao.ent . External columna are subject to sub.tantial bending, 
which aay induce ext.nsive yi.lding weak.ning the aeaber. In the 
ca.e of strong bea.s, end plasticity make. the external column in 
the buckling direction act as a leaning aeaber. It was ob.erved, 
in gen.ral, that: (1) when beam loads are predominant instability 
ia aainly a consequence of the deterioration ot the stiffne.s of 
the joints and of the bea. (which is aignificantly yielded at 
aidspan): coluan buckling occurs when the colu.n yi.lding i. atill 
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liait.d. (2) a. the iaportanc. ot coluan load. incr.a •••• the 
•• v.~ity ot the .t~e •• stat. ot beams and joint. ~.duc.s. and at 
the .ame time columns ente~s .o~e and ao~. into the inela.tic ~ange 
of the ~e.pon ••• (3) lIIoments in the mo.t str •••• d joint. and in the 
ext.~nal "le.ward" coluan incr.a •• with the joint .tiffne ••. 
The curv •• plott.d in figure 12 provide the r.lationship. obtained 
betw •• n the aaxiaua joint aoaent and the .tittn •• s KJb tor the 
tra.e. with IPf 360 bea.s . The result. relat.d to the conc.ntrated 
load case (R - 00) confirm that the colu.n .uba •••• blage l.ad. to 
a con •• rvative a ••••••• nt of the aagnitude of joint ao •• nt • . The 
aore beaa load. become important the more the joint. are .tr •••• d : 
mo •• nt. clo •• to the pla.tic mOment of the beaa can be achieved. 
How.ver. due to the particular r •• traint .echani •• and to the tact 
that the.e mom.nt. are in many in.tance. built up in the vicinity 
ot the ultimate condition. joint nonlinearity 'Wa. not found to 
attect remarkablY the stability of sub tram •• with .trong beam •. A 
•• ri •• ot analy •• s where joint. were lIIodell.d a. ideally elastic­
plastic sprinqs showed that the influ.nce of joint nonlinearity i • 
• od.st (Ie •• than 5\ the decrease ot N. tor R-O) . In tram •• with 
baa •• weaker than the columns joint nonlinearity l.ads to early 
pla.titication ot the beaa at midspan , and hence aay remarkably 
attect the ulti.at. trame resi.tance . D.cr.a.e. of the value ot N~ 
up to 20\ were hence tound tor tra •• s with IP! 220 bea •• and colu.n 
.lend.rne •• ratio Hli - 50. The rath.r low value. ot the ulti.ate 
load tor Hli - 150 made those tram.s les. sen.itiv. to the beam 
load. 
Thes. type ot r •• pon.e. are su •• arized. tor the traNe. tor which 
column buckling is governing the load carrying capacity. by the 8~ 
value. pre.ented in tigure l3a tor the ca •• ot Hli - 50. Response. 
under pr.do.inant beam loads lead to .ttective length tactor. 
higher. ev.n .ubstantially (up to 140\ tor R - 0). than the values 
deter.ined via an elastic critical analy.is ot the .ubtrame . Kember 
pla.ticity. which i. aainly located in the baa ••• adv.r •• ly att.ct. 
fra.e .tability. However. a. R increa •• s. yielding tends to be 1II0re 
and aore concentrated in the column. and h.nce it aftect. tavourab­
ly column buckling: it is sutticient that column loads are higher 
than or equal to twice the beaa load. in ord.r to make thelll play 
a a.jor role in trame stability behaviour. In the range ot high 
.l.ndern ••• ratios, Hli - 150, bea~ load. do atfect mod.rately the 
.tability ot the trame and 8~ values depends on the typa ot imper­
taction only (Fig. 13b) . 
Th. us. ot the elastic ett.ctive length tactor ~. in de.ign might 
imply a dramatic ov.restimation ot column buckling resi.tance, as 
.hown in tigure 14. The load carrying capacity ot the colu.n with 
Hli - 50 i. overestimated ot aore than 40\. and up to 57\. tor R-O. 
Thi. alr.ady reduc •• to Ie •• than 10\ in av.rage tor R - 1. 

SUMMARY AND CONCLU.ION8 

Th. re.ult. ot a part ot a .tudy into the .tability ot columns in 
aemi-rigid .way trames has been pr.sented. Th. re.pons •• ot a 
•• ri •• ot liaited tra.es were .iaulated up to collaps.: tir.t a 
.uba •• emblage was analysed consisting of an axially loaded colUmn 
re.train.d at both ends by two joint~bea. systems, then a tull 
storey .uba •••• blaq. was con.idered. Ditferent .spect. w.re .ingled 
out ot interest tor trame design by compon.nt., with reterence to 
the colu.n .tt.ctive length. Although the .tudy i. tar tro. being 
exhau.tive. result. allow .ome int.resting conclu.ion. to be drawn: 
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(1) Reapon ••• of the coluan .uba •••• bI.g. and of the storey aub­

Cr... sUbject to prado.inant coluan loade are conaiatent to 
.ach other. The pre.ence of be •• load •• ay influence aubetan­
tially Cr ... behaviour and atabillty. when the ratio R betwe.n 
the coluan and bea. loads i. lower than 2. 

(2) Shape and •• plitude of the initial coluan detlectlon affect 
aubatantJally coluan and Ira •• re.pon •• and load carrying ca­
pacity. A away co.inu.oidal iapertection should, in princi­
pIa, be •• au.ad in order to achieve conaietency betwe.n the 
analyaia of an ieolated coluan and of • coluan In a Cr ••• . The 
type. of away i.perfectiona ueually adopted In Cr ••• analyaia 
entail h19her coluan strength than the co.inu.oidal one. This 
iapli •• that Cr ••• design by .econd order .naly.is and tra.e 
de.ign by co.ponents are not tully conei.tent. 

(3) Column yielding has a "beneticial" ettect on the column .ta­
bility when colu.n loads are predo.inant: the ela.tic-pla­
stic value at this paramet.r i. lower than the corr •• ponding 
.la.tic on •. In trame de.ign by component. ditt.renc •• between 
theee two values are liaited, and the elastic ettective length 
aay be adopted when checking colu.n .tability; 

(4) for R < 2. beaa yielding become. iaportant, and influence. eig­
nificantly colu.n stability. The u •• ot the ela.tic value of 
8 .ight entail substantial overe.tiaation at the colu.n load 
carrying capacity, when it doe. not account for the deterio­
ration ot the be •• restraint •. 

(5) Joint nonlinearity has only. limited effect on coluan ata­
bility in .trong be •• - weak colu.n fra •••. On the oth.r hand. 
It aay Playa .igniticant role wh.n bea •• are w.aker than the 
coluan •• and R < 2. 

Oth.r a.pect. at the probl.a •• uch as the ca •• ot partial .tr.ngth 
joint. were not con.idered. Th.y will be inv •• tigat.d in the 
continuation at the re.earch work, the aia at which i. the develop­
•• nt at a d •• p.r understanding at the inher.nt liait •• nd po •• ibl. 
applic.tion at the ettective length concept. Howev.r, it .hould be 
remarked that beaa .ection IPt 220 has a pla.tic ao.ent equal to 
0.61 tia •• the pla.tic aoaent at the column •• ction HE 200 A: the 
r •• ult. related to IPE 220 bea •• with tull .trength joint. may then 
be con.id.red a. indicativ •• at l.ast tor the ca.e at pr.do.inant 
column load •• at the ca •• at joint-beam .y.te •• with .trong be •••• 
but parti.l atr.nqth joint •. 

J.CDlOtrLEDOKMENT. 

Th. r •••• rch w •• aad. pos.ibl. by grant. ot the ltali.n R •••• rch 
Council (C.N.R.) .nd of the It.lian Mini.try of univ.rsity .nd 
Sci.ntitic and Technological R ••• arch (M.U.R.S.T.) 

RErOEMeE. 

[1J S.rnuzzi C, Z.ndonini R .• "Conn.ction Reapon.e and Stability 
at Steel Fra.e.", Second International Workahop: 'Conn.ction. 
in St •• l Structures'. Pittsburgh. U.S.A., April 1991. 

(2] aernuzzi c. and Zandonini R .• "Stability ot Partially 
r.strain.d Sway Fr ••• s", 1991 Annual Technical Seas ion and 
Meeting S.S.R.C .• S.S . R.C., Chicago. U.S.A .• April 1991. 

(l] Dri.coll C.C .• "Ett.ctiv. Length at Colu.n. with se.i-Rigid 
Conn.ction.", Eng. J .• AlSC, vol. 13, No.4. 1976. 



(4) wood R. H., "Etfectiva Lengths of Colu.na in Multi-Storey 
Building.-, The Structural Engin •• r, vol. 52, No.7, July, 

1974 • 
{5) European Co .. itt •• tor Standardization (CEN) , Eurocod. J: 

o.a19" of St. •• l Structure. - Part 1.1: General Rul •• and Rul •• 
for Building_, April 1992. 

(6) Poggi C. and Zandonin! R., "A Flnite El ... nt tor the Analyeia 
ot S •• l-Rlgid Fr •••• ·, State-of-the-Art work.hop on Connec­
tiona, Stranqth and o..ig" of St •• I Structur •• , Cachan, May 
1981. 

(1) Johnaton a.G .• editor, SSRC Guida to Stability o.a19" Criteria 
tor Matal Structur •• , Jrd Edition, John Wiley , Son., Hav 
York, 1916. 

[8) Nathereot D.A. and Chan W.' . , "Etfact of Connection. on 
Coluan.·, in St •• l B ••• -to-Coluan Connectiona, Spacial l •• ua, 
Journal ot Conatructional Steel Re •• arch. 1988. 

[9) s.tti P . and Zandonini R .• "Stability ot Singl.-Story Unbrac.d 
Steel Fram •• ". Co.tru,ioni Metalliche. No.2. 1982. 

(10) Bjorhovd. R .• "Ettect ot End R •• traint on Colu.n Str.ngth -
Pr.ctical Applic.tion.·. Engin •• ring J., AISC, vol. 21. No.1, 
1984.pp. 1-U. 

(11) European Conv.ntion tor Conatructional St •• lvork - Eees. 
Analyaia .nd o.aign ot Steel Fra ••• with S •• i-rigid Joint •• 
Technical Co_itt •• a - Structural St.bility, Public.tion CEeM 
No. 61. 1992. 

(11) Yura J.A., ·Th. etrective Length ot Colu.n. in Unbraced 
Fr .... •• Engineering J •• AISC. vol. I. No.2. 1911. 

[ll) Frye M.J. and Morria G.A .• ·Analyaia ot Fl.xibly Conn.cted 
Steel Fr ....... Can. J. Civil Engra. vol. 2. 197'. pp. 280-291. 

(14) Europe.n Conv.ntion tor Conatructional St.elwork - tCCS. 
Ultiaat. li.it .tat. calculation ot away tr •••• with rigid 
joint.". Publication CECH No. 33. 1984. 

[1') Coaen,a E •• De Luca A., Fa.lla C .• "Elaatic Buckling ot Se.i­
Rigid Svay Pr •••• ". in Stability and strength .eri ••• vol. 8. 
Structural Conn.ction. (ed. R. Narayanan). El •• vi.r Applied 
Scienc •• London. 1988. pp. 253-295. 

(16) Co •• nza E .• 0. Luc. A., Faalla C., ·In.l •• tic BUCkling ot 
S •• i-Rigid svay Pr •••• •• in Stability and Str.ngth •• ri ••• 
vol. 8. Structural Conn.ctions (.d. R. Narayanan). Ela.vi.r 
Appli.d Sclence, London. 1988, pp. 291-333. 

[11) De Luca A., "N •• d. tor Exp.rim.ntal M.aaur •• ot C.o •• trical 
Fra •• I.pert.ction.", in T •• ting of M.tal. for Structure •• 
proceedings ot International RILEH Workahop (ed. P.M. 
Ma"olani), E' FH SPON. 1992 . 

27 



28 



OPTIM UM BRACING OF FRAMES SUBJECTED 
T O T ORSIONAL AN D FLEXURAL BUCKLIN G 

by 

Andreas S. Vlahinos , Associate Profes!or 
Vallg-Cbeng Wang, Graduate Research Assistant 

Department of Civil Engineering, 
University of Colorado at Denver 

1200 Larimer St., Denver, CO 80204 

ABSTRACT 

In this paper an elastic stability analysis of three climensional 
two . tory partially braced frames is presented . The dimensiolls 
and properties of the frames considered are in a practical range 
useful to a designer. The flexural as well the torsional buckling 
are considered. 

The effect of each story bracing stiffness on the buckling load is 
presented in graphical form . Nondimensional interaction surfaces 
between bracing values and critical loads allow the designer to 
selecl the required bracing for a given critical load. In addition 
curves establishing the minimum total bracing stiffness "critical 
bracing" required to obtain braced frames critical loads are pre· 
sented. 

INTRODUCTION 

The sway· buckling of an unbraced frame is many times lower than the 
corresponding buckling load of the same frame with no sway. Thus, it is 
desirable to increase the total load·carrying capacity of unbraced frames 
by preventing their sway.buck.ling mode. Many significant contributionl in 
the topic of bra.cing requirements of frames have been reported in the last 
thirty years . Galambos!1~ presented a. simple, practical and conservative 
method for the evaluation of the lateral support required by the unbraced 
frames to a.ch.ieve braced frames buckling strength. Biswasl2J presented the 
concept of threshold brACing stiffness and indicated the feasibility of ob­
taining required bracing stiffness values for general multi·story multi· bay 
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ItruCt.ural frames. The concept of "minimum sum stiffD~" is introduced 
and explained by using two story plane frames as examples. Kouna.dis[sJ 
presented the interaction of tbe joint and of the lateral br&cing stiffnesses 
Cor the optimum design oC unbraced plane frames. It is concluded that the 
magnitude of the forces required to prevent the sway-buckling of unbra.ced 
frames is small and can be established only by using a. noo.linear stability 
analysis. Lee and Buu {. j propose some simple relationships [or the de­
sign of diagonal bra.cing systems in planar building frames with both fully 
restrained and partially restrained connections. 

FiguIe 1. Geometry, Loading and 
Boundary Conditions of the Two 
Story Frames. 

The analysis of three dimensional 
frameworks generally presents 
some difficulties since as a com­
plex three dimensional structure, 
it may have several modes of fail­
ure. Especially in their buc.kling 
analysis it i.s Dot a priori known 
which buckling mode controLs 
(i.e. Hexural, torsional, torsional­
Bexural, local etc.) . Moot of 
the information available in the 
literature of the last decades 
refers to two dimensional analy­
sis , in which the torsional and 
torsional-Hexural buckling is not 
considered. 

In this paper further analytical 
studies similar to the ones re­
ported by Biswai21 are described. 
The Huural as well the torsional 
buckling analysis of three dimen­
sional two story partially braced 
frames is presented. The effect of 
each story bracing stiffness on the 
buckling load is presented. 



MODEL DESCRlPTION A ' D ANALYSIS 

Assumptions 

The following assumptions were taken into account: 

• Members are initially straight and piecewise prismaticj 

• The material behavior is linearly elastic and the moduli of elasticity 
E in tension and compression are equal; 

• Transverse plane section of the members remain plane and normal to 
the longitudinal fibers before and after bending; 

• The structure is loaded by static concentrated axial loads; 

• The effect of residual stresses and of geometry imperfections is ne­
glected; 

• Local buckling of individual members is ignored. 

• The term (';-:Y is small compared to one; where u. is axial displace­
ment components at points on the ccolroidal surface. Thus the strain 
in the direction of the element axis is: 
, _ ~ + 1("')' + I(~)' u- h 2';; 2 8. . 

G eom e try a nd Loading 

Figure 1 shows the geometry, the loading and the boundary conditions 
of the two story space frame model considered. The same load P is applied 
in all eight joints of the frame, thus the total load applied is S- P. The 
bracing is provided by 16 linear springs attached to all eight nodes in both 
X and Y directions. Figure 2 shows the top, side and isometric views of the 
considered frame with the dimensions and the cross sectional propertie . 
The first and second story heights are hi and h2 . The horiumal dimensions 
&Ie hi along the X direction and b2 along the Y direction. All springs at 
the first story have stiffness 11:1 and all springs at the second story have 
stiffness 11:2, The cross sectional area and moment of inertia of the first 
and second story columns are Al I II and A2• I:z respectively. The cross 
sectional area and moment of inertia of the first and second story beams 
&re A3 I 1, and A •• 4 respectively. For simplicity in all sections the In 
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was cOMidered equal to I". For the examples considered h l = 14 £11 11=40 
io· , A1=lO in' and modulus of da.sticity E=30 10' psi . The critica110ads 
are presented in a non-dimensionali'l.cd (onn P,", z: ';:t; . The ratios of the 
moment of inertiasJ areas and lengths used ue: 

1,/1, = 0.50 
1,/ I, = 1.50 
1./ I, = 1.25 

Solution procedure 

A,/A, = 0.6 
A,/A, = 1.5 
A./A, = 1.2 

h, /h, = 12/ 14 
b, /h, = 20/ 14 
b, / h, = 18/ 14 

According to our ulumptioD tbe strain energy txpre ion i. : 

(1) 

A three dimensional finite element formulation can be performed by 
considering the following sbape functions (or the linear 'liHne,s matrix : 

u.(z) s C1 + C,Z' 
u,(z) = Cs + C.z + Criz' + C,z' 
u,(z) = CT + C,x + C,z' + C1 0x' 

(2) 

The following shape functions were considered for the geometric stiffness 
matrix: 

u.(z) = 0 
u,(z) = Gil + C12l: + Cuz' + C14z' 
u,(z) = Ca + ClIZ' + ClTz' + Cuz' 

(3) 

Differentiation of the displacements and integration of the strain energy 
results in 

u = {~) [kJ, (d) + (d{ ~ [kJ, {d) (4) 

where [klo is the linear elastic three dimensional element stiffness matrix 



and IkjJ is the three dimensional initial-stress or geometric element Itiffneu 
matrix."}·I' ) . 

The objective is to find the critical intensity .\c,. at which buckliJlg oc­
Curl . The buc.kling equation in terms of ~ and the global Itifl'ntS' ma.trice. 
is: 

IIKI, + >' IKJ , J~ = 0 (5) 

where ~ is the buckling mode shape. This equa.tioD lead. to the clusic 
eigennJue form which can be solved efficiently with the available eigen­
solving routine •. 
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Figure 2. Top, Isometric and side views of the frame with dimensions and 
crossectional properties assignment. 
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NUMERICAL RESULTS - CONCLUSIONS 

Based 00 the above mentioned analysis procedure, the critical loads 
for various values of the considered parameters are computed. The first 
eight critical loads and their corresponding mode shapes are found. Fig. 
ure 3 shows as an example the top, isometric and side views of the first 
side-sway buckling mode shape (or the case of the unbraced frame kl = 
k2 = O. The motion of this mode is only observed in the XZ plane and 
p n'=3.4J2 hU E l l. Figure 4 shows the top, isometric and side views of the 
second side-sway buckling mode shape. The motion of this mode is only 
observed in the YZ plane and P ('f' = 3.5S0 hV El l_ It is observed in this case 
that both modes could be accurately predicted by two dimensional analy­
sis . Figure 5 shows the top, isometric and side views of the first torsional 
buckling mode shape. The motion of this mode is observed mainly in the 
XY plane with the first and second floors turning in same direction, and 
Pcr= 4.101 hUEl l • Figure 6 shows the same views of the third side-sway 
buckling mode shape. The motion of this mode is observed in the XZ 
plane and Pcr= 5.306 hUEll • Figwe 7 shows the fourth side-sway buck­
ling mode shape. The motion of this mode is observed in the YZ plane 
and P cr= 5.382 hV Ell . Figure 8 shows the second torsional buckling mode 
shape. The motion of this mode is observed in the XY plane with the first 
and second floors turning in opposite directions , and PCf'=5.832 hU EI I • 

Figure 9 shows the first buckling mode shape in which each floor t.akes a 
rhombus shape. Apparently this mode is quite unrealistic since the floor 
stiffness will not permit that shape. An interesting observation is that this 
mode has lower critical load than the braced frame . This mode is observed 
in the XV plane with the diagonals of the tint and second floors stretching 
in opposite directions , and P Cf' = 8.516 hU Ell . Finally Figure 10 shows the 
lint non-sway buckling mode shape. The motion of this mode is observed 
in the YZ plane and P ~= 1l.654 hll El ,. 

Figure 11 shows the effect of the bracing stiffness k (kl = k2= k) on the 
critical loads corresponding to all the above mentioned buckling modes. 
As the bracing stiffness k increases the critical loads corresponding to the 
side-sway and torsional modes increase. As one may expect the critical 
loads corresponding to no-sway modes are not effected by the increase of 
the bracing stiffness k. As the bracing stiffness k increases there is a crit­
ical stiffness kc.. at which the the sway-buckling of the unbraced name is 
equal to buckling load of the name with no sway. Any additional increase 
in the bracing stiffness k will not result in an additional load carrying ca­
pacity. For all examples the principal axes of the columns were oriented 



parallel to the X and Y axes. In all these cases the smallest critical load 
corresponds to the first side-sway mode for bracing stiffneH 11: less than 
kc-,. and to first sway mode for bracing stiffness II: morc than kc,.. In other 
words the torsional buckling was never the smaller PeT ' [f the the princi· 
pal axes of the columns were not parallel to the X and Y axes that may 
not be the case. When 11: is close to zero there is a very drastic increase 
in the sway and torsional critical loads but for the rest of the range the 
relationship between bracing stiffness 11: and sway critical loads appears to 
be linear. This observation may be helpful in determining the intersection 
between the first nonsway and the first sway curves. Figure 12 shows the 
first nonsway and first sway curves for the case of a) fixed base and rigid 
connections, b) fixed base and pinned connections and c) pinned base and 
rigid connections. The criticalloa.ds are plotted versus the bracing stiffness 
k. The first and second story stiffness was assumed to be the same (k l = 
k'l = k). From this figure one may observe the effect of support fixation 
and connection rigidity on the critical bracing stiffness. 

The minimum critical load min Per versus the second story bracing stiff­
ness k'l for various values of the first story bracing stitrnes k. is presented 
in Figure 13. For a given value of k. the min Per increases as k'l increases 
and soon reaches a critical value beyond which there is no increase in the 
P cr. This indicates that k'l is sufficiently stiff to restrain the top story and 
that the critical mode is the side sway of the first floor only. As kl increases 
that critical value increases since it takes more load to sway the first story. 
As kl is sufficiently stiff to restrain the first story the critical mode becomes 
the nonsway mode (symmetric buckling) as dearly indicated in Figure 13. 
The minimum critical load min P cr versus the first story bracing stiffness 
k. for various values of the second story bracing stiffness k'l is presented 
in Figure 14. For a given value of k'l the min Pet" increases as k. increases 
and soon reaches a critical value beyond which there is not any increase 
in the P cr. This indicates that kl is su.fficiently stiff to restrain the first 
story and that the critical mode is the side sway of the top floor only. As 
kl increases that critical value increases since it takes more load to sway 
the top story. As kl is sufficiently stiff to restrain the top story the critical 
mode becomes again the nonsway mode (symmetric buckling) as clearly 
indicated in Figtlte 14. 

In order to clarify the results of the last two figures a two dimensional 
curve fitting technique was employed to generate a stltface of the minimum 
critical load versus k. and k2 and is shown in Figure 15. This interaction 
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Figure 3. First Side-sway Mode Shape P ~=3.432 hU Ell 
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Figure 4. Second Side.sway Mode Shape P~=3.550 hUElI 
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Figure 5. Fir.t Torsion&! Mode Shape P~=4 .101 hllEl1 
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Figure 6. Third Sid ..... ay Mode Shape P ~=5 . 306 hll Ell 
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Figure 7. Forth Side-sway Mode Shape P~=5.382 hUEI, 

Figure 8. Second Torsional Mode Shape P CT=5.832 hV Ell 
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Figure 10 First NOD-.way Mode Shape Pn'= 1l .654 hU Ell 
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Figure 15. Minimum. Critical Load miD P CT venlU k. and X, 
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surface indicates tb.t the min Per inereues lUI It! and k2 increase up to 
the point they reach the plateau. Figure 16 sbowl 8. contour plot of that 
surface. From this figure one may select the required Itl and It, for the 
desired PCf" 

Figure 17 prescnts a surface of the minimum criticallO&d venus kl+k2 
and k, in contour form. Uaing this figure one may quickly estimate the 
required Itl and 1:2 for the desired Per. Any point on a ginn PC!' curve will 
provide adequate bracing. The one point corresponding to the minimum 
kl+k2 can be easily found and is defined as tbe optimum pair. 

In conclusion, the elastic stability analysis of the three dimensional par­
tially braced two story (rames shows that either sway or nonaway buckling 
may control. The torsional buckling is not critical (or the range of pa­
rameters ua.mined and the orientation of columns considered. For all 
these cues two dimensional st~bility analysis would have been sufficient 
to predict the min P cr' Use of the presented interaction curves leadJ to 
a quick and euy estimation of the minimum total bracing stiffnes "opti­
mum critical bracing" required to obtain braced frames criticallO&ds. For 
all practical purposes the "optimum critical bracing" appears to be dose 
to the case of k l =k2• FUrther studies need to addre the iuue of not only 
the required bracing stiffness but the required bra.cing force. 
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ABSTRACT 

The behavior of ,~t plate connections under compressive monotonIC and cyclIC loadln~ were 
examined by performing full scnle lest, on diagonal bracing connections. Three different 
thicknesses with various geometric configurations were used in the testing specimens. The 
IeStln, program was di\lcb! inlO three phases. The first phase considcn..'d the IJ1Claslic behavior 
of lIU5.SCt plate connections under compression without the effect of frame action . The second 
phase of lhe tcsting program Incorporated the effect of frame IlCtion by includlfl& the beam and 
column moment and shear In the lturd rnase. the ICStlng specimens were under cyclic loadings 
to Investigate lhc enerlY .bsorpoon and ductility performance of the connecuons 

INTRODUCTION 

Gusset plate connections are frequently used m bndge InIS.ses and braced steel frames. Gusset 
p13.le5 are subJrCted to I:llhc.r IeMile or compressiw: load from the diagonal Incin, member 
"The load lnnsfem:d from the dlagonall1'l(mber will produce bending, snear and nannal forces 11'1 
the ,u~t plate (Gaylord, eLaI ., 1992). ExlCnsi\"t resean:h has been R.'Cently conduclCd lnlO the 
teMiie behaVior of gumt plale connections. In particular, Hardash and Bjorhovdc (198') have 
proposed a block stlcar tear-oul model to dctcnnine the ulUmalC !eMile strength of the 
connecuon 

When gussel plates arc subjeCt 10 compressive loads, buckling of the Ku.sset plate free edJe5 and 
local bud:linl and/or- enpphns of the guSSCt plale area near the end of the diagonal member have 
to be exammed. Williams and RIChard (1986) performed elasuc buckling analysIS of gusset 
plates. They mvestigated the complum'~ behavior of gussct platts by excluding tnc beam and 
column franllng members from the analysIs. They also assumed that the bracing member would 
nat buckle and the b~·I()- ZU.sse1 coMttlion Will (eStrl.uv:,d ffOm oul-of-plane 111U\Slalions. 
Cheng and Hu (1987) conduclCd full·scale tCSts on gusset platc connections. However, all of 
lIle tcst specimens were deSigned to failm elastic buckling. For relatively lhick plate, yielding of 
the plate: material may occur prior 10 thc iru:tability failure of the plate. Therefore. inelastic 
buck.ling of the Jusset plait mUll be investigaled. The most reccnt expenmental investigation of 
full -scak gU$SC.led connectIOns loaded m compression was performed by Gross (1990). 1bc 
ICSlIng program consisted of lhrcc diagonally braced steel subassemblies. However. the IC!t 
selUp' did not pennit lhe out~of.plane translation or the tncln, member which might ha\'C: a 
SlgruflCant effect on the bucklin, strength of the gusset plate. 1bc leSt results sho\\o'Cd that the 
pnmary fallure mode or the gusseted connection loaded 111 compression was gussct plate 
buck.hng. All specimens ex.hibited yield1llg before reaching the ultimate load and the first yldd 
load of the 5pecllnens a,i'ttd well With Whll.I1'IO/"t's predlCUOOS (19.52). 

When aUUtt plates are subjeCt 10 cyclic loadmg conditions. reversing cycles of inelastIC tension 
and compression mUSI be lnVt.Suza\Cd Prtor ~o Inc. presenl study . no known raearch has 
focused on the Mhavior or gusset plale connections under cyclIC loadings 
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TEST PROGRAM 

Spcdmcn I)rgd ption 

I. Monotonic: Comprusion Tests 

A total of nr1een tCSts were run on thinoen srccimcns. A 4" brxc ar'Ipr v,u used for all the 
te.sl When deSIgn,", the teSltni program It ~as wwned thai Ih~ IUS,! I pl,lIe bucltkd before 
reach,", the (allure load of the diagonal btacm, mcmbcJ. lienee, rotalJonal re5U~lnl wu 
provkkd by the dUl&on&l member to the guuci plale Two te.sl sem '«.f'C conducU!d under 
monotonIC loading. GuSSCt pille connections were first teslCd ulkk:r monOlonlc loadm& Without 
the effect of frame aclion. and then with frame acllon by mcludmg beam and column moments 
and shears. Two types of test were conducted. namely. lhe free case and the. rued case. ~ 
twO k)adlnl cases will be: definrd in the rollowlnl 'CSt setup sa:uon. For pccimcns subJCCt to 
bram and column momcnlS. onl1 r~ case tests were pcrfonncd Ho\\"c:vc=r, both lypcJ of ICJI 
were conducted on specimens Without the beam and column moments. 

A total of UlIl'1CCn specimens wt'1"e f.bric.ted usinl JOOW 5u.'cl The pille iLC and thickness 
u5C'd are illustrated in Table 1 and Fig.1. As can be seen m the tabk. thrtt thICknesses were 
used for both the GP type (~ Jt 4(0) and MGP type (:WO x 4(0) .!iptclmcM and twO 
th,d,ne5S(J were used for the CP type (8~ Jt 700) sPCCUTlcns Both the GP and CP type 
~pocimens CJtcluded the effect of frame momen15. while the MOP pc:cimcns IJ'Icludcd the frame 
momcn15. Two tec sections (WTI25x22.5) and two 13.0 mm thtck. plates wen: USl:d as the 
spin member to cnsun: that the gusset platc boclJed before tht fiIJlure occurred 1II the sphccd 
IeClJOn ~ IpeCIITlcn weredllttlly wddcd onto the beam and column 

'The nlUo of the: column moment (Me) to the beam moment (Mb) was chosen to be O.S In thIS 
test scne.s. The beam and column moment magnnudcs for the MGP sptclmeM arc shown 10 

Tablc I It can be ittn from the table that two moment IcvdJ were used to lnYe.ni,ale tnc 
~lln.rK:ancc of the errecu of the beam and column momcnlS. 

2. C)'clk Loadi ng TeslS 

In the C)"\:bc 1CStl"1 scnes. a sequence of five specimens was testl'd The three test parametcn 
considered were piau: thickness. sbffncss of the piau: free edge. and the Icornel/)' of tnc pllU: 
soch thltlhe fonnaboo of I plasuc hinge is facilitated. A 4~o bface an(!:lc was U5ed for alllCSu 
UI this SCnd. In order to simplify lhc test sct·up. the cffocl$ of the frammi members on the 
,uSSCt plate were nelk:cced 1II this phase of the testln, prD,rlm When dt-si,ntni tnc Ie un, 
pro,ram. \I was assumed that the ausset plalC buckles before l"C'achln, the failure load of the 
dialonal bracing member lienee. the diagonal bracing mcmhcr provide rotatIOnal restraint to 
the gusset plale. AJJ spccimclU In Ilus series were tested under lhe 'free case' condJlJQn. which 
""ill be dtlined In the t.est. setup SCClJon. 

A total of five specimens wen: acstcd III thl5 scnes. 'The plate ~il.c and thICkness of the 
spocimclU arc ~hown In Table 1 and a typical gusset plate spoclmen il shown an Fig.2a All 
specimens were rectangular in shape wilh the ~JtCt'puon of spt.'(:imen A·5. which was designed to 
.Uow the free fonnauon of I plasuc hange under Compressive buckling dcformauOfIlii (Fig 2b). 
Suffeners were welded onto the free edaes {If lIipccimcn5 A· J and A--4 in In attempt to IItCrease 
the enr'lY Ibsorblna capacity of these specimens 

Two tee sccuonlli (WT125x22.S) and twO 10 mm thick pbtcJ were U5Cd II. pia mcmbcs- to 
ensure thlt the gusset plate ra.tlcd prior 10 the pllCC assrmbly. The 9 J2 mm lIipocimens were 
connected to the sphce member With five rowl of ASTM A1L~ high su'en&th boiLS lJc1lgncd for 
bc:anng The 6.18 mm '(pecunenJ ullbzed ASTM A490 bohl II'l order to krue\C I .sI1p-cnbCal 
connecbon. Due to the ~ l'tah7J!d In the connctbon. all 9.12 mm \eSt pocunens undoe~nt 
majOr connection slip I' some pomt dunng the loading hlStOf)'. SutCe the: (ocus of thl5 paper IS 
the behavior of the indivtdual ~ussct pla'CS. no further discussion or connection slip wlil be 
lnCluded In thIS paper The specimens .... -ere directly welded onto the beam and column 

Tal Setup and l nstrumcotgliop 

Two test SCtups were used III the testing pro,ram. For the lIipocimclU teSted under cyclic 



"-dinp.lhe CCSI JClup IL!i shown VI Fi,.3 wu used Two W110x129 sectlOOS wn't I1Kd U 1M: 
tam and catumn. The d.aconal hracma member (W250x67) was re5tncll.'d to tnrulatlON 
withtn the. plane of 1U1Se1 plate by the:: !'fit"lnl provided by. pair of lalCral bnk;ln. uscmN 
fi.ud 10 !he frame of the lCSunl m.:hl''Ie. In order to allow lhe Jet-up to sW1IIY out·of-plane 
under both Compressive and ICn~ilc loadmp. '(n.-c= ca.ge' condllIon. the lC51 frame wu nJwl\;hcd 
betWttn • Jel of rolkrs It cat:h c=nd or the M'I-Up. A gUided rod mechanism lit ca..;h end of the 
set-up was adJusll'd Ihrou,houllhc IeSIIQ pren::nt II sudden bck..In& 01,.11 of the frumc. The: 5amt: 
aene~ ItSt setup was uuhtrd (or the specimens 1eSb!<! under monotOniC 10.:lIn, without frame 
momcnu. However, Since the specimens were IC:.Slcd under CompresSIVC loadm,s. the tensile 
reaClJon frame WIlS omItted from the leSt Sl!IUp. For the: fixed case 1e511n,. rollers urKkr the ICJI 
frame were remo~ and Storpc:u .... 'Crt .uached 10 the lest frame to prohibit any frume 
movement The ..... ialload 10 the bl'llCc member was applied by the MTS !dlln, machll'lc 

For lhe leSI setup tnclul,hn,lhc effoct of beam and column moments, a separate tcst fnunc WWI 
constnJClcd 10 pecrmlt the applICation of axil I load from !he hoIcing mcmbt.. ... and the! rnumcnl\ nn 
the beam and column to .. ilith the gu~t pl31e 1$ attached This 1113dlng (rwne 1$ 5OOv.n 
.schemlLJcaJly In A,A 1M; axlallOlld to the brncc IS applied by I two loadang"ack syslem v.hlCh 
L$ used to ~ist the seconduy moment ('rOduced by the out-of-plane dlspl~'11t of the Buuct 
pl.ale:. The. beam Ilk! column momcntls produced by the tenSion rod as shown m FI14 

l..anear" vanabk dlrrc~nLJaI u-ansfonncrs (L VOn were used 10 mcuUI'C the bul.:lh.'d hape of lhe 
,usse! plale: and both the In-plane and out-of-plane dlSplacemc:nt of lhe tal frame SlIItn 
Iluges and rOKUa ~rt mounttd on the ,uuel plate to measUrt the $train dlstnl'ouLJon and to 
detect any 5tn.ln blfufClLJon 1M; dati recorded from the strain gap, LVDT , and the MTS 
talln, mldu~ wt:rt mOr1llQ1ed by I (btl acqUlSllJOn system WhlltVouh ",,",u aprI.ed 10 all 
spocimenJ 10 mona!!)r the yackhn, Pf'O'b5 

Ta;t Prgctdua 

I, Monotonic omp~on Tests 

For the specimens teStcd 'Without the appllcauon of frame moments, thc load ... :as IIpplll'd 
ancrementally to the spt.'Cuncns Smaller load IncremcnlS were USI,,'d ~ YlCid lu'C.$ wc:re 
obse~ on the SplXmlen an order 10 UplUrt the y.eJdin& proce.ss_ After ea<.:h Io.t! Increment, 
the specimens wert allowed 10 stablh1.c! prior to the application of the next load Slep 

FOf the specimens ..... llh the effcct of fnune moments included, I Similar loadmg proecdure W'olS 
employed_ HoweYer. a small L'OaI load Clppro::umalely 2M of the Whltm~ 1<Mid of the 
sptcimen) IoI;U aprhed roor to the Ipphcation of lhe. beam and column momcnl$, The test was 
terminated v-hcn lhe out·of-planc displacements of the gusset plate reached the rhY)I(W hmlt 0( 
the out-of-plane meuunn. devlCt'S 

1. C)'clk Loatdi nC TtslJ 

All specimens were teSted under I'C\'CC'SC lo-.hng condluons. Each Ie t be,l ... v-lIh a sene 0( 
cycles III the e1astll.: ran.e_ ElastIC c)'dl~s were oondu~tcd al 10'l and ~ of I~ e'~1td 
!lenslk yrld loki based on lhe Whitmore: ylCld c~lIy (1952) Ind nominal matenal prof1CnlC 
Dunn, at:h cyde, the pccunen was Illlua..1ly 10ldc:d an ICMJon to the <ksll\'d nwunum cycle 
load 1M; 5pecunc:n wU thl=n unloaded from k:MkJR, and cycled throu,h 10 the: ~ load kvtl 
In Compre$SIOI\. 

The mclastJl.: ~an, scquc:nce regan v.lth I sel of y.eld c)'t'1e.s at 100CJ of the C}iJlCCIt..'d k.'n lie 
yirld load Subsequent ancllstll.: t')'tk=s wert conducted under mcrea!ian& 1c\'Cb "f Il.uill pille: 
defonnluon. Dunnl ckh cyde, the pocunen _as mlually loaded 11'1 "'nsian to I pn.oQ,.ok"mtl ....... 'd 
kvel of axial defomtatlOn The ptXltncn ..... as unloaded and then ddonncd in comprt'Uion to 
lhe same axial defonnauon le'o't.l, u ttferenccd to the plate defonnauon 1e....:.1 afk'r len tOn 
unloadin& of the same C)'de, The level of axial plate derormation WIlS 11lCn:1lSL'd !Il'qucntilll1y 
throughout the IeSttn. cydc.s until lhc v:.Mile fallufC of the \pcclmcn 101;15 .chllCyeti 1;"lure" 
IenSlon was slanlflCd l'Iy • decrtllC an specimen load under IncfCaslng MTS strokc_ ihc lC twas 
concluded by loadan, the: pccimcn 11'1 compression until an CJtCC!!iI\"C 1c\'C1 or Comprt!SSl\"c plalC 
dcJonnauun 1oI;:U achaeved 

" 
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TEST RESULTS 

I . MONOTON IC COM PR ESS ION TESTS 

Tnl SpcdmcM \\lIb oul Beam and Colump M OQ)Cnt 

.... C-

The lest n:.sulu of the froe case Specimens are shown In TaMe 3. M can be seen from the table. 
the buckhn, load of lhc= pccunens IJ'ICrused 'WIth LnCre&SIO, plate !hld.ness (or the same plate 
size. The curves of I(lplird load ve~us lateral di pt.ttmenl of the IC I frame ~ shown III Fi,.s 
for both types of IpttlmtM. This figure iIIustrate5 that for the same pille thiCkness, Inc GP type 
specimens showed Sllntftcantly rugher mum.ne load than (he. CP type "'poclmens. A11lhc: tests 
showed shght llitenal displacement of the leSt frame before buckhng occurred . 'The CP type 
sPCCUllcns oktbued more dl,ll;tlk: behaVior than the Gil I~ .specimens as shown 111 Fig.5. 1be 
buck led shapes of\nc free edGes and along the centerline of lhc: splIced member of the specimens 
resembled the buckled dmpe of II fixed-guided column. 

DunnJ the teSts, CJllCnsive ylClding was observed for Inc OP type specimen, except specimen 
GP) which ho-.ved modcralC Ylddutg at the ,uS$C1 plate !'CIIOD beneath the sphce member 
before reachmg Ihe ulumalc load. The yield lines for specimens GPI and GPl uan.ed II the 
,ussel plair. ~llon beneath the .splice: member and .subsequently proaressed towards the beam 
and column support boundaries. !hen to the area about the two sMJes of the pl~ mc=mbtr. and 
rlNlly to the ,UUCt pllte free ~Jfi - In addition. yield hnes on SpC!Cunen GPI p~ad almost 
cnun:ly throulhout the ,US5CI plale. For spc:cunen CPl . mcxkralC y.rIdUlI wu ob$tr\.~ on the 
lussel plJl.c ~ar Ihc c-omc=r of the beam and column suppon bouOOlnes Specm-.en CPl 
howtd 'lI,h' y.ekhn, III a ~Iioo about !he sides of the pIKe ConnectlOO near lhe base: of the 
phce: member SllrlIrll:ant bc:l1(hnl Slnlns of the lu.sset plate were dctccloJ from the bclmnln, 

of kJ.aFJU1, for the CP type \PCCunens d~ 10 the pn!5Cntt of Innlll Irnpetfecuons Induced by the 
wddlnJ process 

f"Ultd Case 
Throe new GP type specimens wen:: fabric.1ed and ICslcd UI the fixed case since eXCC$.Slvc 
permanent deformation was ohservtd in the filled srcclmc=ns from the rn=e case tests. Howeyer. 
the same CP type specimen wen:: used for both free and fixed Ca.§C IeStmg 'The test rc.sults an:: 
abo shown in Table 1 Agam. the buckhng load or me spcclmL'f\S inc~ascd with increasing plale 
thickness as IlIuslnlCd In the lable. 1lIc load versus lalCral deflecllon at mtd-Icn,th of the lussct 
plate lon, rree ed,e ror bolh Iypes of specimens ~ shown III Fi&.6. The curves indicated that 
the GP type pctlmens rernllned relatively straight until rea:htn, the bockhn, load. SpeciO'len 
CP2 showed a dllTerent load deflection behaVIOr due to the: InlU:ll Impctft."Ction Induced by the 
shlht pennancnl ddormauon developed af1er the free cue IeSl The ~kled shapcJ of the twO 
free. cdgeJ aOO lhe centerline of the spliCC member to the 'suppon boundary resemble the buckled 
shape of a rued column. 

Foe spccuncn GPI and GP2. yield lines started at the Russet plate rt,lon beneath lhe ~pla 
member: then rro,resscd towards the bevn and column support boundary. the :u-ea about the 
sides of lhe spla member. and rmally e~lCnded to the fR.'C cdles ThI5 yield !tne paucm was 
very Sunltar to that of the froe case W!$lS. On the othtr hand. moderate ylCldU1& v.:as observed 11'1 
spccmlCtl GPJ It the Russet pJate regIon bene.lth the spJll:e member M-hen the avplW load 
approached the uilimate load For the CP type spocm1Cn~. bendm, of the IUS$Ct pllllte free edges 
was detected rrom the bcgtnnmJ of Ioachng d~ to the. rrescl'M."'C of InltW Imperfection UI the 
gU£sc1 plate cawed by the shght pcnnancnt dcfonnauon produced after the free e35C tests and 
the weldin. procc:u. The roseue ,ages and strain lases mounted on the gu.uct plale: In(.bcalL'CI 
thatyJddlna had occurred eAte:oslvely In spccm'ICn CPI due to the bend!n, effe<:l5_ However. 
spccuncn CP2 only howed YICIdIllI In the ,usset plate. n!ItIOO beneath the splICe mem~.,. and In 

pan of the area about the sides of the splitt connectlOtl ncar the end of the: plJCe member 

Whtn compann& the lUults or me frtt ea,se and the tixtd cue. II was found thai lhe lOCrease In 

buddin, load by l't-5tr1llnml the OUt·or-plane movement or the teSI fl'2t'l'le was not silnlranl 
elct.p_, for pcclR'lCn CPl . ThIS may be due to the fllCt thai all the specllnens tlccpt cn 
upenencc:d rcasonabk. amount of y.eIdUlg before rcac:hlnl the t-ucklln,load Hence It can be 



iCC" ch.1 lhe Inelastic boc:kbn, load of lhc: Specltnm meshl be close 16 ,16 m.lt:n .. ' SIren,,,, 
Therefore. the tncrt:ase 111 bucklin, load of the specimens by provW:ling mom re lraln! ml,hl not 
be SllrufK:&nl. 

Teo Sped_v Wilh Bum and CplYDlD Mown! 

The reswu of thLS senes of te.sLS are shown an Table 3. The load venus latera] dLJPlM:cmenl 
curves for all the MOP type lpecunen.t are shown in Fi,.1. It can be seen from thIS n,tlfl:; thai 
all the spccunens defonncd IaLerl.lly when loed .... u applied. After reachlRlthe buckhn,load ... 
,radual unla.dln, 01 the specunc:ru was ob5erved. "The beam and column moments also .rrec~ 
lhc: out-of·plane sWTness or the Junel plate. l1us fact can be realized from the beh.vJ()f' of the 
MOP3 sPCCUTlcns thai the out-of·plane suITness specimens U'lCreased With Il'ICrHSmi ~ and 
column moments. 

'The load versUl in-plane defonnauon of the ,ussel plale curves (or all the spocimtnl. cx«:pt 
spocimtn MGP). arc ,hown In FiI·8 Specimen MGP! was omlUe<! brccaU5e 11 tw • sh&hlly 
diffemn arnnaement of anstrumentllJon than the other pee_mens. A"a shows that the 
specunens mamWncd .. ct:lU1n load level .flCr bucklin, had occurred However. 1M drop U1 
10M! from the. bucklin& load to lhat parucular load "vel happened Without Slgrufw:ant In-pllU1e 
de.(onnalJon, The effect o( beam and column mOlM'nt5 on the tn·plane il1ffnes.s o( the gusset 
plate is also 11Iusltated U1 this fi,ul't' . It can be. 5«n (rom lhlS figure that (or specimens MOP) 
the m-plane suffness o( the spCICunens dcct'eased as the beam and column m~nt Increased. 
nus behavJO( can also be 1't'W17.L'd (rom the roselle readm,., 'Wrnch .showed Ihal the hlJhcr lhe 
beam and column IOOI'M:nl. the eart.er the pekhn, at the f'OKtte kx:atlOns on the ,usset plate 
beneath the (pia mtmbtt 

A1thou,h carher yieIdJn. o( the ,usset plate U1 the re,lon beneath the spbce member was 
obierved (or the s(lCC1fTICf\S with beam and column moments. the pattern and process of ytCkbn, 
was ~ry Ilmdar to lhat of the SpClCttne:N ""Ithout beam and column moments. BuaJ.ly. 
)'1C.kiJn, SW1Cd art.er Ul the l't',tOn beneath the splice member. then PfOlreucd to the bl:am and 
column boundary and the area about the sides or the .spbce member. As buckhn, approached, 
yc.1d hra c..lCnded towards the fn:e ed~ The theoretal yield load of the specunens is 
defined as the WhItmore load (1952) which i, also shown in Table 3 for !til the specimens Test 
results show lhallhe rllJO of the fltSl )'ltld load (defined as the load \e1Id a' which first )"Ckhn, 
at the roseues occurred) to the Whitmore lo.d ranaes from 063 10 0.18 In parucu\ar. the rllio 
chanacs from 0.33 to 0.18 for pccunms MOP] and MOPJ·A. respecll'o\'.ly, ..... hen the beam and 
column momenl was Incre&5Cd by fifty percenL 

It was observed from the stntin aagel read!na thai the lenslle strain induced by the momcnlJ at 
the boundary of the beam and column decreued rapidly IOwards lhe insld.: comer of the ,U1Se1 
plate. hence, a hleh SUUS ,radlent eXisted alon, thIS boundary. The beam and column momcnlJ 
also IIl1l1aled tenSion yteidUl, UI the \'JC1Rlty of the comen ot the free edges. ncar the boundary 
for the MOP] speamcns }oJ shown from the f.lIed specimens (MOVl lind MGP1·A). this 
tension Ylekiin& allowed the comer or the free edges 10 rotale ",hen bucklina occurred. l ienee, 
lhe mode of bucklln& ror lheie .specimens rescmbkrl the buckled shape or a plnMd·,uided 
column. However. for the other 'pecunens a fued ·guaded mode was ob rved 

C ompa Non p r S pcd mrn s "lth a nd " "l tbm" Bea m and Cgiumn Mp!DCnt 

In ccnenl.l. the. ~ and column ~I lWi ne,IiJlb~ effccts on the bucklin, stren,lh of lhe 
pecunens u Illustrated Ul Table 3 Almost IdcnucaJ bucklin, IoadJ were obtained ror all 

specunens of the ume dud.neg "",wiess of the eAU1e1'lCC of the. beam and column moments. 
The m-plAne tre6 dt tnbl.illon VI the lussct plate region beneath the splice. mcmhcr was: 
Slgrufandy alTccted by the presence of the beam and column momenL Eu1i1Cr ytekill1, was 
~ for the spC!C1Iftt'nI WIth the beam and column momenlJ. However. for the 'PCC1mcn5 
Without the beam and column moment, compression ytekiUl, occurred at a 10id level vtry c~ 
to the connpondln, Whitmore load The b!.tcUcd shape of the free eda (or the 6. ~ mm lhick 
5pCCuncnJ was also Innuenccd hy the beam and column moment. 

'9 
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1. CYCLIC LOA DING TESTS 

The malCrial properties of lhe leSt specimens are shown in Table 2. The ultimate tensile and 
compressive loads oblained during testing are recorded in TaMe 4. The ullimaac load is defined 
as the: rnuimum lorad 'evel reached by a specimen throughout IU cyclic loading hIStory. 

Tensile Rc bnlo[ 

The ultimate tensile load carrying capacity of the leSt specimens is recorded in Table 4, ll\c lest 
specimens were well behaved under ICnsile loading. In all ICSt specimens. ICnsile YW:ldtnf be.." 
on the gusset plale about the sides of the splICe member" at mKl-hei$hl AJ the level 0 tensile 
&lUll deJonnauon and corresponding load level increased, lhe yicldU\& Increased upwards and 
outwards towardJ the (ree edge of the plate specimens. In all test specimens. a large level of 
axial deformation was achieved pnor {o failure in tension. In addition. it was observed {hat the 
tensile behavior of the test specimens was not notably affected by the cyclic loading history and 
the: signifte3m deformations reali7.ed during Inc compressive ponion of the loading. 1ne ICnsile 
failure mode for all 5~imcns wilt a fracture of the plate material bctwttn the boltS in the 
bottom row of the splice member connection A typICal load versus axial deformation curve is 
shown by the tenSion portion of Fig. 9. 

Plate thickness was the primary variable affecting the tensile capacity.of the s~cimens . From 
the test loads recorded in Table 4, it is evident that the ulumatc: tensile capacity of the gusset 
pllleS tested was not signifICantly affttted by either the addition of plate free edge stiffeners or 
the plate geolTlCtry. It is observed that all specimens with the qme plate thickness and the same 
connection aeomctry reached approximately lhe same ulumate load level \0 tension Also 
proVided in Table 4 is a comparison of the actuallensile clpXUtcS obtalOled during testing to the 
predicted ulumale !ensile ,menglh for each specimen. The predicted !eruile strength! are b3sed 
on the block shear lear-out capacUy proposed by Hardash and Bphovdc (1985). II is shown 
that the te.st results are 111 telauvely strong Igreement with the: predicted capaciues. even though 
Hardash and 8phovdc's analysis was based on monotonICally loaded specunens. 

CQDlprrWYC Ucbayjor 

9.32 mm Speclmtm -

Specimen A-I - The compccssive buckling load for spc:cIR"lCn A- I IS shown \0 Tlble 4. Dunng 
the test, yicldma of the spocimen was initialed along the welded boundary betwccn the aussel 
plate and the teSting frame. As the axial deformation level increased, ylCldmg was observed on 
the gusset plale at the base of the sphce member, sllmfying the onset of yielding in the 
Whiunore (1952) critical relion. When overall plate buckJing occurred, the long free edge of 
Ihe gusset plole buckled. allowing the specimen 10 dcfonn significantly out-of-plane. The lo.1d 
canying capacity of the spccunen dropped 11gmflcantly alter ovef1J1 plate buckling occurred. 
The maximum cycle loads reached dunng the successive posl-buckling cycks slowly 
deteriorated as the level of axial compresSive deformation Increased. 

Specimen "-J -Plate stiffeners (50 x 9.32 mm) were wel<k.'d to both free ed&es of the specimen. 
During the tc.SI, yielding rnit.ial1y progressed in a pattern similar 10 that of specimen A- I. 
However, the pre.sence of the plate free edge stiffeners prevented the spcclmen from undergOing 
overall plate buckling at the same load level as specimen A- I (Table 4). The specimen mitJally 
buckled locally \0 I confined region beneath the splice member. Only when the edge stiffeners 
bcglUl to yield was the maximum compressive capacity of the specimen achieved. As the 
stiffeners continued 10 y;eld under cycles of increasm~ axial dcfonnation, the plate began 10 
buckle 111 I pallCrn similar 10 specimen A· I. In addmon, the presence of the edge suffeners 
prevented the specimen load carrying capacity from dropping signlfantly once buckling 
occurred. 

Specimen A· ji - Based on Astanch's (1985) recommendations, a plulJc hinge region of width 21. 
where I is the thickness of the lest specimen, was provided for It the base of the splice member 
(FiS-2b). Astaneh's study considered the cyclic out-of.pllne boekling of double angle bracing 
and concluded tha.t restraints on the: free formation and the rotallon of plashC hinges kads to 
premalUre (raclUre in the gu.sse( plJ.lC. In order 10 ~mmod"fe the (ree (annation of. p/4SfJC 
hinge in the specimen geometry, the splice member had to be placed funher aWly from the base 



of !he IlWCl plair. The chan,c: III pocimen J«lmeUY areatly .rrected lhc specimen responSt 
A1thou,h the specimen ycld panem was not unlike the other spcci.mc:ns of lhe same plait: 
thKkneu. YIr:Idm, and plate bucklIn, octumd II sipUfantJy lower load and uW ddonntlOOfl 
~vels. The specimen lC()fMlfy IUjUlttd to ICCOmmodate the pluuc tunae !'ellon produced I 
,\Wet plate thaI was Irss sl.Ible under cychc lo.ds. As such. the ulumate COInpresll\'C uracil)' 
of the spoc:unen was ACnfittd crable 4). The ~pecimen uuually deformed III • buckled hape 
simllar 10 thai of pc:cunc:n A·I Ho~va. as !he eyebc ax.aaJ deformlllonS conunucd. I 
secondary budde:, eAlCn<hna from the bale of lhe splice manber out and upwards towlJ"dJ the 
plate (n:e ed,C. beaan 10 develop. As the II1tluuc cycles J"'O,resJed. the post-budc.hn, md 
carryln' capllClly or !he pcclmrn ronunued to detenonte. Inwucally. lhc: acometry of the 
spottmen caused. conttnltllJOn of oul-of-plane deform:atiOllJ at the ,lWei plitt' 10 ttJl (mme 
connecuon. resulun,ll'Il ff'ktun: of lhe weld at thIS localJon u the .Jna! deJonnlUon kvd, and 
lhe resultma out·of.plane bol:khn& ddonnations. Increased 'Therefore, the lest l'e$ulu IndICate 
lbal no bendit was derived (rom provKhng (or the free formillon of I plasoc hJnce 1n the 
leort\Ctl')' of the type of &usstl plale: Investllated In thlJ study. 

6. ttl mm Speclm~ns -

Specunen A-2 • The Comprc.uIYl: buckhng load for spccmlCn A-2 IJ shown in Table 4. Dunng 
the: tcsunl. Y\t'.khna was mitialCd dunnf the elil5uc cycles al a compre.uIYe load of ~ of lhe 
expected tensile yield load Yltkirn& 0 the specimen plale bclan III • rellon bc:nealll the sphcc 
member. near the bottom of the spCClmeIL AJ the loa:hnl pro&rt.SSCd rn lhe melastlC r.lnee. 
ytelWn, Prolreuo:i mor to buckJin& of the SpecimcIL The: overall plale buckllnl of the 
specunen was lttomparued by. larurant drop 1Il the load canyml Capaclt), of the pcclmen. 
Both pl.1e free cdaes buckkd In order 10 allow the specimcn.to undcr,o slamrant oul.of-planc 
deform.lIons. The: pLaIe buckle eXIe~ from the base of the pin member out towards the 
mdBe of the plar.c fn:e cdce-. AJ the cycle uiaI ddonnallon IeYeu conlJn~ 10 Inc~ur. the 
load carryrn, capacity of the poc"nen delenoDted vtl')' little from Its rnltJal post-but:khn, IeYeI 
(Fi,.9). The rdauvtly stable post·budhnl capaclt), is likely due to the form.tion of a yeld hnc: 
mectwuStn .... Itrun the spocllnen Wllh an ~aslne levd ofaxw Comprc.uIYe dcfunnau()n. 
iddlllOnal buckles dc\'elopcd on the spa:uncn plale and yeJdlll& .... as obsc:rved alonlthe v.eldcd 
boundary bc:t~n the ,unct plait and the lett frame 

Spccunen A-4 • Plale uITencn (~ • 6.111 mm) wcore welded 10 both free edp of the specunen 
pille. The dimensions of the plate sliffenen 'Io'tte dcslJ,nCd such lIIal lhc trone lXi (out·of­
plane) belll.Iina sliITness for the sliffenen of specuncm A-2 and A-4 was rroponaonal to the 
thICkness of lhe IIKbvklual specimen Durina the test. yiektin& was Inltl.ted bcnellh the ~Iicc 
member dunn, the: Yleki c)'\:1e II • compres.sivt load equal to 1<»1- of the cxpcclCd 1ell\IIe ytdd 
load. As the Ie t loadlna contln~ Into the Inelasoc !'Cglon. yic:kJlng Prolresst.-d at the base: of 
the sphce: member as • loc.htrd buckled began to fonn. Ahhough lhe ultimate compresslw 
load ~ached was not Significantly djrrerenl lIran IIrIiI obtamed dunng lhe 1CS1m, of (pcclmen A 2 
(T.ble 4). the presence of the. plall: free edge sliffeners greatly affccu.-d the posl·bucklina 
behavior of the specimen. lnitiall)'. as the uial Compressive dcfonnlltion level Increased. the 
plale cdae sllffeners prevented w plale from undergOing overall plate bockhna. The edlC 
sliITencn )"Ckk.-d 10 allow the potllncn to deform out-of.planc:. but the deformalions remained 
Iocali:r.cd. However. as the lXW dtfonnation IeYCI incrrasW. the pillte buckle CJllCnded 
outward toward the plate free edaes Ultllnalel),. the plale fIL'C cdle sliffcocrs themselves 
budded both In-plant and oul.of·plane •• Jlo....1t\& ovc:rall plate bucklin, 10 oc.:(ur Ai the iaI 
dc:fCMmalJon IeYeI and the: out-of-plane buckhn, deformations Intrcuro. the 10Id c.&rT)'lnl 
capKlty of the spectmen slo .... ly dcle:noDItd from the tT\U.lmum contprallvt lo.d rc.d~ 
Unlike: splXlmen A-2. buckling of the specimen ","IS not unnlC(liattly followed hy • SI&mflCant 
drop in specimen load carryinl C'pa!:lt)' (Fia 10). Al such. the cncrJY ab5orptlon ClfI:k:lty of the 
,usset pla~ .... ulncreasW by the addition of the plate free edee s:tlnencrs. 

Comp.rtJOn OrTHI Resul ts-

1be Klual tt.st eapkltCJ were compared to pmhelcd CapacitIeS based on current desl,n 
methods. The Whllm()fe: (l9~2) load (Pw) and the Thornton fl98") load (Pt) ","ere computaJ 
for each spoc"nen Wiln' the .:tual dynamIC matcna.! properties. The pmhclcd CapacitIeS and 
the I1IUOS of lhe II.:tual test CapacltlCS to the WlutmOf\': load and to the Thornton load arc shown 
U\ Table 4 In all Ca5CS the Thornton lOki ul'kk~lImaled the cychc bucUln, S1tt'n,lh of the teSt 
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specimens. In addition. the acluaile$l capacitx:J wt.re compared to the load ratiOJ obll.ined by 
the authors for sinular gUS5c:t plates under monotonic loachn, (GP spccamcn5 under fn:c 
condibon • T.bk 3). It can be observed !hat cyclic Ioadinl sierufanUy reduces the ultimllc 
tompttSSlYe strc.n,th of steel .ussc:t plates. The. observed decrease III u1Umate comptUSive 
capKilY under cyclic ioaWn, conditions may be partuJly due 10 the Bausrunco- ~(reC'l 

SUMMARY AND CONCLUSIONS 

I . MONOTON IC COMPRfSS ION TESTS 

I) The bucklin, loed of lhe spccimcm increases with incrcasm, plate ltucknc.ss regardless of 
the presence of the. beam and column moments. 

2) Out-of.plane resltllLnl does not si&nif.cantly affect the bucklin, load of the GP and CP type 
specimens. 

3) For the same pille thickness. specimen bock.lma load <k:crcases with Increasing plllie size 
4) The beam and column mORk!nt has a neghgible effect of the bucklina strcnglh of the 

sptcimcns Itl1ed 
') Beam and column moments ,nullled earlirr compression ytddlll, at the Whitmore cnucal 

ICC'tion and tension yieldin, in the vicinity of the comer of the (n:e ed,a In lhe spccmlcns. 
6) In-plane SlIffness of the specimens decreases With mcrcumg beam and column momc:nLS. 

1. CYCLIC LOA DI 'C TESTS 

I) The lenslle betavtor o( &~t pb.~ under cychc Jo.ds IS wdl deflf1Cd by the block shear 
teat-otJt model proposed by Hardash and 8phovde (1985) 

2) All spetlmens with the same plate thid:neu and the same connection JCOfI1euy reached 
lpproximalely the same ultimalC load level mlenSlon 

3) Ulumale Compn:.ssIVC capacltlCJ are signlfKantly lower that thole obcalned dunnl monotonIC 
ICSunl 

4) "The behaVior under cyclic 10IIdI can be Improved by provtdml uffentl'J (or the fme edFS of 
the luUCt plate 

.5) Sliffened specimens yield a more stable post· bucklin&: response. resulllna: In an inCreased 

energy abso."uon capacity 
6) When the free formation of a plastIC hma:e LS provided ror In the spetlmen IcomelJ'}'. a 

sllnllieut decrease In cyclic COn'lpreMive load canying capacity LJ obsencd 
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Table I. Spa;ln'lCn Descnpuon - MOnOlOmC St'nc.s 

aI" , .. " ~ 

Ikam and Colwnn Moment Specunen Pia-Ie SIZe llucknc.s.s Sucnllh 
kNm) (mmxmm) (mm) (MPa) , 
Mb..() GP2- 500.4()() 9 105 

GP3" 500,4()() 65 215 
Mc..() CPI 8SO,,700 13,1 295 

CP2 85Ox700 98 105 

b" ,- , 
Mb-250 M~.125 MGP2 500,4()() 98 105 
Mb-Z50 Mc-12S MGP) soo,4()() 6.5 215 

M -175 ~.187.S MGP)·A SOO.400 6.5 215 

h 

• Separate: 5pet:llTI(ni; ~(n= fabncaLeJ for bolh lhc: rrtt and fi~crJ CIl'iCS 

Tahlc 2. Spcxlmcn IXJcnpuon C)'d)l; Senes 

Mc»enol Pr .... 
""". VIOla U''''''''. 

SOOComen Pte,. s.z. the""'" Stret'lQ1n S11.,gtf'l 

mm"""" mm Pc ... 
A·' """"'" 932 ... >37 .., 500>'50 0" 443 530 
. -3 500>450 932 S1ttened Flee Edge ... >37 ... 5OOk45O 0'. Slrtt...-..cl Fr .. Edge 443 530 
A·S """"'" 9" PklitcHnge ... >37 

Table 3 Summary and Compamon of Tcst Results· MOnlunK: Scnes 

FrecC~ fixed Cue Whitmore coad ':t:ree Spccunc:n PF ... PFil-cd Pw Pw 
(kNI (kNI (kNl 

ll'l (21 (31 (41 (51 
pi 1956 2031 12]6 161 

GP2 DS6 1487 930 146 
GP3 742 790 5SS 114 
CPI 1606 1760 1852 087 
CP2 1010 1477 1416 0.71 

Map! 19]) 1216 159 
MGP2 1316 930 142 
MGP3 721 SSI "0 

MGP)-A 819 5SS 148 
MGPJ8 821 ISS 14M 



Tlble " Summary and ConlIanson of Tet;1 Resull$ CycliC Sena 

Spoomen 

A-I 
A-' 
A·3 
A-A 
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~"""'. 
Pkrt. $1::. T..-

C""" ~= 
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lOad ... PI (ICN) P. 
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"" me 1500 OQ, 
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""" me 1500 "' 1149 1122 '" ")2 

<'" 1718 ... 053 

130 
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0° 0 I~ 
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o 0 
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MTS 

FI,ure 3. Test Setup - Wuhout Frame Momr-nu 
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Fi,ure" Tesl Setup · With Frame Moments 
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Rol2d coklmns compo-.ed of hllhly Ih~ Sleel pbtes arc one of It\( rcblt\'cly new "rutlunl 
member whICh (.Ill due to o ... erd Ind Iocll buddn, ~ usual U!.e cond'lQn An upermcnlll 
study is elrned OUI II) prc\cnt fundlmcnlal dJu. concern ... , the u_mlle "renath of roled 'hn 
w.~d c(tklmns w.n I fdun-ely !arrc IHlIh-lo-lhclr.ness rOillO of the {bnle In..! the *eb pble 
SUbjeCTed 10 concentrIC. I and eetcntr..:.1 comprenion. A 10111 of 16 speCln'lf:1\li w.n varIOus 
s~ndtmess and widlh·I()olhJ.:wu nile oflhe c(lff'lpooem plales wa, !C'SIed The predlCllOI'I~ for 
lhe .,terlCII\'C bud.! ... , Ifenl'h o(rolled H- eCliOn coumns by A ISC fornl f.Clor melhod Ire 
found 10 inoe fa_1y I(CUBle ruuh fur Ihe coumnSleSled_ A smple melnoo 10 compare lhe COSI 
performlnce or 10 tlecllhe mil mum weight sectIOn profiles IS proposed, II IS also shown the 
advantale oflha knd thll·waned rolled (omprn ion members IS clear when Ihey are used 11.1 
relallvely slender ranee 

ISTRODUCTIQS 

Thll H cct&lf'l memben made by lhe mpro\'cd 00c rolm, process Ife (Inc o(Ihe reLlllvely 
new SlnKlural produ(l~ SeulOOS oflhlS I)'pt are composed ofhlihly IhFllnd baht pblu When 
thll plaits are ulIlved ,n componenl pLlte elemC'nt of (ompre~~k)fl member. the de!lIen 
CorudcBIXln muSI be Il\'en 10 the occunenc.:e oflhe b:.llpbte buck.ll\l Ttktugh ultll1hUe menrrh 
of wekied H-secllOI1 coumns hu been IlvC'\lIgated experrnenlaly and IheorellCally. ftw STudies 
hne been reponed 00 over" bu!.:klwliloc.ll bucklwlltesu: ofroUtd membersll.2.l.4JI 

ThIS paper pre\enl\ the re\ult ofuhn,iIIC \Irength lUI for Ihn-wded coumn\ wlh rolled II 
Se(11OII whr,;h fail by "'Kalll tabUy under the IltetJClIon belween tlanlle "rid web pOte Srnc.:e 
local bud.IwI, oflhe IhFl compooenl pbtu mOly occur before the compresslvC' meu 11 the piale 
IlIu\td 10 lhe YldJ \Ire S Illhl'l rtlkJII oflhe ratIO .• IS mponanllO cbnf)' lilt ubunale 5lfenflh 
o(the couron, wlh Ih'lSt IIr,e w .. hh·IO·,hlCkne.u ralio Ildudllilhe cfkos of rnteulc:me 
beh.lYw)uf 

For a thll-walled compressIOn member. the etreclS of Slruclunl mperfetllOft tkh a 
re dualsneuu and 1111011 dcflecl .. lfI (If lhe pble tu\e a svnticanl IlfUclk:t {lfl the nlerllCl1V 
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Table I MU$uced cross seCllon,,( dmcnsions and ",open~s 

-7,.. (!., (~, (:, (~, ,:''1 (~') (~ 
lilT. I'r., " .. I' 

A !"!! I",! 6 ~36 .48 I',!! 71!'~ ~.~ ~: III 
:;~ I:'!! • 2005 100.7 '.39 456 15.n n.9 11.1 0.80 

C 242.5 133. '.57 '.58 ~: 151.2 2.7' ~7 :i: 1.60 I:~ 0 251.5 150,6 3,43 4 61 262,7 ~43 7 7 II. 67 
y 

~ 

lE-' 
A Cross sectionalarea 

Iy ;OeomeU'ic.1 moment ofll'ltrua about y 
r : Radius of lyra lion .boUI weak u1I(Y) 

R.,R1 ;Width·to-thickneu ratio parameter ,T, 
1---' ' 

" y 

buddrl' load It 15 mponant 10 study the IlleraCltve behaV1Ol' and lhe u.mlle Irtnilh of Ihn 
willed member e:cperwnenlaUy The AISC form faclor method IS applied for predlCln,lhe 
u.mlle sifenllh of thn roled H-seClJJn co&imru; wlh lup ""dlh-to-chew s ralio of pbilts 
The predlCuons orrhn method Ire CUffiIW:d by the 1t'S1 rCJuh 

2 OlTTliNE OF TEST 

Four sons of H- hlped cross seCllon are se~c,ed lTom lhe manufacture's (.Ira loa of H­
sectIOn, and n .. med A. B, C and D. The measured erou KCIIOfIII dllTlen510n5 Ind prOperties of 
tul specmens afC hown 11 TI~ I AI rhe lUI specmens are compoled ofmakl sleel SS400 
plale and lhe Ihx:kne~\ oftlanve and web pbles are 4 j rnm and 3.2 mm rupec" ... ely. The te\t 
pro&,nm coo\1.\1 of ( I ) tenslle coupon leSI$ of component plaIU. (2) meuuremenl crn'loll 
defleClion of aI speClffitns, 0) measuremenT of reulual men, for whch elghl specll1\t:ns 800 
mm in kniTh are prepued, (4) slub-collmn leSl, (ot Twelve specment, U) budlwlilesl under 
cenlriliload and eccentricalload, (6)pure bending lUI aboYI weall: axis SpecImens wuh 
skndemeu UIIOS U,...so, 15, 100(L: lhe collmn lengrh, r: The tldll! of&'YUIIon .OOUllhe we.1I: 
axis oflhe crou 5ecllOI1) and ecce",rc .. ~:s efr. 0.0.0.15.0.3 arl!: chosen n ordello nvelilcate lhe 
effeci of lhe coklmn lenith and eeeeniricillt:s upon the uklrnate sirenalh The lenath .nd the 
number of lipecmen for Cleh type are lIVen n Table 2 AI coklmn lelil wert: coodu\:led III p.1 

ended cond.ion wlh re5pecllo lhe weak axIS and n cbmped·end eondllOn wlh respect 10 Ihe 
Siron, 11111141 

Tat>e 2 Lenllth ;md number Ofle\1 \petlmen 

I.en&tM.) and H~t of Specillen 
Type (HAS) .... ,.. 

(00) lIr-20 lIr-SO l/r<'75 L/r-IOO 

A (1501100) 468(2) 1170(3) 1755(3) 2340(3) e-O. 
B (2001100) 442(2) 1105(3) 1658(3) 2210(3) O.ISr 
C (250III2S) 552(2) 1380(3) 2070(3) 2760(3) Q.SOt 
o (2501lISO) 688(2) 1720(3) 2580(3) 3340(3) 

Ur Slenderness rallD e Eccrnlrlc dlSlInu 



The me uncal prOptnlCs of ""'Ienalmuned tom lensUe coupon lUIS Ire ho'WIl" Table ] 
The 1\t.U.ce )'IC" un Q)'. pen by 

(I) 

where Af and A .. are Crosl KCIIlnaiareU offbnge Ind web plates. rupeclr\'cly II. no.ed thai 
me lveraae 'alUU of)'cki Slrus 0)' zJ79 N/mm2 exceed the sI.ndard vlkleS ofmi:klslccl Th. 
caused by II\( repeated lolrd proccs for h¢1y mil ptuc 

The .. Igi dc:f\eCllon of the co~mn and of fhe componcnl pYle for tach pee men were 
meuured by OOlrnm anurac)' d~1 ilgtS al specified irld poll". The mUllTlum values of 
measured iniial c\tfkcllon are shown" Table 4 The valles be ... and berare lhe mumum 1I.1iI1 
def\eCIIOfI of web and fliInic plaitS. where H and BrdenOle lhe helghl orille web plille and I half 
flanae width orlhc I\iInlrt- pYle re'pecllVcly The YilVe 6 ..... G ,he mUlrTlum Illhal detlrClion .s • 
coklmn These ""UeS are vu)' lmaland wKhlllhe tolerance for ... 111 It0melriclltnperfecllon 
orll~ pbilc and lhe (OUIM \peened .. JSHB171 

Table J Mechamcal propcntes ofnuuwll 

,,,14 .t~ II .'l' T". 'uk ul. Clre.f,r_t'111 Clr~fer_tlll 

"-/ ... of '11IIp 'lit' 'f , .. rI,t, 
T". .... ' ..... "' .. Ial. . 'dld' ., •.•• H . ' 

errf "r- . , -, . 
.. , I "'ii "" ..... • ,- , '" I , '" • tl.~ , 

I 
1531' ,,'" , .. , 1\1.\ .1 '" \ , ",,, till " .. , 

m~r 3121 STU ,",._", I "." , '" , IT1 
I ... ." .. uti' 

""! ... 1 m, 
v·om .... 1 1, 4!N1 , a, 

" .. "u 

:T' ,,,,, .... "I ''''' .. " . . : 1'-' , ",: l'r; 
:~l" ::'.. ~ 

F., I Meuured rudu~1 Stress dlStribulM)flJ 
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The resdualSlresscs are meuured by Slfnl vaiu .ltached on boIh uks offbnge and web 
plates surliler. ., order to remove the dfect of the bend." (tutual strusu, The sectlOnllg 
method .... 1 used 10 mea urt the releued Slrnl Measured Slre s pallerns were •• sl1libr Jl 

shape to usual pallerM as shown., ri@'. I. Le. the re dlLJl SIre s deuibullOf'! fi • tNng~ In the 
fboge plate and Iht: pan bob 1\ the web p~le tn thIS figure. rtulual struses were 
nondmenslOOllaud by Or. The ubts of the rnulmum compressIVe ruldulil suess of lhe 
cenualpan ofltle web pl;ue were approxmalcly s&l. ohlle YlCkt men. 

A I(ul of 12 ilub-cokimn specmcns of whICh CrOSs seCl1Of\S are same wlh those of co~mn 
specmtns WIS tested under IUlicompreSSlOfl161 

3. RESULTS AND DISCUSSIONS 

(1) Co~mns BehavlJr 
TYPlCllrebloos between averaae Sirtn. PIA. and dcfleCU(ln.M...'llhe ccntre of the web pblc 

I' the mdhe .. n of the cokimn (L.Jr-JOO ) are hown for ea h lypc speclnens 1'1 F~ 2_ Qrok~n 
~s flthose fi¥ures r~pruent the 50kuon oflhe dUll: analysIS of the ecc~nttlcal 'oaded coumn 
The le5' re uh correspond 10 the results of elasllC anilys. um. nnr the mUlfTlum load The 
occurrtnce ohhe local pUlt bud:~t was obu'''ed from 1M .slreU-SlrU' 'eallons of web Ind 
tbnge. plale of column lesl and lhe 1'11111100 ,,! local buck., are ~slrated by a anow sIP on 
the IolId·deflectlOll curve 1'1 F.r.2 It may be f!lUI'Id Ihallhe mU:mum .strength fi I'lOl domNted 
by the local btkld1'lj and lhe suength "rusn after ,he 111"'10\ of local buckll1&: I1lhlil siudy. 

