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Many experimental problems 1n the natural aciences result 1n data 

which c&11 best be represented by UDear ccabinations ot exponentials ot 

the torm 

p ->. t 
t(t) • I: ~ e k 

:tc-l 
(l.l.l) * 

Among such problems are those dealing Yith growth, decay, ion co.ncen-

tration, and a111"Vival and mortality. Also, in general, the solution to 

any problem which •Y be represented by linear differential equations 

with constant coefficients is a linear combination. of exponentials. 

In most problems like those which have been .mentioned, the paramters 

°it and ~ 1n equation (1.1.1) have biological or physical s1gn1f1ce.nce. 

Therefore, 1n fitting a twict1on of the fol"JI (l.1.1) to the data 1t 1s not 

only necessary that the ttmction approximate the data closely, but it is 

also necessary that the parameters of (l.l.l) be accurately estimated. 

Furtbermre, a •aaure ot the accurac7 of the estimation of the parameters 

is required. 

The present •thods of est:lm.ting the :pe.rameters ot a linear 

combination of exponential.a are of'tea inadequate. SOIDe ot these •thods 

Will be discuaed 1n Chapter II. However, the priury purpose of this 

paper is to 1Dtrod11ee a new eeti-.ticm procedure which vill overcame acme 

* (a, b, c) denotes the cth equation in the bth section of tbe ath 
chapter. 



' 
of tbe present ditt1cul.t1ea, at least tor special cues. Thie nev 

estS.tion proce4we vUl be developed lD Cbapter m. laclllded Will 

be a cliecusta ot t!Ut baaic model ~ vhf.ch 'the method ia derl:ntd. 

Chapter iV vUl 'be cc:mcerned. With tbe li:aitlng cliatribut10ll ~ the 

enaatore olttained traa the aw proce411re. 'lhen u Qhapte-r V, tbe 

statistical JrOJerli•• ot tbe eataatora viU be coui4erecl. 

'!'he ..u sample dlatrlbuticm Qt the ens..atora trGll the new 
procedVe vill be atlldied f.n ~pier VI. Reaulte trca some emp:S.r:Lcal 

s811J>ling work vtl.l 'be reJOrted 1n this chapter. Thea ta Chl\pter VII 

poaal'ble exteuions ot tbe .thod vUl 'be eouidered and wa19 vlU be 

described in 'Vb.:kh the ..,, pr()ce«.,. ~ be applied to a greater mmaber 

Of experimeaW aituatiODB., Qbapter Yn vUl also Cantia1Jl several 

1lluatratioae ot the anUcat1on ~the aew 11etb0d as vell aa a Um1te4 

ellllPU'l.cal e_,ar:laoa ot the new proeed.ure vttb preatatl.7 exieting 11etbode. 

F1Dally, QhapteJ' VIll vUl be dewted to a critical nalmttoa ot the 

new~_.. relat1"8 to other enbatlOA preoedll?'ea tor linear cmbi .. 

natlou Of expOae#tiala. 
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2 .l J!!e't$w ·JIU1 ... LQ!l.ibg?d *)MY 

Bei-ore t\l!'D1Dg to 'the devel~t at the aw :procedwre, let D 

look brteny at ·~ ot the aattat&oa proeedv.'res nov 1D existence. 

The firat method that ve Y1ll ceutaer le an lteratiw procedure tw 

cale1&1.atiag .n_. 11kelihood eattmat.• Vhich baa lHieD JNHllted 'b7 

1'1aber [ 7 ]~ &IJd. tuwt.J"atff ll7 .._)a&]. [201 21] • A detailed 

di•~·~ ot tbi• method and a tf/fl __,ie. Ot !ta •• an given 'by 

oarvood [ 9 J , AltbcNCh '\he JN.,.._tlca ia &Jr.tllcable to tlt't1Da tbe 

par-tera ot ~ U.'h"S."'lon, ~ panf.eular af.plicatlola ot the metbocl 

to a liMV ccmbilaa't1• of ~W. toll.Ova cUrectq h'1* the gaeral 

deftlo}iment .. 

Ill geDft&l, let 71 , y2 , ••• , 71 'be a e&:Qle draft at raaam 

troia a ~t!oa or mown tom 80 that. tbil •UllPle baa tbe Jolnt a.Dai'tiy 

tuncti• P(y I •)I Were • repl"eMllte a row veftar f!1t :par-~r· 

(~1 , e2, • • ·, 08 ) aa4 y 1e a row ftOtor at the obaenattou. For 

•Xupl.41 &\WPOS• the VU'i&'te1 y1 are~~ and~ 

d1etr1lnlted With .... t(t1), vh«re tbe taatioa t te gi'Yell by 

(l.l..l.)~ am vtth ~- w.riaJaOe 0
2 • That ia, let 

i • l, 2 1 ••• , I , 



vhel'e the errors • 1 an 1naepeate.n; ~ 41•trtl>utecl YW1a'4ta. 

1D tb1• inRaDee I 
I 

'°" 1t ft let L(>~ I ') 'be the D&tval logan:tlm ot , an4 t 'be the 
/\ rov .,.ctol" of _,_ UllelS.bood eattmaton ~ ot tQ panaeters ~k , 

* For our ea.pie ., 

so 1t w iet 9k repn•n °i' coaa1"1oa (2.1.a) 1'1Ql1•• tllat 1n 

thia cue 

vllere the 'c\ &114 tJle \ ue -a1ww li.Ul1bood eais..ton. 

laV let u poetuJ.&te, in -U. gieneral 4ftelopmllt, that an 

a~tion 
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to 'i 18 ...uuie. 'ftleJl .... partial 4e~1.-t:l.ft &lft!l bf (2 .• 1.2) 
A 

~ M npu49( f.n t. ~ Hl'i•a la te-. Of tbe el.eats Of t 

abcni.t the ~ elauta •t 'l. ' It ~ llhich inftl.ft 

p&rti&l deriva'ti"fU of L ot OJ'der o-ter tiba two are 1gaond, tlMt 

rea11l.Ung linear equ.t1ou 'lfJIJ:1 be aolft4 tor the ftcter 

82 • (a,_ + '1,) 

-.., \MJ tol'll!ld u4 tbe pro.-a repeated. U after, 1q, h 1tera't1ona, 

an la autt1d•rrtl7 .clo .. to a mill. ...nor, tbe renltut elements 

o~ ~l .-. tMen '° b9 the •rl- ltkelSlloOcl utS-.te• ot the 

.i..• "' e. 
fte ...-ton ot •Cl*ltSoD (2.J..2) in a thae&W !qJ.or •erie• 

giTU rlH to aoetttcieau 

.. .. ~ 



lfhe Lr,sJh _.. fmlettou of tll,,e oll1enattou u tbt vecto:JI' 1 u 

ftll as the ~tiou 1Jl tbe ftCtoJ' ~ • Olnooc1 ol>Hne• tbat 

the calftlaticma ..,. a!JQlifted U ta the U!PftUioa tor the L... • h .. , I 
la •11.eh 1-teratioa the -71 ~b••nat1Ane an npl&ced b7 tJMt Y&l.uee 

Which the7 W1ll4 be ... cted to..,.. tt in tact • 'ftJie ~to ita 

C1Dl'l'ftt appro*1at1cm "h • J'or .lmJtance 1 in the QlllQle ltltrocluced 

eulier let u Ht °h • •a.i Md >.8 • .. , h • 11 2, ••• , JJ• 

Au •JIP&Uion d-. il*l"ti&l deriftt1.,. glftn 'b7 (2.1.,) in a tt'mlcate<t 

'fqlol' •01 .. •~ ,_. Yectoi" 'b. ; _, 8:i. , ·W1114 1ncln4e a 

coettic1ent ot .... toft& 
.•'. ~ 

' . l ~ t -~ ... t1 ( ->.1+.,, •• , "' . • .... . 71 - °a. • . ·.~ -
0 1-1 i . 

-.. u e --. tn t.ot eq11&l w Ai, 1 tbea ~ , W01ll.4 eq\MtJ. &z:.. .. 1,1 
&u4 ~ wo'1l4 equal 9mi,.i , h • 1, a, ... , p • · ~, tn 
each _.. ,. 1 woul.4 u... • it. -.,ecatioa 



• t(t1) 

Thu, it the Obsen1rt1ou 71 an replaced l>;r tUU ..-ctat:lou tor 

e e.,.i te 8:1.' equation {a.1.,) ttdueea to 

• 

~ qllite ai•UR S.twatiw •tWs h&ft .1Ut been 1zl4tcated for 

ctalculattng •11- likelihoo4 e•t1mate• for t he p...-n 1!l a linee 

comb1•t1on ot GPO•Dtlalt·· !be ftriJt one ti1Yo1ftll carrytq ou.t the 

1ter.at.10M 4"crilHl4 aboYt WithoU't ••king _, 1111>Uf.ytng 111111tat1i.t10na tor 

t.llt r1 U4 Y1l1" dlled llilthot i. ne •••ad, cte•1amtH Metho4 a, t• 
~ ..u.tioattoa lJaUod.uce4 'ltlU tlMt ~tloa& ftSSll•ted tw the 7£; 

lt\ICh u 'tbO•• 1'Meh ltd to (a.i.,),, .- vtillnd. In the aonlU.O 

.. ~._,. Ulllr.Plu Vhlch bit trie41 ~ -MrYecl that Jletho4 l 

converged in twer 1tttm10DS than 414 1llttllo4 a, lnrt that *'a.\ 2 

atdled l•••· ~ per :ltel'atlOD• 

A _,. 4et&Ued upuittn ot tbe•e itentiw •tboda MY be 

tOiad 'a ~··· ~· aowe..w, • tn _,.. )t Ob ue 1a .,... 

bfte. Jtl'l'tl.7, 1t the ob•eJIQ"tf.'OU i:1 _. poat'tll&ttd to hlmt 

i~~ DOD&ll7 dia~lln&M4 erffn U 1Ji· o··, ).At-.Ple; ~ 

tten't• Pl'0H4-.1 led. to -. lAUt •~• ••~• ot tJae 
to . . 

~· .. wU u/~ m1sa:m.1jlc8lu.oo4 en111atet .. In ttd.• 
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~, •tb.o4 2 u tu .._ u that 4nelope4 tor leut ·~ 

eeti.tion 'b7 Deming [ 3 J , nen tbo\1.ab the ~ 1• 41tterent. 

8eCOIMU7, ~ ben 1D the o.k JU.4- kt1oaal i;..boratoJ"T 1D41catN 

\ha't theM -~ 1 a.. qplJ.e4 to 11mcr cGmbinattO.U Of eQOMD.ttlJ.a, 

. an. not in genera.l -uble to -.1.cnalat1ou on cteek ~ McaM the 

co!mtt'ae.- 18 too al.ow. nu u •lfJeC1&1.l7 'Q'\le ot lllthod 2. ID tact, 
becaee th• ~ ~ b7 Garwood haft not been triAtd ftrt 

Qtena1•~ .._ tbGu.gh tat ~tic OOll;PUten are DOW ~le, 

little 19 kDnll abo\tt their ec..-ftJ'Blaee Pi"OMl"t1••· 

2.1 The Pli'9!l -•!!!! 
ADotber •tm4 toze enSaa'ia8 ~ ~ o-t • l~ caabi• 

at1e ot espment1&1.a ta pftMDW b7 Pl'olQ' [ 23] u a •tJM>cl ot 

SJn.erp0la.ts.oa. Vh1tteller 11114 Jtoblboa [ 30] uacnlae a B>(1fteat10A Of 

~·· •1llti04 1'ldle llol&l•ho.14U[ 13 )titCU•• the Wbittakd amt 

Jt0l»U.OJ1 'ftlW1oJ1 ot the JlllttW N la ••·H•tj,Oa pJ'Ond_... BOUMbol.de't 

al.eo __... u esteui• ot till• Htiaatioa 'fl'Olli!ue. 

1be .uJ. 11D11Arl1'1DS fl'OJl1''• •tbot ia 1j..ttar to tha't sl'Yft -
e..-ttoa (1*-1.1) tor the olNl._t1GU 11 1.n OUl" earlier UllQl.e • 

.....,.r, tbt MtW ftq11ires 'Q&t ._ 1, be taken at~ oace4 

~Mrlal• ot ts-, •to the .a.1 pftll 'be1'on w 844 the natrtctton 

taat t 1 • i.t tor coa~t X • Al.so, the erron an nov ~ "qu.iftcl 

tobaW·-.O---<t 

fte n.h~ ·~ ill tb• h'OJQ' poffhft. t. to a,et each ,.1 eqU&l 

to 1-tt ex.peetatlcm• 'lbat u, Mt 



Jlcnr, ,.._ (a.2.1) bOl.41, tt u acma b7 .PWtq oa ti. ltut• ot ... 

l!'enlt• fl'Clm tM cal.nl• ot n.ntte titteueee that -.ch 7 s, •tUties 

a p tb. OZ'ie 41ttel'Qee ..-,t1oa fll tbe ~I'll 

(2d.2) 

s = 0,1,2, ... , N - p , 

,._. the •r tuetiou ue the el.-lnta':r 1~c ta.ctiona of tb8 

~'8.l.aA- • ... <·~El . 'IUt u,. g_. ·~ tbe ea ot -11 
Po••tbie 41Btaet 1'J'Oll.wn.. ~ t11e A " tat8il ,. •t a ttme. • zaezt 

1tep in the rroa,- •'tb04 u to IOlw Qe •fl111lt1ou (a.2.2), lrhleh an 
A . 

ii.ar 1a the ~io• ~ ., tw fftf.Mte• •r ot tile•• twactlou. 
tt u at w.. poillt t.tmt PrOJ11'• ~ pre"1Jt&tto• am.rs tram 

the miaa'tion ftnioa g1ftn "7 VhlttCd ud lobf.Un • ....._., ozace 
A . •t,,__· ~ aft obtatne41 \Jeth wn1- P1'0Ct•4 ill ti. ........ 1'. 

S1.nee tbe 1J. ue the •l...,tuy .,_Vio ~1om ot the ~ntlal1 
l\ 

esp.( -1t l) 1 tbe ••tS.W. m:p.( ·it I) _.. ~ad.De4 lq ftnrUng the 

p J"OOta or t1ae 10irc-tf.l ecpa\ln, 

1'1nel>71 after tbe ~ ae ••ta..te4, .. ._._._. ~ of tb.e coefflcten. 

1a (2.1.1) an 4etdaiDe4 '7 1 ... t ._.... •• 
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t re are observations available. 

In this co.a (2.2.2) lee.4& to as tDBllY liDea.r equations 1n tbe tunct1on 

Er as there a.re sueh t\mct1ons. Jtenc. , tbe equations (2.2.2) can be 
I\ 

solved exautly tor the estimates Er • From an tnterpol.at1en point of 

v1ev Prony's approach does not ilqpose severe limitation on tbt tb.od, 

but it l s not acceptable traa a sta.tiaticel. viewpoint. 'l1ben 1t i s usua.lly 

desirable to ~ uore ob ervati 

estimated. Al so, for lar mp'hers ot ob nations Prony' s orig1Dal 

_,thod. becomes too cumber computat:lomJ.ly. However 1 the ada.ptation of 

Prony' s metbod given in [ 13 ] ODCl [ 30 ] 1a suitable tor Ratistical 

estimatioJl purposes . In tM.o version of the metbocl tbe IWlllber of obeerve.-

tions i s al.lowd to be lal"pr than the number of parameters to be estimated. 

Thus, equation (2.2.2) yields more uations for the t\mct10Ds Er tbea 

there such tunct1ona. But tbeoe equations ore regarded WJ equat1oDG 

aqua.res _e lculat1ons. 

e.stillatee of the Er in the esttma.tlon vereioa ot Prony' s 

method a.re not the tbe estimt e whieh would re ult ~the 

least squares technique were wUe4 cUreetly to the model tor a linear 

combtnatton o'l ex;pcment1al.s. As potsrte4 out by BO'\l.Sehol.4er,. both the 

coefficients y1 and the Er of the set ot eq,uat1ons (2.2.2) are 

subJen to error, while 1n t.:be usual. least squares ituaticn only the 

Er \IO\lld be sub:ect to error. . Therefore, we cannot attribute o.ny 

of tbe usu.al a.ct squares properties to estimators obtaimd by the 

Prony method, and, in feet, little i s known re~ the properties 
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of such estimators . 

Householder modifies the e stimation version of the Pronymethod 

ao that valid lea.st squares estimates may be obtained. Be essentially 

applies the method as 1t is currently used to obtain initial estimates 

of the exponents, and then he goes through an iterative procedure to 

arrive at least squares estimates . '!'he iterative method is that given 

by Deming, which, as we have already observed, is the same as Method 2 

in Garwood ' s paper if tbe observations are subject to normal.ly distri-

buted errors. Householder also incorporates e. test to determine bow 

many exponentials are needed to adequately represent the data 1n hie 

mod.if'ication. Unfortunately, Householder ' s adaption of Prony's method 

not only fails to converge sometimes , but it also bas been known to 

converge to unreasonable estimates • Whether this difficulty is inherent 

1n the iterative least squares :method or i s due to a. failure of the Prony 

estimation procedure t.o produce satisfactory initial estimates i s not 

known. 

2.3 A Graphical Procedure 

Perhaps the most common way of fitting linear combinations of 

exponentials i s a graphical "peeling off" procedure applied to a plat 

o:f the logarithms of the data sgainst time. For the simplest case of 

one exponential term, this procedure reduces to fitting a straight 

line, usually by least squares, to such a semi-logarithmic plot of' the 

data. This method of fitting a single exponential with its coefficient 

requires the assumption that the errors in the logar1tbma of tbe data 



u. 11iamo~.. roii llOJ'lt ~ oait ~1al taa, u. ka ..n • 
nch. U.t a plot of tbil lo81ritllll •t tlle an tw ol>Mrf&tlou ta 

.....-t.iall7 lta.ar. fhla att\11$lon on. obtaf.laa 1a a ltMW eCIU1Da'1oa 

ot ~la.la ._ mae of '1:ae QJOllftte ~ fA (1. i.1) .t. ~q 

••Jler '\baa A'll/I ot tM otlee1 Iott lHIJo*1 a eerta1la poia'\ tbM ~1-.l. 

--.lA 'be ~ "° be .. 0Dl7 OM CODtrilnlU.Da ~ to t.be total. 

!1w tint ._, IA tbt ~l ~ la to ~ tbe 

11Dnl' ftl.a'tio•lliP at.a otsta oa U. tall Gf tM "8i•loprttbaic 

C\U'W ~ Cll 1*0 poJ.lrta Oil tbe ta'U• l'rca 'thia lt--.r nlMio.uip 

om of tbe -.. 1D 'U:Mt 11.-.. c.l>imtton. of ~1.alt u f0111114 bJ' 

'tftfng Sato aocoat '* U.-t• ot ._ •• oa a -1-lo&U'itlldc p:tn. 

a.t a ..-.J.op1'1tbllic plot ti. ..- ot tbt 41tteftlaol ....._ Uae 

~ polata .... the ~ ea1ealaW Pointa ~ 

tl'Ca -. '4tftl *4.cdl llu ~ ,.._ IOtiacl. ,_. uot.!aer liaeu' tlt te 
-

~ on tllie 1la1l ot W• l'J.O't la -.. to obtaia ~ tea ~ -. 
U.w ccmbU.Uoa of~. !bit proc.._.. ta ~t.a uatU aU 

tbt ~ poldl lft iU1'*'4 tn tbe JW'itloDSng p,._... 

,.....,. tmd '110 [ 4 ] aotA tba1;. -3.Qo.qt& thta •tbocl ot flttiag 

l,__. _.,t.nntoas o:t «1Q)OMdSala · le .U lalon, tt -. noelft4 WJ7 

litU. att.dloa ia t1ae U........ .....Oft, tbq 8f.ft .. clttalW 

~ ~ t1ae mt.bod Vitb .-nal Ul11evattou« Pftri"8 w 
l'Wr•J.s .. 271-'• ,.,.., Smith u4 MOft.lea [ 26] ~ -
t.pplt.eaUon ot ti. ~ u4 a.alas [ 24 ] U.n1ad ti. epectaJ. UM 

~ a ls.n.r GGl61nat1GD ot two ~. ~ gnphic*1 ~ la 

~1oa&Ui' ..., url ,, ~ ,,. .... .,... flt to -- data. 



~, no lDU•tloa O'I '1llt ~ of 'b ..u.tioa et * ,.......N 1a .. Ualale. la tan, ti. .... of ~*.Pl. ....... 

taolaade4 wt 1lbe ftluea ot tM "~ o~ ~ 8"-'17 oa 
the ~ 14 tbe· 9'&tu•icd.u tA ~iUoailtg tbt a.ate. to olttaln 

ll.Dev relaUouhipa OD 1ilMt -1•lolll1.tlaio plots, Al.thoagb U. 

.etbo4 .,. be ~ C\lt .. 111' OQ a.Jt e~, 1t 11 ~ _ ,......, 

~i. "° cal.CNla'ttoa en. ~tic ~ ....,... ot 1llale 

Jull-- 4-iaiou nq1ilred. 



17 

,.1 ,,... le!!J, 

A DeV aoal"M..U-.. ~ tof! ft'tUDI lS.IJiltAQ" o.Glll>SD&Uooe flt 

•~W• YU1 be &mt~ tn tb1e ~. • nev lllt1D>4 Jada 

to nlat.1'911 a1Ql.e ms.ton ot tlMt ,.,.._n ot t.be ll04el ~ 

la tld.e ~Soa. '84el' thl• model o'beel*q.Ua.u 7 t.1 .. ·~ ... 
tba't 

•l.1L . .,.\~1;1 . • L+-~ 
71J • '\. • • + 'ii • -.:: ' + .. u ... '\, ·• -y""'lo + .1J ; 

1 • o, i, a, ... , 2D p.l. , J • i, a, ... , a • 

Alao, w ·Nq'fdft th&'t t 1 • 11 __.. E le a ~. ftul: • ,_ • 

U-._... cce.tu•ton ot p ~s..i. wttla obeenatiou ta1rell • ·b » 
~ tatenala of lenatb I , • With • obeenaUou 8l4't a~ ~ 

:poiat X1 .. TM total ...,,.,. ot p.- T1iel'll 18 2.P , 811* U. nilDMJ', 

ot poldtJ at 11h1oh ~loM ue ..- Sn 2D p 1 aa. UtelftJ, -.~i»le 

~· ......... ot ~-

nu~latlrlll-*ltbat ~'o .m1t > o, 
k 4i J..; 21 H •I P I N4 t1d9 l# ftalUUe 1fa me't ~cal. •f.--lOU.; 

a.vw, a ~ 19* ttaat 1"MDtlkt ill tbte ,.,_. CO'll.4 lMt ...,.l~ 

ft>r ....Uw ~ • !be ~ .,. ~ l'Ot:fi.e'M« so tbat \. f. >.8 

.. ., ;. • • .,....., the elTOJ'• •1~ ... ...,.,. 1io be la.Ri.U, 

... ~ ~ ...... ..0 a4 ~ ftl'iaDoe· ('J'I. 4 

~' u o»«a to al'l7 wt tbe .-t-S-Uon ~ 4.-l.Ql)lld ill 
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th1a ~, it l• OGl7 necee1U7 to .. .,.. that tbta ~ •1J each 

•• sao w ud a tf.ad.tt 'ftftlmot,. .,_,er, the e441~1oml. coaUttou 
' 

SlWA bere tor tbt •t.1 mkit 1\ PG8111»le to et1ar17 - 4tatrlntiona ail 

po;pertia '4 tM ..ts.ton of the .... ~ ia later C!bapten. 

!'be Sl*Clft~lOD. IQ the mo4el 1:Ut tlal -- Of ~ten 

poUlta ti 'be D 1*'_.;l lmltiple of tbe, ~ of ~ ~· 

a • ..,.. ,,.ntca1 Uattatlon ·01i tbe ..., Jll9tbo4 u it ts to • IQJPUe4 

..n17. ft1a QMJOiftQe.tion. •Sft\s.ll1' ~I tlaat .._ ~tu 

deetccte bcnr wv u:poMatiALl. '--to t1t betofe con4uctiaa late mr;pu1.ment.. 

