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In this paper, we introduce optimal versions of a multi-port based teleportation
scheme allowing to send a large amount of quantum information. We fully characterise
probabilistic and deterministic case by presenting expressions for the average probabil-
ity of success and entanglement fidelity. In the probabilistic case, the final expression
depends only on global parameters describing the problem, such as the number of ports
N, the number of teleported systems k, and local dimension d. It allows us to show
square improvement in the number of ports with respect to the non-optimal case. We
also show that the number of teleported systems can grow when the number N of
ports increases as o(N) still giving high efficiency. In the deterministic case, we con-
nect entanglement fidelity with the maximal eigenvalue of a generalised teleportation
matrix. In both cases the optimal set of measurements and the optimal state shared
between sender and receiver is presented. All the results are obtained by formulating
and solving primal and dual SDP problems, which due to existing symmetries can be
solved analytically. We use extensively tools from representation theory and formulate
new results that could be of the separate interest for the potential readers.

1 Introduction

Quantum teleportation introduced originally in [5] is one of the building blocks of many quan-
tum processing and communication protocols, as well as it gives us a deeper understanding of
quantum physics [6, 11, 12, 15, 23, 25, 30]. It employs shared entanglement for transfer of an
unknown quantum state between two spatially separated laboratories, classical communication be-
tween parties, and depending on it unitary correction operation on the receiver’s side. However,
the requirement of correction is a limiting factor and it was natural to ask whether it is possible
to get rid of this last step in the teleportation protocol. The first protocol of such kind has been
introduced in [13, 14| and called the port-based teleportation (PBT). The lack of correction in the
last step allows for applications where the ordinary teleportation fails. One of the most prominent
consequences of PBT, besides the model of universal programmable quantum processor [3, 13, 14]
are results regarding non-local quantum computation and quantum cryptography with new cryp-
tographic attack reducing the amount of consumed entanglement [4], establishing the connection
between communication complexity and the Bell inequality violation [7] or fundamental limitations
on quantum channels distinguishability [24].

In PBT protocol both parties share a resource state composed of N pairs of maximally entangled
states, each called port (see the left panel of Figure 1). Alice, in order to send to Bob an unknown
state of a particle applies a joint measurement on her halves of ports and a state to be teleported,
getting classical outcome 1 < i < N, transmitted further by a classical channel to Bob. This
classical message indicates the port on which the teleported state arrives and no further correction
is needed.

We can distinguish two variants of the protocol, in both cases the optimal resource state as well
as the set of measurements employed by Alice is different: Deterministic protocol: In this variant,
an unknown system is always transmitted to receiver but the transmission is imperfect. To learn
about the quality of the teleported systems we compute the fidelity between the input and the
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output systems. Here, we focus on the problem of how well the teleportation channel transmits
quantum correlations, so we ask about the entanglement fidelity. Probabilistic protocol: In this
variant, the transmission is always perfect but there is a non-zero probability of failure of the whole
process. To learn the efficiency of the protocol we want to know the probability of success of the
scheme.

There exists also a different version of PBT, the so-called optimal version, where Alice optimises
jointly measurements and the resource state before she runs the protocol (see left panel of Figure 1).
This results in shared global state that is no longer maximally entangled and allows for higher
efficiency in every variant.

However, in every version of PBT, the perfect transmission with no probability of failure (prob-
abilistic PBT) or with unit fidelity (deterministic PBT) is possible only in the asymptotic limit
N — oo, which is a consequence of the no-go theorem for universal processor with finite system
size [22]. This fact requires an answer to a question How well we can transmit a state with finite
amount or resources (shared entangled pairs)? For example in deterministic qubit scheme [14] the
entanglement fidelity F scales as 1 —1/N? in optimal protocol and as 1 —1/N in non-optimal one.
In probabilistic qubit version [14] the probability of success p scales as 1 —1/N in optimal protocol
and as 1 — 1/ V/N in non-optimal scheme. In every variant we have square improvement when
moving to optimal procedure. For the full analysis of asymptotic performance of PBT scheme in
all variants, for an arbitrary dimension d, we refer to [8].

All the above results have been derived when one considers teleportation of a single quantum
system. When parties want to transmit a composite system, composed of k subsytems, they can
apply different variants of PBT: ordinary PBT with dimension of the port large enough, ordinary
PBT applied many times with a new resource state in every step, recycling scheme for PBT [26],
where the same resource state is exploited multiple times, or packaged version of PBT [16, 26],
where N ports are divided into &k parts and parties run k& ordinary PBT protocols with N/k ports
each. The comparison of discussed variants is presented in papers [16, 26].

There is also another protocol, allowing for teleportation of multiparty state in one go called
multi-port based teleportation (MPBT), see the right panel of Figure 1. The very first idea of
such protocol has been described briefly in [26] and fully analysed its non-optimal version in
recent papers [16, 29]. In this variant of teleportation the parties can transfer a composite system
or a number of states in one go with efficiency higher than in the all variants of the ordinary
PBT described above by paying a price in mild correction on receiver’s side in a form of ports
permutation (in particular please see [16] for comparison). However, up to now, only non-optimal
case of MPBT has been considered for deterministic, as well as for probabilistic case. In this paper,
we fill this gap by presenting optimal version of MPBT protocol in deterministic and probabilistic
variant, together with discussion about resources consumption. Our results require new non-
trivial extensions of tools coming from representation theory, in particular results concerning the
representation theory of the algebra of partially transposed permutation operators, successfully
applied to characterisation of PBT protocol for higher dimensions [20, 21, 28], as well as to non-
optimal MPBT [29]. In the next section, we briefly summarise results, separating fully technical
contribution from those related to MPBT.

2 Our contribution

We present analysis of both optimal probabilistic and optimal deterministic multi-port-based
teleportation schemes. In particular our results contain:

1) Rigorous definition of the optimal multi-port based teleportation schemes, in both probabilistic
and deterministic case.

2) In optimal probabilistic scheme we derive closed expression for the average probability of success
of the teleportation process. The final expression depends only on global parameters like the
number of teleported systems k, total number of ports N and underlying dimension d of the
Hilbert space. The optimal protocol allows for better performance than the non-optimal one,
while consuming less amount of entanglement. We discuss the possible functional dependence
k = k(N) between the number of teleported systems and the total number of ports, still allowing
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parties for teleportation with high probability. In particular, we prove that parties can achieve
p = 1, for N — oo, whenever k(N) = o(IN). This is square improvement comparing to the
non-optimal case discussed in [16] and it is the best possible functional dependence. In the end
we give explicit form of the resource state shared by parties and measurements performed by
Alice to run the optimal protocol.

3) In optimal deterministic scheme we show that the entanglement fidelity describing performance
of the protocol can be expressed by the maximal eigenvalue of the generalised teleportation
matriz, which is non-trivial generalisation of teleportation matrix discussed in the standard
optimal port-based teleportation [21]. We discuss the basic properties of this object. We
compare our result numerically with non-optimal determinisitc MPBT, getting improvement
in performance. Additionally, we present explicit form of the optimal resource state shared
between Alice and Bob and the optimal measurements performed by Alice. In this case we
perform better than the non-optimal multi-port based protocol introduced in [29], consuming
less entanglement in the resource state.

4) We prove new, additional facts emerging from representation theory of symmetric group, as well
as, from properties of recently studied algebra of partially transposed permutation operators
AP (d) [29], where n = N + k. In particular we prove: a) Lemma 10 for computing overlaps
and partial traces between irreducible projectors of the algebra .Aflk)(d) with basis vectors of
irreducible representations of S(n—2k). b) Theorem 9 establishing the relation between squared
multiplicities of irreducible representations of groups S(n — k) and S(n — 2k).

Since these results could be of potential interest for readers we dedicate a separate section to
present them.

In both cases, i.e. the probabilistic and deterministic protocol, in order to find the final expression
for probability of success, as well as for entanglement fidelity, we have to formulate primal and dual
problems for semidefinite programming (SDP). These formulations and solutions explore exten-
sively properties of the algebra of partially transposed permutation operators Ag,k) (d). Symmetries
induced by the mentioned algebra allow us solve optimisation problems analytically and show that
solutions coming from the primal and the dual problems coincide, providing the exact values.

