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TOMASZ SIEŃKO, JERZY SZCZEPANIK, TADEUSZ J. SOBCZYK*

STUDY OF THE APPLICATION OF A MULTIPHASE 
MATRIX CONVERTER FOR THE INTERCONNECTION  

OF THE HIGH SPEED GENERATION TO THE GRID

STUDIUM UKŁADU PRZYŁĄCZENIA 
SZYBKOOBROTOWEGO UKŁADU GENERACYJNEGO 
OPARTEGO NA PRZEKSZTAŁTNIKU MATRYCOWYM  

DO SYSTEMU ELEKTROENERGETYCZNEGO 
A b s t r a c t 

The article shows a new field of application for the matrix converter (MC) as the interconnecting device between 
the high speed, permanent magnet generator and the grid. The converter works under the developed control algori-
thm based on a so called ‘area based’ approach. The device consists of a converter, a transformer (or transformers) 
and filters and is supposed to substitute or revolution decreasing gear box or DC link based power electronic 
converter. Several structures, including multiphase structures (3, 12 phase) were investigated and their properties 
were assessed using the results of Matlab Simulink based simulations. The simulations were performed using the 
standard Simulink models and the developed, simplified permanent magnet motor model. The results were very 
satisfactory, i.e. input waveforms distortions, output current and machine torque ripples were at acceptable levels 
for the multiphase structures and high frequency input. The waveform distortions were found to be a function of 
input frequency and the number of phases in the conversion device, but the structure of the converter was limited 
to a 12x12 structure for economic reasons. 
Keywords: matrix converter, permanent magnet machine, high speed co-generation unit 

S t r e s z c z e n i e 
W artykule pokazano aplikację Przekształtnika Macierzowego (MC – Matrix Converter) jako układu synchroni-
zującego pomiędzy wysokoobrotowym generatorem synchronicznym z magnesami trwałymi a Systemem Elektro-
energetycznym. Przekształtnik jest sterowany za pomocą skonstruowanego jednookresowego algorytmu kontroli 
– jednego z algorytmów należących do klasy algorytmów obszarowych. W proponowanym urządzeniu, które składa 
się z transformatora (transformatorów), filtrów oraz przekształtnika, MC ma zastąpić przekładnię mechaniczną lub 
przekształtnik AC-DC-AC. Podstawowe symulacje obejmujące część elektryczną mikroturbiny (generator, prze-
kształtnik, transformator, filtry) wykonano w programie MATLAB/Simulink. W ramach pracy na podstawie symu-
lacji oceniano wpływ rozmiaru struktury MC (3-, 12-fazowa) na pracę generatora z magnesami trwałymi (składowa 
zmienna momentu elektrycznego) oraz poziom zniekształceń napięć i prądów. Zniekształcenia, które były funkcją 
rozmiaru struktury MC oraz prędkości obrotowej generatora, uznano za akceptowalne i łatwe do odfiltrowania dla 
struktury 12x12. Większych struktur nie rozpatrywano, gdyż koszt takich urządzeń byłby nieuzasadniony. 
Słowa kluczowe: przekształtnik macierzowy, generator z magnesami trwałymi, mały moduł ko-generacyjny

* M.Sc. Eng. Tomasz Sieńko, Ph.D. Eng. Jerzy Szczepanik, Prof. D.Sc. Ph.D. Eng. Tadeusz J. Sob-
czyk, Institute of Electromechanical Energy Conversion, Faculty of Electrical and Computer Engi-
neering, Cracow University of Technology.

DOI: 10.4467/2353737XCT.15.022.3822
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1. Introduction 

High parameter steam and gas miniturbines (mT) and microturbines (µT) are becoming 
an interesting option for small co-generation plants. The plants typically consist of high 
speed gas fueled turbines and generating units including transmissions for speed reduction 
and heat recovery systems or medium or high parameter boilers with high-speed steam tur-
bines, transmissions (gear boxes), generators and heat exchangers to extract energy form 
the steam. The power range of such systems starts from 20–30 kW and goes up to 10 MW. 
Usually, the speed of the gas turbines ranges from 16 to 120 krpm. The speed of steam 
turbines (usually single stage turbines are used for small co-generation) depends on the 
parameters of the steam and on the turbine power and it ranges from 6 to 12 krpm. For all 
these arrangements, the combined cycle of work allows achieving high levels of efficiency 
at over 80%. The cogeneration unit structure usually involves the transmission decreasing 
the revolutions to match the generator’s synchronous speed. For gas turbines, generators 
with a synchronous speed of 3000 rpm are used whereas for steam turbines, four pole gen-
erators with speeds of 1500 rpm are utilized. The typical performance of such units can be 
shown, for example, for the Capstone C-65 microturbine with an electrical efficiency of 
29% for the nominal load of 65 kW and 70–112 kW of heat energy recovery depending on 
the type of heat recovery unit [1, 2]. 

In this research, it is proposed to replace the revolution decreasing gear box and 1500 or 
3000 rpm generator with a high speed generator and electronic unit able to convert a high 
frequency alternating current into a 50 Hz current. The removal of the gear box and straight 
forward coupling of the turbine into the generator will decrease energy losses and will pro-
vide higher reliability of the mechanical part of the system. The changes will contain not only 
the generator (a permanent magnet high speed machine is proposed) but they also have to 
include the interconnection system to the grid. There are two basic structures of converters 
able to adapt high frequency generator output into a 50 Hz grid frequency: a structure based 
on AC-DC-AC conversion or a structure based on straightforward energy conversion. The 
first option is already in use and in this paper, the matrix converter (MC) is proposed as an 
alternative device. 

2. The Structure and control algorithm for Matrix Converter

A NxM multi-phase matrix converter (MC) is an array of NxM fully controlled bi-direct-
ional switches (Fig. 1) able to convert N phase input voltages into M phase output voltages 
of different amplitude, phase and frequency than the input. Recently, due to its simplicity, 
the matrix converter (MC) has received a lot of attention. The main problems in large scale 
industrial application are the complexity of the control schemes, a large amount of low order 
harmonics in converter currents and their non-continuity.

The energy conversion in the MC is accomplished without the use of a DC current circuit 
or any energy storage elements between the converter input and the output. The matrix 
converter is a straightforward device which creates the output voltage as a combination of 
the input voltages. 
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Fig. 1. The structure of the NxM matrix converter

Fig. 2. Output voltage of 3x3 (a) and 12x12 (b) MC – (dotted line input voltage) and its FFT

a)

b)
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In general, the output voltage VmM(t) for every mth output phase can be written as:

  
V t k VmM n m nN

n

N

( ) ( , )=
=
∑

1  
 (1)

where:
k(n,m) – membership function for nth input phase which determines when and how long the mth  
  output phase consists of nth input phase, 
VnN – voltage for the nth input phase.

The proposed in this research control single periodical algorithm [3, 4] is based on the so 
called ‘area based algorithm’ [5–7] and was chosen from among other possible algorithms de-
veloped by the authors. The algorithm, as opposed to other algorithms found in the literature, 
uses all fragments of the input sinusoids to create the shape of the output sinusoids, whereas the 
gross algorithms described in literature utilize only the parts of the input sinusoids which are 
close to the peaks of the waveforms [8–10]. The method of output waveform creation used by 
the proposed control technique can be clearly seen in Fig. 2a) for 3x3 MC structure and in Fig. 
2b) for 12x12 MC structure. Any output phase can be connected at a certain instant to any input 
phase which creates ties not only for voltages but also for converter currents [11].

b)a)

Fig. 3. Voltage transfer (a) and THD (b) as the function of the number of phases in MC square 
structure

The proposed multiphase structures (3x12, 12x12) have several advantages over the simple 
3x3 structures – the voltage transfer of the MC increases, output voltage distortion and the 
rating of the switching elements decreases as its dimensions increase (Fig. 3). Moreover, in the 
proposed control procedure, the switching occurs between two adjoining input phases which 
minimize commutation problems. A square structure of the MC was chosen (the number of 
input phases is equal to the number of output phases) since for a proposed control scheme it en-
ables a continuous current flow (currents without ‘0’ periods) in all input and output phases. If 
the structure is not square and the simultaneous connection of two input phases into one output 
phase (or opposite) is not allowed due to a short circuit restriction at a certain instant, only the 
same number of input and output phases are connected, i.e. all phases from the side with the 
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lesser number of phases and not all phases from the side with the greater number of phases. This 
leaves some phases unconnected resulting in zero current periods. 

In order to maximize MC power transfer and to minimize produced disturbances, it is neces-
sary to switch on at a certain instant all possible switches without the creation of short circuits. 

The investigated MC based grid connector structures include multiphase matrix arrange-
ments (3x3, 3x12, 12x12) and transformers. The multiphase MC showed much better perfor-
mance than three phase versions. The performance assessment was done for a much higher 
input frequency than output frequency and included voltage transfer, order of generated har-
monics and THD coefficient.

It is worth noticing that for the investigated input frequency and 12x12 structure, the 
order of harmonics is close to the one produced by a 48 level converter which is a very com-
plicated structure.

3. Simulation parameters and structure of the models 

The performance of the proposed control scheme for a different structure of energy 
conversion paths was investigated using MATLAB/Simulink software and compared. The 
variations in the models included variations to the MC structure, generator and transformer 
models.

The models of the elements of the energy conversion systems (transformers, filters, 
equivalent models of power systems and power lines) were build using standard Simulink 
Libraries. The model of the permanent magnet generator (its electrical part) was developed 
using standard machine equations and taking several simplifications and assumptions such as 
sinusoidal distribution of the flux in the machine air gap into consideration, omitting mutual 
stator inductances and assuming phase shift of the N phase windings by 2π/N:

 

U I= ⋅ ⋅
−( )

− −( )
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ϑ π
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where:
U and I – matrixes of the generator voltages and currents (1xN),
Ψ  – magnitude of the flux,
ϑ – actual position of a flux with respect to the first winding (the position of the rotor),
RG, LG  – resistance and reactance of the generator.
 

The mechanical equation of rotor movement can be then expressed as:

 
J

dt
T T Dm e

dω
ω= − − ⋅

  
(3)
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where:
J  – moment of inertia,
Tm  – mechanical torque applied to the rotor,
D  – friction coefficient,
Te  – electrical torque.

The electrical torque is defined by the following equation:

   (4)

where Ψ – matrix of machine fluxes.

What for the stated assumptions results in the formula:
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The models of the multiphase transformers were developed using standard Simulink 
models and proper winding arrangements.

The speed of the generators in the presented simulation result was chosen in such a way 
that no inter-harmonic components are present in the current, voltage and torque waveforms

4. Simulation results of µT with 3x3 matrix converter

Several structures of the device were investigated and figure 4 shows the structure based 
on a 3x3 structure and transformer.

Fig. 4. Structure of 3x3 conversion device

Figures 5a) to 5c) illustrate selected results of simulations for a 3x3 structure. The wave-
forms of current, voltage and torque were chosen for the investigation.

The advantage of this structure is the use of typical elements (three phase generator MC 
and transformer) which result in the low cost of the connecting device. 

The figures below show converter waveforms. All harmonics in the presented spectra 
were given with respect to the dominating one.

This device, however simple, produces a highly distorted generator current that results 
in a ripple in the generator torque. This highly distorted current will cause high losses in the 
generator core that will decrease the efficiency of the energy conversion. The generation unit 
output voltage, although not shown in this paper, also contains high level contents of high 
order harmonics and its shape is not acceptable. 
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5. Simulation results of µT with 3x12 matrix converter

This device consists of the 36 switch MC structure (3x12) of a typical three phase gener-
ator and a non-typical 12x3 transformer. 

Fig. 5. Current (a), voltage (b) and electromagnetic torque of the generator (c) of µT with 3x3 MC

a)

b)

c)
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Fig. 7. Current (a), voltage (b) and electromagnetic torque of the generator (c) of µT with 3x12 MC 

The disadvantages of this structure include rapid changes in the currents of the switches 
which results in rapid changes and over-voltages in generator output voltages. 

Fig. 6. Structure of 3x12 conversion device

a)

b)

c)



11

4. Simulation results of µT with 12x12 matrix converter.

Fig. 8. Structure of 12x12 conversion device

The proposed structure is square and results in non ‘0’ periods in converter currents i.e. 
for a proposed control 12 switches are always in the ‘on’ state.

Fig. 9. Current (a), voltage (b) and electromagnetic torque of the generator (c) of µT with 12x12 MC 

a)

b)

c)



12

For this structure, the shape of the generator current and voltage is closer to the sinusoidal 
shape than for the previously considered structures what results in almost constant machine 
torque (Fig. 9c)). Thus, the expected machine losses are also smaller than for previously 
considered structures. However, the constructions of the generator and transformer are not 
typical and 144 switches are required to build the converter matrix. 

5. Conclusions

This work shows a study of the implementation of MC as part of microturbine – grid 
connection devices. The paper includes the comparison of three different connector struc-
tures based on the comparison of generator currents, their terminal voltages and electro-
magnetic torque. A 3x3 structure achieves a fairly good performance if output voltages are 
considered (not shown in this research), but the shape of the input current influencing the 
electromechanical torque is not acceptable. Moreover, the sudden change between input 
phases (only three input phases) when creating output voltage, creates high over-voltages 
on converter switches. The current rating of the switches has to be relatively high since 
all power is transferred through only three phases and nine switches (three switches are 
working at any one time).

The 3x12 MC based structure shows much better properties than the 3x3 version (lower 
ripple in generator current and torque), but there are still large overvoltages visible in the 
generator terminal voltages 

The best performance of the 12x12 MC working with a 12 phase generator and a 12x3 
transformer is not a surprise, however, it requires special construction of a 12 phase generator 
and a 12x3 transformer as well as a large 144 element matrix hardware which is expensive 
when building a prototype. The alternative is a structure containing a 3 phase generator, two 
12x3 transformers and a 12x12 MC structure. The problem lays within the construction of 
a high frequency 3x12 transformer which has to minimize its core losses, thus, this is not the 
same transformer as a transformer coupling a 12x12 MC to the grid.

It can be noted that the simulations were performed for a 1600 Hz input frequency and if 
this frequency decreases (speed of the turbine decreases), the advantage of multiphase struc-
tures over three phase ones increases. 

The currents and the voltages at the grid side of the interconnection device were not 
analyzed in this paper which concentrated only on the influence of the MC on the generator 
working conditions.
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DARIUSZ BORKOWSKI*

CONTROL STRATEGY FOR MAXIMIZING CONVERSION 
EFFICIENCY OF A SMALL HYDROPOWER PLANT

STRATEGIA STEROWANIA MAŁĄ ELEKTROWNIĄ 
WODNĄ MAKSYMALIZUJĄCA SPRAWNOść 

PRZETWARZANIA

A b s t r a c t 

An analysis of the energy conversion system which consists of a propeller water turbine, a per-
manent magnet synchronous generator and a power electronic converter is presented. The con-
sidered control strategy implements an optimizing technique that guarantees maximal average 
efficiency independently of hydrological condition changes through the constant search for 
optimal operation parameters. The water flow parameter, essential for objective function esti-
mation, is eliminated by the dedicated control technique. The control method is implemented 
and tested in the model created in the Matlab/Simulink software. All characteristics and para-
meters were identified on a real small hydropower plant and on the special laboratory model. 

Keywords: small hydropower plant, variable speed operation, optimizing algorithm

S t r e s z c z e n i e 

W artykule analizowany jest tor przetwarzania energii, który składa się z turbiny śmigłowej, gene-
ratora synchronicznego z magnesami trwałymi oraz przekształtnika energoelektronicznego. Przed-
stawiono strategię sterowania opartą na metodach optymalizacji, która przez ciągłe poszukiwanie 
optymalnych parametrów pracy gwarantuje maksymalną sprawność przetwarzania niezależnie 
od zmiennych warunków hydrologicznych. Przez wybraną technikę sterowania wyeliminowano 
konieczność znajomości parametru przepływu wody niezbędnego do oszacowania funkcji celu. 
Strategia sterowania została zaimplementowana i przetestowana w modelu opracowanym z zasto-
sowaniem oprogramowania Matlab/Simulink. Wszystkie charakterystyki i parametry zostały zi-
dentyfikowane w rzeczywistym obiekcie małej elektrowni wodnej i na stanowisku laboratoryjnym.

Słowa kluczowe: mała elektrownia wodna, zmienna prędkość obrotowa, algorytm optymalizacyjny

* Ph.D. Eng. Dariusz Borkowski, Institute of Electromechanical Energy Conversion, Faculty of Elec-
trical and Computer Engineering, Cracow University of Technology. 

DOI: 10.4467/2353737XCT.15.023.3823
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1. Introduction 

The production of energy from renewable sources is of key importance for the energy secu-
rity of Poland and European Union policy. According to the 2009/28/EC [1] directive, the Eu-
ropean Union (Poland) should produce 20% (15%) of electrical energy from renewable energy 
sources by the end of 2020. The current share of these sources is estimated at 12.7% (9.5%) [2]. 

Small Hydropower Plants (SHPs) are objects rated up to 10 MW. Traditional solutions of 
energy conversion system for SHP are based on water turbines working at a constant speed 
(synchronous generators) or near constant speed (asynchronous generators). An interesting 
solution is to apply variable rotational speed operation to the system. The variable speed op-
eration applied in hydropower plants improves the turbine operation range and increases ener-
gy conversion efficiency under changeable hydrological conditions [3]. This design simplifies 
a mechanical system but requires the application of a Power Electronic Unit (PEU) in the en-
ergy conversion system. The PEU is needed to match the generator and grid parameters and to 
control the power flow from the generator to the grid [3, 4]. Taking into account high efficiency 
under a wide range of loads, as well as a possible high pole number structure, the Permanent 
Magnet Synchronous Generator (PMSG) is the recommended type of generator. In Europe, and 
particularly in Poland, this type of solution is rare and is mainly of a prototype character [5, 6]. 

The variable speed operation can be especially effective in control demanding locations, 
where small changes in operation parameters significantly affect the energy production re-
sult. Such a situation especially concerns ‘run-of-the-river’ plants, where generating power 
depends on the actual hydrological conditions because the water storage is impossible or 
limited. Thus, changeable hydrological conditions throughout the year force the power plant 
to operate in a wide water flow and head range [7]. In this situation, the control strategy 
considerably affects the economic profitability of the SHP. Desirable regulation has to fulfill 
two main functions – maintaining the upper water level on a fixed level and adjusting the 
operation parameters in order to obtain the highest possible efficiency of the whole energy 
conversion system. The control of ‘run-of-the-river’ plants is difficult due to the continuously 
changeable hydrological conditions as well as turbine features caused by silt deposited in 
channels. Algorithms based upon fixed settings and operational characteristics are ineffec-
tive. Furthermore, the coefficient quality of the second task (efficiency) requires the actual 
water flow parameter, the measurement of which is difficult and expensive.

The control strategy presented in this paper solves the above mentioned problems by 
implementing optimizing methods and dedicated efficiency assessment methods avoiding 
the water flow parameter. The proposed solution is implemented and tested on the simulation 
model created in the Matlab/Simulink software. The energy conversion model is based on 
the real system installed in the SHP of 150 kW nominal power [6]. All characteristics and 
parameters are identified in this object and in the 30 kW laboratory model [8]. 

2. The structure of the SHP system 

The analysed SHP system, presented in Fig. 1, consists of: guide vanes that control the 
water quantity Q flowing through the turbine; propeller turbine; permanent magnet synchro-
nous generator (PMSG); power electronic unit (PEU); the controller.
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As mentioned above, the regulation system of the ‘run-of-the-river’ plants has to fulfil 
two main functions. These tasks are performed by the two separate regulators. 

The water level regulator maintains the upper water at a fixed level. The angle of the 
guide vanes α mainly influences the water flow quantity Q, thus, it was chosen as a control 
parameter. It is adjusted by the PI regulator based on the actual error ε between the actual H 
and set Hset water level.

The optimizing load controller has to select the optimal operation point of the system in 
order to obtain the highest possible efficiency of the whole energy conversion system. It ad-
justs the generator armature current Ig depending on the actual measuring parameters: water 
head H; guide vanes angle α; active power generated by the system Ps.

Fig. 1. Block diagram of the SHP system

3. Simulation model

The control process of the hydropower plant takes a long period of time due to the long-
time constants of the water system. In order to accelerate simulation calculations, some sim-
plifications are necessary. All elements of the energy conversion system are represented by 
their essential features: a steady state characteristics, time constants and efficiency functions.

The simulation model presented in Fig. 2 was created in the Matlab/Simulink software. The 
PI controller has a parallel form with the lower and upper saturation limit. The guide vanes block 
inserts the initial condition and rate limiter imitating the hydraulic system of position controlling. 

The Hydroset subsystem (Fig. 3) models propeller turbine characteristics as a mechanical 
torque function Tt of guide vanes angle α, water level H and turbine speed n:

 
T C a n b n ct H T T T= ⋅ ( ) ⋅ + ( ) ⋅ + ( )( )α α α2

  (1)

where:

HC   – water level coefficient [8],
aT(α), bT(α), cT(α) – function coefficients approximated by a polynomial function of guide 
  vanes angle [8].
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Fig. 3. Block diagram of Hydroset subsystem

Fig. 2. Simulation model of SHP created in Matlab/Simulink
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The synchronous generator can be treated as a first order inertial object, where the 
generator armature current can be regarded as the system input, to which turbine torque is 
the system output. Taking into account linear relations between armature current and elec-
tromagnetic torque, the value of object gain is constant and independent on the generator 
speed. 

The generator torque Tg and turbine torque Tt are compared in the mechanical equation 
from which the turbine speed n can be calculated. The parameter J is equal to the sum of the 
turbine and generator inertia.

 
J n

t
T Tt g

d
d

= −( )30
π   

(2)

The flow block calculates the water flow Q as a linear function of speed n with coeffi-
cients in the form of polynomial functions of angle:

 
Q a n bQ Q= ( ) ⋅ + ( )α α   (3)

All coefficients were calculated from the universal characteristic of the real propeller tur-
bine (known as a hill chart) that presents efficiency isolines on a water flow-speed plane [9]. 
Dynamic behaviour of the turbine is caused by many elements, the most significant being the 
dynamic of the water mass. This time constant is a function of the water head and the volume 
of the inlet channel. The tests of real turbine operation allowed us to identify this parameter 
to be estimated at 3.5 seconds [9].

The PEU controls the generator electromagnetic torque Tg by its rms armature current 
Ig. The applied block (Power Converter) models the full-scale AC/DC/AC power converter 
consisting of: an uncontrolled rectifier; a DC-DC boost converter, which increases the DC 
voltage; the DC/AC converter with a DPC-SVM algorithm (Virtual Flux – Direct Power 
Control with SVM modulator) [4, 6]. The generator armature current corresponds to the rec-
tifier DC current and is adjusted by the DC-DC boost converter. The time constant of the PEU 
is estimated to be about 1 second [8]. The efficiency of the PEU is sensitive to the value of 
the transferred power. It also changes depending on the generator speed but in a small range, 
thus, this variation has been neglected [6].

4. Optimizing control strategy

Due to the continuously changeable hydrological conditions, as well as the turbine fea-
tures caused by silt deposited in the channels, algorithms based on the fixed settings and 
operational characteristics are ineffective [10]. For that reason, the special method using an 
optimizing algorithm has been implemented. The procedure starts from the non-optimal cur-
rent value and tries to improve the conversion efficiency η by applying the gradient method.

 
∆I k

Ig
g

= ⋅
∂
∂
η

  
(4)
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The quality coefficient (efficiency of the energy conversion system) is defined by the 
following formula:

 
η =

⋅ ⋅
P
Q H
s

9 81.   
(5)

where:
Ps  – active power generated by the system,
Q – water flow through the turbine,
H – water head.

The control algorithm based on this quality coefficient is relatively fast and independent 
of the water flow regulator. However, it requires the actual value of the water flow which 
may be measured using very expensive devices. In some cases, these measurements are very 
inaccurate. One of the solutions to this problem is to simplify the quality coefficient. Let’s 
assume that changes of the water flow of the river are slow compared to the regulation pro-
cess (Q = const). Another assumption concerns the water level regulation. Let’s activate the 
optimizing algorithm only after the PI regulator obtains the desired water level. In this situ-
ation, it is possible to write:

 

∂
∂

=
∂
∂

=η
I

P
Ig

Q H const
s

g

,

 
 (6)

Using the discretization Euler method of an order one, the formula (4) with substitution 
(6) may be written as follows:

 
I I k

P P
I Ig g
s s

g g
( ) ( )

( ) ( )

( ) ( )
1 0

0 1

0 1

= + ⋅
−

−
−

−  
 (7)

where the subscript brackets indicate the step number of optimizing algorithm l. 

The procedure (Fig. 4) changes the initial values of current Ig following the direction of 
the gradient components multiplied by a positive factor k. The next step of optimizing the 
regulator is activated only when the water level error is smaller than or is equal to the limit 
value CH (constant water level assumption). This time interval Ts (called inter-optimizing pe-
riod) may be different after each step due to the varying initial conditions. However, it should 
be relatively small compared to changes of the river water flow to satisfy the constant water 
flow assumption. This is the way that the time limit (Tlim) was added. The example operation 
of the algorithm is presented in Fig. 5.
The simulated situation assumes the nominal water head and zero initial parameters. The 
water flow characterises a step change from 90% to 100% of nominal value in the 20th 
algorithm step. It can be noticed that the error value ε equals the limit value CH = 1 · 10–5 in 
most of the periods. The rest of the periods have a higher error because they exceed the time 
limit Tlim = 1000 s.
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Fig. 5. Relative system state variables: a) water flow,, b) generator current (circle), speed (cross) and 
guide angle (square), c) total efficiency, d) regulator error, e) inter-optimizing period; for a certain 

algorithm step

Fig. 4. Algorithm of control strategy
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Figure 6 presents the example inter-optimizing period between the 25th and 26th step of the 
optimizing algorithm. It is clearly visible that each step causes the impulse response of the 
system to the change of generator armature current. 

Fig. 6. Time domain system state variables during the example inter-optimizing period (Ts = 660 s) 
tuned by PI regulator

The optimizing method fulfils the main criterion of the control algorithm by obtaining the 
maximum efficiency of the whole system in the given hydrological conditions. This feature 
can be seen in Fig. 5c) and in the efficiency characteristic presented below (Fig. 7). The 
maximal efficiency is achieved after several algorithm steps. The continuous seeking process 
also provides optimal operation parameters after changes in the water flow value. This figure 
proves that the control algorithm maintains the constant water flow condition. 
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Fig. 7. Steady state algorithm steps (square markers) on the water flow – rotational speed plane (total 
efficiency isolines – solid line, guide angle lines – dashed line, maximal efficiency line – dash-dot line)

5. Summary

The changeable hydrological conditions and variable turbine parameters due to the age-
ing process as well as river pollution require adaptive control of ‘run-of-the-river’ plants. 
This paper presents the dedicated procedure based on the gradient method which tunes the 
generator armature current in order to obtain the highest possible efficiency. The gradient 
descent method applied in this paper can provide small step changes resulting in short pe-
riods of unsteady states. Thus, the optimal operation point may be obtained relatively fast. 
The drawback of this technique is the limitations of a target to the local extreme (minimum 
or maximum). Fortunately, the efficiency characteristic (quality function) of the investigated 
system is the convex function which means that any local extreme is also the global extreme.

The controller uses also the standard PI regulator which provides the desired upper water 
level. The introduced conditions defining the activation of the gradient procedure allow the 
quality function to be simplified. Due to this, water flow measurements (which are expensive 
and may be inaccurate) are not needed. This control algorithm can be easily implemented in 
the PLC controller with no installation of extra sensors. 

The presented simulation results confirm the algorithm effectiveness and an application 
possibility on the real system.
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with an external rotor using permanent magnets. The motor was optimized for high-torque, 
in-wheel operation. Based on geometric dimensions, a 3D solid model was created. The 
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simulated and measured characteristics of the motor are shown. 
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1. Introduction 

Servo drives with permanent magnet (PM) motors fed from static inverters are finding 
applications on an increasing scale. PM servo motors with continuous output power of up to 
15 kW at 1500 rpm are common. Rare-earth PMs have also been recently used in large power 
synchronous motors rated at more than 1 MW [1]. Synchronous motors operate at a constant 
speed in absolute synchronism with the line frequency or can also be supplied from a fre-
quency converter. Currently, synchronous electric motors with permanent magnets (PM) and 
an external rotor are gradually applied in the drives of electric vehicles and are stored directly 
in the wheel.

Hub motors, also called in-wheel motors, were first patented in the 1880s. In 1899 the Vi-
ennese firm of Lohner & Co. built a car powered by battery-driven hub motors. This car was 
also unique as the world’s first front wheel drive system. A news report at the time described 
the development of the first-ever transmissionless vehicle as a revolutionary innovation. The 
electric motor in the hubs of the front wheels had an output of 1.8 kW at 120 rpm [2].

2. The synchronous motor with PM external rotor – model and simulation

This chapter presents results of the electro-magnetic proposal for a synchronous motor 
with external rotor with permanent magnets, simulation of electromagnetic field motor and 
its operating characteristics. Basic electrical characteristics have been developed on the basis 
of operational requirements for the motor – these are shown in Table 1.

T a b l e  1

The synchronous motor parameters

Parameter Value
Rated power 3 kW
Rated voltage 3 x 82 V (Y)
Rated current 27 A
Rated torque 38 Nm
Synchronous speed 750 rpm

The electromagnetic design of the motor was calculated and optimized in ANSYS/ 
RMxprt. Based on the required electrical parameters and the geometric dimensions resulting 
from the motor mount, a 3D model of electromagnetic circuit of the motor was designed in 
ANSYS/Maxwell (Fig. 1).

The following are simulation results of the synchronous electric motor with an external 
rotor and PM. The simulation of the electromagnetic field of the synchronous motor with PM 
is shown in Fig. 2. Figure 3 shows a simulation of the induced voltage in all three phases of 
the synchronous machine.

The simulation of the motor and load torque is shown in Fig. 4. The speed of synchronous 
motor was 750 rpm. The simulation of the motor speed and torque is shown in Fig. 5.
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Fig. 1. The 3D model of synchronous motor with PM

Fig. 2. Magnetic field of synchronous motor with PM

Fig. 3. Induced voltage calculated by ANSYS/Maxwell 3D
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Fig. 4. Simulation of the motor and load torque calculated by ANSYS/Maxwell 3D

Fig. 5. Simulation of the motor speed and torque calculated by ANSYS/Maxwell 3D

3. Structural design of synchronous motor

Fig. 6. 3D solid model of the synchronous motor

a) b)
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The construction and external dimensions of the motor are designed so that the motor 
can be easily positioned and mounted onto a traditional 14” steel rim wheel. The 3D solid 
model of the stator synchronous motor was created based on the geometric dimensions of 
the optimized simulation. Figure 6a) shows the general view of the 3D solid model of the 
synchronous motor with permanent magnets and the inverse rotor. A cross-sectional view of 
the synchronous motor is shown in Fig. 6b).

4. Measurement of synchronous motor prototype

Based on the structural design of the motor referred to in chapters 2 and 3, a functional 
prototype was devised. The synchronous motor was used for practical measurements in the 
laboratory, a photo of which is displayed in Figs. 7 and 8.

4.1. Measurement of generator operation

When measured in a no load generator, the waveforms were recorded with an oscillo-
scope showing the voltage induced in individual phases. Figure 9 shows waveforms of in-
duced voltages in the phases of the generator at a speed of 750 rpm.

When load is exerted on the generator (resistive load), its terminal voltage drops. In this 
measurement, the phase voltage reached 47.6 V (RMS) and the line-to-line voltage was 82.6 V 
(RMS). The frequency analysis of phase voltages (no load generator) is shown in Table 2.

T a b l e  2

Frequency analysis of phase voltages

Order U1[%H01] U2[%H01] U3[%H01]
1 100 100 100
3 2.2 2.2 2.3
5 1.4 1.4 1.5
7 - 0.1 -

Fig. 7. The synchronous motor 
prototype

Fig. 8. Measurement of the synchronous motor 
prototype in the laboratory
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Fig. 10. Measured quantities for loads on the generator

When a load is exerted on the generator (resistive load), its terminal voltage drops. A plot 
of the terminal voltage and efficiency versus mechanical torque for a generator speed of 
750 rpm is shown in Fig. 10. The measured quantities are indicated by crosses. Whilst the 
average efficiency is 94%, the voltage drop is up to 19%.

Figure 11 shows waveforms of voltage in the first phase and of the load current. The gen-
erator is loaded with a constant current of 20 A (RMS). Frequency analysis of phase currents 
(for load current of 20 A) is shown in Table 3.

T a b l e  3

Frequency analysis of phase currents

Order I1[%H01] I2[%H01] I3[%H01]
1 100 100 100
3 – – 0.2
5 1.2 1.2 1.2
7 – 0.1 –

Fig. 9. The measured induced voltages
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4.2. Measurement of load motor operation

When measuring the synchronous machine in load motor operation, the machine is con-
nected to a rated supply voltage of 82 V (RMS), with a frequency of 50 Hz. During loading 
of the motor, the supply voltage remains constant.

The synchronous motor was operating at a constant speed (750 rpm) and was loaded by 
a torque. At a constant mechanical speed, the mechanical output power is equivalent to me-
chanical torque on the shaft. The plot of motor torque is shown in Fig. 12, the input power 
and the mechanical power supplied to the rated voltage versus the phase current for a motor 
speed of 750 rpm. The measured quantities are indicated by crosses. 

Fig. 11. Measured waveforms of voltage and current

Fig. 12. Measured waveforms of torque and the powers
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Fig. 13. Measured efficiency of synchronous motor

Figure 13 shows the plot of efficiency versus mechanical torque for synchronous motor 
speed of 750 and rated supply voltage of 82 V (RMS). The measured quantities are indicated 
by crosses. Figure 14 shows waveforms of supply voltage in the first phase and current of the 
motor. The motor is loaded with a constant torque of 1 Nm.

If the motor is loaded with a small torque (T = 1 Nm), then the waveform of the motor 
current contains higher harmonics and is very inharmonic. The motor operates under exci-
tation.

Figure 15 shows waveforms of supply voltage in the first phase and current of the motor, 
if the motor is loaded with a constant torque of 36.6 Nm and operates as over-excited. If the 
motor is loaded with a rated torque, then the waveform of the motor current contains lower 
values of the higher harmonics and is roughly sinusoidal. Frequency analysis of phase volt-
ages (for load motor torque – 36.6 Nm) is shown in Table 4.

Fig. 14. Measured waveforms of supply voltage 
and current – T = 1 Nm

Fig. 15. Measured waveforms of supply voltage 
and current – T = 36.6 Nm
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T a b l e  4

Frequency analysis of phase voltages

Order U1[%H01] U2[%H01] U3[%H01]
1 100 100 100
3 2.5 2.2 2.0
5 4.2 4.5 4.6
7 1.3 1.8 1.2

Frequency analysis of phase currents (for load motor torque – 36.6 Nm) is shown in Table 5.

T a b l e  5

Frequency analysis of phase currents

Order I1[%H01] I2[%H01] I3[%H01]
1 100 100 100
3 0.6 0.3 0.4
5 1.2 1.0 1.2
7 0.4 0.4 0.5

4. Conclusion 

This paper presents initial results of the simulation and measurement of a synchronous 
machine prototype with an external rotor and permanent magnets. When the synchronous 
machine works as a generator (resistive load), efficiency is higher than 90%. Efficiency of 
the synchronous motor is higher than 80% (for load torque higher than 15 Nm). The motor 
is designed to triple the torque overload. The maximum measured load torque of the syn-
chronous motor was 40.2 Nm. The synchronous motor is designed to withstand three times 
the torque overload and is intended for in-wheel operation. Therefore, it is anticipated that 
future measurements will be performed of a synchronous machine supplied with a variable 
frequency converter.
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1. Introduction

The aim of this study was the modeling of the phenomenon of free and forced magne-
tization in three-phase transformers. For this purpose, the available programs, EMTP-ATP 
and Matlab-Simulink have been used for simulation of transients of the transformers. The 
programs take into account the unsymmetrical construction and non-linearity of the magnetic 
core. The calculation of currents and voltages has been performed for selected winding con-
nections of the transformer.

Supplying the transformer winding with sinusoidal voltage, the magnetic flux and flux 
density are also sinusoidal. The relationship between flux density and no-load current for the 
ferromagnetic transformer core describes a hysteresis loop. Therefore, Fourier decomposi-
tion of the magnetizing current contains odd harmonics which are related to the amplitude 
of the saturation of the core. Such a case is called free magnetization of the transformer. If 
the higher harmonics of the current cannot flow in the transformer windings, especially the 
third one, then magnetic flux is deformed. Such a case is called a forced magnetization [3, 4].

2. No-load current of the transformer

Registrations of no-load current were performed for a three-phase, three-legged trans-
former with a capacity of SN = 10 kVA. To register, Hall effect current transducers and a PC 
with a data acquisition card were used. An example of the no-load current waveform during 
free magnetization (Y0y connection) is shown in Fig. 1. Registration was performed for the 
selected windings connection where free and forced magnetization are present. The analysis 
of harmonic currents in each phase for Y0y and Yy windings connection are shown in Fig. 2.

The analysis of the currents shows that the third and fifth harmonics have the largest share 
of magnetizing current of the transformer besides the basic harmonic. It can also be noted that 
the amplitude of the fifth harmonic hardly depends on the windings connections. The third 
harmonic can flow to the windings of the transformer only in the four-wire system (Y0y).  

Fig. 1. No-load current – free magnetization



37

In the current spectrum of the three-wire system (Yy), current component with a frequency of 
150 Hz can also be seen, but it does not create the zero-order system. In this case, the phase 
angles of phases A and C are identical while phase B is in antiphase to them. The current 
component of 150 Hz in the Yy connection system is caused by asymmetry of the three-
legged transformer core.

Fig. 2. Spectrum of no-load currents

3. Modeling of no-load current of the transformer

To model the studied phenomenon, available computational packages EMTP-ATP and 
Matlab-Simulink has been used. Models available in these packages allow to take into ac-
count non-linearity of magnetization characteristics of the transformer core.

ATP (Alternative Transients Program) is a non-commercial version of the EMTP (Elec-
tromagnetic Transients Program) developed in the frame of open access to the program. 
ATP is the universal program for the digital simulation of transient states of electromagnetic 
phenomena.

In the ATP package, there are two types of transformer models – a simplified model of 
SAT (saturable) and the hybrid model XFMR that takes into account the geometry of the 
transformer.

The SAT model takes into account the non-linear magnetization characteristic of the core. 
The input data for the primary and secondary side needed for simulation are: voltage; wind-
ing resistance; inductance; resistance for zero sequence. In the model, the windings connec-
tion and the number of columns of the core are also declared. Characteristics of magnetiza-
tion are entered as a secondary side voltage dependence of the no-load primary side current 
of the transformer.
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The operation of the XFMR model consist of topologically correct mapping of the sub-
stitute windings disposed on the surface of the core [6]. Individual branches are established 
for magnetizing yokes and columns depending on their length and area. Characteristics of 
the magnetization are described by the Frolich equation whose coefficients are adapted to the 
measurement data. This improves the extrapolation of saturation over the range of the mea-
surement data. In the model also are taken into account the shunt capacities and dependence 
the winding resistance on the frequency.

The equivalent circuit model of the transformer takes into account four main aspects: the 
leakage inductance; windings capacitance; core nonlinearity; the impact of the frequency on 
winding resistance. This scheme is shown in Fig. 3.

Fig. 3. Equivalent circuit of three-phase three-legged transformer

Matlab-Simulink is a software package for modeling, simulation and analysis of dynamic 
systems. Linear and nonlinear systems can be implemented and modeled in continuous or 
discrete time. After defining the model, the simulations are carried out using the integral 
method selected from the package menu or by typing the appropriate commands in the MAT-
LAB command window. The transformer model used for simulation is defined by the param-
eters of the equivalent circuit and the characteristics of magnetization. This model does not 
take into account the asymmetry of the construction of the three-legged transformer core [5].

4. Simulation of no-load current of the transformer

Simulations were performed for two winding connections of the transformer – Yy where 
the magnetization is forced and Y0y where the magnetization is free. Both system connec-
tions have been simulated using the program EMTP-ATP model SAT and XFMR and Mat-
lab-Simulink. The results of the simulation in each case were compared with laboratory mea-
surements.
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The first case concerns the forced magnetization in system Yy. Figure 4 shows the results 
of a SAT model simulation summarized with measurements results.

Fig. 4. Yy connection SAT model 

Using the SAT model, where the construction of the transformer is given in a simplified 
manner, the calculated no-load current (in terms of amplitude and harmonic content) deviates 
from the measured current waveform. In particular, the simulated current waveform does not 
contain a 150 Hz component. 

For the same case of study, but using the XFMR model, the calculated no-load current 
very well reflects the measured current waveform. This current waveform is shown in Fig. 5. 
The model which takes into account the core structure and the location of the individual 
windings better appoints the amplitude of the waveform and amplitude spectrum, including 
the component of frequency 150 Hz.

Fig. 5. Yy connection XFMR model 
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The no-load current for free magnetization has been simulated also using the model 
available in Matlab-Simulink. The simulation results are shown in Fig. 6.

Fig. 6. Yy connection Simulink model 

The transformer model available in Matlab-Simulink does not take into account the 
asymmetry and structure of the core. The waveforms are calculated only on the basis of 
equivalent circuit parameters and the magnetizing characteristics. As can seen in the above 
figure, this approach does not allow us to properly determine the amplitude and harmonic 
content of the current.

A second series of simulations was performed for the Y0y connection, i.e., for the case 
of the free magnetization. For this case, there is a closed path for the third harmonic current 
flow through the neutral wire as shown in the waveform in Fig. 2. The results of simulations 
performed on the SAT model EMTP-ATP package are shown in Fig. 7.

Fig. 7. Y0y connection SAT model 
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The harmonic analysis shows that in the case of the free magnetization, the no-load cur-
rent has been calculated with a small error when compared to the results of the Yy connection 
(Fig. 4). Quite opposite results has been obtained using the model XFMR. Comparing the 
results obtained for the Y0y connection (shown in Fig. 8) with the results of the Yy connection 
(Fig. 5), it shows that in the case of the free magnetization, the model gives results signifi-
cantly different from the measured. Despite consideration of the core geometry and winding 
arrangement in the model, the value of the third harmonic current (dominant in the case of 
the free magnetization), is several times smaller than the measured one.

The simulation results of no-load current using the model available in Matlab-Simulink 
(Fig. 9) are different from the measured waveforms as in the previous case. The model that 
does not consider the core geometry and winding arrangement gives correct results in any of 
the tested cases in terms of amplitude and harmonic current components.

Fig. 8. Y0y connection XFMR model 

Fig. 9. Y0y connection Simulink model 
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5. Conclusion

Modeling the phenomenon of free and forced magnetization for three-phase three-legged 
transformers is a difficult issue because the core asymmetry and nonlinearity of the magnetiz-
ing characteristic has to be considered [1, 2]. It turns out, however, that the simulation results 
of the no-load current obtained using advanced models as XMFR type may be far from the 
measured. From the performed research, it can be concluded that the development of a uni-
versal circuit model of a three-phase three-legged transformer that allows us to simulate the 
phenomenon of free and forced magnetization for the various circuits connection is very 
difficult or even impossible.
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1. Introduction 

The fault diagnosis of electrical motors is a topic frequently discussed in relation to in-
dustrial solutions, especially in those cases in which high power machines run the production 
process. The scientific community together with industry have dealt with this challenge for 
many years now, but there is still no global solution available due to the evolution of the 
industry. For instance, the development of new drives for electrical motors brought new dif-
ficulties in the condition monitoring and fault diagnosis.

It is well known that the sideband components around the fundamental frequency 
(1 ± 2s)f0 for k = ±1, ±2, ±3… are typically used as an indicator of electrical faults and me-
chanical faults, and they depend on the torque demanded by the load. 

However, the study and analysis of those components have been considered insufficient 
to detect faults in some cases, in which authors suggested complementary studies of other 
components of the stator currents, electromagnetic toque or rotor speed [1–4]. In [5], the 
authors suggest the use of the component at a frequency of (5 – 4 s) f0 in order to detect rotor 
faults due to the fact that this component increases with the number of broken bars whereas 
it remains almost unchangeable for the inertia of the motor-load unit as well as for supply 
voltage distortion or unbalance. In [6], the components around the principal slot harmonic 
PHS have been considered in order to detect the mechanical unbalance.

Nevertheless, those studies have not considered the possible effects on the frequency 
magnitudes that may happen when two of these faults occur simultaneously due to the 
interactions existing between electrical and mechanical components of the electrical ma-
chine.

In large scale motors at nominal conditions, the slip is rather small and the frequen-
cy sidebands are in a range of few Hertz. However, low frequency components are also 
a typical effect when a fault occurs in turbo-machinery, for instance, surges in centrifugal 
compressors. Surge is a phenomenon in which mass flow oscillations are produced due 
to the rise of pressure and rotational speed of the compressor, causing and alternating the 
component in the compressor’s torque [7]. This phenomenon appears when the operation 
point of the compressor exceeds the stability limit in the compressor’s map and may cause 
severe damage to the machine. In big compressors, i.e. 7–8 MW power, the surge frequen-
cy is about 1–2 Hz [8].

The objective of this work is to show the alterations produced in the frequency spectrum, 
when the above faults affect the whole system at once, of the sideband components around 
the main frequency, considering resonances due to the fact that characteristic frequencies of 
both faults may be equal. The load, the inertia of the system, the magnitude and phase of the 
mechanical load and the severity of the rotor fault have been considered.

The results have shown big differences in the magnitudes of sidebands as a function of the 
mechanical load conditions. Simulink has been selected as a platform to develop faulty dy-
namic models of induction motors (IM) based on the effect of main magneto-motive forces. 
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2. Models 

2.2. Internal electrical fault – Broken Bar 

A broken or incipient broken bar is one of the common faults in induction motors. 
When rotor defects appear, the symmetry is lost inducing additional components in the 
motor current the frequency of which is (1 – 2s)f0. This frequency is responsible for the 
appearance of a torque ripple at a frequency of 2 sf0. The ripple in the torque creates a new 
current in the stator windings at a frequency of (1 + 2s)f0, hence, a new magnetic field aris-
es with a frequency respect to rotor 3sf0. The interaction between magneto motive forces 
of the stator and rotor (MMF’s) due to cage asymmetry, give rise to frequency components 
(1 ± 2s)f0 for k = ±1, ±2, ±3… in the current spectrum. The magnitude of the components 
is lessened more and more for the inertia of the machine. Because of that, fault detection 
is focused on (1 ± 2s)f0.

The asymmetry of the cage is modeled increasing the resistance of the element affected 
by the fault. The change of the resistance is typically estimated by an increase of 20 times 
the initial value, therefore, an additional term of the rotor resistance will appear. It is well 
known that asymmetry and symmetry coefficients are used to indicate the increase of the 
cage resistance [9]. The use of this model is limited as it is only valid for those cases in which 
the slip remains closer to the nominal slip, otherwise, the matrix of inductance should also 
be changed. 

The model for the internal electrical fault is described as follows:
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where:
Ψsd  – the stator and rotor fluxes in the d–q components,
isd  – the stator and rotor currents,
ws, r  – the stator and rotor speed,
usd  – the stator voltages,
Rs  – the stator resistance,

p
rR '   – the equivalent rotor resistance,

γr  – the rotor rotational angle,
Lσs,r – the stator and rotor leakage inductance,

mL  – the mutual inductance,

sk   – the symmetry factor,
kas – the asymmetry factor.

For the purpose of clarity, the equations used have been transformed into components d–q 
and stator and rotor fluxes have been chosen as state variables.

One broken bar has been considered in the analysis, hence, the corresponding value of ks 
and kas is 0.0291.

2.3. Generic Mechanical Fault

Electrical motors are the main component of a large variety of industries connected 
to a wide range of machinery. Their functionality is often affected by a malfunction in 
the load causing severe damage if it is not detected quickly, especially in high power 
machines. For example, an unbalanced rotation shaft due to a fault in the gearbox or 
a broken ball in a bearing creates an additional torque and in some cases, an asymmetry 
in the air-gap.

The reaction of the induction motor due to this type of fault can be studied through a set 
of two mechanical equations together with additional torque components, time or angle 
dependent.
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where:
J  – the moment of inertia of the rotor plus the load,
D  – the dumping term,
Tele  – the electromechanical torque,
Tz  – the resistive torque in shaft,
φ  – the geometrical angle of the rotor,
ωr  – the mechanical speed of the rotor.
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Usually, the dumping term can be neglected.
In order to study the effects of a generic mechanical fault, Tz  has been defined as the sum 

of a constant component plus an alternating component TAC, in which the main harmonic has 
only been considered, with adjustable frequency fz. The amplitude of TAC has been defined 
under the assumption of the same effects over the electromagnetic torque as the broken bar. 

 T T T fz z AC z
' sin= + ⋅ +( )2 0π α  (6)

Where f0  is the net frequency and αz is the phase of the mechanical oscillation.

3.  Results 

In the previous sections, the relationship between the two sideband components close to 
the main net frequency is explained. The objective of the experiments is to clarify what the 
changes in magnitude are of the two components bringing light to the following challenges:

• If the mechanical frequency fBB with a value of 2s f0 creates additional components at the 
same frequency as the broken bar, what can be expected in terms of magnitude when both 
faults occur simultaneously? 

• The mechanical fault depends on the magnitude of the oscillating component as well as 
the phase. Considering frequencies fz and fBB have the same value, what would the beha-
vior of components be if the mechanical fault phase is different?

Experiments were conducted in a 4 kW motor and the results are discussed in the fol-
lowing sections. However, the simulation results were obtained for a 2000 kW motor with 
the purpose of confirming that the same consequences can be expected independently of the 
motor size. Discrete induction machine models based on the Euler forward method were used 
in Simulink with a  time step of 1e-5 (Simulation parameters: fix step and discrete solver). 
The following induction motor with the following rated data was chosen: PN = 2000 kW; 
nN = 2980 rpm; UN = 6kV; IN = 227 A; p = 1; N = 36 rotor bars; J = 34 kgm2.

For the benefit of clarity, the Fourier spectrum of the stator phase currents was referred to 
the magnitude of the 50 Hz component (rms * 1e-5). 

3.1. Evolution of Broken Bar component magnitude

A ripple with a characteristic frequency can be observed in the stator currents due to 
both types of faults. The simulations were carried out considering the same fault severity. 
Therefore, the amplitude of the mechanical alternating component produces a ripple in the 
electromagnetic torque equivalent to the broken bar effects. The following figures and tables 
show the evolution of  (1 ± 2s)f0 components magnitude. 

The load of the machine is one of the factors with more influence on the diagnosis and 
evolution of certain types of fault. For instance, the magnitude of the sidebands due to bro-
ken bar changes according to the load. The analysis has been carried out for different load 
scenarios considering the phase angle αz equal to zero, loaded with 100%, 75% and 50% of 
the nominal torque. On the other hand, for greater slips, fluctuations in the speed reflected in 
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the (1 – 2s)f0 component disappear as well as the component itself, hence, the influence of the 
machine inertia was also considered. 

A filter was applied and the net frequency removed from the Fourier spectra of the stator 
phase currents.

Figures 1–3 show changes in the magnitude of the (1 ± 2s)f0 components in the linear 
scale as a function of the mechanical fault frequency fz, which decreased from 4.5 Hz to 
1.5 Hz, and the moment of inertia equal to twice the inertia of the induction motor (notice 
that red indicates the frequency component due to mechanical fault).

Fig. 1. Fourier Spectra of Phase current A: 100% Nominal torque and fz = 4.5 Hz

Fig. 2. Fourier Spectra of Phase current A: 100% Nominal torque and fz = 3 Hz
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Fig. 3. Fourier Spectra of Phase current A: 100% Nominal torque and fz = 2 Hz

Table 1 completes the analysis showing the changes of the frequencies do not included in 
the previous figures.

T a b l e  1

Magnitude of (1 ± 2s)f0 component for inertia twice the motor inertia

fBB / fz 4.5 Hz 4 Hz 3.5 Hz 3 Hz 2.5 Hz 2 Hz
47 Hz 100% Tn 318.77 318.76 318.75 496 318.53 318.46
53 Hz 100% Tn 1242.55 1242.5 1242.34 721.07 1241.9 1241.22

It can be noted that the magnitude of the components only change considerably when the 
mechanical frequency is equal to the broken bar frequency independent of the load. In case of 
a different load, the same tendency can be observed. However, this effect is attenuated when 
the inertia of the systems is increased. In addition, the magnitude of the mechanical fault 
components increased as expected. 

3.1. Evolution of Broken Bar component magnitude due to phase changes

According to the previous experiment, the magnitude of the sidebands  (1 ± 2s)f0 changes 
if the frequency of both faults is equal. The second simulations explore how the phase may 
also change the magnitude.  

Changing the phase of the alternating component of the mechanical load from 0 to 2π in 
ten steps, Fig. 4 shows the effects on the component’s amplitude for equal severity faults, 
nominal torque, J twice the motor inertia and fz = 3 Hz.
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Fig. 4. Evolution of Sideband’s Amplitude regarding mechanical phase  

The alternation between both components which has the greater value due to phase 
changes can be observed. A modulation of low frequency of the stator phase currents has also 
been observed in the simulations. The resolution of the Fourier spectra used is 0.1 Hz and 
the component of that modulation could not be observed in the spectrum. Figure 5 shows the 
modulation (note the time scale). Figure 6 shows the presence of the ripple at 3 Hz due to 
fault. Figure 7 shows that the modulation is also present if fz suffers slight changes (3.1 Hz) 
and it is divided in two: a) the left side shows the ripple at frequency 3.1 Hz as Fig. 6; b) the 
right side shows the modulation of the stator currents as Fig. 5. 

Fig. 5. Phase current modulation fz = 3 Hz
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Fig. 6. Phase current modulation fz = 3 Hz zoom

Fig. 7. Phase current modulation fz = 3.1 Hz zoom

3.3. Experimental results

A qualitative analysis of the results shown in subchapter 3.1 was carried out with a motor 
of rated data PN = 4 kW, nN = 1480 rpm, UN = 400 V, IN = 2.6 A, p = 2, N = 28 rotor bars and 
J = 0.019 kgm2. The mechanical fault was created controlling the field winding current of 
a DC motor by a power electronic converter, hence, the resistive torque applied to the motor 
for a given frequency fz.



52

Figures 8–11 show the current spectrum for the following faults – one broken bar and 
one broken bar plus mechanical fault with an amplitude of 10% of the nominal torque and 
frequencies fz equal to 6 Hz, 5.2 Hz and 4 Hz respectively.   

Fig. 8. Fourier Spectra of Phase current A: Broken Bar at 100% Nominal torque

Fig. 9. Fourier Spectra of Phase current A: Broken Bar and fz = 6 Hz

The evolution of the sidebands  (1 ± 2s)f0 agrees with the simulation results. The ampli-
tude of the broken bar is lower if the mechanical fault arises (Fig. 8). The amplitude of both 
mechanical components is greater when fz is lower than fBB as it has been shown in Figs. 1 
and 3. Finally, if fz reaches the value of fBB, the difference between amplitudes of both side-
bands, resulted from the sum of both fault effects, is reduced as it has been shown in Fig. 2. 
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Fig. 10. Fourier Spectra of Phase current A:  Broken Bar and fz = 5.2 Hz

Fig. 11. Fourier Spectra of Phase current A: Broken Bar and fz = 4 Hz

4.  Conclusions 

The aim of the paper is to study which phenomena occur in the induction motor when two of 
the commonest faults appear simultaneously – one broken bar and a mechanical fault. The MCSA 
technique was applied to study the evolution of the sideband frequencies  (1 ± 2s)f0 extensively 
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used for the diagnosis of both faults. Changes in magnitudes were studied in order to reveal 
the behavior of the motor. The Fourier spectrum has shown differences regarding the faults 
applied and load conditions. Simulink was used as a platform for the development of IM 
models. 

Simulations have shown that the magnitude of the sidebands  (1 ± 2s)f0  only  changed 
when mechanical fault frequency fz reached the same value as the broken bar frequency fBB. 
The experimental results confirmed, qualitatively, the evolution shown in the simulation results. 

According to the simulation results, the phase of the mechanical fault has an important 
role, leading to possible misinterpretation of the results derived from the IM diagnosis due to 
changes in the sideband amplitudes.

One of the techniques applied to detect the presence of the broken bar or incipient bro-
ken bar in electrical motors consisted of studying the differences between the magnitudes 
of the two sidebands  (1 ± 2s)f0 establishing global fault indicators [1, 10]. The presence of 
a mechanical fault produces variations in magnitudes that may alter the value of the indicator 
leading to incorrect diagnosis. 

It is worth mentioning that the high difference between sideband components can be 
attributed to cases where more than one bar was damaged.

Future research may be focused on studying systems which not only include a model of 
the electrical machine plus a generic mechanical fault, but also the mechanical load driven, 
due to the fact that nowadays, industry demands solutions customized for individual systems. 
The inclusion of electrical machine models in the studies carried out to evaluate failures in 
turbo-machinery could point out that damage could be increased due to electrical faults and 
vice versa.
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1. Introduction

Due to many advantages of relatively small motors (up to 95% for 1.5 kW, 1500 rpm) 
such as the high efficiency possibilities, continuous operation without fan, supply by convert-
er with sensorless algorithms and flat surface housing, synchronous motors with rare earths 
magnets are more and more common on the market. When we add the fact that the price of 
such a motor is similar to an IE3 asynchronous motor, a PMSM becomes the best choice for 
a variable speed drives. What is more, an IE4 PMSM motor can be one or two sizes smaller 
compared to IE3 asynchronous machines. Up until now, except for high performance servo 
motors, designers were utilizing standard lamination packages for synchronous motors – ei-
ther PMSM or reluctance. This means that the cage rotor from classic, asynchronous motors 
was taken out and a new synchronous package was designed. This is an easy and cheap way 
to lead a quite good motor into production. Even without the optimal shape of stator, effi-
ciency improvement is high enough to fulfil the new standard, e.g. higher IE class. Such an 
idea has one important advantage – the winding is also the same. No additional effort need be 
made to design the new winding technology. Usually, up to 3 kW, 1500 rpm motors consist 
of 4 poles. In the range of 3 up to 10 kW, 6 or 8 pole variants are also popular. It must be 
said that these machines are not optimized in order to minimize the amount of materials and 
maximize the power to weight factor. So the optimal shape of motor’s cross section will vary 
from original asynchronous one.

2. Test objects and design software

This comparison takes as a base two synchronous motors with 0.75 kW power at a speed 
of 1500 RPM and an efficiency of 90%. In the described cases, both constructions have rotor 
with inserted magnets and sinusoidal EMF. Figure 1 shows a 4 pole example. 

Fig. 1. Investigated 4 poles rotor geometry
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Of course, this is one of several possible geometries [1], but with this inserted type, sinu-
soidal-pole is an internal, company standard. The construction has important advantages like 
ease of manufacturing the package and the magnet’s assembly. Geometry of the stator as well 
as the winding is classic – like in 4 pole, 24 slot asynchronous motors, where q (number of 
slots per pole, per phase) is 2. For motor size 80, this is the most common case. It has the best 
ratio between material usage (weight) and efficiency (asynchronous machine). The second 
motor has similar rotor construction – see Fig. 2. Stator consists of 12 slots – which makes q 
equal to 0.4. This is shown in Fig. 3. For two layers winding (one coil for each tooth) winding 
factor is 0.933. A 10 pole, 12 tooth construction was chosen because it gives the best ratio 
between manufacturing costs, material usage, balanced magnetic pull and relatively low iron 
losses [2]. As low supply voltage frequency as 125 Hz at nominal speed is also an advantage 
for sensorless algorithms – processor of converter is fast enough to work with such a motor 
even at 3000 RPM (250 Hz). Where 400 Hz is a maximum frequency of an industrial stan-
dard. Let’s look closer to the calculation’s idea for both motors. Usually, worldwide there 
is one similar method to create universal software for designing efficient, material-saving 
motor in a short time.

