
ACCRETION INTO AND EMISSION FROM BLACK HOLES 

Thesis by 

Don Nelson Page 

In Partial Fulfillment of the Requirements 

for the Degree of 

Doctor of Philosophy 

California Institute of Technology 

Pasadena, California 

1976 

(Submitted May 20, 1976) 



-ii-

ACKNOHLEDG:-IENTS 

For everything involved during my pursuit of a Ph . D. , I praise 

and thank my Lord Jesus Christ, in whom "all things were created, 

both in the heavens and on earth, visible and invisible, whether 

thrones or dominions or rulers or authorities--all things have been 

created through Him and for Him. And He is before all things, and in 

Him all things hold together" (Colossians 1: 16-17) . But He is not 

only the Creator and Sustainer of the universe, including the physi

cal laws which rule and their dominion the spacetime manifold and its 

matter fields ; He is also my personal Savior, who was "wounded for 

our transgressions , ... bruised for our iniquities, .. . and the Lord has 

lald on Him the iniquity of us all" (Isaiah 53:5-6). As the Apostle 

Paul expressed it shortly after Isaiah ' s prophecy had come true at 

least five hundred years after being written , "God demonstrates His 

own love tmvard us , in that while we were yet sinners , Christ died for 

us" (Romans 5 : 8) . 

Christ Himself said, " I have come that they may have life, and 

have it to the full" (John 10:10) . Indeed Christ has given me life to 

the full while I have been at Caltech , and I wish to acknowledge some 

of the main blessings He has granted: 

First I thank my advisors , KipS. Thorne and Stephen H . Hawking, 

who have provided me superb models in the pursuit of scientific know

l e dge and in the clear communication of this knowledge . Excellent 

teaching by Kip Thorne has helped me learn much abou t general relativity, 



-iii-

and his personal counsel and suggestions have made a major contribution 

to the abilities I am gaining in doing research and writing papers on 

it. Despite his hectic schedule of research, teaching, administration, 

and travel, Kip has always been willing to fit in time to give advice 

on research, procedure, and personal problems and to critique my 

written work, which I greatly appreciate. 

\~ile at Caltech for the year of 1974-75 as a Sherman Fairchild 

Distinguished Scholar, Stephen Hawking advised me on my research and 

provided many stimulating discussions on the black hole emission process. 

His deep physical insight helped me better to understand the principles 

involved. I also appreciated his patience in communicating these ideas 

to me when at first I often did not comprehend either the words spoken 

or in other cases the concepts they conveyed. 

Others who have contributed interesting discussions or advice for 

my research include, but are not limited to, the following people: 

Charles Alcock, Bertrand Barrois, Frank Barnes, Hilliam Campbell, Bernard 

Carr, Brandon Carter, Carlton Caves, S. Chandrasekhar, George Chapline, 

Ronald Crowley, Leverett Davis, Keith Despain,. Douglas Eardley, Glennys 

Farrar, Richard Feynman, Richard Flammang, Lawrence Ford, \-lilliam 

Fowler, Steven Frautschi, Harald Fritzsch, John Friedman, Gordon Garmire, 

Murray Gell-Mann, Gary Gibbons, Peter Goldreich, Thomas Greenlee, James 

Gunn, Jeffrey Hamilton, James Hartle, Christopher Hill, Michael Huffman, 

Hilliam Huffman, Werner Israel, Darrell Jackson, S~ndor Kov8:cs, Monty 

Krieger, David Lee, Alan Lightman, Jon Mathews, David Hikkelson, Thomas 

Horgan, Frank Nagy, Daniel Novoseller, Bohdan Paczynski, \·Jilliam Press, 

Douglas Rabin, Carl Rosenfeld, John Schwarz, Saul Teukolsky, Hilliam 



-iv-

Unruh, Ole Ulfbeck, Robert Hagoner, Robert Hald, Barbara Zimmernan, 

Mark Zimmermann, and Anna ZytkmJ. Conversations with those people 

played an important part in my education at Caltech, as did courses 

under the following lecturers: Barry Barish, Richard Feynrnan , Hillian 

Fowler, Geoffrey Fox, Steven Frautschi, Murray Gell-Mann, J ames Gunn, 

Jeffrey Mandula, J. Beverley Oke, Wallace Sargent, ~Iaarten Schnidt, Kip 

Thorne , and George Zweig. 

Hy research at Caltech has also been greatly aided by the t echnical 

and other assistance of people such as Nancy Durland, Ann Freeman, 

Evaline Gibbs, Polly Grandmontagne, Gloria Laird, Aliki Panagiotacopulos, 

Janette Rasmussen, Kathryn Thompson, and Harty \.Jatson. Th ey and others 

have g iven administrative information, typed correspondence and papers, 

located resources, and otherwise helped work go smoothl y . I thank Ruth 

Scratton for typing this thesis. 

Hy personal financial support as a graduate student has been pro

vided by the National Science Foundation and the Danforth Foundation 

through fellowships and by Caltech through a Robert Andrews Hillikan 

Fellowship and graduate teaching and research assistantships . Research 

expenses have been supported in part by National Science Foundation 

grants GP-36687X, MPS75-01398, and AST75-01398 AOl . I am very grateful 

for all these forms of monetary support, which have enabled me to pursue 

a full-time course of study and research at Caltech. 

In addition to the academic help provided by the people listed 

above and others, I wish to acknowledge the encouragement and pr ayer 

support of my dear friends at Lake Avenue Congregational Church (LACC) 

and in the Caltech Christian Fellowship (CCF) . The teaching provided by 



-v-

Raymond Ortlund, Chuck Miller, Carl Garbe, and others at LACC has 

helped me grow much in the Christian life, and the worship and fellow

ship there and within the CCF has been an important balance to my aca

demic pursuits. I am particularly grateful for daily sharing and 

prayer times, over various periods covering most of my time at Caltech, 

with the following former and present students : Cary Huffman, Gary 

Yamru~oto, Pat Nolan, Tom Greenlee, Rick Halliday, and Mike Huffman. It 

has been especially exciting to see Gary and Tom become Christians 

while at Caltech and grow to spiritual maturity, each leading others to 

do the same also . 

Many teachers, professors, fellow students, friends, and rela

tives I had before coming to Caltech have continued to offer advice and 

help. They are too numerous to list in toto here, but I wish to take 

special note of Helen Duncan , a family friend who has encouraged my 

education since childhood, and my teachers and professors at the 

University of Nebraska high school correspondence program and at William 

Jewell College, who did their best to prepare me for graduate school. 

In particular, my three college physics professors have given much 

effort to help me go on in the field: Wallace Hilton, C. Don Geilker, 

and John Philpot. 

Finally, I owe my greatest debt of gratitude under Christ to my 

family. My parents, Nelson and Zena Page, fostered my early interest 

in mathematics and science before I started school and were my teachers 

in elementary school. They and my brother Lindell and his recent bride 

Marjorie have continued to support, encourage, and pray for me daily 



-vi-

in ways beyond what I can express . 

this thesis . 

It is to the~ that I dedicate 



-vii-

ACCRETION INTO AND EMISSION FROM BLACK HOLES 

Don Nelson Page 

ABSTRACT 

Analyses are given of various processes involving matter falling 

into or coming out of black holes. 

A significant amount of matter may fall into a black hole in a 

galactic nucleus or in a binary system. There gas with relatively high 

angular momentum is expected to form an accretion disk flowing into the 

hole. In this thesis the conservation laws of rest mass , energy, and 

angular momentum are used to calculate the radial structure of such a 

disk. The averaged torque in the disk and flux of radiatiqn from the 

dis k are expressed as explicit, algebraic functions of radius. 

Matter may be created and come out of the gravitational field of 

a black hole in a quantum-mechanical process recently discovered by 

Hawking. In this thesis the emission rates of massless particles by 

Hawking's process are computed numerically. The resulting power spectra 

of neutrinos, photons, and gravitons emitted by a nonrotating hole are 

given. For rotating holes, the rates of emission of energy and angular 

momentum are calculated for various values of the rotation parameter. 

The evolution of a rotating hole is followed as energy and angular 

momentum are given up to the emitted particles . It is found that angu

lar momentum is lost considerably faster than energy, so that a black 

hole spins down to a nearly nonrotating configuration before it loses a 

large fraction of its mass . The implications are discussed for the 
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lifetimes and possible present configurations of primordial black 

holes (the only holes small enough for the emission to be significant 

within the present age of the universe). 

As an astrophysical application, a calculation is given of the 

gamma-ray spectrum today from the emission by an assumed distribution 

of primordial black holes during the history of the universe. Conparison 

with the observed isotropic gamma-ray flux above about 100 MeV yields 

4 -3 
an upper limit of approximately 10 pc for the average number density 

of holes around 14 
5 X 10 g . (This is the initial mass of a nonrotating 

black hole that would just decay away in the age of the universe.) The 

prospects are discussed for observing the final, explosive decay of an 

individual primordial black hole . Such an observation could test the 

combined predictions of general relativity and quantum mechanics and 

also could provide information about inhomogeneities in the early uni-

verse and about the nature of strong interactions at high temperatures . 
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PART I 

INTRODUCTION 
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This thesis is a compilation of four papers , published or in 

press, that analyze physical processes in the gravitational fields of 

black holes and discuss possible astrophysical implications of those 

processes. The first paper deals with the accretion of a disk of 

matter into a black hole . Such disks are likely to exist around holes 

of stellar mass or greater which are in binary systems or galactic 

nuclei. The remaining three papers deal with the quantum mechanical 

emission of particles by black holes--a process that is significant 

only for holes much smaller than a stellar mass that may have been 

created in the early universe . The analyses of accretion and emission 

b oth use the basic b ackground gravitational field of a Kerr black 

hole; but other than that similarity , the treatments and domains of 

applicability are quite distinct . 
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PART II 

DISK -ACCRETION 

INTO BLACK. HOLES 

(a) Introductory Discussion 
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Since black holes of stellar mass or greater cannot emit any 

remotely significant runounts of matter and radiation, such holes can 

be detected only by the effects that they have on material outside 

their surfaces. The best hope for detection of such holes is the ob

servation of radiation from matter falling into them. The most prom

ising places to look for this seem to be in galactic nuclei (Lynden

Bell 1969, Lynden-Bell and Rees 1971) or in binary systems (Pringle 

and Rees 1972, Shakura and Sunyaev 1973), where there is a substantial 

amount of material available and where a black hole might reasonably 

be expected to reside. 

In these environments, the matter that flows into a black hole 

will probably have sufficiently large angular momentum to form an ac

cretion disk (Prendergast and Burbidge 1968; cf . the four references 

above). The matter must give up most of its energy and angular 

momentum before being swallowed by the hole. It does this by viscously 

transferring some energy and angular momentum outward through the disk, 

and by emitting radiation off the faces of the disk. The ratio of 

energy to angular momentum carried outward by viscous stresses is a 

fixed function of radius, as is the ratio of energy to angular momentum 

carried away by radiation. These losses caus e the matter to move in

ward through a sequence of nearly Keplerian orbits, which also have a 

definite relationship between energy and angular momentum. By compar

ing these three energy-angular momentum relations, one can calculate 

how much of the energy and angular momentum released by the matter 

must be transported outward by stresses and how much must be radiated . 
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Pringle and Rees (1972) and Shakura and Sunyaev (1973) did ~ewtonian 

analyses of this problem, and Novikov and Thorne (1973) made the first 

relativistic analysis. 

Novikov and Thorne solved for the radial structure of an accretion 

disk and its radiation by using the conservation of rest mass , the con-

servation of angular momentum, and the conservation of energy as s e en 

locally in the frame of the matter . They assumed a fixed , radius-

independent rate M of mass flm.; inward through the disk , and they 

presumed that the disk was in the equatorial plane of the Kerr (1963) 

gravitational field outside the black hole . Their analysis yielded 

expressions for the vertically integrated shear stress and the flux of 

radiation off the disk at a given radius in terms of two integrals over 

functions of the Kerr metric (Novikov and Thorne 1973 , Eqs . 5 . 4 . lh,j) . 

These two integrals had to be evaluated numerically , so the radial 

structur e was no t expressed in closed algebraic form . 

In attempting to rederive the radial structure , I used the conser-

vation of res t mass and the conservation of angular momentum in the 

same form as Novikov and Thorne but used the conser vation of energy as 

seen by an observer at infinity in a different form: 

-7 

v · c-T· a;at) 0 (II . la) 

instead of 0 ( II.lb) 

Here Cl/Clt 
-7 

is the timelike Killing vector at infinity , u is the 

four-velocity of the matter, and ir is the stress-energy tensor . For 

matter in nearly circular motlon, Eq . (II . la) is simply a linear 
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combination of Eq. (II.lb) and the law of angular-momentum conserva

tion, but my formulation of the problem seemed to lead to equa tions 

different from Novikov and Thorne's. The apparent discrepancy turned 

out to be proportional to dE/dr - QdL/dr, where E, L, and Q are 

the energy, angular momentum, and angular velocity respectively of 

circular geodesic orbits at radius r . One night I discovered a 

proof (erroneous at first, as it turned out, but which I later re

placed by a correct proof) that this quantity was identically zero. 

The resulting identity not only removed the apparent discrepancy be

tween the equations of Novikov and Thorne and of mine but also allowed 

th e results to be cast in a simpler form so that one of the integrals 

could be evaluated explicitly for any arbitrary stationary, axially 

symmetric geometry and the other could be evaluated explicitly for 

the case of the Kerr metric . Thus the shear stress integrated verti

cally through an accretion disk and the radiation flux emitted off 

the surface could be expressed as explicit, algebraic functions of 

the radius. 

These results are written up in Paper I, with Kip Thorne as co

author, who is responsible for most of the manner of presentation and 

for pointing out that the analysis is valid in a time-averaged sense 

even if the disk is highly dynamical. 
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(b) Disk-Accretion onto a Black Hole. I. Time

Averaged Structure of Accretion Disk (Paper 

I; collaboration with K. S. Thorne, published 

in Ap . J . ~~~· 499 [1974]; copied by permission 

of K. S . Thorne and the University of Chicago 

Press). 
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DISK-ACCRETION ONTO A BLACK HOLE. 
I. TIME-AVERAGED STRUCTURE OF ACCRETION DISK*t 

DoNN. PAGEt AND KIP S. THOR~E 
California Institute of Technology, Pasadena, California 

Received 1973 December 26 

ABSTRACT 

An analysis is given of the time-averaged structure of a disk of material accreting onto a black hole. The 
analys is is valid even if the disk is highly dynamical. It assumes only that the hole is stationary and axially 
symmetric (e.g. , that it is a Kerr hole); that the disk lies in the equatorial plan.: of the hole, with its material 
moving in nearly geodesic circular orbits; that the disk is thin; and that radial heat transport is negl igible com
pared with heat losses through the surface of the disk. The most important result of the analysis is an explicit, 
algebraic expression for the radial dependence of the time-averaged energy flux emitted from the disk's surface, 
F(r). 

Subject headings: binaries - black holes 

I. INTRODUCTION 

It now seems probable that some compact X-ray sources are binary systems consisting of a normal star that 
dumps material onto a companion black hole. The most popular current models for the mass transfer (Pringle 
and Rees 1972; Shakura and Sunyaev 1973; review in Novikov and Thorne 1973) presume that the transferred 
material forms a thin disk around the hole. Viscous stresses (magnetic and/or turbulent) transfer angular momentum 
outward through the disk, thereby allowing the material to spiral gradually inward. The viscous stresses, working 
against the disk's differential rotation, heat the disk, causing it to emit a large flux of X-rays. 

Disk accretion onto a black hole may also occur in the nuclei of galaxies (Lynden-Bell 1969; Lynden-Bell and 
Rees 1971; review in Novikov and Thorne 1973). In this case the hole is envisaged as supermassive (M ~ 107 to 
lOu M 0 ), and the accreting material is interstellar gas and magnetic fields. The models predict significant radiation 
in the ultraviolet, optical, infrared, and radio regions of the spectrum, but not much X-rays. 

Thus far all models for disk accretion onto black holes have been steady-state models, or at least quasi-steady
state. In this paper we ask the question: How much can be learned about the time-averaged behavior of a. highly 
dynamical accreting disk by application of the laws of conservation of rest mass, angular momentum, and energy? 
(Of course, our results are also applicable to steady-state disks and quasi-steady-state disks.) We shall find that 
the conservation laws yield an explicit algebraic expression for the time-averaged energy flux, F(r), emitted by the 
disk's surface, as a function of radius, and also an explicit algebraic expression for the time-averaged torque in 
the disk, W,'(r). 

The precise assumptions that underlie these expressions are spelled out in §II; the expressions for F(r) and 
W"''(r) are presented in§ lila and are derived in§§ Ulb and life; and some implications of these expressions for 
steady-state disk models are spelled out in §IV. Throughout we shall use the notation of Novikov and Thorne 
(1973) and of Misner, Thorne, and Wheeler (1973)-including units with c = G = k = l (k = Boltzmann constant) 
-except where typography limitations force changes. The main change is the use of a dagger (£t and U), where 
previous usage would be a tilde (E and L). 

II. ASSUMPTIONS AND NOTATION FOR THE ANALYSIS 

In analyzing the time-averaged structure of the accretion disk, we make the following assumptions and use the 
following notation. 

i) Assumption: The black hole has an external spacetime geometry in which the disk, with negligible self-gravity, 
resides. The external geometry is stationary, axially symmetric, asymptotically flat, and reflection-symmetric in an 
equatorial plane. (At the end of the analysis, and only there, we shall specialize our formulae to the Kerr geometry.) 

• This paper and its companion (Thorne 1974} y,ere cited in previous writings (e.g., in :VIisner, Thome, and Wheeler 1973 
[" MTW"] and in Novikov and Thorne 1973) as" K. S. Thorne, Black-Hole ~I odds for Compact X-ray Sources, Ap. J. , in prepara
tion (1973)." The research reported in these papers was completed in late 1972 ; it was reported by KST at the Texas Symposium 
on Relativistic Astrophysics in New York City, 1972 December 21, and at a variety of subsequent meetings in 1973 ; but it was 
not written up for publication until this late date (1973 Novembe r) because of a complete preoccupation with the proofs of MTW. 

t Supported in part by the National Science Foundation [GP-36637X]. 
~ National Science Foundation Predoctoral Fellow. 

499 
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Notation: In and near the equatorial plane we introduce coordinates t ('time") , r ("radius"), z ("height above 
equatorial plane"), cp (" azimuthal angle"), with respect to which the metric reads 

ds 2 = - e2 v dt 2 + e2 'il(dcp - welt ) 2 + e2"dr 2 + dz2 ; 

v z = -e-zv( : t + w :cpr + e- 2~(:cpr + e- 2
"(:, r + (:zr; 

v, op, p., w are functions of r only; 

as r -+ oo, 
Note that 

op = In r + 0(1/r), v ~ 1-'- ~ O(l fr) , 

(la) 

(1 b) 

(!c) 

(I d) 

(le) 

As one moves out of the equatorial plane, the metric coefficients acquire corrections of order (z/ r)2 . (All such 
corrections will be ignored in this paper.) For proofs of the existence of such a coordinate system see Papapetrou 
(1966), Kundt and Trtimper (1966), Carter (1969, 1970). 

ii) Assumption : The central plane of the disk lies in the equatorial plane of the black hole. 
iii) Assumption: The disk is thin ; i.e., at radius r its thickness C.z = 2h is always much less than r. This permits 

us to use the metric in its near-equatorial-plane form (1), with v, op, ,.,., w independent of z. 
iv) Assumption: There exists a time interval Cit which (a) is small enough that during 6.t the external geometry 

of the hole changes negligibly; but (b) is large enough that, for a ny radius r of interest, the total mass that flows 
inward across r during 6.t is large compared with the typical mass contained between r and 2r. Notation: by ( ) 
we denote an average over a ngle C.cp = 2tr and over time Ci t: 

(':F(z, r)) = (2nC.t)- 1 L"''f" 'Y(t, r, z, cp)dcpdt. (2) 

If -q,· is a tensor field, it is to be Lie-dragged along 8/8t and ofocp during the ave raging process. Equivalently, its 
components in the t, r, z, cp coordinate system a re to be averaged. 

v) Notation : The "local rest frame" of the baryons at an event &0 (the frame in which there is no net spatial 
baryon flux) has a 4-velocity u10' t(.9a) (" inst" means " instantaneous"). When mass-averaged over cp and t:..t and 
height, this 4-velocity is denoted 

{3) 

Here p0 is the density of rest mass (number density of baryons n multiplied by a standard constant, mean rest 
mass per baryon) as measured in the instantaneous local rest frame; L: is the time-averaged surface density, 

f
+H 

L:(r) = -H (p0)dz ; 

and His the maximum half-thickness of the disk during the time 6.!, 

H = max (h). 
.dt 

(4) 

(5) 

Without making any assumptions about the types of stress-energy present (magnetic fields, viscous stresses, etc.), 
we algebraically decompose the stress-energy tensor T with respect to the 4-velocity field u: 

T = p0 (1 + IT)u 0 u + t + u 0 q + q 0 u, 

n = " specific internal energy," 

t ="stress tensor in averaged rest frame" is a second-rank, 

symmetric tensor orthogonal to u, t ·u = u·t = 0 , 

q = "energy-now vector" is a 4-vector orthogonal to u, q·u = 0 . 

We use unit s in which c = G = k (Boltzmann constant) = 1. 