3 Optimal version of the protocol

The multi-port-based teleportation protocol has been introduced initially in papers [16, 26, 29],
here for the completeness of the paper and reader’s convenience we recall it and formulate its
optimal version, keeping the original notation. Additionally, we formulate primal and dual problems
allowing us to find optimal values of entanglement fidelity, probability of success, and sets of optimal
measurements.

The task for two parties, Alice and Bob, is to transmit a composite unknown state Wo =
Ve, 0,0, Where k > 1, or k separate states ¢o, ® Yo, ® -+ ® ¢, in one go. In the initial
configuration the parties share N maximally entangled pairs, called later the resource state. In
contrast to previous versions of MPBT, now before a joint measurement applied on Alice’s part of
the resource state and the state for the teleportation, she is allowed to apply a global operation
Ox = Op 4,4, on her half of the resource state (see Figure 1). After application of O4 the
resulting resource state is of the form

|(D>AB = (OA ® 1B) ‘¢+>A131 ® |¢+>A232 Q- |¢+>ANBN7 (1)

where 15 is the identity operator acting on Bob’s side and |¢*) 4,5, = (1/Vd) Zle i) A, %) B,
denotes d—dimensional maximally entangled state between systems A; and B; for 1 <j < N. We
set Tr (OAO:D = d" to obey normalisation of the resource state. Notice that the state |®)4p is

no longer maximally entangled in the cut A : B, whenever O4 # 14 and O4 is not an unitary
operation. For notation simplicity we introduce the following set of k—tuples

IE{i:(il,iz,...,ik) : Vlglgkil=1,...,Nandi17$i27é--~7éik} (2)
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consists of all possible classical outcomes obtained by Alice during her measurements. The car-
dinality of Z is |Z| = k'(],\! ) = ﬁ, so it also corresponds to number of all measurements.
Every Alice’s measurement is described by positive operator valued measure (POVM) satisfying
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Figure 1: Figure presents configuration for the optimal port-based teleportation (left) and optimal multi-
port based teleportation scheme (right). By green rectangle, in both cases, we denote the operation
Oa = O4,4,...45 Which Alice applies on her part of the resource state to increase capabilities of all vari-
ants of the teleportation protocol. In the standard PBT protocol, Alice applies a joint measurement on the
system to be teleported and her halfs of maximally entangled pairs affected by O 4. She gets a classical outcome
1 < i < N transmitted further by a classical channel to Bob and indicating on which port the teleported state
has arrived. In the multi-port variants, after application of O4 she performs a joint measurements on systems
C=CiCs---Cr and A = A1 Ay --- AN getting an outcome i1,142,...,%5. This outcome is sent to Bob and
indicates on which ports the teleported state arrived (red dots). To recover the state Bob has to just permute
the k ports in the right order, indicated by the mentioned classical information. Please notice that operation
O 4 is different in the standard PBT and its multi-port version.

summation rule ) ; ﬁfc = 14¢. Defining by @45 = |P)(P|ap and by PXJ_BJ_ = |¢+><¢+‘A,-Bj7

for 1 < 7 < N, we write that the teleportation channel N acts on the state ¥ in the following

manner:
— —
\/ ITAC (@45 ® ¥() \/ IIAc

N(@e)=> Trype

i€z
B N
:ZTTAC ¢ (OA®1Bi)TI'Bi®PALij (OL@lBi) ®Ueo (3)
i€z j=1
= ZTI‘AC {ﬁ?c ((OA [024] 1Bi) O'iAB (OL [024] 131) X qfc)] .
icT
The notation Tr 5 denotes partial trace over all subsystems except those on positions i = (i1, 2, .. ., ik)-

The partial trace Tr, in (3) can be evaluated and it is equal to

1

AB _ m. _ + + + _ _ +
of'? =Trp (Pip, ® Pi,p, @ ®Pi 5 )p 5= NElA ®F) 5 (4)
with B; — B = Bny1 -+ By meaning that we assign B to the teleported state, whichever the

i. Further, we refer to these states as signals. Every operator P:E is then a tensor product of

projectors on maximally entangled states between respective subsystems:

+ _ _ pt + iy
PA B PAi1BN+1 ® PAiQBN+2 ®---® PAikBN‘*"“. (5)

i
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In the deterministic scheme, to learn about its efficiency we can ask how well quantum correla-
tions are transmitted through. More precisely, we have to compute entanglement fidelity between
the input and the output sate, when Alice teleports subsystem C' from maximally entangled state
Phe = Pl o, @ Ph o, ®--- @ Pp o to Bob and keeps subsystem D with her. The entangled
fidelity after application of the channel N reads

1 ~
F =T [Ph, (10 @No) Pio] = = > Tr [(OL ® 1Bi) A€ (04 ® 15,) o'iAB:|

ieZ
_ d;k ST (€07
ieZ

(6)

where P, = PP o @Pp 5 ©---@Pp 5, and II{'¢ = (Of4 ® 1Ba> IIAC (04 ® 1p,) are rotated
versions of the measurements.

In the probabilistic scheme, to learn about its efficiency we have to compute the average prob-
ability of success. In this case the teleportation channel is the same as in (3), but it is trace
non-preserving, since Alice has access to an additional POVM corresponding to failure. The prob-
ability of success in the multi-port case then reads

Psuce = dN% > Tr [(OL ® 1c) ' (04 ® 1c)} = ﬁ > T[] (7)
ieZ ieZ

Please take into account that in the both cases the set of (rotated) measurements, as well as,
the operation O4 is different. We do not distinguish them in notation since it is always clear
from the context in which scenario we work in. Our goal is to determine the explicit form of
rotated measurements and operation O 4, and evaluate expressions for the entanglement fidelity
and averaged probability of success.

To do so, in the next section we extensively exploit symmetries of the protocol, in particular
operators describing it like signal states and measurements. Let us focus here a little bit more on
the symmetries exhibit by the protocol under investigation '. First let us begin with the following
simple observation. Namely, any bipartite maximally entangled state Py, , between systems X
and Y can be viewed as a swap operator V[(X,Y)] exchanging systems X and Y distorted by
partial transposition ty with respect to system Y:

1

1
Py = gVUIXY)] =5

: Vi (8)

Moreover, every such maximally entangled state is U ® U invariant, where the bar denotes complex
conjugation of an element U of the unitary group U (d). Having the above, from the set of all signals
{08 };c1 we distinguish one corresponding to index iy = (N —2k+1, N—2k+2,..., N—k). Taking
into account that the total number of systems is n = N + k the signal state a{;B corresponding to
the index ig is of the following form

1
AB _ _ + + +
Oiy, = dn—k lAig ® PAn—2k+1aBn ® PAn—zk+2,Bn—1 ® ® PAn—kan—kﬁ-l. (9)

Using relation (8) we rewrite (9) in a more friendly form for the further analysis:

1 t t 1
AB _ * 4 _ tB, Bn—1 By k41 3k
Oiy = dn 1Ai0 ® VA1L72k+17Bn ® VAn72k+2an71 ® ® VAnfkaanki»l T ng ’ (10)
where
(k) — _ tBn te -1 .. tank#»l
4 . 1Ai0 ® VAW,—2k+11Bn ® VAn,—2k+21Bn71 ® ® VA

n—ksBn—k+1’? (11)
(k> =1y, 0lp_10-- 0ty i1,

IMost of the information in this part of the section are taken from [29], we incorporate them here for the reader’s
convenience.
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and o denotes composition of maps. Now notice that any other signal state corresponding to some
index i € Z can be obtained from O’igB by applying a some permutation belonging to the coset
Sni = %, i.e. signals are covariant with respect to this set or even complete permutation
group S(n — k). The same of course holds also when we start from different index than iy and
obtain the same conclusion, but this choice is the most natural and very useful further in this
section. In general situation we have then:

V(m)o{PVT(n) = 07‘?(%, VreShn—k), (12)

where permutation operators V(r), for m € S(N), permute factors in the space H = (C%)®n
according to the following rule:

VreSn)  V(mlen) @lez) @ @ len) = lexr-1(1)) @ ler-1(2) @ -+ @ [ex-1(n)), (13)

where {|e;)}; is an orthonormal basis of the space C¢. Except the covariance in (12) all signals
also satisfy relations:

[U®("—k> ®U®’“,o{‘3} =0, YUeuUd),
[V(ﬂ'),a-AB] =0, Ve S(n—2k).