Fig. 2. Investigated 10 poles rotor geometry

The method is to combine mathematical language software with a program for fi-
nite-element calculations [3, 4]. Such a combination guarantees ease and high flexibility 
when changing the construction of the investigated model, such as the type of rotor or 
magnet material as well as the geometrical dimensions. The finite elements method (when 
well adjusted) shows great sensitivity when calculating cogging torque or the EMK. Now-
adays, every synchronous motor should not only have a high efficiency factor but also 
a low THD of EMF, low cogging torque and low torque ripples. These help to achieve 
stable control of the frequency converter. Having already a few years of experience and 
reliable software, the designer can rely on it and omit the analytical method. In the soft-
ware used for simulation, the problems are divided into two groups – cases with the cur-
rent and without current.
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Fig. 3. Investigated 12 teeth stator geometry

In the first group, the user can investigate what follows: torque over angle characteristic 
(with DC currents in winding); normal torque characteristic + iron losses (AC currents in 
winding); inductance over angle characteristic (DC currents in winding) [5]. In the second 
group, two tests could be performed – cogging torque and EMF. A written script allows the 
user to choose which problem will be solved. 

Fig. 4. Design variables of both rotors

Usually, all of them must be executed to check certain construction in a full aspect. 
As is mentioned above, in the case of 4 pole motors, only the rotor was optimized. The 
mechanical parameters which were a subject of the optimization of both rotors are shown 
in Fig. 4. The air gap, which is not a part of rotor, is also taken into consideration here.  
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In case of the 10 pole, 12 tooth motor, the next four parameters of stator were investigated: 
tooth wide; tooth high; joke high; slot enter gap. In the next part of the article, ranges of all 
the variables are shown.

3. Design results and tests results. 

For the first rotor, Table 1 shows the range of investigation. Outside these ranges, some 
parameters from THD, cogging torque, average torque or torque ripples are poor. Such pa-
rameterisation makes the design process easier and faster. For all variables, vectors with pos-
sible values were created. The length of the stack, because of the standard for asynchronous 
motors, was kept at 60 mm.

T a b l e  1

Range of variables for 4 poles rotor

Name of variable Range of variable
Pole space [part of pole] [0.06 : 0.005 : 0.09]
Magnet thickness [mm] [2 2.5]
Air gap [mm] [0.3 0.4 0.5 0.6]
Pole distortion [mm] [1.3 : 0.1 : 1.7]

These ranges could look a little bit too narrow but it was found that such steps between 
values are precise enough to find final, optimized construction [6]. Previously, wider rang-
es of variables were also investigated with poorer mesh quality. The range of investigation 
of the second motor can be seen in Table 2. Also in this case, the ranges of some variables 
were cut. Wider ranges cause a longer calculation time because the number of construction 
rises very fast. 

T a b l e  2

Range of variables for 10 poles rotor

Name of variable Range of variable

Pole space [part of pole] [0.06 : 0.001 : 0.1]

Magnets thickness [mm] [2 2.5]

Air gap [mm] [0.3 0.4 0.5]

Pole distortion [mm] [0.4 : 0.2 : 1]

Stator inner diam. [mm] [60 : 1 : 72]

Stator’s tooth wide [mm] [7 : 1 : 12]

Stator’s joke high [mm] [5 : 1 : 8]

Slot entry gap [mm] [2 : 0.2 : 3]
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In the case of 10 pole, 12 tooth construction, the package length was not a variable but 
was adjusted (calculated) after the optimization process to achieve the requested efficiency. 
In the next figures, a comparison between fem simulations and real measurements for both 
motors is presented. Firstly, Figs. 5 and 6 show torque against angle curves.

Fig. 5. Torque against angle, 4 poles (0.5xIn, In, 1.5xIn)

In this certain case, two phases were supplied with a DC current. During this test, the shaft 
was blocked and gradually turned with the help of a high ratio worm gearbox. Such a test 
is very useful to compare finite element torque analysis with real prototype measurements.  
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It avoids some influences which are sometimes not predictable during normal test runs with 
a converter. In Tables 4 and 5, the efficiencies for different load points of both motors are 
shown. As can be seen, the main assumption relating to efficiency was fulfilled for two ma-
chines. A level of 90% is reached for the rated power at the rated speed. At the end of this 
paragraph, in Table 3, mechanical parameters of each construction are shown. 

Fig. 6. Torque against angle, 10 poles (In, 0.5xIn, 0.25xIn)
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In motors with concentrated windings, the problem of vibrations and noise can be signifi-
cant. Magnetic pull due to the relatively thin stator’s joke is able to bend the housing and the 
stator. In the construction with 4 poles and 24 slots, there are four periods of electromagnetic 
pull around the motor. But in the construction with 10 poles and 12 teeth, there are only 
two periods of electromagnetic pull around the motor. As long as the motor is optimized for 
high efficiency, the air gap must be thin. Due to the thin air gap, all mechanical stresses are 
not smoothed. So the problem of increased noise was seen during the first tests either with 
or without load. So the noise tests were carried out to measure and to compare the 10 pole 
motor to the 4 pole motor. It can be easly seen (Fig. 7) that the 10 pole motor is not a perfect 
construction. From the beginning it looked as if the main sources of the sound were bearing 
covers and the fan cover. Therefore, the special bearing covers were designed and tested. As 
can be seen, the improvement is significant at around 5 dB for load condition. In the near 
future, a second prototype will be finished. Stator will be segmented which will probably im-
prove the damping factor of the mechanical vibrations. Additionally, winding’s filling factor 
is higher for the segmented stator compared to one-piece construction.

Fig. 7. Level of noise, 1 m distance. Speed range is 1500–3000 RPM for both motors

4. Conclusion and comments

The conducted research shows that the finite element method could be the only one during 
the whole design process. One time written software is flexible. Could be useful for few types 
of topologies of the machine. Additionally, the accuracy is high enough to rely on software in 
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the case of electromagnetic torque, EMK, cogging torque. Iron and mechanical losses must 
be calculated in an analytical way. The electromagnetic model in this case will be a source 
of flux density in the steel. Of course, special parameters (factors) dependent on mechanical 
features like steel type, punching process, assembly process must be taken into account in the 
equations. Comparison shows that for PMSM rather fractional slots winding is more proper. 
The differences between these two motors in material usage are huge. By using concentrated 
winding, where losses in the end winding part are drastically decreased, current density in 
the wire could be fully exploited. This fact leads to length and weight reduction of the motor. 

T a b l e  3

Mechanical parameters of optimized constructions

Parameter 4 poles 10 poles
Stator outer diameter 120 mm 120 mm
Stator inner diameter 70 mm 68 mm
Air gap 0.5 mm 0.5 mm
Package length 60 mm 30 mm
End winding high 28 mm 9 mm
Active part length 116 mm 48 mm
Magnet thickness 2.5 mm 2.5 mm
Pole distortion 1.7 mm 0.8 mm
Stator’s tooth wide 4.8 mm 10 mm
Stator’s joke high 10 mm 7 mm
Slot entry gap 2.3 mm 2.8 mm
Pole space 0.075 0.068
Magnet amount 170g 106g
Magnet type N38SH N38SH
Steel amount 3.8 kg 1.6 kg
Steel type M400-50A M330-35A
Copper amount 1.4 kg 0.55 kg

Additionally, costs are reduced, which is an important consequence. Nowadays, winding 
technology is so advanced that the production process of such winding is easy and cheap 
both, in needle winding and in the separated tooth method.

T a b l e  4

Efficiency measurements, 4 poles motor

Load 20% 40% 60% 80% 100% 120% 140%

Eficiency 85.5% 91.1% 91% 90.9% 90% 88.9% 87.8%



66
T a b l e  5

Efficiency measurements, 10 poles motor

Load 25% 50% 75% 100% 125%
Eficiency 88.1% 91.7% 91.7% 90.7% 89.2%

Motors with fractional slots winding provide a good opportunity for future downsizing 
of drives. This is a very important fact for customers and machine designers. Despite few 
important advantages, further research must be done in the mechanical area. Especially in the 
case of motors with power above 1–1.5 kW, a well-designed housing is required – otherwise, 
fractional slot construction can create high noise and vibrations.
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The purpose of this paper is to present some selected issues relating to the alternative application of the perspective 
concept on the plane board MEA (More Electric Aircraft), instead of the traditional solution, in terms of power 
(pneumatic and hydraulic systems). In the context of the analysis of this trend, particular attention is paid to the major 
advantages that aeroplanes have, made in accordance with the new technology and problems in autonomous systems 
of electricity generation (electric power grid of aircraft). Considering that the largest growth of the above trend of 
electric aircraft (MEA) applies to civil aviation, the most important role in this paper was assigned to civilian aircraft 
(Boeing, Airbus) in the context of power distribution in electro-energy systems. In addition, a review of air sources of 
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transformers, converters, etc.) and advanced on-board autonomous power systems ASE (Autonomous Electric Power 
Systems), used in most modern aircraft constructions (passenger and military aircraft). In the final part of this paper, 
based on a literature review of electric aircraft concepts (MEA) and a brief analysis, the main conclusions arising 
from the application of this trend in modern aviation are presented. 
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S t r e s z c z e n i e 
Przedmiotem niniejszego artykułu jest przedstawienie wybranych zagadnień związanych z alternatywnym zasto-
sowaniem na pokładzie samolotu perspektywicznej koncepcji MEA (More Electric Aircraft) zamiast rozwiązania 
tradycyjnego w zakresie zasilania (układy pneumatyczne i hydrauliczne). W kontekście analizy tego trendu szcze-
gólną uwagę zwrócono na główne zalety samolotów wykonanych zgodnie z nową technologią oraz na problematy-
kę autonomicznych systemów wytwarzania energii elektrycznej (sieć elektroenergetyczna samolotu). W związku 
z tym, że największy rozwój omawianego trendu zelektryfikowanego samolotu (MEA) dotyczy lotnictwa cy-
wilnego, najistotniejszą rolę w niniejszej pracy przypisano samolotom cywilnym (Boeing, Airbus) w kontekście 
rozdziału mocy w systemach elektroenergetycznych. Ponadto dokonano przeglądu lotniczych źródeł wytwarzania 
energii elektrycznej (mocy) dla poszczególnych rodzajów źródeł energii elektrycznej (prądnice, prądnico-rozrusz-
niki, transformatory, przetworniki itp.) oraz zaawansowanych pokładowych autonomicznych systemów elektro-
energetycznych ASE (Autonomous Electric Power Systems), stosowanych w najnowocześniejszych konstrukcjach 
lotniczych (samoloty pasażerskie i wojskowe). W końcowej części artykułu, na podstawie przeglądu literatury 
przedmiotu z zakresu koncepcji zelektryfikowanego samolotu (MEA) oraz krótkiej analizy, przedstawiono główne 
wnioski wynikające z zastosowania powyższego trendu we współczesnym lotnictwie.
Słowa kluczowe: MeA, lotnicze elektryczne systemy zasilania, maszyny elektryczne
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1. Introduction

A dynamic development of electrical machines in both civil aviation (A-380, B-787) and 
army aviation (F-22 Raptor, F-35) can be observed – this is caused by the introduction of mod-
ern technologies, PES (Power Electronic Systems) [2], devices and materials [1, 3] as well as 
advanced avionic devices and systems. These changes are related to the realization of the More 
Electric Aircraft concept (MEA), which was formed as a part of wider concept – MOET (More 
Open Electrical Technology). The idea of the MEA concept is to replace pneumatic and hy-
draulic devices with electrical devices. As a result, instead of having three different generation 
and distribution systems onboard modern aircraft, there is only one used – an electrical system. 
The most significant as well as most important benefits of the development described above 
are: increase of reliability; decrease of operational cost; limitation of harmful substances emis-
sion. Therefore, the MEA concept will probably be fully adapted in the near future in the area 
of aircraft power, especially on civilian aircraft. In modern aircraft electrical power systems, 
designed according to the MEA concept, universal, high voltage and hybrid connections of DC 
systems and AC systems should be used. Thus, both generation and distribution of electrical 
power onboard an aircraft are essential types of multilevel processing of electrical power. Elec-
trical systems (DC and AC) of modern aircraft use a variety of voltages. These are four types in 
use: 405 VAC variable frequency; 200 VAC constant frequency; 28 VDC; 270 VDC.

2. Electrical power generation by autonomic electrical systems

The range and level of power used in different types of technologically advanced aircraft 
gradually increased for many years, as can be seen in the Figs. 1 and 2.

Fig. 1. Electro-energy Systems Evolution of Aircraft [4]
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Fig. 2. Electrical Power Generation Types [4]

Examples of generators in use and types of autonomic electrical systems are summarized 
in Table 1.

T a b l e  1

Recent civil and military aircraft power systems developments [4]
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It was dictated by the MEA concept as well as the dissemination of digital technology, the 
intensive development of which led to revolutionary changes in the field of signal processing. 
From 1940 to 1950, the standard voltage of electrical sources (generators, starter/generators) 
was 28 VDC. Batteries (1 or 2 units) were an emergency power source in the case of primary 
power sources damage and protected essential loads – this increased the safety of flight. In turn, 
the voltage of 200 VAC was dedicated to power AC loads. This type of voltage (200 VAC) with 
a constant frequency, was in use from 1960. Variable frequency generators began to be used in 
aviation from 1990 as a power source for high power loads and as a standby generator. Variable 
speed, constant frequency power sources started to be used in aircraft from 1990. The need to 
use these sources was caused primarily by problems encountered in maintaining constant gen-
erator speed during changes to the main engine speed – CSD (Constant Speed Drive) – by use 
of standard AC electrical sources (115 VAC constant frequency at 400 Hz generators), because 
it needs to use complex hydromechanical gear. Power generated in this way by AC variable 
frequency generators is being processed to 115 VAC at 400 Hz by power converters. These 
systems are being used on technologically advanced civil aircrafts (Boeing, Airbus). The men-
tioned companies intensively increase the range and level of power being used on their latest 
aeroplanes, such as 800 kVA on the Airbus A-380 and 1400 kVA on the Boeing B-787. Analysis 
of the chosen power systems are described below in an appropriate order.

2.1. Constant Frequency/IDG Generating System (CF/IDG)

Integrated drive generators used on conventional aircraft have a constant speed, obtained 
by complex hydromechanical gear and processed by the source presented in Fig. 3 (1). Ini-
tially, AC generators worked at 115 VAC in 400 Hz electrical systems. The task of the hy-
dromechanical gear in CF/IDG systems is to maintain a constant generator speed at variable 
main engine speeds. The disadvantage of this solution is the high operational cost caused by 
the hydromechanical gear. 

Fig. 3. Electric Power Generation Development of Civil Aircraft [4, 5]
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2.2. CF/VSCF Generating System

Due to the fact that in this solution, engine output speed is variable, output frequency of 
the generator is also variable. To supply AC power with a constant frequency of 400 Hz, there 
is a DC converter (DC Link) applied in the electric circuit between the generator and the load 
of the AC converter – this is presented in Fig. 3 (2). For this purpose, AC/DC and DC/AC 
converters or cycloconverters (AC/AC converter) as shown in Fig. 3 (3). CF/VSCF system, 
converting variable frequency power from the AC generator to 115 VAC at 400 Hz by using 
power electronic converters was applied in civil aircrafts (B-737, A-340). Using a DC link 
can gain additional benefits in terms of supplying high power loads and charging batteries.

2.3. VF Generating System

In VF generating systems, engine speed is variable, therefore, the frequency of the gen-
erator is also variable in the range 380–800 Hz, with an output voltage of 200 V. It should be 
noticed that variable frequency in the VF generating system is the simplest, the cheapest and 
the most reliable form of generating power. Moreover, AC voltages have a significant impact 
on aircraft subsystems, such as engines, controlling devices and protecting devices existing 
on the aircraft [4, 5].

2.4. Auxiliary Power Unit (APU)

APU (Auxiliary Power Unit) power, being used by aircraft systems in normal flight con-
ditions is generated by AC generators driven by the main engines. The aircraft electrical 
system is powered by two engines driving the generators controlled by an integrated drive, 
e.g. GEN1 (first generator) is driven by the first engine, whereas GEN2 (second generator) is 
driven by the second engine. The third AC generator 3x200 V at 400 Hz is driven by the APU 
generator, which is able to replace one or two main generators (GEN1 and GEN2).

2.5. Emergency Power Source (Emergency Generator)

RAT (Ram Air Turbine) or fuel cells are emergency sources of power in case of main 
generators or APU (Auxiliary Power Unit) damage. An emergency AC generator with output 
voltage of 3x200 V at 400 Hz is driven by a hydraulic RAT system, designed for automatic 
emergency powering (in case of all main generators damage). Fuel cells are used as an emer-
gency DC power source. For proper operation, it needs the power supply from converters, 
whereas batteries are used to provide emergency power in the case of alternative or emergen-
cy power source damage.

2.6. Ground Power Unit (GPU)

In order to perform maintenance on the ground – a ground power unit (GPU) is necessary 
for technical maintenance and to check each system in voltage state. The GPU is powered by 
a 3-phase 200 VAC at 400 Hz voltage, as in the case of supplying by AC generators.
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3. Electrical power generation by autonomic electrical systems

3.1. Conventional Solution 

Electrical system structures depend primarily on the purpose and type of aircraft (civil or 
military), level of load power, types of electrical power (voltages) necessary to supply loads 
and quality requirements of aircraft user. An example of the conventional aircraft electrical 
system of a Boeing B-767 is presented in Fig. 4.

Fig. 4. Conventional B-767 Aircraft Power Distribution System [4, 6]

Conventional aircraft electrical systems have different structures depending on the 
composition of the electrical power sources and the type of converters – it can be designed 
as one-channel, two-channel or mixed. DC power is provided by a generator or a starter/
generator (DC power system) and brushless generator (AC power system). In the case of 
a DC system, power is provided by a DC generator, which is driven by the main engine 
(main gearbox) directly. In multiengine aircraft, DC generators are used, working paral-
lel with electrochemical cells (batteries) enabled. Converters (machine or static) provide 
AC power with constant frequency and different values of voltage. Different solutions in 
conventional aircraft are electrical system structures with AC generator (in this variant 
there is no main source of DC power such as generator or starter/generator). In this solu-
tion, electrical power is generated by a primary source of power which is a 3-phase AC 
generator with collector rings 200 VAC or 3x200/115 VAC at 400 Hz. These generators 
are driven by the main engine (main gearbox, which is the typical source of power with 
constant speed), while the DC power, essential to supply loads and to load the battery, is 
converted by a rectifying system (transforming and rectifying device), which is a second-
ary DC power source.



73

3.2. More Electric Aircraft (MEA) Concept 

In modern aircraft electrical power system, called Power-By-Wire (PBW), MEA and 
latest perspective trend AEA (All Electric Aircraft) it is assumed that the only and most 
important power is electrical power (aircraft partially or fully electrified). Moreover, most 
conventional systems (heavy and unreliable hydraulic and pneumatic systems) will be re-
placed by electromechanical or electrohydraulic equivalents, increasing the reliability of 
the aircraft and reducing operational cost. Advanced PES (Power Electronic Systems), con-
trolling systems, engine drives and electric machines affect the development of advanced 
technologies which use a CF/VSCF generating system. The main benefit of this solution is 
usage of improved and more efficient systems (starter/generators) which can operate in motor 
mode, providing a starting function for engines of jet-propelled aircraft. Other advantages of 
a CF/VSCF generating system are improved reliability, decreased service and maintenance 
costs and a shorter work cycle. This systems uses 3-phase, synchronous AC generators and 
solid-state converters. Converters of this type consist of a rectifier (converting AC power 
to DC power), an intermediate circuit and an inverter (converting DC power into constant 
frequency 3-phase AC power). The power distribution of a CF/VSCF generating system is 
presented in Fig. 5.

In the generating mode of a CF/VSCF system, aircraft engines with variable speed pro-
vide mechanical power to the input of the electrical generator. Then, the electrical generator 
provides AC power with variable frequency to the bidirectional power converter, which pro-
vides constant frequency AC power to the main bus. In motor mode constant frequency AC 
system, through bidirectional power converter, provide power to input of electrical motor, 
which operate as starter of aircraft engine. In addition, synchronous, induction, switch reluc-
tance electrical machines competes with CF/VSCF generating systems with starter/genera-
tors with 270 VDC voltage is presented in Fig. 6.

Fig. 5. More Electric Aircraft (MEA) Power Distribution System [6]
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Fig. 6. 270 DC Power System for MEA [7]

3.3. Technologically advanced developments of modern aircrafts (B-787, A-380)

The distribution system on modern aircrafts B-787/A-380, presented in Fig. 7 consists of 
a main generator, with 1 MVA range of power and an auxiliary power unit, with a 450 kVA 
range of power.

Fig. 7. B-787/A-380 Aircraft Power Distribution System [4, 7]
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The primary AC bus is characterized by a high range of voltage with a value of 400 V 
and a frequency between 360 and 800 Hz, instead of 200 V in previous systems. The pri-
mary AC bus supply high voltage DC bus with 270 HVDC (High Voltage Direct Current) 
through the autotransformer of the ATRU (Auto-Transformer Rectifier Unit), standby AC 
bus with a voltage of 200 V and a frequency between 360 and 800 Hz through the ATU 
(Auto Transformer Unit), the 28 VDC bus through the TRU (Transformer Rectifier Unit) 
and the main AC loads. When an emergency power source is enabled, the main electrical 
power distribution system focuses input electrical powers, which may be provided by the 
main generator, APU, GPU or RAT.

4. Conclusions 

With the development of advanced technology in the field of electrical machines (MEA 
technology) they began to look for solutions that would be able to meet the demands of 
today’s aircraft in the context of power and electricity generation (PES, switch reluctance 
starter/generators 270 VDC). MEA technology is the future trend of the aircraft, as ele-
ments of its development are the ecological, economic and quality factors, which are also 
its main advantages. The replacement of mechanical, hydraulic and pneumatic power on-
board the aircraft with one kind of energy (electrical) is the most important innovation of 
MEA/AEA technology. Based on the findings of the European aircraft energy optimization 
project, POA (Power Optimized Aircraft) and using a local onboard DC distribution system 
PDS (Power Distribution System) provides opportunities to reach the optimal benefits by 
individual onboard subsystems, which include: reducing the weight of actuator systems; 
increased equipment reliability; easier maintenance; lower operating costs; increased flight 
safety. Thus, the PDS is a local network of aircraft supplying important receivers, systems, 
installations and onboard systems necessary for the safety of the flight e.g. flight control, 
landing system, fire protection, anti-icing systems, etc. This article reviews chosen solu-
tions of power systems and signaled an analysis of electricity distribution management of 
advanced power systems for both conventional aircrafts as well as those compatible with 
the MEA technology and modern constructions (A-380, B-787) which showed that MEA/
AEA concepts are feasible in the near future. In addition, these aircraft are characterized 
by a higher power range, generated by onboard sources. For MEA aircraft, it is a power of 
1 MVA, while for conventional aircraft – 90 kVA. Furthermore, systems advanced in terms 
of power electronic (PES) i.e. electronic switches and control devices are able to generate 
and manage the onboard energy of the multi-voltage power and a variable and constant 
frequency. Aiming towards solutions of aircraft compatible with the concept of MEA, it 
should be noted that it is characterized by the performance of the entire aircraft, increased 
reliability, flexibility and efficiency. In summary, MEA technology is continually evaluated 
and has a huge potential in terms of weight, quality and operating costs, while traditional 
systems, sources and applications are on the line, which distance from the curve continu-
ously decreases (asymptotic growth).
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1. Introduction 

In the most cases, eddy currents in massive elements of electromechanical converters 
deteriorate in their performance and efficiency. However, there is a group of converters of 
which the principle of operation relies upon utilizing the eddy currents induced by magnetic 
field. This group contains eddy-current brakes of which the main advantage is converting 
mechanical energy into heat without physical contact [1–3]. This type of device is success-
fully used as brakes in tracked vehicles and high-speed turns, providing a very high value 
of braking torque, minimum noise emission as well as reliable operation. Because of the 
aftermentioned properties, eddy-current brakes are especially useful in the measurement of 
the torque of devices operating at very high rotational speeds e.g. electric motors designed 
for driving vacuum cleaners, centrifuges or compressors.

 An example of a such an application was presented in previous works by authors [4, 5] 
where the designed eddy-current brake was used for carrying out torque measurements on the 
low-power motor operating at rotational speeds of up to 100 000 rpm. In this paper, investi-
gations on this brake will be continued and will involve an analysis of the influence of using 
different rotor materials on torque-speed characteristics. For that purpose, numerical models 
of the brake will be used. The main objective of this study, being the continuation of work 
[5], is searching for methods of improving the brake performance by utilization appropriate 
rotor material. 

2. Design parameters and numerical models

The considered brake consists of two main elements. The stator is made of a steel sheet 
(M400-50A) and equipped with two pairs of symmetrically spaced coils with different num-
bers of turns (z1 = 85 and z2 = 120) generating a constant magnetic field of two poles. The 
winding is supplied from a DC power supply with a current of rated value IN = 10 A. During 
operation of the brake, a tangential force is acting on the armature. This force is measured us-
ing force transducers and gained by the electronic unit, and consequently the braking torque 
is also measured. Bearing in mind the specific operating conditions of the brake (working at 
very high rotational speeds) the rotor diameter was calculated so as to maintain a working 
air-gap width of δ = 2 mm. The wide air-gap facilitates the positioning and alignment of the 
rotor in relation to the stationary stator sheet package.

For the investigation carried out on this work, two rotors made of steel with various ma-
terial properties were produced. DC-magnetization characteristics of these steel rotors are 
illustrated in Fig. 1. The rotor materials with various magnetization characteristics also differ 
in their electrical conductivity. The conductivity of steel A (high carbon) is of 2.43 MS/m, 
while of steel B (low carbon) of 5.74 MS/m. 

Due to the specific geometry of the analyzed converter (see. Fig. 2), the authors focused 
mainly on utilizing three-dimensional models for carrying out the investigation. However, 
because of the very long time duration of the execution of these models, it was justified to 
use a two-dimensional model in the preliminary calculations. In such models, it was neces-
sary to take into account the so-called rotor-end effect (presence of the current density vector 
components that are perpendicular to the shaft axis) [6]. Based on the literature study, it can 
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be stated that one of the most commonly used methods for taking into account the end-ef-
fects in the two-dimensional models is to apply in computations the effective conductivity of 
the material being a product of the real conductivity of the rotor material and the so-called 
rotor-end factor. It is possible to determine its value either by using analytical or numerical 
methods. Considering the specific structure of the rotor, the authors applied the rotor-end fac-
tor in computations obtained analytically, based on the simple formula given by O’Kelly [7]:

 k L
Le

z

z

=
+ τ

,  (1)

where: 
ke  – rotor-end factor,
Lz  – active length of the rotor,
τ  – length of the arc on the rotor surface for whose chord is equal to the stator tooth width.

The rotor-end factor for the 2D model determined by using the abovementioned formula 
gives value of 0.52. The results obtained from this model will be compared in the next section 
with the results from a three-dimensional model and measurements. 

Fig. 1. Magnetization characteristics of the used materials

Fig. 2. Three-dimensional model of the brake
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3. Calculation results 

3.1. Homogenous rotors

The first step of the research was to perform a series of computer simulations for a basic 
structure of the solid rotor using the two and three-dimensional models and comparing their 
results with the results of the measurement on the physical model (Fig. 3).

 

Fig. 3. Steady-state braking torque vs. speed for the brake for the rotor with a basic construction  
(the uniform solid rotor of the length equal to the stator core length)

Fig. 4. Braking torque vs. active rotor length for the brake equipped with the uniform rotor at rated 
speed

As can be seen from the plot above, there are significant differences in the results of the 
calculations by the two and three-dimensional models. This proved that the physical phe-
nomenon in the analyzed device (the rotor-end effect especially) cannot be modeled properly 
using the two-dimensional model. Hence, the three-dimensional model must be used for 
further computations. It is supposed that the main reason for the discrepancies in the calcu-
lation results by the 3D models and the measurement results is that the hysteresis losses in 
the rotor were neglected in computations. From the analysis of the results presented earlier 
in the plot, it can be observed that, from the point of view of the braking torque value, better 
electric properties of the rotor material are much more important than its magnetic properties. 
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The authors also carried out a series of simulations to determine the effect of changing 
the active length of the rotor on the produced braking torque. The active length of the rotor 
adopted as a parameter for simulation was varied as LZ ∈ <5.18> mm. The results obtained 
from the calculations are shown in Fig. 4.

The most interesting conclusion from the analysis of the calculation results is the non-mono-
tonic nature of the braking torque variation as a function of rotor length. The length correspond-
ing to the extreme of the above-mentioned function varies depending on the type of steel. 

In conclusion, the analysis of the characteristics (Figs. 3 and 4) allows us to make an 
unambiguous choice of selecting rotor material (steel B), keeping in mind the most important 
parameter – the maximum braking torque value.

3.2. Rotors with copper coating 

Searching for other methods to increase the braking torque, the authors also investigated 
the impact of modifying the structure of the rotor by applying a copper layer coating to its 
surface. Preliminary computational results suggesting the effectiveness of such a solution 
are presented in the paper [5]. The copper ring, in contrast to the steel, has a much higher 
electrical conductivity while maintaining the diamagnetic properties. While keeping a con-
stant air-gap length, the utilization of the thick layer of copper results in the introduction of 
an additional reluctance, and significant increase of the rotor equivalent conductivity ratio at 
the same time. The calculations for the two types of steel and different thickness copper rings 
are presented in Fig. 5.

Fig. 5. Steady-state braking torque vs. speed for the brake with the rotors coated by thin copper layer

Utilization of an additional material (copper) resulted in an increase in the value of the 
braking torque. As can be seen, the position of the extremum of the developed torque was 
considerable shifted simultaneously. This is caused by significant weakening of the main flux 
produced by the winding due to the eddy currents induced in the copper layer. 

From the authors point of view, an interesting problem, is the determination of the opti-
mal copper layer thickness coating the rotor. The performed series of numerical simulations 
allowed for the accurate determination of this value. However, in this case, limitations asso-
ciated with the maximum current density in the copper area should be kept in mind; hence, 
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it is impossible to exceed the certain minimum thickness of copper coating. The calculation 
results for the selected analyzed materials are shown in Fig. 6.

Fig. 6. Braking torque vs. thickness of the copper layer at rated speed

3.3. Rotors with axial slits on the surface

The brake analyzed in the paper belongs to the group of devices with solid rotors. In the 
case of solid-rotor induction machines, one of the methods for improving the operational 
performance, widely described in the literature, is to make a series of axial slits on the rotor 
surface [6, 8]. This results in a significant increase in the depth of the magnetic field penetra-
tion into the rotor, and as a consequence, an increase in torque values [8].

Because of significant differences between the construction of a typical solid-rotor 
induction machine and the considered brake, the authors decided to analyze its performance 
when it is equipped with the slitted rotor shown in Fig. 7. 

The new structure has 30 slits with a depth of 7 mm, distributed symmetrically on the 
rotor circumference. Other structural parameters of the model remained unchanged.

The obtained results of numerical calculations for the modified structure of the rotor are 
shown and compared with the basic rotor structures in Fig. 8.

Unfortunately, the characteristics illustrate a decrease rather than an increase of braking 
torque. The reason for this should be sought in the very small ratio of active length of rotor in 
relation to its outer diameter. Another cause for the reduction in the value of the torque is the 

Fig. 7. Slitted rotor
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characteristic structure of the brake stator. A small area of the stator pole shoe is associated 
with a relatively large dispersion of the main flux. Exemplary density distributions of eddy 
currents induced on the disc are shown in Fig. 9.

Fig. 8. Comparison of steady-state braking torque vs. speed characteristics for the brake with uniform 
and slitted rotors

4. Summary

The main issue posed in this study was to analyse the effect of using different rotor mate-
rials on high-speed induction brake performance. The calculation results were partly verified 
by taking measures on the test-stand. The two-dimensional models were already omitted at 
an early stage of the research and full analysis in three dimensional space was carried out. On 
the basis of the characteristics, the effect of material parameters on the brake operating condi-
tions was clearly defined. Among the most interesting results, the dependence of the braking 
torque on the rotor length with the clear extremum can be mentioned. The positive effect of 
an additional copper layer (0.2–0.5 mm) on the mechanical characteristics of the brake has 
been confirmed. 

It was also shown that it is inappropriate to perform slits on the surface of the rotor. In 
such a case, the observed decrease in the braking torque is mainly caused by a small ratio 
of the active length to the rotor diameter and narrow pole shoes. The only positive result 
for this modification is to improve the coefficient of heat dissipation to the environment 
associated with the increased heat exchange surface with the air. The obtained results of 
the simulation allow designing a new rotor with increased active length, coated with a thin 
copper layer – this would significantly improve the achievable braking torque. However, it 
should be emphasized that it is advisable to apply the optimization methods to determine 
the most appropriate structural parameters of the rotor in terms of braking torque. The most 
important conclusion from the investigation is that a high value of electrical conductivity 
of the rotor material is much more important than its good magnetic properties. This is 
because of a relatively high length of air-gap resulting in the linearizing of the brake mag-
netic circuit. 
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Fig. 9. Current density distribution a) uniform rotor, b) slitted rotor, c) rotor with copper layer

a)

b)

c)
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1.  Introduction 

Magnetic gears offer plenty of potential benefits, including: physical isolation between 
the driver and the receiver, reduction of noise and vibration levels,  protection against over-
load and contactless torque transmission [1–4]. They do not require periodic inspections or 
maintenance checks, which significantly helps reduce operating costs. Conventional magnet-
ic gear, illustrated in Fig. 1a), has a simple construction. It consists of a low and high-speed 
rotor, on which permanent magnets are mounted. It should be noted that the rotor contact 
interface is reduced significantly, this causes heavy losses in the magnetic circuit. Therefore, 
the gear efficiency decreases, as well as, the transmitted torque density is not sufficient for 
practical application, and it does not exceed 10 kNm/m3 for this type of designs [1, 3]. 

Fig. 1. Example of magnetic gear a) base construction [4], b) modified construction

This paper presents a modified magnetic gear, which can compete against certain me-
chanical constructions. A schematic diagram of magnetic gear is shown in Fig. 1b). The 
machine consists of external and internal rotors with permanent magnets mounted on the en-
tire circumference and the intermediate ring formed of ferromagnetic poles. Additionally, by 
using the high-energy permanent magnets, it is possible to obtain a density of the transferred 
torque level of 150 kNm/m3 [1, 4].

2. Operating principle

The operating principle of the analysed magnetic gear is described in detail by the 
authors of previous work [4]. In order to enable the magnetic torque transmission at var-
ious speeds, one of the aforementioned components of the machine must be locked with 
respect to the others. During the design stage, it must be determined which element will 
be driven and which one will be locked. This has a significant impact on the value of the 
final drive ratio, while every possible configuration gives another gear ratio. Relationships 
that allow choosing the number of internal and external rotor magnets and the number of 
ferromagnetic pole pieces for a given gear drive, have been derived on the basis of distri-
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bution analysis of the modulated magnetic field produced by permanent magnets in the air 
gap [1–4]. The next stage of the designing process is to determine the number of pole pairs 
within one of the permanent magnet rotors and to indicate pole pieces of the intermediate 
ring. On this basis, by using the formula (1), we can calculate the number of pole pairs 
within the second rotor.

 p p prz s rw= −  (1)

where: 
prz, prw – number of pole pairs in the outer rotor and inner rotor,
ps – number of pole pairs in the modulation ring.

Considering the operating state during which the modulating ring is locked and the inter-
nal rotor is being driven, the magnetic gear ratio (ir), is given by:

 i p p
p

p
pr

s rw

rw

rz

rw

= − =  (2)

Under such conditions, the external rotor will rotate in the opposite direction to the inter-
nal rotor. On the other hand, during the operating state (in which the external rotor is locked), 
the intermediary ring will be rotating in the direction of the internal rotor, and the gear ratio 
is determined by the formula:

 i p
pr

s

rw

=  (3)

3. Physical model 

The prototype of the magnetic gear on the test stand illustrates Fig. 2. Basic parameters 
are listed in Table 1.

Fig. 2. Test bench for torque measurement
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T a b l e  1

Basic parameters of the designed gear

Inner rotor outer diameter 50 mm
Modulation ring inner diameter 54 mm
Modulation ring outer diameter 74 mm
Outer rotor inner diameter 78 mm
Outer rotor outer diameter 104 mm
Permanent magnets height 5 mm
Gear active length 50 mm

The external rotor has fixed neodymium magnets producing a magnetic field of eight pole-
pairs; while the internal rotor of two pole-pairs. The number of ferromagnetic pole pieces in the 
modulation ring is ten. For easy measurement, it was assumed that the intermediary ring will 
be locked. For intermediary ring being locked, the gear ratio, according to the formula (2), is 
4:1, while for the external rotor being locked, the gear ratio, based on the equation (3), is 5:1.

4. Numerical models

To carry out verification of the computations results, two and three-dimensional field mod-
els were developed (see Fig. 3). Calculations were carried out using the finite element method. 
In both models, eddy currents and magnetic hysteresis effects were neglected. The base point in 
the analysis is the angular position of the rotors where the magnetic moment is zero.

Fig. 3. Finite element mesh for a) two-dimensional model b) three-dimensional model (version B)

Due to the fact that the gear outer diameter is twice as large as the active length, 3D nu-
merical models were developed to validate computation results from the two-dimensional 
model. In the first model (version A), it was assumed that the cross-section of the gear is the 
same along its whole length. The second model includes the actual dimensions of ferromag-
netic elements, which can significantly affect the operation of the converter. 
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The difference between these two models lies in the length of intermediate ring pole 
pieces, which in model B is much greater than the length of permanent magnets. Of course, 
adaptation of those differences increase computational costs because it is impossible to im-
pose symmetry and periodicity boundary conditions.

5. Simulation results and measurement verification

A series of computer simulations was carried out by using the developed numerical mod-
els. Calculations results of the magnetic torque have been verified on the prototype. For 
this purpose, a test-stand was built, which consists of: a prototype of the magnetic gear; 
two torque transducers equipped with encoders and terminals allowing for capturing the 
measurement data; a stepper motor with a planetary gearbox; the stepper motor controller; 
a system designed by the authors for stepper motor control and data acquisition. Figures 4–6 
show characteristics of the magnetic torque acting on particular elements of the converter 
as a function of the rotation angle of the internal rotor. Based on the calculation results, the 
highest torque value (Tmax) of which the gear can be loaded is obtained for the 45-degree 
angular displacement of the internal rotor with respect to the external rotor or intermediary 
ring. When the maximum value of the torque is exceeded, the magnetic gear stops. Table 2 
lists the obtained computation results for the developed models and specifies their percentage 
change in terms of the measured magnetic torque (∆Tmax).

Fig. 4. Magnetic torque acting on the inner rotor vs. its angular displacement when the outer rotor and 
intermediary ring are locked

Fig. 5. Magnetic torque acting on the intermediary ring vs. angular displacement of the inner rotor 
when the outer rotor and intermediary ring are locked
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Fig. 6. Magnetic torque acting on outer rotor vs. angular displacement of the inner rotor when the 
outer rotor and intermediary ring are locked

T a b l e  2

Magnetic torque peak values comparison 

Inner rotor Intermediary ring Outer rotor

Tmax [Nm] ∆Tmax [%] Tmax [Nm] ∆Tmax [%] Tmax [Nm] ∆Tmax [%]

FEM 2D 4.21 +64.5 19.46 +69.9 15.56 +68.8

FEM 3D
(version A) 3.72 +45.3 16.80 +46.6 13.63 +47.5

FEM 3D
(version B) 2.59 +1.6 11.25 -1.8 9.20 -0.4

Measurement 2.56 - 11.46 - 9.24 -
 
Figures 7–9 show the change of the magnetic torque acting on particular elements of the 

gear when the intermediate ring is locked and the external rotor is loaded by the maximum 
torque value. 

Fig. 7. Magnetic torque acting on the inner rotor vs. its angular displacement when the outer rotor  
is unlocked
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Fig. 8. Magnetic torque acting on the intermediary ring vs. angular displacement of the inner rotor 
when the outer rotor is unlocked

Fig. 9. Magnetic torque acting on the outer ring vs. angular displacement of the inner rotor when  
the outer rotor is unlocked

The change of the external rotor rotation angle with respect to the internal rotor was 
computed according to the formula:

 α αz
rw

rz
w

p
p

= −  (4)

where:
αw, αz – displacement angle of the inner and outer rotors, respectively.

Tables 3–5 provide a comparison of the most relevant parameters for all models. 
Furthermore, for calculation purposes, a parameter describing the electromagnetic torque 
ripples (ε) was introduced, which is described by the formula shown below:

 ε = − ⋅T T
Tav

max min %
2

100  (5)

where:
Tmin – the lowest value of torque,  
Tav – the average value of torque.
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T a b l e  3

Torque values for the inner rotor

FEM 2D FEM 3D
(version A)

FEM 3D
(version B)

Tmax [Nm] 4.21 3.72 2.60
Tmin [Nm] 3.59 3.12 2.06
Tav [Nm] 3.89 3.41 2.33

ε [%] 7.98 8.87 11.56

T a b l e  4

Torque values for the intermediary ring

 FEM 2D FEM 3D
(version A)

FEM 3D
(version B)

Tmax [Nm] 19.75 17.29 11.72
Tmin [Nm] 19.18 16.81 11.25
Tav [Nm] 19.46 17.04 11.48

ε [%] 1.47 1.43 2.05

T a b l e  5

Torque values for the outer rotor

 FEM 2D FEM 3D
(version A)

FEM 3D
(version B)

Tmax [Nm] 15.60 13.63 9.20
Tmin [Nm] 15.53 13.52 9.10
Tav [Nm] 15.57 13.58 9.15

ε [%] 0.22 0.39 0.55

Figure 10 represents angular change of magnetic torque acting on the intermediary ring 
with no load on the gear. Exemplary flux density distributions at the same angular position 
for the three-dimensional models are illustrated in Fig. 11.

Fig. 10. Magnetic torque acting on the intermediary ring vs. angular displacement of the inner rotor 
when the outer rotor is unlocked
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Fig. 11. Example of magnetic flux density distribution computed using 3D numerical model a) version 
A, b) version B

6. Summary

The paper describes the design and operation of the magnetic gear allowing for  substan-
tial increases in the torque transmission level. Significant impact of the length of the pole 
pieces in the modulation ring on the magnetic torque value was shown. Torque density in the 
2D model equals 39.6 kNm/m3 while in the 3D model in version A, it is 34.6 kNm/m3 and in 
version B, it is 15.3 kNm/m3. Such large discrepancies in torque density values are caused 
by an improper design of the converter. However, it should be noted that the constructed 
machine is the first prototype built in the Chair of Electrical Machines at the Technical Uni-
versity of Opole. Further research study will involve works on the design improvement and 
optimization of the magnetic circuit.
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1. Introduction 

New constructional solutions applied by aircraft and automotive industries use electric 
motors more and more often. Such solutions allow more energy efficient processing and 
the reduction of emissions. One of the major factors when selecting the most appropriate 
electric motor for the propulsion system is the power density, therefore, permanent mag-
net synchronous motors are increasingly being used [3]. Rotor design solutions give the 
possibility to develop the highest possible density torque in a relatively small volume. In 
addition, PMSM are characterized by high efficiency and a wide range of power at constant 
rotational speed.

Placing an electric motor, for example in a compartment in a vehicle, causes significant 
deterioration of cooling conditions. Therefore, an accurate knowledge of the temperature 
distribution in different parts of the electric motor during its various operating conditions is 
an extremely important issue. Thermal analysis of electric motors primarily uses the lumped 
parameter thermal models [3, 4] and the finite elements method (FEM) [1, 6]. This paper 
presents a permanent magnet synchronous motor based on both calculation methods. The 
application of both methods enables an effective analysis of the machine. 

2. Determination of power losses

The research subject of the study is SMKwsg90M8 motor with the start-up frequency and 
parameters presented in Table 1.

T a b l e  1

Selected parameters of the machine 

Physical 
size Un [V] In [A] Pn [kW] nn  

[rev/obr] ɳ [%]

Value 400 3.7 2 2200 91

During the first stage of the research work, power losses in the analysed motor were 
determined. For this purpose, a numerical model was built, which, together with the discreti-
zation mesh, is shown in Fig. 1. During the building of the field model of the analysed motor, 
periodic boundary conditions were applied, thus limiting the calculation area to one fourth 
of the volume of the entire machine. This procedure allowed a significant reduction in the 
computation cost needed to solve the problem. 

The main sources of heating in synchronous machines come from the heating effect ac-
cording to Joule’s law and core losses. Omitting the skin and proximity effects, losses occur-
ring in the windings can be determined in accordance with the formula:

 ∆P RIcu =
2  (1)
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where:
R – the phase resistance,
I – the phase current.

Fig. 1. Discretization mesh in cross-section of the motor

The second major thermal source in electric motors comes from iron losses ΔPFe. Due 
to the fact that the object of the research study is a synchronous motor, the losses are main-
ly formed in the stator. Losses in the rotor are smaller and caused by higher harmonics of 
magnetic flux density. Iron losses were estimated by using Bertotti’s formula considering the 
losses from the hysteresis loop, eddy current and excess losses [6]. Coefficients of hysteresis 
and excess losses have been estimated on the basis of electrical steel sheet losses given in the 
manufacturer’s specifications.
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where:
kh  – the hysteresis coefficient,
Bm  – maximum flux density excursion over an electrical cycle,
f  – the frequency,
kf  – the packing factor of the laminated core pack,
σ  – the electric conductivity,
d  – the thickness of a single sheet of lamination,
ke  – the excess loss coefficient,
V  – the volume of the region.

Using formula (2), losses ΔPFe are calculated in each element of the discretisation mesh 
being formed in the 2D model for a particular region, and then averaged across the volume of 
the region. Losses were determined for three characteristic areas of the machine, specifically, 
the yoke, stator teeth and rotor. Table 2 lists power losses for the selected working state of 
the analyzed machine. 
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T a b l e  2

Calculated loss in PMSM

Load on the motor 
(n = nN)

Losses 
ΔPCu 
[W]

Losses ΔPFe [W]

Stator 
teeth

Stator 
yoke Rotor

Tl = 8.70 Nm 64.89 40.6 21.8 11.6

3. Estimation of the heat transfer coefficient

One of the major problems in thermal analysis is the proper consideration of heat transfer 
intensity in the analyzed object. The most convenient method of considering this is to apply 
Newton’s boundary condition. The application of Newton’s boundary condition of cooling 
directly allows considering the intensity of cooling in the form of heat transfer coefficient 
α. However, the correctly calculating the coefficient gives rise to many problems. There-
fore, this study proposes the estimation of the heat transfer coefficient based on calibration 
measurements. This approach enables determining the searched value for the specific motor 
housing in every typical point, that is for a motor housing fin and for gaps between the fins. 
Furthermore, it is possible to determine the dependence between α coefficient and the motor 
rotational speed, rather than the coolant velocity. It is undoubtedly more practical and intui-
tive when performing thermal analysis for a particular state of the machine.

Fig. 2. Cross-section of motor along with marked measuring points, where: ϑ1 – temperature between 
stator and motor housing; ϑ2 – motor housing temperature between cooling fins; ϑ3 – fin temperature; 

ϑo – ambient temperature

According to Newton’s condition of heating, the heat flux q being transferred in a solid 
object equals the flux being transferred to the ambient. 

 
q

n F
F oα λ ϑ α ϑ ϑ= ∂

∂
= −( )         (3)
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By measuring the temperature at the points shown in Fig. 2, it is possible to designate 
coefficient α with satisfactory accuracy. Based on temperatures ϑ1 and ϑ2 (ϑ3), as well as when 
the exact dimensions of the housing are known, the heat transferred within the solid object 
can be determined. Considering the heat flux, surface and ambient temperatures, by using 
the equation (3), the heat transfer coefficient for the motor housing between cooling fins (4), 
although separately – just for the cooling fins (5) can be determined. 
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where:
d1, d2 – air layer thickness (of housing),
λ1, λ2 – coefficient of the air thermal conductivity (aluminum).
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where: dʹ2 – housing layer thickness together with the high typical for the cooling fin.

On the basis of the performed measurements, the heat transfer coefficients were deter-
mined at both typical points on the motor housing as a function of the rotational speed. Fig-
ure 3 indicates measurement results and an approximate relationship of the α coefficient as 
a function of motor rotational speed.

Fig. 3. Dependency of heat transfer coefficient for a housing between cooling fins (a) and for a single 
cooling fin (b) as a function of motor rotational speed
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4. Homogenization of windings

In terms of heating, a sensitive area in permanent magnet synchronous motors is the stator 
winding as the highest temperature occurs here. Proper modeling of the windings, in particular 
windings with randomly wound insulated coil, causes many problems because of the high com-
plexity of the object’s structure [5]. In order to determine thermal conductivity of the impreg-
nated winding (λi w) for the analysed motor, it was decided to design two coils: one impregnated 
and one non-impregnated, both placed in a segment of the stator (Fig. 4a). Coil winding data 
and stator segment dimensions correspond to the technical data of the analyzed machine. In both 
coils, five K-type thermocouples (T1–T5) were placed along the height of the slots (Fig. 4b).

Fig. 4. Constructed coils (a) and arrangement of the thermocouples in the coil (b)

Figure 5 shows schematic diagram of the proposed method for determining the thermal 
conductivity of an impregnated winding. 

Fig. 5. The proposed method for determining the thermal conductivity of impregnated windings

In order to determine the equivalent thermal conductivity of conductors with enamel, the 
formula presented below was used:
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where:
dʹ – diameter of the conductor with enamel,
δe – thickness of the enamel layer,
λe – thermal conductivity of enamel.

The thermal conductivity of non-impregnated winding λni w = 0.1 W/(mK), along the oX 
axis as well as the oY axis. This coefficient was calculated based on the numerical model of 
the winding sample with filling coefficient similar to the one, as in the case of the real wind-
ing – k = 51% (Fig. 6) and adapted in the Fourier’s law (7) [1]. 

 
λ

ϑ ϑni w x
xq d

  = ⋅
−1 2

 (7)

where:
qx  – heat flux transferred across the wall,
l  – the thickness of the wall,
ϑ1, ϑ2  – the temperatures of the walls,
λni w x  – thermal conductivity of the non-impregnated winding in the x-axis direction.

Fig. 6. FE model of the winding sample

Fig. 7. The values of the coefficient of heat transfer for stator segment
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As the values of power losses occurring in the non-impregnated coil and the thermal con-
ductivity were known, the heat transfer coefficient α for the segment of the core was estimat-
ed. For the analysed measuring object of the outer layer of the core, the estimated coefficient 
α is α1 = 10 W/(m2K), while for the other layers, it is α2 = 6 W/(m2K) (Fig. 8).

While maintaining the same measurement conditions for both coils, it is possible to also 
adopt the designated heat transfer coefficients for the impregnated coil. Then, based on the 
field model of the impregnated coil and measurement results, the impregnated winding ther-
mal conductivity coefficient λi w, was estimated, for which the value is λi w= 0.18 W/(mK).

5. Lumped parameter thermal model of PMSM

The mathematical model, by which the transient thermal analysis of the analysed PMSM 
was carried out, was built on the basis of a lumped parameter thermal method. In this model, the 
following assumptions were adopted: the machine is symmetrical; mechanical losses are omit-
ted; the thermal transfer coefficient is averaged in respect to the entire machine housing surface.

Particular heat transfer paths between respective elements of the analysed machine have 
assigned corresponding thermal resistance. The thermal resistance for heat transfer in the 
conductivity state was determined based on the formula [7]:

 

R h
Sth = λ  

(8)

where:
h – active length that is parallel to the heat flux,
λ – thermal conductivity,
S – cross-sectional area that is normal to the heat flux.

While the thermal resistance value for convection phenomena was based on the following 
formula:

 
R

Sth
c

= 1
α  

(9)

where:
α – convective heat transfer coefficient,
Sc – heat transfer surface area.

The model considers the thermal capacity of the motor’s individual components, which 
was computed from:

 C c Vth w= ρ  (10)

where:
cw  – specific heat capacity,
ρ  – density,
V  – volume.
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A PMSM mathematical model in the form of a thermal circuit was implemented in 
PLECS software (Fig. 8). 

Fig. 8. Thermal model of the analysed motor in PLECS toolbox

By using the thermal circuit, a number of computer simulations for different PMSM 
operating states were performed. The results obtained are verified by measurements per-
formed on the real object of the motor. For this purpose, a measuring stand was built based 
on the authors’ data acquisition system – this is described in detail in [2]. Figures 9 and 
10 show temperature changes at selected measuring points, for nominal motor operating 
conditions. 

Fig. 9. Temperature change in the end winding and in the rotor (heating and cooling process)
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Fig. 10. Temperature change in winding slots and on the motor housing (heating and cooling process)

6. Thermal calculations of PMSM by using field model

The stage of the research study on the analysed motor, thermal analysis in steady state 
was carried out. For this purpose, a two-dimensional field model was built. During the con-
struction process of the analysed motor field model, symmetry conditions were applied, thus 
limiting the calculation area to one-eighth of the machine’s entire volume, which allowed 
reducing the numerical costs. The model adopts similar simplifying assumptions to the ther-
mal circuit model. The further adopted value of the heat transfer coefficient was adjusted by 
the surface heat transfer coefficient and thermal resistance of the housing, which allowed 
omission of the motor housing parameter.

Table 3 lists computer simulation results carried out on the developed two mathematical 
models with measurement results performed on the real object of the motor.

T a b l e  3

The results of calculations and measurements

Measuring 
point

Calculations 
lumped parame-

ter models 
ϑLP [°C]

Calculations  
MES

ϑMES [°C]

Measurement  
ϑm [°C]

End-winding 48.6 – 49.4

Stator slot 46.8 47.1 45.6

Rotor 46.1 46.5 47.1

Housing 36.9 38.7 38.4
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7. Conclusions

This paper has presented permanent magnet synchronous thermal. Satisfactory conver-
gence with measurements performed on the actual physical motor was obtained. The pre-
sented thermal modeling operating method of the analysed motor combines advantages of 
field models and lumped parameter models. The lumped element models allow obtaining 
temperature increments in particular parts of the machine at relatively low numerical costs. 
However, it should be noted that determining a thermal equivalent circuit and thermal pa-
rameters is a relatively difficult task, especially for windings. On the other hand, field models 
allow obtaining accurate temperature distribution in the machine, which enables determining 
local high temperature spots.
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1. Introduction

In household appliances such as vacuum cleaners, juice extractors, and food processors, 
ac commutator motors are commonly used. Drives of this type have a number of flaws, in-
cluding, among other things, the generation of electromagnetic interference, susceptibility to 
failures, and lower efficiency compared to brushless drives. An alternative solution allowing 
potentially to supplant commutator motors are switched reluctance machines (SRM) distin-
guished by their very simple construction, absence of commutators, absence of windings 
and permanent magnets on rotor. Additionally, motors of this type have very good properties 
including a wide range speed control and are characterized with a higher efficiency compared 
to commutator motors. Drives employing SRMs, in view of the simple design of their rotors, 
are very suitable for use in high-speed appliances [1–3]. Flaws of drives of this type include 
their relatively large torque pulsation and high noise levels relating to the pulsed supply of 
windings. Recently, a number of studies were published on high-speed drives with switched 
reluctance motors [2–7]. In general, high-speed SRM drives are constructed as two-phase 
4/2-pole machines as such designs allow reducing the switching frequency and as a conse-
quence, reduce losses in the motor core. Limiting the number of motor phases to two means 
a significant reduction of costs relating to control as less power transistors and diodes are 
required which represent the most costly items on the list of control system components. In 
high-speed drives designed, for example, for vacuum cleaner suction units where the motor 
operates in a single-channel mode, it is possible to use a two-phase SRM with an asymmetric 
rotor. A characteristic feature of such a solution is the possibility to produce torque in any 
rotor position, contrary to two-phase SRM designs with a symmetric rotor [3–5]. An import-
ant issue is the control method selected for such a motor. In paper [6], a specific technique 
for torque pulsation minimization at high rotor rotational speeds is proposed, while paper [7] 
discloses a solution for a SRM controller utilizing a signal processor.

The purpose of this paper is to present results obtained from simulations and preliminary 
laboratory tests of a two-phase 4/2-pole high-speed SRM with an asymmetric rotor. Simula-
tions were aimed at the determination of the effect of control parameters on the performance 
of the drive. Knowledge of the control parameters allowed in turn to develop algorithms 
optimizing the performance of the drive at a specific design working point. The designed and 
constructed control module was based on a microprocessor circuit allowing for convenient 
implementation of the control algorithm. 

2. Mathematical model 

Neglecting eddy currents in the stator and rotor cores and assuming that in the case of 
non-linearity of the magnetic circuit, the associated flux vector ψ depends on the rotor position 
θ and on N currents in individual machine winding phases i1, ..., iN according to definition:

 1 1 1( , ) ( , ,..., ) , ... , ( , ,..., )
def T

N N Ni i i i θ = ψ θ ψ θ ψ     i , (1)

equations describing a N-phase SRM can be written as follows:
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where:
u = [u1, ..., uN],
i = [i1, ..., iN],
R = diag[R1, ..., RN],
θ  – the rotor position angle,
ω  – rotor angular speed,
J  – rotor’s moment of inertia,
D  – coefficient of viscous friction,
TL  – load torque,
Te  – motor electromagnetic torque,
W*

c(θ, i)  – total magnetic field co-energy in the machine’s air gap.

3. Simulation model 

The subject of simulation studies was the two-phase switched reluctance motor with stepper 
air gap of the rotor. The geometry of the motor is presented in Fig. 1. As the motor has an asym-
metric structure, flux-current-angle and torque-current-angle characteristics for the full electric 
cycle were employed in the simulation model and calculated with the use of FEM. These charac-
teristics for selected phase current values are presented in Fig. 2. As it follows from Fig. 2, the 
motor can produce a positive torque value within the rotor position range 0° ≤ θ ≤ 110°. As the 
motor is designed to be supplied directly from 230 V electric power grid, apart from the motor 
model and the controlled converter, a bridge rectifier was used. The simulation model was de-
veloped in the MATLAB/Simulink environment with the use of the SimPowerSystems library.

Fig. 1. Geometry of the 4/2 SRM: (a) stator, (b) rotor

a) b)
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Fig. 2. Characteristics of a 4/2 SRM: a) ψ = f(θ), b) Te = f(θ) for different values of current iph

Parameters of the examined motor are listed in Table 1. 

T a b l e  1

Parameters of the examined SRM

Number of stator teeth, Ns 4

Number of rotor teeth, Nr 2

Nominal voltage 325 V dc

Nominal rotor speed, nN 45 000 rpm

Nominal power, PN 700 W

A block diagram of the simulation model developed for the examined motor is presented 
in Fig. 3.

Fig. 3. A block diagram of SRM drive simulation model 

The examined motor is designed to be used in a drive for vacuum cleaner suction where 
high starting torque is not necessary. The angle θ = 0° was selected as corresponding to the 
unaligned position of the rotor.
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4. Simulation results

4.1. Static characteristics 

4.1.1. Supply range θsupply = 90°

Waveforms of the resultant motor torque with idealized square shapes of phase currents 
iph1 and iph2 for which the maximum value was adopted to be 6 A, for the supply range θsupply 
= 90°, and turn-on angles θon = 0° and 20°, are presented in Fig. 4. Comparing waveforms 
presented in Figs. 4a) and b), it can be observed that with windings supplied in such a way 
that θon = 0° and θsupply = 90°, there are points in which the starting torque equals 0. In cases 
where motor windings are supplied with a delay of 20° (counting from the unaligned posi-
tion of the rotor), the minimum torque value is Temin = 0.1 Nm. This means that a 20° turn-on 
delay results in a significant increase in the motor starting torque; moreover, the torque has 
a nonzero value in any position of the rotor. 