" 

Deftection(6/L.) 

- .~ . -, Type B . Type 0 - :: .- . -, -
: '.15 

" ~ 
'" . -, " 

+- Loul liCk I ,., Start <f-.Loul IIdll., Start 

.. ... .. '" 
.a .. .,i .. on 

OefleclJOn(61l.) OtftectiOn(6/L.) 

Fig 2 Load-de~cllon curves ofcoul1\l)s( LJr,""lOO) 



The '''erare Siren, PIA, "ersuS 1M ncalsuam on flinae and web plales" 1M mdhttehl of 
the coklmn w.h LJra50 subjecled 10 ulilllo~d arc shown WI FI£ 1 Siran Pit' wue allached 
lhe ,urf~ce O(lhe specmcn " the mllheWhl as shown n Fi&:- 4 FOf the Iype A ~pecmcn 
w.h a smaD wl.hh-Io-Ihd,ncss rallO of flangr and web plales, the occurrelk:e of local plale 
bucklin, w.\ nO( obiened umjnear tM maunum load ,and the maltmum md amOSI.naWled 
to Ihe yltkllhtuSI It Clin be seen, however, Ihal for the Iype 8 speemcn of wh..:h w.hn.lo­
thICkness rallO O(lhe web pbte L' brKer Ihan the Iype A, the "al buckbn& of the wt'b plale 
occurred urly SI4Ile or ~ss than halfSlre5S level of lhe malt mum Dad Funhermore , II elln be 
recOIfllUd from F'I J (b) compirWig w.h F.g J (I) Ihatlhe sttU' dMurb;,ance WI Ihe flinle plale 
o( IYpe 8 L' seelMd 10 be IrIKgcred by lhe local buctli'lg. These behavIOr were aho otKerved II 
It", lut (Of type C Ind 0 speelm(nS, From lhese lesl ruub,' may be found Ihal tl\( 1IIf\lC'~e (If 
lhe IIIC'rac","'e effect betwt'C'n tl\( deformaTIOn of component pi;&les ("In thC' milXUTlum slttngth of 
the (OUIM uems 10 be sma I n thfi wxhh -to-Iht:kness rallO of the lpecimen 

(2) Ullmate MrenKth 
The mumum ulllmalt ~lrC'ngths o(ctnlr~1 and eecC'nlrlCal ~dC'd (oumn obcaned from the 

tul art' summaraud ... Table ~ In Ihe; Table, thC' coJllmn muunum \lte\\C'5. nil were 

nondmtnslclnahl.rd by y .. kI \UC'U 0)' and spccwnC'ns of Ur.20 IrC' lub-column The 
mUlmlJm ullmaTe ilrcnflh\, 0./(1)' arc p!orted aganSlIhC' slendcn'len railO piramt:tcr)" Il FiI~ 

For the Iypc D spccmC'ns w.h britt widlh-!o-!hl:kneu rallO o( componcm rla!C'\. there .. \'Cry 
link ~rca~ Il $lrenrh fot- co"mns o(VohlCn slenderness ral ... parameter)" Ii ~\\ IhAn 1_0 and 

[he ulrmAte slrenrch\ o(thrm arc equal 10 or Ie§s Ihan The ma.uTlum Mul>-e('''mn ~lrenri1h. 0.71 
01. 11 can bt n<ltt:ed thAt lhe: urne 1C'ndC'1k. y 1\ OOstnC'd for the I)pe C 'pec men., 

As can be. seC'n from folK S, the tcst ruullls for lhe coumns w.h I relall,,"ely I.iIree wdth,!!,)­
Ihewn ra .... of C(lmponrnl platCS btC('ImC (uly lower man JSUO coumn~ \lrenrth curve Illhe 
smaier)" rlnlt Th .. mAy be cau~d by the: etrects o(lltC'racllOn bt'twttn lhe plale ~k"'~ Ind 

":~r 
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Comparaon ofSlrcngth between dtfercnt KCUon 
profilts under the same member weight 

the coklmn buck"'l In order 10 connier the etreels of IhlS ~leraCIIOC\. the AISC has been 
proposed so.caled (onn f1CIOf m(lhodln Ft\:. 6 shows the companson orlhe JSHB columns 
strength curve and lUI fcsuh thaI art nondmensnnatiud by UJill the Slub-coklmn sircnath ClI 
(= Q 0'1. where Q \Ii the form factor). Ilstead of the real malerlolli ywekt stress 0)' Thouii' ICSI 

rtsub art scallcred somewhat, • a secn from tillS figure thaI the JSHB coklmn luenllh curve 
sums 10 be CDruiervau\-c 10 leM r(suh rttvaulted by the AISC rorm !lefor method The sobd 
curve In Fia.6 represents the Slr(nflh curve or roDed coumn 11 ~. stl,e format proposed ., 
Ref.(91 and Ii c~e 10 lhe mun strength ohest resub. 

In the tUmnallOn orlne (conomeai coilmn design. the companson of CO .... 1lVl suenith of per 
un. aru under lhe same member we"hl IS often adopted. F!i. 7 shows a comparJlOfl of Ihe 
averaie uliunate sirenilh among different sections under the same member wClj:hl The 
horl1.onla\ axu II fli' describe the ~nBlh of co .... mns and lhe sknOemess tahO for each type 'fI 
order 10 compare the ukunale suength of per un~ area, or 10 enmlle the cost performance or pet 
un. weight o(,he co .... mn II can be recolr'll1zd from IhlS ~re Ihat the use o(the type A and B 
members w.h a smaD wdth·lo-thicknus ralio of piates Ire useful II Ihc stocky regIOn. bul Ihe 
type C and 0 members wlh I relatIVely large wdlh·to·thlCkness rallo ofpulCS Cln be expected 
the Idvanuie Il the slender region Thus , lh. figure may be very conyenlent 10 Idect lhe 
economical roDed Ihll sec lion profiles lithe compression coklmn deSIgfI. 

The mlltlfnum Slfength o(the eccentrical baded co .... mn of l.jr-.so ate shown II Tabr: 5 and 
F • .8 In fig. 8. the venlCalul5 represent the mUlfT'lum axiliload Pu dIViJed by the yekJ load 
Py and the horl7.oflul axIS shows the mUlITlum bendllg moment Mu (=Pu x e) dlYded by lhe 
plastIC bendlli mornenl Mp (-oy xly/8(). The solid curve 11th" figure Ii lhe corre l.lI.,n curve 
between uioliload and moment defi1ed by Eq. (2). 

P M 
-1' -I 
Peu Mp(I . PIPe ) 

(2) 
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PIP, P,"" • ,~. • ..... ... .-O .II~ • . -. • ..... ..... 
I / ,.O.so. • .... c 

/ ,. 0. ~O. • ,~C 

• ,~. ! • ..... 
/ 

... 

!;; ...... ~-,., 

I., MIM, I.' M/M. 
F. 8 ConelllD'l5 belween lXylload Ft: 9 Corrdillon bclween III II I load and fJl()mtnl 

.nd moment rteviI\lated by 'Iub-co~mn litrenilh and 
bend ... , lUI result 

1'1 whICh Peu • 1M uliIllo.d Obcll'led from J5HB co~mn strrnlfh curve and Pc denotes the 
Eulet', buck .... load FIV 9 shows lhe correlitlOn between ax,,! load and moment 
nOl'ldrnenslOO.il.ed by ilub-co ... mn strength Psu and mUflium bcndlt' moment Mu obI:u)ed 
from the pure bend'llIICSI (lhe details Irc des!;ribed In the (olklwr.,um) i'l Iud or~u and Mp 
respc:cllvely, II can be un from IhlS fiBure lhallhe ullm:ue IrtnJfh predlCCOUi rtevawled by 
the AISC form l'aClor method _ conservAtive to lesl resun 

(3) Btnd .... 'CSI 
BtndnllUI rcsub about wuk UII are summan7.tt! WI Table 6. Type.1 rtlallOO bc.lween 

beoofl'll stress and Iocalsuall'l lbrlg the flange lip Ire shown for the Iype D Spt.ClflttT'l 1'1 FII· IO 
Local bock..,. men o(bendl'lg lesl ... Table 61S obIuled from a bdUrclllOl'l porit of trus -snUl 
curvt IS hown., Fl(. 10 As can be Ken , the local bucklll, of the fQnge plates occurred early 
staae or ten than hit( SITUS level of the maximum bendlfli siren However, lhe maxunum 
bending mOnM'nt Mu lS nearly equal 10 the plastic bendlOa mOnM'nt Mp It may be round that the 
pOM-buckbnl strtngth orlhe flange plates can be expected for the H· eel.., member ub.,teeled to 
bendinillbout weak aXIS 

h"" " " Ijudlp 0"' ,. . , , .. , .1· 1 
A • .. 0 , alia 
B 10 97! 1 03 <l3 
C 16 1$11 1 OS .51 
D 1'~' .834 092 ,<1 ., IjUllul BndlDI!: Ijult'nt 

" PlutlC kDdllll!: IItlltDI 

0" 1111.ate Bt'ndinl!: Strt'ss 
Oll Local l\I(klillC Strt':!IIS or 

BendlGI Tt'sts 

oil/olu • 

F,. 10 RelilllOOS between bendllli Ireu 
and b:al ~Irall of n.mile pbte 



4. CONCLUS IONS 

Uhni lC suenilh and behavIOr ofrolltd IhWl H·seclion collmns subjec ted 10 concentriC:.1 ud 
eccentrical c omp'ession IS 'Iuched expt:rmcnllDy From thIS siudy the foUowFl, concluSIOns 
may be drawn 

I) The magn . ude oflhe .... 01 eflectlon were very smal compared 'NIh usual toUed or 
wckkd H·,>CCUOfl members 

2) It may be found Ihalthe muunum StTCngth 1$ noc dom.,aled by lhe loca l bucklin, and!he 
strength InCreases after the Il'JaIIOfl of local buclding IllhlS 5IOOY. 

3) The figure whch t'I very conve nienllO selecl lhe econumbl roned Ihlt CCllon profiles Wi 
the compruslOIl collmn deSign is proposed and aka show n Ihe advantage oflhlS kYw.t Ihi"!· 
walEd Toled compressIOn membe r whr;:h fail due 10 ovenD and local buckll'li 11 usual use 
condu",. when they are used 11 a reiat lVely slender range . 

4) The AISC (orm (llclor method is found to iNC f.li'ty accurate the uhnale 5tlength 
predlCuon for roDed IhKl H-seclion members sub}t-cled to uaalcompresslOl'l , bendl'l8 or 
any commllXln. lIoweve r, at this 51age, this method based on the form fac tor approach 
needs 10 clrrrd OUt cumbersome stub-coumn teslS , pure bendl'l' tests or nurnercal 
analyses to determm lhe Q-faC tor 

.5) The maxl'llum bendlJl8 moment Mu IS nearly equa l to the pbstllt bendl'lg moment Mp, II 
may be found thit the post -buck.~8 strength ohhe Ibnp plate c an be expected for the 
H·secllon member ubjecled 10 bendl'l8aboul weak. axIS 

AI the matenal used l'lihe lesl was donau~d by Ka ..... asaki Sleel Company 1'1 JapJn We wah 
10 think Mr K ShlllOdi , a SIUdent al A.::hllnsllute of Technoegy for hIS help 10 do the tests 
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RARE DOUBLE·LA YER GRJD STRUCTURE 
A NEW SOLlTI10N 

Prof Dan Dubin., Ph. 0 

Techruc:al University of Timlsoara 
Civil Englt'ftnng Faculty 

Steel Structures Department 
Stldion I, RO·)900 Timl5Oaf'l 

Space (nmu are classified IS lingle-, double- or multi·!ayem:lslruclures which may be nil, 

resulting In grid structures. or may be curved in one or IwO direcdons, formi ng barrt.1 Vlulu 
and dome structuruGrid structures can be further clthegorized into lanice and space grids In 
which members run In IWO, three. or {our mam dU'eCtions 

In double-II}'er lanlce gods. lop and bottom gnds ~ identical, with the top layer posllloned 
du'tC'tly o\'er the bottom I.}t.r Double-I.yer space gnds usually conSISt In pyramidal unitS with 
Inangular or square bases resulting In either Kientlcal parallel lop and bcMtom ,ncis offset 
horizontally 10 each other. or parallel lop and bottom gncls each ..... Ith • d.((ert:nt confilul"lluon 
tnleroonnected a' node POints by lI'1C'hned .... eb members 10 form • !'tau].r st.ble SUUC'1ure (Ref 
11 . Mlln types of double-layer ,rids In cOmmon use are shown In Fig I 

Memben In double-layer grids are. IS usual, almost entle~ly subject to axial tensi le or­
compressive forces, whe~as structun.l members propostd III this paper (takin& 11110 account the 
fact that CON'I«:ttOnS art n,ld or- se:mlri&ld) a~ pnmarly subject to nexun.l moments 

Funheron, some relevant structun.1 details concemlng thIS structu~ art presented, as ~el1 as 
informallOlU on the exptnmental progn.m carried OUt in the Laboratory o( the: Steel SlI\ICIures 
Oepanmt.nt of Technical University In Tlmlsoara and numencal results abo 

RARE DOUBLE-LA YER GRID STRUCTURE (RDLG) 

RDLG structure Is built from standardiud pyramidal units joined together by means of squart 
fn.me units to fonn upper chord, or- independent ban 10 form bottom chord (Fi,.la) The 
jOinting system must provide ngld or- se:mingld oormections, lest the S1ructU~ tum into I 
mechanism. A&_2b shows tM luthor's solullon for- I bonom chord COnnection Presl~ hlah 
tensile boilS could be used In order to mcnase nodal rigidity on I'OftIllon The layer bars can 
be made of U or- C section wrule diaplls are made In squart or- circular hollow section 

'The JOlntlnl solullon In~vln, I croaoshlped central connector- IS I \"t.rslOtl of I jotntl11.& system 
patented by the IUthor (Ref 2 and J) 

EXPERIMENr AL RESfARCH 

Between 1989 and 1991, I ~Irch pro&ram was developped In the Laboratory of the Steel 
Structures Oepanment In Timisoara, concerning three new types of sJ*:e grids Ind liso 

6. 
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FRAME UNIT 
Upper Chon! 

Basic unIts 

PYUMIO UNIT 

···"~~r:.2~ffi;p= 

R" 2 Rare Double-Layer Gnd S~ure. (RDLG) 
a) Structure geometry 

b) Bottom Chord ConnectiOn 
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QJ The test ing model 

" 
",,0.4 

r, 51. 3 

50 

Fig 3 Testtn& modd dUntMKlnS 

Fig. 4 Tesllng model 

b) BasIc Units 
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F1, 5 BasK: unitS of RDLG rnc;:del 

Fia 6 Fronl view of ROLG rncxkl 
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FiB 7 Bonom Chord Ceneni Node 

Fig. 8 Fealure of RDLG Model 



c:onnecuon s)'SWftS for U\I~-Ia}ered &ndJ "The resul15 01 thlS progBm ", .. ere alrudy pubtl.Shed 
UI ~llr~ t\tnU (R.tf __ • 5, 6~ 

The uptnrnental III\tstlg.tlons came<! OUI In our labontory Inned fll''l:l of all 10 obtain 
ql.Llhtl,nt and qlW\utalnt coofirmallon 0( the new structu~1 solullon. To (hiS end, Qructu11I1 
modules lI>~re IeSled, whtCh had been obtatncd by assembhng se\tnJ basiC unllS , mal"n, 
possible the OOtenuon of valu.ble dill concerning o\erall ~haviour of the Siurchirt u " 'til as 
Its connecuons 

ROLG structure model i~ shown In (FIg J) . Chords are made In U section members and 
diagonals In e lls members (Fil 4) PfHenlS RDLG model Inside lhe lestlng m.chlne while 
(Fig 51 prtSenu the basiC umts for this mockL PIC1UIH In Figs 6 and 7 how. ft1)fltal view 0( 

the model and • OOIlom chord node An Intermediate solulion was adopted fOf' bulldm, lhe 
nodts each basK' Ufut 15 connected InlO lhe node by means of 1110'0 tenSIle bolls,bul without 
talung rneasum to machine the contact urfaces Under lhest conditlOOS lNC'Iurt fealure 'IUS 

due to bars slll"l1n& and roIhnlln the ~The structure you not desttO}N,t1{)ub!lln,I hlp 
camn, ClpK"Ily. but II UI'odtA:enl large ddormatKlf\S Pncllcally .... hlle the maximum allo .... ed 
deflection 'NU noc excedtd. the v.penmtntal ultimate load ... -as about 1C)t;f k) .... tr than the 
computed ultimate loed auoclated v.uh a n,1d cortntCtlOO romputattOn model I~urt: In Fi, .8 
pre:5ello the fallurt: of the v.penmtntal model and Fig 9OOv."5 the numtncAl Simulatioo of lhe 
sU'uct~ defocmallOl\ tn the mldle pan of teIUn& model IC an second order plIMlC analy lS t! 

performed . 1M ftalurt: )tld$ b) a plastin' tungt mechanISm configunttOn tM hlncn appear 
11\ the ruSI diagonals. Mar uppon nodes lbars 9 and 12 In FI,.9 I 

Fi,.9· Fallu.rt: confiaurallOll of ROLG Model," lhe mldle span section 

NUMERICAL RESULTS 

In ordtr 10 perf~ lhe bly1enl1h and helghl \'aluel1 for a 30 meters S'Juart ROLO l(\I(1urt: .undtr 
a ISO da..'-' fmJ Jo.d.an elbllC fim ordtr anal)sis ... ·as performed Denolln, the upper chord 
blylen,fu b) bl and the bottom chord OM b) ~ .thrft cases urt: anal)·K(i 

a) bl =2500 0 mm ; bl ". 50000 mm 
b) bl = 18750 mm • b2 ::::3750 0 mm 
cI bJ=I~Omm bl lOOOOmm 
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whh the COI'Y6Poncbn8 M.lsht values given in Table I ,wh.!ch contalns.aIso,the mults of thJs 
anaIYSls.1l\e opumum configurallons seems to be in the b cue with. htl&hl of 1200,0 mm, and 
abo ,of lSOO ,O mm 

(Tib I) . N-.caI Ren"" for RDLG s.n.ct.. 

0. ... "'"" IN ciI,."" ; M., - dANc:m ; M. • dINa!! ) 

T"" "u_ ..... 
'" Ildahl del1cct , • ~. 

~ h BoIlon\ chord u",.. ..... DI.onIII _bin U. .-. 
,,~ '~I 1=1 ~Ion . ..,.., 

r-!L r2L >I. 
N N N 

.... .... .... 
.., .. 12.019 ~ ~.21 0 12.030 -7,-00 .s .... · 11 56 Zl, I6 

160.972 114 .670 2.676 

1.500 I · IOJU .. ~ ·J.512 11,129 ".700 6J.106 - II 16 "18 

• 160.000 1M.6OO 2.07' 

2, 100 ".:'i41 • ·J,O II ~ -lI, I'ilIS ...... -If 11 25 .. 

158.100 JJ.4 .s.tO ..... 
2 ..... ·7,!"0011 • -2.634 ~ ·S.SSt 5] ,401 - II 2] 26." 

ISS. I70 334.40 I .... 

I .'" · IJ ,S78 • ·J . I9-t ~ ·5.SU J6 .~ · 10 .45 27.78 

102,2 12 207.'" 1. l2A 

b 
1,500 10.840 • -2.526 ~ 0.4 ,867 35.981 · 10 ,16 2] .20 

100 .000 "'.700 '" 
2,100 -9,029 • -2, 137 ~ "',481 j4,4z.t -10-02 .... ...... 190.200 670 

I .'" 12 ,102 0 -2. 136 ~ -J.966 2J,616 -7. 63 25. 56 

, 7 1,062 1..&0,020 ... 
I ,~ 9 ,~.l9 0 - I,71S ~ ·3,592 22.518 -7.36 25." 

71.020 1.ao.O l ~ ... 

In order to compart. the performances of ROW st.ructu"" .... Ith the SlIUttures In (Fig t) ,the 
same square urfK'e and !Old ... ~re considered, With. t.yJencth of 30 m and • he"lu of 2.0 
m. Results are presented In Table 2 



T)pe of N_ o N_ Mb_ Cn. · .:t1Oll ~ .... ..... - IdoNl IdoNI """"~ "'-~ It, / Ift'! 
I~I (AII~) 

DLa .... 9.j10 t .9) CHSf 7 1 6 )( .1 2 JUS 

SS<l ,. ... 19 180 71, CHSf 114 J_1 2 '96' 
DOO ]UIO ,. .... 10,012 CHSf 114 lx~ JH I 

TWLO 8.870 ' .300 S 'J CHSf 88 7,, 4 ",. 
!SO 9 ,~~ 11 070 5 .61 CBSf 811 .7 )( 4 ,. .. 
ossa .... 10000 ' 29 CHSf 116IC J.l J810 

CONCLUDING REMARKS 

Compann, the resullS In Tables I and 2, 11 shows they are prxtJCally 0( the same ordt..- 01 
mapltl~ for deflecttonJ , bul ,.,.th I Io-Kr steel oonsumpc.on for the RDLG t iNCture What 
needs 10 be ~'e\erempt\&.uud . is the fl('t thai assem~y manpo .... 't:r requlremttltS are markedly 
IO~;H In the ~ of the !\It ... !iOIutKM'. , ... t\lck 'n,,01\~ few~r standt.rdlJ.ed su~mbhu and are 
SlNCtUJ'1.1I) Impler 
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WEB CRIPPLI NG OF STAINLESS STEEL 

COLO·FORMED BEAMS 

by 

S. A. Korvink l 
; G. J. van den Berj : P. Yin del'" Merwel 

SYNOPSIS 

1M resul13 of an inveltig.tion on the web crippling strength of cold-formed stainless steel 

channel sections are ~ted in this pap«. The stainless steels under consideration are AlS! 

1'ypts 304, 430 and, modified Type 409, designated Type JeR1Z corrosioo ~isti.n& stet;\. 

The lipped channel MlCtions 'ft'tte manufactured by • prest bnkina ptOCeSI'l . Beams were 

tested in Plitt. lips f.eing, in an end~·nange loIding configunlton. 

Experimental raull! were compared with the thecntical predictions given in the 1991 edition 

d the Specificllton for the Design 01 Cold-Formed StiinlelS Steel Structural Membersl , II 

was concluded in this study thai the experimental results compare reuon.bly well WIth the 

thtomiea1 prtdlctklns. for klnger bearing lengths the theoretic.l strengths show 10 be 

conservative.. 

GENERAL REMARKS 

The u.tefulness 01 cold·fcnned structUltiI members Lies basIcally in its hip strength-to-weig,ht 
r1tio compared with structural materials such as concrete and timber. 

Local instability can occur where members have high widlh-to-thicknes5 and high height-to­

thiclcne:ss rata so thlt, in designing such members, care should be taken where stresses are 

1. Lecturer of Civil Engineering in the Faculty of Engineering II the Rand Afrikaans 

Univen.ity, Republic fA South Africa. 

2. Auociate ProfesP" d Civil Fn,ineerin& Olainnan r:J Civil Fn,inetring and 

Clulirman cl the Materials Laboratory of the Faculty 0( Engineering al the Rand 

Afrikuns University. Republic cl South Africa. 

3. Profeaor cl Mechanical Engineerin& and Dean cllhe Faculty 01 Engineer11lJ al the 
Rand Afrikaans University. Republic cl South Africa. 
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......... 
Such excessi~ streSSeS are often induced by point k»ds. either appheel Of u ructions. The 

use eX 5li(fener1 tn these cold-formed steel mmlbers is men otten than not impnctical' 

Where IUCh to.d5 are applied 10 chaMel sections and other JeCbOnJ with I .... ~ dt"pths. 
web buckling. web crippling and often • combtnation 0( 'ft'eb bucklin, and .. 'eb aipphn, can 

occur. 

OWECTIVE OF THE INVESTIGATION 

The 1991 ASCE Specification (or the Design 01 Cold-formed Stainless Steel StrUC1unl 

Members' makes provi!ion for the design of nexunl members against web crippling blsed 
on the 1986 AISI Specification for the Oesip ol CokI-formed Sceel Sttuc:tunl Members y.rjth 

Commenttty'. The 1986 AlSI Specification for the Des;", 0( Cold-formed Steel Structural 
Membefsl is • specification which may not be dirtctly applicable 10 Stainless steel structural 

members. The 1991 ASCE Speclfkation fOt the Design ol CoId·Formed Slirniess Steel 

Stnac:tutli Membersl,~. uMS the equations for the evalultion d .. eb cripphn, IC*b 

from the 1986 AISI ~sn apeclrlCltion. The: vaJidity 0( the 1991 ASCE Specific'lIon 
needed 10 be raeart:hed. 

It is de .. that". no mtner .,.,tuch deslgn speaftelliOfl one men 10 for the cakulaoon at web 
cnpphnl loads, the calculations tmd 10 be loaded .... ith con5WIt! that need to be pnak:ullied 

resu.ilinS In I tedious design procedure. To assist designers it is lMrc!or ~ 10 deveiop 
equations WI provide. reuonably flSl and efficient " .. eb cnpplin, cheek (or • small but 
imporwlI part in the desian d coLd formed slJ'\lCtUtaJ fle.xUr1lI memben.. 

THEORETICAL BACKGROUND 

The thecncical analysIs eX web crippling under concentrated loadtn, conditions is "'tty 

complex, This can cle:arly be seen in the literllW't available on ~'eb cripphn,. Most research 

and therefore predictions as well as I'M:OrTlmendations have bttn based on experimental results 
reswtm, In empiricallOlut;oor· ... 7. ' . 'These solutions have been gmenled over a number d 

yean, initially with the investigallOrlJ d plates that buckle under in-plane k»drng condlhons. 

Fwther de..-e:1oprnen1 lead 10 research U1 the buclding of beam weba and ~ further 
into investigatKm of web crippling 15 well 15 the combtned effects of v. b cripplina and 
bench", cI fle.xunl members. 

8eanu WIth larp plate wdtl\-to-thK:kness ratiol are UMd rnCII'"e aenen1ly in the sb'\lC1unl sceel 

industry_ When ooianinJ for nuW't it is more economical 10 minimise the material 1ft the 

.-eb. &cause d this trmd Ul tht reduction d 1Io-eb matenal tht designer ku 10 focus more 

thorouJh1y on checks for web buckling. web coppling. bucklin& dlJe 10 shear, vertICal 



buctlina of !.he oompreeaion flanp into lhe web as well as br.d.lin& due co the linear fluun.1 
streu dJ.!tnbuUOll', 

Becaua 0( the tup 1Itrmilh-lO-weiPl ratio, ookt-famed steel IeCCIOnI .... ideaUy ",it«! 

where liptwetahl i. r:J primary Importance. This implies the use d thinMr teC1tons. The 
ttunr-. d teCbOII\Ileads to kK:.llMtlbiliry and therefCl" web mpplm, as. ~ problem 

The WIle 0( ookt-formed steel members has increased due 10 the hip ~am·IO-"Mhb rahO 

and Jtlffneu..IO-Wt"i&h1 ratio r:J cold·formed steel compared to concrete, ma..onty and timbefH. 

The InIlysiJ of cold·formed steel requires differml .uentkln because d high width-IO­

thickness ,..1101 WI exhibit local instability II rel.tively low k»cb, for example tOld! 
tranJlerred from purims to prders and rV1en. ~ k»ds are not nnsfemd evenly into 

webs. web cnpphng failure. ehher be.ring failure or buckling failure. can OCCW' Web 

cripplina is au.sed by hlJh ~1i.Md stress ooncentntions ... Iuch In n.n 1111 calAKd by 

ooncentnted Jo.ds ex reactlOr\S applied 01'1 • short length 0( beam. nUl condition can reduce 

the Ioed CII'f)'\nI capiOty of f'kxural members' as the bean", CII~ty d • belm on • 

IUpport is ~ by the web aipptina ra:i.stanoe d such • beam' . The use allCl(f~ 

is not always P'O"ibk due 10 Il!Ction ~ such u shape and tJuclmess. 

BuckhllJ d such ookt·formed tMmbm does not necessary imply r,ihn and the daiper can 

make eoononuc tdvantapous \l5e eX po8t buck1ing strmgth". 

In 1986 Santapun. Parks.nd Yu· In\"e5tipted web crippling of hlp strength steel beams 

Testa were c.rried out 10 determine the Vo'eb crippling strength of wet. 01 cold·formed !Ueel 

beams f.bricated from hlp Mm\gth ~ steels commonly used in the lulomotlve industry. 

The hip strength steels UJed in this investigation have yield strengths d 414 Mpi lO 1138 

Mpa 160 Itsl 10 165 lui) . The 5eC1ions under c:::c:midention .. ~ hal 8eCtiQN u 'WC!II u I 

~lmJ. 

The invesopllon covcmt the followina rour to.ding condilions~ 

(rd'er 10 Fi,," 1) 

• Inteoor one rIanp adln, (lOf'); 

• End one flanp Ddi.na (EOf); 

Inlertor twO "anse loIdm, (rTF); 

End rwo n""" """"" (ETF) • 

In devdopnJ new eqUlIJOnJ the I\Ithors uxd data from the followin& ~ 

• Cornell and UMR dill 

• UMR teIU by Lin 
• 1betr own dill 
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Santaputrl et aJI developed • ser of non--dimensiona1 imperial equations based on bearing 
f.il\n and pl.te buckling. Bearing failure is expresses as I function 0( N. 1 and R. buckling 

failure i. based on • flat plate undn' partial edge ading. A nonlinear IWJl squares iterltion 

technique wu used to de(ennine the empirical constants. 

With the new equations • beam could be analyzed for ultimale concentrated loads .nd 

reactions. The equations In valid (or beams d. which: 

F, S 1310 MPa (190 bi) 

M s 200 
NIt S 100 

NftI S 2.5 
RJt S 10 

F, yield stmlath d material 
h 

N 

clear di5tlnce between flan&es measured in the plane of the web 

bearing length 

R iMide bend radius 

web thickness 

The equation that .. wid be valid for £OF k>adinj (mer 10 Fi~ t) of stainless steel ~ 

sections has the followinl two additional conditions: 

z '" O,Omm 
e ~ O.Sh mm 

wh..., 

e clear distance between edges of the adjacent opposite bearin, piliel 

z distance between the edge of the bearing plale 10 the f .... end of the beam 

The ultimate concentrated load p. is the lesser of P OJ and P", where (in imperial units) : 

11/ 

12/ 



....... 

• 

• 

c" 
c" 

c" 
c" 
£, 

• 
F, 
h 

N 
p. 
p. 
R 

I 

9 

en ·l • O,0122(-m $ 2,22 

ell • 1 - 0, 241(~) :.t 0.)2 

en·l - O.0034~~):.t 0.32 

en· 1 - O.29~~):.t 0,52 

dll'Mns~ (unchon d (N,t) 

4unenslonktl function d {R,t} 

duntnsiotllell fW'lCllOn d (h,1) 

dj~ (wnction of (e.tU 

lnItlaJ elastIC modu.lus 

cit ... duance between edges of the adjacent opposite btann, pIa • 

yie.ld ~Jth d malerial 
clear distance beht.un "an,es measured in the plane d the web 

beaMI \ena'h 
ultimate web cripplin, Ioed as a result d b.lcldin, 'tiIUTe 

ultimate ..veb aipphng load as • result fA bearina flilut'l! 
inside bend rldiu.s 

'aleb thickne81 

an&le bttwHfl plane of web and plane of bearing JUrface 

13) 

14 ) 

(5) 

161 

8ann& failure 01 overartsslfll ...ruch oc:cun just ~ the beann& plats "'ttl .mall 
lateral detormauons 01 the webs fA the hat secbOOJ. I -M!CUOI'll show no literal 

tnOWS'M'tll d the wet. bt{(ft ultimate Dds are ruc:hed The beann, plate penetrauea: 
the w'tb u the k»d tnerU.SeI 10 wtunate and renains there 

81.CkJin& fa.ilore The k)Id If'ICI'eUH steadily until the ulhma" k»d is ftachcd AI 
\he ulumate ~ the ... ~ bccxIrnts un5t&~ tnd buckles, tM \old <l.r<:Jpp\n& S\lddenly 
1hetW", 

TheIe mechanisms are concurrent with those stated by Pack~ and is consistent with those 
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ANSUASCE-8-90' DESIGN SPECIFICATION PROVISIONS 

l'bt 1991 Specification (or the Oesip d Cold-Formed Stainltsl Sleel StNchnJ Members' 
published by the American Society (or Civil Engineers (ASCE) rovers web crippling d 
rlexw'al members bued on the 1986 Specification (or the De.1ign d Cold-Fanned Steoel 
StnlCtW't1 Mem~ published by the American Iron and Steel InstilUle (AlSO. The mil" 
speciftCIbOnS in the AlSI Specification are (or the desip d co&d·formed carbon neel _ON. 
The conditions for .pplicalion u v.'ell u the tqUIIli0n5 given in the 1991 ASCE Specirialian' 

peruiJun, 10 this panlCUlar In\'e!I'lllion are the (oIlowll\,; 

For members consiSlln' of lingle \10m, d which oppo6ite klMIs are spaced II a diSlAnCe 
areal« thin 1.5 01 the de ... distance between nanga mea.5\IffId in the plane d the web, h, 
and d ... hictl the end reactions Ire the ooncentrattd ads, the nomtna1 1trenJth. p .. (or • 
cor'ICft\trattd k*CS or re.aion (or one solid ... 'et) connecti.nJ lOp and bottom nanles is &i\'en 

by Equation 9: 

For F, S 495 Mp. 

c) • 11,)) - O,33k)k 18) 

For F, > 495 MPa 

19) 

0,50 ( [ c, · ( 1'15 - 0'15~) I ~ 1,0 11 0) 



F, kJn&ituchnaJ compr'Hlhve yteld strength d the material 

h clear distance bet'ft'een nanits measumt in the plane oJ the web 

k F.J228 
N beann& length 

P, ultimate web cnpphn, Ioed 
R inside brnd ~u.s 

t lIieb tIuckne!I 

e anp brr:t1ro'een plane 01 web and plane 01 bearin& awface 

The foilowlJ1, IimltattOnS are 'pphcable'to Equ.ations 710 12: 
hit S 200 
Nil s 210 
NIh S 3,5 
RII S 6 

(11) 

(12) 

In the .bove-meruioned eq\ltttons the value 01 F, 8dopted by both the 197411 ,nd 1991' 
speclficalM)ftJ is that of Ion&Jtl.Id.ina' compression. The 1974 SpecifIC.hon" states WI 

. ... Since no research work has been done in the Cornell projea to study the problem d web 

c:riWlin& 01 beams made 01 hip yield strmcth Steels," conservlltVe IpptOICh has been taktn 
by U511t1 the lonliluchnal compressl\"C yield strength of the stainles. steel .",tuch is the lowest 
value 01 the (OW" yield stren,w .... 

The 1991 Specifte.ttotI' "'JICIlS the use d the kx\gitudinal com~ v.lue Without .ny 

J*1iculv IftJOI\. It is thertfore assumed thai the rea..on is as quoced abo\'t 

exPERIMENTAL PROORAM 

The lilel"lture on cokt formed pinlest steel desip' is \'tr)' clear on me lICk of eJCper1tnenul 

data avail.blt (or the eva1\1ltton ol webcripphna 01 staitl.Jess steel str\ICCuraJ members. II was 

therefor deoded 10 mean:h thrM different types 01 stainless 5lee1s. AISI Type 304, 4.10 and 

• modified Type 409 cies'I".led Type 3CR12 corrosion resisring steel in ordtr 10 "in more 
knowledae on the beklvtour oIlUCb Reels under web aipplin& Ioedin& con(hlior\S. 
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Uniaxial tensile and COfflJnSSioo tests we'e carried out 10 determine the mechanical propenies 
01 the steels. ""''0 specimens ",'ere tak:en from each plate from which the beams were 

fabricated, in both the klngitudinal and tnnsVerSe rolling directions. Therefore the specimens 

and results are designated longitudinallens1on, LT, longitudinal compression, LC. trar\SVef'Se 

compression. Te. and transVerSe tenSion, 17. 

All specimens were tested using an INSTRON 1195 Universal Testina Machine·, 

Rtsul l.'l 

The inilial modulus, Eo. the proportional limit F,. defined as the 0,01 % offset s~n81h, lhe 

yield strtngth, F,. defined as the 02 % olfset strength, ,,-ere cakulated for each specimen and 

the statistical data is given in Table I . Ref~ 10 Figures 2. J ltId 4 (or tensile and 

compression test resu.lts of AIS! Type 430 and AlSI Type 304 stainless steels as well as Type 
JCR12 C!OrT06ion misting seerl respecti\"ely. 

WEB CRIPPLING TFSrS 

Preparation of test sptdmem 

Channel sections were f.bricated using stainless steels Type 304, 430 and Type 3CR 12 sheet 
steel. The channels were fabricated by the press brake method. Web heights varied from 

90 mm to 315 mm al increments 0( approximale:ly 25 mm. Five specimen setS were prepared 

(or each steel type. and each set was tested on a constant bearing length. The bearing lengths 

varied from 20 mm to 100 mm, .t increments of 20 mm. fl.nge widths and lip widths were 

kept constant .t 50 mm and 20 mm respectively. 

The be.ms were tested in pairs 15 shown in Figure 5, open ends facin,. The beam lengths 

were chosen such thai the distance between the load application and the reaction areas were 
grealer than l.5h . The 10ad was applied to the " 'ebs of the beams by rnearu of 20 mm plates 

bolted by four or six bolts (~ing on the web depth) to the v..'eba. Angles were bol~ 

to the top flanges at quarter lengths to prevent lateral instability, Small plates were bolted 

10 the booom nanges II half distances bettt.-een bearin& pllteS Ind Iotding pllte! to prevent 

the bottom nlnges from buckling OUtwards. Bearing plltes were bolted 10 the belm nanges 

and ~ simply supported on rollers. 

Exptrlmt ntal Jl'ro(:edurt 

The belms were tested using an Avery-DeniD'lloeding Ipparatus, 1be loadin31111e WI5 kept 



AU four beam , 'ebs buckled II the ruction points before failure. AI r.ilure • large and 
S\Iddt1I deform'lion oc:curred. This last deformation was also pennanenl. 

A statmicll avenge 0( 2,464 mm was calculated from 300 measure~ts and used as the 
inside bending radius throughout the calculations that followed-, 

Web c,;ppling Test Result.'! 

Experimental crippling loads, p •. for each of Type 304 and Type 430 stainless Sleets IS w~lI 

u Type 3CRI2 COITOSion resisting sted are tabulated in Tables 2. 3 and 4 respectively. 

w""'" 
h clear distance between flanges measured in the plane 0( the web 
N bearing length 

p. experimenll' web crippling load 

P, uilimate web crippling !oed 

'.reb thickness 

ANSIJASC&8-90 

In the ealcullllOn fA '-eb crippling loads according 10 the 1991 SpeciflCallon for the Otsign 

0( Cold·Formed Stainless Steel Structural Members, ANSVASCE-8-901 lhe following 

perametIM and equations have been aft: 

• 
• 

• 
• 

Longitudinal compression yield strength. F, (LC) as given in Table I. 
Aver1.se \\'eb lhic~. avenge web heights as well as an avenge inside bend 

radius. 
Bearin& lengtM as given in Tables 2 10 4. 

Equations 7 to 12. 

The 'Io-eb aipphn,~. P" obtained by applying the equations 01 ANSVASCE·8·90' as .. ell 

as the ratio 0( the experimenltl web crippling loads, p., 10 the web crippling loads, P" 

obtained by applying the equalions of ANSVASCE-8-901 are ,h,etI In Tables 210 4 Fiprt5 

6. 7 and 8 present the web crippling loads, P" obtamed by applying the equaliOlU of 

ANSVASC£..8.901 IS IOlid lines. Figures 6, 7 and 8 present the Vl:pet'1mMLlI ~ .. eb crippling 
~. p .. IS u symbols. 

• ANSIIASC~90 
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!lSin, the traMvene comJnSSion yield strength. F, . rrc). All other paramecers .... ere kef" 

constant as before. 

The web crippling loads, PI' obcained by applying the eqUlttons 01 ANSVASCE·8-90' as Mil 

as the ratio 01 the experimental web aipphn, kled5, p .. 10 the wfl) aipplina 1oIdJ. PI' 

otuined by 'pplY"'I the tquatM)nS 01 ANSVA.SC£..3.90' are 1I''ftl in T.tMes 2 to 4. Fiprel 

9, 10 and 11 pre!IefIt the .. 'eb crippling ads, PI' obtained by applying the equations d 
ANSVASCE-8-90' as . ohd lanes. Figures 9, 10 and 11 present the expenmental web 

crippling to.ds, p .. 15 as symbols. 

SANTAP\JI'RA OVERSTRESSING AND WEB BUCKLING LOADS 

In the calculation of Ovet'1~in& 100ds and ... HI buckhrtJ lC*ls lCOOrdins to Sanl.pun et 

all the (oUowina parameters and equations hne betn \l!ed: 

• 
• 

• 
• 

longitudinal compression yield 5trength, F, (LC) as "yen in Table 1. 

A\-ence ,.."eb thJdcneaes. Ivmge web hriahtJ as .-dl as an I'-en&e tnStde bend 

r.dius. 
Beann, IenJlhJ IS Jlven in Tables 2 to 4 

Equations I to 6. 

The ~01 the ~n, Dds and the web bucklin, JoIds, PI' obUined by Ipplf!"' the 

eqUltions of SantlPUlrl et .1' as well as the IlIlio d lhe Vl:ptflmtntal web aippling l<*is, p. 

10 the web crippltn, loIds. P, obtained by appIyin, the equations 01 Sanuputn et a,1 are Jiven 
in Tables 2 10 4. Fiprea12. 13 and 14 praetlt the --.-eb cnpphn& 10Mb, PI' obuu\fJd by 
applyi"l the equatioN 01 Santaputr1l' as solid lines and ~nt the experimtntal . 'eb 

cripphng ads, p .. III IS symbols. 

DISCUSSION OF RESULTS 

It was dearly obeer'vtd that di(fen"nt failure mechaniJIM Ulst when channel !IeCtions art 

subjected 10 _'eb cnpphn& lotdm8 conditions_ "The 5maller channel5l!C1:ions with 5mal~ _'tb 

heiJ,h15 tend 10 fail because d nange fail\lfe. In thJJ kInd d failure mech.ani5m the bearin, 

plate is clearly impnnled In the nange. 

"The channel MlCttOftS With 1 ... ,« _'tb heights tend to rail IS a result d web bucklina. causln& 

overall instability and ~lIin8 in a failure which dlJplays a large deformation tbucltJe) d the 

_b. 

A clear tranSlOCln between these t1Io"O medwusms could not be obeer.'tld 10 that there is • 

sr-dI41 tnnsIhon bmr.un bearin& f.ilw-e and buckhn, fadure 



The ratio d the experimental webaipphn& to.ds, p .. to the web cripplin& loads, P,. obtained 

by appIyin, the eqUitionJ d ANSVASCE-8-901 are ,..;thln • ± 20 9f, eocw'lC)' "n,e except 

the valuet obtained for StaInless steel Type 430. The web cripphnJ Io.da tend to be less 
OOftMI'Vltive with an tntteae in W'tb slendernesS ... 00 as well u an increase in bean", 

len&tJl. Refer 10 rl81ftl 6 10 8. 

By IaSin& the b"lIISVer1e compmsion yield sumgth bd1« valuel are obtained (rom this 
specifution. The improvt:menl can be MIen in Tables 2 10 4 where the ataliMitl (or the 

Ivetl,e experimental-to-theoretical web aippling bad ratios are given in the lut row of etCh 
of Tablet 2 to 4. 

CONCLUSIONS 

The hl«Jt\R reveals different IpprolChei in the theoretical analysLS ol the web aipplin, d 
flexura! members. The lilft'lture a1Jo m-eals the diff.culty a.x&.ted With the ~llC.1 

anal)'SlS d the ~b mpphn, 01 Ouural members. MOlt d the Slwb. rely on upenmentaJ 
evidence for the verirlCauon d • otftIlft .. or appr<lKh.. 

The dll'l!Ct imJX'OYemer\t I subMltule 1M-let Itmlgth brings ,haul shows thai the web cnpplin, 
resistance ol • !Ilainless mel channel section is in some .... ay or another dept"ndanl on the 

tTaltSVrIW compression yteld strer\gth of the material. The general incnase in ICCW'ICY 01 
pruhcc.ion 10Mb: with an mcreue in web sJendeme:u shows that. lft the eqUilions cI 

ANSVASCE-8-9O" more tmph.SlJ should be placed on the web sJendeme!Js ltlCtion of the 

equataon. 

The web cnpplinJ modes ob5c!n-ed In the experimental part of thiI lIudy are in accordance 

with thoee ob8erved by Santlpulf'l' and include the foUowina; 

• Bearing failure 01" overstre!Sin& which OCCW'S in the sections With smllier web 
slendemesl ratios. 'The bearing plitt!! Ire imprinted in the nang 0( the bum and 
smAIl literal deiormltions can be obMrved in the section of the belm ... adjacent 

to the posittOn of the bearin& plltes. 

" Bucklin, failurt ,,~ the beanna plates do not become itnp'U1ted m the nan&es of 

the beams. 'The.'eb d I beam 1Ubjec1ed to the mppllna to.d bl.aclda and lhts 

instability leads 10 the raultant failure rJ the beam .. 'eb 

'The transition bec'IIo'etn the two (lil~ mechanismS can not be <bstmpushed dearly enou&h 
to draw a detinue oonclu.5tof1. 

·9 
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TABLE 2 WEB CRIPPLING LOAD RA nos p /P, FOR TYPE 430 STEEL 

ANSIIASC£.aO..90' ·ANSlfASC£.,80·9O' SANTAP\1T'1L\' 
NIl h :., ..... :r:n PIP. :., PIP. :,:0 PIP. 

".0 11.22> 10,1 1,11 0 10' '.063 '.' '.258 
II S,5 10,325 '.- 1.102 ••• I,OS5 .~ 1,218 
142:.1 9,725 '.' .. .., 10,1 0,943 '2 1,055 
.662 10;00 '5 '.'" '.' 1,030 '.' 1.123 ... ~ 10, 125 .5 1.195 '.' I. ' .... .~ 1,21J 

10,26 215.9 9,975 '2 ..... '.' 1,038 .~ . .... 
241," 8,925 .. I,OJA '.0 ..... '.' ..... 
"".7 '.625 '.- 1,'43 • •• ..... ••• "059 29 1,1 :~~ ••• 1.076 a- 1,030 ••• 0 .... 
3117 81 • 07J .- 1D27 .. 0,965 .... 13,950 11 ,1 '2" li b ...., 10,0 1,195 
114,7 13,8.25 10,S '.'" 10.9 ..... ••• 1.436 
' ' 'j 12,415 11,0 1, 1)5 115 ..... 10,7 1,163 
191,2 " .22> 102 '20' lOb 1,150 102 1,198 

20.J8 216,2 11 525 10," 1.104 10,9 1,057 IOj 1,07 1 
2..4 1,1 11 .225 '.' 1,169 10,0 1,119 102 1.100 
,.,~ 11.1 15 '.0 12" '.- 1.1 90 ••• 1,1).4 
190> IO.ns ••• "Il • U 1.169 '.- f, I 4 1 
) 16.5 ..... '.- 1187 ••• 11.16 .. "" ... 16,950 Il) '280 .,. ' 225 12. 1 '.'" 11 5,6 15,l5O ' 2,2 ' 254 ". '20' 11 5 'J]' .... 13.275 "' ),143 12, 1 .. ... 11 2 1.190 
167,7 1l.8S0 11 ,1 .~ "' 1,196 11,0 ',26J 

"." 191,A 12.450 102 1,217 10,7 1,165 10,4 1,198 ..... 12,)25 10,0 ' 230 10,5 1,l n 10,8 1, 14' .... 11 .825 '.7 '.22' 10,1 ) ,169 10,1 1,175 
290.7 11 ,750 .. ' 225 10,0 1.172 .~ '2.16 
) 16 I 111 50 ••• J 162 100 I 11 ] .. 12]4 

".J 19.650 13,9 I..U2 " 5 '.'" .,. ' 530 
11 5, 1 )4,025 12.8 ..... 13.) 1,053 12. 1 1.164 
140,6 16.." 125 1.)21 H.I ..... 12. 1 '."" 165,3 IS .... 11,9 1,316 12," ..... 11.9 U20 

"50 191," 1 ..... 75 11 ,9 ' 220 12." 1.168 122 1,188 
215.2 " .... 11,3 '.289 II> ' 2" 12,0 '.22' "'.' Il;oo 10,9 '207 II. 1.156 11 ,1 1.185 
,...7 13,1SO 10.7 .= 112 1.173 105 '.25' 290._ 12.." 105 1,196 :U 1. 1"5 '.7 '29 ' 3151 11700 100 1.167 I 117 ' .7 . '" .. ~ 21,125 16~ '294 17,1 ' 239 IS~ '.'" " ".9 19.1OO 14,4 .. "" 15,0 ' 28J .,. 1,402 
140.3 18.-400 12,8 1 .... 1 13,3 '.'" 12,5 '.472 
16" 17,025 .,. .~ 13.4 ' 266 13,0 1.3 12 

" ,2] 193,2 16.275 Il) '2]4 ". 1,112 13,7 1.188 
216,1 15.025 12.4 1,210 13.0 1.159 12,4 1,212 
"'.7 14,525 IIA '.25' 12, 1 1.198 11 .0 1,321 
266.' 13.-400 112 1.120 11.7 1.149 10.1 1.]31 
29 1.4 13.575 11.4 1,192 : :~ 1.141 '.' 1,373 
J15.8 12,225 11.1 1.101 10'" '.1 '.'" 

MEAN ' 2OJ 1.151 1,231 
c_ov 7,746 7.74IJ 10,486 

Refer 10 101 for symbols IN! t , 
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TABLE 3 WEB CRIPPLING LOAD RA 110S P /1', FOR TYPE 304 STEEL 

ANSVASCE-80-90' -ANSI,IASCE-80-9QI SANl'APVTRA' 
NIl • :M ImmJ !>'in '/P, P, P/p, P, P/p, 

ikN) "'N) .. ~ 9,125 '.- 0,967 'J 0,936 '.1 ..... 
115,1 ',200 '.- 0,981 '.7 0.949 '.3 ..... 
165." ..... .. 1,00 1 '.' ..... '.' '.955 190,1 8.325 '.- ..... 17 '.962 '.' 0,922 
ZISJ 8.100 '.1 1.002 '.- ..... '.' 0,902 10;6 241." 7.112S '.1 '.972 '.3 ..... .. ..... 
~~1 ',175 ,. 1.082 ;! I .... ••• 0,916 

"" 
,. I ISS I 111 .. .. ., .... 11 ,3.50 10,0 I ,U4 IOJ 1.097 ••• 1,155 

115,1 II J50 10, 1.118 IO~ 1,081 10.3 1,106 
1J9,7 10,000 .~ I,OS. 'J 1,019 ••• 1,0 11 
164,9 10.215 '.- 1,095 '.7 1.059 10,0 1,028 ".38 190,9 9,7.50 .. 1,061 OJ 1.026 10,1 0.967 215.6 '225 .. I.'" '.' 1,019 '.' 0,933 ,<2, ..... .~ 1.050 ••• 1,016 '.' . .... 266, 8,7.50 ••• 1.097 82 1,061 ••• 0,911 
291.4 1,925 '.' 0,9.)9 '.7 ..... 10,0 '.790 315,7 8,015 ,. I,OJ7 ••• 1.00] '.' 0,910 
)113 .000 " 1017 '.1 .... 87 0919 

".1 13,300 IIJ 1.181 I,. 1,14 11.2 1,183 
115,0 12.025 11,0 1,092 II." 1.056 11.3 1.066 119,9 11 .400 I" 1,)01 10,7 1,065 10,9 I .... 166,0 10,615 10,0 1,073 IOJ I ,OlB 10,8 0.993 " ... 191 ,1 9,975 10,1 '.987 IO~ 0,954 11.2 '.887 216,8 10,475 OJ 1,107 '.' 1.071 10.8 ..... 
241 ,1 ..... 'J 1.027 '.7 0.993 11,0 '.8'1<1 "7. 9,915 '.' 1.097 '.- 1,061 10,4 0,955 
~1.1 9,100 8.' 1,1)4] '.' I .... .~ '.'" )ISII II 575 .. .... " 0,963 .. .'" .. ~ .. ~ I,. 1,150 1),1 1,IIl 12,8 1,1]7 
115.0 1l.875 IIA 1.200 12.0 1,161 12,0 1,161 13,. 12 .... 11." I, IOS IIJ I.'" 12.1 I. ... I6SA 11,975 10,9 1,103 11.2 1,(167 11,9 1,010 

"$ 191.7 10,900 10,7 1,023 11,0 ..... 12.0 ..... 
214,7 10,155 10,1 I .... .. , 1.012 11.9 ..... 
2<2,_ 10,000 10.0 ..... 10,4 ..... IIJ ..... ,.,. ..... OJ 1.006 10.2 O,97J IOj 0,941 

~n~ :m 'J 0,951 ~.~ 0,920 '.J 0,9046 
7.3 1.27' 1.230 '.2 '''83 .... 16.675 I2A 1.325 Il,O 1.281 12. I.'" 116,1 15,375 12 .• 1.'0 12. 1202 I~' 1,188 

'''.2 '4,C50 12,1 1,192 IU I,IS] )J,O 1,111 
165,7 I~'" II~ 1.122 11,9 1,085 12,7 1,011 

.. ,23 191 ,0 11,850 11.2 1.062 11,5 1.028 12,5 0,9045 " .. 10,925 "A 1,020 10,9 0,981 12,0 ..... "'.' 10,800 .. ~ 1,038 10,9 I .... 10,9 1,001 265.- 10.975 10,) I.'" 10,7 1.027 102 1.071 
291." 10.425 10.3 1,0 16 "A 0,983 '.7 )1" llS4 97" 9l 1060 OJ 1,025 " 136 

>lEAN I.an 1,037 1.006 
C.OV. 7,575 7 .... 12,527 

Refer to lUI ror Iymbollind - , 
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TABLE 4 WEB CRIPPLING LOAD RATIOS P,JP, FOR TYPE 3CRI2 STEEL 

ANSIIASCE-80.9O' ·..\NSIJASCE-80·90' SANTAPlITRA' 
Nit h tM (~) /., P/p, P, P/p, P, P/p, 

~Nl ~Nl 

" ,37 ... .. 0 .... 10,0 0,926 '.' 0 .... 
60,33 . ., .. 0,902 .~ 0,88, .~ 0,911 
75,41 ')' '" 0 .... •. , 0 .... ',' 0 .... 
90, 16 ')' '.0 0,916 ' ) 0.'" '.' 0 .... 
103.26 .... '.7 0,917 '.' 0 .... .~ 0,845 

10.26 116,30 7," 85 0,93 1 .. 0,912 .. M32 
127.13 8)) 8l 0 .... '.' om '.' 0,869 
153,72 .", 7.7 1.082 7.' 1,059 •. , gre 16] 49 77) " 1.027 77 I .... 91 

47.5< 11 ,45 10,7 1,069 10,9 1.046 IO~ 1,09 1 

"." 12.25 IO~ 1,171 10,7 1,1.7 IO~ 1,167 
15,00 10.23 10,1 1,011 IO~ 0 .... 10.5 0..,' 
88,52 10.os '.' 1.022 10,0 1.00 1 10,5 0,958 

20.38 102,72 9,75 '.' 1,02.4 '.7 1,002 10.5 0,929 

"'" '.65 ') 1,047 '.' 1.025 10.5 0.920 
127.81 10.30 '.0 I ,I.? ' ) 1,123 10.5 0.982 
157,61 .... .. , 1.065 8.' 1,043 ••• 0,902 
167,.55 9,93 '.1 1)2' •. , 1,197 ' .0 1,109 

..... 1l.00 1\ ,6 1.12.4 11 ,8 1.1 00 II ,S 1,131 
62.30 12,53 II ) 1,11 5 II ~ 1,092 II ,S I.'" 
75,.1 12,85 10,9 1,176 II ) 1.151 11 ,5 1,11 8 
".r11 11.88 10,6 1,120 10,8 ' .... lI ,5 1,034 

29.80 103.28 "" IO~ 1,097 10,5 1,07. II ~ 0,98 1 
116,9<4 12, 13 10,0 1,218 10) 1,192 '" 1,055 
"')7 11 ,73 '.7 1.207 '.' 1,182 II ~ 1,021 
139,68 11,68 '.' 1))9 .. lol l) 10,9 '.069 166.85 . 93 " 11 29 90 11 116 ' .0 1.1 07 

47.59 1.-,53 12,'- 1,171 12,7 1,1 .. 7 12,'- 1,168 
61 ,5-4 1l,70 12, 1 1,136 12,3 1,112 12,'- 1.101 
'75,915 13,43 11 ,'7 1,148 lJ,9 1,12-4 12,4 '.r119 ".so 89,13 11 ,75 11 ,'- 1,0j.(! 11 ,6 1,012 ,~. 0 .... 
10),30 12,88 11 ,0 1,170 JI ) 1,1.-5 12,'- 1.035 
116,9'- 12,98 10,7 1,2 17 10,9 1,191 12,'- 1,043 
127, 1l 12.55 10,'- 1.20S ' M 1,180 IU I. ... 
156,83 10,90 '.7 1,127 '.' 1.1 04 '.' 1,109 
'6684 10 80 .. I 1.-7 96 I 123 .. 1.207 

75.., 1'-,63 12,6 1,165 12,8 1,1'-1 ,,, I .... 
103,83 14,45 1/ ,8 1..- 12, 1 1,199 13,5 1,071 
1I7.DJ 1l,85 11 ,'- 1,210 11 ,7 1.185 12,8 '.080 
126,7.- 1l.83 II ) 1))6 11 ,'- 1,210 11 ,9 1,167 

".2.1 ".~ 12,15 10,3 1,175 1M :J~ '.' I~' 
168,'-5 12.-5 IOJ )))7 10 ' 8.' I .'" 

MEAN 1,105 1.082 1,032 
co.v. ..... ' .246 11 .686 
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SHEAR BEHAVIOR OF WEB ELEMENTS WITH OPENINGS 

INTRODUCTION 

The light-.teel tr.ming industry commonly u ••• cold-tormed .t •• l 
C-aections tor atructur.l members . Cold-tormed steel .ections ar. 
us.d becau.e ot th.ir excellent strength-to-weight ratio, •••• or 
tabrication. and ease ot erection . These sections are routinely 
manutactured with openinga, or punchouts, in the web. The.e web 
openings tacilitate the in.tallation ot nece •• ary utility •• rvice, 
i.e .•• lectrical wiring and plumbing. Howev.r, generally accept.d 
design guidelinea tor web openings do not exht in the Unit.d 
State.. Thu., the objective tor the research r.ported herein was 
to investigate experimentally the web shear .trength. Ba.ed on 
the experim.ntal tinding., appropriate design recommendations have 
been tormulated, and are presented. 

TEST SPECIMENS 

Industry atandard C-section. were tested. The 
dimenaion.. thickness and geometric parameters 
sp.cia.n are recorded in T.ble 1. 

croas-s.ction 
ot each test 

The aaterial properties ot the steel, tor .ach test specl •• n, were 
establi.hed by standard tensile coupon speci •• ns cut froa the web 
ot the •• ction. T.bl. 2 lists the tensile test data tor 
thickn •••• yield .trength. ultimate tensile strength and p.rcent 
elongation in 2-in. gage length. 

TEST SETUP 

Each teat speci •• n was subj.cted to a concentrat.d load at aid.pan 
(Fig. 2) until the ultimate sh.ar strength ot the member was 
obtained. To pr.v.nt lateral-tor.ional buckling, .ach test 
speci •• n con.isted ot two C-.haped beams connected tog.ther using 
)/4 x )/4 x 1/1 inch angles and s.lf-drilling scr.ws (Figs. 2 and 
3) • 

When thin steel membera with web openings are subjected to 
conc.ntrated load., three tailure modes .ay occur: (1) bending. 
(2) sh.ar. or P) web crippling. To preclude web crippling at 
aidspan, stitteners were attached vertically to the webs at 
aidspan. The intluence ot bending was mini.ized by uaing .e.bers 
with ahort apan lengtha. 

Reaearch Asaiatant. Oept. ot Civil Eng . , Univeraity or Mi.souri­
Rolla, Rolla, MO 65401. 

2 Associate Protessor. Oept. ot 
Miaaouri-Rolla, Rolla, HO 65401. 

Civil Eng .• univenity ot 

1 Curator's Protessor Emeritua, Oept. ot Civil Eng., university ot 
Missouri-Rolla, Rolla. HO 65401. 
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'12:81' RESULTS 

Twenty-six teats or beams with web openings were conducted in this 
experimental investigation. It has been determined that the shear 
strength of the beam web was influenced primarily by the depth-to­
thickness ratio of the web, hIt, and the ratio of web opening 
depth to flat web depth, a/h. For the twenty-six testa reported 
herein, hIt ranged from 34.0 to 210 . 0, and the alh ratios varied 
from 0.13 to 0.74. 

The shear failure load per web, PII(aooI), is taken as 1/4 of the 
Ultimate midspan load. Table 3 tabulates the test result •. 

BHZAR CAPACITY CALCULATION 

For solid web elements, i.e., without web openings, subjected to 
shear only, the design strength can be estimated by applying the 
equations from section CJ . 2 of AISI LRFD Specification (1991). 
These no.inal equations also serve as the basis for the shear 
strength equations gIven in the AISI ASD SpecItication (1989). 
The equations are as follows: 

(a) For hit S rE~/~ 
V ... 0.577F,ht (Eq. 1) 

(b) Por J E~/F, < hIt !iii 1. 415J Ek./F, 

(e) 

V . .. 0.64t1Jk.F, E 

For hIt > 1.415JE~/~ 
V ... 0 . 905Ek.t'/h 

(Eq. 2) 

(Eq. 3) 

where 
V . .. Nominal shear strength of beams 
t .. Web thickness 
h - Depth of the flat portion of the web measured along 

the plane of the web 
k. .. Shear buckling coefticient determined as tallows : 

where 

1. Por unreinforced webs, k. .. 5 . ) 4 
2. Par beam webs with adequate stiffeners 

when a'/h S 1.0 
It,. .. 4.00+5.34/(a'+h)J 

when allh > 1.0 
It,. .. 5.l4+4.00/(a ' +h) J 

a' the shear panel length for unrein forced web 
element 

distance between transverse stiffeners tor 
reinforced web elements 

Based on the above equations, the nominal shear strength, v., for 
each test specimen was calculated and is listed in Table 4. 

1NALY8IS or TEST RESULTS 

The influence of a web opening on the Ultimate shear strength is 
not accounted for by the current Specifications (AISI 1989, 1991). 
Based on the AISI specification for shear strength of the solid 
webs, the ratio of p_/ V. (Table 4) shows the reduction of the 
shear strength of a C-section with a web opening. 



B ••• d o n a plot of the te.t data, Fig. 4 , and using a regression 
a na lya18, both linear a nd no n-linear shear atrenqth reduc t ion 
factor. q, (q. .. P....,/V.) have been developed. Equation. 4 and 5 are 
the linear relationship •. 

when a/h s 0.383 : 
q,- -J . 699(a/h)+1 . 712 

when 0.383 S alh S 1.00 
11.- -O.151(a/h)+O.4J9 

Equation 6 repre.ents 
relationship. 

q, .. 1.506*10" ))"\0IIII1 

llOOWty 

the non-linear 

(Eq. ') 

(Eq. 5) 

strength reduction 

(Eq . ') 

An inv •• tigation vas conducted to study the behavior of c-ahaped 
•• aber. with web opening. subjected priaarl1y to shear. B •• ed on 
the result. fro. 26 be •• apecl •• n t •• ta, equation. were developed 
to aatiaate the strength of a web el •• ant with an opening centered 
at aId- depth of the web. 
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Speci_.n 

No. 
Thick. D1 D2 

5U-4 0 . 071 3.65 3 . 63 
5U-5 0.059 2.47 2 . 46 
5U-6 0.0)) 2.42 2 . 43 
5U-8 0.039 2.51 2 . 50 
5U-9 0.044 3.10 3 . 65 
5U-I0 0.077 3.69 3.69 
SR-12 0.055 12.02 11.97 
SR-ll 0.045 7.95 7.94 
SR-14 0.046 6.06 6.04 
SR-lS 0.046 '.00 •. 00 

TABLE 1 
DIMENSIONS OF TEST SPECIMENS 

SUBJECTED TO SHEAR 

Cross-Section D1 •• naiona (inch •• , ., .2 .J •• ., .2 

1. 63 1. 64 1. 63 1. 63 0.'4 0.51 
1. 63 1. 63 1. 62 1. 62 0.47 0 . 49 
1. 63 1. 64 1. 63 1. 62 0.42 0.42 
1. 60 1. 61 1. 59 1. 60 0.39 0.42 
1. 56 1. 57 1. 57 1. 58 0.51 0.57 
1. 64 1. 63 loU 1.63 0.55 0.54 
1. 57 l.57 1.57 1. 57 0.46 0.57 
1.59 1.58 1.58 1. 58 0.47 0.47 
1. 62 1. 62 1.55 1. 55 0.41 0.48 
2.42 2.45 2." 2 . 43 0.61 0.70 

Not •• : 1. S •• '19. 1 tor the syabols used tor d1 .. n.ion •. 
1. Se. '19. 2 tor the syabols used tor the hole geo .. try. 
1 . 5U: 51nqle Unreinforced (Web) 
4. 5R: 51nq1. Reinforced (W~b) 

Ii: 

Open!n. 'q 
Geo •• 
(in. ) 

.J •• b • 
0.49 0 . 52 • 1.50 
0 . 52 0 . 49 • 1.50 
0 . 50 0.50 • 1.50 
0 . 45 0 . 41 2 0.75 
0 . 56 0.50 • 1.50 
0 . 59 0.54 • 1.50 
0.55 0.48 • 1.50 
0.48 0.47 • 1. 50 
0.50 0.51 • 1.50 
0.70 0.61 • 1.50 
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TABLE 2 
MATERIAL PROPERTIES 

FOR SHEAR TEST SPECIMENS 

Specimen Thickn ••• Y F Elongation 
No . (in. ) (k.l, (k.1, (l, 

SU-4 0 . 071 ., 10. 22 
5U-5 0 . 059 " " " 5U-6 0.033 ., 12 35 
5U-8 0.039 34 .. .. 
5U-9 0.044 41 .0 Jl 
SU-10 0.077 •• 1. 2J 
SR-12 0.055 •• " J2 
SR-ll 0.045 12 14 30 
SR-14 0.046 41 61 41 
SR-15 0.046 22 ,. 50 

Not •• : 1- SU: Sinqle Unrein!orced (Web) 
2. SR: single Reintorced (Web) 
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TABLE , 
EXPERIMENTAL DATA FOR SHEAR TEST SPECI MENS 

Specimen L N hit a/h PUU,·U) 
No. (in. ) (in. ) ( .) 

SU-4-7 26.54 '.0 45 0.47 2760 

5U-S-) 19 . 10 1.0 J4 0.74 801 
5U-5-4 19 . 10 1.0 J4 0.74 778 
5U-5-5 19 . 10 1.0 J4 0.74 775 
5U-5-6 19.10 1.0 J4 0.74 775 
SU-5-7 19.10 1.0 J4 0.74 756 

5U-6-3 19.16 1.0 62 0.13 ))8 
SU-5-4 19 . 16 1.0 62 0.73 341 
5U-6-5 19 . 16 1.0 62 O.7J 328 
5U-6-6 19.16 1.0 62 0.73 325 
SU-6-7 19.16 ' . 0 62 0.73 '44 
5U-8-8 22 . 11 6.0 5' 0.35 550 
5U-8-9 22 . 11 6 . 0 5' 0.35 438 

5U-9-10 27 . 54 5.0 74 0.46 1125 
5U-9-11 27.54 6 . 0 7, 0.46 .2. 

SU-10-5 34 . 81 6 . 0 42 0.46 2406 
5U-10-6 14 . 81 6.0 42 0.46 2750 
SU-IO-7 34 . 81 6.0 42 0.46 2556 

SR-12-1 40.56 1.0 210 0.13 2563 
SR-12-2 40.56 1.0 210 0.13 3500 

SR-13-1 38 . 00 6.0 168 0.20 2263 
SR-13-2 38.00 6 . 0 168 0.20 2313 

SR-14-1 32 . 00 6.0 123 0.27 2494 
SR-14-2 32.00 6.0 123 0.27 2594 

SR-15-1 38 . 00 6.0 165 0.20 2075 
SR-lS-2 38 . 00 6.0 165 0.20 2044 

Notes: 1. 5U: Single Unreint'orced (Web) 
2. SR: Single Reinforced (Web) 
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TABLE 4 
THE EVALUATION OF SHEAR TEST DATA 

Spec i •• " hit _/h P"lf~~i) V PU(Ult,/Vn 
No. Il'bo) 

5U-4-7 45 0.47 2760 11524 0.240 

5U-5-3 34 0.74 '01 3732 0 . 215 
5U-5-4 34 0.74 778 3732 0.208 
5U-5-5 34 0.74 77. 3732 0.201 
5U-5-6 34 0.74 775 3732 0.208 
5U-5-7 34 0.74 75B 3732 0.20) 

5U-6-) ., O.7J '" 2264 0.149 
5U-6-4 ., O.7J 341 2264 0.151 
5U-6-5 62 0.7) "8 2264 0.145 
5U-6-6 62 0.73 ,,. 2264 0.144 
5U-6-7 ., 0.73 '" :il264 0.152 

5U-8-1 54 0.35 550 1614 0.341 
5U-8-9 54 0.35 ." 1614 0.211 

5U-9-10 74 0.46 1115 3311 0.334 
5U-9-11 74 0.46 .,. 3311 0.276 

5U-10-5 ., 0.46 2406 9213 0.261 
SU-IO-6 ., 0.46 2750 9113 0.29' 
5U-10-7 " 0 . 46 2556 9213 0.217 

SR-12-1 "0 0.13 2563 2700 0.949 
SR-12-1 210 0 . 13 3500 2700 1. 296 

SR-ll-l .61 0.20 2263 2010 1.125 
5R-lJ-2 .. 8 0.20 2111 2010 1.151 

SR-14-1 .23 0.27 2494 2943 0.147 
SR-14-2 123 0.21 2594 2943 0.811 

SR-15-1 16' 0.20 2075 2nO 0.9]1 
SR-15-2 'B. 0.20 2044 2230 0.917 

Note.: l. SU: Sinqle Unrein forced (Web) , . SR: Sinqle Reinforced (Web) 
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CAPACITY OF HIGH STRENGTH T HIN-WALLED BOX COLUMNS 

ABSTRA T 

James M . Rlcles ' , Le·Wu Lu' , Perry S. Green' . Roben Tillen' 
AJan A. Pang', and Robert J. Dexter' 

An analyucaland expenmental program was conducted to investIgate the instability fa. lure modes 
of single and muln-cellular box sections With pllte W1dth·to-thlckness (bit) ratios rangmg from 
48 1096 In each Icst specunen I lou of stiffness and SlgruflClnt transverse deflections of the 
cell's pl.lea were obIcrved to occur near the theoretical elasoc bucldmg SU"eS$. TIle failure mode 
ConsiSted of locally buckled secnons, leading 10 flexural instability. The plile bit ratio was found 
10 be the mIlO paramettr affecting specimen local buckling and capacity. Nonlinear nnlte 
element analysIS of the specimeN produced good agreement With test results. Cell interaction 
effects In the mulb-cellular specimens wu shown expenmentllly and ana.IYllc.llly noc to 
slgmficantly affect thelJ clpsen)'. TIle specimen suength was found 10 be well predlCIed by 
simple methods that If'Icluded tmplne.1 plait strength equations. tangent modulus. and Interacllon 
c:quauons 

INTROD UCTION 

Current convenuonal ltup hull construcuon ConsiSts of a Single sltLn of steel plalInl which IS 
suffened In orthoaonal dlrecnons by stiffeners and tTlnSverse members. 1be U,S . avy IS 
currently consldenng an advanced (umdtrecbonal) double-hull design (Beach. 1990) In Its neet 
of the future program . The advanced double-hull IS an ul'lStlffened cellular struclure formed by 
tWin skinS of saul plaMg. separlled by lonilludiflal gIrders thai span belween transverse 
bulkheads spaced II II meters (36 feet). The arrangement of the plates In the double-hull results 
In cellular sections FIgure I shows sechOlU of a convtnnonal and the Idvanced double-hull 

1be advanced double-hull concept offers several advantages over the convenuonal hull. 
ITIcludlnl (I) the umdlrechonal guder system In the double hull represents a SImplified design 
wroch facahtates automated weldlnl and fabncauon lechmques. (2) fewer struclural 
dlscontmulUes and complex weld details e:ml whIch could lead to fauglJe and fracture problems; 
and (3) Improved structural redundancy and therefore SUrvivabIlity In the event of a colliSion. 
The avy double-hull shIps are likely to be fabncated from high-strength low-alloy (HS~) 

sreels. which offer Increased Yield and ulnmate tensile strenlth relabve to conventional steels as 
weU as Increased weldablhty and toughness. If the allowable pnmary stress IS u'lCreased In order 
10 take advantage of high-strength steel then compressive instability IS mort likely to become a 
govtmU'lI conslderaboo In double-hull design. Figure 2 shows the three basiC modes of 
compression 1T15tablhty thai need 10 be consIdered for the advanced double-hull ( J) local pille 
Instability; (2) beam-column Instlbllity; and (3) celh.llar Inll.ge instability. 

Plate components of the cells of double hulls may undergo local Instlbtlny If the pille 
slenderness rahOS (Wldth-to-truckness. ~) are large Beam-column Instablhty Involves overall 
buckllnl of the cells between bulkheads. and IS usu.lly coupled with local plate instability 

IAssoclate Professor of Civil Engmeennl. SSRC AsSOCI.te Director. lProfeuor of CIVIl 
Engmeenn,. ' Rescareh AsSiStant, 'Semor Research Engll'lCtr 

Center for Advanced Technology for Large Structural Systems. Lehigh University. 
117 ATl.SS Onve. H BUilding. Bethlehem. PI. 1801S-4729 
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effects. as plale buck.lIng will oa:ur first a' relauvely low level, of load few IYPlcaJ bit ratiOS used 
1ft design. Such Interaction IS Important. espc(aally In me more slender cellular bcam<olumns. 
because of the loss of pille stiffness and sltength under local buckling leadmg to • rtducoon 1ft 

beam-column stiffness and strength. The third type of Instability. cellular &nlll,e. IS defined as 
the !n$lab.lIlY behavior of • panel of bo,; celis supported of four edits. 

To develop a better understanding of the instabllny behavior of HSLA advanced double-hull 
components, a research study was conducted at Lehigh University. The objectives of this study 
were (I ) cllpenmcntally Investigate the strength and overaliload-deformauon chal1lCle.nSIICS of 
double·hull cellular components fabricated from HLSA slcci plaung under axial and combined 
loading; (2) assess the use of eXisting Naval empmcal single hull plate equations for predicttng 
the sirenath of double-hull cells; and (3) provide a data base for verification of mathe.mat.cal and 
numemaJ modrls 01 mst.lb,lI'y ladun modes of advanced double-hull components In tbJS paper 
the. expc.nmentaJ and analytical program IS dc.5cnbc.d and results presented and dl.5Cuucd related 
to the objectiVes of the study. 