~, the -1ler ot oltMlwat.ioa P>1"'8 id.P' DOt M • ilrtleoal 

lnlltipla ot 2p • ._._., ~--~ d e~iD& tb19 

lt.m1tatt.oa W1ll be ~ b lb&ptft vu. TWO otlMw coa41Uou Of 

tlul· model vb1ob uw -~ w erittci. ue tile JN~ \bat tbe 

obeerv&'t1oa ·potl:lte 'be ~ a1**l aid tba1' Qe .._ ...,_r, • , ot 

obeenattou - _.. at _. obaeftd1• poilrt. ~ -~ 

ten4 to telce amt o'b..._Uou 111 ~ ._. the 4-ta ... llo.8 

'fU'Ubl.e than 1Ja ~ 8eft tbe ctaW. *»P9U' to llmtl oft -- .. 

u~te• ,_ Jll04el vU1 'be a>4Sft.M tD Clallpt.o VXX ao tlla-' tlle 'fal.• 

ot 11 .., ftT7 to .a. utiD.t 41arbg a ~ U4 an ~­

aolut1oa YlU liMt . &1.'fa tor ema a UODI in 11Mc.h tbe ti .,.. not 

eftnl.7 •JllU*l· 
Jk*t. t1l&'t •bee tbe trn'Oft •.., ue QDlJ &pecifted to be 

i4enttoallr u4 .....,_DllelltlJ' a~, neaatS.w ol>HzW.tloaw -. 

not ~ ~ 09 ao&!tl. Ja . .-et praot1-.t QPltc.ts.ou ot 

tittil:ag, oni, pot1ttw ol>aenattons .. poo;Ut}#. Bc>Wwtl', .. 1111' t . 

to ~ • ~oa r. '1lt •iJ .a.tttlag Dip.ti.,. ou.naUou, 
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aD4 that u DOt too ......U..Ue1 tor it ti. ~ ~ o1 u 
IWUOU\lq ->lt ,,.,. tew ••tw ... ,.'°. VOlil4" ~ . 
.._... tJal.t -u. MClel tllao ~ tUt tbe fiJ haft~...., 

~. tbU 1e iD ~t to tu ..._,t1oa 1ha.t tlMt lo811fttlae 

Of tbt 71J hSft .,_.....,. «fl'Ont All _..iollltd in the s econd chapt'.er. 

the latter u-.t.ion u _.. •• a •inalt ._.,.Pl S.. fitted l>7 

fttti.Da a ~ U. t;o A dld•l.oa-itbatc ~ ot tlat data. ~­

lllOft, tJlil -~ton 1• tlut -4el ~ 1tl '1118 ae~toa that t.lae • 1., 

u.. "'° •au Cl.'"8 ti. ~ton., 

?a oNtr to 1-..1117 t1l!t UIO•l'Uc:m ot 'tale ..V eetiMttOA 

~ .. tlrfte QtOUl --. ot tM laute -491 .. veu ae thfte alight 

JI04U'lea~ ot ..._ 'Ulne .._ ue dUteftnttaW ~ tbil 

~· ,._ l ...,_ ... to a ·~ ~161 lff.tb ita coetttottat vtdle 

a..e 2 4*JIOtee a is__. o.ibf.DaUoa ot two ~Ull. ·!'he fJtMftJ. 

_., vbtft p '11111:1 be U1' ,oatt1• J.ate.-r, IA reterftd to u cue'· 
·T1ma t1se ec>6tl• ~or 113 to-,--.~.._.-. u follow: 

-1, . ~'1 cue. •• '" • c;. • 1 t + c;a e . · · + • 1., J 1 • o, i, 2, ... , Jto .... 1 J 



?a M41~1oa to tJae .... a1ft8dt 4d'IM4, tbt - ffttaa'tf.ou 

,...s .. _, 'be -nl1*t to ,.." DeJ>iAI [ i 1 ] caua • -4.w..4 ~tal 

haattoa... • 9Cdel tar tb1a tmnioa ia u. ... u ~ tor cue l 

•zeept tor tlw -'4f.tloa ot a oonnut tea. A wo41ft414 U.. c-'ttattoa 

ot •~iala _,be datiald abdlerl.1' r. p ~ tban om. t'lm#, 

c~ to Cuet 11 21. aid ,, ,_ haft C.... .. , ,, and 6 l'H~S.ftl.1'1 

*"the _..la tor ~tJ _.. N tollawa: 

1 • o, 1, a, ••• , "1~1 J 

cu. 6: 71J • Co+ £ °1t .-~t,. + .tJ ; 
-.1 

1 • 01 l, 2, .... ,. (lp+l)a-1 . 

'Ir.Jr eacth of tile els--. Un.t elton, ti» ~ a ..._. ~ 
one to • • '!lie c..U.tioM ~ f.a W.. M'Otloa t. tM aoettteift'U 



<\ , the ~ ~ , tbe o'bae.nattoa poilmt t 1 u4 ttae wron •1J 

ap.pJ.1', ot cGUrM, to eMh ot tbe ab Qeeial euea aza4 _.. tu ... 

~ Wa pt,p8>..,,... ~ ...... 
3.a ti. aatt-.tloa ~- tor cue 3 

Tbe DeW eetiaM.1oa proced_. ... oeiat.ct Yltll tbe JllClhl ~ 

ta section :5"'1 11 ~17 as.;pie. nm ti. 4-S. ot t.lae Ol>lena-

t.loa :po~ t.1 u UTlcte4 Sato u __,. ~ t1I equal leqtb ~ as 

tbeft .. ,._~ u u. llQQl .... , ,.. ea..' .. ti ""•pU'ated 
1ato 2f ~'". Stne. tMft N'lt l.P tl ~ ~ JOiftt tt I eub 

allCll POO vlll eOlltaia a »o1DU t 1 • ID4lwi.t ta tile tint pov VUl 

lie to , "1 I ••• , ~a--1 I tacJ.111114 ta ta. ... * VUl. " tQ I t~l' ••• ' 

~·1' -1 ID ...-i 'Ct•l)n , t( •l)ZM-1 ' •• ., tqa•l will be lmlm.cl 
ill the q tla arotlf• 'Jlrien . ..,. ..,....,_ otW ft78 Sa 1fh1cb. tlae i 1 eOGlcl 

lMt ll."0""41'1~ ·~~ ohugtill· tbt eat.Uoa J)l"OCM4 .. , 'but 1a 

Se<Jtloa 5.5 1t tiU be Ron 1illat tb8 SJ'OUl)iDa gt.WO beie is 1a ceJ'tata 

re8J8Qta. QJtS-. 

!bl JMIXt ·- ta .. ut1m&t1o• ~ ta to let q be tbe 

- ot all tale o'bae"9.tiona ..._ at t'ba poSate t.1 iaclulled 1D the 

, • grov;p, !bat f.f, en 

s • q 

1'1J. ! °k .-1kti + .1J • 



Since each •SJ i.a _. aero ta ~ vtth t.be u~lomt 1Sa1e<l 

tor ov ao&tl la Seot1oa J.l.1 tlll ~ton ot 1" la .slWD 'b7 

an t 1 • n 11& _. ..i.1. !Mmcn, ... tttuUoa ot (,.2.2) 1llto 

(,.2.1) :fielb. 

'1'be nt«it •U. flt ec-ttcm (,.2.J) u a ~ eat•• nteh mq be 

..... to ...... 

(l •./\:) 
. ' Cl • l, 2, •• • , 2p .. 

l ~k 

ia. tqatloa (,.2.,) le~ a end 2p ...-t1eu tor -u. 
2' ,._...,. ot om- -.1 u -.. ot 1M a»Htatiou l <s,> . la 

0-. ttaat ut.bcton tor tbe »IQ:_,_._,. lMt obtaiMd tt.. the• 

•<l\l&ttom, wan tlle Obtm'1MJ.aa ... s,. •ctal to U.u ~ 



w.i.a e (sq) • !'he .ftftlt la tbe Mt ot equatiou, . 

(1 ~=) . 
s • a £ ~~.-i)a JC , q • i, a, ... , ep, 0.2.6) 

q ~ l • 
II 

which a.nae the .. t~tol'I ~ ~.11 • •~p.(~ X) , t • 11 2, •• • , JJ • 

rt ts iatenattna to note tbat our· p~ of ft4•1JV& tbe ol>ffnat1ou 

tc> .. ..., ..... "'" ... ~ 1a tll8 moctel, nbnt.Wtltng 

01-•n••tiou for tbeil' u;pec.?tatioas, ...i tMD eo1'1.ag ta11 fftltatea ot 

tbe ~,...ta atmU•r to w.a•e ~ [ 29] t~ tttUq au..-
re..-et-. With ~ Sa 1»otb ot * ._..._. 

· xa Ol'der to 0<111Pl..ne tbe aw •8'1-Uoa J*OC*lant • Med ·ODl.7 

Sol.ft t1- .. t ~ ~1on8 (,,.2.o) t~ ~ u4 \ • J'll tile 8'JCt. 

aeo.tion ,,. e)W.l Nlft--' (3 .• 2.6) in •Wia ~lOQ * ~ vt'Ua 

& 4lnn aol.1ltloa .-Or C&M ' \lblell --. .e&tftltft .. ot ~ ot 

cel"t&m ~· hncUou. fbe1l fa Secrtton ,.4 a 'lllQaJl eo.-i' aQlut1oa 

V1U lae gf.wn ltb.1cil utU,_a QeJ'taSa ftftl't• ftGm tM cal.C\&llaa ot tlniw 

4~ws. ZU.U.~cma d the »ro-4.._ b>r ti. sptOS&l Cun l -1 

2 rill be ~ ta Seot1oa )., betow. tJMt i:l.eWl~t ot the p;roced\lft 

for Ceae 6 1t 8'WD ta 8fftlCl1l ,.6, 8"...e'ttou ),7 1d.il 'M OlleemeCl Vitb tbt 

nlat1oubi» of -. -.i edfaatton ~ tQ tbt PJ10D1 llttbQ4 wtl1Md 

1ll Chapter n. 

,., A SGlutS.oa fw ~ J Be~t.\on 

To tacU1tate ~ 1olvti.Oll ot 'tbe set ~ e.Q.lWttcme (,.a.6) tor 

eat'-teo of ~ -4 °k , w eball. ft'Jftsat tbl ~1C'Jfl8 1a -.tnx 



aotat1oa. Al.lo, ta ... '° a1.apl.11J' tbt 1111:t1Jtg Of tlda -.otioa, tlle 

O&J'e.;.te 'lfbMh 4uip.te tbe ..U.ton ia ..-1on (J+t,6) 1i'f.U 'be dt'opptt\ 
' ,,, ·-

• 

"n • 

* A au;pened.pt f ~ t1ai1t tn.,._. Of the •tri& b41catecl .. 

** mwtN otlwwlM 11141•ted, 1lbea an •1-• 0:t • ~ or a .._~ 
is clef'~ ill tb18 ~, r ,_,_. ~ t1le ~ and • to tbe col.llla ta 
wbl<:ll tlMt •1-Dt u loo&1*t. 



1dlel'e ..... l , ,. • .• , U4 &" • 0 , i' ,. • • .., - ., ft»l't-' 

ti. ...-uom (,.e •. 6) *1cl\ fJwol• s1, s8, ..... , S, .. 

Ula • i • 

MGft°'91'; the ._nt01&t 1Jrfol'fi.ag SP..l' SP+I' ... , 82.P _, ._ VJ'tttn .. 
urva • ! • 

.. tile 1IMne ot w u • 4t~ •Wix 'lflth 4'aeoraal •1-8'8 

(1 ~~)/•(l .-~), k • 1,. 2, tHf » , u4 JllrMe tbe 1ln.91'M Of 1f 

abt. WoftW tba~/\. k (, l • fti• ta al.80 a ._....,. cO.U.uoa tor 

W 1tMlt to lMl ~ • .,.._.,,/\.k • tiJ•(·~ X) Dl ~ --1 

0111.t 10. -~ Ylth "" llOdel na.. • ...... qeesn..t ....- ta 
~ ~ I > o • ~; 1'Gt.k W DI v-1 eldat. PU'tber• 

mon, tlll. •Wk L 1a aa alte~ awu. ~· ta.... alao edsu 

.aa ov aodAtl 8114 1• ctwa 'MloW 10" <'·'·'h s~ 'both v•1 
...,_ 

L•l mat, it le pnm1a•11'le to ~tttJ.1' beth as.-. r4 ~1a 
(,.,.1) bJ' v•l L •l to ~ 

W·l ,,•l - • a • .,, • 



JG vtw"'1 • w~ly • ' 'becaUe 41aaora'! lldri.•• .,. e-W.J.e ta 

malti»lt.oatloa. Bnce qaatioa ('·'·') ~· '° 

· stnct tise •...U v 4-• aot l1Hlllt&l' u (,.J.k), • ao l.oqer 

1-'e to 4-1 vltb. .... ot V. toa (l v\.:)/(l ·A •> u '1!it 
eolattoa t• tbe ~ 1 a4 tub · a.I\ k "1JllUll Sa (,.,.a.) tt ltU 

a nl:t~ et a u • ~. ..-.. , M t. fllntlier •~tf.OD, 

•let 

. /\. I\ . ~ .. . . .. . . 
. Jow 1lM ~ et U. •Vica L aa4 V ot (:5.,.i.) _,. be wliStea 

ree:PMt1wq u 

" • ...P a • " "'J.' n 

!tc» 801.W (' ., .... ) tO'I' UU-'tft of the \., 1 • ·1M4 to .. i;•l • 

Jut ..... L b ea N.~ .WU, tbt ,._ et tta ~ U Wll 

kuova -4 1# bdieatect,. fo<I ~t lit Ai._. [ l, pg .. u8 J .; .,...., 
tn on.r to Wl'iw L ""1 s.a • eOMU. toa, • .. " tsnt 4itftm MWl'al 

....... DeDcte ..,,. e ._. Mt of •lelaeDtt Si I "2' ..... , ., eat .,,, Ci . 

tbt a.t c Witb. the •1-tirnt ~ ~- 9JeA id Bz,(C) u4 Br(e1 ) 
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be the sums of all poe•i'ble distinct producta ot the element• of tba M\e 

C and c1 nspective}J' taken r at a time. '!'bat. u, detine Er(C) and 

Er(c1) tQ be the rtb ol'del" elementa...7 8)'111D1etrle tuctiom ot c and c1 
reapeativel.1. ~ vu 4e1'1Ded pnvioueq in Section 2.2, but Yith resi!fft 

to a ditterent aet ot elements than those considered here. AA e l tar"¥ 
s)"llnetric tunet1on_ ot Older ~ 1s 4etf.ne4 to 'tMI one. Jtov, if ve let 

-1 can shov as au .xteu1on ot Aitken'• d1aeusaion tbat L bu elellltnte 

D . 
b 'n • (•l)r+a ...! K (C) .. 

A D P·• r . 

co~111Q:lns Yith as aollrtion ot (,.,.4), let ua cou14ell' the 

e l ementa '\-. . ot tbe p b't p ·matrtx 11 • LVL -
1 

• CGTJ'lDg OU' the 

matrbt mltblieatioa f.mU.c&te4 b7 the deftlliUon ot U , • ff.at that 



We vt.ab to atDQ>lU7 tbe U'plffaiou (,.;,.9) '°' t!le .. el.aeata "ra • 
To do tb1e1 w ahall-. exteutw-. ot t.wo •t!aem&W&l propertlu. 

fte fin' Pl'OP9"7 With 'llbf.cll w ere eoacened u giwn t.ty the 

eq\lation 

aD4 it toU.ova <liftctl.7 t:raa thilt 4eflnlt1ou ot o .1 c1 aSld ir • !be 

second PJ"OPUt¥ 1• concerned with the quot1 nt 

given that 

•O 

B • r 

, k < p.l ' 



utepre a1 tor Which the •• ot the 'i. u r • HJ. ts called. the-

compiete W..Caeneou Qmetrio hDctiOJl ot 4epee r , am u0 is 

de.ti.Md to be oae. 

To pl'Oft the nl&tioullip ginn ~ (,.,.12) to conJaction Vitb 

(}.,.13), ve tint note t.bat D • u a.dined DJ (,.J.6), e~ the 

altenant I L I . 'l'bi.s iwe.nl:t 1• ai•en, tr11 iu'tlmce, in [ l, p • ll2 J . 
Aleo, each 111.aor of I L I u aa altenazat ~t. Ia »&rt1euJ.ar~ . t- ..,oraetor ot &DT •lemat .RP• in tbe. la" 1'0V ot I· L I 1a a 

al tenant ot Ord.el" (p .. l) a.ad . ~ Dr .. Ut'iM<l '1>7 ( 3 •' • 7) • 1'oY 

let u deftQe aaotur al.ter'MDt \ 11' 1 vh1.cll i• l .1.U I L I ..-i;t tllat 

tu elemeDt• in the l.Ut 'NV et I ~ I .,. n.S.Hd to tbe Jc tb paver 

inste.a o'E t!ae (p • l)st povo.. U w upmd I 1't f t.D teiw ot ti. 

eletaents ot its lNt row, each •le•a't hae tbt aaaae coho.tor u the 

corna}>ODdiDS •l.aerl\ ot I L ., , Nld thenl'on 

'\.~I . 
I LI 

Jut when k < (p ... 1) , tw rove ot f Lir. I are 'the •emit, ad tberetore 

I 11< I • ~ • o , k < (p • l) • . Anti when k ~ (p - l) 1 



I tit I . iLT. Bk-P+l ' 

re.W.t gi'Na 1D [ 281 pa,. 150] .. · ftefttcn, NtenlD& to (,.5.15), ve 

concl~ tut '\ .• 't-P+l , k _) p - l • Thus e qmtioa (,.J.12) i 

oornot. 

have b•n eata1>11eW, let ue procee4 .Y1Ul our wol"k on the elements '\-. 

ot t • U •tnx, u gtwa 117 (,.,.9). Appl71ag (,.,.10) am (,., .. l.2) 

to (,.,_9) .... ~, - 4"U4e that 

Let us rate to Er(C) etap17 u ~ • 1'0v,,. ma.Y' bl1ag eque.tion 

( '.3 .12) into Pla7 to ftal\ta"- tile 'lit f&et$1"& 1D ( '., .17) g1Yiag the 

..-nl nOJ.t. tlaat 

( )P•• ( )p..,..l 1l • •l L l R l + . •l . 111 . " H .. ,,,. + ... - 1'11 p•s+ -Z-• ~ -i'•c 



t be zeiio,. 

£ach term in t1- •Qre•eion (l .. ,.18) 1• tbe pJI04uct ot an E,_. 
f\meUo.- e.atd an ar tu,nriio11. PllrtMJ'llC>ft, t.- _,. •~ ~ in 

the rth NW at V, tbe 8r ~ion in t1ae ttnt tea bu ftbaa1,pt 

(i- .. 1) , and this _,.sotpt 4"realee 'b7 one Vith .-ch nccesat,.. tea 
untU to.- um 1iel'll ettbu B,_. or •r van,iabee .. SDd.lu]¥, tlwt 

ll'dbaoript. oa 1:be ~ tmacUoaa 1DQMM b7 ona Vi~ each aucoe&eift, 

tea-a. Beace, tlllt •Wix V , vhtch baa the ":ta 81 elements , 'JlllJ'3' be 

repreaented as the pro4ut ot tvo 'trtaqlllar tr1co•. !'Or tt n detS. 

P 'by p ~•trices i ·end B Yith elements (•l)l"•a+l E --i>+r•• 

• 

But ti. ll&td& B lau • simple inftrs [ l, ;pg. 11~ ] , 118Ml 7 t 

p 'b7 p tri•&Ul a:r .vu ! nth el . nts ( •l )r-1 Kr·• 'thus , 

pnalt.tpl:ytng ~ eldM of (,., .20) "1 ! , w haw 

ii•!& --
'1'ba minJi& eqlat.1on (3.J.21) em -.ttlpl1ed out rtelda a eet 

ot :p lU.W •qUo.t1ou 1n tJl8 p elemeat-.r IJID8W1cs fQM'tiona £,. • 



These eqU&t1ona are 

v • o, 1, 2, ••• , p-1 • 

The 8Ulll8 s are kDoVD f\mctions of tbe obaenattons ao4 theretore the 
Q. 

quations t,.,.22) 1111¥ 'be solftd by elementar;y means tor an estimator 
/\. 
Er ot any Er • 'l'h1e solution ~ be presented as 

I r • 01 l, 2, •••I p I 

where I· R I is a p by p pe1'111111Detr1c determinant Vi th elements sr+a-l 

and I ~ f is a p by p determinant VS.th element• sl'+s•l , r ~ k - l , 

and sr+s , r > k • 

Since the functions ~ . are tbe elementary sJ1111D9tric tunct1one 

of the "It 1 eaeh ~ 1a a root ot the equation 

A Thus, after substitution of Er for Er in this equation for 
~ r • l , 2, ••• , p , estimatore ~ 0£ the ~ may be obtained by 

f indins the p roots of the equat.1ou 

'p A P • l /\~-2 ( P•lL\ ( PIJ. x--E1x- + E - ••• + •l) ~. 1x T ·l) E • o . p- p 



'' 
Bee use of the s try of the coefficients 1n equation (,.,.25) , the 

subscripts ot the estimators ~ ID81' be assigoed 1n any order. 

l'.Nring the preceding exposition we have seen bov tbe new 

estimation procedure leads to eetinla rs ~ ot the ex;ponentials "k: • 
In the remainder of this chapter ve shall assume that these ~ solutiono 

yielded by equation (,.3.25) are adit11ss1ble estimators. That is, w will 
A /\ assume that each root ~ 1s real v1th O < ~ < l , the range 

dictated by the model for the parameters l\ . Conditions Vb1ch are 

necess817 for equation (3.3.25) to haw such dm1es1ble roots are discussed 

in Section 5.6. 

Nov we Wish to make use of the ~ to compute esttmatora of the 

parameters in our model. Since by def1n1t1on, Xit. • exp.(•lg Kn) , we 

take B.G our estimators ot the 1tt , 

a l, 2; •••I p . 

Then substitution of the ~ in (:;.;.1) determtnea a set ot l inear 

equations in which fDIJ'3 be solved easily t or at1mators /\ ot 

the coefficients • In cumma.t1on notation, these equations are 

( l - ~) 
l -~n 

• s ' ~. l, 2, ••• , p • 
'l 

:;.4 An Alternative Solution ror Case ' Estimators 

In this seetion the equation (3.2.6) will be transformed into 

tbe set ot uations (,.,.22) by another method. Suppo e we l.et 



Now recalling the definition ot ~ pven by equation (}.; •• 5) , w may 

write equation (3.2.6) as 

p 
S • ~ ~ A.q- 1 , l 2 ~ t.. -z.- q. , , ••• , ~¥ • 

q k•l g . 
(:~.4.2) 

But tunetions, such as the Sq , of a discontinuous variable which, 

like q / takes on only integral. value are known t o so.t1sty e. ditterence 

equation which is ot the oeme order as the number of unk.novn parameters 

in each 1\mction (see[ 16] ). There.tore, 1t ve consider the ~ as knovn, 

the s satisfy a p th order difference equa,tion Yhich rtJIV/ be used to q 
/\ find the estiators ~ • oreover, to-r a polynomle.l such as (3.4.2), 

HoUBeholder [ 14] she.NB th :t this difference equation i s of the form 

( 5.; . 22) provided that. the ~ an all distinct. Nov tbe parameters 

~ are all d1et1nct since our model specifies that Ar ~ ~s , r , s • 

Therefore, 1f the ~ are admi.&eible estimators of the ~ , they a.re 

also d1ot1nct, and equation (;.3.22) is correct. 

lfoY that we have aga1n arrived at tbe dltterence equation (3.3.22),, 

the estimator s ~ 1 ~ 1 and I\ ~ be obtained in the s manner 

es before. However, the calculue ot finite differences [ 16 ] does lead 

to t.he turtber results that the ~ are linearl7 independent and that 

both tbe ~ and the A are unique provided that the ~ are all 

distinct. 
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3. 5 lilstimat1on for cases l a.na a 
We shall now illustrate tbe new estimation procedure tor Cases 

1 and 2. Additional examples are given in Ch.apter VII. 'the models tor 

the tvo eases, as defined irl Section ;.1, may be obtained from the 

model tor cese 3 by setting p ~ to one and two reopeet1vel y. 
/\ A A Fer Case l ve have estimators x , >. end a t o oalcUlate for 

the ten given 1n equation (,. l,.3). Dote that the subscript k 

i s dropped for Case l because it alV87S equals one in th1s instance. 