(6a) 

(6b) 

(6c) 

(6d) 

vi) Assumption: When mass-averaged over cp, 6.t, and height, the baryons move very nearly m equatorial, 
ci rcular, geodesic orbits about the·b]ack hole. Thus, 

u(r) :::: w(r) = (four-velocity fo r a circular geodesic orbit in the equatorial plane). (7a) 
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Such orbits have specific energy-at-infinity Et, specific angular momentum U, and angular velocity Q given by 

V(r) = w0 (r) , Q(r) = w"fwt . (7b) 

Consequence of above assumption.-Physically, the mean motion can be nearly geodesic only if radial pressure forces 
are negligible compared with the gravitational pull of the hole: 

(radial accelerations due to pressure gradients) ~ I ';~r 1-1 (~) .r I 
« (gravitational acceleration of hole) - I Et.rl = !(I - Et).rl . 

Integrating this inequality and using the relation (valid for any astrophysical materia l) 

(internal energy density) = p0 TI ~ ltrrl , 
we see that 

n « 1 - Et. (8) 

We call this the "condition of negligible specific heat." lt says that the internal energy is negligible compared with 
the gravitational potential energy. In other words, as the material of the disk spirals slowly inward, releasing 
gravitational energy, a negligible amount of the energy released is stored internally. Almost all energy is transported 
away or radiated away. In terms of temperatures, condition (8) says 

TI ~ Tfmp ~ Tfl0 13K « 1 - Et ~ ,V/fr, 

where M is the mass of the hole and mP is the mass of a proton. 
vii) Assumption: Heat flow within the disk is negligible, except in the vertical direction ; i.e. , 

( q(r, z)) ~ ( q"(r, z)) (ofcz). 

(This is a reasonable assumption in view of the thinness of the disk.) 

(9a) 

viii) Assumption: The only time-averaged stress-energy that reaches out of the faces of the disk is that carried 
by photons. (This assumption is meant to rule out gravitational wa\·es as well as extended magnetic fields. If 
magnetic fields bulge out of the disk, but do not extend to heights lzl ~ r, then one can "redefine them into the 
disk" by making the "official " di sk thickness , 2H, large enough to enclose them.) Moreover, essentially all the 
stress-energy carried off is borne by photons of wavelength ,\ « 1'vf = (size of hole).1 (This allows one to neglect 
coherent superposition of the radiat ion reaction in adjacent [different r] regions of the disk, and to neglect" black
hole superradiance effects.") In addition-and as a corollary of (9a)-the photons emitted from the disk's surface 
a re emitted, on the average, vertically as seen in the mean local rest frame of the orbiting gas. This, together with 
our neglect of (typically nonvertical) reimpinging radiation-see below-means that 

at z = ±H. (9b) 

ix) Assumption: One can neglect energy and momentum transport from one region of the disk to another by 
photons emitted from the disk's surface. (This assumption is not very reasonable; heating of the outer regions by 
X-rays from the inner regions may be rather important-see Shakura and Sunyaev 1973. And in the inner regions, 
M ~ r ~ lOM, intense gravitational fields may pull a non-negligible fraction of the emitted photons back onto the 
disk. The effects of this are currently being studied by Cunningham 1974 and by Polnarev 1974.) 

III. TIME-AVERAGED RADIAL DISK STRUCTURE 

a) Summary of Results 

By combining the assumptions of§ II with the laws of conservation of rest mass, angular momentum, and energy 
(§life, below) one can derive three important equations for the time-averaged radial structure of the disk. These 
are equations for three quantities: 

M. o = dJvfo = 
- dt - (

radius-independent, time-averaged rate [rate measured) 
in terms of group-theoretically defined coordinate , 
time t] at which rest mass tlO\vs inward through disk 

1 We thank Douglas M. Eardley for pointing out to us the need for this assumption. 

(lOa) 
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F(r) = (q=(r, z = H)) = < -q=(r, z = -H)) 

(

time-averaged flux of radiant energy [energy per unit proper) 
_ time T per unit proper area A] flowing out .)[ upper face 
- of disk, as measured by an observer on the upper face who 

orbits with the time-averaged motion of the disk's matter 

= (time-averaged flux flowing out of lower face) , 

W0r(r) = f_+HH (t.,r)dz 

= (gTT) 112 x (time-averaged torque per unit circumference acting across) . 
a cylinder at radius r, due to the stresses in the disk 

The equations derived are 

F(r) = (M0/4rr)e-<vH+ulJ, 

w.,T = (Mo/2rr)e- <vH+u>[(Et - QV)/(- D,T)]f . 

Vol. 191 

(lOb) 

(!Oc) 

(lla) 

(llb) 

(llc) 

Here v, t{l, /.1. are the metric coefficients (functions of r) of equation (1); Et, V, Q are the specific energy-at-infinity 
specific angular momentum, and angular velocity (functions of r) defined in equations (7a, b);~ and ur are the 
surface density and radial velocity (unknown functions of r) defined in equations (3) and (4); andfis the function 
of radius 

f = - D,T(E t - QV) - 2 r (Et - DV)V,Tdr 
Tmo 

= -(w1,r/w.,) fr (wo.rf~vl)dr. (12) 
Tmo 

Here r ms (" ms" = "marginally stable") is the radius of the innermost stable circular geodesic orbit: 

'm• = (radius at which dEtfdr = dVfdr = 0). (13) 

The derivation of equations (11) will be presented in §§ lllb and IIIc. 
When specialized to the Kerr metric, the above functions have the following forms. We express them in terms of 

M = mass of black hole , 

a = specific angular momentum of hole (a > 0 if disk 
orbits in same direction as hole rotates; a < 0 if it 
orbits in opposite direction) , 

a*= afM(note: - 1 ::; a*::; +I), 

x = (r/M)112 = (dimensionless radial coordinate), 

Xo = (rrns/M)112
, 

xl> x2, x3 = the three roots of r - 3x + 2a* = 0; in particular' 

x1 = 2 cos(} cos- 1 a* - rr/3), 

x2 = 2 cos (t cos- 1 a* + 71'/3), 

x 3 = -2 cos (t cos - 1 a*). 

d = I + a*2x- 4 + 2a*2x - 6
, 

<if = I - 3x-2 + 2a*x - 3 , 

G' = 1 + 4a*2x- 4
- 4a*2x-6 + 3a*4x- 6

, 

'!l = I - 2x- 2 + a*x- 3 • 

9 = 1 - 2x- 2 + a*2x- 4
, 

ff = 1 - 2a*x- 3 + a*2x - 4
, 

(14) 
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They are (cf. Bardeen, Press, and Teukolsky 1972) 

£?• = J4-1!!), eZr!l = JvJZx4srf, ez" = g-1 , 

e•+u+l!t = r = Mxz' w = 2a*Jo.,J-1x-ssrJ-1, Q = .\J-1x-3J,iJ-l' 

Et = (e-lt2C§, 

Et _ QLt = g&-lC(;'ltz , 

v = lvf~- 112~ ' 

where 

503 

(lSa, b, c) 

(ISd, e, f) 

(l5g, h) 

(15i, j) 

(15k) 

(151, m) 

(15n) 

The rest of§ III is a derivation of the radial-structure formulae (I 1), beginning (§ IIIb) with a crucial relation 
for geodesic orbits, and then turning (§Hie) to formulation and manipulation of the conservation laws. 

b) The Energy-Angular-Momentum Relationfor Circular Geodesic Orbits 

Consider circular geodesic orbits in the equatorial plane of metric (1) with four-velocities w(r) having nonzero 
components given by equation (7b). By combining the geodesic equation and the normalization condition, 

V,.w = 0, W•W=-1, 

with the symmetry of the covariant derivative and the vanishing of the radial component w" one obtains 

0 = [V..,w- !V(w · w)]·(ofor) = WaiV,;a - w"wa;r = w"(w,,a - IVa.r) 

= - W"Wa,r = - W11Vt,r - w"'wo,r = }vf(Et,, - QLt,,) . 

Hence, the circular geodesic orbits satisfy the fundamental relation 

Et,T = QLt,T . 

This is a special case of the universal "energy-angular-momentum relation," dE= QdJ or 

(change of energy) = (angular velocity) ·(change of angular momentum), 

(16) 

(17) 

(18) 

(19) 

which plays a fundamental role throughout astrophysics. (See, e.g., Appendix B of Ostriker and Gunn 1969; 
eq. [80] of Bardeen 1970; Hartle 1970; and§ 10.7 of Zel'dovich and Novikov 197!.) 

c) Formulation and Manipulation of the Conseroation Laws 

The radial structure of the disk is governed by three conservation laws: conservation of rest mass, of angular 
momentum, and of energy. 

In differential form the law of rest-mass conservation reads 

(20) 

We convert to a more useful integral conservation law by integrating over the 3-volume of the disk between 
radius r and r + 6.r and over time 6.t, and by then using Gauss's theorem to convert to a sudace integral: 

0 = J V·(poulast)(-g)liZdtdrdzdrp = i Poula•t.d3"L 
r or 

[I + HIt +l>ti 2,. ]' +t>r = p0 u'1ast(-g)112drpdtdz + [total rest mass in the 3-volumeJ:+At 
-fl t 0 r 
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The second bracket, [ ], can be neglected compared with the first because of assumption (iv) of§ II (mass in .J..r 
negligible compared with mass that flows across r in time .J..t). Physically the above equation says 

lV/0 = -27Tev+lll+"1:ur = (time-averaged rate of accretion of rest mass) is independent of radius r. (21) 

This is the first of our radial structure equations, equation (lla). 
In differential form the law of angular-momentum conservation reads 

r:J.J = 0, J = T·ofcq> = (density-flux 4-vector for angular momentum). (22) 

Again we convert to an integral conservation law by integrat ing over the 3-volume between radius rand r + .J..r 
and over time 6.t, and by then using Gauss's theorem to convert to a surface integral. In the case of rest mass there 
was no flux across the upper and lower faces of the disk (z = ± H), so the only contributions to the surface integral 
were at the outer and inner radii , r + 6.r and r, and at the hypersurfaces of constant time, t + .J..t and t. However, 
radiation pouring out of the disk produces an angular-momentum flux across the upper and lower faces, so in 
this case we get six terms in the surface integral: 

0 = f V · J(-g )112dtdrdzdq> = r J. d 3"Z = r T,,acPEa 
-r Ja-r Ja:r 

+ {f+t.Jt+t.tf" [p0 (1 + II)u0 u" + t,p" + u0 q" + q0 u"](-g)1 12dq>dtdr }:: 

+ {total angular momentum in the 3-volume}~"'"at . (23) 

In the first brace, { }, we can ignore IT (negligible specific heat; eq. [8]); and we can ignore u0 qr and q, ur by com
parison with the u0 q" of the second brace (negligible heat transport a long the plane of the disk; eq. [9a]). Hence, 
the first brace reduces to 

{f :~I (27T/J.t)[(po)t10 Lir + (t0 r) ](-g ) 112dz r +t.r = {(27T .6-t)(:EUuT + W,,/]e•+\!1 +ll}~+M 

= Ut[ -l'VfoLt + 21Te•+v+llW.,rJ.rtJ.r. 

Here we have used equations (4), (7), and (21), and the definition 

f
+fl 

Wa8 = ( t/)dz . 
-fl 

(24) 

(25) 

In the second brace {} of formula (23) the first and last terms vanish because u• = 0, and the second term vanishes 
by equation (9b). Hence, the second brace becomes 

{ f
T +Il.T } +ff 

. r (27T6.t)u0 (q")(-g)112dr -fl = 26.t[2r.e•+V+uLfF]ur, (26) 

where we have used equations (7a, b), plus definition (lOb) of F. The third brace {}in formula (23) can be neg
lected compared with the first brace because of assumption (iv). Combining a zero value for the third brace with 
equation (26) for the second brace and equation (24) for the first brace, we obtain 

(27) 

This is our final form for the law of angular momentum conservation. The first term represents the angular 
momentum carried by the rest mass of the disk; the second term is the angular momentum transported mechanic
ally by torques in the disk (by viscous stresses, by turbulent stresses, by magnetic stresses, etc.); the third term is 
the angular momentum carried away from the disk's surface by radiation. 

The differential form of the law of energy conservation is 

V·E = 0, E = - T· ofct = (density-flux 4-vector for energy-at-infinity). (28) 

By manipulating this conservation law in precisely the same manner as we manipulated the law of angular momen
tum conservation (22), we arrive at the time-averaged and volume-integrated conservation law 

(29) 
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The second term can be rewritten in terms of W0 ' by use of the orthogonality relation u"ta3 = 0, which implies 
that ua Wa8 = 0, or 

The result for equation (29) is 

(30) 

d) Integration of the Conservation Laws 

Equations (27) and (30) can be integrated to obtain the emitted flux F and the torque per unit circumference 
W0 '. This is done as follows: 

i) Change variables to 

(3la, b) 

ii) In terms of these variables the conservation laws (27) and (30) become 

(V - w).r = /Lt, (Et - Ow)., = /Et . (32a, b) 

iii) Multiply (32a) by n, subtract from (32b), and use the "energy-angular-momentum relation " (18) to obtain 
the algebraic relation 

IV = [(Et - QU)f(- Q.r)]/. (33) 

iv) Insert this expression for w into (32a), and integrate the resulting first-order differential equation fo r /, 
making use of (18). The result is 

(Et- QV)2 f - n.r I = (Et - QV)U,,dr + coast. 

v) To fix the constant of integration, use the following physical fact: When the accreting material reaches the 
innermost stable circular orbit, r = r m., it drops out of the disk and falls directly down the hole. Hence, just inside 
r = r ms there is negligible material to "torque up" the material just outside r = r :::.-which means that the torque 
w.,r, and hence w, must vanish at r = r ms·2 To make w(tm.) vanish we must choose our constant of integration 
such that 

vi) Bring this result into the following alternative forms by integration by parts and use of the energy- angular
momentum relation (18): 

f = - D,,(Et- QLt)- 2 r (Et - DD)U.rdr 
Tms 

-0 (Et- QU) - 2 [EtU- Et U - 2 fr LtEt rir] . r ms ms .r"' · 
.. res 

-Q,r(Et- QU) - 2 [-EtLt + EtmsUms + 2 J' EtLt.,dr]. (34) 
r,, 

Equation (34) for fand equations (3 1), (33) for F and W,p' are the radial-structure equations (12) and (1lb, c) 
quoted in §lila. 

IV. STEADY-STATE DISK MODELS 

Steady-state relativistic models for the accretion disk around a Kerr black hole have been built by Novikov 
and Thorne (1973). These models are patterned after Newtonian models by Shakura and Sunyaev. They include 
details of vertical structure (vertical force balance; vertical energy transport; etc.), as well as details of radial 
structure. 

2 It is conceivable that the disk material might contain extremely strong magnetic fields , and that these fields might transport 
a torque from the infalling material at r < rm• to the disk at r <::: rrns· In this case the boundary condition at r::~s would be modified, 
and the solution for f would be changed. !t seems to us unlikely that the changes would hi! substantial. except very near r:ns (i.e., 
at r - rm• ;'f 0. trm.). But when constructing e.xplicit disk models, one should examine this possibility carefully. 
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All of the quantities appearing in the Novikov-Thorne models(§§ 5.9 and 5.10 of their paper) are expressed as 
explicit, algebraic functions of radius, except one: the function ~(r). The results of this paper allow one to also 
express~ as an explicit algebraic function of r-or, equivalently, of x = (r 1 1\-1) 112• Direct comparison of equations 
(5.6.14b) and (5.4.lb, c) ofNovikov-Thorne with equations (1lb) and (l5d, n) ofthis paper shows that 

1 + a*x- 3 
1 [ 3 1 ( x ) 3(x1 - a*)

2 
In ( x - X1) 

(1 - 3x 2 + 2a*x- 3)112 x x - Xo - 2a* n x0 - x1(x1 - x2)(x1 - X3) Xo - X1 

(35) 

(NoTE.-In equation [5.4.1 h] of Novikov and Thorne there is an error, pointed out to us by Chris Cunningham: 
the sign in the exponential should be plus rather than minus.) 
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PART III 

PARTICLE E~ITSSION RATES 

FROH BLACK HOLES 

(a) Historical Background 
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General relativity and quantum mechanics have certainly been 

among the most fundamental developments of physics in the twentieth 

century . General relativity express e d gravity in terms of curvatures 

of spacetime, a concept radically different from the Ne~•tonian theory 

of instantaneous action at a distance. Quantum mechanics expressed 

physical processes in terms of amplitudes that give probabilities for 

certain observations rather than the deterministic evolution of all 

observables . Both of these new formulations could be shown to reduce 

to the older laws of classical physics in the realm of experience 

where the older laws had been strongly verified, but they predicted 

different phenomena in other realms . Quantum mechanics predicted new 

effects such as the uncertainty principle that would show up for very 

small objects like atoms, and general relativity predicted new ef-

fects such as collapse into black holes that would show up for very 

large objects like massive stars. 

One would like to unify general relativity and quantum mechanics 

(a task not yet completed), but it appeared that, at least in the 

present universe, the realm where general relativity is important 

(very large objects) does not overlap the realm where quantum mechan-

ics is important (very small objects) . For example, general rela-

tivity is important for an object that has a linear size L not much 

greater than its Schwarzschild radius 2GM/c2 (the size of the black 

hole it would form), so that 

2 
~ L < M 

G 
(III.l) 
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Alternatively, quantum mechanics is important for an object whose 

intrinsic size L is not much greater than its reduced Compton wave-

length 11/Mc, so 

(III. 2) 

For both general relativity and quantum mechanics to be important, 

the combination of (III . l) and (III . 2) requires 

L < ({i~)l/2 -

c 
L Planck 

-33 
1. 62 x 10 em ( III . 3) 

which is a length much shorter than that probed by any current exper-

iment. Likewise, the density must be 

93 -3 
5 . 16 x 10 g em (III. 4) 

which is far beyond any densities observed in the present universe. 

Therefore, one might conclude that any significant union of general 

relativity and quantum mechanics could not be expe rimentally tested. 

However , quantum effects associated with strong gravi tational 

fields could show up observationally if they would accumulate over the 

age of the universe, 

the Planck time 

61 
which gives a factor of roughly 10 in terms of 

-44 
5.39 xlO s • (III. 5) 

It turns out that s uch effects indeed can occur for primordial black 

holes within a certain mass range--the effects being observable in 

the present universe if there are a sufficient number of such black 
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holes. These effects involve the creation and emission of particles 

by black holes, which will now be discussed . 

The first prediction of emission by a black hole was made by 

Zel'dovich (1971,1972). He pointed out on heuristic grounds that a 

rotating black hole should amplify certain waves and that there 

should be an analogous quantum effect of spontaneous radiation of 

energy and angular momentum. Later Misner (1972) and Starobinsky 

(1973) confirmed the amplification by a Kerr hole of scalar waves in 

the " superradiant regime" (where the angular velocity of the wave

fronts is lower than that of the hole), and Bekenstein (l973a) showed 

that &~plification should occur for all kinds of waves with positive 

energy density . However, the quantum effect predicted by Zel ' dovich 

was not universally known, and in fact Larry Ford at Princeton Uni

versity and I independently rediscovered it. 

The argument for this spontaneous radiation was that in a quan

tum analysis the amplification of waves is stimulated emission of 

quanta , so that even in the absence of incoming quanta one should get 

spontaneous emission. By using the relation between the Einstein co

efficients for spontaneous and stimulated emission, one can calculate 

the spontaneous rate from the amplificat ion factor , as Starobinsky 

(1973) noted , at least when the spontaneous emission probability is 

much less than unity. 

A problem arose for neutrinos in that Unruh (1973) showed that 

their waves are never amplified. This result violated Bekenstein's 

conclusion and seemed to be a breakdown in the Hawking (1971) area 
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theorem. The reason for the violation was traced to a negative local 

energy density of the classical neutrino waves at the horizon. However, 

Feynman suggested (unpublished) that the lack of amplification might 

be due to the Pauli exclusion principle, so that incident neutrinos 

suppress spontaneous emission which otherwise occurs. The amplifica

tion factor would then be less than unity, since the calculation of 

an unquantized neutrino wave cannot directly show the spontaneous 

emission but only how the emission changes as the incident flux is 

varied. 

One might be surprised to find such a difference between inte

gral and half-integral spins showing up in the behavior of their un

quantized waves, but this is merely an illustration of the connection 

between spin and statistic~. Pauli (1940) has shown that half

integral spins must be assigned anticommutation relations in order to 

get a positive energy density, which is precisely what the unquantized 

neutrino waves violate in not showing superradiance. 

Indeed, this same behavior occurs in the Klein paradox. A scalar 

wave incident on an electrostatic potential step higher than the 

kinetic energy plus twice the mass gives a reflected current greater 

than the incident current. On the other hand, a Dirac wave incident 

on such a step gives less reflected current. (This is the result if 

one makes the causality requirement of the transmitted waves'having a 

group velocity away from the step, rather than having the momentum 

vector away from the step as in Bjorken and Drell 1964.) Nikishov 

(1970) uses field theory to calculate the pair production by a 
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potential step of general shape with no particles incident. His re

sults show that the expected number of particles emitted in a given 

Klein-paradox state is 

<N> ± (A- 1) (III. 6) 

where A is the amplification factor for the reflected wave of the 

unquantized Klein-Gordon (+) or Dirac (-) equation. This formula ap

plies even if the emission probabilities are not small, so that ~~> 

includes the possibility of emitting more than one particle (if a 

boson) in the same state. 