Fig. 4. Motor torque waveforms for the supply angle θsupply = 90° and the turn-on angle: a) θon = 0°,  
b) θon = 20°

4.1.2. Supply range θsupply = 110°

The examined motor achieves the largest starting torque when the turn-on angle is  
θon = 0°, and the supply range θsupply = 110°.

Fig. 5. The motor torque waveform for the supply range θsupply = 110° and the turn-on angle θon = 0°
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For these parameters, the minimum torque value is Temin = 0.2 Nm. The torque waveform 
for this case is presented in Fig. 5. When θsupply = 110° and θon = 0°, the minimum starting 
torque value is twice as high compared to the case θsupply = 90° and θon = 20°. 

4.2. Motor steady-state operation 

4.2.1. Low-speed operation

Plots of the torque average value (Teav), supply current (Idcav), Teav/Idcav ratio, and the torque 
minimum value (Temin) as functions of the turn-on angle are shown in Fig. 6. The characteristics 
have been determined for motor speed n = 100 rpm and different supply ranges (θsupply) that 
were changed within the interval from 90° to 110°, with phase currents limited to Iref = 6 A. 

Fig. 6. Functional relationships for different supply ranges (θsupply): a) Teav = f(θon), b) Idcav = f(θon),  
c) Teav/Idcav = f(θon), d) Temin = f(θon), at n = 100 rpm; Iref = 6 A

It follows from Fig. 6a) that it is possible to maintain the average torque produced by 
the motor on the level Teav = 0.45 Nm, with phase current amplitude set to 6 A for various 
combinations of the turn-on angle and supply range values. A parameter very important for 
motor performance at starting is the minimum torque value Temin, presented in Fig. 6d) as 
a function of the turn-on angle for different supply ranges. Delaying the winding turn-on 
position by angles larger than 20° results in a rapid decrease of the minimum torque value. 
The maximum Teav/Idcav ratio occurs for the supply range θsupply = 90° and the turn-on angle θon 
= 20° (Fig. 6c)). The supply current value Idcav as a function of the turn-on angle for different 
supply ranges is presented in Fig. 6b).
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4.2.2. Nominal operating point

The examined motor is designed to operate at nominal speed nN = 45 000 rpm and output 
mechanical power PN = 700 W. To ensure an adequate amount of the produced torque with 
increasing speed, it is necessary to change the control position angles. This mainly follows 
from increase of back-EMF. Figure 7 shows waveforms of phase currents (iph1, iph2), phase 
torques (Teph1, Teph2), and the total electromagnetic current (Te) of the motor determined under 
the following conditions: Udc = 325 V; n = 45 000 rpm; θon = –7°; θsupply = 90° (Fig. 7a)) and 
θsupply = 70° (Fig. 7b)). At high rotor speeds, reduction of the supply range from 90° to 70° 
results in an increase of the produced torque average value because phase currents decay be-
fore the dropping inductance zone. When the motor is supplied at its nominal operating point 
with a supply range of 70°, no negative torque occurs – this can be clearly seen by comparing 
waveforms of torques Teph1 and Teph2 in Figs. 7a) and b).

Fig. 7. Waveforms of phase currents iph1, iph2, phase torques Teph1, Teph2, and total torque Te for motor 
speed n = 45 000 rpm, voltage Udc = 325 V, turn-on angle θon = –7°, and two different supply ranges: 

a) θsupply = 90°, b) θsupply = 70°

4.3. PWM control 

In Figure 8, waveforms of phase currents iph1, iph2 and phase voltages uph1, uph2 are shown 
for two PWM signal carrier wave frequencies fPWM = 8 kHz (Fig. 8a)) and fPWM = 16 kHz 
(Fig. 8b)) at the duty cycle δ = 0.8. The waveforms were determined for motor speed  
n = 39 000 rpm, Udc = 325 V, θon = –3°, and θsupply = 70°.

It can be seen that at the frequency fPWM = 8 kHz, a significant asymmetry of phase cur-
rents appears resulting from too small a ratio of the carrier wave frequency fPWM to the indi-
vidual phase switching frequency fswitch. For motor speed n = 39 000 rpm, fswitch = 1.3 kHz, and 
the ratio fPWM/fswitch = 6.15. Doubling the frequency fPWM significantly reduces change vari-
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ability of phase current maximum values, although the changes are still clearly visible (Fig. 
8b)). When developing a controller for SRM, it should be considered that with increasing 
switching frequency, losses in power transistor circuits also significantly increase.

4.4. Motor starting 

In order to simulate the conditions prevailing in the examined machine at starting, 
the simulation model of Fig. 3 was complemented with the equation of torques (3). To limit 
the source current at starting, a limitation on the phase current maximum values was intro-
duced. Such a phase current limit has been set to Iref = 10 A. Phase currents and motor speed 
as functions of time at motor starting are plotted in Fig. 9. 

Fig. 8. Waveforms of phase currents (iph1, iph2) and voltages (uph1, uph2) determined for motor speed  
n = 39 000 rpm and frequencies: a) fPWM = 8 kHz, b) fPWM = 16 kHz

Fig. 9. Phase currents and motor speed as functions of time at the start of two-phase SRM

5. Experimental test

Based on results obtained from simulation, a controller for the two-phase SRM was devel-
oped and constructed. A view of the controller together with the tested motor is shown in Fig. 10. 
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Fig. 10. A view of the 4/2 SRM together with controller

Figs. 11a) and b) present oscillograms registered in the course of the preliminary exam-
ination of the motor. The oscillograms were taken at the supply voltage lowered to Udc = 52 V. 

Fig. 11. Phase currents and phase voltage oscillograms for Udc = 52 V, θon = –5°, θsupply = 85°: 
 a) δ = 100%, n = 23 634 rpm, b) δ = 40%, n = 16 514 rpm

Figure 11a) shows an oscillogram taken under single-pulse control, while Fig. 11b) pres-
ents an oscillogram corresponding to control with the PWM method (δ = 40%).

6. Conclusions 

With the use of the mathematical model of the SRM presented above, a simulation model 
of a high-speed 4/2-pole two-phase SRM with an asymmetric rotor was developed in the 
MATLAB/Simulink environment. The model was used for carrying out simulations aimed 
at the determination of performance of the motor at very low rotor speeds (motor starting) 
as well as at revs close to the nominal speed. The obtained results are expected to be useful 
in the development of an uncomplicated and inexpensive controller for motors of that type. 
On the grounds of the obtained results, it can be stated that:
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 – In the course of motor starting, the supply range should fall into the 90° to 110° bracket 
in order to ensure sufficient starting torque, whereas the turn-on angle should be properly 
adapted to the supply range.

 – At high rotor speeds, the introduction of speed control by means of a supply voltage with 
the use of the pulse width modulation method requires the use of a PWM signal carrier 
wave of high frequency (> 16 kHz); otherwise, a very large asymmetry of phase currents 
occurs. It must be remembered that an excessively high PWM signal frequency results in 
significant losses in the converter circuit. 

 – With PWM control and at high rotor speeds, significant asymmetry of phase currents 
occurs, therefore, speed control in such circumstances should be exercised by appropriate 
change of the turn-on angle.
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1. Introduction 

In the case of electromechanical actuators, the main advantage of the Hamiltonian model 
compared to equivalent Lagrangian model is the canonical form of its equations [11]. This fea-
ture is particularly important in the computer implementation of this model due to the possible 
application of discrete databases concerning only currents and flux linkages as the input values. 
These values can be obtained using numerical analysis (e.g. using the finite elements method 
FEM [3, 4]) or through measurements. Due to the lack of a method for determining magnetic 
field coenergy by measurements, it is assumed that it is not available during the mathematical 
model construction, although there are numerical methods for its determination [8]. 

2. Error sources

Independently of the method for determining the input values, in the simulation model 
there are possible errors, the sources of which are:

a) simplicial approximation – this is a topological method of current-flux characteristic ap-
proximation based on the triangulation of the discrete databases which define this charac-
teristic,

b) uncertainty of currents and flux values related to numerical (using FEM, [8]) or measure-
ment [10] errors.

In this paper, an error resulting from the first source mentioned above is analysed. As the 
measure of this error, a local deviation Δecm from explicitness of the coenergy computation 
inside a single simplex from a triangulated current set is taken [1, 3, 6]. The obtained results 
are compared with a mathematically equivalent reciprocity principle, relating to the symme-
try of the dynamic inductance matrix in the case of an electromechanical actuator [11]. The 
mechanical equation was not considered as the analysis concerns a constant rotor angular 
position ϑ = const (Fig. 1).

3. Canonical equations

In the paper, a 3-phase synchronous reluctance machine SynRM with wye-connected 
stator windings without neutral wire is analysed as an exemplary electromechanical actuator 
(Fig. 1) [2]. The differential equation describing an electrical part of the model is:

 e Ri= +
d
d
Ψ
t  

(1)

where:
i = [iA, iB]T  – the generalized currents vector, 
Ψ = [ψAC, ψBC]T = [ψA – ψC, ψB – ψC]T  – the generalized flux linkages vector, 
e = [eAC, eBC]T  – the generalized external voltages vector, 
R  – resistance matrix. 
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Fig. 1. A scheme of a SynRM machine

The choice of considering the wye-connected stator windings without neutral wire is 
made because of its great practical importance, as well as it ensuring the lowest possible 
state space dimension N = 2, which allows the electromechanical system as a whole to be 
graphically analysed [4].

Obtaining a set of canonical equations based on equation (1) requires setting state vari-
ables and dependent variables. The choice leads to one of the two forms of canonical equa-
tions [4, 11]:

a) Hamilton equations, in which flux linkages are state variables (such a model is called 
HMEA – Hamiltonian Model of Electromechanical Actuator):

 

d
d
Ψ
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b) Lagrange equations, in which currents are state variables:
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where:
ω   – mechanical angular velocity of the rotor,
Ld(ϑ, i)  – dynamic inductance matrix [11].

4. Synergy features used in HMEA

In the considered electromechanical system, there are no elements that store potential 
energy. In this case, coenergy ecm can be expressed as a scalar product of two generalized 
quantities relating to the magnetic field:
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Due to the fact that coenergy is a state function of the considered system, its change along 
a closed path equals zero:
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It allows a flux linkage vector field defined in the current space RI (which is, for N = 2, 
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and is equivalent to the symmetry of the dynamic inductance matrix Ld(ϑ, i) of the analysed 
system.

5. Discrete model of the electromechanical actuator

The discrete model is formulated using data collected by a numerical analysis using the 
FEM method and a FEMM computer program [7]. A FEM model of a prototype SynRM 
machine was created. This prototype machine is based on a stator from a mass produced RSg 
80-4A induction motor by the BESEL company. Its basic characteristic features, fundamental 
for a mathematical model construction, are as follows:

• Rated current  In = 2.2 A,
• Number of stator poles  2p = 4,
• Number of stator slots Qs = 36,
• Number of rotor poles Qr = 4,
• Rotor’s length  lr = 72 mm,
• Number of turns per slot  zs = 90,
• Air gap length  δ = 0.25 mm. 
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Fig. 2. A pictorial view of a stator (a) and a rotor (b) of a modeled SynRM machine

The numerical analysis was made for a currents set I k, which is a Cartesian product 
of a sequence I = {-4 A; -3.5 A; …; 4 A}, i.e. I k = I × I. For each point ip ∈ I k (Fig. 3) a flux 
linkages vector Ψp was computed, thus constructing a set Ψ k = {Ψ1, Ψ1, …, ΨK}, K – number 
of points (Fig. 4). The set Ψ k is a subset of a flux linkage space RΨ ⊂ eN.

6. Error definition in HMEA

Due to a homeomorphism between currents space RI and flux linkages space RΨ, com-
ing from assumed uniqueness of magnetization characteristic, further analysis concerns a Tk 
triangulation defined on a set I k using Delaunay algorithm (Fig. 5) [1, 6]. The triangulation 
result is a simplex grid (which are triangles for N = 2), which enables flux linkage computa-
tion in every point of space RI using the simplicial approximation [3, 6].

Fig. 3. Currents set Ik Fig. 4. Flux linkages set Ψ k
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Fig. 5.Currents subspace triangulation T k(I k)

Because flux linkage values, obtained either from numerical analysis or measurements, 
are taken with an error and because of the use of simplicial approximation, coenergy in every 
simplex is computed with an error. Therefore, the influence of this error value generated by 
both of the aforementioned factors on the computed integral values needs to be explored [9]. 
As a measure of this error, a local deviation Δecm from explicitness of the coenergy computa-
tion inside each simplex ΔI

k
, j of the triangulated currents set is used:

 
Ψ ∆⋅ =

∂
∫ di
S

cm

I

E


 
(8)

where:
∂SI – analysed simplex boundary (Fig. 6). 

Fig. 6. A Simplex SI in the currents subspace

Fig. 7. Graphical interpretation of the error related to the curvature of the current-flux characteristic
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The Δecm value is equal to 0 for an accurate values of currents and flux linkages (dashed 
line, Fig. 7). For a linear approximation of a current-flux characteristic an error appears (solid 
line, Fig. 7).

The exact measure of an error for a given simplex ΔI 
k
, j is a relative error value expressed 

as [10]:

 
δE E

Ecm
cm

cm

=
∆

 
(9)

where Ecm  – average value of coenergy in a given simplex (Fig. 6).

For simplicity, Ecm  is defined as an arithmetical average of the coenergy value in the 
vertices of a given simplex [4].

7. Error definition in a Lagrangian model

Similar to the HMEA, a relative error in a model based on Lagrange equations was de-
fined. As a measure of it, a violation rate of the reciprocity principle was chosen. This error 
is related to the symmetry of the dynamic inductance matrix:
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According to equations (5) and (7), this value is an analogue to the Δecm parameter ex-
pressed by equation (8). The relative error value is defined as:
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In formulas (10) and (11) for the derivatives approximation a central difference algorithm 
is used [9].

8. Computational results

In Figures 8–10, it can be seen that in both cases, the absolute error value is the largest at 
the transition between the linear area of the current-flux characteristic and the area in which 
magnetic saturation is observed (Fig. 10).
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Fig. 8. Absolute error in HMEA

Fig. 9. Absolute error in the Lagrangian model

Fig. 10. Current flux characteristic ψAC(iA, iB, ϑ = 30°)
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This result is as expected as in this region, the curvature of the current-flux characteristic 
is the highest (Fig. 10). These results are consistent with the computed relative error values in 
the HMEA model (Fig. 11). In the case of the Lagrangian model, a relative error distribution 
is far from prediction (Fig. 12).

For computation, a rotor angular position ϑ = 30° is chosen, as a coupling between gen-
eralized windings is the largest for this angular position [3, 4].

Fig. 11. Relative error in HMEA

Fig. 12. Relative error in Lagrange model

9. Conclusions

General conclusions that come from the comparison between relative errors in both the 
HMEA and Lagrangian model are as follows:



128

a) relative error range is similar in both cases (15%–20%),
b) a possible simple algorithm of error minimization can be used in HMEA (barycentric 

subdivision [6]) due to the lack of necessity of complicated numerical differentiation [9]. 
This results in a reduction of the region, where computed errors are the largest, to the 
region of the highest curvature of the current-flux characteristic (Fig. 10),

c) there is a necessity for much more precise methods for computing elements of dynamic 
inductance matrix in the Lagrangian model. It has to be done probably as early as during 
FEM numerical analysis [5],

d) in case of the Lagrangian model, a relative error distribution is stochastic in the whole 
analysed currents subspace (Fig. 12), which makes its minimization harder, as it requires 
increased database accuracy in the whole considered range.
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The design and development of an axial-flux ferrite magnet slotless generator for use in a small-scale wind 
turbine is described. The 4/4-pole single-phase machine is designed for simplicity and ease of manufacture 
and it consists of one slotless stator disc. The generator produces approx. 12 W at 1000 rpm with electrical ef-
ficiency of up to 46%. Because the efficiency of the machine is important, the power curve characteristics and 
voltage produced by the generator are investigated. The presented generator should generate sufficient output 
DC voltage to charge 4 to 5 batteries of 12 volt each. Finally, the finite element (FE) results are compared with 
measurements on a prototype. The calculated values coincide to a strong degree with the experimental results. 
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S t r e s z c z e n i e 

Przedmiotem badań w niniejszym artykule jest prototyp generatora tarczowego, przewidzianego do zasto-
sowania w małej elektrowni wiatrowej. Przedstawiono pomiary i obliczenia numeryczne ważniejszych pa-
rametrów funkcjonalnych, takich jak: sprawność, moc wyjściowa i moment elektromagnetyczny generatora 
tarczowego z magnesami ferrytowymi o strumieniu osiowym. Zbudowany prototyp generatorów o 4 biegu-
nach stojana i wirnika posiada jednofazowe uzwojenie bezżłobkowe. W badanym generatorze zastosowano 
magnesy ferrytowe o przekroju prostokątnym oraz cewki owalne. Zasadniczym parametrem generatora jest 
napięcie rotacji, które powinno być wystarczająco wysokie do naładowania określonej liczby akumulatorów. 
W zamieszczonych poniżej rozważniach pominięto wpływ napięcia i rezystancji wewnętrznej baterii na para-
metry generatora. Analiza ta będzie kontynuowana w przyszłych badaniach. Do obliczeń pola magnetycznego 
zastosowano metodę trójwymiarową (3-D) opartą na metodzie elementów skończonych (MES). 
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1. Introduction

Permanent magnet (PM) machines offer many unique features. There are two different de-
signs of the machine – radial and axial-flux PM motors. Axial-flux PM machines have a num-
ber of distinct advantages over radial-flux machines. They can be designed to have a higher 
power to weight ratio resulting in less core material. They are also smaller in size than their 
radial-flux concepts and have disc shaped rotor and stator structures [8–10, 12, 14–17]. Those 
are important features of axial-flux machines, because suitable shape and size to match the 
space limitation is crucial for many applications such as electric vehicles, wind turbines etc. 
[1–7, 11]. The end-windings are quite short which results in making the copper loss of the ax-
ial-flux machine smaller (for example, the torus non-slotted structure of the machine). The 
axial-flux machine can be built as the slotted or non-slotted stator core structures which con-
sist of the stack of laminated steel. They can be constructed in single-stator-single-rotor or 
multiple-stator-multiple-rotor forms. The rotor can be manufactured with a surface mounted 
PM machine or an axial flux interior PM machine (an interior magnet structure). Possible 
axial flux machine structures operating as a motor or generator have been reported in the 
literature [8–10, 12, 14–17]. 

The basic and simplest axial-flux structure is the single-rotor and single-stator topology 
with surface mounted PMs – this machine is presented in this paper as a generator. The ma-
chine is a single-phase generator and can be used to generate power in single-phase electric 
power systems. It is a three-blade wind turbine for use in homes, boats, yachts, light poles, 
advertising signs etc. The prototype of the wind turbine is shown in Fig. 1a).

The objective of this paper is to examine the axial-flux generator and compare finite 
element analysis (FEA) with measurements of the electromagnetic torque, output power vs. 
DC output current at load operation. Additionally, the DC output voltage generated by the 
wind generator and the efficiency are also investigated. The required DC output voltage of 
the generator should be suitable to recharge 3 to 5 batteries of 12 V each. 

2. Axial-flux generator prototype 

The prototype presented in Fig. 1b) consists of the non-slotted stator core as a stack of 
laminated steel discs. The stator of the machine is made as a wound core. Coils are con-
nected in series and placed into the disc. The space between the coils and the stator disc 
is filled with epoxy resin to increase robustness and provide a better heat conduction. The 
rotor structure is formed by surface mounted ferrite magnets, a rotor core formed from 
a solid steel disk and shaft.

The generator is designed for small outer diameters. Electromagnetic torque is a function 
of the outer diameter in axial-flux machines. The required torque can be achieved by using 
multi-stage axial-flux machine structures. This could be easier to assemble and even better 
torque and power densities could be obtained. The initial aim was to build the machine in 
such a way that it remained cheap and light. In this case, the authors decided to use thicker 
ferrite magnets (12.5 mm) rather than build the multi-stage axial-flux generator structure. 
The one-phase 4-pole stator and 4-pole rotor topology is shown in Fig. 2.
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Fig. 1. 3 bladed wind turbine (a) and disassembled a one-phase 4-pole axial-flux generator with test rig (b) 

Fig. 2. Single-stator, single-rotor topology of single-phase axial-flux magnet generator

The main dimensions and material specifications of the axial-flux generator are given in 
Table 1.

T a b l e  1

Dimensions and material specifications of generator 

Type of magnet Ferrite 
Thickness of magnet (dm) 12.5 mm
High of magnet (wm) 35 mm
Width of magnet (lm) 45 mm
Remanent flux density of the magnets 0.4 T
Outer radius of rotor core/magnet (RRout) 69.2 mm
Inner radius of rotor core/magnet (RRin) 17.2 mm
Thickness of rotor core (dr) 2.5 mm
Outer radius of stator core (RSout) 58 mm
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Inner radius of stator core(RSin) 34 mm
Thickness of stator core (ds) 7 mm
Turn number per coil (nt) 500
Number of rotor/stator pole 4/4
Thickness of coil (dc) 7 mm
Air-gap (stator-magnet) (δ) 1.5 mm
Resistance of phase (in series) 78.6 Ω

3. FEA model of single-phase generator

A 3-D FEA model of the generator consists of 4 oval shaped coils connected in series, 
and 4 square shaped magnets. The 3-D model of the generator has repetitive patterns, then 
it is possible to model a fraction of the basis geometry such as a ¼ part of the whole gene-
rator topology as is shown in Fig. 3a). From a physical point of view, periodicity boundary 
conditions are set. A single-phase alternating circuit connected through the rectifier circuits 
produces direct voltage. The DC voltage terminals are connected to the resistive load as 
shown in Fig. 3b). Here, the battery voltage with internal resistance is neglected and will be 
investigated in future work.

T a b l e  1  con.

Fig. 3. 3-D FEA model of 1-phase, 4-pole axial-flux generator (a) and the electric circuit producing 
direct voltage for the wind turbine application with resistive load (b) 
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4. FEA results and experimental study of the permanent magnet generators

The localized maximum flux distribution in the axial-flux generator is found to be greater 
in the rotor disk area of the core at approximately 150% of that in the stator disc. The peak 
value of the flux density at the rotor core is 1.5 T. In this case, at high speed operation the 
magnet temperature can increase rapidly. The remanent flux density (Br) of the magnet will 
then decrease and that will decrease the torque, and consequently, the power and efficiency 
of the machine. To lower the risk of demagnetization, the size/shape of magnets should be 
redesigned and/or the thickness of the rotor disc should be increased. Furthermore, the flux 
density distribution in the air-gap is also shown in Fig. 4.

Fig. 4. Flux density distribution in the wind generator and in the air-gap at 1000 rpm under no-load 
operation
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The open-circuit and load characteristics for different rotational speeds are measured. 
The single-phase load as a diode rectifier with resistive load is connected to the terminal 
of the generator (Fig. 3). The electromagnetic torque calculated and measured at open-circuit 
line voltage and the load operation at 1000 rpm is shown in Fig. 5.

Another interesting curve is the one shown in Fig. 6 which depicts the power extracted from 
the generator as a function of DC current at varied rotor speeds. The dashed red line connects 
the peak points of all the power curves, and represents the maximum power extraction curve. It 
clearly shows that the curve rises very quickly as the speed of the generator increases by spin-
ning machine representing a wind.

Fig. 5. Measurements and finite element analysis of electromagnetic torque vs. DC output current

Fig. 6. Measurements and finite element analysis of wind generator output power vs. DC current at 
varied rotor speed
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In the case of the resistive load, the measured voltage of the prototype ferrite magnet gen-
erator is about 66 V, the calculated value is 62 V at high speed. The computed data strongly 
agree with the experimental measurements. The difference may be caused by the magnet 
temperatures, which differ from those predicted. The calculated line voltages and the output 
power tended to differ from experimentally measured values by 0.5–20%. This is caused 
mainly by the fact that the experiment starts from a low speed at the open-circuit operation 
to the high load operation, therefore, experimental temperatures of the magnets are relatively 
lower than the temperature set in the FEA model at the first stage of tests. At 1000 rpm, the 
magnet was already preheated, so the measured power is relatively lower than the predicted 
values during the test. The working temperature of the load operation is neglected in the finite 
element analysis and the temperature is set to 25°C.

Fig. 7. Measurements and calculations of DC output voltage at varied speed versus DC output current 
when the terminals of the wind generator are connected to the resistive load

The stiffness characteristic of the presented generator depicted in Fig. 7 is low, owing to 
the high winding resistance being (Rph = 78.6 Ω) of the small size generator.

The efficiency of the axial flux generator can be calculated as: 

 
η = ⋅

P
P

out

in

100%
 

(1)

where:
Pout, Pin   – the output and input power.

The input power Pin is calculated as the sum of mechanical power on the shaft and me-
chanical losses. Mechanical power of the rotating machine can be expressed as Pmech = T · ω, 
where T – average electromagnetic torque (Nm), ω – angular velocity (rad/s), and mechanical 
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losses are assumed to be dependent upon speed. The losses of winding and losses in the rectifier 
circuit are also taken into account. Because the axial-flux generator operates at a low electrical 
frequency, the iron losses are very small and can be neglected.

The results of the efficiency vs. DC current at various speeds in the range 250 rpm to 1000 
rpm are presented in Fig. 8. It is shown that at 1000 rpm, the efficiency of the investigated 
generator is η = 45%.

Fig. 8. Efficiency of the axial-flux generator vs. DC current at varied speed

From Figs. 6 and 8, it can be seen that the peaks of the output power and the peaks of the 
efficiency are roughly at the same DC load currents.

5. Conclusion and future work

This paper has presented the design of a small power axial-flux generator with permanent 
magnets for small-size wind turbine applications. The concept has comprised a very simple 
design such as simple wind blades, a disc generator and an electric rectifier circuit. The whole 
small-scale wind power application has the capability to be manufactured in a small work-
shop. To calculate the efficiency, mechanical characteristics and output voltage vs. loaded 
DC current at varied rotor speeds were carried out by using the 3-D software package based 
on a finite element analysis. The FEA calculation of the electromagnetic torque and output 
power were verified with measurements to be in strong agreement. The differences between 
FEA and measurements may be caused by the magnet temperatures.

In the first stage of the experimental tests, the input mechanical energy was fed to drive 
the rotor of the investigated generator which can change mechanical energy into electrical 
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energy. The results show that the rotor speed of 1000 rpm while the wind generator terminals 
were connected to the resistivity load, produce a direct current voltage equal to 62 V at a very 
low resistivity load, with the efficiency of the generator equal to η = 45%, the output DC 
current equal to 0.34 A, and the power output equal to 12 W.

The most common application of wind turbines is battery charging through a diode rec-
tifier. In this research, the balance of power across the AC and DC sides was investigated 
without a battery connection. Here, the power supplied to the battery and the DC current to 
the battery was neglected. The battery voltage and internal resistance can affect current IDC 
during charging and affect the torque [6, 10]. In future work, the battery internal resistance 
and battery voltage will be connected to the terminals of the diode rectifier system to inves-
tigate the power to the battery. 
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1. Introduction

With increasing the number of poles per phase in a switched reluctance motor (SRM), 
the number of possible configurations of the connection of winding poles also increases. In 
the standard version of the switched reluctance machine, two pole winding configurations, 
(serial and parallel) are possible [1]. At the same time, the presence of a higher number of 
poles per phase and a higher number of phases results in the multiplication of the number of 
possible ways of particular pole windings supply [2–5]. 

The purpose of the paper is to present the results of the analysis on the influence of con-
figuration on poles windings connected in series in a 12/8 switched reluctance motor on its 
static properties and current waveforms.

With the serial connection, there are two basic configurations possible for each of the 
phases, NNSS and NSNS. For each of these phase configurations, a number of variants 
is available in which individual pole windings can be supplied. For selected pole wind-
ing supply configuration, simulations were carried out aimed at the evaluation of the ef-
fect of magnetic couplings between individual motor phases from which voltage, current, 
and electromagnetic torque waveforms were determined. In laboratory conditions, current 
and voltage waveforms were registered under specific motor supplying conditions for a se-
lected pole winding supplying configuration. Finally, example mechanical characteristics 
of the motor were determined. 

2. Motor parameters and poles windings configuration

A physical model of the switched reluctance motor was developed in the course of an 
earlier research project [6]. It allows the obtaining of any configuration of windings. Table 1 
summarizes selected parameters of the motor prototype constituting the subject of the tests. 

T a b l e  1

Selected parameters of the examined motor

Number of phases 3
Number of stator poles 12
Number of rotor poles 8

Rated power 1 kW
Rated voltage 300 V
Rated speed 30 000 rpm

Magnetic material M470-50A

Assuming that pole windings of each phase in a 12/8-pole three-phase SRM are connected 
in series, two basic configurations of pole windings can be distinguished, NNSS and NSNS. 
Figure 1 shows both pole winding supply configurations considered here in the basic version 
of types NNNNNNSSSSSS (Fig. 1a)) and NNNSSSNNNSSS (Fig. 1c)). Additionally, Figs. 
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1b) and d) depict configurations in which input terminals of individual phases are shifted with 
respect to each other, i.e. configurations NSSNNSSNNSSN and NSNSNSNSNSNS, respec-
tively. The phase denoted as Ph1 comprises poles A1–A4, while phases Ph2 and Ph3 include 
poles B1–B4 and C1–C4, respectively. 

Fig. 1. The considered pole winding supplying configurations in the three-phase 12/8-pole SRM

3. Simulations – determination of static characteristics

The numerical model of the SRM has been developed in a computer program based on 
the finite element method [7]. Figure 2 presents plots of electromagnetic torque average value 
Teav as a function of current I in one of the motor phases for the analyzed winding supplying 
configurations, i.e. NNSS and NSNS.

The analyzed configurations (NNSS, NSNS) don’t have much effect on the produced 
electromagnetic torque value in the motor design considered herein. The main flux ψ11 de-
termined as a function of the rotor position θ is shown in Fig. 3, while the coupled fluxes ψ12 
and ψ13 are plotted in Figs. 4 and 5, respectively.
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Fig. 2. The electromagnetic torque Teav as a function of rotor position θ at I = var for configurations 
NNSS and NSNS

Fig. 3. The main flux ψ11 as a function of rotor position θ at I = var for configurations NNSS 
and NSNS

Fig. 4. The main flux ψ12 as a function of rotor position θ at I = var for configurations 
NNSS and NSNS
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Fig. 5. The coupled flux ψ13 as a function of rotor position θ at I = var for configurations 
NNSS and NSNS

The main flux ψ11 depends only in a small degree on the pole winding configuration type. 
In the case of configuration NSNS, a slightly larger value of the coupled flux is obtained in 
any aligned position of the rotor. Nevertheless, it can be stated that both the electromagnetic 
torque and the main torque do not depend on the phase pole configuration scheme.

The issue looks slightly different in the case of coupled fluxes ψ12 and ψ13. In the case of 
configuration NSNS, significantly higher magnetic coupling occurs between individual phases.

4. Simulations – determination of current and electromagnetic torque instantaneous 
values

To determine waveforms of the electromagnetic torque and currents in individual phases, 
a field-circuit model was employed. Calculations were carried out with the following as-
sumptions: supply voltage Udc = 60 V; turn-on angle θon = –1.25°; turn-off angle θoff = 15°; 
speed n = 3000 rpm; winding temperature T = 70°C; full magnetic and electric symmetry of 
all motor phases. For all configurations depicted in Fig. 1, the electromagnetic torque Te and 
phase currents iph were determined as functions of the rotor position θ. Figures 6 and 7 show 
plots of the electromagnetic torque Te as a function of the rotor position θ for configuration 
NNSS (Fig. 6) in two variants, NNNNNNSSSSSS and NSSNNSSNNSSN, and for configu-
ration NSNS (Fig. 7) in variants NNNSSSNNNSSS and NSNSNSNSNSNS. 

Phase currents iph as functions of the rotor position θ are shown in Figs. 8 and 9 for config-
uration NNSS in variants NNNNNNSSSSSS and NSSNNSSNNSSN and for configuration 
NSNS in variants NNNSSSNNNSSS and NSNSNSNSNSNS, respectively.

For configuration NNSS in variant NSSNNSSNNSSN and configuration NSNS in variant 
NSNSNSNSNSNS, the obtained functional dependence of the electromagnetic torque and 
phase currents on rotor position were very close to each other. At the same time, configura-
tion NSNS is much more sensitive to the scheme of phase placement along the stator mag-
netic circuit. This is confirmed by values of flux couplings between individual motor phases 
determined in Section 3 above. At the same time, configuration NNSS is more resistant to the 
effect of mutual magnetic couplings in the case of variant NNNNNNSSSSSS.
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Fig. 6. Electromagnetic torque Te as a function of the rotor position θ at rotor speed n = 3000 rpm 
for configuration NNSS in two variants

Fig. 7. Electromagnetic torque Te as a function of the rotor position θ at rotor speed n = 3000 rpm 
for configuration NSNS in two variants

Fig. 8. Phase currents iph as functions of the rotor position θ at speed n = 3000 rpm for configuration 
NNSS in two variants
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Fig. 9. Phase currents iph as functions of the rotor position θ at speed n = 3000 rpm for configuration 
NSNS in two variants

5. Laboratory tests 

Laboratory tests were carried out in two stages. In the first stage, static characteristics 
(torque and flux) were determined for both examined configurations. Figure 10 presents 
a plot of the electromagnetic torque average value Teav as a function of current I for both 
configurations, i.e. NNSS and NSNS. 

Fig. 10. Electromagnetic torque average value Teav as a function of current I for configurations 
NNSS and NSNS

As can be observed, the motor torque characteristics obtained in laboratory conditions are 
almost independent from the configuration type (either NNSS or NSNS). Similar results were 
obtained on the grounds of the numerical model.
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In the second stage of the test, mechanical characteristics of the tested motor were de-
termined and waveforms of its selected parameters were registered. The laboratory setup is 
shown in Fig. 11.

In view of limitations imposed by the maximum rotation speed of the incremental enco-
der, the supply voltage value was much lower than the motor’s nominal voltage. In the mea-
suring and data acquisition system, the Yokogawa WT1600 six-channel digital power meter 
equipped with MOTOR module was used. A PC was used for data acquisition and control of 
the load torque applied to the motor. 

At the supply voltage Udc = 60 V, turn-on angle θon = –1.25°, and turn-off angle θoff = 15°, 
mechanical characteristics of the motor were determined for configuration NNSS in variant 
NNNNNNSSSSSS and configuration NSNS in variant NSNSNSNSNSNS (Fig. 12). 

Fig. 11. A view of the laboratory setup 

Fig. 12. Rotor speed as a function of load TL for configurations NNSS (variant NNNNNNSSSSSS) 
and NSNS (variant NSNSNSNSNSNS)
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As can be observed, mechanical characteristics obtained for these two configurations 
(in selected variants) do not coincide. Configuration NSNS in variant NSNSNSNSNSNS 
offers higher value of torque on the motor shaft at the same rotor speed with respect to 
configuration NNSS in variant NNNNNNSSSSSS. This confirms results of simulations 
obtained earlier for the similar motor operation condition. In an obvious way, this trans-
lates into noticeably higher efficiency of the motor than has been observed in laboratory 
conditions (Fig. 13). 

The maximum obtained motor efficiency was 64.5% (at n = 5057 rpm) in the case of 
configuration NNSS and 67% for configuration NSNS (at n = 5120 rpm). The registered 
waveforms of phase currents iph, the mechanical characteristics of which are presented in 
Fig. 12, are shown in Fig. 14 (NNSS) and Fig. 15 (NSNS) at the motor speed n = 3000 rpm. 

Fig. 13. Motor efficiency as a function of load torque TL for configurations NNSS (variant 
NNNNNNSSSSSS) and NSNS (variant NSNSNSNSNSNS)

Fig. 14. Phase current waveforms iph at the motor speed n = 3000 rpm for configuration NNSS 
in variant NNNNNNSSSSSS
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Fig. 15. Phase current waveforms iph at the motor speed n = 3000 rpm for configuration NSNS 
in variant NSNSNSNSNSNS

In general, the obtained waveforms of currents iph confirm results obtained from simu-
lations. However, it should be clearly stated that the differences occurring in waveforms of 
even a single configuration result not only from the presence of magnetic couplings. A quite 
important effect is in this case related to the magnetic asymmetry that was not taken into 
account in the simulation model.

6. Summary

In this paper, results of a study on a three-phase 12/8 switched reluctance motor were pre-
sented with various configurations of pole winding connections of individual phases. The wind-
ings were connected in series in all cases. From the point of view of static characteristics, the 
pole winding configuration type (either NNSS or NSNS) does not make any practical differ-
ence. Both torque characteristics and flux characteristics almost coincide. Fundamental differ-
ences occur in values of magnetic fluxes representing couplings between individual phases. The 
configuration of NNSS type is characterized by values of magnetic couplings that are several 
time lower. Simulations performed with the use of a field-circuit model proved that configura-
tion NSNS is more susceptible to the effect of magnetic couplings. This is noticeable especially 
in the case where, for example, the NNNSSSNNNSSS variant was used. Configuration NNSS 
is less susceptible to the effect of magnetic couplings. At the same time, in the case of the NNSS 
configuration, slightly lower values of phase currents and the produced electromagnetic torque 
were obtained. Laboratory tests confirmed results of simulations in scope of both static charac-
teristics and phase current waveforms. Undoubtedly, the most favourable case is configuration 
NSNS in the NSNSNSNSNSNS variant. However, only slightly worse results were obtained 
in the case of the NNSS configuration in variant NSSNNSSNNSSN. Phase current waveform 
patterns are influenced not only by magnetic couplings from neighbouring phases but also by 
the way in which the phases are arranged with respect to each other. Moreover, laboratory tests 
revealed quite a significant effect of magnetic asymmetry between individual phases. This phe-
nomenon is clearly visible in Figs. 14 and 15.
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1. Introduction 

Nowadays, an integral part of hybrid drives are electric machines. In many cases, these 
machines operate both as motors and generators. This is the specification of the hybrid drive, 
in which part of the kinetic energy of the vehicle is recovered during braking and is then con-
verted into electrical energy. This energy is stored in batteries and used during acceleration or 
driving uphill. Intensive work on the development of hybrid drive systems used in unmanned 
aerial vehicles (UAVs) is currently being conducted [1–6]. In this type of drive, an electric 
motor operates as a motor during climbing and delivers additional power to the propeller. 
It can also drive the propeller alone, a so-called quiet drive. The demand for power during the 
flight on a specific ceiling is much smaller than when climbing. Thus, the excess of combus-
tion engine power can be used to charge the battery through the electric machine operating as 
a generator. In the case of electric and hybrid drives, high efficiency at the smallest possible 
size is required, especially for UAV. 

The aim of this paper is an evaluation of the parameters of the electric machine with 
permanent magnets as a hybrid drive in motoring and generating operation. The mechanical 
characteristics for the motoring operation and the external characteristics for the generating 
operation were determined. The efficiency of the machine for both states was determined.

2. Hybrid drive of the UAV

To improve the efficiency of the combustion engine in the UAV drive, a parallel hybrid 
drive can be used. In the case of the parallel hybrid drive, there are three options:

•  drive with a common shaft, 
•  drive with a clutch, 
•  drive through the planetary gear.

The simplest solution and occupying the least amount of space is the hybrid drive with 
a common shaft. However, its disadvantage is a lack of independent operation of the elec-
tric motor and combustion engine. In this solution, there is no possibility of independent 
operation of the electric motor. The drive with the clutch, which disconnects the combustion 
engine from the rest of the drive, requires a precise coupling of the combustion engine and 
the electric motor, e.g. through an electromagnetic clutch. The solution with the planetary 
gear provides an independent operation of the electric motor, but requires more space and de-
teriorates the efficiency of the entire drive. Figure 1 shows a block diagram of an exemplary 
hybrid drive with a gear designed for UAVs. The laboratory test stand of the hybrid drive is 
shown in Fig. 2.

In the hybrid drive system, the permanent magnet DC machine (BLDCM) was used. The 
used construction of the BLDCM has an external rotor. This solution leads to a reduction of 
dimensions of the machine and provides the increased value of the produced electromagnetic 
torque while reducing the weight of the machine. The disadvantage of this solution is 
a reduced durability of the motor compared to classical solutions with inner rotor. Table 1 
lists the selected geometrical dimensions and parameters of the tested machine.
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Fig. 1. Block diagram of a hybrid drive with a gear designed for UAV

Fig. 2. Laboratory test stand of the hybrid drive

T a b l e  1

Selected parameters and geometrical dimensions of the tested machine

Supply voltage [V] 24–42
No. of phases 3
Winding configuration triangle
No. of stator poles 12
No. of rotor poles 14
Constant kV [V/1,000 rpm] 5.84
Phase resistance Rph [Ω] 0.042
No. of turns of winding per pole 18
Rotor outer diameter [mm] 53
Packet length of the stator [mm] 45
Permanent magnets neodymium
Magnetic sheet of the stator anisotropic
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3. Static characteristics

3.1. Cogging torque 

In the laboratory conditions, the cogging torque TCoog of the BLDC machine in a function 
of the rotor position θ was determined (Fig. 3). Due to the anisotropy of the magnetic steel 
used in the magnetic circuit of the stator, the cogging torque has significant value, which 
varies from +0.3 Nm to -0.25 Nm. By using the anisotropy steel, the variation period of the 
cogging torque decreased from 84 (for the isotropy steel) to 14. The maximum value of the 
cogging torque also increased significantly.

Fig. 3. Relation of cogging torque in a function of the rotor position 

3.2. Electromagnetic torque 

In order to determine the influence of the anisotropy of the used magnetic material on 
the generated torque, the measurements for three possible cases of motor phases supply, i.e. 
Ph1–Ph2, Ph2–Ph3 and Ph3–Ph1 with a constant value of current I = 21 A were carried out. 
Figure 4 shows the relationship of the electromagnetic torque Te in a function of the rotor 
position θ for all three cases of motor phases supply.

The Ph1–Ph2 variant has the most preferred shape of the torque characteristics. Never-
theless, the torque characteristics are far from being desirable. The influence of anisotropy 
of the magnetic steel on the torque characteristic is quite significant. This causes significant 
electromagnetic torque ripples at constant value of current in the windings. In the parallel 
hybrid drive, it is not a significant disadvantage because the motor is directly coupled with 
the propeller which has a large moment of inertia. Therefore, torque ripples not only from 
the combustion engine, but also from the electrical motor, are compensated by the dynamic 
torque of the rotating propeller.
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Fig. 4. Relation of the electromagnetic torque Te in a function of the rotor position at I = 21 A for  
a) Ph1–Ph2, b) Ph2–Ph3 and c) Ph3–Ph1 

4. Motoring operation

Mechanical and efficiency characteristics were determined on a laboratory test stand 
equipped with a stabilized DC power supply (60 V, 110 A), a power analyzer with a motor 
module (WT1600), a torque meter and a computer used for data acquisition. The programma-
ble load was connected to the load machine to achieve the work with constant voltage, cur-
rent and power. In the motor control system, a dedicated power supply system with a built-in 
algorithm of sensorless detection of the rotor position was applied.

The measurement system was configured to determine the motor efficiency, overall ef-
ficiency of the drive system or efficiency of the supply system. Particular characteristics 
were determined at different supply voltages. The designed drive will be powered by battery. 
Due to the intended application of this drive in different models of UAV, the power will be 
provided from lithium-polymer battery packs of 8, 9 or 10 cells. The choice will depend on 
the intended flight range and available space for batteries in the UAV model. Thus, studies 
of the drive were carried out in the voltage range from 26 V to 42 V. A block diagram of the 
measuring system is shown in Fig. 5.

Fig. 5. Block diagram of the measuring system of BLDC machine working as a motor
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The dependence of the motor speed n in a function of the load torque TL at different sup-
ply voltages is shown in Fig. 6.

Fig. 6. The characteristics of n = f(TL) determined for different values  of voltage Udc

As can be seen on Fig. 6, speed decreases noticeably with increasing load torque. This re-
sults from an extensive measurement system which uses a direct measurement of all currents 
with the power analyzer. To measure all currents, long cables are used to connect the power 
analyzer with motor and control systems and to connect the power analyzer with the power 
supply. This solution leads to significant voltage drops in cables.

The determination of characteristics in the full range of load torque changes was preclud-
ed by acceptable parameters of the dynamometer. Below the speed of 6000 rpm, the allow-
able torque load had to be reduced because of the possibility of the dynamometer damage. 
This is evident on the obtained mechanical characteristics (Fig. 6). The relationship of the 
drive efficiency η in a function of the load torque TL for the limiting voltage values is shown 
in Fig. 7. 

Fig. 7. Relation of the overall efficiency η in a function of the load torque TL
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The efficiency η of the tested drive system reaches 89%. The efficiency of the motor is 
only slightly higher (91%) due to the high efficiency of the supply system. 

A slightly higher efficiency was achieved at the supply voltage Udc = 42 V. This is natural 
because with the increasing supply voltage, the impact of voltage drops in power electronics 
components of power supply system decreases.

5. Generating operation

A block diagram of the measurement system of the generating operation is shown in Fig. 8.

Fig. 8. The block diagram of the measurement system of the BLDC generator

Waveforms of the induced voltages were obtained without loading the tested machine. 
The wire induced voltages obtained at a speed n = 3000 rpm are shown in Fig. 9.

Fig. 9. Waveforms of the wire induced voltages at speed n = 3000 rpm
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As one can see, the wire voltages and torque characteristics differ significantly from the 
desired waveforms. Only in the case of the wire voltage e12 is the obtained shape close to the 
trapezoidal one. Two other voltages differ significantly from the trapezoidal shape. This is the 
effect of the anisotropy of the used magnetic material of the stator. 

The output voltage of the generator is important from the point of view of battery charging. 
In the laboratory conditions, the studies forcing the constant value of voltage Udc = const on 
the output of the generator through the programmable load were conducted. The load current 
Idc (after rectifier circuit) was increasing with increases to the rotational speed. The relation-
ship of the load current Idc in a function of rotational speed n at a constant value of voltage of 
Udc = const is shown in Fig. 10. 

Fig. 10. Relationship of the load current of the Idc generator in a function of rotational speed n at 
a constant output voltage Udc = const

The control of the machine speed n is required to obtain the specified value of the load 
current of the generator at the given output voltage. It is easy to notice that by keeping a con-
stant output voltage, the relationship between the Idc current and the rotational speed n is not 
linear. The resulting efficiency η of the machine operating as a generator at a constant output 
voltage in a function of generator load current Idc is shown in Fig. 11.

With the increase of the output voltage of the generator, the overall efficiency of the sys-
tem also increases. The maximum efficiency of the generator with the rectifier system was 
87.5% (generator – 91.5%). The effective operation range of the generator requires a current 
load no less than Idc > 10 A. Below this value, regardless of the output voltage of the genera-
tor, the overall efficiency reduces significantly. 

The obtained stiffness of the external characteristics of the machine operating as 
a generator is not satisfactory. With the increase of the load current there is a significant voltage 
drop at the rectifier terminals. Maintaining a constant voltage at the output of the rectifier 
requires an increase in rotational speed (Fig. 10). An overall efficiency of the machines in 
this state does not exceed 88% and is lower than during the motoring operation. The Li-Po 
cells (lithium-polymer) itended for use have significant limitations (the maximum value of 
charging current). Thus, the actual efficiency of the machine in the generating operation will 
not exceed 80% due to operation at low load current.
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Fig. 11. Relationship of the efficiency η in a function of load current Idc at a constant output voltage 
Udc = const

6. Conclusions 

In this paper, the results of laboratory studies of a BLDC machine in motoring and 
generating operation were presented. In the tested machine, an anisotropic magnetic sheet 
steel was used. The type of magnetic steel has an influence on the value of the generated 
cogging torque, shapes of torque characteristics and induced voltages. This introduces 
additional electromagnetic torque ripples in the tested motor. However, the resulting overall 
efficiency of the machine in motoring operation exceeds 89% and the motor efficiency of 
about 91%. In the generating operation, overall efficiency was significantly lower and does 
not exceed the value of 88%. The influence on the deterioration in the efficiency of the 
machine in the generating operation has a rectifier circuit whose efficiency decreases with 
the increase of the load current. The efficiency of the power system (rectifier) attached to the 
machine during the generating operation is a few percent lower than that of the controller 
attached to the machine operating as a motor, due to the fact that during the motoring 
operation, the MOSFET transistors have a higher efficiency compared to the rectifier diodes, 
which operate at the generating operation. If the machine works as a generator intended 
for UAV, the goal working point of the drive should be considered. In this state, the output 
voltage of the rectifier circuit should not be less than the maximum voltage of battery. Only 
then is it possible that the batteries can be fully recharged. 
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1. Introduction 

In recent years, the utilisation of permanent magnet synchronous motors has dramatically 
increased. The advantage of excitation with permanent magnets (PM) is the resulting absence 
of Joule losses in excitation and especially the elimination of sliding contact. The disadvan-
tage is that excitation is uncontrollable and the recently increasing price of magnets presents 
an issue as well. 

Analysed in the present article is a two-phase two-pole motor with permanent magnets 
(NdFeB, Hc = –849 000 A/m, Br = 1.125 T). A ready-made stator stack has been used. The 
shape and number of stator slots could not be changed.

2. Permanent Magnet Synchronous Motor 

In the steady state, behaviour of a two-phase synchronous machine can be described by 
use of the equations below:

 U I I I U1 1 1 1 1= + + +R X Xd d q q fj j  (1)

 I I I1 1 1= +d q   (2)

where:
R1  – phase resistance, 
Xd  – d-axis synchronous reactance, 
Xq  – q-axis synchronous reactance, 
U1  – input voltage, 
I1  – one phase current, 
I1d and I1q  – d and q axis stator currents, 
Uf  – voltage (EMF) induced by magnetic excitation flux of the rotor. 

Phasor diagrams of over-excited and under-excited motors are presented in Fig. 1. The 
equations clearly imply induced voltage Uf of the synchronous machine influences on its 
behaviour. This depends on the number of turns and the arrangement of the stator winding as 
well as on the arrangement and size of magnets. 

Moreover, the placement of magnets affects the reactance Xd and Xq.
For the PMSM electromagnetic torque, it holds that:
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where: 
U1  – the effective values of phase voltage,
Uf  – the voltage induced by excitation, 
θ  – the loading angle [2],
Te  – the electromagnetic torque that neglects CT.
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3. Dynamic Model of PMSM

The d-q dynamic model is expressed in a rotating frame that moves at a synchronous 
speed ωr. The general equation of PMSM working as a motor is as follows:
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where: 
id and iq  – the d and q axis stator currents, 
Ld and Lq  – the d and q axis inductances, 
ud and uq  – the d and q axis stator voltages, 
R  – phase resistance, 
p  – the number of pole pairs,
ωr  – the rotor angular speed, 
Φ  – excitation flux created by the PM. 

Electromagnet torque with considered CT is:

 Te´ = Te + Tc (7)

Tc – depends on stator/rotor angular position.

a)

Fig. 1. Phasor diagrams of PMSM, a) over-excited motor, b) under-excited motor

b)
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ANSYS/Maxwell simulation explored the impact of the permanent magnet volumes and 
arrangement on the cogging torque. Two types of design were chosen, with both motors be-
ing two-pole versions. 

Type A has rotor surface-mounted magnets. The magnets are semi-arc shaped (rotor sur-
face-mounted magnets). With this type, it can be anticipated that the reactance Xd and Xq are 
identical.

Type B has two poles made of six magnets embedded in the rotor (Fig. 2). The width, 
thickness and angles among the magnets of one pole were altered.

a) b)

Fig. 2. Design types explored: a) A – motor with rotor surface-mounted magnets, b) B – motor with 
tangentially embedded magnets.  

Dimension of rotor: Drot = 55 mm, rotor length = 26 mm, air gap = 0.5 mm

4. Impact of the Magnet Geometry upon Cogging Torque

When designing 2-pole and 2-phase synchronous motors with permanent magnets, the 
cogging torque (CT) issue is emerging as more seriously than in the three-phase machines 
with PM. In this case, the situation becomes worse due to the fact that the magnetic circuit of 
the stator cannot be changed. The stator has a concentric winding.

The oscillation frequency of the cogging torque depends on the number of slots and is 
given by the following equation [2]:

 
f z

p
fc = ⋅1

 
(8)

where:
z1 – the number of stator slots, z1= 24,
p – the number of pole pairs,
f – the input frequency, f = 50 Hz.
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Analytical methods for calculating the cogging torque usually neglect the magnetic flux 
through the stator slot and the saturation of the magnetic circuit. The cogging torque can 
be computed by the derivative of magnetic energy W produced by permanent magnets with 
respect to the rotor position angle α:

 
T W

c =
d
dα  

(9)

Upon adjustment and introduction of coordinate x that represents the air gap length, we 
have arrived at the equation below: 

 
T D W
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2
out d

d  
(10)

where α = 2x/D2uot. It is anticipated that the rotor outer diameter is roughly equal to the stator 
inner diameter D2out ≈ D1in.

In addition to fc frequency in the timeline of the CT frequencies that are related to the 
arrangement of magnets can be found.

The waveform of CT can be, if disregarded is saturation of the magnetic circuitry, de-
scribed by equation [5]:
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where:
z1  – the number of stator slots,
Mk  – the related harmonic’s amplitude,
ϕk  – the phase shift of the respective harmonic,
α  – the rotor position.

The cogging torque can by minimised by a proper design [2]. Measures taken in the motor 
design to minimise the torque ripple include:

• elimination of stator slots,
• skewed slots,
• special shape slots and stator laminations,
• selection of the number of stator slots with respect to the number of poles,
• decentred magnets,
• skewed magnets,
• shifted magnet segments,
• selection of width,
• direction-dependent magnetization of permanent magnets.

ANSYS/Maxwell 2D cogging torque was calculated for the given magnetic circuit of the 
stator, for two principal rotor types (types A and B; Fig. 2), and for various shapes of magnets.
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In type A, which has two arched magnets on the surface of the rotor, the thickness (HM) 
and also the magnet central angle represented by the pole embrace were changed. Pole 
embrace = 1 corresponds to a central angle of 180° and a pole embrace = 0.5 corresponds 
to 90°.

In type B, which is made of 6 magnets forming 2 poles, the magnet thickness (HM), mag-
net width (SM), and arrangement of magnets that was characterised by the angle between one 
pole magnets were changed. (Fig. 2b).

In both cases, the magnet length equals the length of the magnetic circuit.

Type A
The dependence of CT from pole embrace is shown in Fig. 3. Multiples of the groove 

spacing (slot pitch) are represented by the dashed line. The smallest values and the minimum 
CT are for:

 Pole embrace ≈ (π – k2π/z1+αod)/π (12)

where:
2π/z1  – slot pitch in degrees (2π/z1 = 15°), 
k  – integer (k = <1.5>), 
αod  – corresponds to 1/4 of the angle corresponding with the slot opening.

Fig. 3. Average value of absolute values of CT as depending on the pole embrace  
(HM-thicknesses of magnets)

The smallest CT value can be seen with pole embrace = 0.59. This corresponds with the 
magnet central angle of 106.2°. Different content of higher harmonics in the cogging torque 
waveform can be for selected pole embrace seen in Fig. 4. Prevailing in local max values is 
the frequency of 1200 Hz (equation (6)).
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Fig. 4. Cogging torque as a function of time for different pole embrace. Rotor speed = 3000 rpm (pole 
embrace: 0.54, 0.59,0.635, 0.675, 0.72, 0.82)

Type B
In this motor type, each pole is composed of three magnets. They were placed in a sym-

metrical distribution, the angle between the magnets being 60°. Analysis has shown that the 
arrangement of magnets has significant impact on the cogging torque, and that there exists an 
angle at which is the cogging torque minimal. CT average value (avgabs[CT]), as depending 
on the angle between magnets, is shown in Fig. 6. The parameters are the magnet widths 
(SM) and thicknesses (HM), respectively. The curves show the minimum for the angle of 
55°. It is the angle between two magnets of one and the same pole.

The CT waveform dramatically changes with angles to the left and to the right of the 
minimum. The CT time waveforms for angles of 53°, 55°, and 57° for magnet thicknesses of 
3 mm–s and for magnet widths of 18 mm and 19 mm, respectively, are shown in Fig. 7.

The distribution of individual harmonics can be seen in the harmonic analysis shown in 
Fig. 8. Prevailing are multiples of 1200 Hz. The 1200 Hz frequency is given by the number 
of slots (equation (8)).
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Fig. 5. Harmonic components of the waveform (mag(CT)) given in Fig. 4 (pole embrace: 0.54, 0.59, 
0.635, 0.675, 0.72, 0.82)

Fig. 6. The average value of the CT (absolute values) depending on the angle between PM (HM – 
heights of magnets, SM – widths of magnets)
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Fig. 7. Cogging torque as function of time for different width of PM and the angle between PM. Rotor 
speed = 3000 rpm

5. Conclusions

This paper has demonstrated cogging torque dependencies upon the dimensions and geo-
metry of placement of magnets. Fourier analysis of CT waveforms shows a changing spec-
trum that changes with the arrangement of magnets. Prevailing in both cases are frequencies 
of fc = 1200 Hz that are determined by the number of slots, and also multiples of fc. In areas 
with a minimum value of CT, these frequencies are significantly suppressed. 

Better results, while decreasing cogging torque, can be reached by the skewing of mag-
nets or by the skewing of stator slots. This issue has been resolved although it was not dis-
cussed in this article. 
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Fig. 8. Harmonic components of the waveform (mag(CT)) given in Fig. 7
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1. Introduction 

Synchronous generators installed in a power system operate under variable load condi-
tions resulting from the need to balance the constantly changing demand for power in the 
system. Therefore, the monitoring of the current operating conditions of a generator as well 
as the ability to predict the behavior of a machine under different operating and load condi-
tions becomes more and more important. The majority of scientific research studies addresses 
high-power turbogenerators. In the literature, much less attention is paid to hydrogenerators 
[2, 7, 8]. Hydrogenerators, like turbogenerators, are modernized during long-term operation to 
increase their rating power. There is therefore a need for research of those generators, not only 
in terms of the possibility of increasing power, but also their influence on the power system 
operation. Such research is often carried out by simulation programs in which mathematical 
models of hydrogenerators and turbogenerators are expressed in the d-q coordinate system.

Due to the large number of starts and stops in a daily cycle, hydrogenerators installed in 
pumped-storage power plants have to meet high requirements. Such machines must operate 
as a generator and a motor. This is why the design solutions of their rotors are more complex 
than those of turbogenerators. The stator windings of hydrogenerators often have a non-in-
teger number of slots per pole and per phase, which is rare in turbogenerators of typical 
construction.

The field methods for calculating electromagnetic quantities of electrical machines un-
der different operating conditions, using the finite element method (FEM), are currently the 
most accurate calculation methods, since they enable taking into account the influence of 
many factors neglected in approximate circuit calculations. In this paper, there is presented 
the measurement verification of a two-dimensional, field-circuit model of a HV832732/32 
hydrogenerator installed in the pumped-storage power plant in żydowo. The measurement 
verification was based on the comparison of no-load and three-phase symmetrical short-cir-
cuit characteristics determined experimentally with those calculated by FEM.

Calculations of static characteristics were carried out based on the distributions of 
electromagnetic fields obtained from solving the diffusion equations describing arbitrarily 
time-varying fields by FEM. Calculations of the generator steady state have to be preceded 
by calculations of the transient state. Therefore, they are time-consuming, require a large 
memory and considerable processing power of a computer. The assumed two-dimensional, 
field-circuit model of the generator takes into account all essential factors affecting the cal-
culated characteristics, among others, the motion of the rotor as well as electromotive forces 
induced in the windings and damper squirrel-cage by higher harmonics of the magnetic field.

2. The field-circuit model of a hydrogenerator

The field-circuit model of a synchronous machine consists of differential equations with 
partial derivatives describing the distribution of the magnetic field inside the machine and 
differential equations with ordinary derivatives describing the voltage-current relationships 
in the electric circuits of the windings [3, 4].