Nov there are tvo pe.rameters in the model tor c e 1 1 so ve need to 

calculate tvo sums s . q 

Also, for Caoe l there is only one elementary o)'llJIDe'trie function, namely 
A A E1 , and therefore E1 • x • So, substitution in equation (3.,.23) With 

p • l yields 

1 •. ...!... J n( ~) 
Kn s l 

, 



/\ 
Ot • 

[1 -(~) l/n] s~ 
m(S1 .. s2 ) 

Let us apply these Case l estimation equations to tbe data in 

Table l. This data ts not o.ctUQJ. experimental. data, but it i typical 

ot data, say, f or suecesa1ve deteftllnations ot the activity present 1n 

a solution contatning pure red1oact1ve substance. There are ml even 

number of points t 1 , so the fl'Ulllber ot observation points 1e an integral. 

multipl e ot the number ..,,f pan.meters as requtred by ov model. Thie 

integnil multiple, n , ls equal to t our. K , the constant leD(lth of the 

Table l 

Time t 1 0 l 2 ' 4 5 6 7 

Dosage 11 6.81 4.70 3.2, 2.24 l." 1 .07 0 .. 74 0.51 

intervals between suaeeseive t 1 , is one. Also, m , the number ot 

observations tor each t 1 , io one, so we drop tbe subscript J • Nov 

it ve group the t 1 u suggeeted in section 3.2, w shall put t 0 , 

t l , t2, and t, 1n the f'irst group and ti,. , t' , t6 , and t7 in the 

second. The corre ponding obsenaticn sums, as given by (,.5.1) am 

(3.5.2), are 



'l'ben u\lbst1tuting s1 a.ad s2 into equations (3.5.,) , (3.5.4) and 

(3.5.5), w ttnd that 

A A . 
X • .228 I . l°. • • 310 I " a • 6.797 • 

Thus ve may reprecent the data in Table l by t.be fUnction 

" 6 '70'1 ··370tt y1 • •171e • 

~-l s • l: 
q (q•l)n 

m r. YtJ I q • l , 2, ,, 4 • 
J•l 

There are also tvo f\metions Er to be est.ima.ted usi.ng equation 
A (3.3.23) . With p • 2 , this expression tor the Er fields 

sl S31 
A 62 84 s.l. s4 ... s2 s~ 

lll "l • ls, - si s1 s2 
s i;J 2 3 

(~. 5.7 ) 



• 

BcJV the a;ponential esttmatea ~ and 2s tor case 2 are NOte of the 

equation 

'Which eonesponds to equation (,.3.25) tor t.be pnenl. Case ' · Therefore, 

ve tDa¥ take 

l 

~ . i r z,. + (~ - " Ea>2 J 

• 

k. l, 2 ' 



The estimation tor Caee 2 111 trated ua1ag the fictional 

data 1n 'l'ebl.e 2 . ~ an a;peritDental an:Smal ls f.a.1ected With a test 

mater1al at ttme zero. 'l'h1s data JNl1)0Z'ts to represent tbe concentration 

of the inJected mater1&1 ln tbe an2mel :t time t 1 mauured thloagb the 

cumulatiw per c:ent of escntlon ot tbat :tenel. ~ to time t 1 • 

Table 2 

ti 0 l 2 ' ·4 ' 6 7 8 9 10 u 

Y1 o.6o 1.82 2.84 ,.72 ~.i.o 4.99 ,.49 5.86 6.19 6.42 6.65 6.76 

Since then are tvelve ol>senat1ona and tour~ to be eatiated, 

n • 3 • As before, IC am a are 'both one. Using equation (,.5.6), 

ve find that 



A ~ E:t. • l e JfUl;I; I 

These eaUmatee, substituted iat.o equations (,.5.9), lea4 to the 

exponent1a1 eattmtea 

• 

Tbe8e estt.-tes 1n turn eubet1tuted into quat1one (3.5.10), (,.5.u), 
and (,.,.12) gtw 

~. l0. 784 , 

Hence tbs data 1n Table 2 _,. 1"t titted by the eq•tion 

,.6 EatSmation tor a.... .._, 5, end 6 

Nov that the est1matioa procedure 

and 2 1n part1eular aa well u tor ce. 3, tbe reaul:ts tor CUe ' DJJq 

be utilised to obtain estimators for c 6. ~equation (,.1.8) 
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under our Case 6 model.. Sums Sq 1!l8\Y be formed from the observations 

yiJ in a manner similar to that in which they were constructed for Case 3 

to give 

qn-l m 
s • q l, l. Yij , q • 1, 2, ••• , 2p+l , 

i•(q-l)n . J•l 
(3.6.2) 

the only difference being in the range of the subscript q • Taking the 

expectations of the sums Sq , we bave 

, 

q = 1, 2, ••• , 2p+l ' 

where ./\.k is still defined by equation ( 3. 2. 4) • As be tore, we equate 

the sums Sq to their expectations to arrive at the equations 

p r. 
k•l 

q. 1, 2, ••• , 2p+l 

, (3.6.4) 

...9.:> tL<.L lL ~ ""' 
I - . ? rvuss '" J .f«.U • - ~ »r :Z.... -<k 
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At tb1s point the solution tor ease 6 diverges tram tbe pattern 

estel>ltsbed for Cue 3. Ve now pei"form serte ot eubtraetions to 

obtain the ditterences 

s• • s - s 1 , q. i, 2, •• • , 2p • q q q+ 

In forming the s • we eltmiDate .0 .from ov ol"igtnal. set ot ( 2p+l) q 
equations, giving tbe 2p nev eqUations 

s• • m £ ~~q·l)n 
q .tt-1 

, q . l , 2, ••• , 2.P • 

Next w define tbe matrices 'i and s of Section 2.5 in tems ot the .. -
s~ instead ot the sq , and ve call the resulting :trices i• am s' 

respectively. Then ve let . w• be a diagonal mtrix vtth elements 

m(l -./\ u)2 
v ' • r 
rs l -/\ r 

Nov the set ot equations (,.6 .. 6) can be represented by the two matrUt 

equations 

L w• a • i • ' 

LW'V a •!' ' 

Which correspond to equations (3.3.1) &ild (3. ; .2) for Case ,. 

-



Proceeding as before, ve 1118¥ eJ im1Mte the etor a from the equations 

(_5.6.7) end (:5.6.8) to obtain the eq tion 

L V x.·l s• • s' • -

This equation to of the same form in terms of the s • as {3.,.4) is in . q 

tel"DlB ot the s , 8.D4 ltke (} • .5.4) 1t ~ be solved for e timators of q 

t.he expooeat ~ • Thus 1 the solution tor estimators of the parameters 

~ is the some tor Case 6 in te ot the S~ it is for case } in 

terms of the 8\11118 sq • 

From the above discussion, it follows that to estimate the parameters 

of a Case 6 model it 1s first neceesvy to compute tbe statistics s~ 1n 

accordance With equation (3.6.5). 1'he next step is to oubstltute tbe s • q 

tor the corresponding sq in tt. olutton al.ready derived tor case 3 to 

obtain est1mators ~ of the eQ<>nent \. • Tbeae estimators, wben 

substituted tar the >g tn equation (3.6.7), lead to a aet of linear 

equations 1n the eoettic1 nts 1 for k > O , Vbich may be easily 
~ A ~ solved tor est1 tors ~ of the 'it . If we agatn let ~ • exp.(•l\k Kn) , 

this set ot l1Dear equations vhtch yields the ~ .my be written as 

( l ... ~ .. >2 
m R ~-1 a ~ 

~ ~ I ~. s~ , q. i, 2, ••• , P • 
k•l l - ~n 

(3.6.10) 

These quattons correspond to the set (,.3.27) which were derived earlier 

tor case ,. Finally, an eettmator ~0 ot a0 nut¥ be found for case 6 by 
oubet1 tution tor the ~ and the rest ot the I\ 1n tbe equation 



JJov that the nev estimation proced\IJ'e bas been pres nted ~or the 

seneral Case 6 model, estimators tor Caees 4 and 5 mB1' be ily detemined 

by setting p equal to one an4 tw respectively 1n the Case 6 derivation .. 

In this way it can be shown that tor cue 4, 

' (3.6.l.2) 

.. 

• ' (3.6.14) 

• (Sl - 62)' [ l - (~: ~)~] 
• 

m(s1 - es2 + s3)2 



Also, :tor case 5, 

(}.6.16) 

• (3.6.17) 
/ 

A .I\ ~ A. A Esttmo.tore "i , ; , ~ and l.2 tor case 5 are obtained fl"Olil E1 and 
I'\ E2 in tbe same vrq as they were tor case 2 1n section 3. 5. SUbsequently 

A A I'\ estimators Oi , ~ a:nd a0 ere giftn by 

, (:~.6.19) 

(3.6.20) 



As an 1lluetmt1on ot a C ·e 6 type est . tton, l et us in tit 

the d. ta 1n T&bl 2, but thi t to a case 4 mod l. Since then are 

n • 4 • As before, K • m • 1 • from (3.6.2) it follows that 

s, . 6.19 + 6.42. 6.65 + 6.76 • 26.02 • 

Thus (3.6.12) yields 

A. • • 5.28 • 0 s.1. or>n ll' - ·~ ... u.76 

and (3.6.1') gives 

~ 1 /j 
i • - - .x n (o.44898) • 0.2002 • 

4 

A /\ Clo a 7 .5806 I °J. • .. 7.()272 • 

Bene the data in Table 2 ~ also be fitted by the equation 

• 



3. 7 A Ccmpar on vtth tbe Pro& Method 

6\1.128 

I n the eettmation proe ure Which b n presented in this c · ;pter, 

s ot ob ervatiou are aubsti tuted in the eqUation for tbe expeetati<ms q 
e <sq) of these sums. Then in the course ot the solution ot the resUlting 

A A equations; tbe syimetric functions r ot the ~ may be presented as tbe 

ratio (3.,.23) ot two detemioanta. The el nts of these dete inants are 

tbe sums sq • But it we divide each sq by mn , ve shall divide both 

the numerator and t he denominator of the ratio (3.}.23) by (mn)11 , vhieh 

vill leave the equations unchanged except for a substitution of groups 

means tor the corresponding s Sq • Thus we m81' obtain the e 

estimaton bJ using arithmetic aaG 1nstea4 of s\lllS, end the estimation 

procedure ~alternatively be thought ot && one 1n wMeh means ot observed 

values are subst1 tuted tor their expectations •. 

.Another interesting charaoj;er1et1c ot tbe new est t1on procedure 

is its s1m1lar1ty to the Pro~ method outl1 d in Chapter u. In tact, 

a COIUPerioon ot (,.3.22) and (2.2.2) hows that these two equations are 

ot the 

can be n;presaed in terms ot the s sq or the corresponding arit t ic 

means . so 1 t might appear that the nov rt.hod is comprised of the ppl1cat1on 

of tbe Prony method to ~ means instead o'f individual obaenatiol'l& . This 

is not tbe case however, few auoh an application ot the PZ'oJJiY proced'Ul"e 

ould consist ot tsking each 8J'OlW mean to represent the mid-point e ctat1on 

tor that grG\Q» om then fitting these me&DS by Prony's thod. But the 

e~eted values of the grov;p ans are not eq to the group mid-point 

:Qectations, and hence Prorq's method applied in this WQ\Y amounts to 

in tbe new pl"'Ocedure. Thus t.be nev procedure is essentially different 1'rom 



the Pron:;y tbod. Moreover, the new procedure does not requil'e that the 

number of parameters in the model be equal to tbe n hers ot ob nations 

to be fitted as did Procy ' s or1ginal. interpolation method. 1ther does 

it invol ve questionab1 least squares caJ.c:ulat1ons as does the estimation 

version ot Pro?>,1' • s metho presented by Wb1 tteker end Robi nson [ -'O ] • 



4.1 A Theorem on Limit!!§ Distributions tor Larp m 

.Although the estimators produced by the new estimation procedure 

are comparatively eaey to calculate, they are not simple enough t o 

yield easily derived small ample distributions . Reference t o anal)'"tie l 

investigations of the small sample di tributione of some of the estimators 

Will be me.de in Chapter VI. Also, the results ot an extensive emp11"1cal 

study of the distributions ot tbe estimators toi-· Case l will be presented 

there. Meanwhile, 1n thi chapter the limiting d1,gtr1but1ons of all the 

estimators derived With the new estimation procedure Vill be determined.. 

Furthermore, tbese distributi ons Will be derived as either m , the n iber 

of observations made at each observation point ti , or n 1 the n\IDber 

ot t 1 in each ot the 2p partitions of the t 1 , pproaebes 1nf'in1ty. 

We shall first present a th orem from Vhich limiting d1 tributions 

ot the estimators ~ be determined as 111 ~ 00 vt.th n heJ.d fixed . 

This theorem iB applicable to either case 3 or Case 6. ln the derivation 

for Case '' q • 1 1 2, ••• , p ·' while tor Cue 6, q • 1 1 2, ••• , 2p+l. 

Bov in Section , .7 it was nt1oned that the es'timators obtained by the 

new procedure may be exP1"9seed alternatively as functions of group means 

instead of the gro\lp sums sq • Denote these means by Y<l , vbere 

y • ..1:.. s 
<1 rm q ' 

( 4.1.l) 



and define the expectation of any Yq t o be \ • From (4.1 .l) l t 

f ollovs that 

l 
llq • -mn (4.1.2) 

Then equations (3.2.3) and (3.2.5) tor the l: Csq) lead t o the relation-

ships 

l ~-l t 
D i•(q•l)n k•l 

l . -n 
p 
E 

k•l 
.I\ (q-l )n 

k ' (4.l.4) 

where.A k • e:xp.(-la K) • Yq ~be evaluated in e. similar way from 

equations (:~.2.1), (3.i.5) and (1•. l.3) t o give 

y • 
q 

l . -n 
·lit Ki e 

1 qn-l ] 
ii I: eiJ 

i•( q-l)n 

l + - mn 



In order to prove the theorem ¥ wish to present, ve would l ike 

t o represent the Y as functions of means or identically distr ibuted q 
variates except for constant parameters. Let us define a nev error 

term 

1 qn-1 
eqJ • - E e1j , J • l, 2, .• • , m • (4.1. 5) 

n i•(q•l)n 

Under the assumptions ot our model , the errors eqJ are identically 

distributed variates with zero means and conu'non variance a2/n • Nov 

it we l et 

l e • -q m , (4.1.6) 

we may write Yq as 

(4. l. 7) 

The \ , as can be seen from equation (4.1.4), are independent of m, 

and n is being held fixed in order to obtain limiting distributions 

e.sm ~oo . 

Let us define the function ~ to be ~ one ot the estimators 

~ , ~ , or \ obtained by the new estimation procedure for either 

Ca.se 3 or Case 6. Since ~ 1 a function of the means Yq vbich are 

in turn functions of the eq and tbe T)q , ~ may also be considered 
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e.s function of the sample meone eq end the population .&eo.ns llq • 

As 11'141cated above, the i ere means o'f 1dent1eally distributed vu1.e.tes q 

while tbe Yq are not, for each Yq 1s the mean ot observations yiJ 

Which under our model do not l bave the G mean. Now Hsu [15] proves a 

theorem which gives the l1m1tinS distr1bat1ons of f'Unctions of ineans 

such as the i q 1 and his theorem is appl1ceble here. Let us detlne the 

point 11 to be a rov vector Yitb the ri as element am the point Y q 
t o be row vector with the Y q elements. Now in terms ot the 

estimation f'Unct1on f , B&u' theorem become 

'.l'heorem l. If the tunct1on ~Y) of meem Yq possesses continuous 

second order derivatives of every kind in o. neighborhood o~ tile point 11 , 

then Viii'[ e(Y) ... i( ri )] is normall.y distributed 1n t.be limit as m-+ co 

with an zero end varl.a:nee 

"" 2 2 ""a o q q 

-Ii o tor cme q , vbere q 

a • q ~Y} 

4.2. L1m1t1y Distributions tpr Larp m 

(4. l .8) 

Sine ve have mr;pl.1c1t formulas tor the stimators tor Cases l, 

2, 4, and 5, we could sbov that the cond1t.1one ot Theorem l are atiafied. 

tor the e e.st1 t on end then w could use '.l'beo l to obtain their 
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limiting distr ibutions as m--; oo . However, in .this seeti 1...n we shall 

instead proceed directly to the limiting distributions as m-+OO o~ 

the estimators for the more general Ce.aes } en~ 6 even though the esti-

mators f or these cases cannot al~s be repreeented explicitly by algebraic 

equations. Although the detailed demonstration in this section Will be 

t or Case 31 it Will be indicated that the resUlts also hold for Case 6. 
After lim.1t1ng distributions tor tbe general Cases 3 and 6 are considered, 

particular results Vill be displayed tor cases l and ~. 
'· 

Before considering the ~ , the \ , or the ~ 1 it is first 

necessary that ve 1Dvestigate the behavior of the '2r tor Y in a 

neighbor hood ot 11 • From equation (.'5·3·2-'), it can be seen that each 
/\ Er may be represented as the ratio of tvo determinants 1n the sq • 

If we substitute the terms mnY for the corresponding S in (3.3.2,) , 
q " q 

the nm factors C8Dcel out. Thus we may vr1 te Er as 

I\ 
E • r , r • l, 2, ••• , p (4 .2.l) 

where I P ) and I Pk I are the determinants I R I and I 1\ I of 

equation (3.3.23) Yitb the Yq replacing the sq • 

Both I P I and I Pp ... r+l I e.re continuous everyvbere sin~ each 

" of them involves only sums of products ot tbe Y q • Hence Er is 

continuous in a neisJtborhood ot 11 provided that I P I -/. 0 at 11 • 
~ . Furthermore, derivatives of all orders of Er With respect to the Yq 

are all continuous in a neighborhood of 11 1.t I P I ~ O at 11 , 

for the k th order derivatives ere ratios of continuous sums of products 



of the Y and q is a conti nuous function of 

the y q_ I I p r ~ 0 in some neighborhood. of T] it it is not zero at 
J\ 

TJ • Hence, to demonstrate the continuity ot the Er and their derivatives 
J\ 

of all orders , or in other words, to demonstrate tbat the Er are analytic, 

in a neighborhood of TJ , 1 t is onl.y necessary to shov 'that 

First observe that s1nce ~ •A : / (4.1.4) ~be written as 

where 

T] • q 

p r. 
kal 

. .. ! 
n 

(l - 11t) 
1 l /n 

- Xit 

, 

under the assumptions of our model, ' "' O • N reference to t he 

definitions just given for r pl and I P(TJ) I and also to the definition 

of l RI given in connection with c~.,.2,) reveals that I P(TJ) I has 

elements 

p r. 
k•l 

, r+e-2 
Xg 

Thus I P( TJ ) I • I :a BT I , where B is a p by 

I , r-1 I I c..~ x8 But B is in turn given by 

matrix with elements 
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1 -I B I • ( • cr2 • • • a;)2 I L I • 

Nov, as s shown 1n Section 3.31 

I 

and sine ll the 'it m.-e distinct under t 

I L I /. O • So ve conclude tbat 

sumptions ot our model, 

• I L12 ~ 0 • (4.2.2) 

A Tbereto:re, both the Er end their derivatives ot all orders vttb respect 

to the Yq are conttnuous in a oeighborbood of ri • 

As we stated earls.er, the estimators ~ , Whose asl'J,UPOtic 

distributions we are .seekt!)g, are roots ot ptb degree ;polynomial 

equation with coetticients r • Since the root!:' ot such an equat.1on 

are continuous tunctiono ot t.be coetncieuts [ 28, pg. 69], and since 

1t bas been shown that the ir are continuous tunctions of the Yq 1n 

a neighborhood of ri , it toll ovs that the \ ere eor.tim.wus f\ln-:~!.\mS 

ot the Yq in such a neighborhood. However, Theorem l requins continuity 

ot tbe oeeond order part1 1 derivative& ot tbe ~ 1n e. neighborhood 

ot ri , and to prove that theee rivo.tives are continuous we be.ll 

refer to an the theory ot f\mctions ot 

real variablee . 



'l'h!e tmplic1t function t 1a given, f or instance, by Graves 

[ 11] • Applied to the po~taJ. (3 .3.25), vhe1'e the coett1c1ents Qr 

are analytic functions ot the Yq 1n . ne1gbborbood of Tl , 1t lies 

not only tbe existence and contimlity of the second order derivatives of 

the ~ 1 but of er1va.t1ves ~ all ol'derG 1 in a aeigbborb'ood ot Tl 

provtded that two c 1t1ons are tisfi d. It w let 

]) I\ D•l . I\ 'D•2 . p I\ g(x, Y) • x- ... Bi r + E2 r - • •• + ( • l) BP , 

Sx(s, Y) • : g(~, Y) 

these conditions e.re 

g(x, Y1 ~ • g("k , ti) • 0 , k a l, 2, •• • , p J 

Y•TJ 

6;.(x, Y) • ix(~ , TJ ) ~ O , k • l , 21 ·~·, p • 

~ 
Y• TJ 

(4.2.4) 

. I\ 
Since, as vUl. be indicated later, Er • 8r , r • l , 2, • •• , p , at Tl , 

and oince the Er are b7 det1nit1an the elementary o~tric tunctions 

of the "It , the tint conditi on Blvays holds . ffOVt'!Vf!'J", the second 

condition 1s s t1sf1ed it oncy U' no two of the positive constants 
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TbeJ"efore, U!lder the model specified earlier tor Cose 31 tbe seeond order 

art1 1 derivatives ot t \ V1'th 

in s · neighborhood ct T) • 

Before applying 'i'beo m l to the stimators for e 31 we now 

need onzy observe that b7 virtue of tbe equating of S to {. ( s ) in q q 
the estimation procedure, when Yq • \ t or all q , the sttmat or 

" ~ • ~ , k • l, 2, ••• , p • Thw:>, on the 1s of Theorem l, it follows 

that ../-' (~ • ~) ia esymptottcal.ly normal.17 d1str1Wted with mean 

zero tor lm'ge m 1 'lfhere k • l, 2, -••• 1 p • Row lot us qu1ckly show 

that both rm ( ~ • >ic> and ~ (A - (lt) &re also n<m:nally 

distributed ebou.t a mean ot zero in the l1mi t as ra -+ 00 • 

'!'be estimators ~ re rel :ted to the ~ by the equation 

• 1, 2, ••• , p (4.2 .5) 

which bas second order partial derivatives 

~2 ~ 
d ~)~~) ~ l e2~ 1 • I 

°'J (}yi Kn~ Kn~ ~., ~i 
(4.2.6) 

k. l , 2, ••• , p • 

Since ~. ~ o.t T) and ~ > 0 tor au k I there exists neighbor-

hood nbout Tl Where the ~ > o and have continuous seaond order 

pe.rt1aJ. rt tive • Therefore, hem (4.2.5) and (4.2.6) it can 'be 
I\ seen that 'both the ~ and their second order partial der1 tivee Vi th 



respect to the Yq t also be cont1nuoUs in that netshborhood. Also, 

upon substitution of ~ tor ~ in ( 4. 2 . 5), it foUovs tbct ~ • >g 
at T) • Renee I Ye ma::y COncl\14e tJ:aat rm ( ~ • >g) bas 6. l imiting 

normal d1st.r1bution. e m 4 oo With me zero by Virtue ot Tbeore l. 
A 

Turning our attention nov to tbe eotim&tor , we first note 

" that by t same e.r nt used to shaw that ~ • "k at l1 , 1 t also 

"' :foll.ow that • ok at l1 • T'buG, to demonstrate the asymptotic 

no 1 ty ot .r;; ( ':' ... ) t or large m by 'l'beorem l, it 18 only 
I\ necease.r;r to show that tbe second order pa:rt1al derivatives of 

with re pect to the Y are continuous in neighborhood ot l1 • q 

st1tut1on ot mn Yq ror eq 1n equation (3.,.27) shavs that the 

~- lilO¥ be found by solving the set ot equations 

.! f Aq-1 
n k•l XJt 

I\ 
(1 - Zit) 
l • ~7n 

(~.2 . 7) 

A I\ 
Nov ~ ls continuous in a neigbborbood of l1 and at l1 , ~ • Xit , 
vhere O < *It < 1 • 'l'heret'o:re, there ensts a me1gbborhood ot l1 

for Which (1 .. ~)/(l - ~/n) as ll as ~-l and Yq are continuous. 