Unruh (1974) made a formal calculation of second quantization 

of scalar and neutrino fields in the complete Kerr metric and found 

essentially the same results as Eq. (III.6) if he chose the initial 

vacuum state to correspond to no particles coming out of the past 

horizon. Ford (1975) quantized the massive scalar field in a somewhat 

different way with similar results . Hm,;rever, Unruh noted that the 

actual situation might be different, with no past horizon but the 

black hole formed by collapse. Nevertheless, neither he nor any of 

the discoverers of the spontaneous emission attempted to calculate 

that situation. 

Heanwhile (summer 1973), Stephen Hawking at Cambridge University 

heard of this work through Douglas Eardley and so while in Moscow dis

cussed it with Zel'dovich and Starobinsky. Believing in the reality 

of the spontaneous emission but wishing to put its derivation on a 

firmer footing, Hawking dared to attempt the difficult calculation of 
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field theory during the collapse and formation of a black hole. 

Sepa rating out the essential elements, Hawking found how to calculate 

the part i cle emission at late times, afte r the collapse had settled 

down to form a stationary black hole . At first Hawking got an in

finite number of particles emitted , but then he discovered that the 

infinity corresponded to emission at a steady rate. However, the 

emission was not only in the superradiant states or modes but in all 

modes that could come from the black hole! 

Hawking initially did not believe this result (a consolation to 

those of us who doubted it also \vhen we first heard it) . Thinking 

that the emission might be an artifact of the spherical symmetry he 

had assumed , Hawking considered nonspherical collapse and got the same 

emission. Then he tried putting in a cutoff on the frequencies of the 

modes in the initial state before the col·lapse, but that eliminated 

all the emission, including the spontaneous emission in the superradi

ant modes that Hawking was certain existed . Perhaps most convincing 

to Hawking was the fact that the emission rate was just that of a 

thermal body with the same absorption probabilities as the black hole 

and with a temperature (in geometrical units) equal to the surface 

gravity of the hole divided by 2TI . This result held for fields of 

any spin and seemed to confirm some thermodynamic ideas of Bekenstein 

(1973b). However, before the emission process was discovered, Bardeen, 

Carter, and Hawking (1973) had argued against Bekenstein's suggestion 

of a black-hole temperature proportional to surface gravity . Thus 

Bekenstein ' s ideas were originally not a motivation for Hawking's cal

culation . 
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As word of his calculation began to spread, H~~king published 

a simplified version of it in Nature (1974) . However, even at this 

stage Hawking was not certain of the result and so expressed the 

title as a question, "Black hole explosions?" He noted that the cal

culation ignored the change in the metric due to the particles created 

and to quantum fluctuations . One objection raised by several people 

was that the calculation seemed to give a very high energy flux just 

outside the horizon , which might prevent the black hole from forming 

at all . Hawking later answered this and other problems by a more 

detailed version of the calculation (Hawking 1975a), which showed that 

an infalling observer would not see many particles near the horizon. 

However , it might be noted that there is still some controversy about 

the existence of particles there . The back reaction of the particles 

created would , in Hawking's view, simply be to reduce the mass of the 

hole by the amount of the energy radiated away . 

Presumably quantum fluctuations of the metric itself can give 

rise to the emission of gravitons in addition to the emission of other 

particles calculated as if the geometry were fixed. By considering 

linearized fluctuations in the metric about a given background, the 

emission of gravitons can be handled in the same manner as the emission 

of any other particles , though one might argue that graviton emission 

depends more fundamentally upon the assumed fluctuations in the metric . 

Therefore, any observed consequences of graviton emission can be 

viewed as testing whether gravity is quantized . 

Hawking has argued (unpublished) that quantum mechanics allows 

small deviations of the action from the extremum value that gives the 
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classical field equations for matter and gravity. Thus the classical 

equations can be violated in a small region near a black hole, giving 

rise to the emission of matter or gravitational ~~aves, but the equa

tions cannot be violated significantly on a very large surface sur

rounding the hole. Therefore, quantities determined by surface 

fluxes at infinity do remain conserved: energy, momentum, angular 

momentum, and charge. This is the basis for arguing that the emission 

carries away the quantities of the hole which otherwise would be con

stant. Note that baryon and lepton numbers are not observed to be 

connected with long-range fields, so they presumably cannot be deter

mined by surface fluxes at infinity and thus would not be conserved 

globally by the black-hole emission process. 

The thermal emission first calculated by Hawking has been veri

fied by several subsequent calculations. Boulware (197 5) and Davies 

(1976) have calculated the emission from a collapsing shell. Gerlach 

(1975) has interpreted the emission as parametric amplification of the 

zero-point oscillations of the field inside the collapsing object. 

DeHitt (1975) has given detailed derivations of both the spontaneous 

emission process in the complete Kerr metric (with no particles coming 

out of the past horizon) and of the thermal emission from a black hole 

formed by collapse . Unruh (1975) has found that his derivation in the 

complete Kerr metric will give not only the spontaneous but also the 

thermal emission if the boundary condition at the past horizon is 

changed from no particles seen by an observer at fixed radius just 

outside the horizon to no particles seen by an observer freely falling 
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along the horizon. Wald (1975), Parker (1975) and Hawking (1975b) 

have calculated the density matrix of the emitted particles and find 

that it, as well as the expected number in each mode , is precisely 

thermal. Bekenstein (1975) has given an information-theory argument 

of why this should be so . Hartle and Hawking (1975) have done a path

integral calculation of the probability for a particle to propagate 

out of a black h ole from the future singularity and shot• that this 

method also leads to the same thermal emission. In summary , the 

thermal emission from a black hole has been derived in a variety of 

ways by several people, so its prediction seems to b e a clear conse

quence of our present t heories of quantum mechanics and general rela

tivity . 
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(b) Numerical Calculations 
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After recognizing the existence of spontaneous emission from a 

rotating black hole, I intended to calculate those emission rates to 

show how fast a black hole would give up its angular momentum. How

ever, after Hawking announced his result of thermal emission and after 

my initial objections to it were answered by the more detailed publica

tion of his calculations, I began calculating the thermal emission 

rates . 

The basic result from Hawking ' s calculation that I needed was 

his expression for the expected number of particles emitted in a mode 

in terms of the absorption probabili ~y for that mode (Eq . 3 . 4 of 

Hawking 1975). To compute the absorption probabilities for neutrino, 

photon, and graviton modes , I used the separated wave equation of 

Teukolsky (1972 , 1973) , and I modified the computer programs initially 

written by Teukolsky and Press (1974) for solving the Teukolsky equa

tion numerically . The thermal emission by Hawking's formula was then 

integrated over all frequency modes for a given angular mode, and 

finally the angular modes were summed to give the total emission. 

In calculating the t otal number rat e and power in a given angular 

mode, by far the most computer time is spent evaluating the absorption 

probabilities at the different frequencies . Therefore, it was desired 

t o reduce t he number of such evaluations needed for a given accuracy 

of the integrated number rate and power. To accomplish this , an algo

rithm was devised which would vary the step size for the integration 

and yet which would not waste calculated points if the attempted step 

size proved to be too large to give the required accuracy. 
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The algorithm did the integration in a sequential manner by 

starting at zero frequency and moving through a series of intervals 

to some frequency high enough that the integral from there to infin

ity could be accurately estimated without evaluating any more points. 

As a first attempt, a new interval was integrated in one step--a 

"step" being the basic unit of integration. The integral for each 

step was estimated by Bode ' s rule (the closed-type Newton-Cotes for

mula for the integral of a quartic polynomial \Y"hich fits five points 

equally spaced between the ends of the step). An estimate for the 

error was made by comparing Bode ' s rule with Simpson's rule applied 

once for each half of the step, using the same five points already 

evaluated for Bode ' s rule . Thus the error estimate reflected the 

fourth-order error of Simpson ' s rule, but the integration was accu

rate to the sixth-order error of Bode ' s rule . 

If the error estimate exceeded the preset tolerance criterion , 

the first half of the interval was taken as the next attempt for a 

successful step , requiring only two new points to be evaluated to 

apply Bode ' s rule again. This step-halving was iterated until the 

step was made sufficiently small to be successfully integrated 

within the error criterion. Then the integration proceeded forward 

\Y"ith the other half of the last unsuccessful step. If it could be 

integrated successfully without further halving, the step size was 

doubled to do the second half of the next uncompleted s tep. As long 

as the integrations were successful , the step-doubling was continued 

until the original interval was finished . Thus the points temporarily 
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discarded by successively halving the step were actually saved and 

re-used when the step size was successively doubled . 

Once the step-doubling was completed (or if the interval was 

done successfully in one step), the algorithm proceeded to a new in

terval . The size of this interval was chosen so that the estimated 

error would be one-half the tolerance criterion if the fourth deriv

ative stayed the same as its value estimated for the last step . The 

fact that this constant-fourth- derivative assumption was false led to 

the occasional need to halve the step size before the estimated error 

was reduced below the tolerance criterion. 

Paper II gives the massless particle emission rates from a 

Schwarzschild black hole and estimates the resulting lifetimes of 

primordial black holes. In addition, this paper derives analytic ex

pressions for the absorption probabilities, cross sections, and 

emission rates for low frequency ~•aves in the field of a black hole 

of arbitrary rotation. Paper III extends the numerical calculations 

to rotating holes and shows how they evolve as they lose energy and 

angular momentum to massless or nearly massless particles. The im

plications for the lifetimes and present configurations of primordial 

black holes are discussed . Following Paper III is a listing of coef

ficients of polynomial fits used to calculate the angular eigenvalues 

for neutrinos that are needed in solving the radial Teukolsky equa

tion. 
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Hawking has predicted that a black bole will emit particles as if it had a temperature proportional to its 
surface gravity. This paper combines Hawking's quantum formalism with the black-hole perturbation methods 
of Teukolsky and Press to calculate the emission rate for the known massless particles. Numerical results 
indicate that a hole of mass M > \017 g should emit a total power output of 2 X w-• fi c •a- 2M - 2

, of which 
8\% is in neutrinos,. 17% is in photons, and 2% is in gravitons. These rates plus an estimate for the emission 
rates of massive particles from smaller holes allow one to infer that a primordial black hole will have decayed 
away within the present age of the universe if and only if its initial mass was M < (5 ± I) X w•• g. 

I. 1:-./TRODUCTION 

Hawking has calculated quantum mechanically' 
that a black hole will emit particles as if it were 
a hot body with a temperature T proportional to 
its surface gravity. Since the surface gravity 
is inversely proportional to the black-hole mass 
M , and the emitting area A is proportional to 
M 2

, the luminosit y or total power emitted is pro
portional to AT 4 or M - 2

• As M decreases at this 
rate, the black- hole lifetime will be proportional 
to M 3

• Dimensional arguments indicate that 
the lifetime will be less than the age of the uni
verse only if AI<;;. 101 5 g. Consequently, the thermal 
emission is insignificant for black holes formed 
by the stel.lar collapse (M2M0 , lifetime21066 yr), 
but it is of crucial importance for the small pri
mordial black holes possibly formed by fluctua
tions in the early universe. 2 

- • 

This pape r reports numerical calculations of the 
emission rates for massless particles. The spec
tra from the dominant angular modes are given 
for neutrinos , photons, and gravitons. The spec
tra are integrated to give the total number rate 
and power emitted in the various modes. From the 
total power emitted in all modes, the lifetime of 
a black hole is predicted. Essentially, this paper 
gives numerical coefficients for the dimensionally 
determined quantities of the preceding paragraph. 

To simplify the notation, dimensionless units 
will be used such that 

li = c = G = k (Boltzmann's constant)= 1. (1) 

That is, all quantities will be written in terms of 
the Planck mass l[lic/G]1

/
2 = 2.18x10-5 g), length 

([ffG/c"]'12 = 1.62 x 10-33 em), time ([liG/ c5]'/ 2 

= 5.39 x 10 -•• sec), temperature ((1ic5/ G]'/% = 1.42 
X1032 °K), energy ([lic5/ G]112 =1.96Xl016 e r g 
= 1. 22 x 1022 MeV), power (c5/ G = 3.63 x 1059 erg 
sec-1

), charge (flic]11 2 = 5.62 x 10-9 esu = 11.7e), 

13 

etc. For example, the electron mass ism. =4.19 
x 10-23

, the muon mass is mp = 8.65 X 10-21
, the 

blackbody background temperature is Ty = 1. 9 x 10-32
, 

the age of the universe is l 0 "" 106 1 (= 17 billion 
years), and the solar mass and luminosity are 
M 0 = 9.14 x 1037 and L0 = 1.05 x 10-26

, respectively. 5 

The present paper will limit itself to the known 
massless particles (v,, v •. IJp, Dp. y. and gravi-
ton) being emitted from an uncharged , nonrotating 
hole. Future papers in this series are being 
planned to consider rotating holes and the emission 
of massive particles. Massless particles will 
dominate the emission when T "%m. (the smallest 
nonzero rest mass known). The approximation of 
zero rest mass should also be valid for me « T «mp, 
in which case electrons and positrons will be 
emitted ultrarelativistically so that their rest 
mass can be ignored, whereas heavier particles 
will hardly be emitted at all. The appr oximation 
breaks down for the case T 2m11 or M <;;;.5 x 101 8 

"" 1 x 1014 g, which will not be considered. 
Zaumen6 and Gibbons 7 have shown that a black 

hole will discharge rapidly by a Schwinger-type 
pair-production process if 

Q* = Q/ M2Mm//e=2.05X 10 - .. M 

=M/ 5.34 X 105M 0 . (2) 

Q* is the charge parameter (dimensionless with
out setting if = 1) that must be of order unity to 
affect significantly the geometry of a black hole 
and hence the emission of uncharged particles. 
Therefore, except for black holes above 105 M 0 , 

which do not radiate at a significant rate anyway, 
the charge of the black hole can be ignored when 
analyzing the emission of uncharged particles. 
For a black hole small enoug h to be emitting elec
trons and positrons, the r esulting random charge 
fluctuations are estimated to be of order unity. 
Such fluctuations do not affect the geometry signi-

198 
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ficantly since only 1V» 1::::: 2 x 10 -s g is being con
sidered, but they do affect the coupling of the hole 
to electrons and positrons so that their average 
emission rates may be changed by a fraction of 
the order of the fine-structure constant. This 
effect will be ignored until a future paper. 

The idealization of no rotation for the black hole 
is much less justified than the idealization of no 
charge, but there are two effects that may tend to 
make the rotation small. First there is the ten
dency of a rotating hole to emit more particles 
with angular momentum in the same direction as 
the hole than in the opposite direction. Indeed , 
for a hole rotating as fast as possible for a given 
mass, each particle emitted must decrease the 
angular momentum of the hole, and it appears that 
this decrease is characteristic of the total emission 
at any finite rotation. However, the classically 
dimensionless (no 1i's needed to make it dimen
sionless) rotation parameter that determines the 
shape of a black hole is 

(3) 

where J is the magnitude of the angular momentum. 
For a*= 1 (maximum rotation), it is easy to show 
that the emission leads to a decrease in a*, but 
for a* near zero, it is not yet known whether the 
angular momentum decreases fast enough com
pared with the mass to keep a* decreasing , or 
whether dlnJ/dlnM= 2 at some finite a., causing 
a. to approach that value asymptotically rather 
than continuing to decrease toward zero. 

The second effect which may tend to reduce the 
rotation is an instability to the exponential growth 
of massive scalar fields in a quasibound state 
around a rotating hole . Eardley has suggested 
this effect8 as an analog of the "black-hole bomb,"9 

in which the rest mass of the field replaces the 
mirror to confine the field. This instability should 
rapidly drain angular momentum fro m the hole 
into orbiting particles, which then decay or radiate 
away their energy and angular momentum by grav
itational radiation, 10 if (1) the size of the hole is 
roughly the Compton wavelength of one of these 
scalar particles (a pion, say\, (2) the size of the 
particle itself is not too large compared with the 
size of the hole , and (3) it is possible to create 
many particles in the same mode so that the field 
can g row exponentially. (One· might suppose that 
if a scalar particle were made of Fermi constit
uents, the exclusion principle for the constituents 
would prevent the scalar particles from piling up 
in the same mode by coherent amplification, so 
the drain of angular momentum would not occur 
at any exponentially large rate limited by the grav
itation radiation from the mode but rather at a 
rate limited by the decay or interaction time, 

which would not be much. if any. faster than the 
direct emission mechanisms.) 

In summary. this paper will consider the emis
sion rates from an uncharged. nonrotating hole 
for massless particles of spin ~ . 1. and 2. This 
is meant to apply to neutrinos, photons. and grav
itons (and possibly ultrarelativistic electrons and 
positrons from a hole small enough) being emitted 
from a primordial black hole that has been neutra
lized , if necessary, by e' emission and that some
how has little angular momentum. 

II. THEORETIC.\L FOR.\IAUSM 

According to Hawking's calculation, the expected 
number of particles of the jth species with charge 
e emitted in a wave mode labeled by frequency or 
energy w, spheroidal harmonic l, axial quantum 
number or angular momentum m, and polarization 
or helicity p is 

( NJ"-lm~) = r,«.,,~{ exp[2rrK-1(w- mn-~ )} 'F 1} -I . 

(4) 

Here the minus sign is for bosons and the plus 
sign is for fermions: ~ _,,..~ is the absorption 
probability for an incoming wave of that mcxle (i.e .. 
minus the fractional energy gain in a scanered 
classical wave, -Z in the calculations of Teukol
sky and Press11

) ; K, n, and <I> are the surface 
gravity, surface angular frequency. and surface 
electrostatic potential, respectively. of the black 
hole. The values of K , n, and <I> are lin.l<ed to the 
hole's mass M, area A, angular momentum J, and 
charge Q by the first law of black-hole mechan
ics12 

K 
dM= Srr dA + fldJ.,. <l>dQ. 

The expected number emitted in each mcxle re
markably is the same as that of a thermal bcxly 
whose absorptivity matches that of the hole and 
whose temperature is 

T = ...!!._ 
2rr' 

(5) 

(6) 

so tA can be identified as the entropy of the black 
hole. 1 For a Kerr-Newman black hole with the 
horizon at radius 

(7) 

the specific expressions for K, n, and <I> are13 

4rr(r. -.H) 
K = A 
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a 
-t;M· (9) 

(10) 

Here the quantities after the arrows are the lead
ing terms for a. = ai M = J/M 2 « 1 and Q* = Q/M« 1. 

To convert from the expected number emitted 
per mode to the average emission rate per fre
quency interval, one counts the number of modes 
per frequency interval with periodic boundary 
conditions in a large container around the black 
hole and divides by the time it takes a particle to 
cross the container, finding 

dN = (N) vdk = (N) dw 
dt 2rr 2u 

(11) 

for each j, l, m, p, and frequency interval 
(w , W +dw). Since each particle carries off ener
gy w and angular momentum m about the axis of 
the hole. the mass and angular momentum of the 

hole decrease at the rates given by the total power 
and torque emitted: 

- .!!_(M)= L ~jr1 .._ , m,{exp[2rrK -1 (w-mfl- e<l>l] 
dl J J.l,m,l> 2u 

The nontrivial part of the calculation of the 
power and torque is the determination of the ab
sorption probabilities r. Fortunately, Teukolsky 
has shown" that the fundamental equations for 
gravitational, electromagnetic. and neutrino
field perturbations of an uncharged rotating black 
hole decouple into a single equation for each field, 
and furthermore that each of these equations is 
completely separable into ordinary differential 
equations. Teukolsky and Press11 have developed 
analytic and numerical techniques for interpreting 
and solving these equations for gravitational and 
electromagnetic perturbations. Their techniques 
can be extended easily to the neutrino field, and 
I have simply modified their computer programs 
to cover neutrinos as well as gravitons and photons. 

A check on the numerical computation can be 
given by the analytic form of r for small Mw, which 
has been derived by Starobinsky and Churilov15 

for boson fields and which is extended in the Ap
pendix to fermion fields obeying the Teukolsky 
equation. For a massless field with spin-s 
scattering off an uncharged hole, the formulas are 

[
(l- s) !(l +S) ! J

2 rr' [ 1 + (W-mfl) 2] 2 (W -mfl.) (AK w)2l+t 
(2l) !{2l+l)!! n =t nK K 2u ' 

2s even, (13) 

[
{l - sl 1{t+sl! j2 •rr•'12[ (w-mn )2] (AK ) 2••• 
(2 l) 1 ( 2l 1) 11 1 + -----=-r -2 w , 2s odd, 

· + · · n=t nK 2 K u 
(14) 

with fractional errors of order (AKw)21 + 1
• Since l ";!:.s, the dominant contribution is from the l =s modes, 

which give 

(15) 

for s =i , {16) 

4 A 
r.'-lm/> = 

9 
-; [M 2 + Vn2

- 1)a2
] (w -rnfl.)w3 for s = 1, (17) 

(18) 

Here only the lowest-order term in w has been kept , except for the w -mn factor for bosons which guar
antees that in the superradiant regime w<mfl, the absorption probability for bosons in negative. [I.e., 
waves are amplified rather than absorbed. The thermal factor of Eq. {12) is also negative in this regime, 
so the quantum emission rate r emains positive.] 
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From the behavior of these analytic absorption probabilities at low frequencies for the various angular 
modes, one can get the low-frequency (Mw « 1) absorption cross section for a massless particle of spin 
s averaged over all orientations of the black hole: 16 

A, 

21T,v/2
, 

-}A(3M2 - a 2)w 2, 

At high frequencies (Mw » 1) the angle- averaged 
cross section for each kind of particle must ap
proach the geometrical-optics limit of 27JTM2 for 
a nonrotating hole and roughly the same value for 
a rotating hole .17 Thus the cross sections are 
smaller at low frequencies. As the frequency is 
reduced to zero, the cross sections retain finite 
values for neutrinos and hypothetical spin-0 mass
less particles and go to zero as the frequency 
squared for photons and as the frequency to the 
fourth power for gravitons. 