1

(14)

The same relations, i.e. covaraince (12) and invariance (14) hold also for the measurements in
non-optimal deterministic and probabilistic MPBT scheme discussed in [29]. In this manuscript
we show that the same holds for measurements in optimised versions of MPBT protocol.

Using the definition of the signal state ai“:B given in (10) through the operator V), together
with covariance property of the signals in (12), one defines the MPBT operator p = Ziel aiAB

encoding properties of deterministic MPBT protocol (see Appendix B for the details):
1 _
p=S ot = S v v, (15)
ieZ TESn k

where the sum runs over all permutations 7 from the coset S, ; = 5((::2]2). The operator p is

invariant with respect to action of any permutation from S(n — k) as well as with respect to action

of elements from U®™—*) g T=*.
The discussed symmetries imply also that the whole teleportation channel A defined through

expression (3) is invariant with respect to action of U®("~%) @ Tt Indeed, denoting by wpp =
(1p® NC)PBC a state isomorphic to channel, we write the following chain of equalities:

(U@(n—k) ® U®k) WpE (U®(n—k) ® U®k>T

— ~ PR
=Y Trac {(U@)(”“ @ T™) (040 15) T (0} ©15,) (o' © Pie) (V29 0 T™) ]
i€T
R(n—k) o 779F TAC (T ®(n—k) o 77OF T aB +
=3 Trac (U QT )(0,4@1&)11i (OA®131) (U QT ) (18 @ Pi.) |
€T
(16)
In the non-optimal versions of MPBT discussed in [29], i.e. when O4 = 14, the measurements
ﬁ{qo commute with U®"—%) g U@)k showing that indeed the resulting channel is invariant with

—®k
respect to U®(= k) o U #*  The same property holds for the channel performing the optimal
teleportation (with non-trivial O 4). This is proven later in the text, where the symmetries of the
protocol together with optimisation procedures require the optimal choice of the measurements to

. . . —®k
be invariant with respect to U®(" %) @ T
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4 Formulation of optimisation problems

Having the formal description of the protocol we are in a position to formulate semidefinite
problems (SDP) for deterministic and probabilistic variant of MPBT scheme. We define both
primal and dual problems, where solution of primal one upper bounds the real value, while solution
of dual problem gives a lower bound on it. In both cases we are looking for any feasible solutions,
so it is enough to assume that both operation O,4, measurements II;, and any other auxiliary
operators exhibit the same type of symmetries as signals o; and MPBT operator p. Later we show
that in both variants of MPBT protocol, solutions of primal and dual problems coincide giving
exact expressions for the real values of the entanglement fidelity and probability of success. This
property is called as a strong duality property. Symmetries of the protocol discussed in Section 3
allows us to find analytical solutions for primal and dual problems, in both deterministic and
probabilistic variant, which is not universal property in such kind of problems.

Please notice, that in deterministic and probabilistic MPBT we use the same symbol for O4
and X4 although they explicit forms are different. However, it is always clear from the context
what kind of the protocol we consider. The solutions of described below optimisation problems are
contained in Section 6, while methods of solving, exploiting representation theory of symmetric
group and algebra of partially transposed permutation operators, in Appendices A and B.

Primal problem for probabilistic scheme: The goal is to maximising the average
success probability:

" 1 1
P= o D Tl = oy ) TrOg,, (17)
ieZ ieZ
with TI; = P,:ifé ® Oy, subject to
(@) VieZ ©4 >0, (b)) > Pt ®67 < X4®1p. (18)
ez

In the above X, = OLOA > 0, where O4 is an operation applied by Alice, on her half
of the resource state, satisfying Tr OLO 4 = dV (see Figure 1). The operator 62; acts on
N — k systems except those on positions i = (iy, 42, ...,%).

Dual problem for probabilistic scheme: In order to solve the dual problem, we have

to minimise:
p. =d"b, where beR,, (19)

subject to

1
(@) 920, () T,z (P;:EQ) >1v () bly— v Tra 20, (20)

where 1y _g, 1 denotes the identity operators acting on N —k and N systems respectively,
and operator €2 acts on N + 1 systems.
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Primal problem for deterministic scheme: The goal is to evaluate the following

quantity
. 1
F* = R I{I}%)}( igez Tr (Iio3) , (21)

with respect to constraints

(@ VieZ >0 () > mM<Xa®lp, () TrXa=d¥. (22
ieZ

The matrix X4 equals to OLO 4, where O 4 is an operation applied by Alice to her part of
the shared entangled pairs (see Figure 1).
Dual problem for deterministic scheme: The dual problem is to evaluate quantity

F, =dN=% min || Trgg) Q| (23)
with respect to constraints
Q—o0; >0, iel. (24)

The operator 2 acts on N systems, Tr;) denotes partial trace over last k& particles, and o;
are the signals states given through (4). The symbol || - || denotes the infinity norm.

5 Connection with the algebra of partially transposed permutation op-
erators and efficiency of non-optimal schemes

The connection between the ordinary PBT, its multi-port extension and algebra of partially
transposed permutation operators has been noticed earlier and exploited for their characterisation
in the following cycle of papers [21, 28, 29]. Here, for the reader’s convenience we present all the
facts necessary for understanding the results presented further in this manuscript. For the full
analysis we refer reader to paper cited in this section.

First of all, let us remind here that the operator p from (15), as well as being invariant with

respect to action of elements from S(n—k) is also invariant with respect to action of U®"~F) U
The bar denotes the complex wise conjugation and U is an element of unitary group U(d). The
same hold for signals oj, where i € Z, given in (4). This specific kind of symmetry implies that all
the basic elements describing considered here teleportation protocols, like signals, MPBT operator,
and measurements [8, 17] are elements of the algebra of partially transposed permutation operators

%k)(d) with respect to k last subsystems [19, 20, 27].

To describe the above connection more quantitatively we need a few additional concepts.
Namely, a partition « of a natural number n (denoted as a - n) is a sequence of positive numbers
a = (a,q9,...,0a,), such that a3 > a2 > -+ > a, and >_._; a; = n. Partitions can be repre-
sented as a collection of boxes arranged in left-justified rows, we call this a Young frame, and we
assign the number h(a), called a height of the frame, equal to the number of its rows. It turns
out there is one to one correspondence between partitions (Young frames) and irreducible repre-
sentations (irreps) for symmetric group S(n) [10]. More precisely, the number of Young frames
for fixed n tells us how many inequivalent irreps S(n) contains. Writing u - n and a = n — k, we
denote the corresponding Young frames, or equivalently irreps of S(n) and S(n — k) respectively.
If a frame p - n can be obtained from a frame o - n — k by adding k boxes in such a way in every
step obtained shape is a valid Young frame, we write p € . Similarly, we denote by the symbol
«a € p Young frames a which can be obtained from Young frame p by subtraction of k boxes in
such a way in every step obtained shape is a valid Young frame (see panels A,B in Figure 2). For
any Young frames p - n and a - n — k for which p € a there are multiple ways of adding k£ boxes
in a proper way. The number of all possibilities we denote as m,, /, (see panel C in Figure 2). The
explicit formula for m,, /, is not known in general situation and we have to use numerical methods.
However, for qubit case (d = 2) numbers m,,/, can be expressed due to results in [1, 2, 9] as the
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Figure 2: Panel A presents all possible Young frames p - 4 satisfying relation p € o for « = (2,1) and k = 1.
By the green squares we depict boxes added to initial frame «. Panel B presents all possible Young frames
a = 3 satisfying relation « € p for = (3,1). By red colour we depict boxes subtracted from the initial Young
frame p = (3,1). Panel C presents different ways of adding 2 boxes to initial frame o = (2) still getting at the
end the same frame p = (3,1). In this particular case m(s,1)/(2) = 2, since the first path is through the frame
(3) and the second one through the frame (2,1).

following determinant

1 1

my e = k!ldet ( R al_fﬁl) , (25)
ag—p1—1 Qg —p2

where a;, p15, for 1 <4, < 2 denote respective rows of Young frames « and p.