It tollovs tram ( 4.2. 7) that 1n tba.t ne1glsborhood tbe "' ~ 

repres nted as ntios of contimtous dete: in.ants. As in the case ot the 
A A 
Er , the ok and their cond ol'd r partial dert tive vith respect. 

to tbe Yq will be contimtous ln a neigbborheocl of 11 tt the terminant 

in the denard.nator is not zoro a.t l1 • 

The denominator in tb ratio Which qualG "' may be shown to 

equal ( c1, c2, ••• , e
1
,) I L I , vbere 
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Since ~ f. l tor ~ > o as ctti 1n the m 11 cb °t 1 

finite but not equal to ro. Al.s 1 have already eeen that under 

the tr1ct1ons ot our model, IL I ~ O • Hence each I\ has a non-
A zero denominator ;t TJ , and both the am tbetr second order pertt.e.l 

deriva:t.1 s Vith ree:pect t o the Y ue conttnuous in s neighborhood q 
of TJ • Tberef'ore, Theorem l yields the rew.lt that rm'<t\ - ) 
has a limiting no raJ. distribution with mean zero as tn 4 oo ~ 

So tar the eval uation of tbe ymptot1c var1ames ot the e timators 

f or C e 3 hes not been menti ned. 'l'be estimatora ~ and " ere 

known twictions ot the e~ntial eet tors ~ • '!brerefol"e, tbeir 

ymptottc variances, as wll as those ot the ~ , follov directly ban 

equo.tions (4.1 .8) and (4.l.9) once tbe first pw:'t1al deri · tives ot the 

~ vtth respect to each ot tbe Y en toown. 'l'he evaluation ot these q 

partial derivativeB 1a al~c l:rtftu b7 on.. s [ 11] • Let us def'iDe column 

vectors 

11r<x, Y) • [ ~1 g (x, Y), ~2 g(x, Y), ••• , ~2p g(x, Y1 '1' ; 

(4.2.8) 

... , df2p Xie , k • l 2 , () A] '1' •• • , p , 

(4.2.9) 



60 

where g(x, Y) is defined by (4.2.3). Also,let 

~(Xit, Y) c &y(x, Y) r . A , k • l, 21 •• • , p , 

x-~ 

(4.2.10) 

~(lit, I) • Sx(x, Y) ' k. l , 2, ••• , p ' (4.2.ll) 

where the scalar 8x(x, Y) io defined by ( 4 .2.4). Now the vector 1tY 

of the first partial derivatives of any ~ Vith respect to the Yq 

s tisties the equation 

Sy(~, I) 
XitY = - , k • 1, 2, ••• , p • 

~(~, Y) 
(4.2.12) 

With the help of (4.2.12), we may evaluate the q derivatives 
/\ 

of equation (4.1.9) in Theorem l tor any lg • For 

, q a 1 1 2, •.• , 2p • (4.2.13) 

and a}-~ for any k and q i s givcn oy(4.2.12). Similarl y, 
q ~ A 

equation (4.2.7) yi lds a solution for any in terms of the ~ , 

and the first partial derivatives of the A With respect to tbe Y q 

~be written in terms ot the ~ and their first })6.rtial derivatives. 

Hence, ( 4. l. 9) mtJ¥ also be evaluated tor any /\ Vi th the help of ( 4. 2 .12) • 
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'J.'ben oace the a ieriwt1vea are determtoed tor either an ~. or e. q . . ·· g 

~ estiator, (4.1.8) may be employed to ttnd tbe asymptotic variance 

~ that eatimator tor large 

'l'he 11m1t1Dig distributions ,.1uDt der1wd tor Ca&e 3 may be sbown 

1n tbe s !llltlDOr to hol4 tor case 6. We bave already seen that 

'1'heorem l 1a applicable to ·.Case 6 as 11 as to Case 3. fteretat"e, 

:l.n order to claim the reaUlts ot this section for Case 6, we neecl only 

ehov '1Jat tbe contlmd.ty con4it10DS ot 1'heorem l ue 8"1.otied :for 

case 6. ADil to do thls 1 we need to demonstrate tbat the determinant 

3, and the denomS.natoro of the 

~ t Yo rt are not zero tor Caoe 6. JIOWever, trcm (3.6.5), ( 3.6.10), 

(4..1.2) and ~ discuss1oa leadJ.Dg 1"' w (4.2 .. a), it can be .seen that 

tor C 6, 

Since ~ ~ l \lllder O\lr mo4el 8Dl slnce the r1ght side ot (4.2 .2) is 

not equal to zero \ID4er our model, I P('l) I ~ 0 for Case 6. Similarly, 
."\ the deDCllll1nator of ~ , k • l, 2 , ••• , p , ewJ.uated at Tl tor Case 6 

equals n ( l .. x.tt> t1mes tbe con.-eeponi:Uns denomlnator tor ease 3, 

am l a therefore not equal to zero at 11 • Finally, frcm (3.6.U) S.t caa also 
A 

be n that '\) is conts.nuous at Y • 'l • T!m.s # tbe limtting distributions 

a.a m 4 oa al.reaiy obta1ned tar ease 3 also apply to cue 6. 

?n ~ o£ this section thus tar, it bas been proved that the 
/\ A A estlmtore ~ , \c and 'it ob't;ajned by the nev estimtiOll procechare 



f or parameters in t . general case ; om case 6 models are eucb that 

" 1r 9 denotes any one of the st tors and 9 t he oorrespon ins 
r='" > ' :parameter, ..t &W .. (9 .. 9 ) i s asymptOtically norme.l.ly distributed With 

an zero for n fiXed and m lorse. Also, thod baa been given 

for determining the asymptoti c variance of ;r;;;'<e ... 9) by using 

(4.2.12), (4.1.8) ~ (4.1.9) in conjunct i on With t equati n which 
,.. " specifies 9 in te.rms o the ~ • This tbod is also applicable to 

A 
case 6 as veil as Case ,. wben using it t or c e 6, the a11' /'(jy are .K' q 

A 
still given by (4.2.13), but the ~J q are obtained tram (3 .6.U) 

am the ~dYq , k • 1, 2, ••• , p 1 from (3.6 .10), where Yq • sq/mn • 

" Also, the ~/O?q still given by (4.2.12), but the vector Y now 

bas (2p + l) elements inst ed of 2p elements as it bad tor Case 3. 

Before going on to 11.miting 41s tr1buticms as n~ oo , let us 

look t the liml tine d1stribut1ono as ---+ 00 t or cases l am 4 111 

particular. Interpreted. in terms of CBSe 1, tbe conclusions ot the last 
A A r;;;:;vA paragraph an tbo.1i /li1'(x - x) •./ nm '( ~ • ) and v nm , a: - n ) are 

all asymptot1~ no1'm8lly distributed With zero means for m large . 

The e...~t1c variances t or j'lii'(; .. x) and fiiiiit ... A) may be 

determiDed by d1tterentiat1ng both (,.5.3) and (;s.5.4} wttb respect to 

Y1 and Y2 and then sub ·tituting in (4.1.9) and (4.1 .8) . In this vay 
. " 

ve find that the s~totic variances tor j'lliii"(~ • x) am~>. .. l) 

(4.2.14) 



(4.2.15) 

respectively. SSmilarly, (3.5.5) 1n eonJunctien VS.th (4.1.8) Bid (4.1.9) 
2 22 ,_-..A leads to (~ + 82) CJ 'for tbe ao~1c vartenee ot '/ mn (CJ .. a) , 

where 

(4.2.16) 

For Case 4, r.'(x - x) , /;;°'c~ ... :X.) , r.(~ - c;,> and 

J;; (~ - a1 ) all have Um1t1D6 normal d1atr1b\IU.ou ao ·~ oo 
2 2 2 2 with zero and variances given by (81 + 82 + a3) CJ • J>Uteren ... 

t1a.t1oa ot (3 .. 6.,l.2) , (3.6.13) e.n4 (3.6.14) aDl'J. substttutton 1n (4.1,.9) 
shows that tor v;;; (~ - x) , 

l a• ----
3 'l1 .. '12 

; 

(4.2.17) 
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A 
tor j'iii'(:A - :A) , 

(4.2.18) 

(4.2.19) 

F1nally1 in terms of the comstant x = (~ - ')3)/(,.1 .. "2) , the e.q 
A 

tor /iliii'(<;_ - <Xi) are 

"i • 1 [ (l ... x) x~ + n(l • )x)(l • x~)J 
(l - x)3 

82 = 
1 3 [ m: ( l + 3J<}(l • J) • (l - s )(l + x) Jl , 

mx(l. x) J 
( 4 .2 .20) 



a a 
1 [ ( l • x) ) - 2nx ( l - x~) ] 

3 mx(l - x)3 

4 .3 L1mitipl D1str11Nticu tor tarp n 

Up to this paint liaiting d1 trlbuticma llave been deriwd vith 

e tant ae a~ 00 , vbere n is t be l'IUmher ot pointe at vbicb 

observations are ta.tren wttbin each interval M>d l"l is t he :mmiber ot 

observations per point. 1IOV let 

constant, so that ymptotie di.utr1butiona for large n -.y be found. 

From Section 4 .1 ve have 

-· l e • -q n [ (4.3.2) 

may be thought of' ao the mean ot the n identically dtatributed variates 

Also, the term 

A <q-1)n 



am 1 not independeQt or n • In tact, 1n section 5.2 1t vtll be shown 

that tor eonataut m and conotant 'l' (=Kn) , 

U.m flq o cp q , 
n ~oo 

when the conatont cp 1a defined by q 

• (4.3.4) 

It 1o now appannt tbat unl.ilre ~he sit tion when 111 was allowed to 

grow 1 ge , when n increases, Yq may not be represented as 1n ( 4 .1. 7) 

by a constant plus a maan of 1dent1cally distributed variates. so now 

Bsu•a theorem y not be applied d1J"eetly, as 1t 1n Se.cticm 4 .• 1, to 

obt in the ~ ired Umiting diotr1Wtiona as n ~ cc • Bowver, a 

moclif'icatian ot Bsu's theorem, used in oonJunctton with a theorem 

pre ented by erame1-, ta applJ.ea.ble to the present 1tuat1on. 

Frcm equations (4.3.1) and (4.3.2), we have that 

and tbere'fare that 

, 

vhere cpq ts d.ef'iud by (4.3.4). The Centl'al Limit '-'heerem [ 2 , 

pp. 213- 218 J ebovs that tbe error term r. e~ in equat1oa ( Z. .3.5) 



is )'UIPtotically normally di t.ributed t or large n abQut a mean ot 

zero With variance o2/m • M er, i t may al.so be d trated that 

l1m ./!l' { Tj - q> ) • 0 n-+oo q q 
, 

f or ref. rence to {4.l.4) and (4.,.4) hovs that 

R ~~ • n(l - e•ly.T/n) ] 
llm ./ii' ( Tj .. q> ) • 2; ~ l im . , 

n~oo q q k.U n -Joo n T ~( l _ e·'ltT/o') 

(4.3.7) 

Where the constant 

Then several appl ications of L'Bospital ' s rule yield the reeult that 

thus reducing (4.,.7) to (4.}.6). Now, pplying a theorem given by crern«{r 

( 2, pg. 2~ J to the equation (4.3. 5), we conclude that j7l' (Yq - q>q) 

has the same lintittns distribution as .Jn' i~ . '.l'hltt is, tor n large 

Jn (Yq - q>q) is asymptotically no lly distributed With an zero and 

variance a2/m • 

Now l.et us refer again to the theorem ot Hsu• s [ 15 J used in 

Section 4.1. In deriving the limiting distributions of functions ~ 



68 

sample means, Hsu utilizes only one property ot normalized means such as 

the 'J-;'i ~ : namely, their limiting distributions. 'lherefOft, since 

Jn<Yq - q:iq) has tbe same limiting d1stributlon as me~ , Hsu's 

theorem may Just as well be prc.ved 1n terms ot the ( Y - q> ) iastead q q 
-· ot the means e q • Such o proot in. the cont.ext of th1s paper vould 

lead to 
A 

1beorem 2. If tbe fUnctton 8(?) of me6D8 Y possesses q 

continuous second order aenvatlveo ot every kind 1n a. neighborhood. of 

the point q> , then Jm-'["(Y) - ~q>ij is no~ distributed 1n the 

limit as n 4 oo With mean zero and variance 

as long u b j. O tor a q 

b • -2... ~(Y) 
q dy 

q Y.q> 

(4.3.8) 

• 

In ~ 2, <p is the point Yitb the cpq as coordinates, while Y 

and Q are the same as defined in Section 4.1. Theorem 2, like Theorem 11 

holds tor both Case ' and Case 6. oreover, the derivatives ~ ~Y) , 
q 

as stated 1n tbe last section, may be evaluated with the help o'f ( 4.2.12). 

In Section 4.2 we eQreseed the estimators obtained by the nev 

procedUl"e 1n terms of the sample means Y q , and then we vent on to ebov 

that the es'timators themselves as well as their second order pal"tial 

derivatives With respect to the Yq are continuous in a neishborhood 



of ~ • A study ot Section 4.2 reveals th t to demonstrate similar 

continuity conditions tor a ne1gtiborhood ot q> t or both Case 3 and 

Case 6, we need only sbow that tbe f ollowing three properties hold tor 

Case } under the e.ss t1ons of our odel : 

(l) cpr " cp8 , r , a J 

(3) • 

Since our model specifies tbat " 0 and ~ > 0 , 1t • l, 

2, ••• , p , and that A,r 1' 1
8 

, r I- s , ve deduce ham equation (4.3.4) 

that •r -/. cp6 tor r -/. s • Furtbemore, when Y • cp , 

where 

cp • q , 

°it ~ • --- ( l - e•1k1') I k • l, 2, •••1 p 
~T 

• 

Note that '\ , O 1%). accoN8nce v1 th our model t or every k • Nov :t 

q> 1 f P., , defined 1n Section 4.2 in connection With equation (4.2.1), 

bas elements 
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i• 

Hence I by cooparing th r elementa th those g1 veil t or f P< Tl ) I 1n 

s ction 4.2, we conclude by anaJ.ogy With (4.2. 2) that 

I P{q>) I • 'i. ~ . . . \lp I L I . (4.,.10) 

Since it bas been shown that j L j ~ O under the assumptions ot our model, 

1 t follovs that j P( q>) f ~ O • 

We have shown that th tirst and second properties necessary t o 

prove continuity ot the estimators and their second order derivatives in 

a neighborhood ot cp are s tisfied. In order to bow that the last one 
~ holds, namely that at q> , xt • ~ , k • l, 2, ••• , p , ve recall from 

/\ ( 4. 3. 3) that U m Tl • q> • Consequent.cy, s ince z. 1 continuous 
n~OO q q -it 

in a neighborhood ot Tl , lim ~Tl ) • ~( q>) • ht ~(Tl) • x for all 
n ~ .00 A L!'t. /\ 

n , and therefore 2(q>) • x • Bene , the estimators ~ , 1t and 

and their second order partial denvativi s are continuous in a neighborhood 

of q> • 
A 

Nov we Wiab to complete the demonst!"'St1on that .../"&' ( ~ - Q) is 

normally distributed in the limit as n~ oo Vi th pro mean am variance 
A A ~ 

given by (4.3.8), where e mq denote any of ti. estimators ~ , ~ or 

and 9 denotes the corresponding population parameter. To do th.ls it 

is oecesDU",Y to ohov that lim A • °it at q> • 'l'ben Theo 2 ~ be 
n-+ oo 

applied. to give all tbe deeired 11m1t1.ng distributions, since it has already 
/\ ~ been shown that ~ • Xit at q> , and consequently that ~ • 1it at that 

point. 

SUbst1tuttns the <Pq tor tbe corresponding Yq in (3.3.27), ve 
A een see that the ms:s be determined at q> by s olVing the f olloWing 
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/\ l inear quations for the : 

l £ 
n kul 

x; z:-1 (l ... Xit> , 

q . l , 2, • •• , p •. 

A ~ 4 But Xg • Zit at <P , so substitution of ~ tor ~ 1n ( .,. ll) and 

multiplic tion ot 'both aides ot tbat eq_uation by \.'f ,.ielde 

-"it} 0 , (4.}.12) 

q . l, 2, ••• , p • 

Keeping in mind that we are interested tn limiting distributiona tor tbe 

~ as n---4 oo , l t us evaluate 

lim 
n~oo 

• lim 
ll~ rOO 

vbere '>gT 1s constant. Thi limit is equal to 

11m 
t _. 0 

t 

\_T/n 

l - e •"""T/n 

which by L'Hospital's rule in turn equal 

n 4 t:>O , (4.3.12) becomes 

t lim e • l • ~ua, as 
t~ 0 

(4.3.13) 
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R q- 1 ( A r. Xi( l • ~)( - ~) • 0 ' 
Ital 

• l , 2, ••• , p , 

~ which bas as its solution, • • Bence, 1n the limit e.e n ~ 00 , 
A • °t at q> • 

Nov, on the basis ot the results obtained in this eeetion and the 

proofs given in ..., ction 4.2, ve conclude t :t as n__,. oo , the 

distributions of ;-;;;'<~ - lit) , ~(~ • ~) and ./imi'<" - '"1t) 
are asymptot1eally normal With zero me8l1S and wa1ances calculated from 

(4.3.8) 1n Theorem 2 Vith the help of (4.,.9) and (4.2.12). 1cit 

formulas for tbe constants bq given by (4.,.9) m:y be 4etermine4 for 

C es l and 4 by eubst1 tuting q> q tor 11q in the fol'lllUlas tor the 

eorreoponding a given in see~ion 4.2. \ q ' 

4.4 An Additional Limiting Distrib t ion for Large n 

In this section we shall derive anotl:Jer U.miting d.1str1but1on as 

n ~ 00 which vUl be utilized in Chapter VI e.D1 which will help SUDIDarize 

the results ot this chapter. Let consider the limittna distribution 

as n~ 00 ot 
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As before, q • l, 2, . •• • , p tor Case 3 and q • l, 2, •• • , 2p+l for 

~ 2 2 
" a er q q 

• 1 • (4.4.2) 

Moreover, since it has been shown in Sections 4.2 and 4.3 that at either 
A. ,,... 

T) or q> , lilt • ~ and ~ • >g , k • 1, 2, ••• , p , 

tor ~-~ or ~ • 

In order to complete this proof, ve need to 'dem.onstrate that 

( 4.4.3) also holds for 'O' • ~ , k • 1, 2, ••• , p • Nov 1f the set of 

equations (3.3.27) is solved for aey given ~ at both T) and <p , the 

two solutions will be ratios of determinants With identical denominators. 

In our consideration of the continuity of the ~ at T) and <p ve have 

already seen that this denominator ie not zero at either Tl or cp • 

By virtue of (4.3.13), it can also be &e4ltn that this denominator approaches 

a constant as n4 oo . The determinants in the numerators of the two 

solutions Will also be the same except for the kth columns. In the 

solution for ~ at T) , this k th column will. be the column vector 

T) T , while 1n the solution at q> 1 t Yill be cpT • Bow, like the 

denominators, the cofactor of the elements in the kth columns will be 
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identical for the two solutions and Vill approach constant limits as 

n ~ ea . Tberetore, expanding the numerator detel'minants about their 

ktb columns, ve find that 

Where lim U is a t1n1 te constant tor ever:1 q • Row When m is 
n --,\ oo q 

held constant, 

k. l , 2, ••• , p • 

But from (4.;.6), lim fr:'<• • Tl ) • o tor all q • Therefore, n-:>oo q q 
I\ A ( 4.4.,) is al.so satisfied vben i • , k • 11 21 ••• , p • 

I Nov tram (4.4.1), (4.4.2), (4.4.,) and a theorem given by cramer 
[ 2, pg. 254 J , we deduce that tbe left side of ( 4. 4.l) and 

(4.4.4) 

have the same 11m1t1ng d1str1but1on as n ~ OQ • But from 'l'beorem 2 

it follows that (4.4.4) bas an J?DPWt1c standard normal dietr:lbution 
/\ 

from n large. Therefore, 1Dce i( fl ) • 0 , ve bave that 
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(4.4.5) 

has a limiting !!taMard normal dl t r ibution as n --4 oo • But (4.4.5) 

i s al.so a ate.mo.rd norml variate 1n the llmtt ~ oo , a result 

tbat follows from '1'beorem l. 'l'hus, tbe result.a ot this chapter my be 

e 1zed by ae.yiDa tbat the 41stribut1on ot (4.4.5) approecbes tbe 

standard normal d1str1but1on eitber m or n ~ oo end by noting 

tba.t aq ~ bq as n ~ 00 1 where aq i s def'1. eel by (4.1.9) end 

b by (4.3.9). q 
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v. '1'BB PBOPEBTDS or TBE BSTIMATGRS 

5.l Sufficiency 

Thie chapter vill be concerned With the statistical properties 

ot the esttmators derived vitb tbe nev estimation procedure. In this 

section we abal.l consider whether or not the estimators· ~ and ~ 

are sutt1cient. To do this it is necessary to examine the Joint density 

f\Jnction of the observations yiJ • Howver, our model does not specify 

the distribution ot the y iJ but only requires that the corresponding 

errors, e lJ , be identically distributed V1 th mean zero and common 

variance a2 • Hence, in order to at\ldy the sut1"1ciency ot our estimators, 

we sball first make the additional &seWDPtion ·that the errors e1J , and 

consequently the obsenat1ona 11J , are normal.11' distributed. 

Nov, tor Case '' each y1J bas the denatty function 

2 l [ l I> .'l. t1 2 ] f(y1J ; °t' >g, a ) • exp. - :--?! (y1J .. L °tt e ·-.: ) • ./2rC' c 2o k-1. 

Thus the Joint density tunctlon of the y1J ls 

2pn-l m -r-r T1 f(y1J ; 
11.J Jal 

2 l [ , >g1 a ) • elq). -

(2n: a2)pmn 

• 

A A 

l -

U tbe estimators °it and >g obtained by the new procedure are 

(5.1.1) 

m 
E 

J-l 
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sufficient, tben the density function (5,.1.2) must necessarily be 

tactorable into two tunct1ona, one of Vh1ch involves only the estimators 

~ and ~ and tbe parameters of (5.1.2) vh1le the other is independent 

ot tile paramet.eru Cl\, au4 1t ( oee [ 2, PP• li88-'189 D . Thus, 

after expend.J.ng tbe ez;ponent ot (5.1.2), we can see that tbe estimators 

"' " ~ and ~ an sutt1c1ent only 1f the sum 

can be expreesed without ell;l>l1c1tl7 involving a product of the o'b ervat1ona 

yij and tbe parameters °ti and 1t . It can be shown that this 1s poesible 

only if n • l • Tben 

I 

and there tore 1n ( 5.1.') tbe sum l: y iJ mrq be replaced by a function 
/\ A J•l 

ot tbe estimators ~ and 1t . That is, vhen tbe errors e1J 1n our 
A /\ model are normally distributed, the estimators C'Js: and 1t are sufficient 

only 1t the number ot points t 1 at Which observations are taken is equal 

to the D\lllber ot parameten in the model. This result JIS81' be sbown to 

hold tor Case 6 aa well as Case '· 

'1'be estimators ~ end ~ of the new estimation procedure have 

been tound to be suttic1ent 1n only one 1.Dstaace other than the one already 



mentioned under the aanmption of normalit.y. Th1 1Datance oeewrs when 

both m and n • l , as in tbe method originally presented ~ Pro~. 

In this situation, as caD be seen trom equation (5.1.4), each yiJ 18 
/\ A itself a function ot the estimators 'it end ~ , and therefore the 

estimators ~ and ~ an suft1cient regardless ot tbe diatribution 

of tbe errors e1J • 

5.2 Consis~ 

In order to proft conaisteney for the estimators derived with 

the new estimation procedure as 4 00 while 11 :ls held tilmd, we 

need only utilize results al.ftaq obtained. Means :Y q mwe 'been detined 

BS have tbe1r expecta.t1ona Tlq , and these means converse 1n proba1>111 t:y 

as m -+ co to the coneeponding Tlq • Furthermore, continu1t1 ot each 
,,.. " ~ ot the estimators x , °It and ~ 1n a neighborhood ot Tl vaa 

demonstrated 1n Section 4-.2. It vu also sbovn 1n that section that at 
/\ A /\. 

TJ , ~ • Xk , °it • °it and ~ • ~ • Bence, on the basis ot Sl.utelQ"' 

[ J /\. A '-""' theorem 27 , w conclude tbat tbe estimators x , Cit and ~ converge 

in probability to s • °1t and 1t nspectively as m~oo • But an 
~ estiuJator G 1s a consistent estimate of G it it converses to e in 

p:oobabU1ty (oee [ l.B, pg. '~ • 'l'berefore, ~ , ~ am 1i, are 
consistent estimators of x , C\ am ~ respectively tor large m. 