Combining the low-frequency absorption prob
abilities (13) and (14) with the thermal factor (4) 
for a black hole with negligible rotation, one gets 
the emission rate in a given angular and polari
zation eigenstate for low frequencies, 

d N {3 [(l- s)!(l +S)! ]2(21'11w)2'+• 
dtdw •"-lmP=w (2l)!(2Z+ 1)!! ' 

(20) 

where {3 = 2 for bosons and {3 = 1T for fermions. The 
fractional errors are of order M(w -rnn). Thus in 
each case the emission rate at low frequencies 
goes as W

21
•

1
, and the power goes as w21+2

• This 
qualitative behavior causes the particles with low
er spins (and thus lower l allowed, since l ;:. s) to 
be emitted faster from a nonrotating hole, there
by dominating the low-frequency power drain from 
such a hole. However, the analytic expressions 
for low frequency break down long before the 
actual spectra peak, so numerical calculations 
are needed to determine whether and to what ex
tent this effect holds also for the total power drain. 

Ill. NU:'t1ERICAL CALCULATIONS 

The particle emission rates were calculated by 
using Hawking's formula (4) and Eq. (11) with the 
absorption probabilities r computed by the method 
of Ref. 9, Sec. VII, using Bardeen's transforma
tion discussed therein to allow stable integration 
of the Teukolsky equation from the horizon to in
finity. A purely ingoing solution was chosen on 
the horizon, and after this solution was numeri -

s=O 

(19) 
S=1 

cally integrated out to a sufficiently large radius, 
it was resolved into ingoing and outgoing waves at 
infinity. Then r was calculated as the ratio of the 
energy going down the hole to the energy of the 
ingoing wave at infinity, and the thermal factors 
were multiplied in to give the quantum emission 
rates. These rates were multiplied by the energy 
or angular momentum of each particle, integrated 
over frequency, and summed over all angular 
modes, polarizations, and species of particles to 
give the total power and torque emitted [cf. Eq. 
(12)]. 

The accuracy of the numerical result was limited 
by the step size in integrating the Teukolsky 
equation, the radius where the resolution into in
going and outgoing waves is made, and the step 
size in integrating the spectra. To keep these 
three sources of error under control, variable 
step sizes were used with an error criterion for 
each step, and the resolution into ingoing and out
going waves was required to be the same within 
a certain accuracy at two different radii. Thus the 
total error was governed by three accuracy criter
ia, and these were chosen for each mode to give 
roughly the same effect on the final result so that 
the result might have nearly the greatest accuracy 
possible for a given computer machine time. 

The numerical calculations of the emission rates 
compared favorably with Eq. (20) at low frequen
cies, although departures from the extended 
Starobinsky- Churilov expression become signifi
cant at fairly small values of Mw. For example, 
the actual value of r for neutrinos with l = t 
becomes 50% larger than that given by Eq. (14) 
when Mw = 0. 05. This effect prevents one from 
getting an accurate estimate of the total power 
and torque emitted by inserting (13) and (14) into 
(12). [One might have expected such an estimate 
to be fairly accurate on grounds that the exponen
tial of 81rMw (for a nonrotating hole) in the denom
inator of (12) might become large and make the 
integrand small before the expression for r de
velops serious errors.] In fact. such an estimate 
gave only 35% of the actual total power in neu-
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trinos, 13% of the actual power in photons, and 
5% of the actual power in gravitons, or 30% of the 
total in all massless particles. 

IV. RESULTS 

The power spectra for neutrinos, photons, and 
g ravitons are given in Fig. 1. The integrated 
emission rates and power for the dominant angul ar 
modes are listed in Table I. The total in all of the 
known massless fields (four kinds of neutrinos 
with one helicity each and photons and g ravitons 
with two helicities each) is 1.130 X 10-3 CIG- 1~1 

for the emission number rate and 2.011 x to-• 
x1ic!'G -z;~r2 for the power. One may compare these 
numerical results with the naive estimates of 
thermal emission from cross sections a that are 
assumed to be independent of frequency. Then the 
power would be 

+ a( y) + a(gl] (21) 

for emission of v., v. , ~~~, il~, Y, andg (g ravitons). 
Here 

(22) 

is the radiation density constant, 5 and T is the 
tempe rature of the black hole, given by Eq. (6). 
If we take the high-frequency limit, all the cross 
sections go to 27rrG 2M 2 I c•, and the power estimate 
becomes 5.246x 10-4 1lc6G - 2lv12

, which is a factor 
of 2.6 too large. If we take the low-frequency 
limit, Eq. (19) shows that the photon and graviton 
cross sections go to zero, whereas the neutrino 
cross sections go to 2rrG21\I/2 I c•, so the power 
estimate becomes 0.181X10-<Iic6G-2)1.r 2

, which is 
a factor of 11 too small. (The thermally averaged 
cross sections turn out to be 18.051TM2 for photons, 
6.492r.M2 for photons and 0. 742m\12 for gravitons.) 

If the black hol e is small enough that electrons 
and positrons are emitted ultrarelativistically 
(and thus at the same rate for each helicity as 
neutrinos) but not small enough for heavier par
ticles t o be emitted at a significant rate, the 
power is 3.65xlo-•ncSG-21\Ir2

. The peak in the 
neutrino power spectrum (which should be the 
same as that for ultrarelativistic electrons) is 
at w = 0.18~ 1 ; therefore, the assumption of only 
ultrarelativistic e' applies for 

m. = 4.19 x 10 -23 « 0.18JI,r 1 « m~ = 8.65 x 10-2 ', 

(23) 

which is true for the mass range 

10"' 
T 

~~ ~ "'0 
Q 

w,'O-
"0 3 

"0 

~ 
~ 

Mw ~ 

FIG. 1. Power spectra from a black hole, obtained by 
adding all angular modes for four kinds of neutrinos and 
for two polarization states (helicities) each of photons 
and gravitons. The lowest angular modes, l = s, domin
ate, but the l =s + 1 modes can be seen coming in with a 
small "bump" in the neutrino spectrum at Mw"" 0.4 and 
in the photon spectrum atAiw"' 0.5 . The total power 
spectrum can be seen at high frequencies to approach 
that of a thermal body with a cross section of 271TM2

, 

but at low frequencies the spectrum drops below the 
Planck form as the cross section of the black hole is re
duced. 

2 .1 X 1019 = 4. 5 X 1014 g « M« 4.3 X 1021 = 9.4 X 1016 g. 

(24) 

A black hole with M » 10 17 g would emit virtually 
no known massive particles, and a hole with 
M ::>5 x 1014 g would emit muons and heavier part
icles at a significant rate . 

Knowing the expression for the total power. 
emitted from a nonrotating black hole , one can 
calculate the lifetime of s uch a hole. The power 
emitted causes the mass to decrease at the rate 

(25) 

where a i s a numerical coefficient (see above) 
that depends on which particle species can be 
emitted at a s ignificant rate . Since most of the 
decay time of the hole i s spent near the original 
mass f\10 , a can be taken to be its value 0'0 at 
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TABLE L Emission t·ates and powers for the dominant angular modes. 

Fo t· each mode For each ls, l l 
2s • 2lb oc €d l: e rate f power S g h rate f power~ 

1 1 6 4 8 1.191 x lo-• 1.969 x 10-s 8 9.531 A1o-l 1 .575 ' 10-4 
1 3 5 3 8 1.12 X1Q-6 3.75 XlQ-7 16 0.180 x 1o-• 0 .060 > 10-.: 

1 (j 4 2 9 9.5 ,qo-~ 4.9 x io-9 24 0.002 X1Q-4 0.001 AlO-: 

2 2 6 3 8 2.44 >< lo-s 5.49 x }o-6 6 1.463 x 1o-1 0.330 ~1 0-.~ 

2 4 5 2.4 8 1.63 x lQ-; 6.67 x io-8 10 0.016 ><.1 0-4 0.007 X 10-4 

2 6 4 2 9.4 1.1 X 10-9 6 .5 XlQ-tD 14 0.0001 .<: 10-4 0 .0001 >- 10-4 

4 4 5 2.4 8 1.10 X10-6 3.81 X 10-7 10 0.110 >< 10-4 0.038 >< 10 ..... 

4 6 4 2 9.4 4.7 x lO-J 2.6 Xl0 - 9 14 0.0007 X 10-4 0.000..J. XlQ-4 

Total r ate and power for all modes 1.130 X10-3 2.011 ..<: 10-4 

• s is the spin of the [ield, here doubled to give an integer; i .e ., 2s= 1 for neutrinos, 
2s =2 fot· photons, and 2s = 4 for gravitons. 

bl is the total angular momentum of the mode. 
c 10-6 is the ft·actional error c riterion for each step in the radial integration of the 

Teukolsky equation. 
d 10-• is the fractional error criterion for the resolution of a numerical solution of the 

Teukolsky equation into ingoing and outgoing waves. 
e 10-c is the absolute e rror criterion for the integration over frequencies. 
f Rate in units of c 3c -tJ\rt =4 .038 xto38(M/gl-1 sec-t. 
g Power in units of nc6c-2M-2 = 1.719 X10:.J(M/g) - 2 erg sec-t. 
h g is the number of modes for a given l and s, (2l + 1) x(number of particle species with 

the given s) x (number of polarizations or heli c ities for each species). 

that mass, if a(M) does not change rapidly with 
mass near M 0 (as it might for M 0 :;; 5 x 1014 g). 
Then the lifetime of the hole is 

ForM»l017 g, a=2.011X10-•, so 

T=8.66 X10-27 (Mofg)3 sec 

= 2.16Xl066(MofM~3 yr. 

For 5Xl014 g«M«l017 g , a=3.6Xl0-4, so 

(26) 

(27) 

T ~ 4. 8X10-27 (lvlofg)l sec=I.5xl0-34 (Mofg)3 yr. 

(28) 

Since the lifetime of a black hole of stellar mass 
is so enormous, the decay is important only for 
black holes of much smaller mass, which cannot 
be formed by any processes (except for extremely 
rare quantum tunneling) that we know of in the 
present universe but which might have formed in 
the early universe.2

-
4 It is of interest to deter

mine what initial masses should have decayed 
away and what masses should still be around. 
Taking the lifetime of the black hole as the pre
sent age of the universe, say 16 billion years / 8 

one finds that if only the known massless particles 
are emitted, i\10 =3.9Xl014 g . This is inconsistent 
with negligible emission of massive particles, so 

one must add ultrarelativistic e • emission, getting 
M0 =4.7Xl014 g. This is at the mass where muon 
and pion emission are beginning to become im
portant, so a somewhat larger mass should have 
decayed by now. However, unless the power is 
increased more than a factor of 2 due to the 
emission of muons and heavier particles (unlikely) 
and unless the universe age is outside 8-18 
billion years18 (also unlikely), probably .'-tl0 = (5 ± 1) 
x 1014 g is the initial mass of a primordial non
rotating, uncharged black hole that just decays 
away at the present age of the universe by the 
emission of the known elementary particles. 

In conclusion, the power emitted from an un
charged, non rotating black hole of mass 1'vf» 1017 

g is 

P = 2.011 X 10,-4 lic6 G - 2 M-2 

=3.458 Xl046 (M/ g)-2 erg sec-1 

= 2.28 X 10-54 L 0 (lv!/ AI0 ) - 2
• (29) 

of which 81.4% is in the four kinds of neutrinos, 
16.7% is in photons, and 1.9% is in g ravitons, 
assuming these are the only massless particles. 
For 5 x 10 14 g « ivl« 1017 g, 

= 6.3 x 10 15(M1 1015 g) - 2 erg sec-1 , (30) 

of which 45% is in electrons and positrons, 45% 
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is in neutrinos. 9% i s in photons, and 1% is in 
gravitons. This assumes electr ons and muons 
are the lightest particles with r es t mass. The 
emission of particles is unimporta nt for stellar
mass black holes but should have caused any pri
mordial bl ack hole with an initial mass less than 
4 x 1014 g (and perhaps somewhat g reater values) 
to decay away by now. 
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APPENDIX 

The absorption probability r at low frequencies can be calculated by analytically solving the Teukolsky 
equation with the approximation Mw « 1 and finding what fraction of any ingoing wave from infinity gets 
reflected back out. In Beyer-Lindquist coordinates for an uncharged hole , a massless field of spin
weights, frequency w, and axial quantum number m obeys the radial Teukolsky equation19 

Here 

.o. =r 2
- 2.lv/Y + a 2 = (r -r.)(r- r_), 

and A. is an eigenvalue of the angular equation 

1 d (, . dS ) [ (m + s cos e) 
2 J sine de \sme de + (s-aw cose)

2
- sine - s(s- 1) + A.- a

2
w

2 
S = 0. 

(A. is the same as in Ref. 15 and is the same as A.+ 2(onW in Ref. 11.) 
Following Starobinsky and Churilov15 generally, define 

r - ,.. r - M- (M2 
- dl t/2 x= . -

-2(r.-JY[}- 2(M2-d)ih 

Q
--- mn- w __ MY --•- (mrl- w), 

2K r. -M 

Then small Mw implies that the radial equation can be approximated as 

d~ ~ 
r(x + 1)2 dr + (s + 1)x(x + 1){2x + 1) dx +[k2x" + 2isk:il- A..t"(X + 1) +iS Q(2X+ 1) + ~)R = 0, 

with k « 1. Small Mw also implies dw2 « 1, in which case the angular eigenvalue becomes very nearly 

A.=(l-s)([+S+1), 

(A2) 

(A3) 

(A4) 

(AS) 

(A6l 

(/>..7) 

(AS) 

where l- s is a non-negative integer. (In the limit of a*- 0, l is the total angular momentum of the mode.) 
For k x« l + 1 , the first two terms inside the square brackets of Eq. (A7) can be dropped, leading to an 

equation with three regular singular points. A solution obeying the ingoing boundary conditions at the 
horizon 19 is20 

R = x-s+IQ(X+ 1)-s-IO 2F;(-l- s, l- s + 1; 1- S + 2iQ; - x). (A9) 

Here 2F; (a, b ; c; z ) is the hypergeometric function. For x » I Ql + 1, the last two terms inside the square 
brackets can be dropped, and X+ l can be replaced by x, leading to an equation with one regular and one 
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irregular singular point. The solution is, if 2L is not an integer!' 

R = C,e- i~'x1 -•,F,(l-S+1; 2! + 2; 2ikX)+ C2 e -ihx-t-•- 1
1
F

1
(-l- s:-2l : 2ikx). (AlO) 

Here ,F. (a: c; z) is the confluent hypergeometric function. f To avoid solutions with logarithmic terms . 
and to simplify the matching procedure, we will henceforth assume 21 is nearly. but not exactly. integral. 
This is actually the case when a 2 w2 * 0 if we use Eq. (AS) as the definition of l when A is g iven from Eq. 
(A3) rather than as an approximate formula for A when l- s is given as a non- negative integer.] 

By m a tching th e two solutions in the overlap region IQI + l «x«(l + l ) l k, one can get 

c = r (2t+ l l r(I -s+2iQl, c = r(-2t-1\r(l-s+2i Q\ 
1 r(t-s+llr(t+1+2iQ\ 2 r(-l -s) r (- l + 2iQ\ 

(All) 

Then the asymptotic form of the confluent hypergeometric functions can be used to get the solution in the 
form 

(A12) 

for kx» 1, where 

Y;., r(2l+Ilr(2L+2lr(l-s+2iQ) k ( 2 . >-~>• - 1 r(-2tlr{-2l-llr(l-s+2iQl k ( 2 .kl '·· - - lk + - - l 
r(l-s + llr(t +s+ 1lr(l+1 + 2iQl w r(-t-s)r(-z .,.s\ r (- l + 2iQ) w · 

(A13) 

y = r(2l + l)r(2l + 2)r(1 -S~2iQ) ('!_)lHI(2i~)- l-s-l+ r{-2l)r(-2/ :- l ) r (l- S+ 2iQ) (!!.)2s-I (2ik)l-s. 
out (r(l- s+ ll)2 r(t + 1+2zQ) \w (r(-L- s)j- r (- l + 2iQl w 

To obtain the r atio of outgoing t o ingoing fluxes, one can either calculate the normalization factors of 
Ref. 11 to apply t o I You/ Yin 12

, or one can use th e following trick: Solve the r adial equation with s re
placed by -s to get the asymptotic fo rm 

(A14) 

[i.e., Z,. and Zout are the same as Y.n and You,, r espectively, in Eq. (A13) above with s r eplaced by -s]. 
Then the reflection coefficient is (cf. Ref. 11) 

1 - r = dEoul = I ~OUI Z out I· 
dE;n } on Zon 

(Al5) 

After some algebra, one finds that with a fractional error of order k21 
+I, 

r . =R i4 trr(s -IJ2 > [ (l- )] r(-2l)r(-2l - 1)[r(L-s+1)J r(l + l +2iQ} (2kl21 + 1t 
sWimP el e COS 7T S r(2/+1)r(2l +2) r(- /-S) r(-l +2iQ) .1 • 

(A16) 

Now one can keep 2s exactly integ r a l and take the limit as 1- s approaches a non-neg ative integer . Then 

r = Re W t -s) !(l +s)! ]2 r (1+ 1 + 2iQ) (2ik)21+It 
s"-lmO ) L(2l)!(2l+l)! r(-l+2iQ) ( • (A17) 

Taking the cases of integ ral or hail-integral spins separately (corresponding to 21 even or odd. respec
tive ly) to express the quotient of the two r functions as a finite product, and rewriting Q and k in terms 
of w, m, n, K, and A, one obtains Eqs. (13) and (14). The result for integral s pins was g iven by Star
obinsky and Churilov, though not the result for half-integral spins. 

*Work s upported in part by the National Science Founda
tion under Grant No. MPS75-01398, and by NSF 
and Danforth Foundation predoctoral fellowships. 
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Particle Emission Rates from a Black Hole. 

II. Massless Particles from a Rotating Hole* 

DONN . PAGE 

California Institute of Technology, Pasadena, California 91125 

ABSTRACT 

The calculations of the first paper of this series (for non

rotating black holes) are extended to the emission rates of massless or 

nearly massless par ticles from a rotating hole and the consequent 

evolution of the hole . The po~er emitted increases as a function of 

the angular momentum of the hole, for a given mass, by factors of up to 

13.35 for neutrinos , 107 . 5 for photons, and 26380 for gravitons . 

Angular momentum i s emitted several times faster than energy, so a 

rapidly rotating black hole spins do~n to a nearly nonrotating state 

before most of its mass has been given up. The third l aw of black hole 

mechanics is proved for small perturbations of an uncharged hole, show

ing that it is impossible to spin up a hole to the extreme Kerr configu

ration. If a hole is rotating fast enough, its area and entropy 

initially increase with time (at an infinite rate for extreme Kerr) as 

heat flows into the hole from particle pairs created in the ergosphere . 

As th e rotation decreases, the thermal emission becomes domin~t. 

*Supported in part by the National Science Foundation [AST75-01398 AOl] 

and by the Danforth Foundation through a predoctoral fellowship . 
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drawing heat out of the hole and decreasing its area . The lifetine 

of a black hole of a given mass varies with the initial rotation by 

a factor of only 2 . 0-2 . 7 (depending upon which p article species are 

emitted) . If a nonrotating primordial black hole with initial mass 

5 x 10
14

g would h ave just decayed away within the present aze of the 

universe , a hole created maximally rotat i ng would have just died 

its initial mass were about 7 x 10
14

g . Prinordial black holes 

created with larger masses would still exist today, but they would 

h ave a maximum rotation rate determined uniquely by the present nass . 

If they are small enough today to be emitting many hadro~s, they are 

predic t ed to be very nearly nonrotating . 
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I. INTRODUCTIOi:l 

l-6 Black holes, as Hawking and others have shm.rn , emit particles 

like thermal bodies . 7 
Paper I r epor ted numerical calculations of the 

emission rates from a nonrotating black hole . This paper gives the 

rates for the known particles of zero or n egligible rest mass from a 

rotating (Kerr) black hole and shows how such a hole would evolve as 

it emitted these particles . These results are of interest in testing 

the validity of the simplifying assumption that most black holes \-Thich 

emit significantly today are not rotating ( see , for ex&~ple, Refs . 

7-9) . 