Having the introductory part we can present explicit connection between the most important
objects for our further analysis and the algebra of partially transposed permutation operators
.Al(ik) (n). It turns out that projectors on irreducible components of A((f) (n), denoted as F),(a),
where « € pu, are also eigenprojectors for MPBT operator p from expression (15) (see Theorem 17

in [29]):
p=2_ Mul@)Fu(a). (26)

a pea
Projectors F),(«a) satisfy the following orthogonality relations (see Lemma 16 in [29]):

Fu(@)Fy(B) = bapdu Fu (B),  TrFu(a) = myjamady, (27)

where m, denotes multiplicity of irrep of S(N — k) labelled by «, while d,, denotes dimension of
irrep of S(N) labelled by p. The numbers A, («) are eigenvalues of p and they are equal to (see
Theorem 14 and Theorem 17 in [29]:

k(N m,, dg,
Aula) = d(ﬁ)mZdl (28)

Here again m,, m, denote respective multiplicities of irreps labelled by «, 11, while dy,d,, stand for
their dimensions.

The mathematical tools briefly discussed above and introduced in [29] allowed authors in the
same paper to calculate the efficiency of the deterministic and probabilistic protocol in its non-
optimal version (see Theorem 22 and Theorem 23 in [29]), i.e. when O4 = 14 in (1). Since later
on we compare to those results for the reader’s convenience we re-state these theorems here with
slightly different form more suited for this manuscript.

Theorem 1 (Theorem 22 in [29]). The entanglement fidelity in the deterministic multiport tele-
portation with N ports and local dimension d is given as

F:dNii-Zk Z (Zmu/a\/mudu> , (29)

aFN—k \p€a
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where my,, d,, denote multiplicity and dimension of irreducible representations of S(N) respectively,
and my, ;o denotes number of ways in which diagram p can be obtained from diagram o by adding
k boxes. The measurements are the square-root measurements (SRM) of the form:

1 1
VieZ HfP=_—st8— (30)
Ve NP
where the operator p is given in (15) and the signal states o{*P in (4).
Theorem 2 (Theorem 23 in [29]). The average probability of success in the probabilistic multiport
teleportation with N ports and local dimension d is given as

B(3) Mada
3 =y aFN—k glelg Auler)’ oy
with optimal measurements of the form
ViezZ HAB=MP+~® P, min . (32)
! d?N " AB Nl “ pea Ay(a)

The numbers \,(c) are eigenvalues of p and are given in (28) and mq,ds denote multiplicity and
dimension of the irrep labelled by «.

6 Main results

In order to find the optimal value for the probability of success in the optimal probabilistic
MPBT scheme, as well entanglement fidelity in its deterministic version, we have to solve both,
the primal and the dual problem and use group theoretic results presented in Section 7. As we
show later, the solutions for the primal and the dual problems coincide, giving us the real value of
probability of success and entanglement fidelity. From the general structure of the proofs we are

also able to extract explicit form of the optimal sets of measurements and rotations O 4 applied by
Alice.

6.1 Optimal probabilistic MPBT scheme

We start the main result of this section, describing probability of success in teleportation
process:

Theorem 3. The averaged probability of success p for the optimal probabilistic MPBT scheme,
with N ports, each of dimension d, while teleporting k systems, is given by the following expression:

N!' (d*+N—-k-1)!
Psuce = N TN (@ + N — 1)!
The proof of this theorem, in a form of solution of a SDP problem, is located in Appendix A.
The explicit values of averaged success probability as a function of ports, while teleporting different
number of particles, are plotted in Figure 3. We see in every case the optimal protocol performs
better than the non-optimal MPBT. We see, that for k = 1, expression (33) reduces to the average
probability of success in the standard probabilistic PBT scheme [28], and gives

B N _1 d?> -1
Powee = N 17 T @4 N-1
The limit of psye. from (33), when teleporting composed state of k subsystems, when k& is indepen-
dent on N, is limy_oc = 1, since we can write this expression as

b= () (V) (39)

Now, one could ask if high average probability of teleportation possible when the number of tele-
ported systems increases with number of ports. Namely, we want to examine the limit when k
depends on N, i.e. k= k(N). We summarise our findings in the following theorem.

(33)

(34)
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F?Osucc .?Usucc

0.8 0.8
0.6| 0.6} -
04 0.4
0.2 0.2
N N
0 5 10 15 0 5 10 15
o d=2, k=2 OPT (2 qubits) + d=2, k=3 OPT (3 qubits)
d=2%, k=1 OPT (equiv. of 2 qubits) d=2%, k=1 OPT (equiv. of 3 qubits)
d=2, k=2 (2 qubits) d=2, k=3 (3 qubits)

Figure 3: Figure presents comparison of the optimal multi-port probabilistic scheme (k > 1, OPT) with its
non-optimal version. In all variants the efficiency is substantially higher. Additionally, we plot probability for
the standard optimal PBT, for d = 4 and d = 8. We see that our scheme for k = 2,d = 2 performs better,
which was not the case in the non-optimal multi-port teleportation procedure for k = 2,d = 2.

Theorem 4. For the probabilistic MPBT scheme with N ports of dimension d each, whenever the
number k = k(N) of teleported systems changes as o(IN) the probability of success reaches 1 with
N — oo.

The proof of this theorem is located in Appendix C. Restricting ourselves to qubits (d = 2),
we get a square improvements with respect to non-optimal version described and analysed in [16].
Namely, from k = o(v/N) we improve to k = o(N). The asymptotic behaviour of the optimal
probabilistic MPBT compared to the optimal probabilistic PBT protocol offers a qualitative im-
provement. Namely, the latter allows for faithful teleportation (i.e. psycc goes to 1) when N — oo
only when k = o(N'/?), however for the former one this is achieved whenever k = o(N).

Finally, we are in position to present explicit form of the optimal POVMs and the operation
O 4 performed by Alice (see Figure 1).

Theorem 5. In the optimal probabilistic MPBT, with N ports of dimension d each, the optimal
POVMs {Il; }iez and optimal operation O4 are given respectively by the following expressions:

dN+k Mo
m2
I =P 5, ® —””V”Pm Oa=Vd (36)
A a; k ( 0‘ Z d“ ZVFN m

By P,, P, we denote Young projectors on irreps of S(N — k) and S(N) labelled by o= N — k and
w b N respectively.

The proof of this theorem is located at the end of Appendix A.

6.2 Optimal deterministic MPBT scheme

In the second part of this section we present results concerning the entanglement fidelity in the
optimal deterministic MPBT scheme, similarly as it was for the probabilistic scheme, by solving
respective primal and dual problem. We show that solutions coming from both of them coincide,
giving us the optimal value. Additionally, we present a form of the optimal set of measurements and
optimal rotation O 4. Before we proceed, we have to introduce concept of generalised teleportation
matrix:

Definition 6. Let u,v run over all possible irreps of the permutation group S(N) and o numbers
irreps of S(N — 1), whose height is less or equal d, then we define matriz Mg’k as

(MR =Y m? S + (1= 0,) Ay, (37)

aep
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with

Ay = 2aeuny Mu/aMu/a  if /‘.Nk v, (38)
0 otherwise.

The symbol u ~y v means that the frame v can be obtained from the frame pu by moving up to k
boxes one by one. The symbol m,, ;o denotes number of ways in which a diagram p can be obtained
from a diagram « by adding k bozxes one by one. Lastly, the symbol a € u A v means Young frame
a can be obtained from Young frame p as well as from v by subtracting k boxes.