In order to use Slutsky'• theorem tO prove tbat the eattmaton 

are constetent as n --+ 00 With m tlxed, we need to ehov that each 

Yq converges 1n probability to some constant a.a n ~ 00 • Such 

probability 11m1.t can be found even tbouQb, aa sbom in Section 4.,, the 
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Y q emmot be regarded as mearas of ident ically di.stributed variates. 

From equatlou (,.2.1) and (,.1.5) , 

qn-l 
s •m. I: 

q 1.(q- l)o 

Althoup ve are letting n grow large, we V1sh to keep the domain for 

the t 1 constant in length, VheN t 1 • Ki • That ls, vbeD tbe mamber 

of Po1nts t vbicb observat1ons are nm4e io increased, the intervals 

between point• en shortened so that tbe lenatb of tbe interval tor 

Vh.1ch the 113 sum to sq ta constant. '1'h1a constant, as 4etlned 

earlier, is T(•Kn) • Nov ve ~ l'eVl"ite sq as a eequence iD n 

Vitbout involvtng the vars.able K as tollOWB: 

Thus 1 W r:ay zPftSS Yq • S ,jm 

l y • -q T 

R Tl 
I: °k e ·>.it ""1f + 

k-l 

'l l - + -n mn 

qn-1 
I: 

ita( 1.•l)n 

• 

(5 .• 2.1) 

Bow 1'1'0m tbe 4et1Attlon o~ a det1D1te integral ( 8 ] 1 1t can be 

seen that 
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1 qn•l 
ltm - r. 

n...,. oo T S.-(q•l)n 

• 

Also, since 1n the model the e13 an 1Ddependent, 14entically d1str1buted 

variates Vi.th mean zero 8114 varianc a2 , the an 

l -mn 

converaes in probabW ty to zero as n ~ oo • Tbel'etore, taJd.ns the 

probability l.1mit of both sides ot e. uat1on (5.2.1) u n4 00 , we 

can ee that t converps 1n prol»abil1ty to the constant glven 1n q 
e.quat1on (5. 2 . 2) . Thu.a, :reterriDg to the det1nit1on ot <pq given by 

toZ'mUl.a (4.3.4), we have that Yq converges u probability to q>q es 

n~oo . 

In section 4.J it vu proved that :t the pout q> , ~ and ~ 

en continuous aDi equal. to ~ and 1it respectively. Thus Slutstq•s 

theoftm [ 27 J leeds tc the result that ~ and ~ are consistent 

estimators ot ~ and ~ reapeetively When 18 held tUed as 
A 

n~ oo .. I t VBG also demonstrated 1D section 4., that ag 1s continuous 

at <p , but iDBtead ot shoving t :t ~ • at q> , 1 t vas only ehovn 

that :t q> , 11m ~ • ~ • ni other vol"ds, the estimator ~ :ls a 
n->ca 



continuous function ot n tor this case, tor tbe sol.utton ot equation 

(~.,.ll) involved a factor 

It shown 1n Section 4.3 'that the ex;presston 1n (5.2.,} --~> l as 

n ~ 00 • Therefore, 1t w ppJ.y Slutsky •s theo to equation (4.}.ll) 

apart hen tbe factor (5.2.3), aD1 then 1f ve utilise tbe theorem that the 

limit ot a ciuotient is equal to the tp>t1ent ot the i:orresponding limits, 

where the limit 1n the denominator 1s not zero, we still obtain the desil"ed 

result. Nemely, es n~o<> , A coxrtergea in prol>ab1l1ty to C\ , 
~ -and hence '\ 1 a conaistent estimator of °t tor large n • 

It is interesting to note that •q 1s tunetioraally independent 

ot m • However, au nt1one4 1n Section 4.l, l'lq is a t\mctS.on of n • 

In tact, since 

l1m 
n~oo 

fro (ti . 1 . 4) w deduce that 

ltm 
n --+ co 

Therefore, equation (4.3.4) nnals that 

lim 
n4o0 

• 

•l 

• 



Jience, as both m and n ~ 00 , the Y converge in probabilit:J to q 
the C01Te8Ponding constants q>q • It is t.naatenal Whether tbe 11.miting 

process 1 carrted out vith respect to m or ¥1th respect to n ttrst. 

The conclusion then 1a tbat the s 

tor m t1lred when n 4 DO still hold when both m am n 4 00 

~,that ~, I\ :ton ot ~ , °k 

,., Bias -

, 

Althousb tbe eat:lmaton obtaiDed with the nev est t1on procedure 

comsistent, and tberei"on unbiased 1n the limit, they are not unb ed 

tor small sample • Jlawwer, tt does not sem te ible to determiDe 

e.nalytical.11' the extent oi" the bias in general tor auall sazuples. Instead, 

1n thia section an approzimation to the 'bias VS.Ube Sivan only for the 

etimator ~ tor Case l ad ~. Later the extent ot the bias Vill be 

investigated iricaUy in Chapter VI, Vhich gives tbe results of an 

extensive 88?llPl1ng 8\ll'ft)' tor ease l. 
Let us first consider tbe uponenttal. estimator ~ tor case l, 

where ~ • Y.Jt1 • It we n;pend ~ ill Ta7].or aei"iee about tbe point 

T] • ( TJ1" ~) , - find that 



a ei1'gU1.ar1ty when t 1 .. o • sow, reoallina :from C1-pter m that ~/111 
" eque.l:s the constant x , we •Y approxtmte the difference (x - x) by 

" x .. x 

(5.3.2) 

where only finite matber I of the terms 1a (5.3.1) are UBed 1n the 

apprmdmation. Tak:1rJg the expected val•e ot both eta.es ot (5.3 .2), we 

can pproxilaate the biu, [. (~ .. x) , ot tba eiit .Mir ~ relative to 

the eonatant 6XpG!Dential x a followes 

~ A "'-' i c.. (x • x) - 1... 
r.a 

(·l)r "2 
r+l J:\. (Yl) ' 

'11 

Where µr(Y1) i the rtb or4er central naaent of t 1 .. Bow U 1n (5.3.3) 

we replace the expeet.at.ion• 111 and "2 by the ae:mple Meas Y1 and Y2 , 

we obt in the biaa approximtton 

t 

in our Case 1 model are ~ly diotr1buted with•• zero a.rd common 

varianee a 2 • Actually, 1Dce the expauion (5. 3 . l) convergeo only 

when Y1 lies in circle in the :poo1the quadrant, 1t appears it 

1J 



ve hould further restrict tbe en"OZ' in emh a way that Y1 Vill e.l: :ye 

be positive. But Fieller [ 5] l3aa bown that when 111 > 0 and large 

relati to tbe st&Dtl&Td error of Y1 , ouch a curtailed normal d1atribUt1on 

tor the error · e13 ditteru very 11t'.'tli tran the ueual normal di tribution. 

HOii tor Cue l, 'li and ~ are both positive provided that the 

eoef'tictent a > 0 , and I Tli I > I 112 1 even though the corresponding 

&DB, Y1 and. Y2 , have the same variance. Tberef'ON, 111 vow.a be 

expected to be large in absol~ value relative to the stan1arcl error of 

Y1 • Bence, When the Cue l moClel ta fitted to )IOSitiw dat , there is 

no need to further reatr1ct tbe errors e13 ODCe they a.re usunad to be 

normally dtotrtbuted. 

tor r odd , 

( 2)E. • (r ... 1)(r-3) ... ( l ) nit 2 tor r even. 

~ 
2V+i 

"1 

M 

(=0 2)v (2v - 1)(2v - 3) ••• (l) ._. 

~ ~ E (2v ... l){2v • 3) .... (l) 
V ::sl 

T)=Y (5. 3.5) 

where is the large.at 1nte · in !' . &it the righ't eicle of tbe 



poe:1t1 • Thi bias deeresseo 

m , n or Y1 beCClme larger or aa ~ <lecre • 

A development s1111lar to that lready presented tor Case 1 ay bo 

us to obtain an ~iaatiOD to the biaa ot ~ tOlt' C e 4 . Correepoading 

to equation (5 .3.1), tor Case ~, vben I Y1 ~ 'l1 • Y2 - ~ I < I 111 • ~ I 

> O , ve have ~be ~iOD. 

From th1 xpansion we obtain an ap~tion, con"espcaling to tba't given 

by ( 5 .3.1~) tor Case l, to the biaa 1n ~ tor Cue 4. 'I'h1s ~tion 

iB 

A R 
+ x I: 

r-1 

(·l)r t rl ( ) ( ) ~ Jt!{r-k)! lit Yl ~k ~ 

r 
(-l)r ~ r! (Y ) (Y-) 

~ k!(r-i) ! lie l llr-:t+l c 
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If west 

{5.:;.8) 

As before tor Case 1 1 the approximation (5.5.8) for Case 4 is valid only 

/\ (' 11" the expectation ot the den®d'Dlltor of x , 1D tb1s ease 111 .. 112} , 

is poe1t1ve am larso relattve to the tand.ard error of that denominator. 

Thus (5.3.8) should be used ao an approximation to th 'blaa ot ~ relative 

to x f or Case 4 only it (t1 - ? 2 ) is positive and J.ar relati ve to 

its stamen er.ror :ven though the errora e1.1 are assumed to be normally 

distributed . 

5.4 Etticien!!l 

tors )'ielded by the new timat1on procedure an not in 

~neral. efficient 1 and no meas\11'ea o~ theil" small tu11~>le efttcienciee are 

available . However, since uxill'U:l lik:el1hoocl e timators are :,imvto·tically 

ettic:l.ent, the as;vmptotte ett1c1encv of 

can be determtned by taking tbe ratio o~ tbe as)'IDPtotic variance ot the 

corresponding me.x1mum. likelihood eot tor to that of the estimator in 

question. 



The as~totic vartances oz tbe mmdQla likelihood estimators of 

the parameten ill our model can be f'our.d. bf inVerting a matrix of products 

of first partial derivatives ot l b'tJ) Vitll respect to those parameters 

( ee [ 9 J) . It we let ik ;· k • l, 2,, ••• , 2p ,, represent our case S 

parameters Wben tbe errors e1.1 are assumed to be normally distributed, 

tben this matrix bas elements 

e • rs 
o f(y1~) 

o Qr 

Fore le, tor Case l vlth i:i_ • a and 8a • ~ , 

-l.t1 () e c11J. ) -lt1 • e , ---·- a -a, t 1 e · · 0 ). 

and the matrix Yi th 'lhlch we an co:neerned. bu elements 

cu. -2l.t1 e · 

If ve denote the eOJTesponcU.ng elements of '!'he 11\ftl"M o~ W • matrix 

, 
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re . . . by c , r , s • 1, 2, then the asymptotic variances of the max1.mwn 

likelihood estimators of a and l. are given by c11 o2 and c~ a2 

respectively. 

Bow when n • 1 and the errors eiJ in our model are normally 

distributed, the estimators obtained by the new procedure, which have 

already been shown to be sufficient in this instance, are also asymptotically 

efficient. A glance at (4.2.15) and (4.2.16) am the definition ot 1l given q 

by (4.1.4) sbon that as m increases, the asymptotic variances of both ~ 

" and l. tor Case l decrease proportionally. Also, it can be seen that if 
A everything but a is held fixed, the asymptotic variance of l. is inversely 

proportional to a2 while the variance of ~ is not affected by changes in 

a . Moreover 1 if K , the distance between the observation points ti , is 

al.loved to very while the product lK as well as m , n and a remain 

constant, the asymptotic variance ot t varies inversely w1 th rf1 While 
A the asymptotic variance of a is again unaffected. But the asymptotic 

variances presented above tor the maximum likelihood estimators of a and >. 

for Case l can be shown to be influenced in the same Wiil' by changes in m , 

in a , or in K when lK is held constant. Therefore, in order to obtain 

an idea ot the asymptotic etf'iciency of the estimators yielded by the new 

method for Case l, we need only consider the relative ef'i'ects on the asymptotic 

variances of the maximum likelihood estimators and those trom the new 

procedure of all.owing n to be greater than one and of varying >. without 

changing IC or n • such a comparison is made in Tables 3 and 4. 

The first 1'0VB ot Tables ' and 4 give the asymptotic variances 

divided by a2 of the max1ml1m likelihood estimators of a and >. while 

the second rows contain the corresponding values for the estimators 

from the nev procedure computed through direct substitution in (4.2,15) 



Table ' 

Cese l As,m.ptotie Variances and £tt1c1encies tor Different Values of n 

o: • m • l, T • Kn • 2, ). • Jn 2 

n•l n•2 n•4 ll • 8 
I\ /\ I\ A I\ I\ /'\ 
a ). (} ). a l. a 

M.L. Varieces/o2 1.000 4.250 0.9'2 1.974 o.m l.l!i9 0.519 

N.P. Vanances/a2 l.000 4.250 l.6Q5 ,.;ra l.697 2.59, l .251 

Etticleney l.000 
I 

1. 000 0.593 0.522 o.4'5 o.443 o.415 

Table 4 

Case l Asymptotic Ver1ances and Ettieiences tor Ditterent Val.uee ot >. 

a • m • l, T • Kn • 2, n • 2 

1 •! J n 2 >..! ,ln2 ). • Jn 2 l.•2 1 n2 
2 

I\ I\ I\ I\ I\ I\ I\ ~ a ). a ). a ). a 
2 .L. Variances/a 0.794 0.345 o.866 0.619 0.952 i .974 0.996 13.229 

N.P. vanances/o2 0.952 o.w.., 1.118 0.858 l .6o5 3.778 4.8a6 82.240 

Ett1c1eney o.8'4 o.7&> o.n5 0 .. 721 0.59, 0.522 o.206 0 •. 161 

and (4.2.16). The third J'OW8 list asymptotic eff1c1enc1ea of e t1mators 

yielded by tbe nev method. Dote that these a9J1DPtot1e ett1c1enc1e 

decrease as itber n or >. becomes larger. 

~ 
0.650 

i.5,0 

o.42~ 



SSmUar results to t'bo&e ~cited for Case lb.ave been 

obtained for ca. 4. Again the asymptotic vu1.anc ot both the mmdmt111 

11kel.1hood eattmatol"8 and tboae from the nev procedure en inVeJ'Se~ 

proportional to m vbUe f.D both cues the asymptotic variancee of the 

eo'tSmators ot ). are also tnverse~ pro;portlonal. to ~ and to r-
wben >-! is held f'txed. Both sets ~ 8.SJZlll)'totic varlmloes tor estimators 

does tbe value ot °o or the eip ot °i enter tnto the eal.culat1ou of 

~tottc var.lances. Tabl.8s 5 and 6 for Case 4 correspond to 'i'ableG ' 

and 4 tor Case l an4 indicate the ettect ot changes 1n n and ). on 

the asJm,Ptot1c ett1ctenc1ea ot the estlmaton derived ¥1th the new pl"OCedure. 

Tbe variances tor the ow procedure were calculated by substitution in 

(4.a.18), (4.2.19), and (4.2.20). 

Table ' 
Case 4 Asymptotic Varlenees and Btt1cienc1es tor Ditterent Ve.J.ues ot · n 

!?]. • m • l; T • b, l • Jn 2 

D a·a n•4 
A A I\ I\ A I\ 
ao °i ). 

~ °i l 

M.L. Variuces/a2 l.109 i.1oa 5.905 o.~ 0.952 ,.194 
H.P. Vartu.ces/o 2 1.981 l.844 16.59, 0.991 l.52<} u.'87 
Ettieiency o.,00 0.927 0.356 o.499 0.62, o.2ao 
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Table 6 

Case t. Asymptotic Vaz1.ances end Etttct.enci s tor D1ttenmt Values ol >. 

zai • m • l, '1' • Kn • 2, n • 2 

l Jn 2 l.. An 2 l. • -2 

I Q ~ /\ I\ I\ /\ 
0 ). ao al ). 

M.t. Veriances/a2 6.564 5.727 '·"'' l .109 l.7o6 ;.905 
N.P. VA'/:1WJl:es/a 2 16.500 J.2.2'9 9.6o8 l.981 l.~ 16.59, 
Etf 1cieney 0.398 o.1168 0.,59 o.56o 0.927 0.356 

Tbe reeul.ta presented in th18 section an limited in scope and 

apply onlJ' When the errors e1J are no1"'1D8lJ¥ 41stnbuted. However, 

Tables :5-6 do sbov that the estimators pl'Oduced by the mv procedure 

ere cert:asn17 not in general ett1c1ent an:1 tbat eqmptot1col.q they are 

quite tnefticient unde,r the conditions of this section. 

5. 5 Optinnla Coutruotion ot the • . s9 
In section 3.2 it vas 1Dd1eated tb&t there an several veys of 

toming the sums sq from the observations y lJ tor Vb1cb essen'tlally 

the same method f"or estimating the penmeters ot O'UJ' model mq be followed. 

Tbe procedUJl'e given there tor caJ.cul.ating the Sq vu said to be an 

optimum procedure 1n some respects. ID tilts section 1 t vill be ehoVD 

that it is indeed better metbocl than certa1D alterne.tive met.hods. 



:ttote tbat the subsc::ript 1 ot the model preoented 1n Section 3.1, vbich 

is represented in equation (5.5.1) by tbe subscript (2pv' + q•l) , still 

* l'811819B t.rom zero to (apn ... 1) • Ia order to fol'm the euraa sq , ve divide 

tbe domain of the t 1 into n equal interval& in.Gtead ~ 2p intenal.s 

* a.s bettore. 'l'ben ve let s1 be the sum of tbe obaenaticms at the 

* first observation points in all ot the intervals, s2 be tbe sum ot the 

observations trom tbe eecond observation points of all the inte'rv'ala, 

and so on. In the rematader o't tbis section ve ohall. couttnue to denote 

entlttes connected vith the altenative construction ot tbe &\IDS s . q 
V1tb en asterisk as a euperscrtpt. so, con-eaponding to equation (;~ . 2.3), 

'Which 8tlDS to gtve 

i A 2pv-1+q 
~ °tr. k , t:1.. 1, a, •• • , 2t> , 

2sm 
<1 -A k > 

l-~ 
, q. 1, 2, • • • , 2P • 

As before, A k • mr;p . ( ... \; It) , Follovirlg the same procedure used 1n 

* Section , .. ,, ve set (5. 5. ,) equal to S , and then ve solYe for estimators q 
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In ol'der to taeU1tate the solutions ~r 

e.ga1D ~tent to neon to matrix algebra. we shall once more make 

us ot the tr1x a defined 1:o. cttoa 3.,, am we 8hall tozm column 

* * matrices s and !. 1r,y a\lbat1tut1Dg S ct for sq 1n the matrtces 

i and pft'Viously defined. tt ts al o necessar,y to modlt;y the -
det1n1 tions ot the el.euJ1fflli.S ot the p by p matnees I. , W and V used 

in section '·' as tollOvs: 

* y • 
I'S 

2pn 
(l -.A ) r 

i -A ap 
r 

' 

• 

Corresponding to e :t1ons (,.,.1) and (,.,.2) tor the sq 1 tbe equations 
* tor the Sq ~ now be represented by the two matrix equations 

* * -* L W a • B 

* * * * L W V a • • 



at the equation 

• 

- · * Because of the det1n1t1ou given above, the vectors s az:d s -
* in tbe equation (5.5.6) are of tbe same tOl'Vl. in tel'ID8 ot the sq are 

the matrices i and ! ot Section ,., 1n te:rms ot the sq • hrtbe:rmn, 

* * /\ V and L are of the s tom 1n the k that tbe matrices V and L 

ot Section 3· :5 a:re in terms ot the ~ • Thus, tram the anaJ.o&V betwen 

(5.5.6) and (3.,.4), we see that the solution given t.n Section 3.3 tor tbe 

~ is the COl'l'ect solution tor theA k 1n terms ot the nevly de1'1Ded s: . 
That is, the solution obtained tor.I\. : in tel'lll8 ot tbe sq defined in 

Section 3.3 1s nov the solution tor/\.k 1n terms of the s; . Hence, it 
~ All: follows that aolut1ona tor c;c, and ~ mq easil3 be obtained in much the 

/\ I\ 
same~ tbat !.\ and 1t wre derived in Section'•'· 

NOt o~ can the sq be uaed to obta1D eats.ma.ton 1n a~ atm1Jar 
A A to that de'Veloped tor the sq , but some ot the propertt.es ot ~ and ~ 

/;:l* ~· can also be allow to hold tor the estimators "'k am 1t . In particular, 
/;a* "'* the estimators '1t aDd 1t are consistent for larse m · vhen n 1s held 

tbed. However 1 cou1steDC1 tar t1Dd and n larp no longer obteins . 

To cleDamstrate this, let ua atteq;>t to parallel tbe cona1ateney prooi' given 

* 1n section 5.2 es n~ oo , but With the variable sq 1DBtead ot sq • 

Prom (5.,.1) it tolJ.ovs that 

* s • q 

Carrying out the same sort of man1pul.at10ns that were used 1n Section 5.2, 
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ve find that (5.5.7) yields 

* y • 
q 

1 n-l 
2iii r. v-0 

• 

The last t.erm, which 1s the mean of tbe ' ::lndependent, identically distri-

buted errors e iJ , is again zero 1n tbe llm.i t as n _._ oo • So, referring 

once more to the d. t1n1 tion of a def1n1 te integral [ 8] , we see that 

2pT .>.. t 
f C\ e "1t dt 
0 

l • iifj} (l - e •1k2I>T) • 

But the right side of (5.,.8) is independent of q 1 and hence in the 

* limit as n ~ "'° , all the Y are equal. That ts, the constant q ... 
limits q> corresponding to the q> defined by equation (4.,.4) are q q 

all equal to the constant given by the right aide of equation (5.5.8) . 

Therefore, the determinant I P( <p * ) I , corresponding to the determinant 

J P(q>) I evaluated by equation (4.3.10), is singular and equal to .zero. 

Since I P(cp *> f • O when the new estimation procedure t s developed 
If; 

in terms of tbe S , it follows from equation (3.3.23) that the estt.matora q E; ~ 00 if n ~ 00 • Hence tbe exponential estimators '2=. also 

~ 00 it n ~00 and are tben neither aamiseil>lenor consistent. 
N ~* 0* Therefore, the stirllators end ~ , which are computed. from the ""k , 

ere not defined for large n either, and hence they are not consistent 



estimators of the parameters and \: • So it is evident that 

increasing tbe .number of observation poi nts t 1 vould not be likely 

to improve the accuracy of the estimators obtained Vitb tbe alternative 

method presented in this section tor forming the sums sq • Therefore, 

the eonstrw:rt1on presented. for the sllnS Sq in Chapter III is better 

* than that given i n this section tor the sq • 

So far ve have considered only one alternative formation tor the 

sums sq 1thiah leads to ~le geometric series for tbe expeetat1ons 

ot the Sq 1 aM Vbich is therefore nable to en estimation procedure 

simil ar to that developed 1n Chapter III . There are maey other alternative 

constructions which invol ve both the approach used to obtain the sq 

• and that used to e.rrtve at the s . For instance, the d in ot the q . 

observation points t 1 migbt be divided in halt, vi th the observations 

from the first halt being used to tom s1 , s2 , •• • , SP by one of these 

methods and Vith the rem.aimer of the observ tions being used to form 

sp+l , sp+2, ••• , s2p by tbe other method. All ouch constructions would 

make at least two of the constants q>r and q>
8 

equal for r -/. s , end 

hence, like tbe alternative method all"Oady considered, tbey would. result 

i n estima.tors vbich would not be consistent for large n • The other 

likely alternative constructions ere such that the sq vould not all be 

sums of the same number of 71J • This vould compl icate the solutions f or 

the estimators considere.b~ and would not be advantageous except perhaps 

i n special. cases. Bence, conclude that tbe construction tor the sums 

S presented 1n Chapter I I I is an optimum construction, at least by q 

comparison vt.tb ti. alternative constructions considered here . 
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5.6 Conditions for Obtaining Admissibl e Estimates 

So tar in this chapter it has been ehown that the estimators 

yielded by the new estimation procedure are consistent, but not in 

general sufficient, unbiased or asymptotically tf1c1ent. It has also 

been de1U0nstrated tbat the construction given in Chapter III t or tbe 

sums S is better than several alternative eonstruC?t1ons Vhich would . Q. 

lead to the some sort of estimation procedure att that present.ed in this 

paper. Nov ve shall stw\y eond1ttona for the existence of admissible 

solutions for the estimators ot the cew estimation procedure. 