The space-time distribution of the electromagnetic field in the machine is described by the 
equation for the magnetic vector potential A:
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where: 
γ – conductivity, 
µ – magnetic permeability.

In the two-dimensional model, the magnetic vector potential has one component only. 
The average value of the flux linked with the k-th winding is expressed by the relationship
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where: 
Ai – average value of the potential in the cross-section of the winding conductor, 
Si – surface area of the winding conductor, 
le – effective length of the machine.

The Kirchhoff equation describing the electromagnetic state of the k-th winding is of 
the form:
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Where uk, ik, Ψk – instantaneous values of the voltage, current and flux linkage of the k-th 
winding.

A salient-pole synchronous machine operating in żydowo Pumped Storage Power Plant 
was the object of the investigations. The field-circuit calculations were carried out using 
Transient solver of Ansys Maxwell 2D software [1]. The ratings of the machine for the gen-
erator and motor operation are given in Table 1.

T a b l e  1

Ratings of hydrogenerator HV832732/32

Quantity Motor  
operation

Generator  
operation

Sn
Pn
In
Ifn

cosϕn

55.5 MVA
48.3 MW
3050 A
985 A
0.87 i

71.5 MVA
61.5 MW
3900 A
995 A
0.95 p

Un = 10.5 kV, nn = 187.5 rpm
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The tested hydrogenerator was a salient-pole (32 poles) and low-speed machine. 
A three-phase two-layer winding of two parallel branches and a non-integer number of 
slots per pole and phase (fractional winding, q = 3.5) is placed in 336 slots of the stator. 
In salient-pole machines, such a winding provides a lower harmonic content in the induced 
stator voltage [5, 8]. Due to a different number of slots occupied by the phase bands of the 
stator winding under successive poles, the region of analysis cannot be divided into sym-
metrical parts and the sizes of solved equations FEM cannot be reduced [8]. The analysis 
was performed for the half of the machine cross-section. In the pole shoes of the rotor 
poles, there are 8 bars of the damper squirrel-cage short-circuited on both sides of the rotor 
by short-circuiting rings. 

In the developed computational model of the hydrogenerator, there was taken into ac-
count:

• two-dimensional distribution of the electromagnetic field in the generator cross-section 
comprising one pole pitch of the machine, 

• nonlinear single-valued magnetization characteristics of the stator and rotor cores, 
• constant speed of rotor rotation, 
• currents induced in the rotor damper-squirrel cage and conducting elements of the rotor, 
• influence of the harmonics of saturation, permeance and magnetomotive forces of the 

windings.

The skin effect in the stator windings and excitation winding was neglected.
The external electric circuits of the hydrogenerator, connected to the modelled wind-

ings in the field part, are shown in Fig. 1. They contain the resistances and leakage in-
ductances of stator and excitation winding ends as well as the resistances and leakage 
inductances of the segments of the short-circuiting rings which short-circuit the bars of 
the damper squirrel-cage in the rotor. The values of these parameters were determined 
from the design relationships [9]. The switches (W) presented in Fig. 1 were open during 
the determination of the no-load characteristic and closed during the determination of the 
three-phase short-circuit characteristic.

The zero Dirichlet boundary condition for the vector magnetic potential was assumed on 
the outer surface of the stator and the inner surface of the rotor yoke. Symmetry conditions 
were imposed on the surface separating the two halves of the cross-section.

The rotational motion of the rotor was modeled in Maxwell software by means of the 
special object ‘band’ [1] comprising all rotating elements of the rotor. The electromagnetic 
field was calculated in two separate coordinate systems, motionless in relation to the stator 
and rotor, respectively.

The considered cross-section of the generator computational model was discretized using 
triangular finite elements of second order. The computational model contained about 127 000 
finite elements. In magnetostatic calculations, the number of finite elements was twice as 
large since the full machine model was used for investigations. A fragment of the hydrogen-
erator cross-section and the finite element mesh are presented in Fig. 2.
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3. Field calculation results and measurement verification 

The developed field-circuit model of the hydrogenerator was used for calculations of the 
no-load and three-phase symmetrical short-circuit characteristics. Individual points of the 
characteristics were determined based on instantaneous values of the appropriate voltages, 
currents and magnetic fluxes in the steady state after finishing the initial transient state.

3.1. The no-load characteristic 

The no-load characteristic was determined based on a series of analyses of the electro-
magnetic field distribution for successive values of the excitation current at the open switch 
(W) of the stator winding (Fig. 1).

Figure 3a) shows the distribution of the magnetic flux density amplitude in the hydrogen-
erator cross-section in the steady state at no-load at the selected time instant.

In the steady state of a hydrogenerator operating at no-load, the currents induced by 
higher harmonics of the magnetic field, including subharmonics of the field generated by the 
fractional winding of the stator, flow in the damping circuits of the rotor [5]. To investigate 
their influence on the values of the voltages induced in the stator winding, there were cal-
culations carried out whilst taking into account and neglecting the effect of the currents in-

Fig. 1. External circuits connected to the 
hydrogenerator field model

Fig. 2. Fragment of the hydrogenerator  
cross-section (a) and finie element mesh (b)
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duced in the damper squirrel-cage. Based on the calculations, it was stated that the influence 
of these currents on the no-load characteristic was negligibly small. The differences in the 
stator voltage, invisible on the no-load characteristic, are equal to about 40 V on the curved 
part of the characteristic (Fig. 4). The contents of harmonics in the generator stator voltage is 
small. Figure 5 shows the amplitudes of higher harmonics, calculated by FEM, in the phase 
and line-to-line voltage of the generator operating at no-load, related to the amplitude of the 
first harmonic. The third harmonic of the amplitude equal to 1.76% of the first harmonic 
amplitude is dominant in the phase voltage. The values of the other harmonics do not exceed 
0.25% of the first harmonic amplitude. However, they are uncertain due to the fact that they 
are comparable with the level of numerical errors. The relative harmonic content of the phase 
voltage calculated up-to 40-th harmonic from the waveforms of the stator voltage equals [6]:
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Where U1, Uk – rms value of the first and k-th harmonic of the stator voltage.

From the comparison of the measured and calculated by FEM no-load characteristics, it 
follows that the field-circuit model represents the saturation of magnetic cores and higher 
harmonics of the magnetic field with a strong degree of accuracy. 

1.807 – for the phase voltage 

0.286 – for the line-to-line voltage

Fig. 3. Distribution of the magnetic flux density amplitude in the hydrogenerator cross-section in 
steady state at no-load (a) and symmetric short-circuit (b).

To shorten the calculation time, the no-load characteristics are often calculated based on 
the distributions of magnetostatic fields for given excitation currents. The voltage induced in 
the stator is calculated with the use of the relationships valid for the circuit model of a mono-
harmonic machine. Figure 6 presents the no-load characteristic calculated by means of the 
magnetostatic solver of Ansys Maxwell. Compared to the calculations based on the generator 
field-circuit model for transient states, in the magnetostatic calculations the machine model 
does not take into account the rotational motion of the rotor and electromotive forces in-
duced in the windings and damper squirrel-cage by higher harmonics of the field. The visible 
differen ces between the characteristics in the saturation region are equal to about 5%.
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Fig. 4. Comparison of the no-load characteristic when taking into account and neglecting the effect of 
the damper squirrel-cage with the measured characteristic 

Fig. 5. Amplitudes of higher harmonics of the phase and line-to-line voltage of the stator related to the 
first harmonic amplitude at no-load 

Fig. 6. Comparison of the no-load characteristic determined based on calculations of magnetostatic 
fields (FEM) and measurements
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3.2. The three-phase symmetrical short-circuit characteristic 

The three-phase symmetrical short-circuit characteristic was determined on the basis of 
a series of analyses of the electromagnetic field for successive values of the excitation cur-
rent at the short-circuited stator winding. The computational model of the machine contains 
the circuit of three star-connected phases of the stator windings, short-circuited at terminals, 
connected to the field model FEM (Fig. 1). Figure 3b) shows the distribution of the magnetic 
flux density amplitude in the hydrogenerator cross-section at the steady-state symmetrical 
short-circuit at selected time instant. The comparison of the short-circuit characteristic calcu-
lated by FEM with that measured in żydowo Power Plant is presented in Fig. 7.

Fig. 7. Comparison of the calculated and measured three-phase symmetrical short-circuit 
characteristic of the hydrogenerator 

From the carried out FEM calculations, it follows that the influence of the damper squir-
rel-cage on the rms values of the short-circuit currents is negligibly small under the analyzed 
operating conditions of the turbogenerator (Fig. 7). 

The comparison of the calculated and measured characteristics recorded in żydowo Pow-
er Plant proves the correctness of the modelled stator winding and rotor electric circuits.

4. Remarks and conclusions 

The presented two-dimensional field-circuit hydrogenetaor model with a non-integer num-
ber of slots per pole and per phase in the stator includes all essential factors influencing the 
calculation accuracy. These factors are: nonlinearity of magnetization characteristics of mag-
netic cores; higher space and time harmonics of the magnetic field; rotational motion of the 
rotor; effect of currents induced in the damper squirrel-cage; conducting elements of the rotor.

The investigated hydrogenerator is a multipolar machine with a fractional pole pitch stator 
winding. To use the symmetry conditions enabling a reduction of the size of the solved system 
of equations FEM, the computational model should not comprise one pole pitch only, which is 
possible in machines with an integer number of slots per pole and per phase. This model should 
contain a greater number of pole pitches, dependent on the kind of a fractional winding.
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The comparison of the no-load and short-circuit characteristics calculated based on this 
model with the measured characteristics proved the usefulness of the model for analyses 
of different states of generator operation. In particular, the agreement of the calculated and 
measured no-load characteristics confirms the correctness of modelling the phenomenon of 
saturation of magnetic cores and higher harmonics of the magnetic field. Whereas the agree-
ment of the calculated and measured short-circuit characteristics confirms the correctness of 
modelling the stator winding and the electric circuits of the rotor.

The calculations of the no-load characteristic based on the distributions of the magne-
tostatic field can be loaded with a few percent error resulting from neglecting the effect of 
higher harmonics induced in the stator winding.

In the model, there are solved the diffusion equations, which is time-consuming, especial-
ly when the purpose of calculations is to determine the quantities in the steady state. 

The field-circuit model of the hydrogenerator verified by measurements will be used for 
determining the parameters of circuit models of synchronous generators in further works by 
the authors of this paper.
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The article presents the results of the impact of various geometric dimensions of torque in a complex 
motion electromechanical converter. The converter differs from the conventional radial structure motor in 
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W artykule przedstawiono wyniki badania wpływu poszczególnych wymiarów geometrycznych na mo-
ment obrotowy w elektromechanicznym przetworniku położenia o ruchu złożonym. Przetwornik różni się 
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1. Introduction 

The development of computerized numerical control technologies inspires the creation of 
new complex motion electromechanical converters. The device presented herein allows simul-
taneous, independent linear and rotary shaft motion. The applied solution with a common mag-
netic circuit allowed the replacement of two motors with one. Accurate information is described 
in [1–4]. The main target of the common magnetic circuit is a reduction of device dimensions 
compared to the dual motor application. This requirement forces a height reduction of the outer 
part of the device and different parameter values in comparison to the inner part which is pre-
sented in Fig. 1. The result of usage of different parameter values was a disadvantageous torque 
distribution. To find appropriate solutions, several studies were performed. 

Fig. 1. Cross-section of the complex motion electromechanical converter

2. Research description

The study consisted of a 576 dimension configuration examination which was made on 
a filed model of a common circuit complex motion motor based on SRM philosophy. Every 
configuration test was to outer rotor torque registration, with energized proper coils in few 
rotor position from 0–0.5 range. Calculations were made in FEMM4.2 and Matlab software. 
The all parameter descriptions and range of change are shown in Table 1 and Fig. 3.

T a b l e 1

No. Coefficients Description Range

1 kr Diameters coefficient 1.4–1.8 step 0.2

2 gamS2 Parameter specifying stator tooth width 0.2–0.5 step 0.1

3 ks2 Parameter specifying stator yoke height 0.2–0.5 step 0.1

4 krr2  Parameter specifying rotor yoke height 0.3–0.6 step 0.1

5 kr2 Parameter specifying the middle of air gap  
(in align rotor position) 0.4–0.6 step 0.1
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Fig. 2. Distribution of torques

Fig. 3. Decision-making dimensions, and parameters

The result of the test was a torque matrix. For a qualitative comparison of the results, 
the average values were determined. In the next step, every configuration ripple factor was 
calculated. It was difficult to draw conclusions from data given in that form. Presentation 
of two related values as a function of five variables needs other form then spatial wave-
forms. It was considered that the mean value and ripple factor should be scaled by the 
maximum achieved values. For those values where the diameter coefficient was changed, 
should be scaled locally – this was to avoid comparing cases from different categories. 
Finally, it was decided to use a ratio of scaled coefficient of torque to ripple factor one, as 
a comparison criteria.
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Where:
n – number of case, 
Tavg – torque mean value of case n, 
max(Tavg) – maximum value of Tavg for range constant kr factor range.

Fig. 4. Distribution of criterion function, for kr = 1.6 values increased +1, for kr = 1.8 values 
increased +2

There is course of criterion function presented in Fig. 4. There can be seen four areas of 
visible changes. The first is 1–48 range, where gamS2 parameter is 0.2, the second is 49–96 
range for gamS2 = 0.3, the third is 97–144 for gamS2 = 0.4, the fourth 145–192 for gamS2 = 
0.5. Based on this figure, the following conclusions can be drawn.

The pole width should be well-fitted to the diameter coefficient kr. This means that for 
small values of kr, the number of poles or phases should be increased. In every case, the 
number cycle per revolutions increases.

Too large a tooth width causes there to be too little space for winding and this results in 
a small torque value – this explanation is presented in Fig. 5. 

Limited winding area comparing to stator tooth causes low flux distribution in the tooth 
core and too little reluctance change. The influence of the gamS2 parameter is shown in 
Fig. 6. The further analysis of Fig. 4 points other modulation of criterion function curve 
where 4 subareas can be found. Describing function fluctuation is caused by ks2 para-
meter. The ks2 parameter corresponds to the height of the stator yoke. The reduction of 
the criterion function is caused by the reduction of the stator yoke height. This situation 
is shown in Fig. 7. The stator tooth is significantly higher and the flux lines denser. It can 
also be seen in Fig. 4 that for increasing gamS2 values, krs2 parameter has no influence 
on criterion function.
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Fig. 5. Distribution of magnetic flux in pole tooth that is too wide. Unaligned rotor position

Fig. 6. The influence of stator width on criterion function for several kr

Fig. 7. Distribution of magnetic flux for different krs2 parameter values. Left krs2 = 0.2, right krs2 = 0.5
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Fig. 8. The influence of stator yoke height for several GamR2

The parameter corresponding to rotor yoke height has a completely different effect on 
criterion function. The higher the value of krr2, the higher the criterion function value. 

In Figure 8, the flux distributions in the magnetic core of two configurations are shown. 
Both constructions differ in the thicknesses of their rotor yokes. The influence of this param-
eter (krr2) can be seen in Fig. 11 where the saturation is shown.

Fig. 9. Distribution of magnetic flux for different krr2 parameter values. Left krr2 = 0.2, right krr2 = 0.6

Fig. 10. The influence of rotor yoke height on criterion function for several stator yoke heights 
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Fig. 11.Torque distributions for different stator yoke heights

It should be noted the description of moment problem by criterion function gives good results.
Another parameter resulting on outer rotor torque is the kr2 parameter. This coefficient 

defines the diameter of the air gap and scale dimensions controlled by krs2 and krr2. The 
influence of the kr2 parameter on criterion function is shown on Fig. 12.

Fig. 12. The influence of kr2 parameter on criterion function

Fig. 13. The influence of kr parameter on torque mean value
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Based on Fig. 12, it can be stated that the influence of the kr2 parameter is connected to 
the diameter coefficient. The optimum value is 0.5.

The reflections about influences of various parameter on torque ends diameter ratio dis-
cussion, which character is parabolic.

3. Summary

In this paper, the influence of various parameters on torque distribution was presented. 
Moreover, the efficient method of comparing and evaluating configurations was pointed out. 
A further step will be to analyze both the inner and the outer rotor. Then, in conjunction with 
criteria [5], the best possible solution for the set of requirements will be chosen.
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1. Introduction

Lots of scientific institutions all over the world conduct research aimed at decreasing 
the costs of electrical generation and ensuring the proper quality of electrical energy. To aid 
the national economy, it seems advisable to reinforce power units in power stations during 
modernization.

In Poland, as in many other countries, a significant role in the generation of electrical ener-
gy is played by turbogenerators. The results of implemented research show that an increase of 
power of steam turbines by even 20% does not usually require much structural modification. 
The most difficult technical issue is how to modernize turbogenerators in order to increase their 
power and, at the same time, to increase their durability and improve operational reliability.

The calculations and measurements conducted for a lot of turbogenerators show that the 
introduction of structural modifications makes it possible to increase power output. The rated 
power of the turbogenerator is mostly restricted by full thermal utilization of stator, exci-
tation windings and stator core. Therefore, an increase of turbogenerators’ power first of all 
requires the introduction of changes ensuring improvement in the cooling of active elements. 
The allowable load of turbogenerators in some cases is limited by the heating of terminal 
elements of the stator core and mechanical stresses occurring during short-circuiting.

The calculated temperature field is used to evaluate new designs of turbogenerators’ 
principal elements. The conducted research has resulted in the elaboration of the modified 
thermal networks method [1]. This method makes it possible to model the temperature field 
in large AC machines. The developed software based on this method constitutes the most 
important element of computer-aided systems for the design of turbogenerators.

2. Modified thermal networks in turbogenerator design

The thermal network method is one of the oldest methods used in the calculation of tem-
perature distribution in electrical machines [1]. The early thermal networks contained only 
a few nodes, and the resultant sets of equations were solved analytically.

Significant increases in the number of nodes in the thermal network became possible 
when analog computers were applied for computing and, later on, digital computers. The 
increase in the number of nodes in the thermal network [2–9] resulted in improved accuracy 
of calculations. A dedicated node representing average temperature was assigned to each ele-
ment of the electrical machine engaged in the heat exchange. In the classic approach to the 
thermal networks method, medium flowing through the cooling duct corresponds to one node 
representing its average temperature. The drawback of this modelling method is that there is 
no possibility of calculating the temperature distribution in elements of the electrical machine 
and the streams of the cooling medium flowing through these elements.

In very long cooling ducts of turbogenerators’ active elements, the difference of medium 
temperatures between input and output may even reach several tens of kelvins. This leads 
to the emergence of very high non-uniformities of temperature distribution inside cooled 
elements. The approximate values of average temperatures of active elements, calculated 
by thermal network methods, are insufficient for a full assessment of the turbogenerator’s 
thermal condition.
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The novel method of modified thermal networks [10] makes it possible to model tempera-
ture distribution in medium streams in cooling ducts and inside the active elements of the 
turbogenerator. This is possible both for steady and transient thermal states. 

In order to create a modified thermal network for steady-state conditions, active elements 
of the turbogenerator (excitation winding wires, stator bars etc.) are classified in accordance 
with the heat flow direction into differential zones (Fig. 1). Next, one thermal node is as-
signed to each active element. The nodes of the thermal network are connected by thermal 
conductances.

Fig. 1. Thermal network for element divided into differential zones in the thermal steady state

The conductance for thermal flux flowing between neighbouring differential zones due to 
conduction (Fig. 1) has been determined from the formula:

 
G F

x
x

λ =
⋅λ
∆  

(1)

where:
λx – specific thermal conductivity of the elemental material in the direction of the x axis,
F – area of face dividing neighbouring zones.

The conductance for thermal flux being removed from the face of the differential zone to 
the cooling medium coursing round it (Fig. 1) has been determined from the formula:

 Gk = αk · F (2)

where:
αk – heat removal factor,
F – area of face from which heat is removed to the cooling medium.
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Additional power losses dependent on temperature are present in nodes representing dif-
ferential zones singled out inside winding wires (Fig. 1):

 P P P k j Vo o d o( ) ( )i i= ⋅ + ⋅ = ⋅ ⋅ ⋅( )1 2α ϑ ρ  (3)

where:
Po – power losses in the singled out zones at the reference temperature (in the models 
  reference temperature was assumed to be 0°C),
α – temperature coefficient of the winding wire material,
ϑ(i) – average temperature of i-th zone,
kd – coefficient of additional losses,
j – average current density,
ρo – resistivity of the wire winding material at the reference temperature,
V – volume of singled out zones.

A novel thermal network for fluid or gas stream flowing in the cooling duct of the elec-
trical machine has been presented in [1]. This network contains equivalent current sources 
(Fig. 2), with capacities equal to thermal powers carried by the cooling medium flowing 
in the duct:

 P m cm i p m i( ) ( )=  ϑ  (4)

where:
m   – mass flow of cooling medium,
cp – medium’s specific heat at constant pressure,
ϑm(i) – medium’s average temperature in i-th differential zone singled out within the duct.

Fig. 2. Thermal network for medium stream flowing in the cooling duct of the electrical machine 
in thermal steady state
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Increasing the mesh density (i.e. the partitioning of constructional elements of the electrical 
machine into differential zones) improves the accuracy of numerical calculations. At the same 
time, increase in the number of thermal network nodes must lengthen the calculation time. The 
optimum value of the Δx parameter, which determines the number of differential zone partitions 
of the constructional element and cooling duct, may be resolved by investigating the sensitivity 
of the solution (i.e. calculated temperature distributions in the element and medium stream) to 
its changes. For each generated modified thermal network we ran a series of calculations of 
temperature distribution, gradually decreasing the value of the Δx parameter. 

When continued decreasing of this parameter at some point does not cause any further 
change in the calculated temperature greater than the assumed accuracy of numerical calcu-
lations (this accuracy has been assumed to be equal to 0.1 K), then the number of partitions 
obtained as a result of discretization is declared to be optimum. The optimum division of the 
element into differential zones ensures the achievement of the proposed accuracy of numeri-
cal calculations at the lowest possible number of singled out differential zones. The obtained 
results have not been compared with classic relative sensitivity according to Bode:

 ∆ ∆

∆
x

RS R
x

x
R

=
∂
∂

⋅
 

(5)

where:
Δx – width of differential zone,
R – change in temperature distribution.

3. Example of TWW-200-2(2A) turbogenerator modernization

The developed computer software based on the modified thermal networks has been used 
in working out the plans of numerous modernizations of turbogenerators rating from 6 to 
560 MW. These modernizations have been later implemented by TurboCare Poland S.A. in 
Lubliniec. The modernizations were aimed at increasing power with simultaneous rises in 
turbogenerator reliability.

In this section, we present the modernization of the TWW-200-2(2A) type turbogenera-
tor. As a result of introducing constructional changes, we obtained an increase in the turbo-
generator’s power from 200 to 240 MW, i.e. by 20%, the rated power factor was unchanged. 
In addition, these modifications improved the operational reliability and lengthened the tur-
bogenerator’s durability.

The initial research related to modernization of this turbogenerator type, targeted at an 
increase of its power and aided by the modified thermal networks method was initiated in 
1994. Then, modification in the excitation winding construction was introduced (but the 
cooling system constructed by the manufacturer [10] was not interfered with) and this caused 
a decrease in temperature rise of this turbogenerator element (it must be noted that excitation 
winding is the most utilized thermal element of the turbogenerator). As a result, we obtained 
an increase in the turbogenerator’s power from 200 to 220 MW, while the rated power factor 
was unchanged. Thermal measurements of the modernized turbogenerator confirmed the ef-
fects anticipated in the modernization draft, i.e. the desired increase in power.
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In order to increase turbogenerator power even more, we decided to introduce an axial 
cooling system in the excitation winding. Figure 1 shows the cross-section of the rotor slot 
with visible axial ducts, and Fig. 2 shows the network of cooling ducts for a quarter of the ex-
citation winding coil.

Fig. 3. Cross-section of rotor slot

Fig. 4. Network of cooling ducts in one quarter of the excitation winding coil

Cold hydrogen flowing out of the cooler is forced under the covers by the fans. The wires 
of the excitation winding located near the end of the rotor forging contain holes, through which 
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hydrogen runs into the axial ducts. One stream of hydrogen flows through the axial ducts in the 
direction of the end winding centre, and from there, it flows out by the outlet holes. The second 
hydrogen stream flows through axial ducts in the windings in the direction of the rotor forging. 
The slot wedges and winding wires contain radial outlet ducts (located at some length from the 
end of the rotor forging), and through these, the coolant stream flows out to the rotor gap. The 
third hydrogen stream flows through ducts under the slots and then runs into the axial ducts in 
the winding wires through radial holes. This stream then flows out through radial holes in the 
winding wires and slot wedges near the centre of the rotor forging and goes into the rotor gap.

New fans were designed and constructed for the modernized turbogenerator; they were 
additionally equipped with rear guide blades. The comparative measurements in the aerody-
namic tunnel showed that efficiency of new fans with rear guide blades is 24% higher than 
that of original fans.

Construction of the new axial fan with rear guide blades is shown in Fig. 5; fan blades 
(3) are fixed to the fan rotor (1), and rear guide blades (5) are located in the fan housing (4).

Fig. 5. Developed view of blade cascades of fan rotor and guide blades

Fig. 6. Cross-section of stator winding bar
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The stator winding of the modernized turbogenerator is cooled directly with distillate. 
The winding bars are made of both solid and hollow elementary conductors and distillate 
flows through them – see Fig. 6. The new bars differ from the original bars both in the num-
ber and the dimensions of the elementary conductors. The introduced constructional changes 
caused a decrease of losses in the turbogenerator stator winding as a result of the decreased 
additional power losses factor (these power losses are related to current displacement).

The construction of the turbogenerator stator core was unchanged. It is laminated and di-
vided into axial segments; between these segments, radial cooling ducts are located.

Lots of additional changes were introduced into the turbogenerator, the most important were 
related to the modernization of the terminal elements of the stator core and hydrogen coolers.

Using thermal diagrams for the differential zone singled out in the wire (Fig. 1) and 
cooling duct (Fig. 2) in the steady state, a modified thermal network for the turbogenerator’s 
excitation winding was created (Fig. 7). This network contained 206 thermal nodes.

Fig. 7. Modified thermal network for excitation winding in thermal steady state

Fig. 8. Modified thermal network for stator winding in thermal steady state
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Similar rules were applied in the creation of the modified thermal network for turbogene-
rator stator winding (Fig. 8). It contained 708 thermal nodes.

Using modified thermal networks, the temperature field in the active elements of the mod-
ernized turbogenerator was calculated. The generator was loaded with active power equal 
to P = 255 MW, at rated power factor cosϕn = 0.85 (lagging). An example of the temperature 
rise distribution in the wires of the excitation winding outer coil and its cooling hydrogen 
stream is shown in Fig. 9.

Fig. 9. Distribution of temperature rise in excitation winding outer coil – turbogenerator running  
at P = 255 MW, cosϕn = 0.85 (lag)

The calculated and allowable temperature rises of the active elements of modernized tur-
bogenerator are compared in Table 1. All values relate to turbogenerator loaded with power 
P = 255 MW at rated power factor cosϕn = 0.85 (lagging).

T a b l e  1

Comparison of calculated and allowable temperature rises

Temperature rise [K] Calculated Allowable

Average, excitation winding 60.5 70

Maximum, stator winding 36.5 49

Maximum, stator core 13.5 55

On account of the thermal utilization of the active elements, there exists a possibili-
ty of increasing the power of the modernized turbogenerator up to even 255 MW (with 
rated power factor unchanged). The presented modernization scheme was implemented 
in practice. The manufacturer took into account additional factors limiting the power (in 
the particular heating of the terminal elements of the stator core and mechanical stresses 
during short-circuiting) and stated the rated power as equal to 240 MW after moderniza-
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tion. It must be noted that after modernization, the temperature rises in the active elements 
at rated operational conditions are significantly lower than the allowable rises – this fact 
must result in increased durability. It must also be emphasized that the modified thermal 
networks used in calculations were verified experimentally. They ensure a high accuracy 
of representing the temperature distribution in the turbogenerator. The maximum differ-
ence between the calculated and measured temperatures was equal to 6.5 K. In view of 
the complexity of the design of the modelled object, this must be acknowledged as a very 
satisfactory result.

4. Conclusion

Power stations all over the world try to lower the costs of electricity production. The ope-
rators wish to combine necessary repair work on the turbogenerators with modernization in 
order to increase the rated power and improve operational reliability. Research presented 
in this paper has resulted in numerous implemented modernizations of turbogenerators for 
power stations in EU and Asian countries (e.g. China and Korea). In addition, perfecting the 
design of turbogenerators has helped to eliminate many different types of failures. The mo-
dernization of the TWW-200-2(A) turbo generator described in this paper may be considered 
a rather interesting case, since a very large increase in rated power was obtained (20%) with 
a simultaneous decrease of temperature rises in all active elements.
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1. Introduction 

In order to reduce the operating costs of electric drives, induction motors are more fre-
quently being replaced with permanent-magnet synchronous motors (PMSM), which with 
the same dimensions, provide a greater power efficiency and power factor [10]. In recent 
years, many interesting structures of these motors have been developed i.e. with a surface 
mounted permanent magnet [7, 9]. A disadvantage of the PMSM is that it necessitates 
the use of power converters during start-up, which increases the total cost of the drive. 
This cost can be minimized by using a synchronous motor adapted to start when directly 
connected to the supply voltage (Line Start Permanent Magnet Synchronous Motors – 
LSPMSM). Studies on this type of motor have been conducted in many research centers 
[3, 4, 6, 8].

This paper presents the results of the analysis of selected power parameters. The effects 
of changes in the motor’s speed: permanent magnet synchronous and squirrel-cage induction 
motors on efficiency, power factor and current in the stator windings were tested. Changes in 
rotor speed were achieved by supplying the motors with an adjustable frequency.

The present paper is a continuation of the work carried out by the authors on the develop-
ment of a new construction and testing of the LSPMSM [1, 2, 5].

2. Structure of examined motors 

A squirrel-cage motor (IM) and line start permanent magnet synchronous motor were test-
ed. In the considered constructions, the stator and frame of a 4 pole, Sg 100L-4B type, 3 kW 
induction motor, were used. The rated line to line supply voltage of the base IM was equal to 
400 V (star connection) and the nominal speed was equal to 1415 rpm. The stator consisted of 
36 slots and was wound with a single layer 3 phase winding. The rotor cage had 28 bars man-
ufactured from aluminium (Fig. 1a). In the rotor of the LSPMSM, the bars were placed over 
a U arrangement of N42SH magnets embedded into the laminated rotor core (Fig. 1b).

Figure 2 shows the complete structure of both of the rotors of the considered motors.

Fig. 1. The structures of rotors: a) IM, b) LSPMSM  
(1 – rotor bars, 2 – rotor core, 3 – shaft, 4 – magnets)
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Fig. 2. Rotor of a) squirrel-cage motor and b) LSPMSM with a squirrel-cage manufactured from copper 

3. Results

Measurements were performed by supplying the motors with an adjustable frequency, 
while maintaining the condition U/f = const. The influence of the load torque on the mo-
tor efficiency η, power factor cosϕ as well as phase current I were examined. The results 
for the selected frequencies for the IM and the LSPMS motor are shown in Figs. 3 and 4 
respectively.

Fig. 3. Efficiency (a), power factor (b) and phase current (c) vs. load torque of the IM 

a) b)

c)
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Fig. 4. Efficiency (a), power factor (b) and phase current (c) vs. load torque of the LSPMSM 

a) b)

c)

Fig. 5. Efficiency (a), power factor (b) and input power (c) vs. load torque of the IM as well as  
the LSPMSM

a) b)

c)
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Measurements were also performed for motors supplied with an adjustable frequency at 
a constant load torque of T = 15 Nm. The influence of the frequency changes on the motor 
efficiency η, power factor cosϕ as well as the input power P1 is presented in Fig. 5. In order to 
compare the obtained functional parameters of both the considered motors in these operating 
conditions, the values of efficiency, power factor, currents in stator winding and useful power 
Pu are summarized in Table 1.

T a b l e  1

Selected functional parameters in the steady state obtained during laboratory tests at T = 15 Nm 
and selected frequencies

Parameters
IM LSPMSM

30 Hz 40 Hz 50 Hz 30 Hz 40 Hz 50 Hz
η [-] 0.728 0.786 0.803 0.803 0.842 0.863

cosφ [-] 0.669 0.683 0.707 0.769 0.806 0.842
I [A] 5.7 5.7 5.7 4.8 4.7 4.6

Pu [W] 1325 1808 2280 1414 1885 2356

4. Conclusions

The effective parameters of the LSPMSM are better than those of the induction motor. 
The power factor and efficiency of a motor with permanent magnets are significantly higher 
than those obtained from the induction motor. These parameters increase in both structures 
along with an increase in frequency. The effective current value of the LSPMSM in a steady-
-state with a load torque of over 10 Nm is also lower by approx. 10–20 % than that of the 
induction motor for the same load of both machines. 

Based on the obtained results of the research, it can be concluded that synchronous mo-
tors with permanent magnets exhibit higher efficiency and higher power than induction mo-
tors. It has been shown that they can successfully replace induction motors as drive systems 
with frequency control. For this reason, this type of machinery should be implemented for 
production and operation.
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1. Introduction 

From the time of their discovery in 1880, piezoelectric materials have found applications 
in various fields of industry and services. Piezoelectric transducers are used for measuring 
a wide variety of mechanical and thermal parameters including: effort; pressure; accelera-
tion; weight; angular speed; moments; deformations; temperature etc. Considering accuracy, 
in many cases these devices surpass transducers based on other detection principles. Now-
adays, piezoelectric transducers are used in medicine and bioengineering for ultrasonic to-
mography, pulse measurements, tone measurements, urology, ophthalmology, etc. This work 
describes the continuation of research activities dedicated to a piezoelectric resonant trans-
ducer intended for dermatological application. Details of the measurement system as well as 
state of the art can be found in [1, 2]. 

This paper is organized as follows: section 2 presents the problem under research in 
a qualitative manner; basic requirements for the designed transducer are shown, as well as 
the main differences between the prototypes; section 3 describes the measurement system 
in a more quantitative way; constitutive equations are presented for the cantilever sensor/
actuator; the principle of operation is described; section 4 presents the numerical model of 
the transducer and the results of finite element method analysis; section 5 presents remarks 
and conclusions on the investigated prototype.

2. Description of piezoelectric sensor actuator

The main objective of the project is the design and analysis of a piezoelectric resonant, 
bending sensor/actuator intended for measuring the mechanical properties of soft tissues, 
such as their rigidity, flexibility and viscosity. 

A dynamic indentation method for the measurement of mechanical properties is used in 
this study. This technique is based upon registering the force applied on the surface of the ma-
terial as a function of the displacement imposed by the indenter. In addition to a static force, 
vibrations are injected on the surface of the tested sample. A spherical indentation device is 
located at the free end of the developed piezoelectric cantilever sensor/actuator working in 
resonance conditions.

A resonant piezoelectric sensor is a device with an element vibrating at resonance which 
changes its output frequency, i.e. the mechanical resonance frequency, as a function of a phys-
ical parameter – this is proved to have major advantages over other physical resolution prin-
ciples. Resonant sensors with various excitation and detection techniques have been reported 
in the literature and each one has its own advantages and disadvantages. Smart materials, in 
particular piezoelectric materials for excitation and detection, have numerous advantages 
like strong force, low actuation voltage, high energy efficiency, linear behavior, high acous-
tic quality, high speed and high frequency. In the design of resonance piezoelectric sensors, 
a sensor/actuator in collocation is usually used and provides a stable performance [5]. A new 
prototype of a developed piezoelectric sensor/actuator should meet a number of requirements 
based on the analysis of human skin properties:
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• stimulation method with sufficient sensitivity for measuring mechanical quantities, such 
as stiffness and elasticity (e.g. indentation method),

• the maximum deflection at the free end of the actuator, which corresponds to the depth of 
skin’s penetration, should be less than 5 mm,

• the maximum force applied to the tested tissue should not exceed 1 N,
• the frequency of the stimulation should be in the range perceivable by the skin receptors 

– that is below 1500 Hz,
• simple electromechanical structure with compact dimensions,
• possibility of implementation of the structure on a stylus [6].

Firstly, to better fulfill the compact dimensions condition, the new prototype is 40% 
smaller than the first transducer. The total active length is now only 60 mm, the width 
is 10 mm for the piezoelectric ceramics, and is only 1.5 mm thick. On the other hand, 
the indentation device (a rigid sphere) is now bigger, with a diameter of 16 mm, which 
contributes to better sensitivity for measured quantities. Material for the active layer had 
been changed to PZT-401 ceramic, due to its better electro-mechanical coupling and low-
er dielectric losses. Also, the area for the electrodes has been rearranged. Thanks to the 
sectorization of the ceramics, there are five areas dedicated to sensing and actuating at 
a desired resonance frequency. The middle three are dedicated to sensing/actuating the first 
and the third mode, while the other two are dedicated for the second resonant mode. The 
new prototype is located in Fig. 1.

Fig. 1. Comparison of two prototypes of cantilever sensor/actuator. Right – first prototype; left – 
newest prototype (size is not scaled)

3. Analytical description of the transducer

General constitutive equations for piezoelectric material can be presented in the form 
of a matrix, describing the relationship between the following pairs of quantities: (S, E); 
(S, D); (T, E); (T, D). Choosing T and E as independent variables, constitutive relations 
take form of:

 

S s T d E

D d T E

E t

T

( ) =   ⋅ ( ) + [ ] ⋅ ( )
( ) = [ ] ⋅ ( ) +   ⋅ ( )ε

  
(1)
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where:
(S)  – the six-dimensional strain vector,
(T)  – the vector of stresses,
(D)  – the three-dimensional electric displacement vector,
(E)  – the electric field vector,
[sE]  – the six by six compliance matrix evaluated at constant electric field,
[d]  – the three by six matrix of piezoelectric strain coefficients,
[εT]  – the three by three dielectric constant matrix evaluated at constant stress.
T  – represents the stress induced by the combined mechanical and electrical effects [3].

Before writing the constituent equations for the piezoelectric cantilever (bending trans-
ducer), it is necessary to adopt the following convention for the crystal axes of the piezoelec-
tric material: the polarization vector defines 3rd

  or z direction; the 1st and 2nd directions (x, y 
directions) are mutually perpendicular to the 3rd direction; the z direction is perpendicular to 
the large surface of the piezoelectric element. When an external voltage, V, is applied across 
the electrodes such that the external electric field, e3, is anti-parallel to the polarization of the 
piezoelectric element, the piezoelectric material will expand in the plane perpendicular to e3 
and contract in the direction of e3 if d31 < 0 and d33 > 0. Taking the above assumptions into 
consideration; the constitutive equations for the piezoelectric cantilever sensor/actuator (1), 
with polarization along the 3rd direction, can be reduced from matrix form into the following:

 

S s T d E
D d T E

a E,a a

a a T
1 11 1 31 3

3 31 1 33 3

= −

− = − ε   
(2)

For the passive layer, a non-piezoelectric, elastic material can be used. For this layer, it 
can be written:

 S s Tp p
1 11= 1

p   (3)

where s11 represents compliance under mechanical stress. Both T1
a and T1

p are transverse 
stresses acting on the y-z planes of the elements and are linear functions of the distances from 
the neutral axis, za and zp, as given in the following:

 

T z
T z

a a
a

p p
p

1

1

= −

= −

Γ

Γ   
(4)

where Γa and Γp are proportionality constants. The neutral axis of the bender doesn’t coincide 
with the joined surface [3].

The active, piezoelectric layer (superscript a) is bonded to a passive, elastic layer (super-
script p). When the voltage is applied across the thickness of the active layer, a longitudinal 
and transverse strain appears. The elastic layer opposes the transverse strain and the asym-
metry of the whole structure leads to a bending deformation. A basic rectangular cantilever 
transducer under deformation is located in Fig. 2. To benefit from the indentation function, 
a small rigid sphere (an indentation device) is glued to the free end of the sensor/actuator. 
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Fig. 2. Principle of operation: piezoelectric material extension resulting in the bending movement  
of cantilever actuator

The total deflection of the free end of the transducer is a function of material characteris-
tics (piezoelectric and elastic properties), the supply voltage and the geometric dimensions. 
Without the force acting at the free end, the total deformation can be expressed as follows:

 
δ

βη η

βη βη βη β η
0 3 2 1

1 4 6 2 4 3 2 4 31 3= −
+

+ + + +
L

h
d E

s

( )

( )  
(5)

where:
ea, ep  – Young modules of piezoelectric and the elastic layer in [N/m2],
ha, hp  – thicknesses of the piezoelectric and the elastic layer in [m],
L  – length of the transducer in [m],
d31  – piezoelectric coefficient in [m/V],
e3  – electric field in [kV/m],
with β = ea /ep and η = ha/hp.

The piezoelectric sensor/actuator is equipped with a spherical rigid probe – the inden-
tation device (Fig. 3). Such a design grants the possibility of verification of the obtained 
results (by means of an electromechanical impedance analysis, which is explained in detail 
in [1] and [2]) with the classic Hertzian contact mechanics theorem. Knowing the normal 
force acting on an elastic surface, as well as the properties of the spherical indenter, it is 
possible to assess the Young modulus of the elastic material as well as the stiffness of the 
contact 

 δ = 9
16

2

2
3

F
RE

N
*   (6)
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Where:
δ  – the penetration depth,
FN  – the normal force acting on the surface,
R  – the radius of the sphere,
e1, e2, ν1, ν2 – Young and poisons coefficients for the rigid sphere and the elastic material 
  surface respectively.

Fig. 3. Schematic description of the indentation method: rigid sphere acting on a soft tissue  
with the normal force FN 

4. Simulation analysis

In this paragraph, we will present results of the verification of the proposed piezoelectric 
transducer by means of the finite element method. This analysis will include a short descrip-
tion of the numerical model of the sensor/actuator, as well as results of static and modal 
simulations aiming to check if the performance of the designed prototype is up to the required 
level. Computations were made using a user-defined numerical model and boundary condi-
tions in a finite element method package ANSYS.

The definition of piezoelectric material requires permittivity (or dielectric constants), the 
piezoelectric matrix and the elastic coefficient matrix to specify the properties of the material 
[7]. The permittivity matrix specifies the relative permittivity values. The permittivity values 
represent the diagonal components ε11, ε22, ε33 respectively of the permittivity matrix εs. The 
superscript S indicates that the constants a2re evaluated at a constant strain. The piezoelectric 
matrix can be defined as a piezoelectric stress matrix [e] or a strain matrix [d]. Matrix [e] is 
usually associated with the input of anisotropic elasticity in the form of the stiffness matrix 
[c], while [d] is associated with the compliance matrix [s]. The elastic coefficients matrix 
(6x6 symmetric matrix) specifies the stiffness [c] or compliance [s] coefficients [4].

The numerical model of the cantilever transducer can be divided into two main parts – the 
passive layer of the bender and the indentation device (hemisphere), which are created from 
one solid block of steel. The second part of the transducer includes the active layer built from 
sectorized piezoelectric ceramics. For this part, hard PZT-401 ceramics were chosen due to 
their high resistance to depolarization and low dielectric losses under high electric drive. This 
type of material is especially suited for high power transducers and power generating bend-
ing systems. The meshed geometry of the transducer is provided in Fig. 4.
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T a b l e  1

Properties of materials used in the FEM model 

Layer Passive Active
Material Steel PZT-401
Height hp = 1 mm ha = 0.5 mm
Density ρ = 7850 kg/m3 ρ = 7600 kg/m3

Young modulus ep = 21·1010 N/m2 ea = 12.89·1010 N/m2

Poisson Coefficient νp = 0.3 [–] νa = 0.31 [–]

Piezoelectric strain coef-
ficients –

d33 = 315 pm/V
d31 = 132 pm/V
d15 = 511 pm/V

Dielectric constant – KT
33 = 1395 [–]

Fig. 4. Meshed numerical model of cantilever transducer. Piezoelectric layer is sectorized into five 
regions for sensing and actuation

During the static analysis, piezoelectric ceramics were supplied with a DC voltage of 
200 V. The structure was fixed at the bottom of the base. The deformation was measured 
along the z axis, and it corresponded to the normal excitation of the material’s surface. De-
pending on how many sectors of the active layer were supplied with voltage, the deformation 
of the transducer ranged from 21.99 µm to 49.79 µm. Those values could be related to a max-
imal deflection at the state of resonance using the quality factor Q. Considering the fact that 
the described sensor/actuator has a Q-factor below 100, its maximal deformation meets the 
requirements described in section 2. The static, bending deformation is illustrated in Fig. 5. 

The other design requirements were tested with modal analysis. The aim of which was to 
determine the vibration characteristics of a structure, including its natural frequencies, mode 
shapes and participation factors (the amount of a mode participates in a given direction). 
Three basic natural frequencies were extracted. Each of those corresponded to a deformation 
in a different direction (axis). First resonant mode was the bending movement in the z axis, 
which is normal to the tested material. The second was the torsion deformation (the tip of 
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spherical indenter – probe is moving in the y axis). The third natural frequency was linked 
to a ‘wave’ movement of the transducer, which caused the probe to move in the direction 
aligned with the x axis (Fig. 6).

Fig. 5. Results of static simulation: cantilever sensor/actuator supplied with 200 V DC. Basic bending 
deformation

Fig. 6. Results of modal simulation: first three natural frequencies and corresponding deformations 
of the cantilever transducer. Upper left: first mode – bending movement; upper right: second mode – 
torsional movement; lower: third mode – ‘wave’ movement. The amplitude of deformations is not to 

scale
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Moreover, for each natural frequency of the actuator, the indentation sphere and tested 
material create different contact surfaces. This contributes to varying conditions of friction 
and sliding between the spherical indenter and sample to be characterized. Piezoelectric actu-
ators, generally characterized by a low amplitude of vibration, work in the area of partial slip, 
since the contact area is often greater than the vibration amplitude. Under those conditions, 
the coefficient of friction of the sphere/surface contact may change depending on the mode in 
question. This property can serve as a way to tune the deformations of the transducer to meet 
the specific requirements of the measurement of mechanical properties of materials.

To establish frequency values of resonance and anti-resonance for each mode of the trans-
ducer, boundary conditions of the model had to be defined accordingly:

• Resonance – electromechanical impedance becomes minimum; Z → 0; short-circuit: vol-
tage on both electrodes set to 0.

• Anti-resonance – electromechanical impedance becomes maximum; Z → ∞; open circuit; 
voltage not defined [4].

T a b l e  2

Results of modal analysis: resonance and anti-resonance frequencies for the first three working 
modes of the sensor/actuator

Mode number Resonance frequency 
[Hz]

Anti-resonance frequency 
[Hz]

1 133.91 135.84
2 772.91 775.83
3 1337.4 1358.7

Deformations corresponding to frequencies listed above are illustrated in Fig. 5. Depend-
ing on the frequency of the supply voltage the cantilever sensor/actuator can produce move-
ment in each axis. This property is quite interesting considering the characterization of the 
mechanical properties of soft materials, where different kinds of movement can be used in 
extracting different quantities. Moreover, the highest value of resonant frequency is well 
below the required threshold of 1500 Hz (Table 2).

5. Conclusions

The aim of the paper was to present a new prototype of the piezoelectric cantilever trans-
ducer with improved geometry and electromechanical properties, while comparing with the 
first one. The presented analysis has proved that such a design has met most of the require-
ments specified for the measurement system of mechanical quantities describing soft tissues. 
Those are: compact dimensions and the simple electromechanical structure welcome in a por-
table device; adequate levels of produced deformation; force and operating frequency; most 
importantly, sufficient sensitivity for measurement of mechanical properties of viscoelastic 
materials (at the current stage of research – soft polymers; ultimately – human skin tissue). 
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Furthermore, the described prototype profits from the dynamic indentation method described 
in the literature, used for the measurement of elastic and viscous properties of human skin.

The presented considerations in the paper have proved the importance of choosing the 
resonance mode of the actuator on the mechanical contact between the indenter and the sam-
ple. Therefore, the right choice of working mode of the sensor/actuator will allow or greatly 
facilitate the measurement of mechanical properties of soft tissues.

In further works, it is planned to fabricate the considered prototype and to carry out ex-
perimental verification by an impedance measurement and a comparison with the existing 
prototype.
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1. Introduction 

The world’s development of energy generation from renewable sources has increased 
significantly in recent years. The biggest development of renewable sources is wind energy 
conversion system (WECS). An increasing trend is to stimulate research in the field of energy 
conversion in order to optimize receiving the largest values of energy from the wind. 

Wind turbines can be classified into fixed-speed and variable-speed turbines [4, 5, 8]. The 
main advantages of the systems with variable-speed turbines are: increased wind energy out-
put, the possibility to achieve maximum power conversion efficiency and reduced mechan-
ical stress. Most of the major wind turbine manufacturers are now developing wind turbine 
systems based on variable-speed operation. 

In WECS, mechanical energy of the wind turbine is converted in electrical energy with 
the help of an appropriate electrical generator. In the future, permanent magnet synchronous 
generators (PMSG) will predominate in small and large power wind turbines due to the pos-
sibility of multipole designs that eliminate the need for gearboxes [2, 4, 6].

A typical wind energy conversion system consists of: wind turbine; electrical generator; 
power converters; control circuits. The currently developed configuration of wind power sys-
tem is presented in Fig 1. The figure shows the system in which the directly driven or geared 
driven PMSG generator is connected to the AC grid via a full capacity power converter sys-
tem. The converter system includes a machine side converter (MSC) and grid side converter 
(GSC) connected in a back-to-back converter configuration.

Fig. 1. Configuration of variable-speed wind turbine system with direct-driven PMSG  
and full-capacity converters 

The aim of this paper is to analyze the converter system of a permanent magnet synchro-
nous generator connected to a wind turbine under varying wind speeds in order to investigate 
the effectiveness of the wind energy conversion systems. The paper is divided into 7 sec-
tions as follows: in section 2 and 3 the wind turbine model and PMSG model are presented; 
sections 4 and 5 are dedicated to the description of the control system of the MSC and GSC 
converters; the simulation results of considered WECS are presented in Section 6; the article 
finishes with research conclusions.
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2. Model of Wind Turbine 

The wind turbine converts the wind energy into rotational mechanical energy. Wind tur-
bine output power Pt and wind turbine output torque Tt are given by the following equations 
[1–5]:

 
P A C vt p w= ⋅ ⋅ ⋅0. ( , )5 3ρ λ β   (1)

 
 

T R A C vt p w= ⋅ ⋅ ⋅0. ( , ) /5 2ρ λ β λ
 

(2)

where: 
ρ – air density,
A = πR2 – area swept by the rotor blades, 
Cp – power coefficient of the wind turbine, 
l = Rωm/vw  – tip speed ratio,
β – blade pitch angle,
vw – wind speed,
R – radius of the turbine blade,
ωm – angular speed of turbine rotor. 

The power coefficient Cp as a function of tip speed ratio l, and blade pitch angle β is 
shown in Fig. 2a). The wind turbine can produce maximum power when the turbine operates 
at a maximum value of Cp, i.e. at Cpmax. Therefore, it is necessary to keep the rotor speed at 
an optimum value of the tip speed ratio, lopt. If the wind speed varies, the speed of the rotor 
turbine should be adjusted to follow the wind speed changes. 

Fig. 2. Characteristics of the wind turbine: a) Cp curves as function of λ and β, b) wind turbine power 
curves at various wind speeds

The mechanical rotor power generated by the turbine as a function of the rotor speed for 
different wind speeds is shown in Fig. 2b). The optimum power curve Popt shows how max-
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imum energy can be captured from the fluctuating wind. The function of the control system 
with maximum power-point tracking (MPPT) is to keep the operation of the turbine on this 
curve, as the wind velocity varies.

3. The Model of Permanent Magnet Synchronous Generator

In the PMSG model, the following basic assumptions have been considered: the electrical 
and magnetically symmetry; the magnetic flux is sinusoidal distributed along the air gap; no 
saturation; no damping winding. Mathematical equations of PMSG are formulated in the 
synchronous rotating reference frame d-q, by aligning the d-axis with the direction of the 
rotor flux. Voltage equations of the generator have the following form [1, 2, 6, 7]:

 
v R i L pi L isd s sd d sd e q sq= + ⋅ −ω

 
 (3)

 
v R i L pi L isq s sq q sq e d sd e PM= + ⋅ + +ω ω ψ

 (4)

where:  ω ωe p mn= ⋅ , p=d/dt  (5)

usd , usq – the stator voltages in the d-q axis, 
isd , isq – the stator currents in the d-q axis, 
Ld , Lq – the d-q axis stator inductances, 
ψPM – rotor flux linkage established by permanent magnets, 
Rs – resistance of the stator winding,
ωe, ωm – electrical and mechanical angular speed of the PMSG generator,
np  – number of pole pairs of the PMSG generator,

 
The expression for the electromagnetic torque of the PMSG has the form: 

 T n i L L i ie p PM sq d q sd sq= + −( / ) [ ( ) ]3 2 ψ   (6)

For a non-salient-pole machine, the stator direct and quadrature inductances Ld and Lq are 
equal, so the electromagnetic torque equation then takes the form: 

  T n ie p PM sq= ⋅( / )3 2 ψ
 

(7)

The mechanical equation of motion is given as:

  T T J pt e m− = ⋅ ω
  (8)

where Tt, J – the referred to the side of generator shaft: the output torque of wind turbine and 
the total equivalent inertia, respectively.
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4. The Model of Control System of Machine Side Converter 

The machine-side converter regulates the active power and speed of the PMSG generator. 
The block scheme of the control system of the MSC [1, 4, 5, 8] is presented in Fig. 3. 

Fig. 3. Control diagram of the Machine Side Converter

In the control system, the principle of maximum power point tracking (MPPT) has been 
applied. The operation with maximum power is achieved through optimal control of the max-
imum torque generated by the wind turbine Ttmax, according to the equation: 

 
T AC R Kt p opt w M mmax max. ( / )= = ⋅0 5 3 2 2ρ λ ω ω

 
 (9)

where KM is a constant determined by the wind turbine characteristic [8]. 

In order to obtain the maximum power generated by the PMSG, the references compo-
nents of the stator current isq

* can be calculated as:

  
i C Tsq M t

*
max=

 
 (10)

where CM = 2/(3npyPM) – coefficient to convert the value of torque into the reference current.

The MSC control system is based on a rotor flux field orientation. The position of the ro-
tor flux vector θe is obtained from the encoder or from the conversion of the signal from the 
speed sensor. The d-axis stator current reference isd

* is always set to zero in order to achieve 
the maximum torque at the minimum stator current and to achieve a linear relationship be-
tween the magnitude of the stator current and the electromagnetic torque of the generator. 
The q-axis stator current reference isq

* is achieved through the operation of the MPPT block 
on the base of the measured mechanical turbine speed ωm. The measured stator phase currents 
of the PMSG are transformed into dq-axis currents, isd and isq, defined in the rotor flux syn-
chronous frame. The dq-axis stator currents, isd and isq, are compared with the reference stator 
currents, isd

* and isq
*, respectively. The error signals are sent to two PI controllers. 

The state variables of the PMSG are cross-coupled because in equations (3) and (4), the 
derivate of d-axis stator current isd

 is related to both d and q-axis variables, as is the q-axis 
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stator current isq. To solve these problems, the decoupling signals are added to the PI output 
signals, as shown in Fig. 3. The resultant signals, vpd

* and vpq
*, are the dq-axis reference volt-

ages for the MSC control. These two reference voltages are then transformed to three-phase 
reference voltages and are sent to the block of the PWM generation for the MSC. 

5. The Model of the Control System of the Grid Side Converter 

The grid side converter GSC feeds generated energy into the AC grid, keeps the DC link 
voltage stable and adjusts the quantity of the active and reactive powers delivered to the AC 
grid during wind variation. There are many strategies used to control the grid side converter 
[1–4, 8]. The control method presented in this paper is known as the grid voltage oriented 
control (VOC). The principle of the VOC control is based on the state equations for the grid-
side circuits of the GSC converter. The state equations expressed in the dq rotating synchro-
nous reference frame have the form:

 
v R i L pi L i vgd g gd g gd g g gq gcd= + ⋅ − +ω

 
 (11)

 
v R i L pi L i vgq g gq g gq g g gd gcq= + ⋅ + +ω

 
 (12)

where: 
vgd, vgq – d-q components of the grid voltage vector,
igq, igq – d-q components of the grid current vector, 
vgcd, vgcq – d-q components of the voltage vector of the grid side converter, 
Lg, Rg  – inductance and resistance of the grid filter,
ωg – angular frequency of the grid voltage. 

The grid-side converter controls the active and reactive power of the AC grid. The general 
equations describing the active and reactive power are as follows:

 
P v i v i Q v i v igd gd gq gq gd gq gq dg= + = − +( / ) ( ), ( / ) ( )3 2 3 2

 
 (13) 

The VOC control of GSC is based on the orientation of the grid voltage vector such that 
the d-axis of the synchronous reference frame is aligned with the grid voltage vector. The grid 
voltage vector only has d-axis component vgd, while the q-axis component vgq is equal to zero.
The phase locked loop (PLL) estimates the angle θz of the grid voltage vector, for the 
coordinates transformation. In the frame system oriented with the grid voltage vector, the 
active and reactive power will be proportional to igd and igq respectively: 

  P v i Q v igq gd gd gq= = −( / ) , ( / )3 2 3 2    (14)

Hence, the active power P can be controlled by the d-component of the converter current, 
igd, whereas the reactive power Q can be controlled by the q-component of the converter 
current, igq. 
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The block scheme of the VOC control system of the grid-side converter GSC is presented 
in Fig. 4. In the system, there are three feedback control loops – two inner current loops for 
the control of the dq-axis grid currents, igd and igq, and one outer voltage feedback loop for the 
control of the DC voltage of the GSC, vdc . The inputs of the control system are: v*dc, which 
is the reference dc-link voltage and Q*, which is the reference for the reactive power, which 
can be set to zero for unity power operation, a negative value for leading power operation, or 
a positive value for lagging power factor operation. The PI controller for DC voltage control 
generates the d-axis current reference i*gd, which represents the active power of the system. 
The q-axis current reference i*gq is calculated on the basis of the set value of the reference for 
the reactive power Q*.

 Fig. 4. Control diagram of the Grid Side Converter 

The measured phase currents of the grid are transformed into dq-axis currents, igd and isq, 
defined in the grid voltage vector oriented synchronous frame. The dq-axis grid currents, igd 
and isq, are compared with reference grid currents, i*gd and i*gq, respectively. The error signals 
are sent to two PI controllers. The state variables of the GSC system are cross-coupled be-
cause in the equations (11) and (12), the derivate of the d-axis grid current igd

 is related to 
both the d and q-axis grid variables, as is the q-axis grid current igq. To solve these problems, 
the decoupling signals are added to the PI output signals, as shown in Fig. 4. The resultant 
signals, v*gcd and v*gcq, are the dq-axis reference voltages for the output AC circuits of GSC. 
These two reference voltages are then transformed to three-phase reference voltages of GSC 
and are sent to the block of PWM generation for the GSC. 

6. Simulation studies 

In order to evaluate the performance of wind energy converter system, a set of simulation 
studies has been performed. The model of the wind energy conversion system with con-
trol systems has been implemented in MATLAB/Simulink. Digital simulation studies were 
made for the system with the wind turbine, 3-phase PMSG (with parameters: PN = 6 kW; 
Rs = 0.425 Ω; ψPM = 0.433 Wb; Ld = 8.4 mH; Lq = 8.4 mH; np = 5) and machine and grid-
side converter (in back-to-back configuration). The FOC control with zero d-axis current 
was considered for the MSC converter and the VOC control with unity power factor for GSC 
converter.
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The chosen results of simulation studies [4, 5] are presented in Figs. 5–10. 
Figure 5 shows the considered stochastic time waveforms of wind speed acting on the wind 

turbine. The time variations of the mechanical torque of the wind turbine and the electromag-
netic torque of the PMSG generator are presented in Figs. 6 and 7, respectively. It can be stated 
that both torque waveforms reflect the variations of the wind speed. Figure 8 presents the time 
waveform of the voltage vdc in the DC link of the back-to-back converter system. The voltage 
vdc is quite constant at variations of wind speed. It shows good performance of control circuits. 