ExpERIMENTAL PROGRAM 

Test Spedmeru - The. uptnmental program Involved the leSlml of mne larae scale specimens 
of variOUS CfQSS-stclJons (single. double or lnple cells). kngw. and end boundary concl.itloos. 
Delllis art shown In the specm)Cn lest matnx of Table. I. The nomenclature for elCh specimen 
IS based upon lhe IdenlJficallon of Its number of cells. cell dunenSlon , and the overall length. 
Thus Specln'lCn 1-3636-10 represents a specunen With OI'IC cell. 914.4 by 914.4 mm (36 by 36 
In .) In cross-5eClion and 3.05 m (10 ft.) In length. All specmlCnl ..... ere fabricated from 95 mm 
(318 m,) Ihlck. 51eel plale thai was fillet welded tOletiler. High-strength low-alloy (HSLA 80) 
steel was usc.d which had a nonunal Yield strength of 551.6 MPa (SO kSI). Seven of the 
specimens were full scale speclrnens cut from a prototype double-hull module that was fabricated 
by Ingalls Shlpbulldm, located In Pascagoula, MissiSSIPPI The remllnmg two specnTlens (3-
1818-6 and 3-1818- IS) were half-scale models fabricated separately . The Lg3 m (6 ft .) and 
3. 11 m (to fl .) long spc.clITlens were stub columns, while SpecImens 1-3636-18 and 1-3636-35 
were pin-ended columns and Specimens 3-1818- IS and 3-3636-36 were beam-columns. 

Twelve Ind SIX representatIve tensile coupons ..... ere tested In order to obIam the material 
propc:nlcs for the. full scale and hair-scale specnnens, respectIvely, The coupons were extracted 
from both the longitudinal and uansverse (Le. perpendIcular to the. dlrecllon of rolling) duutlons. 
A summary of the. matenal properties 15 g"'en In Tables 2 and 3. The coupon tests show that 
the strenath In the tBnsverse direction IS somewhat lower compared 10 the longll\JChnal direction 
fOf lhe rull scale Spttllnc.ns, and vice-versa for the half-scale specimens FOf the full scale 
speclrr.ens the average measured Yield SIrcSS, 0,. was 602 MPa (87.3 ksl) with an average 
ultimate sttess, 0 •• of 676 MPa (9S.1 ksl ). The average measured stram, r... con-esjXlOdtng to 
uliuNte stress G. was 7, I percent, With an elongation A~ of 14.S percent at fracture The half­
scale specimens had average values of G, and G. equal to 558 MPa (SO,9 ksi) and 634 MPa 
(91.9 lsi), rtSpec1lvely, wllh r.. equal 10 62 percent and A/ll cqualto 13.5 percent 

Weldlna residua! stress measurements were made on a 9144 by 914 4 mm ( 36 by 36 In.) cell 
uSing a 254 mm (10 In.) long Whittemore gage Shown in Figure 3 are the longiludlnal residual 
stres§es on the uternal surface of the. cell The pattern is Similar to the well known panern for 
welded platcs, conslstmg of a wide middle band of nearly constant compresSive stress WIth 
narrow bands of high tensile stresses al the plate'S Junctions. Idealized patterns of the plate'S 
longitudinal reSidual stresses were developed based on the. measurements, consisting of a residual 
stress block of width '1t and magnitude G, adjacent to the .... eld (see Figure 4). where t is the 



pille thiCkneSS_ "The renwnmg plate width of b-2T\1 bas • stress block with magnitude 0'" . 
represen1lna the avC'ragc of. plau~ '5 measured compress ..... e longltudmal residual Stresses, where 
the faclor 'lIS c.lculated from ~ulhbnum. Table 4 Jftse:nts a summary of the values for 0 . and 
11 for the four plates of the cell The average values of 0 .. and 11 among the four pllte5 .... ere 
SJ.8 MPa (7.81e51) and J .83. respectlvely_ Values or" reponed by Faulkner 11975a' for plales 
made of carbon or manganese 51«1 ranKed from ) .0 to 4.0 

Specimen InIUal arometnc Imperfections were also measured Initial oulo()f· flalness of the 
component plates WaJ measured by usmg a sencs of dial gages mounted on a steel frame The 
frame had magnetiC pads alliS C'nds to secure It to the edges of lhe members when readings were 
wen Ma.umum plate oul-of· f1alness ranged from 3 to 12 mm (012 to 047 In .) and .... ere 
wluun the maximum values proposed by several rescan:hcrs (see Figure 5). In addllJon, mllial 
out-of-stralghtne5s was also mellsured for the column and beam-column sptCunens by means of 
a level Maximum out-of-slralghtness So values for the longer specimens are summanz.ed In 
Table 5 In terms of &/L. where L IS the overall specuTlen length. The average measured 
maximum out-of-stnllghtness of these specmlens was U1626. 

Ta l Set Up and Procedure - The stub and beam-column specin')Cns were tested under nat ended 
conditions wlule the Pln-cnded columns had a specially harck~ cyhndncal beann. placed at 
each end of the spec:m'ICn Since the hinged action was In one dU'cctlon, the column's IXIS 
which contained the lar~st initial cfook.edness was aligned such that bending occurred about thiS 
IXIS Lateral pres ure was applied to the beam-column specm'lef'ls by l1"Ieans of au pressure In 
I bladder which was confined between the peelmen and a suongl>ack restraint system, see Figure 
6. The end of the specllnens were nulled and end plates welded on 

StraJn gagcs were placed around the cross-section at midhelght as well as several other locations 
A.ual sbortemn. and lateral deflectionS "'ere mOnltored uSing LVDTs. The pressure In the au 
bladders was measured uSing pressure transducers and calibrated load cells Insened IntO the 
bladder restr1Jnt system to measure the reactions from the slJ'Or\gback fr1.mC The loadlnl 
sequence for each test Involved Inilial alignment load followed by monotonically 1I1CI'eaSlng 
cycles of IlXlal load to failure. In the beam-column tests, Inilial cycles of lower axial load were 
applied Without applYing any lateral pressure With a low constant a.ual load belnl malnlllned, 
the au bladders were then Innated to the: pressure of 138 kPa (20 psI ) or 13 .6 m (4S ft .) of 
seawater for the: half-scale specmltn and 62 kPa (9 psi) or 6.2 m (20 ft.) of .seawater (or the full 
scale specunen The axial load was then Incre~d monotonically unlll a prescnbed axial 
defonnatlon beyond the peale load was reached. After this an unload/reload cycle was usually 
performed 10 eheck the reSidual SlIffness of the specimen 

RESULTS ANP DISCUSSION 

A typiCal nonnahud IlXlal load - shonemng response (PIP, - liItJ..,) for SpeemlCn 1-3636-18 IS 
shown In Fllure 7. Local plate bucklin. occurred In all of the specurltns leachn, 10 a reduction 
m their IXlal stiffness The IMlal local buckling was elastK:. With each specimen pcDSCSSIn, a 
post-bucklinl rese.rve strength At lar,e trams, corresponding 10 ~peclmen capacity and beyond, 
bucklin, became more pronounced and was concentrated at the nudhe:lght klc:atlon. as shown In 
Figu~ 8. 

The Inlual *11 buckhn. strenlth was deduced from a plot or the load versus tnnsverse plate 
dISplacements. Examples of such plotS arc shown In Figure 9 (or three different bit ratiOS 
ElI5tJC local bucklin. IS ckfined as the: pomt where a change In slope occurs The Initial local 
buckhng was found to occur at an lXialload P or 4 to 12 percent of the IXlal Yield strength P, 
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for specimens with bit :: 96, and 37 (0 50 percent of the axial yu:ld strength for speclfnens with 
bit = 48. After inItial local buckling occurred the longitudinal stram distnbutlon was found 10 
become nonuniform in the specmlCns. This is evident in Figures 10 and II, where the stram is 
shown to be nonumform at 18 percent In smgle cell Specmlen 1-3636-10 and 16 percent In tnplc: 
cell Specimen 3·2430-6. Oue to the local outward plate's movement causing bendmg curvature. 
tensile strams are shown In Figure II to develop on the outside of the plates near the middle of 
Panels I and 3 of Specimen 3-2430-6. 

Because insufficient strain measurement data was available for each specimen. the initial buddmg 
loads were based on plaIt transverse ciJspJacemenls. This load WD compared to Ilvadable stram 
measurements for some of the spttllnens. uSing the separation of strain readmgs of strain gages 
placed on opposite surfaces at a POLOt on a plate to define Imtlallocal budding. Figure 12 shows 
a Iyplc.al plot of strain separation occurring at lhe middle of a plate at lhe LOitial buckling load 
of 0.043P, for Specmlen 1-363&.10. II was detennmed that thiS method resulted In an Inlllal 
buckling load thai was 70 to S.5 percem of the initial buckhng load based on transverse plate 
displacement. 

1be margm of reserve strength beyond Imtial local buckling in addition 10 the c.apacity p ... of 
the specllnens was found 10 be highly dependent on the bit rallO of the cell's plates. Table 6 
prOVides a summary of specimen capacity. The ultimate sirength of the specimens wllh nommal 
ralios of bit :IE 96 ranged from 3S 10 42 percenl of their yield strength P,. Specimen 3-2430-6, 
havmg bit .. 80, had a strength of 48 percent of 115 Yield strength With half-scale Specimens 3-
1818-6 and 3-ISI8-IS (bit = 48) having a capacity of 75 to 70 percent of their yield strength, 
respectIVely. An IIIuSl11lllOO of the margm of reserve strength beyond the Inillal buckling load 
Pu based on plate transverse displacement is given In Figure 13, where the ratIo p .. ' Ptf has 
been plotted as a function of the parameter: 

(I) 

where E = Young's Modulus. A summary of the ~ values for each specimen IS Included in Table 
6. For specimens with bit = 48 (~ .. 2.4) the ratio of p ... I P cr was equal 10 1.4 and 2.0, whereas 
for bit = 96 (~- S.O), P ... I p .. ranged from 4.S to 10 (see Figure 13). Figure J3 mdlcates a 
greater scaner in the results for p ... I P cr for specimens having higher values of~. This 
phenomenon is explalllCd by lhe fact that while P __ was rather consistent for a given~, P cr for 
large rs was more variable because of the greater differences in the oUI-of-f1atness for the 
specunens With bit ~ 96 (sec: Figure 5). 

Current Naval design critena makes use of the Frankland 11940] equatIOn for plate strength p ... 
in Single hull Ships, where 

P ..... 2.25 _1.25 
P, P pl 

A sundar empirical based equahon has been developed by Faulkner 11975b): 

p ..... z.O _J.O 
P, P pl 

(1) 

(3) 



Figu~ 14 shows the specimen ex~riJ1'lrntal capacity to be well predicted by these empirical plate 
strength equations Numerical comparisons with these equations are given In the last two 
columns of Table 6. The expenmental dala in Figure 14 shows also the Significance of the 
parameter whICh governs speclJ1'lrn strength to be the bit rallO of a cell's plates. Specimen 
capacity was determmed nol 10 be significantly affecled by end boundary conditions. length. 
number of cells. or the lateral load. 

ANA LYT ICAL PROG RAM 

The analytical program Involved analYZing lhe test specimens uSing several methods. namely: 
the nonlinear fiOite element method. empirical plate strength equations (Frankland and Faulkner). 
tangent modulus method, and beam-column analYSIS 10 conJuncllon With an interaction equation. 

Flnite Element Analysis - The program ADINA (ADINA R&D. 1990) was employed for the 
analytical studies of the test specimens and their component plates. Geometric nonlinearity was 
modeled uSing the large displacement. small strain feature of the program. A plastiC matenal 
model With the von Mlses y~ld cntenon was used. Residual stresses were eaSily Included uSing 
the Inillal SIr-lin/strain gradient feature. The solution method adopted was Newton.Raphson With 
full stiffness reformulation and eqUIlibrium Iterations al each load step If the load step was too 
large for convergence the program automaLJcally subdiVided 1\ IOtO smaller steps until 
convergence was reached or the solution terminated after a specified maximum number of 
SUbdiVISions. 

Rectangular shell clements were used to model the test specimens. The clements adjacent 10 the 
plate Intersections are more narrow 10 order to model the thm edge stnp of residual tenSile Stress. 
a.~sumlng the idealized rectangular Siress pattern of two thin edge snips with a tenSile stress equal 
to the measured Yield strength 0, and a Wide middle strip With the balancing compresSIVe stress 
Co< The Width of the tenSile striP was taken to be four times the nommal plate thickness (e.g. 
11 - 4) which is based on Faulkner'S analysis of a large data base of plating (1975a], and close 
10 the average value of 3.83 from the specimen residual itres.s measurements 11us pattern was 
assumed to be constant o\ler the length of the specimens except near the ends. where It decays 
linearly from the full value to zero at the ends, over a distance of one plate Width. For multi­
cellular specimens, the reSidual Stresses 10 the flanges and webs were also assumed to be 
separately self-equilibraung. The out-of-nalness of the component plates was modeled by direct 
Input of the J1'Irasured lnllla1 geometrical ImperfecuOIli or uSlOg a double sine series surface rlt 
to the measured data [Lu and Pang. 1992] The measured out-of-stralghtness was included m the 
models of the longer specm'ICns 

Based upon the results of the tensile coupon tests. a kinematIC hardening material model with the 
average y~ld stress of 0', .. 602 MPa (87 ksi) and a stram hardening modulus E. ,. 1207 MPa 
(17S ksi) was used for the full scale specimens; for the half-scale specImens the average Yield 
stress of C1 =: SSS MPa (SI hi) and E...::r 1937 MPa (2SI ksi) was used. The ends of the fixed ­
ended specImens were taken 10 be fixed agaJnit lateral translation and rotallon. Loading was 
applied In the form of displacement mcrements up to and beyond the ultimate load, and the 
complete load-deflectlon behavior was obtained for the speCHTlCns. 

Table 7 summanzes the analytIcal (see FEM Umt) and experimental maximum strengths of the 
speclJ1'lrns wtule Figure I S shows the expenmental normahzed avenlge stress versus average 
stram curves along with the response predicted USing ADINA for several specimens. In general 
the stiffness and ultimate strengths of the: Spec linens are reasonably predlctcd by the finite 
element models. The predIcted ultimate loads of the fixcd-ended stub specimens are higher than 
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the expenrnental values. 1be higher values can be aUnbulcd to the assumption of fixed boundary 
condillons at the ends of the specimens; in practice the condilions will be Intermedlale between 
fully fixed and simply supported. For the. pmned column tests (Specimens 1-3636-18 and 1-
3636-3S), the slopes of the anll.lYllcai curves were smaller compared to thai of the cxpenmemal 
curves. 11us may be due to uncertainties in the values of the actual measured plate thicknesses 
as well as some fnctlon In the cyllndncal beanngs. Figure 16 shows the deformed profiles of 
twO specimens, 3-2430-6 and 1-3636-18. at defOnTIatJOns beyond the peak load. It can be seen 
that In the ca~ of the mulu-ccllular specunen thai the buckles tended to localize at the mldheight 
location, which agrees with observed specimen behavior. 

Since the cells are mterconnected. rotallonal restraint along the plait Junctions can be expected 
to increase the strength of the plates and hence. the specimens. To IOveStlgate the effect of such 
r()(atlonal rt:stramt. the component plates of the slub specimens were analyzed .separately USing 
the sallIe residual stresses and Inll131 denections as In lhe complete model. with Simply supponed 
conditions aJong the unloaded edges. The in-plane restraint condition along the unloaded edges 
was the unrestrained condition, I.e., free to take up any position under load. The anaJysis results 
are sununariz.ed in Table 7 (see fEM Plates). In all five slub specimens, as expecled. the sum 
of the plate strengths gives lower values for maltlmum strength compared to the umt strength. 
However. the results from the two melhods differ by a ma;omum of only about 7 percent (for 
Specimen 3-3630-6). Moreover. for Specimen'! 1-3636-10 and 3- 1818-6, whose cells each have 
plates of equal Width-to-thickness (bit) rallos. the difference between the strengths predicted by 
the two methods IS less than I percent. The other three specimens show bigger differences but 
a Simply supported plate boundary condition sull seems to be reasonable The muimum loads 
of the indIvidual plates occur at about thC' same Stram [evel such that the aggregate of the 
mwumum IS a fau approxlmalion to the strength of the whole specimen. In general. the 
specuncn strength predicted by the sum of ItS plates agrees With test results to wlthm about ~ 7 
percent A scatter plot of lhc predicted and experimental results from the empirical Frank.land 
and Faulkner equatIOns and from the finite element analyses IS shown In Figure 17. lromcally, 
the best agreement is found wllh the Simple empirical equations. followed by the plate analyses. 
and finally the fullthrce-dmlCnslonal nonlinear finlle element analyses. Not shown are relatively 
poor results predicted using rhe A1SC Q-factor for the effeclJ\'e Width as well as modlficaflons 
of thiS approach. eg. Usaml and Fukumoto ( 1982 and 19851. 

Column Strength by Tangent Mod ulus Method - In IhlS method. the average stress-average 
strain of the stub column specimen IS used to obtain the capacity of a long column of the same 
cross-section. The method IS well established (Galambos, 19681. and the slub column test has 
been standanlized mtematlonally. The lest basically accounts for lhe effcct of re~lIduaJ stresses 
In II secl/on. For lhe double-hull cells. where local buckling occurs. II also accounts for the loss 
of stiffness due to the local buckling. It IS assumed that the denccted surface profiles of the long 
column IS Similar to that of the stub column 

The method. was applied to Specimens 1-3636-18, 1-3636-3S, 3-1818-18. and 3-3636-36. 
Specimen 1-3636-10 was taken to be the stub for the full scale specimens, while SpeCHTlCn 3· 
1818-6 was the stub column for the half-scale specimen. The tangent modulus load (in strt:ss 
form) of a column JS gJven by: 

.'E 
0,· (kLI,')J 

(4) 



or in normalized fonn. 

(5) 

The analytical expression for the stress-strain curve IS of the form 

(') 

where C. represe:n15 constant codfictenLS. The t:xponent I may be fractional. Equalton (6) can 
be differentiated 10 get F., for any stress level, where 

E, I do d (~" c ,) ------ t· I.~ 0, o,de dt ~ 

Thus. upon 5ubsmullng equation (7) mto (.5) 

...!--'-- r C,(r./r.l o ' d(" ) 0, (kLirf de to 

(7) 

(I) 

The tangent modulus stress 0 , is thai which corresponds to the strain t which equates Equac.ons 
(6) ond (8), •. g. 

(') 

The straJo £ IS found by a trial and error iteratIVe procedure and then used In equation (8) to 
obtain 0 " To faclillate the differentiation analYllc.al expressions for equation (6) were fined 10 
the numental results of the stub columns. see Figure 18. 

Results for the two pin-ended columns (Specmlens 1-3636- 18 and 1-3636-3.5) are shown In 
Column 3 of Table S. The method ovefdi\ItNolt.S the expenmental mulmum loads of these 
specllncns by aboot 8 and 11 percent, respectively. The difference can be explruned by the 
(ollowlng reasons. Firstly. the tangent modulus method docs nO( 8CCOOnt ror Imtlal crookedness 
of the column. Secondly. the stub column average thickness was sligh!!y larger than thaI of the 
columns. The corresponding stub curve IS thus stirfer and gives a higher value of the tangent 
modulus load, However. conslCkring the Simplicity of the method, the results are ,ood 
predictIOns for the actual strengths. 
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.Beam Column Interaction EquaHon • An interaction equation of the form 

P C.,M _.. - I 
p. [M.O -PIP,») 

(10) 

represents a state of combined axial and flexural loading for which the bcam-column IS on the 
verge of failure . p. and M,. are the member strengths when acting solely as a column and as a 
beam, respectively. p. is lhe Euler bockJmg load and c.. IS an eqUlvaknt uniform moment factor 
10 be applied when the loadlOg is other than equal end momem causmg Single curvature. 1be 
term in the brackets is a factor by which the primary moment is muluplied 10 account for 
moment amplification. The use of EquutiOll (!O) for double-hull cells with high bII plales is 
complicated by the fact thaI the cross-scclJon expc:nences local bucldmg. p. can therefore be 
eSlimated using the langent modulus method as discussed above. lbc ulumate bending strength. 
M". is defined to be the flexural slrength when the average stress of the effective compression 
flange is at Yield. For pure bending only. the compression flange is assumed to buckle and the 
effective widths are obtained from the AISC Specificallon [1986). Okamoto et al (l98.5) have 
presented interaction curves for the longitudinal girders of a double hulled product oil carner. 

Equation (10) was used 10 predict the ultimate strength of the beam-column Specimens 3- 1818-18 
and 3-3636-36. They were first analyzed as a fixed-ended column to get the value of p. uSing 
the tangent modulus method. and secondly as a beam·column using Equation (10). Table 8 
summarizes the results and shows thai the interaction equation prediCts the ultlmale strength of 
the cellular bcam-columns fairly well and on the conservative Side. Calculated loads for both 
specimens were about 90 percent of the experlmemal values. Companson of the column with 
the beam-column strengths for the specimens (see Table 8, columns 3 and 4) IIldicate about a JO 
to 1.5 percent reduction in strength due to the applied lateral load. 

CONCLUSIONS AND RECOMl\.f ENDA n ONS 

Compressive instability failure modes of double-hull cells affect the overail iongitudmal strength 
of the ship hull. A large scale experimental study involving cellular componcnts was conducted 
10 IIlvesligate the failure modes. Specimens were analyzed by numerical models uSing the 
nonhnear filllle element method. emplncal and beam-column equations, and tangent modulus 
method. respectively, to predict their capacity. 1nc main conclusions from the study are as 
follows: 

(I) Local plate instability occurs pnor to overall nexurallnstablhty for the range of 
plate bit ratiOS used III the specimens. This was pamcularly observed m the 
testing of the long specimens. The effect of the locally buckJed plates must be 
taken into conSideration In assessing bcam-column strength of the doUble-hull 
cells. 

(2) For bit ratIOS of 96. initial local plate buckling OCcurs between 4 and 12 percent 
of the yield strength. whereti for bit muDS of 48 the Initial local bockhna occurs 
at about 38 to 50 percem of the Yield .strength. For cells havmg M == 96. local 
buckling could occur for severe wave loadmg which could lead to fatigue . 

(3) For the spectn"lCns tested. the Inilial buckling strength and ultimate capacity were 
not sensitive 10 length. number of cells. boundary conditions. or lateral load 10e 



cross-section of the cellular structure is therefore apparently su(( enough that 
column buckling and beam-column interaction are nOI of concern for lengths 
between bulkheads of about II meters (36 fect). 

(4) The local buckling, ultimate capacity, and post-ultimate behavior of the specimens 
was reasonably simulated using the finite element method, provided the reSIdual 
stresses, lOillallmperfeclJons, large dIsplacements. and plasticity were mcluded 10 
the analyses. 

(5) The simple cmplncal design equations of Frankland and Faulkner both gave a 
good prediction of the specimen ultimate load capacity. 

(6) Box column strength can be well predicted by the tangent modulus approach in 
conjunction With slub column stress-stram properties. 

(7) The mteractlon equation approach can predict the ultimate strength of the beam­
columns. However, to obtam the complete load-deformatlon behaVior, numencal 
methods must be used. 

Based on the above findings. the follOWing recommendations art made: 

(i) Simply supported conditions along the unloaded edges can be assumed In 

analyzing the behavior of the unstlffened component plates of the double-hull cell 
if the difference of tile plate' s bit ratio meeting at the Junclion is not too large; 

( ii) The tangent modulus method. after modification for the effect of local buckling. 
can be used to predict bolt column strength; 

(iii) For beam-<:olumns. the interaction equation With reduced strengths due to local 
buckling can be used to obtaan beam--column strength predictions under various 
combinations of UJa] compressIOn and lateral loads. 

Work is currently bemg conducted to develop beam--column models for the box secuons uSing 
numerical Integrauon techmques. It IS anuclpated that Interaction graphs and design chans can 
then be produced for design of these sections. 
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Table I Test Spccln~n Matrul 

Specimen Number Length bit Test ConflguratlOll 
Number of Cells (feet) RatiO 

1·3636-10 1 10 96 Flx-ended Column 

1-3636-18 I 18 96 Pln-ended Column 

1-3636-35 I 35 96 Pm-ended Column 

2-3036-6 2 6 96 F1X-ended Column 

3-1818·6 3 6 48 Flx-ended Column 

3-1818-18 3 18 48 Flx-ended Beam-Column 

3-2430-6 3 6 80 Flx-ended Column 

3-3036-6 3 6 96 FUI-ended Column 

3-3636-36 3 36 96 Flx-ended Beam-Column 

Table 2 Tensile Coupon Malenal Tests, Full Scale Specimens 

{)nentanon Yield Strength. Ultlmate Strl.1n It Ulnmalt Elongltlon. 
0 , SU'cngm.o. Sr.rength. E" 6% 

(MPa) (MPa) (%) (%) 

Longitudinal 623.3 692 .3 7.4 IS2 

Transverse 5799 6605 6.7 13.9 

Averaae 601.9 6764 7 1 14.5 

Table 3 Tensile Coopon Mal.eT1.J Tt$\S, One·Half Scale Specimens 

Onentahon YlC:ld Strenglh. Ulbmlte Stram at Ultimate Elongation. 
0 , Strength. 0 . Strength. £,. (~) 6% 

(MP.) (MP.) (%) 

Longlludmal 552.8 6335 7.4 14.9 

Transverse 562.2 634.3 5.0 11.9 

Avera8c 557.5 633.9 62 13.5 



12. 

Table 4 LongulJdmal Residual Suas Dlstnbunon Parameten 0 . and 1'\ 

Pl ... A ... erage 0 . (MPo) ~ 

A 4a3 l46 

B S2 S ) ,74 

C 64 .7 4 .53 

0 495 l.!54 

Specimen OuI-of-SuaJghtneu.6JL. 

1·3636-18 0.00lS8 

1·3636-35 0.00061 

J- 1818-18 0.00lS' 

l-3636-36 000071 

Table 6 Specamen CapacLty and Compansons With Theory 

Specimen I>'t P P_ (KN) P..JP, P.JPnt.1 P..,IPnu 

1-3636-10 96 S.04 8389 0.369 0.930 lOll 

1-3636-18 96 SO? SOl8 0.lS8 0.906 1007 

1 -~35 96 S.04 7922 O.lSl 0890 0989 

2·3036-' 96 S.OS lS061 0.420 1060 1.178 

l·1818·6 4a 2.49 19678 0.7S2 Iml 1172 

l·1818·18 4a 239 189lS 0.696 0.962 10SO 

3-2430-6 SO 41S 19198 0479 1020 1130 

l-3036-6 96 S 16 20496 O.40l 1.00S L1S1 

l ·3636-36 96 488 20661 Ol7. 0922 1.024 
nu . ~lIyper I Ion 1'1 

Pnu • ~dy pet f.ukner , IiquIl>on (2) 



Table 7 Companson of Specimen Capacuy wlIh Flnue Elemenl AnalysIs 

Specimen 

1-3636-10 

1·36~18 

1·3636-3~ 

2-3036-6 

3- 1818-6 

3-1818-18 

3-2430-6 

3-3036-6 

3-3636-36 

p-

ExpenmentaJ FEM FEM 
(KN) Urut Plates 

(KN) (KN) 

8389 9007 8989 

8038 821S ---
7922 769' ---
Iml 16j91 1.s777 

19678 18539 18424 

18935 18183 ---

19398 2151.5 20621 

20496 23783 221 78 

20661 20016 ._-

Man 
CoeffiCIent of Vanallon : 

Strength 

EXQS:nmental 
Uru. 

0.931 

0.978 

1_029 

0908 

1.061 

1.{)4 1 

0 902 

0.862 

1.032 

097 
0.04 

Rallo 

Ex~nmental 

Plates 

0.933 

---
.. -

0.9" 

1068 

---
0.941 

0.924 

---

0.96 
0.02 

"ble 8 Compmson of Expenmenw Strengths With Tangent Mcxlulus 
and Interaction EquatIOn Predicted Maximum Strengths 

P..J P, 

Tangent Modulus 

Specimen Expenmental Column Beam Column 

1 -36~18 0.358 0.398 ---
1-3636-3' o.m 0.382 ---
3- 1818-18 0.696 om 0.660 • 

3-3636-36 0.376 0.406 0.346 • 

• Based 00 AlSC Interacuon Fennu!. 
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(a) Local Plate Instability 

Dlst Between Bulkhea.ds a 

(b) Box Beam-Column Instability 

(e) Cellular Grillage Instability 

Filure 2. Compressive Instability Failure Modes of Al.1vanced Double Hull 
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Fi,ure 6 
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(a) Specimen 1-3636-18 

(b) Specimen 3-24JO.6 

j''f, rt 

Figure 16 Deformed Profiles of Two Tesl Specimens from FEM Analysis 
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State-of·the·Art on Research, Design and 

Construction of Horizontally Cuned Bridges In Japan 

by 

Toshiyuki KITADA", Hiroshi NAKAi"" and Yasuo MURAYAMA
o 

•• 

SUMMARY 

This paper emphasizes me necessity of research study on the 
uhimale strength concerning the horizontally curved plate and box 
girders lhrough a survey of references published in Japan since 
J 9n. Then, the outline of a latest draft design method for curved 
plate girders is presented herewith. Next. the applicable ranges of 
parameters on \melding stability of \he curved boll girders are shown 
on the basis of • questionnaire for about 260 curved box girder 
bridges. Finally. a special curved continuous spiral girder bridge under 
construction is also introduced together with a few numerical results 
based on the elaslo-plastic and finite displacement analysis for thiS 
bridge under seismic load. 

INTRODUCTION 

In metropolitan districts in Japan, numerous horizonlally curved bridges have been 

constructed and wiU be constructed, because of tight righl-of-way of circumf(:rential 

condilions. For this reason, various researches on curved bridges have been acliv(1
) in Japan, 

in comparison with in other foreign counmes. Thus, iI becomes also possible 10 construct 

the curved cable-slayed bridges such as the Kalsusika Harp Bridge (spans; 40.5+ 134.0+ 

220.0+ 60.5 in m, 1987), and continuous spiral girder bridges such as the approach 

bridges o( the Senbonmar.su Bridge (spans: 6 X 38.587 in m, 1979). 

First o( all, this paper summarizes theoretical and expcnmcntal investigationsn-lij on 

the buckling stability of horizontally curved plate and box girders which have been camed 

OUI in Japan since 1977, because the state-of-the-an on curved bridges before 1976 had 

been already reponed by one of the authors as a work of the Task: Committee on Curved 

Box Girders of the ASCE-AASH~. 

• .. ... 
Secondly, this paper introduces the OUlhne of the bucklina stability criteria in the draft 

Associate Professor, Depanment of Civil Engineering, Osaka Cily Universi ty, 
Osaka, JAPAN, Member-at-Large of SSRC 
Professor, Depanment of CiVil engineering. Osaka CiIY University 
Chief Engineer, Design Section, DIviSIon of Steel Bridge Design, KurimOlO Ltd , 
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guidelines2f) for the horizomaJly curved girdtt bridges in the Hanshin ExpresswIY Public 

Corponlion (HEPC>. 

Then, statistical data with respect 10 crosHectional dimensions and span lengths of box 

girder bridges as well as buckling parameters of compression flanges and ~b plates are 

shown on the baSIS of a questionnaire for about 260 horizontally curved box girder bridges 

which had been already COilStrucled in Japan. 

Finally, the north approach bridge of the River Kilu Bridge under consuuclion. a 

conlinUOU$ spiral box garder bridge with seventeen spans connected rigidly to SIX steel piers 

of rigid frame, is introduced. Also reponed In thiS paper ~ a few results of the 

elaslo-plastic and finite displacement analysis executed to investigate the ultimate load 

caoying capacity of Ihis bndgellll. 

RECENT RESEARCH WORKS ON BUCKLING STABILITY OF 

CURVED PLATE AND BOX GI RDERS 

Rettnt Japanex re5C:arth worb::I)- lilI conctmmg the buckling stability of curved plate and 

bo" linters are summarizc:d in Table I . This table reveals that it is necessary 10 research 

the ull.lmate suenlth or horizomally curved box linters much more actively, because almOSt 

.U the research studies have been carried 04.11 only in the author's groupD).Jlij In Japan. 

Table.1 Recent research worts on bucklin, study in Japan (since 1977) 

'Ille '''_''I~'''':~ 



EXPERIMENTAL RESEA RCH ON BOX GIRDE RS 

Fig.! shows a leSl apparatus developed \0 Osaka CilY Uni ... ersil~). which applies 

bending and torsional moments simultaneously 10 a bo ... girder specimen. l1le cross scclioo 

of box girder specimens, illuslr.lIed in f'ig.2, is designed as an asymmetric one 10 realize 

the non-umform dislribulion of normal stress in the compression flange due 10 warping and 

superelevation of the lOp flange. The ItSt results are ploned in Fig.3 IO&Clher with an 

interaction curve of uhimacc bendmg moment , M. and torsional moment, T., of which 

COIP ressive J.c1000tf) 
.CO .. ,~" ... i .. jlck(lOOtf) 

Tenslle j ack (2 

r~~~;r::~~~~~~~~~~~~~L~O&d cell 
Loadlnl be ... 
for bend\n, 

Flg,1 TeSI apparatus applying bending and lorsion 10 specimens») 

., 
~O.190 0, 

I 
UJJ./.,.,......-r 

Fig.2 Cross section of test specimen 

and normal stress distribution 

" 1 ____ _ 

, , .. 
• THlrftulil 

, 
. m , , 

I 
I 

, 
I 
I 
I 

" o~.----------~o~.-----L __ --~,.~ TP. 

Fig.3 Interaction curve (or combined action of 

bending and torsion a' ultimate slatcllo
) 
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fonnula has been proposed by the aumors a), In Ihis fi,ure M, and T, are !he fully plastiC 

benchnl and torsional momcrus, respectlvcly, ,. My and PT, btinJ the ultimate btndinJ 

and lorsiooJI morntnu of cross section under bendm, and lomon separately. 1be shape or 
lhe proposed Inletactlon cunoe: hJs similar tendency to the: dolled cunoe: cnvelopmJ the tcst 

resultS, with (he: cxceptlon of sltght error 10 the: ultimale: bcndlO, so-cn,th, ,. Mp 

GEOMETRY OF CURVED BOX GIRDER BRI DGES IN JAPAN 

A qucstlonnalre was carricd OO t 10 examine the apphcable ranles of the cross-sectional 

duocnslons, span lengths, radII of curvature and various parameters on plate bucklina of 

hOrizontally curved box ,irocr bridges conSIJ'\ICled in Japan. Data of 260 cunoed box girder 

brid,es have been collected from this queSiIOMaIJ'e. A rew hlSlOJrams of IffipDfWll factors 

are depicted 10 filS. 4-7. 

I,o.jlllil,U """ 
Stttided 

:'':~ft!r!i!b _It.,_ 

I 1 
• • 
Number 01 ,Irden 

Fia.4 Histoaram of type: of box girders 

~,--------------------------, 

,,:: 
~ .• -.. . 
I: 
< • 

"'diP'" 

'.'1""""1..11 
Width lhlCkIiul .,..-.nclCr ~ 

Fia.6 HislOJI1lffi or width-thld.ness 
parameter, R, 

!-,------r---- -, .­• 
~-;-
; . 
1 
~ • • • • .• 

Span !en.th em) 

fig . .5 Relationship bclw«n radiUS of 
ClKVtlU.~ and span length 

(11«1 a1nkr With concrele slab) 

",-----------, 
Il." 
~. ... 
j" ," z. 

fil·7 HistOlRffi or deplh thickness ratio 



From these figures, the following features can be clarified: 

(I) Curved bridges consisting of two bolt girders and I concrete slab are popular and 

common. 

(2) Radius of curvature is larger than 20 m . 

(3) Radius of Clm'ature has a tendency to increase in accordance with lhe increase 

of span length. 

(4) The width-thickness pammcler, Rt< ,,~, (f T: yield stress, (f ",! clastic buckling 

suess) of pille panels between longhudinal stiffenen in the compression flanges 

varies within the ranges from 0.3 10 0.9 . 

(5) The width-thickness parameter, ~ near bridge ends is genenlllly larger than thai of near 

midspan and interior supports. 

(6) The depth-thickness ratio, hJt.. of the web plales falls within the ranges from 130 10 

210 Ind from 200 10 270 for web plates with single and two longitudinal stiffeners. 

respectively. 

DRAIT GUIDELINE FOR DESIGN OF 

HORIZONTALLY CURVED GIRDER BRIDGES IN HEPCm 

Fig.8 shows the difference of lateral buckling mode between curved and straight 

I-girder bridges. An I' girder between floor beams buckles with the boundary conditions 

similar to restnUBed suppons in bending. The ultimate stress of flange plale in curved 

I-girden due 10 the laleral buckling can be evaluated by the ultimate slress of SD'D.ight 

l-girders'l) multiplied by the fOCIOI" (J given by: 

p . I .O - I.OSr.(~.4.S2~') (O.02<~<O.2) (I) 

(I ) Curved I-girder 

(b) Straight I-gIrder 

Fig.8 Dirrerence of buckling mooest) 
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in which 

;: central angle of I-girder between noor beams 

(1) 

where 
A.. : cross-sectional uea of web 
A.. : cross-sectional area of compression flange 
I : effective lateral buckling iengih 
b : width of compression flange 
E : Young's modulus 
tI y : yickS stress 

However, the following effective laleraJ buckling length should be adopled to calculate 

the: ulomate stress of the corresponding straight I-pnkr. 

where L IS the span length of curved I-,irder between floor beams, 

and 

y - 1-1.97411() t-4.2S4l-2.634>' 

(3) 

(4) 

The upper IimilS of width-thickness ratio, h.A. for curved web plaits. shown in Fig.9, 

are proposed on lhe basis of the conditions where the maximum oul-of-plane bending 

stress of curved web plates should be nearly equal to that of straight web plaltS1
), In this 

figure, a is the spacing of U'ltIsverse suffeners. 

-HEPC 
___ ..... SHTO 

o 0!-~~,:-,~7.~,--:. 
"IR C ... I O-~ 

(a) SM4OO( (/ y=2.4OOIcg(lcm~ 

W , I~ r •• ",PI 

' 00 wu_, ."If 

- HEPC 
00 

Fig.9 Proposed slenderness ratio (or curved web plllle: 



The width-thickness parameter, R, for the compression flange plait of a curved plate 

girder is recommended to be less than O.S 10 avoid the lOCI' buckling before reaching !he 

(ully plastic state of the flange plait as follows: 

R • ! I 0, 12(1- ""l) ~ O.S 
'f t ~ E 0.4h1 

(5) 

where b is half the flange widlh. t is the thickness of flange plait. and jJ is the Poisson's 

ratio. 

STIFFNESS OF LONGITUDINAL AND TRANSVERSE STIFFENERS 

'The required minimum stiffness of longilUdinal and uansverse stiffeners of curved plait 

girders can be delennined as the corresponding value of straight curved phllt 

girders'l1nuiliplied by the facton, f1 L and fJ T' which can be estimated from Figs.JO and 

11, respectively. 

10 

o L.---'-:""---':--~ Z 
o 10 20 30 

Fig.1O Variation of fJ L due 10 

curvature parameter. Z31 
Fig.11 Variation of fiT due 10 

curvature parameter, ZIJ 
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In these figures, Z is the curvature parameter given by : 

a a,,,--, 
Z-(-)(-JV1 -.-

R '. 
('l 

1be above cocCrtcienl$, fJ L and fJ T ~ derived according 10 the. ultimate strength of 

lhese sbffcners regarding a.s the beam-c:olumn models. 

A RECENT BIG CONSTRUCTION 

Fig_12 YlOWS a side elevalion of Ihe River Kizu Blidge and its nonh approacb 

bridge is now under consuucrion. TIte approach bridge is a continuous spiral box girder 

bridge with seventeen spans (span length: 41.9S + 52.66 + 14X52.36 + S3.31 in m) 

connected rigidly to six steel piers of rigid frame. In desigrun, tins approach bridge, the 

elasto-plaslic and finite di1placement analyses were executed 10 investigate the behavior 

up 10 the ultimatt; Jllne and the ultimate load carrying capacity of the bridge subjeCted 

10 live load or seismic: load", 

The. analytical model for the approoch bridje is iIIusl1Iued in Fig.)J. The number of 

nodal POinls and finite elements ~ resulle<1 in 1,128 and 939, respectively. The computer 

program, EPASSll), for the elasto-plastic and finlle displacement analysis of spatial Steel 

bridge structures was used for this analysis. A few numerical resulu are shown in Fig.14. 

SeISmic load ( a Eq) is gradually increased up 10 the ultimate State in the COndition 

..... here the dead load is kept 10 be constln!. 1lIe behavior of the analytical model is almost 

linear in the region where Q is less than 3, although the fac lor of safelY againsl lhe 

seismic 1<*1 is 1.15 in JSHS'II. 

•• 

O,-,s'o.n .. ..... " ..... '[". "" ... ,,_ .... 
", . 

16.000 lOO." (in -> 

Fig.12 Side elevation of River Kizu Bodge and 115 approach 

spir:aJ bo.( ginkT bridge (in mm) 
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CONCLUS ION 

In Ihis paper. the (ollowina conclusions ha ... e been obtained: 

(I) A stale-of·the-an for rt:Starch on the buckhnl of horilontally curved linkr bridles in 

Japan has bntny pt'tdiCted 

(2) 'ettSSIlY of the research on Ihc ultimate slmIlm of curved box ,Irden hu been 

emphasized. 

(3) 1be applicable ranges of representative dimensions and buckllna parameters of curved 

box alfdtr bndac) hlwc been shown throuah II queslionn:llrt. 

(4) A new drafl (itslln method for curved plole ,irders and a bll special Spiral bridle 

under conslruclion ha\lc been introduced. 

1) Nakai, H. and C.II ,Yoo: Analysis and De ian of Curved Steel Bridies, McGraw· HIII, 

1988. 
2) Mikami, L, K. Furunishi and H. Yoneuw • . Nonlinear behavior of cylindrical web 

panels under bendina. Pro<:. of JSCE (Japan Society of Civil Engineering), No.299, 

pp.23-34, July 1980 (in Japanese), 

3) Maela ...... , K. and H. Yoshida : Ultimate sueI1lth analySIS of curnd I·beams by 

transfer matrix method, Proc. of lSCE. No.312. pp.27-37, August 1981 (in Japanese). 

4) Kuranishi. S and S. Hiwlwhi : Elastic bthavior of web plates of curved plate: 

,lrders in btndm&. Proc. of JSCE. No.3U. pp.I-II . ove.mber 1981 ( in Japanese). 

S ) Nak.:u. H. and H. KocOluchl : A Study on Ilcera! buckhn, strt.n,th and desian aid for 

horizontally cUh'ed I' amier bndges. Proc. of JSCE. No.339. pp.19S-204. November 

1983. 

6) Nakai. H .• T Kuada and R. Ohminami : Experimental siudy on btndma strenlth of 

web place of horizonta.lly curved ,irder bridges. Proc. of JSC£. No.340. pp.19·28. 

December 1983 (in Japanese). 

1) Hiwawhi. S. and S. Kuranishl The firute dlSplacement bthaVKlr or horizontally 

cW"Yed clunc I·sectlon pille Ilrden under bendlD,. Proc. or JSCE, SlnICtural 

EnlJEanhqUlke Ena .• Vol.l.No.2. pp.S9-69. October 1984. 

8) Nlklll , H., T . Kitool. R. Ohminami and K. Fukumoto : Experimental study on shear 

strength of horiloncally curved plate ,inters, Prot. of JSCE. No.3SO/1-2. pp.28 1-290, 

October 1984 (in Japanese). 

9) Hiwawhi. S and S Kuranishi : On lhe elastic finilC: displw::cment behavior or 

horizontally curved ' ·.sectlon plate '1I'dert under bendm,. JoumaJ or SlnICcural 



Enllnecnog. JSCE. Vol.3JA, pp.197-207, March 1985 (in Japanese), 

10) Nakai. H .• T Kitada and R. Ohminami : Experimcntlll study on buck.hn& and ulumalt 

Strenllb of cu~ed Birders subjected 10 combmed loads of bending and shear, ?roc. 

or JSCE. No.3S6. pp44S-454 , April 1985 (in Japanese). 

II) FUJII. K. and H. Ohmura ; Nonlinear behavior of curved gmkr-wtb conSidtred Oange 

ri"dllles . Prot. of JSCE, Struc1ural En,./EAnhquake Eng., VoL2. No.1. pp.69·79, 

April 1985. 

12) Nakai, H .• T, Klooa and R. Ohmmami : A proposition (or dc.signJOI inlermc(hale 

tnlIsver5e stiffeners in ..... eb pialt of horizontally curved girders, Prot. of JSCE. No. 

362/1-4, pp.249·257. ()(::Iobc:r 1985 (in Japanese). 

J3) Nwi. H .• T. Killtd.1. R. Ohminami and T. Kawai : A slUdy Of) aml/Ylil IUId de.si,n 

of web plait in curved Imier bridges subjected 10 bendmg : Proc. of JSCE. No.36M·S, 

pp.23S-244. Apnl 1986 (in Japanese). 

14) Kitada, T., R. OhminanlL lind II . Nakai : Crileria for designing ~b and nange plates 

of honzomally cun-ed plate girders, Proc . of Annual Technical Sc Slon, SSRC 

(StrUctural Stability Research Council), pp.119-130, April 1986. 

1.5) Sue1Jlke, Y., M. Hinlshlma and T. Yoda : Geomelrical nonh~ar .nalYSis of cun-ed 

1-llrders under bcndlnl USlni mixed finite clement method. ?roc. of JSCE, StnIC\I,ulll 

En&./Eanhquake Eng., Vo!.3 , No.2, pp.39-46, October 1986. 

16) FUJii, K. and H. Ohmura : E1ast~plastic behavior of cross-SC'Clional <kfonn.nons of 

curved I-,Irders in bending, Journal of Structural En&inecrinl. JSCE. Vol .33A. pp. 

83-92, March 1987 (In Japanese). 

11) Imal , F. and T Ohta . inveslI18ti()n on yield surface equation of cun-cd I-bellms , Proc . 

of JSCE. No.3BO/1 -1. pp.349·3S4. April 1987 (in Japanese). 

18) FUJii, K. and H. Ohmura : Local buckling and widlh-Uucknl::ss ratio In flange of 

curved I-glrden : Proc. of JSCE. No.386/l-g. pp.339-341. Oclober 1981 (in Japanese). 

19) Imai, F .• T Tljlma and T. Ohll : A study on the optimal ehaSllc-pla.sIIC design of 

curved box glfdcr bridges. Journal of Structural EnglT'leenng, JSCE. Vol .34A, pp. 

6S7 ·666. March 1988 (in Japanese). 

20) Kitadtl. T" R. Ohmlllami and 1-1. Nakai : Inilial deflection and residual SI~SS In 

horilOntally curved plait girder, Proc . of Annual Technical Session. SSRC, pp.129·139. 

April 1988 

21) FUJiI. K. and H. Ohmura . Nonlinear bending behavior of curved Imler·web wl\h 

imual deflecuons, Journal or Structural Engineering. JSCE, Vol.34A, pp.l11-126, March 

1988 (in Japanese). 

22) Omote, T" M. Hirashlma and T. Yoda : Finite dISplacement theory or curved and 

tWlSled thin-walled box girders, Proc. or JSCE, NO.404/l - II, pp.239 ·248, Apnl 1989 

151 



152 

(in Japanese). 

23) Nakai. H., Y. Murayam., T. Kilada and Y. Takada : An experimental study on ultimate 

suength of thin-walled box beams subjected to bending and torsion. Journal of 

Structural Engineering, JSCE. Vo1.36A. pp.63-70. March 1990 (in Japanese). 

24) Nakai. H" Y. Murayama and T. Kitada : An experimental study on uhimale strength 

of thin-walled box beams with longitudinal stiffeners subjected 10 bendin, and 

tonion, JOUrnal of Structural Engineering, JSCE, Vo1.38A. pp.l55-16.5. March 1992 

(in Japanese). 

25) Nakaoka, T., K. Fujii and Y. Fujieda : The. ultimate behavior and strength of 

horizontally curved plait girders under bending. Proc. of JSCE Annual Conference, 

VoU-8, pp.192-193, September 1993 (in Japanese), 

26) Nakai, H., t , Kitada and Y. Murayama : On ultimate strtngth of horizontally curved 

box girders, Proc. of lSI World Conference on Constractional Steel Design, Acapulco. 

Mexico. pp.l08· 117. ~em~r 1992. 

27) Task Committee on Curved Box Girders of the ASCE·AASHTO : Curved steel box· 

girder bridges: A survey. Journal of the Structural Division. ASCE. Vol.104. No.STlI. 

pp.1697·1718, November 1978. 

28) Task Committee on Curved Box Girders of the ASCE·AASHTO : Curved steel box· 

girder bridges : State-of-the-art. Journal of the Structural Division. ASCE. Vol.I04. 

No.STIl, pp.1719-1739. November 1978. 

29) Hanshin Expressway Public Corporation : Guidelines for design of horizontally curved 

girder bridges (draft). October 1988 (in Japanese). 

30) Nakai, H .• T.Kilada. T. Yokota and T.Yasui: Ultimate Load-c:arrying capacity of a three­

dImensional rigid·frame bndge, Proc. of Founh East Asian Confm:nc:e of Structural 

Eng. &. Construction, Seoul, Korel, September 1993 (to be published). 

31) Jlpan Road Association: Specifications for highway bridges, Part 2. Stoel bridges, 

February J 990. 

32} Kitada. T., R. Ohminami , M. Nibu and K. Tanaka: Exploitation of computer pro&ram 

to analyze ultimate strength of steel bridges using cable members. Proc. of Symposium 

on CompuUltional Methods in Structural Engineering and Related Fields, JSCE. Vol. 

13. pp.89-94, July 1989 (in Japanese). 



INTERACTIVE PLASTIC HINGE BASED METHOD 
FOR ANALYSIS OF STEEL FRAMES 

ABSTRACT 

Prof. Mikl6., IV ANVI 
Departm~t of Steel Structures 

Technical Univusity of Budapest. HUDSary 

Limit desisn or .ted Itructures i. bued on the model of the plaatic hinse. In itl 
t raditional form it i. ulually combined with ripd-plaatic coo.itutive law. The mod~l of 
'interactive plastic hin,e" .. '"getted, which can take into account several phenomena 
(u residual nrelleS, 'lrain-hardenin" plate bucklin&, lateral bucklin&), 

1. INTRODUCTION 
The traditional concept of plutic deeigl of steel Ilructuta i. bued on the ... ump­

lion that under p-adually iocreuulI"atic loads plutic zones develop and srow in Ilze and 
number. and eventuall, callie unatricted. increa.ain, dcftectiona; thus loadin& to the onset 
of ultimate limit Itate of the structure. The concept waa fint introduced by KAZINCZY 
(1914) by ettabli,biQ& concept of the "plutic hinse" . Some baaic questiont are It ill di .. 
C1.WeCl. Amon, th~ ~ the dl'ecu of tbe difftnnce between ideal-plutic cotUltitutive 
law and actual behaviour of ned matttial and the conseqUeJae or local instability (plate 
bucklins; lateral buckling). The element or the bar is c:onJldered to be built up or plate 
el~u (rollowina the pattern or steelnructure.) instead or a compact le(:tion. Then 
the behaviour or the "plutic hinge" can be cbaractttized by telU with simple lupported 
beam (Fi&ure 1.). Bued on theee tests a yield- mechanism ror the bar-elmlent can be 
introduced, pving balis (or a mechanism CU~: denning tblll tbe descending branch of 
tbe moment · rotation diegam.. We introduce the concept or "interactive plutic hiose" 
wbich can substitute the c1uaical con«pt or plastic binse in the traditional methodt 
of limit desip, but can rdl~t the deet or phenomena like strain- hardening, residurJ 
.trenet, plate buckling and lateral bucklilll (IVANYI 1985). 

Local a.nd lateral bucklinga an: 10 dive.ne and 50 complex that large amounta or 
experimental and analytical data mUll be collected lUld aYltvnatized thus relill.ble rrame 
analyai. can become common practice (IVANYI 1992). 
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2. THE MODEL OF "INTERACTIVE PLASTIC HINGE" 
2.1. DIFFICULTIES IN PREDICTING FAILURE 

The increaain&ly powedu.l experimental and computational tools of structural deilp:1 
require a well-defined desi&n phiiOlOpby. A. itt bali, ~ttalJy the conc~t of limit .tat~ 
ia a.c~ted In many COUDtriS. 

Limit .tatel are Ulually diyjded into the two CoUowiq: &roUp': 

limit Itatm of catTYin& capacity /ultimat.e Urrut Itatal 
limit slates or Ja'ViceabiJjty. 
Chlrl:in& tefviceability at worldn& load level the traditional and well tried out melb­

odt of structural analyai. a.re UJed. The quite freQuetn telUi on onpnal ItruClutet .bow 
... nUe. relatively &DOd accordance with caleulated Itr.a pal\.e'J'M OT even better with 
predicted d~ectioQl apart from the occuional dl'ed of lack of fit c::oo.nectiom. 

On tbe other haud the anal)'llis of Itructural teI~ in the vicinity of peak load 
proved to be extremely complicated, due DOt only (and even DOt mainly) to inewtic 
behaviour, but t.o the f.act, that in the vianity 01 pea.k kJ.d 

• chanJ:e in Ceometry (~rical non-lineanty) lama in impon.aace amoDl othen 
becau.e of mqnifyiq: the dect of initial geometrical impenectlCml (often ne&lisible 
at Jow.r load Jev.J.), 

• retidu.a1 .lr'aIIeI (remain.in.& latent at lower )o.ds) int6r.ct with ~ aeti~ 
.t~ resultina: in premature plastic zon., &ad lu' but not leut 
usual and widely &cct!pt«i tool. of &naly.i. - AI bum tbt!Ot}' bued on the Bt!moulli­
Navier theorem; .mall deflection theory of plates etc. rntrictins the actual desree 
oHreedom oftbe .trocture canno~ deICribe uactiy enoush it. real response at failure . 
Tbele difficultiel can be overcome in cue 0{ .imple .troctural elements (~arated 

compreuion membeR, partt of plate ~rdetl, etc.) by usina: more refined (e.s. 6nite 
elemffit) metbodt, allowiq dqreet of freedom (e.s. di.tortlon of ttOSIlectiOOl) excluded 
in traditional analym. ete., 01" even in cue 0{ .taticaUy non·~undant structures, where 
tbe &bow indicated compLex behaYiour it uaually confined to a IimIt«i section of tbe 
wbole .tructure 

U the .implified. model itc not elaborate enOtJ&b to rdlect real structural behaviour, a 
ICC9pdary mOl'!! drtajlcd Ioc;al mpd,=1 is in.erted to depict the mOltiy critical part of tbe 
Itructure, by which more realitclic quality parameten (and limit aurface) can be deduced 
from the already known primazy parameteR (HALASZ, tv ANYl 1983). 

B«.aUR of the interaction of loeai and pobal behaviour this pattern cannot be 
followed in cue 0{ byperstatic Ilructurea. .. tbe additional information saine<! by tbe 
teCODdary, local mode] i. to be fed back to tbe computatlOO of primary ~len as 
well For this Purpciloe, If - at very oikn - tbe tec'OCldary model can be analysed by 
numencal methods or oo1y experimentally, the relult. have either be re-interpreted to 
sain mathematica.lly treatable. simple enou&h rulel, or the secondary model. hu to be 
.implified to furnish dis~tible results. In both caacs the validity or accuracy haa to 
be proved by (usually Vf!ry ex~n.ive) failure test. with full -Kale .trucuret. The .ame 
appliCl for directly non or hardly measurable quantitlCl, lUI fClidual atressel. 



The traditiooal cooupt of plastic dt:Bisn of steel Itructures il bued on tbe auump­
lion that, under sraduaUy incrosin,; Itatic loads, plastic %ODes develop and pow in lize 
and nwnoo, and eventually cause unrestricted, increasins ddl.ectiOMj tbusloadins Wltil 
tbe on.et of ultimate limit Itate of tb~ Itructure. The oonc~t was fint introduced by 
KAZINCZY (1914) by ~lablilhinS tbe concept of "plastic mn,;e". Soml!: basic qu~tions 
are stiU discussed. Arnon,; tbmt are tbe effl!iCtl of thl!: difference between ideal-plastic 
constitutive 110. and actual behaviour of lteel material and the consequence of local in­
stability (plate bucklins: lateral bucklins). Joining into the international reltean;h in thil 
fi~d we tried to introduce the conc~t of "interactive plastic binae", which can be sub· 
stitute the cl .... ic concept of pluuc hUlAe in the traditional methods of limit desi&n, hut 
can rdl.ect the effect of phenomena like .train-hardenilll, rf'.Sidual .treues, plate buddinS 
and laural buckJin& (IV A.'VYJ 1983). 

2.2 BASIC METHOD AND A SIMPLE EXAMPLE 

In the coune of plate experiments, if the width-ta-thickness ratio is biSb, the plate 
dOl!iS not 10lle III load beariOS capacity with the dl!:velopment of plastic defonnationt 
but is able to take the load causin& yidd until a defonnation characteristic of the plate 
occurs and it even able to lake a small increue in load In the COUTee of the proceu 
·crumpliop" (bucklinp) can be o~ on tbe pl&le surface. Theil!: BaumplinSI" fonn 
a Yield m~anism with the plutic moment.l at.tin& in the linl!:at plastic hinSes (pew of 
wavf'.S) not constant but ever increuins due to strain-hatdeniJJS. The yield mechanism 
forml!id by the "crumplinp" extends to the component platel of 'he bar. The deKription 
of Ita behaviour il obtained, from amons the extreme values theorems of plutiClty, with 
tbe aid of ,he cbeorem of hnematior. 

ThUl, in the coune of our invelti&"tionl an upper limit of the load bearill& hu 
been determined, however, to be able to usess the results, the followins have to be taken 
inlO consideration' on one hand the yield mechanisms are taken into acCOWlt throuSh the 
.. crumplins:" forma determined by experimental results and on tbe other band. the results 
of theoretical investisations are comp~ with thOle or the experimental inveltigationa 

Tbus, a yield mechani.m will be adopted IUch .. to correspond to the Aeometrical 
conditions and the aslwned yield criterion. In additIon to BEN KATO (1966), this 
metbod has been applied by CLlMENHAGA a.nd JOHNSON (1972) for the analysis of 
bucklins due to the nqative moment of the steel. beam component of composite beams. 

The method will be ilIUltrated by a simple example (Fisure 2.1). Let UI take .. 
bar of an isotropic, incompreuible. riKid·plastic material (Fisure 2.2), lubject to thl!: 
'Iresca yield condition. RiSid and plastic zonf'.S include an ansle of 46· With the bar axil. 
For a small rotation e, in th~ plastic bin&e (yield mechanism) deformations or identical 
ma,plitude but opposite tiPl develop in directions zand ,. while incompressibility reqwres 
,ero strain in dirKtion" (c .... 0). Accordins to thl!: yield criterion, stresses in directions 
, and " are zero (a, '"' a • ... 0) wbile in dir«tion % they are equal to the yield point 
(a. _ ±ay). 

Centre of rollUion C il located .. Il function or depth h.. 

ISS 



Writil'lS dd'ormation ennsy of the plutic hmse ("eld mechanism): 

W. a V J 11k _ Crf2hl + 2(1-
2
,,)21.')0. J 11k 

(., I·l 

v ,. minimum ror " a O.~ , hence 
oh' 

Va T 
For a small rotation e, becaUK or the 4~· limit. the strain becomes 

•• _/2 

/ 

oh' / 0.1.' (ly 
W. _ V l1.k=T f1 y d£-T ,e ' 2 

• • 
The potential enerl1 i. equatiDi dd'orma.tion en~&y or tbe plutic hiDie : 

oh' 
M- 7 f1Y 

In C&Ie or a strain.hardening material (Figure Z.2): 

.h' ( 1 ) M- 7 f1 y + 2eE. 

The preRtlted method suits also more complicated cues· 

2.3 YIELD MECHANISM OF STRUCTURAL ME~IBERS 

2.31. Yield Mechanism Forma Baled 00 Expenmmtal Results 

The different form of yield mec.b&nWna C&.D be determined on the buis or experi· 
mental retulta. 

Experimental invest-isations are essentially expected putly to lupply physical back· 
gound (often inspiration) needed to establish models fot tbeofftical examinations. and 
partly to delimit the rM&e of validity. 

Our exp~ments involved mc:uurm\ents to determine (IV ANY! 1083): 
a) plastIC material chanu:teristict of steel; 
b) rnidual ddormation.; 



c) load carryin~ capacities of members in compressiOll, bendin& and eccentric com prleS­
sian. 
The yield mechanism forms of an I-section bar call be clllSlllified according to the 

following criteria: 
&.) a.ccordi~ to the manner olloa.d.ing, 
b.) according to the poeitioru of the intersecting linea of the web and the Ranges, the 

IO-called "throat-lines", thus 
bi.) the evotvi~ fonnation is called a planar yield mechanism if the two "throat­

linea" are in the same plane abo after the development of the yield mechanism. 
biLl the evolving forrn!l.tion is called a spatial yield mechanism if the two "throat­

lines" are not in the sa.me plane after the developrnent of the yield mechanism. 

2.311. Yield mechanism of compreMion members 

(i) Planar yield mechanism 
The buclcled form of the compreaaion member and the fonnation of the choeen yield 

mechanism i. shown in Fi~~ 2.3. 
Plastic deformation occurs in the shaded regiollll. 
As an effect of comp1U8ive force N a compression part develops. 
The syulbol of the yield mechanism is (N)p ",here P .tands for the planar yield 

mecllani.m formation. 

(ii) Spatial yield mechanism 
The formation of the .patial yield mechanism for a compression member i. shown 

in Fi~ 2.4. The ends of the member are assumed to be hinge-supported in DOth 
main inertia directions. The yield mechanism that has occurred i. called spatial, the 
phenomenon models the planar buckling of the compn!8sion member or the buckling of 
the component plates in the course of buckling. 

The .ymbol of the yield mechanism is (N)s where S stands for tbe spatial yield 
mechanism formation. 

2.312. Yield mechanism. of bent members 

a.) In case of a bending moment consta.nt along the members uis: 
ail Pla.nar yield mecha.nism 
The buckled form of the bent .pecimen a.nd the choeen yield mechanism formation 

is shown in fisure 2.5. A. an effect of moment M a rotation e develops. 
As an drect M , tellllion a.nd compression parts develop. 
The symbol of the yield mechanism i. (AfC)p, where C stands for the constant 

bending moment 

aii) Spatial yield mechanism 
The form of the spatial yield mechanism in the case of a bent rod i. indicated 

in Figure 2.6_ The rod ends are as!umed to be hinge-supported in both main in~rtia 
directions. The yield mechanism modds the buckling of the component plates of the 
bent member, the lateral buckling of the beams as well as their interaction. 

157 



158 

The buckled fonn&tion of. Ilmple-lupported beam lpecimm and tbe choeen yie:ld 
mechanism i. shown in FiSUrt 2.7. 

In cue of the yield m~ani.m form.tioM in Fil\:ure 2.7 the effect of nei&hbourins 
supports (the dect of ribll) h ... alto been t.U.ttlllltO account AA an effect of the mommt, 
a rotation e develop.. 

The symbol of the yield mechani.m i. (MC)s. 

b.) In cue of. bendiq mom~nt varyiD& alon& the rod axil 
In cue of • varyin& bnldio& mOtMD1 aIon, the member &XlI it i..I ... umed tbat tbe 

"crack" of tbe web plate of tbe I·~tioo in the crou sechon or the concentrated force i, 
hindered by the ,"itable thicknt.'Sl of the wtb plate or by the rihl. 

CLIMENHAGA and JOHNSON (1972) UlUmed Yield mechanism forms .imilar to 
those introduced 10 point (b) (or the iO\'esti,&tion ofbucldinp oceunna at tbe .teel beam 
part. of compoloite lt~l-CODcret.e construction 

hi) Planar yieJd mechanism 
The budded fonn O£. bent lpecimen and tbe ~lec~ YIeld m«.hani.Jm i..I &bawD in 

Fisure 2.8. A. an effect of tbe moment. a rotation e ckvelops. 
8ecaUJe of tbe dampin& of the c:roee-.ectioa EC, tbe Ticld mech&niam IoeeI iu 

Iymmetric character 
The Iyrnbol of the Yield mecbanilm II (MV)p where V rtand. for the varyiD,!; mo. .... ,. 
hii) Spatial yield mechanism 
The form of the .patial yield meclwUsm in case of a bendin, moment varyinS alon, 

the rod axil il mown in Fi~re 2.9 
AI an effect of thf' moment a rotation e devdope. 
The Iymbol of tbe Yield mechanism u (MV)s. 

2.32. Yield Mechanilm of the Component Plalel of an "lCCtion Member 

Yield mechanism formations ba\'c bem detenruned for difr~ streuea. On the 
bull of thjl: experimmtal result. It is ~ient to djl:OOmpote these yield mecbazusm 
formations to tbe yield mechanism formatlolll of the component platet of an '-lCCtion 
rod as c:ertain component plate fonnaliODI appear in other yield mechanilm, too 

To classify the Yljl:ld mecbarusrru al compooent plates, tbe folJowiD,!; division has 
be<n uaed, 

L) Hanle plate, if the plate i. luppor~ aloD,!; the central line, 
b.} ~ plate, if tbe plate lllUPponed at the unloaded endt 
Fi&ure 2.10 ,bOWl the yield mechanilml of the eomponent plates when! F ittbe 

Ranse plate, W it the web plate, the odd nwnbers rrier to tbe planar Yield mechani.ms 
while the CVjl:O ODes to the .patial yidd mechani.ms, 

2.33 ... Joimo," the Yield Mecbanilml of Component Plates 

The "joinins" of the yield mechanismt of compont-nt plates de~dt on the pcMi­
\iol1l of the so-called "throat linf'S" of the Yield mechanism cha.e:n on the bui. of the 
uperimental multi 



in cues pttlamms to planar yie:ld mechanisllII thil "joanans" il to be realized in a 
line:ar way, with" line:a.r plastic hinAe:: the ImAth of the line:ar plastic runAe il SoYerned 
- due to the prope:nies of the chaem yie:ld mechanism - by the lenlth of the yield 
mechanism of the compreuion SanCe piau (F-I). In cue of lpatlal yield m«h&nll1Dl 
the "jotruJl&" should be realized in one point or more POlntl. 

The re:latiocwhip. of the component plate yield mechanilms and tbe .. ,;otniJl&" of the 
component plates have been pven by IVANYI (1983); IVANYI (1979a and 19i9b) Ihow 
the buic relalioDslll~ of partial (&lei. 

H MODEL OF THE INTERACTIVE HINGE 

The plastic load-be:arin, IIlveitisation &aI\lmItI the developmmt of npd-idully pi .. 
tic runcet, hownn. thf' model df!la'1bet the lUd.utlC behaviour or It eel Itnu::tun':ll but 
with majOr constr&.inu and '-Pproximations. The:re are lOme ~ecll with tbe consider"· 
lton of which tbe behaviour of tbe lterl matttial and tbe I·aectlon mWlber can be taken 
into account in a more rulistic we,y 

i) Whm detenninillllhe Ioad-displamnftlt rd..atKXllhip or an 1-lKtion member. thf' 
Iymbol of the elastiC Itau is E and If the so-called ""lid" nau is ....wued Instead 
of the elastic one, the symbol of the npd "au il R. 

iil The effect of residual Itreu and deronnation is characterized by a Itrai&ht line for 
the aake of cue of handbill The Iymbol u.ed wben talonA the I"eIldual IUeA and 
ddormation into eonsideration ill O. 

iii) Strlun-bardenln, il one of tbe important features of the .terl material, S indicates 
that it bad betn a.ccount~ ror 

iv) The effKt or buddinC of the 1·lKhon member component plates on the rod element 
load-displattmtnt relationship h ... been investicated. tlUl II indicated by L 
The: modds that take the above effeeu IOtO conlideration at the investicatlOD of 

Ioad-displacement (relative dilplacem~) relationship of l'aectlOD are called "interac­
tive" ooea 

The ~I of the interactive plutic IDnce tWn& into considen.tKXl the effect of ripd 
_ residual strea - Ilr~n barden.in& - piau buddtn&" can be: delCribed wllb the aid of 
the "equivalent be:am leD3tb" lUUested by HORNE (1960) (Ficun: 2.11a). The material 
model employed at the invt'Sti,atiolll il Ihown in Fisure 2.Ub. The effect or the: residual 
.treuea and deformations illUbttltU!.ed by a Itrai&ht hne The tfl'fCt of 'lr~n-hardeflll\l 
ean be determined witb the belp of the risid-hardenin, (R - S) mod!!!. The bucklin, or 
the I-aection mmmn component plates II described by the yield mechanism curw: which 
is lubstituted by a Ilr&.iAbt hne 

Fi&ure 2.1lc indicates the lo.d-displ&«ment relatloo.up be:lonpnpj to the (R -0-5· 
L) IQt.eracti\"e plastic luose. The lubstitution by str~cht lines II JUlllfj,~ to simplify the 
invelti,ations. in the (R-O-5) sections the mtttl«tioni are conneclf'd wbile in RCuon 
L lhe moment·rotation rrlationslup ill IUMlilulf'd by a lancent that can be: drawn at the 
ap<'X 
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3. PREDICTION OF ULTIMATE LOAD OF STEEL 
FRAMES 

3.1. INTRODUCTION 

Questions rel.tinS to the df'ecta of the plaatic properties of steel material 00 the load 
beanns capacity of ateel .tructur~ have Ions bfoen of inl~t to relleft.tchers, II. number 
of prob1em. ba~ ~n aoh·ed. The appliC8tion of the theory of pluticity to designing 
has ~ enabled by the introduction of pia.stic load cap!l.City investigations. These take 
into account tbat in .tf'ei Ilructures an increaains number of extetllive plastic zones are 
brought about by gradually incrca.sing so-called "ltatic" load until in the end, at the 
limit o()oad bearing, the ,truclure, without furthu increue io load, i. able to undertake 
continuOUJ disp1.t.ceruenta. CalculatiolUl of plastic load bearin& capacity are based on tbe 
rfte&rch work of Gabor KAZJNCZY. 

Several quettion. rmlained unanswered in connection with plutic load bearing ca­
pacity investigationt. ThUl, for instance, the dift'er~ce betwelm tbe behaviour of the 
ideally plutic modd and of real lteel material, as well .. problems connected witb lou 
of Itabilit, (plate bucklintj, 8exural-torsional buckling). Extenaive research. especially 
in the ~mental field. tried to answer these questions detuminint; the conditiora tbe 
adherence to which allOWI tbe maUntance of the validity of plutic load bearill& capacity 
inveitigatiOtU. 

3.2. EFFECT OF LOCAL INSTABILITY 

The final collapse of steel structures is m08tiy caused by instability phenomena. 
(THURLIMANN 1960). These instability phenomena may be: 

di.advMtAf;coul change in the steel structure seometry • 
• disadvant&&eout chAlll!:e in the cross section seometry 

The effect of ditadva.lltageow change in structure geometry can be - traditionally 
- grouped in tbe field or plastic instability. It wu Oub HALASZ (1976) wbo treated the 
probJ~ in a doctoral the!is and. o~r and abo~ theorl"ticalltuwes, he aJao introduced 
a method lui table for practical design work. 

The disadvantllleow changes in cross section geometry are maUnly plate bucklinp. 
Plate bucklinS ca~ a ch~e in tbe behaviour of the plastic hiDl:e. too. and tbus for 
the plastic investigations of Itatically undeterminate .teel structures, methods have to 

be elaborated that take abo the effect of plate bucklins into colllidttation 
The case of ide.tly plastic material is an auumed case and It Ihould be taken while 

invettisatins the effects of the evolviDl: plastic binses. lest the previously formed plutic 
binSes Ihould "doee". 

Studying tbe effect of Itrain- hardening and plate buckliDl: one should keep in mind 
that the load -di$placement dil&fam of the structure may be of an aecending type even 
if the chll.racteriatic curves of the f!:iven member section or sections a.re of a descending 
type in individual cross s«tions because of the effect of platt' buckling. 



In the theory of piaaticity, when derivinS the condition of pluticity or lOme other 
pby.ical relationships. Druckc:r'. poetulate for .tability i. applied. by anumins stable 
materiolo (DRUCKER 1951). 

MAIER (1961 ) wu the first to treat the problem of the effect of the unstable state 
of certain memben on the behaviour of a triangulated .tructure. A&ain it waa Maier ..... he 
in 1966 re-introduced the subject and invdltip;ated a Itructure conaisting of comprested 
membt-n and rigid beams where the load-displacement diagam of individual memben 
contained stable and unstable parts. 

MAIER and DRUCKER (1966) re-examined the original Drucker poatulate applied 
when determining the condition of plasticity since the original poatulate is suitable for 
the deta"mination of the convexity and nonnality of the condition of plasticity in case of 
stahle materials only. 

When studying the load bearing capacity of u«lstructures, tbe problem of WUltable 
material or $Oftening material, according to Drucker', postulate does Dot appear since 
the strain-hardening of the steel material may increase in a major way the plutic load 
bearing capacity of steel structure. However, as it hu been known for a long time, 
the final collapse of ,teel structures is caused - in a high percent~e of caaes - by 
inltability (plate budding, 8exural-torsional buckling) phenomena that may occur in the 
cross .ection or in a structural unit. (Fi!Ure 3.1 ) 

Concerning steel atructurea the properties of piutic hinges over and above the UlUal 

elaatic-ideally plastic-hardening behaviour may be complementM with the effect of insta­
bility (8exural-lOriiOllal buckling) developing in the given structural unit (environment 
of the plastic hinge). 

This type of inelastic or interactive hinge describes the behaviour of the structural 
unit and at tbe same time, also satisfies the criteria of unstable or IOftening . tructural 
unit, according to Maier-Drucker'. poatulate. 

When determinig the plastic load bearin&: capacity of steel structures the interactive 
hin&:e of IOftening hu so far not been considered or apptiM. The effect. of the stability 
phenomena causing the softening character (fl~a1-lOflJionai buckling, plate buckling) 
can be taken into account indirectly with the aid of construction rules. In principle, 
mathematical programming allows the investigation of more complex .teei struchues. 
too, however, it is less suitable for designing practice. The author (IVANYI 1980) has 
sUMestM a procedure that is taking into account the softening character of the inelutic 
hinge in the form of an interactive zone. The softening character of the interactive zone 
is caused by the buckliog of the component plates. a phenomenon that can be studied 
with the help of the yield mechanis.m. 

3.3. ANALYSIS OF STEEL FRAMES WITH CONDITIONAL JOINTS 

In the theory of structures the w1de application of matrix calculation wu introducM 
by SZAB6 and ROLLER (1971 ). It ga\'C the possibility to treat the theoretical and 
computational investisations of rod structures in a unifonn way, allowed the application 
of computer technique. The resulta most important for our investigations are those 
concerned with the application of kinematic load. In thl!ir work Kaliszky, S. and Kurutz, 
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M. elaborated in detail the computerized computation of structures containis conditional 
joints with the kin~matic: load (KALISZKY 1978), (KURUTZ 1975). The protedure 
was baaed on the 801ution of structures by the displacement method. The investisation 
imitatet the effect oC the binSes with a ri!idity chanpnS stepwise as a kinematic load. 
without aIleming the original rigidity matrix or the structure continually softening due 
~ tbe gradually developing interactive hint;es. 

The investigation of the change of stale of the frame structure i. carried out by 
matching two model-parts: 
a.) an ideal linearly elastic member 
b.) an interactive biotic: R-Q-S-L model containins the effects of rigid - residual 

slress - slrain bardening - plate buckling. 
The ideally elutic member W&lstudied by usual method. (SZAB6. ROLLER 1971). 

3.31. The interactive hinge 

(i) In Chapter 2. a description of the in~eractive hinge haa been introduced that 
takes into consideration the effects of rigid - residual. stress - strain-hardening - plate 
buckling and is called a R-Q-5-L hinge. The model of the R-O-S-L binge can be de­
lCribed with the aid of the "equivalent beam length". In the course of the investigations, 
the length n h" of the "equivalent beam" waa determined £rom the moment diagram es­
tablished during plaatic load bearing investigations and this length h does not change -
according to lWIumptions - with the increase of the load. 

Fi~ 3.2 shows the model of the R-O-S-L bin«e. Ripdity of the bin«e for different 
phases is expressed by the rigidity factor, c = l::J.MIt:J.S. 

Figure 3.2 also shows the kinematic loads valid for different rot.tion phases. 
Compatibility relations of rotation sectiolU: 
R aection: 

o section: 

5 section: 

c:=oo; 0$M$M1i 6=0 

kinematic load : t = 0 

C=Coi M) SM$M2 ; 0$S$62 

e=~(M-Md; o=-e+;M+(--!;MI); 
kinematic load: t - -..!..Ml 

" 

kinematic load: t = 6 2 - ..!.. M2 
'. 



L section: 

1 e - e, = -(M - At,); 
<L 

kinematic load : t .... 9) - 1-AI, 
CL 

It was auumed that interactive bioSes do not "doee" w1tb an increase in load, no 
eiutie-type unloadinS occurs (MAJID 1972). 