In tbe model specified in Chapter III, ~ > O , k • l, 2, ••• , p 

and ).r .;. l.6 tor r ~ s , making O < ~ < l , k • l , 2, ••• , p . I n 

addition, the Xit are real and distinct. So in order tor t he esti tors 

~ to be admissible , ve sball reqube that O < "it ( l 1 k • l , 2, ••• , p , 

and. that the ~ be distinct sad real. Now the ~ ere the p roots ot 

tbe pol1nomial 

Vbere 'a0 = l • Since the 

of tb.e ~ 1 1n order for O 

neces~ary that 

(5.6.1) 
I\ Er are tbe el ntaey symmetric functions 

< ~ < l, k • l, 2, ••• , p , it is 

pl 
r! (p - r) ! 

, r • 11 2, ••• , P ~ 



and that 

'Bp .. r < ~r ; r o, l, 2, • • • , ~p-1)/2] , 

where denotee the lsrgest integer i n (p-1)/2 • Also, it 

A / ~ A > is nee ssary the.t 8p ' Bi • Furthermore, given Er O , it follows 

from f.ffJwton' s rul ·of sisns that nece sary condition f or all the ~ to 

be real is th :t each of tbe quantities 

••• 

(~ l )2 ... r 
p p-l 

A 
Ep-2 

pcp-2 

A 
E 

"!; 
be positive, where 

c p! pk ·------
k? (p - k): 

"A 
Note that these conditions on tb.e Er only necessary conditions, and 

that they- ore not sufficient to guarantee an admiseible sol.utiou for the 

~ • Addit pnal conditions which ere both aessary am c.;ufficient for 

the roots of (5.6.1), vb ther they are r al or complex, to be l: so tban 

one i n ab lu."...e v: ore given by S lson [ 25] . 
I te of onditi ons given 

bove, it is usually 
A 

r expedient rely to cotrjpUte the Er and note 
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A Whether or not they are all pos1t1v; • Then 1t one or more of the Er 

1e negativ , the set of estimators ~ is not admissible . But if the 

~r are all positive, Sturm•• theorem [ 2a, pp. 103·107 J ~be used 

to determine the mamber of real roots of the polynomial (5.6.1) vhich 

l ie between zero and o • Sturm's theorem st tea that 

"there exists set of real po~ials f(x) , f '(x) , 
1'2(x) , t 3(x), ••• , tm(x) whose degrees are in descending 
order, such that, it b > a , the number of di. ttnct 
real roots ot t(x) • O between x • a and JC • b 1 
equal to the excess of the number of changes of sign in 
the eeq,uence t, t', t 2, ••• 1 t vhen x • a over the 
number of cbenges 1n sign vben x • b • 11 

t•(x) denotes the first derivative of t(x) • NOV let q1 be the 

quotient and (-t2 ) the remainder 1n the division of t by t• • 'l'ben 

t 2{x) ts given by 

The otber functions of t;stur.i:, ' tbeo mt'J.Y be similarly defined as follows: 

• 
• 

• 

The nev estimation procedure leads to an e4m1ae1ble set ot estimators 

~ U' and only 1f the application ot Sturm ' s theo abaft that tbere 
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ere p real roots ~ tween zero and one, and provided the ~ are 

distinct. Fulfillment ot this latter condition can usually' be 

only by solving for the roots ~ ot the po~omtal (5. 6.1). 

Sturm• s theorem g1 vee a satisfactory ~ ot testiDg tor an 
/\ A admissible set ot estimates ~ one the cootftcients Er have been 

A cal.cW.ated. Also, tbe eon: 1t1ous given above for tbe Br 1th1cb. are 

necessary for an admissible aolutlon ·~ be belptul 1n weeding out 
A 1nadm1osible solutions, but again they cannot be applied unless the Er 

"' ba been calculated. Since the calcul tion ot the Er 1a rather arduous 

tor p > 3 , it VOUl.d be desirable to obtain conditiooa tor an admissible 

solution tor the ~ vh1ch could be imposed upon the S'8!lS sq • However, 

no such conditions vhich can be readily appli have been found except 

when p • 1 or 2 • 
A A For Case l, Where p • l and where x corresponds t.o the ~ 

in the abov: discussion, -Q • s~s1 • It is immediate~ evident that 

~ is admiesible, tbat is, that ~ 1s real sad 11 s between zero am one, 

whenever s1 and s2 a.re not zero and are ot the same sign With 

j s1 j > I s2 f • l'or tbe modified u;ponenti tunct1on, c e 4, 

~low 2' 1s an admi$Sible estimator vhene¥ r the sequence s1 , s2 , s3 
is strictly monotone, either lncreasing or decre ing, With js1 - s21) 
I 82 • 

6:5 1 • 
One ot the conditions necessary tor en admissible solution for 

/\ A A 
the lit 1'or Case 2 is that . Si and ~ 'be positive. From eq tions 
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(3.5. 7) 1t can be seen tbat tb1s cooo1t1on requires that the expressions 
2 2 s1 s4 - s2 a, , s1 s3 - s2 and s2 s4 - s3 all be of the ame sign. 

Factoring s2 s4 out of the first expression, s2 s, out ot the second, 

and s3 s4 out ot the third, it follovs that tbese expresalons will be 

of the s sign vben all the Sq are poa1t1ve if and only 11' ~ sequence 

s1/s2 , s,js3 , s-,/s4 1s strictly monotone. Since the sq usually 

all pos1t1v in practice, th1& is convenient neceaaery condition vhicll 

often ma;y 'M e Uy used to eliminate an inadm1sa1ble sol.ut1on. The other 

"' necessary conditions given previously tor the El" ~ also be expreso 

1n terms of the Sq t:or Case 2, but they are sufficiently COtDPlic ted so 

that it is as easy to carr:t out the acWal solution as it 1s to make t he 

tests. 

The discussion given above concerning conditions Which t be 

satisfied if &n admissible oolution is to result does not give ao;y clear 

1nd1c :tion of whether or not the nev stimation procedure will lead to 

admisai'ble estimates in moat practical problems . In the s ling survey 

which will be reported in Chapter VI, some idea of how often 1ss1ble 

solutions ~ be expected to result will be gained. Also, s1tuat1ona 

which lead to 1n•cimise1ble estimates Y1ll be more clearly depicted end 

1n Chapter VII 1 t will be ehovn that for some such si tuationa the new 

estirmlt1on procedure m1f3 be used to tit a different model than that 

specified 1n this paper. one more point should be brought up here. so 

far in this section ve have only disnseed admissible solut1one tor the ~ • 
A ~ /\ 

But when xk 1& admiseible, 1k Will be real a.Di positive . Bence ~ 
/\ Will have the same ~ as that specified tor ~ 1 and so when ~ is 

· A A 
adm1oaible1 1t Will be admissible too. Tbe same is true of the °tc xcept 

in rare tnatanc o when the ~ are adm1se1bl.e but one ot tbe .I\ is zero. 
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In th1 e pter 
I 

from tho new 1r1c l 

sat?q)ling stu.iy. Howewr, it ls tint ot interest to nctte that thoup 

and ~ tor either Case 'or Case 6, t he ··oi _,. 

t ~ ~ been eonsit! • For eltber Case l or Ca&e 4, when tbe errors 

e1J et ao ~ dietnbuted, 2 is t ratto ot two norme.l.ly distr ibuted 

vane.tee, and it distril>u·uon been studied bJ FieU r [ ' ] end 

Merr1ll [ 22 ] • For the ceral easee, e 3 cu 6, the ~ 

roots ot th · po~ ( 3. 3.2;) with the ~ , which ore ftal and 

eontin · , 

eomple:x to yield 41etributiona or oont14eo.oe Umita fo.r eltbtu' tbe I\ 
A 

orthe \· 

Ex.act confidence l.tmlt are nil.able, however, tor " tor Ca eo l 

and 4, PJ"CVided that the e1J are no 4' distributed.. F1eller [ 6 ] 

show t t 

"1t y end z an est.tmates of t and 1l eub.ject 
1"8fl4om errors normally d1strlbute4 about ZO'l'O an, and 
S.t v'l'Y , vyz , z.c an Jotnt st :tes, b on f 
degreee of freedom end 1Dde nt. ot y and z , ot the 
varianeee and oowr1anoe ot tbe nror 4ilrtribUtion, then 
the tlduetal ( coot14e:aee 1 ra for ts • 'l /t cons1stG 
ot these ve.l.ues for Vblc!i 
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(r.2 - t 2 v ) - ~(yz ... t 2 v ) + f!,2 (y2 .. t 2 v ) ~ o zz . z;y Y'/I 

vbeZ'e t 1s the appropriate level ot the student 
distribution for t degrees of freedom. n 

An estimate s 2 tor a2 mq be obtained ae 1Bdice.ted tn tb next 

paragrQ.ph. 'I'b n tor C l, Yitb 1 • s1 , Z • s2 , t • e(s1), 'l 

• e (s2> , vyz • 0 I vyy • mD.6
2

• vzs' ~ • E(sl)/ ecs2) • x I it 

follows from Fieller' i;heore that a confidence interval tor x com:t ts 

ot those values ot x for \lhicb 

Vb.ere t
0 

is the a-level critical ve.lue of the Stuient t•statiot1c With 

the same number of degrees ot freedom as the estimate s2 • 1'he 1nequal.1ty 

(6.1.1) 1s eqUS.valent to tbe ccmt14ence interval 

(6,1.2) 

'Which ts re comeaient for ce.lcul tion. Since ). • -jln x , where 

T • Kn , and A is therefore a moootone function or x , tor >. , 



corresponding to (6 .1.2), there exists the a -level confidence interval 

(6.1.3) 

We ntioned above that en st te e2 ot o2 ts available. 

If m , tbe number ot observations at each point t 1 , lo greater 
2 2 than one 1 an estimate o 1 ot a ~ be formed tor each t 1 by 

computing 

Since under our model tbe e iJ 

~ then be pooled to tom 

2 
6 

l • 2Pii 

(6 .1 .. 5) 

ass to be bOmoseneous, the 

(6.1.6) 
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of freedom tor C e 3 or 

2 1 
s ·---(2p+l)n 

(2,p+l)n-1 

E 
iaO 

2 
1 (6.1.7) 

with (2p+l)n (m-l) degrees of freedom tor Ce.se 6. As 1n the ease of ~ 

linear regression, o2 
m1q Bl.so be 'Btimated using the an squaze 

deviation of the y iJ trom. regression. '!'he usu.el. . ctice fer non-

linear regression is to as 1gn the s nmber of degrees ot freedom to 

t his estimate as it vould huve in the linear case, l.y, 2p(n-l) for 

Case ' and (2p+l) ( n-1) for Case 6. U, when m > l, the oxpected 

mean square deviation from regression is not greater then the expected 

error en square estime:ted by (6 .1.6) or (6 .l. 7) 1 the two a.o squares 

be pooled in the calculation ot on estimate s2 for a2 • Wben 

m 111 l , tbe mean squel'e deviation from regression 1G the only eot te 

avaUeble for o2 • 

NoW that the st1 tion ot o2 has been discussed, let us a.loo 

apply neUer•s theorom to case 4 when the e1J are assumed to be 

normally distributed . In his case ve t y • s1 - s2, z • s2 - s3, 

t .£(s1 ) ·((s2 ) , "l .f(s2 ) -f.(s3~, v1z • -mn o2 
, v'YY • vzz • 

2tn1l s2 , ~ 1f<s2 ) ·f(s3)] / [l<s1 ) -f(s2~ • x • so confidence 

interval tor x consists of those ues of x tor which 

[ 
2 2 2 ] (s2 - s3) - 2 mn \ 1 

o. (6.1.8) 
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Like (6.l.l) tor Cese 11 tor case 4 the 1.nequality (6. l.8) lee.de to a 

cont14enc in rval tor ). • U ve let 

~ • -i Rn { [<s1 - s2 ) (s2 - s3) + 11111 s2 t~] + Hl"' • (mil)l/2 

1 

[ 2(Sl - S2) (S2 - s,i + 2(Sl - 62)
2 

+ l!(S2 - s,>2 
- ,... t! s2J ~ti 

+~Jn [ (s1- s2)2 - 2 nm s2 t!] , r • o, l , (6.1.9) 

this a - level conf1deDce interval is 

L ~ ' -~ L. 0 - A -i • (6. l.10) 

In a&Ution to the special cases e.lreadJ7 considered, pproximate 

confidenc limits tor &D¥ panmeter or ~ eats.mated by the nev 

pro~edure 1118\Y' be derived tran tbe resul:t of Cbapter IV. In Section 4.4 

we found tbs.~ (4.~.5) bas asymptotic~ a standal'd nol'm&l d:lotribution. 
,\ 

A 'l'heretol'd, 1t ve again let O represent any :tor der1 ved vi th the 

nev procedure and l t Q be the c:Oft~)t)nding parameter, it can be 

shovn that the d1str1'but1on ot 

(6.1 .. u) 
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approximateG the Student t-41str1bution with tbe number ot d grees of 

freedom assigned to a2 
1 where now 

~ al •A=-ay• q q•Y q q 

Renee, tor an approximate a-level confidence interval about 9 , , take 

l 
S ~ + (..LI: A!>2 , a 

q 
t • a 

The computation ot coftf!ld nee limlts using (6.1.10) e.nd (6.1.13) Will 

be illustrated in Chapter VII. 

6.2 An !?Wir1pal stuaz tor caee l 

In order t .o learn more about the omo.U sample abe.raeter1etiee ot 

the estimators developed 1.n this paper 1 ve 1avestisated the properties 

of these estimator& 

on the Onk Ridge lat.tonal. ~ratory•s automatic digital computer, the 

o:re.cl.e.. A more eaten81?e ~ vaa or1@1nall.1' pl.mmed, but tt bas been 

poss1bl to eol'lGider only tbis special en ·· during the time thi pa.per 

has been in preparation. Nevertheless, the results reported here Vill 

hel p in our evaluation of the nev procedure. 

For case l, observations y13 re generated in aceorclance With 

the model presented 1n Section 3.1 Vith tbe additional specification 

that the rron e1J be no~ 418'tr1bUted. Bach eiJ ws ~ 

'by firot generating sixteen randca variates tran a. rectangular d18tr1bu· 

t1on with zero mean fmd then taking the mee.n of these vsnates. In the 
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caleulation ot tbe errors, a va.s taken to be torty per cent of the mean 

expected value of 113 • 'then m was allowed to take on the values l, 

2, 4, 8, 16 and 32, since, tor 1nst.anee, doubling m may also be inter• 

preted as bal.v1ng o2 • 

The computations were carried out Vi th >. t.eki.ng on tour different 

values, nmr.ely, i In 2 / !In 2 1 f J n 2 and ~n 2. Also, n vas 

set equal to 2, 4, 6, a and 16. Each ot the 881{ple8 vu senerated With 

T • Kn • 2 end Yi th a • l . t:o el together, l.20 sets ot parameters were 

used 1n the calculations . The choice of >. values, as we shall. see 

later, makes it possible to tnve tigp.te, for 1.DStance, the number of 

half lives Which should be observed 1n order to accurately estimate the 

rate ot dee~ of a radioactive sul>etance . Aleo, th1a empirical study 

may be eztend.ed to ocy non-zero value of a , tor, under tbe conditions 
A ot our study, changing a bf a gt vi n factor would not attect >. or 

its variance, but it vould multiply ~ by that factor and the variance 

of 1) by the sq~ of that factor. ror each aet of parameters the 

caleulat10ns were continued until 1024 samples wre generated wb1eb led 

to admissible estimates. Meamlhile, the number ot inadmiseible solutions 

obtained was recorded. '1'he proportions of 1nadmiseible aoluttoas, for 

all sets ot parameters for which such olutiona occurred, a.re given 

l ater 1n Table 18. The distributions ot the estimates ~ end ~ were 

also recorded, as were tbe aan;>le means ed variances ot the estimates. 
~ The s~le means and variances of 1: eoaaputed for Case l eioe d.1spl~ed 

1n Tables 7 .. 10 Vhile those ~r ~ are given 1n Tables ll-14. 
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l ~ 

V(~) 

2 'I 
v(1) 

4 t 
V(~) -8 t 
v(1.) 

16 'f 
V~) -32 1 
V~) 

. le 7 

A VAIUANCE OF l 

Case l: 1 •~Jn 2 • .17}29 

n = 2 ll • 4 n•6 11 • 8 
; 

.26860 .21'47 .18819 .l.84o2 

.01&-027 .OJ.885 .ol.208 .01014 

.21418 . l.845; .17776 .17695 

.Ol.676 . ()0(),2 .00691 .00528 

.18411'. . l7l.94 .175'4 .1746o 

.00895 .005,a .00354 .ooaao 

.17771 .1742, .17 .17384 

.()0549 .00280 .00176 .00139 

.17445 .17296 .17269 .17369 

.00287 .0013' .00094 .00071 

.17314 .l.7466 .17298 .17222 

.ool.28 .ooo63 .~ .00034 

n • 16 

.1799, 

.00565 
• 7309 

.00272 

.17306 

.001,3 

.17369 

.ooo66 

.17'45 

.ooo,.. 

.17)12 

.00017 
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A 
SAMPIB VAal'AffCES OF 1' 

Case l: ). • ifa 2 • . '4057 

m n • 2 n•4 n•6 n•8 n • l6 -
l ~ .4<>381 . '6855 .}5917 .5631, . 34925 

V(~) .076,, .03609 .02026 .01776 .00747 -2 i .38508 .3,r.47 . 35114 .,,a,7 ,.54763 

V(~) .o4ao6 . Ol.569 .00945 
J .·00566 .007!)1 -4 ~ ·3'260 .. 54791 . ;54705 . :;.915 .~7 

I\ 
V(l) .01'6' .. oo681 .00474 .00360 .QOl.87 -

8 1 .,5180 .~17 ·'4717 ·'491.8 .34758 
V(~) .. 00728 .oo,oa .00252 .ool.82 .ooo89 

16 f .34,59 ·'4'80 .,i.'5{) .'4059 .54751 

"" V(A) .00362 .. 00171 .00117 .oooa1 . ()O()lf.6 

32 ~ . '4610 .3464, .:54806 .34667 .. '46o!; 
A 

. 00168 V( l.) .00090 ·OOO'!R . ()0045 .~, 



/\ 
S.AMl'l.Ji MEANS VARIANCES OF 1. 

caae l~ l c f.fn 2 • .51986 

m n•2 n • t. n• 6 n•8 n • 16 

l f .56358 .56597 .53871 .,i.l.26 .55195 
V(~ .1~ .()6588 .03537 .02661 .ou,a -2 1 .56561 .~29 .. 54461 .52756 .52270 

V(~ .07ll9 .0236, .01646 .ou6' . 00,..9 

4 i .53827 .52156 .52690 .52,74 .52199 

v(1) .02642 .oll82 .00689 .()0546 . ()0249 
-8 t .53017 .52,i.6 .52532 .52205 .;2037 

V(~) .oll.22 .0Q509 .00370 .00262 . 00136 

16 * • 52u9 . 52121 . 52000 . .'20J,6 .52174 

v<1> . 00505 .00271 .00172 .. 00128 .ooo68 

'2 f .52188 .52()()4 .52()49 .52039 .50077 
(~) .. 00274 .00129 .00082 .ooo62 .00033 
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Table 10 

SA.MPU:l • ARl) VARIANCES OF ~ 

Cas 1: A ca .Rn 2 • ,.69315 

. ' 

m n o 2 n a 4 n•6 n :a a n • 16 

l f .7~ .75742 • 746()() .72~ .70''' 
v(t) .17459 .12672 .07491 .051'1 .a:::crrr 

2 ~ .75802 . 72593 . 11oao .. 71'°' .7o481 
v(1) .ll.01, .()4908 .031,4 . 02196 .009u 

4 ~ .73395 .7~27 .69991 .69999 .69679 
V~) .05105 .01m .Ol'll .00921 .()()l.10 

8 f .71267 .. 6$1422 .6~ .70162 .69429 
A V(l) ~01~5 .008!)6 .oo620 .. oo43' .. 00209 

16 1 .69912 .69628 .69559 .69602 .69553 
V~) . oo878 .oo431 .0028() .00003 .00097 

'2 1 .69944 .69782 .69502 .$372 .69394 
v(i } .00449 .00219 .00145 .00101 . 000!)4 



Tabl ll 

case l: . 17329 

m n•2 n•4 n•6 n "" 8 n • 16 
l 5 l.lo'65 l.o6526 l.02912 1.01;86 l.Ol2ll 

V(S°) . 07412 .05069 .03722 .0'112 .01830 
2 9 l.o4753 1.02247 1.00948 1.00764 l.00104 

V( ) .03606 .02610 .02124 .OJ.6o6 .oo867 -1,+ 1.01895 1.00219 l.005,, l .oo66o l . ()0229 

V( " ) .02146 .01444 .. ()()t),, .oo871 .00499 
8 . i.00557 1·00072 l . OO!S()O .99913 l.00214 

V( ) .01124 .,00789 .00516 .~l, .. 00015 

16 x 1.00021 l .00151 .~ i ooo6o i.00039 a 

V( ) .oo610 .00368 .00269 . 00211 . 00112 

32 ~ .99964 l.00100 l.000'9 .99907 .~7 

V(~ .oo:m .00174 .003.43 .001o:s .00057 
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SAMPLE 

Cas l: 1 = i ln. 2 • .34657 

m n=2 n•4 tl = 6 n=8 n • 16 -1 " 1.o4o65 l-~ l.01566 l.02,488 l .. 00466 a 

V(~ .c6;02 .05296 .03621 .0;4'1 .01486 

2 1.01674 l.ooB,S l.oo822 1.00969 i.ooa;, 
V(~ .o,S76 . .~, .01778 . ;01459 .00791 -4 l.ooo62 l.00137 l.00026 l.00210 l.00()29 

v~ . 019'9 .. 01172 .008y) .001'° .00378 

8 9 l.00285 l.00016 l.ooo64 1.0026lf. l.00217 

V(~) .00949 .oo629 .00458 .00367 .00185 

16 § .99806 .99846 -9";1873 l.OOll5 l.0016.5 

V(~ .. 00441 .00294 .00223 .00176 .00100 

52 Q .99755 l.00101 l.001'5 l.ooo86 .99879 
V(~) .002,l .00157 .00113 .60089 ·~ 
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SAMPLE Ml'.iAll9t5 

C ls l. • f J n 2 • ·'1986 

m D.•2 n•4 G•6 n•S n • 16 -l " l . 02012 1.05710 l.01548 i . 018o6 1 .01606 a 

V(~ . ()5896 .05486 .0,745 . 03()47 .Ol.469 -2 Q 1 11 016~9 l.. 01927 i . oa,s4 l . 00'}97 i.oo62o 
V(~) .03207 . Q24o8 .01885 .01,94 .oo698 

4 A l .00481 i .00344 l.00,.W.. 1.00396 1 .00247 
\ 

V(~ .01562 .ou62 .ooau .oo6,, .00351 
8 Q l .oo647 1.00179 l .00424 1.00223 l . OOloB 

v(a) .OOSOll- .00525 .~ .00,19 .0018o ... 
16 l .00029 i . 00107 .99995 l .ooo49 1.00231 

v(a) .00368 .00'tl'77, .00209 .00156 .00097 -32 A l . 00202 .99972 l .00021. i.ooa,a. J..ooo6, a 

v(Q) .00193 .00151 .oooc;, .00084 .OOQ!J5 
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4 le 14 

SAMPLE VARIAHCES OF~ 

C e 1: l • l n 2 • ·69'15 

m 11•2 n•4 D•6 n•8 n • 16 

l 
A 1..00805 l.. 36 l .o4o81 1.02,51l l .0102l a 

V(~ •• 05597 .06'°6 .o4506 .o,784 .01844 -2 A i .0194, l .02548 l.017'+1. l.Ol.60, l .01020 a 

vcS> .02967 .02721 .02147 .01619 .ooS,59 

4 § i . 01.249 l .008'2 l.()0566 l .oo610 l .~l 

vca> .01485 .01193 .00911 ... 00751 .00384 -a A l.00397 1. 001.00 l .()0256 1.00666 l .OOOCJ9 a 

v<S> .007}9 ·00"2 .004'4 .003,S . ()()198, 

16 § l.~ 1.00334 1.00129 1.00198 1.00228 
V(~) .00370 .00272 .002~ ~68 .00091 

'2 A 1.00263 1 .00184- l .00015 l .00lb6 l.00083 a 

vcS> . 00181 .00148 .001oa .00083 .OOQ49 
! 
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Let us examine the variances .in Tables 7-14 to determine the 

accuracy of the estimation relative to changes in m and n for 
' ' 

constant :>.. , a and T = Kn. It is important in this analysis that 

we keep in mind the dual role of m of either determining the magnitude 

of a or of spec1fying the number of observations taken for each ti. 