Arranging matrix entries of the generalised teleportation matrix we assume that all indices
i, v are ordered in the strongly decreasing lexicographic order, starting from the biggest Young
diagram p = (N). In such ordering, Young diagrams strongly decrease, whereas the height of the
Young diagrams weakly increases. In Figure 4 we show explicit form of matrix M g’k, for clarity we
restrict ourselves to qubit case (d = 2). Definition 6 generalises the concept of the teleportation

1 2 1 0 0 0 1 3 3 1 0 0
2 5 q 1 0 0 3 10 | 12 6 1 0
1 4 6 4 1 0 3 12 | 19 | 15 6 1
0 1 4 6 4 1 1 6 15 | 20 | 15 5
0 0 1 4 6 3 0 1 6 15 | 19 9
0 0] 0] 1 3 2 0 0 1 5 9 5
1210|0000 0|00 1/3/3[1]|0|0/0|0 0 0 o0
2/5|a/1 /0|0 0|00 0 o 3/10/12|/6 |10 /0|00 00
1 /4|6 a/1]/0|0/0 0|00 3/12/19(15/6| 10|00 00
o/1|/a/6 /a1 0|00 0 o 16 15(20|15/6 1|0 0 0 0
ojo|1]/a/6|a 1|00 0 0 01 6|15/20|(15 6|10 00
ojo|lo|1 a6 a/1|0 0 o0 0|0 1|6 15/20 15|61 00
ojo|ojo 1|4 6|41 0 0 0o/o 0|1 6|15/20[15 6 1|0
ojo|lojo o1 a|6|a 1 o0 o|o|o|o 1|6 15/2/ 15 6 1
ojo|/ojo oo 1 a6 a 1 o|o|o|o|o|1 6|15/ 20 15 5
ojo|/ojo 0of|o 0o 1|4 6 3 ojo|o|o|o|o 1|6 15 19 9
ojo|ojo oo 0o 0|1 3 2 ojolo|o|lo|o|o|1|5 9|5
C D

Figure 4: Figure presents generalised teleportation matrix Ml‘i’k from Definition 6 in qubit case d = 2. Panel A
present matrix for N = 10 and teleporting & = 2 systems, while panel B presents matrix also for N = 10 but
teleporting k = 3 systems. Panel C presents matrix for N = 20 and teleporting k = 2 systems, while panel D
is for teleporting k = 3 systems. Notice that increasing number of teleported systems k for fixed number of
ports N the teleportation matrix is less sparse. Here, even in the qubit case we are not in the set of matrices
for which we know the spectrum analytically - as it was in the qubit case for kK = 1, see Section 5.3 in [21].
Despite this, for every k > 1, still we can effectively evaluate maximal eigenvalue using algorithm described in
Section 5.4 in [21].

matrix introduced in [21]. Indeed, having k = 1 we have a F N — 1 and u,v - N. In this case we
always have m,, /o € {0, 1}, since diagrams p can obtained form « by adding a single box if 1 € a.
It means that the total number of paths from « to u can be equal at most 1. From the similar
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reasons the symbol A, can take only two values: 1if p ~q v or 0 otherwise. Having Definition 6
we show how the generalised teleportation matrix is connected with entanglement fidelity. Namely,
we have the following:

Theorem 7. The entanglement fidelity for optimal deterministic MPBT teleportation scheme,
with N ports of dimension d each, is given by

1 d.k
F= ﬁ)\maX(MF’ ), (39)
where k is the number of teleported systems and )\max(Mg’k) 1s maximal eigenvalue of generalised

teleportation matriz Mgk from Definition 6.

The proof of this theorem is located in Appendix B. Taking & = 1 we reproduce expression
for entanglement fidelity in the ordinary optimal port-based teleportation, see [21]. In Figure 5
we present plots of functional dependence of entanglement fidelity as a function of ports, while
teleporting different number of systems. Similarly, as it was for the optimal probabilistic version,

F F
1.0, 1.0,
e . . { —
///,,_,r e
0.8 - 0.8 e
"
/
0.6| 0.6
04 0.4
0.2 0.2
N N
0 5 10 15 0 5 10 15
o d=2, k=2 OPT (2 qubits) v d=2, k=3 OPT (3 qubits)
d=2%, k=1 OPT (equiv. of 2 qubits) d=2%, k=1 OPT (equiv. of 3 qubits)
d=2, k=2 (2 qubits) d=2, k=3 (3 qubits)

Figure 5: Figure presents comparison of the optimal deterministic MPBT scheme (k > 1, OPT) with its non-
optimal version. In every case the efficiency in the optimal case is higher. Additionally, to illustrate the efficiency
jump, we plot entanglement fidelities for the standard optimal PBT (k = 1).

here we also present the explicit form of optimal measurements and operation O 4 applied by Alice
to her part of shared maximally entangled pairs. The proof of the following theorem is located in
Appendix B.

Theorem 8. In the optimal deterministic MPBT, with N ports of dimension d each, the optimal
POVMs {Il; }icz are given by

Moyl with = ~ [T O
=Tl v M= 3 \/@\/? o Fule), (10)

where F,, (o) are the eigen-projectors from expression (26). Optimal operation Oa has a form

Oa=Va¥y " p, (41)
o

d,my,

where P, denotes Young projector on irreps of S(N) labelled by = N. In both equations the
numbers v, > 0 are the components of an eigenvector corresponding to the greatest eigenvalue of

the generalised teleportation matrixz Mg’k.
7 New results concerning representation theory

In this section we formulate new results in group theory of the symmetric group which are
necessary to get closed expression for the average probability of success in Theorem 3, as well
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as, for the formulation of Theorem 4. Theorem connects squared multiplicities of the symmetric
groups S(N) and S(N — k) with global parameters, such as local dimension d and number N.
Lastly, we formulate lemma concerning calculating trace in algebra of partially transposed permu-
tation operators allowing to obtain connection between entanglement fidelity and the generalised
teleportation matrix, see Theorem 7.

Let us start from reminding the standard swap representation of symmetric group S(N)

Vi S(N) — Hom[(CH®N]. (42)
In other words, for any 7 € S(N), element Vi (7r) = V() permutes factors in the space H = (CHy®n:

Vr e S(n) V(m)ler) ®le2) ® - ® len) = lex-1(1)) @ |er-1(2)) @ - -+ ® |ex-1(n))s (43)

where {|e;)}_, is an orthonormal basis of the space C?. It is well-known fact [10] that it reduces
to the form

Vi @ me, (44)

v:h(v)<d

where ¢ are the irreps of S(N), m, are multiplicities of )”. The direct sum runs over all Young
diagrams v - N with height h(v) < d. Having this definition we formulate the first main result of
this section:

Theorem 9. Let us consider decomposition into irreps the swap representations Vﬂ, and Vﬁ,_ k-
Vi P mt, Vi 2 @B mae”, (45)
v:h(v)<d azh(a)<d

then we have )
Yvhwy<d™y P+ N—-1d?+N-2 d>+N-k
Za:h(a)gdmg N N -1 N—-k+1"

(46)

The proof of the above theorem is contained in Appendix D. Finally, we formulate the second
main result for this section, namely lemma concerning calculation of trace in the algebra of the
partially transposed permutation operators. It involves eigen-projectors F),(a) from (26) and
canonical transposed permutation operator V*) from (9).

Lemma 10. For fized 1 < I < mq by {‘Wk,l(a»}‘z(% we denote set of basis vectors in irrep
a = N —k. Then for every projector F,(a) and partially transposed permutation operator V&) the
following relation holds:

m
Viea Tr[lpni@) (er(@IV P Eua)] = myja =t 8. 0

(o3

The proof of the above lemma is contained in Appendix E.