Figure 9 presents the response of the stator current vector components isd, isq in the 
dq-axis reference frame. The component isd of the stator current vector is kept at zero by the 
controller to achieve proportionality to the electromagnetic torque of the PMSG. The time 
values of the component isq stator current vector are fluctuated according to the wind speed 
changes. Figure 10 shows as an example, the time waveform of the stator phase current isa of 
the PMSG. The variable wind speed causes suitable changes of magnitude of the stator phase 
current. The presented simulation waveforms confirmed the good performance of the WECS 
and the quick response of the control systems. 

Fig. 5. Time variations of wind speed 

Fig. 6. Simulated waveform of mechanical torque Tt of wind turbine 

Fig. 7. Simulated waveform of electromagnetic torque Te of PMSG



227

Fig. 8. DC link voltage waveform 

Fig. 9. Waveforms of controlled stator current vector components isd, isq of PMSG

Fig. 10. Waveform of stator phase current isa of PMSG 

7. Conclusions 

Control strategies for a variable speed wind turbine with a PMSG have been presented 
in this paper. Systems with PMSG has many advantages: operation at high power factor; 
high efficiency; high torque to current ratio. In this paper, two methods of control have been 
investigated – FOC with MPPT for machine side converter and VOC for grid side converter. 
FOC with MPPT allows the use of optimal control of maximum torque generated by the wind 
turbine. VOC control is a simple method and allows keeping the DC link voltage to reference 
value and to adjust the quantity of the active and reactive powers delivered to the AC grid 
during wind variation.
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Simulation studies demonstrate, that a wind turbine with PMSG, based on the vector 
control of back-to-back converter systems can effectively accomplish the wind turbine con-
trol objectives with superior performance of the system under both steady and variable wind 
conditions. The simulation results demonstrate that the control systems work very well and 
show very good dynamic and steady-state performance.
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1. Introduction 

Electric power produced by wind turbines is strongly dependent on wind speed. As a re-
sult, the amount of production is rather unpredictable [5]. This behavior of wind turbines 
connected to the power system affects its stability.

In addition, modern wind turbines include such devices as voltage and frequency convert-
ers. As a result, the generated power contains a lot of harmonic current and voltage.

In order to determine parameters such as the characteristics of the generated active and 
reactive power, flickers or harmonics are necessary to carry out the relevant tests. The tests 
must be performed in a wide range of parameter changes. Such research can take months, 
and generate significant cost.

An interesting solution to this problem is to conduct research using HIL (Hardware-in- 
-the-Loop) simulation methods [7, 8, 11, 13–15].

The idea of a HIL simulation system is to replace real systems with a simulation platform. 
This simulation platform is equipped with an interface for connecting the simulator with real 
devices. In the proposed solution, the wind turbine and its control systems are simulated by 
the HIL system. The simulation platform is connected with a real generator by an asynchro-
nous motor. The torque of the asynchronous motor is controlled by the simulation platform. 
The simulated process must be described by the relevant mathematical models. The model is 
described in this paper.

Using the HIL system, it is possible to reproduce the actual operating conditions of wind 
turbines working with different types of generators in the laboratory environment. This ap-
proach easily and economically allows analysis of the hardware and software controlling the 
operation of the generator.

2. The test stand

In 2008, at the Faculty of Electrical Engineering of West Pomeranian University of Tech-
nology in Szczecin, the Research Group for Power Transmission Lines and Unconventional 
Power Plants Analysis was set up (the authors of this paper are its members). The team deals 
with an analysis of the possibilities of connecting renewable energy sources to the power 
system, as well as the technical aspects of the decentralized power generation [2–4]. Team 
experience gained in this field led to the start of a new research topic and led to a decision 
to build the test stand for simulating the operation of the wind turbine. For this purpose, the 
dynamometric stand built in the parent department of the authors within the framework of 
a research project [1] was used.

This test stand is equipped with a driving system consisting of a high speed asynchronous 
motor type CM-5-7 (Fig. 1) and inverter with direct torque control (DTC) type ACS 800 
(Fig. 2) both devices are manufactured by ABB.

Using this set, it is possible to get a torque on the shaft of the generator of about 
100 Nm. The limitation is caused only by the torque sensor DataFlex 32/100. The maxi-
mum instantaneous torque equals 300 Nm (Fig. 3). It can be obtained up to its rated speed 
of 4000 rpm.
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Fig. 1. The dynamometer used to build a wind turbine emulator

Fig. 2. The inverter ACS 800 and the controller NI sbRIO 9606

Fig. 3. Mechanical characteristics of the drive used for the construction of the dynamometer
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Rated power of the motor equals 54 kW, maximum speed of 8000 rpm and the moment 
of inertia of 0.15 kgm2.

The NI sbRIO-9606 controller is used as a master control system. It is joined with the NI 
9683 card by RMC connector. The NI 9683 card is used for the transmission of both analog and 
digital signals. The main task of the NI sbRIO-9606 controller is to control the dynamometer 
according to the given operation algorithm. In this case, it is the wind turbine simulator.

3. The control algorithm

The most important issue concerning the construction of the wind turbine simulator is 
modelling the wind speed variability in a virtual environment. This is necessary because the 
amount of electrical energy produced by wind turbine depends on wind speed.

3.1. Model Wind

In the analysis of a wind turbine operation in the power system, it is assumed that the 
variabi lity of the wind speed can be modeled using the following methods: the method of the 
sum of harmonics; the method of step changes or incremental changes; the method of sto-
chastic variables [5]. For the construction of the test stand, the first method was used (i.e. the 
sum of harmonics). In addition, wind gusts are also included. Such a model of wind can be 
described by the following relationships [5]:

 
V t V A t V tk k

k
g( ) = + ( )






 + ( )∑0 1 sin ω

 
(1)

where:
V0 – the average value of the wind speed [m/s] (assumed 9 m/s),
Ak, ωk  – amplitude [m/s] and pulsation [rad/s] of the k-th harmonic of wind speed,
Vg(t) – wind gusts, which are described by the following equation [5] [m/s],
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where: 
Vgmax – amplitude of wind gusts [m/s],
ωg – speed of wind gusts [rad/s]. 

In practice, it is assumed that the frequency of wind speed harmonics is in the range 0,1, 
…, 10 Hz while the amplitude of wind gusts can be up to 10 m/s with a period in the range 
of 10–50 sec. An example of these relationships implemented in LabView is shown in Fig. 4 
and an example of wind speed variability for sample parameters is shown in Fig. 5.
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Fig. 4. A subprogram (subVI) generating the wind speed variability

3.2. Power of the wind turbine

The value of the power produced by the wind turbine can be described by the following 
mathematical model [9, 10, 12]:
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where:
Pw – electric power generated by the wind turbine [W],
Pr – rated power of wind turbine [W],
Vci, Vr, Vco – cut-in, nominal and cut-out wind speed [m/s], 
a, b – coefficients which depend on construction of the turbine. 

This model determines the average value of the power produced by the wind turbine de-
pending on wind speed. However, at a given wind speed, the real wind turbine may produce 
different values of electrical power. This is shown in Fig. 6.

Furthermore, in the case of the flicker analysis or the quality parameters of electric pow-
er, the model described by the equations (3) is insufficient. This is because it does not take 
into account a number of phenomena affecting these parameters – e.g. wind turbine power 
changes caused by a mechanical vibrations associated with moving blades of the wind wheel 
in front of the tower of wind turbine, the asymmetry of the wind wheel or vibration of blades 
[5]. Therefore, it is necessary to accurately model these phenomena.
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Fig. 5. An example of the variability of wind speed

Fig. 6. The actual value of the power generated by the real wind turbine [6]

The mutual relationships between the mathematical descriptions of individual phenom-
ena can be presented in the form of a diagram, this is shown in Fig. 7. Each of the blocks 
shown in this diagram describes one of the phenomena and is described by a separate sub-
program (subVI). A set of these subprograms creates the structure of a program written in 
LabView environment.

Fig. 7. Structure of wind turbine model
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The first block (defined as the mechanical power of the wind turbine obtained from the 
wind flow) can be described by the following equation [5, 10]:

 P c AVWW P= ⋅ ⋅0 5 3, ( , )λ ϑ ρ  (4)

where:
ρ = ρ0 – 1.194 · 10–4H – air density [kg/m3],
ρ0 = 1,225 kg/m3 – the air density at sea level at T = 288 K,
H – height of the location of a wind turbine above sea level [m],
A – swept area [m2],
V – wind speed [m/s], 
cP(λ, ϑ) – a coefficient which describes the characteristic of the turbine for 
  the coefficient of blade pitch ϑ and specific speed λ. 

Implementation of this relationship in the LabView environment is shown in Fig. 8

Fig. 8. A subprogram (subVI) defining the value of the power produced by the wind turbine

The coefficient cp identifying the characteristics of the turbine can be described by the 
following relationship [5, 10]:
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where:
c1–c6 – coefficients (sample values taken from [5, 16]: c1 = 0.5, c2 = 116, c3 = 0.4, c4 = 0, 
  c5 = 5, c6 = 21),
Λ – parameter which is described by the following formula: 
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where:
ϑ – blade pitch angle [rad],
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R
V
ω

l =
 

– specific speed, 

ω – angular velocity of the turbine rotor [rad/s],
R – radius of the rotor [m]. 

The code calculating the value of the coefficient cp written in G-language is shown in Fig. 9.

Fig. 9. The subprogram (SubVI) defining the coefficient Cp

3.3. Dynamics of the wind turbine

In real operating conditions, there are a number of phenomena associated with the impact of 
wind on the turbine blades. For this reason, it is necessary to take into account the dynamics of 
the wind turbine. The dynamics can be described by the following transmittance [5, 10]:
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Typical values of these parameters for medium power wind turbines with a power control 
system using a drag effect are as follows [5]: KW = 1, TW1 = 3.3 s, TW2 = 0.9 s.

3.4. Mechanical vibration

The quality of the produced electrical energy is mainly influenced by the variability of the 
wind speed. However, for better accuracy, the mechanical vibration of wind turbines must be 
also taken into account. These torsional oscillations are transmitted to the shaft, and then to 
the generator. As a result, electrical energy generated by the wind turbine and transmitted to 
the power system contains a number of harmonic current and voltage.

The most important factors which affect the mechanical vibration of wind turbines are as 
follows: the asymmetry of the wind wheel; change of power of wind turbine caused by mechani-
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cal vibrations associated with moving blades of the wind wheel in front of the tower of wind 
turbine; vibrations of the blades which are dependent on their structure and size [5, 17].

Taking into account the mechanical vibration of wind turbines, the mechanical power on 
the shaft of the wind turbine can be described by the following equation [5]:
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where:
Ak, ωk, hk(t), gkm, ϕkm  – value, pulsation, modulation, distribution and phase of the k-th 
  type of power swings, 
m – number of harmonics, 
akm – normalized value of gkm.

3.5. Model of gear

The next element taking part in the conversion of wind energy into electric energy is the 
gear. This consists of: pitch control; wind wheel; shaft; generator rotor; gear (not included in 
wind turbines with low-speed generators). The dynamics of this system can be described by 
the following differential equations [5]:
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where: 
ωW0, ωG0 – the wind wheel speed and the generator rotor speed in a steady state [rad/s],
J – moment of inertia [kg·m2],
M – mechanical moment [kg·m2/s2],
D – damping coefficient [kg·m2/s],
K – stiffness coefficient [kg·m2/s],
δ – angle [rad],
υ – gear ratio [–]. 
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The index W refers to the wind wheel side, and the index G refers to the gear side of the 
generator rotor.

All of these elements of the wind turbine model may affect the quality of the produced 
electrical energy.

The proposed model of wind turbine allows analyzing the influence of individual parame-
ters of the used mathematical model on the quality parameters of the generated electrical ener-
gy. This test stand can be also used in every stage of the wind turbine design and optimization.

4. Conclusions

This paper presents a Hardware-in-the-Loop type simulator used for the laboratory test-
ing of wind turbine generators. Using this simulator, it is possible to reproduce the actual 
operating conditions of wind turbines with different types of generators in the laboratory. 
This approach allows an easy, economical and rapid analysis of both devices and their control 
software. This system has been implemented at sbRIO controller manufactured by National 
Instruments. This controller cooperates with the inverter with DTC control (manufactured 
by ABB). Furthermore, the use of the LabView graphical programming environment creates 
enormous opportunities for research prototype generators and converters of electric energy 
cooperating with wind turbines.
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1. Introduction 

By the expansion of drive engineering into broader areas, for instance electric mobility, 
the requirements enlarge opposite the classic industry drives. The drives must show a high 
degree of effectiveness in a wide operating range, whereas high torque and power density 
just as low mass and volume are demanded. These requirements are frequently connected 
with the specifications of construction and mechanical use, more difficult cooling and envi-
ronmental conditions as well as safety aspects. Frequently, not only are permanent excited 
synchronous motors of high power densities favoured, but also high-speed asynchronous 
machines as well as further new approaches such as transversal flux machines which uti-
lize new materials and technologies. Similar standards are valid for mobile applications, of 
which not only the traction drive but as in the case of mobile working machines, the drive of 
working elements and individual functions should be also carried out electrically. Associated 
with this, there is a development project aimed at electrifying the rotary drives of a combine 
harvester. Figure 1 shows as an example the individual functional drive with an inner stator 
and the stroke strips cut to size to an electrical threshing cylinder of a combine mounted di-
rectly on the outer rotor [1]. This solution is embedded in the roadmap of a new concept for 
an electrical combine in cooperation with the Chair of Agricultural Systems and Technology 
(AST) of the TU Dresden [2]. 

Fig. 1. Electrical threshing cylinder of a combine harvester 

The application of decentralized electrical individual functional drives gives the opportu-
nity for various working functions, saves design space, and simplifies the power transfer in the 
mechanical drive torque distribution. This simultaneously prepares the energy concept for the 
future. Moreover, the electrical drives with their possibilities for speed and torque control up to 
the reversible operation and good control response are leading to new technological potential.

The construction of the threshing cylinder requires a suitable cooling concept. For the sta-
tor, active air cooling is realized by cooling profiles in the axle tube. Furthermore, the warm-
ing of the rotor and particularly the magnets is problematic and requires an optimization of 
the construction and calculation of the losses already in the design phase. The employed 
methods are introduced and compared there, where special attention is paid towards the eddy 
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current losses into the surface-mounted magnets. The methods of the analytical and numer-
ical loss calculation are known essentially [3] and are permanently developed further. The 
knowledge of the necessary technical or physical parameters is always problematic as well as 
the modelling and computation efforts plus restrictions of the physical effects implemented 
in the software. Under application of the usual segmentation of the magnet for limitation of 
the losses [4] different computation methods are applied to the introduced threshing cylinder.

2. Innovative Materials 

Requirements in the field of electric mobility necessitate the search for materials with 
special physical and technological properties. Magnetically soft materials for electrical ma-
chines are a compromise at the demand for a high repletion polarization, low coercivity 
hysteresis and low eddy current losses. The magnetic sheet steel used in classic electrical 
machine engineering forms a good compromise of these properties each at mature produc-
tion technology. An innovation stimulus comes in this juncture by completely new materials 
or technologies like cobalt based alloys or powder composite materials. Co-alloys show the 
highest saturation polarization and furthermore, have high mechanical strength and hardness 
values at their disposal. The materials, originally developed for aircraft construction are, 
however, very expensive in comparison with standard electric metals. 

Magnetically soft powder composite materials, at which the spreading of the eddy cur-
rents isn’t limited by the material thickness but by the particle size, show comparatively 
bad magnetization behaviour. The production technology, however, allows the pressing of 
exactly fitting complicated parts which make a three-dimensional flux direction possible 
due to their magnetic isotropy. Figure 2 shows the contrary trend for the magnetization be-
haviour B = f(H) and the losses pspez = f(B) for two selected laminas and the new materials 
Vacoflux and Somaloy.

Fig. 2. Magnetization and loss characteristics 

Magnetically hard materials offer optimization capacity as well. In principle, only rare earth 
magnets like NdFeB are possible for this performance category from electrical machines as 
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shown in Fig. 3. The first types have a considerably higher energy density. The magnets with 
lower induction show, however, advantages in the field of irreversible demagnetization. In par-
ticular, the surface magnets in high-performance engines are endangered by the armature cross-
field on the pole edges at increased rotor temperatures and bad heat dissipation.

Fig. 3. Linearized demagnetization characteristic and maximum temperature for NdFeB magnets 

Knowledge of the characteristics of losses dependent on induction and frequency is of 
decisive importance for the electromagnetic calculation and for efficiency and warming es-
timation.

3. Analytical and composite methods of computation with 2D FEM 

Losses in electrical machines arise from friction in the windings by Joule heat, in the 
magnetic circuit by magnetic reversal and in form of mechanical losses. Magnetic reversal 
losses arise from hysteresis and eddy currents, which one specific loss component each can 
be indicated for. The eddy currents themselves produce a magnetic field and react field-dis-
placing onto the original field. The depth δ is defined as a value where the electrical or mag-
netic field strength has decreased under the influence of the eddy currents on the e-th part of 
its surface value. It is described according to [5] as the penetrating measure. 

 
δ

β π κ µ
= =

⋅ ⋅ ⋅
1 1

f  
(1)

where: 
µ – the permeability μ = μ0 · μrel, 
κ – the specific electrical conductivity. 

The penetrating measure therefore depends on the electrical conductivity κ and the rela-
tive permeability µrel of the material.
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The limit, above which a considerable weakening of the field appears because of field 
displacement, is the critical frequency fg. For areas of the thickness d it is valid:
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After that, the reaction by eddy currents doesn’t play a role in the iron because of the use 
of a thin laminated steel sheet and in the magnets because of the low conductance, but it has 
to be taken into account in construction elements. The specific loss factor pwb for eddy current 
losses is
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where ρ is the specific gravity. 

For small values of x follows F(x) ≈ 1 and the equation changes for the loss factor.
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The so calculated loss factor is valid for sheets on the condition that the thickness is much 

smaller than the other dimensions, it is potentially too high with an increasing material thick-
ness. Nevertheless, this way is usual to determine the losses in solid parts. These losses can 
assume considerable values at high frequencies in solid material, for example, the losses in 
surface mounted magnets in voltage system converters supplied synchronous machines [6] 
or asynchronous machines [7]. A reduced penetration depth by eddy currents has to be taken 
into account as described above.

The specific loss factor can be approximately calculated for metals and other conductive 
materials. If taken into account, however, the frequency dependent penetration depth, this 
leads in the iron to a reduction of the material effectively concerned so. The loss factors form 
the basis for the fast analytical calculation of the electrical machine together with the man-
ufacturer’s material properties. The disadvantage is the number of simplifications like the 
summarizing calculation of the induction for typical areas of the magnetic circuit, the only 
partial consideration of saturation conditions and the leakage. Harmonic wave appearances 
are not taken into consideration; additional effects are summarized in allowance factors.

The induction maxima actually appearing are adequately determined in every element 
of the magnetic circuit by a stationary FEM calculation. Only an instantaneous value of the 
induction is included, though, the actual maxima can be higher. Harmonic wave appearances 
are included in the calculation, however, they find their expression in the evaluation only 
according to tendency in the average value of the induction and this is always assigned to 
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the fundamental. The rotor evaluation would deliver only a statement about the amount of 
induction but not about its change because the fundamental as a constant component cannot 
be separated from the harmonic waves. 

Therefore, this way a method of computation is used for the iron and additional losses 
including calculation of the amount and the distribution of the stator and rotor losses from 
the transient FEM calculation. In every field element, the actually appearing harmonic field 
waves and sub-harmonics are determined by means of evaluation of the transient field course 
by a discrete Fourier analysis. The loss calculation is carried out for every element. The cal-
culated losses are summarized for both laminated and solid parts of the magnetic circuit and 
summed up in loss zones about all elements. The obtained loss sums contain the influence of 
the fundamental one and of the harmonics arising by the winding and the slots.
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where:


Be v, ′  – the induction in an element for the harmonic v׳, 
fv׳ – the frequency for the harmonic v׳. 

Firstly, these combined methods were applied on the integrated threshing cylinder (nomi nal 
power Pn = 30 kW, maximum performance Pmax = 60 kW at a speed of nmax = 1000 obr/min).  
A permanent excited synchronous motor with an outer rotor was chosen for an optimal func-
tion integration of the engine into the predefined threshing cylinder. The winding is per-
formed as a concentrated one in tooth coil technology. This leads to relatively little winding 
heads with shorter axial lengths and lower copper losses. A disadvantage is the deviation of 
the stator field from the sine form with additional high and sub-harmonics (Fig. 4).

Fig. 4. Harmonic spectrum of the field curve without magnetization on load, analysis in the magnet

In the stator, the 4th harmonic dominates which as armature cross-field adds up with 
the magnetization of the rotor to the basic wave field and rotates synchronously with this. 
It shows itself as a direct component in one point of a magnet in the rotor in the analysis of 
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the transient load calculation (Fig. 5). However, a wave dominates, at which the distinctive 
5th harmonic of the stator is contrary formed itself in the rotating rotor as 9th harmonic of the 
fundamental and causes the corresponding losses there.

The really occurring harmonics and sub-harmonics of each element are obtained by tran-
sient calculation. The calculation of stator and rotor losses is carried out by harmonic analysis 
of the time course and following the loss calculation using the value of the harmonics. The 
results are summarized over all elements of the regarded area. Figure 5 shows the distribution 
of the loss density by the effect of the harmonic wave fields in the outer rotor on the right and 
additional in the stator iron.

Fig. 5. Induction course in one point of magnet and the resulted loss distribution in the iron  
and the magnets

The loss calculation in the rotor and the inactive parts of the magnetic circuit is possible 
using the developed method for the calculation of the core losses by harmonic waves using 
the results of transient FEM calculation. It can be utilized for new designs of machines with 
a high degree of accuracy. By this method, not only the loss sum but also its distribution 
(Fig. 5) is very well determinable so that these results can be combined with a more detailed 
heating calculation and make adapted cooling methods possible.

4. New methods of the 3D FEM

The 2D-FEM has the restriction that the eddy current losses only are concluded from the 
analytically well-founded effect of the calculated electromagnetic fields and moreover, the 
reaction of the eddy currents to the magnetic field cannot be taken into account. These disad-
vantages should be overcome by the 3D-FEM calculation. 

The simulation software Ansys® offers an extensive library with element types for the 
solution of several types of physical task formulations. In the present task of calculation of 
the eddy currents, the use of a new edge element is forced for the solution of the dynamic 
field calculation instead of the element used for quasi-static electromagnetic calculations 
explicitly [8]. This element has an electrical degree of freedom (DOF) at the corner node in 
addition to the electromagnetic one. It is suitable for the calculation of the eddy currents and 
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losses with the restriction that a transient analysis but no harmonious one is possible with 
nonlinear material. Furthermore, permanent magnets aren’t permitted in the harmonic analy-
sis. Besides the stator winding, the magnets of the rotor are defined as a solid conductor with 
the material properties ‘relative permeability’ and ‘resistance’ in order to make possible the 
calculation of the eddy currents (Fig. 6, highlighted areas). The solution must be carried out 
at the still-standing rotor under impression either the harmonics in the electrical circuit or the 
field harmonic waves at the air-gap. 

Fig. 6. 3D-FEM-Modell with magnet segmentation

A coupling of the FEM problem with the calculation of the electrical circuit is possible if 
in a transient calculation time functions of current or voltage should be provided or even if 
discreet construction elements like leakage inductances whose modelling exceeds the possi-
bilities of a 3D-FEM model should be included in a calculation. The extended functions are 
integrated into the sequence of modelling, solution and post-processing by means of macros. 
The losses calculated this way are represented for different variants of the segmentation 
(Fig. 7) and are compared with the described analytical approach.

Fig. 7. Eddy currents in a magnet, model part, maximum current density 3.43 A/mm²  
and in a three times segmented magnet, maximum current density 1.89 A/mm²

The eddy current losses per element are found out by means of the calculated current den-
sity. All of the eddy current losses of a component or the data set from several components 
arise from the sum PVfe with the element current density Je:

 P V JVfe el e e ges
e

= ⋅ ⋅∑ρ ,
2  with J J J Je ges x y z,

2 2 2 2= + +  (6)
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where:
Ve – the element volume,
Je – the element current density with their components.

For the predefined application, the effect of the segmentation of the permanent magnets 
was examined in a tangential and axial direction. This is a usual measure whose effective-
ness, however, depends on the concrete geometric conditions and appearing field harmonics. 
Figure 8 represents the eddy currents appearing in the magnet.

Fig. 8. Magnet losses as a function of the segmentation

A comparison for different degrees of the segmentation with the analytical approach de-
scribed above shows that the connections are represented by tendency correctly in all variants, 
the real 3D-FEM calculation, however, better reflects the concrete geometry conditions.

5. Results

Three times in tangential and two times in radial direction segmented magnets were re-
alized for the rotor of the threshing cylinder motor. Ultimately, technological and economic 
reasons influence the decision. A view into the outer rotor is shown in Fig. 9. 

For the threshing cylinder engine, the eddy current losses of the magnets are calculated 
in Flux2D at 351 W and for the segmented magnets in Ansys®3D at 277 W. These values are 
approximately within the range of a third of the core losses at a total electrical efficiency of 
96% for the designed machine. 

With the introduced methods, there are several practical ways by which the losses in the 
magnets can be calculated analytically combined with a transient 2D-FEM calculation or by 
a transient and harmonic analysis with a real eddy current calculation in 3D-FEM. These are 
applied both to the analysis of other drives of the combine harvester and in direct projects 
with manufacturers of electrical machines.
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Fig. 9. View into the rotor with segmented magnets
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This paper presents a method for the continuous technical diagnostic of the core suspensions at selected me-
asurement points of the turbogenerator stator. The method extends diagnostic capabilities of a turbogenera-
tor vibration monitoring system which has been designed with the participation of the authors of this paper 
and applied within the Polish power industry. This method uses two indicators (suppression and vibration 
harmonic contribution in suspension nodes) whose values are calculated from acquired and processed data 
in a given turbogenerator operation period. There has been four value ranges proposed for the indicators. 
The ranges define a technical condition of a stator suspension (very good, good, acceptable, bad) including 
two alarm ranges. Each technical condition is presented as a colourful area on an idle and active power plot. 
This enables the quick identification of machine operation areas, which reveals the weakened technical condition 
of a stator component.
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S t r e s z c z e n i e 
W niniejszym artykule przedstawiono metodę ciągłej automatycznej wibracyjnej diagnostyki stanu tech-
nicznego elementu zwieszenia rdzenia stojana w wybranych punktach pomiarowych stojana turbogenera-
tora. Rozszerza ona możliwości diagnostyczne systemu monitoringu wibracji turbogeneratora, który zo-
stał opracowany i wdrożony w energetyce polskiej przy współudziale autorów niniejszego artykułu [12]. 
W metodzie tej wykorzystano dwa wskaźniki oceny (tłumienia i udziału harmonicznych wibracji w wę-
złach zawieszenia), których wartości są wyznaczane w zadawanym okresie pracy turbogeneratora z prze-
tworzonych i gromadzonych danych pomiarowych w systemie monitoringu. Dla wskaźników zapropono-
wano cztery przedziały wartości określające stan techniczny elementu zawieszenia rdzenia (bardzo dobry, 
dobry, przejściowo dopuszczalny, zły), w tym dwa stany alarmowe. Każdy stan techniczny przedstawiany 
jest w postaci innego barwnego obszaru na wykresie mocy czynnej i biernej turbogeneratora. Umożliwia to 
szybką identyfikację obszarów pracy maszyny, w których zachodzi znaczący proces pogarszania się stanu 
technicznego elementu zawieszenia rdzenia stojana. 
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1. Introduction 

It is known that turbogenerator stator core elements are vulnerable to damage during 
operation with a variable load of active and reactive power. The damage is mainly caused by 
vibrations (Fig. 1) [5].

Fig. 1. Examples of suspension components’ damage in the body of the stator core of a large 
turbogenerator

Fig. 2. Elastic suspension in the turbogenerator stator core [1]: 1 – a bar pulling elastic suspension 
elements of the core; 2 – core; 3 – retaining ring; 4 – platen; 5 – radial ventilation duct; 6 – stator 
lamination stack; 7 – a fragment of the pulling bar; 8 – notch in the plates of the yoke core; 9 – lateral 

wall (a rib) of the stator
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High vibration levels are very often present in the turbogenerator stator core, especially 
in its active part. The vibrations are mainly caused by the meaningfully lowered pressure of 
the stator lamination stack. They can penetrate into a stator housing, its foundation and the 
building foundation – this is considered to be a serious threat.

The core is elastically suspended in the stator frame in modern constructions of large 
two-pole turbogenerators. This suspension type is used to suppress the vibrations in the stator 
core and in the foundations. There is a wide array of suspension types used in turbogenerators 
[1, 2, 11, 12] (Fig. 2). The core suspension damage caused by vibration phenomena appears 
very often during turbogenerator exploitation and there are a number of pieces of research 
dedicated to that phenomena [3–7, 13].

2. Turbogenerator Suspension Design Guidelines

The elastic suspension is so designed that vibrations between the stator core and the 
housing, caused by the basic harmonic of 100 Hz, are suppressed at least three times (9.5 dB).

The highest admissible vibration level is specified by recommendations – construction 
standards for turbogenerators [8] and indirectly by vibration standards for non-rotating ma-
chine parts [9].

On the basis of vibration phenomena analysis and visualization of particular stator sus-
pension parts in the stator core of large turbogenerators, a new method of continuous auto-
matic vibration diagnostics of the stator core technical condition has been designed.

3. Analysis of Vibrations Transferred through the Core Suspension 

Analysis of electromagnetic phenomena and vibration measurements of turbogenerators 
shows that the rms value of the vibration of the stator components in the low frequency band 
of approx. 10 to 1 kHz (in accordance with the standard parameters for the assessment of the 
turbogenerator bearing technical condition) depend mainly on: active induction in the rotor 
gap; coupling induction of a stator; rotor end winding dissipation; the stiffness of vibrating 
elements.

The values of the vibration excitation forces depend on the value and type of electrical 
load P; Q of the turbogenerator (induction dissipation is considerably increased in the area 
of underexcitation). Also, the rigidity of the structural elements in the nodes (associated with 
excessive clearances, microcracks, etc.) may change in the existing real power load area as 
a result of the action of the synchronous torque. A mechanical shock (the measured vibration 
harmonics) appears in damaging components. The shock frequency in ‘clocked’ with a main 
force of 100 Hz making turbogenerator vibrations.

Pairs of accelerometers placed on the outer planes of the stator core and on the housing 
in the same cross-sections (described by a clock scale) (Fig. 3) allow the identification and 
analysis of the vibration signal transferred between the pairs. Inner sensors are mounted with 
screws anchored in the core radial channels and outer ones are mounted with neodymium 
magnet holders with a lifting strength of 30 kG.
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Fig. 3. Distribution of vibration sensors on the outer surface of the stator yoke and on the body in the 
cross-section of the stator: A, E, C, G – sensors on the yoke core; B, F, D, H – sensors on the housing

Such a distribution of accelerometers allows calculating a new suspension technical con-
dition state indicator from the vibration signals.

It has been found that when the suspension is operating correctly, the core vibrations are 
transmitted into the stator housing almost without distortion. However, when weakening of 
the mounting in the structural nodes appears, higher harmonic velocity vibrations are gener-
ated and their parameters can be used in the diagnostics (Fig. 4).

Fig. 4. Velocity vibration harmonics in the lower frequency band on the housing; P ≈ 211 MW  
and Q ≈ 36 MVar 230 MW turbogenerator

Fig. 5. Acceleration vibration plots of the stator suspension at turbogenerator rated duty (1) – correctly 
operating core suspension, (2) – weakness in the nodes of the suspension mounting



255

The research results of vibrations on the stator housing surface (Fig. 5, [2]) confirm that 
phenomena.

4. Estimation of the Technical Condition of Suspension Components

So far, however, there is no method of evaluating the technical condition of the core sus-
pension while the turbogenerator is operating. The authors have therefore attempted to create 
it on the basis of numerous vibration studies of the core yoke, the stator body, the stator frame 
and the suspension inspection during repairs of various turbogenerators.

Attenuation rate and vibration harmonics transfer indicators (between described refer-
ence points, e. g. A and B; H and G Fig. 2) have been introduced to estimate the technical 
condition of i-th element of stator suspensions:

 – τ(i) (a basic indicator, formula (1)), attenuation rate indicator taking into account the fre-
quency band 10–1000 Hz [13],

 – λ(i) (a supplemental indicator, determining the harmonic contribution; formula (2)) taking 
into account the frequency band 10–1000 Hz without 100 Hz component.

 
τ i i k i kv v( ) ( ) ( ) ( ) ( )= ( )∑

k=10Hz

1000Hz

inner outer/
2

  
(1)

Where:
v(i)outer(k)  – k-th harmonic velocity on the stator housing (e.g. sensor A), 
v(i)inner(k)  – k-th harmonic velocity on the stator core (e.g. sensor B),
k  – k-th harmonic.
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where numerator and denominator – geometric sum of k-th harmonic values without 100 Hz 
respectively on the stator housing and core. 

Attenuation rate τ(i) and vibration harmonics transfer λ(i) indicators have been deter-
mined on the basis of vibration and visualizing the survey of turbogenerator components 
(Table 1). 

The values of λ(i) are similar to those used in Russia [4].
At the given P; Q load of the turbogenerator, technical condition of the i-th suspension 

component is estimated by comparing the value τ(i) (calculated using the formula (1)) to the 
criteria values (Table 1), completed with +/– signs: ‘1+’; ‘2+’; ‘3+’ or ‘1-’; ‘2-’; ‘3-’ in cases 
when value λ(i)p (calculated using the formula (2)) is in a different range of the approved 
grading scale.
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When the technical condition of i-th element of the suspension is mapped into four co-
lours in the permissible load plot, the mentioned signs increment or decrement the calculated 
value of τ(i) by 10% of the average value of the lower and upper range (good and temporarily 
permissible) or of the minimal lower value (very good and bad) of the given criteria range for 
every sign value of the supplemental number. In extreme cases, evaluation of the technical 
condition can be changed, for example, from ‘temporarily permissible’ to good.

Values of criteria indicators will be verified on the basis of future complex turbogenerator 
research.

5. Continuous Automatic Evaluation of the Technical State of Suspension in the Body 
of the Stator Core

For the purposes of the existing vibration monitoring system for turbogenerators [12], 
algorithms for the automatic determination of the values of the indicators (attenuation and 
harmonic transfer) and creating the technical condition of i-th element maps have been de-
veloped. These have been applied in the form of a computer programme.

Suspension i-th element points in the cross-section are automatically identified (Fig. 3) 
thanks to the machine model which was previously saved in a database.

The values of the indicators are calculated according to formula (1) and (2) for each pair 
of adjacent points lying in the same stator cross-section. For example, for points A, B, C, and 
D in Fig. 2. The technical condition of i-th stator elements are presented as coloured areas 
(rectangles) on the turbogenerator load plot (P-Q plane). The size of each area is defined 
when defining the parameters of the map.

Depending on the predefined machine type, each area contains a resulting indicator val-
ue in the given range of active and reactive power. For example, the areas can be sized to 
3 MVar/3 MW and presenting the worst value or the last value for the defined time span 
(Fig. 6). The areas can be zoomed in on to look closer into the surrounding.

T a b l e  1

Criteria values of attenuation rate indicator τ(i) and vibration harmonics transfer λ (i) 

Values of the indicators Technical condition of 
the suspension

τ(i) > 3 Very good

λ(i) < 1

3 ≥ τ(i) > 1.5 good

1 ≤ λ(i)p < 1.5

1.5 ≥ τ(i) > 0.5 temporarily permissible

 1.5 ≤ λ(i) ≤ 3 (alarm I)

τ(i) ≤ 0.5 bad

λ(i)p ≥ 3 (alarm II)
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Fig. 6. Maps of the technical condition of three different suspension components in the body of the stator 
core turbogenerator of 230 MW, a) ring side; 9 o’clock, b) ring side; 3 o’clock, c) ring side; 12 o’clock, 

dark gray – very good, gray – good, light gray – temporarily permissible, very light gray – bad

a)

b)

c)
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Such a presentation allows pointing out the turbogenerator components with reduced 
technical quality and the areas on the P-Q plain which affect the stator condition in the most 
destructive way. Due to this, the first general analysis can be done in quickly.

6. Conclusions

1.  The technical condition of turbogenerators operating in a diurnal cycle of variable loads 
should be continuously monitored during the turbogenerator exploitation to allow effec-
tive elimination of damage at a very early stage.

2.  The presented method of automatic continuous assessment of the technical condition of 
the stator suspension expands the conventional turbogenerator diagnostics. 

3.  The next task is the design of complex computer software on the basis of the presented 
algorithms to support a modern turbogenerator diagnostic system.
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A b s t r a c t 
The paper presents a two-dimensional field-circuit model of a two-winding, single-phase induction machine ope-
rating as single-phase, self-excited induction generator. The model takes remnant magnetism and magnetization 
characteristics of the stator and rotor core into account. Results of simulations and experiments are presented, 
i.e. waveforms of voltages during self-excitation, their dependence on rotor slot opening, influence of capaci-
tances and different capacitor topologies on self-excitation, as well steady-state values of generator voltages and 
currents at no-load operating conditions. Terminal voltage and currents in stator windings as a function of rotor 
speed and capacitances of capacitors for resistive loads are also presented. The possibility of directly supplying 
a single-phase induction motor from the generator as a dynamic load were also investigated. Obtained simulation 
and experimental results show the need for use of semi-closed rotor slots to ensure conditions for successful self-
-excitation. The obtained simulation results were validated experimentally on the laboratory setup.
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S t r e s z c z e n i e 
W artykule przedstawiono dwuwymiarowy model polowo-obwodowy dwuuzwojeniowej, jednofazowej maszyny 
indukcyjnej pracującej jako samowzbudny generator indukcyjny. Model ten uwzględnia (w sposób uproszczony) 
istnienie remanentu magnetycznego w rdzeniu maszyny oraz charakterystyki magnesowania blach pakietów sto-
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nieniem wpływu pojemności i układów kondensatorów w uzwojeniach generatora na przebieg procesu samo-
wzbudzenia oraz na wartości ustalone napięć i prądów w stanie jałowym. Przedstawiono także zmiany napięcia 
na zaciskach generatora i w uzwojeniu wzbudzenia oraz prądów stojana w zależności od prędkości obrotowej 
generatora oraz zastosowanych pojemności i układów kondensatorów w uzwojeniach stojana przy obciążeniu 
rezystancyjnym i przy zasilaniu jednofazowego silnika indukcyjnego. Uzyskane wyniki symulacji i pomiarów 
wskazują na konieczność zastosowania w wirniku jednofazowego samowzbudnego generatora indukcyjnego żłob-
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1. Introduction 

Single-phase, self-excited induction generators (SPSEIG), driven by internal combustion 
engines, small wind or hydro turbines can be used as an additional or reserve source of elec-
trical energy in households or in remote areas. Induction generators are characterized by their 
simple construction (i.e. brushes and permanent magnets are not used), and their low cost 
of manufacturing, maintenance and ruggedness when compared with synchronous and DC 
generators. Considerate interest in induction generators was observed, since renewable ener-
gy sources became a viable alternative to conventional sources [1–8]. Most of the available 
works deal with three-phase SEIG, while a two-winding, single-phase induction machine may 
also be successfully utilized [1, 2, 5]. The single-phase induction machine may operate as 
a self-excited induction generator, when its main and auxiliary windings are electrically se-
parated and an excitation capacitor is connected to its auxiliary (excitation) winding. The main 
winding becomes a load winding, to which the load is connected. In the majority of available 
papers, steady-state and transient analysis is done with the help of a classical circuit model – 
equivalent circuit for steady state and dq model for transients [1, 3, 5]. Classical models are 
convenient, however, lumped parameter based analysis greatly simplify the phenomena asso-
ciated with varying magnetic flux in the machine’s core, e.g. self-excitation, skin effect or sat-
uration. The use of a two-dimensional field circuit model, based on the finite element method, 
allows for precise determination of parameters and transient and steady-state characteristics, 
taking into account the phenomena associated with the varying magnetic field [11]. Design 
and analysis of SEIG, which operates when the magnetic core is saturated, may be effectively 
performed by using a field-circuit model [8, 9]. For the first time, this model was applied to 
the single-phase self-excited induction generator in [6, 7], where the residual magnetism was 
modeled as a weak permanent magnet embedded in the rotor core.

The paper presents the examination of performance of the single-phase self-excited in-
duction generator by simulation and experiments with both no-load and load conditions. 

2. Field-circuit model of the generator

The physical support for the study is represented by a two-phase induction machine, 
designed for motor operation, characterized by the main data – rated power of 1.1 kW, rated 
voltage of 230 V, 4 poles. The physical symmetry and electromagnetic periodicity allows 
for the reduction of the two-dimensional computation domain to half of the cross-section 
(two pole pitches) of the machine, as shown in Fig. 1. The finite element mesh includes about 
20 thousand second-order triangular and quadrangular elements. The computation domain 
is delimited by the outer surface of the stator core and inner surface of the rotor core. Zero 
magnetic flux boundary conditions are applied to those surfaces. 

The stator windings of the generator are unsymmetrical, the single-layer, two-phase 
copper windings: main winding (marked by M in Fig. 1) is the output winding of the gen-
erator, and the load is connected to its terminals, while the auxiliary winding (A in Fig. 1) 
operates as the excitation winding with excitation capacitor connected to its terminals. The 
aluminum rotor cage consists of 30 bars, placed in semi-closed slots, the width of the slot 
opening br = 1 mm.
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Fig. 1. Two-dimensional field model of the SPSEIG

An electrical circuit associated with the field model is depicted in Fig. 2 – this consists 
of the following components:

Fig. 2. Circuit part of the field-circuit model of the SPSEIG

• M and A are respective phases of the winding; these components are direct couplings be-
tween circuit and field parts of the model,

• LM and LA are leakage inductances of stator winding end connections,
• Cex is the excitation capacitor,
• RL is the load resistance,
• The squirrel symbol in Fig. 2 represents a macro-circuit used to model the cage rotor, 

consisting of rotor bars (field-circuit couplings), along with resistances and leakage reac-
tances of the inter-bar section of short-circuit rings (circuit components).

The magnetic field in different parts of the generator’s cross-section may be described by 
the following equations:

 

curl curlν ⋅( ) =A
J
J

S                         in stator winding

SS A− ⋅∂ ∂σ / t      in rotor bars
                           in0   airgap and magnetic core









 
(1)

where:
A[0,0,A(x,y,t)]  – the magnetic vector potential,
Js[0,0,Js(x,y,t)]  – the current density in the stator slots,
ν  – the magnetic reluctivity of the core,
σ  – the electric conductivity.
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Field computations were performed with the non-linear magnetization characteristics of 
the stator and rotor core taken into account.

The simulation results have been validated using the laboratory set-up, which comprises 
the SPSEIG, driven by a three-phase motor fed by frequency inverter. A view of the tested 
machine as a main part of the laboratory set-up is shown in Fig. 3.

Fig. 3. Laboratory set-up for experimental study of the SPSEIG

3. Self-excitation of single-phase induction generator

3.1. Modeling of residual magnetism

Contemporary available FEM software programs, including Cedrat Flux2D, do not allow 
taking magnetic hysteresis into account, therefore, three approximate methods of modeling 
the remnant flux density were applied:

1. Placing the source of magnetic flux (non-zero boundary condition) on the inner diameter 
of rotor core

2. Placing a thin layer of current in the airgap
3. Initiating the magnetic flux as a result of current flowing in the auxiliary winding while 

the excitation capacitor discharges.

The values of magnetic flux, current density and initial capacitor voltage in respective 
methods have been chosen to obtain terminal voltages corresponding to remnant voltage 
measured in the experiments. Simulation results of self-excitation for each method for 
a topology with two capacitors (Csh = 15 µF, Cex =30 µF) are shown in Fig. 4. For each 
method, the steady-state voltage is close to the rated voltage, however, the time needed for 
voltage build-up is different for every method. The third method was employed for further 
study, as time of voltage build-up for this is closest to the experimental results (Fig. 4d)).

An influence of the rotor slot opening and its width on self-excitation process is illustrated 
in Fig. 5. For the wider slot opening the longer is the build-up time of the stator voltage. Width 
of rotor slot opening does not significantly affect the RMS value of the terminal voltage.
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Fig. 4. Main winding voltage during self excitation: residual magnetism modeled by: a) the 1st 
method; b) 2nd method; c) 3rd method; d) measurement

3.2. Significance of rotor slot opening for self-excitation process

a) b)

c) d)

Fig. 5. Main winding voltage waveform during self-excitation: a) br = 0.5 mm; b) br = 2 mm

In small power induction motors, closed rotor slots are often used to reduce noise, torque 
pulsations and starting current due to large leakage rotor reactance. When closed rotor slots 
are used in induction generator, voltage build-up may not take place, because the magnetic 
flux induced by the stator currents passes through bridges above the rotor slots, as shown in 
Fig. 6a), and does not induce currents in the rotor bars. The resultant magnetic flux does not 
increase and the voltage in the stator windings die out, i.e. the voltage build-up does not take 
place. Figure 7 shows experimental results for the machine with closed rotor slots. The pre-
charged excitation capacitor is switched at the instant of time 0.1 s. The induced low voltage 

a) b)
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visible at the beginning of the waveform is the result of residual flux density in the rotor core. 
The capacitor discharges after being switched on, and self-excitation does not occur – the 
voltages settles at a level dependent upon the remnant flux.

Fig. 6. Magnetic flux lines in SPSEIG: a) closed rotor slots; b) semi-closed rotor slots

Fig. 7. Voltage waveforms during unsuccessful voltage build-up – experimental results: 
a) main winding voltage; b) auxiliary winding voltage

4. Influence of capacitor’s capacitances and prime mover speed on no-load voltages 
and currents

Figures 8a)–c) show the dependence of no-load voltages in the main and auxiliary wind-
ings and auxiliary winding current on the prime mover rotational speed and excitation ca-
pacitance Cex for capacitor topology with excitation capacitor only, as shown in Fig. 8d). 
As might be expected, terminal voltage UM is strongly dependent on the rotor speed and 
capacitance Cex, and it is not possible to obtain a voltage close to the rated value (230 V), 
even for large capacitances and speeds far exceeding the synchronous speed of the machine 
as the magnetic core is deeply saturated. Limits of speed and capacity below which self-ex-
citation will not take place can be read from Fig. 8, i.e. Cex = 30 µF for n = 1380 rpm and 
Cex = 25 µF for n = 1380–1560 rpm. It should be noted that auxiliary winding voltage UA 
reaches levels exceeding the rated value.

Applying shunt capacitor to the main stator winding (Fig. 9e)) improves operating con-
ditions by the more efficient exploit of both the windings and the iron core. Simulation and 
experimental results for the topology with excitation and shunt capacitors are shown in Fig. 9 
(Cex = 30 µF). This solution allows obtaining rated terminal voltage. It is seen that the shunt 
capacitance Csh has no major effect on the main winding current IM of the generator and it is 
possible to control terminal voltage by modulation of the shunt capacitance. 

a) b)
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Fig. 8. No-load characteristics of the generator for different values of Cex and rotor speed, for the topology 
with excitation capacitor only: a) main winding voltage UM; b) auxiliary winding voltage UA; c) auxiliary 

winding current IA; d) connection scheme 

Fig. 9. No-load characteristics of the generator for different values of Csh and rotor speed, for the shunt 
capacitor topology: a) main winding voltage UM; b) auxiliary winding voltage UA; c) main winding 

current IM; d) auxiliary winding current IA; e) capacitor connection scheme
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5. Load characteristics of SPSEIG

Simulation and experimental results presented in Fig. 10 show that the SPSEIG with 
the shunt capacitor in the main winding may operate stably with a resistive load up to 
approximately 50% of the machine’s rated power, while with the resistant-inductive load, 
the range of stable operation decreases with decreasing the power of the factor of the load 
(Fig. 10c)).

Fig. 10. Voltages and currents versus output power of the SPSEIG with shunt capacitor topology: 
a) main (UM) and auxiliary (UA) winding voltage for resistive load; b) main winding (IM), auxiliary 

winding (IA), and load current (IL) for resistive load; c) terminal voltage for different power factors

Load range of the SPSEIG may be easily extended by applying the short-shunt capacitor 
topology (Fig. 11) – the generator may be loaded up to the rated power when the load is pure-
ly resistive. For the resistant-inductive load output power of the generator, as in the previous 
case, decreases after power factor decreasing. 

Figure 12 shows voltage and current waveforms of the SPSEIG with shunt topology 
measured during switching of the dynamic load – the single-phase capacitor induction mo-
tor of rated power Pn = 90 W. During motor start-up, a terminal voltage drop and current 
increase may be noticed, as the induction motor intakes reactive power from the generator. 
If the SPSEIG is to supply induction motors, e.g. small pumps, special attention should be 
paid, because too large a starting current may demagnetize the generator leading to terminal 
voltage collapse. Simple remedial measures, like a damping resistor, may be used to limit the 
starting current of the induction motor.
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Fig. 11. Voltages and currents versus output power of the SPSEIG with short-shunt capacitor topology: 
a) main (UM) and auxiliary (UA) winding voltage for resistive load; b) main winding (IM), auxiliary 
winding (IA), and load current (IL) for resistive load; c) terminal voltage for different power factors; 

d) capacitor connection scheme

Fig. 12. Measured voltage and current waveforms of the generator before and after switching  
of an induction motor: a) terminal voltage, b) load current, c) main winding current

a) b)

a)
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6. Conclusions

In the paper, the FEM-based, field-circuit model of single-phase, self-excited induction 
generator was presented. An investigation of the single-phase induction machine designed as 
the induction motor in respect to possible employment as an autonomous self-excited induc-
tion generator was presented. Analysis of the influence of the rotor slot opening showed that 
semi-closed rotor slots should be used to ensure self-excitation of the generator by remnant 
magnetic flux in the rotor left from previous operation events. In the case of closed rotor slots 
of the tested machine, the relatively weak remnant flux density does not induce currents in the 
rotor cage, so the self-excitation process can not be initiated. The detailed study shows that, 
for a resistive load, the short-shunt capacitor topology provides stable operation conditions 
up to the rated power of the machine. The possibility of directly supplying the single-phase 
capacitor induction motor from the generator as a dynamic resistant-inductive load was also 
presented. The simulation results obtained by the field-circuit model of the generator were 
successfully verified by laboratory tests.
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1. Introduction 

the use of switchable armature and field magnet windings in electromagnetically excited 
high-power synchronous motors allows for the design of two-speed motors with two syn-
chronous speeds, and synchronous motors with a two-stage start-up and one rated speed. sa-
lient-pole synchronous motors are mostly employed in the drive systems of the main-ventila-
tion fans in deep mines. two-speed drive motors are generally used, usually built as a result 
of the modernization of one-speed motors and significantly improving the starting properties 
by reducing starting currents and unfavorable mechanical stresses. the step change of speed 
achieved by changing the number of motor magnetic field poles [2, 9] ensures sufficient ca-
pacity control and results in a significant reduction of the power consumed by the fan. Major 
savings can be made and the total mining costs can be reduced through the rational use of 
the fans’ capacity [2]. one of the machines is a two-speed synchronous motor of type Gae 
1716/20t - its main specifications are presented in table 1.

t a b l e  1

The ratings of two-speed synchronous motor GAe 1716/20t

rated power kw 2600 1200
stator voltage V 6000 yy 6000 y
stator current A 292 186
field voltage V 86 78
field current A 337 300
rotational speed rpm 375 300
Power factor - 0.9 poj. 0.77 ind.

efficiency % 95.5 81.0

the synchronization process of the motor to a lower synchronous speed does not always 
proceed properly, therefore, studies have been conducted [7, 8] focusing on developing solu-
tions that improve the course of this process, both out of over and under synchronous speed.

developing methods of synchronization out of over the synchronous speed, in particular 
through switching supply voltages to the stator windings of the excited synchronous motor, 
can also be applied during gentle synchronization processes of line start permanent mag-
net synchronous motors with two-stage start-ups [1, 3]. the proposed two-stage method for 
starting-up the lsPMsM type motors significantly improves the starting properties of these 
machines and the synchronization process started above the rated synchronous speed may 
proceed gently. 

this paper presents the results of numerical synchronization calculations for a selected 
model of the two-speed high-power salient-pole synchronous motor, realized from the field 
magnet side and the supply network side of the stator.
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2. Analysis of synchronization processes

a specially developed field-circuit model of the two-speed motor type Gae 1716/20t 
[6, 7] was used to analyze the synchronization process of the motor. 

fig. 1. waveforms of the quantities during motor synchronization started at: n ≈ 293 rpm and field 
current forcing, p = 10

to verify the calculation model, measurements of the actual motor installed in a mine 
fan station and the corresponding calculations were carried out [7]. a comparison of the cal-
culation results with the measurements showed the field-circuit model of the Gae 1716/20t 
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two-speed synchronous motor to be correct and suitable for further investigation of the phe-
nomena occurring during the operation of motors of this type.

figures 1–5 show the calculated waveforms of armature phase A, current Is, field cur-
rent If, field-winding-terminal voltage Uf (a), electromagnetic torque and rotational speed (b) 
during synchronization processes at the lower rotational speed (p = 10) of the motor. the cal-
culations were performed for load torque 0.8 TN. this corresponds to the load which the wPk 
5.3 fan constitutes with its control unit flaps fully opened. the resultant moment of inertia of 
the fan drive system: Jr ≈ 40 000 kg∙m2 [7, 8] was used in the calculations. 

figure 1 shows the calculated waveforms of the quantities during motor synchronization 
started at an angle of δ = 0º and field current forcing of 2.5 Ifn, where δ is the angle between 
the stator field axis and the rotor field axis [5].

fig. 2. waveforms of the quantities during motor synchronization started at: n ≈ 370 rpm and field 
current forcing, p = 10
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according to fig. 1, despite the selection of a proper synchronization initiating instant 
and the field current forcing, no effective synchronization is achieved. the calculation results 
show that for the adopted motor operating conditions, regardless of the choice of an instant of 
connecting the field voltage, synchronization processes started below the synchronous speed 
proceed ineffectively.

figure 2 shows the calculated waveforms of the quantities during motor synchronization 
started at a rotational speed of n ≈ 370 rpm (above the rated synchronous speed for p = 10) 
and field current forcing of 2.5 Ifn.

an accidental instant of connecting dc voltage to the field winding, despite the initiation 
of the process in proper operating conditions and the field current forcing, resulted in no 
effective synchronization. switching the field voltage for such a high value of the rotational 
speed (above the synchronous speed) also causes adverse surges of stator currents (fig. 2a)) 
and considerable electromagnetic torque fluctuations (fig. 2b)). 

fig. 3. waveforms of the quantities during motor synchronization started at n ≈ 300 rpm with the 
polarization change system of the field circuit supply dc voltage, p = 10
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lack of steady-state operation in the process of synchronization started above the syn-
chronous speed makes it difficult to control the course of this process. the characteristic 
operating point of the motor, whose appointment is not difficult, is a change in the rotational 
speed from over to under synchronous speed. a significant increase in the probability of an 
effective and gentle motor synchronization out of over the synchronous speed provided by 
the use of the transistor switch [7], allowing the changing of the polarization of the field cir-
cuit supply dc voltage [8]. the polarization of this voltage is selected at the instant when the 
motor reaches the synchronous speed, providing conditions in which the dc current is added 
to the corresponding value of the field current caused by the ac voltage induced in the field 
magnet winding [4]. this increases the resultant value of the field current, thereby increasing 
the pull-in torque. the calculation results of the synchronization process realized by switch-

fig. 4. waveforms of the quantities during motor synchronization started at: n ≈ 300 rpm and initial 
angle of the rotor 10 deg, p = 10
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ing the rated value of the field voltage at the instant when the motor reaches the synchronous 
speed with the polarization change system of the field circuit supply dc voltage, for the same 
operating conditions as before, are shown in fig. 3.

the synchronization process out of over the synchronous speed can also be realized from 
the supply network side of the stator of the excited synchronous machine. switching the rated 
value of the field voltage is realized in the conditions of asynchronous operation, above the 
synchronous speed and switching voltages of the stator windings is executed at the instant 
when the motor reaches the rated synchronous speed. however, there is a problem of syn-
chronizing the motor with the power network voltages. the electromotive forces induced 
through the rotor electromagnetic field in the phase armature windings do not allow un-
controlled switching of the windings on the supply voltages. the calculation results of the 

fig. 5. waveforms of the quantities during motor synchronization started at: n ≈ 300 rpm and initial 
angle of the rotor 150 deg, p = 10
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switching process to a lower rotational speed of the two-speed synchronous motor for two 
different initial angular positions of the rotor are shown in figs. 4 and 5.

the proposed synchronization method (fig. 4) through controlled switching voltages of 
the stator windings provides effective synchronization and a considerable reduction of arma-
ture current, electromagnetic torque and rotational speed fluctuations – this reduces mechan-
ical impacts on the transmission shaft. the synchronization process of the motor proceeds 
more gently (fig. 4) than in the use of classical methods of implementation of this process 
and the field current forcing [7].

accidental switching of the voltages to the stator windings (fig. 5) may cause ineffective 
synchronization processes and result in adverse transients with significant risks to electrical 
circuits and the mechanical system. this issue requires further study.

fig. 6. waveforms of the quantities during motor synchronization started at: n ≈ 300 rpm, initial angle 
of the rotor 10 deg and reduction value of the supply voltages by 15%, p = 10
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the field-circuit model of the motor was also used to calculate the processes of synchro-
nization for the previously adopted operating conditions, taking into account the occurring 
periodic reduction value of the supply voltages. the periodic reduction of the stator voltages 
during the synchronization process by 15% (fig. 6) and 20% (fig. 7) was used in the calcu-
lations. in both cases (figs. 6 and 7), the gentle synchronization process out of over the syn-
chronous speed, realized by the controlled switching of power supply voltages to the stator 
windings, proceeds efficiently and smoothly.

fig. 7. waveforms of the quantities during motor synchronization started at: n ≈ 300 rpm, initial angle 
of the rotor 10 deg and reduction value of the supply voltages by 20%, p = 10
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3. Conclusions

the synchronization process of the two-speed large-power synchronous motors out of 
over the synchronous speed, realized through switching the proper polarization of the field 
circuit supply dc voltage at the instant when the motor reaches the rated synchronous speed, 
proceeds effectively and gently, without using the field current forcing. the synchronization 
process out of over the rated synchronous speed realized through the controlled switching of 
voltages to the stator windings provides effective synchronization and a considerable reduc-
tion of armature currents and electromagnetic torque fluctuations. due to the use of proposed 
synchronization methods, the motor can be synchronized when loaded with a torque higher 
than the torque at synchronization with classical methods of implementation of this process 
and field current forcing of 2.5 Ifn.
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this article presents the results of a study on the magnetic properties of soft magnetic powder 
composites at room temperature and at liquid nitrogen temperature. the properties of a magne-
toelectric motor with the power of 0.75 kw at room temperature and cryogenic temperatures are 
also presented in this article. the study of magnetic properties showed that magnetization curves at 
20°c and -195.8°c temperatures are almost the same. iron loss in the composite at liquid nitrogen 
temperature increased significantly in comparison to loss at room temperature. the study of the 
magnetoelectric motor showed that the back electromotive force at liquid nitrogen temperature 
decreases insignificantly in comparison to the back electromotive force at room temperature. elec-
tromagnetic torque at liquid nitrogen temperature increases in comparison to room temperature. 
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s t r e s z c z e n i e 

w artykule przedstawiono wyniki badań właściwości magnetycznie miękkich kompozytów 
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1. Introduction 

electric drives for cryogenic temperatures below -150°c such as liquid gases: e.g. nitro-
gen, hydrogen, helium and natural gas are applied more often in the industry. among others, 
cryogenic drives are applied in the cars supplied with hydrogen, rocket engines, cooling 
apparatus, devices for the storage and transportation of liquefied natural gas. devices for 
storage, transport and processing should be employed in pumps and electric drives working 
in the atmosphere of liquefied gases. electric machines applied in modern pumps of liquefied 
gases usually work whilst immersed and liquefied gas flows through the gap between the 
stator and the rotor. 

articles [1–2] show results of the study of a three phase induction motor working as a part 
of a pump immersed in liquefied natural gas. the article [3] presents computer simulations 
of a high voltage squirrel cage induction motor with 1 Mw power working in liquefied 
natural gas (lnG) at a temperature of -162°c. the study showed that the induction motor 
immersed in liquid gas develops higher maximum torque and less change of rotational speed 
than the induction motor working at room temperature. the disadvantage of the cooled mo-
tor is a smaller starting torque resulting from lower resistance of an aluminum squirrel cage. 
article [4] shows the study of a magnetoelectric motor applied for a pump drive of fuel in 
a new cryogenic drive for a rocket with low thrust. 

temperature changes of soft and hard magnetic materials lead to changes of their physical 
properties. the authors in publications [5] showed the results of measurements of magnetic 
properties of non-oriented steel sheets in cryogenic conditions. it was observed that at low 
magnetic field strengths, magnetic induction is lower in cryogenic conditions than at room 
temperature. at high magnetic strengths, magnetic induction is insignificantly higher for 
cryogenic conditions than at room temperature. the results of the measurements presented in 
article [6] showed that in liquid nitrogen immersion of iron based soft magnetic composites, 
their magnetic permeability is lower and their total loss is increased compared to when at 
room temperature. 

in the case of nd-fe-b, permanent magnets lowering their temperature leads to an in-
crease in remanence and coercivity. Manufacturers’ catalogues of permanent magnets usually 
present the temperature coefficients of remanence and coercivity only for changes from 20°c 
to 100°c. for sintered nd-fe-b permanent magnets, values of the temperature coefficient of 
remanence is from -0.08 to -0.11%/k depending on the composition of the alloy. the tem-
perature coefficient of coercivity of polarization of sintered nd-fe-b permanent magnets is 
from -0.5 to -0.6%/k. for isotropic bonded permanent magnets, the temperature coefficient 
of remanence is from -0.11 to -0.14%/k, for coercivity of magnetic polarization, the coeffi-
cient is about -0.4%/k [7]. 

in tele and radio research institute, the changes of magnetic parameters of bonded 
permanent magnets obtained from the nd-fe-b powder, type MQP-b produced by Magne-
quench company, compressed and bonded by epoxy resin were measured. the measure-
ments of the magnetic properties were carried out in a liquid nitrogen atmosphere at a tem-
perature of -195.8°c and at room temperature. the temperature coefficient of remanence is 
-0.17%/k, whereas the coefficient of intrinsic coercivity is -0.39%/k determined for room 
and liquid nitrogen temperature [8]. 

the main aim of research was to determine the magnetic property changes of soft mag-
netic materials on parameters of the magnetoelectric motor. 
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2. Methodology of research

2.1. the research of magnetic properties of soft magnetic composites

the samples for the research were manufactured from commercially available soft mag-
netic powder called somaloy 500 with the addition of lubricating binder lb1. the particles 
of iron powder are covered with a bonding agent that also ensures electrical insulation be-
tween particles. the composite samples were obtained by the cold compression moulding of 
powder with 800 MPa pressure. the green compacts that are mechanically weak were cured 
in air atmosphere at a temperature of 200°c for 60 minutes. the ring shaped samples for the 
magnetic measurements had the following dimensions: outer diameter 75 mm, inner diame-
ter 55 mm, and height 10 mm. 

the magnetization curves and the total power loss Ptot were measured by the measure-
ments of dynamic hysteresis loops according to the iec 60404-6 standard. the measure-
ments of a hysteresis loop were carried out by the aMh-20k-hs system manufactured by 
the laboratorio elettrofisico walker ldJ scientific. the total power loss was determined for 
the frequency from 50 to 600 hz for the amplitude of induction Bmax = 1.0 t. the maximum 
error of measurements of total loss equals 3%. during the measurements of the magnetic 
properties, the back electromotive force induced in the measuring coil was sinusoidal with 
the shape coefficient equal to 1.111 ± 0.006. the measurements were conducted at room 
temperature and at liquid nitrogen temperature. 