(ii) Anchorin& of the columns haa not bem develo~ in the form of II. mechanical 
hin&e or of complete dampi1l& and therefore, primarly on the buis of experimental 
remit • • a "hinse" has \)em .... umed in the emu IeCtiona of the anchorins of the columns 
whae an increue in moment involves a rotation increasins in a chant;ing measure (Fi~ 
3.3). 

3.32. Model of planar frame structures 

The analysis of the Conder-sy.tem frame structure 6guring in the experimental 
program baa been .elected u bui, Cor OUf investigations, The selected model i. SbO'o'lD 
in Figure 3.4. 

A potentially occurring int~&Ctive hinge baa h«:n MlIumed in the crou section of 
possible maximal moment. Interactive hinges 1 through 7 have one degree of freedom 
while elastic members 8 through 17 have three degrees of freedom and thus the number 
of degrees of fr~om of the mod~l ia 37. The atate equation is: 

where: 
G - geometric matrix 
• - vector of load actions 
q - load vector 
u - di.placement vector 

G· · . + q = 0 

G · u+F · s+t-O 

t - vector of "kin~matic load" 
F - fiuibility matrix 

The solution of the equation. i. pouible in the usual form (SZAB6. ROLLER 1971). 

3.33 . Changes of atate with a uni· parameter load sy.t~m taken into account 

The load vector q i. increased by a Vlllue 6q from a suitable .tarting value till the 
moment Ai in the cross section of a potential interactive binge attaina the value MI . At 
this point tbe ~Ievant kinematic load t is inserted into the hinge and th~ binge rotation 
rigidity is ch&.n«ed to the new value. Furth~r increasins the amount of q. the modification. 
are undertaken until the det~rminant of the rigidity matrix becomes negative. This means 
that the size of the further It~PI il: - 6q. 
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In tbe coune or the chanse- of .tate an interactive binse may be encountered, where 
becauae of a plate bucldin& devdopment, a descmdinJ CUn'e characterizes tbe hin.&e 
behaviour. bowev«, the frame ttructure can take up further~. 

The computations have betn carried out with aid of. POP 11/34 computer. 

3.4. A SIMPLE APPROXIMATE METHOD 

Num~ appf'Oltimate enpneeritl& method. are introduced in the literature 
(HORNE, MORRIS 1981) £rom which &II one of the poesibilitts we are &oio& to de.aJ. 
with the extension of the Mechanism Cun.-e Method. The Mechani.m Curvt! Method -
above the detcrnUnation of the plutic load beari~ capacity - can be applied to take 
the effect of Bnite dd'ormationa and Ilrain hardeni.n& of .teel into coQ.lidft'alion. 

3.41. Mechanism CU~ Method 

(i) Plallit collapee loada are idealizationl of the failure load. or elutic-plaatic struc­
ture.. In the.e idealizationa tbe collapee load men to infinitely .mall differencel from 
the undeformed nates with infinitdy .mall plutic wop: rotations. 

Baaed on previoUi conaideration an adequate yield mechani.m (pattern of plutic 
hins~) a to be ch<*Jl (ri~re 3.5). DeootinS the ditpl.actml"ntl of the external forces in 
the yidd mechanilm by \I, and the bin&e rblatiODl by 8, (Fipre 3.5), tbe virtual work 
eqUlllion fu.ruiaha: 

This pvet the collapee meeha.nism load factor A7 (Fisure 3.5). 
(ii) In order to determine the risid-pJastic mechanism line it i. necessary to follow 

the variation in the 1O&d factor A at increasins finite values of the rotation •. At finite 
deformations, the mechanism it~lf becomes non-linear, and conllideration of the exact 
g~metry clwJ.ges becomes laboriOUS. HORNE (1960) bu shown ,hat allimpie treatment 
pves a value for A which i. corr~t up to the fiut power of •. The work equation for the 
incremental dd'ormation may ~ written &I: 

), LQ,du, + LNtL.,.d,. - LM7Jd9J 
• 

The second term of the equation i. due to the additional external work a.rillin!!! from 
finite deformations. 

The axial thrusts IV ~ ma.y be obtain~ with .ufficient accuracy by proportion from 
the values they have in the simple collapse state. The uial thrwts are A(N.7 / A,). A 
further approximation is that the total and incremental rotations and displacements are 
all in the lame proportion as those for the same mechanism during an infinitely small 
deformation from the undeformed state. Hence 



and tbe previous equation becomes 

A (E Q,u, + E ~Lo'l) = E M"e, , , , 
This Jives the relationahip AC shown in Fi~ 3.5. 

(iii) HORNE (1960) proposed the U!Joe of the simple rigid-plastic-rigid relationship 
in order to take into account the effect of IItn.in-hardening on the collapse load of a 
Itructun-. 

ChMge of geometry due to elastic-plastic deformations tends to decrease the ulti­
mate load buri~ capacity of .t~1 frames in comparison with the plastic collapse load. 
This tendency i. COUll~racted by the Itrain-hardenins: pro~tiea of steel. The rigid­
plastic-rigid theory of structural behaviour is found to be an adequate mean to aaseu 
the stiffness of a structure immediately on the formation of the last binge in a plastic 
hinge mechanism. 

Different Itrain-hardening theoriet can be used during the analysis: (Fisure 3.6) 
ri~d-pl .. tk-ri~d (RPR) model (HORNE 1960), 
rigid-plastic-hardening (RPH ) model ( HORNE, MEDLAND 1966), 
ripd-hacdenins (RR) model. 

This treatement U5eS the rigid-hardening (aR) hiD&e model. 
Hinge model determine. the end momtnts of eantileveorl of the len&th h and the 

depth h, the shape factor f of Iymmetrical I·section, the end moment comes out to be 
(M,+m)(Fis=3.7) 

The lummatioQ.l could be included in the rigid-plAstic work equation, which then 
become. 

A (EQ,u, + ENoLo.l) = E (M" +m,)e, 
, 0 , 

The Ilope of the approximately linear relationship bet~'een A and u which as a 
result of equation depend! on the relative values of the two extra terms containing the 
defonnations, namely 

and 

It foUowl that Itrain-hardening will predominate over the tmdency of instability and 
the rigid-plastic collapse mechanilm will be Itable if the "Itability ratio" R is greater 
than unit where 
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Thw, if R > 1 the ripd-plaatic load-deflection relationship is raised from AC to 
AD in Fi~re 3.~. If, however R < I, the relationship drops, as shown by AE. 

3.42. Approximate Engineerio,; Method to Take the Effect of Plate Buc.k1iQ& into Coo­
sideration (IV ANYI 1983) 

In the field of plastic desip of steel structurts the effect of plate buckling can be 
taken into consideration by the so called indirect method. During analysis it should be 
determined that the ratio of plate dement dimensioru of the section should be lesl than 
the ratio given in tbe specification; in this cue budr::li~ of plate elements do not occur 
until mechanism formation. Such kind of direct method can be applied to eliminate the 
disturbing effect of plate buckling, but not to analyze - at lust only to predict - tbe 
effect or plate buckling in regard with a giv~ struellI«!. We extend the category of 
ha.rdenins plastic hinges by taking the effect of plate buckling into consident.tion. Such 
hin&e model eM be the ba.sis of an Approximate Enpnecring Method, that - without 
analyzing the full load hiJlOry -, with simple methods can dirf'<:tiy take the effect of 
plate buckling into consident.tion. 

Fisun!: 3.8 shows the linear interaction of momenl-ro'ation of interactive hinse that 
contains the effects of Jtrain hardenins and plate budding. The essence of Approximate 
Enpneaing Method il that the two effects are separated and the int(':ractive hinge of the 
structure is put together £rom two separate compont:nl$: (Fi!W'e 3.9) 

(1) Strain-hardening component: (5) 
(2) Plate buckling component: (L) 

With the assumed two hinge component. the values of the load par&meter for the 
chosen mechanism of the framework can be determined as a function of finite deform a­
tioOl. 

The expression for (1) strain-hardening component js: 

'(S) (LQu+ LNL.') ~ LM,9+ L ms9 

l. =- EM,8+ L ms8 
(S) EQu + ENL" 

To write down the expression for the (2) plate budding component it Jhould be 
assumed that tbe interactive hinge characteristic curve contains ripd, plate buckling ef­
fects, so rigid behaviour goes up to the "alue of M' _ M, + 6M first, then a linearly 
decrea.sing cha.n&e is taken into consideration due to the effect of plate buckling. Because 
of tbe shape of the characteristic curve belonging to the (2) plate buckling component, ex­
ternal!Ul.d internal capacities and works are written limilarly to the (1) strain-hardening 
component - except tbe sip1 of the increment m d8 

'ILl (LQu+ LNL") ~ LM'6- Lm,6 

, L:M'6-L;m,6 
(Ll = EQu + ENL" 



Load parameter ,\(S) takes the effect of .train-bardmins into cow:ideration, while 
load parameter "'( L) that of plate bucklin«. 

From the di5placml~D1 pven by the intft"leCtion of the two curves; the r~uction ·Iike 
chanse of stale it due to the dff!Ct of plate buckliIll (Figure 3.10). In connection with 
tbe reIIulta it .bould be emphuized. that - similarly to plastic load bearins capacity 
analysil - the exprHllion - taking the two separate compon('nts into consid('ration 
auumes the Itrudune motionleu till the momentl Mp and M' in the hinge. form. 

The axial (orca in bart are UI~ to be proportional to the utemal 10adinS 
Equivalent cantilever lenstb h for the in~active binse can be detumined by the moment 
diagam from plutic load beann« capacity analysis.. 

4. EVALUATION OF LOAD BEARING CAPACITY OF 
STEEL FRAMES 

U. TEST PROGRAM 

The upm,mental r"eIIe&rCb project was carried out in the Laboratory or the Depart­
ment of Steel. StructUrft, Tlecllnical Univenrity, Budapes" 
~ main lOin of ex~ment. were covered by tbe test progam. 
The b...aIn of the propam contained the additional tesu on stub columna, frame 

com~rs. plates dem~nl!, simple beams (HALASZ, IVANYI 1979). A brid'summary of 
thi. teri~ II pven in FilUre 4.1. 

4.11. Full·scaJe TelU of Frames 

In the KSOod Part of the progam the full-teale testa of frames have ~ included 
Fi~ 4.2 p~ a brief lummary of the full-scale testl and dimensions of the lpecimetll, 
indicatins th~ load. and the charact~i.tiCi of the load.i.~ process. 

4.12. Buildifl« Section Test 

The third pv1 of the p~ram wu • representative part of. multipurp<)lle, pinned. 
pitc~ roof indUitrial hall: a buildins IleCtion eoruistiDt; of 3 frames, bracinp with pinned 
el~ftlt., liA~t Aat:e purlil1l and walt beam. with eolT\lt;:at~ st~1 .h~tin& (Fisure 4.3) 
(rv ANYI. KALLO. TOMKA 1986). 

Non-ewtic leSl! (cyclically repeat~ load, incr~mental collaplC!) were carried out 
on tbe buildins 1eC1i0n eorretpondins to Itage 6 usinS load eombination competed from 
dead and meteorolopcal load •. 

42. RESULTS OF THWRETICAL AND EXPERIMENTAL INVESTIGATIONS 

4.21. Application of Comput~ Prosr&ml 

Concemins the experimental frarne C-3/2, the relation of load-de8e-ction CU'""'l de­
velopl accordins to FiS~ 4.4. On the aide of horizontal load, tbe first int:lutic hinse 
dev~lopl du~ to the residual stresses and deformations in the ttOU fleCt ion belluth the 
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frame knee and thi. hin~e develops at 52% of the maximal frame load. At 97% of the 
maximal load, Zone L describin,!!; the effect of plate bucklin,; develops abo in this CI'OSl 

sectioo, Le. in the frame eros. section an "UIl5table" state - a descendiD« characteristic 
curve - develops. 

For comp.n.1IOn Fi«ure 4.4 introduces the characteristic load-displacement curve of 
the frame structure in the CUf!, too, when the buis of tbe computation. is the traditional 
plastic mDse. 

The rault •• how wdl that presence of residual stresses influence io a major way 
the range of limited plasiic deformation, however, mainly beeaUK of the eros. section 
seometry of experimental beam, the maximalloa.d bearing capacities computed with the 
traditional (elastic-ideally plastic) hinge as well as those obtained by the interactive hinge 
coincide with the experimental results. 

4.22. Application of Approximate Engineering Method 

The Approximate Engineering Method is presented on test frame C-3/2 . Column 
base of test frame was supported by the foundation, but it did not act as fix end, 110 plaatic 
load bearing capacity of column bASe was determined by experiments; theae values were 
used in the calculation •. 

Approximate Engineering Method described in Sedion 3.4 is suitable for analyses 
of the strain hardening and the effect of plate buckling. The most important steps of the 
analysis of frame C-3/2 &iven in Fipe 4.5 are as folloVl"eS: 
(i) Plastic load bearing capacity analysis: by mechanism chosen by test results, 

(ii) Analysis of effect.. of finite deformation.s with the help of the cbo.en mechanism, 
(iii) Effect of strain-bardenin,!!;: moment-rotation relation.ship of inelastic zones can be 

replaced by straight lines, therefore rigid-hardening model can be applied to deter­
mine fflS, 

(iv) Effect of plate buclc.ling: characteristic curves of inte:ractive hin,!!;et can be replaced by 
straight lines too, therefore tbe rigid-hardening model can be applied to determine 
M' and mL' 

Fi~ 4.5 compares test result and the results of Approximate Engineering Method 
taking strain-hardening of steel and the effect of the plate buckling into consideration. 
The comparison shows that the Approximate En&ineerin& Method gi~ a satisfactory 
re!u1t for the maximum loads and the unstahle equilibrium stale path of whole structure 
aa well; and at the s&me time the analysis can be done at the "desk of the designer". 

4.23. Buildin& under Proportional Loading 

Horizontal and Verical Bracing System 
Load-di!plact!ment diagrams of incremental collapse tests are shown in Figure 4.6. 

Ultimate loadlJ are influenced by local loss of stability, previous loadings and the layout 
of frame-honzontal and vertical bracing conne<:tions. 

Analysing the results of the experiments in the different phASeS of construction and 
in the fully completed state, the following conclusions can be drawn: 

The actual behaviour of hall stucture!J is more favourable than that generally taken 
into consideration in design practice. In strength analysis. and in stability analysis in 



plane of the frame tbe effects of aemi-ripd column hues, roof sbeetint; and end walla are 
senerally oes1ected. 

The measurement re!IIult. showed the limit to which these effects advant&«COusly 
affect both intttnal (orca and the risidity (mOlitly that of the horizontal displacement) 
of the .tucture. 

The actual ripdity of the hall structure, the semi-ripd connection of the structural 
elements advatq;t!Ously afi'C!Ct the value of load intensity belonsin& to the loss of stability 
perpendicular to the plane of the (rune. 

It also should be mentioned that, beside advanta&t!Oul effects, also effects disad\'an­
tageoully affectins the load-bearing capacity of the structure are occurring. These are 
the residual stresses due to welding, imperfections due to manufacturins and assembling, 
eccentricity. 

No doubt these effect. must be taken into consideration &.Ccording to their si!flii· 
icance. The method and the values of factofs (such as fictious eccentricity) applied in 
calculations are mosdy contained in our present specificatioDs. In caseg not regulated or 
not adequately known, the decision o( the designer governs. It should be mentioned that 
economic. design can not be imagined such as taking the disadvantageous circumstances, 
practically in full, into consideration. and totally neglecting the advantageous ones, or 
taking effect. into considerably underestimated. 

5. CONCLUSION 
Experimental and theoretical investigations hll .. -e been carried out in connedion with 

the elastic and the plastic load-bearing study of frame and hall structures, with slrain­
hardening of steel material, the residual stres5el and plate buckling taken into account. 

A method h .. been presented for the investigation of frame structures applying the 
steps of known, traditional methods so that the structural behaviour can be analyzed 
duri~ the entire Ioadi~ process. Certain dfects determining the structural behaviour 
(e.g. residual deformation, steel material strain-hardening and plate buckling) have been 
t&ken into con.sideration with the aid o( tbe interactive plastic. binge. The interactive 
binge ... incorporated into an investigation method operating with the structure matrix­
calculation method. The results of the elaborated method h .. been compared with the 
experimt"ntaJ investigation of fulJ-acAle structures. 
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STABILITY QFWEB·TAPERED BEAMS 
by 

Olmos PoIyzoisl and Li Qing1 

ABSTRACT: Accardin, 10 current desl,n JUidehncs, I Ulpered member tJ replaced by In 
OQlUvaicnl pnsmatK: member .... lth I dlrrcrcm len,ttI and I aoss secllOllldenucal10 thai of the smaller 
end ol the .. pend membtr. Lenath IDoehrlCaUOn rlCton Ire used 10 obcIlII the ImJth of the eqUivalent 
pnsmallC members. To fICCOUnl for the momtnt andaenl wlth,n !he unbrlccd \enath and alto for the 
reSU-.lmnl effect of ad,acent spans In laterally braced mcmbcn mOllifICation rlClOfs have been 
Incorporaud In the tlIPftSSIOI'I used for compuunl their bt.Iekhn,~. In UIII paper. the current 
de5ip lu>dctlflel for laterally unbraced web capered beams are euJnlllcd. and mo(lI flCatlonS\O thelC 
pudtbllCl are propoICd. 

(": f1 Words: Slft l, bu mJ, wt b· lapHt d, bucklin I. slabUhy. bractd ) 

INTRO OUCT ION 

The current design guidelines for web-tapered beams are covered in Appendix F of the AISC 
Speclfic.non (AISC. 1986). These are based on work conducted by Lee, Morrell and Ketter In (he 
early seyenties (Lee et ai, 1972: Morrell.nd Lee, 1974; Lee and Morrell, 1975). While the design 
of braced prismatic members accoums only for the momem gradient within the unbraced length. the 
design of tapered members aCCOUnts for both the moment (or Slress) gradiem nnd the restraining effect 
of adjacent segments. Four specific cases of loading and restraining condlllons are presemed. The 
cumnt design procedure. however. is limited and may lead (0 misinterpretalLon. For the case of 
prismatic members. which may be considered as tapered members with a taper ratio of zero. the 
design criteria are not consistent with those com:sponding to prismatic members. In the (allowing 
sections. the cumnt background 10 the current AISC design criteria is examined and modifications 
based on an extensive theoretical analysis are proposed. 

REVIEW OF CU RR ENT A ISC O.:S IGN C RITERI A 

The approach of designing tapered beams in the current AISC Specification (1986) IS based on the 
concept Ihat the cntical momem. Me,. for a tapered beam subjected to end momems. is the same as 
the critical momem of a prismatic beam of a different length. but with the same cross-section as the 
small end of the Ulpered beam. as shown In Fig. 1. The factored bendin& resistance of tapered beams 
is defined in AppendiX F as 

(I) 

where S; is the section modulus of the tapered member at the point of maximum stress. Qb IS the 

bendin, resistance (actor, equal to 0.85. Fbyis the allowable lateral torsional buckling stress. and the 
factor (513) is u~ to change the allowable SlreSS to a limit SlIues stress. Fby ls defined as follows: 

F 
when Fby s: T 

F 
when Fby> T 

Auoclale ProrCSiOl. OepanmenL orClvl1 EngulCtnng. UOlVerslty of Manrtoba. WlnOlJlCg. Canada 
Gtaduae Sludcnl, Del*tlTlCnI 0( Crvil En&rnecnna. UOlYefSIlY or MlIlrtoba, WlIlmJlCI. Call3da 

(2) 

() 
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where Fy is the yield streSS (ltsi), Fsy is (he allowable 51. Venant'$ torsional resistance (hi), and 
Fwy IS the allowable warping resisl.ance of the equivalent prismatic member (ksi). defined .s follows: 

F 12x 10] 
.., ,. hJ-dolAr (4) 

F 170xlO3 
wy .. (hwlJrr0>2 (S) 

whe<e h. '" 1.0 + 0.0230 y.fLifJAi (6) 

h. - 1.0 + O.038Sy~ (7) 

I'fo is the radius of gyration of the section at the sma ll end, conSidering only the compression flange 
plus onc third of the compression web area, taken about an axis in the plane of the web, (in). and Ar 
is the area of the compression flange, (i02). 

The term B in Eqs. 2 and 3 is a modification faclor which accounts (or the moment (or stress) 
gndicm andlor the restraining dfecl of adjacent spans when a member is cominuQus over laleral 
suppons. There are (our cases covered in Appendix F. These cases are summarized below: 

Case (a): When the maximum moment Ml in three adjacent segments of approximately equal 
unbraced length is located within the central segment and M I is the larger moment at one 
end of the three-segment portion of a member, as shown in Fig. 2, 

B. 1.0+0.37 (1.0 + ~)+0.SO)'(1.0+~) ~ 1.0 (8) 

M 11M2 is considered negative when the cri tical segment is bent in Single curvature. If 
MI/M2 is positive, the specification recommends this ratio be taken as zero. 

Case (b): When the largest computed bending stress fb2 occurs at the large end of twO adjacen t 
segments of approximately equal unbraccd lengths and fbi is the computed bending suus 
It the smaller end of the two-segment portion of the member, as shown in Fig. 3, 

(9) 

fbl/fb2 is considered negative when the tWO segment ponion of the member is bent in 

single curvature. The ratio fbl/fb2 ~ O. The taper ratio, y, is defined as 

r· (dL - do)ldo. where do and dL are shown in Fig. 3. 

Case (c): When the largest computed bending stress fb2 occurs at the smaller end of twO adjacent 
segments of approximately equal unbraced length and fbi is the computed bending stress 
at the larger end of the two-segmen! portion of a member. as shown In Fig. 4, 

(10) 



------------

The SlreSS ratio fbl/fb2 and the taper ratio y are defined in Case (b). The dimensions du 
and dL required to compUlc y, are shown In Fig. 4. 

Case (d): When the computed bending stress at the smaller end of a tapered member or se~ment 
thereof is equailo zero, as shown in Fig. S, 

B... 1.75 

1.0 + 0.2SVY 
(11) 

Where y is calculated for the unbraced length adjacent 10 the point of lero bending Stress. 

The curren! AISC design criteria for doubly symmetric web-Iapered beams assume Ihallhe flanges 
have equal and constant area and the depth varies linearly as: 

(12) 

where y is the taper ratio of the tapered beam and is defined as follows: 

dL - do L 
'( -~ s: 0.268 d;; 5 6.0 (13) 

BAC KGROUN D TO T HE " ISC DESIGN CRI TERI A 

Equations 8 10 11 were developed by researchers al the Slale University of New York al Buffalo (Lee 
ctll, 1972: Lee and Morrell. \974 and 1975). In theiToriginal work. these investigators referred 10 
the term B in Eqs. 8, 9, and 10, as Ry. a fac tor which accounted for both the stress gradient and the 
restraint provided by adjacent spans on the critical section, shown in Figs. 2, 3, and 4. They defined 
this lenn IS: 

(14) 

where (aykR is the elastic buckling SD"CSS of the critical section in a laterally restrained tapered beam, 

and (o.,hs is the elastic buckling stress of I simply supponed tapered beam whose dimensions are 
IdcnticallO those of the cntlCal section and loaded With end moments which produce a nearly umform 

Slress in the critical secllon. a is the ratio between the minimum and maximum moments, and Ie is the 

1'1110 between the section modulus al the small end and Ihe section modulus Illhe large end Thus, ex 

• Ie Implies a constant Stress whereas a _ k implies I stress gradienl. 

Thus, except for Eq. I I in Case (d), where the factor B accounts for only the moment gradient, the 
faclor B in all other cases includes the effect of restraint provided by adjacent spans to the cntical 
span. The effect of continuity over lateral suppo"S has been well documented in the literature 
(Nethercot, 1983; Hanmann, 1967; Trahalr, 1977) and methods for evaluating the buckhng capacu)' 
or laterally restrained prismatic beams have been developed. The degree of restraint provided by 
adjacent spans to the critical segmen! in a member continuous over a number of lateral suppons 
depends on the stress level in those spans and the s"frness of the lateral suppons. The h1gher the 
stress level, the lower the restraining contribution. In the design or prismatic beams a conservauve 
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cnllcalload is computed ignoring the restraining conmbuuoo of adjaCent spans. thus. assuming each 
unbrtlcod segment is Ilierally and lorsiOflally simply supported 

To invcstiaatc the buckling behaviour of tapered members and Ihe erfect of adjacent un braced 
segmentS on Ihe buckling capacity of. critical segment, Mom:1I and Lee (1974) used the moment 
diapnm shown in Fig. 6. This moment distribution was chosen so thai the cefller span would be 
cnllcal and the Siress would be nearly unifonn in Ihis span. The computed .. 1110 or the critical stress 
of the laterally resb'llinod member 10 the erhical suess of the unrestrall'ICd segment ..... as almost con:,IMt 
for the r.nge of taper ratios investigated. The increase in the buckhng capacity of the cnucal segmen! 
due 10 the re tnlnlS provided by adjacent scgmeniS was about 3SIII. The authors Ihen proceeded to 
develop rtlillooships between the buckling capacity of lalcnI;Uy reslf1.ined LI~red ~mbc:rs wuh 
l'anotlJ momcm padJtnlJ and rhe .r ratio. lkse ~laIJOfl$})JPS ha"e bc:rnllloo'pOnllt'd III Appcndl1 
F of the cum:nt AISC Specificanon (1986). 

Since the exprusions for the modificanon factor B include both the effect of stress pdlent and the 
effect of coollnuily. It is deSJr"&ble to accen the level of imponance of each one. Use of the 
recommended AISC values of B, implies that both of these factors are equally important There may 
be sltuallons In practice. however. where the effect of connnulty is drastically dlmmishcd. espeeially 
when tnc Illeral suppons have lnsuffic;ient stiffness and/or ate Improperly applied to the tapered 
member. In thiS c.se, it may be Wist to iJr'IOR die effect of COfIunUlly. 

In thIS paper, sc:panle expressions for the StreSS gta(hent factor 8 and the rt.5tralnlnJ r.c:: tor R1arc 
proposed .nd rec::ommcndanons for deSign are made. 

D~:VF:LOPMt:NT 0" STRESS GRADlt:NT AND RESTRA.INT "ACTORS 

In dcvelopLn, cxpressions for thc stress grad lcnt faclor 8 and therestt1linl.f.ctor Rl for tllpered 
members. SIX cases of loading Ind n::S[I"1Iinl conditions wcn:: Invesu,.,ed USInJ the finite element 
pro,nm 8ASP ( Akay ct. aI., 1917). Thc cross sectional propenlcs of the members used in thiS 
I1IvcstiJlIlLon are shown in Fi,. 1. In thc first three cases (Cases I (a), I(b) and I(c», the beams 
..... ere simply supported and laterally unbraccd. Three loadln, conditions were studied. IS shown In 
Table I. They were used to develop the stress gradient factor. The remalnLng three cases (Cases 
2(a), 2(b) and 2(c» also involved simply supponed beams but thcse wert laterally bcac::ed at equal 
intervals. These cases were used to develop only the restraint factor Ry. 

Forcases I(a) to I (c), the stress gradient factor was defined as follows: 

8 . (01)551 a_1: 

(°1),,1, ... 11. 

(IS) 

where (allss1a_1: is the elastic critical bucklingstrt.5s of the sLmply supported member under a 

suess gradient, and (a-,>ssla. k is the elastic critica) buckling stress of the $.1tnC mem~r but with a 
stress ,rtdlcnt equal to zero. The rcsuhs from the finite element analysis .... ere plotted and 
expressions for the StreSS gradient f'ctot B we~ developed Ulln, curve fitlingtcchnlQues. Examples 
of this f,clor are ploued in Figs. 8 to 10. The expressions for the factor 8 are listed In Table I as 
Eqs. 16, 17 and 18. 

A speeialloadl1l, condition develops .... hcn the stress in Case l(b) II the small end of the tapered 
member IS zero. This case is identified in the current AISC Specificallon as Cau; (d). The finite 
c:lement resulu. lion, with the results predicted by tnc AISC procedure and the results obtained from 
Eq. 17, are shown in Fig. 11. 

For Cases 2(a}. 2(b). and 2(c). the rcstrlint factor. Rl, was defined as, 



Fyo (o¥. I ••• 
(0,)" I ••• 

(19) 

where <0,.) ut I Q _ k is the elastic critical buckling stress of the criticaJ segment in the hller-tlly braced 

beam with a stress pieot equal 10 zero and (ay)ss is the elastic critical buckling streSS of the same 
segment assuming it to be simply supponc:d and also subject 10 zero stress gradient. Examples of the 
restraint raclor R1 for Cases 2(a), 2(b) and 2(c) obtained (rom the finite element analysis of the 
sccuon shown In Hg. 7. an: plotted in Figs. 12, 13 and 14, respectively. The expressions developed 
for Ry are lISted in Table 2 as Eqs. 20. 21 and 22. 

CONCL USI ONS AND RECOMM~:NDAT10NS 

In this paper, the curren! design guidelines (or lapered beams were reviewed and the background to 
these guidelines was IOvesligated. llle use of one modification factor to account (or both the moment 
(or Stress) gradient and the restraint provided by adjacen t segments in laterally braced beams, was 
questioned. Based on the results from an extensive finile elemen! analysis. separate factors were 
developed and presented in this paper. The restrain! factor is a function of the stress level in the 
segments that provide the restrain! and the type and location of the laternl suppons. Because of the 
uncenainty over its magnitude, a restraint factor of Ry '" 1.0 is recommended for design. Moment 
(or stress) gradient factors, B, were presented In the paper which cover most of the loading 
condnions encountered in practice. 
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Table I. Momtnt (Slr~s) Gradient Faeuw Ry 
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THE PLASrIC STRENGTH OF STAINLESS Sl'EEL BEAMS 

by 

PJ. BREDENKAMP·, GJ. VAN DEN BERe?, P. VAN OER MERWE1, 

ABSTRAct' 

The findings ol an investigation into the yield and plastic rnornent resistance as well as the 
plastic rotational capacity ol hot-rolled stainless steel beams are reported in thls study. Thi.s 
study is motivated in that stainless Steel is an anisolrOpic and gradual yielding malerial. The 
hoi-roiled stainless steel beams used in this study were fabricated from a modified AlSl 
stainless steel Type 409, designated 3CRI2,. {emlie CClrTOl'Iion resiSting steel. 

Three beam sizes were tested comprising of two J-StCtions and an H-section. ~ section 
sizes WU'e similar to carbon steel sections commonly produced in South Africa. The 
experimental setup oonsisted of • beam being loaded by • concentnled point load in the 
centre c:l the beam span and were laterally restrained at be&rinl points. The beam spans were 
chosen 10 'all within the untnoed lengths set for plastic analysis 0( carbon steel beams. 
Lateral and rotational defleaions .... -ere measured. 

It is concluded from this investigation thai because the I-sections were not annealed after hot­
rolling. it resulted in very high yield strengths. High yield strengths, due 10 work hardening. 
greatly reduce the ductility of the material and lend 10 eJl:oeed the limiting flange width-co­
thickness ~tio necessary for plastic analysis. The annealed H-!eClion is a non comJ*:t 
!eClion. as defined in SASS 0162-1 :19921

, and is unsuitable for plastic analysis. Although 
one fA the sections tested gave a satisfactory rotational capacity necessary for plastic analysis 
large deflections can limit the use of Stainless steels for such design. It is SU&8$ed by the 
authors that the I-sections be annealed which would result in !leCtW)ns suitable for plastic 
design. This wiIJ be done in future testS. 

GENERAL REMARKS 

The hoc-rolled Type 3CR 12 corrosion resisting steel sections tested in this study were the first 
hot-rolled stainless steel !eClions ever 10 be produced in South Africa. It is thus expected that 
some problems wiU be encowuered at first. such as the problems found for not heat treating 
the sections after hot-roDing. 

l. Lecturer of Civil Engineering in the Facully of Engineering at the Rand Afrikaans 
University. Johannesburg. Republic of South Arrica. 

2. As!lociated Professor, Chairman of Civil Engineering and Chainnan of the Materials 
Laboratory in the Faculty of Engineering at the Rand Afrikaans University. 
Johannesburg. Republic of South Africa. 

3. Profes3Ol' of Mechanical Engineering and Dean of the faculty of &lgineering al the 
Rand Afrikaans University. Johannesburg, RepubHc of South Africa. 
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MECHANICAL PROPERTIES 

Testing Procedure 

Two I-seclioos and one H·geClion were tested in this study_ The dimensions of these sectiqns 
are given in Table 1. A portion. 220 mm long. was cold sawn (rom each section and were 
used 10 detennine the mechanical properties. The remainder of the sections were used to 
prepare the beam tests. 

Uniaxial tensile and compression test specimens were prepared from each 220 mm long 
section. Figure 1 shows the position from where these tensile and compression tests were 
taken. The mechanical properties were only determined in the longitudinal direction, that is 
the direction panllel to the rolling direction of the !leCtion. 

The uniaxial tensile and compression tests were carried out genen.lly in accordance with the 
procedures outlined by the ASTM Sl:andard A370·Tf. Average strain was measured by two 
strain gauges mounted on either side ol the specimen in a full bridge configuration with 
tempen.ture compensation. Compression test specimens were mounted in a specially 
manufactured compression test fixture which prevents overall buckling of the specimen about 
the minor axis. 

Type JCRI2 COfTOSion resisting steel yield! vadually under" load. In ~ 10 compute the 
initial modul1.L'J. £,., and subsequently the proponional limit, F, . defined as the 0,01 % offset 
strength. and the yield strength, F

J
• defined as the 0.2% offset strength from experimental 

data, a computer program has been developed. This progrun enables the computation of the 
best fil straight line for the inilial part of the stress-strain curve through a process of ilet'ative 
linear regression. The slope of the best fil straighl line is considered 10 be the initial 
modulus, £" . 

The mean values of the mechanical properties given in Table 2 were used together wid! 
Equation I, attribuled 10 Rambtrg and Osgood) and revised by Van der Merwe~. 10 produce 
!he analytical stress-sITlin curves shown in Figures 2. 3 and 4. 

, . .!!.. ·0002 (.!!..)' 
... ' F, 

(1) 



I! = strain 
o = stress 
E, = initial modulus 
F, :IE yield strength 
F, :: proportional Jimjl 
I!, :: yield offset strIIin 
1:, = proportional offset strain 

THEORETICAL BACKGROUND 

Before pldk analyst! 0( • structure can be Considered • structural elemem mUSt have 
adequate lateral stability 10 ensure failure in pure bending only. The plastic moment 
resistance of • structural element must be attained and be able to withhold this resistance 
through • nominal rotation c.ptcity of 2.5 as suggested by Lurker and Adams' although 
A1~ requires I rotational capacity 0( 3,0 in order to form • plastic mechanism. Figure 5 
shows how the rotational capacity is detmnined. A structural material should thetdore be 
very ductile and the structural element should bit 1JO proportioned as not 10 fail prematurely 
in local buclcJing. 

To determine the plast;c strength of beams, two quantities. the yield moment resistance and 
the plastic moment resistance of the section must first be determined. 

In order to de1ermine the yield moment resi~ of • stainless steel section in pure: bending 
• new equation need to be developed as it is nol possible to use the elastic nexure formula. 
derived in most strength of materials text books such as Popov' . due to the gradual yielding 
properties of S1ainl~ steel. However since the beam acts in pure bending the same equatioru 
d statics 'Will be Uged here as 'Were used in establishing the elastic nexln formula . 

in order 10 determine the centroid of a section in pure bending Equation 2 may be used. 

f. oM • 0 (2) 

Once the centroid d the section has been determined the ~t resistance of a section in 
pure bendin& may be obtained by Equation 3. 

t o y dA. - M (3) 

Equations 2 and 3 result in a laborious iteration procedure involvin& numerical analysis when 
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considering gradual yielding malerials. However this proces!I may be simplified by !lOme 

degree in using the revised Rambttg-Osgood equation. Equation I, where strain is given as 
a function of stress. The yield moment resistance can be derived in the following mIMef'. 

Consider I rectangular stainless steel section, hight, d, and width unity. in pure bending as 
shown in Figure 6. Assuming I linear strain distribution through the cross section 0( the 
beam, that is assuming plane sections ~main plain after bending, the streslI distribution in the 
cross !IeCIion of the beam can be found by calcWating the stress I' each value of strain using 
Equation 1. This would once again result in • l_boriOW! iteration procedure as il is not 

possible to rewrite the stress in Equation I as I function of strlin. 

Note further that in inelastic flexure the neutral axis of • beam may not coincide with the 
centroid" axis of the CI'()55osoctional area. II does 90 onJy if the cross-sectional area has tlWO 
axis of symmetry and the streSS-strain diagram is Klentica1 in tension and compression which 
is not the ca.!te when considering an anisotropic material such as st.inJess steel. 

ThUll the Inalysis is made in the following manner as the neutral axis of the beam is initially 
unknown. By arbitrarily selecting a neutral axis and using Equation 3 the total sum of the 
forces on the compressive side of the beam is determined which in tum should be balanced 
by the total sum of tensile forces acting on the tensile side of the beam. Note thai the smaller 
of the tensile or compressive yield strength should be reached at the outer fibre of the section 
in order to calculate the yield moment resistance of the section. 

In order to detennine the total sum of forces on either the tensile or compressive side of the 
beam, the area of the stress distribution diagram of Figure 6 must be determined. This is 
done by integrating Equation 1 with respect to stress detennining the hatched area. The area 
of the stress distribution is then determined by subtracting the al"9 of the rectangle included 
under the stress-strain diagram by the hatched area as shown in Figure 6. The force is then 
obtained by multiplying this ITea by the distance between the arbitrarily chosen neutral axis 
and the extreme fibre divided by the yield strain. Mathematically this is shown in Equations 
4,5 and 6. 

The hatched area is determined by. 

A' • 10· J{o) do (4) 

f(o) • i . 0.00{ ~r 

a = maximum stress for determining the yield moment resistance 

The area of the stress distribution is then determined by. 



A - tJb -A ' (5) 

where 
b = corresponding strain. determined by Equation I, to the stress used in Equation 4 

TIle focce is then cakulated as.. 

(6) 

where 
c = the distance from the neutral axis to the extreme fibre of the beam section 

When the tensile force is balanced by the compressive force the position of the neutral axis 
is determined. 

The yield moment resistance can now be calculated by Equation 3 that is multiplying either 
the compressive force or the tensile force with the distance between the line of action between 
these forees. The line of actiori of the tensile and compression forces work through the 
centroid of each stress distribution diagram and can be calculated by the following procedure. 
For notations refer to Figw-e 6. 

The centroid of the hatched area is calculated by Equation 7. 

" • ...!.- I. - .!.(JtO)]2 do 
A ' 0 2 

whe", 

j{a ) • i . 0,002 (~r 

y' = strain distance from the neutral axis to the centroid of the hatched area 

(7) 

The centroid of the rectangle included under the stress-strain diagram is half the distance from 
the neutral axis to the extreme fibre . Therefore the centroid of the stress distribution diagram 
can be calculated by taking moments about the neutral axis. This results in the following 
equation. 

ab1 _
A1yI 

2 
y . -'---,-­

A 

(8) 

This procedure should be performed on both the compressive and tensile side 0( the beam. 

The distance y in Equation 8 is given in terms of a strain. In order to compute this distance 
in units of length Equation 8 is multiplied by the same factor as was used in Equation 6. 
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c 
1, .. ~ 1~ (9) 

whe~ 

y, = distance from the neutral axis to the centroid of the stress distribution diagram 
in units of length 

Y. = distance from the neutral axis 10 the centroid of the stress distribution diagram 
in units of strain 

1be yield moment resistance is then calculated by Equation 10. 

M, • P (y .. + yJ (10) 

wh .... 
y_ = distance from the neutral axis to the centroid of the tensile stress distribution 

diagram in units of length 
Yit = distance from the neutral axis to the centroid of the compressive stress 

distribution diagram in units of length 

In calculating the plastic moment ~istl1lce ol the above rectangular beam in pure bending 
a procedure similar to the above mentioned is followed. Some assumptions are however 
made. It is assumed that the beam is in a fully plastic state when the fibres of the web 
material has yielded at the neutral lJtis. Due to the gradual yielding characteristics of 
stainless steel the stress in the material increases directly beyond the yield strength until the 
plastic stnin II the extreme fibre is reached. This is shown in Figure 7. 

The plastic strain al the extreme fibre is assumed to be. 

E~ .. 12 E, (11) 

Galambos" found this 10 be • typical value for carbon steel. It is further" assumed that 
Equation I is valid up to the plastic strain calculated in Equation 11 . Van der Merwe· only 
validated this equation up to the yield strength however Parks' have shown thU assumption 
to be conservative. Care should however be taken not to exceed the ultimate strength d the 
material. 

The area of the stress distribution diagram is then calculated by subtracting the hatched area 
from the rectangular plastic stress distribution diagram. The hatched area in Figure 7 is 
detennined by. 

, f' A, • • ft:o) do (12) 

a = maximum stress for determining the yield moment resistance 
d = the stress, determined by Equation I. at the plastic strain calculated in 

Equation II 



j{.) • -'!.. . 0 emf -'!..)" 
£" -IF, 

The area of the plastic stress distribution diagram is then calculated as. 

A, • db -.4; 

b = plastic anin. de1efmined by Eql.lltion I J 

The plutic (ortt is then delem'llned by Equation 14. 

p • .!. A , f.,' 

(I) 

(I') 

c • the distance from the neutnll axis 10 the extreme plastic (ibn!: of the beam section 

The neutral axis is determined as before by balancing the terulile force and the oc"flpressive 
force The plucK: moment ~tance is now calculated similarly as before by multiply;n, 
either" the com~ive force ()I'" the lfllSile force with the distance between lhe line cllC1ion 
bmt.'etn these forces. One a&tin the line oIlCtion of these forces work through the ct1Itroid 
of the StrtSS dlstributlOO diagram which is cakulaled by the following p-ocedure. 

The centroid IX the hitched area of Figure 7 is determined by. 

l ' • ...!.. 1. 4 1. {ltO»l do A; • 2 

y' II< .. in distanee (rom the M:Utnli axis to the centroid d the hatched are. 

(15) 

'The centroid fA the plastic 5trea disrribution dJagarn is now calculated by EqUittor. 16 by 
takin, moments .bout the neutral axis. 

db' 
- A', l ' 

2 , . --'----,---
A, 

(16) 

The distance y in Equation 16 is given in terms of I strain, In order 10 compute this distance 
in units of length Equation 16 is multiplied by a similar factor as was used in Equation 6. 
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1fl • ~ 'Y,. , 

(17) 

where 
y~ = distance from neutral axis 10 the centroid of the plastic stress distribution 

diagram in units of length 
Y,. = distance from neutral axis to the centroid of the plastic stress distribution 

diagram in units of strain 

1M: plastic moment resilltanCe is then calculated by Equation 18. 

M, • P, tJ,. + Y~ (18) 

wh.,. 
Y,. = distance from neutral axis to the centroid of the tensile plastic stress 

distribution. diagram in units olJength 
y ... = distance from neutral axis to the centroid 0( the oompressive plastic SlreSS 

distribution diagram in units of length 

In the above derivation of the yield momem resistance and plastic moment resistance a 
rtCtangular beam was used. This theocy can also be made applicable to other ~ of 
sections such as I-sections. 

Making use of superp:>Sition the moment resistance of the web is separated from the moment 
reslstlJlCe attributed to the flanges. The moment resistance of the web is similar to that 
previously derived foe a rectangular beam, The moment resistance of the flanges are then 
added. The stress distribution in the flanges are taken COI'ISt.nl on the assumption that the 
ratio of the sum of the web thicknesses 10 the section depth is small and only. small eJT'O(" 

is made oonsidering that the materi.l yields gradually. II should however be noted that the 
difference in the compression force and teMile force in the flanges should be brought imo 
account when determining the neutral ."is. 

Once the neutral axis has been detennined fer an I·section in inelastic flexure the yield 
moment resistance can be calculated by Equation 19. 

M, • P ' ... (y" + y,) + a ',(b- ',,) (h-',) (191 

where 
a = the maximum allowable yield stress in the flanges 

Similarly can the plastic moment reslsll1'lCe be calculaled by Equation 20. 

M, • P, ' .. (y,. + .,~ + 0, ',(b- ,,,) (h-,,) (20) 

0, = the maximum allowable plastic streSS in the flanges 



EXPERIMENTAL SETUP AND PROCEDURE 

The experimental setup consisted of I simply supported beam loaded in the centre of the span 
by • concentrated point load. The beam was laterally restrained in the centre of the span and 
lalenlly fixed at the end bearing points. The beam spans were chosen to oorrespond to work 
done by Lay. Maxwell and Gaiambos10 and Lurkey and Adams'. The spans were 72 f r • or 
36 r, between lateral restraints thus preventing the 0CCUITef\Ce of lateral instability resulting 
in a beam failing in pure bending. Web stiffeners were welded onto the beams al bearing 
points in order to prevent web crushing or web crippling occurring. 

The end rotations on either side of the beam were measured with an L VDT via Jeaver arms 
rolled to the beam through the centroid of the web. The lever arms were used in order to 
amplify this deflection, later conver1ed to radians. Lateral displacements were measured with 
two dial gauges, a distance 18 " 10 either side of the concentrated JX'int load Of! the 
compression flange. These measurements were taken in order 10 ensure thaI no lateral 
displacement occurred ensuring thaI the beam failed in pure bending. No strain readings were 
taken since the order of strains expected in the beams were beyond the capabilities of strain 
gauges. 

The concentrated point load was applied to the beam via a hydraulic lnstron actuator with a 
displacement rate of 1 mm per minute. Load and deflection readings were taken at 30 second 
inunals and stored on computer diskene to facilitate further data processing. 

RESULTS 

In general, beams can be categorized as one of four types i.e. a plastic section, compact 
section, non-compact section and a slender section. The results of the different section types 
tesled are given in Table 3. 

The yield moment and plastic moment resistances were calculated for the beam! by using the 
mechanical properties of the sections, given in Table 2, and these results are given in Table 
4. Moment-rotation curves were drawn for each of the beams tested. These curves are shown 
in Figures 8 to 10 from where the rotalion capacity of the beams were obtained and are given 
in Table 4 . In Table 5 a comparison is drawn between the yield moment resistance and 
plastic moment resistance of carbon steel and stainless steel beams. 

The latenl deflections of the beams were negligible and it is concluded thereby that the 
beams failed in pure bending. These deflections are not shown. 

CONCLUSIONS 

It can clearly be seen from comparing Tables 4 and 5 that by using the above analysis for 
determining Ihe yield and plastic moment resistance for a stainless steel section that, however 
laborious. there is some advantage to be gained in the strength of such a section. h should 
be pointed out however that the deflection al which these strengths occur is much larger than 
that obtained for carbon steel sections. 
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It WIS further concluded from this investigation that because the I·sections were tIOI annealed 
after hot-rolling. it resulted in very high yield strengths due to work hardening through the 
rolling process. The result of these high yield strengths in me I-sections was that the IPE,u 
100 section, although still classified as I plastic section, gave a barely satisfactory l'OIalion 
capacity due to. significant decrease in the ductility of the material. The 203x133x25 1-
section however was reduced from I plastic section 10 a slender geCtion according 10 the 
definition in SABS 0162-1 :19921 giving an unsatisfactory rotational capacity. 

The IS2x152x23 H-geCtion was annealed after rolling. According to the definition in SABS 
0162-1:19921 this is. non-oompacc section meaning that this section is able 10 .ttain the yield 
moment resistance but not the plastic moment resistanee. This MICtion can therefore not be 
used rOt" plwic analysis. IS was expecttd. 

It is suggested by the author's thai the I-sections be annealed which would result in sections 
suitable rOt" plastic design and retested. 
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TABLE 1 OimensiOM of Sections 

Beam Designation h b ... ; 
(mm j( mm x kglm) (mm) (mm) (mm) (mm) 

1PE.v. 100 99 55 3,45 4,45 
203x133)(25 203 133 5,80 7,00 
IS2x152x23 152 152 6,50 7,00 

TABLE 2 Mechanical Properties of the Sections 

Prope<1y Tensile Compression 

Initial Elastic Modulus E. (GPa) 
tPE ....... 100 198,00 199,65 

203.133xZS 195,33 206,19 
152.152>23 196.33 209,92 

Yidd Strength P, (MPa) 
IPE ....... 100 476,75 520,91 

203x133x25 504,51 536,74 
IS2x152x2J 301.22 306,80 

ProportionaJ Umit F, (MPa) 
IPEAA 100 208,1 9 236,92 

203xl33x25 333,57 330,56 
I 52xlS2x23 238,35 244,56 

Ultimate Strmcth F. (MPa) 
IPE ...... 100 700 

203x133x2S 615 -
152,,152x2) 468 -

Elongation (%) 
IPE"" 100 18,5 

203x133x25 21,56 -
t52x152x2J 34,63 -
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TABLE) Width to Thickness Ratio Classification rJ Beam Ranges 

Beam Size Class 1 C18!1S 2 

145 170 

.[F, .[F, 

IPE,u 100 6.35 7,45 
203xI 33x2S 6,26 7,34 
152x152x23 8,28 9,71 

Class 4 beams are classified as slender beams. 
h1 is half the distance of the tocal flange width. 
All the beam webs tested are classified as Class I. 

TABLE 4 Results of Beam Tests 

Beam Size M. M. 
(ltN.m) (kN.m) 

WE ....... 100 13.503 20,518 

203xI 33x25 112.538 141.808 

152x152x23 52,247 69,820 

Class 3 

200 

.[F, 

8,76 
8,63 
11,42 

M,. 
(kN,m) 

21.71 
23,29 

143,33 
144,58 

63,49 

Ml" = theoretical yield moment resistance for Type 3CRI2 steel. 
M,. = theoretical plastic moment resistance {or Type 3CR 12 steel. 
M,. = experiment.1 plastic moment. 

b,!I, 

6.19 
9.70 
10.85 

~ 
M~ 

1,058 
\,135 

1,011 
1,019 

0,909 

Resulting 
Type 

Class 1 
Class 4 
Class 3 

Rotation 
Capacity 

5,00 
5,89 

1,80 
2,78 

. 



TABLES Comparison between Stainless Steel and Carbon Steel Beams 

Be.m Size M~ M,. ~ M,. 
O<N.ml (kN.ml (kN.ml (kN.ml 

lPEAA 100 13.232 13,503 15.208 20.518 

203x133x25 106.332 112,538 130,668 141.808 

ISb152x23 49.939 52,247 55,424 69,820 

M,.. = theoretlcaJ elastic moment resistance for carbon steel. 
M,.. = theoretic.1 plastic I'J'I()fheTIt resistance for carbon steel. 

!!---
M,. 

1,020 

1,058 

1,046 

205 

~ 
M ... 

1.349 

1,085 

1,260 
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ASYMPTOTIC MODAL ANALYSIS OF LATTICE DOMES 

by Ronaldo C. Batista and Ricardo V. AJVtS 

COPPE - Universidade Federal, Rio de Janeiro 
CEP 21945 - 910, C. Postal 68506 

ABSTRACT 

The nonlinear behavior and structural elutic inslability of. lattice dome is analyzed through an 
uymptotic modal method It is shown that by using the proposed method bifurcation and limit 
loads of an idealized geometrically perfect structure or buckling loads of ils imperfect counterpart 
can be calculated, initial post-critical paths can be traced and imperfection sensitivity if any can be 
estimated These main features are demonstrated through application 10 "ability analysis of • 
classical example and of. hemispherical lanice dome whose structural behavior and stability are 
discussed 

I. INTRODUCTION 

Laniee domes are reticulated light-weight space frames which are generally fabricated from 
an usernblage of many truss-shaped triangulated plane frames Their overall geometry may 
approximate. shell surface by employing a large number of members and modes, although their 
nonlinear buckling bellavior may differ considerably from the continuum shell structure 

TheIr integrity is usually based on the resistance of the slender members to local buckling 
collapse under axial compression, and as they are interconnected a' joints having tome degree of 
fixity, local buckling calculattoN! have to take into account in-plane and out-of-plane rotational 
stifthesses In any case the load at which these local buckles may occur can be predicted from 
simple flexuralltorsional column buckling approaches, based upon the axial member forces 
obtained from classical linear analyses of spate frames Hence, if properly designed and sized in 
accordance with adequate detailing of joints fixity and stiffness, local buckling of these slender 
members can be eliminated from controlling collapse Then for members beyond their needed 
critical size it is the overall critical modes that may dominate the structural behavior, becoming the 
controlling design constraint of buckling collapse of lauice domes These overall modes may be 
potemial1y sensitive to the fonn of loading system and magnitude of certain unavoidable initial 
geometric imperfections inherent to fabrication. assemblage and erection procedures It is 
therefore toward this overall buckling behavior and instabilili~ that "tention i. focused in this 
paper The structural nonlinear elastic behavior is analyzed through an asymptotic modal method, 
which can detect bifurcation and hmit load. and trace initial post-critical paths and e5timate 
imperfection sensitivity 
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2. ASYMPTOTIC MODAL ANALYSIS 

An asymptotic modal approach to nonlinear instability anal)"i' of pcrl'ect and imperfect 
structures has been recenlly proposed and reponed in references (I, 2J This approach makes use 
simultaneously of the penurbalion, incrementaViterative. nonlinear modal coupling and finite 
element methods Having been developed within the main framework of the general asymptotic 
theory of elastic stability, it can detect distinct bifurcation or limit loads along the nonlinear 
fundamental path Moreover it can trace automatically the associated initial post-crilicaJ responses 
and lhe colTesponding imperfection paths, and therefore estimate imperfection sensitivity. 

In relation to the apparent disadvantage of the small range of imperfection amplitudes 
allowed for in such asymptotic analysis, it can be argued that il is the up-dated spectrum of critical 
loads and associated modes together with small imperfections sensitivity estilt\llts thlt will assist 
in any comprehensive simulation and inlerprecation of large impcri'ection/large displace~t 
structural responses to be obtained by • full nonlinear numerical analysis, whenever this becomes 
a practical imposition. 

In the following a very brief account of the used mathematical model is presented The 
interC5ted reader can find in references (I, 2) the basis of the theoretical fonnulalion al a level of 
detail which hopefully will allow him to grasp the most relevant points of the proposed approach. 

In the nonlinear asymptotic modal analysis of a structure discretized by using displacement 
finite element models, the state vector of modal unknowns is written as 

U - A.V . +a,"ii", +U , i - I, , 4 (I) 

where A. is a scalar conlTol parameter (e g load), U. the vector of fundamental displacements, 
a,~, is a linear combination of a reduced number of four normalized modes ¢:, with unknown 
amplitudes Ai • and U is the vector of nodal initial imperfections in the fonn of retained modes ii, 
or in any other given random form 

The nonlinear pre...critical and post...critical equilibrium paths are obtained by applying the 
stationary principle onto the reduced energy functional 

6V·. V"(A.U o +a,~" U) 6 a,ii, = 0 (2) 

resulting in a system of nonlinear modal equations 

An incremental approach combined JOjether with a Newton-R.aphson iterative scheme is 
used as the numerical strategy to solve the nonlinear equations Because the modal combination is 
derived through. perturbation scheme it is loadinj dependent and there i. no requirement for 
correction vectors to trace the nonlinear equilibrium paths Only initial post...critical (e g post 
bifurcation or post-limit) path. are traetc! automatically and therefore no use is made of any other 
numerical strategy (e g arc-length continuation) to overcome convergence problems beyond these 
deformation stage. 

Limit loads occurring along perfect or imperfect paths are detected by .ingularity of the 
tangent stiffness matrix 



(3) 

an which K, . KI and KJ are. respectively. the linear SlIf1heu matrix and lhe first and second 
order Incremental suffne:u malrices. and where supencnpt E stands for any regular tqutlibnum 
point 

BllurcallOn loads are detected either by equation (2) or by the up-dated linearized 
eigenvalue problem 

(4) 

where 1M IUpmcript C stands for I critical point., K~ IS given by equation (J) and U! .1 the 
vector of fundamental displacement at the equilibrium pamt E 

For rruldly nonlinear fundamental paths biliJrcaliolU may be detect approximately by the 
linearized modified eigenvalue problem 

(5) 

which although referred 10 the pith langcnt at the point (U.,).)=(O,O), takes into account pre­
critiQl rotations 

For quasi-linear fundamental path. critical points may be detect by the classical eigenvalue 
problem. constructed with the aeometric sciffneu matrix Kg 

(6) 

which Iiv« liPper-bound estimates for the bifurcation \oMit 1,c in the usoc:d.lcd cnlic.al modes 
e ' 

3. BENCHMARK EXAMPLE 

Numerical example. of classical problem. of elastic stability of space frames have ~ ulC'd 
(2. 3) both to compare wnh pa'llOlution. and experiments and to demonSlrlle that the proposed 
approach can detect both (inul and bifurcation loads, trace the nonlinear fundamental and post­
c:ntical responses and estImate the com:spondlng imperfection sensitiv;ty Herein. we recall one or 
these examples and recorwdcr II w;th rmnor mochfications in «der to bring together new and past 
results and diJCUu the changes In overall buckling behavior and stability 

Figures I, 1 and 3 show, respectively, three distinct behav;OTS or. simple hexagonal space frame 
IUbjected to • vertical load applied to its top joint All $uucturaJ joints are or ngid type and the 
space frame wu dilCfettzed by using 72 dements., six ror each member whose characteristICS are 
shown Inset these figures 

213 



'1' 

:;: .. -

~ 

i 
I 
+ 

.. 11 

! . , 
, 

:I !I 
• i 

o • ! ~ ~ . . 
~ 

e 
0 ,:, ... • 

:3 

s 

J • 
~ I 
2! 
B , 
-
~ 



OX> 

... 
"'" 
... 
'" 
'GO 

... 

PIN) 

_K __ nu 

',. 7!J7 _ 

[ • )035 0 , .1 
I. IOU 11111/ .' 

" • 1.111 PI' 
~ • 1.311 PI. 
J,' 0-13:, ca· 
J I • Q,lJl c •• 

LUlU LMO'~ • leel • 

'I 
.~. 

r. _ru, -
'I , 
~-- ,. 

---

00-' 
'I , ',-.. ···L.~ • ....! 

0.' 1,0 'f(c.1 

fl. ,.. MUAoIOIW. ."" flW« .:l, _HM 'JIIIIO ....aIJT1 IoIG •• • • • , . 

Table I • Cnocal t.c.:b and Modes for Space Frwne SPI 

"""""'" Cnocal LoIId Pea (N) CntlC:al Mock: 

0uaaII. cq. (61 42'1 ....,""""'" 
Modd!ed. cqa ('I 

325 Iku~ bd\uattJoII. ....,....,., 
l/p4III:d. .. (") 21' } s,..-n< 

As)wpeobt Modal. IIqII (lJ 
2.51 lialt POUII -.., 

TaWe 2· Cntac:all...Ollds and Modes fur SpKe Frame SP2 

.....- 8~ Lo.d. p. (N) u..t l..-d.. 1"1,.(N) "I 
.. AJ)~MOIb --aa-:.a. ClIp (61 '" , .. 

ModlftCd. cqn (" m so, 
U~tcd, cqn (") ))7 ". 
As)mplOCIC Mod.!., cqn (3) l29 '" 

Tab6c]· Crwc:aI t..o.ds and Modes for Space Frame SP) 

.....- B~ r.o.a. p. (N) u.t t..o.d. PL (N) "I 
..~ModcI s,-n<-

ClasAaII, ,. (6) ." 
MoctzfJcci,. (S) n2. 'lll 

Up-dalcd, cqII (") '" 1169 

AJ)"IIIf*ICJC MocW. cqa (l) '" '01' 

~ 
~ 



'1' 
Spice Frame SP) 

In figure 1 the computed nonlinear response of the sPIce frame SP I with slip free supporu 
is compared with the experimental response reported in [4,5) In this case the space frame resists 
the load by combined extensional and bending forces and displays. strong nonlinear response 
dominated by • radially symmetric mode Its behavior is characterized by an elastic limit point 
instability occurring at the load level equal to 2570 N, which is very close to the experimental 
buckling load As expected for this type of behavior. the existing initial geometric imperfections in 
the experimental model did not play any important role in the nonlinear response Furthermore no 
bifurcation loads occurring prior to Ihe limit load were detected by the present analysis. Table I 
presents the numerical results obtained for the example SP I of figure I by using different 
approaches as given by equations (3-6) What can be readily noted from this lable is Ihat both 
classical and modified linearized eigenvalue approaches give highly nono(:Qnservative results for 
the critical load and indicate misleading asymmetric critical modes which would be 15sociated 
with non-existing bifurcations Ahernalively, the up-dated linearized eigenvalue approach yielded, 
with lower computational effon than the asymptotic modal approach. a critical load in the same 
symmetric mode associated with the limit point instability, which is very close to both the 
experimental buckling load and the limit load predicted by the uymptotic modal approach, being 
only ,..1. higher than the latter 

Space Frame SP2 

Figure 2 shows the moderate nonlinear fundamental response and the initial post-bifurcation 
path displayed by the same hexagonal space frame when its supports are fully restrained against 
translation In this case the shallow space frame resists the applied load predominantly by 
extensional forces in its members and therefore is liable to lose its stability at a bifurcation point 
which occurs at a load level p. - 329 0 N This unstable bifurcation in anyone of the critical 
modes /PI or /PI illustrated in figure 2 occurs prior to the unstable limit point at a load level P~ 
close to 4900 N, associated with the radially symmetric critical mode ~s Table 2 presents the 
numerical results for critical loads and model of the space rrame SP2 obtained from different 
approach, IS given by equations (3-6) What can be noted once more with these results is that 
both the clusica! and modified linearized eigenvalue approaches give non-conservative results ror 
bifurcation and limil5 loads as compared to those computed by tnc asymptotic modal approach II 
is important to note here that the classical approach yields sometimes misleading results. it yields 
the same value ror critical loads lSJOCiated with an uymmetric mode ror both SP2 and SP I (see 
Tables I and 2) despite their distinct support conditions The second thing that can be noted from 
the results in Table 2 is that the up-dated linearized eigenvalue approach yields critical loads that 
are close upper bounds of bifurcation and limit loads predicted by the asymptotic approach, being, 
respectively 2 5% and 12% higher than those given by the latter approach It is also worth noting 
that SP2 has a somewhat sharper limit point than SP I, and that is why a slightly larger difference 
~ween up-dated and asymptotic limit loads is round ror SP2 u compared 10 SP I 

Space Frame SP) 

Figure] shows the quasi-linear fundamental response and the initial post-bifurcation path 
displayed by the hexagonal space frame with the modification that the rise is now twice higher 
than in SP2 This modification allowed the struclure 10 resist the applied load almost entirely by 



extensional force in its upper mtmben up to load level, above the bifurcation ~. p. - 7S7 0 N 
This bifurcation in any one of the uynvnctnc modes $ 1 or $ 2 IeemJ to denve ill stability from 
tonional and bendina forca In the Iow~ horizontal members, which i. dr'Mn by larger init:ia1 
post-bifurcation rotations of the ngid structural joints A limit point instability in • radially 
symrndric mode is reached at load levd PL - 10810 N, much higher than for SP2 Tabk) 
presents the cnucaJ load. and modes obtained for SP) from different approaches., Now, becautc 
of the quui.linear or qu&ll-attnSlOrlal fundamental behlvior of the space frame all the critical 
loads obtained with classical, modified an u!H1ated eigenvalue approaches are close upper bound. 
of the btfurcatJon and limit to.d. prcchcced by the uymptotk: modal approach One cue exception 
i. made for the clauical apprOKh u none of the three first required ei8tnvaJues corresponded to 
• limit point auociated with • symmecric mode The ,..60. between theM: cntica! loads to the 
asymptotic modal predictionJ are now 0 8% to 0 6% for bifurcation and 8% to 13% (or limit. 
points, the !alter occurring along I strongly nonlinear final patch response 

Summ.,y of Rts ulu 

The results shown In figures 1-3 and Tables 1-3 for the analyzed hexagonal lpace &arne 
may be summariud by lhe (ollo....,n& usmions 

• aiticalloads given by the cluSlcai eigenvalue approach are in generailoo non-conservative and 
sometimes misleadln, II far II critical modes are concerned Bifurcation prediction. may be 
reasonable only when pre-c.ritical responses are almost purely extensional 

• by taking into account small pre-cnlical rotations the modified eigenvalue approach can lead to 
dose upper bounds of bifurcation loads, whenever the fundamental responsea are quasi.linear 
or quui-extensionaJ Urnit loads are otherwise badly approached 

• the up-dated eigenvalues lie in general close upper bounds of bifurcation and limit load. 
predicted by the .. ymptotic modal approach 
this laner appra-ch h .. the further advantage of tracing the fundamental Ind initial post-critica/ 
(bifurcation or limit) paths. malo", It possible 10 investigate the degrees of nonhnearity and 
imperfection sensitivity of the suuccure 

4. ANALYSIS OF A LAlTleE DOME 

To demonstrate lhe potenb&bty of the asympcolic modal approach. appltcation i. made 10 

stabd.lty analytas of a henusphencal (IUtee dome (Schwedler dome) illustrated In figure 4 This 
dome is the same reponed in reference [6) wnh the modification that all structural joints are now 
tonSIdered of a riSKItypt The dome w .. dl!Cfeuud by using 264 space frame elements and all 
JOin" lie on the sphencal surface. and all bue nodes are assumed to be fully restrained against 
translation The phySical an cross section geometric characteristics are lhe same for all members. 
and although du. may not be reah.tlc for an Ictual dome it i. maintained herein 10 II 10 compare 
present and past results. re.pectively for space frlme and space lru" modeling 

A typical deslgn uniform vertical pressure load Po - 2.900 N/mJ is Ipplied to lhe dome 
SUrflce and the reSllltmg nodal forces along each 1IIItudinai ring together with lhe top nodal force 
are presented in Tlble 4 
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Table ... Joint Load, due to unifonn vertical pressure. Pn 

Ring 2 3 4 5 (lop) 

Lood (kN) 13746 10520 5692 174 13 

Figure 4 shows the structural response. obtained from put (12) and present analyses and 
Table 5 presenlJ the critical load parameters A .. P/Pv and critical modes obtained from dlstmct 
approtches as liven by equatIOnS (3-6), for the scalar control parameter A - I 0, p " 2,900 NJrnl 
The first dung that desaves attention in figure 4 i. the extensional behavior of the fundamental 
path of thi. hemispherical dome subjected 10 lhe unifonn venicaJ prelsure The linear an nonlinear 
fundamental re$pOnses yielded by eilher 101" or frame modeling are practically the same, .nd due 
to the particular arrangement of diagont.l. the dome twist. in a counter-dockwise direction under 
uniform venial pressure A complete account of member stresses and joint displacements I'llven 
In reference [6] for the spKe truss modd, and do not differ appreciably from the present result. 
for the .pace thme model With re(tard to the nonIinev result. it i. wonhwhile mtnlionina thll 
under thl. symmetric loading lhe diagonals suffer minor stresses and the latitudinal membtt. in 
ring 2 dOlCSllo the base are let in tension Thi.latter retuh could be obviousty expected from the 
almost upn&ht arrangement of the Iowat meridional and dllgonal membm 

The second and most important thing that can be readily noted in figure 4 i, the polt­
bifurClllon behavior displayed by thi. dome, which can only be found when a nonlinear 
uymptotk: modal analysis is performed As il can be obse ..... ed from the results presented in Table 
5, anyone of the eigenvalue approaches gives a dusler of bifurcation Ioadl wtuch do not dIffer 
appreaably from one appro.ch 10 any OIher The nwn dIfferences lie on the shapes of lhese: 

bIIi.JTcattOn modes 

Table 5 - BifurcatIOn load Parameters A. for Hemispherical Dome 

EIgenvalue Approach AI • PI / PO BifurCition Mode, is) 

Classical. "In (6) AI - 02002 ~I ' Twisting. clockwise 

..... 1,,-1,,0() 2036 ~J' . J. Asymmetric 

Modifi .... "In (5) A,-o 2151 • ,. Asyrntnetlic 

A\-0 1974 . \, Twilling, counter.-dockwise 

Up-dated, eqn (4) 1,,0() 2006 . 2> Twisting. clockwise 

A,-A.-o 2030 ~J' ." Asymmetric 

The post-bifurcalion responses associated with each of these modes demonstrate that this . 
dome may display stable and neat !.Instable behaviors and multiple asymmetric bifurations The 
stable path occurs for a tWlstlna counter clockwise mode.1 But the most relevant results for 
thi. dome are the near unstable blfurCluon palhs in the twillIng clockwise mode 4)1 and In the 
asymmetric lway-type mode.l or~ .. reacNng, lelpecti'lf;ly, load levtlll\ - 1,363 N/m' ( A -
047) and p~- 1,218 N/m' (A" 0 42) llsociated Wlth limit point and quasi-neutral equlbbnums 
The near unstable equilibrium path mly be explained by the role played by the tenSioned 
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latitudinal members in ring 2, which allowed the radial upansion of joints and led 10 • strong 
nonlil19r behavior similar to thaI occurred for the hexagonal space frame of figure 1 The quasi­
neutral equilibrium path l1t.Iy otherwise be explained simply by the combined effect of the 
tensioned ring 2 and the upright arrangement of the lowest meridional and diagonal members. 
which led to • (Way-type frame behavior 

3. FINAL COMMENTS ON OVERALL BEHAVIOR AND STABILITY 
PREDICTIONS. 

from the prtsall and previously reponed anaJyses (2,7,8], and many other results rqx>ned 
elsewhere u cued In these references, It can be stated thai the structural bd\av;or and O'tItrall 
stability on.luGe domes are very much dependent on the following factors 

geometnc nse 10 span ratios 
spati.1 distribution ofloads applied to lhe nodes 
type of members (pipes, tubulars or flanges) and their arrangemenu, degree of fixity and 
rot.tiona/stiffness of joints 
dome suppon conditions and exttnSional stiffness of I.tnudlnal circles (rings) 

• number of elemenu and nodes. whenever. Janice dome i, Intended to close approx.imate • 
shell continuum surface 
and of course lrutla! geometric and other imperfectioM 

Prediction of their behavior and detennination of buckling lotds are on the Other hand very 
much dependent on 

the adopted instability approach, 
structural and loading modelling 
and numenc.1 algorithms used for nonlinear analyses 

A I.ttlce dome should not be modelled as a space truss because the resulting nonlinear 
behavior and IGid carrying cap.city may be far apart from a space frame behavior (7) In general 
the overall buckling of a I.nice dome can be said to be rCSlsted by a combination of extenSIonal 
and bending resistance within the members and joints, IS radial deform.iton, of nodes m.y 
develop over the entire dome surface Even if it is idealized IS geometrically perfect, bending 
resistance may be arrested by initial pre-buckling rotation, at Joints, induced by concentrated 
forus applied directly to these joints That is why • cllSSIcaI eigenvalue analysis • hued on • 
linear extensional pre-cntical path emerging from the unloaded st.te - prOVIdes non-<OnJefVatlVe 
estimates of buckhng loads Depending on the geometric nse to span ratio and on the number of 
mcmba's. jomts and also on the I'Kunber of nodes used In the structural moddhng, dus clawcaJ 
linear tlgenvalue analyStS may proVIde cntlC&l loads which someCimes are overwhdnungly non­
conservative buckling estimates. or even worse misleading IiCIlIIOUS bifurcation loads nus is 
particularly lrue for. single layer shallow lanice dome having. small number of mmlber, and 
subjected to venica! loads concenlrated around ii, apex, for which a lughly nonlinear beh.vior is 
expected Conversely, for I.nice domes with larger rise 10 span rattOs, or otherwise having many 
members and jomts on to which gr.vity and otner vertical loads are 'pplled, an extensional pre­
buckhng behaVIOr IS expected In these cases the classical Clgenvalue analySts may provide upper 
bound, for blfurcauon and sharp linut loads, although no distinction can be made between the two 
and stablhty of associated critical and posc-cnlical scales remain unknown On the other hand 
I.ttice domes subjected to unsymmetrical (e g snow or Wind) loads deserve 'peclal attention as 



their behioor ate much affected by this sort of load imperfection and should be always 
invutislted by • nonhnear analysis But it is mainJy in cases of ~ existing graVIty syrnmdricaJ 
kwts tkat lhe alternative of • full nonlinear numerical anaJYIlS suffers from senous drawback 
C~laonal nonlinear elastic anatysis auoaated Wllh cornmonty-u5ed IncrementaJlilmtlVt 
techniques fails 10 detect btfurcahOn branching and tnerefore It i. nol really adequate for rehable 
nonlinear instability analysis of structures Nonlinear analysis of lhe geometrically imperfect 
structure IS another usual technique lkat also solfers from a serious drawback II somt insight is 
always required inlo both lhe nonlinear behavior of the perfect systtm and the relevant 
imperfection modes For these reuons the seemingly potential advantages of. combmed cluSlcal 
eigenvalue and full conventional nonhnear analyses can in fact conSlI!utt pitfall. for one desigmng 
• lanice dome against instabilities 

6. CONCLUSIONS 

It ku been demonstrated thai buckling of I,tllee domes and space ~ may be property 
analyzed by using I nonhnear asymptotiC approach. wtuch can overcome lhe nwn dellcJenClU of 
usuaJ methods for buckling anaI)'IIS The approach can detect both limn and btfurcatlon loads, 
trace nonhnear fundamental ptrfect or slightly Imperfect responses and Initial poJl<r1lical paths 
and therefore estimate imperfection sensitivity AJ such it can assist the de5lgnef to interpret the 
buckhng behavior and 10.<1 c:&rry1na capacity of these structures WIthout ruontna 10 shell analogy 
and rdated ulll"ll conRf"Valive knockdown facton In regard 10 thi, latta- aspect the proposed 
approach can, In one step, allO USlS( lhe designer in any comprehensive and reliable Simulation of 
large impe:rfCClion.larae dlspl~enl nonlinear response analysis 
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INTERACTION STAJULITY CRlTEJUA. IN CC»omlNED STATES OF .TRESSES 
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Plates and shells are often used in civil and mechanical 
en9ineerlnq .u structural elements . In metal structures there 
are thin-walled elements , then the definition of their stability 
criteria 1S one of the essential safety condition . 

The stability cutaria of plates and shells 1n Slmple 
states of stress have already been worked out and confirmed in 
experta.nts and codified. However, in combined state. ot stress 
it 15 necessary to have lnteraction formulae as hypothese. WhlCh 
should next be tested on the basis of running r •••• rch and 
turther experlments. The formulae existinq so rae are not 
satisractory and rather conservative. 

In this paper suqqestions of qeneral interaction formulae 
in combined states of stress and with variOUS forms or 
instability of plates and cylindrical shells are presented in 
oon- dlmensional llmit states conditions , which will be useful 
in structure deslqn standards. 

The parthl ractors of safety are defined on the deslQn 
values level in the sense of llmit states format. Comparisons 
between the DIN 18800 (1990) approach and new proposals are 
presented. 

LOCAL STABILITY OF PLATES IN SIMPLE AND COMBINED STRESSES 
The stability condition of plate in simple state of stress 

can be wrltten in the form: 
- for lonqitudinal compreSSion 

~ ~ 1 
.,t" 

- tor transverse compression 

a 
--L- S 1, .... 

- for shear 

S 1, 

,1 I 

,21 

131 
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'" where: 

(J ,Oy , t ,y - design stresses 01' plate, 

t'" - design strenqth 01' steel {material' . 

lP, -buc.lrlinq lactor ot plate, i-x, y. s . 
Buckling tactor of plate can be formulated in the general 

form (Hender., 1991): 

q),=(l+A 'fO r - , (4) 

where: 

1\ -~. (~IH - slenderness parameter at plate, 
O.95"k, E 

A z E - the plate width-to-thickness ratio. 
t 

.Ie - non-dlmensional plate buckl1n9 coetfiClent (Bluch. 1952; 
Broc.lrenbrough and Johnston, 1968), 

u - 0 . 5 - index of imperfections (curve .,. 
In combined loads at plate the interaction equations have been 
formulated only for interactions of some states of stress 
(Brzoska. 1961; Galambos , 1988; SSRC, 1991); 
- uniaxial compression and shear 

o t o) J3 , 
- + (--)" = 1, 
I.P.~, q).!, 

(5' 

- bending and shear 

• 1. { .. 
compression, bendinQ and shear 

• 1, {7, 

cr, A ·t ~ (' r G, 
, ~" 1l.9Si'k;' t-

Tl 

t 
1( 1% 11G',(3,bc.ond) 

I '1'.(1 . ,,4.-0.5 b I 
at J<.. , lC. y % ..§:J! 