Paper I noted that although a small black hole will quickly give 

. 1 . h 10-12 . . h l . , "h h up 1ts e ectr1c c arge, lt 1s muc ess certaln wnet er t e rota-

tion will also become small . The main difference in the time scales 

oz the two processes can be seen in the following way (using henceforth 

the dimensionless Planck units spelled out in Paper I): 

The parameters that determine the shape of a black hole are 

and (1) 

where J is the angular momentum, Q is the charge, and N is the 

mass (which sets the scale of the size) . These quantities have a 

domain limited by the constraint 

2 2 a,., + Q* < l ( 2) 

Only black holes \vhich e~it quanta of much smaller energy than the 

hole mass will be considered, so tha t the adiabatic approximation used 

1 
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. h 1 1 . f h . . l-6 . 1, . 1' d ln t e quantum ca cu atlons o t e el7llSSlOrr r..fl_J. oe va l • The 

quanta emitted have typical energies of the order o~ the black hole 

temperature or of H-l (with [lo15g)-l 266 ~-[eV in conventio!!al 

units), which we want much less than M , so we need 

M >> 1 ("Planck mass") 8 1 0-.5 Ct 2.1 X- 0 
(3) 

Then roughly H2 quanta are needed to carry a-.. ;ay tne energy of the 

hole; i.e., the entropy in the radiation, which is roughly the nun~er 

of quanta when thermally distributed, is o£ the s~e order as the 

13 
initial entropy of the hole, which is one-fourth the area or 

r oughly N2 • 

\fuen a black hole is charged and/or rota.ti!!g so tha.t Q* a....1.d/or 

a* are significantly different from zero, and whe~ it has temperature 

or electrosta.tic potential high enough to perwit e2ission of electrons 

or positrons, it tends to emit most of its quanta with the same sign 

of the charge and/or angular momen tum as the hole. A charged pa.rticle 

carries off charge 

e 0.0854 (4) 

which is roughly of order unity, and a typical c;_t:antt..t::! a.lso ca.rries 

off an angular momentum 

6J m (5) 

of order unity. Since a,., and Q* must have absolute values not 

greater than unity, the number of charged pa.rtic~es needed to neutrel-

ize the hole is Q/e, which is only of order ~1 , •..:hereas the m.:r:Der 

2 
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of particles needed to carry off the angular mo8entum J is of 

2 order M . Thus the charge can be emitted fairly quickly, but the 

loss of angular momentum requires roughly the s~e number of particles 

as the loss of mass. Therefore, in this paper '\."e will assume that the 

charge neutralization has already occurred but that the a n g ular mo~en-

tum may s till be significant . 

Though one expected a black hole to give up its angular momentQ~ 

in the same order of time as it gives up its mass, it has not been 

knoio.'Tl whether a,., tends to z e ro as the black hole evolves. 
12 

Carter 

argued that it would tend asymptotically toward a fixed value less 

than unity, but he gave no indication of ~o1hat that value would be. 

Numerical calculations were needed to show r.o1he ther in J ab.Jays de

creases faster than £n N
2 , pus hing toward zero , or whether these 

t wo quantities decrease equally fast at some nonzero limiting value for 

a*. There is sane indirect evidence, to be given below, that if there 

were a large enough number of massless scalar fields (unknown at 

present and therefore not calculated in this paper) to dominate the 

emission , a* might indeed get hung up at some nonzero value . How-

ever , this paper shows that emission of the known massless fields can 

only decrease a* t oward zero , and that in fact the decrease is 

rather rapid compared with the mass decrease . 

Because black holes that died in recent epochs o r that a r e emit-

ting significantly today spend almost all their lives with temperatures 

of order 20 HeV, which is well above the nass of the electron but well 

b elm.r that of each knmm heavier particle, it is reasonable to do the 

3 
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calculations for the idealized case of emission of a fixed set of 

species with negligible rest oass. For example, the "canonical 

combination" used below is the set of known species \·lith masses less 

than 20 HeV : gravitons, photons, electron and muon neutrinos with 

one helicity each, electrons, and the corresponding antileptons. 

However, the results will also be given fo r other sets of species, 

to include sor:te of the possibilities (to be discussed belm-1) of other 

near-massless particles in nature or of the emission from black holes 

too cold to emit electrons and positrons. 

The quantities to be calculated in this paper are the rates at 

which energy and angular momentlli~ are radiated; the evolution of the 

mass, rotation par&ueter, and area of the hole; the lifetimes of holes 

with different initial angular momenta ; the masses of primordial black 

holes (PBHs) that would be just disappearing today; and the maximum 

rotation parameters that PBHs of various masses today could have. The 

remainder of the paper will derive the mathematical formulas for the 

quantities desired, describe the numerical methods us ed to calculate 

them, give the results, and discuss their properties. 

II. NATHE~L:\TICAL FOIDfULAS 

Since the total number of particles emitted during the black

hole evolution, roughly tl , is assumed to be very large, the emission 

may be approximated as a continuous process \oTith negligible fluctua

tions due to particle discreteness . Then the rates are well-determined 

functions of H and a 7, alone (assu.TUing Q* = 0, which was justified 

4 
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above). The rest nasses of the particles e mitte d are assuned to be 

negligible, and the particle species emitted are assumed to be fixed 

(independent of ~·[), so the only scale in the proble:a (other than the 

Planck units, which are here defined to be unity) is deternined by ~-L 

All quantities to be calculated scale as some powe r of ~I and can 

therefore be put into a scale-invariant foro (e.g., depending oaly on 

a*) by dividing out this po<:.Jer of H-- or, lh'hen one calculates the eva-

lution of a hole (Eqs. [12) ff . below), by dividing out the value of M 

at some particular point on the evolutionary track. 

First, let us consider the rates at which the mass and angular 

momentum of a black hole decrease , which are given in Paper I by Eq. 

(I:l2). Since the time t scales as M
3

, we may define the scale-

invariant quantities 

-H
2

dN/dt 

-1 
-Na* dJ/dt 

These can be seen to be functions of a* alone: 

If we define the scale-invariant energy of an emitted particle as 

X 

then Eq. (I:l2) gives 

j,~,m,p 

Mw 

1 jdx 
2TI j 

0 

<N. n > 
JXNmp 

(6) 

(7) 

(8) 

(9) 

where the expected number of particles of the jth species of spin s 

5 
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emitted in the mode or state with energy -1 
}[ :<, spheroidal hamonic 

£ , axial angular momentum m , and polarization p is 

<N > 
jx£mp 

(10) 

e _ (-l)2s 

Here Eq. _(1:4) has been used , with the values of the surface gravity, 

angular frequency, and electrostatic potential of the hole obtained 

from Eqs . (1: 8) , (1:9), and (1:10) . r '1 is the absorption prob
J w.p 

ability for an incoming wave of the mode considered and can be found 

by numerically solving the Teukolsky equation . 
14,15 

It can easily be 

seen to depend only on a* and X in addition to the subscripts. 

The dependence on the species j and polarization p is only through 

the spin s (assumed positive) and the number of polarizations p 

that the species has; then £ and n can t aka on any values such 

that £ - s and £- I ml are nonnegative integers. 

Next, let us consider the evolution of the black hole. Equations 

(6) and (7) give the rates of change of H and J with r espect to 

time once f and g have been calculated. Since f and g are 

functions of a*, however, it is easier to solve the equations if a* 

is considered as the independent variable. Furthermore , dividir~ Eq. 

(7) by Eq. (6) shows us that 

d £n a* 

d £n N 

d £n J 

d £n H - 2 _g_ 
f 

(ll) 

which approaches a constant value as a,., approaches zero (assuming 

the value is posi tive so indeed a,,_ -+ 0 as ~[ + 0) . Because of the 

6 
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logarithms in Eq . (11), it is convenient to define the indep2ndznt 

variable to b e 

y (12) 

To cover the greatest range of possibilities , the evolution ~ill firse 

be calculated from a* = 1 or y = 0 to a* 0 or y = 00 ; a black 

hole starting at a diffe r ent value of a* will simply follow tne 

evolutionary track from that point onward . 

Now the object is to find how the mass and time vary ~ith y . 

Let t he starting mass at a* = l be 

0) (13) 

this will be the mass that sets the scale . \vith an eye back on Eq. 

(11) , set 

(14) 

which has the initial value 

z(O ) 0 (15) 

and evolves according to the r eciprocal of Eq . (11) as 

dz/dy = 1/h = f/ ( g - 2f) (16) 

It has been noted that the time scales as the mass cubed , so define 

the scale- invariant time parameter as 

(17) 

with initial value 

.T(O) 0 (18) 

7 
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Then Eq . (6) combined with Eq . (16) gives 

dT 
dy 

-3z 
e 

fh 

-3z 
e 
g- 2f 

(19) 

From the solutions z(y) and -r(y) of the coupled differential 

equations (16) and (19), one can get y(T) and z(T) , and hence 

a,.< and r1/H as a function of time. 1 ) From these , one can find how 

other quantities evolve, such as the area 

A ( 20) 

Once one has the evolution of a black hole from a* = 1, one can 

consider holes with other initial values a*i of the rotation param-

eter . They will follow the same solutio~ z (y) and T(y) but with 

different initial values : 

yi - -9.-n a,. (21) 
x1 

z. - z(y.) -9.-n(H. /~11) (22) 
1 1 · 1 

T (y.) 
-3 ( 23) T. - Ml t. 

1 1 1 

These equations determine M
1 

and t. such that the hole would have 
1 

mass ~\ and rotation a*i at time t. if it had started with 
1 

H = N1 and a* = 1 at time t = 0 . In terr::Js of ~\ and a*i , the 

evolution follows 

N 
z.-z 

1 
N.e 

1 

8 

( 24) 
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3 
H. e 

l 

3z . 
1

(T-T.) 
l 

(2 5) 

Equation (25) and the "standard evolution law" z(y) and T(y) can 

be inverted to get T and hence y and a* as functions of time, 

and then Eq . (24) gives the mass. 

A particular quantity desired is the lifetime T (H. , a .. ) of a 
l "'l 

black hole with initial mass H. and rotation parameter a.. . It can 
1 X1 

be seen from Eq. (25), assuming that the black hole does evolve to 

a*-+ 0 or y -+ co as H + 0 , that this is 

where 

- t(y=oo) - t . 
1 

T (y=) 

is the lifetime in units of of a hole that started with 

(26) 

( 27) 

a. = 1 . 
X 

The mass dependence of the lifetime can be divided out to get the 

scale-invariant quantity 

8. 
1 

-3 _ N. T (H. , aJ_.) 
l l · · 1 

(28) 

thus written in terms of quantities previously calculated . Once the 

lifetime of any black hole is known , one can calculate the initial 

mass of a primordial black hole that has just disappeared within the 

present age t of the universe: 
0 

H . (aJ . . , t ) 
l "1 0 

t
l/3 - 1/3 e. 
0 1 

9 

(29 ) 



-56-

Since PBHs would have been spinning dow~ since their creation 

at time t
0 

ago, their present values of a* sP-ould hev~ en upper 

limit a,~max (H, t
0

) less than unity, depending upon the present oass 

H. It is simpler to solve for the inverse functio~ :-r. (a.,t ), the r:::u.n ~ o 

minimum mass of a PBH with a
1
< today. By combinir-g Eqs. (24) and 

(25) with t-t. 
~ 

M 

t
0

, one finds that 

1/3( )-1/3 -z t T-T. e 
0 ~ 

(30) 

where T and z are evaluated at the present value of y or a* . 

Clearly, the minimum occurs at the smallest value of T..;hich is 

zero if PBHs can be created with a*i up to unity, so in that case 

H . (a,, t ) 
m~n x o 

(31) 

where -£n a* is shown explicitly as the arguoent of T(y) a~d 

z(y). If a*i has a smaller maximum value, the corresponding minimum 

for T. 
~ 

is to be used in Eq . (30) to give H. (e.,t ). mn '>< o One can see 

that for fixed T., N in Eq . (30) is a monotonicelly increasing func
~ 

tion of a,'<' assuming g- 2£ is always positiv~ so thet 'T is a de-

creasing function of a* by Eq . (19). Then the ~nverse 2.. (;:!, t ) 
><tll2..'C 0 

is uniquely defined and is a monotonically increasing function of H • 

III. NUHERICAL ~lETHODS 

The major part of the numerical calculations consisted of com-

puting the functions f(a*) and g(a,.) by Eqs . (9) and (10), which was 

done at 14 values of a,,_ fror.1 0. 01 to 0. 99999 to 2.:1 accurecy of one 

10 
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4 3 
part in roughly 10 or better at lmv a* and 10 at high a-;,· The 

basic method is briefly s~~arized in §III of Paper I. In order to 

cover different possibilities for the set of particle species, the 

contributions to f and g from each species were calculated 

separately . Thus and 

were calculated as the contributions from one species t.rith two 

polarizations of spin %-• 1, and 2, respectively: 

I ; 
£,m 

Here the dependence on the species is only through its spin s 

(32) 

and the sum over the two polarizations has already been taken, since 

the expected number emitted in a mode labeled by x, £, and m is 

independent of the polarization. Then, 

(33 ) 

where are the number of species with spin 
1 
2 , 

1, and 2, respectively, assuming that there are no massless particles 

of other spins . 

A t otal of 463 angular modes ( a combination of s,£, m, and a*) 

were calculated and integrated over frequency: 170 modes for s = 1/2 , 

155 for s = 1, and 138 for s = 2 . For example , at low a* all 

the modes up through £ 5/2 for s = 1/2 and through £ = 3 for 

s = 1 and s = 2 were calculated . At high a. the 
>< 

£ = m modes 

were calculated up to £ = 25/2 for s = 1/2, £ = 11 for s = 1, 

11 
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and 1 = 9 for s = 2, and several 1 = m+l modes were calculated 

(with considerably smaller results), but no modes r..ri th 9,- u > 1 . 

At interQediate values of a*, sane combination between these two 

extremes was taken . The modes calculated appeared to include nearly 

all of the radiation, though estimates for the snall contributions 

of all the other modes were added in, assu~ing that the sum over m 

dropped off exponentially in 1 roughly as the calculated modes did. 

Once the functions fs and gs were found at 14 values of a*, 

an interpolation algorithm was needed to evaluate th~~ at other values 

of a* or y • These functions varied by factors of up to 25000 from 

a 7, = 0.01 to a,.,= 0.99999, and the variation \.rith a* was particu-

larly rapid at the upper end . To find smooth r e lationships, various 

functions of the f's and g's were plotted against various functions of 

a. . Of the combinations tried, a small fractional power of the f's , 

and g's versus the surface gravity K of the hole was the most linear . 

Therefore, cubic spline fits,
16 

ninimizing the sun of the squares of 

the third derivative discontinuities at the 14 values of a* , were 

made of f 0 . 4 
s and versus 

4NK 

which varies from 0 at a,., = l or y = 0 to l at 

(34) 

y = 00
• The fits of these variables indeed were quite smooth, with 

the slopes never changing b y a factor of more than 3.6 ( even though 

the values of the fractional pm.rers themselves changed by factors 

exceeding 50) and with only four of the eighty-four values of the 

second derivatives of the splines at the knots exceeding unity in 

12 
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The functions f 
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and were evaluated at 363 values of 

from l down to 0.0005 by the cubic spline interpolation algorithm 

and then were co~bined by Eq . (33) for some coQbination of n's to get 

f and g at each point. A fourth-order Runga-Kutta method was used 

to integrate Eqs. (16) and (19) simultaneously over the corresponding 

range of y with the initial values set by Eqs. (15) and (18). At 

every other point (since the integration requires two points per step), 

the values of H/M
1

, 8, H.(a_,_.,t ), H. (aJ_,t ), and A/A
1 

(where 
1 ~1 o mln ~ o 

2 
A

1 
= 8nH1 ,.;ras the area at a*= l) were calculated by Eqs. (24), (28), 

(29), (31), and (20). As a check on the accuracy of the numerical 

integration , the step size was halved, which resulted in agreement to 

four or five decimal places. 

For a* smaller than 0 . 0005, the values of 

or y = oo were used: 

13 - g(a,.,= 0) 

Then Eqs. (16) and (19) become 

dz/dy 'V a/ (S-2a) - y 
Y -roo 

dT/dy 'V 
-3z 

e /(S-a) 
y+oo 

so the solution is 

13 

f and g at a= 0 
* 

(35) 

(36) 

(37) 

(38) 



-60-

z '\, YY + 0 (39) 

'\, 
1 -1 -3z 

'T Tf --a. e 
3 

(40) 

where 
00 

0 J 
f - y)dy - (g-2f (41) 

0 

is a constant that was simply estimated as z- yy c.t a* = 0.0005 . 

The solution ·for large y or small a* gives the c.symptotic forw.s 

-yy-o 
N/M 'V e 

1 

8 '\, 1 -1 
30. 

[cf. Eq . (1: 26) , where M 
0 

N. 
1. 

and 

IV. RESULTS 

- cS y 
; N.(a~ . = l,t

0
)e a* , 

1. "1. .. 

(4 2 ) 

(43) 

( 44) 

( 45) 

(46) 

TI1e values of f , the scale-invariant power in a two - helicity 
s 

particle species of spin s , and of g , t he scc.le-invarian~ toraue s -

per angular momentum of the hole, are listed 2t the 14 values o£ 
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in Table I, along with the extrapolated values for a-1,= l . The cubic 

spline interpolations are graphed in Figs. l and 2, which sho~ t~at 

below roughly a* = 0 . 6 the neutrino (s = l/2) pO'..ler dor:1inates , fol-

lowed by photons (s = l) and finally gravitons ( s = 2). However, at 

greater values of a* the order is reversed, with gravitons dooinat-

ing the emission and photons and neutrinos coming second and third , 

respectively. 

This behavior can be explained qualitatively in the following 

vay: For a slowly rotating hole, the coupling depends nost strongly 

on the spheroidal harmonic index £ (which reduces to the total, not 

the orbital , angular momentun \vhen a*= 0) rather than on the axial 

angular momentum m or the spin s . The coupling is greater at 

lower £ values ( e.g . , Paper I showed that the emission rate at low 

frequencies goes as w2£+l ) , but £ > s , so the emission is greater 

at lower values of s , which allow lmo~er values of 1 . On the other 

hand , a rapidly rotating hole couples strongly •.rith the axial angular 

d l . h h . 17 h monentum an a so w1t t e sp1n, so t e s = £ = I!l angular mode 

dominates gr eatly and now has an effect i n creas i ng with s . 

It is of interest to note that as a* + 1 , the surface gravity 

and hence t emperature of the black hole go to zero , but the emission 

does not . In fact , Eq. (10) becomes 

<N > jx£mp 
2s+l 

( -l) f j £mp ( a,.,,x) H(m - 2x) , ( 4 7) 

where H(m- 2x) is the Reavis ide step f unction (0 if m- 2x < 0, l if 

m-2x > 0) , so one gets simply the spontaneous emission (first discovered 

15 
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by Zel 1 dovich
18

)in the superradiant regine where the angular velocity 

w/m of the wave is lower than the angular velocity 

the hole. For bosons (2s even), f is negative in the superradi~•t 

regime, d b 1 d . , 18 > 19 d f. d b 'ti 20 as pre icted y Zel ovlcn an con-lrme y t' sner, 

Starobinsky,
21 

and Press and Teukolsky
22 

for scalar waves, and by 

Teukolsky
15 

and Starobinsky and Churilov
23 

for electromagnetic and 

gravitational waves. That is, the waves gain amplitude on reflection 

and extract rotational energy from the hole in the wave analogue of 

24 
the Penrose process. Bekenstein25 has shown that this result fol-

1 f H k . I h 26 f • ' • • d _c; • • t ows rom aw lng s area t eoreo or waves Wltn posltlve e~lnl e 

energy density. For fermions (2s odd) , f is always positive, as 

Unruh27 has shown for the classical neutrino field , which has a 

negative energy density near the hole in the superradiant regime . In 

the quantum analysis, the amplification of a boson \-Tave corresponds 

to stimulated emission, ~.;hereas the Pauli exclusion principle prevents 

fermions from being amplified. The fact that this behavior shows up 

in the solutions of the classical wave equations is a manifestation of 

• . b . d . . 28 tne connectlon etween spln an statlStlcs. Field theoretic deriva-

tions of the spontaneous emission from a rotating black hole with the 

appropriate initial state for no thermal emission have been given by 

29 30 
Unruh and Fo!d , but one must reme~ber that a black hole formed by 

collapse has a nonzero temperature ( except when a*= 1 ) and thus emits 

1-6 
at a greater rate . 

Figures 1 and 2 also show the po~er and r e lative torque for 

various combinations (n
112

, n 1 , n
2

) of the numbers of species emitted 

16 
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1 
with spin 2 ' 1, and 2, r espec t ively . Since photons and gravitons 

are the only massless bosons kno~~ or comnonly theorized to exist as 

free particles (thus excluding gluons, which a re conjectured to exist 

only in color singlet configurations 
31

), only c omb inations with 

1 have been given . Tnere is a greater unce rtainty about 

n
112

, the number of 2-helicity spin-1/2 species . The simplest picture 

consistent with experiment is t hat n
112 

= 2, corresponding to the 

(v ,v ) species with a left-handed electron neutrino and its right
e e 

handed antiparticle, and the (v , v ) species with its muon neutrino w w 
and antineutrino . H~Never, both of these species oay also have the 

opposite helicity states, which would couple to gravity even if the 

V A k • . 32 d • d I l h h l h l - wea· 1nteract1on 1 n t coup e t em to at er eptons , t us maK-

ing n
112 

= 4 . Indeed, vectorlike gauge theories of elementary 

. 33-35 
part1cles have been made in which there are additional neutrino 

states. Furthermore, black holes small enough to evaporate within the 

present age of the universe are hot enough to e~it ultrarelativistic 

electrons and positrons, 
7 

each with ttvo spin states, so must be 

augmented by 2 over the number for neutrinos if we consider all rest 

masses less than 20 MeV as negligible . Therefore, curves are given 

for from 2 to 10 . In Figs . 3 , 4, 5, 6, 7, and 8, the " canonical 

combination" (n
112 

,n
1

, n
2

) = ( 4, 1, l) is labeled as "everything emitted," 

meaning all of the presently known species with rest mass below 20 HeV, 

as listed explicitly in Fig. 9. 