For exampl.e, data recorded for m = 4, instead of being interpreted as 

having occurred with o = .4/2pn ~:-~ C,(y1j) and m = 4, could be 

thought of as having arisen with o • .2/2pn 7~-~ E; (y iJ) and m = l. 

Thus the variances given for m = l, though quite large, are not alarming 

since in this instance a is also large. Note that the sample variances 
A I\ of both >.. and a are approximatel.y halved each time m is doubl.ed. 

A .I\ That is, the sample variances of both >.. and a are inversely proportional 

to m • The same appears to be true vi th respect to n in Tables 7-10 
~ for all the variances given for :>.. and in Tables 11-14 for the variances 

A of a as n progresses from 8 to 16. Moreover, increases in n up to 

" n • 8 also decrease the sample variances of a somewhat, but not 

proportionally. 

Tables 7-14 also indicate the effect of changes in m eni n on 

the bias of the estimates. A The averages >.. given in Tables 7-10 are 

predominantly positivel.y biased, as would be expected on the basis of 

Section 4.}. In fact, only fifteen of the 120 averages reported in 

Tables 7-10 are negativel.y biased. Furthermore, in each table the bias 

is greatest for small m and n end it tends to decrease with increasing 

m and n. The same trend is noticeable in the averages § recorded 

in Tables 11-14, where only twelve of the 120 averages are negatively 
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" b1ased. This is not aurprisin~h for poa1t1v: biae in >. makes 

_eQ. ( ·~ t 1) .negatively bi and can b ~nsated tor b7 a pee1tiw 

blu in the COft'UpODding Q. . 

Bow that haft inveattgated tbe etrecta of changes 1a 

on tbe estlmates tor case l, l t analfze Tables 7-14 Vith respect to 

changes in >. • 

bias Gt ~ bee 

Compar1 ODS amo:ig these tables ebov that the positive 

1e true 

to lesser xtelft for l2' , ev. n thougb the 

to decree.se e.s ). t.ocreases, at least until 1. • t J n a , Vhere 1n some 

1netance the dawva.rd t:read is nversed. On the otber band, increasing 
I\ 

l under the eomll tions ot cur etwly illcreaeea the saapJ.e variance of l 

1n every instance. Bowewr, ot more interest than cbanan 1n the actual 

b1aa t.nd &ample variance-of ~ vtth increasiag >. are t.be effect on 
. I..\ 

both tbe biaa and the etand.erd d.eviatiOn ot l: relative to ~. Te.bl 15, 

Vb1eb bas been computed trca Table 8, indicate& tbe magnitude ot these 

statiatica 'for our stl1!7. By eonatruct1ng eSmi 1 ar tables tl'Om Tables 7, 
~ 9 and 10 1t can be shovD that relative b1ae ot l; io reduced tor email 

m and n as >. 1acreues. Bu:t u and n become lar'e,e, the relative 

bias ~ ~ decreases more rapidJ.7 for sma.U >. t.baa tor 1.arp >.. 

" FurtheJ"mOre, the standard dniatlon of A nJ.ative to >. decrease as 

>. 'beccmee larger. 
.. 

I1' >. 18 incl'eased, €, (71_,) • a elq>. (-l. t 1) becoma amener, 

and the e1J as computed ill our ~ilta s~ aleo become smaller. 

Thus w mle)lt expect the vari.at1on ln ~ not 01ll7 to be less relative 

to >. tor large >. Aan tor 8Dl8l.1 >. , but to aleo be lesa in absolute 
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hble 15 
A 

STAl'lDAltD DIVlATIOlf AND BIAS OP l. BELATIVB TO l 

e i: i • ~en a • ·'4657 

m n #2 n•4 ta•6 n•8 n • 16 

l lda/l .16, .o63 .036 .()48 .006 

e.d./l. .6'6 .:500 .169 .1~ .o62 

2 biu/l. .lll .02, .01, .017 .oo, 
a.'d./l. ·''° .l,l ·'119 .o6, .030 

4 bias/>. .017 .0()4 . 001 .007 .001 

.d./'1 .1:50 .057 .0'9 . 0:50 .016 

8 bias/A .01, .005 .ooa .008 .003 

s.d./>. .o6l .0,1 .021 .015 .ocn 
16 bias/). ... 003 .... oo, - ~oo' .ooo .oo, 

s.4:./>. .030 .015 .010 . 007 .oo4 

32 biu/l. -.001 •• ooo .oo4 .oob -.002 

e.d./1 .01i. . 007 -~ .004 .002 



). 

1Dcre s •7 be f'eUDd by considering the rel.o.tionobip ~ >. and '.l' • K'Q. 

'1'he calculations SA Tables 7 ... 14 were all done VSth t 1 ~ 

frail 0 to 4 , le, W1'tb T = 2. Stace £,(ylJ) ~ 0 mDl'e 

t 

bel4 r .. 
u;ppoee ill ~S$1ng from 'lellle U to '!'able 14 we tte~ the 

1ncrease tn l. instead as tnerease 1n T •kb vi'thc:Nt chaft61~ 

itber tbe ~ l. K or £(;y1_,). The J'iJ will not be cbanae4 by 

thio rpretati.on bee&U!le ot 'the in which the e1J a.Te gemrated 

1Jl ' irlcal st\ally. 'J.'bel:'dare, neitbm• will a nor tbe variance of 

a be C~ for ~ given pd.I" Of m and ft ve.J.ue I far * ealeula;t10D 

ot Q from~ y1.1 1.nwlve neither A , K nor 'I. Tb\18 Tables 

ll ... 14 are not changed by the new interpretatt.aQ. !be saane l s -* true 
I\ 

O~. '.l'able 1•1.01 however, AJ.- ). 1s iDYer ly pro;port.J.onal to JC, 
A 

IWiklng wr1ance ~ >. inftroely proportional to ~. D».1& trca 

Tables 1-10 we could co~ DIV tables tor 4!.tte!~ w.l.ue ot etther 

X or 'l with >. and n bel4 CODStant. A tew enUtes which VOllld 

appear 1n such tables are gi'V'fHl 1D Tabl.e 16. 
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abl 16 

SAMPLE 0 ~ VAR?IHG T 

cu l: >. • ~)n 2 • .17329 

m n T•2 T •4 1' • 6 f •8 -2 8 1 .17695 .17619 .17586 .1 

vci> ·«>'26 . 00188 .001.29 .00137 
4 16 f .17'06 .17349 .174oo .17~20 

vi~> .00153 .OOOln .oooaa .00026 -a 4 t .1742, .17~ .17449 .17356 

v<1> .0028<> . 00092 
.._ __ .,.L 

. LIUU'-71 e "-"AJ,,. 

16 2 ~ .1742J5 .17280 .17373 .17~78 

V(~) .00287 .00091 .000'6 .00055 

32 6 1 .17298 .11 °' .17350 .17376 
V~) .00050 .00014 .00009 .00009 



'J.'be bebavt.or ot 1 and 

otmil.ar to tbat of -a and 

.!\ V( I ) 1n 'fable 16 as T increases 1a 

V(~ 1n !ables 11-14 as either '1' or ). 

1.ncreases . FrCm these tables ve conclude tbat U' m 8114 n are 'bel.4 

ccmsttmt; an tmreaae 1n T teDlls to l~ the sample var1ance of bobh 
A I\ >. flD1 a up to a certain point, after 'fJhS.ch it nears that at least 

the wr1ance o'f 1} 1Dcreases and. that tbe bias c4 both ~ an4 ~ 
increo.oea . But 1n actual experimentation, mi 1Dcrease SD tbe range of 

tbe t 1 t a uauoJ.ly accompliehed by 1ncreQS1nS n wit.bout keeping 'l' 

constant. As we have seen, 1ncreasing n vtth '1' con.otaat teD1a to 

n beccaes larger. An4 vben mk:S.ng '1' larger i s accm, llllGIUed 

by increasing n , we would still ewntual.ly ex.peet poonr estimation 

vtth the new procec1ure. ~ the reaulta 1n Table "(-l.6 1nrlieate tbat, 

tor Ustance, coat11Ning to Observe half Uvee ot a decaying radioe.ctlw 

substance wUl yield better e . !mates tar Cooe l · mc>c1el at first 1 but 

only uatil tbe observe.tic:ms level ott Mar zero. 

; n , ). en4 
A I\ 

'1' on ). / a and the1r variances, let us ~ oome of the small 

sample vorl.anceo reporte4 1a this seet1cm vtth tbe correspon.Ung asymptotic 

vsriances given 1n section 5.4. Table 17 preaeuta veral pairs of 

variane s , am. in the calculation ot the ~10 w.rtance tn each pair 

o2 was computecl 1n the manner preaertbed tar our etQirical ~· 

Dote tbe cloae e.greemeat at the smll aempl e w.r1s.nces Wit h ti. respective 

asymptotlo wriaQCea . 
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Table 17 

A ea.a>.ARISON OF .ASYMP.OO'rIC AND SM.AU. SAMPLE VARIABCES 

·= • l , T • 2, A • Rn 2 
o • k' mean l (y1J) 

D•2 n•4 n•8 " 
V(~ V(r, V(~) v{t) V(~) V( l.) 

As~totic .m.4u .0,320 .OJ.o87 .01600 ,Q0679 .oo830 

Small sample .01485 .o:no5 .ou93 .. 01929 .00757 . 0()()2l. 

.J.4142 Asymptotic .007o6 .01660 .()()544 -oo830 .00340 .~15 

.1 

Small Semple .00"739 .01945 .00552 .00856 .oo,,a .oo43' 
A81111Ptot1c .003'3 .oo830 .00272 .oo415 .00170 .00208 
Small Sample . 00370 , .00878 .00272 .Q0431 .00168 .0020:; 

The SIUQPle means and var1ances ot Tables 7-17 have helped describe 

the small aample 41strtbut1ons of ~ and ~ tor case i . To turtber depict 
A 

these distributions, tbe sampl1D8 41stri'butioas of >. about >. and ot 

about a • l vere recorded tor each set ot pe.rueters. For both 

estimates intervals ot l/fA were us with sixteen intervals on each 

side of the ;parameter 1n question. It would not be feasible to present 

each ot tbe&e d1etr1but1ons bere, but aome of them are given 1n Figure 

l aD.i 2 to illustrate the etteet of 1ncnasing rn end n on these 

d1strtbut1om . These f1e;u:rea 1Ddicate tbe approaah ot tbeae distributions 

to normality as either m or n grows large, a result demonstrated 
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'lo complete our discussion of tbe eJll)i.rical sempUDQ stur!y for 

Case l, va ueecl OAly lOOk at the propor\ions of 1Mdmf se1ble GOl\l\io.rw 

obte.iJ'Jed durSag the cal0ula,1ane. For Caae l, an. i"'Mbdsslble solution 

occurs when Y2 ~ Y1 , as ment.:l.ooed 1n secttoc 5 .6.. Also, ae stated 

before, the Snsdmlsstble solut~mw reported here oce:urrea wtdle 1024 

aclm1sa1ble sol.utions were beillg e~ tor each set ot paremet.ers . 

Table 18 inclu4es all tJw 1na4mtas1l>'le solut1oas yiel4e4 by the en;>trical 

work tor Case 1. 'l'be reaul.ts pven 'there are encouragtng becauae in 

only one 1nstance tc there ea entry for a < o .14142 times the man 

expectation Of y iJ. However, tbe table tntlieates tlsat under oar Case l 

model when the e13 are normally 41etr1butecl1 * now estims.$1on 

procedure will produce 1Jl8/Jldsstble soluticaa wtth a fairly hSgb 

frequncy when A ts sme.ll relative to '.r. 

!be mpirical e-.pling etu4y for case l 4.iscuosect :lJt this seet1cm 

bas n.tl.ecte4 favorably upon the new es\imat1on procedure. Yet troll 

this stmy we caanot Snter that the new method bebe.wa as veil tar more 

ge ral cases ot our DDlel. For 1Do'tance1 e.s the number ot .__ in tbe 

model 1Doreases more neceaS81'1 condltions must be satisfied 1D orGsr tor 

e. solu\ion to be o&rd.ssible 1 so ve would expect a htsber f're~ ~ 

1M4ndssible solutions. BCMIV8I' 1 this aaJll>Ung stuit;y does !.ndicate 

thnt the new procedure i e a4equate. when 1to model ta applicable. 
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Table 18 

PROPORTIONS OF INADMISSIBLE SOLUTIONS FOR CASE 1 

m n 1 = ~Jn 2 1 = ~In 2 1 =tin 2 1=Jn2 

1 2 . 192 . 038 .011 .002 

4 . 116 .015 0 0 

6 .o64 . 002 0 0 

8 .057 . 001 0 0 

16 .003 0 0 0 

2 2 . 110 .015 0 0 iJ 

4 . 038 0 0 0 

6 . 019 0 0 0 

8 .008 0 0 0 

4 2 .051 0 0 0 

4 .007 0 0 0 

6 .003 0 0 0 

8 2 .006 0 0 0 



vn. BXTEllSIORS AID ILLUSTBA'l'IO 

7.1 ExtensioDs ot the MOdel 

The model in Section ,.1 was formulated so that it could be 

real.1at1eally applied to ~ })l'Oblema 1DYOlvin6 exponential. titting, 

and yet 1t vu restricted sutt1c1ently to make the de'Yel01U'llt ot the nev 

estimation procedure relat1'V'ely simple. Hawver, there are scneral useful 

extenatons of the model wbicb require o~ minor alterations ot the 

eettmat1on pziocedure. some of these are indicated in Section 3.1, Vbere 

several assuq>tions of the model are declared wmecesear:r as tar a.a the 

estimation 1 tselt ta conoerned, but either are neces8817 1n ol'der for 

certain properttes ot the estimators to bold or else are necee881')" to 

make the model contOftl to the egper:tmental 1tuat1ons to which it is most 

often. applied. In this section some additional extensions ot the model 

villbe~. 

'l'he tint extension reaulte from removing the requireme~ that 

au the ~ be real. As pointed out by WU.l.en [ }l] , there are some 

situations 1n Vbich ccawlex exponents an meaniDgtul. ~n the model 

:titted can coDftnientl.1' be represented 1n tems of sine and cosine tel"lllS 

u veU as eapcment1al.s, thus giving a new model to which tbe nev esti-

mation procedure applies. Another trivial modU'ieatlon of the model 

consists ot using a poeit1ve number other than e aa the base ot all 

As stated 1n the 1ntroduet10n, the estimation can also be ean1.ed 
2 . out vben the e1J are not homogeneous. And wtlen a vanes only fraa 



group to ~, the U.m1:t111g d1atr1butionsot ~ter IV aft still valid 

it a eligb't change is IJJl!lde. In this 1nstanee, tbe exp1"88Sion (i. .. 1.8) for 

the es~totic variance of an ·estime.tor tor n larse becomes 

vbel'e a: is the variance ot the ouerve.tiona in the qth group, and 

(i.., .8) 1s stmUarl.7 atteotea.. When estimates s; are 8Ubat1tuted tor 

tbe c:: in ( 7.1.1) and when all of the s: haw tbe same number of 

degees' ot treed.om, ve m&1' assign that nmber ot degrees ot freedom to 

v(~) • But the developmenta of the ne.i paragraph YlU Dllke tt po a1'ble 

tor tbe s: to have ditterent numben of degrees of free4om 1D accordance 

Yltb an extene1on of our model. :tn this case, ve sball be conservative 

am asatgn to V~) tbe amal leat of these degrees ot treedem. 

The new proeedue can be further extended to a model 1n Vhich an 

unequal maber ot obeervatloae an made at some of the points t 1 • 

In tact, 1t is only Deee&88J7 that the maber of observations be the a 

tor all of tbe t 1 V1thlll a.n;y gtven Sl'O\W• S\q1p)ae in the procedure as 

developed in Chapter III w let .1 nmae from l to m, , Wbere the 

eubserlpt q 4enotes one Of the 2p groups as before. 1ben1 it ve 

replace each sq by S/ q and let m • l, the development 1.n 

Chapter I I I '1P.Pl1ea to this toftR&l.ation. Alt!iougb thia extension 

increase& tbe applleabUtty of the DIJN met.bod, its use al.BO requires 

more can in the pl..emd.ng ot an uperiment. :Prev1~ 1 U' an ex.perlmenter 

wanted to use the new proced'tlJ'e vtthout introducing 81J1' approstmattou, 
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be bad to take ob:Jervattons nt a prescribed mamber ot points . Yet, tor 

1mtance, U' bo took ob rvat.iana et twelve~' be could attempt to 

fit either 2 , 3 1 4 , 6 or l2 expouel'lt1al terms With thoo · observat-

tiODB. lN't i f he utilized the ~ton or ._he model presented in thi 

paragraph, be would be restricted further in choosing tbe •bc:r ot terms 

to be fitted. 

eonataat "'o in the Caee 6 ID04el. Insteerl of reme.f.m.ng c~ through-

out an e~, Clo could tor 1nstanc be a function ot t 1 • ln most 

experimental situations tbis ~ mean that a0 vari with time and 

would l ea.4 to the moclel 

Unles a01 vere a pertodie function vitb period n , tbi model vould 

COZQpl1cate the new procedure considerably. Yet solut1on a.ppe to be 

fe88ibl.e in name instances. 

Inatead of ve.rylng Vith 1 ' ao could refleet, aq, block 

effects vben an eJa)eriment ta carried wt vi th several md.ma.ls. That is, 

'l'bts to.nrmlation vould not Change tbe est1matioa apJlftciabl.J a1Dce the 
m 

constant term };a a03 vould be included 1n eW17 eum sq. Another 



possible extension along this line V0\11.d be the 1ncl.uaion ot bloek, time 

and interaction ettecta in the model. This voW.d ot course unduly 

complicate the eatima-tion vt th the nev procedure except pel'haps 1n special. 

cases. 

7. 2 ~tions to the Model 

In order to utilize the new procedure it 1a often Deceasary to 

make approximations. SOmetimes the t 1 are not spaced in acecmlaoee 

With the IDO<lel or else the7 cannot be divided ewlllY,. into 2p groups . 

In sane aw:h situations a tev interpolations or extrapolattou vUl 

suppl.J the m1aa1ng data and make it poee1ble to~ the new method. 

This 1a done 1n the examples in Sectione 7 .4 and 7 .5. Al.so, an 

experimenter sometimes takes h1a data at unequal interval• 1n such a~ 

that when the t 1 an divided 1ntO 2p groups ot length 'l' , n varies 

from gl"O\lp to group. In this instance a 8\D s ~be formed as uaual q 
tor each group. 'l'ben a eo1ut1oa 111q be cur1e4 out as 1t m 1Detead q 

of n cbaJlsed, between groups without altering tbe product mq n tor 

any group. 'l'his latter ap,prox1mat1on is rather crude, but interpolattou 

and extrapolations eucb u those eqsested at tirat otten do not weaken 

the eatSmatlon U tbq an tw in number relative to tbe number ot 

observations. 

A usetu.l approximation 1• el.80 avatlable when m varies mt only 

from group to~, but for t 1 VS.thin the same group. In Section 7 . 1 

w sav that, vben m cbangee o~ fl'Clll group to group, S /m may be q q 

substituted tor sq 1n the solution 1L Chapter III With m • l . 

S1m1larl.1, as en approximation w 'JJJS¥ avenge the obeenattona y iJ for 



each Point t 1 vben m varies V1 thin a ~· 'l'beu tbeee awraeea may 

be aubstituted tor the y13 in the new procedure With • 1. In this 

iutance, tbe variance a2 1n the baa1c model la a variance ot mans and 

vartea trom one obael"l&tion poi.Dt to another, and tbia should be taken 

into account in tbe computation ot s2• 

7. 3 AD XUuetratiou t• caae l 

In this aect10n the nev estimation procedure V1ll be uee4 to ts. t 

.. case l model to tbe data bom 8D experiment conducted by Paul Uno in 

tbe Biolog Division ot tbe Oek R1dge National. Laborator:v. Mr. Urao made 

nucleated bone manov cell counts on mice both 'before and atter X-1rra41at1on 

ot 900 roentpu. 'l'beae counts are reported in Table 19, with those 

made be1'on 1J"l'lll41ation ncozded tor zero dqa after 1rn41a't1on • 

.Af+..er plottil~ the '1ftJ'a.S88 giftD 1n tbe laat rov ot Table 19, the 

expert.uter augasted. that the data be fitted to a single exponentt.al, 

tbat 1•, to a cue 1 model. Since th1a ente.11.8 the eattats.on ot o~ 

two panmeten by the new pl'OCedure, n 8ball. partition tbe data ot 

Table 19 into tvo groups, Vith the counts tor dqa 0 IU:ld. 1 1n the tint 

group em thoee tor 4fQrs 2 aDd ' 1n the aecond, and beD6e n IQ 2. 

Alao, a.lnce tbe interval betwen ew::ceaetve series ot ~·antJ is one day 

in each iDStance, It • l. Tbe ZNIDber ot mice tor vtlicb counts wre 

made varies v1 th1n each ot the groups, ao we •ball toUov tbe recouaenda-

t1on made 1n section 7 .2 ot replaei.Ds the observed counts y tJ tor any 

1 , that is, tor ·8111 day, by the average y iJ fOI' that C1q 8D4 by 

letting m • l 1n the estimation equat1one. !l'be a'ftrqe dally counts 

are given 1n the last rov ot Table 19· From tbeae -nae•, uatns 



Table 19 
BONE MAlUUf Cm:.L COOJrl'S 01 X-IRJW)L\TED MICE 

J)ays after X•Irradiation 

0 l 2 ' u,137,!500 3,062,000 4,7,000 96,250 
9,418,750 3,075,000 766,666 l.l.2,500 

10,287,500 ,,050,000 1,o87,500 237,500 

12,487,500 3,,512,500 368,7'0 75,000 

Bone u,100,000 2,m,000 1,206,250 150,000 

Manov 10,023,7'° 1,058,7'0 500,000 90,000 

counts u,o62,'°° 2,000,000 65,000 100,000 

io,437,500 ,,i.75,000 416,666 ua,750 
2,675,000 450;000 162,500 

737,500 

281,250 

7'6,250 
Averaaes io,944,,75.0 2,942,583.3 '911lll.O 126,944.o 

-



'91, 111.0 + 126,944.o • 

~ 0 . 7181 • lj.8870 • 0.05171 

6 0.7181 • 10 

I 

Note that 111 the calculat1on ot ~ tor tb1s enmple 

l 

~ • exp. [ .w <· iRn ~] • -.P• c-1> 

, 

• 

and can 'be found merelf by loold.Dg 19 1 1D tabla et tile negative 

e~ial tunction. 

NOV ve 11JS3 repnsent the data tl"Olll ~. Urso•• experiment b7 tbe 

estimation equation 

• 
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6 0.5850 x 10 

' 

, 

' 

• 

~ It is a senenl feature ot the . new procedure that w Sq calculated 

trom the yiJ equal tbe s, computed earlier tl'OID the aper1Matal 

data. so, es a check on oar computat1cma, w compute 

A 6 6 s-1 • (U • .514, + 2.57QB) x 10 • 1:5.8871 x 10 , 

A · . 6 6 -g2 • (0.'850 + 0.13,0) X 10 • 0e7l80 X 10 I 

A 
and note tbat sq • sq , q • l, 2, V1tbin the l1m1ts ot roumU.ng enon. 

Then, a meuure ot goodness o'f tit , w caleulate 

12 • o.m1 • 10 • (7.,.l.) 



Tb1s. sum Of ~ dertattons of the --.. trom the :regre aion ¥1.ll be 

compe.nd later vi tb start Jar SWDS coa;Nted tor otber methods ot eattmat1on. 

?Int ve should like to estimate the variances of 1 and {)- , but 

in Ol"der to do this we must tint CCID,PUte an est1mate s2 ~the vartance 

of the averaae eotmt per de¥· Using (6.1.4), we coupite a_,le variances 

ot couuts Y1 thin each dq to ol>tai.D 

tor dAqs o , 1 , 2 end ' reopeotively. 1.'be correspomins sample 

variances tor t 

2 ., . 