1 • '" G. 0, 

~ .. I I x.y . 5 

~flb 

Fig.l. Combined stresses or rlat plate 



- biax ial coapr •• aion lun1toc.' 

~+ 0.,L. 

• . t" -,I, 
,II 

but it 1. pointed-out, that these (oraul •• are conservative . 
Hurzewski 119731 proposed the plate stability criterion 

under bending and local pr ••• ure on one edge of the plate . 
In this paper an interaction stability criterion 1n the 

combined state. of stress is proposed and discus •• d . The 
criterion lnclude. previous case. and satisfies t wo postulate.: 
1- -the criterion l •• d, to the Huber-Hlses-Hencky Yleld condi-

tion (Huber, 1904) in the pure plastic state. (for small 

slendern ••• ~ , 1 .•. tor ~ leading to 1): 

o 
,~ 

t" 
19' 

2- - the criterion l •• ds to the elastic stability condition 1n 
the pure elastiC atat. ( tor large slenderness 1 • 1 . 8. for 
qI leading to 0): 

- under biaxlal unifors compression and shear 

~ + 
'.r. 

1'1 t Jj 
+(~) _I, 

'. I, •. 1, 
( 10.) 

under blaxlal nonuniform compresslOn 'e.9. bendin9 and pressure 
only on one edge of plate, and shear 

~J' + 2...2..t.......2..t... .. I..!.L. •. r. •. r. -.r. O,r.. 
t o!.Jj . ( r :::: I , _,r.. 

Such a criterion can be fo~ulated as follows: 
- lower estlaate (conservative) 

a a a a t Jj 
t~" + C ~ ---L- + (.....::...1-)' + (~r :::: I , 
•. t" •. r.. •. 1, _,r.. .,1, 

- re.listic estl.ate (but based on lncomplete tests) 

C.!!.... 
_.f 

+c~ a 
•. t.. .,f 

+ 

in whlCh parameter C. 2-3~ 

, J) ,-­
•. f. 

and 

I. 

~ - lIIinl ~. , ~ I, 

( lOb) 

l11a) 

(lIb) 

n - exponent, which take. into considerations the dlstribution 

ot stresses a" a v on the plate hei9ht , specltled as tollows: 
n • 4 - for biaxial uniform compression, 
n • 3 for 10nQitudinal compression and transverse pressure 

only on one edQe ot plate, 
n • 2 - tor bendln9 .nd transverse pressure only on one edQe of 

plate. 
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In general: n "" 2 + X. + 1" 

where x.=~ and X =~ (see Fig.l) . 
0 . y 0 , 

The graphical interp retation o f sta bility criterion (11) -

(for 't., "" 0 • Eq . (114) a nd Eq . (l lb ) being identical) is s hown 

i n Flg . 2 , in the system of co- or dinates (~, ~'!"J , after 
t, ... ~, 

trans formation of Eg . (ll b ) to t he form : 

\-1 and \+1 

G~)OiG.,O 

'fJr 4 1 I 'f> • • ' 
C=-'I'1 

111) 

(lIe) 

compressIOn (.) 

G.)O, G'y'>O 
'1',(', '1',( 1 

<.2-3.pn 

..p • min (..p. ,1oP)'J 
n:= 2 " 4 

(11) 1>lcrdl-) 

Jti~~~~-'---'-I G. ~ 0 ; G, ' 0 

1f'.(',lPy a 1 

< • -'/'. 

supposed ilfTVt C\Jrves 

Fig . 2 . Interaction curves for buckling under combined states of 

st r ess (for ° .• °1 , 0,. °1, l .y = 0) 

As is known, the yield condition depends only on state of 
stress and yield st r ength of the materi a l , t herefore it is a 
local problem, while the stability condition of an element 
(structure) 1s an integral problem and depends not only on state 
ot stress in the point and mechanical properties ot material but 
also on stresses distribution in the element. geometry ot the 

element and bounda r y conditions - through buckling factors IP .• 
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III . a nd e xponent n , which regulates the interaction 
character o f Eq . (11) . 

The proposal ot defining the interaction stability 
criterion according to Eq. (11) is a hypothesis based , however , 
on rational postulates 1° and 2° and non discordant with partial 
formulae Eq . (51 to Eq.(B). 

From the point ot view of engineerinq applications, the most 
important are states of biaxial compression and shear, there tore 
they will be discussed in detail . 

In Fig.3 limit curves after Eq . (11) have been shown (with 

t .y·O ) depending on parameter C (solid lines). It can be seen 

that when buckling factor ijI leading to 0, the limit line leads 
to straight line. while when <p leads to 1, the limit line leads 
to Huber-Mises-Hencky ellipsis . 

The problem becomes slightly co~plicated when besides 

normal stresses o . ' O y there are shear stresses '[ .~ , because it 
would be necessary to interpolate the limit curve from parabolic 
Eq. (lla) and elliptic Eq. (lIb) . After a brief analysis, 
however , it turned out that an interpolation formula is useful 
and simple in the form: 

a a '[ ./5 , 
(.....:...e....) .. + {_'_)" + (..:.!t....:...:). :c 1, 
<P.t" q1yf" 'II.!" 

(12 ) 

where: w ~ 1 + !.Ill and 'II - min ( 'P. , 'Py) which well matches 

Eq . (l1a) and Eq. (Ub), when C "'- -0.5, l.e. when 'P" ~ 0 . 83), 
which has been illustrated by broken lines in Fig.3. 

G 

i.t 
1,0 

0,9 

Q8 

0,7 

0, ' 

0,5 

0,4 

0,3 

0,2 

0, 1 

o Ql 0.2 Q.3 0.1. 0.5 QS Q? Q8 0.9 lD 

Formulo E . 11 ) 

Fig.). Limit curves of stability according to Eqs 111) and 112) 
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.1.iL 
~.· fd 

1,0 

O,? 
0,8 

0.7 

0,6 

0,5 

0,4 

0,3 

0,2 

0,1 

o 

w. 1 ; 1.1 , 1.2 . 1,5 I 2 

0.1 0.2 D.J 0.4 0.5 0.6 0.7 0.11 0.9 1.0 

flg . 4. Interaction buckling curves under shear and compression 

Limit curves after Eq. (12) have been shown 11'1 Fig.4, for 
buckling under shear and biaxial compression. 

The Polish code (PN-90/B-OnOO , 1990) recommends checking 
web stability in combined state of stress after a formula which 
can be written in the stress form as follows: 

(1 (J a (1 11 0 tJ) 
(~+.....::....l.L. + ....:...L)l _ 3" (_'_ + _ .. _)....:..1.... + (_'_'_)1 ;z 1. (13) 
III .!" ",. "f.. III.,!" P QI.f" IlI, .. t" Ill .,!" III,!.. 

where indices xb denote bending and Ql p is an buckling factor 
under unaxial compression of plate. This formula seems too 
optimistic, particularly when compared with very cautious 
formula of a new German code :DIN 18800 , 1990): 

0' 10 " I (1 t Jj 
(_'_)'" - V ~ ... \-,-)-, .,. (2L..:....:...t· = 1, 
o,f, O.f,o,f, o,f, O,r.. 

\14) 

where: e. '" 1 + 1.11:, e l :: 1 + 1.11:. e l - 1 + 1fI.l.IIylfl~. and the value of V 

under biaxial compression 0,.0, 1.S V-(qI~lfIy)'. but in the other 

~ 
i. V = I I' O, ov 

cases it 

As mentioned before, formula (14) seems to cautions, 
especially in case of the effect of shear stresses. and when one 
of the normal stresses is tension , it gives even restricting 



estlmates, WhlCh do not result from either theoretlc.l 
consideratlons or experimental data. 

The comparison between formulae (11) , (13) and (14) 1. 
shown in Fig.S and Fiq.6. 

G 
X' T.T. 
y;2L 

-1', " 
z . J'.i! 
~ 

X2+CXV+V2+Z2< 1 111,PN,CSN) 

IXI'LVIXYI+ IVI"+ Z" < 1 } 
lOIN) 

e1 ; 1+-P.'. e2:1·...pY'. eJ: 1+-p.'Py'P.6 

Fig.S. A comparison between Eqs.(lll, (13) and (14), 
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Design example : 

-P,.=0,5 -P, = 0,75 -Po = 0,9 

y - 'i:-- , 
1 

Lt /' 
DIN 18800 ~ «1,=0.75 / 

'- t-t-\XV - ~ '/J,:O.9 

~ V 1~'0'75 1)« «I. ,a,~ 

JtVt- -p. =1 '" V II x=2.. _1 (/ t, 

V ~.Q,5 \ : 1 1 
'c- 1/1 !-pr ' 1 'f- ;:)' ,11, C.-1 

'11' C.2-J.p' 

- t-
..p._ fy: 1 

'11' "".0 

V 
VI I f It '11' c.-<p' 
~ ;!.:1.0 V f'\ ' DIN 18800' , -1 

W, = 1. -/I; ; W, ,1.~; ; w,= 1.f,.·-P,,-p; 
V, I.p,,'/p6 1 •• 1 

V= ~ - 1--1 

Fiq.6. A desl;n example and comparison between formulae of 
Eqs. Ill) and (14). 



STABILITY OF CYLINDRICAL SHELLS OF MEDIUM LENGTH IN SIMPLE AND 
COMBINED ST~TES OF STRESS 

In Fig.7 a cylindrical shell has been shown schematically 
together with explanations and typical loading. 

x 3V+~+~10Vt 
..l ~r_ 

Gx= 2t.t J Gene = ..px.' fd 

G .. = -4- Gcr .. = 'i' .. ·fd 
/ 

T.= ~r t cr =Iil.· fd 
/ " P P r 
/ " A=T - shell slenderness 

/ " / " (G)" (GfCt'{1Y y 'PAd + ~ + -ift:j = 1 

& 

Fig.? Combined state of loads of cylindrical shell 

Longitudinal Compression 
Stability condition after (Mendera, 1986): 

~ ~ 1, 
O,!" 

where: 

~« (1 + A~/l" r ~ - buckling factor, 

A, : ~).- (!t.)l ll - slenderness parameter, 
1. 59 E 

(15) 

A r _ slenderness of shell (the shell radius-to -thickness 
t 

ratio) • 
u - 0.5 to 1.0 - parameter of imperfections. 

External Pressure 
Stability condition after (Griqoliuk and 

DASt 013, 1980; SNIP 11-23; 1981; Mendera , 1991): 
Kabanov, 1969; 
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~~l, 
ql.f~ 

where: 

1.11, :E (1 ... i\ ~)"'" - buckling factor , 

A, __ ).,,;-_ (!a.)1I' _ slenderness parameter, 
O.67(~r' E 

~ & ~ - slenderness of shell. 
t 

Torsion 

(16) 

----S-tablilty condition after (Grigoliuk and Kabanov, 1969; 
DASt 013 , 1980: SNIP II-23; 19B1; Hendera, 1991): 

t , .[j 
lD ,t, 

where: 

< 1, 

'P-(l+ /\ - buckling factor. 

A .. ). (!..L)." - slenderness parameter , 
O.B9(c),\ E 

1 

).. • :: - slenderness ot shell. 
t 

111} 

Interaction Between Longitudinal Compression , External Pressure 
and Torsion of Shell 

As an interaction stability criterion, Eq. (lIb) has been 
proposed: 

(.,!!,.) +c~~+(~) 
q) f" II) f" <p,t.. 'P,t 

1, 

where: 

C .. 2- 3(1)" , 

I.P .. min (q), ,,,,,), 

n - 4 - for axial compression and external pressure. 
n .. 3 - for bending and external pressure, 
or Eq. (12) with modified exponent w, i.e.: 

1, 

where: w - 1 • ~~ , and ~ - min ( ~., 11). 1. 



For standardisation purposes (design) H 18 proposed to 
evaluate exponent w, .. follows: 

1.0 for • • 0.2 
1. 05 for 0.2 • • 0.5 
1.1 for 0. 5 • • O •• w • 

1. 25 for 0 .• • 0.15 .11- minllll •• <:I.) . • 1.5 for O.7S • S 0.9 
2.0 for • ) 0.9 . 

In Gennan codes (CASt 013. 1980; DIN IB800, 1990) it 15 
reco~ended to adopt w-l . 1 or wal . 25. independent of the value 

ot buckling factors III, .IP, ' which is generally a conservative 
approach, but WIth very low values ot III , it can be too 
optl_1atie (unsate). 

In Fig.S the stability li_it surface atter Eq.(12) has been 
presented. 

y • ...!iL 
'P, .. f, 

'P' 11 • 71 m/U, U 

71 , (t flm 

2 - f'i3 
-~ 

w { 1'<P' 
~ ,.1.(J5 

• 

flg.B. Limlt surface of stablilty 

for plotes 

for shells 

X, G, 
~ fd 

2JJ 
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ABSTRACT 

Linear and non-linear .tre ••• s and buckll.ng loads 1.n the 
pintle, top head, cani.ter ahell and top plate of two high-level 
apent nuclear fuel canister model. are evaluated under a variety of 
atatic and dynamic loading conditione resulting from normal 
handling. The propo.ed canister de.igns are made of J04L etainl ••• 
eteel, having a yield strength of 220 Hpa (32000 peil, an ultimate 
teneile strength of 586 Mpa (85000 psi) and a high resistance to 
crack initiation. The canisters are 0.0095. (0.375 in) thick, 0.7m 
(28 in) in diameter and 4 . 2. (165 in) long. Finite element 
analysis is used in the stress and stability analysis . Four node 
thin shell elements and 3-0 isoparametric four node thick shell 
elements are used in modeling the weldment, tophead, pintle, bottom 
plate and the canister shell . Results obtained from the various 
types of analysis and the two finite element models , compare 
favorably within the limitation and applicability of each element 
type. Result. are also compared with theory for some canister 
loading conditions when a theoretical analysis is pos.ible. 
Results show that the.e proposed container models are not adequate 
to handle stres.es and some local and global instabilities 
resulting from accidental drops , impact between canisters and 
sudden slippage of the crane cable, during the process of lifting 
and handling of the nuclear fuel containers. 

I. I WTRODUCTIO. 

The university of Nevada, Las Vegas, is under contract to the 
u . S. Oepartment of Energy [1] to study the long term storage of 
high level nuclear waste in geological rock formations . The 
commercial waste, which consists of reactor core units containing 
the spent fuel rods [2), is placed in long thin walled 304L 
stainless steel canisters, 4.2. (15 ftl long, 0.7. (28 inches, in 
diameter and 0.0095 • (3 / 8 inch) thick. The canisters are sealed 
at the plant site with welded bottom plates, 0.0508 m (2 inch) 
thick and a top plate varying in thickness from 0.375 inch to 2 
inch. A pintle, which is a .hell- type structure with variable or 
constant thicknes., is welded to the tophead of the canister models 
and is used for carrying and handling the canister (3J . Two types 
of pintles are c o nsidered (4,5J, a variable thickness pintle 0.2 m 
(7.88 inches) long and 0.158 m (6 . 255 inches) in diameter 
cylindrical structure welded to the center of a 2 inch thick top 
plate (Fig . la), and a doubly curved ASHE flanged and dished 
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pintle-tophead combination welded to a 3/8 inch top plate and edge 
of t he cani8ter (Fig. Ib J • 

Nuclear apent fuel containers weighing 64.5 kN (14500 lb.) are 
placed in shipping cask., transported to a long-term storage aite, 
removed from the cask. then transported to underground atorage 
drift. (J 1. various scenarios are being considered for the 
canister permanent placement in the rock, which include stacking in 
horizontal position along the drift or vertical position in deep 
boreholes or in individual placement inside vertical boreholes [6). 
Since several accident Bcenario. may be po •• ible during normal 
handling or transportation of the spent fuel, the cani.ter. may be 
subjected to a variety of compressive loading conditions, in the 
axial and radial directions (7). During the monitored and 
retrievable stage of storage which may last between 80 and several 
hundred years, a canister may get slightly wedged in a placement 
hole due to the collapsed rock around it. Under such conditions, 
the canister may experience non-linear radial compressive buckling 
with the stresses beyond yield, during an attempted remote control 
retrieval. Accident scenarios also include various modes of 
canister impact {7] with ground or other canisters at different 
angles of contact . Since buckling of the canister shell may occur 
in the yield zone of the stainless steel, this may tran.late into 
a appreciable deflection, the thin fuel rods inside may be severely 
damaged and may disintegrate into powderous form upon impact with 
the canister shell. Therefore, it i. imperative to attempt an 
accurate determination of the various modes of canister buckling 
and the long term effect they may have on the integrity of the 
stored nuclear fuel. 

II. MAtERIAL CONSIDERATIONS 

The yield strength of the selected container material (J04L 
stainless steel) is 220 Hpa (32,000 psi.); the ultimate strength i. 
586 Mpa (85,000 psi.). These high strength values delineate the 
selection of 304L stainless steel for the long ter. storage of 
nuclear waste, in part because 304L displays high ductility and a 
high resistance to crack initiation [81, since crack initiation may 
lead to stress corrosion cracking over long period of time. 

III. ELASTIC STRESS AND STABILITY ANALYSIS OF MASTE CONTAINERS 

Finite element analysis is being used for the stability 
analysis of the canister (9). Two models are analyzed (Fig.la,lb) 
and two shell element types are used in the analysis, a 3-0 
isoparametric 4 node shell element model and a 2-0 thin shell 
element model. Both shell element types have 4 nodes with 6 
degrees of freedom per node, three translations and three rotations 
(10). Linear and non-linear analyses have been performed and the 
results obtained using different models are compared with each 
other and with theory (11,12] whenever possible. 

A. Load and Stability Cas. Study 

Cani.ter stress and stability scenarios are presented in this 
paper with emphasis on the elastic and the inelastic post buckling 
behavior of the canisters. Critical stress analysis of the nuclear 
fuel canisters under normal handling condition. were presented in 
a separate pUblication (13). The following is a study of various 
canister buckling conditions. 



1 . Thin shell element model of the canister with an applied 
radial line load along its full length. 

Figure 2a ahows an exaqqerated deflection pattern for the 
canister under a line load applied radially outward. Figure 2b 
.hows the circumferential bucklinq mode for the canister under a 
line load applied radially inward, thus cauaing compresaive 
atresses. Such loading conditions may occur if horizontal atackinq 
of the empty canisters is used prior to loading or if loaded 
canisters are plsced on stands in the horizontal position during 
storaqe. Compressive loading conditions may also occur when two 
loaded canisters impact eech other during normal handling. The 
buckling load of 7.607 £+05 kN (1.71 £+06 Ibs, is far above the 
actual strength of the canister and indicates that the canister 
will yield and crush before it achieves elastic buckling conditions 
in this mode. 

The models used for this study consist of 2272 4-node thin 
ahell elements and 2243 nodes. 

2. Thin shell element MOdel of a simply supported canister 
under two eccentric radial lo.d, symmetric and unsymmetric 
support conditions around the lip of the pintle. 

This loadinq condition may occur due to the impact ot the 
canister while being carried from the pintle by the crane. This 
partial model of the canister which has the ASK! flanged and 
diahed shell structure for a pintle consists of 1360 four node thin 
shell elements and 1346 nodes. Figure 3a shows the positions of 
the two eccentrically placed radial buckling loads. Figure 3b 
shows the bucklinq mode for this loading condition if the pintle is 
symmetrically supported around the lip. The mode shape shown 
indicates a prevailing bending condition in the ASHE flanged and 
dished pintle and in the top plate cover of the pintle . The low 
buckling load of 62.3 kN 114,000 Ibs) indicates that the ASHE 
pintle would buckle elastically if a caniater get. impacted in the 
shell or pulled up abruptly by a crane from a horizontal poaition. 
Figure 3c shows an asymmetrical canister buckling mode in the shell 
due to two adjacently placed eccentric radial buckling loada. This 
loading condition may occur due to the impact of the botto. plate 
of a canister with the shell of another . The elastic buckling load 
for this case is 2380 kN (S.3S £+05 lbs), which indicates that the 
canister shell would yield before it buckles elastically. 
Inelastic bucklinq will be discussed later in thia paper. 

Figure 4 ahows a twiat buckling mode in the ASHE shell pintle 
due to concentrated radial loading in the canister and eccentric 
support conditions around the lip of the cani.ter. This condition 
aay occur if the crane grippers did not grab the pintle lip 
adequately while the cani.ter is abruptly lifted from horizontal 
position or while under i~pact in its shell . This elastic twisting 
mode is the loweat that we encountered in our studies and 
demonstrates an inherent instability in a 0.0095 m (0.375 inch) 
thick pintle shell . 

3. Canister shell model subjected to unifor. axial loads. 

The canister was subjected to uniform axial load applied to 
the lip of the pintle and to the top of the circumference of the 
cylindrical shell. These loada represent lifting of the canister 
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by the crane or vertical atacking of canisters. 

Figure Sa shows buckling mode of the 0.7 m (28 inches) top 
plate of the canister due to uniform axial tensile lifting load 
applied to the lip of the pintle. Th ill unusual buckling mode 
resulte from the radial compres.ion and bending applied to the top 
plate by the ASHE pintle ahell . Thi. DOde of loading was used to 
check the adequacy of the finite element model. to predict complex 
buckling conditions . Using analytical expre •• ions for ahell 
structures provided by reference. (12 and 141. the radial 
displacement. of the cylindrical ahell due to axial tenaile 
atresaes, transverse shear .tre.... and bending moment. were 
equated to the displacement re.ulting frolll the outward radial 
buckling forces of the top plate. The tensile lifting load that 
caused the buckling in the plate was predicted by finite element to 
be 3541 kN (7 . 96 E+05 lbs) and by the approximate theoretical 
analy.is discu.sed above to be 2891 kN (6.5 £+05 lba). 

Figure 5b show. the buckling mode of the pintle top plate due 
to uniform axial ten.ile lifting load applied to the circumference 
of the pintle. This mode of buckling predicted a higher buckling 
load of 5338 kN (1 . 2 £+06 Ibs) . Both buckling loads predicted are 
within the elastic range of the canisters . 

Figure 5c repreaent. a compre.aive axial buckling load of t he 
canister shell due to uniform axial load applied to the top 
circumference of the cylinder . Thi. classical buckling mode was 
al.o uaed to check the ability of the finite element models to 
accurately predict the buckling loads. Finite eleme nt a na lysis 
predicted an axial buckling load of 5338 kN (1.2 E+06 lba) and 
theoretical analysia provided by reference [II} predicted a load of 
6627 kN (1 .4 E+06 lbs) . The finite element .odel representing one 
fourth of the length of the cylinder used for the previous analyaia 
consisted of 1360 thin .hell element. and 1346 nodes. 

4. Effect of mesh refinement and change in element type. 

Stre •••• due to radial concentrated loads applied to the 
canister shell were compared when a partial model of the canister 
having 1360 elements was replaced by a model having 544 0 elementa. 
Maximum Von Mises stre •• e. under the load increased from 507 MPa 
(73 , 800 pail to 852 MPa (124, 000 pSi) for the thin shell element 
model and from 275 MPa (40,100 pail to 549 MPa (80,000 pail for the 
thick shell element model . 

In the elasto-pla.tic ana1y.i. only the thick shell element. 
were used for the model • . 

IV. ELASTO- PLASTIC POST BUCKLING OF CANISTER SHELL 

A finite element aodel using four node thick shell elements, 
representing a quadrant of the cani.ter shell, wa. subjected to 
concentrated radial load 0.5 III (20 in.) below the top plate . 

Elaato-pla.tic .tre.s and buckling analy.ia are ahown. 
Figure 6 shows the idealized material property curve for J0 4L 
stainless ateel used in the non-linear analy.i. . Figure 7 .how. 
the applied radial load versus time curve uaed in applying the 
COncentrated load in six time stepa each of 0.05 second.. This 
loading rate waa deemed reaaonable to describe tbe impact of one 
canister dropping at an angle from a small height of few inches 



over horizontally placed cani.ter . 

Figure 8 .how. the di.placement v.lue. in inc he. under the 
.pplied radi.l load •• function of tiae re.ulting fro. the non­
line.r el •• to-pl •• tic .tre •• an.ly.i.. The Von Mi.e •• tre •••• 
re.ulting fra. the .... loading condition are .hown i n Figure 9 for 
the .ix ti ... tep. u •• d in the .naly.i.. The .pr •• d of the yi.ld 
zone at the diff.rent tille .tep. i •• hown for a "XilN. radial 
force of 119 kN (27,000 lb.) which is approxi.aately twice the 
w.ight of the cani.ter. The membrane circumferential .tre •• e. were 
found to reaain in the coapre •• ive r.nge t hroughout the .hell and 
no snap through buckling .ode was considered tor t his l.vel of 
loading . The finite el ... nt .odel was .edified at every tlae .tep 
to include the change. i n the .. terial property due to the .pre.d 
ot the yield zon.. Finite element and experiaental analy.i. of 
steel cylinder. were discu •• ed in ref. [15,16] . Buckling analy.i. 
wa. then perfo~ at that ti ... tep. Figure 10 shows the various 
buckling -ode. due to the applied r.di.l load. The light colored 
elements .hown in the figure repre.ent the yield zone at the 
appropriate ti ... tep. 

Th. predicted buckling load. were plotted again.t the applied 
radi . l load. a. shown in Figure 11 and the el •• to-plastic buckling 
load was graphically predicted at 86 kN (19,500 l b.). Further 
increase in the radial load would result eventually in sn.p through 
buckling. 

V. CONCLUSIONS 

Str... analyai. along with elastic . nd pla.tic buckling 
.naly.ia w.s perforMed on • 0.0095 • (0 . 375 in.) thick. Re.ult. 
indicate the need for thicker, DOr. robu.t and preferably multi­
layer eani.ter de.ign to protect the inner shell from accident. I 
overloading and potential crack initiation. 

Sh •• hidhar Ch.nnareyapatna and Yuping Huang , Gr.du.te Student. 
in Civil Engineering at UNLV are hereby acknowledged for their help 
in typing .nd preparation of this .. nuscript. 
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STRENGTH ASSESSMENT AND REPAIR OF DAMAGED 
BRACING IN OFFSHORE PLATFORMS 

Walid A. Salman' Peter C. Birkemoe' James M. RideS' 

Abstract 

This paper presents results of current expenmental and analytical research studies related 
to the rcsldual strength of dent damaged offshore tubular steel bra<:mg. Large scale 
Sp«lffieW of varIOUS diameter-to-thickness ratlO$ (O/t) \\."ere tested in the laboratory 
to demonstrate the relatIOnship between dent depth, Df t ratiO, a nd residual strength 
Nonlinear tinne element techruques were used to produce damage and to model the 
behavIour of the dented members. A parametnc study was conducted to &S5eU the 
effects of D/ t ratIO, damaged induced residual stresses, and other related parameters on 
residual strengt h 

Under applied &X1aJ Ioadmg, the dent was found to cause a local Instability, where the 
dent depth grows, leadmg to a reduced strength of the member To avoid this local 
Instability, dented sp~mens were repaued by Internal grouting and were subsequently 
tested in the laboratory The results from these tests Indicate t hat this repair method IJ 

successful in increasing the strengt h ofa damsged member. Analytical methods are now 
bemg studied to replicate the observed response and to study the nature of the composite 
behavKlur. 

The results from the research studies provide essentl&l knowledge for incorporation Into 
a tnalntenance and rep&lf program. With an assessment of damaged member strength, 
and its effect on the platform strength and stability, decisions can be made related to 
the nature and effectiveness of a repair . 

'CudualA! Studml. Oef*,rlmentorClvil En,lneuln&, Unlvenily orToronto, 3S Sl. GrorlleSt., Toronto, 
Can.da M5S IA4 
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Introduction 

MOlt offshore platforms are diagonally braced structures constructed of neel tubular 
mfmbers These structures are subjected to a VlU'lcty of environmental loadings, In­

cludlng wave, current, Wind. and Sl!lSffilC. Structural lnspecliOns of offshore platforms 
mdlcate that a majOrity of thfo:m h&~ members that have been damaged &om Impact 
With e)tMr marine vessell or dropped objeCU. The degree of dent damage resultlDl (rom 
thc.e collisiOns valiCS. oowt'ver. a dent depth of 10% o(the member', diameter 15 common 
Rnd is prevalent In the brRces located near the OCC'an water surface, Dent damage, both 
local and global. redu~! the load carryrng capacity of the braces such that the strength 
and stability of the structural system may be jeOpardized 

An experimental study on two-tlurds to full scalf' models of fabricated tubes wu oon­
ducted to assess the> E'lfecu of damage on the sttl'ngl hand bel\av\our of tubular members 
13J. Tubes With nommal Dlt ratios of 34 !i. 46 and 64 and local dent depths equal to 11m. 
of thell diameter were tested under axial compresstOn Includmg both concentrically and 
ec.~ntflcaUy apphed loads The Study also mcluded aXial compression tCllts on dented 
specnncns that were repalled by Internal grouting 

Thll paper pr~nl$ a fimtl' f'iemenl modeling approach usmc commerclaUy available 
software to investigate the problem of damage to tubular mem~rs. The results of the 
experuJ'lental Study m rompafJ.son With the numerical method are allO d1SCussed. From 
the thlTtcen speCimens tt'stt'd and analyzed, three are seicctt'd for the purpose of thLS 
report, Speclmeru A 1. A2 and AJ These specimens aU had a nom mal diameter to 
thickness rauo of 34:; AI and A2 W1're unrepalfed dam80ged tubes, while A3 was first 
damaged and subsequently repalte<! by mternal grout 109 prior to loadmr; All specimens 
were lOaded With Simply supported end condLtW;)f\S 

Experimental Program 

Specunens AI, A2 and AJ pach had a oornillal diameter of 8.625 inches, a nominal wall 
thickness ofO.25 inchc$ (Olt- 345), and a length equal to 178.8 Inches. They wefe each 
fabricated from hot rolled C'lectnc resIStance welded (ERW) carbon steel Pipe of ASTM 
A!i3 Grade B material. The weld W&S onentt'd aiong the longitudinal axJS of the pipes 
From the avt>rage of thre{' coupon testS performed on this senes of pipes, With a OI l 
ratiO of 34 5, a tensile Yield stress of 34 8 ksl wu obtained The ultimate stress of the 
matenal MLS found to be !'Qual to 46.5 Itsl With a Young's Modulus of 29000 ksi and a 
stram hardeOing modulus of !i18 ksi. 



The lpecunelll 1n!re each damaged by applyinc a iateralload at theU' midspan throulh 
a lOUd knife-edp Indenter The tubes ...... re supported oppOlilte the indenter to reduce 
the amount of ,loba! bendn" !O:XJH!nenced by the tubes dUTlflI the denullI proceu. A 48 
mch Ion.,upport used for tbis purpoae wu centered about the dent I«llOn ISfle Fie. 11 . 
The resultlnl damage coruu.ted of a local dent with a dept h equal to 10% of the diameter 
of the tubes and alight overall bending resulting fro m lifting of t he unsupported end •. 

Specimen Al ... u then subjected to a concentric aJUal load in a 500 kip telF-reacc.irll 
tea frame u abo.tn ID Fic 7 This frame wu wed ill testl"' all the specimens, Imce It 
abo enahk!d the uW load to be applied at an end eccentriCity by means of load rollan 
located at the ends of the limply supported 5pec1mens. The comprtsSlve uw load was 
applied by • 150 ton capacity hollow plunger hydraulic cylinder attached to each tension 
rod Load control was used Wltillbe ultimate capacity of the tube was .tlalned, beyond 
whiCh dISplacement control wu employed Specllnen A2 was eccentncally loaded thro\l&h 
an end ecoentnclty ~ual to 20% of the tube diame18. relulune In a nate of combuled 
axW. compressIOn and bf,nchne alon&: the &xli of tbe specimen 

Prior to applYlfll the &leW load. Specimen A3 was repalrt><i by complete Ulternalcrout­
inl It .... then mounted In the test frame and subjected to axial comprtulOn a1 an 
end tc«ntnclty of 209(. of Its diameter . The Internal &rOUl was shown to arrest the 
&fOwth In the dent depth that occurred in the preVIOusly tested unrepalfed speomens 
and resulted Ul a considerable increase In the ultimate strength of the specimen. The 
expenmental parameters and the ax1&i load results for the three specimens discussed 
above are summanzed in Table I . 

Finite E le ment M ode ling 

The Jimte ~lf'ment modding and analY.!16 W&5 performed uSlIlg the general purpo.te com· 

mercial prOinm ABAQUS {I). The nUl'"Mtical model included the effec:LJ of wee displace­
ments and matenal non hneanties. Symmetry of the Ioadinl and boundary conditions, 
both dunne the dentine and loadllll phases of the analystS. pernutted modelinc a quarter 
of the tube . The firute element model used is shown In Fi, 3 

Eight noded doubly curved lSOparametric quadrilateral shell elements known .. ABAQUS 
S8& element. ~re used to model the surface of the shell These elements have five 
dep-ees of ~m per node, three displacement component. and two In plane rotation 
componenu Moreover. a sath dt'gTee of ~m. the out-of plane rotation. 16 activated 
for any node With a boundary condition on a rotallonal degree of freedom, for a node 
involved in a constraint equation wang rotatIOnal degrees of frtedom, for ft node attached 
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to a beam or sheU element that uses six degrees of freedom at. all nod ,or (or ~ 
common to elf!ments that have different surface normals. The nodal disp1aoemenc.. and 
nodal rotaliOns are mterpolated independently. Numerical mtegration to obtain the 
ItlffnMI ~cientl are earned out usil1l four Gauss pomLi over the lurface of the .heU. 
In additIOn, rune lhroU&h tluckness iJ1teUation poUltS USllll Simpton'I,u1e 1W!re lpeclfied 
In order to model the non- linear behaVK)Ul through the thlcknesa of the .hell. The SSM 
elementl account for the out-of-plane shear deformatlOM of the sheD USU\g reduced 
IntegratIOn £or the &58OClated shear stiffness. 

~ seen In Fic 3 a relatively finer mesh MU used in the vicinity of the dented zone. The 
transition bet~n the fine and coarse m~h was carried out Wins multi pomt col1ltrainr. 
equations. The material behavIOur was assumed to be isotropIc and holTlOgeneous. Yield· 
ing wat goV'f'rned by the von Mises criterion With the "astociated " plastic flow theory 
used to account for the material non- Iinealltles. In addition. UiOtroplC hardenln, was 
... umed 

To lItdudc the damage Induced residual stresses In the fimte element models. the de.ntlng 
of the speCImens was IImulated analytically, pnor to uta! loading. Uni-dllectlona!,ap 
eiemenu, CAPUNI , available In the ABAQUS element library, were used to model tbe 
COntact between the edge of tbe Indenter and tbe surface of the tube. These e~~nts 
poueu no stiffness when the gap between the two connected nodes (one on the edge 
of the Indenter , the other on the top surface of the tu~) is open, but are infinitely 
stiff when the gap is closed. that 15, when the edge of the mdenter comes mto contact 
WIth the lube. The support opposite the mdenter was modeled by II$Stlmmg that the 
nodes at the midspan of the tube opposite the Indenter were pmned The pmed nodes 
! P6nned an arc equal to one-third or the cllcumference of the tube Although the actual 
support. lit the experunental setup had a firute length of 4$ inChes along the t.ube 8.X.II 

as shown In Fil· 1, only a line support (:tero length) was UlUmed in the numetical 
model PrelimmAlY analyses bad indicated that extendml the support through a Brute 
distance along the tube ax.LS , although adding to the solution tune and complexity of the 
model. had little effect on the dentUlg behaviour, and even less effect on the subsequent 
behaVIOur of the model under loading. In addition, the tendency of thf. tube to lift oft' 
the support durmg denting W&$ found to be T1UDlmal for the gIVen degJ'ff of dentmg. 
ThIS al~ the support condltiofl5 to be simplified dunn, the creauon or the dent for 
all the damaged models Tbe required dent depth was attallled by applying a prescribed 
lateral displacement to the nodes representing the edge or the knife tndenter. Fi«:. 4 
shows. portion of the firute element model around tbe dented region for Specimen Al 
alter completion of the dentmg cycle. 



After dentwg, the analYl1i was continued by modifyinl the boundary conditions and 
applying the appropriate loadang. Simple supported ends were simulated by restricting 
the lateral displacements of the nodes at the end of the model. Applying an eccentric 
load to the model Wall carried out by first introducing a dummy node in the plane of 
the end croa-seetion. Consuaint equations were then written to relate the longitudinal 
displacemenu of tbe end nodes on the surface of the shell to the longitudinal displ&Cf.menr. 
of the dummy node and its rotation about the global Y axil {See Fig. 31 . The applied 
axW load was simulated by prescribing incremental longitudinal displacements to the 
dummy node. This technique allowed the axial load for a given spedmen to be applied 
at &Dy requtnd eccentricity by appropriately locating the dummy node. For example, in 
the case of Specimens A2 and Al, the dummy nodf! was mtroduced at an eccentricity 
equal to 20% of the tube diameter. 

Results from the &Xlal compressIOn test on A3, indicated that the internal grouting ohhe 
specimen was able to restore, and in certain cases exceed , the undamaged strength of the 
tube. A finite element model that would closely simulat-e the behavIOur of the repaired 
specimen requ1l'ellI delatled modeling of the internal grouting. This could be carried out by 
means of true. dimensional solid elements, representing the groul, coup\ed wlth interface 
elementl to model the Interaction between the solid elements and the shell element. 
fornung the surface of the tube . However , based on the experimental observatiollll of the 
repaired specunen. no bond was found to develop between the gTout and the tube wall, 
Implying that the full composite strength of the member was not developed. A part of 
the increase In the strength prOVided by the grout is mainly attributed to the ability of 
the grout to stop the growth of the local dent, and prevent the resulting local instability 
in the dented region. This suggests, as a first approximation of the repair effect, that 
a simplified model of the repair process based on arresting the inward collapse of the 
crOM-SeClion could be adopted . 

Based on the above, the modeling of the repair process was carried out by introdUCing 
very stiff trWlS elements at the dented cross- section of the model at the end of the denting 
cycle and prior to the application of the &Xlalload. These elements coupled the relative 
lateral dISplacement at the top and bottom of the dented 5e<:tion, thw preventing the 
increase In the local dent depth throughout the aXIal loading proceu. Although the 
effectiveoe!ll!!l of the internal grout is nOt thought to be restricted to the midspan of the 
tube where the dent depth is greatest, this Initial model was based on th~ assumption. 
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Analyt ical R esults 

ResuJts from the numencal analysIS of S~men At are shown 10 FiS 5 in the form 
of applied axial load P, normali%ed With r peel to the crou-.ectlOnal yield Itrengtb 
of tbe tube P" wr.UI the overall axw ,hortenu\8. normalized by the oricma! lengtb of 
the member The npertmental resulu • .ao prtaented in the fipre. Indicate that tbe 
behavIOur ubJblted by the ana1ytw:al mode1acrHS well WIth the upenmental behavIOur 
The pre-buddm, fesponaes, which are .. !moIt Identical at the start of 1oadulC, diwcle 
.lightly prior to attainirll the ultimate load, With the experimental curve .howulI mon 
eoft.enU\l In III behaVKJur all Yleldins; Pr'OIreMef The analytical model. on the other 
hand. shows little klu In Itdfness and collMqut'nlly fails at a hilhf:r ultimate kww:I. The 
poIc-bud::lulC MhavlOur of the expemnemal .p«Il~n a very weiJ .unulated by the 
numerical model as the two correspondl,. curva are !lef:n to conwr,e fo1lowml failure 

Two adddlbonal CUfYH are also shown an Fil 5 to investigate the mfluences of the 
damage mduced rHldual Ilresses and the mo<khfll of the matenal .ram hardemlll 
charactHlSllQ on tM .~ncth and behavlOW' orthe da.mased tube For the firute element 
model that did not mclude the damage mduced residual stresses In the analYllI, the lube 
failed at a Iowt:r ultimate load a.5 indicated by the correspondmg curve Thil behavIOur 
is explained by the pretence or residual teMl1e Itr~ In the dent rone that develop .. a 
result or the Imposed local damage. Thew ItrnRII, by actmg oppOlute to the compl't'SllYe 
stresses produced by the &Xlalloading or the tube, result In the obRrved hisMr capacity 
The post -buckbnc stterllth and behaVIOur or the tube rernam unaJfea.ed by the resKiuai 
strl!SSeS as seen In Fig . 5. Maclntyre !2IamW!d at similar conclusKms In hia earlier study 
"OMYer, (or the tube. he analyzed with Dj t rallOi and dent depths comparable to thoee 
or Specimen AI, the tCllldual stresses had a more 'I&ruficanc. effKton the ultimate strength 
ohhe tubes Sma the mqmtude and dllttlbutlOn ohhe residual stresMI 11 a functIOn or 
tbe bound",y conduiOllIlmposed on Lhe tub. dUrin« denlq, lhe eff«tJ or these stresses 
ml&ht have been ffilt"ated In tbe cue or Specunen Al a.5 a result or Iuppottlng the tube 
opposite the Indenter durmg the denting cycle. This aspect remallll to be venfied. The 
other curve in Fia 5 dHCrI~ lhe loa.d-dllplacement behaVIOur corresponding to a fimte 
element model With an assumed elastic- perrKtly plastiC matena1 response . In additIOn 
to a reduced ultimate strength compared to the model that mcluded Itram hatderuRl, 
the post buckhnc Ilrength IS also underestimated 

The 1cad·derormation curves for Specimen A2 are . hown In Fig 6 Cood ",reement 
between the analytical and experunental behavIOur II -«am observed Similar to the 
results IiCen (or Specunen A I , the fitute f'lement model appears to k»e wry little Iturness 
prior to railure while the effecu or pre-ultimate ytf'ldlRl orthe tube are more apparf'nt in 



the txperimentallpeclmen 8JII demonstrated by the corresponding curve. The numerical 
analysis consequently slightly overestimates the ca.pacity of the specimen. The post­
budcling behavIOur however , is seen to converge. 

Analysis resulu from tbe finite element model corresponding to Specimen A3 are pr~nt· 
~ in Fig. 7. To ,bow the effects of the repair procedures, experimental .nd analytica.l, 
Ioad-deformatlon curves for Speamen A2 aIe aoo soo .... n on the figure . The effect of 
introducing stiff elements at the dented cross-section prior to axial loading only leads 
to a modest gain of 14 % in the ultimate strength of the tube when compared to the 
corresponding untep&1red Specimen A2 . On the other hand, internal sroutin« of the 
experimentaJ specimen results in a considerable gam in the strength, exceeding twice the 
failure load of the damaged tube 

A summary of the IL)uai load results, PIP,. from the analytical solutions are presented 
In Table 2 where they are compared with the experimental values. Result. for the dent 
depth values D4 and the overall out-of-stralghtness 6,/ L for the three specimens are also 
given. 

Conclusions 

Results from the fimte element analy.is of the damaged unrepaired specimens indicate 
that the numerical model is capable of reproducing the experimental load-deformation 
behaviour With relatively good accuracy, particularly With regards to the pre-buck..ling 
response and the post- ultimate strength and behaviour. For the tubes analyzed , and the 
parameters considered, the fimte element model generally exhibits a stiffer response in the 
pre-buckling zone as the failure load is approached . The earlier yielding dernonstrated 
by the expeumental specimens might have resulted from the residual Slres&el created 
during manufacturing which were not included in the numerical analysis. 

Neglecting the damage induced reslduaJ stresses in the loading phase of the analysis is 
shown to result in a conservative estimate of the ultimate axial strength. By reJering to 
previous analyses not presented in this paper, the degree of conservatism appears to be • 
function of the dent depth, the diameter to thickneM ratio of the tube, and the boundary 
conditions imposed on the tube as the damage is created . 

Including the material strain- hardemng characteristics in the analyis is necessary if the 
post- buckling strength and behavIOur of the member IS to be corre<:tiy modeled. Results 
based on an ela.stic-perfectly pllUitic model generally lead to conservative Htimates of 
the strength. 
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Finally, mOOelin, of the internally grouted repaired specimens by restricting the defor­
mations at the dented aoss-section fails to reproduce the large gain in strength exhibited 
by the experiment, indicating that the effect of the internal grout extends beyond the 
dent location. Revised modeling techniques have to be considered. 
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SpKlmen DeJcrlptlOn of SpKunen End 'fJ Exp, Pmu 
No. Eccent (kip.) 
Al Damaged, Non repllU'ed 0 0.1 141 
A2 Damaced, Non repalfed 02 01 91 
A3 I Oamqed. Internal Grout Repau 02 0.1 191 

Table 1 Experimental parameters and axial load results 

Exp FE Exp. FE 
SpKlmen No ~ D, 'i D, f. f. ~ F< 

(in) (in) 
Al 0,0007 0868 0.0014 0 .862 0.61 064 095 
A2 00006 0861 00014 0854 0.40 0'2 095 
A3 00006 0 .857 00014 0854 0.84 0'8 175 

Table 2. Comparison between experimental and numerical result. (or the dam­
... cycle and ultimate loads 

p. load Applied by p 

Overh •• d T •• t Machine 

~ Hydro.tont Support Bed ~ 
+;~-.g ji 

I' 4110. tl A Section A·A 

Fi&ure 1 Experimental device used (or the denting of the specimens 
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Figure 3 Finite e lem ent mode l employed in the analysis 
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'l:' 
Fi&ure 4 Specimen A 1 Dented :lone or linite element model at the end or 
the dentine cycle 
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GROUTED HOLLOW STRUCTURAL STEEL SECTIONS 

AS SEISMIC RETROFIT 

FOR DEFICIENT BEAM·TO-COLUMN JOINTS 

Htlmut G.L Prion', Thorn •• E. Botrschlld1 .nd Sheldon Cherry' 

ABSTlIACT 

This papcr PfCKftU the ftJIdinp of.n a:perimental Sludy 10 evalulc I method 0( rctroftl Which ICklreaa I 
dendeoty iJlllttDltb and dllCtiliry in reinrorced concrete [nmcs Clused by lht lick of sumdcrll reinforcement 
in .nd lto\If!d beam·ICHnlumn joints. 

Tbe proposed relronl method ooll1l1ts or encaslnllbc rdnlorocd aJDCfC.IC .loU!! with I JrOuted Sleel }llckeL 
In thillludy, two 'ryk:i of retrofit jackel were laled: circular ud rClClanpla, tubular Win" 80th mctbocb 
prOYldcd 1M: ~ry sucnJlh 10 tbe joint .rca, .Itbou'" the circullr lube proY'Cd 10 be mort cMclcDI i.n 
mnnnln, the. concrete. ll'Ilhe paper, tbe twO jKtcl SI)1ci He cvalUltcd lor lIfenl'h. lIitfneu Ind ductillly, 
1M their rclal~ menlS 1ft dbcu5sed. 

I Depanmenl of CMI EapnecrillJ. UIIMf$iI:y or 8ndsh Columbia, Vancouver, B.C, Canada 

2 Watmlr ColUuILlDu., North V.lICOUYer. B.c.. Cbada 
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INllIODUcnON 

Tbe beadhs of COIKTCtc.-llIkd lUbes ~ botll realli:cd ill 'PPlk*tlOItS .odI .. cohullmlD DeW CX)QIlnactloa 
and u • meant of retroftullli cklkicnt bridae OOIUMN (PMlkIy ct ,I 1990). The majOr aGvJ.IIl.lrt II the 

d!\dcnl IIU 01 relatively IhiJI steel tuba mmblDCd wilb IlIlocqIcutve a!WI brink JIUIterialsucb .. a>lKUle 
10 create. • IlJOII, Ind d\lCtilc f'ramIlI' member. Tbe tuaalon of tbe. llcel lubin, Is rwofokl, umdy 10 
CX)fIlrlblile 10 (be load tClill.lna:, ClpedalJy under bendln .. aDd 10 provide talenl conftne:menllO tbe DOIKTt-Ie. 

In CXllumllJ the lIuer lithe mo5l Important and spedal mQ5l1tCllre ohen liken 10 prevenl the llcel lube 
rrom IUl'Ktln, compreuiYe torce5. Wbca beDdiJIl t'IOlISllllItCl.lI,n1lk:1nl)o.c1 compone:ot, bowever, tbelled 
IlIbe If allod IlpoD 10 pl'OYick It-Mion resillillOC ill tbe Ion,ilvdinal dircctloa, e&pcdally .... hen no concrete 

reinforcement II prt5(.oL 9ccaU$C the load carryin, mechanism of conCJeu~ .. mled tuba I.Il1rgely IndcpeDCknl 
otlhe IlIlIedteDli of 1M INIde componcDlllDd rdk:l matllly 0. tbe direct interface bctwcell lhe OOnaclC and 
lbe exterior wit, this coastnlCtioe metbod b particularly ,,,hable rot tbe rdulblluaUoe Of repalr ot cktk:ienl 
lIr\lCtural coalpooe.nts. 

Tbc rdlliYely minllnlJ rtqulremuta for umsvene rdnforoc:meDt preYakDtlD the pre-1971 rdnforced co~te 
dofp mck:I baYe rca:uhed ID I lit It lumber of moment railliB, hma tlull, uDder IOday"J wlMlatds., MXlkI 
be colllkSered prone 10 shear railura in the columni and berom.to-wlumn joints, lhlll eihibilin, a Jo-' IeYd 
of d\k1i1iry I. a w:is.mk CYeDt. Thll lilady dab sptatkaJIy With tbe reuanl 01' beam·lo-wlumn }olD" ID sua 
rnocncnt.rClbtlnl frlmeL The purpoK _ 10 iDYatipte the Ipplicatioa of OOIKTC.le·ftlled lied tuba. I 

,uillble I'ftelltod of retrollt thlt ClI be appl)ed 10 ItreDJlbeli lbe beIm·lo-wlumn )oint rrllO"- Ddkknt (Of' 

d.lmaaed) rt.inforccd concrete IM:mMrs and jointa were reUOfined by rnc:ulnl the jointa with I lleel jacket 
Ind Rllinltbe woid berweca!be }KtClInd the joiDllIICmben wflll CODaete JfO'II (fl&. t). Tbil il In dcpnl 
and Ilmpk IOlulion; the lied provi<k:J both latent.! COflfInement and IbtIr reinfororJDCDt., tllt:rrby Iddinl 
menlth Ind duailiry 10 tbe joint. 

PREVIOUS RESEARCH 

A larae lmount of rtKIrdii hu bern direaed 1000rcb the enuncel'ftenl of dUCIllily of relnf01ccd conaele 

members Ind jointa. The usual metbod b 10 provide ooofineJDCnl 10 the concrete Ihrou", tralllvclK 
relnforcemenl in lhe form of hoop' or splrlb. An Iitemite IMthOd of providlnl connnemeni by ellCl5ini the 
concrete core within I "eellbell was found to be vcry effective fo r columlll (PriCltle)' et II. 1990; Priestley 
Ind Plrt. 1984.198S). Whm reinfOfc:ed concrete columlll aCed 10 be retrof'llled. It _ fouftC! 10 be prden.ble 

thlt lbe lIeel jac:tctinl pfO\oide confinement Oftly. 1ftC! not directly till')' Iny uiallold. In reahry. tIoweYer. 
the ilruaurll Kpuation ot Itccl lube Ind concrete _ diffk:ult 10 ac:hieve Iince cliemlcal bond aftC! friction 

Ire 1II ..... 11y lutnetC.nt 10 wure IIrlin compalibiluy (Prion &rid Boebme. 1993). 

JOint perform.anct appears 10 be a I'lInction of the joint lbear IUeu aDd coDftnement \eYd (Alameddinc Ind 
Ehs.anll99l). Htp joint , hear sua.sc:s were fouDd 10 tcdIKC tbe entr" Ibsorptlon capadry and cause. rapid 
klII 01 to.d-anyinl capacity. Tbe prinwy role of lnIlISYCl'$oC joUle reinlOf'ccmenl illhus one 01 c:onfinemetle 

(EMaaIIDd WIJhI 1990. Leon 1990). Otlter rcc:ommendadoDl fof tbe improw:meDI of joiDI behaviour arc 
the lYOid.lnoc of lIrJC pwtic derormaliolll 'fr'Iehin lbe joint, lbe COftCCntrltion 01' hlDpni 10 praaibed 

KelIoM, and the I'o'Omnoc 01' briuk failures.. 

BaIecJ 01 preonovs rClellra, the object of lbe beam·!CH:OluMa tODMcdoll rr.trolll/repltr propam _ tblll 10 

Iddrtu lbe proolenu liIOdaecd 'fr'Ilb joint shear filiure (yield hlnp Within tbe joint. and ill$ut5cient 

conftnemeDt and anchOraJC) by tbe use 01' lleel jackets. 1be forca wfthlD tbe Jo'nt reJlon Ire much more 
compbcalcd Ihln In lhe ISOlated coIumD retrofit case and it _ DOt delr II the OMeI of thb "lady wbether 

i6cqUile connnemeni could be proo.ided. and whelher cimdat tuba were requited or It rr.cunlullr ~ 

would also be lumdenl. 1'bt relative men'" of bolh jlekel cypcs were lberdore inYallpted. The ob,i«tiYea 
were thlll rwotold~ to lIren,lben the jolDI repon while II the "me 111M lncreue tbe dlKlility of tbe I)'5lem 

by devciopina a pllStic h/ft&C within tbe beam adjaoenl 10 lbe jolnl. 



EXPERIMENTAL S1\JDY 

Six C)'dk lQIdin, lei" were puformed OD .. lOW 01 fovt reiAfOfCll'd CODCrtlt lpetime.DJ buUt IIXOnSina 10 

I)'pkaI 1960'1 dalp sp«ifk:l1OGl. T'bt ICllliq J!fOIf1IIIl l:DcIudcd two pi'dilDWry IeIU '"' IllU'Ctroftltcd 

.~ ca.uaa_ buual ...... " hd uuudcd •• lil;d)'w:euno after II elnllquallt. TMlllbMqUUI 

kHlr ICI" -.te perfonDcd oa lk twO damlp and lbe two uedamap lpa:uDC1II If'ler tetronltlaJ lhclll WU~ 
vou1cd IIflel jackets: twO wllb • drculAr JadlCI, and two wilb • rcaaaplar }lckel (Fla.2). 

Omo<><:U • "ETRO-SU 

@ [g] 
~~ -~ ....... ....... 

flcun:: 1 TCiI prOIJUI 

Test Sptdmu [)Hip 

AI • bull for lite apc:rt.II'Ie.tIW WOfk.. tfIO.6torcy oC!'ioc 
IUUClllre 'hllllcd In VlfICOVY'tf, B.C .... daiped in 
accordaMC with the rcqlliremenLS of tbe 1970 Nltioul 
8I1Udur., Code ot CuaCa (NlliOUl 1970), ,ad prtIMrlIy 
utll&d lM CA,N).A2l.).M66 (1966) code for 
rc.lnfoto:,d OOKfCle IUlIClur. (Cuacbl" 1966) (F'\J. J). 
A !)'pical beI,..· lC).Q)lulIlD joI.at lII~bly WM ICtJed 
dowB for letll", and IaOdtlled by om.illJ", IU tile 
1fUI¥trK rdalon:lCaali !roe tk Joiol rCflOL TU .... 
co..,. prKuce II lhc u.e dlW; 10 UlblPIIMII ill 1M 

lalerprtudoa 01 lbe code; the. 1966 <Ode did DOt 

opIiolly IUtt Ihll the }alltl rep,. lboukJ be CIOMickred 
pan ()f tbe column, ..... lh lpeatk lraJIJWne 
reInforcement rcqlllICrKatL CoNoque.nlly. ttoJ Of 

IIoopI were typlCllly )eft 0111 of lite jOilU ... Illy 10 I¥Oid 
COfI&a1IoD of relnlorcr:mcat wbk:b oftt.ll led to ....,..... ...... 
Retront DtlIC" 

Sled)actt'" -.ere prowided II. wbldllllC b lbe lIleraI 
telliloteclDUl "eel lUI _ lea (MIl ill 11M. ooJlDllI 
_Ip. TIley were lrllCnded to pnwidc coo.ftDCIDC1I1 ,Dd 
.belr ltuO,,' 10 lbe )Dia ... -"Iboul uduly iDaeu.iD, 
lhe mcmcal C8pK1l)' of Ibc SpecinIeaL The roquired 
YOIume orrel"forczmcn!, baied 00 modcnI_lp code&, 
_ repllClOd by lac ttccJ .\ICkeu. raviUJI, ill , pble 
IbkkDcu of 1.16 _ (0.110 u.>- The kneW of tbc 

rcuolll were" oquailO lM.ember 6cpl' &IoIo,lbc 
coIllm.Of and t..-.oc the member ckpOI &I0I0, 1M. beam. 

O£11lO<:O OmlO4O 

0 (g) 
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measured (rom 1M: belm-fO.COIuma "Hat.«. A pp ol2Om1ll (lU In) ... kit uJfway alon, (M le.atA 01 
Int beam jackel, 10 aUlc • 00:\1111 blDac II WI point (Ra. 4). Dapllc the dlKOlllllluiry in tbe lleel tube 
I' the "p, .n IDCI'cuc In the ove.rall moment rcsilUlIICe 0( .bout one-tbIrd was expct'ed due 10 the lidded 
rorw:retc. The size or Ihe lIed jackets _ kepI to • mlnlmulD 10 reduct the amount or disruption to the 

Slnaclute durin,lM Klrofh proc:al, aDd also 10 Uml! the iacreue III Ilrea". or lbe rnu!)c member$, ~bkh 
COuld tOftlt I r.Uure ctsewlKre III the .truc:lurc. 

As letlill, pro~, etl.np were nude 10 the f'enoftllCl\emQ bta_ tbe ItrellJlb InaeueI 01 the relroftl 
KCtiolll QClt.ICIdcd apcaatlonl and CIIuscd 'ailuta In lhe beam aDd 001111011 outside the reuol'll repens. 'TheIe 

chanta .re ckuj}e(j In I liter lCCtioft. _ ... 
,.-.... 

Experimental Apparatus .nd Procedure 

-

230mmaquMe ..-.... 
l 
no » 

'" 
... 01.... ...... ... '-.. ___ __ "':: __ :1 

Squ.,..Jeckets 

A testing frlme In Ihe CIvil En,lnecrln, Structures Laboratory Illhe Unlvcnlty of British Columbi. was IltCd 
\0 apply cyclic dISplacements 10 the beam while mailnainina I conuant axial md in the column CFia.5). Dall 
from k»d celli, dbpJ.c:c.mtlll If1Insd\lCCtl and IIIlia pup were recorckld by In IUtOClaUC: computer 

conuolled dati KqUUI\K>ft 5)'StefD. Smun puce- on tbe rctrofittube:l were used to de.termitle tbe behaviour 
of the neel jac:keu dunn, c:ydk lOediD .. Tbey 1II'CIC cooceatratcd wiLbtn lbe joint area and were intended 10 

provide. In hlll&ht inlO tbe complitatcd lIrcu patten! of tbe "eel Jac:kC1 in that uea. 

T«tln& Proadurt 

Ftrst. tbe. llial IOed ""*' IpplfccI 10 l.be Q)l1I11LD.. wlk:tI ",. rulataifted IDQiWII lhroupout l.be ltSL A 
IItOtPoCDI WI.I WI'! Ipplled 10 tbe )Oiat by dl$plac:hl, tbe ceel of lbc beam In la a.P""'*"' (poIitiYe) diroc:tioL 
The IoIId was lIudlly increased until tbe )ield moment was ruc:bcd, wbith. due to tbe DOD-linear rapolUC 

of tbe spedme.n. depended $Omewbat on judpnL A duc:tllily fKtor of 8_1 was ti.5Odatcd willi Illb 
dlSplac:emenL This ume dlsplac:cmerH was tben applied la tbe 0ppoIltc (aeptive) direction. For tbe 
unretro fhtcd spcdmeas tbe !\III ')'de was repealed a WlCOnd time, folnwcd by two complete c:yc:1a II double 

Implitude. TbcIc fow qdCS of toadla, aused coou&h distrlC.$$ In tbe. ,tolD! that it muld be conskkred 
dafll.lJed. bUI repairable. 1be retrofitted 'pec:imellS were subjec:tcd to a pUler aumber of k»d qdeI wilh 

lna-casinl amplitude. 
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TEST RESUL 15 

Ma ttrial Properties 

The rcinrordn,lled had In lveDF ykkl mcn"tr. of 566 MPa; tbe ultimate .trc~ft"h _ apprcWml'cly 0 
MPI. The lUeM linin CU/'\U did not feature I marted yield pllteau and Ille nrcu I' 0.2950 otrKlllrafn was 
IIICd 10 dcftnc tbe tensile yield me:U (AI- 6). The retrofit jacketS were fIIbricllcd from boHOUcd plile havial 
• yiekl .trw of 167 MP, .nd ultimate ,trW of 'ppro:dmatcly 37'0 Mfa. 

The c:ompreulve IIrenJl1I of lbe concrete, dctcnnlMld from ,Ulndard JOOmm cyliDdeI'l, _ 26.3 MP, .. tbe 

lime of the IIlIrelfOl'illcd lal1. and )(U MJ>. .. bell tbe retrofitted spedmclU wcrt ICited.. The IY'CnlF 
compreu.1ve lUe:n&1h of tbe pout _ 31.3 MPa. 

Unretronlltd Spt(:i men . 

The IInrcuonucd reinforced OOnQ'eIC Ipcdmcns bc.hlvcd lIS UJlCC'ed, tbat Il, tbey dildoled lad!; o( ,lieu 
mcn,11I and d~ility In tbe pillllrCL The Yinu.lUy klcndal byltuais ainu of 1M: applied momnt YenU5 
lbe joint rolltJOn for .pcdmclll RCBCI and RC80. (AI- 7) ahibil • rapJd ckpatloll In sutrness ,tid 
Iucn,." willa procreurve cydin,.. The dlarlCteriitit pinChlni effect, typal fOJ rCiDlOrCcd oooaelC mc.mbeR 
Without spedal delilhn .. Is dearly ev\dc.nL EtIcnslYe damaF oCClmcd wilhlll lbe joiDl repoe ...,th mloor 
nCRITllI axkinl In thc beam and c:oIumll. A larac amount of concretC coycr 'palled olf lbe columll and 
conacle Cf\I5h1nl lOOk placz whhln tbe binJC arc. II the Intcrface of the column Ind thc beam.. Flilurc 
within the pint CKlt\Irred fMClIUll1y due 10 baM (.iIIiTC of tbe klaptudJl\.I1 relnforoemell! IIId ,bear failurc 
of the conaete In !be joint Irea. 

" 

" E z 
~ " !Z .. ,. • 0 ,. 
0 ." .. 
:J .. 
!1i ... 

... ... , ~" 0 ~M 
., 

JOINT ROTATION 0 (rad) 

ficu" 1: HY'tuesit curve for IInreuottncd specimen RCBCI 

Relrontted Specimenl 

A 10111 o( (our reunfitled SpecilDCns "'U IClted. Eacb had ilS OWl! pet:v.li.arttiea IIId will be. dl$ClWoCd 
IndIVidually A!thou,h .orne of tbe OripnallpeciltlCftf bid beeD clamap previously. lhb dtd DOl alfCCllbe 
behlvlollr of the retrofitted IpecimeDl. Nevertbclc:u. tbe dalJ.ll.ltlon 'IIncSamaJC:C!' or 'previously cSamlJCd' 
is use4 10 dlslinlulsllihe diffe rent teslS. Test resullS Ire tlbuilled In Tlble I. The moment M. it; derived 
from I ICtti0n Inllysls II the pank:ular kK:ation listed, correaponeJini to the 2'1(0 offset fll'Cil In the 
reinforcement This moment 1$ lhell scaled linearly to the CClltrtO( the }oInt (MJ. 'The aperlmenlll momeDt 
(My) lbo conapon4s to '(if'lt yidd" and is cabllatcd wilh raped to the centre of the joint. For the ute 
of IInlformiry. tbe b)'51erab CUNCI are pkmed for the moment 1\ tbe centre of the join! (M _ vertical !old 



JI 914 1DJIl) .piASI tbe 8'o'CraJC rotatioD of lbe beam willi rapca to • borUolllll pbne (rotatloa _ W I 
vmk:a1 displacement" tbc IDUIUMI point, 'fo'bcre d Is ,bawD lD AJ.4). 

'T'his lpedmea deW.1opcd two modes or failure, depeDdiDJ OD lbe. dlrcctioa o f Io.cI .ppliaukMI.. With potidYC 
(upwarcl) kNld.in" I nautal hillae formed I' tbe pp bcrwecD the t'M) KCtiol'll of Steel jacket In lbe beafll. 

Durin, neplive (doWnward) Ioadilla. • fk:x\Ifll binJC formed In the relnrotc:ed conaelC, J"" OIlUide the 
relroth nee. Whb repealed eyeliD, Ihls flail,.! hinF deteriorlled into • shear ranure tellillini in I drude 
drop tn loId-canyb1l caped~ 10. both duettiOlIl. The. tlaural biDF illlbe pp aret (hUl ceased 10 lI*rf3 
fUnbet )icldlnJ.. 
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JOINT ROTATION 0 (r.dJ 

neu", I : Hystera ls curve of specimen RE.lRO-SU 

The hysteresis p lol of the pinl (AI- 8) sb/;Jw$ the propcuive development of Ihe plastic binF I ' tbe bottom 
of the pp durinl positive ~in" Since hillgin, durin, nepllve !oIdin, was ouulde the lip. the lOp layer 
of 51celin the pp never reached yieklnrcu, .nd be.occ little or DO plastic ICClon was ob6erved fot lhili ponlon 
of the )oadln, cycle. NOI much Ilrenlll'l lou was recorded dUriDltbe progreulon of the aperiment, ahhoup 
the IlInnca deteriorated l iJlliftcantly. Shear deformalioll wlthill tbe Joint area wu ne&llilble. 

RETRO-CU: Ultdamard lpedllDtD 1I"Itb circular jacket 

Tlt~ lpecimen abo developed two modc:I 0( failure: with po5ilive Ioidia" a tJauraJ hinre developed at tile 
retrofh pp III tbe belm; ,u~der IICpliYt k)adln" a tJauraJ hiare ODOCi apin fo rmed OUIJ~ tbe retrofitted 
tepo .. Ibis lime in tbe upper ponion of tbe COlumn. To aYOid • catastrophic bucklinl failure 0( the oolumn, 
neptiYe Jo.dilll past a dUCIllhy facto!" 0(8-1..5 wu a..-oidc4, ,Ince it wu deemed more imponantto oMe:~ 
\be. 6eYc\opmeM 0( the pWl~ MnF w!,1W!. \be. KUGfitto:l roac.. lbe 6cwnl bUlF _ COQQClltraled oYU 

• YaY sbon dl$unoc, due to tbe mnftDCment ofthc aJfe OODCrcIe. A mmmum duaUity 01 11 _ 5 WIl reached 

in tbe 10 unb cycle. 

Durin, po5ltiYC Jo.dID" when the flexural hinae OeYcloped witb in tbe retrofit pp, no lilnificanl lou of 
bcndln, lueDltb was !Selected. Durinl neptiYC !oidia" bawcYcr, Jf*1uaJ deteriorat ion in IoId capacity 
occurred, mainly due 10 w:cond order etrCCIJ fcaultllli from tbe oolurna ddlcction. The b~tcrC61$ C\I~ (Fia. 
9) showllbe propcuion o f the plast ic binae wilhill the bollom \a)'Ct of llcel durinl po5hlve Ioadln .. The top 
layer of steel I'ICYCr reached tbe yield mea unlkr negative kladinJ, since the Ocxural hinae under nc:ptivc 

k>adlnl rormed within the column. 
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JOINT ROTATION Q If.d) 

f1pn f: H)'Ilercsii CU/'Ye Cor lpedmea RETRO-OJ 

RETRO-SD: P~117 dl m..,ct tped_n wtth tq\UIrt jKbt 

B.scd on 1M tCluhl from RETRO.sU. It .... decided to wend tbe lleel }Kkel .ioa& lhe beam by 2.5Omm. 
The criliall walon for both poIltive and QeplM Ioadln, dircaloftl ..... DOW within the pp fepon 1M tbe 
lpedmcn deYclopcd ttle desired ncnral hince. .. r----------------r--------------~ 
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JOINT ROTATION a [rad) 

F1pn II: HyflietU aarve ror lpeci.mea RETlW-SO 

., 

F.ilure of lbe lpC(lIllU_ caused by tensik rupture ollbe boctOlD layer 0( steel The h)'lltresls loop Of tbe 
plude bin. 7.01'e (FIJ. 10) JAowIlhal • maxtmllm ductility faceor of 8_6 _ reKbed dllnn,lbe Ilunll qode. 

Only • matlll'lal "* of Itrcn,lh .... recorded durlD, cydci rour 10 _ .. bUI IhIIl IIfc0atb was repined 
durinl cyclc:J tipi and nine, wtlicb all' be attributed to mlln har(kala, bllbe reinrOfotrDCli1 5Ieel In lhiI 
specimen, ,, INU amount 01 h)'llcretic loop pirlctllOI OCQI"cd durin, ntplfve !oadmJ. Thil can be explllnccl 
by IlIt: faa ,ha, 1M: bcncl'lIl,lflft'nCA under poI{ciYe k»dinl was lIUIitlly due: 10 rbe rcln{orrua "eel (lclllloD 

and c:omprcalon). whereas lbe ooncrcte In oomprtukln oonlributtd liptlftcaOlly 10 IbtslUfneu under IItPlivt 
loadinJ. 



RETRO-CD: Pre,.-iou$ly D.mapd SpcdlMn with Clm."r JlKkg 

8ue4 on the behaviour of specimen RETRO·CU • modmc.lion of Ihe reuoftt was \lndeNten to .vmd 

development of • tlexur.l hinae In lhe column. An alta pair of equidistant pP'. lSmm wide, were cut 
belWeell Ole on,,1'I11l), dcslpcd pp Ind the column face. This was 10 reduce. tbe momeDt apad'Y lD tbe 
beam, .nd bcnee InO\'e the ailkal __ km for KptlYe loIdiD, from the a)lllmll into tbe beaM 'ICL Thil 
lpedmea'l (.lIure rDOISe was IS apecled wit" • plastic Ofnce formi", Wltb!D lJIc liP repot. or llIc rClfQth 
under botb poIitiYe Ind neptlYe Ioadin" The extra liP' bclped 10 increase tbc spread or yickJina 10 tbe 
uinfordnl bart ,",'hile the rem.lnln, Iteel riftP prO\lWe JUmdel1l CIOnrinemeDI for tbe oonc:rC:le 10 prevent 
spallin,. The bouom layer of &Ioel fillod in tension durinllhe po6ltlve 1o&dl"1 ponlon of the: eleventh qotlc 
wllh In overall billae dl.lClilhy ratio of 8-7 (AJ. 11). Most of tbe bendin& IIftln after yieldin, wu 
CIOftCCIIlralcd ill the tiBI pp (doiai IO the column), willa lOme defonnalioD in tbe otber twO p~ 1bcre wu 
DO evidc:~ o()ou of bond .nd the Slnin pup lndk:alod confinement Ilreliel of lip 10 sow. or the yield 

~ ~=-----------.-------------, 

.. 
e z 
/!. .. 

ffi 
" o 

" fil ... 
::J .. 
~ ... 

-G.05 0 0.01 ., 
JOINT ROTATION a (fad] 

Tbcre was some concern thai the do&c proximity of lbe pp to the joint Irea ml"" unduly .trw lhe inlclflty 
or the joinl. Since the joint area WU DOt Q)lIfined by tbe Sled !KkC1 OD 111 sidc:l., it was felt that tbe bond 
and a;ulfinemenl mlJhI hive been a>lDptOmised in Ibis fellOn.. 1be mcuurC!d levels and distribution of main 
In Ihis area '\lIIt'I, howeYc::r, Ihll Ih il cooccrn was unwamnted.. 

Sum mary or Relronl Testin, 
'The IcstlD, propm of the four renofiucd SpccimcM bl,hliJhlcd ryplal mistakes lluil occur In the desip of 
rClrofil sc:be:meL Flaural failure in the beam or colvmn ouuide the rcuofincd area neoeuiUllcd wnp in 
the fetroth deil,n of lubscquenlspedmens. This was aocomplishcd by either utendin, tbe renorillion, lbe 
beam or by CUllin, lilt. rwo utra liPS into tbe jacket of tbe beam, IdJattnt to the joint. 

Some deterioration of the bond between the Jloelillbe Ind tbe yoU! occurred in the tWO squire specimens: 
no lipifianl bond failure occurred in tbe twO arcullr speClmeDS. All the specimens cleYt:lopcd tensile SlrllM 
in tbell }ackeli dunn, tallD" However, only the arcular }ackeli were effective in causin, 5il'liftcanl 
confinement "reu on the core t'IODCrete. le.adinllO • Jenera!!), superior behaviour with reprd 10 pindlin .. 
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~ P'wIIJd"f'tL_U,. N"Ptt.e t.o.d1na 
;>: ' allu", toc.doa 
@ M, ... .., ... M, .., 
L [kN.) [!lNID) {tN.) (!IN.) (!tN_) (1tN_) 
~ 

0 Beam • End of Rctront , .. ..... - , .. ..... m 
e~ Beam • Gap Repoa ' .7 29.' 27.' 'U ".l -
" Column 22. ,.n - 22. ,. .. -
0 Beam • End of RClronl , .. ,,~ - , .. 75.6 -
M Beam • Gap Reclon 21 .• ]7.6 "' .. lI.' 61.' -
" Column 22.' 0l.2 - 22.. Ol.' .... 
0 Beam • End of Retronl , .. 151.2 - 'M 1$1.2 -
e~ Bee •• a.p Rep ,&7 29.' 29 .• lS~ ".l " .l 

" CoI.= 207 >9n - 207 >9 .• -
0 Beam • End of Renoft . , .. 75.6 - , .. 7.5.6 -
e~ Belm • Glp ReCiOn 21.4 2U 29~ >&. .51.9 44.l 

" QHllmn 22. U, - 22. <l2 -
Table I : RWOfII Toc Rcsults 

EVAWATlON OF REmOFrT SCHEMES 

Before coftSkkrin,lhe ..:ivanu,es and disadvanr.a,es of lbe different reuonl aeMlM:t Sludled, II Is uw:tul lO 
lummaM..tII. was 1CI1lIo11y acbleYtd ill the rclton. procc:u under evalllltk)D. A.BI.nd torcm05l. tbe retrofit 
sitcal'bencd lbe de6cicnt or climap reinforced anJCJCIC joint "" 10 ,1oIdI an extent lbal Ilinet"' Of faihlrc 
wu dcfk:acd 10 adjKcal .reas: 10 the. beam or colUmD ouWck tbe relmft t, o r 10 tbe beam ...-tIbia lbe 
intcntionallyweakencd 'hlnte KCl ion". Anycomparisoftj of "before' and ' ,ner" are thus iOmewh.1 mlskadhll 

because the 'problem" wu Jhihcd from the Il'1051 mlial link to the next one In line. h Is thus useful 10 
consider the re trofit proctSlin ttl enlire ly, which involves not only auessmenl o r Sltenllhen[nl measura, bUI 
1150 lhe behaviour o r the c:rilial riliu re ZODe: I rler rellOfh. 