Figure 3 graphs the lifetime of a black hole--in units of its 

initial mass cubed--(i.e . , 8. of Eq . [28)) 7 v ersus the initial rotation 
l 

17 
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parameter a,.,i' for various cor:;.oinations of Cn
112

,n
1

,n2) . (The 

conversion factor in cgs units is [lo
15

g] 3 
= 5.23 xlo

15
s = 

8 1. 66 x 10 yr . ) Then Fig. 4 gives the initial mass of a P3H that just 

evaporates today (Eq . [29]), assuming the present age of the universe 

is 

so that 

t 
0 

9 
16 x 10 yrs 

2.11 X 1020 

9.37 X 10
60 (48) 

(49) 

For example, a PBH emitting the canonical coobination of all known 

species (except for the small amount of muons and heavier particles 

emitted) would have just given up all its mass by now if its initial 

mass had been 4 . 73 x 1014g if nonrotating or 6.26 x 10
14

g ini-

tially maximally rotating. The curves marked "neutrinos only e::ritted" 

in Figs . 3 and 4, as in Figs . 1 and 2 , give the results if only one 

species of neutrinos are emitted; for successive graphs it does not 

matter how many neutrino species there are for the curv-es labeled 

" neutrinos only, " since those graphs have the rates scaled out and 

depend only on the ratios of f ' s and of g ' s at different values of 

The time evolution of the oass and rotation paraoeter are shown 

in Figs. 5 and 6. The curves for neutrinos, photons, or gravitons 

only cover the purely hypothetical cases in \<lhich the black hole emits 

only particles of one spin; they are included to illustrate the dif-

ferent behavior that would r e sult. For example, gravitons cause the 

18 
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mass and particularly a* to decrease more rapidly at large a* , 

as compared with the behavior at small a.~< , t han photons or neu-

trinos do . Only one combination with species of all three spins 

being emitted is included, (n
1 1 2

, n
1

,n
2

) = (4,1,1), since other com

binations gave curves only slightly different . One can see that for 

this canonical cornbination, a black h ole \ol'hich start ed at a . = l 
X 

will lose half its initia l mass in 71% of its lifetime but half its 

initial a* in only 21% of its l ifetime . (Half the angular momentum 

2 
J = H a* is lost in only 6.7% of the life time .) 

Figure 7 shows h ow a* varies with t he mass as the black hole 

gives up its angul ar momentum and energy . The emission of gravitons 

causes a* to decrease at the fastest r ate compared with N , essen-

tially because gravitons have the greatest spin and thus carry off 

the most angular momentum per quantlli~ . For the c anonical combination 

of species , Fig . 6 showed that a* i s r educed to 0.19 after half of 

the lifetime from a* = 1, but since it t akes 71% of the lifetime to 

reduce H to h alf its original value, a* i s further reduced to 

0.06 by then, as Fig. 7 illustrates directly . A check of the values 

represented by Fig . 1 r eveals that f i s then only 1 % greater than 

its value at a* = 0 . The r efore, a black hole decaying by the emis -

sian of gravitons, photons, the presently known neutrinos, and ultra-

relativistic electrons and positrons will emit more tha n 50% of its 

energy \ol'hen it is so slowly rotating that its power is within 1% of 

the Schwarzschild value given in Paper I . This result gives a fai r ly 

strong justification for the usual simplifying assumption, nentioned 

19 
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. 7-9 
in the Introduction, that emitting black holes are not rotat~ng. 

One might note that this result tv as not ap?arent a priori, since 

h( a*) in Eq . (ll) might have gone to zero at a ~onzero value of a* , 

in which case the curves in Fig . 7 would hava leveled out at that 

value of a* as H decreased. In fact, althoug:t the calculations 

have not been made for hypothetical massless spin-0 partic~es , the re 

are two reasons for suspe cting that h might indeed go to zero sooe-

where if the emission were predominantly in scalar radiation: 

(1) If one defines h (a~) by Eq. (11) with s ~ 
f and g replaced 

by f 
s 

and gs , one has the logarithmic slope of a* vs. N in the 

curves for only one spin emitted in Fig. 7. Tnese curves thus have 

a* going as some power of H for small a,< , where the por..:er is 

h (aJ.= 0) . The numerical calculations indicate that there is a re-s ~ 

markably linear relationship between h Ca~= O) and the spin s 
s " 

for 

l 
s = Z' 1, and 2: 

h (a~= 0) ~ 13.4464s - 1.1948 
s " 

(50) 

4 
is accurate to one part in 10 for all three values, roughly the ac-

curacy of the numerical calculations . Although t here is no apparent 

theoretical reason to suspect such a highly linear relationship> which 

comes only after one does integra ls over frequency and SUQS over 

angular modes in Eq. (32) and therefore seems to be accidental> it is 

t em;>ting to extrapolate it to s = 0 to get a negative value for 

h (a. = 0) . One can easily see that the emissio:1 of any species makes 
0 >< 

h(a,.,= l) > 0, since Eq . (47) says that the e:nission fran a maximally 

20 
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rotating hole is entirely in the superradiant regi~e where each 

quantuo contributes 

6 £n J _ 
2 

6£n N 
H6J _ 

2 
J6H 

1 m 
---- 2 
Na* w 

Lc o. 
a. x 

"' 
2a,.) > 0 . (51) 

The refore, if h
0

(a*) is continuous and is n egative at a* 0' it 

must become zero at some intermediate a,., . 

(2) The dominant angular mode at small a* is pres~~ably the 

Q. = s mode, as it is for 
1 

s = 
2

, 1 , and 2. For s = 0 that mode 

carries of£ energy but no angular momentuo; so unless higher angular 

modes contribute significantly, one would expect g (a = 0) to be 
0 * 

roughly zero and hence h (a,= 0) to be roughly -2 . 
0 '"' 

The higher angu-

lar modes \vould raise h
0

(a,.,= 0) above - 2 (conceivably to the value 

-1.1948 predicted by Eq . [50]!) but would probably leave it negative, 

so again one deduces that h
0

(a,) may be zero for some a* between 

zero and one. 

If either (l) or (2 ) is valid and if scalar radiation domir4tes 

sufficiently at low a* for the total radiation to give h(a*= 0) < 0, 

then the black hole will spin down only to the nonzero value of a* 

at which h(a*) = 0 . This does not occur for emission of the canoni-

cal combinat ion of species, which causes the hole to spin down 

rapidly tm•ard a* = 0 , as shown in the curve marked "everyth ing" in 

Fig . 7. Once a* is reduced to a small value, it decreases as a 

power l a\• o£ M , with the exponent being 

6.3611 (52) 

in the canonical case . 

21 



- 68-

Another interesting result is the evolution of the black-hole 

area A , which is illustrated in Fig . 8 . The area first ir.creases 

with time at large a* and then decreases to zero along with a* 

and the mass. This can be seen formally by using Eq. (11) to differ-

entiate Eq . (20): 

g 
g- 2f 

One may further use Eq. (6) to express the time derivative as 

dA 
dt 

AN-3 [ (1 - a;) -l/ 2 (g- 2f) - g) 

(53) 

(54) 

For small -3 
a* , the right hand side of Eq. (54) becomes -210t f • 

This means that the area decreases _logari thmically at mice the rate 

the mass does fran Eq. (6) , which is obvious since at small a* the 

area is simply proportional to ~12 . At large a*, it was shm .. -n 

above that h > 0, and hence g- 2f > 0 sinca f > 0 • But 

(l - a.~., )-1/ 2 d .. iverges as a* 7 l , so dA/dt becomes positive and 

even goes infinite as a*+ 1 ( cf . the vertical behavior of the curves 

at the right edge of Fig . 8). The area is at a ma~imum where 

2f 
2 1/2 

[1- (1-a*) ] g 

For the canonical combination of species, this occurs at a* 

( 55) 

0.8868, 

where the area is 17.3% greater than the original value , after a time 

of only 6 . 729 ~0 
i 

or 1. 7% of th e total lifetime 394 . 5 N
3 

.. i of a hole 



- 69-

Physically , the behavior of the area can be understood by 

the~.odynarnic arguments, since the area is proportional to the en-

f h bl k h 1 ( f . d b B ' . 36 
tropy o t e ac o e as was ~rst suggeste y eKenste~n , 

though there were problems with this interpretation for a black hole 

immersed in a background of very low temperature until Hawking dis-

covered that black holes not only absorb but also emit thernal 

d . . 13) ra ~at~on . At high values of a* , the emission is primarily the 

spontaneous emission discovered by Zel ' dovich
18 

that corresponds to 

the stimulated emission of superradiant scattering . In t his process , 

pairs are created in the ergosphere with particles (say) being 

enitted to infinity with positive energies and their antiparticles 

going down the hole with negative energies as neasured at infinity 

but positive energies as measured locally . In fact , the antipar-

ticles can even be on classical trajectories at the horizon . Thus 

heat flows down the hole as well as out to infinity , increasing the 

entropy of b oth. On the o t her hand , at lo-.Jer values of a* the 

emission i s primarily thermal , drawing entropy out of the hole . The 

process may still be r egarded as the c r eation of pairs, with anti-

particles going down t he hole having negative energies with respect 

to infinity , b ut outside the superr adiant regime (\.,.hich becomes n eg-

ligible a t small a* ), the antiparticles also have negat ive e n e r gy 

locally at t he horizon and therefo r e cannot be on classical t rajec-

tories . Instead , they are tunneling through a classically forb idden 

region in virtual states that actually bring heat out of the hole . 

There is still some entropy produced by the partial scattering 

off the gravitational potential barrie r surrounding the hole , but 

23 
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outside the superradlant regime this can only pa~=ially cancel the 

entropy flow out of the hole and serves in effect to increase the 

entropy emitted to the surrounding region for a g-:.ven 

entropy loss by the hole. For example , nuoerical calculations for 

a nonrotating hole show that the emission of s = 1/2 particles into 

empty space increases the external entropy by 1.6391 times the entropy 

drawn out of the hole, s = 1 particles increase it by a factor of 

1.5003, s = 2 particles by 1 . 3481, and the canonical combination of 

species gives 1.6233 times as much entropy in radiation as the entropy 

decrease of the hole . 

The fact that g - 2f > 0 at a* = 1 allo~s one to prove the 

third law of black hole mechanics 37 for small perturbations of an un-

charged black hole . (Similar reasoning can presu=ably be made also 

for an electrically charged hole) . The third laT.J states that it is im-

possible to reduce the surface gravity K to zero by a finite sequence 

of operations: Using Eqs. (6) and (7) to differentiate the expression 

for K in Eq. (1:8) (cf. Eq . [34]), one finds that the emission of 

pa rticles makes 

dK 
crt 

[1- (1- a;)
112

] (g- 2f) + (1-a~)f 

2H
4
(1- a~) 112 [1 + (1 - a~) 112 ) 

g- 2f 
(56) 

which diverges as a 1, -+ 1 or K -+ 0 . Incident :?articles can only 

decrease K at a finite rate (which even gets scaller as K is re-

37 
duced ), so eventually the emission dominates and keeps 

zero . Thus it is impossible to spin up a black nole to the extreme Kerr 

configura tion. 

24 
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Figure 9 gives the m~(imu~ present value of the rotation paraw-

eter a* for a PBH with present mass H that was created 16 billion 

years ago, assuming no spin up frocr incident particles. The curves 

resulting from the emission of neutrinos, photons, or gravitons only 

are purely illustrative; the true maxim= is probably near or somewhat 

below the curve for the canonical co~bination of particle species, 

since those species and possibly a fe~• others are the ones predomi-

nantly emitted for the mass range shown. For example, electrons, 

positrons and all lighter particles will be emitted with negligible 

effects from their rest masses over the whole range shown, and muons 

and heavier particles will also be emitted at a significant rate for 

H < 5 x 10
14 

g , as Paper I pointed out . The graph shm;rs that a PBH 

with M < 10
15

g should have a* < 0. 64 today. 

The asymptotic behavior of the graphs in Figs . 1-9 as small a* 

was given in functional form by Eqs . (35-46), and the parameters a , 

8, y, o , T f, and t·1i (a*i = 0, t
0

) are given in Table II for the various 

combinations (n
112

,n
1

,n
2

) of species of spin 
1 2' 1, and 2. Note that 

- a 
y - (3 - 2a. -

is the reciprocal of the exponent of the power-l~N behavior of a* 

versus ~1 at the lower left edge of Fig . 7. The ratio of the life -

time of a black hole with a.L. = 1 to one of the sa.'Ite initial mass 
"J. 

~lith a*i= 0 is 3a-rf , so Eq. (29) gives the initial mass of a PBH 

a ..... = 1 
"J. 

with that would just go away today as 

25 
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( 3c.T f) -l I 3 N. (a ... =0, t ) , 
l ,..l 0 

(58) 

here written in terms of the parameters in Table II. Then N . (aJ.> t ) m1n ~ o 

can be directly evaluated from the last quantity in Eq . (45) at small 

a.,.,. One can invert this asymptotic formula to obtain 

a... (H,t ) 'V 
--max o 

0 1/y [e M/M.(a .... =l,t )] 
l .. l 0 

(59) 

for M << M. (aJ . . = 1, t ) . For example, the canonical combination of 
l "l 0 

species gives 

a... ( N, t) 'V (M/4.870 xlo
14

g)
6

·
361 

~max o 
4. 234 x 10 -S (H/1014 g) 6 . 361 . 

(60) 

The actual maximum is almo s t certainly some,vhat lower than this, since 

muons and othe r particles omitted in the calculation will have de-

creased the spin even more, and the upper limit on a.._. may be lower 
~l 

than unity ; but unless small black holes t.rere formed significantly 

more recently than 16 billion years ago , one may predict that ~!Y black 

hole found today with N < 10
14

g will have a* < 0 . 0000423 . 

One can also get .asymptotic forms near a . = 1 . 
"' 

The lifet~e has 

already been given by Eq . (26) with z . = 0 , T.= 0, and Tf listed in 
. l l 

Table II; and N. (aJ . . = 1, t ) 
l "l 0 

was given by Eq . ( 58). If we set 

(61) 

(62) 

which c an be evaluated by combining the numbers of the l ast row of 

Table I according to Eq. (33), then integrating Eqs. (6) and ( 7) foL 
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a S£i1all time t << N3 from 
1 t = 0 at a;,= 1 and N gives 

H"' N (1 -3 - a. N t) 
l 1 l 

(63) 

J '\., H~(l -3 - 81M1 t) (64) 

J/H2 l (8 -
-3 

a,., - '\., - 2o.
1

)H1 t 
l 

(65) 

Since the mass decreases only infinitesimally ~Jithin the age of the 

universe if H~ >> o.1 t 0
, one can use Eq. (65) with H = H 

1 
and 

as an asymptotic approximation to a* (}1, t ) max o for large H . 

example, the canonical combination of species gives 

a. (H,t 
"lrlax o 

9 . 15 -3 
16 X 10 yrs) '\.. 1 - (H/l. 500 X 10 g) 

1- 0 . 003378(N/l016g)-3 

t = t 
0 

For 

(66) 

This formula depends only weakly on the numb e r of spin-~ species, since 

gravitons dominate the emission. However, since f and g change so 

rapidly with a* near one (e.g ., decreasing roughly 10% between a.= 1 
>< 

and a,.,= 0. 9999), these asymptotic formulas are only accurate very near 

V. CONCLUSIONS 

The power emitted from a black hole in particles of negligible 

and of spin 
1 

l, and 2 strongly increasing functior'.s of the mass 2' are 

rotation parameter a,., = J/H2 
' 

varying in the range a = 
* 

0 to a= 
* 

1 

by factors of 13.35 for 
1 

107.5 for spin l, and 26380 for spin 2 . spin -2' 
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The power increases 299.3 times for the " canonical conbina~ion" 

of Lf spin-;, 1 spin-1, and 1 spin-2 species that re?resent all oE the 

presently known particles with rest masses less than 20 HeV. The 

power is greatest in spin-; particles for a,.,. ~ 0. 6, follor,;ed b y spin 

1 and then spin 2; but for a*~ 0.6 the order is reversed. 

The emission of angular momentum also increases greatly with a* ' 

even af ter the linear dependence expected at small a * is factored 

out to get the relative torque or logarithmic rate of decrease in the 

angular momentum of the hole. The rela tive torque g b ehaves siDilar 

to the relative power f with respect to spin and a* but it is 

always sufficiently greater than 2f , for t he three spins calculated, 

that a black hole s pins down toward a Schwarzsc~ild configuration 

much faster than it loses energy. Hore than half of the energy is 

emitted after a* is reduced below a small value, less than 0 . 06 for 

the canonical combination of species. At this point t he power is 

within 1% of its Schwarzschild value, so the assun?tion that decaying 

black holes have negligible rotation is generally valid . 

Even though the power emitted is such a strong functio~ of a* , 

the fact that a black hole loses a* so rapidly neans that the total 

lifetime for a given mass varies only by a factor between 2.02 (for 

1 
the emission of spin 2 only) and 2.67 (for spin 2 only) over all a*i" 

A black hole emitting the canonical species has a lifetioe 2.32 

times as long if initially nonrotating as one the same mass ~axiwally 

rotating initially. The initial mass of a PBH created 16 billion 

1'· 
years ago that just disappears today varies fro3 4 . 73 x 10 ~g for a 

28 
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14 
Schwarzschild hole to 6. 26 x 10 g for an ext rene Kerr hole initially. 

(This is for the enission of the canonical species; the emission of 

muons and heavier particles Hill make these masses somer..;hat greater, 

say 5 x 10
15

g and 6 . 6 x 1014g respectively.) 

A black hole evolving from a*i= 1 initially has its a rea and 

entropy increase as heat flows into the hole from particle pairs 

created in the ergosphere. Then as a* falls low enough (below 

0.89 for the canonical species) , the non-superradiant thermal emission 

begins to dominate, taking heat out of the hole and thus causing the 

entropy and area to decrease . The maximum increas e in the area is 

about 17 . 3% for the canonical emission . For a Schwarzschild hole 

that emits its energy into the canonical species in empty space, the 

emission process increases the entropy of the universe (~A+ entropy 

outside) by 62.3% of the black hole ' s initial entropy . 

Finally, it ••as shown that a black hole cannot be spun up to 

a*= 1. A PBH today is predicted to have a maximum rotation parameter 

as a function of mass that is given by Fig. 9 for 10
14

g < }( < 1o
16

g 

and by Eqs . (59) and (66) for larger and smaller values of the mass . 

Black holes that are small enough to emit many muons and heavier par-

ticles today are seen to be very nearly nonrotating. 

This work was aided by discussions with many colleagues . Special 

thanks are due S. A. Teukolsky and H_. H. Press for oaking available to 

me thei r computer programs to calculate the absorption probabilities 

for gravitons and photons . F . J. Nagy gave continued guidance on the 

use of the Lawrence Berkeley CDC-7600 computer. K. S. Thorne offered 

constructive suggestions on the manuscript. 
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FIGURE CAPTI00IS 

Fig. 1 . Power emitted in various combinations of species by a rotati~g 

black hole, expressed in a scale-invariant vray by f . The sy-:::!bol 

(n
112

,n
1

,n
2

) denotes a combination of n
112 

spin-t, n
1 

spi~-1 , and 

n
2 

spin-2 species , ~here each species is assuned to have v~o polar-

izations (e.g., left-handed neutrino plus right- handed anti-neutrino) . 

Fig. 2. Relative torque emitted by a black hole (i.e., the rate of 

emission of angular momentum, divided by the angular momentum of 

the hole), expressed in a scale- invariant fo~ by g . 

Fig. 3 . Lifetime of a black hole, scaled by the initial mass cubed to 

give e. , versus the initial rotation parameter 
~ 

" Everything 

emitted" means the canonical combination (4,1,1) of all kno• .. -n par-

ticles with masses less than 20 NeV . 

Fig . 4 . Initial mass of a primordial b lack ~ole created with rotation 

parameter 9 16 x 10 yrs ago that just goes away today, assuming 

that it emits the combination (n
112

,n
1

, n
2

) of species with negligible 

rest mass . The emission of all k n own particles, including those 

with masses greater than 20 NeV , would give a curve slightly above 

the ( 4 , 1, 1) curve labeled "Everything emit ted." Hor~ever , if there 

are additional neutrino states , the true curve would be slightly 

above one of the higher curves shown. 

Fig . 5. Time evolution of the mass of a bl ack hole which started out 

maximally rotating . The vertical and horizontal axes have been 

scaled by the initial mass and lifetir-e :1~ 8. 
~ ~ 
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For a black hole that starts with a*i < 1, one can use one of 

the same curves but shrink the a~es so that the upper left corner 

of the graph is on the curve at a later point (to be determined 

from the value of t/lifetime at a ,., = a*i in Fig . 6) and the 

lower right corner stays fixed, at the endpoint of the curve. 

Fig. 6. Time evolution of the rotation parameter a,~ of a black 

hole that started with a*i = 1 . For any given curve represent-

ing the emission of an ass~~ed combination of s pecies , the evolu-

tion from a*i < 1 can be gotten by moving the left vertical 

axis to the right until it intersects the curve at 

meanwhile shrinking the horizontal axis appropriately to l eave 

its right end fixed . 