8 Conclusions

In this paper we formulate the optimal version of multi-port based teleportation scheme. This
kind of protocol allows for teleporting a number of unknown states or one composite system in
one go, with higher efficiency than original variants of PBT and non-optimal MPBT. We discuss
probabilistic and deterministic variant of the protocol. In the first case we derive expression for
the average probability of success in remarkably compact form. Namely, efficiency depends only
on number of ports N, their dimension d, and number k of teleported systems. We get significant
improvement in the efficiency with respect to non-optimal MPBT . Since in the general situation,
the number k of teleported systems can vary with number of ports, we show that to get p = 1
asymptotically, one can take at most k(IN) = o(N) systems to be teleported. In qubit case it proves
that we get square improvement with respect to non-optimal MPBT, although numeric shows we
perform better for any d > 2. Finally, we derive the explicit form of operation O, applied by
Alice to her part of ports and form of optimal POVMs. In case of deterministic scheme we prove
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that entanglement fidelity of the whole process can be expressed in term of maximal eigenvalue of
generalised teleportation matrix, also introduced in this manuscript. This connection allows us to
show that indeed we perform better than in non-optimal MPBT. The set of optimal POVMs and
operation O4 is also presented. All derived results require novel results from representation theory
of the symmetric group and recently studied algebra of partially transposed permutation operators
;k) (d). In particular we derive a connection between sum of squared multiplicities of irreducible
representations of symmetric groups S(N) and S(N — k), which is up to our best knowledge not
known and can be of separate interest. From the side of the algebra A%k)(d), we prove lemma
allowing us performing effective computations involving its irreducible projectors.
We leave here a few open questions for further possible research regarding optimal protocols.
As we see, in the optimal deterministic MPBT fidelity of the whole process is given as a function
of maximal eigenvalue of the generalised teleportation matrix Mg’k. Except one specific case,
for d = 2 and k = 1 discussed in [21], eigenvalues of Mg’k can evaluated only numerically. The
natural question is there any method for bounding possibly sharply the maximal eigenvalue to
have analytical bound for the fidelity, or at least bound in terms of group-theoretic quantities, like
irreps dimensions and multiplicities. Solving this particular problem we could later find what is
the precise scaling of fidelity in N and d, similarly as it was done in [8]. The problem of scaling
for an arbitrary d and N is open also for non-optimal MPBT (except qubits [16]).
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A Solution of primal and dual problem for probabilistic scheme

Solving the primal problem. In the probabilistic scheme we have faithful teleportation,
meaning that the entanglement fidelity between the input and the output state is F' = 1. Now,
denoting by Pg p = Pgl p,® - ® ng p, maximally entangled state, where a half, i.e. systems
Ci,...,Cy, are teleported to Bob, we demand the following constraint to be satisfied by Alice’s
POVMs {Hi}iGI:

VieZ  Tr[IL(1-Pfg)]=0. (48)

This constraint implies that measurements must have a form
VieZ Ih=P;,26g, (49)

where ©- are arbitrary operators acting on all port systems, except those which were projected

on maximally entangled pairs PXi - Our task in this section is to determine an explicit form of
@Zi7 giving maximal possible average probability of success. Let us assume the following form of
the operators @Zi and X 4:

05 = > u(@Pl, Xai=) c.P, (50)

aFN—k puEN

where ¢, > 0 for all 4 = N. Notation P! means a Young projectors, in irrep a of S(N — k), acting
on N — k systems, except those which were projected on maximally entangled pairs Pji g It
means that for every multi index i, we consider the same projector P,, but supported on different
subsystems. By P, we denote a Young projector acting on irrep = N of S(IN). Please notice that
the form of X4 = OLO 4 in (50) encodes the explicit form of the operation O4 applied by Alice.
Indeed, taking into account property OL = O4 and the fact that projectors P, have orthogonal
supports for different u, we can write O4 as

Oa= VeuPu (51)

puEN
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We assume that the numbers u(a) and ¢, are given by the following expressions:

dN+Eg(N o 1
u(a) == #, with  g(N) := = (52)
k!(k)da Zul—Nmu
and N
d¥g(N
Yub N e, = A7 g(N)my (53)
dy
Form (52) and (53) we deduce the relation
dk
YVabFN-k Yu€a u(a) = ——cy, (54)
Yule)

where v, (a) = k!(z)% are the unnormalised eigenvalues of the MPBT operator in (15). This
ady
explicit form of 7, («) has been derived in [29]. Due to the above choice of the coefficients conditions
(a) from (18) are automatically satisfied. Now, we move to the constraint (b) from (18). Let us

expand the left-hand side of (b):

ZPL}'@@E: > %V(T*l)PaV(k)v(r): > %(;)n(a): > Z%ﬂ‘)nu(a)

icZ TESH,k aFN—k aFN—k aFN—k pea
3 u(@)
- dk P;Ln(a)Pm
aFN—k pea

(55)

The first equality in (55) follows from one-to-one correspondence between the set Z of allowed
indices i and the coset Sy, . Namely, we can always find a permutation 7 from S,, ;, transforming one
POVM to another. This covariance property allows us to take POVM corresponding to canonical
index ip, discussed in Section 3, and obtain any other effect by applying one of the permutation
from S,, ;. The third equality follows from the observation that operators n(«) which are of the
form

@) = 3 VEHRYEV(r) = d pla), (56)

TESH k
are proportional to MPBT operators p from (15) restricted to irreducible spaces labelled by « of

the algebra AE (d). In particular, every operator n(«) is invariant with respect to elements from
S(N), so it can be written as

VabN—k n(@) =Y nu(a) =) Pula)P,, (57)

pEQ pEQ

where P, is projector on irreducible representation indexed by u = N of the permutation group
S(N). This allows us to conclude that 7, («) have the same spectral properties, as the components
pu(a) of the MPBT operator p, and we can apply results derived in Theorem 17 in [29]. Now, to
satisfy constraint (b), with coefficients from (52), (53), for every a - N — k and p € a, we must
obey

u(e)

7’}/“(&) S CN' (58)
Indeed, plugging (54) to left-hand side of (55) we satisfy the constraint (b) from (18) with equality.
Now we are in position to evaluate p* from (17):

p*:WZT‘r@Zi:WZ Z u(a) Tr (P&) = dj\gilz Z u(e) Tr (Pa)

ieZ i€Z aFN—k aFN—k
_ k'(JZ) dNJrkg(N)mam d. — Dt N—k M _ NN-1)---(N-k+1)
ANt e i (Nde T XwmE T (@+N-1)(@+N-2)--- (@ +N k)

N!' (d®+N—k—1)
C(N—k)! (@2+N-1) "

(59)
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where in the second line we applied Theorem 9.

Solving the dual problem From dual problem we can require the same types of symmetries as
in the primal one. Due to this, we assume the operator 2 is chosen as a linear combination of the
projectors F), (), so structure analogous to MPBT operator given in (26):

Q= Z Z z(o)F, (), where VYaVuea z,(a)>0. (60)
aFN—k pea

The condition (a) from (20) is automatically satisfied, because of the assumed form of the operators
Q. Now, let us evaluate the partial traces from expressions (b) and (c) in (20). Due to invariance
property with respect to elements from the coset S, x, it is enough to compute the trace for
canonical index iyp. The covariance property reduces calculations of different partial traces in
(b) and (c) to those defined on last systems. Introducing Trox)y = Trp—ox41,...n—r and Tryy =
Trp—ok+1,....n, We write:

dikﬂ"(zk) (V(km) Z > wule) Treap) (V( 'Fu(a )) Z > @) Trear (V(k)PaPu>

aFN k pea aFN k pea
x, (o) Tr P,P,) T “P
,u (k) ;L u/a 3]
al—N k pea a)—N kpea

(61)

and

Z qu(a)Tr( Z qu mﬂ/a #PM‘ (62)

aFN—k pea aFN—k pea

In both final expressions coefficients m,, tell us in how many ways we can get a Young frame
ut N from a Young frame oo H N — k by adding k boxes in a proper way. In expression (61) we
use Lemma 18 and Lemma 21 from [29], while in (62) we apply Lemma 19 from the same paper.

Now, we have to find optimal values for the coefficients x, () in the decomposition (60). We
assume they have a following form:

dkp(d k,N) mu

VaVpea z,(a)= M m
/o «

(63)

where the function p(d, k, N) is given through the right-hand side of (33). Let us substitute the
explicit form of z, () to (b) in (20), using result in (61):

2

dk Tr(an) (V(k)9> —p(d.kN) D 32k - (64)

aFN—-k pea @

Since the identity on the right-hand side of (b) in (20) can be written as 1 =)  P,, we conclude
that the constraint (b) in (20) is satisfied. Indeed, we have

m2 m2
VakEN-—k p(dvka)ang>p(d7kaN)M:1, (65)
pEa aFN—-k "«

where in the last step we used Theorem 9. Now, substituting (63) to (62) one can get

Troy Q= > > au(e) mu/a “Py=d"p(d,k,N) Y > P,=d'(d,k,N)ly. (66)
;L

aFN—k pea aFN—k pea

To satisfy the condition (c¢) from (20), which reads now

(b - k. N)) 1y >0, (67)

we need to take b = Sirp(d, k, N). Thus we have then equality in (c) from (20), so the value of b
is also the minimal possible. This allows us to conclude that p, = d¥b = p(d, k, N) in (19). This
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equality proves the Theorem 3.