Relia bili ty or bond Ixtwftn ,rout and l teel (aSiD, 

In 1M ck:61'" of the rctrofll Jackel, the pouiblliry of deYelopilll col'dl4c:nIble bond betweeft the Q)D(:fCte 1ftC! 
the relrofit "oel wu considerod. To break the continu lry of the tubes In the IonJitvciJnai di rection, 

drcumferetll tal PPS were proYkkd [n the casln .. Ideally, the sloel cuinl should act only as confinement for 
tile concrete. and shOuld 1M)( lacreuc tM tnOIDC'DI capKiry of thc. spcdmcn; DO IoDJillidinal boDe! Of 

intcrxtlOG lhOuld CUlt berweca tile a>ncrete lad tbe rctront noel It is., iIoweYer, Impcalblc. to Qpct1lalc.ral 
confinement of tM concrete., tallllm, &om I baaDll ItrcM lUte III tbe Jactet, wit!tout apenc:KiIlIIOme 
lmount of medIIn.a1 inluactioe (I'riccion) iJI 1M kHll1llJdlllJol difClttlO1l. TlIb Inleractioa. of coune, would 
increuc the moment apadry, pcrblp5 siptifklntly, particularly wbere tbe. beam }M:kel iI ph)'liatlly amocacd 
to tbe column jlckeL 

'The c.hemlal bond between lhe a)DCf'Cle Ind tK Ited did DOC Ippear to be ¥try comillent." .... c:vide1lClCd 
ID «nIin lieu of the '<lure )ac:kel rcuoftu., ~ bond !lilure OCCUfTcd eJtly in tbe tau.. A more likely 
ICZIW10 M)uld be the deYdopment 01 I IDOR rdiable Iftcchlllbm thIOup fricUoa or mcchaniatJ bond 
betweeD lbe concrete aoel tbe rettofit noel 

Posillonln& the ,ap ror plastic hlnee denlopmcnt 

The liP In the beam retrofit was inilially iocorporltcd in tbe desl", a>nc:ept In response 10 the antkfpllcd 

increuc In tnc moment apadty from cbt.miatllQ(lJor JDeCbao.iClI bond betweeD tbe steel culnllnd IhelfOul. 
The pp _ intended 10 Q')lllIIln !llIure wi thin thc. rcttoftn cd lOne of tbe spcdmea. and 1110 10 limit the 
rallltlni inaeuc. In mome.nt capacity. It wu piKed I reuonJbk dblllrtOt away from the Jolntltta 10 ~ 



Iny risk of I upcatcd joint failure. Since the jolol .rea was nee entirely surrounded by • conlinuoU5 stetl 
jacket. I liP very cloK 10 the bc.am ·I~lumD inlerfact would remove some of the confinement protection 
provided by the JackeL nils was of pankular oonccra with tbe square jlCkcu; whicb., bcause of their 
fCOU\Cuy, wac DOt expcacd 10 aa D etfidc.nlly as the circuit! lubes. 

Two trl.ljor CDlUlderalions Utllf JOVCmcd the po5i1ioninl 0( Pp': reduction oIllie moment capadry, whidl 
would be D'IOII efrective with. pp dole 10 Ihe joinl, and preKMllion of tbe Intcpi'Y of the joint 7JOIIe, ,..hlcb 
called for an uninterrupted callDI dose 10 tbe joinL A third ooDSideratlon entered I' • Iller ,lIge. namely 
the placcment of mUltiple ppc 10 pnMde .n ateock:d binae moe. 

Improve.m~nl 10 ductility 

The oYer11l impl'O'IC:menl in dlK.'liliry of the specimens was IIIbllIolial, reprdleu of Ihe J.ckel shape II5Cd III 
the rCUOni, proYiOec1lbal CIIl1urc oa:u"cd wllhiD the rClfOnllcd zone. 

DlmeDslons or tbe relronl j8Cket 

The Ihlckneu of the lloel Jackel 'II'U fouDd 10 be .urrlcicnt for Ihe purpoiCI of Ihis pankular .tudy. The basil 
of ckalgn was 10 replaoc the miss!n, transverse I'cel in the joint.rca. on I volume basis. with In equivllent 
lmount of lleel In the form of I lied jlCket A ITlljoe' alMi6erltkNI dlcutinl the 11K of I lied jlcket wu 
cue of ClbriailtOft. Wekb.bilhy of the casinl required I minimum LhictJleu 10 noMi exca&iYe distortM:lftlllKl 
bum-Lhroulh when joI.ninlthe almponc:nt piN of lbe steel J-ckel. 1lIe weld needed 10 be Ible 10 withstand 
the hiah "feu alDCentritions thlt would occur 10 the beam-Io-wlumn joint Irel; thi! oould be I ICYere 
requirement. upcdllty under repeated yield eycIc$. 

The Ic.nlth of tM jlCkel ~ Ind tbe plloeme.nt 0( tbe ",pi were the aitical dimcnsioftl Iffectinltbe 
behaviour 0( tile retrOfiL Two pouibilillcs 1r0lC: CX1eM lbe jlckeu sufficiently to force I flUure in tbe joint 
ItK.If, or pfO\o1dc I Welkened blnlt mnc: in I ftOn-critial Irel. In both tbe iqlllre and drcuilr jlCket QSC$, 

tM: lenlth of the retrofit was lufficient, provided tM JIll" were close to the allumD flot. The alnfinement 
errect of the Sleel jacket wu mllnly 10 prevent Ipillini of tbe alncrete, both within the enck»ed ronc::l ItId 

lbe narrow JlP' In tbe plastic bloat 101ItS. 

Confinement effects 

In &enerll It may be Illted thll the inae.I5C In Q)ncrete compre.sive lIrenlth due 10 connnement is only an 
bsuc io heaVIly loaded ooilimns. 10 beams, the hlQ"e.I5C 1.1\ bond and lbe.lr Slrenlth .re of ptater import.nce. 
lbe confinement of the conaete was mainta ined LhrouJbOut tbc klltdinl sequellCe; cycn in tbe liP area the 
.rchtnl effeo was sufficient to oonl.lll1 tbe ooncrele. With lbe aid of meciulnlcal boD<! (frk1lon), the flnure 
zone was conccntrlted in the pp wne. lbere wu no evidence of an lncrc.asc in compre.sive lirenllh of the 
concrete due 10 triaxial confinemenL The mea5ured momenlS II yield were JCnerilly oonsislent wilh 
predICtions bued on tbe convcntlonal UDCOftllned strenflh of tbe cooaele. 

bUne the ~tront scheme. 

Considerinl the effidency oftbe retrofit schcmCl. all the specimens beh.ved Sltl1faaorily, with. sli,htly better 
ptrforrnaDot beinl ahibited by the circulllletrofil1. The Iql,llre retrofilS did, I\oIf.'CYer, Miulvc well enoup 
to ment CONk'erauofl as I reasooab1c retrofit Khcme. Evtdc:nlly, the ilKTeUC ill the moment apacity 
provided by the conaete-t0-5lccl bond, .nd the containment proYlck:d by the Jacket. reprdleu of its ptnetric 
Ih.pc. were the oYerridinl fKlon In lhe improvemenl of duclliity. Plactn, the pp ckl5cr 10 tbe joint helped 
the errectiveneu of the j.cket u dcsip1cd. 

RETRO-CD provided tbe peatUI retrofit imprOYemenl, wlib RETRO-SD • do5e t\lDnu-Up. F.i1ure_ 
ob5cnoed 10 be enllrely WlLhin the retrofit repoe 0( the$e IMllpcdmens. RETRO-SU and RETRO-aJ were 
affected by failure modes OUtside tbe: retrofit repoti. and tbell ptrfomunccs should Ihus not be compared 10 

R~O-CO .nd RETItO-SO. RETRO-ctJ developed a !araer ductility Ih.n RETRO-SU, bllt 1M increue 
In ductilltywasllmited by the flilure In the cotumllllnder DCptlve Ioadin" RETRO-SU ckve.loped reasonable 
ductility urn1er JlO'it ivc k»dina. until flail ... , and sbear f.llure took pJaoc oU1S1de the relroftt mne urn1er 
DC:JlliYe \(»dIn .. 
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CONCLUSIONS 

An effective rtlrofh method bas been lI\ldled for deficient or dlmaged. bom·lo--colurno jolnlJ In reinforoed 
concrete framc&, Grouted "cd lUbes provided tbe DCIlCIIII)' strclIllb aDd collfine:menl to .\IOKI dlsueM of 1M 
jolnl repoll. aralIar lubc:5, wf'Ikb are more COIIIy 10 bbricale.Dd lft5ull, proYed 10 be more enectlve tban 
rect.llngutar lube$, altbough lbe latter .Iso mel tbe aeneral apcct.IlioIII. 

A ddt etroa of Ihis retrofit method was the increase In moment capacity of the KCtiol1S, which should be 

minimized 10 .void undue dis treu III other rcJloDS of tbe structure that have DOt been ck:IllIIcd 10 carty 
additional k»4s.. To Iirnil tbe lnaeasc in momeot apadty of Ole joint area, II b rc:commcDdc:d that PP' be 
placed in the lleel caslo" dole 10 tbe beam·I()-Q)llI.mD }oint area. A Dumber of Pp5 may be advisabk 10 
lvold a>ncc.nlrlled ylekllnllnd reduced ductility of tbe reinforcement bars whhin lbe pp .reu. Wben uslft, 
"IllIre jackets, care should be LIken 10 avoid placin, the PI'" too close 10 tl\e jolnl .rea. The joinluel hu 
been shown 10 be weak. and without tbe added bent-tit of tbe TIIdl.1 confinement provided by. drcullr rClroril 
jackel, Ibis joinl UQ ....... k h is effectively withillo tbe oolumllo. caD be liJDlfKllnl1y .ffected by • pWtic hiDJC 
formia, 100 dole to It. 

A Jacket tbkkneu ~iped 10 replace the miuln, IraMven.e l leel. on • yolume basis. _ found 10 be 
luffident. For practical reasons durin, a)ruilruction (e." weldin,) I minimum thkkneu YoOuld be Idvisable. 

Since none of the reuoflned IpcdmeM r.iled in the lime mlnner u Ihe unreuonned ona. no oonellUions 
can be drawa pertain In, 10 the effectiveneu of the proposed retrofit method in the imrnodille joint lrea. 

Follow.up tCSIS ue ~ty 10 determine tbe amount of 5trtn&lhenin& Ind added ductility needed in tbat 
re&Ion. 
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P-6 EFFECT IN SEISMIC RESISTANT STEEL STRUCTURES 

F~.rico M . MtUZolllni 
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ABSTRACT 

Vi" CtnUl PiluJD 
Istltwo di !ngegntria Cl'o'lit 
UnlvlTsutl dl Salerno, !toba 

In tbd.-per !he ute d die IWian ~ a:bvily rea-ch"llhe Intlucnce 01 JCICOIId order ctr«tloa Ihe ICtJmlC 
bdlavKD' 0111«:1 JWCtUIU IS ~ 

It. Slmpllrled IOOiXI for prcdIctIn, JUlIII'ICcncalliIOnluanly effects In aoel structlftllIIIder JCIsmIC Io.ds II 
.... yII!d The mcft:Id If '-donltte ~ anaIyI" oldie teumlC II'tCI.uIic JUpOI'ltI!loll SDOF mocIeI W'hIdutI 
P..o. cffca. The cqulvaknoe bct1llUn.a1llil MDOF iWClUR:S an:11he SOOF mocklll eslIbIlftd Ihrou&h !he !Meral 
k:.ds venus lOP""" dlsplEement beh.J~1OUr1II a.ve. 

The Indhod aBowt 10 ~_ .l"CIdutbCl\ roetrlClClll. 01 lite q·rllClOt' whtdl 1m 10 be COMIdt1cd III dcalp nus 
reducuoa flCtOl', wtudI II relMcd to die -..pIIIde d \IQ'UCII DIll. die l...aiabte dul:lI.bty Iftd Ihe coI_ 
~. &aka lIMO II:aJIIIIt Ibc ""'d"~ 01_ IINCcunI cMmaee.1IIIdtr teVUe eanhqlolliUl. clue 10 P-.A 
e.ffCCL 

t'owncncal ~ 01 MOOF ICnICbIIa subjr.c&od 10 caMqUlke EtIOII have bcea ptrionncd UI order 10 
chock Ihe rebabillty oIlt1e propoeed method. 

F.nalIy. Ihe fWare KbVltlel oIlhe 11al .... raearth poup. In the rlcld of ovaall stabr.IIl'J dTlIClIl.Inder kIJmIC 

kledi. M bndty P"*'*Cl 

1 • INTRODUCTION 
'The tenn P·d e:fftc1 is referred 10 the KOon of gravity loads acting on • structure In ItS 

deformed confiJurauon. In case of StruclUteS slrtssed in elastic range and subjected to stallC 
loads, thIS ((feci produces an amplification of the internal actions with respect to the ones 
computed by means of. flrSl order analyslI,. 

In spite of ICCOOd order analyses can be nowadays easily performed. the effects denvU\g from 
the geomeOlC non-linearity are usually laken Into account by means of amphfK:auon formulae 
in which both P·l; effect at member level and P-.6 effect al strucllJre !evelare considered [I), 

In case of structures subjected to dynamic loads, geomemc non.linearity lives rise to an 
Increase of the natural penod of Vibration $0 that, depending on the loading fUlures. Improve· 
ment or ~ning of the structura1 response can arise. 11us is a fundamental difference With 

respect totheca.se ofslauC IC*iJnacondihOns where, the P·6effect always detCTTnIlKS an Increase 
of the Internal acuons. Within the elastic range. P-6 effects are not alwlYs Sllntficant; on the 
conavy they cannot be nellected In the seisnuc design of StrUCtul'e112.3.4.5.6.7 .8): In panlcular, 
thiS is the case: of steel structures [9.101. 

The ultimate condJuonsof sleel frunes under seismic 1000s are nwnly related to lhe rotatJonai 
C&l*='ty of members, ..... hlCh value IS bmlltd by the overall ublhty phenomena of the member 
as a whole and by the local buckhng of the compressed pam of IlJ cross secuon (11.12). In 
addlOon. from the global potnlofVlew, verucalloads influence the shape of the honzolnal forces 
ve:rsusdenecuon curvc. ln fact the slopes bothofthc U'lCTeaslngelasllc branch andoflhe soflcntna 
plasuc one are affOC1ed by the magnitude: of the ratio beNo"CCn vtruCiI and cnucallOid of columns. 
Both aspectS. kx:aJ and globaJ. play an ImpOrtant role on the dynamiC lIlelasuc behaviour of 
SI">eMU 

Gcomemcal non-1U"lcanty mtenets With the mcchamcal non·hncanty. due to the ylCkhna of 
diSSipative zones, 1cadma to an increase of the l'tIquired duculuy In order to prevent collapse 
16,7,8,10,131· 

In addlUon.IIIS very unportant 10 forecast the collapse mechamsm In order locorrec:tly forcscc 
not only the damage concentrabOfl, bul abo the amplificauon of the duclliny demand due 10 
P-.6 effOC1. In order 10 obtain a coUapse mechanl$m of the Jlobal type. modem SCI5mlC codes 
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272 provide simple design rules based on the amplification of the streiSeS for which columns must 
be dmlensiooed. As it has been pointed OUt In 114,15), the use of these simple -Column 
Overstrl:nglh Factors ... (COI~ seems 10 be unsatisfactory. It has been observed that the conU'OI 
of Ihe failure mode is very imponant in order to limit the values of the slope of the soflening 
branch of the multiplier of horizontal fort'cs versus top dIsplacement curve, which is related to 
Ihe influence of P-6 effeclS. 

In spite of the problem of evalualing the overall stability effects in stccl structures under 
seismic loads has allracled signirlcant allention and the research effons have provided a great 
amount of infonnalions. a very small pan of these results has been codified. In faci. in seismic 
codes the provisions regarding Ihe influence of the geometric non-lineanty are insufficient, 
because wy are based on the CJ{tension of static elastic results. 

This paper is devoted 10 the presentation of the results obtained by the italian research group 
in analysing the influence of the overall stabIlity phenomena on the inelastic response of steel 
frames under seismic loads. 

In particular. the attention is focused on the possibility to take into account the increase of the 
structural damagement under seismic loads, due to second Older effects. by reducing the q-factOl' 
of the examined structural Iype by rflClins of a coefficient cpo which depends on the level of 
geometric non linearity. TIus approach has been introduced in IIOJ and a statistical evaluation 
of the reduction factor '9 has been performed in [ 13 J for the SDOF system. 

ThecOl1lpan5On between the values of the reduction factor cpoblained from the SDOF analysis 
and the ones computed by means of the numerical simulation of the seismic response of MDOF 
systems has proved that the above approach can be usefully adopted for eSllmating second order 
effects in actual steel frames. 

After some conclusive remarks. the last pan of the paper is devoted to the presentation of the 
future activities of the italian research group. 

2 _ SEISMIC CODE PROVISIONS fO R SECOND ORDER EffECTS 
It has already evidenced that the existing seismic codes have adopted JUSt a small pan of the 

research resuhs which have been obtained in analysing the overall stability effects in seismic 
resistant steel frames. This is 11'I31Oly due to the fact thai the most rational way for taking into 
account the influence of the second order effects con~iSlS on their inclusion In the definnion of 
the q. factor design value. but Ihis procedure is noc directly provided in seismic codes and no 
mention is made for its rational evaluation. 

At the monlent, the provisions are mainly limited 10 the extension of the rules ror non-seismic 
zones. In fact . the only check provided in EC8[16J regarding sec::ond order effects states that P-6 
effect can be neglected when, for each floor. the follOWing relalion is satlsflCd: 

V h (I) 
11,< ION 

being: 
- 6e the elastic interstorey drift: 
• h the distanCe bet'A-ccn the flOOfS: 
- V the total shear force acting above the considered floor, 
• N the total axial force acting above the considered floor. 

This provision is coincident with the one provided in Eurocode 3 [17\ and it is the same given 
in UBC91 [181. 

The above recommendation is substantially equivalent to Slate that P-t; effeCis have to be 
taken into account when the critical clastic multiplier of the venicalloads Ocr is less than 10. 

A more severe provision is given in ECCS Recommendations 1191 where the relation (I) is 
applied with reference to the inelastic displacements. The inelastic displacements can be 
estimated from the elastic ones by means of the relation: 



IIp - q Il. (2) 
bema 6.p and 4c the Inelastic and clullc dnns rcspeclJvely and q the desl'" value of the q-r~lor. 
nus rel.non is bHed on the IO-UIJed .. theory of ductdJIY factor». 

As. consequence: acconhnllO ECCS. P-A effoclS can be nc,kctc:d .. hen, for tach floor. the 
(ollowln, rel.llon IS vc:nfted: 

V h (3) 
Il.< IOqN 

... hllCh IS subswmaJlyequlYllenl to stale thai Cla has to be &rUler than IOq 
A dlffc:rr.nl apptOlCh 1$ provKlcd In the Mc:xac&n SeismK: Code 1201 whc:re. In order 10 take: 

InlO ICcount the OVerall SlIblhty effects, the design forces tla",c w be In'Iphfted by means 01, 
coefflC~nl dcpcnchn& on the malnlludc of vertiCal ~s 1bc ampllflCauon coerrk::K:nt IS liven 
by, 

a=-I­
I- ~ y 

beln, ~ the available ductlhty.nd ythe stabllny coc:fftCKni (I« pad). 

J. OVERALL STABILITY EHECfS I soor SYSTEMS 

Mtchanical modd 

(4) 

'The slmphfied model adopted (or nummell analyses con.mu 00 the SOOF S)'1ltm With 
JCOff'I(tncaJ ckJ!1ldauon (fI, I). 

'The hYSlcreuc model IS the c.lasuc·ptrfc:ctly plastic one. Due 10 aeomemcal and mechanac:a1 
non-hncanues, the lateral strtn,th depends upon lhe horIzonlll dlsplacc:~nlx and It IS Influen­
ced by ,he vcnic.J load N. The slIffrn::u CorTe!ipotldmg 101M el.UIIC incrtltJing branch i, gIven 
by 

K = Ko( I-y! U) 
beln, Ko the value the elastIC stlffne Sin Ibsc.nee of ventell ~ "The. plnlJlClery. known u 
.sl.IbdllY coemc~nt •• like Into Ittoum the level of vemeal ~s. In paltlCula.r. for frames 
fllhn, In ,lobIl mode, the stabllllY coeffielem y can be: Ipproxirnauvely evaluated by the 
ImphrlCd rtla.bon 

1 (6) 
-y- Clcr 

1be slope of the softenln, pllsue bnnch IS Koy. 
Dc.noon' .... lIh (I) ud v, respccm'ely, the frequency Ind the VISCOUS damplnl of the system. the 
mouon equaoon for the elasllc bnllCh IS &Iven by: 

i+ 2v"" + ",2( 1- y! (x - XyJ)= - a(, ) (7) 

.... hlle for the plastIC t:nnch It bc:comcs: 

i + 2v"" + ",2( xy- yx)= - a(,) (8) 

beln, 1(1) the consrdc.red accderoc:ram. I.., the first pekhn, dlspllttlTlenllnd x.,..I the Intenctuon 
between the elastiC branch and the dlsplaccmentlXlS (IOIlially x.,.;-O). 

NUrMric:aJ analyses 
N umencal analyICs have been eamed OUI by uSing I computer procnun peclfieally developed 

(10.131. In I first Stage of the rescan:h, (en ImfictaJ acce/erograms "''Ie ~n coossdemt; chey 
t\ave bc:c:n ,eneRltd from the clastIC desl,n f't5pOflsc peetrum .. hlch oom:sponds to the one 
,I"en In ECS .... lIh the numeneal parameters of the new lIahan code GNDT. ThU1y different 
vllues. appropnltely selected. oflhede,!lIgn level (Fy/Ma) have been conSidered and the ductlhty 
demand x..JXt has been computed by "UYUl, the penod of Vlbnuon fromO.1 102.0 sec. The 
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analyses have. been ~peated forvaJues of the stabllny coefficient yequallO O. 0.025. 0.05, 0.07'. 
0. 1. 0.1 S "'" 0.20. 

lnc: OUtcome of the analyses (131 is the reduction factor, gIVen as the ratio belv.een the 
inelastic response spectrum in absence of geometrical non-linearity (yaO). for a given value of 
theduculity demand. and the onecomputed indudlng P·.1.effecl ('I"'" 0). This approICh, therefore, 
allows the evaluation of the q-(aclor q(y), indudin, P'G effecl. from the one q(y-O) computed 
neglecting geometrical non-linearity as stated by the following relation; 

,",,,- (1\ (9) 
q(iJ = = 

II' 
The reducllon spectra. computed for a given value of the available ductility and averaged for 

the len conSJ(kred ICceleropams, are plOlted In fil.2 for some values of die stability coefficient 
y. 1bese speen are chancterized by the pre~nce of. pcnod value com:spofxllnllo a peak 
~ponse, probably related 10 the shape of lhe elastic response spectrum adopted m eanhquake 
generauon, and by lheer.islence o(a penod ranlen~ O.5sec) w~ the reduction (actor q>can 
be practically considaed independent hom T 

Therefore. in thiS range which is of parucular llllporta~ for 51«1 struClUres, the following 
relation can be adopl~d: 

II' = CP(11.Y) (10) 
Accorchng to Cosenza, Faella and Piluso 113]the Invesllgation on the quantitative assessment 

of the relation (to) led to the following formulation: 

- 1+ 1jI1(p - 1)1I1.y (II) 
II' - I-y 

where the coefficients 'VI and V2 can be obwned from the analySIS of results by means of 
numerical regression. The mathematical Sb'UClure of equation (II) has been chosen so thlt q:I 
tends 10 infinity in the case y-1, which represents the case or Slatic Instability. Moreover eq.( I I) 
provides q:I ... I ror y "" 0, which com:sponds to the absence or ,cometric: non-bneanty, and 
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«II • vt l.J(J for ~ = 1. TIus last result tOrT'esponds 10 the reduction of the yield level. due 10 
P·A effect. rrom Fy 10 Fr' • • Ff.. l-"() (ri,. I ), 

It has to be pointed out thai the tanl( or applicability or cq .{ II ) IS defined by the coodJilOO 

~< I (I~ 
.."hleh assures the absence of dynanuc InslIbdny (9) 
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A regression analysIs [131 has shown thaI, focT-o . .5 KC. the mean valuesofcpc.n beobtll.ned 
from equation (II) by adoptlnl 1+'1-0.62 and '+'2- 1.45. The com:spondlng curves are represented 
in fig.la, v.-tl(re the cOI'I(hlW)fl kadmg 10 dynamlC msubllny IS .lso POinted OUL With reference 
10 thechal'lClCnsOC .... Iuesof'. the rtFssion analySls has provvkd "1- 3,79 and ,"-0.7.5 and 
the corrtspondtn, rqnscnuuon IS liven in fia.3b 



FilJ • R'~u"uuiD" o/IM "",,,osd/,",,,,,lDJiJ),,/or 1M , Nbui,u,II o/IM IYdMlio" 
/1ICfI),. • 
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Comparison IITnOfl g differtnt formulation! 
The mean values of the reduction faclor, (valuated according to the proposal of Cosenza. 

Faella and Piluso (1989) 113) by means of eq.(Il). with the coefficient previously &IVen, arc 
compamJ in fig.4 with the: formulations propoied by various Authors 17.8,IOj. 

We observe that the above rtsulls ~ less onerous than the ones obtaincd in (10) by the same 
Authors, because a more accurate considenllllOfl of the pcnod influence has been successively 
introduced. The rcsults are In good agreement with the ones provided in 181. where the study of 
the dependence of the q ·(aclor upon ~ yand T is (act<! TheK curves cover the pen od range 
between 0.35 sec (upper curve.) and 2.0 sec (10 .... '0" curve), c'tclucilng, therefore. the lowest periods 
where some peak amplifications can ari~ The small width of this band representlnllhc pcnod 
influence seems 10 confirm that fP can be considered \!,11th good approxm18uon independent upon 
T. 

Finally. with reference. 10 the formulations glvcn \0 (71 . It has 10 be poinlcd OUl lhlllhey have 
been obtained uclusive:ly (rom the analysis o( hlslonnl earthquake reconb and without 
intnxlocing limitations recanting the period range and. IS a consequence. Incluchnl the e((ects 
o( critical values o( the period leading to peak amplificatIOnS of the ductility demand and, 
therefore. to a larger reduclion o( the q-(ac:lor The reasons explained above juslI(y lhe more 
onerous reiull oblalned by Bernal. 

Other compansons bc;IVteen the outcome o( tbe analyses earned OUt both (or hlstoncal and 
lenerated eanhqualtes have confirmed that the second order effects in seismic rtsi"ant steel 
frames can be conveniently laken Into account by means o(the redUCtion (actor, 1131. 

4 . OVERAll .. STABILITY EFFECTS IN MOOr SYSTEMS 
Mauolani, Guem and Paluso [21 I have Investlpted the possibility to extend the results 

obtained for the SDOF syslem 10 multistOry (rame . Dynamic Inelastic analyses. whlCh have: 
been eamed out by means of the computer program ORAIN-2D 1221. have been performed In 

order 10 analyze the SCISrruC response of the frames shown In fig .S taking ,nlO ICCOUnl the P-.1, 

L = length or beams H = interslorey height 

fRAME L (cm ) H (em) BEAM COLUMN 
1 .. .. 1PUlO )\EUltS 
I .. ! .. .1 IPt:JJO Ht::14OH 
l .. , ... .. ..... , 

IIEl.S .. -• .. - '""" H .... -• .. - " 
...... H ..... 

• .. - ..... HEl,.. -.. , .. - ...... H ..... .. 
Fig.5 - ArtIll,s~d IrQm~s 



effect. Throe simulated accelerogtams have been used. Each of them has been amplified until 
collapse. so that the ulumate peale ground accelerauon has been evaluated. Successively. WIth 
the: same amplified earthquake accelerogram, the: structures have been analysed agJJn by 
ne,iecnng geometric non· linearity. As a consequence. a new value of the: mulupiitr of the peale 
ground accelerabon leading 10 collapse (which is greater than the prevIous one) has been 
evaluated for each frame. 

The comparison with the previous values, obtained taking into account geometrical non· li· 
neanly, provides the reduction faclOl' ql of the sttuctural factor q. due to the effect of venical 
loads. These values ~ are provided in tab.! where are compared with the mean values 'Pm and 
the characteristic va1ues qItc provided by eq.( I!). In the same table the values of the available 

.. .~ 

g 

\ • COMPUTED VALUES " ~ 
~ ••• 

~-'~ / 

" il .. .. ••• 
u , .. ~ ~-......... ,,<":: \ / 

<Pm ~... ~ .. -.. 
, , • , 

FRAME 

Fit.6 - ComptJrisofl b<ttw~~fI pr~dict~d WJJu~. aNl comput~d wJluuoflh~ r~ductioflf4clor 
ql of tJr~ q-faclor 

FRAME Y ~ "'" ~ '" 1 0.0853 3.185 1.273 1.728 1.550 

2 0.0534 3.233 1.168 1.447 1.190 

3 0.0560 3.236 1.177 \.470 1.200 

4 0.0117 3.703 1.043 1.106 1.085 

5 0.0223 3.331 1.071 1.186 I.OO! 

6 0.0372 2.581 1.085 1.245 1.110 

7 0.0321 2.771 1.083 1.226 1.080 

Tab.1 - COMptJrisofl b<ttween predickd WJ/JUs IJnd comp/J./~d IflJlu~. of tJr~ reductio/lf 
flJctor ql of Ih~ q-flJctor 
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2ao 

~ IPhm=- 1.05 

2 0.030 

4 0.012 

6 0.007 

IPhm-1.I0 

0.058 

0.024 

0.013 

q)hm=I .20 

0.110 

0.047 

0.026 

global ductility jJ. of the equivalent SDOF 
system and the slope yof the softening branch 
of the a45 curve, which have been obtained 
by means of stalic inelastic analyse5, are also 
shown. 

1be comparison between the aelUal v&.lues 
of the reduction (actor CJIc with the ones provi­
ded by CqUlllon (11) is given in fig.6. A very 

Tab.2 • Maximum v"tulso/the JlObility co- good agreemen~ with the forecasts based on 
efficient Y lor diffe~nl 1'Q/Ut!S of the the SOOF. (relation I I lean be observed for all 
availilble ductilily jJ. wi/h resptcllo the examined frames (MDOF systems). In 
a ivtn limit ralut qllLm fact,the computed reduction factor values rail 

g within the mlerval between ~ and ~ and are 
mainly close 10 the lower bound. The width of 

this imcrvalmcreases as far as the value of y increases (see table I). 

5 - TIl E INFL UENCE OF GEOMETRIC NON·LIN EA RITY 
From the design point of view, it is imponant to find out in which cases the geometrical 

non-linearity is negligible. We can use the definition ofa limit vaJueofthe reduction factOT. We 
define cphm as the mean value of the reducuon factor. which separates cases in which P-Il effects 
can be neglccted (qKcphm) from cases in which geometrical non-hneanty has to be included into 
the analysis «P>CPbm). 

Equauon (I J) proVIdeS the maximum values of the stability coefficienl r, for any given value 
of the aV81lable ductility ~ and with respect to a given limit value cP = I.phm. These maximum 
values of r are given in tab.2 for a limll level of the q-factor reduclion equal 10 1.05. 1.10 and 
1.20, respectively. 

Therefort. il can be pointed out that, even if a 20% q-faCtOT reduction is considelbd neglegib/e 
then, by assuming as an example the value 6 for the availableduclllily.lhe maximum value which 
can be reached by the stability coefficient r is 0.026 (tab.2) and. therefore. according to eq.(6) a 
value about of 40 is required for the cmical elastic multiplier of venicalloads. 

In other words the effects of geometrical non-linearity are. in general. nol negligible. 
Exception is made for cases in which the ratio belv.ten the value of the design venicalloads and 
the one corresponding to their critical value is very small. With reference 10 this problem il is 
useful to point ootthal ECS and U8C91 provide, as already mentioned. the value <Xc,-IO as the 
upper limi t which defines cases in which P-Il effects have to be invesligated. The corresponding 
value ofr is 0. 1 which provides. fOT~-6. a reduction factor about of 1.80 (fig.3a). II seems that 
45% reduction (1/1.80) of the q-factor. due [0 overall stability effects, IS nOl at all negligible! 

A more rational provision is given by ECCS Recommendations. where the COntrol of the 
P-6 effects is made on the base of the estimate of the Inelastic displacements. In case or 
moment-resisting frames,twng Into acCOUnllhal q".'sQw'ay-,Sx 1.2-6, socond order effects have 
10 be taken into account when aa is approximately less than 60. which corresponds to r 
approximately grealer than 0.017. This last value, by approximately assuming q"'~"'6 (according 
to the theory of ductililY faCtor) corresponds 10 a reduction or the q-factor of about 10% (1/1.13, 
see tab.2). Therefore. il can be concluded that the provision given by ECCS Recommendations 
allows a more correct prediction of cases for which P-6 effects can be neglected_ 

6 - CONCLUS IVE REMARKS 
TIle quantitative evaluation of the rtdUCllon of the q-factOT In order to take into account P-6 

effects due to venkalloads can be provided by means of the formulation obtained for the SDOF 
system, which has been proved .0 gi ve a good approximJIliOll also In .he case of multistory frames. 



In addition, this formulation is suitable lograspcases in which geometrical non-linearity must 
be taken into IICCO\.Inl. In faCIIhc: formulation herein explained also provides, for a given limit 
nlue of the reduction factor CJllim of the SlJUClunI coefficient q and for. given ductility ~, the 
upper bound of Y and, lherefore. the: lower bound of the limit elastic muhiplierUc:r of the fl1llTlC. 

Among the provisions given by diffe~nl seismic codes. the ones of the ECCS Recommen· 
dallonS seem to allow the trIOil COTTeC\ prt:chcuon. (ven if panicularly severe, of cases in which 
P-11 effect can be neglected. 

We also point out that the collapse mechanism type plays an important role affecting the value 
of the stability coefficient y a/\d, therefore, the magnitude of the reduction of the q-(aclor due 10 
geometrical non-lineanty. 

7. FUTURE ACT IVITIES 
In many cases. the dUCblil~ demand does not represent a sufficient parameter to characterize 

the SUUClural damage, because 11 doesn't talce InIO account neither the number or load reversals 
nor the plastic engage reqUired by each cycle. For this reason, new parameters have been proposed 
in Older to evaluate the structural damage under seismic loadings. 

As the inlt:rpretation of the Structural railure can require different damage index depending 
on the type of loading history and on the strucluraltypology. it is necessary to examine how the 
above mentioned reduction factor qI could be influenced by lhe choice of the damage index 10 
be assumed for the damagemem chaJ"lllcterizalion. Therefore. the future actiVII)e$ will be rocused 
on the evaluation of the Ulfluence of the p.,1, effect on the most commonly used parameters for 
the damage characterization such as: cynematic ductility. cyclic ductihty. hysteTeuC ductility. 
Park &. Angdamage index (23) and low cycle fatigue index 124). The purpose ofthis new analysis 
is represented by the formulation of a general validuy relation for the reduction ractor CJI in the 
form qI = ql( 0 . y), where D represents a generic damage parameter which has to be assumed 
on the base of the structural material and the struclUraltypology 1251. 

illS well Ic.nown that among the steel structuraltypologics there are some of them in which 
second order effectS can represent the dormnant design problem; thIS is the case of semi·rigld 
sway frames. In fact. 10 thIS typology, the connection deformability leads to a reduction of the: 
lateral stiffness which detennioe.s. on one hand. an increasc of the geometric non· linearity effects 
and. on the other hand, an InCreasc of the penod of Vibration. These variations. taking inlo8Ccount 
the spectral shapes given in scismic codes, which are characterized by a softening branch where 
the spectral amplitude decreases as far as the period of vibration increases, lead 10 effects which 
&re opposite in sign aoo lheoorresponding magnitude M.S to be evaluated in order 10 understand 
the esscnce of the seismic performance of scmingld sway frames [261 . 

Therefore. it is clear that there is a strong interaction between the research activities dealing 
with the influence of the P-,1, effect on the seismic behaviour of 51«1 structures and the ones 
refemng to the overall seismic behaviour of semirigid sway frames. 
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Column· base connections modeling lor cyclic loading 
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ABSTRACT 

thIS paper IUmtnanzes !he pnnc.pal featur" 01 the behavlOt 01 usual COlumn baM connectIOnS !&SIed tor 
vanous loading cond~1OtIS The Iflbrce 01 the normal Iofce·momenl !l'1I,ractlOn is pointed 0U1 and 
...,.luat.cl 
An onglNlJ approach tor modeling, based on the concept 01 behavior mechal"llStn .. presented and applied 10 
the coLImn-base comedlOllS The proposed model Shows to be n good accotdance with expeomental ...., .. 
Fmlly the """ence of !he c:olsmt'I-base .-.d -~""'I IS .... luated ., the case 01 an IIOIalad column The 
rnub .t. gwen 1'1 lenTIl 01 buc:lUng ettedNelength 

INTROPUCTION 

The behaVIOl' 01 coIumn·base comectlOnS II not II the moment r.any weI·known Tests are seldom and 
show quite dIfferent responses tor vanous loading conditIOnS An lrWeshgah::1n for columns subteded 10 
buckJJI'IQ t I) ~SI1es the high end restalt'll capacity 01 the usual and Simple connecIlOn with two anchot· 
bolt. On the opposl1e ( tor cyclic lO,clll"lg ), the same connections act more ~kety as quaSl-pinned (2). 
In the IIrs! ease. the exlSleoc:e 01. high normallorce ( N ) enables a moment ( M ) to develop altha coIulM 
Iootll'lg In the second cay, the lack oj stiffness appears lOr M.O and N_O SII'lCe Iheloading path II generaly 
obluwtd by one eccenlncaly actuator (fig 1) 
In lact !he beNlVIOr 01 COiJmn-oWse ~ons II gre.,1y .... fIuenced by 1M N-M int8faCtJ:)(l. In the real 
$IlUCtJte lhe dead loads IR1.Ice N ; 0, lhIWkn lhe conneaon shou6d be IbIe of end-restb'll capac4y 
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28. 

EXPERIMENTAL PEYICE 

-

fill IIf'Ig6t parametef deYce used by MELCHEAS (21 
ThIs type at lestll"lg devlce Ie .. k> • (JIaSrproportlOOll ~ path 

Contronled wen this lack of 8llpermerc.1 f'ftUls, II was deadtcllO carry cue tonW tesb WIth !'NO .idIpI;ICkIi!' 
actuatoral fig 2) II tSIMpou.tlIelOoCtUlany~~palhinm.M· N diaQfam (Ior ... ~ 
N const.nI and cyclic mome,. pathS '4'tIch are repfesentatrve 01 usual loading condrtlOns) The testing 
deva IS tuly f;OnlfQlled by I tlal t.me c:omputenzed lynchrO-sySlem (3) 

",,~r • 
::r--' . --, 
~~ 

fj 

fQ.2 view 01 tht devICe used by PENSEA1NI and COlSON I~I 



MAIN fEATURES Of THE BEHAVIOR 

The two usua' typeS 01 cokIlM-bUe hII .... been 'eslad. 1ha1 is the so called p.noed ,nd fixed connectIOnS ( 
1='"10 3 'I'IcH I 
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PINNEO COLUMN-BASE CONNEcnON 

The man bperment,l rHUIts ,,. reported on PIG 5,6 ,nd 7. respecwely for propot1lo .... IIoadlng, mon'IIInt 
cyciIc loading WlIh , COfT'4lI"SSNe nannal torce .nd WIth' leMlIe nannal toren. 
For ~or .. c loading. the behllvlQ( ~ obvlOUsty semi·rigId with , high end-festalOt capacity It low 
eccttntncty The lOICallilltness and the u~lI'T\aIe stftnglh ar, strongly dependent on the MIN ,atlO 
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For cyclIC: beding. the mosc 1I'I'C/OIt',. futur. II the drop of !he tangent sclftness, s.nce • eat! changlt the 
alt*y cond.cIons 01 the lramt The ttveshOId corresponding to !his drop depends on the nomIIl kIrce vakie 
(COfl'lNIr. Pig 6 and 1='", 7, Me allo F"IQ 8 ). 

M(MH) 

'Hi -

.-- .. 
E:Q.6 PIMId connecIcn ~ cyclic ~ with conIIant c:otnpfesswe normal tcwee N •• 233 kN 

(03Np) 

Furthennofe, 1M tnetOY cliulpatlOn .. YfK'I small br the testldlptamtf'l aroee _ it cl.Ie 10 the pgSlJIicalJOn 01 
the bolts o.JOng the fira IoPng A clNr.nce IS ctAlld betwMn the r.AS and the pial. Thll gap mume5 
wtlen the rotalOn reaChes the threshold value. !hen the bolts ate streued aga., and the tangen1 slltlnes.s 
lI"Cl.ases ThIS behavIOr II emptIaSlzed In the ease 01 • 18f'ISIIt normIl·torca (FlO 7) but it appears IIso b. 
~resstVa nom\ll fore. (Fig e)_ Under the ttnsho6d the bthIvior 01 the c:omectons • controhd by the 
contact behavIOr 01 the pial. on the concrete t:*x:k. 



30 . 

20. 

10. 

· ,020 -.010 0.010 0.020 

FIXED COLUMN-BASE CONNECTIONS 

The behavior oj the fixed c:okIm·base connedJOn is quaICallYeiy thI same as kif the PIMId c:onnec:tIOn echer 
lor tnOnOConc or eydc IoDng ( Pig e) 
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FOf the tested specmen. the threshold phenomenon II du. to the plasItlicatJOn of the .nchof·boill 

CONCLUSION 

The t1"I()nCItoruc loading ,.,., show thai !he behavior 01 c:olimn biN COM8dcns, erther P"'*I Of fixed • 
typcaly semt-ngId The behIvtOI" II "'JI"I linear at the begnng of loading, WCh an It"t" lIIngenI SlJtfnesI and 
lS'f"1liotlC betore ladut. II the ulhmate strength The valun 01 the initial strtfnesl and 01 the u/!Jn\lte 
strtf'lgth are strofIgIy dependerc of the normal ton:. vakie 

The cydic IoadWIg I""show INI the energy dis$lpal1Ofl1l neohoibIt ( kif lhe tested specIl'MI1 ) and poW'll CUI 
• zone 01 the t.t .. curve whtfIlhtI Ulngent stJltness IS QUUI zero nils zone 1$ loIowed by • Ihatp If'ICfease 
of the tangere Sllttnns when the c:ontad between the!'llls.nd the p!.ate resumes 

MOpELlNG 

FOf Imdellng, me overv.,1 eonntCtlon is replaced by • rnKro-elemel1 This concept II COt'ISlsteot with frame 
.nalys.s computer progr.tnllW'IC' the beha'llOf 01 the c:onnectlOn zone Is concentrated at • ponctU.t node 
( FlO 10 I· 
A. new approach lor modeling II prcposed II is based on the c:oncepI of bel'\avlOl' mechll'IISm 
The un IS to dNIde the COMeCbOn ., some etemclry groups 01 COI'T1)OIIenls, the bel\lVlOl' 01 which IS 
.1depeI ideo it. 
Each mechatusm .. the a ... oa.hon 01 the , ..... ,.. physical phenomI wen • group 01 connectIOn 
ClOfT'4IO'*1I$ The IfIPPIit;a1I01'1 Of the mech:xf 10 CCItIrm __ CCIfWliICtIOnl exhi)Cs thrM ditte, .. ~ 
I FlO 10 ). 
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MOpELING OF THE MECHANISMS 

Each mechanlSfll IS modellild ., a global mamer uSW'Ig the 1I'1I11A1 tangent StIttness IE), ullimat. limit strength 
(ULS) and non ,meanty (oil parameters Th' pI'OC)Osed models are tI'1"etor. SlmpI. and desertIe m. mall 
physcalleatures ot the mec::hanasm beNVlOf ( Fig, 11 ) 
The '''$I mechandln. which c:onIllI'II only aMI COIf1)OOenll ... modelled USM'Ig an ISOItOpC ptastCCy theoty 

~ed 10 sokaatons (N M) and ~s (u1,91) The~. oj IIfR.Itloeous plaszlCty an::! 

datnaQe ., the -=and mechandm .. descnb«I tor the unloading behaYlOl" by • UI"IIQUI scalar !)arllmet .... a. 
The non Ilnearlln ., me Uwd mechanISm ~. 10 damage and contact behavIOr Ir, treated I •• whole ( 
scalar a3) The UnlOading behavlOf depends on the loading level r.ached by 'he twa loading and on !he 
S8f'I5I1V1ty 01 the concrete and ollhe cortact 20M 10 damage (scalar r3) 
The behalvlOf 01 me 00fV'ICtI0n .. obIaned by. SlatlC.1ty Idmtui:lIe •• tenting of !he m.eNm,ml 
behawn The ana/ytlCallom'lllallOnl of the models are detaJled In reterence(c) 

" .... 

I' .. 
~21D 

fiQ..1l roooehng of mechanISm" behavIOrs 

.... 

I ' " 
~:I'D 
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The torm.Jlalions for mechanisms 1 and 2 are reported here for eX8/Tllle. For a moment monotonic loading 
with N.O. the displacemenlS of mechanism 1 are : 

~ -O 6 - E.H~r] 

with 

ASSEMBLING ' ULS of Ib' coonecllons 

The assembling 01 the three mechanisms IS presented \0 define the Ultimate Umit Strength 01 the 
coooection. The UlS of the connection without the bolts that is also when there is 8 gap between the rMS 
and the plate is cakulated by a limit analysis approach (51.The stress field associaed with the statical 
theorem is shown in rig. 12 : 

!..-f-i­
flN 

K!Ll. 

I 

IF 
, , 

"""j"'"" ' ---Ci---', 
fjgj2 : Stress liekllor statical limit analysis approach 

To explain the inlluence 01 anchor-boHs, we consider Fig . 13. For a piMed connection, da. a, and for a fixed 
connectiOn. dajloO. The column is in compression, 
The equilibriJm conditions are : 

N . +F~ =N. 
F,·d.+N, ·~'=N.·t 

fiQ..1.3. : Equilibrium tor COIuITVl in compression. 



Fb action ollht boh 
Nc .ccion 01 the COI"Itreta bb;:X 
da poIIIOn of the bob 

In 1M cbgram.1he poR (N.c' ,N.) belongs to 1M ll.S cu ...... 01 the· ~ WII~ 1M bolts - So,IO 

Ott tilt highest yaw of M, . N.t. F. IT1JIt take •• highest value. ThIS value is related 10 the plastlficabOn 

of the bolts under Il'JfI,enlion Of to the laHure 01 1M plata. The plata ultima1e limit strength is calculated by • 
Yield line methOd. The prevIOUs relations are sho'oYn in Fig.14. For decreasing ecx:enu;clty. AC becomes 
tangll'tllJ to the UlS curve 01 the • COMeCUOn wchout Ihe ~ ", So, lot ecce,..ricllies smaler than Itlat -' 
!his pout of contact, the anchof·bo!ts ara not loaded 

N 

N, 

Nu 

'" r 
I 

T 

He.. Mu M 
", ... 

fjg"U. : Int~.nce 01 the anchor·boIts. 

The ULS of 1M caumn I imtfKtlOll U-N aJM ) IS W81-Known and If is moc:HMJd by • pataboU fJking mo 
IOCOUnIlht lntLIence of the ~ plata. th4I c:oIunYI tooting FINly the modeled ULS 01 the Intad pr.ned 
connectIOn S obtained ( FlO 15 ). The lest' ..... from cyclIC: moment and constant normal bee"a reponed 
10 the ~Imated ULS curve 
The expnmerlla' tlYeshoId ",.lues (M, N) COfTesponding 10 an lI"I"IPOI1ant drop In connectIOn stlttneu are 
rwported 100 W. noce thlt theM pcWrts are near the ULS curve of the "COI'II"IeCtlOn wrtho.rt bolts". 
Fll\aly, the tlYes/loId ptwnomtnon 1$ r~led 10 the"c:onneclIOn wthout bolls" ULS aJlVe , and then can orty 
occur lor larga lCCerw:ncay These r.-noll1<s ~ thai cyclic loading mustltly IMde the • connection Wllnout 
bob ' ULS curve 111 order to keep an atlecbve end·resta,", ClP*:1l)' and aVOId flstabdity phenomena .-

Ihresho6d alCperimeotal poi ... 

laill,. '.penmeru, point 
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The assembling 01 the mechanisms Mllilis Ihe equilibrium equalions al each step 01 loading. The 
analyticallormulalion 01 the assembling is detailed in relerence [4). 

COMPARISON WITH CYCLIC TEST RESULTS 

The ultimate limit SlrengIh patal'NMer are obla.ned in • predictable way by liiM anatysa methods 
ISI.The other parametSB are erther deduced from malenal propertIeS or identified from baliC lests. 
This set of values allc700ts the computer Slrrulaton 01 the connection behavIOr (p.nned or fixed) lor 
different loading palhs. One sImllalion result is presented tor constant nonnal toree and cyclic 
moment ( N_ ·233 kN i. •. -0.3 Np 01 the column) and c:ompared with the test relUll ( Fig 16 ). The 
predicted behavior descrbes ql.llte accurately the real behavior. The model desaibes the N-u (N 
normallorce, u associated displacement) behavior too, but, tor pralical PIJ'POS8 , only the M-e curve 
is required. 

M (Hmt M ..... 
.,~ 

NumaflCal SImUlatIOn 

e ,.., e ,.., 

figJ,,6 : pinned connection : comparison wah test result : N.·233 kN (compression ) 

INfLUENCE OF THE COLUMN. BASE ENp.RESTRAINT . 

BUCKLING OF THE COLUMN 

An • academic· example is proposed 10 show the inlkJerICe ollhe coIumn.oase end·restraint on the budding 
strenglh 01 the column ( FIQ. 17 ). The problem has been calculated with the PEP·mlCro program 01 the 
CTICM (6) (7). The cotumn is a normalised HEA 140 profile bent Wl1h respect 10 his l trong ine11ia axis. It Is 
divided In twenty sections 01 eqJallenglh ( 21 nodes) and its initial irnperfecion is a sine curve. 
The connection at the top IS • perfect artICUlation. The COMeCIion at the bottom is either perfectly pinned or 
perfectly lixed or seml-ngld (Fig 18). 
Two seml-ngd base connectIOnS are used in Ofder 10 detine the bounds ollhe oonnection behavIOr measured 
by the Iests. We must I".IObCe N lot sma' excentflCl.ieS the monoIonic behavior of the • fixed • 01 /he • 
pinned • comec::tIon IS bounded by the behaVlOl" 01 COM8Cbon 1 and COM8CtIOn 2 since the bolts are not 
actIValed. 



The ruhal stiffness Ro is re!pf/Ctweiy tor CDt'lned1Of'lS , and 2 equal 10 In03 IJ"/II(NIrad and 3'103 rriINIr~. 
The sef1'll-ngld behavJor IS modeled In the PEP program by 

e= M I 

Ro1-(:J 
with Mu : ULS moment ~al to 21 mkN 
and a nor'IlWleanty parameter 8qJal to 3 

The numencal r854l1ts .re reponed in Table 1 u$II"IQ the concept 01 bucking ettectlVeleogth coetticlent Cett, 
I e the ratIO of the budding etfectIVelength 10 the colImn length Le. _. - -- '='" ... ~ .. o.n 0." on 

'M . " ." I,' • .• •• ." . .• •• •• '," on 

..... .. . " " . •• •• {HI 0.1' I,'. •• . " • • on .. •• •• '" 
""" •• on . .• on •• .. . .• .. •• ... ..• . .• 

•• on . .• •• 
!i!U..L buckling effeCIlYelenglh c:oefflCiert Ce' 

The malllrrum Ioadng eocentncrty at lhe senj.ngd COklmn-base COmectlOn is 43 mm, Showing thaI buc:kHno 
takes place bator, the loading of the anchor-bolts So, the If'Iitial hypoChe$IS aSSOCIated with the COklmn.biM 
behaVlOf used 101' calculation It satisfied. 
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The results show that Ceff.O 8 should be COr1S&NSlive for the "pinned" connection. Furthermore, Cetl-O.7 ( 
theoritJcaJ value) tor the "iixed" ~ion may be unsate since the "fixed" coonecuon does not provide more 
restraint than the "pinned" one. 00 the ocher hand the Cet! value is fairly not dependant on the initial 
imperlecbOfl oltha c:otumn ;shOwng thai the effec;trve IengIh concepc is consistent to descttJe the ., .... ence of 
the base end·restall'lt. 
These results are coarse since the Infllence 01 the soiI-londation bbck lI"IIeradion is not taken into 8C00Unt. 
The validity is obviously limited by the recb:ed sk:lpe ot the pmposecI problem. 

CONCLUSION 

The behavior of the tested cokJmn-base connection for a monotonic loading is really semi·rigid. The M-0 
behaVIOr Is however strongly dependent on the normal torca inleraction. 
All ex.~ 01 buckling problem. shows that lor braced trames, the real 8fld.reslraint of the • pinned' type 
connection should be consOered SIOCfI it is the same as that of the • lixed • type. For cyclic loading, the 
behaV1()( 01 the ooiumn-base connectIOI'I is lar more ~ed due to the appearance 01 unilalenlt contact 
phenomena as soon as the excenlricfy of the load lI"ICfeases 
A model of behavious, based on the undefstal"lding 01 the physical phenomena involved has been proposed. 
It has the capabWity to descttIe the cwera6 ooonectJOn bahaVlOl' and n particular 10 define the zone 01 quasi 
zero tangert stiffness related WlIh the unjaleraJ corUt1 phenomena The latter point IS of pecular Wfl)OI1ance 
SInCe it can modify the Slab~1ty 01 the frame. The presented model 1$ !tnplemerted tor PC ~er \0 
SlrTlJlate the behavior of the usual coumn base connectIOns. 
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1 . INnOOOCTIOH 

UlTIMATE S'1'RDCTII or CEOMETRICALLY 

lMPf:RfECT ANGLE COt.UIOfS 

S.L. Chan 

Depuhlent of Clvll & Structural En&lneerlng 
Ho,,& Ko", Polytechnic. Hong Kong 

S . Kltlpornchai 

DepartMent of Ctvll Engineering 
The University of Queen.bOO, AUlIlnl1a 

The ultlute strength of II coluan h Influenced by faclor. lIuch •• 
geoMetrical IMperfection or Inilial out-of-stralsntne •• , residual stre •• , 
load eccentricity and end restraint. The first two factors are nor.ally 
Incorporated through the use of appropriate colvan design curve. ilS 
speclrted In various code. [1,31. "'hlle the lut two factors are norully 
accounted (or In dealln calculations Dedgn curves for coluana of 
different c ro.a-sectional ah..pea and .. thods of unuhclure have been 
eat.bUshed, based on extensive experhlental data. Aa auch, the Inllveneea 
of residual stress and Initial out-of-stralahtness, provided they are within 
nor ... 1 bounds, are Incorporated eaplrlcally In the colUMn dealgn cu rv •• 

The AflI,I. la one of the -.ost cOlUOn structural shapes, used widely In II,ht 
trusses, tunsMlsslon t010ters and bracing systeas provldlna lateral supp(lrt 
In .... ny slructuul fra_s The fallure of an angle cOMpression _.ber Is 
coaplelC, even In the elastic unge tZ,4-7J. "aeneul anale beaa-colu.n lIay 
buckle in I fleKural, a torSional, or a COMbined fleKural-torslonal .ade. 
An accurate aethod of deter_Inlna the ultls.te load of a structure 
Incorporating ana1e aeabers Must therefore conSide r III of these bucklIng 
.odes. taklna into account the spread of plasticity across the section and 
alona the _.ber length 

Due to the aa~trlcal nature of the anale cross-section, the effects of 
the Initial out-of- straightness In angle cotusna clnnol eaally be 
quantifled. The ulllMate strengths are not only dependent on the aaanHude 
and the shape of the Inllial out-of-slralghtness, but a lao on ns 
orientation with respect to the section prlnclpal axes The latter effect 
ta.s nol been studied previously 

Fla. 1 shows lest results for a series of hoi-rolled equal and unequal. 
concentrically loaded, pin-ended anale colu.ns (6]. The test data ahow 
sl&nHlcant '1ar\at\ons In tM ultt •• te loads of tM teslt!id angle colu_ns. 
The nature of the geoMelrlcal IMperfection Inherent In anale MeMbers Mlaht 
have been one of the ... In reasons for this. In practice, however, It Is 
dlfflcult to seasure Isperfectlon. accurately or to quantlfy the effect 
experl.enlally. particularly In angle colu.ns On the bash of experiaenul 
dala, Kltlpornchal and Lee (6) n~co_nded that SSRC [ZI Curve Z be adopted 
to provide a lower bound esUnle of the uilla.te atr.nath of single angle 
coluans. 

Based on the aeoaetrlc aUreness ... trix for an anale eleaent previously 
derived by the authors (7], thls paper presents a nuserlcal procedure for 
geosetrlc ancl aaterlal nonlinear analysis of aeoaelrlcally laperfect angle 
co I uan.. Thh aethod accounts (or lhe change tn the ... ber aeo_try aurlna 
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de f or_Uon, th' shirl In the centroid, of the reMlnlna eluUe core and 
the Influence of ,train-unloadina The .. thod II applied to ,tudy t he 
Influence of inlUal oul-of-elralchtne •• on the uIU_t. bel\.Jviour of 'Incle 
fJlCle coluane 

2 . ANALYTICAl. MODD.J.IHC 

The ,eo_trlcell" nonlln •• r .olion of • deforelna; ... ber can be d •• crl~ 
e i t her In an updated or In , lotal Lagra1\&lan fraeewor k The {or.er ha. 
been found .I£ldent 181 welu" of t he .... of Including ler" defJectJon 
effecte vi, • continuoul updaUng proce •• (or th' ceoMt r y [91, and the 
convenience of foraulaUna the rate aaterbl lensor. 

S.slcally. there are two .. In approaches to conslderln& the efCecta of 
_terlal yieldl". In a ~r (101 The first .odel ass"..s the for_lion 
of a phstlc hl".e wilen the cOllblned forces In a Maber eMceed. certaIn 
yield function This technique bas bftn used sl.lCce .. fully by • nuaber of 
researchers for the analysis ofaxls~lrlc tubular, sv-trlc I and other 



sections ('iee, for ex •• ples, Refs 11-13). Recently, this approach has been 
used 114-1SJ to analyse uyaaetrlc anale se.ber structures. A cosparlson 
with experl_ntal results has also been ude to validate the theory, 

In the second approach, referred to as a _sh or layered Idealization, the 
secllon of an ele .. nt Is divided Into a .. sh of a flnlte nuaber of sub-areas 
(SH fl, 21. The secUon properUes and reslsUna forces and -.o .. nts ar. 
calculated by su-lna up the proper lies and stre.ses In these areas This 
so.ewhat .ore rl.orous and accurate technlqu. ha. been esployed succ.ssfully 
by a nuaber of InvesUaators for studies of the nonllnear behaviour of 
bea.-coluans (e.a. Refs 15-11) but al the expense of longer co.puler tl .. . 
This Is because the aesh .odel reflects aore clo.ely the actual behaviour of 
the .. aber, since the fallure of a .. aber usually occurs when the 
cross-secUon Is ~rt1alIy yielded . 

In thl. paper, the layer or _sh type of IdeaHzatlon Is adopted In 
conjunction wilh the updated La,r&n&lan foraulatlon for the ... ber to 
account for the effect of partlsl yielding across the section of an ele_nt 
The uterlal .odel proposed by the author. 11, IS] allowing for 
strain-unloading (.ee PI, 21all Is eaployed for lhe consideration of 
_lerlal nonlinearity . The set of nonllnear .Iaultaneous equations Is then 
solved by an Increaental-Ileratlve teChnique . However, to prevent shift of 
the real path for thla type of path-dependent nonlinear problea, the 
nuaerlcal procedure Is converted to the pure Increllental lIethod once 
yielding is detected . 

Nu.erl cal exaapIes ar. alven to valldate the present theory a,sln.t the 
experlaenla by Klt1pornchal and Lee [6) and to study the Influence of the 
as,anltude and orientation of Initial out-of-stralghtness on th. ulll_te 
strength of anale coluan •. 

3. TK£OR£TtCAl. DEVELOf'talr(T 

The following assuapllon. are ude In the theory . 
I . Bernoulli's assullptlon of plane sections before deforaatlon reaaln 

plane after deforut ton occurs. 
2 The Ideal1zed elasUc-perfeclly plasUc stres. versus stratn relation 

shown In flg 2(a) Is SlISu.ed. . Strain harden Ina Is neglected and the 
stress versus strain curve Is syaaetrlc In coapresslon and In tension 

J YieldIng Is governed enUrely by direct stress 
e Strain is .ull but di.place .. nts and rotations can be lIOderately 

large . 
5. The torsional rlaldlty, GJ, Is unchanged by yielding. 
6 . Local plate buckllna and c ross-sectlonal distortion are not. considered. 

3 . 2 .... tert.l _dellin& and constitutive relationship 

Fro. the flrst two assuapllons, the stress on an ele.aentary area of a 
cross-sectlon shown In Plg 21b) can be expressed as, 

VI • ~t 

Vi - E(c i - Cpl } 

(ll 

(2l 

In whi ch VI and c
i 

are the stress and st.raln of a sub-area respectively; cy 
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Is the len_Ue yIeld strain of lhe uterlat and ~ 

plastic straIn of the al.aentary area Slven by, P 

c • c - c 
pi lux Y 

(3) 

Eqns (l)-{l) are the •• canl rebtlons between slre ••• od straIn to be used 
In the evaluation of rest.Una forc •• and .o.ents. To deterelne the 
1nere_nlal or the lana_nUsl relaUonshlp betlJeen the stre •• and lhe strain 
tnere_nl. for the foraulallon of Ihe t.",.nl sUffness utrlx, II variation 
(see F"1a:. 2Ie)} can be taken on the equations to obtain the rate 
c:onsUtutlve relationship as, 

(41 

• 0 (5) 

The InereMlnhl virtual work equation is utll1zed to forau1ate the 
Incre_ntal equll1brlUil equation. Thus, 

r J [ ICL1IDTJ6ICLJ [!f16teN)· 1a'16 tI:LJ]dV 
V 

. J IFvJ61tlu)dV + JlfAI616UldA 

V A 

(6) 

In which " 'VII. the body force per unIt volu-e; [FAJ 1. the surface 

tractlon per unIt area; [eLl and (tw1 are the linear and nonlinear 

co.ponents of the increltental Green .train tensor; Iv) is the Cauchy stress 
tensor; lOr) is the rate conslltutive tensor; V and A are the volu.e and the 

surface area of the contlnuu. under consideration, (Au] Is the Increllltlntal 
displace.ent vector and n is the nu.ber of eleltents. A. I.plied In the 
updated Lagrangian fra_work, all the variable. are referenced in the last 
known confi.uration . 

Substituting the cubic Her.ite fW\ction for the lateral deflecllon and a 
llnear function for the twist and the aXial defor_llon, the following 
equation is obtained 

In which kL and kG are the linear and geoltetrlc stIffness .atrlces: IF"I Is 

the transforlted nodal applied force vector and IS) 15 the stnln versus 
displace.ent transforation upping . 

The linear and seo_tric stlffne •• utrlce. of a general thin-walled 
bea.-coiu.n, capable of predicting flexural, torsional and 
flexural-torsional failure lIOdu, have been derived previously (7, 18) and 
will not be repeated . It should be noted, however. that a serle. Of 
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la ) Angle 8eam-Column 
Elament 

Ib) Globa l an:f flement 
Coord inate Axl. 

a 

lei Elament Oe10rmatlon. 

Fla . 3: Anel . el_nt and. coordinate ax •• 

transfor_tlon. froa Ioc::al to global axe. 1. nec •••• ry In order to account 
for the effecl. of eccentric:: connection .nd inclined principal axel for the 
'n&le aeaber (see Fig. 3). Hathe_tlc.Ily, this procesl Ciln be .u_arhed .. , 

IB) 

in which ILtl, [LZ' and [L3 ' are lhe transfor_tlon latrlee' for the 

inclined principal planes, lhe eccentric connection and the local to Ilob.l 
... ppJna relpectlvely (Ie. FIg 3). All of these aatrlC.I Must be updated 
continuoully al the ele.ent deforas 

To account for the effects of _terial yleldlna acro .. the section, the 
errecUve lectlon propertl •• of the aeaber aUSl be MOdified and updated 
according to the state of stresl In the lub-areal. Thus, the err.ctlve 
flexural and Ixlal rllldlUe. used In foraulatlng the linear ele.ent 
.Uffnell ... trlx In eqn (3) can be evaluated a., 

[£Iyl.rr 
• -2 • r EtZtaA l 

(9) 

1£lzlerr 
• -2 • r EtylAA l 

(lOI 

• 
(EA/err • r £l4A1 

(II) 
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In which YI , %1 ue coordinates of the centroid of the ele_ntary .rea 4Al 

and • is the nUllber of ele_ntary areas. 

3. 4 Tola l equil i bri ... equation and secant a Uffne •• rela liona 

The llneadsed Increaenlal equ1l1brhlll cond1l1on in eqn (8) Introduces an 
accUliulallve nu.erlcal error In lncing the nonlinear load versus deflectlon 
path. The Magnitude of thh error can be reduced by using _ .. ller load 
step., at the expense of lonaer coapuler Uae, or the error can be 
ellaln.ted ust", an HeraUve process. In the el •• Uc range , the 
Iners_nlat-iterative aethod I. used In the present study to laprove the 
efnclency of the nuaerlcai procedure without reducing the aceuracy of the 
solullon. To racilltate this, the resistance of the structure, represented 
by the last Inlegnl of eqn (1), Must be calculated to deter.lne the 
unbalanced forcea for disslpaUon throu,gh the HeraUve process. 

Uslna the tolal secant sUffness relations given elsewhere by the authors 
{7, 10, 18], the chordal relative rotations at the two ends of an ele.ent 
(SYl ~nd Szl' see F'lg. 3) about the principal coordinate ~xes can be 

calculated by aubtractlng the rtatd body rotaUona ~ and '!) fro- the 
total rotallons (lIyt and liZ I ) aa, 

0 ,I · . ,I - ", (I2l 

• • ,z lila - j.lz {lJ) 

0 
yl · . yl "y 

(t4) 

°yZ • "Y2 "y 
(IS) 

The rlald body rotallona (j.ly and Il
z

) In eqna (l2)-{lS) can be deter.lned by 

at.ple geoMetry she»m In Fla. J n, 

" . , -I ['z -'I] .In ---
L 

Il
y

• Sln- I C'2: WI) 

(l6) 

(t7) 

In which (wI' w2 ) and (vI' v2 ) are the tranlverse displace.ents alona the 

principal axea of the eie.ent 

With the value of axial stretchln& obtained by the difference between the 
old and the new lengths and the rotatIon given In eqns (I2)-OS), the strain 
of an eie.entary area can be calculated as, 

(18) 

In which du la the axial stretching about the centroldal axis: Yl and zi 



are the coordinates o( the centroid of the .leHnhry area about the 
principal axes: .y and .z are avera,. curvatures o( the eleMent ,Iven by 

.. -
y 

(19) 

(20) 

Uslna the Idealized stress versus strain relationship aiven In eqns (1)-(3), 
the stress cr

1 
and thus the axial (orce al\d MOHnts can be deterMined as, 

• 
p • r criMI f2l) 

• 
Hy • r: cr

1
Z1M 1 

(22) 

• 
H , • r: lI'iYI.II."1 (Z3) 

In which P Is the rest.tina axial (orce: Hy and Hz are the average MOMents 

o( the eIe_nt about the principal Y and i-axes relpectively To calculate 
the nodal relllltin,a MOHnts, the a.sUllption that the curvature Is 
proportional to the .,_nt In a prill_tic eleHnt h used, thus 

·yl rsLjh ·yl w. 9 )T] 
y' 

'y' rsUh ·yl w. 9 ,T] 
y' 

Z9yl •• y' 
(Z4) 

·yl 29yz 

In which ( I. th. HerMI t. cubic (unction for lateral deflections given by, 

( . [I - 'x' >x, >x. x' 
7 7 x --

~ l 

,; 'x' • .~ -x 
7-7 l 

(Z5) 

SIMilarly, curvature about th. z-axiS can be written a., 

.zl Z8z1 • 8z2 

.z2 8z1 • 29z2 

(26) 

Solvln,a eqns (21)-(251, the nodal .,_nts at the two ends of an eIe_nt can 
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be dele,..lned Tnn.ror_lna the InterM.l (orc •• and .o.enls fra. local to 
globall coordlnllte ax •• , the re.latlns forc •• and .o-ents of an ele_nl and 
thus the structure can be obtained Hath ... lIcally. thl. prOCess can be 
written .s, 

n 
(fIR· [ ILJIILzHLJIITIiPI (21) 

In which (PI Is the ale.,nl nodal reslatlna force ,hen by, 

(28) 

and [TJ Is th. lZ){6 transfor_tlon .. trhe re'alln& the 6 Internal forces and 
.o .. nta to the IZ nodal {orc •• and MO_nts .t the two end nod •• of an 
etalient. thIs lranarontatlon .. triX can be obtained by considerauon of the 
equll1brtUII condition In an ele.nl (191 

The con .... nlloMI Nevlon-Raphson _thoc! and ita .odlfled (or_ dlverle near 
the Iblt point ~.u •• of the Ill-condillonina of the lanaenl sUffn ••• 
_lrh:. It. nu.ber of _thods have been SUO •• ted ova,. the put decade to 
circUllv.nl thls dlv.raenee probl... .wane th.s. _thode are the .lf111e 
displaceaent control _thod by Satoz and Chatt (20), the _thod of current 
atlffne .. paira_ter by Ber,an et al. (21), the conatant work aethod by 
Powell and 51.ons (22), the are-hm,th _thod by Rills 1231, RaM 1241 and 
Crisfield 125] and .ore recently lhe _Int_ua residu.1 dlsplace_nt _U~ by 
Chan (26] 

In the present study, the arc~len&th _thod o( the verston sugested by 
Cr isfield 1251 Is used. However , the Incresental-lterative aethod will be 

converted to the pure Increaental aethod wHh reduced load Increaents once 
yleldln& ts detecled ThIs Is because the It.ratlve procea. will alter the 
real paith (or the plaaUcHy In the ._ber and thus affect the accuracy o( 
the solution and .. y eventually cause the it.ratlve process to dlverae. 

4 . NUHERICAL ST\IDIES 

T •• t. on .Incle and double anal. and t_ col....,. have been conducted by 
ICltlpornchal and Lee 171 Of the .. , 13 ".lrs la;b - ... Table II of equal 
and unequal .Incl. afllle, pln~ended coluans were tested to fallure w1th 
Io.ds applied concentrically The end supporta of the test coluans were 
free to rotate about the .. Jor and .Inor prlnclpail axes but were prevented 
fra- twlstlna about the 10ncltudiMI axIs The eocIlfiecl .lenderM .. , A 
( .... (PY""EIl of the test coluana ranced froa 0.57 to 1.01 Heasure_nls were 

ude of cross-sectional dl_nalon, yield atresa and failure load No 
Initial oul-of-atralghtness In the colUMnS Wal llenured, however . Flg. 1 
showa acatter o f test resulta confir_!ng that SSRC Curve Z 1& the 
appropriate lower bound coluan design curve (or alncle al\ll. colu..ns 121. 

Th. proposed foraulatlon has been used to predict the ulti .. te at renclh o( 
t.sted slna1e anale coluans. A half-sine wave Initial out-of stralghtne .. 
In the positive i-dlrectton O.e bendlnc about alnor axial 15 assu.ed, 
ualna ..xl.ua ald-he1&hl Initial oul-of-alrightn." 6

0 
valuea of 0, LlIOOO 
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Fl, _ 5 : Influence ot -.:nllude and direc tion of InlUal out- of­
etra t al'lln ••• on lh. ulU_te elrenath of equal anal. col~ (SA .. ) 

and U500, r espectively Expert.nlal and predIcted hllure loads a r . 
co.pared In Tab le 1. The r.,ult, Indicate that the ultl .. t. streng th of 
_nal. colu.na I, htahly .. neillv. to the .. ,nHude of the Inltlal 
out-ol-e1r.l&h1n •••••• llned The Han d lffer enc •• bet", •• n the expert_nlal 
and pr edicted fallure load .... u.1ns a of 0, L..I t OOO and LlSOO are 19.6", 
0.95X and -9.6X with corre.pondln.a sta&.rd deviations of 8.95, 9. 13 and 
10.24 kH , respectlvel)' In practice, It 111 difficult to ... ure In ltla l 
,eo.etrlcal 'Mperf ectlon accurately In anale .Mben. This study show. that 
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Table 1 eoaparlson of Predicted Results with Tests 

Predicted 
NOMinal Effective Test FaUure Load O:N) 

Strut Dl~n.lon. Lerl8 th Load 
•• 0 • • •• (_l (_l (kN) 0 0 0 

Lllooo Ll500 

SAl-a:b (4)(64>0:5 600 163 182 .7 176.4 166.0 
SAl-a;b 64x64x5 100 16. 182.2 111.0 157.8 
SA3-a;b 16>(16)(5 850 182 218. ') 199.0 184.7 
SA4-a;b 76)(76)C5 1000 161 218.5 186. J 169.8 
SA5-0I;b 7611(7611'5 "00 '61 218.6 J77.8 J57.9 
SA6-a;b I02x10Z)(6 5 1310 2.5 353.0 :301.9 279.1 
SA,1-a;b 102lCI02)(6 5 1400 283 345.7 299.4 268.7 
SA8-a;b 641<"51)(5 100 141 156.1 138 .0 123. 3 
SA9-a; b 6b.51K5 900 135 154.0 lIS.0 •• • 5AIO-a; b 76)(51)(,5 800 143 173 . 4 125.3 10. • SAll-a;b 76xSh:5 1000 123 133.6 113.2 ••• 
SAIl-a;b 102:1<76)(6.5 1200 211 33t. .5 253.9 223.1 
SAIl-Sob 102)(76)(6.5 1500 190 269.4 203.3 177.8 

Note that tho ••• u.ed .. xlMI1II aid-height Inill.l out-or-
stralghtne •• , &. I. In the 
bending about th3 alnor axis). 

positive z-dlrectlon (J .•. 

Twill ,8. (.162 radianl I 

-' 0 .. ·s ., ., 0 , , s • '0 " 250 "-
Unequal AnSl" Columnl Pm -249.5 kN (60• 0) 

I _ L /250 
200 II - L /SOO 

III • L/250 Pm. 152 kN IV • Ll500 
z 150 137 kN IV 
~ 

II ,/118 
~ 

,; '02 m 
• '00 0 
~ 

'0 
vl / 2 
wl /2 
to.llIt 

0 -. ., ., 0 • , 8 ' 0 

fl,. 6: Load-deflection curve. Cor an unequal an,l. col~ {SAUl 
wIth inItial out-oC-.tr.i,hines. in direction par_llel to lon, Ie, 

an InHlB1 .1d-helght out-of-.tn1ghtness ~ of eLo •• to l..IlOOO .u.t have 
exhted In these tested .Inale angle colWlni. 



4 . 2 Influence of -anltucle and orlentaUon of 1nHbi out-of- elral,htn ••• 
o n ulll_La a l r an&lh o f an,ale c: o l~. 

o.slln codes (1-31 norlUlly specify. au:lau. Iialt of 1.I1000 for the 
Inltt.l out-of-straightness In cOMpress i on ae.ben . Because a general 
unequal ancle secllon is •• yaaetrlc, the ulll .. t. a t rength of an ana Ie 
coluan will depend not only on the ... nllud. but also on Ihe orientation of 
the Initial out-of-stralghtn ••• In the -.eaber . 

For the purpose of the present atud)" tn. SA4 (16.76)(5) equal engle and the 
5A1 3 (102)(16x5) unequal anal" coluans tested by Kll1pornchal and Lee (7] are 
selected . The tnillal out-or-straightness ls taken to be In the dlreclton 
parallel to the outstanding Ie., since .,.t anal_ -eMbers are connecl.o by 
one Ie. only . 

Fl g . 4 shows load vereus deflection curv •• for lhe SA4 equal angle colulln 
wIth 6 • 0, Ll500 and Ll250 In the polltlve or negative y" (or z' 'l 
dir"ct?on (l . e . parlllel to le&l>' Fig . 5 shows the variation of the 
ult1_te Itrenath of the SA4 ~l arlile coluan with varylna _gnltudes of 
.50 In the direction parallel to the legs. as well as In the posillve 

i-direction (I.e . bending about the alnor axh). It h seen that the 
ultl_te strength of angle colu.ns Is highly dependent on both the Magnitude 
and the orientation of the Initial out-of-straightn".. . As expected, 
colu.ns with Initial out-of-stralghtn".s hemUng about the alnor axh have 
the lowest ultl_te capacity 

FlgI 6 and 7 show load versus deflection curves for the SAIJ unequal angle 
coluan Because the unequal anale has no axis of sya.etry. the ultl_te 
strength of unequal a",le coluanl II IKIre co.pllcated . Flg 6 shows load 
ve r lul deflection curves for the SAil coluan In which the Initial 
out-of-straightness Is In the z"-dlrectlon (short leal. while In Fla . 7 the 
initial out - of-Itralghtness ls In the y"-dlrection (lana leal. Fla . 8 

Fl • . 7l Load- denec U on curve. for an unequal an,le col..... (SAU ) 
with Inltid out -of- . tral,hlnee. In d l rec Uon parallel to . hort Ie , 
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Fi,_ 8: Influence of .. nlludo and dlrocUon ., lnll101 oul-o(­
el,...l,hlne •• on tho ull1_le olrenalh of unequal AnIle coh .. ,. (SAI3) 

show. the variation of ulli .. te load with varylna values of ~ for different 
orientationo of IniUal out-of-slnlahlne... ft.-ulls obtalne8 reveal that 
for unequal lI"&le coluano, the ",IU .. ", Slrona"h I. even .ore aenelllY, to 
lhe orlentallon of lhe InlUal out-or-etnllhne" when co.~red to lho equal 
angle coluans. 