2.2. Measurements of properties of the brushless electric motor with the composite stator

Parts of the stator were cut using electric discharge machining from cylinders with a diame-
ter of 63 mm and a height of 22.5 mm manufactured from somaloy 500 + 0.6% lb1 (fig. 1). 

fig. 1. Part of a stator and a half-finished product from iron powder composite

the obtained stator parts were glued with two component epoxy glue. in the research, the 
4 pole motor with permanent magnets with 0.75 kw power and rotational speed 18 000 rpm 
was analyzed. the structure of this motor is presented in fig. 2 [9]. 
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fig. 2. the structure of analyzed motor

the analyzed electric motor consists of a stator with 15 slots, the rotor a 4 sintered nd-fe-b 
permanent magnets produced by Vacuumschmelze (Vac 669aP) and an aluminum cylinder. 
typical parameters of permanent magnets obtained from the manufacturer’s catalogue are the 
following: Br = 1.16 t; HCb = 885 ka/m; HcJ = 2000 ka/m; (BH)max = 255 kJ/m3. the tem-
perature coefficient of remanence αBr = -0.085%/°c, the temperature coefficient of coercivity 
βHcJ = -0.57%/°c with changes of temperature from 20°c to 100°c. the analyzed motor should 
have higher magnetic flux density in the air gap resulting from lower temperature of permanent 
magnets in cryogenic temperatures. the motor has a two-layered, frictional-slotted winding 
with q = 1¼ slots for a pole and a phase. a commercial motor housing from the motor manufac-
tured by the Motor and controller company, model Mbl-92ft-300ha was used. 

the measurements of parameters of the motor in the liquid nitrogen immersion needed the 
application of type c4 bearings with the enhanced bearing slackness. before the assembly, 
sealants and lubricant were removed from bearings using acetone. the courses of interfacial 
back electromotive force and the electromagnetic torque in the function of rotor’s position were 
measured. the back electromotive force was determined for the two rotational speeds of 1000 
and 1500 rpm. during the measurements of the back electromotive force, the measured motor’s 
rotor was moved by the three phase induction motor skh-56-6b with the lG sV-iG5a inverter. 
the recording of the back electromotive force was carried out by the digital scope tektronix 
tds 210. the course of the electromagnetic torque was measured at the supply of the motor 
with direct current in brushless dc mode (ia = -ib and ic = 0). the measurements were done for 
two values of supply current ia = 3 a and ia = 5 a. dc supply Gw instek PsP-2010 was used in 
the research. the electromagnetic torque was registered with Mw 2006-3s device co-working 
with the Mt-3nm torque meter manufactured by the roman Pomianowski’s electronics 
laboratory. during the recording of the electromagnetic torque, the measured motor was 
connected with 1 phase w&w Motor yJf61/16 with a gear-motor and the rotational speed was 
0.8 rpm. Measurements were done at room temperature and next at the temperature of liquid 
nitrogen. 
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3. Results of measurements

in the first part of the research, the magnetic properties of soft magnetic composites were 
measured. the magnetization curves at 50 and 600 hz frequency at room temperature and 
at liquid nitrogen temperature were measured. the magnetization curves almost overlap 
(fig. 3). 

fig. 3. the magnetization curves of powder soft magnetic composites measured at room and liquid 
nitrogen temperature, f = 50 hz

the magnetization curves differ only in the speed increase of magnetic induction B which 
causes differences in the maximum magnetic permeability of the iron magnetic composite. 
Maximum magnetic permeability was equal to 215 for the temperature of 20°c and 202 for 
the temperature of -195.8°c at the frequency 50 hz and 600 hz. 

fig. 4. the total power loss of iron soft magnetic composites measured at room and liquid nitrogen 
temperature, Bmax = 1.0 t
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the decrease in the sample’s temperature to -195.8°c caused an increase of total power 
losses Ptot in the magnetic core. the increase in the loss of eddy currents is caused by the 
decrease of the resistivity of the material. the increase of coercivity causes the increase of 
hysteresis loss and magnetization energy due to a decrease of crystal lattice oscillations and 
a decrease of domain wall movements [8]. for example, at the magnetization frequency 
50 hz, the total power loss at liquid nitrogen temperature is about 25% higher than at room 
temperature, whereas at the frequency 600 hz, it is more than 35% (fig. 4). 

in the second part of the research, the interfacial back electromotive force and electro-
magnetic torque was measured as a function of the angle of the rotor’s rotation. 

the analyzed magnetoelectric motor has asinusoidal back electromotive force at the 
1000 rmp (fig. 5a)) and 1500 rpm (fig. 5b)) at room temperature and at liquid nitrogen 
temperature. 

fig. 5. the back electromotive force at the rotational speed: a) 1000 rpm, b) 1500 rpm measured  
at room temperature and liquid nitrogen temperature

fig. 6. higher harmonics Ek in relation to the first harmonic E1 at the rotational speed:  
a) 1000 rpm, b) 1500 rpm at room and liquid nitrogen temperature
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after cooling the motor to liquid nitrogen temperature, the first harmonic of the back 
electromotive force decreases at the rotational speed 1000 and 1500 rpm but the change does 
not exceed 3%. harmonics of 2, 3, 4 and 5 order increase their values (figs. 6a) and b)). this 
effect leads to changes of total harmonic distortion (thd) coefficient. thd coefficient deter-
mined for rotational speed 1500 rpm at room temperature is equal 0.84%, whereas at liquid 
nitrogen temperature, it is 1.16%. 

table 1 shows the average rectified, effective-root mean square and maximum values of 
induced back electromotive forces for room temperature and liquid nitrogen temperature. 
table 1 also presents shape and peak factors. 

t a b l e  1

Average rectified, effective-root mean square and maximum values, shape and peak factors  
of back electromotive forces 

room temperature (20°c)
n (rpm) Uarv (V) Urms (V) Um (V) krms (-) kpeak

1500 11.33 12.57 17.60 1.109 1.401
1000 7.52 8.35 11.80 1.110 1.414

liquid nitrogen temperature (-195.8°c)
1500 10.96 12.19 17.40 1.112 1.428
1000 7.41 8.22 11.80 1.109 1.436

the shape of the generated electromagnetic torque is sinusoidal (figs. 7a) and b)). 

fig. 7. the electromagnetic torque for: a) ia = 3 a, b) ia = 5 a measured at room and liquid nitrogen 
temperature

at the temperature of –195.8°c, unfavorable torque fluctuations caused by a bearing in 
a socket between a motor and a torque meter are seen in figs. 7a) and b). this effect causes 
higher harmonics increase (figs. 8a) and b)). 
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fig. 8. higher harmonics of electromagnetic torque Tk in relation to the first harmonic T1 for:  
a) ia = 3 a, b) ia = 5 a measured at room temperature and at liquid nitrogen temperature

after the decrease of the temperature to liquid nitrogen temperature, an increase of the 
first harmonic of electromagnetic torque by 3% and 7% for ia = 3 a and ia = 5 a respectively, 
can be seen. in turn, the coefficient of total harmonics distortion thd described at room 
temperature changes from 1.44% at ia = 3 a to 1.33% at ia = 5 a.

4. Conclusions

the influence of temperature on the characteristics of the magnetoelectric motor with 
a stator manufactured from iron soft magnetic composites are presented in the article. re-
sults of measurements of magnetic properties of soft magnetic composites showed that the 
influence of temperature on magnetization curves is very small. significant differences can 
be observed in the measurements of total power losses at room temperature and at liquid 
nitrogen temperatures. the increase of total losses is caused by the increase of eddy current 
loss due to the lower resistivity of the iron based composite and increase of hysteresis loss 
due to higher coercivity of the iron based composite. 

the back electromotive force induced in the motor after cooling in liquid nitrogen insig-
nificantly decreases its value. simultaneously, the increase of higher harmonics 2, 3, 4 and 
5 can be observed. 

it is observed increase of its first harmonic of electromagnetic torque after decrease of 
temperature of a motor. however, parasitic torque from bearings would not allow precise 
analyses. 

the research shows that powder soft magnetic composites can be applied in devices 
working at cryogenic temperature conditions. Measurements of dynamic parameters of the 
analyzed motor should be the final tests of application of the powder magnetic composites in 
cryogenic temperatures. 
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1. Introduction

dynamo steel sheets are mainly used in constructions of stators and rotors of induction 
and synchronous motors. in stator cores, the magnetization process has mainly an elliptical 
character, but in stator teeth, axial magnetization occurs very often. when a dynamo sheet has 
isotropic properties, the power losses in particular stator teeth are the same. how ever, most 
dynamo sheets have certain anisotropic properties in terms of both their magnetic proper ties 
and power losses. this means that the amount of specific power loss depends on the direction 
of the magnetic field changes on the sheet plane with respect to the rolling direction in the 
given dynamo sheet.

it is worth underlining that dynamo steel sheets are quite often used in constructions of 
cores of small power transformers. for this purpose, the E and U sheet shapes for transformer 
cores are cut out from these sheets. worse magnetic properties in directions other than the 
rolling direction of dynamo sheets cause decreases in the value of the resultant magnetic 
flux in the transformer core. inferior magnetic properties in directions other than the rolling 
direction of dynamo sheets could lead to decreased values of the resultant magnetic flux in 
the transformer core.

2. Calculation of the specific power loss in steel sheets

accurate calculations of power losses in magnetic circuits of electrical machines and 
transformers continue to be an important research area. it is well known that total power 
losses are treated as a sum of hysteresis losses, eddy current losses, and excess losses which 
are caused by the so-called domain eddy currents in electrical steel sheets [1–3]. the reasons 
for power losses during the axial and rotational magnetization processes are similar, but their 
calculation varies considerably due to different mechanisms of each process. in practice, 
losses occurring in steel sheets are given per mass unit and they are referred to as specific 
power losses. Unlike losses in the rotational magnetization, power losses occurring during 
the axial magnetization can be estimated by using analytical formulas. the general formula 
determining the hysteresis specific power loss has the well-known form [4–6]: 

 p f Bh m
x= η

 
  (1)

where:
η – constant whose value depends on the given electrical steel sheets (frequently it is 
  equal to 0.038),
f – frequency of magnetic field changes,
Bm  – maximum value of the flux density during the magnetization process,
x – exponent which is equal to 1.6 in the steinmetz’s formula or 2.0 in the richter’s 
  formula [4].

in some cases, concerning the calculation of the specific hysteresis power loss, the fol-
lowing relation is used [6]:
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 p f B
kd

shkd kd
chkd kdh m= −

+
ξ 2 1 sin

cos
  (2)

where:
ξ – coefficient depending on the given electrical sheet,
d – thickness of the given dynamo sheet,
k – coefficient determined as k = 0 5. ωµ γ ,
ω  – pulsation 2πf,
μ  – magnetic permeability,
γ  – conductivity of the given dynamo sheet.

it is worth underlining that hysteresis losses are also calculated with the use of a chosen 
hysteresis model. an interesting approach concerning the determination of hysteresis losses 
occurring in induction machines supplied by voltage source inverters is proposed in [7].

the specific power loss of ‘classical’ eddy currents are usually estimated with the use of 
the formula [4–6]:

 
p d f B

ed
m= γ π2 2 2 2

6   
(3)

where all parameters are defined in the previous relations.

it should be remembered that the discussed formulas have been formulated assuming 
a constant value of magnetic permeability. however, for most dynamo sheets, the magneti-
zation characteristic has a curvature when values of flux densities are about 1 t. due to this, 
the magnetic permeability does not have a constant value in the whole range of changes of 
the magnetic flux density. additionally, in dynamo sheets with the thickness of 0.5 mm or 
more, the distribution of the magnetic field is not homogeneous when the frequency is equal 
to 50 hz or higher. it is necessary to stress that none of the above-mentioned formulas take 
into account the dependence of power losses on magnetization direction.

Many problems in the estimation of power losses in electrical steel sheets occur during 
calculations of losses caused by the so-called domain eddy currents. these micro currents 
appear around the moving domain walls. the model of domain wall motion proposed by 
Pry and bean allows us to estimate these losses but only in transformer sheets which usually 
have an ordered grain structure [8]. however, grains in typical dynamo sheets are arranged 
randomly. thus, most of these sheets have certain anisotropic properties [9]. at this point the 
method worked out by G. bertotti, who has proposed statistical approach to estimate the eddy 
current losses [2, 10], should be mentioned. he assumed that the movement of the domain 
walls during the magnetization process consists of random jumps in the iron crystals of the 
dynamo sheet. he treated fragments of these walls as certain magnetic objects.

estimation of power losses during the rotational magnetization is a qualitatively different 
problem. determination of these losses is much more difficult than calculations of losses 
during the axial magnetization. Until now, analytical formulas allowing us to simply estimate 
power losses under rotational magnetization have not been formulated. these power losses 
are determined with the use of the basic formula, which is widely presented in [2, 3, 11]. it is 
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necessary to stress that the total power losses occurring in the magnetic circuits of electrical 
machines are determined with the use of a chosen machine model, where special attention 
is paid, for example, to calculations of additional losses caused by higher harmonics [12].

3. Dependence of the specific power loss on magnetization direction

dynamo steel sheets should have isotropic properties. however, different magnetic mea-
surements show that most dynamo sheets have a certain anisotropy, both in terms of the 
magnetization curves and power losses. these anisotropic features have been confirmed by 
crystallographic studies on the possible occurrence of textures in dynamo sheets. on the one 
hand, the magnetization process occurs most easily along the rolling direction in the given 
sheet; on the other hand, power losses are the biggest when the magnetization process takes 
place along the transverse direction with respect to the rolling direction. an analysis of the 
dependence of the specific power loss on the magnetization angle was carried out on the ba-
sis of the magnetic measurements, because up until now, formulas which would allow us to 
calculate the hysteresis and eddy current losses whilst taking into account the magnetization 
angle have not yet been carried out. Measurements were performed for two selected typical 
dynamo sheets marked as M530-50a, one of which is produced in the czech republic, and 
the other in south korea. figure 1 presents values of the specific power loss in both dynamo 
sheets as the dependence on the magnetization angle*. Measurements were performed for 
the following frequencies: 25 hz; 50 hz; 75 hz; 100 hz. the specific power losses are pre-
sented for the flux density values 1.0 t. and 1.5 t (as is usually determined in standards), and 
they were approximated by means of the second-degree curves.

fig. 1. specific power loss for czech and korean dynamo sheets: a) Bm = 1.0 t; b) Bm = 1.5 t; continuous 
lines – czech dynamo sheet, dashed lines – korean dynamo sheet, circles and squares denote the 

measured values of the czech sheet and the korean sheet, respectively

* Magnetic measurements were carried out in laboratory of Magnetic Measurements in stalprodukt 
sa, bochnia (Poland).
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higher values  of the specific total power loss occur during the magnetization along directions 
on the sheet plane which significantly differ with respect to the rolling direction. differences of 
the specific power losses may be higher than ten percent with respect to the rolling direction. it 
can be assumed that bigger hysteresis specific power loss in these directions are the direct cause 
of greater total specific power loss. figure 2a) presents hysteresis loops of the czech dynamo 
sheet for three magnetization directions and for the flux density 1.0 t. in turn, fig. 2b) shows 
hysteresis loops when the maximum value of the flux density was equal to 1.5 t; in this case, 
hysteresis loops measured along the direction of 45 and 90 degrees are almost the same. due to 
magnetic anisotropy, hysteresis loops measured along directions inclined 45 or 90 degrees with 
respect to the rolling direction are wider than hysteresis loops in the rolling direction. 

the korean dynamo sheet has similar properties to the czech dynamo sheet (fig. 3).

fig. 3. hysteresis loops for Bm = 1.5 t: a) czech sheet, b) korean sheet

table 1 presents, by way of example, hysteresis specific power losses for both of the test-
ed dynamo sheets in seven magnetization directions. hysteresis specific power losses in the 
transverse direction are about twenty percent higher than specific power losses determined in 

fig. 2. hysteresis loops for Bm = 1.0 t: a) czech sheet, b) korean sheet
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the rolling direction. both the magnetic anisotropy and the loss anisotropy are caused by the 
occurrence of certain textures, this is a characteristic property of most dynamo steel sheets 
[9]. this means that a certain amount of grains have a privileged crystallographic orientation. 
it should be noted that the standards define the acceptable anisotropy of power losses in the 
range 10 to 14%. it is worth noting that losses for directions higher than 45 degrees with 
respect to the rolling direction are practically the same.

on the basis of magnetic measurements, the losses caused by eddy currents were deter-
mined as the differences between measured total power losses and hysteresis losses, wherein 
the latter were the product of the hysteresis losses per cycle and the magnetization frequency. 
Measurements performed for two mentioned dynamo sheets, and estimations carried out on 
the basis of the measured results show that generally, power losses caused by eddy currents 
do not depend on the direction of the magnetic field changes when values of the flux density 
are not higher than 1.0 t and the frequency does not exceed 50 hz. these losses decrease 
with increases of the magnetization angle for higher frequencies and higher values of the flux 
density occurring in the given dynamo sheet. figure 4 presents specific power losses caused 
by eddy currents as a dependence of the magnetization angle.

t a b l e  1

Hysteresis specific power loss in W/kg

Magnetization 
angle

czech sheet korean sheet
1.0 t 1.5 t 1.0 t 1.5 t

0° 0.025 0.055 0.026 0.055
15° 0.027 0.060 0.026 0.056
30° 0.028 0.062 0.028 0.060
45° 0.030 0.066 0.029 0.063
60° 0.030 0.067 0.030 0.065
75° 0.030 0.067 0.031 0.064
90° 0.031 0.066 0.032 0.065

fig. 4. specific power loss caused by eddy currents: a) for Bm = 1.0 t; b) Bm = 1.5 t; continuous lines – 
czech dynamo sheet, dashed lines – korean dynamo sheet 
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4. Comparison between measured and calculated specific power losses 

in many papers, it is concluded that the measured losses are significantly bigger than the 
calculated losses. as mentioned in chapter 2, reasons of these differences are the so-called do-
main micro eddy currents which occur around moving domain walls. however, these remarks 
refer first of all to the transformer steel sheets. their grains, and thus their domains, may have 
an area of several square centimeters. on the other hand, the average size of grains in dynamo 
sheets is in the range of 60 to 100 μm, and in the majority, grains are arranged randomly. the 
occurrence of the excess losses in the dynamo sheets is rather a controversial issue. although 

fig. 6. Measured and calculated specific power loss for Bm = 1.5 t: a) czech dynamo sheet,  
b) korean dynamo sheet

fig. 5. Measured and calculated specific power loss for Bm = 1.0 t: a) czech dynamo sheet,  
b) korean dynamo sheet
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G. bertotti showed that the measured losses in a certain dynamo sheet are bigger than calculat-
ed losses [1], the research carried out for some typical dynamo sheets does not generally con-
firm this fact. it is obvious that the value of the calculated losses depends on the applied for-
mulas in estimation of the hysteresis and eddy current losses. figure 5 presents comparisons 
between the measured losses and the estimated losses during the axial magnetization along the 
rolling (0°) and transverse direction (90°). the latter losses are calculated for two cases. in the 
first one, hysteresis losses were estimated with the use of formula (1) (richter formula) and in 
the second case, relation (2) was applied. in both cases, eddy current losses are estimated by 
means of formula (3). estimated values of power losses depend significantly on coefficients 
which concern the given soft magnetic material. to reduce the differences between measured 
and calculated losses, we assumed that the coefficient η in formula (1) and the coefficient ξ in 
(2) are smaller than is proposed in the literature and they both are equal to 0.035. it should be 
stressed once again that the above mentioned formulas do not take into account the direction 
of the magnetization process. the smallest errors between the values of the  measured and es-
timated losses occur when the power losses are estimated with the use of the sum of formulas 
(1) and (3). however, these errors amount to 10–20 percent. similar differences between the 
losses occur also for the korean dynamo sheet.

5. Conclusions

determination of the total specific power loss in typical dynamo sheets with the use ana-
lytical formulas without taking into account the magnetization angle can cause errors of even 
up to 20 percent. differences in the specific power losses for individual magnetization direc-
tions are caused by the presence of anisotropy properties. it may be assumed that this is due 
to higher hysteresis losses for the magnetization directions other than the rolling direction. 
however, the formulation of more general conclusions requires studies of a larger number of 
typical dynamo steel sheets. 

further research should aim at deriving such analytical formulas relating to hysteresis 
losses that could take into account the magnetization direction. these studies should also in-
clude a dependence of eddy current losses on the magnetization angle for frequencies higher 
than 50 hz. specific power losses obtained by means of different analytical relations should 
also be compared with the values estimated with the use of the general formula. in further 
research works, attention should be also given to the exceed losses and their dependence on 
magnetic parameters of dynamo steel sheets.

This paper was supported by research grant No DEC-2011/01/B/ST7/04479: ‘Modelling 
of nonlinearity, hysteresis, and anisotropy of magnetic cores in electromechanical converters 
with rotating magnetic field’ financed by the National Science Centre, (Poland).
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temat podjęty w pracy dotyczy metodycznych aspektów modelowania oraz analiz wyników 
obliczeń polowych maszyn z powierzchniowo montowanymi magnesami trwałymi na wirniku 
z uwzględnieniem anizotropii magnetycznej rdzenia stojana. rozważania te mają na celu poka-
zanie wpływu anizotropii na strukturę modelu matematycznego maszyny i udzielenie odpowie-
dzi na pytanie, czy przy oparciu się na klasycznych założeniach stosowanych w modelowaniu 
obwodowym możliwe jest jej uwzględnienie. Przedstawione wyniki obliczeń polowych wyko-
nane dla maszyny modelowej pozwalają określić, na ile efekt anizotropii przy magnesowaniu 
obrotowym jest istotny z punktu widzenia eksploatacyjnego.

Słowa kluczowe: anizotropia magnetyczna, maszyna synchroniczna z magnesami trwałymi 

* d.sc. Ph.d. eng. tomasz węgiel, d.sc. Ph.d. eng. adam warzecha, d.sc. Ph.d. eng. witold  
Mazgaj, institute of electromechanical energy conversion, cracow University of technology. 

DOI: 10.4467/2353737XCT.15.051.3851



302

1. Introduction

the phenomenon of rotational magnetization is usually omitted in ‘classical’ models of elec-
trical machines [1]. studies considered in this paper refer to the modelling of machines which 
have permanent magnets (PM) mounted on the rotor surface. anisotropic properties of the stator 
core can be taken into account with the assumption of linear magnetization characteristics along 
the rolling direction (rd) and the transverse direction (td). on the one hand, these consider-
ations are intended to show the influence of the anisotropy on the structure of a mathematical 
model of a given machine. on the other hand, we expect the answer as to whether it is possible 
to take into account the anisotropy based on classical assumptions of the circuit modelling.

the lagrangian formalism is one of the most convenient methods for the circuit model-
ling of electrical machines [2, 3]. this formalism also refers to machines which have per-
manent magnets in their structure – under the assumption of certain general conditions. for 
today’s rare earth magnets (ndfeb types) we can assume that the operating point of the per-
manent magnet moves along an unambiguous demagnetization curve caused by the impact of 
winding currents. thanks to this assumption, we obtain possibilities of using the lagrangian 
formalism for modelling machines with permanent magnets, even for cases where the mag-
netic circuit has anisotropic properties. 

the total co-energy which occurs in the magnetic circuit of the permanent magnets ma-
chine (PMM) is a sum of the co-energy E0Θ generated by winding currents and the co-energy 
E0PM generated by permanent magnets in a currentless state. for typical constructions of 
PMMs, the equivalent air gap is relatively wide. therefore, we can consider that corrections 
which allow modelling the anisotropic properties refer to the magnetic field excited by per-
manent magnets. as a result of the stator core anisotropy, differences between the magnetic 
permeability μrferd in the rolling direction rd and permeability μrfetd in the transverse direc-
tion td occur. the function of the field co-energy and the function of the equivalent air gap 
width should be appropriately modified with respect to the classical considerations [4, 5]. 
determination of the mathematical model parameters of the machine with surface-mounted 
permanent magnets on the rotor, which describe the magnetic anisotropy of the stator core, 
requires finite element analysis fea of the magnetic field. 

studies which present the results of research in this area concern mainly synchronous 
motors, and they focus on the impact of the stator core anisotropy on the cogging torque 
[6, 7]. frequently, these studies relate to modelling methods of magnetic anisotropy in cores 
constructed of oriented or non-oriented steel sheets [8, 9]. effects caused by magnetic core 
anisotropy were presented in [10]. Machines with permanent magnets are characterized by 
relatively high values of the air gap width. thus, influence of the stator core anisotropy can 
be considered in the linear range with the use of formulations given in [2].

2. Lagrange’s equations of the machine excited by permanent magnets

as it was previously mentioned, the total magnetic field co-energy which occurs in the 
magnetic circuit of the PMM is a sum of the co-energy of introduced through winding cur-
rents and the co-energy generated by permanent magnets in the currentless state. a general 
form of this function for a three-phase machine can be written as follows: 
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 E i i i E i i i E0 1 2 3 0 1 2 3 0( , , , ) ( , , , ) ( )ϕ ϕ ϕ= +Θ PM  (1)

where:

E i i i0 1 2 3Θ ( , , , )ϕ   – co-energy introduced into the system through the winding currents in the 
  presence of magnets, 

E0PM ( )ϕ   – co-energy introduced into the system by PM in currentless state. 

lagrange’s equations of the model of the PMM can be written in the following form:
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iron cores of the stator and rotor have a very high magnetic conductivity with respect 
to the air and magnet materials. therefore, in classical considerations, it is usually assumed 
that the energy concentration of the magnetic field occurs mainly in the volume of the air 
gap and the permanent magnets. this means that the magnetic voltage drops in iron yokes 
of the given machine can be neglected. in order to take into account the effect of the stator 
core anisotropy, we should resign from classical assumptions and take into account magnetic 
voltage drops in iron parts of the stator and the rotor. it is worth underlining that differences 
between the iron magnetic permeability in the rolling direction (rd) and the permeability in 
the transverse direction (td) occur during the rotational magnetization. 

the easiest way to take into account the magnetic voltage drops in iron is to add these 
drops to the magnetic voltage drops occurring in the air gap, on this basis, the magnetic field 
distribution should be corrected. the consequence of this approach is the local increase of 
the air gap width for the transverse direction (td). thus, the co-energy function should be 
appropriately modified with respect to classical electrical machines. 

3. Magnetic field distribution in PMM with taking into account the anisotropy

the equivalent air gap of the PMM is relatively large. therefore, it can be assumed that 
the local increase of the air gap, which represents the anisotropy in the td axis, occurs main-
ly for magnetic field lines associated with the flux of the permanent magnet. inductances of 
the simplest models of classical machines are calculated on the basis of the distribution of the 
field radial component in the air gap, because it is possibly due to the specific structure of the 
magnetic circuit. the geometry of the magnetic circuit of the PMMs is varied and not always 
simple relations, which are sufficiently accurate for conventional machines, can be used for 
machines with permanent magnets. regardless of winding inductances, for these machines 
the linkage fluxes and the co-energy should be determined as a dependence on the rotational 
angle in currentless state. 
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firstly, this paper focuses on machines with a cylindrical rotor which has surface mount-
ed magnets. for this case, in analytical models of the magnetic field distribution in the air 
gap, the geometry of the magnetic circuit is characterized by a function of the unit permeance 
[2–5]. for machines with a smooth surface air gap, these formulas are relatively simple. 
however, this problem gets complicated when the anisotropy of stator steel sheets need to be 
taken into account. in order to show the methodology of analysis of the field distribution in 
the air gap, we used a model of the PMM with a smooth stator (fig. 1).

fig. 1. cross-section of the PMM with the stator anisotropy

we assumed that the demagnetization curve of the permanent magnet is linear 
B B Hm r r m m= + ⋅ ⋅µ µ0 ; this approximation is widely acceptable for today’s rare earth per-
manent magnets. the form of ampere’s law for the selected contour marked in fig. 1 allows 
us to formulate a relationship which describes a simplified one-dimensional field distribution 
in the air gap of the given PMM:

 B x i i i B x i i i B x( , , , , ) ( , , , , ) ( , )ϕ ϕ ϕ1 2 3 1 2 3= +Θ PM   (3)

where:

 B x i i i x i i i x C x i i iΘ ΘΘ( , , , , ) ( , , , ) ( , ) ( , , , , )ϕ λ ϕ ϕ1 2 3 1 2 3 1 2 3= ⋅ +s   (4)

 
B x B x x C xPM m

m
PM( , ) ( ) ( , ) ( , )ϕ ϕ

λ ϕ
λ

ϕ
δ

= − +   (5)

B x i i iΘ ( , , , , )ϕ 1 2 3  – radial component of the magnetic field density distribution genera- 
  ted by winding currents along the circumference of the air gap, 



305

B xPM ( , )ϕ  – radial component of the magnetic field density distribution in the air 
  gap generated by permanent magnets,

λ
µ

µδ
δ

m
m r ml l

=
+

0

/
  – unit permeance for machines with stator smooth cylindrical surface, 

Θs x i i i( , , , )1 2 3  – magnetomotive force (MMf) distribution of the stator windings,

B xm ( )−ϕ  – function describing one-dimensional distribution of the magnetic 
  flux density along the circumference in the PMM in the currentless 
  state. 

the coefficients CΘ and CPM in formulas (4), (5), which result from Gauss’s law for mag-
netism, are equal to zero in the considered cases. in general, a magnetic circuit can be char-
acterized by the unit permeance function λ(x, φ), the distribution of which can be written in 
the form of a double fourier series [3]:
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(6)

the function of the unit permeance allows modelling of the real shape of the magnetic cir-
cuit, therefore in the general case, sets M and N in the formula (6) can include all integers. 
the function of the magnetic field distribution in the one-dimensional model in the curren-
tless state (smooth stator and anisotropy is neglected) is the function of one variable. 

fig. 2. flux density distribution in the air gap in a slotless machine without taking into account the 
stator core anisotropy

the coefficients of the fourier series of the field distribution function presented in fig. 2 
can be determined on the basis of the following formulas:
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for special cases, when it is assumed a smooth cylindrical surface of the stator and a uni-
form air gap, the function of the unit permeance (6) of the anisotropic machine only becomes 

dependent on x because properties of permanent magnets are similar to air properties (µrm ≅1 ):

 λ ϕ λ
µ

µδ δ

( , ) ( )
( ) /

x x
l l x lm rm

= =
+ +

0

∆   (8)

where: Δlδ(x) is a function which increases the equivalent width of the air gap due to the oc-
currence of magnetic voltage drops caused by the anisotropy of the stator core.
thus, for anisotropic cores with smooth surfaces of the stator and the rotor, the set M 
contains harmonics {…, –4, –2, 0, 2, 4, …}, however, the set N only contains the zero 
harmonic {0}:
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the consequence of this assumption is the fact that the inductances of the stator windings 
do not depend on the rotation angle, and the PM flux density distribution in the air gap takes 
a simplified form:
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4. Form of the co-energy function of the PMM whilst taking into account  
the anisotropy

for methodological purposes, the form of the co-energy function is presented for a sim-
plified case of the anisotropic machine with smooth cylindrical surfaces of the stator and the 
rotor. the functions of the winding characteristics have an additional element which rep-
resents the flux linkage produced by PM ψPMa(φ); this flux depends on the rotation angle φ. 
for example, the relationship between the flux and the current of the a winding can be written 
as follows: 

 ψ ϕ ψ ϕa a a a ai i i L i L i L i( , , , ) ( )1 2 3 1 1 2 2 3 3= ⋅ + ⋅ + ⋅ + PM   (11)

as a consequence, the co-energy component dependent on winding currents takes the 
following form [2]:
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  (12)

in order to determine the characteristics of the windings (flux dependences), we assumed 
that the fourier spectrums contain the v harmonic which belong to the P set. elements of 
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this set for the windings with an integer number of slots per pole and phase are as follows: 
P = {…, –5p, –3p, –p, p, 3p, 5p, …}. furthermore, we assumed that windings a and b, which 

have ws number of turns, are characterized by winding factor ku
ν . thus, inductances can be 

determined on the basis of the relation [2–4]: 
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where:
lc  – equivalent axial length of the given machine,
Q1  – parameter depends on elements of the P, M sets and it is defined as follows:
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for the three-phase stator, the angles between winding magnetic axes are equal to: 
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the component of the magnetic flux which is linked with a winding in currentless state 
is written as [2]:
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Parameter D1  depends on the content of sets P, Q, M and it is defined as:
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the co-energy component which is independent of winding currents is associated with 
areas of energy occurrence (air gap, permanent magnets). analytical calculation of the co- 
-ener gy in the currentless state is not a simple task when real shapes of the magnetic circuit 
need to be taken into account. we propose a simplified approach which is based on 1-d field 
distribution. if the previously defined function of the unit permeance function (6) is taken 
into account, the co-energy component for the currentless state takes the form:
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in the particular case in which the simplified forms of the permeance function (6) and the 
flux density distribution are taken into consideration, we obtain the relationship describing 
the co-energy in the currentless state in the following form: 
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where: 
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after taking into account relationships (18), (19) and (20), and formal mathematical op-
erations, we obtain the simplified formula describing the co-energy in the currentless state:
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5. Field calculations of the PMM whilst taking into account the anisotropy

field analysis was carried out with the use of the Magnet package for the model of 
the exemplary machine which is shown in fig. 1 under the assumption that the magneti-
zation characteristics of iron and permanent magnets are linear. the anisotropy was taken 
into account by introducing appropriately different values of the magnetic permeability of 
the stator core for the rolling direction (μrferd = 10 000) and for the transverse direction 
(μrferd = 5000). the assumption of the linear characteristics was related to methodological 
aspects of the analysis, these were intended to emphasize only the influence of the phenom-
enon of the anisotropy. 

the basic construction parameters of the considered machine are as follows: external ra-
dius of the stator yoke – 120 mm; internal radius of the stator yoke rs = 71 mm; packet length 
lc = 100 mm; number of stator slots Zs = 36; opening width of the stator slots 4 mm; number 
of pole pairs p = 1; double-layer winding composed of a 12 serial elementary coils; number 
of coils forming a one pair of poles – 6; total number of stator turns ws = 120; stator winding 
pitch – 15; external radius of the rotor core – 64 mm; internal radius of the rotor core – 
27 mm; length of the air gap over the magnet lδ = 2 mm; thickness of the magnet lm = 5 mm; 
PM angular pitch 2β = 120o; parameters of the PM: Br = 1.1 t; Hc = 827.6 ka/m; μrm = 1.1. 

test calculations were performed on the basis of the field model of the two-poles machine 
– this model was formulated in the Magnet 2d static and is shown in fig. 3. in the first step, 
magnetic field distributions in the air gap of machines with the isotropic and anisotropic 
stator were compared. 
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fig. 3. diagram of the magnetic field lines for the anisotropic machine core a) and the distribution of the 
radial component module of the flux density in the air gap (φ = π/2, α0 = π/2) b) isotropic case – dashed 

line, anisotropic case – continuous line

the results shown in fig. 3b) indicated that the influence of the anisotropy on the field 
distribution in the gap is practically unnoticeable. for this reason, further studies focused on 
integral values of the magnetic field i.e. the co-energy and linkage fluxes of the windings in 
the currentless state. 

a) b)

fig. 4. changes of co-energy as a function of the angular position of the PM rotor with respect to the 
stator in the currentless state; isotropic case – dashed line, anisotropic case – continuous line

figure 4 shows a comparison of changes of the co-energy function according to rotor 
positions in the currentless state. when the stator is anisotropic, the co-energy function also 
contains the second harmonic in addition to the constant component and slot harmonic. the 
fourier spectrum of this function is presented in figs. 5a) and b); values of amplitudes are 
given in (db) with respect to the accepted reference level of 0.1 mJ.
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fig. 5. amplitude spectrum of the co-energy function in (db) and variable components of the co-
energy in energy unit (J) isotropic case – dashed line o, anisotropic case – continuous line •

the amplitude of the second harmonic of the co-energy is close to the level of the 36th slot 
harmonic, which has practically the same value in both cases, as is shown in fig. 5.

in the next step, the asymmetry degree of the induced voltages in the stator windings was 
examined. the basis for the analysis were fea results recalculated for the rotor speed which 
corresponds to a frequency of 50 hz. waveforms of induced voltages, which are shown in 
fig. 6a), have small but noticeable differences in the amplitudes for the basic harmonic.

a) b)

fig. 6. time waveforms of voltages induced in stator windings a) and amplitudes for base 
harmonic of particular phases b) isotropic case – dashed line o, anisotropic case – continuous line •

from the comparison of amplitude values of the basic harmonic of the phase voltages 
(fig. 6) it follows that the anisotropy of the stator core voltage introduces an asymmetry in 
phase 1 at 0.5 V with respect to phase 2 and 3. a very important aspect in PMMs is the occur-

a) b)
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rence of the cogging torques. the calculation results of these torques are shown in figs. 7a) 
and b) – numerical analysis was carried out with the use of the virtual work method.

a) b)

fig. 7. cogging torque produced for changes of rotor position: a) isotropic case, b) anisotropic case

harmonic analysis of these torques (fig. 8) shows that the second harmonic caused by 
the anisotropy is about ten times smaller than the harmonics caused by the stator slotting. 
however, the variable component of the co-energy caused by the anisotropy is comparable 
with the component associated with the stator slotting.

fig. 8. amplitude spectra of the cogging torque, isotropic case – dashed line o, anisotropic case – 
continuous line •
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6. Components of the permeance function caused by the anisotropy

due to the specificity of the magnetic circuit of the PMMs with the anisotropic stator, 
ana lytical relationships [2] describing the unit permeance function, which are sufficiently 
accurate for isotropic machines, need to be complemented with components allowing us 
to model the anisotropy. based on the results of the distribution of the co-energy function 
obtained by fea, additional components of the unit permeance function caused by the an-
isotropy can be determined qualitatively. this mainly concerns the second harmonic, which 
is confirmed by figs. 5a) and b). for the model two-poles machine with the anisotropic stator 
and the smooth cylindrical rotor, the form of the simplified one-dimensional distribution of 
the unit per meance function can be written as follows:

 λ λ λ( ) cos( ),x x≈ + ⋅ +0,0 2 22 0    (22)

for such a defined function of the unit permeance, we can formulate a fourier series 
which approximates the co-energy function in the currentless state whilst taking the anisot-
ropy into account:
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the coefficients of the first terms of this series are defined as: 
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taking into account the co-energy components in the currentless state determined on the 
basis of fea, we obtain basic coefficients of the distribution of the unit permeance function 
which correspond to anisotropy:
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7. Conclusions

Methodological aspects of the modelling presented in this paper show possibilities of 
how to take into account the phenomenon of the rotational magnetization in stator core of 
PMM. in order to include the anisotropy into the machine model, we must determine the 
corrections of the unit permeance function which are important for the second harmonic of 
its distribution. determination of these corrections is only possible through modelling of the 
field distribution using numerical methods fea. as a result, we can show the influence of the 
anisotropy on the form of the co-energy function in the currentless state and stator winding 
characteristics. 
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the proposed mathematical model of the anisotropic machines, despite significant simpli-
fications, gives us the possibility to perform calculations the results of which may be useful 
from an operational point of view. results of field calculations show that for the machine 
with assumed structure of the magnetic circuit characteristic effects are poorly unnoticeable. 
the asymmetry of induced phase voltages during a generator operation is at a level of 0.2%, 
and the cogging torque, important for motor operation, is smaller of one order than the torque 
caused by stator slotting. despite such weak effects, we can obtain their qualitative compat-
ibility with the effects which are predicted on the basis of the analytical description in field 
calculations. as a consequence, it proved possible to determine additional coefficients of the 
distribution of the unit permeance function caused by the anisotropy – these coefficients com-
plete the basic classical parameters of the mathematical model. the presented research has 
been carried out for a two-pole machine because the anisotropic effects are then the strongest.

it is worth underlining that the presented conclusions can be dissimilar with respect to 
switching machines with different relationships between numbers of stator teeth and rotor 
poles and different dimensions of slots and teeth.
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1. Introduction

diagnostics of electrical motors is a widely used and developed branch of research now-
adays [2–10]. the early detection of irregularities in the functioning of machines can reduce 
operating costs associated with unexpected failures reducing and life of equipment [2–10].

time-frequency analysis is successfully used for the diagnostics of electrical machines. 
one of the basic methods is voltage and current spectral analysis by the classic dft method 
[2–10]. for asynchronous motors, spectral analysis of stator phase current commonly uses 
a method based on the amplitude estimation of the spectrum component with the sliding-fre-
quency (1 – 2s)f0.

the accuracy of the estimated signal parameters such as amplitude and frequency, signifi-
cantly determines the diagnosis quality level of electrical machines. a significant decrease 
of the accuracy of the dft method occurs when a spectral leakage appears, i.e. a transfer of 
power from one frequency to other frequencies.

in the case of spectral leakage, extension of measurement time and adjusting by time win-
dows are commonly used [11]. in literature, one can find methods based on increasing fre-
quency resolution by adding zero samples at the end of the signal [12–14]. another way of 
minimizing the spectral leakage, which determines the estimation error of the signal parameter, 
is the spectrum interpolation by two or three-point interpolated dft methods (2p ipdft and 3p 
ipdft). these methods effects in increasing of accuracy estimation of lobe peak position [15].

in this paper, the classic dft methods with two and three-point (2p and 3p) ipdft are 
compared. the authors analysed values of the estimated parameters of the sliding harmonic 
calculated by all three methods, using rife–Vincent class i windows (rVci) of selected orders. 
a previous comparison of dft with only the two-point ipdft method is available in [1].

2. RVCI time windows

time windows can be separated into cosine and non-cosine windows [13]. in this paper, 
the authors analyzed just the cosine rife–Vincent class i windows (rVci) [13], which were 
defined by the formula: 
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where: 
wn  – cosine rife–Vincent class i windows (rVci),
N  – length of the window (number of samples),

w
mA   –  amplitude of the m harmonic for cosine window of M order (for M = 0 rVci win- 

  dow is rectangular and for M = 1, window is hanning).

in this paper the authors used cosine rife–Vincent class i windows (rVci) [13] of the 
first and the third order for M = 1 and M = 3 respectively.
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3. Analysis of signal parameter estimation using the IpDFT methods

the description of algorithms for the two and three-point ipdft method in this chapter 
was based on [13, 16–19].

the interpolated dft method uses two or three adjacent bins from the dft spectrum. 
bins with the maximum modules (two or three, depending on the selected ipdft method – 
2p or 3p), allow the correction δ [13]. the coefficient δ makes a correction of bin frequency 
ωk to signal frequency ω0:

 ω δ
π

δ0
2 0 0 5= ±( ) < ≤k
N

, .     (2)

3.1. two-point ipdft method

the two-point ipdft method is based on two bins from the dft spectrum with the maxi-
mum modules. in other words, the ipdft method consists on determining the ratio of dft bins 
modules with the greatest amplitude, analyzed by using the time window shape. as a result, one 
obtains the following dependence: vn = wnxn, where vn  is windowed signal and xn is a sinusoidal 
signal. the following formulas are based on the transformations made in [13].

for rVci windows of order M = 0, 1, 2, …, using the two-point interpolated dft me-
thod, one calculates correction δ by the formula [16–18]:

 δ =
+( ) −

+
+

+

M V M V
V V

k k

k k

1 1

1

   (3)

where Vk is dft spectrum.
correction δ is used for estimation of the bin pulsation ω0 and bin amplitude |V(ω0)| re-
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3.2. three-point ipdft method

the three-point ipdft method uses three bins modules with the greatest amplitude from 
the dft spectrum. according to [13], for the three-point ipdft method and rVci windows, 
one obtains the correction δ:
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which is again used for estimating the bin pulsation ω0 and bin amplitude |V(ω0)| respectively:
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where Sk+n is defined in formula .

4. Comparison of classic DFT method with two and three-point IpDFT method

in this section, the authors present the analysis for the simulated multi-frequency signal 
and the real case of the current signal from a damaged asynchronous motor.

4.1. almost periodic signal

in order to investigate the error level using ipdft methods, the authors allowed a spectral 
leakage occurrence. the spectral leakage can be obtained for a near periodic signal (a signal 
which does not contain an integer number of periods). 

the analysis was based on the multi-frequency waveform with ten major harmonics and 
five sliding harmonics. the signal was defined by:
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waveform from  was characterized by fp/sf0 ∈ R\Q and fp/f0 ∈ R\Q, where fp – sampling 
frequency. 

the signal specified in equation  has irrational values of f0 and s:

 f0 ≅ 50.054327 hz

 f0 ≅ 0.015643.

a measuring time of 100 seconds was chosen. Measuring points were selected for: 1, 2, 
5, 10, 20, 50 and 100 seconds. the assumed sampling frequency is 10 ks/s. the results are 
presented on graphs, with a logarithmic scale.

the authors compared the error value of the bin estimation parameter, for frequency 
(1 – 2s)f0. error values were received from the classic dft method and the two and three-
point interpolation. this paper compares results depending on the measurement time length, 
obtained after using the dft method and two and three-point ipdft methods. for the analy-
sis rVci windows of order: first (hanning, M = 1) and third (M = 3) were used.

results for the case when the sampling frequency was not a multiple of sf0 (fp/sf0 and fp/f0 
are irrational numbers), are presented in figs. 1–2. figures 1–2 include analysis from dft 
method and two and three-point ipdft methods.

fig. 1. comparison of frequency error for dft, two and three-point ipdft method for chosen time 
windows

fig. 2. comparison of amplitude error for dft, two and three-point ipdft method for the chosen 
time windows
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in the case of the frequency measurement, fig. 1 exactly presents how the increase of the 
window order reduced the estimation error. it occurred for both ipdft methods.

in the case of the classic dft method, the window order had much less effect on the 
accuracy improvement.

for amplitude estimation and measurement time less than five seconds, the signal spectral 
analysis was practically impossible. it was caused by the spectral leakage. for measurement 
time longer than five seconds, the error value for ipdft methods started to decrease. in the 
case of the classic dft method, the error varied slightly during the entire measurement. er-
rors of measured parameters obtained from the classic dft method can be reduced by proper 
selection of the windows order and the length of measurement time. 

in the case of the two and three-point interpolated dft method, the above mentioned 
selection can further help to reduce the measurement error [13]. Using a window of the third 
order, in the case of the amplitude estimation, reduces the relative measurement error value 
to the order of magnitude 10–13 for two-point ipdft and up to 10–14 for three-point ipdft. 

results obtained in figs. 1–2 show that the two and three-point dft interpolation method 
significantly improved the estimated signal parameters accuracy. this difference, however, 
was noticeable for measurement time longer than five seconds. for measurement time shorter 
than two seconds, measurement error was unacceptable for all three analyzed methods.

the authors did not use a rectangular window. for the near periodic signal, the leakage from 
the main bin for the rectangular window was minimal. whereas there was a significant impact 
of the leakage spectrum from side lobes. leakage from the main bin can be reduced by using 
a time window starting from the first order window. figures 1–2 showed that the three-point in-
terpolated dft method gave better results than the classic dft and two-point ipdft methods 
for both windows of the first and third order, with measurement time extension.

4.2. current analysis of a motor with a damaged cage

in this section, the authors present an analysis of the current signal from the transducer 
leM, type hy-5, measuring one of motor phase currents with a damaged cage. the measure-
ment was performed on the range 10 V with a resolution of 16 bits and a sampling frequency of 
10 ks/s. the measurement time was 180 seconds. for frequency analysis, we used a 50 second 
time period, which was determined at 0.1 s. in this part, the results for the analyzed signal with 
the first and the third order rVci windows are presented. for the rectangular window, the 
spectrum leakage was significant. this fact caused that the obtained measurement data were 
characterized by a high volatility and have not been presented in the article. the case of a signal 
spectrum with rVci window of order 1, corresponding to the hanning window, is presented in 
fig. 3a). the signal spectrum with rVci window of order 3 is shown in fig. 3b). 

figure 3a) shows an extension of the main lobe and a decrease of spectrum leakage for 
the first order rVci window. the reduction of spectrum leakage allowed for relatively sta-
ble measurements of signal parameters. for the third order rVci window, fig. 3b) shows 
that the main lobes were wider than in the previous cases, and some smaller value ripples 
disappeared. Graphs from fig. 4 present the average value of lubricant harmonic frequency 
according to the first sample time. rVci window of the first and the third order were used. 
all graphs are shown below, including results for the classic dft method and the two and 
three-point interpolated dft methods.
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fig. 3. waveform of amplitude spectrum of current for the rVci window: a) of the first order 
window; b) of the third order window

fig. 4. waveform of the average frequency value of the lubricant harmonic according to time of the 
first sample for the rVci window: a) of the first order; b) of the third order

the analysis shows that the frequency resolution of the classic dft method was 1/(50s) =  
0.02 hz and was significantly lower than for both ipdft methods. in addition, in the case of 
ipdft methods, small fluctuations in the frequency value could be observed. for the classic 
dft method, the step change of frequency was connected with the step change of the curve 
slope angle (second derivative discontinuity). 

in figure 5, the authors present the average value of lubricant harmonic amplitude, ac-
cording to the first sample time for the rVci window of the first and the third order.

figure 5 shows that the value fluctuations occurred while using all presented methods, 
but for two and three-point ipdft, they were significantly lower. what is more, both ipdft 
methods consistently did not produce less amplitude value than the dft method. the value 
difference is greater when the difference of the estimated frequency increases.

furthermore, the curve of amplitude for the two-point ipdft method was smoother than 
for the dft method. in addition, the amplitude curve for the three-point ipdft method 
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had almost all ripples reduced. this made the three-point ipdft more accurate in compari-
son with both mentioned methods. comparing just the two and three-point ipdft methods 
for the first order rVci window, one can notice that the three-point ipdft method gives 
smoother curves than the two-point ipdft method.

basing on figs. 4b) and 5b), one can conclude that there is a minimization of fluctuation 
results for both frequency and amplitude. the obtained results were correlated with the re-
sults for the first order window. in addition, one can see the details of dynamic waveforms. 
as in the case of the first order window, ipdft methods did not give less amplitude value 
than the classic dft method. the difference grew with the increase of the estimated frequen-
cy. in addition, at the points of the step frequency changes, the increase of the window order 
had not completely wiped out a step change of the curve angle slope of the dft waveform.

from the results one concludes that both ipdft methods allowed estimating the lubricant 
harmonic value (1 – 2s)f0 with a significantly higher resolution and less error than with the 
classic method of dft. in addition, the window order increase allowed decreasing the spectral 
leakage, thereby reducing fluctuations in the received data and thus the measurement error.

both two and three-point ipdft methods gave quite similar results in the case of the third 
order rVci window.

5. Conclusions

a comparative analysis of the advantages of different dft methods in the diagnosis of 
the asynchronous motor has been achieved. it is shown how using the two and three-point 
ipdft method improved the estimation accuracy of the parameters for (1 – 2s)f0 bin. it is 
recommended to apply ipdft methods in the case of testing low loaded engines, where the 
slip is uncontrolled, which implicates almost-periodic stator current.

both two and three-point ipdft methods can be effectively used in the diagnosis of elec-
tric machines. Particularly, the three-point ipdft method can be the most useful because of 

fig. 5. waveform of average amplitude of the lubricant harmonic depending on the first sample time 
for the rVci window: a) of the first order; b) of the third order



323

better fluctuation elimination. for respectively long measurement time, in the case of the real 
current signal from motor with damaged cage, the three-point ipdft method gives the most 
reliable results from all compared methods in this article.

Moreover according to the results of the multi-frequency signal analysis, low order win-
dows should be used for short measurement time. analogously high order windows should 
be used for longer measurement time (high amount of samples). Using additionally adjusted 
time windows and extension of measurement time, error associated with the occurrence of 
the leakage spectrum can be reduced. the performed physical experiment confirmed the 
results obtained through simulation.
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1. Introduction 

both for a designer and a user, knowing about the harmonic contents of waveforms of 
induced voltages in the stator winding, a synchronous generator in the no-load and load 
steady states is very important [1–4]. Generator sets consume more fuel due to the presence 
of higher harmonic contents in the induced stator voltage and current waveforms. this has 
negative economic consequences. 

in a no-load state, a magnetic flux density in the air gap of a synchronous generator is 
distorted due to: the influence of the stator and rotor slot opening [5]; the presence of the 
damping circuits [6]; saturation of the magnetic circuit (mainly low order odd harmonics) 
[7, 8]; magnetic rotor asymmetry; static and dynamic stator;rotor eccentricity; inside asym-
metry [9–13]. low power salient pole synchronous generators without the rotor (or stator) 
skew up to several kVa due to a single-layer stator winding have the largest content of 
higher harmonics (in low power synchronous generators less than 10 kVa dominate sin-
gle layer windings) [14–19]. no rotor skew and the presence of single-layer stator wind-
ing causes a significant increase in higher harmonic order in self and mutual inductance 
distributions in circuital models of synchronous generators [14–19]. in cases of powering 
various types of sensitive loads (e.g. UPs, Pc computers, notebooks, compact fluorescent 
lamps and different types of audio-video electronic equipment) the induced stator voltages 
and the armature currents are very distorted. this case is illustrated in figure 1, where the 
comparison of registered waveforms of induced stator voltages ua and ub, field voltage Uf 
and current if in no load state for two salient pole synchronous generators with single-layer 
stator winding with and without the rotor skew are presented. the first generator rated data 
as follows: SN = 5.5  Va; UN = 400 V (Y); IN = 7.9 a; cosϕN = 0.8; nN = 3000 rpm; Qs = 24, 
p = 1 (number of pole pairs); αq = 15° (angle of rotor skew). the second generator rated data 
as follows: SN = 10 kVa; UN = 400 V (Y); IN = 14.5 a; cosϕN = 0.8, nN = 3000 rpm; Qs = 24, 
p = 1, αq = 0° (without the rotor skew). during the investigations, field winding is powered 
by a dc voltage source (Uf = const.). 

fig. 1. comparison of registered induced stator voltages in no load state for two salient pole 
synchronous generators: a) with the rotor skew, b) without the rotor skew

the total harmonic distortion (THDua) counted up to the 100th harmonic in the presented 
waveforms (in fig. 1) of the induced phase voltages under no-load conditions are [18]:

• with the rotor skew THDuas = 8.41%,
• without the rotor skew THDua = 10.21%.
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the participation of the higher harmonics in the induced stator voltages is the most 
visible during the powering of sensitive receivers. the two synchronous generators (with 
and without the rotor skew) are used for powering a Pc set-up (a Pc unit, a monitor and 
a laser jet printer). in figure 2, comparison of registered waveforms of the distorted load 
current ia for the two salient pole synchronous generators with and without the rotor skew 
are presented. during the investigation, the field winding is powered by a dc voltage 
source (Uf = const.).

fig. 2. comparison of currents of two synchronous generators with and without the rotor skew

in figure 3, the comparison of load current magnitudes with and without the rotor skew 
(fig. 2) due to the fourier analysis is presented.

fig. 3. comparison of current magnitude harmonics 

the total harmonic distortion counted up to the 100th harmonic in the presented wave-
forms (in fig. 2) during powering the Pc set-up are:

• with the rotor skew THDias = 80.14%,
• without the rotor skew THDia = 84.21%.

although, from the 14th harmonic the higher harmonic contents are greater for the 10 kVa 
synchronous generator (without the rotor skew) than for the 5.5 kVa version (with the rotor 
skew) due to saturation of the magnetic circuit (mainly 3rd and 5th harmonics figs. 2 and 3 and 
lower fundamental magnitude for generator with the rotor skew than without the rotor skew), 
the total harmonic distortion for the synchronous generator with the rotor skew THDias is 
equal to 80.14%. it is similar to THDia = 84.21% (for the synchronous generator without the 
rotor skew). in the presented waveforms (in fig. 2), the harmonic contents can be calculated 
by the telephone harmonic factor THFia (from 14th to the 100th harmonic):
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• with the rotor skew THFias = 44.21%,
• without the rotor skew THFia = 6.22%.

from presented figs. 1–3 results, that about a better quality of synchronous generator can 
decide the harmonic contents in induced stator voltages in the no-load state. 

the most important aspect in simulations using a circuital model of a synchronous 
generator is choosing suitable reference frames and the presence of the damping circuits 
[5, 6, 8–10, 14–17]. studies of synchronous generators using circuital models are very 
popular in the rotor reference frame dq0 due to constant inductance distributions. but this 
assumption (constant inductance distributions) is true if the self and mutual inductances 
of the stator windings contain only the constant component and the same magnitude of the 
2nd harmonic [19]. as shown in [19], for linear and nonlinear magnetic circuit the Park’s 
transformation of the higher harmonics of the stator self and mutual inductance distribu-
tions to the dq0-axes introduces only additional unnecessary calculations (because not 
only the self inductance distributions in the dq0-axes but also the mutual ones contain 
higher harmonics) [19]. 

this paper presents an influence of the stator to rotor self and mutual inductance and 
derivative distributions on the waveforms of induced phase stator voltages in the no-load 
steady state of the nonlinear 5.5 kVa salient pole synchronous generator with damping bars 
on the rotor with and without the skew. in the circuital model, the self and mutual inductance 
distributions are obtaind using the feMM program. detailed analysis of the influence of the 
rotor skew on the reduction of higher harmonics in self and mutual inductances are presented 
in [14–19].