' 

vtth 7 , 8 , ll 8Dd 8 degrMe ot treedClll respectively. AU ot the 

latter sample var1aneea ma::/ be pooled to tom 

(7.,.2) 
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vtth "4- degrees ot freedom. Hovewr, s~ and speci~ a; are qutte 

a bit lllll&ller than ·~ and ·~ • 'l'bereton, it VOW.cl seem reasonabl.e 

to assume that a2 1s b.Gmoeieueous only tor ylJ in the same group and 

to complte u~tic YU'1ancee tor 4Q and 1 as indicated by (7 .1 .1) . 

Furtber eQ.POrt tor tb18 approach 1P tum1ebed by tbe deYiattons ft'om 

resnealon used in the calculat1on ot (7. 3.1) . For en eats.mate ot a2 

2 2 f'rom the first ~ ve pool s0 end s1 to obtain 

Vi th titteen degrees ot treedm WbUe tor the second srou» t.rom ·~ am 
s~ ve ealeulate 

• 2 (2) • 5.'213 x iO' 

vt th nineteen degNes ot freed.cm. Variance esttmatea tor ~ and 'c> 
vUl be eomguted using both t.be estimate (7. 3. 2) and the sttmatea 

(7.3.,) and (7. , .4). 

"' llOV let WI estimate tbe ~tic vviance of l bf equat1on 

(4. 2 .15) . Por 11 q ' fl • l , 2 , ve take the -- yq • s/mn • Bence 

111 this eDll;'le ve let 

, 

l 6 6 ~ • ! (0. 7J.&> x 10 ) • 0. 3590 x l.O • 



Su'bst1 t u till6 these esttaates ot tbe 

o£ ,/~ 1a (4.2.1,) and dividing b.Y 

~ Wteed of r- ~ I 1IV obtaln 

1r along With the estimate (7.,.a) 

101'1 , us.nee ve want the ftriance ot 

• 

a S1m1lerly, if' we use (7•'·') and (7•:5•4) to estimate uq , 41 • 11 2, 

sUbst1tution in (7.1.1) yS.eldG 

V(~ • +00552 • 

Tald.ng the 8'lU8ft roote ot tbeee "f'Uianees, we ~ the standard 

deY1at1ou 

s.d.~ • 0.21187 

when u2 is calculated tNll1 all the obeervation& am 

a Vben o is estimated aepan.tel.7 tor each SZ'O\U>. 

To compute a.s~le var1ance& tar -Q- w tint eval.ute the 

cor:respondiDg aq ' defined b7 (4 .• 1.9), by aubatitutJ.on f.n (4.2.16). var 
this --.ie .. 

•. . . 2 Then, using the overall estt-.te (7 .,.2) ot a , 
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On the other hand, tbe estimates (7.3.3) and (7.3.4) lead to 

V(~ • m~ [ a~ 8
2 (1) + a~ 8

2 (2~ 9 = 240.437 x 10 • 

'!he corresponding estimtes of th! standard deviation of -Q are 
6 6 o.(;fJ97 x 10 and 0.4903 x 10 respectively. 

1.he standard deviations we have just computed are tho" that 

would 'be c culated by substitution for s(~ L, A
2

)1/ 2 in (6.l.12) . 
mn q q 

Hence ve may quickly apply (6.l.l2) to obtain approximate confidence 

interv ls for A. snd a • Uain& the ti ve per cent level of Student 1 s 

t-sta.tistic, which for 34- degrees of freedom is 2.0,32, and using stand.a.rd 

dev1at.1ona calculated with s2 computed from all the data, we compute 

the 95 per cent conf'idenee intervals 

0 .9757 ~ ). ~ 1.9865 , 

'J.he corresponding confidence intervals computed using group estima.tes 

of 2 cr and the f'1 ve per cent lev l ot Student's t-sta.U tic v.i. th 15 

degrees of freedom, a s recoiranended in Section 7.11 are 

1'bese sets ot conf:l d nee intervals illustrate the need tor making realisti~ 
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assumptions about cr2 , that is, for not assuming th t a2 is homgeneous 

throughout o.n experiment when in t a.ct it varies tram group to group . 

'1h data in Table 19 a.ff'ord us an opportunity t o compare the new 

procedure with th other methods of fitting mentioned in Cb.&pter II. An 

applica tion of' Prony 's method, a s given in ['°] , to the averages 

displayed i n Table 19 l eads to the estimates l.,314 and 9.3622 x io6 

A A for A. and a respectively . 'lh se estimates in tum yield 

The 'Jieeling off" procedure, vb.1eb for Case l reduces to fitting the 

logarithms of the observations to a atre.igbt line by least squares, gives 

~ A 6 A: = i .5291 , a .. u.3500 x 10 , 

• 

F1nall.y, the iterative Deming procedure lea.de to l east squares estimates 

with 

• 

'.these would also be the maximum likelihood estimates und r assumptions 

of normality. Note that the sum of squared d vie.tions of the means from 
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tba regression ;31.ven earlier by ( '{ .3.1) for th new procedure is, next 

t o that for the Deming least squares method, the smallest of those 

computed in tbia soetion. 

7 .4 An Illustration for Case 4 

. 'l.he n w estimation pr ocedure ha a1so been used to analyze the 

da. from sOJ.OO physics experiments at th Oak Ridge National Laboratory . 

In one o.f these exper1ment6 Dr. Marvin Slat er placed cylinders of 
r paraffin between a neutron soue o.nd e polyethyl ene-ethyl ene proportional 

counter and th n he recorded the amowit of radiation transmitted to the 

counter through paraffin cylinders ot different lengths . 'l.he counts he 

made e.re r eported in Table 20 . 

Table 20 

Neutron Counts for Different Lengths t 1 of a 

Paraf tin Cylinder 

I 

ti 0 2 .. · 4 8 I 12 

Counts 67 .9 36., 17.2 8.2 3.5 

16 

2.8 

In this xperiment there are two ways in which radiation can be 

trensmitted to the count er . One i s directly tb.rou.gh tb.e pe.re.ff'in and 

would be expect.ad to be exponentially relat ed to the l ength of the 

paraffin cylinder. Scatt ered radiation ren cted from th walls and 

other surroundings would also reach the count er and 'WOUl.d be e.x;pect ed 
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to be co sta.nt . 'lberefore , a Ce.a-e 4 regress:ton was eated for the 

data in Tabl.e 20 . att this da ta does not satisfy all the requirement 

of our Ca.s 4 model, tor all the inc nts in the length.a of the para.tf1n 

cylinder are not equal. Two approximate solutions were tried howver. 

In one the eount for t 1 Ill/ 2 ·..ras discarded and a value tor t 1 = 20 of 2. 6 

w.s extra.polatti:d from a plot or the logarithms of the data so that the 

number of ti would be an integrn.l multip1e ot three , the number of 

parc:Uneters. '!bus, in this solution, K = 4 and n • 2. Since i nterpol.a.-

tion is more pt to b accurate than is extre.pol&tion, interpolated counts 
with 

for ti = 6 , l.O and l.4 were us d in another solut1o¥ K = 2 a.nd n = 3. 

'lhe first of these alternative est t1ons resulted in the smo.ller sum of 

squares of devia tions f'rOm regression of the six original observations, 

and therefore we shall present that est imation here. 

'lile first atep in the estimation, witb m = p .,, 1 1 n = 2 and 

K = 4, is to compute 

from (3.6.2}. 'lhen (3.6.12), (,.6.13), (3.6.14) and (3.6.15) yie l d 

/\ (ll. 7 - 5.4) 
x = -<8 > • o.oa5a,1 , 5.1 .. 11.7 



. 2 
" (85.1)(5.4) - (ll..?) ao= ----------2 [ 85.1 - 2(ll. 7) + !>-4] 

Hence the rec;ress:.&.on equation 1 

I\ 
i = 

and 

In order to checlt our calculations, ve use the y1 to compute 

~l • 85.10, 's'2 a U. 70 and ~3 = 5.40 'Wich agree exactly With the 

Sq computed. earlier. Also, we find that the sum of squares of deviations 

from the :regression of the observed y1 , including y2 , is 23.6438. 

Next let us cstima.te 0
2 , the variance of the counts in Table 20 

under our Case 4 mod l. Since only one observation was taken for each 

t 1, we nust use the an square deviation of the observations Yi from 

" 



the corresponding re seion v ues , Yi , to estimate 0 2 • '.Ih1s 

hae three degre .s of f om since tb re are tbr e parame<ters to be 

estimated. with six original obeervationn. 

Variance est1 tee for ~ , ~ ~' may now be computed 

from the symptotic variance tornmlas given in Section 4.2. For ~, 

$Ubst1tut1on of Sq/m = Sq/ 2 tor Tlq , q a 1 , 2 , 3, giv 

~l = 0.00'4l., °'2 = ... 04,:>9, °'3 = .03968. 

1'hcm substituting these v ues and s 2 = 7 .8825 in equation (4.l.8), 

Which VG the symptotic V&riance Of a~ ->.) , and dividing by 

mo ... 2, we compute 

v~ la 0.013566. 

S1m1la.rly, (4.2.19) and (4 .. 2.20) in conjunction vi.th (4.1.8) yield 

"' > V(OQ • 5 .80988, 

From th variances we c cula.ted th 

As 1n the xample in Section 7.3, th se standard devi tions may 

be substituted 1n (6.1.13) to ob . 112 approximate contid nee limits. 'lb.e 

95 r cent confidence l.1mltc computed in thia way re 

-0 .06}69 ~ >.. ~ 0 . 6775, 

-5.966 ~ Clo ~ l 0.074 

44.727 ~ a1 ~ 79.471. 



1hese lim1ts ere too wide to be of any use \llhatse>eVer . Moreover, 

computation of 95 per cent confidence limits tor ~ ua1ng (6.1 •. 9) 

end (6.l.10) gives 

Inspection of equation (6.1.9) shovs that the upper eont1denee limit 

tor l. computed from that equation will usuaJJ.y be 00 "41en s2 is 

large. In f'e.ct, all the extremely wide cont1dence llmits oe.lculated 

in this eeetion result from en inordinately large estimte of 2. a 
To complete this illustration, let us again present estimates 

caleul.a:ted by some other estimation methods. To apply Prony's ioothod 

to a Case 4 model w first form Y:{ = y1 - Yi+.l ' · 1 = O , l, 2, ..... , 

3n-2. 1be yl· \10llld be expected to follov a. Case l model and may be 

titted by tbe Pron.y method a.s outlined in Chapter 11. Then the Case 4 

estin:ates tor the y1 may be computed from the Oe.ee l results obtained 

·-tor the y1 • 'Ibis extension of the Prony method to Ca.ee 4 is similar 

to that. given tor the new procedure in Section ,.6. \be eetlllll.tes 

,t l4od by the Prony method for this example are 

. .I'\ In this ex.ample Clo ~ O, and tberetora w shall take <Jo = O ae 

the Prony estimate of Clo• To apply the "peeling o.tt'' procedure to 

this illustration we mat first e.ss1sn a va.lue to ~ • I f we l.et 

A. 
Clio • 2.404, the estimate calculated by the new pl"OCedure, the estimates 



of ~ and a1 yiel®d 'by the ''peeling off" met.boo are 

Finall.Y, the third 1te- t1on witb the Deming method a.1't0r inserting the 

new procedure estilllti.t es as initial. estimates give s corrections -0 .00021, 

-0.076 and O.Oll35 which, 'Whoo added to th products of the cond 

iteration, yield est.in»ltes 0.35258, 2. ;6 and 65.261 respectively for 

>.., ao and al • In both this exampl e and in tb one presented in 

Section 7. 3 tbe Prony method pparently g,1 ves a a good an tim:te of ).. 

a.a the nev procedure does, but the new procedure sult in ioore 

reasonable esti.nntes of the °le. • llhe sums of sqwu-es of the deviations 

of the y1 from the 91 are 16.9220 and 7. 7637 for the "peellng ott•· 

and Demi11t$ proeedurea s ativel.y. such a sum of squares wa.e not 

COlllplted for the Prony method be US Of 1 te negative est te Of <l(). 
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7.5 AD JUustntiOn tor Ceae 2 

Ae a final 1Uu8tratton of! tbe new eet1matlon procedure we ahall 

apply it to the data tn Table 21. The logarithms ot f:reqWtncies given 

there deecribe the dist.r1but1on ot bukground pulses generated 1n a 

proportioD&l counter by neutron interaction Vith vaU.3 am Pe pl.us pulses 

due to circNit noise. 11he esperlmeut vu conducted by Dr. M. L. Randolph 

at the Oak .Ridge National Lalm'ato:ry. Bo counts were made for pulee hei{#lts 

ot 14,; a6, a.ad as aDi tboae 41.sp~ 1n Table 2l for theae pulse heights 

vere obta.iDed by interpolation. A plot ot the data euatJe&W a Caae 2 model 

aad thereton that is the model we aball attempt to ttt. 'Dd8 example vill 

not be studied u COU3tletel¥ ea W1d'e 'those 1D Sect:l.one 7.3 and 7.4, but only 

enough al.cn.alattou v11l be can1.ed out to illustrate tbe pneral approaoh 

gtveu 111 Cbapter IV tor the ~tion ~ 88Jlll)1t0ttc variencea. 

There are sixteen evenl.y spaced t 1 in Table 21 With en interval 

ot tvo be~n succeaatve t 1 and there ue tour ~n to be estimated, 

so K • 2 and n • 4. Al.eo, only one lop.rttbm 1a recor4ed tor each t 1 , 

so m • 1 • It can be shown that 8'ibst1tutton of theee values along Vi th 

the data 1n Table 21 in the el't1mation equtiou den:ved tor case 2 1D 

sectlon 3.5 yields 

/\ . 4' I\ /\ 
1:t. • o.ooaoa , "2 • o.'482 J °l • 0. 0217 , ag • 9·69Tr • 
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Table 21 

LOgarithms 11 o~ Frequencies ot Pul.ee Beisbte t 1 
Generated 1n Proportional counter 

ti 11 

0 10. 43() 

2 4.703 
4 2.327 
6 l.l~ 

8 0.615 

10 0. '25 

l2 o.rro 
14 o.u7 
16 0.050 

18 o.oi.o 
20 o.ot.6 
22 0.022 

24 o.o,c 
26 0. 021 

28 o.018 

'° 0.016 
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A 
Let us use these reaul.te to e timate the a.a)'UIPtotic vanancn ot li , 
I\ A /\ 2 1a , <Ji ad ~ apal't t.rcm the estimation ot a • 

In the general procedure tor computing aa)'lllPtotlc variances 1 t 18 

til"st nece sary to evaluate tM ~ayq gtwn by (4 .. 2.12} 1n conJunct1on 

Vitb (4.2.,), (4.2.4) and (4.2.8 ) ~ (4.2.11);. Prcm these equations 

i t f'oll.Ov8 that 

~ g(~ 1 Y) 
q 

Sx(~ ' Y) 
I 

• 

In all ot these equations end 1n the rest ot this "'t..1011, . k • l, 2 and 

q • l, 2, '' 4 tor case 2. Using (7.5.,) and the estimates alJ'e~ computed 

tor th1• Q8l'lrlle 1 w find that 

A A s.<si I Y) • 0.922, I s,.<:; I Y) • - 0.922, • 

But to cal.cul.ate the i: g(~ , Y) , Vhiu ue :aecueary ~r the evaluation 

ot (7.5.1), w must n.rJ compute the ~ /'irl. • r q 
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I 

, ' 

' 

' 

• 



l5l 

~ • • 0.2019 
~2 , di:" • - 0.02677 ' l l 

/\ ~a zm1 '3!:. 6.7444 ' di: • 0.67°' ' 2 2 

/\ ~ oEi 
Of:' • - 3.9701 , C?l:' • • 4.o,34 ' ' ' 
~. 51.9216, ~ , Clf7." • , .426<> • 

4 4 

Nov - have everything at hand to eomput.e the asc~ I Y)/C)yq aa 
A given by (7 . , . 2) . TbeD subet1tut1on ot these q'U8DUt1ee and the Bs(Xit , Y) 

previously computed into (7.5. 1) fo'f our example enables uo to compu.te 
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~ ·~ at: • 6.4686 , df: • 0.2759 , 
2 2 

~a !)l..68,, I ~a Ool!lll!o • 
4 4 

For the \ , tbe q ~ Tbeorem l as de1'1ned 'by (i..1.9) ~now 

" be calculated by subat1tut1on 1n equa'tion ( 4.2.13). In th1.a ~ tor >.]_ 

- compute 

~ • o.02449 , 92 • ... o.~7 , a, • 0.01747 , 84 • • 6.5657 , 

8i • 0.0"'66 , 92 • - o.m1 , a, • a •. :52116 , ,. - o.~ • 

A . 2 A 2 V(lj) • 10.~l e , V(l.2) • 17.46,, a • 

NoV let ua replace each sq in (,.5.u) and (,.,.12) b7 the 

eorreaponrUng mn Yq , thus npnceating the ~ as 
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, 

• 

Then by 41.tterentiat ing the u;preaaio tor the ~ and bf reterrtng to 

(4.i..9), we find that tor ~ , 

Simile.rly 1 tor ~ , 

~>] 
~ 

~ I\ - 2 " 2 I\ "" I\ l. ay-2 dXl. 
{ 

. . A 

a •CW':'• n(l • lr.;?l ~ • Jtil (l - ll2)(2! • 21>((1 •~><cw: • Y1 dY:" q q q q 
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.All ot the qwmt1t1e needed to et'aluate tbe derivatives have al.reeiq 

been calculated,, so b'QU (7.5.;) and (7 .5.~>) - cOllr,Pllte 

tor ~ • Then sub t1t,.tion bl (4.1.8) and divto1on \J7 mn • 4 as before 
L\.. tor tbe ~ yields 

V(~) • lo8.9630 s2 , V(~) • 1470.4930 2 
• 

An estimate · 2 ot a2 m1r.1 be found in tbe same manner aa it vae 

in Seetton 7.4, am it can be sboWn to eciuai o.om1. 'l'hen the tollovJ.ns 

• 
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VIII. SlHfABY ABD coramm 

A nev estimation proce4ure bes been &nel.Gped 1n this paper for 

a model apec11'yf.Da linear ccab1M't1on of expt.'11l8111;Wa with data tekerl 

st evenly spaced po1Dts, am tor t hat 11¥>del VS.th a coraeteat t.e1'!fl a&led. 

Des14ea the 4erivatiao. at t.be estSJDatJ.~ ~iorw tor tbe new procecture, 

tM 41etr1but1oas and S'tatist1cal properties ot the resultm$ e _ llllators 

were stu41ed. ft was tOUDI. that tbe number ot obser1&.UOD ~s or 

as the number ot observations 'takea at each such po1r4 becamt large, 

tbe estimators en constotent and that their 41str1wttons· e.pproocb 

normal 41str1buttcns. n was a1ao found tba't tbe estJmotars a.re biased 

at¥1 · al.q tnetticient. \'bin tm new procedure vao shown to be opUaa 

relative to certain osms lar proced.ureo am coalitions necessary tor o.dmiastble 

solutions were mveettgat;ed. Conftdeace in'tenal.o wel"e de loped and. eeveral 

exampl e pl a Ung survey vere preseuted.. b'teutcns ot tbe .xlel tor 

the new proee4ure as well as ea.le ~tions to be U.Sed 11'l tbe applio~ion 

or the proccclure were also sugested. 

IJl the eft1c1ency 9~~ S.t WU obown ~the estt.tors yleld.ed Q)' 

tbe new procedUN are inettlcieut relative tot.be correepn,Hng mrudaa 

Ukel1boo4 ostblators , which ray be Obta1ae4 by ltera'Uw ~. 'l'be 

coave:r~ of these t.tera.U methcde i s Often slow. M tbl: new procedure 

t s Dot an iterative procecl'QJ:'e 1 and 2: . eotilates are much ier 'to caapite 

t han e the mxSJUD lJ.kel1boo4 estilaatea. so we concllde that tbe new 

method, when its model 1e reeJJ.et1c, f.o ed~ relative to tba 8'tbod 

Of -.xilraD likelihood U' e48quate coa;Nt.1ng tocU1t1es are not availabl e 

to c~ muinm likel ihood estimates . Aleo, 1t it i s more pract1cal 
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to take a large number ot observations, and thus obtala l error 

estimtes with the mN" method even though it is 1nett1clent, tban it 

ts to take fewer o'bservat1ona &.at compute ma:dm\lm l.Uelibood eotimte 1 

the new prooedure 1s again rec~~. In mq caee, 'the new procedure 

provides a quick and easy w.y ot computing 1nit1al. est · e tar iterative 

maximum UkeUhood calculaticns. 

'1'be U.mitecl empirical ccaparisons 'Wb1ch have bee m4e between tbe 

nev procedure and other non-1tera"ve, easily applie4 proc:eclu.res do not 

provide an adequate lKLais tor J\dglng these matWs relative to each other. 

However, tbe new procedure appe 

Prony and "peeling ott" methods. Also, Uthe 'V8.T1ance ot the ol>oervatiODD 

c.an be QCC\lrately est1ma.te41 var1mlce est~ tar the eotimates tram the 

new procedure aaa be caleulated and uoetW. coatS.4once Um1ts t.w the 

eorrespon.dSne parameters can l>e ccastructed. Bo smh · 

in general avail.able for estimates trca ~ Prooy and 8peeling ott• 

procedllNS. FurtbarDJN,. tml Ske tbos.e 'Ii ~ lJ.na ott" 1119'tW1 the 

new procedve calculatS.ona do not req.u1re. Nr:f ~ decisions. SO it 

tbe model tor tbe .new ~· is ~oprtat.1 th1 ~\O."e ts in several 

r spltcto opt.11aa relative to 1;lie otMr non-iterative~ cUscuoed in 

this paper. 
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Abstra.at of 

A NEV ESTIMATION l'ROC:IDURE FOR 
" 

Richard Garth Cornell ... 

Mally' experimental problems in the natural sciences resul.t in data 

which can best be represented by linear combinations of exponentials of 

the form 

Among such problems are those dealing with growth, decay, ion concentration, 

and survival and mortality. Al.so, in general, the solution to 8.DY' problem 

which ma.y be represented by linear differential equatiollS with constant 

coefficients is a linear combination of exponentials. In most problems 

like those which have been mentioned, the parameters Git and ~ have 

biological or physical significance. Therefore, in fitting the. function 

f(t) to the data it is not only necessary that the function approximate 

the data closely, but it ill also necessary that the parameters ~ and ~ 

be accurately estimated.. Furthermore, a measure of the accuracy of the 

estimation of the parameters is required. 

A new esti:mation·procedure for 1inear combinations of exponentials 

is developed in this paper. Unlf¥ the iterative maximum likelihood and ~, 

least squares methods for estimating the parameters for such a model, the 

new procedure is nonite~tive and can be easily applied. Al.so, in contrast 



.. 
2 

to other non-iterative methods, error estimates are available for 

the parameter estimates yielded by the new procedure. 

In the model for the new procedure the points t:1. at ~hieh 

observations are taken ~re assumed to be equall,y spaced and the 

number of such points is specified to be an integral multiple of the 

number of parameters to be estimated. Moreover, each observation is 

specified to have expectation f (ti) , where f is the function 

mentioned ,earlier. The coef'ficient•~ <\:are a$Sumed to be non-zero 

and the exponents ~ are assumed to be distinct and positive. Then 

in the" derivation of new procedure, ~:the;>observations are reduced to as 

many sums as there are para.meters td be estimated. Each of these sums 

is equated to its expected value and the resultant equations are solved 

for estimators of the parameters. 

The estimators from the new procedure are shown to be asymptotically 

normally distributed as either the m:unber of points at which observations 

are taken or the number of observations made at each such point approaches 

infinity. The asymptotic variances obtained are used to form appromimate 

confidence limits fo,r the °t and ~ • The statistical. properties of the 

estimators are aJ.so st'Udied. It is ,found. that they are consistent, but 

not in generaJ. unbiased or efficient. Asymptotic efficiencies are eaJ.cu-

lated tor a few sets of param.eter values and a bias approximation is 

obtained for tvo speciaJ. cases. The new method is aJ.so shown to Qe optimum 

relative to certain similar methods and necessary conditions for the new 

procedure to lead to admissible estimates are studied. 



In the last pli'.lrtion of the thesis a sampling study is reported 

for observations generated with a model containing only one exponential. 

term and with errors which are norma.ll.y distributed. The small sample 

biases and variances for the estimates computed from these observations 

are given and the effects of changes in the parameters in the model are 

investigated. Then some actual experimental data are fitted using both 

the new procedure and some alternative methods. The final chapter in 

the body of the thesis conta.ins a critical evaluation of the new procedure 

relative to other estimation methods. 
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