Fig. 7. Variation o£ the rotation parameter with the mass during the 

evolution of a black hole, which proceeds from the upper right to 

the lowe r left corner . The evolution from a*i < 1 can be 

gotten by k eeping the left end of the horizontal axis fixed and 

shrinking the scale so that M/H. = 1 
l.. 

falls at on the 

curve considered . 

Fig . 8 . Evolution of the area A of a black hole, scaled by the 

initial area A. in the case aJ .. 
l.. ~l.. 

1 For general a_,_. , the 
~]. 

evolution starts at that value of a* with the vertical axis re-

scaled to give A/ A. = 1 
l.. 

there , and proceeds to the left along 

the appropriate curve as a* decreases with tiue . The evolution 

of A is plotted versus a,., rather than time to spread out the 

very rapid changes near a,., 1 , where A actually increases with 

35 
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time. Since the area is four times t~e entropy of the hole, 

these curves can also be viewed as giving the evolution of tne 

entropy. 

Fig. 9. Maximum present rotation parameter a* of a primordial black 

hole with mass N today, assmning it was created 16 billion. 

years ago with unity as the upper liuit on the rotation parzoeter 

then . 

near 

for 

Under these assumptions, the actual maximum is probably 

(particularly for H > lo15g) or somewhat below (particularly 

M < 10
15

g) the bottom curve given, depending upon the ad-

ditional emitted species not covered in the canonical combina

tion. 
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(e) Neutrino Angular Eigenvalues 
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Press and Teukolsky (1973) have described a continuation method 

for calculating the eigenvalues of the angular Teukolsky equation and 

have given polynomial approximations for the case of gravitons . 

Teukolsky and Press (1974) gave polynomial fits for the angular eigen

values of electromagnetic perturbations. Since Paper III includes the 

emission of neutrinos as well, their angular eigenvalues were also cal

culated by the continuation method and then fit to sixth-degree poly

nomials in aw whose coeffici ents are listed below in Table I . The 

optimal polynomial for each angular mode (1,m) was chosen to give the 

b est least-squares fit to the eigenvalues at 21 values of aw evenly 

spaced from 0 to 1 or to m/2 , whichever was larger. (An exception is 

1=3.5, m=l.5, which used values of aw up to m/2 = . 75 . ) To six 

decimal places, the constant term always agreed with 1(1+1), so that 

t erm is not listed. 
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PART IV 

GA}frlA RAYS FROM 

PRH!ORDIAL BLACK HOLES 

(a) Introductory Discussion 
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The quantum-mechanical emission from black holes is important 

in principle when one considers the final state of a system that has 

undergone gravitational collapse. However, in practice the emission 

would not be observable for a hole of a solar mass or greater, since 

-7 
the emission temperature would be less than 10 °K, the lifetime for 

66 
decay would be greater than 10 yrs, and the absorption of background 

radiation would dominate the emission in the present epoch . The 

present universe is not likely to produce black holes of mass smaller 

than the sun, so the only hope for observable quantum effects is from 

holes possibly formed in the early stages of the universe. Such holes 

are known as primordial black holes (PBHs). 

Stephen Hawking (1971) first suggested th e possibility of PBHs, 

which might result from fluctuations in the early universe such that 

there would be regions with deficient energy which woul d collapse grav-

itationally . Zel ' dovich and Novikov (1967) had previously made an 

analysis indicating that condensed objects in the early universe should 

accrete matter rapidly and grow as fast as the particle horizon. Thus 

the absence of any such enormous condensation in our observable uni-

verse seemed to be evidence against PBHs . However, Carr and Hawking 

(1974) found that the situation analyzed by Zel ' dovich and Novikov cor-

responde d to the special initial conditions of having everything thrown 

at the hole from the beginning, and t hat a PBH formed locally would 

not grow so fast but could remain small (unless the equation of state 

were as stiff as causality allowed; cf . Lin, Carr, and Fall 1976). 

Carr (1975) has gone on to analyze the mass spectrum of PBHs that could 
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be produced by various conditions in the early universe , finding 

that under certain reasonable assumptions the spectrum might go as a 

certain power law in the mass. The detection of radiation from these 

PBHs would be not only a confirmation of quantum effects in strong 

gravitational fields but also an indication of the degree of inhomo-

geneity in t he early universe. 

The possibility of detecting emission from PBHs depends on their 

number density . Hawking (1971) noted that measurements of the decel-

eration parameter of the universe set an upper limit on the PBH mass 

density. Chapline (1975) obtained a smaller limit for holes near 

10
15

g from the isotropic X-ray background above 10 MeV . Carr (1975) 

deduced similar limits for PBHs in this mass range and other limits 

for different mass regimes. Later Carr (19 76 ) shmved in a qualitative 

manner what the shape of the photon spectrum from PBHs would be with

out absorption and how it compared with the observed isotropic spectrum. 

In Paper IV below, Hawking and I looked in somewhat more detail at 

the possibilities for observing hard gamma rays from PBHs . Hawking 

originated most of the ideas concerning bursts from dying PBHs, and I 

derived the formulas and did the numerical integrations for the back

ground spectrum from all decaying PBHs . The main b ases for these 

latter calculations were Carr ' s power-law mass spectra of PBHs and my 

calculations of the total power and photon spectrum from a nonrotating 

black hole (Paper II, with Paper III justifying the n eglect of possible 

rotation ). The photon spectrum is listed in Table II b elow . \.Je found 

that it might be possible to detect exploding PBHs without too much 
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difficult y if conditions were the optimum consistent with present 

observations . On the other hand, they might be indefinitely more 

difficult to detect. However, the payoff of a positive detection 

could be tremendous in terms of knowledge about fundamental physics 

and conditions of the early universe. 
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(b) Photon Spectrum from a Single Black Hole 



-103-

Paper II gives the photon power spectrum from a nonrotating 

black hole in graphical form (Fig. 1). For that paper, the enission 

r a tes were calculated at frequency values tha t were unevenly spaced in 

order to optimize the integration over frequency of the total rate and 

power. However, for the calculations of Paper IV, it was desired to 

have the spectrum evaluated at evenly spaced frequencies, so the cross 

section a and the rate and power spectra were calculated for 100 

values of 

X (IV . 1) 

from 0.01 to 1 . 00 . The cross section in units of the high- frequency 

cross section a 
(X) 

27nM
2 

is (cf . Paper II, Eq . 19) 

a 
(X) 

12 I r Q, <x) 
27x Q,, m mp 

S(x) -
a 
-= 

and the photon emission rate is (cf. Paper IV, Eq. 3) 

f(x) -
dNY 

dt dw 

The power spectrum is 

1 
2n 

xf(x) 

r n (x) I x.mp 
n 8nx 

1 x.,m,p e -

MdE 
dt dw 

2 
27x S(x) 

n(e8nx_ 1) 

which is what is plotted in Fig . 1 of Paper II . 

(IV.2) 

(IV . 3) 

(IV . 4) 

The values of x, S(x), f(x), and xf(x) calculated for Paper 

IV are listed in Table II , along with the estimated errors in solving 

the Teukolsky equation and resolving the solution into ingoing and out-

going waves at large radius. The calculations were estimated to be 
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5 4 accurate to one part in roughly 10 below x = 0 . 4 , roughly 10 up 

to 3 x = 0. 7 , and roughly 10 over the rest of the range to X = 1 . 
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TABLE II. Photon Cross Section and Spectrum from a Nonrotating 

Black Hole 

x :: Nw 

0.01 

0.02 

0.03 

0 . 04 

0.05 

0 . 06 

0.07 

0.08 

0.09 

0 . 10 

0.11 

0.12 

0 . 13 

0 . 14 

0.15 

0.16 

0 . 17 

0 . 18 

0.19 

0.20 

0.21 

0.22 

0.23 

0.24 

o . 25 

0.26 

0.27 

0.28 

0 . 29 

? 
S(x) = cr / 27rr1r 

. 000085 ± . 000000 

. 000366 ±.000000 

. 000 89 6 ± . 000000 

. 001750 ± . 000000 

. 003023 ± . 000000 

. 004847 ± . 000000 

. 007392 ± .000000 

. 010882 ± . 000000 

.015611 ± .oooooo 

. 021957 ± . 000000 

. 030411 ± . 000000 

. 041596 ± . 000000 

. 056304 ± . 000001 

. 075516 ± . 000001 

. 100426 =. 000001 

. 132433 ± . 000001 

.173094 ± . 000002 

.223991 ± .000003 

. 2864 79 ± . 000003 

. 361281 ± .000004 

.447935 ± .000005 

. 544219 ± . 000006 

. 645791 ± .000007 

. 746384 ±.000009 

. 838750 ± . 000010 

.916195 ± .OOOOll 

.974093 ± . 000012 

1. 01073 7 ± . 000012 

1.027220 ± . 000013 

. 002545 ± . 000000 

. 019249 ± .000000 

.061614 ± .000000 

. 138865 ± . 000001 

. 258439 ±. 000002 

. 426341 ± . 000004 

. 64 7399 ± . 000006 

. 9 25440 ± . 000008 

1. 26339 7 ± . 000012 

1.663329 ± . 000016 

2.126357 ± .000021 

2 . 652469 ±.000026 

3.240147 ± .000033 

3. 885769 ± .000040 

4 . 582687 ± .000048 

5. 319932 ± . 000057 

6 . 080519 ± . 000066 

6. 839484 ± . 000075 

7.562087 ± .000084 

8. 203066 ± . 000092 

8 . 708384 ± . 000098 

9. 021066 ± . 000100 

9 . 091843 ± • 000100 

8. 892828 ±. 000100 

8.429183 ± . 000099 

7 . 742420 ± . 000091 

6.902077 ± .000082 

5 . 988895 ± .0000 72 

5 . 077117 ± .000062 

. 000025 ± . 000000 

. 000385 ± . 000000 

. 001848 ± . 000000 

. 005555 ± . 000000 

. 012922 ± . 000000 

. 025580± .000000 

. 045318 ± . 000000 

.074035 ± .000001 

. 113706± .000001 

.166333 ± . 000002 

. 233899 ± . 000002 

• 318296 ± . 000003 

. 421219 ± . 000004 

. 5 4400 8 ± . 000006 

. 687403 ± . 000007 

. 851189 ± . 000009 

1.033688 ± .000011 

1. 231107 ± . 000013 

1.43679 7 ± . 000016 

1. 640613 ± . 000018 

1. 828761 ± . 000021 

1. 984634 ± . 000023 

2 .091124± .000024 

2.134279 ± .000025 

2.107296± .000025 

2 . 013029 ± . 000024 

1. 863561 ± . 000022 

1. 6 76890 ± . 000020 

1. 472364± . 000018 
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TABLE II Continued 

:: cr /27nM2 
dN 

10
4
xf (x) :: 10

4 ~~~w x :: Hw S(x) 10
4
f(x) :: 10

4 
dt"L 

0. 30 1. 026618 ± . 000013 4 . 222 725 ± . 000052 1. 266818 ± . 000016 

0.31 1.012944 ± . 000013 3. 459 785 ± . 000044 1. 072533 ± . 000014 

0.32 . 990308 ± . 000013 2. 8029 83 ± . 000037 . 8969 55 ± . 000012 

0.33 . 962408 ± . 000012 2. 2529 73 ± . 000029 . 743481 ± . 000010 

0.34 . 932344 ± .000013 1.801891 ± .000024 . 612643 ± . 000008 

0.35 . 902633 ± . 000013 l. 437716 ± . 000020 • 503200 ± . 000007 

0.36 . 875332 ± . 000013 1.147186 ± . 000017 . 4129 87 ± . 000006 

0.37 • 852122 ± . 000011 . 917498 ± . 000012 . 3394 74 ±. 000005 

0.38 . 834518 ± . 000013 . 737129 ± .000011 . 280109 ± . 000004 

0.39 . 823814 ±. 000014 . 596131 ± . 000010 . 232491 ± . 000004 

0 . 40 . 821103 ± . 000016 . 486123 ± . 000010 . 194449 ±. 000004 

0 . 41 . 82 7128 ± . 000019 . 400142 ± . 000009 . 164058 ± . 000004 

0.42 . 842044 ± . 000022 . 3324 71 ± . 000009 . 139638 ± . 000004 

0.43 . 865137 ± . 000026 . 278477 ± .000008 . 119745 ± .000004 

0.44 . 894598 ±. 000030 • 234503 ± . 000008 .103181 ± .000003 

0.45 .927537 ± .000034 .19 7797 ±. 000007 .089009 ± .000003 

0.46 . 960344 ± .000038 . 166439 ± . 000007 . 076562 ± . 000003 

0.47 . 9 89 362 ± . 000042 .139224 ± . 000006 .065435 ± .000003 

0.48 1. 011648 ±. 000045 . 115484 ± . 000005 .055432 ± .000003 

o. 49 1. 02549 8 ± . 00004 7 .094883 ± .000004 . 046493 ± .000002 

0 . 50 1.030575 ± . 000049 . 077220 ± . 000004 .038610 ± . 000002 

0.51 1.027657 ± . 000051 . 062309 ±.000003 . 031777 ± .000002 

0.52 1.018228 ± .000053 . 049918 ± . 000003 .0 25958 ± .000001 

0.53 1.004070 ± . 000055 .039772 ±.000002 . 021079 ± .000001 

0.54 . 986987 ± . 000058 .031565 ± .000002 .017045 ± .000001 

0.55 . 968656 ± . 000061 .024995 ± . 000002 .013747 ± .000001 

0.56 . 950585 ± .000066 . 019778 ± . 000001 . 011075 ± . 000001 

0 . 57 .934124± .000072 . 015661 ± . 000001 .008927 ± . OOOO(Jl 

0.58 . 920500 ± .000080 . 012428 ± . 000001 .007208± . 000001 

0 . 59 . 910823 ± . 000090 .009897 ± .000001 .005839 ± . 000001 



TABLE II 

S(x) - a/2 7rrM
2 

0 . 60 . 906059 ± • 000100 

0.61 . 906933 :.!: .000120 

0.62 . 913765 ± . 000140 

0.63 . 9262 70 ± • 000160 

0 . 64 . 943398 ± .000180 

0.65 . 963312 ± . 000160 

0.66 . 98364 7 ± . 000180 

0.67 1. 001912 ± • 000190 

0.68 1. 016037 ± . 000210 

0.69 1.024740 ± .000220 

o. 70 1. 027644 ± . 000230 

o. 71 1. 025145 ± • 000230 

o. 72 1. 018153 ± . 000240 

o. 73 1. 007829 ± . 000250 

o. 74 . 995399 ± . 000260 

0 . 75 . 9 82044 ± • 000270 

o. 76 . 968866 ± . 000290 

o. 77 . 956886 ±. 000310 

0.78 • 94 7051 ± • 000340 

o. 79 • 940236 ± . 000380 

0 . 80 . 937188 ±. 000430 

o. 81 . 938445 ± • 000500 

o. 82 . 944190 ± • 0005 70 

0.83 .954091 ± .000660 

0.84 . 96 7201 ± • 000750 

o. 85 . 982008 ± . 000850 

o. 86 • 996648 ± • 000940 

o. 87 1. 009284 ± . 001000 

0 . 88 1. 018489 ± • 001100 

0.89 1.023473 ± .001200 
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Continued 

. 007919 ± . 000001 

. 0063 72 ± . 000001 

. 005159 ± • 000001 

. 004199 ± . 000001 

. 003433 ± . 000001 

. 002812 ± • 000000 

. 002303 ± . 000000 

. 001880 ± .000000 

. 001527 ± .000000 

. 001234 ± • 000000 

. 000990 ± • 000000 

. 000 790 ± • 000000 

. 000628 ± • 000000 

. 00049 7 ± • 000000 

. 000392 ± • 000000 

. 000309 ± . 000000 

• 000244 ± . 000000 

. 000192 ± • 000000 

• 000152 ± • 000000 

. 000120 ± • 000000 

• 000096 ± • 000000 

. 000076 ± • 000000 

. 000061 ± .000000 

• 000049 ± • 000000 

. 000040 ± • 000000 

• 000032 ± • 000000 

. 000026 ± • 000000 

. 000021 ± . 000000 

. 000017 ± . 000000 

. 000013 ± . 000000 

104 f ( ) = 104 ~1 dE 
x :x - dtdw 

. 004 751 ± • 000001 

. 003887 ± • 000001 

. 003198 ± .000000 

. 002646 ± • 000000 

. 00219 7 ± • 000000 

. 001828 ± • 000000 

. 001520 ± • 000000 

. 001260 ± • 000000 

. 001039 ± • 000000 

. 000851 ± • 000000 

. 00069 3 ± . 000000 

. 000561 ± .000000 

. 000452 ± • 000000 

. 000363 ± • 000000 

. 000290 ± . 000000 

. 000232 ± . 000000 

. 000185 ± • 000000 

. 000148 ± • 000000 

• 000118 ± • 000000 

. 00009 5 ± • 000000 

. 0000 76 ± • 000000 

. 000062 ± • 000000 

. 000050 ± • 000000 

. 000041 ± • 000000 

. 000033 ± . 000000 

. 000027 ± . 000000 

. 0000 2 2 ± • 000000 

. 000018 ± . 000000 

. 000015 ± • 000000 

. 000012 ± • 000000 
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TABLE II - Continued 

x :: Hw S(x) - a /27rr.H
2 

10
4

f(x) :: 10
4 ~:"L 10

4
xf(x) :: 10

4 ~t~ 

0 . 90 1. 024105 ± . 001200 . OOOOll ± . 000000 . 000010 ± . 000000 

0 . 91 1. 020801 ± . 001300 . 000008 ± . 000000 . 00000 8 ± • 000000 

o. 92 1. 014308 ± • 001300 . 000007 ± . 000000 • 000006 ± • 000000 

0 . 93 1. 005524 ± • 001400 . 000005 ± . 000000 • 000005 ±. 000000 

0.94 . 995383 ± . 001400 . 000004 ± . 000000 . 000004 ± . 000000 

0 . 95 . 984793 ± .001500 . 000003 ± • 000000 . 000003 ± . 000000 

0. 96 . 974603 ± . 001700 . 000003 ± . 000000 • 000002 ± • 000000 

0 . 97 . 965618 ± . 001900 . 000002 ± . 000000 . 000002 ± . 000000 

0. 98 . 9 58600 ± . 002100 . 000002 ± • 000000 . 000002 ± • 000000 

0 . 99 . 954236 ± . 002400 . 000001 ± . 000000 . 000001 ± • 000000 

1.00 . 953086 ± . 002800 . 000001 ± • 000000 . 000001 ± . 000000 
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I. INT~ODUCLION 

Th e aim of thi s p aper is to dis cus s the possibilitie s of detecting 

high-e nergy ga~ua rays produced by the quantum mechanica l decay o£ snall 

black holes created in the early un~verse. Recently it has been shown 

(Ra<,.rking 1974, 1975a,b; Hald 1975; Parker 1975; DeHitt 1975) that the strong 

gravitational fields around black holes cause particle creation and that the 

black holes emit all spe cies of particles thermally with a temperature of 

26 -1 
about l. 2 x 10 N °K where N is the mass in grams of the black hole. 

One can think of this emission as arising from the spontaneous creation of 

pairs of particles near the event horizon of the black hole. One particle, 

having a positive energy, can escape to infinity. The other particle has 

negative energy and has to tunnel through the horizon into the black hole 

where there are particle states with negative energy with respect to in-

finity . Equivalently , one can regard the particles as coming from the 

singula~ity inside the black hole and tunneling out through the event hori-

zan to iniinity (Hartle and Hawking 1975) . As black holes emit particles, 

they lose mass and so will evaporate completely and disappear in a time of 

-26 1 
the order of 10 !1sec (Page 1976) . (For N < lOllf g this lifetime may be 

shortened by strong interaction effects discussed in§ III.) 

It would be practically impossible to detect particle emission from 

-7 
black holes of stellar mass because the temperature would b e less than 10 °K. 

One does not know of any process that could produce black holes in the present 

epoch with mass substantially less than a stellar mass and therefore with 

higher te~peratures . However, one would expect that small black holes would 

have been created in the early universe if at these epochs the universe was 

chaotic or had a soft equation of state (Hawking 1971; Carr and Hawking 19 74; 

Car r 197 5a). Such black holes will be referred to as primordial. If their 

1 
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original mass w-as less than H* "' 5 x 1014 g (Page 19 75), they vould. have coo-

pletely evaporated by now . Primordial black holes of slightly greater in~tial 

nass would by now have decayed to a ~ass of around 
14 

5 x lO g and would have a 

temperature of about 2 . 5xlo
11 

°K 20 }leV . Calculatioi:'..S by Page (1975) in-

dicate that such a black hole vould radiate energy at the rate of 2 . 5 x 10
17 

-1 
erg sec of which 1 percent is in gravitons, 45 percent is in neutrinos,45 per-

cent is in electrons and positrons, and 9 percent is in photons . (At this tecl-

perature there will also be some emission of nuons and pions which is not 

included in the energy rate above . ) It would be very difficult to detect the 

gravitons or neutrinos because they have such snall interaction cross sections. 

The charged particles would be deflected by magnetic fields and so would not 

propagate freely to the earth . On the other hand , the photons, whose nu=ber 

spectrum would be peaked at about 120 HeV , could reach us fron any-..;here in the 

observable universe. There are three possibilities for detecting these photons . 