2. Model of a salient pole synchronous generator in the stator and rotor natural 
reference frame

due to contents of higher harmonics in the self and mutual inductance distributions in 
the dq0-axes, simulations of the induced phase stator voltages ua, ub and uc with a circuital 
model of a salient pole synchronous generator is easier to carry out in the stator and the rotor 
natural reference frame [19]. in figure 4, the equivalent circuit parameters of a salient pole 
synchronous generator in the no-load state are presented [17]. 

the circuit model (fig. 4) consists of the field winding, three phase stator windings (ia, ib 
and ic are equal to 0) and damping bars (5 bars per pole) with segment of rings. on differen-
tial linkage fluxes in no-load state have the influence the electrical angle of the rotor position 
θ, the field current (if) and currents in the equivalent 10 damping bars and ring segments 
(ir(1), ..., ir(10)). as shown in [14], the amplitudes of higher harmonic currents ir(1)v, ..., ir(10)v in 
the no-load steady state of the 5.5 kVa salient pole synchronous generator are very small. 
in this condition, on the magnetic flux distribution the field winding ampere-conductors have 
significant influence and the damping bar ampere-conductors can be omitted. so, in the no- 
-load steady state it can be assumed that on the self and mutual inductance distributions have 
influence only the electrical angle of the rotor position θ and field current if. 

in the circuital model (fig. 4), the induced stator phase voltages ua, ub, uc, the field voltage 
uf and the induced voltage in the k-th shorted equivalent damping bar can be expressed as [17]:
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where: 
a, b, c, f  – indexes of stator windings and field winding,
Ψa, Ψb, Ψc, Ψf  – stator and field winding linkage fluxes,
ua, ub, uc, uf  – stator phase voltages and field voltage,
Rf  – resistance of the field winding, 
if  – field current, 
r(k)  – index of k-th-damping bar k = {1, 2, …, 10},
Ψr(k) – k-th damping bar linkage flux,
Rr(k)  – resistance of equivalent damping bar and ring elements. 

fig. 4. equivalent circuit parameters of a salient pole synchronous generator in the stator and rotor 
natural reference frame a) field winding, b) stator windings, c) damping circuits

a)

c)

b)
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 Rr(k)= Rpr + Rer/{2sin2(α(k)}= Rpr + R′er, 

Rpr, R′er  – resistance of damping bar (in area of main flux) and equivalent ring elements (in 
  area outside of main flux), 
α(k)  – an angle between the equivalent k-th rotor damping bar (with ring elements) and 
  the rotor reference axis, α(k) = pπ/Qr,
Qr  – number of rotor bars, 
L′er  – equivalent inductance of end ring elements, L′er=Ler/{2sin2(α(k)},
ir(k) – current in k-th damping bars and ring elements,
θ – electrical angle of the rotor position θ = θmp,
θm – mechanical angle of the rotor position, 
ω – electrical angular velocity ω = (1/p)·dθ/dt.

the differential linkage fluxes can be derived from the following equations:
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where: 
isfr – matrix of the stator currents (equal to zero), field current and currents in the equiva- 
  lent 10 damping bars and ring elements [0, 0, 0, if, ir(1), ... , ir(10)]

T,
Ψsfr  – matrix of linkage fluxes of stator windings, field winding, and equivalent 10 damp- 
  ing bars [Ψa, Ψb, Ψc, Ψf, Ψr(1), ... , Ψr(10)]

T, whereas Ψsfr = Lsfrisfr, 
Lsfr – matrix of self and mutual inductances of stator-to-rotor windings and damping bars 
  (and ring elements) can be expressed as:
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where:
Laf, Lbf, Lcf  – mutual inductance of the stator windings to the field winding (Lfa, Lfb, Lfc), 
Lar(k), Lbr(k), Lcr(k)  – mutual inductance of the stator windings to k-th damping bar and ring 
  element (Lr(k)a, Lr(k)b, Lr(k)c), 
Lf  – self inductance of the field winding, 
Lfr(k) – mutual inductance of the field winding to k-th damping bar and ring ele- 
  ment (Lr(k)f), 
Lr(k) – self inductance of k-th damping bar and ring element,
Les, Lef, Ler – leakage inductance of stator winding, field winding and ring element.
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from relations (1) to (5) in the no-load state, the matrix describing induced stator voltages 
whilst taking into account 10 damping bars with the ring segments can be expressed as [17]
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from relations (1) to (5) in the no-load state, the matrix describing circuits of the field winding 
and the equivalent 10 damping bars with the ring segments can be expressed as: 
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  (7)

in expression (7), the significant simplification of the description of the model (in relation 
to classical circuit model) is the diagonal matrix of resistance (of field winding and damping 
bars with ring segments).

3. Determination of the self and mutual inductance distributions

figure 5 presents magnetic flux distribution lines obtained using the feMM program 
[11–14] for the examined nonlinear 5.5 kVa salient pole synchronous generator (with and 
without the rotor skew with shorted 10 equivalent damping bars) rated: SN = 5.5 kVa; 
UN = 400 V (Y); nN = 3000 rpm; IN = 7.9 a; cosϕN = 0.8; p = 1; Qs = 24; αq = 15° (factory rotor 
skew equal to stator slot pitch). in feMM software, the magnetic field distribution (fig. 5) 
and inductance distributions are obtained from current flowing in the field winding (in fig. 5, 
two upper and two lower slots on the rotor) as a function of the electrical rotor position an-
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gle θ. the calculations are carried out on the basis of the real construction data of the 5.5 kVa 
synchronous generator in the no load steady state with initial rotor position θ0 = 0 (fig. 5). 
a method of determining the self and mutual inductance distributions in feMM program is 
presented in [17]. 

fig. 5. distribution lines in the 5.5 kVa salient pole synchronous generator with 10 damping bars in 
the no-load state a) magnetic flux density, b) current density in the field winding

in the induced stator voltages (6) in the no-load state, one of the most important are stator 
to field winding inductance distributions. the fundamental components of the induced stator 
voltages ua1, ub1, uc1 are the products of electrical angular velocity ω and mutual inductance 
derivative distributions (∂Laf1/∂θ), ∂Lbf1/∂θ), ∂Lcf1/∂θ)) and constant component of the field cur-
rent if0. each phase stator winding gives the product ua1 = ω(∂Laf1/∂θ)if0, ub1 = ω(∂Lbf1/∂θ)if0, and 
uc = ω(∂Laf1/∂θ)if0. in the case of winding, symmetry the voltage magnitudes are equal.

figures 6–12 contain the next indicates: s – index with the rotor skew; n – index for non-
linear model. figure 6 shows the comparison of the stator to field winding mutual distribu-
tions for the nonlinear model without the rotor skew (Laf). in the case of the nonlinear model, 
the influence of saturation on the inductance distribution for better visibility is presented 
from 120° to 240° (fig. 6b)). the mutual inductance distribution for the nonlinear model 
with the rotor skew (fig. 6) is very similar to the model without the rotor skew. the differen-
ces are only visible after calculation of the product ω∂Lafsn/∂θ and ω∂Lafn/∂θ (nonlinear model 
with and without the rotor skew – fig. 7a)) or the product ω∂Lafsn/∂θ and ω∂Lafn/∂θ in relation 
to ω∂Laf1/∂θ (fundamental component of linear model – fig. 7b)) and in higher harmonic 
contents due to the fourier analysis (fig. 8). in figure 8c), higher harmonic contents from 
65th to 75th (in the zoom window from 0 to 1%) are presented. 

figure 9 shows the comparison of the mutual stator to damping bars (5 damping bars 
per pole) inductance and the inductance derivative distributions without the rotor skew 
(in relation to the linear one) and higher harmonic contents due to the fourier analysis 
(fig. 10).
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fig. 6. comparison of the stator to field winding mutual inductance distributions for the linear and 
nonlinear model without the rotor skew Laf and Lafn a) θ = 0°–360°, b) θ =120°–240° 

a) b)

a) b)

fig. 7. comparison of the stator to field winding mutual distributions of the product a) ω∂Lafn/∂θ and 
ω∂Lafsn/∂θ, b) ω∂Laf1/∂θ, ω∂Lafn/∂θ, and ω∂Lafsn/∂θ (in zoom window from θ = 0° to θ = 180°)

fig. 8. comparison of harmonic contents of the stator to field winding mutual inductance and 
inductance derivative distributions a) from 3rd to 29th, b) from 39th to 63th, c) from 65th to 75th 

a)

b)

c)
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fig. 9. comparison of the mutual stator to damping bar inductance and the inductance derivative 
distributions for the linear and nonlinear model a) Lar(1) - Lar(5), b) Lar(1), Lar(1)n, and Lar(1)sn (in zoom 
window from θ = 140° to θ = 260° for better visibility), c) products of ω∂Lar(1)n/∂θ and ω∂Lar(1)sn/∂θ, 

d) products of ω∂Lar(3)n/∂θ and ω∂Lar(3)sn/∂θ

a) b)

c) d)

fig. 10. comparison of harmonic contents of the stator to damping bar mutual inductance and 
inductance derivative distributions of a) from 3rd to 25th, b) from 43rd to 75th

a)

b)
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in the harmonic spectrum comparison of the mutual inductance and the inductance 
derivative distributions (figs. 8 and 10), it can be seen that odd harmonics dominate. the 
greatest reduction of the higher harmonic order is achieved by the rotor skew. from the 
harmonic spectrum comparison results, it can be seen that for the examined 5.5 kVa salient 
pole synchronous generator without the rotor skew, the participation of, for example, the 
73rd harmonic of the stator to field winding mutual inductance distribution is very small 
and is only 0.1% (with relation to the fundamental component fig. 8c)). in the case of 
calculating the mutual inductance derivative (fig. 8), the value is enhanced 73 times by the 
derivative order value and the participation increases to 7.3% (with respect to the deriv-
ative fundamental component). similarly, the participation of the other higher harmonics 
that are the most visible in the inductance distributions (figs. 8 and 10) are enhanced by 
the derivative order value [16]. 

in the case of the mutual inductance and the inductance derivative distributions of the 
stator to rotor damping bar with and without the rotor skew, the most significant is the 3rd 
harmonic. a skew of the rotor has a significant influence on the reduction in higher-order 
harmonic [16–19]. so, the lower-order harmonics (for example, caused by the saturation of 
the magnetic circuit) are only slightly reduced due to the rotor skew (figs. 8 and 10).

as shown in [15], the field current (7) depends on the method of powering the field 
winding. Moreover, the field current and currents in 10 damping bars depend on the self and 
mutual rotor inductance and inductance derivative distributions (7). figure 11 shows the 
comparison of the field winding self inductance and the inductance derivative distributions 
without the rotor skew and higher harmonic contents due to the fourier analysis.

fig. 11. comparison of the field winding a) self inductance distributions for linear and nonlinear model, 
b) products of ω(∂Lf/∂θ), ω(∂Lfn/∂θ) and ω(∂Lfsn/∂θ), c) detailed harmonic contents of the inductance 

and inductance derivative distributions for 24th, 48th and 72nd order

in figure 12, the comparison of the field winding to damping bars mutual inductance 
distributions Lfr(1)n - Lfr(5)n (Lfr(6)n - Lfr(10)n), the product of ω(∂Lfr(1)sn/∂θ) and ω(∂lfr(1)n/∂θ) for 
nonlinear model (with and without the rotor skew) and the harmonic contents in relation to 
the constant component of Lfr(0) due to the fourier analysis are presented. the differences be-

a) b)

c)
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tween Lfr(1) - Lfr(5) (Lfr(6) - Lfr(10)) and Lfr(1)n - Lfr(5)n (Lfr(6)n - Lfr(10)n) for linear and nonlinear models 
are very small and therefore, in fig. 12, is shown only the nonlinear model. 

a) b)

c) d)

fig. 12. distributions of a) the field winding to damping bars mutual inductance, b) products  
ω(∂Lfr(1)n/∂θ) and ω(∂Lfr(1)sn/∂θ), c) products ω(∂Lfr(3)n/∂θ) and ω(∂Lfr(3)sn/∂θ), d) harmonic contents 

4. Numerical simulations using the circuital model

Simulation studies of the influence of the dc voltage powering the field winding on 
higher harmonic contents in the induced stator phase voltages and the field and damping 
bar currents under no-load steady state conditions for the examined 5.5 kVa salient pole 
synchronous generator with and without the rotor skew are obtaind using the circuital model 
– expressions (6) and (7). figure 13 shows the transient state of currents in 5 damping bars 
(per pole) after switching on the dc voltage that is powering the field winding. 

fig. 13. transient state of currents in 5 damping bars

Presented in figs. 14–16, waveforms and harmonic contents are obtaind in an almost 
steady state. figure 14 shows current waveforms ir(1) (without the rotor skew) and ir(1)s (with 
the rotor skew), the current derivatives dir(1)/dt and dir(1)s/dt and harmonic contents due to the 
fourier analysis of the nonlinear model. 
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fig. 14. comparison of a) the currents ir(1) and ir(1)s, b) the derivatives dir(1)/dt and dir(1)s/dt, c) and d) 
and e) and f) harmonic contents of ir(1), ir(2), ir(3) and ir(1)s, ir(2)s, ir(3)s, dir(1)/dt, dir(2)/dt, dir(3)/dt and dir(1)s/dt, 

dir(2)s/dt, dir(3)s/dt

figure 15 shows current waveforms if (without the rotor skew) and ifs (with the rotor skew), 
the current derivatives dif/dt and difs/dt and harmonic contents due to the fourier analysis.

a) b)

c) d)

e) f)

fig. 15. comparison of a) current waveforms if and ifs, b) derivatives dif/dt and dif/dt, c) harmonic 
contents

a) b)

c)
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as shown in figs. 14 and 15, due to the presence of the Qs = 24 open stator slots in some 
damping bars on the rotor k = {1, 5, 6, 10} the current derivative dir(k)/dt for the 24th harmonic 
has a value of almost 11 ka/s. Moreover, the current derivative dif/dt for the same harmonic 
has a value of almost 36 a/s. this implies in the circuital model that in (6), the product of 
the stator to rotor mutual inductance distributions and rotor current derivatives (in the model 
without the rotor skew) have a significant impact on induced stator voltages in the no-load 
state. for the model with the rotor skew in the waveform of the rotor current derivatives dom-
inate the low order 6th harmonic because the 24th harmonic is reduced due to the rotor skew.

figure 16 shows the simulation of the induced stator phase voltage waveforms uas, ubs, 
and ucs and ua, ub, and uc (with and without the rotor skew) when the dc voltage is powering 
the field winding of the examined nonlinear 5.5 kVa synchronous generator. Moreover, in 
fig. 16, the contents of harmonic magnitudes due to the fourier analysis are presented.

a) b)

c) d)

fig. 16. induced stator phase voltages under no-load conditions (Uf = const.) a) waveforms for model 
with the rotor skew, b) waveforms for model without the rotor skew, c) and d) harmonic contents

in the presented waveforms (in fig. 16), the total harmonic distortion THDua for the case 
of Uf = const. are:

• for the model with the rotor skew THDuas = 8.39%,
• for the model without the rotor skew THDua = 13.73%.

5. Experimental verification

figure 17 shows a measurement set for investigation of the 5.5 kVa salient pole synchro-
nous generator with and without the rotor skew with single layer stator windings. experimen-
tal verifications of the induced stator phase voltages are performed for the three-phase salient 
pole synchronous generators with the following rated data: SN = 5.5 kVa; UN = 400 V (Y); 
IN = 7.9 a; cosϕN = 0.8; nN = 3000 rpm; Qs = 24; p = 1; αq = 0°; αq = 15° (with and without 
the rotor skew). during the investigations, the field winding is powered by a dc voltage 
source. the induced stator voltages are registered using a four-channel digital oscilloscope. 
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figure 18 shows registered waveforms of the induced stator phase voltages under no-load 
conditions.

fig. 17. Measurement set for investigation of the induced stator voltages of the 5.5 kVa salient pole 
synchronous generator with and without the rotor skew

a) b)

fig. 18. registered waveforms of the induced stator phase voltages under no-load conditions for the 
5.5 kVa salient pole synchronous generator a) with the rotor skew, b) without the rotor skew 

in the presented waveforms (fig. 18), the total harmonic distortion of the uas and ua (with 
and without the rotor skew) for the case of Uf = const. are:

• for the 5.5 kVa synchronous generator with the rotor skew THDuas = 8.29%,
• for the 5.5 kVa synchronous generator without the rotor skew THDua = 15.18%.

6. Conclusions

this paper presents the detailed process for determining the induced stator phase voltages  
whilst taking into account the circuital model of the low power salient pole synchronous 
generator with and without the rotor skew with damping circuits. this model is based on 
the self and mutual stator to rotor inductance distributions that are determined by means of 
the feMM program. based on the simulation studies, it can be concluded that in a steady 
state when powering the field winding from a dc voltage source due to the presence of the 
damping bars on the rotor:
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• without the skew and due to rotor current derivatives (in damping bars and field current) 
the increase of harmonic content in induced stator voltages is significant and registered 
THDua = 15.18% and simulated THDua = 13.73%,

• with the skew reduces the influence of the rotor current derivatives (in damping bars and 
field current) on the increase of harmonic content in induced stator voltages and registered 
THDua = 8.29% and simulated THDua = 8.39%.

due to the presence of the stator slots (Qs) in the field current and in the damping bar, 
currents dominate mainly Qs-th harmonic. as shown in this paper, for the examined 5.5 kVa 
synchronous generator, the current derivative dir/dt in same damping bars for 24th harmonic 
(Qs = 24) has a value of almost 11 ka/s. although, the magnitude of the stator to damping bar 
(and part of the two rings) of the mutual inductance distributions Lsr = [Lar(1), …, Lar(10); Lbr(1), 
…, Lbr(10); Lcr(1), …, Lcr(10)] are equal to 0.4 mh, but the product of the Lsrdir/dt has significant 
influence on the waveforms of the induced stator voltages for the model without a rotor skew. 

the main advantages of the circuital modelling (in comparison with simulations using a field 
model) are the short calculation time, direct and complete control of the influence of every elec-
tromagnetic parameter on increasing or reduction of the harmonic contents in the induced stator 
phase voltages. in the case of a field model simulation of the salient pole synchronous generator 
with damping circuits with and without the rotor skew, it is difficult to determine which of the 
electromagnetic parameters have an influence on the induced stator phase voltages. 

as shown in this article, feMM cooperation (in determining the self and mutual induc-
tance distributions) with numerical calculation of the inductance derivative distributions and 
the simulations in the circuital model give good results similar to experimental ones.
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1. Introduction

the need to reduce production costs, maximize the return on investment and decrease 
co2 emissions is leading to new ways of operating existing processes and develop new and 
more integrated industrial processes. these more integrated systems demand continuous in-
formation from the assessment of their components. to collect, transmit and process all avail-
able data is not a trivial task and must be timely and reliably executed [1]. 

addressing technology gaps at the interfaces between the processes, mechanical and elec-
trical domains, and realizing energy savings from integrated operations are factors that moti-
vate and extend research on the multicriteria diagnosis of synchronous machines. in addition, 
a unique rotor-mounted sensing system was specially designed to collect data from different 
sensors installed over the rotor [2]. it is strongly believed that this method for acquiring data 
would allow the reliable detection of faults, even more so when used in combination with an 
automated monitoring algorithm or process [3].

synchronous machines (sM) are used mostly in high power operations and as an alter-
nating power source. in general, sM can be found where constant speed operation, power 
factor control and/or high operating efficiency are required. Moreover, it’s high torque cha-
racteristics at low speed, and in applications where a wide speed adjusting range is necessary, 
sM have proven their ability to improve stability in variable-frequency drive applications.

energy-efficient drive technologies should be well dimensioned, and the control strategy 
designed according to load conditions. reducing the input power of the system is a direct 
way of reducing the cost of production and thus to increase the efficiency of the systems. 
however, this does not guarantee the availability of the system to meet the requirements 
of the load. therefore, it is necessary have systems capable of fault detection and ideally, 
prediction [4]. 

condition monitoring systems are becoming more accurate, and less expensive. their 
applications in complex systems allow the assessment of the integrity of the system required 
for long term scheduling [5]. loading and maintenance strategies are the two main tasks 
that directly link the information provided. trying to minimize the number of unexpected 
shutdowns, understanding the behaviour and/or the early detection of faults are desirable 
for every system. therefore, it seems clear and reasonable to develop algorithms that inform 
about the assessment of the system allowing a better operation and thus, an improvement in 
efficiency [6].

2. Motor current signature analysis. Stator and rotor inter-turn fault detection

initially used to study anomalies and faulty condition in induction motors, the so-called 
motor current signature analysis (Mcsa) has been proven to be a tool for detecting faults such 
as broken rotor bars, air gap eccentricity, shorted winding, etc [7, 8]. Mcsa can identify these 
problems at an early stage and thus avoid collateral damages or complete failure of the motor. 

detecting stator and rotor winding short-circuits has been analyzed for several years al-
ready. in 1996, a novel method of detecting short circuits in both the stator and rotor windings 
of synchronous generators has been proposed by detecting changes of the harmonic content 
in the rotor and the stator current spectrum. More recently, new diagnostic tools to determine 
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when significant insulating aging has occurred have been introduced such as polarization-de-
polarization current, dielectric spectroscopy and on-line leakage current monitoring [6].

regarding documentation associated with stator and/or rotor short-circuit faults, most 
of the available literature relates to the monitoring of failures in synchronous generators [9, 
10] or in permanent magnet sM [11]. in [12], the effects of stator interturn short-circuit are 
analyzed using the field current. the same author as [13] added a rotor search coil voltage 
signature analysis to identify winding the short-circuit in synchronous motors. 

the authors in [14] have developed a mathematical model to study the winding failure 
of a salient pole synchronous machine calculating the spectra of the stator and field current.

3. Experimental platform configuration

a salient pole synchronous machine (sPsM) ready for non-invasive fault diagnosis tests 
under different severity levels is available. running as a generator or as a motor, it is possible 
to set-up either mechanical or electrical faults or to combine both.

operated as a motor only; stator and rotor interturn short circuit faults are discussed in 
this paper. the features of this synchronous machine are described in table 1.

t a b l e  1

SPSM parameters

Power [kw] 7.5

Voltage [V] 400

current [a] 15.8

rotational speed [rpm] 1500

Power factor 0.8

frequency [hz] 50

number stator-slots 42

field current [a] 8.56

field voltage [V] 50

efficiency [%] 85.2

Mass [kg] 263

Protection level iP23

cooling is01

assembly iM100

the stator of the machine consists of 42 slots with double layer windings. the configu-
ration of the winding can be modified, all the ends of every group of windings are accessible 
allowing the simulation of many fault conditions to be performed. 



346

all experiments were carried out under the same machine configuration, and special at-
tention was given to guarantee the repeatability of the experiments. the data-set was collect-
ed at a sampling frequency of 25 ks/s during two seconds using the Matlab data acquisition 
toolbox.

a national instrument ni-Usb 6255 acquisition card it is available. the most relevant 
features are as follows:

 – 80 analog inputs (16-bit),
 – 125 Ms/s single-channel (750 ks/s aggregate). 

3.1. stator short-circuit fault

in figure 1, a stator winding configuration is presented. each phase consists of two paral-
lel branches of one group of three coils and another of four coils connected in series. in [15], 
the utility of the circulating current was used for fault detection in sM.

simulations of different levels of stator interturn short-circuit were made by placing 
a variable resistor connected in parallel with the phase ‘c’ (second parallel branch) in a group 
of four coils.

different levels of short-circuit were obtained controlling the deviated current from 0 to 2  
amperes, at increments of 0.25 amperes with the motor running at 60% of rated power. 

fig. 1. stator winding configuration

3.2. rotor short-circuit fault

the rotor is a salient 2p poles rotor with configurable field winding. in this case, fig. 2, 
it is possible to short circuit 90% or 10% of the coils that creates the pole. the experiments 
were carried out for different set points varying the load of the machine from 0% to 100% of 
rated power, with the pole four having 90% of shortened coils.
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fig. 2. rotor winding configuration

4. Preprocessing and statistical analysis of current spectrum

in order to comply with the mathematical requirements, our data was truncated from 
the first negative to positive zero crossing, and to the last positive to negative zero crossing. 
additionally, each signal was centered to have a mean of zero and scaled to have a standard 
deviation of one using the standardized z-scores Matlab algorithm. the condition of the 
second-order stationary was also verified.

once all mathematical requirements are fulfilled, the next step was classifying them ac-
cording the level of fault and for each load level. at this point, the data set is ready to be 
processed.

4.1. Mathematical formulation

we are interested in finding those frequency components that may change when the syn-
chronous motor is running under fault condition. therefore, all datasets were obtained during 
only steady-state conditions. the collected signals under this condition, are considered as 
random signals from a sequence of time samples or just called discrete-time sequence.

 
y t t( ) = ± ± …{ }; , ,0 1 2   (1)

it is assumed to be a sequence of random variables with a zero mean given by the 
expectation operator {E; E{y(t)} = 0} for all t. the time index t is expressed in units of the 
sampling interval, that is,

 y t y t Tc s( ) = ⋅( )�   (2)

where:
yc(·) – is a continuous signal,
Ts – sampling time interval.
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and has finite energy;

 t

y t
=−∞

∞

∑ ( ) < ∞
2

  (3)

then, the sequence {y(t)} possesses a discrete-time fourier transform (dtdt) defined as:
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−∑�

�   
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only frequencies below 5 khz are considered. hence, effects which might be incurred 
by the sampling process, such as aliasing, are surely avoided inasmuch as fNyquist = 12.5 khz.

a random signal usually has a finite average power and therefore, can be characterized 
by an average power spectral density [16]. the power spectral density (Psd) of a time series 
y(t) describes how the variance of the data is distributed over the frequency components into 
which y(t) may be decomposed. our motivation for considering spectral analysis is to char-
acterize the average power at frequency ω in the signal, given by the formula:

 
ϕ ω ω( ) = ( )
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(5)

where
1/N – normalization parameter by N number of points of the available data sequence.
φ(ω) is a periodic function, with the period equal to 2π. hence, φ(ω) is completely described 
by its variation in the interval:

 ω ∈ [–π, π] (radians per sampling interval) (6)

alternatively, the Psd can be viewed as a function of the frequency:

 f = ω
π2

  (cycles per sampling interval) (7)

then, from a finite-length record {y(1), …, y(N)} of a second-order stationary random 
process, the premise of our problem is to determine an estimator ( )ϕ̂ ω  of its power spectral 
density φ(ω), for ω  [–π, π].

4.2. spectral estimator, welch’s method

the use of fast fourier transform for the estimation of the power spectrum is a well 
known technique. a more practical approach is the discrete-time fourier transform (dtft). 
Various improvements have been proposed over the years. for this research, averaged pe-
riodograms of overlapped, windowed segments of a time series algorithm, using the so-called 
welch’s method was implemented. a periodogram here means the dtft of one segment of 
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the time series, while modified refers to the application of a time-domain window function 
and averaging to reduce the variance of the spectral estimates is used.

Motivated by the high variance of the periodogram and based on bartlett’s method, 
welch’s method, represents an improvement used for estimating the power of a signal at 
different frequencies. the signal is split up into overlapping segments. L data segments of 
length M, overlapping by D points [17]. the overlapping segments are then windowed. after 
setting these parameters, the squared magnitude of each segment is computed and time-aver-
aged – this reduces the variance of the individual power measurements, at the cost of reduced 
resolution. furthermore, the 95% confidence intervals are calculated and indicated with the 
grey area called the ‘healthy region’.

fig. 3. Power spectral density under fault condition: stator shorten

fig. 4. Power spectral density under fault condition: rotor shorten

as it is possible to see from figs. 3 and 4, the Psd of the faulty signal is represented over 
the healthy region defined by a 95% confidence interval. the peaks greater than the upper 
confidence interval and below the lower interval are indicated at their respective frequency.
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5. Results

in general, properly designed electrical machines and no fault condition, it is expected to 
have a symmetrical flux distribution in the air gap. all machines have constructional asym-
metries. in fact, these asymmetries, have already been exploited to perform fault detection. 
consequently, the magnetic field distribution will be affected. 

Using the healthy synchronous machine spectrum as a reference, it seems logical to as-
sume that if the amplitude of the measured faulty signals is located outside the confidence 
intervals, the machine is no longer operating under a symmetrical state. therefore, a fault 
condition is detected. when a difference is detected in a particular frequency, and the vari-
ations found are not as significant, the level of uncertainty is higher than that established by 
the confidence intervals.

fig. 5. stator current harmonics for fault in a parallel branch of the stator winding

in figure 5, the first odd harmonics and stator-harmonics for the stator fault in the second 
parallel branch of phase ‘c’ is presented (see fig. 1). in figure 5, it is easy to identify the 
appearance of a higher peak at 250 hz for all level off fault. the variation detected is only 
10 db. therefore, looking at all harmonics levels, it is possible to understand how the ampli-
tude remains constant and under different short-circuit severities for all harmonics with the 
exception of the fifth harmonic.

looking at the spectra of the motor running with a fault in the rotor (fig. 4) it is possible 
to appreciate how the even harmonics show greater peaks than the upper bound of the ma-
chine running on the healthy state. More meaningful are the two side peaks that appear at 25 
hz and 75 hz.

6. Conclusions

one of the aims of the extended research on Multicriteria diagnosis of synchronous ma-
chines is to use available tools in order to identify the associated variables related to faults in 
the system. this paper has shown how it is possible to on-line detect slow rising short-circuits 
in the stator and/or rotor by only using a basic data acquisition card connected to a standard 
Pc/laptop using the spectrum of the healthy machine as a reference.

Using welch’s method, it was possible to quantify and determine the variation of the 
energy around a frequency-bin.
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1. Introduction 

to protect the environment, there exists a strong demand to develop very efficient motors 
with a high torque/mass ratio. thanks to the rapid advancement of power electronics, material 
engineering, digital signal processors and control algorithms, PM-excited and switched reluc-
tance motors find more and more applications and have replaced the traction systems of most 
present hybrid and electrical vehicles because they offer high performance over other dc and 
ac machines [1–3]. in particular, owing to the development of rare-earth magnets with high 
energy production, it is possible to develop high power density machines with improved over-
all efficiency. furthermore, extended high speed capabilities, demanded in a highway cycle, 
are achieved thanks to proper rotor geometry designs, and field weakening control strategies 
[3–8]. surface and radially-laminated interior PM synchronous machines with conventional 
structures have limited or zero flux-weakening capability [5, 6]. Properly designed iPMsMs 
are capable of operating in cPsr (constant power speed region) – such machines also perform 
inverse saliency, i.e. the q-axis inductance is larger than d-axis inductance. consequently, it 
provides an additive torque value, reluctance torque, that may be exploited to extend cPsr. 
another positive feature of the iPM rotor is that centrifugal forces cannot damage magnets, 
thus the whole construction is mechanically robust. small cogging torque reduces noise and 
mechanical vibrations which causes increased reliability and user-friendly operation [9–13]. 
PM excited machines can fulfill all the above requirements [1–4]. 

a proposed geometry has ndfeb magnets oriented in a radial direction. such structures 
are referred to as iPM machines [5, 6]. its rotor is made of soft Magnetic Powder. the au-
thors have implemented the optimization procedure in the Matlab environment with a genetic 
algorithm that runs and evaluates fe models using Maxwell (ansys). after the optimization 
process, the machine has been built and tested. 

2. PMSM mathematical model 

torque generated in iPM machines can be described as follows: 

 T p I L L I Iem b PM q d q d q= ⋅ ⋅ ⋅ + −( ) ⋅ ⋅ 
3
2

Ψ  (1)

where: 
Tem – electromagnetic torque average value,
pb – number of pole pairs,
ΨPM – PM caused magnetic flux,
Id, Iq – d- and q-axis currents,
Ld, Lq – d- and q-axis inductances.

electromagnetic torque may be divided into two components. the first term in the equa-
tion (1) is the PM torque, and the second term is the reluctance torque which is proportional 
to difference between stator inductances, Ld and Lq. in the analyzed iPMsM, Lq is higher than 
Ld (due to the lower reluctance in the q-axis direction), because magnetic flux flowing along 
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the d-axis has to cross the air gap and magnet, while the magnetic flux of q-axis crosses only 
air gap. the d-axis is also basically magnetized with PM [5, 6]. the inductance difference 
increases torque and extends cPsr. the mathematical model of iPM machines is commonly 
defined by the following equation set:

 U RI
t

pd d
d

b m q= + −
d

d
Ψ

Ω Ψ  (2a)

 U RI
t

pq q
q

b m d= + +
d
d
Ψ

Ω Ψ  (2b)

 Ψ Ψd d d PML I= +  (2c)

 Ψq q qL I=  (2d)

where:
Ud, Uq – d- and q-axis voltages,
R – stator phase winding resistance,
Ψd, Ψq – d- and q-axis magnetic fluxes,
Ωm – mechanical rotor speed.

the control strategy applied for such motors meets several limitations:

 U U Ud q N
2 2 2+ ≤  (3a)

 I I Id q N
2 2 2+ ≤  (3b)

where UN, IN denote base harmonic voltage and current rMs values.
in high speed regions, a flux developed by magnets gives electro-motive force that ex-

ceeds supply voltage (2). Using the classic field weakening method, the main flux is de-
creased by the d-axis negative current (2c) and thus it is possible to stay within the voltage 
limit (3a). the optimum flux-weakening condition can be written as: 

 
I

LN
PM

d

=
Ψ

 
(4)

such designs are called optimal field-weakening iPM machines and theoretically exhibit 
unlimited cPsr.
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3. Design problem 

the case of this study is represented by a 4-pole iPMsM with a fixed stator geometry and 
winding parameters. the rotor is equipped with ndfeb magnets (Br = 1.23 t, size: 50x20x40 
mm) and is made of sMc (relative permeability of about 40). in contrary to the previous re-
search [11], classical geometry (without magnets segmentation) was chosen in order to achieve 
high electromagnetic torque value. in iPMsM designs, magnet volume should be rather high and 
segmented geometry will cause PM flux leakage. a small PM flux leakage is strongly demanded 
especially for rotors made of sMc (with rather low relative permeability values of 30–100 [2]).

some of the iPM parameters are kept constant – these are presented in table 1. selected 
design variables were chosen according to the available technological abilities – these are 
presented in table 2. the analyzed geometry (optimized geometry without sMc poles) is 
depicted in fig. 1.

fig. 1. initial rotor geometry (without iron poles)

t a b l e  1

Machine parameters

rotor outer  
diameter [mm]

air gap length 
[mm]

stator outer  
diameter [mm] 

rotor length 
[mm]

nominal current 
[a]

Phase resistance 
20o [ohm]

67.5 1.5 120 55 1.6 12.7
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t a b l e  2

Design variables constraints

x1 [mm]
Pole width

x2 [mm]
cutter width

x3 [deg]
tooth angle

5–26 13–16 0–20

4. Optimization process

in the optimization procedure, a genetic algorithm (Ga) was used. this heuristic tech-
nique based on a struggle between individuals, commonly known as Ga, mimics natural 
selection that exists in nature were the strongest individuals survive, because they fit to the 
present demanding [11, 13]. details of the used genetic algorithm have been given in [14].

the optimization problem described in the paper is a typical multi-objective optimization 
problem (MoP) subject to a set of constraints. for the proposed geometry, the following 
objective functions are defined:

 f x Tcogg1( max( ( ))) = ϕ  (5a)

 f x Tem2 ( ) mean( ( ))= − ϕ  (5b)

where: 
Tcogg – cogging torque, 
Tem – electromagnetic torque,
φ – rotor angle.

all the above quantities should be minimized. after solving the MoP, a set of optimal 
non-dominated solutions were generated creating a Pareto front shown in fig. 2. this is a set 

fig. 2. Pareto front
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of models that acts as an area for a selection of best individual. the final selection should be 
made taking into account other features that the motor should have [1, 11] – in this particular 
design problem, the highest possible difference between Ld and Lq values as well as proper 
Ld value (4). details of the presented methodology are described in [11]. the Ga have used 
30 individuals in each population and 30 generations. the whole optimization process lasted 
for about 15 h on a high performance Pc. the results of the optimization are shown in fig 2. 
one individual that was designed and created for experimental evaluation is also depicted.

5. Experimental results

for the experimental evaluation of the machine parameters and characteristics, a proper 
test-stand has been designed (fig. 3). it consists of the optimized iPM prototype and a b&r 
servo motor (8lsa44 – 451 w, 3000 rpm) clutched and mounted on a aluminum plate, 
a torque meter, load resistors, voltage and current meters and a digital oscilloscope. the b&r 
was controlled via an application developed for Power Panel 45.

fig. 3. test stand

all crucial parameters of the optimized rotor are shown in table 3.

t a b l e  3

Optimized Design variables values

x1 [mm]
Pole width

x2 [mm]
cutter width

x3 [deg]
tooth angle

25.2 15.5 6.5

cogging torque was measured for various rotor positions. experimental and simulation 
results are presented in fig. 4. 
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fig. 4. cogging torque waveform

inductance was measured with the scheme shown in fig. 5.

fig. 5. inductance measurement scheme

the inductances values were calculated with the following formulas:
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where:
UA, UB – A and B phase rMs voltage value,
LA, LAB – self and mutual inductance,
f          – ac source frequency.



360

figure 6 shows self and mutual inductances for different rotor positions and two ac 
currents – nominal and 1.5 times the nominal value. it occurred that the machine was not 
saturated – for different currents there was nearly any change in the inductance values. this 
was caused by the relatively big air-gap length.

fig. 6. Measured inductances for different current values

the calculated values of self and mutual inductances during simulation were increased 
with the end-connection inductance value. the results for the nominal current value are pre-
sented in fig. 7.

fig. 7. feM calculated inductances for nominal current

after simple mathematical calculations, Ld and Lq values may be obtained [15]. the value 
of Ld was 65 mh and Lq was 150 mh. small inductance in the d-axis cannot assure proper 
field-weakening capabilities according to equation (5). its small value is caused by the small 
permeability of the sMc and large air-gap length. efficiency of the generator was 91% for 
1500 rpm rotor speed and nominal current, so it was 19% higher than for the iM motor with 
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the same stator and windings. during the experimental tests, torque for different current val-
ues was also evaluated. two phases were connected in series and supplied with a dc current. 
for each rotor position, the shaft was stalled and the torque value was measured. a compa-
rison between simulation and experimental results for nominal current is presented in fig. 8.

fig. 8. torque waveforms for nominal current

6. Summary

the authors applied Maxwell and Matlab tools for the sMc rotor geometry optimiza-
tion process of the interior permanent magnet synchronous motor. the connection between 
these two packages allowed a flexible fe model geometry definition and analysis as well as 
effective results evaluation. the simulation points out the benefits of the optimization using 
a genetic algorithm. 

simulation results were verified on the experimental test stand. efficiency, mechanical 
torque, cogging torque and Ld and Lq values have been measured.

the prototype offered very high nominal efficiency (about 91%) with very small maxi-
mum cogging torque value (about 0.05 nm – 2% of nominal value). all these features were 
achieved due to PM excitation and the rotor made of sMc. a negligible influence of the 
current on d- and q-axis inductances values was observed. a serious disadvantage of such 
solutions is the small value of Ld, which results in limited field-weakening capabilities – 
further work will be focused on better high speed features of iPM with sMc. surely, this 
could be achieved with optimized rotor geometry and higher relative permeability of used 
magnetic powder.

during simulation and experimental tests, the authors encountered several problems. the 
first was to apply proper mesh settings in order to shorten the whole optimization calculation 
time, and assure correct feM calculation results. Particularly, the mesh should be more dense 
in the air gap region, and thinner over the stator and rotor cores. secondly, the simulation did 
not consider any losses, it caused a difference between the measured and simulated torque 
values of approximately 10%. the main problem during experimental tests was to assure 
a nominal temperature of windings. 
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1. Introduction

this paper considers the performance of synchronous generators driven by internal com-
bustion engines, mainly by diesel engines. these are commonly used as small or medium 
power electric sources. the characteristic features of such a drive is the pulsating torque of 
the driven engine due to the pulsating nature of the forces acting on the pistons in the cylin-
ders, these are caused by the changeable pressure of a medium in cylinders. this causes the 
angle depended torque, which generates the speed ripples, even if the generator is running 
synchronously [2]. the second independent phenomenon causing the speed ripples is a varia-
tion of the total moment of inertia of the whole piston drive with the angle of rotation [3]. the 
resulting fluctuations of the torque acting on the synchronous generator shaft are a function 
of the shaft’s rotational angle. it generates oscillations in the angular velocity of the syn-
chronous generator. in turn, it has a direct impact on the oscillations of the power angle ϑ of 
the synchronous generator. also, the winding’s currents reflect on those oscillations by new 
components. in practice, in order to counteract this, the amplitude of the alternating compo-
nent in torque is reduced to a minimum, most often through multiplication of the number of 
cylinders and selection of an appropriate tact of work for each cylinder [4].

determining the steady-state of a synchronous generator when the oscillation of the an-
gular speed has an impact on the winding currents requires solving the generator electrical 
equations together with the equation of rotary motion. however, such a set of differential 
equations is nonlinear. the most popular method is a numerical integration of that equation 
set. as a result, the steady-state solution in the time domain could be obtained. to find useful 
measures of currents and torque, i.e. mainly their fourier spectra, additional signal process-
ing is necessary, this can be complicated because steady-state performances are quasi-perio-
dic in such cases. the steady-state in a considered case can be directly determined in the 
frequency domain using the harmonic balance method for nonlinear systems presented in 
[5]. this allows finding a steady-state for the synchronous generator directly in the frequency 
domain, when the period of the alternating component of mechanical torque is known. this 
algorithm, after some modifications, can also be applied to determine a steady-state when the 
external mechanical torque is a periodic function of the rotation angle.

this paper presents the steady-state analysis of a salient-pole synchronous generator run-
ning synchronously and driven by a four-stroke internal-combustion engine [2]. the basic 
model of synchronous machines was used assuming linearity of the magnetic circuit when 
the stator windings are supplied by the balanced voltage source and the field winding is 
supplied by a dc voltage source. the steady-state equations combining both electrical and 
mechanical equations were formulated by the harmonic balance method and the newton–
raphson algorithm was used to solve them. the results are presented in the form of the 
fourier spectra of all generator currents as well as the power angle.

2. Formulation of harmonic balance equations for a synchronous machine

the harmonic balance method [6] operates within the complex fourier series. therefore, 
the synchronous machine equations are presented at a specially chosen rotating coordinate 
system (0,+,–) [6]. for those coordinates, the three phase voltages and stator currents are 
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represented by complex time functions and in steady-states they can be described by the com-
plex fourier series. resulting equations in (0,+,-) coordinates take the forms: the electrical 
equations (1a) and the mechanical equation (1b), in which notations follow [6]: 

 

u
u
U

R i
R i
R i
R i
R i

f
'

s

s

f
'

f

D
'

D

Q
'

Q

+

−

+

−























=










0
0

'

'

'














+























+
−





+

−

+

−

d
d

j 0
0
0

t f
'

D
'

Q
'

s

ψ
ψ
ψ
ψ
ψ

ψ
ψ

Ω



















  (1a)

 
J

t
D

t
T T T p i iem m em

d
d

d
d

j  ( )
2

2

ϕ ϕ
ϕ ψ ψ+ = + = −− + + −( );

  (1b)

the balanced stator voltages are represented in these coordinates by constant values:

 u u U+ −= = 3
2   (2)

the list of unknown functions for equations (1a, b) is: i+(t); i–(t); i'f(t); i'D(t); i'Q(t); rotor 
rotation angle φ(t). the harmonic balance method allows qualitatively and quantitatively 
predicting periodic or quasi-periodic solutions in steady-states. the rotation angle φ(t) is not 
periodic in time and must be replaced by some periodic function. at a synchronous speed, the 
angle φ(t) can be substituted by its fluctuations Δφ(t) defined by the formula:

 ϕ ϕ( ) / ( )t p t ts= ( ) ⋅ +Ω ∆   (3)

where:
Ωs – pulsation of supplied voltages,
p – pole-pair number.

the mechanical equation (1b) takes new form:
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combining (1a) and (4) into one set, the resulting vector equation takes the form:
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and Fn(x) are vectors of functions with respect to x. 
due to periodicity of the mechanical torque generated by the combustion engine and 

keeping in mind the assumption that the generator runs synchronously, all variables in vector 
x will be periodic too with the period of the forced torque and consequently the functions in 
vectors F1(x), F2(x) and F0(x, t) are also periodic. to use the harmonic balance method for 
the equation (5), all of them should be presented in the form of the complex fourier series 
(7) and (8) with the period Tx = 2π/Ωx = 1/fx, i.e. the period of the oscillating component of 
the driven torque:
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substituting the series (7) and (8) into equation (5) and comparing coefficients for the 
same basic functions on both sides, a set of non-linear algebraic (9) is obtained. it has an 
infinite number of equations and an infinite number of variables, which are the fourier coef-
ficients of the series (7).
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the matrix Ω = 2πfxE is created by the unity matrix E with dimensions [6 × 6]. below, 
simplified notation is used by introducing the so-called vector and matrix representations of 
the complex fourier series [6]. as a result, equation (9) takes the form:

 –(Ω)2 · F2 + j · Ω · F1 + F0 = 0  (9a)
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3. Iterative algorithm of finding steady-state solutions for a synchronous machine

the equation (9a) constitutes an infinite set of non-linear algebraic equations with the in-
finite number of variables. it can only be solved numerically by using an iterative procedure 
when the number of equations and number of variables are reduced to finite one, i.e. reducing 
the number of considered harmonics in the fourier series (7) and (8) to sufficiently high. in this 
paper, the newton–raphson iterative procedure was used given by the general formula:

 x x J x F xi i i i+ −= − ⋅1 1( ) ( )   (10)

the matrix J(x) and the vector F(x) are the respective matrix and vector representation 
and they are determined by the formulas below:
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the matrices Fd,k(x) (for k = 1, 2, 3) are calculated based on the functions in the vectors 
F1(x), F2(x) and F0(x, t). 
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details of calculating the individual components of expressions (11), (12) and (13) after 
each iteration are described in [7]. the problem of selecting the starting point for the iterative 
algorithm is also discussed in that paper.
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4. The results of numerical calculations

the iterative algorithm was implemented in Matlab. calculations were provided for 
the synchronous machine with rated data PN = 1250 kw, UN = 6 kV, cosφN = 0.9, nN = 750 rpm,  
Js = 250 kg · m2. it was assumed that Iʹf = 0.95IʹfN and that the mean value of the torque was 
equal to the rated torque. the spectra of the phase stator current and load angle were selected 
as the most representative measures of the generator properties.

numerical tests were done to study the influence of the moment of inertia and the number 
of combustion engine pistons on the performance of the synchronous generator. as a refe-
rence, the case when a torque performance versus rotary angle is as in fig. 1, i.e. represents 
the torque of a four-stroke internal combustion engine [2]. 

fig. 1. the torque of the four-stroke internal combustion engine [2]

figures 2 and 3 present the influence of the moment of inertia on the spectra of the stator 
phase current and the load angle. the amplitudes of the individual components are done in 
decibels due to significant differences in their values. the spectrum of the phase stator cur-
rent ia(t) given by the formula:
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is shown in fig. 2. the component I0 with network frequency f0 = 50 hz dominates in this spec-
trum. frequencies of other harmonics take the values according to relationships fs = fs + k · (fs/2p), 
in which p is the generator pole-pair number. from fig. 2, it follows that if the moment of 
inertia grows twice, the spectrum of the stator current changes significantly and only the 
component with network frequency fs do not change. the first additional components I–1 and 
I1 are almost 20 db smaller to the main harmonic I0 for basic case and are reducing by 10 db 
when the moment of inertia is growing twice. for sequent components I–2 and I2, the same 
tendencies can be observed and they achieve the levels of 2% and 1% of I0, respectively. 
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Generally, the growing moment of inertia twice additional components in the stator currents 
are reducing more than twice and only the basic harmonic I0 does not change. so, fluctuations 
of the stator current are reduced, which could be expected.

fig. 2. spectrum of phase stator current for two different moments of inertia 

fig. 3. spectrum of the power angle for two different values of the moment of inertia 

the spectrum of the power angle in fig. 3, which is done by the formula:
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contains components with frequencies fk = k · (fs/2p). the component ϑ0 represents the mean 
value of the power angle and the amplitudes of sequent components decrease but not as fast 
as in the stator current spectrum. when increasing the moment of inertia twice, the mean 
value of the power angle is not changed, whereas the amplitudes of the other harmonics are 
reduced by over 50%. this means that fluctuations of the angular velocity of the synchronous 
generator driven by the combustion engine can be reduced by increasing the total moment of 
inertia, which is in line with expectations. 
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improving the uniformity of the mechanical torque of an internal combustion piston en-
gine is commonly achieved by increasing the number of cylinders. for the confirmation of 
the validity of such a statement, the performance of the mechanical torque versus angle was 
changed as is shown in fig. 4. it was found from the curve in fig. 1 adding two curves re-
spectively shifted, but keeping the mean value. the differences to the mean value decrease 
and change the fourier spectrum of the torque. it allows showing the influence of a number 
of cylinders on the steady-state. results of calculations are shown in fig. 5 and fig. 6.

fig. 4. Mechanical torque of the four-stroke internal combustion engine with double the number  
○of the cylinders

fig. 5. spectrum of phase stator currents for: a) four-stroke internal combustion engine, b) four-stroke 
internal combustion engine with doubled number of cylinders

the spectrum of the phase stator current in fig. 5 confirms that all higher harmonics are 
more or less reduced. the most limited are components I2 and I–2 with frequencies of 62.5 hz 
and 37.5 hz respectively, which dropped nearly five times. this means that the stator currents 
become really close to being sinusoidal. 

the spectra of the power angle for those two cases are presented in fig. 6. all harmonics 
are decreasing too when the number of cylinders is doubled, beside the mean value. the 
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second harmonics and higher are reduced significantly – this means that the power angle 
fluctuations are practically mono-harmonic. 

fig. 6. spectrum of the power angle for: a) four-stroke internal combustion engine,  
b) four-stroke internal combustion engine with double the number of cylinders 

the developed algorithm also determines the spectra of the field current, of currents of 
equivalent damping windings and also of the angular velocity but these results are not pre-
sented in this paper.

5. Conclusions 

the algorithm presented in this paper allows the direct steady-state analysis of synchro-
nous generators driven by a piston engine, which is a source of angle dependent torque. such 
an electromechanical system is described by a set of nonlinear differential equations and di-
rect steady-state analysis is extremely complicated. in this paper, the steady-states equations 
have been created by the harmonic balance method. they have a form of an infinite set of 
algebraic equations with an infinite number of unknowns. to solve them, the newton–raph-
son iterative algorithm was developed for those equations, when limited to finite dimensions. 

numerical tests show that the presented algorithm is rather effective and allows directly 
determining the fourier spectra of generator currents and mechanical variables. this ability 
of the algorithm can also be applied for determining the spectra in cases of internal faults in 
generators or faults in the mechanical part of a drive when the angle dependent distortions of 
the torque are generated. detail properties of the fourier spectra in faulty states can be useful 
for diagnostic purposes using motor current signature analysis.
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1. Introduction 

in recent years, constructors’ interest in drive implementations using linear motors has 
increased. linear motors, due to their ability to convert electrical energy directly to the 
thrust force of linear motion, are becoming more popular in propulsion systems. in this 
article, a linear induction motor (liM) applied as drive for vehicle of personal rapid transit 
(Prt) system is presented. Prt is an idea of the public transportation system based on 
small vehicles moving on a special track which perform automated point-to-point trans-
portation of passengers with no stops [1]. a single sided flat linear induction motor with 
short primary part mounted on vehicle and aluminum reaction plate with back-iron on the 
track was used as the drive unit [2]. the liM inductor has open structure and its vulnerable 
parts, such as end-winding connections, are located nearly to the track structure. ensuring 
reliability of operation of this machine in outdoor conditions requires adequate mechanical 
protection for its parts. Measures used for this purpose should allow for effective heat loss 
dissipation.

Motor operation in the drive of the Prt vehicle is characterized by a high variability of 
generated thrust (frequent starts and stops) and variable cooling conditions due to driving 
speed and high ambient temperature range. therefore, during the design, it is important to 
pay particular attention to thermal problems occurring in this type of machine.

fig. 1. Prt vehicle model: a) bottom view, b) inductor of the liM

the article presents a few technical solutions for cooling system for linear induction mo-
tors with the short primary part destined for the Prt vehicle model drive.

a model of a Prt vehicle driven by a linear motor is shown in fig. 1. it consist of an 
inductor mounted to the vehicle body and bogie, which provides an appropriate air gap be-
tween the inductor and the track, keeps the vehicle on the track and supports the change of 
direction of movement at junctions.
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2. Cooling methods of linear motors for PRT drive

the following methods of liM cooling destined for the Prt drive model have been 
proposed:

 – natural convection – the inductor is not equipped with an additional cooling system, heat 
transfer occurs only through natural convection (fig. 1a),

 – forced convection – fans are installed on the outer surface of the inductor yoke with 
a vane system directing air flow over the yoke and end-winding connections surfaces 
(figs. 2 and 3a),

 – free or forced convection – an inductor with a radiator created by the diversity of the di-
mensions of the inductor yoke steel sheets (fig. 4a) or by bending the core sheets (fig. 4b),

 – forced convection with liquid cooling medium – inductor with heat exchanger and liquid 
cooling system.

fig. 2. liM inductor with convection forced by fans: 1 – core, 2 – end-winding connections, 
3 – aluminum reaction plate with back-iron, 4 – fan, 5 – vanes system directing air flow

fig. 3. Model of liM inductor: a) with convection forced by fans, b) with liquid heat exchanger

an exchanger can be formed by using inductor stack sheets in shapes that ensure the forma-
tion of sealed cooling channels and collector channels (fig. 5) by embedding exchanger pipes 
into the yoke and end-winding (fig. 3b) or by using hollow conductors for the inductor winding.
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by analyzing the structural terms of the presented cooling methods, it should be noted 
that the use of liM solutions with natural cooling creates the necessity of increasing the 
dimensions of the machine relative to the solutions with forced cooling. an liM cooling 
system with a radiator created by differentiated or bended yoke sheets causes an increase in 
the volume of the motor which in turn causes a larger space in the vehicle reserved for the 
drive. the solution which provides a compact design of the liM is a system with a liquid heat 
exchanger (in the form of pipes with coolant or hollow conductors).

fig. 4. inductor with radiator: a) formed by differentiated core sheets, 1 – core, 2 – end-winding 
connections, 3 – core sheet of various sizes, 4 – cover with vanes system, b) bending core sheet

fig. 5. liM cooling system with liquid heat exchanger constructed by the use of various steel sheets: 
1 – core sheet, 2 – sheets with channels collector, 3 – steel sheets with cooling channel
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3. Thermal model of linear motor

a parametrical thermal model of an inductor of geometric dimensions shown in fig. 7 
was build. it enables making the calculations for the cooling system with free convection, 
forced convection and water cooling.

the geometry of the inductor core was simplified to straight teeth without rounded cor-
ners of the slots bottom and without teeth shoes – holes for core pressing and mounting bolts 
were omitted. the geometry of the thermal model is described by the following list of para-
meters: hds – inductor tooth height; bd – tooth width; bQ – slot width; hj – inductor yoke height; 
lFe – length of inductor stack – along the cross-section; ls – length of inductor.

  

fig. 7. dimensions of inductor core model

fig. 8. a) the elementary volume of thermal network and b) fragment of thermal model mesh for the 
exemplary discretization parameters: nxQ = 4, nxd = 2, nyj = 10, nydQ = 12

due to the symmetry of the liM along the length of the core and along the width of the 
stack, the thermal model of the motor represents 1/4 of physical model. the thermal network 
method was used for modeling steady state temperature distribution in the liM structure 
[3–6]. temperature differences across the width of the stack were neglected, this allowed 
building a two-dimensional thermal network. the thermal model was divided into elementa-



378

ry volume by ZX and ZY planes of length equal to the width of the stack. the division of the 
model was described by the following discretization parameters: nxQ – number of nodes in 
X-axis, in area of one slot; nxd – number of nodes in X-axis, in area of one tooth; nyj – number 
of nodes in the Y-axis, in area of yoke; nydQ – number of nodes in Y-axis, in teeth and slots 
area. as a result of discretization, the model was divided into an elementary volume. the 
fragment of the model with an exemplary discretization is shown in fig. 8b).

figure 8a) shows the view of the thermal network model elementary volume described 
by the following parameters: Gx – thermal conductance in X-axis; Gy – thermal conductance 
in Y-axis; Gk – thermal conductance to the coolant medium; P – heat source power flowing 
into volume.

in the presented model, heat transfer to the other elements and to the ambient cooling 
medium by conduction and convection was taken into account but emission, due to its small 
contribution to heat transfer, was ignored. convection occurs in heat transfer from the side 
and top surface of the inductor yoke to the ambient air or the liquid cooling medium and 
from the surface of the teeth top and slots to the air gap. in the remaining parts of the liM, 
heat transfer occurs by conduction. the power losses in winding and core are here the heat 
sources. Power losses in the inductor winding were calculated based on winding resistance 
and the set up currents. Power losses in the yoke and inductor core teeth were determined in 
the design calculations.

thermal networks were solved by a method analogous to the nodal potential method used 
in the electrical networks. conduction and convection conductance were matched into con-
ductance matrix G. Power losses and heat fluxes are matched in sources vector P. the system 
of equations with unknown temperatures ϑ, has the following form:

 G ⋅ =ϑ P  (1)

a description of the formulation and solution thermal network algorithm is presented 
in [4, 5].