The above considerations allow us to deduce the explicit form of the optimal set of measurements
and operation O4 applied by Alice. Indeed, combining (49) with (50) and (52) we arrive to

dN+lc Me

2
=Pl e 3 — 2wx™p (68)
A ® 2 TR,

For the optimal operation O,4 it is enough to plug (53) to (50):

0s= V'Y T L (69)

This proves the statement of Theorem 5.

B Solution of primal and dual problem for deterministic scheme

Solution of the primal problem Since our goal is to find optimal set of effects {II; }icz, we
expect from them to have the same type of symmetries implied by the MPBT operator p from (26)
and signals {o;}icz given in (4) (see also papers [8, 17, 21]). Having this in mind we assume that
optimal measurements are the elements of the algebra Ag(n) studied in [29] and briefly highlighted
in Section 5. We know from [16], that in non-optimal case of the multi-port based teleportation
protocol, Alice’s measurements are of the form of square-root measurements:

VieT = g (70)

i \/ﬁ i \/ﬁ

The support of the square-root measurements is always restricted to the supports of the signals
oi, making the main technical obstacle for effective computations and getting closed expressions
for fidelity. Namely, there is no easy way of calculating inversion of the operator p analytically.
However, exploiting symmetries of the protocol we can block-diagonalise p and compute its any
function on every irreducible subspace separately. In our case we allow for more general form of
sandwiching of the operators o;. Namely, let us assume the following form of the optimal POV Ms:

Viel II; = Ioyll, (71)

> > pu(@)Fu(@), pula) >0, (72)

aFN—-k pea

with

where F),(«) are eigen-projectors of MPBT operator given in expression (26). The similar reasoning
allows us to restrict considered matrix X 4 from (22) to the following form

Xa=0,04=>"c,Py ¢,>0, (73)
puEN

where P, are Young projectors for irreps labelled by p = N. Using assumed forms of the operators
{II; }iez and X4, expression for F'* in (21) reads as

N 1
F = % 13_{&)}( Tr (ILio;) =

B (;)

a2k

1
2ok Tax E Tr (Ioillo;) =
ieZ 1 ieZ

max Tr (o, Moy,) - (74)

Substituting (72) to (74) and using canonical signal o3, = (1/d™¥)V*) from (9), we expand the
above expression to

L_ KRG Yy
{p‘i(m}aﬁw huce
veR
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Computing the trace Tr (F,,(a)V® E,(8)V ) we have

N
F*:m@{gﬁf)} > D pule) TY[PPPﬁTfn 2,03 ( u)V(k)}
{po(B2)} ©PPNREES
k(Y)
T BN+ s, > D pule) m"/ﬁiTr(PﬁP P)
{pu(8)} *OFN k1o 540 Pa

k N
- d215+2)k{ sy > 2 pule u/afTr(P P) (76)
{iu(a) aFN—k pv€a

K(G)
d2N+2k {p (a Z Me, Z p# pl/( )m/t/amu/amumu

)}
{p,,(oc)} aFN—k L vEQ
2
k() da
= ——"~L max My, /oM .
J2N+2k {Pu(a)}a§kma %pu p/aMy

The above calculations require a justification. Namely, the expression under the trace in the first
line comes by exploiting Lemma 21 and Fact 1 in [29], while the expressions in the second and
fourth line hold because of Corollary 10 and discussion below it in the same paper. Now, using
fact that the MPBT operator is a linear combination of all signals o, i € Z, together with spectral
decomposition of p from (26), we observe

Y>Ii=) Holl=T» lI=Mpl=1Fp= > > p’(a)A.(a)F,(a). (77)

ieZ ieZ ieZ aFN—k pea

Having explicit form (77), we substitute it to the first constraint in (22), getting

Yo Do v @M@ Fu(@) =YY ph(@A(@)Fu(a) < Y euP ® 1. (78)

aFN—k pea noaEp puEN

The right hand side is obtained by using assumed form of X 4 in (73) to second constraint in (22).
Observing that F,(«) C Py, we deduce p? (), (a) < ¢,. Moreover, F* can increase only when
the coefficients p,,(«) increase, so for fixed ¢, we get the maximal possible value when

YV« pi(a))\u(a) =cy. (79)

From the second constraint in (22), together with assumed form of X in (73) we write

TrXa=)Y ¢,TrP =) cud,m,=d". (80)
Iz Iz

Defining a new auxiliary variable v2 = Zc,myd,, we rewrite (79) as

1 1
d—Npi(a))\#(a)m#du T uN Cumydy, = vi (81)

Using explicit expression for the eigenvalues A, () from (28) we get

aN Ma Uy
) \/jm (s2)

Having the above we rewrite (76) as

2 2
L R
= dQTka {;B%i()} Z Zp# Q)my, /oMy, d% {{rll)ax 4 Z My/aVu | s (83)

akFN— k HeEQ HEQ
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where the symbol m,,/, denotes in how many ways we can get Young frame p from Young frame
a by adding k£ boxes in a proper way one by one. Let us rewrite sums over irreps as follows

2
> (Z Tt “U"> = | 22D Mt A D2 D M ety

e} HEQ a pea a u,l;éEa
WFEV

3 (z mz/a) 24y ( > mu/amy/a) oy 60

1 acu pF Y aEpuNv
125ad 14
2
:E MMMUH—F E M, v,0,.
M nF v
1Xad 14

The symbol p ~f v means Young frame v can be obtained from Young frame p by moving up to
k boxes, while the symbol o« € p A ¥ means Young frame a can be obtained from Young frame u
as well as from v by subtracting k boxes. Observing that > vi = 1, we have maximisation over
all vectors v = (v,,), such that ||v|| = 1 in (83). This, together with (84) allows us to write

* 1 d,k 1 d,k
F e > Myt 4> My, | = = UI‘??IX1< Ol M o) = S Amax(ME"),
H pnFEV
p~v

k

(85)
where Mg’k is the generalised teleportation matrix given through Definition 6. This finishes the
proof for the primal SDP problem.
Solution of the dual problem Since here we consider the dual problem, it is natural to assume
that it has the same type of symmetries as the primal one. In particular, we assume that the
operator € from (23) is an element of algebra AE (d). In particular, we assume it is a linear
combination of projectors F),(«), which are the eigen-projectors for MPBT operator, see (26),
with some unknown coefficients which we have to optimise. First, for further, purely technical
purposes let us introduce an auxiliary operator Q which is an element of the algebra A(k)( d):

Q= > Qo= > D wi@)Fue),  wila)>0, (86)
aFN-—k aFN—k pea

where w,,(a) are the coefficients which we have to determine to get the minimal value of F in (23),
and satisfy constraint (24). Let us define coefficients

&
3

YaFN—k c(a)zdiN - Oﬁ{lwk,z(a)wm( Qv ® |, (87)

=~
Il
~
Il
_

where vectors |y () for fixed I span orthonormal basis in irrep a of S(NN — k) with the dimension
do and multiplicity m, in the Schur-Weyl duality. Now we apply Theorem 1 and Lemma 1 from
paper [18] getting a relation

VabN-k Y wi(a)Fu(a) - ﬁpav“ﬂ >0. (88)

JaSte’
The term P, V*) is just projection of the unnormalised canonical signal state oy, from (9) on irrep
a by Young projector P,. It is enough to consider only oj, since all the signals {o; }icz, as well as

the operator §2 are invariant under elements from the coset S, ) = 5’((”_]“)

and transformations
n—2k)

U®(n—k) ®U®k. Evaluation of the coefficients ¢(«) is presented in Lemma 10, the explicit expression
for them is of the form

1
VakFN-k Vuca c(a):d—Nngl(a)mM/a%>O, (89)

j3Stet
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where m,,/, denotes number of all possibilities of adding k£ boxes in a proper way to « in order to
get p. Multiplying both sides of (88) by ¢(«) we have