(l) One could look in the isotropic gam!!:a-ray background for the inte-

grat ed emission of all the primordial black holes in the universe . ~~ shown 

in § II, a uniform distribution of primordial black holes would give a back-

ground nu~ber spectrum of gamma rays with a logarithcric slope of -3 above 

120 HeV . Below 1 20 HeV the spectrum LJay be flatter depending on the slope of 

the number spectrum of black holes . Observations of background gamma r ays 

(Fichtel ~ al . 1975) show no indication of a break in the spectv~ at 120 MeV . 

-52 -3 4 - 3 
This puts an upper limit of about 3 x 10 em or about 10 pc on 

dn/ d£nN at H* where n is the original number per comoving volUJJ:e of 

primordial black holes with original nasses less than ~-i • [Simlar upper 

limits have bee n placed by Chapline (1975) and Carr (1975~ )] . The upper limit 

on the local nm11ber density might be increased by a factor of up to 106 if the 

2 



-113-

black holes were clus tere d in the h a los of galaxies r ather than being uniforwly 

d istributed throughout the universe . 

(2) One might hop e to de tect the steady emission £ron a primordial black 

hole s uff icie ntly n ear the earth. Howe ver, the upper limit fro;n the gamma-ray 

background indicates that the neares t primordial black hole is probably not 

15 closer than 10 em, about one and a half times the dis tance to Pluto. To 

obtain a counting rate of one photon per thousand seconds would require a de-

tector with directional resolution (to overcome background) and an effective 

8 2 
area of at least 10 em . 

(3) As the black hole loses mas s, its ta~perature will rise and the blaCk 

hole will begin emitting particles of higher rest mass. In the statistical 

bootstrap (Hagedorn 1973, Frautschi 1971) or dual resonance models of strong 

interactions (Huang and Heinberg 19 70) the number of species of particles rises 

exponencially with mass . This might cause a black hole to emit all its renain-

ing mas s in a very short time ~•hen it got down to a mass of about }).r = 

6 . 6 x 10
13 

:;m corresponding to the Hagedorn lii!liting temperature of about 

160 NeV. The heavy hadrons emitted by the hole would decay rapidly and one 

34 might expect about 10-30 percent of their energy or about 10 ergs to emerge 

as a short burst of hard gruTh~a rays between 100 and 1000 MeV . These bursts 

cannot be connected with those reported by Klebesadel (1973) which were very 

soft (~ 150 keV). If the number density of primordial black holes were near 

the upper limit set by the gamma-ray background, one would expect one burst 

per month within a distance of 200 pc if the black holes were uniformly dis -

tributed or about 2 pc if they were clustered in the halos of galaxies. To 

de tect s uch a burst one would n e ed a de tector with an effective area of 

grea ter th an 4 x 105 cm
2 

in the forner cas e and 40 cm2 in the latter. The 

3 
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burst could be distinguished fror:t the ga.m..w.a-ray background by the arrival of 

several photons in a short period of t ~e or fro~ within a sr:tall solid angle . 

Even if black holes do not explode at r~ they will have a very rapid final 

burst of emission when their mass gets down to some value betwee:t '\f 
-1! 

and 10
10 

g. In this case one would expect the number of photons to be re-

duced by a factor -2 
q and the energy of these photons to increase by a 

factor q where q = ~~~~~ . To observe such bursts would require detectors 

with areas 2 
q times the areas given above . 

A definite observation of g~a rays from a primordial black hole would 

be a tremendous vindication of general relativity and quantur:t theory and 

would give us important information about the early universe and strong inter-

actions at high energies, information that probably could not be obtained in 

any other way. On the other hand , negative observations which placed a strong 

upper limit on the density of primordial black holes would also give us valu-

able information because they would indicate that the early universe vas prob-

ably nearly homogeneous and isotropic with a hard equation of state . The 

best experimental prospect would seem to be to look for bursts using large-area 

wide-angle detectors with either good time or good angular resolution. Such 

detectors could be flown on constant-pressure balloons or on the space shuttle. 

If the particles and photons from the burst were of sufficiently high energy , 

it might be possible to detect them from the ground either by air showers or 

by Cerenkov radiation in the upper atmosphere. 

In § II we compute the background gamma-ray spectrur:t that would be pro-

duced by a uniform distribution of primordial black holes with a power- law 

spectrum of masses . In § III ~•e consider the final burst of emission on the 

basis of various theori es of strong interactions . ~·:here convenient, T.He use 

dimensionless units in which G = c = h = k = 1 . 

4 
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11 . THE CA:·J:;L-\-P..AY BACKGROUND 

In thls section ve shall calculate the present nuober flux dJ/d:.u of 
0 

g~a rays o£ frequency w 
0 

from prL~ordial black holes. (Henceforth we 

shall use the abbreviation pbh.) To do this, we ~ust integrate the con-

tributions over the cosmological tioe t and at each t integrate over all 

pbh masses M the emission at the blue-shifted angular frequency 

w == (1 + Z)w 
0 

(R / R) w 
0 0 

(l) 

R is the expansion parameter of the universe at time t , and the subscript 

o denotes the value of a quantity at the present epoch. The interactions 

of the gamma rays with the other matter of the universe will be taken into 

account by putting in a factor 
-T e for the probability of a photon ' s propa-

gating without energy loss through absorption optical depth T from t to 

t , but the effect of the absorbed radiation will not be considered. 
0 

Consider a uniforn distribution of pbh's created shortly after t = 0 

in a n~arly Friedman universe . Let n(N.) 
J.. 

denote the original numb-er per cornoving 

volume of pbh ' s with original masses less than :H
1 

• One can express n as 

Ni/M,, 

n(Hi) - 'Tl J s (y) dy • 

0 

s is a dioensionless function with s(l) 

(2) 

1 and M* is the original mass 

of a pbh that would just have evaporated by the present time t 
0 

We shall 

assume that , apart from statistical fluctuations, the pbh' s are unCharged 

and nonrotating . Any charge would be rapidly neutralized by the preferential 

emission of electrons or positrons (Carter 1974 , Gibbons 1975) . Pbh ' s would 

also lose angular oomentum but only slowly. One ~.rould not expect them to be 

foroe d with l arge angular momenta. 

5 
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A pbh will emit photons at a rate 

f(x) -
<.h~y 

dt dw 
1 I r£cecx) 

2TI n e81ox _ l 
.x., ,m, p 

Here fn (x) is the absorption probability for photons of total angular 
J'vllip 

(3) 

momentum £ , axial angular momentum m , polarization or helicity p , and 

frequency 
-1 w = N x where N = H(H. , t) is the mass to which a pbh of original 

l 

mass H. has been reduced by time t 
1. 

In terms of these functions the specific number flQX today of g~a rays 

from pbh's is 

dJ 
dw 

0 

d(number of photons) 
d(area)d(time)d(solid angle)dw 

0 

t 

-- 4~ Jo J " dt(l+Z) e-T dy s(y) f(x) 

0 

(4) 

Here y = M./M~ is to be integrated over all values of the initial mass o f 
l A 

pbh's that do not disappear by time t , and x is the value of }~ at that 

t and y . 

To calculate dJ/dw , one needs a specific model for M(rl.,t), s(y), 
0 l 

R( t), and T(w ,t), as well as the numerical results for 
0 

f(x) (Page 1976). 

As long as a pbh emits predominantly a fixed number of particle species at 

ultrarelativistic energies (i.e., with negligible effects from the rest mass), 

ru"1 
dt (5) 

Page (1976) showed that for an uncharged, nonrotating hole emitting only 

known particles, 
_h 

a = 2 .011 x 10 · for H >> 10
17 

g (emitting oassless par-

ticles only), and 
-4 

a= 3.6 x 10 for :;; x· 1014 g 017 ( _, - << ?:-1 << 1 g e::litting 

predominantly massless particles and ultrarelativistic electrons and positrons). 

6 
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(3cx t ) l/ 3 "' 2 . 1 x 1019 
0 

5 X 10
14 

g (6) 

Since t he important part of the spectrum comes fran H "' }1* , and since a. 

is not known for N tC M,.< anyway , we shall take a 
-Lf 

3. 6 x 10 . Th e n our no del 

for the mass evolution is 

M (H~ - 3at)
113 N .. (y3 _ t/t ) 1/3 (7) 

l -r. 0 

If we use t his expression to solve for y in terns of x at so~e t , we 

find that 

dJ 
d w 

0 

-"( 
e 

00 

f 2 (t cLx x f(x) t + 
0 

0 

3 3 -2/3 
r x ) 

11.f3 3 
r v W 

-r. 0 

t 
s((- + 

t 
0 

-1 
where we have introduced r = R/R = (l+Z) , a function of t • 

0 

(8) 

One can see from t his formula that if w >> (t /t)
1

/
3 rx/~~ and if e-~ 

0 0 

is insensitive to w over the dominant part of the integral ( generally 
0 

t "' t r "' 1 x "' 0 . 2 , and 
0' ' 

e -T "'1 

integral has no dependence up on 

' so 

w 
0 

-1 
W

0 
>> 0. 2 M* ~ 1 20 NeV), then the 

and dJ/dw 
0 

is proportional to 
-3 

w 
0 

independent of the form of s (y), R(t), and T(W ,t) 
0 

except for pathological 

cases. For small values of w the integral is cut off by r edshift and opa
o 

city factors. This means that the function s(y), which determines the shape 

of the initial number spectrum of pbh '~ is import ant only in the region near 

y = 1 • He shall assume that in this region it has a power-law form: 

s(y) = y-8 (9) 

Such a form for s(y) is s upported by the work of Carr (19 75a ) who finds that 

a certain r easonable class of density fluctuations in the ear ly universe favors 

7 
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pbh formation with a power-lar.o~ spectrum where the exponent 6 is related 

to the ratio y of pressure to ene rgy density in the early universe by 

2 + 4y 
1+ y 

(10) 

(A very soft equation of state with y 0 gives p = 2 ; a non-L•teracting 

relativistic gas with y = 1/3 gives S 2.5; and a stiff equation of 

state with y = 1 gives S = 3.) 

As a model for R(t), we shall take a standard Friedman ffiodel with 

non-interacting dust and radiation obeying Einstein's field equatiors with 

cosmological constant A= 0 . Such a model nay be labeled by the Rubble 

constant H to set the scale and by two dioensionless par~eters to de
o 

termine the matter and radiation content: 

S1 
m 

8rrp 
matter 

3H
2 
0 

S1 
r 

8rrp d. . ra J..atJ..on (ll) 

where the densities are measured at the present epoch. \·;'e take H 
0 

to be 

60 km s-l Mpc-l \.J'e take Qr to be 0. 0001 on the basis of observations 

of the microwave background and the assumption that nondegenerate electron 

and muon neutrinos were in thermal equilibri~~ with photons in the early 

stages of the universe. The value of S1 is not well known. 
m 

seems to be 0 . 0013, and Gott ~ al. (1974) suggest that 0.06 is 

probable value but the observations do not completely rule out 

A lo·..;er lioit 

the w.ost 

S1 > 1 . In m-

fact the value of S1 makes very little difference to the predicted g~a
m 

ray spectrum except belor..t about 10 HeV where it is strongly influenced by 

the opacity in the universe at redshif ts Z ~ 100 . This opacity a~ises 

mainly from pair production caused by high-energy ga..-.:::1a rays striking neutral 

hydrogen or helium atoms . He have used the cross sections derived by Bethe 

8 



-119-

and Heitler (1934) with corrections by \·fn ee ler and Lanb (1939) for hydrogen 

and by Knasel (1968) for heli~. They flnd that the total cross sectlon for 

pair production in hydrogen is 0.0124 a<
2/g and in helium is 0.0083 co

2
/g 

independent of the g&-runa-ray energy provided it is above about 100 HeV. A 

primordial abundance of 70 percent hydrogen and 30 percent heliu:n by wass 

was assumed (cf. Danziger 1970), makin3 the opacity 0.0112 cm
2
/g at high 

energies, and a crude correction for lm-1er energies vas r:1.ade . 

Figure 1 shows the predicted background ga~~a-ray spectrum from prin-

ordial black holes for Q = 0.0001 and Q = 0 . 06 and for various values 
r m 

of the exponent S in the initial nur:1.ber spectrum of the primordial black 

holes. Figure 2 shows the spectra with Q = 1 
m 

(approximately a k = 0 

cosmology). As expected, the curves all agree more or less above 120 NeV 

and have a logarithmic slope of -3. Below 120 MeV the curves differ for 

different values of S but they all flatten and turn over at about 10 MeV. 

All the curves can be I:'!.OVed up or dmm by adopting different values of the 

constant ~ that multiplies the factor s(y) in the initial pbh number 

spectru:::::. M*dn/ dH In figures 1 and 2 the value of 71. was chosen as 

1 x 10 4 pc-3 to be consistent with the upp e r limit set by the observations 

which are shown in figure 3 . These seem to fit roughly a po~er-law spectrum 

with exponent -2 . 4 from about 0. 3 ~leV to 200 MeV . There is no evidence of 

a break in the spectrum at 120 NeV but the observations in this region , 

which were by Fichtel ~ al. (1975), were statistical in nature and were 

fitted to an assumed power-law spectrum. Nevertheless, it is clear that 

dn/d.Q.r.N at M = N. 
;"" 

4 -3 cannot be greater than 10 pc and that this is only 

an upper limit . 

The considerations above have b een based on the assumption of a uniform 

distribution of primordial black holes throughout the universe . The observed 

9 
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matter in the universe, however, is strongly concentrated in sala.:,cies a:J.d 

possibly in halos. Any initial velocity with which pri=ordial black holes 

were created would have been reduced a~ost to ze~o by ~he ex?~sion of the 

universe. Thus one might expect that they would be co~ce:J.trated in the 

gravitational potential wells of galaxies. Unlike the 6e5~ tney -..;oulC. en-

counter very little friction in passing through the pla:J.e of the galaxy and 

so they would be distributed throughout the halo. If ~e assu=e that tile 

primordial black holes are concentrated in halos of the order o~ 40 kpc around 

-2 
each galaxy with an r density distribution instead of being S?read uniformly, 

the upper limit on the number density of pbh's averaged over the ~hole uni-

verse would be about the same but the loc·al density ;.;ocld be a:,out a factor of 

6 
10 greater. 

III. BURSTS 

In the calculations of Page (1976) it was ass~ed that the ~itted par-

ticles interacted only with the gravitational field anC. not w-ith each other. 

This should be a good approximation for the ewission of gravitons, photons, 

and leptons. It will break down when the mass of the black hole =alls below 

about 2 x 10
14 

g corresponding to a temperature of a!>out 50 ~rev a.t TJhich 

pions, the lightest hadrons, would begin to be e~itted in significant nu=bers . 

Although the present field theory derivations of particle creation by black 

holes break down when strong interactions become i~port~!t, there are tneroo-

dynamic and statistical arguments which indicate that a black hole would 

still emit thermal radiation with a temperature related to the nass in the 

same way as before (Hawking 1975c). The probl~ is to calculate ~hat the~al 

radiation consists of in the presence of strons interactions and ~ow it 

decays as it moves away from the black hole. At prese:J.t there is little 

10 
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experimental kno..,ledge on either of these questio!1S so one has to resort 

to theore tical models . Possibly the simplest of such nodels is the statis-

tical boots trap theory (Hagedorn 1965; Frautschi 1971; Hagedorn 1973) . In 

this approach one considers the eigenstates of the strongly-interacting 

fields contained within some box of volume V . Let a(E , V) be the nl!::lber 

of eigen s tates with energy bett•een E and E + dE . One can define a 

quantity p(m,V) such that a(E , V) is equal to the number of eigenstates of 

a system of non-interacting particles with mass spectrum p(n ,V) and total 

energy b etween E and E + dE contained in a box of volume V One re-

gards p(m,V) as representing the spectrum of r esonances in the strongly 

/ 
interacting fields. If one neg l ects long-range gravitational and electro-

magnetic fields, one might expect p(m, V) would be independent of V for 

-39 3 
V greater than a hadron volume Vh ~ 10 em because the strong inter-

-13 
act ions have a range of order 10 em. One then makes the bootstrap as -

sump tion that th e density of energy l evels in a volume Vh is just give n 

by th is mass spectrum, i.e., 

(12) 

This gives an effective mas s spectrum of the form 

-b 
p(m) = am exp (m/c) (13) 

where 5/2 ~ b ~ 7/2 and c ~ 160 NeV . 

Similar mass spectra a re obtained from dual-resonance models of strong 

interactions (Fubini and Veneziano 1969; Huang and \.J"einberg 1970). 

If one regards this mass spectrum as representing different species 

of non-interac t ing particles all of IY'hich a black hole would emit thermally 

11 
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like point particles, the rate of energy emission would become infinite 

when the black hole got do•"'n to a mass ~~ of about 7 x 10
13 

g corres-

ponding to a temperature of about 160 HeV because the Boltzmann factor 

exp( -E/T) would be cancelled out by the exponential ia the mass spectruo. 

The black hole would convert itself into a fireball of very heavy hadrons . 

In the conventional statistical b ootstrap theory, which neglects gravita-

tional interactions , these heavy hadrons would decay slo~ly with lifetioes 

13 
of the order of 10 sec (Carlitz, Frautschi, and N~ 1973) . However, 

gravitational interactions between the hadrons would be significant coopared 

-5 to thermal energies for particle masses above 10 g . They would increase 

the rate of collisions between such heavy hadrons and hence, by detailed 

balance, the rate at which they can e~it lighter hadro~s and decay. Thus 

the fireball could probably be treated as a pressureless fluid which main-

tained itself in thermal equilibrium at a temperature of about. 160 ~·leV as 

it expanded with parabolic velocity (cf . Carter~ al . 1975) . One would 

expect the fireball to radiate electrons, positrons , 2uons , photons, and 

perhaps neutrinos thermally from its surface. It would radiate away all its 

energy in a time of about 10-7 sec giving a burst of ga_~a rays pe~ked around 

34 
250 NeV with total energy about 10 ergs. 

This picture can be criticized on the ground that, even if there were 

in some sense an exponential mass spectrum of hadrons , they would be of the 

same size as the black hole or larger and thus would not be e~itted as point 

particles. One might regard hadrons as composite bodies oade up froo quarks 

and gluons which are point particles and which are as)~ptotically free at 

-13 small distances but are strongly bound at separatio~s g~eater than 10 em 

(Gross and ~Hlczek 1973; Politzer 1973,1974). In this case it eight be that. 

12 
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-14 14 black holes smaller than 10 em or 10 g would emit individual quarks 

and gluons as non-interacting point particles . \~hen they had traveled a 

-13 
distance of about 10 em from the black hole, they would feel the inter-

action with other quarks and gluons and would join up with tnem to form 

hadrons which would then decay into lighter particles. The rate of energy 

46 -2 emission would be about 10 110·1/g) ergs/sec where 11 is number of 

species of quarks, gluons, leptons, photons and gravitons with rest mass 

less than the black-hole temperature . In the original quark-gluon theory 

(Fritzch and Gell-Hann 1972) there were 18 species of quarks (three flavors, 

three colors and their antiparticles) and 8 species o£ gluons. Thus ~ 

would be 36 . About 1.5 percent of the rest-mass energy of the black hole 

would be emitted directly in high-energy photons and further photons would 

arise from the decay of highly-relativistic hadrons. One might therefore 

expect that between 10 and 30 percent of the rest-mass energy of the black 

14 -1 
hole -.. -auld emerge as photons at around 500 {l-1/10 g) NeV. The emission 

10 
would Dccome very rapid when the mass of the black hole got dm,;n to 10 g 

giving a burst of about 10
30 

photons at around 5 x 10
6 

HeV. 

The recent discovery of the J or '¥ particles (Aubert~ al. 1974; 

Augustin~ al. 1974) suggests that there nay be a fourth flavor of quark 

with a rather higher mass. It also seems that it may be necessary to postu-

late a fifth and a sixth flavor to explain the electron-positron annihila-

tion cross section into hadrons. It is therefore possible that there is an 

infinite sequence of quarks with higher and higher masses. These higher 

mass quarks would increase the rate of energy loss of a black hole hot 

enough to e~lit them. The final burst of very rapid emission could there

fore come at some mass between the Hagedorn mass }~ and 1010 g • In 

-2 this case one would expect the n~~ber of photons to be q t~es the n~~er 

13 
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in the statistical bootstrap picture and the energy of each photon to be 

q times greater, where q is the ratio of the Hagedorn nass to the ~ass 

at which the burst occurs. 

The authors a r e grateful to B. J. Carr, S. C. Frautschi , G. P. Gar=ire 

and F. J. Nagy for discussions and suggestions . 
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FIGURE CAPTIO~S 

Figs . 1 and 2. Predicted number spectra dJ/dw 
0 

of ga=a rays froo pri:::.-

ordial black holes having initial nu~er spectra 

104 pc-3 (M
1

/M*)-B for initial masses ~[ around - i 

dn/ d (M _/~·[_,_) = 
~ .. 

14 
N* ~ 5 X 10 g , 

where 8 is given values fro~ 2 (bottom curve) to 4 (top curve) 

in steps of 1/2. Fig. 1 assumes the present matter density is 

0.06 of the critical value for closure of the universe; Fig . 2 

assumes it is at the critical value . 

Fig. 3 . Observed diffuse gamma ray spectrum as reported in Fichtel et ~-

(1975). The shaded region represents their SAS-2 weasureoents and 

uncertainties; the other points represent previous measureoents 

they enumerate and reference . 
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