5. aJNCLUS ION 

The paper InveoU,.t •• lhe Influence of InlUal out-or-stralgh tn ••• on the 
uillule be~Ylour of dna!' -.n&le coluan.. An Incre_ntal-llonllve 
nu.erlcal procedure hae been used for the aeo_"rlc and .. tert.l nonllnear 
analysIs of geo.etrlcaUy taperfect a1\&Je coJwan.. The IIl!thod account. for 
the chanae In geoNtry during defonaatlon, the shift In the centroid of the 
reaainlng elasllc core and the Influence of strain-unloading. 

The analytlcal technique has been used to predict the failure loads for a 
Haber of a series of equal and unequal anale coluan experlMnt. conducted 
by Utlpornchal and Lee 111 Resulta conflra that an Initial out-of­
stralghtne .. of Vl000 a. recouended by llest codes I. appropriate for a1\&le 
colwans. The study M&hIl&hU the senslllv1ty to ,eo_trlcat taperhctlon 
of the ultlaate .tren,alh of sln,ale a"l:le coluans. It shows that the 
ultlaate strenath of an a"&le coluan Is hl&hly dependent on tM orlentstlon 
of the Initial out-of-strallhtness In the ... ber 
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FURTHER STUDIES ON THE COMPRESSIVE STRENGTH OF 
oW EQUAL LEG STEEL ANGLES 

Krishna K. Sankisll. Seshu Madhnva Rao Adluri. and Mur1Y K,S. Madugu la, 
Department of Civil and Environmental Engineering, 

University of Wind~or, Windsor, 01llario, Canada N9B 3P4. 

ABSTRACT 

TrianguI3r-b3~e communicatIOn and Inlrhllll,,~ion lo .... er~ III Nonh America are 
commonly designed usmg 6()G angles 3S mam leg member,,_ The~ oW angle membe1'5 
could be either Schlrtlenzed hot-rolled angle .. 01 cold IOlllled angle.. The 6W angle 
properties arc significanlly drfferelll from tho<.e 01 the corresponding ')(1' angle.. Unlil 
recently, no systematic study of these angles wa<; 3",.ulable in pubh<;hed Iner,uure In 
light of thiS. nn expenmental program \\.3<; carried QlIl to determine the compressive 
strength of Schirflerizc:d angles u~ing hmged end condltion~. The main conclu~ ion~ of 
the study ~ere publi~hed In the proceedigg~ of 1991 Annual Technical Ses~ion of SSRC. 
Ho .... ever. ~ince the end condition" of the leg members in an nctunl tower may not be 
Ideal hlllges. the actual capacity of Schifflenzed allgle~ could be different from Ihm ba~d 
on the testing of Ideally hlllged Schifflerized angle~ In addition. the earlier Schlfflerized 
angle study included only nine (out of e ighteen) ... pccirncn~ 1'.111111& in lorsiona l-nexural 
buckling. Therefore. a further ~t of buckling tl.'~t~ h:t~ been carried out With 19 more 
Schlfflerized angles with a different set of end fi\ture~ to further confirm the e:ulier 
conclusions. In addition. nineteen 600 cold formed angles have alw been te~ted with Ihe 
S3me end fixtures. The Schifflerized angle .. are of sizes 4x4x1l4. 3xJxI/4, 3nd 3x3x3/16 
in. (I02x102x6.4 mm. 76x76x6.4 mm, and 76\76x48 mm). The cold formed angles are 
of size~ 2\2x3/16 and I 1/2,,1 1/2;(118 Ill. (51,,51\48 mm nnd 38,,38:d.2 mm). The 
length~ of the "pecimen~ v3ried from 369 mm 10 2140 mm With l.1Ir ratlo~ bet~een 30 
and 100. ThiS p3ptr pre~e:nu the: re~lI1L~ of the~ U="I~ III IIghl 01 the: condu~ion~ reponed 
earher All the el(penrnental lond~ fun her \'alid;ued the le~ult~ 01 a detailed finite 
e:lemenl Bnaly~i~ <;imilar to Ihe one reponed e.uller .... ilh ctltum modifications The 
results for Schlfllenzed Bngles IIldic31e that the conclu<;ions armed earlier nrc 
acceptable In addulon. the dat3 for N)o cold formed angles IIldlCateS Ihal these 
members can be designed using procedure .. similar to Ihose recommended for 
Schifnerized angles 

Key Word~ . Angle. Buckling. Buck ling Tem. Cold Fonned 600 Angle. Compression, 
Design Code. De~ign Strength. F:ulure Load. FI:lI Width. Local Buckling. Sch ifflerized 
Angle. Torsional-Flexural Buckling. 
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INTRODUCTION 

Structural ~teel angles are widely u<;ed III "evera! lond .. 01 <;truclures for a variety 
of purposes. One of the mo .. ! comlllon u-.e<; of "'eel angle .. it; in the orca of latticed 
structures. The communication and the electrical tran .. mi~sion industrie .. utilize 
extensively the Ildvantages offered by the latticed lo~ero~ Such lowers are usually 
triangular or rectangular in plan view (cro ..... ·<;eclion). They orc composed of three or four 
leg members at the comers of an equilateral tri3ngle or II rectangle respectively. In 
rectangular to,,",crs. the main leg membe .... are braced in twO different planes at 900 10 
cach other. The Jeg plates of the main leg membcr~ that are orthogonal 10 each other 
penm! easy connection to the bracing member, III the twO perpendicular planes. 
However, in triangular lower~, regular 9(jO ~tcel angle~ can be \I~cd only with benl gll~~et 
plmes (which are relatively more expensive to fabrica te) to facrJlIate connections with 
dtagonal members whose planes are at 60° to each other I';or ea .. e of fabricatron, main 
leg members or triangular lowers arc u~trally m:lde 01 ~ tl!eI anglc~ who~e leg plates make 
an Included angle of 60° Instead of I)()O a~ is the ca..e wllh regular rolled steel angles. 
Such angles are usually rnanufacnrred either by Schifllerizing regullr hOI· rolled 90° 
angles or by cold-fomling 

Schirtlerized angles are regular hot-rolled ~ teel :mgles cold benl to create an 
included angle or 6(1° between the leg plate~, The cold bending i~ u"trally done by brake­
pre~sing or re·rolling. The proce~~ or SchiflleriZll10n cannOt bend the root ponion or the 
original angle becau~e or liS high ~lIrrne~s. l ienee every Sehrltlcrtl.ed angle containS an 
originaJI)(JG angle root portion and two leg plalc~ at 60G to each other as .. hown in Fig.! 3. 
Properties of Schirtleri1.ed nng le~ In US ctr~tom;lIy ;lIld SI unit" arc gIven by Ad luri and 
Madugu la [199Ia, 1991cJ. Cold-formed ClUG angles are manuractured in the .~ame 
manner as regular 9(}0 cold-formed angle ... n ... ~hown in Fig. I b 

CURRENT DESIGN PRACTICE 

Unlll recently, very Irule publi~hed Irleratufc wa~ avarlable on 6Uo steel angle~ 
Mosl leading world code~ do not ha .... e ~pel:ifi(." recomrllend .. tlon ~ regardrng the<;e angle~. 
Compre~~ion design or Ihe~e angles i ~ l1~u.,lIy carried out using the fonnula .. applicable 
to regular hot· rolled 9()0 anglcs without any speCial modrllcatron~. Ilowever, 11 should be 
noted that the minor axi~ moment or inertia of these angles is more than that of regular 
angles by as much as 50%, The major axis moment of inertin on the other hand can be 
lower by a s imilar percentage. Consequently, 60° steel angles nre stronger in nexural 
buckling and can be con~iderably weal..er in lor;ional ·flexural buckling when compared 
10 90° steel angles. Thi~ sugge~ls that the exi~ling procedures for calculnling the design 
strength or 60° steel angle .. ~hou ld be re-exallll1lcd To the besl of the authors' 
knowledge, the first research in thi s connection \\;lS reponed by Adlun II990J (see alw 
Adluri , Madugula, Mon rorton (I99ld, 1991e, 1992]). In thlll re~earch, a lotal ofcighleen 



tc:~tli 'Wcre conducted on 5ch.merited anglc\; to dCICnllIllC their comprc"~IY( qlcnglh 
under cOlll:enlric loading conditIon" Pnlncd t'nd n)fldIlIOn~ V.CIC u<;ed at either end of 
the member Silt of the It"l "pecimen .. failed In tor<;lonal-llcxLIIll buckling. three of Ihe 
specimens failed 10 a combmed mode showing Ilexwal and IQI""IQnal-nexurnl buckling. 
"hilt the rem:uning failed In nexural buckhng mode. The members that f:l.Iled III the 
combined mode had their flexural Qnd equivalent lor"ional·nexural buckling radii of 
gyration close to each other. A detailed non-linear finite element analysis was earned out 
10 predict the capacille~ orthe lest "pecimens [Adluri, Madugula, and Monforton, 1991dl 
The re<;ull .. of !hi .. study were u<;ed to arri",\! at <;uitabtc de .. ign recollllllendations 
compatible wnh existing prlctices Tht"~t! re<'Ollltllt"ndallon~ can be briefly re~lmed a~ 
below' 

Ot>~IJln arcordlDg IQ Ciloadmo illlIenna ImH'" cpdt' CANICSA-S17-i\186 U~ 
e'tI'Oung procedures con~ldenl1g Ihe bent pOilion 01 Ihe angle leg a~ Ihe flal Width In 
the computation of "width-thickness ratio" Since Ihe unbent ponion of the angle can 
vary slightly bet'A-een different fabricalOr~. for the ~ake of uniformity. It i~ 
recommended thai flnt width up to the fOOt fillet of Ihe lngle be u~cd in the 
computatioo~. Thi~ chrmge in\'olve~ negligible redm:lion In the member s!Tenglh. 

Design ilccordmo to ASCE Milllltot NQ '''' IASCi- I 2881 U~e Ihe e;l(i~tlllg procedure 
for de~lgn ..... llh o ne of the folio .... 109 1\\0 InOOllllatlon\ 

L:se the mmimum of the elastic tor\lonal·l1e\ulOll bud-ling radlu" of gyration and 
flu\lfa\ buck\mg radiu" of gyl't\tloro fOI' Ihe ca\c\\\allon of "\cnderne",, l"alio. 

2. Use Ihe full leg ..... idth n~ flnt width 11\ the computation of "widlh-thickne~" ratio". 

Design according to AlSC-1 REP 11286]: U"c CXi\tlllg procedures by consLdering the 
belli portion of the leg as the flal .... Idth. in~tt";ld 01 Ihe enlHe kg width. to compute 
....... idth-thick.ne" .. ratiO" 

The de~ign recommendation .. appropll:llt" 10 the CA"\ICSA·Sn·( ... 186 (Ad tun. 
(1990» ...... ere appro\-ed by the Technical Comnliltce on Anlenna To .... ers (CSA·S37) and 
were Included In Amendment o. 12. May 1990. Since the earlier test program included 
only Dine Schifflenzed angles failing In torsional-flexural buckling. and no (,c)O cold 
formed angles. 11 new experimental program was designed 10 le~1 600 steel angles (both 
Schiffleriu:d and cold-formed) predominantly failing III lor .. ional-Ocxurn l buC'ktlllg. 

EXPERIMENTAL INVESTIGATION 

The experimental pmgram mcluded bud,ling It'\I~ an 19 Schlftlenzed anl!le~ and 
19 cold-formed 6()0 angles under concentric load l-!\cd end condillons v.ere (ho~n for 
the specimens. The specImens were cut to length and the end~ were milled to be parallel 

311 



31? 

10 each Olher Tables In Dod Ib show lhe gcomclncai proper!!e .. of the test specimen .. _ 
The member<; were mounted vert ica lly on 10 a Gilmore 1e\lIng lrame (fi g. 2). The load 
WQo; applied u<;ing a 100 kip (445 kN) hytir;lulK J.lll.. Th~ tOOld wa~ mea\urcd u~jng II 
100 ~ip SlralOSerl nal load cell. Load was tl:Ulsmlltcd 10 the member through two Oat 
plates beanng on the milled end s of the member 1 he member centroid was aligned with 
the hne of applicmion of load by fi rs t marl-Lng the member centroid on Ihe nat plales and 
then placing the member III proper jX)silion The alignme nt was <;ec ured by adJuSl!l.ble 
stee l bloch on eit her side of each of the legs at top and bottom. The load was applied in 
gradua l incremenls The deflection .. and rOlnll0n~ a1 1/4, 112 and 3/4 of the height werc 
measured along the two pnnci pal axe.. The mo:mlx-r length~ were cho"cn ~uc h thai all of 
the specimen" failed III tor"ional-Oexural budding mooe Choo\ing fixed end condition .. 
Illw helped in the reducuon of effec ti ve length thereby lorcing the "pccimen" 10 buckle in 

tor~ionil l-nexurai mode The lest re .. ult .. (<;ho\.\, n ,h I~ ) arc given HI Table .. 2a and 2b, It 

shou ld be noted that due to practical 1I01llallon ... the guiding O1echalll "rn on top of Ihe 
loading piston connec ted to the bottom pbtc wa~ capnble of rotalion by up to all angle of 
approximatel) I' under heavy 10:td~. 

TABLE 1 •• GEOMETRIC PROPERTIES OFSCHtFFLERIZEO ANGLE TEST SPECIMENS 

SpcClmO:l1 NIlITllnJI At'lu;!1 SilO: , NI'IIIIIlJI rmin rl11 :1\ 11\, 

r-.1Jrk Sltc.m d.mm !.mm mm I l'n!'lh mm mm mill mm 
11 1·1.2 3\hl1-4 76.1~ 6..'i1 ~, 1::!2" 17.6 2~,7 :ru 
11 2·1.2 3:<1.'11;1116 75.1)() n. " 11<7U 17.7 25,1 121 
Hl·I.2.3 :h:h1J16 75.97 4,71) " ['i'" 17.7 25 I 12.1 
1l~ -1.2.1 lxhVI6 76,5-1 -1,69 2' 7.l2 17.1) 25.l 12..'i 
H ~-).2.1 41.41. 114 IOUIl 6.51 2' 21-10 2-1 I l2, I 442 
116-1.2 41.4"( I/~ 1112.66 640 ~4 I%U 2~,4 '2'i , .. 
117·1.1.\4 4~4x 114 IlnO'i ." 2' 1'i211 2~ 'i '"16 '" 

Note' Forde tlilitlOn 01 a. d.1 and tic lckl to Fig. la. J = 101"<; ion COIHt,lIl t 

TABLE lb. GEOMETRIC PROPERTIES Of COLO-FORMED 60' ANGLE TEST SPECIMENS 

5pccimcn Nominal ACU10l151,'-' 1<, ;>;\'minJI rmm rm,n 
r-.1Jrk ~ilc.1n d.mm I.mm mm u:nl!thmm mm mm 
CI-1,2.1 I 112x I 112", WI lUI7 111 '" I)OU X,'i[ 1~.4 

0- 1.2.1 1112"'1112"'1/1l 11l,O I Till "' ." IL'\7 14,\ 
0-1.2.1 [ Il2xl 112xl/X 1X,60 1(1) "' 1(1) K72 1~.6 

C4·1,2.1 2"'2~11l6 ~(U<~ 4.77 " 11'iO 1]('1 I X.~ 
C~-1.2.1 2~2~'nCl ~(J.ln H1 " x7~ 11.6 lin 
C6-1.2.1,4 2\:!~"16 ~o li7 , 7' " ,,~ II. 1<1 

Note Rc i<; the ('emer hnc rndiu~ 01 Ih.·nd. J= TOI\10n ('on\I:lOI 
Fordefinllion of I and Uc refer 10 hg.lb. 

0, 

mm 
Il2 
112 
11.J 
IX.6 
1>7 
IX. 

J.]()l 

mm' 
144 
5J(7 
:'i.YS 
5.67 
11),6 
Ut,H 
II) 2 

J 
mm' 
754 

." 
6Il~ 
''i.~O 
16\)() 
1~20 



Standard tcnsion tests for each of the specimens were conducted on coupons 
prepared from the same material as that of the indi vidual spec imens. The tension lests 
produced the yield strength. Young's modlllu ~, and lemlle ~ Irenglh of the material of each 
of the specimens. Material yield strength" nre h ~ led 111 Table~ 2a and 2b 

Finite Element Analysis 

Traditionally. column strengths have been theoreticall y computed using solutions 
of dlfferenttal equalions governing their beh3vior in the eia <; lic range. In the melastic 
range, the same equations can be sch·ed numerically u<;111& vanous tec hniques. One of 
the mOll' versati le techmques to soh .. e such problem .. h:l~ been the finite ele ment method . 

Adlun, Madugula and Monforton (1991d jllJ\c 3pphcd Ihe fimte elcmclH method 
to find the strength~ of Schi(flenzed angle~ for dll1erent hu lu re modc~ In the pre<:ent 
study, similar models appropriately modified to aCl;ount for the end conditions have been 
used to compute theore tical failure l oad~ of the test <;peci mens, The angle wa~ di vided 
into several segments along the length of the member. Each segmen t consj~led of four 
elements on each leg Eight-node quadrilateral plate/shell elements with reduced 
integration have been chosen for the analy"i<;. The end plnte~ benring on the member as 
well as the end block~ sec uring the member alignment have been ~ lInilarly modeled . The 
angle was given a mullipolnt constraint 31 nodl!<; where the :l hgnment b loc k ~ touched it. 
The alignment bloc~s were sec ured to the bea llllg plJ tt! tlH ough another <;e t 01 multlpomt 
constra ints The beanng plate wa<; lixed al the top The bottom bearing plme, re<;ling on 
top of the hydrau lic jack was caplble of 1'01:111011 The bu('~hng mode wa<; <; imulated by 
a trigger load placed at mid·height to mduce an Hllti:ll oUI ·of·~lr.'Iigh tnes~ The analy<;i<; 
included both matenal and geometric Iloll- linearit ies ReSidual stre<;<:es and OIher 
modehng parameters .... ere sim ilar to tho<:e dlscu"scd by Adlun, Mndugul a and 
Monforton [ 199 ld). Software package ABAQUS 11989J was used for the com puter runs. 
The f'Hlure loads predicted by the finite e lement lllllys is are In good agreement with the 
test re~uhs 

RESULTS 

The te~ t re<;uh<; can be u<;ed to verify the design stl ength predicted by the currell( 
design codes_ Tables 23 and 2b .. how calculated member caplc itles o~ per the met hod 
given by Adluri 11990]. The~ capacitie~ (a" per the Canadian ~tandnrd CSA·S37-M86) 
are computed by ac;sumlllg an effective length f:lctor equal to 0.8. This is the same fac tor 
traditionall y specified by the design code~ for colul1l"" with one end fi xed and the Olher 
end hinged , It shou ld be recalled that the mcmbcl ~nd at the bottom of the spec imen was 
capable of rOUllion at high load~ Thi ... along With ally inCidental eccentricity III the 
applicat ion of the load at the boltom would prompt thc boUOIll end of Ihe member 10 
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beho.ve as a hinge. To account for the end fi xture at the bouom. the length of lest 
specimen used for calculatIon purposes is taken as approximately 60 mm larger than the 
nommal length . The relcvant fonnulas for the member capacity as per CAN/eSA·S37 . 
are given below (these fonnulas reduce the yie ld strength to DeCOUni for local buckling of 
the angle leg as a plale): 

<'1,'> ... = 2; JF: where. F, i ~ III MPa. 

F, ~F,. y,S(lY,) ... S2~ 

F,' " fJ.677-0.677~JF,. 250!:jI,O!:(y,') .... 
(wIt } ... 

where. "w" is the flat width of the leg of the angle and " I" is the th ickness of the leg. In 
the calculation of the member ca pacities for Schifflerized ang le~, 

flat width = lotalleg width - leg thicknc .. <; • rool III let. 
liowever, for cold- formed 6(J° angles. Ihe fl at wid th wn'l taken (1 <; the greate r of the 
unbent flat portion of the leg and the tOI:l1 leg width 11111111 <; three IIIne~ the thic kne~~ of 
the leg. 

The faclortd compressive resislance Cr is gi\'en by [CAN/eSA-S 16. I·M89). 

C.=~F;. OSJ..SO_I'i 

C, := ~F,' (I.01~ -0. 202J.. ... 11.222).'). (),I~<ASI,O 

C,=tAF,'(-U.III+U_6:l6A +1It1K7A ), Uld"S2_11 

C," ~F: (O_I)()I.)+ IUI77J.. f). 

C, .:t:.1l}AF;'J..-'. 

ILft· where. slenderness parameter ).::: - -
,~ £ 

2,U<J..S16 

NOle thrllihese equutlons are the ~ :lme a~ SSRC co lum n curve no,2 These eq uatlon~ are 
appl icable 10 wide nunge !>ections and other ~ymmelric ~ec tion s_ Although Ihey have nOI 
been ca librated spec ificall y for stee l angles. Ihey have been in use for :lngles a~ well It 
ca n be shown frolll 3vail:tble lesl dota , th ai these eq uot ions are conservat ive for steel 
angle des ign. From the results in Tables 2a and 2b. it can be seell that computed 
strengths of Schirnerized angles are less cOII~rva ti ... e than Ihe computed sirength s of 
cold-fonned 6()O nngles This may be due to the fac t thai the Schifnerized angles. which 
had significantly higher fa Il ure loads Ihan the cold-formed angle ... rorced the bottom end 



fiJ(ture to rotale on top of the h)'draulic jack more lIlan the rolallon forced by the smllller 
sized cold-rormed angles 

TA.8lE 2 • • COMPARISON OF FACTORED AXIAL COMPRESSIVE RESIST ANCf: OF 
SCHIFFlERIZED ANGLES AS PER CAWCSA·S37-M. WITH TEST RESUI. TS 

Sp.:(lmcn Sill! , knClh ., l- I'" 1', R.allll 
Mark '" mm mm MPa 'N kN 1'.11' 
HI-I,2 h"h: 114 24 1220 1()() 0,79 2~2 2M ().I).~ 

H2-1.2 '11;1,\116 24 IR70 m 10M 117 144 0.142 
Hl-I.2J 3xlxVI6 2' I ~J() 179 (U19 I" 14. LOI) 
1-14,),2,1 1xll1lJI6 2' H2 m 0.41 IR. 20' O_l)l 

H ~·1.2.1 4'(4x1/4 2' 2140 '.7 09() 2." 271 O_I)~ 

H6-1.2 4,4" 1/4 2' 19M) "I (Ui{) 267 2.1 I.U1 
H7·I,:U.4 ·h4l( 114 " 1~211 ," II '" "II> "" 102 
Ml!3nuf raUl) nY~, '\Ian\.l,m.l d.:\ IJIIPfI ul rJIIIl OIlClK 

Note for ddinHlon of "11" refer 10 Fig. 13., 

'Lrt A ''1 the .. Ienderne .... parameter )., - ....!... 

'" £ 

TABLE lb. COMPARISON OF' FACTORED AXIAL COMPRESSIVE REStSUNCE OF 

COLD-FOAMED toe)" ANGLES AS PER CANlCS ... ·SJ7.1.I. WITH TEST RESULTS 

Sp..'oml.!n SIll.! "0' kn~lh I, l- I'" 1', KJIII) 

\hrl. mm mm mm \H>J " kN I' 'I' 
CI·1.2.1 I 112,,1 InxlIM III \)IKI 'iii I,n 17 4. (1,76 
C2-1.2.1 I Inxl Il2kl/M III 611 114 (I XI " .1 () X4 

C3-1.2.1 I Ink I InJelni J() 1m 117 U~I 67 7. (J,t)C) 

C4·1.2.' 2x2JeVI6 \I n~(I 101 121 ., \10 0. ~x 
C5-1.2.1 2d~1I16 \I '74 ~" \I,KI! If" 11. 0.77 
C6-1.2.1,4 21(21(1116 \I 41~ 1\2 (J40 11' 162 (I M2 

\kan nl ralll) (17K "IJnJJn! r.k:\IJlUm til rJUI! OtJl.N 

Note Rc I the mean radlu, oj bend (l-ig I b). 

DISCUSSION 

The Canadian .. tandard eSA-S37 doe\1I01 eAplicitly accoullI for lor;ional-nexural 
bucl.ling lI o .... e ... 'er. II can be dt'rnoll~lratcd that Ihi ~ mode of failure go ... ern~ a large 
number of prattlenl cn~es 01 "'I angk~ A(lIulI and Madugula (1991bJ have gl\'en II 
de,ign method ac("ounllng for the tor;lonall1cxlllal budhng of Schllllenzed angles 
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This method Involves the Inclusion of equivalent torsional-flexural buckling radius of 
gynuion In place o f flexural buckling rndJU~ of gyration 10 the column formu las, ie .. 

',.," ~. fit; 
where. AI_( is the eq Ui valent sle nderne~ .. panunctci 10 101'lonll l · fl exural buckling, ::and F.-I 
is the ela~lic buckling mess in torsional -fl e:wral bud..llllg f: I can easily be calculated 

from classical solutions given 10 standard text<; on the ~ubJec l (Bleich, 1952; Timoshenko 
and Gere. 1961). In Tables 3a and 3b. the le<;1 re<;ull<; are compared With this method of 

solution laking the Jarger of >.. and ').' -1 The effecllve length faclor for flexure nboul 

major 3)1.i<; j ~ taken a<; 0.80 (as was the ca~ wuh fIllllor nx i .. buckling). From the re~uh .. , 
II can be seen that for SchifOerized angle .. ;'I .. well <.I .. for cold ro rmed angle ... the member 
capacil le~ predicled by thi .. method are 'Ac11 below the cOlre~po"dlng le"t load~ The 
degree of con~rvatl\m I" of the \ame: Ic\eI a .. \h.n uwally obo;er ... ed for ho t-rolled angle 
capacllle\ predicted by the current dc.,lgn 10Iinul.l~ It hould be nOled Ihat. tnc 
compu ted ~trenglh .. uSing nexural budding 101llHlIJ' alone. although ... ery clo~ 10 (and 
somellmes slighll y more Ihan) the: te~t re~ull~ .Ire JU~lIrl::lble from the de .. igner' .. POint of 
View In the computallo n of the member ~ ll ength ~ In Table .. 2a and 2b. the remlance 

faclo r wa~ la~en as 1.0 and F, wa" l::Iken a .. Yield wength obta ined from len ~ ile coupon 

te st.~ lI owevcr. ror actual de .. ign .. , the re" i ~t; IIl(,:e mU~ 1 be computed u<; ing a re .. i<; tance 

rae tor ~ . O,9() and F, = 300 MPII (spccilll!ll nllIIllI1t1m v3 1t1e and not the mill teSI 

cet1ific:lle). 

TABlE)a. FACTOREO AXIAL COMPRESSIVE RESlS1ANCE OF SCHIFFlERIZED ANGLES 
tNClUDlNG THE EFFECTS OF TQRstONAl·fLEXURAL BUCKLING 

Sp.:\:lmcn Si,..: , 
I • ", P" P, 

1 ~;~) ~flrk mm mm .- l\ 

HI 1.2 :\x"hIl4 2' 117\1 1I1}1 22. 2.' II H~ 
H2· 1.2 lx:\xVl6 2' lUX '" 1(~ 1 .... 0.7:\ 
tn· 1,2.:\ :\\;:h"\l16 2' I) XI} , '2 '14 ". 0.7H 
1141.2.1 'h11("\Ilfl " u.,n I u\ '21 2().l I),N) 

m·1,2.1 4;(4x 114 2' 111)1) '" 2112 271 11.74 
116·1,2 4;(4.\ 114 2' II lin 11)\) 19H 261 07fl 
117.1.2.1.4 4;(4;( 114 2' 1161 IIICi 211 101 1171 

"-'kJn of rJlin II 74, St;mllJnl d .... vl.1tl1ll11l1 lJII\l IUl71 

NOIe.. For defillltion o f "a" refer 10 rig 1o , 

A i .. the .. Iendeme .... parameici for nCl(ur31 buckling. 

A( f I~ Ihe ~Ienderne .. ~ parametc i fO I !llNona l flexural bucldmg 



TABLE 3b. FACTOReD AXIAL COMPRESSIVE RESISTANCE OF COLD·FORMED 6(10 ANGLES 
INCLUDING THE EFFECTS OF TORSIONAl·fLEXURAl BUCKLING 

Spc~lmcn Sl/e R, ). AI_( P" P, Rallo 
Mark mm mm kN kN P,JP 

CI 1.2.1 I In",] 112,,1/8 10 1,11 elM7 17 49 (),76 
C2·1,2,) 1 In,,] l12x1/8 10 tun O.XI \I " (),M4 
C3-1,2.J 1 Inx! Inxl/H 10 n.'\ I fUll '\'i 74 0.7'i 
C4·1,2,1 2x2x1116 11 121 OKii " 116 n'H! 
CS-\,2.J 2",2x1116 11 0)<0 D.?I 1O'ii 116 077 
C6-1.2.1,4 2)(2)(1116 11 11411 II 6'i 117 162 on 
Mcan of ratio 0.74, St:md:ud deViation of rJUO (Ul7K 

NOle Rc'" the mean radiUS of bend (Fig_ Ib). 

CONCLUSIONS 

The resu lt" of the pre<;enl "IUd)' ~how Ih:11 60g <;Ieel :Hlgle<; ClIO be de~igned by the 
methods such as tho .. e .. ugge~ted in on earl ier palXr by Adill fi , Madugula and M onforton 
(l991e) The degree of con<:erv:Hi<;m of Ihi<; method 1<; Ie .... than that u<:ually a .... ociated 
wlfh Ihe design or hOI-roiled 90" angles. Thi .. i .. due 10 Ihe (acllh:H 60" angle~ are highly 
suo;ceptlble to torsional·nexural buckling at length .. well within the ranges pn<:tically 
used. This can be explicitly accounted for u .. ing the method given by Adlun and 
Madugula 1199lb). Pretent test result .. indicate that thi .. method predicu member 
capacillc" with a degree of con .. ervatl .. m "unilar to that o" .. ociated \\ Hh hot-rolled 91)0 

angles It may al-.o be noted that It ; .. not O\er-con~cr"atl\-e 1'01 Ihe de~ign of 60" ~ Iecl 
angles 
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Second Order Inelastic Analysis of Frames 

by 

Iqbtl S Sohal' and l...Ipm& Cal2 

1. Inlroduction 
The IteelSlJ'\.IcturCI are bel", dell,ned on the blsls of firS! order 01 second order 

eJa-ltic anilysil However, reccnt dcvclopmenu In computer lechnolo,y hIve created. 
potcnll.l for IntClra!!"g the second order Jncilluc InllY"1 with the desl," practice In 
the IIlClt'IIC Inllysls, the membcn are usually diVided Into stvcral se,ments 
However, In order to Inteante the Inl lysls Ind deSign. the InalYll1 me thod muU be 
licry efficient which can be achieved If each member of the structural system can be 
modeled by only one beam-column clement To dus end. recently, Simple h"'lc by 
hln,c method which utilizes only one clement per member, was modified to Include the 
effects of non-hnelr momCnI·C\lrVllurc CUI't<C 11.4.8.10 and II) In theu iludles, the 
tanlent SlIffness mamx WII obtained by "ablluy function approach. but the 
Interl1lechlte Yleldml In the members was not conSidered Thus. for the structural 
systems with members havlnl uniform lateral 101d, the melhod mlY nOI live Iccurlle 
results by Ullna one element pel member Abdel-Ghlfhr el II (I J den .. ed SlIffness 
maUl" for member With Intermediate Yielding, bUI without the plesence of IXlallold 

Herem, we present tlnlentslI((ness mltnx of I member With ulalJold Ind .. uh 
Intermedille pllsllc hinge deuved by uablilly funcllon spprolch In slope-deflecllon 
co-ordinates (II J. Then, these relillonships Ire transformed InlO matnx analYSIS co· 
ordinates A computer prolram based on IhlS stiffness mSlnx " used to Obll," 10ld 
deflection beh,vlors of sever.1 types of fr.mes which lie complied With experlmentll 
results .nd the results from more 'CCUllle numericil methods 

2. lope-Deflection Relation or Beam· olumns "Hh Fully I)e\eloped Ilinges 

The slope-deflection rel.llon of a beam-column with .n Intermedille pll$lIC 
hln,e Cln be expressed IS {III 

MA,. II ~2 eA, II 
/tI. 11 ~2 e. 

where M" Ind M. Ire Incrementll end moments. Ind 0" .nd e. are Incrementll end 
rOil lions. and 

I AUlu.'I ProCcaor. [)qlt 01 0 .. ,1 a bl .. !nc'I'IKfU!J. Rllleen UtllveJ1l1y. PlKIlI"'IY. NJ. OUH 
2 Qllldulic SWdent. Dqx of Q .. d .. f.r .... EnalfleCl'nc, R.qm l,;ftI¥enlty. PIk ....... y. NJJ:&I~~ 

III 
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~l '" 2] '" (~~) kLsmkasmkb 
(ll 

(') 

y = -tLcoslacodb + sLnkl. 

Eq. (2) to (3) represent stability funCllons (or. member with. hinge. These cln be 
sim plified by subslLtuling specified number of terms of Taylor's senes for Sin and cos 
as previously done for elasllc cases (3J 

When an add1l1onal pintle hinge 15 developed at an end say A, then M" • O. 
Now, the soluClon of Eq (J) gives 

(0) 

When h'"au are developed at both ends. bOlh MA and MIJ Ire zero 

3. Slope-Deflection Relationship of Beam-Columns with Ilardening Hinges 
The relationship presented In the prevIous seCllon IS (or ellStic-perfectly pilSIIC 

moment-curvature (M - (I» relationship Heretn. the stIffness matrix 15 modified to 
Include the non-hneanl), In M - <b relationship. It IS assumed that the slope of 
hlrdcOIng portion of M - ¢I curve vanes hnearly from EI at Inliial yield momen! to 
zero at the fully plastiC stlte ThiS assumption has shown good agleemen! With the 
actual M - 41 relationship of several types of sections (8) Let P j be a parameter to 
denote the stage of hardenlnl at hinge I, defined by 

(7) 

where MI IS moment at hlnle I, Myc IS the seCllon Yield moment leduced for presence 
of &:lui 10ld and Mpc IS the section plastiC moment leduced for axial load NOw If Po' 
PI and P2 Ire the parameters to denote hardening at intermediate pOint and the end 
pOints respecllvely, then mo(hlied SlIHness coefficients are obtained flom 

K
M 

.. '" (K'II-K'12(~:;)P2)(l-PI) (I) 

W u - 1('"2' "" K'12(I-p,)(I-P1) (9) 



(10) 

(II) 

In which KO 1$ the suffness matnx of the beam-column with. fully developed 
Iniermcdille hinge and Kif! IS the eluuc stiffness malrU of the beam-column 

4. Transformation orSlope-Oefteclion Relation to \1atrix Ana lysis Co-ordinate 

For analysIs of framed structures. It IS convenient 10 use m.tnx analysIs co-ordInates 
Therefore. s tiffness matnx presented In prevIous sectIOn IS needed to be transformed 10 
mimI!: analySiS co-ordinate. Moreover. th.s slIffness mamx does not Include Ihe dfects 
of sway I e shuT (orce due \0 P - 6 moment IS not Included The transformed mamll. 
including the shear due 10 P -.:\ moment ,I used In Ihe analYlls of lhe frame examples 
(" J 

S. 1'umcrical Procedure In the Analysis Method 

Here in. we utilize Arc Length Control Method (3.IIJ for tnclng the load· 
deflecllon beh,vlor of structural fnmes Thu method has adv.ntage over usu.l load 
control and displacement control methods In th.1 II can be used for tncln, lo.d· 
denecllon rel.nonshlp that exhlbll soflentn,. snapthrough and snapback behaVior 

6. r"Ioumerical E~amples 

To show Ihe usefulness and 10 validate the developed compute( progllm. herein. 
we present solutIons of se\enl u:amples 

6.1 Imperfect Column 
A second order InelasllC .nalySls (SO IA) computer prognm must be able to 

predict the strength of a member under pure IXIII loads which IS In extreme case of 
general member In structunl systems The most of SOIA can not .chleve thIS by uSing 
only one elemenl for the member The program developed here has thiS upablilly and 
II demon51rl1ed by analYZing Simply supponed Imperfect columns ""Ilh se ... eral 
slenderness values KUrx The Imperfection 15 tlken IS llo. L I(XX) . The Shipe factor 
for the columns 1$ I 13 The ultlm.te loads .re compared with SSRC Curve 2 (61 In 
Flit I There IS reasonably a load agreement 

6.2 Portal Frame "ilh Distributed Ilorizonial Load 

Portal fr .. me shown In FI, liS subjected to 11\ In<:ruSII\I dlSmbuted 10ld at the 
lefl-slde column and IWO constlnt concentrated gr .... lty lo.ds applied at the top JOints 
of the fr.me The columns are made of W8x31 sections .nd beam IS of" lOx 112 An 
intermediate hinge forms at the left-SIde column when the uniform lo.d 15 lncleased 
The resulu obtained by conSldenng Intermediate hinges Ire compared with those 

m 
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WllhoUI IntermedIate hln,ts for dIfferent v.lues of ,nval), lo.ds The difference 
between the results IS ",n,fic.nt and II Increases.s PIPe decreascs 

6.3 EI·Zanaty Portal Frame 
A ponll frame. Fla- 3. onglnally analyzed by EI·Zanll)' [31. IS analyzed by the 

developed modified pllslle hange method and results are compared with plullC lone 
method .s well IS Simple plullc hmge method 10 FI, 1 All the members of the (rime 
hIVe W8xJI secuons The Yield stress 0,. Youna', modulus E and the mlXlmum 
reSidual stress orr are tlken IS 36 kll. 29,000 10;.51 and 0.30, respectively. The lateral 
lo.d 1\ and IWO constant concentrated gnvlIy lo.ds of 06 Py are applied It the lOp 
JOints of the frame IS shown In the Inset of FI" :\ The developed .n.lysI5 method uses 
one element for each member The Simple pllsllc hln,e method lives a hllhest load­
deflecllon cu ..... e. because II uses elastic-perfectly plullc moment-curvatule 
relillonship The modified plasllc hln,e method conSiders non-hnear moment­
curvature relationship which Ilvtl; a lower load·deflectlon cur\e The presence of 
residual stresses In the frame results In early y,eldln, of the frame which funher 
lowers lhe curve Howe\'er. there IS a gDOd I,reemenl bet .... een the modified plullc 
hinge method wllh reildull "resses Ind plullc zone method 

6.4 Leaned Frame 
A leaned pottal frlme shown to Fig 4 15 InalYled by the proposed modified 

plastiC hinge method and the strength of the light-side beam-column IS compared with 
the LRFD 121 equations uSing the SImplified LeMeuurter's K-hctor [91 and the results 
from plasllc-zone analYJu In the analyus. )'Ie.d Jlren a . Young'J modulus E .nd the 
mUlmum relldull Itren at( arc taken as HON/mm1. 200.000S/mm2 .nd 0.30, 
respectlvely_ All the members are assumed to be perfectly uralghl and In plumb The 
columns are made of W8 x 31 section and lbe beam II made of w8 x ()7 The 
compansons Ire made for slenderness (I../r.) valuel equllto 40. and for «. the rltlO of 
the ulII load applied to the leaned column on the left SIde of frame to thlt applied 10 

the lateral-load reslsllna column on the nlht Iide. equil to 0 and 2 The end reSlralnt 
faClors GA and Gs are tlken U 4 and 00 respecllvely The Ulenlth curves are shown In 
Fla 4 The ,004 agreement cln be seen between the proposed melhod Ind pllSIlC zone 
anllySls 

6.S. Tho-stor) Reclangular Frame 

A one-quarter scaled two-siory fnme (12) IS analyzed by the developed method 
and complred wllh expenmental results and plutlC lone method The bums of the 
frame sho .... n In FI, ~< h .... e HIOOx~)(4)«() secllon (sew on hel,ht • 100 mm. 
secllon wtdth • '0 mm. web thickness _ 4 mm. "ange thickness. 6 mm) Ind the 
columns hive H 100)( 100)( 6)( 8 sec lion The ftame IS subjected to constant JOInt 
venlcalloads P of 20 ton with an IncrelSlng honzontalload lilt the left top JOint The 
connecllons are welded and slIffened to prevent locil buckling In the Jo rnt panels 
Therefore. In both the plesent method Ind the pllSIIC lone method. locI I buckling and 
laterll buckhng are nealected The resldull Slrenes Ire conSidered In both Ihe 



modified plasllc hmge method and plastic zone method The second order effects are 
neglected 10 plasllc zone method So the load-deflection curves by the modified pllStlC 
hinge method are sllghlly lowel thin thaI by plastiC z.one method Tht analysIs 
methods give conservative peak loads, because they did not consider the effects of 
strain hardening of Ihe matenal The numerical elasllC sllffness of the structure IS 
higher Ihln that obtamed 10 expenments. because Ihe column-base IS not perfectly ­
filled In the tested frame 

6.6 Gable Frame 
A full Sized gable frame (12J IS analy:.ed by the modified second order plasllc 

hJnSc method and first·order Simple pintle hinge method Their results are compared 
With the expenmcnrai results In Fig 6 . The frame conSists of two H298 x 149 x ~ .~ x 8 
columns and twO H250x 125x6x9 beams. The columns ale hInged to their bases 
Four vertlcal10ads afe applied on the beams as shown In Fig 6 with no hon:wntal load 
The total planed load W In the ordinate Includes the dead load of the frame and the 
loading apparatus (WD -I ,150kg ). All curves st.rt at Ihls load It can be seen from Fig 
6 that Ihe Simple plastiC hinge method, In which Ihe elasllc·perfectly plastiC Iype of 
moment·curvature relationship IS used. over predicts Ihe ultImate load and the 
modified plastiC hinge method gives a conservatIve and very close estlm.llon of the 
ulumlle load The difference 1$ because, rn the modified plastIC hrnge method, Ihe 
reSidual stresses are conSIdered while strain hardenrng IS neglected Also the hinged 
ends are not perfectly·hlnged In the tested gable frame, so the numencal elasllC 
stiffness of the structure IS less than that obtaIned In expenments The softening part In 
the expenmental load·deflectlon curve IS due to local buckling of the compression 
flange of the nght hand Side column The local bucklrng effecl5 are not Included rn the 
shown results 

7, Summary and Conclusions: 

Tangent suHness matnx of a member wllh axl.l load and with Intermedille 
plastIC hInge. denved by stablltty function approach. IS presented Then, the results 
computed on the bUlS of the presented stiffness matnx aTe s.hown and dls.cussed To 
hIghlight the slSOIlie.nce of consldenng Intermediate hlOges, two examples were 
analyzed FIrst, an Imperfect pln.ended column which IS an eXlreme case of geneTil 
beam·column member of a structural system, IS Inalyzed by uSing only one element for 
the entIre column and Ihe results are found In reasonably good agreement with SSRC 
curve-2. Note Ihlt Without conSIderIng rntermedllte hrnge. column strength cannOI be 
predicted accurately by uSing one element for the entire column Secondly. the load· 
deflection behaVIor of a portal frame under untformly dl5lrrbuted lateral load IS 
.nalyzed to show the slgorficance of conSIdering intermediate plastIC hInge. The load· 
deflection behaviOrs computed by conSidering IntermedIate Yielding are lower than 
those computed without conslderrng rntermedrate Yleld"'g The difference IS 
sigorticant for lower values of ulal load 

The computer code IS valld.ted by analYZing EI·ZanIlY frame (S]. a leaned 
frame •• two·story rectangular frame and a gable frame and companng the results wllh 
the expenments and other avatlable numencal methods. The computed results show a 
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reasonably good agreement with expenments and other more extenSIve compulatlonal 
analysIs methods. 
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Effecti ve Strategies ror Elaslo-Plastic and Finite 
Displacement Analysis or Spatial Stee l Bridges 

By Masato KANO', Toshiyuki KITADA", Mitsunori NIBU'" and Kalsuhiro TANAKA •••• 

SUMMARY 
/It, computn Pfosram nam~d EPASS lias been deo.cloptd (Of lbe elulG-plulic .lId 
rill/Ie dlSp/l«mcnl 'n,I)'$II of splfi., lltel bridle Slf\I('fllR!t "",III,,"'111Iot.I1 alo/es. This 
~r deab '"'nil the dfK'iellC) of Ihe slflliegie5 511th • pre-I'roce:uin. ".11)5is. IK-
1e1lJ11I ~lllod. current piff_ parameltr, IInder-rell'(liion I\1oetl\od .lId posl­
PfOCU61'" ""hlell an used .. EPASS for IaWI"e e,.h,ahon of ."jAII,le load, Iabor­
I&\ln, III 1UI.'''1 Input dati and procwlAJ OIItput chll, • wtll a5 redlldion of 
computJllOII lime ill Ute cl.asto-plUhC 1116 (mile dl5plKcncni anal}l" (Of raln]'IIII, 
llIe load altr) In, cap.cily of b. and romplielttd sleet bridp Itl'll(1uru. A pfKlical 
rumple of. cable iI.)td bOOtie is anal)zed "",III EPASS 10 '«if) \be erffCienC') of 
tbc pt'opoItd ll1lleaiu. 

I. INTRODUCfIO N 

In recent lears, a 101 of long-span steel bridges with cables such as suspension bridges, 
cable-stayed bridgcs and Nielsen-t)IX arch bridges have been constructed and some arc now 
under construction in Japan. It is very important to imestigate the 10000d carrying capacity of such 
a long-!\pan bridge structu~ and 10 confirm its safety. There are some computer programslH1, 
which ha\e been deHloped to cope with the: proble:m. Some: programs for compre:henshe: 
purpose based on finite element methods, such as MARC and NASTRAN and so fonh. can be 
a10;0 used for this purpose:. But, these programs are: incon ... eniently big for the analysis of steel 
bridge structures and a big computer is necessary for these:: programs, That is the reason we have 
de\eloped a computer program named EPASSJl for the elasto-plaslic and finite displactment 
analysis of spalial steel bridge SlruClu~s withl\1.itholit cables. 

The follo ..... ing troublesome ..... ork and problems OCC\.Ir generally in carrying out elasto-ptaslic 
And finile displltCCmeni analyses 10 gel the /oad canling capac:il}' of tJig and romp/iealed steel 
bridge SlruCtu~S: 

1) Preparation of input data concerning the initial configuration of an analytical model with 
initial imperfection and residual Stress subjected to dead load and prestressing load of 
cables. 

2) ~ prediction of accurate ultimate loads in analyscs by a load incremental method and the 
estimation of proper load increment. 

3) The accurate and efficient evaluation of ultimate loads. 
4) Labor-saving in making input data and processing output data. 
5) The reduction of computation lime. 

This paper deals with the efficiency oflhe $tT8tcgies which are: used in EPASS for solving the 
troublc.some work and problems mentioned ab(we. 

Bridge & Computer Engineering Co., Ltd., Osaka. Japan. 
Associate Professor. Dc:panment of Civil Engineering, Osaka City Uni\ersit)'. Osaka, 
Japan. Member-at-Large of SSRC. 
Bridge &: Computer Engincerin8 Co .. l.Jd .• Osaka. Japan. 
Japan Information Processing Servia: Co., I.Jd .. Osaka, Japan. 
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[~I n~p~u~t ~d~aIta!}---1 Program for I i near 1 ·1 elastic analysis 1 

I 
II nterface I 

I 
E P A S S 

I 
II nterface I 

I 
I Post-processor I 

Fig. I Constitution of the s),slcm 

2. OUTLINE Of EPASS 

A system, containing EPASS, for the doslo-plastic and finilc displacement analysis of 
spntiBI steel bridge structures is shown jn Fig. I. The program, EPASS, can be connected with 
both a pre-processor for a linear clastic {lnal),s;s and a post-processor for representing numerical 
results diagrammatically . And EPA5S itself consists of input, solution and output modules from 
a functional point of view. 

Using [he pre-prOCeSSor, it becomes possible to carry OUf the following analyses: 
I) Evaluation of the expected initial configuration of an analytical model 

In an analysis of a bridge with cables, such as a cable stayed bridge, the expected initial 
configuration of its analytical model subjected to dead load and prestressing load has to be. 
evaluated. In this system, a pre-processing linear elastic analysis is carried out previously to 
calculate stress resultants in all the members of an analytical model subjected to dead load and 
prestressing load. The expected initial configuralion can be generated easily using the stress 
resultants as initial ones al starting load level. 

2) Evaluation of the initial deflection of structure 
T'he most adverse inilial configuration of a structure can be evaluated using the first buckling 
mode obtained by a pre-processing eigenvalue analysis. 

3. EFFECTIVE STRATEG IES fOR ANALYSIS OF RFAL BRI DGES 
3.1 Arc- length method 

To accurately evaluate an unknown ultimate load by an ordinary load increment method, it is 
required but difficult to select an appropriate load increment according to the degree of 
nonlinearity and using a smaller load increment ncar the unknown ultimate load which may be 
predicted after several trials. Moreover, it is also very difficult without adequate knowledge and 
e~perience 10 predict the unknown ultimate load and to select a suitable load increment. Besides, 
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Fig. 2 Current stiffness parameter 

it is nol necessarily pOSsible to practice several trials in nonlinear anal)"scs of real bridge models 
because of computation lime and cost. For these reasons, an arc-length method has been 
introduced into this program, based on Refs. 4) and .5). As II resull, the ultimate load of an 
analytical model has been able to be evaluated easily because the equilibrium path of the model 
ufler its ultimate load point can be traced using the arC-length method. 

3.2 Current StirrntsS Pa ranlcter 

In order 10 obtain the ultimate load effectively, II curren! stiffness parameter (c.s.p) proposed 
in Ref. 6} has been adopted. The curren! stiffness parameter is positive in stable region, negative 
in unstable region and equal to zero at the stationary points. It can be defined as (ollows. The 
incremental load vector of a loading level i, LI R, and the corresponding incremental 
displacement vector .d r; are standardized by the Euclidean norm of the ineremt'ntuJ load vector 
of loading level i, I .d R, I. And Spi" is defined as the reciprocal of the product of these 
standardized vectors by Eq. (1): 

(t) 

The value of Sp,· becomes small and large when the structure is softening and stiffening 
respectively. The current stiffness parameter is defined by: 

Sp,,=,Spi· 'Spl · (2) 

in which SPl ' is the value of Spi' in loading level I, where the load-displacement relations of a 
system under consideration are linear. 

Fig. 2 shows how the current stiffness parameter changes in accordance with loading levels in 
the analysis of a 2 hinged arch?) as an example. The current stiffness parameter t>ccomes equal 10 
zero al the stationary points on the load-displncemcnt curve, as indicated in the figure. 
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Reference configuration 
of AULD 

Reference configuration 
of Partial AULD 

Displacement 

Fig. 3 AULD and Partial AULD 

3.3 Partial AULD (Approximate Updated Lagrangian Descril)lion) 

A load-displacement curve with three points is sho" n in Fig_ 3 10 explain IWO kinds of ULO 
(Updated Lagrangian Description) methods u.scd in EPASS. Point Cq indicates the converged 
configuratiun of a prcvious load step Points c"_1 and C. correspond tvoo successhc 
configurations until the next convcrged point of this load Step. To describe the incremental strain 
of element in [he configuration c.., the AULD (Approximate Updated Lagrangian Description) 
takes Point C.-I, \\ hich is defined approximately by a rigid body motion of the undcformcd 
body of the dement, as a rdefence: configurationS), The PULD (Partiall)' Updated Lagrangian 
Description) makes usc of the concept adopted in the ULD. A major difference of the PULD 
compared ..... ith the ULD is that the coOidinale5 of each clement in the PULD are updated once 
only at the beginning of each load step. The numerical manipulations within each 10mJ step ale 
then performed like a TLD manner'). 

In this program to e\-aluate stress accurately, a Partial AULD, a new type of Lagrangian 
description method, has been adopted improving the AULD wilh the concept used in the PULD. 
This description method has t ..... o rderence configurations. The Partial AULD takes POint C.'I as 
a rderence configuration to make the stiffness malri:>; like the AULD. But it takes the con\erged 
configuration of the previous load Step Co as the reference configuration when the strains, 
stresses and stres.<; resultants of each clement are evaluated using the incremental displacemefil 
obtained. 

It is advantageous to use the AULD in geometrically nonlinear problems and to use the 
Partial AULD in case that materiaJl) nonlinear problems arc analyzed by the arc-length method 
The Partial AULD is not suitable for problems in which geometrical nonlinearit)" is pledominant 
As can be seen in Fig. 4, oon\"ergence in the case of the Partial AULD becomes difficult ncar the 
critical load in an elastica problem. While plastic area obtained in the case of the AULD tends to 
spread ..... idely compared ..... ith the Partial AULD if larger load increment is used. II is because 
larger strain could occur at an ilerathe Step than at the final con\erged one during an 
incremental load step using the arc-length method in the AULD as sho"" n in Fig. 5. Smaller 
load increment makes it possible to obtain the accurate plastic are:a e:\en if the AULD, but it 
requirc:s moch more computation time. Accordingly it is advantage:ous tu use the: Partial AULD 
or under-relaxation method lO) in the case of eiaslo-plastic analyscs using the arc-lc:ngth me:thod. 
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ria 5 A problem of AULD in cluto-plastic anal)'sis 

3.4 Othn eff«lh'c stnltgies 

Other dfecth·c strategies introduced in this program for the antllyscs of spatial steel bridge 
structures ate gilt"cn as Collo ..... s; 

I) Simplification of generating input data on residual stress 
The input dala on residual suess caused by wdding can be generated automatically according to 
the residual stress distribution proposed by the second author through their experimental sludyJl) 
only by design.ling Inc materiaillpe of Sled 

2) Restarting (unction of calculation 
This program has I fundion of restarting calculation. E"'cn if. calculation is interrupted for a 
reason uocxpected before an unkno .... 'n ullimllte load, il can be resumed from Ihtll Slale by 
changinglOc load increment 
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Fig. 6 AnaI,I;c.1 model of. cable stayed bridge 

4. PRAC n CAL EXAMPLE OF ACAOLESTAYEO BRIDGE 
4.1 Anal)lIcal modell!) 

Pylon 2 

z 
Y .~. X 

An actual rumple of. rnulli-ablc type cable stayed bridse is 8n81)'tcd by the system to 
\cfify the efficiency of the \Iralc,ies menlM>nc.d .btJ,.c. In this model \oo .... n in FiB. 6, clasto­
plaSlit bol{-~lional beam dements. which can imulatc the tlaMo-plot)lic and finite 
displacement hcha\'ior of sled members Subjected to compres ion, bendin, and torsion, arc used 
for the p~'lonli ~cause the purpose of the anal)'sis is to c\'.luatc the load carrying capacity of the 
p)'lon~_ While daslic: beam clements and rod clements arc adopted to Ihe main girder and cables 
respccli\c:ly NcauS( it is sufficient 10 consider only cla!otic finite displacement behavior (or thc:sc 
mcmhcn. 1nc load condition is described by 

(3) 

WMIC 

DI prc-dead Io.'ld (the ..... eight of main Birder, deck plates and p)'Jun~) 
O:! post-dead load (the weight of pavement etc.) 
PS pl~reMin, i03d of cables 
a load parameter to contrulload lc\Cb 
L ii\e 10.1 pro\Kkd b~ JSHBlJj 

Fir)! , the upcctcd configuration of the completion model subjected to UI(01+PS+D2) is 
lenerated and then the load 0.7(01+02) ~ applied to the model. Finall,., the Ii\c load a L is 
,raduall)' incleaor,cd until or after the ultimate load . 

4.2 RHldual slrtss distribution In tht cross sutions orlht p)lons 

The ruidu.Ji stre~ di5tritlution .. hovon in Fie 7 is aUlomatally inlrodu«d into the cros.s 
section .. of the pylons 



Compression 

O.9a y 

----< 
015a y 

O.6a y 

.-/ Tension 

t a y : Yield stre..Js\::s:=¥'=L {, 

Fla· 1 Residual stress di!.ltibution of cross section of pylon 

(a) [rcclion model 

(b) ucclion mood without cables 

(C) Completion model 

Fia- H \1odcl~ for prc-processing lnal),si!. 

4J Prt-procHslng ual}sn 

Prc-processing linear cI(I\lic analyses arc carried out for evaluating the expected initial 
configuration of the: anal)'lical m<Xk1 \ubJcacd 10 the dead load, (OIf.D2) and the prestressing 
load, PS. 8'i sho .... n in ria. 8. As the results, stress resullanlS of uch clemen! 

a) in the election model without sprins upporlS in the both ends of the: main girder, 
subjwcd 10 the: prc-dcad load , 01, 
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b) in lhe erection model wdhoul cables subjected to external forces equivalent 10 the. 

prt.Slre~in& load, PS, and 
c) in the completion model sUbjected 10 the post-dead load 02 

arc evaluated and then Ihc'iC stress resullants are introduced as the initial ones into the 
completion model together wilh tile: dead load (01+02) IS the initial load and with the 
prcslrt.ui." (orcu PS The expected initial Configuration of the completion model can be 
generaled like this because these initial stress resultants arc balanced wilh the initial load 
(01.02) and the prestrc ina load PS 

4.4 RtsuU.s of the an.l) Is 

Fi._ 9 sbovo's the rcllljooshiPi beN,'«» the k»d plntne.u and ddlcc.ion 01 lhr lop of the 
Pylon 2. While it 1M)' be di(r~h 10 cuiualc e:cactly the. ultimate Jo-d by judging from Ihc 
gnMJicnl of the load-ckneclion CU(\iC in the casc. of load increment method, it can be Ken Ihat 
the ultimate load can be accurately obtained in the case of arC-length method using the under­
rclllXlltion method simultaneously. Ilowe~er, converged solutions arc not obtained in Ihis 
exumple if \)nly the arc-length method is used 

Fig 10 shows that the ullimate load can be predicted through the extrapolation of a load­
c,'p_ cur\e plotted from the numerical results by the load increment method shown in Fig_ 9, As 
compared Fig_ 9 .... ilh Fig_ 10. il can be seen that this prediction method of ultimate load is very 
dfecti\C. And il is pofiible by usin, a load-c.s.p. diagram to know how close the final load 
1~\cI obCained is 10 an unknown ultimate load .nd to asccr1ain tcCurlCy of the ultimate load 
obfaincd by an ordinal, lOOk.! inctemem ~thod_ FIB. II j!lulifrafd lhe detormation of lhe whole 
bridle I' the u\limate "tic: In the ultimate Slate tbe out-or-plane deformation of Pylon 2 tS 

predominanl. lbc dcfocmllion and pbsIie lrel of p)'lon 2 Ire ,hown in Fil. 12 which is \ery 
useful to undcrsl4nd tbe bilurc mode of I lipatial stccl tructulcs 
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Fig. 9 CompaniOn of load incremental method .... 'ill\ Irc-1enlth method 
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Fig. 10 Prediction of ultimate load by c,sp 
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Fig 11 Deformalion oflhe bridge at ultimate: SlIIe: 
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Viewpoint B 

Pylon 2 

z Viewpoint A z 

y-Ix I 
X-'- -y 

c: =: =: ~ - -. f'9t-- .,; :_-___ "J 

'-

(a) Viewpoint A (b) Viewpoint B 

Fig 12 Deformation and plastic. area of Pylon 2 at ultimate state 

5. CONCLUSION 

The efficiency of the strategics such as pre-processing analysis, arc-length method, CUrTent 

Stiffness parameter. under-relaxation method and post-processing which arc used in EPASS for 
the Ilocurate evaluation of ultimate load, labor-sllving in making input data and processing 
Output datil, as well as reduclion of computation time in the elsslo-plastic and finite 
displacement anal),sis for calculating the load car!)'ing capacity of big and complicated sted 
bridge structures, has been H:rified in this paper. 
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THE EFFECTS OF FRAME GEOMETRICAL IMPERFECTIONS 
ON INELASTIC BUCKLING 

E. D'AMOR£' , A. DE weA', M . DE STEFANd 

I . Unilltrs;" of Rtggio CalDbritJ. ffALY 
2. Uttiwrsiry ofNopoli -Federico Jr, "lILY 

Sununary 

In this paper the effects of column and frame imperfections are evalualcd.ln particular, following 
the procedure already presented in previous studies, diffc:reru amounu of fnme oul-of'-plumb are 
consMic:n:d in the analysis rogether with the equivalent column imperfections. The. resWu obtained 
by tneanS of advanced inelastic analysis of frames subjected to venica.l joinlla.ds haw. allowed 10 
make • preliminary evaluation of the sensitivity of frame inelastic bucklin, to the magnitude of 
frame out-of-plumb. 

The concept of fn.me equivalent global imperfection has bcc:n then introduced and it has been 
proved how the introduction of these. cquivaJcru frame: imperfections allows to account for all 
unperfections including residua] stresses, column out-o(-camber, mme ool-of-plumb. Extensive: 
panmettic analyses have been carried OUt to asseu adequacy of such an approach for frames 
characterized by diffe:re.ru number of stories, bI)'1 and for. very wide. range of column and frame: 
slenderness. 

Introduction 

The effects of gc:omeuical and mechanical imperfections on the behavior of Sleel SlJ'\ICtW'eS are 
nowadays weU known and all cum:nl codes provide lpCCifications IOICCounl for them. Steel frames 
prescru global imperfections in addition to those affecting the column due to unavoidable 
inaccuracies o( the construction process. In recent years some codes 11.2.3) have considered the 
effects of frame imperfections by means o( an equivalem initial sway al the lop o( the frame. 

In particular. when second~inelastic analysis is used (orevaluating the buckling loado(frames. 
the European code EOll) rcquirt:s thai the column mechanical and gaxneaical imperfections be 
accounted (or by means o( an equivalenl geometrical imperfection. TIus IS mtended 10 implicitly 
~Jm:senl both the residual streSses due 10 thenna.I and rorming processes and the initial camber. 
Thecolumn equivalem imperfection is deftned as a function of the buckling curve of the considered 
profile; the EC3 design values o( the initial bow imperfection v,/L arc reponed in Figure I. 

N 
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CURVE 
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• " ... , 

''''' • 1/150 

Fi,urt J. EIUOCQlU tqwwUtni column imptrftcrion. 
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In addition 10 the member (column) imperfections, the unavoidable global imperfections arising 
from the erection process mUSI be considered in the analysis. F()(" this purpose. the Ee3 specifies 
an initial oot.-of-plumb given by: 

being: 
.. e lnoo . 
.1:< = (0.5 ... 1If1<}1I2 S I where n<lIIEflumbcr of columns at a sinale Siory. 

t, = (0.2 + IIn,)ln S; I where fI,lIIEflUmber of stories. 

On the Other hand, the EeJ itself introduces a frame erection tolerance expressed by: 

(I) 

• = 0.00351n,1I1 (2) 

which is also reponed as • function of n .. 
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IE0390 1 H 

0.00< -10.S.1I1c r- [02.,mJ 1M 

0003 
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c.ocn 

Figurr 1. Fromt imperftcnon ~ according to ~·ariollSformJAiarioflS . 

The Eel requires 10 perfonn global inelastic analysis of frames affecnng the Initial gromeO)' with 
both column and frame imperfections. This requiremenlleads to uncertaintY in the combination of 
the two types of imperfection. The influence of variation in the pattern of imperfections is an issue 
deal! wilh in previous papers (4]. II has been demonstrated in 14)lhat inelastic buckhng of fnunes 
under vert1calloads is affected to a small degree by the assumed combmaoon of local and global 
tmperfecoons. In fact, results obtained considering four types of imperfection pallem have shown 
that the vari,oon in the inelastic bucliling load is marginal, being the maximum scaner With respect 
to the mean value IlOt greater than 10%. 



Furthennore the authors believe thai, following the suggestions of the EC3 and therefore considering 
simultaneOUsly both member wi. frame imperfections (given by Equation (I », the resulting 
imperfections provides. too large value, especially if compam;l to the analogous values provided 
by od1er specifications. In fact.. from the comparison among the global imperfcctlons given by 
various codes, plotted in Figun: 2 as a function of number of stories. it can be concluded that the 
frame erection tolerance suggested by EeJ is much smaller than the frame imperfection, as well 
as smaller than the imperfection suggested both by the ECCS Recommendations and by one of the 
previous Draft of the EC3 itself IS) . Equation (I) also leads 10 values aCthe global imperfection. 
clearly larger than those roond on existing SUUC1UrCS (6J. 

In this paper. feasibility of the concept of 'cquivaiem' frame imperfection~ .. is investigated in 
order to sunplify sccond-order inelastic frame analysis. The cquivalcm imperfection ... is defmed 
as the value of frame imperfecbOn. 10 be assumed without any column imperfection. wruch leads 
to the same inelastic buckling load o..}I of the frame as the one predicted by inO"Oduc:ing both 
column and frame unperfcction (figure 3). 

Figu~ 3. DevdOpntenl of conc~pt of' ~quivaJtnl' jranu imptrfecrion .... 

Model for frame analysis 

The computational model used herein has been already presented In (4]. The procedure 15 able to 
account for both gcomeDical and mechanical nonhnearities. In particular. a special column elcmem 
allows toconsl(ler all plasoe effects AnSing from ~sldual stress dJsmburions and lack of suaightness 
by inuodueing an appropriate plasoc hingc at mJd-hclght of thc column, Plasoc hlngcs, With 
modificaoons to account for cross secoon sacngth surface, are adopted throughout the fnme at 
JOulIlocanons. 

P-li effects are incorporated into the model by affecting thc elcmem stiffness cocfficlems by the 
Liveslcy funcnons, depend.mg on the e1emenl axial force . p.!J. are also inuoduced mto the model 
by addtng a gcometnC term to the stiffness mamx of each e1cment and by fannulanng the equilibnum 
equations on the updated frame configuranon. Accuracy of the model in rcp~senung all geometric 
and material nonlmeannes has been demonStrated elsewhere. 

Panmrlric analysis 

An extenSive parametnC analysIs has been camed OUI by using the above described model. Figure 
4 reports gcornell)' and shapes of beams and columns ror one-bay frames haVing number of stoncs 
rangmg between three and twelvc (AI, 81. CI and 01 ) that have been analyzed. Funhcrmorc, 
three-bay fnmes have boen studied. whose geometry IS also represented U1 Figure 4 (Al 8 3, and 

C3). Used shapes belong to European Standards 
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F;,1U't 4. Propertiu 0/ frQ/'MS o./falyud in W paTtJlnLmc aNJlysis 

in previous papers f4J it has been demonStrated that the frame slenderness ~ defmed as: 

l.,=...jf (3) 

where a,. represents the squash multiplier of ve:nica.lloads, assumed to be applied II joint locations. 
and a. denotes the elastic buckling multiplier of verncalloads, IS the most mflucntial parameter on 
the ultimate frame capacity a.Ja,. where a" is the ultimate multiplier of axial loads. The global 
slendemess A,. which is. direct aeneralization of the column nondimensional slenderness A., is 
secn 10 influence inelastic bucklin, of frames in the same manner IS)., affectS inelastic bucldlng of 
a single column both from qualitative and from quantitative stand-point The present analysIs is 
conducted by considering values of ~ and ). thai virtually cover the whole available parametric 
range. 

For whll concerns combination of local and global imperfections. the frame initial geomeuy has 
been affected by the distribution of local and global imperfections that previous siudies (4) have 
shown 10 give tht largest reductions in a..)a among those eurnincd. However. as preVIously 
underlined, this IS flO( a major issue. since variation in the imperfection panem produces slight 
change in the frame Ixlckling load. 

Inriaslic rr.me: analysis with local and global imperlections 

A prelimirwy investigation has been conducted in thls paper in order to establish the influence of 
global imperfections suUested by EO and of the coupling of local and global imperfections. 
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Fi,IUY S. VaritJnon in W framt ulrimau bucklm, load with colUIM and framt slenderlltss 

Figure 5 reports the rario aJa., as a function of A. and ~ for I throe-Story one·bay frlme. Each 
picture contains five curves CXJm;sponding 10 the various formulaoons used for defining 
imperfections. In particular, curves refer to: 

J) 'perf«,' frames (~. v/ L-O) 

2) globaJ imperfection provided by Equation (2) alone 

3) ,lobaJ imperfectIOn provided by Equation (I) alone 

4) local imperfection v/ L in addition to the globaJ imperfection of Equation (2). 

S) local imperfection \I/ L in addition to the global imperfection of Equation (I ) 

Four values have been chosen for oJo.,: aja,.-o.25. 0.50, 1.00 and 2.00, the finl value refe.mng 
to slender frames. the. last to wxky frunes. 
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Trends of the CW'Vcs. oonfll1J11ll, previous resultS {4J. show thar the column s:lt:ndcmeu is almost 
unaffccnn, the frame melastic: bockhng Ia.d. while, as expcclCd. parameter ~ I.C. the rano aJa..,. 
is very mflucnuaJ. 

II can be obse,...ed that, for Clja,-o.25. curves of aJa, pr-estnl values close to oJo., Itself, slOce 
aJo.., IS larger than 0,23 for .U analyzed unperfections. ~fore, frame behavior is essentially 
e1asbC up to buckhn&. which preserus a sway mode. As a)a., IncreaseS. buck..hn, lS affected by 
larger meiubClty and values of ajo., ~ far smaller than oJa.,. As • manet of (tel, It should be 
noticed thll 0.. cannot uceod the value of the squash load mulupller 0,. UTlplylng thai the ratio 
aJa,cantlOl exceed the Unit)'. even if 0)0., is much larger than unity. Namely, If one looks at curves 
corresponding to ajo..,- 2.00. maximum values of aJa, are approximately equal to 0.98, thus 
iroplymg thai frames buckle with • non-sway mode. 

For the smallest considered valueS of C1./a., curves of u1tlm1.le frame !old ue mto a ralhet narrow 
band. whereas the vanous Introduced oombtnaaons of local and &Iob1l unpc:rfecoons are seen 10 
influence aJr:J., 10. greater degree for lntteUm, values of aJa.,. Therefore. stocky frames seem 
10 be mort. sensltlve to the assumed unperfccoon. 
The presence of unpcrfecoons obviously leads to a reducuon tn o.Jo., With respect 10 values 
computed for the "perfectM frvnes. Moreover. II appears that the formulatlon eJlprusc:d by Equatlon 
(l ) for the Jlobal unperfccoon • • associated wuh the oolumn unperfccoon ~iL. always results m 
the mmunum values of oJa.,. The rDOSI reasonable fcmJuiatlon. pven by the rombtnaoon of the 
ercctlOrt tolerance spcClfied by EC3 Wlth the local unpcrfccuon IIJ L-ln.SO. luds to mtcrmed:aate 
values of 0.)0.,. These values 1ft; even lareer man those obwncd by only consl(tenn& the global 
imperfCCtlOn provided by Equatlon (I). ~fore. it can be concluded lhal values proposed by Ee3 
throu&h Equation (1) for. 1ft; oYcr-conservaove if it is conSIdered In add-mOIl 10 the oolumn 
equivalent Impcrlccuon IIJL. 

0.52 -./ 
a .ia y ..•. i2 
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..................... ---0 .... ---STORY FRAME J6-STORY FRAME 

0.40 

• I. :a . _~. :t ~ ----- ~ 
0.48 

0 .44 
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Figurt 6. RISu/U oblQlMd for difftrllll values Of~rfICruJflS (i/ ,U.iJJ 011 J. 6, 9 and 12 
SWryjrOIMS 



A further numerica1 lnvcscgation is conducted in order 10 define influence of frame topology on 
vanaoon In the uhimate fnurIe load. Figure 6 displays results obtained for one-bay frames A I, B I, 
CI and DI considering the most significant combinations of local and global imperfections among 
those exammed in Fi~ 5. In particular. initial geometry of frames is modified by the (oUowm& 
IInperfections: 
il) ereclJoo oul-of-plumb provided by Equation (2) 
il) combinaoon of column ImperfccbOn and frmne m:cbon Imperfection. 
iJ) frame Imperfection provided by Equation (1) 

Resulu are provided for frames charactenzed by o.Ja.,..o. S and by values of). thai cover the aV&llable 
panmeD'1C range. Both values and trends of curves of o.Ja., are vmually unaffected by number of 
stones. as well as by column slenderness. In fact. aJa., is always included between 0.44 and 0.49. 
with maxunum values that slighuy increase wilh number of siories. The same vtrianon in the 
inelastIC buckling load with imperfection type is found for all considered frames. In panicuJar. 
adoption of frame imperfection Jlven by Equation (I) always leads to values of aJo., smaUer than 
those provided by curves related to the combinauon i2 . 

• ) ,STORY AI • 6-STORY 81 • 9.sTORYCI • 12.sTORY 01 
1.04 

S 
@ @ @ • 

• • • • • • • • • • 
1.02 

• . 
S · • .. • • • 

• 1.00 

. 
· • . · . 
• . · 0.9& . 

· . . 
A ,A A 

0.96
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0 1.2 

Scan~T S o/rM ulnmartfrOlM mWtipli~r "";th T~$~ct tOrMan vaJ~ 1J.l1S tmptrftClIOn 
rypt variu. 

Figure 7 furnishes more information about the seaner of 0..)0., wuh respect LIS mean value IJ. due to 
varilDon In number of storieS, as the type of imperfecoon changes. A measure of the seatter can be 
given by parameter S, defined as: 

S = 1 + a"Ja., -IJ. 
~ 

(' ) 

ElWII1nloon of Figure 7 evuknces that for all considered unperfections parameter S IS very close 
to uruty, as number of stones and column slenderness vary. 5muiar resuhs can be achieved when 
thfferent values of oJa., arc selected. Furthermore, Figure 7 shows that ma.wnum scatter In aJa., 
IS achieved for 12-Slory frames, for whlch, In any case, S IS Included between 0.9.5 and 1.03. 

351 



352 
Thu,- the ftame ultimAte load i" mainly depc.adentoo the fnme slcndcmc.u 0./0..,. even consUlCrlng 
various types of imperfection and different number of stories and bays. The increase in me global 
imperfection 41 provided by Equation (I) with respect to thai given by Equation (2) always causes 
• n:duction in the tnune inelastic buckling load. Furthermore, the addition of local imperfections 
to the a10baJ ones also re5uils in a ~uction of aJa.,. thus leading to an effect similar to thai due 
to an increment of the global imperfection t . Therefore, it is of interest to define variation in the 
frune ultimate load oJ~ with magnitude of t. without considering local imperfections, in order 
to verify the possibility of inD'Oducing only • global imperfection to accOUni also for local 
imperfCCtlOl'ls. 

lndastic fnnw: analysis with 'equivalent' cJobaI imperftdions 

The analysIS of inelastic buckling of frames affected oruy by global imperfections is carried OUI in 
order to assess feasibility of development of the concept of 'equivalent ' global imperfection. As 
already mentioned, the cquivalem ,Jabal imperfection 41 .. can be defined as the v&lue of global 
imperfoc:tion which leads to the same nluc of the ultimate load multiplier as the one predicted by 
introducing both column imperfection \I/L and frame imperfection 41 significative o( the erection 
tolerance. 

ThiJ requires analysis of sensitivity of the frame buckling load to the magnitude o( the global 
imperfecoon ,.. Table I conwns values of the ratio aja., obtained (or a three-story framt: 
chanctc:rizcd by various values o( column and frame slenderness. The global imperfection (I has 
been varied between zero ('perfect' frame) and 0.00808, the lancr value bein, (our times as the 
value of erection impetfccoon ., proposed by EC3 for 11,-3 through Equation (2). 