(@) > wula) — P,V >0, (90)
HeEQ
Defining the operator 2 in the minimisation problem (23) as
Q= Z Z cla)wy (o) Fy (o) (91)
o per
we automatically satisfy the constraint (24), having for every « relation:
Z c(@)w,(a)Fy(a) — P,VE > 0. (92)
pEQ

Having explicit form of the allowed operator £ we plug it in expression (23):

F, =dN~ 2km1n\|Tr(k)Q\|oo—dN Fmin|| Y Y e(@wu(a) Trgy Fu(@)lleo. (93)
aFN—k p€a

The symbol Trz) denotes partial trace over last k particles. Applying Lemma 19 from [29], saying
that Tr) Flu(a) = my o0 - =P, and taking into account that P, are projectors, we write F} as

my wy (o)

(94)

o 1
F, = dV—2* min max Z c(a)wu(a)mu/a% = InlnHlIilXZ Zmu/a ,j/am ou(0)

acp acpurvea

Introducing a new variable Va Vp € o t,(a) :=m,/w,(a), we rewrite (94) in the following form:

v OltV
F, = — min max Z Z mﬂ/amy/at Ea) = dl min max Z My /a Zyeatm(of) (a). (95)
“w

tu(a)
acprvea aecp

Since we are looking for any feasible solution we can assume V o t,(a) = t,:

1 Z mv/a 1 Z mV/Oé
F, = a’feai — a’feai_ 96
ok {tu]}max E@Lmu » Pk {tu]}max E@Lmu » (96)

Now, recalling Definition 6 of the generalised teleportation matrix Mg’k we observe that

my atl/ Md’k l/tl/
min max Z mu/a%i/ = min max 2y M)ty = Amax (M E5). (97)

{t,} n aen ty {t,} n~ t,

Finally, let us notice that the solutions of primal and dual problems allow us to deduce the explicit
form of the optimal measurements performed by Alice, as well as explicit form of the rotation O 4
from (1). Namely, expression (82) together with (71) and (72) gives us

H: " > (98)
k'( ch kuEa

while expressions (82) and (79), together with (28) imply

OA_\/CTNZ %_p,. (99)

dum#

The vector v = (v,,) is an eigenvector of the generalised teleportation matrix, corresponding to its
maximal eigenvalue. This numbers can be computed effectively due to analysis presented in [21].
This proves Theorem 8 from Section 6.
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C Proof of Theorem 4

The proof is based on the statement of Theorem 3. Namely, let us notice that expression (33)
can be rewritten as it is done below:

N A+ N —1—k(N))!
P= @+ N1 : (N — k;(N))(! ! (100)
1 (d>+ N —1—Fk(N))!
T (@+N-1)---(N+1)  (N—k{N)) (101)
_ (@ +N—1-k(N))--(N+1—k(NN)) (102)

)
(2+N-1)---(N+1)
)

d2
T ) o)

=2

Now, if k(N) = o(N), which means k(N)/N — 0 for N — oo, the limit of expression (100) is

i 11 (1- 59) -1 (o)

N —o0 - —1+Z
1=2

This finishes the proof.

D Proof of Theorem 9

To prove the statement of theorem, for the reader’s convenience, we divide the whole proof into
a few smaller propositions and lemmas and prove them separately as a separate building blocks.
We start from the following proposition:

Proposition 11. Let m, denotes multiplicities of irreps ¥* of S(N) in decomposition (44) of the
swap representation (42). Then the following relation holds:

> ml Z a2 (@), (105)
v:h(v)<d : UES(N
where Iy (o) is the number of cycles in the permutation o as a permutation of S(N).

Proof. From group theory of characters [10] we know that the character of the representation
Vd: S(N) — Hom[(C?)®N] is of the form

> my”, (106)

v:h(v)<d

where x¥ are characters of irreps of S(N), and the sum runs over all Young diagrams v of height
h(v) at most d. The scalar product of characters (106) equals to

(= 3 e F e = Y (107)

" o€S(N) v:h(v)<d

On the other hand, denoting by Ix(c) the number of disjoint cycles in permutation o € S(N), we

have
1

d o d d o
XN (o) = d™ O = (M) = Y AP (108)
oc€S(N)
Comparing right-hand sides of (107) and (108) we get the statement of the proposition. O

Now, we prove result regarding function [y : S(N) — N returning number of disjoint cycles of
a permutation o € S(N).
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Lemma 12. Let 0 € S(N) and 0 = (aN)m : m € S(N —1) fora =1,...,N, then the number of
cycles Iy (o) in permutation o satisfies:

_ JIn—a(m)ra#N,
in(o) = {ZN_l(ﬂ)+1:aN. (109)

For the non-trivial cosets S(N)/S(N — 1) the number of cycles is the same.

Proof. The statement of the lemma follows directly from the decomposition of a permutation
m € S(N — 1) into disjoint cycles

m=(a..)b...)--(s...). (110)
Computing composition of 7 from (110) with transposition (aN) we get
(aN)T = (Na...)b...)---(s...). (111)

We see, the number of cycles is the same in both groups S(N) and S(N —1). If @ = N, then
obviously o = 7, but in this case the function Iy (o) returns one more cycle (N) of length one. [

Having the above considerations one can derive:

Proposition 13. Let us consider decomposition into irreps two swap representations Vﬁ, and Vﬁ_l
Vi @ mae, Vi D map”, (112)
vih(v)<d ath(a)<d

where h(-) denotes height of a Young diagram, and mey,m, are multiplicities of respective irreps
in the Schur-Weyl duality. With this notation the following relation holds

Zuzh(y)gd m12/ _ d? + N -1
Za:h(a)gd ma N

Proof. From Proposition 11 we have

Z m2 = Z J2in (o) _ i'iv: Z d2lN[(aN)7r]' (114)
a=17eS(N—

v:h(v)<d Nt oceS(N)

(113)

Now, applying Lemma 12 we get

N-—1
1 d>+N-1 1
2 _ 20N _1(m) 2n—1(m)+2 | _ 20 _1(m)
Z My =N Z )(Zle +d7Nt ) N (N — 1) Z =N

v:h(v)<d " meS(N-1) \a=1 " wES(N-1)
(115)
Again, applying Proposition 11 we have
d>+N-1
2 _ 2
v:h(v)<d azh(a)<d
This finishes the proof. O

Now by a multiplication side by side equation (116) from Proposition 13 by N, N—1,..., N —k,
where 1 < k < N — 1, we get the statement of Theorem 3.
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E Proof of Lemma 10

First let us notice that by Lemma 21 in [29] we have V(¥ F, () = V(® P, P,, so

Tt [l (0)) (2r,s (@) [VF Fy(@)] = T [l (@) (01, (@)[VE Pu | = T (|01 a(@)) (01,5 (0)] Trgey (V) PP

(117)
The last equality follows from the fact that on last k particles only the operator V*) acts non-
trivially. Computing the partial trace from V(*) and taking into account resolution of P, =
ZZ; Z;n:‘*l |©p.q(a)){@pq()], here do, m, are dimension and multiplicity of irrep a respectively,
we have

T |50k,l(0‘)><90r,3(04)|Tr(k)(v(k))PaP } Tr |§0kl 907’9 |ZZ|90PZI Sﬁp Q( )|PAL
p=1qg=1
do Me
= Z Z Srp0sq Tt [[or,1()) (@p,q ()| Pu]

p=1g=1

= Tr [|gr,i(a))(prs(a)| P .
(118)

Let us notice that operator P, acts on N particles, while | ;(a))(pr,s(a)| only on N — k first sys-
tems. This property allows us to write Tt [[¢gi(a)) (¢r s ()| Pu] = Tt [[on,i(c)) (@rs ()] Trey (Pu)]-
Applying Corollary 10 from [29] saying that Trq) P =>4, mﬂ/ﬁ%PB, we have

Tr [Jion,1 () (s (@) | Pu] = mu/ﬁ%; Tr [[ex.1 () (pr.s ()| Pg]
e ds mgp (119)

=33 et “(ora(@)l2na(B) 2 (8w (@):

Benp=1g=1

Using orthonormality of the basis vectors we obtain the statement.
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