4. Thermal tests of linear motor model

thermal tests of the linear induction motor for the Prt driver were performed for three 
constructions of the inductor:

 – inductor 1 – inductor with impregnated winding,
 – inductor 2 – inductor with winding impregnated with resin – monolithic inductor (fig. 1b),
 – inductor 3 – monolithic inductor with liquid heat exchanger (fig. 3b).

the tested physical models of the inductor were equipped with temperature sensors at the 
following points: T1 – bottom of the slot; T2 – between layers of winding; T3 – under winding 
wedge; T4 – in end-winding; T5 – between heat exchanger pipe and stack; Tw – temperature 
of water in exchanger. sensors T5 and Tw were only used in the inductor with a liquid heat 
exchanger. heating tests were performed for three inductor constructions at various cooling 
conditions:
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 – inductor 1 with natural cooling,
 – inductor 1 with forced convection,
 – inductor 2 with natural cooling,
 – inductor 2 with forced convection,
 – inductor 3 with liquid cooling system,
 – inductor 3 with liquid cooling system without radiator fan.

100°c was set as the temperature limit for the liM model. a series of heating tests for 
different values of the stator current were performed until a steady state or temperature limit 
had been reached. heating test of inductor 3 for inductor winding current I = 6 a and working 
cooling system is shown in fig. 9.

in figure 10, heating curves of inductor physical models for presented cooling conditions 
were compared.

fig. 9. temperature vs. time of monolithic inductor supply current I = 6 a with working cooling system

fig. 10. comparison of heating curves presented version of liM supplied with current I = 6 a

through the use of the liquid cooling system, there was a possibility to achieve more than 
a double increase in inductor heat transfer capacity from inductor elements (from 122 w to 
300 w), owing to this, the continuous current for this version of the inductor is I = 6 a. the same 
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power losses (~ 300 w) can dissipate air forced convection cooling system of inductor 1. in the 
case of failure of the radiator fan of inductor 3, power losses possible to dissipate decreases 
to 236 w. inductor 3 has a higher time constant in comparison to inductor 1. when analyzing 
heating curves, it should be noted that the increase in power losses in the liM inductor during 
its heating, may result in deforming the heating curve from the exponential curve.

5. Thermal calculations of the linear motor model

a series of thermal calculation models with free, forced, and water cooling were per-
formed. in figure 11, the distribution of average temperature along the length of the inductor 
core on specific core heights for inductor 3 with working cooling system and supplied current 
I = 6 a is shown. 

fig. 11. temperature distribution in the longitudinal section of the liM model for current I = 6 a and 
forced water cooling

fig. 12. temperature map of half of longitudinal section of liM model for current I = 6 a and forced 
water cooling

figure 12 shows the temperature map at half of the longitudinal section of the inductor.
the local temperature increases correspond to inductor slots that generate the most losses. 

lower temperature of core edges result from the winding scheme of the machine. in three 
peripheral slots at the end of inductor stack, there was only one layer of winding – due to this, 
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these regions had generated half of the heat losses. the highest temperature value occurs in 
the central axis of the slot. the temperature between the layers of winding in the middle slot of 
inductor 3 cooled by water is 98°c and this is close to the result obtained from measurements.

in order to establish the relationship between the maximum temperature of the inductor 
winding and the supply current for air and water cooling methods, a series of calculations of 
the liM thermal network model were made. calculation results are shown in fig. 13.

fig. 13. dependence maximum temperature in liM model on inductor current for three cooling methods

the current increase causes a disproportional increase in maximum temperature. increas-
ing cooling intensity decreases the temperature value.

6. Summary

the paper presents selected methods of cooling liM designed for the model of the Prt 
vehicle driver. results of research and calculations of the physical model of liM were pre-
sented. 

the calculation results correspond to a large extent with the results of research. the oc-
curring differences between measured and calculated values of temperature are caused by 
simplified assumptions in the mathematical model and the difficulty in obtaining proper ther-
mal conductivity data and convection coefficient, which is strongly dependent on the tem-
perature and the characteristic dimensions of heat sink surface.

the use of active cooling methods of the inductor allows more than a double increase in 
value of drained power losses from its inside and thus a corresponding increase in rated thrust 
force. it should be noted that in the water cooling system, there occurs the relatively large 
temperature difference between the winding (primary source of heat) and the heat exchanger, 
which means high resistance in this part of the thermal circuit. reducing value of this thermal 
resistance by transferring heat exchanger on the bottom of the slots or making the winding 
of the hollow conductor makes it possible to further improve the efficiency of the drain heat 
losses from the inductor.
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1. Introduction 

the work refers to the permanent magnet machine with an outer rotor designed for the 
direct drive of an electric vehicle. knowledge of the temperature distribution inside the ma-
chine is needed for the proper design of the magnetic circuit and cooling system. Parameters 
of neodymium magnets worsen with the increase of temperature. cooling systems should 
ensure that the maximum and average temperature in the magnets and winding are not ex-
ceeded. these temperatures are the input data for electromagnetic calculation which gives the 
design and operational parameter of the machine.

Vehicle requirements and the first version of the machine construction are presented in 
[1]. the machine has continuous power of 5 kw at a speed of 330 rev/rpm. additionally, 
the machine must ensure a triple torque overload and a 70% increase of speed. the machine 
presented in this paper is different to the machine discussed in [1] with regard to:

 – bearing system, which provides easier access and regulation of bearing slackness,
 – design of disk and rotor body which allows increasing the maximum speed,
 – seal system, which improves its efficiency and reliability.

construction of the presented machine is shown in fig. 1, a view of the built prototype 
is shown in fig. 2.

fig. 1. construction of machine

thermal model of machine including stator and cooling channel is presented in [2]. 
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fig. 2. View of built prototype

in this paper, two methods of cooling were compared. a cooling solution with two paral-
lel circuits (inlet to the channel at the bottom and outlet at the top), which is considered in 
this work, enabled lower temperatures and easier channel venting. initial tests of the built 
prototype have shown that the thermal model should also include the rotor. the reason for 
this is that the power losses generated were due to flux pulsation in the magnets and yoke. 
Moreover, rotating the outer rotor is cooled by the air. what is more, heat transfer from the 
stator disk to the structure which mounts it to the stand or vehicle suspension, was observed 
and taken into consideration.

in the following part of the paper, the thermal model of the machine and results of calcula-
tions are presented, which are than compared with measurements made on the research stand.

2. Thermal model of the machine

in order to model the temperature distribution in the machine in a thermal steady state, ther-
mal network was used [3–6]. by ignoring differences in the temperature along the length of the 
machine, a two-dimensional thermal model of half machine from the inlet to the outlet of the 
cooling medium was built. the modelled half of the machine was divided into elementary vol-
umes by planes RZ i Zϑ. these volumes have the same thickness, which equals ls – length of the 
stator packet. elementary volumes in the teeth area have a constant width and rectangular prism 
shape, the remaining volumes have shape of the ring sector. the dimensions of the elementary 
volumes were made dependent from parameters of the design and discretization.

to the set of design parameters belong: Qs – number of stator slots; rre – outer rotor radius; 
hjr – height of rotor yoke; hm – magnets height; αe – pole magnet fill factor; δ – thickness 
of the air gap; rse – stator outer radius; hds – stator tooth height; bd – stator tooth width; hjs – 
height of the stator yoke; dszp – thickness of gap between stator and body; gks – thickness of 
stator body wall; hk – height of cooling channel.
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division into the elements of the modelled area define the list of the following parame-
ters: nrjs – number of layers in stator yoke along radius; nrd – numbers of layers in slot and 
tooth along radius; nrm – number of layers in permanent magnet along radius; nrjw – number 
of layers in rotor yoke along radius; nfid – number of divisions around angle in tooth area; 
nfiq – number of divisions around angle in slot area. angle division parameters in slot-tooth 
area are passed on to remaining areas of the machine. the areas of the cooling channel with 
medium, stator frame, air gaps between stator packet body and air gaps between stator and 
rotor, was modelled as a single layer in the radial direction. due to this, a parametric thermal 
model of the machine which allows easily changing the design parameters was obtained. 
a fragment of the thermal network from the model of half of the machine for exemplary 
division is shown in fig. 3.

fig. 3. fragment of thermal network of machine

the model takes into account heat transfer to other elements and to the surroundings 
through conduction and convection (emission was omitted). convection occurs during heat 
transfer from channel faces to the cooling medium, from stator and rotor surfaces to the air-
gap, and from the rotor surface to the surrounding air. in the remaining parts of the machine, 
heat transfer occurs by conduction. 

Power losses generated in winding, in the stator core, in the rotor core, and in the magnets 
are here the heat sources. Power losses in the windings were determined on the basis of wind-
ing resistance and assumed currents. stator core losses were determined in design calculations. 
rotor core losses and losses in magnets were determined based on the mechanical power of 
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the machine which drives the tested machine during no load test. knowing power generated 
in different regions of machine, power losses emitted in elementary volumes were determined.

the set-point temperature of cold water in the model is the reference temperature. branch-
es in the outer layer of the rotor and stator body are connected with reference temperature. 
Power losses and heat fluxes in the branches connected to the reference temperatures are heat 
sources in the thermal network which flow into the nodes. the heat exchange in the channel 
was modelled as sources of heat flux controlled by temperature of liquid [3, 5].

the thermal network was solved by using a method analogous to the nodal potential 
method used in electrical networks. in thermal networks, potentials correspond to tempera-
ture and heat fluxes correspond to currents or power losses. according to this method, con-
duction and convection conductance was matched in thermal self-conductance matrix G 
(sum of conductance attached to a given node) and mutual ones (existing between adjacent 
nodes). Power losses and heat fluxes in branches connected to reference temperatures ϑ, were 
matched in source vector P. the equation system with unknown temperatures, has the form:

 G · ϑ = P (1)

the program for building and solving the thermal model of the machine was written in 
Matlab. the program allows graphical visualization of results in the form of graphs and maps 
of temperature. a detailed description of algorithm of formulation and the solution of the 
thermal network is presented in [4 and 5].

3. Results of calculations

in thermal calculations presented in [2], it was assumed that the thermal conductance 
coefficient in the channel can range from 500 to 2000 w/m2k. the value of this coefficient 
depends on the geometry of the channel, liquid velocity, thermal conductivity, viscosity and 
liquid density. accordingly, the value of this coefficient is often determined experimentally. 
in order to find the dependence αk on the liquid velocity and temperature for three coolant 
flow rates 0.25, 0.5 and 1 l/minute reynolds number was calculated [7]:

 
Re ud

=
ρ
η  

(2)

where:
ρ  – density of liquid [kg/m3],
η  – coefficient of dynamic viscosity of liquid [Pa·s], 
u  – average linear speed [m/s],
d  – equivalent diameter of channel [m], equal 4Sk/bk – Sk – channel cross-section, bk – cir- 
  cumference of channel.

calculations were made for water. density, coefficient of dynamic viscosity and 
conductivity of water were made conditional on temperature in the range from 10 to 60oc. 
the value of the reynolds number in all cases was lower than 2100. this means that the flow 
is laminar. next, the Prandtl number was calculated:
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Pr c

=
η
λ  (3)

where:
c – specific heat [J/kg·k],
λ – thermal conductivity [w/m·k] of water, as a temperature function.

with laminar flow, the nusselt number is determined as:

 Nu C RePr l dk
n= ( / )  (4)

where lk is channel length.

Value of C and n depend on the product value in brackets (4). calculated values of the 
product were greater than 13, therefore C = 1.86, n = 0.33. based on the nusselt number, the 
heat transfer coefficient in the channel was calculated. 

 
α

λ
k

k
nC RePr l d

d
=

( / )

 
(5)

calculation results were shown in fig. 4. the figure shows that αk increases non-linearly 
depending on the liquid temperature and velocity. 

fig. 4. dependence of coefficient αk on liquid temperature and discharge

calculated values of αk were used in thermal calculation for the same flow rate of liquid 
in the channel and for 1.8 times overload of the machine. this overloading was determined in 
such a way that the maximum temperature of the winding for the smallest liquid flow was close 
to 120oc. despite a much greater allowable winding temperature (200oc), such a temperature 
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was adopted as the maximum due to the adverse effect of temperature on magnet parame-
ters. for easier comparisons of calculation results with research results, the same tempera-
ture of cold water was set up (26.5oc). results of calculations at a flow equal to 0.25 l/min 
is shown in fig. 5a) and b), and at a flow equal to 0.5 and 1 l/min, in fig. 6a) and b).

a) b)

fig. 5. temperature distribution in: a) selected areas of constant radius and angle in the range of 0 to 
180o, at a flow of liquid 0.25 l/min, b) cross-section of the machine at liquid flow 0.25 l/min

fig. 6. temperature distribution in selected areas of constant radius and angle in the range of 0 to 
180o, at a flow of liquid: a) 0.5 l/min, b) 1 l/min
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4. Machine research

research of the built prototype was performed on the stand shown in fig. 7a). the ma-
chine was installed in a handle and connected by a system of flexible coupling and a torque 
meter with a dc machine equipped with a planetary gear. the tested machine was cooled by 
distilled water in a closed system consisting of a pump with a regulated flow cooling channel 
inside the stator frame, the flowmeter and the radiator with a fan. 12 type lM135 temperature 
sensors was placed in the machine. the sensors were placed on two coils located closest to 
the inlet and outlet of liquid.

fig. 7. a) the stand for research of the machine, b) arrangement of temperature sensors in the coil 
located closest to the liquid outlet

fig. 8. system for temperature recording
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sensor arrangement in one coil area is shown in fig. 7b). the remaining 2 sensors mea-
sured the temperature of the liquid flowing in and out of the machine.

the measured temperatures were registered using a measuring data card ni Pci 6251 
connected to a computer and a specially developed virtual instrument. this device allows 
simultaneous recording of temperature from 12 sensors in set-up time. signals from sensors 
were read at frequency 1 khz. in order to reduce the number of data points and eliminate 
random noises, measurements were averaged over 1 sec. temperature from each sensor cal-
culated in this way was saved in the form of a file. after each results recording, in graphic 
window of control panel of the instrument current temperature dependence as a function of 
time were displayed, fig. 8.

research was performed in generator state of machine. the machine was driven by a dc 
motor and loaded with regulated resistance. three heating tests were performed for the flow 
rate of liquid in channel (0.25, 0.5 and 1 l/min) and in overload (1.8), same as in the calculation. 
the time of each test was limited to 120 minutes. after this time, temperatures were practically 
steady. the maximum temperature in the winding was indicated by the sensor attached to the 
coil in the middle of the machine length. the maximum temperature dependences on time 
in the coil located at the outlet (solid lines) and the coil placed near the cooling liquid inlet 
(dashed line) are shown in fig. 9. this figure shows that for liquid flow of 0.25 l/min, maximum 
temperature of the winding is approximately 118oc and is close to the calculated temperature 
shown in fig 5a). from figs. 9, 5a), 6a) and b) show that increases in liquid flow above 0.5 l/min  
cause a slight reduction in the maximum temperature of the winding. with increasing the flow 
from 0.5 to 1 l/min the temperature was reduced by only approx. 3oc, while the increase in the 
flow from 0.25 to 0.5 l/min reduced the temperature by about 10oc. 

fig. 9. Maximum temperature of the coil located at the outlet (solid lines) and the coil adjacent to the 
inlet of the cooling liquid (dashed lines) for different liquid flow rates

figure 10 shows the dependence of temperature of the liquid flowing in and out of the 
machine over time. the maximum temperatures are close to the calculated temperatures of 
hot water from figs. 5a), 6a) and b). figures 9 and 10 show that the differences of liquid 
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temperature are close to the differences of the winding temperature, wherein with increasing 
speed of liquid, a slight increase in the differences of winding temperatures relative to differ-
ences of liquid temperature can be observed.

fig. 10. temperature of hot and cold liquid at different flow rates

5. Summary

the paper presents a parametric thermal model of the machine with a permanent magnet 
and external rotor. this model allows determining the temperatures of individual elements of 
the machine depending on the load and speed of the liquid flow in the cooling channel. the 
correctness of the model was confirmed by good quantitative correspondence of the calcula-
tion results to the test results.

the performed calculation and conducted research suggest that dependence of the max-
imum winding temperature on the liquid velocity in the channel is highly nonlinear. during 
determining the optimal liquid flow (as low as possible, which will provide adequate cool-
ing effectiveness), the decreasing power losses in the winding caused by the decreasing 
temperature and the winding resistance should be compared with the increase in power 
losses needed to produce the greater liquid flow. in the presented machine, it is the speed 
approx. 0.5 l/min.
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a b s t r a c t 
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1. Introduction 

rotary-linear motors (motors with two degrees of freedom denoted as 2dof motors) 
belong to unconventional drives which offer wider possibilities of motion than traditional 
drives. especially as they enable the formation of a spiral (helical) rotor trajectory which in 
conventional drives can be obtained only with the help of additional mechanical components 
(fig. 1a)). of course, they can also work as a rotary or as linear motor which is presented 
in fig. 1b) and c) respectively. as regards their application, they can be used for instance in 
a wide range of devices dedicated to the mixing and drilling process. such an application 
in a mixing machine is shown in fig. 2. from the viewpoint of the manipulator theory, the 
rotary module works as a main drive unit and a linear module plays the role of a linear actu-
ator responsible for positioning the working tool (stirrer). another possible application in the 
drilling machine is presented in fig. 3.

different types of rotary-linear motors have different principles of operation: asynchro-
nous [1–4]; synchronous with permanent magnet (PMsM) [3, 4]; ultrasonic motors (UsM) 
[5]; switched reluctance motors (srM) [6]; brushless dc motors (bldc) [7]. 

a) b) c)

fig. 1. trajectories of motion realized by the rotary-linear motor: a) trajectory of the spiral motion 
(when both linear and rotary modules are supplied), b) trajectory of rotary motion (when only rotary 

module is supplied), c) trajectory of linear motion (when only linear module is supplied)

fig. 2. examplary application of rotary-linear motor in mixing machine: 1 – rotary-linear motor,  
2 – working tool, 3 – stand
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fig. 3. examplary application of rotary-linear motor in drilling machine: 1 – rotary-linear motor,  
2 – stand, 3 – working tool

2. Constructional features 

the 3-phase rotary-linear motor requires 2 types of windings: 3-phase distributed winding 
(which generates rotating circular magnetic field and is responsible for rotary motion); 3-phase 
ring winding (which generates travelling magnetic field and is responsible for linear motion).

as far as their location in the 2dof motor is concerned, there are 2 main possibilities 
presented in figs. 4 and 5, respectively.

Motor with one common stator is compact but more complicated. both distributed and 
ring windings are located in the common stator and have a common magnetic circuit. the 
horizontal conductors of a distributed winding and the vertical conductors of a ring winding 
are mutually perpendicular. this means that the magnetic field density vector in the air-gap 
of the machine has two perpendicular components relating to the circular and travelling mag-
netic fields, respectively. such a 2-dimentional magnetic field requires special construction 
of a rotor (bar-crossed rotor) [6]. of course, it is possible to replace this rotor by a solid or 
tubular rotor which can also interact with both components of the magnetic field [5].

fig. 4. 2dof induction motor with one common stator: a) general view, b) cross-section of stator, c) bar-
crossed rotor: 1 – winding which generates the rotating circular magnetic field, 2 – ring winding which 

generates the travelling magnetic field, 3 – housing, 4 – rotor, 5 – common iron core
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the motor with two stators has a simpler construction but its total length is usually great-
er. the two autonomous stators are equipped in two separate windings which can act with 
a bar-crossed, solid or tubular rotor. the winding located in the first stator (which is called the 
linear module lM) is responsible for linear motion and the winding located in the secondary 
stator (called the rotary module rM) is responsible for rotary motion. it is assumed that the 
both modules can work autonomously.

fig. 5. 2dof induction motor with two stators: 1 – stator which generates the rotating circular 
magnetic field, 2 – stator which generates the travelling magnetic field, 3 – housing, 4 – rotor

3. General description of the prototype built on the basis of the induction motor 
ShR90X-8M

because of the unconventional construction of the rotary-linear induction motors, 
non-standard technologies have to be usually employed and, as a consequence, their pro-
duction process is expensive in comparison with the normal manufacturing process. in order 
to reduce manufacturing costs, the authors develop and propose the concept of the 3-phase 
rotary-linear induction motor based on the components of a factory-manufactured 3-phase 
squirrel cage induction motor.

this approach results in a significant reduction in manufacturing costs through the use of 
ready-made components (e.g. a complete stator, the motor housing), and at the same time, 
allows the incorporation of existing technology used in the production process of 3-phase 
motors. 

the main assumed goal during the designing of the 3-phase induction rotary-linear motor 
was to use as great a number of ready-made components as possible in the 3-phase facto-
ry-manufactured squirrel cage induction motor. this assumption results in a relatively cheap 
and simple production process. 

the induction rotary-linear motor elaborated in the department of Mechatronics at the 
silesian University of technology was made of components normally used for manufactur-
ing the shr 90X-8M motor. the squirrel-cage motor used as the basis for the new construc-
tion has the following specifications: PN = 750 w; UN = 400 V; IN = 2.7 a; nN = 670 rpm; 
2p = 4; QS = 24. 
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3.1. the design of rotary module rM 

as has seen in fig.6, the stator of the module rM is the same as the stator of the 
3-phase squirrel-cage motor (including both the magnetic core and the 3-phase distributed 
winding). 

fig. 6. Module rM – stator shr 90X-8M after mounting in the housing of the rotary-linear motor

the stator core consist of 240 sheets with a thickness of 0.5 mm (including insulation) 
made of isotropic electrical tape V600-50a din 46400. the stator winding of module rM is 
a single-layer winding with number of turns Ns

R = 428. 

3.2. the design of the linear module lM 

in order to construct the linear module lM, it is necessary to have sheets of the standard 
motor which are non-slotted (fig. 7a) and b)) – this means that during their manufacturing 
in a factory it is necessary to omit the technological process of slot cutting (fig. 7a)). the 
stator of the lM module consists of 13 stacks of the above mentioned non-slotted iron sheets 
(fig. 7b)) forming 13 ‘laminated ferromagnetic rings’ (one of which is presented in fig. 7a)) 
having an external diameter equal to the external diameter of the basic stator (fig. 6). these 
13 ‘laminated ferromagnetic rings’ (fig. 7a)) are separated by 12 ‘solid ferromagnetic rings’ 
(fig. 8a)) whose external diameter is the same as the diameter of the basic stator. because of 
the difference in the internal diameters of the ‘laminated rings’ and the ‘solid rings’ (fig. 8a)), 
12 slots are formed in which the ring winding (fig. 8b)) can be put (fig. 8c)). from the elec-
tromagnetic point of view, the ‘laminated ferromagnetic rings’ play the role of big teeth and 
the ‘solid ferromagnetic rings’ play the role of yokes. 

the general view of linear module lM consisting of 13 ‘laminated rings’, 12 ‘solid rings’ 
and 12 coil rings is presented in fig. 9a) (computer visualization). the photo of the finished 
stator of the linear module lM (being part of the constructed prototype) is presented in 
fig. 9b).
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fig. 7. iron sheet used in construction of linear module lM of 2dof motor and non-slotted ‘laminated 
ring’ which formed teeth of module lM: a) ‘laminated ring’, b) non-slotted stator iron sheet

b)a)

b)b)b)

fig. 8. constructional components of lM module: a) ‘solid ferromagnetic ring’, b) ring winding,  
c) ring winding placed in ‘solid ferromagnetic ring’

fig. 9. Module lM: a) perspective computer view, b) constructed prototype

a) b)
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3.3. design of the rotor with a solid conductive layer 

the magnetic circuit of rotor in the rotary-linear induction motor is a steel tube made of 
structural steel r65, which has been coated with a copper layer having a thickness ∆Cu = 0.5 mm, 
coated in an electrolytic method (fig. 10). 

in the known solutions of rotary-linear induction motors designers usually use solid ro-
tors. solid rotor is much heavier and has a large moment of inertia. because of that oscil-
lations of the electromagnetic torque in a motor are not observed during its start. it should 
be noted, however, that the use of massive rotor significantly increases the mechanical time 
constant of the motor. it also requires the design of the bearing with much greater strength, 
capable of delivering large forces and moments acting in the supporting point of the rotor. 

fig. 10. tubular rotor of 2dof induction motor (cross-section and real view) 

3.4. construction of motor housing 

the body of an rotary-linear induction motor is made of profiled aluminium tube, normal-
ly used in the manufacture of motors shr-8M 90X iMb version (fig. 11). 

fig. 11. the housing of an rotary-linear induction motor

the considerable length of the housing is the reason for applying a tight fitting in the rM 
module and in the lM module. the value of the fitting for the rM module is equal to 135h7/
n6 and value of fitting for lM module equals ∅135h7/p6. additionally, to make sure that the 
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construction is sufficiently stiff, numerous screws are used. the number of screws joining the 
housing with the rM module is equal to 8 and in the presented prototype, is the same as the 
number of screws joining the housing with the lM module.

3.5. construction of rotary-linear bearing system 

one of possible solutions for a bearing system (figs. 12 and 13) is to use a truck. the 
truck mounted on the slide enables a rotor to move forward, to move backward, as well as to 
rotate around its axis. another possibility for a bearing system is to put the rotor directly on 
an internal surface of bearings. such a solution requires special material extremely resistant 
to abrasion, for instance teflon. because the external diameter of the designed motor was out 
of the standardised diameters of the factory-manufactured teflon bearings, it was necessary 
to elaborate a bespoke solution for the bearing system consisting of two rolling bearings and 
a plain bearing made of polymer Pa t-27Mhs. this concept is presented in fig. 12. 

fig. 12. the rotary-linear bearing system: a) front cover, b) two ball bearings (with parameters: static 
nominal load C0 = 22.8 kn; dynamic nominal load C = 19.9 kn; fatigue load limit PU = 0.93 kn; speed 

limit nmax = 3000 rpm), c) plain bearing made of polymer Pa t-27Mhs, d) locking ring 

d)c)b)a)

fig. 13. the photo of mounted rotary-linear bearing system
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4. Design methodology 

the design methodology based on an analytical circuit model and on a field model im-
plemented in the feMM program. as regards the former method, the equivalent circuit of an 
induction motor with a solid rotor [8–10] is presented in fig. 14. 

fig. 14. the equivalent circuit of an induction motor with solid rotor [8–10]

the impedance of the rotor with the solid conductive layer (referred to the stator) is given 
by the following formula:
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where:
κFe, κCu  – attenuation coefficients (for iron and copper),
∆Fe, ∆Cu  – thickness of layers (for iron and copper),
µFe, µCu  – the relative permeability (for iron and copper),
lFe  – length of iron core,
τp  – pole pitch,
ms  – number of phase of stator,
mr  – number of phase of solid rotor equal the number of poles 2p,
Ns  – number of turns of stator,
Nr  – number of turns of rotor (for solid rotor Nr = 0.5),
kws, kwr  – winding coefficients,
ω  – pulsation.

as far as the latter method is concerned, the special procedure in lua language for the 
feMM program (finite elements Method for Magnetics) is employed. it enables determin-
ing the spatial distribution of the magnetic field in the machine and, in consequence, allows 
calculating electromechanical curves – torque vs. slip Te = f(s) and force vs. slip Fe = f(s), as 
well as phase current vs. slip Is = f(s).
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exemplary spatial distributions of the magnetic field in the rM module at standstill (the 
blocked rotor) and at no load state, are presented in fig. 15. the highest saturation points 
occur on the surface of the tubular rotor and are equal to about Bmax = 2 t for both of the 
considered states. 

a) b)

fig. 15. the exemplary distribution of magnetic field in the module rM: a) blocked rotor state,  
b) no load state

exemplary spatial distributions of magnetic field in the lM module at standstill and at 
no load state, are depicted in fig. 16. the highest saturation points occur on the surface of 
the tubular rotor and equal to about Bmax = 2 t for the case of the blocked rotor and to about 
Bmax = 1.6 t for the case of no load state, respectively. 

a) b)

fig. 16. the exemplary distribution of magnetic field in the module lM: a) blocked rotor state,  
b) no load state

based on the above field calculations, the curves – electromagnetic torque vs. slip Te = f(s) 
and stator current vs. slip Is

R = f(s) for the module rM are determined (fig. 17). analogously, 
the curves – electromagnetic force vs. slip Fe = f(s) and stator current vs. slip Is

L = f(s) for the 
module lM are calculated and presented in fig. 18.
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fig. 17. the electromagnetic torque vs. slip curve Te = f(s) and stator current vs. slip curve  
Is

R = f(s) of module rM

a) b)

a) b)

fig. 18. the electromagnetic force vs. slip curve Fe = f(s) and stator current vs. slip curve Is
L = f(s)  

of module lM

both methods – the analytical method based on the equivalent circuit of an induction mo-
tor with a solid rotor and the field method based on the procedure in lua language for feMM 
program are employed in the designing process of the constructed prototype.

5. Conclusions 

the idea of converting the conventional (factory-manufactured) squirrel-cage induction 
motor in the non-conventional rotary-linear induction motor is very useful. it allows the 
producers of the electrical machines to widen, in an easy way and without considerable in-
vestment, their offer by putting on the market a new non-conventional rotary-linear actuator. 
on the other hand, this concept can be effectively developed in an academic laboratory by 
advanced students on their own. the goal, which can be easily achieved in the university, is 
a new educational laboratory stand combined with students’ training and satisfaction.
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a new design of a brushless direct current motor is introduced in this paper. in the bldc motor, 
a high-pressure vane pump is built into the rotor. the motor is excited by neodymium magnets. 
its nominal power is 2.5 kw. the motor is built in such a way that the magnetic field does not 
penetrate the pump. a magnetic structure field analysis of the motor was performed. demagne-
tization resistance of the magnets was determined. by the use of time stepping, finite element 
method waveforms of the electrical and mechanical parameters in the bldc motor–inverter 
system were determined.
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s t r e s z c z e n i e 

opracowano nową konstrukcję silnika bezszczotkowego (bldc), w którego wirnik wbudo-
wana jest wysokociśnieniowa pompa łopatkowa. silnik wzbudzany magnesami neodymowymi 
ma moc 2,5 kw. Zbudowany jest w taki sposób, aby pole magnetyczne nie wnikało do wnętrza 
pompy. Przeprowadzono polową analizę obwodu magnetycznego silnika. wyznaczono odpor-
ność magnesów na odmagnesowanie. Metodą polowo-obwodową wyznaczono przebiegi cza-
sowe wielkości elektrycznych i mechanicznych w układzie silnik–przekształtnik.
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1. Introduction

in existing drive systems with vane pumps, the connection between the pump and the 
electric motor is usually rendered through an elastic clutch and a mounting flange [2]. this 
solution is by far the most common [6] in the construction of hydraulic power units. some 
simplification of the construction is the direct connection of the pump shaft to the electric 
motor shaft without a clutch and mounting flange. such a solution is called a close coupled 
motor pump group [7]. in all of these solutions, the pump and the motor are two separate 
components.

fig. 1. design sketch of the double vane pump integrated with the bldc motor [2]

in this paper, a new design solution for an electrical motor is presented. in this solution 
(figs. 1 and 2), the hydraulic pump is built into the rotor of the brushless direct current motor 
(bldc motor). this issue has not been analyzed in the available literature.

the stator of the motor is a part of the body of the whole device and the rotor of the 
electric motor causes rotation of the pump housing. the internal part of the pump (with the 
vanes) is non-movable. due to a lack of rotation, the vanes are pressed to the cam ring with 
spring elements [2].

electrical drive systems with permanent magnet motors have the highest energy efficien-
cy, the highest power value per unit mass, a large durability and a very good dynamic range 
[1–5]; therefore, a bldc motor has been used in the proposed construction of the motor 
integrated with the vane pump.

the flow of the vane pump is controlled by an electrical motor power converter unit 
through changing the rotational speed of the motor (by the PwM method). this solution 
allows the simplification of the hydraulic control systems and reducing the cost of their im-
plementation. the integrated vane pump motor construction has a compact design. the pump 
is located inside the rotor of the motor, which together with the stator, is an acoustic cover. 
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such a solution is therefore characterized by a reduced noise level with respect to the exist-
ing, conventional drive systems with vane pumps.

the disadvantage of this solution is the risk of penetration of the magnetic flux into the 
pump. this could cause the magnetization of metal particles that may be present in the fluid 
of the hydraulic system. to avoid this, the magnetic structure of the integrated motor-pump 
construction should be designed in such a way that the magnetic flux does not penetrate the 
interior of the pump with the liquid.

2. Magnetic structure of the electrical motor

a brushless direct current motor was designed with a power level of P = 2.5 kw at ro-
tational speed n = 3000 rpm and a supply voltage of U = 220 V. high-energy neodymium 
magnets of n33Uh type have been applied. the maximum operating temperature of the 
magnets is 180°c. the outer diameter of the stator is 135 mm and the packet length is 95 mm. 

the required resistance to demagnetization in the heated state (120°c) was provided by 
permanent magnets with a thickness of 3.5 mm. in order to eliminate the penetration of the 
magnetic flux into the pump, a non-magnetic sleeve was placed on the outer casing of the 
pump (fig. 2).

fig. 2. cross section of the magnetic structure: 1 – stator sheet, 2 – permanent magnet, 3 – rotor 
yoke, 4 – non-magnetic sleeve, 5 – casing of the pump, 6 – the interior of the pump (with liquid)

to reduce the size and the weight of stator and rotor, a magnetic structure with 3 pole 
pairs was used. computations of the magnetic structure were made by use of Maxwell soft-
ware. the symmetry of the magnetic circuit was taken into account, hence the computational 
analysis was performed for the region of one pole pitch.
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3. Results of the field computations of the magnetic structure

the aim of the computational analysis was to design a magnetic structure in which the 
magnetic flux produced by the magnets does not penetrate the interior of the vane pump. 
to eliminate this phenomenon, a non-magnetic sleeve was applied between the rotor yoke 
and the casing of the pump (figs. 2 and 4).

computational analysis was performed at different values of non-magnetic sleeve thick-
ness. the outer diameter of the pump and the thickness of its steel casing are constant. with 
changes in the thickness of the non-magnetic sleeve, changes of the rotor yoke thickness occur. 

the performed computational analysis shows that the value of the flux density in the 
interior of the pump is only 13.9 μt when the 3 mm non-magnetic sleeve is applied. this 
value is smaller than the value of the magnetic field on the surface of the earth (which is 
approximately 50 μt [8]). non-magnetic sleeves of a smaller thickness cannot eliminate the 
phenomenon of the magnetic flux penetration of the interior of the pump.

due to the fact that the fluid in the hydraulic system can heat up to a temperature of approx-
imately 90°c, the operating temperature of the magnets has been assumed at ϑm = 120°c. for 
the selected 3.5 mm magnet height, the maximum current that does not cause demagnetiza-
tion is 112 a. this is 6.8 times more than the maximum instantaneous value of the current 
at steady-state (at the rated load torque). examples of the computation results are shown in 
figs. 3–6.

fig. 3. flux lines of the motor without  
the non-magnetic sleeve

fig. 4. flux lines of the motor with the 3 mm 
non-magnetic sleeve
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4. Field-circuit computations

4.1. time stepping finite element field-circuit model of the motor with converter

to determine transients of the electrical and mechanical parameters of the designed mo-
tor, a time stepping finite element field-circuit model of the motor with a converter was de-
veloped in the Maxwell software. the field part of the model is shown in fig. 3.

the circuit part of the model includes the power supply, the converter and the bldc 
motor. the end leakage inductance and resistance of the winding as well as the influence of 
the temperature on the permanent magnet parameters, the converter diodes and transistors 
parameters and the armature winding resistance were all considered.

the circuit model of the motor with the converter is shown in fig. 7, where the symbols 
stand for: RA, RB, RC – the resistance of the motor winding phases; EA, EB, EC – the sum-
mary electromotive force induced in the motor winding phases (including the emf of self and 
mutual inductance and the emf of rotation). LAp, LBp, LCp are the end leakage inductances 
of the motor winding phases and SA1, SB1, SC1, SA2, SB2, SC2 stand for transistor switches 
of the converter; D1, …, D6 are feedback diodes (model of an ideal p-n junction) of the con-
verter, and R1, ..., R6 are the internal resistances of the converter feedback diodes, V_Uzas 
is the supply voltage. the circuits with the VA, VB, VC, VnA, VnB, VnC, RA1, RA2, RB1, 
RB2, RC1, RC2 elements are used to control the transistor switch operation as a function of 
the rotor position. the resistance of the motor winding phases is 77 mΩ and the end leakage 
inductance of the motor winding phases is 36 µh.

the main equations of the bldc motor mathematical model are as follows:

 u RA i LA i
t

EA ta a p
a= ⋅ + + ( )ϑ

d
d

 (1)

fig. 5. Magnetic flux versus angle of rotation at 
different non-magnetic sleeve thicknesses:  

gt = 0; 1; 2 and 3 mm

fig. 6. cogging torque versus angle of rotation 
at different non-magnetic sleeve thicknesses:  

gt = 0; 1; 2 and 3 mm
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where:
ua, ub, uc  – the instantaneous values of the voltages of a, b and c phases,
RAϑ, RBϑ, RCϑ  – the resistance of the armature winding phases at ϑ temperature,
ia, ib, ic  – stand for the instantaneous values of the currents in the armature windings 
  of a, b and c phases.

the summary electromotive forces EA(t), EB(t), EC(t) induced in the motor winding 
phases include the emf of self and mutual inductance and the back emf:
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fig. 7. circuit model of the bldc motor with converter
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d
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where:
ea, eb, ec  – the instantaneous values of back emfs induced in the armature winding phases,
L  – the self-inductance of the one armature winding phase (without the end leakage 
  inductance),
M  – the mutual inductance of the armature winding phases.

the equation of the currents at the star node of the motor is shown below:

 i i ia b c+ + = 0  (7)

the instantaneous value of the electromagnetic torque of the motor equals:

 
T t e i e i e i

e
a a b b c c( ) = ⋅ + ⋅ + ⋅

ω  
(8)

the instantaneous value of the rotor mechanical speed ω is represented in (9):

 
ω

α
=

d
dt  

(9)

where α is the angle of rotation.
the equation of motion for the system is as follows:

 
T t T t T t J

t
J
te tm o( ) ( ) ( )− − = +

d
d

d
d

ω ω
2  

(10)

where: 
To(t)  – the instantaneous value of the load torque,
J  – moment of inertia of the motor with the rotating part of the vane pump,
Ttm(t)  – stands for the instantaneous value of friction torque of the motor:

 
T t

P
tm

m( ) = ( )∆ ω
ω  

(11)

where ΔPm(ω) are the windage and friction loss as the function of ω speed.

for the analysed drive system, 
d
d
J
t

= 0, hence the equation of motion is as follows:

 
T t T t T t J

te tm o( ) ( ) ( )− − =
d
d
ω

 
(12)

the instantaneous value of the mechanical torque of the motor is: 

 T t T t T te tm( ) ( ) ( )= −  (13)
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4.2. results of the time stepping finite-element computations

for the final motor magnetic structure (with the 3 mm non-magnetic sleeve), waveforms of 
the electrical and mechanical parameters of the motor have been computed. the computations 
have been performed for the system with the motor current limit at the value of 4 Imax, where 
Imax is the maximum value of the phase current at the steady state at the nominal load torque. 
examples of the computation results obtained at the nominal load torque (To = 7.96 n·m) are 
shown in figs. 8–16.

fig. 8. transient of the motor mechanical 
torque at the start-up

fig. 9. Mechanical torque of the motor at the 
steady state

fig. 10. waveforms of the phases currents at 
the motor start-up

fig. 11. waveforms of the phases currents at the 
steady state
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fig. 16. rotational speed at the motor start-up

fig. 12. waveforms of the phases voltages at the 
motor start-up

fig. 13. waveforms of the phases voltages at the 
steady state

fig. 14. Magnetic flux in the air-gap at the motor 
start-up

fig. 15. Magnetic flux in the air-gap at the 
steady state
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5. Conclusion

a new design for a permanent magnet motor has been reported in this paper. in this motor, 
a high-pressure vane pump is built into the rotor. in order to eliminate the phenomenon of 
magnetic flux penetration through the pump, a non-magnetic sleeve was used in the rotor of 
the electric motor (on the outer steel casing of the pump).

feM computations of the motor magnetic structure at different non-magnetic sleeve thick-
nesses were performed. the computational analysis has shown that the non-magnetic sleeve 
of 3 mm is the best solution. for this thickness, the value of the flux density in the outer steel 
casing of the pump is 11 mt. it provides a bypass for the magnetic flux and protects against 
penetration of the magnetic flux into the interior (with liquid) of the pump. the value of the flux 
density in the interior of the pump is only 13.9 μt. this value is smaller than the value of the 
magnetic field on the surface of the earth, which is approximately 50 μt [8]. such a small value 
of flux density in the liquid of the pump eliminates the danger of magnetization of the metallic 
particles that may be present in the liquid due to wear of the hydraulic system components.

the decrease of the magnetic flux value in the developed magnetic structure with the non-mag-
netic 3 mm sleeve is approximately 0.3%. the rise of the temperature of the magnets from 20oc 
to 120oc causes more than a 3.5-fold decrease of their demagnetization resistance. this confirms 
that the resistance to demagnetization should be analysed at the highest operating temperature. 

waveforms of the electrical and mechanical parameters of the motor have been computed 
for the final magnetic structure (with the non-magnetic 3 mm sleeve). the computations have 
been performed for the system with the motor current limit at a value of 4 Imax, where Imax is 
the maximum value of the phase current at the steady-state, at the nominal load torque. the 
preliminary analysis has shown that the mass of the integrated electrical motor pump system 
is about 40% smaller than the mass of the conventional solution with the separate pump and 
motor which are presented, for example, in [2, 6, 7].
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1. Introduction 

the norm iec 60034 part 30 orders the electrical motor producers to produce electrical 
motors with minimum factor of the efficiency. the goal of this command is to minimize elec-
trical energy consumption through the minimizing of electrical motor power losses. nowa-
days, this norm ranges low-voltage electric motors with rated power 0.75 kw ≤ Pn ≤ 375 kw 
and the number of pole pairs 2p = 2; 4; 6. the new project of the norm assumes widening 
of the electrical motor rated power range up to 0.12 kw ≤ Pn ≤ 1000 kw, the number of pole 
pairs up to 2p = 2; 4; 6; 8 and including multi-phase motors (also single-phase motors).

Polish and world producers of electric motors responded to the norm requirements by 
designing and producing high-efficiency three-phase motors which fulfil the norm by achiev-
ing the minimum factor of efficiency. the electrical motor producers respond did not include 
single-phase motors which are not yet included by the norm.

if the new norm project iec 60034 part 30 was valid, no single-phase motor produced 
nowadays would fulfil the norm requirements.

in articles [1, 5, 6], the possibility of building a single-phase line start permanent magnet 
synchronous motor was proven. the single-phase line start permanent magnet synchronous mo-
tor would achieve much better running properties than the single-phase induction motor. taking 
into account the modern electrical motor development, we can suppose that in the case of re-
stricted new requirements of producing electrical motors, producers of single-phase motors will 
be forced to design and produce single-phase line start permanent magnet synchronous motors.

2. Construction of six-pole single-phase permanent magnet synchronous motors

in Maxwell software, two circuit-field models of single-phase line start permanent mag-
net synchronous motors were built. the models were based on the mass production four-pole 
single-phase induction motor type seh 80-4b supplied by a voltage of Un = 230 V 50 hz. the 

fig. 1. cross-sections and magnetic field distributions in built models of six-pole single-phase line 
start permanent magnet synchronous motor
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fig. 2. influence of the motor construction on the 1st harmonic rMs value and total harmonic 
distortion of the back eMf induced by permanent magnets in the motor’s main winding

fig. 3. influence of the number of the auxiliary winding turns and running capacitor capacitance on 
the motor efficiency curve

motor winding was rewound. cross-sections of the models and magnetic field distributions 
are shown in the fig. 1. neodymium magnet n38sh with remanence induction Br = 1.24 t 
and magnetic field coercivity Hcb = 990 ka/m was chosen for the excitation. the methodo-
logy of the single-phase line start permanent magnet synchronous motor design was revealed 
in article [3]. Papers [2, 4, 7] were also helpful for the designer.

the motor needs two capacitors, a run-capacitor and a start-capacitor. the best running 
properties for both motors were obtained for run-capacitor capacitance Crun = 50 μf. starting 
capacitor capacitance Cstart = 100 μf is enough capacitance for the motor self-starting with 
a time switch-off relay which switches off the starting capacitor after motor synchronization.

the design process of the motor was divided into two steps. during the first step, the 
influence of the motor construction on the back eMf induced by permanent magnets in the 
motor main winding was investigated. the results are presented in fig. 2. during the second 
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step, the influence of the motor auxiliary winding parameters on the motor performances was 
investigated. the results are shown in fig. 3.

on the basis of the obtained results, the physical model of the six-pole single-phase line 
start permanent magnet synchronous motor was built. the model is presented in fig. 4. the 
rotor has 21 bars. the die cast squirrel cage of the rotor is made from aluminum.

fig. 4. rotor of the physical model of the six-pole single-phase line start permanent magnet 
synchronous motor

3. The motor performance

the influence of the running capacitor capacitance on motor performance was investigat-
ed. the results are shown in fig. 5. an increase in the running capacitor capacitance causes 
an increase in the maximum load power, a decrease of the motor efficiency of the low load 
and an increase in the motor efficiency of the high load.

fig. 5. influence of the running capacitor capacitance on motor performance
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the starting process of the motor is presented in fig. 6. the starting capacitor (Cstart = 110 µf) 
was switched off by the time relay after 0.5 s. the starting capacitor was switched off after 
synchronization.

the motor performance is shown in table 1. a comparison of the built motor physical 
model with a single phase induction motor manufactured by the electric motor producers is 
presented in table 2. single-phase line start permanent magnet synchronous motor efficiency 
is extremely high in comparison with single-phase induction motor efficiencies.

fig. 6. starting process of the six-pole single-phase line start permanent magnet synchronous  
motor

t a b l e  1

Six-pole single phase line start permanent magnet synchronous motor performance

Parameter Unit Value

Un V 230

Pn W 650

nn rev/min 1000

In A 3.49

ηn % 87.1

cosφn - 0.93

Tmax/Tn - 1.3

∆Twinding °c 30

∆Trotor °c 26

Crun μf 25

Cstart μf 110

m kg 9.9
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t a b l e  2

Comparison of six-pole single phase PMSM with six-pole single phase induction motors 
produced by the world electric motor manufacturers

Motor Pn 
[W]

nn 
[rpm] n 

[%]
m

[kg]

single-phase 
PMsM 650 1000 87.1 10.5

Producer a 735 1140 65 28
Producer a 650 900 67.5 11.5

4. Conclusions

the six-pole single phase line start permanent magnet synchronous motor has very high 
efficiency. it is the main advantage of the motor. the main drawback is the starting capacitor 
which is needed for self-starting. the time relay which switches off the starting capacitor 
should work after the motor synchronization. the construction of the six-pole single phase 
motor presented in the article is both energy-saving and material-saving. the built motor has 
an ie4 efficiency class – the highest class nowadays.
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1. Introduction 

insulation systems comprised of cables, transformers, electrical machines and other elec-
trical devices are multi-layered. electrical phenomena appearing inside the insulation system 
are adopted to the equivalent circuits, as shown in the literature. there is no simple equiva-
lent circuit for the insulation system. for example, Г. Вайда [5] gives several different ver-
sions of alternative schemes. one of the simplest examples of the insulation is the insulation 
of a single conductor cable in a metal screen. even this simple insulation system is charac-
terized by spatial distribution and for this reason, it is represented by the equivalent circuit 
with distributed parameters. it can be illustrated by a two-terminal circuit with an internal 
ladder structure which consists of capacitances and resistances connected as shown in fig. 1.

fig. 1. equivalent circuit of the insulation system, the example

the transformer insulation system is more complicated, it can be distinguished: turn- 
-to-turn insulation, the insulation between the windings of the upper and lower voltage and 
the insulation to the core. in figure 2, an equivalent circuit of the transformer is shown. 
however, there is no universal equivalent circuit which would be perfect for all phenomena 

fig. 2. an equivalent circuit of the transformer insulation system including groundwall  
and turn-to-turn isolation
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appearing in the insulation system, especially during fast transients. the equivalent circuit 
shown in fig. 2 is well constructed for an electrical phenomena appearing in the system 
during the normal operational state of the transformer. this scheme, according to the needs, 
can be simplify to a two-terminal RC circuit.

equivalent circuit of the insulation system shown in fig. 2 consists of two orthogonal cir-
cuits – groundwall and turn-to-turn insulation. these circuits can be used during the receipt 
tests as well as diagnostic tests. 

2. Examination of the main transformer insulation

2.1. testing the insulation with ac voltage

tests of insulation with ac voltage are made each time the transformer is new or after 
repair or during the diagnostic. the program of receipt tests of the transformer, in accordance 
with standard [3] and the instruction of exploitation [4] includes the measure of impedance 
of insulation system Xx, the measure of dielectric loss factor tgδ and the dielectric strength 
test. the impedance value of the insulation system Xx is used, inter alia, to determine the rated 
power of the transformer used in the dielectric strength test. during the diagnostic test of the 
transformer with alternating voltage, the dielectric loss factor tgδ is usually measured. in this 
case, the equivalent circuit is simplified to a two-terminal circuit with clustered parameters 
Cx, Rx, connected in parallel or in series, as shown in figs. 3 and 4. these tests are usually 
carried out on one winding and the other windings and frame are grounded. in this case, the 
capacitance Cx is calculated from the equivalent circuit (fig. 2). similarly, the resistance is 
also calculated from the equivalent circuit (fig. 2).

 

C F R R R R R R C C C
R F R R R

X Z Z C C C Z Z

X Z Z C

=
=

( , , , , , , , , )
( , ,

1 2 1 2 12 12 1 2 12

1 2 1,, , , , , , )R R R C C CC C Z Z2 12 12 1 2 12  
(1)

the formulas for calculation of the capacitance Cx and the resistance Rx do not include the 
parameters of turn-to-turn insulation Riz, Ciz, so the insulation system is orthogonal.

fig. 3. the parallel equivalent circuit of the insulation system and the definition of angle δ

in parallel equivalent circuits, the dielectric loss factor tgδ is calculated as:
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fig. 4. serial equivalent circuit of the insulation system and the definition of angle δ

in serial equivalent circuits, the dielectric loss factor tgδ is calculated as:

 tgδ ω= =
U
U

C RR

C
xs xs  (3)

2.2. testing the insulation with dc voltage

the equivalent circuit of the insulation system tested with dc voltage must contain at 
least three elements: two resistances and capacitance, as shown in fig. 5.

fig. 5. interpretation of the charging and discharging of the insulation

the test of insulation with dc voltage consists of switching the voltage U0 at the time 
t = 0, on uncharged insulation systems and recording the current waveform i(t) and the volt-
age waveform uiz(t) in the measurement circuit shown in fig. 5. the transient condition lasts 
from 60 to 600 s. this time depends on the rated voltage of the winding insulation system 
and its volume. after determining the current level at time t1, the voltage U0 is switched off 
(switch W1) and the insulation system is short (switch W2). the short time of the insulation 
system lasts until t2 and is Δtz = t2 - t1. the time difference Δtz can range from a few to tens of 
seconds. it depends on the rated voltage of the winding, the volume of the insulation system 
and its technical condition. the voltage on the internal capacitance of the insulation system 
during the short time period is reduced to a value UC2. after opening the insulation system at 
the time t2 (switch W2), the voltage on the insulating system uiz(t) recovers to the maximum 
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value Umax, which is achieved at the time t3. in the literature, this voltage is also known as 
the return voltage. then, the return voltage is slowly reduced to zero. the insulation system 
discharges itself. the waveforms of the voltage on the insulation system uiz(t) and the current 
i(t), which are measurable, and the voltage on the capacitance uC(t), which is not measurable, 
are presented in fig. 6. the current ic is also unmeasurable.

fig. 6. waveforms for voltage on insulation system uiz(t), the charging current i(t) and the voltage on 
the capacitance of the insulation system uC(t)

the voltage waveform Uiz(t) and current waveform i(t) in the time interval 0 ≤ t < t1, are 
correctly simulated using the equivalent circuit shown in fig. 5. based on this circuit, equa-
tions describing the charging of the insulation system can be calculated as:
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from the steady value of the current IR, the resistance of the insulation system is determined, 
this is called R60 = Rx. from the current measurement after 15 and 60 seconds, from the time the 
voltage was switched on, i.e. I15 = i(t = 15), I60 = i(t = 60) the absorbency index R60 / R15 is calculated.
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from the electrotechnics point of view, the resistance R15 is calculated from the circuit 
(fig. 5), is a complex, but in practice the resistance R15 is calculated from the measured val-
ues – equation (5).

the voltage waveform Uiz(t) and the current waveform i(t) in the time interval t1 ≤ t < t2, are 
also correctly simulated using the equivalent circuit shown in fig. 5. based on this scheme, the 
equations describing the discharging of the insulation system can be calculated as:

 

u t
i t I I e
u t U e
T R C

iz

R
t T

C
t T

CX X

( )

( ) ( )

( )

/

/

=

= − −

= −
=

−

−

0

0

0

1

1

1

 

(6)

the capacitance Cx of the insulation system is not completely discharged. the capacitance Cx 
(fig. 5) has some electric charge QC. at the time t2, the insulation system is open. after opening 
switch W2, the voltage on the insulation system uiz(t) recovers. the course of the recovery volt-
age is continuous, from zero to the value Umax. the value Umax for the insulating system occurs 
at time t3. the equivalent circuit of the insulation system shown in fig. 5 does not present the 
course of the recovery voltage in time interval t2 ≤ t < t3. in this case, the course of the recovery 
voltage can be described by another simple equivalent circuit. the scheme is shown in fig. 7.

fig. 7. equivalent circuit of the insulation system to interpret the recovery voltage

in accordance with the equivalent circuit shown in fig. 7, the course of the recovery volt-
age on the insulation system in the interval t2 ≤ t < t3, can be approximated by the equations:
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the time interval t3 ≤ t < ∞, is a time when the insulation system discharges itself, the 
voltage uiz(t) decreases from value Umax to zero. the course of voltage uiz(t), can be simulated 
by the equivalent circuit shown in figs. 7 and also 5. Using the equivalent circuit from fig. 5, 
the equations which describe the self-discharging of the insulation system can be calculated as:
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all determinations of equations (4) to (7) are shown in figs. 5–7.
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3. Determination of turn-to-turn insulation condition of transformer

the determination of turn-to-turn condition of transformers insulation is an unsolved 
problem. Most of the failures known to authors, have their beginnings in the turn-to-turn in-
sulation fault, resulting in a shorting. exposure to surges in the turn-to-turn isolation can come 
from the supply side and from the consumers of the electricity. there are many surge-gener-
ating sources. in the power transformers, which are directly connected to the gene rator, the 
sudden turning off of the receiver results in the increase of the generator’s voltage. 

the winding of the transformer has spread parameters – capacitance, inductance and 
resistance, for the voltage wave. the voltage wave induces damped electromagnetic oscilla-
tions and its distribution and the maximum value changes over time and quickly disappears. 
however, the most exposing on the damage are turns which are close to the leads. even if 
a wave voltage is small, but often repeated, there is a high probability to reduce the dielectric 
strength of the turn-to-turn insulation of the first turns of the winding and these are the places, 
which are shorting the most.

fig. 8. a measurement diagram for testing the turn-to-turn insulation of the power transformer

fig. 9. the voltage waveform U(t) on the terminals of phase b after switching off the current 
I = 50 ma
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fig. 10. the voltage waveform U(t) on the terminals of phase b after switching off the current 
I = 50 ma, when an additional turn is short

the capacitance of turn-to-turn insulation and the diagnostic tests of these kinds of insu-
lation can be performed with dc voltage. the measurement diagram is shown in fig. 8. the 
phase b of winding Gn was fed with a direct current, which had a value of I = 50 ma. after 
the current reached a steady value, the source was turned off, and the voltage waveform U(t) 
on the terminals of phase b were recorded with an oscilloscope. the voltage U(t) is shown 
in figs. 9 and 10.

the maximum value (fig. 9) Umax = 1340 V was obtained at the time t = 0.26 ms after 
switching the current off. the time constant of the first part of the wave is T1 = 0.177 ms, the 
time constant of the second part of the wave is T2 = 1.22 ms.

the maximum value (fig. 10) Umax = 464 V was obtained at the time t = 0.06 ms after 
switching current off. the time constant of the first part of the wave is T1 = 0.043 ms, the time 
constant of the second part of the wave is T2 = 4.05 ms.

the voltage waveforms shown in figs. 9 and 10 grows from zero to the value Umax, and then 
decreases to zero. these waveforms are determined by the parameters of winding resistance 
R and inductance L and turn-to-turn insulation parameters capacitance Ciz and resistance of 
insulation Riz (fig. 2). Voltage rises from zero to value Umax during the time interval 0 < t ≤ Δt. 
for this interval, the equivalent circuit shown in fig. 11 can be assigned.

fig. 11. equivalent circuit corresponding to conduct the voltage across the winding in the time 
interval 0 < t ≤ Δt

the rise of the voltage waveform can be approximated by the exponential function:
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the capacitance of turn-to-turn insulation in transformer insulation system can be de-
termined with the energy contained in the inductance L and transferred to the capacitor Ciz:

 0 5 0 52 2. . maxLI C Uiz=  (10) 

the capacitance Ciz is a little bit higher than the real one, because in equation (10), it was 
assumed that all energy of the inductance L is transferred to capacitance Ciz and does not 
include energy dissipation on resistance R at the time Δt.

for the time interval Δt < t < ∞, the equivalent circuit corresponding to reduce the voltage 
to zero, is shown in fig. 12.

fig. 12. equivalent circuit corresponding to the voltage waveform in the time interval Δt < t < ∞

the decrease of the voltage value to zero, for the time t > Δt can be approximated by an 
exponential function. the time constant T2 of the exponential function is calculated from the 
area under the waveform of the voltage U(t), then the resistance of insulation Riz is calculated:
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t a b l e  1 

Summary of turn-to-turn insulation parameters

figure
L I Umax Umax / I T1 T2 Ciz Riz

H mA V kV/A ms ms nF kΩ

11 18.00 50 1340 26.80 0.177 1.22 25.0 49

12 0.11 50 464 9.28 0.043 4.05 1.3 —

13 14.00 50 1180 23.60 0.246 1.06 25.0 42
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the parameters of turn-to-turn insulation system: capacitance Ciz and resistance Riz, were 
calculated from the waveforms of voltage U(t) (figs. 9 and 10) and shown in table 1. as is 
presented in table 1, voltage Umax or (Umax / I) time constants T1, T2, capacitance Ciz can be 
used for diagnostic purposes.

4. Conclusions

Power transformer insulation system include the groundwall and turn-to-turn insulation. 
the electrical parameters of the insulation system are distributed. electric equivalent circuits 
of this type of insulation systems may be approximated with two-terminal circuits with an 
internal ladder structure (fig. 2). simplified two-terminal circuits are used in practice during 
the diagnostic tests of insulation system. those simplified circuits are built with clustered RC 
parameters. the structure of this scheme is chosen to correctly simulate the real waveforms 
of the current and voltage during the diagnostic tests of the insulation system. diagnostic 
tests of the groundwall insulation of the power transformers are well developed [1, 2]. this 
article shows only the dielectric loss factor tgδ and recovery voltage, as they have a direct 
relationship with the equivalent circuit of the insulation system. the article does not discuss 
the issue of partial discharges and oil testing.

a new proposition, in relation to those known from literature, is a diagnostic test of turn- 
-to-turn insulation. it is proposed that for diagnostic purposes, the voltage waveform on the 
terminals of winding after switching off the current was used. during the switching off of 
the current, the voltage induced in each coil is identical. such tests may be recommended in 
the receipt tests of the transformer, as an attempt to voltage surges. the short-circuit inside the 
insulation system affects the value of the inductance as well as the capacitance and resistance 
of the turn-to-turn insulation. Voltage waveforms U(t) and the results summarized in table 1 
show that it is possible to perform such tests as receipt tests of the new or repaired transformer. 
these results [voltage Umax or (Umax / I) time constants T1, T2, capacitance Ciz], can be used as 
reference data in the turn-to-turn insulation diagnostic tests performed in subsequent years of 
transformer operation.
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