Tabk 1. Valwt's of tIlL jMlasnc buckljng loadfor a thru·story OM·bay frame . 

aJo., X oHJ oHJ.00202 0=0.00404 oHJ.OO606 oHJ.00808 

aJo. aJo., aJa., aJo. aJo. 
0.48 0.2S 0.246S 0.2382 0.23OS 0.2233 
O.SO 0.25 0.2448 0.2448 0.2292 0.2212 

0.25 0.7S 0.2487 0.2441 0.2369 0.2302 0.2239 
1.00 0.2484 0.2436 O.236S 0.2296 0.2232 
1.25 0.248S 0.2434 0.2357 0.228S 0.2217 

0.34 0.4951 0.4740 0.44S8 0.4217 0.4011 
O.SO O'SO 0.4903 0.4721 0.4467 0.4246 0.4054 

0.7S 0.4888 0.4701 0.4410 0.4217 0.4023 
1.00 0 .4g~ 0.4676 0.4393 0 .4\55 0.3948 

0.25 0.86SO 0.7880 0.7 135 0.6623 0.6207 
1.00 O.SO 0.8690 0.79SO 0.7221 0.6702 0.6291 

0.75 0.8580 0.7800 0.7047 0.6516 0.6097 

0.17 0.9710 0.9251 0.8666 0.8181 0.7772 
2.00 0.25 0.8380 0.9300 0.8741 0.8270 0.7869 

O.SO 0.9510 0.9230 0.8634 0.8143 0.n08 

Again. Table 1 demonstrateS that the ulnmate multiplier ajo, is almost insenslnve 10 column 
slenderness l... ..... hereas it varies significant1y with the frame slenderness ~ 
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FiJW'C 8 reporu varw::aOr! In oJa, WIth ~nude or ' . as a,Jo., ranles be'v.ecn 0.15 and 2.00 (or 
• three·story one·bay frame Althoo,h CUt\les refer to. SUllie vllueofk, they are 10 be: consKkrtd 
reprtsentaove of all values of A. reponed 111 Table 1 Sln« vanabon In a.ja., wah). 1$ l'IC,hllble. 

An almosc linearvan.DOn lJ1 a.Jo., wllh tiS observed (or aU considered vaJues of o..Jo., •.. lule the 
lar,tSC sen110vuy can be found (or aJa,- t 00, i.e. Arl.OO In fact. If aJa,- IOO, the melasuc 
bl.lckhn, klrad tpprObnalely rt.duce.s by ~ for .-000808, ..".hertu It reduces by 10-1: (or 
a,Ia,-o.2~ 
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A funherparameaic analysis isconducted to deflne sensitivity of oJa., 100 for frames having larger 
number of stories and bays. FigUJ't: 9 COUeclS all obtained results, which still refer to a single value 
of column slenderness. since, as bef<m, A. is not influencing trends and values of curves. It appears 
thai values computed for 3-story frames generally are slightly smaller than those computed as 
number of stories and bays Increases.. However. curves are Included in very narrow bands both for 
slender (a./a,.:O.25) and for stocky (aja,.- 2.(X» fnunes, presenung qUite similar tendency for all 
values of t . This uniform behavior of curves IS a cruCial prope:ny for developing concepi of 
equivalenllmperioction. 

Therefore, closeness of senSJtivuycurves reponed In Figw-e 9, that overlap in many cases, is studied 
byevalUAung parameter S as magrutudeor.lncrca.ses. Paramelef S is represented for the exanunc:d 
cases in Figw-e 10: it can be found thai S is al .... ays very close to Unity, evidencing that almost no 
scaner in senSitivity curves anses from vanaoon 10 number of stones and bays. Namely. Figure 
IOsho .... s thai, for a given value of • . the vanallon In oJa, Wilt! respect to the mean value is always 
less than 5%. 
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~fore, since vanlOon m oJo., wilh • consists of a umfonn reduction as • IncreaseS, WIthout 
any slgmficant chanle as number of stories and bays vanes, Ute concept of amplifying the frame 
unperfccuon to account also for local imperfection appears to be practically SUIUlblc. In fact. the 
above analyses hive dcmonSlTlled thai an average sensitivny curve can be defined which represent 
aU curves obwned by varymg frame topology with an acceptable approxlmaoon , Once UIIS averagc 
C\U"YC 15 ISSJgned. the equlvaJent unperfCCDOll ... can be easily evaluated by seiecun& on the 

senSJovlty curve !he value of 0 wruch leads to the same tnelasoc buck.hn, load as the actual 
combtnaoon of column and frune impc:rfccoons. 

Conclusions 

in thu: paper •• parvnetn( analysIS has been earned OUllfl order tolnvCSllgatc howmeluDC buckling 
1a.d IS uUllKnc:ed by column and frame gc:omemcal unperfecbOnS that cum:nl buikilng codes 
mtrodtlCc to account for actua1&comctncaJ and mc:ctwucallmpttfocbOns. II has been found WI 
the fnme ImperiocbOn wllesled by EO. combtncd 10 the column Impcrfocuoo. IS clearly 
O\'Cf<onservallve. iW'ICe It prov1des the smallest Yalues of the uillmlte frarrv capacity among the 
selocted Impcrfocoon types. nus conclUSion holds over the enwt range of considered parameters: 
column and frame slenderness. number of Slones and number of bays Funhennorc. It has been 
shown that vanauon In number of Slories and bays virtually docs not affect the frame ulumate 
mulnpuer of &Alal loads and 115 dependence on the type axial l<lIds A further analysIs has been 
developed to evaluate senSlIlV1ty of the tnelasnc bockhng load 10 magnitude of the frame 
unpcrfCCDOll . SenslllV1ty curves present qwte smuJar~nd and valueSdeSpltc of vanahon 10 column 
slenderness, number of stones and number of bays. Therdorc, the concept of 'equivalent' frame 
Impcriccoon, Introduced herern, appears to be pracuca1ly SUitable Since vanauon In the frame 
topoJOIY. I.e. vanmon In number of Slone) and fnmes, affectS loa very hnJc defT« lhc senSJDvlly 
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curves, thaI ~ used to determine the equivalenl imperfection. 
The uniformity of the ruults obWned and the large parametric range analyzed suuesl 10 propose 
a modification 10 the EC3 app"*=b also in considc:raDon of the fact thai adopoon of an equivalent 
fnme unperfecaon is phyliCal1y meanincful and allows 10 SJpificantly Imlpllfy frame ana1ysis. 
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APPENDIX: Notation 

It •• number of columns 
tI, • number of Siones 
S • scaner of InelasbC buck.ltn,load 
vJL. column nondunenJ1onaJ IDlperfecoon 
ex" • u1D.1D1.te muluplle.r of wal )oads 

~ - elasoc buckhn, mulopller ofaxW ktads 
0,. - squash multiplier of walloads 
A. . column nondtmenslonal slenderness 
A.,- frame nonWmenslonal slenderness 
~ .. mean value 
• - frame &lobaJ unperfecoon 
t", - eqUivalenl frame Imperfecooo 



On A COIPuler Pr Oltll , [ PASS. to Au lul Ulti l ite LOld 
Cur ri n. Caplclt , of Spa tl ,1 Stee l Brl du Struct ure. 

b, 
Xetsuhlro UNAKA", Toshlrukl KIHDAu , . [lsunorl NI8U I .. 

and lIasato UNOI .. 

sun.uy 
ThIs Piper describes the outline of • COIPuter pro,t .. , EPASS • for 

Inalrsin. the ulli •• te IOld cJrrrinl clpaelt, Ind e[uto-plutlc 
finite dlspllcuent behavior of sp_tl,1 steel brid,e struct ures 
co.posed of thin-railed box lubers and cable l eabers. He I&ln 
features of the pro,t .. are IS follon: (I) The eJasto-piastlc Ind 
finite displacuenl behavior of thln-nlled bOll .eabers subjected to 
co.presslon. bendine. Ind torsion elln be silul.ted. (2) TIle Inherent 
residual stress Ind lnllial deflection In steel bridle leabera are 
uken into consideration. (3) The non~llnearlly of clble IUbers due 
to cable tension Ind deflection can be Iccounted. Severll nUierlcl1 
exliPles Ire Inllysed· for verlh!n' the pronll. Ind t hen sale 
nUleriCII results of In IctuII Nielsen s15tel brldu are sholn. 

I. UUODUCT [O N 

In recent year, lany lon, sPin brid,es .. lth c.ble l ube rs, such l!I sus pension 
brld,es, clble·sllyed brld,es Ind Nielsen sntel br idaes, Ire constructed In 
JaPln. It Is one of the lost Ilportint probleas In the desl,n of these brldces 
t o estinte their ultlille 10ld carryin, capacity. Sale pro,rll' for 
Intluln, lhe lo.d carry In, capacity of steel brldae struc l ur es Ind several 
u nera' purpose structural Inalnls pro,rlls, s uch as IU RC and NA STRAN , hue 
al ready developed. These prOlfliS IIY be . howeve r , Inconven ien t for Inllnls ot 
spatlll brldae structures. A cOlpuler prOIfIl, [PASS, hIS been, therefore, 
developed, Ihich cln Inline the 10ld clrryln, Clpacity Ind ellllo·p!as t ic 
f inite displacuenl behavior of spltlal sleel brldae structures cOI Posed of 
thin-ulled box lubers and cable lubers. 

This paper describes the outline of the [PASS. FIrstly , the Inllnlcal 
Iuu l ptlons for ,llu l ltln, lhe elasto·piaslic Ind finite displ.cuen l behavior 
of s t ee! l ubers alth box cross section are described, an d t hen t he Inlly t ica l 
theorY adopted In the pro,r .. Is foraulated by a finite ele l en t l e t hod, Hext, 
seven I nUlerlcl1 enlples are 1""lned tor verlhlna: the pro,r ll . Finally, a 
practical exllple of a Nielsen srstel brldu Is .nllned to ex il ine t he validi t y 
of the pro,r ... 

Jlpan Infonltlon Process In. Service Co., ltd., Osaki, JI Pan. 
n hsoelate Professor, Departlent of Civil [n,lneerlna:, OSlkl Ci t y Universi t y, 
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. .. Brld,e' COIPuter [n,ineerin, CO. ,Ltd., Osaka, Jlpan, 
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t. OUTLIII£ OF TKE PROGRAM 

Th, .,In fntur~5 of the prOlr .. Ire IS fallon: 
(I) The eluto-plastic and finite dint,cuelll behuior of thln-ulled box 

luber. subjected to co.presslon, bend In. Ind torsion Cln be silul.ted. 
(2) The 10c.1 bucklIn, of plate el •• ents Is. ho .. ever, .sauled not to occur. 
(3) The Inherent reslduI' stress and Initial deflection in steel brldu ulber. 

ere uken into consldertollon. 
(4) The non·\inelritJ' of clble leebers due to cable tension and deflection cln 

be Ictounted. 
(6) The pro,t .. copes .. ith ,II the IOld cOlbinltions used in brldae deslan 
(8) The lnlt .. 1 conrl,l/ntlon of. bridu lubjected dud IOld and prestres,ln, 

forces In cables Cln be uslly r.allzed In I coapuler. 
(7) Th, types of finite ,leunts end connections Cln be used. as listed In 

Tlble I. 
A nstel usin, the EPASS is Illustrated In Fi,.1. 

Tlble bpes of finite eluents and connections In EPASS 

L ~ 

Pol t • p~OC.SI' nil 
p'Ollr ..... 

/ 
/ 

FI,.\ A sutu ulln, EPASS 

, 



S. [USTO-PUSTIC AND FlUTE OISPUCElUT nALYSIS 

The eluto-plastlc and finite dlsplacelent beh .. lor of three dllllnslon.1 
frlled structures cOlPoled of thln· ... lled box lubers Ind cable luben Ire 
fOflulated on the basis of the follolln, aunptlon.: 
(I) The fialte dinl.cuest behavior Is fOrlul.ted accordlfl, to the Update 

Lasran,itfl DescriptioD .. thod 
(2) Th. cro •• section of bell coluln eluenu keep pl.n. after the dllpl,cuenl. 
(1) Tbe sburln, stress due to rlexure Ind the IttPlfl, .tre .. b, tonlon Cln be 

ne.lected 
(f) The lonlonll an,le of cro .... ctlon Is .. all. 
(5) The eluto-plastlc behavior of lhe thIn-tailed box luben I. forlul,ted 

Iccordln, to lhe .. suIPlion of consunt shelr flol lion, the box .. II even 
after the psrtlal rleldln, of croll sectlon ' l 

(8) The nterial of box ••• b.rs II 1.,lIIed to be hosollneou •. I.otroplc. 
perfectlr elasto-pl •• tic, .nd .ulsf,ln, tb. von-.I ... • ,Ield criterion ... 
.. II .. Pr.ndtl-leus.' pilltic flol rlllie. 

The fundllenul equation to derlv. the ptlffnu • •• trlce. of. finite .Iuent 
are obtained fro. the principii of VIrtual .ork IS folio .. : 

Ih ere 

111,,,,, (D.+D.) •• dv+IIJ,'.n'adV ••• u _-I11 .... 'adv (I) 

o. u .Incruenla' nodal dlspilceeent vector 
6. ;llnett teras of Incrnulll sttllft veclor 
6 n :non-I inelr lern of Increlental ,trlln "eclor 
D. ; slrus-straln nlrix In elutlc ranee 
D~ : ttre5l-.tralll ntrlx ne.ded In plastic rann 
(J : stress vector 
P nodll force vector lncludln, Incruelll.1 nodll force 

S. S "!allonshlp b.t .... n Incrllenhl unl'" and I ncrn.,.ll I dllPlac .. enu 

The locil coordlnlte u.t .. Is situated IS .hol n FI,.2. The Incrllenul 
dlsplacuenll b.u •• 6u •• 61L;~ J t.t • poillt' 11th the eccentricities" and C 
rroe the shear center In lhe cro .. section of a box bell colnn eluent. sho _n 
In FI •. S. can be expressed br the Incrnental dlsplace-ents b.u,6u,b.w . It 
thl ebllr cenler and tbe Incrll.ntal lorslonll an,le 641 of the cro .. section .. 
rollo .. : 

6 u .. -b. U - 111-C 641 . 6 u'- C+,,6¢ 1 bw' 

b. u.-6 u-C 6¢- I 116¢ ' 
Z 

6w .. -6w+116 ¢-i C ~ ¢ ' l 
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y 

z 

Fi,.2 Elaslo-plastic beu-coluln 
box eluent and local 
coordinate systn 

x 

y' 

tl¢ z' Av 

Fil.3 Incrnental dlsplaceaents and 
and torsional .n,te of cross 
sect ion 

In which the 'pri.e' notation leans the differentiation lith respect to x . 
The incruental nor .. 1 strain fiE; in the x-axis at a point P is ,iyen by: 

• I • 1 • ( ) 
f.c=~u ~ + Z'AV~ +2.6.w.) 3 

Substitution of Eq 2 into E(I.3 lives: 

ll.£=.6.u·+l , t.v· )z+~ 610" 2' 
Z 1 

-r,,~ u"+.6.w" A¢ !-{ \l:~w··-.o. u" 6q, + 1 11] 2+(2) (641' 12 ( 4) 
1 

3 .• Relati onshi p between inere .ent al stress and Incruenhl stra in 

Tile elasto-plastlc behavior of box beu-colll'h eluents subjected to axial 
torce, bend]n, 10lent, and torsional IOlent is alternatively ror.ul.ted br euel 
and approxilate lethods. In the forler letllod, the eluto-plutlc behavior _here 
nor .. ' stress and shearin, stress Interact. is forlulated accordfn, to Ref. I). 
In the latter lethod. the torsional behavior is assuled to be always elutic but 
yieldln, situlltion is checked by consider in, the co.bination of nor .. 1 stress 
and shearin, stress. 

3.5 Equ lllbriu . equations 

Usin, Eq.(I} on the tan,ent stiffness .. trlx. the folto'inr equiJibriu I 
equations for the finite ele.ents concernin. the local coordinates snte. can be 
derived: 

k 6 u =p-j (5) 
,here the stiffness latrix k is cate,orized into four ,roups as follors: 

t) Elasto- plastic box and rod eluents 
k =k +k ~+k . 

2) Elastic beu-coluln ele.ents 
k=ll +k . 

(6) 



on' 

3) Cable eluent • . -. 
,.) Sprinr eluents 

k-k . 

k. elastic .tiffness Iitrix 
11.. 'plastic stlffnesa Iltrlx 
k. noutrlCl1 stiffness Iitrill 

(') 

k tlncent stiffness IItrlll of cltenan-clble eluent accord In, to le1.3). 
II. .U ffneu allllf Ix of apr Inc c lelent 
p nodal force vector for external loads 
I nodal force vector for Internal forCe! 

a.8 Solution Procedure 

There are sOle effective atratuiCIII In the EPASS for the evaluation of the 
ultlute load carrrln, capacitr and reduction of co.puUtlon trae II fallon: 
(I) Arc-iena:th lethod~ 

Il I. possible for the arc-Ien,th l!!thod to lrace the equlllbriUl path of 
a .tructure after the ulll.ate lo.d state. The ultl .. te load can be. 
therefore. evalulted elSllr and accuratelr br the .ethod. And luto .. tlc load 
Increunt schue br the uthod i •• 1.0 useful. 

CZ) Current 5t i rlness Plrlleter· 
The current stiffness parlleter In Ref.6) hIS been Idopted to esti .. te the 
ullialte 10ld level becluse the current stlffne .. parlleter becoli!S eqUlI 
to zero at the stlllonlirr points on a 10ld-dlsplacuent curve. 

(3) Partiar AULD (APproxlllle Updated LI,ranriln Description) 
The finite dllPlacuent behavior is fonullted accordin, to two kinds of ULD 
(Updated La,ru,ian OUcription) lethods. One II AULD ' and the other Is 
Partial AULD. It lar be advantanous to use the Partial AULD In the elISe of 
aluto-plntlc analues usin, the Irc-ien,th lethod. 

4. NUl nlCAL HAIPLES 

4.1 Verification of the pro,rllll 

The .e~efllli results of nuurical elCuples analrsed ror verlfrln, the [PASS 
are aholn in this section. 

(I) fhe problu of the [Iutici 
In order to check the val idllr of the elastic finite dllPllcuent behavior br 

the [PASS. III cantilever coluln with Inlthl deflection Is lnalned IS shown In 
Fl •. ,.. Thi'lodel is cOIPosed 0' 20 finite eluents Ind the crlticil bucklin, 
load Is P .=82.8 t{JJ. The relationship. between the 10ld P and the dlsplace­
lent. tI./v l Ire aho .. n In this fl,ure. The nUlerical solutions obu[ned br the 
[PASS I,ree .ell with the theoret[cal ruults br Tiloshenko Ind Cen·'. 

U) [llIto'plastlc .n'[rsl. or 'olded beu subjected to bendln. and torsion 
ho canllle'+'er be.as ccnnected It their tree ed,u under. concentrated laid 

II anllrsed IS 1 nUlericlt eu.ple to ulline the ulldltr of the eluto-plastic 

361 



362 

p 

&,-~ 

" ~ 
Cross section 

(incm) 
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E _ 21x10' kgf/cml 

(aJ Model 

Dlsp'acements of free edge (em) 

(b) Numencal result 

FI,.4 An.lni. of elutie. 

~ 
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5 
I. .. '00 CJl-

11.9 • 4 
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-' 

Cross section 0 (Incm) 
~ EPASS result 

E_21J11r1kgtlc".,t Result by Ref 1) 
tI.,. 4 032 kgflcm' 

M"" = 1 953)(10' kgfcm 0 2 3 
M,., IE 2 240xl0' kgf em DeflectJon under load w'l.xl~ 

(aJ Model (b) NumencaJ result 

F 1,> 5 Anlluis of t.o cantlleyer belu connected .t their free edees 

behavior of box luber. subjected to bend in. and torsion. The relationship' 
between the IOld P Ind deflection IV .t • lo.dln, point Is Iho'll in Fir.5. The 
result, of the enct aethod on eluto-plastlc behaYlor .re plotted in this 
(I.ure. and the exact results _,ree with the results by Ref. I). The Vlriatlon of 
the bendln. and torslonll IOI.nts .t three nodal points are sholn in FI •. B. 
It cln be seen fro. t~11 fi,un that the nuerlcal results br the EPASS urr 
nil lion, the Interactlon cune of fullr plastic sUle. 

(3) Eluto-plastlc and finite displlcuenl analrsls of coluan 
As In uuple for eluto-plutic Ind finite displlcuent Inllnls, I bo. 

colnn with initill deflection Ind residual stress Is Inllraed. The results 
obtllned br the EPASS Ire COl pared .Ith lhe Euler', bucklin, 10ld Ind the 
lolutlons ,Iven by Shulz · in FI, . 7. Thue results IIree tith each other. 
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(b) Numerico 
FI •• 7 4n.lnt. of eluto-plastic co1uln 11th ruldull Ilreu 

(4) Cable eleaent 
The non-Ilnearlt. or cablt ttaber' is verifIed throUlh the Inllul. of 

.. nuln. cable structure. sho.n In FI,.8. In lhll fl,ure. W Is lhe ul,ht per 
nler Ind I. is lhe len,tll of lhe clble without tension. The nUlerlc,t relults 
Ire plotted n rl, 9 and lflu .,ree lith the results b, Coto' 
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.!4o -20 
u, w, 61,. Ill, (m) 

u 
61, 

FI •. 9 Olullcnenll Ind tiCS of cable elnent. 

4.2 Actua l 1,,1 ... .,.t .. brid, e 

A Iflets.n Inlu brldu .hown In fl,.tO " tlken up as .. nU l etlcl' .... pl. to 
exulne the ulldlt, of .pplrlnr the [PASS to the eluto-plutlc Ind finite 
dlspl,c .. ,nt anllul. of Ictual brldu structures. In th, anal,.ls, the .rch 
rib, and upper 'ateul breefnls Ire re,arded .. the eluto-plutle bea. -colnn 
box luber •. • hlle the .tlffenln, ,Irden, floor b .... Ind cables .re treated .. 
the .IUllc . .. b.r,. The horizontal and 'Iteral Inltl,' deflection I. Introduced 
Into the nch rib. br: 

u --8o sln3%~ 
( 

(10) 

where H ,. the r'lle he"hto I the leneth of the arch rib, Ind S I. the 
coordinate alon, the .rch rib . The residua' Ureas distribution ... Iholn In 
FI •. II. I, considered In lhe cross section of lhe arch rib. Iccordln, lo Ief . IO). 
The IOld co.blnilion of lhe dead IOld D In Fr • • lt Ind II'e 10ld L I. FI •. IS II 
IPplled to the Inll,llCII .odel 

FI, . IO Anilltlc.t .odel of I Iflel.en lutu brld,e 



o 90"., 

o 20' .. t 

0150'., 0 . 6a .. 

~resllon 

ely y,.ld Itr ... 

Fl,.]] Ruieu.! Jtrul distrJbution of ,luI panel 
.nd stiffener In crolS section of uch rib 

,C 
~ tV !XX) 

OOQ -

W,·273 tfAn 
W,-773 ttAn 
(unit mm) 

p y,400 
1~7~ 

(b) CrOll section 

PI-II 45 tf,An. P,-2.S 
P,· 0.30 HAn, p,·O 15 
(unit mrn) 

FI, 13 live load inhnalt)' 

ttAn 
tt.An' 

400 

Thl ellllo·plulic lAd finite dl.plaenenl anlnia ia executed In the 
tollolln. I.nner. First],., the COIPlele contillltation I. rullzed on the 
IUhtlCII lode I In the co.puttr for the dead load of 1.00 . Then. the live IOld 
at 1.01.. II Ippl.ld to th'llod.t . Flnallr. the lo.d co.bln.tlon of a D+L 
(0: laId ,.rlletlr) I. IUd"lll,. Incr.ued UP to th ulll.UI .tate of the 

IU],tlCI' lode 1 

the dllPllceUnl lodl It the ultilite lute is IlhlltnUd In FI •. U. It Cln 
be observed frol the 'I,ure thl the out~ot-pllne deflection 01 the arch rib. II 
predo.lnlnl n .. r lhelr central ,erU. fl,.I& ,lOti the relatlonlhl" beueen the 
load Plr .. eter Ind horizontal dl.,l,e .. ent, at three nodal ,olntl of the arch 
rib. It can be .. en that th .. e eur.1I beeole nonl inear in lh. ran,. o .... r 0 "0.8 
due to the influence or r •• ldull ItrU •. and lhe ulUllte aute of thl 
an.l)'llcal lodel Is 'IIr)' elnr because the 10ld ,arllelar-dll,llc .. enl eun .. 
he .... been .,I"dlted aflar the ultillu Itate. fl,llI Iho .. the dlltributlon of 
,Iutlc lone of tbe Irch ribl at tb. ultlnte stlte . Thll 'IilUII ,lillie lone I. 
TIn Ullhl to under.tlnd the failure .ode of the arch rib • • 
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FII.I. Olspl.cuent lolde .t 1I1t'IUe st.te (Q~1.39) 

'Sr--.~----------------, 

• .2 " 
!i 
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i D+l+a (D+L) 
06 

~ CIl a1 CI1 v 

03 I :0 

'Ii. O. 02 03 04 05 
Horizontal displacements vIm) 

Flr.IS load p.rueler-displlCuenl curves of uell rib 

z 
.X 

FI •. IS Oillr.butlon of pluth: lone It IIllllate st.le (0;.1 39) 

&. COlClUS IO~ 

In the p.per, I to.puter prorr .. , EPASS. to In.lr •• lhe elulo-p/lStle Ind 
finite displacuent behnlorl of three dlunllon.1 trlled structures co.pond of 
lhln-... lled bOil -elbert Ind c.ble luber. hllve bun pruented. Til, outline of 
theon' used In the £PASS. the several result. o( nUlerlc,1 u .. pln u.lned for 
verlhin, the EPUS, .nd the an.trUe.1 ruulls for an .ctual brldu hlYe bun 



sho.n. The EPASS .111 be llseful for the elulo-plutlc Ind finltl dl.pllcuent 
Inllu ll of nulll .teel bridle Itructures. 

IEFElEIiCES 

J) kOlltlll, S. Ind Slkl.oto. T :lIjonllnelf Aulnl. of SPitll1 rrlln Conll,tln, 
of .nbers with Closed Cross-Sectlon •• hoc. of JSCE. /jo.252. pp.I43-157. 
AlI,ust 1978. 

2) Iledi. Y. Ind Hnuh!. I .: In-Pllne Ind Ollt-of-Plane In.tabilltr of I 2971 
Spin St.,1 Arch Irld ... TrantportaUon leselfch lecord 88~. Irldn Enlineer 
In,. YoLI. pp.U6-2S~. Septuber 1971. 

S) Coto. S.: hnunt Stlffnes. [quat Ion of Flexible Cable Ind Sou Considera 
tlon •• Proc. of JSCE. /jo.270. pp,~I-~9, februlr)' 19711 (In Japanese) 

4) Crl.fleld, 11..1. ;.1. hat Incruentai llterlli¥e Soilition Procedure that Handlu 
·Snap-throu,h", COIPUiefl' Structures. Yol.13. pp.SS-82. 1811, 

S) lelllnl, P .•. and Chuha. A.,An Ispro¥ed "utontlc Increlental AI,orlth. for 
the Efficient Solution of Nonl Innr Finite Eluent Equallon •• Co.puters • 
Slructures. Yol.28. ,110.1. pp.99 4 110. 1987 • 

• ) leuan. P.C •• loland. I and S6relde. Lit.: till of the Currut Stlffn ... 
Parllet,r In Soilltion of Nonlinear Probln •. Enern lIethods In Flnlt. 
[Inenl Anal,.l. (eel. Clo.ln.kl. I .. Iodin. E Y. and Zlenkle.lcz. O.C,,, 
pp.285-2II2. John Iller' Sons. 1979. 

n Jellellr. P,. C .. cotto. S. and deGoret. Y.:I.pro¥ed Nonl inear Finite [lnentl 
for Oriented lodies U.ln, an htension of lar,lIerte'l Theorr. COIPllter • 
5trllctllrll, Yol 17, No.1. pp.129-137. 19113. 

I) Tllo.henko. S.P. and Cere. J.I,· Theorr of Elastic Stabilltr. l eCrll-Kill. 
pp.76-12. 1961 

9) Schllll, C. Ole Tra,lutberechnun. Yon Planl"lSl. I lltl, lelutelen 
OurckiUben auS buslthl linter lerucksiehtl,lIlII yon (ieoulrtlchen lind 
5truktllrellen I.perfectlonen. Dissertation eln.erelcht an der Technl.ehen 
Hoch.hule In (irn. Junl 1861. 

10) 101ltn. 5,. Ushlo. I , end Ilude. T.: An hperl ' entel Studr on R .. ldual 
Stre .... and Initial DeforllUou of Stiffened Platn. Proc . or JSCE. No.28ft. 
".25-sr.. SepUeber 1977 (in Je,enne). 

31'7 



368 



COMPARATIVE STUDY OF BEAM-COLUMN INTERACTION FORMULAE. 

J. Introduction 

J.P. JASPART, 01.. BRIQUET and R. MAQUOI 
Department MSM, University of Li~ge 

Quai Banning 6 
B-4000 LIEGE. BELGIUM 

Steel building frames art. mainly constituted of beams subject to bending and beam-columns 
subJCCI to combined bending and compression. 

Se~enJ resc.arebes in lhe past have been devoted to \he evaluation of the carrying capacity 
of beam-columns; they have led to the proposal of numerous interaction fonnulae which have 
been progressively introduced in national (LRFO, DIN, ... ) and international codts. 

The application of the5t. different formulae to reference cases shows unfortunately a large 
discrepancy between the calculated values of the ultimate load, on one hand. and between the 
calculated values and results of numerical simulations, on the other hand. 

Such a comparative study has been recently performed at the Universily of Li~ge; four 
interaction formulae have been considered : ECCS (1984), DIN 18800 (1988). LRFD (1986) 
and Eurocode 3 (1993). The present paper is aimed at presently the resulu and the 
conclusions of this comparative study. 

2. Beam-columns 

TIle beam-columns considered in the present study are constituted of H or rtttangular tubular 
cross-sections (figure La). They are bent either uniaxially, about strong or weak axis. or 
bi."ially. POI" simptk.ity. only p'ast\c and compact cross-sectioos ale considert.d. so a~oiding 
local inslability and coupling With global member inslabilily. 

The rust order distribution of bending moments along the beam-column is linear and 
charxlC.rized by M and D.S M values at the member extremities (see figure I.b). whatever 
be the axis of bending. 
As in braced frames. the transversal dilplacemenu of both beam-column extremities are 
assumed 10 be prevented. 

Lastly. the buclding load of the beam·columns under pure compression is assumed to be 
lower about the weak uis than about the strong one (the beam-column extremities are hinaed 
about X and Y axes). This last assumption may be expressed mathematically in the following 
way : 

(I) 

where N represents the reduced compression normal force. defined as the ratio between the 

369 



370 
ultimate buckhn, resistanCe Ng of the column under compression and its "Iuash load Np-

l 01 
Figure I . Beam<olumns constdcred 

3. /'iumerical simulations 

The numrriul 5lmulallon~ of the behaviour till collapse of the bc..m-columns have been 
performed by means of the materially and ~metnc.lIy non·linur finite element proJr.m 
ANELG whICh has been de"eloped It the Umversuy of Li~He and In which (1\:10rs su~h as 
resKiual sttes~s and initial deformations may be 8CCounted for 
Two different cross"so;uons are dealt with in thiS numeric.1 study 

• hot-rolled 200. IOOx6,3 rectangular lubular cfOss-seclion: 
• hot-rolled HEI 60B wide flange H section 

They are rcprescnlati\lc of the common pracllce in Europe:. Doth beam-columns art 

Chaf3CtCrittd by • reductd slenderness X equal 10 I.S about the wt'U: axis and .boUI 0.9 

.~ut the strong one. Mild steel (yield stress fy - 235 MPa) is used. A sinu50ldal imperfection 
(e _ UIOOO In fi,ure I ... ) IS usu~ IJl the X and Y dlftttions. 

The numerical iimulations performed for ~h profile art limed It descnbln& the evolullon 
of the collapse load \'eTSUS the NIM (normal rorct.lbtnd1ll1 moment) ratio m exh of the fow 
followml smutlon • 

uniaxill bendln, about strong axis; Lattra.l dlsplacemenu prevtnttd by an appropnate 
br~inl y tern (fi,UfC 2.L): 
uniaxial bending about strong axis; lattral displacelTl(:n1s not prevtn1t:d (figure 2.b.); 
uniaxial bendin, about \l.tak axis (fi&ure 2.c.); 
biaxial benchng: bending moments MA and My are SU(h that MiMp. • M/Mpy with 
Mp. and M", defined IS the pllstlC TT'IOlTl(:nt reslstlnces of the CTo~·section 
r6peC"tlvely about iOOOg and \l.eak axu (fi&ure 2.d.). 



' . 

• . Strong axis; no lateral displaament b. Strong axIS: lau=,.1 
displacement allowed 

y y y y 

Til· .}". · tJ· ·1-· 
77///12%~ ) ,/Al''l.%-

y Y y Y 

c. Weak axis d. Slrona and weak axes 

Figure 2 • Loading and support conditions for beam-columns under compression 
and uniaxial or biaxial bending. 

4. Interaction fo rmulae 

The collapse mode of a beam-column is highly dependent on the here above described loading 
and support conditions. as specified in figure 3. 

Figure 3 .•. is representauve of a beam-column subjeCt to uniaJual bendmg about weak a:cis 
or strong axis. with lateral displacements prevented. The in-plline instability under 
compression and bending is ccolloHing for high and intermediate compression forces while 
the lake of resistance of the crOS5-se<:tion is predominant for low compression forces. 

For beam-columns uniaxially bent about strong axis. lhe lateral displacements of which are 
not prevented, a supplemenlaty collapse mode is controlling for low bending moments: me 
buck.ling inst;.bililY aboUI weak. axis under pure compression (figure 3.b. for rectangular 
lubular cross-sections). r-or H seclions, me lateraltorsionaJ buclc.Jing may obviously become 
predominant for high bending moments; for slender members, Ihe instability controls lhen the 
collapse of the beam-column. whatever be the NIM ratio (dashed line in figure 3.c. where 
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'M'LT • !tiLt 1M, ""lib ~T derUlCd as the resistlnce momenl ror late ... llotSiona! bucklin, 

in ~ndinl) . 

The collapse mode of beam-columns under biaxial bc:ndin, is also seen 10 be hi,hl1 
(kpcncknlon NIM •• N/M, and MJM, BUOS charltltriz:ln~ the. loadin, path (see fi,urc J.d .). 

The dil,rams reponed in figure 3 are indicative 0Mt:. Ocpendm, on the flexural slenderness 
or the consKkrcd member. some collapse modes may be more or less pRdominanl; the: 
collapse of. "ery hon column (or inStance will tlwlys be .ssociated 10 !he lake of resistanCe 
or the cross-section. whatever be the \oadina conditions. 
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Fi,we 3 • Collapse. modes of beam-colul1\lU 



These different possible collapse modes have to be covered by the interaction fonnulae 
developed. for design practice. The S(H;alled ECCS tIl. DIN 18800 121. Eurocode 3 (31 and 
LRFO (4J onCJ are studied in the present paper. they correspond to four different ways to 
approach the problem. as clearly shown in table I. 

The 1985 ECCS proposal suggests the use of I specific formula for each possible collapse 
mode while in the DIN code. the stability Ind resistance checks are intea:rated into I single 
fonnull. ucept for beam columns subject to uniaxial bending about the strong axis Ind for 
which lateral torsional buckling is not likely to appear: for such beam.columns. the out-of­
plane flexural buckling under pure compression has 10 be independently checked. 
The EO European prestandard proposes a higher level of simplification by only 
distinguishing twO cases according as the lateral torsional buckling is or not likely to occur. 
Lastly. the LRFD code suggests a single inlCl1lCtion curve which is aimed It covering III the 
possible collapse modes under compression and uniaxial or biaxial bending. 

The interested reader is kindly asked to refer to original references for I more detailed 
description of each of these: four design approaches. 

.5. CompSr.iltivf studJ 

The four design approaches described in table 1 are compared in figures 4.a. to 4.c. to the 
results of the numerical simulations on beam.columns constituted of a 200xIOOx6.) 
rectangular tubular profile in which the instability by lateral torsional buckling is not likely 
to occur. 

The following conclusions may be dl1lwn : 

ECCS, DIN. EC3 and LRFD intertretion fannulae predict in a reasonable way the 
collapse load of beam.columns subject to uniaxial bending about strong axis and 
prevented 10 defonn in the plane pelpendicular to that of loading (figure 4.a.). For low 
NIM ratios where the resistance is controlling, DIN, EO and LRFD approaches leads 
generally to particularly conservative assessments of the ullimate resistance. This 
clearly results from the way in which the related formulae are "forced" to include the 
resistanCe verification. The ECCS approach provides the desi&ner with accurate 
estimations of lhe collapse load, except in lhe ltansilion zone from MinstlbiJiry mode" 
to "resistance mode" where the results are slightly overestimated. These conclusions 
may be extended to beam-columns subject 10 uniaxial bending about weak axis (figure 
4.c.). 

LRFO and EC3 interaction formulae understimate dramatically the ultimate resistance 
of the rectangular tubular beam--columns in case of uniaxial bending about strong axis, 
with allowed transversal displacements (figure 4.b.). The high level of interaction 
between the in-plane Ind out-of-plane instabilities predicted by these three formulae 
does not correspond It all to the actual behaviour in which the moment amplifications 
about strong and weak axis seem to be independent. except in a limited zone or 
transition rrom one collapse mode: (buckling about weak axis) to another one 
(instability lbout strong axis or lake of resistance). In ECCS and DIN formulae, on 
the other hand. no coupling is considered; this explains the slightly unconservative 
results given by the ECCS approach in the transition zone. 

DIN, EeJ and LRFD design approaches provide similar ultimate carrying capacitiCJ 
over the whole range of nonnal forces and bendin, moments in case of combined 
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comprt:ssion and biaxial bending. Un(onunatcly, these coUapse loads are quile 
different from the actual ones, especially for intermediate and high bending moments 
(figure 4.d.). In these Wee approaches, the interaction formula for biaxial bending 
reduce co the follOWing expression when the normal compression force in the column 
vani~hes 

(2) 

This linear tJl:pression differs consJdenbly (see fi,ure .5) (rom the (ollowing deJicn 
cnteria which is recommended in 15) for the evaluation of the plastic resistance of 
rectanaular lubular clou-sections subject 10 biaxial bendina : 

3 M 
-(-')' 
4 M. 

M • _, S 

M. 

M 2 
£0'-' S_ 

M. 3 

M 2 
£0'_'>_ 

M. 3 

(3 .•. ) 

(J.b.) 

1be ~parate \lcrlfie.tion of the column stabi.lity .nd of the resistance in the most 
stTesstd cross-sections, on lIle other hand, allows a far bclter assessment of the 
m:aximum carrying capacity. as demonstrated by ECCS approach (figure 4.d.). 

Similar conclusions may be drawn (rom the comparisons on beam-columns constituted of. 
hot-rolled HEl 60B profile ~ only the comparisons rel.tive to beam-columns bent about slrong 
axis. with lateral displacelm:ntS allowed. are reponed in this paper (figure 6). They present 
two panicular features: 

The actual interaction between the out-of-plane flexural budding of the beam-column 
and the lateral torsional buckling IS ~n to be more significant than the sirrular 
inlC~raction between out-of-plane flell:utal buckling and in-plane instability in c.se of 
rectangular tubular cross-sections. 

The Eees formula. as the DIN. EO and LRFD ones. underestimate. butles.s than the 
others. the Ktual carrying capacity. As a matter of ftel. and contrary to what has been 
exphl.lned fot rectangular tubular sections in which the lateral buckling is not likely 
to occur. the Eees fonnula takes the coupling between out-of-plane buckling and 
lateral torsional buckiLng into con ideration. but in a tOO conservative way. The 
necessity to check separately the tnstability and the resistance allows however. 
contnry 10 DIN, Eel and LRFO .pproaches. • reasonable evaluation of the collapse 
load. 

6. Conclusions 

Some important conclusions have to be drawn from this comparative study in view of the 
improvement of the existing beam-column interaction formulae. 

LRFD and ECl codes lead to 100 conservative aSS(.SSmenlS of the carrying capacity 
of beam·columns .. hen 1M resistance is controlltn, (low NIM ratios). 
'These two approaches are also too consavative when consi€krin, imeraction between 
in-plane and out-of-plane inStabilities. 
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CorqwiSOnJ; between numerical simulations and the four considered design 
appn»ehes for a I~EI60B beam-column under uniaxial bending: lat~ral 
displacrnx:nts allo""ed 

Sunply r~place N, by N, In the interaction formula proposed for to plane inslilbtlity 
.... h~n the Out.-or.plane flu ural buCKling of th~ beam-column is likely to occur can nOI 
be considered as a c:onsistanl 'Aay 10 ICCOUnl for the actual amplification of the 
ben<hng momenl about Slrong and w~ak axes. 
ECCS and OLN approaches consider also (and tn a Similar way) the im~r3ction 

between in-plane and oUI-of-pLane instabiLities except when the lateraL tor~tonili 
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buckling is 001 likely to occur. 
This results unfortunately in a non-smooth transilion from ont formula (with lateral 
torsional buckling) to the other (without lateral torsional buckling), 
The ECCS formula is also characterized by • non-smooth transition from the case of 
bending _boUI strong axis (coUapse by Ja!eral torsional buckling) to that of combined 
compression and uniaxial bending under strong axis (spatial instability), 
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A STUDY ON ULTIMAT E STRENGTII OF Sfi fFENED PLATES IN 
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Sugimoto 3- 3-138, Sumiyoshi- ku. Osaka .558, Japan. 

ABSTRACf 

nli~ paper de'als with the uhiml1lc strength of longitudinally stiffened 
platc~ subjected to hiuxial in- plane forcc~. First))'. the residual !>tr~ lmu 
initial deflections of steel plates wjlh the closed cros:»-scclional stiffeners 

arc: predicated. Then, the uhlmate strength of the stiffened plalcs is inves­
tigated through elaslo- pla~tic lind finite displacement anal}scs. Also 
formulated arc the Interaction eurvC!i on the longitudinal and transverse 
ultimate stresses of stiffenet.l plates. An approximate interaction curve 

for the uliimlltc stresses, which is the function of the ultimate longitudi­
nlll and tlans\'el'iC: comprcssi\e stresses of the stiffened plates subjected 

to longitudinal and transverse compressions sep;lrJtci). is proposed for 
prcdieting the ultimate strcsses of the unstirfcned and stiffened plates 

.. ohJccted to hwxial in- plane forces. Finally, the lesl rcsull." carried out in 
the study arc compared with the approximate interaction curve for the 
ultimate strcssu. 

1. INTRODUCTION 

Recently. the numPer of plate elements 10 be designed as the unstiffened or stiffened plutcs 

SUbjected to bWAialm-piane forces (hereafter called as the biaxiall)' loaded plates or stiffened 

platcs) • as illustrated In Fig I . are gradually increasing in Japan in accordance with the increase 

of length of span or cle'\r width of sted bnt.lgell. However, the CtJrrent Japanese Specifications 

for Hlghw8} Bridges l
) (JSIIB) does not codify any design criteria for the biaxially loaded 

plales . Accordingly. in designlng such a plale, the buckling ~tability must be investigated 

through a theoretical or experimental study for cheCking the safety against their ul timate limit 

Slale in the cast where the: transverse compression as well as the longitudinal in- vlane stress 
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lIrt prcdomindtcd signific.l"tly. It is. therefore. preferahle: Iu c:slilhlish prompt!} .. nltiunal 

dClioign mclhoJ for the hiaxiall}' \oaclcu plates. 

of !llch bridge 

SIlffcnln, gUlJer 

Oo<.cd crc"'~­
<.cecum .. ' ~!rffc~r 

Locauon of stnnger 

Lotallon of suinicI 

Lucalion nf flour hc .. rn 

Fig. I Example or hi .. xiall), In'lclcd pl;llc in .. tcc! hridge .. 

for the rca',on mentioned ahove, an appro;(imatc mclholI for prcdiding the ultin13IC 100gilu­

dinnl and Iran<;;\'cr!'.C "'resses of biaxiall)' Io.lucd stiffened plales, namely an interaction cu(\'c 

has bc:cn propn'iCd hy the aUlhorsHJ ba~d on the cl3Slo-plaslic and finite displacemenJ lIoal),­

sis hy con<;iJcring initial deflection and residual Slrc."" through the check of validity in compari­

'ion with the le!>IS result, ~.bJ in thi ... paper 

Thu<:, an approximate mcthot.i.lhcorclicill rc~ults amI npcrimcnl:.1 rcsuJt~ Arc bricn), 

prct.iicllled. 

2. INITIAL IM IJERFECn ONS OF PLATES WITH CLOSED CROSS-SEcnONA L 

STIFFENERS 

2.1 Resit.iulil Str~\ 

The distrihulion of longitut.iinal rcsit.iual .'i.tr~ in the clOSed croM;-scctional stiffeners and 



the twn" Cf\C fc~iuu;!l 'tiC'" in the plate p,Lncl\ hc:twccn ~lIffcncr' or under .. tiffcncr .. werc 

mC<I,urcd fur lillce full \Clle "tifrcncd plaIt ~pccimcns? l . hcc:w'>C uf the luck of these: data. 11) 

arrangmg thc ... c lilla, 11 pat1crn of the rc .. iuual \IIC .... ' ui)o\rihution III the .mal)licOII muJcI ... which 

cn;lhlc 10 m\c\tlgiltc Ihe influence tlf initial ucncctillli .md fc,iJual ,Irc" un the uhinwtc ~lrC'~­

c!. of \Iiffcncu platc .. , j .. prtlpo!>Cu. The rnca\urcu di\lrihulmn of Ihe Iran'\ CfloC rc,iuu:!1 \Ire ..... 

0 .... "long the longl!ul.hnai uircclillll of ,. pl,ltc panel in the three le\, 'pccimcn\ j\ ,llUwn in 

rlg~ . 

'" '" ~ 

"'I 

'" 

(a) Crm!> sccthmllf :;pccimcns 

TCII~jOIl 

o. 

1.200 ... . - ........ 

Idiarized resdiua\ 
stress distribution 

(11) Tr;ll1svclSc rc,idua[ ~11c.."S JiJ;llihuliuli in plate ranel 

• • Surfaces 
Stiffener side 

Mean 

Hg.2 Transverse rcsiuual strcs.~ distrihution in plate p;mcl 

(dilllcnsinns in 111111) 

1111" figure (e\col!, th;u the tran~\ erse tJcnding re~ldual 'Ire"" is predominant. where;., 

the IraMvef..c: Ill-plane rc!>idual stress. which is the 3\er<tge of the value, at the surfaces uf the 

plate panel. Ii> negligible: !>mall \-alues except the pans nC;lt the floor hearn!> 
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2.2 Imtial [)cflections 

Numerous i.l:lla on inil;'11 JcncctitJn~ of pl1ltt p;mcb ami ~Iirrcncrs were alstl measured for 

lhe Mecl deck pl.lles of two actual hridgc..\, These initial rJcncction~ arc arranged on the basis of 

Slali"lical apprO<lch. '1l1en. the measured initial deflectKlns arc compared with Ihe tolerance in 

JSIlB. Table I .. hows the Ill;l'dmum tolcrancl$ of initial deflection in pl .. tc panels and longitu­

dim.1 stiffeners. 

Table I. Maximum values of initial deflection 

~d Inuial . locations 
Deck plale 1'"'14mm Deck plate ,_l2mm 

deflection lJ4 Lfl llJ4 Lfl lJ5 
6 ,_/b, / 150 0.562 0.586 0.633 0.267 0.319 
6 •• _./. /1,000 0.768 0.683 0.928 0.236 0.859 

b Closed Cft)SS-
• Eeli"",' "ill"" ~ i i 

, L.~ ' --- (h_ I 
I ' .. •• 

(.) [n ili,l deflectIon (b) Initlll dlU.cllon 

of pl.te p"ltl of stdhner 

Remark; L: Sp.1n length of hmlges 

It i~ ob~erverJ hum thi!. tllhle that the ma.limun! \'alue!. of initial udlection of plate 

panel!> and stiffeners arc ~ll1aller than the :.lIuwahle \:llues "f JSIIIJ. h. / I~(J anu a l UMMI, re­

spectivel)'. 

3. APPROXIMATE MentOD FOR PREDlcnNG Ul.TIMATE STRESSES 

Thc ultinl:lte stres!.e'l;, CJ ... lInrJ (1 ,_ of hiaxiall} lo:.ued plillC\ ilnd stiffened plates can Ilc 

predicted h)' using the appruxilll3tc interaction curvc a~ pruposcd in Rcr.2), if the ultimate 

longitudilkll and Ir:msver~ cumpreo;she .;trc.\~c.\, (1 ..... anu /1 j_I' which re\pccti\ely rJC5ignillc 

thc ultimatc ~trc.."5c.\ of thc\c plate, unuer longitudinal and Imn\\er!.C cUlllpre~lons, CIIl he uh­

tained ~p<lrald}'. 



3. I Approximote': Inlcracliun Curve: for Ultimate Stresses or Oillltially Loaded Sliffl~ncd Plales 

"The ultimate Slrcsscs of biaxially load«! scirrcncd plalu arc CSllrntllctllhrough the claslo­

plastic and finite displacement analysd of analytical models, shown in Fig.3, on the b.1sis of a 

finite clement method hy considering bach the: initial dcncchons .01.1 residual Slr~, 1ltcn, tnc 

interaction CUr'\C$ on the ultimate: 5tr~ of biaxially loaded S1lncned platcs are lkri\"Cd Ihrou ­

an Ihcsc anal) heal rcsull~ 
(b) Crms SC(II(III 

(n) I'hm 

1- 0 11' . -0. Ill, . I [-~ 
-D_U .. , I -O,lh. .. 

(ll) Distrihution IIr IIIIUS\ClloC 

rc\iliu;1I SlrC~~ in pli1ft p;llIci 

S.S Sm'I,k; SYJ'POf1 

" .. 3. ... ,I/ ... ~ 

-0 H a. I 017 . 
t • IZ a·r 

a. 

(t) Di!>llIhulitln of longituulII<ll 
Icsiuu>I\ slrcss 10 phllt p;lIIcI 

ij 
.... ,.

i
. 

LO • 
- " 

~~ ~ 
(c) eros!> lOCL11On of sciHcncJ pL .. tcs 

and couc."pim,Jiu& tcsKlu.,1 stress 

rig.3 J\nillylicat 1Il000ci (t1illlclI .. iml~ in 111m) 

The ~Ircss paths ob!ained from the cln!>to-plastic and finite di~p lacemcnt analyses lire 

indicalcrJ in FigA lo&ether wilh the \On MI~' )kld cmeda onrJ the appmximnte IIltcractltln 

CUf\'e for the: ultimate "lrCS5(S as ~ proposed III Ref.:!). 
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If_.· tT ~_ I 

(-) +( - ) - I 
CT. (T, .. 

Trans\clSC 

in- pl.Ulc slle'); 

VOII Mises' 
yield criterion 

(~ .. 

(COmprISSlon) lwrrnl.~ 
20 

10 

Plate-Column •.. 
tf • •• 

o approc_h __ 

fT • • iT .. .. '. + 
- 1.0 

(TenSion) 

- 20 

( .. 
-2.0 - 1.0 

(T eI'lSlOfl) 

o ... 
(1' •• • 

0 •• 

/rmm 
lli!JllUUllllllJ 

Column a,. 
approach 

10 20 

LnJ1gilul1UM] in- p/;mc Slle."-' 

l'igA ApPlUximalc interactiun curve for ultimate str~scs 

II Co,}" he seen (rom this figuTt! lh .. t the ultinlillc limit Slate.!> of the ... tress paths arc well 

cn\clupcd h) (he approximate inlcracliun CUOt (0/ ulillnaic !>lrCM.\:S. Thu .. , a design method of 

the biaxiall) loaded unsllffcncd and stiffened plates t~ proposed by using the :Ipproximatc inter­

action cur\'C for ultimate Slrc~cs . 

3.2 Approximate MethoJ for Predicting Ultimate LungituJinal Compressive SIres., 

The ultimate longitudinal comprc..shc 'Irc,~ of the \Iirrcncd pblt.. .. can he obtained h) 

usmg the column mudd appro."tCh as j<;; proptNd in Rcf. K). 

Fur thit;; ani.IY~I" . hg.5 illut;;lratcs how to <;;ct the C4ui\·alcnt colullln for the column 



apprwch from an lIugin .. 1 \Iiffcncll plnu: of which huck ling mode dub not have: nodc-s al the 

location of the ltan.wcr\C stifklK:IlIo, hccausc of the in!>urticlcnl \!lnness of the transverse Miff·· 

enc" 

Trout,vc:rse ,'IHcller D1Olplu-am 

comptes!:, c!:==It.. ~W~I=!f::·:·:· :tt;~! : ,""","'1 'u[[,,"" 1 . 1· ..J Dec' pi". 
(n) Original 5urrc:ncd plate 

Q 
C()Ulp~ssioll ' .. ,' - (1" 

(Cross section) .. b. .. _ I -... -
~ ~ .. -J 

L.j i,n 
(b) Pseudu • stiffened plate 

Q (Cross section) 

COUlp~SSIOIl 

C .. .. 
.J~ - A,(Area of stirrc:ncr) 

: ' 
L ~ .. J 

(el EqUiVl1c:1II column 

!=ig.5 Oliglllal <;'!trrcncli plalc, I~cutltl- !>Urrcllcd plate 

"JIll equivalent culullm 

In Ihl' figure. 0<'1300 0",- iIf(' the c!;L\IIC huckling \Ir~'-C\ uf 11K' originoll .... iffcncll pl,lIe: 

and P"CUJU-~lf(tnc..J pl.ltc, rc .. pttll\cI~ . 

The uhmMlc Iran\"CI\c cmnplc\..\in: \Irc .. s (If .. ,if(cncJ plate .. , 0 ".0' can he e.'I>tim:uc:u h)' the 

(ollowlng tl.ju.Hion 
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(! .... = fJ. 
(1 .... ,+ u .... (a-I) 

--------- (I) 
• 

where 

0)1_1 : the uitilll<llc SIre!;..' o( Ihc side parts of a compressiun platt panel between longitudinal 

shffcncf'. whkh Cim be obtainctllhrough the ultimate plale strength curves as proposed 

in Rcf. lU) hy referring Figs." and 7. 

(1)'t'K' : Ihc ultimate slrcs.~ of Ihc middle P.lrt of the plate panel, which elln he calculated by thc 

ullJnlalc column stfength curve in JSIIB1J multiplied hy tl.9 hy rdemng in Fig. ... 6 and 7. 

Thi, cutrficicnl, 0,9, is to adjusllhc difference of initial c1cncctions tolerance between 

column' and pllllc panels in J5 I1B. 

a : The aspect ralm of thc plate P.lIlCJ. 

/3. : The coefficient 10 ohtain thc transverse ultimate stress of stiffened plaItS with insufficient 

"'Iffener .. 

• r Transverse compression 

1111111111111111 CI U
m ., 

,--------------------:1 •. 

I : : Bridge 

b, •• ; _____ :~.:e ~-~~-rr_-J\ 

(8) Transversly compressed plIlIC panel 

Transverse compression \ U 
u •• , t.=qITJ rCl u ••• 

\. r-----:'I -- . J 

"'~'" " 0 II'I 1 ;--- 1 ... 00 

.... :..:: _____ 1 . • ,.0 _. 

axis 

OTIJ UJ 5.S.:Sl1l1ple Support 

(b) "llIIe model l a O') (c) Column mooe! 

Fig.6 Mooels for prcl1ic\ing ullill1,llc transverse 

compressive stress of ullstirrcllctl plales 
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Fig.H V,maltOn of uhimnle transverse strength of slIffc:ned plates 
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In IhL\ rigurt. r t and T I' is the rc\ali\c sliffncs!> of \I \liHcncr III pl.llc pomel ;md their 

minimum 1c'4u/(OO ".Iue ".' i_~ decided 11) !he clastic line,,' hucklillg Ihcof). rC\pcc,iH:'l_ 

4. EXI'ERIMENTAL STUDY 

ExPCIlI11Cnl," .,lw.Jic.'i were conducted as repurted in Rdli5) and (1) III urder 10 check the 

,alidil} uf the Hppro~imalc interactiun CUI" ~ fm ultimate ,trcs.\C\ 

For the experiment,ll 'Iuuy. an c'tpcLimcnlill app;.tralu!>. illu\lralcu in Flg.Y, Wi!' newl) 

de\eloped for Ihc~c experimental Muuic!>. Ten stiffened plate l>pccimcm on .. eltle 113 conc­

:.punding tu that of the ~Ictl deck ptillc in:m aclual Ilridge were (c .. teJ by u!omg this experimen­

I;LI appur<l tus, 

Specimen 

Hydraulic lack 
(5. S80 kIO 

Fig.9 Experimental nppmatus fo r sUffened plalc specimens suhjected enahle 10 

apply biaxial compressions 



In h~ Ill, the Ie" rc ... uh ... liTe CUUlPilfCU wilh the ,lppro\,II1Ii1!C intu"Ctiun curve fm 

ultimate qrc' ... c .... It j .. recognized fmm this figure lhal the appnn:imalc intctilclion curve well 

COlOcnk wllh the c"<pcruncnl;ll rc,ull' ,mu fall ... within the Nlfel) region. Thu", the experiment,,1 

rc(.uh .. fc\calthc \ahlhl) of the appw'(irnalc inlcmdiuTI ClIne 

S S S""pk SIIPP.,I'I 

(Ttnsion) 

Test rnullS 
o with opc:n suf( 
• wIth Irou,h luff 

Tr:.ns.trse 
tomprCUloo 

.. 
umguuum.al m-pl.lllt 5tU'SS 

~on Mlses' 
yield tntenon 

"PfK0l.lflllle ItrfaXfrOB CII",C 

for IIliun:l(e ilrCSSc.s 

Fig.lO Comparison of expenmental results with approxim:ttc interaction 

curve for ultimate stlC\SCS 

J9] 
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5. CONCLUSION 

In this p<lpcr, ,I rncthtxl using the approximate interactiun curve ha!> been proposed for 

predicting the ultimate slrc, ..... c.\ of unSliffcncu and stiffened plale .. ~uhjcctcd 10 biaxial in-plane 

forces. The \':I[iuil), of the analytical method has been checked h) the experiment;!1 study hy 

u\ing the .. pedal ;Ipp..lralus developed for thi .. MUUY. 
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Stiffe n i ng Effec t of Latera l Bracing o f Steel Arch Bri dge. 
on The i r In - Plane Stre ngth 
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Synopsis 

The strength of steel arch bridge structures as a whole structure is achie\'ed by appropriate 
proponioning of their lateral bracing s),stem. The: effect of the rigidity of the lateral brncing 
system on the in-plane ultimate strength is discussed being based on the: results obtained from 
the finite displacements and elastic and plastic numerical analysis. The required rigidit ), of 
lateral bracing to get sufficient in- plane strength of arch bridge structure and resist to the 
lateral loading and the approximate estimation of their in- plane strength under the lateral 
loads arc proposed in this paper. 

1. Introduction 

In the: case where the form of arch axis is of the funicula r curve, the arch rib is subjected 
to only the pure compression. As a fundamental structur.d system, arch bridges composed 
usually of main twin arch ribs and lateral bracing s),stem connecting them each other. A~ a 
bridge structure. it is subjected to in- plane like dead and li\'e loads and lateral loads like wind 
loads andlor forces by earthquake. The load eMfying capacity of arches is generally gmemed 
by the in- plane and out-or- plane buckling strength even under the in- plane louding. 
Therefore, their spatial st rength arc affected by the strength and rigidit), liS a spatial structural 
system, loading COndition. axial form. boundar)' conditions at the supports, \'ariation of cross 
section. "ructural imperfections. material propenies etc. 

Concerning the out-of- plane strength, the rigidity of lateral bracing system pla)'s rather a 
main role of the strength. Because, as a built- up- column whkh consist of twin shafts of arch 
ribs, it has sufficient flexural buckling strength if considered rather low slenderness ratio come 
from lhc rib distance or width for traffic. Consequently, lhc buckling strength is affected 
greatly b) the connecting rigidity of lhc lateral bracing. i.e. the shear rigidity of them and the 
structure system can resist the loads onl) in corporation of the arch ribs and laternl bracing 
system. A certain number of studies are already carried out being taken notice of the 
influence of the rigidit), of lateral bracing Wnstlund ll studied the: effect of bending rigidity 
of Veerenddale type of cross beams bracing on bifurcation lateral buckling. Kumnishi!l 
discussed the effect of cross beams whkh resist 10 the tOl1iional deformation of arch ribs on 
lateral buckling and proposed required rigidity of the cross beams to get suffiCM:nt lateral 
buckling strength. Kurnnishi and Yabuki 'll studied numerically the ultimate sp..1tial strength 
paying attention to the shear rigidity as a whole structure and bending rigid it}' of cross beams 
which are composing the lateral bracing system. They'! also discussed the effect of lateral 
loads on the in-plane strength. Sakim()(o and Komatsu4

} proposed an evaluation formu la of 
the lateral strength from the result of the numerical ultimate strength analysis fo r arch bridge.~ 
with a cenain numbers of bracing p.1 l1ern which are subjected venic11 loads. 

This paper is treating the lateral buckling strength as a system of twin arch ribs and brncing 
which subjected to combined loads of vertiCllI loads and the specified lmeral loads like wind 
load. From the resulls obtained here, a requi red rigidit}' of lateral bracing is proposed. In 
addition, an approximate estimation formula of the in- plane strength under lateral Io<ws is 
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3.4 
presented. 

2. Analysis 

2.1 Analytical model 

The basic arch bridge struClUres analyzed here are TWo-hinged Sleel arch bridge of parabolic 
form and composed of twin arch ribs of box cross sections and truss type of lateral bracing 
as shown Fig. I. The cffect of posIs, hungers and sciffening girders is neglected. The 
proporrion of (he cross section of the rib and residual stress distribution O\'cr the cross section 
is shown in Fig. 2. Namely, HIt,.. :190. BIH =0.6, AJA.. :0.9, t/H :0.400. kIH :::0.320 and 
GJjEl, :0.321 where H, a, ~, r. k, OJ, and EI, are depth, width, radius of gyration of area, 
core radius, torsional rigidity and flexural rigidity of arch rib respectively. The rigidity of the 
lateral bracing system is modeled by diagonal linear springs continuously connected at the 
ribs and the spring conStant is given by 

EA. d 
K.a j.l;cl 2----= x Ff ........ ( 1 ) 

C L. 

where E. A,. C and d arc Young' modules. cross sectional area of rib, p.1nel length and 
diagonal distance in a panel respective-Iy.The rigidity of bracing is evaluated here as she.1! 
rigidity as a whoJc in lhe plane including rwo ribs. This shear rigidilY is defined as a rolio 10 
the nexural rigidity or two arch ribs as a whole referred to ReO as rollows: 

GA L.\l 
!1."-.-!!.X~1 .......... ( 2 ) 

24SA. b 

where G, b and A.. are shear modules. dtslancc between arch ribs and equh"alenl shear 
rigidity of a plate to the shear rigidity of brncing as a whole. Namely, ~ fot warren type 
bracing is 

E 2AtfJC 
A .. tGx~ ........... ( 3a ) 

ror K type of bracing 

where t\, is cross sectional area of diagonal member of bracing. 
The cross beams which are transversely connecting the twin ribs art modeled by TOUllional 
springs Owist spring for arch ribs) and axial springs. The rotalional spring coefficient K, is 
given hy the following equation. 

6Elb 6GJ.c K '-----K!1 ....... ( 4) 
t b L2 t 

where EI.: nexuml rigidity of II cross beam. b: dist.1nce of the arch ribs, 01,: torsional rigidity 
of a rib and 1.: span length. 11, is a parameter which is presenting the erfect of the ncxural 



rigidity of cross beams on the torsional rigidity of ribs and given by 

E~ L~ ',--x- ......... (5) 
GJ. be 

The axial spring ~ is work 10 keep the distance between the ribs and given by 

EA, 
K.S~ ......... (6 I 

where" is cross sectional area of a cross beam. !AT is taken as 10 referring to Ref.3 which 
guarantees to be: able to avoid the torsional buckling of areh. 

2.2 Analytical Method 

The FEM adopted here to analyze the spatial ultimate strength is same as the method used 
in ReD. In the analYSiS, the geometrical and material non-linearity is considered. Each 
element as a spatial frame clement has 6 freedom at each nodal point and is neglected the 
warping effect. The stress-strain relationship in each incremental stagc is assumed to follow 
the Prandtl-Reuss's law basing on the Von Mises' yield criterion. 

The chief assumption adopted here is as follows: 

I. The tine which pass through the centers of gravity of cross section makes the axial line of 
member. The axial line of arch is formed by the short stmight members. 
2. All the members have closed cross sections and have not initia1ly torsional crookedness 
about the axial line. 
3. All the members behave as Bcrunoulli-Euler beam. Only SI.Venent's torsional rigidity is 
considered here . 
.-. Steel is of the ideal elastic-plastic material and has not strain-h,[rt\ening property. In the 
unloading pass, equivalent stress-strain relationShip follows the clastic unloading pass . 
.5. The ultimate load is determined by the divergence of the vertical or horizontal di$place­
ments in which the equilibrium state is not determined in the iterative analysis. The accuracy 
of the convergence in the iterative process is under 0.5% in the ratio of the load intensity to 
the imb..1lanccd residual force. 

2.3 Load and 100Iding method 

In the analysis, the lateral load p is initially applied and then the verticallo..1d is applicd and 
increased to thc ultimate statc. The latcralloads which simulate wind loads are deter-mined 
according to the Jllpancsc Specification for Highway Bridges. Namely, 40.6 MN/m! of wind 
load is applied on the e:(poscd surface of the windward members and half of it on the leeward 
members when the struclUrc is not applied b)' liVe loads. When thc structured applied by live 
loads, the value is cstimated as half. So, p presents the lateral wind lo.1d densit), and 0.5 p 
means the half wind 100Iding in the case of live load application. The moot unfavorable way 
of vertic11 lo.."KIing against arch is asymmctrical loading. Genemlly speaking, for unifonnly 
distr-butcd vertical lo..1d~, the parabolic arch has thc highest stren-gth. The problem treated 
here is how much rigidity of (hc lateral bracing system is required to get enough strength as 
whole. So, considering the purpose of this theme, uniformly distributed loads over arch span 
is taken up and expressed non-dimensionally by the mtio to the yield lo..1d which produces 
yielding at the springing of arch. 
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2.4 Structural parameters 

The struetural parameters adopled here: arc: as follows : 

~ (in-plane slenderness I'3lio of arch rib): 200-300 
).,.... (out-of-plane slenderness ratio of arch structure): 20-60 
Il. (parameter c1Cpressing relative rigidity of brncing 10 the lateral flexural rigidity of arch 
structure : 0.01-1.0 
J.lT (parameter expressing the flCl{ural rigidity of cross beams to the torsional rigid it)' of arch 
rib): 10 
rise-spa.n mlio: 0 . 15 
initial deflection to the lateral direction al the crown: UtOOO 
yield point' 313 MN/mJ 
Young's Modules: 206 GNlm1 

The span length is fixed here 10 200m and laleral loads like the wind load is dCJXnding on 
the dimension of the structute. This means thaI the effect of the:: lateral loading on the strength 
is affected b)' their dimension, namely the: results is only valid for the arch bridge of the span 
knglh. But, the span length of about 200m is usual as arch bridges and the results obtained 
here may be applicabk to the almost same span of bridg~ or modifying it. If the arch bridg~ 
has far longer span, the e((~ct of lateral bracing will be individually cheeked at its designing. 

3. Anal)Iic.11 Result 

3 .1 Generdl behavior 
Cenero"y, arches deflect (0 (he \·ertic.11 and lateral direc-tions under vertical and \'~rtical­

lateral loadings and reach (0 the ultimate state as shown in Fig. 3. When the rigidity of the 
bracing is low, the deflections produced by vertical loads change abruptly from the planar 
ph.1SC to spatial one on the way to the ultimate state. On the contrary, if the arch has rather 
high rigid bracing, the lateral deflections arc very small to the ultimate state. In addition of 
lateral loading, the (undamencal (eature 1)( the deflections is almost same, but the spatial 
deflections become signiricunt and they increllse gradually until the ultimate state. 

Fig. 4 is an example for the case A, '" 200 and A... :0:30 and represents the effect of the 
lateral bracing rigidity on the in-plane load carrying capacity. In the figure, solid line shows 
the case for the ... enital loading and dotted line is for combined loadings. The ordinate is the 
non-dimensional vertical load intensify and (he abscissa is the shear rigidity p.1rnmeter of 
lateral bracing system. 
As seen in the rigure, the eu,,'es have turning points. At the left side of the turning point, 
namely when the lateral rigidity is weak, the arch collapses sp.1tially. At the right side of the 
turning point, the collnpse i~ in- plane one. Referring the other cases, it is concluded that 
when the Out-or-plane flexural rigidity becomes high~r and the in-plane fluurnl rigidity 
becomes low, the turning point goes to left and \ iet vefSll. At the right side, the lo..1d carrying 
c.1pacit)' is governed hy the in- plane strength of ,he IIrch ribs. 
Under the lateral lo.1ding, the lo.1d carrying c.1pacity bccom~s lower at the right side of the 
turning poiO! under the influence of the increment of stresses b) the lateral loads and 
Subsequent curly yielding. (fthe turning point is located to the right side, the required rigidity 
of the lateml bracing becomes higher. In addition, the effect of the cross beams is checked 
by taking f,Y=O.O. The result shows that I4r gives little affCCl on the load carrying capacity. 

3 .2 Required lateral rigidity 

Under the uniformly dis tributed \'ertical loads, the arch buckles at the following axial force 



per one rib. 

. ...... ( 7 ) 

where k," an in-plane effective kngth coefficient of an arch rib for the curvilnear length and 
1,- radius of gyration of an arch rib cross section about horizontal line. The buckling axial 
(orces of a column of twO shaft braced by diagonal and cross members is gh en b) 

where GA.,. =- shearing rigidity as a whok given by the lateral bracing system lind it is 
expressed by using the already introduced parameter f.LT as follows: 

b ' 
GA~.24 Ii. £A.F) ....... ( 9 ) 

L. 

where p .... is lhc budding axial force of a column of whkh cross scctlon consists of !he 
cross section of f'A,'O arch ribs and given by, 

n 1g{,." p.PU' --- ......... 0.0) 

IJ<...I-/ 

where k.. is an out-of-plane dfective length coefficient for the curvilinear length and 1_ is 
moment or inertia as a whole or Ihe arch aboUI lhe vertical axis. 

Then the critical value at which the arch buckles to the in-plant: or out- of- plane is 
PI, = 2PE,oo' ............... (11) 

Rearranged by Eq.(8) to (10), we gel the critical value for the rigidity parameter f.LT.a as 
rollows; 

... n2l 

Fig. 5 shows the correlation between Ihe critical valuC$ which 3re given approximalely by 
Eq.(II) and the \'alucs which are obtained by this numerical analysis. They ha\e so good 
agreement each other as to be used for Ihe required minimum rigidity parameter to get its in­
plane load can.,.ing capacity. 
Fig. 5 shows the correlation between the crit;cal values for no--Iateral loading in the abscissa 
and corresponding values of il for combined loading. namely for O.5p case, in the ordinate. 
Judgmg from this figure, the critical rigidity parameter for combined loading should be double 
of lhe value g.i\Cn by Eq.(15) as shown in a solid line in Fig. 6. 

3.3 In-plane load carrying capacity 
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398 3.3,1 By CUf'\e fining method 
From lhe resulls obtained through this analystll, the in-plane load C31T)'lOg capacil) can be 

'ppro'l:imalcd being laken Inc capacit)' a~ coostant in tnc in-plane: buckling range of the~­
It. rd<llK>n cu!"\'e and to be linear to IOKIJ. in the palial buckling range of lhe figure:. Namely, 
under no lateral load, 
for fA. < ~ 

680 109-2),OUt 
...... ---xlog100 ~. +--~-- +O~Z . •..... ( 13 ) 

Ajl-./f:t 1 

for",:t~ 

When lateral loads life applied 
for Il.,( ...... 

470 12D-ZAOUt ...... ---xJogl00~ . +--- -OD2, ...... ( 15 ) 
A".;r:. Ai 

for ~. II fl. .... 

'The comparison of the appro~imate estimation b) Eq.IJ 10 Eq.16 WIth the analytic.11 rtSuhs 
is illustrated in Fig. 7, It is secn th.1l there is a ,ood agrecment. 

3.3.1 Appro:o.:irnlliion of the laleral deflection lind ils correlalion wilh lhe in-plane buckling 
strength. 

When the arch is not subject to lateral loads, thc strbs caused in the two arch ribs is same 
and they will buckle in the same manner But. wtlcn the arch is subjected to lateral loads, the 
strc:~s of the leeward arch rib will hecome higher than that of the windward rib and the 
leeward rib will be Slrc:ssc:d hlgtM:r .nd huckle, Those effect may be escimated b, the lateral 
deflectK>n al the arch crown. Therefore, firstly an approxImate formula will be here introduced 
and the relation between the deflection and buckling strength will be discussed. 

The lateral deflection lit the arch crown IS caused by the bending under the influence or the 
s.heat" ddmmation and the tOl"'ion or the arch. The non-dimc.nsional OUt-or-plane bendin& 
deflection (w/LJ, al the: crown is nprc:s:sed approximatel) as follows: 

LW,) PI! 1 .. L I 1lX--X rr ....... ( 17 ) 

• EIIA.~. 

E.'l:prcssed in log.arittun form 
where p= l111er31 load inlensity. b_ distance between the two arch rib axes and A.= cross 



""" p~ log !----!). "' log ( (lx-- )-Plog ~.' ..... ( 18) 
L. EJ:fA. 

~Clional area of an arch rib. 
There is the relationship between the rigidity of lateral brncing 11. and the lateral deflection 

w. shown in Fig. 8. From this figure, we c..n have the values of 0. and 1\. Fi nally. we: gCl lh t: 
lateral deflection as follows: 

Next, the denection by torsion Co,n be estimated by subtracting the bending deflection given 
by Eq.19 from the lotlll lateral deflection calculated by the sp.ltiai ranalysis. Judging Ihe 
ca1culntcd relationship between the deflection by torsion and the in-plane and oUI-of-plane 
bending rigidities. the deflection SCems to he proportional (0 the third power of the in-plane 
slenderness ratio, the second power of the oUI-or-plane slenderness rotio and tht risc-sp.1n 
mlio as shown in Fig. 9, Fig.10 and Fig.lI as example. Then. we have 

we [pr; L. 
~) =y x-x-x(-r ..... (20) 
L.T LGJ b 

where 'I is determined the Co11culated results. 
Then, the lateral deflection by torsion is given by 

W 1 [pr;L 
~) ____ x_x_x E-!)l ...... ( 21 ) 
L. T )60000 L GJ b 

Finall~ , The lotal lateral deflection is obtained by the combination of Eq.20 and Eq.21. 
Fig. 11 shows the relationship between the tOial lateral deflection at the crown and the 
buckling strength expressed non-dimensionally. The in-pl:me buckling strength decre3c;es as 
increasing of the lateral deflection and the reductiOn faClor of the in-plane buckling strcngth 
is expressed in the safer side as follows: 

~. . 1 ..... ( 22 ) 
ql 1+2(W! b) 

The correlation is shown in Fig. 12. This reduC/ion faclOI is app/ic.1blc only to Ihe case of Ihc 
application of unifonnly distributed \'ertiealloads in the strict sense. Bul. it may be applieahlc 
10 Ihe olher lo.1ding case, for example to anti-symmelriCo11 lo.1ding, being considered a 
characteristic common to the action of lateral loads on the in-plane load Co1.TTying capacity. 
But. the proof is TlQ( done here. 

4. Conclusion 

For the purpose of determining the required rigidity of lateral bracing system to get a 
sufficient in-plane load c.1TTying capacit)' of sleel arch bridge structure, a numcrical analysis 
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400 is carried out. In the analysis, the structural parameters concerning the in plane and oot-of­
plane fle~ural rigidity of the arch ribs and the lateral bracing system arc varied. From the 
result, the following conclus)on is driven. 
I. The in-pkme load carrying capacity for \'ertical loads is go\"erned hy the shearing rigidit), 
parameter f.ls as a whole of the lateral bracing syStem if tnc parameter }1s is less thnn a critical 
value and I1Q( affected if the parameter is greater thM the critical \"alue. 
2. Under the action of lateral loads, the lood carrying capacity becomes less than the case of 
non-lateral loading. 
3. To get the in- plane load carrying capacity even under lateral loading, the parameter lAS.&< 
should be incrensed. In the rangc of the structural parameters taken up in this analysis. the 
multiple factor is about 2. 
4. The parameter ~~ can be approximately estimated by the critical shear rigidity of a built­
up-column at which thc buckling mode changes from in- plane 10 out-of-plane one and vise 
\ ' I\Sa. 

S. The ~duction of the in-plane load tarr}ing capacit), under the influence of the laternl 
loading can be estimated approximately as the influence of the lateral displacement. 
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